
Numerical Methods for Nonlinear
Bending: From Multiscale Models to

Neural Approximations

DissertationzurErlangung des Doktorgrades (Dr. rer. nat.)derMathematisch-Naturwissenschaftlichen FakultätderRheinischen Friedrich-Wilhelms-Universität Bonn

vorgelegt von
Christoph Jannick Norden-Smochaus Troisdorf

Bonn, Dezember 2025



Angefertigt mit Genehmigung der Mathematisch-Naturwissenschaftlichen Fakultätder Rheinischen Friedrich-Wilhelms-Universität Bonn

Gutachter/Betreuer: Prof. Dr. Martin RumpfGutachter: Prof. Dr. Sergio Conti
Tag der Promotion: 20.02.2026Erscheinungsjahr: 2026



Summary

This thesis examines numerical methods for approximating various nonlinear bending modelsfor elastic plates and shells. The numerical treatment of these models is challenging becausethey involve fourth-order partial differential equation problems that cannot be solved usingstandard methods and are often formulated with nonlinear constraints. This thesis contributesto the development of reliable and efficient numerical schemes tailored to several nonlinearbending problems.Specifically, four different models are considered. The first contribution concerns thenumerical approximation of bending deformations in elastic shells described by parametrizedsurfaces. Here, a finite element method based on the discrete Kirchhoff triangle is developedthat enables the computation of bending deformations under an isometry constraint.Moreover, this thesis addresses the numerical approximation of a nonlinear homogenizedbending model for elastic plates featuring microstructures in the material. To this end, amultiscale finite element method is proposed, coupling a linear three-dimensional microscopicproblem with a nonlinear two-dimensional macroscopic problem.Furthermore, a model is introduced to represent the nonlinear bending of elastic plateswith prescribed folds. These folds are described by a phase field function. The model isdiscretized via finite elements and applied to compute elastic deformations of folded plates.Furthermore, this model serves as the foundation for a fold-optimization framework based onthe same phase field formulation.Finally, a novel numerical method is presented for simulating phase field-based Willmoreflow, a time-dependent problem governed by bending energies of shells. Here, a minimizingmovement formulation is combined with a neural network approach for approximating the meancurvature flow. This method demonstrates potential applications in geometry processing andcomputer graphics.
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Chapter 1

Introduction

This thesis examines numerical methods for dimension-reduced nonlinear bending models ofthin elastic plates and shells, with a particular focus on isometric deformations that do notinvolve stretching, compression, or shearing. Plates are flat elastic structures whose thicknessis small compared to their planar dimensions, with shells being their curved counterpart.Nonlinear bending is an everyday phenomenon. In fact, if this thesis is read in printed form,the simple act of turning a page most probably provides an example of nonlinear bending of athin elastic plate, namely the sheet of paper itself. Bending describes the deformation of athin object in the direction perpendicular to its surface. When this deformation is large, linearapproximations are insufficient for accurately describing the bending behavior. In this case,nonlinear bending models are required. In order to use these models to predict the bendingbehavior of thin elastic plates and shells, numerical methods are needed that accuratelyrepresent the nonlinearity while being efficient at the same time.Although thin elastic plates are, of course, three-dimensional objects in the three-dimensional world, they are often described by two-dimensional models. For large elasticdeformations of thin plates, the deformation of the midsurface (the imaginary two-dimensionalsurface that lies exactly halfway between the top and bottom surfaces of the plate) essen-tially captures most of the overall deformation of the three-dimensional thin plate. Hence, a
dimension-reduced model describing the deformation of the midsurface accurately is desirable,because it eliminates one spatial dimension, since the midsurface does not have thickness,unlike the full three-dimensional plate.The derivation and study of dimension-reduced models of thin elastic plates have a longhistory, with a first formal derivation from three-dimensional elasticity by Kirchhoff [Kir50]and Love [Lov88] in the 19th century. It is remarkable that despite the long history ofthis topic, a rigorous derivation of a dimension-reduced plate model from three-dimensionalelasticity was only achieved in the early 2000s by Friesecke, James, and Müller [FJM02],using Γ-convergence theory developed in 1975 by De Giorgi [DGF75].Mathematically, the methods used to derive the dimension-reduced models, as well asthe general elasticity theory, can be attributed to the calculus of variations, a branch ofmathematical analysis that deals with finding functions (in our case, the deformation of themidsurface of a thin plate or shell) that make a certain functional (typically an integral), calledenergy, minimal. Since the bending of a thin object naturally involves the curvature of thetwo-dimensional midsurface, the resulting model formulation necessarily involves geometricquantities such as curvature. Hence, studying these problems requires both analytical anddifferential geometry tools.
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These dimension-reduced nonlinear bending models for thin elastic plates and shells canbe used to compute the deformation of a thin structure when a force is applied. In general,a solution to this problem cannot be written down explicitly because it involves solving apartial differential equation (PDE). Instead, numerical methods are used to find approximatedeformations. Suitable discretizations reduce the continuous nonlinear bending model to afinite-dimensional minimization problem, which can be solved algorithmically. Classically,these discretizations are derived with finite element (FE) methods, relying on a grid on themidsurface, subdividing it into small polygons. On every polygon, the solution is approximatedby a polynomial of finite degree. Analytically, the quantitative approximation quality of thediscretization can be studied by investigating the limit of the discrete model for vanishinggrid size.More recently, discretizations based on neural networks (NN) emerged. There, the studyof the quantitative approximation quality is often not feasible analytically. Hence, numericalexperiments, evaluating the method on meaningful examples, are an important tool to studythe accuracy of the discretization.This thesis investigates how numerical methods can be employed to approximate solutionsto various nonlinear bending problems. It is structured to first introduce the theoreticalfoundations of nonlinear bending models, followed by a detailed exploration of how differentnonlinear bending problems can be approximated numerically. To this end, the thesis isorganized into the following chapters.
Mathematical Preliminaries. Chapter 2 begins with an overview of three-dimensional elastic-ity theory, followed by the derivation of the dimension-reduced nonlinear bending models forisometric deformations of plates and shells that are discussed in this thesis. In these models,isometric deformations play an important role. These are deformations that do not stretch,compress, or shear the plate or shell, and hence preserve length. Some important resultsabout isometric embeddings are presented in the third part of this chapter. The fourth partfocuses on the numerical methods used to approximate solutions to these nonlinear bendingproblems, specifically the discrete Kirchhoff triangle (DKT), a FE method specifically designedfor bending problems. In the fifth part of this chapter, we will take a look at a time-dependentbending problem, the Willmore flow. The last part of this chapter provides an overview ofphase field methods as a variational representation of geometric objects, like surfaces, whichcan themselves be representations of thin elastic shells.
Finite Element Approximation of Large-Scale Isometric Deformations of Parametrized Sur-
faces. In Chapter 3, a numerical method is described that approximately computes isometricdeformations of thin elastic shells, which are given as parametrized surfaces. We consider thenonlinear bending energy for thin shells

WA
rψBs :“ #

α2 şωadetgA tr ´Srel
ψBS

rel
ψB

¯ dx if gB “ gA a.e. in ω ,
8 otherwise ,

derived from three-dimensional nonlinear elasticity in [FJMM03], where the thin shell is givenas a surface parametrized by a single chart ψA : ω Ñ R3 , with chart domain ω Ă R2. Thisenergy is defined on W 2,2-functions ψB that describe the parametrization of the deformedsurface in three dimensions. It involves the relative shape operator Srel
ψB , a quantity dependingon the first and second fundamental form of the undeformed surface, and the second fundamental
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form of the deformed surface. We denote by gB and gA the first fundamental forms of thesurfaces parametrized by ψB and ψA , respectively, evaluated on the chart domain ω . Theminimization of this energy results in solving a fourth-order partial differential equation.Additionally, a first-order nonlinear metric constraint, namely
∇ψJB∇ψB “ gB “ gA “ ∇ψJA ∇ψA almost everywhere,

is enforced, implying that deformations of the thin shell have to be isometric. We use thismetric constraint to reformulate the nonlinear energy, such that it is quadratic in the Hessian
D2ψB of the parametrization of the deformed surface. Moreover, we consider clamped boundaryconditions for the deformation, which are compatible with the metric constraint, and bodyforces that act on the undeformed thin shell. The reformulation of the nonlinear bendingenergy allows us to prove the existence of minimizers of this energy for compatible boundaryconditions and body forces. We derive a discretization of the energy, based on the DKTelement, with grid-size H ą 0, where the metric constraint is only enforced on the nodes ofthe underlying mesh. This non-conforming FE method is based on a discrete gradient operator
θH : WH Ñ ΘH between two FE spaces WH and ΘH that approximates the gradient. Thegradient of the discrete gradient operator ∇θHrψHs, evaluated on a discrete parametrization
ψH , serves as an approximation of the Hessian of the continuous parametrization of thedeformed surface D2ψ . DKT allows for enforcing the metric constraint on the nodes of thetriangulation. The main result of this chapter is the convergence of minimizers of the discreteenergy to a minimizer of the continuous nonlinear bending energy, as the grid-size of thediscretization tends to zero, i.e., H Ñ 0 . The proof of this convergence is built upon theassumption that twice weakly differentiable deformations, satisfying the metric constraint,can be approximated in the strong W 2,2-topology by smooth functions that also satisfy thismetric constraint. In the case when the shell can be deformed to a flat plate isometrically,Hornung established such a density property, cf. [Hor11]. The general case of curved shells isunclear. The convergence proof was first carried out for the flat case by Bartels, cf. [Bar13].We mainly follow this proof strategy, using Γ-convergence techniques, and extend it to thecase of curved surfaces. Our result therefore generalizes [Bar13]. The theoretical convergenceresult is accompanied by numerical experiments. To this end, a Lagrangian formulation of themetric constraint is taken into account. A critical point of this Lagrangian is determined byemploying Newton’s method, involving first and second derivatives of the nonlinear bendingenergy and the metric constraint with respect to the deformation and the Lagrange multipliers.Parametrizations of several curved surfaces over different parameter domains are examinedfor various clamped boundary conditions and volumetric forces. The numerical experimentsestablish the convergence under spatial refinement quantitatively. The convergence of thediscrete Gauss curvature is also investigated experimentally.Chapter 3 is based on work that began in the author’s master’s thesis [Smo21] supervisedby Martin Rumpf. This work was extended and fundamentally revised in collaboration withMartin Rumpf and Stefan Simon, and published in [RSS22]. This chapter largely matchesthis article, with minor changes in notation for the sake of consistency throughout this thesis.In particular, the reformulation of the bending energy based on the metric constraint andthe proof of convergence of discrete minimizers to a continuous minimizer were contributedby the author. Furthermore, the author implemented the discrete bending energy and itsderivatives based on the implementation of the DKT element by Stefan Simon, and conductedthe numerical experiments.
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Two-Scale Finite Element Approximation of a Homogenized Plate Model. Chapter 4 isdevoted to the numerical approximation of a two-dimensional thin plate model for isometricbending deformations that involves a periodic microstructure in the material, which is of thesame size as the thickness of the plate. In [HNV14], this model was derived from nonlinearthree-dimensional elasticity by simultaneous homogenization and dimension reduction. Theresulting elastic energy has the form
Wγhomrψs “

#

ş

ωQ
2,γpIIq dx , ∇ψJ∇ψ “ I2 a.e. in ω ,

`8 , else
for deformations ψ P W 2,2pω; R3q . Here, ω Ă R2 describes the rest state of a flat plate, and ψis a deformation with second fundamental form IIpxq P R2ˆ2. The energy density Q2,γp¨q is aquadratic form resulting from a three-dimensional linear corrector problem on the unit cube,depending on the microstructure of the material, with periodic boundary conditions in thein-plane directions for the correctors. Here, γ P p0,8q describes the ratio of the thickness
δ ą 0 of the plate and the size of the microstructure ε ą 0 in the limit δ, ε Ñ 0. As inChapter 3, now for the flat case, the isometry constraint

∇ψJ∇ψ “ I2 almost everywhereis enforced. We use the isometry constraint in order to reformulate the elastic energy, suchthat it is quadratic in the Hessian D2ψpxq P R3ˆ2ˆ2. Additionally, we extend the model by alsointroducing the dependence of Q2,γ on the macroscopic variable x P ω, and hence allowingfor macroscopically varying microstructures. To accurately approximate isometric bendingdeformations for this model, two levels of discretizations are required: A FE discretization of thethree-dimensional linear corrector problem on the unit cube, describing the microscopic behaviorof the material, and a FE discretization of the effective (macroscopic) bending deformation ofthe thin plate. We develop a two-scale discretization, based on the heterogeneous multiscalemethod (HMM), cf. [EEH03]. It involves a tri-affine FE discretization on a three-dimensionalmesh with grid-size h ą 0 to compute an approximate quadratic form Q2,γ
h by solving thelinear corrector problem on the unit cube. Furthermore, for the macroscopic, isometric bendingdeformation, the DKT element is employed on a two-dimensional triangular mesh with grid-size

H ą 0 . As in Chapter 3, the gradient of the discrete gradient operator is used to approximatethe Hessian, and the isometry constraint is enforced on the nodes of the triangulation. Theresulting discrete two-scale problem hence depends on the discretization parameters h and H .In addition, for both the micro- and macroscopic discretization, we introduce quadrature rulesfor an accurate approximation of the involved integrals on the micro- and macroscale. Weshow that minimizers pψh
HqH,h of the discrete energy converge to a minimizer of the continuoushomogenized bending energy, as the discretization parameters H and h simultaneously tendto zero, provided the material coefficients are at least Lipschitz-continuous in the micro-and macroscopic variables. This proof again relies on the result of Hornung, cf. [Hor11],for approximating W 2,2 isometries by smooth ones. Numerical experiments investigate theconvergence quantitatively, for hÑ 0, and the simultaneous limit pH, hq Ñ 0. Here, the linearmicroscopic corrector problem is solved with a direct linear solver, whereas the macroscopicnonlinear problem is solved with Newton’s method, applied on the Lagrangian, which involvesthe isometry constraint, as in Chapter 3. Also, the influence of the parameter γ is studiedexperimentally. Furthermore, various numerical experiments are compared qualitatively tophysical experiments with deformations of microstructured sheets of paper.
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The results presented in Chapter 4 are the outcome of the recurrent collaboration withMartin Rumpf and Stefan Simon, which was published in [RSS24]. This chapter largelymatches this article, with minor changes in notation for the sake of consistency throughoutthis thesis. A paragraph for the quadrature error estimate of the DKT was added. Theauthor’s main contributions are the proof of the convergence theorem, the implementation ofthe two-scale finite element scheme based on the DKT element implementation by StefanSimon, and conducting the numerical and physical experiments.
Phase Field Approximation of a Nonlinear Folding Model. Chapter 5 examines a nonlinearbending model for isometric deformations of thin plates with folds, where the set of folds Σ Ă ωis approximated by a phase field function defined on the plate domain ω Ă R2. In [BBH22],Bartels, Bonito, and Hornung derived a two-dimensional bending model with a single foldfrom three-dimensional elasticity by considering a weakening of the plate material in a smalltubular neighborhood of the fold curve. It is assumed here that the fold curve divides thedomain ω into two Lipschitz domains ω1 and ω2. The resulting bending energy reads

WΣ
rψs :“ #12 şωzΣ |D2ψ|2 dx , if ∇ψJ∇ψ “ I2 a.e. in ω ,

8 , else,
and is defined on deformations ψ P W 2,2pωzΣ; R3q XW 1,2pω; R3q , whose gradient is allowedto jump along the fold curve Σ. As before, this bending energy inherits the nonlinear isometryconstraint ∇ψJ∇ψ “ I2 . The existing FE discretization of this energy, also presented in[BBH22], relies on an alignment of the underlying mesh with the fold curve Σ, based onisoperimetric elements, together with a discontinuous Galerkin method, which allows forjumping of the discrete gradient along the fold curve. In Chapter 5, we introduce a nonlinearbending energy based on a phase field vε : ω Ñ R` that approximates a set of fold curvesΣ Ă ω diffusively. In particular, the phase field function vε takes values close to one on alarge part of ω, and only takes values close to zero in a small neighborhood around Σ. Thisneighborhood is determined by a small parameter ε ą 0. The exact construction is inspiredby the recovery sequence proposed by Ambrosio and Tortorelli in [AT92], which was used inthe context of a phase field approximation of the Mumford-Shah functional, cf. [MS89]. Thephase field-based bending energy with folds we introduce here reads

Wε
rψs :“ 12

ż

ω
pv2
ε ` ηεq|D2ψ|2 dx ` α

ε

ż

ω

ˇ

ˇ∇ψJ∇ψ ´ I2ˇˇ2 dx ,
and is defined on deformations ψ P W 2,2pω; R3q. Instead of enforcing the isometry constraintpointwise almost everywhere, here we introduce a penalty term weighted with a factor 1

ε ,allowing for small deviations of isometric deformations, and hence enabling non-isometricbending deformations in a neighborhood of the fold set Σ. The fact that the fold-describingphase field vε is almost vanishing around Σ allows for large bending in this area while keepingthe value of the energy Wεr¨s low. We show that this energy Γ-converges in the strong
W 1,2pω; R3q-topology to the above nonlinear, sharp interface bending energy with a fixed foldcurve set Σ, as ε Ñ 0 , provided that the finite one-dimensional Haussdorff measure of Σcoincides with the one-dimensional Minkowski content of Σ. Furthermore, we introduce adiscretization of the energy Wεr¨s based on the DKT element for the deformation ψ, with apiece-wise affine interpolation of the phase field vε for the given fold curve Σ, on a mesh withgrid-size H ą 0. With this, an approximation of the sharp interface bending energy with folds,
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without aligning the mesh to the fold curve, is possible. Here, we choose the parameter ε ą 0 tobe proportional to the grid-size, i.e., ε “ CH . We present various numerical experiments withdifferent fold structures and boundary conditions. For the qualitative evaluation, we comparethe results to physical experiments of sheets of paper with curved folds. The second part ofChapter 5 deals with the problem of optimizing the set of fold curves Σ with respect to a costfunctional that depends on a deformation ψ, subject to the constraint that ψ minimizes Wεr¨s.This PDE-constraint optimization problem is defined on phase field functions v P W 1,2pωqapproximating Σ. To this end, an Ambrosio-Tortorelli-type energy, cf. [AT92], is considered asa regularization term. We propose a nested optimization algorithm, where the inner problemof finding a minimizer ψ is implemented using Newton’s method, and the outer problem isa gradient descent for the phase field function v . Two experiments with different forces andboundary conditions, and a simple cost functional, show the applicability of the optimizationalgorithm for finding the optimal fold structure.In Chapter 5, ongoing work in collaboration with Sergio Conti and Martin Rumpf ispresented. The results displayed here were part of the successful proposal for researcharea B2 of the collaborative research center 1720 "Analysis of Criticality", funded by theGerman Research Foundation (DFG). The author’s main contributions are the proof of thesharp interface limit as ε Ñ 0 of the bending energy with folds approximated by phase fieldfunctions vε, the numerical experiments for the forward simulation, and the optimization ofphase field fold curves.
A Hybrid Minimizing Movement and Neural Network Approximation of Willmore Flow. InChapter 6, a numerical method for the approximation of Willmore flow is presented. TheWillmore flow is the L2-gradient flow of the Willmore energy, a quantity closely related tothe dimension-reduced bending energy of a thin shell, represented by a closed hypersurfaceembedded in two or three dimensions. It reads12

ż

M
h2 dHd´1 .

Here, M Ă Rd is a pd ´ 1q-dimensional hypersurface, and hpxq P R is the mean curvatureof M at x P M. We study the Willmore flow in the phase field setting, where the closed,orientable surfaces are represented by a diffuse transition zone of size ε ą 0 of a phase fieldfunction, which arises as a minimizer of the Modica-Mortola energy, cf. [MM77]. We pick upthe approach from [FRW11] for a nested formulation of phase field Willmore flow, based ona minimizing movement variational time discretization scheme. There, the mean curvature isapproximated by an implicit time discretization of the Allen-Cahn equation, the phase fieldversion of mean curvature flow. This results in a nested time discretization of Willmore flow,with a nonlinear inner problem for the Allen-Cahn equation, and an outer problem of computingthe next time step for Willmore flow, and hence leads to a PDE-constraint optimization problem.In the method presented in Chapter 6, we follow this approach, but replace the inner problemwith an operator vτ̃r¨s approximating one time step of phase field mean curvature flow, withtime step size τ̃ ą 0. This operator consists of a linear convolution operator, concatenatedwith a nonlinear continuous function. This explicit architecture resembles the thresholdingscheme for the approximation of mean curvature flow from [MBO92], and has been proposedby Bretin et al., cf. [BDMT22], in the context of phase field mean curvature flow. We provethat there exists a minimizer of the minimizing movement time discretization energy of thenested phase field Willmore flow incorporating an operator of this form for the inner problem.
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The numerical approximation is based on a discretization of the phase fields on a regular gridin two or three dimensions. The nonlinear operator vτ̃r¨s approximating mean curvature flowis discretized using a neural network, with a discrete convolution layer, and a multi-layerperceptron for the pointwise evaluation of the nonlinear function. Following [BDMT22], thisneural operator is trained on the evolutions of phase field representations of hyperspheres,for which the analytic solution to mean curvature flow is known. Numerical experiments onseveral examples in two dimensions show that, quantitatively, the neural operator and thehybrid minimizing movement and neural network approach for Willmore flow, incorporatingthis neural operator, accurately approximate mean curvature and Willmore flow, respectively.Furthermore, the hybrid approach significantly decreases the computing time, compared to thenested scheme from [FRW11], discretized by a piece-wise multi-affine FE method. Also inthree dimensions, our hybrid scheme performs well qualitatively, at a much lower computingtime, compared to FE methods. We show, on various examples in three dimensions, that ourscheme captures typical phenomena of Willmore flow. Typical applications for Willmore floware in image and geometry processing. There, Willmore flow can be used for surface fairingand surface inpainting, where the preservation of C 1 boundary conditions is advantageous,compared to second-order methods like mean curvature flow. Numerical experiments in twoand three dimensions display the applicability of our hybrid scheme for these tasks.The work on the Willmore flow presented in Chapter 6 is the result of the collaborationwith Martin Rumpf and Josua Sassen, which is currently under review. A preprint is available,see [RSS25]. This chapter largely matches the current state of the article, with minor changesin notation for the sake of consistency. An experiment of the Willmore flow of two neighboringspheres is added. Among the author’s key contributions are parts of the implementation ofthe learning algorithm of the neural network, based on [BDMT22], and the nested Willmorescheme, both for the hybrid approach and the classic FE scheme from [FRW11]. Furthermore,the numerical experiments were conducted by the author. Also, the proof of the existence ofminimizers for the minimizing movement formulation with neural operator was contributed bythe author.
In Chapter 7, we provide a brief conclusion on the topics covered in this thesis, and provide anoutlook on possible future research directions based on the results presented in this thesis.
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Chapter 2

Mathematical Preliminaries

In this background chapter, the foundational theory for the following chapters is laid out.In Section 2.1, a brief summary of the theory of nonlinear elasticity in three dimensions ispresented. In Section 2.2, the derivation of nonlinear bending models for plates and shellsfrom three-dimensional elasticity via dimension reduction is explored. These models typicallyinvolve an isometry constraint. Some properties of functions satisfying this constraint arediscussed in Section 2.3. The numerical discretization of nonlinear bending models requiresspecial finite element methods. In Section 2.4, such a method, the discrete Kirchhoff triangle,is introduced. Section 2.5 is devoted to the Willmore flow, a time-dependent problem relatedto nonlinear bending. Section 2.6 deals with phase fields, scalar-valued functions that canbe used to describe geometric objects like hypersurfaces via a diffuse transition zone. Thesefunctions naturally arise in a variational setting as minimizers of certain functionals.
2.1 Hyperelasticity

This section gives a brief overview of the theory of hyperelastic bodies in three dimensions.Here, we will mainly follow the book by Ciarlet [Cia88]; the reader is also referred to [Gur81].Let Ω Ă R3 be a bounded domain with Lipschitz boundary. The domain Ω denotes the
reference configuration of an elastic body. This means that if no forces are applied, andthe elastic body is at rest, it takes the form of Ω. Assume that there is some part on theboundary ΓD Ă BΩ, with H2pΓDq ą 0, where the elastic body is fixed. Let f : Ω Ñ R3 be aconservative force field. A typical example is the gravity field fpxq “ ´gρpxqe3 , where g isthe gravitational constant, ρ : Ω Ñ R` is the mass density, and e3 is the unit vector pointing"upwards" (in the third coordinate direction). Although other types of forces, like boundaryforces, could be applied, we will restrict ourselves to body forces. Given an energy density
W : R3ˆ3 Ñ R` ; ξ ÞÑ W pξq , assuming a homogeneous material, the elastic deformation
φ : Ω Ñ R3 of Ω, under the force f , is given as the minimizer of the energy

Erφs :“ ż

ΩW p∇φpxqq dx ´ ż

Ω fpxq ¨ φpxq dx . (2.1)
Since Ω is not allowed to be deformed on ΓD , φ has to fulfill the property φpxq “ x for all
x P ΓD .
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φ

ΓD ΓD
fΩ φpΩq

Figure 2.1: Sketch of an elastic cuboid deformed under a body force f (blue arrows), fixed onthe left side ΓD .
If φ is a minimizer of the elastic energy (2.1), it satisfies the Euler-Lagrange equation

ˆ ddt Erφ ` tθs
˙

ˇ

ˇt“0 “ 0 for all θ P C8c pΩ; R3
q . (2.2)

The energy density W p¨q describes the material properties of the elastic body Ω. The strongformulation of (2.2) can be derived using integration by parts. It reads
´divpBξW p∇φqq “ f in Ω

φpxq “ x on ΓD .Physically, BξW p∇φpxqq is the stress the elastic object is subjected to, when being deformedby φ. We assume that W pξq ě 0 for all ξ P R3ˆ3. Furthermore, some additional propertiesare imposed on W p¨q from a physical modeling perspective. If no force is acting, and theelastic body is not deformed at all, so φpxq “ x for all x P Ω, the total elastic energy shouldbe zero: şΩW p∇φpxqq dx “ 0. If this is the case, then the gradient of φ is the identity matrix
∇φ “ I3. Hence, it must hold

W pI3q “ 0 . (2.3)If an elastic body (deformed or undeformed) is rotated in space, the internal elastic energyshould not change. This imposes the additional assumption on W p¨q that it is frame indifferent

W pQξq “ W pξq for all ξ P R3ˆ3 and all Q P SOp3q , (2.4)with SOp3q “  

Q P R3ˆ3 : QJQ “ I3 , detpQq “ 1(. Equations (2.3) and (2.4) together imply
W pQq “ 0 for all Q P SOp3q .Hence, rotations φ “ Qx , with Q P SOp3q , are minimizers of şΩW p∇φq dx , if no boundaryconditions are imposed.Of course, the choice of W p¨q heavily depends on the kind of material one wants to model.If the response of the material is the same in all directions (think of rubber), the material iscalled isotropic. In this case W p¨q satisfies

W pξQq “ W pξq for all ξ P R3ˆ3 and all Q P SOp3q .
10



A concrete example is the St. Venant-Kirchhoff model for isotropic materials, cf. [Ogd97]. Itreads
W pξq “

#

µ|
a

ξJξ ´ I3|2 ` λ2ptr paξJξ ´ I3qq2 , if detpξq ą 0
`8 , else, (2.5)

with the Lamé constants µ ą 0 and λ ě 0 . The constraint detpξq ą 0 models the non-interpenetration of matter. A typical example of an anisotropic material is wood, which has adifferent elastic response along its fibers than perpendicular to them.
Remark 2.1. The term |

a

ξJξ ´ I3| in (2.5) is equal to the distance of ξ to SOp3q, if ξ is
positive definite, i.e.

distpξ,SOp3qq :“ inf
RPSOp3q |ξ ´ R | “ |

a

ξJξ ´ I3| ,
which was first proven in [MPG79].

2.2 Derivation of nonlinear bending models via dimension re-
duction

In this section, we state the most important results that rigorously derive nonlinear bendingmodels from three-dimensional elasticity. In Section 2.1 we saw that minimizing the functional(2.1) gives the deformation of a hyperelastic object for a given force. Now consider a thinelastic object Ωδ “ ω ˆ p´ δ2 , δ2q, with thickness δ ą 0, and a Lipschitz domain ω Ă R2 asmidsurface. We look at the rescaled elastic energy
Wδrφs :“ 1

δ

ż

Ωδ

W p∇φq dx . (2.6)
A mathematically natural question is to ask what happens if the thickness tends to zero:
δ Ñ 0. This is not only interesting from the analytical perspective, but also highly relevant inpractical applications: For very thin objects, the deformation of the midsurface ω includes mostof the information of the overall deformation of the object. Hence, a dimension-reduced modelformulated on ω Ă R2 might be more efficient to compute elastic deformations. To this end,mathematical tools to derive a limit model as δ Ñ 0 are necessary. The most important tool toanalyze sequences of minimization problems is the concept of Γ-convergence, first introducedby De Giorgi [DGF75]. We refer to [DM93] and [Bra02] for an extensive introduction to thetheory.
Definition 2.2 (Γ-convergence, [Bra02]). Let pX, dq be a metric space. Let pWδr¨sqδą0 be a
sequence of functionals Wδ : X Ñ p´8,`8s . We say pWδr¨sqδą0 Γ-converges to a functional
W0 : X Ñ p´8,`8s, if the following two conditions hold

(i) For every sequence pxδqδą0 Ă X with xδ d
ÝÑ x as δ Ñ 0 we have

lim inf
δÑ0 Wδrxδs ě W0rxs .

11



(ii) For every x P X there exists a sequence pxδqδą0 Ă X with xδ d
ÝÑ x as δ Ñ 0, such thatlim sup

δÑ0 Wδrxδs ď W0rxs .
Remark 2.3. If pWδr¨sqδą0 Γ-converges to W0r¨s and pxδqδą0 Ă X is a sequence of minimizers
of pWδr¨sqδą0, which converges to x P X, then x is a minimizer of W0r¨s , cf. [Bra02].Typically, the metric space X is replaced by some function space (often a Sobolev space)that is defined on a fixed domain. The functional (2.6) instead takes functions as input, whichare defined on domains Ωδ for different δ ą 0. To circumvent this issue, we rewrite (2.6) by acoordinate transformation as

Wδrφs “
ż

Ω1 W p∇δφq dx . (2.7)
Here, we write ∇δφ :“ pB1φ, B2φ, 1

δ B3φq . In [LDR95], the Γ-limit of (2.7) was derived. Theresulting functional is the so-called membrane energy, which models in-plane deformations ofthe thin plate, like stretching and shearing. In the following, we will see how the bending
energy for different models was derived, by studying Γ-convergence of 1

δ2 Wδr¨s .
Nonlinear plate theory. We start with the celebrated work by Friesecke, James, andMüller [FJM02]. They studied the Γ-limit of the rescaled elastic energy1

δ2 Wδrφs “
1
δ2

ż

ΩW p∇δφq dx (2.8)
under the following assumptions on the stored energy function W p¨q .
Assumption 2.4. Assume that W pξq ě 0 and W pξq “ 0 for ξ P SOp3q . Furthermore we
assume

(i) frame indifference, i.e. (2.4),
(ii) W P C 0pR3ˆ3q, and W P C 2pR3ˆ3q in a neighborhood of SOp3q ,

(iii) quadratic growth conditions at SOp3q : W pξq ě Cdistpξ,SOp3qq2 .Since we assume W P C 2pR3ˆ3q in a neighborhood of SOp3q , we can define the linearizedstored energy function Q3pF q :“ B2
ξξW pI3qpF, F q for a matrix F P R3ˆ3 . In [FJM02], thefollowing Γ-convergence result was shown.

Theorem 2.5 (Friesecke, James, and Müller, cf. [FJM02]). Under Assumption 2.4 the energies
p 1
δ2 Wδr¨sqδą0 defined in (2.8) Γ-converge in the strong W 1,2pΩ1; R3q topology to

W0rψs :“ # 124 şωQ2pIIq dx , if ∇ψJ∇ψ “ I2 a.e. in ω ,
`8 , else.

(2.9)
W0r¨s is defined on functions ψ P W 2,2pω; R3q , with normal nrψs :“ B1ψˆB2ψ

|B1ψˆB2ψ| P R3 and second
fundamental form

II :“ ´D2ψ ¨ nrψs “ ´pBiBjψ ¨ nrψsqi,j“1,2 P R2ˆ2 .
Here, ψ is constantly extended in the thickness direction e3 to define it on Ω1 . Furthermore
we define Q2pAq :“ infdPR3 Q3př2

i,j“1 Aijei b ej ` d b e3q for matrices A P R2ˆ2.
12



Remark 2.6. The constraint ∇ψJ∇ψ “ I2 ô Biψ ¨ Bjψ “ δij for all i, j P t1, 2u allows only
isometric deformations of the midsurface ω , i.e., no stretching, compression, or shearing is
allowed in the limit model. In Section 2.3, properties of isometric immersions will be discussed
further.

Example 2.7. In the case of an isotropic material law, when W p¨q is given by (2.5), the
linearized stored energy function Q3p¨q “ B2

ξW pI3qp¨, ¨q is of the form

Q3
pF q “ 2µ ˇˇˇ

ˇ

F ` FJ2
ˇ

ˇ

ˇ

ˇ

2
` λptr pF qq2 , F P R3ˆ3 ,

cf. [FJM02]. Then we have

Q2
pAq “ inf

dPR3 Q3
p

2
ÿ

i,j“1Aijei b ej ` d b e3q “ 2µ ˇˇˇ
ˇ

A ` AJ2
ˇ

ˇ

ˇ

ˇ

2
`

2µλ2µ ` λptr pAqq2 , A P R2ˆ2 .
Proof. For a vector d P R3 and A P R2ˆ2 we have

Q3
p

2
ÿ

i,j“1Aijei b ej ` d b e3q “ 2µ˜ˇ

ˇ

ˇ

ˇ

A ` AJ2
ˇ

ˇ

ˇ

ˇ

2
` d21 ` d22 ` d23

¸

` λpA11 ` A22 ` d3q2 .
Minimizing this polynomial expression in d “ pd1, d2, d3q, we get

d1 “ d2 “ 0 , d3 “ ´ λ2µ ` λpA11 ` A22q
for d “ arg mindPR3 Q3př2

i,j“1 Aijei b ej ` d b e3q . So,
Q2
pAq “2µ˜ˇ

ˇ

ˇ

ˇ

A ` AJ2
ˇ

ˇ

ˇ

ˇ

2
`

ˆ

λ2µ ` λ
˙2
ptr pAqq2¸` λˆ 2µ2µ ` λ

˙2
ptr pAqq2

“2µ ˇˇˇ
ˇ

A ` AJ2
ˇ

ˇ

ˇ

ˇ

2
`

2µλ2µ ` λptr pAqq2 .
The key ingredient for proving Theorem 2.5 is the theorem on geometric rigidity, alsoproven in [FJM02], which we will state here for the sake of completeness.

Theorem 2.8 (Geometric Rigidity, [FJM02]). Let U be a bounded Lipschitz domain in Rd,
with d ě 2. Then, there exists a constant CpUq ą 0 with the following property: For each
v P W 1,2pU ; Rdq there exists a rotation R P SOpdq such that∥∥∇v ´ R

∥∥
L2pU ;Rdˆdq ď CpUq

∥∥distp∇v,SOpdqq
∥∥
L2pUq .This theorem is a fundamental result in analysis, with applications not only in the theoryof dimension reduction but also, for example, in the rigorous derivation of models for linearizedelasticity from finite nonlinear elasticity, cf. [MNP02]
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Nonlinear shell theory. In [FJMM03], the theory of dimension reduction for flat platesfrom [FJM02] is extended to thin, curved objects, so-called shells. A bounded Lipschitz domainof the form
Mδ

A :“ "

x ` sνApxq : x P MA , s P p´
δ2 , δ2 q

*

,

with curved midsurface MA Ă R3 is considered. Here, νApxq is the unit normal of MA at
x P MA , and MA is assumed to be parametrized by a single C 2 chart ψA : ω Ñ MA, with
ω Ă R2 . The three-dimensional elastic energy, with a stored energy function W p¨q satisfyingAssumption 2.4, considered here is

WA
δ rφs “

1
δ

ż

Mδ
A

W p∇φq dx . (2.10)
In [FJMM03], the following Γ-convergence result was shown
Theorem 2.9 (Friesecke, James, Mora, and Müller, cf. [FJMM03]). Under Assumption 2.4 the
rescaled energies p 1

δ2 WA
δ r¨sqδą0 defined in (2.10) Γ-converge to

WA
rφs :“ # 124 şMA

Q2px, SMA,φq dH2 , if ∇tanφJ∇tanφ “ I2 a.e. in MA

`8 , else.
(2.11)

Here, φ P W 2,2pMA; R3q, and SMA,φ P R3ˆ3 is the relative shape operator, also called
Weingarten map, cf. [FJMM03], and Q2px, F q “ infdPR3 Q3pF ` db νApxqq, with the linearized
stored energy function Q3 defined above. We denote by ∇tanφ the tangential derivative of φ
on the manifold MA .
Remark 2.10. The limit energy is formulated as an integral over the manifold MA. Let
ψB : ω Ñ R3 , with ψBpxq “ φpψApxqq, be the parametrization of the deformed mid-surface
φpMAq , cf. Figure 2.2. With this, (2.11) can be reformulated as an integral over the chart
domain ω Ă R2 , assuming for instance W p¨q is of the form (2.5), with µ “ 8α ą 0 and λ “ 0,
as

WA
rψBs :“ #

α2 şωadetgA tr ´Srel
ψBS

rel
ψB

¯ dx if gB “ gA a.e. in ω ,
8 otherwise .

(2.12)
Here, we use the matrix representation of the relative shape operator, i.e.

Srel
ψB :“ g´1

A pIIA ´ IIBq “ g´1
A

`

D2ψB ¨ nB ´D2ψA ¨ nA˘ P R2ˆ2 . (2.13)
The normal of MB “ ψBpωq “ φpMAq pulled back on the chart domain ω is

nBpxq “ nrψBspxq “
B1ψBpxq ˆ B2ψBpxq
|B1ψBpxq ˆ B2ψBpxq| ,

and the corresponding first fundamental form gB and second fundamental form IIB at x P ω
are given by

gBpxq “ p∇ψBpxqqJ∇ψBpxq P R2ˆ2 ,
IIBpxq “ ∇nBpxq ¨∇ψBpxq “ ´D2ψBpxq ¨ nBpxq P R2ˆ2 .

Normal, metric and second fundamental form are analogously defined for MA and the given
parametrization ψA.

The reader is referred to [Hee16] for the exact derivation of (2.12) from (2.11).
14



MB
MA

ω Ă R2
ψA ψB

φ “ ψB ˝ ψ´1
A

Figure 2.2: A deformation φ of a parametrized surface MA onto an image surface MB withclamped boundary is described by parametrizations ψA, ψB over the chart domain ω.
Homogenized nonlinear plate theory. In [HNV14], Hornung, Neukamm, and Velčić studiedthe simultaneous homogenization of a microstructured thin plate and a dimension reductionfrom 3D volume elasticity to a 2D elastic bending model. More precisely, they studied a platewith thickness δ ą 0, whose material oscillates on a scale ε ą 0 in the in-plane directions.The limit model in the bending regime is studied for δ Ñ 0 and ε Ñ 0 simultaneously. LetΩδ :“ ω ˆ δI be the reference configuration of a thin elastic plate, with a Lipschitz domainwith piecewise C 1 boundary ω Ă R2 as midsurface, I “ p´12 , 12q and thickness δ ą 0. Let

W : R2 ˆ R3ˆ3 Ñ R be a nonlinear energy density which is periodic with period 1 in the firstcomponent. We consider a nonlinear elastic energy
1
δ3

ż

Ωδ

W px
1

ε ,∇φδpxqq dx (2.14)
for the thin plate, composed of a microstructure of width ε ą 0, which is homogeneous invertical direction (cf. Figure 2.3). The scaling δ´3 corresponds to the bending regime. Here,
x 1 “ px1, x2q represents the in-plane coordinates. A rescaling of (2.14) onto the fixed 3Ddomain Ω :“ ω ˆ I reads as

Wδ,ε
rψδs :“ 1

δ2
ż

ΩW p
z1
ε ,∇δψδpzqq dz , (2.15)

for the rescaled deformation ψδpz1, z3q :“ φδpz1, δz3q and the rescaled gradient
∇δψδ :“ p∇1ψδ ,

1
δ B3ψδq , with ∇1ψδ “ pB1ψδ , B2ψδq .

In [HNV14], Hornung et al. studied the Γ-limit of (2.15) for δ and ε converging to zero, underthe following assumptions. Given ε “ εpδq as a monotone function from p0,8q to p0,8q weassume that δ
εpδq Ñ γ as δ Ñ 0 with γ P p0,8q. The energy density W : R2ˆR3ˆ3 Ñ r0,8s isBorel measurable and W p¨, F q is periodic for all F P R3ˆ3 with W py1, ¨q P C 0pR3ˆ3, r0,8sq for
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δ
ε εFigure 2.3: Thin plate with thickness δ and periodic in-plane microstructure with size ε.

almost every y1 P R2. Furthermore, W py1, RF q “ W py1, F q for all F P R3ˆ3 and all R P SOp3qand there exist positive constants c1, c2, ρ such that
W py1, F q ě c1dist2pF, SOp3qq for all F P R3ˆ3,
W py1, F q ď c2dist2pF, SOp3qq for all F P R3ˆ3 with dist2pF, SOp3qq ď ρ.

Finally, we assume that there exists a quadratic form Q3py, ¨q, defined as the quadraticexpansion of W py, ¨q at the identity, i.e. there exists a monotone function r : r0,8q Ñ r0,8swith rptq Ñ 0 as t Ñ 0, such that, for almost every y1 P R2
|W py1, I3 ` Gq ´Q3

py1, Gq| ď rp|G|q|G|2 for all G P R3ˆ3 (2.16)
with |G| for G P R3ˆ3 denoting the Frobenius norm.
Example 2.11. Consider a thin elastic plate as displayed in Figure 2.3, consisting of two
materials (blue and orange), oscillating at the scale ε. In the case of an isotropic material
law, Q3 is given by

Q3
py1, Gq “ µpy1q

ˇ

ˇ

ˇ

G`GJ2
ˇ

ˇ

ˇ

2
`
λpy1q2 |tr pGq|2

where the Lamé-Navier parameters µpy1q and λpy1q are periodic functions with period cell
being the unit square Y 1 :“ p0, 1q2 with different values on the orange and blue phases,
respectively.

Based on Q3 now define
Q2,γ : R2ˆ2sym Ñ R ; Q2,γ

pAq :“ inf
θPV

ż

Y
Q3
py1, ιpy3Aq `∇γθpyqq dy (2.17)

with Y :“ Y 1 ˆ Y3 denoting the fundamental cell in 3D for Y3 :“ p´12 , 12q,
ιpAq :“ ¨

˝

A 000 0 0
˛

‚P R3ˆ3 ,
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for A P R2ˆ2, and ∇γθpyq :“ ´

∇y1θpyq, 1
γB3θpyq¯ . Here, the infimum in (2.17) is taken overall θ P V, with

V :“  

θ P W 1,2
pY ; R3

q : θpyq “ pBy1, 0qJ ` φpyq ,
B P R2ˆ2sym , φ P W 1,2

pY ; R3
q , φpyq periodic in y1 , ż

Y
φ dy “ 0 ( .

Hornung, Neukamm, and Velčić proved the following Γ-convergence result.
Theorem 2.12 (Hornung, Neukamm, and Velčić, cf. [HNV14]). Under the above assumptions
the energies pWδ,εpδqr¨sqδą0 , defined in (2.15), Γ-convergence in the strong L2-topology to the
homogenized elastic plate energy

Wγ
homrψs “

#

ş

ωQ
2,γpIIpxqq dx , ∇ψJ∇ψ “ I2 a.e. in ω ,

`8 , else
(2.18)

for ψ P W 2,2pω; R3q .Note that this is a generalization of [FJM02], where the plate model with homogeneousmaterial was derived. In [HNV14], the case γ “ 8 was also discussed, resulting in a differentquadratic form Q2,8. Here, we confine ourselves to the case γ P p0,8q.
Nonlinear plate theory with a fold. In [BBH22] Bartels, Bonito, and Hornung deriveda dimension-reduced model for the bending of a plate with a prescribed fold. As above,they considered a thin three-dimensional domain Ωδ “ ω ˆ p´ δ2 , δ2q, with thickness δ ą 0and bounded Lipschitz mid-surface ω Ă R2. Additionally, a folding curve Σ Ă ω is given,around which the material of the elastic body is assumed to be weakened. In explicit, athree-dimensional elastic energy of the form

WΣ
δ rφs :“ ż

Ω1 fδpx
1
qW p∇δφq dx (2.19)

is considered, where fδ : ω Ñ R` is of the form fδ “ sδχΣrδ ` 1 ´ χΣrδ . Here, χΣrδ is thecharacteristic function of the set Σrδ :“ tx P ω : distpx,Σq ă rδu . Hence, rδ determines thearea around the fold Σ that is weakened, and sδ defines how much the material is weakenedin this area. The parameters sδ ą 0 and rδ ą 0 depend on the thickness δ ą 0, satisfying
lim sup
δÑ0

δ2
sδ
ă 8 , lim sup

δÑ0
δ
rδ
ă 8 , lim

δÑ0 sδrδδ2 “ 0 .
Additionally, the following regularity of the fold curve Σ is assumed.
Assumption 2.13. The fold curve Σ is parametrized by a continuous and injective map
σ : r0, 1s Ñ ω, with Σ “ σp0, 1q, and BΣ “ tσp0q, σp1qu is contained in one single con-
nected component of Bω . This implies that Σ divides ω in exactly two connected components
ω1 and ω2 . Additionally, we assume Σ is such that both connected components are Lipschitz
domains.See Figure 2.4 for a small sketch of the described quantities. In [BBH22], the followingrigorous dimension reduction limit for this nonlinear bending model with a fold was shown.

17



ω1

ω2
rδ

fδ “ 1

fδ “ 1
fδ “ sδ ! 1Σ

Figure 2.4: Left: Mid-surface ω with regular fold curve Σ , dividing ω into two connectedcomponents ω1 and ω2 . Right: Representation of the function fδ describing the materialweakening near the fold.
Theorem 2.14 (Bartels, Bonito, and Hornung, cf. [BBH22]). Let Σ fulfill Assumption 2.13,
and the stored energy function W p¨q fulfill Assumption 2.4. Then the rescaled energies
p 1
δ2 WΣ

δ r¨sqδą0 , defined in (2.19), Γ-converge in the weak W 1,2-topology to the two-dimensional
functional

WΣ
rψs :“ #

ş

ωzΣQ2pIIq dx , if ∇ψJ∇ψ “ I2 a.e. in ω ,
`8 , else.

(2.20)
Here, WΣr¨s is defined on W 2,2pωzΣ; R3qXW 1,2pω; R3q , with Q2p¨q and II as previously defined.The proof of Theorem 2.14 relies on the theory of geometric rigidity developed in [FJM02],applying Theorem 2.5 separately on the two domains ω1 and ω2 , and a careful study of thecontinuity along the fold Σ .
Remark 2.15. In this section, we have provided the results of rigorous two-dimensional
nonlinear bending models from three-dimensional elasticity, which we discuss in this thesis.
Of course, there are many more results for other models, for instance for multilayered plates
[Sch07], incompressible plates [CD08], prestrained plates [LL20], and plates with voids [FKZ25].

2.3 Isometric immersions
As we have seen, the two-dimensional nonlinear bending models presented in Section 2.2involve the nonlinear first-order pointwise constraint

∇ψJ∇ψ “ I2 , i.e. Biψ ¨ Bjψ “ δij for all i, j P t1, 2u
for a map ψ : ω Ă R2 Ñ R3 . Such maps are called isometric immersions (or simply isometries),and they have the property to preserve length. This can be illustrated by a simple experiment:Take a sheet of paper, and draw a line on it. If you then deform the sheet, the line is deformedas well, but still has the same length (if an ant were to crawl along the line, it would take thesame amount of time as in the flat case). This is because it is very hard to stretch, compress,or shear a sheet of paper in comparison to its soft response to bending deformations. Hence,for small forces, the sheet (almost) deforms isometrically.

18



The quantity g “ ∇ψJ∇ψ is the first fundamental form, also called metric, of the curvedsurface ψpωq Ă R3 . It contains the information regarding lengths and angles inside thecurved surface, i.e., the inner geometry of the surface, whereas the shape operator Sψ “ g´1II ,with the second fundamental form II “ ´D2ψ ¨ nrψs, quantifies the outer geometry, i.e., thecurvature of the surface. The intrinsic and extrinsic geometry of a curved surface however, isnot independent of each other. Gauss’s theorema egregium of 1827, cf. [Gau27] says that the
Gauss curvature Kψ “ detpSψq , that is the product of the principal curvatures, is determinedby derivatives of the first fundamental form g . In the case of an isometric immersion (g “ I2),this implies that the Gauss curvature is zero everywhere: Kψ “ 0 . Hence, one of the twoprincipal curvatures always has to be zero, which means locally the curved surface ψpωq isonly curved in at most one direction (like a cylinder, a cone, or a flat surface). Surfacessatisfying this property are called developable surfaces. In 1959, Hartman and Nirenbergproved that this is indeed the case for isometric immersions that are C 2-regular.
Theorem 2.16 (Hartman-Nirenberg, [HN59]). Let ψ P C 2pω; R3q be an isometric immersion,
i.e. ∇ψpxqJ∇ψpxq “ I2 for all x P ω , with ω Ă R2 open and bounded. Then ψ is developable,
i.e. for every x P ω it holds

(i) There exists an open neighborhood U Ă ω of x such that ψ is affine on U ,

or

(ii) There exist a, b P Bω with x P pa, bq :“ ty P ω : y “ p1´ tqa ` tb , t P p0, 1qu , such
that ψ is affine on pa, bq .This theorem implies that any C 2 isometric deformation of the unit square has a linesegment of length one that is straight. In other words, you cannot smoothly (in the sense of

C 2) isometrically push a square sheet of paper inside a sphere that has a diameter that issmaller than the side length of the sheet. However, if one omits the C 2-regularity and only
C 1-regularity is demanded, the situation is completely different, as the following theorem,attributed to Nash and Kuiper, shows.
Theorem 2.17 (Nash-Kuiper, [Nas54, Kui55]). Let ψ : ω Ñ R3 be a short map, i.e. Lippψq ď 1 .
Then there exists a sequence pψkqkPN Ă C 1pω; R3q of isometric immersions (∇ψJk ∇ψk “ I2 ),
with ψk Ñ ψ uniformly.This means that for any short map ψ : p0, 1q2 Ñ R3 whose image lies in the ball ofradius 12 , i.e ψpp0, 1q2q Ă B 12 p0q , there exists an isometric immersion ψε P C 1pp0, 1q2; R3q with
ψεpp0, 1q2q Ă B 12`εp0q , for any ε ą 0 . This is in high contrast to the previous example of notbeing able to smoothly push a square sheet of paper into a small ball.In Section 2.2 we saw that the two-dimensional nonlinear bending models derived fromthree-dimensional elasticity are formulated for deformations ψ P W 2,2pω; R3q , which areisometric immersions. This regularity assumption is of course weaker than C 2-isometries. Onthe other hand, W 2,2pω; R3q is exactly the borderline case for the embedding into C 1pω; R3q,because in two dimensions, only W 2,ppω; R3q, with p ą 2, can be embedded compactly into
C 1pω; R3q. In the case of isometric embeddings, the following theorems imply that W 2,2-regularity is a stronger assumption than C 1 . Hence, regularity properties of W 2,2-isometricimmersions are an interesting field that is extensively studied. In 2005, Müller and Pakzadproved the following result of improved regularity, if the boundary of the domain ω Ă R2 issufficiently regular.
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Theorem 2.18 (Müller-Pakzad, [MP05]). Let ω Ă R2 be a bounded domain with C 1,α-boundary.
Let ψ P W 2,2pω; R3q be an isometric immersion, i.e. ∇ψJ∇ψ “ I2 almost everywhere in ω .
Then ψ P C 1pω; R3q .

In [MP05], they also showed that a piecewise Lipschitz boundary, or even C 1-boundary, isnot enough to get the C 1-regularity of ψ up to the boundary.For the numerical treatment of the nonlinear bending models derived in Section 2.2, finiteelement methods that require pointwise evaluations of the gradient are often used, for example,the discrete Kirchhoff triangle presented in Section 2.4. Hence, C 1pω; R3q-regularity of W 2,2-isometries is desirable. Unfortunately, as stated in Theorem 2.18, this is only guaranteedfor domains with C 1,α-boundary, which are not compatible with polygonal domains that arenormally considered in the application of finite elements. A workaround is provided bythe following approximation result, first proved in 2004 by Pakzad for convex domains, andextended to more general domains in 2011 by Hornung.
Theorem 2.19 (Pakzad, Hornung, [Pak04, Hor11]). Let ω Ă R2 be a bounded domain with
piecewise C 1-boundary. Let ψ P W 2,2pω; R3q be an isometric immersion, i.e. ∇ψJ∇ψ “ I2
almost everywhere in ω . Then there exists a sequence pψkqkPN Ă W 2,2pω; R3q X C8pω; R3q of
isometries, i.e. ∇ψJk ∇ψk “ I2 , with ψk Ñ ψ strongly in W 2,2pω; R3q as k Ñ 8.

Remark 2.20. In this section, some properties of isometric immersions of a two-dimensional
domain ω into R3 were presented. In (2.11) we have seen that in the nonlinear bending model
for shells, an isometry constraint of the form ∇tanφJ∇tanφ “ I2 for a map φ P W 2,2pMA; R3q ,
defined on a curved surface MA Ă R3 , appears. Hilbert showed that C 2 isometric immersions
of the unit sphere S2 into R3 are rigid, that means rigid body motions are the only possible
isometric immersions. For a general smooth hypersurface MA Ă R3 much less is known.
The regularity results presented above heavily rely on the two-dimensionality of the domain
ω Ă R2 .

2.4 Discrete Kirchhoff triangle
As we have seen in Section 2.2, nonlinear bending models for elastic plates and shells have theadvantage of being formulated on a two-dimensional, instead of a three-dimensional domain.In the finite element context, this is beneficial, since we now only have to discretize our domainin two-dimensional directions. However, this comes at a price, since the elastic energiesderived via dimension-reduction now contain second derivatives. This is a challenge fordesigning finite element spaces: There it is desirable that the FE space is conforming, whichmeans that functions in the FE space are also elements of the function space of the continuousproblem. For variational problems involving only first derivatives, this is easier in most cases,since every globally continuous, piecewise polynomial finite element space is W 1,2-conforming,cf. [Cia78, Theorem 2.1.1.]. For the bending problems discussed here, where the underlyingspace is W 2,2pω,R3q, a conforming finite element space requires that the piecewise gradientis not allowed to jump along edges of the elements, i.e., that functions in this FE space areglobally continuously differentiable, cf. [Cia78, Theorem 2.1.2.]. Examples of finite elementspaces fulfilling this requirement are the Argyris element, the Bell element, and the Hsieh-Clough-Tocher element [Bra13]. The first two rely on 5-th order polynomials, whereas thethird is a so-called macro-element because it relies on a division of the element into smaller
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elements. Other approaches to discretize bending problems are non-conforming methods, i.e.,FE spaces where the functions are not in W 2,2 globally. The reason for considering such kindsof discretizations is that typically, they require fewer degrees of freedom than conformingmethods, while preserving the property of converging to the right W 2,2 function in the limit asthe grid size approaches zero. A classical example is the mixed method, where the FE spaceis conforming to W 1,2 ˆ pW 1,2q2, with the additional constraint that the gradient of the firstfunction is equal to the second function in a certain metric, cf. [Bra13]. Another non-conformingmethod is the discontinuous Galerkin (DG) method. There, one considers functions which arepiecewise at least quadratic polynomials, but may jump from element to element. The jump ofthe function and the jump of the gradient of the function on every edge are then penalizedwith carefully chosen parameters, depending on the grid size, leading to convergence to W 2,2functions in the limit of vanishing grid size, cf. [BNN21].In this work, we will focus on another non-conforming finite element approximation, theDiscrete Kirchhoff Triangle (DKT), originally introduced in [BBH80], which will be introducedin the following.For simplicity, we directly assume that ω is a polygonal domain and ΓD is a union ofedges of its boundary. Let TH be a regular triangulation of ω with maximal triangle diameter
H ą 0. We denote by NH the set of vertices and by EH the set of edges. For k P N, we denoteby Pk the set of polynomials of degree at most k . For vertices z1, z2, z3 P NH of a triangle twe define zt “ pz1 ` z2 ` z3q{3 as the center of mass of t and introduce the reduced space ofcubic polynomials

P3,redptq :“ #

p P P3ptq ˇˇˇ 6ppztq “
ÿ

i“1,2,3 p2ppziq ´∇ppziq ¨ pzi ´ ztqq

+

.

This space of polynomials has dimension 9, by excluding the bubble function pbubblepzq “ λ1λ2λ3from the 10-dimensional space P3. Here, λ1, λ2, λ3 are the barycentric coordinates of t, i.e.
pbubblepx, yq “ xyp1 ´ x ´ yq in the reference triangle, cf. [Bra13]. Hence, if a polynomial
p P P3,redptq is zero on the entire boundary of t, it must be p ” 0. The space P3,redptq still has
P2ptq as a subspace. We define the finite element spaces

WH :“twH P Cpω̄q | wH |t P P3,redptq for all t P TH and ∇wH is continuous at NHu ,
ΘH :“  

θH P Cpω̄; R2
q | θH |t P P2ptq2 and θH ¨ nE |E is affine for all E P Eh

(

.

In Figure 2.5, the interpolation for these finite element spaces is displayed, showing wherethe degrees of freedom are defined.For a function w P W 3,2pωq, the interpolation wH “ IDKTw P WH is defined on everytriangle t P TH by wHpzq “ wpzq and ∇wHpzq “ ∇wpzq for all vertices z P NH X t, which iswell-defined due to the continuous embedding of W 3,2pωq into C 1pω̄q. The discrete gradientoperator θH : WH Ñ ΘH is defined via
θHrwHspzq “ ∇wHpzq , θHrwHspzEq ¨ τE “ ∇wHpzEq ¨ τE

for all vertices z P NH , all edges E P EH with τE denoting a unit tangent vector on E , and zEthe midpoint of E . We use superscripts pθjHrwHsqj“1,2 to indicate the components of θHrwHs.The operator θH can analogously be defined on W 3,2pωq. This operator has the followingproperties, cf. [Bar13, Bra13]:
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WH ΘHFigure 2.5: The DKT element introduced in [BBH80]. At the black dots ‚ the function valueis prescribed, at the circles M, the gradient is prescribed, and at the crosses ˆ, the tangentialcomponent of the function is prescribed.
There exists constants c0, c1, c2, c3 ą 0 such that for t P TH with H “ diamptq, w P W 3,2ptqand wH P WH

}w ´ IDKTw}Wm,2ptq ď c0H3´m
}w}W 3,2ptq for m “ 0, 1, 2, 3 , (2.21)

c´11 ∥∥Dk`1wH∥∥
L2ptq ď

∥∥DkθHrwHs
∥∥
L2ptq ď c1 ∥∥Dk`1wH∥∥

L2ptq for k “ 0, 1 , (2.22)∥∥θHrwHs ´∇wH
∥∥
L2ptq ď c2H ∥∥D2wH∥∥

L2ptq , (2.23)∥∥θHrws ´∇w
∥∥
L2ptq `H

∥∥∇θHrws ´D2w∥∥
L2ptq ď c3H2 ∥w∥

W 3,2ptq . (2.24)Furthermore, as shown in [Bra13], the mapping wH ÞÑ ∥∥∇θHrwHs
∥∥
L2pωq defines a norm on

twH P WH | wHpzq “ 0, ∇wHpzq “ 0 for all z P NH X ΓDu .As the reader might have guessed, the idea of this non-conforming finite element discretizationis to take ∇θHr¨s as an approximation of the Hessian. With this, one can formulate a discreteversion of the nonlinear bending energies introduced in Section 2.1. For the case of thenonlinear homogeneous plate model, Bartels [Bar13] was able to show Γ-convergence of adiscrete bending energy based on this DKT element. In this work, the ideas of this result areextended to shells in Chapter 3, and to a nonlinear homogenized plate model in Chapter 4. InChapter 5 the DKT element is also used to approximate nonlinear bending deformations withfolds. There, only numerical experiments are displayed, without a convergence analysis of thenumerical approximation.
2.5 Willmore flow
This section is dedicated to the Willmore energy of a pd ´ 1q-dimensional hypersurface
M Ă Rd , with d “ 2 or d “ 3, and its L2-gradient flow, the Willmore flow. The Willmoreenergy is a quantity similar to the bending energy of a curved shell, and the Willmore flow isa time-dependent evolution of a surface that decreases the Willmore energy.

Willmore energy. The Willmore energy is, up to a prefactor, defined as the integral of thesquared mean curvature over the surface, i.e.12
ż

M
h2 dHd´1 .
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We define the mean curvature hpyq as the sum of the principal curvatures at y P M . Anotherchoice is defining it as the mean of the principal curvatures. If M is the image of a chart
ψ : ω Ă R2 Ñ R3 , i.e., M “ ψpωq , the mean curvature is the trace of the shape operator:

hpψpxqq “ tr pSψpxqq “ tr `g´1
pxqIIpxq

˘

, x P ω .

If the isometry constraint is omitted, the Willmore energy looks very similar to (2.9), since12
ż

M
h2 dHd´1

“
12
ż

ω

adetgQ2
pg´1IIq dx ,

with Q2pAq “ ptr pAqq2 for A P R2ˆ2. Hence, it can also be interpreted as the stored bendingenergy of a thin shell, whose mid-surface is represented by M . In fact, if M is the image ofan isometric immersion, i.e. g “ I2 , then
hpψq2 “ |II|2 “ |D2ψ|2 “ |∆ψ|2 ,

cf. [Bar15, proposition 8.2], so the Willmore energy is, up to a possible factor, the storedbending energy. In the following, we will focus on closed two-dimensional hypersurfaces M ,which are in general not given by a single chart ψ . Hence, all quantities in this section, andin Chapter 6 are formulated directly on M , and not on a chart domain ω . For hyperspheres,the Willmore energy is easy to compute: In two dimensions, for a circle S1
r with radius r ą 0 ,the mean curvature is just the curvature of the circle, i.e. h ” 1

r . Hence, it holds
12
ż

S1
r

h2 dH1
“

12r2 H1
pS1

r q “
12r2 2πr “ π

r , S1
r :“ tx P R2 : |x| “ ru . (2.25)

This implies that the larger the radius of the circle, the smaller the Willmore energy is. Fora sphere S2
r with radius r ą 0 embedded in three dimensions, the mean curvature is h ” 2

r ,since both principal curvatures are 1
r . This implies

12
ż

S2
r

h2 dH2
“

2
r2 H2

pS2
r q “

2
r2 4πr2

“ 8π , S2
r :“ tx P R3 : |x| “ ru . (2.26)

Hence, the Willmore energy of a two-dimensional sphere is scale-invariant, it does not dependon the radius of the sphere.
Gradient flows in Hilbert spaces. In the following, we introduce the notion of gradientflows in Hilbert spaces. For an extensive overview, the reader is referred to [San17]. Letus start with gradient flows in the Euclidean space Rd . Let F : Rd Ñ R be a differentiablefunction. The gradient flow of F starting at x0 P Rd is the system of ordinary differentialequations

#

9xptq “ ´∇F pxptqq
xp0q “ x0 . (2.27)

The gradient ∇F points in the direction of the steepest ascent. Hence (2.27) can be interpretedin the following way: xptq is the position at time t when one is starting at x0 and walkingthrough a landscape that is the graph of the function F , by always going in the direction
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of the steepest descent. This implies that F pxptqq can only decrease in time, by the simplecalculation ddt pF pxptqqq “ ∇F pxptqq ¨ 9xptq “ ´|∇F pxptqq|2 ď 0 .
An implicit time discretization of (2.27) with time step size τ reads

xk`1 ´ xk
τ “ ´∇F pxk`1q , (2.28)

with time steps pxkqkPN . A more general formulation of (2.28) that requires less regularity ofthe function F is the minimizing movement scheme, cf. [DG93],
xk`1 “ arg min

xPRd

`

|x ´ xk |2 ` 2τF pxq˘ . (2.29)
Indeed, if F is differentiable, by differentiating the expression to be minimized on the right-handside of (2.29) and plugging in the minimizer xk`1 , one gets

2pxk`1 ´ xkq ` 2τ∇F pxk`1q “ 0 ô
xk`1 ´ xk

τ “ ´∇F pxk`1q .
If F is defined on a Hilbert space pX, p¨, ¨qX q , we define the gradient flow of F in pX, p¨, ¨qX qas

$

&

%

p 9xptq, x̂qX “ ´ dds pF pxptq ` sx̂qqˇˇ
s“0 for all x̂ P X ,

xp0q “ x0 .
Similar to (2.29), a time discretization of the gradient flow of F in pX, p¨, ¨qX q can be derivedas

xk`1 “ arg min
xPX

`

}x ´ xk}2X ` 2τF pxq˘ . (2.30)
Mean curvature flow. This paragraph mainly follows [BDGP23]. For a smooth, compact,orientable hypersurface M Ă Rd without boundary we define the area functional

F rMs :“ Hd´1
pMq “

ż

M
1 dHd´1 .

Let ζ : Rd Ñ Rd be a smooth vector field. For a small parameter s ą 0 we define a perturbationof M as
Mpsq :“ tx ` sζpxq : x P Mu .

Then, the first variation of the area functional, using a transport theorem, cf. [BDGP23], gives
d
dsF pMpsqqˇ

ˇ

s“0 “ ´
ż

M
hν ¨ ζ dHd´1 ,
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with ν being the outer unit normal to M . Since ζ was an arbitrary test vector field, thisimplies that formally, the L2-gradient ∇p¨,¨qL2
M F r¨s of the area functional in the space of allclosed, orientable hypersurfaces is the negative mean curvature vector hν:

∇p¨,¨qL2
M F rMs “ ´hν .

The L2-gradient flow of the area functional is therefore called mean curvature flow. In theparametric setting, with parametrization x : M Ñ Rd it reads
Btx “ hν .

For a given hypersurface Mk Ă Rd let xk : Mk Ñ Rd denote the identity map. Following theprevious paragraph, the minimizing movement time discretization of mean curvature flow hencereads
xk`1 “ arg min

x : MkÑRd

´∥∥x ´ xk∥∥2
L2pMk ;Rdq ` 2τHd´1

pxpMkqq
¯

.

Willmore flow. We now come to the Willmore flow, the L2-gradient flow of the Willmoreenergy wrxptqs “
ş

Mptq h
2 dHd´1 , with time parameter t. In the parametric setting, withparametrization x : M Ñ Rd it has the form

Btx “ ∆Mhν ` h
ˆ

|S|2 ´ 12h2˙ ν .
For a detailed calculation, see [Sim01, OR09]. The time-discrete minimizing movement schemefor Willmore flow hence, is

xk`1 “ arg min
x : MkÑRd

´∥∥x ´ xk∥∥2
L2pMk ;Rdq ` 2τwrxs¯ .

In Chapter 6 we will see how this minimizing movement scheme can be approximated by anested scheme that involves solving one step of mean curvature flow as an inner problem, toapproximate the mean curvature h, and a classic outer minimization problem. This is thenhandled not in the parametric setting, but in the phase field setting, where the surface M isimplicitly given by the diffuse phase transition of a two-phase function. These phase fieldfunctions are introduced in the next section.
2.6 Phase fields
In the previous section, the (hyper-) surfaces were described in the parametric setting. In thissection, the notion of phase fields is introduced. A phase field is a scalar-valued functionthat describes a geometric object, like a curve, a surface, or the boundary of a set, in animplicit, diffuse way. Before we come to the most important functionals describing phase fields,the Modica-Mortola and the Ambrosio-Tortorelli functional, we first introduce the notion offunctions of bounded variation (in short: BV functions). Here, we follow the book by Rindler[Rin18].
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Functions of bounded variation. Here, we provide a brief overview of the space of functionsof bounded variation. For an extensive study, the reader is referred to [AFP00]. Let Ω Ă Rdbe a bounded Lipschitz domain. We denote by BVpΩq the space of all functions u P L1pΩqsuch that there exists a vector-valued Radon measure Du with
ż

Ω udivpφq dx “ ´ ż

Ω φ ¨ dDu , for all φ P C 1
c pΩ; Rd

q .

Note that this definition clearly implies that W 1,1pΩq functions are also in BVpΩq , withdDu “ ∇upxq dx . For an Rd-valued Radon measure µ, we call
|µ|pΩq :“ sup"żΩ φ ¨ dµ : φ P C 1

c pΩ; Rd
q ,

∥∥φ∥∥
8
ď 1*

the total variation of µ in Ω. For a set E Ă Ω with smooth boundary, the characteristicfunction χE : Ω Ñ t0, 1u is in BVpΩq, and
|DχE |pΩq “ PerpE ; Ωq :“ Hd´1

pBE XΩq
is the perimeter of E in Ω . This notion allows us to talk about geometric properties ofclosed, orientable hypersurfaces (boundaries of sufficiently regular sets) in the languageof functions of bounded variation. Actually, the BV -theory allows to also deal with lessregular objects, opening up the field for geometric measure theory. Unfortunately, analyticallyand computationally, it is much harder to deal with Radon measures in comparison to(weak) derivatives. In the next paragraph, we will hence introduce phase fields as a diffuseapproximation of the perimeter of a set.

Modica-Mortola phase fields. We now come to the Modica-Mortola energy, also knownas Cahn-Hilliard or Ginzburg-Landau functional. It reads
Pε
rvs :“ 12

ż

Ω ε|∇v |2 ` 1
εΨpvq dx , (2.31)

and is defined for functions v P W 1,2pΩq . Here, ε ą 0 is small. The function Ψ : R Ñ Rsatisfies Ψpzq ě 0 for all z P R and Ψpzq “ 0 if and only if z P ta, bu , with a ă b . HenceΨp¨q is called a double-well potential with wells a, b P R . If the parameter ε is small, andthis functional is to be minimized, together with a possible mass constraint for u, or othercontinuous pertubations, the term 1
εΨpvq enforces the function v to stay close to the two

phases v “ a or v “ b , while ε|∇v |2 ensures regularity in the transition between the twophases. The parameter ε hence controls the width of this transition zone. In 1977, Modicaand Mortola were able to show the following sharp interface limit of (2.31) as ε Ñ 0.
Theorem 2.21 (Modica-Mortola, [MM77]). The functionals pPεr¨sqεą0, defined in (2.31), Γ-
converge as ε Ñ 0 in the strong L1-topology to the functional

P0
rvs :“ #

c0Perptx P Ω : vpxq “ au,Ωq , if v P BVpΩ; ta, buq
`8 , else,

with c0 “ şb
a

aΨpzq dz .
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If ε ą 0 is small, (2.31) hence gives a diffuse approximation of the perimeter functional ofa set E , or more specifically, of the area of the boundary between the two sets E XΩ and
Ec XΩ .The construction of the recovery sequence in the proof of the lim sup-inequality of Theo-rem 2.21 gives us an idea of how minimizers of (2.31) look like. By Young’s inequality, thefollowing inequality holds

12
ż

Ω ε|∇v |2 ` 1
εΨpvq dx ě ż

Ω |∇v |
aΨpvq dx ,

with equality if and only if |∇v | “
aΨpvq almost everywhere. In one dimension, this leads tothe ordinary differential equation
v̂ 1psq “

aΨpv̂psqq . (2.32)
Using a slicing argument, cf. [MM77], the one-dimensional optimal profile determined by (2.32)is then used to construct the recovery sequence for the lim sup-inequality of Theorem 2.21, bydefining

vεpxq :“ v̂p´sdistpx, Eq
ε q

for a given set E . Here,
sdistpx, Eq :“ distpx, Eq ´ distpx, Ec

q

is the signed distance function of E Ă Ω .
Example 2.22. Here, we will give two examples of possible choices for the double-well
potential Ψp¨q.

1. Let Ψpzq “ 916p1´ z2q2. Hence, the two wells are a “ ´1 and b “ 1 . The choice of the
factor 916 comes from the computation

c0 “
ż 1
´1

aΨpzq dz “ 34
ż 1
´1p1´ z2

q dz “ 34
ˆ2´ 23

˙

“ 1 .
The optimal profile determined by the ordinary differential equation (2.32), together
with the initial condition

v̂pa` b2 q “ v̂p0q “ 0
then is

v̂psq “ tanhp3s4 q .
Sketches of this double-well potential and the corresponding optimal profile are displayed
in Figure 2.6 on the left. Note that this construction can easily be adapted for double-
well potentials of the form Ψpzq “ cpa ´ zq2pb ´ zq2 with other wells a ă b , and
constant c ą 0 .
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2. Now consider a double-well potential of the form

Ψpzq “ #1´ z2 , if |z| ď 1
`8 , else.

This enforces the phase field to always stay between ´1 and 1 , which are also the two
wells of the function. Then we have

c0 “
ż 1
´1

aΨpzq dz “ ż 1
´1

a1´ z2 dz “ π2 .
The optimal profile given by v̂ 1 “

?1´ v̂2 with initial condition v̂p0q “ 0 is hence given
as

v̂psq “

$

’

&

’

%

sinpsq , if |s| ď π2
´1 , if s ă ´π21 , if s ą π2 .

Sketches of this double-well potential and the corresponding optimal profile are displayed
in Figure 2.6 on the right.

Figure 2.6: Left: Sketches of the double-well potential Ψpzq “ 916p1´ z2q2 (purple, top), andthe optimal profile v̂psq “ tanhp3s4 q (orange, bottom). Right: Sketches of the double-wellpotential : Ψpzq “ 1´ z2, if |z| ď 1 ; Ψpzq “ `8, else (purple, top), and the optimal profile
v̂psq “ sinpsq, if |s| ď π2 ; v̂psq “ ´1, if s ă ´π2 ; v̂psq “ 1, if s ą π2 (orange, bottom).
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Summarizing this paragraph, we saw how the perimeter of a set E can be approximatedby a diffuse phase field function in the variational sense of Γ-convergence. This phasefield formulation is suitable to compute an approximation of the mean curvature flow of thehypersurface that is given by the boundary of this set. This will be leveraged to compute theWillmore flow, as we will explore in Chapter 6. However, if one is interested in approximatingnon-orientable surfaces, or for example a network of curves in two dimensions that havecrossings, another phase field formulation is needed. This is what the following paragraph isabout.
Ambrosio-Tortorelli phase fields. In the previous paragraph, phase field functions withtwo phases were explored. Now we consider phase field functions that only have one phase

v “ 1 , and are only allowed to drop down to zero in a diffuse region around a set of zeroLebesgue measure. We consider the following Ambrosio-Tortorelli energy

AT ε
rvs :“ ż

Ω ε|∇v |2 ` p1´ vq24ε dx .
As in (2.31), ε|∇v |2 ensures regularity, while p1´vq24ε is a penalty term that pushes the phasefield in the single well v “ 1 . This functional was introduced in [AT92] in order to formulatea phase field approximation of the Mumford-Shah functional [MS89]

F0
rφ,Σs :“ ż

ΩzΣ α|∇φ|2 ` βpφ ´ gq2 dx `Hd´1
pΣq , (2.33)

a variational approach to image segmentation. Here, Σ Ă Ω is a closed subset, φ P C 1pΩzΣq ,and α, β ě 0 . In d “ 2 g P L8pΩq has the role of a pixel-valued image that is to beapproximated by a piecewise smooth function φ with jump set Σ . The complete phase fieldfunctional approximating (2.33) reads as
Fε
rφ, vs :“ ż

Ω αpv2
` ηεq|∇φ|2 ` βpφ ´ gq2 dx `AT ε

rvs . (2.34)
Here, pηεqεą is an infinitesimal sequence with ηε

ε Ñ 0 as ε Ñ 0 . The idea is that thephase field v is approximately equal to 1, but drops down to zero around the area where thegradient of φ explodes. In the sharp interface limit as ε Ñ 0 this area shrinks down to thelower-dimensional jump part of φ . The variational phase field approximation (2.34) of (2.33)was proven in 1992 by Ambrosio and Tortorelli:
Theorem 2.23 (Ambrosio-Tortorelli, [AT92]). As ε Ñ 0, the functionals pFεr¨sqεą0, defined in(2.34), Γ-converge in the strong L2pΩq topology to the Mumford-Shah functional (2.33).

In Chapter 5, a phase field model similar to (2.34) is proposed to approximate folds in athin plate. There, the gradient of the deformation jumps along the folds in the sharp interfacelimit.
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Chapter 3

Finite Element Approximation of
Large-Scale Isometric Deformations of
Parametrized Surfaces

In this chapter, the numerical approximation of isometric deformations of thin elastic shellsis discussed. To this end, for a thin shell represented by a parametrized surface, it isshown how to transform the stored elastic energy for an isometric deformation such thatthe highest order term is quadratic. For this reformulated model, the existence of optimalisometric deformations is shown. A finite element approximation is obtained using the DiscreteKirchhoff Triangle (DKT) approach and the convergence of discrete minimizers to a continuousminimizer is demonstrated. In that respect, the work in this chapter generalizes the results byBartels for the approximation of bending isometries of plates. A Newton scheme is derived tonumerically simulate large bending isometries of shells. The proven convergence propertiesare experimentally verified and characteristics of isometric deformations are discussed.
Collaboration. This chapter is a continuation and extension of the work from the author’sMaster’s thesis [Smo21]. As such, it is the result of joint work with Stefan Simon and MartinRumpf that has been published in [RSS22]. In particular, Stefan Simon implemented the finiteelement library that is used for the numerical experiments in this chapter.
We investigate deformations of thin elastic objects and their numerical approximation. Theseobjects are frequently characterized by a small thickness δ ą 0 and a regular and orientabletwo-dimensional midsurface MA. Given an external force fA : MA Ñ R3 acting on thethin object, equilibrium deformations have been extensively studied in the literature. Inparticular, considering the limit of vanishing thickness, Γ-convergence allows to express the3D deformation of the thin object by a 2D deformation of its midsurface.Throughout this chapter, we will restrict ourselves to parametrized surfaces, i.e. MA “

ψApωq for a bounded and connected Lipschitz domain ω Ă R2 and an injective parametrization
ψA P W 3,2pω; R3q. An external force fA P L2pMA; R3q acting on the midsurface is given viasome f P L2pω; R3q on the parameter domain with f “ fA ˝ ψA. The deformed midsurface
MB “ ψBpωq is described by a parametrization ψB P W 2,2pω; R3q. The resulting actualdeformation φ : ψApωq Ñ R3 of the thin shell midsurface ψApωq is then given by φ “ ψB ˝ψ´1

A ,cf. Figure 2.2 and Section 2.2.Following Friesecke et al. [FJMM03], the bending energy WA : W 2,2pω; R3q Ñ r0,8s of
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the deformed object is given by
WA
rψBs :“ #

α2 şωadetgA tr ´Srel
ψBS

rel
ψB

¯ dx if gB “ gA ,
8 otherwise ,

see (2.12). Note that for the relative shape operator (2.13) it holds
tr `Srel

ψBS
rel
ψB

˘

“

ˇ

ˇ

ˇ
g´

12
A pIIB ´ IIAqg

´ 12
A

ˇ

ˇ

ˇ

2
,

as it was derived for a prestrained plate model in [BLS16]. A bending energy on prestrainedplates involving the same integrand was also applied in [BGNY23]. Here, α ą 0 denotesan elastic constant and the condition gB “ gA encodes the metric constraint on the map
φ “ ψB ˝ ψ´1

A , i.e.
∇ψBpxqJ∇ψBpxq “ gBpxq “ gApxq “ ∇ψApxqJ∇ψApxq for a.e. x P ω . (3.1)

Moreover, we define the potential energy by
EpotrψBs :“ ´ ż

ω

adetgA f ¨ ψB dx
and consider clamped boundary conditions on ΓD Ă Bω with H1pΓDq ą 0, i.e.

ψB “ ψA , ∇ψB “ ∇ψA on ΓD. (3.2)
Finally, we ask for a minimizer ψB of the total free energy

Erψs :“ WA
rψs ` Epotrψs “ α2

ż

ω

adetgA tr `Srel
ψ Srel

ψ
˘ dx ´ ż

ω

adetgA f ¨ ψ dx (3.3)
over all ψ P W 2,2pω; R3q satisfying the metric constraint (3.1) and the clamped boundaryconditions (3.2). In a more general setting, other Dirichlet boundary conditions could beconsidered, such as ψB “ φ, ∇ψB “ Φ on ΓD . In general, it is not clear if such a deformation
ψB satisfying the metric constraint (3.1) exists, even if ΦJΦ “ ∇ψJA ∇ψA on ΓD is satisfied.However, with the assumption that admissible deformations exist, the analysis presented inthis chapter could be extended to more general Dirichlet boundary conditions, as in [Bar13].In this work, we are primarily interested in a numerical approximation scheme for theabove variational problem.Our goal is to extend the approximation result of Bartels [Bar13] to the case of curvedsurfaces MA under the assumption that MA is a parametrized surface as described above.For isometric deformations in the flat case, the relative shape operator is symmetric and theFrobenius norm of the relative shape operator is equal to the Frobenius norm of the secondderivative of the deformation, i.e.

tr `Srel
ψBS

rel
ψB

˘

“ tr `pSrel
ψBq

JSrel
ψB

˘

“ |Srel
ψB |

2
“ |D2ψB|2 , (3.4)

which drastically simplifies the computational effort, since the second variation of the corre-sponding bending energy becomes independent of ψB. In that respect, the central insight is asimplification of the relative shape operator similar to (3.4).
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Related work. In [LDR95, LDR96], Le Dret and Raoult obtained a membrane theory describingtangential distortion on the surface. In this chapter, we focus on a bending theory taking intoaccount isometric deformations. For such bending isometries, a first Γ-convergence result wasprovided by Friesecke et al. in [FJM02] by rigorously deriving Kirchhoff’s plate theory fromnonlinear three-dimensional elasticity. In this special case of the two-dimensional midsurfacebeing a flat object, smooth isometric deformations are characterized by the global propertythat they are developable surfaces. This has been shown for smooth isometries by Hartmanand Nirenberg in [HN59]. Moreover, Hornung [Hor11] has proven that this result holds truefor W 2,2-isometries. A geometrically natural generalization of isometry-constrained bendingfunctionals and their stationary solutions has been investigated in [Hor17]. In [FJMM03],Friesecke et al. extended the Γ-convergence result to the case of thin elastic shells, wherethe corresponding midsurface MA is in general allowed to be curved. More precisely, it wasshown that the bending energy depends on the so-called relative shape operator, which wewill detail in this chapter.A conforming finite element approximation of the bending energy for thin elastic shellswould require globally C 1-elements, which are computationally demanding and require aproper notion of discrete isometric deformations. As an alternative, Bonito et al. [BNN21]proposed a discontinuous Galerkin approach for isometric deformations of thin elastic plates,and in [BGNY23] Bonito et al. established a Γ-convergence theory of a local discontinuousGalerkin approach for prestrained plates. In this chapter, we follow Bartels [Bar13], who madeuse of the DKT element to approximate bending isometries in the case of deformations of thinelastic plates. This approach has also been applied in [Bar17] to approximate deformations ofplates for a Föppl–von Kármán model, which has been used to verify a break of symmetryfor deformations of smooth, circular cones. Furthermore, the DKT element was also usedin [BBN17] to approximate bending isometries of bilayer plates. The key ingredient of theDKT element is a non-conforming second derivative with suitable approximation properties.Nodal-wise degrees of freedom for the Jacobian of the deformation enable enforcing theisometry constraint on the nodes of the underlying triangular mesh. Furthermore, Bartelsconsidered a linearization of the isometry constraint and a discrete gradient flow approachto minimize the energy. In [HRS20], Hornung et al. applied the DKT element for a materialoptimization problem on thin elastic plates, where the isometry constraint was strictly enforcedin a second-order scheme.A different approach for computing bending deformations of elastic shells is the discrete
shell paradigm introduced in [GHDS03]. Within this framework, the elastic shell is directlyconceptualized as a discretized geometry composed of triangular elements. A discrete bendingenergy is formulated, measuring the change of dihedral angles between two neighboringtriangles, whereas the discrete counterpart of a membrane energy involves changes of thelengths of edges. Especially in computer graphics, discrete shells are widely used in practice.Recently, Olbermann and Gladbach showed Γ-convergence of a discrete geometry model tothe Willmore energy in [GO23]. In [WBH`07], a family of discrete isometric bending modelsfor triangulated surfaces was derived, which are quadratic in surface positions, under theassumption of isometric surface deformations. Discrete bending and membrane energies canalso be used to study the geometry of the space of discrete surfaces, cf. [HRWW12, HRS`14,HRS`16, HZRS18, SSRC24].
Outline. The outline of this chapter is as follows. In Section 3.1, we will rewrite the totalelastic energy via a simplification of the relative shape operator and prove the existence of
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a minimizing deformation. In Section 3.2, the non-conforming finite element approximationvia the Discrete Kirchhoff Triangle will be revisited and used to discretize the total elasticenergy. Instead of a linearization, we incorporate an exact metric constraint at nodal positions.To solve the resulting constraint optimization problem numerically, we take into account aNewton method for an associated Lagrangian in Section 3.3. Finally, in Section 3.4, wediscuss several selected examples and study the convergence behaviour experimentally.
3.1 Reformulation of the bending energy
In this section, we will show an identity for the Frobenius norm of the relative shape operator
Srel
ψB under the metric constraint. This reformulation will ensure that the dependence ofthe elastic energy on second-order derivatives of the parametrization ψB is quadratic andthe remaining nonlinearity is a quadratic term involving the normal nB in the deformedconfiguration.

Proposition 3.1 (transformed bending energy density). Let ψB “ pψm
B qm“1,2,3 P W 2,2pω; R3q

with ∇ψJB∇ψB “ ∇ψJA ∇ψA almost everywhere in ω. Then, we have the identity tr ´Srel
ψBS

rel
ψB

¯

“

|g´
12

A pIIB ´ IIAqg
´ 12
A |

2 “ B rψBs, where

B rψBs :“ 3
ÿ

m“1 |g
´ 12
A D2ψm

Bg
´ 12
A |

2
´ 2IIB : pg´1

A IIAg´1
A q ` CA (3.5)

where the constant CA depends only on derivatives of ψA.

Proof. Differentiation of BiψB ¨ BiψB “ BiψA ¨ BiψA for i P t1, 2u in direction j P t1, 2u yields
BjBiψB ¨ BiψB “ BjBiψA ¨ BiψA. Similarly, differentiation of BiψB ¨ BjψB “ BiψA ¨ BjψA in direction
i P t1, 2u gives

B
2
i ψB ¨ BjψB ` BjBiψB ¨ BiψB “ B2

i ψA ¨ BjψA ` BjBiψA ¨ BiψAand taking into account the first identity we obtain B2
i ψB ¨ BjψB “ B2

i ψA ¨ BjψA. Altogether,using the fact that the parameter domain is two dimensional, we obtain
BiBjψB ¨ BkψB “ BiBjψA ¨ BkψA @i, j, k P t1, 2u. (3.6)Next, we consider the Gram-Schmidt orthonormalization of the columns of the Jacobian ∇ψB

y1
B :“ 1

|B1ψB|B1ψB , y2
B :“ 1

|ŷ2
B|
ŷ2
B with ŷ2

B :“ B2ψB ´ pB2ψB ¨ y1
Bqy1

B

and define y1
A, y2

A, ŷ2
A analogously for the parametrization ψA.Then, both ty1

B, y2
B, nBu and ty1

A, y2
A, nAu form an orthonormal basis of R3. In particular, weget the orthogonal decomposition

BkBjψB “ pBkBjψB ¨ nBqnB ` pBkBjψB ¨ y1
Bqy1

B ` pBkBjψB ¨ y2
Bqy2

B . (3.7)By the metric constraint |B1ψA| “ |B1ψB| and B2ψA ¨ B1ψA “ B2ψB ¨ B1ψB and consequently
y1
B “

1
|B1ψA|B1ψB , ŷ2

B “ B2ψB ´ pB2ψA ¨ y1
Aq

1
|B1ψA|B1ψB.
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Furthermore, we obtain
|ŷ2
B|

2
“|B2ψB|2 ´ 2pB2ψA ¨ y1

Aq
1

|B1ψA|B1ψB ¨ B2ψB `
ˇ

ˇ

ˇ

ˇ

pB2ψA ¨ y1
Aq

1
|B1ψA|

ˇ

ˇ

ˇ

ˇ

2
|B1ψB|2

“|B2ψA|2 ´ 2pB2ψA ¨ y1
Aq

1
|B1ψA|B1ψA ¨ B2ψA `

ˇ

ˇ

ˇ

ˇ

pB2ψA ¨ y1
Aq

1
|B1ψA|

ˇ

ˇ

ˇ

ˇ

2
|B1ψA|2

“|ŷ2
A|

2.
Taking into account (3.6), it follows that

BkBjψB ¨ y1
B “

1
|B1ψA|BkBjψB ¨ B1ψB “ 1

|B1ψA|BkBjψA ¨ B1ψA “ BkBjψA ¨ y1
A ,

BkBjψB ¨ y2
B “

1
|ŷ2
B|
BkBjψB ¨ ŷ2

B “
1
|ŷ2
A|
BkBjψB ¨ pB2ψB ´ pB2ψB ¨ y1

Bqy1
Bq

“
1
|ŷ2
A|
BkBjψA ¨ pB2ψA ´ pB2ψA ¨ y1

Aqy1
Aq “ BkBjψA ¨ y2

A .

Thus, we obtain
BkBjψB “ pBkBjψB ¨ nBqnB ` pBkBjψA ¨ y1

Aqy1
B ` pBkBjψA ¨ y2

Aqy2
B.

Next, we consider the integrand of the bending energy. Similar to the calculations in [BBN17]in the context of prestrained plates, we can write
ˇ

ˇ

ˇ
g´

12
A pIIB ´ IIAqg

´ 12
A

ˇ

ˇ

ˇ

2
“

ˇ

ˇ

ˇ
g´

12
A IIBg

´ 12
A

ˇ

ˇ

ˇ

2
´ 2pg´ 12

A IIBg
´ 12
A q : pg´ 12

A IIAg
´ 12
A q `

ˇ

ˇ

ˇ
g´

12
A IIAg

´ 12
A

ˇ

ˇ

ˇ

2
.

The last term only depends on the initial configuration ψA and can hence be neglected. Let
g´

12
A “

´

g´
12

A,ij

¯

i,j“1,2. Using |nB|2 “ 1 and the decomposition (3.7), ˇˇ
ˇ
g´

12
A IIBg

´ 12
A

ˇ

ˇ

ˇ

2 can be writtenas
2
ÿ

i,j“1
ˇ

ˇ

ˇ

ˇ

ˇ

2
ÿ

k,l“1g
´ 12
A,ikg

´ 12
A,lj pBkBlψB ¨ nBq

ˇ

ˇ

ˇ

ˇ

ˇ

2
“

2
ÿ

i,j“1
ˇ

ˇ

ˇ

ˇ

ˇ

2
ÿ

k,l“1g
´ 12
A,ikg

´ 12
A,lj pBkBlψB ¨ nBqnB

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

2
ÿ

i,j“1
ˇ

ˇ

ˇ

ˇ

ˇ

2
ÿ

k,l“1g
´ 12
A,ikg

´ 12
A,lj

`

BkBlψB ´
“`

BkBlψA ¨ y1
A
˘

y1
B `

`

BkBlψA ¨ y2
A
˘

y2
B
‰˘

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

2
ÿ

i,j“1
ˇ

ˇ

ˇ

ˇ

ˇ

2
ÿ

k,l“1g
´ 12
A,ikg

´ 12
A,ljBkBlψB

ˇ

ˇ

ˇ

ˇ

ˇ

2
`

2
ÿ

i,j“1
ˇ

ˇ

ˇ

ˇ

ˇ

2
ÿ

k,l“1g
´ 12
A,ikg

´ 12
A,lj

“`

BkBlψA ¨ y1
A
˘

y1
B `

`

BkBlψA ¨ y2
A
˘

y2
B
‰

ˇ

ˇ

ˇ

ˇ

ˇ

2

´ 2 2
ÿ

i,j“1
˜ 2

ÿ

k,l“1g
´ 12
A,ikg

´ 12
A,ljBkBlψB

¸

¨

˜ 2
ÿ

k,l“1g
´ 12
A,ikg

´ 12
A,lj

“`

BkBlψA ¨ y1
A
˘

y1
B`

`

BkBlψA ¨ y2
A
˘

y2
B
‰

¸

.

Since |y1
B|

2 “ |y2
B|

2 “ 1 and y1
B ¨y2

B “ 0, the second term on the right-hand side only dependson ψA and can hence be regarded as constant. The same applies to the third term, consideringthe metric constraint and the calculations made above. Furthermore, we can rewrite, using the
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symmetry of g´ 12
A

pg´
12

A IIBg
´ 12
A q : pg´ 12

A IIAg
´ 12
A q “

2
ÿ

i,j“1
˜ 2

ÿ

k,l“1g
´ 12
A,ik II

kl
B g

´ 12
A,lj

¸˜ 2
ÿ

m,n“1g
´ 12
A,imIImnA g´

12
A,nj

¸

“

2
ÿ

k,l“1 IIklB

˜ 2
ÿ

m,n“1
˜ 2
ÿ

i“1g
´ 12
A,kig

´ 12
A,im

¸

IImnA

˜ 2
ÿ

j“1g
´ 12
A,ljg

´ 12
A,jn

¸¸

“ IIB : pg´1
A IIAg´1

A q

which proves the claim.As an immediate consequence, we obtain the following transformed total free energy.
Corollary 3.2 (transformation of the total free energy). Let ψB P W 2,2pω; R3q with ∇ψJB∇ψB “
∇ψJA ∇ψA almost everywhere in ω. Then, the total free energy (3.3) can, up to a constant, be
rewritten as

ErψBs “
α2
ż

ω

adetgA˜ 3
ÿ

m“1 |g
´ 12
A D2ψm

Bg
´ 12
A |

2
´ 2IIB : pg´1

A IIAg´1
A q

¸ dx (3.8)
´

ż

ω

adetgA f ¨ ψB dx
Using this reformulation, we obtain the following existence result.

Theorem 3.3 (Existence). For the set

A “ tψ P W 2,2
pω; R3

q | ∇ψJ∇ψ “ ∇ψJA ∇ψA a.e. in ω; ψ “ ψA,∇ψ “ ∇ψA on ΓDu
of admissible parametrizations subject to the metric constraint and clamped boundary condi-
tions, and for f P L2pω,R3q there exists a parametrization ψB P A which minimizes the total
free energy Erψs given in (3.8) over all ψ P A .

Proof. We begin remarking that A is nonempty, because ψA P A. To apply the direct methodin the calculus of variations, we at first show the uniform boundedness of a minimizing sequencein W 2,2pω,R3q. To this end, we first estimate for ψ P A

Erψs ěα2
ż

ω

adetgA 3
ÿ

m“1
ˇ

ˇ

ˇ
g´

12
A D2ψmg´

12
A

ˇ

ˇ

ˇ

2 dx
´ α

ż

ω

adetgA ˇˇD2ψ ¨ nrψsˇˇ ˇˇg´1
A IIAg´1

A
ˇ

ˇ dx ´ ż

ω

adetgA |f ||ψ| dx .
using Cauchy-Schwarz’ inequality. Note that ˇˇD2ψ ¨ nrψsˇˇ ď ˇ

ˇD2ψˇˇ again by Cauchy-Schwarzwith |nrψs| “ 1. Thus, since gA and g´ 12
A are uniformly bounded, we obtain

Erψs ě c
∥∥D2ψ∥∥2

L2pωq ´ C
ˆ
ż

ω

ˇ

ˇD2ψˇˇ ˇˇg´1
A IIAg´1

A
ˇ

ˇ dx ` ż

ω
|f ||ψ| dx˙

for generic constants c, C ą 0 depending only on ψA and α . Making use of Poincaré’sinequality and Young’s inequality, we obtain Erψs ě c
∥∥D2ψ∥∥2

L2pωq ´ C . Next, let pψlql Ă A
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be a minimizing sequence with infψPA Erψs “ limlÑ8 Erψls. Then, the last estimate ensuresthat ∥∥ψl∥∥W 2,2pω,R3q ď C . By the reflexivity of W 2,2, there exists a subsequence and a function
ψB P W 2,2pω,R3q s.t. after a reindexing ψl converges weakly to some ψB in W 2,2pω,R3q. Bythe Rellich–Kondrachov compactness theorem, we can extract another subsequence ensuringthat ∇ψlpxq Ñ ∇ψBpxq point-wise almost everywhere. Thus, the limit ψB also fulfills themetric constraint, and by the trace theorem, the clamped boundary conditions. Hence, ψB P A.Furthermore, the sequence of normal fields nrψls is uniformly bounded in L8pω,R3q and
nrψls converges point-wise almost everywhere to nrψBs. Altogether, D2ψl ¨ nrψls convergesweakly in L2pω,R2ˆ2q to D2ψB ¨ nrψBs “ IIB. Finally, the convexity of | ¨ |2 implies that thetotal free energy Er¨s is weakly lower semi-continuous and thereby

ErψBs ď lim inf
lÑ8

Erψls “ inf
ψPA

Erψs .

3.2 Discretization based on the Discrete Kirchhoff Triangle
In this section, we will derive a non-conforming finite element discretization of the total freeenergy and the corresponding discrete metric constraint. This derivation follows the generalapproach proposed by Bartels for discrete deformations of plates in [Bar13]. In addition, werefer to the monograph [Bar15].Based on the DKT element, cf. Section 2.4, we discretize the total free energy (3.8).More precisely, we consider ψH P W3

H to approximate a parametrization ψ P W 2,2pω; R3q.Then, a discrete unit normal field nrψHs is defined as nrψHs :“ 1
|B1ψHˆB2ψH |B1ψH ˆ B2ψH ,and we apply ∇θHrψHs as a discrete (non-conforming) approximation of the Hessian D2ψHin L2pω; R3,2,2q. Furthermore, for the given fixed parametrization ψA P W 3,2pω; R3q define

ψA,H “ IDKTψA P W3
H . Then, we define gH “ ∇ψJA,H∇ψA,H , IIH “ ∇θHrψA,Hs ¨ nrψA,Hs. Letus assume that ψA P W 3,2pω; R3q and fH P L2pω; R3q. In particular, the above coefficients,depending on ψA, are well approximated by their discrete counterparts obtained by theinterpolation in W3

H taking into account the estimates on the discrete gradient operator. Notethat instead of a DKT interpolation ψA,H , we could directly consider ψA evaluated at quadraturepoints. However, if one applies the presented approach to shape optimization (cf. [BCC`21]),one usually wants to optimize ψA. Then, a DKT discretization ψA,H would enable to actuallyperform such an optimization. Now, the discrete transformed bending energy density is givenby
BH rψHs :“ 3

ÿ

m“1 |g
´ 12
H ∇θHrψm

H sg
´ 12
H |

2
´ 2p∇θHrψHs ¨ nrψHsq : pg´1

H IIHg´1
H q (3.9)

Correspondingly, the discrete total free energy is defined as
EHrψHs “

α2
ż

ω

adetgHBH rψHs dx ´ ż

ω

adetgH fH ¨ ψH dx . (3.10)
We aim at minimizing this discrete energy over the following constraint set of discrete
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deformations
AH “

!

ψH P W3
H

ˇ

ˇ

ˇ
∇ψHpzqJ∇ψHpzq “ ∇ψApzqJ∇ψApzq @z P NH ;
ψpzq “ ψApzq,∇ψpzq “ ∇ψApzq @z P NH X ΓD).

Since ψA,H P AH , this set is not empty. In explicit, we require the metric constraint only on thenodes of the triangulation, and the clamped boundary condition is applied solely on boundarynodes.Now, we are in the position to formulate our main theorem on the approximation of large-scale isometric deformations of parametrized surfaces, minimizing the total free energy in thecase of clamped boundary conditions.
Theorem 3.4 (Convergence of discrete solutions). Let pTHqH be a sequence of uniformly regular
triangulations of ω with maximal triangle diameter H ą 0. Furthermore, let ψA P W 3,2pω; R3q
and f P L2pω; R3q and pfHqH be a sequence of force fields in L2pω,R3q weakly converging to
f in L2pω,R3q. Assume that there exists a minimizer ψB of the continuous total free energy
Er¨s (3.8) on A which can be approximated in W 2,2pω; R3q by functions ψρ P W 3,2pω; R3q XA.
Then, for every H ď H̄, for H̄ sufficiently small, there exists a minimizer ψH P W3

H of the
discrete total free energy EHr¨s (3.10) on AH . Furthermore, for pEHr¨sqH with H Ñ 0, let
pψHqH be a sequence of minimizers. Then∥∥θHrψHs∥∥W 1,2pω;R3ˆ2q `

∥∥ψH∥∥
W 1,2pω;R3q ď C

and there exists a subsequence that converges strongly in W 1,2pω; R3q to some
ψ˚ P W 2,2pω; R3q XA. Furthermore, ψ˚ is a minimizer of the energy Er¨s defined in (3.8) on
A.

Finally, let us remark that in the flat case gA “ I2 with ψB P W 2,2pω; R3q and gB “ I2 themapping ψB can be approximated in the strong W 2,2-topology by smooth isometries as shownby Hornung in [Hor11], see also Section 2.3 for more about regularity of isometric immersions.We also refer to the monograph by Bartels [Bar15] for further properties of isometries in theflat case. In the curved case, to the best of our knowledge, such a density result is unclear,since the proof in the flat case is based on the developability by Hartman and Nirenberg in[HN59].
Proof. The general procedure of this proof follows the basic procedure of the convergenceproof given in [Bar13] for the case of plates, in [BBN17] for the case of bilayer plates, and in[BGNY23] for prestrained plates, and uses Γ-convergence arguments. With a slight misuse ofnotation, we do not perform a reindexing when subsequences are selected. Let IHr¨s be thenodal interpolation operator mapping into the space of piecewise affine, globally continuousfunctions in TH .At first, using similar arguments as in the proof of Theorem 3.3 we can bound the discreteenergy EHrψHs for ψH P W3

H from below
EHrψHs ě c

∥∥∇θHrψHs
∥∥2
L2pωq́ C

´∥∥∇θHrψHs
∥∥
L2pωq

∥∥nrψHs∥∥L2pωq̀
∥∥f∥∥L2pωq

∥∥ψH∥∥
L2pωq

¯

,(3.11)
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where ∥∥nrψHs∥∥2
L2pωq equals the area of ω. Based on the nodal metric constraint, which implies

|∇ψHpzq|2 “ |∇ψApzq|2 for all z P NH , and applying an inverse inequality, see [Bra13], weobtain for all t P TH :∥∥|∇ψH |2 ´ IHr|∇ψA|2s∥∥L1ptq ď CH2
t

∥∥D2
p|∇ψH |2q∥∥L1ptq (3.12)

ď CH2
t

´∥∥D3ψH∥∥
L2ptq

∥∥∇ψH
∥∥
L2ptq `

∥∥D2ψH∥∥2
L2ptq

¯

ď CHt
∥∥D2ψH∥∥

L2pT q
∥∥∇ψH

∥∥
L2ptq .Now, using the triangle inequality, Young’s inequality, the nodal metric constraint, and thenorm equivalence estimates (2.22), we obtain∥∥∇ψH

∥∥2
L2ptq ď CHt

´∥∥∇θHrψHs
∥∥2
L2ptq `

∥∥θHrψHs∥∥2
L2ptq

¯

`
∥∥IHr|∇ψA|2s∥∥L1ptq ,and with summation over all t P TH we get∥∥∇ψH

∥∥2
L2pωq ď CH

´∥∥∇θHrψHs
∥∥2
L2pωq `

∥∥θHrψHs∥∥2
L2pωq

¯

`
∥∥IHr|∇ψA|2s∥∥L1pωq .Taking into account the clamped boundary conditions and applying Poincaré’s inequalityfor θHrψHs we achieve ∥∥∇ψH

∥∥2
L2pωq ď CH

∥∥∇θHrψHs
∥∥2
L2pωq ` C . Now, applying Poincaré’sinequality for ψH and Young’s inequality, we obtain ∥∥ψH∥∥

L2pωq ď Cp1`H ∥∥∇θHrψHs
∥∥
L2pωqq.Thus, using that ∥∥fH∥∥

L2pωq is uniformly bounded, and using again Young’s inequality for theterm C
∥∥∇θHrψHs

∥∥
L2pωq

∥∥nrψHs∥∥L2pωq we obtain
EHrψHs ě c

∥∥∇θHrψHs
∥∥2
L2pωq ´ C (3.13)

for H small enough. From this, the continuity of EHr¨s on W3
H , and the norm property of

ψH ÞÑ
∥∥∇θHrψHs

∥∥
L2pωq the existence of a minimizer ψH of EHr¨s follows for h sufficiently smalland ∥∥∇θHrψHs

∥∥
L2pωq ď C . Then, Poincaré’s inequality yields ∥∥θHrψHs∥∥L2pωq ď C . Applyingonce more the norm equivalence estimates (2.22) we obtain ∥∥∇ψH

∥∥
L2pωq ď C .Now, we consider the lim inf inequality. By reflexivity of W 1,2, there exist functions

ψ˚ P W 1,2pω; R3q and θ˚ P W 1,2pω; R3ˆ2q, such that (up to subsequences) ψH converges weaklyto ψ˚ in W 1,2pω; R3q and θHrψHs converges weakly to θ˚ in W 1,2pω; R3ˆ2q . Furthermore, oneobserves by (2.23) ∥∥∇ψH ´ θHrψHs
∥∥
L2pωq ď cH

∥∥∇θHrψHs
∥∥
L2pωq ď CH .By the Rellich–Kondrachov theorem, θHrψHs converges strongly to θ˚ in L2pω; R3q foranother subsequence. Thus, the strong convergence ∇ψH to θ˚ and the weak convergenceof ∇ψH to ∇ψ˚ yields ∇ψ˚ “ θ˚ and in particular ψ˚ P W 2,2pω; R3q. The continuity of thetrace operator W 2,2pω; R3q Ñ W 1,2pΓD; R3q and interpolation estimates imply that ψ˚ fulfillsthe clamped boundary conditions. To verify that ψ˚ fulfills the metric constraint, we estimate∥∥∇ψJH∇ψH ´∇ψJA ∇ψA

∥∥
L1ptq

ď
∥∥∇ψJH∇ψH ´ IHr∇ψJA ∇ψAs

∥∥
L1ptq̀

∥∥IHr∇ψJA ∇ψAs ´∇ψJA ∇ψA
∥∥
L1ptq

ďCHt
∥∥D2ψH∥∥

L2ptq
∥∥∇ψH

∥∥
L2ptq ` CH2

t

´∥∥D3ψA∥∥
L2ptq

∥∥∇ψA
∥∥
L2ptq `

∥∥D2ψA∥∥2
L2ptq

¯

.
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Here, we applied similar interpolation error estimates as in (3.12). Summation over t P THand the fact that ∇ψH Ñ ∇ψ˚ strongly in L2 finally imply that ∇ψ˚J∇ψ˚ “ ∇ψJA ∇ψA a.e.in ω . Since pnrψHsqH is a bounded sequence in L2pω,R3q and ∇ψH converges point-wise to
∇ψ˚ a.e., we have nrψHs Ñ nrψ˚s in L2pω,R3q. Furthermore, due to interpolation estimates,
g´

12
H , g´1

H and IIH converge strongly to g´ 12
A , g´1

A and IIA, respectively. Altogether, recallingthe definitions (3.5) and (3.9), we finally achieve the lim inf-inequality
Erψ˚s ď lim inf

HÑ0 EHrψHs.

With respect to the definition of a recovery sequence, we consider a function ψ P W 3,2pω; R3q XA.For H ą 0, let ψH “ IDKTψ P W3
H be the interpolation of ψ defined on every triangle t P THby ψHpzq “ ψpzq and ∇ψHpzq “ ∇ψpzq for all vertices z P NH X T . Taking into account(2.21), (2.22), and (2.24) we have for every t P TH∥∥θHrψHs ´∇ψ

∥∥
L2ptq `Ht

∥∥∇θHrψHs ´D2ψ∥∥
L2ptq

ď
∥∥θHrψH ´ ψs∥∥L2ptq `

∥∥θHrψs ´∇ψ
∥∥
L2ptq

`Ht

´∥∥∇θHrψH ´ ψs
∥∥
L2ptq `

∥∥∇θHrψs ´D2ψ∥∥
L2ptq

¯

ď c3H2
t

∥∥ψ∥∥
W 3,2ptq . (3.14)

Using the estimate
ˇ

ˇ

ˇ

ˇ

a
|a| ´

b
|b|

ˇ

ˇ

ˇ

ˇ

2
“ 2ˆ1´ |b|

|a| `
pb´ aq ¨ b
|a| |b|

˙

ď 2ˆ |a| ´ |b|
|a| `

|b´ a|
|a|

˙

ď 4 |b´ a|
|a|for a “ B1ψ ˆ B2ψ, b “ B1ψH ˆ B2ψH , and the identity |B1ψ ˆ B2ψ| “ adetp∇ψJ∇ψq “

adetgA which follows from the metric constraint, we get
ż

ω

adetgA |nrψs ´ nrψHs|2 dx ď 4 ż
ω
|pB1ψH ˆ B2ψHq ´ pB1ψ ˆ B2ψq| dx.

Furthermore, by the interpolation estimate (2.21) we obtain∥∥B1ψmB2ψl ´ B1ψH,mB2ψH,l∥∥L1pωq
ď

∥∥B1ψm ´ B1ψH,m∥∥
L2pωq

∥∥B2ψl∥∥L2pωq `
∥∥B1ψH,m∥∥

L2pωq
∥∥B2ψl ´ B2ψH,l∥∥L2pωq ď CH2 ∥∥ψ∥∥2

W 3,2pωqand hence
ˆ
ż

ω

adetgA ˇ

ˇnrψs ´ nrψHs
ˇ

ˇ

2 dx˙ 12
ď CH

∥∥ψ∥∥
W 3,2pωq .Now, let ψB P A be a minimizing isometry for Er¨s. In Theorem 3.3, it is shown that such aminimizer exists. By our assumption, we have

@ρ ą 0 Dψρ P W 3,2
pω; R3

q XA : ∥∥ψB ´ ψρ∥∥W 2,2pω;R3q ă ρ .

Applying the above estimates to ψρ and its interpolation ψρ,H “ IDKTψρ in W3
H and using theestimates (2.21), (2.24) and (3.14) we achieve

ż

ω

adetgH BH rψρ,Hs dx ď ż

ω

adetgA B rψρs dx ` CH ∥∥ψρ∥∥W 3,2 (3.15)
ď

ż

ω

adetgA B rψBs dx ` C `

ρ `H
∥∥ψρ∥∥W 3,2˘
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Now, we choose H “ Hpρq small enough such that
Hpρq

∥∥ψρ∥∥W 3,2pωq ă ρ . (3.16)
and use for the estimation of the potential energy that ψρ,Hpρq converges strongly to ψB in L2to obtain

lim sup
ρÑ0 EHpρqrψρ,Hpρqs ď ErψBs.

Finally, we get
Erψ˚s ď lim inf

ρÑ0 EHpρqrψHpρqs ď lim sup
ρÑ0 EHpρqrψρ,Hpρqs ď ErψBs “ min

ψ̃PA
Erψ̃s ď Erψ˚s.

Hence, ψ˚ is a minimizer of Er¨s.In fact, the coupling of H and the W 3,2-norm of the approximations determines the rate ofconvergence. This rate cannot be predicted under the assumption of this theorem.
3.3 Implementation via Newton’s method
Now, we will describe the numerical implementation to minimize the discrete total energy EHas defined in (3.10) over all discrete isometries φH P AH . First, we observe that a function
ψH P AH “ tφH P W3

H | φHpzq “ ψApzq,∇φHpzq “ ∇ψApzq on ΓDu is determined by itsvalues at the nodes and the values of the gradient at the nodes. So, for the discrete constraintminimization problem, there are 9ˆ|NHzΓD| degrees of freedom. To implement the nodal-wisemetric constraint, we define the Lagrangian
LHrψH , pHs :“ EHrψHs ´ GHrψHsppHq .

Here, EHrψHs is the discrete total free energy and
GHrψHsppHq :“ ż

ω
IH

`“

∇ψHpzqJ∇ψHpzq ´∇ψApzqJ∇ψApzq
‰ : pH˘ dx

with Lagrange multiplier pH P S2ˆ2
H , where S2ˆ2

H denotes the space of continuous piecewiseaffine, symmetric matrices in R2ˆ2. In particular, GHrψHsppHq “ 0 for all pH P S2ˆ2
H isequivalent to an enforcement of the metric constraint on all nodes of the triangulation. Thesaddle point conditions are

BψHLHrψH , pHspvHq “ 0 , BpHLHrψH , pHspqHq “ 0
for all vH P tφH P W3

H | φHpzq “ 0,∇φHpzq “ 0 on ΓDu and for all qH P S2ˆ2
H .To compute a saddle point, we use the Interior Point Optimizer (IPOPT) software libraryintroduced in [WB06]. This library provides a primal-dual barrier method to solve nonlinearoptimization problems of the form

min
xPRn

fpxq , s.t. cpxq “ 0 and xLi ď xi ď xUi , i “ 1, . . . , n ,
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with objective function f : Rn Ñ R, equality constraint function c : Rn Ñ Rm, and vectors
xL P r´8,8qn and xL P p´8,8sn. In our case, the unknown x is the vector representing adeformation ψH , f is the elastic energy, and the isometry constraint is incorporated in theconstraint function c. The boundary conditions are incorporated in the vectors xL and xU ,by setting xLi “ xUi “ pψA,Hqi for all degrees of freedom i that correspond to nodes on theboundary z P NH X ΓD .We apply a Newton scheme for the Lagrangian, which requires the computation of the firstand second variations of the discrete energy EHr¨s and of GHr¨sp¨q, respectively. In IPOPTthis corresponds to setting hessian_approximation to exact. Here, we take into accountthe default backtracking strategy by setting line_search_method to filter. As stoppingcriterion we set tol to 10´12. For the required integral evaluations, we implemented a Gaussquadrature of degree 6 with 12 quadrature points. For the ease of presentation, we considerthe continuous Lagrangian

Lrψ, ps “ Erψs ´ Grψsppqwith Grψsppq “
ş

ω
`

∇ψJ∇ψ ´∇ψJA ∇ψA
˘ : p dx and provide first and second variationsof Er¨s and of Gr¨sp¨q, respectively. Here, X : Y denotes the canonical scalar productfor tensors X and Y . The transfer to the discrete counterparts is straightforward. Theenergy is given by Erψs “ α2 şωadetgAB rψs dx ´ ş

ω

adetgAf ¨ ψ dx , where we can write
B rψs “

ř3
m“1 `g´1

A D2ψmg´1
A
˘ : D2ψm´2 `D2ψ ¨ nrψs˘ : `g´1

A IIAg´1
A
˘. For the first and secondvariation, we obtain

BψErψspvq “
α2
ż

ω

adetgABψB rψs pvq dx ´ ż

ω

adetgAf ¨ v dx ,
B

2
ψErψspv, wq “

α2
ż

ω

adetgAB2
ψB rψs pv, wq dx

where
BψB rψs pvq “2 3

ÿ

m“1
`

g´1
A D2ψmg´1

A
˘ : D2vm

´ 2 `D2v ¨ nrψs `D2ψ ¨ Bψnrψspvq˘ : `g´1
A IIAg´1

A
˘

,

B
2
ψB rψs pv, wq “2 3

ÿ

m“1
`

g´1
A D2wmg´1

A
˘ : D2vm

´ 2 `D2v ¨ Bψnrψspwq `D2w ¨ Bψnrψspvq˘ : `g´1
A IIAg´1

A
˘

´ 2 `D2ψ ¨ B2
ψnrψspv, wq

˘ : `g´1
A IIAg´1

A
˘

.

To compute the first and second variation of the normal field nrψs, we recall the definitionof the metric grψs “ ∇ψJ∇ψ in the deformed configuration and observe that |nrψs|2 “ 1implies 0 “ Bψp|nrψs|2qpvq “ 2nrψs ¨ Bψnrψspvq .Hence, there exist α1, α2 P R s.t. Bψnrψspvq “ α1B1ψ ` α2B2ψ and therefore
Bψnrψspvq ¨ Bkψ “ α1grψsk1 ` α2grψsk2 .Furthermore, 0 “ Bψpnrψs ¨ Bkψqpvq “ Bψnrψspvq ¨ Bkψ ` nrψs ¨ Bkv
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implies
grψspα1, α2qJ “ ∇ψJBψnrψspvq “ ´∇vJnrψsand thus

pα1, α2qJ “ ´grψs´1∇vJnrψs .Finally, for the first variation of nrφs, we obtain
Bψnrψspvq “ ´∇ψgrψs´1∇vJnrψs.

For the second variation, we obtain
B

2
ψnrψspv, wq “ ´∇wgrψs´1∇vJnrψs ´∇ψBψ

`

grψs´1˘
pwq∇vJnrψs

´∇ψgrψs´1∇vJBψnrψspwq.

where Bψ `grψs´1˘ pwq can be evaluated taking into account
0 “ Bψ `grψs´1grψs˘ pwq “ Bψ `grψs´1˘

pwqgrψs ` grψs´1
Bψ pgrψsq pwqand Bψ pgrψsq pwq “ ∇wJ∇ψ `∇ψJ∇w , which implies

Bψ
`

grψs´1˘
pwq “ ´ grψs´1

Bψ pgrψsq pwqgrψs´1
“´ grψs´1 `∇wJ∇ψ `∇ψJ∇w

˘

grψs´1 .
Based on this, we straightforwardly obtain

BψGrψsppqpvq “
ż

ω

`

∇vJ∇ψ `∇ψJ∇v
˘ : p dx ,

B
2
ψGrψsppqpv, wq “

ż

ω

`

∇vJ∇w `∇wJ∇v
˘ : p dx .

We remark that a proof of convergence of the second-order method would require invertibilityof the Hessian D2L, which we have always obtained in our numerical computations. However,note that the Hessian D2E is, in general, not invertible.Finally, note that an algorithmic generalization on multiple charts would be straightforward.E.g. for two DKT charts ψ1
B, ψ2

B of the deformed configuration corresponding to given DKTcharts φ1
A, φ1

A, which share degrees of freedom on the common boundary S “ BM1
AXBM2

A, werequire consistency of the DKT degrees of freedom, i.e. ψ1
Bpzq “ ψ2

Bpzq and ∇ψ1
Bpzq “ ∇ψ2

Bpzqfor all z P SH .
3.4 Numerical results
In this section, the presented method is applied for specific choices of ψA, f , and ω, andfor α “ 112 . In all our examples, we consider a sequence of triangulations on ω, generatedby uniform, regular (so-called red) refinement starting from a coarse rectangular mesh witheach rectangular cell subdivided into two triangles. We use ψA as initialization for ψB onthe coarsest mesh. On a refined mesh, we use a prolongation of the result on the previouscoarser mesh as an initialization. In the first three examples, the surfaces are parametrizedover the unit square ω “ p0, 1qˆ p0, 1q and the part of the boundary for the clamped boundary
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condition is set to ΓD “ t0uˆr0, 1s. Furthermore, we will also consider an L-shaped parameterdomain. Finally, an example with modified boundary conditions is shown.
(1) Square-shaped plate. In the first experiment, the undeformed surface is a flat unit square in
R3 with ψApx1, x2q “ px1, x2, 0qJ and fpx1, x2q “ p0, 0,´0.1qJ. Thus, akji “ 0 for all i P t0, 1, 2uand k, j P t1, 2u. Note that this flat case is already covered by Bartels [Bar13]. However,as mentioned above, our numerical method differs in the enforcement of a nodal-wise metricconstraint as in [HRS20] instead of the linearization of the constraint in a gradient descent.In Table 3.1, for decreasing grid size H , the minimal discrete energy, the isometry error in L1,the L1-norm of the discrete Gauss-curvature KHrψHs “ detpgrψHs´1∇θHrψHs ¨ nrψHsq with
∇θHrψHs ¨nrψHs “

´

ř3
l“1 nlrψHsBkθjHrψl

Hs
¯

k,j“1,2 and the L2 approximate error in the Hessianof the energy are shown. Since we do not know the minimizer of this problem explicitly,we compare the discrete Hessian of the discrete minimizer for grid size H to the discreteHessian of the finest solution with grid size H˚ “ 0.0014. For a numerical quadrature, weprolongate functions onto the finest mesh. We obtain an approximate linear convergencerate for ∇θrψHs. This rate coincides with the rate for the DKT interpolation on W 3,2pω,R3qas stated in Section 3.2. Note that this is the same convergence rate as obtained for thelinearized gradient flow scheme in [Bar13]. Furthermore, the convergence of the isometryerror is of second order, whereas theoretically we can only guarantee a linear convergencerate. Compare here the results in Table 3.4. By Gauss’s theorema egregium, a smooth surfaceisometric to the plate has a vanishing Gaussian curvature. Here, we observe that KH indeedapproaches zero, with approximately linear order of convergence.
H EHrψHs

∥∥grψHs ´ gA∥∥
L1

∥∥KHrψHs∥∥L1
∥∥∇θHrψHs ´∇θH˚rψH˚s

∥∥
L20.0442 0.00595312 5.332e-05 0.0009403 0.008990.0221 0.00595271 1.329e-05 0.0002892 0.0034550.0111 0.00595210 3.324e-06 0.000140 0.0017110.0055 0.00595195 8.310e-07 6.928e-05 0.0008470.0028 0.00595191 2.078e-07 3.438e-05 0.00041390.0014 0.00595190 5.194e-08 1.712e-05 -

Table 3.1: Experimental convergence evaluation for example (1): grid size, discrete energy,isometry error in L1, L1 norm of the discrete Gaussian curvature, and approximate L2 error forthe Hessian.
(2) Half Cylinder. In the second experiment, we consider

ψA : r0, 1s2 Ñ R3; ψApx1, x2q “ `

π´1 sinpπx1q, x2, π´1 cospπx1q˘J ,which isometrically parametrizes a half-cylinder as the undeformed configuration and applythe loads
f1px1, x2q “ p0, 1, 0qJ , f2px1, x2q “

#

p´8, 1, 0qJ if px1, x2qJ P r0, 12s ˆ r12 , 1s ,
p0, 1, 0qJ else .

In Table 3.2, we list the same quantities as for example (1), now for both loads f1 and f2.Since the half cylinder is isometric to the plate, an isometric deformation of it should also
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have vanishing Gaussian curvature. Here, we observe a less-than-linear experimental rateof convergence of the discrete Gaussian curvature, whereas the convergence of the discreteHessian again appears to be linear. In Figure 3.1, the undeformed cylinder parametrized by
ψA, and the different discrete deformations of the half cylinder due to the two different loadsare displayed from different perspectives for the numerical results on the finest grid size. Here,the elongated box attached to the surfaces illustrates the clamped boundary condition.

1.1e´ 06

2.0e´ 08

6.7e´ 10

9.1e´ 06

1.0e´ 07

2.8e´ 09Figure 3.1: Left: Undeformed configuration for example (2). Middle: Deformed con-figuration for load f1 and color-coded corresponding to an element-wise evaluation of∥∥∇θHrψHs ´∇θH˚rψH˚s
∥∥
L2pT q for H “ 0.0028, H˚ “ 0.0014 with associated deformation

ψH˚ using logarithmic scaling. Right: the same for load f2.
H EHrψHs

∥∥KHrψHs∥∥L1
∥∥∇θHrψHs ´∇θH˚rψH˚s

∥∥
L2

f1 f2 f1 f2 f1 f20.0442 0.0416 1.0628 0.1164 0.4478 0.2927 0.71810.0221 0.0386 1.0427 0.0703 0.2545 0.1497 0.35900.0111 0.0377 1.0367 0.0413 0.1537 0.0854 0.20640.0055 0.0376 1.0346 0.0249 0.0906 0.0489 0.12050.0028 0.0373 1.0338 0.0150 0.0523 0.0255 0.06250.0014 0.0372 1.0335 0.0093 0.0309 - -
Table 3.2: Experimental convergence evaluation for example (2): grid size, discrete energy, L1norm of the discrete Gaussian curvature and approximate L2 error in the Hessian for loads f1and f2.
(3) Saddle-shaped surface. We consider a saddle-shaped surface as reference configurationparametrized via

ψApx1, x2q “ `

x1, x2, 12 `px1 ´ 12q2 ´ px2 ´ 12q2˘˘J . (3.17)
over the unit square. Obviously, ψA is no isometric deformation of ω. Figure 3.2 showsthe undeformed saddle and two different deformed configurations for f1px1, x2q “ p0, 0,´1qJand f2px1, x2q “ p0, 0,´2.5qJ, respectively. In Table 3.3, the discrete energies, and theexperimental convergence of the discrete Gaussian curvature and the discrete Hessian fordecreasing grid size h are shown for both forces. As approximate ground truth, we consider
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again the evaluation on the finest grid. Different from the first two examples, where thereference configurations are isometric to a planar domain (the plate and the half cylinder), weobserve a less than linear experimental order of convergence, both for the Gaussian curvature,and for the discrete Hessian. Here, let us recall that Theorem 3.4 only applies to functionsthat can be approximated by smooth isometries. In fact, we can only guarantee W 2,2 regularityfor a minimizer ψB due to the lower bound for the continuous energy. However, for theestimate (3.15), we require an approximation of ψB in W 3,2 which is isometric to ψA. Thisapproximation result was proven by Hornung [Hor11] in the flat case, where he essentiallymade use of the property that smooth isometries are developable. On this background, ageneralization of Hornung’s result remains unclear in the general case of curved surfaces.Here, we actually need the smooth approximation property as an additional assumption.Furthermore, the dependence of H on ρ and the W 3,2 norm of the approximation in (3.16)impacts the resulting convergence rate.
4.1e´ 04

5.0e´ 06

3.0e´ 08

2.4e´ 04

8.0e´ 07

2.2e´ 09Figure 3.2: Left: Undeformed configuration for example (3). Middle: Deformed con-figuration for load f1 and colorcoded corresponding to an element-wise evaluation of∥∥∇θHrψHs ´∇θH˚rψH˚s
∥∥
L2pT q for H “ 0.0028, H˚ “ 0.0014 using logarithmic scaling. Right:the same for load f2.

H EHrψHs
∥∥KHrψHs ´ KH˚rψH˚s∥∥L1pωq

∥∥∇θHrψHs ´∇θH˚rψH˚s
∥∥
L2pωq

f1 f2 f1 f2 f1 f20.0442 0.3236 1.2792 0.4212 0.9486 1.5903 3.53780.0221 0.2442 1.1052 0.2666 0.9135 1.0699 2.57710.0111 0.2136 1.0062 0.1989 0.7499 0.8182 2.34270.0055 0.1975 0.9190 0.1212 0.5657 0.6336 2.08940.0028 0.1843 0.8203 0.0520 0.3510 0.4046 1.56130.0014 0.1745 0.7077 - - - -
Table 3.3: Experimental convergence evaluation for example (3): grid size, discrete energy,approximate L1 error of the discrete Gaussian curvature, and approximate L2 error in theHessian for loads f1 and f2.
(4) L-shaped saddle-shaped surface. In this example, the parameter domain is given by anL-shape ω “ p0, 12qˆp0, 12qYp0, 1qˆp12 , 1q. We consider the initial configuration parametrizedby ψA as defined in (3.17). The clamped boundary conditions are enforced on ΓD “ t1uˆr12 , 1sand two different loads

f1px1, x2q “ p0, 0,´1qJ , f2px1, x2q “
#

p´5, 0,´2qJ if px1, x2q P r0, 12s ˆ r0, 12s ,
p0, 0,´2qJ else .
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4.9e´ 04

3.0e´ 07

1.1e´ 10

2.6e´ 03

1.0e´ 05

2.0e´ 08Figure 3.3: Left: Undeformed configuration for example (4). Middle: Deformed con-figuration for load f1 and color-coded corresponding to an element-wise evaluation of∥∥∇θHrψHs ´∇θH˚rψH˚s
∥∥
L2pT q for H “ 0.0028, H˚ “ 0.0014 using logarithmic scaling. Right:the same for load f2.

are applied. In Figure 3.3, the undeformed and the deformed configurations are shown.
(5) Saddle-shaped surface with different boundary conditions. In this last example, weconsider as in (3.17) an initial configuration parametrized by ψA over the unit square ω “ p0, 1q2.Instead of applying a force, we now enforce a deformation by imposing a modified clampedboundary conditions, namely ψBpxq “ ψApxq ` 316 for x P t0u ˆ r0, 1s, ψBpxq “ ψApxq ´ 316for x P t1u ˆ r0, 1s and ∇ψBpxq “ ∇ψApxq on t0u ˆ r0, 1s Y t1u ˆ r0, 1s. In Figure 3.4, theundeformed and the resulting deformed configuration are shown.

1.3e´ 03

1.0e´ 05

1.7e´ 07Figure 3.4: Left: undeformed configuration of example (5). Right: different views of the deformedconfiguration with prescribed boundary conditions, one image color-coded corresponding toan element-wise evaluation of ∥∥∇θHrψHs ´∇θH˚rψH˚s
∥∥
L2pT q for H “ 0.0028, H˚ “ 0.0014using logarithmic scaling.

In Table 3.4, for decreasing grid size h, we depict the isometry error in L1, the L1-norm ofthe discrete Gauss-curvature, and the L2 approximate error in the Hessian of the energy. Asproven in Theorem 3.4, we obtain a linear convergence rate of the isometry error in L1. Notethat in this case, an approximation result of the admissible deformations by W 3,2 functions isunknown. In accordance, we only obtain a sublinear convergence rate for the approximatesecond derivative.
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H
∥∥grψHs ´ gA∥∥

L1pωq
∥∥KHrψHs ´ KH˚rψH˚s∥∥L1pωq

∥∥∇θHrψHs ´∇θH˚rψH˚s
∥∥
L2pωq0.0442 0.1025 2.3768 6.44160.0221 0.0441 2.2603 5.03290.0111 0.0168 1.8826 4.15740.0055 0.0078 1.2785 3.46130.0028 0.0041 0.7431 2.56700.0014 0.0025 - -

Table 3.4: Experimental convergence evaluation for example (5): grid size, isometry error in
L1, L1 norm of the discrete Gaussian curvature, and approximate L2 error for the Hessian.
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Chapter 4

Two-Scale Finite Element Approximation
of a Homogenized Plate Model

This chapter studies the discretization of a homogenization and dimension reduction modelfor the elastic deformation of microstructured thin plates proposed by Hornung, Neukamm,and Velčić [HNV14]. There, the derived nonlinear bending energy is based on a homogenizedquadratic form, which acts on the second fundamental form associated with the elasticdeformation. Convergence is proved for a multi-affine finite element discretization of the involvedthree-dimensional microscopic cell problems and a discrete Kirchhoff triangle discretizationof the two-dimensional isometry-constrained macroscopic problem. Finally, the convergenceproperties are numerically verified in selected test cases and qualitatively compared withdeformation experiments for microstructured sheets of paper.
Collaboration. This chapter is the result of joint work with Stefan Simon and Martin Rumpfthat has been published in [RSS24]. In particular, Stefan Simon implemented the finite elementlibrary that is used for the numerical experiments in this chapter.
In this chapter, the numerical approximation of a homogenized model of a thin plate is in-vestigated. We will pick up the model derived in [HNV14], and derive a discretization andapproximation of this model, using the heterogeneous multiscale method (HMM) [EMZ05].To this end, we consider the straightforward generalization to macroscopically varying mi-crostructures. Hornung et al. in [HNV14] combined methods from [FJM02] with homogenizationto derive a homogenized nonlinear plate model from three-dimensional nonlinear elasticityvia simultaneous homogenization and dimension reduction. They considered a plate withthickness δ ą 0 with a three-dimensional periodic microstructure of size ε ą 0, composedof elastic material, which is homogeneous in the vertical direction. The derived limit energyis the integral over a quadratic form acting on the second fundamental form of the elasticdeformation and describing the effective deformation of the plate. This quadratic form de-scribes the effective behavior in the simultaneous limit for vanishing plate thickness δ andmicrostructure size ε with fixed ratio γ “ δ

ε It results from a minimization problem on the unitcell similar to the usual corrector problem in two-scale models [EEH03, AB05]. In [HNV14],as revisited in Section 2.2, solely a macroscopically homogeneous microstructure was takeninto account. In [BNPGS23], Böhnlein et al. extended this theory to the case of piecewiseconstant macroscopic dependence on grain domains. Here, we consider the more general caseof a macroscopically varying microstructure. Introducing the macroscopic variable x P ω we
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consider the linearized elasticity density
Q3 : ω ˆ Y 1 ˆ R3ˆ3

Ñ R; px, y1, Gq Ñ Q3
px, y1, Gq (4.1)

on the fundamental cell Y , which is assumed to be quadratic in the third argument. Inparticular, for fixed macroscopic position x , the material properties are constant in the y3direction and depend solely on y1.In fact, we consider the homogenized elastic energy
Wγ
rψs “

#

ş

ωQ
2,γpx, D2ψpxq ¨ nrψspxqq dx , ψ P A,

`8 , else, (4.2)
where x P ω denotes the macroscopic variable, and

A “ tψ P W 2,2
pω; R3

q : ∇ψJ∇ψ “ I2 a.e. in ωu .
We assume that Q2,γ : ωˆ R2ˆ2sym Ñ R results from a microscopic optimization problem rescaledto the fundamental cell Y similar to (2.17) and reads as

Q2,γ
px, Aq “ inf

θPV

ż

Y
Q3
px, y1, ιpy3Aq `∇γθpyqq dy , (4.3)

δ
ε ε

Figure 4.1: Thin plate with thickness δ and macroscopically varying in-plane microstructurewith size ε.
This is illustrated in Figure 4.1 for a material with macroscopically varying energy densityreflecting two phases (red and white). Here,

Q3
px, y1, Gq “ µpx, y1q

ˇ

ˇ

ˇ

G`GJ2
ˇ

ˇ

ˇ

2
`
λpx, y1q2 |tr pGq|2

is defined on ω ˆ Y 1 ˆ R3ˆ3 with Lamé-Navier parameters µpx, y1q and λpx, y1q defined asfunctions on ω ˆ Y 1.
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Finally, given a force f P L2pω; R3q and clamped boundary conditions on a set ΓD Ă Bω,with H1pΓDq ą 0, we ask for a minimizer of the homogenized and dimension reduced totalfree energy
Erψs “

#

Wγrψs ´
ş

ω fpxq ¨ ψpxq dx , ψ P ABC
`8 , else (4.4)

with constraint set ABC :“ tψ P A : ψ “ φ , ∇ψ “ ∇φ on ΓDu, for some fixed φ P A repre-senting the clamped boundary conditions. In particular φ itself is in ABC.
Related work. The case where ε2 ď δ ď ε was discussed by Velčić in [Vel15]. A homogenizedvon Kármán plate theory was derived in [NV13]. Böhnlein et al. extended theory from[HNV14] to homogenized prestrained plates in [BNPGS23], which was applied to model self-shaping wooden composite bilayers in [BNRS25]. A two-scale discretization of a homogenizedprestrained plate model, based on the DKT-element, was recently developed in [BNS25].In [NO15], Neukamm and Olbermann considered the spatial periodic homogenization in thecontext of nonlinear bending functionals for plates. In this case, the limit functional is notsimply a quadratic function of the second fundamental of the deformed plate. In [dBDS21], deBenito Delgado and Schmidt investigated the plate theory limit for heterogeneous multilayerswith material parameters varying strongly in vertical direction. The derivation of a homogenizedbending-torsion theory for inextensible rods was established in [Neu12]. Recently, Böhnleinet al. [BBN`25] discussed the (non-)commutativity of homogenization and dimension reductionlimits for the derivation of prestrained microheterogeneous plate models.HMM was introduced in [EE03] to compute solutions to problems, where separation of(multiple) scales occurs. If the data of the problem is oscillating on a small scale (as in theproblem described in this chapter), it is often out of reach to fully resolve the data. Instead,one is interested in the effective macroscopic behavior of the problem. In most cases, apart fromtoy problems in one dimension, the effective macroscopic problem cannot explicitly be writtendown, but has to be computed as the solution of a problem on the unit cell. In [EMZ05], errorestimates for HMM were given under the assumption that the solutions to the microscopicproblems were given. In [Abd05] and [Abd06], the fully discrete HMM for linear elliptic andelastic problems was analyzed.The minimization of the homogenized nonlinear bending energy leads to a fourth-ordersystem of Euler-Lagrange equations. We will again make use of the nonconforming DKTelement, which only requires fulfilling the isometry constraint at the nodes of the triangulation.
Outline. This chapter is organized as follows: In Section 4.1, the model we consider isformulated, the associated corrector problem is derived and the isometry constraint is usedto rewrite the bending energy such that it is quadratic in the Hessian of the deformation.Then, Section 4.2 presents the numerical approximation of the microscopic problem, and inSection 4.3, as the main result of this chapter, the convergence of the fully discrete two-scaleproblem to the continuous two-scale problem is stated. The proof relies on Γ-convergence anduses the paradigm of the heterogeneous multiscale method. Finally, in Section 4.4, detailson the implementation of the numerical method are presented, the results of several numericalexperiments are shown and the convergence behavior is quantitatively analyzed. Furthermore,we compare the simulation results with mechanical experiments for microstructured sheets ofpaper.
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4.1 A quadratic homogenized plate bending energy
In what follows, we rewrite the bending energy (4.4). As it was proved in [BNPGS23], byPoincare’s and Korn’s inequality using the L2-orthogonality of ιpy3Aq and ∇γθ for θ P V, forevery A P R2ˆ2sym , and x P ω, there exists a unique θpx, A, ¨q P V such that

Q2,γ
px, Aq “

ż

Y
Q3
px, y1, ιpy3Aq `∇γθpx, A, yqq dy . (4.5)

This solution θpx, A, ¨q solves the Euler-Lagrange equation
ż

Y

`

C3
px, y1q∇γθpyq

˘ : ∇γvpyq dy “ ´ ż

Y

`

C3
px, y1qιpy3Aq˘ : ∇γvpyq dy (4.6)

for all v P V, where C3px, y1q P R3ˆ3ˆ3ˆ3 denotes the linearized elasticity tensor associatedwith the quadratic form Q3px, y1, ¨q for px, y1q P ω ˆ Y , i.e.
`

C3
px, y1qpιpy3Aq `∇γθq

˘ : pιpy3Aq `∇γθq :“ Q3
px, y1, ιpy3Aq `∇γθq (4.7)

for all A P R2ˆ2sym , θ P V. From its definition, the symmetries C3
ijkl “ C3

jikl “ C3
ijlk “ C3

klij for all
i, j, k, l P t1, 2, 3u are deduced.Since Q3px, y1, ¨q is quadratic, the solution θpx, A, ¨q of the Euler-Lagrange is linear in Afor every x P ω. Hence, Q2,γpx, ¨q is a quadratic form on R2ˆ2sym for every x P ω. Furthermore,there are constants 0 ă α ă β such that

α12 |A|2 ď Q2,γ
px, Aq ď β12 |A|2 (4.8)

for all A P R2ˆ2sym , see [HNV14].Using the isometry constraint ∇ψJ∇ψ “ I2 one can simplify the nonlinear term D2ψ ¨nrψsin (4.4). A similar argument was presented in [Bar15], and adapted in [RSS22] for the caseof isometric deformations of shells. In [BGNY22, Proposition 1], an analogous result for aspecific energy density in the prestrained case was derived using Christoffel symbol calculus.
Proposition 4.1. Let ψ P A. Then we have the identity

Q2,γ
px, D2ψpxq ¨ nrψspxqq “ 3

ÿ

m“1Q
2,γ
px, D2ψmpxqq .

Proof. In the following, we write n “ nrψs for the sake of simplicity. Differentiation of
Biψ ¨ Biψ “ 1 for i P t1, 2u in direction j P t1, 2u yields BjBiψ ¨ Biψ “ 0. Similarly, differen-tiation of Biψ ¨ Bjψ “ 0 for j ‰ i in direction i P t1, 2u gives B2

i ψ ¨ Bjψ ` BjBiψ ¨ Biψ “ 0 .Altogether, using the fact that the parameter domain is two-dimensional, we obtain BiBjψ ¨Bkψ “0 @i, j, k P t1, 2u. Now, writing BiBjψ in terms of the orthonormal basis tB1ψ, B2ψ, nu, theidentity BiBjψ “ pBiBjψ ¨ nqn` pBiBjψ ¨ B1ψqB1ψ ` pBiBjψ ¨ B2ψqB2ψ “ pBiBjψ ¨ nqn holds.
For x P ω, since Q2,γpx, ¨q is quadratic, there exists a tensor C2,γpxq P R2ˆ2ˆ2ˆ2, such thatfor all A P R2ˆ2

Q2,γ
px, Aq “

2
ÿ

i,j,k,l“1 C2,γ
ijklpxqAijAkl .
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Since |n| “ 1 we can write
Q2,γ

px, D2ψ ¨ nq “ 2
ÿ

i,j,k,l“1 C2,γ
ijklpxqpBiBjψ ¨ nqpBkBlψ ¨ nq|n|2

“

2
ÿ

i,j,k,l“1 C2,γ
ijklpxq

3
ÿ

m“1pBiBjψ ¨ nqnmpBkBlψ ¨ nqnm
“

3
ÿ

m“1
2
ÿ

i,j,k,l“1 C2,γ
ijklpxqBiBjψmBkBlψm “

3
ÿ

m“1Q
2,γ
px, D2ψmq .

In the following, with a slight misuse of notation, we write Q2,γpx, D2ψq instead of
ř3

m“1Q2,γpx, D2ψmq. Hence, the total free energy (4.4) reads as
Erψs “

#

ş

ωQ
2,γpx, D2ψpxqq dx ´ ş

ω fpxq ¨ ψpxq dx , ψ P ABC,
`8 , else. (4.9)

Since Q2,γpx, ¨q is convex, by the lower order isometry constraint, the existence of minimizersfor clamped boundary conditions induced by φ P A and force f P L2pω; R3q follows by thedirect method.
4.2 Discretization of the microscopic problem
In this section, we investigate the finite element approximation of the microscopic minimizationproblem (4.3). In what follows, we will use generic constants in the estimates. Let Mh be aregular hexahedral mesh partition of Y , with cells c P Mh and define the finite element space

Vh :“  

θh P C 0
pY ; R3

q : θhpyq “ pBy1, 0qJ ` φhpyq ,
B P R2ˆ2sym , φh|c multi-affine @c P Mh , φhpyq Y -periodic in y1 , ż

Y
φh “ 0 dy(.

On every c P Mh we consider a numerical quadrature scheme with quadrature points
rc,i “ pr1c,i, rc,3,iq P c, i “ 1 . . . k , and weights νi ą 0, which is exact on tri-affine functions.Furthermore, we assume that the set of quadrature points trc,iui“1,...,k is unisolvent with respectto the set of tri-affine functions in the sense of [Cia78, Section 2.3]. Actually, we consider aquadrature scheme defined on a reference cell and transferred by the tri-affine reference mapto the actual cell. Then, for A P R2ˆ2sym , and for a macroscopic position x P ω we make use ofthis quadrature and define the discrete quadratic form

Q2,γ
h px, Aq :“ inf

θhPVh

´

ÿ

cPMh

|c|
k
ÿ

i“1 νiQ
3
px, r1c,i, ιprc,3,iAq `∇γθhprc,iqq

¯ (4.10)
as the discrete counterpart of (4.3). Let us remark that microscopic approximation error
Q2,γ
h px, Aq ´ Q2,γpx, Aq is numerically evaluated and referenced in the numerical estimates(4.24) solely at macroscopic quadrature points (cf. Section 4.3).
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The above assumptions on the exactness of the quadrature scheme and the unisolventproperty of the set of quadrature nodes imply that
α̃12 |A|2 ď Q2,γ

h px, Aq ď
β̃12 |A|2 (4.11)

for all A P R2ˆ2sym , using the strong coercivity of Q3px, y1, ¨q, with 0 ă α̃ ă β̃ that depend on thereference quadrature rule, as pointed out in [BNS25].This ensures that there exists a unique θhpx, A, ¨q P Vh with
Q2,γ
h px, Aq “

ÿ

cPMh

|c|
k
ÿ

i“1 νiQ
3
px, r1c,i, ιprc,3,iAq `∇γθhpx, rc,i, Aqq , (4.12)

which solves the linear system
ÿ

cPMh

|c|
k
ÿ

i“1 νi
`

C3
px, r1c,iq∇γθhpx, rc,i, Aq

˘ : ∇γvhprc,iq

“ ´
ÿ

cPMh

|c|
k
ÿ

i“1 νi
`

C3
px, r1c,iqιprc,3,iAq˘ : ∇γvhprc,iq (4.13)

with rc,i “ pr1c,i, rc,3,iq and for all vh P Vh.The following proposition gives estimates for the finite element approximation of themicroscopic problem:
Proposition 4.2. Let A P R2ˆ2

sym and x P ω and suppose that the elasticity tensor C3 is bounded
in W 1,8pω ˆ Y 1,R3ˆ3ˆ3ˆ3qq. Furthermore, we assume that the quadrature scheme is exact on
the set of tri-affine functions and unisolvent with respect to this set. Then for θpx, A, ¨q P V
and θhpx, A, ¨q P Vh denoting the solutions to (4.6) and (4.13), respectively, there exists a
constant C ą 0 depending on γ and on C3, such that∥∥θhpx, A, ¨q ´ θpx, A, ¨q∥∥W 1,2pY ;R3qďCh|A| ,

ˇ

ˇ

ˇ
Q2,γ
h px, Aq ´Q2,γ

px, Aq
ˇ

ˇ

ˇ
ďCh|A|2 . (4.14)

If the quadrature in the definition of Q2,γ
h px, Aq (cf. (4.10)) is exact, i.e.

ż

c

`

C3
px, y1q∇uhpyq

˘ : ∇vhpyq dy “ |c| k
ÿ

i“1 νi
`

C3
px, r1c,iq∇uhprc,iq

˘ : ∇vhprc,iq , (4.15)
for all uh, vh P Vh and all x P ω, then

ˇ

ˇ

ˇ
Q2,γ
h px, Aq ´Q2,γpx, Aqˇˇ

ˇ
ď Ch2|A|2 .

Proof. Let A P R2ˆ2sym and x P ω be arbitrary. We define the bilinear forms for the left-handside of (4.6), (4.13), respectively,
apx, θ, vq :“ ż

Y

`

C3
px, y1q∇γθpyq

˘ : ∇γvpyq dy ,
ahpx, θh, vhq :“ ÿ

cPMh

|c|
k
ÿ

i“1 νi
`

C3
px, r1c,iq∇γθhprc,iq

˘ : ∇γvhprc,iq ,
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and, the linear forms for the right-hand side of (4.6), (4.13), respectively,
lpx, vq :“ ż

Y

`

C3
px, y1qιpy3Aq˘ : ∇γvpyq dy ,

lhpx, vhq :“ ÿ

cPMh

|c|
k
ÿ

i“1 νi
`

C3
px, r1c,iqιprc,3,iAq˘ : ∇γvhprc,iq .

By Strang’s first lemma [Cia78, Theorem 4.1.1], using the ellipticity property of Q3px, ¨q, thereexists a constant C ą 0, such that∥∥θhpx, A, ¨q ´ θpx, A, ¨q∥∥W 1,2pY ;R3q
ď C inf

vhPVh

#∥∥vh ´ θpx, A, ¨q∥∥W 1,2pY ;R3q ` sup
uhPVh

|apx, vh, uhq ´ ahpx, vh, uhq|∥∥uh∥∥W 1,2pY ;R3q

+

` C sup
uhPVh

|lpx, uhq ´ lhpx, uhq|∥∥uh∥∥W 1,2pY ;R3q
.

Classical elliptic regularity theory [GT83, Theorem 8.12], adapted to linearized elasticityon the domain Y “ Y 1 ˆ Y3 with periodic boundary conditions on BY 1 ˆ Y3 and Neumannboundary conditions on Y 1 ˆ t´12 , 12u implies θpx, A, ¨q P W 2,2pY ; R3q. Furthermore, by thelinearity of l, one gets ∥∥θ∥∥
W 2,2pY ;R3q ď C |A| . (4.16)

By the Sobolev embedding theorem the Lagrangian interpolation Ih : W 2,2pY ; R3q Ñ Vh,based on nodal interpolation, is well-defined. Making use of the regularity of Mh theBramble-Hilbert-Lemma [Bra13], and (4.16) imply∥∥Ihrθpx, A, ¨qs ´ θpx, A, ¨q
∥∥
W 1,2pY q ď Ch

∥∥θpx, A, ¨q∥∥W 2,2pY ;R3q ď Ch|A| . (4.17)
Furthermore, applying the consistency error estimate in [Cia78, Theorem 4.1.4 and Theorem4.1.5´] involving the assumption on the numerical quadrature, and (4.16) one obtains

sup
uhPVh

|pa´ ahqpx, Ihrθpx, A, ¨qs, uhq|∥∥uh∥∥W 1,2pY ;R3q
ď Ch

∥∥θpx, A, ¨q∥∥W 2,2pY ;R3q ď Ch|A| , (4.18)
sup
uhPVh

|pl´ lhqpx, uhq|∥∥uh∥∥W 1,2pY ;R3q
ď Ch|A| , (4.19)

Using the regularity (4.16) of the microscopic solution combined with the approximationerror (4.17) and the consistency errors (4.18), (4.19), the first Strang Lemma ensures the firstestimate in (4.14).With respect to the second estimate in (4.14), we get with the notation θ “ θpx, A, ¨q and
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θh “ θhpx, A, ¨q
ˇ

ˇ

ˇ
Q2,γ

px, Aq ´Q2,γ
h px, Aq

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż

Y
Q3
px, y1, ιpy3Aq `∇γθpyqq ´Q3

px, y1, ιpy3Aq `∇γθhpyqq dyˇˇˇ
ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Y
Q3
px, y1, ιpy3Aq `∇γθhpyqq dy´ ÿ

cPMh

|c|
k
ÿ

i“1 νiQ
3
px, r1c,i, ιprc,3,iAq `∇γθhprc,iqq

ˇ

ˇ

ˇ

ˇ

ˇ

The first term on the right-hand side can be estimated as follows
ˇ

ˇ

ˇ

ˇ

ż

Y
Q3
px, y1, ιpy3Aq `∇γθ ` p∇γθh ´∇γθqq ´Q3

px, y1, ιpy3Aq `∇γθq dyˇˇˇ
ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

Y
2C3
px, y1qpιpy3Aq`∇γθq :p∇γθh´∇γθq`C3

px, y1qp∇γθh´∇γθq :p∇γθh´∇γθq dyˇˇˇ
ˇ

“ 0` ˇ

ˇ

ˇ

ˇ

ż

Y
C3
px, y1qp∇γθh ´∇θq : p∇γθh ´∇γθq dyˇˇˇ

ˇ

ď C
∥∥θhpx, A, ¨q ´ θpx, A, ¨q∥∥2

W 1,2pY ;R3q ď Ch2
|A|2 .

Here, the second equality follows from the Euler-Lagrange equation (4.6). Applying thegeneral theory for quadrature errors in [Cia78] and taking into account the regularity of C3, thesecond term can be estimated by Ch}C3}L8pω,W 1,8pY ,R2ˆ2ˆ2ˆ2qq|A|2, which is bounded by Ch|A|2,and vanishes under the consistency assumption (4.15). This implies the claim.The assumption C3 P W 1,8pω ˆ Y 1; R2ˆ2ˆ2ˆ2q is crucial for this estimate: the Lipschitzcontinuity in the microscopic variable y1 ensures a first order error estimate with respect to themicroscopic grid size h given the microscopic discretization for a given macroscopic x P ω. TheLipschitz continuity in the macroscopic variable x then implies a uniform error bound of themacroscopic approximation error, later used in the actual two-scale error estimation. Theseregularity assumptions match the assumptions in the literature on numerical homogenizationfor elliptic problems on volumetric domains, cf. [Abd05], [Abd06].In typical engineering applications, the material parameters are frequently piecewiseconstant on the microscale. In this less regular case, one would lose the first order errorestimate for the microscopic approximation error. This would prevent us from controlling themicroscopic finite element error needed in the lim inf- estimate and in the recovery sequenceestimate of our main result on Γ-convergence in Theorem 4.4.
4.3 Discretization of the macroscopic problem
In this section, we numerically approximate the energy (4.9). To this end, we will derive anon-conforming finite element discretization for the two-scale problem and the correspondingdiscrete isometry constraint for the macroscopic deformation.In our case of macroscopically varying microstructures, we have to take into accountthe associated macroscopic quadrature error. In fact, on every t P TH we use a numericalquadrature scheme with quadrature points qt,i P T , i “ 1 . . . l and weights µi ą 0, which

56



is exact on quadratic polynomials. The quadrature scheme is supposed to be defined on areference triangle and transferred by the affine reference map to the actual triangle. Then,the associated discrete homogenized total free energy is given by
Eh
HrψHs “

#

ř

tPTH |t|
řl

i“1 µi
´

Q2,γ
h pqt,i,∇θHrψHspqt,iqq´fpqt,iq ¨ ψHpqt,iq

¯

, if ψH P ABC
H

`8 , else, (4.20)with
ABC
H “

!

ψH P W3
H

ˇ

ˇ

ˇ
∇ψHpzqJ∇ψHpzq “ I2 @z P NH ;
ψHpzq “ φpzq,∇ψHpzq “ ∇φpzq @z P NH X ΓD) . (4.21)

Hence, the isometry property is only enforced on the nodes of the triangulation.To estimate the quadrature error of the macroscopic discretization, we write Q2,γpx, Aq “
`

C2,γpxqA˘ : A. Note that ∥∥C2,γ∥∥
W 1,8 ď C

∥∥C3∥∥
W 1,8 . The following result is later used in theproof of Theorem 4.4. A similar result is also stated in [BNS25, Appendix A].

Lemma 4.3. Let t P TH and ψh
H P W3

H . Assume that the quadrature is exact on quadratic
polynomials, and Q2,γp¨, Aq P W 1,8 for all A. Then it holds

ˇ

ˇ

ˇ

ˇ

ˇ

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψh

Hspqt,iqq ´

ż

t
Q2,γ

px,∇θHrψh
Hspxqq dxˇˇˇˇ

ˇ

ďCH
∥∥C2,γ∥∥

W 1,8ptq
∥∥∇θHrψh

Hs
∥∥2
L2ptq .

Proof. For simplicity we write p :“ ∇θHrψh
Hs P P1ptq. For an element t P TH and a function

θ : t Ñ R we write
Etrθs :“ |t| l

ÿ

i“1 µiθpqt,iq ´

ż

t
θpxq dx

for the quadrature error. We pull back everything onto the reference element t̂, and infer
Etrθs “ detpBtqÊrθ̂s ,where Êr¨s is the quadrature error on the reference element, and t “ Bt̂t` bt. From now on,every quantity with a hat denotes the pullback of the quantity onto the reference element.Here, we follow Ciarlet’s book [Cia78, Chapter 4]. Hence, θpxq “ θ̂px̂q. Note that p̂ “

{p∇θHrψh
Hsq ‰ ∇p {θHrψh

Hsq.We want to estimate
Et

“`

C2,γp˘ : p
‰

“ |t|
l
ÿ

i“1 µi
`

C2,γ
pqt,iqppqt,iq

˘ : ppqt,iq ´

ż

t

`

C2,γ
pxqppxq

˘ : ppxq dx .
First note that
Ĉ2,γ

ÞÑ Ê
”´

Ĉ2,γ p̂¯ : p̂
ı

“ |̂t|
l
ÿ

i“1 µi
´

Ĉ2,γ
pq̂t̂,iqp̂pq̂t̂,iq

¯ : p̂pq̂t̂,iq ´

ż

t̂

´

Ĉ2,γ
px̂qp̂px̂q

¯ : p̂px̂q dx̂
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is a linear map W 1,8p̂tq Ñ R.Now we estimate
ˇ

ˇ

ˇ
Ê
”´

Ĉ2,γ p̂¯ : p̂
ı
ˇ

ˇ

ˇ
ď

∥∥∥Ĉ2,γ∥∥∥
L8 p̂tq

˜

|̂t|
l
ÿ

i“1 |µi||p̂pq̂t̂,iq|
2
`

ż

t̂
|p̂px̂q|2 dx̂¸

ďC
∥∥∥Ĉ2,γ∥∥∥

L8 p̂tq

∥∥p̂
∥∥2
L2 p̂tq ď C

∥∥∥Ĉ2,γ∥∥∥
W 1,8 p̂tq

∥∥p̂
∥∥2
L2 p̂tq ,

where C ą 0 is a generic constant. Here, in the first inequality we applied the triangleinequality, and in the second inequality we used that p̂ ÞÑ
b

|̂t|
řl

i“1 |µi||p̂pq̂t̂,iq|
2 defines anorm on the finite dimensional space P1p̂tq, which is equivalent to the norm p̂ ÞÑ

∥∥p̂
∥∥
L2 p̂tq.Hence, the map Ĉ2,γ ÞÑ Ê

”´

Ĉ2,γ p̂¯ : p̂
ı has an operator norm ď C

∥∥p̂
∥∥2
L2 p̂tq on the space

W 1,8ptq.By assumption, Ê ”´

Ĉ2,γ p̂¯ : p̂
ı vanishes for Ĉ2,γ P P0p̂tq, since the quadrature is exact forquadratic polynomials, and p̂ P P1p̂tq.Using the Bramble-Hilbert Lemma with k “ 0 and p “ 8, it holds

Ê
”´

Ĉ2,γ p̂¯ : p̂
ı

ď C
ˇ

ˇ

ˇ
Ĉ2,γˇˇ

ˇ1,8,̂t
∥∥p̂

∥∥2
L2 p̂tq .Transforming back to the element t, from [Cia78] we get the estimates∥∥p̂

∥∥
L2 p̂tq ď CpdetpBtqq

´
12 ∥∥p

∥∥
L2ptq ,

ˇ

ˇ

ˇ
Ĉ2,γˇˇ

ˇ1,8,̂t ď CH
ˇ

ˇC2,γˇ
ˇ1,8,t ď CH

∥∥C2,γ∥∥
W 1,8ptq .Putting everything together yields

ˇ

ˇ

ˇ

ˇ

ˇ

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψh

Hspqt,iqq ´

ż

t
Q2,γ

px,∇θHrψh
Hspxqq dxˇˇˇˇ

ˇ

“Et
“`

C2,γp˘ : p
‰

“ detpBtqÊ
”´

Ĉ2,γ p̂¯ : p̂
ı

ďC detpBtq
ˇ

ˇ

ˇ
Ĉ2,γˇˇ

ˇ1,8,̂t
∥∥p̂

∥∥2
L2 p̂tq

ďCH detpBtq
∥∥C2,γ∥∥

W 1,8ptq pdetpBtqq
´1 ∥∥p

∥∥2
L2ptq “ CH

∥∥C2,γ∥∥
W 1,8ptq

∥∥∇θHrψh
Hs

∥∥2
L2ptq

We now state the main convergence result.
Theorem 4.4. Assume pTHqH is a family of regular triangulation of ω with grid size H Ñ 0,
the microscopic quadrature rule is exact on the set of tri-affine functions and unisolvent
with respect to this set, the macroscopic quadrature rule is exact on quadratic polynomials,
f P W 1,ppω,R3q, with p ą 2, and C3 P W 1,8pω ˆ Y ,R3ˆ3ˆ3ˆ3q. Then, for every macroscopic
grid size H and every microscopic grid size h ą 0, there exists a minimizer ψh

H of the discrete
homogenized total free energy Eh

Hr¨s (cf. (4.20)) in ABC
H . For any sequence pψh

HqH,h of such
minimizers with H, h Ñ 0 there is a subsequence, such that with out reindexing ψh

H Ñ ψ
strongly in W 1,2pω; R3q . Furthermore, ψ P ABC is a minimizer of the continuous total free
genergy Er¨s as defined in (4.9).
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Proof. The proof combines Γ-convergence arguments related to those used in [Bar13] and theparadigm of the heterogeneous multiscale method as it is discussed in [EMZ05].From the boundedness of Q2,γ
h stated in (4.11), the clamped boundary conditions, thePoincaré inequality, and the assumption on the macroscopic quadrature scheme, we deducethat there exist constants C, c ą 0 such that Eh

Hrψh
Hs ě c

∥∥∇θHrψh
Hs

∥∥2
L2pωq ´ C .Since ∥∥∇θHr¨s

∥∥
L2pωq is a norm on twH P WH | wHpzq“0, ∇wHpzq“0 @z P NH X ΓDu , forevery H, h ą 0 there exists a minimizer ψh

H for the discrete minimization problem and using(2.22) we have that ∥∥∇θHrψh
Hs

∥∥
L2pωq `

∥∥∇ψh
H

∥∥
L2pωq ď C . Thus, there exists a subsequence(not relabeled), and ψ P W 1,2pω; R3q, z P W 1,2pω; R3ˆ2q, such that ψh

H á ψ in W 1,2pω; R3qand θHrψh
Hs á z in W 1,2pω; R3ˆ2q. Using the estimate (2.23) and summing over all T P TH ,we get ∥∥∇ψh

H ´ θHrψh
Hs

∥∥
L2pωq ď cH

∥∥∇θHrψh
Hs

∥∥
L2pωq, hence ∇ψh

H Ñ ∇ψ “ z strongly in L2.This yields ψ P W 2,2pω; R3q. As in [Bar13], the attainment of the boundary conditions andthe isometry constraint is straightforward. Hence, ψ is admissible. Next, we investigate theconvergence of the discrete force term.
ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

tPTH

|t|
l
ÿ

i“1 µifpqt,iq ¨ ψh
Hpqt,iq ´

ż

ω
f ¨ ψh

H dxˇˇˇ
ˇ

ˇ

ď CH
∥∥f∥∥W 1,ppωq

∥∥ψh
H

∥∥
W 1,2pωq (4.22)

follows from the approximation properties of the quadrature rule, the regularity of f , and theestimate for the corresponding force term quadrature error in [Cia78, Theorem 4.1.5, Theorem4.1.6 and the corresponding estimate in its proof]. By the boundedness of ψh
H in W 1,2pω; R3qthe right hand side vanishes for H Ñ 0. Furthermore, by Lemma 4.3, we obtain

ˇ

ˇ

ˇ

ˇ

ˇ

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψh

Hspqt,iqq ´

ż

t
Q2,γ

px,∇θHrψh
Hsq dxˇˇˇˇ

ˇ

ď CH
∥∥∇θHrψh

Hs
∥∥2
L2ptq , (4.23)

since Q2,γp¨, Aq arising from the microscopic problem is in W 1,8pωq and quadratic in A P R2ˆ2sym ,and ∇θrψh
Hs is affine on every t P TH . In particular, the constant on the right-hand sidedepends on the W 1,8pω ˆ Y q-norm of the microscopic elasticity tensor C3.Next, we estimate

ÿ

tPTH

|t|
l
ÿ

i“1 µiQ
2,γ
h pqt,i,∇θHrψh

Hspqt,iqq “
ÿ

tPTH

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψh

Hspqt,iqq

`
ÿ

tPTH

|t|
l
ÿ

i“1 µi
´

Q2,γ
h pqt,i,∇θHrψh

Hspqt,iqq ´Q2,γ
pqt,i,∇θHrψh

Hspqt,iqq
¯

ě
ÿ

tPTH

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψh

Hspqt,iqq ´ Ch
ÿ

tPTH

|t|
l
ÿ

i“1 µi|∇θHrψh
Hspqt,iq|

2

“

ż

ω
Q2,γ

px,∇θHrψh
Hsq dx ´ Ch∥∥∇θHrψh

Hs
∥∥2
L2pωq

´
ÿ

tPTH

˜

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψh

Hspqt,iqq ´

ż

t
Q2,γ

px,∇θHrψh
Hsq dx¸

ě

ż

ω
Q2,γ

px,∇θHrψh
Hsq dx ´ Cph`Hq∥∥∇θHrψh

Hs
∥∥2
L2pωq . (4.24)
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Here, in the first inequality, we used the error estimate (4.14). Furthermore, we used thefact that |∇θHrψh
Hs|

2 is a quadratic polynomial and thus can be integrated exactly by themacroscopic quadrature scheme. The second inequality is an application of (4.23). Since
∇θHrψh

Hs converges weakly to D2ψ in L2pω,R3ˆ2ˆ2q and px, Aq ÞÑ Q2,γpx, Aq is Lipschitzcontinuous in x , and convex and quadratic in A, we deduce by weak lower semicontinuity that
Erψs ď lim infH,hÑ0 Eh

Hrψh
Hs.Regarding a recovery sequence, let ψ˚ P A be a minimizer of Er¨s, in particular ψ˚ P

W 2,2pω; R3q. To make use of the estimate (2.24), W 3,2-regularity is required. On sets withsmooth boundary, isometric immersions satisfy this regularity, cf. [MP05], but for polygonalboundary this is no longer the case. Hence, a density result together with a diagonal sequenceargument would suffice to get convergence. Standard mollification of ψ˚ is not suitable, sinceit violates the isometry constraint. However, Hornung showed in [Hor11, Theorem 1] thatfor ρ ą 0 there exists ψρ P W 3,2pω; R3q XA such that ∥∥ψ˚ ´ ψρ
∥∥
W 2,2 ă ρ. A version of thisdensity result was first proved by Pakzad for isometric immersions ψ : ω Ñ R3 of convex sets

ω Ă R2 in [Pak04, Theorem I]. See Section 2.3 for more information on isometric immersions.Let ψρ
H P W3

H be the DKT-interpolant of ψρ. The same construction of a recovery sequencefor DKT was already used in [Bar13, BBN17, RSS22]. Then we can estimate
ÿ

tPTH

|t|
l
ÿ

i“1 µiQ
2,γ
h pqt,i,∇θHrψρ

Hspqt,iqq

“
ÿ

tPTH

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψρ

Hspqt,iqq

`
ÿ

tPTH

|t|
l
ÿ

i“1 µi
´

Q2,γ
h pqt,i,∇θHrψρ

Hspqt,iqq ´Q2,γ
pqt,i,∇θHrψρ

Hspqt,iqq
¯

ď
ÿ

tPTH

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψρ

Hspqt,iqq ` Ch
ÿ

tPTH

|t|
l
ÿ

i“1 µi|∇θHrψh
Hspqt,iq|

2

“

ż

ω
Q2,γ

px,∇θHrψρ
Hsq dx ` Ch∥∥∇θHrψρ

Hs
∥∥2
L2pωq

`
ÿ

tPTH

˜

|t|
l
ÿ

i“1 µiQ
2,γ
pqt,i,∇θHrψρ

Hspqt,iqq ´

ż

t
Q2,γ

px,∇θHrψρ
Hsq dx¸

ď

ż

ω
Q2,γ

px,∇θHrψρ
Hsq dx ` CpH ` hq∥∥∇θHrψρ

Hs
∥∥2
L2pωq ,

where we again used the microscopic error estimate (4.14), and the quadrature error estimate(4.23) for the DKT element. With this, we can further estimate
ż

ω
Q2,γ

px,∇θHrψρ
Hsq dx ` CpH ` hq∥∥∇θHrψρ

Hs
∥∥2
L2pωq

ď

ż

ω
Q2,γ

px, D2ψρ
q ` C2,γ `D2ψρ

`∇θHrψρ
Hs
˘ : `D2ψρ

´∇θHrψρ
Hs
˘ dx

` CpH ` hq
∥∥∇θHrψρ

Hs
∥∥2
L2pωq
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ď

ż

ω
Q2,γ

px, D2ψρ
q dx ` C ∥∥D2ψρ

`∇θHrψρ
Hs

∥∥
L2pωq

∥∥D2ψρ
´∇θHrψρ

Hs
∥∥
L2pωq

` CpH ` hq
´∥∥ψρ∥∥2

W 2,2pωq `H2 ∥∥ψρ∥∥2
W 3,2pωq

¯

ď

ż

ω
Q2,γ

px, D2ψ˚q dx ` C ∥∥D2ψ˚ `D2ψρ∥∥
L2pωq

∥∥D2ψ˚ ´D2ψρ∥∥
L2pωq

` CH
∥∥ψρ∥∥

W 3,2pωq
´∥∥ψρ∥∥

W 2,2pωq `H
∥∥ψρ∥∥

W 3,2pωq
¯

` CpH ` hq
´∥∥ψρ∥∥2

W 2,2pωq `H2 ∥∥ψρ∥∥2
W 3,2pωq

¯

ď

ż

ω
Q2,γ

px, D2ψ˚q dx ` Cp1` ρqρ ` CH ∥∥ψρ∥∥
W 3,2pωq

´1` ρ `H ∥∥ψρ∥∥
W 3,2pωq

¯

` CpH ` hq
´

p1` ρq2 `H2 ∥∥ψρ∥∥2
W 3,2pωq

¯

.

Here, we used the estimate∥∥∇θHrψρ
Hs

∥∥
L2pωqď

∥∥D2ψρ∥∥
L2pωq `

∥∥∇θHrψρ
Hs ´D2ψρ∥∥

L2pωqď
∥∥ψρ∥∥

W 2,2pωq `H
∥∥ψρ∥∥

W 3,2pωqas a consequence of (2.24), and the estimate ∥∥ψ˚ ´ ψρ
∥∥
W 2,2 ă ρ. For the force term, we get,using the estimate for the linear form quadrature error in [Cia78, Theorem 4.1.5],

ÿ

tPTH

|t|
l
ÿ

i“1 µifpqt,iq ¨ ψρ
Hpqt,iq ď

ż

ω
f ¨ ψ˚ dx ` ż

ω
f ¨ pψρ

H ´ ψ˚q dx
`

˜

ÿ

tPTH

|t|
l
ÿ

i“1 µifpqt,iq ¨ ψρ
Hpqt,iq ´

ż

ω
f ¨ ψρ

H dx¸
ď

ż

ω
f ¨ ψ˚ dx ` ∥∥f∥∥L2pωq

´∥∥ψρ
H ´ ψρ∥∥

L2pωq `
∥∥ψρ

´ ψ˚
∥∥
L2pωq

¯

` CH
∥∥f∥∥W 1,ppωq

∥∥ψρ
H

∥∥
W 1,2pωq

ď

ż

ω
f ¨ ψ˚ dx ` C ´

H3 ∥∥ψρ∥∥
W 3,2pωq ` ρ

¯

` CHpH2
` 1q∥∥ψρ∥∥

W 3,2pωq
Finally, we choose h “ hpρq and H “ Hpρq such that

hpρq `Hpρq ` phpρq ` 1q `Hpρq `Hpρq3˘ ´∥∥ψρ∥∥
W 3,2pωq `

∥∥ψρ∥∥2
W 3,2pωq

¯

ă ρ (4.25)
and obtain

Erψ˚s ě lim sup
ρÑ0 Ehpρq

Hpρqrψ
ρ
Hpρqs ě lim inf

ρÑ0 Ehpρq
Hpρqrψ

hpρq
Hpρqs ě Erψs .

Hence, ψ is a minimizer of Er¨s.
Remark 4.5. The convergence of the recovery sequence is crucially controlled by the approx-
imation parameter ρ via the appearance of the norm

∥∥ψρ
∥∥
W 3,2pωq. The choice of h “ hpρq

and H “ Hpρq in (4.25) is implicit and thus does not provide a rate of convergence. This
disadvantage is shared with similar results in [Bar13] and [BBN17] and is caused by the
nonlinearity of the problem, more precisely, the nonlinear isometry constraint.
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Remark 4.6. Note that the regularity assumption on the force f P W 1,ppω; R3q with p ą 2 is
necessary to control the force term integration error. To this end, as outlined in the proof, one
uses [Cia78, Theorem 4.1.5 and Theorem 4.1.6]. This assumption is not a peculiarity of the
homogenized plate model. In fact, it would also be necessary for the numerical analysis of
a finite element approximation of a homogeneous plate model as in [Bar13] with a general
right-hand side.

4.4 Numerical experiments
Following the paradigm of the heterogeneous multiscale method (HMM), the actual macroscopicplate deformation is computed using the DKT discretization described in Section 4.3 andminimizing the discrete energy Eh

H defined in (4.20). To this end, for each macroscopicquadrature the function Q2,γ
h pAq has to be computed for a basis of the space of symmetric2ˆ 2 matrices A, which requires the solution of the micrscopic optimization problem (4.10).In explicit terms, the microscopic problem results in solving the linear system (4.12) for xin the set of all macroscopic quadrature points qt,i and for
A P

"ˆ1 00 0˙ ,ˆ0 00 1˙ ,ˆ0 11 0˙* , (4.26)
which represents a three-dimensional, linearized elasticity corrector problem rescaled to theunit cube Y “ r0, 1s2 ˆ r´12 , 12s Ă R3. As described in Section 4.2, continuous, piecewise3-affine finite elements are considered on the unit cube discretized by a uniform hexahedralmesh Mh with h denoting the maximal edge length. For the assembly of the stiffness matrixand the right-hand side, we apply a tensor product Gauss quadrature rule, with 27 quadraturepoints per cell. Hence, the quadrature is exact on tensor products of quintic functions, andthus fulfills the consistency condition to be exact on and unisolvent with respect to tri-affinefunctions. This is sufficient to ensure a first-order convergence under the assumption that thesolution of the linearized elasticity problem is in W 2,2 on Y [Cia78, Chapter 4.1.] . In fact,the strong consistency condition (4.15) holds if the entries of the elasticity tensor C3

jikl areassumed to be tensor products of cubic functions.On the macroscale, we consider a uniform triangulation of ω with grid size H and askfor a minimizing deformation ψH of Eh
Hr¨s under the nonlinear, discrete isometry constraint

∇ψHpzqJ∇ψHpzq “ I2 for all z P NH (cf. (4.21)). To compute the discrete energy Eh
HrψHs for

ψH P W3
H a simplicial Gauss quadrature with 12 quadrature points on each triangle is used,which is exact on polynomials of order 6. Hence, if the components of the tensor representingthe quadratic form Q2,γpx, ¨q as a function of x are quartic polynomials the integration of theenergy Wγ defined in (4.2) is exact.The macroscopic problem consists of minimizing the energy Eh

Hr¨s over all discrete isometries
φH P ABC

H . To deal with the isometry constraint, we take into account the Lagrangian
LhHrψH , pHs :“ Eh

HrψHs ´
ż

ω
IH

“`

∇ψJH∇ψH ´ I2˘ : pH‰ dx . (4.27)
with a Lagrangian multiplier pH P S2ˆ2

H , where S2ˆ2
H is the space of continuous piecewise affine,symmetric 2ˆ 2-matrices. Let us remark that the quadrature scheme applied to the storedelastic energy is exact on the second term of the Lagrangian multiplying the constraint and
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the multiplier. As in [RSS22], cf. Chapter 3, we use the IPOPT software library presented in[WB06] to compute a saddle point of this Lagrangian using a Newton scheme with backtracking.This requires evaluating first and second variations of the discrete energy and the constraint. InIPOPT, we used the default backtracking strategy by setting “filter” for “line_search_method”.The (relative) stopping tolerance “tol" was set to 10´12. We always used a small perturbationof the identity with L8 norm 0.001 as the initial deformation in the Newton scheme. Note thatan application of Newton’s scheme requires the invertibility of the Hessian of the Lagrangian.Although there is no theoretical guarantee, in our experiments, the solvability of the associatedlinear system was always observed.In this section, we numerically verify the established convergence results, discuss thequalitative properties of the homogenized plate model, and compare it with bending experimentsfor paper with different fine-scale structures. We always consider a square-shaped plate,described by ω “ p0, 1q2.We take into account a material distribution function v on a rescaled microscopic cell
Y ˆ I with Lamé constants λpyq and µpyq given by

λpyq “ pr ` p1´ rqvpyqqλ , µpyq “ pr ` p1´ rqvpyqqµ .
where λ “ 53 , µ “ 52 , and r “ 150 is the ratio between soft and hard material. This correspondsto Young’s modulus E “ 6 and Poisson ratio ν “ 0.2 on the hard phase.The triangulations on ω are generated by uniform, regular (so-called red) refinement,starting from a single, coarse rectangular mesh subdivided into two triangles. The platedeformations are caused by a constant force f and/or prescribed boundary conditions.
Experimentally observed convergence behaviour. To examine the convergence rates, weconsider a homogenized bending energy with a constant microstructure given by the continuous,piecewise affine material distribution function

vpyq “
#2y1 , if y1 ď 12
´2y1 ` 2 , if y1 ą 12 (4.28)

on the unit cell and a size-of-microstructure-to-thickness ratio of γ “ 1. We take into accounttwo different load scenarios: (a) clamped boundary conditions
ψpxq “ px1 ˘ 316 , x2, 0qJ, ∇ψpxq “

ˆ

I20 0˙ (4.29)
on p0, 1q ˆ t12 ¯ 12u and zero load, (b) a uniform vertical load f “ p0, 0, 5qJ, and clampedboundary conditions

ψpxq “
ˆ

x
˘0˙ , ∇ψpxq “

ˆ

I20 0˙
on p0, 1q ˆ t0u. For experiments (a) and (b), the resulting deformations are shown in Table 4.1on the right. Note that in experiment (a), for different random initial data, either a buckled-up,or a buckled-down deformation can be observed, as displayed. In the same table, we evaluatethe impact of the microscopic grid size h on the approximation of the effective tensor C2,γ .Since the minimizer of the continuous problem is unknown, we compare it with the discrete
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solution on the finest mesh (h˚ “ 1128 ) and list |C2,γ
h ´ C2,γ

h˚ |8 for decreasing h. In addition,the L2-norm of the difference of the discrete Hessians ∥∥∇θH˚rψh
H˚s ´∇θH˚rψh˚

H˚s
∥∥
L2 is givenfor a macroscopic grid size H˚ “ ?2256 . In both cases, we experimentally observe a quadraticconvergence rate.

h |C2,γ
h ´ C2,γ

h˚ |8
∥∥∇θH˚rψh

H˚s ´∇θH˚rψh˚
H˚s

∥∥
L2 Deformations(a) (b) (a) (b)2´3 0.004265 0.005098 0.09474122´4 0.001021 0.001259 0.02356532´5 0.000243 0.000311 0.005662032´6 4.8e-05 6.4e-05 0.001121142´7 - - -

Table 4.1: Evaluation of the experimental convergence of the homogenized tensor C2,γ
h and thediscrete Hessian for fixed macroscopic grid size H˚ “ ?2256 and decreasing microscopic gridsize h.

Next, in Table 4.2 we investigate the convergence behavior for the load configurations(a) and (b) in the case of a simultaneous decrease of the microscopic and macroscopic gridsize h and H , respectively. The minimal discrete energy Eh
Hrψh

HpHqs and the L2-norm of thedifference of the discrete Hessians ∥∥∇θHrψh
Hs ´∇θH˚rψh˚

H˚s
∥∥
L2 are shown for H˚ “ ?2256 and

h˚ “ 2H˚. Here, one observes a linear convergence rate.
1?2H h Eh

Hrψh
Hs

∥∥∇θHrψh
Hs ´∇θH˚rψh˚

H˚s
∥∥
L2(a) (b) (a) (b)2´4 2´3 1.7228944 -1.6769788 1.17653 0.4282182´5 2´4 1.676654 -1.6963124 0.586753 0.2085572´6 2´5 1.6688657 -1.7005727 0.284853 0.106842´7 2´6 1.6666743 -1.7015843 0.138362 0.05282972´8 2´7 1.6664753 -1.7017899 - -

Table 4.2: Evaluation of the experimental convergence of the energy and the Hessian of themacroscopic deformation for simultaneous decreasing macroscopic and microscopic grid size
H and h, respectively.

Furthermore, we investigate the dependence of Q2,γ on the ratio γ “ δ
ε of the thickness δand the size of the microstructure ε for the same microscopic material distribution (4.28) asbefore. Using the known symmetries of C2,γ one can consider with a slight misuse of notation

C2,γ,v P R3ˆ3 following the Voigt notation for elasticity tensors with
Q2,γ

pAq “

¨

˝C2,γ,v
¨

˝

A11
A22

A12 ` A21
˛

‚

˛

‚¨

¨

˝

A11
A22

A12 ` A21
˛

‚ .
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Due to the symmetry of the material distribution, we get that C2,γ,v13 “ C2,γ,v23 “ 0. For
γi “ 10p´1` 2i31 q, i “ 0, . . . , 31, we computed C2,γi,v on the unit cube with gridsize h˚ “ 1128 .The values of the different components of C2,γ,v are plotted in Figure 4.2 with γ on the x-axisplotted with logarithmic scaling.

C2,γ,v11
C2,γ,v22

γ 1.e+11.e+01.e-1

C2,γ,v33
C2,γ,v12

γ 1.e+11.e+01.e-1

Figure 4.2: Plots of the different components of the homogenized tensor C2,γ for varying γ.
From now on, we consider microstructures that only consist of a hard and a soft phase withpiecewise constant v : Y Ñ r0, 1s Ñ t0, 1u. Such microstructures do not fulfill the assumptionsof our convergence theory. Still, they are closer to real applications, and we indeed compareour numerical findings with physical experiments for the bending of fine-scale structured paper.Paper and paperboard are known to deform only isometrically. Note that paper behaves,in contrast to the model we are simulating here, in a non-isotropic way, depending on thedirection of manufacturing. In [YN07], in-plane orthotropic constants for paper and paperboardwere experimentally derived. Nevertheless, for simplicity, we assume in our experiments anisotropic model with Lamé constants µ “ 53 , λ “ 52 inspired by the constants derived in [YN07].Note that the theory provided in this work is not limited to isotropic material laws, sinceProposition 4.2 is formulated for a more general elastic tensor C3.As proof of concept, we carried out experiments with glued layers of paper. In explicit,a thick paperboard (300g{m2) with cut out fine-scale structures was glued on a sheet ofpaper (120g{m2). The cutting of the 300g{m2 layer of thick paper was performed with aCricut©Maker. Regions with glued paper layers are considered the hard phase, whereasthe complement is considered the soft phase. Given the fact that the thickness of the paperlayers is much smaller than the scale on which the pattern is approximately periodic a modelapproximation with a homogeneous thick thin plate with vertically constant hard and softmaterial properties appears to be feasible.

Calibration of the layered, glued paper model. Given the thickness of two paper types, one isat first led to a material property ratio of r “ 120420 « 0.286. But, due to the layer of glue inbetween the glued paper layers of the hard phase, one observes a proportionally much higherstiffness as examined in Figure 4.3. To compensate for this, we quantitatively compared thebending in the experiment (b) of a single 120g{m2 sheet and the homogeneous compound ofglued 300g{m2 and 120g{m2 paper, which gave rise to the effective material ratio of r “ 150 .We used this ratio in the following experiments.
Microstructure with axes aligned stripes. We consider a material distribution with γ “ 0.1that corresponds to a periodic pattern of stripes of alternating hard and soft material alignedwith the coordinate directions. On the rescaled microscopic cell Y ˆ I this corresponds tohard material in the volumes r14 , 34s ˆ r0, 1s ˆ r´12 , 12s, and soft material elsewhere. We alsotake into account the same configuration rotated by 90 degrees in the Y plane. The constant
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Figure 4.3: Top row: numerically computed deformed configurations of a plate, clamped on theleft side, under a uniform vertical load, with homogeneous material, with Lamé constants scaledwith 1.0 (left), 0.286 (middle), and 0.02 (right). Bottom row: photos of physical deformationsof paper. Left: thick paper (300g{m2) glued on thinner paper (120g{m2). Middle: only thinpaper (120g{m2).
homogenized tensors C2,γ were computed for a uniformly hexagonal mesh on the unit cubewith grid size h “ 1128 . The resulting tensors C2,γ

||
and C2,γ

“ , respectively, written as matrices inVoigt type notation, corresponding to the basis (4.26) are
C2,γ,v
||

“

¨

˝

0.04265 0.00853 00.00853 0.5149 00 0 0.05099
˛

‚ , C2,γ,v
“ “

¨

˝

0.5149 0.00853 00.00853 0.04265 00 0 0.05099
˛

‚ .

The plate is clamped on r0, 15sˆr25 , 35s and a uniform force f “ p0, 0,´5qJ is taken into account.The resulting deformations are shown in Figure 4.4. One observes that the microscopic patternleads to very stiff behavior of the plate in the direction of the stripes and a very flexiblebehavior in the perpendicular direction. We compare it with a corresponding paper experiment.To this end, a sheet of paper (green, 120g{m2) of size 28cmˆ 28cm is used, with stripes ofthick paper (red, 300g{m2) of width 4mm glued on top, with a stripe distance of 4mm. Theresulting layered paper is clamped between two pieces of wood (cf. Figure 4.4).
Microstructure reflecting radially arranged stripes. Under the force and boundary conditionsof the above experiment, we next consider a microstructure that mimics radially arranged raysof hard material centered at the midpoint p0, 0.5q of the left-hand side of the plate. The widthof the stripes is proportional to the distance from the center.First, we consider a stripe pattern similar to the one considered above, with hard materialon p0, 1q ˆ p13 , 23q ˆ p´12 , 12q and soft material elsewhere, where the ratio of the hard material13 equals the ratio of the angle of a single hard material stripe and the angle of a singlesoft material stripe in the radially arranged strip pattern in the corresponding experiment.For a point x P ω with x ´ p0, 0.5q “ pr cosα, r sinαq for α P p0, πq and r P R`, we consider
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γ “ ar`b, for a, b P R, such that 1 “ 15a`b and 110 “ ?52 a`b. This models the widening ofthe strips while maintaining the thickness of the plate. Let us denote the resulting homogenizedtensor by pC2,γ .Then, applying the coordinate transformation formula [AGDP19, Section 3.4] the resultinghomogenized tensor C2,γpxq reflecting the radially arranged stripe pattern at x P ω is given by
C2,γ
pxqA : A :“pC2,γAα : Aα with Aα :“ ˆ cosα sinα

´ sinα cosα˙Aˆcosα ´ sinαsinα cosα ˙

for all A P R2ˆ2sym .In Figure 4.4 in the top right, the resulting deformation is shown. Below, on a 28cmˆ28cmsheet of paper (purple, 120g{m2), we take into account 16 glued-on stripes of thicker paper(yellow, 300g{m2), radially symmetric, broadening with the distance from the clamped centerpart of the paper. The opening angle of the hard material (yellow) is 3.75˝, and the openingangle of the soft material (purple) is 7.5˝ with the width of the hard material stripes rangingfrom 1mm to 1.2cm.

Figure 4.4: Top row: deformed configurations under a uniform vertical load for stripe-typemicrostructures (left and middle) and a microstructure with radial rays (right). Bottom row:photos of physical experiments with stripes of thicker paper (300g{m2, left and middle: red,right: yellow) glued on thinner paper (120g{m2, left and middle: green, right: purple).
Microstructure with periodic diagonal aligned stripe pattern. Now, we consider a constantlydistributed microstructure consisting of layers of hard and soft material oriented diagonally inthe first two coordinates. The hard material phase is given by all y “ py1, y3q with

ˇ

ˇ

ˇ

ˇ

y1 ´
ˆ10˙

ˇ

ˇ

ˇ

ˇ1 P p
14 , 34q X p54 , 74q
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where | ¨ |1 is the 1-norm in R2. The resulting homogenized tensor in Voigt-type notation is
C2,γ,v

“

¨

˝

0.17883 0.10699 0.117250.10699 0.17883 0.117250.11725 0.11725 0.13436
˛

‚ .

The deformation was enforced by the boundary conditions (4.29) reflecting a compressionin the x1 direction by a factor 38 . No surface load applies. Again, a small random initialdeformation is considered. The computed deformation is shown in Figure 4.5 on the topleft. The qualitative behavior is compared with a sheet of paper (blue, 120g{m2) of size28cmˆ 28cm, where stripes of thick paper (orange, 300g{m2) of width 5mm were glued on,with a distance of 5mm, in the direction of one diagonal of the sheet of paper. A photo ofthis experiment is shown in Figure 4.5 on the left of the bottom row. Due to the anisotropicmicroscopic material distribution, the macroscopic elastic energy is also anisotropic, leadingboth in the simulation and the experiment to a firm twist of the resulting valley formed by thebent plate.
Microstructure with axes aligned and diagonal trusses of hard material. In this experiment,we take into account a macroscopically varying microstructure with trusses of hard materialon a soft material background. In the rescaled model with vertically homogeneous material on
p0, 1q2 ˆ p´12 , 12q the hard material phase is given by

 

y : 1´ b?2 |y1 ´ p1, 0qJ|1 ă 1` b?2 _ 1´ b?2 |y1|1 ă 1` b?2_
y1 ă a2 _ y1 ą 1´ a2 _ y2 ă a2 _ y2 ą 1´ a2(

with thicknesses apx1q “ p1 ´ x1q2´?32 , bpx1q “ x1 2´?32 of the axes aligned and diagonaltrusses, respectively. The prototype of the fundamental cell and the resulting fine-scalepattern with cell size ε “ 116 in y1 coordinates is depicted in Figure 4.5 on the right. On themacroscale, the boundary conditions (4.29) and load are applied. Furthermore, for the paperexperiment counterpart, the truss structure with 142 2cmˆ 2cm cells of thick paper (300g{m2)is glued on a 28cm ˆ 28cm sheet of thin paper (120g{m2). A comparison of the simulateddeformation for the homogenized model and the experiment is shown as well in Figure 4.5.It is clearly visible that the bent plate is no longer symmetric in the x1 direction and thebending is much stronger on the right.
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a

b

Figure 4.5: Top left: deformed configuration under compression enforced by the boundaryconditions (4.29) with soft material in blue and hard material in orange, bottom left: cor-responding experiment with stripes of thicker paper (300g{m2, orange) glued on thin paper(120g{m2blue); top middle: deformed configuration for a truss type microstructure under thesame boundary conditions, with soft material in red and hard material in white, top rightmaterial distribution on the rescaled microscopic cell, bottom middle: a correspondinglydeformed sheet of paper (red) with glued layer structure of the thicker paper (white), bottomright: undeformed experimental plate configuration viewed from above.
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Chapter 5

Phase Field Approximation of a Nonlinear
Folding Model

This chapter studies a phase field model for the elastic bending deformation of thin plates withfolds. A nonlinear elastic energy is introduced, based on the diffuse phase field approximationof given fold curves. A Γ-convergence result as the phase field parameter ε Ñ 0 is presented,resulting in a sharp interface limit of a bending energy with folds introduced in [BBH22].A finite element discretization of the phase field elastic energy with folds is proposed, andnumerical experiments are provided, showing deformations similar to physical experimentswith folded sheets of paper. Additionally, a framework for the optimization of folds for costfunctionals is introduced. Numerical experiments show the practicability of this optimizationframework.
Collaboration. This chapter is the result of joint work with Sergio Conti and Martin Rumpfthat was incorporated into the successful proposal for research area B2 of the collaborative re-search center 1720 "Analysis of Criticality".
The work presented in this chapter deals with the analytical and numerical approximation of thenonlinear bending of thin elastic plates that additionally inherit fold structures. Additionally,the optimization of such folds for a given target cost functional is taken into account. Aswe saw in Section 2.3, W 2,2-regular isometric deformations of two-dimensional objects (themid-surface of a thin plate) embedded into R3 behave very rigidly, cf. Theorem 2.19. Thischanges drastically if the thin plate is allowed to be folded: A flat sheet of paper can befolded into the shape of a swan, but deforming the sheet into this shape by only bending itsmoothly is not possible.From a mechanical point of view, folds can be characterized as thin regions, where the thinplate is damaged, and hence the cost for bending is reduced significantly. In Section 2.2, thederivation of a dimension-reduced nonlinear bending model for thin plates with a single foldby Bartels et al. [BBH22] was presented. There, in addition to certain regularity assumptionson the fold curve, they assumed that the material of the thin plate with thickness δ ą 0 isweakened significantly (of the order δ2, for example) in an area of size δ around the fold Σ.The nonlinear bending model derived there reads

WΣ
rψs :“ #12 şωzΣ |D2ψ|2 dx , if ∇ψJ∇ψ “ I2 a.e.

8 , else. (5.1)
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In this chapter, we study a diffuse approximation of the nonlinear bending energy (5.1),where the fold curve Σ Ă ω is represented by a phase field function vε P W 1,2pωq with a smallparameter ε ą 0, which is converging to the constant function v0 ” 1 strongly in L2pωq as
ε Ñ 0, but is close to zero in a small neighborhood around Σ. The nonlinear energy weconsider is

Wε
rψs :“ 12

ż

ω
pvεpxq2 ` ηεq|D2ψpxq|2 dx ` α

ε

ż

ω

ˇ

ˇ∇ψpxqJ∇ψpxq ´ I2ˇˇ2 dx . (5.2)
This functional takes as input functions ψ P W 2,2pω; R3q, in contrast to the functional (5.1)that is defined on functions ψ P W 2,2pωzΣ; R3qXW 1,2pω; R3q, and hence can be interpreted asa smooth approximation. Here, ηε ą 0 is a small parameter that makes minimization of (5.2)well-posed, and α ą 0 is a positive constant. The isometry constraint in (5.1) is replaced in(5.2) by the penalty term α

ε
ş

ω

ˇ

ˇ∇ψJ∇ψ ´ I2ˇˇ2 dx to allow more flexibility of the deformationaround the fold curve.
Related work. In [CM08] it was shown that origami-maps, i.e., piecewise flat isometricdeformations with folds, can approximate any given shape. This means that an enthusiasticpaper plane builder could, in theory, build any tiny airplane there is from a single sheet ofpaper. Of course, in practice, this is too optimistic, since every sheet of paper has a certainthickness, and hence is not a two-dimensional object. The interested reader may try to fold asheet of paper more than seven times to see that thickness indeed plays a significant role.The flexibility of isometric deformations with folds allows for using them as a design tool,especially when folds along curved creases are considered. In [KFC`08], two-dimensionalsurfaces with curved folds have been explored using a discretization based on quad meshes,where the folds are given as grid line segments. Spline representations of developablesurfaces are used in [TBWP16] to design curved-creased origami structures. Pleated structuresgenerated by folding paper along curved creases are investigated in [JMR`19]. Since origamistructures possess interesting mechanical properties, such as reconfigurability, the simulationof curved origami with deformable panels from a structural engineering point of view ispresented in [LP17], based on discrete membrane and bending energies.Interesting phenomena occur when microscopic folding patterns influence the geometryof the effective macroscopic deformation. In [CZ18], the deformation of flat sheets withmicrostructure origami patterns into curved three-dimensional surfaces is presented, togetherwith physical experiments. A method for the inverse design of periodic origami structures toapproximate a given curved surface is proposed in [DFP`22]. In [LJ24], microscopic curvedfolding patterns and the overall stored elastic energy are investigated.In [BBH22], a discretization of (5.1) based on the discontinuous Galerkin (dG) method wasintroduced. This discretization involves penalty terms for the jump of the function and thegradient along edges of the triangulation. The fold curve is given as a piecewise polynomialchain of edges and thus is encoded in the grid of the discretization. Along all edges that arepart of the fold curve, the jump of the gradient of the discrete deformation is not penalized.Bonito et al. [BGM23] studied a dG approximation of a nonlinear fold model with a bendingand a stretching energy. In [BBT23], error estimates of a dG method with an isoparametricapproach for a linear fold model were established. Here, the isoparametric approach is usedto more accurately approximate a curved crease line. In [BST25], the numerical approximationof a Föppl–von Kármán model with folds was studied. The approximation of bending andstretching deformations of thin structures with folding was examined in [BGM24]. The problems
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of piecewise affine approximations of a curved crease line involving Babuska’s paradox wererecently investigated in [BBHN25], and a possible solution was proposed by only enforcingcontinuity of the deformation at the nodes that belong to the fold curve.
Outline. The rest of this chapter is structured as follows: in Section 5.1, Γ-convergenceof (5.2) to (5.1) is established for the case where vε is a diffuse representation of a givenset of fold curves Σ that satisfies certain regularity properties. The main result is stated inTheorem 5.4. In Section 5.2, a discretization of (5.2) based on the discrete Kirchhoff triangle(DKT), cf. Section 2.4, is presented, and numerical experiments minimizing this discrete energyare displayed. Finally, in Section 5.3, the optimization of fold curves is addressed. Phase fieldmethods have proven to be a powerful tool in elastic shape optimization, cf. [PRW12, MRS21].Applying this framework to the optimization of fold curves, the minimization of the elastic energy(5.2) serves as a PDE constraint, and the diffuse approximation function vε representing thefold curves is the variable for minimizing a certain cost functional together with a regularizerof Ambrosio-Tortorelli type, cf. [AT92].
5.1 Sharp interface limit of the diffuse fold energy
In the following, let ω Ă R2 be a bounded Lipschitz domain, representing the mid-surface of athin elastic plate. Let Σ Ă ω be the set of given fold curves on ω , which is assumed to satisfy
H1pΣq ă 8 . Let ηε ą 0 be a sequence satisfying ηε

ε Ñ 0 as ε Ñ 0 .
Definition 5.1. Let Σ Ă R2. For δ ą 0 we define

Σδ :“ "

x P Rd : distpx,Σq :“ inf
yPΣ |x ´ y| ă δ

*

.

We denote by |Σδ | the d-dimensional Lebesgue measure of Σδ .

The phase field function vε P L8pωq representing Σ should satisfy the following assumptions.
Assumption 5.2. Let pbεqεą0 be a sequence with bε

ε Ñ 0 and ηε
bε Ñ 0 as ε Ñ 0. We assume

that vε : ω Ñ R is a function satisfying

0 ďvε ďa1´ ηε , (5.3)
Dc ą 0 such that vε ď c?ηε in Σbε , (5.4)

Dpdεqεą0 with dε ą bε , dε Ñ 0 such that vε “
a1´ ηε on ωzΣdε . (5.5)

Remark 5.3. The recovery sequence for the phase field in the construction of the lim sup-
inequality in the Γ-convergence proof in [AT92] satisfies the above assumptions, with

vεpxq “

$

’

&

’

%

0 , in Σbε1´ exppbε´distpx,Σq2ε q , in Σaε`bεzΣbε
a1´ ηε , in ωzΣaε`bε , (5.6)

with aε “ ´2ε logp1´a1´ ηεq , and dε “ aε ` bε. In Figure 5.1, for a given fold curve Σ,
such a phase field is displayed.
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ω vε

Σ 2bε 2dε

Figure 5.1: Left: Domain ω with fold curve Σ. Right: Phase field representation vε of Σ. Thered color corresponds to values close to 1, whereas blue is for values close to 0.
We now state the main theorem of this chapter, showing that the diffuse fold energy (5.2)Γ-converges to the sharp fold energy (5.1) in the strong W 1,2-topology, under some regularityassumptions on the fold curves Σ .

Theorem 5.4. Let Σ Ă ω with |Σδ |2δ Ñ H1pΣq ă 8 as δ Ñ 0 . Let vε : ω Ñ R fulfill
Assumption 5.2. Then, the functionals pWεr¨sqεą0, defined in (5.2), Γ-converges in the strong
W 1,2-topology to WΣr¨s, defined in (5.1), that is

(i) For every sequence pψεqεą0 Ă W 2,2pω; R3q with supεą0 Wεrψεs ă 8 , there exists
ψ P W 1,8pω; R3q XW 2,2pωzΣ; R3q such that ψε´ 1

|ω|
ş

ω ψε dx Ñ ψ strongly in W 1,2pω; R3q
for a subsequence, and

lim inf
εÑ0 Wε

rψεs ě WΣ
rψs . (5.7)

(ii) For every ψ P W 1,8pω; R3qXW 2,2pωzΣ; R3q there exists a sequence pψεqεą0 Ă W 2,2pω; R3q
with ψε Ñ ψ strongly in W 1,2pω; R3q, and

lim sup
εÑ0 Wε

rψεs ď WΣ
rψs . (5.8)

Proof. lim inf-inequality (i). Let pψεqεą0 Ă W 2,2pω; R3q. Without loss of generality, we assume
ż

ω
ψε dx “ 0 for all ε ą 0 , (5.9)

and supεą0 Wεrψεs ď C ă 8 , for a generic constant C . In particular,
ż

ω

ˇ

ˇ∇ψJε ∇ψε ´ I2ˇˇ2 dx ď Cε , (5.10)
hence ∇ψJε ∇ψε Ñ I2 strongly in L2pω; R2ˆ2q, and thus also in L1pω; R2ˆ2q, since ω is bounded.From this it also follows that ∇ψε is bounded in L2pω; R3q, hence, by Poincaré’s inequality,using (5.9), and the reflexivity of W 1,2pω; R3q, there exists ψ P W 1,2pω; R3q with ψε á ψweakly in W 1,2pω; R3q for a subsequence (not relabeled).
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Let now R ą 0, and ΣR as in Definition 5.1. Since Wεrψεs is uniformly bounded, andbecause of the assumption (5.5) on vε, there exists ε0 “ ε0pRq such that for all ε ă ε0 wehave
Wε
rψεs ě

ż

ωzΣdε |D
2ψε|2 dx ě ż

ωzΣR |D
2ψε|2 dx . (5.11)

Poincaré’s inequality, together with the estimate∥∥∇ψε
∥∥2
L2pω;R3ˆ2q `

∥∥D2ψε∥∥2
L2pωzΣR ;R3ˆ2ˆ2q ď C ,

derived by (5.11), leads to the boundedness of pψεqεą0 in W 2,2pωzΣR ; R3q. By reflexivity, therehence exists ψR P W 2,2pωzΣR ; R3q, such that, up to another subsequence, ψε á ψR weakly in
W 2,2pωzΣR ; R3q, and ψε Ñ ψR strongly in W 1,2pωzΣR ; R3q . Since ωzΣR Ă ω, it holds ψR “ ψin ωzΣR , so ψ P W 2,2pωzΣR ; R3q , and ∇ψε Ñ ∇ψ pointwise a.e. in ωzΣR . By the weaklower semicontinuity of the norm, using (5.11), it thus holds

lim inf
εÑ0 Wε

rψεs ě lim inf
εÑ0

ż

ωzΣR |D
2ψε|2 dx “ ż

ωzΣR |D
2ψ|2 dx .

Since R ą 0 was chosen arbitrarily, by the pointwise convergence of ∇ψε, together withthe estimate (5.10), ¸we have ∇ψJ∇ψ “ I2 almost everywhere in ωzΣ, and thus also almosteverywhere in ω. With this, we finally get the lim inf-inequality
lim inf
εÑ0 Wε

rψεs ě sup
Rą0

ż

ωzΣR |D
2ψ|2 dx “ ż

ωzΣ |D2ψ|2 dx “ WΣ
rψs .

lim sup-inequality (ii). Let now ψ P W 1,8pω; R3q XW 2,2pωzΣ; R3q. We now focus on theconstruction of the recovery sequence pψεqεą0. Without loss of generality, we can assume that
WΣrψs ă 8, hence

∇ψJ∇ψ “ I2 almost everywhere, (5.12)
so ψ is a Lipschitz function with Lipschitz constant 1, as the following calculation shows. Foralmost every x, y P ω, by the fundamental theorem of calculus, we get

|ψpxq ´ ψpyq| “
ˇ

ˇ

ˇ

ˇ

ż 1
0 ∇ψpx ` tpy´ xqqpy´ xq dtˇˇˇ

ˇ

ď

ż 1
0 |∇ψpx ` tpy´ xqqpy´ xq| dt

“

ż 1
0
a

py´ xqJ∇ψpx ` tpy´ xqqJ∇ψpx ` tpy´ xqqpy´ xq dt
“

ż 1
0
a

py´ xqJpy´ xq dt “ |y´ x| . (5.13)
Here, we used the triangle inequality, and the isometry constraint (5.12). We can extend ψ toall of R2, having the same Lipschitz constant 1, cf. [Kir34].
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In order to construct ψε, let θbε be a smooth cutoff-function, such that
θbε “ 0 on R2

zΣbε , θbε “ 1 on Σ bε2 , |∇θbε | ď
4
bε
. (5.14)

Let ρ : R2 Ñ R be the standard mollifier
ρpxq :“ #

c exp´ ´11´|x|2
¯

, if x P B1p0q0 , else , with c “ ˆ
ż

B1p0q exp
ˆ

´11´ |x|2
˙ dx˙´1

,

with B1p0q being the unit disk B1p0q :“ tx P R2 : |x| ă 1u . In Figure 5.2, a cross section ofthe standard mollifier through the origin is displayed. We write

Figure 5.2: Cross section of the standard mollifier.
ρbεpxq :“ 1

b2
ε
ρp xbε

q (5.15)
for a scaled version of the mollifier. Note that

ż

R2 ρbεpxq dx “
ż

R2 ρpxq dx “ 1 .
By the Lipschitz continuity of ψ, cf. (5.13), we have the pointwise estimate

|pρbε ˚ ψqpxq ´ ψpxq| “
ˇ

ˇ

ˇ

ˇ

ż

Bbε p0qpψpx ´ yq ´ ψpxqqρbεpyq dy
ˇ

ˇ

ˇ

ˇ

ď sup
zPBbε pxq

|ψpzq ´ ψpxq| ď bε . (5.16)
We define the recovery sequence ψε as

ψε :“ ψ ` ppρbε ˚ ψq ´ ψqθbε , (5.17)
i.e.,

ψε P W 2,2
pω; R3

q and ψε “ ψ in ωzΣbε . (5.18)
76



Σ

ψ ψε

ΣbεFigure 5.3: Left: Cross section of an isometry ψ with a sharp fold. Right: Constructed recoverysequence ψε, cf. (5.17), with a smooth transition in Σbε .
In Figure 5.3, a cross-section of a fold and the corresponding recovery sequence is shown.Differentiating (5.17) yields

∇ψε “ ∇ψ ` ppρbε ˚∇ψq ´∇ψqθbε ` ppρbε ˚ ψq ´ ψq b∇θbε . (5.19)
With the gradient (5.19), we can estimate, again using the isometry constraint (5.12),

ˇ

ˇ∇ψJε ∇ψε ´ I2ˇˇ
ď|θbε |2|pρbε ˚∇ψq ´∇ψ|2 ` |∇θbε |2|pρbε ˚ ψq ´ ψ|2
` 2|∇ψ||θbε ||pρbε ˚∇ψq ´∇ψ| ` 2|∇ψ||pρbε ˚ ψq ´ ψ||∇θbε |
` 2|θbε ||pρbε ˚∇ψq ´∇ψ||∇θbε ||pρbε ˚ ψq ´ ψ|

ďC ă 8 . (5.20)
Here we used |pρbε ˚∇ψq| ď pρbε ˚ |∇ψ|q ď supxPω |∇ψ| “

?2, the properties of the cutoff-function θbε , i.e. |θbε | ď 1 and |∇θbε | ď 4
bε , cf. (5.14), and the estimate (5.16). It follows that,with the pointwise estimate (5.20), the membrane part of the energy can be bounded by

lim sup
εÑ0

α
ε

ż

ω

ˇ

ˇ∇ψJε ∇ψε ´ I2ˇˇ2 dx “ lim sup
εÑ0

α
ε

ż

ωXΣbε
ˇ

ˇ∇ψJε ∇ψε ´ I2ˇˇ2 dx
ď Cα lim sup

εÑ0
|Σbε |
ε “ Cα lim

εÑ0 |Σbε |2bε 2bε
ε “ 0 .

Here, in the first equality, we used (5.18). The regularity assumption lim
εÑ0 |Σbε |2bε “ H1pΣq ď C ă 8was used in the last equality, together with the assumption lim

εÑ0 bε
ε “ 0 .Using (5.4), the bending part of Wεrψεs can be estimated as

ż

ω
pv2
ε ` ηεq|D2ψε|2 dx ď ż

ωzΣbε pv
2
ε ` ηεq|D2ψ|2 dx ` pc ` 1q ż

ωXΣbε ηε|D
2ψε|2 dx . (5.21)

The first term on the right-hand side converges to ş

ωzΣ |D2ψ|2 dx , by monotone convergence.It remains to show that the second term on the right-hand side vanishes in the limit. To thisend, note that, by the definition of the mollifier, cf. (5.15),
|D2ψεpxq| “ |p∇ρbε ˚∇ψqpxq| ď Cb´1

ε for x P Σ bε2 .
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Hence, integrating over Σ bε2 yields
ż

ωXΣ bε2
ηε|D2ψε|2 dx ď ηε

b2
ε
|Σ bε2 | . (5.22)

In ΣbεzΣ bε2 , we have
D2ψε “ D2ψ ` θbε `pρbε ˚D2ψq ´D2ψ˘

` 2 ppρbε ˚∇ψq ´∇ψq b∇θbε ` ppρbε ˚ ψq ´ ψq bD2θbε .Here, the first two terms are bounded in L2pωzΣq. For the third term it holds
| ppρbε ˚∇ψq ´∇ψq b∇θbε | ď Cb´1

ε .For the last term we have |D2θbε | ď Cb´2
ε , and |pρbε ˚ ψq ´ ψ| ď bε, cf. (5.16), hence it is oforder b´1

ε . This implies
ż

ωXΣbε zΣ bε2
ηε|D2ψε|2 dx ď Cηε

∥∥D2ψ∥∥2
L2pωzΣq ` C ηεb2

ε
|ΣbεzΣ bε2 | . (5.23)

Collecting (5.22) and (5.23), we conclude
0 ď ż

ωXΣbε ηε|D
2ψε|2 dx “ ż

ωXΣ bε2
ηε|D2ψε|2 dx ` ż

ωXΣbε zΣ bε2
ηε|D2ψε|2 dx

ď
ηε
b2
ε
|Σ bε2 | ` Cηε

∥∥D2ψ∥∥2
L2pωzΣq ` C ηεb2

ε
|ΣbεzΣ bε2 | .Now, by Assumption 5.2, ηε

bε Ñ 0 as ε Ñ 0, hence the first and third term vanish in the limit.The second term is of order ηε. All in all, we obtain that the second term on the right-handside of (5.21) vanishes in the limit. With this, we obtain the lim sup-inequality.
Remark 5.5. The terminology phase field approximation might be misleading here, since the
function vε is given a priori, and does not result from the minimization of a variational phase
field energy. In Section 5.3, however, an Ambrosio-Tortorelli type energy [AT92] is used to
determine a phase field representation of the fold, because there the determination of the fold
is part of this free discontinuity problem.
Remark 5.6. Note that the regularity of Σ required here is much lower than the regularity
assumptions needed to derive (5.1) from three-dimensional nonlinear elasticity, as has been
done in [BBH22], where only a single Lipschitz fold curve dividing ω into two distinct Lipschitz
domains ω1, ω2 is allowed.

The quantity lim
δÑ0 |Σδ |2δ

is also called the one-dimensional Minkowski content of Σ, cf. [Fed96]. An example of a setΣ Ă ω not satisfying the assumption

lim
δÑ0 |Σδ |2δ “ H1

pΣq
is Σ “ QX ω. In [AFP00], an example is given, showing that there also exist compact sets Σ
for which this equality does not hold.
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5.2 Numerical Experiments for Plates with Prescribed Folds
In this section, several examples of plate deformations with prescribed folds under differentforces and boundary conditions are presented. To discretize the energy (5.2), we once moremake use of the discrete Kirchhoff triangle (DKT) introduced in Section 2.4. We confineourselves to rectangular domains ω and work on regular triangulations with grid size H . Inthe following, ε ą 0 is always chosen to be proportional to the grid size, and we typicallychoose ε “ 2H . For a given fold Σ, we take a piecewise affine interpolation vε,H of the phasefield function vε defined in (5.6). The discrete version of the energy (5.2) then reads

Wε
HrψHs :“ ż

ω
pv2
ε,H ` ηεq|∇θHrψHs|2 dx ` c

ε

ż

ω

ˇ

ˇ∇ψJH∇ψH ´ I2ˇˇ2 dx . (5.24)
To evaluate the integral, a Gauss quadrature of degree 6 with 12 quadrature points is used.For the minimization, a Newton scheme with Armijo step size control from the IPOPT library[WB06] is used, with a stopping criterion tol ă 10´8 . The problem is first solved on acoarse regular grid with H “ 2´4 , and then successively halved, up to H “ 2´10 . Hence, theparameter ε ą 0 is also halved for every refinement of the mesh. Additionally we set ηε “ ε2 ,which fulfills the growth condition described in Section 5.1.The experiments that are presented in this section always incorporate (clamped) boundaryconditions and/or forces f P L2pω; R3q. Hence, the following minimization problem is considered

min
ψPABC

ˆ

Wε
rψs ´

ż

ω
f ¨ ψ dx˙ ,

with ABC
“ tψ PW 2,2

pω; R3
q : ψ “ φ , ∇ψ “ ∇φ on ΓD Ă Bωu ,

with some given function φ P W 2,2pω; R3q , and ΓD Ă Bω , H1pΓDq ą 0 .
Single arc fold. In the first experiment, we consider a single fold curve in the domain

ω “ p0, 1q2. The fold curve is given by
Σ “ "

px1, x2q P ω : b

px1 ´ 12q2 ` x22 “ 35
*

.

The fold and the corresponding phase field, with ε “ 2H “ 2´7 are displayed in Figure 5.1.To compute a deformation of a thin plate with this given fold, we considered the force
fpxq “

#

p0, 0, 1qJ , if x2 ě 34
p0, 0, 0qJ , else,

and boundary conditions
ψpxq “ p0.1875, x2, 0qJ on t0u ˆ r0, 0.25s , ψpxq “ p0.8125, x2, 0qJ on t1u ˆ r0, 0.25s ,

B1ψpxq “ p0, 0, 1qJ on t0u ˆ r0, 0.25s , B1ψpxq “ p0, 0,´1qJ on t1u ˆ r0, 0.25s .
The parameter α ą 0 in front of the penalty term α

ε
ş

ω

ˇ

ˇ∇ψJ∇ψ ´ I2ˇˇ2 dx is chosen to be
α “ 1000 . While the large constant 1000

ε could lead to numerical instabilities, we did notencounter such in our numerical experiments. In [BGM24], the approximation of bending
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Figure 5.4: Left: Computed deformation of a thin plate with a single arc as fold curve. Right:Picture of a sheet of paper folded along the arc curve Σ.
and stretching deformations of thin structures with folding was studied. In their numericalexperiments, they chose a factor 105 in front of the membrane term, in comparison to thebending term, which is similar to the scaling used here.The deformation, together with a picture of a sheet of paper with this arc fold, is displayedin Figure 5.4.

Spiral fold. In this experiment, we consider a set of curves Σ that meet in the middle ofthe square domain ω “ p´12 , 12q2 . The fold curves in r´12 , 0s are given as
Σ̂ “ "

px1, x2q P r´12 , 0s2 : b

px1 ` 12q2 ` x22 “ 12
*

Y

"

px1, x2q P r´12 , 0s2 : b

px1 ` 14q2 ` px2 ´ 14q2 “ 12?2
*

.

Let Q π2 “
ˆ0 ´11 0 ˙ . The set of fold curves we consider is

Σ “ Σ̂YQ π2 Σ̂YQ π2Q π2 Σ̂YQ π2Q π2Q π2 Σ̂ .Again we consider α “ 1000 , and apply compressed boundary conditions:
ψpxq “ px1 ` 18 , x2 ` 18 , 0qJ , B1ψpxq “ p1, 0, 0qJ on t´12u ˆ r´12 ,´38s
ψpxq “ px1 ´ 18 , x2 ` 18 , 0qJ , B2ψpxq “ p0, 1, 0qJ on r38 , 12s ˆ t´12u
ψpxq “ px1 ´ 18 , x2 ´ 18 , 0qJ , B1ψpxq “ p1, 0, 0qJ on t12u ˆ r38 , 12s
ψpxq “ px1 ` 18 , x2 ´ 18 , 0qJ , B2ψpxq “ p0, 1, 0qJ on r´12 ,´38s ˆ t12u .The phase field describing the spiral fold curves, the resulting deformation, and the corre-sponding physical experiment with folded paper are shown in Figure 5.5.

Periodic fold pattern. In this numerical experiment, we consider deformations of a thinplate with a periodic folding tessellation pattern. The periodic folding pattern is defined on
ω “ p0, 1q ˆ p0, 2q with the following folding curves

Σ̂ “ r0, 1s2 X ˆ"

b

x21 ` x22 “ 12
*

Y

"

b

px1 ´ 1q2 ` x22 “ 12
*

Y
 

x1 “ 12(
˙

Σ “ Σ̂Y ˆΣ̂` ˆ01˙˙ .
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Figure 5.5: Left: Phase field representation of the described spiral fold curves Σ. Middle:Deformation under compressed boundary conditions and vertical force. Right: Picture of asheet of paper folded along the spiral curves.
A phase field representation of the fold curves Σ is displayed in Figure 5.6 on the left. Thefollowing periodic boundary conditions for the deformation ψ of the fundamental cell ω areimposed:

B1ψ “ p1, 0, 0qJ on t0u ˆ r0, 2s Y t1u ˆ r0, 2s ,
B2ψ “ p0, 1, 0qJ on r0, 1s ˆ t0u Y r0, 1s ˆ t2u .

Strictly speaking, these boundary conditions do not suffice as periodic boundary conditions.However, because of the (almost) isometric deformation, the boundary conditions fit nicelytogether when multiple of these fold patterns are fit together, see Figure 5.6 in the middle.

Figure 5.6: Left: Phase field representation of the described periodic fold curves Σ. Middle:Deformation under boundary conditions of 3ˆ 2 fold patterns. Right: Picture of a sheet ofpaper folded along the tessellation pattern curves.
Additionally, to get a nontrivial deformation, we apply the compression boundary conditions

ψ2 “ 0 on r0, 1s ˆ t0u , ψ2 “ 32 on r0, 1s ˆ t2u ,
ψ “ p0, 0, 0qJ on t0u ˆ t0u

In the middle of Figure 5.6, the computed deformation of a thin plate with this periodic foldpattern is shown, with three repetitions of the periodic folding pattern in the x1-direction andtwo repetitions of the periodic folding pattern in the x2-direction. On the right of Figure 5.6,the picture of a deformed sheet of paper with the described fold tessellation pattern is shown.This fold pattern is inspired by [Luk21, Etude A2].
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5.3 Optimization of Folds
We now turn our attention to the optimization of folding curves. In the previous section, we sawhow the deformation of a thin plate with given fold curves, under given forces and boundaryconditions, can be computed. Now, we instead want to optimize the shape and position of thefold curves, such that the deformation of the thin plate is optimal in an abstract way, whichwill be later made more concrete. For example, a possible optimization task is to design foldpatterns such that the thin plate deforms in a desirable way when a specific force is applied.When designing mechanical micro devices for medical applications, such optimization tasksare of interest, cf. [MPL`24].Now, the fold curves and thus their phase field representation are no longer a priorigiven, but are determined by a PDE constraint optimization problem. The PDE constraintis exactly given by the elastic deformation of the thin plate. To this end, the phase fieldfunction is denoted as v P W 1,2pωq and is a quantity that is to be computed, in addition tothe deformation ψ P ABC. For a force f P L2pω; R3q, let

Eε
rψ, vs :“ 12

ż

ω
pv2
` ηεq|D2ψ|2 dx ` α

ε

ż

ω

ˇ

ˇ∇ψJ∇ψ ´ I2ˇˇ2 dx ´ ż

ω
f ¨ ψ dx , (5.25)

now depending on ψ and v . For fixed phase field function v , let
ψrvs P arg min

ψPABC pEε
rψ, vsq (5.26)

be an elastic deformation of the thin plate, under the boundary conditions ABC and force
f , with fold curves given by v . We assume that the given optimization task for v can beformulated as a minimization of a positive functional

min
vPW 1,2pωq

´

Ĉrv, ψrvss
¯ subject to ψrvs P arg min

ψPABC pEε
rψ, vsq (5.27)

that may depend on the phase field v and a corresponding elastic deformation ψrvs . Since wewant v to be a phase field approximation of one-dimensional fold curves, the functional Ĉr¨, ¨shas to contain a regularizer for v . To this end, we recall the Ambrosio-Tortorelli functional
AT ε

rvs :“ ż

Ω ε|∇v |2 ` p1´ vq24ε dx ,
introduced in Section 2.6. We assume Ĉr¨, ¨s to be of the form

Ĉrv, ψrvss :“ Crv, ψrvss ` βAT ε
rvs .

Here, Cr¨, ¨s is a positive cost functional associated with the desired optimization task and
β ą 0 is a positive constant. For small, but fixed ε ą 0, this functional penalizes deviations of
v away from v ” 1, only allowing to drop to zero on a set of small measure (an approximationof the one-dimensional fold curve set), while ensuring W 1,2–regularity. The Ambrosio-Tortorellifunctional as part of the cost functional Ĉr¨, ¨s at the same time serves as a measure of thelength of the optimal fold curves approximated by v . Hence, minimizing Ĉr¨, ¨s is a trade-offbetween minimizing the true cost Cr¨, ¨s and not spending too much fold curve length.

82



Optimization with the Lagrangian. In general, there is no unique minimizer ψrvs of (5.26),since Eεr¨, vs is non-convex, but minimizers ψrvs can be characterized by being solutions tothe Euler-Lagrange equation
BψEε

rψrvs, vspθq “ 0 for all θ P W 2,2
pω; R3

q with θ “ 0 , ∇θ “ 0 on ΓD . (5.28)
Of course, solving the Euler-Lagrange equation is only a necessary condition for being aminimizer of the energy. Only if Gr¨, vs were convex, it would be sufficient. On the other hand,it is easy to see that Gr¨, vs has a minimizer, by applying the direct method, since it is convexin the highest order term.With this, the constraint optimization problem (5.27) can be formulated as finding a criticalpoint of the Lagrangian

Lε
rv, ψ, ps “ Crv, ψs ` βAT ε

rvs ` BψEε
rψ, vsppq . (5.29)

Here, as before, v P W 1,2pωq is the phase field approximating the fold curves, ψ P ABC is theassociated elastic deformation, and p P W 2,2pω; R3q, with p “ 0 and ∇p “ 0 on ΓD , is thecorresponding Lagrange multiplier, ensuring the PDE constraint (5.28).For readers not familiar with constraint optimization, we briefly discuss here the reason forwriting (5.27) in the Lagrangian formulation (5.29). For a critical point pv̂ , ψ̂, p̂q of Lεr¨, ¨, ¨s itholds
BvLε

rv̂ , ψ̂, p̂spwq “ 0 , BψLε
rv̂ , ψ̂, p̂spθq “ 0 , BpLε

rv̂ , ψ̂, p̂spqq “ 0 , for all pw,θ, qq .
Here, the third equation is equivalent to (5.28), and hence ensures that ψ̂ solves the Euler-Lagrange equation associated with the elastic energy. The second equation is the so-calledadjoint equation, a linear equation that determines the Lagrange multiplier p̂. The firstequation is the optimality condition of the actual optimization variable v̂ .

Cost functional. So far, we have only introduced the abstract, positive cost functional
Crv, ψrvss, in which the optimization task is encoded, without providing details about possiblechoices of applications. We will make up for that here. In classical elastic shape optimizationwith phase fields, where the task is to distribute a certain amount of hard material in thecomputational domain, cf. [HRS20, PRW12], a natural choice for the cost functional is to takethe compliance energy Crv, ψs “

ş

ω ψ ¨ f dx . The physical interpretation of this optimizationtask is the following: Distribute the hard material so that the elastic object resists the force
f acting on it most strongly. Since in our application, where we want to distribute foldcurves optimally, and hence weaken the material instead of strengthening it, compliance shapeoptimization does not seem to be the right application of interest in our case. However, apossible compliance shape optimization task could be to design a folding pattern, such thatthe already deformed configuration is resistant to a second force f̃ , different from the force fthat deformed the thin plate at first. A concrete example of this is a paper box for Frenchfries, where the design of the bottom part of the box involves curved fold curves, cf. [BST25].Another widespread application in elastic shape optimization is the minimization of aso-called tracking-type cost functional, cf. [DDH15]. In this case, Crv, ψrvss is given by
Crv, ψs “

ş

ω |ψ´φ|
2 dx , where φ : ω Ñ R3 is a prescribed desired shape that is to be matchedby the elastic deformation ψ. This is a classical optimization task in Origami design, wherethe primary interest is to figure out the right folds to turn the thin plate (here, the sheet ofpaper) into a swan or a frog, for example.
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A third possible choice for an optimization task is inspired by engineering applications:In Figure 5.4, the deformation of a thin plate with a curved arc fold is displayed. Thisdeformation is caused by a vertical force, to flip up the upper part of the square plate, andby pushing the boundary together from left and right on the bottom part of the plate. Oncethe plate is deformed in this way, a variation of the degree of compression of the boundaryconditions leads to a variation of the folding angle, and hence creates a mechanical hingedevice. This phenomenon is also present in nature, for example, in the snapping mechanism offly trap plants [SWM`20]. An obvious question is how the geometry of the fold influences themechanical transmission of force, which in turn brings the optimization of force transmissionthrough optimal design of the fold curve into focus.Optimal design for microscopic fold patterns as displayed in Figure 5.6 to achieve certainmacroscopic, effective elastic responses is another interesting field where our method could beapplied. This requires the derivation of a homogenized model. With this at hand, a two-scaleoptimization procedure similar to [DPRS19] could be applied.The optimization problems listed above are interesting approaches for future projects thatrequire a deeper understanding of the modeling of such cost functionals. Here, we will limitourselves to a simpler example of a cost function to illustrate the practical application of theoptimization framework presented here. The motivation for this choice is as follows: Givenfixed boundary conditions and forces, choose an area ω̂ Ă ω inside the plate. Now optimizethe fold curves such that this set is lifted as high as possible (in the third coordinate direction).A simple cost functional modeling this optimization task is
Crv, ψs “ ´

ż

ω̂
ψ3 dx . (5.30)

In the experiments shown in this thesis, the choice of the set ω̂ depends on the experimentand will be specified.
Optimization algorithm. We have seen that the phase field fold optimization discussed inthis section can mathematically be formulated as finding a critical point of the Lagrangian(5.29), i.e., a root of ∇pv,ψ,pqLε . Strictly speaking, this is not a gradient, but a variation in theinfinite dimensional space W 1,2pωq ˆW 2,2pω; R3q ˆW 2,2pω; R3q , but in our FE discretizationwe will approximate this with a finite dimensional gradient. To ease notation, we willsketch the optimization algorithm here using the continuous notation, and after that, wewill introduce the FE discretization. Since the Lagrangian formulation (5.29) turns theoptimization into a saddle point problem, standard gradient descent methods, which areused for unconstrained minimization problems, cannot be applied here. A common, andusually fast algorithm to find the root of a function is Newton’s method, which would involvesecond derivatives of the Lagrangian, and hence third derivatives of Eεr¨, ¨s, which arecomputationally out of reach. One possibility would be to approximate the Hessian ofthe Lagrangian by using a quasi-Newton method like BFGS, or to directly formulate theconstraint optimization problem as an iterative method like sequential quadratic program(SQP) with equality constraints, cf. [NW06]. Here, we will follow a nested optimization methodalso used in [HRS20] for shape optimization on shells with phase fields: Given a phase field

vk at the k-th iteration step, first compute a minimizer ψk of Eεrvk , ¨s via Newton’s method.With this, solve the linear adjoint problem B2
ψEεrvk , ψksppkq “ ´BψCrvk , ψks for pk . Havingcomputed ψk and pk , the phase field for the next iteration is obtained by gradient descent:

vk`1 “ vk ´ τkpBvCrvk , ψks ` βBvAT ε
rvks ` BvBψEεrvk , ψksppkqq , with variable step size τk .The procedure is summarized in Algorithm 5.1.
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Algorithm 5.1 Nested phase field fold optimization
Input: Initial phase field v0
Output: Optimal phase field v̂1: k “ 02: while not converged do3: Compute minimizer ψk of Eεrvk , ¨s via Newton’s method4: Solve the linear adjoint problem B2

ψEεrvk , ψksppkq “ ´BψCrvk , ψks for pk5: Compute the next phase field by gradient descent with step size control τk :
vk`1 “ vk ´ τkpBvCrvk , ψks ` βBvAT ε

rvks ` BvBψEε
rvk , ψksppkqq

6: k “ k ` 17: end while

We implemented this optimization algorithm using the IPOPT library, cf. [WB06], both forthe inner Newton’s method for computing ψk , similar to [RSS22, RSS24], and for the outergradient descent algorithm for computing vk`1, with Armijo step size control.
Finite element discretization. We use a similar discretization as in (5.24), where weadditionally discretize the Lagrange multiplier pH with the DKT finite element, cf. Section 2.4.The phase field vH is again discretized by piecewise affine finite elements, but now treatedas a variable instead of a fixed input vector. For the inner Newton’s method, we typicallychoose a tolerance of 10´8 , and for the outer gradient descent, a tolerance of 10´6 as astopping criterion. As before, we start with a coarse mesh, compute an optimal solution there,and then interpolate the phase field, deformation, and Lagrange multiplier onto a refinedmesh. Here, instead of uniform refinement, we employ an adaptive refinement strategy, whichinvolves refining an element if the norm of the gradient of the phase field is larger than 1, i.e.

|∇vH | ą 1, or if the average phase field value is smaller than 14 . The first condition impliesmesh refinement in areas where the phase transition is steep, while the second conditionimplies mesh refinement where the approximate fold curve is (v “ 0). In this fold optimizationsetting, we choose ε “ 5H instead of ε “ 2H , where H denotes the smallest trianglediameter in the mesh. We found that this choice significantly improved the convergence of ouroptimization algorithm, which we attribute to improved regularity at larger ε . As before, weset ηε “ ε2.
Cross fold optimization. In this first experiment, we consider a physical setting similarto the spiral fold displayed in Figure 5.5. We investigate optimal fold curves on a squareplate, given by ω “ p0, 1q2, where we push the four corners into the middle, exactly as thecompressed, clamped boundary conditions for the spiral fold experiment. As described before,we consider the simple optimization task of optimizing the fold curves, such that a smallarea in the middle of the plate, ω̂ “ p0.45, 0.55q2, is lifted as high as possible in the thirdcoordinate direction, i.e., in the direction perpendicular to the plate. For this, we considerthe cost functional given by (5.30). The described setup is displayed in Figure 5.7 The phasefield for the optimization algorithm is initialized by the constant 1 function, i.e. v0 ” 1 , andwe start the optimization on a regular grid with uniform grid size H “ 2´4 . The constant infront of the Ambrosio-Tortorelli functional, which controls the length penalization of the foldcurves, is chosen to be β “ 0.001. The constant α in front of the membrane term in (5.25) isset to α “ 1 .
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ω̂

ω

Figure 5.7: Setup for the cross fold optimization, with clamped boundary conditions (brownboxes), and the area ω̂ that is to be lifted in normal direction.
The optimal phase fields computed on different resolutions, together with the underlyingmesh, are displayed in Figure 5.8. There, we see that the phase field directly constructsa fold where the clamped boundary conditions are imposed, and thus switches them off.Another surprising observation is the crossing of the phase field in the middle of the plate,building angles of 90˝ , instead of a crossing of three fold curves that meet in 120˝ angles,cf. [ABM03], which are minimizers of the Mumford-Shah functional, the sharp interface limit ofthe Ambrosio-Tortorelli functional. A possible explanation for this is that in our experiment,

ε is still too large, such that the gradient term in the Ambrosio-Tortorelli functional causesthe phase field to blur out the middle, whereas the sharp interface optimal fold curves wouldnot meet at all. Also, the nonlinear elastic energy has a big influence, as (almost) isometricdeformations are very rigid and may cause nonlocal phenomena. The computed deformationfor the optimal phase field on the finest grid is shown in Figure 5.9 on the left.

Figure 5.8: Computed optimal phase field solutions for the cross fold optimization, with
β “ 0.001, on different stages of refinement. From left to right, the grid resolution is increasedadaptively. On the coarsest grid, the phase field function is initialized with constant onefor the optimization. On the refined grids, the optimal solution on the previous, coarser gridserves as the initialization for the phase field function, interpolated onto the refined grid.

To investigate the influence of the regularizing length penalization term AT ε
r¨s, we ranthe same experiment, but now halved the factor in front of the Ambrosio-Tortorelli energy,i.e., β “ 0.0005. In theory, this allows for more freedom for the optimizer with regard to thelength of the folds. In Figure 5.10, the computed optimal phase field functions are shownon increasing mesh resolutions. Indeed, the length of the approximate, diffuse fold curvesincreases, in comparison to Figure 5.8, and a different fold structure appears, breaking thesymmetry with two new folds building a diagonal fold in one direction.The corresponding deformation computed on the finest grid is shown in Figure 5.9 on the
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Figure 5.9: Computed deformations with optimal phase field for the cross fold optimization onthe finest mesh. Left: Deformation corresponding to the phase field displayed in Figure 5.8on the right. Right: Deformation corresponding to the phase field displayed in Figure 5.10 onthe right.

Figure 5.10: Computed optimal phase field solutions for the cross fold optimization, with
β “ 0.0005, on different stages of refinement. From left to right, the grid resolution isincreased adaptively. On the coarsest grid, the phase field function is initialized with constantone for the optimization. On the refined grids, the optimal solution on the previous, coarsergrid serves as the initialization for the phase field function, interpolated onto the refined grid.
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right. A direct comparison, see Figure 5.11, shows that the increased length of the fold curvesis indeed beneficial for minimizing the cost functional, leading to a higher lift of the middlepart of the plate ω̂ .

Figure 5.11: Comparison of the deformations corresponding to the optimal phase field foldcurves with different length penalization (Left: β “ 0.001, right: β “ 0.0005). We see thatincreased length of the approximate fold curves leads to a higher lifting of the middle part ofthe plate ω̂ .
Arc fold optimization. In the previous optimization experiment, we saw that our phasefield method for optimizing fold curves on elastic plates leads to interesting, almost straightfold patterns that cross in the middle of the plate. Next, we want to design an optimizationproblem that leads to a curved fold geometry. Inspired by the arc fold experiment shown in

ω̂

ω

ψ ” half cylinder
Figure 5.12: Setup for the arc fold optimization, where the lower quarter of the plate isdeformed into a half cylinder (brown box), and the area ω̂ that is to be lifted in the verticaldirection.
Figure 5.4, we take into account the square plate ω “ p0, 1q2, where we now enforce that thelower quarter of the plate r0, 1s ˆ r0, 0.25s is deformed into a half cylinder, explicitly

ψpx1, x2q ” p´ 1
π cospπx1q, x2, 1

π sinpπx1qq for px1, x2q P r0, 1s ˆ r0, 0.25s .
Additionally, the vertical force fpx1, x2q “ p0, 0, 60qJ is applied on ω̂ “ p0, 1q ˆ p0.96, 1q , thearea that also appears in the cost functional (5.30). The physical setting is displayed inFigure 5.12.The constant in front of the Ambrosio-Tortorelli functional, which controls the lengthpenalization of the fold curves, is chosen to be β “ 0.006̄. The constant α in front of the
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membrane term in (5.25) is set to α “ 1 . Here, we directly started the optimization on a finergrid, with H “ 2´6.We found that initializing the optimization algorithm with a constant phase field v0 ” 1did not lead to satisfying results. A reason for this could be that the strong contributionof the membrane term that leads to almost isometric deformations does not allow for largedeformations in the vertical direction when the plate is deformed into a half cylinder, in thecase of constant hard material (i.e., when there is no fold region). Instead, we initializedthe phase field with a prescribed curved fold. This initialization and the correspondingelastic deformation are displayed in Figure 5.13. The computed optimal phase field and thecorresponding elastic deformation after one refinement step are shown in Figure 5.14.

Figure 5.13: Left: Initialization of the phase field for the arc fold optimization. Right:Corresponding elastic deformation, with a sharp fold along the initial fold.

Figure 5.14: Left: Optimal phase field for the arc fold optimization. Right: Correspondingelastic deformation, with a less sharp fold, in comparison to the initial fold deformation, causedby higher values of the phase field function.
An interesting observation here is that the phase field does not drop to zero (blue color) inthe middle of the fold, but stays in the region « 0.5 (white color), leading to a less sharp folddeformation, which can be seen in Figure 5.14 on the right. A higher factor α in front of the
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membrane term would probably lead to a sharper optimal fold curve, but would definitely comewith more difficulties in the optimization, as we experienced in our numerical experiments. Thatis why we restrict ourselves to the experiment presented here. At the boundary of the plate, thephase field forms 90˝ angles, a common phenomenon when minimizing the Ambrosio-Tortorellifunctional. The direct comparison in Figure 5.15 clearly displays the better performance ofthe optimal phase field in minimizing the cost functional Crψs “ ´
ş

ω̂ ψ3 dx , compared to thedeformation corresponding to the initial phase field.

Figure 5.15: Left: Deformation corresponding to the initial phase field for the arc foldoptimization. Right: Deformation corresponding to the optimal phase field.
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Chapter 6

A Hybrid Minimizing Movement and
Neural Network Approximation of
Willmore Flow

We present a hybrid method combining a minimizing movement scheme with neural operatorsfor the simulation of phase field-based Willmore flow. The minimizing movement componentis based on a standard optimization problem on a regular grid, whereas the functional to beminimized involves a neural approximation of mean curvature flow proposed by Bretin et al.[BDMT22]. Numerical experiments confirm stability for large time step sizes, consistency,and significantly reduced computational cost compared to a traditional finite element method.Moreover, applications demonstrate its effectiveness in surface fairing and reconstructing ofdamaged shapes. Thus, our approach offers a robust and efficient tool for geometry processing.
Collaboration. This chapter is the result of joint work with Josua Sassen and Martin Rumpfthat is currently under review, and available as a preprint [RSS25]. In particular, JosuaSassen implemented the basic learning algorithm and the Newton CG algorithm for thenested Willmore scheme with neural networks. Furthermore, he rendered the images of thethree-dimensional examples.
Willmore flow is the L2-gradient flow of the Willmore energy, which is defined as the surfaceintegral over the squared mean curvature. For closed surfaces of genus zero, the Willmoreenergy allows to quantify how much a surface deviates from being a perfect sphere, with around sphere having minimal Willmore energy. Physically, the Willmore energy reflects anapproximation of the stored energy in a thin elastic shell with a planar physical referenceconfiguration [Cia00]. It is also used to model the behavior of cell membranes, which have thetendency to minimize their bending. To this end, an extension of the Willmore energy, theHelfrich model, is used to describe elastic cell membranes in biology [CAMK14]. Furthermore,in computer graphics and geometry processing, Willmore flow is used for surface smoothing[CPS13], and surface restoration [CDD`04, LC23]. This motivates the study of Willmore flow,and in particular, the development of numerical schemes.However, as we will discuss below, Willmore flow is described by a fourth-order PDE, whichmakes it challenging to devise schemes that allow for large time steps and are computationallyefficient. We will show that our proposed hybrid scheme is stable for large time steps andindeed leads to an efficient scheme for Willmore flow in the case of a phase field formulation,
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which is, in particular, practical for applications with implicitly described geometries. Tocompute Willmore flow, we will consider a minimizing movement time discretization. Therein,we combine a discretization of the minimizing movement scheme on a regular grid with aneural network approximation of the mean curvature arising in the Willmore energy.The work presented in this chapter deals with phase field models approximating hypersur-faces M in the computational domain Ω “ p0, 1qd and their evolution by Willmore flow. Tomotivate the hybrid method, we first recall the parametric formulation of Willmore flow. Wedenote by x : M Ñ Ω the identity restricted to the surface M. Then the Willmore energy of
M is given by

wrxs :“ 12
ż

M
h2
pxq dHd´1,

where h is the mean curvature, which we take to be the sum of the principal curvatures. The
Willmore flow for parametrizations is then the L2-gradient flow of this energy, i.e. the evolution
x : r0, T s ˆM Ñ Ω that fulfills

pBtx, θqL2pMq “ ´Bxwrxspθqfor all test functions θ P C8pM,Rdq, where p¨, ¨qL2pMq denotes the L2-scalar product on thehypersurface M and Bxwrxspθq the variation of the Willmore energy in direction θ .However, here, the goal is not to minimize the Willmore energy but to efficiently simulateWillmore flow, i.e. the L2-gradient flow of the Willmore energy.To this end, we will consider a variational time-discretization of Willmore flow based onthe minimizing movements paradigm [DG93, AGS08]. In case of parametric Willmore flow andtime step size τ ą 0, given a parametrization xk : M Ñ Ω approximating the evolution at time
kτ , the next time step xk`1 is given as the minimizer of

erxk , xs :“ }x ´ xk}2L2pMk q ` 2τ wrxs. (6.1)To obtain a fully implicit, variational formulation of Willmore flow that is (experimentally)unconditionally stable and allows for large step sizes, Balzani and Rumpf [BR13] proposed toapproximate the Willmore functional wrxs in (6.1) using an approximate mean curvature. To thisend, one denotes by yτ̃rxs : M Ñ Ω the solution of one discrete time step of mean curvatureflow (MCF) with time step size τ̃ starting from the initial parametrization x corresponding to thesurface M. By definition, the mean curvature h is the normal velocity of mean curvature flow.Hence, 12 şM
|yτ̃ rxs´x|2

τ̃2 dHd´1 constitutes a difference quotient approximation of the Willmoreenergy wrxs and a minimizing movement functional is given as
erxk , xs :“ }x ´ xk}2L2pMk q ` τ

ż

M

|yτ̃rxs ´ x|2
τ̃2 dHd´1. (6.2)

As a discrete solution for mean curvature motion, one might consider the time step of asemi-discrete backward Euler scheme with time step τ̃ as proposed by Dziuk [Dzi91]. Thus,minimizing the energy erxk , xs in x amounts to solving a nested time discretization withtime-discrete mean curvature motion as the inner and the actual time-discrete Willmore flowas the outer problem, It can also be understood as a PDE-constrained optimization problem,where one optimizes the energy (6.2) subject to the constraint that yτ̃rxs is the solution of thelinear discrete semi-implicit backward Euler scheme for mean curvature motion.In this work, we pick up the approach proposed by Franken et al. [FRW11] and focus on thecorresponding scheme for phase fields. Our core idea is to construct a hybrid scheme where the
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inner problem is solved using a neural network, whereas the outer problem remains a classicalminimizing movement optimization scheme. For the inner problem, we will build on recentwork by Bretin et al. [BDMT22] on neural operators for time-discrete mean curvature flow ina phase field formulation. These neural operators are efficient to evaluate, straightforward todifferentiate, and convergent under spatial refinement in numerical experiments.Using them in the variational time-discretization, we obtain a numerical scheme for thephase field approximation of Willmore flow that, similar to the original nested scheme, remainsstable for large time steps while being computationally more efficient.By adopting this hybrid strategy, we take a step towards a fully neural treatment ofWillmore flow, where the ultimate goal is to learn the solution operator itself. Indeed,considering a network that approximates a minimizing movement scheme for the phase fieldapproximation of the Willmore energy would be a promising alternative. However, it requiressufficient training data for a suitable large set of initial conditions, which has to be computedin the training phase. Given the usual computing times for Willmore flow, this is surely a majorcomputational challenge. Furthermore, the selection of a suitable class of initial conditions isstill open.The advantage of our approach is that the nested scheme by Franken et al. [FRW11] allowsfor an approximation of the mean curvature based on a neural operator for the approximation ofMCF. This only requires training data for a corresponding phase field approximation of MCF.Such training data is easy and computationally cheap to generate, as discussed by Bretin etal. [BDMT22]. Indeed, they showed that training on hypersphere evolutions is sufficient.Within this context, the integration of a learned mean curvature flow operator into thenested framework provides a practical and principled intermediate step: it leverages theefficiency of neural operators while retaining the well-established structure of the nestedalgorithm. We show that this integration indeed leads to a viable hybrid scheme.
Related work. Willmore surfaces, i.e., minimizers of the Willmore energy, and Willmore flowhave been the subject of intense theoretical study. Simonett proved in [Sim01] the existenceof a unique and locally smooth solution of Willmore flow for sufficiently smooth initial surfacesas well as exponential convergence to a sphere for initial surfaces close to a sphere. Similarly,Dall’Acqua et al. [DMSS23] proved that if the initial datum is a torus of revolution withWillmore energy less than16π then the Willmore flow converges to the Clifford Torus. Kuwertand Schätzle treated long-time existence and regularity of solutions in co-dimension one in[KS01, KS02, KS04], and Rivière [Riv08] extended these results to arbitrary co-dimension. In2014, Marques and Neves [MN14] were able to prove the famous Willmore conjecture, i.e.that for every smooth immersed torus in R3 the Willmore energy is lower bounded by 4π2.Similarly, the numerical treatment of Willmore flow for surfaces has garnered significantattention. Rusu [Rus05] introduced a semi-implicit finite element scheme for the computationof the parametric Willmore flow of surfaces, which was applied by Clarenz et al. [CDD`04] tosurface restoration problems. Droske and Rumpf [DR04] introduced a level set formulationfor Willmore flow and a corresponding numerical scheme. Deckelnick and Dziuk provided in[DD06] a priori error estimates for a spatially discretized but time-continuous finite elementscheme on two-dimensional graphs. Alternative finite element schemes for parametric Willmoreflow were introduced by Barrett et al. [BGN07] and Dziuk [Dzi08]. In contrast, Bobenkoand Schröder [BS05] introduced a discrete Willmore energy and flow based on discretedifferential geometry. Concerning phase field models, Du et al. introduced and analyzed adiscrete semi-implicit scheme for Willmore flow in [DLW04, DW07]. In [BMO15], Bretin et al.
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investigated flows for various diffuse approximations of the Willmore energy and its relaxationsand introduced corresponding numerical schemes. If the goal is to minimize Willmore energy,one can also consider gradient flows with respect to other metrics. For example, Schumacher[Sch17] analyzed H2-gradient flows for the Willmore energy with numerical experiments ontriangle meshes. Soliman et al. [SCD`21] extended this idea on triangle meshes to incorporatefurther constraints – most notably on the conformal class of the surface.
Outline. The remainder of the chapter is organized as follows. In Section 6.1, we recapitulatethe adaptation of the variational time-discretization to phase fields from [FRW11] and introducea neural operator approximation of mean curvature flow for phase fields inspired by [BDMT22].We combine both to obtain the spatially discrete hybrid scheme for Willmore flow in Section 6.2.In Section 6.3, we first experimentally validate the convergence properties of the neural network-based discrete mean curvature flow to then underpin a corresponding validation of our hybridWillmore flow scheme. Furthermore, we use our hybrid scheme to compute the evolution fordifferent interesting initial curves in 2D and surfaces in 3D. Afterwards, in Section 6.4, weapply the scheme for curve and surface restoration.
6.1 Synthesis of the time-discrete Willmore flow
Our scheme has two essential ingredients: a phase field based minimizing movement scheme for
Willmore flow as introduced by Franken et al. [FRW11], and a convolution based approximation
of mean curvature. Below, we will first discuss the relevant parts of the former, then detailthe latter and describe how both are combined for the purpose of a robust and efficientapproximation of Willmore flow.
Phase field based minimizing movement scheme for Willmore flow. Following Franken etal. [FRW11], we assume that hypersurfaces under consideration are represented by Modica–Mortola-type phase field functions [MM77] with periodic boundary conditions. In what follows,we assume that all functions and interfaces are sufficiently smooth. We consider the interfacialenergy

Pε
rvs :“ 12

ż

Ω ε}∇v}2 ` 1
εΨpvq dx (6.3)

with the double well potential Ψpvq “ 916p1´ v2q2. Modica and Mortola [MM77] showed thatthe Γ-limit of Pεr¨s in the L1 topology is half the total variation of a function u P BV pΩ; t´1, 1uqin Ω, i.e. the perimeter of the set tu “ 1u.Phase field functions minimizing (6.3) follow an optimal profile in normal direction acrossthe boundary of a set ω Ă Ω, which is ṽε : R Ñ R; s ÞÑ tanhp´ 3s4ε q. Thus, tanh `´ 34εsdistpy,ωq˘is the optimal phase field profile of an interface M “ Bω XΩ for fixed ε, where the signeddistance function of M is defined as sdistpx, ωq “ distpx, ωq ´ distpx, ωcq with ωc being thecomplement of ω. Now, let ukε denote the phase field representations of the hypersurface
Mk with parametrization xk , which is the boundary of a subset ωk Ă Ω, i.e. Mk “ Bωk XΩ.Similarly, let uε be the representation of M “ Bω XΩ with parametrization x , and vτ̃ruεs aphase field representation of the image of M under timestep of mean curvature flow with stepsize τ̃ and initial data uε. Following Franken et al. [FRW11], we take into account a further
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minimizing movement scheme to define the operator vτ̃r¨s variationally and obtain
vτ̃rus :“ arg min

vPH1pΩq
´

ε}u´ v}2L2pΩq ` 2τ̃Pε
rvs

¯

. (6.4)
To translate (6.2) to the phase field context, one observes for a shift δ of the optimal profile

ṽε in one dimension
ε
ż

R
pṽεpsq ´ ṽεps´ δqq2 ds “ δ2

p1`Θpδ, εqq ,
where Θpδ, εq “ C

´

δ
ε `

δ2
ε2
¯. A detailed calculation is given in [FRW11]. Chosing δ “ εβwith β ą 1 implies Θpδ, εq ď Cδp1´ 1

β q and thus
ε
ż

Ω puεpx ` δpxqnpxqq ´ uεpxqq
2 dx “ ż

M
δ2
pxqHd´1

p1`OpΘp}δ}8, εqqq ,
where now δ is some function on M, n is the normal field of M and δ is assumed to beextended constantly in normal direction to M. Next, assuming that all involved phase fieldfunctions uk , u, and vτ̃rus follow the optimal profile, one observes that

ε}vτ̃rus ´ u}2L2pΩq “ }yτ̃rxs ´ x}2L2pMq

`1`OpΘp}yτ̃rxs ´ x}L8pMq, εqq
˘

,
ε}u´ uk}2L2pΩq “ }x ´ xk}2L2pMk q

`1`OpΘp}x ´ xk}L8pMk q, εqq
˘

.

The above estimates were presented in [FRW11] using the double well function Ψpvq “ p1´v2q2and thus consistently with an additional factor 43 (and optimal profile ṽεpsq “ tanhp´sε´1q).Finally, with these approximations at hand, one can define the energy
eεruk , us “ ε}u´ uk}2L2pΩq ` τε

τ̃2 }vτ̃rus ´ u}2L2pΩq (6.5)
for two functions uk and u considered as phase field descriptions of Mk and M. By ourabove estimates, this energy is equivalent to the energy er¨s associated with the variationaltime-discretization in (6.2).Altogether for sufficiently small phase field parameter ε and sufficiently small time stepsizes τ , τ̃ , this leads to the following nested variational time discretization of Willmore flow:
Definition 6.1 (Variational time discretization of Willmore flow [FRW11]). For eεr¨, ¨s defined
in (6.5) based on some mapping vτ̃ : L2pΩq Ñ L2pΩq with τ, τ̃ ą 0 and some u0 P L2pΩq we
iteratively compute

uk`1
“ arg min

uPL2pΩq eεruk , us (6.6)
as the time discrete phase field solution at time pk ` 1qτ for k P N0.
Convolution-based approximation of mean curvature. Thus far, we have defined vτ̃rus vari-ationally, and obtained an inner variational problem to be solved for every u in the outerproblem (6.6). Instead of solving the Euler-Lagrange equation associated with (6.4) for everyfunction u arising in the outer problem, we pick up the approach by Bretin et al. [BDMT22].
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To this end, we define a spatially continuous neural operator v f ,κτ̃ : L2pΩq Ñ L2pΩq thatwill be trained to approximate vτ̃r¨s. We follow the structure proposed for the discrete contextin [BDMT22] and combine a nonlinear activation function and a convolution operator to definethe neural operator v f ,κτ̃ . This leads to the definition of the still spatially continuous neuraloperator
v f ,κτ̃ rus :“ fτ̃ ˝ pκτ̃ ˚ uq, (6.7)where one first applies a convolution kernel κτ̃ P L2pRdq, followed by the concatenation with anonlinear activation function fτ̃ P C 0pRq. When applying the kernel κτ̃ to u, we assume that

u is periodically extended to all of Rd. The convolution κτ̃ ˚ u with κτ̃ P L2pRdq is in C 0pRdq.Thus, v f ,κτ̃ rus P C 0pRdq as well and can in particular be evaluated point-wise.When using the neural operator v f ,κτ̃ in the nested scheme (6.5), we obtain a time-discretebut spatially still continuous scheme. It combines a standard optimization problem overfunctions in L2pΩq with a neural operator acting on functions in L2pΩq.
Remark 6.2 (Relation to the Merriman–Bence–Osher scheme and semi-implicit time steppingfor Allen-Chan flow). To motivate the neural network architecture used by Bretin et al. we
first observe that the rescaled L2-gradient flow of Pε with time discretization (6.4) is given by
the Allen–Cahn equation Btu´ ∆u` 12ε2 Ψ1puq “ 0. Evaluating the nonlinearity Ψ1 implicitly
at uk`1 and the Laplace operator explicitly at uk we obtain the time-discrete equation

uk`1´uk
τ̃ ´ ∆uk ` 12ε2 Ψ1

puk`1
q “ 0 (6.8)

to iteratively compute the sequence pukqkPN of phase fields given an initial phase field u0.
The function φε,τ̃puq “ u ` τ̃2ε2 Ψ1puq is monotone for τ̃

ε2 ă 89 and thus invertible. Hence,(6.8) can be rewritten as uk`1 “ φ´1
ε,τ̃ppId ` τ̃∆qukq and finally using the approximation

pId ` τ̃∆quk “ e´τ̃∆uk ` Opτ̃2q we obtain uk`1 “ φ´1pe´τ̃∆ukq. This indeed reflects the
structure (6.7) proposed by Bretin et al. [BDMT22] and resembles the Merriman–Bence–Osher
(MBO) scheme [MBO92, MBO94] for characteristic functions, where one first solves the linear
heat equation with time step τ̃ for a characteristic function as the initial data and then applies
a thresholding function to obtain the time step updated characteristic function. In this sense,
the application of the function φ´1

ε,τ̃ acts as a soft thresholding. For the convergence to mean
curvature motion, we refer to [Eva93] and [BG95]. Recently, Budd and van Gennip [BvG20]
studied a semi-implicit time-discretization for the double obstacle Allen–Cahn equation on
graphs and proved that the MBO scheme coincides with a particular choice of a semi-implicit
scheme for Allen–Cahn flow. The scheme takes the form uk`1 “ ρ ˝

`

e´τ̃∆uk˘, with ∆ being
the (positive definite) graph Laplacian, ρ a monotone Lipschitz continuous (activation) function,
and e´τ̃∆ the linear operator representing one timestep of the heat flow with time step size
τ̃. The authors explicitly refer to the analogy of a convolutional neural network in [BvG20,
footnote 6].As proposed in [BDMT22], both the kernel κτ̃ and the scalar function fτ̃ P C 0pRq arelearned from data. Bretin et al. suggested using (discrete) phase field profiles for the explicitlyknown evolution of hyperspheres in Rd as training data. Indeed, the radius of a hypersphereevolving under mean curvature flow with initial radius r0 at time τ̃ is given by

Rpr0, τ̃q “
b

r20 ´ 2pd ´ 1qτ̃ . (6.9)
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For a hypersphere of radius r, we define the corresponding phase field profile by urpxq :“tanh´3pr´|x|q4ε
¯. The aim is to learn fτ̃ and kτ̃ such that, for a range of radii r, the phase fieldrepresentation of a hypersphere of radius r is mapped to one of a hypersphere of radius

Rpr, τ̃q, i.e. v f ,κτ̃ rurs « uRpr,τ̃q. This way, v f ,kτ̃ approximates the time-discrete solution operatorof mean curvature flow on the chosen training data. We formulate an optimization problemby turning the desired relation into a least-squares loss, and thus determine fτ̃ and kτ̃ assolutions of
min
f ,κ

ż rmax
rmin }v

f ,κ
τ̃ rurs ´ uRpr,τ̃q}2L2pRdq dr, (6.10)

where one optimizes over suitable classes of nonlinear functions f and convolution kernels κfor a suitable choice of rmin and rmax .
Remark 6.3. In their study, Bretin et al. [BDMT22] focused on a discrete formulation on
regular grids and directly developed a time and space discrete evolution operator for mean
curvature motion. The underlying neural network consists of a single convolution layer and a
scalar activation function realized with a multilayer perceptron. Bretin et al. demonstrated
empirically that this also leads to a reasonable approximation of mean curvature flow for fairly
general initial data and corresponding phase fields. Functions of the form (6.7) are efficient
to evaluate and differentiate when implemented on discrete grids using neural networks. We
will retrieve this discrete formulation in the next section.Furthermore, employing the scheme composed of (6.5) and (6.7), we can show the existenceof time-discrete Willmore flow, i.e. the existence of minimizers of (6.5) for fixed scalar functionfand convolution kernel κ:
Proposition 6.4. For Ω “ p0, 1qd, u0 P L2pΩq periodically extended on Rd, and eεru0, ¨s as
in (6.5) with vτ̃ of the form vτ̃rus “ fpκ ˚ uq for fixed f P CpRq and κ P L2pRdq there exists a
minimizer u P L2pΩq of eεru0, ¨s in the class of periodically extended L2pΩq functions.
Proof. Let pujqj Ă L2pΩq be a minimizing sequence of eεru0, ¨s, with

C “ eεru0, u0
s ě eεru0, ujs ě ε}u0

´ uj}2L2pΩq ě ε2}uj}2L2pΩq ´ ε}u0
}
2
L2pΩq ,for a constant C depending on }u0}L2pΩq. Here, we used that }κ ˚ u0}C0pΩ̄q is bounded andapplied Young’s inequality. Hence, }uj}L2pΩq ď Ĉ for some constant Ĉ , and thus there exists

u P L2pΩq, and a subsequence (not relabeled), with uj á u weakly in L2pΩq. Once more usingthat κ P L2pRdq, we have
pκ ˚ ujqpxq “

ż

Ω κpx ´ yqujpyq dyÑ
ż

Ω κpx ´ yqupyq dy “ pκ ˚ uqpxqfor j Ñ 8. Furthermore, we observesup
xPΩ

ˇ

ˇpκ ˚ ujqpxq
ˇ

ˇ ď }κ}L2pRdq}uj}L2pΩq ď Ĉ}κ}L2pRdq.
Since f is uniformly continuous on r´Ĉ}κ}L2pRdq, Ĉ}κ}L2pRdqs, we obtain fpκ ˚ ujq Ñ fpκ ˚ uqpointwise and in L2pΩq. Finally, lower semicontinuity of the L2 norm impliesinf

ũPL2pΩq eεru0, ũs “ lim inf
jÑ8

eεru0, ujs ě eεru0, us.
Thus u P L2pΩq and minimizes eεru0, ¨s in the class of periodically extended L2pΩq functions.
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6.2 Spatial discretization
Minimizing movement scheme for Willmore flow. To discretize the time-discrete Willmoreflow in Rd based on the minimizing movement scheme (6.5), we consider a regular grid on
r0, 1sd with gridsize h “ 1

n for n P N and nodes xα “ pα1
n , ¨,

αd
n q for a multi-index α in the multiindex set In :“ pt0, . . . , nuqd. On this grid we consider functions represented by nodal vectors

U P R|In| with function values Uα at nodes xα . A discrete L2 norm is defined as
}U}L2 :“d

pn` 1q´d ÿ

αPIn

pUαq2,
i.e. the square root of the average of the squared entries of U . Thus, the discrete counterpartof the energy (6.5) is given by

Eε
rUk , Us “ ε}U ´ Uk

}
2
L2 ` τε

τ̃2 }Vτ̃rUs ´ U}2L2, (6.11)
where Vτ̃rUs denotes a spatially discrete counterpart of (6.7).
Neural approximation of discrete mean curvature flow. Here, we follow the approach byBretin et al. [BDMT22] and consider discrete kernels and nonlinear activation functions, whichare defined themselves as networks. For a discrete kernel K P RZd , one defines the nodalvector resulting from the discrete convolution with this kernel as

pK ˚ Uqα :“ ÿ

βPZd

KβUα`β.

Here, we assume periodicity of the discrete function to which we apply the discrete convolution,i.e. Uα`βn “ Uα for β P Zd. Now, one considers discrete kernels with a fixed width nK and a
ndK stencil, i.e. Kα “ 0 for maxi“1,...,d |αi| ą nK´12 . To ensure consistency with the continuousmean curvature motion, the necessary size nK of the kernel depends on the time step size τ̃and the grid size h. At the same time, smaller kernels are more efficient to train, which createsa trade-off between accuracy and speed. This trade-off will be explored in our numericalexperiments below. The point-wise function f is discretized using a fully-connected neuralnetwork F θ : R Ñ R with L layers and layer sizes N1, . . . , NL. The lth layer is describedin terms of a weight matrix W l P RNlˆNl´1 with N0 “ 1 and a bias vector bl P RNl . Thesedegrees are gathered in a parameter vector θ “ pW 1, . . . ,W L, b1, . . . , bLq. Then, one defines
F θpsq “ sL with sl :“ ρ

`

W lsl´1 ` bl˘ and s0 “ s and the choice ρpsq “ expp´s2q as thenonlinear activation function. In practice, we used six layers with sizes 32, 16, 8, 4, 2, 1. Forgiven parameters θ and K , we obtain the discrete operator
V θ,K
τ̃ rUs :“ F θ

pK ˚ Uq. (6.12)
Now, one approximates the optimization problem (6.10) via our discretization and a samplingof training data. To this end, one considers m radii r1, . . . , rm sampled uniformly from aninterval rrmin, rmaxs and minimizes the loss functional

Lrθ,K s “ 1
m

m
ÿ

i“1 }V
θ,K
τ̃ rUris ´ URpri,τ̃q}2L2, (6.13)
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over the total set of parameters pθ,K q, where Ur are nodal evaluations of the hyperspherephase fields ur . We approximately solve problem (6.13) using the Adam optimizer [KB15],with m “ 100, rmin “ 0.05, rmax “ 0.4, and usually employ mini-batching, i.e. approximatingthe sum in (6.13) using only ten randomly drawn radii, to speed up the minimization as wasproposed by Bretin et al. [BDMT22]. The overall method is described in Algorithm 6.1. Theresulting neural phase field operator V θ,K
τ̃ r¨s approximates the PDE solution vτ̃ defined in(6.4) and is inexpensive to evaluate.

Algorithm 6.1 Learning the fully discrete mean curvature operator (offline phase) [BDMT22]
Input: Time step size τ̃ of mean curvature flow, interface parameter ε, kernel size nK , gridsize

h “ 1
n , number of samples m, minimal radius rmin, maximal radius rmax

Output: Discrete convolution kernel K and parameter vector θ1: Create the training data by uniformly sampling m radii r1, . . . , rm from the interval
rrmin, rmaxs and computing the corresponding pairs of discrete phase fields pUri, URpri,τ̃qq2: Initialize kernel K and parameter vector θ as zero or using interpolation of coarserresolution3: while not converged do4: Randomly sample m

B mini-batches ti1, . . . , iBu of size B from t1, . . . , muby drawing without replacement5: for all mini-batches ti1, . . . , iBu do6: Compute the loss for the mini-batch
Lrθ,K s “ 1

B

B
ÿ

k“1 }V
θ,K
τ̃ rUriB s ´ URpriB ,τ̃q}

2
L2

7: Compute the gradient of the previous loss using back-propagation8: Update the parameters θ and K using the Adam optimizer9: end for10: end while

Hybrid scheme for Willmore flow We employ Newton’s method with Armijo line search tominimize EεrUk , Us over U . Thus, to determine the descent direction P , we approximatelysolve the linear system D2EεrUk , ¨sP “ DEεrUk , ¨s using the conjugated gradient method (see[NW06, Chapter 7]). This also prevents us from having to assemble the Hessian. Instead, weonly compute the corresponding matrix-vector product. Furthermore, we manually implementedthe derivatives of EεrUk , ¨s to improve performance. The overall method is described inAlgorithm 6.2. We developed our hybrid method in Python using the PyTorch library [PGM`19]and the nonlinear optimization algorithms used in the pytorch-minimize [Fei21] package, whichis based on the optimization module of SciPy [VGO`20].Here, D2 and D22 indicate the Jacobian and the Hessian with respect to the secondargument, respectively.
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Figure 6.1: Learned networks for ε “ 2´6 and τ̃ “ 2´14 are displayed via a color coding ofthe learned kernels K and the graphs of learned activation function F θ on the interval r´1, 1sfor increasing n “ 128, 256, 512, with stencil widths nK “ 17, 33, 65, respectively.
Algorithm 6.2 Hybrid scheme for Willmore flow (online phase)
Input: Discrete phase field Uk at time kτ of Willmore flow, discrete convolution kernel K ,parameter vector θ, time step size τ of Willmore flow, time step size τ̃ of inner meancurvature flow, interface parameter ε
Output: Discrete phase field Uk`1 at time pk ` 1qτ of Willmore flow1: Initialize Uk`1 “ Uk2: while not converged do3: Evaluate V θ,K

τ̃ rUk`1s “ F θpK ˚ Uk`1q Ź (6.12)4: Compute EεrUk , Uk`1s “ ε}Uk`1 ´ Uk}2L2 ` τε
τ̃2 }Vτ̃rUk`1s ´ Uk`1}2L2 Ź (6.11)5: Compute D2EεrUk , Uk`1s and D22EεrUk , Uk`1s using chain rule6: Solve D22EεrUk , Uk`1sP “ D2EεrUk , Uk`1s using the CG method7: Determine step size t via Armijo line search8: Set Ukť`1 “ Uk`1 ` tP9: end while
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Figure 6.2: Convergence plot for mean curvature flow with fixed ε “ 2´6 and τ̃ “ 2´14 whileincreasing n, with nK “ n8 ` 1. We plot the average L2-error to the analytic solution alongtime for 30 circles with radii ri “ 0.05π ` 0.15πi30 , i “ 0, . . . , 29. The line styles correspondto the different methods and the colors to the varying resolution. For comparison: for theaveraged L2 distance between the solution at time 0.004 and at the initial time zero, oneobtains 130 ř30
i“1 }URpri,0.004q ´ URpri,0q}L2 « 0.133.

6.3 Numerical experiments

As usual in nonlinear optimization, the chosen initialization when solving (6.13) impacts theresult. For example, Bretin et al. [BDMT22] successfully trained their network on a resolutionof n “ 256 with stencil width nK “ 17, ε “ 2h, and τ̃ “ ε2. They initialized the kernel as zeroand the parameters θ randomly sampled from a normal distribution. However, when refining hwhile keeping ε fixed, and thus consistently increasing nK , we observed a degradation of theapproximation quality of V θ,K
τ̃ r¨s. We mitigated this by first training the network on a coarseresolution as proposed by Bretin et al. and then progressively passing to finer resolutions. Ineach step, we initialize the kernel using a bilinear interpolation of the coarser one. For thenonlinearity F θ , we kept the previous parameters as initialization. The networks resulting fromthis training process are displayed in Figure 6.1. Using color coding, we show the discreteconvolution kernels K . We observe an improved radial symmetry under the spatial refinementand an overall similarity to heat kernels, as it was also observed by Bretin et al. This isconsistent with the expected smoothing behavior of mean curvature flow. The learned scalarfunction F θ is plotted on the interval r´1, 1s, and it is rather stable across different refinementlevels.With this setup, we first investigate the convergence of the neural network-based MCFscheme (6.12) and (6.13) in two dimensions under spatial refinement, i.e. we keep the scaleparameter ε and the time step size τ̃ fixed and increase the spatial resolution and the widthof the kernel nK . We compare the neural network scheme by Bretin et al. [BDMT22] with afully implicit (cf. (6.4)) and semi-implicit finite element scheme. In the latter, one computes

101



Ours
n
“

256
FE impli

cit
n
“

256
FE semii
mplic

it
n
“

256
FE impli

cit
n
“

2048

t “ 0 t “ 2´8 t “ 2´7
Figure 6.3: Left: Convergence plot for mean curvature flow with fixed ε “ 2´6 and τ̃ “ 2´14while increasing n, with nK “ n8 ` 1 on a cross shape. We plot the L2-error to an implicitfinite element solution with n “ 2048 and
tildeτ “ 2´16. The line styles correspond to the different methods and the colors to thevarying resolution. Right: computed mean curvature flow evolution of the cross shape for thedifferent schemes at time steps 0 (t “ 0), 64 (t “ 2´8), and 128 (t “ 2´7).
the solution v at the next timestep as the solution of

v ´ u
τ̃ “ ∆v ´ 12ε2 Ψ1

puq

for given u at the current timestep. Here, we consider a multi-linear finite element approachon the regular quad mesh. We perform the validation of convergence for the evolution of circleson the computational domain Ω “ p´1, 1q2. In Figure 6.2, we plot the average L2-error over30 radii ranging from 0.05π to 0.2π when comparing to the exact solutions corresponding tocircles with radii given by (6.9). The error is displayed along 64 timesteps of size τ̃ “ 2´14for the different schemes and varying resolution.One observes that the neural network-based MCF scheme performs noticeably better thanthe semi-implicit finite element scheme. This confirms the observations made by Bretin etal. [BDMT22] for a single resolution. The fully implicit FE scheme outperforms the network-based scheme, which is not that surprising due to its semi-implicit nature. Besides the errorcaused by the semi-implicit approach, further error sources are related to the neural operatoritself, such as limitations of the network architecture or training data set.In Figure 6.2, one observes an increase of the error in time for increasing spatial resolution,which appears to be caused by a dominant time discretization error for a fixed time step size
τ̃ , which increases with the increasing spatial resolution. Indeed, for n “ 1024 we observed afurther small increase of the error, but the error appeared to saturate (e.g., at about « 0.01353for t « 0.0039).To validate the convergence of the neural network-based MCF scheme on other shapesthan circles, where it was trained on, we also investigated the convergence for increasing
n on a nonconvex cross shape on the domain Ω “ p´1, 1q2. Since an analytic solution ofmean curvature flow for this shape is not at hand, we compared the solutions of the differentschemes to a solution of the nested finite element scheme [FRW11] with n “ 2048, τ̃ “ 2´16.In Figure 6.3 on the left, the evolution of the error in time is depicted for the different schemes
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Figure 6.4: Convergence tests for Willmore flow with fixed ε “ 2´6 and τ̃ “ τ “ 2´14while increasing n, with nK “ n8 ` 1. As in Figure 6.2, the line styles correspond to thedifferent methods for approximating the mean curvature evolution and the colors to the varyingresolution. In the top left, we plot the average L2-error to the analytic solution for 30circles with radii ri “ 0.05π ` 0.15πi30 , i “ 0, . . . , 29 over time. For comparison: for theaveraged L2 distance between the solution at time 0.004 and at the initial time zero, oneobtains 130 ř30
i“1 }URW pri,0.004q ´ URW pri,0q}L2 « 0.414. In the top right, we plot the L2-error of theevolution of a rectangle with sidelengths 0.4 and 0.2 compared to an implicit finite elementsolution with n “ 2048. In the bottom left, we plot the L2-error of the evolution of a non-convexcross shape compared to an implicit finite element solution with n “ 2048. In the bottomright, the computed evolution of the cross shape for the different schemes is displayed, fortimes t “ 0, t “ 2´9, t “ 2´8, t “ 3 ¨ 2´9, and t “ 2´7.
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and resolutions. Here, ε and τ̃ are chosen as before. Again, we see that the neural network-based scheme outperforms the semi-implicit finite element scheme, and in this example, eventhe implicit finite element scheme. That the observed error does not start at zero is due tothe interpolation error between the computational resolutions (n “ 128, 256, 512) and thereference resolution (n “ 2048). The evolution of the cross shape is displayed on the right inFigure 6.3. We observe that in the time interval considered here, mean curvature flow variesonly moderately, whereas the variation is significant for Willmore flow on the identical timeinterval, see Figure 6.4.In summary, the network-based MCF scheme positions itself between the semi-implicitand the fully implicit finite element scheme in terms of accuracy.
2d cross shape n “ 256 n “ 512Ours 122 sec 1020 secFE implicit 4970 sec 28622 secFE semiimplicit 4307 sec 22045 sec

Table 6.1: Computing time for 128 time steps (until time t “ 0.0078125) of Willmore flow ofthe different schemes at different resolutions.
In two dimensions, the evolution of a circle with initial radius r under Willmore flow isgiven at time τ by a circle with radius

RW pr, τq “
4a
r4 ` 2τ .

In Figure 6.4 in the top left, the error of our hybrid scheme based on (6.5), with the neuraloperator (6.12), is displayed, averaging over the same set of initial radii as in Figure 6.2.Again, the different line styles (solid, dashed, dotted) correspond to the different methods forsolving the inner MCF problem (hybrid, finite element implicit and semi-implicit). As shown in[FRW11], for ε “ 2h (h “ 1
n ), the nested Willmore scheme suffers from numerical instabilities.Hence, we only consider the error evolution for n “ 256, 512 and for fixed ε “ 2´6.To test our scheme not only on circles, on which the networks were trained, we appliedthe hybrid scheme to initial data given as the phase field approximation of a rectangle sized0.4ˆ0.2. Since there is no known analytic solution for Willmore flow in this case, we comparethe results to a solution of the nested finite element scheme by Franken et al. [FRW11] on amuch finer resolution (n “ 2048). The corresponding error evolution is displayed on the topright. In addition, we tested our scheme for the cross-shaped initial condition, whose MCFevolution is already examined in Figure 6.3. Again, we compared to the solution of the nestedscheme with n “ 2048, cf. Figure 6.4 on the bottom left.In all three experiments, we observe that our hybrid approach performs noticeably betterthan the nested scheme from [FRW11] using a semi-implicit finite element approach for theinner MCF problem, while the fully implicit nested finite element scheme remains the mostaccurate. This mirrors the observations for MCF in the circle experiment.Regarding computing time, our hybrid scheme clearly outperforms both finite elementschemes. Table 6.1 displays the time required to compute the 128 time steps for the evolutionof the cross shape, with an online computing time of our hybrid scheme more than 20 timesfaster. Here, the computing time of the offline training of the neural operator has not been
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taken into account. However, once the model is trained, our experiments indicate that thereduction in computing time appears to be independent of different choices of the initial data.In Figure 6.4 on the bottom right, we show the evolution of the cross shape under Willmoreflow. Compared to the corresponding evolution under MCF, we observe a significantly fastershape variation in the case of Willmore flow, evolving it into an already convex shape at time
t “ 2´7. It is clearly visible that the finite element scheme relying on a semi-implicit timediscretization of the inner MCF problem leads to a poorer approximation of Willmore flow,while the results of our scheme are qualitatively indistinguishable from those computed with
n “ 2048 already for n “ 256. In particular, for applications where one is primarily interestedin the qualitative effects of Willmore flow, one can effectively achieve satisfying results alreadyon coarser resolutions, as it will be exploited in the next section.Our method also captures interesting phenomena of phase field Willmore flow in settingswhere singularities appear: In Figure 6.5 the Willmore flow evolution of two disjoint circles isshown, forming a singularity where they touch and converging to a growing eight, similar tothe numerical experiments in [BMO15].

Figure 6.5: Willmore evolution of two circles with radius 0.2 . The computing parameters are
n “ 512, ε “ 2´6, τ̃ “ τ “ 2´14. Shown are time steps 0, 1, 5, 20, and 50.
Remarks on the implementation and the data processing pipeline. We end this sectionwith details on the implementation and data processing pipeline to facilitate reproducibility.As for our hybrid scheme (see Section 6.2), we have implemented the finite element-basedapproaches in Python using standard libraries. We implemented the nested scheme usingNewton’s method as described in [FRW11] with direct linear solver PARDISO [SGFS01].All experiments using the finite element-based approaches were run on a workstation withtwo 32-core AMD EPYC 7601 processors with 1TB RAM. All experiments using our hybridapproach were run on a workstation with an NVIDIA A100 GPU with 40GB of memory and two24-core AMD EPYC 7402 processors with 256GB RAM using double-precision floating-pointarithmetic on the GPU. The training of the neural MCF operator benefits from additionalmemory as it allows for caching more of the training data. However, the training is possiblewith less memory at the moderate expense of speed. Running our scheme, once the MCFoperator is trained, requires only a small fraction of the available GPU and CPU memory.For the largest 3D experiment (cf. Figure 6.7) 6.6 GB GPU cache is used for n “ 128.The phase fields for the armadillo and the rocker-arm were generated as follows: First,using the tool mesh_to_voxels from [Kle21] signed distances were generated on a n3 gridgiven a triangular mesh. Then, the optimal phase field profile, as described in Section 6.1,was concatenated with the signed distances to obtain the initial phase field approximation.To generate the images in Figure 6.10 and in Figure 6.7, the zero-level set of the phase field
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Figure 6.6: Evolution by Willmore flow for a cube surface and a thick disk surface with spatialresolution n “ 64, interface parameter ε “ 2´5, inner stepsize τ̃ “ 2´12, and Willmore flowstepsize τ “ 2´18. Top row: Our hybrid scheme with kernel size nK “ 17. Bottom row: nestedimplicit finite element scheme from [FRW11]. Results are shown at time 0, 1, and time 100,which reproduce concave surface patches as common effects for Willmore. The approximatephase field Willmore energy (6.14), and the L2-error between the results of the two schemesare also displayed. For comparison: The exact Willmore energy of a sphere is 8π « 25.13 .
was extracted using the Contour function from Paraview [AGL05]. Finally, all results in 3Dwere rendered in Blender [Ble18].
6.4 Applications in image and geometry processing
Now that we have introduced and studied our proposed scheme, we will briefly discuss itsuse for two closely related applications: surface fairing and surface restoration.In the first of these applications, surface fairing, the goal is to create a visually smooth andseamless surface starting from an input surface that is usually noisy or otherwise corrupted.The problem has been studied in the computer graphics and vision communities and curvatureflows have established themselves as a classical tool [DMSB99]. Willmore flow is particularlyinteresting as a basic model for this application [BS05, GA20, SCD`21] since it avoidssingularities that could arise with mean curvature flow [CPS13] and preserves C 1 boundaryconditions. Certainly, other flows decreasing the Willmore energy, e.g. an H2-flow [Sch17],would also be suitable. In Figure 6.6, we consider the Willmore flow of surfaces in R3 fordifferent initial surfaces and compare to the scheme from [FRW11]. Additionally, we see thatthe approximate Willmore energy of the final shapes

wε
τ̃ rus :“ ε2τ̃2 }vτ̃rus ´ u}2 , (6.14)with vτ̃rus given by (6.4), discretized by finite elements, is close to 8π « 25.13, the exactWillmore energy of a round sphere. As the evolution under Willmore flow in 3D is quite fast,we choose a small outer step size τ to prevent the shape losing too many details too quickly.It is in fact usually smaller than the inner MCF step size τ̃ . To show stability for large stepsizes, we consider the evolution of the armadillo, often referenced in computer graphics, in
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Figure 6.7: Evolution of the armadillo shape under Willmore flow for n “ 128 and nK “ 17,
ε “ 2´6, and τ̃ “ 2´14. The initial outer step size is τ “ 2´22. After every time step, theouter step size is doubled. Results are shown at time steps 0, 1, 8, 11, and 16, respectively.

wετ̃ ru0NNs “ 276.12 wετ̃ ru1NNs “ 42.08 wετ̃ ru20NNs “ 41.46

}u20NN ´ uClifford} “ 3.978 ¨ 10´2
Figure 6.8: Evolution of a rocker arm shape under Willmore flow. The spatial resolution is
n “ 64, the kernel size is nK “ 17, the interface parameter ε “ 2´5, the inner MCF step size
τ̃ “ 2´12, and the Willmore flow step size τ “ 2´12. We show the discrete timesteps 0, 1, and20 leading to an approximation of the Clifford torus. For the last time step, we additionallydraw minor circumcircles of the best-approximating Clifford torus.
Figure 6.7, were we start with the very small outer step size τ “ 2´22, but double it afterevery time step, leading to a almost sphere-like shape in 16 time steps.In Figure 6.8, the Willmore flow of a rocker-arm is displayed, showing the evolution towardsa Clifford torus. In [MN14], it was shown that such a torus is a minimizer of the Willmoreenergy among immersed tori in R3 with Willmore energy 4π2 « 39.48. Our final shape, after20 time steps, has an approximate Willmore energy wε

τ̃ ru20NNs « 41.46, close to 4π2. To visuallycompare the final shape to a Clifford torus, we fitted a phase field uClifford representing a Cliffordtorus to the phase field of the final shape u20NN. A phase field representation of the Cliffordtorus is obtained by concatenating the optimal Modica–Mortola profile and a signed distancefunction of the torus. The free parameters for this fitting are the center coordinates and aSO(3) rotation, and the outer radius. Indeed, the final shape is close to a Clifford torus,with }u20NN ´ uClifford}L2 « 3.978 ¨ 10´2 . The phase field representing a Clifford torus has anapproximate Willmore energy wε
τ̃ ruCliffords « 41.11 .Concerning computational cost, we show the results comparing our hybrid scheme tothe original finite element-based nested Willmore approach by Franken et al. [FRW11] inTable 6.2.The second application we consider, surface inpainting, is a fundamental topic in geometry
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Method Armadillo (n “ 64)Ours 807 secFE implicit [FRW11] 14589 sec
Table 6.2: Performance comparison of our hybrid method to the nested finite element schemeby Franken et al. [FRW11] on the example from Figure 6.7: The results after one step ofWillmore flow starting from the shape on the far-left of Figure 6.7 (right), computing time(left). The parameters are n “ 64, ε “ 2´5, τ “ 2´18, and τ̃ “ 2´12 .
and image processing, where one aims to restore corrupted or destroyed parts of an imageor a surface. We investigate in this section the use of our hybrid approach to tackle thisproblem. In a first step, one replaces the corrupted or missing part by an ansatz geometry,whose primary purpose is to prescribe the desired topology. Following the edge restorationapproach by Nitzberg et al. [NMS93], one considers the energy (6.5) on the full domain Ω,but only takes into account degrees of freedom in a part D Ă Ω, where the image or surfaceis corrupted. Then, Willmore flow under this constraint leads to smooth reconstructions ofthe corrupted area while preserving C 1 boundary conditions on BD XΩ. We illustrated twoexamples in two dimensions in Figure 6.9, where the reconstruction region D is outlined ingreen. In Figure 6.10, we carried out similar experiments in three dimensions. A particularityof Willmore flow in two dimensions is that the reconstruction of the circle in Figure 6.9 takesthe enormous number of 2000 timesteps of size 2h. This is due to the competition of theconvex and concave parts in the reconstruction area: positive curvature on the sides pushesthe surface outwards, while the middle part with negative curvature tends to move inwards.Only because the curvature of the outer part dominates slightly, the surface moves slowlyoutwards. In contrast, the reconstruction of the ball in Figure 6.10 does not have the sameslow behavior as the circle, because the three-dimensional Willmore energy is scale-invariant.
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Figure 6.9: Application of our hybrid scheme to image restoration in two dimensions. In bothexamples, the spatial resolution is n “ 1024, the kernel size is nK “ 17, and the interfaceparameter ε “ 2´8 and the reconstruction region D is outlined in green. In the top row, a diskwith a cut-out corner is considered as the initial image and we use τ̃ “ 2´14, τ “ 2´7. Therestoration evolution is shown at times 0, 1, 100, 500, 1000, 1500, and 2000. In the bottomrow, a cross shape is given as the initial image, where the central part is smoothed underdiscrete Willmore flow with stepsizes τ̃ “ 2´14 and τ “ 2´14. We show the flow at times0, 1, 5, 10, 20, 35, and 50.

Figure 6.10: Application of our hybrid scheme to surface restoration in three dimensions. Inboth examples, the spatial resolution was n “ 128, the kernel size was nK “ 17, the interfaceparameter was ε “ 2´6, and the timestep sizes were τ̃ “ 2´14 and τ “ 2´21. In the top row,the flow at timesteps 0, 1, 3, and 5 recovering a sphere with an initially cut-out corner isshown. In the bottom row, the flow at timesteps 0, 1, 4, and 8 leads to a smooth blending ofsix tubes.
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Chapter 7

Conclusion and Outlook

Conclusion. This thesis has explored numerical methods for various nonlinear bendingproblems. We employed different discretization techniques, ranging from finite elementmethods based on the DKT element to neural network-based approaches. Alongside extensivenumerical experiments to validate the proposed methods, particular emphasis was placed onthe numerical analysis of the finite element discretizations, establishing the convergence ofdiscrete solutions to their continuous counterparts.In Chapter 3, we developed a finite element approximation of a nonlinear bending modelfor curved surfaces parametrized by a single chart, which was derived by Friesecke et al.[FJMM03]. By reformulating the elastic energy using the nonlinear isometry constraint, weobtained a quadratic dependence on the highest-order terms. We introduced a discretizationof this energy based on the DKT element and proved convergence of discrete minimizers tocontinuous minimizers. Our results extend the work of Bartels [Bar13], which deals with thebending deformations of flat plates. Numerical experiments confirmed both the qualitative andquantitative accuracy of our approach.In Chapter 4, we introduced a two-scale discretization, based on the heterogeneousmultiscale method [EMZ05], of a homogenized plate model derived by Hornung et al. [HNV14].The microscopic and macroscopic problems were discretized using standard tri-affine finiteelements and the DKT element, respectively. Under certain regularity assumptions, weestablished convergence of discrete solutions to continuous solutions, as the microscopic andthe macroscopic grid sizes simultaneously tend to zero. Numerical experiments quantitativelydemonstrated this convergence and showed strong agreement with physical experiments onmicrostructured paper sheets.In Chapter 5, we proposed a phase field model for the nonlinear bending of a thin platewith a given fold. We provided a Γ-convergence result for the sharp interface limit recoveringthe model of Bartels et al. [BBH22]. Complementary numerical and physical experiments onfolded sheets of paper exhibited qualitatively consistent results. Furthermore, we developedan abstract framework for the optimization of folds described by phase fields, based on theAmbrosio-Tortorelli functional [AT92]. We illustrated its applicability through a representativecost functional.In Chapter 6, we presented a new hybrid scheme for Willmore flow in a phase fieldformulation, which combines a minimizing movement ansatz for the flow proposed by Frankenet al. [FRW11] with a neural operator approach to compute an approximation of the meancurvature following Bretin et al. [BDMT22]. For a fixed timestep size and scale parameterof the phase field ansatz, the hybrid scheme shows error reduction for increasing spatial
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resolution and stencil size of the network kernel. The new scheme comes with significantlyreduced computing times. The resulting discrete Willmore flow properly reflects the qualitativebehavior of the continuous flow and is, for instance, applicable to the restoration of 2D imagesand 3D surfaces.
Outlook. The numerical method described in Chapter 3 computes bending deformations ofthin shells defined by a single-chart surface parametrization. For more complex geometries,multiple charts are required, motivating the development of an extended numerical frameworkaccommodating multi-chart parametrizations. While we believe that, in principle, our methodcan be extended to handle several charts, special attention must be given to the consistencyof the degrees of freedom along common chart interfaces, for two neighboring charts. Afurther direction for future research could be the design of optimal shell geometry, for exampleoptimizing structures against gravitational forces. This involves identifying suitable spaces ofcharts and developing regularization strategies to produce meaningful and manufacturabledesigns.The model derived in Chapter 4 relies on a given microstructure, which may vary insidethe plate, but is fixed a priori. Recently, Böhnlein et al. [BNS25] extended the approximationresult from Chapter 4 to the case of prestrained plates, with a lower regularity assumptionon the material coefficients of the microstructure. Extending our two-scale finite elementapproximation to algorithmic microstructure optimization would enable tailoring of the effectivemacroscopic elastic behavior. A two-scale optimization framework, possibly based on phase-field descriptions of microstructures as in [DPRS19], would be a natural next step. Furthermore,integrating the methods of Chapter 3 and Chapter 4 could allow for the simulation of bendingdeformations in microstructured, curved shells—though this would require new analyticalresults to justify the homogenized, dimension-reduced models.The phase field fold model from Chapter 5 could also be transferred to the case of curvedshells. While this appears feasible numerically, it poses new analytical challenges. Anotherdirection could be to combine Chapter 4 and Chapter 5, to derive a numerical method formicrostructured thin plates with folds. Furthermore, we presented a new method for theoptimization of folds on nonlinear elastic plates, using phase fields. This method allows forgeneral positive cost functionals and is hence a flexible tool in various applications. Wepresented two numerical experiments that show the applicability of the method for a simplecost functional. Future work will aim to address more complex optimization objectives and toestablish a Γ-convergence result for the sharp-interface limit in this setting.The results of Chapter 6 encourage the use of neural networks when simulating geometricflows. A future challenge would be to directly learn a solution operator for Willmore flow. In[GH08], Grzhibovskis and Heintz described a convolution thresholding scheme for Willmoreflow. Hence, designing a neural network to directly learn Willmore flow does not seem to beout of reach. However, creating proper training data is more subtle. The striking observationin [BDMT22] is that the evolution of spheres under mean curvature flow is sufficient for theapproximation of mean curvature flow for a wide range of initial data. For Willmore flow,surely a significantly richer set of training data is required. It is unclear what training data tochoose that is adequate to capture Willmore flow.
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