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Summary

This thesis examines numerical methods for approximating various nonlinear bending models
for elastic plates and shells. The numerical treatment of these models is challenging because
they involve fourth-order partial differential equation problems that cannot be solved using
standard methods and are often formulated with nonlinear constraints. This thesis contributes
to the development of reliable and efficient numerical schemes tailored to several nonlinear
bending problems.

Specifically, four different models are considered. The first contribution concerns the
numerical approximation of bending deformations in elastic shells described by parametrized
surfaces. Here, a finite element method based on the discrete Kirchhoff triangle is developed
that enables the computation of bending deformations under an isometry constraint.

Moreover, this thesis addresses the numerical approximation of a nonlinear homogenized
bending model for elastic plates featuring microstructures in the material. To this end, a
multiscale finite element method is proposed, coupling a linear three-dimensional microscopic
problem with a nonlinear two-dimensional macroscopic problem.

Furthermore, a model is introduced to represent the nonlinear bending of elastic plates
with prescribed folds. These folds are described by a phase field function. The model is
discretized via finite elements and applied to compute elastic deformations of folded plates.
Furthermore, this model serves as the foundation for a fold-optimization framework based on
the same phase field formulation.

Finally, a novel numerical method is presented for simulating phase field-based Willmore
flow, a time-dependent problem governed by bending energies of shells. Here, a minimizing
movement formulation is combined with a neural network approach for approximating the mean
curvature flow. This method demonstrates potential applications in geometry processing and
computer graphics.
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Chapter 1

Introduction

This thesis examines numerical methods for dimension-reduced nonlinear bending models of
thin elastic plates and shells, with a particular focus on isometric deformations that do not
involve stretching, compression, or shearing. Plates are flat elastic structures whose thickness
is small compared to their planar dimensions, with shells being their curved counterpart.
Nonlinear bending is an everyday phenomenon. In fact, if this thesis is read in printed form,
the simple act of turning a page most probably provides an example of nonlinear bending of a
thin elastic plate, namely the sheet of paper itself. Bending describes the deformation of a
thin object in the direction perpendicular to its surface. When this deformation is large, linear
approximations are insufficient for accurately describing the bending behavior. In this case,
nonlinear bending models are required. In order to use these models to predict the bending
behavior of thin elastic plates and shells, numerical methods are needed that accurately
represent the nonlinearity while being efficient at the same time.

Although thin elastic plates are, of course, three-dimensional objects in the three-
dimensional world, they are often described by two-dimensional models. For large elastic
deformations of thin plates, the deformation of the midsurface (the imaginary two-dimensional
surface that lies exactly halfway between the top and bottom surfaces of the plate) essen-
tially captures most of the overall deformation of the three-dimensional thin plate. Hence, a
dimension-reduced model describing the deformation of the midsurface accurately is desirable,
because it eliminates one spatial dimension, since the midsurface does not have thickness,
unlike the full three-dimensional plate.

The derivation and study of dimension-reduced models of thin elastic plates have a long
history, with a first formal derivation from three-dimensional elasticity by Kirchhoff [Kir50]
and Love [Lov88| in the 19th century. It is remarkable that despite the long history of
this topic, a rigorous derivation of a dimension-reduced plate model from three-dimensional
elasticity was only achieved in the early 2000s by Friesecke, James, and Miiller [FJMO02],
using ['-convergence theory developed in 1975 by De Giorgi [DGF75].

Mathematically, the methods used to derive the dimension-reduced models, as well as
the general elasticity theory, can be attributed to the calculus of variations, a branch of
mathematical analysis that deals with finding functions (in our case, the deformation of the
midsurface of a thin plate or shell) that make a certain functional (typically an integral), called
energy, minimal. Since the bending of a thin object naturally involves the curvature of the
two-dimensional midsurface, the resulting model formulation necessarily involves geometric
quantities such as curvature. Hence, studying these problems requires both analytical and
differential geometry tools.



These dimension-reduced nonlinear bending models for thin elastic plates and shells can
be used to compute the deformation of a thin structure when a force is applied. In general,
a solution to this problem cannot be written down explicitly because it involves solving a
partial differential equation (PDE). Instead, numerical methods are used to find approximate
deformations. Suitable discretizations reduce the continuous nonlinear bending model to a
finite-dimensional minimization problem, which can be solved algorithmically. Classically,
these discretizations are derived with finite element (FE) methods, relying on a grid on the
midsurface, subdividing it into small polygons. On every polygon, the solution is approximated
by a polynomial of finite degree. Analytically, the quantitative approximation quality of the
discretization can be studied by investigating the limit of the discrete model for vanishing
grid size.

More recently, discretizations based on neural networks (NN) emerged. There, the study
of the quantitative approximation quality is often not feasible analytically. Hence, numerical
experiments, evaluating the method on meaningful examples, are an important tool to study
the accuracy of the discretization.

This thesis investigates how numerical methods can be employed to approximate solutions
to various nonlinear bending problems. It is structured to first introduce the theoretical
foundations of nonlinear bending models, followed by a detailed exploration of how different
nonlinear bending problems can be approximated numerically. To this end, the thesis is
organized into the following chapters.

Mathematical Preliminaries. Chapter 2 begins with an overview of three-dimensional elastic-
ity theory, followed by the derivation of the dimension-reduced nonlinear bending models for
isometric deformations of plates and shells that are discussed in this thesis. In these models,
isometric deformations play an important role. These are deformations that do not stretch,
compress, or shear the plate or shell, and hence preserve length. Some important results
about isometric embeddings are presented in the third part of this chapter. The fourth part
focuses on the numerical methods used to approximate solutions to these nonlinear bending
problems, specifically the discrete Kirchhoff triangle (DKT), a FE method specifically designed
for bending problems. In the fifth part of this chapter, we will take a look at a time-dependent
bending problem, the Willmore flow. The last part of this chapter provides an overview of
phase field methods as a variational representation of geometric objects, like surfaces, which
can themselves be representations of thin elastic shells.

Finite Element Approximation of Large-Scale Isometric Deformations of Parametrized Sur-
faces. In Chapter 3, a numerical method is described that approximately computes isometric
deformations of thin elastic shells, which are given as parametrized surfaces. We consider the
nonlinear bending energy for thin shells

W] {%Sw detga tr <S$;S:j;> dx ifgg=gsae inw,

o0 otherwise,
derived from three-dimensional nonlinear elasticity in [FJMMO03], where the thin shell is given
as a surface parametrized by a single chart ¢)4: w — R3, with chart domain w = R?. This
energy is defined on W?2functions (g that describe the parametrization of the deformed
surface in three dimensions. It involves the relative shape operator Sif!, a quantity depending
on the first and second fundamental form of the undeformed surface, and the second fundamental
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form of the deformed surface. We denote by gg and g4 the first fundamental forms of the
surfaces parametrized by ¢z and (4, respectively, evaluated on the chart domain w. The
minimization of this energy results in solving a fourth-order partial differential equation.
Additionally, a first-order nonlinear metric constraint, namely

VYsVip =g =gas= Vi Vi almost everywhere,

is enforced, implying that deformations of the thin shell have to be isometric. We use this
metric constraint to reformulate the nonlinear enerqgy, such that it is quadratic in the Hessian
D?ys5 of the parametrization of the deformed surface. Moreover, we consider clamped boundary
conditions for the deformation, which are compatible with the metric constraint, and body
forces that act on the undeformed thin shell. The reformulation of the nonlinear bending
energy allows us to prove the existence of minimizers of this energy for compatible boundary
conditions and body forces. We derive a discretization of the energy, based on the DKT
element, with grid-size H > 0, where the metric constraint is only enforced on the nodes of
the underlying mesh. This non-conforming FE method is based on a discrete gradient operator
O Wy — O4 between two FE spaces Wy and ©y that approximates the gradient. The
gradient of the discrete gradient operator V 6y[(], evaluated on a discrete parametrization
Yy, serves as an approximation of the Hessian of the continuous parametrization of the
deformed surface D?¢. DKT allows for enforcing the metric constraint on the nodes of the
triangulation. The main result of this chapter is the convergence of minimizers of the discrete
energy to a minimizer of the continuous nonlinear bending energy, as the grid-size of the
discretization tends to zero, i.e, H — 0. The proof of this convergence is built upon the
assumption that twice weakly differentiable deformations, satisfying the metric constraint,
can be approximated in the strong W?%2-topology by smooth functions that also satisfy this
metric constraint. In the case when the shell can be deformed to a flat plate isometrically,
Hornung established such a density property, cf. [Hor11]. The general case of curved shells is
unclear. The convergence proof was first carried out for the flat case by Bartels, cf. [Bar13].
We mainly follow this proof strategy, using I'-convergence techniques, and extend it to the
case of curved surfaces. Our result therefore generalizes [Bar13]. The theoretical convergence
result is accompanied by numerical experiments. To this end, a Lagrangian formulation of the
metric constraint is taken into account. A critical point of this Lagrangian is determined by
employing Newton's method, involving first and second derivatives of the nonlinear bending
energy and the metric constraint with respect to the deformation and the Lagrange multipliers.
Parametrizations of several curved surfaces over different parameter domains are examined
for various clamped boundary conditions and volumetric forces. The numerical experiments
establish the convergence under spatial refinement quantitatively. The convergence of the
discrete Gauss curvature is also investigated experimentally.

Chapter 3 is based on work that began in the author’s master’s thesis [Smo21] supervised
by Martin Rumpf. This work was extended and fundamentally revised in collaboration with
Martin Rumpf and Stefan Simon, and published in [RSS22]. This chapter largely matches
this article, with minor changes in notation for the sake of consistency throughout this thesis.
In particular, the reformulation of the bending energy based on the metric constraint and
the proof of convergence of discrete minimizers to a continuous minimizer were contributed
by the author. Furthermore, the author implemented the discrete bending energy and its
derivatives based on the implementation of the DKT element by Stefan Simon, and conducted
the numerical experiments.



Two-Scale Finite Element Approximation of a Homogenized Plate Model. Chapter 4 is
devoted to the numerical approximation of a two-dimensional thin plate model for isometric
bending deformations that involves a periodic microstructure in the material, which is of the
same size as the thickness of the plate. In [HNV14], this model was derived from nonlinear
three-dimensional elasticity by simultaneous homogenization and dimension reduction. The
resulting elastic energy has the form

§,07(INdx VY Vi=bhae inw,

400 , else

erom [,70] = {

for deformations ¢y € W??(w; R3). Here, w = R? describes the rest state of a flat plate, and ¢
is a deformation with second fundamental form //(x) € R?*2. The energy density Q*”(-) is a
quadratic form resulting from a three-dimensional linear corrector problem on the unit cube,
depending on the microstructure of the material, with periodic boundary conditions in the
in-plane directions for the correctors. Here, y € (0, c0) describes the ratio of the thickness
0 > 0 of the plate and the size of the microstructure € > 0 in the limit 0,& — 0. As in
Chapter 3, now for the flat case, the isometry constraint

V'V =1 almost everywhere

is enforced. We use the isometry constraint in order to reformulate the elastic enerqgy, such
that it is quadratic in the Hessian D?(i(x) € R3*2*2, Additionally, we extend the model by also
introducing the dependence of Q%Y on the macroscopic variable x € w, and hence allowing
for macroscopically varying microstructures. To accurately approximate isometric bending
deformations for this model, two levels of discretizations are required: A FE discretization of the
three-dimensional linear corrector problem on the unit cube, describing the microscopic behavior
of the material, and a FE discretization of the effective (macroscopic) bending deformation of
the thin plate. We develop a two-scale discretization, based on the heterogeneous multiscale
method (HMM), cf. [EEHO03]. It involves a tri-affine FE discretization on a three-dimensional
mesh with grid-size h > 0 to compute an approximate quadratic form Qﬁ’y by solving the
linear corrector problem on the unit cube. Furthermore, for the macroscopic, isometric bending
deformation, the DKT element is employed on a two-dimensional triangular mesh with grid-size
H > 0. As in Chapter 3, the gradient of the discrete gradient operator is used to approximate
the Hessian, and the isometry constraint is enforced on the nodes of the triangulation. The
resulting discrete two-scale problem hence depends on the discretization parameters h and H.
In addition, for both the micro- and macroscopic discretization, we introduce quadrature rules
for an accurate approximation of the involved integrals on the micro- and macroscale. We
show that minimizers ((}),, of the discrete energy converge to a minimizer of the continuous
homogenized bending enerqgy, as the discretization parameters H and h simultaneously tend
to zero, provided the material coefficients are at least Lipschitz-continuous in the micro-
and macroscopic variables. This proof again relies on the result of Hornung, cf. [Hor11],
for approximating W22 isometries by smooth ones. Numerical experiments investigate the
convergence quantitatively, for h — 0, and the simultaneous limit (H, h) — 0. Here, the linear
microscopic corrector problem is solved with a direct linear solver, whereas the macroscopic
nonlinear problem is solved with Newton's method, applied on the Lagrangian, which involves
the isometry constraint, as in Chapter 3. Also, the influence of the parameter y is studied
experimentally. Furthermore, various numerical experiments are compared qualitatively to
physical experiments with deformations of microstructured sheets of paper.
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The results presented in Chapter 4 are the outcome of the recurrent collaboration with
Martin Rumpf and Stefan Simon, which was published in [RSS24]. This chapter largely
matches this article, with minor changes in notation for the sake of consistency throughout
this thesis. A paragraph for the quadrature error estimate of the DKT was added. The
author’s main contributions are the proof of the convergence theorem, the implementation of
the two-scale finite element scheme based on the DKT element implementation by Stefan
Simon, and conducting the numerical and physical experiments.

Phase Field Approximation of a Nonlinear Folding Model. Chapter 5 examines a nonlinear
bending model for isometric deformations of thin plates with folds, where the set of folds ¥ < w
is approximated by a phase field function defined on the plate domain w = R%. In [BBH22],
Bartels, Bonito, and Hornung derived a two-dimensional bending model with a single fold
from three-dimensional elasticity by considering a weakening of the plate material in a small
tubular neighborhood of the fold curve. It is assumed here that the fold curve divides the
domain w into two Lipschitz domains wy and w,. The resulting bending energy reads

%Sw\z |ID?Y|>dx , f VYTV =1hae. inw,

WHg] = {
0 , else,

and is defined on deformations ¢y € W??(w\Z; R?) n W'?(w; R?), whose gradient is allowed
to jump along the fold curve ¥. As before, this bending energy inherits the nonlinear isometry
constraint V'V = I,. The existing FE discretization of this energy, also presented in
[BBH22], relies on an alignment of the underlying mesh with the fold curve L, based on
isoperimetric elements, together with a discontinuous Galerkin method, which allows for
jumping of the discrete gradient along the fold curve. In Chapter 5, we introduce a nonlinear
bending energy based on a phase field v.: w — Ry that approximates a set of fold curves
Y c w diffusively. In particular, the phase field function v, takes values close to one on a
large part of w, and only takes values close to zero in a small neighborhood around . This
neighborhood is determined by a small parameter € > 0. The exact construction is inspired
by the recovery sequence proposed by Ambrosio and Tortorelli in [AT92], which was used in
the context of a phase field approximation of the Mumford-Shah functional, cf. [MS89]. The
phase field-based bending energy with folds we introduce here reads

Wy = 5 [ 02+ noiDgRdxs & [ [99TVg- b ax,

and is defined on deformations ¢y € W?(w; R3). Instead of enforcing the isometry constraint
pointwise almost everywhere, here we introduce a penalty term weighted with a factor 1;
allowing for small deviations of isometric deformations, and hence enabling non-isometric
bending deformations in a neighborhood of the fold set £. The fact that the fold-describing
phase field v, is almost vanishing around X allows for large bending in this area while keeping
the value of the energy W#[-] low. We show that this energy I'-converges in the strong
W'2(w; R3)-topology to the above nonlinear, sharp interface bending energy with a fixed fold
curve set X, as € — 0, provided that the finite one-dimensional Haussdorff measure of ¥
coincides with the one-dimensional Minkowski content of ¥. Furthermore, we introduce a
discretization of the energy W¢[-] based on the DKT element for the deformation ¢, with a
piece-wise affine interpolation of the phase field v, for the given fold curve ¥, on a mesh with
grid-size H > 0. With this, an approximation of the sharp interface bending energy with folds,
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without aligning the mesh to the fold curve, is possible. Here, we choose the parameter € > 0 to
be proportional to the grid-size, i.e., € = CH. We present various numerical experiments with
different fold structures and boundary conditions. For the qualitative evaluation, we compare
the results to physical experiments of sheets of paper with curved folds. The second part of
Chapter 5 deals with the problem of optimizing the set of fold curves ¥ with respect to a cost
functional that depends on a deformation ¢, subject to the constraint that s minimizes W¢|].
This PDE-constraint optimization problem is defined on phase field functions v e W'?(w)
approximating Z. To this end, an Ambrosio-Tortorelli-type enerqy, cf. [AT92], is considered as
a reqularization term. We propose a nested optimization algorithm, where the inner problem
of finding a minimizer ¢ is implemented using Newton's method, and the outer problem is
a gradient descent for the phase field function v. Two experiments with different forces and
boundary conditions, and a simple cost functional, show the applicability of the optimization
algorithm for finding the optimal fold structure.

In Chapter 5, ongoing work in collaboration with Sergio Conti and Martin Rumpf is
presented. The results displayed here were part of the successful proposal for research
area B2 of the collaborative research center 1720 "Analysis of Criticality", funded by the
German Research Foundation (DFG). The author’s main contributions are the proof of the
sharp interface limit as € — 0 of the bending energy with folds approximated by phase field
functions v, the numerical experiments for the forward simulation, and the optimization of
phase field fold curves.

A Hybrid Minimizing Movement and Neural Network Approximation of Willmore Flow. In
Chapter 6, a numerical method for the approximation of Willmore flow is presented. The
Willmore flow is the [?-gradient flow of the Willmore energy, a quantity closely related to
the dimension-reduced bending energy of a thin shell, represented by a closed hypersurface
embedded in two or three dimensions. It reads

1
2| h2dHe
> JM dH

Here, M = R? is a (d — 1)-dimensional hypersurface, and h(x) € R is the mean curvature
of M at x € M. We study the Willmore flow in the phase field setting, where the closed,
orientable surfaces are represented by a diffuse transition zone of size € > 0 of a phase field
function, which arises as a minimizer of the Modica-Mortola energy, cf. [MM77]. We pick up
the approach from [FRW11] for a nested formulation of phase field Willmore flow, based on
a minimizing movement variational time discretization scheme. There, the mean curvature is
approximated by an implicit time discretization of the Allen-Cahn equation, the phase field
version of mean curvature flow. This results in a nested time discretization of Willmore flow,
with a nonlinear inner problem for the Allen-Cahn equation, and an outer problem of computing
the next time step for Willmore flow, and hence leads to a PDE-constraint optimization problem.
In the method presented in Chapter 6, we follow this approach, but replace the inner problem
with an operator v;[-] approximating one time step of phase field mean curvature flow, with
time step size T > 0. This operator consists of a linear convolution operator, concatenated
with a nonlinear continuous function. This explicit architecture resembles the thresholding
scheme for the approximation of mean curvature flow from [MBO92], and has been proposed
by Bretin et al., cf. [BDMT22], in the context of phase field mean curvature flow. We prove
that there exists a minimizer of the minimizing movement time discretization energy of the
nested phase field Willmore flow incorporating an operator of this form for the inner problem.
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The numerical approximation is based on a discretization of the phase fields on a reqular grid
in two or three dimensions. The nonlinear operator v;[-] approximating mean curvature flow
is discretized using a neural network, with a discrete convolution layer, and a multi-layer
perceptron for the pointwise evaluation of the nonlinear function. Following [BDMT22], this
neural operator is trained on the evolutions of phase field representations of hyperspheres,
for which the analytic solution to mean curvature flow is known. Numerical experiments on
several examples in two dimensions show that, quantitatively, the neural operator and the
hybrid minimizing movement and neural network approach for Willmore flow, incorporating
this neural operator, accurately approximate mean curvature and Willmore flow, respectively.
Furthermore, the hybrid approach significantly decreases the computing time, compared to the
nested scheme from [FRW11], discretized by a piece-wise multi-affine FE method. Also in
three dimensions, our hybrid scheme performs well qualitatively, at a much lower computing
time, compared to FE methods. We show, on various examples in three dimensions, that our
scheme captures typical phenomena of Willmore flow. Typical applications for Willmore flow
are in image and geometry processing. There, Willmore flow can be used for surface fairing
and surface inpainting, where the preservation of C' boundary conditions is advantageous,
compared to second-order methods like mean curvature flow. Numerical experiments in two
and three dimensions display the applicability of our hybrid scheme for these tasks.

The work on the Willmore flow presented in Chapter 6 is the result of the collaboration
with Martin Rumpf and Josua Sassen, which is currently under review. A preprint is available,
see [RSS25]. This chapter largely matches the current state of the article, with minor changes
in notation for the sake of consistency. An experiment of the Willmore flow of two neighboring
spheres is added. Among the author’s key contributions are parts of the implementation of
the learning algorithm of the neural network, based on [BDMT22], and the nested Willmore
scheme, both for the hybrid approach and the classic FE scheme from [FRW11]. Furthermore,
the numerical experiments were conducted by the author. Also, the proof of the existence of
minimizers for the minimizing movement formulation with neural operator was contributed by
the author.

In Chapter 7, we provide a brief conclusion on the topics covered in this thesis, and provide an
outlook on possible future research directions based on the results presented in this thesis.






Chapter 2

Mathematical Preliminaries

In this background chapter, the foundational theory for the following chapters is laid out.
In Section 2.1, a brief summary of the theory of nonlinear elasticity in three dimensions is
presented. In Section 2.2, the derivation of nonlinear bending models for plates and shells
from three-dimensional elasticity via dimension reduction is explored. These models typically
involve an isometry constraint. Some properties of functions satisfying this constraint are
discussed in Section 2.3. The numerical discretization of nonlinear bending models requires
special finite element methods. In Section 2.4, such a method, the discrete Kirchhoff triangle,
is introduced. Section 2.5 is devoted to the Willmore flow, a time-dependent problem related
to nonlinear bending. Section 2.6 deals with phase fields, scalar-valued functions that can
be used to describe geometric objects like hypersurfaces via a diffuse transition zone. These
functions naturally arise in a variational setting as minimizers of certain functionals.

2.1 Hyperelasticity

This section gives a brief overview of the theory of hyperelastic bodies in three dimensions.
Here, we will mainly follow the book by Ciarlet [Cia88]; the reader is also referred to [Gur81].

Let Q = R? be a bounded domain with Lipschitz boundary. The domain Q denotes the
reference configuration of an elastic body. This means that if no forces are applied, and
the elastic body is at rest, it takes the form of (. Assume that there is some part on the
boundary I'p = 0Q, with H?(I'p) > 0, where the elastic body is fixed. Let f: Q — R> be a
conservative force field. A typical example is the gravity field f(x) = —gp(x)es, where g is
the gravitational constant, p : ) — R, is the mass density, and e; is the unit vector pointing
"upwards" (in the third coordinate direction). Although other types of forces, like boundary
forces, could be applied, we will restrict ourselves to body forces. Given an energy density
W:R>3 - R,; &+— W(&), assuming a homogeneous material, the elastic deformation
¢ : Q — R3 of Q, under the force f, is given as the minimizer of the energy

El[¢] := L W(Vo(x))dx — L f(x)- ¢(x)dx. (2.1)

Since Q is not allowed to be deformed on ['p, ¢ has to fulfill the property ¢(x) = x for all
X € FD.



Figure 2.1: Sketch of an elastic cuboid deformed under a body force f (blue arrows), fixed on
the left side [ p.

If ¢ is a minimizer of the elastic energy (2.1), it satisfies the Euler-Lagrange equation

(%E[cp + tﬁ]) =0 forall 9e C*(Q;R?). (2.2)

=0

The energy density W(-) describes the material properties of the elastic body Q. The strong
formulation of (2.2) can be derived using integration by parts. It reads
—div(d:W(V¢)) =f inQ
d(x)=x onlp.
Physically, d:W(V ¢(x)) is the stress the elastic object is subjected to, when being deformed
by ¢. We assume that W(&) > 0 for all & € R3*3. Furthermore, some additional properties
are imposed on W(-) from a physical modeling perspective. If no force is acting, and the
elastic body is not deformed at all, so ¢(x) = x for all x € Q, the total elastic energy should

be zero: §, W(V¢(x))dx = 0. If this is the case, then the gradient of ¢ is the identity matrix
V¢ = L. Hence, it must hold

W(k)=0. (2.3)

If an elastic body (deformed or undeformed) is rotated in space, the internal elastic energy
should not change. This imposes the additional assumption on W(-) that it is frame indifferent

W(Q&) = W(&)  forall e R*™? and all Qe SO(3), (2.4)
with SO(3) = {Q e R¥3 : QTQ =I5, det(Q) = 1}. Equations (2.3) and (2.4) together imply
W(Q) =0 for all Q € SO(3).

Hence, rotations ¢ = Qx, with Q € SO(3), are minimizers of {, W(V¢)dx, if no boundary
conditions are imposed.

Of course, the choice of W(-) heavily depends on the kind of material one wants to model.
If the response of the material is the same in all directions (think of rubber), the material is
called isotropic. In this case W(-) satisfies

W(EQ) = W(<) for all £e R¥3 and all Q € SO(3).
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A concrete example is the St. Venant-Kirchhoff model for isotropic materials, cf. [0gd97]. It
reads

400 , else,

W(E) {u|\/ﬁ—/3|2+§<tr (WEE— )2, if det(&) >0 -

with the Lamé constants p > 0 and A > 0. The constraint det(¢) > 0 models the non-
interpenetration of matter. A typical example of an anisotropic material is wood, which has a
different elastic response along its fibers than perpendicular to them.

Remark 2.1. The term |\/&T& — k| in (2.5) is equal to the distance of & to SO(3), if & is
positive definite, i.e.

’

dist(8,S0(3)) = inf |§ = R| = [/&T&~ 1

which was first proven in [MPG79|.

2.2 Derivation of nonlinear bending models via dimension re-
duction

In this section, we state the most important results that rigorously derive nonlinear bending
models from three-dimensional elasticity. In Section 2.1 we saw that minimizing the functional
(2.1) gives the deformation of a hyperelastic object for a given force. Now consider a thin
elastic object Q5 = w x (—g,g), with thickness & > 0, and a Lipschitz domain w = R? as
midsurface. We look at the rescaled elastic energy

Wilg] = ) W(V¢)dx. (2.6)

A mathematically natural question is to ask what happens if the thickness tends to zero:
0 — 0. This is not only interesting from the analytical perspective, but also highly relevant in
practical applications: For very thin objects, the deformation of the midsurface w includes most
of the information of the overall deformation of the object. Hence, a dimension-reduced model
formulated on w = R? might be more efficient to compute elastic deformations. To this end,
mathematical tools to derive a limit model as 0 — 0 are necessary. The most important tool to
analyze sequences of minimization problems is the concept of ['-convergence, first introduced
by De Giorgi [DGF75]. We refer to [DM93] and [Bra02] for an extensive introduction to the
theory.

Definition 2.2 (I"-convergence, [Bra02)). Let (X, d) be a metric space. Let (W;|-])s=0 be a
sequence of functionals Ws: X — (=0, +0]. We say (Ws|:])s=0 [-converges to a functional
Wo: X — (=00, +0], if the following two conditions hold

(i) For every sequence (xs)s=0 < X with xs 9 x as 6 — 0 we have

l'tg1 lonf W(;[Xa] = W()[X] .

11



(ii) For every x € X there exists a sequence (xs5)s=0 < X with x;s 9 xasd — 0, such that

lim sup W[ xs] < Wolx].
0—0

Remark 2.3. If (Ws][])s=0 [ -converges to Wy|[-] and (x5)s=0 = X is a sequence of minimizers
of (Ws[-])s=0, which converges to x € X, then x is a minimizer of Wy[-] , cf. [Bra02].

Typically, the metric space X is replaced by some function space (often a Sobolev space)
that is defined on a fixed domain. The functional (2.6) instead takes functions as input, which
are defined on domains Q; for different 0 > 0. To circumvent this issue, we rewrite (2.6) by a
coordinate transformation as

Wild] = | W(Vsg)dr. (2.7)

Here, we write V¢ = (019, 020, 15(33¢)). In [LDR95], the I'-limit of (2.7) was derived. The
resulting functional is the so-called membrane energy, which models in-plane deformations of
the thin plate, like stretching and shearing. In the following, we will see how the bending
energy for different models was derived, by studying ['-convergence of %W,;[-].

Nonlinear plate theory. We start with the celebrated work by Friesecke, James, and
Miiller [FJMO02]. They studied the I'-limit of the rescaled elastic energy
1 1
2Wild] = 55 | W(Vo6) d (28)
0 0% Jq

under the following assumptions on the stored energy function W(-).

Assumption 2.4. Assume that W(&) = 0 and W(&) = 0 for & € SO(3). Furthermore we
assume

(i) frame indifference, i.e. (2.4),
(ii) W e CO%(R*3), and W e C?(R*3) in a neighborhood of SO(3),
(iii) quadratic growth conditions at SO(3) : W(&) = Cdist(&,SO(3))?.

Since we assume W e C?(R**3) in a neighborhood of SO(3), we can define the linearized
stored energy function Q*(F) := 0. W(h)(F, F) for a matrix £ € R, In [FIMO02], the
following ['-convergence result was shown.

Theorem 2.5 (Friesecke, James, and Miiller, cf. [FIM02]). Under Assumption 2.4 the energies
(5:Wsl])s=0 defined in (2.8) [-converge in the strong W'?(Q; R?) topology to

2 5,0%(hdx , ifVY'VY=1hae inw,

(2.9)
4+, else.

Woly] = {

Whl:] is defined on functions ¢ € W*?(w;R3), with normal n[y] := éﬁigﬁ' € R? and second

fundamental form

= =D n[p) = =20 - n[])ijor € RZ2.

Here,  is constantly extended in the thickness direction e to define it on )y . Furthermore
we define Q*(A) := inf eps Q3(Z2 Aje; ® e; + d ® es3) for matrices A € R?*2.

i,j=1

12



Remark 2.6. The constraint V'V =, < o, - 0 = &y for all i, j € {1,2} allows only
isometric deformations of the midsurface w, i.e., no stretching, compression, or shearing is
allowed in the limit model. In Section 2.3, properties of isometric immersions will be discussed
further.

Example 2.7. In the case of an isotropic material law, when W(-) is given by (2.5), the
linearized stored energy function Q*(-) = 0z W(k)(-,-) is of the form
F+FT|

5—| +Ar(F)7, FeR™,

Q°(F) = 211‘

cf. [FIMO2]. Then we have

A4 AT

2

2uA
L2
20+ A

Q*(A) = inf Q°( Z Ajei®e+d®e3) = 2u' (tr (A))?, AeR>2.

i,j=1

Proof. For a vector d € R? and A € R?*2 we have

2

2
A+ AT
3(2Al]el®e]+d®93):2[,l<' >

+d? + d5 + d§> + AAn + Ay + d3)?.

ij=1
Minimizing this polynomial expression in d = (d4, d, d3), we get

A
di=d,=0, d3= _2H+A(A” + A»)

for d = argmin_gs 03(211 JAjei®ej+d®es). So,

0(4) ~2u (\“j‘ +(353) <tr<A>>2) #1(50) e
— 2 ‘A +2A 25’1\)\(‘” (A))2.

The key ingredient for proving Theorem 2.5 is the theorem on geometric rigidity, also
proven in [FJM02], which we will state here for the sake of completeness.

Theorem 2.8 (Geometric Rigidity, [FIM02]). Let U be a bounded Lipschitz domain in R,
with d = 2. Then, there exists a constant C(U) > 0 with the following property: For each
ve WY2(U;RY) there exists a rotation R € SO(d) such that

N RHL2 U) ||dist(Vv, SO(d))

(URdxd) S ¢ HLZ(U) :

This theorem is a fundamental result in analysis, with applications not only in the theory
of dimension reduction but also, for example, in the rigorous derivation of models for linearized
elasticity from finite nonlinear elasticity, cf. [MNPO02]
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Nonlinear shell theory. In [FJMMO3], the theory of dimension reduction for flat plates
from [FIMO02] is extended to thin, curved objects, so-called shells. A bounded Lipschitz domain
of the form

0 0
Mf\ = {x—i—st(x) i XEMy, se <_§§)} ,
with curved midsurface M4 = R® is considered. Here, va(x) is the unit normal of M, at
x € My, and M, is assumed to be parametrized by a single C? chart j4: w — My, with
w < R?. The three-dimensional elastic energy, with a stored energy function W(-) satisfying
Assumption 2.4, considered here is

1
Wil =<~ W(Ve)dx. (2.10)
6 Mf\
In [FJMMO3], the following I"-convergence result was shown

Theorem 2.9 (Friesecke, James, Mora, and Miiller, cf. [FJMMO3)). Under Assumption 2.4 the
rescaled energies (3;W3[-])s=0 defined in (2.10) ['-converge to

WAp] = {21_4SMA Q*(X, Smug) dH? . i Vind Vind = b a.e. in My

(2.11)
+oo else.

Here, ¢ € W**(M4;R?), and Spm, s € R is the relative shape operator, also called
Weingarten map, cf. [FIMMO3], and Q?(x, F) = infyers Q°(F + d ® va(x)), with the linearized
stored energy function Q> defined above. We denote by V ,,¢ the tangential derivative of ¢
on the manifold M 4.

Remark 2.10. The limit energy is formulated as an integral over the manifold M,. Let
Yg: w — R, with Yp(x) = ¢(Ya(x)), be the parametrization of the deformed mid-surface
d(My), cf. Figure 2.2. With this, (2.11) can be reformulated as an integral over the chart
domain w = R?, assuming for instance W(-) is of the form (2.5), with y = 8a > 0 and A = 0,
as

2f /detga tr <S&f’;5&fé> dx ifgg=gaae. inw,

(2.12)
o0 otherwise.

WA [s] = {

Here, we use the matrix representation of the relative shape operator, i.e.
Sii=ga' (la—1lg) = g5' (D°¢g - ng — D*Pa- na) € R (2.13)
The normal of M = Yp(w) = ¢(Ma) pulled back on the chart domain w is
O1yB(x) x Oaypp(x)
ng(x) =n X) = ,
s(x) = nls](x) |01p(x) x 024 (x)]

and the corresponding first fundamental form gg and second fundamental form Ilg at x € w
are given by

gs(x) = (Vs(x)) Viss(x) € R*?,
llg(x) = Vng(x) - Vig(x) = —D*Yp(x) - ng(x) e R*2.

Normal, metric and second fundamental form are analogously defined for M4 and the given
parametrization (a.
The reader is referred to [Hee16] for the exact derivation of (2.12) from (2.11).
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¢’A %

w < R?

Figure 2.2: A deformation ¢ of a parametrized surface M4 onto an image surface Mp with
clamped boundary is described by parametrizations (4, g over the chart domain w.

Homogenized nonlinear plate theory. In [HNV14], Hornung, Neukamm, and Vel¢i¢ studied
the simultaneous homogenization of a microstructured thin plate and a dimension reduction
from 3D volume elasticity to a 2D elastic bending model. More precisely, they studied a plate
with thickness 0 > 0, whose material oscillates on a scale € > 0 in the in-plane directions.
The limit model in the bending regime is studied for 8 — 0 and € — 0 simultaneously. Let
()5 = w x 0/ be the reference configuration of a thin elastic plate, with a Lipschitz domain
with piecewise C' boundary w < R? as midsurface, / = (—3,1) and thickness 6 > 0. Let
W : R? x R¥*3 — R be a nonlinear energy density which is periodic with period 1 in the first
component. We consider a nonlinear elastic energy

1 X

— W(—, d 214
5 ), W Va6 (2.14)
for the thin plate, composed of a microstructure of width € > 0, which is homogeneous in
vertical direction (cf. Figure 2.3). The scaling 6> corresponds to the bending regime. Here,
x" = (x1,x2) represents the in-plane coordinates. A rescaling of (2.14) onto the fixed 3D

domain Q := w x [ reads as
1 z
W[ ihs] == ﬁf W(;,Va%(z))dz, (2.15)
Q

for the rescaled deformation 5(Z', z3) := ¢5(Z', 0z3) and the rescaled gradient

Vg(,[lg = (V/g[lg, %(%d]g) , with V’L/Jg = (61 Q[lg, 62(,[15) .

In [HNV14], Hornung et al. studied the I'-limit of (2.15) for 0 and € converging to zero, under

the following assumptions. Given € = £(0) as a monotone function from (0, c0) to (0, 0) we
assume that % — yas 0 — 0 with y € (0,0). The energy density W : R x R¥3 — [0, 0] is

Borel measurable and W(-, F) is periodic for all F € R¥*3 with W(y’, ) € C°(R**3,0, c0]) for
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Figure 2.3: Thin plate with thickness 0 and periodic in-plane microstructure with size €.
almost every y’ € R2. Furthermore, W(y', RF) = W(y', F) for all F e R**3 and all R € SO(3)
and there exist positive constants ¢y, ¢3, p such that

W(y' F)
W(y' F)

ardist’(F, SO(3)) for all F e R¥3,

=
< odist’(F,SO(3)) for all F e R¥3 with dist’(F, SO(3)) < p.

Finally, we assume that there exists a quadratic form Q3(y, ), defined as the quadratic
expansion of W(y, -) at the identity, i.e. there exists a monotone function r : [0, c0) — [0, 0]
with r(t) — 0 as t — 0, such that, for almost every y’ € R

W(y' 5+ G)— Q*(y', G)| < r(|G])|G]* for all G e R (2.16)
with |G| for G € R**3 denoting the Frobenius norm.

Example 2.11. Consider a thin elastic plate as displayed in Figure 2.3, consisting of two
materials (blue and orange), oscillating at the scale €. In the case of an isotropic material
law, Q3 is given by

Aly")

asa | AW

Q’(y, G) = uly) | <5

where the Lamé-Navier parameters u(y’) and A(y’) are periodic functions with period cell
being the unit square Y' := (0,1)? with different values on the orange and blue phases,
respectively.

Based on Q3 now define
Q" :RIZ—R; Q™(A):= lan Q*(y', ((y3A) + V,0(y)) dy (2.17)
with Y := Y’ x Y5 denoting the fundamental cell in 3D for Y5 := (—% %)

0
1(A) = Ao er,
0 0 0
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for Ae R?*2, and V,0(y) = (Vyn?(y), 1;(9319(y)) . Here, the infimum in (2.17) is taken over
all 9 €V, with

V= {8 e W' (Y;R) : 9(y) = (By',0)" + ¢(y),

Be Rzgxmz, @e W'"(Y;R%), ¢(y) periodic in y’, f pdy =0}.
y

Hornung, Neukamm, and Velci¢ proved the following [-convergence result.

Theorem 2.12 (Hornung, Neukamm, and Vel¢i¢, cf. [HNV14]). Under the above assumptions
the energies (W% ¢9[.])5-0, defined in (2.15), [ -convergence in the strong L?>-topology to the
homogenized elastic plate enerqgy

§,0*Y(l(x))dx , VY Vi=5ae inw,

(2.18)
+00 , else

Wl);om [‘7[’] = {

for € W??(w; R3).

Note that this is a generalization of [FJMO02], where the plate model with homogeneous
material was derived. In [HNV14], the case y = oo was also discussed, resulting in a different
quadratic form Q*®. Here, we confine ourselves to the case y € (0, ).

Nonlinear plate theory with a fold. In [BBH22| Bartels, Bonito, and Hornung derived
a dimension-reduced model for the bending of a plate with a prescribed fold. As above,
they considered a thin three-dimensional domain Q5 = w x (—g, g) with thickness 0 > 0
and bounded Lipschitz mid-surface w — R?. Additionally, a folding curve £ c w is given,
around which the material of the elastic body is assumed to be weakened. In explicit, a

three-dimensional elastic energy of the form

WE[¢] = j (<) W(V5) dx 2.19)

(oF

is considered, where f;: w — R, is of the form f; = SoXT,, +1-— Xz, - Here, Xz, is the
characteristic function of the set &,, :== {x € w : dist(x,X) < rs}. Hence, rs determines the
area around the fold ¥ that is weakened, and s; defines how much the material is weakened
in this area. The parameters s; > 0 and r; > 0 depend on the thickness 0 > 0, satisfying

2 Ssls

: . o :
limsup — < oo, limsup— <o, Llim——=0.
-0 S5 60 Ts -0 0

Additionally, the following reqularity of the fold curve ¥ is assumed.

Assumption 2.13. The fold curve ¥ is parametrized by a continuous and injective map
0:10,1] - w, with £ = a(0,1), and 0 = {d(0),a(1)} is contained in one single con-
nected component of dw. This implies that ¥ divides w in exactly two connected components
w1 and w, . Additionally, we assume ¥ is such that both connected components are Lipschitz
domains.

See Figure 2.4 for a small sketch of the described quantities. In [BBH22], the following
rigorous dimension reduction limit for this nonlinear bending model with a fold was shown.
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% f5=1

f5=55 « 1
/\ - r

w1 f5=1

Figure 2.4: Left: Mid-surface w with reqular fold curve ¥, dividing w into two connected
components wy and w,. Right: Representation of the function f; describing the material
weakening near the fold.

Theorem 2.14 (Bartels, Bonito, and Hornung, cf. [BBH22]). Let T fulfill Assumption 2.13,
and the stored energy function W(-) fulfill Assumption 2.4. Then the rescaled energies
(5:W5[-])s=0. defined in (2.19), T -converge in the weak W'2-topology to the two-dimensional
functional

Sw\): Q*(Ihdx , ifVY'V¢y=hae inw,

(2.20)
+oo else.

WHY] = {

Here, WE|-] is defined on W*?(w\Z; R®) n W'2(w; R3), with Q*(-) and Il as previously defined.

The proof of Theorem 2.14 relies on the theory of geometric rigidity developed in [FIM02],
applying Theorem 2.5 separately on the two domains wy and w,, and a careful study of the
continuity along the fold X.

Remark 2.15. In this section, we have provided the results of rigorous two-dimensional
nonlinear bending models from three-dimensional elasticity, which we discuss in this thesis.

Of course, there are many more results for other models, for instance for multilayered plates
[SchO07] incompressible plates [CD0O8], prestrained plates [LL20] and plates with voids [FKZ25].

2.3 Isometric immersions

As we have seen, the two-dimensional nonlinear bending models presented in Section 2.2
involve the nonlinear first-order pointwise constraint

VL/JTVL/J = /2, i.e. &LLI . 8]¢l = 6ij for all l,j € {1, 2}

for a map ¢: w = R? — R®. Such maps are called isometric immersions (or simply isometries),
and they have the property to preserve length. This can be illustrated by a simple experiment:
Take a sheet of paper, and draw a line on it. If you then deform the sheet, the line is deformed
as well, but still has the same length (if an ant were to crawl along the line, it would take the
same amount of time as in the flat case). This is because it is very hard to stretch, compress,
or shear a sheet of paper in comparison to its soft response to bending deformations. Hence,
for small forces, the sheet (almost) deforms isometrically.
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The quantity g = V¢V is the first fundamental form, also called metric, of the curved
surface Y(w) = R?. It contains the information regarding lengths and angles inside the
curved surface, i.e., the inner geometry of the surface, whereas the shape operator S, = g_1 I,
with the second fundamental form Il = —D*{ - n[y], quantifies the outer geometry, i.e., the
curvature of the surface. The intrinsic and extrinsic geometry of a curved surface however, is
not independent of each other. Gauss'’s theorema egregium of 1827, cf. [Gau27] says that the
Gauss curvature Ky, = det(Sy), that is the product of the principal curvatures, is determined
by derivatives of the first fundamental form g. In the case of an isometric immersion (g = h),
this implies that the Gauss curvature is zero everywhere: K, = 0. Hence, one of the two
principal curvatures always has to be zero, which means locally the curved surface ¢(w) is
only curved in at most one direction (like a cylinder, a cone, or a flat surface). Surfaces
satisfying this property are called developable surfaces. In 1959, Hartman and Nirenberg
proved that this is indeed the case for isometric immersions that are C?-reqular.

Theorem 2.16 (Hartman-Nirenberg, [HN59)). Let ¢y € C*(w;R?) be an isometric immersion,
ie. Vi(x)"V(x) = b for all x € w, with w = R? open and bounded. Then s is developable,
i.e. for every x € w it holds

(i) There exists an open neighborhood U < w of x such that  is affine on U,
or

(ii) There exist a,b € dw with x € (a,b) ={yew : y=(1—t)a+th, te(0,1)}, such
that ¢ is affine on (a,b).

This theorem implies that any C? isometric deformation of the unit square has a line
segment of length one that is straight. In other words, you cannot smoothly (in the sense of
C?) isometrically push a square sheet of paper inside a sphere that has a diameter that is
smaller than the side length of the sheet. However, if one omits the C2-reqularity and only
C'-regularity is demanded, the situation is completely different, as the following theorem,
attributed to Nash and Kuiper, shows.

Theorem 2.17 (Nash-Kuiper, [Nas54, Kui55]). Let ¢: w — R3 be a short map, i.e. Lip(¢) < 1.
Then there exists a sequence (Y )ren = C'(w; R?) of isometric immersions (V! Vi = 1),
with Y — ¢ uniformly.

This means that for any short map ¢: (0,1)> — R3 whose image lies in the ball of
radius 7, i.e ((0,1)%) < Bi1(0), there exists an isometric immersion ¢, € C'((0,1)%R3) with
We((0,1)%) < Bi,.(0), for any € > 0. This is in high contrast to the previous example of not
being able to smoothly push a square sheet of paper into a small ball.

In Section 2.2 we saw that the two-dimensional nonlinear bending models derived from
three-dimensional elasticity are formulated for deformations ¢y € W??(w;R3), which are
isometric immersions. This reqularity assumption is of course weaker than C?-isometries. On
the other hand, W??(w; R3) is exactly the borderline case for the embedding into C'(w;R?),
because in two dimensions, only W?”(w;R3), with p > 2, can be embedded compactly into
C'(w;R3). In the case of isometric embeddings, the following theorems imply that W?2-
reqularity is a stronger assumption than C'. Hence, reqularity properties of W2?-isometric
immersions are an interesting field that is extensively studied. In 2005, Miiller and Pakzad
proved the following result of improved regularity, if the boundary of the domain w = R? is
sufficiently reqular.
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Theorem 2.18 (Miiller-Pakzad, [MP05]). Let w = R? be a bounded domain with C"®-boundary.
Let € W??(w;R3) be an isometric immersion, i.e. V"V = |, almost everywhere in w.
Then Y e C'(w;R?).

In [MPO05], they also showed that a piecewise Lipschitz boundary, or even C'-boundary, is
not enough to get the C'-reqularity of ¢ up to the boundary.

For the numerical treatment of the nonlinear bending models derived in Section 2.2, finite
element methods that require pointwise evaluations of the gradient are often used, for example,
the discrete Kirchhoff triangle presented in Section 2.4. Hence, C'(w; R?)-reqularity of W?2-
isometries is desirable. Unfortunately, as stated in Theorem 2.18, this is only guaranteed
for domains with C"*-boundary, which are not compatible with polygonal domains that are
normally considered in the application of finite elements. A workaround is provided by
the following approximation result, first proved in 2004 by Pakzad for convex domains, and
extended to more general domains in 2011 by Hornung.

Theorem 2.19 (Pakzad, Hornung, [Pak04, Hor11]). Let w = R? be a bounded domain with
piecewise C'-boundary. Let ¢y € W??(w;R3) be an isometric immersion, i.e. V'V = |
almost everywhere in w. Then there exists a sequence (Y )en = W?%(w; R3) n C*(w; R3) of
isometries, i.e. V!V = b, with Y — ¢ strongly in W*?(w;R3) as k — oo.

Remark 2.20. In this section, some properties of isometric immersions of a two-dimensional
domain w into R3 were presented. In (2.11) we have seen that in the nonlinear bending model
for shells, an isometry constraint of the form ¥V 4,V 1nd = |, for a map ¢ € W*2(M4; R3),
defined on a curved surface M, < R?, appears. Hilbert showed that C? isometric immersions
of the unit sphere S? into R® are rigid, that means rigid body motions are the only possible
isometric immersions. For a general smooth hypersurface M, < R3 much less is known.
The reqularity results presented above heavily rely on the two-dimensionality of the domain
wc R2.

2.4 Discrete Kirchhoff triangle

As we have seen in Section 2.2, nonlinear bending models for elastic plates and shells have the
advantage of being formulated on a two-dimensional, instead of a three-dimensional domain.
In the finite element context, this is beneficial, since we now only have to discretize our domain
in two-dimensional directions. However, this comes at a price, since the elastic energies
derived via dimension-reduction now contain second derivatives. This is a challenge for
designing finite element spaces: There it is desirable that the FE space is conforming, which
means that functions in the FE space are also elements of the function space of the continuous
problem. For variational problems involving only first derivatives, this is easier in most cases,
since every globally continuous, piecewise polynomial finite element space is W'?-conforming,
cf. [Cia78, Theorem 2.1.1.]. For the bending problems discussed here, where the underlying
space is W??(w,R?), a conforming finite element space requires that the piecewise gradient
is not allowed to jump along edges of the elements, i.e., that functions in this FE space are
globally continuously differentiable, cf. [Cia78, Theorem 2.1.2.]. Examples of finite element
spaces fulfilling this requirement are the Argyris element, the Bell element, and the Hsieh-
Clough-Tocher element [Bra13]. The first two rely on 5-th order polynomials, whereas the
third is a so-called macro-element because it relies on a division of the element into smaller
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elements. Other approaches to discretize bending problems are non-conforming methods, i.e.,
FE spaces where the functions are not in W22 globally. The reason for considering such kinds
of discretizations is that typically, they require fewer degrees of freedom than conforming
methods, while preserving the property of converging to the right W22 function in the limit as
the grid size approaches zero. A classical example is the mixed method, where the FE space
is conforming to W'? x (W'2)2, with the additional constraint that the gradient of the first
function is equal to the second function in a certain metric, cf. [Bra13]. Another non-conforming
method is the discontinuous Galerkin (DG) method. There, one considers functions which are
piecewise at least quadratic polynomials, but may jump from element to element. The jump of
the function and the jump of the gradient of the function on every edge are then penalized
with carefully chosen parameters, depending on the grid size, leading to convergence to W22
functions in the limit of vanishing grid size, cf. [BNN21].

In this work, we will focus on another non-conforming finite element approximation, the
Discrete Kirchhoff Triangle (DKT), originally introduced in [BBH80], which will be introduced
in the following.

For simplicity, we directly assume that w is a polygonal domain and [ p is a union of
edges of its boundary. Let 7, be a reqular triangulation of w with maximal triangle diameter
H > 0. We denote by N}, the set of vertices and by &y the set of edges. For k € N, we denote
by P, the set of polynomials of degree at most k. For vertices 71, z;, z3 € N}y of a triangle t
we define z = (21 + 2z, + z3)/3 as the center of mass of t and introduce the reduced space of
cubic polynomials

P3red(t) = {P € Ps(t) ‘ 6p(z) = (2p(zi) = Vp(z) - (zi - Zt))} .

i=1,2,3

This space of polynomials has dimension 9, by excluding the bubble function pyubbie(2) = A1A243
from the 10-dimensional space P5. Here, A1, A2, A3 are the barycentric coordinates of t, i.e.
Poubble(X, y) = xy(1 — x — y) in the reference triangle, cf. [Bra13]. Hence, if a polynomial
p € P3red(t) is zero on the entire boundary of t, it must be p = 0. The space P;5q(t) still has
P,(t) as a subspace. We define the finite element spaces

Wy = {wy € C(@) | wh|i € P3req(t) for all t € Ty and Vwy is continuous at Ny},
Oy = {QH e C(@;R?) | Byt € P2(t)? and B4 - ne|e is affine for all E € Sh} )

In Figure 2.5, the interpolation for these finite element spaces is displayed, showing where
the degrees of freedom are defined.

For a function w € W3?(w), the interpolation wy w € Wy is defined on every
triangle t € Ty by wy(z) = w(z) and Vwy(z) = Vw(z) for all vertices z € Ny n t, which is
well-defined due to the continuous embedding of W3?(w) into C'(@). The discrete gradient
operator B: Wy — Oy is defined via

— 7DKT

Oulwil(z) = Vwy(z),  Oulwyl(ze) - T = Vwy(ze) - ¢

for all vertices z € Ny, all edges E € &y with ¢ denoting a unit tangent vector on £, and z¢
the midpoint of E. We use superscripts (6},[wy]);=12 to indicate the components of 8;,[wy].
The operator 8y can analogously be defined on W3?(w). This operator has the following
properties, cf. [Bar13, Bra13]:
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CJ WH eH

Figure 2.5: The DKT element introduced in [BBH80]. At the black dots e the function value
is prescribed, at the circles O, the gradient is prescribed, and at the crosses x, the tangential
component of the function is prescribed.

There exists constants ¢y, ¢, ¢z, ¢3 > 0 such that for t € 7,y with H = diam(t), w € W3'2(t)
and Wy € WH

[w —Z°Tw|ymay < coH> " |W|wszqy for m=0,1,2,3, (2.21)
1D Wil oy < 1D Oulwnl | oy < €1 | D Wit o for k=10,1, (2.22)
[0nwil = Vwil| o < 2H [[D?wil| 5, (2.23)
[Onlw] = Vwl| s + H ||V Ouw] = D*w|| o < esH iwilyaz - (2.24)

Furthermore, as shown in [Bra13], the mapping wy, — HV@H[WH]HLZ(M) defines a norm on
{wyeWy | wy(z) =0, Vwy(z) =0forall ze Ny nTp} .

As the reader might have guessed, the idea of this non-conforming finite element discretization
is to take V04[] as an approximation of the Hessian. With this, one can formulate a discrete
version of the nonlinear bending energies introduced in Section 2.1. For the case of the
nonlinear homogeneous plate model, Bartels [Bar13] was able to show ['-convergence of a
discrete bending energy based on this DKT element. In this work, the ideas of this result are
extended to shells in Chapter 3, and to a nonlinear homogenized plate model in Chapter 4. In
Chapter 5 the DKT element is also used to approximate nonlinear bending deformations with
folds. There, only numerical experiments are displayed, without a convergence analysis of the
numerical approximation.

2.5 Willmore flow

This section is dedicated to the Willmore energy of a (d — 1)-dimensional hypersurface
M cR? withd =2ord=3, and its Lz—gradient flow, the Willmore flow. The Willmore
energy is a quantity similar to the bending energy of a curved shell, and the Willmore flow is
a time-dependent evolution of a surface that decreases the Willmore energy.

Willmore energy. The Willmore energy is, up to a prefactor, defined as the integral of the
squared mean curvature over the surface, i.e.

L 2 4qyd—1
ZJMh dH .
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We define the mean curvature h(y) as the sum of the principal curvatures at y € M. Another
choice is defining it as the mean of the principal curvatures. If M is the image of a chart
Y: w<c R? - R3, e, M = ¢(w), the mean curvature is the trace of the shape operator:

h(p(x)) =tr (Sy(x)) =tr (g7 (X)(x)), x€w.

If the isometry constraint is omitted, the Willmore energy looks very similar to (2.9), since

%J h? dH " = %f v/det gQ*(g="1I) dx,
M w

with Q%(A) = (tr (A))? for A€ R?*2. Hence, it can also be interpreted as the stored bending
energy of a thin shell, whose mid-surface is represented by M. In fact, if M is the image of
an isometric immersion, i.e. g = I, then

h()? = [lII* = [D*yI* = |Ay[?,

cf. [Bar15, proposition 8.2], so the Willmore energy is, up to a possible factor, the stored
bending energy. In the following, we will focus on closed two-dimensional hypersurfaces M,
which are in general not given by a single chart (4. Hence, all quantities in this section, and
in Chapter 6 are formulated directly on M, and not on a chart domain w. For hyperspheres,
the Willmore energy is easy to compute: In two dimensions, for a circle S! with radius r > 0,
the mean curvature is just the curvature of the circle, i.e. h = 1; Hence, it holds

1 1 1 7T
—| hWdH' = —H' (S = —27r == 1.— R? : =rl. 2.25
> L) H 2r2H (S;) 522 = S, ={xe x| =r} (2.25)

This implies that the larger the radius of the circle, the smaller the Willmore energy is. For
a sphere S? with radius r > 0 embedded in three dimensions, the mean curvature is h = %
since both principal curvatures are 17 This implies

%J h?dH? = %Hz(sf) = %4;”2 =8n, S?’={xeR: |x|=r}. (2.26)
s

Hence, the Willmore energy of a two-dimensional sphere is scale-invariant, it does not depend
on the radius of the sphere.

Gradient flows in Hilbert spaces. In the following, we introduce the notion of gradient
flows in Hilbert spaces. For an extensive overview, the reader is referred to [San17]. Let
us start with gradient flows in the Euclidean space R?. Let F: R? — R be a differentiable
function. The gradient flow of F starting at xy € R? is the system of ordinary differential
equations

{)’((t) = —VF(x(1)) (2.27)
x(0) =xo.

The gradient V F points in the direction of the steepest ascent. Hence (2.27) can be interpreted
in the following way: x(t) is the position at time t when one is starting at xo and walking
through a landscape that is the graph of the function F, by always going in the direction
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of the steepest descent. This implies that F(x(t)) can only decrease in time, by the simple
calculation

% (F(x(1))) = VF(x(1) - x(t) = | VF(x(1))]* < 0.

An implicit time discretization of (2.27) with time step size T reads

Xk4+1 — Xk -

— = =V F (), (2.28)

with time steps (xx)ken - A more general formulation of (2.28) that requires less reqularity of
the function F is the minimizing movement scheme, cf. [DG93],

Xi+1 = argmin (|x — xe|? + 27F (x)) . (2.29)

xeRd

Indeed, if F is differentiable, by differentiating the expression to be minimized on the right-hand
side of (2.29) and plugging in the minimizer x;,1, one gets

Xk+1 — Xk
T

If F is defined on a Hilbert space (X, (-,-)x), we define the gradient flow of F in (X, (-, )x)
as

2(Xk+1 — Xk> + 2TVF(X/<+1) =0 = —VF(Xk+1) .

for all X e X,

x(0) = Xp.

Similar to (2.29), a time discretization of the gradient flow of F in (X, (-, -)x) can be derived
as

X1 = argmin (|x — x| + 2tF(x)) . (2.30)
xeX

Mean curvature flow. This paragraph mainly follows [BDGP23]. For a smooth, compact,
orientable hypersurface M < R? without boundary we define the area functional

FIM] :=H*"(M) = JM 1dH.

Let {: RY — R? be a smooth vector field. For a small parameter s > 0 we define a perturbation

of M as
M(s) = {x +s((x) : xe M}.
Then, the first variation of the area functional, using a transport theorem, cf. [BDGP23], gives

d

Bl _ hv - d—1
I JM v-(dH,
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with v being the outer unit normal to M. Since { was an arbitrary test vector field, this

implies that formally, the [?-gradient VE{/}')LZI—_H of the area functional in the space of all
closed, orientable hypersurfaces is the negative mean curvature vector hv:

V{2 FIM] = —hv.

The [?-gradient flow of the area functional is therefore called mean curvature flow. In the
parametric setting, with parametrization x: M — R? it reads

0ix = hv.

For a given hypersurface M, < R? let x,: M, — R? denote the identity map. Following the
previous paragraph, the minimizing movement time discretization of mean curvature flow hence
reads

: 2 _
Xk4q1 = argmin (”X_Xk”LZ(Mk;Rd) +2TH 1(X(Mk))> _
x: My—Rd

Willmore flow. We now come to the Willmore flow, the [*-gradient flow of the Willmore
energy w[x(t)] = §,,, h*dH?"", with time parameter t. In the parametric setting, with

parametrization x: M — RY it has the form
2 1)
ﬁtXZAth+h<]5\ —§h>v.

For a detailed calculation, see [Sim01, OR09]. The time-discrete minimizing movement scheme
for Willmore flow hence, is

Xg+1 = argmin (”x — Xk”iz(/\/lk;Rd) + 2TW[X]> )
x: M;—Rd?

In Chapter 6 we will see how this minimizing movement scheme can be approximated by a
nested scheme that involves solving one step of mean curvature flow as an inner problem, to
approximate the mean curvature h, and a classic outer minimization problem. This is then
handled not in the parametric setting, but in the phase field setting, where the surface M is
implicitly given by the diffuse phase transition of a two-phase function. These phase field
functions are introduced in the next section.

2.6 Phase fields

In the previous section, the (hyper-) surfaces were described in the parametric setting. In this
section, the notion of phase fields is introduced. A phase field is a scalar-valued function
that describes a geometric object, like a curve, a surface, or the boundary of a set, in an
implicit, diffuse way. Before we come to the most important functionals describing phase fields,
the Modica-Mortola and the Ambrosio-Tortorelli functional, we first introduce the notion of
functions of bounded variation (in short: BV functions). Here, we follow the book by Rindler
[Rin18].
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Functions of bounded variation. Here, we provide a brief overview of the space of functions
of bounded variation. For an extensive study, the reader is referred to [AFP00]. Let Q = R?
be a bounded Lipschitz domain. We denote by BV(Q) the space of all functions v € L1(Q)
such that there exists a vector-valued Radon measure Du with

f udiv(¢) dx = —f ¢- dDu, for all ¢ € C(Q;RY).
Q Q

Note that this definition clearly implies that W''(Q) functions are also in BV(Q), with
dDu = Vu(x)dx. For an R%-valued Radon measure p, we call

w|(Q) = sup{fﬂqb- du : ¢pe CLORY), |||, < 1}

the total variation of py in ). For a set E < Q) with smooth boundary, the characteristic
function yg: Q — {0,1} is in BV(Q), and

|Dxe|(Q) = Per(E; Q) == HIT'(0E n Q)

is the perimeter of £ in Q). This notion allows us to talk about geometric properties of
closed, orientable hypersurfaces (boundaries of sufficiently reqular sets) in the language
of functions of bounded variation. Actually, the BV-theory allows to also deal with less
reqgular objects, opening up the field for geometric measure theory. Unfortunately, analytically
and computationally, it is much harder to deal with Radon measures in comparison to
(weak) derivatives. In the next paragraph, we will hence introduce phase fields as a diffuse
approximation of the perimeter of a set.

Modica-Mortola phase fields. We now come to the Modica-Mortola energy, also known
as Cahn-Hilliard or Ginzburg-Landau functional. It reads

Pelv] = 1f e|Vv|]* + 1L|J(v) dx, (2.31)
2 Ja €

and is defined for functions v € W'?(Q). Here, € > 0 is small. The function ¥ : R — R
satisfies W(z) > 0 for all ze R and W(z) =0 if and only if z € {a, b}, with @ < b. Hence
W(.) is called a double-well potential with wells a, b € R. If the parameter € is small, and
this functional is to be minimized, together with a possible mass constraint for u, or other
continuous pertubations, the term 1ZLP(V) enforces the function v to stay close to the two
phases v = a or v = b, while €|Vv|? ensures reqularity in the transition between the two
phases. The parameter € hence controls the width of this transition zone. In 1977, Modica
and Mortola were able to show the following sharp interface limit of (2.31) as € — 0.

Theorem 2.21 (Modica-Mortola, [MM77]). The functionals (P¢[-])e=o, defined in (2.31), I'-
converge as € — 0 in the strong L'-topology to the functional

PO[V] :: {coPer({x eQ: vix)=da},Q) , ifve BV(Q;{a,b})
oo, else,

with ¢y = Ss VW (z)dz.
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If € > 0 is small, (2.31) hence gives a diffuse approximation of the perimeter functional of
a set E, or more specifically, of the area of the boundary between the two sets £ n Q) and
E‘nQ.

The construction of the recovery sequence in the proof of the lim sup-inequality of Theo-
rem 2.21 gives us an idea of how minimizers of (2.31) look like. By Young's inequality, the
following inequality holds

1 1
ij e|Vv|* + ELP(V) dx > J IVvvW(v)dx,
o 0

with equality if and only if |[Vv| = 4/W¥(v) almost everywhere. In one dimension, this leads to
the ordinary differential equation

V(s) =/ W(P(s)). (2.32)

Using a slicing argument, cf. [MM77], the one-dimensional optimal profile determined by (2.32)
is then used to construct the recovery sequence for the lim sup-inequality of Theorem 2.21, by
defining

sdist(x, E)

Ve(x) = D(— .

)

for a given set E . Here,
sdist(x, E) := dist(x, E) — dist(x, E°)
is the signed distance function of £ < Q).

Example 2.22. Here, we will give two examples of possible choices for the double-well
potential W(-).

1. Let W(z) = %(1 — 7?)2. Hence, the two wells are a = —1 and b = 1. The choice of the

factor % comes from the computation

CO_L\/Wdz_%Lm—zz)dz_§(2—§> -1,

The optimal profile determined by the ordinary differential equation (2.32), together

with the initial condition
a+b

2

o

)=0(0)=0
then is

3s

v(s) = tanh( 2 ).

Sketches of this double-well potential and the corresponding optimal profile are displayed
in Figure 2.6 on the left. Note that this construction can easily be adapted for double-
well potentials of the form W(z) = c(a — z)*(b — z)? with other wells a < b, and
constant ¢ > 0.
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. Now consider a double-well potential of the form

1-2° if |z| <1
Y(z) = { z if |z|
+oo else.

This enforces the phase field to always stay between —1 and 1, which are also the two
wells of the function. Then we have

Co=fj1\/WdZ=Jj1MdZ=g.

The optimal profile given by V' = /1 — 02 with initial condition ¥(0) = 0 is hence given
as

sin(s) , if|s| <3
is)={-1 , ifs<-=
1, if s > 7.

Sketches of this double-well potential and the corresponding optimal profile are displayed
in Figure 2.6 on the right.

T
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Figure 2.6: Left: Sketches of the double-well potential W(z) = -x(1 — z?)? (purple, top), and
the optimal profile ¥(s) = tanh(2%) (orange, bottom). Right: Sketches of the double-well
potential : W(z) =1 — 22, if |z] < 1; W(z) = +, else (purple, top), and the optimal profile

V(s) = sin(s), if |s| < Z;

(s)=—-1,ifs< -3, U(s) =1, if s> 7 (orange, bottom).



Summarizing this paragraph, we saw how the perimeter of a set £ can be approximated
by a diffuse phase field function in the variational sense of [-convergence. This phase
field formulation is suitable to compute an approximation of the mean curvature flow of the
hypersurface that is given by the boundary of this set. This will be leveraged to compute the
Willmore flow, as we will explore in Chapter 6. However, if one is interested in approximating
non-orientable surfaces, or for example a network of curves in two dimensions that have
crossings, another phase field formulation is needed. This is what the following paragraph is
about.

Ambrosio-Tortorelli phase fields. In the previous paragraph, phase field functions with
two phases were explored. Now we consider phase field functions that only have one phase
v =1, and are only allowed to drop down to zero in a diffuse region around a set of zero
Lebesgue measure. We consider the following Ambrosio-Tortorelli energy

)2
AT [v] = J e|Vv* + a 4£V) dx .
0

As in (2.31), €|V v|? ensures regularity, while % is a penalty term that pushes the phase
field in the single well v = 1. This functional was introduced in [AT92] in order to formulate

a phase field approximation of the Mumford-Shah functional [MS89]

Flo.E) - |

alVé]* + B(¢—g)*dx + HI (L), (2.33)
O\Z

a variational approach to image segmentation. Here, £ = Q is a closed subset, ¢ € C'(Q\X),
and a,8 > 0. Ind =2 g € L*(Q) has the role of a pixel-valued image that is to be
approximated by a piecewise smooth function ¢ with jump set ¥. The complete phase field
functional approximating (2.33) reads as

Fe[hv] — L a(V2 + 0) [V + Bl — g) dx + ATC[]. (234)

Here, (ne¢)e~ is an infinitesimal sequence with ”—; — 0 as € — 0. The idea is that the
phase field v is approximately equal to 1, but drops down to zero around the area where the
gradient of ¢ explodes. In the sharp interface limit as € — 0 this area shrinks down to the
lower-dimensional jump part of ¢. The variational phase field approximation (2.34) of (2.33)

was proven in 1992 by Ambrosio and Tortorelli:

Theorem 2.23 (Ambrosio-Tortorelli, [AT92]). As € — 0, the functionals (F¢[-])e=o, defined in
(2.34), I -converge in the strong L?(Q) topology to the Mumford-Shah functional (2.33).

In Chapter 5, a phase field model similar to (2.34) is proposed to approximate folds in a
thin plate. There, the gradient of the deformation jumps along the folds in the sharp interface
limit.
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Chapter 3

Finite Element Approximation of
Large-Scale Isometric Deformations of
Parametrized Surfaces

In this chapter, the numerical approximation of isometric deformations of thin elastic shells
is discussed. To this end, for a thin shell represented by a parametrized surface, it is
shown how to transform the stored elastic energy for an isometric deformation such that
the highest order term is quadratic. For this reformulated model, the existence of optimal
isometric deformations is shown. A finite element approximation is obtained using the Discrete
Kirchhoff Triangle (DKT) approach and the convergence of discrete minimizers to a continuous
minimizer is demonstrated. In that respect, the work in this chapter generalizes the results by
Bartels for the approximation of bending isometries of plates. A Newton scheme is derived to
numerically simulate large bending isometries of shells. The proven convergence properties
are experimentally verified and characteristics of isometric deformations are discussed.

Collaboration. This chapter is a continuation and extension of the work from the author’s
Master’s thesis [Smo21]. As such, it is the result of joint work with Stefan Simon and Martin
Rumpf that has been published in [RSS22]. In particular, Stefan Simon implemented the finite
element library that is used for the numerical experiments in this chapter.

We investigate deformations of thin elastic objects and their numerical approximation. These
objects are frequently characterized by a small thickness 0 > 0 and a reqular and orientable
two-dimensional midsurface M,. Given an external force fa: M,y — R3 acting on the
thin object, equilibrium deformations have been extensively studied in the literature. In
particular, considering the limit of vanishing thickness, [ -convergence allows to express the
3D deformation of the thin object by a 2D deformation of its midsurface.

Throughout this chapter, we will restrict ourselves to parametrized surfaces, i.e. My =
Wa(w) for a bounded and connected Lipschitz domain w = R? and an injective parametrization
Wa € W32 (w; R?). An external force f4 € [2(My;R?) acting on the midsurface is given via
some f € [?(w;R?) on the parameter domain with f = f4 0 ya. The deformed midsurface
Mp = yYg(w) is described by a parametrization ¢ € W?*?(w;R3). The resulting actual
deformation ¢: ¢ia(w) — R> of the thin shell midsurface ¢a(w) is then given by ¢ = oy, ',
cf. Figure 2.2 and Section 2.2.

Following Friesecke et al. [FJIMMO03], the bending energy W*: W??(w; R3) — [0, 0] of
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the deformed object is given by

S8, +/detga tr <5{;;S$;> dx if gg=ga,

o0 otherwise,

WAW’B] = {

see (2.12). Note that for the relative shape operator (2.13) it holds

2

’

(Srel rel ‘gA //B - ”A)gA

as it was derived for a prestrained plate model in [BLS16]. A bending energy on prestrained
plates involving the same integrand was also applied in [BGNY23]. Here, a > 0 denotes
an elastic constant and the condition gg = ga encodes the metric constraint on the map

6 — Yoy, e,
Vis(x) " Vip(x) = ga(x) = galx) = Via(x) ' Vipa(x) forae xew. (3.1)

Moreover, we define the potential energy by

pot LZIB J x/detgA f- L/IBCIX
and consider clamped boundary conditions on I'p < dw with H'(p) > 0, ie.

W =ta, Vip=Vis onlp. (3.2)

Finally, we ask for a minimizer (g of the total free energy

E[y] = WAY] + Epul¢] = gf detgatr (Sy'Sp') dx — f ydetga f-dx  (33)

over all ¢ € W??(w;R?) satisfying the metric constraint (3.1) and the clamped boundary
conditions (3.2). In a more general setting, other Dirichlet boundary conditions could be
considered, such as g = ¢, Vg = ® on [ p. In general, it is not clear if such a deformation
g satisfying the metric constraint (3.1) exists, even if ®T® = Vi Vs on I'p is satisfied.
However, with the assumption that admissible deformations exist, the analysis presented in
this chapter could be extended to more general Dirichlet boundary conditions, as in [Bar13].

In this work, we are primarily interested in a numerical approximation scheme for the
above variational problem.

Our goal is to extend the approximation result of Bartels [Bar13] to the case of curved
surfaces M, under the assumption that M4 is a parametrized surface as described above.
For isometric deformations in the flat case, the relative shape operator is symmetric and the
Frobenius norm of the relative shape operator is equal to the Frobenius norm of the second
derivative of the deformation, i.e.

(Srelsrel) = tr ((Srel) rel) ‘Srel’2 _ ‘DZL/JB

' (3.4)

which drastically simplifies the computational effort, since the second variation of the corre-
sponding bending energy becomes independent of (5. In that respect, the central insight is a
simplification of the relative shape operator similar to (3.4).
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Related work. In [LDR95, LDR96], Le Dret and Raoult obtained a membrane theory describing
tangential distortion on the surface. In this chapter, we focus on a bending theory taking into
account isometric deformations. For such bending isometries, a first [ -convergence result was
provided by Friesecke et al. in [FIMO02] by rigorously deriving Kirchhoff’s plate theory from
nonlinear three-dimensional elasticity. In this special case of the two-dimensional midsurface
being a flat object, smooth isometric deformations are characterized by the global property
that they are developable surfaces. This has been shown for smooth isometries by Hartman
and Nirenberg in [HN59]. Moreover, Hornung [Hor11] has proven that this result holds true
for W22_isometries. A geometrically natural generalization of isometry-constrained bending
functionals and their stationary solutions has been investigated in [Hor17]. In [FIMMO3],
Friesecke et al. extended the [ -convergence result to the case of thin elastic shells, where
the corresponding midsurface M, is in general allowed to be curved. More precisely, it was
shown that the bending energy depends on the so-called relative shape operator, which we
will detail in this chapter.

A conforming finite element approximation of the bending energy for thin elastic shells
would require globally C'-elements, which are computationally demanding and require a
proper notion of discrete isometric deformations. As an alternative, Bonito et al. [BNN21]
proposed a discontinuous Galerkin approach for isometric deformations of thin elastic plates,
and in [BGNY23] Bonito et al. established a I"-convergence theory of a local discontinuous
Galerkin approach for prestrained plates. In this chapter, we follow Bartels [Bar13], who made
use of the DKT element to approximate bending isometries in the case of deformations of thin
elastic plates. This approach has also been applied in [Bar17] to approximate deformations of
plates for a Foppl-von Kdrman model, which has been used to verify a break of symmetry
for deformations of smooth, circular cones. Furthermore, the DKT element was also used
in [BBN17] to approximate bending isometries of bilayer plates. The key ingredient of the
DKT element is a non-conforming second derivative with suitable approximation properties.
Nodal-wise degrees of freedom for the Jacobian of the deformation enable enforcing the
isometry constraint on the nodes of the underlying triangular mesh. Furthermore, Bartels
considered a linearization of the isometry constraint and a discrete gradient flow approach
to minimize the energy. In [HRS20], Hornung et al. applied the DKT element for a material
optimization problem on thin elastic plates, where the isometry constraint was strictly enforced
in a second-order scheme.

A different approach for computing bending deformations of elastic shells is the discrete
shell paradigm introduced in [GHDSO03]. Within this framework, the elastic shell is directly
conceptualized as a discretized geometry composed of triangular elements. A discrete bending
energy is formulated, measuring the change of dihedral angles between two neighboring
triangles, whereas the discrete counterpart of a membrane energy involves changes of the
lengths of edges. Especially in computer graphics, discrete shells are widely used in practice.
Recently, Olbermann and Gladbach showed [-convergence of a discrete geometry model to
the Willmore energy in [GO23]. In [WBH"07], a family of discrete isometric bending models
for trianqulated surfaces was derived, which are quadratic in surface positions, under the
assumption of isometric surface deformations. Discrete bending and membrane energies can
also be used to study the geometry of the space of discrete surfaces, cf. [HRWW12, HRS* 14,
HRS*16, HZRS18, SSRC24|.

Outline. The outline of this chapter is as follows. In Section 3.1, we will rewrite the total
elastic energy via a simplification of the relative shape operator and prove the existence of
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a minimizing deformation. In Section 3.2, the non-conforming finite element approximation
via the Discrete Kirchhoff Triangle will be revisited and used to discretize the total elastic
energy. Instead of a linearization, we incorporate an exact metric constraint at nodal positions.
To solve the resulting constraint optimization problem numerically, we take into account a
Newton method for an associated Lagrangian in Section 3.3. Finally, in Section 3.4, we
discuss several selected examples and study the convergence behaviour experimentally.

3.1 Reformulation of the bending energy

In this section, we will show an identity for the Frobenius norm of the relative shape operator
S{;Bl under the metric constraint. This reformulation will ensure that the dependence of
the elastic energy on second-order derivatives of the parametrization (/3 is quadratic and
the remaining nonlinearity is a quadratic term involving the normal ng in the deformed
configuration.

Proposition 3.1 (transformed bending energy density). Let 5 = (YF) =123 € W??(w; R?)
with Vi NV g = Vi V s almost everywhere in w. Then, we have the identity tr <S$9;S$é> =

g7 (15 — 112)gx° | = B[], where
3
Z A IDAR gL R — 2015 (g3 Iags") + Ca (3.5)

where the constant C, depends only on derivatives of 4.

Proof. Differentiation of 0;(g - ;g = O;tia - Ojtha for i € {1,2} in direction j € {1,2} yields
0;0i - Oitpg = 0j0ia - Oitpia. Similarly, differentiation of d;(g - ;g = Oitha - JjiPa in direction
i €{1,2} gives

(3,2@3 . ajlﬂB + aja,‘LﬂB . a,-LﬂB = 612¢A . aijA + &,&wA . a,-LﬂA

and taking into account the first identity we obtain d2¢ss - ;g = 0¢ifa - Ojha. Altogether,
using the fact that the parameter domain is two dimensional, we obtain

6[811,03 : ﬁkL/IB = (9,-6,-L/1A : 6k¢rA V[,j, k e {1 , 2} (36)

Next, we consider the Gram-Schmidt orthonormalization of the columns of the Jacobian V¢

1 , A
ypi= ——0op, ypi= with  §F = s — (248 - Y)Y s
[O1¢8 | |
and define y,, y4, §4 analogously for the parametrization (a.
Then, both {y}, y%, ng} and {y}, y3, na} form an orthonormal basis of R3. In particular, we
get the orthogonal decomposition

k08 = (k0P - n)np + (Okdjth - yp)yp + (Oc0iYs - YB)YB - (3.7)
By the metric constraint |0a| = |01¢B| and d2ua - A1y = 024 - 0145 and consequently
1

1
L e, 03 = s — (Dotha - Y —— 1 s,
Y5 = T30 1We, g = 02bp — (O24a UA)|51¢A’ 1B
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Furthermore, we obtain

2

1051° =|028]° — 2(0atpa - y)) 01|

B ¢ |51¢'3 521/JB+‘(52¢A'91\)

1
|01

2

=|02al® — 2(02¢pa - yh) 5—— |014pal?

:|QA|2-

Taking into account (3.6), it follows that

Pa - P + ’(524’%\ S yu)

1
\5190 | |0144]

k0 -y = B 9[1 ’aka iYs - 01y = B QZJ | OkOithn - O1ha = OO~ Y,
1 N
k0 - yp = Wak(}/%‘y 7 2’ Oy - (02 — (02 - Y)Y p)
B A
1
- |g2|5k5 a - (Oatha — (O2ha - yn)yn) = Odjtha - yi -
A

Thus, we obtain

k0 = (0k0js - ng)ng + (Ok0jPa - yn)yi + (Oditha - y2) Y5

Next, we consider the integrand of the bending energy. Similar to the calculations in [BBN17]
in the context of prestrained plates, we can write

_1 1 1 _142
‘QA ”B_”A)QA ‘ ‘QA //BQA ) —2( QAZIIBQA ) (QAZIIAQAZ)""gAz”AgAZ

The last term only depends on the initial configuration ¢4 and can hence be neglected. Let

_ _1

g, = (gA f]> . Using |ng|?> = 1 and the decomposition
) ij=12

as

_1 _12
“llgg,°| can be written

2 2 2

>

i,j=1

2 1
Z gAfkgA,zzj (Oklips - ng) ng

k(=1

20 1
Z gA,fkgA,zzj (k01 - np)

k(=1

2

[l

2 1 _1
> 9aiGai (Ocos — [(kdipa- yh) yi + (Ocdiha - y3) y3))

k=1

<
Il
N

2 2

2 L
2 Gaikgal; [ (OkOiha - yn) yis + (OOitha - y3) yB]

+3;

20 1 1
Z 9,k 910k OB

Il
ZMN

i,j=1k,[=1 i,j=1k,[=1
2 2 1 _1 2 1 _1
-2 (Z gAfkgAf,-akaM!’B) : ( > gaigni [(@cdihn- yh) ys+ (ddiha- y3) Uf;]) :
(=1 \k,I=1 k=1

Since |yg|> = |y3]? = 1 and yj - y3 = 0, the second term on the right-hand side only depends
on 4 and can hence be regarded as constant. The same applies to the third term, considering
the metric constraint and the calculations made above. Furthermore, we can rewrite, using the
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_1
symmetry of g,°

_1 1 2
(gAZIIBgA2> (gA //AgA Z (Z gAzzk/lBgAl/> <Z gAthIIA gAn/)

=1 1 m,n=1
2 y 2 2
= Z I1g ( Z (Z gA,IZa'gA,iZm) 13" (2 9a, 1/9A1n>> = llg:(g5'11ag3")
k,[=1 m,n=1 i=1 j=1
which proves the claim. O

As an immediate consequence, we obtain the following transformed total free energy.

Corollary 3.2 (transformation of the total free energy). Let 5 € W??%(w; R?) with Vi Vg =
Vi Vs almost everywhere in w. Then, the total free energy (3.3) can, up to a constant, be
rewritten as

3
a 1 ”
_ if M(Z g5 DG 2 — 2015 : (g3 llags )) dx (3.8)
w m=1
- [ Vaetga - yar

Using this reformulation, we obtain the following existence result.

Theorem 3.3 (Existence). For the set
A={Ype W?(w;R) | VY 'V =VY,Vis ae inw, =1 Vi=Visonlp}

of admissible parametrizations subject to the metric constraint and clamped boundary condi-
tions, and for f € Lz(w, R3) there exists a parametrization Yg € A which minimizes the total
free energy E[yY] given in (3.8) over all Y € A.

Proof. We begin remarking that A is nonempty, because (4 € A. To apply the direct method
in the calculus of variations, we at first show the uniform boundedness of a minimizing sequence
in W22(w,R3). To this end, we first estimate for ¢y € A

X

3 1 12
E9)=5 | Vietgn 3, |92 0%7g, | d
w m=1
—aJ \/@\Dzw'n[lﬂ]‘|QZ1//AQZ1’dX—J \detga |f|l|dx.

using Cauchy-Schwarz’ inequality. Note that D% - n[]| < |D*| again by Cauchy-Schwarz
1

with |[n[¢]| = 1. Thus, since ga and g,? are uniformly bounded, we obtain

L1 = |0, — € ([ 10261193 igs | x+ [ 1111 r)

for generic constants ¢, C > 0 depending only on ¢4 and a. Making use of Poincaré’s
inequality and Young's inequality, we obtain E[¢] > ¢ ||D2¢1Hi2(w) — C. Next, let (), < A
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be a minimizing sequence with infyc4 E[¢] = limio E[¢fy]. Then, the last estimate ensures
that ||¢11HW2,2((U Ry S C. By the reflexivity of W?2, there exists a subsequence and a function

W € W>?(w,R3) s.t. after a reindexing ¢ converges weakly to some (g in W??%(w,R3). By
the Rellich—Kondrachov compactness theorem, we can extract another subsequence ensuring
that Vi (x) — Vg(x) point-wise almost everywhere. Thus, the limit 5 also fulfills the
metric constraint, and by the trace theorem, the clamped boundary conditions. Hence, (5 € A.

Furthermore, the sequence of normal fields n[yy] is uniformly bounded in [*(w, R?) and
n[y] converges point-wise almost everywhere to n[yg]. Altogether, D?y; - n[yy] converges
weakly in [?(w,R?*?) to D?*y; - n[yg] = llg. Finally, the convexity of | - |> implies that the
total free energy E[-] is weakly lower semi-continuous and thereby

Elihs] < liminf E[yn] = JJQL Ely].

3.2 Discretization based on the Discrete Kirchhoff Triangle

In this section, we will derive a non-conforming finite element discretization of the total free
energy and the corresponding discrete metric constraint. This derivation follows the general
approach proposed by Bartels for discrete deformations of plates in [Bar13]. In addition, we
refer to the monograph [Bar15].

Based on the DKT element, cf. Section 2.4, we discretize the total free energy (3.8).
More precisely, we consider ¢y € W3, to approximate a parametrization ¢y € W??(w; R3).
Then, a discrete unit normal field n[¢yy] is defined as n[Yy] = m& Yy X Oruy,
and we apply VO[] as a discrete (non-conforming) approximation of the Hessian Dy,
in [?(w;R**?). Furthermore, for the given fixed parametrization 3 € W3?%(w;R3) define
Yan = I TPa € W}, Then, we define gy = Vi NV ian, Iy = VOu[an] - n[an]. Let
us assume that i,y € W3'2(w; R3) and fy € Lz(w; R3). In particular, the above coefficients,
depending on ¢, are well approximated by their discrete counterparts obtained by the
interpolation in W3, taking into account the estimates on the discrete gradient operator. Note
that instead of a DKT interpolation (4 1y, we could directly consider (4 evaluated at quadrature
points. However, if one applies the presented approach to shape optimization (cf. [BCC*21]),
one usually wants to optimize 4. Then, a DKT discretization (44 would enable to actually
perform such an optimization. Now, the discrete transformed bending energy density is given
by

3
Bulul = 2, l9n IV 0ugy’ = 2 0ull - nlgn)) : (97 1ugR)  (39)
Correspondingly, the discrete total free energy is defined as

= gf \/detgHBH [L/IH] dX—f «/detgH f/_/ : L/IHCIX. (310)

We aim at minimizing this discrete energy over the following constraint set of discrete
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deformations
A= {gm e W, ‘ V(2) V(2) = Via(2) Va(z) Yz e N
Y(z) = Ya(2), VY(z) = Viua(z) YzeNyn I_D}.

Since Y4 1y € Ay, this set is not empty. In explicit, we require the metric constraint only on the
nodes of the triangulation, and the clamped boundary condition is applied solely on boundary
nodes.

Now, we are in the position to formulate our main theorem on the approximation of large-
scale isometric deformations of parametrized surfaces, minimizing the total free energy in the
case of clamped boundary conditions.

Theorem 3.4 (Convergence of discrete solutions). Let () be a sequence of uniformly reqular
triangulations of w with maximal triangle diameter H > 0. Furthermore, let Yz € W3?(w; R?)
and f € [?(w;R?) and (i) be a sequence of force fields in L*(w, R®) weakly converging to
f in [>(w,R3). Assume that there exists a minimizer (g of the continuous total free enerqgy
E[-] (3.8) on A which can be approximated in W??(w; R?) by functions 1, € W*?(w; R*) N A.
Then, for every H < H, for H sufficiently small, there exists a minimizer y; € W}, of the
discrete total free energy Ey[-] (3.10) on Ay. Furthermore, for (Ey[-])n with H — 0, let
(Yn)n be a sequence of minimizers. Then

||9H[¢’H]||W1vz(w;R3><2) + ||¢]HHW1'2((J);R3) <C

and there exists a subsequence that converges strongly in W'?(w; R3) to some
J* € W22(w; R®) n A. Furthermore, Y* is a minimizer of the energy E[-] defined in (3.8) on
A

Finally, let us remark that in the flat case ga = |, with Y3 € W??(w;R3) and gg = |, the
mapping (g can be approximated in the strong W?%2-topology by smooth isometries as shown
by Hornung in [Hor11], see also Section 2.3 for more about regularity of isometric immersions.
We also refer to the monograph by Bartels [Bar15] for further properties of isometries in the
flat case. In the curved case, to the best of our knowledge, such a density result is unclear,
since the proof in the flat case is based on the developability by Hartman and Nirenberg in
[HN59].

Proof. The general procedure of this proof follows the basic procedure of the convergence
proof given in [Bar13] for the case of plates, in [BBN17] for the case of bilayer plates, and in
[BGNY23] for prestrained plates, and uses [-convergence arguments. With a slight misuse of
notation, we do not perform a reindexing when subsequences are selected. Let Zy[-] be the
nodal interpolation operator mapping into the space of piecewise affine, globally continuous
functions in 74.

At first, using similar arguments as in the proof of Theorem 3.3 we can bound the discrete
energy Ey[wy] for ¢y € W3, from below

Enlgn] = c ||VQH[¢’H]Hiz(w)_ C(HVQH[QL’H]HB(&)) ||n[¢lH]||L2(w)+HfHLz(w) ||¢’H||L2(w)> '
(3.11)
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where ””[LL'H]HiZ(w) equals the area of w. Based on the nodal metric constraint, which implies

IV yn(2)]? = |[Via(2)|? for all z € Ny, and applying an inverse inequality, see [Bra13], we
obtain for all t e Ty:

9@kl ~ ZulI Va2l < CH [DP(V P (3.12)
S CHt2 <HD3¢’HHL2(Q ||V¢HHL2(t) + ||D2L/IHHi2(t)> < CH, HD2¢’H”L2(T) ||V¢,H||L2(t) :

Now, using the triangle inequality, Young's inequality, the nodal metric constraint, and the
norm equivalence estimates (2.22), we obtain

”VLZ’HHZ(Q < CH, <||V9H[¢H]||i2(t) + HGH[LL’H]”iZ(t)) T HIH[|V¢A|Z]||U(0 '

and with summation over all t € 7; we get

||V¢H||i2(w) < CH <HVQH[¢’H]HZ(¢U) + HQH[L/’H”ﬁZ(w)) + ||IH[|V¢’A|2]HU(N)'

Taking into account the clamped boundary conditions and applying Poincaré’s inequality
for O[] we achieve ||V¢’H||i2(w) < CH ||V9H[¢IH]Hi2(w) + C. Now, applying Poincaré’s
inequality for ¢y and Young's inequality, we obtain ||L/”H||L2(w) <C1+H ||V9H[¢H]||L2(w)).
Thus, using that ||fHHL2(w) is uniformly bounded, and using again Young's inequality for the
term C ||V9H[¢IH]HL2((U) ””WH]”LZ(Q)) we obtain

Enlim] = ¢ |V Oulyul2(, — C (3.13)

for H small enough. From this, the continuity of Ey[-] on W3, and the norm property of
Yy — ||V9H[¢H]||L2(w) the existence of a minimizer iy of Ey[-] follows for h sufficiently small

and HVGH[‘#’H]”B(@
once more the norm equivalence estimates (2.22) we obtain ||V¢H||L2(w) <C.

< C. Then, Poincaré’s inequality yields ||9H[¢H]||L2(w) < C. Applying

Now, we consider the liminf inequality. By reflexivity of W'2, there exist functions
Y* e W2 (w; R?) and 6* € W'2(w; R3*?), such that (up to subsequences) (s, converges weakly
to * in W'?(w; R?) and O[] converges weakly to 0% in W'2(w; R3*2). Furthermore, one
observes by (2.23)

IV = Ol 1y < H IV ORI 12y < CH-

By the Rellich—-Kondrachov theorem, 8[| converges strongly to 0* in [%(w;R?) for
another subsequence. Thus, the strong convergence Vi to 68* and the weak convergence
of Vi to V* yields Vy* = 6* and in particular ¢* € W?%(w; R3). The continuity of the
trace operator W??%(w; R3) — W'2(I"p; R?) and interpolation estimates imply that ¢* fulfills
the clamped boundary conditions. To verify that ¢* fulfills the metric constraint, we estimate

HVQUEVL/]H - V%TVL/JAHU(O
<[V RV n — TulV Gl o [THIV OV a] = VT 1

2
<CH HD2¢’H”L2(t) ||V¢,H||L2(t) + CHtZ <HD3¢’A”L2(0 ||V¢’A||L2(t) T HDz‘l’A”LZ(t)) :
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Here, we applied similar interpolation error estimates as in (3.12). Summation over t € Ty
and the fact that Vi — V¢* strongly in L2 finally imply that Vy*TV* = Vi Vi, a.e.
in w. Since (n[yny]), is a bounded sequence in [?(w,R3) and Vi converges point-wise to
Vy* ae., we have n[yy] — n[y*] in [*(w,R?). Furthermore, due to interpolation estimates,

g;%, gy' and Iy converge strongly to g;%, gx' and ll4, respectively. Altogether, recalling
the definitions (3.5) and (3.9), we finally achieve the lim inf-inequality

E[7] < timinf Enlyu],

With respect to the definition of a recovery sequence, we consider a function ¢y € W3?(w; R3) n A.
For H > 0, let ¢y = ZPXTy € W3, be the interpolation of ¢ defined on every triangle t € Ty
by Y (z) = Y(z) and Viu(z) = Vi(z) for all vertices z € Ny n T. Taking into account
(2.21), (2.22), and (2.24) we have for every t e Ty

10uldu] = V]l oy + He [V Onlon] = D
< ||9H[¢’H - Qh]HLz(t) + ||9H[¢’] o VQL’HLz(t)

+ Hi (HVQH[’J’H - “‘[’]HLZ(t) + HVQH[‘M - DZQ[’”LZ(t)) S C3Ht2 H(L’”W&Z(t) : (3-14)

Using the estimate

2
a1 o) (le b, ool b
la| |b] |al |al [b] |al |al |al
for a = 1 x 02y, b = 01y x oy, and the identity |01y x Y| = /det(VyYTV ) =
\/M which follows from the metric constraint, we get

| Vetga inlw) = nlunl ax < 4 | 1@ < o) (@1 x 2] v
Furthermore, by the interpolation estimate (2.21) we obtain
|01 w02ty — O1rmO2bin]| 1,
<lerm = errim|l oo 10280l 2y + 101G o 10280 = Eath]l oy < CHP |00

and hence

a b

( JW [n[¢] - n[wHszx)g < CH [l o -

Now, let )5 € A be a minimizing isometry for E[-]. In Theorem 3.3, it is shown that such a
minimizer exists. By our assumption, we have

Vo> 03, € W(wiR) n At [|¢s — | yoogume < -

Applying the above estimates to ¢, and its interpolation ¢, ;; = ZP%"¢), in W7, and using the
estimates (2.21), (2.24) and (3.14) we achieve

f v/detgy By [y, n]d f Vdetga Bly,]dx + CH||g, ||, 5 (3.15)
<J Vdetga Bygldx + C (p+ H||¢p]] ,s-)

40



Now, we choose H = H(p) small enough such that
Hp) 9ol sy < - (3.16)

and use for the estimation of the potential energy that (, 1y(,) converges strongly to (g in L
to obtain

lim sup EH(p)[l,llp,H(p)] < Elyg].

p—0

Finally, we get

ELW7] < tim inf Eno [ro)] < m sup Eno [y 1] < Elps] = min E[¢] < E[¢]
p— €

Hence, ¢* is a minimizer of E[-]. O

In fact, the coupling of H and the W32-norm of the approximations determines the rate of
convergence. This rate cannot be predicted under the assumption of this theorem.

3.3 Implementation via Newton’s method

Now, we will describe the numerical implementation to minimize the discrete total energy Ey
as defined in (3.10) over all discrete isometries ¢ € Ay. First, we observe that a function
Wy € Ay = {¢dy € W}, | ¢on(2) = Wa(z), Vou(z) = Via(z) on I'p} is determined by its
values at the nodes and the values of the gradient at the nodes. So, for the discrete constraint
minimization problem, there are 9 x [N);\['p| degrees of freedom. To implement the nodal-wise
metric constraint, we define the Lagrangian

Luldm, prl = Enldn] — Gulgn](ph) -

Here, Ey[yy] is the discrete total free energy and

Gulwl(pn) = [ Zu ([ (2) 9 (z) = V() )] p) d

w

with Lagrange multiplier py € S}, where SZ? denotes the space of continuous piecewise
affine, symmetric matrices in R?*2. In particular, Gy[wn](py) = O for all py € S% is
equivalent to an enforcement of the metric constraint on all nodes of the trianqulation. The
saddle point conditions are

OpuLiilthrs, prl(vi) = 0, o Lii[ths, prl(qr) = 0

for all vy € {¢r € W3, | ¢r(2) =0, Vpu(z) = 0 on p} and for all g € S22,

To compute a saddle point, we use the Interior Point Optimizer (IPOPT) software library
introduced in [WBO06]. This library provides a primal-dual barrier method to solve nonlinear
optimization problems of the form

minf(x), st c(x)=0and x" < x <xY

cai=1,...,n,
xeR"
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with objective function f: R” — R, equality constraint function c¢: R” — R™, and vectors
xt e [~o0,0)" and x! € (=0, 20]". In our case, the unknown x is the vector representing a
deformation ¢y, f is the elastic energy, and the isometry constraint is 'anorporated in the
constraint functlon c. The boundary conditions are incorporated in the vectors xt and xY,

by setting x> = xY = (Yay); for all degrees of freedom i that correspond to nodes on the
boundary ze Ny n Ip.

We apply a Newton scheme for the Lagrangian, which requires the computation of the first
and second variations of the discrete energy Ey[-] and of Gy[-](-), respectively. In IPOPT
this corresponds to setting hessian_approximation to exact. Here, we take into account
the default backtracking strategy by setting line_search_method to filter. As stopping
criterion we set tol to 107'2. For the required integral evaluations, we implemented a Gauss
quadrature of degree 6 with 12 quadrature points. For the ease of presentation, we consider
the continuous Lagrangian

Ly, p] = El¢] = G[¢](p)

with G[y](p) = §, (V¢TV— Vi Via) : pdx and provide first and second variations
of E[-] and of G[](:), respectively. Here, X : Y denotes the canonical scalar product
for tensors X and Y. The transfer to the discrete counterparts is straightforward. The

energy is given by E[¢] = $§ +/detgaB[¢]dx — § +/detgaf - ¢y dx, where we can write
Bly] =3 (92" D*¢"gy") : D" =2 (D*¢r - n[]) : (ga'llags'). For the first and second

variation, we obtain
QETIV) = 3 j Vet g, B[] (v) dx — j Jdetgaf -vix,
A J\/@% w) dx

where

Z (ga'D’¢"gy") - D"

-2 (D “n[y] + D 0yn[Pl(v) : (94" llag,")
20

-2

adj gA1DZng;1) . DZVm

To compute the first and second variation of the normal field n[¢/], we recall the definition
of the metric g[¢/] = V¢ V¢ in the deformed configuration and observe that |[n[y]]? = 1

implies
0 = dy(|n[@]1*)(v) = 2n[] - dynlg](v) .
Hence, there exist a1, oy € R s.t. dyn[¢](v) = a401¢ + 02 and therefore

8¢,n[g[/](v) SOk = ongPlia + gyl

Furthermore,

0 = dy(n[]- ag)(v) = dyn[P](v) - dh + n[y] - Orv
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implies
gldl(en, ao)" = VT oyn[P](v) = =V v n[y]
and thus

(a1, 02)" = —g[Y]~'VvTn[y].

Finally, for the first variation of n[¢], we obtain

Opn[Pl(v) = =Vipg[yp] "'V v  n[y].

For the second variation, we obtain

G nll(v, w) = — Vwgly] v n[y] — Vyiy (gl ) (w) Vv n[y]
~ Vgl VT 2] (w).

where dy (g[/]7") (w) can be evaluated taking into account

0 =20y (gly]™"gly]) (w) = 0y (g[¥]™") (W)gl] + gle] ™0y (g[]) (w)
and dy (g[y]) (w) = VwI V¢ + V¢ Vw, which implies

Oy (g[e]™") (w) = — gl] "0y (g[¢]) (w)g[y]
= —glg] " (VW VY + VY Vw) gly] .

Based on this, we straightforwardly obtain

opGlYl(p)(v) = J (VvIVy+ Vg V) pdx,

w

%G[L/J](p)(v, w) = J (VVTVW + VWTVV) s pdx.

We remark that a proof of convergence of the second-order method would require invertibility
of the Hessian D?L, which we have always obtained in our numerical computations. However,
note that the Hessian D?E is, in general, not invertible.

Finally, note that an algorithmic generalization on multiple charts would be straightforward.
E.g. for two DKT charts s}, /2 of the deformed configuration corresponding to given DKT
charts ¢}, ¢}, which share degrees of freedom on the common boundary S = oM}, N OM3, we
require consistency of the DKT degrees of freedom, i.e. Y5(2) = ¢i(z) and VL(z) = Va(2)
for all ze Sy.

3.4 Numerical results

In this section, the presented method is applied for specific choices of 4, f, and w, and
for a = 11—2 In all our examples, we consider a sequence of triangulations on w, generated
by uniform, reqular (so-called red) refinement starting from a coarse rectanqular mesh with
each rectangular cell subdivided into two triangles. We use 4 as initialization for ¢z on
the coarsest mesh. On a refined mesh, we use a prolongation of the result on the previous
coarser mesh as an initialization. In the first three examples, the surfaces are parametrized
over the unit square w = (0, 1) x (0, 1) and the part of the boundary for the clamped boundary
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condition is set to ['p = {0} x [0, 1]. Furthermore, we will also consider an L-shaped parameter
domain. Finally, an example with modified boundary conditions is shown.

(1) Square-shaped plate. In the first experiment, the undeformed surface is a flat unit square in
R3 with ga(x1, x2) = (x1,x2,0)" and (x4, x2) = (0,0,—0.1)". Thus, at/ =0forallie {0,1,2}
and k,j € {1,2}. Note that this flat case is already covered by Bartels [Bar13]. However,
as mentioned above, our numerical method differs in the enforcement of a nodal-wise metric
constraint as in [HRS20] instead of the linearization of the constraint in a gradient descent.
In Table 3.1, for decreasing grid size H, the minimal discrete energy, the isometry error in L',
the ['-norm of the discrete Gauss-curvature Ky[yy| = det(g[wn]~ "V Ou[wn] - n[Yy]) with

VOu[wn]-nlyn] = <Z,3=1 n,[¢H]0k9£,[¢h])kj=1 , and the [ approximate error in the Hessian

of the energy are shown. Since we do not know the minimizer of this problem explicitly,
we compare the discrete Hessian of the discrete minimizer for grid size H to the discrete
Hessian of the finest solution with grid size H* = 0.0014. For a numerical quadrature, we
prolongate functions onto the finest mesh. We obtain an approximate linear convergence
rate for VO[yy]. This rate coincides with the rate for the DKT interpolation on W3?(w, R3)
as stated in Section 3.2. Note that this is the same convergence rate as obtained for the
linearized gradient flow scheme in [Bar13]. Furthermore, the convergence of the isometry
error is of second order, whereas theoretically we can only guarantee a linear convergence
rate. Compare here the results in Table 3.4. By Gauss’s theorema egregium, a smooth surface
isometric to the plate has a vanishing Gaussian curvature. Here, we observe that Ky indeed
approaches zero, with approximately linear order of convergence.

H Eulyn]l — |lgldn] = gall,0 |Kulgn||y [V 6uldn] = ¥ O[] || 2
0.0442 0.00595312 5.332e-05 0.0009403 0.00899
0.0221 0.00595271 1.329e-05 0.0002892 0.003455
0.0111 0.00595210 3.324e-06 0.000140 0.001711
0.0055 0.00595195 8.310e-07 6.928e-05 0.000847
0.0028 0.00595191 2.078e-07 3.438e-05 0.0004139
0.0014 0.00595190 5.194e-08 1.712e-05 -

Table 3.1: Experimental convergence evaluation for example (1): grid size, discrete energy,
isometry error in L', L' norm of the discrete Gaussian curvature, and approximate L2 error for
the Hessian.

(2) Half Cylinder. In the second experiment, we consider
ga:[0,1)° = R’ ga(x, x2) = (7 sin(mxy), xo, 7 cos(JTx1))T

which isometrically parametrizes a half-cylinder as the undeformed configuration and apply
the loads

(—8,1,0)T
(0,1,0)7

if (x1,x2)T € [0, 1] X [1 1],
else.

f1 (X1,X2) = (0,1,0)T , fz(X1,X2) = {

In Table 3.2, we list the same quantities as for example (1), now for both loads f; and f,.
Since the half cylinder is isometric to the plate, an isometric deformation of it should also
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have vanishing Gaussian curvature. Here, we observe a less-than-linear experimental rate
of convergence of the discrete Gaussian curvature, whereas the convergence of the discrete
Hessian again appears to be linear. In Figure 3.1, the undeformed cylinder parametrized by
Y4, and the different discrete deformations of the half cylinder due to the two different loads
are displayed from different perspectives for the numerical results on the finest grid size. Here,
the elongated box attached to the surfaces illustrates the clamped boundary condition.

!1.1906 !9.1906

2.0e — 08 1.0e — 07

I6.7e10 I2A85‘09
Figure 3.1: Left: Undeformed configuration for example (2). Middle: Deformed con-
figuration for load f; and color-coded corresponding to an element-wise evaluation of
|V 6uln] — V O W’H*]”LZ(T) for H = 0.0028, H* = 0.0014 with associated deformation

Y+ using logarithmic scaling. Right: the same for load f,.

H Enlym] |Knlgrd||0 [V 6uln] — V O[] | 2
f1 fz f1 fz f1 f2
0.0442 0.0416 1.0628 0.1164 0.4478 0.2927 0.7181
0.0221 0.0386 1.0427 0.0703 0.2545 0.1497 0.3590
0.0111 0.0377 1.0367 0.0413 0.1537 0.0854 0.2064
0.0055 0.0376 1.0346 0.0249 0.0906 0.0489 0.1205
0.0028 0.0373 1.0338 0.0150 0.0523 0.0255 0.0625

0.0014 0.0372 1.0335 0.0093 0.0309 - -

Table 3.2: Experimental convergence evaluation for example (2): grid size, discrete energy, L’

norm of the discrete Gaussian curvature and approximate L? error in the Hessian for loads f;
and f,.

(3) Saddle-shaped surface. We consider a saddle-shaped surface as reference configuration
parametrized via

LLIA(X1,X2) = (X1,X2,% ((X1 — %)2 — (XZ — %)2))T . (317)

over the unit square. Obviously, 4 is no isometric deformation of w. Figure 3.2 shows
the undeformed saddle and two different deformed configurations for f;(x1, x2) = (0,0, —1)7
and f,(x;,x2) = (0,0,—-2.5)7, respectively. In Table 3.3, the discrete energies, and the
experimental convergence of the discrete Gaussian curvature and the discrete Hessian for
decreasing grid size h are shown for both forces. As approximate ground truth, we consider
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again the evaluation on the finest grid. Different from the first two examples, where the
reference configurations are isometric to a planar domain (the plate and the half cylinder), we
observe a less than linear experimental order of convergence, both for the Gaussian curvature,
and for the discrete Hessian. Here, let us recall that Theorem 3.4 only applies to functions
that can be approximated by smooth isometries. In fact, we can only quarantee W22 reqularity
for a minimizer Y3 due to the lower bound for the continuous energy. However, for the
estimate (3.15), we require an approximation of (g in W32 which is isometric to (4. This
approximation result was proven by Hornung [Hor11] in the flat case, where he essentially
made use of the property that smooth isometries are developable. On this background, a
generalization of Hornung’s result remains unclear in the general case of curved surfaces.
Here, we actually need the smooth approximation property as an additional assumption.
Furthermore, the dependence of H on p and the W32 norm of the approximation in (3.16)
impacts the resulting convergence rate.

24e 04 _« ﬁ|419704
¥

‘ 8.0e — 07 t 5.0e —
3 0e — 08

IZ.Ze - 09

Figure 3.2: Left: Undeformed configuration for example (3). Middle: Deformed con-
figuration for load f; and colorcoded corresponding to an element-wise evaluation of
|V 6ulm] — V O [LLIH*]HLZ(T) for H =0.0028, H* = 0.0014 using logarithmic scaling. Right:

the same for load f,.

H Enlym] |Kinlgp] = Kies (e[| 1y 1Y Oulib] = ¥ Ors [ 2,
f1 fz f1 fz f1 f2
0.0442 03236 1.2792 0.4212 0.9486 1.5903 3.5378
0.0221 0.2442 11052 0.2666 0.9135 1.0699 25771
0.0111 0.2136 1.0062 0.1989 0.7499 0.8182 2.3427
0.0055 0.1975 09190 0.1212 0.5657 0.6336 2.0894
0.0028 0.1843 0.8203 0.0520 0.3510 0.4046 1.5613

0.0014 0.1745 0.7077 - - - -

Table 3.3: Experimental convergence evaluation for example (3): grid size, discrete energy,
approximate L' error of the discrete Gaussian curvature, and approximate L2 error in the
Hessian for loads f; and f>.

(4) L-shaped saddle-shaped surface. In this example, the parameter domain is given by an
L-shape w = (0, ) x (0, 3) U (0,1) x (3, 1). We consider the initial configuration parametrized
by . as defined in (3.17). The clamped boundary conditions are enforced on I'p = {1} x [, 1]

and two different loads

(=5,0,-2)T if (x1,x) €[0,1] x [0,1],
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Figure 3.3: Left: Undeformed configuration for example (4). Middle: Deformed con-
figuration for load f; and color-coded corresponding to an element-wise evaluation of
|V 6uln] — V Ops [glJH*]”LZ(T) for H = 0.0028, H* = 0.0014 using logarithmic scaling. Right:

the same for load £,.

are applied. In Figure 3.3, the undeformed and the deformed configurations are shown.

(5) Saddle-shaped surface with different boundary conditions. In this last example, we
consider as in (3.17) an initial configuration parametrized by 4 over the unit square w = (0, 1)
Instead of applying a force, we now enforce a deformatton by imposing a modified clamped
boundary conditions, namely ¢(x) = Ya(x) + = for x € {0} x [0,1], p(x) = Ya(x) — =
for x € {1} x [0,1] and V(x) = Via(x) on {0} x [0,1] u {1} x [0,1]. In Figure 3.4, the
undeformed and the resulting deformed configuration are shown.

= i

Figure 3.4: Left: undeformed configuration of example (5). Right: different views of the deformed
configuration with prescribed boundary conditions, one image color-coded corresponding to
an element-wise evaluation of ||V 0[] — V 6y [l,[lH*]”LZ(T) for H = 0.0028, H* = 0.0014

using logarithmic scaling.

In Table 3.4, for decreasing grid size h, we depict the isometry error in L', the L'-norm of
the discrete Gauss-curvature, and the L% approximate error in the Hessian of the energy. As
proven in Theorem 3.4, we obtain a linear convergence rate of the isometry error in L'. Note
that in this case, an approximation result of the admissible deformations by W32 functions is
unknown. In accordance, we only obtain a sublinear convergence rate for the approximate
second derivative.
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H ”gw’H] - gA”U(w) HKHH’H] - KH*[QL’H*]HU(@ HVGH[QL’H] — VO [(’ZIH*]”LZ(w)

0.0442 0.1025 2.3768 6.4416
0.0221 0.0441 2.2603 5.0329
0.0111 0.0168 1.8826 4.1574
0.0055 0.0078 1.2785 3.4613
0.0028 0.0041 0.7431 2.5670
0.0014 0.0025 - -

Table 3.4: Experimental convergence evaluation for example (5): grid size, isometry error in
L', " norm of the discrete Gaussian curvature, and approximate L2 error for the Hessian.
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Chapter 4

Two-Scale Finite Element Approximation
of a Homogenized Plate Model

This chapter studies the discretization of a homogenization and dimension reduction model
for the elastic deformation of microstructured thin plates proposed by Hornung, Neukamm,
and Vel¢i¢ [HNV14]. There, the derived nonlinear bending energy is based on a homogenized
quadratic form, which acts on the second fundamental form associated with the elastic
deformation. Convergence is proved for a multi-affine finite element discretization of the involved
three-dimensional microscopic cell problems and a discrete Kirchhoff triangle discretization
of the two-dimensional isometry-constrained macroscopic problem. Finally, the convergence
properties are numerically verified in selected test cases and qualitatively compared with
deformation experiments for microstructured sheets of paper.

Collaboration. This chapter is the result of joint work with Stefan Simon and Martin Rumpf
that has been published in [RSS24]. In particular, Stefan Simon implemented the finite element
library that is used for the numerical experiments in this chapter.

In this chapter, the numerical approximation of a homogenized model of a thin plate is in-
vestigated. We will pick up the model derived in [HNV14], and derive a discretization and
approximation of this model, using the heterogeneous multiscale method (HMM) [EMZ05].
To this end, we consider the straightforward generalization to macroscopically varying mi-
crostructures. Hornung et al. in [HNV14] combined methods from [FJMO02] with homogenization
to derive a homogenized nonlinear plate model from three-dimensional nonlinear elasticity
via simultaneous homogenization and dimension reduction. They considered a plate with
thickness 0 > 0 with a three-dimensional periodic microstructure of size € > 0, composed
of elastic material, which is homogeneous in the vertical direction. The derived limit energy
is the integral over a quadratic form acting on the second fundamental form of the elastic
deformation and describing the effective deformation of the plate. This quadratic form de-
scribes the effective behavior in the simultaneous limit for vanishing plate thickness 0 and
microstructure size € with fixed ratio y = g It results from a minimization problem on the unit
cell similar to the usual corrector problem in two-scale models [EEH03, AB05]. In [HNV14],
as revisited in Section 2.2, solely a macroscopically homogeneous microstructure was taken
into account. In [BNPGS23], Bohnlein et al. extended this theory to the case of piecewise
constant macroscopic dependence on grain domains. Here, we consider the more general case
of a macroscopically varying microstructure. Introducing the macroscopic variable x € w we
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consider the linearized elasticity density
Q:wx Y xR SR; (x,y,G) - Q*(x, ¢y, G) (4.1)

on the fundamental cell Y, which is assumed to be quadratic in the third argument. In
particular, for fixed macroscopic position x, the material properties are constant in the y;
direction and depend solely on y'.

In fact, we consider the homogenized elastic energy

§, Q7 (x, DY(x) - n[Yl(x) dx , e A, (4.2)

+00 , else,

Wrg] = {
where x € w denotes the macroscopic variable, and
A={YpeW?(w,R}) : VY 'V¢=1hae inw}.

We assume that Q%7: w x Rggxmz — R results from a microscopic optimization problem rescaled
to the fundamental cell Y similar to (2.17) and reads as

0™ (x,A) = inf | Qx4 ilyA) + 7,0(y) (43)

Figure 4.1: Thin plate with thickness 0 and macroscopically varying in-plane microstructure
with size e.

This is illustrated in Figure 4.1 for a material with macroscopically varying energy density
reflecting two phases (red and white). Here,

2 Axy)

+ 2 e (G

G+GT
2

Q’(x,y', G) = p(x,y")

is defined on w x Y’ x R¥*3 with Lamé-Navier parameters p(x, y’) and A(x, y’) defined as
functions on w x Y.
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Finally, given a force f € [?(w;R?) and clamped boundary conditions on a set 'p = dw,
with H'(I'p) > 0, we ask for a minimizer of the homogenized and dimension reduced total
free energy

"[g] — x) - (x) dx e ABC
EM:{W [$] =5, f0) - ) dx e A 44

40 , else

with constraint set ABC:= (e A: ¢y = ¢, Vi = V¢ on [p}, for some fixed ¢ € A repre-
senting the clamped boundary conditions. In particular ¢ itself is in ABC.

Related work. The case where €% < § < € was discussed by Vel&i¢ in [Vel15]. A homogenized
von Karman plate theory was derived in [NV13]. Bohnlein et al. extended theory from
[HNV14] to homogenized prestrained plates in [BNPGS23], which was applied to model self-
shaping wooden composite bilayers in [BNRS25]. A two-scale discretization of a homogenized
prestrained plate model, based on the DKT-element, was recently developed in [BNS25].
In [NO15], Neukamm and Olbermann considered the spatial periodic homogenization in the
context of nonlinear bending functionals for plates. In this case, the limit functional is not
simply a quadratic function of the second fundamental of the deformed plate. In [dBDS21], de
Benito Delgado and Schmidt investigated the plate theory limit for heterogeneous multilayers
with material parameters varying strongly in vertical direction. The derivation of a homogenized
bending-torsion theory for inextensible rods was established in [Neu12]. Recently, Bohnlein
et al. [BBN*25] discussed the (non-)commutativity of homogenization and dimension reduction
limits for the derivation of prestrained microheterogeneous plate models.

HMM was introduced in [EEO3] to compute solutions to problems, where separation of
(multiple) scales occurs. If the data of the problem is oscillating on a small scale (as in the
problem described in this chapter), it is often out of reach to fully resolve the data. Instead,
one is interested in the effective macroscopic behavior of the problem. In most cases, apart from
toy problems in one dimension, the effective macroscopic problem cannot explicitly be written
down, but has to be computed as the solution of a problem on the unit cell. In [EMZ05], error
estimates for HMM were given under the assumption that the solutions to the microscopic
problems were given. In [Abd05] and [Abd06], the fully discrete HMM for linear elliptic and
elastic problems was analyzed.

The minimization of the homogenized nonlinear bending energy leads to a fourth-order
system of Euler-Lagrange equations. We will again make use of the nonconforming DKT
element, which only requires fulfilling the isometry constraint at the nodes of the trianqulation.

Outline. This chapter is organized as follows: In Section 4.1, the model we consider is
formulated, the associated corrector problem is derived and the isometry constraint is used
to rewrite the bending energy such that it is quadratic in the Hessian of the deformation.
Then, Section 4.2 presents the numerical approximation of the microscopic problem, and in
Section 4.3, as the main result of this chapter, the convergence of the fully discrete two-scale
problem to the continuous two-scale problem is stated. The proof relies on ['-convergence and
uses the paradigm of the heterogeneous multiscale method. Finally, in Section 4.4, details
on the implementation of the numerical method are presented, the results of several numerical
experiments are shown and the convergence behavior is quantitatively analyzed. Furthermore,
we compare the simulation results with mechanical experiments for microstructured sheets of

paper.
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4.1 A quadratic homogenized plate bending energy

In what follows, we rewrite the bending energy (4.4). As it was proved in [BNPGS23], by
Poincare’s and Korn's inequality using the L?-orthogonality of «(y3A) and ¥V, 9 for 9 € V, for

every A e ngxmz, and x € w, there exists a unique U(x, A, -) € V such that

Q*Y(x,A) = JY Q*(x, ¢, ((y3A) + V,9(x, A y)) dy . (4.5)

This solution 9(x, A, -) solves the Euler-Lagrange equation
| ©0cs)9,00) Y rtg dy = = | @0y ilyd) :Vvlgrdy  (46)

for all v € V, where C3(x, y’) € R¥*33”3 denotes the linearized elasticity tensor associated
with the quadratic form Q3(x, ¢’,-) for (x,y’) e w x Y, ie.

(Cx y")((ysA) + V,9)) : ((ysA) + V,0) == Q(x, ¢, 1(y3A) + V, 0) (4.7)

forall Ae Rggxmz, U € V. From its definition, the symmetries ijkl = Cfl.k, = quk Cku, for all
i,j, k, Le{1,2,3} are deduced.

Since Q3(x, y’,-) is quadratic, the solution 9(x, A, -) of the Euler-Lagrange is linear in A
for every x € w. Hence, Q*¥(x, -) is a quadratic form on RZx” for every x € w. Furthermore,
there are constants 0 < a < B such that

a B
EIAI2 < O0™(x, A) < EIAI2 (4.8)

for all A e RZ<?, see [HNV14]

Using the isometry constraint VT V¢ = |, one can simplify the nonlinear term D*¢s- n[¢]
n (4.4). A similar argument was presented in [Bar15], and adapted in [RSS22] for the case
of isometric deformations of shells. In [BGNY22, Proposition 1], an analogous result for a

specific energy density in the prestrained case was derived using Christoffel symbol calculus.

Proposition 4.1. Let ¢ € A. Then we have the identity

3
Q*(x, D*(x) 2 Q" (x, D*4m(x)) .

Proof. In the following, we write n = n[¢] for the sake of simplicity. Differentiation of
Oip - 0up = 1 for i € {1,2} in direction j € {1,2} yields 0,0;¢ - ;¢ = 0. Similarly, differen-
tiation of d;p - d;p = 0 for j # i in direction i € {1,2} gives 07 - i + G0 - dup = 0.
Altogether, using the fact that the parameter domain is two-dimensional, we obtain 0;0;(- Ok =
0 Vi, j, ke {1,2}. Now, writing 0;0;¢ in terms of the orthonormal basis {0, d2¢, n}, the
identity 0,0, = (0;0;¢p - n)n + (0;0;4 - A1) o1y + (0:0;p - Ooypr) O = (0:04p - n)n holds.

For x € w, since Q*¥(x, ) is quadratic, there exists a tensor C>¥(x) € R?*2*2x2 sych that

for all A e R?*2 ,

QZ’V(X'A) = Z Cljkl( )AUAM

i,j.k, =1
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Since |n| =1 we can write

2
QY (x, DY) = 7 Cil(x)(@dip - n)(@kap - n)|nf?
ij k(=1
2 3
= 2 Gl (G m)nn (Ol - )y
ijk,[=1 m=1
3 2
=2, 2 Cill)adndid, = 3 O (x, D)
m=1i,j,k,[=1
0
In the following, with a slight misuse of notation, we write Q*¥(x, D?{) instead of
S0 Q¥ (x, D*y). Hence, the total free energy (4.4) reads as
wQZ'V x, D*Y(x)) dx — LX) - gx)dx e ABC
EM:{S (x, D2 (x)) dx = §,1(x) - (x) dx )
+00 , else.

Since Q%Y (x, -) is convex, by the lower order isometry constraint, the existence of minimizers
for clamped boundary conditions induced by ¢ € A and force f € [?(w;R?) follows by the
direct method.

4.2 Discretization of the microscopic problem

In this section, we investigate the finite element approximation of the microscopic minimization
problem (4.3). In what follows, we will use generic constants in the estimates. Let M}, be a
regular hexahedral mesh partition of Y, with cells c € M} and define the finite element space

Vi = {0 e C°%Y;R) : Oy(y) = (By',0)" + ¢y(y),
B e RYZ, @4l multi-affine Ve e M,,, @,(y) Y-periodic in ¢’ f @n = 0dy}.
y

sym
On every ¢ € My we consider a numerical quadrature scheme with quadrature points
rei = (reiresi) € ¢, i = 1...k, and weights v; > 0, which is exact on tri-affine functions.
Furthermore, we assume that the set of quadrature points {r;}i—1,« is unisolvent with respect
to the set of tri-affine functions in the sense of [Cia78, Section 2.3]. Actually, we consider a
quadrature scheme defined on a reference cell and transferred by the tri-affine reference map
to the actual cell. Then, for A € R2*2, and for a macroscopic position x € w we make use of

sym’

this quadrature and define the dtscrete quadratic form

2Y(x, A) == inf ( 3 |C\ZV,Q3 x, 1 i(resiA) + V7, 9,,(@)) (4.10)

6neV
hEVh ceEMy, i=1

as the discrete counterpart of (4.3). Let us remark that microscopic approximation error
,z,'y(x,A) — Q?7(x, A) is numerically evaluated and referenced in the numerical estimates
(4.24) solely at macroscopic quadrature points (cf. Section 4.3).
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The above assumptions on the exactness of the quadrature scheme and the unisolvent
property of the set of quadrature nodes imply that

a

12|A|2 < O (x,A) < ﬁ|A|2 (4.11)

for all A€ RZ2, using the strong coercivity of Q(x, y’,-), with 0 < & < B that depend on the

reference quadrature rule, as pointed out in [BNS25].
This ensures that there exists a unique U,(x, A, -) € V;, with

(A =) |¢|ZV,Q3 rh o l(resiA) + YV, 04(x, rei, A)) (4.12)

ceMy i=1

which solves the linear system

k
Z |c| Z vi (CP(x, )V, O (x, reinA)) @ Vyvy(re)

ceMy i=1

=- > ]C|Zvl (CP(x, rL)i(res,iA) = Vyvi(res) (4.13)

ceMy, i=1

with re; = (r_; re3,) and for all v, € V.
The following proposition gives estimates for the finite element approximation of the
microscopic problem:

Proposition 4.2. Let A€ Rﬁxmz and x € w and suppose that the elasticity tensor C* is bounded
in W (w x Y',R3*3*3%3)) " Furthermore, we assume that the quadrature scheme is exact on
the set of tri-affine functions and unisolvent with respect to this set. Then for 9(x,A,-) €V
and 9,(x, A, ) € V,, denoting the solutions to (4.6) and (4.13), respectively, there exists a

constant C > 0 depending on y and on C3, such that

|0n(x, A -) = O(x, A, -

HW12(YR3) Y (x, A) — QZ'V(X,A)‘<Ch\A|2. (4.14)

If the quadrature in the definition of Q,f’y(x,A) (cf. (4.10)) is exact, i.e.
k
J (C3(x, g/)Vuh(y)) Vv (y)dy = \C\Z V; (03 X, cl)Vuh(rCl)) sV vi(rei), (4.15)
¢ i=1

for all uy, vy, € Vy and all x € w, then ‘Q,Z,'V(X,A) . QZ'V(X,A)’ < Ch?|AP.

Proof. Let A € R2*? and x € w be arbitrary. We define the bilinear forms for the left-hand

sym

side of (4.6), (4. 13) respectively,
(e, 9,) = | (©y)7,0(9) : V(g dy.

an(X, Oh, vh) = )] |C|Zv, (C(x, rL )V O(red)) + Vyvn(res)

ceEMy, i=1
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and, the linear forms for the right-hand side of (4.6), (4.13), respectively,

l(x,v) = f (Cx y)i(y3A)) : Vov(y) dy.,

lh(x, vp) = Z |c| Z Vi (C3(X, fé,g)l(fc,&iA)) P Vovi(re) -

ceMy i=1

By Strang’s first lemma [Cia78, Theorem 4.1.1], using the ellipticity property of Q3(x, ), there
exists a constant C > 0, such that

8000 A) = 906 A 1y

) B _ la(x, v, up) — ap(x, va, up)|
<C inf {th 006 A iy + 2up unl| oz eyimoy }

[(x, up) — Lp(x, up)|

+ C sup
upEV H Unh H W12(Y;R3)

Classical elliptic reqularity theory [GT83, Theorem 8.12], adapted to linearized elasticity
on the domain Y = Y’ x Y5 with periodic boundary conditions on dY’ x Y5 and Neumann
boundary conditions on Y’ x {—3, 1} implies O(x, A, ) € W*?(Y;R3). Furthermore, by the
linearity of [, one gets

||l9||W2'2(Y;R3) < CIAl. (4.16)

By the Sobolev embedding theorem the Lagrangian interpolation Z;, : W2%(Y;R3) — V),
based on nodal interpolation, is well-defined. Making use of the reqularity of M, the
Bramble-Hilbert-Lemma [Bra13], and (4.16) imply

||Ih[19(x,A, )] —=9(x,A,-

< Ch|[O(x, A , < ChlA]. (4.17)

)HWLZ(Y )”WZ,Z(Y;R?)

Furthermore, applying the consistency error estimate in [Cia78, Theorem 4.1.4 and Theorem
4.1.57] involving the assumption on the numerical quadrature, and (4.16) one obtains

(@ = an)(x, Zn[9(x, A, )], un)|

sup < Ch{[0(x, A )| yyangy sy < ChIAL, (4.18)
up€Vp ” Un H W12(Y;R3) '
sup L= un)l (4.19)

UhEVh ||uh||W1'2(Y;R3)

Using the reqularity (4.16) of the microscopic solution combined with the approximation
error (4.17) and the consistency errors (4.18), (4.19), the first Strang Lemma ensures the first
estimate in (4.14).

With respect to the second estimate in (4.14), we get with the notation U = U(x, A, -) and
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Op = Oh(x, A, )
0™ (%, A) = Q) (x, A

<

| Qg igs) + 9,000) - Oy A + 9, 51(0) dy

+

k
J Q*(x,y' i(y3A) + Yy 04(y)) dy — > [el D viQ (x, i tlres,A) + Vy@h(rc,i))‘
y

ceMy i=1

The first term on the right-hand side can be estimated as follows

f Q’(x, ¢, t(y3A) + V, 0 + (V, 0, — V,9)) — Q*(x, ¢, l(y3A) + V,9) dy'
Y

f 2C3 (x, y") (1(y3A)+V,9):(V,0,— V,0) +C(x, y')(V, 0, —V,09):(V, 9~V ,9) dy‘
%

~0+

J C(x,y)(V,0 — VI): (V,0 —V,0)dy
Y

2
< C||0n(x, A ) = 9(x, A, -)||W1,2(Y;R3) < Ch?|A]%.

Here, the second equality follows from the Euler-Lagrange equation (4.6). Applying the
general theory for quadrature errors in [Cia78] and taking into account the reqularity of C3, the
second term can be estimated by Ch||C3|| ;0 (4, wiee (v rax2x2x2))|A|?, which is bounded by Ch|A?,

and vanishes under the consistency assumption (4.15). This implies the claim. [

The assumption C3 € W' ®(w x Y’;R?*2¥2x2) is crucial for this estimate: the Lipschitz
continuity in the microscopic variable y’ ensures a first order error estimate with respect to the
microscopic grid size h given the microscopic discretization for a given macroscopic x € w. The
Lipschitz continuity in the macroscopic variable x then implies a uniform error bound of the
macroscopic approximation error, later used in the actual two-scale error estimation. These
reqgularity assumptions match the assumptions in the literature on numerical homogenization
for elliptic problems on volumetric domains, cf. [Abd05], [Abd06].

In typical engineering applications, the material parameters are frequently piecewise
constant on the microscale. In this less reqular case, one would lose the first order error
estimate for the microscopic approximation error. This would prevent us from controlling the
microscopic finite element error needed in the liminf- estimate and in the recovery sequence
estimate of our main result on ['-convergence in Theorem 4.4.

4.3 Discretization of the macroscopic problem

In this section, we numerically approximate the energy (4.9). To this end, we will derive a
non-conforming finite element discretization for the two-scale problem and the corresponding
discrete isometry constraint for the macroscopic deformation.

In our case of macroscopically varying microstructures, we have to take into account
the associated macroscopic quadrature error. In fact, on every t € 7, we use a numerical
quadrature scheme with quadrature points g; € T, i = 1...l and weights p; > 0, which
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is exact on quadratic polynomials. The quadrature scheme is supposed to be defined on a
reference triangle and transferred by the affine reference map to the actual triangle. Then,
the associated discrete homogenized total free energy is given by

E,Z[(pH] = {%{Z’Mt Zf=1 Hi ( i'y(qt,ir VOuln](qe:) —f(qei) - QZ’H(Qt,i)) , 'lL:ZSJ: € AE,C
(4.20)
with

AEE = {un € Wi | T (2) T Viu(2) = 1 ¥z € N
Un(2) = ¢(2), Vipu(z) = Vd(2) Yz € Ny A rD} . (4.21)

Hence, the isometry property is only enforced on the nodes of the triangulation.
To estimate the quadrature error of the macroscopic discretization, we write Q*Y(x, A) =

(C*¥(x)A) : A. Note that HCZ'VHWQC <C HC3||W1.00' The following result is later used in the
proof of Theorem 4.4. A similar result is also stated in [BNS25, Appendix A].

Lemma 4.3. Let t € Ty and Y}, € W},. Assume that the quadrature is exact on quadratic
polynomials, and Q*Y(-, A) € W' for all A. Then it holds

1t 1% (quir VO] (10)) — ft Q™Y (x, V O[] (x)) dx

i=1

2
SCHIIC |yre o [V Ol |2 -

Proof. For simplicity we write p := V04[] € P;1(t). For an element t € 7T;; and a function
U:t— R we write

E[9] = det(B)E[S],

where E[-] is the quadrature error on the reference element, and t = Byt + b.. From now on,
every quantity with a hat denotes the pullback of the quantity onto the reference element.
Here, we follow Ciarlet's book [Cia78, Chapter 4]. Hence, O(x) = O(X). Note that p =

—_— —

(VOnlyp]) # V (Bul ).

We want to estimate

l

Eq [(CZ'YP) p] = MZM‘ (Cz'V(Qt,i)P<Qt,i)) :p(qei) — J (CZ'V(X)p(x)) cp(x)dx.

i=1 t

First note that

02 s E[(0209) 0] = B X (006010 : lai) - | (@) - b5 as
i=1

-

57



is a linear map W' (t) — R.
Now we estimate

()

.
< Hc v

l
i=1

gCHéZ'V ”ﬁHiZ(E) < C|[c

EX0) Wi (f) ||pHL2(f) !

where C > 0 is a generic constant. Here, in the first inequality we applied the triangle

inequality, and in the second inequality we used that p — \/m St | |p(G;;)|° defines a
norm on the finite dimensional space P; (f) which is equivalent to the norm p — ”f’HB(i)
Hence, the map 02— E[(Czy ) : ] has an operator norm < CHf)”iZ(;) on the space
W (t).

By assumption, £ [(@Z'Vﬁ) : ﬁ] vanishes for C2¥ € Py(t), since the quadrature is exact for

quadratic polynomials, and p € P, (f)
Using the Bramble-Hilbert Lemma with kK = 0 and p = o, it holds

E[(¢p):p|<C [

Transforming back to the element t, from [Cia78] we get the estimates

ot

1oot

o < C(det(B))2 [p]l1 - e

P, <CH ‘Czy‘1 o S CH ”Cz'wam(t)

1,00,t

Putting everything together yields

|t|2ul (Gue, VO[] (91) — j 02 (x, V6, [ ] (x)) dx

—E[(c*'p) : p] = det(B)E | (%) : |

~ NI
<Cdet(8t) Cz'y P 12(%)

<CH det(By) HCZ’YHWLTv‘(t) (det(By)™" Hp”iZ(t) = CH HCZ'VHW%w(t) HVQH[QZ’IZ]HZ(Q

1,oo,f

We now state the main convergence result.

Theorem 4.4. Assume (Ty)y is a family of reqular triangulation of w with grid size H — 0,
the microscopic quadrature rule is exact on the set of tri-affine functions and unisolvent
with respect to this set, the macroscopic quadrature rule is exact on quadratic polynomials,
feW'(wR3), withp > 2, and C? € W' (w x Y,R33*33). Then, for every macroscopic
grid size H and every microscopic grid size h > 0, there exists a minimizer s}, of the discrete
homogenized total free energy EJ\[-] (cf (4.20)) in ABC. For any sequence (4),, of such
minimizers with H, h — O there is a subsequence, such that with out reindexing Y, —
strongly in W'?(w;R3) . Furthermore, ) € ABC is a minimizer of the continuous total free
genergy E|[-] as defined in (4.9).
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Proof. The proof combines I-convergence arguments related to those used in [Bar13] and the
paradigm of the heterogeneous multiscale method as it is discussed in [EMZ05].

From the boundedness of Qi’y stated in (4.11), the clamped boundary conditions, the
Poincaré inequality, and the assumption on the macroscopic quadrature scheme, we deduce
that there exist constants C, ¢ > 0 such that E}}[y])] = ¢ HV@H[QLI,Z]H?Z(M) -C.

Since ||V 6y[- HL2 is a norm on {wy € Wy| wy(2)=0, Vwy(z)=0VYze Ny nTp}, for
every H, h > 0 there eXLsts a minimizer ¢, for the discrete minimization problem and using
(2.22) we have that ||V9H i ||L2 + HVQ[I,ZHLZ(M) < C. Thus, there exists a subsequence
(not relabeled), and ¢y € W'?(w; R3), z € W2 (w; R¥?), such that ¢, — ¢ in W'?(w;R3)
and 04[] — z in W'?(w; R>*?). Using the estimate (2.23) and summing over all T € 7y,
we get HV!,ZJH On[Wh] HLZ () S < cH ||V9H i HLZ hence Vi, — Vi = z strongly in L2
This yields ¢y € W2?(w; R3®). As in [Bar13], the attalnment of the boundary conditions and
the isometry constraint is straightforward. Hence, ¢ is admissible. Next, we investigate the
convergence of the discrete force term.

l
S wif () - dlian) j £t dx| <

teTy i=1

CH||fHW1p ||¢’HHW12 (4.22)

follows from the approximation properties of the quadrature rule, the reqgularity of f, and the
estimate for the corresponding force term quadrature error in [Cia78, Theorem 4.1.5, Theorem
4.1.6 and the corresponding estimate in its proof]. By the boundedness of ¢/, in W'?(w;R3)
the right hand side vanishes for H — 0. Furthermore, by Lemma 4.3, we obtain

< CH|[V Oyl (423)

t|Zul (o, Y OH[WA] (400)) — f 0¥ (x, VO[] dx

since Q*¥(-, A) arising from the microscopic problem is in W"*(w) and quadratic in A e RZ%7,

and VO[] ] is affine on every t € Ty. In particular, the constant on the right-hand side
depends on the W"*(w x Y)-norm of the microscopic elasticity tensor C>.
Next, we estimate

Z |t|ZHz "(qui V Ouldf](gni) Z MZM Y(qui V Ou¥](gei)

teTy i=1 teTy i=1
l
# 201 (O (i VOIYAN(9u) — Q¥ (qui, VOl (0.0)))
teTy i=1
l
o 3 Y 0™ G VO — Ch 3 0 ¥ Ol
teTy i=1 teTy i=1

- | @t veulwn ax— chlveoulutli.,,

- Z (MZMQZY qis V Ou[¢1(qei)) JQ X, Vou[dp]) d )

teTy

> f Q> (x, VOu[wh]) dx — C(h + H) [V Oul ¢ ||1s.,, (4.24)
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Here, in the first inequality, we used the error estimate (4.14). Furthermore, we used the
fact that [V Oy[yl]]? is a quadratic polynomial and thus can be integrated exactly by the
macroscopic quadrature scheme. The second inequality is an application of (4.23). Since
VOu[yh] converges weakly to D?¢s in [?(w, R3*2*2) and (x,A) — Q>Y(x,A) is Lipschitz
continuous in x, and convex and quadratic in A, we deduce by weak lower semicontinuity that
E[Lﬂ] < lim ll’]f/_/ h—0 Eh[ H]

Regarding a recovery sequence, let ¢* € A be a minimizer of E[:], in particular ¢* €
W22(w;R3). To make use of the estimate (2.24), W32-reqularity is required. On sets with
smooth boundary, isometric immersions satisfy this reqularity, cf. [MP05], but for polygonal
boundary this is no longer the case. Hence, a density result together with a diagonal sequence
argument would suffice to get convergence. Standard mollification of ¢* is not suitable, since
it violates the isometry constraint. However, Hornung showed in [Hor11, Theorem 1] that
for p > 0 there exists # € W3?(w; R?) n A such that ||* — ?]| .. < p. A version of this
density result was first proved by Pakzad for isometric immersions ¢: w — R3 of convex sets
w < R? in [Pak04, Theorem I]. See Section 2.3 for more information on isometric immersions.

Let f, € W}, be the DKT-interpolant of ¢/*. The same construction of a recovery sequence
for DKT was already used in [Bar13, BBN17, RSS22]. Then we can estimate

Z MEIJ: "(qei VOulYr](qe0)

teTy i=1
l
= 2 1t Xm0 (g, V Ou[9f) (au1)
teTy i=1
l
£ 231 (O (@i VOIYEN(90) — Q¥ (quis T Ou[WF ) (010)))
teTy i=1

<) MZM "(qui VOu[Yf1(9e) + Ch |t|2u£|V9H[¢H]<qtl>’2

teTy i=1 teTy i=1

_ j Q> (x, V6[¢f) dx + Ch [V Oulef][12,,,

+Z(

teTy

03 10 (g VOl (01) — f 0™ (x, VOu[¢4)) dx)

i=1

f Q*¥(x, VOu[YA)) dx + C(H + h) |V 8l yfl5..., -

where we again used the microscopic error estimate (4.14), and the quadrature error estimate
(4.23) for the DKT element. With this, we can further estimate

| @t wauuhax + c ) [Veulwhl,
gf Q™Y (x, D?¢P) + C*Y (DY + V Ou[yf)]) : (D*¢P — VOu[¢h]) dx
+ C(H + h) [V Oyl o)

60



< L Q*(x, D*y") dx + C|[D*¢P + VOulfil| o, | D0 = VOuIYEN 2,
+ CH + ) (197 oy + H 197 0o0s)

< Jw Q*Y(x, D*Y*)dx + C || D*y* + DZ¢:P||L2(w) | D*y* — D2¢p||L2(w)
+ CH ey (197 ooy + H 19 o)
+ C(H + ) (107 ooy + H 1971 0o0s)

< L Q" (x, D) dx + C(1 + p)p + CH [[4# sz, (1 tp+ H ||¢P||W3,2(w))
+ C(H + h) ((1 +p)2 + H? ||¢P||iv3,2(w)> .

Here, we used the estimate
IV Ol 2y < 1O || 2y + [V OIWE] = D] oy <107 oy + H TP g

as a consequence of (2.24), and the estimate ||L/J* — L,ZJF’HWZ2 < p. For the force term, we get,
using the estimate for the linear form quadrature error in [Cia78, Theorem 4.1.5],

l
S i (g0 - Whi(qu) < J Fog et J (W — §F) dx

teTy  i=1
[
+ (Z t] Zuzf(Qt,i) Yr(qe) — f
teTy

i=1 w

ey dx)

N

1wl (196 = 970+ 197 = 0 )
CH o 198 1

<[ fyraxsc (F 920y + £) + CHOE + 1) [0,

+ (&

Finally, we choose h = h(p) and H = H(p) such that

h(p) + H(p) + (h(p) + 1) (H(p) + H(p)) (167 llysogey + W7 [[hooy) < (425)

and obtain
: h P h
E[y"] = timsup EL [ ,) > i inf ELET0)] > ELY].
p—)
Hence, ¢ is a minimizer of E|-]. O

Remark 4.5. The convergence of the recovery sequence is crucially controlled by the approx-
imation parameter p via the appearance of the norm ||QUP||W3,2(UJ). The choice of h = h(p)

and H = H(p) in (4.25) is implicit and thus does not provide a rate of convergence. This
disadvantage is shared with similar results in [Bar13] and [BBN17] and is caused by the
nonlinearity of the problem, more precisely, the nonlinear isometry constraint.
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Remark 4.6. Note that the reqularity assumption on the force f € W' (w; R3) with p > 2 is
necessary to control the force term integration error. To this end, as outlined in the proof, one
uses [Cia78, Theorem 4.1.5 and Theorem 4.1.6]. This assumption is not a peculiarity of the
homogenized plate model. In fact, it would also be necessary for the numerical analysis of
a finite element approximation of a homogeneous plate model as in [Bar13] with a general
right-hand side.

4.4 Numerical experiments

Following the paradigm of the heterogeneous multiscale method (HMM), the actual macroscopic
plate deformation is computed using the DKT discretization described in Section 4.3 and
minimizing the discrete energy EJ, defined in (4.20). To this end, for each macroscopic
quadrature the function Qi’y(A) has to be computed for a basis of the space of symmetric
2 x 2 matrices A, which requires the solution of the micrscopic optimization problem (4.10).

In explicit terms, the microscopic problem results in solving the linear system (4.12) for x
in the set of all macroscopic quadrature points g;; and for

{69696 D)

which represents a three-dimensional, linearized elasticity corrector problem rescaled to the
unit cube Y = [0,1]? x [-3, 1] = R®. As described in Section 4.2, continuous, piecewise
3-affine finite elements are considered on the unit cube discretized by a uniform hexahedral
mesh M, with h denoting the maximal edge length. For the assembly of the stiffness matrix
and the right-hand side, we apply a tensor product Gauss quadrature rule, with 27 quadrature
points per cell. Hence, the quadrature is exact on tensor products of quintic functions, and
thus fulfills the consistency condition to be exact on and unisolvent with respect to tri-affine
functions. This is sufficient to ensure a first-order convergence under the assumption that the
solution of the linearized elasticity problem is in W?? on Y [Cia78, Chapter 4.1.] . In fact,
the strong consistency condition (4.15) holds if the entries of the elasticity tensor Cfik, are
assumed to be tensor products of cubic functions.

On the macroscale, we consider a uniform triangulation of w with grid size H and ask
for a minimizing deformation /" of E/'[-] under the nonlinear, discrete isometry constraint
Vu(z) "'V iy(z) = h for all z e Ny (cf. (4.21)). To compute the discrete energy E/,[yy] for
Yy € W3, a simplicial Gauss quadrature with 12 quadrature points on each triangle is used,
which is exact on polynomials of order 6. Hence, if the components of the tensor representing
the quadratic form Q%Y (x, ) as a function of x are quartic polynomials the integration of the
energy WY defined in (4.2) is exact.

The macroscopic problem consists of minimizing the energy E}}[-] over all discrete isometries
¢ € ABC. To deal with the isometry constraint, we take into account the Lagrangian

L[, pr] = EN[Yn] —f In (Vi Vg —b) : pul dx. (4.27)

with a Lagrangian multiplier py € SZHXZ, where S,Zfz is the space of continuous piecewise affine,
symmetric 2 x 2-matrices. Let us remark that the quadrature scheme applied to the stored
elastic energy is exact on the second term of the Lagrangian multiplying the constraint and
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the multiplier. As in [RSS22], cf. Chapter 3, we use the IPOPT software library presented in
[WBO06] to compute a saddle point of this Lagrangian using a Newton scheme with backtracking.
This requires evaluating first and second variations of the discrete energy and the constraint. In
IPOPT, we used the default backtracking strategy by setting “filter” for “line_search_method".
The (relative) stopping tolerance “tol" was set to 10~'2. We always used a small perturbation
of the identity with L* norm 0.001 as the initial deformation in the Newton scheme. Note that
an application of Newton's scheme requires the invertibility of the Hessian of the Lagrangian.
Although there is no theoretical guarantee, in our experiments, the solvability of the associated
linear system was always observed.

In this section, we numerically verify the established convergence results, discuss the
qualitative properties of the homogenized plate model, and compare it with bending experiments
for paper with different fine-scale structures. We always consider a square-shaped plate,
described by w = (0, 1)

We take into account a material distribution function v on a rescaled microscopic cell
Y x | with Lamé constants A(y) and p(y) given by

My) = (r+ (1 =nv(y)r, uly) = (r+0=rvy)w.

where A = 2, =2, and r = Z; is the ratio between soft and hard material. This corresponds

to Young's modulus £ = 6 and Poisson ratio v = 0.2 on the hard phase.

The trianqulations on w are generated by uniform, reqular (so-called red) refinement,
starting from a single, coarse rectanqgular mesh subdivided into two triangles. The plate
deformations are caused by a constant force f and/or prescribed boundary conditions.

Experimentally observed convergence behaviour. To examine the convergence rates, we
consider a homogenized bending energy with a constant microstructure given by the continuous,
piecewise affine material distribution function

2 if y1 <

, (4.28)
—2y1+2, ity >

NI= N|—=

on the unit cell and a size-of-microstructure-to-thickness ratio of y = 1. We take into account
two different load scenarios: (a) clamped boundary conditions

H-

B0 = Gt O, V900 = (o) (4.29)

on (0,1) x {3 F 3} and zero load, (b) a uniform vertical load f = (0,0,5)", and clamped

boundary conditions
w0 = (o) v = (o)

on (0,1) x {0}. For experiments (a) and (b), the resulting deformations are shown in Table 4.1
on the right. Note that in experiment (a), for different random initial data, either a buckled-up,
or a buckled-down deformation can be observed, as displayed. In the same table, we evaluate
the impact of the microscopic grid size h on the approximation of the effective tensor C>.
Since the minimizer of the continuous problem is unknown, we compare it with the discrete
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solution on the finest mesh (h* = =) and list C2Y — CY|, for decreasing h. In addition,

the L2-norm of the difference of the discrete Hessians ||V Oy [f)] — V Oy [gb,Zi]”Lz is given

. . . * _ ﬁ
for a macroscopic grid size H* = =.

convergence rate.

In both cases, we experimentally observe a quadratic

hoolc” - Ci'*y|oo |V O[] — V7 Oy [t,llf,i]HLz Deformations

(a) (b) (a) (b)
0.004265  0.005098 0.0947412

273 /

21 0.001021 0.001259 0.0235653 l/ \\
27> 0.000243 0.000311 0.00566203

2 6

2 7

48¢-05  6.4e-05 0.00112114 d . '\

Table 4.1: Evaluation of the experimental convergence of the homogenized tensor Ci’y and the
discrete Hessian for fixed macroscopic grid size H* = ¥2 and decreasing microscopic grid

: 256
size h.

Next, in Table 4.2 we investigate the convergence behavior for the load configurations
(@) and (b) in the case of a simultaneous decrease of the microscopic and macroscopic grid
size h and H, respectively. The minimal discrete energy E/\[¢f,(H)] and the [>-norm of the
difference of the discrete Hessians ||V 6y, [yf,] — V Oy« [ ,Zi]HLz are shown for H* = f*/% and
h* = 2H*. Here, one observes a linear convergence rate.

H h EfLyh IV 0ulh] — V0= [ ]]] -
(a) (b) (a) (b)

2=% 273 17228944 -1.6769788 1.17653 0.428218

272 27% 1676654 -1.6963124 0.586753 0.208557

276 275> 1.6688657 -1.7005727 0.284853 0.10684

277 27% 16666743 -1.7015843 0.138362 0.0528297

278 277 1.6664753 -1.7017899 - -

Table 4.2: Evaluation of the experimental convergence of the energy and the Hessian of the
macroscopic deformation for simultaneous decreasing macroscopic and microscopic grid size
H and h, respectively.

Furthermore, we investigate the dependence of Q%" on the ratio y = g of the thickness 0
and the size of the microstructure € for the same microscopic material distribution (4.28) as
before. Using the known symmetries of C*¥ one can consider with a slight misuse of notation
C?rv e R¥3 following the Voigt notation for elasticity tensors with

A A
QZ’V(A) = | c*rY A ‘ A
Arx + Axn Arx + Ax
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Due to the symmetry of the material distribution, we get that C;y"" = €3 = 0. For
yi = 100130, i = 0,...,31, we computed C>** on the unit cube with gridsize h* = I.
The values of the different components of C*"" are plotted in Figure 4.2 with y on the x-axis
plotted with logarithmic scaling.

0.075 A
0.052 4
2,y,v| 00501 2,¥.v
0.051 4 C11 0.025 633
0.21810 A 0.01050 A
2,y,v 2,y,v
0.21805 ~7'7 ] 0.01025 A o
CZZ C12
T.e-1 1,040 Tet1 Te-1 1,040 o1

14 14

Figure 4.2: Plots of the different components of the homogenized tensor C*¥ for varying y.

From now on, we consider microstructures that only consist of a hard and a soft phase with
piecewise constant v : Y — [0,1] — {0, 1}. Such microstructures do not fulfill the assumptions
of our convergence theory. Still, they are closer to real applications, and we indeed compare
our numerical findings with physical experiments for the bending of fine-scale structured paper.
Paper and paperboard are known to deform only isometrically. Note that paper behaves,
in contrast to the model we are simulating here, in a non-isotropic way, depending on the
direction of manufacturing. In [YNO7], in-plane orthotropic constants for paper and paperboard
were experimentally derived. Nevertheless, for simplicity, we assume in our experiments an
isotropic model with Lamé constants py = % A= g inspired by the constants derived in [YNO7].
Note that the theory provided in this work is not limited to isotropic material laws, since
Proposition 4.2 is formulated for a more general elastic tensor C3.

As proof of concept, we carried out experiments with glued layers of paper. In explicit,

a thick paperboard (300g/m?) with cut out fine-scale structures was glued on a sheet of
paper (120g/m?). The cutting of the 300g/m? layer of thick paper was performed with a
Cricut©Maker. Regions with glued paper layers are considered the hard phase, whereas
the complement is considered the soft phase. Given the fact that the thickness of the paper
layers is much smaller than the scale on which the pattern is approximately periodic a model
approximation with a homogeneous thick thin plate with vertically constant hard and soft
material properties appears to be feasible.
Calibration of the layered, glued paper model. Given the thickness of two paper types, one is
at first led to a material property ratio of r = % ~ 0.286. But, due to the layer of glue in
between the glued paper layers of the hard phase, one observes a proportionally much higher
stiffness as examined in Figure 4.3. To compensate for this, we quantitatively compared the
bending in the experiment (b) of a single 120g/m? sheet and the homogeneous compound of
glued 300g/m? and 120g/m? paper, which gave rise to the effective material ratio of r = 51—0.
We used this ratio in the following experiments.

Microstructure with axes aligned stripes. We consider a material distribution with y = 0.1
that corresponds to a periodic pattern of stripes of alternating hard and soft material aligned
with the coordinate directions. On the rescaled microscopic cell Y x [/ this corresponds to
hard material in the volumes [1, 3] x [0,1] x [—1, 3], and soft material elsewhere. We also
take into account the same configuration rotated by 90 degrees in the Y plane. The constant
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Figure 4.3: Top row: numerically computed deformed configurations of a plate, clamped on the
left side, under a uniform vertical load, with homogeneous material, with Lamé constants scaled
with 1.0 (left), 0.286 (middle), and 0.02 (right). Bottom row: photos of physical deformations
of paper. Left: thick paper (300g/m?) glued on thinner paper (120g/m?). Middle: only thin
paper (120g/m?).

homogenized tensors C** were computed for a uniformly hexagonal mesh on the unit cube
with grid size h = 11%. The resulting tensors Cﬁ’y and C2, respectively, written as matrices in

Voigt type notation, corresponding to the basis (4.26) are

0.04265 0.00853 0 0.5149 0.00853 0
Cﬁ'y’v = 10.00853 0.5149 0 , €2 =10.00853 0.04265 0
0 0 0.05099 0 0 0.05099

The plate is clamped on [0, 1] x [£, 2] and a uniform force f = (0,0, —5)" is taken into account.
The resulting deformations are shown in Figure 4.4. One observes that the microscopic pattern
leads to very stiff behavior of the plate in the direction of the stripes and a very flexible
behavior in the perpendicular direction. We compare it with a corresponding paper experiment.
To this end, a sheet of paper (green, 120g/m?) of size 28cm x 28cm is used, with stripes of
thick paper (red, 300g/m?) of width 4mm glued on top, with a stripe distance of 4mm. The

resulting layered paper is clamped between two pieces of wood (cf. Figure 4.4).

Microstructure reflecting radially arranged stripes. Under the force and boundary conditions
of the above experiment, we next consider a microstructure that mimics radially arranged rays
of hard material centered at the midpoint (0,0.5) of the left-hand side of the plate. The width
of the stripes is proportional to the distance from the center.

First, we consider a stripe pattern similar to the one considered above, with hard material
on (0,1) x (3,%) x (—3,1) and soft material elsewhere, where the ratio of the hard material
% equals the ratio of the angle of a single hard material stripe and the angle of a single
soft material stripe in the radially arranged strip pattern in the corresponding experiment.

For a point x € w with x — (0,0.5) = (rcos @, rsina) for a € (0, 1) and r € Ry, we consider
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y = ar+ b, for a,b € R, such that 1 = %a + b and 11—0 = ‘/750 + b. This models the widening of

the strips while maintaining the thickness of the plate. Let us denote the resulting homogenized
tensor by c2v .

Then, applying the coordinate transformation formula [AGDP19, Section 3.4] the resulting
homogenized tensor C>¥(x) reflecting the radially arranged stripe pattern at x € w is given by

C*(x)A: A:==C*"A, : A, with A, = ( cosa s a) A (C?S a —sin a)
—sina cosa sina cosa

for all Ae RZx?.

In Figure 4.4 in the top right, the resulting deformation is shown. Below, on a 28cm x 28cm
sheet of paper (purple, 120g/m?), we take into account 16 glued-on stripes of thicker paper
(yellow, 300g/m?), radially symmetric, broadening with the distance from the clamped center
part of the paper. The opening angle of the hard material (yellow) is 3.75° and the opening
angle of the soft material (purple) is 7.5° with the width of the hard material stripes ranging

from Tmm to 1.2cm.

I

-

_

Figure 4.4: Top row: deformed configurations under a uniform vertical load for stripe-type
microstructures (left and middle) and a microstructure with radial rays (right). Bottom row:
photos of physical experiments with stripes of thicker paper (300g/m?, left and middle: red,
right: yellow) glued on thinner paper (120g/m?, left and middle: green, right: purple).

Microstructure with periodic diagonal aligned stripe pattern. Now, we consider a constantly
distributed microstructure consisting of layers of hard and soft material oriented diagonally in
the first two coordinates. The hard material phase is given by all y = (¢, y3) with

/(o)




where | - |1 is the 1-norm in R%. The resulting homogenized tensor in Voigt-type notation is

0.17883 0.10699 0.11725
¢ = [0.10699 0.17883 0.11725
0.11725 0.11725 0.13436

The deformation was enforced by the boundary conditions (4.29) reflecting a compression
in the x; direction by a factor %. No surface load applies. Again, a small random initial
deformation is considered. The computed deformation is shown in Figure 4.5 on the top
left. The qualitative behavior is compared with a sheet of paper (blue, 120g/m?) of size
28cm x 28cm, where stripes of thick paper (orange, 300g/m?) of width 5mm were glued on,
with a distance of 5mm, in the direction of one diagonal of the sheet of paper. A photo of
this experiment is shown in Figure 4.5 on the left of the bottom row. Due to the anisotropic
microscopic material distribution, the macroscopic elastic energy is also anisotropic, leading
both in the simulation and the experiment to a firm twist of the resulting valley formed by the
bent plate.

Microstructure with axes aligned and diagonal trusses of hard material. In this experiment,
we take into account a macroscopically varying microstructure with trusses of hard material
on a soft material background. In the rescaled model with vertically homogeneous material on
(0,1)% x (—3,3) the hard material phase is given by

{y :1_\%‘9/_(1'0)T’1 <1—|—\%v1—\%\y’\1 <1+%\/

y1<%vg1>’|—%vg2<%vy2>’l—%}
with thicknesses a(x;) = (1 — X1)2’Tﬁ, b(xy) = X1Z’T‘5 of the axes aligned and diagonal
trusses, respectively. The prototype of the fundamental cell and the resulting fine-scale
pattern with cell size € = 11—6 in y’ coordinates is depicted in Figure 4.5 on the right. On the
macroscale, the boundary conditions (4.29) and load are applied. Furthermore, for the paper
experiment counterpart, the truss structure with 142 2cm x 2cm cells of thick paper (300g/m?)
is glued on a 28cm x 28cm sheet of thin paper (120g/m?). A comparison of the simulated
deformation for the homogenized model and the experiment is shown as well in Figure 4.5.
It is clearly visible that the bent plate is no longer symmetric in the x; direction and the
bending is much stronger on the right.

68



ddéddddéééﬂﬂﬂﬂﬂ
QR R R NRR
202020702020202070202070207020 ¢
PROZOZOZOZ0Z0Z070707070 07070704
XIXDCXIXIXDIXIXIXDX X
XXXIXIXIXDIXIXXIXIX
20Z020Z02020Z0202020202020;
ROZOZZ0Z020Z0Z0Z0T0Z0Z0Z0Z0T0
OO0
OO0
OXHOZOZOZOTOXTOZOZOTOZITON
O O OO OO OTOXTON
RO ZOZOX X ZOZO O TOZOX
0 R B 4 R
I I B I A
1 6 6 6

XXX
XXX
XXX
DXDAX

{
Xl

XIXD-

Figure 4.5: Top left: deformed configuration under compression enforced by the boundary
conditions (4.29) with soft material in blue and hard material in orange, bottom left: cor-

responding experiment with stripes of thicker paper (300g/m?, orange) glued on thin paper

(120g/m?blue); top middle: deformed configuration for a truss type microstructure under the

same boundary conditions, with soft material in red and hard material in white, top right

material distribution on the rescaled microscopic cell, bottom middle: a correspondingly
deformed sheet of paper (red) with glued layer structure of the thicker paper (white), bottom

right: undeformed experimental plate configuration viewed from above.
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Chapter 5

Phase Field Approximation of a Nonlinear
Folding Model

This chapter studies a phase field model for the elastic bending deformation of thin plates with
folds. A nonlinear elastic energy is introduced, based on the diffuse phase field approximation
of given fold curves. A ['-convergence result as the phase field parameter € — 0 is presented,
resulting in a sharp interface limit of a bending energy with folds introduced in [BBH22].
A finite element discretization of the phase field elastic energy with folds is proposed, and
numerical experiments are provided, showing deformations similar to physical experiments
with folded sheets of paper. Additionally, a framework for the optimization of folds for cost
functionals is introduced. Numerical experiments show the practicability of this optimization
framework.

Collaboration. This chapter is the result of joint work with Sergio Conti and Martin Rumpf
that was incorporated into the successful proposal for research area B2 of the collaborative re-
search center 1720 "Analysis of Criticality".

The work presented in this chapter deals with the analytical and numerical approximation of the
nonlinear bending of thin elastic plates that additionally inherit fold structures. Additionally,
the optimization of such folds for a given target cost functional is taken into account. As
we saw in Section 2.3, W??-reqular isometric deformations of two-dimensional objects (the
mid-surface of a thin plate) embedded into R® behave very rigidly, cf. Theorem 2.19. This
changes drastically if the thin plate is allowed to be folded: A flat sheet of paper can be
folded into the shape of a swan, but deforming the sheet into this shape by only bending it
smoothly is not possible.

From a mechanical point of view, folds can be characterized as thin regions, where the thin
plate is damaged, and hence the cost for bending is reduced significantly. In Section 2.2, the
derivation of a dimension-reduced nonlinear bending model for thin plates with a single fold
by Bartels et al. [BBH22] was presented. There, in addition to certain reqularity assumptions
on the fold curve, they assumed that the material of the thin plate with thickness § > 0 is
weakened significantly (of the order 2, for example) in an area of size ¢ around the fold L.
The nonlinear bending model derived there reads

%Sw\z |ID*¢l?dx , f VYTV =1 ae.

o'e) , else.

WE[Y] = { (5.1)
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In this chapter, we study a diffuse approximation of the nonlinear bending energy (5.1),
where the fold curve £ c w is represented by a phase field function v, € W'?(w) with a small
parameter € > 0, which is converging to the constant function vy = 1 strongly in [?(w) as
€ — 0, but is close to zero in a small neighborhood around . The nonlinear energy we
consider is

WL = 5 [ (el 4 n)D0P dx+ £ [ [V O00 B dx. (52

This functional takes as input functions ¢y € W2?(w; R3), in contrast to the functional (5.1)
that is defined on functions y € W??(w\Z; R?) n W'?(w; R3), and hence can be interpreted as
a smooth approximation. Here, n. > 0 is a small parameter that makes minimization of (5.2)
well-posed, and a > 0 is a positive constant. The isometry constraint in (5.1) is replaced in
(5.2) by the penalty term < { ]thTV(p — /2‘2 dx to allow more flexibility of the deformation
around the fold curve.

Related work. In [CMO8] it was shown that origami-maps, i.e., piecewise flat isometric
deformations with folds, can approximate any given shape. This means that an enthusiastic
paper plane builder could, in theory, build any tiny airplane there is from a single sheet of
paper. Of course, in practice, this is too optimistic, since every sheet of paper has a certain
thickness, and hence is not a two-dimensional object. The interested reader may try to fold a
sheet of paper more than seven times to see that thickness indeed plays a significant role.

The flexibility of isometric deformations with folds allows for using them as a design tool,
especially when folds along curved creases are considered. In [KFC*08], two-dimensional
surfaces with curved folds have been explored using a discretization based on quad meshes,
where the folds are given as grid line segments. Spline representations of developable
surfaces are used in [TBWP16] to design curved-creased origami structures. Pleated structures
generated by folding paper along curved creases are investigated in [J[MR*19]. Since origami
structures possess interesting mechanical properties, such as reconfigurability, the simulation
of curved origami with deformable panels from a structural engineering point of view is
presented in [LP17], based on discrete membrane and bending energies.

Interesting phenomena occur when microscopic folding patterns influence the geometry
of the effective macroscopic deformation. In [CZ18], the deformation of flat sheets with
microstructure origami patterns into curved three-dimensional surfaces is presented, together
with physical experiments. A method for the inverse design of periodic origami structures to
approximate a given curved surface is proposed in [DFP*22]. In [LJ24], microscopic curved
folding patterns and the overall stored elastic energy are investigated.

In [BBH22], a discretization of (5.1) based on the discontinuous Galerkin (dG) method was
introduced. This discretization involves penalty terms for the jump of the function and the
gradient along edges of the trianqulation. The fold curve is given as a piecewise polynomial
chain of edges and thus is encoded in the grid of the discretization. Along all edges that are
part of the fold curve, the jump of the gradient of the discrete deformation is not penalized.
Bonito et al. [BGM23] studied a dG approximation of a nonlinear fold model with a bending
and a stretching energy. In [BBT23], error estimates of a dG method with an isoparametric
approach for a linear fold model were established. Here, the isoparametric approach is used
to more accurately approximate a curved crease line. In [BST25], the numerical approximation
of a Foppl-von Karman model with folds was studied. The approximation of bending and
stretching deformations of thin structures with folding was examined in [BGM24]. The problems
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of piecewise affine approximations of a curved crease line involving Babuska’s paradox were
recently investigated in [BBHN25], and a possible solution was proposed by only enforcing
continuity of the deformation at the nodes that belong to the fold curve.

Outline. The rest of this chapter is structured as follows: in Section 5.1, ['-convergence
of (5.2) to (5.1) is established for the case where v, is a diffuse representation of a given
set of fold curves ¥ that satisfies certain reqgularity properties. The main result is stated in
Theorem 5.4. In Section 5.2, a discretization of (5.2) based on the discrete Kirchhoff triangle
(DKT), cf. Section 2.4, is presented, and numerical experiments minimizing this discrete energy
are displayed. Finally, in Section 5.3, the optimization of fold curves is addressed. Phase field
methods have proven to be a powerful tool in elastic shape optimization, cf. [PRW12, MRS21].
Applying this framework to the optimization of fold curves, the minimization of the elastic energy
(5.2) serves as a PDE constraint, and the diffuse approximation function v, representing the
fold curves is the variable for minimizing a certain cost functional together with a reqularizer
of Ambrosio-Tortorelli type, cf. [AT92].

5.1 Sharp interface limit of the diffuse fold energy

In the following, let w = R? be a bounded Lipschitz domain, representing the mid-surface of a
thin elastic plate. Let ¥ — w be the set of given fold curves on w, which is assumed to satisfy

H'(L) < 0. Let n. > 0 be a sequence satisfying = — 0 as € — 0.

Definition 5.1. Let ¥ — R%. For § > 0 we define
s = {X eRY : dist(x,X) :=inf|x —y| < 6} :
yer

We denote by |Ls| the d-dimensional Lebesque measure of L.
The phase field function v, € L*(w) representing L should satisfy the following assumptions.

Assumption 5.2. Let (b.)e~0 be a sequence with b—; — 0 and * — 0 as € — 0. We assume
that ve.: w — R is a function satisfying

O<Ve< \//I — e, (53)
dc > 0 such that v, < ¢\/nc in Ly, (5.4)
3(d¢)e=o with de > b, d. — 0 such that ve = \/1 —n. on w\Z,, . (5.5)

Remark 5.3. The recovery sequence for the phase field in the construction of the limsup-
inequality in the [ -convergence proof in [AT92] satisfies the above assumptions, with

o , in Zbg
Ve(x) = {1 —exp(2em@t2ly i T, L, \T, (5.6)

\V 1 — e ’ in w\zag+b£ ’

with a. = —2elog(1 — 4/1—n.), and d. = a. + b.. In Figure 5.1, for a given fold curve L,
such a phase field is displayed.
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Figure 5.1: Left: Domain w with fold curve ¥. Right: Phase field representation v, of £. The
red color corresponds to values close to 1, whereas blue is for values close to 0.

We now state the main theorem of this chapter, showing that the diffuse fold energy (5.2)
[-converges to the sharp fold energy (5.1) in the strong W'?-topology, under some regularity
assumptions on the fold curves .

Theorem 5.4. Llet ¥ < w with % — H'(Z) < was & — 0. Lletv, : w — R fulfill
Assumption 5.2. Then, the functionals (W¢[-])e=0, defined in (5.2), ' -converges in the strong
W12 topology to W*|-], defined in (5.1), that is

(i) For every sequence (¢)e=o = W?*%(w;R3) with sup,_,W¢[¢.] < o, there exists

Ye WHe(w;R3) n W22(w\Z; R?) such that tﬂg—‘%‘ §, We dx — ¢ strongly in W'2(w; R?)
for a subsequence, and

lim inf W[ dhe] > WEY]. (5.7)

(ii) Foreveryye W' (w;R3)nW?22(w\Z; R3?) there exists a sequence () e=0 = W??%(w; R?)
with Y. — ¢ strongly in W'?(w; R?), and

lim sup W[y, ] < WH[Y]. (5.8)

£—0
Proof. liminf-inequality (i). Let ()0 = W%2(w; R3). Without loss of generality, we assume
J Y.dx =0 forall e > 0, (5.9)
and sup,_, W¢[¢| < C < o, for a generic constant C. In particular,
J IV Vi — b|° dx < Ce, (5.10)

hence V[ V. — I, strongly in L%(w; R?*?), and thus also in L'(w; R?*?), since w is bounded.
From this it also follows that Vi, is bounded in Lz(w; R3), hence, by Poincaré’s inequality,
using (5.9), and the reflexivity of W'?(w;R?), there exists ¢y € W'?(w;R3) with ¢ — ¢
weakly in W'?2(w; R?) for a subsequence (not relabeled).
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Let now R > 0, and Zg as in Definition 5.1. Since W¢[y] is uniformly bounded, and
because of the assumption (5.5) on v, there exists gy = &(R) such that for all € < g we
have

We ] = f

W\Zd,

|D? e |> dx > J |D? | dx . (5.11)

w\ZR

Poincaré’s inequality, together with the estimate

2
||V¢5Hi2(w;R3X2) + HDZl’[]“:HLZ(w\ZR;R3XZX2) <C,

derived by (5.11), leads to the boundedness of (. ).~0 in W22(w\Zg; R3). By reflexivity, there
hence exists g € W?%(w\Zg; R?), such that, up to another subsequence, . — r weakly in
W22(w\Zg; R3), and ¢ — g strongly in W'2(w\Zg; R?). Since w\Zr < w, it holds yr =
in Ww\Zg, so ¢y € W?2(w\Zg;R?), and Vi — Vi pointwise a.e. in w\Iz. By the weak
lower semicontinuity of the norm, using (5.11), it thus holds

lim inf W#[] = lim inf |D* . |* dx = f |D*y|* dx .
e-0 & w\Zg w\ZR
Since R > 0 was chosen arbitrarily, by the pointwise convergence of Vi, together with

the estimate (5.10), ,we have V'V = I, almost everywhere in w\Z, and thus also almost
everywhere in w. With this, we finally get the lim inf-inequality

lim i(g]fWg[g[lg] > supj |D*Y|* dx = f
& w\Zp

R>0 w\

[D*Y|* dx = W[y
r

lim sup-inequality (ii). Let now ¢y € W'*(w; R?) n W2?(w\Z;R?). We now focus on the
construction of the recovery sequence (i ).~o. Without loss of generality, we can assume that
WE[Y] < o0, hence

V'V = |, almost everywhere, (5.12)

so  is a Lipschitz function with Lipschitz constant 1, as the following calculation shows. For
almost every x, y € w, by the fundamental theorem of calculus, we get

[Y(x) = dly)| =

fo V(x+ tly —x)(y — x) dt

< | [Vl tly =x)(y —x)[dt

- VY =x)TVEx + t(y —x)TV(x + tly —x))(y —x) dt

r1

=, Vg —x)T(y —x)dt = |y —x]. (513)

Here, we used the triangle inequality, and the isometry constraint (5.12). We can extend ¢ to
all of R?, having the same Lipschitz constant 1, cf. [Kir34].
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In order to construct ¢, let U, be a smooth cutoff-function, such that

l?bg =0 on RZ\ZbE, ﬁbg =1 on ZbTE

4
, VO, | < b (5.14)

Let p : R? — R be the standard mollifier

=), ifxe B0 - -
o(x) = cexp (Hx\ ) x e Bi(0) , with ¢ = (J exp (—12> dx> '
0 , else B1(0) 1 —Ix|

with B;(0) being the unit disk B;(0) := {x e R? : |x| < 1}. In Figure 5.2, a cross section of
the standard mollifier through the origin is displayed. We write

-1 0 1

Figure 5.2: Cross section of the standard mollifier.

Po.(x) = Ep(b_> (5.15)
for a scaled version of the mollifier. Note that

JRz Pb.(X)dx = f p(x)dx =1.

R2

By the Lipschitz continuity of ¢, cf. (5.13), we have the pointwise estimate

(oo, * ¥)(x) — ()] = f L 0 9) = g)pu(g) dy

< sup |¢(2) — ()| < b (5.16)

z€By, (x)

We define the recovery sequence . as

e ==+ ((po, * ) = ) Bp, , (5.17)

Le.,

e e W??(w;R?) and . = ¢ in w\Z, . (5.18)
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Figure 5.3: Left: Cross section of an isometry ¢ with a sharp fold. Right: Constructed recovery
sequence J, cf. (5.17), with a smooth transition in Z_.

In Figure 5.3, a cross-section of a fold and the corresponding recovery sequence is shown.
Differentiating (5.17) yields

Ve = V¢ + ((po. * V) = Vi) Oy, + ((po. * ) =) @V Oy, . (5:19)

With the gradient (5.19), we can estimate, again using the isometry constraint (5.12),

VY. Vi — 1|
<[0s.1%|(po. * Vb)) = V1> + [V 05, *|(pv. = th) — I
+ 2[00, (oo, = Vi) = V| + 2IVP[(pp, * ) = PI[V Db, |

+ 2[00 |(pb. * V) = V||V O, [|(po, * @) — ¢
<C <. (5.20)

Here we used |(py, * V)| < (pb, * |VY|) < sup,, |V| = /2, the properties of the cutoff-
function Oy, Le. |0p,| <1 and [V, | < bie cf. (5.14), and the estimate (5.16). It follows that,
with the pointwise estimate (5.20), the membrane part of the energy can be bounded by

lim sup EJ ‘VQLIETVL/IC — /2‘2 dx = limsup gJ z ‘VQUIVL/IC — /2‘2 dx
w wWNLp,
Lo, |

e—0 €& e—0
_ . |Zp,| 2D
< Cal Zbel _ Calim 22125 ¢
a lTS(;Jp p O’elmo b, ¢

Here, in the first equality, we used (5.18). The reqularity assumption EL_T) %—Zi‘ =H' ()< C<w

was used in the last equality, together with the assumption lim b—; =0.

e—0

Using (5.4), the bending part of W¢[i] can be estimated as

f (2 + no)| D2 dx < f

W\Ipg

(v§+n8)lDz¢|2dx+(c+1)J ne|D*We|*dx . (5.21)

wNLp,

The first term on the right-hand side converges to { |D?y|? dx, by monotone convergence.
It remains to show that the second term on the right-hand side vanishes in the limit. To this
end, note that, by the definition of the mollifier, cf. (5.15),

ID?Ye(x)| = [(V s, = ViP)(x)| < Cb;" for x € Zu, .

be
2
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Hence, integrating over Z%E yields
2.0 12 Ne
Lmzb Ne| D el” dx < Fg'z%|' (5.22)

In ZbE\ZbTC, we have
D = D*¢ + Oy, ((pv, » D*¢p) = D*¢)
+2((po. * V) = V) @ V8, + (b, * ) — ) ® D*Dy, .
Here, the first two terms are bounded in [?(w\Z). For the third term it holds
[ ((ps. * Vp) = Vih) ® VI, | < Cb; "

For the last term we have |D?9,_| < Cb_?, and |(pp, * ) — ¢| < b, cf. (5.16), hence it is of
order b_'. This implies

f D d < € [|D 5, + 1B\ . (5.23)
wmzba\zbc
Collecting (5.22) and (5.23), we conclude
0< J Ne| D e |* dx :J Ne| D* e |* dx +J Ne|D* Y| dx
wNIp wNI) mebe\Z%z

2
n 2
<b_§|z%| + Cne || DY 25

Ne
ChlEn Ty
Now, by Assumption 5.2, {£ — 0 as € — 0, hence the first and third term vanish in the limit.
The second term is of order ne. All in all, we obtain that the second term on the right-hand
side of (5.21) vanishes in the limit. With this, we obtain the lim sup-inequality.
O]

Remark 5.5. The terminology phase field approximation might be misleading here, since the
function v, is given a priori, and does not result from the minimization of a variational phase
field energy. In Section 5.3, however, an Ambrosio-Tortorelli type energy [AT92] is used to
determine a phase field representation of the fold, because there the determination of the fold
is part of this free discontinuity problem.

Remark 5.6. Note that the reqularity of ¥ required here is much lower than the reqgularity
assumptions needed to derive (5.1) from three-dimensional nonlinear elasticity, as has been
done in [BBHZ22| where only a single Lipschitz fold curve dividing w into two distinct Lipschitz
domains wq, wy is allowed.
The quantity

lim H

5—0 20
is also called the one-dimensional Minkowski content of ¥, cf. [Fed96]. An example of a set
¥ C w not satisfying the assumption

1Zs5] 1
lim =5 — M)

is L =Qn w. In[AFPO0] an example is given, showing that there also exist compact sets ¥
for which this equality does not hold.
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5.2 Numerical Experiments for Plates with Prescribed Folds

In this section, several examples of plate deformations with prescribed folds under different
forces and boundary conditions are presented. To discretize the energy (5.2), we once more
make use of the discrete Kirchhoff triangle (DKT) introduced in Section 2.4. We confine
ourselves to rectanqgular domains w and work on reqular trianqulations with grid size H. In
the following, € > 0 is always chosen to be proportional to the grid size, and we typically
choose € = 2H. For a given fold ¥, we take a piecewise affine interpolation v, 4 of the phase
field function v, defined in (5.6). The discrete version of the energy (5.2) then reads

Wil = |

w

C
(V2 + ne) |V O] | dx + ZJ VYLV — /2\2 dx . (5.24)

To evaluate the integral, a Gauss quadrature of degree 6 with 12 quadrature points is used.
For the minimization, a Newton scheme with Armijo step size control from the IPOPT library
[WBO06] is used, with a stopping criterion tol < 1078. The problem is first solved on a
coarse reqular grid with H = 2=*, and then successively halved, up to H = 27'%. Hence, the
parameter € > 0 is also halved for every refinement of the mesh. Additionally we set n, = &2,
which fulfills the growth condition described in Section 5.1.

The experiments that are presented in this section always incorporate (clamped) boundary
conditions and/or forces f € [?(w; R?). Hence, the following minimization problem is considered

o -0
with ABC = {yeW?*(w;R*) : Yy =¢, V=Veonlpciw},
with some given function ¢ € W??(w;R3), and 'p < dw, H'(Tp) > 0.

Single arc fold. In the first experiment, we consider a single fold curve in the domain
w = (0,1)2. The fold curve is given by

ZZ{(XLXZ)ECUI \/ng}

The fold and the corresponding phase field, with € = 2H = 277 are displayed in Figure 5.1.
To compute a deformation of a thin plate with this given fold, we considered the force

(0,0,1)T , if Xy = %
(0,0,0)7 , else,

and boundary conditions

(x) = (0.1875,x,,0)" on {0} x [0,0.25], ¢(x) = (0.8125,x,0)" on {1} x [0,0.25],
o1y(x) = (0,0,1)" on {0} x [0,0.25], &1¢s(x) = (0,0,—1)" on {1} x [0,0.25].
The parameter a > 0 in front of the penalty term %Sw ]thTng — lz‘z dx is chosen to be
a = 1000. While the large constant @ could lead to numerical instabilities, we did not

encounter such in our numerical experiments. In [BGM24], the approximation of bending
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Figure 5.4: Left: Computed deformation of a thin plate with a single arc as fold curve. Right:
Picture of a sheet of paper folded along the arc curve L.

and stretching deformations of thin structures with folding was studied. In their numerical
experiments, they chose a factor 10° in front of the membrane term, in comparison to the

bending term, which is similar to the scaling used here.
The deformation, together with a picture of a sheet of paper with this arc fold, is displayed

in Figure 5.4.

Spiral fold. In this experiment, we consider a set of curves ¥ that meet in the middle of

the square domain w = (—1,3)?. The fold curves in [—3,0] are given as

£ i) e 107\ i e - 1)
o) € -1 OF ¢ \ o+ D2 (o= 5= 15

Let Q% = (? _01> . The set of fold curves we consider is
T=L0U0:500:0:£00:0:0:%.

Again we consider o = 1000, and apply compressed boundary conditions:

Ylx) = (x + g x2+350)", d(x) =(1,0,0)" on {—3} x [-3,—3]

px) = (= 8,Xz+ ,0)", &24p(x) = (0,1,0)" on [3, 3] x {—3}

p(x) = (x §:0)", d1p(x) = (1,0,0)" on {3} x [3, ]

B = 0+ s 01T 2a0) = (0.1.0) on |5, —41 ¢ 2]

The phase field describing the spiral fold curves, the resulting deformation, and the corre-
sponding physical experiment with folded paper are shown in Figure 5.5.

Periodic fold pattern. In this numerical experiment, we consider deformations of a thin
plate with a periodic folding tessellation pattern. The periodic folding pattern is defined on
= (0,1) x (0, 2) with the following folding curves

£- 070 ({yxi =t} o {yim e = tho - 3)
z-to (24 (7))

80



Figure 5.5: Left: Phase field representation of the described spiral fold curves £. Middle:
Deformation under compressed boundary conditions and vertical force. Right: Picture of a
sheet of paper folded along the spiral curves.

A phase field representation of the fold curves ¥ is displayed in Figure 5.6 on the left. The
following periodic boundary conditions for the deformation ¢ of the fundamental cell w are
imposed:

o1 =(1,0,00" on {0} x[0,2] U {1} x[0,2],
o = (0,1,0)" on[0,1] x {0} U[0,1] x {2}.
Strictly speaking, these boundary conditions do not suffice as periodic boundary conditions.

However, because of the (almost) isometric deformation, the boundary conditions fit nicely
together when multiple of these fold patterns are fit together, see Figure 5.6 in the middle.

Figure 5.6: Left: Phase field representation of the described periodic fold curves ¥. Middle:
Deformation under boundary conditions of 3 x 2 fold patterns. Right: Picture of a sheet of
paper folded along the tessellation pattern curves.

Additionally, to get a nontrivial deformation, we apply the compression boundary conditions

=0 on [0,1] x {0}, =12 on[0,1] x {2},
¢ =(0,0,0)" on {0} x {0}

In the middle of Figure 5.6, the computed deformation of a thin plate with this periodic fold
pattern is shown, with three repetitions of the periodic folding pattern in the x;-direction and
two repetitions of the periodic folding pattern in the x,-direction. On the right of Figure 5.6,
the picture of a deformed sheet of paper with the described fold tessellation pattern is shown.
This fold pattern is inspired by [Luk21, Etude A2].
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5.3 Optimization of Folds

We now turn our attention to the optimization of folding curves. In the previous section, we saw
how the deformation of a thin plate with given fold curves, under given forces and boundary
conditions, can be computed. Now, we instead want to optimize the shape and position of the
fold curves, such that the deformation of the thin plate is optimal in an abstract way, which
will be later made more concrete. For example, a possible optimization task is to design fold
patterns such that the thin plate deforms in a desirable way when a specific force is applied.
When designing mechanical micro devices for medical applications, such optimization tasks
are of interest, cf. [MPL"24|.

Now, the fold curves and thus their phase field representation are no longer a priori
given, but are determined by a PDE constraint optimization problem. The PDE constraint
is exactly given by the elastic deformation of the thin plate. To this end, the phase field
function is denoted as v € W'?(w) and is a quantity that is to be computed, in addition to
the deformation ¢ € Agc. For a force f € [?(w;R?), let

1
E[g,v] =5 f (v? + ne)| D> dx + %f NAAYE /2\2 dx — J f-gdx, (5.25)
now depending on ¢ and v. For fixed phase field function v, let

Y[v] € argmin (E€[y, v]) (5.26)
peAgc

be an elastic deformation of the thin plate, under the boundary conditions Agc and force
f, with fold curves given by v. We assume that the given optimization task for v can be
formulated as a minimization of a positive functional

min <a[v gl/[v]]) subject to ¢[v] € argmin (E€[¢, v]) (5.27)

veW12(w) YeApc

that may depend on the phase field v and a corresponding elastic deformation ¢[v]. Since we
want v to be a phase field approximation of one-dimensional fold curves, the functional C[-, -]
has to contain a reqularizer for v. To this end, we recall the Ambrosio-Tortorelli functional
1— 2
ATE[v] = J e|vVv|? + a—vr

Q

dx,

introduced in Section 2.6. We assume C[-, -] to be of the form

Clv, V1] = Clv, ¢[V]] + BAT[v].

Here, C[-, -] is a positive cost functional associated with the desired optimization task and
B > 0 is a positive constant. For small, but fixed € > 0, this functional penalizes deviations of
v away from v = 1, only allowing to drop to zero on a set of small measure (an approximation
of the one-dimensional fold curve set), while ensuring W'—regularity. The Ambrosio-Tortorelli
functional as part of the cost functional @[ -] at the same time serves as a measure of the
length of the optimal fold curves approximated by v. Hence, minimizing @[ -] is a trade-off
between minimizing the true cost C[-, -] and not spending too much fold curve length.
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Optimization with the Lagrangian. In general, there is no unique minimizer ¢s[v] of (5.26),
since E€[-, v] is non-convex, but minimizers (/[v] can be characterized by being solutions to
the Euler-Lagrange equation

OpE[Y[v],v](9) =0  forall 9 e W**(w;R*) with 9 =0, VO =0onTp. (528)

Of course, solving the Euler-Lagrange equation is only a necessary condition for being a
minimizer of the energy. Only if G[-, v] were convex, it would be sufficient. On the other hand,
it is easy to see that G[-, v] has a minimizer, by applying the direct method, since it is convex
in the highest order term.

With this, the constraint optimization problem (5.27) can be formulated as finding a critical
point of the Lagrangian

L[V, . p] = Clv, ] + BAT[v] + 0,E°[, vI(p) (5.29)

Here, as before, v € W'?(w) is the phase field approximating the fold curves, ¢ € Agc is the
associated elastic deformation, and p € WZ'Z(a); R3), with p =0 and Vp =0 on [ p, is the
corresponding Lagrange multiplier, ensuring the PDE constraint (5.28).

For readers not familiar with constraint optimization, we briefly discuss here the reason for
writing (5.27) in the Lagrangian formulation (5.29). For a critical point (¥, (s, p) of LE[-, -, ] it
holds

OLE[0, b, pl(w) =0, uL5[0, 1, p1(8) =0,  G,L[0,d,pl(q) =0, forall (w,9,q).

Here, the third equation is equivalent to (5.28), and hence ensures that t,ALl solves the Euler-
Lagrange equation associated with the elastic energy. The second equation is the so-called
adjoint equation, a linear equation that determines the Lagrange multiplier p. The first
equation is the optimality condition of the actual optimization variable V.

Cost functional. So far, we have only introduced the abstract, positive cost functional
Clv, ¢s[v]], in which the optimization task is encoded, without providing details about possible
choices of applications. We will make up for that here. In classical elastic shape optimization
with phase fields, where the task is to distribute a certain amount of hard material in the
computational domain, cf. [HRS20, PRW12], a natural choice for the cost functional is to take
the compliance energy Clv, Y] = Sw - fdx. The physical interpretation of this optimization
task is the following: Distribute the hard material so that the elastic object resists the force
f acting on it most strongly. Since in our application, where we want to distribute fold
curves optimally, and hence weaken the material instead of strengthening it, compliance shape
optimization does not seem to be the right application of interest in our case. However, a
possible compliance shape optimization task could be to design a folding pattern, such that
the already deformed configuration is resistant to a second force f, different from the force f
that deformed the thin plate at first. A concrete example of this is a paper box for French
fries, where the design of the bottom part of the box involves curved fold curves, cf. [BST25].

Another widespread application in elastic shape optimization is the minimization of a
so-called tracking-type cost functional, cf. [DDH15]. In this case, C[v, ¢[v]] is given by
Clv, ] = §_ |y —¢|*dx, where ¢: w — R? is a prescribed desired shape that is to be matched
by the elastic deformation . This is a classical optimization task in Origami design, where
the primary interest is to figure out the right folds to turn the thin plate (here, the sheet of
paper) into a swan or a frog, for example.
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A third possible choice for an optimization task is inspired by engineering applications:
In Figure 5.4, the deformation of a thin plate with a curved arc fold is displayed. This
deformation is caused by a vertical force, to flip up the upper part of the square plate, and
by pushing the boundary together from left and right on the bottom part of the plate. Once
the plate is deformed in this way, a variation of the degree of compression of the boundary
conditions leads to a variation of the folding angle, and hence creates a mechanical hinge
device. This phenomenon is also present in nature, for example, in the snapping mechanism of
fly trap plants [SWM*20]. An obvious question is how the geometry of the fold influences the
mechanical transmission of force, which in turn brings the optimization of force transmission
through optimal design of the fold curve into focus.

Optimal design for microscopic fold patterns as displayed in Figure 5.6 to achieve certain
macroscopic, effective elastic responses is another interesting field where our method could be
applied. This requires the derivation of a homogenized model. With this at hand, a two-scale
optimization procedure similar to [DPRS19] could be applied.

The optimization problems listed above are interesting approaches for future projects that
require a deeper understanding of the modeling of such cost functionals. Here, we will limit
ourselves to a simpler example of a cost function to illustrate the practical application of the
optimization framework presented here. The motivation for this choice is as follows: Given
fixed boundary conditions and forces, choose an area @ < w inside the plate. Now optimize
the fold curves such that this set is lifted as high as possible (in the third coordinate direction).
A simple cost functional modeling this optimization task is

Clv, ] = — J s dx . (5.30)

In the experiments shown in this thesis, the choice of the set & depends on the experiment
and will be specified.

Optimization algorithm. We have seen that the phase field fold optimization discussed in
this section can mathematically be formulated as finding a critical point of the Lagrangian
(5.29), ie., a root of V(, 4, L. Strictly speaking, this is not a gradient, but a variation in the
infinite dimensional space W'?(w) x W22(w;R3) x W%2(w;R3), but in our FE discretization
we will approximate this with a finite dimensional gradient. To ease notation, we will
sketch the optimization algorithm here using the continuous notation, and after that, we
will introduce the FE discretization. Since the Lagrangian formulation (5.29) turns the
optimization into a saddle point problem, standard gradient descent methods, which are
used for unconstrained minimization problems, cannot be applied here. A common, and
usually fast algorithm to find the root of a function is Newton's method, which would involve
second derivatives of the Lagrangian, and hence third derivatives of E¢[-,:], which are
computationally out of reach. One possibility would be to approximate the Hessian of
the Lagrangian by using a quasi-Newton method like BFGS, or to directly formulate the
constraint optimization problem as an iterative method like sequential quadratic program
(SQP) with equality constraints, cf. [NWO06]. Here, we will follow a nested optimization method
also used in [HRS20] for shape optimization on shells with phase fields: Given a phase field
vk at the k-th iteration step, first compute a minimizer ¢y of E¢[v, ] via Newton's method.
With this, solve the linear adjoint problem 0 E<[vi, Yu](px) = —0yClvk, Yi] for pi. Having
computed ¢, and py, the phase field for the next iteration is obtained by gradient descent:
Vier = Vi — Tk(Clvi, Y] + BOLAT “[vie] + 0,04 E€[vi, Y] (pi)), with variable step size 7.
The procedure is summarized in Algorithm 5.1.
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Algorithm 5.1 Nested phase field fold optimization

Input: Initial phase field v
Output: Optimal phase field ¥

1. k=0

2: while not converged do

3: Compute minimizer ¢ of E€[v, -] via Newton's method

4 Solve the linear adjoint problem 05 E°[vi, Yi](px) = —0yClvi, Yn] for py

5 Compute the next phase field by gradient descent with step size control 7:

Vir1 = Vi — Tw(O,Clvi, Y] + BOLAT “[vie] + 0,0y E€[vie, Y] (pi))

6: k=k-+1
7: end while

We implemented this optimization algorithm using the IPOPT library, cf. [WB06], both for
the inner Newton’s method for computing ¢, similar to [RSS22, RSS24|, and for the outer
gradient descent algorithm for computing vy, with Armijo step size control.

Finite element discretization. We use a similar discretization as in (5.24), where we
additionally discretize the Lagrange multiplier py with the DKT finite element, cf. Section 2.4.
The phase field vy is again discretized by piecewise affine finite elements, but now treated
as a variable instead of a fixed input vector. For the inner Newton's method, we typically
choose a tolerance of 1078, and for the outer gradient descent, a tolerance of 107° as a
stopping criterion. As before, we start with a coarse mesh, compute an optimal solution there,
and then interpolate the phase field, deformation, and Lagrange multiplier onto a refined
mesh. Here, instead of uniform refinement, we employ an adaptive refinement strategy, which
involves refining an element if the norm of the gradient of the phase field is larger than 1, i.e.
|Vvy| > 1, or if the average phase field value is smaller than ;. The first condition implies
mesh refinement in areas where the phase transition is steep, while the second condition
implies mesh refinement where the approximate fold curve is (v = 0). In this fold optimization
setting, we choose € = 5H instead of € = 2H, where H denotes the smallest triangle
diameter in the mesh. We found that this choice significantly improved the convergence of our
optimization algorithm, which we attribute to improved reqularity at larger €. As before, we
set n, = €%

Cross fold optimization. In this first experiment, we consider a physical setting similar
to the spiral fold displayed in Figure 5.5. We investigate optimal fold curves on a square
plate, given by w = (0,1)%, where we push the four corners into the middle, exactly as the
compressed, clamped boundary conditions for the spiral fold experiment. As described before,
we consider the simple optimization task of optimizing the fold curves, such that a small
area in the middle of the plate, ® = (0.45,0.55)2, is lifted as high as possible in the third
coordinate direction, i.e., in the direction perpendicular to the plate. For this, we consider
the cost functional given by (5.30). The described setup is displayed in Figure 5.7 The phase
field for the optimization algorithm is initialized by the constant 1 function, i.e. vp =1, and
we start the optimization on a reqular grid with uniform grid size H = 27*. The constant in
front of the Ambrosio-Tortorelli functional, which controls the length penalization of the fold
curves, is chosen to be B = 0.001. The constant « in front of the membrane term in (5.25) is
setto a = 1.
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]
Figure 5.7: Setup for the cross fold optimization, with clamped boundary conditions (brown
boxes), and the area & that is to be lifted in normal direction.

The optimal phase fields computed on different resolutions, together with the underlying
mesh, are displayed in Figure 5.8. There, we see that the phase field directly constructs
a fold where the clamped boundary conditions are imposed, and thus switches them off.
Another surprising observation is the crossing of the phase field in the middle of the plate,
building angles of 90°, instead of a crossing of three fold curves that meet in 120° angles,
cf. [ABMO3], which are minimizers of the Mumford-Shah functional, the sharp interface limit of
the Ambrosio-Tortorelli functional. A possible explanation for this is that in our experiment,
€ is still too large, such that the gradient term in the Ambrosio-Tortorelli functional causes
the phase field to blur out the middle, whereas the sharp interface optimal fold curves would
not meet at all. Also, the nonlinear elastic energy has a big influence, as (almost) isometric
deformations are very rigid and may cause nonlocal phenomena. The computed deformation
for the optimal phase field on the finest grid is shown in Figure 5.9 on the left.

Figure 5.8: Computed optimal phase field solutions for the cross fold optimization, with
B = 0.001, on different stages of refinement. From left to right, the grid resolution is increased
adaptively. On the coarsest grid, the phase field function is initialized with constant one
for the optimization. On the refined grids, the optimal solution on the previous, coarser grid
serves as the initialization for the phase field function, interpolated onto the refined grid.

To investigate the influence of the reqularizing length penalization term A7 ¢[-], we ran
the same experiment, but now halved the factor in front of the Ambrosio-Tortorelli energy,
i.e, B =10.0005. In theory, this allows for more freedom for the optimizer with regard to the
length of the folds. In Figure 5.10, the computed optimal phase field functions are shown
on increasing mesh resolutions. Indeed, the length of the approximate, diffuse fold curves
increases, in comparison to Figure 5.8, and a different fold structure appears, breaking the
symmetry with two new folds building a diagonal fold in one direction.

The corresponding deformation computed on the finest grid is shown in Figure 5.9 on the
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Figure 5.9: Computed deformations with optimal phase field for the cross fold optimization on
the finest mesh. Left: Deformation corresponding to the phase field displayed in Figure 5.8
on the right. Right: Deformation corresponding to the phase field displayed in Figure 5.10 on
the right.

Figure 5.10: Computed optimal phase field solutions for the cross fold optimization, with
B = 0.0005, on different stages of refinement. From left to right, the grid resolution is
increased adaptively. On the coarsest grid, the phase field function is initialized with constant
one for the optimization. On the refined grids, the optimal solution on the previous, coarser
grid serves as the initialization for the phase field function, interpolated onto the refined grid.
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right. A direct comparison, see Figure 5.11, shows that the increased length of the fold curves
is indeed beneficial for minimizing the cost functional, leading to a higher lift of the middle
part of the plate Q.

- A . -
Figure 5.11: Comparison of the deformations corresponding to the optimal phase field fold
curves with different length penalization (Left: B = 0.001, right: B = 0.0005). We see that

increased length of the approximate fold curves leads to a higher lifting of the middle part of
the plate @.

Arc fold optimization. In the previous optimization experiment, we saw that our phase
field method for optimizing fold curves on elastic plates leads to interesting, almost straight
fold patterns that cross in the middle of the plate. Next, we want to design an optimization
problem that leads to a curved fold geometry. Inspired by the arc fold experiment shown in

W

¢ = half cylinder

Figure 5.12: Setup for the arc fold optimization, where the lower quarter of the plate is
deformed into a half cylinder (brown box), and the area & that is to be lifted in the vertical
direction.

Figure 5.4, we take into account the square plate w = (0, 1)?, where we now enforce that the
lower quarter of the plate [0, 1] x [0, 0.25] is deformed into a half cylinder, explicitly

(31, x2) = (— = cos(mx7), x2, 1 sin(7x1)) for (x1,x2) € [0,1] x [0,0.25].

Additionally, the vertical force f(x1,x2) = (0,0,60)" is applied on @ = (0,1) x (0.96,1), the
area that also appears in the cost functional (5.30). The physical setting is displayed in

Figure 5.12.
The constant in front of the Ambrosio-Tortorelli functional, which controls the length
penalization of the fold curves, is chosen to be B = 0.006. The constant a in front of the
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membrane term in (5.25) is set to o = 1. Here, we directly started the optimization on a finer
grid, with H = 27°.

We found that initializing the optimization algorithm with a constant phase field vy =1
did not lead to satisfying results. A reason for this could be that the strong contribution
of the membrane term that leads to almost isometric deformations does not allow for large
deformations in the vertical direction when the plate is deformed into a half cylinder, in the
case of constant hard material (i.e.,, when there is no fold region). Instead, we initialized
the phase field with a prescribed curved fold. This initialization and the corresponding
elastic deformation are displayed in Figure 5.13. The computed optimal phase field and the
corresponding elastic deformation after one refinement step are shown in Figure 5.14.

e

Figure 5.13: Left: Initialization of the phase field for the arc fold optimization. Right:
Corresponding elastic deformation, with a sharp fold along the initial fold.

).

Figure 5.14: Left: Optimal phase field for the arc fold optimization. Right: Corresponding
elastic deformation, with a less sharp fold, in comparison to the initial fold deformation, caused
by higher values of the phase field function.

An interesting observation here is that the phase field does not drop to zero (blue color) in
the middle of the fold, but stays in the region ~ 0.5 (white color), leading to a less sharp fold
deformation, which can be seen in Figure 5.14 on the right. A higher factor « in front of the
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membrane term would probably lead to a sharper optimal fold curve, but would definitely come
with more difficulties in the optimization, as we experienced in our numerical experiments. That
is why we restrict ourselves to the experiment presented here. At the boundary of the plate, the
phase field forms 90° angles, a common phenomenon when minimizing the Ambrosio-Tortorelli
functional. The direct comparison in Figure 5.15 clearly displays the better performance of
the optimal phase field in minimizing the cost functional C[()] = —{, 5 dx, compared to the
deformation corresponding to the initial phase field.

Figure 5.15: Left: Deformation corresponding to the initial phase field for the arc fold
optimization. Right: Deformation corresponding to the optimal phase field.
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Chapter 6

A Hybrid Minimizing Movement and
Neural Network Approximation of
Willmore Flow

We present a hybrid method combining a minimizing movement scheme with neural operators
for the simulation of phase field-based Willmore flow. The minimizing movement component
is based on a standard optimization problem on a reqgular grid, whereas the functional to be
minimized involves a neural approximation of mean curvature flow proposed by Bretin et al.
[BDMT22]. Numerical experiments confirm stability for large time step sizes, consistency,
and significantly reduced computational cost compared to a traditional finite element method.
Moreover, applications demonstrate its effectiveness in surface fairing and reconstructing of
damaged shapes. Thus, our approach offers a robust and efficient tool for geometry processing.

Collaboration. This chapter is the result of joint work with Josua Sassen and Martin Rumpf
that is currently under review, and available as a preprint [RSS25]. In particular, Josua
Sassen implemented the basic learning algorithm and the Newton CG algorithm for the
nested Willmore scheme with neural networks. Furthermore, he rendered the images of the
three-dimensional examples.

Willmore flow is the [?-gradient flow of the Willmore energy, which is defined as the surface
integral over the squared mean curvature. For closed surfaces of genus zero, the Willmore
energy allows to quantify how much a surface deviates from being a perfect sphere, with a
round sphere having minimal Willmore energy. Physically, the Willmore energy reflects an
approximation of the stored energy in a thin elastic shell with a planar physical reference
configuration [Cia00]. It is also used to model the behavior of cell membranes, which have the
tendency to minimize their bending. To this end, an extension of the Willmore energy, the
Helfrich model, is used to describe elastic cell membranes in biology [CAMK14]. Furthermore,
in computer graphics and geometry processing, Willmore flow is used for surface smoothing
[CPS13], and surface restoration [CDD*04, LC23]. This motivates the study of Willmore flow,
and in particular, the development of numerical schemes.

However, as we will discuss below, Willmore flow is described by a fourth-order PDE, which
makes it challenging to devise schemes that allow for large time steps and are computationally
efficient. We will show that our proposed hybrid scheme is stable for large time steps and
indeed leads to an efficient scheme for Willmore flow in the case of a phase field formulation,
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which is, in particular, practical for applications with implicitly described geometries. To
compute Willmore flow, we will consider a minimizing movement time discretization. Therein,
we combine a discretization of the minimizing movement scheme on a regular grid with a
neural network approximation of the mean curvature arising in the Willmore energy.

The work presented in this chapter deals with phase field models approximating hypersur-
faces M in the computational domain Q = (0, 1)? and their evolution by Willmore flow. To
motivate the hybrid method, we first recall the parametric formulation of Willmore flow. We
denote by x: M — Q) the identity restricted to the surface M. Then the Willmore energy of
M is given by

w(x] = % JM h?(x) dH,

where h is the mean curvature, which we take to be the sum of the principal curvatures. The
Willmore flow for parametrizations is then the [2-gradient flow of this energy, i.e. the evolution
x: [0, T] x M — Q that fulfills

(0%, 0)12my = —0xw|[x](0)

for all test functions & € C*(M, RY), where (-, -);2(r) denotes the [?-scalar product on the
hypersurface M and d,w|[x](0) the variation of the Willmore energy in direction 9.

However, here, the goal is not to minimize the Willmore energy but to efficiently simulate
Willmore flow, i.e. the [>-gradient flow of the Willmore energy.

To this end, we will consider a variational time-discretization of Willmore flow based on
the minimizing movements paradigm [DG93, AGS08]. In case of parametric Willmore flow and
time step size T > 0, given a parametrization x*: M — Q approximating the evolution at time
kT, the next time step x**! is given as the minimizer of

e[x, x] = ||x — XkHiz(Mk) + 27 w(x]. (6.1)

To obtain a fully implicit, variational formulation of Willmore flow that is (experimentally)
unconditionally stable and allows for large step sizes, Balzant and Rumpf [BR13] proposed to
approximate the Willmore functional w[x] in (6.1) using an approximate mean curvature. To this
end, one denotes by y:[x]: M — Q the solution of one discrete time step of mean curvature
flow (MCF) with time step size T starting from the initial parametrization x corresponding to the
surface M. By definition, the mean curvature h is the normal velocity of mean curvature flow.

Hence, %SM “/[XT# dH" constitutes a difference quotient approximation of the Willmore
energy w[x] and a minimizing movement functional is given as
2
ko1 k2 lyz[x] — x| d—1
e[X ,X] = HX — X HLZ(M") + TJ;\/[ TT CIH . (62)

As a discrete solution for mean curvature motion, one might consider the time step of a
semi-discrete backward Euler scheme with time step 7 as proposed by Dziuk [Dzi91]. Thus,
minimizing the energy e[xX, x] in x amounts to solving a nested time discretization with
time-discrete mean curvature motion as the inner and the actual time-discrete Willmore flow
as the outer problem, It can also be understood as a PDE-constrained optimization problem,
where one optimizes the energy (6.2) subject to the constraint that y:[x] is the solution of the
linear discrete semi-implicit backward Euler scheme for mean curvature motion.

In this work, we pick up the approach proposed by Franken et al. [FRW11] and focus on the
corresponding scheme for phase fields. Our core idea is to construct a hybrid scheme where the
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inner problem is solved using a neural network, whereas the outer problem remains a classical
minimizing movement optimization scheme. For the inner problem, we will build on recent
work by Bretin et al. [BDMT22] on neural operators for time-discrete mean curvature flow in
a phase field formulation. These neural operators are efficient to evaluate, straightforward to
differentiate, and convergent under spatial refinement in numerical experiments.

Using them in the variational time-discretization, we obtain a numerical scheme for the
phase field approximation of Willmore flow that, similar to the original nested scheme, remains
stable for large time steps while being computationally more efficient.

By adopting this hybrid strategy, we take a step towards a fully neural treatment of
Willmore flow, where the ultimate goal is to learn the solution operator itself. Indeed,
considering a network that approximates a minimizing movement scheme for the phase field
approximation of the Willmore energy would be a promising alternative. However, it requires
sufficient training data for a suitable large set of initial conditions, which has to be computed
in the training phase. Given the usual computing times for Willmore flow, this is surely a major
computational challenge. Furthermore, the selection of a suitable class of initial conditions is
still open.

The advantage of our approach is that the nested scheme by Franken et al. [FRW11] allows
for an approximation of the mean curvature based on a neural operator for the approximation of
MCEF. This only requires training data for a corresponding phase field approximation of MCF.
Such training data is easy and computationally cheap to generate, as discussed by Bretin et
al. [BDMT22]. Indeed, they showed that training on hypersphere evolutions is sufficient.

Within this context, the integration of a learned mean curvature flow operator into the
nested framework provides a practical and principled intermediate step: it leverages the
efficiency of neural operators while retaining the well-established structure of the nested
algorithm. We show that this integration indeed leads to a viable hybrid scheme.

Related work. Willmore surfaces, i.e., minimizers of the Willmore energy, and Willmore flow
have been the subject of intense theoretical study. Simonett proved in [Sim01] the existence
of a unique and locally smooth solution of Willmore flow for sufficiently smooth initial surfaces
as well as exponential convergence to a sphere for initial surfaces close to a sphere. Similarly,
Dall'Acqua et al. [DMSS23] proved that if the initial datum is a torus of revolution with
Willmore energy less than16st then the Willmore flow converges to the Clifford Torus. Kuwert
and Schatzle treated long-time existence and reqularity of solutions in co-dimension one in
[KS01, KS02, KS04], and Riviére [Riv08] extended these results to arbitrary co-dimension. In
2014, Marques and Neves [MN14] were able to prove the famous Willmore conjecture, i.e.
that for every smooth immersed torus in R* the Willmore energy is lower bounded by 42.
Similarly, the numerical treatment of Willmore flow for surfaces has garnered significant
attention. Rusu [Rus05] introduced a semi-implicit finite element scheme for the computation
of the parametric Willmore flow of surfaces, which was applied by Clarenz et al. [CDD*04] to
surface restoration problems. Droske and Rumpf [DR04] introduced a level set formulation
for Willmore flow and a corresponding numerical scheme. Deckelnick and Dziuk provided in
[DDO06] a priori error estimates for a spatially discretized but time-continuous finite element
scheme on two-dimensional graphs. Alternative finite element schemes for parametric Willmore
flow were introduced by Barrett et al. [BGNO7] and Dziuk [Dzi08]. In contrast, Bobenko
and Schroder [BS05] introduced a discrete Willmore energy and flow based on discrete

differential geometry. Concerning phase field models, Du et al. introduced and analyzed a
discrete semi-implicit scheme for Willmore flow in [DLW04, DWO07]. In [BMO15], Bretin et al.
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investigated flows for various diffuse approximations of the Willmore energy and its relaxations
and introduced corresponding numerical schemes. If the goal is to minimize Willmore energy,
one can also consider gradient flows with respect to other metrics. For example, Schumacher
[Sch17] analyzed H?-gradient flows for the Willmore energy with numerical experiments on
triangle meshes. Soliman et al. [SCD*21] extended this idea on triangle meshes to incorporate
further constraints — most notably on the conformal class of the surface.

Outline. The remainder of the chapter is organized as follows. In Section 6.1, we recapitulate
the adaptation of the variational time-discretization to phase fields from [FRW11] and introduce
a neural operator approximation of mean curvature flow for phase fields inspired by [BDMT22].
We combine both to obtain the spatially discrete hybrid scheme for Willmore flow in Section 6.2.
In Section 6.3, we first experimentally validate the convergence properties of the neural network-
based discrete mean curvature flow to then underpin a corresponding validation of our hybrid
Willmore flow scheme. Furthermore, we use our hybrid scheme to compute the evolution for
different interesting initial curves in 2D and surfaces in 3D. Afterwards, in Section 6.4, we
apply the scheme for curve and surface restoration.

6.1 Suynthesis of the time-discrete Willmore flow

Our scheme has two essential ingredients: a phase field based minimizing movement scheme for
Willmore flow as introduced by Franken et al. [FRW11], and a convolution based approximation
of mean curvature. Below, we will first discuss the relevant parts of the former, then detail
the latter and describe how both are combined for the purpose of a robust and efficient
approximation of Willmore flow.

Phase field based minimizing movement scheme for Willmore flow. Following Franken et
al. [FRW11], we assume that hypersurfaces under consideration are represented by Modica—
Mortola-type phase field functions [MM77] with periodic boundary conditions. In what follows,
we assume that all functions and interfaces are sufficiently smooth. We consider the interfacial
energy

P = 5 | el vl + 290 d (63

with the double well potential W(v) = (1 — v?)%. Modica and Mortola [MM77] showed that
the I'-limit of P¢[-] in the L" topology is half the total variation of a function v € BV/(Q; {—1,1})
in Q, i.e. the perimeter of the set {u = 1}.

Phase field functions minimizing (6.3) follow an optimal profile in normal direction across
the boundary of a set w = Q, whichis 7.: R — R; s > tanh(—322). Thus, tanh (-2 sdist(y, w))
is the optimal phase field profile of an interface M = dw N Q for fixed €, where the signed
distance function of M is defined as sdist(x, w) = dist(x, w) — dist(x, w°) with w being the
complement of w. Now, let uX denote the phase field representations of the hypersurface
MF¥ with parametrization x¥, which is the boundary of a subset w* = Q, i.e. MK = dw* N Q.
Similarly, let u. be the representation of M = dw N Q with parametrization x, and v;[u¢] a
phase field representation of the image of M under timestep of mean curvature flow with step
size T and initial data u.. Following Franken et al. [FRW11], we take into account a further
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minimizing movement scheme to define the operator v;|[-| variationally and obtain

vi[u] = argmin <6||U — vaz(Q) + Zi"PE[v]> : (6.4)
veH1(Q)

To translate (6.2) to the phase field context, one observes for a shift 0 of the optimal profile
Ve in one dimension

&J (Ve(s) — Ve(s — 8))* ds = 6°(1 + ©(3, €)),

where ©(9,¢) = C (é + g—i) A detailed calculation is given in [FRW11]. Chosing § = &f
S

with B > 1 implies ©(0, €) < C57~# and thus

sJ (ue(x + 8(x)n(x)) — ue(x))® dx = f ()R (1 + 0(0(]6]
Q M

0 €)))

where now 0 is some function on M, n is the normal field of M and 0 is assumed to be
extended constantly in normal direction to M. Next, assuming that all involved phase field
functions uX, u, and vi[u] follow the optimal profile, one observes that

ellvilu] — w2y = lyelx] = Xane (1 + O@(lyslx] = Xy, €))) .
ellu— ukH%Z(Q) =[x - XkH%Z(Mk) (1 + 0(O(|x — XkHL@(Mk): 5))) :

The above estimates were presented in [FRW11] using the double well function W(v) = (1—v?)?
and thus consistently with an additional factor 3 (and optimal profile 7.(s) = tanh(—se™")).
Finally, with these approximations at hand, one can define the energy
. TE
e, u] = elu — ¥z + Z|velu] = Uiz (6:5)
for two functions u* and u considered as phase field descriptions of M* and M. By our
above estimates, this energy is equivalent to the energy e[-] associated with the variational
time-discretization in (6.2).
Altogether for sufficiently small phase field parameter € and sufficiently small time step
sizes T, T, this leads to the following nested variational time discretization of Willmore flow:

Definition 6.1 (Variational time discretization of Willmore flow [FRW11])). For e[-, -] defined
in (6.5) based on some mapping vi: [*(Q) — [*(Q) with T, T > 0 and some u® € [*(Q) we
iteratively compute
u*™ = argmin e*[u*, u] (6.6)
uel?(Q)

as the time discrete phase field solution at time (k + 1)t for k € Ny.

Convolution-based approximation of mean curvature. Thus far, we have defined v;[u] vari-
ationally, and obtained an inner variational problem to be solved for every u in the outer
problem (6.6). Instead of solving the Euler-Lagrange equation associated with (6.4) for every
function u arising in the outer problem, we pick up the approach by Bretin et al. [BDMT22].
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To this end, we define a spatially continuous neural operator v;t’K: [2(Q) — [%(Q) that
will be trained to approximate v;[-]. We follow the structure proposed for the discrete context
in [BDMT22] and combine a nonlinear activation function and a convolution operator to define
the neural operator v;”(. This leads to the definition of the still spatially continuous neural
operator
P¥u) = fro (ke = u), (6.7)

Vi

where one first applies a convolution kernel k; € [2(RY), followed by the concatenation with a
nonlinear activation function f; € C°(R). When applying the kernel k; to u, we assume that
u is periodically extended to all of RY. The convolution k; = u with k; € [?(RY) is in C°(RY).
Thus, v.*[u] € CO(RY) as well and can in particular be evaluated point-wise.

When using the neural operator v%f'K in the nested scheme (6.5), we obtain a time-discrete
but spatially still continuous scheme. It combines a standard optimization problem over
functions in [?(Q) with a neural operator acting on functions in [?(Q).

Remark 6.2 (Relation to the Merriman—Bence—Osher scheme and semi-implicit time stepping
for Allen-Chan flow). To motivate the neural network architecture used by Bretin et al. we
first observe that the rescaled L*-gradient flow of P¢ with time discretization (6.4) is given by
the Allen-Cahn equation dyu — Au + 55W'(u) = 0. Evaluating the nonlinearity W' implicitly
at u**" and the Laplace operator explicitly at u* we obtain the time-discrete equation

VI AR 4 LW k) = 0 (6.8)
to iteratively compute the sequence (u*)wen of phase fields given an initial phase field u°.
The function ¢.:(u) = u + 75¥'(u) is monotone for 5 < 3 and thus invertible. Hence,
(6.8) can be rewritten as u**" = ¢_1((Id + ¥A)u*) and finally using the approximation
(Id + TA)u* = e ™u* + O(7%) we obtain u**' = ¢~ "(e ™ u*). This indeed reflects the
structure (6.7) proposed by Bretin et al. [BDMT22] and resembles the Merriman—Bence-Osher
(MBO) scheme [MBO92, MBO94] for characteristic functions, where one first solves the linear
heat equation with time step T for a characteristic function as the initial data and then applies
a thresholding function to obtain the time step updated characteristic function. In this sense,
the application of the function ¢>;1% acts as a soft thresholding. For the convergence to mean
curvature motion, we refer to [Eva93] and [BG95] Recently, Budd and van Gennip [BvG20]
studied a semi-implicit time-discretization for the double obstacle Allen—Cahn equation on
graphs and proved that the MBO scheme coincides with a particular choice of a semi-implicit
scheme for Allen—Cahn flow. The scheme takes the form u**t! = po (e*muk), with A being
the (positive definite) graph Laplacian, p a monotone Lipschitz continuous (activation) function,
and e~™ the linear operator representing one timestep of the heat flow with time step size
7. The authors explicitly refer to the analogy of a convolutional neural network in [BvG20,
footnote 6]

As proposed in [BDMT22], both the kernel k; and the scalar function f; € C°(R) are
learned from data. Bretin et al. suggested using (discrete) phase field profiles for the explicitly
known evolution of hyperspheres in R? as training data. Indeed, the radius of a hypersphere
evolving under mean curvature flow with initial radius ry at time 7 is given by

R(ro, ) = /13 — 2(d — 1)t (6.9)
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For a hypersphere of radius r, we define the corresponding phase field profile by u,.(x) =
tanh (3(’4;8“')) The aim is to learn f; and k; such that, for a range of radii r, the phase field

representation of a hypersphere of radius r is mapped to one of a hypersphere of radius
~\ e f.k . f.k . . . .

R(r, T), ie. vi"[u,] ~ ugr(,#. This way, v;'* approximates the time-discrete solution operator

of mean curvature flow on the chosen training data. We formulate an optimization problem

by turning the desired relation into a least-squares loss, and thus determine f; and k; as

solutions of

f,k

m'mf Ivi*[ur] = urges | fagge dr, (6.10)

where one optimizes over suitable classes of nonlinear functions f and convolution kernels «
for a suitable choice of ryi, and rpay -

Remark 6.3. In their study, Bretin et al. [BDMTZ22] focused on a discrete formulation on
regular grids and directly developed a time and space discrete evolution operator for mean
curvature motion. The underlying neural network consists of a single convolution layer and a
scalar activation function realized with a multilayer perceptron. Bretin et al. demonstrated
empirically that this also leads to a reasonable approximation of mean curvature flow for fairly
general initial data and corresponding phase fields. Functions of the form (6.7) are efficient
to evaluate and differentiate when implemented on discrete grids using neural networks. We
will retrieve this discrete formulation in the next section.

Furthermore, employing the scheme composed of (6.5) and (6.7), we can show the existence
of time-discrete Willmore flow, i.e. the existence of minimizers of (6.5) for fixed scalar functionf
and convolution kernel «:

Proposition 6.4. For Q = (0,1)?, u® € [%(Q) periodically extended on R?, and e¢[u°,-] as
in (6.5) with v; of the form vi[u] = f(k = u) for fixed f € C(R) and k € L*(RY) there exists a
minimizer u € 1%(Q) of e[u®, -] in the class of periodically extended L*(Q) functions.

Proof. Let (u;); = L*(Q) be a minimizing sequence of e*[u?, -], with
€
C = e[u’ u’] = e[u’, uj] = ]u® - UI'H%Z(Q) = 5”“1“%2(0) - eHu°||f2(Q),

for a constant C depending on |u®;2(q). Here, we used that [k = Uollco(q) is bounded and

applied Young's inequality. Hence, |ujl|;2(q) < C for some constant C, and thus there exists
u € L?(Q), and a subsequence (not relabeled), with u; — u weakly in L2(Q). Once more using
that x € [?(R?), we have

(1)) (x) = f k(x — y)u(y) dy — f k(x — g)uly) dy = (k » u)(x)
for j — oo. Furthermore, we observe

Sug ‘(K* Uj)(x)‘ < k| i2weyllujlizi) < Cllk|iz2@re).
XE

Since f is uniformly continuous on [—éHKHLZ(Rd), 6|\K|\L2(Rd)], we obtain f(k = u;) — f(k = u)
pointwise and in [%(Q). Finally, lower semicontinuity of the L2 norm implies
inf ef[u°, i] = liminf e[u®, u;] = e*[u°, u].
ot ef[u®, ] = liminfe“[u’, uj] > e“[u’, ]

Thus u € [?(Q) and minimizes e¢[u?, -] in the class of periodically extended [?(Q) functions. []
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6.2 Spatial discretization

Minimizing movement scheme for Willmore flow. To discretize the time-discrete Willmore
flow in R? based on the minimizing movement scheme (6.5), we consider a regular grid on
[0, 1]% with gridsize h = 1 for n € N and nodes x, = (%, -, %) for a multi-index « in the multi
index set Z,, := ({0, ..., n})9. On this grid we consider functions represented by nodal vectors

U € R%l with function values U, at nodes x,. A discrete L2 norm is defined as

|wm:¢murﬁyw%

a€l,

i.e. the square root of the average of the squared entries of U. Thus, the discrete counterpart
of the energy (6.5) is given by

TE
EF[US U] = €U = U2 + | Va[U] = U] 2. (6.11)
where V;[U] denotes a spatially discrete counterpart of (6.7).

Neural approximation of discrete mean curvature flow. Here, we follow the approach by
Bretin et al. [BDMT22] and consider discrete kernels and nonlinear activation functions, which
are defined themselves as networks. For a discrete kernel K € RZ’, one defines the nodal
vector resulting from the discrete convolution with this kernel as

(K U)a = > KgUasp:

Bezd

Here, we assume periodicity of the discrete function to which we apply the discrete convolution,
i.e. Ugipn = Uy for Be Z% Now, one considers discrete kernels with a fixed width ng and a
n% stencil, i.e. K, = 0 for max;—1,_q|a;| > ”K2_1. To ensure consistency with the continuous
mean curvature motion, the necessary size ng of the kernel depends on the time step size 7
and the grid size h. At the same time, smaller kernels are more efficient to train, which creates
a trade-off between accuracy and speed. This trade-off will be explored in our numerical
experiments below. The point-wise function f is discretized using a fully-connected neural
network F%: R — R with L layers and layer sizes N, ..., N;. The [th layer is described
in terms of a weight matrix W! e RN*N—1 with Ny = 1 and a bias vector b’ € RM. These
degrees are gathered in a parameter vector 8 = (W',..., WL, b',.. ., bt). Then, one defines
FO(s) = st with s' := p (W's!'=" + b") and s° = s and the choice p(s) = exp(—s?) as the
nonlinear activation function. In practice, we used six layers with sizes 32, 16, 8, 4, 2, 1. For
given parameters 6 and K, we obtain the discrete operator

VERIU] == FO(K = U). (6.12)

Now, one approximates the optimization problem (6.10) via our discretization and a sampling
of training data. To this end, one considers m radii ry, ..., r, sampled uniformly from an
interval [ryin, fmax] @nd minimizes the loss functional

1 m
£[0,K] = — > IV [Un] = Urieun 2, (6.13)
i=1
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over the total set of parameters (6, K), where U, are nodal evaluations of the hypersphere
phase fields u,. We approximately solve problem (6.13) using the Adam optimizer [KB15],
with m = 100, rpi, = 0.05, rpa = 0.4, and usually employ mini-batching, i.e. approximating
the sum in (6.13) using only ten randomly drawn radii, to speed up the minimization as was
proposed by Bretin et al. [BDMT22]. The overall method is described in Algorithm 6.1. The
resulting neural phase field operator \/%Q'K[-] approximates the PDE solution v; defined in
(6.4) and is inexpensive to evaluate.

Algorithm 6.1 Learning the fully discrete mean curvature operator (offline phase) [BDMT22]

Input: Time step size T of mean curvature flow, interface parameter €, kernel size ng, gridsize
h = % number of samples m, minimal radius ry;,, maximal radius ryay
Output: Discrete convolution kernel K and parameter vector 6
1: Create the training data by uniformly sampling m radit rq,...,r, from the interval
[Fmins Fmax] @and computing the corresponding pairs of discrete phase fields (U, Ug(r, 7))

2: Initialize kernel K and parameter vector 8 as zero or using interpolation of coarser

resolution
3: while not converged do
4: Randomly sample % mini-batches {is, ..., iz} of size B from {1,..., m}
by drawing without replacement
5: for all mini-batches {iy, ..., ig} do
6: Compute the loss for the mini-batch
1 B
0.k
Lle.Kl=5 2 IV E U] = Uiyl
k=1
7: Compute the gradient of the previous loss using back-propagation
8: Update the parameters 6 and K using the Adam optimizer
o: end for

10: end while

Hybrid scheme for Willmore flow We employ Newton's method with Armijo line search to
minimize E€[U*, U] over U. Thus, to determine the descent direction P, we approximately
solve the linear system D?E€[UX,-|P = DE¢[U¥, -] using the conjugated gradient method (see
[NWO06, Chapter 7]). This also prevents us from having to assemble the Hessian. Instead, we
only compute the corresponding matrix-vector product. Furthermore, we manually implemented
the derivatives of E€[U*,-] to improve performance. The overall method is described in
Algorithm 6.2. We developed our hybrid method in Python using the PyTorch library [PGM*19]
and the nonlinear optimization algorithms used in the pytorch-minimize [Fei21] package, which
is based on the optimization module of SciPy [VGO*20].

Here, D, and D3 indicate the Jacobian and the Hessian with respect to the second
argument, respectively.
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Figure 6.1: Learned networks for € = 27% and ¥ = 27" are displayed via a color coding of
the learned kernels K and the graphs of learned activation function F¢ on the interval [—1, 1]
for increasing n = 128, 256, 512, with stencil widths nx = 17, 33, 65, respectively.
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Algorithm 6.2 Hybrid scheme for Willmore flow (online phase)

Input: Discrete phase field U* at time kT of Willmore flow, discrete convolution kernel K,
parameter vector 6, time step size T of Willmore flow, time step size 7 of inner mean
curvature flow, interface parameter €

Output: Discrete phase field U**" at time (k + 1)t of Willmore flow

1: Initialize UK = UK
2: while not converged do
3 Evaluate VON[UK] = FO(K « UK)

4: Compute E€[U*, U] = g| UM — UK||2, + Z5|| V5 [UMT] — UFHT2,

5. Compute D,E€[UK, U] and D3E€[U*, U**'] using chain rule

6:

7

8

9:

Vv
o>
—_
- N

Solve DIE¢[U*, UAP = D,E¢[U*, U] using the CG method
Determine step size t via Armijo line search
. Set UM = Uk 4 tP
end while
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Figure 6.2: Convergence plot for mean curvature flow with fixed € = 27% and ¥ = 27" while
increasing n, with ng = ¢ + 1. We plot the average [?-error to the analytic solution along
time for 30 circles with radii r; = 0.057 + 0'1:3%”[, i =0,...,29. The line styles correspond
to the different methods and the colors to the varying resolution. For comparison: for the
averaged [? distance between the solution at time 0.004 and at the initial time zero, one

obtains % 21321 HUR(HIO'OOA}) — UR(,[,,O)”LZ ~ 0.133.

6.3 Numerical experiments

As usual in nonlinear optimization, the chosen initialization when solving (6.13) impacts the
result. For example, Bretin et al. [BDMT22] successfully trained their network on a resolution
of n = 256 with stencil width ng = 17, € = 2h, and 7 = &2 They initialized the kernel as zero
and the parameters 6 randomly sampled from a normal distribution. However, when refining h
while keeping ¢ fixed, and thus consistently increasing ng, we observed a degradation of the
approximation quality of \/%Q'K[-]. We mitigated this by first training the network on a coarse
resolution as proposed by Bretin et al. and then progressively passing to finer resolutions. In
each step, we initialize the kernel using a bilinear interpolation of the coarser one. For the
nonlinearity F?, we kept the previous parameters as initialization. The networks resulting from
this training process are displayed in Figure 6.1. Using color coding, we show the discrete
convolution kernels K. We observe an improved radial symmetry under the spatial refinement
and an overall similarity to heat kernels, as it was also observed by Bretin et al. This is
consistent with the expected smoothing behavior of mean curvature flow. The learned scalar
function F? is plotted on the interval [—1, 1], and it is rather stable across different refinement
levels.

With this setup, we first investigate the convergence of the neural network-based MCF
scheme (6.12) and (6.13) in two dimensions under spatial refinement, i.e. we keep the scale
parameter € and the time step size T fixed and increase the spatial resolution and the width
of the kernel ng. We compare the neural network scheme by Bretin et al. [BDMT22] with a
fully implicit (cf. (6.4)) and semi-implicit finite element scheme. In the latter, one computes
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Figure 6.3: Left: Convergence plot for mean curvature flow with fixed e = 27® and ¥ = 2™
while increasing n, with nx = ¢ + 1 on a cross shape. We plot the [?-error to an implicit
finite element solution with n = 2048 and

tildet = 27'% The line styles correspond to the different methods and the colors to the
varying resolution. Right: computed mean curvature flow evolution of the cross shape for the
different schemes at time steps 0 (t = 0), 64 (t = 278), and 128 (t = 277).

the solution v at the next timestep as the solution of

for given u at the current timestep. Here, we consider a multi-linear finite element approach
on the reqular quad mesh. We perform the validation of convergence for the evolution of circles
on the computational domain Q = (—1,1)% In Figure 6.2, we plot the average [*-error over
30 radii ranging from 0.057 to 0.2;t when comparing to the exact solutions corresponding to
circles with radii given by (6.9). The error is displayed along 64 timesteps of size T = 27"
for the different schemes and varying resolution.

One observes that the neural network-based MCF scheme performs noticeably better than
the semi-implicit finite element scheme. This confirms the observations made by Bretin et
al. [BDMT22] for a single resolution. The fully implicit FE scheme outperforms the network-
based scheme, which is not that surprising due to its semi-implicit nature. Besides the error
caused by the semi-implicit approach, further error sources are related to the neural operator
itself, such as limitations of the network architecture or training data set.

In Figure 6.2, one observes an increase of the error in time for increasing spatial resolution,
which appears to be caused by a dominant time discretization error for a fixed time step size
7, which increases with the increasing spatial resolution. Indeed, for n = 1024 we observed a
further small increase of the error, but the error appeared to saturate (e.g., at about ~ 0.01353
for t ~ 0.0039).

To validate the convergence of the neural network-based MCF scheme on other shapes
than circles, where it was trained on, we also investigated the convergence for increasing
n on a nonconvex cross shape on the domain Q = (—1,1)% Since an analytic solution of
mean curvature flow for this shape is not at hand, we compared the solutions of the different
schemes to a solution of the nested finite element scheme [FRW11] with n = 2048, T = 2°.
In Figure 6.3 on the left, the evolution of the error in time is depicted for the different schemes
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Figure 6.4: Convergence tests for Willmore flow with fixed € = 2® and ¥ = 7 = 27 ™
while increasing n, with ng = ¢ + 1. As in Figure 6.2, the line styles correspond to the
different methods for approximating the mean curvature evolution and the colors to the varying
resolution. In the top left, we plot the average L?-error to the analytic solution for 30
circles with radii r; = 0.057 + %, i =0,...,29 over time. For comparison: for the
averaged [% distance between the solution at time 0.004 and at the initial time zero, one
obtains 35 0 |URy (r:.0.004) — Uryy(r0) Iz = 0.414. In the top right, we plot the L?-error of the
evolution of a rectangle with sidelengths 0.4 and 0.2 compared to an implicit finite element
solution with n = 2048. In the bottom left, we plot the L?-error of the evolution of a non-convex
cross shape compared to an implicit finite element solution with n = 2048. In the bottom

right, the computed evolution of the cross shape for the different schemes is displayed, for
times t =0,t=2"21t=2"%¢t=3.2% and t =27".
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and resolutions. Here, € and T are chosen as before. Again, we see that the neural network-
based scheme outperforms the semi-implicit finite element scheme, and in this example, even
the implicit finite element scheme. That the observed error does not start at zero is due to
the interpolation error between the computational resolutions (n = 128,256,512) and the
reference resolution (n = 2048). The evolution of the cross shape is displayed on the right in
Figure 6.3. We observe that in the time interval considered here, mean curvature flow varies
only moderately, whereas the variation is significant for Willmore flow on the identical time
interval, see Figure 6.4.

In summary, the network-based MCF scheme positions itself between the semi-implicit
and the fully implicit finite element scheme in terms of accuracy.

2d cross shape ‘ n = 256 ‘ n=>512

Ours 122 sec | 1020 sec
FE implicit 4970 sec | 28622 sec
FE semiimplicit | 4307 sec | 22045 sec

Table 6.1: Computing time for 128 time steps (until time t = 0.0078125) of Willmore flow of
the different schemes at different resolutions.

In two dimensions, the evolution of a circle with initial radius r under Willmore flow is
given at time T by a circle with radius

Rw(r,T) = 42T,

In Figure 6.4 in the top left, the error of our hybrid scheme based on (6.5), with the neural
operator (6.12), is displayed, averaging over the same set of initial radii as in Figure 6.2.
Again, the different line styles (solid, dashed, dotted) correspond to the different methods for
solving the inner MCF problem (hybrid, finite element implicit and semi-implicit). As shown in
[FRW11], for € = 2h (h = 1), the nested Willmore scheme suffers from numerical instabilities.
Hence, we only consider the error evolution for n = 256, 512 and for fixed € = 275,

To test our scheme not only on circles, on which the networks were trained, we applied
the hybrid scheme to initial data given as the phase field approximation of a rectangle sized
0.4 x 0.2. Since there is no known analytic solution for Willmore flow in this case, we compare
the results to a solution of the nested finite element scheme by Franken et al. [FRW11] on a
much finer resolution (n = 2048). The corresponding error evolution is displayed on the top
right. In addition, we tested our scheme for the cross-shaped initial condition, whose MCF
evolution is already examined in Figure 6.3. Again, we compared to the solution of the nested
scheme with n = 2048, cf. Figure 6.4 on the bottom left.

In all three experiments, we observe that our hybrid approach performs noticeably better
than the nested scheme from [FRW11] using a semi-implicit finite element approach for the
inner MCF problem, while the fully implicit nested finite element scheme remains the most
accurate. This mirrors the observations for MCF in the circle experiment.

Regarding computing time, our hybrid scheme clearly outperforms both finite element
schemes. Table 6.1 displays the time required to compute the 128 time steps for the evolution
of the cross shape, with an online computing time of our hybrid scheme more than 20 times
faster. Here, the computing time of the offline training of the neural operator has not been
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taken into account. However, once the model is trained, our experiments indicate that the
reduction in computing time appears to be independent of different choices of the initial data.

In Figure 6.4 on the bottom right, we show the evolution of the cross shape under Willmore
flow. Compared to the corresponding evolution under MCF, we observe a significantly faster
shape variation in the case of Willmore flow, evolving it into an already convex shape at time
t =277, It is clearly visible that the finite element scheme relying on a semi-implicit time
discretization of the inner MCF problem leads to a poorer approximation of Willmore flow,
while the results of our scheme are qualitatively indistinguishable from those computed with
n = 2048 already for n = 256. In particular, for applications where one is primarily interested
in the qualitative effects of Willmore flow, one can effectively achieve satisfying results already
on coarser resolutions, as it will be exploited in the next section.

Our method also captures interesting phenomena of phase field Willmore flow in settings
where singularities appear: In Figure 6.5 the Willmore flow evolution of two disjoint circles is
shown, forming a singularity where they touch and converging to a growing eight, similar to
the numerical experiments in [BMO15].

Figure 6.5: Willmore evolution of two circles with radius 0.2. The computing parameters are
n=>512,e=2"°%=1=2" Shown are time steps 0, 1, 5, 20, and 50.

Remarks on the implementation and the data processing pipeline. We end this section
with details on the implementation and data processing pipeline to facilitate reproducibility.
As for our hybrid scheme (see Section 6.2), we have implemented the finite element-based
approaches in Python using standard libraries. We implemented the nested scheme using
Newton's method as described in [FRW11] with direct linear solver PARDISO [SGFSO01].
All experiments using the finite element-based approaches were run on a workstation with
two 32-core AMD EPYC 7601 processors with 1TTB RAM. All experiments using our hybrid
approach were run on a workstation with an NVIDIA A100 GPU with 40GB of memory and two
24-core AMD EPYC 7402 processors with 256GB RAM using double-precision floating-point
arithmetic on the GPU. The training of the neural MCF operator benefits from additional
memory as it allows for caching more of the training data. However, the training is possible
with less memory at the moderate expense of speed. Running our scheme, once the MCF
operator is trained, requires only a small fraction of the available GPU and CPU memory.
For the largest 3D experiment (cf. Figure 6.7) 6.6 GB GPU cache is used for n = 128.

The phase fields for the armadillo and the rocker-arm were generated as follows: First,
using the tool mesh_to_voxels from [Kle21] signed distances were generated on a n? grid
given a triangular mesh. Then, the optimal phase field profile, as described in Section 6.1,
was concatenated with the signed distances to obtain the initial phase field approximation.
To generate the images in Figure 6.10 and in Figure 6.7, the zero-level set of the phase field

105



£[ud, ] = 132.65 f[ul,] =5226 wE[ul] = 25.78 £[u,] = 87.15 £[ul,] =50.49  wE[ul®] = 25.59

T T Y.

”uNN uFEH = 7.66e—3 ||U1N°.3 - uy]EOH =7.69e—3 ”uNN uFEH = 4.08e—3 Huwco u;%OH =27.01e-3

Figure 6.6: Evolution by Willmore flow for a cube surface and a thick disk surface with spatial
resolution n = 64, interface parameter € = 27, inner stepsize T = 27'2, and Willmore flow
stepsize T = 278, Top row: Our hybrid scheme with kernel size nx = 17. Bottom row: nested
implicit finite element scheme from [FRW11]. Results are shown at time 0,1, and time 100,
which reproduce concave surface patches as common effects for Willmore. The approximate
phase field Willmore energy (6.14), and the [?-error between the results of the two schemes
are also displayed. For comparison: The exact Willmore energy of a sphere is 81 ~ 25.13.

Ours

FE implicit

was extracted using the Contour function from Paraview [AGL05]. Finally, all results in 3D
were rendered in Blender [Ble18].

6.4 Applications in image and geometry processing

Now that we have introduced and studied our proposed scheme, we will briefly discuss its
use for two closely related applications: surface fairing and surface restoration.

In the first of these applications, surface fairing, the goal is to create a visually smooth and
seamless surface starting from an input surface that is usually noisy or otherwise corrupted.
The problem has been studied in the computer graphics and vision communities and curvature
flows have established themselves as a classical tool [DMSB99]. Willmore flow is particularly
interesting as a basic model for this application [BS05, GA20, SCD*21] since it avoids
singularities that could arise with mean curvature flow [CPS13] and preserves C' boundary
conditions. Certainly, other flows decreasing the Willmore energy, e.g. an H?-flow [Sch17],
would also be suitable. In Figure 6.6, we consider the Willmore flow of surfaces in R? for
different initial surfaces and compare to the scheme from [FRW11]. Additionally, we see that
the approximate Willmore energy of the final shapes

welu] = 55 |vilu]

(6.14)

with v;z[u] given by (6.4), discretized by finite elements, is close to 87 ~ 25.13, the exact
Willmore energy of a round sphere. As the evolution under Willmore flow in 3D is quite fast,
we choose a small outer step size 7 to prevent the shape losing too many details too quickly.
It is in fact usually smaller than the inner MCF step size 7. To show stability for large step
sizes, we consider the evolution of the armadillo, often referenced in computer graphics, in
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RERRO

Figure 6.7: Evolution of the armadillo shape under Willmore flow for n = 128 and nx = 17,
€ =279 and ¥ = 27 The initial outer step size is T = 2722 After every time step, the
outer step size is doubled. Results are shown at time steps 0, 1,8, 11, and 16, respectively.

£[u] = 276.12 £[ul,] = 42.08 wE[u2] = 41.46

ae

Figure 6.8: Evolution of a rocker arm shape under Willmore flow. The spatial resolution is
n = 64, the kernel size is nx = 17, the interface parameter £ = 27, the inner MCF step size
=271 and the Willmore flow step size T = 2712, We show the discrete timesteps 0, 1, and
20 leading to an approximation of the Clifford torus. For the last time step, we additionally
draw minor circumcircles of the best-approximating Clifford torus.

2 — vciorall = ‘978 .10—2

Figure 6.7, were we start with the very small outer step size T = 27?2, but double it after
every time step, leading to a almost sphere-like shape in 16 time steps.

In Figure 6.8, the Willmore flow of a rocker-arm is displayed, showing the evolution towards
a Clifford torus. In [MN14], it was shown that such a torus is a minimizer of the Willmore
energy among immersed tori in R® with Willmore energg 4% ~ 39.48. Our final shape, after
20 time steps, has an approximate Willmore energy wt[u® ] ~ 41.46, close to 4;r°. To visually
compare the final shape to a Clifford torus, we fitted a phase field Ucyoq representing a Clifford
torus to the phase field of the final shape u,. A phase field representation of the Clifford
torus is obtained by concatenating the optimal Modica—Mortola profile and a signed distance
function of the torus. The free parameters for this fitting are the center coordinates and a
SO(3) rotation, and the outer radius. Indeed, the final shape is close to a Clifford torus,
with |u®, — Uagea|i2 ~ 3.978 - 1072, The phase field representing a Clifford torus has an
approximate Willmore energy wé|uq] ~ 41.11.

Concerning computational cost, we show the results comparing our hybrid scheme to
the original finite element-based nested Willmore approach by Franken et al. [FRW11] in
Table 6.2.

The second application we consider, surface inpainting, is a fundamental topic in geometry
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Method \ Armadillo (n = 64)
Ours 807 sec
FE implicit [FRW11] 14589 sec

L]

Ours FEM

Table 6.2: Performance comparison of our hybrid method to the nested finite element scheme
by Franken et al. [FRW11] on the example from Figure 6.7: The results after one step of
Willmore flow starting from the shape on the far-left of Figure 6.7 (right), computing time
(Left). The parameters are n =64, e =27>, 1 =2""8 and T = 272,

and image processing, where one aims to restore corrupted or destroyed parts of an image
or a surface. We investigate in this section the use of our hybrid approach to tackle this
problem. In a first step, one replaces the corrupted or missing part by an ansatz geometry,
whose primary purpose is to prescribe the desired topology. Following the edge restoration
approach by Nitzberg et al. [NMS93], one considers the energy (6.5) on the full domain Q,
but only takes into account degrees of freedom in a part D < (), where the image or surface
is corrupted. Then, Willmore flow under this constraint leads to smooth reconstructions of
the corrupted area while preserving C' boundary conditions on dD n Q. We illustrated two
examples in two dimensions in Figure 6.9, where the reconstruction region D is outlined in
green. In Figure 6.10, we carried out similar experiments in three dimensions. A particularity
of Willmore flow in two dimensions is that the reconstruction of the circle in Figure 6.9 takes
the enormous number of 2000 timesteps of size 2h. This is due to the competition of the
convex and concave parts in the reconstruction area: positive curvature on the sides pushes
the surface outwards, while the middle part with negative curvature tends to move inwards.
Only because the curvature of the outer part dominates slightly, the surface moves slowly
outwards. In contrast, the reconstruction of the ball in Figure 6.10 does not have the same
slow behavior as the circle, because the three-dimensional Willmore energy is scale-invariant.
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Figure 6.9: Application of our hybrid scheme to image restoration in two dimensions. In both
examples, the spatial resolution is n = 1024, the kernel size is ng = 17, and the interface
parameter € = 278 and the reconstruction region D is outlined in green. In the top row, a disk
with a cut-out corner is considered as the initial image and we use ¥ = 27", T =277, The
restoration evolution is shown at times 0, 1,100, 500, 1000, 1500, and 2000. In the bottom
row, a cross shape is given as the initial image, where the central part is smoothed under
discrete Willmore flow with stepsizes ¥ = 27" and 7 = 27", We show the flow at times
0,1,5,10, 20, 35, and 50.

Figure 6.10: Application of our hybrid scheme to surface restoration in three dimensions. In
both examples, the spatial resolution was n = 128, the kernel size was nx = 17, the interface
parameter was € = 2%, and the timestep sizes were 7 = 27" and T = 272", In the top row,
the flow at timesteps 0,1, 3, and 5 recovering a sphere with an initially cut-out corner is
shown. In the bottom row, the flow at timesteps 0, 1,4, and 8 leads to a smooth blending of
six tubes.
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Chapter 7

Conclusion and Outlook

Conclusion. This thesis has explored numerical methods for various nonlinear bending
problems. We employed different discretization techniques, ranging from finite element
methods based on the DKT element to neural network-based approaches. Alongside extensive
numerical experiments to validate the proposed methods, particular emphasis was placed on
the numerical analysis of the finite element discretizations, establishing the convergence of
discrete solutions to their continuous counterparts.

In Chapter 3, we developed a finite element approximation of a nonlinear bending model
for curved surfaces parametrized by a single chart, which was derived by Friesecke et al.
[FIMMO3]. By reformulating the elastic energy using the nonlinear isometry constraint, we
obtained a quadratic dependence on the highest-order terms. We introduced a discretization
of this energy based on the DKT element and proved convergence of discrete minimizers to
continuous minimizers. Our results extend the work of Bartels [Bar13], which deals with the
bending deformations of flat plates. Numerical experiments confirmed both the qualitative and
quantitative accuracy of our approach.

In Chapter 4, we introduced a two-scale discretization, based on the heterogeneous
multiscale method [EMZ05], of a homogenized plate model derived by Hornung et al. [HNV14].
The microscopic and macroscopic problems were discretized using standard tri-affine finite
elements and the DKT element, respectively. Under certain reqularity assumptions, we
established convergence of discrete solutions to continuous solutions, as the microscopic and
the macroscopic grid sizes simultaneously tend to zero. Numerical experiments quantitatively
demonstrated this convergence and showed strong agreement with physical experiments on
microstructured paper sheets.

In Chapter 5, we proposed a phase field model for the nonlinear bending of a thin plate
with a given fold. We provided a ['-convergence result for the sharp interface limit recovering
the model of Bartels et al. [BBH22]. Complementary numerical and physical experiments on
folded sheets of paper exhibited qualitatively consistent results. Furthermore, we developed
an abstract framework for the optimization of folds described by phase fields, based on the
Ambrosio-Tortorelli functional [AT92]. We illustrated its applicability through a representative
cost functional.

In Chapter 6, we presented a new hybrid scheme for Willmore flow in a phase field
formulation, which combines a minimizing movement ansatz for the flow proposed by Franken
et al. [FRW11] with a neural operator approach to compute an approximation of the mean
curvature following Bretin et al. [BDMT22]. For a fixed timestep size and scale parameter
of the phase field ansatz, the hybrid scheme shows error reduction for increasing spatial
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resolution and stencil size of the network kernel. The new scheme comes with significantly
reduced computing times. The resulting discrete Willmore flow properly reflects the qualitative
behavior of the continuous flow and is, for instance, applicable to the restoration of 2D images
and 3D surfaces.

Outlook. The numerical method described in Chapter 3 computes bending deformations of
thin shells defined by a single-chart surface parametrization. For more complex geometries,
multiple charts are required, motivating the development of an extended numerical framework
accommodating multi-chart parametrizations. While we believe that, in principle, our method
can be extended to handle several charts, special attention must be given to the consistency
of the degrees of freedom along common chart interfaces, for two neighboring charts. A
further direction for future research could be the design of optimal shell geometry, for example
optimizing structures against gravitational forces. This involves identifying suitable spaces of
charts and developing reqularization strategies to produce meaningful and manufacturable
designs.

The model derived in Chapter 4 relies on a given microstructure, which may vary inside
the plate, but is fixed a priori. Recently, Béhnlein et al. [BNS25] extended the approximation
result from Chapter 4 to the case of prestrained plates, with a lower regularity assumption
on the material coefficients of the microstructure. Extending our two-scale finite element
approximation to algorithmic microstructure optimization would enable tailoring of the effective
macroscopic elastic behavior. A two-scale optimization framework, possibly based on phase-
field descriptions of microstructures as in [DPRS19], would be a natural next step. Furthermore,
integrating the methods of Chapter 3 and Chapter 4 could allow for the simulation of bending
deformations in microstructured, curved shells—though this would require new analytical
results to justify the homogenized, dimension-reduced models.

The phase field fold model from Chapter 5 could also be transferred to the case of curved
shells. While this appears feasible numerically, it poses new analytical challenges. Another
direction could be to combine Chapter 4 and Chapter 5, to derive a numerical method for
microstructured thin plates with folds. Furthermore, we presented a new method for the
optimization of folds on nonlinear elastic plates, using phase fields. This method allows for
general positive cost functionals and is hence a flexible tool in various applications. We
presented two numerical experiments that show the applicability of the method for a simple
cost functional. Future work will aim to address more complex optimization objectives and to
establish a [ -convergence result for the sharp-interface limit in this setting.

The results of Chapter 6 encourage the use of neural networks when simulating geometric
flows. A future challenge would be to directly learn a solution operator for Willmore flow. In
[GHO8], Grzhibovskis and Heintz described a convolution thresholding scheme for Willmore
flow. Hence, designing a neural network to directly learn Willmore flow does not seem to be
out of reach. However, creating proper training data is more subtle. The striking observation
in [BDMT22] is that the evolution of spheres under mean curvature flow is sufficient for the
approximation of mean curvature flow for a wide range of initial data. For Willmore flow,
surely a significantly richer set of training data is required. It is unclear what training data to
choose that is adequate to capture Willmore flow.
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