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Je me détourne avec effroi et horreur de cette plaie lamen-
table des fonctions continues qui n’ont point de dérivées.

I turn away in fright and horror from this lamentable plague of
continuous functions that have no derivatives at all.

CHARLES HERMITE, Letter to J. T. Stieltjes, 20 May 1893
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Abstract

This thesis considers the uncertainty quantification of elliptic eigenvalue problems
(EVPs) with a special focus on degenerate eigenvalues. Elliptic EVPs are problems to
find a pair of eigenvalues and eigenfunctions of an elliptic operator. We consider the
stochastic moments of these eigenvalues and eigenfunctions to describe their uncer-
tainty given a stochastic perturbation of the elliptic operator, for example, by material
coefficients or shape deformations.
In a multiparametric stochastic model, the identification of eigenvalues and eigen-
functions as functions of the parameter is not trivial. Assuming analytic dependence
of the elliptic operator with respect to the parameter, we first investigate the bifur-
cation behavior of these eigenvalue trajectories in a neighborhood of some reference
parameter value. In the general degenerate case, these trajectories can only be de-
fined with respect to the eigenspace of the eigenpairs. Assuming analyticity of the
EVPs, these trajectories with respect to the eigenspace are also analytic and can thus
be described by their derivatives. We characterize Fréchet derivatives of arbitrary or-
der with respect to the eigenspace using saddle point equations. The trajectories in
the traditional sense and with respect to the eigenspace are related via a pathwise-
defined parameterized polarization matrix, which we also characterize including its
derivatives.
Equipped with the (locally) well-defined and measurable trajectories of the eigen-
pairs with respect to the eigenspace, we investigate the uncertainty quantification of
eigenvalues in a neighborhood of the reference point using a perturbation ansatz. We
discuss the efficient implementation of this perturbation ansatz and benchmark it
against other methods of calculating stochastic means and covariances of the eigen-
pairs like quasi-Monte Carlo. As an application of our setting, we consider stochastic
shape deformation models of the Laplace and Maxwell EVP in more detail.
Lastly, we consider the possibility of incorporating measurement data into our model
using a Bayesian inverse model. This leads to an adaptation of the perturbation ap-
proximations of the mean and correlation by amending terms that reflect the influ-
ence of the Radon–Nikodým derivative of the posterior measure with respect to the
prior measure. We also consider the possibility of using the perturbation approxima-
tion of the posterior mean in an iteration to improve the parameter reference point.
This iteration is related to the corresponding regularized inverse problem.

vii





Contents

Acknowledgments v

Abstract vii

List of Figures xi

List of Tables xv

Chapter I. Introduction 1
I.1. Setting 2
I.2. Related Work 6
I.3. Contributions 8
I.4. Outline 8

Chapter II. Preliminaries 11
II.1. Notations, Conventions, and Vector Spaces 11
II.2. Operators 15
II.3. Derivatives 22
II.4. Measure Theory and Integrals 31
II.5. Spectral Theory 37
II.6. Examples of Variational Eigenvalue Problems 46
II.7. Probability Theory 52

Chapter III. Trajectories and Derivatives of Eigenpairs 65
III.1. Fréchet Derivatives of Eigenpairs with Respect to the Eigenspace 66
III.2. Characterization of Derivatives 71
III.3. Polarization 79
III.4. Mapping Eigenpairs to the Reference Eigenspace 89
III.5. Local Identification of Analytically Perturbed Eigenpairs 90
III.6. Implementation 98
III.7. Numerical Examples 101

Chapter IV. Uncertainty Quantification 111
IV.1. Stochastic Eigenvalue Problem 111

ix



x CONTENTS

IV.2. Perturbation Approximations of Stochastic Moments 112
IV.3. Covariance and Correlation of Derivatives 114
IV.4. Implementation 115
IV.5. Numerical Experiments 117

Chapter V. Shape Uncertainty Quantification 127
V.1. Representation of Shape Deformations as Deformation Coefficients 127
V.2. Stochastic Deformation Model 132
V.3. Implementation 132
V.4. Numerical Experiments 133

Chapter VI. Bayesian Inverse Problems 145
VI.1. Bayesian Inversion 145
VI.2. Perturbation Approximations of Posterior Moments 147
VI.3. Variation of the Reference Point 151
VI.4. Implementation 155
VI.5. Numerical Examples 157

Chapter VII. Conclusion and Outlook 171
VII.1. Eigenpair Trajectories and Their Regularity 171
VII.2. Perturbation-based Uncertainty Quantification 172
VII.3. Outlook 173

Bibliography 175

Acronyms 181

Symbols 183

Index 185



List of Figures

I.1 Standing waves of example I.1 for domain D = (0,1) at times t ∈ {
0, 1

12 , 1
6

}
. 2

I.2 Parameterized eigenvalues of example I.2 and suggested evolution on
paths. 4

II.1 Solutions of the Laplace EVP with zero Dirichlet boundary conditions on
the unit square (example II.77). 48

II.2 Solution of the Maxwell EVP on the unit sphere with multiplicity m = 3.
The eigenfunctions are aligned to the coordinate axes and the vectors not
scaled for normalization. The boundaries of the patches are highlighted. 51

II.3 First two Laplace eigenpairs with Neumann boundary condition on unit
disk (example II.81). The vector fields relate to two eigenfunctions of
fig. II.2. 52

II.4 Random fields of the squared exponential kernel (II.44) with different
correlation lengths ρ and respective covariance kernels. 61

II.5 Iid samples of the uniform distribution on the unit square and the entries
of the corresponding Halton sequence. 64

III.1 Eigenvalue trajectories of example I.2 with respect to the eigenspace. The
off-diagonal entries of λ are represented by intervals (dotted) relating to
Gershgorin circles. For the actual eigenvalues see fig. I.2. 71

III.2 Eigenvectors of example I.2 on paths (I.6) with the circular path prolonged
on t ∈ [1,2] for a full circle. For the eigenvalues compare fig. I.2. 92

III.3 Eigenvalues of example III.25 (and III.27) with evolution on paths of
example I.2 highlighted. 94

III.4 Eigenpairs of example III.29 with evolution on paths of example I.2
highlighted. The eigenvector trajectories are illustrated on the paths (I.6)
with the circular path prolonged on t ∈ [1,2] for a full circle. 97

III.5 Sample trajectory of (λ̀i , ùi )i=1,2,3 of the Laplace EVP and first- to third-
order Taylor approximations. 103

III.6 Comparison of unperturbed and perturbed eigenfunctions of Laplace EVP
(exact and second-order Taylor approximations) at t = 1

2 . 104

xi



xii LIST OF FIGURES

III.7 Convergence of the residue terms of the Taylor approximation (1st to
6th/7th-order) for first three eigenvalues and respective eigenfunctions of
the parameterized Laplace EVP. 106

III.8 Trajectories of eigenvalues and convergence of eigenpair approximations
for the parameterized matrix EVP with crossing and deflection coinciding
in one point. 108

III.9 Trajectories of eigenvalues and convergence of eigenpair approximations
for the parameterized matrix EVP with deflection in pairs while crossing as
pairs. 110

IV.1 Second-order approximations of the variance of the eigenfunctions
Var[(u)i ], i = 1,2 with respect to the eigenspace for the two smallest
eigenvalues with multiplicities m1 = 1 and m2 = 2 at t = 1. 119

IV.2 Convergence rates of uncentered approximations compared to GL estimate
for the Laplace EVP with coefficients perturbed by random fields. 121

IV.3 Convergence rates of uncentered approximations compared to QMC
estimate for the Laplace EVP with coefficients perturbed by random fields. 122

IV.4 Convergence rates of centered approximations compared to GL estimate
for the Laplace EVP with coefficients perturbed by random fields. 124

IV.5 Convergence rates of centered approximations compared to QMC estimate
for the Laplace EVP with coefficients perturbed by random fields. 125

V.1 Unperturbed and perturbed Laplace eigenpairs according to deformation
(V.13). 135

V.2 Convergence of the Taylor approximations of the FE matrices and polarized
eigenpairs for the Laplace EVP example. 136

V.3 Convergence rates of perturbation approximations for stochastic moments
of the Laplace EVP with stochastic deformation. 138

V.4 Unperturbed and perturbed eigenfunctions of the Maxwell eigenpairs
according to deformation (V.15). 139

V.5 Convergence of the Taylor approximations of the FE matrices and polarized
eigenpairs for the Maxwell EVP example. 141

V.6 Convergence rates of perturbation approximations for stochastic moments
of the Maxwell EVP with stochastic deformation. 142

V.7 Accelerating mode u9 of in undeformed TESLA cavity and in a sampled
deformation for t = 1

10 (left and middle, scaled by factor 10−3) as well as

the second-order approximation of the variance Var[u9] for t = 1
10 (right

and only scaled by factor 10−2). The center line of the unperturbed cavity is
marked in red. 144

VI.1 Setting of the Bayesian inverse problem. 146
VI.2 Measurement points on eigenfunction u1 of the Laplace EVP (D = (0,1)2). 158



LIST OF FIGURES xiii

VI.3 Convergence rates of uncentered approximations compared to GL estimate
for the Laplace EVP (D = (0,1)2) with coefficients perturbed by random
fields. 160

VI.4 Convergence rates of uncentered approximations compared to QMC
estimate for the Laplace EVP (D = (0,1)2) with coefficients perturbed by
random fields. 161

VI.5 Convergence rates of centered approximations compared to GL estimate
for the Laplace EVP (D = (0,1)2) with coefficients perturbed by random
fields. 162

VI.6 Convergence rates of centered approximations compared to QMC estimate
for the Laplace EVP (D = (0,1)2) with coefficients perturbed by random
fields. 163

VI.7 Norm of updates d (n) for 100 iterations for the Laplace EVP (D = (0,1)2) and
convergence rate of x(100) compared to QMC estimate of posterior mean. 165

VI.8 Unperturbed eigenfunctions, sample of the perturbation, and perturbed
solution with first-order Taylor approximation of the Laplace EVP
(D = (0,1)). 166

VI.9 Convergence rates of centered approximations compared to QMC estimate
for the Laplace EVP (D = (0,1)) with perturbed coefficient and varied noise
level σ. 167

VI.10 Norm of updates d (n) for 100 iterations for the Laplace EVP (D = (0,1)) and
convergence rate of x(100) compared to QMC estimate of posterior mean. 168





List of Tables

II.1 Nodes and weights of the Gauß–Legendre quadrature with n ∈ {1,2,3}
nodes. 62

III.1 Pascal’s triangle with entries for (III.34). The irrelevant entries kλ < k̀ are
grayed out for k̀ ≥ 1. The first k̀ columns are irrelevant for k̀ ∈N. 88

xv





CHAPTER I

Introduction

Eigenvalue problems (EVPs) describe resonating states in natural sciences, from the
frequency at which the string of a musical instrument can vibrate [41, 53, 56], to the
frequency at which large structures such as skyscrapers or bridges swing due to envi-
ronmental forces [96]. In addition, EVPs can also be used to describe the probability
of the position of atomic particles [17], to find electromagnetic resonance frequencies
to accelerate particles in TESLA cavities [6], or to describe the band structure of pho-
tonic crystals [23]. The mathematical modeling of any of these phenomena is subject
to stochastic uncertainties, for example, in the form of material coefficients or shape
deformations, which need to be quantified for safe and effective usage.
The above examples have in common that the solution of the EVP describes a resonat-
ing state. If a time-dependent system is excited according to a resonant frequency, it
oscillates periodically over time. Then, the EVP arises by separation of variables and
the solution of the EVP provides a time-harmonic solution of the original problem.

EXAMPLE I.1 ([4, 12.16]). The wave equation with Dirichlet boundary data is given by

−∆u(t ,x)+ d2

dt 2 u(t ,x) = 0 (t ,x) ∈ (0,∞)×D ,

u(t ,x) = 0 (t ,x) ∈ (0,∞)×∂D

with D ⊂Rn ,n ∈N open and bounded and ∆v =∑n
i=1

d2

dx2
i

v the Laplace operator. The

Dirichlet boundary expresses that the amplitude u of the resonance vanishes on the
boundary at all times, which leads to a standing wave, i.e., a wave whose peak does
not move. A solution for this equation can be found by considering the Laplace EVP

−∆u(0,x) = u(0,x) λ x ∈D ,

u(0,x) = 0 x ∈ ∂D .

Assuming without loss of generality that the wave is at its maximum amplitude for
t = 0, the solution of the wave equation is then given by

u(t ,x) = cos
(p
λt

)
u(0,x) .

Thus, the eigenvalue λ of the EVP relates to the resonance frequency
p
λ

2π (or angular

frequency
p
λ), i.e., one oscillation takes a (time) period of 2πp

λ
.

1
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FIGURE I.1. Standing waves of example I.1 for domain D = (0,1) at
times t ∈ {

0, 1
12 , 1

6

}
.

To make the example more specific, let D = (0,1), which can be thought of as an ide-
alized model of a string, cf. [53], then there are infinite solutions corresponding to
successively higher frequencies

un(t ,x) = cos(nπt ) sin(nπx) , λn = (nπ)2 , n ∈N .

The low-frequency solutions n ∈ {1,2,3} are illustrated in fig. I.1 for t ∈ {
0, 1

12 , 1
6

}
. If

the Laplace operator is perturbed by some parameter, so are the eigenvalues λ and
eigenfunctions u(0,x), and consequently the shape of the possible oscillations and
their frequency, cf. [59, 83].

In addition to time-harmonic solutions, EVPs have applications in the analysis of lin-
ear operators [4, spectral decomposition], random fields [62, Karhunen–Loève ex-
pansion (KLE)], and statistical data [100, principal component analysis].

I.1. Setting

Let V be a Hilbert space (V ,〈·, ·〉V ). In its simplest form, an EVP is the problem of
finding an eigenpair (λ,u) ∈K×V with u 6= 0, such that

K u = u λ ,(I.1)

holds, where K : V → V is a linear operator, e.g., a differential operator given by a
partial differential equation (PDE). In (I.1) λ ∈K is called an eigenvalue and u ∈ V an
eigenfunction. Given the same operator, we can consider the related equation

K u = f ,(I.2)
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where f ∈ V is some known function. Equation (I.2) clearly corresponds to EVP (I.1)
if we set f = uλ.
In this thesis, we focus on EVPs where the operator is compact and self-adjoint, or it
is elliptic and the related solution operator K −1 of (I.2) is compact and self-adjoint.
Using the spectral theory of compact normal operators, one can show that a compact
self-adjoint operator has a countable series of real eigenvalues (λi )i∈N. The subspace

{u ∈V : K u = u λ } ⊂V

for a given eigenvalue λ is called its eigenspace, and the dimension m of this space
is called the multiplicity of the eigenvalue λ. For compact normal operators, each ei-
genspace is finite-dimensional. If the multiplicity of the eigenvalue is larger than one,
the eigenvalue is called degenerate, otherwise it is called non-degenerate. It is conve-
nient to normalize the eigenfunctions and choose all eigenfunctions (ui )i∈N pairwise
orthogonally with regard to the scalar product, i.e.,

〈ui ,u j 〉V = δi j :=
{

1 i = j ,

0 i 6= j ,
i , j ∈N ,(I.3)

where δi j is the Kronecker delta. If the eigenfunction ui belongs to a non-degenerate
eigenvalue, it is then uniquely determined up to the choice of sign. Otherwise, any
linear combination of the eigenfunctions in the same eigenspace can be chosen.
Parameterized Eigenvalue Problems and the Identification of Eigenvalues. We con-
sider a setting where the operator is analytically parameterized by a parameter x ∈
U ⊂ X , where X is a Banach space. Thus, we redefine K as an analytically parameter-
ized operator

K : U →L (V ) , x 7→ Kx .

Then, the eigenpairs also depend on the parameter and the EVP for x ∈ U is to find
(λx ,ux ) ∈K×V with ux 6= 0, such that

Kx ux = ux λx .(I.4a)

We again choose all eigenfunctions ((ux )i )i∈N pairwise orthogonally with regard to
the scalar product for all x ∈U , i.e.,

〈(ux )i , (ux ) j 〉V = δi j i , j ∈N .(I.4b)

Investigating the behavior of the parameterized eigenpair

(λ,u) : U →K×V , x 7→ (λx ,ux )

under the influence of a parameter x ∈U , especially in the case of degenerate eigen-
values, is a central topic of this thesis. This mapping is the foundation for the later un-
certainty quantification, where we consider an X -valued stochastic parameter, which
consequently makes the eigenpair random.
Given the assumption of analyticity of the operator in the parameter x ∈U , one can
show that an individual eigenpair is locally analytic if the eigenvalue is isolated, i.e.,
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FIGURE I.2. Parameterized eigenvalues of example I.2 and sug-
gested evolution on paths.

if it has a positive distance to the other eigenvalues and is non-degenerate, cf. [83].
However, this assumption is quite strong for the entire domain U . In general, the
graph of eigenvalues typically shows crossings and bifurcations. It can still be proven
that the eigenvalues are then continuous, cf. [59], but stating their regularity requires
a more careful analysis. For a one-dimensional parameter space, i.e., dim(U ) = 1,
it can be shown that the eigenpairs can be selected near and at degenerate points
such that they are analytic. However, in the context of a multidimensional parameter
space, this selection cannot always be generalized.

EXAMPLE I.2 ([32, p. 395]). We consider the eigenvalues of the parameterized normal
matrix

K :R2 →R2×2 , x =
[

x1

x2

]
7→ Kx :=

[
2+x1 −x2

−x2 2−x1

]
.(I.5)

Its eigenpairs at x ∈R2 are given by

(λx )1 = 2−
√

x2
1 +x2

2 , (ux )1 =±
[

x1 −
√

x2
1 +x2

2

−x2

]
,

(λx )2 = 2+
√

x2
1 +x2

2 , (ux )2 =±
[

x1 +
√

x2
1 +x2

2

−x2

]
.

and illustrated in fig. I.2. Consider two parameter paths
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γcircle : [0,1] →R2 , γcircle(t ) :=
[

sin
(
π

(
t − 3

4

))
cos

(
π

(
t − 3

4

))] ,(I.6a)

γdirect : [0,1] →R2 , γdirect(t ) := 1p
2

(
−

[
1
1

]
+2t

[
1
1

])
,(I.6b)

which coincide at their start and end, i.e.,

γcircle(0) = γdirect(0) =− 1p
2

[
1
1

]
, γcircle(1) = γdirect(1) = 1p

2

[
1
1

]
.

As highlighted in fig. I.2, following the eigenvalues on these paths such that their
graph is differentiable leads to a different value of the eigenvalue at the final parame-
ter point t = 1. From this simple example, we can already see that formulating Fréchet
differentiable functions

λi : U →R , x 7→ (λx )i

is not possible if (0,0) ∈U ⊂R2 and dim(U ) = 2.

In this thesis, we consider a close substitute for the actual eigenpairs, their trajectory
with respect to the eigenspace instead. These eigenpair trajectories with respect to the
eigenspace retain the regularity of the underlying operator near the degenerate point
and make uncertainty quantification of degenerate eigenpairs possible.

I.1.1. Uncertainty Quantification. The solution to EVP (I.1) is often known or can be
approximated to adequate accuracy by numerical methods. Still, real-life conditions
typically deviate from idealized models. In engineering, this is typically accounted
for by introducing tolerances, i.e., maximum allowed deviations of the physical ob-
ject compared to the ideal. These tolerances can be incorporated into the model by
introducing stochastic model parameters that vary within certain bounds. Such pa-
rameters might model the degradation of materials by applying randomness to coef-
ficients or by altering the geometry of the object to model shape uncertainty.
Given a probability space (Ω,A ,P), we let ξ : Ω → X be a random variable for the
parameter x ∈ X and Pξ its distribution. Naturally, replacing the deterministic pa-
rameter by a stochastic variable turns the eigenfunctions of EVP (I.4) into a V -valued
and the eigenvalues into anK-valued random variable. If these random variables are
well behaved, their likely behavior can be described by their means

E[λ] :=
∫
X

λ dPξ , E[u] :=
∫
X

u dPξ ,(I.7a)

and the uncertainty of the solution can be expressed by their (co)variance

Var[λ] := E[(λ−E[λ])⊗ (λ−E[λ])] , Cov[u] := E[(u −E[u])⊗ (u −E[u])] .(I.7b)

We will discuss how the mean, correlation, and covariance of the eigenpair (trajectory
with respect to their eigenspace) can be approximated.



6 I. INTRODUCTION

In stochastic models, the distribution Pξ is chosen in a way that reflects our prior
knowledge of what we consider possible. Given measurements, i.e., realizations, of
some measurable function Q : X → RK subject to some additive stochastically inde-
pendent Gaussian noise ε∼N (0,Σ) with Σ ∈RK×K its symmetric positive definite co-
variance matrix, we can update the distribution using Bayesian inversion. Let ηδ ∈RK

be the measurement data, then the new posterior distribution Pδ
ξ

is given by the Ra-
don–Nikodým derivative

dPδ
ξ

dPξ
∝ exp(− 1

2‖ηδ−Q(x)‖2
Σ) , ‖ ·‖Σ :=

√〈
Σ−1·, ·〉

RK .

This is called a (Bayesian) inverse problem, cf. [93]. In this regard, we refer to the
mapping in the original direction (I.7) as the forward problem.

I.2. Related Work

I.2.1. Parametric Eigenvalue Problems. Seminal work on parameterized EVPs was
done by Rellich in his series of articles [78, 79, 80, 81, 82], and later summarized
in [83]. Rellich showed that the eigenpairs of an operator which is analytic with re-
spect to a real parameter t ∈R are locally analytic, but that the same does not hold in
a multiparametric setting, when the eigenvalues are degenerate. Another more recent
compilation of results on perturbed EVPs is given by Katō [59].
Later, Nelson [68] investigated the efficient computation of such eigenvalue trajecto-
ries, focusing on the case of non-degenerate eigenvalues. His method was refined by
Dailey [19] and Mills-Curran [65, 66] for non-degenerate eigenvalues. The later arti-
cles [32, 88] point out that Dailey’s method implicitly assumes that the derivatives of
the eigenvalues are distinct ([65, 66] assume the same explicitly), however, they only
characterize the slightly more general case where this is true for the second-order de-
rivatives. Still, Dailey’s method was later adapted to higher-order derivatives by [55].
To avoid these issues, some recent articles, e.g. [42], use non-linear characterizations
instead.
More recently, the derivatives of eigenpairs have been under investigation for deriv-
ative-based tracking of eigenvalue trajectories1, in particular for the Maxwell EVP on
TESLA cavities2 and similar resonators [107, 108, 109]. Derivative-free tracking algo-
rithms were also proposed by [3, 77]. Moreover, [63] proposed a Chebyshev expan-
sion, which also requires derivatives of the eigenpair.

1As in example I.2, such a tracking problem might not lead to path-independent eigenpair trajectories.
Thus, either the parameter path must be deliberately chosen or an argument for path-independence must
be made.
2For details on TeV-energy superconducting linear accelerator (TESLA) cavities see [6].
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I.2.2. Uncertainty Quantification. The mathematical theory of uncertainty quan-
tification has seen many advances in the last decades, primarily for PDEs, cf. [35,
62, 90, 91, 94] for introductory books on the matter. We provide an overview of rel-
evant methods used in uncertainty quantification and then discuss recent advances
and peculiarities for EVPs in particular.
One common approach to uncertainty quantification are sampling-based methods,
such as Monte Carlo (MC), multilevel (ML)MC [39], quasi-Monte Carlo (QMC) [14, 21,
70] and Markov chain Monte Carlo (MCMC) methods [24, 50, 52]. Classical MC meth-
ods provide a relatively slow square-root convergence rate with respect to the number
of function evaluations, independent of the dimension of the parameter space, using
the law of large numbers. QMC methods try to improve the convergence rate by giving
up the independence of the samples and replacing them by deterministic sequences
in the parameter space that spread out more reliably than random samples. Their
rate of convergence is, in general, not independent of the dimension of the parame-
ter space. MCMC methods also abandon the independence of samples, but replace
the independent samples with a Markov chain whose subsequent samples are corre-
lated. In order to make MCMC robust with respect to the dimension of the parameter
space, the challenge lies in finding an appropriate proposal kernel.
Alternatives to these sampling-based methods are quadrature-based methods, which
evaluate the stochastic moments (I.7) as integrals, e.g., stochastic collocation like
sparse grid methods [12, 43, 44] and polynomial chaos (PC) expansions [34, 101, 102].
PC methods use statistical methods to approximate the integrand using a polynomial
surrogate, which can be evaluated using closed form solutions. Meanwhile, sparse
gird methods use regularity of the integrand to reduce the number of function evalu-
ations needed to achieve improved convergence rates.
For Bayesian inverse problems, in addition to the use of the aforementioned methods,
Kálmán filters [31, 58, 84] are also used. These filters typically trade computational
speed for accuracy, except if the forward mapping is linear and the prior distribution
Gaussian.
For forward problems with relatively small scale but high-dimensional uncertainties,
the perturbation method, also called local sensitivity analysis, is an alternative that
is particularly popular for EVPs, cf. [2, 7, 18, 89, 95]. The idea here is to pick a refer-
ence point x0 ∈ X in the parameter space and apply a Taylor expansion of the variable
of interest. For EVPs, the question whether Fréchet derivatives exist and how they
can be characterized is therefore essential. Throughout this dissertation, our primary
approximation method for the moments (I.7) is the perturbation method, since ei-
genpair trajectories are generally only locally well defined as functions.
With few exceptions, e.g. [33, 43, 44, 95] (and the articles [25, 27], which were cre-
ated in preparation for this thesis), most articles consider only non-degenerate eigen-
values. Without this degeneracy, the eigenvalue and eigenfunctions are well defined
as functions of the parameter x ∈ X , so that both sampling-based [18, 36, 37, 38] and
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quadrature-based methods [5, 43, 44, 33] have been successfully implemented. In
this thesis, we consider degenerate eigenpair trajectories with respect to the eigen-
space using a perturbation ansatz.

I.3. Contributions

This dissertation relates to the recently published articles [25, 27] and the preprint ar-
ticle [26], providing context and further elaborations. Our special focus is to include
degenerate eigenvalues in the quantification of uncertainties. Therefore, we discuss
their behavior around points in the parameter space where an eigenvalue becomes
degenerate in detail. In the degenerate case, we mostly consider their trajectories
with respect to the eigenspace, as other forms are generally not available. In [25] a lin-
ear characterization of the derivatives of eigenpairs is presented for trajectories in the
classical sense and for trajectories with respect to the eigenspace. An implementation
of this characterization was recently published in the repository [30] to accompany
this thesis. Given the linear characterization of the derivatives, efficient perturbation
approximations of mean and covariance are also proposed in [25]. This framework
was applied in [27] for uncertainty quantification of the modes of a TESLA cavity un-
der shape uncertainty. In [26] the application of a general perturbation framework to
Bayesian inversion was investigated for PDEs. Here, we present corresponding results
in the context of EVPs.
The results can be summarized as

• characterization of eigenpair derivatives with respect to the eigenspace as a lin-
ear problem, as well as characterization of the relationship between trajectories
with respect to the eigenspace and otherwise via a parametrized polarization,

• perturbation-based uncertainty quantification of eigenpairs and discussion of
stochastic moments of eigenpairs in the presence of degenerate eigenvalues,

• expansion of the perturbation approximation framework to degenerate eigen-
spaces and adaptation to measurement data within Bayesian inverse problems.

I.4. Outline

The structure of this dissertation is as follows.

II. Preliminaries. We briefly introduce the definitions and theorems underlying
the results developed throughout this thesis. This includes notations, Hilbert
and Banach spaces, as well as various concepts related to linear operators, which
are necessary for the formulation of EVPs. We also discuss derivatives for Banach
space-valued functions, which are instrumental in our definition of well-defined
eigenpairs trajectories, and measure theory as necessary for the variational for-
mulation of EVPs. Next, we recall the spectral theory for compact normal opera-
tors and the variational formulation of EVPs. As examples, we state the Laplace
and Maxwell EVP. Lastly, we recapitulate some aspects of probability theory.
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III. Trajectories and Derivatives of Eigenpairs. This chapter is based on [25] though
some results are expanded upon and presented in more detail. We prove the ex-
istence of trajectories of eigenpairs with respect to the eigenspace, given that
the involved operators are sufficiently regular. Subsequently, we characterize
the derivatives of eigenvalues and eigenfunctions with respect to the eigenspace
as the solution of saddle point equations. We discuss how the eigenpair trajec-
tories with respect to the eigenspace relate to the eigenvalues in the traditional
sense via a parameterized polarization matrix. The insight into the derivatives
can then be used to analyze crossings and bifurcations of eigenvalues to decide
if and how they can be expressed as functions on a parameter space. We present
some examples to illustrate possible bifurcation behavior. Lastly, we discuss the
efficient implementation of the eigenvalue derivatives as saddle point equations
and equivalent formulations. Numerical examples are presented to demonstrate
the validity of the Taylor approximations suggested by the derivatives.

IV. Uncertainty Quantification. In this chapters we continue with the stochastic
aspect of [25]. We consider uncertainty quantification of the eigenpairs with
degenerate eigenvalues by considering a stochastic parameter for the paramet-
ric EVP of chapter III. We follow a perturbation ansatz which leads to second-
order approximations of the mean, correlation, and covariance. The approxi-
mations have asymptotic convergence of O (t 3) with t ≥ 0 being the amplitude
of the perturbation. Given stronger assumptions the convergence can be im-
proved to O (t 4). We also discuss the efficient implementation of the approxi-
mations given a decomposition of the random variable of KLE-type. Finally, we
apply the approximation to the perturbed Laplace EVP discussed in chapter III.

V. Shape Uncertainty Quantification. This chapters is based on results of [27],
applying the perturbation approximation of eigenpairs in the context of shape
deformations. We build on the results of chapters III and IV by demonstrating
how shape deformations can be transferred to the previous setting using matrix-
valued deformation coefficients. To this end, we formulate these coefficients
and their derivatives for the Laplace and Maxwell EVP and conclude the chapter
with numerical examples for both.

VI. Bayesian Inverse Problems. Based on results of [26], we investigate a pertur-
bational approach to Bayesian inverse problems. We interpret the results in the
context of EVPs, thus chapters III and IV are prerequisites to define the forward
model. The perturbation approximations of chapter IV are augmented by ad-
ditional terms to approximate the posterior mean, correlation, and covariance
of the eigenpairs with respect to the eigenspace. Additionally, we discuss how
the perturbation approximation of the posterior mean can be used to motivate
an iteration on the parameter space and point out a relationship to the corre-
sponding regularized inverse problem. Finally, we provide numerical examples
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applying the approximations for the Bayesian inverse problem and the iteration
to EVPs.

VII. Conclusion and Outlook. Here, we summarize the results of this thesis, draw a
conclusion and highlight potential leads for future research.



CHAPTER II

Preliminaries

This chapter recalls the preliminaries needed for the development of perturbation-
based uncertainty quantification of elliptic EVP. We start by fixing some notations
and recapitulate some definitions and properties that are used for the formulation
of EVPs. The formulation of the perturbation approach requires (Fréchet) differen-
tiability, therefore we will recall both Gâteaux and Fréchet differentiability and state
Taylor’s theorem, which leads to the definition of analyticity, as well as the implicit
function theorem. In order to introduce a stochastic model, we recall some defini-
tions of measure theory, leading up to Sobolev spaces and their embeddings. Then,
we introduce EVPs and recall the spectral theorem of compact normal operators. We
recall how the spectral theorem can also be used to derive the spectral properties of
variational EVPs. Next, we discuss the EVPs that we use as examples in this thesis,
i.e., the Laplace and Maxwell EVP. The Maxwell EVP requires the definition of some
additional function spaces. Lastly, we dedicate a section to probability theory.

II.1. Notations, Conventions, and Vector Spaces

We denote the set of natural numbers byN, setN0 :=N∪{0}, and letKbe real numbers
R or complex numbers C. Complex numbers x ∈ C are decomposed into real and
imaginary part

x =ℜ(x)+ iℑ(x) .

Let (ui )i=1,...,m ∈ V be an element of a vector space, then we use bold notation to
denote a vector with entries

u = [u1, . . . ,um] ∈
m×

i=1
V =: V m .

The space V m is called a product space, cf. [60, Definition 14.1]. Let u be a vector,
then we denote the transposed vector by u>, the conjugate vector by u, and the ad-
joint vector by u∗, with the same notation also applied to matrices K ∈Kn×m , i.e.,

[K >] j i := [K ]i j i = 1, . . . ,n, j = 1, . . . ,m , K :=ℜ(K )− iℑ(K ) , K ∗ := K
>

.

11
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For an invertible matrix K ∈Kn×n we also write K −> := (K −1)> = (K >)−1. The identity
matrix is denoted by I := diag(1, . . . ,1) ∈Rn×n and the identity operator between two
function spaces X ⊂ Y as Id : X → Y , x 7→ x.

II.1.1. Banach Spaces and Topological Properties. It is assumed that the reader is
familiar with the Banach and Hilbert space as well as their commonly used topolog-
ical properties, cf. [4, Chapter 2]. However, we still recall the definitions, which are
prominently used for spectral theory and embeddings in the context of variational
EVPs to clarify the notation.

DEFINITION II.1 ([4, 2.4 & 2.22]). Let X be a K-vector space. The pair (X ,‖ · ‖X ) is
called a normed space if ‖ · ‖X : X → R satisfies the following conditions for x, y ∈ X
and α ∈K:

(1) ‖x‖X ≥ 0 and ‖x‖X = 0 ⇐⇒ x = 0 ,
(2) ‖αx‖X = |α|‖x‖X ,
(3) ‖x + y‖X ≤ ‖x‖X +‖y‖X .

We then call ‖ ·‖X a norm on X .

We call ‖x1 −x2‖X the distance of two points x1, x2 ∈ X and fix the notation

Br (x) := {
y ∈ X : ‖y −x‖X < r

}
for an (open) ball with center x ∈ X and radius r > 0. Keeping the radius unspecified,
i.e., for some radius small enough, we may refer to it a as a neighborhood B(x) ⊂ X .
For a set A, we denote

(1) the interior by intr(A) := { x ∈ X : Bε(x) ⊂ A,ε> 0} ⊂ A,
(2) the closure by A := clos(A) := { x ∈ X : Bε(x)∩ A 6= 0,∀ε> 0} ⊃ A, and
(3) the boundary by ∂A := clos(A) \ intr(A).

A set with A = intr(A) is called open and a set A = A is closed. A domain is an open
set D ⊂Rn with n ∈N.

DEFINITION II.2 ([4, 2.13]). Let (X ,‖ ·‖X ) be a normed space.

(1) A subset A ⊂ X is called dense in X , if A = X ,
(2) X is called separable if X contains a countable dense subset.

DEFINITION II.3 ([4, 2.21]). Let (X ,‖ ·‖X ) be a normed space.

(1) A sequence (xk )k∈N in X is called a Cauchy sequence if for each ε > 0 exists an
N ∈N, such that for every k,`≥ N holds ‖xk −x`‖X < ε.

(2) If (xk )k∈N is a sequence in X , then a point x ∈ X is called a cluster point of this
sequence if there exists a subsequence (xki )i∈N such that x = limi→∞ xki .

(3) The normed space (X ,‖ · ‖X ) is called complete if every Cauchy sequence in X
has a cluster point in X . Since every Cauchy sequence can have at most one
cluster point, this means that every Cauchy sequence in X has a limit in X .

DEFINITION II.4. A complete normed space is called a Banach space.
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Recall that for every normed space, there exists a completion (X ,‖ · ‖X ), cf. [4, 2.24],

with X defined by adding the missing limits of the Cauchy sequence to X and ‖ · ‖X
such that

‖x1 −x2‖X = ‖x1 −x2‖X ∀x1, x2 ∈ X .

We may indicate the norm, i.e., X
‖·‖

, to stress with which norm the completion is
performed.

II.1.2. Hilbert Spaces. Hilbert spaces provide the possibility of defining an angle of
two of its elements, which allows us to define orthogonality. This is important for the
investigation of eigenfunctions. The operator whose spectral properties determine
our EVPs, will map from and to Hilbert spaces.

DEFINITION II.5 ([4, 2.1 & 2.22]). Let X be aK-vector space.

(1) We call a map (x1, x2) 7→ 〈x1, x2〉X from X × X to K a sesquilinear form if for all
α ∈K and for all x, x1, x2, y, y1, y2 ∈ X one has
(a) 〈αx, y〉X =α〈x, y〉X ,

〈x,αy〉X =α〈x, y〉X ,
(b) 〈x1 +x2, y〉X = 〈x1, y〉X +〈x2, y〉X ,

〈x, y1 + y2〉X = 〈x, y1〉X +〈x, y2〉X .
This means 〈·, ·〉X is linear in the first argument and conjugate linear in the sec-
ond argument. The sesquilinear form is called
(a) a Hermitian form if 〈x, y〉X = 〈y, x〉X for all x, y ∈ X ,
(b) positive semidefinite if 〈x, x〉X ≥ 0, 〈x, x〉X ∈ R for all x ∈ X and positive

definite if additionally 〈x, x〉X = 0 ⇐⇒ x = 0 for all x ∈ X .
(2) A positive definite Hermitian form is called a scalar product or inner product.
(3) The pair (X ;〈·, ·〉X ) is called an inner product space.
(4) Every inner product space is also a normed space, when equipped with the in-

duced norm

‖x‖X :=
√

〈x, x〉X .(II.1)

(5) If an inner product space is complete via (II.1) we call it a Hilbert space.

From 〈x, x〉X = 〈x, x〉X follows 〈x, x〉X ∈ R. For K = R, the sesquilinear form becomes
a bilinear form and a Hermitian form becomes symmetric, without the conjugation,
respectively. Some authors also call Hermitian forms symmetric.
For an inner product spaces X , in addition to the inequalities of normed spaces, the
Cauchy–Schwarz inequality holds, cf. [4, Lemma 2.2], |〈x, y〉X | ≤ ‖x‖X ‖y‖X for all
x, y ∈ X .
Orthogonality. We recall orthogonality, which is used to formulate variational EVPs.

DEFINITION II.6 ([4, 2.3]). Let X be a inner product space and let ‖·‖X be the induced
norm (II.1).
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(1) Let x, y ∈ X . If 〈x, y〉X = 0, we say that x and y are orthogonal. Then Pythagoras’
theorem ‖x − y‖2

X = ‖x‖2
X +‖y‖2

X , holds.
(2) If X is an inner product space, then two subspaces Y , Z ⊂ X are called orthog-

onal if 〈y, z〉X = 0 for all y ∈ Y and z ∈ Z . Then Y ∩ Z = {0} holds and we write
Y ⊥ Z .

(3) The orthogonal complement of a subspace Y is defined by

Y ⊥ := {
x ∈ X : 〈y, x〉X = 0 ∀y ∈ Y

}
It holds that Y ∩Y ⊥ = {0}.

(4) If Y and Z are two subspaces of a vector space X , then

Y +Z := {
y + z : y ∈ Y and z ∈ Z

}
is again a subspace. If Y and Z are orthogonal, it is called the direct sum with
notation Y ⊕Z .

DEFINITION II.7 ([4, 9.5 & 9.7]). Let X be an inner product space.

(1) A sequence (ek )k∈N , N ∈N, in X is called an orthogonal system if
(a) 〈ek ,el 〉X = 0 for all k 6= l , and
(b) ek 6= 0 for all k ∈N.

It is called an orthonormal system if 〈ek ,el 〉X = δk,l for all k, l ∈N.
(2) Let (ek )k∈N be an orthonormal system in a inner product space X . (ek )k∈N is

called an orthonormal basis if one of the following equivalent conditions is sat-
isfied:
(a) span({ek : k ∈N }) is dense in X .
(b) Every vector x ∈ X can be represented as x =∑∞

k=1 〈x,ek〉ek .
(c) Parseval’s identity holds:

〈x, y〉X =
∞∑

k=1
〈x,ek〉X 〈y,ek〉X ∀x, y ∈ X .

(d) The completeness relation holds:

‖x‖2
X =

∞∑
k=1

|〈x,ek〉X |2 ∀x ∈ X .

LEMMA II.8 ([4, Theorem 9.8]). For every infinite-dimensional Hilbert space X over K
the following are equivalent:

(1) X is separable.
(2) X has an orthonormal basis.

Tensor Products on Hilbert spaces. We introduce tensor products of Hilbert spaces fol-
lowing [94, Chapter 3.5] building on equivalence relations defined by quotient spaces,
cf. [4, 2.4].

DEFINITION II.9 ([94, Definition 3.28 & 3.29]). Let X ,Y be two Hilbert spaces over a
common fieldK.
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(1) The free vector space FX×Y on the Cartesian product X ×Y is defined by

FX×Y :=
{

n∑
i=1

αi e(xi ,yi ) : n ∈N; αi ∈K, (xi , yi ) ∈ X ×Y ∀i = 1, . . . ,n.

}
(2) Let Z be the subspace of FX×Y that is generated by the equivalence relation

e(x1+x2,y) ∼ e(x1,y) +e(x2,y) ,

e(x,y1+y2) ∼ e(x,y1) +e(x,y2) ,

αe(x,y) ∼ e(αx,y) ∼ e(x,αy) .

Then the (algebraic) tensor product X ⊗Y is the quotient space

X ⊗Y := FX×Y

Z
.

The following equalities hold in the tensor product space

(x1 +x2)⊗ y = x1 ⊗ y +x2 ⊗ y ,

x ⊗ (y1 + y2) = x ⊗ y1 +x ⊗ y2 ,

α(x ⊗ y) = (αx)⊗ y = x ⊗ (αy)

for all x, x1, x2 ∈ X , y, y1, y2 ∈ Y , and α ∈K.
For vectors and matrices in the Hilbert spaces Rn ,n ∈ N the tensor product relates
to the Kronecker product which we also denote by the symbol ⊗. We avoid tensor
products in Banach spaces, which are more complicated, cf. [54].
Now we can define the Hilbert space tensor product of two Hilbert spaces as a com-
pletion.

DEFINITION II.10 ([94, Definition 3.30]). The Hilbert space tensor product of two
Hilbert spaces X and Y over the same fieldK is given by defining an inner product on
the algebraic tensor product X ⊗Y by

〈x1 ⊗ y1, x2 ⊗ y2〉X⊗Y := 〈x1, x2〉X 〈y1, y2〉Y ∀x1, x2 ∈ X , y1, y2 ∈ Y ,

extending this definition to all of the algebraic tensor product by sesquilinearity, and
defining the Hilbert space tensor product X ⊗Y to be the completion of the algebraic
tensor product with respect to this inner product and its induced norm.

From now on, we use the notation X ⊗Y only for the (complete) Hilbert space tensor
product.

II.2. Operators

We now recall definitions concerning linear operators, especially projections and em-
beddings, which are used for spectral theory. In preparation for the following chapter
on derivatives, we also introduce n-linear operators. Since for the spectral theorems
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we want to rely on are formulated for compact (normal) operators, we also recall def-
initions and results for compact operators, which are a subset of bounded linear ope-
rators. Lastly, we recall results on the (bi-)dual space. This leads to Gelfand triples,
which we use to formulate variational EVPs, and normal operators, which are again
the subject of the spectral theorems presented later.

II.2.1. Linear Operators. We start with bounded linear operators, which are required
for derivatives and spectral theory.

DEFINITION II.11. Let X ,Y be normed vector spaces overK.

(1) An operator T : X → Y is called linear if

T (αx) =αT (x) ∀α ∈K, x ∈ X ,

T (x1 +x2) = T (x1)+T (x2) ∀x1, x2 ∈ X .

(2) An operator T : X → Y is called bounded if there exists a C > 0, such that

‖T x‖Y ≤C‖x‖X ∀x ∈ X .

(3) An operator T : X → Y is called continuous at x1 ∈ X if

lim
x2→x1

‖T (x1)−T (x2)‖Y = 0

and continuous if it is continuous at x1 for all x1 ∈ X .

A linear operator is continuous if and only if it is bounded, cf. [4, Lemma 5.1].

DEFINITION II.12 ([4, 5.2 & 5.5 (4)]). Let X ,Y be normed vector spaces. We define the
function space

L (X ;Y ) := {T : X → Y : T is linear and bounded}

as bounded linear operators or continuous linear operators. It forms a normed
space with the operator norm

‖T ‖L (X ;Y ) := sup
‖x‖X ≤1

‖T x‖Y .(II.2)

We use shorthand notation L (X ) :=L (X ; X ). For T ∈L (X ;Y ) we denote by

N (T ) := { x ∈ X : T x = 0}

the null space of T . The continuity of T yields that N (T ) is a closed subspace. The
range or image of T is defined by

R(T ) := {T x ∈ Y : x ∈ X } .

The subspace R(T ) is in general not closed. We also use the notation T (X ) :=R(T ).

L (X ;Y ) is a Banach space if Y is a Banach space, cf. [4, Theorem 5.3].
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Linear Projections.

DEFINITION II.13 ([4, 5.5 (3)]). Let X ,Y be normed vector spaces. An linear opera-
tor P ∈ L (X ) is called a (linear) projection if P 2 = P ◦P = P . We denote the set of
continuous (linear) projections by

P (X ) := {
P ∈L (X ) : P 2 = P

}
.

The following theorem refines projections to orthogonal projections.

THEOREM II.14 (Projection theorem, [4, 4.3]). Let X be a Hilbert space, and let A ⊂ X
be nonempty, closed, and convex. Then there exists a unique map P : X → A such that

‖x −P (x)‖X = inf
y∈A

‖x − y‖X ∀x ∈ X .

For x ∈ X an equivalent characterization of P (x) ∈ A is given by

ℜ〈x −P (x), a −P (x)〉X ≤ 0 ∀a ∈ A .

The map P : X → A is called the orthogonal projection from X to A.

Linear Embeddings.

DEFINITION II.15 ([4, 5.5 (5,6, & 7)]).

(1) Let X ,Y be normed spaces. T ∈L (X ;Y ) is called a (continuous, linear) embed-
ding of X into Y if T is injective, i.e., if N (T ) = {0}. We use the notation X ,→ Y
to write that X is embedded in Y and call it dense if T (X ) is dense in Y .

(2) Let X and Y be Banach spaces. If T ∈ L (X ;Y ) is bijective, then T −1 ∈ L (Y ; X ),
cf. inverse mapping theorem [4, theorem 7.8]. Then T is called an invertible
(linear) operator or a (continuous, linear) isomorphism.

(3) Let X and Y be normed spaces. T ∈ L (X ;Y ) is called an isometry if ‖T x‖Y =
‖x‖X for all x ∈ X .

(4) Banach spaces X and Y are called isometrically isomorph if there is a mapping
T ∈L (X ;Y ), which is an isometry and an isomorphism. We then write X ∼= Y .

The identity embedding Id : X ,→ X of a normed vector space X to its completion is
an example of a dense and isometric embedding, cf. [4, 2.24].

II.2.2. n-linear Operators.

DEFINITION II.16 ([106, Definition 4.15]). Let Xi , i ∈N,Y be Banach spaces. The map-
ping

T : X1 ×X2 ×·· ·×Xn → Y ,

is called

(1) n-linear if and only if T is linear in each argument
(2) and bounded if there is a fixed C ≥ 0, such that

‖T (x1, x2, . . . , xn)‖Y ≤C‖x1‖X1 · · ·‖xn‖Xn ∀xi ∈ Xi , i = 1, . . . ,n .(II.3a)
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We denote the vector spaces of bounded n-linear functions as

L (n)(X1 ×·· ·×Xn ;Y ) := {
f : X1 ×·· ·×Xn → Y : f is bounded n-linear.

}
with shorthand L (n)(X ;Y ) :=L (n)(X ×·· ·×X ;Y ). The operator norm for T general-
izes to

‖ ·‖L (n)(X ;Y ) := sup
‖x1‖X1=...=‖xn‖Xn =1

‖T (x1, . . . , xn)‖Y(II.3b)

and (L (n)(X ;Y ),‖ ·‖L (n)(X ;Y )) is a normed vector space.

The space of n-linear operators as well as n-times nested operators is isometrically
isomorph, i.e.,

L (X ; . . . L (X ;Y ))︸ ︷︷ ︸
n times

∼=L (n)(X ;Y )(II.4a)

via the isomorphism

(T xn) . . . x1 7→ T (xn , . . . , x1) .(II.4b)

The result that L (X ;Y ) is a Banach space if Y is a Banach space (definition II.12) ex-
tends to the nested spaces via induction and to the n-linear spaces via isomorphism.
We can also extend this notation to bounded sesquilinear forms.

DEFINITION II.17. Let X be a normed vector space. We define boundedness of ses-
quilinear forms as in (II.3a) and the space of bounded sesquilinear forms

L (1.5)(X ;Y ) := {
T : X ×X → Y : T is bounded sesquilinear.

}
Using the convention of definition II.5, the second argument is conjugate linear. The
operator norm for the sesquilinear forms L (1.5)(X ;K) is given by (II.3).

II.2.3. Compact Operators.

DEFINITION II.18 ([4, 4.6 & 5.5 (2)]). Let X ,Y be normed vector spaces.

(1) A subset A ⊂ X is called compact if every sequence in A contains a convergent
subsequence with limit in A.

(2) The set of compact (linear) operators from X to Y is defined by

K (X ;Y ) :=
{

T ∈L (X ;Y ) : T (B1(0)) is compact
}

.

Compact operators have the following useful properties.

LEMMA II.19 ([4, Lemma 10.2]). Let X ,Y be Banach spaces.

(1) K (X ;Y ) is a closed subspace of L (X ;Y ).
(2) If T ∈L (X ;Y ) with dim(R(T )) <∞, then T ∈K (X ;Y ).
(3) If Y is a Hilbert space and T ∈L (X ;Y ), then

T ∈K (X ;Y ) ⇐⇒ there exist Tn ∈L (X ;Y ) with dim(R(Tn)) <∞,
such that ‖T −Tn‖→ 0 as n →∞.
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The following lemma characterizes compositions in which one of the mappings is
compact.

LEMMA II.20 ([4, Lemma 10.3]). Let X be a Banach space. For T1 ∈ L (X ;Y ) and T2 ∈
L (Y ; Z ) it holds that:

T1 or T2 are compact. =⇒ T2 ◦T1 is compact.

The following result is also useful for the solution of systems of equations.

THEOREM II.21 (Fredholm alternative, [4, 11.11]). Let X be a Banach space. If T ∈
K (X ) and λ 6= 0, then it holds either

• the equation T x −λx = y is uniquely solvable for every y ∈ X , or
• the equation T x −λx = 0 has nontrivial solutions.

II.2.4. Dual Space. The dual space is required to define normal operators.

DEFINITION II.22 ([4, 5.5 (1)]). Let X be a normed vector space.

(1) The space X ′ := L (X ;K) is the dual space to X . The elements of X ′ area also
called linear functionals. If X is a normed space the norm (II.2) for T ∈ X ′ be-
comes

‖T ‖X ′ := sup
‖x‖X ≤1

|T x|.(II.5)

(2) If T ∈L (X ;Y ), then

(T ′y ′)(x) := y ′(T x) for y ′ ∈ Y ′, x ∈ X

defines a map T ′ ∈L (Y ′; X ′) (cf. proof in [4, 5.5]), the adjoint map of T . We also
call T ′ the adjoint operator of T (also dual operator or adjoint).

The following result makes the relationship between a normed space and its dual
clearer.

LEMMA II.23 ([4, 12.1]). Let X ,Y be normed spaces. Then the adjoint map

(T ′y ′)(x) := y ′(T x) for x ∈ X , y ′ ∈ Y ′

defines an isometric embedding T 7→ T ′ from L (X ;Y ) to L (Y ′; X ′).

Compact operators between Banach spaces have a compact dual counterpart.

THEOREM II.24 (Schauder’s theorem, [4, 12.6]). Let X and Y be Banach spaces and
T ∈L (X ;Y ). Then

T ∈K (X ;Y ) ⇐⇒ T ′ ∈K (Y ′; X ′) .

The Riesz representation theorem defines an embedding from a Hilbert space to its
dual space and back.



20 II. PRELIMINARIES

THEOREM II.25 (Riesz representation theorem, [4, 6.1]). If X is a Hilbert space, then

RX (x)(y) := 〈
y, x

〉
X for x, y ∈ X

defines an isometric conjugate linear isomorphism RX : X → X ′.

The Riesz representation theorem yields that the dual space of a Hilbert space is also
a Hilbert space. Its scalar product can be defined by〈

x ′
1, x ′

2

〉
X ′ := 〈

R−1
X x ′

1,R−1
X x ′

2

〉
X x ′

1, x ′
2 ∈ X ′ .

The Lax–Milgram theorem uses the Riesz representation theorem to translate sesqui-
linear forms (or bilinear forms in real Hilbert spaces) into bounded invertible opera-
tors.

THEOREM II.26 (Lax–Milgram theorem, [4, 6.2]). Let X be a Hilbert space over K and
let a : X × X → K be sesquilinear. Assume that there exist constants c0 and C0 with
0 < c0 ≤C0 <∞ such that for all x, y ∈ X

(1) continuous: |a(x, y)| ≤C0‖x‖X ‖y‖X ,
(2) coercive/elliptic: ℜ(a(x, x)) ≥ c0‖x0‖2

X .

Then there exists a unique map A : X → X with

a(y, x) = 〈
y, Ax

〉
X ∀x, y ∈ X .

In addition, A ∈L (X ) is an invertible operator with

‖A‖L (X ) ≤C0 , ‖A−1‖L (X ) ≤
1

c0
.

REMARK II.27. The Lax–Milgram theorem is best known for the more specific case of
bilinear forms and a real Hilbert space V . Note also that we could compartmentalize
some of its claims, cf. the proof of [4, 6.2]. If we only assume to have a sesquilinear
form, without continuity or ellipticity, then

a(y, x) = 〈
y, Ax

〉
X ∀x, y ∈ X

still defines a linear operator A : X → X , which is in general not bounded. If we only
have continuity, then we still have a bonded linear operator A ∈L (X ) since

‖A(x)‖X = ‖a(·, x)‖X ′ ≤C0‖x‖X ,

albeit in general not an invertible one.

In analogy to the operator defined in the Lax–Milgram theorem, we define ellipticity.

DEFINITION II.28. Let X be a Hilbert space. We call an operator A ∈L (X ) coercive or
elliptic if there is a constant c0 > 0, such that

ℜ(〈Ax, x〉X ) ≥ c0‖x‖2
X ∀x ∈X .

We emphasize it as X -elliptic if the norm is ambiguous.
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Gelfand Triple. Variational EVPs are usually modeled on two Hilbert spaces V , H with
Id : V ,→ H . We introduce Gelfand triples that provide another embedding into the
dual space of V . To this end, we need reflexive spaces.

DEFINITION II.29 ([4, 8.2 & 8.8]). Let X be a Banach space. Defining (JX x)(x ′) := x ′(x)
for x ∈ X , x ′ ∈ X ′ yields an isometric map JX ∈L (X ; X ′′). Here X ′′ := (X ′)′ =L (X ′;K)
is called the bidual space of X . We call X reflexive if JX is surjective.

Note that every Hilbert space V is reflexive, cf. [4, 8.11(1)]. We summarize the defini-
tions of the Gelfand triple [103, § 17].

THEOREM II.30 ([103, Definition 17.1 & Theorem 17.3]). Let X be a reflexive Banach
space and Y a Hilbert space. Suppose that i : X ,→ Y , and that R(i ) is dense in Y . Then
i ′ : Y ′ → X ′ is continuous, injective and R(i ′) is dense in X ′. Altogether we have

X
i
,→ Y

RY→ Y ′ i ′
,→ X ′ ,(II.6)

where both embeddings i , i ′ are continuous, injective, and have dense images in Y and
X ′ respectively. A scheme of this kind is called a Gelfand triple. If the embedding oper-
ations i , i ′ are clear from context, they are omitted. The norm of X ′ has the property

‖y‖X ′ = sup
0 6=x∈X

|〈y, i x〉Y |
‖x‖X

, y ∈ Y .(II.7)

Applying Schauder’s theorem (theorem II.24), if the embedding i : X ,→ Y is compact,
then so is the dual embedding i ′ : Y ′ ,→ X ′.

II.2.5. Self-adjoint and Normal Operators.

DEFINITION II.31 ([4, 12.2 & 12.9]). Let X ,Y be Hilbert spaces.

(1) Let RX : X → X ′,RY : Y → Y ′ be the isomorphism from theorem II.25. For T ∈
L (X ;Y ) we define the Hilbert adjoint as

T ∗ = R−1
X ◦T ′ ◦RY .

Then we have T ∗ ∈L (Y ; X ) and〈
x,T ∗y

〉
X = 〈

T x, y
〉

Y ∀x ∈ X , y ∈ Y .

In the case Y = X we call T ∈L (X ) self-adjoint if T ∗ = T .
(2) An operator T ∈L (X ) is called normal if T and T ∗ commute, i.e., T ∗T = T T ∗.

We may call an operator Ã ∈ L (X ; X ′), x 7→ Ãx = 〈·, Ax〉X self-adjoint if the corre-
sponding operator A ∈ L (X ) is self-adjoint. Every self-adjoint operator is normal.
A special case are unitary operators which are useful to manipulate operators.

DEFINITION II.32. Let X be a Hilbert space.

(1) An operator T ∈L (X ) is called unitary if T ∗ ·T = Id = T ·T ∗.
(2) A matrix T ∈Km×m is called unitary if T ∗ ·T = I = T ·T ∗.
(3) A matrix T ∈Rm×m is called orthogonal or orthonormal if T > ·T = I = T ·T >.
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II.3. Derivatives

Following [4, 106], we recall the definition of Fréchet and Gâteaux derivatives in Ba-
nach spaces and the space of differentiable functions. We assume that the reader is
already familiar with derivatives of functions f : Rn → Rm with n,m ∈ N, and start
by recapitulating the multi-index notation for partial derivatives. Next we recall Lan-
dau’s O- and o-notation, which are convenient for the definition of first-order deriva-
tives in Banach spaces and Taylor’s theorem. We formulate the usual derivation rules
and then show how higher-order and partial derivatives can be defined. Equipped
with these definitions, we can then define the space of differentiable functions and
state Taylor’s theorem (theorem II.42) as well as the implicit function theorem (theo-
rem II.45), which we need for the development of some of the central results of this
thesis.

II.3.1. Multi-Index Notation. The multi-index notation is a convenient way to de-
note partial derivatives of higher order. For the convenience of the reader, we recall
the multi-index notation and multinomial coefficients, which we use in chapter III.
We call a tuple of non-negative integers

α= (α1,α2, . . . ,αn) ∈Nn
0

a multi-index. We call |α| = ∑n
i=1αi the order of multi-index α. Let β ∈ Nn

0 be a
second multi-index. We can add two multi-indices by adding elementwise, i.e.,

α+β= (α1 +β1, . . . ,αn +βn)

and find |α+β| = |α|+ |β|. There is also an order of two multi-indices via the partial
order of their elements, i.e.,

α≤β ⇐⇒ αi ≤βi , i = 1, . . . ,n ,

α<β ⇐⇒ αi <βi , i = 1, . . . ,n .

The mixed derivatives of a function f :Rn →R can now be expressed as

∂α :=
n∏

i=1
∂
αi
i with partial derivatives ∂αi

i := ∂αi

∂x
αi
i

.

The factorial of a multi-index is defined as α! =∏n
i=1(αi !). Then multinomial coeffi-

cient is defined as (
k

α1,α2, . . . ,αn

)
= k !∏n

i=1αi !
= |α|!
α!

,(II.8)
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where k = |α| ∈ Nn
0 . Let f1, . . . , fn : R→ R be k-times differentiable functions, then,

using the product rule, we can write the k-th partial derivative of their product as

dk
(

n∏
i=1

fi (x)

)
dxk

= ∑
α1+···+αn=k

(
k

α1, . . . ,αn

)
n∏

i=1

dαi

dxαi
fi (x) .

The above sum includes the
(n+k−1

n−1,k

)
multiindicesα ∈Nn of order k.

II.3.2. Derivatives in Banach Spaces. We recall the Landau notation, which we use
to define derivatives and to quantify residues qualitatively throughout this thesis.

DEFINITION II.33. Let f , g :R→R be functions and x0 ∈R∪ {−∞,∞ } be a finite limit.
We use the following notations, as part of the Landau notation,

f ∈ o(g ) (x → x0) : ⇐⇒ lim
x→x0

| f (x)|
|g (x)| = 0 ,

f ∈O (g ) (x → x0) : ⇐⇒ limsup
x→x0

| f (x)|
|g (x)| <∞ .

In most cases, the limit point x0 is clear from context and will not be specified. When
we use the Landau symbols additively in equations, this is shorthand for the remain-
ing terms in question being in the set of functions that the Landau notation describes.

Fréchet and Gâteaux derivatives. We recall Fréchet and Gâteaux derivatives, which
will be useful in investigating the differentiability of EVPs.

DEFINITION II.34 ([106, Definition 4.5]). Let X ,Y be Banach spaces with B(x) ⊂ X a
neighborhood of x ∈ X and f : B(x) → Y be a map.

(1) The map f is Fréchet differentiable at x if there exists a map Dx f ∈ L (X ;Y )
such that

f (x +h)− f (x) = Dx f [h]+o(‖h‖X ) , h → 0 ∈ X ,(II.9a)

for all h ∈ B(0) ⊂ X . If it exists, Dx f is called the Fréchet derivative at x.
(2) The map f is Gâteaux differentiable at x if there exists a map Dx f ∈ L (X ;Y )

such that

f (x + th)− f (x) = t Dx f [h]+o(t ) , t → 0 ∈R ,(II.9b)

for all h with ‖h‖X = 1 and all t ∈ B(0) ⊂R. Dx f is called the Gâteaux derivative
of f at x.

(3) If the Fréchet derivatives Dx f exist for all x ∈U ⊂ X , then the mapping

D f : U →L (X ;Y ) , x 7→ Dx f(II.9c)

is called the Fréchet derivative of f on U . The analogous holds, respectively, for
Gâteaux derivatives Dx f .
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(4) Higher-order derivatives (Fréchet or Gâteaux) are defined inductively, i.e., D2
x f

is the Fréchet derivative of D f at x.

The Gâteaux derivative can alternatively be defined as the limit

Dx f [k] = lim
t→0

f (x + tk)− f (x)

t
(II.10)

and the Fréchet derivative can be defined implicitly as a bounded linear operator for
which the limit

lim
‖h‖X →0

‖ f (x +h)− f (x)−Dx f [h]‖Y

‖h‖X
= 0

holds.

DEFINITION II.35. Let X be a Banach space and f : X →R be Fréchet differentiable at
x ∈ X , then we define the gradient grad f ∈L (X ) of f at x such that

Dx f [h] =:
〈

grad f (x),h
〉

X ∀h ∈ X .

The following lemma makes clear why Fréchet differentiability is stronger than Gâ-
teaux differentiability.

LEMMA II.36 ([106, Proposition 4.8]).

(1) Every Fréchet derivative at x is also a Gâteaux derivative at x.
(2) A Gâteaux derivative at x for which the passage to limit (II.10) is uniform for all

k with ‖k‖X = 1, is also a Fréchet derivative at x.
(3) If D f exists as a Gâteaux derivative in some neighborhood of x, and D f is con-

tinuous at x, then Dx f is also a Fréchet derivative at x.
(4) If Dx f exists as a Fréchet derivative at x, then D f is also continuous at x.

The n-th Fréchet derivative Dn f (x) of f : X ⊃U → Y at x has already been defined in
definition II.34 by induction. This yields

f : U → Y ,

D f : U →L (X ;Y ) ,

D2 f : U →L (X ;L (X ;Y )) ,

...

Dn f : U →L (X ; . . . L (X ;Y )) .

We can redefine higher-order derivatives of order n equivalently as n-linear forms
using the isometric isomorphism (II.4) between the nested bounded linear forms and
n-linear forms, cf. [106, Proposition 4.19], i.e.,

Dn f : U →L (n)(X ;Y ) , x 7→ Dn
x f ∈L (n)(X ;Y ) .
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We also introduce the more convenient notation

Dn
x f [h] := Dn

x f [h, · · · ,h] ,

Derivation Rules. We recall the derivation rules for the case of Fréchet and Gâteaux
derivatives.

LEMMA II.37 ([106, Proposition 4.9 - 4.11]).

(1) Sum rule:
Let X ,Y be Banach spaces, B(x) ⊂ X a neighborhood of x ∈ X , and f , g : B(x) → Y
Fréchet differentiable mappings. Then it is true for all α,β ∈K that

Dx (α f +βg ) =αDx f +βDx g ,

where the expression of the left exists as a Fréchet derivative.
(2) Chain rule:

Let X ,Y , Z be Banach spaces, B(x) ⊂ X a neighborhood of x ∈ X , and V (y) ⊂ Y a
neighborhood of y ∈ Y . Let x be fixed and set y = f (x). Suppose we are given maps

f : B(x) → Y , g : V (y) → Z

with f (B(x)) ⊂V (y). This defines the composite map

h := g ◦ f : B(x) → Z .

Suppose that Dx f and D f (x) g exist as Fréchet derivatives. Then, h is Fréchet dif-
ferentiable at x and it holds

Dx h = D f (x) g [Dx f ] .

(3) Product rule:
Let X , X1, X2,Y be Banach spaces, U1,U2 ⊂ X , and F ∈L (2)(X1 ×X2;Y ). Suppose
further, that the maps

fi : Ui (x) → Xi , i = 1,2

are Fréchet differentiable at x. Then b(x) := F ( f1(x), f2(x)) is Fréchet differentiable
at x and

Dx b[h] = F (Dx f1[h], f2(x))+F ( f1(x),Dx f2[h]) .

If the derivatives only exist as Gâteaux derivatives, the above rules hold respectively
replacing the Fréchet derivatives by Gâteaux derivatives.

Partial Fréchet and Gâteaux derivatives. Now we recall partial Fréchet and Gâteaux
derivatives, i.e., derivatives in one of several Banach space-valued arguments. This
generalizes the notion of partial derivatives towards elements of Rn we previously
considered.
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DEFINITION II.38 ([106, Definition 4.13]). Let X ,Y , Z be Banach spaces with a neigh-
borhood B((x0, y0)) ⊂ X ×Y around (x0, y0) ∈ X ×Y and consider a mapping

f : B((x0, y0)) → Z , (x, y) 7→ f (x, y) .

Let y be fixed and set g (x) = f (x, y). If g has a Fréchet derivative at x, then we de-
fine the partial Fréchet derivative of f at (x, y) with respect to the first variable x to
be ∂x f (x, y) = Dx g . The partial derivative ∂y f (x, y) is defined analogously by fixing
x instead of y . Partial Gâteaux derivatives are defined analogously using Gâteaux
derivatives instead.

The following lemma specifies the relationship between Fréchet derivatives with re-
spect to the space X ×Y and partial Fréchet derivatives.

LEMMA II.39 ([106, Proposition 4.14]).

(1) If f is Fréchet differentiable at (x, y), then the partial Fréchet derivatives ∂x f and
∂y f exists at (x, y) and

Dx,y f [h,k] = ∂x f (x, y)[h]+∂y f (x, y)[k](II.11)

holds for all h ∈ X ,k ∈ Y .
(2) Conversely, if f has partial Fréchet derivatives ∂x f and ∂y f in a neighborhood of

(x, y), and if theses are continuous at (x, y), then Dx,y f exists as a Fréchet deriva-
tive and (II.11) holds.

(3) The map f is continuously Fréchet differentiable in a neighborhood of (x, y) if and
only if all partial Fréchet derivatives are continuous in a neighborhood of (x, y).

Definition II.38 and lemma II.39 can be generalized to maps with an arbitrary number
of arguments

(x1, . . . , xn) 7→ f (x1, . . . , xn) .

II.3.3. Regularity. We establish some notations for sets of functions that are Fréchet
differentiable to a certain order.

DEFINITION II.40 ([106, Definition 4.22]). Let X ,Y be Banach spaces, U ⊂ X a subset,
f : U → Y a mapping, and m ∈N.

(1) If U is open, then f is called a C m -map if and only if f has continuous Fréchet
derivatives up to order r on U . We use the notation

C m(U ;Y ) := {
f : U → Y : f is m-times continuously Fréchet differentiable.

}
with shorthand C m(U ) :=C m(U ;R).

(2) If U is arbitrary, then f is called a C m-map if and only if it can be extended locally
to a C m-map in the previous sense. That means that for x ∈ U , there exists an
open neighborhood B(x) such that f can be extended to a C m-map on B(x).
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(3) We extend the notation to

C 0(U ;Y ) := {
f : X → Y : f is continuous.

}
,

C∞(U ;Y ) := ⋂
m≥0

C m(U ;Y ) ,

where we also write C (U ;Y ) := C 0(U ;Y ) and use the convention D0 f := f . We
call f ∈C∞(U ;Y ) smooth.

Lipschitz continuous functions are used later and lead to Lipschitz boundaries.

DEFINITION II.41 ([4, 3.7 & A8.2]). Let X ,Y be Banach spaces with U ⊂ X .

(1) A function f : U → Y is called Lipschitz continuous if there exists a constant
L > 0, such that

‖ f (x1)− f (x2)‖Y ≤ L‖x1 −x2‖X , ∀x1, x2 ∈U .

(2) A bounded domain D is said to have Lipschitz boundary if its boundary ∂D can
be covered by finitely many open sets U1, . . . ,Ul such that ∂D∩U j for j = 1, . . . , l
is a graph of a Lipschitz continuous function with D ∩U j in each case lying on
one side of this graph.

II.3.4. Taylor’s Theorem. The integrals in this section are to be understood as Rie-
mann integrals, cf. [4, 6.22], which are well defined for continuous functions.

THEOREM II.42 (Taylor’s theorem, [106, Theorem 4.A]). Let X ,Y be Banach spaces,
B(x) ⊂ X an (open, convex) neighborhood of x ∈ X , and f : B(x) → Y a mapping. If f
is n-times Fréchet differentiable, then

f (x +h) = f (x)+
n−1∑
k=1

1

k !
Dk

x f [h]+Rn

holds with

‖Rn‖Y ≤ 1

n!
sup

0<τ<1
‖Dn

x+τh f [h]‖Y .

If Dn f is continuous on B(x), i.e., f ∈C n(B(x);Y ), then

Rn =
1∫

0

(1−τ)n−1

(n −1)!
Dn

x+τh f [h] dτ.

As the integrand of the residue Rn is n-linear, we can describe its behavior qualita-
tively using the Landau notation.
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COROLLARY II.43. Let X ,Y be Banach spaces and B(x) ⊂ X an (open, convex) neigh-
borhood of x ∈ X . If f ∈C n(B(x);Y ),n ∈N and x +h ∈ B(x), then

f (x +h) =
n∑

k=0

Dk
x f [h]

k !
+o(‖h‖n

X )(II.12a)

f (x +h) =
n−1∑
k=0

Dk
x f [h]

k !
+O (‖h‖n

X )(II.12b)

holds in the sense ‖h‖X → 0.

PROOF. See [22, 8.14.3] for (II.12a). (II.12b) follows from the bounded n-linearity of
the n-th derivative. �

We can define analyticity via the Taylor series.

DEFINITION II.44. Let X ,Y be Banach spaces and B(x) ⊂ X an (open, convex) neigh-
borhood of x ∈ X .

(1) We call the expansions (II.12) with sum up to order n the Taylor expansion of
order n.

(2) Let f : B(x) → Y be smooth. The infinite series

f (x +h) =
∞∑

k=0

Dk
x f [h]

k !
(II.13)

is called the Taylor series of f at x.
(3) We call a function f ∈ C∞(X ;Y ) (locally) analytic on B(x) if the Taylor series of

f at x converges against f (x +h) for x +h ∈ B(x) and analytic if this holds on X .
The vector space of (locally) analytic functions on an open, convex subset U ⊂ X
is denoted by

Cω(U ;Y ) := {
f : U → Y analytic on U

}
.

with shorthand Cω(U ) :=Cω(U ;R).

II.3.5. Implicit Function Theorem. The implicit function theorem will be useful in
characterizing the derivatives of eigenpairs.

THEOREM II.45 (Implicit function theorem, [106, Theorem 4.B & Corollary 4.23]). Let
X ,Y , Z be Banach spaces, B((x0, y0)) ⊂ X ×Y an open neighborhood on (x0, y0) ∈ X ×Y ,
and F : B((x0, y0)) → Z a mapping with F ((x0, y0)) = 0. Suppose that

(1) ∂y F : Y → Z exists as a partial Fréchet derivative on B((x0, y0)) and is bijective in
(x0, y0),

(2) F and ∂y F are continuous at (x0, y0).

Then the following are true:

(1) Existence and uniqueness.
There exist r0,r > 0 such that for every x ∈ X satisfying ‖x − x0‖X ≤ r0, there exists
one y(x) ∈ Y for which ‖y(x)− y0‖Y ≤ r and F (x, y(x)) = 0.
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(2) Continuity.
If F is continuous in B((x0, y0)), then y : X → Z is continuous in a neighborhood
of x0.

(3) Continuous differentiability.
If F is a C m-map, 1 ≤ m ≤ ∞, on B((x0, y0)), then y : X → Z is a C m-map on a
neighborhood of x0.

(4) Analyticity.
If F is analytic on B((x0, y0)), then the solution y : X → Z is analytic in a neigh-
borhood of x0.

II.3.6. On Line Integrals. We have used derivatives in example I.2 to track eigen-
values through the parameter space, cf. fig. I.2. Now we want to formalize this in-
vestigation using line integrals. First, we need the following definitions to formalize
paths.

DEFINITION II.46 ([4, p. 242], [85, 10.38]). Let X be a normed space.

(1) A path is a continuous function γ : [t0, t1] → X .
(2) A ⊂ X is called path-connected if there is a path γ : [t0, t1] → A between any

points x0, x1 ∈ A, i.e.,

γ(t0) = x0 , γ(t1) = x1 .

(3) A loop is a continuous path γ : [t0, t1] → X with γ(t0) = γ(t1).
(4) A ⊂ X is called simply connected if it is path-connected and every loop can be

contracted, i.e., continuously transformed, to a single point in X .

Let X ,Y be Banach spaces, U ⊂ X a path-connected subset, and consider a Gâteaux
differentiable function f : U → Y as well as a continuously differentiable path γ :
[t0, t1] → X , such that f ◦γ : [t0, t1] → Y is Fréchet differentiable. Then by lemma II.37
holds

Dt ( f ◦γ)[s] = Dγ(t ) f [Dt γ[s]]

and by the fundamental theorem of calculus, cf. [4, E3.6], we get

( f ◦γ(t1))− ( f ◦γ(t0)) =
t1∫

t0

Dγ(t ) f [Dt γ] dt =:
∫
γ

Dx f dx .(II.14)

We call such an integral over a path γ a line integral.
As seen in the counterexample I.2, the choice of path is often not arbitrary if we con-
tinue a function using its (continuous) derivative on a path. However, the choice of
path γ⊂U between two fixed points is arbitrary on a neighborhood U ⊂ X , where the
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function f : U → Y is continuously Fréchet differentiable, cf. theorem II.42. Integrat-
ing over a (piecewise) differentiable loop γ⊂U in the parameter space then yields∫

γ

Dx f dx = 0 .

If U is not simply connected, it is, however, not necessarily possible to construct a
Fréchet differentiable function f : U → Y even if a continuous Fréchet derivative D f
is locally well defined in U . This will become apparent when we observe the eigen-
functions of example I.2 in chapter III.
Line Integrals as Solutions of Ordinary Differential Equations. We recall some results
on ordinary differential equations (ODEs) to show how the tracking problem can be
formalized given a fixed path γ : [t0, t1] →U . Thus, we assume that we know the func-
tion value f (x0) ∈ Y at some reference point x0 ∈ U , which is the start of our path,
as well as the derivative Dγ(t ) f [Dt γ] for t ∈ I on the path. Then we can calculate the
function value at the end of the path γ(t1) = x1 by rearranging (II.14) as

f (x1) = f (x0)+
t1∫

t0

Dγ(t ) f [Dt γ] dt .(II.15)

We can formalize the derivative into a function

g : [t0, t1]×Y → Y , t × y 7→ g (t , y) ,

where y is an additional argument1 that takes the function value f ◦γ(t ). Then we
have expressed the change of the function value in an ordinary differential equation
(ODE) of first order, i.e., involving only the first-order derivative

Dt y = g (t , y) ,(II.16a)

The problem to find a solution fitting the initial value

y(t0) = f (x0) .(II.16b)

is called an initial value problem (IVP). Its solution

y : [t0, t1] → Y , t 7→ y(t ) = f ◦γ(t ) ,

is called a trajectory.
The existence and uniqueness of a solution of an IVP can be proven using the Pi-
card–Lindelöf theorem, cf. [106, Proposition 1.8]. In our case, we already know that
there is a unique and continuously differentiable trajectory by construction, since we
start with an EVP and build the ODE only to formalize the tracking problem.

1The function value is not necessarily needed to compute the derivative. For derivatives of eigenpairs, we
will see in chapter III that the influence of the current values of eigenpairs on their derivatives is quite
explicit, which makes this form useful.
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The most prominent class of method to solve IVPs are Runge–Kutta methods [13, 92].
It is also possible to combine two Runge–Kutta schemes in order to build algorithms
with step size control in parameter t , so that the number of function evaluations is
controlled by a specified error tolerance.

II.4. Measure Theory and Integrals

In this section, we recall the fundamentals of measure theory. This gives us the op-
portunity to define the function spaces needed for the variational formulation of EVPs
and provides several results needed for probability theory, which we delay until sec-
tion II.7. The results of this section are taken mainly from [4, 60] and our definition of
Sobolev spaces follows [1].

II.4.1. Measure Spaces. First, we need σ-algebras of a set Ω.

DEFINITION II.47 ([60, 1.1, 1.2, 1.16, & 1.21]).

(1) We denote by P (Ω) the power set, the set of all subsets of Ω, which includes the
empty set ; and the set Ω.

(2) A set A ⊂ P (Ω) is called a σ-algebra if
(a) ;∈A ,
(b) AÙ :=Ω\ A ∈A for all A ∈A , and
(c)

⋃
j∈NF j ∈A for F j ∈A .

(3) Let E ⊂ P (Ω). Then there exists a smallest σ-algebra σ(E ) with E ⊂σ(E )

σ(E ) := ⋂
A⊂P (Ω) is a σ-algebra

A⊃E

A ,

which is called the σ-algebra generated by E . E is called a generator of σ(E ).
(4) Let X be a normed space. Theσ-algebra B(X ) that is generated by the open sets

in X is called the Borelσ-algebra on Ω.

The Borel σ-algebra provides a suitable σ-algebra, which we can use whenever we
encounter a Hilbert or Banach space-valued random variable.

DEFINITION II.48 ([60, 1.27, 1.28, & 1.29]). Let A ⊂ P (Ω) and let µ : A → [0,∞] be a
set function. We say that µ is

(1) additive if for any choice of finitely many mutually disjoint sets A1, . . . , An ∈ A

with
⋃n

i=1 Ai ∈A

µ

(
n⋃

i=1
Ai

)
=

n∑
i=1

µ(Ai ) .

It is called σ-additive if this holds for countably infinite sets, i.e., n =∞.
(2) Let A be a σ-algebra and let µ : A → [0,∞] be a σ-additive set function with

µ(;) = 0, then µ is called a measure.
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(3) A measure µ is called finite if µ(A) < ∞ for every A ∈ A and σ-finite if there
exists a sequence of sets Ω1,Ω2, . . . ∈ A such that Ω = ⋃∞

n=1Ωn and µ(Ωn) < ∞
for all n ∈N.

Measures lead to the definition of a measure space.

DEFINITION II.49 ([60, 1.38]).

(1) A pair (Ω,A ) consisting of a nonempty set Ω and a σ-algebra A ⊂ P (Ω) is called
a measurable space. The sets A ∈A are called measurable sets.

(2) A triple (Ω,A ,µ) is called a measure space if (Ω,A ) is a measurable space and if
µ is a measure on A .

An important example is the Lebesgue measure, which we denote Leb, cf. [60, 1.55].

DEFINITION II.50 ([60, 1.68 & 1.69]). Let (Ω,A ,µ) be a measure space.

(1) A set A ∈A is called aµ-null set, or briefly a null set ifµ(A) = 0. By Nµ we denote
the class of µ-null sets.

(2) Let E(ω) be a property that a point ω ∈Ω can have or not. We say that E holds
µ-almost everywhere (a.e.) if there exists a null set N such that E(ω) holds for
every ω ∈Ω \ N . If A ∈A and if there exists a null set N such that E(ω) holds for
every ω ∈ A \ N , then we say that E holds almost everywhere on A.

(3) A measure space (Ω,A ,µ) is called complete if Nµ ⊂A .

Note that for every measure space (Ω,A ,µ) there exists a completion (Ω,σ(A∪Nµ), µ̃)
with µ̃(A ∪N ) = µ(A) for all A ∈ A and N ∈ Nµ, cf. [60, Remark 1.70]. To avoid tech-
nicalities, we assume throughout the rest of this thesis that every measure space is
complete.

DEFINITION II.51. [4, 3.11] Let (Ω,A ,µ) be a measure space and Y a Banach space. A
map f :Ω→ Y is called µ-measurable if

(1) U ∈B(Y ) =⇒ f −1(U ) ∈A .
(2) There exists a µ-null set N such that f (Ω\ N ) is separable.

If the space Y is itself separable, the second condition is trivially satisfied, leading to
a concept of measurability dependent only on the measurable space.

Recall the following results, which are convenient to ensure measurability.

LEMMA II.52 ([4, 3.12]). The following hold:

(1) If f1 :Ω→ Y1 and f2 :Ω→ Y2 are µ-measurable, then ( f1, f2) :Ω→ Y1 ×Y2 is also
µ-measurable.

(2) If f :Ω→ Y is µ-measurable, Z is a Banach space, and φ : Y → Z is continuous,
then φ◦ f is also µ-measurable.

A µ-measurable function connects two measurable spaces and induces a measure.
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DEFINITION II.53 ([60, Definition 1.98]). Let (Ω,A ,µ) be a measure space, Y a Ba-
nach space, and f : Ω→ Y be µ-measurable. The image measure (or push-forward
measure) of µ under the map f is the measure µ◦ f −1 on (Y ,B(Y )) that is defined by

µ◦ f −1 : B(Y ) → [0,∞] , A 7→µ( f −1(A)) .

II.4.2. Bochner–Lebesgue integral. We recall the following definitions.

DEFINITION II.54 ([62, 1.21]). Let Y be a Banach space and (Ω,A ,µ) a measure space.

(1) Let A ∈A be a set, then the indicator function of A is

1A(ω) :=
{

1, ω ∈ A ,

0, else .

(2) A function s : Ω→ Y is simple if there exist s j ∈ Y and A j ∈ A for i = 1, . . . , N
with µ(A j ) <∞ such that s(ω) = ∑N

j=1 s j 1A j (ω),ω ∈Ω. The integral of a simple
function with respect to a measure space (Ω,A ,µ) is∫

Ω

s(ω) dµ(ω) :=
N∑

j=1
s jµ(A j ) .

(3) We say a µ-measurable function u is (Bochner–Lebesgue-)integrable with re-
spect to µ if there exist simple functions un , such that un(ω) → u(ω) as n →∞
for almost all ω ∈Ω and un is a Cauchy sequence in the sense that for ε> 0∫

Ω

‖un(ω)−um(ω)‖Y dµ(ω) < ε

holds for any n,m sufficiently large. Note thatω 7→ ‖un(ω)−um(ω)‖Y is a simple
function. We denote the space of (Bochner–Lebesgue-)integrable functions as

Lµ(Ω;Y ) := {
f :Ω→ Y : f is (Bochner–Lebesgue-)integrable with respect to µ

}
with shorthand Lµ(Ω) := Lµ(Ω;R).

(4) If u ∈ Lµ(Ω;Y ), we define∫
Ω

u(ω) dµ(ω) := lim
n→∞

∫
Ω

un(ω) dµ(ω)

and for A ∈A we define∫
A

u(ω) dµ(ω) :=
∫
Ω

u(ω)1A(ω) dµ(ω) .

This integral is called the Bochner–Lebesgue integral.
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For D ⊂Rd , we write the integral with respect to the completion of the measure space
(D,B(D),Leb) as ∫

D

u(x) dx :=
∫
D

u(x) dLeb(x) .

LEMMA II.55 (Bochner’s criterion, [4, A3.19(1)]). Let (Ω,A ,µ) a measure space, Y a
Banach space, and f :Ω→ Y a µ-measurable function, then

f ∈ Lµ(Ω;Y ) ⇐⇒ f is µ-measurable and ‖ f ‖Y ∈ Lµ(Ω).

If both the Lebesgue integral and the Riemann integral of a function are well defined
for a function f :R⊃ I →R, they coincide [60, Theorem 4.23]. For more details on the
construction of integrals and important results, see [4, A3].

II.4.3. Radon–Nikodým derivatives. Another concept relevant later for conditional
probabilities is the Radon–Nikodým derivative. We first require the concept of abso-
lute continuity of measures.

DEFINITION II.56 ([60, 7.30]). Let µ and ν be two measures on the same measure
space (Ω,A ). Thenµ is called absolutely continuous, with notationµ¿ ν, ifµ(A) = 0
for all A ∈A with ν(A) = 0. The measures are called equivalent if µ¿ ν and ν¿µ.

THEOREM II.57 (Radon–Nikodým theorem, [93, Theorem 6.2]). Let µ,ν : A → [0,∞]
be two measures on the same measure space (Ω,A ). If µ¿ ν and ν is σ-finite then
there exists a ν-measurable function f :Ω→ [0,∞] such that, for all ν-measurable sets
A ∈A ,

µ(A) =
∫
A

f (ω) dν(ω) .

The function f is called the Radon–Nikodým derivative of µ with respect to ν with
notation

dµ
dν (ω) := f (ω) .

II.4.4. Bochner–Lebesgue spaces. Using the integrals of definition II.54, we can now
define the function spaces that we require for the variational formulations of EVPs
and probability theory.

DEFINITION II.58 ([4, 3.15 & 3.16]). Let (Ω,A ,µ) be a measure space and Y a Banach
space overK. For p =N∪ {∞ } the spaces

Lp
µ(Ω;Y ) :=

{
f is µ-measurable and ‖ f ‖L

p
µ(Ω;Y ) <∞

}
with norms

‖u‖L
p
µ(Ω;Y ) :=


(∫
Ω ‖u(ω)‖p

Y dµ(ω)
) 1

p , p <∞ ,

esssup
ω∈Ω

‖u(ω)‖Y , p =∞ ,
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are called Bochner–Lebesgue spaces. We consider two functions f , g : Ω→ Y to be
equivalent in Lp

µ(Ω;Y ), i.e., f = g in Lp
µ(Ω;Y ), if f = g µ-a.e.. We use the shorthand

notation Lp
µ(Ω) := Lp

µ(Ω;R) and drop the measure in the index if it is the standard
Lebesgue measure.

THEOREM II.59 ([4, 3.16]). Under the assumption of definition II.58 the following hold:

(1) (Lp
µ(Ω;Y ),‖ ·‖Lp (Ω;Y )) is a Banach space.

(2) For p = 1, Lp
µ(Ω;Y ) coincides with the space of Bochner–Lebesgue-integrable func-

tions, i.e., L1
µ(Ω;Y ) = Lµ(Ω;Y ).

(3) For p = 2 and if Y is a Hilbert space with scalar product 〈·, ·〉Y , the space L2
µ(Ω;Y )

with

〈u, v〉L2
µ(Ω;Y ) :=

∫
D

〈u(ω), v(ω)〉Y dµ(ω)

becomes a Hilbert space.

II.4.5. Sobolev Spaces. We also need Sobolev spaces for the variational formulation
of EVPs.

DEFINITION II.60 ([1, 1.62, 3.1 & 3.2] & [4, 3.4, 3.6, & 5.13]). Let D ⊂ Rn be a domain
andα a multi-index.

(1) The support of a function f : D → Y is

supp( f ) := clos
({

x ∈D : f (x) 6= 0
})⊂ clos(D) .

We define the space of smooth functions with compact support as

C∞
0 (D;Y ) := {

f ∈C∞(D;Y ) : supp( f ) is a compact subset of D
}

.

We use shorthand notation C∞
0 (D) :=C∞

0 (D;R).
(2) For 1 ≤ p ≤∞ we define the locally integrable functions as

Lp
loc(D) := {

f : D →K : f |U ∈ Lp (U ) for all compact subsets U ⊂D
}

.

(3) Let u ∈ L1
loc(D) andα ∈Nn

0 a multi-index. A function uα ∈ L1
loc(D) which satisfies∫

D

u(x)∂αϕ(x) dx = (−1)|α|
∫
D

uα(x)ϕ(x) dx , ∀ϕ ∈C∞
0 (D)

is called a weak derivative of f with notation ∂αu = uα. For continuously dif-
ferentiable functions f ∈ C m(D), the weak derivative is equal to the respective
partial derivative.

(4) The Sobolev space of order m ∈N∪ {∞ } with exponent p, 1 ≤ p ≤∞ is defined
by

W m,p (D) := {
f : f has weak derivatives |α| ≤ m, ∂α f ∈ Lp (D)

}
.
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We also define norms

‖ f ‖W m,p (D) :=
( ∑

0≤|α|≤m
‖∂α f ‖p

Lp (D)

) 1
p

,

‖ f ‖W m,∞(D) := max
0≤|α|≤m

‖∂α f ‖L∞(D) .

The Sobolev space with zero boundary values2 of order m with exponent p is
defined by

W m,p
0 (D) :=C∞

0 (D)
‖·‖W m,p (D) .

(5) Let r ∈N, then we define functions spaces

H r (D) :=W r,2(D) ,

H r
0 (D) :=W r,2

0 (D) ,

and a scalar product

〈u, v〉H r (D) :=
√ ∑

0≤|α|≤r
〈∂αu,∂αv〉L2(D) .

Note that W m,p (D) can also be defined as the completion

W m,p (D) = {
f ∈C m(D) : ‖ f ‖W m,p <∞}‖·‖W m,p (D)

.

The equivalence of the two definitions was proven in [64]. Also note that

W 0,p (D) = Lp (D)

and for p <∞
W 0,p

0 (D) = Lp (D) .

Thus, the following inclusions hold

W m,p
0 (D) ⊂W m,p (D) ⊂ L2(D) .(II.17)

The following result makes Sobolev spaces useful as function spaces.

THEOREM II.61 ([1, Theorem 3.3 & 3.6]).

(1) (W m,p (D),‖ ·‖W m,p (D)) are Banach spaces, that are separable if 1 ≤ p <∞,m ∈N.
(2) (H r (D),〈·, ·〉H r (D)) is a separable and reflexive Hilbert space for r ∈N.

The above results extend to the closed subspaces W m,p
0 (D) and H r

0 (D).

LEMMA II.62 ([4, Theorem 10.9]).

(1) For a bounded domain D ⊂ Rn with Lipschitz boundary, Id : H 1(D) → L2(D) is a
compact embedding.

2The boundary value is meant in the sense of the boundary trace. For the purpose of this introduction we
omit traces and refer the interested reader to the result [1, 5.37].
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(2) For a bounded domain D ⊂Rn , Id : H 1
0 (D) → L2(D) is a compact embedding.

C∞
0 (D) is dense in Lp (D) for p < ∞, cf. [1, Corollary 2.30]. This means that H 1

0 (D)
must also be dense in L2(D) and due to (II.17) the same is true for H 1(D). Thus, we
can construct Gelfand triples (theorem II.30) of compact dense embeddings

H 1(D)
Id
,→L2(D)

RL2(D)→ (L2(D))′
Id′
,→ (H 1(D))′ ,(II.18a)

H 1
0 (D)

Id
,→L2(D)

RL2(D)→ (L2(D))′
Id′
,→ (H 1

0 (D))′ .(II.18b)

II.5. Spectral Theory

We focus on the spectral theory for compact normal operators, following [4, Chap-
ters 11 & 12], and recall how this spectral theory also informs variational EVPs, where
a compact normal solution operator can be constructed.
For the definition of the spectrum, we consider a Banach space X over C and an op-
erator T ∈ L (X ). Without further assumptions on T , we cannot guarantee that its
eigenvalues are real, even if the operator is defined between real Banach spaces X .
For operators which are defined on real Banach spaces, we may consider their com-
plexification instead.

DEFINITION II.63 ([4, 11.14]). Let X be a Banach space over R and T ∈K (X ), then its
complexification is a complex Banach space X̃ = X × X and for x = (ℜ(x),ℑ(x)) ∈ X̃ ,
a ∈C define

ax := (ℜ(a)ℜ(x)−ℑ(a)ℑ(x),ℜ(a)ℑ(x)+ℑ(a)ℜ(x)) , x := (ℜ(x),−ℑ(x)) .

That is, we have represented complex vector elements as real tuples. The operator is
translated into

T̃ := (Tℜ(x),Tℑ(x)) ∈K (X̃ ) .

The formulation of spectral theory requires the spectrum and in particular the point
spectrum.

DEFINITION II.64 ([4, 11.1]). Let X be a Banach space over C. We define the resolvent
set of T ∈L (X ) by

%(T ) := {λ ∈C : N (λ Id−T ) = {0} and R(λ Id−T ) = X }

and the spectrum of T by Spec(T ) := C \%(T ). The point spectrum is a subset of the
spectrum defined by

Specp (T ) := {
λ ∈ Spec(T ) : N (λ Id−T ) 6= {0}

}
.

DEFINITION II.65 ([4, 11.2(2)]). Let X be a Banach space and T ∈ L (X ). Then λ ∈
Specp (T ) is equivalent to

∃x 6= 0 such that T x = x λ with λ ∈K .
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Such a λ ∈ K is then called an eigenvalue and x ∈ X an eigenvector of T . If X is a
function space, then x ∈ X is also called an eigenfunction. The pair (λ, x) ∈K× X is
called an eigenpair. The subspace N (λ Id−T ) is the eigenspace of T corresponding
to λ, its dimension m = dim(N (λ Id−T )) is called the multiplicity of eigenvalue λ.
The eigenspace is a T -invariant subspace, i.e.,

T (N (λ Id−T )) ⊂N (λ Id−T ) .

If the multiplicity of an eigenvalue λ is m > 1, we call the eigenvalue degenerate.

REMARK II.66.

(1) If an eigenvalue is real-valued, i.e., λ ∈ R, then its eigenfunction x ∈ X can be
chosen to be real-valued, such that x = x, cf. [4, 11.14]. Thus, if all eigenvalues
are real, we can ignore the complexification of definition II.63 and consider the
original operator T ∈K (X ) on a real Hilbert space X , cf. [4, 11.14].

(2) For a K-valued Banach space X , the eigenvectors of a non-degenerate eigen-
value are unique up to a factor c ∈K, i.e., if u is an eigenfunction of eigenvalue λ,
then so is cu. If the Hilbert space X is real, this means that the eigenvectors of a
non-degenerate eigenvalue are unique up to sign and scaling.

(3) To reduce ambiguity, it is generally assumed that the eigenfunctions are nor-
malized with respect to the norm of X . For real Banach spaces X , only the sign
is arbitrary, while in the complex case the eigenfunctions can still be arbitrarily
scaled by a factor c ∈C with |c| = 1. For eigenvectors (ui )i=1,...,m of a degenerate
eigenvalue λ of multiplicity m any linear combination of the eigenfunctions is
again an eigenfunction of λ, i.e.,

T

(
m∑

i=1
ci ui

)
=

(
m∑

i=1
ci ui

)
λ , ci ∈K .

We assume that eigenfunctions within an eigenspace (ui )i=1,...,m are chosen or-
thogonally on top of all eigenvalues being normalized, i.e., orthonormal.

We recall the spectral theorem for compact normal operators. The definition of nor-
mal operators requires us to upgrade X to a (complex) Hilbert space.

THEOREM II.67 (Spectral theorem for compact normal operators, [4, 12.12]). If X is
a Hilbert space over C, T ∈K (X ) normal, T 6= 0, then:

(1) There exists an orthonormal system (ui )i∈N in X and a sequence (λi )i∈N inCwith
N ⊂N∪ {∞ } such that λi 6= 0 and

Tui = uiλi for i ∈ N , Spec(T ) \ {0} = {λi : i ∈ N } .

Thus, the numbers λi are the nonzero eigenvalues of T with eigenfunctions ui . If
N =∞, then λi → 0 as i →∞.

(2) For all eigenvalues λ holds N ((λ Id−T )2) =N (λ Id−T ).
(3) X =N (T )⊕ span{ui : i ∈ N }.
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(4) The elements of the image of T can be decomposed as

T x = ∑
i∈N

λk〈x,ui 〉X ui ∀x ∈ X .(II.19)

If the set of eigenfunctions form a basis of X , cf. definition II.7, we may call it an
eigenbasis of T .
The adjoint operator to a compact normal operator T can be expressed as

T ∗x = ∑
i∈N

λk〈x,ui 〉X ui ∀x ∈ X .

Therefore, the eigenvalues of self-adjoint operators are real. Thus, a self-adjoint op-
erator has an ordered sequence of real eigenvalues (λi )i∈N.
The difference between successive eigenvalues is then called an (eigen)gap. For a
compact normal operator, all eigenvalues apart from an eigenvalue λ 6= 0 have a pos-
itive gap to its neighbors. Therefore, we can call them isolated, counting identical
eigenvalues as one degenerate eigenvalue. For compact normal operators, an eigen-
value λ = 0 can possibly be an cluster point, so we cannot identify a closest neigh-
boring eigenvalue, which makes it the only possible non-isolated eigenvalue in this
setting.

II.5.1. Generalized Eigenvalue Problems. EVPs can be defined in a broader sense
than that used in theorem II.67.

DEFINITION II.68. Let X be a Hilbert space, K : X → X be a linear operator, and M :
X → X a bounded linear, elliptic, self-adjoint operator. Then the problem to find an
eigenpair (λ,u) ∈K×X ,u 6= 0, such that

K u = Mu λ ,(II.20a)

is called a generalized operator EVP with eigenvalue λ ∈K and eigenfunction u ∈ X .
Compared to the previous formulation Id is replaced by M , e.g., the eigenspace of
the eigenvalue λ is N (λM −K ) and the multiplicity is again the dimension of the
eigenspace. Eigenfunctions are called orthonormal if they are with respect to the
scalar product induced by M , i.e.,〈

Mui ,u j
〉

X = δi j , i , j ∈ 1, . . . ,m ,(II.20b)

where m is the multiplicity of eigenvalue λ and (ui )i=1,...,m its eigenfunctions.

REMARK II.69. Given two Hilbert spaces V ⊂ H with Id : V ,→ H a dense embedding,
we can replace K by a linear operator K̃ : V → V ′ and M by an elliptic self-adjoint
operator M̃ ∈L (H ; H ′). The Hilbert spaces form a Gelfand triple, cf. theorem II.30,

V
Id
,→ H

RH→ H ′ Id′
,→V ′ ,

Then, K̃ u = M̃u ·λ can be considered an EVP in V ′.
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We can translate a generalized EVP into the simple EVP of definition II.65, cf. [59,
Chapter VII.6]. The most straightforward formulation of a simple EVP is by inversion
of M , otherwise decompositions of the inverse of M can be used. Since in general
the combined operator is often not even bounded, i.e., theorem II.67 is not (directly)
applicable. We briefly turn to matrix EVPs before discussing the solution operator.

II.5.2. Matrix Eigenvalue Problems. The special case in which the operators are ma-
trices is relevant to numerical approximation. Recall that matrices are compact ope-
rators, cf. lemma II.19.

DEFINITION II.70. Let K ∈ Kn×n be a matrix and M ∈ Kn×n a self-adjoint positive
definite matrix. Then the generalized matrix EVP is to find an eigenpair (λ,u) ∈K×
Kn ,u 6= 0, such that

K u = Mu λ .(II.21a)

It is comprised of eigenvalue λ and its eigenvector u, which is called orthonormal if

u∗
j Mui = δi j , i , j = 1, . . . ,m .(II.21b)

In case M = I , the eigenpairs are called the eigenpairs (eigenvalues, eigenfunctions)
of the matrix K .

The following result is helpful for estimating the eigenvalues of a block-diagonal ma-
trix.

THEOREM II.71. [40, 7.2.1] Let A ∈ Rn×n with X −1 · A · X = D +F , where X ∈ Rn×n is
invertible, D = diagi=1,...,n di , and F has zeros as diagonal entries. Then for the eigen-
values of matrix A holds (λi )i=1,...,n ⊂⋃n

i=1 Di , where

Di :=
{

z ∈C : |z −di | ≤
n∑

j=1
| fi j |

}
.

The boundaries of Di are called Gershgorin circles.

See also [40, 8.1.3] for a version for real symmetric matrices.

II.5.3. Variational Eigenvalue Problem. We now turn to the variational formulation
of EVPs. The variational formulation has the advantage that it is a convenient start-
ing point to formulate a discretization, however, some explanation is due to find the
underlying compact normal solution operator.

DEFINITION II.72. Let V ⊂ H be Hilbert spaces with dense embedding Id : V ,→ H and

a : V ×V →K a bounded sesquilinear form,

b : H ×H →K a scalar product of H .

Then the problem to find an eigenpair (λ,u) ∈K×V ,u 6= 0, such that

a
(
u, v

)= b
(
u, v

)
λ ∀v ∈V(II.22a)
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is called the variational EVP with λ ∈K the eigenvalue and u ∈ V its eigenfunction.
The definitions of spectral theory are adapted to the scalar product b, e.g., the eigen-
space of λ generalizes to

N
(
a
(·, v

)−b
(·, v

)
λ
)

and we call the eigenfunctions orthonormal if

b
(
ui ,u j

)= δi j i , j = 1, . . . ,m .(II.22b)

If V , H are real Hilbert spaces, then the sesquilinear forms a,b become bilinear forms
and the scalar product b is symmetric. A complexification (cf. definition II.63) can in
turn be found by conjugating the second argument of the bilinear forms.
Let sesquilinear forms be defined for the EVP according to definition II.72, then we
can construct linear operators

K ∈L (V ) , M ∈L (H) ,

using the Lax–Milgram theorem (theorem II.26, remark II.27), i.e.,

〈u,K v〉V := a
(
u, v

) ∀u, v ∈V ,(II.23a)

〈u, M v〉H := b
(
u, v

) ∀u, v ∈ H ,(II.23b)

with M ∈L (H) b-elliptic, self-adjoint. If b ∈L (1.5)(H ;K) is the standard scalar prod-
uct of H , then M = Id. The following conclusions (remark II.27) are helpful:

(1) If the sesquilinear form is continuous, so is the operator.
(2) If the sesquilinear form is elliptic, so is the operator, and thus it is bounded in-

vertible.
(3) If the sesquilinear form is Hermitian, so is the operator.

Of course, all of these implications apply to the standard scalar product b. An eigen-
pair (λ,u) ∈ K×V of definition II.68 relates to an eigenpair (λ,u) of definition II.72
since

a
(
u,u

)= 〈u,K u〉V = 〈u, Mu λ〉H = b
(
u,u λ

)= b
(
u,u

)
λ .

In the self-adjoint case, we have λ ∈ R, so the conjugation of the eigenvalues has no
effect. Note that an operator K̃ : V →V ′ according to remark II.27 is given by

v 7→ 〈·,K v〉V ∈V ′ .(II.24)

REMARK II.73. Matrices K ∈ Kn×n can be translated into bilinear forms or sesquili-
near forms

u × v 7→ a
(
u, v

)
:= v>K u ∈L (2)(Rn ;R) for K ∈Rn×n ,

u × v 7→ a
(
u, v

)
:= v∗K u ∈L (1.5)(Cn ;C) for K ∈Cn×n .

This converts a matrix EVP into a variational EVP.
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Solution Operators for Elliptic Eigenvalue Problems. So far we have described the re-
lationship between general variational and operator EVPs in terms of the relationship
of sesquilinear forms and associated operators. In order to apply the spectral the-
ory of compact normal operators to a variational EVP, we need to reduce the two
sesquilinear forms to a single operator. Given some stronger assumptions about the
sesquilinear forms, we can construct a compact normal solution operator T ∈K (H).

ASSUMPTION II.74. For the construction of the solution operator, let

a ∈L (1.5)(V ;C) a continuous, V -elliptic, Hermitian sesquilinear form,(II.25a)

b ∈L (1.5)(H ;C) an H-elliptic3 scalar product of H ,(II.25b)

Id : V ,→ H a compact dense embedding with Hilbert spaces V ⊂ H .(II.25c)

For real Hilbert spaces V , H the sesquilinear forms (II.25a) and (II.25b) can again be
simplified to

a ∈L (2)(V ;R) a continuous, V -elliptic, symmetric bilinear form,

b ∈L (2)(H ;R) an H-elliptic3 scalar product of H .

Due to the Lax–Milgram theorem, we can construct a solution operator T : H → H
such that

a
(
T f , v

)= b
(

f , v
)

v ∈V

holds for all f ∈ H such that T f ∈ V , cf. [9, Chapter 7]. We define operators as in
(II.23) and get a V -elliptic, self-adjoint operator K ∈ L (V ) and an H-elliptic, self-
adjoint operator M ∈ L (H). According to (II.24), we define K̃ ∈ L (V ;V ′), which we
can invert due to V -ellipticity, to get K̃ −1 ∈ L (V ′;V ). Since Id : V ,→ H is a compact
embedding, we can define K̆ −1 ∈K (H) an equivalent compact, self-adjoint operator
using lemma II.20, i.e.,

K̆ −1 : H
RH→ H ′ Id′

,→V ′ K̃ −1

→ V
Id
,→ H .(II.26)

Thus, we can construct its inverse square root K̆ − 1
2 ∈K (H) via spectral theorem II.67,

replacing the eigenvalues of K̆ −1 in a decomposition of the form (II.19) by the square
root of the same eigenvalues. Then for M ∈ L (H) as in (II.23b), a compact, self-ad-
joint solution operator is given by

T := K̆ − 1
2 MK̆ − 1

2 ∈K (H) .(II.27)

The compactness of the solution operator T is again a consequence of lemma II.20.
Due to the symmetric construction by square roots the operator is also self-adjoint,
i.e.,

T ∗ = (K̆ − 1
2 MK̆ − 1

2 )∗ = (K̆ − 1
2 )∗M∗(K̆ − 1

2 )∗ = K̆ − 1
2 MK̆ − 1

2 = T ,

3The standard scalar product of H is H-elliptic, with constant c0 = 1.
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such that the spectral theorem II.67 applies. We can check that T f ∈V for f ∈ H since
in (II.26) the last embedding Id : V ,→ H was only applied in order to return to H .

Each eigenpair of the solution operator T is given by (λ−1, K̆
1
2 u), where (λ,u) ∈R×V

is an eigenpair of (II.20), since

w := K̆
1
2 u = K̆ − 1

2 K̆ u = K̆ − 1
2 Mu ·λ= K̆ − 1

2 MK̆ − 1
2 w ·λ= T w ·λ .

Thus, under assumption II.74 according to theorem II.67, we know that the recipro-
cals of the eigenvalues of (II.22) are the eigenvalues of the solution operator, which
are bounded and accumulate at zero if dim(V ) =∞, i.e.,

c−1 ≥λ−1
n → 0 n →∞ ,

In turn, if dim(V ) =∞, the actual eigenvalues of (II.22) are bounded from below by
the constant c > 0 and diverge, i.e.,

0 < c ≤λn →∞ n →∞ ,

where eigenvalues (λn)n∈N are counted multiple times according to their finite multi-
plicity. We infer that for infinite-dimensional Hilbert spaces V , H , a potential operator
operator T −1 expressing the variational EVP as single-operator EVP is not bounded,
i.e., T −1 ∉L (V ) and T −1 ∉L (H).

REMARK II.75. We can alternatively construct a non-self-adjoint solution operator

S := K̆ −1M ∈K (H)(II.28)

which has eigenvalues (λ−1,u), cf. [4, 10.14]. The conjugation of two self-adjoint ope-
rators is not necessarily self-adjoint itself. Self-adjointness must then be proven sep-
arately, cf. [4, 12.16]. For our proofs, it is convenient to first consider a self-adjoint so-
lution operator (II.27) to find the eigenvalues using theorem II.67 and then consider
a solution operator (II.28) with the same eigenvalues but simpler eigenfunctions.

Vector Notation. We now make use of the vector notation mentioned in section II.1,
which is convenient when analyzing whole eigenspaces in later chapters. In analogy
to the sesquilinear forms in definition II.72 and by abuse of notation, we define

a : V m ×V m →Km×m , u ×v 7→ a
(
u, v

)
, a

(
u, v

)
:= [a

(
u j , vi

)
]m
i , j=1 ,

b : H m ×H m →Km×m , u ×v 7→ b
(
u, v

)
, b

(
u, v

)
:= [b

(
u j , vi

)
]m
i , j=1 .

The variational EVP with orthonormal eigenfunctions can then be written in bold vec-
tor notation as the problem to find (λ,u) ∈Km×m ×V m , such that

a
(
u, v

)= b
(
u, v

) ·λ ∀v ∈V m ,(II.29a)

b
(
u,u

)= I ,(II.29b)

where λ is diagonal, i.e., λ = λI , and all eigenfunctions belong to the same eigen-
space of λ ∈K.
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II.5.4. Eigenvalue Problems as a Minimization Problems. Given assumption II.74,
under which we have constructed the solution operator, the eigenpair can also be
characterized as a minimization problem.

THEOREM II.76 (Courant–Fischer theorem, Rayleigh quotient, [9, eq. (7.3)]). Given
assumption II.74, the eigenvalues λn ∈R and their eigenfunctions un ∈V , n ∈N, admit
the representation

λ1 = min
v∈V

a
(
v, v

)
b
(
v, v

) , u1 = argmin
v∈V

a
(
v, v

)
b
(
v, v

) ,

λn = min

v∈
(

n−1⊕
i=1

span(ui )

)⊥ a
(
v, v

)
b
(
v, v

) , un = argmin

v∈
(

n−1⊕
i=1

span(ui )

)⊥ a
(
v, v

)
b
(
v, v

) .

Of course, if assumption II.74 does not hold, we can still represent the eigenvalues
by quotients, when the eigenfunctions are already known. If the eigenfunctions are
normed according to b, the denominator vanishes.

II.5.5. Discretization and Solution of Eigenvalue Problems. The results of this the-
sis can be seen as independent of the discretization scheme. However, at this time, we
want to give a short description of a typical implementation, as well as some remarks
on solvers for matrix EVPs. Let Vh ⊂ V be a finite-dimensional approximation space
of a real Hilbert space V spanned by basis functions (ϕi )i=1,...,n . For a finite element
(FE) discretization of the bilinear forms, we define two matrices

K = [
a
(
ϕ j ,ϕi

)]n
i , j=1 , M = [

b
(
ϕ j ,ϕi

)]n
i , j=1 ,

where K ∈ Rn×n is called the stiffness matrix and M ∈ Rn×n the mass matrix. The
corresponding matrix EVP is then to find (λ,u) ∈K×Kn , such that

K u = M u λ .(II.30)

The eigenfunctions uh ∈ Vh are given by uh = ∑n
i=1

[
u

]
iϕi with eigenvalues λh = λ.

Usual choices of basis functions (ϕi )i=1,...,n lead to sparse matrices K , M ∈Kn×n .
Classical algorithms to solve matrix EVP (II.30) approximately are the power iteration
[40, Chapter 8.4], QR iteration [40, Chapter 8.3], and the (restarted) Arnoldi iteration
[40, Chapter 10.5.2]. The QR iteration is feasible only on relatively small matrices. The
Arnoldi iteration can make use of sparsity when only calculating some eigenvalues. It
is possible to find the eigenvalues with the largest absolute value or, by inversion, the
smallest.
If we are looking for specific eigenvalues of which we already have a good estimate,
we can look for the eigenvalues with the smallest absolute difference to this estimate.
Let c ∈ K be our educated guess of eigenvalue λ ∈ K. The eigenpairs of the shifted
EVP with shift c ∈K

(K − cM)u = M u (λ− c)
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are (λ− c,u) ∈K×Kn , where the (λ,u) are the eigenpairs of (II.30).
For EVPs with real symmetric matrices, the convergence rate of the eigenvalues is
typically double the convergence rate of the eigenfunctions with respect to the mesh
size h → 0, cf. [9, Remark 2.1]. The interested reader is referred to [9, Chapter 9] for
more results on the convergence of FE approximations of the EVPs considered later.

II.5.6. Parameterized Eigenvalue Problems. The objective of this thesis is uncer-
tainty quantification of the eigenpairs of parameterized EVPs. So far, we have es-
tablished EVPs in operator and variational form (II.22) without parameters. We now
formulate a parameterized version of the variational EVP.
Let X be a Banach space for the parameters, B ⊂ X an open subset, and consider
parameterized sesquilinear forms

x 7→ a
(·, ·; x

) ∈L (1.5)(V ;K) , x ∈ B ,

x 7→ b
(·, ·; x

) ∈L (1.5)(H ;K) , x ∈ B .

Here, the parameter x ∈ B determines the two sesquilinear forms such that assump-
tion II.74 holds uniformly for all x ∈ B . This means that there are constants for conti-
nuity and ellipticity which hold for all x ∈ B . For the parameterized scalar product b
H-ellipticity is no longer trivial, as it is no longer the standard scalar product.
We can state a parameterized variational EVP to find an eigenpair (λx ,ux ) ∈ R×V ,
such that

a
(
ux , v ; x

)= b
(
ux , v ; x

)
λx ∀v ∈V ,(II.31a)

b
(
(ux )i , (ux ) j ; x

)= δi j i , j = 1, . . . ,m .(II.31b)

We first use the index x naively to indicate that an eigenpair originates from a certain
parameter x ∈ B and keep the counting indices outside the bracket. Note that the test
function v ∈V does not depend on the parameter x ∈ B .
Formulating functions

B →R , x 7→λx ,

B →V , x 7→ ux ,

consistently is not trivial, and sometimes not even possible. However, the simpler
case of dim(B) = 1 is already well understood. Assuming that the dependence of the
parameterized bilinear forms (or equivalent parameterized operators) is analytic, the
eigenvalue and eigenfunctions can also be expressed as (locally) analytic functions,
cf. [59, 83]. We have used this in the pathwise tracking in example I.2. Note that
continuity of the eigenfunctions often enforces a specific choice of basis at points
where the eigenfunctions are in a degenerate eigenspace. We continue this discussion
in more detail in chapter III.
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II.6. Examples of Variational Eigenvalue Problems

In this section, we introduce the Laplace and Maxwell EVP as instances of variational
EVPs, which we use as examples throughout the rest of this thesis and for which as-
sumption II.74 holds. There are more examples of variational EVP that fit assump-
tion II.74, e.g. the shell EVP, cf. [44, 99]. We formulate each of our examples without
parameterization in order not to clutter the notation. A parameterized version, as dis-
cussed previously in section II.5.6, is straightforward and can be expressed through
parameterized material coefficients and shape deformations, both of which we en-
counter later in more concrete numerical examples. In our examples, we assume that
the domain D ⊂Rn is open, bounded, simply connected, and Lipschitz.

II.6.1. The Laplace Eigenvalue Problem. As a simple example of a variational EVP,
we consider the Laplace EVP with (zero) Dirichlet boundary data, i.e.,

−∆u(x) = u(x) λ x ∈D ,

u(x) = 0 x ∈ ∂D .

The Laplace operator can be defined as

∆u(x) := div(gradu(x)) =
n∑

i=1

∂2u(x)

∂x2
i

with the gradient gradu(x) and the divergence div(u(x)) defined by

gradu(x) =


∂u(x)
∂x1

...
∂u(x)
∂xn

 , div(u(x)) :=
n∑

i=1

∂ui (x)
∂xi

.

Note that we already considered the Laplace operator in example I.1. The variational
form of the Laplace EVP can be found by partial integration, cf. [4, 6.5(1)]. We can
define the Laplace EVP concisely for the framework of section II.5 in terms of bilinear
forms on real Hilbert spaces.

EXAMPLE II.77 (Laplace EVP). For Dirichlet boundary conditions consider the func-
tion spaces

V = H 1
0 (D) , H = L2(D)

with D ⊂Rn domain D is open, bounded, simply connected, and Lipschitz. Then the
Laplace EVP in variational form (II.22) is given by the bilinear forms

a ∈L (2)(V ;R) , a
(
u, v

)= ∫
D

〈
gradu(x),grad v(x)

〉
Rn dx ,(II.32a)

b ∈L (2)(H ;R) , b
(
u, v

)= ∫
D

u(x)v(x) dx .(II.32b)
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The V -ellipticity of a ∈L (V ;R) is a result of the Poincaré inequality, cf. [4, 6.7].

Finite Element Implementation. To discretize the Laplace EVP, we may use standard
FEs for the Laplace operator. Our examples will use triangular meshes and piecewise
linear basis functions (ϕi )i=1,...,n with ϕi ∈ H 1(D). The stiffness and mass matrix can
then be calculated and the discretized problem solved as described in section II.5.5.
The reader may find an introduction to FE methods in [10].
As an example of the Laplace EVP the four smallest eigenvalues and the associated
eigenfunctions of the Laplace operator with zero Dirichlet boundary data for the unit
square D = (0,1)2 can be seen in fig. II.1 on a mesh using 545 nodes. The second and
third eigenpairs are an example of a degenerate eigenvalue, so we may also accept
any linear combination of the depicted eigenfunctions, which were aligned to the
coordinate axes.

II.6.2. The Maxwell Eigenvalue Problem. A further relevant example that we want
to discuss is the Maxwell EVP. To this end, we first need to introduce some more ope-
rators and vector spaces. The summary here will stick to the EVP, which is derived
from the time-harmonic Maxwell equations. The reader interested in more details is
referred to [51, 67] for a more thorough discussion of Maxwell’s equations and to [9]
for a discussion focusing on the EVP.
To define the Maxwell EVP for a domain D ⊂ R3, we need to introduce the curl oper-
ator

curl(u(x)) :=


∂u3(x)
∂x2

− ∂u2(x)
∂x3

∂u1(x)
∂x3

− ∂u3(x)
∂x1

∂u2(x)
∂x1

− ∂u1(x)
∂x2

 .

Consider the time-harmonic Maxwell equations with angular frequency ω> 0

curl(E(t ,x))+ iωµ(x) H(t ,x) = 0 (t ,x) ∈ (0,∞)×D ,(II.33a)

curl(H(t ,x))− iωε(x) E(t ,x) = 0 (t ,x) ∈ (0,∞)×D ,(II.33b)

div(µ(x) H(t ,x)) = 0 (t ,x) ∈ (0,∞)×D ,(II.33c)

div(ε(x) E(t ,x)) = 0 (t ,x) ∈ (0,∞)×D ,(II.33d)

where µ > 0 is the magnetic permeability and ε > 0 the electric permittivity, both
material coefficients, E is the electric field and H is the magnetic field, which os-
cillate in time t ∈ [0,∞) according to angular frequency ω > 0. In order to solve the
time-harmonic system, a time-independent EVP is formulated. The electric Maxwell
EVP, cf. [105, (7.2)], is to find an eigenvalue λ = ω2 and an electric field E for fixed
time t = 0 satisfying

curl(µ−1(x) curl(E(0,x))) = ε(x) E(0,x) λ x ∈D ,(II.34a)

div(ε(x) E(0,x)) = 0 x ∈D ,(II.34b)

E(0,x)×n = 0 x ∈ ∂D .(II.34c)
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FIGURE II.1. Solutions of the Laplace EVP with zero Dirichlet
boundary conditions on the unit square (example II.77).
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where n is the unit outer normal vector of the boundary ∂D. There is an equivalent
magnetic Maxwell EVP in terms of the magnetic field H , cf. [105, (7.3)].
For the variational formulation, we define function spaces

H(curl;D) := {
u ∈ [L2(D)]3 : curl(u) ∈ [L2(D)]3 }

, D ⊂R3 .

with scalar product

〈u, v〉H(curl;D) :=
∫
D

〈curlu(x),curl v(x)〉R3 dx+〈u, v〉[L2(D)]3 .(II.35)

(H(curl;D),〈·, ·〉H(curl;D)) is a Hilbert space with a closed subspace

H0(curl,D) := [C∞
0 (D)]3

‖·‖H(curl;D)
, D ⊂R3 .

As a closed subspace H0(curl,D) ⊂ H(curl;D) is again a Hilbert space using (II.35).
We can find compact dense embeddings, cf. [105, Problem 7.1],

Id : H(curl;D)∩N (div) ,→ [L2(D)]3 , Id′ : ([L2(D)]3)′ ,→ (H(curl;D)∩N (div))′

which leads to Gelfand triples (theorem II.30)

H(curl;D)∩N (div)
Id
,→ [L2(D)]3

R[L2(D)]3→ ([L2(D)]3)′
Id′
,→ (H(curl;D)∩N (div))′ ,

H0(curl,D)∩N (div)
Id
,→ [L2(D)]3

R[L2(D)]3→ ([L2(D)]3)′
Id′
,→ (H0(curl,D)∩N (div))′ .

Now that we have established the vector spaces, we can formulate the variational
form.

EXAMPLE II.78 (Maxwell EVP). Consider the function spaces

V = H0(curl;D)∩N (div) , H = [L2(D)]3

with open, bounded, simply connected, and Lipschitz domain D ⊂R3. Then the Max-
well EVP in variational form (II.22) is given by the bilinear forms

a
(
u, v

)= ∫
D

〈
µ−1(x) curl(u(x)),curl(v(x))

〉
R3 dx ,(II.36a)

b
(
u, v

)= ∫
D

〈ε(x) u(x), v(x)〉R3 dx .(II.36b)

The model assumption II.74 holds and V -ellipticity of a can be proven by a Poincaré-
style inequality, cf. [51, Corollary 4.4].

REMARK II.79. The discretization of example II.78 is more convenient for Hilbert spa-
ces

V = H0(curl;D) , H = [L2(D)]3 .

Since the fields E ∈ N (div) are in the null space of the curl operator, we get addi-
tional eigenvalues λ= 0 with associated eigenfunctions in N (div) when using these
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function spaces. If we use a good estimate of the eigenvalue that we are looking for,
we will not encounter the additional eigenpairs, when solving the discrete EVP, since
they all have the same eigenvalue λ = 0. Otherwise, if we have to solve for all eigen-
values, we simply have to discard eigenvalues λ = 0, since the original EVP is elliptic
and only contributes eigenvalues λ> 0, cf. [105, Problem 7.1].

Finite Element Implementation. The classical FE schemes are Nédélec’s FEs of first
[71, 87] and second kind [72]. For the Maxwell EVP, we rely on the isogeometric anal-
ysis (IGA) implementation of the GeoPDEs library [98] for which remark II.79 applies.
IGA is a FE method, which uses non-uniform rational B-splines (NURBS) to describe
the domain. This eliminates additional discretization errors in the representation of
the domain, as the NURBS functions are also used for computer-aided design (CAD)
software. For the FE basis functions, B-splines are chosen.
The eigenfunctions to the smallest eigenvalue with multiplicity m = 3 of the Maxwell
EVP on the unit sphere (decomposed into seven patches) are illustrated in fig. II.2.

II.6.3. The two-dimensional Maxwell Eigenvalue Problem as a Laplace Eigenvalue
Problem. If the domain D ⊂ R3 is translation invariant in one coordinate direction,
we can model the Maxwell EVP on a two-dimensional slice instead. We summarize
the presentation of [87, Appendix A].
First, we have to adapt the operator curl to the new two-dimensional setting. For the
curl of a two-dimensional vector u ∈R2, we embed R2 ,→R3 and apply curl :R3 →R3.
The result in R is orthogonal to the embedded R2-plane, pointing in the additional
third dimension. Thus, we can represent the two-dimensional curl by the scalar value

curl(u(x)) := ∂u2(x)

∂x1
− ∂u1(x)

∂x2
.

The curl of this scalar interpreted in R3 is again in the R2-plane and given by

Curl(u(x)) :=
[

∂u(x)
∂x2

− ∂u(x)
∂x1

]
.

PROPOSITION II.80 ([87], Appendix A). Let D ⊂ R2 be an open, bounded, simply con-
nected, and Lipschitz domain. Consider the solution (λ, w) of the EVP with Neumann
boundary data

−∆w(x) = w(x) λ x ∈D ,(II.37a)

n ·grad w(x) = 0 x ∈ ∂D.(II.37b)

Then (λ,E) with E = Curl(w) is a solution to the 2D Maxwell EVP problem,

Curl(curl(E(x))) = E(x) λ x ∈D ,

E(x)×n = 0 x ∈ ∂D .

We state the Laplace EVP with the new Neumann boundary conditions again in terms
of bilinear forms.
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λ1 = 7.5638

λ2 = 7.5638

λ3 = 7.5638

FIGURE II.2. Solution of the Maxwell EVP on the unit sphere with
multiplicity m = 3. The eigenfunctions are aligned to the coordinate
axes and the vectors not scaled for normalization. The boundaries
of the patches are highlighted.
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FIGURE II.3. First two Laplace eigenpairs with Neumann boundary
condition on unit disk (example II.81). The vector fields relate to
two eigenfunctions of fig. II.2.

EXAMPLE II.81 ([4, 6.5(2)]). For the weak formulation of the Laplace EVP with Neu-
mann boundary data, consider the function spaces

V = H 1(D) \N (grad) , H = L2(D) ,

and the EVP (II.22) with bilinear forms and domain as in example II.77, then the as-
sumption II.74 still holds.

For convenience of implementation, we can also consider the function spaces

V = H 1(D) , H = L2(D) ,

which yields an additional eigenpair (0,±1) ∈ R×V , similar to remark II.79. The im-
plementation is analogous to the Laplace EVP with zero Dirichlet boundary, but with
additional degrees of freedom associated with nodes on the boundary ∂D. For D be-
ing the unit disk, the two eigenfunctions to the smallest (non-zero) eigenvalue with
multiplicity m = 2 are illustrated in fig. II.3.

II.7. Probability Theory

We discuss the prerequisites of probability theory following [4, 60] and for random
fields in particular [62]. Finally, we recall some essentials on quadrature rules and
Monte Carlo (MC) methods.

II.7.1. Probability Spaces. We start with the definition of probability spaces.
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DEFINITION II.82 ([60, 1.28, 1.38, & 1.68]). Let (Ω,A ,P) be a measure space. IfP : A →
[0,1] we call P a probability measure and (Ω,A ,P) a probability space. In this case, a
set A ∈A is called an event and P(A) is its probability. In the context of a probability
space the expression P-a.e. (definition II.50) is replaced by P-almost surely (a.s.).

We can define random variables on the structure of the probability space.

DEFINITION II.83 ([60, 1.102]). Let (Ω,A ,P) be a probability space and X a Banach
space. A P-measurable function

ξ :Ω→ X , ω 7→ ξ(ω) ,

is then called a random variable. We call ξ(ω) the realization of the random variable.
A random variable ξ :Ω→R is called a real random variable.

Random variables are described by their distribution.

DEFINITION II.84 ([60, 1.103]). Let ξ be a random variable of definition II.83.

(1) The probability measure Pξ := P ◦ ξ−1 is called the distribution of ξ, cf. defini-
tion II.53. We write ξ∼µ if µ=Pξ and say that ξ has distribution µ.

(2) For a real random variable ξ, the map Fξ : R→ [0,1], x 7→ P(ξ ≤ x) is called the
distribution function of ξ.

(3) A family (ξ)i∈I of random variables is called identically distributed if Pξi = Pξ j

for all i , j ∈ I . We also write ξi ∼ ξ j .

II.7.2. Stochastic Independence. We define stochastic independence for random
variables, which is based on the definition of independent events, cf. [60, Chapter 2].

DEFINITION II.85 ([60, 2.15]). A family of random variables (ξi )i∈I , ξi : Ω→ Xi with
Xi Banach spaces is called independent if for any finite set J ⊂ I and any choice of
A j ∈B(X j ), j ∈ J , we have

P

(⋂
j∈J

{
ξ j ∈ A j

})= ∏
j∈J
P

(
ξ j ∈ A j

)
.

We write (ξi )i∈I iid if (ξi )i∈I are independent and identically distributed.

DEFINITION II.86 ([60, 2.20]). For any i ∈ I , let ξi be a real random variable. For any
finite subset J ⊂ I , let

F J := F(ξ j ) j∈J :R|J | → [0,1] , x 7→P
(
ξ j ≤ x j ,∀ j ∈ J

)=P(⋂
j∈J

ξ−1
j ((−∞, x j ])

)
.

Then F J is called the joint distribution function of (ξ j ) j∈J . The probability measure
P(ξ j ) j∈J on R|J | is called the joint distribution of (ξ j ) j∈J .

Independence can be expressed by distributions using the following result.
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LEMMA II.87 ([60, 2.21]). A family (ξi )i∈I of real random variables is independent if
and only if for every J ⊂ I and every x = (x j ) j∈J ∈ R|J |, the joint distribution function
can be expressed as

F J (x) = ∏
j∈J

F j (x j ) .

II.7.3. Stochastic Moments. We now define the mean, correlation, and covariance,
which are central quantities of interest for uncertainty quantification.

DEFINITION II.88 ([60, 5.1]). Let (Ω,A ,P) be a probability space, X a Banach space,
and D ⊂Rn a domain.

(1) For ξ ∈ L1
P

(Ω; X )

E[ξ] :=
∫
Ω

ξ dP ∈ X(II.38a)

is called the mean or expected value of ξ. ξ is called centered if E[ξ] = 0. If X is a
function space of functions D →R, then

E[ξ] : D →R , x 7→ E[ξ](x) .

(2) Let X ,Y be two Hilbert spaces, ξ ∈ L2
P

(Ω; X ) and ζ ∈ L2
P

(Ω;Y ), then

Cor[ξ,ζ] := E[ξ⊗ζ] ∈ X ⊗Y ,(II.38b)

is called the correlation and

Cov[ξ,ζ] := E[(ξ−E[ξ])⊗ (ζ−E[ζ])] ∈ X ⊗Y .(II.38c)

is called the covariance. They are called uncorrelated if Cov[ξ,ζ] = 0 and corre-
lated otherwise. If X ,Y are function spaces of functions D →R

Cor[ξ,ζ] : D×D →R , (x,y) 7→Cor[ξ,ζ](x,y) ,

Cov[ξ,ζ] : D×D →R , (x,y) 7→Cov[ξ,ζ](x,y) .

We use the shorthand notations Cor[ξ] := Cor[ξ,ξ] and Cov[ξ] := Cov[ξ,ξ]. The
variance (function) is defined as

Var[ξ] : D →R , x 7→Var[ξ](x) :=Cov[ξ](x,x) .

(3) For random variables ξ ∈ L2
P

(Ω;Rn) the covariance Cov[ξ] is a matrix Σ ∈ Rn×n

which we call the covariance matrix with entries Σi j =Cov[ξi ,ξ j ], i , j = 1, . . . ,n.
(4) For a real random variable ξ ∈ L2

P
(Ω), the variance is Var[ξ] := Cov[ξ,ξ] ≥ 0 and√

Var[ξ] is called the standard deviation.

(5) For ξ ∈ L3
P

(Ω) we call E[(ξ−E[ξ])3]Var[ξ]−
3
2 the skew of ξ and call it skewfree if

the skew vanishes.
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If there is ambiguity about the probability measure of definition II.88, we may add
it to the notation as an index. These quantities of interest can be generalized to the
notion of stochastic moments.

DEFINITION II.89 ([60, 5.1]). Let (Ω,A ,P) be a probability space and X a Hilbert
space. For p ∈N and ξ ∈ Lp

P
(Ω; X ) then

E[ξ⊗p ] := E[ξ⊗ . . .⊗ξ︸ ︷︷ ︸
p times

]

is called the p-th stochastic moment and E[(ξ−E[ξ])⊗p ] the p-th centered stochastic
moment.

Recall the fact that Var[ξ] = 0 if and only if ξ= E[ξ] a.s.. The following rules for mean
and covariance hold, assuming that they are well defined respectively for ξ : Ω→ X
and ζ :Ω→ Y

E[x +ξ] = x +E[ξ] , x ∈ X ,(II.39a)

E[aξ] = aE[ξ] , a ∈R ,(II.39b)

Cov[x +ξ, y +ζ] =Cov[ξ,ζ] , x ∈ X , y ∈ Y ,(II.39c)

Cov[aξ,bζ] = abCov[ξ,ζ] , a,b ∈R ,(II.39d)

Cov[ξ,ζ] =Cor[ξ,ζ]−E[ξ]⊗E[ζ] .(II.39e)

For uncorrelated random variables, (II.39e) can be simplified to

Cor[ξ,ζ] = E[ξ]⊗E[ζ] .

Recall that independent random ξ ∈ L2
P

(Ω; X ),ζ ∈ L2
P

(Ω;Y ) are uncorrelated. Note also
that the indicator function expresses the probability of A ∈A as a mean

P(A) =
∫
Ω

1A(ω) dP(ω) = EP[1A] .(II.40)

II.7.4. Examples of Distributions. In the finite-dimensional case, we can express the
distribution of a random variable in terms of a density.

DEFINITION II.90 ([60, 2.22]). If the distribution function F :Rn → [0,1] is of the form

F (x) =
x1∫

−∞
· · ·

xn∫
−∞

f (t1, . . . , tn) dtn · · · dt1

for some integrable function f :Rn → [0,∞), then f is called the density of the distri-
bution.

We recall the uniform and normal distributions to establish their stochastic moments.

EXAMPLE II.91 ([60, 1.75, 1.105(vii, ix)]). Let (Ω,A ,P) be a probability space.
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(1) Let A ∈B(Rn) be a measurable set and Leb : B(Rn) → [0,∞] the Lebesgue mea-
sure, such that Leb(A) < ∞. Then we can define a probability measure P on
B(Rn)|A by

P(B) := Leb(B)

Leb(A)
∀B ∈B(Rn) with B ⊂ A .

This measure P is called the uniform distribution on A and is denoted by U (A).
(2) Let [a,b] ⊂R be an interval and ξ∼U ([a,b]), then its density is

f (t ) = 1

b −a
1[a,b](t ) t ∈R

and its mean, variance, and skew are given by

E[ξ] = a +b

2
, Var[ξ] = (b −a)2

12
, E[(ξ−E[ξ])3] = 0 .

(3) Let m ∈R, s > 0 and ξ be a real random variable with density

f (t ) = 1p
2πs2

exp

(
−1

2

(
t −m

s

)2)
.

Then we call ξ normally distributed or Gaussian and write ξ ∼ N (m, s2). Its
mean, variance, and skew are given by

E[ξ] = m , Var[ξ] = s2 , E[(ξ−E[ξ])3] = 0 .

We call N (0,1) the standard normal distribution.
(4) Let m ∈ Rn , Σ ∈ Rn×n a symmetric positive definite covariance matrix, and let

ξ :Ω→Rn be a random variable with density

f (t ) = 1p
(2π)n det(Σ)

exp

(
−1

2
‖t −m‖2

Σ

)
t ∈Rn ,

where

〈u, v〉Σ := 〈
Σ−1u, v

〉
Rn , ‖u‖Σ :=

√
〈u,u〉Σ .(II.41)

Then, we call ξ multinomial normally distributed and write ξ ∼ N (m,Σ). Its
first stochastic moments are given by

E[ξ] = m , Var[ξ] =Σ , E[(ξ−E[ξ])⊗3] = 0 .

Note, that if ξ ∼ N (m,Σ), then for each entry ξi holds ξi ∼ N (mi ,Σi i ) and for
pairs of entries ξi ,ξ j holds Cov[ξi ,ξ j ] =Σi j =Σ j i .

We only give a short summary on the generation of random variables and refer the
interested reader to [62, Chapter 4.4]. In algorithmic applications, continuously uni-
form random variables are usually replaced by pseudorandom sequences, which are
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statically indistinct form actual probabilistic independent continuously uniform ran-
dom variables. They are however entirely predictable, with knowledge of the em-
ployed algorithm and a starting value, called seed. There are multiple ways to gen-
erate standard normally distributed random variables ξ ∼ N (0,1) from samples of
U ([0,1]). Uniformly distributed random variables on different intervals or normally
distributed random variables with different mean and variance can then be gener-
ated using scales and shifts according to (II.39). Random variables ξ ∼ N (m,Σ) can
be generated using the following lemma.

LEMMA II.92 ([62, 4.32]). Let ξi ∈ L2
P

(Ω), i = 1, . . . ,n, be centered iid random variables
with variance Var[ξi ] = 1 and Σ ∈ Rn×n be a symmetric positive definite covariance
matrix with decomposition Σ= LL>. Then for ζ= Lξ+m holds E[ζ] = m ,Cov[ζ] =Σ. If
ξi ∼N (0,1), then ζ∼N (m,Σ).

PROOF. The proof is done in [62, 4.32] directly for ξi ∼N (0,1), but the result on mean
and covariance hold for more general distributions since

E[ζ] = E[ξ]+m = m ,

Cov[ζ] =Cov[Lξ] = E[(Lξ)(Lξ)>] = LE[ξξ>]L> = LL> =Σ . �

II.7.5. Conditional Probabilities and Bayes’ Theorem. In chapter VI we consider a
Bayesian inverse problem. Bayesian inversion relies on Bayes’ formula, for which we
first have to define conditional probabilities.

DEFINITION II.93 ([60, 8.2]). Let (Ω,A ,P) be a probability space and B ∈A . We define
the conditional probability given B for any A ∈A by

P(A|B) =
{
P(A∩B)
P(B) if P(B) > 0 ,

0 else .

Conditional probabilities lead to conditional probability measures, which lets us state
Bayes’ formula.

LEMMA II.94 ([60, 8.4, 8.5, 8.6, & 8.7]). Let the assumptions of definition II.93 hold.

(1) If P(B) > 0, then P(·|B) is a probability measure on (Ω,A ).
(2) Let A,B ∈A with P(A),P(B) > 0. Then

A,B independent ⇐⇒ P(A|B) =P(A) ⇐⇒ P(B |A) =P(B) .

(3) Summation formula:
Let I be a countable set and let (Bi )i∈I be pairwise disjoint sets withP(

⋃
i∈I Bi ) = 1.

Then for any A ∈A ,

P(A) = ∑
i∈I
P(A|Bi )P(Bi ) .
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(4) Bayes formula:
Let I be a countable set and let (Bi )i∈I be pairwise disjoint sets withP(

⋃
i∈I Bi ) = 1.

Then for any A ∈A with P(A) > 0 and k ∈ I

P(Bk |A) = P(A|Bk )P(Bk )∑
i∈I
P(A|Bi )P(Bi )

Let X be a Banach space, ξ ∈ LP(Ω; X ) a random variable, and A ∈ A an event, then
we define the conditional mean as the mean under the probability measure of defi-
nition II.93 and lemma II.94

E[ξ|A] := EP(·|A)[ξ] .

Let ζ :Ω→ Y be a second random variable. Then we write E[ξ|ζ= y] to condition ξ to
the event that the realization of ξ is y ∈ Y . If ξ,ζ are independent, then

E[ξ | ζ= y] = E[ξ] .

For Hilbert spaces X ,Y , conditional (co)variances and correlations can be defined
analogously to definition II.88 using the conditional probability measure.

II.7.6. Random Fields. Random fields can be seen as Hilbert space-valued random
variable, however, we provide additional results, which are more specific to random
fields, following [62, Chapter 7].

DEFINITION II.95 ([62, Definition 7.1 & 7.3]). Let D ⊂Rn be a domain.

(1) A real-valued random field {ξ(x) : x ∈D } is a set of R-valued random variables
on a probability space (Ω,A ,P). Formally

ξ : D×Ω→R , (x,ω) 7→ ξ(x,ω) ,

however, we often drop the argument ω for ease of notation.
(2) We call a random field second-order if ξ(x) ∈ L2

P
(Ω) for every x ∈D.

(3) A second-order random field is called Gaussian if u(x) : Ω→ R is normally dis-
tributed for all x ∈D.

Consistent with definition II.88, a second-order random field has a mean and covari-
ance function

E[ξ] : D →R , Cov[ξ] : D×D →R .

DEFINITION II.96 ([62, eq. (7.40)]). Let D ⊂ Rn be a domain and C : D ×D → R a
covariance function. Then we define the covariance operator C : L2(D) → L2(D) by

(C φ)(x) =
∫
D

C (x,y) φ(y) dy , ∀φ ∈ L2(D), x ∈D .(II.42)
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If C ∈ L2(D ×D) the covariance operator is a Hilbert–Schmidt operator. The space
of Hilbert–Schmidt operators is a subset of compact operators, cf. [62, 1.64, 1.65, &
1.68]. Thus, C ∈ K (L2(D)) and additionally C is self-adjoint since C is symmetric.
Using the covariance operator whose spectral properties we know by theorem II.67,
we can formulate the following decomposition.

THEOREM II.97 ([62, 7.52]). Consider a domain D ⊂ Rn and a second-order random
field ξ ∈ L2

P
(Ω;L2(D)). Then it holds

ξ(x,ω) = m(x)+
∞∑

i=1

√
λiφi (x)zi (ω)(II.43)

where the sum converges in L2
P

(Ω;L2(D)). The real random variables z j ∈ L2
P

(Ω) are
given by

ω 7→ z j (ω) = 1√
λi

〈
ξ(x,ω)−m(x),φ j (x)

〉
L2(D) ,

with E[zi ] = 0,Cov[zi , z j ] = δi j . (λi ,φi ) ∈R×L2(D) are eigenpairs of the covariance op-
erator (II.42) with the convention of indexing eigenvalues with descending magnitude,
i.e., λ1 ≥ λ2 ≥ ·· · ≥ 0. We call (II.43) the Karhunen–Loève expansion (KLE) of random
field ξ. If ξ is Gaussian, then zi ∼N (0,1) iid.

The following definitions are helpful for categorizing covariances of random fields.

DEFINITION II.98 ([62, 7.9 & 7.14]).

(1) We call a second-order random field ξ stationary if the mean E[ξ](x) is indepen-
dent of x ∈D, i.e., constant, and the covariance has the form

Cov[ξ](x,y) = c(x−y)

for a function c(x) called the stationary covariance.
(2) A stationary random field ξ is called isotropic if the stationary covariance c(x) is

invariant to rotations, i.e., if it is of the form

c(x) = c0(r ) , r = ‖x‖2 ,

for a function c0(r ) called the isotropic covariance.

We present a concrete example of a covariance function, which we will use later.

EXAMPLE II.99. The we call the covariance defined by the isotropic covariance

c0(r ) = exp

(
− r 2

2ρ2

)
,(II.44)

the squared exponential covariance. We call the parameter ρ > 0 the correlation
length.
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The squared exponential covariance is clearly isotropic. If c(r ) decays exponentially, it
has the property that the eigenvalues λi decay exponentially for a finite-dimensional
bounded domain D ⊂Rn , cf. [62, 7.57].
Numerical Simulation. The KLE is useful for numerical simulation, since we can sim-
ulate a random field by reversing the theorem. In practice, we need to find the eigen-
pairs of the covariance operator (λi ,φi ) and assume the distribution for random vari-
ables zi ∈ L2

P
(Ω) iid. The sum is truncated after M terms, according to some tolerance.

We then sample the random variables (zi )i=1,...,M and apply the formula (II.43). The
truncated random field ξM has slightly smaller variance, i.e., assuming Var[zi ] = 1
and ‖φi‖L2(D) = 1, we get

ξM (ω,x) := m(x)+
M∑

i=1

√
λi φi (x) zi (ω) , ‖Var[ξM ]‖L2(D) =

M∑
i=1

λi .

If we only require the values of the random field at certain points (xi ∈ D)i=1,...,n we
can consider a random vector ζ ∈ L2

P
(Ω;Rn) instead with the covariance matrixΣ such

that

[Σ]i j =Cov[ζi ,ζ j ] =Cov[ξ](xi ,x j ) .

Thus, we can consider the matrix EVP to find eigenpairs of Σ instead of C as Σ is sym-
metric and positive definite. Although the number of eigenpairs is n is finite, we can
still truncate according to some tolerance to reduce computational cost. This method
becomes computationally expensive if n becomes too large, since Σ is densely popu-
lated. An alternative is to use a Cholesky decomposition ofΣ and lemma II.92 instead.
Larger vector sizes n can still be managed by using a pivoted Cholesky decomposition,
cf. [45, 47], that provides a factorization of a low-rank approximation of Σ and only
has to calculate entries of [Σ]i j as needed.
As an example, we simulate a random field according to example II.99 on the nodes
of a triangular mesh on D = (0,1)2 with 545 degrees of freedom. Figure II.4 shows two
samples of random fields with squared exponential covariance kernels according to

ρ ∈ { 1
4 , 1

10

}
, zi ∼U ([−p3,

p
3]) iid ,

as well as the respective covariance kernels in terms of Euclidean distance r .

II.7.7. Evaluation of Stochastic Moments by Numerical Integration. The mean and
covariance are integrals, so after truncating the dimension of the integration space,
we get a finite-dimensional integral of the form

E[R] =
∫
Rd

R(x) dx .(II.45)
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FIGURE II.4. Random fields of the squared exponential kernel
(II.44) with different correlation lengths ρ and respective covariance
kernels.

Gauß–Legendre quadrature. If the dimension d ∈N of the parameter space in (II.45)
is relatively small, we can apply quadrature formulas. Consider first d = 1, then an
integral of a function on the interval [a,b] ⊂R can be approximated by

b∫
a

R(x) dx ≈ (b −a)
n∑

i=1
wiR(xi )(II.46)

where wi are weights and xi are nodes, i.e., evaluation points. The Gauß–Legendre
(GL) quadrature is optimal in the sense that for n evaluations of the function, the ap-
proximation (II.46) is exact if R is a polynomial of degree 2n −1, cf. [92, Chapter 3.6].
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n = 1
i 1

xi
a+b

2
wi 1

n = 2
i 1 2

xi
a+b

2 − b−a
2

√
1
3

a+b
2 + b−a

2

√
1
3

wi
1
2

1
2

n = 3
i 1 2 3

xi
a+b

2 − b−a
2

√
3
5

a+b
2

a+b
2 + b−a

2

√
3
5

wi
5

18
8

18
5

18

TABLE II.1. Nodes and weights of the Gauß–Legendre quadrature
with n ∈ {1,2,3} nodes.

The nodes and weights of the GL quadrature for n ∈ {1,2,3} are given in table II.1. For
d > 1, we can tensorize the quadrature formulas, i.e., we apply them to each dimen-
sion consecutively, which means that we get nd nodes and weights in total.
Using classical tensor product quadrature rules, we can find numerical approxima-

tions such that the error converges in O (n− 2
d ) as the number n of function evaluations

increases, cf. [70, Chapter 1]. As the dimension d increases, the necessary number of
evaluations of f grows exponentially. This unfortunate phenomenon is known as the
curse of dimensionality.
Monte Carlo Integration. We recall the main ideas of Monte Carlo (MC) integration
as a versatile method to approximate the mean and covariance of random variables,
which does not suffer from the curse of dimensionality. Our discussion of MC meth-
ods is only brief, stating the estimators and their order of convergence. The reader
interested in more details is referred to [14, 21, 70]. Lastly, we give some references
to QMC methods, which are algorithmically very similar and often offer better esti-
mates.

DEFINITION II.100. Let (ξi )i=1,...,n be iid random variables with ξi ∼ ξ ∈ L1
P

(Ω; X ) with
X a Banach space. Then the Monte Carlo (MC) estimator of the mean is given by

Mn[ξ] := 1

n

n∑
i=1

ξi ≈ E[ξ] .(II.47a)
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Let (ξi )i=1,...,n iid and (ζi )i=1,...,n iid be random variables with ξi ∼ ξ ∈ L2
P

(Ω; X ) and
ζi ∼ ζ ∈ L2

P
(Ω;Y ) with X ,Y Hilbert spaces, then the MC estimator of the covariance

is

Vn[ξ,ζ] := 1

n −1

n∑
i=1

(ξi −Mn[ξ])⊗ (ζi −Mn[ζ]) ≈Cov[ξ,ζ] ,(II.47b)

Both estimators are bias-free, which means that the expected value of the estimate is
exactly the quantity that it is supposed to estimate, i.e.,

E[Mn[ξ]] = E[ξ] , E[Vn[ξ,ζ]] =Cov[ξ,ζ] .

Note that the estimator (II.47b) with the factor (n −1)−1 only applies when the mean
is itself estimated using (II.47a). If the means are known exactly, we can use

Mn[(ξ−E[ξ])⊗ (ζ−E[ζ])] ≈Cov[ξ,ζ]

instead. In analogy to Bienaymé’s formula [60, 5.7] and using independence of sam-
ples, we can show that

‖Mn[ξ]−E[ξ]‖L2
P

(Ω;X ) =
‖ξ−E[ξ]‖L2

P
(Ω;X )p

n
∈O

(
n− 1

2

)
, n →∞ .

Therefore, we say that the MC estimator has square-root convergence. This is a rela-
tively slow rate of convergence compared to classical quadrature rules, however, in-
dependent of the dimension d of the parameter space.
Quasi-Monte Carlo Methods. We only give a short review of known results, which mo-
tivate the use of quasi-Monte Carlo (QMC) methods in later numerical experiments.
QMC methods use the same estimators (II.47), however, they replace the pseudoran-
dom samples (ξi )i=1,...,n by a deterministic sequence of points (xi )i=1,...,n .
First, the mean must be given as an integral over a hypercube with dimension d ∈N,
i.e., consider an integral over a function R : [0,1]d →R,

E[R] =
∫

[0,1]d

R(x) dx .

There are several established QMC sequences. In our numerical experiments, we will
use the Halton sequence4. See fig. II.5 for a comparison of 103 pseudorandom sam-
ples of xi ∼U ([0,1)2) iid and the corresponding Halton sequence.
Under mild assumptions, the convergence rate of the QMC estimator can be bounded
by O ((log(n))d n−1), cf. [14, 5.1]. Thus, in general, the convergence rate cannot be
considered dimension-independent. Faster convergence rates, independent of the
dimension d , can sometimes be found given stricter assumptions, cf. [48]. The inter-
ested reader may find a more in depth discussion of QMC methods in [14, 21, 70].

4The Halton sequence depends on a set of primes as constants. We use the implementation of Matlab’s
haltonset-function with primes of [61].
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FIGURE II.5. Iid samples of the uniform distribution on the unit
square and the entries of the corresponding Halton sequence.

We will use QMC estimates instead of MC estimates as reference solutions in our nu-
merical experiments, when their observed precision is superior, without further in-
vestigation of their convergence rates.



CHAPTER III

Trajectories and Derivatives of Eigenpairs

The contents of this chapter are largely based on [25] and provide extensions thereof.
We formulate the results on the regularity of parameterized EVPs with respect to bi-
linear forms on real Hilbert spaces according to assumption II.74. As discussed in
section II.5, in this setting, solution operators (II.27) and (II.28) exist for each param-
eter choice x ∈ X .
We also recall the result of [25] that there exist trajectories with respect to the eigen-
space, which are locally analytic around a reference point x0 ∈ X , if the parameterized
bilinear forms of the variational EVP are analytic with respect to the parameter. Thus,
the perturbed eigenpair can be represented locally by Taylor series

λxξ =λx0 +
∞∑

k=1

1

k !
Dk

x0
λ[ξ] , uxξ = ux0 +

∞∑
k=1

1

k !
Dk

x0
u[ξ](III.1)

with xξ = x0 +ξ ∈ B(x0) in a neighborhood of x0 ∈ X . Recall that the bold vector no-
tation (II.29) refers to the m eigenfunctions of a common eigenspace of multiplicity
m ∈N at x0 ∈ X and its eigenvalues are represented by a matrixλ ∈Rm×m . The eigen-
pair (λx0 ,ux0 ) is associated to the reference point x0 ∈ X . We shall refer to it as the
reference or initial eigenpair. As discussed in section II.5, stating such a reference ei-
genpair requires choices for the eigenfunctions, i.e., a choice of sign and, if the eigen-
value is degenerate, a choice of orthogonal basis of the eigenspace. The eigenpair
(λxξ ,uxξ ) is called the perturbed eigenpair, associated with xξ ∈ B(x0) and defined
by the series (III.1), i.e., the eigenfunction uxξ depends on the choice of eigenfunc-
tions we use for the reference eigenfunction at x0 ∈ X and the change prescribed by
the derivatives, which we are yet to determine.
Following [25], we characterize derivatives of eigenpairs with respect to eigenspaces,
however, we extend this characterization to derivatives of arbitrary order. As in [25],
we first recall the characterization of the derivatives in terms of a saddle point equa-
tion. In order to provide a better understanding of the concept of derivatives with
respect to eigenspaces, we additionally present the explicit representation of deriva-
tives of the i -th eigenfunction Dk

x0
(u)i with respect to its eigenspace in terms of the

eigenbasis ((ux0 ) j ) j∈N of all eigenfunctions at x0.
After characterizing the derivatives with respect to the eigenspace, we discuss the de-
rivatives of eigenpairs in the traditional sense, i.e., where each eigenvalue is a scalar,

65
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on a one-dimensional, analytic parameter path γ : [t0, t1] → B(x0). To the best knowl-
edge of the author, such derivatives have only been characterized in cases where ei-
ther the first- or second-order derivatives of the eigenvalues do not repeat, cf. [19, 32,
55, 65, 66, 68, 73, 88]1, or resorting to non-linear iteration approximations, cf. [42].
This is despite the eigenvalues being analytic in such a setting, cf. [59, 83], and de-
spite k-th derivatives depending k-linearly on the perturbation, cf. section II.3. The
procedure of finding a linear combination of the eigenfunctions, so that continuity
on the parameter path is preserved, is called polarization [25, 42]. Extending the
characterization of [25], we characterize the derivatives of the polarization up to an
arbitrary order, providing a way to compute the derivatives of the eigenvalues without
the above limitations.
The approximation of this pathwise analytic polarization links analytic trajectories of
eigenpairs with respect to the eigenspace and otherwise. We discuss some immediate
consequences for the local bifurcation behavior of analytic eigenvalues that can be
inferred from the polarization.
Finally, we discuss the implementation of the characterization of derivatives with re-
spect to the eigenspace as saddle point problems, following [8]. We end this section
with numerical examples that demonstrate the validity and efficiency of the charac-
terizations of the derivatives of the eigenpairs with respect to the eigenspaces and of
the polarization. The discussion of stochastic parameters and results in terms of the
uncertainty quantification of [25] follows in chapter IV.

III.1. Fréchet Derivatives of Eigenpairs with Respect to the Eigenspace

We start with the existence result for EVPs in real Hilbert spaces that have a solution
operator of the form (II.27) and (II.28) given assumption II.74. For the convenience of
the reader, we restate assumption II.74 for analytically parameterized bilinear forms.

ASSUMPTION III.1. Consider X a Banach space, B(x0) ⊂ X an open neighborhood of
a reference point x0 ∈ X , and V ⊂ H real Hilbert spaces with embedding

Id : V ,→ H compact, dense.

Consider

a : B(x0) →L (2)(V ;R) analytic,

x 7→ a
(·, ·; x

)
a V -elliptic, continuous, symmetric bilinear form,

b : B(x0) →L (2)(H ;R) analytic,

x 7→ b
(·, ·; x

)
an H-elliptic, continuous, symmetric scalar product,

1[55] provides an algorithm for higher-order derivatives, which, however, does not cover the general case,
where degenerate eigenvalues also share their lowest-order derivatives, extending the approach of [19].
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where the properties are to be understood as uniformly over B(x0) Then, the param-
eterized EVP is to find (λx ,ux ) ∈R×V such that

a
(
ux , v ; x

)= b
(
ux , v ; x

)
λx ∀v ∈V(III.2a)

holds for all x ∈ B(x0). From section II.5 we know that for each x ∈ B(x0), the compact
normal solution operator (II.27) and the solution operator (II.28) can be constructed.
We also assume the eigenfunctions ui to be orthonormal

b
(
(ux )i , (ux ) j ; x

)= δi j ∀x ∈ B(x0), i , j ∈N .(III.2b)

Fixing x = x0 we can collect all eigenpairs of the same eigenspace with multiplicity m
at x0 ∈ X using the vector notation as

a
(
ux , v ; x

)= b
(
ux , v ; x

) ·λx ∀v ∈V m ,(III.3a)

b
(
ux ,ux ; x

)= I ,(III.3b)

withλx =λx I ∈Rm×m .

From the discussion of section II.5 we know that we can analyze the eigenvalues of the
variational EVP using the solution operator (II.27) which is compact and self-adjoint,
so theorem II.67 applies. It can be shown that the eigenvalues of a continuously per-
turbed operator are also locally continuous, cf. [59, Chapter 4.3.5]. Via the solution
operator, this also holds for the variational EVP if the bilinear forms are continuously
perturbed. As we vary the parameter, the eigenvalues may split into eigenvalues with
smaller multiplicity. Thus, the sum of the multiplicities of eigenvalues that emerged
by splitting is the multiplicity of the previously degenerate eigenvalue. In reverse, dif-
ferent eigenvalues can also combine to form a degenerate eigenvalue of higher multi-
plicity. We have already observed this in example I.2. The following result, in contrast
to this separate point of view, considers the trajectories with respect to the eigenspa-
ces in analogy to [25]. It takes inspiration from [43, 44, 95], which also considered
isolated eigenspaces to preserve regularity.

THEOREM III.2 ([25, Theorem 2.4 & Corollary 2.5]). Consider the setting of the param-
eterized EVP in assumption III.1. Let λx0 be an m-fold eigenvalue of (III.2) at x0 with
eigenspace Ux0 and b

(·, ·; x0
)
-orthonormal eigenbasis ux0 . Then there exists a local,

analytic trajectory on a neighborhood2 B(x0) ⊂ X of x0 ∈ X

(λ,u) : B(x0) →Rm×m ×V m x 7→ (λx ,ux )

such that (λx ,ux ) satisfies (III.3) (with λx not necessarily being diagonal) and, at x0 it
holds

(λx0 ,ux0 ) = (λx0 I,ux0 ) .

2This neighborhood is a subset of the neighborhood for which assumption III.1 holds.
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Moreover, unique trajectories may be selected by choosing

[u]i − [ux0 ]i ∈U⊥
x0
∪ span([ux0 ]i ) ∀i = 1, . . . ,m ,(III.4)

i.e., such that the trajectories of the eigenfunction trajectories are locally b
(·, ·; x0

)
-or-

thogonal to other eigenfunctions of the degenerate eigenspace.

PROOF. Recall the one-to-one correspondence of a ∈Cω(B(x0);L (2)(V ;R)) to

K ∈Cω(B(x0);L (V ;V ′)) , x 7→ Kx

and b ∈Cω(B(x0);L (2)(H ;R)) to

M ∈Cω(B(x0);L (H)) , x 7→ Mx

and the corresponding generalized operator EVP in V ′, cf. section II.5.
Let U⊥

x0
be the b

(·, ·; x0
)
-orthogonal complement of Ux0 in V . We split the operators

into the action on Ux0 ⊕U⊥
x0

=V onto V ′ =U ′
x0
⊕ (U⊥

x0
)′,

Kx : Ux0 ⊕U⊥
x0

→ (Ux0 )′⊕ (U⊥
x0

)′ , (ux0 ,u⊥
x0

) 7→
[

K 0,0
x K 0,⊥

x

K ⊥,0
x K ⊥,⊥

x

][
ux0

u⊥
x0

]
,

Mx : Ux0 ⊕U⊥
x0

→ (Ux0 )′⊕ (U⊥
x0

)′ , (ux0 ,u⊥
x0

) 7→
[

M 0,0
x M 0,⊥

x

M⊥,0
x M⊥,⊥

x

][
ux0

u⊥
x0

]
,

and remark that K 0,⊥
x = (K ⊥,0

x )′ and M 0,⊥
x = (M⊥,0

x )′ and the diagonal blocks are self-
adjoint in the H-inner product due to the self-adjointness of Kx and Mx . Similarly,
we remark that a finite system of eigenvalues separated from the rest of the spec-
trum changes locally continuous under perturbation, cf. [59, Theorem 3.16 & Chap-
ter 4.3.5.], applied to solution operator (II.27). That is, there is a sufficiently small
neighborhood of x0 for which there is a continuous mapping x 7→ (λx ,ux ) with x0 7→
(λx0 I ,ux0 ) and (λx ,ux ) being the solution to (III.3). Moreover, in this neighborhood
of x0, there are, counting multiplicities, exactly m solutions to (III.2) with an eigen-
value in a neighborhood of λx0 . We denote the m-dimensional space spanned by the
corresponding eigenfunctions as Ux and its b

(·, ·; x
)
-orthogonal complement as U⊥

x .
The b

(·, ·; x
)
-orthogonality of Ux and U⊥

x implies that Kx and Mx have at least one
block-diagonal representation in Ux ⊕U⊥

x and we claim that in a neighborhood of x0

there exist

Wx ∈L ((Ux0 )′; (U⊥
x )′) , Zx ∈L (Ux ;U⊥

x0
) ,
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depending on x such that

[
(P 0)′ (Zx )′
Wx (P⊥)′

][
K 0,0

x K 0,⊥
x

K ⊥,0
x K ⊥,⊥

x

][
P 0 (Wx )′
Zx P⊥

]
=

[
K (1)

x 0
0 K (2)

x

]
: Ux ⊕U⊥

x → (Ux )′⊕ (U⊥
x )′,

(III.5a)

[
(P 0)′ (Zx )′
Wx (P⊥)′

][
M 0,0

x M 0,⊥
x

M⊥,0
x M⊥,⊥

x

][
P 0 (Wx )′
Zx P⊥

]
=

[
M (1)

x 0
0 M (2)

x

]
: Ux ⊕U⊥

x → (Ux )′⊕ (U⊥
x )′,

(III.5b)

with the b
(·, ·; x0

)
-orthogonal projections P 0 : Ux →Ux0 and P⊥ : U⊥

x →U⊥
x0

onto Ux0

and U⊥
x0

and

K (1)
x = (P 0)′K 0,0

x P 0 + (Zx )′K ⊥,0
x P 0 + (P 0)′K 0,⊥

x Zx + (Zx )′K ⊥,⊥
x Zx ,

K (2)
x =Wx K 0,0

x (Wx )′+Wx K 0,⊥
x P⊥+ (P⊥)′K ⊥,0

x (Wx )′+ (P⊥)′K ⊥,⊥
x P⊥ ,

M (1)
x = (P 0)′M 0,0

x P 0 + (Zx )′M⊥,0
x P 0 + (P 0)′M 0,⊥

x Zx + (Zx )′M⊥,⊥
x Zx ,

M (2)
x =Wx M 0,0

x (Wx )′+Wx M 0,⊥
x P⊥+ (P⊥)′M⊥,0

x (Wx )′+ (P⊥)′M⊥,⊥
x P⊥ .

Using the fact that Kx and Mx are self-adjoint, we directly note that the necessary
condition for Wx and Zx for such a diagonal representation to hold is that the off-
diagonal blocks of the matrix products must vanish. That is,

F(x,W, Z ) :=
[

F (x,W, Z )
G(x,W, Z )

]
= 0 ,

where

F,G : X ×L ((Ux0 )′; (U⊥
x )′)×L (Ux ;U⊥

x0
) →L (Ux ; (U⊥

x )′)

are given by

F (x,W, Z ) = (P⊥)′K ⊥,0
x P 0 + (P⊥)′K ⊥,⊥

x Z +W K 0,0
x P 0 +W K 0,⊥

x Z ,

G(x,W, Z ) = (P⊥)′M⊥,0
x P 0 + (P⊥)′M⊥,⊥

x Z +W M 0,0
x P 0 +W M 0,⊥

x Z .

Since F (x0,0,0) = 0, we have shown the claim if we verify the assumptions of the
implicit function theorem, cf. theorem II.45. To that end, we note that

D(x0,0,0)F[0, ·, ·] : L ((Ux0 )′; (U⊥
x0

)′)×L (Ux0 ;U⊥
x0

) →L (Ux0 ; (U⊥
x0

)′)×L (Ux0 ; (U⊥
x0

)′)

with

(Ξ,Υ) 7→ D(x0,0,0)F[0,Ξ,Υ] =
[
ΞK 0,0

x0
K ⊥,⊥

x0
Υ

ΞM 0,0
x0

M⊥,⊥
x0

Υ

]
=

[
λx0 ( · M 0,0

x0
) K ⊥,⊥

x0

· M 0,0
x0

M⊥,⊥
x0

][
Ξ

Υ

]
,(III.6)

since P 0 acts as the identity on Ux0 and P⊥ as the identity on U⊥
x . To show that (III.6)

is an isomorphism, we note that solving (III.2) at x0 is equivalent to computing the
eigenpairs of the compact solution operator Sx0 = K −1

x0
Mx0 : H → H , cf. (II.28). Fred-

holm’s alternative (theorem II.21) applied to Sx0 −λ−1
x0

implies that K ⊥,⊥
x0

−λx0 M⊥,⊥
x0

is
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bounded invertible and, using Gaussian elimination, this means that (III.6) is an iso-
morphism. Upon noting that x 7→ Kx and x 7→ Mx are analytic, the implicit function
theorem yields that Wx and Zx locally exist and are analytic.
From the construction of (III.5), we can infer that we can find a representation (III.4).
To this end, first, consider the possibility that the scalar product b

(·, ·; x
)

is constant.
Then, we can confirm from the mappings in (III.5) that we can find a unique repre-
sentation

[u]i − [ux0 ]i ∈U⊥
x0

.

Now, if the scalar product b
(·, ·; x

)
is not constant, each eigenfunction [u]i must also

be able to rescale to remain normed with respect to the norm induced by the scalar
product, which yields (III.4).
We turn to the analyticity of λ, which has yet to be proven. Symmetry and elliptic-
ity of b

(·, ·; x
)

imply that, in B(x0), b
(·, ·; x

) ∈ Rm×m is an invertible matrix such that
analyticity ofλ follows from testing (III.3) with u and solving forλ. �

In the non-degenerate case, we get locally analytic standard eigenpair trajectories,
cf. [5, 59, 69, 83].

COROLLARY III.3 ([25, Corollary 2.6]). Let the assumptions of theorem III.2 hold and
(λx0 ,ux0 ) be an eigenpair of (III.2) at x0 with non-degenerate eigenvalue. Then there
exists a unique local analytic trajectory defined on a neighborhood B(x0) ⊂ X of x0,

(λ,u) : B(x0) →R×V , x 7→ (λx ,ux )

such that (λx ,ux ) satisfies (III.2) and (λx ,ux ) = (λx0 ,ux0 ) at x0.

The following generalizations apply assuming less regularity.

COROLLARY III.4 ([25, Corollary 2.5]). Let the assumptions of theorem III.2 hold, but
with lower regularity of the bilinear forms. Then the regularity of the mapping x 7→
(λx ,ux ) is the least regularity of the two bilinear forms. The same applies to the non-
degenerate case of corollary III.3.

PROOF. The combined regularity of the two bilinear forms is their least regularity. Re-
visiting the implicit function theorem II.45, we find that given less than analyticity, the
solution still exists, has the regularity of the implicit function. The rest is analogous
to theorem III.2. �

To illustrate trajectories with respect to the eigenspace, we return to example I.2.

EXAMPLE III.5. We show the trajectories of the eigenpairs of example I.2 with respect
to the eigenspace with reference point x0 = (0,0). For direct comparison with the
eigenvalues trajectories illustrated in fig. I.2, we consider the same paths (I.6). As
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FIGURE III.1. Eigenvalue trajectories of example I.2 with respect to
the eigenspace. The off-diagonal entries ofλ are represented by in-
tervals (dotted) relating to Gershgorin circles. For the actual eigen-
values see fig. I.2.

there are only two eigenvalues whose eigenspace we consider, the scalar product is
constant, so we may simplify the eigenpair trajectories to

λx = u>
x0
·Kx ·ux0 , ux = ux0 .

Note that the arbitrary choice ux0 determines the final trajectory. The off-diagonal en-
tries ofλx do not vanish, except on the line x1 = x2. We can represent the off-diagonal
entries on the circular path by Gershgorin circles, cf. theorem II.71, which are evalu-
ated at each parameter value on the paths. The trajectories in terms of Gershgorin
circles are illustrated in fig. III.1.

This example is rather extreme, since the degenerate eigenspace includes all eigen-
values of the matrix. In the general case, there are other eigenvalues that influence
the evolution of the trajectories with respect to the eigenspace so that the trajectories
are less trivial.

III.2. Characterization of Derivatives

An early characterization of the derivatives of non-degenerate eigenpairs was given
by Nelson [68]. Later, the series of articles [19, 65, 66, 73] considered the case of de-
generate eigenvalues of which Dailey’s method [19] is still used frequently. As pointed
out by [32, 88], Dailey’s method, however, implicitly assumes that the derivatives of
the eigenvalues are distinct. The eigenvalue derivatives appear in an auxiliary EVP as
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eigenvalues themselves and, as such, are assumed to be non-degenerate. In [32, 88],
the more explicit assumption is made that at least second-order derivatives are non-
degenerate. To sidestep these issues, some authors, e.g. [42], use a non-linear charac-
terization and iterative solvers instead. In [55] higher-order derivatives of eigenpairs
are characterized, but the approach to degenerate eigenvalues follows [19] and thus
cannot hold in the general case.
Following [25], we characterize the derivatives with respect to the eigenspace, which
for non-degenerate eigenpairs coincides with [55]. In section III.3 we provide a gen-
eral linear characterization to determine the derivatives of the eigenpair, given the
derivatives with respect to the eigenspace. This two-stage characterization provides
a clearer presentation of the additional conditions for degenerate eigenpairs in the
general case than [19, 32, 88].
As in [25], we start with the simpler problem of finding derivatives to non-degenerate
eigenvalues and their eigenfunctions. We develop the characterization of derivatives
using the variational formulation of assumption III.1. From our discussion in sec-
tion II.5, it is clear that an equivalent operator or matrix version can also be formu-
lated.

III.2.1. non-degenerate Eigenvalues. The following formula on the derivatives of
non-degenerate eigenvalues are well-known, cf. [76, 86]. In quantum mechanics it
is called the Hellmann–Feynman theorem, cf. [17, Chapter 11.G].

THEOREM III.6 (Hellmann–Feynman theorem, [25, 2.7]). Given assumption III.1, let
(λx0 ,ux0 ) be a non-degenerate eigenpair of (III.2). Then it holds that

Dx0 λ= (
Dx0 a

(
ux0 ,ux0 ; ·))− (

Dx0 b
(
ux0 ,ux0 ; ·)) λx0 .(III.7)

PROOF. We consider the derivative of the Rayleigh quotient, cf. theorem II.76, using
the quotient and product rule and the linearity of the first two arguments to calculate

Dx0 λ= Dx0

a
(
u,u; ·)

b
(
u,u; ·)

=
(
a
(
Dx0 u,ux0 ; x0

)+a
(
ux0 ,Dx0 u; x0

)+Dx0 a
(
ux0 ,ux0 ; ·))b

(
ux0 ,ux0 ; x0

)
b
(
ux0 ,ux0 ; x0

)2

− a
(
ux0 ,ux0 ; x0

)(
b
(
Dx0 u,ux0 ; x0

)+b
(
ux0 ,Dx0 u; x0

)+Dx0 b
(
ux0 ,ux0 ; ·))

b
(
ux0 ,ux0 ; x0

)2

= a
(
Dx0 u,ux0 ; x0

)+a
(
ux0 ,Dx0 u; x0

)+Dx0 a
(
ux0 ,ux0 ; ·)

− (
b
(
Dx0 u,ux0 ; x0

)+b
(
ux0 ,Dx0 u; x0

)+Dx0 b
(
ux0 ,ux0 ; ·)) λx0 .

In the last line, we identify the eigenvalue again by the Rayleigh coefficient. Realizing
that Dx0 u ∈V lets the second terms cancel as we find the main condition of the EVP.
Due to symmetry, the first terms cancel as well, so we arrive at the formula. �
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III.2.2. Eigenpairs with non-degenerate Eigenvalues. In order to also determine the
derivative of the eigenfunctions, we calculate the derivative of the main condition
(III.2a) of the variational EVP by using the derivation rules and the linearity of the first
two arguments, i.e.,

a
(
Dx0 u, v ; x0

)−b
(
Dx0 u, v ; x0

)
λx0 −b

(
ux0 , v ; x0

)
(Dx0 λ)(III.8a)

=− (
Dx0 a

(
ux0 , v ; ·))+ (

Dx0 b
(
ux0 , v ; ·)) λx0 ∀v ∈V

Note that setting v = ux0 recovers the Hellmann–Feynman formula (III.7). We call
(III.8a) the main condition of the derivatives of the EVP since it is derived from the
main condition of the EVP. This main condition does not yet uniquely characterize
the derivative of the eigenfunction Dx0 u since

Dx0 u + c ux0

solves (III.8a) for all c ∈R. Taking the derivative of the normalization condition of the
EVP (II.22b) we get

−b
(
Dx0 u,ux0 ; x0

)−b
(
ux0 ,Dx0 u; x0

)= Dx0 b
(
ux0 ,ux0 ; ·) .

Note that Dx0 b
(
ux0 ,ux0 ; x0

) ∈ R and b
(
ux0 ,Dx0 u; x0

) = b
(
Dx0 u,ux0 ; x0

)
, since b

(·, ·; x
)

is a scalar product of a real Hilbert space. Thus the equation only holds, when the
linear normalization condition

−b
(
Dx0 u,ux0 ; x0

)= Dx0 b
(
ux0 ,ux0 ; ·)

2
=−b

(
ux0 ,Dx0 u; x0

)
(III.8b)

is met. The main and normalization condition form a saddle point equation. We
gather the terms in auxiliary functions for a variational saddle point equation form
and to prove their unique solvability.

LEMMA III.7 ([25, Lemma 2.8]). Consider the bilinear forms

A : V ×V →R , u × v 7→A(u, v) := a
(
u, v ; x0

)−b
(
u, v ; x0

)
λx0 ,

B :R×V →R , ζ× v 7→B(ζ, v) := ζ b
(
ux0 , v ; x0

)
.

Then the saddle point problem

A(Dx0 u, v)−B(Dx0 λ, v) =−(
Dx0 a

(
ux0 , v ; ·))+ (

Dx0 b
(
ux0 , v ; ·)) λx0 ∀v ∈V ,

−B(ζ,Dx0 u) = ζDx0 b
(
ux0 ,ux0 ; ·)
2

∀ζ ∈R
is uniquely solvable.

PROOF. We first show the Ladyzhenskaya–Babuška–Brezzi-condition (LBB-condition)
of B, cf. [11]. To this end, we estimate

inf
0 6=ζ∈R

sup
0 6=v∈V

B(ζ, v)

|ζ|‖v‖V
= inf

0 6=ζ∈R
sup

0 6=v∈V

ζb
(
ux0 , v ; x0

)
|ζ|‖v‖V

≥ b
(
ux0 ,ux0 ; x0

)
‖ux0‖V

≥ 1

C
√
λx0

> 0 ,
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where we set v = ux0 , used the normalization constraint b
(
ux0 ,ux0 ; x0

) = 1, and used
the V -ellipticity of a

(·, ·; x0
)

through

‖ux0‖V ≤C
√

a
(
ux0 ,ux0 ; x0

)=C
√
λx0 b

(
ux0 ,ux0 ; x0

)=C
√
λx0 .

It remains to show that finding w ∈N (B) such that

A(w, v) = `(v)

for all v ∈N (B) with

N (B) = { v ∈V : B(ζ, v) = 0 for all ζ ∈R } = span
({

ux0

}⊥)
is uniquely solvable for all ` ∈ (N (B))′. Similarly to the proof of theorem III.2, this
follows from the Fredholm alternative applied to Sx0 −λ−1

x0
with Sx0 the solution oper-

ator, cf. (II.28). �

III.2.3. Eigenpairs with Degenerate Eigenvalues. We now move on to degenerate
eigenvalues and their derivatives with respect to the eigenspace. First, we show that
for individual eigenpairs, which are part of a degenerate subspace, the saddle point
equation of lemma III.7 does not provide a unique solution. Then we show how we
can instead characterize the derivatives with respect to the eigenspace according to
theorem III.2, which are unique.
Taking the derivative of the main condition of the EVP in vectorized form for all ei-
genpairs in an eigenspace at x0 yields the vectorized equation

a
(
Dx0 u, v ; x0

)−b
(
Dx0 u, v ; x0

) ·λx0 −b
(
ux0 , v ; x0

) · (Dx0 λ)(III.11a)

=−(
Dx0 a

(
ux0 , v ; ·))+ (

D0 b
(
ux0 , v ; ·)) ·λx0 , ∀v ∈V m .

This main condition relates to m equations of the form (III.8a). Analogously, we can
formulate m normalization conditions of the form (III.8b), i.e.,

−b
(
Dx0 [u]i , [ux0 ]i ; x0

)= Dx0 b
(
[ux0 ]i , [ux0 ]i ; ·)

2
, i = 1, . . . ,m .(III.11b)

Due to the degeneracy of the eigenspace, after including the normalization condi-
tion, each underlying saddle point equation still has a kernel of size m − 1, relat-
ing to span(

{
[ux0 ] j , j 6= i = 1, . . . ,m

}
). That is, if (Dx0 [u]i )i=1,...,m satisfy (III.11a) and

(III.11b), then so do

Dx0 [u]i +
m∑

j=1
j 6=i

c j [ux0 ] j c j ∈R, i = 1, . . . ,m .

From theorem III.2 we know that choosing the trajectories orthogonal with respect
to the other eigenfunctions in the same eigenspace yields a unique representation of
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derivatives with respect to the eigenspace. This is expressed by orthogonality condi-
tions

b
(
Dx0 [u]i , [ux0 ] j ; x0

)= 0 i 6= j , i , j = 1, . . . ,m.(III.11c)

In order to keep the vectorized notation we summarize (III.11b) and (III.11c) as an
orthonormality condition

−b
(
Dx0 u,ux0 ; x0

)= diag
i=1,...,m

Dx0 b
(
[ux0 ]i , [ux0 ]i ; ·)

2
.(III.11d)

Here, the right hand side is to be read as a diagonal matrix with entries as in (III.11b).
This vectorized system of equations is again in saddle point equation form. We for-
mally prove its solvability in the following theorem.

THEOREM III.8 ([25, Theorem 2.9]). Given assumption III.1, let λx0 be an eigenvalue
of multiplicity m at x0 of (III.2) with b

(·, ·; x0
)
-orthonormal eigenbasis ux0 . Let x 7→

(λ,u) be the unique locally analytic trajectory such that (λx ,ux ) satisfies (III.3) at x
and (λx ,ux ) = (λx0 ,ux0 ) holds at x0. Consider the auxiliary functions

A : V ×V →R , u × v 7→A(u, v) := a
(
u, v ; x0

)−b
(
u, v ; x0

)
λx0 ,(III.12a)

B :Rm ×V →R , ζ× v 7→B(ζ, v) :=
m∑

j=1
[ζ] j b

(
[ux0 ] j , v ; x0

)
.(III.12b)

Then the derivatives Dx0 u and Dx0 λ are uniquely determined via the solutions of the
saddle point equation to find ([Dx0 λ]:i , [Dx0 u]i ) ∈Rm ×V such that

A(Dx0 [u]i , v)−B(Dx0 [λ]:i , v)(III.13a)

=−(
Dx0 a

(
[ux0 ]i , v ; ·))+ (

Dx0 b
(
[ux0 ]i , v ; ·)) λx0 , ∀v ∈V ,

B(ζ,Dx0 [u]i ) =− [ζ]i Dx0 b
(
[ux0 ]i , [ux0 ]i ; ·)

2
, ∀ζ ∈Rm(III.13b)

holds. Therein, by D0[λ]:i we refer to the i -th column of D0λ ∈Rm×m .

PROOF. The characterization of (III.13) follow from (III.11) where (III.11c) was derived
from theorem III.2. In analogy to lemma III.7 we prove the solvability of the saddle
point equations (III.13). To this end, setting

vζ =
m∑

j=1
[ζ] j [ux0 ] j

yields

‖vζ‖V ≤C
√

a
(
vζ, vζ; x0

)=C
√
λx0 b

(
vζ, vζ; x0

)
=C

√√√√λx0

m∑
i , j=1

ζiζ j b
(
[ux0 ] j , [ux0 ]i ; x0

)=C
√
λx0‖ζ‖Rm
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with C > 0. The LBB-condition of B follows from

inf
0 6=ζ∈Rm

sup
0 6=v∈V

B(ζ, v)

‖ζ‖Rm‖v‖V
= inf

0 6=ζ∈Rm
sup

0 6=v∈V

∑m
j=1[ζ] j b

(
[ux0 ] j , v ; x0

)
‖ζ‖Rm‖v‖V

≥ inf
0 6=ζ∈Rm

∑m
i , j=1[ζ]i [ζ] j b

(
[ux0 ] j , [ux0 ] j ; x0

)
‖ζ‖Rm‖v‖V

≥ inf
0 6=ζ∈Rm

m∑
j=1

[ζ]2
j

C
√
λx0‖ζ‖2

Rm

≥ 1

C
√
λx0

> 0 .

In analogy to lemma III.7, it remains to show that A is invertible on the kernel of B

N (B) = {
v ∈V : B(ζ, v) = 0 for all ζ ∈Rm }= span(

{
[ux0 ]1, . . . , [ux0 ]m

}⊥) .

The unique solvability of A(w, v) = `(v) for all ` ∈ (N (B))′ follows again from the
Fredholm alternative. �

III.2.4. Higher-order Derivatives. We continue with the systems of equations for the
higher-order derivatives, which extend (III.11) using multinomial coefficients (II.8).
For ease of notation, we restrict ourselves to non-mixed higher-order derivatives. The
system of equations can be formulated in complete analogy for mixed partial deriva-
tives by replacing the scalar orders of the derivatives with multi-indices. We again
formulate the system of equations in terms of the vector notation of the eigenspace
of multiplicity m. The case m = 1 again covers derivatives in the traditional sense for
the non-degenerate case.
The higher-order derivatives of the eigenpairs can be found in an iterative way. For
the characterization of the k-th-order derivatives of the eigenpair, we derive both the
main condition (II.29a) and the normalization condition (II.29b) k-times.
In the k-th iteration, the derivatives of the eigenpair up to order k −1 are known and
we only need to determine the derivatives of order k. Sorting the terms including the
derivatives of the highest order k to the left-hand side of the equation yields the same
left-hand side as in (III.11) only with new unknown derivatives. The right-hand side
changes in each iteration and is given by

R(k,u, v ) :=−
(
Dk

x0
a
(
u, v ; ·))+ (

Dk
x0

b
(
u, v ; ·)) λx0(III.14)

− ∑
ku+kx=k−1

(
k

ku ,kx

)(
Dkx

x0
a
(
Dku

x0
u, v ; ·))

+ ∑
ku+kx+kλ=k−1

(
k

ku ,kx ,kλ

)(
Dkx

x0
b
(
Dku

x0
u, v ; ·)) · (Dkλ

x0
λ

)
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Thus, the main condition is given by

a
(
Dk

x0
u, v ; x0

)−b
(
Dk

x0
u, v ; x0

)
λx0 −b

(
ux0 , v ; x0

) · (Dk
x0
λ

)= R(k,ux0 , v ) ∀v ∈V m .

(III.15a)

In complete analogy to the first-order derivative, the normalization condition only
provides m conditions on the diagonal, and the other m2 −m orthogonality condi-
tions are provided by our ansatz to consider derivatives with respect to the eigen-
space. This leaves us with an orthonormality condition

−b
(
Dk

x0
u,ux0 ; x0

)= diag
i=1,...,m

Dk
x0

b
(
[ux0 ]i , [ux0 ]i ; ·)

2
(III.15b)

+ diag
i=1,...,m

∑
ku1+ku2+kx=k−1

(
k

ku1 ,ku2 ,kx

)
Dkx

x0
b
(
D

ku1
x0

[u]i ,D
ku2
x0

[u]i ; ·)
2

.

Since the left-hand sides of (III.15) are the same with the exception of the unknown
derivatives for each iteration k ∈N, the solvability of (III.15) follows from the solvabil-
ity of the first-order derivatives, cf. theorem III.8.

III.2.5. Implicit Conditions and Eigenbasis Representation. The derivative of any
individual eigenfunction can be decomposed using the eigenbasis (ux0 )i∈N of eigen-
functions at x0, i.e.,

Dk
x0

(u)i =
∞∑

j=1
b
(
Dk

x0
(u)i , (ux0 ) j ; x0

)
(ux0 ) j .(III.16)

This basis representation is also sometimes called the modal superposition method,
cf. [42]. The basis coefficients with respect to the eigenfunctions, which are in the
same eigenspace as (ux0 )i , are given by orthonormality constraints (III.15b). To prop-
erly understand the contribution of the main condition of the saddle point equation
(III.15a), we derive the remaining basis coefficients.
Considering the main condition in (III.15a) for only the i -th eigenpair, i.e.,

a
(
Dk

x0
(u)i , v ; x0

)−b
(
Dk

x0
(u)i , v ; x0

)
(λx0 )i −b

(
(ux0 )i , v ; x0

) ·Dk
x0

(λ)i v = R(k, (ux0 )i , v)

for all v ∈ V , where Dk
x0

(λ)i v ∈ R is a placeholder. Consider eigenpairs ((λx0 ) j , (ux0 ) j )
that are not in the same eigenspace as the i -th eigenpair, i.e., (λx0 ) j 6= (λx0 )i , and
set v = (ux0 ) j . Since the eigenfunctions are b

(·, ·; x0
)
-orthogonal, the term with the

placeholder vanishes, and due to

a
(
Dk

x0
(u)i , (ux0 ) j ; x0

)= b
(
Dk

x0
(u)i , (ux0 ) j ; x0

)
(λx0 ) j

the above equation reduces to

b
(
Dk

x0
(u)i , (ux0 ) j ; x0

) (
(λx0 ) j − (λx0 )i

)= R(k, (ux0 )i , (ux0 ) j ) .
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Thus, we can summarize the coefficients for (III.16) as

b
(
Dk

x0
(u)i , (ux0 ) j ; x0

)=


R(k,(ux0 )i ,(ux0 ) j )
(λx0 ) j −(λx0 )i

, for (λx0 )i 6= (λx0 ) j ,

i -th diagonal entry of (III.15b) i = j

0, else .

(III.17)

Hence, we have found a more explicit characterization of the derivatives of the eigen-
functions in terms of basis coefficients. The formula (III.17) makes explicit how the
gaps (λx0 ) j − (λx0 )i control the behavior of the derivatives with respect to the eigen-
space. Note that, since we have already proven the existence of such derivatives in
theorems III.2 and III.8, we do not have to prove that the sum in (III.16) converges.
The downside of this formulation for calculations is that we need to know all unper-
turbed eigenfunctions, which is only feasible for rather low-dimensional spaces.
If we use (III.16) for the derivatives of the eigenfunctions, we are still missing the cor-
responding derivatives of the eigenvalues with respect to the eigenspace. Considering
the m eigenpairs of the same eigenspace, i.e., (λx0 ) j = (λx0 )i , provides the missing de-
rivatives as a generalization of the Hellmann–Feynman formula, cf. theorem III.6.

COROLLARY III.9. The k-th-order derivatives of the eigenvalue with respect to the ei-
genspace of (III.15) are given by

Dk
x0
λ=−R(k,ux0 ,ux0 ) .(III.18)

PROOF. Set v = ux0 in (III.15a), use the orthonormality of eigenfunctions

b
(
ux0 ,ux0 ; x0

)= I ,

and discard the terms relating to the main condition of the EVP, i.e.,

a
(
Dx0 u,ux0 ; x0

)= b
(
Dx0 u,ux0 ; x0

) ·λx0 . �

III.2.6. Complex-valued Hilbert spaces. As discussed in section II.5, the spectral
theorem for compact normal operators includes the complexification of real Hilbert
spaces, cf. definition II.63. We verify that the previous results are still valid in the
context of the complexification.

ASSUMPTION III.10. Let V , H be complex-valued Hilbert spaces. As pointed out in as-
sumption II.74, in this case the bilinear forms must be replaced by sesquilinear forms,
i.e., we then consider

a
(·, ·; x

)
: B(x0) →L (1.5)(V ;C) analytic,

x 7→ a
(·, ·; x

)
a V -elliptic, continuous, Hermitian sesquilinear form,

b
(·, ·; x

)
: B(x0) →L (1.5)(H ;C) analytic,

x 7→ b
(·, ·; x

)
an H-elliptic , continuous, Hermitian scalar product,

which form EVPs (III.2) and (III.3) verbatim.
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Recall that after normalization of the eigenfunctions, the choice of eigenfunction
even for an eigenfunction relating to a non-degenerate eigenvalue is arbitrary up to
a complex factor c ∈ C with |c| = 1, i.e., if we choose ux0 , then cux0 is also a valid
choice. This choice of factor could vary over x ∈ B(x0). Keeping the eigenfunctions
orthogonal with respect to other eigenfunctions in the degenerate eigenspace due to
theorem III.2 is not sufficient to define a unique trajectory. Let Dk

x0
u be a derivative

of the eigenfunctions defined as in the real-valued case, then

Dk
x0

u + icux0 c ∈R(III.19)

is also an eigenfunction that obeys the normalization condition, since

b
(
Dk

x0
u,ux0 ; x0

)= b
(
ux0 ,Dk

x0
u; x0

)
.

If we select c = 0 in (III.19), we again arrive at the characterization that we derived for
real-valued Hilbert spaces. Sticking to this characterization has the desirable prop-
erty that if the unperturbed eigenfunctions ux0 can be chosen to be real-valued, and
the right-hand side of the saddle point problem remains real-valued, the derivative,
and thus the trajectory will also remain real-valued. Thus, if we take an EVP that
obeys the assumptions of the real-valued setting of assumption III.1 and consider its
complexification, this choice will lead us to the same result as if we ignored the com-
plexification.

III.3. Polarization

As discussed in the beginning of this chapter, we know that there is also a locally an-
alytic trajectory for each eigenpair in the traditional sense, if the parameter space is
one-dimensional, cf. [83]. We shall use the convention to denote this version of the
eigenvalue trajectory by an accent grave, i.e., λ̀ ∈ Rm×m , which is in reference to the
fact that the eigenvalues in question are on the diagonal of a diagonal matrix, i.e.,
λ̀ = diagi=1,...,m λ̀i . The corresponding eigenfunctions are also marked with an ac-

cent, i.e., ùi . For non-degenerate eigenpairs, this diagonal representation (λ̀, ù) is the
same as the representation (λ,u) with respect to the eigenspace, cf. corollary III.3.
If m > 1 for each x ∈ B(x0), there must be an orthogonal matrix P x ∈Rm×m , which we
call the polarization matrix, cf. [42], such that

P>
x ·λx ·P x = λ̀x .

For convenience of notation, we include the path γ : [t0, t1] → X in the index to denote
the Fréchet derivatives on the parameter path, i.e., to denote compositions

λγ(t ) : [t0, t1] →Rm×m , λγ(t ) :=λ◦γ(t ) ,(III.20a)

uγ(t ) : [t0, t1] →V m , uγ(t ) := u ◦γ(t ) ,(III.20b)
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with derivatives

Dk
γ(t0)λ := Dk

t0
(λ◦γ) ,(III.20c)

Dk
γ(t0) u := Dk

t0
(u ◦γ)(III.20d)

according to the chain rule, the derivatives with respect to the eigenspace, and the
derivatives of the path. Then there must be a locally analytic trajectory

P : [t0, t1] →Rm×m , t 7→ P t = P t0 +
∞∑

k=1

t k

k !
Dk

t0
P ,(III.21a)

such that

λ̀t = P>
t ·λγ(t ) ·P t(III.21b)

=λx0 +
∞∑

k=1

t k

k !

∑
kλ+kP1+kP2=k

(
k

kP1 ,kP2 ,kλ

)
(D

kP1
t0

P )> · (Dkλ
γ(t0)λ) · (D

kP2
t0

P )

︸ ︷︷ ︸
=Dk

t0
λ̀

,

ù t = uγ(t ) ·P t = ux0 ·P t0 +
∞∑

k=1

t k

k !

∑
ku+kP=k

(
k

kP ,ku

)
(Dku

γ(t0) u) · (DkP
t0

P )︸ ︷︷ ︸
=Dk

t0
ù

.(III.21c)

We know that λx0 is already diagonal with identical entries on the diagonal, thus P t0

is arbitrary if we consider only the information given by the unperturbed eigenpairs,
i.e.,

λ̀t0 := P>
t0
·λx0 I ·P t0 =λx0 .(III.22)

This corresponds to the fact that linear combinations of the eigenfunctions of a de-
generate eigenspace are also valid eigenfunctions. Therefore, we must include the
information given by the derivatives according to the path to determine P t0 .

III.3.1. Initial Polarization Matrix. Using the product rule on the parameterized ma-
trix EVP

λγ(t ) ·P t = P t · λ̀t(III.23)

yields the equation

(Dγ(t0)λ) ·P t0 +λx0 · (Dt0 P ) = P t0 · (Dt0 λ̀)+ (Dt0 P ) · λ̀t0 .(III.24)

Note that the term Dt0 P is arbitrary in (III.24) as it is paired with λx0 = λx0 I = λ̀t0 ,
analogously to P t0 in (III.22). Thus, we may simplify the equation to

(Dγ(t0)λ) ·P t0 = P t0 · (Dt0 λ̀)(III.25a)



III.3. POLARIZATION 81

and solve the matrix EVP to find (Dt0 (λ̀)i , [P t0 ]i ) ∈R×Rm

(Dγ(t0)λ) · [P t0 ]i = [P t0 ]i ·Dt0 (λ̀)i .

The standard normalization condition

P>
t0
·P t0 = I(III.25b)

makes P t0 orthogonal and is consistent with the normalization of the eigenfunctions
on the path

b
(
uγ(t ) ·P t ,uγ(t ) ·P t ;γ(t )

)= I , ∀t ∈ [t0, t1](III.26)

at t = t0. If the eigenvalues of Dγ(t0)λ, i.e., the polarized eigenvalue derivatives Dt0 (λ̀)i ,
are non-degenerate, we have determined P t0 , up to sign.

REMARK III.11. Dailey’s method [19] also assumes that the (polarized) derivatives are
non-degenerate, as pointed out by [32, 88], who in their respective proposals assume
that the second-order derivatives D2

t0
(λ̀)i do not repeat.

Although the EVP (III.25) in practice often has m non-degenerate eigenvalues, we
want to characterize the more general case that the eigenvalue trajectories are pair-
wise distinguishable at some order of derivative, i.e., not necessarily the first or sec-
ond order. We continue to derive (III.23) so that we get the sequence of equations

∑
kλ+kP=k

(
k

kλ,kP

)
(Dkλ

γ(t0)λ) · (DkP
t0

P ) = ∑
kλ+kP=k

(
k

kλ,kP

)
(DkP

t0
P ) · (Dkλ

t0
λ̀) k ∈N .

(III.27)

In analogy to what we have found for k = 1, cf. (III.24), the highest order derivative
(Dk

t0
P ) is already arbitrary in the equation of order k since it is paired withλx0 =λx0 I .

We iterate through the equations (III.27) to determine the initial polarization. To this
end, we start at k = 1 and solve the EVP (III.25). We find an initial polarization P t0

even if it is not unique (yet) and replace the Fréchet derivatives of the eigenvalues
with respect to the eigenspace in (III.27) by

Dk
γ(t0) λ̃= P>

t0
· (Dk

γ(t0) λ̃) ·P t0 ,

which are the trajectories corresponding to the basis ũγ(t0) = uγ(t0) · P t0 . Then we
sort the degenerate polarized eigenvalue derivatives into disjoint index sets (Ii )i=1,2,...

indicating their degeneracy in the current iteration. To fully determine the initial po-
larization, we consider the submatrix [λ̃]Ii ,Ii ∈ R|Ii |×|Ii | of the trajectory with respect
to the eigenspace that relates to one degenerate index set Ii with |Ii | > 1 and check
the next equation of (III.27). This next equation (of order k) reduces to an EVP

(Dk
γ(t0)λ) ·P t0 = P t0 · (Dk

t0
λ̀)



82 III. TRAJECTORIES AND DERIVATIVES OF EIGENPAIRS

since only the terms involving P t0 remain. Checking degeneracy of the eigenvalue of
the k-th-order derivatives and adjusting P t0 , we iterate through (III.27) until we have
found the lowest-order non-degenerate derivative for each eigenvalue.
Throughout the iterations, we thus consider matrix EVPs of declining size, which de-
termine the initial polarization more uniquely. We denote by [k̀]i j ∈ N the order of

the equation that separates the eigenvalues (λ̀)i , (λ̀) j by non-degenerate derivatives,

as well as [k̀]i i ∈N the lowest-order non-degenerate derivatives for eigenvalue of (λ̀)i ,
and collect this information in a decision matrix k̀ ∈ Nm×m . This symmetric matrix
encodes a tree structure, so other data structures can also be used.
Algorithm III.1 summarizes the procedure to determine the initial polarization ma-
trix explicitly, given a sequence of derivatives of eigenvalues with respect to the ei-
genspace. In practice, these input derivatives should, of course, only be computed as
needed, i.e., up to some order d ∈N. For d =∞, the algorithm terminates, if P t0 can
be determined uniquely up to sign and permutations. Infinite recursions occur only
if there are two or more eigenvalues whose derivatives are all identical.

REMARK III.12. We can determine P t0 , up to sign, if on the path γ, which we select,
none of the eigenvalues are identical. If two or more eigenvalues stick together on
the whole path, their eigenspace degenerate on the whole path. Thus, P t0 remains
arbitrary with respect to their eigenspace, cf. (III.22). This edge case cannot be caught
by iterating through (III.27). In practice, one might abort the iteration for some large
k. If the eigenvalues are actually degenerate on the path, using the initial polarization
P t0 that is determined as far as possible is sufficient.

In practice, if we encounter [k]i i > 1 in a FE approximation of an EVP, the algorithm
is prone to instabilities due to the use of EVP-solvers on the derivatives of the eigen-
values with respect to the eigenspace. When floating-point arithmetic approximates
zeros by numbers close to machine precision, the EVP-solver may not recognize that
the input matrix is symmetric. We can stabilize the algorithm by first cleaning up
these artifacts, up to some tolerance.

REMARK III.13. After determining P t0 , it may be convenient to apply the initial polar-
ization matrix P t0 for a change of basis and to use the derivatives

Dk
γ(t0) λ̃ := P>

t0
· (Dk

γ(t0)λ) ·P t0 , ∀k ∈N ,

Dk
γ(t0) ũ := (Dk

γ(t0) u) ·P t0 , ∀k ∈N .

This means that the new reference basis ũx0 = ux0 ·P t0 is chosen correctly for a con-
tinuous trajectory of the eigenfunctions and that multiplication by P̃ t0 := I can be
implemented as a selection of vector entries.

III.3.2. Derivatives of the Polarization Matrix. We formulate a characterization of
the derivatives of the polarization matrix given the result of algorithm III.1. It is con-
venient to consider the derivatives columnwise a in a basis representation, similar
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Algorithm III.1 Initial Polarization

Input: (Dl
γ(t0)λ)l=1,...,d series of eigenvalue derivatives with respect to the eigenspace

of multiplicity m;
k current level of recursion (if not given, set default k ← 1);
tol tolerance for identification of degeneracy.

Output: P t0 initial polarization; k̀ decision matrix.
1: function POLARIZE((Dl

γ(t0)λ)l=1,...,d , k)

2: infer d ← SERIESLENGTH((Dl
γ(t0)λ)l=1,...,d ), m ← LENGTH(Dl

γ(t0)λ)

3: initialize k̀ ← k ·1 ∈Rm×m

4: solve EVP (Dk
γ(t0)λ) ·P t0 = P t0 · (Dk

t0
λ̀) subject to P>

t0
·P t0 = I . k-th EVP

5: (Dl
γ(t0)λ)l=1,...,d ← (P>

t0
·Dl

γ(t0)λ ·P t0 )l=1,...,d

6: sort Dk
t0
λ̀ into index sets (Ii )i=1,2,... according to degeneracy up tol

7: p ← I ∈Rm×m

8: for Dt0 (λ̀)i eigenvalue with index set Ii do
9: mi ←|Ii |

10: if mi > 1 then
11: if k < d then
12: [[p]Ii ,Ii , [k̀]Ii ,Ii ] ← POLARIZE(([Dl

γ(t0)λ]Ii ,Ii )l=1,...,d , k +1) . recursion

13: else
14: [k̀]Ii ,Ii ←∞ . assume Dk

t0
(λ̀)i = Dk

t0
(λ̀) j ,k ∈N0 for i , j ∈ Ii

15: throw warning
16: end if
17: end if
18: end for
19: P t0 ← P t0 ·p
20: return [P t0 , k̀]
21: end function

to (III.16), i.e.,

Dk
t0

[P ]i =
m∑

j=1
[P t0 ] j · ([P t0 ]>j ·Dk

t0
[P ]i ) .(III.28)



84 III. TRAJECTORIES AND DERIVATIVES OF EIGENPAIRS

We now have to determine the basis coefficients [P t0 ]>j ·Dk
t0

[P ]i . The normalization
condition for the case i = j is deduced from the diagonal argument applied to deri-
vatives of (III.26), i.e.,

− [P t0 ]>i ·Dk
t0

[P ]i

(III.29)

= 1

2

k−1∑
kP1 ,kP2=0∑2

j=1 kP j +ku j +kx=k

(
k

kP1 ,kP2 ,ku1 ,ku2 ,kx

)
D

kP1
t0

[P ]>i ·Dkx
t0

b
(
D

ku1
γ(t0) u,D

ku2
γ(t0) u;γ(·)) ·D

kP2
t0

[P ]i .

Note that it is independent of the decision matrix k̀ .
The rest of the coefficients derive from different equations of (III.27). Since the col-
umn of the initial polarization [P t0 ]i was derived from the equation (III.27) of or-
der [k̀]i j , for k > 0 the coefficient [P t0 ]>j ·Dk

t0
[P ]i is derived from equation [k̀]i j +k,

i.e.,

∑
kλ+kP=[k̀]i j +k

(
[k̀]i j +k

kλ,kP

)(
(Dkλ

γ(t0)λ) · (DkP
t0

P )− (DkP
t0

P ) · (Dkλ
t0
λ̀)

)
= 0 .

In order to focus on the i -th column of the polarization matrix, we only consider the
i -th column of this equation. Since λ̀ and its derivatives are diagonal, we get

∑
kλ+kP=[k̀]i j +k

(
[k̀]i j +k

kλ,kP

)(
(Dkλ

γ(t0)λ) ·DkP
t0

[P ]i −DkP
t0

[P ]i ·Dkλ
t0

(λ̀)i

)
= 0 .

Now we multiply [P t0 ]>j from the left to get

∑
kλ+kP=[k̀]i j +k

(
[k̀]i j +k

kλ,kP

)
[P t0 ]>j ·

(
Dkλ
γ(t0)λ−Dkλ

t0
(λ̀)i I

)
·DkP

t0
[P ]i = 0 .

Observe that the terms for kλ < [k̀]i j , i.e., kP > k, vanish due to the degeneracy of the
eigenvalues and their derivatives . Thus, we arrive at the condition

[k̀]i j +k∑
kλ=[k̀]i j

kλ+kP=[k̀]i j +k

(
[k̀]i j +k

kλ,kP

)
[P t0 ]>j ·

(
Dkλ
γ(t0)λ−Dkλ

t0
(λ̀)i I

)
·DkP

t0
[P ]i = 0 .(III.30)
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The unknown variables are Dk
t0

[P ]i and possibly D
[k̀]i j +k
t0

(λ̀)i , if [k̀]i j = [k̀]i i . The al-

ternative is [k̀]i j < [k̀]i i , in which case we can formulate the condition

−
(

[k̀]i j +k

[k̀]i j ,k

)(
D

[k̀]i j
t0

(λ̀) j −D
[k̀]i j
t0

(λ̀)i

)
[P t0 ]>j ·Dk

t0
[P ]i(III.31)

=
[k̀]i j +k∑

kλ=[k̀]i j +1

kλ+kP=[k̀]i j +k

(
[k̀]i j +k

kλ,kP

)
[P t0 ]>j ·

(
Dkλ
γ(t0)λ−Dkλ

t0
(λ̀)i I

)
·DkP

t0
[P ]i .

Note that we again found a dependency on a gap of eigenvalues, this time those of the
[k̀]i j -th EVP of algorithm III.1.

For the case [k̀]i j = [k̀]i i we first need to find a formula for Dkλ
t0

(λ̀)i with kλ = [k̀]i j +k.

To this end, we multiply [P t0 ]>i from the left-hand side to the kλ-th equation of (III.27)
and consider only the i -th column. Analogously to the simplifications previously
used, we arrive at

kλ∑
lλ=[k̀]i i

lλ+lP=kλ

(
kλ

lλ, lP

)
[P t0 ]>i ·

(
(Dlλ

γ(t0)λ) · (DlP
t0

[P ]i )− (DlP
t0

[P ]i ) · (Dlλ
t0

(λ̀)i )
)
= 0 .

As Dkλ
t0

(λ̀)i is paired with [P t0 ]i , we can reformulate this condition to

Dkλ
t0

(λ̀)i = [P t0 ]>i ·Dkλ
γ(t0)λ · [P t0 ]i(III.32)

+
kλ−1∑

lλ=[k̀]i i
lλ+lP=kλ

(
kλ

lλ, lP

)
[P t0 ]>i ·

(
Dlλ
γ(t0)λ ·DlP

t0
[P ]i −DlP

t0
[P ]i ·Dlλ

t0
(λ̀)i

)
.

At first glance, it seems that we have just reproduced the previous issue, since this

formula includes DlP
t0

[P ]i with lP = k. However, it turns out that this polarization
derivative can be chosen partially arbitrary in (III.32), that is, we only need to obey

the previously determined conditions. This version of DlP
t0

[P ]i is not (yet) correct for

(III.21), as the derivatives of λ̀ will not be diagonal, so it will not lead to the correct
eigenfunction derivatives. However, the diagonal entries of the derivatives of λ̀ will
be correct, as well as the formula (III.32).
Given (III.32) and the partially correct derivative of the polarization used to compute
it, we can then calculate the missing conditions for the case [k̀]i j = [k̀]i i using the
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formula

−[P t0 ]>j ·Dk
t0

[P ]i ←

[k̀]i j +k∑
kλ=[k̀]i j

kλ+kP=[k̀]i j +k

([k̀]i j +k
kλ,kP

)
[P t0 ]>j ·

(
Dkλ
γ(t0)λ−Dkλ

t0
(λ̀)i I

)
·DkP

t0
[P ]i

([k̀]i j +k

[k̀]i j ,k

)(
D

(k̀]i j

γ(t0)(λ̀) j −D
[k̀]i j
t0

(λ̀)i

) .

(III.33)

To reduce algorithmic complexity, if we initialize the derivative of the polarization
matrix using zero matrices, we can replace (III.31) with (III.33).
In summary, the proposed algorithm iterates through kλ = 1,2, . . . to calculate the de-

rivatives of the polarized eigenvalues Dkλ
t0

(λ̀)i=1,...,m . To this end, the derivative of the
polarization matrix is first solved only partially correctly, in that some basis coeffi-
cients are still missing and set to zero. Then, with the help derivative of the eigenvalue
correctly identified, it is solved finally and actually correctly. The complete algorithm
for the derivative of the polarization is formalized in algorithm III.2. For the conve-
nience of the reader, we summarize the whole procedure of calculating the derivatives
of the eigenpair using the polarization in algorithm III.3. An implementation of the
code is provided in the repository [30].

REMARK III.14. In the simple case, k̀ := [k̀]i j uniformly for i , j = 1, . . . ,m, we may also

formulate a main condition from (III.30) solving both Dk
t0

[P ]i and the Dkλ
t0

(λ)i at the
same time as

(
(Dk̀

γ(t0)λ)− I ·Dk̀
t0

(λ̀)i

)
·
(

k̀ +k

k̀,k

)
Dk

t0
[P ]i − [P t0 ]i ·Dk̀+k

t0
(λ̀)i

(III.34)

=−(Dk̀+k
γ(t0)λ) · [P t0 ]i +

k̀+k−1∑
kλ=k̀+1

kP+kλ=k̀+k

(
k̀ +k

kλ,kP

)(
−(D(kλ

γ(t0)λ) ·DkP
t0

[P ]i +DkP
t0

[P ]i ·Dkλ
t0

(λ̀)i

)
.

The main condition is again complemented by the normalization condition (III.26).
Given an appropriate scaling of (III.26), the problem is then again in symmetric sad-
dle point equation form. This less general characterization is still useful, as in practice
we may often encounter k̀ = 1 for certain kinds of perturbations. However, in the gen-
eral case, this main condition may become singular.
The multinomial coefficients for (III.34) can be read from Pascal’s triangle by ignoring
the first k̀ columns, which relate to the arbitrary terms, cf. table III.1.
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Algorithm III.2 Polarization Derivatives

Input: (Dl
γ(t0)λ,Dl

γ(t0) u)l=0,...,d series of eigenpairs and its derivatives with respect to

the eigenspace of multiplicity m up to desired order d of Dd
t0
λ̀;

P t0 initial polarization (algorithm III.1);
k̀ decision matrix (algorithm III.1);
(Dl

x0
b)l=0,...,d series of the scalar product and its derivatives.

Output: (Dl
t0
λ̀t0 )l=1,...,d polarized eigenvalue derivatives;

(Dl
t0

P t0 )l=1,...,d−1 partially determined polarization derivatives.

1: infer d ← SERIESLENGTH((Dl
γ(t0)λ)l=1,...,d ), m ← LENGTH(Dl

γ(t0)λ)

2: initialize (Dk
t0
λ̀)k=1,...,d ← 0 ∈Rm , (Dk

t0
P )k=1,...,d−1 ← 0 ∈Rm×m

3: for kλ = 1, . . . ,d do
4: for i = 1, . . . ,m do
5: if kλ ≤ [k̀]i i then
6: Dkλ

t0
(λ̀)i ← [P t0 ]>i · (Dkλ

γ(t0)λ) · [P t0 ]i . determined by P t0

7: else
8: k ← kλ− [k̀]i i . Dk

t0
[P ]i associated to Dkλ

t0
(λ̀)i

9: r ← 0 ∈Rm . Part I: determine Dkλ
t0

(λ̀)i

10: for j = 1, . . . ,m do
11: if [k̀]i j < [k̀]i i then . if Dk

t0
[P ] j previously determined

12: compute [r ] j ← [P t0 ]>j · (Dk
t0

[P ]i ) using (III.33)

13: end if
14: end for
15: Dk

t0
[P ]i ← P t0 · r . Dk

t0
[P ]i determined sufficiently for Dkλ

t0
(λ̀)i

16: determine Dkλ
t0

(λ̀)i using (III.32)

17: for j = 1, . . . ,m do . PART II: determine Dk
t0

[P ]i

18: if [k̀]i j = [k̀]i i then
19: if i 6= j then
20: compute [r ] j ← [P t0 ]>j · (Dk

t0
[P ]i ) using (III.33)

21: else
22: compute [r ]i ← [P t0 ]>i · (Dk

t0
[P ]i ) using (III.29)

23: end if
24: end if
25: end for
26: Dk

t0
[P ]i ← P t0 · r . Dk

t0
[P ]i determined finally

27: end if
28: end for
29: end for
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Algorithm III.3 Eigenpair Derivatives

Input: ((Dk
γ(t0) a)k=1,2,..., (Dk

γ(t0) b)k=1,2,... series of derivatives of the bilinear forms (to
sufficient order so that the polarization can be determined, and then additional
orders for each derivative of the eigenfunction required);
γ : [t0, t1] → X the analytic path;
(λx0 ,ux0 ) the unperturbed eigenpair.

Output: (Dk
t0
λ̀,Dk

t0
ù)k=1,2,... polarized eigenpair derivatives.

1: calculate (Dk
x0
λ,Dk

x0
u)k=1,2,... using (III.15) iteratively

2: determine (Dk
γ(t0)λ,Dk

γ(t0) u)k=1,2,... on the path using (III.20)

3: (set entries of (Dk
γ(t0)λ)k=1,2,... close to machine precision to zero for stability)

4: calculate P t0 and k̀ using algorithm III.1
5: calculate (Dk

t0
P )k=1,2,... and (Dk

t0
λ̀)k=1,2,... using algorithm III.2

6: calculate (Dt0 ù)k=1,2,... using (III.21c)

(
kλ+k

kλ,k

)
=

kλ 0 1 2 3 4 5 6
kλ+k

0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1

TABLE III.1. Pascal’s triangle with entries for (III.34). The irrelevant
entries kλ < k̀ are grayed out for k̀ ≥ 1. The first k̀ columns are irrel-
evant for k̀ ∈N.

REMARK III.15. Given the characterization summarized in algorithms III.1 and III.2,
we can check that in the special case in which all derivatives with respect to the ei-
genspace (Dk

γ(t0)λ)k∈N are diagonal, P t0 = I is a valid choice and (III.33) yields

[P t0 ]>j ·Dk
t0

[P ]i = 0 i 6= j , k ∈N .

Thus, since the eigenfunctions with respect to the eigenspace are already orthonor-
mal on B(x0), (III.26) also yields

[P t0 ]>i ·Dk
t0

[P ]i = 0 k ∈N .

So in this case, we get Dk
t0

P = 0 for k ∈N.
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III.4. Mapping Eigenpairs to the Reference Eigenspace

So far, we have characterized the derivatives of eigenpairs with respect to the eigen-
space and characterized the polarization matrix, which relates the derivatives with
respect to the eigenspace and the actual derivatives of the eigenpair by (III.21). To
calculate Taylor approximations of eigenfunctions of order n, we need to determine
the derivatives of the polarization matrix up to order n − 1. That is, if we formulate
Taylor approximations

λt ,appr,n :=
n∑

k=0

t k

k !
Dk
γ(t0)λ , u t ,appr,n :=

n∑
k=0

t k

k !
Dk
γ(t0) u , P t ,appr,n :=

n∑
k=0

t k

k !
Dk

t0
P ,

then we can formulate approximations

λ̀t = P−1
t ,appr,n−1 ·λt ,appr,n ·P t ,appr,n−1 +O (t n+1) ,

ù t = u t ,appr,n ·P t ,appr,n +O (t n+1) .

Note that these approximations include some additional terms compared to the di-
rect Taylor approximations of the polarized eigenpairs, i.e., truncations of (III.21). We
use the explicit inversion instead of the transposed matrix as the approximation of
the polarization matrix is only approximately orthogonal.
Assume that we have some solution of the (polarized) eigenpair (λ̀t , ù t ) by directly
solving the perturbed EVP, which in terms of sign and basis matches the Taylor ap-
proximation of the eigenpair suggested by the Taylor approximation. Then, we can
calculate approximations of samples with respect to the eigenspace by inversion, i.e.,

λγ(t ) = P t ,appr,n−1 · λ̀t ·P−1
t ,appr,n−1 +O (t n+1) ,(III.35a)

uγ(t ) = ù t ·P−1
t ,appr,n +O (t n+1) .(III.35b)

In summary, the polarization matrix P describes an (invertible) orthogonal projection
between the trajectories with respect to the eigenspace and otherwise, which can be
approximated by its Taylor approximation.

III.4.1. Approximate Projection by Singular Value Decomposition. Projecting sam-
ples to the eigenspace via an approximation of the polarization matrix is a process
that, at least implicitly, requires the identification of a path γ to which the polariza-
tion pertains, as well as the implementation of algorithms III.1 and III.2 . Since the
trajectory of the eigenpair with respect to the eigenspace does not require the selec-
tion of a path, we provide a projection in a more direct manner via a singular value
decomposition (SVD).
This ansatz was presented in [25, Chapter 3.3] and uses the SVD

b
(
ux ,ux0 ; x0

)=: U ·Λ ·V(III.36)
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whereΛ is a diagonal matrix of singular values and U ,V ∈Rm×m are orthogonal ma-
trices. We omit the theoretical background and implementation of the SVD and refer
the interested reader to [40, Chapter 2.4]. Given the SVD (III.36), we may equivalently
write

b
(
ux ·V >,ux0 ·U>; x0

)=U> ·b
(
ux ,ux0 ; x0

) ·V > =Λ .

For x ≈ x0 it holdsΛ≈ I , as the norm induced by the scalar product has changed little.
Therefore, if we combine both orthogonal matrices in the first argument, we get

b
(
ux ·V > ·U ,ux0 ; x0

)= b
(
ux ,ux0 ; x0

) ·V > ·U ≈ I .

This suggests that the orthogonal matrix

P̆ :=V > ·U(III.37)

relates (P̆
> ·λx · P̆ ,ux · P̆ ) to (λx0 ,ux0 ) for x in a neighborhood B(x0) of x0. Near the

reference point, (III.37) approximates the polarization matrix.

REMARK III.16. As an alternative projection method, [43, 44] proposed a spectral pro-
jection.

The numerical calculation of the SVD introduces some numerical error to the pro-
jection matrix (III.37). The stopping criterion for SVD-solvers is usually formulated
by convergence of the singular values Λx . The calculated orthogonal matrices may
thus be accurate3, however, still not accurate enough to calculate (III.37) sufficiently
accurately to observe certain error rates predicted by Taylor’s theorem. Since Taylor
approximations of the polarization matrix (III.35) yield better results in this aspect,
we rely on this method in the following experiments.

III.5. Local Identification of Analytically Perturbed Eigenpairs

In this section, we discuss the local bifurcation behavior of the polarized eigenvalues.
The behavior of perturbed eigenpairs has been investigated, for example, in [20, 59,
74, 83]. The objective in this section is to point out what the polarization matrix P
and the decision matrix k̀ , newly introduced in algorithm III.1, tell us about the lo-
cal bifurcation behavior of the degenerate eigenvalue. We then investigate when it
is possible to describe individual eigenvalues and eigenfunctions in a neighborhood
B(x0) ⊂ X , which motivates the use of trajectories with respect to the eigenspace.

III.5.1. Identification of the Eigenvalue on a Path. First, consider a one-dimensio-
nal parameter domain t ∈ B(t0), i.e., an interval where t0 is an inner point. This
can again be interpreted as a composition with an analytic path γ : B(t0) → X . Due
to (III.21), we know that the eigenpair can be thought of as a locally analytic function
on B(t0).

3That is in terms of singular values, and so that (III.36) holds up to machine precision.
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If the eigenpair is degenerate at t0, this involves an analytic polarization matrix. An
edge case is again where a pair of eigenvalues remains identically degenerate on the
path. In this case, the formulation of degenerate eigenvalues is trivial, since the eigen-
values have the same function values and derivatives. Their eigenfunctions remain
arbitrary with respect to their polarization, but a choice of eigenfunction trajectories
can easily be found. If they are not identical, the following lemma holds.

LEMMA III.17. Consider the setting of the parameterized EVP in assumption III.1 with
dim(X ) = 1, t0 ∈ X . Let λ̀i , λ̀ j : B(t0) → R be eigenfunctions that are not identical. If

[k̀]i j is even, the eigenvalue trajectories are such that the eigenvalues touch and then
diverge, (locally) retaining their order. Otherwise, they switch their order.

PROOF. The difference of two eigenvalue trajectories is described by a Taylor series of
the form

λ̀i − λ̀ j =
∞∑

n=0

t n

n!
(Dn

t0
λ̀i −Dn

t0
λ̀ j )︸ ︷︷ ︸

=:cn

,

such that c[k̀]i j
the first non-zero coefficient. �

DEFINITION III.18. In lemma III.17, if the eigenvalues switch their order, we call this
behavior a crossing. If they retain their order, we call it a deflection.

III.5.2. Multidimensional Parameter Spaces. For the case of multidimensional pa-
rameter spaces X , we have seen in example I.2 that, in general, no function can be
formulated to identify eigenvalues or eigenfunctions in a neighborhood B(x0) when
they are part of a degenerate subspace in x0 ∈ X . Extending the one-dimensional
perspective and still assuming pathwise analyticity, we formalize what we mean by
identifying a function in B(x0).

DEFINITION III.19. Consider the setting of the parameterized EVP in assumption III.1
and an open neighborhood B(x0) around a reference point x0. We call an eigenvalue
λ̀x0 identifiable as a function λ̀ : B(x0) →R, if we can select an arbitrary analytic path

γ : [t0, t1] → B(x0)

with γ(t0) = x0 and follow its one-dimensional locally analytic polarized eigenvalue
trajectory

λ̀ : [t0, t1] →R

with initial value λ̀(t0) = λ̀x0 such that the final eigenvalue λ̀(t1) is unique. We also
call eigenfunction ùx0 identifiable as a function ù : B(x0) → V if the same holds for
the eigenfunction trajectory such that

ù : [t0, t1] →V

with a path-independent initial value ù(t0) = ùx0 and such that the final eigenfunc-
tion ù(t1) is unique.
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Eigenfunction [ù]1

1st entry, γdirect 2nd entry, γdirect
1st entry, γcircle 2nd entry, γcircle
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Eigenfunction [ù]2

1st entry, γdirect 2nd entry, γdirect
1st entry, γcircle 2nd entry, γcircle

FIGURE III.2. Eigenvectors of example I.2 on paths (I.6) with the
circular path prolonged on t ∈ [1,2] for a full circle. For the eigen-
values compare fig. I.2.

EXAMPLE III.20 (Continuation of example I.2). As an example of eigenvalues that are
not identifiable as a function B(x0) → R with x0 = 0 ∈ R2, we have already pointed
out the eigenvalues of example I.2. Similarly to the highlighted paths, every path that
passes through x0 once will lead to a crossing, and any path around x0 will retain the
order of the eigenvalues, as they only become degenerate in x0.
Now that we know that the eigenvalues cannot be identified as a function on B(x0),
we also consider their eigenfunctions. In fig. III.2 the values of the eigenfunctions
[ù]i=1,2 ∈ R2 are presented on the respective paths of example I.2 for t ∈ [0,1]. Com-
paring the eigenvalues following a straight path and a path on a half-circle, the order
of the eigenvalues is switched in the end. For this reason, on the half-circular path,
each eigenfunction ui must evolve into what was initially the other eigenfunction, al-
though one has a switched sign compared to the initial eigenfunctions. We continue
the trajectory of the eigenfunction to a complete circle on t ∈ (1,2]. If we observe the
evolution of the eigenfunctions while following the circular path in two encirclements
of the degenerate point, and denoting the state of the eigenfunctions with respect to
the initial state at t0 = 0 after each half-circle, the eigenfunctions pass through the
following states[

[u t0 ]1

[u t0 ]2

]
 

[
[u t0 ]2

−[u t0 ]1

]
 

[−[u t0 ]1

−[u t0 ]2

]
 

[−[u t0 ]2

[u t0 ]1

]
 

[
[u t0 ]1

[u t0 ]2

]
.

So, after a full circle the sign is flipped and, after another encirclement, we arrive at
the original eigenfunctions. Of course, following a circular path in the opposite di-
rection reverses the order of these evolutions. In this example, the eigenfunctions are
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constant with respect to the radius of the circle, so we can conclude that the eigen-
functions are clearly not identifiable as functions on B(x0) either, since we cannot
choose the sign of the eigenfunction consistently.

The effect that eigenfunctions rotate in the presence of degenerate parameter points
is well known and is referred to by various names, e.g. coupling [17] or veering [74].

DEFINITION III.21. We will call an eigenpair (λi ,ui ) uncoupled if it can be identified
as a locally analytic function. Otherwise, we will call it coupled.

This condition is stronger than just identifiable as a function, definition III.19, in that
the pathwise analytic functions must now be analytic in a multidimensional sense, cf.
Fréchet differentiability. Once we have found one subspace in which the eigenpairs
are coupled, they are coupled in the context of the larger parameter space, i.e., in
example I.2 the parameter space X =R2.

REMARK III.22. In quantum mechanics, similar effects are often described using spi-
nors, which also capture the effect that after one rotation of the reference space their
sign is flipped, cf. [15, Definition 52]. A formal discussion of spinors exceeds the scope
of this thesis. The interested reader is referred to [15, 17].

Uncoupled Eigenpairs. Uncoupled eigenpairs constitute a benign setting, which we
discuss in more detail. From the viewpoint of individual eigenpairs, we can formulate
the following conclusion.

LEMMA III.23. Consider an eigenpair (λ̀, ù) in the setting of the parameterized EVP
of assumption III.1. The eigenvalue can be identified as an analytic function if the
eigenfunctions can be identified as an analytic function.

PROOF. This follows from the Rayleigh quotient, cf. theorem II.76. Due to normaliza-
tion b

(
ux ,ux ; x

)= 1 we get

λ̀= a
(
ù, ù; ·) : B(x0) →R

with the first two arguments linear and a analytic in x. Since the composition of an-
alytic functions is again analytic, we have found the analytic trajectory of the eigen-
value. �

In accordance with theorem III.2, the same can be stated for trajectories with respect
to the eigenspace, i.e.,

λ= a
(
u,u; ·) : B(x0) →Rm×m .

REMARK III.24. In some cases, it is possible to generalize the (pathwise) analytic po-
larization matrix P : [t0, t1] →Rm×m of section III.3 to the notion of an analytic polar-
ization matrix

P : B(x0) →Rm×m , x = x0 +h 7→ P x = P x0 +
∞∑

k=1

1

k !
Dk

x0
P [h] ,(III.38a)
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FIGURE III.3. Eigenvalues of example III.25 (and III.27) with evolu-
tion on paths of example I.2 highlighted.

such that

λ̀ := P> ·λ ·P , ù := u ·P ,(III.38b)

defines an analytic polarized trajectory (λ̀, ù) : B(x0) → Rm×m ×V m with λ̀ diagonal
and ù subject to a normalization

b
(
ù, ù; x

)= b
(
u ·P ,u ·P ; x

)= I .(III.38c)

The following example shows that this is indeed possible with non-trivial Fréchet de-
rivatives for the analytic polarization matrix.

EXAMPLE III.25. The parameterized matrix

K :R2 →R2×2 , x 7→ Kx =
[

2+x1 +x2 cos(2x2) −x2 sin(2x2)
−x2 sin(2x2) 2+x1 −x2 cos(2x2)

]
(III.39)

has eigenpairs given by

λ̀x =
[

2+x1 −x2 0
0 2+x1 +x2

]
, ùx =±

[
cos(x2) −sin(x2)
sin(x2) cos(x2)

]
.

The eigenvalue surfaces and trajectories on the paths of example I.2 are illustrated
in fig. III.3. The eigenfunctions follow a rotation matrix parameterized by x2. In one
point on each path the eigenvalues are degenerate, so the eigenfunctions are arbitrary
there. However, continuity suggests the given trajectory at these points.

The following lemma is a special case of remark III.24.
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LEMMA III.26. Let the setting of remark III.24 hold such that the path-independent
initial polarization P x0 ∈Rm×m exists. Then the following equivalence holds:

(1) The polarization P : B(x0) →Rm×m is constant, i.e., x 7→ P x = P x0 .
(2) The orthogonality condition b

(
Dx0 ù, ùx0 ; x0

)= 0 holds.

PROOF. The orthogonality condition holds for trajectories with respect to the eigen-
space given the choice of initial basis ùx0 = ux0 ·P x0 , cf. remark III.13. For the equiv-
alence to hold, this trajectory with respect to the eigenspace must already be the po-
larized trajectory. Thus, the polarization derivatives vanish, cf. also remark III.15. �

According to lemma III.26, the eigenpair trajectories (in the polarized sense)

λ̀ : B(x0) →Rm×m (diagonal) , ù : B(x0) →V m ,

coincide with the trajectories with respect to the eigenspace, when the orthogonality
condition (III.11c) is a natural choice and not an evasive choice to construct Fréchet
differentiable surrogate trajectories.

EXAMPLE III.27. By switching only one sign in the parameterized matrix of exam-
ple I.2, we consider the parameterized matrix

K :R2 →R2×2 , x 7→ Kx =
[

2+x1 −x2

−x2 2+x1

]
.(III.40)

Its eigenpairs are given by

λ̀x =
[

2+x1 −x2 0
0 2+x1 +x2

]
, ùx =± 1p

2

[
1 1
1 −1

]
.

The eigenvalues are the same as for example III.25 and are illustrated in fig. III.3, but
the polarization is constant. As there are only two eigenfunctions, they are also con-
stant.

The prerequisites of remark III.24 and lemma III.26 are unfortunately infeasible to
check numerically. For a more involved setting than that of examples III.25 and III.27,
an analytical investigation of the perturbation model is required. A more elaborate
example of such a model can be found in [44].
Coupled, yet Identifiable Eigenvalues. Non-analytic eigenvalues trajectories can some-
times also be found, without analyticity of eigenfunction trajectories. The following
corollary extends lemma III.17.

COROLLARY III.28. Consider the setting of the parameterized EVP in assumption III.1.
If all eigenvalues have even order [k̀]i j , i , j = 1, . . . ,m for all paths γ : [t0, t1] → B(x0),
the eigenfunctions are identifiable as continuous functions

λ̀i : B(x0) →R .
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PROOF. Under the assumptions of the lemma, the result of lemma III.17 can be ap-
plied pathwise and between each pair of eigenvalues. This yields a consistent identi-
fication of the eigenvalues on B(x0) according to deflection. �

EXAMPLE III.29. Altering example I.2 such that the dependence on the parameters is
quadratic, we consider the parameterized matrix

K :R2 →R2×2 , x 7→ Kx =
[

2+x2
1 −x2

2
−x2

2 2−x2
1

]
.(III.41)

Its eigenvalues and (unnormalized) eigenfunctions are given by

λ̀x =
2−

√
x4

1 +x4
2 0

0 2+
√

x4
1 +x4

2

 , ùx =±
[

x2
1 −

√
x4

1 +x4
2 x2

1 +
√

x4
1 +x4

2

−x2
2 −x2

2

]
.

The surfaces and trajectories of the eigenvalues on the paths of example I.2 are il-
lustrated in fig. III.4. According to lemma III.17, the correct identification of the ei-
genvalues in a neighborhood B(0) is such that the eigenvalue functions are deflected.
We can therefore find a vanishing first-order Fréchet derivative for each eigenvalue
at the origin and second-order Gâteaux derivatives according to the upper and lower
surface of the graph.
The evolution of the eigenfunctions on the paths is also illustrated in fig. III.4. Again,
the eigenfunction trajectories on the circle are independent of the radius. Although
the function can be identified as a function on B(0)\{0 }, since the sign is now consis-
tent, it is not possible to find a unique continuation of the eigenfunctions for x = 0.
Thus, the eigenfunctions are not identifiable as a function on B(0).

III.5.3. Implications and Alternative Approaches. We have seen that eigenpairs of-
ten cannot be identified as functions in the neighborhood surrounding a point where
the eigenvalues are degenerate. One might argue that the identification by locally
analyticity is but one possibility to construct functions.
An alternative ansatz is to order the eigenvalues λ ∈ R by their real value. This may
be justified since the smallest eigenvalue sometimes has a certain physical interpre-
tation, e.g., a ground state of lowest energy. Obviously, this in general yields a non-
differentiable eigenvalue function.
In general, this ansatz does not work for complex eigenvalues, as their order is not
uniquely defined. As we have seen in the previous examples, this ansatz neither works
for coupled eigenfunctions, as the basis may be arbitrary at the degenerate point. If
we accept that the eigenfunctions are ill-defined in points where the eigenvalues be-
come degenerate, we still have to check if the sign can be chosen consistently. Lastly,
in some applications, it makes sense to consider a variable of interest which depends
on the eigenfunction but is oblivious to its sign. For example, in quantum physics the
absolute value of the eigenfunction is interpreted as a probability of location, cf. [17].
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FIGURE III.4. Eigenpairs of example III.29 with evolution on paths
of example I.2 highlighted. The eigenvector trajectories are illus-
trated on the paths (I.6) with the circular path prolonged on t ∈ [1,2]
for a full circle.

In summary, only the ansatz of trajectories with respect to the eigenspace is, at least
locally, always well defined, which is why we will use it for uncertainty quantification.
If the equivalence of lemma III.26 holds, the eigenspace ansatz is equivalent to the
actual eigenvalues up to a change of basis.
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III.6. Implementation

In this section, we discuss the implementation of the derivatives with respect to the
eigenspace. For the numerical approximation of variational EVPs, we must translate
the variational problem into a matrix EVP. To this end, we consider a Galerkin dis-
cretization of the Hilbert spaces.
We also discuss how saddle point equations of different, i.e., otherwise non-degen-
erate eigenvalues, can be joined in larger saddle point equations. Although multiple
smaller saddle point equations are more efficient to solve, this representation is con-
venient when calculating the derivatives with respect to the eigenspace in an envi-
ronment B(x0) where at points x ∈ B(x0) \ { x0 } the eigenvalues are non-degenerate,
while at x0 they are degenerate. We then discuss solution strategies for saddle point
equations following [8] and point out which are particularly suitable to us.

III.6.1. Discretization. Some aspects of the FE discretization of the Laplace and Max-
well EVP were discussed in section II.6. Here, we focus on the discretization of the
derivatives and the formulation of discrete saddle point equations. The solvability of
the discrete saddle point equations can be shown analogously to the variational case.
As noted in [25], it is equivalent to discretize the variational EVP and then calculate
derivatives thereof or to discretize the variational characterization of the derivatives,
up to a consistency error. This consistency error is introduced, since we do not have
the exact eigenvalue but its discrete approximation.
We assume that a finite-dimensional subspace Vh ⊂ V spanned by basis functions
(ϕi )i=1,...,n is given. Then we define the usual stiffness and mass matrices

K x0
= [

a
(
ϕ j ,ϕi ; x0

)]n
i , j=1 , M x0

= [
b
(
ϕ j ,ϕi ; x0

)]n
i , j=1

as well as their derivatives

Dk
x0

K =
[

Dk
x0

a
(
ϕ j ,ϕi ; ·)]n

i , j=1
, Dk

x0
M =

[
Dk

x0
b
(
ϕ j ,ϕi ; ·)]n

i , j=1
, k ∈N .

Both stiffness and mass matrix are elliptic if their respective bilinear forms are. The
matrices, as well as their derivatives, are symmetric for the same reason. Quite often,
given an appropriate choice of basis functions, the stiffness and mass matrix as well
as their derivatives are sparse.
The discrete EVP is then to find (λx ,ux ) ∈R×Rn

K x ux = M x ux λx(III.42)

where λx,h =λx is the discretized eigenvalue at x ∈ X and

ux,h =
n∑

j=1
[ux ] jϕ j ∈Vh

is the discretized eigenfunction. We again use the vector notation

ux = [(ux )1, . . . , (ux )m] ∈Rn×m
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with m the multiplicity. The discrete version of the saddle point equation of the first-
order derivative (III.11) is then given by

[
K x0

−M x0
λx0

−M x0
·ux0

−u>
x0
·M x0

]
︸ ︷︷ ︸

=:S∈R(n+m)×(n+m)

[
Dx0 u
Dx0 λ

]
︸ ︷︷ ︸
∈R(n+m)×m

=
[−(Dx0 K ) ·ux0

+ (Dx0 M) ·ux0
λx0

diagi=1,...,m

[ux0
]>i ·(Dx0 M)·[ux0

]i

2

]
.

(III.43)

The blank part of the system matrix S represents m×m zero entries. We omit further
derivatives (III.15), which can be formulated in complete analogy using S. The first-
order formula of corollary III.9 can also be computed as

Dx0 λ= u>
x0
· (Dx0 K ) ·ux0

−u>
x0
· (Dx0 M) ·ux0

λx0
.(III.44)

III.6.2. Joining Multiple Saddle Point Equations by Vectorization. We may find it
convenient to calculate the derivatives of eigenpairs with different eigenvalues in one
system of equations. Thus, we consider a vector notation with u ∈ Rn×(m1+m2+··· ) to
join the systems for eigenvalues (λx0 )1, (λx0 )2, . . . with multiplicities m1,m2, . . .. When
considering the main condition

K x0
· (Dx0 u)−M x0

· (Dx0 u) ·λx0
−M x0

·ux0
· (Dx0 λ)

=− (Dx0 K ) ·ux0
+ (Dx0 M) ·ux0

·λx0
,

we find that the unknown Dx0 u is located to the left ofλx0
, which now does not repeat

the same eigenvalue on its diagonal. Thus, we first have to use the Kronecker product
and the vectorization operator vec : Rn×m → Rnm×1, cf. [76, eq. (273)], in order to
isolate vec(Dx0 u) as a right factor(

I ⊗K x0
−λ>

x0
⊗M x0

)
·vec(Dx0 u)−

(
I ⊗(M x0

·ux0
)
)
·vec(Dx0 λ)(III.45)

= vec
(
−(Dx0 K ) ·ux0

+ (Dx0 M) ·ux0
·λx0

)
.

Then we can formulate an equivalent saddle point equation[
I ⊗K x0

−λ>
x0
⊗M x0

I ⊗(−M x0
·ux0

)
I ⊗(−u>

x0
·M x0

)

][
vec(Dx0 u)
vec(Dx0 λ)

]

=
[

vec
(
−(Dx0 K ) ·ux0

+ (Dx0 M) ·ux0
·λx0

)
¨

]
,

where ¨ is a placeholder for the orthonormality conditions.
Note that in this formulation Dx0 λ ∈R(m1+m2+··· )×(m1+m2+··· ). Previously, its block-di-
agonal nature was implicit, since we solved multiple smaller saddle point equations,
which in total had fewer degrees of freedom than the larger saddle point equation.
Now, in order to obtain the old derivatives such that Dx0 λ is block-diagonal, we have
to include the implicit conditions (III.17) that control the scalar products relating to
the joined eigenvalues explicitly in ¨.
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If we want the new degrees of freedom in Dx0 λ to vanish anyway, it is clear that this
formulation is less efficient than considering only one eigenspace. However, if we
set the new orthogonality conditions to zeros, this formulation lets us consider the
eigenvalues with respect to the joint eigenspace. This is useful when we want to cal-
culate the derivatives of the eigenvalue trajectories with respect to the eigenspace at
a point x ∈ B(x0) in the neighborhood of the degenerate point x0, where the actual
eigenvalues have split up and are no longer degenerate.

III.6.3. Solution Strategies for Saddle Point Equations. We give a brief subsump-
tion of solution strategies to solve saddle point equations (III.43) following the review
article [8]. In [8, Chapter 4] solvers are classified into segregated methods that solve
parts of the equation and coupled methods that solve the equation all at once.
Calculating Basis Coefficients. We have already seen a segregated ansatz in the ba-
sis representation of eigenfunctions (III.16). If the matrices of (III.42) are relatively
small, i.e., calculating all eigenvectors is feasible, we can use the coefficient represen-
tation (III.16) and calculate all coefficients (III.17) explicitly. The derivatives of the
eigenvalues can then be calculated using corollary III.9.
The Pseudoinverse. Consider the matrix resulting from the main and normalization
conditions of a single eigenpair (λx0

, [ux0
]i ) ∈R×V

S̃ :=
[

K x0
−M x0

λx0
−M x0

· [ux0
]i

−[ux0
]>i ·M x0

]
∈R(n+1)×(n+1) .

If the eigenvalue is part of a degenerate eigenvalue, we have already seen that S̃ is sin-
gular and rank deficient by m −1, which we fixed by considering the derivative with
respect to the eigenspace and postulating orthogonality conditions. The orthogonal-
ity conditions are equivalent to picking a minimum-norm solution, since we set the
coefficients with respect to the null space to zero, cf. (III.17).
This approach can be equivalently formulated using the pseudoinverse of S̃.

DEFINITION III.30. Let S̃=U ·Λ ·V be a SVD of a matrix with U ,V orthogonal andΛ
diagonal, then we can define its pseudoinverse as

S̃† :=V > ·Λ† ·U> .(III.46)

whereΛ† is a diagonal matrix with

[Λ†]i i =
{

[Λ]−1
i i for [Λ]i i 6= 0 ,

0 else .

If S̃ is not singular, S̃† coincides with the inverse. Thus, for the first-order derivative,
we can write [

Dx0 [u]i

Dx0 λ

]
= S̃† ·

[−(Dx0 K ) · [ux0
]i + (Dx0 M) · [ux0

]i λx0
[ux0

]>i ·(Dx0 M)·[ux0
]i

2

]
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for degenerate and non-degenerate eigenvalues alike. In this case, we may also write

Dx0 [u]i =
[

K x0
−M x0

λx0

−[ux0
]>i ·M x0

]†

·
[−(Dx0 K ) · [ux0

]i + (Dx0 M) · [ux0
]i λx0

[ux0
]>i ·(Dx0 M)·[ux0

]i

2

]
,

If the normalization entry vanishes, e.g., when the scalar product is constant, we can
further simplify by expressing the normalization condition using the pseudoinverse,
cf. [76, Chapter 2.3]. Usually stating the orthogonality conditions explicitly is more
computationally efficient than using the pseudoinverse for numerical implementa-
tion. For more information on the pseudoinverse, the interested reader is referred
to [40, Chapter 5.5.2].
Direct solvers. The most straightforward way to solve the saddle point equation is to
use the solver library for linear equations which are usually based on a factorization
of the system matrix. The LDL factorization [8, Chapter 7] is an algorithm that can
take advantage of the symmetry of the system matrix S and factorize it as

S=: L ·D ·L> ,

where D is a diagonal matrix and L is a lower triangular matrix, cf. [40, Chapter 4.1.2].
If S is sparse, there is a special version of the LDL factorization, which yields a factor-
ization

S=: Q> ·L ·D ·L> ·Q(III.47)

where Q is a sparse permutation matrix such that L is sparse. This method is often
most efficient for large, symmetric, and sparse stiffness and mass matrices. If the
formulation of (III.43) is used, the system matrix needs to be factorized only once and
the factor matrices of (III.47) can be reused for all m eigenvalues and higher-order
derivatives.

III.7. Numerical Examples

In the last section, we present numerical examples for the characterization of deriva-
tives with respect to the eigenspace and the subsequent polarization. We first con-
sider the Laplace EVP with a sample perturbation by random fields. Then, we discuss
two matrix EVP in order to construct more examples where the polarization is more
interesting.

III.7.1. A Perturbed Laplace Eigenvalue Problem. We demonstrate the tracking and
approximation of a subset of eigenvalues of a variational EVP. To this end, we build
on example II.77, i.e., the domain is D = (0,1)2. As the parameterized bilinear forms,
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we consider

a
(
u, v ; x

)= ∫
D

〈
µx (x)gradu(x),grad v(x)

〉
R2 dx ,

b
(
u, v ; x

)= ∫
D

εx (x)u(x)v(x) dx ,

where we take µ,ε to be smooth scalar coefficient fields which depend linearly on
x ∈ X , i.e.,

µ ∈L (X ;C∞(D)) , ε ∈L (X ;C∞(D)).

We choose x0 = 0 as the reference point with

x0 7→µx0 = 1 , x0 7→ εx0 = 1 .

Thus, the reference point x0 = 0 relates to example II.77, where the smallest eigen-
value λ1 is non-degenerate, and the second and third eigenvalue form a degenerate
eigenvalue of multiplicity m = 2.
We again discretize V = H 1

0 (D) using piecewise linear basis functions on a uniform
triangular mesh with 545 nodes, 64 of which are boundary points, leaving 481 degrees
of freedom for the solution of the matrix EVP.
To construct a perturbation, we sample a random field according to the squared-
exponential covariance operator, cf. example II.99, using correlation length ρ = 1

4 .
For the discretization of the random fields, we calculate the covariance matrix Σ ∈
R545×545 of the covariances at all nodes and use an EVP-solver to calculate its ei-
genpairs. Using an absolute tolerance of 10−5, we select the 57 largest eigenpairs
(νi ,φi )i=1,...,57 of the covariance matrix. We then express both parameters as inde-
pendent samples of this random field

xξ 7→µxξ =µx0 +
57∑

i=1

p
νiφiξi ,

xξ 7→ εxξ = εx0 +
114∑

i=58

p
νiφiξi ,

such that X = [− 1
2 , 1

2 ]114, where we independently sample according to a uniform dis-
tribution

ξi ∼U ([− 1
2 , 1

2 ])

The perturbation is bounded, so we can ensure ellipticity if the perturbation is scaled
sufficiently small.
Since we have a sample of the random field at the nodes of the grid, we can approxi-
mate its value at the center of the element by its mean as a first-order approximation.
Using this value for the approximation of the entries of the FE matrices is consistent
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FIGURE III.5. Sample trajectory of (λ̀i , ùi )i=1,2,3 of the Laplace EVP
and first- to third-order Taylor approximations.

with the use of piecewise linear basis functions and yields a first-order FE approxima-
tion like the model without perturbation.
We draw a sample ξ ∈ X and observe the evolution of the three smallest eigenvalues
and their associated eigenfunctions on the path

γ : [0,1] → X , t 7→ γ(t ) = x0 + tξ .

Drawing two samples of the random fields will almost surely lead to a different initial
polarization P t0 . In this perturbation model, the second and third eigenvalue are thus
coupled.
Sampled Trajectory. In order to test the characterization of derivatives with respect to
the eigenspace and of the polarization matrix, we calculate the Taylor approximations
(cf. theorem II.42) of the eigenvalues up to seventh-order. For the eigenfunctions,
we calculate Taylor approximations up to seventh-order for the first non-degenerate
eigenfunctions and up to sixth-order for the degenerate eigenfunctions. We choose
these orders, since, for the degenerate eigenpairs, we calculate the deciding order
k̀ = 1.
The comparison of the eigenvalue trajectories with the first- to third-order Taylor ap-
proximations can be seen in fig. III.5. The degenerate eigenspace splits into two sepa-
rate trajectories and is well approximated around the reference point t0. In this sam-
ple, near t ≈ 3

4 , the eigenvalue trajectories of the formerly degenerate eigenvalues
approach each other again. They do not actually become degenerate again on this
path, but repel each other. Here, the quality of the Taylor approximation deteriorates
rapidly since the Taylor approximation follows the other eigenvalue. It is reasonable
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(ùt )2 Taylor

0 1
0

1
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FIGURE III.6. Comparison of unperturbed and perturbed eigen-
functions of Laplace EVP (exact and second-order Taylor approxi-
mations) at t = 1

2 .

to speculate that for some very similar sample, they would actually have become de-
generate and crossed, as this is hyperbolic behavior is usually encountered for a close
miss of the degenerate points at the tip of two cone-like structures, compare fig. I.2.
The eigenfunction of the three eigenvalues at t ≈ 1

2 can be seen in fig. III.6. It com-
pares
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(1) their unperturbed state, for degenerate eigenvalues polarized according to the
calculated initial polarization P t0 ,

(2) the exact perturbed eigenfunctions,
(3) the second-order Taylor approximation of the perturbed eigenfunctions.

The sampled polarization is not aligned to the coordinate axis. Compared to the
eigenfunction basis of fig. II.1, the initial polarization is

P t0 ≈
[

0.0295 −0.9996
−0.9996 −0.0295

]
and for other samples any orthogonal matrix may occur as the initial polarization.
Similarly as for the eigenvalues, we can see that the approximations of the eigenfunc-
tions are qualitatively good for t ≈ 1

2 . For t > 3
4 the approximation closely resamples

the wrong eigenfunction (one also with the wrong sign), since the exact eigenfunction
trajectories behave similarly to fig. III.2.
Verification of the Order of Convergence. We compare the residue term of the calcu-
lated Taylor approximations for the eigenpairs at

t ∈ {
2n : n =−10,−9, . . . ,0

}
.

We evaluate the residues by comparing the Taylor approximations with the exact so-
lutions. Then we calculate the absolute value of the residue for the eigenvalues and
the L2(D)-norm for the eigenfunctions. The results are illustrated in fig. III.7 in com-
parison to the desired convergence rates. We can see that the error terms all decay in
accordance with corollary II.43, confirming the validity of the characterization of the
derivatives with respect to the eigenspaces, as well as the polarization matrix and its
derivatives.

III.7.2. Non-uniform Polarization Order. In order to verify the characterization of
the polarization matrix more thoroughly, we consider two additional parameterized
matrix EVPs. Our goal is to find simple examples where the decision matrix k̀ is a
matrix that is not filled uniformly as in the previous example. To this end, we consider
a parameterized matrix model

K :R2 →R2 , x 7→ Kx = 2I +
4∑

k=1

xk
1

k !
Dk

0 K [x1]+
4∑

k=1

xk
2

k !
Dk

0 K [x2](III.48a)

and a path

γ :R→R2 t 7→ γ(t ) =
[

0
0

]
+ t

[
1
1

]
.(III.48b)

In order to verify the order of convergence, we consider the points

t ∈ {
2n : n =−15,−9, . . . ,1

}
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FIGURE III.7. Convergence of the residue terms of the Taylor ap-
proximation (1st to 6th/7th-order) for first three eigenvalues and re-
spective eigenfunctions of the parameterized Laplace EVP.

on the path. We do not perturb the a mass matrix for a generalized EVP in these
examples, to keep these examples concise4.

4The polarization depends on the intermediate results of the derivatives with respect to the eigenspace, so
the only difference in terms of the polarization derivatives is the normalization condition. We encounter



III.7. NUMERICAL EXAMPLES 107

Crossing and Deflection of Three Eigenvalues. For the first example, we consider a ma-
trix in R3×3 and set (III.48a) to

Dx0 K [x1] =
1 1 1

1 1 1
1 1 1

 , Dx0 K [x2] =
0 0 0

0 0 0
0 0 0

 ,

D2
x0

K [x1] = 2

0 0 0
0 1 0
0 0 −1

 , D2
x0

K [x2] = 2

0 0 0
0 0 1
0 1 0

 ,

Dk
x0

K [x1] = k !

1 0 0
0 2 0
0 0 3

 , Dk
x0

K [x2] = k !

1 0 0
0 2 0
0 0 3

 , k = 3,4 .

For path (III.48b), the decision matrix is

k̀ =
2 2 1

2 2 1
1 1 1

 .(III.49)

In fig. III.8 the trajectories of the eigenvalues are illustrated. The second-order Tay-
lor approximations inform the local bifurcation behavior at the degenerate point,
cf. lemma III.17, and are also included. Taylor approximations of the eigenfunctions
are given up to the order of the derivative of the polarization matrix which corre-
sponds to the fourth-order derivative of the eigenvalue according to (III.49). The or-
ders of convergence of the residues of the Taylor approximations are each confirmed.
Deflection in Pairs while Crossing as Pairs. For the second example, we consider a
matrix in R4×4 and set (III.48a) to

Dx0 K [x1] =


1 1 0 0
1 1 0 0
0 0 2 0
0 0 0 0

 , Dx0 K [x2] =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,

D2
x0

K [x1] = 2


1 1 0 0
1 1 0 0
0 0 1 1
0 0 1 1

 , D2
x0

K [x2] = 2


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,

Dk
x0

K [x1] = k !


1 0 0 0
0 2 0 0
0 0 3 0
0 0 0 4

 , Dk
x0

K [x2] = k !


1 0 0 0
0 2 0 0
0 0 3 0
0 0 0 4

 , k = 3,4 .

examples where first-order derivatives may coincide for a generalized EVP in chapter V when considering
shape deformations.
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FIGURE III.8. Trajectories of eigenvalues and convergence of eigen-
pair approximations for the parameterized matrix EVP with crossing
and deflection coinciding in one point.
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For path (III.48b), the decision matrix is

k̀ =


2 2 1 1
2 2 1 1
1 1 2 2
1 1 2 2

 .(III.50)

The trajectories of the eigenvalues and the second-order Taylor approximations are
provided in fig. III.9 according to (III.50). According to lemma III.17 we observe that
the pair of first and second eigenvalue cross the trajectory of the third and fourth
eigenvalue, while each of them retains their order in their respective pairing. The
convergence plots confirm the validity of the derivatives.
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FIGURE III.9. Trajectories of eigenvalues and convergence of eigen-
pair approximations for the parameterized matrix EVP with deflec-
tion in pairs while crossing as pairs.



CHAPTER IV

Uncertainty Quantification

In this chapter, we characterize the mean, correlation, and covariance of eigenpairs
with respect to their eigenspace as described in chapter III, where the EVP depends
on a multidimensional parameter x ∈ X . The results of this chapter correspond to the
stochastic aspects of [25], extending the approximations proposed therein to second-
order approximations. These second-order approximations are made possible due
to the characterization of second-order derivatives with respect to the eigenspace in
chapter III.
We discuss uncertainty quantification for eigenpair trajectories with respect to the
eigenspace exclusively, since they are always locally well defined, cf. theorem III.2
and section III.5. For non-degenerate eigenpairs (λ,u) ∈ R×V , this ansatz is again
equal to the eigenpairs in the traditional sense, cf. corollary III.3. In the simpler case
of one-dimensional parameter spaces, the presented ansatz can also be used on the
polarized eigenpairs (λ̀, ù) ∈R×V instead. This is also true for uncoupled eigenpairs,
cf. remark III.24, an example of which is presented in [44].

IV.1. Stochastic Eigenvalue Problem

We first state the stochastic setting used in this chapter.

ASSUMPTION IV.1. Let (Ω,A ,P) be a probability space and consider the EVP (III.2)
given assumption III.1. We express the stochastic parameter x ∈ X via a stochastic
perturbation model of the form

xξ(ω) = x0 +ξ(ω) , ω ∈Ω ,(IV.1)

where x0 ∈ X is a deterministic reference point and ξ :Ω→ X is a random variable. In
this chapter, we relax the analyticity of the bilinear forms to

a ∈C 3(X ;L (2)(V ;R)) , b ∈C 3(X ;L (2)(H ;R)) .

As in corollary III.4, the regularity of the eigenpair trajectories with respect to the ei-
genspace of multiplicity m ∈N is then only a C 3-mapping. Since the derivatives of the
eigenpair are thus bounded in some neighborhood of x0 ∈ X , there is a neighborhood

111
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B(x0) ⊂ X of x0 such that

λ ∈C 3(B(x0);Rm×m)∩L3
Pξ

(B(x0);Rm×m) ,(IV.2a)

u ∈C 3(B(x0);V m)∩L3
Pξ

(B(x0);V m) .(IV.2b)

Thus, the mean, correlation, and covariance, cf. definition II.88, of the trajectories of
the eigenvalue and eigenfunction with respect to the eigenspace are well defined in
this neighborhood B(x0). For some results, we will require stronger C 4-regularity and
L4-integrability. The latter can analogously be assumed to hold in some neighbor-
hood B(x0).

Given the assumed regularity, the eigenpair trajectories with respect to the eigenspace
can be expressed as Taylor expansions

λxξ (ω) =λx0 +Dx0 λ[ξ(ω)]+ 1
2 D2

x0
λ[ξ(ω)]+O (‖ξ(ω)‖3

X ) ,(IV.3a)

uxξ (ω) = ux0 +Dx0 u[ξ(ω)]+ 1
2 D2

x0
u[ξ(ω)]+O (‖ξ(ω)‖3

X )(IV.3b)

for all ω ∈Ω.
We have already seen in chapter III that in general polarized eigenpairs are not Fré-
chet differentiable. In this stochastic setting, the polarization1 P (ω) which maps the
trajectories with respect to the eigenspace to the actual eigenvalues is also a stochas-
tic variable. Therefore, for the perturbation ansatz, we investigate the uncertainty
quantification of eigenpairs exclusively with respect to the eigenspace.
We omit arguments ω ∈Ω and ξ(ω) ∈ X for improved readability.

IV.2. Perturbation Approximations of Stochastic Moments

Since stochastic moments are only defined locally in a neighborhood B(x0) of x0 ∈
X , it is sensible to approximate the integrand by Taylor approximations at x0. This
approach is called perturbation approximation or local sensitivity analysis and is
already frequently used to approximate stochastic moments, cf. [2, 7, 18, 89, 95].

THEOREM IV.2. Let λx0 be an eigenvalue with multiplicity m ∈ N of EVP (III.2) at
x0 ∈ B(x0) with b

(·, ·; x0
)
-orthogonal eigenbasis ux0 ∈V m and let assumption IV.1 hold.

Let (λ,u) be the unique locally analytic trajectories with respect to the eigenspace of
multiplicity m, cf. theorem III.2. Then for the eigenvalue and the eigenfunction trajec-
tory with respect to the eigenspace, i.e., R ∈ {λ,u }, hold the approximations

E[R] = Rx0 +E[Dx0 R]+ 1
2 E[D2

x0
R]+O (‖ξ‖3

L3
P

(Ω;X )
) ,(IV.4a)

Cor[R] = Rx0 ⊗Rx0 +
(
E[Dx0 R]⊗Rx0 +Rx0 ⊗E[Dx0 R]

)
(IV.4b)

+ 1
2

(
E[D2

x0
R]⊗Rx0 +Rx0 ⊗E[D2

x0
R]

)+Cor[Dx0 R]+O (‖ξ‖3
L3
P

(Ω;X )
) ,

Cov[R] =Cov[Dx0 R]+O (‖ξ‖3
L3
P

(Ω;X )
) .(IV.4c)

1For example, given by the non-arbitrary choice of path γ : [0,1] → B(x0), t 7→ γ(t ) = x0 + tξ(ω).
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PROOF. We apply the stochastic moments to the expansions (IV.3). Due to linearity
of the mean, we only have to consider the mean of every individual term in the ex-
pansion. The unperturbed value Rx0 is deterministic. Assumption IV.1 allow us to
bound the third-order (and higher-order) derivatives P-a.s.. The residue follows from
Taylor’s theorem, cf. corollary II.43.
For (IV.4b), we consider the expansion

Rxξ ⊗Rxξ = Rx0 ⊗Rx0 +
(
Dx0 R⊗Rx0 +Rx0 ⊗Dx0 R

)
+ 1

2

(
D2

x0
R⊗Rx0 +2Dx0 R⊗Dx0 R+Rx0 ⊗D2

x0
R
)+O (‖ξ‖3

L3
P

(Ω;X )
)

for R ∈ {λ,u } in complete analogy. The formula (IV.4c) is found by combining (IV.4a)
and (IV.4b) using (II.39e) on R, then again in reverse on Dx0 R and simplifying. �

Note that covariances and correlations between trajectories of eigenvalues and eigen-
functions with respect to the eigenspace as well as across different eigenspaces can
be considered in complete analogy.
Often, the reference point x0 ∈ X is the mean of the perturbation (IV.1), i.e., ξ is cen-
tered. In this case, we get simplified perturbation approximations.

COROLLARY IV.3. Let the assumptions of theorem IV.2 hold and assume that ξ is cen-
tered, i.e., E[ξ] = 0. Then the perturbation approximation of theorem IV.2 with R ∈
{λ,u } simplifies to

E[R] = Rx0 + 1
2 E[D2

x0
R]+O (‖ξ‖3

L3
P

(Ω;X )
) ,(IV.5a)

Cor[R] = Rx0 ⊗Rx0(IV.5b)

+ 1
2

(
E[D2

x0
R]⊗Rx0 +Rx0 ⊗E[D2

x0
R]

)+Cor[Dx0 R]+O (‖ξ‖3
L3
P

(Ω;X )
) ,

Cov[R] =Cor[Dx0 R]+O (‖ξ‖3
L3
P

(Ω;X )
) ,(IV.5c)

If, in addition, ξ ∈ L4
P

(Ω; X ) is also skewfree, i.e., E[ξ⊗ξ⊗ξ] = 0, the convergence rates
improve to O (‖ξ‖4

L4
P

(Ω;X )
).

PROOF. Since E[ξ] = 0 and the first-order Fréchet derivatives are linear mappings, i.e.,

Dx0 λ ∈L (B(x0);Rm×m) , Dx0 u ∈L (B(x0);V m) ,

we get E[Dx0 λ[ξ]] = Dx0 λ[E[ξ]] = 0 and E[Dx0 u[ξ]] = Dx0 u[E[ξ]] = 0, which simpli-
fies the approximations. For the improved convergence rate, consider the third-order
Taylor approximations

λxξ (ω) =λx0 +Dx0 λ[ξ(ω)]+ 1
2 D2

x0
λ[ξ(ω)]+ 1

6 D3
x0
λ[ξ(ω)]+O (‖ξ(ω)‖4

X ) ,

uxξ (ω) = ux0 +Dx0 u[ξ(ω)]+ 1
2 D2

x0
u[ξ(ω)]+ 1

6 D3
x0

u[ξ(ω)]+O (‖ξ(ω)‖4
X )
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for ω ∈Ω. Then we can use the fact that the third-order Fréchet derivatives are trilin-
ear, cf. section II.3, i.e.,

D3
x0
λ ∈L (3)(B(x0);Rm×m) , D3

x0
u ∈L (3)(B(x0);V m) .

Similarly, the products

D2
x0
λ⊗Dx0 λ, Dx0 λ⊗D2

x0
λ ∈L (3)(B(x0);Rm×m ⊗Rm×m) ,

D2
x0

u ⊗Dx0 u, Dx0 u ⊗D2
x0

u ∈L (3)(B(x0);V m ⊗V m)

are trilinear. The trilinear terms, which previously dominated the convergence rate,
cancel if E[ξ⊗ξ⊗ξ] = 0 and the fourth-order derivatives determine the new conver-
gence rate as O (‖ξ‖4

L4
P

(Ω;X )
). �

REMARK IV.4. As the perturbation approximations are Taylor expansions of the sto-
chastic moments, cf. theorem II.42, we can also consider first-order approximations
by considering only first-order derivatives, i.e,

E[R] = Rx0 +E[Dx0 R]+O (‖ξ‖2
L2
P

(Ω;X )
) ,(IV.6a)

Cor[R] = Rx0 ⊗Rx0 +E[Dx0 R]⊗Rx0 +Rx0 ⊗E[Dx0 R]+O (‖ξ‖2
L2
P

(Ω;X )
) ,(IV.6b)

Cov[R] = 0+O (‖ξ‖2
L2
P

(Ω;X )
) .(IV.6c)

This requires only C 2-regularity and L2-integrability. In the setting of corollary IV.3,
the mean of the first-order derivative again vanishes. The approximations then cor-
respond to the first-order GL approximation, cf. table II.1.
Given sufficient regularity and integrality, we can theoretically also formulate higher-
order approximations. However, when implemented naively, the computational costs
grow exponentially in the order of approximation.
The interested reader is referred to [16, 46] for approximations of higher-order mo-
ments.

IV.3. Covariance and Correlation of Derivatives

In order to use the approximations for the covariance and correlations, we need to
characterize the correlations and covariances of the derivatives of the eigenpairs.

THEOREM IV.5 ([25, Theorem 3.6]). Consider the setting of theorem IV.2 and a vector-
ized version of the auxiliary functions (III.12), i.e.,

A : V m ×V m →Rm×m , u ×v 7→A(u, v ) := a
(
u, v ; x0

)−b
(
u, v ; x0

)
λx0 ,

B :Rm ×V m →Rm , ζ×v 7→B(ζ, v ) :=
m∑

j=1
[ζ] j b

(
[ux0 ] j , v ; x0

)
.
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Then it holds that[
A(·, v )⊗ Id −B(·, v )⊗ Id
B(ζ, ·)⊗ Id

]
·Cor

[
Dx0 u
Dx0 λ

]
·
[

Id⊗A(·, w ) Id⊗B(ϑ, ·)
− Id⊗B(·, w )

]
(IV.7)

=Cor

−Dx0 a
(
ux0 , ·; ·)+Dx0 b

(
ux0 , ·; ·) ·λx0

− diag
i=1,...,m

·
(
Dx0 b

(
[ux0 ]i ,[ux0 ]i ;·

))
2

 (v ⊗ζ, w ⊗ϑ)

PROOF. The existence of the covariances on the right-hand side follows from the Cau-
chy–Schwarz inequality in L2

P
, given (IV.2). From theorem III.8 follows

Cor

−Dx0 a
(
ux0 , ·; ·)+Dx0 b

(
ux0 , ·; ·) ·λx0

− diag
i=1,...,m

·
(
Dx0 b

(
[ux0 ]i ,[ux0 ]i ;·

))
2

 (v ⊗ζ, w ⊗ϑ)

=Cor

[
A(Dx0 u, ·)−B(Dx0 λ, ·)

B(·,Dx0 u)

]
(v ⊗ζ, w ⊗ϑ)

=
∫
Ω

[
A(·, v )⊗ Id −B(·, v )⊗ Id
B(ζ, ·)⊗ Id

]
·
[

Dx0 u ⊗Dx0 u Dx0 u ⊗Dx0 λ

Dx0 λ⊗Dx0 u Dx0 λ⊗Dx0 λ

]

·
[

Id⊗A(·, w ) Id⊗B(ϑ, ·)
− Id⊗B(·, w )

]
dP

=
[
A(·, v )⊗ Id −B(·, v )⊗ Id
B(ζ, ·)⊗ Id

]
Cor

[
Dx0 u
Dx0 λ

][
Id⊗A(·, w ) Id⊗B(ϑ, ·)

− Id⊗B(·, w )

]
. �

The covariance of the first-order derivatives can be characterized by (II.39e). In the
setting of corollary IV.3, the covariance and correlation of the first-order derivatives
coincide.
The characterization of the correlation of the derivatives of the eigenpair with respect
to the eigenspace is due to the structure of the saddle point equation. In analogy to
the Hellmann–Feynman formula for the derivative of the eigenvalue, we can formu-
late the correlation of the eigenvalues only.

LEMMA IV.6 ([25, Lemma 3.7]). Consider the setting of theorem IV.2. Let λ be the tra-
jectory of the eigenvalue in the sense eigenspace of multiplicity m. Then it holds that

Cor[Dx0 λ] =Cor
[
Dx0 a

(
ux0 ,ux0 ; ·)−Dx0 b

(
ux0 ,ux0 ; ·) λx0

]
.

PROOF. This follows by applying the correlation to the formula of corollary III.9. �

IV.4. Implementation

The considerations for the discretization of the saddle point equation presented in
section III.6 also hold for the stochastic version of the model. Therefore, in this sec-
tion, we focus on the implementation of the covariances of the derivatives outlined
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in the previous section, in particular given a KLE-type decomposition. We again ab-
breviate the system matrix of the saddle point equation (III.43) as

S ∈R(n+m)×(n+m) .

IV.4.1. Covariance and Correlation Equation. Given a Galerkin discretization of the
saddle point equation (III.43), the variational covariance equation of theorem IV.5
translates into the matrix equation

S ·Cor

[
Dx0 u
Dx0 λ

]
·S=Cor

−(Dx0 K ) ·ux0
+ (Dx0 M) ·ux0

λx0

diag
i=1,...,m

[ux0
]>i ·(Dx0 M)·[ux0

]i

2

 .(IV.8)

Unfortunately, the right-hand side of (IV.8) is usually densely populated, even if the
underlying FE matrices and their derivatives are sparse. Therefore, simply evaluat-
ing (IV.8) as a matrix equation becomes computationally unfeasible for EVPs with
many degrees of freedom. Several methods can be applied to approximate the so-
lution of such correlation equations, e.g., sparse grid methods, global low-rank ap-
proximations, or hierarchical matrices [12, 28, 29, 45, 49, 75]. One way to obtain a
global low-rank approximation of the right-hand side is the pivoted Cholesky decom-
position [45, 47].

IV.4.2. Karhunen–Loève-type Decomposition. In the following section, we assume
that the perturbation model is given as a KLE, cf. theorem II.97. Truncation after
M terms yields a suitable low-rank approximation, i.e., (IV.1) is given in the more ex-
plicit form

xξ(ω) = x0 +ξ(ω) = x0 +
M∑

i=1
φi zi (ω)(IV.9)

with zi ∈ L3
P

(Ω;R) iid random variables,
{
φi

}M
i=1 ⊂ X , and M ∈ N∪ {∞ }. Given this

decomposition, we can write the series representation of the eigenpairs (IV.3) as

λxξ (ω) =λx0 +
M∑

i=1
Dx0 λ[φi ]zi (ω)+ 1

2

M∑
i , j=1

D2
x0
λ[φi ,φ j ]zi (ω)z j (ω)+O (‖ξ(ω)‖3

X ) ,

(IV.10a)

uxξ (ω) = ux0 +
M∑

i=1
Dx0 u[φi ]zi (ω)+ 1

2

M∑
i , j=1

D2
x0

u[φi ,φ j ]zi (ω)z j (ω)+O (‖ξ(ω)‖3
X )

(IV.10b)

for ω ∈Ω and express the approximations of theorem IV.2 more explicitly.

COROLLARY IV.7. Assuming that the perturbation of the parameter is of the form (IV.9),
the approximations of theorem IV.2 for the stochastic moments of the eigenvalue and
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eigenfunction trajectories with respect to the eigenspace R ∈ {λ,u } can be expressed as

E[R] = Rx0 +Dx0 R

[
M∑

i=1
φi E[zi ]

]
(IV.11a)

+ 1

2

(
M∑

i=1
Var[zi ]D2

x0
R[φi ]+D2

x0
R

[
M∑

i=1
E[zi ]φi

])
+O (‖ξ‖3

L3
P

(Ω;X )
) ,

Cor[R] = Rx0 ⊗Rx0 +
(

Dx0 R

[
M∑

i=1
E[zi ]φi

]
⊗Rx0 +Rx0 ⊗Dx0 R

[
M∑

i=1
E[zi ]φi

])
(IV.11b)

+ 1

2

(
M∑

i=i
Var[zi ]D2

x0
R

[
φi

]⊗Rx0 +Rx0 ⊗
M∑

i=1
Var[zi ]D2

x0
R

[
φi

]
+D2

x0
R

[
M∑

i=1
φi E[zi ]

]
⊗Rx0 +Rx0 ⊗D2

x0
R

[
M∑

i=1
φi E[zi ]

])

+
M∑

i=1
Var[zi ]Dx0 R

[
φi

]⊗Dx0 R
[
φi

]
+Dx0 R

[
M∑

i=1
E[zi ]φi

]
⊗Dx0 R

[
M∑

i=1
E[zi ]φi

]
+O (‖ξ‖3

L3
P

(Ω;X )
) ,

Cov[R] =
M∑

i=1
Var[zi ]Dx0 R[φi ]⊗Dx0 R[φi ]+O (‖ξ‖3

L3
P

(Ω;X )
) .(IV.11c)

As in corollary IV.3, the first-order terms vanish if we assume that ξ is centered, i.e.,
E[zi ] = 0. Assuming ξ ∈ L4

P
(Ω; X ) is centered and also skewfree, i.e., E[zi ⊗ zi ⊗ zi ] = 0,

the convergence rates improve to O (‖ξ‖4
L4
P

(Ω;X )
) as in corollary IV.3.

PROOF. We arrive at the proposed expressions by inserting the formulation of the de-
rivatives found in (IV.10) into the approximations of theorem IV.2 and corollary IV.3
and using (II.39e) and the (bi-)linearity of the Fréchet derivatives. �

REMARK IV.8. We can consider multiple stochastically independent perturbations in
analogy to the above decomposition, cf. [25].

IV.5. Numerical Experiments

We continue with the example of the perturbed Laplace EVP of section III.7. Previ-
ously, we considered a single sample of xξ(ω), i.e., a deterministic problem. Now we
keep the random field stochastic and determine the stochastic moments of the eigen-
pair trajectories with respect to the eigenspace. The perturbation is again given as the
same truncated KLE so the explicit formulas of corollary IV.7 can be used.
There is no unique polarization P x0 for the eigenfunctions of the degenerate eigen-
space of the second and third eigenvalue (counting individually), since the eigenpairs
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that emerge from the degenerate eigenspace are coupled. Thus, considering their
trajectories with respect to the eigenspace, we are free to choose any basis. We align
them to the coordinate axes as in fig. II.1.

IV.5.1. Parallelization of Calculations. As the coefficients are linear, we can save
some computational effort in building FE matrices by calculating the derivatives of
the stiffness and mass matrix

Dx0 K [φi ] , Dx0 M [φi ](IV.12)

according to (IV.9), which can be done in parallel. We add a more explicit scaling
parameter t ≥ 0 to the perturbation model (IV.9), i.e.,

xξ(t ) = x0 + tξ= x0 + t
M∑

i=1
φi zi .(IV.13)

In each sample, we can then build the stiffness and mass matrix as

K xξ
= K x0

+ t
M∑

i=1
Dx0 K [φi ]zi , M xξ

= M x0
+ t

M∑
i=1

Dx0 M [φi ]zi ,

which is faster than building them from the ground up in every sample of z. We use
uniform distributions for zi , so that we can bound the stochastic perturbation, which
allows us to guarantee ellipticity of K xξ

and M xξ
for sufficiently small t ≥ 0.

The prepared derivatives (IV.12) can also be used to calculate the derivatives of the
eigenpair trajectories with respect to the eigenspace for the formulas according to
corollary IV.7. These calculations can be performed independently and in parallel
with respect to index i = 1, . . . , M .
The parallel computations were performed by the Marvin cluster of the University of
Bonn. Each task was executed on a single node with two Intel Xeon Platinum 8468
with forty-eight 2.1 GHz cores, hyper-threading enabled, and 1024 GB RAM.

IV.5.2. Uncertainty Quantification with Respect to the Eigenspace. Since the per-
turbation we consider is centered, we can use corollary VI.5 to approximate the vari-
ance of the eigenfunction trajectories with respect to the eigenspace. The second-
order approximations can be seen in fig. IV.1 for t = 1. As we have aligned the un-
perturbed basis to the coordinate axes, the variances with respect to the eigenspace
are aligned as well. We can see that eigenfunctions belonging to the eigenspace of the
next smaller or larger eigenvalue have the largest impact on the shape of the variance,
cf. fig. II.1 This can be explained by the influence of the gap of the eigenvalues on the
derivatives and by the fact that due to our random field, all eigenvalues are coupled.

IV.5.3. Verification of Convergence Rates of the Approximations. To confirm the or-
der of convergence of our approximations, we calculate all approximations of theo-
rem VI.3 for the eigenpair trajectories with respect to the eigenspace. In addition to
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FIGURE IV.1. Second-order approximations of the variance of the
eigenfunctions Var[(u)i ], i = 1,2 with respect to the eigenspace for
the two smallest eigenvalues with multiplicities m1 = 1 and m2 = 2
at t = 1.

the second-order approximations (theorem VI.3), we also test the first-order approx-
imations (IV.6).
Benchmarking the Order or Convergence. Given a perturbation model (IV.13), the sec-
ond-order perturbation approximations converge as O (t 3) and if zi are centered and
skewless the rate of convergence improves to O (t 4).
Since we use uniformly distributed random variables zi , we can treat the mean as
an integration over a hypercube with the amplitude of the perturbation t ≥ 0 scal-
ing the sides of the hypercube uniformly. The (tensorized) GL approximations with
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n = 2 nodes in each dimension (table II.1) approximate polynomials of degree three
exactly, cf. section II.7.7. Due to our perturbation model of the parameter (IV.13), the
third-order perturbation approximations are third-degree polynomials in t , so the GL
approximation with n = 2 points per dimension has a convergence rate of O (t 4) as
t → 0. The difference between two approximations that converge in O (t k ),k ∈N, also
converges in O (t k ). Note that for large perturbation amplitudes t ≥ 0, the GL approx-
imation is likely quite inaccurate. However, n = 2 points per dimension are sufficient
to validate the convergence rate of our perturbation approximations.
Using GL approximations, we need ndim(X ) function evaluations, which becomes un-
tenable for dim(X ) > logn(107). Therefore, for higher-dimensional parameter spaces,
we compute QMC estimators using the Halton sequence of fixed length 107, cf. sec-
tion II.7.7. Unfortunately, the QMC approximations are less accurate for very small
perturbation amplitudes t ≥ 0.
In the following, we present the computational results of the full model of chapter III
with dim(X ) = 114 dimensions compared to QMC approximations. Additionally, we
present the results compared to a GL quadrature, based on a premature truncation
of the KLE after M = 4 terms, i.e., dim(X ) = 8 for both random fields combined. As
discussed in chapter III, selecting such a small subset of the parameter space may
lead to different coupling behavior of the eigenvalues. However, in this case, M = 4
is high enough for the degenerate eigenvalues to be coupled in the same way as they
are for the high-dimensional random fields.
For each evaluation of the model with parameter configuration xξ, either according
to the QMC sequence or the nodes of the GL approximation, we use an EVP-solver
to solve the perturbed EVP directly. We then align the sampled eigenpairs with the
(polarized) Taylor approximations according to the implied path γ(t ) = x0 + tξ. Then
we apply the inverse polarization as described section III.4 to approximate the evalu-
ation of the trajectory with respect to the eigenspace. Each parameter configuration
is computed in parallel on a single node of the cluster.
We compare the results of the perturbation approximation and the QMC approxima-
tions by calculating the Euclidean (matrix) norm ‖ · ‖Rm×m for the mean of the eigen-
value trajectory matrices and the ‖·‖[L2(D)]m -norm for the mean of the eigenfunctions
according to the multiplicity m of the eigenspace. For the correlation and covariance,
we consider the norms of definition II.10. To this end, the eigenvalue matrices are
vectorized first.
Uncentered Perturbation. For the uncentered case, we consider random variables zi ∼
U ([0,1]) iid with different amplitudes of perturbation t according to

t ∈ {
t n : n =−15,−14, . . . ,0

}
.

The residues calculated from the difference of the perturbation approximations com-
pared to GL approximations are given in fig. IV.2 and the residues compared to QMC
estimates are illustrated in fig. IV.3. We can see that for large to intermediate per-
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FIGURE IV.2. Convergence rates of uncentered approximations
compared to GL estimate for the Laplace EVP with coefficients per-
turbed by random fields.
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FIGURE IV.3. Convergence rates of uncentered approximations
compared to QMC estimate for the Laplace EVP with coefficients
perturbed by random fields.
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turbation amplitudes the predicted rate of convergence can be confirmed. For the
smallest perturbations the QMC approximations are less accurate than the pertur-
bation approximations. Therefore, we can only observe the error decay of the QMC
approximation with respect to the perturbation amplitude t , which is linear for the
mean and correlation and quadratic for the covariance. The QMC method struggles
to confirm the order of convergence for the eigenfunction with respect to the degen-
erate eigenspace. Meanwhile, the results compared to the GL quadrature suffer from
numerical artifacts for small perturbation amplitudes, likely caused by the machine
precision constraints during the transformation to the eigenspace and the accuracy
of the eigenvalue solver. These artifacts, the limited precision of the QMC approx-
imations given the fixed number of samples, and the abstract neighborhood B(x0)
possibly being small may distort the observed orders of convergence.
Calculating the derivatives needed for the second-order approximations takes less
than a second, while sampling and evaluation of 107 samples takes roughly 45 min-
utes using the setup discussed in section IV.5.1. For small approximations and high-
dimensional parameter spaces, our perturbation approximation is thus clearly ad-
vantageous.
Centered and Skewfree Perturbation. For the centered and skewfree case, we repeat
the experiment with random variables zi ∼U ([− 1

2 , 1
2 ]) iid. According to corollary IV.3

the convergence rate for the second-order perturbation approximations should im-
prove by one order of convergence. This can be confirmed in figs. IV.4 and IV.5 with
similar caveats as in the previous experiments.
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FIGURE IV.4. Convergence rates of centered approximations com-
pared to GL estimate for the Laplace EVP with coefficients per-
turbed by random fields.
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FIGURE IV.5. Convergence rates of centered approximations com-
pared to QMC estimate for the Laplace EVP with coefficients per-
turbed by random fields.





CHAPTER V

Shape Uncertainty Quantification

In this chapter, we consider how shape deformations can be investigated using the
perturbation approximations of chapter IV. We focus on shape deformations for the
Maxwell and Laplace EVP that have previously been discussed. To this end, we recall
how smooth deformations of an unperturbed reference domain can be represented
by introducing matrix-valued deformation coefficients.
The results presented in this chapter expand on the article [27], where the first-or-
der approximations of the eigenpairs with respect to the eigenspace, cf. chapters III
and IV or [25], were combined with first-order derivatives of the stiffness and mass
matrix, cf. [108]. The resulting first-order approximation was used to evaluate a shape
uncertainty model for a TESLA cavity based on deformation data of cavities measured
at DESY [33, 104].
The results of [27] are expanded here to second-order approximations as in chap-
ter IV. This additionally requires the second-order derivatives of the stiffness and
mass matrix of [109]. We also include the deformation coefficients for the Laplace
EVP of [108]. In turn, we deemphasize TESLA cavities, to avoid an extensive discus-
sion of the underlying technology. The interested reader is referred to [6, 27].
Nevertheless, an example demonstrating shape uncertainty for a TESLA cavity is in-
cluded at the end of this chapter to demonstrate the efficacy of the perturbation ap-
proximations for variational Maxwell EVPs with many degrees of freedom. To confirm
the validity of our approximations for trajectories with respect to a degenerate eigen-
space, we also consider a deformation of the a Laplace EVP seen in previous chapters,
as well as a deformation for eigenpairs of the Maxwell EVP with multiplicity m = 3 on
a cube domain.

V.1. Representation of Shape Deformations as Deformation Coefficients

We start by stating the model assumptions, expanding on the assumptions of chap-
ters III and IV.

127
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ASSUMPTION V.1. We consider domains in Rn , n = 2,3, that are open, bounded, sim-
ply connected, and Lipschitz and consider a deformation model defined by a map-
ping

G ∈C 3(X ;C 1(Dx0 ;Rn)) , x 7→Gx ∈C 1(Dx0 ;Rn) .(V.1)

The mapping

Gx : Dx0 →Rn , x 7→Gx (x)

maps the reference domain Dx0 ⊂Rn to the deformed domain

Dx :=Gx (Dx0 )

such that Dx satisfies the above properties that we assumed of the domain. The ref-
erence point x0 ∈ X relates to the reference domain Dx0 , i.e.,

Gx0 = Id .

As in assumption IV.1, for some results, we replace the C 3-mapping by a C 4-mapping.
We assume a stochastic perturbation model of the form (IV.1), which makes the ei-
genpair trajectories with respect with to the eigenspace locally L3- or L4-integrable as
discussed in assumption IV.1.

To prepare for the transformation rules used in this chapter, we recall the Jacobi ma-
trix.

DEFINITION V.2. The Jacobi matrix is the matrix of partial derivatives

JGx :=
[
∂[Gx ]i (x)

∂x j

]n

i , j=1

.

We assume that the Jacobi matrix is invertible, which is sensible for some neighbor-
hood B(x0) as JGx0 = I . Using the Jacobi matrix, we can formulate the following well-
known transformation rules, cf. [67, 108].

LEMMA V.3 ([108, Lemma 1]). Consider a deformation according to assumption V.1.

(1) Let u ∈ H 1(Dx ), then it holds

(gradu)◦Gx = (JGx )−> ·grad(u ◦Gx ) ,

so u ◦Gx ∈ H 1(Dx ).
(2) Consider domains in R3 and let u ∈ H(curl;Dx ), then it holds

(curlu)◦Gx = 1

det(JGx )
(JGx ) ·curl((JGx )> · (u ◦Gx )) .

Thus, u ∈ H(curl;Dx ) if and only if (JGx )> ·u ◦Gx ∈ H(curl;Dx0 ).
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V.1.1. Deformation coefficients. The Laplace and Maxwell EVP on the deformed do-
main can be formulated as a variational EVP over the perturbed domain Dx . However,
in order to use perturbation approximations, it is more convenient to first express
them as an integral over the reference domain Dx0 . In this formulation, the deforma-
tion Gx is represented by a deformation coefficient included in each bilinear form.
We first consider the simpler case of the Laplace EVP.

LEMMA V.4 ([108, Lemma 2]). Consider the case of assumption V.1 with domains inR2.
Then the bilinear forms of the Laplace EVP (examples II.77 and II.81) on the deformed
domain Dx are given by

a
(
u, v ; x

)
:=

∫
Dx0

〈
Gx (x) ·gradu(x),grad v(x)

〉
R2 dx ,(V.2a)

b
(
u, v ; x

)
:=

∫
Dx0

sx (x)u(x)v(x) dx(V.2b)

with matrix-valued deformation coefficient Gx (x) ∈R2×2 and scalar deformation coef-
ficient sx (x) ∈R given by

Gx (x) := det(JGx (x)) (JGx (x))−1 · (JGx (x))−> ,(V.3a)

sx (x) := det(JGx (x)) .(V.3b)

Now consider the case of the Maxwell EVP.

LEMMA V.5 ([108, Lemma 3]). Consider the case of assumption V.1 with domains inR3.
Then the bilinear forms of the Maxwell EVP (example II.78) on the domain Dx are given
by

a
(
u, v ; x

)
:=

∫
Dx0

〈
µ−1(x) Cx (x) ·curl(u(x)),curl(v(x))

〉
R3 dx ,(V.4a)

b
(
u, v ; x

)
:=

∫
Dx0

〈ε(x) Gx (x) ·u(x), v(x)〉R3 dx(V.4b)

with matrix-valued coefficients Cx (x),Gx (x) ∈R3×3

Cx (x) := (JGx (x))> ·JGx (x)

det(JGx (x))
,(V.5a)

Gx (x) := det(JGx (x)) (JGx (x))−1 · (JGx (x))−> .(V.5b)

REMARK V.6. Note that the coefficients (V.3b) and (V.5a) are identical in terms of the
Jacobi matrix. Thus, we denote them with the same symbol, although in the case of
the Laplace EVP, it refers to a R2×2-matrix, while for the Maxwell EVP, it refers to a
R3×3-matrix. We omit the argument of the domain variable x ∈D for improved read-
ability, as it is only relevant in the integrals (V.2) and (V.4).
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V.1.2. Derivatives of the Deformation Coefficients. The derivatives of the bilinear
forms are determined by inserting the derivatives of the coefficients (V.2) and (V.4)
instead of the respective coefficients, i.e., for the Laplace EVP,

Dk
x0

a
(
u, v ; ·)= ∫

Dx0

〈
(Dk

x0
G(x)) ·gradu(x),grad v(x)

〉
R2

dx , k ∈N ,

Dk
x0

b
(
u, v ; ·)= ∫

Dx0

(Dk
x0
s(x))u(x)v(x) dx , k ∈N ,

and for the Maxwell EVP,

Dk
x0

a
(
u, v ; ·)= ∫

Dx0

〈
µ−1(x) (Dk

x0
C(x)) ·curl(u(x)),curl(v(x))

〉
R3

dx , k ∈N ,

Dk
x0

b
(
u, v ; ·)= ∫

Dx0

〈
ε(x) (Dk

x0
G(x)) ·curl(u(x)),curl(v(x))

〉
R3

dx , k ∈N .

Due to remark V.6, we refer to the derivatives of the deformation coefficients without
distinguishing between the Laplace and Maxwell EVP.

LEMMA V.7 ([109, Chapter 4]). Given assumption V.1, the first-order derivatives of the
deformation coefficients of (V.3) and (V.5) are given by

Dx C=−tr
(
(Dx JG) · (JGx )−1)Cx + (Dx JG)> · (JGx )

det(JGx )
+

(
(Dx JG)> · (JGx )

)>
det(JGx )

,(V.6a)

Dx G= tr
(
(Dx JG) · (JGx )−1)Gx − (JGx )−1 · (Dx JG) ·Gx(V.6b)

− (
(JGx )−1 · (Dx JG) ·Gx

)>
,

Dx s= tr
(
(Dx JG) · (JGx )−1)sx .(V.6c)

The second-order derivatives are given by

D2
x C=−tr

(
(D2

x JG) · (JGx )−1)Cx +
(D2

x JG)> · (JGx )

det(JGx )
+

(
(D2

x JG)> · (JGx )
)>

det(JG)
(V.7a)

+ tr
(
((Dx JG) · (JGx )−1)2)Cx − tr

(
(Dx JG) · (JGx )−1) (Dx C)

− tr
(
(Dx JG) · (JGx )−1) ((Dx JG) · (JGx )−1)>+ ((Dx JG) · (JGx )−1)

det(JGx )

+2
(Dx JG)> · (Dx JG)

det(JGx )
,
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D2
x G= tr

(
(D2

x JG) · (JGx )−1)Gx − (JGx )−1 · (D2
x JG) ·Gx(V.7b)

− (
(JGx )−1 · (D2

x JG) ·Gx
)>− tr

(
((Dx JG) · (JGx )−1)2) ·Gx

+ tr
(
(Dx JG) · (JGx )−1) · (Dx G)

+ ((JGx )−1 · (Dx JG))2 ·Gx − (JGx )−1 · (Dx JG) · (Dx G)

+ (
((JGx )−1 · (Dx JG))2 ·Gx − (JGx )−1 · (Dx JG) · (Dx G)

)>
,

D2
x s= tr

(
(D2

x JG) · (JGx )−1)sx(V.7c)

+ tr
(
(Dx JG) · (JGx )−1) (Dx s)− tr

(
((Dx G) · (JGx )−1)2)sx .

PROOF. The calculation of the derivatives can be found in [109, Chapter 4] with the
assumption D2

x JG = 0. For the second-order derivatives (V.7), the slightly more gen-
eral case where D2

x JG does not vanish adds some terms according to the product
rule. �

Linear Deformation Model. A common choice for a deformation model is an affine
model with displacement field

V [ξ] :Rn →Rn , ξ ∈ X ,

such that

Gxξ = x+V [ξ] , V [ξ] := Dx0 G[ξ] .(V.8a)

The Jacobi matrix and its derivative can then be simplified to

JGxξ = I +JV [ξ] , Dx0 JG[ξ] = JV [ξ] .(V.8b)

COROLLARY V.8. Given the linear shape deformation model (V.8) the first-order deriva-
tives of lemma V.7 simplify to

Dx0 C=−tr(JV ) · I+(JV )>+JV ,(V.9a)

Dx0 G= tr(JV ) · I−(JV )>−JV =−Dx0 C ,(V.9b)

Dx0 s= tr(JV ) ,(V.9c)

and the second-order derivatives simplify to

D2
x0
C= tr

(
(JV )2) · I−tr(JV ) · (Dx0 C)− tr(JV )

(
(JV )>+JV

)
(V.10a)

+2
(
(JV )> · (JV )

)
,

D2
x0
G=−tr

(
(JV )2) · I+tr(JV ) · (Dx0 G)+ (JV )2 − (JV ) · (Dx0 G)(V.10b)

+ (
(JV )2 − (JV ) · (Dx0 G)

)>
,

D2
x0
s= (tr(JV ))2 − tr

(
(JV )2) .(V.10c)

PROOF. Consider the derivatives of lemma V.7 and simplify using (V.8) such that

D2
x0
JG = 0 , Cx0 = I , Gx0 = I , sx0 = 1 . �



132 V. SHAPE UNCERTAINTY QUANTIFICATION

The discussed derivatives of the deformation coefficient are sufficient to calculate the
derivatives of the eigenpairs with respect to the eigenspaces up to the second order,
i.e., for the perturbation theorems of chapter IV. Given sufficient smoothness of G ,
formulas for higher-order derivatives can also be found.

V.2. Stochastic Deformation Model

Now that the deformation coefficients (Laplace EVP (V.2), Maxwell EVP (V.4)) and their
derivatives have been established, we again consider a linear stochastic model (V.8).
That is, given a probability space (Ω,A ,P), we consider a perturbation model

Gxξ (ω) = x+V [ξ(ω)] , ω ∈Ω ,(V.11)

with deterministic reference point x0 and V depending linearly on the random vari-
able ξ ∈ X . As in chapter IV, we use assumption IV.1 which guarantees that the mean,
correlation, and covariance of JGx (x) exist locally and that the required moments ex-
ist locally for xξ ∈ B(x0).
Thus, we can apply the perturbation approximations of chapter IV.

COROLLARY V.9. Let λx0 be an eigenvalue of multiplicity m of EVP (III.2) at x0 ∈ B(x0)
with b

(·, ·; x0
)
-orthogonal eigenbasis ux0 ∈ V m and let assumptions IV.1 and V.1 hold.

Consider the bilinear forms for the Laplace EVP given by bilinear forms (V.2) or the
Maxwell EVP given by bilinear forms (V.4). Assume a linear perturbation of the refer-
ence domain according to (V.11). Let (λ,u) be the unique locally analytic trajectories
with respect to the eigenspace of multiplicity m, cf. theorem III.2. Then the approxima-
tions of theorem IV.2 hold in some neighborhood B(x0) of x0.
If ξ ∈ B(x0) is centered, then the simplified approximations of corollary IV.3 hold. Simi-
larly, if G is a C 4-mapping, ξ is centered and skewfree, i.e., E[ξ⊗ξ⊗ξ] = 0, the improved
convergence rate of corollary IV.3 holds.

PROOF. We apply theorem IV.2 to the bilinear forms (V.2) and (V.4). The deformation
coefficients, which describe the deformation on the reference domain Dx0 , inherit
their regularity from the mapping G . Thus, it is also the regularity of the bilinear forms
with derivatives characterized by the derivatives of the deformation coefficients.
Since these derivatives of order k are all k-linear bounded operators, simplifications
of corollary IV.3 hold in complete analogy given the stronger set of assumptions. �

V.3. Implementation

In order to implement the perturbation approximations, the considerations of sec-
tions III.6 and IV.4 apply to the derived bilinear forms (V.2) and (V.4). In order to avoid
repetition, we only provide some remarks on the implementation of the deformation
coefficients and notes on KLE-type decompositions of the deformation model.
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V.3.1. Implementation of the Deformation. For the implementation of the bilinear
forms, we use a FE discretization with basis functions (ϕi )i=1,...,n on the undeformed
domain. For the implementation of the matrix-valued basis coefficients we assume
that depending on the EVP either grad(ϕi ) (Laplace) or curl(ϕi ) (Maxwell) are cal-
culated explicitly in the existing implementation at nodes according to a quadrature
rule. Then we apply the deformation coefficients to the basis functions in the same
evaluation points to calculate the FE-matrices of the deformed domain.
Since such a this design pattern is found in in most FE, also in geoPDEs [98], which
we use for the Maxwell EVP, we can implement the deformation coefficients with only
minor modifications.
Note that applying the map Gx directly to the nodes of the grid leads to a different
domain. The same is true when moving the coordinates of the NURBS coefficients if
the domain is implemented in an IGA library.

V.3.2. Karhunen–Loève-type Stochastic Models. Let the deformation model (V.11)
be given by a KLE-type decomposition

Gxξ (ω) = x+V [ξ(ω)] = x+
M∑

i=1
V [φi ]zi (ω) , ω ∈Ω ,

with zi ∈ L4
P

(Ω) iid and M =N∪ {∞ }. Such a shape deformation model can be com-
piled using statistical methods and measurement data, cf. [33].
The decomposition of the shape deformation model implies that the deformation
coefficients can similarly be decomposed as expansions of the form

Cxξ = I +
M∑

i=1
Dx0 C[φi ]zi (ω)+ 1

2

M∑
i , j=1

D2
x0
C[φi ,φ j ]zi (ω)z j (ω)+O (‖ξ‖3

L3
P

(Ω;X )
) ,

Gxξ = I +
M∑

i=1
Dx0 G[φi ]zi (ω)+ 1

2

M∑
i , j=1

D2
x0
G[φi ,φ j ]zi (ω)z j (ω)+O (‖ξ‖3

L3
P

(Ω;X )
) ,

sxξ = 1+
M∑

i=1
Dx0 s[φi ]zi (ω)+ 1

2

M∑
i , j=1

D2
x0
s[φi ,φ j ]zi (ω)z j (ω)+O (‖ξ‖3

L3
P

(Ω;X )
) .

Each Fréchet derivative of the deformation coefficients toward φi ∈ X yields respec-
tive Fréchet derivatives of the bilinear forms according to section V.1.2. By insertion
of these into the bilinear forms and calculation of the derivatives of the eigenpair tra-
jectories with respect to the eigenspace of chapter III, we arrive at the setting of sec-
tion IV.4.2. Thus, we can use the explicit formulas of corollary IV.7 for corollary V.9.

V.4. Numerical Experiments

In this section, we consider deformations of the Laplace EVP of chapters III and IV
and Maxwell EVPs in order to demonstrate the implementation and validate the con-
vergence rates of corollary V.9.
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In the following examples, the shape deformation models will be constructed using
trigonometric functions. This can be seen as an idealized version of a deformation
model, similar in shape to the model of [27, 33]. Using such idealized deformations
has the benefit that the Jacobi matrix can be calculated in closed form. Additionally,
we may observe crossing behavior in the trajectories that we might not see if the per-
turbations included statistical artifacts.
We again consider a model with low-dimensional parameter space in order to bench-
mark the convergence rates of the perturbation approximations against a GL approx-
imation as in section IV.5. In the following example, we only consider the centered
and skewless setting with improved convergence rates. Given a perturbation model
of the forms (IV.13) with t ≥ 0 the amplitude of the perturbation and zi centered and
skewless, the second-order perturbation approximation and (tensorized) GL approx-
imation for n = 2 converge in O (t 4).

V.4.1. Laplace Eigenvalue Problem. Consider the Laplace EVP on the unit square
with zero Dirichlet boundary condition using the discretization of section III.7. For
the deformation mapping, we first consider the one-dimensional case

G : [0,1] →C∞(Dt0 ;Dt ) , t 7→Gt = x+ t

[
0

1
10 sin(kπx1)

]
, k = 2 .(V.13)

As seen in previous examples of chapters III and IV, the first eigenvalue is non-degen-
erate while the second and third form a degenerate eigenspace of multiplicity m = 2.
These eigenpairs are illustrated for t = 0 and t = 1 in fig. V.1. The degenerate unper-
turbed eigenfunctions are polarized according to the deformation. In this example,
the polarization is given by deciding order k̀ = 1. Note that if we change (V.13) so
that k is odd, we instead get k̀ = 2 even, i.e., pathwise deflecting instead of crossing
trajectories.
Verification of the Derivatives. Before considering the stochastic case, we verify the
derivatives of the FE matrices and the derivatives of the polarized eigenpairs. To this
end, we approximate each by first- and second-order Taylor approximations. In the
case of the eigenfunctions of the degenerate eigenvalue, we restrict ourselves to first-
order approximations due to k̀ = 1. We calculate each at perturbation amplitudes

t ∈ {
t n : n =−15, . . . ,0

}
.(V.14)

We again use the absolute value for the eigenvalues and the ‖ · ‖L2(D)-norm for the ei-
genfunctions. For the FE matrices we use the ‖ ·‖1-norm, i.e., the maximum absolute
column sum, which can be evaluated faster for sparse matrices. The resulting con-
vergence rates can be seen in fig. V.2. Note that for this deformation, the mass matrix
is constant and the stiffness matrix is exactly approximated by the second-order Tay-
lor approximation. This can be confirmed empirically in the fig. V.2 up to machine
precision and is convenient for the following discussion, since we did not discuss the
formulas for higher-order derivatives of the deformation coefficients.



V.4. NUMERICAL EXPERIMENTS 135

0 1

0

1

(λ̀0)1 = 19.8023

0 1

0

1

(λ̀0)2 = 49.6860

0 1

0

1

(λ̀0)3 = 49.6860

0 1

0

1

(λ̀1)1 = 20.8282

0 1

0

1

(λ̀1)2 = 46.1651

−2

−1

0

1

2

0 1

0

1

(λ̀1)3 = 57.5982

FIGURE V.1. Unperturbed and perturbed Laplace eigenpairs ac-
cording to deformation (V.13).
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FIGURE V.2. Convergence of the Taylor approximations of the FE
matrices and polarized eigenpairs for the Laplace EVP example.

Uncertainty Quantification. We now consider a stochastic model of the form

Gxξ = x+V [ξ] = x+ t
M∑

k=1
V [φk ]zi ,
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where we choose

V [φk ] =
[

0
exp(−k)sin(kπx1)

]
with M = 5 and zi = U ([− 1

2 , 1
2 ]) iid. Since we cannot expect a common polarization

for all samples, we choose the basis of the degenerate eigenspace by aligning them to
the coordinate axis as in fig. II.1.
Clearly, the deformation is centered and skewfree, so we expect convergence rates
of O (t 4) according to corollary V.9. The approximations can be implemented using
the formulas of corollary IV.7 and parallelization as in section IV.5.
Since the deformation model is not very high-dimensional, we use the GL quadrature
with n = 2 points per dimension, cf. table II.1. For each evaluation, we calculate the
third-order approximation of the polarization matrix as t 7→ [0,1] to calculate the eval-
uation of the trajectories with respect to the eigenspace as discussed in section III.4.
To this end, we use the favorable circumstance that the derivatives of the FE-matrices
vanish for orders higher than two. Since we did not proof this conjecture analytically,
we check it up to machine precision for each evaluation. We calculate the approxi-
mations and the GL quadrature at perturbation amplitudes (V.14). The convergence
rates are then calculated with the same norms as in section IV.5.
The convergence rates are illustrated and confirmed in fig. V.3. For the eigenfunc-
tions in the degenerate eigenspace, the mapping to the eigenspace introduces some
numerical errors to the GL approximation for small perturbations.

V.4.2. Maxwell Eigenvalue Problem. We now consider the Maxwell EVP on the unit
cube D = (0,1)3, which is provided as a one-patch IGA example in geoPDEs [98]. For
the basis, we use second-degree B-splines, let the library perform two subdivisions of
the patch, and use the included GL quadrature with n = 3 points per dimension. We
consider the smallest eigenvalue with multiplicity m = 3, which is approximated as
λ= 20.
Similarly to the previous example, we first consider a one-dimensional parameter
space and a deformation

G : [0,1] →C∞(Dx0 ;Dt ) , t 7→Gt = x+ t

 0
1

10 sin(kπx1)
0

 , k = 2 .(V.15)

The eigenpairs for t = 0 and t = 1 can be seen in fig. V.4. The unperturbed eigenfunc-
tions belong to an eigenspace with multiplicity m = 3 and are polarized with respect
to the deformation. Note that since we calculated the vector field on the reference
domain, we need to reverse the transformation of lemma V.3 in order to arrive at the
vector field in H 1

0 (curl;Dx ).

The decision matrix in this case has uniform order k̀ = 1. Therefore, the eigenvalues
are sorted according to their first-order derivatives of the eigenvalues. The second
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FIGURE V.3. Convergence rates of perturbation approximations for
stochastic moments of the Laplace EVP with stochastic deforma-
tion.
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FIGURE V.4. Unperturbed and perturbed eigenfunctions of the
Maxwell eigenpairs according to deformation (V.15).
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and third eigenvalue cross again for some value t < 1, thus the eigenpairs are not
ordered according to their eigenvalues at t = 1. If we choose k = 1 in (V.15) instead,
we get deciding order k̀ = 2.
Verification of the Derivatives. As in the previous example, we check the derivatives of
the FE matrices and the polarized eigenpairs by calculating the Taylor approximation
at (V.14). For the eigenvalues we consider first- and second-order approximations,
while for the eigenfunctions we consider only the first-order Taylor approximations
as k̀ = 1. The norms are chosen in analogy to the previous example for the Laplace
EVP. Similarly to the previous example, the derivatives of the FE matrices of order
higher than two vanish for this specific deformation.
Uncertainty Quantification. Also in analogy to the previous example, we now con-
sider a stochastic model of the form

Gxξ = x+V [ξ] = x+ t
M∑

k=1
V [φk ]zi ,

where we choose

V [φk ] =
 0

exp(−k)sin(kπx1)
0


with M = 5 and zi =U ([− 1

2 , 1
2 ]) iid. The unperturbed eigenfunctions are again aligned

to the coordinate axes, since the initial polarization varies.
We again use the GL approximation (n = 2) as the reference approximation for com-
parison with the perturbation approximation. For each parameter configuration, we
perform a transformation of the eigenpairs to the trajectories with respect to the ei-
genspace using the third-order approximation of the polarization matrix. This is again
possible since the higher-order derivatives of the FE matrices vanish, which we also
check empirically up to machine precision.
The convergence rates are illustrated fig. V.6 using norms analogous to the previous
example for fixed multiplicity m = 3. We can thus confirm the convergence rates,
however, we again observe numerical errors in the reference approximations for small
perturbation amplitudes.

V.4.3. Variance of Accelerating Mode of a Nine-cell TESLA Cavity. For the last exam-
ple of the chapter, we consider the nine-cell TESLA cavity domain of [98]. We choose
the same B-spline basis and quadrature rules as in the previous example to compute
the FE matrices. The domain is constructed from 27 patches and, given our FE basis,
the discrete EVP has 21652 degrees of freedom. Since the TESLA cavity has nine cells,
the first nine eigenvalues are non-degenerate and clustered relatively close together,
cf. a similar model of a TESLA cavity in [27]. The eigenfunction corresponding to the
ninth eigenvalue is called the accelerating mode and is of the most interest for the
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FIGURE V.5. Convergence of the Taylor approximations of the FE
matrices and polarized eigenpairs for the Maxwell EVP example.

operation as a particle accelerator. This eigenfunction has the property that the E-
field changes direction when comparing adjacent cells of the TESLA cavity, cf. fig. V.7.



142 V. SHAPE UNCERTAINTY QUANTIFICATION

10−5 10−4 10−3 10−2 10−1 100
10−10

10−9
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1

100

t

‖·
‖ R

3×
3

E[λ]

10−5 10−4 10−3 10−2 10−1 100
10−10

10−9
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1

100

t

‖·
‖ R

9
⊗R

9

Cor[λ]

10−5 10−4 10−3 10−2 10−1 100
10−1510−1410−1310−1210−1110−1010−910−810−710−610−510−410−310−210−1100

t

‖·
‖ R

9
⊗R

9

Cov[λ]

(λ)1, 1st 2nd

t 2 t 4

10−5 10−4 10−3 10−2 10−1 100
10−10

10−9
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1

100

t

‖·
‖ [L

2
(D

)]
3

E[u]

10−5 10−4 10−3 10−2 10−1 100
10−10

10−9
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1

100

t

‖·
‖ [L

2
(D

)]
3
⊗[

L
2

(D
)]

3

Cor[u]

10−5 10−4 10−3 10−2 10−1 100
10−1510−1410−1310−1210−1110−1010−910−810−710−610−510−410−310−210−1100

t

‖·
‖ [L

2
(D

)]
3
⊗[

L
2

(D
)]

3

Cov[u]

(u)1, 1st 2nd

t 2 t 4

FIGURE V.6. Convergence rates of perturbation approximations for
stochastic moments of the Maxwell EVP with stochastic deforma-
tion.
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We want to quantify its variance for a stochastic model

Gxξ = x+V [ξ] = x+ t
4∑

i=1

M∑
k=1

Vi [φk ]zi ,

with

V1[φk ] =
 0

exp(−k)sin(kπx1)
0

 , V2[φk ] =
 0

exp(−k)cos(kπx1)
0

 ,

V3[φk ] =
exp(−k)sin(kπx2)

0
0

 , V4[φk ] =
exp(−k)cos(kπx2)

0
0

 ,

for k = 1, . . . ,5, i.e., dim(X ) = 20. Thus, the deformation is a displacement along the
symmetry axis x3 on which the particle beam is ideally accelerated. In fig. V.7 the ac-
celerating mode is depicted on the unperturbed TESLA cavity and for a sample defor-
mation. The last illustration shows the second-order approximation of the variance
of the accelerating mode. It turns out that the variance is largest near the connections
of two cells.
We consider the computation cost on the Marvin cluster1 of the University of Bonn.
Each assembly of a stiffness and mass matrices for one deformation sample takes
around 6 seconds and the solution of the EVP takes around a second.
Calculating one derivative of a FE matrix for the perturbation approximations takes
roughly the same time as calculating one perturbed FE matrix. We incur this com-
putational cost for both the stiffness and the mass matrix, for first- and second-order
derivatives, and for M perturbation dimensions. The solution of the saddle point
equations itself takes less than a second.
Compared to sampling based approaches, the perturbation approximation is again
advantageous for high-dimensional parameter spaces and when the amplitude of the
perturbation is relatively small. This is the case for shape deformation models, where
the deformation is small, so that the overall shape of the domain varies only slightly.

1The hardware specifics can be found in section IV.5.
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FIGURE V.7. Accelerating mode u9 of in undeformed TESLA cavity
and in a sampled deformation for t = 1

10 (left and middle, scaled by
factor 10−3) as well as the second-order approximation of the vari-
ance Var[u9] for t = 1

10 (right and only scaled by factor 10−2). The
center line of the unperturbed cavity is marked in red.



CHAPTER VI

Bayesian Inverse Problems

In this chapter, we consider how we can incorporate measurement data into pertur-
bation approximations of the stochastic moments of theorem IV.2, in the setting of a
Bayesian inverse problem. To this end, we transfer the results of [26] to the setting
of EVPs. In [26] generic Fréchet differentiable mappings are considered, thus the re-
sults are applicable locally to the trajectories of the eigenpairs with respect to their
eigenspace, cf. theorem III.2. This again includes the eigenvalues trajectories in the
traditional sense if the eigenvalues are non-degenerate, cf. corollary III.3, or uncou-
pled, cf. remark III.24.
Bayesian inversion is a method of estimating a stochastic model parameter by incor-
porating measurement data into the stochastic model, assuming that the measure-
ment data are also perturbed, usually by an additive Gaussian noise. The assumed
probability measure before the measurement is called prior and is updated after the
measurement to a posterior probability measure. This update of the probability mea-
sure leads to new posterior stochastic moments, which we describe in this chapter us-
ing perturbation approximations with respect to the prior measure. As in [26], we also
discuss an iterative improvement of the parameter estimate by repeated application
of the perturbation approximation of the posterior mean of the perturbed parameter.

VI.1. Bayesian Inversion

We specify the model assumptions for the Bayesian inverse problem. The interested
reader may find more information on Bayesian inverse problems in [57, 94, 93].

ASSUMPTION VI.1. Consider a forward response map G : X → Y between two Banach
spaces X ,Y and refer to X as before as the parameter space and Y the observable
space. Since Y is possibly infinite-dimensional, we consider an observation opera-
tor O ∈ L (Y ;RK ) that returns K < ∞ measurements. For brevity, we introduce the
composition Q := O◦G : X → RK and call it the measurement operator. Let (Ω,A ,P)
be a probability space. As is common for Bayesian inverse problems, we assume that
the measurements are subject to additive Gaussian noise ε∼N (0,Σ), i.e., ε :Ω→RK ,
with Σ ∈ RK×K a symmetric positive definite covariance matrix. We also assume to
have an X -valued random variable ξ : Ω→ X as in previous chapters, where we call

145
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Banach spaces

Hilbert spaces

ξ ∈ X Y

RK η ∈RKZ

G

R O

+ε

Q

FIGURE VI.1. Setting of the Bayesian inverse problem.

the image measure Pξ the prior distribution of ξ. It is assumed that the random vari-
ables ξ and ε are independent. Thus, the available noisy measurements ηδ are given
as realizations of a random variable

η= Q(ξ)+ε , (ξ,ε) ∼Pξ⊗N (0,Σ) .

Given a realization ηδ ∈ RK of this random variable, we define the (unnormalized)
likelihood

Θ : X →R , x 7→ exp(−Φ(x)) ,

and refer to

Φ(x) = 1
2‖ηδ−Q(x)‖2

Σ(VI.1)

as the potential of the likelihood using the notation (II.41). We assume that (VI.1) is
Pξ-measurable.

In the setting of assumption VI.1, Bayes’ rule (lemma II.94) can be expressed using
Radon–Nikodým derivatives.

THEOREM VI.2 ([93, Theorem 6.29 & 6.31]). Assume that the potential (VI.1) is Pξ-
measurable. Then the posterior distribution Pδ

ξ
:=Pξ|η=ηδ of ξ conditioned on the real-

ization η = ηδ exists. It is absolutely continuous with respect to Pξ, i.e., Pδ
ξ
¿ Pξ, and

given by the Radon–Nikodým derivative

dPδ
ξ

dPξ
(x) = Θ(x)∫

X Θ(x) dPξ(x)
.(VI.2)

VI.1.1. Posterior Stochastic Moments. Let R : X → Z be a prediction function taking
values in some Hilbert space Z , where R(x) is some variable of interest, e.g. eigenpair
trajectories. The mappings of assumption VI.1 and R are summarized in fig. VI.1.
For R ∈ L1

Pξ
(X ; Z ) the prior mean is defined as the mean with respect to the prior

distribution

E[R] =
∫

X
R dPξ .
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The posterior mean is defined with respect to the posterior probability measure Pδ ,
that is the mean conditioned on the data ηδ, i.e.,

EPδ [R] = E
[
R | η= ηδ

]
= E

[
R

Θ

E[Θ]

]
.(VI.3a)

For R,R1,R2 ∈ L2
Pξ

(X ; Z ) we can also define a posterior correlation

CorPδ [R1,R2] = EPδ [R1 ⊗R2] ,(VI.3b)

and a posterior covariance

CovPδ [R1,R2] = EPδ
[
(R1 −EPδ [R1])⊗ (R2 −EPδ [R2])

]
.(VI.3c)

We use the usual shorthand notations

CorPδ [R] =CorPδ [R,R] , CovPδ [R] =CovPδ [R,R] ,

and VarPδ [R] : D → R, x 7→ VarPδ [R](x) = CovPδ [R](x, x) which we call the posterior
variance (function).
In the following, if the stochastic moments are not indexed, they are to be understood
with respect to the prior distribution P as before.

VI.2. Perturbation Approximations of Posterior Moments

For the following approximations, we require that the mappings Q : X → RK and R :
X → Z also have at least C 3-regularity with respect to the parameter x ∈ X . We also
require local L3-integrability as discussed in assumption IV.1.
We intend Q and R to be or to depend upon (without deteriorating the above prop-
erties) the trajectories of eigenpairs with respect to the eigenspace. The stochastic
parameter xξ ∈ X is again given by a perturbational model (IV.1). As discussed in
chapter III and assumption IV.1, the trajectories of the eigenpairs with respect to the
eigenspace satisfy the above properties locally in a neighborhood B(x0) around the
reference point x0 ∈ X , cf. theorem III.2. This can be extended to trajectories in the
traditional sense for non-degenerate eigenpairs, cf. corollary III.3, or when the degen-
erate eigenvalues are uncoupled, cf. remark III.24. Since Q and R can be interpreted in
many ways in the context of EVPs, we stick to this generic notation for the following
discussion.
Given a perturbation model of the parameter xξ ∈ B(x0) ⊂ X according to (IV.1), Q ∈
C 4(B(x0);RK ), and R ∈ C 4(B(x0); Z ), the mappings of our Bayesian setting can be ex-
pressed as expansions

Qxξ = Qx0 +Dx0 Q[ξ]+ 1
2 D2

x0
Q[ξ]+ 1

6 D3
x0
Q[ξ]+O (‖ξ‖4

X ) ,(VI.4a)

Rxξ = Rx0 +Dx0 R[ξ]+ 1
2 D2

x0
R[ξ]+ 1

6 D3
x0
R[ξ]+O (‖ξ‖4

X ) .(VI.4b)

Accordingly, the likelihood Θ ∈C 4(X ;R) can be expressed as

Θxξ =Θx0 +Dx0 Θ[ξ]+ 1
2 D2

x0
Θ[ξ]+ 1

6 D3
x0
Θ[ξ]+O (‖ξ‖4

X )(VI.4c)
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with

Θx0 = exp
(
− 1

2‖ηδ−Qx0‖2
Σ

)
,(VI.5a)

Dx0 Θ[ξ] =Θx0

〈
ηδ−Qx0 ,Dx0 Q[ξ]

〉
Σ

,(VI.5b)

D2
x0
Θ[ξ] =Θx0

(〈
ηδ−Qx0 ,Dx0 Q[ξ]

〉2

Σ
−‖Dx0 Q[ξ]‖2

Σ+
〈
ηδ−Qx0 ,D2

x0
Q[ξ]

〉
Σ

)
,(VI.5c)

D3
x0
Θ[ξ] = D2

x0
Θ[ξ]

〈
ηδ−Qx0 ,Dx0 Q[ξ]

〉
Σ

(VI.5d)

+Θx0

(
2
〈
ηδ−Qx0 ,Dx0 Q[ξ]

〉
Σ

(〈
ηδ−Qx0 ,D2

x0
Q[ξ]

〉
Σ
−∥∥Dx0 Q[ξ]

∥∥2
Σ

)
−3

〈
Dx0 Q[ξ],D2

x0
Q[ξ]

〉
Σ
+

〈
ηδ−Qx0 ,D3

x0
Q[ξ]

〉
Σ

)
.

Note that only the derivatives eqs. (VI.5b) to (VI.5d) are random. For ease of notation,
we omit the stochastic argument ξ.
The following result can be seen as a generalization of theorem IV.2 for Bayesian in-
verse problems if we let R ∈ {λ,u }.

THEOREM VI.3 ([26, Theorem 3.2]). Let B(x0) be a neighborhood of x0 ∈ X such that
xξ ∈ B(x0) and assume that ξ ∈ L3

P
(Ω; X ), Q ∈ C 3(B(x0);RK )∩L3

Pξ
(Ω;RK ), and also R ∈

C 3(B(x0); Z )∩L3
Pξ

(Ω; Z ). Then it holds that

EPδ [Rxξ ] = Rx0 +E[Dx0 R](VI.6a)

+ 1
2

(
E[D2

x0
R]+2Cov

[
Dx0 R,

〈
ηδ−Qx0 ,Dx0 Q

〉
Σ

])
+O (‖ξ‖3

L3
P

(Ω;X )
) ,

CorPδ [Rxξ ] = Rx0 ⊗Rx0 +
(
E[Dx0 R]⊗Rx0 +Rx0 ⊗E[Dx0 R]

)
(VI.6b)

+ 1
2

(
E[D2

x0
R]⊗Rx0 +Rx0 ⊗E[D2

x0
R]+2Cor[Dx0 R]

+2Cov
[

(Dx0 R)⊗Rx0 +Rx0 ⊗ (Dx0 R),
〈
ηδ−Qx0 ,Dx0 Q

〉
Σ

])
+O (‖ξ‖3

L3
P

(Ω;X )
) ,

CovPδ [Rxξ ] =Cov[Dx0 R]+O (‖ξ‖3
L3
P

(Ω;X )
) .(VI.6c)

PROOF. In order to prove (VI.6a), we need to calculate the derivatives of

Rxξ

Θxξ

E[Θxξ ]
∈C 3(B(x0);R)

with respect to the parameter in order to then apply the mean in analogy to theo-
rem IV.2. The first- and second-order derivatives are

Dx0

(
R

Θ

E[Θ]

)
= (Dx0 R)

Θx0

E[Θx0 ]
+Rx0

Dx0 Θ

E[Θx0 ]
−Rx0

Θx0 (Dx0 E[Θ])

E[Θx0 ]2 ,



VI.2. PERTURBATION APPROXIMATIONS OF POSTERIOR MOMENTS 149

D2
x0

(
R

Θ

E[Θ]

)
= (D2

x0
R)

Θx0

E[Θx0 ]
+2(Dx0 R)

Dx0 Θ

E[Θx0 ]
−2(Dx0 R)

Θx0 (Dx0 E[Θ])

E[Θx0 ]2

+Rx0

D2
x0
Θ

E[Θx0 ]
−2Rx0

Dx0 Θ(Dx0 E[Θ])

E[Θx0 ]2

−Rx0

Θx0 (D2
x0
E[Θ])

E[Θx0 ]2 +2Rx0

Θx0 (Dx0 E[Θ])2

E[Θx0 ]3 .

Since the k-th Fréchet derivative can be seen as an bounded k-linear operator in ξ ∈
X , cf. section II.3, it holds

Dk
x0
E[Θ] = Dk

x0

∫
X

Θ dPξ =
∫
X

Dk
x0
Θ dPξ = E[Dk

x0
Θ] , k = 1,2 ,

and ξ ∈ L2
P

(Ω; X ) implies

|Dk
x0
E[Θ]| ≤ E[|Dk

x0
Θ|] ≤ ‖Dk

x0
Θ‖L (k)(X ;R)‖ξ‖Lk

P
(Ω;X ) <∞ , k = 1,2 .

so these quantities are well defined. Furthermore, (VI.5a) implies E[Θx0 ] =Θx0 . Thus,
applying the mean, exploiting Dx0 E[Θ] = E[Dx0 Θ], and using (VI.5b), we get

EPδ [Dx0 R] = E
[

(Dx0 R)
Θx0

E[Θx0 ]

]
+E

[
Rx0

Dx0 Θ

E[Θx0 ]

]
−E

[
Rx0

Θx0 (Dx0 E[Θ])

E[Θx0 ]2

]
= E[Dx0 R] ,

and

EPδ [D2
x0
R] = E

[
(D2

x0
R)

Θx0

E[Θx0 ]

]
+2E

[
(Dx0 R)

Dx0 Θ

E[Θx0 ]

]
−2E

[
(Dx0 R)

Θx0 (Dx0 E[Θ])

E[Θx0 ]2

]
+E

[
Rx0

D2
x0
Θ

E[Θx0 ]

]
−2E

[
Rx0

(Dx0 Θ)(Dx0 E[Θ])

E[Θx0 ]2

]
−E

[
Rx0

Θx0 (D2
x0
E[Θ])

E[Θx0 ]2

]
+2E

[
Rx0

Θx0 (Dx0 E[Θ])2

E[Θx0 ]3

]
= E[D2

x0
R]+2E

[
(Dx0 R)

Dx0 Θ

Θx0

]
−2E

[
(Dx0 R)

Dx0 E[Θ]

Θx0

]
= E[D2

x0
R]+2E

[
(Dx0 R)

〈
ηδ−Qx0 ,Dx0 Q

〉
Σ

]
−2E[Dx0 R]

〈
ηδ−Qx0 ,E[Dx0 Q]

〉
Σ

= E[D2
x0
R]+2Cov

[
Dx0 R,

〈
ηδ−Qx0 ,Dx0 Q

〉
Σ

]
.

Therefore, applying the mean to the Taylor expansion of EPδ [Rxξ ], we arrive at (VI.6a).

The approximation (VI.6b) is obtained by considering R̃ξ := Rxξ ⊗Rxξ and the approxi-
mation (VI.6c) is found using (II.39e) in analogy to theorem IV.2. �

Note that compared to theorem IV.2, the approximations for mean and correlation
have some extra terms that introduce the influence of the likelihood function Θ. The
second-order approximation of the covariance is the same as in theorem IV.2.
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REMARK VI.4. Using only C 2-regularity and L2-integrability, similarly to remark IV.4,
the following first-order approximations hold

EPδ [Rxξ ] = Rx0 +E[Dx0 R]+O (‖ξ‖2
L2
P

(Ω;X )
) ,(VI.7a)

CorPδ [Rxξ ] = Rx0 ⊗Rx0 +
(
E[Dx0 R]⊗Rx0 +Rx0 ⊗E[Dx0 R]

)
+O (‖ξ‖2

L3
P

(Ω;X )
) ,(VI.7b)

CovPδ [Rxξ ] = 0+O (‖ξ‖2
L2
P

(Ω;X )
) .(VI.7c)

Thus, the first-order approximations for the prior and posterior stochastic moments
are identical and independent of the measurement data ηδ.
Given sufficient regularity and integrability, higher-order approximations are again
possible, however, when implemented naively, the computational cost grows expo-
nentially. Similarly to the case of the prior distribution, generalizations for higher-
order moments are also possible in analogy to [16, 46].

In analogy to corollary IV.3, we can find simplifications and improved convergence
rates given additional assumptions.

COROLLARY VI.5 ([26, Corollary 3.3]). Let the assumptions of theorem VI.3 hold and
assume also that ξ ∈ L3

P
(Ω; X ) is centered. Then the approximations of theorem VI.3

simplify to

EPδ [Rxξ ] = Rx0 + 1
2

(
E[D2

x0
R]+2Cor

[
D0R,

〈
ηδ−Qx0 ,Dx0 Q

〉
Σ

])
+O (‖ξ‖3

L3
P

(Ω;X )
) ,

(VI.8a)

CorPδ [Rxξ ] = Rx0 ⊗Rx0

(VI.8b)

+ 1
2

(
E[Dx0 R]⊗Rx0 +Rx0 ⊗E[Dx0 R]+2Cor[Dx0 R]

+2Cor
[(

(Dx0 R)⊗Rx0 +Rx0 ⊗ (Dx0 R)
)
,
〈
ηδ−Qx0 ,Dx0 Q

〉
Σ

])
+O (‖ξ‖3

L3
P

(Ω;X )
) ,

CovPδ [Rxξ ] =Cor[Dx0 R]+O (‖ξ‖3
L3
P

(Ω;X )
) .

(VI.8c)

If ξ ∈ L4
P

(Ω; X ) is centered and skewfree, i.e., E[ξ⊗ ξ⊗ ξ] = 0, Q ∈ C 4(X ;RK ), and R ∈
C 4(X ; Z )∩L4

Pξ
(X ; Z ), then the convergence rate improves to O (‖ξ‖4

L4
P

(Ω;X )
).

PROOF. Again, since the first-order Fréchet derivative is linear in ξ, E[ξ] = 0 implies

E[Dx0 R] = 0 , E[Dx0 Q] = 0 ,

and thus also E[Dx0 Θ] = 0 so arrive at the simplified approximations.
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For the improved convergence rate, we continue the derivations of theorem VI.3 and
get a third-order derivative

D3
x0

(
R

Θ

E[Θ]

)
= (D3

x0
R)

Θx0

E[Θx0 ]
+3(D2

x0
R)

Dx0 Θ

E[Θx0 ]
−3(D2

x0
R)
Θx0 (Dx0 E[Θ])

E[Θx0 ]2

+3(Dx0 R)
D2

x0
Θ

E[Θx0 ]
−6(Dx0 R)

(Dx0 Θ)(Dx0 E[Θ])

E[Θx0 ]2 −3(Dx0 R)
Θx0 (D2

x0
E[Θ])

E[Θx0 ]2

+6(Dx0 R)
Θx0 (Dx0 E[Θ])2

E[Θx0 ]3 +Rx0

D3
x0
Θ

E[Θx0 ]
−3Rx0

(D2
x0
Θ)(Dx0 E[Θ])

E[Θx0 ]2

−3Rx0

(Dx0 Θ)(D2
x0
E[Θ])

E[Θx0 ]2 +6Rx0

(Dx0 Θ)(Dx0 E[Θ])2

E[Θx0 ]3 −Rx0

Θx0 D3
x0
E[Θ]

E[Θx0 ]2

−6Rx0

Θx0 (Dx0 E[Θ])3

E[Θx0 ]4 +6Rx0

Θx0 (Dx0 E[Θ])(D2
x0
E[Θ])

E[Θx0 ]3 .

Since the third-order derivative is trilinear in ξ, the same argument as in theorem VI.3
yields E[Dx0 R] = 0 and E[Dx0 Q] = 0. Similarly, the multiplication of second-order deri-
vatives (bilinear in ξ) and first-order derivatives (linear in ξ) is also trilinear in ξ. Then,
if E[ξ⊗ξ⊗ξ] = 0, we find

E

[
(D2

x0
R)

Dx0 Θ

E[Θx0 ]

]
= 0 , E

[
(Dx0 R)

D2
x0
Θ

E[Θx0 ]

]
= 0 .

Thus, the third-order derivatives also vanish under these stricter assumptions. The
approximations for correlation (VI.8b) and covariance (VI.8c) follow in complete anal-
ogy. �

VI.3. Variation of the Reference Point

The following section reflects on the possibility of changing the reference point x0 ∈ X
to a more suitable position in the parameter space. For EVPs we need to observe the
following caveats.

REMARK VI.6. Since the reference point is linked to the notion of which eigenvalues
we consider degenerate, this variation of the reference point requires that we delib-
erately consider the eigenspace of multiple eigenvalues in a point where they are ac-
tually not degenerate. Alternatively, we must consider different eigenspaces with re-
spect to the new reference point. If the eigenpairs that we consider remain non-de-
generate throughout the variation or are uncoupled with constant polarization, this
is not an issue, since they are Fréchet differentiable.

VI.3.1. Comparison to the Laplace Approximation. We compare the perturbation
approximation of the mean of theorem VI.3 to the Laplace approximation, cf. [97],
which is also based on a second-order Taylor approximation, to highlight the dif-
ference between both approaches. To keep the discussion concise, let X = Rd and
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assume that the prior probability is given by a density f (x) : Rd → [0,∞) with S =
supp( f ). Let the posterior probability be unimodal, i.e., it has a unique local maxi-
mum, and let it be given by the posterior density

f δ(x) :=
{ exp(−Φ(x)) f (x)∫

X exp(−Φ(x)) f (x) dx
= exp(−l(x))∫

X exp(−l(x)) dx
x ∈ S ,

0 else ,

with l : S →R the negative log-posterior density

l(x) :=Φ(x)− log( f (x)) .

We assume Φ, f ∈C 2(S), such that l ∈C 2(S). Since the posterior density is unimodal,
the maximum a posteriori (MAP) point is given by

xMAP := argmax
x∈S

f δ(x) = argmin
x∈S

l(x) .

We require this specific point as the reference point. If we assume that xMAP is in the
interior of S, then DxMAP l[x] = 0. Moreover, since X is finite-dimensional, we can
represent the second-order derivative D2

xMAP l using the Hessian matrix

HxMAP l :=
[

∂2l
∂xi ∂x j

(xMAP)
]n

i , j=1
.

We assume that H2
xMAP l is symmetric positive definite. The Laplace approximation is

derived by replacing l with its second-order Taylor approximation, cf. [97], i.e.,

exp(−l(x))∫
X exp(−l(x)) dx

≈ exp(−lxMAP − 1
2 x>(HxMAP l)x)∫

X exp(−lxMAP − 1
2 x>(HxMAP l)x) dx

= exp(− 1
2 x>(HxMAP l)x)√

(2π)d det(HxMAP l))
.

Thus, the Laplace approximation of f δ is the Gaussian distribution

N (xMAP, (HxMAP l)−1) .

In comparison, the Laplace approximation needs the (unique) MAP point as the ref-
erence point, so the caveats of remark VI.6 apply. In general, it is also not necessarily
the case for our setting that the posterior is unimodal at all. The Laplace approxima-
tion works well when the posterior is close to a multivariate Gaussian distribution and
can also be sampled directly. Meanwhile, the point of reference of the perturbation
approximation can be chosen more freely and performs best for small perturbations
or when the means of the higher-order Fréchet derivatives vanish.

VI.3.2. Iterative Improvement of the Reference Value. The reference point x0 is an
important parameter of the stochastic model and informs the start of the perturba-
tion approximations of theorem VI.3. For the local sensitivity analysis of the forward
problem, x0 is often considered an inherent property of the perturbation model (IV.1).
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However, it might sometimes make sense to change x0 and in turn introduce a bias in
the probability distribution of ξ, i.e., for any x̃0 we may write

(VI.9) xξ(ω) = x0 +ξ(ω) = x̃0 + (ξ(ω)+x0 − x̃0) =: x̃0 + ξ̃(ω) .

We investigate how we can use this flexibility in choosing the reference point to im-
prove our asymptotic expansions. First, we state the following corollary on the poste-
rior mean of the stochastic parameter.

COROLLARY VI.7 ([26, Corollary 4.1]). Under the assumptions of theorem VI.3 holds

(VI.10) EPδ [xξ] = x0 +E[ξ]+Cov
[
ξ,

〈
ηδ−Qx0 ,Dx0 Q[ξ]

〉
Σ

]
+O (‖ξ‖3

L3
P

(Ω;X )
) .

PROOF. Set Rxξ = xξ in (VI.6a) from theorem VI.3. �

Since this approximation (VI.10) is hopefully a better estimate of the posterior mean
of the stochastic parameter than x0, we may use the result of this series approxima-
tion as the new reference point. This ansatz can be repeated and thus leads to the
iteration

x(n+1) := x(n) +E[ξ(n)]+Cov
[
ξ(n),

〈
ηδ−Qx(n) ,Dx(n) Q[ξ(n)]

〉
Σ

]
, n ∈N0 ,(VI.11a)

with starting value x(0) := x0 and due to (VI.9) we update perturbation model by

xξ := x(n+1) +ξ(n+1) , ξ(n+1) := ξ+x0 −x(n+1) .(VI.11b)

The following corollary adapts Taylor’s theorem (theorem II.42 and corollary II.43) to
this shift of the reference point.

COROLLARY VI.8 ([26, Lemma 2.3]). Let X , Z be Banach spaces, U ⊂ X an open convex
subset, ξ ∈ X , x, x̃ ∈U and f ∈C k (U ; Z ). Then it holds for ξ̃ := ξ− (x̃0 −x0) ∈ X

f (x0 +ξ) =
n−1∑
k=0

Dx̃0 f [ξ̃]+O
(
(max{‖ξ‖X ,‖x̃0 −x0‖X })n

)
.

Combining corollaries VI.7 and VI.8, provided that x(n) ∈ B(x0), we can state for n-th
iteration that

EPδ [xξ] = x(n) +E[ξ(n)]+Cov
[
ξ(n),

〈
ηδ−Qx(n) ,Dx(n) Q[ξ(n)]

〉
Σ

]
(VI.12)

+O
(

max
{
‖ξ‖L3

P
(Ω;X ),‖x(0) −x(n)‖X

}3 )
, n ∈N0 .

If the iteration (VI.11) converges, then the approximation simplifies as follows.

COROLLARY VI.9 ([26, Corollary 4.2]). Let the assumptions of theorem VI.3 hold and let
x? be a fixed point of iteration (VI.11). Then it holds

EPδ [xξ] = x?+O
(

max
{
‖ξ‖L3

P
(Ω;X ),‖x(0) −x?‖X

}3 )
.
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Connection to Tikhonov regularization. Although we cannot guarantee the existence
and uniqueness of a fixed point of iteration (VI.11) in general, we can relate the iter-
ation to classical inverse problems. To this end, we assume that the parameter space
X is a Hilbert space, to restrict ourselves to tensor products thereof.
Let Cov[ξ] ∈ X ⊗ X be a covariance (function), then the covariance operator, cf. defi-
nition II.96, can be expressed as

C : X → X , C x = (
Id⊗〈·, x〉X

)
Cov[ξ] .

Recall that C is continuous and self-adjoint with respect to 〈·, ·〉X . Assume that C is
invertible and consider the Tikhonov-regularized classical inverse problem

min
x∈X

F (x) , F (x) := 1
2

(
‖ηδ−Q(x)‖2

Σ+‖x −x0 −E[ξ]‖2
C

)
,(VI.13)

with ‖ ·‖C :=
√

〈C −1 ·, ·〉X . The Fréchet derivative of F is given by

Dx F [y] =−
〈
ηδ−Qx ,Dx Q[y]

〉
Σ
+〈

C −1(x −x0 −E[ξ]), y
〉

X ,

implying that the gradient gradF : X → X , cf. definition II.35, is given by

gradF (x) =−(Dx Q)∗Σ−1(ηδ−Qx
)+C −1 (

x −x0 −E[ξ]
)

.

Here, (Dx Q)∗ is the adjoint with respect to the RK -inner product. Now, observing that
(VI.11b) implies Cov[ξ(n)] =Cov[ξ] and E[ξ(n)] = E[ξ]+x0−x(n), the descent algorithm

(VI.14) x(n+1) = x(n) +d (n)

with

d (n) =−C gradF (x(n))

=
(
Id⊗

〈
·, (Dx(n) Q)∗Σ−1(ηδ−Qx(n) )

〉
X

)
Cov[ξ]+E[ξ]+x0 −x(n)

= E[ξ(n)]+Cov
[
ξ(n),

〈
ηδ−Qx(n) ,Dx(n) Q[ξ(n)]

〉
Σ

]
coincides with (VI.11a). Our assumptions on C guarantee that〈

d (n),gradF (x(n))
〉

X =−〈
C gradF (x(n)),gradF (x(n))

〉
X < 0 ,

implying that d (n) is a descent direction for F . Even with d (n) being a descent direc-
tion, convergence of the iteration can only be proven if d (n) is scaled with a sufficiently
small step length. However, if the iteration does converge, i.e., x(n) → x?, then so does
d (n) → 0 and gradF (x(n)) → 0. Thus, if our iteration (VI.11) converges, then its limit x?

is a (local) minimizer of (VI.13) assuming (D2
x? F )[y] > 0 for all 0 6= y ∈ X . Vice versa,

if the descent algorithm (VI.14) of the minimization problem (VI.13) converges, then
it is a fixed point of the iteration (VI.11), for which the improved approximation es-
timate of corollary VI.9 holds. Again, the caveats of remark VI.6 apply to degenerate
eigenpairs. In the presence of non-degenerate or uncoupled eigenspaces, we need to
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consider how large the neighborhood B(x0) can be chosen and if the iteration moves
beyond this frame of reference.

VI.4. Implementation

We again consider a more explicit setting where xξ is given in a KLE-like decomposi-
tion of the form (IV.9). Then,the series representation of (VI.4) can be decomposed as

Qxξ = Qx0 +
M∑

i=1
Dx0 Q[φi ]zi + 1

2

M∑
i , j=1

D2
x0
Q[φi ,φ j ]zi z j +O (‖ξ‖3

X ) ,(VI.15a)

Θxξ =Θx0 +
M∑

i=1
Dx0 Θ[φi ]zi + 1

2

M∑
i , j=1

D2
x0
Θ[φi ,φ j ]zi z j +O (‖ξ‖3

X ) ,(VI.15b)

Rxξ = Rx0 +
M∑

i=1
Dx0 R[φi ]zi + 1

2

M∑
i , j=1

D2
x0
R[φi ,φ j ]zi z j +O (‖ξ‖3

X ) .(VI.15c)

If Q and R are derivatives of the eigenpairs (with respect to the eigenspace), the deri-
vatives can be calculated as described in chapter III. The following corollary adapts
corollary IV.7 to the setting of Bayesian inverse problems.

COROLLARY VI.10 ([26, Corollary 5.1]). Let the assumptions of theorem VI.3 hold and
assume that the prior distribution of xξ is given in the form as in (IV.9) with (z j ) j∈N
being pairwise uncorrelated random variables satisfying z j ∈ L2

P
(Ω). Then the expan-

sions in theorem VI.3 read

EPδ [Rxξ ] = Rx0 +Dx0 R

[
M∑

i=1
φi E[zi ]

](VI.16a)

+ 1

2

(
M∑

i=1
Var[zi ]D2

x0
R[φi ]+D2

x0
R

[
M∑

i=1
φi E[zi ]

])

+
M∑

i=1
Var[zi ]Dx0 R[φi ]

〈
ηδ−Qx0 ,Dx0 Q[φi ]

〉
Σ

+O (‖ξ‖3
L3
P

(Ω;X )
) ,
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CorPδ [Rxξ ] = Rx0 ⊗Rx0 +Dx0 R

[
M∑

i=1
φi E[zi ]

]
⊗Rx0 +Rx0 ⊗Dx0 R

[
M∑

i=1
φi E[zi ]

](VI.16b)

+ 1

2

(
M∑

i=1
Var[zi ]D2

x0
R[φi ]⊗Rx0 +Rx0 ⊗

M∑
i=1

Var[zi ]D2
x0
R[φi ]

+D2
x0
R

[
M∑

i=1
φi E[zi ]

]
⊗Rx0 +Rx0 ⊗D2

x0
R

[
M∑

i=1
φi E[zi ]

])

+
M∑

i=1
Var[zi ]Dx0 R[φi ]⊗Dx0 R[φi ]

+Dx0 R

[
M∑

i=1
φi E[zi ]

]
⊗Dx0 R

[
M∑

i=1
φi E[zi ]

]

+
M∑

i=1
Var[zi ]

(
Dx0 R[φi ]⊗Rx0 +Rx0 ⊗Dx0 R[φi ]

)〈
ηδ−Qx0 ,Dx0 Q[φi ]

〉
Σ

+O (‖ξ‖3
L3
P

(Ω;X )
) ,

CovPδ [Rxξ ] =
M∑

i=1
Var[zi ]Dx0 R[φi ]⊗Dx0 R[φi ]+O (‖ξ‖3

L3
P

(Ω;X )
) .

(VI.16c)

As in corollary VI.5, the first-order terms vanish, if we assume that the z j are centered,
i.e., E[z j ] = 0. Furthermore, if ξ ∈ L4

P
(Ω; X ) is centered and skewfree, i.e., E[ξ⊗ξ⊗ξ] = 0,

Q ∈ C 4(B(x0);RK ), and R ∈ C 4(B(x0); Z )∩ L2
Pξ

(X ; Z ), then the error term improves to

O (‖ξ‖4
L4
P

(Ω;X )
).

PROOF. Insert (IV.9) and (VI.15) into theorem VI.3 and corollary VI.5. �

VI.4.1. Iterative Approximation of the Posterior Mean. Now we consider how the
decomposition of the parameter (IV.9) can be applied to the iteration (VI.11) that re-
peatedly uses the second-order approximation of the posterior mean of the parame-
ter. According to (IV.9), let

xξ(ω) = x0 +
M∑

i=1
φi zi (ω) =

M∑
i=1

φi
(
zi (ω)+〈φi , x0〉X︸ ︷︷ ︸

=:yi

)= M∑
i=1

φi
(
zi (ω)+ yi

)
.(VI.17)

Assuming ‖φi‖X = 1, for any α,β ∈RM , it holds

〈
α,β

〉
`2 =

〈
M∑

i=1
φiαi ,

M∑
i=1

φiβi

〉
X

.
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So, the iteration of section VI.3.2 can be transferred to RM equipped with the Eu-
clidean `2-inner product. To this end, set the initial value y (0) ∈ RM , z(0) : Ω→ RM

according to x0. Then, iteration (VI.11) can be expressed as elementwise updates on
the vector y ∈RM , i.e.,

y (n+1) = y (n) +E[z(n)]+
[
Var[z(n)

i ]
〈
ηδ−Qx(n) ,Dx(n) Q[φi ]

〉
Σ

]M

i=1
,(VI.18)

with updates of the perturbation model according to

z(n+1) = z(0) + y (0) − y (n+1) , x(n) = x0 +
M∑

i=1
φi z(n)

i .

VI.5. Numerical Examples

In this section, we provide two examples to demonstrate the perturbation approxima-
tion of theorem VI.3 and the iteration (VI.11), both of which are based on the Laplace
EVP. The first example again builds on section IV.5, which makes it possible to di-
rectly compare the perturbation approximations of the prior and posterior stochastic
moments.
The second example builds on example I.1, where we choose the coefficient accord-
ing to a perturbation that is not differentiable in the spatial variable. Note that the per-
turbation is still analytic with respect to the stochastic parameterization. For this ex-
ample, we consider measurements that depend locally smoothly on the eigenvalues.
We also show the effect of scaling the measurement noise.
The perturbation approximations are applicable to other forward models as long as
the differentiability and integrability requirements are met, e.g., models based on
PDEs or ODEs. Since the focus of this thesis is on EVPs, we refer the interested reader
to the examples in [26].

VI.5.1. Extension of previous Laplace Eigenvalue Problem on Unit Square. Con-
sider the Laplace model of section IV.5 as a forward model. We take measurements of
the eigenfunction u1 that relates to the smallest non-degenerate eigenvalue λ1 at the
K = 5 points {( 1

2 , 1
2

)
,
( 1

4 , 1
4

)
,
( 3

4 , 1
4

)
,
( 3

4 , 3
4

)
,
( 1

4 , 3
4

)}⊂D = (0,1)2 .

Formally, this can be expressed as mappings G= u1 : X → V , O : V → RK . The unper-
turbed eigenfunction and the five measurement points are illustrated in fig. VI.2. In
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FIGURE VI.2. Measurement points on eigenfunction u1 of the La-
place EVP (D = (0,1)2).

the following experiments, we assume that the measurement covariance of the mea-
surement noise is

Σ=


1 1

5
1
5

1
5

1
5

1
5 1 1

5
1
5

1
5

1
5

1
5 1 1

5
1
5

1
5

1
5

1
5 1 1

5
1
5

1
5

1
5

1
5 1


and that we have measured the noisy data

ηδ =


1.99
1.01
1.01
1.10
1.01

 .

Thus, the data are relatively close to the unperturbed state, but the fourth measure-
ment is slightly higher than the unperturbed state.
For R, we consider the trajectories of the eigenpairs with respect to their eigenspace,
which belong to the three smallest eigenvalues as in section IV.5. Additionally, we
consider the posterior moments of xξ : X → X . Since the parameter xξ is the repre-
sentation of the two random fields, we evaluate it as a pair (µ,ε) ∈ [L2(D)]2, which
informs the norm we use to calculate the convergence rates.
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Confirmation of Convergence Rate of Uncentered Approximations. We now want to
confirm the convergence rates of theorem VI.3 and corollary VI.7 as well as the re-
spective first-order approximations, which are the same for the prior stochastic mo-
ments.
First, as in section IV.5, we test a prematurely truncated KLE, such that dim(X ) = 8, to
benchmark the perturbation approximation against a GL approximation. The pertur-
bation amplitudes are also chosen as in section IV.5 and evaluated for perturbation
amplitudes

t ∈ {
2n : n =−15, . . . ,0

}
.

We use the same norms for the eigenpairs and translate the parameters xξ into ran-
dom fields to use the ‖ · ‖[L2(D)]2 -norm and its tensorized version. The predicted con-
vergence rates are confirmed in fig. VI.3. In fig. VI.4 we test the perturbation approx-
imations against QMC approximations using a Halton sequence of length 107, where
the more accurate truncation is used for the random fields, such that dim(X ) = 114.
The calculations were again conducted on the Marvin cluster1 of the University of
Bonn. In analogy to section IV.5, the calculations were parallelized with respect to
the eigenfunctions of the covariance operator, cf. corollary VI.10. We can confirm
the convergence of the approximations in general, however, the QMC method again
struggles for small perturbation amplitudes. For this method, the results for mean
and corelation of the degenerate eigenfunctions are not as good as predicted. The
convergence rate of the covariance estimate suggests that the actual convergence rate
would only have been visible for very small perturbation amplitudes, where the QMC
approximation is not accurate enough for our fixed computation budget.
The calculation of 107 samples took approximately an hour, slightly longer than the
calculations of section IV.5. This is due to the additional effort to evaluate the likeli-
hood function for each sample as a weight and to calculate the normalization of the
posterior distribution.
Confirmation of Convergence Rate of Centered Approximations. As in section IV.5, we
also confirm the improved convergence rates of corollary VI.5 for a centered and
skewfree prior distribution. We repeat the experiment with the respective centered
and skewfree parameters of section IV.5 and the data of the previous experiment. In
fig. VI.5 the convergence rates of the perturbation approximation compared with the
GL approximations are illustrated for the prematurely truncated KLE. The results for
the more accurately truncated KLE with comparison against a QMC approximation
are illustrated in fig. VI.6. The convergence rates are confirmed with the same caveats
regarding the precision of the QMC method for small perturbation amplitudes, espe-
cially in combination with the projection to the eigenspace for degenerate eigenfunc-
tions.

1The hardware specifics can be found in section IV.5.
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FIGURE VI.3. Convergence rates of uncentered approximations
compared to GL estimate for the Laplace EVP (D = (0,1)2) with co-
efficients perturbed by random fields.
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FIGURE VI.4. Convergence rates of uncentered approximations
compared to QMC estimate for the Laplace EVP (D = (0,1)2) with
coefficients perturbed by random fields.
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FIGURE VI.5. Convergence rates of centered approximations com-
pared to GL estimate for the Laplace EVP (D = (0,1)2) with coeffi-
cients perturbed by random fields.
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FIGURE VI.6. Convergence rates of centered approximations com-
pared to QMC estimate for the Laplace EVP (D = (0,1)2) with coeffi-
cients perturbed by random fields.
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Convergence of Iteration in the Parameter Space. Now we also test the iteration (VI.11).
As discussed in section VI.4, since the random fields are decomposed in a truncated
KLE, we can use the elementwise updates of (VI.18). For our test, we draw a sample
of the random fields, calculate the perturbed eigenfunction (uxξ )1 and draw a sample

of the random noise to simulate the measurement data η. Using this realization ηδ,
we perform 100 iterations for the same perturbation amplitudes as before. We stop
the iteration if the norm of the update is suitably small, i.e., we have arrived at a fixed
point. The norm of the updates is illustrated in fig. VI.7. It also shows the convergence
rate of corollary VI.9 at the reference point after 100 iterations, compared to a QMC
approximation of the posterior mean of xξ using 107 samples. The iterations converge
for each perturbation amplitude, however, since the perturbation amplitude implic-
itly serves as a step size, the convergence is quite slow for small perturbation ampli-
tudes. The predicted convergence rate of corollary VI.9 is confirmed, for perturbation
amplitudes where the QMC method is accurate enough.

VI.5.2. One-dimensional Laplace Eigenvalue Problem. For the second example, we
consider a modified version of example I.1. The one-dimensional Laplace EVP has
the advantage that all its unperturbed eigenvalues are non-degenerate and locally
Fréchet differentiable. We introduce a coefficient to example I.1 with D = (0,1), so
that we need to find (λx ,ux ) ∈R×H 1

0 (D), u 6= 0, such that∫
D

µx (x)gradux (x)grad v(x) dx =
∫
D

ux (x)v(x) dx λx ∀v ∈ H 1
0 (D)

with the standard normalization ‖ux‖L2(D) = 1. The coefficient µ is given by the un-
perturbed state µx0 = 5 and a linear perturbation

µ=µx0 + tµ1 ,

where t ≥ 0 and we let µ1 be a random field given by a KLE similar to a Brownian
bridge, i.e.,

µ1(x,ω) =
M∑

i=1

p
2

kπ
sin(kπx)zi (ω)

that we truncate after M = 100 and let zi ∼ U ([− 1
2 , 1

2 ]) iid. We choose this unper-
turbed value and zi bounded to preserve the ellipticity of the bilinear form a. For this
example, we consider the coefficient µ ∈ C ([0,1]) with its norm the maximum norm.
Due to µ0 = 5, we can check that the unperturbed eigenfunctions are the same as in
example I.1, and the eigenvalues are scaled to µ0(nπ)2 for n ∈N.
The unperturbed eigenfunctions, a sampled perturbed solution, and its first-order
Taylor approximation are illustrated in fig. VI.8. We use a standard FE approximation
with piecewise linear basis functions on 501 equidistant nodes.
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tion, and perturbed solution with first-order Taylor approximation
of the Laplace EVP (D = (0,1)).

Consider the function g (λ) :=λ− 1
2 with Fréchet derivative given by

Dx0 g =− 1
2 (Dx0 λ)λ

− 3
2

x0
.

As the measurement for this example, we consider g (λ) corresponding to the three
smallest eigenvalues λ, i.e., K = 3, G : X → Y =R3. Let the measured data be given by

ηδ =
1.5000

0.0700
0.0480


and assume a covariance of the noise ε according to

Σ=σΣ0 , Σ0 =
1 1

5
1
5

1
5 1 1

5
1
5

1
5 1

 ,

where we vary σ ∈R to scale the measurement noise.
For brevity, we only investigate the posterior mean for R= xξ in the following experi-
ments, consider its representation as a coefficient in C 0(D), and measure the conver-
gence rates using the maximum norm.
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FIGURE VI.9. Convergence rates of centered approximations com-
pared to QMC estimate for the Laplace EVP (D = (0,1)) with per-
turbed coefficient and varied noise level σ.

Confirmation of Convergence Rates. We confirm the convergence rate for the cen-
tered approximation in fig. VI.9, where we compare the perturbation approximation
against a QMC approximation using 107 samples for each perturbation amplitude. In
order to illustrate the influence of the noise ε on the accuracy of the approximation,
we repeat the experiment for σ ∈ { 1

50 , 1
100 , 1

200

}
. We can see that the approximation

realizes a larger error if the measurement noise is small, i.e., if the posterior measure
becomes very concentrated. The calculation of the 107 samples was performed again
on a single node of the Marvin cluster of the University of Bonn and took 5 minutes,
using the same parallelization as before. The improvement in calculation speed com-
pared to the previous example is partly due to the fact that we can skip the calculation
of the perturbed eigenfunctions and subsequent transformation to the eigenspace.
Convergence of Iteration in Parameter Space. We also test the iteration (VI.11) for this
second example. To this end, we again sample the perturbation and observation
noise to get a representative sample of a measurement. For the iteration, we con-
sider σ= 1

100 . Then, for the same perturbation amplitudes, we perform 100 iterations
and test the convergence rate at x(100) ≈ x? against a QMC estimate using a Halton
sequence of length 107. In fig. VI.10 the size of the norm of the updates is illustrated,
as well as the convergence rates predicted by corollary VI.9. Again, we can summa-
rize that the iteration performs well for some intermediate perturbation amplitudes.
For small perturbation amplitudes, the iteration converges quite slowly and for the
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FIGURE VI.10. Norm of updates d (n) for 100 iterations for the La-
place EVP (D = (0,1)) and convergence rate of x(100) compared to
QMC estimate of posterior mean.
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largest ones, the implied step size is too large, such that the iteration diverges. For
intermediate step sizes, the predicted convergence rate is confirmed.





CHAPTER VII

Conclusion and Outlook

In this thesis, we have investigated the uncertainty quantification of eigenpairs of
elliptic EVPs where the eigenvalues may be degenerate. The stochastic model may
be given as a parameterized elliptic compact normal operator or in variational form
by parameterized elliptic, continuous, and symmetric bilinear forms on a compact
Gelfand triple.

VII.1. Eigenpair Trajectories and Their Regularity

Since stochastic models are often expressed by analytic dependence on a stochastic
parameter, e.g., a KLE, we have discussed how eigenvalue trajectories can be iden-
tified in this setting. In a local neighborhood, where the eigenvalues remain non-
degenerate, they are easy to isolate and analytic. The eigenpairs can be continued an-
alytically on a pathwise basis to points where they become degenerate. However, this
ansatz often leads to inconsistent matching of the eigenvalues across a multidimen-
sional parameter space. In this sense, the eigenvalue trajectories can be considered
only Gâteaux differentiable at points where they become degenerate.
We have therefore investigated the trajectories of the eigenpairs with respect to the ei-
genspace. The eigenspace of finite multiplicity at some reference point is thus fixed as
a frame of reference. This ansatz preserves the analyticity of the EVP for the eigenpair
trajectories, which is a useful property for numerical integration methods.
The eigenpair trajectories are not eigenpairs in a strict sense, as we define them by
postulating an orthogonality condition on the derivatives of the eigenfunction trajec-
tories. In turn, the eigenvalue trajectories are in general not diagonal.
In order to express the relationship between the trajectories with respect to the ei-
genspace and otherwise, we have characterized a parameterized polarization matrix,
which in general can only be defined with respect to a parameter path, i.e., in the
sense of Gâteaux derivatives. The main reason why this generally only works path-
wise is that it is generally not possible to find a unique continuation of the eigenfunc-
tion trajectories at the point where their eigenvalues become degenerate. However, in
the special case where the eigenvalues are uncoupled, such a basis as well as Fréchet
differentiable eigenpair trajectories can be found.
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Even when only pathwise defined, our two-stage characterization of the eigenvalue
derivatives via the eigenspace and a subsequent polarization constitutes a general-
ization of previous methods to determine eigenvalue derivatives, which needed first-
or second-order derivatives of the eigenvalues to be distinct when the eigenvalues
are degenerate. We have characterized the derivatives of the eigenpairs with respect
to the eigenspace and the derivatives of the polarization (for a given parameter path)
by linear conditions. The derivatives of the former are given in saddle point equation
form, which is convenient to prove unique solvability and to implement their calcu-
lation in variational form.

VII.2. Perturbation-based Uncertainty Quantification

Since the trajectories with respect to the eigenspace are, in general, only defined lo-
cally, and to make use of the linear characterization of eigenvalue derivatives, we
have primarily investigated perturbation methods for the approximation of stochas-
tic moments of these eigenpair trajectories. Extending previously available results, we
stated first- and second-order approximations of the first and second stochastic mo-
ment, i.e. mean, correlation, and covariance, for the trajectories of eigenpairs with
respect to the eigenspace. We also considered the possibility of incorporating mea-
surement data into the stochastic model using Bayesian inversion. To this end, the
perturbation approximations were augmented by additional terms to reflect the in-
fluence of the likelihood of the measurements on the posterior stochastic moments.
These perturbation approximations of the posterior moments are expressed in terms
of the prior distribution and have the same convergence rates as the perturbation ap-
proximations of the prior stochastic moments. Given some stronger assumptions on
the perturbations, the second-order perturbation approximations of prior and poste-
rior moments improve to third-order approximations.
Given the Bayesian inversion model, we considered the possibility of iteratively using
the approximation of the posterior mean of the parameter to find a better reference
point. It should be stressed that, for degenerate eigenvalues, this often leads to a
different reference frame with respect to the eigenspace. Nevertheless, a correspon-
dence can be found to an associated regularized inverse problem.
As examples of elliptic EVPs, we discuss the Laplace and Maxwell EVP. In addition to
the possibility of including stochastic behavior through perturbation of material co-
efficients, we also discuss stochastic shape deformations of the Laplace and Maxwell
EVP. These can be characterized equivalently by stochastic deformation coefficients
which fit into the existing framework. We tested the convergence rates of the per-
turbation approximations given stochastic coefficient and shape deformations com-
pared to GL and QMC approximations. This confirmed the usual property of pertur-
bations to outperform other state of the art methods for high-dimensional parameter
spaces and small scale perturbations.
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VII.3. Outlook

Reflecting on our reliance on the spectral theorem of compact normal operators and
ellipticity, it may also be possible to extend our results to more general EVPs in the fu-
ture. For example, it might be possible to transfer some of our results to eigenpairs of
compact non-normal operators or their Jordan normal form if defects occur. The de-
rivatives for non-symmetric real matrices were already included in [68] and it might
be possible to generalize these results.
Furthermore, we hope that the contributions regarding the linear characterization of
Fréchet derivatives of eigenpairs are useful to future investigations of eigenpair trajec-
tories. In particular, the parameterized polarization matrix and its derivatives, which
were introduced and characterized in this thesis, may be a useful tool for understand-
ing the regularity of degenerate eigenpairs. So far, degenerate eigenvalues have often
been explicitly excluded in articles investigating the uncertainty quantification of ei-
genpairs. For practical use of the discussed results on the bifurcation behavior of ei-
genpair trajectories and their regularity, it may be possible to arrive at more concrete
predictions by applying them to more specific operators, domains, and perturbations.
If eigenpair trajectories for certain stochastic EVP models can be proven to be regular,
this property can be used for perturbation approximations. However, this is also use-
ful for various other numerical methods relying on regularity, e.g., sparse grids and PC
expansions, which were already successfully applied to non-degenerate eigenvalues.
To this end, it would also be useful to expand the local analyticity discussed in this
thesis to analyticity in a global sense of the parameter space.
In this thesis, we identified eigenpair trajectories via (pathwise) analyticity. It might
be worthwhile to instead consider other ways in which eigenpairs can be identified.
For real eigenvalues, we could fix their order throughout the parameter space to con-
sider the smallest or largest eigenvalue if they are well defined, respectively. Lastly, we
could also consider deferred variables of interest, such as absolute values of eigen-
functions or spectral gaps of eigenvalues. For some applications, such approaches
may be more suitable than strict adherence to analyticity.
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