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Zusammenfassung

Robuste und genaue Zustandsschätzung ist ein fundamentales Ele-
ment, das es mobilen Robotern ermöglicht, autonom zu agieren. Um
dieses Ziel zu erreichen, sind moderne mobile Roboter typischerwei-
se mit einer Vielzahl von Sensoren ausgestattet, wie Kameras, Light

Detection and Ranging Sensoren (LiDARs), GNSS-Empfängern (Global Navi-
gation Satellite System) und Inertialmesseinheiten (IMUs), da diese Sensoren
komplementäre Informationen über die Umgebung und die Bewegung des Robo-
ters liefern. Unter all diesen Sensoren spielen IMUs eine zentrale Rolle, da sie
unabhängig von der Umgebung arbeiten können. Zusätzlich liefern IMUs hoch-
frequente Messungen der Bewegung in sechs Freiheitsgraden (6-DoF) und sind
kostengünstig. Allerdings neigen IMUs aufgrund von inhärentem Rauschen und
Bias-Instabilitäten zu einem erheblichen Fehlerdrift über die Zeit.

Um den Drift von IMUs zu mindern, wurden verschiedene Unterstützungssen-
soren mit inertialen Navigationssystemen (INS) integriert. Beispielsweise liefern
GNSS absolute Positionsdaten, Odometer (z.B. Radsensoren) bieten Geschwin-
digkeitsmessungen, und Kameras sowie LiDARs liefern räumliche Geometrieinfor-
mationen. Allerdings sind diese Unterstützungssensoren nicht immer zuverlässig:
GNSS verschlechtert sich in Straßenschluchten und Wäldern, Odometer reagieren
empfindlich auf Radschlupf und Terrainänderungen, und Kameras sowie LiDARs
sind von Lichtverhältnissen und Wetterbedingungen abhängig. Neben diesen ex-
ternen Sensoren können auch die Bewegungsprofile verschiedener mobiler Roboter
genutzt werden, um IMUs auf eine selbstständige Weise zu unterstützen und den
Fehlerdrift zu reduzieren, wenn andere Sensoren ausfallen. Solche Bewegungs-
restriktionen umfassen unter anderem die nicht-holonomen Zwangsbedingungen
(NHC) von Radrobotern und die Vorwärtskinematikmodelle von Laufrobotern.

Zusammenfassend ist es entscheidend, alle verfügbaren Informationen aus ver-
schiedenen Quellen zu fusionieren, um eine robuste und genaue Zustandsschät-
zung zu erreichen, die auf spezifische Anwendungen zugeschnitten ist. Einerseits
müssen fortschrittliche Sensordatenfusionsalgorithmen entwickelt werden, um die
komplementären Vorteile der verschiedenen Sensoren vollständig zu nutzen und
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die Gesamtleistung zu verbessern. Andererseits ist die Verbesserung der IMU-
basierten propriozeptiven Zustandsschätzung entscheidend, um eine kontinuierli-
che und zuverlässige Pose-Schätzung sicherzustellen, wenn andere Sensoren auf-
grund von Umwelteinflüssen ausfallen.

Der Hauptbeitrag dieser Arbeit ist die Entwicklung neuartiger Ansätze, die ver-
schiedene Unterstützungsquellen ausnutzen, um die Genauigkeit, Robustheit und
Effizienz der kostengünstigen IMU-basierten Zustandsschätzung zu verbessern.
Dies umfasst sowohl Verbesserungen der IMU-basierten propriozeptiven Odome-
trie als auch die Fusion von IMUs mit anderen exterozeptiven Sensoren. Die
Arbeit gliedert sich in drei Hauptteile:

Der erste Teil konzentriert sich auf die Zustandsschätzung für Radroboter. Ins-
besondere präsentieren wir neuartige Algorithmen unter Verwendung einer am
Rad montierten IMU (Wheel-IMU), um die kontinuierliche Rotation des Ra-
des auszunutzen. Wir beginnen mit einem propriozeptiven Odometriesystem, das
ausschließlich eine Wheel-IMU verwendet und automatisch den konstanten Bias-
fehler der IMU durch die Radrotation mindert. Anschließend erweitern wir die
vorgeschlagene Wheel-IMU-Odometrie zu einem SLAM-System, indem wir die
vom Wheel-IMU geschätzten Terrainmerkmale (Querneigung der Straße) extra-
hieren, um eine Schleifenschlusserkennung zu ermöglichen. In diesem speziellen
Entwurf fungiert die IMU nicht mehr nur als Eigenbewegungssensor, sondern auch
als exterozeptiver Sensor, der Umweltmerkmale erfassen kann. Um die langfris-
tige Genauigkeit der Zustandsschätzung in großräumigen Umgebungen weiter zu
verbessern, integrieren wir GNSS mit der Wheel-IMU, wobei die komplementä-
ren Vorteile der kurzzeitigen zuverlässigen Odometrie der Wheel-IMU und der
absoluten Positionsinformation von GNSS genutzt werden. Nach unserem bes-
ten Wissen sind wir die Ersten, die ein SLAM-System ausschließlich mit einem
Wheel-IMU vorschlagen, sowie die Ersten, die GNSS mit einem Wheel-IMU zur
mobilen Roboterlokalisierung integrieren.

Der zweite Teil dieser Arbeit konzentriert sich auf die propriozeptive Zustands-
schätzung von Laufrobotern. Inspiriert von den Erkenntnissen aus unseren vor-
herigen Arbeiten zum Wheel-IMU schlagen wir vor, mehrere IMUs an den Beinen
(Leg-IMUs) des Laufroboters zu platzieren, um die 6-DOF-Bewegungsschätzfähigkeit
der IMUs an verschiedenen Positionen des Roboters zu nutzen. Darüber hinaus
verwenden wir das Vorwärtskinematikmodell des Laufroboters, um die Fehlerdrift
der mehreren IMUs zu begrenzen.

Der dritte Teil dieser Arbeit behandelt ein generisches inertiales Navigationssys-
tem mit Unterstützung, das nicht auf Bewegungsprofile von Rad- oder Laufrobo-
tern beschränkt ist. In diesem Kontext schlagen wir ein LiDAR-inertiales Odo-
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metriesystem vor, das präzise 3D-Geometrieinformationen von LiDAR-Sensoren
nutzt, um die IMU zu unterstützen. Insbesondere entwickeln wir ein eng gekop-
peltes LiDAR-inertiales Odometriesystem basierend auf einer Punkt-zu-Punkt-
Matching und dem klassischen extended Kalman filter (EKF) für hohe Effizienz.
Darüber hinaus schlagen wir ein adaptives Datenassoziationsmodell vor, um die
Anzahl der einzustellenden Parameter je nach Umgebungstyp zu reduzieren.

Alle in dieser Arbeit vorgestellten Ansätze wurden in begutachteten Konferenz-
beiträgen und Fachzeitschriftenartikeln veröffentlicht. Unser vorgeschlagenes Li-
DAR-inertiales Odometriesystem (LIO-EKF) belegte den zweiten Platz in der
LiDAR-Inertial-Track-Challenge der International Conference on Computer Visi-
on 2023. Zusätzlich haben wir Implementierungen unserer in dieser Arbeit vorge-
stellten Methoden als Open Source bereitgestellt, um die Forschungsgemeinschaft
zu unterstützen und weitere Forschung zu erleichtern.
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Abstract

Robust and accurate state estimation is a fundamental building block
that enables mobile robots to achieve autonomy. To achieve this goal,
modern mobile robots are typically equipped with a variety of sen-
sors, such as cameras, light detection and ranging sensors (LiDARs),

Global Navigation Satellite System (GNSS) receivers, and inertial measurement
units (IMUs), because these sensors provide complementary information about
the environment and the robot’s egomotion. Among all these sensors, IMUs play
a central role as they can work independently without being affected by the en-
vironments. Additionally, IMUs can provide high-frequency 6 degree-of-freedom
(DoF) motion measurements and are low-cost. However, IMUs are prone to in-
herent noise and bias instability, resulting in significant error drift over time.

To mitigate IMU drift, various aiding sources have been integrated with in-
ertial navigation systems (INS). For example, GNSS provides absolute position
data; odometers (i.e., wheel encoders) offer velocity measurements; and cameras
and LiDARs provide spatial geometry constraints. However, these aiding sensors
are not always reliable: GNSS deteriorates in urban canyons and forests; odome-
ters are sensitive to wheel slip and terrain variations; and cameras and LiDARs
are affected by lighting and weather conditions. In addition to these external
sensors, the motion profiles of different mobile robots can also be exploited to
aid IMUs in a self-contained manner and reduce error drift when other sensors
fail. Such motion constraints include the non-holonomic constraints (NHC) of
wheeled robots and the forward kinematic models of legged robots.

In conclusion, it is crucial to fuse all available information from different
sources to achieve robust and accurate state estimation. On one hand, advanced
sensor fusion algorithms must be developed to fully take the complementary ad-
vantages of IMU and other sensors. On the other hand, enhancing IMU-based
proprioceptive state estimation is essential to ensure continuous and reliable pose
estimation when other sensors fail due to environmental disturbances.

The main contribution of this thesis is the development of novel approaches
that exploits different aids to improve the accuracy, robustness, and efficiency
of low-cost IMU-based state estimation. These contributions include not only
improvements to IMU-based proprioceptive odometry but also the fusion of IMUs
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with other exteroceptive sensors. Emphasis is placed on the use of low-cost
inertial sensors, with the goal of reducing overall hardware costs and thereby
enabling large-scale deployment. The thesis is structured into three main parts.

The first part focuses on the state estimation for wheeled robots. Specifically,
we present novel algorithms using a wheel-mounted IMU (Wheel-IMU) to take
advantage of the continuous rotation of the wheel. We begin with a propriocep-
tive odometry estimation system (Wheel-INS) using only a Wheel-IMU, which
automatically mitigates the constant bias error of the IMU with the wheel’s rota-
tion. We then extend the proposed Wheel-INS to a SLAM system by extracting
the terrain features (road bank angles) estimated by the Wheel-IMU to enable
loop closure detection. In this special design, the IMU is no longer merely an
egomotion sensing device; it also functions as an exteroceptive sensor, capable
of perceiving environmental features. To further improve long-term state es-
timation accuracy of the sensor fusion system in large-scale environments, we
integrate GNSS with the Wheel-IMU, leveraging the complementary advantage
of the short-term reliable odometry form the Wheel-IMU and the absolute posi-
tion information from GNSS. To the best of our knowledge, we are the first to
propose a SLAM system using only a Wheel-IMU, as well as the first to integrate
GNSS with a Wheel-IMU for mobile robot localization.

The second part focuses on the proprioceptive state estimation of legged
robots. Inspired by insights from our previous works on Wheel-IMU, we propose
to place multiple IMUs on the legs (Leg-IMUs) of the legged robot to exploit
the 6 DOF motion estimation capability of the IMUs at different locations of the
robot. We further employ the forward kinematic model of the legged robot to
constrain the error drift of the multiple IMUs.

The third part focuses on a generic aided inertial navigation system that is not
constrained by the motion profiles of wheeled or legged robots. In this context, we
propose a LiDAR-inertial odometry system that leverages accurate 3D geometric
information from LiDARs to aid the IMU. Specifically, we propose a tightly-
coupled LiDAR-inertial odometry system based on point-to-point matching and
the classical extended Kalman filter (EKF) scheme for efficiency. In addition, we
propose an adaptive data association model to reduce the parameters to tune for
a given type of environment.

All our proposed approaches presented in this thesis have been published
in peer-reviewed conference papers and journal articles. Our proposed LiDAR-
inertial odometry system (LIO-EKF) received the second place award in the
LiDAR-Inertial Track of the 2023 International Conference on Computer Vision
SLAM Challenge. Additionally, we have made implementations of our methods
presented in this thesis open-source to benefit the community.
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ence on Robotics and Automation, pages 13741–13747, 2024 doi:10.1109/
ICRA57147.2024.10610667

The content of these publications is summarized in Chapter 4, Chapter 5
and Chapter 6, respectively. The author of this dissertation has made the main
contribution to each of these publications and, in particular, has provided the
respective methodology.

Our proposed algorithms presented in this thesis are open-source to benefit
the community for facilitating further research. The links to the repositories
of our implementations are provided below and correspond to the publications
mentioned above.

• Section 4.1 presented our proposed wheel-mounted IMU-based localiza-
tion system, called Wheel-INS. This implementation is available online at:
https://github.com/i2Nav-WHU/Wheel-INS.

• Section 4.2 presented our proposed Wheel-SLAM, a simultaneous local-
ization and terrain mapping system using one wheel-mounted IMU. This
implementation is available online at: https://github.com/i2Nav-WHU/
Wheel-SLAM.

• Section 4.3 presented our proposed GNSS/Wheel-IMU integrated local-
ization system, called Wheel-GINS. The implementation is available at:
https://github.com/i2Nav-WHU/Wheel-GINS.

• Chapter 5 presented our multiple leg-mounted IMUs-based state estimation
system for legged robots, called DogLegs. The implementation of the base-
line leg odometry is available online at: https://github.com/YibinWu/
leg-odometry.

• Chapter 6 presented our tightly-coupled high frequency LiDAR-inertial
odometry system, LIO-EKF. The implementation is available at: https:
//github.com/YibinWu/LIO-EKF.

The following are publications that are not included in this dissertation but are
related to the work presented in this dissertation. The author of this dissertation
has made the main contribution to each of these publications and, in particular,
has provided the respective methodology.

• Publication F [112] (Peer-reviewed, Journal):
Y. Wu, X. Niu, and J. Kuang. A comparison of three measurement models
for the wheel-mounted MEMS IMU-based dead reckoning system. IEEE
Transactions on Vehicular Technology, 70(11):11193–11203, 2021 doi:10.
1109/TVT.2021.3102409

xvi

https://doi.org/10.1109/ICRA57147.2024.10610667
https://doi.org/10.1109/ICRA57147.2024.10610667
https://github.com/i2Nav-WHU/Wheel-INS
https://github.com/i2Nav-WHU/Wheel-SLAM
https://github.com/i2Nav-WHU/Wheel-SLAM
https://github.com/i2Nav-WHU/Wheel-GINS
https://github.com/YibinWu/leg-odometry
https://github.com/YibinWu/leg-odometry
https://github.com/YibinWu/LIO-EKF
https://github.com/YibinWu/LIO-EKF
https://doi.org/10.1109/TVT.2021.3102409
https://doi.org/10.1109/TVT.2021.3102409


Contents

• Publication G [109] (Peer-reviewed, Journal):
Y. Wu, J. Kuang, and X. Niu. Wheel-INS2: Multiple MEMS IMU-based
dead reckoning system with different configurations for wheeled robots.
IEEE Transactions on Intelligent Transportation Systems, 24(3):3064–3077,
2023 doi:10.1109/TITS.2022.3220508

xvii

https://doi.org/10.1109/TITS.2022.3220508




Chapter 1

Introduction

1.1 Motivation

Mobile robots with full autonomy hold great promise for improving
human life across a wide range of domains. In disaster scenarios,
rescue robots can navigate hazardous environments to search for
survivors. In agriculture, autonomous robots monitor crop growth

and optimize farming practices. Service robots assist in offices, restaurants, and
hospitals, enhancing efficiency and user experience. Meanwhile, self-driving cars
reduce traffic congestion and improve road safety, transforming the future of
transportation. To enable these capabilities, accurate, robust, and efficient state
estimation is essential for mobile robots. It is a core component of autonomous
navigation, as it answers the critical question: “Where am I?” Generally, effective
state estimation systems must meet three key requirements: accuracy, robustness,
and efficiency. Accuracy refers to the ability to estimate the robot’s pose closely
aligned with its true state [54, 129]. Robustness indicates the ability to maintain
reliable pose estimation under diverse conditions and disturbances [7]. Efficiency
denotes the capability to provide pose estimates with minimal computational
overhead, which is crucial for real-time control, especially on resource-constrained
robotic platforms [32]. Additionally, the hardware cost of the state estimation
system should be minimized for widespread practical application [87, 94].

To meet these requirements, modern mobile robots are typically equipped
with a variety of sensors to fuse information from multiple sources [36], including
inertial measurement units (IMUs), cameras, light detection and ranging sensors
(LiDARs), wheel encoders, and Global Navigation Satellite Systems (GNSS), as
shown in Figure 1.1. Among these sensors, inertial sensor stands out as the only
sensor capable of independently estimating the full state of the robot without
being affected by environmental conditions. In contrast, other sensors such as
cameras and LiDARs are susceptible to various environmental factors, including
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illumination changes, motion blur, and adverse weather conditions. Moreover,
inertial sensors typically operate at a high frequency, typically between 100Hz and
1000Hz, while remaining cost-effective, compact, and requiring minimal power
and computational resources. Consequently, IMUs play a central role in the
sensor fusion framework for state estimation in mobile robots [60].

(a) Apollo autonomous car by Baidu. (b) NeBula-SPOT by Boston Dynamics.

Figure 1.1: Different types of mobile robots equipped with multiple sensors.

However, due to the inherent noise and bias instability, IMUs are prone to
rapid drift in state estimation, especially for low-cost sensors. To reduce this
drift, aiding information is required for the inertial navigation system (INS). In
typical sensor fusion framework for mobile robot state estimation, other sensors
such as GNSS, LiDAR, and camera are commonly employed to aid the IMU.
While these sensors can provide valuable complementary information, they are
not always reliable across all environments. For instance, GNSS becomes un-
available in tunnels or indoor settings, cameras are vulnerable to illumination
changes and lack of visual features in textureless scenes, while LiDARs are sus-
ceptible to performance degradation under adverse weather conditions and in
highly unstructured environments [36]. As a result, there remains a critical need
for self-contained aiding mechanisms to enhance the accuracy and robustness of
IMU-based proprioceptive state estimation systems [98].

For wheeled robots, odometers, i.e., wheel encoders, are typically used to
measure the vehicle velocity or traveled distance. In addition, the motion of the
wheeled robots is generally governed by two non-holonomic constraints (NHC),
which refers to the fact that the velocity of the wheeled robot in the plane per-
pendicular to the forward direction is almost zero when the vehicle does not slide
on or jump off the ground [86, 87, 90]. The robot forward velocity measured by
the odometer can be integrated with the NHC to formulate a 3D velocity mea-
surement to aid the IMU, which has been proven as an effective way to improve
the accuracy and robustness of the IMU-based state estimation system [86, 106].
However, the reliability of the odometer data is highly dependent on road condi-
tions and vehicle maneuvers, which degenerates if relative slippage occurs between
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the tires and contacting surface. In addition, fusing information from different
systems is challenging because of different standards, hardware modification, data
transfer synchronization, and difficulties in obtaining reliability information along
with the data.

For legged robots, joint encoders measurements can be used to compute the
leg kinematics and provide a 3D velocity measurement (similar to the role of
wheel encoders in wheeled robots) to integrate with the body-mounted IMU
(Body-IMU) upon detecting foot contact using foot force sensors. However, force
sensors-based contact detection is susceptible to errors due to slippage and sensor
degradation over time. In addition, the foot positions during swing phase cannot
be estimated and need to be relocated when the foot regains contact with the
ground, introducing further inconsistency and error into the robot state estima-
tion [5, 117].

As previously discussed, multi-sensor fusion is essential for mobile robots to
estimate their states accurately in different challenging environments, as no single
sensor modality can reliably handle all real-world conditions. In conclusion, there
are two major directions to develop the IMU-based state estimation systems to
meet the key requirements of accuracy, robustness, and efficiency: (i) improv-
ing the IMU-based proprioceptive state estimation in a self-contained manner
to continuously provide reliable state estimates when exteroceptive sensors fail,
and (ii) investigating effective algorithms to fuse IMU with other complementary
exteroceptive sensors to improve the overall performance.

This dissertation addresses the fundamental challenges of achieving accurate,
robust, and efficient state estimation for mobile robots by introducing novel meth-
ods that enhance IMU-based estimation systems through the integration of com-
plementary aids. The proposed approaches not only attain competitive accuracy
relative to the state-of-the-art but are also designed with computational efficiency
in mind, ensuring their applicability in real-world robotic deployments. Our pro-
posed methods additionally demonstrate improved robustness under challenging
conditions. Specifically, this thesis presents techniques that advance propriocep-
tive state estimation by fully exploiting the IMU’s capability to capture motion
and locomotion dynamics, as well as methods that fuse IMU data with exte-
roceptive measurements, including GNSS and LiDAR, to further improve state
estimation performance and resilience.

1.2 Main Contributions
The main contributions of this thesis are novel approaches that exploit various
aids to enhance the accuracy, robustness, and efficiency of the IMU-based state
estimation systems. Our approaches use low-cost, compact commercial-grade
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IMUs. These systems are specifically designed for: (i) wheeled robots, (ii) legged
robots, and (iii) general-purpose mobile robots operating in both terrestrial and
aerial environments.

First, to take advantage of the rotation modulation with the inherent rotation
platform of the wheeled robots, this thesis proposes to mount the IMU on the
wheel instead of the body of the robot. There are two major advantages of the
wheel-mounted IMU (Wheel-IMU). First, it can directly calculate wheel speed
by multiplying the gyroscope measurement and wheel radius without an odome-
ter. Second, the continuous rotation of the wheel helps mitigate the constant
IMU bias errors. Based on this, we propose Wheel-INS, a dead reckoning system
using only a Wheel-IMU. Wheel-INS performs the strapdown INS algorithm to
predict the robot state. At the same time, the wheel velocity calculated by the
Wheel-IMU gyroscope outputs and wheel radius is treated as an external obser-
vation to update the state via an extended Kalman filter (EKF). Experimental
results on multiple wheeled platforms demonstrate that the proposed Wheel-INS
achieves relative position accuracy with approximately 1% drift over the traveled
distance, representing a 23% reduction compared to the conventional odometer-
aided INS (ODO/INS). Moreover, Wheel-INS exhibits significant robustness on
uneven terrain compared to ODO/INS.

Although Wheel-INS exhibits excellent dead reckoning performance, it is only
a relative positioning solution lacking the ability to limit long-term error drift.
That is to say, the positioning error of Wheel-INS still accumulates over time. To
correct the accumulated error without exteroceptive sensors, we propose Wheel-
SLAM, extracting the terrain features sensed by the Wheel-IMU to enable loop
closure detection. To the best of our knowledge, this is the first SLAM system
using only one low-cost Wheel-IMU in the literature. Field experiments demon-
strate the feasibility of performing SLAM using terrain features measured by the
Wheel-IMU. Wheel-SLAM achieves an average root mean square error (RMSE)
of 8.76m in position and 2.67 ° in orientation over trajectories spanning several
kilometers, representing improvements of approximately 52.6% and 53.2% over
Wheel-INS in position and orientation accuracy, respectively.

However, Wheel-SLAM is only applicable for those applications where the
robot moves in constrained environments while failing in scenarios where the
robot does not have the opportunity to exactly revisit the places it has been
before, for example, a self-driving car driving from one city to another. There-
fore, external correction signals are necessary to limit the long-term error drift
of Wheel-INS in large scale environments. To this end, we propose an integrtaed
navigation system (called Wheel-GINS) that fuses Wheel-INS with the absolute
positioning information from GNSS via an EKF framework. Experimental re-
sults demonstrate that Wheel-GINS achieves centimeter-level position accuracy
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and orientation accuracy within 1 ° when GNSS signals are available. More impor-
tantly, during 30 s, 60 s, and 120 s GNSS outages, Wheel-GINS reduces position
drift by an average of 32% compared to the traditional GNSS/Odometer/INS
integrated navigation system (ODO-GINS). Additionally, Wheel-GINS can effec-
tively estimate the Wheel-IMU installation parameters online and, consequently,
improve the localization accuracy and practicality of the system. This is, to the
best of our knowledge, the first reported GNSS/INS integrated navigation sys-
tem that employs a Wheel-IMU. Our proposed state estimation systems specially
using a Wheel-IMU for wheeled robots is presented in Chapter 4.

Second, for legged robots, we use the leg kinematics computed by the joint
encoders measurements to aid the IMU. Specifically, we mount multiple IMUs on
the lower legs of the robot and close to the feet (Leg-IMU). Each IMU performs
their own state propagation which is then constrained with the robot’s kinematic
chain through an EKF. Rather than relying on force sensors, we use Leg-IMUs
to detect foot contact. Field experiments show that the proposed system reduces
absolute translation error by 8% and absolute rotation error by 13% compared
with conventional leg odometry (using only a Body-IMU and joint encoders)
across diverse terrains. In addition, the average preprocess time per IMU mea-
surement is less than 1ms in our system due to the efficient algorithm design.
Our proposed proprioceptive state estimation system tailored for legged robots
with multiple Leg-IMUs is presented in Chapter 5.

Lastly, for general-purpose robots that are not limited to the wheel and leg
locomotion, we leverage 3D spacial geometry information from LiDAR to aid
the IMU. In this study, the IMU is mounted on the main body of robot. We
propose a tightly coupled LiDAR–inertial odometry system (named LIO-EKF)
that integrates point-to-point matching and IMU propagation with an error-state
EKF framework. We first use IMU to predict the robot state. Correspondences
between current LiDAR points and the local map are established to construct
the observation model, which is then used to correct the IMU prediction. To
further enhance adaptability and ease of deployment, we introduce an adaptive
data association model that reduces the number of parameters requiring manual
tuning for different environments. Experimental results illustrate that the pro-
posed system performs on par with the state-of-the-art LiDAR-inertial odometry
pipelines while improving computation efficiency by more than two times. Our
proposed efficient tightly-coupled LiDAR-inertial fusion state estimation system
for general-purpose robots is detailed in Chapter 6.

Overall, this thesis presents novel approaches that exploit various aiding
sources to enhance the accuracy, robustness, and efficiency of the IMU-based
state estimation system for different types of mobile robots. To facilitate further
research and promote reproducibility, we have made the implementations of all
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proposed methods publicly available.
The remainder of this thesis is structured as follows. In Chapter 2, we review

the studies most relevant to the approaches proposed in this thesis and briefly
explains our contribution beyond existing works. In Chapter 3, we introduce the
fundamental techniques that form the foundation of the algorithms developed in
this thesis. The Wheel-IMU-based state estimation system for wheeled robots is
presented in Chapter 4, followed by the multiple Leg-IMUs-based state estimation
system for legged robots in Chapter 5. The LiDAR–inertial fusion-based state
estimation system is introduced in Chapter 6. Finally, Chapter 7 concludes the
thesis and outlines potential directions for future research.
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Chapter 2

Related Work

A large body of research has been conducted in the field of aided iner-
tial navigation for mobile robot state estimation, making it a vibrant
topic at the intersection of the navigation and robotics communities.
Numerous textbooks [36, 83, 89, 95] and survey papers [8, 15, 46,

55, 60, 65, 130] focus on the techniques of INS and its integration with other
sensors. Cadena et al. [8] surveys the history and current state of a broad set of
topics in SLAM, such as robustness and scalability in long-term mapping, metric
and semantic representations, theoretical performance guarantees, and other new
frontiers, while also outlining open challenges and emerging research issues. Lee et
al. [55] provides an overview of recent advances in LiDAR-inertial odometry, while
Huang [46] offers a concise review of visual-inertial navigation. Barros et al. [65]
presents a comprehensive survey on visual-inertial odometry and SLAM. Chen et
al. [15] reviews deep learning-based inertial positioning and its applications in
tracking pedestrians, drones, vehicles, and robots. A thorough investigation into
multi-sensor integrated navigation systems is presented by Zhuang et al. [130],
who categorize fusion algorithms into two main types: (i) analytic-based fusion
and (ii) learning-based fusion, with detailed discussions from multiple perspec-
tives. Li et al. [60] reviews the use of machine learning techniques to enhance
inertial sensing in various aspects, including sensor design and selection, calibra-
tion and error modeling, navigation and motion-sensing algorithms, multi-sensor
information fusion, system evaluation, and practical applications.

In this chapter, we briefly review the studies in the literature that are closely
related to this thesis and discuss the advantages of our proposed approaches com-
pared to the existing methods. We divided this chapter into five sections in which
we deal with individual aspects of the approaches of this thesis. In Section 2.1,
we present related works that use Wheel-IMUs for state estimation. Since this is
not a well-explored topic, we also review the methods that use Wheel-IMUs to
replace wheel encoders for velocity estimation. This is related to all our proposed
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Wheel-IMU-based state estimation systems, namely, Whee-INS, Wheel-SLAM
and Wheel-GINS. In Section 2.2, we review the state estimation methods using
foot-mounted IMUs (Foot-IMUs) for pedestrian navigation. These methods are
related to our proposed DogLegs system, which uses Leg-IMUs for legged robot
state estimation. In addition, the methods using Foot-IMUs for SLAM are re-
lated to our proposed Wheel-SLAM system. Section 2.3 reviews the GNSS/INS
integration methods, which are related to our proposed Wheel-GINS system. Sec-
tion 2.4 reviews the proprioceptive state estimation methods using IMUs and joint
encoders for legged robots, which are related to our proposed DogLegs system.
Finally, in Section 2.5, we review the LiDAR-inertial odometry methods for mo-
bile robot state estimation, which are related to our proposed LIO-EKF system.

2.1 State Estimation using Wheel-IMUs
To provide a low-cost alternative for the wheel odometer, researchers have pro-
posed various approaches to calculate the wheel speed or traveled distance of the
vehicle using the wheel-mounted inertial sensors. Youssef et al. [122] proposed
detecting peaks and valleys in the accelerometer signal to count complete wheel
cycles and compute the traveled distance of the robot. Coulter et al. [22] used the
Wheel-IMU accelerometer to measure the wheel’s rotation angle and movement
duration. Gersdorf et al. [34] employed a gyroscope on the wheel’s rotation axis
and two accelerometers on the wheel plane to measure vehicle acceleration and
estimate wheel velocity via EKF. Nonetheless, these studies only focused on pro-
viding the velocity information instead of the full state estimation of the wheeled
vehicles.

The first state estimation system based solely on a Wheel-IMU was proposed
by Collin et al. [20, 21]. This system utilized two accelerometers positioned in
the plane of the wheel to estimate the wheel’s rotation angle and, consequently,
the traveled distance. Simultaneously, gyroscope measurements were used to
compute the vehicle’s heading. Based on this information, the robot’s position
was then estimated using a 2D dead reckoning approach. However, the method
relied on the assumption of a constant vehicle speed and did not account for
misalignment errors. As a result, it was unable to cope with variations in speed
or misalignment between the Wheel-IMU and the wheel center.

To address the limitations of the previous work, our proposed Wheel-INS
adopted an error-state EKF to estimate the vehicle’s position, velocity, and at-
titude using only the Wheel-IMU. We employed the strapdown INS to predict
the robot’s state and use the wheel speed as a measurement to correct the pre-
dicted state. The wheel speed was obtained by multiplying the angular velocity of
the Wheel-IMU gyroscope with the known wheel radius. Unlike earlier methods,
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Wheel-INS was not constrained by the assumption of constant speed. In addition
to estimating 2D position and heading as in prior work, Wheel-INS also estimated
the robot’s roll angle, which provided valuable terrain information for loop clo-
sure detection in our subsequent Wheel-SLAM system. Moreover, our approach
accounted for both position and attitude misalignment between the Wheel-IMU
and the wheel, significantly improving overall system accuracy.

2.2 Pedestrian Navigation using Foot-mounted
IMUs

State estimation using only IMU data has been a long-standing research topic
in the field of pedestrian navigation. There are two main approaches in this
area, distinguished by their sensor configurations. The first is pedestrian dead
reckoning (PDR) systems based on commercial devices such as smartphones [14,
43]. The second involves tracking systems designed for professional applications,
such as first responders or tunnel inspectors, which use foot-mounted IMUs (Foot-
IMUs). In this thesis, we focus on the latter, as it aligns more closely with
the insights underlying our proposed Wheel-INS, Wheel-SLAM, and DogLegs
systems.

By detecting periodic foot-ground contact using a Foot-IMU, foot-mounted
inertial navigation systems (Foot-INS) exploit the zero-velocity update (ZUPT)
to mitigate IMU error drift. Foxlin [30] pioneered the concept of Foot-INS, who
demonstrated that ZUPT can significantly reduce the accumulated errors in INS,
thereby improving the accuracy of position and orientation estimates. Build-
ing upon this, Niu [72] proposed a post-processing method to align pedestrian
trajectories across multiple floors by leveraging floor-wise building orientations
inferred from the trajectories themselves. More recently, Kuang et al. [53] intro-
duced a shin-mounted inertial navigation system, where the IMU is placed on
the pedestrian’s shin rather than the foot. This design offers improved usabil-
ity by eliminating the need for special footwear while maintaining reliable state
estimation.

Despite its widespread application in pedestrian indoor navigation and its
effectiveness in reducing IMU drift, Foot-INS has seen limited application in
legged robots. Unlike humans, legged robots, especially quadrupeds exhibit dis-
tinct gaits with less stable foot-ground contact. Moreover, they often operate in
challenging terrains, introducing estimation errors when applying conventional
pedestrian Foot-INS methods. Therefore, adapting Foot-INS to legged robots re-
mains an open research challenge. Our proposed DogLegs system aims to address
this challenge.
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To further improve the accuracy and reliablility of Foot-INS, Angermann et
al. [2] proposed a pedestrian SLAM system using only a Foot-IMU (FootSLAM)
by taking advantage of human perception and cognition. A dynamic Bayesian
network was employed to represent the fact that when a pedestrian walks in a
constrained environment, e.g., an office building, he or she relies mainly on visual
cues to avoid obstacles and determine accessible areas. Specifically, the algorithm
was implemented based on a PF where the weights of the particles were updated
by the probability of the pedestrian crossing transitions in a regular 2D grid of
adjacent hexagons. After that, a probabilistic transition map implicitly encoding
the environmental features that influence the pedestrian’s visual impression and
intention was constructed. The authors further extended FootSLAM to Feet-
SLAM [82] by integrating multiple odometry result from multiple pedestrains to
improve both the convergence speed and accuracy.

Our Wheel-SLAM system draws inspiration from FootSLAM. Unlike Foot-
SLAM, which implicitly leverages building layout through human cognition to
perform SLAM, Wheel-SLAM explicitly extracts terrain features from Wheel-
IMU for loop closure detection. Furthermore, while FootSLAM adopts a hexago-
nal grid map to accommodate the complexity of human locomotion, Wheel-SLAM
simplifies the grid structure to a square format, reflecting the more constrained
and predictable motion patterns of wheeled robots.

2.3 GNSS/INS Fusion
Although GNSS/Wheel-IMU fusion has not been investigated, the GNSS/INS
integrated navigation system, using a normal IMU mounted on the body of the
robot, has been extensively studied in the past decades [3, 42, 99, 102, 126].
Nowadays, it has become a standard component of many vehicle navigation sys-
tems. GNSS/INS integration framework can be divided into loosely coupled and
tightly coupled, depending on which measurement from GNSS is used. In the
loosely coupled system [45, 86, 123], the position (and velocity) estimated by the
GNSS receiver is fused with INS, while the tightly coupled system [99, 101, 114] di-
rectly integrates raw GNSS measurements, such as pseudorange and carrier phase
measurements. Although various methods, such as factor graphs [64, 91, 125],
have been proposed to fuse GNSS with INS, the most common one is still the
EKF [86, 102]. Because our proposed Wheel-GINS focuses on investigating the
idea and feasibility of fusing GNSS with Wheel-IMU instead of algorithm research
for GNSS/INS fusion, we adopt the classical loosely coupled framework and use
the EKF in the proposed Wheel-GINS.

To improve the accuracy of GNSS/INS integrated navigation system during
GNSS outages, various sensors, such as cameras [19, 59, 75], LiDARs [12, 58, 63],
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and odometers [73, 86, 128] have been introduced into the GNSS/INS integrated
system. Unlike cameras and LiDARs, which depend on environmental condi-
tions, odometers are preferable due to their independence from the environ-
ment [78, 113]. The robot velocity provided by the odometer is always com-
bined with the NHC as a 3D velocity measurement to fuse with INS. Because the
proposed Wheel-GINS achieves a similar information fusion as the traditional
GNSS/Odometer/INS integrated navigation system, we use it as a benchmark to
illustrate the performance of Wheel-GINS.

2.4 Proprioceptive Legged Robot State
Estimation

State estimation for the main body of legged robots has received significant atten-
tion in recent years. While numerous sensor fusion-based systems leveraging var-
ious exteroceptive sensors, e.g., cameras [51, 104, 118] and LiDARs [10, 77, 105],
have been proposed, this thesis focuses specifically on proprioceptive sensors, in-
cluding IMUs and joint encoders.

An early approach to proprioceptive state estimation for legged robots was
proposed by Bloesch et al. [5], who employed an EKF to fuse outputs from a
Body-IMU, joint encoders, and foot force sensors. This method augmented the
foot contact position into the state and updated it with the main body state using
the leg kinematics when the foot contacts ground. This approach has become the
basis for many subsequent state estimation frameworks. Later, Bloesch et al. [4]
extended this work by incorporating the zero velocity measurement and replacing
the EKF with an unscented Kalman filter to improve accuracy and robustness.

Taking advantages of the symmetry of state estimation problem, researchers
have introduced the invariant extended Kalman filter (InEKF) into the legged
robot state estimation, using Lie Groups and Lie algebra for state propagation
and error tracking [39, 40, 50, 62, 93, 121]. Hartley et al. [39, 40] derived a
continuous time right-invariant EKF for an IMU/contact process model with a
forward kinematic measurement model. This method used the same sensor input
as Bloesch et al. [4, 5] but with a different state estimator. Lin et al. [62] trained
a network to estimate the foot contact and used it in a similar InEKF framework.
Kim et al. [50] and Yoon et al. [121] extended InEKF into a fixed-lag invariant
smoother, coupled with a foot slippage detection method, which improved state
estimation accuracy by optimizing robot states within a sliding window.

To improve the sensing ability of legged robots, additional IMUs have been in-
corporated into their lower legs. Kolvenbach et al. [52] embedded IMUs in robot
feet to inspect concrete deterioration through a specialized scratching motion;
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however, these IMUs were not utilized for main body state estimation. Mar-
avgakis et al. [66] proposed estimating the probability of stable foot contact with
Leg-IMUs by employing a kernel density estimator to approximate the probabil-
ity density function. Yang et al. [117] placed multiple IMUs on the robot feet to
provide additional foot velocity measurements within the similar EKF structure
as Bloesch et al. [5]. However, the potential of IMUs for full attitude estimation
was overlooked, and the sensor bias of the multiple IMUs was also not addressed
in this study.

In summary, existing legged robots equipped with Leg-IMUs have yet to fully
leverage the full-state pose estimation capabilities of the Leg-IMUs. This leaves
significant potential for integrating multiple IMUs to reduce random errors of
the IMUs, thereby enhancing the accuracy and robustness of main body state
estimation.

2.5 LiDAR-Inertial Odometry
A typical LIO system can be divided into two main components: front end and
back end [7]. In the front end, the system performs data association to find
corresponding points between the current LiDAR scan and the previous scan (or
a map) [23, 25, 38]. In contrast, the back end utilizes various state estimation
methods to fuse information from both LiDAR and IMU sensors to estimate the
robot’s pose.

In the front end of LIO systems, feature-based registration is the predominant
paradigm. Feature-based registration, exemplified by LOAM [124] and its vari-
ants [61, 84, 100], involves extracting edges and planar patches from LiDAR scans
and then finding corresponding features in the map to estimate the robot pose.
LIO-SAM [85] builds on the front end of LOAM and optimizes the robot state
estimates from LiDAR and IMU using a sliding window based on a factor graph.
LIO-Mapping [119] uses a similar front end but includes a rotation-constrained
refinement method to further enhance pose estimation and point-cloud maps.
LINS [79] also relies on edges and planar features for data association. LiLi-
OM [57] and FAST-LIO [116] tailor a similar feature extraction module for solid-
state LiDARs. Although FAST-LIO2 [115] proposes to register the raw points
without feature extraction, it relies on the point-to-plane metric, which also needs
local plane approximation and normal vector computation. All of the above ap-
proaches require parameter tuning for feature extraction, depending on the spe-
cific LiDAR sensor in use and the structure of the environment. Conversely, our
proposed LIO-EKF removes such a limitation and uses the classical point-to-point
metric in the registration [97].

In terms of the back end, most LiDAR-inertial odometry systems rely on either
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the iterated extended Kalman filter (IEKF) [115, 116] or factor graph optimiza-
tion [48, 64, 68]. Although earlier methods fuse LiDAR and IMU measurements
using factor graphs [57, 85, 119], recently the IEKF approaches [79, 115, 116] are
gaining prominence. In an IEKF, the correction step of the filter is performed
multiple times to reduce the linearization errors at the cost of increased compu-
tation. In our proposed LIO-EKF system, we suggest that, in most scenarios,
the classical error-state EKF can be employed to fuse LiDAR scans and IMU
readings effectively without additional iterations. This is because that we use
a proper strapdown INS model [86], which can provide an accurate initial pose
estimate between two successive scans.

Overall, our proposed LIO-EKF employs a point-to-point registration in the
front end and uses classical EKF without iterations. Although composed of very
straightforward components, our approach achieves comparable performance to
the state-of-the-art methods in pose estimation accuracy while being significantly
faster.
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Chapter 3

Basic Techniques

We have motivated in Chapter 1 why it is crucial to exploit aiding
information to improve the accuracy, robustness and efficiency of
the IMU-based state estimation systems for mobile robots. We
have also introduced typical aiding sources commonly integrated

with IMUs. Specifically, this thesis presents several novel aided-INS approaches
for mobile robot state estimation. All of these methods share a common founda-
tion: the inertial navigation system. In addition, most of our proposed methods
are built upon the EKF framework. Our choice of EKF is motivated by two
main reasons. First, it is one of the most widely used method for nonlinear state
estimation which is straightforward to implement our ideas. Second, it exhibits
excellent computational efficiency, which is crucial for real-time applications [94].
It is worth noting that the proposed methods can be readily extended to other
nonlinear state estimation methods, such as unscented Kalman filters (UKF) [47]
and factor graphs [24].

In this chapter, we briefly present the fundamental techniques that underpin
the main contributions of this thesis. We begin by defining the coordinate systems
used throughout the thesis, which are essential for understanding both inertial
navigation and mobile robot state estimation. Next, we present the basic concepts
of inertial navigation, including inertial sensors, the strapdown INS algorithm,
and the inertial navigation error propagation model. Finally, we present the EKF
pipeline, which forms the core of our proposed aided-INS methods.

3.1 Notations
Throughout this thesis, we use the following notations.

• Vectors are represented by lowercase bold italic letters (e.g., x).

• Matrices are denoted by uppercase bold letters (e.g., A), and the transpose
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of a matrix is represented by a superscript ⊤ (e.g., A⊤).

• Rb
a represents the rotation matrix that transforms coordinates from frame

a to frame b.

• xa represents the vector x expressed in frame a.

• x̂ denotes the estimated value or computed value of a variable x, which
generally deviates from the true value.

• x̃ denotes the measured or observed value of a variable x, which also devi-
ates from the true value.

• δx denotes the error of a variable x.

3.2 Coordinate Systems
The reference coordinates should be first defined to describe the state of the
mobile robot. Throughout this thesis, we adopt a three-dimensional Cartesian
right-handed coordinate system, in which the three coordinate axes are mutually
orthogonal and follow the right-hand rule. That is, the cross product of the unit
vectors in the positive directions of the x-axis and y-axis points in the positive
direction of the z-axis. The coordinate systems used in this thesis are summa-
rized in Table 3.1. Figure 3.1 provides an illustration of the coordinate frames
commonly used in mobile robot state estimation.

In typical applications, robots usually operate within relatively small-scale
environments, such as providing services inside buildings, monitoring crops in
fields, and exploring caves and tunnels. In these scenarios, the robot primarily
needs to estimate its relative state within the local environment, rather than its
absolute state with respect to the Earth. Therefore, we define the world-frame
at the initial position of the robot as the reference frame to express the robot’s
state.

In contrast, for large-scale applications, such as autonomous vehicles traveling
across cities, where GNSS is integrated with INS, it becomes necessary to consider
both the earth-frame and the navigation frame (n-frame) to describe the robot’s
absolute position and heading in a global context.

This thesis mainly focuses on pose estimation within local environments. Ac-
cordingly, we consider several local coordinate frames, including the robot-frame,
world-frame, IMU body-frame, and, for wheeled robots, the wheel-frame. An ex-
ception is presented in Section 4.3, where the earth-frame and n-frame are also
involved to describe the GNSS/Wheel-IMU integrated navigation system.
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Table 3.1: Definitions of the Coordinates Systems.

Symbol Description Definition

earth-frame

The Earth-
Centered
Earth-Fixed
(ECEF) coor-
dinates system.

origin: the center of mass of the Earth.
x-axis: toward the mean meridian of Green-
wich.
y-axis: completing a right-handed orthogo-
nal frame.
z-axis: parallel to the mean spin axis of the
Earth.

n-frame The local navi-
gation frame.

origin: the same as robot-frame.
x-axis: north.
y-axis: east.
z-axis: downward vertically.

robot-frame
The coordi-
nates system of
the robot body.

origin: the mass center of the robot.
x-axis: forward.
y-axis: right.
z-axis: down.

world-frame The local refer-
ence frame.

origin: the same as robot-frame at the ini-
tial position of the robot.
x- and y-axes are on the local horizontal
plane with x-axis pointing to the robot for-
ward direction.
z-axis: aligned with the local gravity direc-
tion.

wheel-frame
The coordi-
nates system of
the wheel.

origin: wheel center.
x-axis: right, perpendicular to the wheel
plane.
y- and z-axes are parallel to the wheel
plane to complete a right-handed orthogo-
nal frame.

body-frame
The coordi-
nates system of
the IMU.

origin: IMU measurement center.
Wheel-IMU : x-axis pointed to right, parallel
to the rotation axis of the wheel, y- and z-
axes are perpendicular to the x-axis.
Body-IMU : the same as robot-frame.
Leg-IMU : the same as robot-frame.
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(a) Illustration of the earth-frame and n-
frame. N, E, and D represent North, East,
and Down, respectively. xe-ye-ze represent
the earth-frame. λ and φ are the longitude
and latitude, respectively.

(b) Illustration of the world-frame and robot-
frame. xw-yw-zw represent the world-frame,
while xr-yr-zr represent the robot-frame.
The body-frame of the Body-IMU is aligned
with the robot-frame.

Figure 3.1: Illustration of the coordinate frames commonly used in mobile robot state
estimation.

It is important to clarify that the world-frame used throughout this thesis
does not represent a global reference coordinate system. Instead, it is a local
reference frame defined at the robot’s initial position, aligned with the gravity
vector. Additionally, the x-axis of the world-frame is aligned with the robot’s
forward direction, so that the initial heading of the robot is zero.

3.3 Inertial Navigation
Inertial navigation is a technique for estimating the position, velocity, and at-
titude of a moving object using inertial sensors, such as accelerometers and gy-
roscopes. The inertial sensors measure the specific force and angular velocity of
the object, which can be integrated over time to obtain the object’s motion state.
This process can also be seen as a form of dead reckoning. It is important to
note that the term “dead reckoning” in this thesis refers to the general method
of computing the robot’s relative position based on pose increments, rather than
being limited to the traditional 2D dead reckoning approach based on traveled
distance and heading.

3.3.1 Inertial Sensors

Inertial sensors usually consist of three orthogonal accelerometers and three or-
thogonal gyroscopes. The accelerometers measure the non-gravitational force per
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unit mass, i.e., specific force, which is the acceleration of the body minus the grav-
itational acceleration, i.e., f = a− g, while the gyroscopes measure the angular
velocity of the body. However, IMUs are subject to various errors, including bias,
scale factor, misalignment, non-orthogonality, and noise [86].

In this thesis, we primarily consider bias, scale factor, and noise errors, as
these are the most impactful error sources for low-cost IMUs [86]. Bias refers
to a constant offset in sensor output, scale factor errors involve proportional
discrepancies between actual and measured values, and noise encompasses ran-
dom fluctuations in measurements [36]. These errors can accumulate over time,
leading to significant drift in position and orientation estimates. Therefore, ac-
curate modeling and compensation of these errors are crucial for enhancing the
performance of IMU-based state estimation systems. Accordingly, the raw IMU
measurement can be expressed as:

f̃ = f + ba + diag(f)sa + na,

ω̃ = ω + bg + diag(ω)sg + ng,
(3.1)

where f̃ and ω̃ are the specific force and angular velocity measured of the IMU
expressed in the IMU body-frame, respectively; f and ω are the true specific
force and angular velocity of the body; ba and bg are the bias errors of the
accelerometers and gyroscopes, respectively; sa and sg are the scale factor errors
of the accelerometers and gyroscopes, respectively; na and ng are the noise of the
accelerometers and gyroscopes, respectively; diag(·) is the diagonal matrix form
of a vector.

3.3.2 Strapdown INS
The inertial navigation system autonomously estimates a vehicle’s position, ve-
locity, and attitude over time relative to an initial state, using only the specific
force and angular velocity measurements from an IMU. INS can be broadly cat-
egorized into two types [83]: strapdown INS, where the IMU is mounted to the
frame of the platform, and stabilized INS (or gimballed INS), where the IMU is
mounted on an inner multi-axis gimbal system designed to maintain its orienta-
tion constant with respect to an inertial frame. In robotics, strapdown INS is
predominantly used, as it is more compact, cost-effective, and suitable for mobile
platforms where the IMU is directly affixed to the robot’s body. In robotics, the
term inertial odometry is commonly used as a synonym of INS [11], to emphasize
the odometric nature of the estimates. In this thesis, we adopt the term INS and
implement the strapdown INS algorithm.

The traditional strapdown INS algorithm is designed for high-grade IMUs,
which are expensive and highly accurate. As a result, these algorithms typically
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incorporate sophisticated mathematical models that account for various physi-
cal effects, such as Earth’s rotation and the rotation of n-frame with respect to
earth-frame. However, in this thesis, we focus on low-cost IMUs, which exhibit
significantly larger noise and bias instability compared to their high-grade coun-
terparts. Consequently, we adopt a simplified strapdown INS algorithm that
neglects terms whose influence is negligible relative to the dominant sources of
error, such as bias and noise. Assuming the IMU is aligned with the robot, the
simplified strapdown INS equations (witout considering the state error and IMU
measurement error) used in this thesis can be summarized as [83, 95]:

pwk = pwk−1 +
1

2
(vwk−1 + v

w
k )∆tk

vwk = vwk−1 + g∆tk + Rw
b k−1

[
fk ∆tk +

1

2
(ωk × fk)∆tk2

+
1

12
(ωk−1 × fk + ωk × ak−1)∆tk

2

]
Rw

b k = Rw
b k−1Exp(ωk ∆tk +

1

12
(ωk−1 × ωk)∆tk

2)

, (3.2)

where pw, vw, and Rw
b represent the true position, velocity, and rotation matrix

of the robot with respect to the world-frame, respectively; k and k − 1 represent
the current and previous time steps, respectively; ∆tk is the time interval between
the two time steps; fk and ωk are the true value of the specific force and angular
velocity at time step k in the IMU body-frame; g is the gravity vector in the world-
frame; Exp(·) is the matrix exponential function transforming the rotation vector
to rotation matrix. Compared to the simplified IMU kinematics model widely
used in the robotics community [85, 89], we take into account the second-order
terms in the velocity and attitude update equations to reduce the truncation error
during the discrete integration process, especially when the robot undergoes high
dynamics, e.g., rotating with the wheel.

In sum, given the initial state and the IMU measurements, the strapdown INS
algorithm can recursively compute the robot’s position, velocity, and attitude
with respect to that initial state over time using Equation (3.2).

3.3.3 INS Error Propagation

Due to the inherent errors in the IMU measurements, the strapdown INS in-
evitably has estimation error at every time epoch which accumulates over time.
The estimation errors are defined as the difference between the true value and
the estimated value [86], i.e.,

x̂ = x+ δx, (3.3)
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where x̂ is the estimated value, x is the true value, and δx is the error. Conse-
quently, the robot state errors of the strapdown INS can be expressed as:

p̂ = p+ δp

v̂ = v + δv

R̂w
b = (I − ϕ×)Rw

b

, (3.4)

while the IMU measurement errors can be expressed as:{
f̃ = f + δf

ω̃ = ω + δω
, (3.5)

where Rw
b is the rotation matrix from the IMU body-frame to the world-frame;

ϕ represents the rotation error; I is the 3× 3 identity matrix. Combining Equa-
tion (3.1) and Equation (3.5), we have δf = ba + diag(f)sa + na and δω =

bg + diag(ω)sg + ng.
The variation of the errors of INS over time can be described by a set of

differential equations. As discussed in previous section, we adopt a simplified
version of strapdown INS algorithm by neglecting the trivial terms. Similarly,
we apply the same simplification to the error propagation model. In addition to
the robot pose error, the inertial sensor error, namely, bias and scale factor error
also evolve over time. These are usually also estimated in the INS. In this thesis,
we model both IMU bias and scale factor errors using a first-order Gauss-Markov
process [86]. The continuous-time error propagation model of the strapdown INS
can be expressed as follows:

δṗ = δv

δv̇ = (Rw
b f)× ϕ+ Rw

b δf

ϕ̇ = −Rw
b δω

ḃg = −(1/τbg)bg +wbg

ḃa = −(1/τba)ba +wba

ṡg = −(1/τsg)sg +wsg

ṡa = −(1/τsa)sa +wsa

, (3.6)

where τbg , τba , τsg , and τsa are the correlation time in the first-order Gauss-
Markov model of the gyroscope bias, accelerometer bias, gyroscope scale factor,
and accelerometer scale factor, respectively; wbg andwba denote the driving white
noise of the residual bias errors of the gyroscope and accelerometer, respectively;
wsg and wsa denote the driving white noise of the scale factor errors of the
gyroscope and accelerometer, respectively; × represents the cross product of two
vectors. The detailed derivation process and the discrete-time model can be found
in [83, 95].
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3.4 Extended Kalman Filter
EKF is a widely used method for nonlinear state estimation. It is an extension
of the classical Kalman filter, which is designed for linear systems. The EKF
approximates the nonlinear system by linearizing it around the current estimate
using Taylor series expansion. To simplify the expression, here we do not consider
the estimation error and measurement error to derive the EKF equations. The
ideal system model and observation model (without error) in an EKF can be
expressed as follows:

xk = f(xk−1,wk),

zk = h(xk,vk),
(3.7)

where xk is the state vector at time step k; zk is the measurement vector at time
step k; wk and vk are the process noise and measurement noise, respectively.
The process noise and measurement noise are assumed to be zero-mean Gaussian
white noise with covariance matrices Qk and Rk, respectively, namely, wk ∼
N (0,Qk) and vk ∼ N (0,Rk). wk and vk are independent of each other and also
independent of the previous state xk−1.

The EKF consists of two main steps: prediction and update. In the prediction
step, the EKF uses the system model to predict the robot state and its covari-
ance. The state transition model is usually represented as a nonlinear function
of the current state and control input. The predicted state and covariance can
be expressed as:

xk|k−1 = f(xk−1,wk),

Pk|k−1 = Fk−1Pk−1F⊤
k−1 + GkQkG⊤

k ,
(3.8)

where xk|k−1 is the predicted state at time step k given the previous state estimate
xk−1; Pk|k−1 is the predicted covariance matrix; Fk−1 is the Jacobian matrix of the
state transition function with respect to the state, namely, Fk−1 =

∂f
∂xk−1

; Gk−1 is
the Jacobian matrix of the state transition function with respect to the process
noise, namely, Gk = ∂f

∂wk
; and Qk is the process noise covariance matrix. In

the update step, the EKF uses the measurement model to update the predicted
state and covariance based on the new measurement. The updated state and
covariance can be expressed as:

xk = xk|k−1 + Kk(zk − h(xk|k−1)),

Pk = (I − KkHk)Pk|k−1(I − KkHk)
⊤ + KkRkK⊤

k ,
(3.9)

where zk is the measurement vector at time step k; h(·) is the measurement
function; xk is the updated state estimate; Kk is the Kalman gain; and Hk is the
Jacobian matrix of the measurement function with respect to the state, namely,
Hk = ∂h

∂xk
. While Pk can be expressed in several equivalent forms, we employ
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the Joseph form [86] in this work, as it guarantees the symmetry and positive
definiteness of the Pk matrix. The Kalman gain can be computed as:

Kk = Pk|k−1H⊤
k (HkPk|k−1H⊤

k + Rk)
−1, (3.10)

where Rk is the measurement noise covariance matrix.
The EKF algorithm starts with an initial state estimate and covariance, and

then iteratively updates the state estimate and covariance based on the new mea-
surements. However, EKF requires linearization of the nonlinear system model
and measurement model, which can introduce linearization errors. The lineariza-
tion errors are caused by the approximation of the nonlinear functions using
Taylor series expansion, which only considers the first-order terms and neglects
the higher-order terms. This can lead to inaccurate state estimates, especially in
highly nonlinear systems. The linearization error is more pronounced when the
state estimate is far from the true state, which can occur in cases of large initial
errors or rapid changes in the system dynamics. In such cases, the EKF may
diverge or produce unreliable estimates.

To mitigate the nonlinearity error, we employ the error state formulation as
the system state in this thesis. Since the error state typically has a smaller
magnitude than the full state, the linearization error introduced by neglecting
higher-order terms is significantly reduced. The continuous-time error state model
is given by Equation (3.6). The error state vector can be summarized as:

δx =
[
δp⊤ , δv⊤ , ϕ⊤ , b⊤g , b⊤a , s

⊤
g , s⊤a

]⊤ ∈ R21. (3.11)

It is important to note that the scale factor errors of the gyroscope and ac-
celerometer are not always included in the state vector, as their observability
requires significant motion of the robot. In this thesis, we incorporate these er-
rors only in the Wheel-IMU-based state estimation system, where the Wheel-IMU
undergoes continuous rotation with the wheel, providing sufficient excitation to
estimate the scale factor errors reliably. In other cases, we do not estimate the
IMU scale factor errors and instead set them to zero in order to reduce the di-
mensionality of the state vector.
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Chapter 4

State Estimation for Wheeled
Robots Using a Wheel-Mounted
IMU

Wheeled robots are among the most widely used robotic platforms
in both daily life and industrial environments due to their efficient
mobility. Examples include autonomous driving cars, logistics
robots, and cleaning robots. To provide accurate and robust

proprioceptive state estimation when exteroceptive sensors (e.g., GNSS, cameras,
and LiDARs) are unreliable, wheel encoders and motion constraints are often used
to integrate with IMU for wheeled robot dead reckoning.

Typically, the motion of wheeled robots is subject to two constraints: the
velocity component perpendicular to the vehicle’s forward direction remains near
zero when the vehicle does not slide or lift off the ground [86]. This is known
as non-holonomic constraint (NHC). Combining NHC with the forward velocity
measured by the odometer, a 3D velocity observation can be fused with INS.
This method has been proven an effective approach to limit the error drift of
INS [106, 113]. However, the reliability of odometer data is highly sensitive to
road conditions and robot maneuvers, and its performance degrades in the pres-
ence of wheel slippage. Furthermore, fusing data from heterogeneous systems
presents additional challenges, including differences in hardware standards, the
need for system modifications, synchronization issues, and the difficulty of ac-
quiring reliability metrics for each data source.

To enhance the accuracy and robustness of the proprioceptive state estima-
tion systems and its fusion with exteroceptive sensors while minimizing hardware
costs and system complexity, this chapter presents novel approaches based on a
Wheel-IMU. First, we introduce Wheel-INS, a complete dead reckoning solution
that relies solely on a Wheel-IMU while achieving similar information fusion as
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ODO/INS. The installation scheme of the Wheel-IMU and the system’s char-
acteristic are also analyzed. Then, we extend Wheel-INS to Wheel-SLAM, a
simultaneous localization and terrain mapping framework leveraging Wheel-IMU
data. We demonstrate how terrain features can be extracted from Wheel-IMU
measurements to enable loop closure detection within Wheel-INS. Finally, we
present Wheel-GINS, a GNSS/INS integration system built on top of Wheel-INS.
In addition, we provide detailed modeling and online estimation of Wheel-IMU
installation parameters, including the Wheel-IMU lever arm, mounting angle, and
wheel radius error.

4.1 Wheel-INS: Dead Reckoning with Only
One Wheel-IMU

In this section, we present our study using only one Wheel-IMU for robot state
estimation. In Wheel-INS, the strapdown INS is performed to predict the state of
the robot. Since the Wheel-IMU rotates continuously with the wheel, the constant
gyroscope bias is inherently mitigated during the INS integration process. This
effect is known as rotation modulation [28], which is explained in Section 4.1.2.
At the same time, the wheel velocity calculated by the gyroscope outputs and
wheel radius is treated as an external observation with NHC to update the IMU
state. For the sake of simplicity and efficiency, we use the error-state EKF to
implement the information fusion and state estimation. The state corrections
estimated by the filter are fed back to update the robot pose and compensate the
IMU outputs. Figure 4.2 shows the system structure.

In sum, we make two key claims: (i) Wheel-INS achieves overall better lo-
calization accuracy compared to ODO/INS. (ii) Wheel-INS exhibits significant
tolerance to constant gyroscope bias. We show experimental results to support
these claims in Section 4.1.5. Additionally, we present a comprehensive discussion
and experimental results on the characteristics of the Wheel-IMU, including the
rotation modulation effect, misalignment errors, and design of the error state.

4.1.1 Wheel-IMU Installation

In our proposed Wheel-INS framework, only one Wheel-IMU is used, no other
sensors. Unlike the conventional ODO/INS in which the IMU is placed on the
vehicle body or in the trunk, in the proposed Wheel-INS, the IMU is mounted
on the wheel of the robot to take advantage of the inherent rotation platform of
the vehicle for rotation modulation and to obtain the wheel velocity without an
odometer.
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Figure 4.1: Illustration of the robot-frame, wheel-frame, and IMU body-frame. Details
of the definition of these coordinate systems can be found in Table 3.1. lbwheel indicates
the lever arm between the Wheel-IMU and the wheel center in the IMU body-frame; the
non-parallelism of the wheel-frame and IMU body-frame indicates the mounting angles
between the Wheel-IMU and the wheel.

Figure 4.1 illustrates the installation of Wheel-IMU and the definition of the
involved coordinate systems. Table. 3.1 lists the details of the relevant coordinate
systems. To ensure that the dead reckoning system intuitively reflects the robot’s
state without being influenced by steering maneuvers, it is preferable to mount
the IMU on a non-steering wheel. However, it can also be mounted on a steering
wheel if the steering angle is known. Consequently, the proposed Wheel-INS
is not limited to differential or Ackermann steering platforms, but can also be
applied to other steering mechanisms, provided that the relationship between the
wheel and the robot body is known.

According to the definitions of the robot-frame and wheel-frame, given a stable
vehicle structure, the difference between the wheel heading and robot heading
should remain constant, namely,

ψwheel = ψrobot + π/2, (4.1)

where ψwheel and ψrobot denote the wheel heading and robot heading, respectively.
If the Wheel-IMU were perfectly aligned with the wheel, its heading would equal
the wheel heading, and consequently, we can directly determine the robot’s head-
ing from the Wheel-IMU state. Additionally, we can compute the wheel forward
velocity using the Wheel-IMU data without an odometer, i.e.,

vwheel = ωxr, (4.2)

where ωx is the gyroscope output of the Wheel-IMU in the x-axis; r is the wheel
radius. However, misalignment is inevitable in practical systems that integrate
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information from multiple sensors. As shown in Fig. 4.1, the misalignment errors
of Wheel-IMU include position misalignment and attitude misalignment. We
explain the Wheel-IMU misalignment error in detail in Section 4.1.3. Before
that, we first introduce the rotation modulation effect of the Wheel-IMU.

4.1.2 Rotation Modulation

With the movement of the vehicle, the Wheel-IMU continuously rotates around
the rotation axis of the wheel, i.e., the x-axis of the IMU body-frame in Fig-
ure 4.1. Without loss of generality, we assume that the x-axis of the Wheel-IMU
coincides with that of the w-frame. According to Equation (3.6), the attitude
error differential equation can be written as

Rw
b δε

b =

1 0 0

0 cosωt −sinωt
0 sinωt cosωt


εxεy
εz


=

 εx
εycosωt− εzsinωt
εysinωt+ εzcosωt

 ,
(4.3)

where ω is the IMU rotation angular rate; Rw
b is the rotation matrix from the

IMU body-frame to the world-frame; δεb =
[
εx εy εz

]⊤
is the constant part of

the gyroscope error of the Wheel-IMU. Then the attitude error caused by the
constant gyroscope errors of the Wheel-IMU in one wheel rotation period can be
computed as ∫

T
Rw

b δε
bdt =


∫
Tεxdt∫

T(εycosωt− εzsinωt)dt∫
T(εysinωt+ εzcosωt)dt

 , (4.4)

where T denotes the rotation period of the wheel. These equations show that
because of the wheel rotation, the constant measurement error in the non-rotating
axes of the gyroscope are modulated into sine wave in the world-frame. After an
integral period, the accumulated pitch and heading error are canceled. The IMU
velocity errors caused by the accelerometer errors can be analyzed in a similar
way. More detailed explanation of the IMU rotation modulation can be found
in [1, 28].

In conclusion, by rotating the IMU around a fixed axis, the measurement er-
rors in the other two axes of the Wheel-IMU can be modulated into sinusoidal
signals. Thus, the velocity errors in the right and down directions, along with the
pitch and heading error caused by IMU measurement errors, can be suppressed
inherently. However, if the sensing axis of the Wheel-IMU is not perfectly aligned
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with the rotation axis, the effectiveness of the rotational modulation is compro-
mised. Therefore, it is essential to compensate for misalignment errors.

4.1.3 Wheel-IMU Misalignment Errors
In Wheel-INS, the observation information is the 3D robot velocity in the robot-
frame, including the forward velocity and NHC. Fusing this information with
INS requires knowledge of the installation relationship between the robot and
Wheel-IMU. However, misalignment is inevitable in any real-world system that
integrates multiple sensors. If not properly addressed, it can severely degrade
system performance.

As illustrated in Figure 4.1, the misalignment errors include both position
misalignment (referred to as the lever arm), pointing from the Wheel-IMU center
to the wheel center expressed in the IMU body-frame, and attitude misalignment
(referred to as the mounting angles), which describe the rotation from the IMU
body-frame to the wheel-frame.

The lever arm not only introduces errors in the projection of the IMU-indicated
robot velocity from the IMU body-frame to the robot-frame (see Equation (4.9)),
but also brings centripetal acceleration to the accelerometer measurements. This
effect can cause significant error in the dead reckoning system, particularly when
the robot is at high speeds. In practice, the lever arm can be measured by a
digital caliper to have millimeter-level accuracy. Additionally, by knowing the
models of both the wheel and the IMU, we can properly design the installation
to minimize the lever arm error. In Section 4.3, we show that the lever arm can
be estimated online by integrating GNSS positioning information.

The attitude misalignment, denoted as the mounting angle vector (φm), can
be represented by a set of Euler angles ϕm (roll), θm (pitch), and ψm (heading).
These define the rotation from the wheel-frame to the body-frame through se-
quential rotations about the z-, y-, and x-axes, respectively. This misalignment
weakens the effectiveness of rotational modulation and leads to an incomplete
projection of the wheel’s rotational angular velocity onto the gyroscope’s x-axis,
resulting in significant uncertainty in the computed forward velocity (see Equa-
tion (4.2)). Furthermore, Equation (4.1) remains valid only when the mounting
angles are accurately compensated.

Attitude misalignment also introduces a periodic error between the estimated
and true vehicle heading. Since the roll mounting angle (ϕm) has negligible im-
pact on the Wheel-INS system, we focus on the pitch (θm) and heading (ψm)
components. To address this, we adopt the offline calibration method proposed
by [17], which estimates the attitude misalignment by analyzing Wheel-IMU data
collected during straight-line motion.

In contrast, in our Wheel-GINS study (Section 4.3), we propose a novel wheel
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Figure 4.2: Overview of the system structure of Wheel-INS. ω and f are the angular
rate and specific force measured by Wheel-IMU, respectively; NHC refers to the non-
holonomic constraints of wheeled robots.

angular velocity observation model and take advantage of the absolute position-
ing capability of GNSS to estimate both the position and attitude misalignment
online, thereby improving system robustness and practicality.

4.1.4 Wheel-INS Pipeline
As illustrated in Figure 4.2, our proposed Wheel-INS contains four major steps.
First, we perform the strapdown INS (Equation (3.2)) to propagate the robot
state with the Wheel-IMU output. At the same time, we propagate the error
state as the system model in an EKF (Equation (3.6)). Second, we calculate the
wheel forward velocity using the gyroscope outputs and wheel radius, which is
integrated with NHC to construct a 3D velocity observation. Third, we estimate
the state error by fusing the observation model in our error-state EKF framework.
Finally, we update the robot state and compensate the IMU outputs with the
estimated state error.

The error state model is presented in Section 3.3. Here we introduce the
observation model used in our Wheel-INS pipeline. Due to IMU sensor error, the
wheel forward velocity calculated by the gyroscope readings of the Wheel-IMU
and wheel radius also contains uncertainty, which can be written as

ṽrwheel = ω̃xr − ev = (ωx + δωx)r − ev

= vrwheel + rδωx − ev,
(4.5)

where ṽrwheel and vrwheel are the measured and true wheel forward velocity in the
robot-frame, respectively; ω̃x and ωx are the measured and true value of the
angular rate in the x-axis of the Wheel-IMU; δωx is the gyroscope measurement
error; r is the wheel radius, and ev is the observation noise, modeled as Gaussian
white noise. Note that the wheel radius also contains error because of the tire
deformation caused by temperature and weight and pressure changes. In Wheel-
INS, we don’t consider the wheel radius error because there is no external absolute
measurement to estimate it. In contrast, with the integration of GNSS, the wheel
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radius error can be estimated and compensated for in our Wheel-GINS system
(Section 4.3).

By integrating with NHC, we can obtain a 3D velocity observation which can
be expressed as

ṽrwheel =
[
ṽrwheel 0 0

]⊤
− ev. (4.6)

Since the Wheel-IMU rotates with the wheel, its roll angle relative to the robot-
frame varies periodically. As a result, the pitch angle of the vehicle cannot be
reliably determined using the Wheel-IMU alone. In other words, Wheel-INS
cannot distinguish whether the vehicle is moving uphill or downhill. Therefore, it
is necessary to assume that the vehicle is traveling on a horizontal surface. This
assumption, however, does not introduce significant error into the dead reckoning
system under typical urban conditions. For instance, if the robot travels along
a road with an inclination angle of 10 ◦, the distance error introduced by the
horizontal surface assumption can be approximated by a scale factor of (1 −
cos(10◦)) ≈ 1.5%. From our car experiments in Section 4.1.5, we can also see that
the horizontal surface assumption does not significantly affect the localization
accuracy of Wheel-INS in typical urban scenarios.

According to Equation (4.1), the Euler angles of the robot with respect to the
world-frame can be represented as

φw
r =

ϕw
r

θwr
ψw
r

 =

 0

0

ψw
b − π/2

 , (4.7)

where φw
r is the attitude of the robot with respect to the world-frame; ϕ, θ,

and ψ are the roll, pitch, and heading angle of the robot, respectively. The
corresponding rotation matrix can be calculated by

Rr
w =

cosψw
r −sinψw

r 0

sinψw
r cosψw

r 0

0 0 1

 . (4.8)

By performing the perturbation analysis, the INS-indicated wheel velocity in
the robot-frame can be written as

v̂rwheel = R̂r

wv̂
w
b +R̂r

wR̂w

b (ω̂×) lbwheel

≈ Rr
w(I+δψ×)(vw+δvw)

+Rr
w(I+δψ×)(I − δϕ×)Rw

b (ω×+δω×)lbwheel

≈ vrwheel+Rr
wδv

w+Rr
w

[
(Rw

b (ω×)lbwheel)×
]
ϕ

−Rr
w

[
(vw×)+(Rw

b (ω×)lbwheel)×
]
δψ

−Rr
wRw

b (l
b
wheel×)δωb

ib,

(4.9)
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where Rr
w is the rotation matrix from the world-frame to the robot-frame, which

can be transformed from the Euler angles φw
r by Equation (4.8); ω is the angular

velocity readings of the Wheel-IMU; lbwheel indicates the lever arm vector from
the Wheel-IMU to the wheel center projected in the IMU body-frame; δψ is the
attitude error of the robot, which is only related to the heading error in the state
vector; thus, it can be written as δψ =

[
0 0 δψw

b

]⊤
. Then, the velocity error

observation equation in the robot-frame can be written as

δzv = v̂
r
wheel − ṽrwheel

= Rr
wδv

w+Rr
w

[
(Rw

b (ω×)lbwheel)×
]
ϕ

−Rr
w

[
(vw×)+(Rw

b (ω×)lbwheel)×
]
δψ

−Rr
wRw

b (l
b
wheel×)δω.

(4.10)

Although the heading error can be limited effectively by the rotation modula-
tion, it accumulates when the vehicle remains stationary for a long time. In this
case, zero-integrated heading rate measurements (ZIHR) [86] can be performed
to correct the heading drift, exploiting the fact that the heading angle remains
constant when the robot is stationary.

4.1.5 Experimental Results

We conducted field experiments to illustrate the performance of the proposed
Wheel-INS and compare it with the conventional ODO/INS system. The ex-
perimental results support our key claims: (i) Wheel-INS achieves overall better
localization accuracy compared to ODO/INS. (ii) Wheel-INS exhibits significant
tolerance to constant gyroscope bias.

4.1.5.1 Experimental Setup

To illustrate the performance of the proposed Wheel-INS, we conducted field
tests in two University campus, using two different wheeled vehicles. One was
the Pioneer 3DX robot, a typical differential wheeled robot, and the other was a
car. Figure 4.3 shows the experimental platforms.

The Wheel-IMU used in our experiments was self-developed micro-electro-
mechanical system (MEMS) IMU. It includes four ICM20602 inertial sensor chips1
(approximately 3 US dollar for each), a chargeable battery module, a micro pro-
cessor, and a Bluetooth module for communication and data transmission. Since
the IMU chips operate independently, we collected outputs from two of them
in a single run as two separate sets of experimental data for computation and

1https://invensense.tdk.com/download-pdf/icm-20602-datasheet/
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(a) Pioneer 3DX robot. (b) Regular car.

Figure 4.3: Experimental platforms.

analysis. The Wheel-IMU was carefully mounted on the wheel to be as close as
possible to the wheel center.

To compare Wheel-INS with ODO/INS, an IMU of the same type was placed
on the robot body. The wheel odometer data was also recorded in the exper-
iments. For the car, the wheel speed data came from an externally installed
odometer. As shown in Figure 4.3, the two vehicles were also equipped with high-
accuracy IMUs to provide a near ground truth trajectory: a tactical-grade IMU
called POS3202 (MAP Space Time Navigation Technology Co., Ltd., China) for
the robot experiments and an navigation-grade IMU called LD A153 (Leador Spa-
tial Information Technology Co., Ltd., China) for the car experiments. The main
technique parameters of thesee IMUs are listed in Table 4.1. All reference tra-
jectories were obtained using a smoothed post-processed kinematic (PPK)/INS
integration method, which we applied to our self-collected datasets in all ex-
periments presented throughout this thesis, except for the public datasets used
in Chapter 6.

Table 4.1: Technical Parameters of the IMUs Used in the Experiments.

IMU Gyro Bias
(deg/h)

ARW*

(deg/
√
h)

Acc.*Bias
(m/s2)

VRW*

(m/s/
√
h)

LD A15 0.02 0.003 0.00015 0.03

POS320 0.5 0.05 0.00025 0.1

ICM20602 200 0.24 0.01 3
* ARW denotes the angle random walk; Acc. denotes the accelerometer;

VRW denotes the velocity random walk.

We collected three sequences with our platforms. The Pioneer robot was used
2http://www.whmpst.com/en/imgproduct.php?aid=32
3https://www.leador.com.cn/en/Driverless/info.aspx?itemid=1420
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Table 4.2: Vehicle Motion Information in the Experiments

Test Sequence Vehicle Average
speed (m/s)

Total
distance (m)

1
2 I

Pioneer 3DX
1.39 ≈1227

3
4 II 1.25 ≈1146

5
6 III Car 4.70 ≈12199

for two sequences (Seq. I and Seq. II) and the car for one sequence (Seq. III).
Seq. I is a loopback trajectory in a small-scale environment, where the robot
moved for approximately five times. Seq. II is a polyline trajectory with no
return. Seq. III is a large loop trajectory in a University campus, where the car
traveled for approximately two times. The vehicle motion information of all the
three sequences is presented in Table 4.2.

We align only the initial heading of the test system with the ground truth for
comparison. Additionally, the static IMU data before the vehicle started moving
were used to obtain the initial roll and pitch angle, as well as the initial value
of the gyroscope bias. Other inertial sensor errors were initialized as zero. The
initial states of ODO/INS were determined in the same way.

4.1.5.2 Comparison and Analysis of Localization Performance

In this section, we perform experiments to compare Wheel-INS with ODO/INS
and also analyze the performance of Wheel-INS with different platforms in dif-
ferent environments. The results support our first key claim, that Wheel-INS
achieves overall better localization accuracy compared to ODO/INS.

Figure 4.4 compares the trajectories and positioning and heading errors of
Wheel-INS and ODO/INS in Test 1, Test 3 and Test 5, respectively. We adopted
an error drift rate metric to evaluate the localization performance. First, we ac-
cumulated the moving distance of the robot by a certain increment (l). Then,
we calculated the maximum horizontal position error drift rate within each dis-
tance (l, 2l, 3l, ...), namely, the maximum position error divided by the distance.
Finally, the mean value (MEAN) and standard deviation (STD, 1σ) of these
segmented drift rates were computed as the final indicator of positioning per-
formance. This approach is similar to the odometry evaluation metric used in
the KITTI dataset [31], but we segmented the trajectory only from the start-
ing point. With regard to the heading error, the maximum (MAX) and RMSE
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(a) Estimated trajectories against ground
truth in Seq. I.

(b) Positioning and heading errors in Seq. I.

(c) Estimated trajectories against ground
truth in Seq. II.

(d) Positioning and heading errors in Seq. II.

(e) Estimated trajectories against ground
truth in Seq. III.

(f) Positioning and heading errors in Seq. III.

Figure 4.4: Estimated trajectories and corresponding position and heading errors of
Wheel-INS and ODO/INS in three sequences.
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were calculated as the evaluation criterion. In our experiments, we chose l as
100m. Table 4.3 lists the error statistics of Wheel-INS and ODO/INS in all the
six experiments.

Table 4.3: Positioning and Heading Error Statistics of Wheel-INS and ODO/INS

Test System Position drift rate (%) Heading error (◦)

MEAN STD RMS MAX

1 Wheel-INS 0.59 0.30 1.93 4.79
ODO/INS 0.58 0.45 2.11 5.11

2 Wheel-INS 1.43 0.54 3.88 7.93
ODO/INS 0.57 0.32 2.82 4.79

3 Wheel-INS 1.17 0.27 2.16 4.56
ODO/INS 2.25 0.68 2.88 8.00

4 Wheel-INS 1.78 0.26 4.44 10.88
ODO/INS 2.20 0.88 5.77 9.87

5 Wheel-INS 0.62 0.42 0.96 1.91
ODO/INS 1.14 0.65 1.38 3.30

6 Wheel-INS 0.83 0.43 1.60 4.97
ODO/INS 1.62 1.04 2.65 6.72

From the comparison of positioning and heading accuracy between Wheel-INS
and ODO/INS, we can obtain the following insights:

• Based on the mean position drift rate and heading RMSE summarized
in Table 4.3, Wheel-INS improves positioning and heading accuracy by
23% and 15% on average compared to ODO/INS.

• In most experiments, Wheel-INS outperforms ODO/INS in both position
and heading estimation accuracy. In Test 1, the positioning accuracy of the
two systems is comparable, while Wheel-INS shows slightly better heading
performance. However, in Test 2, the mean position drift rate of ODO/INS
is less than half that of Wheel-INS. As previously explained, we first esti-
mated and compensated the gyroscope bias using static IMU data before
the robot began moving. Since gyroscope bias tends to remain stable over
short durations (e.g., 15 minutes for Seq. I), this compensation helped re-
duce heading drift in ODO/INS. As a result, the advantage of Wheel-INS
over ODO/INS is not significant in Test 1 and Test 2.

• In Seq. II (Test 3 and Test 4), there were many bumpy road sections. It
can be observed from Figure 4.4(c) and (d) that the localization errors of
ODO/INS fluctuate significantly, whereas the errors of Wheel-INS remain
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comparatively smoother. In such conditions, the ground vehicle experi-
ences strong vibrations, thereby violating the assumptions underlying the
NHC. Additionally, the lever arm between the wheel center and the IMU
mounted on the vehicle body is larger in ODO/INS than in Wheel-INS. This
leads to more pronounced velocity projection errors during fusion with INS
in ODO/INS, resulting in larger and more unstable positioning errors on
uneven terrain.

• In Seq. III (Test 5 and Test 6), the experiments were conducted with a
regular car. It is obvious that the accuracy of Wheel-INS in these two
tests are better than that in other experiments in which the wheeled robot
was used as the test platform. This improvement can be attributed to two
main factors. First, the wheel and axle structure of a car is significantly
more stable than that of a robot, providing a more favorable condition for
Wheel-INS. Second, the car moved at a higher speed than the robot in
our experiments (see Table 4.2). A relatively faster wheel speed enhances
the effect of rotation modulation, thereby improving heading estimation
accuracy.

• Moreover, in Seq. III, the car moved along a large-scale trajectory with
many continuous uphill and downhill roads (the maximum gradient was
about 10◦), but the positioning accuracy of Wheel-INS is still considerable
in Test 5 and Test 6. These results indicate that although the algorithm
assumes the vehicle to move on a horizontal plane, it would not introduce
significant error if there are some degrees of incline in the road. That is to
say, Wheel-INS can be applied to most of the regular city roads.

4.1.5.3 Comparison of Tolerance against Constant Gyroscope Bias

To illustrate the rotation modulation effect in Wheel-INS, we conducted a set of
comparative experiments for Test 1 under different level of gyroscope bias. The
results support our second key claim that Wheel-INS exhibits significant tolerance
to constant gyroscope bias.

First, we did not estimate and compensate the initial gyroscope bias of both
Wheel-INS and ODO/INS. Second, we deliberately add constant errors onto the
raw gyroscope data of the Wheel-IMU and the IMU mounted on the robot body.
Hereby ten times and fifty times of earth rotation angular rate (≈ 15◦/h) were
added, respectively. Then we compare the positioning performance of Wheel-INS
and ODO/INS under these conditions.

As shown in Figure 4.5, the trajectories of Wheel-INS remain nearly un-
changed even when the added bias reaches fifty times the Earth’s rotation rate.
In contrast, ODO/INS suffers from significant trajectory drift when the initial
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(a) Trajectories of Wheel-INS with different
gyroscope bias in Test 1.

(b) Trajectories of ODO/INS with different
gyroscope bias in Test 1.

Figure 4.5: Estimated trajectories of Wheel-INS and ODO/INS given different condi-
tions on initial gyroscope bias. “no initbg” indicates that the initial gyroscope bias
was not compensated; “10e” indicates that ten times of earth rotation angular rate was
manually added to the raw gyroscope data; “50e” indicates that fifty times of earth
rotation angular velocity was added.

gyroscope bias is uncorrected, and the error worsens with increased bias. This
is because the gyroscope bias in ODO/INS cannot be effectively estimated by
integrating robot velocity measurements (i.e., forward velocity and NHC), which
leads to considerable heading drift. Wheel-INS, however, is inherently robust to
constant gyroscope errors due to the effect of rotational modulation. Therefore,
it demonstrates significantly greater tolerance against constant gyroscope bias
than ODO/INS.

It is worth noting that although zero-velocity updates (ZUPT) [26, 49] and
ZIHR [86] can help estimate gyroscope bias during vehicle stops, these signals are
random and cannot be reliably used. Moreover, incorrect detection of static time
frames may even degrade the stability of the system.

4.1.5.4 Discussion on the Characteristics of Wheel-INS

In this section, we present two experiments to provide deeper insights into the
characteristics and design choices of the proposed Wheel-INS. The first experi-
ment analyzes how the mounting angles of the Wheel-IMU affect the state esti-
mation performance of Wheel-INS. The second experiment compares the system
performance under different state vector configurations.

1) Influence of Mounting Angles

Figure 4.6 shows the estimated robot trajectory and the corresponding posi-
tioning and heading errors of Wheel-INS in Test 1, both before and after com-
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(a) Estimated trajectories of Wheel-INS
with/without mounting angle calibration
against ground truth in Test 1.

(b) Positioning and heading errors of Wheel-
INS with/without mounting angle calibra-
tion in Test 1.

Figure 4.6: Estimated trajectories and corresponding position and heading errors under
different conditions in Test 1. “calib” indicates that the Wheel-IMU mounting angles
were calibrated and compensated beforehand, whereas “noncalib” indicates that the
mounting angles were not handled.

pensating the Wheel-IMU mounting angles. The mounting angles were estimated
using the method proposed in [17], yielding heading (ϕm) and pitch (θm) values
of -4.5◦ and 2.5◦, respectively. It is evident that the dead reckoning performance
significantly deteriorates when the mounting angles are not compensated. As
discussed in Section 4.1.3, the reason is that the mounting angles weaken the
rotation modulation effect and invalidate Equation (4.1) and Equation (4.7),
thereby introducing errors when fusing INS with the wheel velocity and NHC.
Furthermore, as shown in Figure 4.6(b), when the mounting angles are not com-
pensated, a sinusoidal signal is modulated onto the heading estimation due to
the misalignment between the heading axis (x-axis) of the Wheel-IMU and the
wheel’s rotation axis.

In conclusion, calibrating and compensating for the attitude misalignment of
Wheel-IMU is crucial for fully leveraging the rotation modulation and improving
Wheel-INS performance. In this study, we calibrate it offline, while in our Wheel-
GINS study (Section 4.3), we propose an approach to estimate the mounting
angles online to improve the practicality of the system.

2) Ablation Study on Different State Dimension

In our proposed Wheel-INS, we adopted a 21-state error-state EKF. We esti-
mate not only the robot state error but also the inertial sensor error, including
bias errors and scale factor errors for both the gyroscope and accelerometer. In
this section, we perform an ablation study to highlight the necessity of the 21-
state design.

39



4.1. Wheel-INS: Dead Reckoning with Only One Wheel-IMU

(a) Comparison of the dead reckoning errors of Wheel-INS with different
state dimensions in Test 1. “21D”, “15D”, and “9D” indicate the 21-, 15-,
and 9-state, respectively.

(b) STD of the estimated residual inertial sensor errors in the 21-state Wheel-
INS in Test 1. “ppm” means parts per million.

Figure 4.7: Comparison of the dead reckoning errors of Wheel-INS with different state
dimensions and STD of the estimated residual inertial sensor errors in the 21-state
Wheel-INS in Test 1.
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To compare their positioning performance, we used state vectors of 21, 15,
and 9 dimensions in Wheel-INS during Test 1. The 21-state vector is detailed
in Equation (3.11). The 15-state vector excludes the scale factor error of the
gyroscope and accelerometer, while the 9-state vector omits all IMU error terms.
The corresponding state estimation errors for these three experiments are shown
in Figure 4.7.

As shown in Figure 4.7, the positioning error increases significantly when the
state vector dimension is reduced to 9, and the 15-state Wheel-INS also performs
worse than the 21-state version. While the constant sensor bias of the IMU along
the axis perpendicular to the rotation axis can be somewhat canceled, other error
components still cause substantial errors if not estimated and compensated. For
instance, cross-coupling errors have a more significant negative impact in Wheel-
INS due to the much higher dynamic conditions of the Wheel-IMU compared to
the IMU mounted on the vehicle body in traditional ODO/INS.

Figure 4.7(b) depicts the STD of the inertial sensor errors estimation of the
21-state Wheel-INS in Test 1. We selected Test 1 because it is a typical tra-
jectory in a common environment. The Wheel-IMU errors in the y- and z-axes
are mixed because they are parallel to the wheel plane and alternatively change
their directions, making it difficult for the filter to distinguish them. This effect
explains why the STD of the sensor error estimation in the y- and z-axes are
almost coincident, as shown in all the subplots in Figure 4.7(b).

Regarding the scale factor error, since the Wheel-IMU rotates around the
x-axis, the large rotation angular rate makes the gyroscope’s scale factor error
along the x-axis observable, allowing for quicker convergence in the filter system.
Additionally, because the accelerometers in the y- and z-axes alternately perceive
gravity and the vehicle is assumed to move on a horizontal plane, Wheel-INS can
also estimate the scale factor errors of the accelerometer in these axes.

4.1.6 Conclusion
We propose a complete dead reckoning solution for wheeled robots using a low-
cost Wheel-IMU. The key objectives of the system are: 1) to leverage the inherent
rotation platform of the wheeled robot to eliminate heading drift caused by con-
stant gyroscope bias; and 2) to use only one IMU while achieving an information
fusion scheme similar to ODO/INS.

Field tests in different environments with different robots demonstrate that
the maximum horizontal position drift of Wheel-INS is around 1% of the total
traveled distance. The positioning and heading accuracy of Wheel-INS have
respectively improved by 23% and 15% against ODO/INS. Moreover, benefit
from the rotation modulation, Wheel-INS illustrates significant resilience to the
gyroscope bias compared to the conventional ODO/INS.
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The characteristics of Wheel-INS have also been analyzed and discussed. The
misalignment errors of Wheel-IMU are defined and explained; these must be
compensated in advance to obtain more accurate state estimates. Additionally,
the observability of the inertial sensor errors are analyzed by their covariance
propagated in the EKF. Because the residual sensor errors of the Wheel-IMU
in the directions perpendicular to the rotation axis are coupled to each other,
they cannot be distinguished by the EKF. Experimental results show that it
is necessary to incorporate the bias errors and scale factor errors of both the
gyroscope and accelerometer in the error state vector of Wheel-INS to achieve
better performance.

4.2 Wheel-SLAM: SLAM with Only One
Wheel-IMU

In previous section, we have discussed our proposed Wheel-INS system, which
improves the accuracy compared to the conventional ODO/INS system while
using only one Wheel-IMU. Although Wheel-INS exhibits excellent dead reck-
oning performance, it is only a relative positioning solution lacking the ability
to limit error accumulation over long time. That is to say, the positioning er-
ror of Wheel-INS still drifts, especially when the stochastic error of the inertial
sensor is significant. To correct the accumulated error without depending on
absolute positioning techniques, a commonly used method is loop detection and
relocalization.

To achieve this, an exteroceptive sensor, e.g., camera and LiDAR is typically
required to extract the environmental features and build a map simultaneously.
These features must be obvious and repeatable to ensure successful loop closure.
From the experiments of Wheel-INS, we found that the robot’s roll estimation
provided distinguishable and repeatable terrain-correlated responses, as shown
in Figure 4.8(a). Additionally, the robot’s roll angle, to some extent, reflects the
road bank angle, as shown in Figure 4.8(b). Therefore, it is feasible to encode the
robot roll angle as a kind of terrain feature to enable the loo closure detection
in Wheel-INS. In addition, because the IMU is mounted on the wheel which is
directly contacted with the ground, the robot roll angle estimated by Wheel-
INS can represent the road bank angle precisely without being affected by the
suspension system of the robot which could cause error to the body-mounted
IMU.

In this section, we present Wheel-SLAM, a novel SLAM system that only uses
a Wheel-IMU to extract terrain features for loop closure detection. To the best
of our knowledge, this is the first SLAM systems that uses only a low-cost IMU in
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(a) Robot trajectory and roll angle estimation
in the car experiment of Wheel-INS.

(b) Illustration of the relationship between the
robot roll angle and road bank angle.

Figure 4.8: Illustration of the robot roll angle estimation in Wheel-INS and the re-
lationship between the robot roll angle and road bank angle. In the marked area of
subfigure (a), the car kept circling back and forth five times. We can see that the robot
roll angle estimation (indicating the road bank angle) shows a distinguishable and re-
peating pattern that can be exploited to perform loop closure detection. In subfigure
(b), we can see that the robot roll angle estimates reflect the road bank angle.

the literature. Specifically, Wheel-SLAM uses Wheel-INS to predict the robot’s
state. At the same time, we build a 2D grid terrain map with one roll angle
feature in each grid. We adopt a particle filter (PF) to represent the uncertainty
of the robot pose. Each particle maintain their own trajectories and terrain
maps. Once a particle (or more particles) reports that the robot enters into a
previously-visited grid, we compare the current roll angle sequence with the roll
angle sequence stored in the map to detect the loop closure. If a loop closure is
detected by a particle, we update the weights of all the particles according to the
similarity between the current roll angle sequence and the stored one.

In sum, we make two key claims: (i) Wheel-SLAM can effectively detect loop
closure by extracting the road bank angle features. (ii) Wheel-SLAM significantly
constrains the position error drift in Wheel-INS. We show experimental results
to support these claims in Section 4.2.4. We further conduct an ablation study
on the number of particles to gain deeper insight into the characteristics of the
proposed Wheel-SLAM system.

4.2.1 Dynamic Bayesian Network

A PF is a sequential Monte Carlo method where the basic idea is the recur-
sive computation of relevant probability distributions using the concepts of im-
portance sampling and approximation of probability distributions with discrete
random measures [27]. In PF, the posterior distribution of the robot state is
represented by a set of particles that evolve recursively with the integration of
new information. Based on the technique of Rao-Blackwellization [35, 69, 70],
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Wheel-SLAM decomposes the SLAM problem into a robot localization problem
and a terrain mapping problem that is conditioned on the robot pose estimate.

In Wheel-SLAM, we try to estimate the posterior

p(x1:t,M|z1:t,u1:t) (4.11)

which is the distribution representing the robot state x1:t and the terrain map
M based on the set of control inputs u1:t which governs the robot motion and
the road bank angle observations z1:t. The conditional independence property of
the Wheel-SLAM problem implies that the posterior in Equation (4.11) can be
factored as follows:

p(x1:t,M|z1:t,u1:t) = p(x1:t|z1:t,u1:t)

Nf∏
i=1

p(mi|z1:t,x1:t) (4.12)

where mi is the i-th terrain feature, and Nf is the total number of the features.
In Wheel-SLAM, Wheel-INS is performed for the robot state estimation as well
as the road bank angle (terrain feature) perception.

Wheel-SLAM uses a PF to estimate the robot trajectory distribution. For
each particle, the individual terrain map is independent of each other. As a
result, every particle is composed of a robot pose and a terrain map; thus, the
i-th particle at time t can be represented as

X t
i =

[
xt
i Mi

]
(4.13)

where i = 1, 2, 3, ..., Np, is the index of the particle while Np is the total number
of the used particles. xt

i is the pose of the robot estimated by the i-th particle
at time t, and Mi is the terrain map maintained by the i-th particle. Here the
robot pose is represented by 2D translation pti ∈R2 and heading Rt

i ∈ SO(2) as
Wheel-INS cannot estimate pitch angle, namely, the robot motion in the vertical
direction.

Our Wheel-SLAM algorithm consists of four main steps: 1) Sample new robot
state by the motion predicted by Wheel-INS; 2) Update the terrain map and
detect loop closure; 3) Update the particle weights once a convinced loop closure
is reported; 4) Resample the particles when it is necessary. Algorithm 1 shows an
overview of Wheel-SLAM.

The first step is to generate a new pose for each particle by sampling from
the robot probabilistic motion model:

p(xt|xt−1,ut) (4.14)

which means that the robot pose, xt, is a probabilistic function of the robot
control ut and the previous pose xt−1. Here, the robot state is predicted by
Wheel-INS. The states of the particles are sampled from the predicted state using
a normal Gaussian distribution.
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Algorithm 1: Wheel-SLAM
Input: Robot pose xt−1, terrain map Mt−1, control input ut and

measurement zt.
Output: Robot pose xt, terrain map, Mt.

1 foreach i ∈ {1, . . . , Np} do
2 Predict the robot pose by the motion model p(xt|xt−1,ut) Update the

terrain map p(Mt|xt, zt) if necessary if Loop closure detected then
3 Update the weight of the particles according to Equation (4.15)
4 end
5 end

6 Normalize the weights of the particles ωi = ωi/
Np∑
i=1

ωi

7 if 1/
Np∑
i=1

(ωi)2 < 0.75 then

8 Perform resampling
9 end

4.2.2 Grid Terrain Map Construction

Along with the robot’s state evolution, a grid map is built to store the mea-
sured road bank angle features. Compared to the hexagon grid map used in
FootSLAM [2], we simplify the grid to square due to the relatively simple robot
motion mode on the roads. As we assume that the robot is moving on the hor-
izontal plane, our grid map is in 2D. Each grid stores a sequence of roll angles
covering a short segment of the past trajectory up to the current position, sam-
pled at equal distance intervals to eliminate the influence of the robot’s speed.
This scheme may introduce redundant information in the map, but it facilitates
roll sequence queries and matching. Additional angle encoding can be added into
the roll sequence to represent the roll sequences in different direction. Figure 4.9
illustrates the grid map constructed along with the robot trajectory evolution.

4.2.3 Loop Closure Detection and Particle Weight
Update

As the robot state and map evolve simultaneously, loop closures are detected by
matching road bank angle features, after which the particle weights are updated
accordingly. Initially, all particles are assigned equal weights. As the robot
moves, each particle develops a different trajectory and terrain map. Once a
particle (or multiple particles) re-enters previously visited grids, feature matching
is performed to verify true loop closures. To improve robustness, we compare
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Figure 4.9: Illustration of the grid map construction and revisit recognition. Different
colors of curves represent the robot path sampled by different particles. The gray grids
have been visited by the robot thus they have a road bank angle measurement. Once
a particle detects that the robot has continuously returned to visited grids (blue), a
potential loop closure is reported for further check.

the current road bank angle sequence with the stored sequence in the grid map
using the Pearson correlation coefficient [67], rather than matching a single angle.
Finally, to ensure reliable loop closure detection and reduce the impact of outliers,
three criteria must be satisfied:

1. The particle must consecutively revisit previously visited grids across a
sliding window of length Nr.

2. For each revisit in the window, the Pearson correlation coefficient between
the current and stored road bank angle sequences is computed; at least Nthr

(Nthr ≤ Nr) of these coefficients must exceed a threshold Cthr.

3. The correlation coefficient at the current position must also exceed Cthr.

If all three criteria are satisfied, a true loop closure is detected, and the particle
weights are updated as follows:

ωi
k = ωi

k−1

Nc

Nr

exp(RMSE(vcoeff)) (4.15)

where k indicates the time epoch; i indicates the number of the particle; Nc

(Nc≥Nthr) is the number of the correlation coefficients larger than the threshold
in the window Nr; RMSE indicates the root mean square error; vcoeff is the
collection of the correlation coefficients larger than the threshold in the sliding
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window. After that, normalization is performed to make the sum of the weights
equal to one.

4.2.4 Experimental Results

4.2.4.1 Experimental Setup

To illustrate the feasibility and effectiveness of the proposed Wheel-SLAM system,
we carried out five field tests using the same car used in our previous Wheel-INS
experiments on a university campus. The motion characteristics of the robot
during these experiments are summarized in Table 4.4.

Table 4.4: Robot motion information in the experiments

Sequence 1 2 3 4 5

Average speed (m/s) 5.41 5.47 4.93 5.16 4.89
Total distance (m) ≈2950 ≈3791 ≈2802 ≈7235 ≈9285

Figure 4.10: Experimental trajectories. Seq. 1, Seq. 2, and Seq. 3 are circular trajecto-
ries where the robot moved several times in one direction on the same road, while Seq. 4
and Seq. 5 are more complicated ones where the robot moved in different directions
(not just turn around in one direction) in larger-scale environments.

We used the same MEMS IMU used in Wheel-INS in our Wheel-SLAM ex-
periments. We also performed a smoothed PPK/INS integration method to get
the ground truth trajectory with a high-end IMU. The static IMU data before
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the car started moving were used to obtain the initial roll and pitch angle of
the Wheel-IMU, as well as the initial value of the gyroscope bias. Other inertial
sensor errors were set as zero.

Figure 4.10 shows the five experimental trajectories. In Sequence (Seq.) 1, the
car traveled back and forth along two parallel, opposite-direction roads. Seq. 2
and Seq. 3 feature circular trajectories where the vehicle completed multiple loops
in the same direction. Seq. 4 and Seq. 5 are more complex, involving two circu-
lar paths in large-scale environments. In these two sequences, the car not only
traveled in the same lane and direction but also moved in opposite directions on
the same road. It is also worth noting that in Seq. 1, Seq. 2, and Seq. 3, the car
occasionally changed lanes during the experiments.

The key parameters of Wheel-SLAM set in the experiments are listed in Ta-
ble 4.5.

Table 4.5: Key parameters of Wheel-SLAM in the experiments.

Parameters Value

Particle number Np 100
Grid size of the 2D terrain map 1.5 m
Sliding window length Nr 10
Roll angle sample distance interval 0.5 m
Roll angle sequence length 50
Correlation coefficient threshold Cthr 0.4

4.2.4.2 Evaluation on State Estimation Performance

Figure 4.11 compares the positioning and heading errors of Wheel-SLAM and
Wheel-INS in Seq. 1, Seq. 2, and Seq. 4, respectively. Compared to Wheel-
INS, Wheel-SLAM effectively suppresses error drift, even in complex scenarios
where the car moves in different directions across large-scale environments, such
as in Seq. 4 and Seq. 5. In contrast, Wheel-INS exhibits continuously increasing
positioning errors accompanied by heading drift.

At the beginning of the trajectories, Wheel-SLAM and Wheel-INS exhibit
similar drift (e.g., the first 150 s in Figure 4.11(d)) because all particles are ini-
tially sampled from the Wheel-INS result with Gaussian noise, and no external
measurement is available to correct position errors until a loop closure is de-
tected. Once loop closures are reported by some particles, their weights increase,
pulling the estimated robot position back toward the previous trajectory. This
correction results in sharp decreases in positioning and heading errors, such as at
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(a) Estimated trajectories against ground truth
in Seq. 1.

(b) Horizontal positioning and heading errors
in Seq. 1.

(c) Estimated trajectories against ground truth
in Seq. 2.

(d) Horizontal positioning and heading errors
in Seq. 2.

(e) Estimated trajectories against ground truth
in Seq. 3.

(f) Horizontal positioning and heading errors
in Seq. 3.

49



4.2. Wheel-SLAM: SLAM with Only One Wheel-IMU

(g) Estimated trajectories against ground
truth in Seq. 4.

(h) Horizontal positioning and heading er-
rors in Seq. 4.

(i) Estimated trajectories against ground
truth in Seq. 5.

(j) Horizontal positioning and heading er-
rors in Seq. 5.

Figure 4.11: The estimated trajectories and corresponding horizontal position and head-
ing errors of Wheel-INS and Wheel-SLAM in five experiments.

150 s in Figure 4.11(d) and 1000 s in Figure 4.11(j). Notably, we only correct the
current robot state without optimizing the historical trajectory. More advanced
optimization, such as applying graph-based methods like gtsam [24], could fur-
ther smooth the trajectory and improve accuracy. However, this work primarily
aims to demonstrate the feasibility of extracting road features from Wheel-IMU
measurements for loop closure.

Taking Seq. 2 as an example, the figures show that the positioning and head-
ing errors of Wheel-INS increase rapidly over time, while those of Wheel-SLAM
remain bounded. During the first circle, before any loop closure occurs, Wheel-
SLAM exhibits similar drift as Wheel-INS. However, as the robot revisits previ-
ously traveled paths, loop closures are detected, and position updates effectively
constrain the accumulated drift, demonstrating the capability of the proposed
method to mitigate error growth in Wheel-INS by leveraging terrain information.

Table 4.6 summarizes the state estimation error statistics of Wheel-SLAM and
Wheel-INS across all five sequences. We compute the RMSE of the horizontal
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Table 4.6: Positioning and heading error of Wheel-SLAM and Wheel-INS

Seq.
Horizontal Pos. RMSE(m) Heading RMSE (◦)

Wheel-INS Wheel-SLAM Wheel-INS Wheel-SLAM

1 5.70 2.50 1.96 1.00
2 27.09 9.38 11.36 3.17
3 18.03 8.27 8.32 3.83
4 20.24 9.21 6.09 2.43
5 21.44 14.42 4.26 2.95

Figure 4.12: The terrain maps estimated by Wheel-SLAM in Seq. 1, Seq. 2, and Seq. 4,
respectively. The colors represent the values of the road bank angles. The larger the
road bank angle, the lighter the color.

position and heading (denoted as Horizontal Pos. RMSE and Heading RMSE
in Table 4.6) to evaluate the estimation performance. Considering the randomness
in particle sampling, the algorithm was run 100 times, and the mean value of
each test was reported. The results demonstrate that, thanks to loop closure
detection, Wheel-SLAM consistently outperforms Wheel-INS in both position and
heading estimation. On average, Wheel-SLAM achieves a 52.6% improvement in
positioning accuracy and a 53.2% improvement in heading accuracy compared to
Wheel-INS.

In conclusion, the experimental results support our key claims: (i) Wheel-
SLAM can effectively detect loop closure by extracting the road bank angle
features. (ii) Wheel-SLAM significantly constrains the position error drift in
Wheel-INS.

We present the terrain maps constructed by Wheel-SLAM in Seq. 1, Seq. 2,
and Seq. 4, as shown in Figure 4.12. Since the wheel is in direct contact with
the ground, the mapping is not influenced by the robot’s suspension system, even
under large maneuvers—unlike the case when the IMU is mounted on the robot
body. Moreover, the generated terrain maps can serve as valuable resources for
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monitoring road deformation and deterioration over time.

4.2.4.3 Ablation Study on Particle Number

To further evaluate the performance and stability of Wheel-SLAM, we tested
different numbers of particles in Seq. 1. For each configuration, the algorithm
was run 100 times. Figure 4.13 presents the results.

Figure 4.13: The positioning RMSE of Wheel-SLAM with different particle numbers
in Seq. 1. Medians are indicated by the red lines, while the bottom and top edges of
the boxes indicate the first quartile and third quartile, respectively, and the whiskers
show the maximum (upper) and minimum (lower).

It can be observed that as the number of particles increases, the position
errors of Wheel-SLAM become more concentrated, indicating improved stabil-
ity. This is because with more particles, the system has a higher probability of
detecting true loop closures and becomes less sensitive to anomalies. However,
increasing the particle number from 1000 to 2000 yields little additional bene-
fit due to diminishing marginal returns. Moreover, the accuracy of Wheel-SLAM
also depends on the initial position error when the robot revisits a location, mean-
ing that simply adding more particles can only marginally improve positioning
accuracy.

Additionally, the overall positioning performance does not significantly im-
prove with a higher number of particles. Although a few outliers appear when
the particle number is small (e.g., 100), the system remains robust in recognizing
loop closures, thanks to the strong dead reckoning capability of Wheel-INS.

4.2.4.4 Discussion

The core principles behind Wheel-SLAM can be summarized as follows:

1. Particles are spread to sample the possible robot states and detect loop
closures based on each particle’s maintained trajectory and grid terrain
map;
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2. Road bank angle sequence matching results are used to update particle
weights and identify the most reliable particle(s).

The roll sequence matching strategy plays a central role in Wheel-SLAM. It
must be robust enough to retain outstanding particles while filtering out false
positives. Therefore, we adopt strict loop closure detection criteria to enhance
robustness.

However, Wheel-SLAM also has two major limitations. First, the robot
must physically revisit previously traveled areas over a sufficient length; unlike
vision-based SLAM systems that leverage exteroceptive sensors (e.g., cameras
or LiDARs) for remote feature sensing, Wheel-SLAM relies on terrain features
extracted by the Wheel-IMU, which can only be obtained upon actual contact.
Second, successful loop closure depends on the variation of the road bank angle
sequence. If the robot operates on extremely smooth roads with negligible bank
angle fluctuations—for instance, in indoor environments—loop closure detection
becomes challenging for Wheel-SLAM.

4.2.5 Conclusion
We propose a SLAM system using only one Wheel-IMU by exploiting the envi-
ronmental perception ability of the Wheel-IMU. To be specific, we extend our
previous Wheel-INS system to Wheel-SLAM by extracting the terrain feature
from the robot roll angle estimates to enable loop closure detection. The sys-
tem is implemented with a Rao-Blackwellized particle filter where each particle
maintains its own robot state and grid map. Experimental results show that the
proposed method can effectively suppress the error drift of Wheel-INS by closing
loops. The positioning and heading accuracy has been averagely improved by
52.6% and 53.2%, respectively, against Wheel-INS.

Given the characteristics of Wheel-SLAM, it is especially suitable for robots
that perform repeated operations within predefined areas, such as sweeping robots
or patrol robots operating in restricted environments.

4.3 Wheel-GINS: GNSS/Wheel-IMU
Integrated Localization System

In previous two sections, we have introduced our proposed dead reckoning solution
(Wheel-INS) and SLAM solution (Wheel-SLAM) using only one low-cost Wheel-
IMU for wheeled robot. Taking advantage of the inherent rotation modulation
platform of the wheeled roobot, Wheel-INS improved the robustness and accuracy
in state estimation compared to ODO/INS using only a low-cost Wheel-IMU.
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Building on top of Wheel-INS, Wheel-SLAM can effectively detect loop closure
by extracting and matching terrain features to significantly suppress the error
drift in Wheel-INS.

However, Wheel-SLAM is only applicable for those applications where the
robot moves in constrained environments while failing in scenarios where the
robot does not have the opportunity to revisit the places it has been before, for
example, a self-driving car driving from one city to another. Therefore, external
correction signals are necessary to limit the long-term error drift of Wheel-INS.

GNSS has been a widely used aid to integrate with INS for mobile robot nav-
igation because of the complementary advantages of GNSS and INS. On the one
hand, GNSS can provide accurate absolute positions to correct the error drift of
INS. On the other hand, INS can provide continuous state estimation when GNSS
is not available. In this section, we present Wheel-GINS, a novel GNSS/INS inte-
gration navigation system using a Wheel-IMU, along with a study of its charac-
teristics and an evaluation of its performance. To the best of our knowledge, this
is the first GNSS/INS integrated navigation system in the literature that uses a
low-cost Wheel-IMU.

Figure 4.14: System overview of Wheel-GINS. ω and f are the angular velocity and
specific force measured by the Wheel-IMU, respectively.

Specifically, we integrate the GNSS position measurement into the EKF pipeline
building on top of Wheel-INS; thus, Wheel-GINS can achieve a similar informa-
tion fusion scheme as the conventional GNSS/Odometer/INS integrated naviga-
tion system (ODO-GINS). However, Wheel-GINS is more promising than ODO-
GINS due to the advantages of Wheel-INS. Additionally, the misalignment be-
tween the GNSS and the Wheel-IMU is different from that between the GNSS
and the normal IMU, which is usually placed on the top or in the body of the
robot. To handle this issue and improve the practicality of the proposed Wheel-
GINS, we perform detailed modeling of the Wheel-IMU installation parameters,
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including the Wheel-IMU lever arm (position misalignment) and mounting angle
(attitude misalignment), and the wheel radius scale error to estimate them online.
Furthermore, we propose a wheel angular velocity constraint model to accelerate
the convergence of the Wheel-IMU mounting angle online estimation. Figure 4.14
overviews the algorithm structure of the proposed Wheel-GINS.

In sum, we make two key claims: (i) Wheel-GINS has significantly reduced
the position error drift compared to ODOGINS during GNSS outages; (ii) Wheel-
GINS can effectively estimate the Wheel-IMU installation parameters, including
the Wheel-IMU lever arm and mounting angle and the wheel radius scale error
online, thus improving the pose estimation accuracy. Our experimental evaluation
backs up these claims.

4.3.1 Misalignment Parameters
In Section 4.1.3, we have discussed the Wheel-IMU misalignment parameters,
including the Wheel-IMU lever arm and mounting angle, as shown in Figure 4.1.
The lever arm is the vector from the Wheel-IMU center to the wheel center
expressed in the Wheel-IMU body-frame, while the mounting angle is the rotation
angle of the Wheel-IMU body-frame with respect to the wheel-frame. In our
previous Wheel-INS study, we measured the lever arm manually and calibrate
the mounting angle offline. However, this approach is not practical for real-
world applications. Therefore, we propose to estimate the Wheel-IMU installation
parameters online in Wheel-GINS. In addition to the Wheel-IMU lever arm and
mounting angle, we also estimate the wheel radius scale error online. The wheel
radius scale error is the ratio of the actual wheel radius to the nominal wheel
radius. The nominal wheel radius is the value we measured beforehand, which
differs from the actual value because the vehicle weight, temperature, and tire
pressure would all cause wheel deformation. It is necessary to compensate for
this error because it plays an important role in computing the wheel velocity in
Wheel-GINS.

In Wheel-GINS, we model the Wheel-IMU lever arm and mounting angle as
2D vectors, while the wheel radius scale error is modeled as a scalar.

For lever arm, we take only the components in the y-axis and z-axis into con-
sideration. The reason is threefold. First, the lever arm error on the wheel plane
is more important. Second, the lever arm error in the direction of the rotation
axis is trivial if the attitude misalignment is compensated. Third, reducing one
dimension in the state vector can save some computation resources. Therefore,
we have

lbwheel =
[
ly lz

]⊤
. (4.16)

The Wheel-IMU mounting angle (ϕm) can be represented by a set of Euler
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angles φm (roll mounting angle), θm (pitch mounting angle), and ψm (heading
mounting angle). Because the wheel continuously rotates with the x-axis, the
roll mounting angle is negligible according to the definition of the wheel-frame.
Therefore, we only account for the pitch mounting angle and the heading mount-
ing angle, namely,

ϕm =
[
θm ψm

]⊤
. (4.17)

Note that we consider the 3D vector of both the lever arm and mounting
angle when we derive the observation model equations to simplify the expression.
In practice, we extract the components from the equations corresponding to the
actual misalignment error to construct the matrix for the final computation in
the EKF (see Section 4.3.3).

With regard to the wheel radius scale error, we model it as a scalar, which is
the ratio of the actual wheel radius to the nominal wheel radius, namely,

r̂ = (1 + sr)r, (4.18)

where r̂ is the measured wheel radius; sr is the wheel radius scale error, augmented
into the state vector for online estimation; r is the true wheel radius, which is
unknown.

4.3.2 Error State Model
In Wheel-INS, we simplify the INS propagation model by omitting less signifi-
cant terms, e.g., earth rotation, as it is only a local dead reckoning system using
a low-cost inertial sensor. This simplification reduces computational overhead
without compromising accuracy. In contrast, Wheel-GINS employs a full strap-
down INS in the earth-frame to integrate precise global position data from GNSS.
For detailed information on the strapdown INS model, refer to [83, 86].

As in Wheel-INS, we adopt an error-state model in EKF to mitigate nonlinear
errors in Wheel-GINS. In addition to the robot state and the IMU sensor errors,
we augment the Wheel-IMU installation parameter errors (including the Wheel-
IMU lever arm and mounting angle and the wheel radius scale error) into the
error state vector, which can be written as

x=
[
δp⊤ δv⊤ ϕ⊤ b⊤g b⊤a s⊤g s⊤a δlbwheel

⊤
δϕ⊤

m sr

]⊤
, (4.19)

where δ indicates the error of the robot state, particularly, δp, δv and ϕ ∈
so(3) indicate the position, velocity, and attitude errors of INS in the n-frame,
respectively; bg and ba represent the residual bias errors of the gyroscope and the
accelerometer, respectively; sg and sa represent the residual scale factor errors of
the gyroscope and accelerometer, respectively; δlbwheel∈R2 is the residual Wheel-
IMU lever arm error; δϕm∈R2 is the residual Wheel-IMU mounting angle error;
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sr ∈ R is the scale error of the wheel radius. Therefore, x is a vector with 26
dimensions. The IMU sensor errors are modeled using the first-order Gauss-
Markov process, while the Wheel-IMU lever arm error, mounting angle error,
and wheel radius scale error are modeled using random walks.

We use the detailed error-state model [36, 86] in Wheel-GINS instead of the
simplified version used in Wheel-INS. Because Wheel-GINS aims to provide ac-
curate positioning results in large-scale (kilometer-level) environments, instead
of medium-scale (hundred-meters level) environments for Wheel-INS, we have to
take more terms into consideration, for example, the earth rotation, the rotation
rate of the n-frame with respect to the earth-frame and the change of gravity.
The robot state error state model is given by


δṗ = −ωn

en × δp+ δϕen × v + δv

δv̇ = Rn
bf

b × ϕ+ Rn
b δf

b + v × (2δωn
ie + δωn

en)

− (2ωn
ie + ω

n
en)× δv + δgn

ϕ̇ = −ωn
in × ϕ+ δωn

in − Rn
b δω

, (4.20)

where δϕen is the rotation vector describing the error of the INS-indicated n-
frame; ωn

ie is the earth’s rotation rate described in the n-frame, while δωn
ie is its

error; ωn
en is the rotation rate of the n-frame with respect to the earth-frame, while

δωn
en is its error; ωn

in is the rotation rate of the n-frame, while δωn
in is its error; Rn

b

is the rotation matrix from the body-frame to the n-frame; τbg , τba , τsg , and τsa
are the correlation time in the first-order Gauss-Markov model of the gyroscope
bias, accelerometer bias, gyroscope scale factor, and accelerometer scale factor,
respectively; wbg and wba denote the driving white noise of the residual bias
errors of the gyroscope and accelerometer, respectively; wsg and wsa denote the
driving white noise of the scale factor errors of the gyroscope and accelerometer,
respectively. More details of the error-state model can be found in Shin [86]. The
IMU sensor error state model is the same as in Equation (3.6).

The lever arm error, mounting angle error, and wheel radius scale error are
modeled as random walks [86], leading to the following propagation model:


δl̇bwheel = wlw

˙δϕm = wϕm

ṡr = wr

, (4.21)

where wlw , wϕm and wr denote the driving white noise of the lever arm error,
mounting angle error, and wheel radius scale error, respectively.
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4.3.3 Observation Model
In this section, we present a detailed derivation of the observation models, includ-
ing the vehicle velocity observation, the GNSS position observation, and the wheel
angular velocity observation used in the EKF scheme of the proposed Wheel-
GINS. Different from Wheel-INS, we incorporate the Wheel-IMU installation
parameters into the state vector for online estimation. Note that the Wheel-
IMU lever arm and mounting angle errors are modeled as 2D vectors, while the
wheel radius scale error is modeled as a scalar. Although our derivation considers
the full 3D vector of the Wheel-IMU lever arm and mounting angle, we extract
only the elements relevant to the state vector for matrix construction in practical
computation.

4.3.3.1 Vehicle Velocity Observation

To compute the wheel velocity, we first need to know the rotation speed of the
wheel. Therefore, we need to transform the Wheel-IMU angular velocity from
the body-frame to the wheel-frame, namely,

ω̂wheel = R̂wheel
b ω̂, (4.22)

where ω̂wheel is the estimated angular velocity of the wheel in the wheel-frame;
R̂wheel

b is the rotation matrix from the body-frame to the wheel-frame; ω̂ is the
angular velocity measurement of the Wheel-IMU in the body-frame. Because we
only need the wheel angular velocity in the x-axis of the wheel-frame to calculate
the wheel velocity, we can simplify the equation as

ω̂wheel
x = R̂wheel

b(1,:) ω̂, (4.23)

where ω̂wheel
x is the estimated angular velocity of the wheel in the x-axis of the

wheel-frame; R̂wheel
b(1,:) is the first row of the rotation matrix from the body-frame to

the wheel-frame, where R̂wheel
b(1,:) = Rwheel

b(1,:) + δRwheel
b(1,:) , and δRwheel

b(1,:) is the error of the
first row of the rotation matrix, which is governed by the Wheel-IMU mounting
angle error δϕm.

Further, taking into consideration the wheel radius scale error, we can calcu-
late the forward wheel velocity and derive the error as

ṽrwheel = ω̂wheel
x r̂ − ev = R̂wheel

b(1,:) ω̂r̂ − ev

= (Rwheel
b(1,:) + δRwheel

b(1,:) )(ω + δω)(1 + sr)r − ev

= vrwheel + Rwheel
b(1,:) rδω + Aδϕm + Rwheel

b(1,:) ωrsr − ev,

(4.24)

where ṽrwheel and vrwheel are the observed and true wheel velocity in the robot-
frame, respectively; δω is the error of the angular velocity measurement, which
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is δω = bg + diag(ω)sg + eω, where eω is the gyroscope noise and diag(·) is the
diagonal matrix form of a vector; r is the wheel radius; sr is the wheel radius
scale error, and ev is the observation noise, modeled as Gaussian white noise;
A is the coefficent matrix of the mounting angle error, with dimensions 1×2.
Comparing Equation (4.24) with the velocity observation model in Wheel-INS
(Equation (4.5)), we can see that the Wheel-IMU mounting angle error and wheel
radius scale error are incorporated to the observation model too be estimated
online in our Wheel-GINS pipeline.

Now, we derive the matrix A in Equation (4.24). Given the two Wheel-IMU
mounting angles, θm (pitch mounting angle), and ψm (heading mounting angle),
the rotation matrix from the Wheel-IMU body-frame to the wheel-frame can be
expressed as

Rwheel
b =

cos θm cosψm − sinψm sin θm cosψm

cos θm sinψm cosψm sin θm sinψm

− sin θm 0 cos θm

 . (4.25)

In Equation (4.24), Rwheel
b(1,:) indicates the first row of Rwheel

b . We only use the first
row because we only need the wheel angular velocity in the x-axis to compute
the wheel velocity. Because the estimated Wheel-IMU mounting angle contains
errors, we have the estimated value of Rwheel

b(1,:) as

R̂wheel
b(1,:) = Rwheel

b(1,:) + δRwheel
b(1,:)

=
[
cos θ̂m cos ψ̂m − sin ψ̂m sin θ̂m cos ψ̂m

]
=

cos(θm+δθm) cos(ψm+δψm)

− sin(ψm+δψm)

sin(θm+δθm) cos(ψm+δψm)


⊤

.

(4.26)

After the expansion of the terms on the right side of the equation and ignoring
the second-order small terms, we have

δRwheel
b(1,:) =

− sin θm cosψmδθm − cos θm sinψmδψm

− cosψmδψm

cos θm cosψmδθm − sin θm sinψmδψm


⊤

. (4.27)

Then matrix A can be expressed as

A =

[
−ωb

xr sin θm cosψm+ωb
zr cos θm cosψm

−ωb
xr cos θm sinψm−ωb

yr cosψm−ωb
zr sin θm sinψm

]⊤

, (4.28)

where ωb
x, ω

b
y, ω

b
z represent the components of the Wheel-IMU angular rate mea-

surement ω along the x, y, and z axes, namely, ω =
[
ωb
x ωb

y ωb
z

]⊤
.
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By combining the forward wheel velocity with NHC, we can formulate the
complete 3D vehicle velocity model as

ṽrwheel =
[
ṽrwheel 0 0

]⊤
− ev. (4.29)

Simultaneously, through perturbation analysis, the wheel velocity in the robot-
frame indicated by the INS can be expressed as

v̂rwheel = R̂r
nv̂+R̂r

b (ω̂×) l̂bwheel

≈ Rr
n(I+δψ×)(v+δv)

+(I−δϕm×)Rr
b(ω×+δω×)(lbwheel+δl

b
wheel)

≈ vrwheel+Rr
nδv

n−Rr
n(v×)δψ−Rr

b(l
b
wheel×)δω

+Rr
b(ω×)δlbwheel+

(
Rr

b(ω×)lbwheel

)
×δϕm,

(4.30)

where Rr
n is the rotation matrix from the n-frame to the robot-frame; Rr

b is the
rotation matrix from the body-frame to the robot-frame; ω is the angular velocity
measurement of the Wheel-IMU; (·)× indicates the skewsymmetric matrix of a
vector; lbwheel indicates the lever arm vector from the Wheel-IMU to the wheel
center expressed in the body-frame, while δlbwheel indicates its residual error; δψ
is the attitude error of the vehicle. Because Wheel-INS cannot estimate the
vehicle pitch angle, it is assumed that the vehicle is moving on a horizontal plane
in Wheel-INS, which means the vehicle attitude only includes heading angle as
the other two components are zero. Therefore, the vehicle attitude error is only
related to the heading error of the attitude error in the state vector, which can
be written as δψ =

[
0 0 δψ

]⊤
.

Then, the vehicle velocity measurement model can be expressed as

δzv = v̂
r
wheel − ṽrwheel

= Hvx+ ev,
(4.31)

where Hv is a 3×26 matrix of the form

Hv=
[
0 Rr

n −Rr
n(v×) −Rr

b(l
b
wheel×) 0 B 0 C D E

]
, (4.32)

and 

B = −Rr
b(l

b
wheel×)diag(ω)

C = Rr
b(ω×)(:,2:3)

D =
(
Rr

b(ω×)lbwheel

)
×(:,2:3) − [A 0 0]⊤

E =
[
−Rwheel

b(1,:) ωr 0 0
]⊤

(4.33)

where (:,2:3) indicates the second and third columns of a matrix. Note that we
take only the last two columns of the matrix corresponding to the actual mis-
alignment error to build C and D in Hv because the Wheel-IMU lever arm error
and mounting angle error are in 2-dimension as can be seen in Equation (4.16)
and Equation (4.17).
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4.3.3.2 GNSS Observation

We calculate the difference between the observed GNSS antenna position from the
receiver and the INS-predicted antenna position to build the GNSS observation
model. Given the IMU position propagated by the strapdown INS, the GNSS
antenna’s position in the earth-frame can be derived as

p̂egnss = p̂
e
b + Re

nR̂n
b l̂

b
gnss, (4.34)

where Re
n is the rotation matrix from the local navigation frame to the earth-

frame; lbgnss is the GNSS lever arm, equaling to the vector from the Wheel-IMU
center to the GNSS antenna center expressed in the IMU body-frame.

Unlike the traditional GNSS/INS integrated navigation system where the lever
arm between the GNSS antenna and the IMU is fixed, the GNSS lever arm
expressed in the IMU body-frame changes in Wheel-GINS because the Wheel-
IMU continuously rotates with the wheel. Therefore, the GNSS lever arm has to
be computed in real-time in Wheel-GINS.

Given that the origin of the robot-frame is aligned with the wheel center,
the position of the GNSS antenna is constant in the robot-frame, which can be
measured beforehand. Then, the GNSS lever arm w.r.t the IMU body-frame can
be calculated as

l̂bgnss = l̂
b
wheel + R̂b

rl
r
gnss. (4.35)

Consequently, we can get the GNSS observation equation

δzgnss = Rn
e

(
p̂egnss − p̃egnss

)
= δp+

(
Rn

b

(
lbwheel + Rb

rl
r
gnss

))
×ϕ

− Rn
b Rb

v

(
lrgnss×

)
δϕm + Rn

b δl
b
wheel

= Hgnssx+ egnss,

(4.36)

where Hgnss is a 3×26 matrix of the form

Hgnss =
[
I 0 F 0 0 0 0 Rn

b(:,2:3) G 0
]
, (4.37)

and {
F =

(
Rn

b

(
lbwheel + Rb

vl
r
gnss

))
×

G = −Rn
b Rb

v

(
lrgnss×

)
(:,2:3)

. (4.38)

4.3.3.3 Wheel Angular Velocity Observation

To effectively estimate the Wheel-IMU mounting angle online, we construct and
integrate a wheel angular velocity observation model into Wheel-GINS. Note that
the wheel angular velocity constraint is only used for the Wheel-IMU mounting
angle estimation, not to help with the robot state estimation.
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Assuming that the vehicle travels in a straight line without turning and ignor-
ing the Earth’s rotation, the wheel only has angular velocity along the rotation
axis, namely,

ω̃wheel =
[
ω̃wheel
x 0 0

]⊤
− eω, (4.39)

where ω̃wheel indicates the angular velocity of the wheel in the wheel-frame; ω̃wheel
x

is the x-axis component of ω̃wheel; eω indicates the measurement noise. As a re-
sult, the angular velocity sensed by the y-axis and z-axis of the Wheel-IMU should
equal zero if there is no attitude misalignment error. Therefore, we can construct
an observation model based on this fact to estimate the attitude misalignment
between the Wheel-IMU and the wheel. The angular velocity of the wheel in the
wheel-frame computed with the Wheel-IMU gyroscope readings can be expressed
as

ω̂wheel = R̂wheel
b ω̂

= (I − ϕm×)Rwheel
b (ω + δω),

(4.40)

where Rwheel
b indicates the rotation matrix from the body-frame to the wheel-

frame. Then, the wheel angular velocity observation model can be written as

δzω = ω̂wheel − ω̃wheel

= Rwheel
b δω + (Rwheel

b ω)×δϕm

= Hωx+ eω,

(4.41)

where Hω is a 2×26 matrix of the form

Hω =
[
0 0 0 Rwheel

b 0 Rwheel
b diag(ω) 0 0 (Rwheel

b ω)×(:,2:3) 0
]
. (4.42)

Note that we use only the bottom two rows of the matrices on both sides
of Equation (4.41) to construct the observation model because only the y-axis
and z-axis component of the wheel angular velocity in the wheel-frame should
equal zero. Therefore, we take only the last two rows of Hω.

One may argue that the assumption of the vehicle moving along a straight
line is strong because the vehicle inevitably turns during motion. The turning
of the vehicle will project angular velocity to the y-axis and z-axis of the wheel,
making Equation (4.39) not strictly valid. However, in practice, we can detect
the vehicle turning with the Wheel-IMU. Thus, we can employ the wheel angular
velocity observation model to estimate the Wheel-IMU mounting angle specifi-
cally when the vehicle is moving straight and subsequently fix it once convergence
is achieved. Our experimental results have shown that the Wheel-IMU mounting
angle converges fast. In addition, the occasional normal turning of the vehicle
has negligible impact on both the Wheel-IMU mounting angle and vehicle pose
estimation.
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Table 4.7: Vehicle motion information in the experiments

Sequence Vehicle Average
speed (m/s)

Total
distance (m)

1 Pioneer 3DX 1.25 ≈1146
2 Trolley 1.41 ≈1990
3 Car 6.00 ≈6566

4.3.4 Experimental Results

4.3.4.1 Experimental Setup

To evaluate the performance of Wheel-GINS, we collected real-world data in three
different places with three different wheeled vehicles. One was the Pioneer 3DX
robot used in our Wheel-INS experiments (see Section 4.1.5), the other was a trol-
ley, and the third was a regular street car. Figure 4.15 shows the experimental
trolley and car and the corresponding trajectories. We used the same Wheel-IMU
as used in the experiments of Wheel-INS and Wheel-SLAM. An IMU of the same
model was mounted on the top of the vehicle to perform ODO-GINS for compar-
ison. Because we didn’t have an external odometer and it was difficult to access
the wheel encoder of the car, we calibrated the Wheel-IMU and compensated
its error in advance to get the wheel velocity for ODO-GINS, but we didn’t do
this for Wheel-GINS. Therefore, the wheel velocity used in ODO-GINS is more
accurate than that calculated in Wheel-GINS.

We used the same dataset collected in Sequence (Seq.) 1. The other two
experimental platforms and sequences are shown in Figure 4.15. Both the trolley
and regular car were equipped with an IMAR iNav-FJI4, a navigation-grade IMU
for a near ground truth trajectory. We performed a smoothed PPK/INS inte-
gration method to compute this near ground truth trajectory with the high-end
reference IMU. We used the same PPK GNSS position for both Wheel-GINS and
ODO-GINS. The satellite numbers in the three sequences over time are shown
in Figure 4.16.

As shown in Figure 4.4(a), Seq. 1 is a one-way polyline trajectory with no
return on an experimental field at a university. As shown in Figure 4.15, Seq. 2 is
a loop trajectory on a university campus, and Seq. 3 is a large-scale loop trajectory
where the vehicle drove twice on the same road. The average speed and the total
traveled distance of the vehicles in the three sequences are listed in Table 4.7.

We set the initial heading and position of both Wheel-GINS and ODO-GINS
with the reference system. In real applications, the system initialization problem

4https://www.imar-navigation.de/downloads/NAV_FJI_001-J_en.pdf
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(a) Experimental trolley and the devices
used in Seq. 2.

(b) Seq. 2: loop trajectory with overlap.

(c) Experimental car and the devices used
in Seq. 3.

(d) Seq. 3: large-scale trajectory with twice
repetition.

Figure 4.15: The experimental platforms and trajectories in Seq. 2 and Seq. 3.

can be solved by online alignment approaches [16]. We calibrated the attitude
misalignment between the reference IMU and the vehicle, as well as between the
Body-IMU and the vehicle in advance using the method proposed in Chen et
al. [18]. Furthermore, we set the initial gyroscope bias using the static IMU data
collected before the vehicle started moving. Other inertial sensor errors and the
Wheel-IMU installation parameter errors were initialized as zero. The GNSS
update frequency was set to 1Hz while the velocity update frequency was set to
2Hz for both Wheel-GINS and ODO-GINS.

4.3.4.2 Positioning Performance Evaluation

Table 4.8 presents the position and heading RMSE of the proposed Wheel-GINS
and ODO-GINS in the three sequences. It can be observed from Table 4.8 that
Wheel-GINS achieves comparable accuracy to ODO-GINS: the positioning error
is at the centimeter level, and the heading error is mostly less than 1◦. In Seq.
1, the heading RMSE of Wheel-GINS is much larger than ODO-GINS. This is
because the unevenness of the road caused significant vibration of the robot when
it was moving. At the same time, the reference IMU was placed on top of the
robot, not on the wheel. As a consequence, there is a larger error in the Wheel-
GINS attitude estimates.
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Figure 4.16: The number of GNSS satellites used in the three sequences.

We can also see that with the integration of GNSS position observation,
Wheel-GINS has improved Wheel-INS from a 2D dead reckoning system to a full
3D positioning system with accurate height estimation. In addition, Wheel-GINS
does not show significant advantages compared to ODO-GINS when GNSS is al-
ways available. This is because the high-quality GNSS position observation has
effectively suppressed the error drift of Wheel-INS and the traditional odometer-
aided INS and helped estimate the IMU sensor errors.

Table 4.8: Pose accuracy statistics of Wheel-GINS and ODO-GINS

Seq. System
Horizon pos.
RMSE (m)

Height RMSE
(m)

Heading RMSE
(◦)

1 Wheel-GINS 0.04 0.03 1.15

ODO-GINS 0.05 0.05 0.61

2 Wheel-GINS 0.07 0.04 0.39

ODO-GINS 0.10 0.04 0.39

3 Wheel-GINS 0.10 0.26 0.35

ODO-GINS 0.09 0.13 0.38

A commonly used method to evaluate the performance of a GNSS-aided
integrated navigation system is to investigate the error drift when GNSS is
blocked [13, 41, 74, 127]. To this end, we manually set three different lengths
(namely, 30 s, 60 s, and 120 s) of GNSS outages in the three sequences to compare
the performance of Wheel-GINS with ODO-GINS. We set two outages for each
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(a) Horizon position errors of Wheel-GINS and ODO-GINS with two 30 s GNSS outages in
Seq. 2.

(b) Horizon position errors of Wheel-GINS and ODO-GINS with two 60 s GNSS outages in
Seq. 2.

(c) Horizon position errors of Wheel-GINS and ODO-GINS with two 120 s GNSS outages in
Seq. 2.

Figure 4.17: Horizon position errors of Wheel-GINS and ODO-GINS with different
lengths of GNSS outages in Seq. 2. The gray areas indicate the GNSS outage period.
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sequence. Figure 4.17 shows the horizon positioning error of Wheel-GINS and
ODO-GINS with the three different lengths of GNSS outage in Seq. 2. Table 4.9
lists the mean RMSE and MAX horizontal position error of the two systems
during GNSS outages in the three sequences.

We can see from Figure 4.17 that without the global position information
during the GNSS outages, the horizon positioning errors of both Wheel-GINS and
ODO-GINS are growing. The horizon position error accumulation increases with
the increase of the GNSS outage period. Due to the random error characteristics
of the IMU, the drift rate is different at different points of the sequence with the
same length of GNSS outage period. Note that the error drifts at around 350 s
in Figure 4.17 are caused by the inferior GNSS conditions where the trolley was
surrounded by high buildings.

Table 4.9: Comparison of position error between Wheel-GINS and ODO-GINS during
GNSS outages

Seq. System
Horizontal position (m)

RMSE MAX RMSE MAX RMSE MAX

Outage time 30 s 60 s 120 s

1 Wheel-GINS 0.16 0.27 0.26 0.62 0.68 1.28

ODO-GINS 0.32 0.49 0.44 0.70 0.93 1.86

2 Wheel-GINS 0.16 0.33 0.34 0.65 0.73 1.47

ODO-GINS 0.25 0.44 0.53 0.97 1.23 2.36

3 Wheel-GINS 0.38 0.67 0.75 1.37 1.37 2.23

ODO-GINS 0.37 0.71 0.92 1.91 2.45 4.46

In addition, we can see from Table 4.9 that Wheel-GINS exhibits higher ac-
curacy than ODO-GINS during GNSS outages. Compared to ODO-GINS, the
horizontal position RMSE of Wheel-GINS in 30 s, 60 s, and 120 s GNSS outages
has been averagely reduced by 28%, 32%, and 37%, respectively. The reason
for this is that Wheel-INS exhibits a lower error drift rate than the traditional
odometer-aided INS, as illustrated in [76]. Even though GNSS helps to limit
the error drift when it is available, Wheel-GINS outperforms ODO-GINS during
GNSS outages thanks to the inherent rotation modulation effect.

4.3.4.3 Online Wheel-IMU Installation Parameters Estimation

In this section, we delve deeper into Wheel-GINS’s capacity for online installation
parameters estimation to give better insights into the system characteristics. The
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Figure 4.18: Horizontal position error drift of Wheel-GINS during 60 s GNSS outages
with and without online estimation of the Wheel-IMU installation parameters in Seq. 2.

results support our second claim that Wheel-GINS can effectively estimate Wheel-
IMU installation parameters, including the Wheel-IMU lever arm and mounting
angle and the wheel radius scale error online, thus greatly improving the pose
estimation accuracy.

First, we compare the positioning accuracy of Wheel-GINS during GNSS out-
ages with and without the online estimation of the Wheel-IMU installation pa-
rameters to qualitatively illustrate the necessity of online estimation of the Wheel-
IMU installation parameters. We set two 60 s GNSS outages in Seq. 2. Figure 4.18
shows the horizon position error of Wheel-GINS with and without the online es-
timation of the Wheel-IMU installation parameters in Seq. 2.

We can see that the positioning accuracy of Wheel-GINS is significantly im-
proved with the online estimation of the Wheel-IMU installation parameters.
Specifically, the influence of the wheel radius scale error is more evident in this
experiment. This is because the wheel radius scale error directly affects the wheel
velocity estimation, which is crucial when GNSS is unavailable. In addition, we
can see that the Wheel-IMU lever arm and mounting angle errors also introduce
positioning errors if not appropriately compensated. The Wheel-IMU mounting
angle modulates a sine signal onto the positioning error because of the continuous
rotation of the wheel. The influence of the Wheel-IMU lever arm is not signif-
icant in this experiment because it is less than 5 cm (see Figure 4.19). We can
constrain the Wheel-IMU lever arm error within this level by carefully installing
the IMU. In conclusion, each Wheel-IMU installation error causes position error
for Wheel-GINS at different levels if not calibrated properly. In the following
section, we show experimental results to analyze the online estimation of each
Wheel-IMU installation parameters in the proposed Wheel-GINS, respectively.

1) Online lever arm Estimation

We first investigate the online estimation of the Wheel-IMU lever arm in
Wheel-GINS. Because it is difficult to get the ground truth value of the Wheel-
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Figure 4.19: Online Wheel-IMU leverarm estimation results in Seq. 2. y and z repre-
sent the two leverarm components in the y-axis and z-axis of the body-frame (see Equa-
tion (4.16)).

IMU lever arm, we can only evaluate the effectiveness of the lever arm online
estimation by looking at the convergence of the error. Figure 4.19 plots the Wheel-
IMU lever arm estimation result in Seq. 2. The figure shows that the Wheel-IMU
lever arm error can be effectively estimated in Wheel-GINS, which converges in
around 90 s. Because it is difficult to accurately measure the Wheel-IMU lever
arm in practice, the online estimation of the Wheel-IMU lever arm is essential
for Wheel-GINS to achieve high positioning accuracy.

Figure 4.20: Online Wheel-IMU mounting angle estimation results in Seq. 3. The
red dashed line represents the reference value calculated by the offline calibration
method [17] (pitch mounting angle: -1.22◦, heading mounting angle: 1.60◦).

2) Online Mounting Angle Estimation

Experimental results in Wheel-INS [76] and Tan [92] have illustrated that
the Wheel-IMU mounting angle error causes significant pose error if it is not
estimated and compensated properly. In this section, we analyze the online esti-
mation of the Wheel-IMU mounting angle in Wheel-GINS. Figure 4.20 compares
the online estimation results of the Wheel-IMU mounting angle in Wheel-GINS
with the offline calibration results [17] in Seq. 3. We can see that the Wheel-IMU
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mounting angle error converges to the reference value in around 30 s in Wheel-
GINS. After convergence, it remains stable even when the vehicle occasionally
turns. Figure 4.15 (d) shows that there are some turns and even u-turns in Seq. 3
because the vehicle traversed the same road back and forth twice. We can see
from Figure 4.20 that it does not disrupt the Wheel-IMU mounting angle esti-
mation. These results back up our claim in Section 4.3.3.3 that the Wheel-IMU
mounting angle estimation converges fast in Wheel-GINS, and the occasional
normal turning of the vehicle has negligible impact on the Wheel-IMU mounting
angle estimation.

Figure 4.21: Online Wheel-IMU mounting angle estimation with/without the proposed
wheel angular velocity constraint in Seq. 3. (Unit: degree).

One may argue that the GNSS position can also help estimate the Wheel-IMU
heading misalignment as it provides absolute heading information for the vehicle;
thus, it is unnecessary to integrate the proposed wheel angular velocity constraint
model. We conduct a comparison experiment to show that the proposed angular
velocity measurement can significantly accelerate the convergence of the Wheel-
IMU mounting angle error. Figure 4.21 shows the results. As we can see, with
the integration of the proposed wheel angular velocity constraint, the convergence
time of the Wheel-IMU pitch and heading mounting angle estimation has been
reduced from around 400 s and 900 s to 30 s, respectively.

Although the GNSS position indirectly reflects the vehicle heading, which
helps to estimate the Wheel-IMU mounting angle, it takes a long time to achieve
convergence. In addition, the accuracy of the GNSS position is also critical. When
the accuracy of GNSS positioning is poor, such as in complex environments, it
even impairs the estimation of the Wheel-IMU mounting angle. However, the
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Figure 4.22: Online wheel radius scale error estimation results of Wheel-GINS in Seq. 2.

proposed wheel angular velocity constraint is not affected by the environment.
Therefore, the proposed wheel angular velocity measurement plays a key role
in estimating the Wheel-IMU mounting angle to improve the pose accuracy in
Wheel-GINS.

3) Online Wheel Radius Scale Error Estimation

We now conduct experiments to illustrate that the wheel radius scale error can
be effectively estimated in Wheel-GINS. Figure 4.22 plots the online estimation
result of the wheel radius scale error in Seq. 2. From the figure, we can see that
the wheel radius scale error drifts at the beginning because of the coupling effect
from other installation parameters and IMU errors. Still, it soon converges to
a reasonable range. Due to the pneumatic nature and softness of the tires in
the trolley used in Seq. 2, deformation is prone to occur on uneven road surfaces.
Consequently, there are some variations of the wheel radius scale estimation along
with the sequence. It is also difficult to accurately calibrate the wheel radius scale
error offline because it varies due to the terrain, tire pressure, vehicle weight, and
so on. Therefore, the online estimation of the wheel radius scale error is necessary
for Wheel-GINS to achieve high positioning accuracy, especially for the robots
with pneumatic tires prone to deformation.

4.3.5 Conclusion
Our goal in this study was to build an accurate and robust localization system for
wheeled robots in large-scale environments (e.g., kilometer level). For that, we
proposed Wheel-GINS, a GNSS/INS integrated navigation system using a Wheel-
IMU. Based on Wheel-INS, we integrated the GNSS position observation into the
EKF pipeline. To take full advantage of the absolute position information from
GNSS, we augmented Wheel-IMU installation parameters, including the Wheel-
IMU lever arm and mounting angle and the wheel radius scale error, into the
state vector to be estimated online. Furthermore, we proposed a novel wheel
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angular velocity observation model to accelerate the convergence of the Wheel-
IMU mounting angle error.

Real-world experimental results have illustrated that the proposed Wheel-
GINS can achieve similar localization performance compared to the conventional
ODO-GINS when GNSS is always available, while it significantly outperforms
ODO-GINS during GNSS outages. Additionally, the Wheel-IMU installation pa-
rameters, including the Wheel-IMU lever arm and mounting angle and wheel
radius scale error, can be effectively estimated online, thus improving the local-
ization accuracy and the practicality of the system.
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Chapter 5

State Estimation for Legged
Robots Using Multiple
Leg-Mounted IMUs

In the previous chapter, we presented our novel state estimation systems
utilizing a custom Wheel-IMU, tailored for wheeled robots. We started
with Wheel-INS, a dead reckoning solution that outperforms traditional
ODO/INS system in both accuracy and robustness using only one low-cost

IMU. Then, we extended Wheel-INS from a localization system to a full SLAM
system which extracts and matches terrain features for loop closure detection.
Lastly, we integrated GNSS with Wheel-INS to limit the long-term error drift
and estimate the Wheel-IMU installation parameters online.

Although wheeled robots have been widely used in various real-world appli-
cations, legged robots offer greater application potential due to their enhanced
mobility and have garnered significant attention from both academia and indus-
try these years. Legged robots rely on accurate state estimation to keep balance
and navigate challenging environments [5, 9, 62, 117]. To this end, proprioceptive
sensors, such as IMUs and joint encoders, play an essential role. On one hand,
they provide high-frequency egomotion information that can be fused with the
exteroceptive sensors, such as LiDARs and cameras [77, 105, 118], to enhance
localization accuracy. On the other hand, they serve as a backup solution when
the exteroceptive sensors fail, such as in dark environments or under canopy
conditions in agricultural applications.

Current approaches to this problem primarily use the robot body-mounted
IMU (Body-IMU), joint encoders and foot force sensors [4, 5, 39, 62]. In these
systems, the Body-IMU initially propagates the robot’s main body state, which
is then refined by integrating leg kinematics estimated from joint encoders upon
detecting foot contact using the foot force sensor. The most widely used ap-
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proach for foot contact detection relies on empirically thresholding force sensor
readings, but this method is susceptible to errors due to slippage and sensor
degradation over time. In addition, the foot positions during swing phase cannot
be estimated [5] and need to be relocated when the foot regains contact with the
ground, introducing further error into the robot state estimation.

Recent studies have attempted to mount IMUs on robot legs (Leg-IMUs) to
detect foot contact and improve state estimation. Yang et al. [117] proposed
to mount multiple IMUs on the robot feet to provide additional foot velocity
measurements within the similar extended Kalman filter (EKF) structure as in
Bloesch et al. [4, 5]. However, the state estimation capability of the Leg-IMUs
had not been fully utilized because IMU can provide six degrees of freedom pose
estimation, not only velocity measurement.

Figure 5.1: Illustration of the installation of the multiple Leg-IMUs and the coordinate
systems of our proposed DogLegs on a quadruped robot. Our approach fuses the
measurements from a Body-IMU, multiple Leg-IMUs and joint encoders. The Leg-
IMUs are mounted on the lower legs of the robot and close to the feet. The robot-
frame is defined with the origin at the center of the robot body and aligns with the
coordinates of the Body-IMU. The world-frame is defined with the body-frame at the
initial position.

In this chapter, we introduce DogLegs, our proposed framework that fuses the
full state estimation information from all the individual IMU systems, including
the Body-IMU and multiple Leg-IMUs, through an EKF. Figure 5.1 illustrates
the installation of multiple Leg-IMUs and the coordinate systems involved within
our proposed DogLegs framework, using a quadruped robot as an example.

In summary, we make two major claims:

• Doglegs achieves better performance in state estimation compared to the
traditional EKF-based leg odometry (using only a Body-IMU and joint
encoders) across different terrains.

• DogLegs reduces the error drift of the individual IMU systems by incorpo-
rating the relative position constraints between the multiple IMUs.
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5.1 Overview

Figure 5.2: Overview of our proposed DogLegs system. We fuse the measurements
from a Body-IMU, joint encoders, and multiple Leg-IMUs to estimate the state of
the main body for legged robots via an error-state EKF. The system model of our
EKF framework contains the error states from all IMUs. N represents the number of
legs. Joint encoders on each leg provide the relative position constraints between the
Body-IMU and the corresponding Leg-IMU. Additionally, we refine the IMU outputs
by compensating for estimated sensor errors.

Figure 5.2 illustrates the algorithmic structure of our proposed DogLegs sys-
tem. Our method is implemented using an error-state EKF to fuse the measure-
ments from joint encoders and all the IMUs. The Leg-IMUs propagate the states
of their mounting points on the legs, while the Body-IMU propagates the state
of the main body. Simultaneously, the Leg-IMUs detect foot contact, i.e., zero
velocity, to update their respective states. Additionally, relative position con-
straints between the Body-IMU and Leg-IMUs (estimated with joint encoders)
are incorporated to mitigate error accumulation across all IMUs. We use the
estimated IMU sensor errors to correct the IMU readings.

5.2 Foot Contact Detection
We detect the robot foot contact by analyzing the Leg-IMU readings [98] rather
than force sensor measurements. The main reason is that IMUs provide richer
motion information, capturing six degrees of freedom, whereas foot force sensors
are typically limited to measuring only the normal contact force in many robots,
e.g., Unitree Go1 and Go2 robot1.

Given the fact that the foot acceleration equals to zero at the moment of
contact, we employ the generalized likelihood ratio test [53, 72, 88] using a batch
of accelerometer measurements as the foot contact detection criterion, which is
given by

1https://shop.unitree.com/
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1

2M + 1

k+M∑
i=k−M

∥∥∥∥fi − g f̄

∥f̄∥

∥∥∥∥ ≤ γ, (5.1)

where, 2M + 1 is the batch size; fi is the accelerometer measurement at time i;
g is the gravity vector; f̄ is the average accelerometer measurement within the
batch; ∥ · ∥ is the L2 norm of a vector; γ is an empirically determined threshold.

5.3 Error State Model
Given gyroscope and acceleration measurements at each time step, the state of
the rigid platform on which the IMU is mounted can be propagated by integrat-
ing the IMU data. In this paper, we employ the strapdown inertial navigation
system (INS) [36, 86, 107] for each IMU to propagate its own state. Meanwhile,
to mitigate system nonlinearity, we adopt the error-state representation [76] as
the system model within the EKF framework. The whole error-state vector main-
tained in the EKF is given by

X =
[
δx⊤

0 , δx⊤
1 , · · · , δx⊤

N

]⊤
, (5.2)

where N represents the number of legs, and δx represents the error state of each
IMU.

In Section 3.3, we introduced the INS error propagation model including the
robot state error and IMU bias and scale factor error. We used this 21-state
model in our Wheel-INS and Wheel-GINS framework. However, the IMU scale
factor error in DogLegs is not observable due to insufficient execution. Therefore,
to reduce the state dimension and consequently improve computation efficiency,
we eliminate the IMU scale factor error from the error state in Equation (3.11)
and only estimate the 15-state for each IMU, which is defined as

δx =
[
δp⊤ , δv⊤ , ϕ⊤ , b⊤g , b⊤a

]⊤ ∈ R15, (5.3)

where δp, δv and ϕ denote the position, velocity, and attitude errors respectively,
and bg and ba denote the residual bias errors of the accelerometer and gyroscope,
respectively. We integrate the error states from each IMU into a single vector,
which serves as the system model in our EKF pipeline [109]. Consequently, the
total dimension of the error state vector is 15 (N + 1).

5.4 Observation Model

5.4.1 Zero-Velocity Update
Generally, when the foot is in contact with the ground without slippage, its
velocity in the world-frame should be zero. This condition can be formulated as
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a measurement model [112] and incorporated into the Leg-IMU state estimation.
However, it is important to note that only the velocity of the contact point on
the foot is strictly zero, while other points on the foot may still be in motion.
Since the Leg-IMU measures velocity at its mounting location rather than at the
contact point, we must transform the velocity estimated by the Leg-IMU to the
contact point.

The velocity of the contact point on the robot foot in the world-frame indi-
cated by the Leg-IMU can be expressed as

v̂wf = v̂wlimu + R̂w
limu (ω̂limu×) l̂limu

f , (5.4)

where v̂wlimu is the velocity estimates of the Leg-IMU in the world-frame; R̂w
limu

is the rotation matrix of the Leg-IMU; ω̂limu× is the skewsymmetric matrix of
the angular velocity measurement of the Leg-IMU; l̂limu

f is the position of the
foot contact point in the Leg-IMU frame, as shown in Figure 5.1. This position
misalignment between the Leg-IMU and the foot contact point can be measured
in advance.

When the foot contacts the ground, the observed velocity of the contact point
in the world-frame is

ṽwf = 0 − nvwf
, (5.5)

where nvwf
indicates the noise. Consequently, we can build the zero velocity

measurement model as

δzv = v̂
w
f − ṽwf

= δvwlimu + Rw
limu (ω̂limu×)ϕlimu − Rw

limu
(
llimu
f ×

)
bg,

(5.6)

where δvwlimu, ϕlimu, and bg indicate the velocity error, attitude error, and gyro-
scope bias error of the Leg-IMU, respectively.

This zero-velocity update is applied to the Leg-IMUs only when foot contact
is detected. However, if all IMUs, including the Body-IMU, report zero velocity,
the robot is considered to be in a static state, and the zero-velocity update is
performed for all IMUs.

5.4.2 Relative Position Constraints
In our proposed DogLegs system, all the Body-IMU and Leg-IMUs perform strap-
down INS propagartion to predict their respective states. However, rather than
moving independently, these IMUs are physically constrained within the robot’s
kinematic chain. Their relative positions can be computed in real time using
joint encoder readings and known robot parameters. This information helps to
constrain the error drift of individual IMUs, improving overall state estimation
accuracy.
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Since the multiple IMUs are not aligned together, each has its own indepen-
dent initial reference frame in which the IMU pose is expressed. As shown in Fig-
ure 5.1, the world-frame is defined with the robot-frame at the initial position.
Additionally, we assume the Body-IMU body-frame aligns with the robot-frame.
Therefore, to determine the Leg-IMU pose in the world-frame, we must compute
the transformation between the initial Leg-IMU frame and the initial Body-IMU
frame.

Taking one Leg-IMU as an example, its transformation w.r.t. the world-frame
is represented by the rotation matrix Rw

limu and the translation vector pwlimu. The
roll and pitch components of Rw

limu can be determined by IMU data during the
initial stationary period, while the translation pwlimu can be obtained from leg
kinematic model during the same period. For the yaw component of Rw

limu, we
assume it to be zero, given that the IMUs are carefully installed and aligned
during setup. Therefore, given this transformation and considering the position
of the foot contact point in the Leg-IMU frame l̂limu

f , the Leg-IMU can estimate
the position of the foot in the world-frame, denoted as p̂wf .

Consequently, the position of the Body-IMU in the world-frame, as estimated
by the Leg-IMU, can be expressed as

p̂wb = p̂wf − R̂w
b p̂

b
f , (5.7)

where p̂wb is the position of the Body-IMU in world-frame, and p̂bf is the position
of the foot in the body-frame. By rearranging the equation above, we obtain the
relative position of the foot in the body-frame, indicated by the Leg-IMU and
Body-IMU, as

p̂bf = R̂b
w

(
p̂wf − p̂wb

)
. (5.8)

At the same time, for each leg of the robot, the position of the foot in the body-
frame can be calculated by the leg kinematics model as

p̃bf = g(ϕ̂) = pbf − npbf
, (5.9)

where ϕ̂ is the vector containing all joint angle measurements from the joint
encoders of the leg, g(·) is the kinematics function of the leg, pbf indicates the
true position of the foot in the body-frame, and npbf

indicates the uncertainty of
the relative position measurement, which is determined by the noise of the joint
encoders. Consequently, we can build the relative position constraint model as

δzp = p̂
b
f − p̃bf . (5.10)

Whenever a Leg-IMU detects foot contact, we perform both zero velocity
updates and relative position updates between that Leg-IMU and Body-IMU.

78



5. State Estimation for Legged Robots Using Multiple Leg-Mounted
IMUs

Figure 5.3: Experimental setup showcasing the Unitree Go2 quadruped robot and the
devices used in the experiments.

5.5 Experimental Results
This section presents real world experimental results to support our key claims,
namely, (i) Doglegs achieves better performance in state estimation compared to
traditional EKF-based leg odometry across different terrains, and (ii) DogLegs
reduces the error drift of the individual IMU systems by incorporating the relative
position constraints between the multiple IMUs.

(a) Asphalt road. (b) Parking lots. (c) Construction
site.

(d) Offroad. (e) Grass.

Figure 5.4: The different experimental environments of the five sequences.

5.5.1 Experimental Setup

We conducted experiments using a Unitree Go2 quadruped, which was equipped
with a Body-IMU, four Leg-IMUs, a GNSS/IMU integrated navigation system,
and a raspberry pi for data collection, as shown in Figure 5.3. The Body-IMU
and Leg-IMUs were of the same type as we used in our Wheel-INS experiments.
The Leg-IMUs were mounted on the lower legs of the robot and close to the feet,
while the Body-IMU was mounted on the robot body.
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We collected datasets in five different outdoor environments, including as-
phalt road, parking lots, construction site, offroad, and grass. Figure 5.4 shows
the five different environments. The robot was set to walking mode for all exper-
iments. We performed a smoothed GNSS post-processed kinematic (PPK)/IMU
integration method to compute the near-ground-truth trajectories for the first
four sequences. However, for the grass experiment, GNSS signal were blocked by
trees and buildings, rendering them unusable. Instead, we controlled the robot
return to its starting point, allowing us to evaluate the loop closure error. The
IMU and joint encoder data were collected at 200Hz in all the experiments.

Table 5.1: Quantitative comparison on the pose accuracy in four
sequences

Sequence Method RPE
tra.

RPE
rot.

APE
tra.

APE
rot.

Asphalt road
Foot-INS 1.21 0.31 6.09 2.54

LegOdom 0.70 0.22 5.76 2.12

DogLegs 0.70 0.17 4.07 1.82

Parking lots
Foot-INS 1.26 0.34 4.46 2.22

LegOdom 0.69 0.22 2.94 2.01

DogLegs 0.76 0.21 3.51 1.91

Construction site
Foot-INS 1.05 0.28 2.29 2.22

LegOdom 0.73 0.20 2.15 2.33

DogLegs 0.68 0.18 2.01 2.05

Offroad
Foot-INS 1.11 0.31 2.72 2.52

LegOdom 0.48 0.17 2.47 1.83

DogLegs 0.54 0.12 2.04 1.45
* RPE tra. and RPE rot. denote the relative translation error (%) and

relative rotation error (deg/m), respectively. APE tra. and APE rot.
denote the absolute translation error (m) and absolute rotation error
(deg), respectively [37]. The best performance is highlighted in bold.

5.5.2 State Estimation Performance Evaluation
In this section, we analyze the pose estimation accuracy of our method and its
generalizability across different terrains. We compare our method with two base-
lines:

• LegOdom. The traditional EKF-based leg odometry2 using a Body-IMU
2https://github.com/YibinWu/leg-odometry
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and joint encoders [4, 5].

• Foot-INS. Single Foot-IMU based localization system [72]. See details
in Section 2.2.

Because the Leg-IMUs have different roll and pitch angles to the main body,
we assign the roll and pitch angles estimated by DogLegs to Foot-INS for a fair
comparison. In addition, we report the mean value of the four individual systems
on the four legs for Foot-INS. Table 5.1 lists the relative pose error (RPE) and
absolute pose error (APE) calculated using evo [37] in four sequences. All the es-
timated trajectories were aligned with the ground truth using the transformation
computed by evo [37] before metric evaluation.

(a) Asphalt road. (b) Parking lots.

(c) Construction site. (d) Offroad.

Figure 5.5: The estimated trajectories of LegOdom and our proposed DogLegs against
ground truth in four sequences. As shown, DogLegs demonstrates more accurate tra-
jectory estimation with reduced error drift compared to LegOdom.

Figure 5.5 compares the estimated trajectories of LegOdom and our proposed
DogLegs against the ground truth across the four sequences. To illustrate the
actual absolute error drift, in this figure, we didn’t compute the transformation to
align the whole estimated trajectories with the ground truth as done in evo [37].
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As shown in the asphalt road sequence (a) and offroad sequence (d), DogLegs
demonstrates significantly smaller error drift compared to LegOdom.

In the grass experiment, the GNSS signal was obstructed by trees and build-
ings, preventing the GNSS/IMU integrated navigation system from providing an
accurate trajectory reference. Therefore, we evaluated the robot’s loop closure
error when it returned to the starting point. The results, shown in Figure 5.6,
indicate that DogLegs achieves a loop closure distance error of approximately
0.1m, which is smaller than half of LegOdom’s error.

Figure 5.6: The estimated trajectories of LegOdom and our proposed DogLegs in the
grass experiment. Because this area is surrounded by buildings and trees, GNSS could
not provide useful positioning results. We evaluate the loop closure error in this exper-
iment. As can be seen, DogLegs shows a smaller error than LegOdom when the robot
returns to its starting point.

In addition to position and yaw angle, accurate estimation of roll and pitch
angles is crucial for legged robots to maintain balance and execute dynamic move-
ments effectively. Table 5.2 presents the statistic results of the roll and pitch angle
errors for LegOdom and DogLegs across the four sequences. We report both the
RMSE and maximum absolute error (MAX). From the table, we can see that
overall, DogLegs exhibits lower roll and pitch estimation error than LegOdom.
Moreover, DogLegs provides more stable roll and pitch estimates, as indicated
by its smaller MAX error. For instance, in both the asphalt road and parking
lots sequences, the maximum roll and pitch errors of LegOdom are around three
times larger than those of DogLegs.

In conclusion, these experimental results support our first claim that Doglegs
achieves better performance in state estimation compared to traditional EKF-
based leg odometry across different terrains.
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Table 5.2: Quantitative Comparison on the Roll and Pitch Accuracy in
Four Sequences

Sequence Method Roll (◦) Pitch (◦)

RMSE MAX RMSE MAX

Asphalt road
LegOdom 2.79 5.95 0.67 5.41

DogLegs 0.59 1.46 0.75 1.36

Parking lots
LegOdom 1.52 3.50 1.03 3.50

DogLegs 0.81 1.71 0.57 1.47

Construction site
LegOdom 0.69 1.71 0.92 2.01

DogLegs 0.50 1.19 0.74 1.45

Offroad
LegOdom 0.90 2.00 0.63 1.80

DogLegs 0.49 1.17 0.85 1.43

5.5.3 Relative Position Constraints Evaluation
In this section, we evaluate the effectiveness of our proposed relative position
constraint between multiple IMUs. Specifically, we compare the state estimation
accuracy of DogLegs against individual IMU systems in the same sequence. This
analysis supports our second claim: DogLegs reduces the error drift of the indi-
vidual IMU systems by incorporating the relative position constraints between
the multiple IMUs.

Figure 5.7 compares the trajectories of the individual Leg-IMU systems esti-
mated by Foot-INS [72], namely, front-left foot (FL), front-right foot (FR), rear
left foot (RL), rear right foot (RR) alongside DogLegs and the ground truth in
the asphalt road experiment. The results show that the DogLegs trajectory falls
approximately in the middle of the multiple independent Leg-IMU trajectories.
Due to the random sensor errors inherent in IMUs, the individual Leg-IMU sys-
tems exhibit varying levels of error drift in different directions, even using the
same type of sensor. By integrating diverse motion information from multiple
IMUs, DogLegs effectively reduces random errors from individual IMU systems,
thereby providing more accurate and stable state estimates overall.

5.5.4 Foot Contact Detection Evaluation
To evaluate the foot contact detection performance of our proposed DogLegs sys-
tem, we compare its front-left foot contact detection results with those of the force
threshold-based method in the asphalt road sequence. As shown in Figure 5.8,
DogLegs detects more stable foot contact intervals, while force threshold-based
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Figure 5.7: The estimated trajectories of the individual Leg-IMU systems (FL, FR,
RL, RR) and our proposed DogLegs compared with ground truth in the asphalt road
sequence.

Figure 5.8: Detection results of front-left foot contact moments with the force threshold-
based method and DogLegs in the asphalt road sequence. The upper and lower sub-
figures show the detected results using a force sensor (with a threshold set to 20) and
Leg-IMU accelerometer measurements, respectively. The gray areas indicate false pos-
itives (upper) and true negatives intervals (lower) in contact detection. As shown, our
proposed DogLegs improves the robustness of contact detection by effectively rejecting
outliers.
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method introduces outliers due to its reliance on a single-dimensional force mea-
surement.

5.6 Conclusion
Our goal in this study was to develop a robust proprioceptive state estimator for
legged robots while minimizing additional hardware and computational costs. To
this end, we proposed DogLegs, a framework that fuses the measurements from
a Body-IMU, joint encoders, and multiple Leg-IMUs via an error-state EKF.
Real world experiments have shown that DogLegs achieves better performance in
state estimation compared to the traditional EKF-based leg odometry in different
challenging terrains. In addition, DogLegs effectively reduces the error drift of
the individual IMU systems by incorporating the relative position constraints
between the multiple IMUs.

We emphasize that the IMU chips used in our system are commercial-grade
components, costing approximately 3 US dollars only. Although in our current
experiments, the IMU are attached to the exterior of the quadruped robot’s lower
legs, they can be seamlessly integrated into the internal structure without modify-
ing the existing design. Additionally, power supply and data transmission are not
limiting factors, as the lower legs already accommodate force sensors. Therefore,
our approach can be directly applied to existing legged robots.
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Chapter 6

Generic Robot State Estimation
by LiDAR-Inertial Fusion

In previous two chapters, we have presented our proposed specific state esti-
mation methods with specially mounted IMUs for both wheeled robots and
legged robots. However, these methods are specially designed to take ad-
vantage of the special locomotion of the wheeled robots and legged robots,

which are not applicable to more general platforms, such as handheld devices
and aerial robots. In this chapter, we focus on more general aided-inertial state
estimation algorithms that are not constrained by the robot motion model and
can be applied to different platforms. To achieve this, we exploit the 3D spatial
geometry information from LiDAR to aid IMU.

We motivated in our Wheel-INS and DogLegs studies that it is essential to im-
prove the proprioceptive state estimation of the robot when exteroceptive sensors
fail. However, integrating it with exteroceptive sensors is also crucial to further
improve the overall state estimation accuracy and robustness. On one hand, such
a reliable proprioceptive state estimation can provide accurate state prediction
for the exteroceptive sensors, which can be used to improve the data association
and reduce the number of outliers and consequently reduce the depends on the
exteroceptive sensors. On the other hand, the exteroceptive sensors can be used
to correct the drift of the proprioceptive state estimation system.

Note that in this study, both the LiDAR and IMU are both placed on the
main body the robot. We use neither Wheel-IMUs and Leg-IMUs, thus it is
not limited by special robot motion profile. However, it is possible to integrate
LiDAR with Wheel-IMU and Leg-IMU to further improve the state estimation
accuracy and robustness.

Specifically, we proposed a tightly-coupled LiDAR-inertial odometry (LIO)
system named LIO-EKF that uses only the classical point-to-point registration
and the EKF scheme. To further improve the generalizability and efficiency of
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Figure 6.1: Overview of LIO-EKF. We integrate the most basic front end (point-to-
point association) and back end (EKF) to build a simple, small yet accurate, generic,
and high frequency LIO system.

the LiDAR-inertial fusion system, we proposed an adaptive data association that
considers the relative pose uncertainty, the map discretization errors, and the
LiDAR noise. In this way, we can substantially reduce the parameters to tune
for a given type of platform and environment.

In sum, we make three key claims: LIO-EKF (i) is on par with the state-of-the-
art LIO systems in terms of estimation accuracy, (ii) can provide an accurate pose
estimate in different environments and vehicle motion profiles, (iii) can provide
pose estimates at close-to-IMU frame rate. These claims are backed up by our
experimental evaluation.

6.1 Overview
We aim to incrementally estimate the pose of a mobile robot by fusing sensor
measurements obtained from a LiDAR scanner and an IMU in a tightly-coupled
manner via EKF. We employ a conventional strapdown inertial navigation system
(INS) for state prediction using the IMU readings. The predicted state is then
corrected using the LiDAR scans in an observation model based on point-to-point
residuals. To find reliable correspondences in the observation model, we propose
an adaptive threshold that takes into account the predicted state uncertainty,
map discretization errors, and LiDAR range noise. Figure 6.1 shows the overview
of our proposed approach.

6.2 LiDAR Observation Model
We adopt the same strapdown INS model as used in Wheel-INS and DogLegs to
predict the robot state. Meanwhile, we use the 15-dimension error state model
used in DogLegs (Equation (5.3)) in our LIO-EKF pipeline.

LiDAR points are usually sampled sequentially while the sensor undergoes
continuous motion. This procedure creates significant motion distortion influ-
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encing the performance of the state estimation, especially when the motion is
severe [116]. IMU can be used to mitigate this problem by providing high-
frequency relative pose prediction within one LiDAR frame. Therefore, every
time we process an incoming scan, we first deskew the point cloud of the scan us-
ing the IMU predicted pose. After scan deskewing, we employ the sub-sampling
strategy proposed in KISS-ICP [97] to reduce the number of 3D points in the
LiDAR point cloud for the sake of efficiency. We then transform the downsam-
pled LiDAR frame to the robot body frame via the extrinsic calibration matrix
between LiDAR and IMU. We construct a local map of the LiDAR point cloud
using a voxel grid. Please refer to Vizzo et al. [97] for the details of map main-
tenance and update. The correspondences between the current downsampled
LiDAR frame and the local map are computed via the nearest neighbor search
using voxel hashing, resulting in a correspondence set:

C = { (i, j) : min
i,j

∥mw
i − qwj ∥2 < τ}, (6.1)

where mw
i is the i-th point in the downsampled LiDAR cloud, which has been

transformed to the world-frame by the extrinsic parameters between the LiDAR
and IMU and the IMU pose, qwj is the j-th point in the local map, and τ is the
maximum correspondence distance allowed for an inlier association.

We assume the extrinsic between the LiDAR and IMU is known and fixed.
The observation model for the i-th measured point mi is:

hij(δx) =m
w
i − qwj

= (Rmi)× ϕ+ δp,
(6.2)

where R, p represent the robot pose in the global frame after integrating the IMU
readings between the previous and current LiDAR scan using Equation (3.2); mi

is the position of the i-th LiDAR point transformed into the IMU body-frame
using the extrinsic parameters.

The Jacobian Jij(δx) of hij(δx) is:

Jij(δx) =
[
I 0 [Rmi]× 0 0

]
∈ R3×15. (6.3)

We can then compute the error state vector and corresponding covariance
using the alternative Kalman gain formulation proposed by Xu et al. [116]. In
practice, to avoid explicitly forming the Kalman gain matrix, we rearrange the
terms of the Kalman update equation as

δx =
(

H(δx) + P̂−1
)−1

b(δx), (6.4)

P =

(
I −

(
H(δx) + P̂−1

)−1

H(δx)

)
P̂, (6.5)
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where

H(δx) =
∑
i,j∈C

J⊤
ij(δx)R−1

pi
Jij(δx), (6.6)

b(δx) =
∑
i,j∈C

J⊤
ij(δx)R−1

pi
hij(δx), (6.7)

and Rpi is the observation noise covariance of point pi; P̂ is the predicted state
covariance. In this way, we avoid storing and multiplying the complete Jacobian
J(δx) ∈ R3n×15 of the n scan points.

Once the error state vector has been computed via Equation (6.4), the posi-
tion, velocity, attitude, and biases at the current timestamp are corrected with
the error state. After that, the error state is set to zero and subsequently esti-
mated when a new LiDAR scan is integrated.

6.3 Adaptive Data Association
In Equation (6.1), we seek to establish associations between current LiDAR points
and local map points through the nearest neighbor search. To mitigate the effect
of outlier correspondences, we introduce a threshold denoted as τ ; it limits the
maximum allowed distance between corresponding points. Instead of determin-
ing this threshold empirically, our approach aims to automatically estimate τ

by considering the uncertainty of the initial pose prediction, map discretization
errors, and sensor noise.

6.3.1 Pose Prediction
The most critical factor in determining good correspondences is the quality of
the pose prediction, namely the distance between the initial estimate and the real
pose of the robot. Since, in our case, we compute the pose prediction using IMU
measurements, we can compute the uncertainty of the relative pose between two
successive scans by integrating the noise from the accelerometer and gyroscope
over the time interval between the two LiDAR scans. We employ the strapdown
INS detailed in Equation (3.2) for pose prediction. Consequently, we obtain a
pose covariance matrix �r,k that characterizes the uncertainty associated with the
relative motion at time k. Our next step involves projecting this uncertainty
into the space of point-to-point distances generated by the relative motion of the
robot. These point-to-point distances can be approximated with an upper bound
using the formula proposed by KISS-ICP [97]:

d(R, t) = 2 rmax sin
(1
2
Θ(R)

)
+ |t|2. (6.8)
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Here, Θ(R) represents the angle corresponding to the rotation matrix R, and
rmax signifies the maximum range of the LiDAR. We can subsequently apply
the unscented transform [47] in conjunction with Equation (6.8) to obtain the
variance σ2

p2p of the point-to-point distances from Pr,k.

6.3.2 Map Discretization Errors
Our pipeline employs a voxel grid as the map representation, with a predeter-
mined maximum number of points m per voxel. This choice speeds up the nearest
neighbor search but introduces a discretization error in the voxel grid. We ac-
count for this error by modeling a Gaussian over the distances between a scan
point and m points uniformly distributed on a surface patch contained in a voxel
of size v. The variance of this Gaussian can be then computed as:

σ2
map =

v2

m
. (6.9)

6.3.3 Sensor Noise
We incorporate sensor noise that affects the range measurements from the LiDAR
using the variance σ2

range.
The threshold τ at time k can then be computed by assuming the three

Gaussians to be independent and employing the three-sigma bound:

τ = 3
√
σ2
p2p + σ2

map + σ2
range. (6.10)

6.4 Experimental Results

6.4.1 Experimental Setup
We compare LIO-EKF with two state-of-the-art LIO systems, FAST-LIO2 [115]
and LIO-SAM [85] in four different datasets. FAST-LIO2 is a tightly-coupled
iterated EKF-based LIO system using point-to-plane registration in the front-end,
while LIO-SAM is a tightly-coupled factor graph-based LIO system using feature
(line and plane) matching in the front-end. We used the default parameters in
the open-source code of FAST-LIO2 and LIO-SAM, respectively. We disabled
the loop closure module in LIO-SAM for the sake of fairness. The four datasets
that we selected are:

• UrbanNav [44] an autonomous driving dataset composed of three sequences
recorded in Hong Kong.
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(a) UrbanNav. (b) M2dgr.

(c) NewerCollege. (d) NTU VIRAL.

Figure 6.2: Illustration of LIO-EKF running on three datasets within different environ-
ments using different platforms. The orange points represent the current downsampled
LiDAR scan, while the others represent the local map accumulated over time.

• M2dgr [120] a dataset composed of seven sequences recorded with a wheeled
mobile robot on a university campus in Shanghai.

• NewerCollege [81] a dataset composed of two sequences recorded with a
handheld device on the Oxford university campus.

• NTU VIRAL [71] a dataset composed of three sequences recorded with a
drone on a university campus at Singapore.

The IMUs used in the datasets are all consumer-grade MEMS IMUs. Please
refer to the dateset websites for more details. To evaluate the different methods
we use the Absolute Trajectory Error (ATE) [97] and the KITTI metric [31] for
the relative error.

For all the following experiments, we use the same system configuration. The
list of tunable parameters of our pipeline are:

• Max. points per voxel m
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• Voxel size v

• Initial state covariance P0

• Point observation covariance Rpi

Notice that we do not consider as parameters the noise covariance of the IMU
measurements and the process covariance related to the bias Qk, and the range
noise σ2

range as those can be determined from the sensors datasheets.

6.4.2 Pose Accuracy Evaluation
In the first experiment, we analyze the odometry accuracy of our method and
its generalizability to different environments and motion profiles. In Table 6.1,
we present the comparative results of LIO-EKF with the two baselines in all
datasets. We average the results for the sequences “street_01” to “street_05”
in M2dgr due to space limitation. Unfortunately, we were not able to run LIO-
SAM on the NewerCollege dataset because additional attitude estimation output
from the IMU is needed to initialize the system. Additionally, we were not able
to evaluate the attitude accuracy in the NTU VIRAL dataset as the ground
truth position was tracked with a total station, which did not provide attitude
information.

Figure 6.2 illustrates LIO-EKF running with the four datasets. The quanti-
tative results in Table 6.1 show that the proposed approach performs on par with
the state-of-the-art LIO systems. This illustrates that, with a single configuration
(without parameter fine-tuning), LIO-EKF can handle different motion profiles of
the platform and different structures of the environment. Moreover, these results
show that a classical EKF scheme is sufficient to fuse IMU and LiDAR data to
estimate an accurate robot pose without relying on more complex state estima-
tion schemes such as factor graphs or iterated EKF. This evaluation supports the
first two claims made in this study.

6.4.3 Computation Efficiency Evaluation
In this section, we analyze the computational speed of our method. The results
support our third claim that LIO-EKF can compute the robot’s ego motion at
close-to-IMU frequency. We compute the average processing time of the correc-
tion step of the filter once a new LiDAR scan has been received. We chose this
because the correction step is the most time-consuming part of the pipeline, in-
cluding scan preprocessing, data association, and pose update. Furthermore, we
also compare the time of both FAST-LIO2 and LIO-SAM in terms of the scan
processing in all the selected datasets by averaging the values over the different
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Table 6.1: Quantitative results on the three different datasets

Sequence Method Avg.
tra.

Avg.
rot.

ATE.
tra.

ATE.
rot.

UrbanNav
20210517

FAST-LIO2 4.11 1.68 17.62 4.45

LIO-SAM 3.18 1.40 20.74 4.20
LIO-EKF 3.20 1.45 24.73 5.05

UrbanNav
20210518

FAST-LIO2 2.73 1.30 23.02 3.27

LIO-SAM 2.52 1.31 20.37 2.98
LIO-EKF 2.20 1.14 22.44 7.46

UrbanNav
20210521

FAST-LIO2 3.56 1.63 47.29 5.18

LIO-SAM 2.94 1.62 30.98 4.51

LIO-EKF 2.96 1.54 34.97 4.47

M2dgr
street_01-05

FAST-LIO2 1.62 0.79 5.05 1.79

LIO-SAM 3.15 1.52 10.19 4.27

LIO-EKF 1.68 0.83 5.33 1.70

M2dgr
street_06

FAST-LIO2 3.41 1.55 8.93 2.29

LIO-SAM 3.65 1.65 9.04 2.41

LIO-EKF 3.37 1.56 9.05 2.27

M2dgr
street_08

FAST-LIO2 1.10 1.65 2.12 1.71
LIO-SAM 3.73 5.78 4.21 6.36

LIO-EKF 1.28 1.85 2.22 1.88

NewerCollege
short_exp

FAST-LIO2 1.05 1.01 5.14 2.49

LIO-EKF 0.63 0.73 4.16 1.75

NewerCollege
long_exp

FAST-LIO2 1.09 1.33 6.33 4.22

LIO-EKF 0.74 0.91 5.14 2.34

NTU VIRAL
eee_01

FAST-LIO2 5.37 − 12.51 −
LIO-EKF 5.33 − 12.45 −

NTU VIRAL
nya_01

FAST-LIO2 4.58 − 4.86 −
LIO-EKF 4.56 − 4.86 −

NTU VIRAL
tnp_01

FAST-LIO2 6.29 − 11.55 −
LIO-EKF 6.32 − 11.52 −

Avg. tra. and Avg. rot. denote the relative translation error (%) and relative
rotation error (deg/m) using KITTI [31] metrics, respectively. ATE. tra. and
ATE. rot. denote the absolute rotation error (deg) and absolute translation
error (m) [97], respectively. The best performance is highlighted in bold.
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sequences. All the methods have been run on a desktop machine with an Intel i7-
10700 CPU at 2.90 GHz and 32 GB of RAM. The results are shown in Table 6.2.
As we can see from the results, LIO-EKF achieves the fastest processing time for
the scan processing, which is close to a regular IMU stream rate (100 Hz). In
particular, it is about two times faster than FAST-LIO2 and four times faster
than LIO-SAM in most scenarios. This is because our method uses a classical
EKF scheme, which is very efficient as the optimization does not require multiple
iterations.

Table 6.2: Comparison of the average processing time [ms]

UrbanNav M2dgr NewerCollege

LIO-SAM 41.68 60.01 -
FAST-LIO2 24.03 29.96 9.42

LIO-EKF 12.37 13.65 7.36

Average processing time for the scan processing in all the selected datasets.
The numbers are reported in milliseconds [ms].

6.4.4 Ablation Study

In this section, we perform two ablation studies to give better insights into the
design choices of our pipeline. In particular, we show the impact of using the EKF
scheme compared to an iterative EKF (IEKF) scheme with different numbers of
iterations. Furthermore, we showcase that our novel adaptive data association
threshold significantly impacts the generalization capabilities of our proposed LIO
pipeline.

1) Multiple Iterations

We now investigate if multiple iterations can improve the odometry estimate of
LIO-EKF. We replaced the used EKF scheme in our system with an IEKF, where
we selected 10 and 100 max iterations for comparison. We use the “street_05”
sequence of M2dgr and the “short_exp” sequence of NewerCollege for this abla-
tion study. We compare the relative error according to the KITTI metric and
the average processing time of the scan. The results are shown in Table 6.3.

Additionally, we compare the estimated trajectories of our proposed LIO-
EKF with different numbers of iterations in the “street_01” sequence of M2dgr
in Figure 6.3. We only align the estimated trajectories to the ground truth at the
beginning to better show and compare the drift of the system.
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Table 6.3: Comparison of LIO-EKF with different number of iterations

Sequence # iterations Avg. tra. Avg rot. Processing
Time (ms)

M2dgr
street_05

1 2.64 0.80 11.37

10 2.61 0.77 35.10

100 2.61 0.76 63.90

NewerCollege
short_exp

1 0.63 0.73 12.41

10 0.60 0.62 26.92

100 0.55 0.58 84.21

Avg. tra. and Avg. rot. denote the relative translation error (%) and relative
rotation error (deg/m) using KITTI metrics, respectively.

Figure 6.3: Comparison of LIO-EKF trajectory with different number of iterations in
the “street_01” sequence of M2dgr. We set the maximum number of iterations to 1,
5, 10, and 50. It can be seen that there is no significant improvement in the trajectory
accuracy with more iterations.

As we can see from Table 6.3, there is no significant improvement in the
odometry accuracy with more iterations, with a maximum gap of 0.08% in rela-
tive translation error at 100 iterations in “short_exp”. Conversely, the processing
time is dramatically increased by a factor of 8. This can also be illustrated by Fig-
ure 6.3. The reasons are two-fold. First, IMU has excellent short-term stability,
and it can provide an accurate pose prediction for every LiDAR scan so that the
estimation can converge to an accurate pose after one update. Second, our error
state formulation better handles the nonlinearity of the system dynamics. This
shows that our design decision to use a classical EKF effectively computes the
robot pose without relying on more complex state estimation schemes.
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2) Adaptive Threshold

Table 6.4: Comparison of LIO-EKF with different threshold

Sequence Threshold (m) Avg. tra. Avg rot.

UrbanNav
20210518

0.3 2.23 1.25

1 2.18 1.12
KISS-ICP 2.24 1.14

Ours 2.20 1.14

UrbanNav
20210521

0.3 2.96 1.72

1 2.95 1.55

KISS-ICP 2.95 1.59

Ours 2.96 1.54

M2dgr
street_01

0.3 4.25 2.26

1 1.46 0.86

KISS-ICP 1.79 1.04

Ours 1.44 0.85

M2dgr
street_08

0.3 2.66 2.58

1 1.33 1.93

KISS-ICP 2.06 2.50

Ours 1.28 1.85

Avg. tra. and Avg. rot. denote the relative translation error (%) and relative
rotation error (deg/m) using KITTI metrics, respectively. In bold the best
performing system configuration.

In the second ablation study, we show the generalization capabilities and effec-
tiveness of the proposed adaptive threshold model. We compare fixed threshold
settings and the adaptive threshold scheme proposed in KISS-ICP [97]. For this
comparative analysis, we use two UrbanNav sequences and two M2dgr sequences.
In this way, we aim to showcase that the proposed adaptive threshold can be
generalized to different motion profiles. Table 6.4 lists the results.

We can see in Table 6.4 that the proposed adaptive threshold achieves the best
generalization capability overall. To be specific, for UrbanNav, 1m seems to be
as good as the proposed. However, it is worse in the M2dgr. That means a hand-
crafted threshold cannot be guaranteed to work well with different vehicle motions
in different environments. In addition, KISS-ICP [97] uses historical LiDAR reg-
istrations to estimate the average deviation between the constant velocity motion
prediction and the corrected pose to indicate the threshold statistically. How-
ever, it is just an approximation of the motion prediction error, which cannot

97



6.5. Conclusion

represent the exact uncertainty of the initial pose guess. In the proposed algo-
rithm, we directly use the uncertainty of the IMU-predicted initial pose, which is
more accurate than the statistical model proposed in KISS-ICP. Furthermore, we
consider the range noise of the LiDAR sensor and the map discretization error,
which better models the data association problem.

6.5 Conclusion
This chapter presents LIO-EKF, a LiDAR-inertial odometry system based on a
classical EKF scheme. Our approach exploits the classical point-to-point metric
with an EKF to build a generic, tightly-coupled LIO system. Thanks to our error
state formulation, we can better handle the non-linearities of the problem and
converge to an accurate robot pose with a single correction step without relying
on multiple iterations, as in IEKF schemes. Additionally, we propose a novel
adaptive threshold model considering the pose uncertainty, map discretization
error, and sensor noise for a more robust and effective data association.

Extensive real-world experiments conducted with different platforms in differ-
ent environments show that LIO-EKF can achieve on par odometry performance
compared to the more sophisticated state-of-the-art systems with a significantly
more straightforward system design. Additionally, LIO-EKF can compute the
pose at close to the IMU frame rate (100Hz), which is much faster than other
state-of-the-art methods. Furthermore, our proposed LIO-EKF achieved second
place in the LiDAR-Inertial Track of the SLAM Challenge at the 2023 IEEE/CVF
International Conference on Computer Vision (ICCV).
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

Robust and accurate state estimation is the key for autonomous ve-
hicles to achieve full autonomy. In particular, an IMU-based state
estimation system is essential for providing high-frequency 6-DOF
egomotion information that can be integrated with exteroceptive sen-

sors, while also ensuring continuous pose estimation when other sensors fail due
to environmental disturbances. The main contribution of this thesis are novel
approaches that exploit different aids to improve the accuracy, efficiency, and
robustness of the IMU-based state estimation, not only the proprioceptive odom-
etry estimation, but also the fusion of IMU with other exteroceptive sensors. We
divided the thesis into three chapters.

In Chapter 4, we presented novel state estimation algorithms specially de-
signed for wheeled robots that use a Wheel-IMU to take advantage of the con-
tinuous rotation of the wheel.

First, we presented Wheel-INS in Section 4.1, a novel proprioceptive state
estimation system for wheeled robots using only a Wheel-IMU. There are two
major advantages of Wheel-INS: First, it achieves a similar information fusion
scheme as ODO/INS by only one inertial sensor. Second, the continuous ro-
tation of the Wheel-IMU autonomously and significantly reduces the heading
drift. Extensive real-world experiments with different wheeled platforms illus-
trated that Wheel-INS achieved competitive pose estimation performance with
only one IMU. Specifically, the positioning and heading accuracy of Wheel-INS
had been improved by 23% and 15% respectively over ODO/INS. Moreover, ben-
efiting from the rotation modulation, Wheel-INS showed significant resilience to
the constant gyro bias error.

Then, in Section 4.2, we extended Wheel-INS to Wheel-SLAM, a novel SLAM
system that uses the terrain features measured by the Wheel-IMU for loop closure

99



7.1. Conclusion

detection. The main contribution of our Wheel-SLAM is the implementation of
such a SLAM system using only a Wheel-IMU, which is the first of its kind.
We conducted real-world experiments to illustrate the feasibility of the idea to
detect loop closure using the road bank angles measured by the Wheel-IMU. The
results showed that the positioning and heading accuracy of Wheel-SLAM has
been averagely improved by 52.6% and 53.2%, respectively, against Wheel-INS.

After that, we presented Wheel-GINS in Section 4.3, a GNSS/INS integration
system built upon Wheel-INS. The main contribution of Wheel-GINS is the inte-
gration of GNSS with a Wheel-IMU for long-term state estimation. In this study,
we not only achieved the fusion of GNSS and a Wheel-INS, but also estimated
the Wheel-IMU installation parameters online. To accelerate the Wheel-IMU
attitude misalignment error estimation, we incorporated a novel wheel angular
velocity observation model. Real-world experimental results have illustrated that
the proposed Wheel-GINS can achieve similar localization performance compared
to the conventional ODO-GINS when GNSS is always available, while it signifi-
cantly outperforms ODO-GINS during GNSS outages. Additionally, the Wheel-
IMU installation parameters, including the Wheel-IMU leverarm and mounting
angle and wheel radius scale error, can be effectively estimated online, thus im-
proving the localization accuracy and the practicality of the system.

In Chapter 5, we presented a novel proprioceptive state estimation system
(called DogLegs) for legged robots that fuses a Body-IMU, joint encoders, and
multiple Leg-IMUs. The main contribution of this study is the use of Leg-IMU
to detect foot ground contact and the integration of multiple IMUs with the
forward kinematic model of the legged robot. Real world experiments have shown
that DogLegs achieves better performance in state estimation compared to the
traditional EKF-based leg odometry in different challenging terrains. In addition,
DogLegs effectively reduces the error drift of the individual IMU systems by
incorporating the relative position constraints between the multiple IMUs.

In Chapter 6, we presented LIO-EKF, a high-frequency yet accurate LiDADR-
inertial odomtry system that adopts a simple and efficient design. We also pro-
posed an empirical adaptive data association scheme to improve the generaliz-
ability of the system. The main contribution of LIO-EKF is that we showed that
even with the basic point-to-point registration and EKF (no iterations) pipeline,
we can achieve competitive performance compared to the state-of-the-art LiDAR-
inertial odometry systems in different environments using different mobile plat-
forms without parameter tuning. Additioinally, our LIO-EKF was more than two
times faster than the state-of-the-art systems thanks to the simple and efficient
design.

Overall, this thesis presented novel approaches to exploiting different aids
to improve the accuracy and robustness of the IMU-based state estimation, not
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only the proprioceptive odometry estimation, but also fusing IMU with other
exteroceptive sensors, i.e., using IMU to aid other sensors. It showed promising
results of the aided inertial navigation system and provided practical examples
of how to exploit aid information from different mobile robots to improve the
IMU-based state estimation system. We emphasize that the IMUs used in all
the proposed approaches are low-cost MEMS sensors, which are widely available
and can be easily integrated into different mobile platforms. Particularly, the
Wheel-IMU and Leg-IMU used in Chapter 4 and Chapter 5 costs around three
euros. We additionally released all the implementation of our methods presented
in this thesis to benefit the community for facilitating further research.

7.2 Future Work
In this thesis, we proposed several aided-inertial navigation systems to improve
the accuracy, efficiency, and robustness of the state estimation for various types
of mobile robots. Despite the promising results, there remain several directions
for future research that could further enhance the performance, generality, and
applicability of the proposed methods.

First, for the proposed Wheel-INS system introduced in Section 4.1, future
work can focus on advancing information fusion techniques to further improve
localization accuracy and consistency. In the current implementation, the robot
velocity is computed by the Wheel-IMU’s angular velocity and the wheel ra-
dius, which introduces correlation with the system model of the EKF and may
lead to inconsistency since this violates the EKF’s independence assumption. To
address this, advanced nonlinear filtering techniques such as particle filters can
be investigated, as they can better handle system nonlinearities and correlated
uncertainties, potentially improving both accuracy and consistency.

Another promising direction is to detect and handle wheel slippage [33], which
can degrade the performance of Wheel-INS. Learning-based approaches could be
used to identify slippage events directly from Wheel-IMU measurements. Once
a slippage is detected, adaptive strategies such as dynamically adjusting the co-
variance of the velocity measurement model could be applied to mitigate its
effects. Training end-to-end models to predict the velocity measurement covari-
ance from Wheel-IMU data [6] also represent a promising hybrid design that
combines model-based and learning-based advantages for enhanced robustness in
challenging environments.

For the proposed Wheel-SLAM system presented in Section 4.2, future im-
provements can be made in loop closure detection. The current particle-based
approach relies on the trajectory and grid map to detect potential loop closures,
which can be ineffective in large-scale environments or with a limited number of
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particles. To address this, global search-based matching methods can be incor-
porated to improve robustness and success rate [8, 80] of loop closure detection.
To further improve the efficiency and accuracy, frequency domain matching tech-
niques can be explored. For example, transforming roll angle sequences into the
frequency domain using methods such as the fast Fourier transform (FFT) [29]
can provide more efficient and discriminative matching features compared to time-
domain correlation.

Additionally, the current approach focuses on estimating only the latest robot
state without optimizing historical states, namely, bundle adjustment. Incor-
porating factor graph optimization frameworks [24, 104] would allow joint opti-
mization of the entire trajectory and map, resulting in improved consistency and
accuracy of both state estimation and terrain reconstruction.

In the proposed Wheel-GINS system (Section 4.3), we directly fuse the 2D
localization from Wheel-INS with the global 3D GNSS position measurements.
This can introduce inconsistencies in height and pitch angle estimation, particu-
larly when the robot travels on roads with steep inclines or declines. A promising
future direction is to introduce a virtual pitch angle propagation model to cap-
ture the pitch variation within the Wheel-INS framework. The parameters of
this virtual model could be jointly estimated within the EKF, leading to more
consistent 3D localization results.

Beyond improving the accuracy and efficiency of the proprioceptive state esti-
mation, integrating the proposed Wheel-IMU systems with exteroceptive sensors
such as cameras or LiDARs is also an important research direction. Since Wheel-
INS already provides accurate odometry in real time with a low cost IMU, the
system can operate with lightweight visual or LiDAR modules that only store
sparse keyframes for loop closure detection (without the complex computation
for visual odometry or LiDAR odometry). This approach enables low-cost yet
efficient navigation for robots. Notably, Dijk et al. [96] demonstrated that even
tiny robots with limited computational resources can navigate autonomously us-
ing online odometry estimation and visual route-following. Therefore, combin-
ing Wheel-INS with visual route-following or lightweight exteroceptive perception
methods could lead to highly efficient and low-cost navigation systems for wheeled
robots.

For the proposed multiple Leg-IMUs based state estimation system for legged
robots presented in Chapter 5, one key direction is to develop online calibration
methods to estimate the extrinsic parameters between the Leg-IMUs and robot
limbs. In practice, Leg-IMUs cannot be perfectly aligned with the leg frames
or precisely positioned at the foot ends. Real-time calibration of these offsets
can significantly improve the system’s accuracy and usability. Another research
avenue is to model and incorporate the uncertainty of foot contact detection [66]

102



7. Conclusion and Future Work

into the state estimation framework, thereby improving the robustness of state
estimation in rough and slippery terrains.

Additionally, leveraging Leg-IMU data to detect foot slippage and missteps
in real time, and feeding this information into the robot’s control loop [103],
could greatly enhance the stability and adaptability of legged robots in complex
terrains. Given that IMUs measure full 6-DoF motion, they can effectively detect
slippage events and enable legged robots to respond adaptively in challenging
conditions.

Finally, for the LIO-EKF system introduced in Chapter 6, future work could
focus on developing a hybrid front-end that combines point-to-point and point-
to-plane registration methods [56]. The current implementation uses pure point-
to-point registration for efficiency and generality, but at some cost to accuracy.
Incorporating point-to-plane registration selectively, for points lying on planar
surfaces such as walls, could achieve a better balance between computational
efficiency and estimation accuracy.
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