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Abstract

This thesis addresses the analysis of an optimal control problem in the context
of fracture or damage propagation. The problem formulation is given by a
tracking type optimal control problem which is governed by a state equation
being a (system of) internally coupled regularized quasilinear elliptic partial
differential equation(s), which is derived from a variational phase-field fracture
propagation model. Due to the coupled structure and the involved need for
improved regularity results for the state equation, well-posedness, uniqueness, as
well as differentiability and Lipschitz continuity results of the associated solution
operator are both interesting and challenging. As a consequence of the state
equation being nonlinear, the objective functional of the overall optimal control
problem is further nonconvex. In this thesis, we prove second-order conditions
and conduct a convergence analysis of the SQP method for such a phase-field
fracture propagation optimal control problem. These results extend the already
in the literature available existence and first-order necessary optimality results. In
the context of the involved penalization, which regularizes inequality constraints
incorporated to model the nonhealing presumption of the fracture evolution, we
further extend available convergence results for the penalization.

After a brief introduction and a general overview of the fracture propagation
model problem in Chapter 1, we recapitulate the derivation and motivation of
the model optimal control problem from several key publications of the literature
in Chapter 2. The main results of this thesis are contributions towards the
topic of optimal control theory, i.p. optimal control problems subject to partial
differential equations: In Chapter 4, we study necessary and sufficient optimality
conditions of second-order, which do not involve a two-norm discrepancy, and
have a minimal gap. Here, we extend recent publications concerning solution and
first-order condition results, which cannot deliver sufficient conditions for the
optimal control problem due to the objective functional being nonconvex. We
also use second-order sufficient conditions in a similar form as a foundation for
the convergence analysis of the sequential quadratic programming (SQP) method
in the later chapters. To establish our main second-order optimality results, we
show the prerequisites of an available framework for second-order optimality
conditions. To do this, we rely on a thorough investigation of second-order (local)
Lipschitz continuity results of the associated solution operator, which is made
beforehand in Chapter 3. The latter results in turn are nontrivial due to the



structure of the involved coupled quasilinear PDE.

In Chapter 5, in the context of first-order necessary conditions and for a
setting restricted to one time step, we prove convergence of the dual variables
in the penalization (w.r.t. the fracture irreversibility) limit. Here, we rely
on already available results which ensure the penalization limit of the primal
variables, and norm bounds of the optimal solution which are independent of
the penalization parameter in appropriate spaces. We further utilize a similar
norm bound of the adjoint state, which we establish again in Chapter 3. We
can then ensure that the limits of both the primal and dual variables suffice to
a stationarity condition that is associated to the related unpenalized optimal
control problem. Note that since we recover the to the nonhealing presumption
associated inequality constraints in the limit, the obtained stationarity condition
is the optimality condition of a mathematical program with complementarity
constraints (MPCC), i.e. our work is also related to this field.

The final main contribution of this thesis is the study of local quadratic
convergence of the sequential quadratic programming method for the fracture
propagation optimal control problem in Chapter 6. Here, we assume rather weak
(o- strongly active) second-order sufficient conditions, which are close to the
minimal-gap second-order conditions, both studied in previous chapters. However,
this means that for the theoretical proofs we have to confine the involved SQP
subproblem to certain local neighborhoods. We prove local quadratic convergence
of the SQP method both for subproblems localized in L> and L?. Finally, the
theoretical convergence result are substantiated by numerical simulations of the
SQP method for a simplified phase-field optimal control problem.
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1. Introduction

The main topic of this thesis is optimal control governed by fracture propagation.
In particular, we investigate an optimal control problem which can be used to
model the control process of the propagation of a fracture or damage in a brittle
material, like e.g. concrete or glass. As an entry point for the model problem,
think of the following setting: On the surface of an object of a brittle material, a
force is applied. This force shall be used to steer the propagation of an existing
or arising crack in the object in a way to achieve a desired fracture pattern.
Alternatively, in hope of preserving essential properties of the object, the aim
could also be the prevention of the propagation of the fracture in the sense of not
having it spread to specific parts of the object. We present a model formulation
which can address such a problem setting, recapitulate available solution results,
and then dedicate the major parts of this work on how such solutions can be
described and how they finally can be (approximately) calculated. Questions like
these are of ongoing interest in many real world applications like the construction
industry or in mechanical engineering.

Let us begin with a quick introduction of the investigated setting, starting
with the underlying fracture modelling process: It is given by a regularized
variational phase-field fracture model, which is also already used in [132, 133].
We revisit its derivation and motivation in detail in Section 2.1, founded on
ideas of [31, 32, 64, 107, 119]. For now, let us only give an informal, nonrigorous
explanation. The aim is to model a (two-dimensional) object of a brittle material.
The object contains an evolving fracture and is subject to forces applied on the
boundary, i.e. by dragging or pulling on the boundary of the object. As a result,
an existing crack propagates or new cracks emerge. At this point, the behavior of
the material is given by a displacement variable in combination with the occurring
fracture set, which together minimize a corresponding energy functional. This is
motivated by the common postulate that in many physical contexts, the system
desires to be in an energetic favorable state. The involvement of the fracture
set inevitably leads to ”jumps” in the material and therefore to discontinuities.
To handle this, the fracture set is regularized utilizing a phase-field formulation.
In short, this means that the fracture set is eliminated from the formulation by
introducing an additional phase-field variable, which indicates the condition of
the material, with a value of one at all points where the material is completely
sound, and zero where the material is fully broken, and a buffer zone that



ensures a smooth transition in between. Subsequently, the state of the material
is described by a pair consisting of the displacement and the phase-field variable.
Moreover, as the fracture evolves, an irreversibility condition is inevitable, which
models the "nonhealing” of a once fractured material. Recalling that lower values
of the phase-field variable mean less integrity, in the notion of phase-fields the
irreversibility can be modelled by an inequality constraint between the phase-
field variables of successive instants of time. At this point, the fracture energy
minimization is therefore an obstacle like problem, i.e. a problem where the
state variable is subject to pointwise constraints, before a penalization approach
is used to incorporate the inequality constraints into the corresponding energy
functional. Eventually, the optimality conditions of such an energy minimization
problem can then be formulated in the form of a partial differential equation
(PDE) with the following properties: It is spatially continuous and time discrete,
elliptic, quasilinear, involves boundary forces as (given) data and is coupled
in the phase-field and displacement variable. We want to point out that the
coupled quasilinear structure makes the analysis of this PDE as well as its
associated solution operator nontrivial. Further, although the progression of
a fracture is modelled, the resulting PDE is not parabolic. Instead, a time
discrete formulation is used and an elliptic PDE is solved for every time step,
where the previous time step is involved as given data. Let us further recall
that quasilinear means that while the highest-order derivatives are linear, its
coefficients are allowed to involve also lower-order derivatives of the unknown
function. Quasilinear elliptic equations are studied e.g. in [69]. They are
more complicated than linear, or semilinear PDEs, where nonlinearities are only
allowed in the lower-order terms, but less challenging than fully nonlinear PDEs,
where nonlinearities are also allowed in the highest-order derivatives. For an
overview of all four types of partial differential equations, see e.g. [160, Definition
20] or [59, 76]. Finally, before moving on to the optimal control problems, the
reader is referred to Section 2.1 for a rigorous derivation and the full formulation
of the fracture propagation problem, as well as a summary of current research
concerning (variational) phase-field methods.

To obtain a fracture propagation optimal control problem, the PDE given by
the fracture propagation model is used as state equation to govern an optimal
control problem. To the best of knowledge of the author, this is first done in [132,
133]. The boundary forces of the fracture problem are now given as the control,
denoted by g, of the optimal control problem. The state is denoted by uy, and
due to the phase-field fracture approach, the state variable uy = (ug, ¢y) is a pair
of vectors of displacement uy and phase-field ¢y variables. In this context, the
subscript I indicates the set {1,..., M} of time steps from the discrete time step
formulation. The optimal control problem then reads:

min Ji(qr, ur),
qr,ug

subject to:  uy solves the fracture propagation PDE for data q,

and: qr lies in an admissible set.
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For a rigorous formulation of the model optimal problem, we refer to Sec-
tion 2.2, and for a rigorous definition, further explanation, and the definition of
all spaces and assumptions of this thesis, we refer to Section 2.3.

For completeness, and to recall the most important expressions and standard
notation in the context of optimal control problems, let us next give a brief
description of the model problem, in accordance with standard literature, e.g.
[94, 153]. The control and state belong to a control and function space, which is
given in a Banach space setting. For the control, the admissible set demands
additional pointwise constraints in the form of box-constraints, i.e. the control
is only allowed to have values that are in between an a-priori given upper and
lower bound. For a rigorous introduction of all involved function spaces and
the admissible set, we refer to Definition 2.3.3 in Chapter 2. The functional Jp
is the so-called objective functional, which in this thesis is given in the form
of a tracking type functional, combined with a Tikhonov regularization term,
cf. Section 2.2. Suitable to the application examples given above, this type of
functional is frequently used to model the steering of an optimization process
in a way such that the associated state lies as close as possible to an a-priori
given, desired state. The standard approach is to first analyze the state equation,
i.e. the fracture propagation PDE. If it is uniquely solvable for all g, i.e. if
there exists a unique (associated) state uj for every ¢ in the corresponding
function spaces, it is possible to introduce a solution operator, frequently called
the control-to-state operator and denoted by Gy(qr) = uj. Then, the model
problem is in fact an optimal control problem, instead of just a constrained
optimization problem, and by replacing uy with G(gp) in the objective functional,
a reduced formulation fi(qr) := Ji(qr, Gi(qr)) can be introduced. This reduced
formulation of the optimal control problem only depends on the variable g,
and can subsequently serve as the basis for the analysis, e.g. when looking at
solvability, uniqueness of solutions, optimality conditions, numerical methods, as
well as many other aspects.

Note that due to the underlying variational fracture modelling approach, on
the one hand the model problem is very flexible. Amongst others, it allows the
treatment of controls of a variety of arbitrary fracture paths with changes in
topology, and also branching as well as crack nucleation. In this context, the
recent works [60, 61] shall be mentioned, where a viscous damage model in a
time-continuous setting is investigated w.r.t. necessary optimality conditions.
Both the time-continuous approach of [60, 61] and the time discrete approach
discussed in this thesis stand in contrast to earlier works that are limited to cracks
of fixed length [106], or to prescribed fracture paths [113], or to [57, 91|, where a
crack propagation in a material is conditioned by controlling the release of the
associated energy, but no optimal control in the sense of steering the process
towards a desired configuration is achieved. In [3, 130], damage evolution is
analyzed using shape optimization methods. In [15, 148], necessary conditions of
an optimal control problem of a two-field damage model, and strong stationarity
of a nonsmooth coupled damage system are investigated. Let us also mention
optimal control problems governed by a so-called free material optimization
(FMO) problem, which can be seen as a possible further extension of the model
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problem of this thesis: In the joint work [83] of the author, D. Khimin, I. Neitzel,
N. Simon, T. Wick and W. Wollner some computational experiments for such a
problem are conducted as a proof of concept. On the other hand however, again
due to the quasilinear coupled phase-field propagation model, the model problem
of this thesis has a nonconvex nonlinear structure. This leads to the need for
improved regularity, differentiability and other technical results, which makes
its analysis nontrivial, and its study challenging. Further, the involvement of
several different parameters for the phase-field model and regularizations are of
interest, especially when looking at numerical approaches.

Now that the reader has gotten an impression of the optimal control problem
we want to investigate, let us give an overview of the goals of this thesis. Along
the way, we also put them into context of the current state of research, both
of the model problem as well as related works in the corresponding fields, and
summarize the structure of this thesis. The main contributions are given in
Chapter 3 - 6, with the major results established in Chapter 4 and 6. They are
already published for a one time step setting, for simplification, in the authors
publications [85, 86] as joint work with I. Neitzel and in [84] as joint work
of M. Mohammadi, I. Neitzel and W. Wollner and the author. In this thesis,
all notational and technical details are also presented for the multi time step
setting (except for Chapter 5). Further, we complement the theoretical results
of Chapter 6 by some (up until now) unpublished numerical results.

In the next Chapter 2, we motivate and derive the fracture propagation
model, as well as the final optimal control problem that we have already seen in
short form above. For reference, the problem setting involving all assumptions
and definitions are collated in Section 2.3. Note that some explanations of the
used notation and abbreviations are also collected in Appendix A.

In Chapter 3, we collect technical results for the coupled quasilinear PDE that
stems from the fracture propagating model, and for the optimal control problem.
We start with several technical results for the involved nonlinear phase-field and
penalization terms, which are revisited, or established respectively, in Section 3.1.
We then restate solvability and (improved) regularity results for the quasilinear
PDE from [132, 133]. Further, existence and uniqueness as well as improved
regularity for solutions of the linearization of the state equation are recapitulated
in Section 3.2. Note that in these two sections, we rely on available results and
techniques, again from [132, 133]. As important auxiliary results, the associated
control-to-state operator is then investigated w.r.t. Fréchet differentiability and
Lipschitz continuity in Section 3.3. Subsequently, differentiability and Lipschitz
continuity results of second-order for the reduced functional of the optimal
control problem, and its associated Lagrangian functional are established in
Section 3.4 and Section 3.5. These results are essential for the main results of
the subsequent chapters of this thesis.

The main topic of Chapter 4 is optimality conditions of second-order. In
Section 4.1, existence of solutions and first-order necessary optimality conditions
for the model problem can be immediately transferred from [132], where these
results are established for a very similar problem as the model problem, albeit
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under slightly different assumptions. Since it is well-known that for nonconvex
optimal control problems, optimality conditions of first-order are not sufficient,
second-order optimality conditions, notably second-order sufficient conditions
(SSCs) are of interest. Generally, SSCs have been a very active research area in
recent years ever since they were investigated in the context of optimal control
subject to partial differential equations firstly in [71]. In particular, the question
of the "strength” of the required assumptions is often discussed, in the sense that
a gap between necessary and sufficient conditions shall be analyzed, and ideally
be as small as possible. Further, the concept of two-norm discrepancy, which
is initially described for an optimization problem in [97], is the topic of many
publications. SSCs for optimal control problems subject to semilinear PDEs
with state constraints are examined in [46]. In [37], SSCs for this setting with
minimal gap towards the necessary conditions are given. For a more abstract
setting, where SSCs are investigated for a class of optimal control problems
in Banach spaces w.r.t. improving the result that is expected involving the
two-norm discrepancy, see [40]. In the quasilinear setting, SSCs for optimal
control problems involving control constraints are given in [36, 39]. Other no-gap
SSC results, e.g. for nonsmooth problems and for bang-bang optimal control
problems, can be found in [48, 50, 134]. A general framework for optimality
conditions of second-order for (reduced) optimal control problems, on which we
also rely in the course of action to achieve our results below, is proved in [38].
Finally, for a general overview of second-order sufficient conditions in the context
of optimal control, the interested reader is also referred to [44]. As the first major
contribution of this thesis, we study second-order optimality conditions, both
necessary and sufficient for the fracture propagation optimal control problem.
In particular, we prove the prerequisites that allow us to apply the framework
from [38] in Proposition 4.2.1. For this, we rely on the (second-order) Fréchet
differentiability and Lipschitz continuity of the reduced objective functional
presented in Chapter 3. We can then establish necessary, cf. Theorem 4.2.2; as
well as (o-1) strongly active sufficient optimality conditions, cf. Theorem 4.2.4
and Corollary 4.3.2. The optimality results involve a minimal gap and do not
have a two-norm discrepancy.

In Chapter 5 we investigate the following aspect: We have already argued
that for fracture propagation problems, it is inevitable to include some sort of
irreversibility of the evolving damage, e.g. in the form of inequality constraints.
To obtain our model problem formulation, these constraints subsequently un-
dergo a regularization in the form of a penalization. In the context of regularized
optimal control problems, an interesting topic is then the transfer of results
back to the original, unregularized problem. As mentioned earlier, the related
unregularized fracture problem is an obstacle like problem, therefore the cor-
responding optimal control problem falls into the category of mathematical
programs including complementary constraints (MPCCs). For such problems,
first-order and especially second-order optimality conditions, and therewith asso-
ciated numerical methods and other topics, are challenging due to the lack of

Lef. also cf. [70, 152]
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smoothness and differentiability of the control-to-state operator, and therefore
also of the reduced functional. Similar to the procedure of the model problem,
many recent publications use regularization techniques as a first approach, and
then establish different stationary concepts, e.g. M, B, C or strong stationarity,
cf. [2, 51]. A quick overview and comparison of these concepts is given in
[80]. The lack of smoothness, and the approach of investigating generalized
derivatives of the control-to-state operator in the context of the obstacle problem
is discussed in [137, 138]. Finally, in the overlap between MPCC and SSC
research, SSCs for optimal control of the obstacle problem are investigated in
[49], and more abstract for optimal control problems governed by variational
inequalities in [16, 111]. In [118], a regularized optimal control problem, that
is governed by an evolution variational inequality is examined with respect to
second-order sufficient conditions. As for the model problem, the convergence
of regularized solutions is analyzed with respect to the involved penalization,
i.e. the regularization of the irreversibility constraint, in [133]. However, the
convergence of dual variables and the recovery of the full associated stationarity
system were still open questions. As a further contribution of this thesis these
two aspects are investigated. In this context, one important task is to ensure
that the solution of the state equation, respectively additionally the adjoint
equation for the dual variable convergence, can be bounded independently of
the penalization parameter in the corresponding norm. While such a bound is
proved for the state equation in [133], for the adjoint equation we ensure such a
bound in a suitable space in Chapter 3. Subsequently, we show that the dual
variables converge in its respective spaces, and that the limits of both primal and
dual variables satisfy a (C-stationarity) optimality condition that corresponds to
the associated unpenalized optimal control problem, in Theorem 5.0.1. Note that
in this chapter, which presents results from [84] of M. Mohammadi, I. Neitzel
and W. Wollner and the author, we restrict the setting to only one time step.
Finally in Chapter 6, we look at the sequential quadratic programming (SQP)
method for the optimal control problem. Algorithmic concepts, as well as a space-
time formulation and time discretization, with several numerical examples, where
a desired phase-field is tracked in the objective functional, are the subject of
[102, 103, 104, 105]. An established class of fast and robust solvers for nonlinear
optimization problems is the well-known sequential quadratic programming
(SQP) method, for which an introduction to the general idea can e.g. be found
in [70]. Very briefly, the SQP method can be used to numerically solve nonlinear
optimization problems by iteratively solving a sequence of associated quadratic
subproblems. As a starting point for the investigation serves [84], where the
SQP method for both the regularized and an unregularized problem is described,
and a preliminary analysis of the involved regularized quadratic subproblems
is conducted under an additional (and strong) local coercivity condition. A-
priori error estimates for a linearized fracture control problem, which is closely
related to the quadratic subproblems, are analyzed in [128]. SQP methods for
optimal control problems that involve semilinear elliptic and parabolic equations
and are subject to control constraints have been studied extensively, cf. e.g.
[70, 150, 152, 154, 155]. For the latter setting, but with mixed control-state-
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constraint, the reader is referred to [73, 74]. Furthermore, SQP methods for
the Navier-Stokes equation are the subject of [88, 92, 93, 156]. A semilinear
phase-field equation is analyzed w.r.t. the SQP formulation and its convergence
in [87, 88]. Further, convergence of the SQP method for quasi-linear parabolic
optimal control problems (for time-dependent controls) in function space is
proved in the recent [96]. In the latter publication, the important feature is
that a local L2-neighborhood can be chosen in the SQP method, instead of
an L°°-neighborhood in the prior literature. As a major contribution of this
thesis, we investigate the convergence of the SQP method for the model problem
in Section 6.1 - 6.4. We also substantiate our theoretical findings by some
numerical results for a simplified problem, which have not been published so
far, in Section 6.5. For the convergence proof, we use the meanwhile established
concept of strong regularity, and base our analysis on the (weak) o-strongly
active second-order sufficient conditions from Chapter 4. First following the ideas
of [152], we prove quadratic convergence of the SQP method for subproblems
localized in L* in Theorem 6.3.15, and then secondly follow the ideas of [96] to
prove quadratic convergence of the SQP method also for subproblems localized
in L? in Theorem 6.4.10.

The thesis is concluded by a conclusion and an outlook about further aspects
of interest in the context of phase-field fracture optimal control in Chapter 7.

Let us recapitulate that the fracture propagation optimal control problem is
challenging in several ways: Firstly, the involved fracture propagation PDE used
as a state equation is of quasilinear type, which subsequently makes the model
optimal control problem nonconvex. Thus, when analyzing optimality conditions
of second-order, the desire of preferably as weak as possible assumptions for
second-order conditions makes the analysis more involved. This also plays a
major part in the convergence analysis for the SQP method. Further, the
coupled structure and the additional involvement of control constraints introduce
some difficulties concerning the involved regularities. To investigate optimality
conditions, and numerical methods that are based on them, a careful analysis
of the involved operators and functionals has to be made w.r.t. second-order
differentiability and continuity in suitable, more regular function spaces. Finally
from the modelling aspect, the involvement of several physical parameters and
their interplay and behavior is not only interesting for the analytical results, but
also in the context of obtaining meaningful numerical results and constructing
test examples.
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2. Modelling optimal control of
fracture propagation

The main task of this chapter is to motivate and present the optimal control
problem which is analyzed throughout this thesis, and which was outlined
as the model problem in the introduction. We start with the derivation of a
fracture model that leads to a so-called regularized variational phase-field fracture
propagation model, cf. (C]""). This is an energy minimization problem, and here
we incorporate ideas from [31, 64, 75, 107, 119, 121, 122]. Subsequently, we follow
[132, 133] and recognize that this fracture propagation model can be reformulated
into a coupled quasilinear PDE, cf. (EL]""). Then, still following [132, 133], the
optimal control problem (NLP]""7) is presented by using the fracture propagation
problem as a lower-level problem to an additional upper-level tracking type
minimization problem.

The final fracture propagation model is able to model the behavior of a brittle
material which is subject to an additional load on a Neumann boundary, including
the modelling of complex crack patterns, as well as crack nucleation, branching
and merging. In this context, brittle materials are understood as materials that,
under exposure of stress, fracture without significant prior deformation. These
materials comprise e.g. ceramics, concrete and glass, but also certain types
of cast iron, if an impeccable material structure is assumed. In the optimal
control problem, the boundary load is then used as the control. We also motivate
the usage of the PDE formulation of the fracture propagation model below in
more detail: In short, when using the energy minimization fracture problem as
the lower-level problem, this means that the overall optimal control problem
is a bi-level optimization problem. However, with the PDE formulation, we
can use it as a state constraint in the lower-level problem, thus we obtain a
PDE-constrained optimal control problem, which is a problem class we can tackle.
Note that while the upper-level problem is rather standard due to its tracking
type objective functional, the more involved fracture propagation problem makes
the overall optimal control problem interesting and its analysis nontrivial.

Since in general fracture is one of the most important kinds of failure which

a material, a body or a structure can encounter, the topic of modelling and
subsequently also of prevention or restraint of fractures is an important area of
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research in many fields. For an overview over different trends and applications
of fracture modelling and damage or fracture mechanics, the interested reader is
referred to [161] and [7], as well as the references cited therein. In this chapter,
the focus is put on the variational phase-field approach of fracture modelling,
its main features and how to use it to govern an optimal control problem. Our
starting point is the remarkable milestone for fracture modelling that is given in
[75], where ”Griffith’s criterion for brittle fracture” is stated. It served as the
foundation for many further approaches, e.g. in the physics community, see [78,
101, 147], and also the work of [98], the latter dominating the fracture research
community for many decades!. The foundation for many mathematical (and
mechanical) works is [64], which introduces a variational formulation based on
the ideas of [75], and is often combined with phase-field methods, cf. [9, 31].
For an overview of the main ideas of this variational approach of fracture, see
e.g. [32], and for some applications in the context of multiphysics phase-field
fractures see [160]. Current trends in phase-field fracture are also outlined in
the recent article [115].

The following sections present the fracture propagation model utilized in this
thesis in Section 2.1, as well as the optimal control problem in Section 2.2. We
conclude with Section 2.3, where the final optimal control problem setting is
recapitulated for further reference, and all assumptions are collected.

2.1 The fracture propagation model

Let us start by only fixing the most necessary notation and assumptions, succes-
sively augmenting them where required. The fracture process is investigated on
a domain Q C R?, which has a boundary I' = 92, and on a time interval [0, 7],
for a given final time T > 0.

Griffith’s criterion for brittle fracture

The starting point of the utilized model is Griffith’s criterion for brittle fractures,
which is laid in the groundbreaking work [75]. It is recapitulated by many
authors, e.g. [30, 32, 47, 62], on which the following introduction is based.

The setting is the following: A two dimensional, bounded domain is filled
with ”brittle material”, i.e. a linear elastic homogeneous and isotropic medium.
In this context, isotropic means that the material is uniform in all orientations.
A connected crack, which has an a-priori known crack path, and whose length is
given by the function ¢ — [(t) at all times ¢, is given in the cracked body. The
crack is in elastic equilibrium for given time-dependent loads (which are applied
slowly such that inertia is negligible) and the crack length, for all times ¢. This
equilibrium idea is frequently called "quasi-staticity”. In this section, we denote
by G(t,1) the energy release rate at ¢ associated with an infinitesimal advance of
a crack of length [ along its predefined path at time ¢, i.e. G(t,1) = 0P(¢,1)/0l.

L As postulated e.g. in [31, page 6] or in [30]

18



Here, P(t,1) is the potential energy for the load at ¢, i.e. the energy given
through summing bulk energy, surface energy and the load. Further, denote by
G the surface energy density of the material, a macroscopic material constant,
frequently also called "fracture toughness”. Intuitively, the surface energy shall
be proportional to the number of broken bonds of the material, and therefore
proportional to the length of the crack, i.e. G, -I(t). Then, [75] states that there
is competition between surface energy on the crack and restitution of bulk energy
away from the crack. Propagation of a crack only occurs when the energy release
rate G(t,1) reaches the fracture toughness G,, and does not if G < G.. As noted
in [64, 1. Introduction], the "literature is of various opinion as to what happens
whenever G(t,1) > G.; in any case, the propagation is then labeled unstable”.
Overall, this approach culminates in three properties, that {(¢) must obey:

1. Irreversibility: ¢ — [(¢) is monotonically increasing.
2. Griffith’s criterion: G(t,1(t)) < G. for all t > 0.
3. Energy conservation: G(t,1(t))0l(t) = G.0l(t) for t > 0.

Unfortunately, the approach of [75] comes with two disadvantages: It only works
for an a-priori known crack path and if the solution I(¢) is sufficiently smooth.
This, however, cannot be expected in general, as is argued e.g. in [32], and e.g.
for kinked paths, cf. [47].

The variational fracture model of Francfort and Marigo

Inspired by the variational viewpoint in the field of image segmentation [129],
where an energy conservation idea is used, [64] uses Griffith’s criterion as a
foundation to develop a variational fracture formulation, cf. also [31, 32]. The
total energy is defined there via

E(fa 'LL,C) = %(Ce(u)v e(u))g\c - (fa U)F + GcHd_l(C)v (21)

for all admissible (vector-valued) displacements? u, and all fractures C that lie
in a fracture set, shall not intersect any part of the boundary, and be compactly
supported in the (two-dimensional) domain €. In this context (-,-)a\¢ denotes
the L2-inner product on Q\C, and (-, -)r is the L2-inner product on the Neumann
boundary I'. There, a traction force f is applied, manifested through the second
term in (2.1). In accordance with [75], the first term in (2.1) describes the bulk
energy, and the third term in (2.1) describes the surface energy, where G, is
the critical value of the energy restitution rate. In this context, H?! is the
d — 1 dimensional Hausdorff-measure [82], which for smooth surfaces and d = 2
dimensions, is equivalent to the length of the surface, i.e. in the given case to
the length of the crack C. Further, e(u) denotes the symmetric gradient

e(u) == %(Vu + vu'),

2in this thesis the displacements are two-dimensional, but generally also three-dimensional
displacements are possible
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which is a linear operator. Next, C = ((Cijkl)fj k1= denotes the elasticity tensor,
a fourth-order, positive definite material tensor. As in [160, Definition 36], this
means there exists a constant ¢ > 0 such that for any matrix & = ()72, &
being symmetric, and any point x C €2, it holds:

2
¢l < Cz)¢: € = Z Cijri&ijéri-

ij, k=1

For an isotropic, homogeneous and symmetric material, i.e. in particular for
brittle materials, the elasticity tensor simplifies to

Ce(u) := 2pe(u) + Mtr(e(w))I,

where p, A > 0 are the so-called Lamé-coefficients, see e.g. [136, Section 3] for a
motivation, and where some standard properties of Ce(u) can be found. In this
context, tr denotes the trace, which is also a linear operator, cf. Appendix A. Let
us only state some of the most important properties of the symmetric gradient
and the elasticity tensor, which will be used without further mention, and can
be easily verified by direct calculation. For all displacements w, w1, usz, it holds

Ce(u): e(uz) = Ce(uq): e(uz), (Ce(u),e(u)) >0,
(tr(e(u)l,e(u)) =20,  (e(u),e(u)) =0,

if all expressions are well-defined. The elasticity operator is widely utilized in
the field of linear elasticity theory, which can be used in the context of the
analysis and modelling of deformation or strain in elastic and inelastic bodies.
An introduction to the numerical approach and further references on this topic
can e.g. be found in [33, Chapter 6].

Now, the approach of [64] is to use a monotonically increasing load f(t) = t- fo
in time, for a given initial load fo C I', which means that f is defined on
I' x (0,T). Subsequently, an evolution law in the sense of quasi-staticity is
formulated: The crack C(-) on Q x (0,7T) is an increasing function, which,
together with the displacement u(-) on Q2 x (0,T), has to minimize the total
energy E(f(t);u(t),C(t)), cf. (2.1) for every point ¢t € (0,7) in time, and among
all admissible fractures that suffice to an additional condition that respects the
irreversibility, i.e. nonhealing condition, of the crack. For more details on this
see e.g. [160, Proposition 11], or directly [64, Law 2.9]. This means that in the
evolution process, energy is only transferred between bulk and surface energy,
and cracks are able to choose their future paths freely without any pre-defined
path assumptions. However, using an additional constraint they shall be limited
by the previous crack setting. Note that for the two-dimensional setting, cracks
can also only be sets of dimension one.

For this kind of problem, the minimality condition is investigated on a global
scope. This however leads to some drawbacks, for which [30, page 2 and 3] states
”Global minimality of the crack state at each time was key to mathematization of
the evolution problem. In physics, however, any minimality postulate is technical
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convenience rather than the manifestation of a known physical imperative”. In
particular, [30] states two downsides: Firstly the fact that (negative) force loads
in the interior can be problematic, since cutting their support can ”prevent the
realization of minimality”3. Secondly, global minimality might be influenced by
distant material properties or geometric features, the minimization process should
not be aware of. It is then postulated in [30] that local criteria would seem to be
more appropriate. However, even then the force load issues pertain, and crack
initiation would be problematic*. Further, it is recognized that this might lead to
problems in the related context of phase-field regularization, as the appertaining
concept of I'-convergence, both terms being the topic of the next subsection, does
not generally imply convergence of local minimizers. For the variational model
at hand, existence proofs of a well-posed evolution are established in [55] for a
topological setting, in [54] for nonlinear elasticity and in [63] for a setting that is
similar to the related Mumford-Shah segmentation problem, where the (sharp)
edges of the contours and shapes of objects depicted in a (black and white)
picture are formulated as sets. A numerical implementation of the variational
fracture model is also the subject of [3].

At this point, note that the force f can also be applied differently, e.g.
as a Dirichlet boundary condition. Another possibility is the usage of design
variables as data instead of a force f, as e.g. done in the context of free material
optimization (FMO), cf. [81]. They correspond to material properties, and
are incorporated as coefficients in the nonlinear phase-field operator instead
of the elasticity tensor C. The motivation is to model intrinsic properties of
the material which change over time through influences as e.g. a change in
temperature. Using such a setting to govern an optimal control problem leads
to so-called ”optimal control problems involving a coefficient control”, cf. [146]
and the references therein for an abstract setting. In the joint work [83] of D.
Khimin, I. Neitzel, N. Simon, T. Wick and W. Wollner and the author, some
computational experiments for an optimal control problem governed by an FMO
problem are conducted as a proof of concept. Indeed, the numerical examples
imply that the susceptibility of the material to fracture propagation is influenced
by the changing material properties during the optimization process.

By different modifications of the energy functional (2.1), various other appli-
cations in the context of fracture propagation can also be covered: In [112], a
computational framework for phase-field fracture models in porous media is pre-
sented, where the variational fracture is extended to porous media by employing
Biot’s theory, cf. [17]. This involves an additional pressure variable, and is also
related to the works of [125, 126, 157], which study so-called pressurized fracture
problems. The latter are also modelled by incorporating an additional pressure
variable, and adding a nonhomogeneous traction force term that acts on the
fracture surface into a variational fracture model comparable to (2.1). Similarly,
by incorporating time derivatives, one obtains dynamic fracture problems, which
are (numerically) investigated in e.g. [8, 25, 26, 89, 121, 122, 145].

3see [30, page 3|
4again see [30, page 3]
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Ambrosio-Tortorelli regularization and phase-field approach

The energy functional (2.1) involves C, a fracture set that lies in the set of all
admissible fractures. This is not only mathematically challenging, since one has
to deal with the inherent discontinuities of the displacement and the involvement
of the fracture set, but also numerically complex: The changing fracture set has
to be resolved for ever time step, which when implementing such problems using
e.g. the finite element method means there is a need for constant re-meshing
and updating of basis functions.

Similar problems again occur in the context of the theoretical and numerical
analysis of the Mumford-Shah functional [129] used in image segmentation. In
this context, [10] proposes to circumvent dealing with such sets by regularizing
the Hausdorff measure H%~! by a phase-field approach and then recover the
original problem in the sense of I'-convergence, cf. also [27, 29]. In analogy to this
idea, a regularized variational phase-field fracture model is suggested in [31], and
studied in [28, 31, 110]. Let us quickly outline this phase-field fracture approach:
The sharp crack surface is regularized by smearing it in a transition zone near the
crack, through introducing an auxiliary, so-called phase-field variable ¢ on €. In
the context of fracture propagation, the phase-field variable can be understood
as a damage parameter in the following sense: ¢ = 1 indicates the points in the
domain 2 where the material is completely sound, ¢ = 0 denotes points where
the material is broken. A transition zone of thickness € on either side of the
crack surface is given by all points where 0 < ¢ < 1. Here, the sharp crack jump
is replaced by a smooth transition. However, this approach also comes with
some disadvantages: In numerical simulations, the interplay between the model
and discretization parameters can be challenging, and the transition zone has to
be resolved by choosing a sufficiently fine mesh at the corresponding parts of the
domain, leading to either potentially high computational costs or the need for an
adaptivity scheme, cf. e.g. [89, 117]. Further, the energy functional now turns
out to be potentially nonconvex, which might be problematic due to the global
minimization approach. Further, note that the limit process has to be done w.r.t.
the concept of I'-convergence when recovering the sharp fracture description,
which includes the study of (special) bounded variation ((S)BV-) function spaces,
cf. [53], also e.g. [9, 10]. Nevertheless, variational phase-field models are in
general a very appealing approach, and we also pursue this approach, since it
enables us to use techniques that are established in the field of PDE-constrained
optimal control. Note that variational phase-field models are also successfully
applied in many other fields, e.g. in material science, cf. [18, 19, 20] or for
medical applications, cf. [65, 66] where tumor growth is modelled. The area of
image segmentation is also still a very active field of research in this regard, cf.
[143]. An overview of phase-field models and their numerical implementations
can be found in [56], or in the context of multiphysics fracture problems, again
in [160].

Thus, let us conduct the phase-field regularization for (2.1). This means,
that for an ¢ € (0,1), the Hausdorff measure H?~!(C) is regularized by the
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Figure 2.1: Crack modelling using a phase-field approach in
a transition zone: A crack [0.5,1] x 0.5 on the unit square
[0,1]? is regularized using a phase-field method. The red
areas denote ¢ = 1, i.e. the completely sound parts of
the material, the blue area denotes ¢ = 0, i.e. the fracture.
There is a transition zone with distance € around the fracture
in which the phase-field variable ¢ is a smooth function.

regularized fracture functional

2
)

1 2 €
st =¢ll” +5lvel

where || - || denotes the L?-norm on €.

To eliminate the fracture set C also from the first term in (2.1), in particular to
be able to work with the displacement on Q instead of Q\C = Q\{x € Q| =0},
an additional regularization is needed. Let thus x be an additional regularization
parameter, where k < ¢, and a coefficient function g be defined via

9(p) = (1= r)* + kK,

where the latter regularization also has the added benefit that the elastic energy
is not degenerated, due to the fact that, for ¢ — 0, the system matrix associated
to the bulk energy term remains regular, cf. [160, Remark 26]. Thus, the
function g is also frequently called the degradation function, cf. [160, Definition
39]. The overall regularization approach is used also already in [31, 32], and
can be justified through I' convergence results, w.r.t. the limit ¢ — 0, which is
discussed in [32, 62], or in the context of cohesive fracture, cf. [22, 52], and the
references therein.
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Overall, this means that the state variable is now given by a pair of two
functions u = (u, ), where u denotes the displacement variable, and ¢ is the
just introduced phase-field variable. Incorporating both regularizations into
(2.1), one obtains the regularized total energy

G.e
2

(9()Ce(u), e(w))g = (f, u)r + —=[IVel* + %II1 -l (22)

| =

E.(f;u) =

where (-, -)q is the L2-inner product on Q. The identifier  is frequently dropped,
and (+,-) is used equivalently.

When looking at fracture evolution of brittle materials over time, as one would
do in real life applications, a once broken material should not be able to heal and
revert readily to its original state. This means that an evolving fracture evolution
model over time has to incorporate some kind of irreversibility condition for the
broken parts, which tracks the fracture path and prevents its regress. We have
already seen above that such evolution laws are incorporated in both [75] and
[64]. Other model problems which are subject to an irreversibility condition
are studied e.g. in [21] in the context of structural optimization. In [121, 122],
a regularized variational fracture model is augmented by a rate-independent
formulation, which ensures the local growth of the damage variable®. In the
context of phase-field formulations, a natural possibility to model an irreversibility
constraint is imposed by demanding that the phase-field variable is monotonically
decreasing over time, recalling that a lower value of the phase-field variable ¢
means less integrity of the material at the given point, with brokenness if ¢ = 0.
Irreversibility of the fracture can therefore be easily modelled by demanding the
constraint

o(t1) > p(te) forall 0 <ty <ty <T. (2.3)

For the regularized fracture propagation model, again in a quasi-static sense, the
following problem setting can be concluded:

For a given load f(-) on T x (0,T), a state pair u(-) = (u(-),¢()) consisting
of a displacement u(-) on Q2 x (0,T) and a phase-field ¢(-) on Q x (0,7), is
searched, which satisfies

min E.(f(¢);u(t)) forallt € (0,t),
u(®) (2.4)
subject to:  p(t1) > @(ta) forall 0 <ty <itg <T.

Numerically, solution algorithms for these kind of problems are studied in
[28, 34] (as alternating minimization, also called staggered solution), [89, 160]
(quasi-monolithic), and [68, 108, 158, 159] (monolithic)S.

Snote that in [121, 122] the phase-field variable is defined as zero where the material is
sound, and as one where the material is broken, i.e. switched to the formulation of this thesis

6In this context and in plain terms, monolithic roughly means that all equations are solved
in a single uniform system, while staggered means that (parts of the) equations are solved in a
sequentially way, with quasi-monolithic being a hybrid approach combining the former two.
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Time discretization

We recall that for the progress of the fracture over time, a quasi-static approach
is used in the fracture problem given through (2.4). This means that the system
has to be in equilibrium at all times, i.e. that the regularized total energy
functional (2.2) is minimized for the current load f and the associated state u.
Further, we recall that the time interval is given by [0,7] for a T' > 0, and the
load f(-) is now given on T" x (0,T). Similarly, for the state u(-) = (u(-), ¢(+)),
the displacement u(-) is now given on Q? x (0,7) and the phase-field ¢(+) on
Q x (0,T). As in [132, 133], also in this thesis a time discrete but spatially
continuous model is used, therefore the time interval (0,7") is discretized into
M € N equidistant time partitions

O=tog<ti<ta<---<ty="T.

The loads are then given by the vector ( fl)f‘il on I'M | and the state by the pair
of vectors uy = (u)M, = (u?, "), with displacement vector uy = (u*)}, on
(92)M and phase-field vector oy = (¢*)M, on QM at the associated time-points
t;. For the chosen time discretization, this means that the irreversibility condition

from (2.3) leads to the constraint
<l foralli=1,.., M, (2.5)

where an initial phase-field ©° is given, cf. Remark 2.1.1 below.
The quasi-static equilibrium approach in turn means that the discrete formu-
lation of (2.4) then reads:

For given loads fi = (%)X, we look for the minimum of

1 (2.6)

min B, (f%u’) foralli=1,.. M,
subject to: @' < 'L,

This means that due to the quasi-static approach, this fracture propagation
problem is (a system) of quasilinear elliptic type, and not quasilinear parabolic,
despite its purpose of modelling a fracture evolution over time. The (optimal
control of) parabolic-type settings involve their own challenges, even if they
do not involve the coupled phase-field fracture propagation approach, cf. e.g.
[23] and [96]. For a time-continuous approach where a variational fracture
propagation governs an optimal control, the reader is also referred to [60, 61].

Viscous approximation

Following [133], an additional term is incorporated into the regularized total
energy (2.2), namely the term

Al == P @)
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is added for an n > 0. For the time discrete formulation corresponding to (2.6)
this leads to the formulation

2
)

EX(f', ¢ u') == E.(f5a') + gHwi - (2.8)

for all i =1,..., M, and for a given, initial phase-field ©°. This is inspired by a
regularization technique in rate-independent damage models, cf. [107], where the
term from (2.7) corresponds to a potential viscous approximation. Physically,
the largeness assumption corresponds to a restriction on the size of permissible
time steps. We want to point out that the viscous approximation can also be
understood as a penalization of the crack growth, i.e. it can also be seen as some
form of penalization for the crack irreversibility constraint. The main point is,
that for sufficiently large n the energy functional (2.8) is strictly convex, which
also leads to uniqueness of solutions of this energy minimization problem, cf.
[133]. It is further essential when establishing differentiability results, and for
the (linearized and adjoint, cf. Section 3.2) equations that occur when analyzing
the final optimal control problem, which is stated in Section 2.2. Therefore, we
in fact demand 7 to be sufficiently large in Assumption 2.3.11 below. We omit
further explanation of the viscous approximation, and refer the reader to [107].

Incorporating this viscous approximation into (2.4), we can formulate the
first fracture propagation problem in rigorous form, for which also the state
space V :=V,, x V,,, where V,, := H'({;R?),V,, := H'(Q) and the space L*(T")
is introduced for the boundary force. In this context, we denote product spaces
by using an exponent, e.g. VM =V x ... x V is the product space of M times V,
respectively analogously for (L2(T'))™. Then the inequality-constrained fracture
propagation problem has the following formulation:

Let u® € V, with ¢° € [0, 1], and data f; € (L?(I"))™ be given, find u; € VM
that solves

1 ()

min E7(f%, o't u’) foralli=1,.., M,
i
subject to: ¢! < 'L

Remark 2.1.1. Note that the initial displacement u® of the initial state u° is
not necessary as a datum for (C]""). For other fracture propagation approaches,
this assumption can however be necessary, e.g. for the modelling of dynamic
fractures.

Without a rigorous argumentation, let us only mention here that its associated
stationarity conditions, which in accordance with the notation from [133] we call
(EL{), read:
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For every test function (v*,v?) € V, given loads f; € (L?(I'))M and initial
phase-field ¢° € [0,1], any minimizer u; € VM of (C}) satisfies

(9(¢")Ce(u'),e(v")) = (f',v")q =0,

; G. 4 , ,
Gee(Ve!, Vo¥) = —=(1 = 9", v%) +n(p" — '™ v%)

19
+(1 = &) ("Ce(u'): e(u’),v?) +.(M’ 1{“”) =0, (ELT)
' — 't <0,
>0,
<)‘i7 @z - Qpi_1> = 01

for all i = 1,..., M, and Lagrange multipliers \j := (\)}M, € (V;)M, and V;
being the dual space of V.

Note that since the fracture problem (Cj') is a minimization problem subject
to the irreversibility constraint (2.5), the stationarity conditions (EL{') contain a
so-called complementarity condition, given through the last three lines of (EL{).
The derivation of such optimality conditions for optimization problems in Banach
spaces including state constraints is e.g. explained in [153, Chapter 6]. It involves
the Lagrange multiplier rule and leads to so-called Karush-Kuhn-Tucker (KKT)
optimality conditions. While the Lagrangian principle is also briefly explained
in Section 3.5 below, we only want to mention that in nonlinear programming,
KKT conditions are necessary optimality conditions of first-order, and refer
the reader to standard literature, e.g. [135, 153] for more information. The
resulting optimality system (EL{) is related to the well-known obstacle problem,
an optimization problem where for fixed boundary conditions, the associated
optimal state is constrained to lie above a given obstacle. It is accompanied
by questions of admissibility of the state, and the requirement for constraint
qualifications, e.g. Slater’s condition. References to classical literature concerning
the obstacle problem can be found in [160, Section 2.3], to which the reader is
pointed to.

Penalization and regularized fracture propagation problem

Let us recall that for the final model optimal control problem, the fracture
propagation problem shall be used to govern an optimal control problem, by
adding an outer optimization problem later, see Section 2.2 below. However,
due to involvement of inequality conditions in (C}'), and subsequently of the
complementarity conditions that occur in its stationarity conditions (EL;'), such
a fracture propagation optimization problem would be a member of a problem
class that is called mathematical programs with complementary constraints
(MPCC), cf. [13, 123, 124]. Possible challenges, not only for the given problem
setting, but in general when dealing with MPCCs, have been stated in Chapter 1.
In particular, we recall that the inherent nondifferentiability makes the analysis
of (second-order) optimality conditions and numerical methods in the classical
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sense challenging, mostly because standard constraint qualifications like [139,
163] are not applicable. In [132], a well-known penalization approach that
can e.g. be found in [13], is used to eliminate the irreversibility constraint
(2.5), at the expense of an additional penalization term. As in [119], a higher-
order penalization is used there instead of the standard L?-approach, that is
typically used within the regularization idea of Moreau-Yosida, cf. [99]. Other
penalization/regularization approaches for state constraints are the so-called
Lavrentiev regularization [120], or [109] which uses a so-called virtual control
concept. While the former is a concept to rewrite inequality state constraints
into mixed control-state constraints, the latter introduces an additional virtual
control, and both have in common that the inequality constraints still involve
a state. Another approach frequently used to regularize state constraints are
barrier functions, cf. e.g. [144]. For an overview of different approaches, the
reader is also referred to [14] and [131]. In any case, a Moreau-Yosida penalization
of higher-order is appealing for the given setting since it ensures higher-order
regularity and differentiability results rather easily in the context of analyzing
second-order conditions and the SQP method. This, as well as potential questions
involved with ensuring feasibility of initial values through additional assumptions
in e.g. the SQP method, is an advantage for the given problem over e.g. barrier
methods. By all means, the penalization term to regularize (2.5) is given, for a
penalization parameter v > 0 and introducing (-) := max(0, -), by

2! - o 29)

where ||-||z+ denotes the L* norm on §2. Note that it is advisable to choose y > 1,
in order to ensure that the by physical considerations motivated penalization
for the irreversibility dominates the effects of the viscous approximation. Let us
now state the regularized fracture problem:

Let u® = (u°,¢% € V, with ¢° € [0,1] and data f; € (L*(T")) be given,
find pairs of displacements and phase-fields ur € V™ that solve

: i i—1. i i i—1. i gl i i— 4 ;
min EZY(f",¢ L) = BI(f e 1;Ul)+ZH(<P -, ()
forall 2 = 1,..,M, and v > 0, n > 0. Note again that only the initial
phase-field ¢° is used, cf. Remark 2.1.1.

At this point, similarly to [133, Section 1], we use the idea proposed in
[132, Section 3], and also present the stationarity conditions of the optimization
problem (C]"7). These are given by Euler-Lagrange equations, which are one
of the fundamental concepts in the field of calculus of variations, cf. [67]. The
Euler-Lagrange equations are a system of second-order equations, that represent
necessary optimality conditions of its associated minimization problem. For the
regularized fracture problem (C;""7), we obtain the following formulation:
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For all test functions (v%,v¥) € V, given loads f; € (L*(T"))™, and initial
phase-field ¢° € [0,1], any minimizer u; € VM of (C]"") satisfies

(9(e")Ce(u'), e(v™)) — (f*,v")q =0,
Gee(Vi', Vo¥) = —(1 = ¢, 0%) 4 (g’ — ¢, 0%) (BEL;")
+(1 = K)(@'Ce(u'): e(u’),v?) +v([(¢" — " T, 0¥) =0,

foralli=1,..,M.

It is important to recognize that, in contrast to the model problems of [28, 31,
110, 121], a priori the phase field ¢, for all i = 1, ..., M, is not in L anymore,
since the upper bound induced by (2.5) is not enforced anymore. To ensure
well-definedness of the terms in (EL]"") it is proved that ¢y € (L>(2))™ and
uy is in fact more regular in [132, Corollary 4.2], a result which is revisited in
Lemma 3.2.1 below. We want to point out that for n sufficiently large, (C;"")
is (strictly) convex, and therefore has a unique solution which is given as the
solution of (EL]""). In this case, (EL]"") constitutes both a necessary and
sufficient condition for (C]""). Note that due to the coupling of the displacement
variable u’ and the phase-field variable ¢’ for all i = 1,..,M, (EL]"") is of
quasilinear type. Further, (EL]"") is a system of second-order, elliptic equations.

Let us point out that the overall idea of the penalization approach is to
start with the study of (C;""), and then to investigate the limit v — oo in a
later step. Ideally, the solutions then converge to solutions that correspond to
the unpenalized optimal control problem (C{'). Respectively, the same analysis
can be conducted for (EL}) and (EL{""). In fact, restricting the setting to one
time step, we see in Chapter 5 that using (EL;"") as governing equation for an
outer optimal control problem, when taking the limit w.r.t. the penalization,
the limit functions indeed solve the corresponding optimal control problem that
is governed by the inequality-constrained fracture problem (EL{). We do not go
into further detail here, and refer the reader to Chapter 5.

2.2 The optimal control problem

To the best of the authors’ knowledge, [132] is the first work which added an
upper, or outer optimization problem to the regularized variational phase-field
fracture model given through (C]"") or (EL;""). This upper level problem
consists of an objective functional that is given by a tracking-type functional in
combination with a Tikhonov regularization. Additionally to [132], in this thesis
we additionally demand box-constraints for the control. For the control space
Q = L*(I'), and Q™ being the M-times product space Q™ = M x --- x M, this
then initially leads to a problem formulation that is given by:
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Let initial data u® = (u°, ) € V, with ¢° € [0, 1], and the desired displace-
ment uq1 = (u$)M, € (L*(Q)M be given. Find ¢ = (@M, € Qaa1 C QM

with associated state pair up = (u"); = ((u*, %)M, € VM such that

M M
. 1 . . I
min (g w) = 30 L~ g + D S 102
@ i=1 i=1 (P
subject to:  wy solves (C]"") for data g,
and: qr € Qad,]lv

where 0 < o € R, and Qa1 := {1 € Q™ |¢. < ¢' < ¢} Vi=1,..,M} for
given g,1,qp1 € (L°(Q))M.

Let us have a quick look at the objective functional. The first, so-called
tracking-type, part of this functional aims to achieve a state, in this case only
the displacement part u’ of the state pair u’ = (u’, "), that lies close to a
given, desired displacement uﬁi, for every discrete time step, i.e. fori=1,..., M.
Choosing the desired displacement ug; appropriately, the state is therefore
steered over time towards a favored configuration. For the second part of
the objective function, the nonnegative real number « is called the Tikhonov
parameter and the whole term involving « is also called the Tikhonov term. It
depicts the cost to be expended in the controlling process, while also serving as
a numerical stabilization, which is why this approach is also known under the
name "Tikhonov regularization”, cf. [44] for further explanation.

Note that (P]"") is a bi-level optimization problem. Following again [132,
Section 3], the lower-level problem (Cj"") is replaced by its Euler-Lagrange
equations formulation (EL;""). This leads to a nonlinear program in a form
comparable to standard optimal control problem subject to PDE constraints,
which in the context of linear and semilinear PDEs is well-studied, e.g. in [44,
94, 153]. In particular, we obtain:

Let the initial data u® = (u°,¢%) € V, with ¢° € [0,1], and the desired
displacement ugy € (L*(2,R?))M be given, find ¢ € Qaa1 C QM with
associated state pair uy € VM such that

min J]I ((IL ll]]),

qi,ur

subject to:  uy solves (EL]"") for data qi, (NLP;"")
and: q € Qaa1

We have already postulated that by utilizing the largeness assumption on 7,
cf. Assumption 2.3.11 below, existence and uniqueness of solutions of (EL]"")
can be ensured, which is addressed in Section 3.2 below. It is then possible to
introduce a unique solution operator and a reduced functional, which is essential
in the sense that it makes optimal control subject to constraints viable at all, cf.
Section 4.1.

At this point, we do not want to repeat the advantages of this approach to

30



model optimal control in the context of fracture propagation over previous ideas,
as well as the challenges that come with it. Instead, we refer the reader back to
the introductory Chapter 1, where these topics have already been discussed.

2.3 Summary of final problem setting, assump-

tions and notation
This section recapitulates the problem setting involving all assumptions, in-
troduces some additional notation and serves as a point of reference for the
theoretical results in Chapter 3 - 6. In this context, also note the summary
of used notation and abbreviations in Appendix A. Let us start by collecting
some basic and problem specific assumptions, which have already been made

in Section 2.1 and Section 2.2, and which shall hold throughout the rest of this
work:

Assumption 2.3.1 (Basic assumptions).

e The parameters p > 2, but close to two, q := p/2 > 1, i.e. close to one, as
well as s € (0,1/2) are given, s.t. H'T5(Q,R?) C WhP(Q,R?).

o The domain Q is assumed to be in two spatial dimensions, i.e. Q € R2.

o The boundary 6Q = I'pUll of the domain Q consists of two parts I'p
(Dirichlet boundary) and T' (Neumann boundary) with H*=(T') # 0 and
HY N (Tp) # 0.

e QUT is Grager regular, cf. [77].

o The domain Q0 suffices to W2 -regularity for the homogeneous Neumann
problem

1
—elAp + s = fy Onwp=0o0nI, @p=0o0nTp. (2.10)

Let us also quickly give the following remark:

Remark 2.3.2. The final point of Assumption 2.3.1 in particular means that
for right-hand sides f € L(Q), the solution ¢ of (2.10) suffices to ¢ € W>9(Q),
c.f. [138, Section 2] where this assumption is initially proposed for the fracture
propagation optimal control model problem.

We continue to introduce some notation used for the involved function spaces
and corresponding inner product and norms.

Definition 2.3.3 (Function spaces and norms).

o Let HL(;R?) = {v € HY(UR?)|v = 0onTp}, respectively for
WP (Q;R?). Additionally, we define

Vu ::H%)(QaRQ)a VLP ::Hl(Q)7 V= Vu x V‘P’
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W =WEP(QR?), W =W21(Q), W =W, xW,.
Further, it holds

W> =W~bP(Q,R?) x LY(Q).

The control space Q is given by Q := L*(T).

Let y := (u, q,2) denote a function triple consisting of a state u, a control
q and an adjoint state z (see Chapter 4). The to this triple associated
spaces are

Y =WxQxW and Z:=W*xQxWX*.

In the context of convergence of the SQP method in Chapter 6, additionally
also the spaces

Yoo =W x L®(T) x W and Zoo =W x L) x W
are used.

By (-,+) we denote the L*-inner product, and by || - || the corresponding
norm. Further by (-,-)q we denote the inner product of the control space
Q := L3(T'), with || - || being the corresponding norm.

Let a displacement/phase-field pair u = (u, ) € W be given. The norm of
the space W is given by

lallw = l[(w, D)llw = llullw, + lellw, = llullwre ez + [elw2a@,

where || - |w1.p(r2y and || - ||w2a(q) are the standard Sobolev norms of the
corresponding spaces, defined via

Hu||W1=P(Q;R2) = Z ”Diu”LP(Q;]R?)
li|<1
and  [lpllwza@) = Y 1D Locy-
li|<2
Finally, in this conteat, || - ||Lr(our2) and || - ||La(q) are the standard norms

of the corresponding Lebesgue spaces LP(£;R?) and L4(12).

For any Banach-, Hilbert- or Sobolev- space V, the dual space is denoted
by V*. The duality pairing is denoted by (-,-), where the spaces are often
omitted if obvious from the context.
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We further introduce the following notational convention, which is used
throughout this thesis:

Definition 2.3.4 (Time discrete notation for functions and function spaces).
o Letl:={1,..,M}, for an integer M € N.

o State and control spaces for multi time step settings are denoted with an
exponent, e.g.

VMV x...xV and QM =Qx---xQ,
—_— —_———
M times M times

and analogously for other function spaces, like e.g. the ones defined in
Definition 2.3.8. Note that the product space (W x Q x W)M = (W x Q x
W) x ... x (W xQ x W) is denoted by YM. The associated norms are
defined analogously to Definition 2.3.3.

o The state variable uy is given by
(ulv "'7uM) = (ui)i\il = ur = (UH,@H) = ((ul)zﬂilv (‘pz)f\il)
= ((ulv ) uM)’ (@17 e @M))a

and the control variable qp by

a = (qi)i]\il = (qla ""qM)'

Analogously, the functions @y, @11 and Qg2 are introduced.

o For (displacement and phase-field pairs of) test functions vy we use the
notation

) = ((Uu’i)Ml (U(’p’i)i]\iﬂ

i=1»

)
= ((v“’l, 0 MY) (P ...,v“"’M)).

o For (displacement and phase-field pairs of) function data fy,

(fla ’fM) = (fz)f\il =fi= (f]lu’f]lip) = ((fu7i)i]\i1’ (ftpyi)i]\il)
= (", M), (9 f2M)
1s used.

o For the adjoint functions zy, which occur in the context of optimality
conditions cf. Chapter 4, we introduce analogously

M) = (zi)g\il =zy = (21,¢1) = ((Zl)f\ilv (W)f\iﬁ

(91, (M, ™).
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o The desired displacement uqy is defined analogously to the displacement
Sfunction uy.

o Finally, for the admissible control set Qqq1, we define
Quar ={@eQ™ | ¢ <¢<q¢ ae onT forali=1,. M},

where qa1,q01 € (L®(Q))M are given, s.t. ¢, < q} a.e. on T for all
i=1,...M, cf. also Assumption 2.3.7. This means that the admissible
control set is given by so-called box constraints.

In the context of Definition 2.3.4, we make the following remark:

Remark 2.3.5. Without further mention, we consider all vectors as row or
column vectors where needed if obvious from the context. Further, for all functions
and their notation, e.q. uy, is used for both

w = (ur, 1) = ((0)iLy, (¢)11) = (wrs ey uar), (015, 011))

and

ur = (!, 0)) 1 = (', Y, o (WM, M),

The following facts, which can be found in [153, Chapter 7] and [1], are used
frequently without further mention.

Remark 2.3.6.

o For the choice of p and q, in d = 2 spatial dimensions, the embedding
theorem of Sobolev and Kondrachov yields

W = Vu, W, < V.
Moreover, it holds
W, < L*>(Q;R?), W, < L>(9).
o Due to the definition of Qqq1, it is immediately clear that all admissible
controls suffice to L -regularity.

o The trace embedding L*(T) — W ~1P(Q) holds and is compact, which holds
true due to p < 4 and Assumption 2.3.1.

Next, we collect some problem specific assumptions.
Assumption 2.3.7 (Problem setting).

e The constants R > k,v>0,1>¢ >0, and R > n > 0 are given, such that
k> €. From a modelling point of view, it is suggested that n < .

o The initial phase-field function ©° € W, s.t. 0 < % <1 is given.
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o The desired displacement ugy € (L?(Q,R?))M is given.
o The Tikhonov parameter a € R s positive, i.e. a > 0.

o We further recall from Definition 2.3.4 that a1, qp1 € (L°°(Q))M are given,
s.t. qi <q ae onl foralli=1,.,M.

o C denotes the rank-4-elasticity tensor. For a proper definition and some
properties, cf. Chapter 2.

o For the constant G., w.l.o.g. it holds G, := 1.

In particular, the physical parameters k,e are assumed to be fixed constants.
The penalization parameter vy is, with the exception of Chapter 5, also assumed
to be a fized constant.

Next, to simplify notation and make the technical proofs easier accessible,
in most of the theoretical parts of the following chapters the Euler-Lagrange
equations are written in a more compact form. In order to do so, we introduce
the operators A, R and B.

Definition 2.3.8 (Operators A, R, B). Let the parameters k,e,v > 0, > 0
be given as in Assumption 2.8.7. The operators A, R, and B, are given, for
previous phase-field function @'~ € Vi, and test functions v = (v*,v¥) € V, as

o the nonlinear phase-field operator A: V x Vi, D W x W, — V*, defined by
<A(ui’ ‘pi_l)’ V> = (g(()oi)ce(ui)> e(vu))

, G,

+ Gee(Ve', Vo) — ==

€
+n(e" =9t 0%)
+(1-k) (cpi(Ce(ui) se(u?), v‘/’),

(1—-¢"0%)

recalling g as the quadratic degradation function g(x) := (1 — k)2% + k.

* the penalization operator R: V, — V7, defined by
(R(¢" 0" H57),0%) =7([(" = " H)F]P, 0%).

e the control-action operator on the Neumann boundary I', B: Q — V*,
defined by

<qu, v> = (qi, v“)Q.
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Let us make two remarks concerning the operators introduced in Defini-
tion 2.3.8.

Remark 2.3.9. Note that the operators A and R are later also considered as
mappings in the spaces W* and L1(Q2), and that by definition it holds W* «— V*,
and L1(Q) — V. In either way, test functions v € V' can be used. The operator
B is also used as a mapping into the more reqular space W*, i.e. B: Q — W*,
which is well-defined due to Remark 2.5.6.

Remark 2.3.10. Note that the notation for the nonlinear phase-field operator
A and the penalization operator R are slightly different to the definition made in
[84, 85, 86]: There, a one time step model, i.e. M = 1, is investigated, where
the initial phase-field ¢~ := ©° is a given, a-priori known function, for which
the corresponding assumptions as in Assumption 2.3.7 hold. For the discrete
multi time step model, the previous phase-field variable ¢~ is now incorporated
into the respective operators.

With Definition 2.3.8, we rewrite the model optimal control problem (NLP}"")
into the following compact problem formulation:

Let Assumption 2.3.1 and Assumption 2.3.7 hold, then

M 1 M N
min quifuiz +Zi 7|2
@1€Qaa,1, mEVM p 2 I d”Lz(QvRZ) P 2 lg ”Q’

subject to:  A(u’, 0" ') + R(¢', 0"t y) = B¢ foralli=1,.., M.

Note that by Definition 2.3.8, the involved partial differential equation is
the same as (EL;"") from Section 2.1, and the just stated optimal control
problem is in fact the same problem as (NLP}]*7). For most of our analysis,
we use this representation of the model optimal control problem (NLP]"").

This section is closed with the following essential assumption, that is expected
to hold throughout our entire analysis.

Assumption 2.3.11 (Viscous approximation). Letn > 0 be chosen large enough,
such that all results in Chapter 8 are applicable.

At this point, the focus shall quickly be put on the importance of Assump-
tion 2.3.11 for the analysis of the model problem. The assumption stems from
[86, 133] and is inspired by [107]. We frequently utilize results that are based on
these works. In particular, Assumption 2.3.11 ensures both unique solvability
of (EL]""), and the associated linearized PDE, see Chapter 3, and subsequently
also the differentiability and Lipschitz results for the associated solution opera-
tors. Most of the auxiliary properties showed for the control-to-state operator,
and subsequently of the to (NLP}"") associated reduced functional depend on
a sufficiently big n. Note that in [86, Section 3], some more details on the
dependence of 1 on €,1/e and & can be found, cf. also the proof of Lemma 3.2.3
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below. At this point, it is important to point out again that for all theoretical
results of Chapter 3, 4 and 6, all physical parameters remain fixed, as assumed
in Assumption 2.3.7. The exception is Chapter 5, where we look at the limit of
the penalization parameter ~, leaving every physical parameter but v fixed. In
this context, note that for a similar optimal problem a trivial kernel assumption
is used in [132], instead of Assumption 2.3.11. We refer to Section 3.2, where
the setting of [132] is outlined.
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3. Analysis of the control-to-state
operator, the reduced functional
and the Lagrangian functional

This chapter lays the technical foundations needed to investigate (second-order)
optimality conditions and the SQP method in the later chapters. In particular,
we start by presenting norm bounds as well as differentiability and Lipschitz
continuity results for the operators A and R. Further, we present solvability
results for the state equation (EL;""), its linearization and adjoint. The main
contributions are the differentiability and Lipschitz continuity results, in partic-
ular the Lipschitz results of second-order, for the solution operator of (EL]"") as
well as the reduced functional and the Lagrangian of (NLP{"") in Section 3.3,
3.4 and 3.5. For the case M =1, i.e. the one time step setting, these second-
order results are investigated in the joint works [85, 86] of the author and I.
Neitzel. Note that for the results concerning the operators A and R, we rely on
techniques from [132, 133] to extend available preliminary results from the same
publications. Furthermore, the solvability result for (EL]"") can be adopted as it
stands from [132, 133]. As for the existence and improved regularity results for
solutions of the linearization and the adjoint of the state equation, similar ideas
as for the state equation, in particular also involving a viscous approximation
Assumption 2.3.11, cf. [107], are utilized. Again for M = 1, i.e. the one time
step setting, a rigorous proof for the results involving the linearization of the
state equation can be found in the joint work [86] of I. Neitzel and the author.
We also want to point out, that the presented results for the linearization of the
state equation are already used in [84, 128, 132].

Throughout our analysis, we emphasize where the multi time step setting
from (NLP}"") requires a more careful analysis as opposed to the one time step
setting from [85, 86]. At this point, we further want to point out that the
improved regularity, differentiability and Lipschitz continuity of the solution
operator, and the reduced objective as well as the Lagrangian functional proved
below are nontrivial tasks, that involve an in-depth analysis of the structure of
the involved operators A and R and the coupled structure of (EL;"").

Lunder slightly different assumptions, see the paragraph below (3.75) on page 67
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Let us give a quick outline of the course of action and the main results:
We start with an analysis of norm bounds and differentiability and Lipschitz
results for the nonlinear phase-field operator A and the penalization operator
R, as well as their linearized and adjoint counterparts in Section 3.1. We can
then ensure solvability and improved regularity of solutions for both the state
equation (EL;"") and its linearization in Section 3.2 and introduce the associated
solution operators. Subsequently, (second-order) Fréchet differentiability and
(second-order) Lipschitz continuity in improved Banach spaces of the solution
operator are established in Section 3.3. Finally, we transfer the corresponding
results to the (reduced) functional and the Lagrangian of the optimal control
problem (NLP]"") in Section 3.4 and Section 3.5.

3.1 Preliminary technical results for the opera-
tors A and R

This section collects some auxiliary results for the operators A and R, which are
used throughout the entire thesis. The techniques utilized stem for the most
part from [132, 133]. Most of these results are already used for the one time
step setting in [85, 86] of the author and I. Neitzel. The main difference for the
multi time step setting M > 1 lies in the added appearance of involved functions
depending also on the time steps ¢ — 1 and ¢ + 1. In particular, some additional
caution has to be taken care of when working with the adjoint operators, in
particular the operators R;. and Rp.. For convenience, we revisit all used
techniques in detail, adapt them to the notation of this thesis and state all
results explicitly in citable form.

Let us first point back to the definition of the operators A, R and B from
Definition 2.3.8, and introduce the linearized operators 4; and R;: Let u® =
(u', ") € W and ¢'~! € W,, be given, we define the linear operators 4;(u’): V x
Vo — V*and Ry(¢", 0" 7): V x Vi, — V7, for test functions v = (v*,v%) € V,
via:

(A(u) (@', ¢"1),v) = (g(¢")Ce(@'), e(v™))
+2(1 - FC)( i(Ce(ui)éi,e(v“))
+2(1 — k) (¢ Ce(u’) : e(@’),v?)

+ (1 —-k) ((p (Ce(uz) e(ui),v(‘p)
1 e(V, vu¢)+i(¢i,v¥’)
+0(3" =@ %), (3.1)
(Ri(e", 0" (@', 3 1),v%) '—37([(s0‘—¢ 1) P =g ), v?). (3.2)

Note that, in comparison to A, A; does not depend on ¢*~! anymore. There-

fore the dependence is dropped to ease notation, i.e. A4;(u’) is defined for given
u’ € W, and not for given pair (u’, p'~!) € W x W,,. Further, as in Remark 2.3.9,
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A; and R; can be also used as mappings from W x W, into W*, respectively
from W, x W,, into L?(2), and for either way test functions v € V" are applicable.
We frequently also use A;(u’): W x W,, — W* as a mapping from the more
regular space W — V, and R'(¢%, "~ 1;v): W, x W, — L9(£2), respectively.

Let us continue by introducing the bilinear operator A,(u®): W x W — V*
for given u’ € W, which for all test functions v = (v%,v¥) € V is defined via

)
+2(1 = k) (P5Ce(u’) @i, e(v"))
+2(1 = k) (¢'Ce(ay) i, e(v"))
+2(1 = 5) (@hCe(u’): e(@)), v?)
+2(1 - k) (gpi(Ce(”Q) e(ﬂi)m“’)
+2(1 — k) (FLCe(ah): e(u’),v¥), (3.3)

as well as the bilinear operator Ry (¢, 0" 7): (W, x W) x (W, x Wy,) = V7,
which is defined for given ¢’, ¢'~! € W,, and all test functions v¥ € V, by:

(Ro(@', " 1) [(@4, 3171), (@, @5 1)), v%)
=67([(¢" — @)@ — T (Bs — B5 ), v7). (3.4)

Again as in Remark 2.3.9, Ay and R, can be also used as mappings from
W x W into WX, respectively from (W, x W) x (W, x W,,) into L?(2), and
for either way test functions v € V' are applicable. Let us collect some further
properties of Ay in the following remark.

Remark 3.1.1.

o The operator Ay, for fixzed i, is in fact the same as the operator A" of [85,
86], since it only involves the current time step i. In particular similar
to A;, Ay is also independent of the previous time step i — 1, both for the
linearization and both directions. We again drop this dependence for better
readability. The bilinear form Ay is therefore a mapping from W x W, and
not from (W x W,) x (W x W,,).

« Note that the operator Ay, is well-defined for functions u’, 0%, @y, v as long
as at least two of the four functions are in the space W, and the other
functions being in the space V.

e For the operator Ry, for fized i, in comparison to the operator R" from
[85, 86], the previous phase-field directions 4,51171 and gbZ{l now occur in
the definition of Ry. This has to be taken care of in the investigation.

Next, recalling the notation defined in Definition 2.3.4, we additionally
introduce the auxiliary (adjoint) operators Aj(u’): V x V, — V*, and
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Ri (@91 o) Vi, x Vi, — V. These are defined, for test functions
v = (v*,v¥) eV, by:
(A (u') (@', 0™, v) == (g(¢")Ce(z"), e(v")
+2( ) (¢'Ce(u’): e(2"),v¥)
+2( )( ‘Ce(u')y?, e(v“))
(1= R (' Cel): e(u'), o)
+e(Vo', Vo¥) + é(d)i,vw)
+ ,'7(,(/)1 - wi+17v¢)7 (35)

11—k
1—k

and

(Riu(@', 0" ™ ) (@, "), 0%)
=37([(¢" — @ DY = [ = ") PP 0?). (3.6)

The definitions are motivated by the fact that

Z (A(u") ') = Z (A (u')(z', ¢"h), ") (3.7)

and
M M
> (R @G0 =D (Rt 0 @) (0 ), @)
=1 i=1
(3.8)
hold true for all uy, zg, ;. For simplification of the notation, we set
PpMHL =0, MFTl.=0, & :=o0. (3.9)

Let us point out that in comparison to [85, 86], for M > 1 we have to be
more careful due to the involvement of succeeding time steps:

Remark 3.1.2. The operators Ay and Ry, in particular contain the succeeding
time step V', and in fact Ry, depends additionally on the time steps i — 1,14,
and i+ 1 in the phase-field variable. This introduces the need for some additional
calculations when looking at norm bounds and Lipschitz results, as seen below.
Further, the linearized operators Ay and Ry, are not self-adjoint, which stands
in contrast to their one time step counterparts A" and R’ from [85, 86]. However,
it holds A’(u)a = A;(u)(@,0) and R'(¢;7)p = Ri(p,¢%;7)(,0), for which
self-adjointness holds true.

Let us conclude with the introduction of the operators Ay, and Rp,: Similarly
to the operators A;. and Ry, from (3.5) and (3.6), we introduce them as the
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adjoint counterparts (w.r.t. the second direction) of the operators A, and Rp:
Firstly, for all u*,@* € W the operator Ap.(u’,0"): W — V* is given, for all
test functions v € V, via

(Ape(u’,0")z",v") =2(1 — k) (¢'Ce(@’) : e(2"),v%")
+2(1 — k) (' Ce(u’): e(z"),v?")
+2(1 — k) (' Ce(z")@", e(v™"))
+2(1 — k) (¥'Ce(u’): (@), v?")
+2(1 — k) (' Ce(@) ', e(v™"))
+2(1 — k) (@' Ce(u ), e(v™?)). (3.10)

In particular, due to the fact that A, is not dependent on any functions of the
previous (or succeeding) time steps ¢ — 1 and ¢ + 1, this definition is immediately
motivated through:

M

M
Z <Ab*(ui,ﬁi)zi,vi> = <Ab(ui)[ﬁi,vi],zi>

i=1

=3 (A, 2, v, (3.11)

i=1

which holds for all uy, Gr,z1 € WM and all test functions vi € V™. Note
that the second equality directly follows from the linearity of A, in all four
entries u’, @', z' and v*. Finally, for all ol o T G G gL € W, the
operator Rb*(go O T B L et W, x W, — V5, is defined for all
test functions v# € V:

<}?bb>n< ((piu @i_la 90H—17 ¢i7 @i_17 @i—i_l; ’7) (1/}17 ¢i+1)7 ’U%i>
=6y([(¢" =" )TI@ = @ = [0 = o) TUST = @) v,

(3.12)
which is motivated due to
Z (Rou(', 0" @™ @0 61 @ ) (0, ), V)
1=1
M
= (Ro(¢', @, ¢, (0P 0P ] ), (3.13)
=1
where ¢r, @1,91 € W, 0 is a given function, @°, @™ *+1, M+ .= 0 for no-

tational concurrence, cf. (3.9), and all test functions v € VM where we set
090 = 0.

The operators Ay, and Ry, are also useful to express optimality conditions in
the context of the linear-quadratic subproblems occurring in the analysis of the
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SQP method, see Chapter 6 below. While Ay, is only dependent on the current
time step i, Ry« again depends on functions of the time steps i — 1,4, and 7 + 1.
The same properties as for the operator R, hold true, cf. Remark 3.1.2.

We are now in a position to start with auxiliary results for the operators
A, A;, Ap and Ap,. In particular, we can show the following norm bounds:

Lemma 3.1.3. There exist constants 0 < c(k,,n, |[u?|lw, [[u*=Y|w),
c(k,e,m, |l u|lw), c(k,e,n, ||url|wa), c(k) € R, such that for all ur,ar, a1 €
WM where j = 1,2, it holds

lAG", o llw= < ek, e, [[alw, [ lw)
< (k& m, [lurlfwar), (3.14)
A () (@, @ llwx < (s, e, [l lw) (187w + ([ [w)
<c(r, e, [lallwae) o]y (3.15)
[[Ap(u) @y, @[],y . < clr)llad]lw e v
< c(r)|[arllwa [ gl (a2l (3.16)

It further holds, for all zy € WM,

| Ap (0, 52y < ()]l [ lw 12w
< o)l tllwss I8y e 1z, (3.17)
Ay (), ), 27| < ) [ o [0l o 12 oy
< o)l wss [ gllwse Bz e e lwas. (3.18)

Proof. All bounds are established similarly to the estimations conducted in e.g.
[132, Lemma 5.1]. For the convenience of the reader, we present the course of
action in detail.

1. Recall the definition of A from Definition 2.3.8 and estimate term-wise:
In the WP(Q; R?)-norm, using the triangle inequality and the Sobolev-
embedding W, — L (£; R?) yields

l9(¢")Ce(u) || r@urz) = [[(1 = K)(¢")*Ce(u’) + £Ce(u’)|| Lo (:r2)
<c(m)[[(¢')*Ce(u’) | Lo(osm2)
+c(k)|Ce(u')l| Lo oime)
<c(m) 9" 17 @y 1’ lwr o (2.2
+c(m)[[u wreosr2)
(Bl w1’ lw, + e(®)[[a[lw,
<c(m)|[u’|fy + e(w)u’|w
< (k)

c(k) a5y + e () s,

C

/\
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where we also used

e lw, s Nl lw, < e llw, + Nl llw., < o'l < fulla,

see the definition of the W norm, cf. Definition 2.3.3, and the multi
time step definition of the functions in Definition 2.3.4. Next, using the
LP-embedding L?(Q) < L4(Q) (recalling ¢ > 1 but close, thus ¢ < 2), and
the Sobolev embedding W, — V,,, it holds

eV | Lamey < c()IVE'[lz2me) < @)@ llv, < cle)ll¢’lw,
€)

[ullw < e(e)lurflwo,

(¢
<o
|26 =69, <N i @e) < Dl

<ele ™)l < el fullw,

In(#" = ¢ za) <@’ =" e
<l (o) + e @)
< c()ll lw, + )&~ w,
< el + en) [~ oy
< ()l

Finally, for the remaining term in A, similarly to above, additionally using
Hoélder’s inequality for % = % + %, it holds

11 = R)pCelu): e(w)llzaqey < ) e 4 I m @
<c(r) @ lw, l1u' 1y,
<c(r)u iy < e(w)|ulfya-

Combining all estimates, (3.14) holds true.

. Recall the definition of A; from (3.1). Analogously to the first point, the
following estimates hold:

) a8 lw + c(r)lla’ | w
k) uzlfyae |Tllwar + c() [ Balywar,

f) [’ [ 16w

lg(#")Ce(a )HLP(QR2 <
<

[2(1 — K)'Ce(u’) 3" | Lo (r2)

\/\ I/\

D] R var

o
o
o
o
12(1 = k)" Ce(u'): (@)l Latey < c(w)ll0’ |l 10w
o
o
o
o

I/\ \/\

D] LR Ter

11 = k)@'Ce(u'): e(w') ]| Lage) < () lu’|fy @ lw
< () [fyae 0 ywrae
1€V @ | La(rz) <cle)l[@lw < ele)l[ar]war,



IN

—-¥

|2
9

ceHa"lw < e(e™H)llBsllwa,

La(Q)
e(ma’llw + e)la"" |w
c(n)[[agllwar,

In(@" = & ML

IN N

and the result from (3.15) can easily be concluded.

3. Recall the definition of A from (3.3). Again, analogously to the first point
the following estimates hold:

12(1 = K)¢"Ce (@) Gall Lrairey < c(w)|[u'llw @1 llw l[a5]ln
<

c(k) 10 lwllu’|lwlad |l w

c(r)[[ag,llw e [[arl s [, 1l

c(k)
c(r)[lurf[wae [0 gl s [ag 1l wa
12(1 = K)@5Ce(u’): ()| Lo(e) < c(r)
c(k)

<
<

The other terms are estimated in the same way, overall the W*-norm
estimate follows.

4. Recalling the definition of Ay, from (3.10), one can see that the terms are
the same as in Ap. The estimate therefore follows in the same way as in
point 3.

5. The estimate (3.18) follows similarly to the third point: Using Holder’s
inequality for 1 > % + ]%, it immediately follows
(21 = w)¢'Ce(ay) By, e(2"))

< c(s) | w ok |w |z} w6 lw
<c(k)

/‘5)902(36( ) (Ul) W)

(2

—~
—_

< (8)[| @4l poe (o) 1w [l (e |18 o (e |19 £oe ()
< () B lw, v ey 18wz 16w,

<c(w)[asllwlu’lw o w2z |lw

< c(w)[[az [y ar [l s ([ 8,1 [ ||z yyar

The other terms are estimated in the same way, which concludes the proof.

O
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We now turn towards Fréchet differentiability of the operators A, A; and A,
in the improved Banach space setting:

Lemma 3.1.4.

1. The operator A from Definition 2.3.8 is Fréchet differentiable from W x W,
into W, i.e. it holds

A’ +du’s o' +dp' ) — At o) = Ay(ud)(du’, de' )
+o(lldu’[[w + [[de" |w,)-
2. Let dui € W,dyi™' € W, then the operator Aj(-)(dui,dpi™") from (3.1)
is Fréchet differentiable from W into W*, i.e. it holds
Ay(u’ + dup)(dui, dpi ™) — Ay(u’)(duy, de' )
= Ap(u’)[duy, duy] + of||duslw).

In combination with 1, this means that the operator A is twice Fréchet
differentiable in the corresponding spaces.

3. Let z' € W,op'tt € W, then the operator Ay (-)(z',¢") from (3.5) is
Fréchet differentiable from W into W*, i.e. it holds
Al*(ui + dui)(zia ¢i+1) - Al*(ui)(ziv wiJrl) = Ab* (uia dui)zi
+o(||du’(|w).
4. Let u' € W, then the operator Ay (u')(-*,- 1) from (3.5) is Fréchet dif-
ferentiable from W x W, into W, i.e. it holds
Ap()(2" +dz’, "+ dp' ) — Ap(u) (2, )
= A (u')(dz", ™) + o([|dz’[lw + [|de*F [lw,)-
Proof. The proofs of 1 and 2 are already given along the way of [86, Proof of

Proposition 3.3], and are revisited in detail for the convenience of the reader.
The proofs of 3 and 4 then immediately follow from the structure of A,.

1. Let u’,du’ € W, o'~ 1, dp'~! € W, and v € V, recalling the definition of
A from Definition 2.3.8 and utilizing the linearity of e(u) and Ce(u), as
well as the symmetry of the inner products of these operators, it holds

(A(u' + du’, o' ~! + dp'™1), v)
= (9(¢" + dp")Ce(u’ + du’),e(v")) +e(V(¢" + dp*), Vv¥)
- é(l — (¢ —dy"),v?) + (¢’ +dp’ — (9" +dp'h), 0¥)
+ (1= &) ((¢" + dp")Ce(u’ + du’): e(u’ + du’),v¥)
= (9(¢")Ce(u'), e(v")) + (9(p")Ce(du’), e(v*))
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2(1 — k) (@'dep'Ce(u'), e(v")) + 2(1 — k) (¢'dp'Ce(du’), e(v"))
(1 —k)((dp")’Ce(u’ + du'),e(v")) + (V' Vo) +e(Vdy', Vo¥)
(1= ¢.0%) + 2 (06, 0%) £ (i = ¢ 0) + (e’ =g~ o%)
(¢'Ce(u’): e(u'),v?) +2(1 — k) (¢'Ce(du’): e(u’),v¥)
(¢'Ce(du’): e(du’),v?) + (1 — k) (dp'Ce(u’): e(u’),v?)
(1 — k) (de'Ce(du’): e(u’),v?) + (1 — k) (dp'Ce(du’): e(du’),v?)
= (g(¢")Ce(u'),e(v")) +£(Ve', Vo¥) — %(1 — ¢’ %) (3.1
+n(p" = 9" v?) + (1= k) (' Ce(u'): e(u’), v¥) (
+ (9(¢")Ce(du'), e(v")) +2(1 = &) (' Ce(du’): e(u'), v¥) (
+ E(Vdgpi, Vo?) + é(dgpi, v?) + n(dcpi —dp' 1, v?) (
+ (1 — k) (dp'Ce(u'): e(u’),v¥) +2(1 — k) (p'dp"Ce(u’), e(v™))
(3.23)
+2(1 — k) (p'dp'Ce(du’), e(v")) + (1 — &) ((de")*Ce(u’ + du’), e(v*))
(3.24)
+ (1= &) (¢'Ce(du’): e(du’),v?) +2(1 — k) (dp'Ce(du’): e(u’), v?)
(3.25)
+ (1 = &) (de'Ce(du’): e(du’),v¥) (3.26)
= <A(ui; cpiil),v> + <Al(ui)(dui,d<pi*1),v> + <remA(ui, dui),v>7
where one recognizes that to obtain the last equality, the first two lines
(3. 19) (3 20) of the second-to-last equality can be expressed by the operator
A(u’; 1), the following three lines (3.21)-(3.23) by the linearized opera-

tor Aj(u)(du’, dp’~1), and the remainder rem 4 (u’, du’) was introduced,
which is given by (3.24)-(3.26), i.p

<remA(ui,dui), ) i=2(1-k)(p ld<p ‘Ce(du") ),e(v"))
— &) ((dg 76(11“))
— k) ((de (Ce du ),e(v"))
—k)(p'C e(du’),v®)
+2(1—k) (d(p’(Ce du te(u'),v?)
+ (1 — &) (dp'Ce(du’): e(du’),v¥). (3.27)

Recall the regularities u?,du’ € WHP(Q;R?), and ¢!, dp* € W24(Q) —
C(Q) — L>=(£2), which holds since ¢ = p/2 > 1 in N = 2 dimensions. To
estimate the remainder rem 4 (u®, du?), for the first three terms of (3.27) it
thus immediately holds, analogously to the estimations done in the proof
of Lemma 3.1.3,

12(1 = k) de' Ce(du") | Lo(amey < () |[u'llw[du’[[fy < c(u’)]|du’[y,

48



A’ |5y f[u’[lw < e(u’)|du’(fF,

11 = K)(de")*Clu") | Lo(me) < (s
? [du’[[fy < e(du’)|[du’(fFy,

)
11 = k) (de")*C(du) || Lo osr2) < c(k)
for a constant c(u’) = 2max(c, |[u’l|w) < oo and a constant c¢(du’) =
3max(c, |du’llw) < oo. For the last three terms of the remainder
remy(u,d¥) from (3.27), one obtains for the same c(u’) < oo and
c(du?) < oo as above,
I(1 = K)¢Ce(du’) : e(du’)||Laey < c(k,u’)l|du’[Fy,
12(1 = K)de'Ce(du’) : e(u')| La(a) < c(k, u’)||du’|[fy,
I(1 = K)dy'Ce(du') : e(du’)||La(o) < c(k, du’)[|du’([7,.

Thus, rem 4 (u’, du?) suffices to (note that since the ¢?~!-terms occur only
linearly in A, the remainder is independent of any i — 1-terms, nevertheless
we add the ||de" ||, -term in the denominator),

[rema(u’, du’) |y /([[du’||w + |de" lw,) =0
for (||dui||w + ||d<pi_1||W¢) — 0.

Note that well-definedness of all terms involved in A(u’,9'~!) and
Aj(u)(du, dp'™1) in W* is clear from Lemma 3.1.3, thus A is differen-
tiable from W x W, into W*.

2. Let u’, duz» € W for j = 1,2, and v € V, analogously to above we calculate

<Al(ui + dub)(dul, dpi™), v)
= (9(¢" + dy)Ce(dui), e(v"))
+2(1— H)(((pi + dph)Ce(u’ + dub): e(dul), v?)
+ e(Vdgai, Vv“o) + %(dgpi,v“") + n(dgpi — d@i_l,v“")
+ (1+ &) (dpiCe(u’ + dub): e(u’ + dub),v?)
+2(1 = &) ((¢" + diphy)Ce(u’ + dub)dpi, e(v*))
= (9(¢")Ce(duy), e(v"))
+ 2(1 —r)(p tdphCe(dut), e(v "))
(1—r)(( dph)*Ce(dul), e(v “))
+ 2(1 — k) (Ce(u’ + dub): e(duy),v?)
+2(1—k) (d(pQ(Ce(u + dub): (du’i),v‘p)
+e(Vdgt, Vv?) + g(dgoi, v?) +n(del — dpi v%)
+ (1+ &) (dpiCe(u’): e(u’ + dub),v?)
+ (1+ &) (dpiCe(duy): e(u’ + dub),v?)
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+2(1 — k) (' Ce(u’ + dub)dep}, e(v"))
+2(1 — k) (dyCe(u' + dub)dpl, e(v™))
= (9(¢")Ce(duy), e(v")) +2(1 — k) (¢'dpsCe(dui), e(v"))

+(1- fi)((dgog)z((:e(dui), e(v")) +2(1 — k) ((pi(Ce(ui): e(dul), v?)
+2(1 — k) (' Ce(duy) : e(dul),v?) +2(1 — k) (dpsCe(u’): e(duy), v?)
+2(1 — k) (dyCe(dub) : e(dul),v?)
+ E(Vdgai,Vv“’) + 1(d<pi,v“") + n(dcpl dei™! ,v¥)

(1+k (dcpl(Ce ce(u’),v?) + (14 k) (dpiCe(u’): e(dub),v¥)

(1+ k) (dp' Ce( du2 e(u'),v?) + (1 + k) (dp{Ce(duf): e(dub),v?)
+21—m)(<pl(Ce d<p1, (v )—1—21—&(1 du2dg01, e(v ))
+2(1—k) (d(pQ(Ce dgpl, (v )) +2(1-k) (dgpz(Ce(duQ)dgol, e(v" ))

= ( (©")Ce(dul), e(v )) +2(1 - m)((pi(Ce(ui): e(dui),v“") (3.28)
+e(Vdpl, Vo?) + é(dcpi, v?) +n(del — dpi™ v?) (3.29)
+ (1+ &) (dpiCe(u’): e(u’),v¥) 4+ 2(1 — k) (¢"Ce(u’)dpl, e(v™))

(3.30)
+2(1 — k&) (<pid<p§(Ce(dui), e(v“)) +2(1 — &) (goiCe(dué) e(dut), U‘P)
(3.31)
+2(1 — k) (dhCe(u'): e(dul),v?) +2(1 + &) (dpiCe(u’): e(dub), v?)
(3.32)
+2(1—k) (4,0"((36(du§)dgpi7 e(v“)) +2(1-k) (dgoé(Ce( Hdpt, e(v™ )
(3.33)
(1= 1) (A" Ce(dud), e(v™)) + (1 -+ 1) (dgi Ce(dus) : e(dub), v°)
(3.34)
+2(1 — k) (dpyCe(dus)det, e(v")) +2(1 — k) (dphCe(dus )dpy, E v"))
3.35)

= (A(u’)(dul,dp™"), v) + (Ay(a’)[duf, du], v)
+ (remy, (duf,dud), v),
where one recognizes that the first three lines (3.28)-(3.30) of the second-
to-last equality can be expressed by the operator 4;(u?)(dui, de’™'), and
the following four lines (3.31)-(3.33) by the operator A,(u®)[du},dud].
Note that the symmetry property Ce(uy) : e(uz) = Ce(uz) : e(uy), c.f.
Chapter 2, is used to obtain the second to last equality. Further, the
remainder rem 4, (du?, dub) was introduced, which is given by the last two
lines (3.34)-(3.35), i.e
(remy, (duf,dub), v) := + (1 — k) ((dh)*Ce(du}), e(v*))
+2(1 — k) (deyCe(dub) : e(du}),v¥)
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+ (1= k) (dapl(Ce(duQ) e(duj), w)
+2(1 — ) (dyCe(dub)dp, e(v")).

Well-definedness in W* of all terms involved in A;(u’)(du?,de’™") and
Ap(u?)[du}, dul] is again clear by Lemma 3.1.3 from the given regularities.
To estimate the terms in the remainder rem 4, (du’, du}), for a constant
c(du) = max(c, ||dul||w) < oo, it again follows as in Lemma 3.1.3, that
11 = k) (dgy)*Ce(duy) || Lo o2y < c(s, duy)||duy|ffy,
12(1 — k)dphCe(dub)dpl || o (asr2) < c(k, duj
12(1 — k)dipsCe(dus) = e(dui)| Loy < cf
11 = K)dipi Ce(dus) « e(dus)|| o) < e

Dlldus %,
c(r, duj )||dug |y,
c(, duj) | dug][Fy -
Thus, similarly to above it holds
Jrem., (dus, dud) -~ /llduflw — 0 for [ldub]w — 0,
therefore A’(-)(duj},dp’ ™) is differentiable from W into W*.
3. This follows analogously to the proof of the previous point 2.

4. The operator Ay, is linear in (z%, 1), thus the differentiability result is
clear, and the representation of the derivative follows analogously to point
2.

O

Let us conclude the analysis of the operator A, and its associated linearized
and adjoint operators with the following continuity results:

Lemma 3.1.5. There exist constants 0 < c(k,e,m, ||ap1|lw», [[urzl|w»), c(k) €
R, such that for all u;p,0;1 € WM, j=1,2 and 6y € WM, it holds,

[, 017" — Aud, 05w

<clm,en, [larallwar, [[ugellwa)[lury — ursflwa, (3.36)
[ Ar(ui) (@, &) = Ar(ug) (@', ¢ )|y,

<) (luillw + usllw)llug — ulwlla w (3.37)

<c(r) (g llwar + [lugzllwa ) gy — gzl [Gllw, (3.38)
[ Ap(uy)[ay, @3] — Ap(uy)[ay, 3], .

<c(m)|laillwllasllwlluy - udllw (3.39)

<c(m)aplw s |lwallugy — g g, 3.40)

foralli=1,....M. In particular, the mapping u® — A’'(u®) is continuous from
W into LW x W, WX), and the mapping u’ — Ap(u®)[@’, ] is continuous from
W into LW, W*).
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Let further z € WM | then

HAZ* (2, = Ap(ug) (2, 0w~
(k) (Il lw + [[udllw) [lu) — wgllw |z’ [lw
(k) (a1 llwar + l[agellwar ) gy — g 2|l ||zl (3.41)

||Ab* ui? ~2)z - Ab*(u27u )Z ||W><

<c(r)|ui — wyllw [[a’l|lw 2" lw

<) unr — apaffwar [l |z s (3.42)
Proof. Again, the proofs of (3.36)-(3.40) are given along the way of [86, Section
3.1 and 3.2], and are revisited in detail for the convenience of the reader. The

proofs of (3.41) and (3.42) then again can be followed from the structure of A;,
and Ap..

1. Recalling the definition of A from Definition 2.3.8, the difference is explicitly
given in weak form, for all (v*,v¥) =v € V| by
<A(u179011 1) A(ué,(péﬁl),v>
= (9(¢1)Ce(uy) — g(¢h)Ce(uy), e(v")) (3.43)
- , 1
+E(V<pll —VQOZQaVU“D) + g(@l _9027U<p) ( )
+ () — b, v%) — (et — 05 v%) (3.45)
+ (1= k) (p1Ce(ul) : e(uy) — p2Ce(uy) : e(uj), v¥). (3.46)
Calculate term-wise in the respective W, and W, norms. The same
techniques as in the proof of Lemma 3.1.3 can be used: Starting with
(3.43), adding and subtracting the term g(})Ce(u?), and then using the
Lipschitz continuity of g(-), yields:
l9(e1)Ce(ui) — g(#5)Ce(ub)]| 1y oz
= ll(g(1) = 9(3))Ce(uy) + g(ph)Ce(ui = ud)|| b o2
(1)1l — @bl Lo (o 1ud lwr o (e
+e(m) @l oo llui — udllwrrome)
c(w)l[ui — wyllw[uillw + c(x) [ ugllwui — u)lw
o

a)lars —uns|lwar (fu lwar + e(w)uns|lwar (ugy = ageflwar,

IN

I/\ \/\

where the same inequalities and ideas as in Lemma 3.1.3 were used. For
the terms in (3.44) and (3.45) it also immediately follows

e(Vei — Vbh)llzrz) < c(e)lleh — bhllv, < cle)llel — @bllw,

(
<c(e)|ui —upllw < e(e)|uy — urzflwar,
(™

<c(e™ Ml — Pl < ce™hlle] — <P§||Wq,
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\ /\

c(e™Nlup —whflw < cle™)urs — urallwa,

el — Dhlle(a) < cmllel — 4llw,

\ /\

H’?(‘Pzi - Sﬁé)HLq(Q)

I /\

c(n)|ui — ujflw < e(m)ura — urs|lw,

cmlei™ = b M)

| /\

(it = <P1{1)HLq(Q)

I /\

e(n)lluy™" —uy"lw

c(n)lar — arz2|[war

c(e”
c(n)
c(n)
c(n)
el — b,
<c(n)
<c(n)

Finally, for the term in (3.46), we add and subtract the terms ¢iCe(u}) :
e(ut) and 4Ce(ub) : e(ul), and then again as in Lemma 3.1.3, it holds

11 = ) (orCelud) - ) — iCe(ud) : o) o
)| (01 = ) Ce(uq) : e(ui) + p5Ce(uy — ub) = e(uj)
+ iCe(ud) : el — u)]| e
<c(k ||<P2i - @é”LOC(Q)”UZiHWLP(Q;RZ)”UiHWLP(Q;R%
+e(m) |3l oo o llut — usllwrr ey i llwre:r2)
+ c(r)1@5]| e (o b lw.r ey luf — ubllweim2)

Q

<c(w)llet — eallw, et llw, llui llw, + () llosllw, lug = ubllw, llui llw,

+c(R) @b llw, lusllw, luy — usllw,

<c(m)|[uy — usllwluillw i lw + c(s) ugllw [[ug — v flwuillw
+ () udlw f[ud |y — ub]lw
< (k) — upaflwar[[u lwalug g s
+ (k)
+ (k)

Combining all estimates leads to the result in (3.36).

2. Recalling the definition of A; from (3.1), the difference is explicitly given
in weak form, for all (v*,v¥) =v € V| by

(Ai(up) (@', @) — Ay(us) (@', 7). v)
:(( ( ) 9(p3))Ce(a’), e(v™))
/-z)( ©iCe(ul) — piCe(ub)): e(ﬁi),v‘a)
(1- /i)(gé (Ce(ul) : e(ul) — Ce(ub): e(ué)),v‘p)
— &) ((¢1Ce(ul) — prCe(uy))@, e(v")).

Calculate term-wise in the respective W, and W, norms. The same
techniques as in the proof of Lemma 3.1.3 can be used: Starting with
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(3.47), exploiting the Lipschitz continuity of g(-) yields

|(ae)) = gloh))Ce()

Lo(uE?) <ce(®) |t = @bl Lo @) 13 lwr @m2)
<c(m)llug — wgflwlla]w.

For (3.48), adding and subtracting the term ¢4Ce(ul) : e(i?), again as in
Lemma 3.1.3, it holds

20— ((eicet) — eice(w)) - e@)|,
< ()| (44 — Ph)Ce(ud) + whCe(uf — ub) : e(@)

< c(r)lluy — wj|lw l[ui wlla lw + e(s) [ usllwllug —us w6l

L1(Q)

The terms in (3.49) and (3.50) are estimated in the same way, combining
all estimates leads to the result stated in (3.37).

. Recalling the definition of A; from (3.3), the difference is given in weak
form for all test functions v € V' by

(Ap(uy)[ay, 8] — Ap(uj)[a3, 03], v)

=2(1- H)( Q(C@('Uq - UZQ)QEZD e(vu))

+2(1 — k) (@5Ce(a) (0] — ©h), e(v™))
+2(1 — 5)(PACe(ul — ud): (@), v¥)
T 2(1 = £)((¢h — Ph)Cel@) P, e(v))
+2(1 — k) (&1 Ce(y): e(uf —uj),v¥)
+2(1 = 5) (] — pb)Cel(@y): e(af), v?)

The remainder of the proof works in the same way as in step 1, estimating
the terms in the W1P(Q; R?)-norm and the L?(Q)-norm in the same way
as in the proof of Lemma 3.1.3. These estimations closely follow also e.g.
[86, Proof of Lemma 3.9].

. The continuity of the mapping u’ — A;(u’) follows in the following way:
Let uf,u} € W, then

HAl(uli — Ay(uy HL‘(WXW WX)

= sup [Ai(u}) (@', 1) = Ay(ud) (@', &)
(lallw+ll¢* = lw,)=1

< sup c(k) (I[utlw + [luglw) [uy — ugllwa’(lw
(allw+1 lw, =1

< 2¢(r) max ([|uf flw, [lujllw) [lui — ud[lw,
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where (3.37) is used. The constant c(x) max(||u||w, [[ub|lw) is bounded
for [[uj — ujlw — 0, since uy, € W and [[uj|| = [luj — ud|lw + [[ublw by
the triangle inequality. This now immediately means that

[Ai(u}) — Ai(uh) |l cowx,we) =0 for [Juj — uhllw — 0,
which proves the desired result.

. The continuity of the mapping u’ + Ay (u®)[@’, -] follows in the following
way: Let ul,ub, 0 € W, then

||Ab(u§)[ﬁi, ] — Ap(uh)[ad, 'H|L(W,W><)

= sup ||Ab(u§)[ﬁ§»ﬁ2} _Ab(u%)[ﬁévﬁémwx
[las[lw=1

< sup e(m)|aflwllud]lwllui — ubfw
[[a%]lw=1

< c(w)|[ayllwlu) — upllw,
where (3.39) is used. The constant c(x)||@¢ ||y is bounded by assumption.
Thus
1Ay (up) [, | — Ap(uz)[ay, Yl covw=) = 0

for ud — ub|lw — 0,
which proves the desired result.

. Recalling the definition of A;, from (3.5), the difference is explicitly given
in weak form, for all (v*,v¥) =v € V| by
(Ap(uy) (2", 9" = A (up) (2, 9™, v)
= ((9(p1) — 9(3))C ()(”))
+2(1 — %) ((¥1Ce(ui) — p5Ce(us)): e(2),v¥)
(1 =) (¢ (Ce(uy) €(U1) Ce(up): e(u3)),v?)
( k) (i Ce(ut) — w5 Ce(up) v, e(v")),

but these are the same terms as in step 2. The estimations in the
WhP(Q;R?) and L4(92) norm work completely analogously.

. Recalling the definition of Ap. from (3.10), the difference is given in weak
form for all test functions v € V' by

(Ap(uf, 0")z" — Ay, (uh,0')z", v)
=2(1 — r)((¢] — @5)Ce(@): e(2"),v%)
+2(1 — K)(@'Ce(u] —ub): e(2"),v%)
+2(1 = K)((p] — ¥5)Ce(z")@", e(v™))
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+2(1 - /i)(wi(Ce(uﬁ — ué) e(ﬁi),v“’)
+2(1 = ) (] — h)Ce(@)y', e(v"))
+2(1 = 5)(P'Ce(uy — up)y’, e(v™)).

The remainder of the proof works in the same way as in step 2, and
hence as in step 1, estimating the terms in the W1?(€; R?)-norm and the
L%(Q)-norm in the same way as in the proof of Lemma 3.1.3.

O

Next, let us look at the penalization operator R. We establish norm bounds,
differentiability and continuity results as above for the operators A, A; etc. Note
that due to the nonlinear structure of R, the coupling of functions of the previous,
current and succeeding time steps ¢ — 1, ¢ and 4 + 1 is now more involved: While
we can estimate them analogously to the functions of the time step ¢ in the
operators R; and Ry, some additional steps are necessary for the analysis of the
desired properties, in particular for the differentiability and Lipschitz results, in
the operators R;, and Rp.. We start again with some norm bounds:

Lemma 3.1.6. There exist constants 0 < ¢(, ||g0]1||W£4), c(7, larl|w ) ||arl|wa,
c(y) € R, such that for all @1, ¢r, @51 € ng, where 7 = 1,2, it holds

IR(¢", ¢ 59 Lae)

<c(v, llerllwan)llellwar < ey, lagllwas) [[arl [y, (3.51)
[Ri(#", 0" 5585 @ Dl Laqe

< c(v, lletllwan)llexllwar | Grllwar

< (v, alfwan ) [[a ||y ae [ @ [y as (3.52)
1Ry (¢", "1 U@L, @171, (85, @5 Dl Lae)

<c()llerllwar @1l | 2,1 llwar
WM. (3.53)

< c(y)lazflwar [0 gl |Gz 1]
It further holds, for all ¢y € ng,
IR (@', 0 0™ 3 @ L G ) (07, 9 ) | ey
<c(V)llerllwar llBullw s (lvbrllwar
< e larlfwar [0 [ |z [, (3.54)
[(Bo(e', "1 NI(@1 6171, (85, 85 )] )
< cO)llerllwar 61 allwar | Bo.xllwar ¢ llwas

wM ||Z]1||WM. (355)

Proof. Again, the bounds are established analogously the estimations conducted
in e.g. [132, Lemma 5.1].

< c(y) [[a|[yae [T xlfwae [[ T2 1]
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1. We recall the definition of R from Definition 2.3.8. Estimating in the L9()-
norm, we obtain using the continuity of [(-)*]? and the Sobolev-embedding
W, — L>®(Q) — L1(Q), for ¢ = & > 1, but close to one,

I[(¢" ="~ 1)+]3||L‘1(Q)

(" = ¢ Pl

(v, 1€ oo ()5 10" Hlpoe () (107 2oe () + 0"l poe (@)
(v 1@ lws e Hlw, ) (1 llw, + e lw,)

(v,

<
<c
<
<c(v llerllwan)lerllwar < ey, lrallwae) [l

2. Recall the definition of R; from (3.2). Analogously to above, now using
the continuity of [(-)*]?, it holds

137[(¢" = ") (@ = ¢ Hllzaa)
< (v, 1€ e ), 19"l pee (@) (1€ Lo () + 190" I Lo ()
(18 oo ) + 18" Lo (o)
< (v, llerllwa)llenllwar | Gullwar

< ey, llarlfwse ) [[arl e | ffyas

3. Recall the definition of Ry, from (3.4). Again, analogously to the first point,
we estimate

167[(0" = " ™)F1(@1 = &1 )(Ph — @5 Dllzacey

<e) (I z=@) + ¢ @) (181 2o ) + 185 Lo @)
(185l oo ) + 185 Ml Loe (o))

<e)(l¢'llw, + e Hw,) (1851w, + 187 lw, )
(1851w, + 185 Iw,)

<c()llen

< e laallw s [[aellwa |8z, rllwar-

4. Recall the definition of Ry, from (3.12), we estimate

167([(¢" — " HFUS" — &Y = [ =) NS = ) ) |Lae)
<) (1€ lzoe @) + 1" oo )
(8" o) + 18" e @) 19" L ()
+ () (Il zee (@) + 1€l Lo ()
(18" Lo ) + 18" Lo (@) 1" | oo (0
<c (e lw, + e Hw,) (1851w, + 18" w19 w,
+eMle ™ w, + et lw,) (18w, + 185 Iw, ) [0 lw,
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IA

e el 1@l e Il e
< ey utllw o gl o el

5. The estimate (3.55) follows similarly to the third point. It immediately
follows

(6916 — o) I — BN — 751 )

<) (e lpee () + 19" Hlpoe @) (1851 e () + 185 2o ()
(185l zoe ) + 185l () 19 o= )

<c() (e lw, + e lw,) (165w, + 18 Iw,)
(122 llw, + 125w, ) 19w,

< cyllenllwar 61l 12,1 llwar l[¢allwar

< ey llarflwas ([ @ gl war Qoo flwae [| 2 || wrae s

which concludes the proof.

O

Similarly to Lemma 3.1.4, we can then turn towards Fréchet differentiability.
For the operators R, R; and R;., we establish the following result in improved
Banach spaces:

Lemma 3.1.7.

1. The operator R from Definition 2.3.8 is Fréchet differentiable from W, xW.,
into L1, i.e. it holds

R(¢' +dg', o' +dp' ™Y y) — R(¢', 9" 57)
=Ri(¢', ")’ de"™) + o(ldelw, + lde' ™ I, )-
2. Let dpi,doi™" € W,, then the operator Ri(-',-"~Y;v)(de},dpi™") is
Fréchet differentiable from W, x W, into L9, i.e. it holds
Ri(¢" +dgh, o'+ dipy 13 y)(deh, dey )
— Ri(¢", 0" 7)(del, dpi )
=Ry(¢", ") [(dei, dpT), (d, dpy )]
+o(lldgsllw, + lldes  lw,)-

In combination with 1, this means that the operator R is twice Fréchet
differentiable from W, x W, into L.

3. Let ', 4"t € W, then the operator Ry (-, -1, T y)(¢', ") from
(3.6) is Fréchet differentiable from W, x W, x W, into L1(2), i.e. it holds

Ri (@' +do', "t +dp" ™ "t 4 dp' ) (0 ¢t
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— Ru(¢', ¢ @) (0, 9
= Ryu (@', "1 0" dit dpt T AT ) (9, )
+o(llde' lw, + llde"™ lw, + llde"™ [lw,)-
4. Let o', 0" o € W, then the operator Ry (¢, o't o y) (-, i)
from (3.6) is Fréchet differentiable from Wy, x W, into L9(Q), i.e. it holds
R (0", o) (@0 + it T dytY)
— R (¢, 0" oy (07, 9
= Ri(¢", " @ ) (et d™ ) ol lw, + ([d™ ).

Proof. Again as in Lemma 3.1.4, the proofs of 1 and 2 are given along the way
of [86, Proof of Proposition 3.3], and are revisited in detail for the convenience
of the reader. In the proof of 3 the functions from the previous and succeeding

time step ¢ — 1 and i + 1 now occur, which we have to be taken care of. The
proof of 4 again immediately follows from the structure of Ry,.

L. Let ¢, "7t dy",dp'™! € W, and v¥ € V,,. By Fréchet differentiability of
the Nemytskii operator [(-)*]3, it holds
(R(¢" +dp', o' + dsﬂ“; 7),v%)

=([(¢" +de' = (¢ +do™) ], 0¥)

=7([(¢" = ™" 0%) + 37 ([(¢" — ') (de" — dp'™"),v%)

+<7“emR <p o'l de' de' )U“”>

= (R(¢", ¢"557),0%) + (Ru¢', 0" 5 7)(dg', dp™ 1), 0%)

<remR o' o det dp'h), v?),

where [[remp(¢’, o'~ de’, dp" )| Lay/ ([delw, + llde*lw,) — 0

for (HdsﬁAHW + lde™ = Hlw, ) — 0. The well-definedness of all terms is clear
by the given regularities, since ¢, o' =1, dp?, dp'~! € W, — L*>(Q).

2. Let ¢!, i1 dapydd e Wy, for j = 1,2, and v¥ € V,. Again, by
Fréchet differentiability of the Nemytskii operator [(-)T]?, it holds
(Ri(@" + dph, o'~ + dgy57)(doh, dipi ™), v%)

=37([(¢" +dps — (¢~ + dl ) F]* (dh — dpt™h), v%)

=37([(¢' — ¢ )T (dgh — doih),0%)
+67([(¢" = o' ] (dwy — dy ") (dy — dipy "), v¥)
+ (remp, (0, ¢, dil, dpt T diy, dph ), 0%)

= (Ru(¢", ') (de, dpy ), v%)
+ (Ro(¢', 0" 1) (deh, dei ™), (dph, digls )], 0F)
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+ <1"6le (Soiv @i_lv d@zlv dgpiila d@%v d@éilh U<p>’

where again it holds |[remp, (¢%, 'L, dl, di ™", dih, deh )| L)/

(ldsllw, + ldes lw,) — 0 for (Idgllw, + ldes llw,) — 0. The
assumed regularities again immediately ensure well-definedness for all
involved terms.

3. Let o', o't o dpt, dp'™t, dp'™t € W, and v € V,. By Fréchet
dlfferentlablhty of the Nemytskii operator [(-)*]?, it holds
(Ric(¢' +dg', 0™+ dp" 1 " 4 dp"™ ) (47, 1), 07)
=37([(¢" +dp') = (" +dp" ) TPy
— [+ dp™ = (¢ + dp")) TP 0?)
=37([(¢" =) [0 = ") TP 0?)
+67([(¢" — ") TI(dp" —dp' ™)y’
— [ = D(dp™ = dp")y T 0¥)
+ (remp, (o', 1, L dgt dgi = dgi ), v®)
= (Ru (', 71 Uy (0, 1), o)
+ (Rou (¢, 0L, 0, gt dp' =L, dp™ ;) (1, 5+, 0%
+ (remp, (¢, @1, L det, dpi ™t dptH), v,
where again it holds |remg,. (o', "', @'t do,de"™ ", dp"™) || Laga)/
(lde'lw, + lde" i, + llde™*Hlw,) — 0 for ([|de’|lw, + [[de* " lw, +

|de™lw,) — 0. The assumed regularities again immediately ensure
well-definedness of all involved terms.

4. The operator Ry, is linear in (%, 11), thus the differentiability result is
clear, and the representation of the derivative follows analogously to point
2.

O

Finally, analogously to Lemma 3.1.5, we show the following continuity results:

99)7

), ¢(v) € R, such that for all u;1,0;1 € WM, j=1,2

Lemma 3.1.8. There exist constants 0 < c(7, |1,

(v, |
g, and iy € WM it holds,

3 J

HR o105 7) — R(95 05 ) e
<c(v, ||90]11||WM ||<P112||WM)||<,0J11—
<c(7, ||UH1||WM ”uH?HWM)Hqu_uH?HWMa (3.56)
[Ri(1 o1 5@, 071 = Ru(@ 05 508 87| Loy

<c(, ||<P11,1||ng7 len2llwan)llers — Pullwar
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<c(y, lurllwa, [agzlwan) agy — agz|lwa ([0, (3.57)
[ TRs(21, 017 57) = Ro(@3: 05 5] (81, @17, (85, @5 ]Il ace)
<cllery — er2llwall@rllwar |Gzl ar
<c(Y)llury — ue|fwas |8 lwas ([Tl (3.58)
for all i = 1,.... M. In particular, the mapping (¢*, 0"~ 1) = Ri(o% ¢ 1;7)

is continuous from W, x W, into L(W, x W,,L%(Q)), and the mapping

(0 1) = Ry(¢h, 0 L) (@5 @Y, ] is continuous from W, x W, into

LW, x W, L1(Q)).
Let further zy € WM then

[Ric (01, 0171 @) (@907 = Rus(h, 05 1o M) (@5, 9" ) [ Lae)
< (v, lhagallwas larzllwar) lury — re|lwar (2w, (3.59)
[[Rex (01,01 1™, 6% 07 @ T ) (0, )
= Ru(h, 057,05, 0,0 g )] (0, 9 ) ey
<llera = erellwar | @llwar llvllwar
< c(y)llar,y — vg|v s |G|y s |z yar (3.60)
Proof. Again, the proofs of (3.56)-(3.58) are given along the way of [86, Section
3.1 and 3.2]. The only difference are the additional occurring functions from the
previous time step ¢ — 1. We again revisit this for the convenience of the reader.

In the proofs of (3.59) and (3.60), due to the structure of Rj., a coupling in the
time steps 4, ¢ — 1 and ¢ + 1 occurs.

1. Recalling the weak definition of R from Definition 2.3.8, the difference is
explicitly given in weak form, for all v¥ € V| by

(R(¢1, 05 7) — R(ph, 05 57),0%)
= (v([(ef — T TP = (9 — 05 HTP),0%).

Calculating the Li-norm, and exploiting the Lipschitz continuity of [(-)]3,
analogously to the techniques in Lemma 3.1.6, it holds

7 ([(e1 = )P = [0 = 957 ) ) | oo
<c(, ||<P§||Loo(9)7 ||%0§71HL°°(Q)7 H<P§||Loo(sz)7 ||90;71||L°°(Q))
(I} = @l + lloi ™ — 05 (o)
<c(, lleillw,, 195w, llebllw, 195 lw,)
(leh = Ghliw, + et = o5 Hiw,)
<c(v, llerallwar, llen2liwan)llers — erzllwa

<c(y, [lanillwa, lagellwa) |[ur: — are

IWM'
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2. Recalling the weak definition of R; from (3.2), the difference is explicitly
given in weak form, for all v¥ € V,,, by

i—1, ~i—1

(Ri(eh, o1 5@ 671 = Rulwh, 05 (@71, 0%)
= (37([(p1 — o1 )PP = [ — 92 )P = '), 0%).
Thus, calculating in the L%-norm, exploiting the Lipschitz continuity of

[(-)T]?, the triangle inequality and the Sobolev-embedding W, < L*>(Q),
it holds

3716t = 7 - Tk - ) - )|
<c(7, ||<P§\|Loc(9)’ H@i‘lan(Q), ||%HLOO(Q)’ H@Z;lHLoc(Q))
(lleh = @l + 101" = b oo @) (161 2o ) + 16l Loo ()
<, I w et s Il e )

(et = eallw, + o™ = o5 llw,) (187w, + 16" Hlw, ) (3.61)
<c(y, llenallwar, llerzllwan)llen — erel

L1(Q)

wr [|Brllwa

<c(y; lanallwas, lana(lwar) fags — s |fwr [y

3. Recalling the definition of R}, from (3.4), the difference is explicitly given
in weak form for all test functions v¥ € V,,, by

([Ro(#%, @175 7) — Ro(h, b )] [(85, 817 1), (85, 5 )], 0%)
=6v(([(90i1 — o = [(0h — o5 )T (@5 — &) (3% — saé*),v*”).

By Lipschitz continuity of [(-)*] and similarly to the first step, it holds

167 ([(5 — )T = (05 — 05 TN — &1 (@5 — 35 HllLece
<c) (I} = Phllzoe@) + 1057 = @5 ()
(1851 @) + 187 e @) (1850 o () + 185l 2os ()
<c)(leh = hllw, + lei™" = b Hw,)
(I8illw, + 18y w,) (I8sllw, + 125 Hlw, ) (3.62)
<cllerr — e2llwa | @rallwas @21l

<c()larx — ug x|y [T [l |8 gl

M
w;

4. The continuity as a mapping (¢',¢"~') = Ri(¢’,¢" !

following way: Let %, o\, b, ob~! € W, then

;7y) follows in the

1R85 7) = Ra(95, 905 5| cow e, Lo

= ~ sup | Ri(h, 55 7)(@, )
(1 lwy +1 7= llw)=1
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- R(‘Péa @57137)“51'7 @i_l)HLq(Q)

< ~ sup c(y, It llw, Iy lw,, Iebllw,, s lw,)
(15w, + 16 lw)=1

(leh = @allw, + et = b Hlw,)
(I8 lw, + 16" lw,)
<c(, lletllw,, 1ot lw,» lsllw,, €5 Iw,)
- (llph = @allw, + et = b i),

where (3.61) is used in the fist inequality, and the constant
c(r, Ieillw,, ler w,, llesliw, . o3 " llw,)

is again bounded for |l¢} — @bllw, + ll¢s ' — 5 'w, — 0, due to
ol it b it € W, and the triangle inequality, as in step 3 of the
proof of Lemma 3.1.5. Thus

R4, 03 5y) — Rl(@év90;_1§7)||L(W¢><W¢,LQ(Q)) —0
for |t — @hllw, + ey " — @5 Hlw, =0,
which proves the desired result.
. The continuity of the mapping
(@071 = Ro(¢', 0 (@ 67, ]

follows in the following way: Let o}, goi_lgoé, @é_l, @, cﬁi_l € W, be given,
then

| Rs (1, 01 ) [(@5, 211, ]
sim1

- Rb(‘Pév %01‘2—1;7)[(953, ¥1 ), ']HE(wawqu(Q))

= ~sup | Rs (%, 05 L (@8, @0, (@, 5 1))
(185 lwy + 15wy, )=1
— Ro(h, 05 5@ 571, (88 85 g

IN

- sup e (185w, + 181" Iw,)
(183 lwp 165 1w, )=1

(et = eallw, + i ™ = w5 llw,)
- (Igallw, + 125 lw,)
<c()(Igillw, + 1217 Iw,) (It = e2llw, + ey — o5 lw,),
where (3.62) is used. The constant c(v)([|@}[lw, + ||} " lw,) is bounded
by assumption. Thus

[ Ro (¢, oM@, 207, ]
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— Ry (b, 05 5B A, Mlew, xw, Loy = 0
for [l¢7 — @sllw, +lleT™ — 5w, =0,
which proves the desired result.

6. Recalling the definition of Ry, from (3.6), the difference is explicitly given
in weak form, for all v¥ € V,, by
(Rie(pl, 00 H o h ) (05, ) = Ri(9h, 05 L ob™ 5 7) (0F, 9™, 0%)
= B[P =) = (95 — w3 TP
= 3y([(eT™ = o) = [(05" = ) FP)urt 0?).
Analogously to step 2, it now holds
I3y ([(01 = o1 )12 = [0 — 95 ) TP) 9’
=3y ([(eT™ = o) = [(05 = 92) ") 0%) [l ooy
< (v leillw,, 107w, llebllw,, o5 lIw,)
(et = @bllw, + o7 = 05w )1 lw,
+e(v, 0T Iws lleillw,, o5 llw,. llebllw, )

(T = @5 ™ lw, + 1t — @bllw, ) I lw,
<c(y, lhagllwa, lanzllwa)lfugy — e ffwalzflw

7. Recalling the definition of Ry, from (3.12), the difference is given in weak
form for all test functions v¥ € V,, by

(Row(}, 07 1 8 6L 6 ) (9, )
— Ru(9h, 057,957, &, @i‘l,sbi“' )(W w"“) w>
=6y((Ith - ¢ = [(0h — 5 (@ - ¢ et
— ([ =) ] = [( ”l—wg D@+ =gyt v“")-

By Lipschitz continuity of [(-)*] and similarly to the second step, and
hence as in step 1, we estimate

|67 (164 = 74 = L = 5D (@ = !

= (65 = o) ] = (05 — o)) (6 - )|

La(Q)
V5 = bl + 195" = 95 o)
(\ @[l Lo (@) + 16" oo () 191 Loe @)

+ () (107 = 5 e ) + [l — hllzoe @)

(I8 o) + 18 oo @) 19" Lo ()
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< eyl — paallwar I @lwar lbnllwas

<)l r — wggflwar |[alfw s ||zl e

O

3.2 Solvability and regularity of the state equa-
tion and its linearization

Now, using the definition of the operators A, R and B from Definition 2.3.8, we
can recall the Euler-Lagrange equation (EL]"") from Section 2.1. It reads

A, ") + R(¢', ¢ 1) = B, (3.63)

for all = 1,..., M, and can be formulated in weak form, for all test functions
v =(v*v¥) eV, by

(A, " 1), v) + (R(¢", ¢ 157),0%) = (Bg',v), (3.64)

again for all 4 = 1,..., M. This can finally equivalently be expressed, for all test
functions vi € VM as

M M
Z {<A(ui, 1), v + (R(¢, soi_l;'y),v“”ﬂ = Z (Bg',v*). (3.65)

Let us point out again that a related (system of) nonlinear partial differential
equation(s) is analyzed in [132], where the difference to the PDE at hand is that
[132] does not include the viscous approximation, i.e. n = 0. In [132], it is pointed
out that coupled quasilinear partial differential equations of such a type cannot
be investigated in the Hilbert space setting V :=V,, x V,, = HL(;R?) x H*(Q),
cf. Definition 2.3.3, since the involved terms are not well-defined in these spaces.
This can e.g. be seen since for u* = (u?, ¢*) € V, and test functions v* € V,,
the term (g(o")Ce(u’), e(v")) is not in L*(2). It is therefore necessary to look
at solvability in more regular spaces. Solvability of the PDE without viscous
approximation in (V N (W1P(;R?) x L>=(Q2)))M is thus proved in [132, Lemma
4.1 and Corollary 4.2].

In [133], for the same setting as in this thesis, i.e. involving the viscous
approximation and under Assumption 2.3.11, Assumption 2.3.1 and Assump-
tion 2.3.7, unique solvability and improved regularity of the solution in the space
W =W, x W, = WEP(;R?) x W4(Q), for p > 2, and ¢ = £ > 1 for (EL]""),
or equivalently (3.63) is proved. Let us collect this result and state it for further
use:

Lemma 3.2.1. Let n > 0 be sufficiently large. Let ¢° € W,,, ©° € [0,1], then
for every g1 € QM, (EL]""), or equivalently (3.63)-(3.65), has a unique weak
solution uy € W™ such that in particular ¢* € L>(S), as well as ¢* € [0,1], for
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all i = 1,..,M. Further, it holds uy € (H'**(Q,R?>)M, and for alli=1,..,M
the following stability properties hold:

u'[lw, <cll¢'lles (3.66)
@' lw, <c(1+ 1¢I5 + " =D Pl +1lle’ = ¢ Hlirae)
(3.67)
, 1 .
<c(1+ g1+ 112 + 20 lzaw) (3.68)
<e(M + lailds + 1w, ) (3.69)
[ | zr1+2o,r2) <Ellg' Nl (3.70)

for constants ¢ > 0, and some ¢ = ¢(k, M, ||qﬂ||éM, 1€%lw,), i.e. & only depends
on k and the right-hand side of (3.69).

Proof. The result, which uses ideas from [79, 90, 132, 133], is given in [133,
Section 1 and Section 2]. The norm estimates are proved in [133, Corollary
4.1]. O

Consequently, we can introduce the control-to-state operator via
Gri: QM = WM, Gi(q) = ur. (3.71)

In this context, Gj is understood as the mapping of the data ¢ € QM to
the vector of solution function pairs of displacement and phase-field functions
uy = (ur, 1) € WM of (EL]""), or equivalently (3.63)-(3.65) for all i = 1,.., M.

The next task is to discuss a linearized partial differential equation, that
emerges in the context of differentiability of G and then subsequently in the
optimality conditions of (NLP]""7), cf. Chapter 4 below. For this, we recall the
definitions of 4; and R; from (3.1) and (3.2), and assume u; € WM, o% € W,
f; € VM. For a concurrent notation, also set @° := 0, cf. (3.9). The linearized
partial differential equation is introduced in the following three equivalent forms:
Firstly, look for a solution iy € VM of the system

A() (@, ') + Rile!, ol e ) = £ (3.72)

for all ¢ =1, .., M, which in weak form can be formulated, for all test functions
v = (v*,v?) €V, by

(A (@, &1, v) + (Ri(@', 5@, ¢ 1), 0) = (f,v),  (3.73)

again for all ¢ = 1,..., M. Finally, this is equivalent to: For all test functions
vi € VM ook for the solution iy € VM of

M M
Z [(Az(ui)(ﬁi,¢i’1),vi> + <Rz(90i,wi’l;v)(%@i’l),v“"’i)} = Z (f',v").

(3.74)
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The linearized equation (3.72)-(3.74) is formally motivated as the derivative
of the nonlinear PDE (3.63)-(3.65), cf. Lemma 3.2.3 below, and @" serves as
a placeholder of the derivative of the a-priori given starting value ¢, which
is constant in the derivation process. For the chosen notation, we make the
following assumption concerning the 0-th time step, which shall hold throughout
the entire analysis.

Assumption 3.2.2. For the function ¢°, which occurs in the definition of the
linearized equation (3.72)-(3.74), we set ¢° := 0.

Next, let us also give a brief overview of the state of the art for the linearized
PDE (3.72)-(3.74). We start again with the setting of [132], which we recall
does not involve a viscous approximation, i.e. 7 = 0. Under the assumption
uy € (VN (WhP(;R?) x L>®(2))M, it is proved in [132, Lemma 5.1] that

<Al(ui)(ﬁi’ 0)7 Z> + <Rl(<pi7 901.71; 7)(§5ia 0)7 '@7i> + C(Qéia '%i)s,2 (375)

is coercive on V' x V,,, for an s € [0, 1] such that H*(Q?) — L"(Q) for %+%+% =1,
which in turn means that

<Al(ui)(ﬁi’ O)a l> + <Rl(§0i7 Spiil; 7)(@i7 O)v '%i>

is in particular also Fredholm of index zero. Subsequently, in [132] the system of
linearized PDEs is expressed in matrix form through a matrix A: VM — VM
that has A;(u’) + R (4%, ¢*~1;v) on the diagonal, and 3v[(p* — »*~1)*]? on the
subdiagonal. This matrix is again Fredholm of index zero, cf. [132, Corollary
5.5], and by assuming additionally that A has a trivial kernel, i.e. ker(A) = {0},
both A and A* are isomorphisms, cf. [132, Theorem 6.1]. Note that this trivial
kernel assumption holds e.g. under the assumption that |[u’||y is sufficiently
small for all ¢ = 1,..., M, cf. [132, Lemma 5.2, Remark 5.3]. We have already
seen in Section 2.1, that [133] proposes to use an idea of [107] to incorporate
a viscous approximation term, cf. (2.7), into the fracture propagation model.
Choosing 7 sufficiently large, cf. Assumption 2.3.11, coercivity of (3.75) can be
ensured, even after dropping the trivial kernel assumption. The reason is that
the last term of (3.75) can be absorbed into the (from the viscous approximation
stemming additional) term n(@?,-#%). This means that the left-hand side of
(3.72) is in fact coercive under Assumption 2.3.11. The Lax-Milgram lemma
can therefore be utilized, and unique solvability in V¥ x V™ can be ensured.
Further, it is possible to establish improved regularity in the space WM. This
was presented for the case M =1, i.e. the one time step linearized equation in
[84, Section 2.2, Proposition 2.1] of M. Mohammadi, I. Neitzel, W. Wollner and
the author. A rigorous proof for M =1 is also given in [86, Lemma 3.2] of I.
Neitzel and the author. For M > 1, we obtain:

Lemma 3.2.3. Let n > 0 be sufficiently large, up € WM, 0 ¢ W, be given,
and recall that §° = 0, cf. Assumption 3.2.2. Then for every fi € (V)M
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there exists a unique solution Gy € VM to (3.72)-(3.74) for alli=1,...,M, that
satisfies the stability property

1@y, + 11 lv, <ellfillv)s, (3.76)

for some 0 < ¢ := é&(n,v,|wllwwm) € R, and all i = 1,.., M. If further f| €
(WM — (V)M | then additionally oy € WM, and it holds,

1@ lw, + 12" lw,, < ellfillw =), (3.77)

for some 0 < ¢ := c(n,v,||urllwm) € R, and all i = 1,..,M. Note that the
constant ¢ depends on ||ug||yw, as well as positive powers thereof.

Proof. We apply the ideas of [107, 132, 133], combining them with an induction
argument. We argue iteratively, showing unique solvability in the space V™ and
(3.76) in a first step (1a) and (1b), and then the improved regularity in a second
step (2a) and (2b).

(1a) For i = 1, the task is to solve
A(uah)(@', @%) + Ri(e", %)@, 8°) = £, (3.78)

for given ut € W, ¢ € W, 3° = 0 and f! € V*. We prove that the bilinear
form induced by (A4;(ul)(-%,0), (-¢,0)) is coercive. We immediately see from
the definition (3.1) of A; that there is only one possibly nonnegative term.
As hinted in the paragraph immediately above this lemma, this term in fact
can be absorbed by the viscous approximation term in the following way:

Let 7 € (2,00), such that %—I—% = 1, which means that i.p. 3" € H' < L".

Therefore, using Holder’s and Young’s inequality for a §; > 0 yields
41— 1) (¢ Ce(ul), Gle()

, , 1 y
>~ (1= 9l b, (5 160 + 000, ). @)

Due to r > 0, the Gagliardo-Nirenberg inequality and again Young’s
inequality ensure

SN2 < 202 it )
191, <e(@? (Ive'17 1911
<c( Q)62 VE (72 + e(Q)C02) ' [1Z2
for a d; > 0 and exponents -~ and 7. Then, continuing in (3.79) leads to
A(L— 1) (¢ Celu), Ge(a))

> c<n,ﬂ>||u"|%v<61a

5 o 5
%/“ + iHV(p ||L2 + 0(51>52)”90 ||%2>’
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for a constant C'(d1,d2) > 0. We omit the remaining estimations, since they
are similar to [132, Lemma 5.1], and immediately conclude that overall

(A(u')(@',0),a")

> ( - 61c<n>|ui|%v) T
52 7112 ~7 (12
+ (o= 2ot I ) 195715
; (o<e> = (61, 2)el, Q)||Ui||%v> 1F12,  (380)

where Korn’s inequality of the second kind for zero boundary functions with
Crorn > 0 is used. Now, due to € > 0 being an a-priori fixed number, it is
possible to choose §; > 0 small enough such that kcgorn —d1c(k)|[u||3, > 0,
and subsequently d2 > 0 small such that ¢ — g—fc(m, Q)|[u’(|% > 0. Finally,
for n > 0 sufficiently large, it is possible to bound the right-hand side of
(3.80) from below by c(||@’||3, + ||gbz||%,¢) for a ¢ > 0. Further, R; suffices
to the nonnegativity condition

(Ri(e", ¢%)(@",0),8") =37([(¢" — )]0, 3
>0 Vg' eV, xV,. (3.81)

Overall, unique solvability of (3.78) in V, as well as

@t llv, + 18" v, < (I lv-, (3.82)
now follows by the Lax-Milgram lemma, for a 0 < ¢(n) € R.

(1b) For i = 2, the task is to solve

Ai(u?)(@%,81) + Ri(9?, 10)(8%, ¢ = £2,

for given u? € W, ! € W, and the Pt e V,, from the step (1a), as well as
f2 € V*. This can be written in weak form, cf. (3.1) and (3.2), for all test
functions v € V, as

(9(p*)Ce(@?), e(v™)) + 2(1 — k) (p*Ce(u?)*, e(v"))

+2(1-k) (goz(Ce(uz): e(ﬂz),vw) +(1-k) (¢2Ce(u2): e(uz),v“‘))

1
+e(VE%, Vor) £ — (&% 07) + (3% v%) + 39(((¢* — ) 1737, 0%)
= (f"2,0") + (f2%,0%) +0(@h,v%) +37([(¢° — ") ]2, 07). (3.83)

For n > 0 again sufficiently large, depending on the constants 7, k, the
domain Q and ||u?|w, the left-hand side of (3.83) constitutes the sum
of a coercive and a nonnegative operator, identical to the case of step
(1a). The right-hand side lies in V*, due to ¢?, ot € L>®(Q),p! € V', and
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the assumption on f2. Again unique solvability of (3.83) follows by the
Lax-Milgram lemma, and also using (3.82) yields

ve +e(n)e(y)|[ullfyu |
ve + e(n)e(y) [l fya I

1@*]lv, + 2%y, < c(m)(lIf?] v;)
<c(n)(|If?| ve)-
By induction, the existence result is then concluded for all ¢+ = 3, .., M,
and there exists some ¢ as stated such that (3.76) holds true. Note that

it holds 0 < 7 < 0o, and 7 is chosen as the largest necessary one of every
stepi=1,..., M.

Next, the improved regularity result is proved:

(2a) Starting again with ¢ = 1, using the test functions (0,v%?) € V and
(v*,0) € V in (3.73), it holds after rearranging

1+4+¢en

e(V@!, Vo?) + (@Hv%) = —2(1 — k) (cpl(Ce(ul): e(ﬂl),v“’)
— (1= rK)(¢'Ce(u'): e(u'),v?)

=3 ([(e" — ") PP, v%)

+ (/71 0%) = (571,0%),
(3.84)
(g(gpl)(Ce(al), e(v“)) = —2(1-k) (cpl(Ce(ul)gZ?l, e(v“))
+ () = (g"",0").
(3.85)

The function §#:!, the right-hand side of (3.84) respectively, can now be
estimated in the same way as e.g. in [132, Lemma 5.2], [86, Lemma 3.2] cf.
also Lemma 3.1.3. In particular, using (3.76) in the second inequality, this
leads to:

1G5

1 S 2e(R) [0t 1@t v, + ety llallfyac |6 v, + ell £ lv,

< () [l [Fyar €l fill ey + ()l |par el €l v=yae

+ cllfefl vy

< Cpallfillveya, (3.86)
foran r’ € (1,2),1 =% + L, where r € (2,00),3 = + + % recalling p > 2
as in Definition 2.3.3, and for a 0 < é,1 := ¢(¢,n,7, |lur||wx) € R. By
standard elliptic regularity results, cf. e.g. [153, Theorem 4.7 and Chapter
7.2.1], from (3.84) it holds ¢* € H(Q) U L>°(R), as well as
16 1o @) < Etllfillveym- (3.87)

Now, using (3.87), we find from (3.85),
15“ | 2o o,r2) < c(B) 5 18 | Lo @) + I1LF“ w10 :r2)
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< (k) lIfill veynr + el | =
<Cunllfill (wyn,
for a 0 < €yu,1 := ¢(1,¢,,1) € R. From (3.85), by [90, Proposition 1.1] we
can conclude @' € W, and
@t lw, < Gullfillw . (3.88)

Note that, at this point, using f* € W* | in particular f¥* € L9(Q), and
the W, regularity of @' as well as the L>(Q) regularity of @', it is in
fact possible to improve the estimate (3.86) by choosing 7' = ¢ = £. In
particular, it holds
15 I Lac) < c(r)llat [y Eullfill wnr + c(r) a5 4 & [l <
+ ()l ar G a I fill qwy e 4 cllfill sy ae
<y 1lfillwxyn,

for some 0 < é,1 := ¢(K, Cu1,Cp,1,7, [ur]lwar) € R. As in [79, Section 7,
Corollary 2], making use of the W?2:9-regularity of Q from Definition 2.3.3,
we can conclude ¢ € W, as well as

16" 1w, < .t l1fill e - (3.89)

Combining this with (3.88) now means that there exists some constant
0 < ¢ :=c(e(n), k,m,7, |lurllww) € R, such that

1@t lw, + 18" lw, < eullfell o,
which proves the claim for ¢ = 1.

For ¢ = 2, again using the test functions (0,v¥) € V, and (v*,0) € V
respectively, it holds

1
e(Vp?, Vo) + —ten

(%,v%) = = 2(1 - k) (¢*Ce(u?): e(@?),v¥)
—(1-k) (¢2Ce(u2): e(uz),v‘P)
= 37([(¥* = )] %, 0%)
+0(8",v%) + 37([(9* — ") TPe", v¥)

+ (72, 0%) = (§9%,v%),
(g(gpz)(Ce(a2), e(v“)) = —2(1-k) (LpQ(Ce(ul)ng2, e(v“))
+ (f“20") = (5% v").

Analogously to the estimates in (3.87), (3.88) and (3.89), one can incorpo-
rate the two additional terms into the L*>°(€Q)- and W -norm estimate of
G%%, to obtain, for constants 0 < ¢, 2 = c(c(n), Kk, 1,7, |[urllwm) € R,0 <
6%2 = 6(77,5%2) € R,

122w, <ép2llfill ),
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||'L~”2||Wu < éu,2||f]1H(WX)M.

Note that the @' terms can be captured by the terms ¢, o||fyl| <),
through (3.89). Overall, there exists a 0 < & := c(c(n), Kk, 0,7, |[a||wwm) €
R such that

@2 (lw, + 182w, < &llfll wxyn

By induction, the result can be concluded for all ¢ = 3, ..., M, and there
again exists some c as stated such that (3.77) follows.

O

We conclude this subsection with two quick remarks. Firstly, all operators
and solution spaces already include homogeneous Dirichlet boundary conditions
on I'p, and we can also include Neumann boundary conditions for the data ff,
by setting f* = Bg; € W* — V*, cf. Remark 2.3.6. Secondly, let us quickly put
the focus at only the first time step, respectively only one time step for given (°.
In particular, we have proved along the way that in this case we can also obtain
bounds that do not involve a dependence on ~, which we state for later use.

Lemma 3.2.4. Let n > 0 be sufficiently large, u € W and ¢° € W, be given.
For every £ = (f%, f¥) € V*, there exists a unique solution a € V to

(Ai()(1,0), v) + (Ri(p, 0" 7)($,0),0%) = (f,v) VveV (3.90)
and it holds
[allv,, + llellv, < clf]

for a ¢ > 0 independently of v. If we further assume f € W>* < V*_ then the
solution 0 of (3.90) is in the space W and the estimate

allw., + 1§llw, < cllfllwx (3.92)

holds, where the dependence of the constant ¢ = c(u, o=, n,7,K,) > 0 is a
dependence on positive integer powers of the norm ||u|w .

Finally, let additionally u € H'T*(Q) and s € (0,1/2) as in Assumption 2.3.1
such that s > %. Then it additionally holds

[allw., < cllfllws, (3.93)

forac=c(u,po,n, kK ) dependent on positive integer powers of the norm ||u||w,
but independently of .

While the first two statements (3.91) and (3.92) are proved in [86, Lemma
3.2], and also already stated in [84], the bound (3.93) has not been published
before. Note that even restricting the setting to one time step, we obtain the
dependence of ¢ on v on the right-hand side of (3.92) for the pair 4 = (4, @)
in the space W, similarly to both bounds (3.76) and (3.92) for the multi time
step model (i.e. for both V™ and WM). This point is also taken up shortly in
Chapter 5 and Chapter 7.
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Proof. Existence of a unique solution as well as (3.91) were proved in step (1a) of
the above proof of Lemma 3.2.3: The coercivity constant 0 < ¢ on the right-hand
side of (3.80) ultimately depends on the entities cxorn, &, 7, |ullw, [ul|% and Q,
in particular it can be chosen independently of . Due to the analogous positivity
result (3.81) of the operator Ry, it is clear that the left-hand side of (3.78) is
coercive with coercivity constant independently of ~.

Next, the bound (3.92) directly follows from step (2a). Here, we want to
again point out that the term in the third line of the right-hand side of (3.84) is
potentially dependent on « in the L9-norm.

For the final v-independent bound, we revisit the proof of step (2a) again:
Similarly, we test (3.90) with (v*,0) € V, and obtain the linearized displacement
equation

(9(0)Ce(@), e(v")) = ~2(1 - K) (pCe(u), e(u™)) + (f*,v") VYo" € V.
(3.94)

Directly applying [90, Proposition 1.1], @ suffices to a bound in W1 depending
on the right-hand side of (3.94), if the right-hand side can be bounded in the
space WP, By assumption f* € W~1P(Q;R?), and exploiting the additional
regularity u € H'**(;R?), it can be showed that the term ¢Ce(u)@ can be
bounded in L?(?) independently of v: We recall the standard Sobolev embedding
for Q € R?, which ensures H'**(Q) — W{(Q), for a t < 2-. Also using the
assumption u € H1*4(Q;R?), this means there exists a t as stated such that

||u||W1,t(Q) S C||UHH1+5(Q) S C, (395)

for a ¢ independently of v. Note that due to s € (0,1/2), the upper bound on ¢
lies in the interval (2,4).

Secondly, by (3.91), it holds ¢ € H'(f2), and again by the Sobolev embedding
for Q € R? there exists an 7 € (1,00) such that

18]l 0) < cl@llm@) <c (3.96)

again for a ¢ independent of . It is therefore possible to show that the first
term on the right-hand side of (3.94) can be estimated independently of v, i.e.
we check that the above choice of ¢ and r is applicable when utilizing Hoélder’s
inequality, to show that pCe(u)® € LP(£2). Recalling ¢ € L>°(2), it remains to
show that Ce(u)@ € LP() independently of . The following Holder exponent
calculation holds true:

1 1 1

-z2-+- =

1—s 2-—p+ps
D t B

1
S - )
P 2 2p

<

S
| =

SRR

ie r> 2712)’%75. Recalling p > 2, the denominator has to be positive, i.e.

2—p+ps>0 = s>—0u!
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Thus there exists an €; > 0 small, such that s = % + €5. The choice r > El

and t < ;2 = 2_211368 is now applicable for the above Sobolev embeddings and
the assumed regularities of v and ¢,. Overall,

[pCe(u) @l e () <cllellLoe@llullwre@l@llLro) < ¢
for a ¢ independently of ~, utilizing (3.95) and (3.96). O

3.3 Analysis of the control-to-state operator

The next task is to investigate several essential properties of the control-to-
state operator Gy from (3.71). In particular, we are interested in second-order
differentiability and Lipschitz results. We start with a differentiability result for
control-to-state operator Gy of the multi time state equation (EL;"") defined in
(3.71), analogously to the joint work [86, Proof of Proposition 3.3] of the author
and I. Neitzel.

Proposition 3.3.1. Let Assumption 2.3.11 hold. The control-to-state operator
G is twice continuously Fréchet differentiable from Q™ into WM. For the first
derivative, we obtain G4(q1)gi = 1, where Gy € WM is the unique weak solution
to

(A() (@, 71, v) + (Rile", @' h)(@", @), 07) = (@0, (3.97)

for all i =1,.... M and all test functions v € V, and where G(¢q1) = uy. For
notational purposes, it is understood that ¢° := 0, cf. Assumption 3.2.2.

For the second derivative, we find GY (q1)[d1.1, Gi.2] = Q1, where oy € WM s
the unique weak solution to

(A (&, ¢ 1), v) + (Ri(@'s 0" 5 9) (¢, ¢ 1), 0%)
= — (Ap(u)[ag, w5, v) — (Ro(¢", " (1, @17, (@5, @5 D] 0%), (3.98)
foralli=1,...M and all test functions v € V, and where Gy(q1) = uy, as well

as Gy(q1)Gi; = ar,; for j =1,2. For notational purposes, it is again understood
that @O,gbj =0, forj=1,2.

Proof. To prove the statement, an implicit function theorem, cf. [162, Theorem
4.B] is utilized. Due to the structure of the nonlinear partial differential equation
(EL""), cf. i.p. (3.65), we introduce the operator Tj : QM x WM s (W>X)M
for all vi € VM| via

M
(Tilgr,ur),vi) = Y [(AWe" 1) v) + (R(¢', 9" 17),07) = <qu,vi>]

i=1

The aim is to show that the mapping 77, simply being the sum over all time
steps 4, is continuously Fréchet differentiable from Q™ x WM into (W>*)M | with
derivative, in weak formulation for all vi € VM, being

(T{ (g1, ar)(qu, 1), vi)
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M

_ Z {<Al(ui)(ﬁi,¢ifl)7vi>

i=1

+ (Ru(e', " (@ @), 0P) — <B(ji,vi>}. (3.99)

This follows from continuous Fréchet differentiability of the operators A, R and
B in its corresponding spaces, which have been proved rigorously in Lemma 3.1.4
and Lemma 3.1.7. The continuity of the mappings u’ ~ A;(u’) from W
into LW x Wy, WX) and (¢, 01 = Ri(¢', ¢ 1v) from W, x W, into
L(W, x W, L1(£2)) has been proved in Lemma 3.1.5 and Lemma 3.1.8. Lastly,
the continuous differentiability result is clear for the linear operator B.

Therefore, the derivative 77, WM s (W>X)M of Ty w.r.t. the state variable
uy is also immediately given by

Ms

{(Az ~i71)’vi>

<T]I up q]Ia u]l u]la VH
=1

+(Ri(¢" " 7)(& @i_l),v“"’ﬂ,

and setting fi = (Bg1,0) € (W)™, T} , (g1, ur)ay = Bg is uniquely solvable in
WM by Lemma 3.2.3, which makes the mapping T]fyu][(q]l, uy) invertible.
Finally, note that by Lemma 3.2.1 there exists a unique uy € W, for every
q1 € QM that satisfies Ti(qr, ur) = 0. The implicit function theorem can now be
applied, thus the operator Gy is Fréchet differentiable from Q™ into WM, with
derivative Gf(gr)gr = ur given by (3.97).
For the second derivative, introduce the operator

TH(C]H» LI]I) = T]I/(q]lu 11]1)(@]1,1; ﬁﬂ,l): Q]\/I X WM = (WX)M7
with T being defined as in (3.99). The mapping F is again continuously Fréchet

differentiable from Q™ x WM into (W>*)M, with derivative, in weak formulation
for all vi € VM,

<j:}II(Q]I7 U]I) QJI 2, U]I 2

M:

[ ul,ﬁg},vi>

=1

+ (Bo', o' (@ B170), (B, 85 02 .

The continuous Fréchet differentiability result of Tj follows from continuous
Fréchet differentiability of the operators A; and R; in its corresponding spaces,
and is again performed in Lemma 3.1.4, Lemma 3.1.7, Lemma 3.1.5 and
Lemma 3.1.8. The second-order differentiability result of Gp from @ into
WM now follows again from [162, Theorem 4.B]. The partial differential equa-
tion (3.98) follows by implicit differentiation using the product rule, and setting
T]f(qﬂ, ug)(dr,2, 4r,2) = 0, noting that the second derivative of B is zero. O
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Let us quickly put the focus on the second derivative G}’ of the control-to-state
operator Gy, and its associated partial differential equation (3.98).

Corollary 3.3.2. For every qi,q1; € QM, j = 1,2, with associated Gi(qr) =
w € WM, Gl(q1)g; =y, and 3° =0, cf. Assumption 3.2.2, the PDE given
through (3.98) has a unique weak solution Wiy € W™ | that satisfies the stability
property

1@ lw, + 1" lw, < elldiallgmlldnzllq,
for some constant ¢ = c(n, K, 7, ||qtl|gm) >0 and all i =1,..., M.

Proof. Set fi with f' = —A,(u')[a}, 03] — Ry(¢", ' [(21, &1 ), (84, 5 )],
for all + = 1,.., M. Using the assumed regularities of uy, iy ;, j = 1,2, from
Lemma 3.1.3 and Lemma 3.1.6, it immediately follows

£ 1w < ) l[ullwras 1B, [lwras 102l + () [[llwas 81 fas B2 [fyras
< (ks llarllgar)llgra Qv

| (|12

where for the second inequality the norm estimates from Lemma 3.2.1 and
Lemma 3.2.3 were used. Thus it holds f; € (W>*)™  and again Lemma 3.2.3 can
be utilized, which concludes the proof. O

Next, we establish Lipschitz continuity of the operators Gy, G and GY,
working analogously to [86, Lemma 3.6, 3.8 and 3.9], where this is proved for M =
1. This is an essential auxiliary result since it transfers to the (reduced) functional
of (NLP}""), on which the analysis of second-order optimality conditions is based
upon.

Lemma 3.3.3. For every 0 < p € R and q1; € QM, j = 1,2, such that

llai,1 — ar2llQm < p, there exists a constant ¢ = c(||qr,2||gm, p) > 0 such that
ary —argwa <cllgry — a2l

where ur; = Gi(qr;).

Proof. By Proposition 3.3.1, the control-to-state operator Gy is continuously
Fréchet differentiable from QM into W . Using the mean value inequality, cf.
[116, Section 7.3, Proposition 2], for a ¢ € [0, 1] it holds

Jur,1 — upellwar =1Gi(q1) — Gilar2)|lwwm
<NGi(ar2 — tlain — a1,2)) L@y, wan llay — azllom
< sup  [|Gi(qr2 — t(ary — qu2)) @llwllary — qrallgn-

llall gar =1

Let WM 5 up, := Gi(qr2 — t(q1 — qr,2)) and W > agy := Gi(qr2 — t(qu1 —
qH,2)>QH7 for any ¢t € [0,1]. By Lemma 3.2.1, it thus follows, for a é& :=
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é1(k, M, p, |ai2llgm, |€°llw,) independent of ¢ and the direction (g1 — qi,2),
that

[ugllwar <&

Now, setting fi = (Bgr, 0) € (W>*)M | by Lemma 3.2.3, for a & := é&(n,v, M, é),
it holds

[, [lwar < |Gl o
Combining all estimates concludes the result. O

Lemma 3.3.4. Let §1 € QM be given. For every 0 < p € R and q1; € QM, j =
1,2, such that ||qi1 — qr2l|gm < p, there exists a constant ¢ = c(||qr,2||gm,p) > 0
such that

[ar: — Gr2llwy <cllgnr — qralloa |Gl g,

where r; = Gp(qr,;)qi-

Proof. By Proposition 3.3.1, the operator Gj is twice continuously Fréchet
differentiable from Q™ into WM. Analogously to the proof of Lemma 3.3.3, for
at e 0,1], it holds

0,1 — Arallym
<|NGi(qr1)d — Gilar2)qllw
<G (a2 + t(ar,1 — q1.2))dill @m,wny lans — quzllgar
< sup  ||GY (qu2 + t(ara — au.2))[Gn, 2] lwa gy — auzllgu-

1,2l gar =1

For any t € [0,1], set WM 5y, := GY (qM +t(qr1 — qﬂ,g))[(jﬂ,ch,g] and utilizing
Corollary 3.3.2 yields, for a ¢ = &(n, x,7, M, p, ||q1,2||g» ) independent of ¢ and
the direction (qr1 — qr,2),

G flwae <€l Gull g lldnzllgr -

The assertion now follows from collecting all estimates. O

As the previous results, also the following lemma, showing a Lipschitz result
for the second-derivative of the control-to-state operator, follows analogously as in
the one time step setting from [86]. We have seen that up until now, establishing
our results also for M > 1 were only slight adaptions, mainly introducing some
additional notation and taking care of the involved previous ¢ — 1-time steps,
cf. Section 3.1. However, let us point out that it is in fact important to choose
the notation carefully, as e.g. can be seen when looking at Lipschitz continuity
results for G”:
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Lemma 3.3.5. Let qr; € QM, j = 1,2 be given. For every 0 < p € R and
ar; € QM, j = 1,2, such that |lqi1 — qu2llom < p, there exists a constant
¢ 2 c(llavallgnr p, M) such that

o
| )

where 1 = GY (qu1) [, du2] and are = G (qu,2)[G1,1, d1,2]-

Proof. Let i1 ; and 1iy,; be as assumed. For clarification, we recall Definition 2.3.4,
and set the following notation for the solutions of (3.63), (3.72), respectively, for
different data qr;, G, 7 = 1,2,

Gi(qia) =rur; = (uf, ..., uy’),
Gi(qr2) = urs = (u}, ..., uh"),
Gi(gr1)i =t = (] 4, -, 07,
Gi(qr2)din = tr1 = (] 5, ..., 01),
Gi(gr1)de = G = (W, ..., W),
Gilai2)de = 22 = (03 5,..., 03%5).

The function iy,; then satisfies, for all 7 =1, ...
Ay(up) (g, @70 + Rl 07 ) (81,907
= — Ap(up)[ag g, 85,1] = Ry(ol, oy )@ P10, (Ph1:@5,0)], (3.100)
while the function 0y o satisfies, for all i =1, ..., M,
Ay(ud) (), @5 1) + Rulwh; 05 57) (85,95 )
= — Ap(ud)[E} 5, 8 o] — Ro(h, 0 )Pl 2, P12 (Ph2 B50)],  (3.101)
where @Y ;, 59 ; =0, j = 1,2, cf. Assumption 3.2.2. Taking the difference of
(3.100) and (3.101), due to linearity of A; and R; for &%, ¢* and 4~ cf. (3.1)
and (3.2), yields for all ¢ =1, ..., M, the partial differential equation
Az(ué)(ﬁi — 0y, 1 — @5 )+ Rilwh, oy (81— BB — 8y )
- (4 (U§)(U1’<P1 1) = A(uy) (a1, 4171)
= (Ruleh 9751, 6171 — Ruleh, 05 37 (@1, 617 )
(Ab(uzl l11 1 u2 - Ab(ué)[ﬁi ,29 ﬁ% 2])
— (Ro(pf, 0y )[(@i,la@ff) (75, 17%51271 )
- Rb(@z» 802 W)[(@i,m 901,2 )7 (@2,27 @2,21)])~ (3.102)

We want to utilize Lemma 3.2.3, thus the right-hand sides of (3.102) needs
to be estimated in the W*-norm. The first difference of the right-hand side of
(3.102) is estimated, using Lemma 3.1.5, via

1A (ug) (3, ¢171) — Au(uh) (8, 217 [~
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< c(m) ([uillw + [l flw)llug — wbllw |14 w.

Continuing the estimation, utilizing Lemma 3.2.1, Corollary 3.3.2 as well as
Lemma 3.3.3, yields

A (ui) (a5, @17 ") — Au(u) (@i, @1 ) llw

<c(r)(@llarallgm + ellazllonm)elllqiallgm, p)llarr — quallga
~(ns 7% Mlanall a1l g ll gzl g
<clllgraligr: P)llary — arallom llqnll @ lldr2llgr -
Note that the constant é := max(c(n,7, ||ur1llwa), c(n, 7, |urz|lwa)) is im-

plied by (3.77). Due to the triangle inequality ||qr,1[lom = [lqr,1 — qr2llQm + p,

the constant ¢ and c(1, k,7,||qr1]/gm) can in fact be expressed via a ¢ =
c(n, &, 7, |lqr2llgr, p). Here, notice that for the last inequality the dependence
of ¢ on some constants is dropped, and we only keep track of the constants we
are interested in. For the difference in the R; term, analogously it follows

IRi(1, 01 ) (81, @57 — Ri(0h, 0h ) (@1, 87 Dllzae
<c(llgrzllgnm, p)llary — ar2llorm |Gl (G2l g

For the differences in the Ap-terms, rearranging using the linearity of A, in
all three entries as well as Lemma 3.1.3, similarly to above we conclude
HAb(uli)[ﬁli,h ﬁg,l] - Ab(ug)[ﬁi,za ﬁg,z”‘wx
< HAb(ui - ué)[ﬁil,ﬁé’l]ﬂwx + ||Ab(ué)[ﬁzi,1 - ﬁi,zaﬁé,l]nwx
+ ||Ab(u§)[ﬁi,2vﬁ§,1 - ﬁé,Q]wa
<c(la2llgr: p)llars — a2l gar llanallalldn,2ll Qo

As mentioned in Remark 3.1.1, A, can be identified by the A”-terms in [86,
Equation (43) of the proof of Lemma 3.9], so alternatively this estimate can also
be followed in the same way as in [86, Proof of Lemma 3.9].

For the differences in the R,-terms, we calculate

| = Bo(h, en™ I8 81D (80,0, 850))
+ Ry(9%, 95 (812, 812, (Bh.20 B0 )l 1o
= [(Ro(01, 017 57) = Ro(h, 05 )G, 8110, (D21, D50 )| 1o
+ || Bo(95, 2™ M@0 = B P11t = A1) (85,05 B0 | oy
+ | Ro(h, 05 )12, 2121 (Bo1 — B2 Bt — D52 | ooy
< c(llgrellQm, P)llars — azllgr llanallgr l|Grzll@ar,
where we used (3.58) from Lemma 3.1.8, as well as Lemma 3.1.6, and then

continued the estimate in the same way as for the first term of (3.102).
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Combining all equations, the right-hand side of (3.102) can be estimated.
We now can use Lemma 3.2.3, which yields

Jai — a5llw <c(llaallom, p)llaa — arallgm Gl Idrallgm,
which holds for all =1, ..., M, and concludes the proof. O

Let us conclude the analysis of the nonlinear fracture propagation Euler-
Lagrange equation (EL;"") and its solution operator Gy with the following
remark:

Remark 3.3.6. In the context of optimal control, the controls qi are subject to
the constraint g € Qua1 C QM , where Quay is defined as in Definition 2.3.5. In
particular, this means that Qqqr1 s bounded, therefore for all q1 € Qqa1 we in
fact obtain global Lipschitz continuity results.

3.4 Analysis of the (reduced) objective func-
tional

This section covers differentiability and Lipschitz continuity results of the (re-
duced) objective functional of the optimal control problem (NLP;""). For M =1,
i.e. for the one time step model, these results are published in [86, Section 3.2
and Section 3.3] by the author and I. Neitzel. We present them here also for
M > 1, i.e. the multi time step (NLP{""). In this context, some additional
caution is necessary due to the coupling in time through the involvement of
both the previous and the successive time step in the adjoint operators A;, and
R;.. Again, we rely on the auxiliary results of the operators A;, and R, from
Section 3.1.

Let us introduce the reduced functional associated to the optimal control
problem (NLP{""): Using the control-to-state operator Gy from (3.71), we obtain
a reduced objective functional formulation

fir @Y > R, filar) == Jilar, Gi(ar)), (3.103)

implicitly using that W™ is embedded in (L?(2,R?) x L3(Q2))M.

Due to the structure of the objective functional, involving a tracking type
functional and a Tikhonov regularization term, the results for G, Gy, and G
from Section 3.3 can be transferred to f, f{ and f{’. A rather straight-forward
differentiability result directly follows for the reduced objective functional fi.

Corollary 3.4.1. Let Assumption 2.3.11 hold, let qu,qi, 1; € QM, for j =1,2.
The reduced functional f from (3.103) is twice Fréchet differentiable from QM
into R. The first derivative is given by

M M
fla)d =Y (' —up @) + Y _ald',q)o, (3.104)
i=1 i=1
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where up = Gi(qr) and a; = Gy(q)d.
The second derivative is given by

M M
F @) del = [ 3) + (' —uh i) + 3 (@ ae,  (3.105)
=1 i=1

where ur = Gi(q1), t,; = Gi(q)qij, for j = 1,2, and & = G{ (q1)[qu,1, @1,1]-
Proof. This immediately follows from Proposition 3.3.1 and the chain rule. O

Lipschitz continuity results for the reduced functional f; and its derivatives
f{ and f{’ are now obtained as a consequence of Lemma 3.3.3, Lemma 3.3.4 and
Lemma 3.3.5.

Lemma 3.4.2. Let g1, € QM, j = 1,2, be given. For every 0 < p € R and
qrj € QY, for j =1,2, such that max(||lgr1llgr, qrzllom, larr — aallgv) < p,

there exists a constant ¢ = ¢(p, M) > 0 such that
| filay) = fila2)] <cllans — qrallgn, (3.106)
| flqr)dn — filq2)da| <clla — qellomlldiallom, — (3.107)

| (q)1dn, i) — fi (an2) @2l < cllans — arellom |G llom l|dizllgm -
(3.108)

Proof. We work analogously to [86, Proof of Lemma 3.10]. Let ¢1;,qr1,;, j = 1,2,
be as stated, and let
Gilg1) = ur1 = (uf, ..., ul’), Gilqr2) = ur2 = (uj, ..., u3’)

Using the definition (3.103) of fi, we calculate

[ ilas) = filaea)

— |3 30 [0t b = o) - 20— o)
=1
a M
+5Y |- + -

i=1

M
<ey [nua bl + [k — il [
=1

+luy = usllw, lugllzz@ze) + g — dlellaille + la — gllellale

<cMec(|lqiallgrs p)llgr — arzllgallarallgm
+cMe(llgrzllom s p)llar — quzllgrllgrellgnm
+ceMc(|lan2llgm, p)llgr — ai2llgm
+ cM|lqrn — qu2llgm (larillgr + llanzllg)
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<e(M, |lgillgm, lazllgm, p)llair — quallor,

where Lemma 3.2.1 and Lemma 3.3.3 were utilized, and c(||qr2||ga, p) is the
constant from Lemma 3.3.3. Note further that the multi time step function
definition, cf. Definition 2.3.4, is used.

For the first derivative f{, let us additionally introduce the notation (which
is the same notation as in the proof of Lemma 3.3.5),

Gr(qa)diy = tr11 = (@] 4, ., 01h),  Grlqre)dig =12 = (8] 5, ..., @1%5),
and, using the representation (3.104) of f{, we calculate

|(FHasn) = i (@2)) |

M

3 [wa )+ (b — ) — (@ — )
=1

M

taY [@1 @)+ (dh g ‘75)”
=1

M

<ey [W‘l bl 8w+ v 1y — @
=1

+llugl 22y |1 1 — a3 ollw, + llai = @2llelldille + llezllelld: — &l

<c(M, |lqr1llgm, larzllgnm, p)llar — ar2lloa |Gl

similarly to above, also additionally utilizing Lemma 3.2.3 and Lemma 3.3.4.

Finally, introduce additionally the notation (which again is the same notation
as in the proof of Lemma 3.3.5),

Gi(gr1)dre =tr21 = (ﬁé,l, ,flévﬁ),

Gi(qr2)d2 =Ttr22 = (g, ..., ﬁ%%
Gi(qr1)[Gr, Gi2] =ur1 = (4f,...,a}"),
Gilqr2) [, G2] =2 = (83, ..., 3"),

which, in combination with the representation (3.105) of f{’, leads to

‘fﬂ//(QH,l)[(jI[,lu qr2) — 11 (qu,2[du1, Gr2)

3 [( g )+ (T, @y — )
(= ) + (b — ) — (il — a@} ]

M
<eY [u bl
=1

ﬂi,lHWu + ||ﬂ22||WL ﬂi,l - ﬂi,QHWu
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+ g = ubllw, 1w, + lubllw, l4; — @5,

+ ugllw, 1 = d5llw,

<c(M, llgrillgm, larzllgm, p)llars — arallor[ldnallorlldrellgrm,

again similarly to above, also additionally using Corollary 3.3.2 as well as
Lemma 3.3.5. This concludes the proof. O

To conclude the analysis of the preliminary technical results of the reduced
functional f, we also take a quick look at explicit representations of f{ and
', which requires the introduction of a so-called adjoint equation. We omit
further explanations of the meaning of adjoint equations until Section 4.1, where
they occur in the context of first-order necessary optimality conditions. This
connection however is not important at this point.

Recalling the operators A; . and R; . from (3.5) and (3.6), the backwards-
in-time adjoint partial differential equation, is closely related to the linearized
equation (3.72). We introduce it in its three equivalent forms, for given uy € W
o0 € W, data fi .q; € (W)™, and (3.9): Firstly, for all i = 1,..., M, solve for
z1 € VM the system

Al*(ui)(zi7 WH) + Rl*(@iv 901‘717 @i+1; 7) (¢Za quiJrl) = fZ,dj’ (3109)

which in weak form can be formulated, for all test functions v = (v*,v¥) € V|
by

<Al*(ui)(zia wi+1)u V> + <Rl*(@ia Spi_la QOH_l; ’7) (W» ’(/}H_l)v ’USO> = <ft§,dj7 V>‘
(3.110)

Finally, this is equivalent to: For all test functions vi € V™ look for the solution
VARSS VM of

M
Z |:<Al*(u2)(zl7 wi+1)a vi> + <Rl*(§0i7 ¢i717 SDHI; 7)(11)717 wi+1)7 ’U(p’i>:|

=1

M
= (£ V). (3.111)
i=1

The corresponding solvability result is then a corollary of Lemma 3.2.3.

Corollary 3.4.3. Let uj € WM 0 € W, be given, and 1 :=0. Then for
every i qa; € (W>X)M | there exists a unique solution zj € WM to (3.109), that
satisfies the stability property

12" lw, + 19" lw, < cllfagi.tllw= ), (3.112)

foralli=1,..,M, and the constant ¢ from Equation (3.77).
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Proof. Looking at the operators A, and Ry, we see that except for the terms
involving '~ !, respectively 1**!, they are the same as A; and R;. These terms
occur linearly, and the operators A;, and Rj, are now dependent on the successive
time steps instead of the previous. The proof therefore works analogously to
the proof of Lemma 3.2.3, just backwards in time. This means that the starting
point is i = M, which then works in the same way as in steps (la) and (2a)
of the proof of Lemma 3.2.3. The other steps are then made inductively for
i=M —1,.,1, in the same way as in the steps (1b) and (2b) in the proof of
the same 1emma. O

Again similarly to Lemma 3.2.4, let us quickly restrict the setting to one
time step. We have already seen in Remark 3.1.2, that the operators A;, and
Ry, are then self-adjoint. Thus, we can directly apply Lemma 3.2.4 to obtain
the following result for the solution of the one time step adjoint equation, in
particular with a «-independent bound in V. This is utilized in Chapter 5.

Corollary 3.4.4. Letu € W and ¢° € W, be given. For every foq; € V, there
exists a unique solution z € V to

<(Al*(u))(za O)7V> + <(Rl*(<,07 4100;7 U > < ad]7ULP> Vv ev, (3113)
and it holds

I2llv,, + I¥llv, < ellfllv, (3.114)

where ¢ > 0 is the constant from (3.91). Analogously to the the bounds from
(3.92) and (3.93), we can also bound (z,¢) in W (with a ¢ depending on v) and
z in Wy (with a ¢ independently of 7).

Next, let us additionally establish an auxiliary result for later use. In
particular, we show a Lipschitz result for the adjoint equation for specific given
right-hand sides. After rigorously introducing the adjoint equation associated
to (NLP{"") below in Section 4.1, it will become clear that we in fact prove a
Lipschitz result for the solution of this adjoint equation, already here.

Corollary 3.4.5. Let 0 < p € R arbitrary, and q; € Q™ such that ||qi1 —
q2llom < p, and WM sy ; =Gi(q;), j =1,2. Further, let z;; € W be the
solutions to

Ap (@) (25, 05 + Ri (0%, 05 @) (), i) = wl —uh,  (3.115)

foralli=1,...M. Then there exists a constant 0 < c(||qrz2|/qm,p) € R such
that

(
Proof. The difference zy; — zy 2 fulfills for alli =1,..., M,

Al*(ui)((zlv H_l) (Zéa ;‘+1))+Rl*(gpia¢i_la¢i+v )(("/)1’ H_l) (¢27 H_l))

7P)HQJI,1 - QJI,2||QM

|z,
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=y — up + (A (1)) — A (u1)) (25, 95
+ (Rl*(<p127<p2 a(p?_la’}/) Rl*(wllagol 7<PZ1+1W))(¢2, H_l)' (3116)

Before we estimate the terms on the right-hand side of (3.116), we want to point
out that it is clear that [jug;|lwa < ¢||qr;||gm by Lemma 3.2.1, and therefore
Jaasllw < e(lfuglwor +1) < ellai, lgu + 1) by Corollary 3.4.3.

Now, by Lemma 3.3.3 and for all : =1, ..., M, it holds

(3.117)

luy = gl < [luy — upllw < e P)

By Lemma 3.1.5 and then using the triangle inequality as well as (3.117) and
the right-hand side estimates for |jur ||y, ||z1;||wn given in the paragraph
below (3.116), we obtain

(A (uh) — Ap.(a)) (25, 95" [l <
<c(llugllwa + lurzllwar ) luy = ua|lwo |22 [
<c ( lur,; — upa|[wnm + 2[lug, 2||WM)|
<c(llgnn — azllom + 2llar2llgn) (Hq}I,QHQM + 1) lqra — QH,2||QM
<c(llarzllgrm, pllars — arzlign -

Analogously, using Lemma 3.1.8, we obtain
[(Ruu (03 05 105" 57) = Ri(h, 01 01 59)) (5, 95" [l Lo
<c(llarellgrs p)llar — arellQu-

Therefore the right-hand side of (3.116) can be estimated in the W*-norm by
o ,P)lq1,1 —qu,2|| @, thus the statement follows immediately by applying
Corollary 3.4.3. O

We can now come back to the reduced objective functional f; and its deriva-
tives: The first derivative f] and the second derivative f{’ of the reduced objective
functional fi, cf. (3.104), (3.105) and (3.103), can equivalently be expressed in
the following form.

Corollary 3.4.6. The first derivative f] from (3.104) of the reduced functional
f1 from (3.103) can equivalently be expressed by

M

fila)a =Y (B*z' +aq',q')q, (3.118)
=1

where ur = Gi(qr), and z1 € WM is the weak solution to (3.115) for all i =
oM and data £a451 such that £, = = (u' —u},0), foralli=1,...,M.
The second deriative f{' from (3.105) of the reduced functional fi from
(3.103) can equivalently be expressed by

M
fi'(qn)[dn, die) = Z {(’a i) + a(dh, G} — (Ap(u’)[al, d], z*)
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— (Bl (@ 1), (k85 )], (3.119)

where again Gi(q1) = up € WM, Gi(q1)du j, for j = 1,2, and z; € WM s the weak
solution to (3.115) for alli = 1,..., M and data faq;1 such that £}, = (u’ —u},0),
foralli=1,..., M.

Proof. Firstly, note that by Corollary 3.4.3, z; € W is the unique solution of
(3.109), since f;dj = (u'—u},0) € W* holds true due to uqy € (L*(€2;R?))M and
urp C (L2(;R2))M | the latter following immediately from uy € WM. Further,
by Lemma 3.2.3, there exists a unique solution ay € W to

M . .
= Z <ql,B*v’>Q, (3.120)

for all test functions vi € VM since (B§*,0) < W*, due to 1 € QM. It is
therefore possible to test (3.120) with z; € WM < VM to obtain

Z [<Az(ui)(ﬁi7¢i‘1>,z"> + <Rz(<p",soi‘l;v)(sfvi,@i‘l),wﬂ = Z<qi,3*zi>Q,

(3.121)

and to use the test function @y € WM < VM for the equation that zj fulfills,
which leads to

M

> [(Az*(ui)(zi, P A0+ (R0 ' e T (9, 9, ¢i>]

=1

=) (uf —ul,u). (3.122)

1=

By writing out the sum of the left-hand side of (3.121) and (3.122), it is clear
that the left-hand sides of both equations are the same. In fact, this is precisely
the motivation for the operators A;, and Ry, from (3.7) and (3.8). We conclude

—

M M
Yo —ugat) =Y (7 B7),,
=1 =1

and inserting this into (3.104) immediately leads to to the first statement of the
lemma, cf. (3.118).

For the representation of the second derivative f{’, we recall from Corol-
lary 3.3.2 that there exists a unique solution @y € W™ to

M
> ()@, 61, v) + (Ruleh o) (8 ¢, 00

i=1
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- <Rb(90i§ , (Pi_1§ 7)[(@37 95%71)7 (95127 95;71)]7 U%iﬂ ’ (3'123)

for all test functions vi € VM, and where 6y = G{(q1)q,;, for j = 1,2. Now,
testing (3.123) with z; € WM — VM we obtain

M
_Z [(Az(ui)(ﬁi, @1,z + (R, ") (@, ¢, wﬂ
M

= > [(As(o) s, w).#1)

i=1

+ (B e TG A @B L] (3124

Further, it is again possible to use the test function @y € WM «— VM for the
equation that zj satisfies, which yields

M
D (A () ), 00 + (Bl e ) 0, @)
i=1
M
=2 (' — g, ). (3.125)
=1

Similarly, as in the case above for the first derivative, the left-hand sides of
both (3.125) and (3.124) are equal, thus

> —uf i) = = 37 [(Apu)fag, 6], 2)
i=1 i=1
+ (Rol, 0 I 2170, (85, 57100
which immediately leads to (3.119). O

3.5 Analysis of the Lagrangian functional

In this section, we look at the Lagrangian functional. The Lagrangian is used
later in the context of SQP method, and shares many properties with the
reduced functional. For M =1, i.e. the one time step setting, the Lagrangian
is investigated in [85, Section 3.2 and 3.3] by I. Neitzel and the author. In
this section, we establish the results also for M > 1, i.e. for the to (NLP}"")
associated Lagrangian. The motivation for the Lagrangian functional stems
from the context of the well-known Lagrangian principle, cf. e.g. [153, Section
2.10]. In the given context, this approach means that the equality constraints in
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(NLP{""), which are given through the Euler-Lagrange equations (EL]""7), are
eliminated by including them into the functional, using so-called Lagrangian
multipliers.

Recalling the notation for function triples y; = (uy, ¢y, z;) introduced in
Definition 2.3.3 and Definition 2.3.4, the Lagrangian functional associated to
(NLP}"") is defined via

Lr: YM SR,

M
Li(yn) = Jilqur) = [(A(ui7 1), 2") + (R(¢', ¢ 157),0") — (qu7Zi>]

i=1

M «
= >[5l =il + 21l

=1
— (A, 0" h),2") = (R(¢ 05 7),0") + <qu7zi>], (3.126)

where z; € W™ is the so-called Lagrangian multiplier, and Jj is the objective
functional of (NLP]""), cf. (P]""). It is well known that the Lagrangian multiplier
corresponds to the associated adjoint state, which is introduced in the context
of optimality conditions below, for which we again refer to Section 4.1.

We are interested in second-order differentiability results of the Lagrangian
L. Before differentiability is analyzed, let us clarify some notation, which holds
throughout the entire thesis:

Notation 3.5.1. The second derivative L{ of the Lagrangian functional Ly is
always understood with respect to the function pair (ug, qr). It is denoted by

E”(yﬂ)[(flﬂ 1,q1,1), (Ar,2, 1,2)]
L]I (u1,q1), (uﬂ,qﬂ)(u]U qr, Z]I)[(ﬁll,ld]l,l)7 (ﬁ]l,% Cj]I,Q)]~

Now, the differentiability and Lipschitz results of f; from Section 3.4 transfer
to the Lagrangian L;. In particular, it holds:

Corollary 3.5.2. The Lagrangian functional Ly is twice continuously Fréchet
differentiable from WM x QM into R. The second derivative can be expressed via

Ly (yn) (1, i), (A2, Gi,2)]
M . . . .
= [(ﬂ ﬂ )LQ(Q ;R2) +a(q17q2 - <Ab(ul)[ﬁzlvﬁé]7zl>

i=1

— (Role', @' (B G170, (85, 257 40,

For ay; = Gilar)Grj, j = 1,2, as well as ur = Gi(qr), and zj satisfying (3.115),
it thus holds

L7 (yn)[(Q,1, 1), (A2, Gr2)] = fi' (@)[di,1, Gi,2)- (3.127)
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Proof. An easy calculation, using the Fréchet differentiability results of A, R, A;
and Ry, cf. Lemma 3.1.4 and Lemma 3.1.7, leads to

M
Lilyn) (G, @) = Y | = ul @) +alg,7)q

i=1
— (A (@, ¢ h),2") + (B, 2")
— (R e H (@ ), W}],
and subsequently also to

LY (yn) (a1, G1,1), (8,2, 1.2)]
M
= > (@) + ol @)o — (w6, 8], 2")
— (Rol', 5B, 670, (8, 25710, 0.

The second statement now follows directly from the representation of f{’ from
Corollary 3.4.6. O

On the one hand, Lipschitz continuity of £; could now be followed immedi-
ately from (3.127) and Lemma 3.4.2. On the other hand, we are also interested
in a Lipschitz continuity result of L]’I' w.r.t the involved functions u; and zj, for
which we can explicitly track the Lipschitz constant.

Lemma 3.5.3. There exists a constant 0 < ¢ := ¢(k,v, M) € R, such that for
all yi; € YM and all (n;,qr,;) € WM x QM where j = 1,2, it holds

|£7 (yr,1) — L7 (yr2) |[(Q1, Gi,1), (B2, G1,2)]

<cf[ty,1|[woa a2

e (sl + gl + 1zl + 22w )

|WA4>.

Proof. We work analogously to [85, Proposition 3.8]. A quick calculation verifies:

(Il = wallwss + llz2 = 71

L' (yr1) — L (yr,2)[(Ar,1, Gr1), (Ar,2, Gr2)]

+ ((Ro(h, 05 157) = Ro(d, @75 9)) (@5, 1771), (@5, @5 1), vh)
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+ (Boeh, 5 MBS A7), (8, 2571w — wh)]

Now, utilizing the results of Lemma 3.1.3, Lemma 3.1.5, Lemma 3.1.6 and
Lemma 3.1.8 yields

|£f (yr.1) — £ (yr.2)| (A1, G11), (G2, Gr2)]
< Me(k)|lury — ure|[war ([T [ |[Qn2] w202l
+ Mec(k)
+ Me(n)
+ Mc(y)

< (5, M) (I llwas + lzzllws ) 1,

(s = wzllwss + 12z = 21l ),
and the statement follows immediately. O

Lemma 3.5.4. There exists a constant 0 < ¢ := ¢(k,v, M) € R such that for
allyy €Y and all (Ay;,d1;) € WM x QM, j = 1,2, it holds

|£”(y11)[(1~111,1, i), (An1, drn)] — L7 (yn) (G2, qr,2), (A2, Gi,2)]
< clwllwras gl (118w + i 2llwess ) s = G2 s
+e(lalign + a2l ) s — dallgn-
Proof. Again, analogously to [85, Proposition 3.8], a quick calculation verifies:

L (yo)[(Q,1, 1), (A1, Gi)] — £ () (G2, Gr,2), (G2, G1,2)]

Z [ @yl = llasll + a(lgille — lglle)
+ (Ap(u)[mh, 0h), 2") — (Ap(u’)[0]
+ (R (", "L )(B5, @51,

(
— (Rol¢' o' (B G170, (B 217 40

f [~ 130 + a(ldille ~ lle)

+ (Ap(u)[uh, 0 — 1wy, 2")

+ (Ap(u)) [ — uj, iy, 2")

+ (Ro(¢", " LB 5 1), (85,85 1) — (81, @7 D)) 97)
+(Role o 85 357 — (@8, (8L gL YY) (3128)
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Now, utilizing the Lipschitz continuity of the squared norms, as well as
Lemma 3.1.3 and Lemma 3.1.6, yields

|7 (yo) (8,1, Gu1 ), (1, Grn)] — £F (yn)[(Gr2, dr2), (2, Gr2)]|
< Me(|[ag [l + [[age

lwar) ||y — o]l

+ Me(|l@allon + I@allon ) — dusllow
o+ Me()l gl 2l w1 = G allw s
+ Mec(r)

o+ M)l 2l 11— G2l e
+ Me(y)l[allwa [0y — G offwar [0 [lwar 2] [y,

w)|[arllywae [, = @ gl | [ |21l

again, the statement follows immediately.
O

Note that both Lemma 3.5.3 and Lemma 3.5.4 hold true with estimates
that involve the V™-norm for the directions, i.e. |[@y ||y, 7 = 1,2, and the
difference in the directions || — Gr,2||yar, cf. [85, Proposition 3.8] for the
equivalent result in the one time step setting. However, such a result is not
necessary for the subsequent chapters, and to avoid further additional notation
we omit these results here.
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4. Second-order necessary and
sufficient optimality conditions

This chapter is concerned with the first main results of this thesis: Second-
order optimality conditions for the phase-field fracture optimal control problem
(NLP}""). In particular, we prove second-order necessary conditions in Theo-
rem 4.2.2 and second-order sufficient conditions, which do not involve a two-norm
discrepancy, in Theorem 4.2.4. These necessary and sufficient conditions in-
volve only a minimal gap. We subsequently also establish so-called o-strongly
active second-order sufficient conditions in Corollary 4.3.2, which are slightly
stronger and which are needed later for Chapter 6. For M = 1, i.e. the one time
step model, both necessary and sufficient second-order optimality conditions
are published as joint work [86] of the author and I. Neitzel, and o-strongly
active second-order sufficient conditions are previously used in the joint work
[85] of the author and I. Neitzel. To prove our main results, we show that a
general theorem concerning second-order optimality conditions from [38] can be
applied. Here, the technical results proved in Chapter 3 are utilized. Note that
o-strongly active second-order sufficient conditions are a known technique in
the convergence analysis of the SQP method, and have been introduced in the
context of sequential quadratic programming (SQP) in [70, 152].

Let us start with an introduction into (first- and second-order) optimality
conditions, following the exposition in [44, Section 1 and Section 2]. From
calculus, the following facts for optimization problems in the vector space R™
are well-known: Let F : R” — R be a differentiable function, then for all local
minima Z the first-order necessary condition

F'(z)=0 (4.1)

has to be satisfied. If the function is twice differentiable, then the Hessian matrix
["(z) has to be positive semi-definite, i.e.

Iz >0  VzeR", (4.2)
where 27 denotes the transpose of the vector . Due to the involvement of the

Hessian, (4.2) constitutes a second-order condition, in particular a second-order
necessary condition. In return, we can also give a (second-order) sufficient
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condition: If Z satisfies both F'(Z) = 0 and the Hessian is positive definite, i.e.
if it holds

2T (2)r >0 Ve R"\{0}, (4.3)

then Z is indeed a local minimum of f, and not a maximum or a saddle-point.
Note that this means in particular that if the function F is (strictly) convex,
then the first-order necessary condition is already a sufficient condition. As
stated on [44, page 10], it is important that for the finite dimensional setting
the condition (4.3) is equivalent to the existence of some ¢ > 0 such that

2T (@) x> c||z||En. (4.4)

Still following [44], let us continue with optimality conditions of optimization
problems in function space: As of now, let V be a generic Banach Space. Let the
(reduced) objective functional f : V — R be continuously (Fréchet) differentiable
in V on the domain €2, not necessarily the same domain as in Assumption 2.3.1.
Let us further use v € V as the control, and v € V as the optimal control. The
model problem is then of the form min £ (v), s.t. v € V and similarly to (4.1),
first-order necessary conditions are given by

F'(v) =0. (4.5)

Subsequently, a second-order sufficient condition, see [44, Theorem 3.4], is
proved in [35]: Let us additionally assume that f is twice continuously (Fréchet)
differentiable in a neighborhood of v. If v satisfies the first-order necessary
condition (4.5) and there exists a ¢ > 0 such that

(), v] > cllv]|¥ Yo eV, (4.6)

i.e. F'(v) satisfies a coercivity condition for the space V, then v is a strict local
optimal solution®.

Let us cite [44, page 12], which states that [44, Theorem 3.4], respectively
(4.6), ”[...] might create the impression that the theory of second-order conditions
is fairly analogous to that in finite dimensions. This expectation is wrong, because
the celebrated two-norm discrepancy occurs in many problems of interest”. This is
first recognized by [97], which describes the difficulty that for many optimization
problems, a coercivity condition like (4.6) does not hold in the same space in
which the reduced functional is twice (Fréchet) differentiable. At this point, let
us put on record that for (NLP]""), we have already seen in Corollary 3.4.1 that
the reduced functional fi is twice (Fréchet) differentiable in Q™ i.e. in L2. The
space QM is also the space a coercivity condition like (4.6) can be expected, see
Remark 4.2.5 below. Therefore this so-called two-norm discrepancy does not
occur in the second-order sufficient conditions we prove below in Theorem 4.2.4
for the phase-field optimal control problem (NLP]""). However, for many other
problems, the reduced functional is twice Fréchet differentiable only in a stronger

IFor the definition of local optimal solutions in this context, see e.g. Definition 4.1.2
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norm, e.g. the L°°-norm, while the coercivity condition holds in a weaker norm
like e.g. the L?-norm. The resulting gap between the two norms is then called
the two-norm gap. This means that while in finite dimensions this does not pose
any problems due to the well-known norm equivalence, in the infinite dimensional
setting it is important to be careful when choosing the involved norms, as can
e.g. be seen for some quick and too formal calculations in [40, Example 1.2]. In
[40], it is subsequently proved that many results that one might expect initially
only in the (stronger) L>°-sense can be extended to hold also in the (weaker)
L?-setting. In particular, [40] establishes strict local optimality for an abstract
optimal control problem setting. This result e.g. covers elliptic optimal control
problems subject to Neumann and Dirichlet boundary controls, in the L2-sense
through a quadratic growth condition in L2-neighborhoods under some additional
conditions, even if the problem is subject to the two-norm discrepancy. Similarly,
a quasilinear parabolic optimal control problem setting is analyzed in [96] w.r.t.
tightening the involved two-norm gap for the associated SSCs of [23]. Besides
the aspect of the two-norm discrepancy, we again point out that the equivalence
of (4.3) and (4.4) is important in the finite dimensional case. As we see in
Remark 4.2.5, it is possible to show a similar property if certain conditions are
satisfied, as e.g. for the setting of (NLP;"").

Since the model problem (NLPE’ 1) involves the admissible set Qad,1, let us
also add control constraints to the model optimization problem min £ (v). Let a
convex, closed and nonempty admissible set V,q be given such that V,q C V. In
particular, we assume that the admissible set is given by control box constraints

Vaa={v €V | w(z) <v(z) <wp(z) forae zeQ}

for some threshold functions v, vy with ve(z) < vp(x) for all x € Q, similarly
to the admissible set QQaq1 from Definition 2.3.4. We follow [44, Section 3.3],
and point out that clearly a first-order necessary condition of the form (4.5)
cannot hold anymore for the optimal control problem min £ (v), s.t. v € Vyq.
Instead, it is a standard approach to formulate first-order necessary conditions
via a so-called variational inequality in the form

F'@)(v—0)20  VYve Vaa. (4.7)

Note that subsequently, it is also common to rewrite the optimality condition
(4.7) into a KKT type condition. At this point, we omit this step, but for an
example of a KKT type condition, e.g. for (NLP]""), we refer to Lemma 4.1.3
below. Now, by the minimum principle [43], cf. also [153, Section 4.10], it is
possible to conclude from (4.7) that ¢ is already determined on the (active) set

Ao(w) :={xeQ | [F'(v(x)) >0}, (4.8)
cf. also [153, Equation (4.99)]. Second-order necessary conditions are therefore

especially of interest on the complement of this set. Still following the reasoning
of [44, Section 3.3] and [153, Section 4.10], we can define a cone of critical
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directions Co(7) , see [153, page 245], of all h € V such that

h(z) =0 x € Ag(x),
h(z) >0 x & Ag(x) and B(x) = v,(z),
h(z) <0 x ¢ Ag(z) and v(z) = vy (z).

A second-order necessary condition for min F (v), s.t. v € V,q is then given in
[153, Theorem 4.27] by

F/(@)hh) >0 Vhe Colv). (4.9)

Subsequently, for sufficient conditions of second-order, the cone C(7) can be
introduced similarly to [153, Equation (4.102)], via

C@):={veV | v(x)>0ifv(r) =uv.(z)
and v(z) <0 if v(z) = vp(x)}.

A second-order sufficient condition is then be given by: There exists a ¢ > 0
such that

" (0)[v,v] > cllv]|3 Yo € C(0). (4.10)

However, [153, Remark on page 247] claims that sufficient conditions like
(4.10) are "[...] too restrictive”. The reason is the gap between the cone C(v) of
the second-order sufficient conditions and the cone Cy(7) of the second-order
necessary conditions. On the one hand, it is appealing to keep this gap as close as
possible. On the other hand, in the context of the analysis of numerical methods,
second-order sufficient conditions involving directions in a cone like C'(7), or
even on the whole control set V, are widely used as assumptions, as stated on
[153, page 247]. While one reason for such a choice is that the convergence
analysis of numerical methods can be more involved when cones are involved,
another reason to widen the aforementioned gap can be seen when looking at the
SQP method in Chapter 6: There, we have to use slightly different second-order
sufficient conditions than the ones with the smallest gap attainable for (NLP]""),
because we need to ensure that for each iteration step of the SQP method, the
directions of the succeeding step must again satisfy the corresponding SSC. If
the cone of critical directions is too small these succeeding directions might not
lie therein anymore. To rectify this issue in the context of SQP methods for
optimal control problems with semilinear PDEs, [152] proposes to introduce
so-called o-strongly second-order sufficient conditions, on which we also base
our SQP convergence proof in Chapter 6 on. In general, the larger the set of
possible directions is chosen, the stronger the SSCs are. SSCs involving the
directions from the whole control space V are SSCs in the strongest sense, and
the closer the cone of critical directions is chosen towards the cone from the
necessary conditions, e.g. by involving sign conditions or so-called (strongly-)
active constraints, cf. [45], the weaker the SSCs become. The interested reader is
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also referred to [24], where the gap between second-order necessary and sufficient
conditions is further elaborated.

Next, let us give a brief literature overview in the context of (second-order
optimality conditions of) PDE constrained optimal control problems: The first
studied problems in e.g. [114] are (quadratic) optimal control problems involving
linear PDEs. Due to the linearity of the involved PDESs, most of these problems
are convex and therefore the established first-order necessary conditions are also
sufficient. As a consequence, second-order conditions are not of particular interest.
However, second-order conditions come into focus when optimal control problems
with semilinear and quasilinear PDEs are investigated. Here, combinations of
different constraints and settings are involved, e.g. for optimal control problems
governed by elliptic and parabolic partial differential equations with additional
box constraints on the control variable, cf. e.g. [94, 153]. Optimal control
problems with state constraints are e.g. analyzed in [37, 41, 46], and second-
order optimality conditions for a nonlinear optimal control problem in function
space restricted by equality and inequality constraints are established in [42].
For an extended overview of second-order conditions in different settings and
their applications, let us refer to [44] and the comprehensive reference list given
therein. Let us point out that if both the local minimum is given analytically and
the definiteness of the second derivative of the reduced objective functional can
be checked analytically, then the basic ideas from calculus can be transferred also
to the infinite dimensional PDE constrained optimal control setting, as stated on
[44, page 8]. Unfortunately, only for a very limited amount of academic examples
analytical solutions can be given, cf. e.g. [100, 127]. Concurrently, for solutions
that are only given approximately as e.g. the result of numerical methods, the
verification of second-order sufficient conditions is both a difficult task and can
also be carried out only for some cases, see [141]. Nevertheless, the importance
of second-order sufficient conditions is emphasized again on [44, page 8]: "[...]
second-order conditions develop their power mainly as theoretical assumptions.
They ensure stability of optimal solutions with respect to perturbations of the
problems such as finite element discretizations”. The stability w.r.t. perturbations
is also an essential tool in the convergence analysis of many numerical algorithms.
Let us revisit this aspect in Chapter 6, where we investigate the convergence of
the SQP method.

Let us conclude this introduction by giving an overview of the course of action
and the main results of this chapter. We have already seen a quick overview and
motivation for second-order optimality conditions in this introduction. Before
we can come to second-order optimality conditions of (NLP]"), it is essential
to look at existence and first-order necessary optimality results. These are
already established results, and are recapitulated in Section 4.1 — under a slight
adaption to the setting of this thesis — from [132]. In Section 4.2, we then show
second-order necessary optimality conditions in Theorem 4.2.2 and second-order
sufficient conditions in Theorem 4.2.4. In particular, Theorem 4.2.2 is showed
for directions that lie in the critical cone C'(qr), cf. (4.16), analogously to the
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necessary conditions (4.9) of the above model problem with a comparable critical
cone. For the proof, a significant part of the work has already been done in
Section 3.4 by showing the technical prerequisites which allow us to utilize a
general second-order optimality condition result from [38]. For Theorem 4.2.4,
we assume a (strict) positivity condition for f{’(g) for all directions in C'(gr)\{0},
cf. (4.18), and prove a quadratic growth condition that does not involve the two-
norm discrepancy, i.e. a local optimality result in the Hilbert space L%. Again, we
show that we can apply a general second-order optimality condition result from
[38]. Note that as explained in Remark 4.2.5 this means in particular that overall
the gap between the necessary and sufficient conditions is minimal. Finally,
we have already hinted that in the context of the SQP method for (NLP"")
in Chapter 6, we have to rely on slightly stronger SSCs than the one proved
in Section 4.2. In Section 4.3, we take up on this idea, which originally stems
from [70, 152], and also establish so-called o-strongly second-order sufficient
conditions for (NLP{"").

4.1 Revisiting existence of solutions and first-
order necessary conditions of the optimal
control problem

We can now finally turn our focus back to the optimal control problem (NLP]"").
The start are solvability and first-order necessary conditions, that originally
are showed for a to (NLP]"") related problem in [132]. The main differences in
the state equation between [132] and the setting of this thesis, cf. (EL]""), is
outlined in Section 3.2. Furthermore, in [132] no control constraints are involved
in the optimal control problem, i.e. Qua1:= Q™. Let us point out again that
for M =1, i.e. one time step setting of (NLP]""), solvability and first-order
necessary conditions are also given in the joint work [86] of I. Neitzel and the
author, also by a slight adaption of the results of [132].

We start with the following standard procedure: In (3.103), we have already
stated the reduced functional f, using the solution operator Gy from (3.71).
Recall that, as throughout the whole thesis, we expect Assumption 2.3.11 to hold,
i.e. the viscous approximation parameter 1 being sufficiently large. Subsequently,
the reduced form of the optimal control problem (NLP]*") can be introduced:

min fi(qr), (NLpy-mred)
q1E€Quada,x
where fj is the reduced objective functional originally from (3.103).

The first result is a global existence result for solutions to (NLP}]""), or

equivalently (NLPJ %),
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Proposition 4.1.1. There exists at least one global minimizer g € Qqq,1, with
associated optimal state ay € WM | to (NLP]"™%).

Proof. The proof works in the same way as [132, Theorem 4.3], on which also [86,
Theorem 4.1] relies for the case M = 1: The admissible set Qaq1 is a bounded,
closed and convex subset of (L?(I'))™. Further, for & — oo, and minimizing
sequence {gr i} C Qaa,1, the associated sequence of states {(ur x, ¢ik)} is bounded
in WM by Lemma 3.2.1. Standard theory can now be applied, cf. [153, Teorem
2.14] or [94, Theorem 1.45]. O

Although the tracking type terms in the objective functional are of convex
structure, due to the nonlinear state equation, the overall problem is nonconvex.
It is therefore of interest to characterize local solutions of (NLP7™"*%).

Definition 4.1.2. A control g1 € Qa1 is called a local minimizer of (NLPHW’"’red)
in the sense of L2, if there exists a radius r > 0 such that

Jilq) < filgr) Va1 € Qaar  with  ||gr — qiflgm <7

Every local minimizer §; € Qaq,1, with associated optimal state uy = Gi(qi),
satisfies the first-order optimality conditions of (NLPE”"’red) given by the follow-
ing lemma.

Lemma 4.1.3. If g1 € Qa1 is a local minimizer with associated state uy € wM
there exists an adjoint state z; = (z1,71) € WM such that

A@5¢ Y + R(@h ¢ ) =BG Yi=1,.,M, } (EL™7)
—i\ (51 ,5,i+1 -1, =t—1 —i+1 7t a1
A (@) (@, 9 + R (96" e L) (0 9T } (AE")

=u'—uy Vi=1,..,M,
(B2 +0ad',q' —¢'), >0 Vi=1,..,M and ¥q1 € Qaay. } (VE)

Proof. The reduced objective functional f; is Fréchet differentiable by Corol-
lary 3.4.1. By standard methods, e.g. used also in [132, Theorem 6.1] or [86,
Lemma 4.3], the KKT system (EL77), (AE™") and (VE""") then follows directly
from the optimality condition (4.7) and Corollary 3.4.6. O

Note in particular, that the adjoint state zj := (Z,1)1) satisfies (3.109) for
f1, where f;dj = (@' — u%,0) € (W*)M or equivalently (3.115), for i =1,..., M,
which is precisely why the analysis of this equation is conducted earlier in
Section 3.4. From now on, these equations are simply called the (system of)
adjoint equation(s). The function zj is also called the adjoint displacement, and
1 the adjoint phase-field, respectively. For (unique) solvability of the adjoint

equation (AEY") and regularity of the solutions z; we refer to Corollary 3.4.3.
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4.2 Second-order optimality conditions with
minimal gap

In this section, we show the main results of this chapter, second-order necessary
optimality conditions and second-order sufficient optimality conditions with
minimal gap. We utilize the abstract second-order optimality results [38, Theorem
2.3] and [38, Theorem 2.5], for which we have to verify the assumptions stated in
[38, Assumption (A2)]. We want to point out that these results would also cover
the case where a two-norm discrepancy is involved, which however shall not be
used here. For M = 1, all properties of [38, Assumption (A2)] are verified in [86,
Theorem 4.4] by the author and I. Neitzel, and for M > 1 we can analogously
show the following;:

Proposition 4.2.1. The reduced functional fi from (3.103) satisfies the prop-
erties of [38, Assumption (A2)]. This means that fi satisfies:

o There exists an open subset A C QM covering Qua1, such that fi(qr): A —
R is of class C2.

o There exist constants 0 < r, 0 < My, j = 1,2, such that it holds for all
qu. 1, Gi1, G2 € QM and qi € Qaax N |lat — qllgm < 7, that

| fi(q) @] <Ml g (4.11)
|fi (qu) (1, Gu2)| < Mal|uallgnm | Gr2llgam - (4.12)

o For every € > 0 there exists a 6 > 0 such that for all qr1,q12 € {G1 €
QM [ l@ — dillgm <}, and g € QM it holds:

{ I[filar1) — fila2)lal < ellallgn,
A (1) = f7 (a.2))(@0)] < ellallZa-

llgr1 — qrallom <6

o The quadratic form given through G — f{'(q1)(d@)?, as a mapping from
QM into R, is a Legendre form, i.e.

(1) If i — G in QM as k — oo,
then f{'(qr)(@)? < liminfr—eo f7'(qn)(dur)?.

(2) If additionally limy.o fi' (qr)(q1k)* = fi'(a1)(@)?,
then ||Gr — (’j]LkHQIW — 0.

Before we give the proof let us give some additional information: For [38,
Assumption (A2)], due to the differentiability and Lipschitz results for fi in
QM from Section 3.4, indeed all norms can be chosen in the L?-sense. Further,
the requirement that the linear- and bilinear forms associated to the first and
second derivative of the reduced functional are continuously extensible to L? and
L? x L? is correct. Similarly, continuity of the mappings f{(q1) and f{'(q;) from
L™ to the spaces of the linear/bilinear forms indeed holds true for the reduced
functional fi, due to the L?-continuity results proved in Lemma 3.4.2.
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Proof. First, note that by Corollary 3.4.1, the reduced functional f is twice
Fréchet differentiable from QM into R. Further, using the results from Corol-
lary 3.4.6, Lemma 3.2.3 and Corollary 3.4.3, the bounds from (4.11) and (4.12)
are satisfied. By Lemma 3.4.2 it is also clear that f{ and f;{’ are Lipschitz
continuous in QM for all gr,1,qr2 € QM and in a neighborhood of g.

Secondly, the tracking-type objective functional Jy results in a Legendre form
Q: G f{'(@)(G)? from QM into R. Here, in comparison to the one time-step
setting, we have to put in some additional work. Note that by the regularity of
the control-to-state operator Gy from (3.71) and the adjoint equation (3.109),
from Lemma 3.2.1 and Corollary 3.4.3 respectively, it holds ug, z; in W . Due
to the compact embeddings L?(I") < W~1P(Q) and W < V, cf. Remark 2.3.6,
in combination with Lemma 3.2.3, the state @y, = Gi(qr)dr,r converges strongly
in at least VM to w;. Therefore, for all i = 1,..., M, for k — 0o, the strong
convergence results

(Ap (a0t} 53] 2') — (Ay(u')[a’, &
(Ry(#', " ;7)[(%@? )s (Bhs 21 I 1/}’)
= Ro(¢', 05 37, (8 ¢ ]9,

and @ [* — [|a’ ||2
hold. Further, due to the weak lower semi-continuity of the norm | - ||, it
immediately holds
1911 < T inf |G- (4.13)

Combining the limit considerations from above and the structure of fj being a
sum of M time steps, weak lower semi-continuity of f{’(¢1), and therefore (1) of
the fourth point is clear.

Next, assume that limy oo f{'(q1)(Gr,x)* = ff'(q1)(G1)?, which using (3.127)
yields

0= tim (f#'(a)(@)? - ' (@)(@)?)
= Jim (L) (@, di0)? = L2l (01,2)°), (414

where yp = (uy, qr,z1) with up = Gi(g) and zj satisfying (3.115), and again
a; = Gi(q1)dr as well as 0y, = Gi(qr)@r k- Recall that @y, — Gy strongly in at
least VM therefore all terms in (3.128) except for the ones involving ¢* and q]i
are zero, and for (4.14) to hold true, it has to hold

M
lim S g3 — 133 = 0. (4.15)
i=1

But now, due to the weak convergence of ¢ and the weak lower semi-continuity
from (4.13), this means that for every ¢ = 1, ..., M it holds

7'12, < lim inf ||gL]|2 = li gi |12
[l HQ > lmklj}ooH‘IkHQ kgrolo ”(ZkHQ
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and thus 0 < limy o G413 — 1§13 Therefore, from (4.15) it has to hold
||QZH?Q = ||qz|% for all i = 1,..., M, and thus ||g1 — Gix||g» — 0.
Overall, all properties have been showed, and the proof is concluded. O

Before we can apply [38, Theorem 2.3], we also have to look at the cone of
critical directions. For the one time step setting, it is clear that the cone of
critical directions used in [86, Section 4] is applicable by [38, Remark 2.4]. Due
to the structure of QQ,q,1 being box-constraints in M directions, or dimensions
respectively, the cone from [86, Section 4] can now easily be generalized towards

q'(x) >01if 7' () = gy (x),
C(dﬂ) =4 € QM ‘ Vi=1,..,M, qz(w) <0if CTL($) = qé(x)a
§'(x) =0if 0+# B*z'(x) + ag'(z)

(4.16)

To come back to the introduction of this chapter, we see the sign-conditions
in the first two lines, and the strongly active constraint set in the third line,
reminding ourselves that the expression B*Z' 4+ aq’ stems from the variational
inequality (VEY").

As for the one time step model, cf. [86, Theorem 4.4] of I. Neitzel and
the author, the following first main theorem, second-order necessary optimal
conditions, then immediately follows from [38].

Theorem 4.2.2. Let g1 € QY be a locally optimal control of (NLP{""). Then,
it holds

f(@)a,a >0 Va e Clq). (4.17)

Proof. By Proposition 4.2.1, we can apply [38, Theorem 2.3] for (NLP"") with
the cone C'(qr) from (4.16). This directly proves the statement. O

For the second main theorem, we show second-order sufficient optimal condi-
tions that do not involve a two-norm discrepancy, analogously to [38, Equation
(2.6) in Theorem 2.5]. For M = 1, i.e. the one time step setting, SSCs are
established in [86, Theorem 4.6] as joint work of the author and I. Neitzel. For
the case M > 1, i.e. for (NLP}""), we make the following SSC assumption.

Assumption 4.2.3 (Second-order sufficient condition (SSC)). let g1 € Qqa,

with associated state ty € WM and associated adjoint state zg € WM | satisfy
the first-order necessary conditions given in Lemma 4.1.3. Now, assume that

f@)la, @l >0 Va e C@)\{0}. (4.18)
The following quadratic growth condition can then be established:
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Theorem 4.2.4. Let q1, with associated state uy and associated adjoint state
z1, satisfy Assumption 4.2.3. Then, there exist constants € > 0 and ¢ > 0 such
that the quadratic growth condition

filar) > fi(an) + cllar — 611||2QM

holds for every qr € Qa1 with ||qr — qil|gm < €. This means that g is a locally
optimal control of (NLP]"") in the sense of L*.

Proof. By assumption, g satisfies the first-order necessary optimality conditions
from Lemma 4.1.3, i.e. also the variational inequality of [38, Equation (2.3)].
Further, by Proposition 4.2.1, the prerequisites [38, (A2) on page 3] of [38,
Theorem 2.5] are fulfilled. Applying [38, Theorem 2.5] concludes the proof. [

We can also equivalently write the SSC from Assumption 4.2.3 into the
well-known form of a coercivity condition:

Remark 4.2.5 (Equivalence of positivity and coercivity condition). Under the
properties of Proposition 4.2.1, the positivity condition from Assumption 4.2.3 is
equivalent to the coercivity condition:

desse >0 such that f]f/((f) [(ﬁ, (jﬂ] > CSSC”QHHZQM Vqr € C((jﬂ) (4.19)

We have outlined in the introduction of this chapter, that in the finite di-
mensional setting many issues we have to deal with do not occur: For example,
the equivalence of the positivity and the coercivity condition is immediately clear.
For the infinite dimensional setting, a proof for the equivalence of (4.19) and
(4.18) is first given in [38, Remark 2.6]. Let us recapitulate the proof: Assume
that (4.18) does not hold, then

. _ s L
Vk>1 3Gre€C(@) suchthat f'(@)(dir)? < %”qH,kHQQM.

W.lo.g. let Gui = Gui/||dellgm, then f{'(@)(Gr)?* < 1 Taking a subsequence,
denoted also by Gk, we have g x — G in QM. This ensures g1 € C(q1), since
C(qu) is closed and convez in QM. Further since f{'(q) is a Legendre form, by
(4.19) we obtain
CSSCH@HHQQM < fl'(@)(@)? < liminf f{'(q)(Gix)* < limsup f{' (@) (Grr)?
k—0 k—0
1
< limsup — =0,

k—0 k
which immediately implies g1 = 0 and thus it has to hold that f{'(q)(qir)* —
0, hence ||Gikll2 — 0, which contradicts ||qur|gm = 1. Finally, the reverse
implication, i.e. (4.19) implies (4.18), is evident.

Let us conclude by again pointing out the following important property, cf [86,
Remark 4.7]: Comparing the necessary conditions from (4.17) and the sufficient
conditions from (4.18), or equivalently (4.19), one sees that the gap between
them is small. To the best of knowledge of the author, this gap is minimal in
the sense that no closer result can be achieved.
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4.3 o-strongly active second-order sufficient con-
ditions

We have already motivated in the introduction that in the context of (convergence
proofs of) numerical methods, SSCs play an important role. In Chapter 6, we
investigate the convergence of one numerical method, the SQP method, for
(NLP{""). In this context, we cannot rely on the SSCs of Assumption 4.2.3,
as they might be too weak. In many situations like Chapter 6, second-order
sufficient conditions that are (slightly) stronger are required, and in this section
we look at so called o-strongly second-order sufficient conditions. For problems
involving semilinear PDEs, these are studied in e.g. [153, Section 4.10.5] and the
references therein. In the context of SQP methods they are also used in e.g. [70,
96, 152, 156]: As explained before, the reason is that all iteration directions have
to stay feasible, i.e. lie in the same cone of critical directions. This does not hold
true for e.g. the SSCs from Theorem 4.2.4. Mathematically, a small parameter
o > 0 bounds the strongly active set away from zero, which allows for small
perturbations in the stability analysis involved in the SQP convergence analysis.
We do not go into more detail at this point and refer the reader to Section 6.2.2.
Without further ado, we introduce the o-active set, which in accordance with
[152, Section 3], is given by: Let R 2 o > 0,

I(o)={z el | |B*'Z' +af'| >0 foralli=1,.., M}, (4.20)

where (uy, g1, z;) is a local optimal triple, cf. Section 4.1. We can then define
the cone of (o—)critical directions via

Co(@) == {@ € Q" | G(x) =0 on I(o)}. (4.21)

Let us point out that in comparison to the cone C'(g) from (4.16), the cone
C,(qr) does not involve any sign conditions. Note that in particular, for every
o > 0, the inclusion

Clar) € Co(ar) (4.22)

holds. This assures that the o-strongly active second-order sufficient condi-
tions from Assumption 4.3.1 immediately below are (slightly) stronger than the
(strongly active) second-order sufficient conditions from Assumption 4.2.3. In
[85, Assumption 3.3] of the author and I. Neitzel, o-strongly active second-order
sufficient conditions are stated for M = 1, i.e. for the one time step setting. For
M > 1, we analogously make the following assumption:

Assumption 4.3.1 (o-strongly active second-order sufficient conditions). Let
@1 € Quax and the associated function triple (g, qr, z1) € Y™ fulfill the first-order
necessary conditions that have been given in Lemma 4.1.3. There exist constants
o >0 and cgsc > 0 such that

(@) (@) = esscllalfym  for all G € Co(q).
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Note that due to Corollary 3.5.2, Assumption 4.3.1 can also equivalently be
expressed in a in the literature more popular form involving the Lagrangian: Let
yr = (1, g1, z1) € YM fulfill the first-order necessary conditions of Lemma 4.1.3,
then there exists constants ¢ > 0 and cggc > 0 such that

LY (g)[(, @r), (A, @)] > cssollallpn Va € Co(@), W = Gi(@) @ (4.23)

Now finally, due to the inclusion (4.22), it immediately follows from Theo-
rem 4.2.4 that a quadratic growth condition also holds under Assumption 4.3.1.

Corollary 4.3.2. Let g1 € Qqq41, with associated state Gy € WM and adjoint
state z € WM, fulfill Assumption 4.3.1. There exist constants € > 0 and ¢ > 0
such that the quadratic growth condition

Jilar) = fi(@n) + cllar — QJIHEQM

holds for all qr € Qaax with ||q1 — qi||gm < €. This means that gy is a strict local
optimal control in the sense of L?, and no two-norm gap is involved.
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5. Modelling of fracture
irreversibility: Recovering
complementarity constraints in
the penalization limit

The main topic of this chapter is the investigation of the behavior of solutions
of an optimal control problem governed by a regularized fracture propagation
model, like (NLP]""), with respect to taking the penalization limit v — ooc.
In this chapter, we restrict the model problem to one time step only, i.e. set
M = 1. The state space is then V, W respectively, and the control space is
@, cf. Definition 2.3.3. Furthermore, no control constraints are incorporated,
i.e. the set of admissible controls is Q,q,;1 = Q. Overall, this leads to the model
problem (NLP?) stated below. As the main result Theorem 5.0.1, we prove
that the dual variables of this problem converge in suitable function spaces,
and that subsequently the limits of primal and dual variables in fact satisfy a
C-stationarity system. This is an already published result in the joint work
[84] of the author and M. Mohammadi, I. Neitzel and W. Wollner. It builds
upon, incorporates essential ideas of, and extends results from [133], where
convergence of primal variables, i.e. optimal control and optimal state, w.r.t.
the penalization parameter v to their limit is showed. Note further that in the
proof we adapt ideas used in [119], where the penalization limit of an obstacle
constrained optimal control problem is investigated.

Let us define the one time step problem formulation of this chapter by:

Find an optimal control ¢, € @ with associated state uy = (uy,¢,) € V
satisfying

1 a

i T . X2
min (q,u) 2||u ud| 22y + 5 lalle (NLP7)
subject to:  A(u, ™) + R(p, 0 ;v) = By,

where Assumption 2.3.1 and Assumption 2.3.7 hold true, with ¢~ := ¢, i.e.

= € W2 o~ €0,1], as well as ug € L?(Q2) given.
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Note that in accordance with [84, 133], we denote the optimal controls, states
and adjoint states associated to the penalized problem (NLP?) with an index =,
to make it clear that the dependence on the penalization parameter is of interest
and explicitly tracked, i.e. ¢y, uy = (uy, ) and z, = (z,,%,). In this context,
(p~ is a given phase-field function.

Let us also state the unpenalized fracture optimal control problem, cf. Sec-
tion 2.1: Using (EL"), the one time step equivalent of (EL;'), as a constraint for
the tracking type functional J(g,u), we obtain the problem formulation

min J(g, u),

q,u } (NLPVI)

subject to: u solves (EL") for data ¢,

with
A(u,9o” )+ A =DBgq in V*,
A>0 in V7,
_ . (EL")
p <~ ae. in,
(Ao —¢7) =0,

where A € V;. We also implicitly used that (0,A) € (V; x V) C V*.

We have already mentioned that problems like (NLPVT) fall into the category
of mathematical problems with complementarity constraints, often abbreviated
MPCCs. Some of the aspects involved with the analysis of MPCCs have been
discussed earlier in Chapter 1 and 2 and we refer the reader to the references
stated there. For (NLPV!), the Lagrange technique suggests that the associated
(formal) first-order necessary optimality conditions are given by Clarke- or
commonly called C-stationary conditions, which are stated in (5.7) on page
111 below. These are first-order necessary optimality conditions involving
complementarity constraints and sign conditions, which hold in the V—V* duality
sense. In comparison to e.g. more rigorous first-order optimality conditions
given by the strong stationarity concept, C-stationary conditions do not involve
conditions that hold quasi-everywhere, i.e. up to a set of capacity zero, as stated
on [119, page A925]. We do not go into further details on stationarity systems,
and refer the interested reader to [80, 142].

In [133] convergence of the primal variables is established, and it is also
showed that the limit functions then satisfy the equations (5.7a)-(5.7d) of the
C-stationarity system (5.7). We want to point out that [133] proves this for a
multi time step setting as in (NLP]""), which immediately includes the one time
step setting of this chapter. Using this in combination with the «-independent
bounds for the adjoint state z, proved in Corollary 3.4.4, we establish the main
result of this chapter in Theorem 5.0.1: We can tend to the limit in the dual
variables and prove their weak convergence. Subsequently, the remaining parts
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of the limit optimality system, cf. (5.7e)-(5.7j), are showed.

Let us start by recalling some important preliminaries, as well as already
established results from the literature we rely on. Firstly, we want to refer to
Assumption 2.3.1 (basic assumptions) and Assumption 2.3.7 (problem setting
specific assumptions), as well as the viscous approximation Assumption 2.3.11,
which shall hold throughout this chapter. Note also that the operators A and R
from Definition 2.3.8 slightly differ from the notation of both [84] and [133], cf.
Remark 2.3.10. Secondly, it is clear from [133], cf. Lemma 3.2.1, that the one
time step state equation

A(uy,¢7) + A\, = Bg, (EL™)

is uniquely solvable, and the solution u, is bounded uniformly in « in both V'
and W. As in [133], to depict the operator R(p., ¢~ ;7) we also introduce the
variable

Ay i=9lley — )P (5.1)

We recall that such a term is introduced to regularize the irreversibility condition,
which for one time step is the inequality constraint ¢~ < ¢, see also Section 2.1.
However, after the regularization the inequality is not strictly enforced anymore.
The term A, then describes the violation of this constraint.

Note that in fact the norm bounds of u, already rely on a constraint violation
estimate for A, which is used to conclude (3.68) from (3.67), cf. Lemma 3.2.1.
Let us therefore also quickly look at available norm estimates for A,: In [133,
Lemma 3.2], it is proved that A\, € L'(2) N H'(2)* with uniform norm bounds
in 7. Subsequently in [133, Lemma 3.8] it is showed that A\, € L9(Q) with bound

1 _
Al La) < e ~+elyp (5.2)

L1(Q)

holding true for a constant ¢ > 0 independent of v, where ¢ = £ > 1 as in
Assumption 2.3.1. The proof of (5.2) relies on the fact that both ¢~ and ¢,
are positive and A, is non negative. This is ensured by assumption, and [132,
Lemma 4.1 and Corollary 4.2], cf. again Lemma 3.2.1, as well as the definition
of Ay, cf. (5.1), respectively.

Further, we state a convergence result for the primal variables of (NLP7)
from [133, Theorem 5.2]': Let ¢ € Q be an isolated minimum of (NLPV!), and
assume that the corresponding state @, A is the unique solution to (EL"). Then,
for v sufficiently large, there exists a sequence g, of local minimizers of (NLP7),
with associated state u, satisfying (ELY), such that

M

4y —q in Q, (5.3)
u, —a in VN (HTHQ;R?) x C%*(Q)). (5.4)

L Again, we want to point out that [133] proved their results for a multi time step setting as
in (NLP}""), which immediately includes the one time step setting of this chapter.
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Next, let us emphasize that when restricting ourselves to the one time step
setting, we work with the operators A;(u)(-,0) and R;(¢, ¢, 7v)(-,0), which are
self adjoint, cf. Remark 3.1.2. By Corollary 3.4.4, we obtain unique solvability
of the to (NLP?) associated one time step adjoint equation

A (Wy)(Z4,0) + R (0,07, 0;7) (14, 0) = uy — ug. (AE")

The solution z, = (24,%y) € V can be bounded y-independently in V, see
(3.112). In this context, we utilize u, € W, ¢~ € W, and (u, —ugq,0) € V*.

Finally, existence of solutions of (NLP?) and first-order optimality conditions
now follow immediately from standard theory, cf. the results proved in Chapter 4,
recalling that the difference towards (NLP]"") is simply the lack of control
constraints, and the restriction towards one time step. In particular, and
analogously to Section 4.1, any local minimizer (g,,uy) € Q x W of (NLP7),
together with the associated adjoint state z, € V, and the auxiliary variables
Ay by € VS, 04 € Vi, has to satisfy

A(uy, ™) + Ay =B(gy) in V™, (5.5a)

Ay =R(py,0737) in Vg, (5.5b)

A (uy)(24,0) =1y — ug — fiy in V¥, (5.5¢)

B*z, +aq, =0 in V¥, (5.5d)

Gy — 0, =0 in vV, (5.5¢)

ty = Ris(oy, 07, 057)(64,0) =0 in V. (5.5f)

The optimality system (5.5) has previously also been stated in [84, (FON7)],
and the improved regularity u, € W, A\, € L(2) holds true due to the results
of [133] stated above. Note further that although the variables A, 1, and 6,
seem redundant, in accordance to [84, 119] they were introduced as they have
meaning as multipliers for the limit. Of course, they could easily be eliminated.

We already know from [133] that when taking the limit v to infinity, we
can recover all isolated local minimizers of (NLPV!). In particular, existence
of a convergent sequence ¢, of local minimizers of (NLP?) is ensured, cf. (5.3).
Adapting the ideas of [119], where the penalization limit of an optimal control
problem of an obstacle problem is investigated, we are now in a position to prove
the main theorem of this chapter, which is published in [84, Theorem 3.1] as
joint work of M. Mohammadi, I. Neitzel, W. Wollner and the author.

Theorem 5.0.1. Let ¢, — q be a convergent sequence of local minimizers of
(NLP?) for v — oo. Up to selecting a subsequence, the following convergences
hold true:

u, —u in V, (5.6a)
Uy = U in W, (5.6b)
Yy =@ in W, (5.6¢)
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Ay = A in V}, (5.6d)

Zy —Z in V, (5.6¢)

Py — [k in V7, (5.6f)

0, —0 in V. (5.6g)
Furthermore, any such limit satisfies the C-stationary optimality system

A, ™) + A =B(q) inV*, (5.7a)

A>0 inVy}, (5.7b)

o<~ a.e. inQ, (5.7¢)

G- =0 (5.7d)

A (0)(z,0) =u—uqg— in V™, (5.7¢)

B*z+4+aqg=0 in V™, (5.71)

Y —0=0, in 'V, (5.7g)

6,\) =0, (5.7h)

<ﬂa ()5 - ¢7> = Oa (571)

(0, 71) >0. (5.7j)

Proof. The convergence results (5.6a)-(5.6¢) are proved in [133, Corolary 3.10].
Further, it is proved there that the limit functions satisfy (5.7a)-(5.7d). Then
Ay — Ain V7, ie. (5.6d), follows from (5.6a)-(5.6¢c) and (5.7a).

As for the convergence of the dual variables and the limits in the adjoint (5.7€)
and gradient (5.7f) equation as well as the complementary slackness conditions
(5.7h)-(5.7j), the starting point is the weak convergence of the adjoint state
zy = (2y,%y) in V: After eliminating the variables p, and 6., by inserting (5.5f)
and (5.5¢) into the adjoint equation (5.5¢), one obtains

Al*(u“/)(zw 0) + Rl*(‘P'ya <P_70;’7)(¢770) = Uy — Uq-

We recall that the operators A;(u)(-,0) and R;(@, ¢~ ;7)(-,0) are self-adjoint for
the one time step setting, see Remark 3.1.2. Further, in the proof of Lemma 3.2.3,
coercivity (3.80) of A;(u)(-,0) and nonnegativity (3.81) of R;(¢, ¢~ ;7)(+,0) were
showed. Now, using the test function z,, we obtain

<Al*(uv)(zw 0), z7> + <Rl*(9"v7 ©7,0;7) (15, 0), w"/> = (Uy — Ud; 2+),

which then ensures

1
1z llv < E||U7*Ud|v;, (5.8)

for a ¢ > 0 independently of . We skip further details on the other constants ¢
depends on, and refer to the right-hand side of (3.80) for more details. Note that
to obtain (6.53) we also utilize u, € W,, = V,, — V,* independently of -y, which
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directly follows from the solution result for (ELY) and ug € L*(Q) < V* by
assumption. As a consequence z. is bounded independently of v in V' and there
exists a subsequence that converges weakly to some limit z in V', establishing
(5.6e). From (5.6b) and (5.6¢), one easily obtains A4;(u,)—A4;(a) — 0in L(V,V*),
hence it also holds

Ap(u,)(24,0) = Ay, (1)(2,0) in V"

Now, again by (5.6b) we have in particular u, — @ in W,, — V,*, and both the
convergence claim (5.6f) of 11, and the limit equation (5.7¢) follow by

Py = Uy — Ug — Ape(0y)(2,0) = @ — ug — A (0)(7,0) = g in V7. (5.9)

Due to (5.5e), i.e. 6, = 1b,, the weak convergence (5.6g) of §., to 6 = 1), cf.
(5.7g), is directly obtained. It is therefore possible to pass to the limit in the
gradient equation (5.5d), which immediately leads to (5.7f). Up until now,
all convergence claims from the theorem are proved, and it was showed that
(5.7a)-(5.7g) are satisfied, which means it remains to prove the complementary
slackness conditions (5.7h)-(5.7j). Let the set A :={x € Q| ¢, > ¢~} be given,
then from the definition of A, one calculates

0001 =] [ Ay =70, o] < N lirco s e (5:10)

Due to (5.2), Ay can be bounded in the L?-norm by a constant independently of
7, in particular this also implies a uniform bound for ||\ ||ze(4). Next, due to

(5.8) and (5.5¢), it holds 6, € H' < L% for any ¢’ € (1,00). Due to (5.6a), i.c.
ip. ¢y = @ in V., and (5.7c), it holds |A| — 0 for v — oo, and therefore

0411104y = 0 for ~— oo,
Overall, from (5.10) it follows
Ay O < CllOy [ par (a) = 0 for v — oo. (5.11)
Now, from (5.11), (5.6g) and (5.6d), we obtain

(\,0) = lim (\,,6,) =0,

Y—>0o0

hence (5.7h) holds. Next, using the definition of p.,, as well as (5.11), it holds
{1y oy —7) :3/527[(% — 0 )P0y (oy — 97 ) da

_ o) 30. de
—3/0[% o), d
=3(\y,0,) =0,
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which proves (5.71), since the limit can also be taken on the left-hand side due
to (5.6f) and ¢, — @ in V,, cf. (5.6a).

Finally, it remains to prove (5.7j). To start, note that by definition of i, it
immediately holds

(i0s83) =3 [ ally =) PO 2 0 (5.12)
and that by the same arguments as in (5.9), it holds
(A (uy) — Apu(0))(2,0),2, —2) > 0 for v — oo. (5.13)

Next, test both (5.5¢) and (5.7e) with z, — z, and subtract the equations to
obtain

(ty = 1,0y = 0) = {1y — 7,0y — V)

=(uy = U, 2y = 2) = (A (u,)(2,0) — A (0)(2,0), 2, — 2)
=(uy — U, 2y = 2) = (A (u,)(2y — 2,0), 2, — 2)
= ((Ais(uy) — Ai(0))(2,0), 2, — z)
- ) _

where again coercivity of Ay, see the remarks above (5.8), is used to obtain the
last inequality.
Overall, a quick calculation using (5.12) and (5.14) now shows,

(1,8) = (1,6,) + {11, 0) — (1, 6) + (p — i, 6, — )

< (s by) + (py, 0) + (uy — U, 2y — 2)
— ((Ai(uy) — A (0))(2,0), 2, — z).

Recall (5.6a), (5.6f) and (5.6g), therefore the first two terms on the right-hand
side converge to 2(fi, #), and the third term converges to zero. Finally, the last
term also converges to zero due to (5.13), therefore (5.7j) follows. O

We have proved our main result Theorem 5.0.1 under the restriction towards
one time step only. For the case M > 1, we can identify the major limiting
factor to be (5.8), where we rely on a ~y-independent norm bound for the adjoint
state z, = (z,, 1) in the space V. To extend our result towards the multi time
step model, it is necessary to also obtain a bound

12 1llvar < elluy = aall e, (5.15)

for a ¢ > 0 independently of . For this, it is necessary to revisit Corollary 3.4.3,
and therefore ultimately Lemma 3.2.3, utilizing different techniques. Without
going into too much detail, let us recall that the constraint violation estimate (5.2)
for A, which we recall to depict the operator R, was an essential cornerstone
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in the 7-independent bound for the solution u, of (ELY). Let us put on
record that similarly, a bound like (5.15) seems to be closely connected to ~y-
independent bounds of the (adjoint linearized penalization) operator R ., or
due to Remark 3.1.2; of the (linearized penalization) operator R;.

Let us close this chapter by emphasizing that uniform bounds in the penaliza-
tion parameter v and the behavior and interconnection of all involved (physically
and numerically motivated) parameters for the linearized and adjoint equations,
as well as the operators R; and R;,, would be of further interest. This is the case
e.g. in the context of stability not only of first-order necessary conditions in the
multi time step setting, but also of second-order conditions. In a future stability
analysis of the SQP method w.r.t. the penalization limit, both the linearized
penalization operator R; and its adjoint R;. e.g. emerge in the subproblems of
the SQP method, see the following Chapter 6. Similarly, norm estimates of R;
and their dependence on the penalization parameter v would be of interest for
[84, Section 4.3] and [128, Theorem 2 in Section 3.2 and Corollary 2 in Section
3.3], where error estimates for the finite element approximation of an associated
quadratic subproblem were investigated. These error estimates involve constants
that in particular depend on R;.
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6. Convergence analysis of the
Sequential Quadratic
Programming method

This chapter is concerned with the second main result of this thesis, a convergence
result for the sequential quadratic programming (SQP) method for the optimal
control problem (NLP{""). In particular, we prove local quadratic convergence
of the SQP method for (NLP/"") with a classical L*-closeness condition for
the controls in Theorem 6.3.15, and with L?-closeness in Theorem 6.4.10. For
M =1, i.e. the one time step model, these results are published as joint work
[85] of the author and I. Neitzel. Note that for the L°°-convergence result,
we adapt the ideas of [152] to our settings. While [152] proves convergence
of the SQP method for optimal control problems constrained by (semilinear)
partial differential equations with control constraints, we recall that our problem
(NLP;"") involves a quasilinear partial differential equation setting as well as
control-constraints. For the L?-convergence result, we additionally use ideas
from [96], which, to the best of the authors’ knowledge, is the first publication
to establish such an L2-closeness result in the context of (parabolic) optimal
control problems.

Let us start with some general remarks. The SQP method is a well-known
and popular class of algorithms that can be used to numerically solve nonlinear
optimal control problems in a fast and efficient way. We do not give an in-depth
overview of the general concept of the SQP method, but instead refer the inter-
ested reader to [94]. In short the SQP method reads: Instead of directly solving
a nonlinear optimization problem, a sequence of linear quadratic subproblems
is iteratively solved. For optimal control problems, this is comparable to a
Lagrange-Newton method, and the SQP method also shares the local conver-
gence properties. In particular, if the initial value is close to the local optimal
solution, then quadratic convergence towards the local optimal solution can be
showed. Note that there exists a meanwhile generally acknowledged procedure
to prove convergence of (general) SQP methods, that can be found in e.g. [6]. To
the best of the authors’ knowledge, first convergence analyses of SQP methods in
the context of PDE constrained optimal control problems are conducted in [155]
(in the semilinear elliptic case) and in [70, 152] (in the semilinear parabolic case).
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One important question is in which sense the closeness has to be chosen. A
second aspect is which assumptions have to be made to ensure that the quadratic
subproblems are uniquely solvable and that the generated sequence converges
towards the local optimal solution of the original nonlinear problem. We have
already stated at the beginning of Chapter 4 that SSCs are an important tool for
the convergence analysis of many numerical algorithms, and in particular also
for the SQP method. In fact, we have also already asserted that the o-strongly
active SSCs for (NLP]"") proved in Section 4.3 are suitable assumptions for the
analysis of the SQP method of (NLP]"").

In the first three sections of this chapter, we follow the approach of [152]. This
means that the starting point for the convergence proof of the SQP method for
(NLP;"") is to reformulate the first-order necessary conditions from Lemma 4.1.3.
Since they involve control constraints, we rewrite them into a generalized equation.
Compare this to the case not involving control constraints, where the first-order
necessary conditions can be expressed in the form of an “ordinary”, i.e. a
standard equation. Subsequently, Newton’s method is applied and by showing
that a property called strong regularity is fulfilled, it is possible to ensure the
convergence of Newton’s method for the generalized equation. Let us therefore
put the focus on this property next, in particular on its connection to second-
order sufficient conditions. Broadly speaking, the strong regularity concept can
be seen as a generalization of the implicit function theorem towards generalized
equations. It is a local property, that demands the existence of a unique solution,
as well as a Lipschitz continuity condition of a perturbation of the problem, in
a neighborhood of a given function. Strong regularity is introduced by [140],
and subsequently used in [58] to prove convergence of Newton’s method for an
optimal control problem in a Banach space setting. Now, when conducting the
SQP method, we solve the corresponding quadratic subproblem and generate
a direction in every step. To ensure the required solvability, usually a second-
order sufficient condition is assumed. However, if (too) weak SSCs, as e.g.
in Theorem 4.2.4, are chosen, the quadratic subproblem generates directions
which do not necessarily satisfy this weaker SSC for the succeeding step. The
reason is that the directions might not belong to the cone of critical directions
of the (too) weak SSC, i.e. this cone could be too small. As elaborated in
Chapter 4, strong(er) second-order sufficient conditions can eliminate such issues,
and therefore simplify the analysis of numerical methods like the SQP method.
For example, choosing the critical cone to be the entire control space QM trivially
ensures feasibility of all directions that are generated within the SQP method.
For M = 1, i.e. the one time step setting, such a setting is presented in [84,
Lemma 4.1]: There, a preliminary analysis of the SQP subproblems is done under
a rather strong local coercivity condition assumption, cf. [84, Equation (4.2)
and Proposition 4.3], that immediately ensures convexity and unique solvability
of the quadratic subproblems. However, in the opinion of the author and many
others!, such SSCs on the entire control space are too strong. Instead, we use the
idea of [152] and utilize the o-strongly active second-order sufficient conditions

Isee again the quote cited from [153, page 247] immediately below (4.10) on page 96
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given in Assumption 4.3.1. We recall that these SSCs are close to the (weakest
possible) SSCs given in Assumption 4.2.3, and only slightly stronger. Then
following [70, 152], cf. also [156], strong regularity and therefore convergence of
the SQP method for an auxiliary quadratic subproblem can be established under
Assumption 4.3.1. We rely on the fact that the slightly stronger SSCs involving
the cone of o-critical directions allow for small perturbations in both L and
L2, which we need in the perturbed problems which are involved in the strong
regularity property. In particular, this ensures that all in the SQP method (for
an auxiliary problem) generated directions again stay feasible, i.e. again belong
to the same cone of critical directions. Only in a second step, this convergence
result can be transferred to the SQP method for (NLP]""), if it is restricted to a
local neighborhood of the optimal solution.

Let us conclude this introduction by giving an overview of the course of
action and the main results of this chapter. We start by giving a precise
formulation of the SQP algorithm and the involved quadratic subproblems,
as well as the associated Newton’s method for generalized equations, in the
upcoming Section 6.1. Here, it is important to recognize that the associated first-
order necessary optimality conditions of (NLP]"7) from Section 4.1 can indeed
be expressed as a generalized equation. Applying Newton’s method, one has to
solve a (linearized) generalized equation in every step, and it is demonstrated
that this corresponds to the solution of the to the SQP method associated
quadratic subproblem. Similarly to [74], we then prove a convergence theorem,
cf. Theorem 6.2.10, which correlates to the well-known Newton-Kantorovich
theorem used for finite dimensional problems. Applying the convergence theorem,
we show local quadratic convergence of Newton’s method, and therefore also of
the SQP method for an auxiliary subproblem in Section 6.2. As prerequisites,
we have to ensure the strong regularity property, as well as further technical
results. The latter contain e.g. Lipschitz continuity of the reduced functional of
the corresponding auxiliary optimal control problem, which involves a nontrivial
analysis. Here, we can also utilize the preliminary results of the operators A
and R as well as the Lagrangian £, cf. Section 3.1 and 3.5. In Section 6.3, we
then transfer this result to the SQP method with L°°-closeness condition of the
controls, following [152], which is our first convergence Theorem 6.3.15. Note
that we incorporate (a.e.) pointwise arguments here, i.e. we need to restrict
ourselves to the L°-localization setting, although the second-order sufficient
condition does not, as a matter of fact, involve a two-norm discrepancy, as
is proved in Chapter 4. Subsequently in Section 6.4, we establish our second
convergence result Theorem 6.4.10, weakening the L*°-closeness towards an
L2-localization, i.e. we effectively allow L2-neighborhoods for the localization in
the optimal control problems. Here we use ideas from [96], and apply techniques
originally stemming from [40] from the context of two-norm discrepancy. Finally,
in Section 6.5, the theoretical results are substantiated by some (simplified)
numerical examples, which indicate that the proved convergence orders also
occur in numerical examples.
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6.1 The SQP method, quadratic subproblem
and Newton’s method

Before we start to state the SQP method for (NLP]"") in detail, let us make an
additional assumption and notational convention, that shall hold throughout the
remainder of this chapter.

Assumption 6.1.1 (Fixed function triple y;). Assume that g is a fized local
minimizer of (NLP]""). The associated y1 = (ar, q1,z1) € Y C YM denotes
a fized function triple that satisfies the second-order sufficient conditions from
Assumption 4.8.1, i.e. in particular also the first-order necessary condition from
Lemma 4.1.3.

We can now look at the SQP method for (NLP}*"). In the introduction of this
chapter, it was outlined that the SQP method is given through iteratively solving
a sequence of quadratic subproblems. Evidently, a thorough description of these
subproblems is of interest: We start by introducing a quadratic subproblem

(QPy) via:
k

Let yf = (uf, ¢F zF) € YM be given, find a pair of functions df =
(dqﬂdu ) = (a1 — CI]{C, uy — u]’f) € QM x WM that solves

=

. 1
min Jue(df) = Ji(qf’, up)df + §Eﬁ’(y§)[(dulﬁc,dq{“), (duy, dgf)],

T

subject to: duf satisfies (ELy) for data dg,

and: dgr € Q.]j“.

(QPy)

In this context, analogously to [85, Section 4], we define

Q:d,]l ={dg e Q™ | ¢ —¢"* <d¢* < ¢ — ¢ ae. on T
foralli=1,..,M},

and the linear partial differential equation (ELg) is given by
A[(ui’k)(dui’k,dwi_l’k) + R[((ﬁi’k, L)01'—1,k;,)/)(dsoi,k’ dtpi_l’k)
= Bdg"" + Bg"" — A(u"*, ") — R(pM o1 ), (ELy)
foralli=1,...,M.

Note that we use a new naming convention from here on, in contrast to the
previous sections: The control function dqp is used to emphasize its use as a
direction for the SQP method, and a similar notation is used below for associated
states duy = (dug, dy) as well.

Under the assumption that (QPy) is solvable, the iteration point is updated
via uftt = uf +duf € WM and ¢F*! = ¢f + dgf € Qaay, with associated
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adjoint sz“ to be introduced below. In summary, the SQP algorithm for the
model problem (NLP}""), similarly to the case of the one time step model of [85,
Algorithm 4.2] and [84], is given by:

Algorithm 6.1.2 (SQP algorithm for (NLP;"")).
(0) Choose a starting triple y? = (u?,¢?,z%) € YM and set k = 0.

(1) Terminate the algorithm with solution y¥, if y¥ = (uf,qF,2zf) satisfies the
first-order necessary conditions of (NLP]"") from Lemma 4.1.5.

(2) Solve (QPy) to obtain dF with associated adjoint zp ™.

(8) Set (qﬁ”l, u]’fﬂ) = (¢F,ul)+dF, with associated adjoint z]’fH, setk =k+1
and go to step (1).

The first task of the analysis of Algorithm 6.1.2 is the investigation of the
underlying quadratic subproblem. Naturally, the questions arise whether the
quadratic subproblems (QPj) are (uniquely) solvable in every step k, which
assumptions, e.g. on yF are required, and if (QPj) can be used in an iterative
method, i.e. if solutions suffice to the assumptions that are required for the
succeeding step. Subsequently, convergence of Algorithm 6.1.2 is of interest, and
so is the order of convergence in case of convergence.

Before we continue, let us collect the following facts concerning the subproblem
(QPy) to be utilized in the remainder of this chapter. We omit the proofs, since
they are straightforward.

Corollary 6.1.3.

e For the control constraints dq; € Q’;d’ﬂ, due to q = qF + dgf, we can
equivalently demand g1 € Qqax, if (QPk) is solvable.

o (dgk,dul) satisfying (ELy) is equivalent to (q1,us) € QM x WM solving
A ) (' oY)+ Ri( 0 ) (6 0
=Bg' — A(u™*, ") — R(p™, ot )
+Al(ui’k)(ui’k,cpi71’k)
+ R, 0 TR (@ TR V=1, M (6.1)

In fact (6.1) is independent of the control iterate i, since it cancels out
due to the linearity of the operator B.

We frequently use the linear partial differential equations (ELy) and (6.1) in its

equivalent formulations without further mention, cf. the equivalent formulations
for linearized equations from (3.72)-(3.74).
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For theoretical reasons and to facilitate the notation, let us further introduce
the equivalent reduced formulation for (QPy), which is given via

min fix(qr) := Jix(q — qf,ur —uf), such that g € Qaar, (QP;ed)

where uj satisfies (6.1) for right-hand side data g;. We frequently use the reduced
formulation in the analysis of our theoretical results. Note that analogously to
the differentiability results of Section 3.4, it immediately holds:

Corollary 6.1.4.

o The first derivative of fij can be determined to be

M

=1

or an adjoint state zy, = z!)i—1.. . m that satisfies
»q q ooy

A () ) + R ) (00
=i~ — Ab*(ui,k7 ul — ui,k)zi,k

i+1,k 1 i—1,k | i+1 _  _k+1k

L N AN I it B
(R LRy i =1, . M. (6.3)
If we look at zy,q for the optimal qr = qf“, it holds that z1 4 = sz“
z1,4 15 In fact the associated adjoint state, see Lemma 6.1.6 below.

, and

o For the second derivative, it holds
S () [dar1, dare] = L7 (yr) (851, dar,), (0f o, dar2)], (6.4)

where ﬁ]’ij, j = 1,2 satisfies the linearized state equation in u]’f, i.e.
A, G IR @R, @)+ Ri(ot o Ry (08, ¢ 1Y) = Bdgg,

for alli =1,...M and for any qi,dqi1,dgi1 € QM. This immediately
follows from the fact that J{(qF,uf)(d¥,d¥) is linear in the pair (g, uy),
and L} (y1)[d¥, d¥] is bilinear in both derivative directions, i.e. quadratic
for the chosen directions.

Some more properties of both f, and fy’;, which follow analogously to
the results for the reduced functional fj from Section 3.4 are postponed to
Lemma 6.4.1. We come back to them below, when we use them for our second
main result in Section 6.4. Let us, at this point already, emphasize the following
two properties:

Remark 6.1.5. Both the remarks in the second bullet point in Corollary 6.1.3
and the second bullet point in Corollary 6.1.4 are important properties in the
analysis of L?-localization of the SQP method, cf. Section 6.4. We rely on the
independence of qF of (6.1), as well as the fact that fﬂ”k is constant in the sense
that it is independent of qi. The latter follows from the structure of fi, and can
immediately be seen from (6.4).
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As explained earlier, the convergence of the SQP method is closely related to
(suitable) SSCs, which are involved in the analysis of the (unique) solvability
of the quadratic subproblem. However, we have to put on record that under
Assumption 4.3.1, the objective functional Ji(dF) of (QPy) is not necessarily
convex for every given yﬁ“ € YM. Therefore at this point, an existence and
uniqueness result is not established. Yet, if we assume that d¥ = (dgF, dul) is a
solution to (QPy), then first-order necessary conditions are a standard result,
that can e.g be proved similarly to Lemma 4.1.3 or [85, Lemma 4.1], or be

adapted from [84, Section 4.2].
Lemma 6.1.6. Let y¥ € YM be given and qf“ € QM be a minimizer of (QPy).

Then, there exists an adjoint state z]]f“ = (zf“, f“) € WM such that,

Al(ui’k)(dui’k7dg0i_1’k) + Rl(‘ﬂi7ka (pi_l’k;’y)(dtpi’k, d(pi_l’k)
:qu,k+1 _ A(ui’k,(pi_l’k) _ R(Wi,k’wz—l,k;,}/) Vi = 1, ...,M,

(6.5a)
Al*(ui’k)(zi'k+1, wi-&-l,k-&—l) + Rl*(‘,@i7ka (pi—l,k7 (piﬂ-l,k; ,Y)(,(/)i,k-i-l7 ,wi—i—l,k—i—l)
— ikt _ Uiz _ Ab*(ui,k7 dui,k)zi,k

_ Rb*(@i,k’ wi—l,k, (,OH_Lk, d(ﬂi’k, d(pi_Lk, dtpiﬂ’k;’y)(zﬁ’k, wH_Lk)

Vi=1,..,.M,
(6.5b)
(B*z““r1 + agtt gt — qi’kH)Q >0 Vi=1,...,MandVq € Qqar }
(6.5¢)
holds, where du]’f = u]]f'H — uff.

Remark 6.1.7. Note that in Lemma 6.1.6 we use the update directions du]’f
in a short notation in both (6.5a) and (6.5b), while the optimal control update
directions dq¥ do not appear in (6.5¢). Similarly as in (6.1), the linearity
of the operator B is used here. Of course, also (6.5¢c) can be given in terms
of dgi and qF, both in di,ﬂ' In slight abuse of notation, both notations are
frequently used where applicable and useful to ease readability, and we also call
GF* and uF T with associated z¥ a solution of both the nonreduced subproblem
(QP) and the reduced subproblem (QPY). Analogously, we say that a triple
yﬁ““ = (uff“,qf“,zf“) satisfies the first-order necessary conditions of both

(QPy) and (QPeY) if it satisfies (6.5a)-(6.5¢).

We again want to point out that convexity of (QPy), or equivalently (QP?)
is an open question at this point. The reason is that we involve control con-
straints and also only demand that dg; € C,(qr), i.e. we use only the (weaker)
Assumption 4.3.1. In contrast to the setting of e.g. [84], as explained in the
introduction, we therefore cannot use a direct approach to establish solvability
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of the quadratic subproblems, cf. e.g. also the references in [153, Section 4.11.3].
Instead, we need to use an indirect route through several auxiliary subproblems
and results following the course of action of [43]. Let us start the analysis by stat-
ing Newton’s method for a generalized equation, that emerges from equivalently
rewriting the first-order optimality conditions of (NLP]"7) from Lemma 4.1.3.
It is then possible to investigate convergence of Newton’s method for auxiliary
subproblems. Following the ideas of [5, 152], inspired by the first-order necessary
conditions (ELY7), (AE"") and (VE™"), we state the generalized equation

0 € Fi(yr) + Ni(yn). (GE)

In this context, the mapping Fj: YM — ZM and the set valued map
Np: YMZZM | as well as (GE), is understood via

0e Fi(y',y Ly ™) + Ni(y)  foralli=1,.. M. (GEY)

Here, the mappings F*: Y x Y x Y — Z and the set valued map N*: Y337 are
defined via

Fily', gty ™) =
A, ") + R(¢', ¢ ') — Bg'
Ap () (2 ™) + R (@', o o) (W ) —a +ul |, (6.6)
B*Zi +Olqi
and
(o i\ T
N'(y') := (0,0, Nuc(q)) (6.7)

where N,.(q') denotes the normal cone of (Qaayn)}; at a fixed ¢" € Q. In this
context,

Nuc(q") ={dq' € Q| (dq’, ¢ —q')q <0 forall §' € (Qaar)ji},

slightly abusing notation, meaning that (Qaa,r)); is the i-th entry of (Qaq;1) in
the sense that for a fixed ¢, it holds

(Qaa )i = '@ | ¢.<q¢ <q ae onT} (6.8)

The mapping F7 is nonlinear in the state variable uy, since the operators
A and A; are nonlinear in uy. It is Fréchet differentiable from Y into ZM, a
result established below in Corollary 6.1.8, where also explicit representations of
the derivatives (F)’ are stated. For better readability, this result and further
properties of Fy that are essential for the convergence analysis of Algorithm 6.1.2
are postponed to Section 6.1.1. In any case, Newton’s method can be applied to
(GE): Given the function triple yF € Y™ the next iterate yf“ is determined
by solving

0€ Fyf) + F (b)) wi™ —uf) + Ni(yf ™) (NM)
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which is again a generalized equation. Now, simply inserting the definitions of
Fi, Nt cf. (6.6)-(6.7), and (F%), cf. (6.9), into (NM), we can conclude, after

some rearranging:

Atk i=Lky | R(pik =Lk 0y ikt
P A (uR) (ub L ik i Lk e Ly

T o O
A (0iF) (zR 1 WH k)

Ry, (R i IR LRy (kL ik
NS ui R P LT UL L P

1,k i+1,k i, k+1 i,k
+Rb*( ) sz ) (IDZ+ 9 SDZ - SDZ )

i—1,k+1 i—1,k 1,k+1 i+1,k ik i+1,k
N L | (LR i I )

(B*Zi,k-‘rl + aqi,k+17qi _ qi,k-i-l)Q > 0 vqﬂ c Qad,]ly

for all ¢ = 1,...,M. It is easy to see that these are precisely the first-order
necessary conditions (6.5a), (6.5b) and (6.5¢) from Lemma 6.1.6, setting duf =
u]]f +1 u]I and qu = qkJrl qﬁ“. This means, that it is possible to investigate
convergence of Newton’s method given through iteratively solving (NM), and to
obtain an equivalent result for the convergence of the SQP method for (NLP}""7).
Note that again the main difficulty is to ensure that the iterates generated by
Newton’s method (NM) fulfill the assumptions needed to continue Newton’s
method for the next iterate, which means they have to stay once more within a
neighborhood, where a local coercivity condition holds true. This is ensured by

investigating convergence of an auxiliary subproblem in the next Section 6.2.

6.1.1 Auxiliary results for the operator Fj

In this subsection, we establish some auxiliary results for the operator F' from
(GE), the operator F* from (6.6) and its derivatives. They follow along the
lines of [74, Lemma 6.2], and are e.g. required for the application of Dontchev’s
implicit function theorem [58, Theorem 2.4], that is used in Theorem 6.2.10.
The key point is again to ensure the differentiability and Lipschitz properties in
suitable Banach spaces, which can be inherited from the operators A and R, cf.
Chapter 3.

Corollary 6.1.8. The mapping F* from (6.6) is Fréchet differentiable from
Y xY xY into Z. The derivative (F*) is given by:

(FYY (g~ g™ @ 5 57 = (FD, (FY), (F7))" (6.9)

where
(F) =A@, ¢ ") + Ri(¢’, " (@', ¢ 1) — BE,
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(F)y = Apc(u',0)z" + Ap(w') (2, )
+ R (¢ o' o) (0 ) —
(FY% :=B*z' + ag'.
This in turn means that the operator Fy is Fréchet differentiable from YM into
zM,

Proof. For the case M = 1, this result has been given in [85, Section 5.1] by
I. Neitzel and the author. It follows directly from Fréchet differentiability of
A, A;, R and Ry, cf. Lemma 3.1.4 and Lemma 3.1.7, and the linearity of the
operator B, see Definition 2.3.8. O

Lemma 6.1.9. Let i1 € YM be given. For any 0 < 1,09 € R, there exists
a constant 0 < L(@wi,@2) € R such that for all y1; = (ur;,q1;,21,;) € yM
with |[u; — |y, |21 — Zillwa < @1, 5 = 1,2, and for all yy € Y™ with
llar — agllw o, |21 — z1|lww < @2, the following Lipschitz condition holds:

| Fr(yr,) + Fi (yra) (v — yi1) — Fi(yn2) — Fi (yn,2) (1 — y1.2)|| zm
< L(@1,@2) (a1 — anzllww + (21,1 — z2llwa ).

Proof. For the case M = 1, this result has been proved in [85, Lemma A.1]. Let
Y1, y1,; be as assumed in the lemma. We establish the following result:

IF (w0 o™ + (FY W wt D@ —hy ™ =y =it
— Fysuy oyt = (Y (b, s s W — by =y Ly — itz

< c(@1,@2)([[ur1 — upellwa + [|z11 — z2llwa),

for all i = 1,..., M. The statement of the lemma then immediately follows from
the definition of the norm of ZM™. A quick calculation verifies

Fiyi L™+ (FY o Lo — oy =y =yt
— Py st — () (vhws L st — vy — o Ly — it
fi(ul, @) = fi(ug, 0h )
fa(ul, o7t o 2l ) — faub, bt bt gh, w5t |
0
with

i—1

fl(u§'750j )
= Aw), 057" + R(95, 95 57) + Al(u)) (u' — g, 07 = o)
+ Ri(h, 0 ) (0f — ok, 0t — T,

i1 el i i1
fQ(u;')SO;' 590;'+ 7Z;”w;’+ )
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1= A () (2, ) + Ria(0h, 05 ol ) (0, )
+ Ab*(uj-, u’ — u;)z;
+ Rou( 05 Ly = e — ey LT = e (g v,
We want to point out that neither f; nor f; depend on any of the controls
491,92

e For the difference in the f; terms, it holds
fl(u§7 @i_l) - fl(u§7 @g_l)
=A(u, 01") — Aug, 05 1) + R, 017 57) — R(#5 05 57)
+ (A(u)) - A(uh)) (0’ —uf, o' =i
A () ()~ - i)
+ (Ri(ol, 01 157) = Rilh, 05 557)) (0 — ¢l 0 =)
+ Ri(ps, 05 5708 — oL bt — o1 1)
Estimating the terms in the W* and L? norm, respectively, using
Lemma 3.1.5 and Lemma 3.1.8, leads to
IAQul, 077" = Aud, 05 Hllwx < e(@)llugs — uralwar,
IR(¢1, 175 7) = B9, @5 57l page) < e(@n)|urs — upa|lwa,
I(Ai(ui) = Ar(u)) (u" = uf, ot = @7l
<c(@1)lury — ur2lwa[far — apaffwoa,
I(Ru(eh, 01 157) — Ri(0h, 055 7) (0" =, 0 = 0 Doy
< c(@1)[ur,1 — urellww [[ur — ag [y

Note that the constants 0 < ¢(&1) € R stem from the constants in (3.36),
(3.56), (3.38) and (3.57), and are bounded depending on @; (and on
|lag|lwa ), but not on urug;, j = 1,2, due to the triangle inequalities

g jllwar < flagflwa + Jlur; —aullwsr < flagllwas + o,
for 7 = 1,2, as well as our assumptions.
Finally, by Lemma 3.1.3 and Lemma 3.1.6
1A (us) (us —ul, 05" — @y ) lwx <el@)|ury — urallwar,
1R1(03, 055792 — 1,05 = 1 lzag) < e(@1)ury — urzfwor,

where the constants 0 < ¢(@1) € R stem from (3.15) and (3.52), and the
analogous remark to above holds.

Combining all estimates, and recognizing that ||up — ug;|lwx < |lur —
gy + ||ar — ug|lwa < @1+ @9, for j = 1,2, we conclude

£ (ui, 07") = fr(ud, o5 ) lwx < (@, @2)llugy —ugllwar. (6.10)
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e For the difference in the f-terms it holds:
Fai i oz, U — fa(uh, 0y 2, 05T
= (Apc(uy) — Ap(u3))(2", ") + Apa(u) — ug,u’ —ul)z
+ Ape(ug, u' —uj)(z) — 25) + Api (a3, uy —uj)z;
+ (Rie (01, 01 L9015 7) = Rie(ph, 05 L 0b™59) (@07, )
+ Ry (01,07 105 0" — 0l 0 =i e = i)

(1/)1, Z+1)
— Rpu(0h,05 000" — ol 0 T = oL et — o)
(wla z+1)

+ Ry (0l 05 bt ot — ol ot — ol T — i)
(] — g, it = gith
+ Ry (0h, 05 ,90%“7% — b = et — it )
(w% H_l)'

Again, estimating the terms in the W?>*, using Lemma 3.1.5 and
Lemma 3.1.3, yields

(A (u}) = Ap(3)) (2", ) e < e(@r, @2)[[uzs — uzallwar,

as well as

[ Aps (0] — ug, 0’ — i)z [lwx <e(@)l[ury — urzllw |ur — urafwa,
[ Aps (w0’ —uy)(zy — 25)[lwx < (@)l —urallwar|zn1 — z02llw,
[ Ap (wh, wh — uf)zd[lw< < c(@1)|lury — urllwo,
where the constants 0 < ¢(@1,@2) € R stem from (3.41), and are bounded
depending on @; (and |||y, ||Z1]|y a0 ), but not on uy, uy ;, ug, 21 ;, again

due to the triangle inequality and our assumptions. Similarly, using
Lemma 3.1.8 and Lemma 3.1.6, we estimate

(R (01, 9755 7) = Ris (b, 05 59)) (@, 0" ) | La(e)
< (@1, @2)[lury — urz|lww,
[ Roa (05,08 05 0" — 01, 0" — i 0 — ol ) (9, 9t
— Ry (5, wé‘ﬂ o5t 0 — o, 0" Tt — i ot — )
(W1 T e
<c(@)llar1 — urallwar |lar — anffwar,
| R (03, 05 05 0 — 0l 0" — i1 o't — ot )
(W1 =05, U = 9yl

<e(@)|ag —ugy ||y ||z — 212w,
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|| Row (05, 051, 05T 0 — b, bt — i1 oL — it )

(5,05 )|
<c(@n)fury — u gy
Combining all estimates and again using ||uy — uy ||y < |[jur — anl|ywa +

Hﬁ][ — U]LjHWM < @ +wo, as well as ||Z]1 — Z]Lj”WI\/I < HZ]I — E]IHWM + ||2]1 —
zrj|lwm < @1+ @o, for j = 1,2, we conclude

HfQ(uZi>50§71’90§+1’Z§7 i+1)—f2(ué7(pgil7(p§+1,zé, %Jrl)”WX
< (@1, @) (llury —arallwar + llz11 — zi2llwa). (6.11)

The statement for all ¢ = 1, ..., M now follows from (6.10) and (6.11), and the
definition of the operators Fy, Fy respectively, as well as the definition of the
norm ZM. O

Lemma 6.1.10. The operator Fy, given implicitly through (F')’, cf. (6.9) for
alli=1,..,M, is locally Lipschitz continuous w.r.t. y; as a mapping from Y
into ZM, i.e. for any 0 < & € R there exists a constant 0 < L(@;) € R, such
that for all YL = (ll]Lj, qu,Z]Lj) S YM, with ||11]17j —ﬁHHWM, HZ]I,j —ZHHWM < s,
i=1,2 and all yy € YM, it holds

(K (yi1) — F (yr2)) nll zm
< L(@1) (lhary = urellws + [|zn1 — zzallwa) (Iaallw + [|z1llwa ).

Proof. For the case M = 1, this result has been proved in [85, Lemma A.2] of
the author and I. Neitzel. As above, we again establish a Lipschitz condition for
the operator (F*'), for i = 1,.., M arbitrary, i.p.

I(EY iyt = (FD (w05 Ly D)) Wy y™ D],
<e(@1,@2) (Jlury — urallwar + llzn1 — zo2llwar) ([[allw + [zl ).
A quick calculation verifies
((FY (oot = (FY (5,95 Lws )Wy ™y
fr(al, o5 ) = fi(ud, o)
fo(ul, o o2, U = falug, on s 2 vt |
0
with
fi(al, @) = A(ud) (u, ") 4+ Ri(eh, o) (e o).
Fa(ug, 0571 o 2 ) = Ape(uf, u)zg + A (u)) (2,97
+ Rou (0%, 05 05t 0 0 0P ) (), it
+ Ri (@, 05 5 (', 9,
where we again point out that both f; and f> are independent of any control
qn, 41,1, q1,2-
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e For the difference in the fi-terms, it holds:
fl (uia @g_l) - fl (uéa QO%_I)
= (Ai(u}) = Ay(uy)) (w', ")
+ (Ri(er, 017 57) = Rileh, 05 57) (%07,
By term-wise estimations, using Lemma 3.1.5 and Lemma 3.1.8, it follows:

1(Ar (i) — Ar(ug)) (u', ") [l
<c(urillwar + llagellwar) ugs — wrz|lwa oy,
I(Ri(e%s 21 57) = Ru(ehs b 5)) (', Dl nae
< c(l[agallwar, [[arz|lwar) [lugy — a2 |lwas ||l
Note that as in the proof of Lemma 6.1.9, the constants on the right-hand

side can again be bounded only depending on @; (and on ||ug||yy»), due
to our assumptions and the triangle inequality. We thus conclude

W]M”U]Illwl\l.
(6.12)

11 (ut, @i7") = fulud, 057 llwx < e(@)lury — gy

e For the difference in the fo-terms it holds:

Faui, @it oy 2, ) = fa(ug, 0 ey 2, s
= Ape(u, u')z] + Ap(uy) (2, 9"
+ Ro(o1, 01T @' o' T e T (W )
+ Ri(p1, 07 5 (@0, )
— Ap(uh, u')zh — Ap(u3)(2', )
— Rou(0h: 05 05t 500 0 o ) (vh, w5t
— Ri(¢h, 05 L) (00 9
= (Ape () — Ay (uh,00)) 2 + Ay (udu) (2] )
+ (Bo (el o1t el 0T o) (0, v
— Rou (5,05 1,05, 0% 0" 0 ) (9, )
+ Rou (05,95 05, 0% @ @) (0] — Wb, it — st
+ (A (ui) = A (uy)) (2°, )
+ (Rie (21, 01715 7) — Rualiph, b5 7)) (0%, 91,
Again, term-wise estimations, utilizing Lemma 3.1.5 and Lemma 3.1.8, it
follows
I (Ape () — Ay (1, 0))

<c(Wn)|lurr — arellww flurflwo,
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[(Rox (04, 01 07 @' 01 o™t ) (0, i)
— Ry (b, 05 05t 0h oL T ) (08, ) Lagey

@)llar, — arg|lw o [[agllyar,

<cf
||(Al*(ui) A (ub)) (2", ") |y«
< C(Ql)lluﬂ 1— g 2||WMHZH||WM»
[(Ru (0}, 07715 9) — Ris (b, 0575 9) (7, ") e
<c(w )”uﬂl_uHQ”WMHZ]I”WM»

From Lemma 3.1.3 and Lemma 3.1.6, it immediately follows

[ Ap (uh, ') (25 — 25)||lw <
<c(@n)|fwll[war |z, — z12llwa,

| Ros (0%, 05 05T 0% 0 1 T ) (0 — vk, 0 — i) | Lo
<e(@)|lug[w l|z1 — z12]lwae-

In all above estimates, as in the proof of Lemma 6.1.9, the constants ¢(w1)
on the right-hand side can again be bounded only depending on @; (and on
|[az|ly» and |25y ), due to our assumptions and the triangle inequality.

Combining all estimates, analogously to the proof of Lemma 6.1.9, it is now
possible to conclude

Hf( ’i awi_lazivwi—i_l)_fé(u%v@Q 730?_1 Z27 H_1)||W><

7/
1,
< (@) (Jhagy — wrallwar + [z — zollwar ) (Jarflwar + [lzel|war).  (6.13)

Finally, combining (6.12) and (6.13) concludes the proof, analogously to the
conclusion in the proof of Lemma 6.1.9. O

Let us finally show a quadratic bound for the second-order remainder of the
derivative of Fy, which is used for the quadratic convergence result in the proof
of Theorem 6.2.10. In contrast to [73, Theorem 7.1], where such a quadratic
bound follows immediately from the second-order Fréchet differentiability of Fr,
for the Fy of (GE) this requires some additional work, since the operator R is
not three times differentiable, and hence Fj is not twice differentiable.

Lemma 6.1.11. Let ijy € YM be given and y; € YM with ||ug — ay||yy, ||Z1 —
ug||ym < @3 for some 0 < @3 € R. There exists a constant 0 < L(@s) € R such
that

1F2(5) = Fi(yr) = FY () @1 — )| 200 <L(@s) (llur = Tl + [|zn — 2§y

Proof. For the case M = 1, this result has been proved in [85, Lemma A.3] by
the author and I. Neitzel. As already explained, the quadratic bound on the
right-hand side cannot be deduced from twice Fréchet differentiability of Fi,
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instead the structure of Fy is taken advantage of. As in the previous lemma, a
quick calculation shows, for all i =1,..., M,

_(Fz) (yz i—1 z+1)(( z 1 z+1) (yz yi—l yz'-',-l))
fl(ﬁia()5 ,yu ’(pz 1)
0
with

fl(ﬁiy @7;,1, ui’ (piil)
=AW, + R0 ) — AW ¢ ) - R(eh )

— A(u Z)( ul, ot — i
— R, ") (@ — ', @ — ', (6.14)
f (u SDZ 1?@ + Z ¢1+1’ 17SD 7SDZ+1 7w2+1)

i

= A (@2, + R (@', 0L @) (07, 97

— A (0) (2,9 = Rue', ' o) (00, 9

Ao, )’ = A ) a5 )

— Rou (0,0 L0 @ — h @ =TT T — o L) (9 gt

— R (¢, 0 Lo ) (@ — gt T =gt (6.15)
We note again that the difference in the last component is zero, and that there

is no dependence on any control g, q.

o We start again with term-wise estimations of fi: For the terms involving
R in (6.14), introduce the auxiliary functional T': [0,1] — L9(Q2), T'(6) :=
R(¢* +0(0" — "), "L+ 0(p" 1 — o'~ 1); ), due to Lemma 3.1.7. Using
Taylor’s expansion T'(1) = T'(0) + 1" (0) + 37" (6), for 6 € (0, 1), this means

R(@67hy) — R, 7)) — R(e, @)@ — ¢, @ — ')
1 i A i i
=R +0@ —¢), 0 H 0 = "))
@ =T = (@ = T =),

thus estimating in the L9-norm, using Lemma 3.1.6, we obtain for all terms
involving R:

IR(@", ¢ 5 7) — R(¢', ¢ 157) (6.16)
—R(&e")(@ =, 6 = 0" DL
=c||R"(¢" +0(¢" — "), "+ 0(E" T — "))

@ =@ =) (@ = T = " Dllee)
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SC((D3)Hﬁ]l _uH||I2/VI\4« (6.17)

Analogously, for the terms involving A in (6.14), we obtain using
Lemma 3.1.4 and then Lemma 3.1.3:

A, @ 1) — A(u', 0" y) = A(u) (@ —u', @ — o[l
:CllAb( Ho(@ —u))[(@ - '), (@~ u)]flw
< c(@s)|ar — gl (6.18)

Combining (6.17) and (6.18) yields
I£1(@', " w0 Y llwx < ef@s)lltr — [ (6.19)

o For term-wise estimations of f>, we introduce the auxiliary functional
T:10,1] = LUQ), T(0) := Ri(¢"+0(¢" —¢"), " +0(p" 1 =" 1), o +
0(@" 1 — 1)) (17, '), due to Lemma 3.1.7. Using Taylor’s expansion
T(1) =T(0) 4+ T'(9), for 0 € (0,1) this means

Ri (@@, 0 ) (@, 9 = B¢ ¢ o ) (@, 07
:Rb*(gﬁi 4 9(952 _ 901') i—1 + 9(@1’—1 o QDi_l),QOH_l + 9( —i+1 (Pi+1)a
(P _ QO (pl 1 @i_l,@i+l _ (PH_l,’Y)(’(/J ,¢1+1).

Thus, the terms involving R in (6.15) can be directly estimated in the
L9-norm,

||Rb*(<,0i +6(p" — Lpi), o 4 9(@1‘—1 _ Sﬁi_l) ot 0(p —i+1 L,OH_l),
7 — o' G = L — ), )
— Rpu(¢" "L ot 50 — o gt (pifl,@iﬂ — Gt
@ " ) Lago)
< |[Roe(@ 4+ 0(F — 1), 01 4051 — 1), o+ 4 (! — it
5 —of Gl il Gt it )
(W' =" ™ = "™ ) ey
+ || Rox (" + G(Lﬁi — o), @ (P — ), T 4 g — i),
o =, sol ' ¢¢_17¢¢+1 — ") @Y
— Riu (0%, 0L, 01T g — o g1 — i L — it )
(6, 0 ) ooy
Using the definition of the operators Rp. from (3.12), using Lemma 3.1.6,
we continue to estimate

[Rox (9" +0(8" — "), 0" +0(0" 7 — o' 1), ™+ 05" — o),
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1 %

@i _ @i,@i_ — —17951'-'!-1 _ S07/-'1-1,,}/)
(,(/)2 _ ,(/}z,wz—‘rl _ '(/)2+1)‘|LQ(Q)
< c(@s)[lar — wilwar ||Z1 — 21|, (6.20)

as well as, by Lemma 3.1.8:

[Roi (0" +0(8" — ), "+ 0(@" ! — " 1), T+ (5" — '),
G — o' @ — T T — oLy (g T

_ Rb*(goi,goi*l,goiﬂ;@i _ (pi,@ifl _ @Fl’@iﬂ _ <piﬂ;,y)
(CURTS] FPIeS
< c(@s)[lar + 0(ay — ur) — ayflyyar [y — gl
< o(@s) |y — uyl[fy - (6.21)

Analogously, for the terms involving A in (6.15), we obtain using Taylor’s
expansion due to Lemma 3.1.4,
Al*(l—li)<zi7 in—H) _ Al*(ui)(zi, ,(/)i—i-l)
_ Al*(ui)(ii _ Zi7,¢_)i+1 _ wiJrl) _ Ab*(ui, l—li _ ui)zi
:Al*(ﬁi)(ii, ,in-‘rl) _ Al*(ui)(iiﬂz“—l) _ Ab*(ui, ﬁi _ ui)zi
= Ap(u’ + (0" —u'), 0’ — u')z' — Ap. (v, 0" — u)z’
= (Ap (0" +0(a" —u’), 0’ —u’) — A, (u’, 0" —u'))2Z’

+ Ap. (0, 0* — u)(z" — 2%),

which can be estimated using Lemma 3.1.5 and Lemma 3.1.3 to be
[Ap (@) (@', ") = A (u')(2", ")
— A (u)(2" =2 T =) = A (uf,ut - )2
<e(@3)[luay + O(ay — ugl|ya[[ar — gy

+ o) (@s)l[ar — urflwar |21 — z1f| o (6.22)

Combining (6.20), (6.21) and (6.22), and using Young’s inequality, yields

||f2(ﬁiﬂ @i_17 ¢i+17ii7¢i+17 uia Soi_17 (pi+1a Zi7wi+1>||WX

< c(@s) (|lar — il fpar + 121 — zill3 ). (6.23)

Note that again all constants 0 < ¢(@3) € R only depend on @3 (and on ||ag||y
and ||zl ), cf. the proof of Lemma 6.1.9 and Lemma 6.1.11. The statement
for all i = 1,.., M now follows from (6.19) and (6.23), and the definition of the
operators Fy, F{ as well as the definition of the norm of Z M. O
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We have already stated in Lemma 6.1.9, Lemma 6.1.10 and Lemma 6.1.11,
that all results are independently of any controls and control directions g, q1,5,
j = 1,2. In particular, the locality assumptions for the controls are never
incorporated into the results. It is therefore immediately possible to replace all
spaces YM and ZM by the spaces Y and ZM, and we can conclude:

Corollary 6.1.12. The results of Lemma 6.1.9, 6.1.10 and 6.1.11 hold true
in the Y2 — ZM setting. In particular, we can simply replace all involved spaces
YM and ZM by the spaces Y and ZM.

6.2 Convergence analysis for an auxiliary se-
quence

In the previous section, the SQP method was equivalently expressed in the form of
a Newton method. Yet, the lack of convexity of (NLP"") under Assumption 4.3.1
is still an impediment, and it is still not clear whether the generated directions
again lie in the cone of critical directions from Assumption 4.3.1, regardless of
whether the SQP method or Newton’s method is used. In a first step, we alter
the setting towards an auxiliary subproblem, that involves not the admissible set
Qad,1, but a slightly different admissible set that fits the critical cone involving
o-active constraints from Assumption 4.3.1. This idea stems from [152], and
suggests to split Eh\e analysis into several steps. In a first step, an auxiliary
problem, called (QP}), is introduced and analyzed, and the strong regularity
property is proved for this problem. Based on this, a convergence result can then
be utilized to ensure quadratic convergence of the generated iterates towards g.
In two further steps in Section 6.3 and Section 6.4, introducing yet two other
auxiliary, localized subproblems, we transfer the convergence results towards
localized versions of Algorithm 6.1.2, first with L°-localization as in [152], and
then with L2-localization, using the ideas of [96]. For the setting M = 1, i.e. the
one time-step setting, these results are proved in [85, Section 5, 6 and 7] by I.
Neitzel and the author.

6.2.1 The auxiliary subproblem (QP,)

Let us straightaway introduce the following adjusted admissible set

Qaa1 = {q1 € Qaax | g1 = @ on Z(0)},
where we recall from (4.20) that Z(0) = {x € T | |B*Zz'+aq'| > o Vi=1,..., M},
and that ¢ is a local optimal control for (NLP]""7), cf. Assumption 6.1.1. The

auxiliary subproblem (@k) of this section can then be stated via:
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Let yF = (uF,¢f,2zF) € YM be given, find a pair of functions df =

(dgF,dul) = (g1 — ¢f,up — uk) € QM x WM that solves

. 1
min Jp(df) = Ji(gf up)df + S L7 (yf)[(dug, dgp), (dut’, dgp)],

k
dH

subject to: duf satisfies (ELy) for data dg,

and qr € @ld\,ﬂa
(QPy)

where we recall (ELg) from the definition of the problem (QP}) to be

Ay(u Ry (dutF, dp' R + Ry, o R ) (dt R, dpt )
= Bdq"" + Bq"* — A(u"*, o) — R(pMF, 0T ) Vi= 1, M,

cf. the equivalent formulations for linearized equations from (3.72)-(3.74),
as well as Corollary 6.1.3 and Remark 6.1.7.

Similarly to (QPfd), the reduced version is introduced. For the same fyj as
in (QP%ed), it reads

——red

min fi x(q1), such that ¢ € Qaa1. (QP, )

Using the same ideas as in [152, Lemma 6.2], we investigate e>gs\te1£:3 and
uniqueness of a solution of (@k), which we denote by df = (dgF,duf) =
(GFT! — gf, 6" —uf) € QM x WM. For this purpose, in [85, Lemma 5.1] of
the author and I. Neitzel, for the case M = 1 a coercivity condition is proved,
and for (@k), we can analogously show the following coercivity condition:

Lemma 6.2.1. Let Assumption 4.53.1 hold and cssc > 0 be as in Assump-
tion 4.3.1. There exists a constant wi > 0 such that for all yf € YM with
[uf — ay||ypar, |uF — ay|lyy < wi, the coercivity condition

c
ol

'C]/Il(yl{c) [(ﬁﬂ,k, qﬂ)? (ﬁﬂ,k7 QH)] >

holds for all Gi which satisfy Gt = 0 on Z(o), and (G, Grk) € Qaax x WM
satisfying

Ay )@, @) + Ri(e"t o) (G a ) =BT, (624)
foralli=1,..., M.

Proof. The proof of the one time step problem is recapitulated for the multi
time step setting: First, assume that y¥ € Y™ is fixed but arbitrary, and fulfills

Hué — ﬁ]IHW}M, ||Z]lf — ZHHWM S Wi, (625)
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for an 0 < w; € R to be determined below. Let ¢y and Gy ; be as assumed, and
let further @iy be the solution to

A(@) (@, @ + Ri(@', @ (@ @) =BG Vi=1,..,M.  (6.26)
Note that by Lemma 3.2.3, we obtain
[ [lws < cll@illgn  and [[gellws < (c+er(w))allor, — (6.27)

for a constant 0 < ¢ € R that depends on gy, but not on yf, and a 0 < ¢1(wy) =
O(w1), also independently of yf The latter holds true due to the dependencies
of the constant involved in (3.77) on the norm of the linearization point, here
|[uf||yy», in combination with (6.25) and the triangle inequality

[ lwar < l8sllwar + [luf = Qllws < e+ wr. (6.28)
For later use, we point out that completely analogously it also holds
Iz lw s < Zillwar + l2f — Zillwar < e+ o (6.29)

An easy calculation ensures that the difference Gy — G- is the solution of

Ay, —al, gy = @) + Ri(@' ¢ ) (8 - 2L gy — @)

= [A(@’) = A ()] (g, &)
+ [Ri(@", 6" 757) = Ri(@™, " 5] (81 21 - (6.30)
The right-hand side can be estimated, using Lemma 3.1.5 and Lemma 3.1.8,
[ A (@) (0, 2 1) — (™) (@, @57 =
+ 1R, &)@k B 1) — Ri(@™ 0" ) (1 B D Ileey

< 2c(|[tullwar, [[uf [lyar) [Tr — ag gllya |G

< co(wr)||0p

|WM7

again with a constant 0 < ca(w;) = O(wy), independent of yf due to the
dependencies of the constants from (3.37) and (3.57), and the triangle inequality
(6.28), as well as (6.25). Therefore, from Lemma 3.2.3 it follows

[, — Ar- [y <ez(wi) |Gk llw (6.31)
A short calculation now leads to

L (yf) (e, G), (g, @)
= £/ @G, @), (e, )] + |4 (0F) = £8/00)] (. @0, (i @)

+ [[’]/I/(yﬁc)[(ﬁlkaqﬂ)v (T, @1)] — L1 (y1) (-, G0), (ﬁH,—vd]I)]]- (6.32)
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The aim is to bound all terms of the right-hand side of (6.32) from below.
Recognizing that g lies in the cone of (o—)critical directions C,(gr) from (4.21),
by Assumption 4.3.1 it holds

L () [(Wr -, @), (A, G1)] > cssell@lgm- (6.33)

The Lipschitz results Lemma 3.5.3, yields, for a 0 < ¢ € R not depending on
k
yr, that

2wty — 22 )| (@ @), (3, )
> — clfi [ (luf lwss + [llwss + 12 s + [zl

“(lhaf = Gullwar + llzf — Zllwar).
Continuing, using (6.27)-(6.29), as well as (6.25), leads to

|24 E) = £ @) |G, @), (81, 0)] > — cwn (el
> — ey, (639)

V

for an 0 < c3(wy) = O(wy).
Similarly, by Lemma 3.5.4, for a 0 < ¢ € R not depending on y,

|22 )G @) (i, @] — £ ()i @), (3, )]
> — cljuf iz llwar ([awllwsr + 1 flwa) 8 — 8w
> —c(e+wi)?(c+ erwn))ea(wn) @l (6.35)

where (6.28)-(6.29), and (6.27) as well as (6.31) were used to obtain the last
inequality.

Finally, collecting all estimates from (6.33), (6.34) and (6.35) we conclude
from (6.32) that

LY () [k, dr), (e, @)] > (csse — c(wr)) ||qHH2QM7

for a 0 < c(w1) = O(wz). Thus, choosing w; sufficiently small, it holds (cssc —
c(wl)) = ©85¢ which concludes the proof. 0

Existence and uniqueness of a solution to (@k) now follow by standard
arguments, cf. the one time step case M =1 in [86, Corollary 5.2] of the author
and I. Neitzel.

Corollary 6.2.2. Let yF € YM fulfill ||uf — tyy, [[uf — zZ1|lyr < wi, for an

w1 > 0 sufficiently small as in Lemma 6.2.1. Then (QP,) has a unique solution
qu+1 € Qq4,1 With associated fl{f“ e WM,
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Proof. The proof is standard, see e.g. [152, Corollary 6.3]: The auxiliary
subproblem (@k) is of linear quadratic nature, Where the quadratic part is
given by the (constant) second derivative fi’; = Ly (yF), cf. (6.4). Coercivity thus
immediately follows from Lemma 6.2.1, under the assumed smallness condition
for uf and zf, and hence (@k) is a strict convex optimal control problem on
the feasible region of (@k) The remainder now follows by standard theory, cf.
e.g. [153, Theorem 2.14], and is omitted.

O

First-order necessary conditions for the one time step model are given in [85,
Corollary 5.3] of the author and I. Neitzel, and once more immediately follow in
a standard way both for the case M =1 and M > 1. Therefore, the proof is
omitted. Note that under the same locality condition for yf as in Lemma 6.2.1
and Corollary 6.2.2, the first-order necessary conditions are also sufficient.

Corollary 6.2.3. Let yF € YM be given, such that |[uf — gy, |28 —z1|ya <

w1, with wy suﬂiczently small as in Lemma 6.2.1. A control qu = dqﬁC + qf

artt = du]’f +uf is a minimizer

for the subproblem (QPk ) if and only if there exists an adjoint state Z]’fﬂ =
(2]?“, f“), such that the optimality system

with § Ak“ S Qad 1, with assoczated optimal state G

A ik a\i,k g\ifl,k R ik i—l,k) 7 —1i,k g\l 1,k
(k) da” dp )+ Ri( ) e de )
B/\Z k41 A(ui’k,goi_l’k) _ R((,Di’k,SOZ 1,k;,y) Vi = 1’ ...,M,

(6.36a)
Al*(ui’k)(ii’k+1, ,(/A}i+1,k+1) + Rl*(@i,k7 (pi—l,k; 7)(,(2)1’,k+1, ,(/311+1,k+1)

=ikt uy — Ab*(u“k, du )z ik
—~i,k —~i—1k —i+1, k

_ Rb*(§0i7k7 g01'71,167 (p1+1 k d d(p ,d )(d)z k ,(z)erl k)
Vi=1,.., M,
(6.36h)
(B2 4+ g™+ = ) 20 Wi= 1,0 M and Yy € Qua, |

(6.36¢)
1s satisfied.
Again, as it is the case for (QPy), the auxiliary problem (@k) is linked

to a generalized equation and subsequently an associated Newton method. In
particular, we state the generalized equation, in a given triple y; = (uy, g1, 1), by

0 € Fiyr) + Ni(y), (GE)
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where we again understand the generalized equation analogously to (GE) and

(GE?), and use the mappings Fj, F'* respectively, as in (6.6), as well as N* defined
by

N'(y') := (0, 0, Nnc(qi)), (6.37)
where
Nuc(q') = {dg" € Q| (d¢",¢" — ¢')g <0 forall §' € (Quay)i},

again, slightly abusing notation for the i-th entry of @Ld\’ﬂ by using (Q/a:d\’]l)h‘,
which is understood analogously to (6.8).

This is again inspired by the simple fact that from the system given through
(6.36a), (6.36b) and (6.36¢), one easily sees that these first-order optimality

L —

conditions of (QP,) are precisely given by the generalized equation
0€ Fi(yf) + K () (@ —of) + Na(ar ), (NM)

for given y¥ as in Corollary 6.2.3, and where (ﬁl\\/[) is understood in the sense
of (NM). We can therefore investigate convergence of the sequence of solutions

generated by (ﬁl\\/l) This is done using the concept of strong regularity, and the
topic of the next subsection.

6.2.2 Strong regularity

To prove convergence of the sequence generated by (Nl\\/l)7 and thus equivalently
(@k), a convergence theorem similar to Newton-Kantorovich is utilized, cf. [74,
152], which is based on ideas from [4]. The key idea is to use a property called
strong regularity (of the generalized equation (E}-E)), which, in short, demands
local unique solvability and a Lipschitz condition of a perturbed version of (the
to (@) associated generalized equation) (m) Then, the generated sequence
{G*}ren of global solutions of (@k) is well-defined, stays within the convergence
radius of Newton’s method, and converges quadratically towards ¢, if started
from a good initial guess.

Before we can start, it is necessary to introduce some new notation, and also
recall some essential notation from previous sections, especially Remark 2.3.10.
Let 6y = (1,1, 92,1, 1,3) and o = (51,]1, 527]1, 5]173) be triples of perturbations that lie
in the space ZM or ZM  for which Z and Z, shall be recalled from Definition 2.3.3
as

Z=W*"xQxW* and Z, =W*xL*{T)xW*.

Function triples that are dependent on &; and &y shall be denoted by YL =
(uns, qrs,2z1,s) and Y5 = (uﬂyg,qﬂ’g,zﬂ’g) respectively, for which we recall the
function spaces

Y=WxQxW and Y, =W xL>®{)x W.
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Finally, for radii p > 0 and r > 0, we introduce the open balls

BE" (o) :=={dr € 2™ | 61— dillzm <7},
Z]\/I ~ M ~
Br=(or) :={1€Z5 | |or—odnllzm <7},
M
BY () ={weY™ | lu—dillym <p},
yM M B
Bp> () =={y € Yo' | llyn—dullyar <p}-

We are now in a position to first state the perturbed generalized equation,
and then the strong regularity property. The perturbation of the generalized
equation (GE) shall be given, for the fixed function triple gy = (uy, qr, z1), cf.
Assumption 6.1.1, via

1 € Fi(fn) + M), (GEs)
and the perturbation of (Nl\\/[) via

b1 € Fy(gn) + F () (s — 1) + Ni(yo), (NM;)
which is understood, analogously to (GE?), in the sense that for all i = 1,..., M
(01, 05,05) € F' (g5 5", 5"
HEY @ s — gy g s g
+ N (g1,6)-

Now, we can define strong regularity property, cf. [58, 140].
Definition 6.2.4 (The strong regularity property).

o The generalized equation (@) has the strong regularity property in the
space YM at gy, if there exist radii p,r > 0 and a constant Lo > 0 such

that for all perturbations § € BTZM (0), (Wg) suffices to the following
properties:

1. (N/I\I;) has a solution yp s € B;/M (y1)-
2. y1,s is the only solution of (I\TM(;) in B;/M (71)-
3. Let yis, vy 5 be the unique solutions to (N/Mg) in BZM(QJH) for oy, =
BTZM (0). Then the Lipschitz condition
lye.s — yp5llyar < Lal|dr — bl| zas
holds.

e The strong regularity property in the space Y2 is defined analogously,
with the spaces YM and Z™ replaced by YM and ZM | and for a constant
Lo > 0, respectively.
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As a first remark, let the following immediate properties be put on record.
Remark 6.2.5.

. (N/I\E;) is linear in §.

o The fized triple y is a solution to both (@) and (N/M(;) for 6 =0.

. (N/I\I;) is the perturbation of (ﬁl\\/[) in g, in particular it is therefore the
perturbation of the linearization of (GE) in g.

Inspired by the relations between (NM) and (QP,), let another auxiliary
problem be tacitly introduced: Again, it is clear that (NMy) is the first-order
necessary condition to the following quadratic optimization problem (QP;):

Let &1 = (61,1, 01,2, 61,3) € ZM be given, and §; = (U, g1, Z1) be as in Assump-
tion 6.1.1. Find a pair (g, ur), respectively a direction dj = (dgg, duy) :=
(g1 — qr,up — ag) € QM x WM that solves

. o 1 _
min Ji.(dr) = Ji(qr, ur)ds + 5.L7 (o) [(dws, dgr), (duy, dgy)]
1
- <6]I,17 duH>((W11p’ XLq/)*)My(leprq)M - (5]1,2’ dq}I)QMa
subject to: duy satisfies (ELj) for data dgi,

and: qr € Qaa,

where (ELjs) is given by

Aj(@)(du’, de™h) + Ry(@', @' ) (de', dp' )
=Bdq' + B3 + 85 — A@',¢'") = R(¢',¢'"7) Vi=1,..,M, (ELs)

cf. the equivalent formulations for linearized equations from (3.72)-(3.74),
as well as Corollary 6.1.3 and Remark 6.1.7.

As before, the reduced version can again be immediately introduced via

——red

min frs(qr) = Ji5(qr — gr,ur —ur),  such that ¢1 € Qaay, (QPs )

where uy satisfies (ELs) for right-hand side data g1 = g1 + dqi.

Following the usual course of action, the consequential next step is to investi-
gate existence and uniqueness of the optimal control problem. For the setting
M =1, this is showed in [85, Lemma 5.5] of I. Neitzel and the author, and for

(QP;) we can show the following result.

Lemma 6.2.6. For each é1 = (61,1,01,2,913) € A (@5) has a unique solution
(dgy s, duys) € Quan X WX with §15 = dgy 5 + 1 € Qaay, that depends on §.
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Proof. The proof follows in the same way as in [151, Lemma 4.1], and is only
outlined: By assumption, it holds dq; 5 € Qaq 1, i-e. it holds ¢rs = g1 on Z(0), and
therefore @I[\’g =0on Z(o). Let further ur, and ug. satisfy, for all i = 1,..., M,

A (ul, oY) + Ri(@', 6" 5 ) (@ i) = Bdg
Aj(@h)(ul, i) + Ri(@, @) (eh, 0l
=B 46 — A(a’, ") — R(&', ;).

Note that uy. is constant, i.e. does not depend on the control CE]L\(;, and by
definition of uy A and uj. it holds (il?g = uy A + ur.. The objective functional
Jr of (@5) now decomposes into a quadratic part in (ugx, CE];(;), on which
Assumption 4.3.1 holds, a linear part in (ug A, @B) and a constant not depending
on (U]L/\,d/q]l\_’(;). Thus Jys is coercive and (@5) is a strictly convex optimal

control problem on the closed, convex and bounded set @ Existence of a
unique solution now follows again by standard theory. O

Again, similarly to above and to [85, Corollary 5.6] of the author and I.
Neitzel, where t/l&e one time step model is investigated, first-order necessary
conditions for (QP) follow immediately, thus the proof is omitted. Due to the
strict convexity of Jis5(ds), they are also sufficient.

Lemma 6.2.7. Let 61 € ZM be given. A control direction @M € @1, with

control gr.s = @M +q1 and associated optimal state Gy s = &EM +ur and adjoint

state 215 = (21[,571/3]1,5), is optimal for the subproblem (@5) if and only if the
optimality system

iy~ i1 i e —~i i1
Aj(@)(dug, dps )+ Ri(@, 6 ) (dps, dos ) } (6.38)
=B — AW, ¢ ") - R(¢", ")+ 05 Vi=1,., M,
A (0 (25, 95 + Ri(@, @Y, @ ) (g, i)
=05 — uly — Ay, (0, dug)z’ (6.38b)

o~ —i—1 i+l _.

- Rb*(@iv ¢i717 @i+1a d§0§7 dgﬁ(; ?d<)06 77)(¢1a 1751‘4»1) - 5;
Vi=1,.. M,

(B*zg tagi — 8, g — qg) >0 Vi=1,..,M andq € Quay, } (6.38¢)

is satisfied.

It is clear that Lemma 6.2.6 and Lemma 6.2.7 remain valid for perturbations
&1 € ZM | since ZM C ZM. Next, the focus is put on establishing the Lipschitz
conditions required in the third item of Definition 6.2.4, both in the L?- and
L*>°-setting. Here, the proof of [151, Theorem 4.2 and Theorem 5.2] is closely
followed, on which also the proof for the one time step setting cf. [86, Lemma
5.7] of the author and I. Neitzel is based.
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Proposition 6.2.8. Let 61,01 € Z, and 15,4y 5 be the unique associated so-

lutions of (QPj). Let 915 = (Qus, qis,21,6) and U5 = (ﬁmgﬁﬂyg,iﬂ)g), where
Q1,5 0; 5 and 21,5, 2y 5 satisfy (6.38a) and (6.38Db), respectively. Then there exists
a constant 0 < Lo € R, such that

91,6 — 9y.5llyar < Lallor — bxl zar- (6.39)
If further 4, 5]1 € Zé\g, then there exists a constant 0 < Lo, € R such that
91,56 — G150y < Looll6r — éull . (6.40)

Proof. Let us start with the first statement, i.e. the YM-ZM_gsetting, for pertur-
bations &y, 6f € ZM. Let
uy =g — Uy 5, Q= qus — 45 z1 =215 — 2y 5,
which by (6.38a) and (6.38b) satisfy, for all i =1, ..., M,
A @)W, o) + Ri(@h, @) (0 0T =B+ (05 - &%), (6.41)
and
Ap (@)@, ") + R, 0" @) (97 9t
=u’ — (61 — 01) — Ap. (0, u")Z’
- Rb*(@i7 ()51'—1’ ¢i+17 @ia ‘Pi_la ‘Pi-H? ) (&2 ¢i+1)~ (6.42)
It holds g1 € Q™ and &1, 61 € ZM, thus the terms on both right-hand sides can
be estimated, using Lemma 3.1.3 and Lemma 3.1.6 in the W *-norm, respectively
in the LY(Q)-norm, for all i = 1,..., M. Subsequently, utilizing Lemma 3.2.3
yields
[arllw s < ellarllgn + elldrs = duallwyn < cllaillgm + elldr — drflzm, (6.43)
1zl war < el ar [l ar |2l war + €ld1,1 = duallw<yar
S c||uHHWM + CH5]I — SHHZM S CHQ]IHQM + CH(SH — S]IHZM, (644)
where the constant 0 < ¢ € R is depending only on ¥, but not on uy (and thus
also not on 4y, d;). We can thus test (6.41) with z° € W and (6.42) with u* € W,

which leads after summing up both equations, and then also using the sum over
alli=1,...., M, to

> Ba)g + (0~ 8.2)
2_1 M . . ,L_l . ~ . . . . .
= 3 |ty = (61 = 3 = (A (a)u '], 2
i=1
Rt (CREa NCREE R (6.45)
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Note that here the definitions of A;,, Ap«, Ry« and Ry, were used, cf. in particular
also (3.7), (3.8), (3.11) and (3.13). Next, we test (6.38c) once in (2%, ¢%) with
(j% and once in (i%, cj%) with ¢%. Again, after summing both equations and also
taking the sum over all 7 = 1,..., M, this leads to

M ) _ ) M ) M
Z((S% - 6£7qz)Q - Za(ql7 Z B* Z7q (646)
=1 1=1 i=1

Now, recalling the second derivative L] of the Lagrangian function, cf.
Corollary 3.5.2, and inserting (6.45) and (6.46), one obtains

M
£, an), (o, )] <[00 = 51 u) + (65 — 8, a)q + (04— 8,2,
i=1
(6.47)

Furthermore, let uj be split such that uy = y + uy,5, where

Al(ﬁi)(Alv @Z 1) + Rl(cﬁia @iil; 7)(@17 (ﬁiil) - qua
Ay (ug, 051 + Ri(@' @) (05, 05 1) = (85 — 83),
forall i =1,..., M, i.e. there is a part Gy that depends on the control ¢; and a

part uy s that depends on the perturbations dy, 41. Using again Lemma 3.2.3, it
immediately holds

[l <ellgrllgar, lursllwar <clldrs = dusllw=)s,  (6.48)

where again the constant 0 < ¢ € R is a constant that depends on the functions
le and i[[.

Similarly to the calculations performed in the proof of Lemma 6.2.1, again
from the definition of £ from (3.5.2) one obtains

Ly (yn)[(ar, @), (ur, q1)]
= L7 (yn)[(tr + g5, g1), (1 + s, 1)

— £/ () (0, ), (s, )]
M

+ [ @ u5) + |2 — 2 Ap(a) g, @7, 2) — (Ay(a')[urf, u), 2')

= 2(Rp(@, 0 (95,05 s (9%, 6] 9T
— (Ro(@, 55 9571, (9, 057 ). (6.49)

Note that for the first term of the right-hand side, by construction of (u, ¢), from
Assumption 6.3.6 it follows

£ (y)[(0, qr), (4, q1)] > esscllallg
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and that from the definition of the norm, cf. also Remark 2.3.6, in combination
with (6.48), it follows

M

> 260 ub) + lsll?] = — 2eM llall g 1613 — o
i=1

|(W><)M
— M |[61,3 — 01,3 ]| Fyrx -

The remaining terms are estimated, using Lemma 3.1.3 and Lemma 3.1.6, in
combination with (6.48). Overall, we can conclude from (6.49)

L () [(ur, qr), (ar, q1)] > essellallpa — e(M)llqrllgr 1015 — dnsllwym
- C(M)||6H,3 - SH,3||%W><)M- (650)

Combining (6.47) and (6.50) then yields

csscllallyn < e(M)llarllom l16rs — d1sllw=)m — e(M)161,3 — dusllEw

M
+ 3 [(01 =3 ul) + (85 - B, ¢')q + (35— 85,2
i=1
< e(M)|Idr = all 7o (lanllgar + uallwss + lzallwar)
+ C(M)H&]I — 5]1||QZM,

which, after inserting (6.43) and (6.44) for ||ug|lywa and ||zr||w», and utilizing
Young’s inequality, finally yields

csscllallgn < e(M)]|6r — &1l znr,

for a ¢(M) independently of &y, d;. Together with (6.43) and (6.44), this shows
(6.39), and therefore concludes the proof of the first statement.

Let us now look at the second statement, i.e. the Y — ZM_setting, and
thus let 05,0y € ZM. Due to Zoo < Z, W, = L®(Q;R?) and W, — L>®(9Q), cf.
Remark 2.3.6, it is clear that from (6.39) it follows

[l (Lo (@meyym < cllurllwar < Lol6r — 61l 2o,
||Z]]H(L00(Q;R2))IW < C||Z]1||WM < L2||5]I — g]l”zlw. (6.51)

Further, by assumption i s = ¢; 5 = gi on Z(0). Thus the variational inequalities
(6.38¢) of (QP;) imply

q(ls — EPI‘O‘](Q/\)“ (B Z5 —52), qs = aPrOJ(@I)‘i (B Zs - 62)

ad,I

ad,I

on MZ(o) and for all i = 1,..., M. In this context, Proj (Q/\) is the pointwise
|

projection on the given set, noting that once more the same slight abuse of
notation for the set (Qaa,1) . s used for the i — th dimensional box constraint, cf.
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(6.37) and (6.8), and that B*zS, B*z% € L*°(T"). By Lipschitz continuity of the
pointwise projection, and the space embeddings from Remark 2.3.6, this means

¢*]| oo (ry < el B*2|| oo (ry + |05 — 85| oo ()
<cllz'|w + ¢l[05 — 03| (1)
<cl|zillw + [l dr,2 — Ozl (Loe (1))

The claim now follows by the last estimate in combination with (6.51) for an
Lo = ¢(M, Ly). O

By Lemma 6.2.6 and Proposition 6.2.8, all requirements of the strong regu-
larity property from Definition 6.2.4 have been showed, overall it holds:

Theorem 6.2.9. The generalized equation ((/}E) is strongly reqular in both YM
and Y2 at i1, where the latter suffices to Assumption 6.1.1.

6.2.3 Convergence of (NM)

The previous section establishes strong regularity of (@) We also already
asserted that if the strong regularity property is fulfilled, a generalization of
the well-known implicit function theorem can be used to ensure convergence of
the sequence {¢F}ren that is generated by (ﬂ/[), and therefore also by (@k)
Although the proof of the convergence theorem relies on standard arguments,
cf. [6, 73, 74, 152], for completeness the proof of [73, Theorem 7.1] is adapted
to the setting of (the one time step equivalent of) (@) in [85, Theorem 5.9] by
I. Neitzel and the author. This is also the proof which we recapitulate below
for the multi time step setting. Note that several technical result concerning
the operator F' are used, which are established in Section 6.1.1. Let us point
out that most convergence results prove convergence if the initial guess for the
control, state and adjoint triple is taken sufficiently close to the local minimizer
q1 with associated optimal state uy and adjoint zj in the norm implied from the
strong regularity property, i.e. in Y™ or Y. In [96], it is observed that the
control iterate (jf from the previous iteration in fact cancels out in the update
directions, thus the first iterate y is already independent of the initial control
¢?. This is also the case for (Qﬁk)7 cf. Corollary 6.2.3, and also Remark 6.1.5.
Note that the closeness condition for u? and z{ in the WM_norm can be deduced
in the following way: For the choice ¢f such that |l¢f — 1| gn small enough, due
to the Lipschitz results of the control-to-state operator, cf. Lemma 3.3.3, the
state ul = Gi(q) automatically fulfills a closeness property in the space WM.
By Corollary 3.4.5, the same holds true for the associated adjoint state z9.

Theorem 6.2.10. There exists a radius 0 < we 2 € R and a constant 0 < Cn 2 €
R, such that for each starting point y? € YM with ||u — gy, |20 — z1||ya <
w2 and ¢° € Quay, the auxiliary subproblem (@k) generates a unique sequence
of iterates {9F }ren with |9F — y1llym < w22 and GF € @1, which satisfies

195" — illysr < Onallf — inll3ae for allk € N. (6.52)
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In particular, the choice ¢ € Qua1 and ||q° — qillom <€ for0 <eeR
sufficiently small, and u? = Gi(¢?), and z0 = (22,9?) satisfying

Al*(ui,O)(Zi,O,wH»l,O) + Rl*(@iﬁoa s01'71,0 i+1, 0 )(wz ,0 werl 0) _ ’LL . u?l?

is possible.
An analogous convergence result holds for a radius 0 < ws o € R and a
constant 0 < Cn o € R, if we replace YM with YM and ZM with ZM |

Proof. We start with the convergence proof in the Y™ — ZM_getting. By
Theorem 6.2.9, (@) is strongly regular in Y™ at ¢;. Further, a Lipschitz
condition for Fy holds, as proved in Lemma 6.1.9. As a result, Dontchev’s
implicit function theorem for generalized equations, cf. [58, Theorem 2.4],
is applicable: It proves existence of radii 0 < p1,p2 € R su(il\that for any
yr=gF € B;/l (71), there exists a solution gF ™ € BE;M (g1) to (NM). Note that

the update direction produced from (QPk) is independent of ¢F = ¢F, as argued
in [96, Theorem 6.2 (3)], due to the structure of the problem and the Lipschitz
properties showed in Lemma 3.3.3 and Corollary 3.4.5. Let ws 2 be chosen such
that 0 < wsz 2 < p1, it then holds

0 € Fi(yr) + Fy () (g1 — ur) + Ni(9n), (6.53)
0 € F(gr) + F @) @O = of) + M(gr™). (6.54)

Adding and subtracting Fi(71) and F/(7;) (95T — 71) to (6.54), one obtains
st e Fu(in) + F () 01+ — o) + M@+, (6.55)
where 5]{““ is defined as

o =R — BO6) + F @)@ - ) - @O @ -9t (6.56)

Utilizing again the Lipschitz condition from Lemma 6.1.9, from (6.55) one obtains
for a constant 0 < L € R, only depending on p; and ps, that

165 ) 20 < L(I[0F — Qillwar + [|2F — Zllwar) < L. (6.57)

Since (6.53) is equivalent to the first-order necessary conditions of (@5) for

or = 0, and (6.55) is equivalent to the first-order necessary conditions of (@5)
for oy = (5];”1, by Proposition 6.2.8 it immediately follows that

155 = Gilly s < Loll88H = Ol| g = Lol|6F Y| gwr < LoLwsa,  (6.58)

where (6.57) is used to obtain the last inequality. For a quadratic convergence
result, further estimations of |67 ;a are required: Estimating 5f ' as given
in (6.56) in the ZM-norm yields

165+ 1 e < [1F2(5n) — Fr(9) — F (9F) (5 — 95l 20
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I () = FL @)@ = )l 7

We estimate the right-hand side further: Due to ||§¥ —#i||y» < p1, Lemma 6.1.11
and Lemma 6.1.10 are applicable, and for constants 0 < c¢1,c2 € R, only
depending on p;, we obtain
165 1 z0r < e (18F = wllfyar + 125 — 2zl ar)
+ea(flof — aullwae + |27 -zl )
-(laf ™ = llwar + 257" = Zallwar)

<cullgf = ulfa + el gt = aullyar 98 = @llyar. (6.59)

Now, combining the first part of (6.58) with (6.59) yields

195" = Gllysr < Loeallgf — Gulfar + Lacall gt — Gullyar 95 — Gullyar. (6.60)

Additionally to the demands above, now let ws o suffice to wy 2 < m

Then, recalling that by assumption, it holds §F € B‘ff; (%1), thus from (6.60),
and also using (6.58), one obtains

O 2
HyH+ — yI[HyM <Ly 1wy 9 + Lo cowa o Lo Lws o
S wg’Q LQCl + LgCQ L S w22,
. . M,
i.e. we have proved jF*! ¢ BY " (#1). Now, let finally furthermore ws» < 72;202,

then again from (6.59) and (6.60),

1957 = illys < Locallgf — inll3ar + Lo cowao |95+ — Gillye

<Cnollof — il

L2 C1

for a constant CN72 = T—wsocaly

> 0. Note that overall, ws 5 is chosen such that

wg,2 =: min (p17 s clJr1L202 s 2Li 52) > 0, and this concludes the proof.
2
The convergence result for the Y2 — ZM _getting follows in the same way. Note
the independence of the control update directions debated above, thus due to
Corollary 6.1.12 the results from Lemma 6.1.9, Lemma 6.1.10 and Lemma 6.1.11

hold true in this setting as well, and that (@) is strongly regular in Y/ by

1 1
61+LgoCQL’ 2L 02) € R and

0<CNoo = —Lxci R concludes the proof. O

1-w2,00c2 Lo

Theorem 6.2.9. Choosing 0 < wg o, =: min (ph I

Let us conclude this section with a summary of the current progress: Under
Assumption 4.3.1, the auxiliary subproblem (@k) is well-defined, and existence
and uniqueness of solutions can be positively answered, cf. Corollary 6.2.2.
The unique solution suffices to first-order optimality conditions, that are also
sufficient, cf. Corollary 6.2.3. Furthermore, iteratively solving (@k) generates
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a sequence that converges quadratically towards ¢ from Assumption 6.1.1, cf.
Theorem 6.2.10. However, up until now this is only true for problems that
are restricted to the admissible set @1 In the introduction of this chapter,
it was already hinted that it is possible to transfer the convergence result to
Algorithm 6.1.2 for a localized problem formulation, which is the topic of the
next section.

6.3 Convergence of the SQP algorithm with L>°-
localization

In this section, a first main result of this chapter is showed: Local quadratic
convergence of the sequence {¢F}en of iterates produced by Algorithm 6.1.2
towards a local minimizer y; = (uy, g1, Z1), under a closeness condition for the
controls in L>°. This is done by transferring the YM-convergence result of the
iterative solution of (@k) over to (QPy). For this, again following the course
of action of [152], we introduce another auxiliary intermediate subproblem, and
show equivalence results of this intermediate subproblem and (@k) This course
of action relies on L°°-techniques. For an analysis of the one time step analogous
SQP method w.r.t. L>-localization, we refer to [85, Section 6.1] of the author
and I. Neitzel.

Let us continue with the following assumption, which holds throughout the
entire Section 6.3:

Assumption 6.3.1. Let y¥ = (uf,¢f,2zF) € Y with ¢f € Qa1 always denote
a fized function triple that lies in a neighborhood of y; from Assumption 6.1.1.
The size of the neighborhood is specified in Assumption 6.3.6 below.

6.3.1 The intermediate subproblem (QP;" ™)

Asin [152], an intermediate subproblem is utilized to transfer the strong regularity
property, and therefore the convergence result locally to Algorithm 6.1.2. This
intermediate subproblem is called (QP}">), and a localized version of (QPy), in
the sense that the admissible control set (Qaq 1 is restricted to an L*°-neighborhood
of (j][.

We define an admissible set Q‘:&f’f with L°°-closeness of g, for any 0 < w € R
via

QuiT = {ar € Qaan | llar — @ll(zoe )y < w}

The intermediate subproblem (QP; ) is then introduced as:
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Let y]I = (uH,qﬁ“,z]’f) € YM be given, find a pair of functions d]’f =

(dgF,dul) = (g1 — ¢f',up — uF) € QM x WM that solves

min - Jg 1(df) = Ji(gf , uf)df + 'C]I (y9)[(dug, dg), (duy, dgf)],

d;

subject to: duf satisfies (ELy) for data dgr,

and: a1 € QuiTs
(QPF™)

where we recall (ELg) from the definition of the problem (QPy) to be

A(uPF)(dutF, de' PR + Ry(F, ot R ) (dt P, det R
= Bdg"* + Bg"* — A(u"*, " HF) — R(p"F, 0" ) V=1, M,

cf. again the equivalent formulations for linearized equations from (3.72)-
(3.74), as well as Corollary 6.1.3 and Remark 6.1.7.

——red
Similarly to (QP}?) and (QP,, ), the reduced version is introduced, which
is given by

min fi x(q1), such that qr € Q47 - (QPored)

As also done for the previous optimal control problems, the first task is the
investigation of the existence of (at least one) solution, similarly to [85, Lemma
6.2] of the author and I. Neitzel for the one time step setting.

Lemma 6.3.2. Let w > 0 be sufficiently small and yf € YM be given such that
|uf — wllw, ||lzf — zi|lw < w. The intermediate subproblem (QP}">) has at
least one solution gy | b+l o Qad]I with u]]fH € WM satisfying (6.61a) immediately
below, and control and state directions dq]fw = qul —qF and dufﬁw = uffIl —ul.
Proof. The proof follows standard arguments, noting that the admissible set
Q:&? is closed, convex and bounded. The remainder of the proof is omitted. [J

Once more, first-order necessary optimality conditions for (QP}"™) also follow
by standard theory, cf. [85, Corollary 6.2] of the author and I. Neitzel for the
setting M = 1.

k+1 k+1

with state uy be a solution
k41 kil ket
= : fhh ew

Tw >

Corollary 6.3.3. Let yF € Y be given and a.

to (QP™). Then, there exists an adjoint state pair zy
such that

Aj(uF)(dulF, dolTHR) + Ri(ehF, o R ) (delk, dpl R }
=BgiFt — APk, o) — R(pPF TR y) Vi=1, ., M,
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Al*(ui,k)(zi;k-&-l’ wi+1,k+1) n Rl*((pi,k-7 g@z‘—l,k7 Lpi—&-l,k; 7)(%}“17 wi—&-l,k-ﬁ-l)

=ubF oy — Ay, (uhF, dulF)zhk

w
— Ry (@"F, i1k it Lk qoisk qoimLk qoitlk oy ik gitlky
Vi=1,..,M,
(6.61b)
(B*zi;lwrl + aqgml,qi _ qi;k+l>Q >0 Vi=1,..,.M and g € Q(;;(,;Ho7 }
(6.61c)

where again the notation dufiw = u]lszl — u]’f s used to improve readability.
At this point, we collect some remarks as well as some immediately obvious
facts that are used in the equivalence considerations of the next Section 6.3.2.

Remark 6.3.4.

o Lemma 6.5.2 only ensures existence of solutions of (QP}°°), uniqueness
1is showed in Lemma 6.3.11 below.

o It is clear that the first-order optimality conditions of (@Fk) from Corol-
lary 6.2.3 and the first-order optimality conditions of (QP}™) from Corol-
lary 6.5.3 only differ in the admissible control spaces Q a4, Qﬁ:(ff respec-

tively, that appear in the respective variational inequalities. The same is
true for the first-order necessary conditions of (QPy) from Lemma 6.1.6.

o From the definition of the admissible set Q;’;&f and the definition of the

(L>(Q))M -norm, it immediately follows that also all ¢* are close to the @,
since for any i =1,..., M it holds

M

la' = @'l <D lla" = Tl = o = @ll o @ym <w. (6.62)
i=1

6.3.2 Equivalence of (QP,) and (QP%"™)

~

In this section, we show that the (unique) solution §*' of (@k), together
with the state 4 T and adjoint 27 ™ satisfying (6.36a) and (6.36b), respectively,
also satisfies the optimality conditions of (QP}"™). It is then possible to prove
uniqueness of solutions of (QP} "), if yF lies sufficiently close to gy in the L>-
sense. The start is made with an auxiliary lemma, cf. [85, Lemma 6.3] of the
author and I. Neitzel for the setting M = 1, which closely follows ideas from
[152, Lemma 6.5].

Lemma 6.3.5. There exists an ws > 0 with the following properties: Suppose
w < ws, and yF € YM with |[uf — apllya, |28 — Z1|lwv < ws, and let yp =
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(UHaQJI;ZJI) Satisfy
Ay(u*(u), cpi’l)+Rz( i”ﬂs@“”“;v)(wi ¢
:B( z)"‘Al( ) i,k +Rl( z 1k,’7)(§017k,@1_1’k)
— A(u*, " 1”“)—R(sol’k,<p’ 1”“'7) Vi=1,..,M,
A (u"h) (2", ) + Ri(0"F, "0 o ) (0, W“)
— = — Ay (uPF,u — uik )z

— Ry (hF, oIk itk i ik il pim Lk gL Lk

(R TLRY =1, M,
and qp € Qad]I
Then, it holds
sign(B*z' + aq')(x) = sign(B*z' + aq')(z) Vi=1,..,M a.e. on ZI(0),
|(B*z' +aq')(z)| > 5 Vi=1,..,M a.e on ZI(o).
Proof. Let duy = (duy, dyr) := uy — uy, which satisfies for all i = 1,..., M,
Ai(uF)(du’, d' ™) + Ri(p™*, o' ) (det dip' )
—B(¢' — §') + A(uF) (uk — @, ik G
+ Ri(%F, 0" ) (0 — @ R — )

— (A", ") — AW, ¢71)) — (R(e™, 0" M5 y) — R(@', ¢ 157)).
(6.63)

To estimate the right-hand side, we utilize Lemma 3.1.3 as well as Lemma 3.1.5
to obtain

A1 (™) (=@, oM = G [l <e(lluf llwar) ug — Al
< c(ws)ws, (6.64)
[A@, 1) = A, o) [ < el lwar, ([Tl ) [uf — Gl
< clws)ws, (6.65)

for constants 0 < c(ws) € R independently of yF. To obtain (6.64) and (6.65),
|[uf — Gyfya < ws, and the triangle inequality [[uf||yww < ||| + |uf —
uy||yym is used, cf. (6.28). Analogously, utilizing Lemma 3.1.6 and Lemma 3.1.8
yield

[Ri(0"F, 0" 1R ) (0" — &%, 0" 1K — 1) || Laga) < c(ws)ws, (6.66)
IR(@", @15 9) — R(™, " 9) || La(a) < c(ws)ws. (6.67)

Finally, using g1 € Q:&?, in combination with the embedding L>°(T') < L*(T) <
W=LP(Q), it holds

1B(a" = @)llwx <cllg’ = @'llg < cllg’ = @'llz=(r) < w < ws, (6.68)
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since w < ws by assumption, as well as (6.62). By (6.64)-(6.68), the right-hand
side of (6.63) is in W* for any ¢ = 1,..., M. Therefore using Lemma 3.2.3, it
holds

lar — ayllyar = [[dugllyar < c(ws)ws,

which, using the embeddings W,, < L>(Q;R?) and W, < L>°(12), immediately
leads to

[[ur — || Lo (@r2)m < c(ws)ws. (6.69)
Next, let dzg := z1 — z7. We calculate the difference to obtain
Ap(uhF) (A2, dyp™) + Rin (M, o'V GRS ) (dy dy )

i — G — Ab*(ui,k7 u— ui,k)zi,k

_ Rb*((pi,k’ (pz'—l,k:7 (pi+1,k7 o — (pi,k7 ol wi—l,k) Qi+l (pi+1,k;7)

. (wi,k wi—‘rl,k)
+ (A (u"*) — A (@) (2", )
+ (Ri(*, " HF, "R ) — Rin(@', 01, ¢ 9) (07, 9. (6.70)

We again estimate the right-hand side in the W>*-norm. From Lemma 3.1.3, we
conclude using the triangle inequality, cf. (6.28) and (6.29), as well as (6.69),

[ Ap (u®, 0’ —u™ )z [y < clfuf |y ug — uf |z s

< c(ws)|lur — rllwar + e(ws)[[ar — uf ||y
< c(ws)ws.
Similarly, from Lemma 3.1.5, Lemma 3.1.6 and Lemma 3.1.8, it follows

I(Ave (™) = Ap (@) (2,07 [l =
< c(ws)[luf — af [lwar |z war < ews)ws,

H (Rl*((tpi7ka goi_l’ka ¢i+17k; 7) - Rl*(éia @i_17 @i—‘rl; ’7)) (’(/)7? ,LZ)H_l) HL‘Z(Q)
< c(ws)|uf — wllwarl|zefwar < clws)ws,

ik -1,k _i+l,k i ik i—1 i—1,k i+l i+1,k.
| Rox (0", 0" ™57, "0 0" — 7, 0" —

N AR))
. (1/}1,16, lerLk)HL‘I(Q)
<clluf |y [ar — uf [y ||z [lwar < e(ws)ws.
Finally, from (6.69) it immediately follows
lu? = || Lo sy < llur = Al mey v < c(ws).

Therefore, the right-hand side of (6.70) is in W* for all ¢ = 1,..., M, and
from Corollary 3.4.3 and the L*°-embedding it follows

||Z]1 — ZH||L00(Q;R2) < C”Z]I — ZHHWM < C(Wg)Wg. (671)
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Now, from ¢ € Q:C’ff, and due to w < w3 by assumption, one concludes
|B*(z' — 2') + a(¢' — ¢*)| < c(ws3)(ws + w) < c(ws)ws. (6.72)
Therefore, for all ¢ = 1, ..., M, it holds

B'z' +aq' = B'Z' +ag' + B*(z' — &) + a(¢' - 7

>0 —c(ws)ws a.e. on Z(o),

where (6.72) is used, and |B*Z’ + ag'| > o holds due to Assumption 4.3.1. Note
that we can look at every ¢ = 1, ..., M separately, due to the structure of the
(0-)active set Z(o). Choosing ws > 0 sufficiently small completes the proof. [

We wish to highlight that the prerequisites of Lemma 6.3.5 in particular
demand that y; suffices to both the state and adjoint equations of (QP}">), cf.
(6.61a) and (6.61b), and that gj is an admissible control. However, optimality of
yr for (QP}">) is not demanded, since satisfaction of the variational inequality
(6.61c) is not assumed.

Summarizing all requirements on w from the analysis up until now, all
statements can tacitly be applied if the following assumption is satisfied. Without
further mention, we suppose it to hold true in the remainder of the chapter.

Assumption 6.3.6. The constant w > 0 is chosen, such that
w = min(w1, w2, o0, w3),

where wi,ws o, and ws are taken from Lemma 6.2.1, Theorem 6.2.10 and
Lemma 6.3.5, respectively.

Remark 6.3.7. Note that the constant w depends on the physical parameters
e, k,n. We recall that it describes the size of the local neighborhoods around the
local minimizer y; of Assumption 6.1.1, in which the linearization point for every
(QP;™), and subsequently the initial function @ in the SQP method, has to lie.
It further also depends on the penalization parameter ~y. Note that for the entire
analysis of Chapter 6, we consider all parameters to be fixed. A precise tracking
of the involvement and scaling of w on these parameters has not been conducted,
and is beyond the scope of this thesis.

k1

Note that admissibility of ¢, which we recall to be the unique solution of

(QP,), for (QP%"™) has already been proved above, in particular:

Corollary 6.3.8. The unique solution (ﬁ“ of (@k) is an admissible function
for (QPY™), i.e. cjﬁ“‘l € Qiff.
Proof. This follows directly from Theorem 6.2.10. O

Next, we show feasibility of qﬁil for (@k), which can be established similarly
to [152, Corollary 6.6], cf. [85, Lemma 6.6] of the author and I. Neitzel for the
setting M = 1.
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Lemma 6.3.9. Any locally optimal control qu € Quy1 of (QPY™) that
satisfies the first-order optimality conditions of (QPk’OO) from Corollary 6.3.3,
together with u]]f,zl and z]ﬁzl satisfying (6.61a) and (6.61b), respectively, fulfills
qfil( )=aq(z) a.e on Z(o).
Proof. For all # € Z(x) and for all i = 1,..., M, it holds either ¢'(z) = ¢} if
(B*Z' + aq')(z) < —o, or ¢'(x) = ¢! if (B*Z' + ag')(x) > o. Thus for any
a1 € QuiY» either ¢' () € [gf — w, gj], or ¢'(x) € [q},, ¢}, +w], due to the structure
of the admissible set in i = 1, ..., M directions, cf. also Remark 6.3.4. Due to the
assumptions on qul, Lemma 6.3.13 is applicable. For all i = 1,..., M, it thus
holds either

B*zi;kJrl Jraqz‘;kﬂ > % or B*zi;kJrl Jraqz‘;kﬂ < 7%,
but this means that elther gBF 1t =g or ¢4t = ¢l by (6.61c). However, this
means that ¢5;**! = ¢, therefore qu =g on Z(o). O

At this point, it is important to emphasize the following important fact:

Remark 6.3.10. In both Lemma 6.3.5 and Lemma 6.5.9, pointwise arguments
involving the controls ¢' are used. This is the reason, that in this section the
localized admissible set Q‘;d?f is a localization of Qqq1 w.r.t. the L°°-neighborhood
around qr. As a consequence, we have to work with strong reqularity in the
Y M — ZM _setting. This might stand in contrast to a (possible) first intuition that
may propose to work in the Y M — ZM _setting, inspired by the lack of the two-norm
discrepancy in the second-order sufficient conditions proved in Chapter 4.

Next, along the lines of [152, Theorem 6.12], uniqueness of solutions of the
optimality conditions of (QP}">), cf. Corollary 6.3.3, under Assumption 4.3.1
and Assumption 6.3.6, is showed. Again, this result for the one time step setting
is proved in [85, Lemma 6.7] by the author and I. Neitzel.

Lemma 6.3.11. Let y¥ € YM satisfy |[uf — wy|lya, |28 — Z1]|wn < w. The
first-order optimality conditions of (QP}>) from Corollary 6.3.3 admit a unique
solution triple ka eYM,

Proof. By Lemma 6.3.2, there exists at least one solution to (QP}">). The

associated solution triple is denoted by yﬁj}l, and satisfies the first-order opti-

mality conditions from Corollary 6.3.3. Assume that a second triple, denoted

by yf:é also satisfies the first-order optimality conditions from Corollary 6.3.3.

Since both yfl‘ll and yﬁ“té are admissible, it is possible to test the variational

inequality (6.61c), once in qull with qﬁi}g, and once in qﬁI}Q with qﬁ“Ill After

summing up, this leads to

k41 KL i k41 k41
0<(B*Z JFO‘QZM ’qi;2 *qi;l )

%, k+1 i,k+1 i,k+1 i,k+1
+(B 255 +aqss a0y — a0 )

w 2 w,2
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for all i =1,..., M. This in turn can be simplified to
<zi,qu> —a(d',q")g >0 Vi=1,..,M, (6.73)

after introducing

ORI -2 e 2 | . k+1 k41 Skl k41
uy = u]I,w,Z u]Lu.;,l7 ar = q]Lw,2 q]l,w,l’ 7 = Z]I,w,2 zﬂ,w,l'

An easy calculation also shows that uy and zj suffice to

Al(ui’k)(ui, (PH_l) + Rl(<)01',lc7 gpi_l’k7 (pi—&-l,k;,y)(@i’ (pi—i-l) — qu’)
Ap (W F) (25,9 4 Ri(@8F, 00, o R ) (9 9t
— _ Ab* (ui,k7 ui)(zi,k’ ¢i+1,k)
— Ry ("F, 07 HF TR 0f o oM ) (R TR 44,

again for all ¢ = 1,..., M. Testing the weak formulation of the first equation with
z1, and the weak formulation of the second equation with uy respectively, and
again summing up and using the definition of A;., Ry, from (3.7) and (3.8), as
well as the definition of Ap. and Ry, from (3.11) and (3.13), leads to

<qu’ Zi> — (Ui, uz) _ <Ab(ui,k)[ui’ uiL Zi,k>

—(Ry(@"*, (@' oY) (@ e DL ). (6.74)

Now, using (6.73), (6.74), and summing up over all i = 1,...M, from the definition
of the second derivative £ of the Lagrangian from (3.126), one easily obtains

M
0 Z Z [(ul,ul) 4 a(qi,qi)Q _ <Ab(ui’k)[ui,ui],zivk>
— (Ro@"*, 0 R[0T )]
= E]/I/(y]?)[(u]b q), (ur, qr)].

Due to Assumption 6.3.6, by Lemma 6.3.9 it holds gt = 0 on Z(¢). Therefore,
from Lemma 6.2.1 it follows that

cssc
2

larllge < L7 (y) [ (ur, qn), (ur, qr)] < 0.

But this already ensures ¢y = 0, thus q]ﬁ:)ll = quz O

Note that existence of at least one solution of (QP}’™) is established in
Lemma 6.3.2, and uniqueness of solutions of the associated optimality system is
proved in Lemma 6.3.11. In combination, this means:

Corollary 6.3.12. The subproblem (QP}"°) has a unique solution, denoted by

k+1 w,00
U €Quur-
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The crucial step is now to show that Qﬁ““ is not only admissible, but in fact

also satisfies the optimality conditions of (QP}">), and is therefore the unique

solution of Corollary 6.3.12. In the course of the proof, it is also be showed that

(jf“ in fact already satisfies the optimality conditions of (QPy) from (6.1.6).

The result is showed along the lines of [152, Corollary 6.9], and is conducted for
the setting M =1 in [85, Lemma 6.9] by the author and I. Neitzel. Note that a
closeness assumption on ¢* is included in addition to the closeness demanded
for u*,z* up until now.

Lemma 6.3.13. Let yf € Y, such that ||yf —7illy s < w, where w > 0 satisfies

Assumption 6.5.6. The unique solution q}?“ of (@k), with associated state
ﬁ{f“ and adjoint state i]’f"’l satisfying (6.36a) and (6.36b), respectively, satisfies
the optimality conditions of (QP}™) from Corollary 6.3.3 and the optimality
conditions of (QPy) from Lemma 6.1.6.

Proof. Due to Remark 6.3.4 and Corollary 6.3.8, the only remaining task is to

ensure that the functions ((jf“, ifﬂ) satisfy the variational inequality (6.61c)

for all i = 1,..., M. The starting point is the fact that (GF", 25 ™) satisfies the
variational inequality (6.36¢) of (QP,), cf. Corollary 6.2.3, i.e.

(B* a0kt 4 gkt gt — ik >0 Wi=1,.., M and ¢ € Qaay. (6.75)
Since cjf“ € @d\’ﬂ, it holds (jf“ = g on Z(o). Therefore, for all i = 1,..., M
there are two cases on Z(0):

o B*z0ktl 4 qGhF 1 > o then it follows from (6.75) ¢', = @ = ¢"**+1.
o B*gbk L4 aghh !t < —o then it follows again from (6.75) ¢f = ¢ = ¢hF*L.
(

Further, since ¢f ™, together with 4F ' and 2F* is feasible for (QP%*>), thus
by Lemma 6.3.5 one obtains that for all i = 1,..., M either

A v g ik ™ o
B*Zz,k-‘rl +aqz,k+1 > 5 or B*Zz,k-‘rl +aql,k+1 < _5.

Thus, for all ¢ with ¢* € [¢,q}], for all i = 1,..., M, on Z(0) it holds

(B* 2" 4+ aghF gt — g ) >0 Vi=1,.., M.

On Q\Z(o), the only requirement for the controls q; € @ is ¢ € [q%, g}] for
all i =1,..., M. Overall, it holds

(B*ii,k‘-i-l +a@i,k+l,qi _ in,k—i-l)Q
— (B*iz,k‘+l 4 aqf\l,k+1,q1 _ qAZ7k+1)Q\I(o')

+ (B* 2" + ag" "t g — ¢ )75y 20 Vi=1,..,M and g1 € Qaq,1.
(6.76)

Recalling that Q:(ff C Qada,1 concludes the proof. O
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Since the unique solution @f“ of (@k), with associated triple gf“ satisfies
the optimality conditions of (QP}*) by Lemma 6.3.13, and Lemma 6.3.11
guarantees uniqueness thereof, it is immediately clear:

Corollary 6.3.14. The unique solution @]{H'l of (Q-Fk) and the unique solution
qﬁl of (QP}"™) coincide.

In particular, this means that ﬁf“ = yftl and that (jf“ = qf:)rl is the

unique (global) solution of both (QP,,) and QP ) if |lyf — illyar < w for an
w sufficiently small, cf. Assumption 6.3.6.

6.3.3 Local convergence of Algorithm 6.1.2 with L*>-
localization

As a consequence of Corollary 6.3.14 and Theorem 6.2.10 we can establish local
quadratic convergence of Algorithm 6.1.2, if (QPy) is replaced by (QP}™), i.e.
if a localization in a neighborhood of gy in the L°°-sense is imposed. We again
follow the course of action of [152, Theorem 6.13], and refer to [85, Theorem
6.11] of the author and I. Neitzel for the one time step analogon.

Theorem 6.3.15. Let y1 satisfy Assumption 6.1.1, and let Assumption 6.3.6
hold, i.e. w be sufficiently small, i.p. let 0 < es, € R be sufficiently small,
such that for a ¢ € Qaay it holds ||¢? — qillgm < €. Set u! = Gi(¢?) and
z) = (20,99 such that for alli=1,..., M,

Ap(0H0) (250, g E0) o Ry (970, "0 B0 ) (0 gp L) = B0 gyl

The sequence of iterates {yF}ren generated by Algorithm 6.1.2 with quadratic
sub-problem (QP}™) converges quadratically in YM to yy.

Proof. As described in the paragraph before Theorem 6.2.10, for €., > 0 suffi-
ciently small, it holds ||uf — ay||yw, [[u — @yl|yya < w, for the w of Assump-
tion 6.3.6, c¢f. Lemma 3.3.3 and Corollary 3.4.5. Theorem 6.2.10 ensures local
quadratic convergences of {J¥}reny to g1 in YV, and [jyf — Uillyy < w for
all £ > 1. By Corollary 6.3.14, the controls (jﬁf“ are the unique solutions of
(QP}">°). This concludes the proof. O
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6.4 Convergence of the SQP algorithm with L-
localization

In this section, the second main result of this chapter is showed: Local quadratic
convergence of the sequence {gF}en of iterates produced by Algorithm 6.1.2
towards a local minimizer y; = (uy, g1, 2;) under a closeness condition for the
controls in L2. This means that the difference to Section 6.3 is the use of
L2-closeness instead of the L>°-closeness. The section closely follows the course
of action of the joint work [85, Section 7] of the author and I. Neitzel, where
the one time step setting is analyzed. It uses ideas of [96] which, to the best
of knowledge of the author, is the first to relax the closeness condition from
L> to L? for an SQP convergence result for a tracking type optimal control
problem in the setting of quasilinear parabolic partial differential equations, using
techniques that are now well-established in the context of (two-norm discrepancy
of) second-order sufficient conditions. At this point, we do not repeat the setting
of [23, 96].

Recall from Section 4.2, that the second-order sufficient conditions for problem
(NLP}"") does not involve a two-norm discrepancy. The reason is that by
Proposition 3.3.1 and Corollary 3.4.1 both the control-to-state operator Gy and
the reduced functional f; are twice Fréchet differentiable w.r.t. @, i.e. in the L2-
norm. Nevertheless, the proofs presented in Section 6.3 involved L*°-arguments
that cannot be directly transferred to L2-neighborhoods, c¢f. Remark 6.3.10.
Using similar arguments as [96], the main idea is to show that the unique solution
of (QP,) is not only a solution to (QP) with L>-localization, i.e. to (QP})
as showed in Section 6.3, but also a solution to (QPy) with L2-localization.

For the course of action, analogously to QT , let us define the admissible

set Q:(fﬂ around g, for any 0 < w € R, by

,2 —
Q:dv]l = {q}I S Qad,ﬂ ‘ ”(IJI - CIHHQM < W}~

The (L?-) intermediate subproblem (QP%?) is then introduced as:

Let yf = (uF,¢f,2zF) € Y be given, find a pair of functions df =

(dgF,dul) = (g1 — ¢F, vy — uf) € QM x WM that solves

: 1
min - Jy(df) = Ji (gt up)df + S £ (vf)[(dug, dgp), (duf', daf)],

k
d]l

subject to dul satisfies (ELy) for data dgf,
and qr € Q:fﬂ,
(QP}?)
where, again, we refer to the definition of the problem (QPj) on page 118 for
the definition of the PDE (ELy).
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——red
Similarly to (QPid), (QP,, ) and (QP{>"%), the reduced formulation is
given by

min fix(q),  such that g € Qi (QPe2red)

where fi 5 is defined as in (QP:d).

Before we continue, we establish some additional bounds and Lipschitz
conditions for the reduced functionals fj, and f{’; from (6.2) and (6.4). In this
context, let us also refer to the respective results for fi, f{’, cf. Section 3.4. The
main aspect is that the bounds are valid for all linearization points yf that lie
in a (small) neighborhood of a given y;. W.l.o.g. we choose the optimal triple g
from Assumption 6.1.1.

Lemma 6.4.1.

o LetyF € YM (or YM) such that |[uf — ||y, ||2f — 21|l <@ for some
0 < & € R. Then, there exist constants 0 < ¢1(@), c2(©) € R depending on
y1 and @, but not on yf, such that:

| fix(and| <cr(@)allgnm,
| (an)[dn, 2] < ca(@)Idnllgr lIdr2llgn

for all g1 € Qa1 and G, di1, G2 € QM.

o LetyF € YM (or YM) such that |[uf — ||y, ||2F — Z1llywn < & for some
0 < & € R. Then, there exist constants 0 < c3(@), c4(©) € R depending on
y1 and @, but not on y¥, such that:

|(fi(ar) = fiplan2))dr| <es(@)larllm,
| (i (ar) = fili(an2)) (@, Gol| < ca(@)llanallom llarallgm,

for all qi1,qu1 € Qaax and Gi, i1, G2 € QM.

Proof. e The first task is to estimate the adjoint state zj, or equivalently
71 4, satisfying (6.3), which depends on uy satisfying (6.1), both for all
i=1,..., M. Looking at the right-hand side of (6.1), and then subsequently
of (6.3), using the triangle inequalities

[af(lwar < [0llwar + [0 — uf fwa < e+,
l2f lwar < llZallwor + ||2x — 2f lwa < e+,

in combination with the estimates from Lemma 3.1.3 and Lemma 3.1.6,
it is clear that the right-hand sides can be bounded in W* for every
i =1,..., M. Note that this is the same approach also used in the proof of
Lemma 6.2.1, cf. (6.28)-(6.31), and that the constant 0 < ¢ € R depends
on y1, but not on yﬁ“. Applying Lemma 3.2.3, then leads to

[urfwar < c+e3(@),  lzrlwar < e+ ea(@), (6.77)

159



for some 0 < ¢3(@), cs(@) € R. From the definition (6.2) of f1j it now
follows

|fLx(q) @] <eM (o + ¢+ ca(@))]lllom.

The proof of the bound for fH” .. follows in the same way, using the equiv-

alence (6.4) of f{, and the Lagrangian functional £{ (y), as well as the
definition of the latter from Corollary 3.5.2.

e The proof follows analogously to the proof of the first part, but now using
the estimations proved in Lemma 3.1.5 and Lemma 3.1.8 in combination
with the triangle inequalities, as well as Lemma 3.2.3 and Corollary 3.4.5.
The details are omitted.

O

Then we can show a first result, which already demonstrates some of the
challenges and main techniques of this section:

Proposition 6.4.2. Let g = (uy, g1, z1) satisfy Assumption 6.1.1. There exist
constants 0 < wy € R satisfying Assumption 6.3.6, and 0 < cp41 € R, 0 <
€r+1 € R such that for all y¥ € Y2I with ||yf — Yillym < wa, the unique solution

Gt of (QP,.) satisfies the quadratic growth condition

Sur(a) = fre(@™) + corlla — a5, (6.78)
for every qi € Qaa1 with ||qr — (ijHQM < €ks1- In particular (jﬁ“‘l is a strict
L2-local solution of (QPy). Furthermore, the triple gjﬁ“‘l is the only stationary

point of (QPy) in BRY (q]f“).

€k+1

Similarly as for the same result of the one time step model [85, Proposition
7.1] of the author and I. Neitzel, Proposition 6.4.2 is the analogue result to
[96, Proposition 6.13]. It is important to recognize that there is one essential
difference: Up until now it is not clear for Proposition 6.4.2 how the radius €1
is determined, in particular, it can be dependent on q}?“. We rectify this issue
later at the end of this section. As in [85, Proposition 7.1], we do not adapt
the proof of [96, Proposition 6.13], which itself is based on techniques from [40,
Theorem 2.3 and Corollary 2.6] and [156, Theorem 3.22], using similar arguments
as in [38]. Similarly as in Section 4.2, we directly verify the assumptions of [38,
Theorem 2.5].

Proof. As already stated, the assumptions of [38, Theorem 2.5] are verified,
similarly to the proof of Proposition 4.2.1 and Theorem 4.2.4. Again, setting
Uy =Usx = QM and K = Qada1- Note further that by (4.22), it holds C(qp) C
C,(qr). We have also already seen that (jf“ satisfies the first-order necessary
conditions for both (QPj) and (QP}">) by Lemma 6.3.13. In fact, the last

argument of this proof can also be used for Q:fﬂ C Qad,1, Wwhich means that

qu+1 satisfies also the first-order necessary conditions for (QP:’Z).
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Furthermore, it is clear that the reduced functional fjj is twice Fréchet
differentiable, and by Lemma 6.4.1 its derivatives fj, and f{’, are bounded and
Lipschitz continuous.

Now finally, analogously to the proof of Proposition 4.2.1, we need to verify
that the quadratic form ¢ — fi’ (q1)(@1)? is a Legendre form, cf. the fourth
point of the properties given in Proposition 4.2.1. We again note that ﬁ{f“ and
i{f“, being the solutions to (6.36a) and (6.36b), are in W depending on
and wy, but not on yf. This can be showed in the same way as (6.77) in the
proof of Lemma 6.4.1. The weak lower semi-continuity (1) from the Legendre
form definition of the properties given in Proposition 4.2.1 can then be showed
as in Proposition 4.2.1. As for (2), this also follows analogously to the proof of
the aforementioned proposition: The only difference is that, due to f{’; (gi) being

identified via L] (yF), we have to replace y; with y¥ in (4.14). This however
does not have an effect on the course of action in the immediately following
argument, and the remainder of the proof from (4.15) onwards can be conducted
in the same way. Combining all arguments, [38, Theorem 2.5] is applicable. This
concludes the proof. O

Our next task is to argue that the radius €11 can indeed be chosen indepen-
dently of (jf“. Analogously to [96], some additional auxiliary subproblems need

to be stated. Analogously to (@5)7 let
min fi5(qr), such that g1 € Qaay, (QPE)
where fg is defined as in (@?d) on page 140. At the same time, let also
min fi5(qr),  such that g € QU3 (QPe2red)

—~red
The key idea observed in [96] is that the problems (QP(;e ), (QP¥Y) and
(QP‘(‘;’Q’md) only differ in the admissible set, and that the linearization point in
all subproblems is g, instead of the current iterate as in the problems (QP:d)

and (QP‘,‘:’Z’red). As a consequence, it is in fact possible to show that the unique

— ——~—red
solution g5 of (QPj), or equivalently of (QP;e ), is also a unique local solution

of (QP%%) and the unique global solution of (QP‘(’;’Zmd), as long as the pertur-
bations &; are sufficiently small in Z}. Note that the smallness assumption of
the perturbation d; and the local neighborhood in which g s is a global solution
only depends on g, as is first observed in [96, Proposition 6.7].

Subsequently, we prove that the strong regularity property (in the space Y/)

of (@) proved in Theorem 6.2.9 transfers to the generalized equation (GE), as
well as to the generalized equation

0 € Fi(yr) + Nr2(yr), (GE*?)

where analogously to (6.7), the set valued map Nyo: YM2IZM is defined via
Ni: Y3Z,Ni(y') = (0,0, Ng2(q")) ", and

N22(q') = {dg’ € Q| (dg',§" — ¢')q < 0 for all§ € (Quy’)i}
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again using notation analogously to (6.8) and (6.37).

This in turn then means that within fixed neighborhoods of gy, stationary
points of (QP%*?) and (QP‘,‘;’Q’red) are in fact locally unique.

Similarly to Section 6.2.1, 6.2.2 and 6.3.1, it is again possible to show:

Corollary 6.4.3. The (reduced) subproblem (QP‘;’Q’md) admits at least one
solution for every perturbation vector 6y € ZM . Further, first-order necessary
conditions can be derived, which can equivalently be expressed by the generalized
equation

o1 € Fi(yn) + Fy (1) (yr.s — 41) + Ni2(ys)- (NM«2)

Similarly to Proposition 6.4.2, the following result can then be proved. It
is based on [96, Proposition 6.7], where the initial key idea of this approach is
introduced. In [85, Proposition 7.2] of the author and I. Neitzel, the same result
is proved for the one time step setting.

Proposition 6.4.4. Let y; satisfy Assumption 6.1.1, and let 0 < ¢ € R and
0 < Lo € R be the constants from Assumption 6.1.1 and from Proposition 6.2.8,
respectively. There exist constants 1 € [07 %] and 0 <ce0,0<€ecR such

——red
that the unique solution qrs of (QP;e ) satisfies the quadratic growth condition

fro(q) > fio(Gs) + cllar — GusllHa,

IA

for every qi € Qa1 with |lgn — qusllom < € for all ||61]lzm < 7. In particular,

qu.s is a strict L?-local solution of (QPged). Moreover, 1.5 = (Qis,q1,5,21,5) 5
M
the only stationary point for (QPged) in BEQ (Gus)-

Proof. The proof is conducted in the same way as for Proposition 6.4.2, by
utilizing again [38, Theorem 2.5]. The difference between fij and fi s is the fact
that the linearization point is g instead of y¥ and the added linear perturbations
d1. The proof for the bounds, the Lipschitz conditions and the Legendre form
properties for fIf) s and fH” s can be established similarly to the respective properties
of f1 in Section 3.4 or of fr; in Lemma 6.4.1, and is omitted here. The choice
of the involved spaces and cones is the same as in Proposition 6.4.2, note in
particular again (4.22). It remains to show that gy s satisfies the first-order
necessary conditions of (QP§’2’red). As in [156], for perturbations &; sufficiently
small in the ZY norm, we can show this by adapting the proof of Lemma 6.3.13.
The main idea is that the (o-) strongly active set

Is(o):={z el | Bz +ag — 65| >0 foralli=1,..,M}

behaves sufficiently well for small perturbations 6y € ZX | cf. also [96, Lemma
6.6] and [156, Corollary 5.3]. Note that the argument relies on the Z regularity,
especially on the L>-regularity of & 2. In particular, smallness of §; w.r.t. ZM,
ie. of dp2 w.r.t. L?, is not sufficient. The reason is that we need to argue
similarly to the proof of Lemma 6.3.5, cf. also Remark 6.3.10.

Overall, all assumptions of [38, Theorem 2.5] are satisfied, and the statement
is concluded. O
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At this point, let us again emphasize the importance of the smallness in Z:

Remark 6.4.5. Let us recall the course of action of Section 6.3. There, it was
essential to use a localization w.r.t. L> in the problem (QP}">), as explained
in Remark 6.3.10. For the same reason, we have seemn in the last proof that
perturbations have to be considered in the L°°-sense. This is the reason that also
in this section, we work with strong regularity in the Y2 — ZM setting. We see
below in Theorem 6.4.8, that the problems (GE) and (GE“*2) are indeed strongly
reqular in this setting, but not in Y.

Continuing with the same ideas as in [96, Corollary 6.8], it is now possible
to show that qp s is in fact both the unique global solution of (QP‘;’Q’md) and a
local solution of (QP5).

Proposition 6.4.6. Let i satisfy Assumption 6.1.1. Then there exist a constant

0 < ws € R and a radius 0 < r € R such that the unique function triple
——red

915 = (Qus,d1,6,21,5) solving (QP];C ) is also the unique solution of (QP;J’ZW&)

as well as the unique solution of (QP?’d) which is contained in the set Q‘;’fﬂ for

w = ws, for all ||6i]| z < 7.

Proof. The proof is the same as the proof of [85, Proposition 7.3] of the author
and I. Neitzel, which in turn is the same as [96, Corollary 6.8]. For convenience

of the reader, the main ideas are recapitulated. Set ws = % and choose
r < min (f, ﬁ) with €, 7 as in Proposition 6.4.4, 0 < ¢, € R being a constant

that stems from the L™ — L?-embedding, and L., the Lipschitz-constant from
Proposition 6.2.8. Due to Proposition 6.2.8, we can deduce

N _ . _ €
a5 — @llom < celldrs — @ll(zoeryym < ceLioo|ldn]l 720 < 3" (6.79)
. . M o, _
This then yields for all ¢ € BE, (q) that
o _ _ . € 26 € _
llor = drsllorr < llar = @l + 1@ = drsllom <ws + 3 < 5 +5=¢ (6.80)

Together, (6.79) and (6.80) mean that s € (Qad’n N BgsM ((ju)) C (Qad,H N

B? Y (Q\]L(S)). In particular gy s satisfies a quadratic growth condition in the larger

set by Proposition 6.4.4 and is contained in the smaller set. Further, again
Proposition 6.4.4 ensures that there is no other stationary point inside the larger
set. This concludes the proof. O

Remark 6.4.7. Both Proposition 6.4.4 and Proposition 6.4.6 are based on the
ideas and techniques of [96, Proposition 6.7 and Corollary 6.8]. Note that the
authors of [96] distinguish between different neighborhoods for stationary points
and solutions. As in the analogous results of the one time step setting from [85],
the same radius can be, and in fact is, chosen in the two previous propositions
without loss of generality.
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By combining Theorem 6.2.9 and Proposition 6.4.6, it is easy to conclude:

Theorem 6.4.8. Let y1 satisfy Assumption 6.1.1. The generalized equation
(GE) is strongly regular at iy in Y. Furthermore, there evists an 0 < w € R
such that (GE®2) is strongly regular at iy in Y.

At this point, it is important to recall that while the auxiliary subproblem
(@k) is globally convex under Assumption 4.3.1 by Proposition 6.2.8, and
therefore admits a unique solution, the quadratic subproblem (QPj) can still
have multiple solutions. This means that solving (QP) is not equivalent to
solving the generalized equation (NM). Yet, for the localized version (NM*:2) and
(QP‘,:’Q’red), the equivalence is true. Analogously to the proof of Proposition 6.4.6
and as in [96, Proposition 6.14], we now obtain for the unperturbed subproblems:

Proposition 6.4.9. Let g satisfy Assumption 6.1.1. There exist a constant 0 <
we € R and a radius 0 < € € R such that for all y¥ € Y with ||y]§“—gjﬂ||yozg < wg,

the unique function triple gjé’“‘l = (ﬁff“,(jf“,i{f“) solving (@k) is also the
unique solution of (QP‘,’:’ZIEd), for w = €, as well as the unique solution of
(QPEed) which is contained in the set Q‘;Cfﬂ forw =e.

Proof. This works analogously to (6.80), using the results of Proposition 6.4.2
instead of Proposition 6.4.4. Note that the only important part is that due to the
strong regularity property of (QPj) from Theorem 6.4.8, we can in fact ensure
the existence of a constant 0 < wg € R and a radius 0 < € € R, now independent

of (jf“. Note that analogously to Remark 6.4.7, w.l.o.g. the same wg is chosen
for both problems. The remainder of the proof is omitted. O

Finally, it is possible to conclude the second main result of this chapter. The
reasoning works analogously to [96, Theorem 6.15] and is also conducted for the
setting M = 1 in [85, Theorem 7.5] of the author and I. Neitzel: Exploiting the
strong regularity of (QPy), as seen in Proposition 6.4.9, we have rectified the
situation mentioned after Proposition 6.4.2, and the radius € can now in fact be
chosen uniformly. It immediately follows:

Theorem 6.4.10. Let § satisfy Assumption 6.1.1 and let initial data uf,z{ €
WM be given such that |[u — uypllyw, ||z — zi|lwn < w for an 0 < w € R
sufficiently small. In particular, the choice ¢° € Q441 with Hq]?—(jﬂHQM sufficiently
small, and uf = Gy(q1) and z{ such that for alli=1,..., M,

Al*(ui,O)(zi,O, wi+1,0) + Rl*(wi,o’ sDifl,O, Soi+1,0; 7)(wi,07 wiJrl,O) _ ui,O o u;ii,

is possible. Then the sequence generated by Algorithm 6.1.2 with quadratic
subproblem (QP;:’Q), or equivalently (QPz’Q’red), converges quadratically in Y1
to g]l-

Proof. The proof is now a simple consequence of Proposition 6.4.9 and Theo-
rem 6.2.10. Concerning the choice of ¢f, and subsequently uf as well as z?, we do
not repeat the argumentation already given in the proof of Theorem 6.3.15. [
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Let us close this section with three concluding remarks: First, comparing
the results of Theorem 6.3.15 and Theorem 6.4.10, it is possible to replace the
L*°-localization by an L2-localization, as in [96]. Secondly, note that again
the size of the local neighborhood, in which the initial value is viable, depends
on the physical parameters, cf. Remark 6.3.7. Finally, if we use the (rather
weak, in comparison to e.g. [73, 74]) second-order sufficient conditions from
Assumption 4.3.1, then some sort of localization, whether in L or in L?, can

unfortunately not be avoided. In particular, the local neighborhoods Q:(ff

and Q:fﬂ chosen in this chapter involve the a-priori unknown function g in
its definition. In [152], it is stated that these sets can be replaced by certain
convex, closed sets, and explained how the latter sets can be chosen in the
L*>-localization setting. The interested reader is referred to [152, page 311].

6.5 Numerical examples for the SQP method

We conclude this chapter with two numerical examples to substantiate the
convergence results proved in the previous sections. These numerical results have
not been published up until now. For the numerical examples, we use a simplified
quasilinear phase-field optimal control problem, for which we can construct a
so-called manufactured solution example. This means that the simplified problem
in fact has an analytically known solution, which we state below. Furthermore,
an explicit statement of the involved functions for both examples is given in
Appendix B.

Let us directly introduce the simplified problem, which has the following
differences in comparison to (NLP]""): Firstly, similarly as in Chapter 5, we
restrict the model problem towards one time step, i.e. we set M = 1. Secondly,
the displacement is simplified to only one direction, i.e. u lives on €2, instead of Q2.
In this context, instead of the operator Ce(u), we now use the gradient Vu, and
the symmetric gradient e(u) is likewise replaced by the gradient Vu. The control
q = (¢*, ¢¥) has both an entry corresponding to the displacement and to the
phase-field, and an additional desired phase-field and desired controls are added
in the objective functional. This means that we have a desired state (uq, ©q)
and a desired control (¢, ¢7) which we aim to steer towards in the optimization
process. Finally, to avoid projection steps both in the implementation and for
the manufactured solution, each of the entries of the control ¢ = (g%, ¢%) lives
on the domain €2, instead of on the boundary I'. For the latter reason, we also
do not demand box-constraints as an admissible set for the controls.

Overall, we obtain the nonlinear phase-field optimal control problem

. 1 1
min Jes(q,u) = 3 u — ual® + 3l — al®
qu 2 2
O w w a NLP
+ 5 lla" =gl + Slla? - af |, (NLPea)

subject to: u solves (EL,,;) for data g,
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where (EL,;) is given by:

(((1 —K)* + H)Vu, Vv") + €(V<p, V'U“") — %(1 — gp,v“")
+n(p — ¢ v%) + (1 — k) (eVu: Vu,v?) +v([(¢ — ¢~ ) %, 0%) (ELes)
= (q",y“> + (q‘p,v“’) V(v v?).

The aim is to solve (NLP.,) with the SQP method as described by Al-
gorithm 6.1.2 in Section 6.1, thus we also introduce the associated quadratic
subproblem: In the k-th step, let the current triple ((u*, "), (¢"*, ¢%%), (2F, "))
be given. The quadratic subproblem then reads

min Jez (g, 1)

au

:(uk—ud,ufuk)ﬂL((Pk*<Pda%0*90k)

+ald™ = qf,q" — ") + (¢ — ¢7.¢% — ¢"%)

1 1
+ gl =P + Sl — HIP
(6]
—W &

2 QPes,
)(gpk V(u— uk) Vzk) ( )

(1—r)((¢— PP )VuP, V2F)
(1—+x (sa’“V ): V(u—ub), ")
—2(1—k)((p ) (u—uF): Vuk, ")
= 37((¢" =07 ) (e — ") — "), 9"),
subject to: u solves (EL, %) for data g,

@ u u
+ 5||q -+

where (EL,, ;) is given by:
(1= K) (") + K)Vu, Vo) +2(1 — k) (¢FVu: Vb, v?)
+2(1 - ) (V" V%) + (T, V%) £~ (,0%) + (i, )
+ (1= &) (oVul: Vb, 0%) + 37 ([(0" — 07) 20, 0%)
= (¢ 0") + (@ 09) + 2(1,09) + (o™, %)
+2(1 — K) (" " VuF, Vor) +2(1 — k) (" VP VuF, v?)
—2([(@" =) 0%) +39([(¢" = 97 )TPe",0%) V(0 0f).

k+1
y

(ELea:,k:)

By using the update rule (u ¢+, 21 = (u, ¢, z), we obtain the triple
for the step (k4 1). In this context, z is the adjoint state associated to (QPey k),

similarly to Lemma 6.1.6.

Note that the theoretical results from the previous sections hold true for
(ELey), (NLP¢y), (ELey k) and (QPey k) by analogous arguments. In fact, due to
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the simplifications, i.p. the lack of control-box constraints, if anything, some of
the arguments and proofs can be simplified. Let us therefore state the optimality
conditions without further explanation: The to (NLP.,) associated first-order
necessary conditions can be given in implicit form via: If (¢%,q¥) is a local
minimizer of (NLP,,) with associated state (u, ), there exists an adjoint state
(2,%) such that

(1= )P + 5) Vi, Vo) +<(V5, Vo) — L (1 - 5,0)
+0(@ =97, v9) + (1= K)(¢Va: Va,v?) +7([(¢ — ™) 0%) o (ELes)
= (a",0") + (7,0%) W, 0%),

(1 = r)P* + K)VZ, Vo*) +2(1 — k) (pVa, Vo)

+ (2(1 = k)pVu: Vz,0%) +&(Ve), Vo¥) + é(iﬁ,v“’) + (¥, v?)
+ (1= 0)(@Va: Vi, o) + 3y([(7 - ™) 120,07

= (u — ug,v") + (¢ — ¢a,v¥) V(" v%),

(2 +a(@" — ). 0")g + (0 +al@® —49),0) g =0 V(@".4°). } (VEe)

(AE¢z)

The second-order sufficient conditions of (NLP.,) can also be stated via: Let
(¢, @*), with associated state (4, @) and associated adjoint state (Z,) satisfy
the first-order necessary conditions (EL.z;), (AE.;) and (VE.;), and assume
that there exists a ¢ > 0 such that

101 + 1211 + ellg“]* + allg? ]

—4(1 - k) (pVip, Vz) — 2(1 — k) (¢°Va, V7)

— 41— k) (¢Va: Vi, ¥) —2(1 — )(@, Vi: Vi, ) (SSCe.)

—6v([(v — ) T18%, ¥)

= el(@,a)IF V(@ ), (q",47)) that satisty (6.81),
)

where (6.81) is given by:
(1= r)@* + k) Va, Vo) +2(1 — k) (gVu g, Vob)
+e(V1, Vor) + é(@, v¥) +n(@,v%) +2(1 — k) (pVi: Vi, v?) 651)
+ (1= 1) ($Va: Va,07) + 3y((@ - 97) ]23,0%)
= (% 0") +(¢%,v%) V(" v7).

A quadratic growth condition, and subsequently the local optimality of g of
(NLP,,) then holds analogously to the results of Chapter 4.

Now, manufactured solution examples can be constructed, using the approach
explained in [153, Section 2.9]. We will not go into many details, and refer the
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reader to this publication for further information: In general, the starting point
is fixing all data, e.g. ¢, as well as a u and a z, satisfying the required boundary
conditions. For the given problem, these are zero Dirichlet boundary conditions.
Then from (EL.,), we can determine the optimal control (¢“,g¥), which in
strong formulation is given by:

"= -V-(((1-K)@*+ K)Va)
= —2(1-k)pVy Vi— ((1 - k) — k)@>Au, (6.82)

P

~ 1. 1 B I I
q° —€A¢+gw+n@—g—w + (1= r)@Vau: Vu+4[(g— ¢ )"

(6.83)

Similarly, from (AE.;) we can determine the desired state (uq, ¢q), which in
strong formulation is given by:

ug=u+2(1—r)pVe - Vz+ (1 - K)@* + k) AZ+2(1 — )V - Vg

+2(1 — K)pAup + 2(1 — )PV - Vb, (6.84)
wi:=¢—2(1—kK)pVZz: Vi + ) — éﬁ; —mp
— (1= r)YpViu: Vi —34[(p — o)1 ]%. (6.85)

Using (6.82)-(6.85), we can finally determine the desired controls (¢4, ¢¥)
from (VE.;), which in strong formulation are given by:

=" +=z =+ (6.86)

(07

Q|+

For convenience of the reader and better readability, we state all functions
involved in the examples of Section 6.5.1 and 6.5.2 in explicit form in Appendix B.

Let us put on record that, if the SQP method is initialized with a suitable
initial starting point, we also expect quadratic convergence in Y of the by
Algorithm 6.1.2 with subproblem (QP.;x) generated sequence towards the
optimal solution triple, which we call y := (u,q,z). Let us point out that in
the SQP subproblems, we do not need the additional restrictions towards local
neighborhoods in the quadratic sub-problems as in (QP}"™) or (QP‘,’:’z). As
already mentioned in [70, 156], in the context of numerical examples restrictions
towards local neighborhoods of the quadratic subproblems are only required for
the analytical proofs of the SQP convergence results in function spaces, even for
problems involving control box constraints, cf. also [95, 96].

Our examples are implemented in C++4 using the DOpElib optimization
library [72, 149], that is based on the deal.II finite element library [11, 12]. For
the solution of the SQP subproblems, the "optproblem” class of DOpEIib is used.
This class provides a solver for optimal control problems constrained by partial
differential equations, by utilizing the Newton algorithm. Let us point out that
our focus is put on illustrating the order of convergence of our examples, and not
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on computational efficiency. In particular, this means that we do not optimize
the interdependence of stopping criteria of (different solvers involved to solve)
the subproblems. Further, choosing more efficient solvers (e.g. implementations
involving sophisticated parallelization) can most certainly enhance the runtime
of the implemented examples. For the domain, we choose Q = [0,1]2, i.e. the
unit square, with an initial mesh with four equidistant quadrilateral cells, i.e.
an equidistant mesh with sidelength hg = 0.5. We uniformly refine this initial
mesh five, six and seven times to obtain equidistant meshes with meshsizes
hs = 0.015625, hg = 0.0078125 and h; = 0.00390625. Let us clarify that with
meshsize we mean the sidelength of the quadrilaterals, i.e. h; = (1)"*! for the
refinement levels i = 5,6,7, on which we run the SQP method. The control
and state variables are discretized by piecewise linear finite elements on the
respective meshes. Note that in contrast to h;, we denote the SQP steps by
k, where we let the SQP method run up to 6 steps, and functions indexed by
k = 0 are from the initial step. Further implementation details including the
desired states and controls, the initial values and all involved parameters, are
given in the corresponding examples in Section 6.5.1 and 6.5.2 below. Let us
point out, that for both our examples we choose a fixed penalization parameter
v > 0, and the behavior of the SQP method for the simplified problem w.r.t.
the penalization limit is not subject of the examples presented. To conclude
this overview of the implementation, note that the abstract exponents p and
q from Assumption 2.3.1 have not been specified for a practical context in our
theoretical results. We instead use both the L?- and L>-norms for ¢, u, z, as
well as the L2-norm for ¢ in combination with the H!(Q;R?) x H!(Q2)-norms for
u, z as the norms of the increments and of the error towards the known exact
solutions.

Let us quickly outline the remainder of this section: For both examples in
Section 6.5.1 and 6.5.2, we use the simplified optimal control problem (NLP.,).
For both examples, we state a manufactured solution example, including the
details on the specific example setting involving all parameters and initial
conditions, before presenting the convergence results of the SQP method as
described above. In Section 6.5.1 we chose the given phase-field function ¢~
such that the penalization term v[(¢ — ¢~ )T]? is zero in the optimal condition,
as well as very simple initial data. We also elaborate on the possible choice of
initial data for phase-field optimal control problems. In Section 6.5.2, the data
is chosen such that the penalization term in the model problem is positive, and
the initial data is chosen more closely towards the manufactured solution. The
numerical results indicate quadratic convergence for both examples.

6.5.1 Example 1
Let us construct the first manufactured solution example for (NLP,,.) as explained

above. We choose the modelling parameters ¢, k,7v,n and « as presented in
Table 6.1, again pointing out that all parameters, including -y, remain fixed.
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Parameter Explanation Value
€ crack regularization | 1.0e-3
K crack degradation 1.0e-5
o penalization 100.0
n viscous approximation | 10.0
«Q Tikhonov parameter 1.0

Table 6.1: Parameters for Example 1.

Further, we also set
u” = (u,¢7) = (0.0,1.0),

and choose the desired functions ug, ¢4, ¢y and ¢ as defined in (B.3)-(B.6) in
Appendix B. These functions are plotted in Figure 6.1, for the parameters stated
in Table 6.1. For the chosen desired functions, we obtain the state u with
associated optimal adjoint z,

a = (u, p) := (sin(mz) sin(7y), (x — 0.5)%* + (y — 0.5)® +0.5),
z = (Z,9) := (4sin(272) sin(my), (z — 0.5) + ¢?),

and then obtain from the first-order necessary conditions (ELe,), (AE.;) and
(VE¢z), the control ¢ = (¢%,¢®), which is given in (B.1)-(B.2). The triple
(@, @), (g%, @), (2,v)) is plotted in Figure 6.2, again for the parameters stated
in Table 6.1. Note that for this first example, we cannot easily verify whether
the triple ((@, @), (%, %), (%,4)) is indeed a (local) minimizer of (NLP,,): In
comparison to the second example from Section 6.5.2, the associated second-order
conditions (SSC,;) given on page 167 do not immediately ensure this property
of the triple.

As an initial triple, with which we start in the first step of the SQP method,
we finally choose

u’ = (0.0,1.0), ¢ =(0.0,0.0), z°=(0.0,0.0). (6.87)

By construction we have ¢ € [0,1] and ¢~ = 1, which means that the penalization
term y([(@ — ¢ ) T]?) is zero in the triple (@, g, z). The same also holds true (at
least) for the first SQP step, since ©* = 1 for k = 1, and therefore 3v([(©* —
o)1) = 0.

Note that we do not choose an initial triple were both the displacement
variable ©® and phase-field variable ©° are zero. In the fracture propagation
setting this would suggest, that the entire domain already consists of a completely
broken material, indicated through the phase-field variable ¢ = 0. In particular,
further fracture propagation would not be possible, since adding a (traction)
force as control then cannot put any strain on the already totally destroyed
material. In this context, the interested reader is referred to the recent work [102]:
For a (time and spatial continuous) phase-field fracture optimal control problem,
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Figure 6.1: Example 1: Desired functions ug, gq4-

[102, Proposition 5.2] provides a sufficient condition for the characterization of
regular points [102, Definion 2.1] (in the sense of Zowe and Kurcyusz [163]).
These then imply KKT optimality conditions [102, Theorem 2.2]. Similarly
to our case, [102, Remark 5.2] then summarizes that the in [102, Proposition
5.2] given condition cannot hold, if both e(u) and ¢ are identically zero, and
[102, page 19] states: ”[...] we obtain trivial solutions, which are not of interest
from the mechanical viewpoint”. In particular, if one derives the to (QPey k)
associated optimality conditions and starts with a zero initial triple, the associated
optimality system would not only be uncoupled in the displacement and phase-
field equations, but stay uncoupled throughout the SQP method. Note that the
physical interpretation can also be seen in the numerical solution of optimal
control fracture problems, where numerical instabilities occur (much) earlier
than total failure, i.e. before the complete rupture throughout the entire domain
is achieved and the phase-field variable ¢ is zero on a connected line segment or
area along the traction force, cf. [103, 105].
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Figure 6.2: Example 1: The triple (u, g, z).

The norm of the increments and the absolute errors? against the interpolated
exact solution are given in Table 6.2 and Table 6.3. Here, the interpolated
exact solutions, denoted by Gint, Qint, Zint, Were calculated using the deal.ii

2for the L2-norms of the control, the state and the adjoint, the L2-norm of the control in
combination with the H'-norms of the state and the adjoint, and finally the L°°-norms of the
control, the state and the adjoint
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function "interpolate” from the class ”VectorTools” to (linearly) interpolate the
respective exact functions at the support points to the finite element space of
the current refinement level. Let us further recall that by || - ||2 and || - ||
we denote the norm of the standard Lebesgue spaces L?(Q) and L*>(Q2), and
by || - |l1.2 we denote the norm of the standard Hilbert space H(Q), cf. also
Appendix A. For an illustration of our theoretical results from Section 6.3 and
Section 6.4, we look at both the norm of the increments and the errors of the
solutions towards the interpolated exact solutions for the three discretizations
with meshsize hs, hg and h; for k = 1,...,6 SQP steps. In Figure 6.3, we semi-log
plot the corresponding graphs for the mesh with meshsize hg. We omit plotting
the other convergence graphs, since they look similar for the meshsizes hs and
hr. As a reference function for quadratic order of convergence in the semi-log
graph of the absolute errors, we plot the function f(k) = 2*2k, k=1,..,6 as
a solid black line. The results indeed indicate a quadratic convergence, as can
be deducted from the left three graphs of Figure 6.3. The rate of convergence
involved in the numerical example is unknown, choosing a rate of convergence
in the order of one, we can also approximately calculate orders of convergence
from the erros presented in Table 6.3, which likewise indicates that the order
of convergence is quadratic. The same convergence in function space is then
indicated by the uniform behavior of the increments and errors w.r.t. the
different refinements for the discretizations with meshsize hs, hg and h7. Note
that until the convergence towards the (interpolated) exact solutions stops due
to discretization (and possibly therewith connected interpolation) errors, the
errors towards the exact solution also behaves uniformly w.r.t to the SQP steps.
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Figure 6.3: Absolute error against the interpolated exact solutions (left) and
norm of the increments (right) for Example 1, on the mesh hg = 0.0078125.
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GLT

lar—1 — all2 lup—1 — ugfl2 lzr—1 — zi |2
k hs he hr hs he hr hs he hr
1 3.55067e+02  3.55128e+02  3.55143e+402 | 5.60378e-01 5.60492e-01 5.60521e-01 1.42410e+-00 1.42495e+-00 1.42516e+-00
2 1.17707e+00 1.17843e+00 1.17877e+00 | 2.87193e-01 2.87324e-01 2.87357e-01 1.17707e+00 1.17843e+00 1.17877e+00
3 5.06629e-02 5.07723e-02 5.07997e-02 6.80275e-03  6.81448e-03  6.81741e-03 5.06631e-02 5.07725e-02 5.07999e-02
4 4.27631e-04 4.29602e-04 4.30097e-04 6.23369e-05 6.26196e-05 6.26905e-05 4.27651e-04 4.29622e-04 4.30117e-04
5 1.37656e-08 1.39097e-08 1.39461e-08 1.77946e-09 1.79786e-09 1.80250e-09 1.38737e-08 1.40184e-08 1.40548e-08
6 6.87482e-14 6.88287e-14 6.90186e-14 8.98571e-16 8.99856e-16 8.86260e-16 1.05696e-15 1.04687e-15 1.15040e-15

lup—1 — ugll1,2 llzp—1 — zll1,2
k hs hg hy hs heg hr
1 1.89109¢e+-00 1.89065e+00 1.88982e+400 | 7.76461e+00 7.76933e+00  7.76983e+00
2 1.33010e+-00 1.33067e+00 1.33082e+00 | 8.33197e+00 8.34004e+00  8.34214e+400
3 3.38706e-02 3.39594e-02 3.39858e-02 3.72778e-01 3.73755e-01 3.74038e-01
4 3.23914e-04 3.25390e-04 3.25765e-04 2.89361e-03 2.90705e-03 2.91052e-03
5 9.21699e-09 9.31903e-09 9.34569e-09 9.63145e-08 9.76004e-08 9.79589e-08
6 2.90883e-14 4.92437e-14 7.71223e-14 4.59550e-14 9.03548e-14 1.87910e-13

la—1 — qrlloo luk—1 — uglleo lZk—1 — Z&lloo
k hs hg hy hs hg hr hs heg hr
1 5.04896e+02 5.04977e+02  5.04997e+02 | 4.99892e-01  4.99973e-01 4.99993e-01 1.95431e+00 1.95569e+00 1.95616e+00
2 2.76492e+00 2.76849e+00 2.76920e+00 6.21274e-01 6.21561e-01 6.21644e-01 2.76492e+00 2.76849e+00 2.76919e+00
3 1.00131e-01 1.00402e-01 1.00468e-01 1.30092e-02 1.30378e-02 1.30445e-02 1.00132e-01 1.00402e-01 1.00469¢-01
4 1.25362e-03 1.25999e-03 1.26155e-03 1.47639¢e-04 1.48293e-04 1.48463e-04 1.25361e-03 1.25998e-03 1.26153e-03
5 3.68845e-08 3.73121e-08 3.74197e-08 3.87225e-09  3.91229e-09  3.92243e-09 3.68456e-08 3.72630e-08 3.73772e-08
6 1.62915e-13 1.58518e-13 1.84401e-13 2.84957e-15  2.88658e-15  2.99264e-15 2.66454e-15 3.09871e-15 3.45887e-15

Table 6.2: Norm of the increments during SQP method applied to Example 1.



”qint - qu2 ”ﬁint - ukH2 ”iint - Zk’“2

k hs heg hr hs he hr hs hg hy
0 3.55177e+02 3.55237e+02 3.55252e+02 8.49325e-01 8.49533e-01 8.49586e-01 2.51580e+00 2.51726e+00 2.51762e+00
1 1.22654e+00 1.22721e+00 1.22738e+00 2.93696e-01 2.93802e-01 2.93829e-01 1.22654e+00 1.22721e+00 1.22738e+00
2 5.20936e-02 5.13904e-02 5.12150e-02 6.92056e-03  6.88591e-03  6.87747e-03 5.20936e-02 5.13904e-02 5.12150e-02
3 1.48284e-03 6.72732e-04 5.05607e-04 1.52731e-04 1.10397e-04 1.05753e-04 1.48267e-03 6.72530e-04 5.05415e-04
4 1.15018e-03 3.00236e-04 1.00905e-04 9.97690e-05 5.31295e-05  4.91604e-05 1.15004e-03 3.00051e-04 1.00700e-04
5 1.15017e-03 3.00228e-04 1.00898e-04 9.97677e-05 5.31285e-05  4.91610e-05 1.15003e-03 3.00044e-04 1.00693e-04
6 1.15017e-03 3.00228e-04 1.00898e-04 9.97677e-05 5.31285e-05  4.91610e-05 1.15003e-03 3.00044e-04 1.00693e-04

EE 1Zin: — zx|l1,2
k hs hg hr hs he h7
0 3.16439e+00 3.16501e+00 3.16516e+00 1.55727e+01 1.55798e+01 1.55816e+01
1 1.35838e+00 1.36174e+00 1.37103e+00 | 8.66068e+00 8.66417e¢+00 8.66617e+00
2 3.62294e-02 4.15915e-02 5.34154e-02 3.82882e-01 3.79281e-01 3.81866e-01
3 5.20464e-03 1.18587e-02 2.44144e-02 1.59877e-02 1.84812e-02 3.28028e-02
4 4.97277e-03 1.16260e-02 2.42390e-02 1.39337e-02 1.62053e-02 3.08667e-02
5 4.97277e-03 1.16260e-02 2.42390e-02 1.39336e-02 1.62052e-02 3.08667e-02
6 4.97277e-03 1.16260e-02 2.42390e-02 1.39336e-02 1.62052e-02 3.08667e-02

1Gint — axlloo ltint — uglloo 1Zint — 2k |loo
k hs heg hr hs hg hy hs heg hr
0 5.04895e+02 5.04977e+02  5.04997e+02 | 9.99491e-01 9.99873e-01 9.99968e-01 3.99491e+00  3.99873e+00  3.99968e+00
1 2.85550e+00 2.85790e+00 2.85831e+00 6.31929e-01 6.32273e-01 6.32355e-01 2.85549e+00 2.85790e+00 2.85831e+00
2 1.03468e-01 1.02146e-01 1.01818e-01 1.32922e-02 1.32135e-02 1.31936e-02 1.03468e-01 1.02146e-01 1.01818e-01
3 3.38061e-03 6.72732e-04 1.51144e-03 3.07123e-04  5.92972e-04 1.00143e-03 3.38031e-03 1.75874e-03 1.51144e-03
4 2.13865e-03 3.00236e-04 1.51144e-03 3.07123e-04 5.92972e-04 1.00143e-03 2.13829e-03 9.21897e-04 1.51144e-03
5 2.13861e-03 3.00228e-04 1.51144e-03 3.07123e-04  5.92972e-04 1.00143e-03 2.13826e-03 9.21897e-04 1.51144e-03
6 2.13861e-03 3.00228e-04 1.51144e-03 3.07123e-04 5.92972e-04 1.00143e-03 2.13826e-03 9.21897e-04 1.51144e-03

Table 6.3: Errors of the iterates (against the interpolated exact solutions on the current grid) during the SQP method applied
to Example 1.
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6.5.2 Example 2

The second example is again constructed in Appendix B. For the parameters,
we use the same as in Example 1, see Table 6.1, except for the penalization
parameter, which shall be v = 10000.0. We again want to point out that v is a
fixed parameter. Let further

u” = (u",97):=(0.0,0.8),

as well as the desired functions ug, ¢q4, ¢4 and ¢7 be given as defined in (B.9)-
(B.12). Subsequently, we obtain an optimal triple consisting of the functions g*
and g%, as given in (B.7)-(B.8), together with

a = (i, @) = (sin(rz) sin(ry), (x — 0.5)% + (y — 0.5)> + 0.5),
z = (2,7) :=(0.0,0.0).

While the plot of z is ommited, u is the same as in Example 1, see Figure 6.2.
The plot of (g%, ¢%) is given in Figure 6.4. Let us point out, that in contrast to
Example 1, it is clear that the triple (u, (g%, ?),z) for Example 2 is indeed a
minimizer of (NLP.,). This can easily be seen from (SSC.,), stated on page 185,
since all terms except for the squared norm terms vanish due to z = 0. Note also
that by construction, it holds (uq4, pq) = (u, ) as well as (¢4, q7) = (¢*, ¢¥), and
that the penalization term v([¢ — ¢~ )T]? is now nonzero and positive for some
points of the domain in the optimal state. As a consequence, we can see that
the function ¢¥ has a shifted range, if we compare Figure 6.2 and Figure 6.4.

l 100
200
LN

» o0

o %
R 400

vy % x
& 2% s00

(a) ¢* (b) ¢*

Figure 6.4: Example 2: Optimal control q.

As an initial triple for the SQP method, we choose

where we point out again that it is not reasonable to choose u’ = 0 for the
same reasons explained in the paragraph below (6.87). Note that due to the
construction of the test example and the way we discretize the domain and
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interpolate the exact adjoint state, the norm in the adjoint increments for the
initial step & = 0 in Table 6.5 is zero. The results after applying the SQP method
are given in Table 6.4 and Table 6.5, cf. also Figure 6.5. We do not repeat the
remarks given in the last paragraph of Section 6.5.1, which hold analogously.
In particular, the results behave in a similar way as the ones for Example 1,
indicating again quadratic convergence.
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Figure 6.5: Absolute error against the interpolated exact solutions (left) and
norm of the increments (right) for Example 2, on the mesh hg = 0.0078125.
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6L1

llgk—1 — axll2

lluk—1 — ugl2

lze—1 — zgll2

k hs he hr hs hg hr hs he h7
1 1.76270e+02 1.76302e+02 1.76309e+02 1.40329e+-00 1.40355e4-00 1.40361e4+00 | 3.90881e-01 3.91124e-01 3.91184e-01
2 4.76014e-01 4.76350e-01 4.76433e-01 8.73155e-01 8.73396e-01 8.73457e-01 4.76014e-01 4.76350e-01  4.76433e-01
3 8.10561e-02 8.11467e-02 8.11693e-02 5.46357e-02 5.46827e-02 5.46944e-02 8.10563e-02  8.11468e-02  8.11695e-02
4 4.80175e-03 4.81189%¢-03 4.81443e-03 1.32902e-03 1.33229¢-03 1.33311e-03 4.80167e-03  4.81181e-03  4.81435e-03
5 2.91873e-06 2.93970e-06 2.94499e-06 3.11760e-07 3.15737e-07 3.16756e-07 2.91836e-06  2.93934e-06  2.94462e-06
6 8.85376e-12 8.94922e-12 8.97245e-12 4.43256e-13 4.50298e-13 4.52087e-13 2.23763e-12 2.30322e-12 2.32041e-12
lup—1 — ugll1,2 llzp—1 — zll1,2
k hs hg hy hs heg hr
1 5.42858e+00  5.42854e+00  5.42775e+00 1.81180e+00 1.81279e+00 1.81304e+00
2 4.05498e+00  4.05542e+00  4.05509e+00 | 2.18880e+00 2.19019e+00  2.19054e+00
3 2.74790e-01 2.75124e-01 2.75147e-01 3.72672e-01 3.73113e-01 3.73231e-01
4 8.94659e-03 8.98455e-03 8.97762e-03 2.48533e-02 2.49311e-02 2.49351e-02
5 4.30658e-06 4.43084e-06 4.44886e-06 2.16196e-05 2.18988e-05 2.19808e-05
6 3.90805e-12 4.31591e-12 4.31631e-12 2.55158e-11 2.70245e-11 2.75336e-11
lge—1 — grlloo lug—1 — ugfloo lzk—1 — Zxlloo
k hs hg hy hs hg hr hs heg hr
1 2.51447e+02  2.51488e+02  2.51499e¢+02 | 2.06351e+00 2.06388e+00 2.06397e+00 8.78357e-01 8.79031e-01 8.79200e-01
2 1.00873e+00 1.00950e+00 1.00970e+00 1.62811e+400 1.62829e+00 1.62834e+00 1.00873e+00 1.00950e+00 1.00970e+-00
3 1.23234e-01 1.23327e-01 1.23350e-01 6.55511e-02 6.55816e-02 6.55902e-02 1.23235e-01 1.23328e-01 1.23351e-01
4 7.15659e-03 7.16852e-03 7.17151e-03 2.04875e-03 2.05476e-03 2.05615e-03 7.15642e-03 7.16836e-03 7.17137e-03
5 3.90832e-06 3.93913e-06 3.94687e-06 5.74000e-07 5.81347e-07 5.83390e-07 3.90406e-06 3.93483e-06 3.94259e-06
6 2.00494e-11 2.02038e-11 2.02421e-11 1.24898e-12 1.26181e-12 1.26507e-12 4.35038e-12 4.49405e-12 4.52990e-12

Table 6.4: Norm of the increments during SQP method applied to Example 2.
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”qint - qu2 ”ﬁint - ukH2 ”iint - Zk’“2
k hs heg hr hs he hr hs hg hy
0 1.76576e+02 1.76607e+02 1.76615e+02 5.87414e-01 5.87459¢e-01 5.87471e-01 0.00000e4-00 0.00000e+00 0.00000e+00
1 3.90881e-01 3.91124e-01 3.91184e-01 8.20582e-01 8.20774e-01 8.20822e-01 3.90881e-01 3.91124e-01 3.91184e-01
2 8.58213e-02 8.59184e-02 8.59427e-02 5.59739e-02 5.59868e-02 5.59901e-02 8.58213e-02 8.59184e-02 8.59427e-02
3 4.80842e-03 4.81528e-03 4.81699e-03 1.38387e-03 1.34285e-03 1.33737e-03 4.80832e-03 4.81518e-03 4.81690e-03
4 6.72049e-06 3.45868e-06 2.66825e-06 9.01919e-05 4.36785e-05  4.46278e-05 6.70739e-06 3.44646e-06 2.65684e-06
5 3.88474e-06 5.68002e-07 3.24142e-07 9.00179e-05  4.35328e-05  4.47928e-05 3.87161e-06 5.53075e-07 3.43469e-07
6 3.88474e-06 5.68003e-07 3.24141e-07 9.00179e-05  4.35328e-05  4.47928e-05 3.87161e-06 5.53075e-07 3.43471e-07
EE 1Zin: — zx|l1,2
k hs hg hr hs he h7
0 1.66782e+00 1.66809e+00 1.66816e+00 | 0.00000e4+00  0.00000e+00  0.00000e+00
1 3.84416e+00  3.84383e+00  3.84423e+00 1.81180e+00 1.81279e+00 1.81304e+00
2 2.82465e-01 2.83130e-01 2.85876e-01 3.95804e-01 3.96271e-01 3.96392e-01
3 1.19410e-02 1.81389e-02 2.99712e-02 2.48866e-02 2.49495e-02 2.49498e-02
4 4.43211e-03 1.06149e-02 2.24624e-02 3.78871e-05 2.80285e-05 3.03608e-05
5 4.43104e-03 1.06149e-02 2.24630e-02 2.16206e-05 1.13290e-05 1.57991e-05
6 4.43104e-03 1.06149e-02 2.24630e-02 2.16206e-05 1.13290e-05 1.57991e-05
1Gint — axlloo [[0int — uglloo 1Zint — 2k |loo
k hs heg hr hs he hr hs heg hr
0 2.51447e+02 2.51510e+02  2.51499e+02 4.99745e-01 5.00037e-01 4.99984e-01 0.00000e+00  0.00000e+00  0.00000e+4-00
1 8.78358e-01 8.79031e-01 8.79200e-01 1.56377e+00 1.56394e+00 1.56398e+00 8.78357e-01 8.79031e-01 8.79200e-01
2 1.30374e-01 1.30473e-01 1.30498e-01 6.72468e-02 6.72547e-02 6.72561e-02 1.30374e-01 1.30473e-01 1.30498e-01
3 7.16572e-03 7.17260e-03 7.17434e-03 2.10983e-03 2.06525e-03 2.05399e-03 7.16552e-03 7.17241e-03 7.17416e-03
4 9.22451e-06 4.42962e-06 3.73233e-06 2.54264e-04 2.99946e-04 5.07628e-04 9.18001e-06 4.42339e-06 3.72783e-06
5 6.03636e-06 8.16762e-07 6.39631e-07 2.54257e-04 3.00484e-04 5.08179e-04 5.97762e-06 7.95875e-07 7.36340e-07
6 6.03637e-06 8.16764e-07 6.39611e-07 2.54257e-04 3.00484e-04 5.08179e-04 5.97761e-06 7.95872e-07 7.36343e-07

Table 6.5: Errors for the iterates (against the interpolated exact solutions on the current grid) during the SQP method applied
to Example 2.



7. Conclusion and outlook

In this thesis, the recent contributions of the author towards optimal control
problems in the context of fracture propagation have been discussed. For one
time step, these results have previously been published as joint works [85, 86] of
the author and I. Neitzel and [84] of the author, M. Mohammadji, I. Neitzel and
W. Wollner. For the results of [85, 86], this thesis also includes the case M > 1,
i.e. the setting involving multiple time steps.

Second-order necessary and sufficient optimality conditions are derived in
Chapter 4. Here, due to the nonlinear coupled structure (in the displacement
and phase-field variable) of the underlying phase-field fracture partial differential
equation, the involved improved regularity of the involved PDEs and solution
operators, as well as the important preliminary (second-order) Lipschitz continu-
ity results for the reduced functional, are essential in the analysis. Due to the
extension towards the multi time step model, the coupling over consecutive time
steps of the phase-field variable poses an additional working step that has to
carefully be taken into consideration. This also leads to the substantial collection
of technical results that are collected and established in Chapter 3. Nonetheless,
second-order optimality results, not involving a two-norm discrepancy, and with
only a minimal gap between necessary and sufficient conditions, can be estab-
lished. Convergence of the dual variables and subsequently of the first-order
necessary optimality conditions w.r.t. the fracture nonhealing property, modelled
through a penalization for inequality conditions for the phase-field variables,
are established in Chapter 5 for the one time step problem. Here, we rely on
~-independent norm bounds for the state in the W-setting and the adjoint state
in the V-setting, respectively. The resulting system of (C-stationary) optimality
conditions corresponds to a mathematical program involving complementarity
constraints (MPCC). Finally in Chapter 6, a convergence analysis of the SQP
method for the multi time step model is conducted. The aim is to base the
convergence of the SQP method on weak second-order sufficient conditions,
rather than stronger assumptions as e.g. in [84, Equation (4.2) and Proposi-
tion 4.3]. Thus, it is necessary to (initially) incorporate a pointwise analysis,
cf. Remark 6.3.10, which subsequently involves techniques known from the
analysis of sufficient optimality conditions involving the two-norm discrepancy,
although originally an L?-setting was satisfactory in the optimality conditions,
cf. Remark 6.4.5. Here, quadratic convergence for localized subproblems in
both L®- and L2-neighborhoods is established. The SQP convergence result is
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substantiated by (up until now unpublished) numerical results.

Overall and in the context of the DFG Project 1962 ”Non-smooth and
Complementarity-based Distributed Parameter Systems: Simulation and Hierar-
chical Optimization” and the subproject “Optimizing Fracture Propagation using
a Phase-Field Approach”, the results of this thesis can be seen as a continuation
of the works [132, 133], complementing the analysis of optimality conditions for
optimal control problems involving a phase-field fracture model, and includes
aspects of nonlinear partial differential equations, optimal control theory as well
as numerical methods such as the SQP method. As mentioned above, addition-
ally some aspects are also related to the field of mathematical problems with
complementarity constraints.

Let us conclude by gathering some open questions, which were beyond the
scope of this thesis: Firstly, the model problem involved several physical and
modelling parameters, which are involved in most of our results. We want
to point out that, with the exception being the penalization parameter ~ in
Chapter 5, all parameters are assumed to be fixed. From the perspective of an
applied reader, a more qualitative analysis of the exact dependence and behavior
for each parameter is surely desirable, e.g. for the unique solvability of the state
equation under the viscous approximation of Assumption 2.3.11. Additionally, a
theoretical analysis of the behavior of e.g. the convergence radius when taking
modelling parameters like € or v towards their limit might be of interest. The
tracking of the penalization parameter and establishing further norm bounds
independently of v are of interest, e.g. also for the solutions of the linearized and
adjoint equations for multiple time steps and in the improved W-setting. Such
results can then be used as a foundation for a further stability analysis of the
penalization limit of second-order optimality conditions and numerical methods
like the SQP method, and are e.g. also of interest in the a-priori error analysis
of solutions of associated model problems, like the quadratic subproblems of the
SQP method. As for the limit in €, this would e.g. be interesting in the context
of a (potential future) analysis w.r.t. I-convergence of the Ambrosio/Tortorelli
regularization, cf. Section 2.1. Secondly, further numerical results seem worthy
of investigation: This aspect involves not only an experimental analysis of
the behavior of different parameters in numerical tests. Certainly, also a full
implementation of the SQP method of phase-field fracture optimal control, and a
numerical convergence analysis which substantiates the theoretical convergence
analysis from Section 6.3 and Section 6.4 for the exact same problem is worthy
of further investigation. Both of these aspects are interesting for future research.
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Appendix

A. Notation and abbreviations

Abbreviations:

a.e. almost everywhere,

cf. compare,

FMO free material optimization,

FON first-order necessary (conditions),

i.e. id est, this means,

i.p. in particular,

KKT Karush-Kuhn-Tucker (conditions),

MPCC mathematical program with complementarity
constraints,

PDE partial differential equation,

SNC second-order necessary condition,

SQP sequential quadratic programming,

SSC second-order sufficient condition,

s.t. such that or subject to, depending on the context,

w.l.o.g. without loss of generality,

w.I.t. with respect to.

Symbols and sets:

\Y Gradient,

A Laplace operator,

tr the trace of anmatrix A = (a;;) € R™*",
ip. tr(A) = Z:;l Qi

A: B :=tr(BT A) the inner product of two matrices A = (a;;), B = (b;;) € R™*4,
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~ Z =B

()" := max(0, -)
a<<b

a>b
I.={1,..,M}

ip. A:B= Z;":l ijl aijby = tr(ATB) = B: A,
real numbers,

natural numbers,

identity matrix, dimension depending on context,
see page: 28,

for a,b € R, a is significantly smaller than b,

for a,b € R, a is significantly greater than b,

set of natural numbers from 1 to M,

spatial domain, a subset of R?,

Neumann boundary part of the boundary 0f2 of the
spatial domain 2, a subset of R,

Dirichlet boundary part of the boundary 92 of the
spatial domain €2, again a subset of R.

a generic Banach space,

dual space of the space V,

open ball of radius r centered at v w.r.t. V norm,
(Standard) Lebesgue space, see Definition 2.3.3,
(Standard) Hilbert (1,2) space, see Definition 2.3.3,
(Standard) Holder space of order zero and
exponent 0 < o < 1,

Sobolev space of functions in LP, whose

weak partial derivatives of s-order lie in L,
Hilbert space W2,

Hilbert space with zero Dirichlet data,

ip. HH(Q,R?) :={vec H'(Q;R?*)|v=00nTp},
Sobolev W* space with zero Dirichlet data,

cf. the spaces Hp(9;R?) and WP (9).

Finally, for a quick reference, where the operators A, R, B, A;, ... are rigorously
introduced, the reader is referred to the beginning of Section 3.1, see page 40.
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B. Manufactured solutions for
the numerical examples from
Section 6.5

In Section 6.5, we introduced the simplified optimal control problem (NLP.;),
together with its optimality conditions (ELcy), (AEez), (VEe,) and (SSCey). It
was further explained how manufactured solutions can be constructed from these
conditions. Here, we state the manufactured solutions used in Section 6.5.1 and
Section 6.5.2 for reference in explicit form.
Manufactured solution for Example 1 from Section 6.5.1
We start by recalling the choice made in Section 6.5.1, i.p. let
u = (u,p):=(0.0,1.0),
a = (&, @) := (sin(rx) sin(7y), (x — 0.5)* + (y — 0.5)% +0.5),
z = (Z,¢) = (4sin(27z) sin(7y), (z — 0.5) + ).

Then, we obtain from (6.82)-(6.86) the explicit representations

§ = —2(1 - k) ((x —0.5)2+ (y—0,5)% + 0.5)

- ((2x — 1)m cos(ma) sin(my) + (2y — 1)7 sin(7x) cos(my))

+2(1 — k)7? sin(7x) sin(7y) ((x —0.5)% 4 (y — 0,5)* + 0.5)2

+ 2km? sin(mz) sin(7y), (B.1)
7P . 1 2 2
37 = —de + g((m—o.5) +(y—0,5)?+05)

+ 77((33 —0.5)2 + (y — 0.5)% + 0.5)

+(1—x)((z—05)*+ (y—0,5)>+0.5)

- (7% cos® (mz) sin® (my) + 7° sin® () cos® (y))

1
- B.2
p (B.2)

ug = sin(mz) sin(my)

+2(1 — k) ((g; —05)2+ (y—0,5)% + 0.5)
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: <167r(:c — 0.5) cos(2mz) sin(my) + 87(y — 0.5) sin(27z) Cos(wy))
— 2072 ((1 —k)((x—05)> + (y — 0,5)> +0.5)" + n)
- sin(2rz) sin(my)
+2(1 - k) ((Qx — 1) cos(nz) sin(my) + (2y — 1) sin(rz) cos(wy))
: ((:c —0.5)2 + y2)
—4n?(1 - k) ((x —0.5)2+ (y—0,5)% + 0.5) sin(rz) sin(ry)
(=05 +?)
+2(1 - 1) (( = 0.5) + (y = 0,5) + 0.5)
: ((2g; — 1) cos(mz) sin(my) + 2y sin(rz) cos(wy)>7 (B.3)
vq = ((x —05)% 4 (y—0,5)> + 0.5)

+2(1— k) ((x —0.5)2 4 (y — 0,5)2 + 0.5)

(87T cos(2mz) sin®(ry) cos(rx) + 472 sin(2rz) cos? (my) sin(mv))
—&-46—7(37—0524-3/2) (a:—os )
T(1- n)((a: —0.5)2 4 )
: (w2 cos? () sin?(my) + w2 sin?(rz) Cos2(7ry)), (B.4)
qg :é Asin(27z) sin(ﬂy))

201 )((x 0.5) + (y — 0, 5)2+0.5)
- ((2z — 1) cos(mx) sin(my) + (2y — 1) sin(wz) cos(my))
2

+ 2(1 — k)m” sin(mx) sin(my) ((x - 0.5+ (y—0,5)* + 0.5)2

+ 2km? sin(mrz) sin(7y), (B.5)

q; = é ((x —0.5)% + y2>
e é((m = 0.5)2 4 (y — 0,5)* +0.5)

+ 77((33 —0.5)2+ (y—05)% + 0.5)

+(1—&)((z—05)*+ (y—0,5)>+0.5)
- (77 cos? () sin® (my) + 7 sin® (7x) cos® (my))

1
€
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Manufactured solution for Example 2 from Section 6.5.2

We start by recalling the choice made in Section 6.5.2, i.p. let

u = (u,p ):=(0.0,0.8),
i = (i, @) := (sin(rx) sin(7y), (x — 0.5)* + (y — 0.5)% +0.5),
7z = (2,9) :=(0.0,0.0).

Again, we obtain again from (6.82) - (6.86) the explicit representations

gt = —2(1 — n)(
((2z -1

(z —0.5)2 +(y—0,5)2+0.5)

) cos(mx) sin(my) + (2y — 1) sin(wx) cos(my))
+2(1 — k)n? sin(nz) sin(ry) ((x —05)%+(y—0,5)% + 0.5)2
+ 2k7? sin(mz) sin(my),

37 = —de + é((x —0.5)2+ (y— 0,5) + 0.5)
+ n((m —0.5)%+ (y — 0.5)% + 0.5)
+(1—x)((z—0.5)*+ (y—0,5)>+0.5)

- (7 cos®(mx) sin®(ry) + m° sin® (wz) cos® (my))

1
=~ =+ 3(max(0, (z 0.5 + (y — 0.5 + 0.5 - 0.8))",

ug = u = sin(wz) sin(my),
Ya=p= ((x —0.5)2 + (y — 0,5)% + 0.5),
1
a4 =q" = o (4 sin(2nz) sin(wy))

—2(1 — k) ((x —05)2+ (y—0,5)% + 0.5)
(22 — 1) cos(rz) sin(ry) + (2y — 1)7 sin(rz) cos(ry))
+2(1 — k)72 sin(rz) sin(my) ((x —05)2+ (y—0,5)% + 0.5)2
+ 2km? sin(mz) sin(7y),
€ =7 = —4de + é((x—0.5)2+(y—0,5)2+0.5)
+1((z = 0.5) + (y - 0.5)* +0.5)
+ (1= k)((z —0.5)*>+ (y — 0,5)* + 0.5)
- (x2 cos? () sin?(y) + 72 sin? (wz) cos? (y) )

1
=~ —n+y(max(0, (z = 0.5)" + (y = 0.5)* + 0.5 - 0.8))".
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