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Tag der mündlichen Prüfung: 13. August 2025



Abstract

In econometrics, the choice of model specification plays a central role in shap-
ing empirical analysis and inference. Traditional parametric models impose specific
functional forms on the relationships among economic variables, such as linear re-
gressions or logit models, which can provide interpretability and high statistical
power if the model is correctly specified but may lead to wrong conclusions if the
assumed functional forms are incorrect. In response, nonparametric and semipara-
metric models have emerged as flexible alternatives which relax functional form
assumptions and allow the data to determine the shape of the relationship between
variables.

This dissertation consists of three chapters on inference in various non- and semi-
parametric problems. The chapters that are self-contained and can be read sepa-
rately. Each chapter ends with an appendix that collects the proofs and technical
details.

In the first chapter, we study inference on parameters of the form ϕ(θ0), where ϕ
is a known directionally differentiable transformation and θ0 is an unknown param-
eter. We focus on settings, where θ0 is an unknown function estimated using some
nonparametric estimator θ̂n. As many nonparametric estimators do not converge
in distribution, existing extensions to the Delta method are not applicable in our
setting. We propose to use strong approximations to the distribution of θ̂n as an
alternative concept to convergence in distribution. Further, we present a notion of
directional differentiability which is sufficiently flexible to handle the irregularity of
nonparametric estimators. These concepts enable us to derive a new Delta method
which approximates the distribution of the plug-in estimator ϕ(θ̂n). Since these
distributional approximations are rarely pivotal, we suggest a simulation-based esti-
mator and provide conditions for its consistency. Confidence intervals based on this
estimator are shown to provide local size control under conditions on the directional
derivative of ϕ. We illustrate the applicability of our results in two examples and
study its finite sample performance in a simulation study.

Anti-concentration bounds play an important role in the modern theory on con-
fidence intervals and testing in settings such as high-dimensional and nonparametric
statistics. In the second chapter, we establish such a bound for sublinear and contin-
uous functionals of tight Gaussian random vectors in real-valued Banach spaces. The
bound is dimension-free and therefore equally applies to finite- as well as infinite-
dimensional settings. It imposes only weak restrictions on the covariance structure
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of the Gaussian vectors. As an application of our anti-concentration bound, we
derive Berry-Esseen type bounds for sublinear and continuous functionals of high-
dimensional mean vectors and kernel-type estimators.

The last chapter, which is joint work with Michael Vogt, studies estimation and
inference in the high-dimensional partially linear model Y = δ +m(T ) +X⊺β + ε,
where m is a smooth unknown function and β a sparse unknown regression param-
eter. The dimension of the covariates X is allowed to increase with the sample size
and in particular is allowed to be larger than the sample size. We propose an estima-
tor of β which attains the same rates as the infeasible Lasso estimator which knows
the unknown function m. Further, we show that ad-hoc estimators of m might
be biased due to the estimation of the high-dimensional parameter β and propose
an orthogonalized Nadaraya-Watson estimator of m which effectively decreases this
high-dimensional bias. This estimator is shown to converge at the same rates as an
infeasible Nadaraya-Watson estimator which knows the true value of β. Based on
this estimator, we propose a test for the hypothesis that m = 0 which generalizes
the idea of significance testing in linear models to allow for general nonlinear effects
of T on Y . Moreover, we propose a consistent multiplier bootstrap in order to set
the critical values and show uniform consistency of the resulting set against local
Hölder balls. We study the finite sample performance of our proposed test in a
simulation study and demonstrate its good debiasing and power properties.
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Chapter 1

Inference on Directionally

Differentiable Functions of

Nonparametric Estimators

1.1 Introduction

The Delta method is a fundamental tool of asymptotic statistics and enables

researchers to derive the asymptotic distribution of nonlinear functionals of estima-

tors. The classical Delta method studies parameters of the form ϕ(θ0), where ϕ is

a known differentiable transformation and θ0 is an unknown but estimable param-

eter. It has been extended independently by Shapiro (1991) and Dümbgen (1993)

to transformations which are only directionally differentiable. Such settings arise

frequently across statistics and econometrics, including examples such as inference

on eigenvalues of covariance matrices (Dümbgen, 1993), empirical Wasserstein dis-

tances (Sommerfeld and Munk, 2018), linear and quadratic programming (Hsieh

et al., 2022), conditional moment inequality models (Chernozhukov et al. (2013b),

Andrews and Shi (2014)), sensitivity analysis (Masten et al., 2020) and inference on

value functions (Firpo et al., 2019).

In this paper, we focus on settings where θ0 is an unknown function estimated

using some nonparametric estimator θ̂n such as kernel, series or machine learning

based procedures. Such nonparametric estimators have the advantage that they

can flexibly estimate the unknown function and therefore guard against potential

model misspecification. However, this flexibility comes at a price in that many
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nonparametric estimators do not converge in distribution when interpreted as an

estimator of a function and therefore existing extensions to the Delta method do not

apply. This phenomenon has e.g. been observed by Firpo et al. (2019) and Masten

et al. (2020) and lead these authors to restrict attention to regular estimators which

possess a limiting distribution. Others, as e.g. Freyberger and Larsen (2021), rely on

subsampling to perform inference. However, subsampling cannot be easily applied in

this setting as it is hard to show that the plug-in estimator converges in distribution

without relying on convergence in distribution of the preliminary estimator.

Following Chernozhukov et al. (2013b), we propose to use strong approximations

to the distribution of θ̂n as an alternative concept to convergence in distribution.

Such strong approximation results approximate the distribution of the scaled esti-

mator rn(θ̂n − θ0) by a sequence of penultimate processes Zn satisfying

∥rn(θ̂n − θ0)− Zn∥ = op(1).

These penultimate processes usually have an intuitive appeal as approximate distri-

butions and there is a growing literature deriving such strong approximation results

(e.g. Chernozhukov et al. (2013b), Belloni et al. (2015), Chen and Christensen

(2018), Belloni et al. (2019b), Cattaneo et al. (2022) and Singh and Vijaykumar

(2023)).

We derive a new Delta method which provides a strong approximation to the dis-

tribution of the plug-in estimator ϕ(θ̂n). This Delta method relies on a strengthened

notion of Fréchet directional differentiability which is sufficiently flexible to handle

the irregularity of nonparametric estimators. This flexibility is needed since the

plug-in estimator might converge at a different rate than the preliminary estimator

θ̂n as is well known from the semiparametric statistics literature. In the impor-

tant special case when ϕ is a real-valued functional and Zn is Gaussian, we derive

conditions implying that the distribution of the plug-in estimator converges to our

proposed approximate distribution in Kolmogorov-Smirnov distance. This result is

of particular interest in our setting, as it does not rely on the knowledge whether the

approximate distribution has a non-degenerate limit or not. And indeed, when ϕ is

only directionally differentiable, it is often hard to determine whether the plug-in

estimator converges in distribution. Besides the conditions of our Delta method,

this result only depends on convexity of the derivative and a lower bound on the

variance of the approximate distribution.
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While the Delta method allows to study the asymptotic properties of plug-in

estimators, it is of limited use for the construction of inference procedures as the de-

rived approximate distribution might depend on unknown parameters both through

the penultimate process Zn and the derivative of ϕ. Following Fang and Santos

(2018), we demonstrate how a consistent bootstrap estimator of the approximate

distribution of the plug-in estimator can be constructed. This construction relies

on two ingredients. First we require a bootstrap estimator for the distribution of

the penultimate process Zn, and secondly we require a consistent estimator of the

derivative of ϕ. Further we analyze subsampling, the rescaled bootstrap (Dümbgen,

1993) and the numerical Delta method (Hong and Li, 2020) in our context and

derive sufficient conditions for their validity.

The asymptotic approximation implied by our Delta method may depend dis-

continuously on the parameter θ0, when θ0 is a point where ϕ fails to be continuously

differentiable in θ. This suggests that resulting inference procedures might fail to be

robust against perturbations of the data generating process. We therefore comple-

ment our results and study the plug-in estimator in a local asymptotic framework.

We find a different approximate distribution in this local framework. In the case

where ϕ is a real-valued functional, we show that convexity of the derivative is suf-

ficient to ensure local size control of one-sided confidence intervals. Our results can

be seen as extensions of the results in Dümbgen (1993) and Fang and Santos (2018)

to our setting.

We illustrate the applicability of our Delta method with two examples. Our first

example studies inference on the maximum of a conditional mean function and is

inspired by Chernozhukov et al. (2013b). The second example is due to Freyberger

and Larsen (2021). They study partial identification bounds in an alternating-

offer bargaining model. This example is non-trivial in that the plug-in estimator

exhibits multiple qualitatively different limiting distributions with various different

rates of convergence. We further study the finite sample performance of our proposed

methods using a Monte Carlo simulation.

Related literature: Our proposed Delta method contributes to the large liter-

ature on extensions of the Delta method. Many of the proposed extensions to the

Delta method require convergence in distribution of the preliminary estimator θ̂n.

Examples include Beutner and Zähle (2010), Phillips (2012), Belloni et al. (2017)

and Kasy (2018). As discussed above, the assumption of convergence in distribution

precludes the applicability of these Delta methods to many nonparametric estima-
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tors. Our Delta method is closest to the results in Shapiro (1991) and Dümbgen

(1993). They also allow for directionally differentiable transformations ϕ while as-

suming convergence of the preliminary estimator in distribution. On the other hand,

they impose Hadamard directional differentiability of ϕ which is different to our as-

sumed notion of Fréchet directional differentiability. In particular, neither concept

of directional differentiability nests the other. Therefore, our Delta method can be

seen as a complement to the results in Shapiro (1991) and Dümbgen (1993) which

allows for nonparametric estimators.

We further contribute to the literature on inference on smooth functionals of non-

parametric estimators by allowing ϕ to be only directionally differentiable. Examples

include the Delta methods by Newey (1997) and Chen and Christensen (2015) for

series estimators, Shen (1997) and Chen and Shen (1998) for sieve and penalized

MLE, Chen and Pouzo (2015) in the context of semi/nonparametric conditional mo-

ment models, Chen and Christensen (2018) for 2SLS in nonparametric instrumental

variable estimation and Koltchinskii (2022) in the Gaussian sequence model. All

of these papers consider transformations with a linear derivative excluding trans-

formations which are only directionally differentiable. Further, they also do not

require that the preliminary estimator converges in distribution but instead derive

conditions which imply that the linearized estimator converges in distribution.

Our Delta method is also related to Chernozhukov et al. (2013b). They study

inference on suprema and infima of conditional moment equations which are esti-

mated using kernel- or series-based estimators. This problem can be interpreted

as a directionally differentiable functional of an unknown curve and therefore fits

into our setup. Our motivation to use strong approximations stems from their anal-

ysis. Besides that, their analysis differs to our approach. While we approximate

the problem through the directional derivative of the transformation, Chernozhukov

et al. (2013b) leverage the specific properties of suprema and infima to construct

one-sided projection confidence intervals.

Finally, we contribute to the literature on simulation based inference in direc-

tionally differentiable problems. Our proposed construction of the bootstrap follows

closely the ideas in Fang and Santos (2018) and complements their analysis by al-

lowing for nonparametric preliminary estimators θ̂n. Similarly, our analysis of the

rescaled bootstrap / numerical Delta method complement the results in Dümbgen

(1993) and Hong and Li (2020) by allowing for nonparametric estimators θ̂n. Fur-

ther, we contribute to the literature studying subsampling of directionally differ-
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entiable parameters as e.g. in Andrews and Guggenberger (2009b) and Andrews

and Guggenberger (2010). Andrews’ and Guggenberger’s results differ to ours as

they study semiparametric problems where the nonparametric component has no

influence on the limiting distribution, while we focus on settings where the approxi-

mate distribution is driven by the nonparametric estimator. On the other hand, we

restrict attention to local robustness properties, while Andrews and Guggenberger

(2009b) and Andrews and Guggenberger (2010) study global uniformity.

Outline: The remainder of the article is organized as follows. In Section 1.2, we

provide motivating examples and discuss the Delta method by Shapiro (1991) and

Dümbgen (1993), highlighting challenges in the context of nonparametric estimation.

Further, we present here our Delta method results. In Section 1.3, we construct

consistent simulation based estimators of the approximating distribution and present

sufficient conditions for the validity of subsampling and the rescaled bootstrap /

numerical Delta method. In Section 1.4, we study local properties of the plug-in

estimator and present our results of a small Monte Carlo study in Section 1.5.

1.2 Setup and the Delta method

In this section, we briefly introduce three examples illustrating potential appli-

cations, discuss a Delta method for directionally differentiable functionals due to

Shapiro (1991) and Dümbgen (1993) and propose a new Delta method which allows

θ0 to be estimated nonparametrically.

1.2.1 Motivating examples

The first example is mainly expository and is used throughout the text to clarify

ideas. It may be seen as a simplified version of the problem that arises in inference

on intersection bounds as in Chernozhukov et al. (2013b).

Example 1 (Maximum of a conditional mean function). Let X and Y be scalar

random variables such thatX ∈ [0, 1] and suppose we wish to estimate the parameter

ϕ(θ0) = max
x∈[0,1]

E[Y |X = x].

Here θ0(x) = E[Y |X = x] and the transformation ϕ is given by ϕ(θ) = maxx∈[0,1] θ(x).
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Our second example is taken from Freyberger and Larsen (2021).1 This example

arises in a partial identification analysis in an alternating-offer bargaining model.

Similar bounds arise under monotone treatment response, monotone treatment se-

lection and monotone instrumental variables assumptions as in Manski (1997) and

Manski and Pepper (2000).

Example 2 (Bargaining bounds). Given some scalar random variables X ∈ [0, 1] and

Y ∈ [0, 1], let (y, x) 7→ FY |X(y, x) = P(Y ≤ y |X = x) and ϕ be given by

ϕ(FY |X , fX) =

∫
max
x′≥x

FY |X(y, x
′)fX(x)dx,

where fX denotes the marginal pdf of X. In this example θ0 = (FY |X , fX).

Our final example is taken from Kwon and Mbakop (2021) in the context of

estimation of the number of components in nonparametric mixture models. Similar

parameters of interest arise in rank tests or inference on the singular values of an

integral operator.

Example 3 (Singular values of an integral operator). Let X and Y be continuously

distributed random variables with X, Y ∈ [0, 1] and denote by f their joint pdf. Let

T denote the integral operator given by

u 7→ (Tu)(·) =
∫ 1

0

f(x, ·)u(x)dx

and suppose we are interested in the jth singular value, σj, of T . In this case, θ0

corresponds to the joint density f and ϕ to the mapping which maps f to the jth

singular value of T .

Common to all of the above examples is that θ0 is a function-valued parameter

and that the maps ϕ depend on the whole function. Further, the studied ϕ are all

directionally differentiable in the sense that there exists a function ϕ′
θ such that for

any direction h

lim
t↓0

ϕ(θ + th)− ϕ(θ)

t
= ϕ′

θ(h).

1Cf. equation (14) there.
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In the above examples, the directional derivative h 7→ ϕ′
θ(h) is in general a nonlinear

function. In fact, the nonlinearity of the directional derivative is even a characteriz-

ing feature of directional differentiability in the sense that ϕ is (fully) differentiable

if the directional derivative is linear.

1.2.2 Discussion of the Delta methods by Shapiro (1991)

and Dümbgen (1993)

Shapiro (1991) and Dümbgen (1993) derived independently a Delta method

which extends the functional Delta method of Reeds (1976) to allow for directionally

differentiable transformations ϕ. In this section, we present their Delta method and

highlight challenges which arise when the preliminary estimator is a nonparametric

estimator. In order to make the presentation as clear as possible, we slightly simplify

the original assumptions.

The Delta method by Shapiro (1991) and Dümbgen (1993) allows for θ0 ∈ D
for some Banach space D and for transformations ϕ mapping D to another Banach

space E. It relies on two basic assumptions. First, they assume that there is some

preliminary or first-step estimator θ̂n of θ0 satisfying

rn(θ̂n − θ0)
d→ Z

for some D-valued tight random variable Z and sequence of real numbers rn →
∞. The convergence in distribution is meant in the Hoffmann-Jørgenson sense.2

Secondly, they assume that ϕ is Hadamard directionally differentiable at θ0 with

derivative ϕ′
θ0
. Under these conditions, Shapiro (1991) and Dümbgen (1993) show

that a Delta method applies, i.e.,

rn(ϕ(θ̂n)− ϕ(θ0))
d→ ϕ′

θ0
(Z).

There are two problems with the above Delta method, when the preliminary

estimator θ̂n is a nonparametric estimator. First, many nonparametric estimators

do not converge in distribution when D is a function space such as the space of

continuous functions C or the space of square integrable functions L2. In order to

illustrate this point, suppose that x 7→ θ0(x) denotes a conditional mean function

2See e.g. chapter 1.3 in van der Vaart and Wellner (1996) for an introduction to this notion of
convergence in distribution.
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which we want to estimate nonparametrically using an estimator θ̂n. For any fixed

x, it can be shown for many estimators that rn(θ̂n(x) − θ0(x)) is asymptotically

normally distributed. However, convergence in distribution of the whole process

x 7→ rn(θ̂n(x) − θ0(x)) usually fails as rn(θ̂n − θ0) fails to be asymptotically tight.3

Secondly, the above Delta method suggests that the plug-in estimator converges at

the same rate as the preliminary estimator. However, well-known examples such as

estimation of average treatment effects or average derivatives show that the plug-in

estimator may converge at a much faster rate than the preliminary estimator.

There have been considered different solutions to the problem with convergence

in distribution in the literature. Newey (1997), Chen and Christensen (2015), Chen

and Christensen (2018) and Chen and Pouzo (2015) do not rely on convergence in

distribution of the preliminary estimator and instead show directly that rnϕ
′
θ0
(θ̂n −

θ0) converges in distribution. This works particularly well when the derivative is

linear and θ̂n is asymptotically linear as e.g. kernel- or sieve-based estimators. In

our setting, where the derivative might fail to be linear, it is much harder to show

that ϕ′
θ0
(rn(θ̂n − θ0)) converges in distribution without relying on convergence in

distribution of the preliminary estimator θ̂n.

Another potential solution to the convergence in distribution problem has been

used in Chernozhukov et al. (2013b) in the context of inference on intersection

bounds. Instead of relying on a limiting distribution, the authors propose to ap-

proximate the distribution of the scaled estimator rn(θ̂n−θ0) by a sequence of penul-

timate random vectors Zn. For series- or kernel-based estimators, they construct a

sequence of Gaussian processes Zn such that

∥rn(θ̂n − θ0)− Zn∥D = op(1). (1.1)

Such constructions are called strong approximation theorems or coupling construc-

tions in the probability theory literature and there is a growing literature in non-

parametric statistics and econometrics deriving such penultimate processes for a

variety of different nonparametric estimators. Examples include Rio (1994) for ker-

nel density estimation, Chernozhukov et al. (2013b) and Cattaneo et al. (2022)

for kernel-based estimators, Chernozhukov et al. (2013b) and Belloni et al. (2015)

3One could argue that the estimator converges in distribution if we choose a different norm or
topology on D. However, choosing a different norm also affects the smoothness properties of ϕ.
Hence, there is a tradeoff between smoothness of ϕ and distributional convergence of θ̂n, which we
discuss in more detail in Lemma 42 in the supplementary material.
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for series estimators, Chen and Christensen (2018) for 2SLS series estimators in

nonparametric instrumental variables models, Belloni et al. (2019b) for conditional

quantile estimation using series estimators and Singh and Vijaykumar (2023) for

kernel-ridge estimators. Furthermore, there are general strong approximation re-

sults for empirical processes (e.g. Rio (1994) and Koltchinskii (1994)) and high-

dimensional sums of i.i.d. random vectors (e.g. Belloni et al. (2019b) and Cattaneo

et al. (2022)) which allow deriving Gaussian approximations to other nonparamet-

ric and machine-learning estimators as well. The concept of strong approximations

therefore seems to be suitably flexible for a Delta method for general nonparametric

estimator.

In order to illustrate this concept, consider again the setting of Example 1.

Example 4 (Maximum of conditional mean continued). For concreteness, we use

the local polynomial estimator in order to estimate the unknown conditional mean

function θ0. Let K : R → R be a kernel function, hn > 0 a sequence of bandwidths

and ℓ ≥ 0 an integer. Then, the local polynomial estimator β̂n is given by

β̂n(x) = argmin
β∈Rℓ+1

n∑
i=1

K

(
Xi − x

hn

)(
Yi −

ℓ∑
j=0

βj
(Xi − x)j

j!hj

)2

and the local polynomial estimator of the conditional mean function is θ̂n(x) :=

β̂0,n(x). Under fairly standard regularity conditions, Chernozhukov et al. (2013b)

show that there exists a sequence {Zn} of zero mean Gaussian processes on [0, 1]

satisfying

sup
x∈[0,1]

|
√
nhn{θ̂n(x)− θ0(x)} − Zn(x)| = Op

((
log24 n

nh2n

)1/4

+
√
nh2ℓ+3

n

)
.

The covariance function of Zn is given by

Σn(x, x
′) =

1

hnfX(x)fX(x′)
E[Kh(Xi − x)Kh(Xi − x′)ε2i ],

where fX denotes the marginal density of X, K denotes the asymptotically equiva-

lent kernel, i.e., K(x) = U(0)⊺S−1K(x)U(x), Kh(x) = K(x/h), U(x) = (1, x, x2/2!,

. . . , xℓ/ℓ!)⊺ and S ∈ R(ℓ+1)×(ℓ+1) with elements Sj,k =
∫
K(u)uj+k−2du, j, k =

1, . . . , ℓ+ 1.

This covariance function is a first order approximation of the covariance function
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of
√
nhn{θ̂n − θ0} and can better capture the local dependence structure than an

asymptotic approximation based on limn→∞ Σn. Indeed, under standard regularity

conditions, the limit of Σn(x, x
′) is zero for all x ̸= x′ and nonzero if x = x′ while Σn is

continuous. In this sense, Zn has an intuitive appeal as an approximate distribution

and can be thought of as a Gaussian random variable which approximately matches

the first two moments of the scaled estimator.

The inflexibility of the above Delta method to capture differing rates of the plug-

in and the first-stage estimator can be attributed to the choice of the differentiability

concept. While the assumed Hadamard differentiability is a rather mild restriction,

its implied rate for the approximation of ϕ through its derivative is rather slow

and therefore limits the ability of the above Delta method to adapt to a faster rate

of the plug-in estimator. In order to illustrate this point, consider the following

characterization of Hadamard directional differentiability.4

Definition 1. The map ϕ : Dϕ ⊂ D → E is Hadamard directionally differentiable

at θ ∈ Dϕ, if there is a continuous map ϕ′
θ : D → E such that

lim
n→∞

sup
h∈K

∥∥∥∥ϕ(θ + tnh)− ϕ(θ)

tn
− ϕ′

θ(h)

∥∥∥∥
E
= 0

for any compact set K ⊂ D and all sequences tn ↓ 0 such that θ + tnh ∈ Dϕ for all

n and any h ∈ K.

For the sake of argument, suppose further that rn(θ̂n−θ0) is asymptotically tight.

Then

rn(ϕ(θ̂n)− ϕ(θ0)) =ϕ
′
θ0
(rn(θ̂n − θ0)) + rn

(
ϕ

(
θ0 +

1

rn
rn(θ̂n − θ0)

)
− ϕ(θ0)

)
︸ ︷︷ ︸

=:Rn

.

Here Rn measures the approximation error due to an approximation of ϕ by its

directional derivative. Since rn(θ̂n − θ0) is asymptotically tight, it concentrates on

a compact set K ⊂ D with arbitrarily high probability and therefore Hadamard

directional differentiability implies Rn = op(1). Thus, Hadamard directional differ-

entiability ties the rate of the approximation error Rn to the tightness properties of

the preliminary estimator and therefore is not sufficient to analyze settings where

4See Shapiro (1990) for other equivalent characterizations of Hadamard directional differentia-
bility.
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the plug-in estimator converges faster than the tightness rate of the preliminary

estimator.

As a more flexible notion of directional differentiability, we propose to assume

that ϕ is γ-Fréchet directionally differentiable as given in the following definition.

Definition 2. Let γ > 1. ϕ : Dϕ ⊂ D → E is called γ-Fréchet directionally

differentiable at θ in the interior of Dϕ, if there exists a positively homogeneous

function ϕ′
θ : D → E such that,

∥ϕ(θ + h)− ϕ(θ)− ϕ′
θ(h)∥E = O(∥h∥γ), (1.2)

for all h s.t. θ + h ∈ Dϕ and as ∥h∥ → 0.

In comparison to Hadamard directional differentiability, γ-Fréchet directional

differentiability implies

ϕ(θ̂n)− ϕ(θ0) = ϕ′
θ0
(θ̂n − θ0) +Op(∥θ̂n − θ0∥γ)

and therefore the approximation error converges faster to zero than the rate of

boundedness of the preliminary estimator, allowing for different rates of the plug-

in and preliminary estimator. The value of γ measures the speed at which the

approximation error converges to zero. The higher γ, the stronger the implied

notion of differentiability. We show in Lemma 14 in the Appendix that if ϕ is twice

Fréchet directionally differentiable with continuous derivatives, then ϕ satisfies (1.2)

for γ ≥ 2. In this sense, γ-Fréchet directional differentiability can be thought of as

requiring ϕ to be γ-times Fréchet directionally differentiable.

A further difference of the proposed differentiability concept is that it controls

the approximation error via the boundedness properties of the preliminary estimator

instead of tightness properties. This further increases the rate of the approximation

error as the rate of boundedness typically is faster than the rate of tightness for

nonparametric estimators. For example, if D corresponds to the space of continuous

functions on [0, 1] endowed with the supremum norm, the rate of ∥θ̂n−θ0∥ differs from
the pointwise rate of convergence only by a logarithmic term. On the other hand,

rn(θ̂n − θ0) is asymptotically tight if and only if it is asymptotically stochastically

equicontinuous,5 meaning that rn(θ̂n − θ0) is stochastically bounded and for any

5Cf. Theorem 7.3 in Billingsley (1999).
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ε, η > 0, there is some δ > 0 such that

lim sup
n→∞

P

(
sup

|x−x′|≤δ
rn|{θ̂n(x)− θ0(x)} − {θ̂n(x′)− θ0(x

′)}| > ε

)
< η.

Heuristically, asymptotic stochastic equicontinuity demands that rn is chosen in

such a way that the derivative of rn(θ̂n − θ0) is stochastically bounded, requiring a

considerably slower rate rn as is needed for stochastic boundedness alone.

Alternatively to γ-Frèchet directional differentiability, one might impose a notion

of directional differentiability which is more closely related to Hadamard directional

differentiability. For example, suppose that

sup
h∈K

∥∥∥∥ϕ(θ + tnh)− ϕ(θ)

tn
− ϕ

′

θ(h)

∥∥∥∥
E

= O(tγ−1
n ), as tn ↓ 0 (1.3)

for any compact K ⊂ D and some γ > 1. We call any ϕ that satisfies (1.3),

γ-Hadamard directionally differentiable. While this concept imposes weaker con-

ditions on the smoothness of ϕ, it bounds the approximation error using the rate

of tightness of the preliminary estimator instead of the rate of boundedness as dis-

cussed above. Thus, there is a trade-off between the smoothness properties of ϕ and

the convergence rates of θ̂n. Since all the presented examples in Section 1.2.1 are

γ-Fréchet directionally differentiable for a suitably chosen norm, we prefer to use

γ-Fréchet directional differentiability for our Delta method.

Similar notions of differentiability for fully differentiable transformations with

linear derivatives have been proposed in the literature. In the context of the func-

tional Delta method, Dudley (1992), Dudley (1994) and Dudley and Norvaǐsa (1999)

propose to use γ-Fréchet differentiability with respect to the p-variation norm. They

show that many commonly used operators such as function composition, multipli-

cation and the quantile function are all γ-Fréchet differentiable for some γ > 1.

In the literature on smooth functionals of nonparametric estimators and extremum

or GMM estimation, Newey (1994b), Newey (1997), Shen (1997), Chen and Shen

(1998), Chen et al. (2003) and Chen and Christensen (2015) assume γ-Fréchet dif-

ferentiability with respect to various different norms. In most cases, γ is assumed to

be 2. Other papers assume a bound on the approximation error in 2 which can be

written as a product of two norms ∥·∥α1 · ∥·∥
β
2 for some α, β > 0. For example, Newey

(1994a) and Chen and Christensen (2018) use such a differentiability concept with

the restriction α = β = 1, while Chen and Liao (2015) and Chen and Pouzo (2015)
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do not restrict α and β.

We illustrate the above discussion on the differentiability concept within the

context of Example 1:

Example 5 (Maximum of conditional mean function continued). For D equal to

the space of continuous functions endowed with the supremum norm ∥·∥∞, it has

been shown in Fang and Santos (2018) that the maximum functional is Hadamard

directionally differentiable at any θ0 with derivative

ϕ′
θ0
(h) = max

x∈Ψ(θ0)
h(x),

where Ψ(θ0) = argmaxx∈[0,1] θ0(x), which is a nonlinear transformation of h whenever

the maximum of θ0 is non-unique. When D is taken as the space of Lipschitz

continuous functions from [0, 1] to R endowed with the bounded Lipschitz norm

∥·∥BL given by

∥f∥BL = max

{
∥f∥∞, sup

x ̸=y

|f(x)− f(y)|
|x− y|

}
,

we can show γ-Fréchet directional differentiability of ϕ under further restrictions on

θ0. For instance, consider functions θ0 which satisfy the following well-separatedness

condition:6 there exist constants c, ρ, δ > 0 such that for all x ∈ [0, 1],

max
x′∈[0,1]

{θ0(x′)} − θ0(x) ≥ (cd(x,Ψ(θ0))
ρ) ∧ δ. (1.4)

Many functions satisfy such a condition. For example, if the argmax set is finite

and contained in the interior and θ is a smooth function with second derivatives

bounded away from zero by a constant c, then this condition is satisfied for some

δ and ρ = 2. But also examples with a continuum of maximizers or maximizers at

the boundary satisfy this condition.

Given that θ0 satisfies the well-separatedness condition (1.4), we can show, for

ρ > 1, that ϕ is (ρ/(ρ− 1))-Fréchet directionally differentiable, i.e.,7

ϕ(θ0 + h) = ϕ(θ0) + ϕ′
θ0
(h) +O

(
∥h∥

ρ
ρ−1

BL

)
,

6This condition can also be interpreted as a degree of identifiability of the argmax set Ψ(θ0).
See Condition V and its discussion in Chernozhukov et al. (2013b).

7See Proposition 1 in the Appendix.
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and that this γ is tight. This result crucially depends on the chosen norm on

D. When this norm is chosen to be the sup-norm, ϕ fails to be Fréchet and γ-

Hadamard directionally differentiable.8 This phenomenon occurs more generally: if

|·| is another norm on D which is even stronger than ∥·∥, then γ-Fréchet directional
differentiability with respect to ∥·∥ implies γ-Fréchet directional differentiability with

respect to the stronger norm |·|. Heuristically, Fréchet directional differentiability

with respect to a stronger norm requires (1.2) to only hold for a smaller set of

directions and therefore is a weaker condition. The same applies for γ-Hadamard

directional differentiability.

1.2.3 The Delta method

Motivated by the above discussion, our Delta method relies on the following two

assumptions.

Assumption 1 (On ϕ). (i) D and E are real Banach spaces with norms ∥·∥D and

∥·∥E.

(ii) ϕ : Dϕ ⊂ D → E is Borel measurable and γ-Fréchet directionally differentiable

at θ0 with Borel measurable derivative ϕ′
θ0

: D → E. Dϕ ⊂ D has non-empty

interior and θ0 ∈ int(Dϕ). ϕ
′
θ0

is not the zero-mapping.

Assumption 2 (On θ̂n). (i) The estimator θ̂n is a measurable function, mapping

a sequence of random variables {Xi}ni=1 into Dϕ.

(ii) There exists a sequence of real numbers an → 0 such that ∥θ̂n − θ0∥ = Op(an).

(iii) There exists a sequence of real numbers bn → 0 and a sequence of D-valued
random vectors {Zn}ni=1 such that

∥ϕ′
θ0
(θ̂n − θ0)− ϕ′

θ0
(Zn)∥E = Op(bn). (1.5)

Assumption 1 summarizes our smoothness requirements on the map ϕ. It re-

quires that the map ϕ is γ-Fréchet directional differentiability at θ0 only. We as-

sume for simplicity that θ0 lies in the interior of the domain of ϕ. Instead, we could

allow θ0 to lie on the boundary of Dϕ, by restricting the domain of the derivative

to the span of all h ∈ D such that θ0 + h ∈ Dϕ and assuming that Zn is supported

8See Lemma 16 in the Appendix.
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on this set. See also Remark 2.1 in Fang and Santos (2018) for further technical

details on this point. Further, our notion of directional differentiability differs to

the proposals in Shapiro (1991) and Dümbgen (1993) in that we do not formulate a

notion of Fréchet differentiability tangential to a set. Such a tangential formulation

allows restricting the set of directions to lie in a subset of D and therefore weakens

the required smoothness on ϕ. Our definition can be modified to allow for such

a restriction of the directions. In order to facilitate the exposition and since this

extension is not needed in our examples, we decided not to include this formulation.

Moreover, we assume that the derivative is not degenerate, i.e., not the zero map-

ping. If this is the case, the approximate distribution ϕ′
θ0
(Zn) would be degenerate

and therefore of little use for inference. Similarly to the setting of the classical Delta

method, we might then perform a higher order Delta method instead. This has been

investigated by Chen and Fang (2019) in the setting of the Delta method by Shapiro

(1991) and Dümbgen (1993). While the derivation of a higher order Delta method

would be interesting in our setting, it is out of the scope of the current paper.

The measurability assumption on the estimator in Assumption 2 (i) might seem

restrictive in comparison to the Delta method in Dümbgen (1993) and Shapiro (1991)

who only require asymptotic measurability instead. θ̂n can fail to be measurable in

as simple examples as the empirical distribution function.9 On the other hand, when

θ̂n is some kernel or series-based curve estimator, θ̂n is typically measurable under

mild assumptions on the used kernel or system of basis functions. Nevertheless,

our Delta method extends to a setting where the preliminary estimator fails to be

measurable while the approximate distribution sequence Zn is measurable as we

demonstrate in Appendix A.5.

In Assumption 2 (iii), we require the existence of an approximate distribution

sequence for the derivative ϕ′
θ0

applied to the estimator. Alternatively, we could

have assumed that the derivative is Lipschitz continuous and that we have a strong

approximation for the whole process (θ̂n − θ0). This difference can have a large

impact on the requirements on the estimator θ̂n as well as the rate bn. For example,

Chernozhukov et al. (2014a) derived a coupling for the supremum of a series empiri-

cal process under weak requirements on the number of basis functions, while strong

approximations for the whole series empirical process often require much stronger re-

strictions on the number of basis functions (cf. Chernozhukov et al. (2013b), Belloni

et al. (2015), Chen and Christensen (2018) and Belloni et al. (2019b)). Moreover,

9See Chapter 1.1 in van der Vaart and Wellner (1996).
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note that the assumed approximate distribution Zn is not scaled. An appropriate

scaling of Zn will be later determined by the rate of the plug-in estimator.

We proof the following Delta method in the Appendix.

Theorem 1. Let Assumptions 1 and 2 hold. Then,

ϕ(θ̂n)− ϕ(θ0) = ϕ′
θ0
(Zn) +Op(a

γ
n + bn).

Theorem 1 formalizes in what sense ϕ′
θ0
(Zn) can be thought of as an approximate

distribution of the plug-in estimator. It quantifies the size of the approximation er-

ror and separates it into the two components aγn and bn. a
γ
n measures the analytical

approximation error caused by the approximation of ϕ through its derivative and

bn measures the stochastic approximation error induced by the distributional ap-

proximation of the preliminary estimator. The result might seem unconventional

for a Delta method due to the chosen mode of convergence. However, if we further

know that the approximand converges in distribution, say rnϕ
′
θ0
(Zn)

d→ G for some

rate rn and limiting distribution G, Theorem 1 implies that rn(ϕ(θ̂n)− ϕ(θ0))
d→ G

whenever rn(a
γ
n + bn) → 0. Moreover, when E is finite dimensional, say E = R for

simplicity, Theorem 1 implies that the studentized plug-in estimator converges in

distribution along subsequences under further moment conditions. Indeed, we show

in Lemma 5 in the Appendix that there exists a subsequence (nk) such that

ϕ(θ̂nk
)− ϕ(θ0)− E[ϕ′

θ0
(Znk

)]√
Var(ϕ′

θ0
(Znk

))

d→ G

for some non-degenerate limiting distribution G as long as the approximation error

(aγn + bn) is of smaller order than the standard deviation of ϕ′
θ0
(Zn).

The imposed assumptions of Theorem 1 are rather mild. For example, in the

parametric setup, when both D and E are finite dimensional and rn(θ̂n−θ0) converges
in distribution to some limit distribution G, Theorem 1 implies rn(ϕ(θ̂n)−ϕ(θ0))

d→
ϕ′
θ0
(G) as long as ϕ is γ-Fréchet directionally differentiable for some γ > 1 with

continuous derivative h 7→ ϕ′
θ0
(h). Indeed, by tightness of rn(θ̂n − θ0), an can be

chosen as r−1
n , Strassen’s Theorem10 implies that there is a sequence Zn ∼ G/rn

with bn = o(r−1
n ) since rn(θ̂n − θ0) converges in distribution and continuity of the

derivative implies rnϕ
′
θ0
(Zn)

d→ G.

10Cf. Chapter 10, Theorem 8 in Pollard (2001).
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Regarding the construction of confidence intervals, Theorem 1 is strong enough

to bound the quantiles of functionals of the plug-in estimator by the quantiles of the

approximate distribution. Indeed, for any Lipschitz continuous functional ν : E → R
such as point evaluation, an average or the norm, Theorem 1 implies for any ε > 0,

that there is some K such that for sufficiently large n,

Qp−ε(ν(ϕ
′
θ0
(Zn)))−K(aγn + bn) ≤Qp(ν(ϕ(θ̂n)− ϕ(θ0)))

≤Qp+ε(ν(ϕ
′
θ0
(Zn))) +K(aγn + bn),

where Qp(Z) = inf{t ∈ R : P(Z ≤ t) ≥ p}.11 In particular, when the approximation

error (aγn + bn) converges faster than the standard deviation of the approximate

distribution σn =
√

Var(ν(ϕ′
θ0
(Zn))), Theorem 1 implies

Qp−ε(ν(ϕ
′
θ0
(Zn)))− εσn ≤ Qp(ν(ϕ(θ̂n)− ϕ(θ0))) ≤ Qp+ε(ν(ϕ

′
θ0
(Zn))) + εσn

for any ε > 0 and sufficiently large n and therefore that the quantiles of the approx-

imate distribution are close to the quantiles of the plug-in estimator in comparison

to the standard deviation of the approximate distribution.

The asymptotic behavior of the quantiles can be strengthened under equiconti-

nuity and monotony conditions on the sequence of distribution functions of ϕ′
θ0
(Zn).

While in general it is hard to check such conditions, under further analytic as-

sumptions on the derivative and if the penultimate process Zn is Gaussian, we can

strengthen our Delta method in Theorem 1 to a bound in the Kolmogorov distance.

Theorem 2. Suppose that Assumptions 1 and 2 hold with E = R. Further, suppose
that ϕ′

θ0
is sublinear and continuous and that Zn is a sequence of centered and tight

Gaussian random vectors. Let σ2
n = Var(ϕ′

θ0
(Zn)) > 0. If

aγn + bn
σn

→ 0,

then

lim
n→∞

sup
t>0

∣∣P(ϕ(θ̂n)− ϕ(θ0) ≤ t)− P
(
ϕ′
θ0
(Zn) ≤ t

)∣∣ = 0.

11See Lemma 6 in the Appendix.
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If further F = {f ∈ D∗ | ∀h ∈ D : f(h) ≤ ϕ′
θ0
(h), Var(f(Zn)) = 0} = ∅,12 then

lim
n→∞

sup
t∈R

∣∣P(ϕ(θ̂n)− ϕ(θ0) ≤ t)− P
(
ϕ′
θ0
(Zn) ≤ t

)∣∣ = 0.

Theorem 2 implies that the approximate distribution ϕ′
θ0
(Zn) can approximate

the finite sample distribution of the plug-in estimator. One appealing aspect of an

approximation in Kolmogorov distance is that we do not need to know whether the

plug-in estimator converges in distribution or not. We only need to know that the

Delta method approximation error (aγn + bn) is of smaller order than the standard

deviation of ϕ′
θ0
(Zn) as measured by σn. In particular, we do not need to know at

which rate the plug-in estimator converges; a lower bound on the standard deviation

is sufficient. Moreover, Theorem 2 implies that the quantiles of the approximate

distribution converge to the quantiles of the plug-in estimator in the following sense:

for any p ∈ (0, 1) such that Qp(ϕ
′
θ0
(Zn)) > 0,13 we have

lim
n→∞

P(ϕ(θ̂n)− ϕ(θ0) ≤ Qp(ϕ
′
θ0
(Zn))) = p,

which can be used in order to show pointwise validity of one-sided confidence sets.

A similar result holds when E is a general Banach space, and we are only interested

in a functional ν : E → R of ϕ(θ̂n) − ϕ(θ0) such as point evaluation or the norm.

Then Theorem 2 can be shown to hold as long as ν ◦ ϕ′
θ0

is continuous, positively

homogeneous and sublinear and if one substitutes σn with the standard deviation

of ν(ϕ′
θ0
(Zn)). This is for example satisfied when the derivative is continuous and

linear and ν(·) = ∥·∥E, which is useful for the construction of uniform confidence

bands on function spaces.

The proof of Theorem 2 relies on an anti-concentration bound for continuous and

sublinear functionals of tight Gaussian random variables in our companion paper

Scherer (2024). We require centered Gaussian random vectors in order to obtain a

cleaner result although the aforementioned anti-concentration bound also allows for

non-centered Gaussian random variables. We only require tightness of Zn for each

n instead of asymptotic tightness of the sequence (Zn) which is likely to be violated

for nonparametric estimators. The tightness of Zn is e.g. guaranteed when D is

separable. In the case F ̸= ∅, we can only bound the distance between the distribu-

tion functions on (0,∞) since the cdf of ϕ′
θ0
(Zn) might have a jump discontinuity at

12Here, D∗ denotes the topological dual space of D.
13If F = ∅, the sign restriction on the quantile is not needed.
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zero. In Scherer (2024), we show that ϕ′
θ0
(Zn) can be represented as a supremum of

a Gaussian process indexed by continuous linear functionals. If F ≠ ∅, this Gaus-

sian process attains the value zero for some functional and therefore bounds the

supremum from below by zero. On the other hand, when F = ∅, the cdf of ϕ′
θ0
(Zn)

is continuous, and we can obtain a bound on the Kolmogorov distance over R.

Examples revisited

We discuss here only the example of the maximum of the conditional mean and

refer to the Appendix for the example concerning the bargaining bound.

Example 6 (Maximum of conditional mean continued). Under fairly standard regu-

larity conditions (Assumption (11) in the appendix), the local polynomial estimator

θ̂n satisfies Assumption 2. In the appendix, we show that

∥θ̂n − θ0∥BL = Op

(√
log n

hn

{√
log n

nhn
+ hℓ+1

}
︸ ︷︷ ︸

=:an

)
.

As we presented in Example 4, there exists a sequence {Zn} of zero mean Gaussian

processes on [0, 1] satisfying14

sup
x∈[0,1]

|{θ̂n(x)− θ0(x)} − Zn(x)| = Op

((
log8 n

nh
4/3
n

)3/4

+ hℓ+1
n︸ ︷︷ ︸

=bn

)
.

If further the well-separatedness condition (1.4) holds with ρ ∈ {1, 2}, ϕ is 2-Frèchet

directionally differentiable with a continuous and sublinear derivative and therefore

satisfies Assumption 1. Theorem 2 implies

lim
n→∞

sup
t∈R

∣∣∣∣P(max
x∈[0,1]

θ̂n(x)− max
x∈[0,1]

θ0(x) ≤ t

)
− P

(
max
x∈Ψ0

Zn(x) ≤ t

)∣∣∣∣ = 0

under the rate requirements

log24 n

nh2n
→ 0,

log2 n

nh5n
→ 0 and nh2ℓ+1

n → 0.

This result can recover similar rate requirements as in Müller (1985) and Ziegler

14See Lemma 19 in the Appendix.
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(2002) who restricted attention to conditional mean functions having a unique max-

imizer. Our result on the other hand only restricts the set of maximizers through the

well-separatedness condition and allows for example for finitely many well-separated

maximizers as well as a continuum of maximizers. The presented results are similar

to the results in section 3.6 in Chernozhukov et al. (2013b). Their condition S on the

equicontinuity radius is closely related to our requirement on the bounded Lipschitz

norm of the estimator as both measure the equicontinuity of the process. Moreover,

their condition V is the same as our well-separatedness condition (1.4). However,

our approach differs to their proposal. Firstly, they do not propose a plug-in estima-

tor but instead their estimator can be interpreted as a corrected plug-in estimator

ϕ(θ̂n + ĉn), where ĉn is a correction term. Using our Delta method, one can achieve

a similar correction using an estimate of the derivative as we will show in our local

analysis in Section 1.4. Secondly, their asymptotic approximation uses instead of a

derivative the intermediate approximation

ϕ(θ0 + hn)− ϕ(θ0) = max
x∈Ψδn

0

hn(x)

for some δn → 0. This approximation allows them to analyze their estimator even

for functions that do not satisfy the well-separatedness condition, which we cannot

do relying on our Delta method.

1.3 Bootstrap

While the Delta method allows to study the asymptotic properties of plug-in

estimators, it is of limited use for the construction of inference procedures as the de-

rived approximate distribution might depend on unknown parameters both through

the penultimate process Zn and the derivative. In this section, we demonstrate how

a consistent bootstrap estimator of the approximate distribution of the plug-in es-

timator can be constructed following similar ideas as in Fang and Santos (2018).

Further, in section 1.3.2, we discuss the validity of some general purpose bootstrap

techniques which have been proposed in the literature.

The construction of our bootstrap estimator relies on two components. Firstly,

we require a bootstrap estimator Ẑn for the distribution of the penultimate pro-

cess Zn in Assumption 3, and secondly we require a consistent estimator ϕ̂′
n of the

derivative ϕ′
θ0

in Assumption 4. Given these estimators, we can then estimate the
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approximate distribution of ϕ′
θ0
(Zn) using ϕ̂

′
n(Ẑn).

Assumption 3. (On the Bootstrap Ẑn)

(i) Ẑn : {Xi,Wi}ni=1 → D measurable with {Wi}ni=1 independent of Dn = {Xi}ni=1.

(ii) There is some sequence dn → 0 such that ∥Ẑn∥ = Op(dn).

(iii) There is some sequence sn → 0 and some Z∗
n|Dn ∼ Zn such that for any ε > 0,

there exist M such that

lim
n→∞

P
(
P(∥ϕ′

θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)∥E > Msn | Dn) > ε
)
= 0.

Assumption 3 mirrors the assumptions imposed on the estimator in Assumption

2. We require the bootstrap to be measurable and that we know some rate for

the norm of the bootstrap distribution. Note that this rate is assumed to hold

unconditionally. A sufficient condition is that a similar bound holds conditionally

on the data:15

(ii’) for any ε > 0, there exist M such that

lim
n→∞

P
(
P(∥Ẑn∥ > Mdn | Dn) > ε

)
= 0. (1.6)

As Zn might fail to have a limiting distribution, we cannot use the usual notion

of a consistent bootstrap procedure. Instead, we require in Assumption 3(iii) a

similar coupling construction as in Assumption 2 (iii). Such results are readily

available for various nonparametric estimators. In particular, Chernozhukov et al.

(2013b) and Belloni et al. (2015) give a bootstrap for series estimators, Chernozhukov

et al. (2013b) and Cattaneo et al. (2017) for kernel regression and local polynomial

estimators and Belloni et al. (2019b) for conditional quantile estimation based on

series regression.16 Moreover, we implicitly assume in part (iii) that the bootstrap

method can estimate the mean of the asymptotic distribution correctly. Since the

mean of Zn is closely related to the bias of θ̂n, this means that we usually need

to apply some debiasing to θ̂n or some undersmoothing of the tuning parameter.

Finally, we want to stress some technicality with couplings. Usually the coupled

15For a proof, see Lemma 8 in the Appendix.
16Most of these results derive a bound on the bounded Lipschitz distance and imply a coupling

result as in 3(iii) by Strassen’s coupling theorem (cf. Pollard (2001) Theorem 8 in Chapter 10.3).
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distribution Z∗
n in Assumption 3(iii) depends on the specific M and ε. Instead, we

assume that Z∗
n does neither depend on M nor ε. One can usually obtain such a

uniform coupling by slightly increasing sn. See Remark 2.1 in Cattaneo et al. (2022)

for further details on this point.

Besides a bootstrap estimator Ẑn, we further need an estimator ϕ̂′
n for the un-

known derivative ϕ′
θ0
. We assume:

Assumption 4. (On the estimator ϕ̂′
n)

The map ϕ̂′
n : D → E is a measurable function of {Xi}ni=1, which is positively

homogeneous and satisfies for a sequence ηn → 0

sup
∥h∥≤1

∥ϕ̂′
n(h)− ϕ′

θ0
(h)∥E = Op(ηn).

In Assumption 4, we assume that the estimator of the derivative is a uniformly

consistent estimator of the derivative at θ0. Uniform convergence is needed as we

not only need to approximate the derivative along a fixed deterministic direction h

but along a sequence of random variables which may take on many different values.

Further, a simple plug-in estimator of the form ϕ̂n = ϕ′
θ̂n

easily fails to satisfy

Assumption 4 unless the derivative θ 7→ ϕ′
θ(h) is sufficiently smooth. However, when

ϕ is only directionally differentiable, the derivative often even fails to be continuous

in θ.

Given these assumptions, we can show a notion of consistency of the bootstrap

for the approximate distribution ϕ′
θ0
(Zn).

Theorem 3. Let the Assumptions of Theorem 1, Assumptions 3 and 4 hold. Then,

for any ε > 0, there exist M such that

lim
n→∞

P
(
P(∥ϕ̂′

n(Ẑn)− ϕ′
θ0
(Z∗

n)∥E > M(dnηn ∨ sn) | Dn) > ε
)
= 0.

Theorem 3 implies that the bootstrap error ∥ϕ̂′
n(Ẑn)−ϕ′

θ0
(Z∗

n)∥E converges with

rate dnηn ∨ sn conditionally on the data Dn. The rate separates into dnηn, which

measures the approximation error of the derivative estimator ϕ̂′
n, and the coupling

error sn. Theorem 3 has similar implications on the quantiles as Theorem 1. Let

ν : E → R be a Lipschitz continuous functional and let σ2
n,ν = Var(ν(ϕ′

θ0
(Zn))). If

the bootstrap error is of smaller order than the σn,ν , i.e., (dnηn ∨ sn)/σn,ν → 0, then
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Theorem 3 implies for every ε > 0 and sufficiently large n

Qp−ε(ν(ϕ̂
′
n(Ẑn))|Dn)− εσn ≤ Qp(ν(ϕ(θ̂n)− ϕ(θ0))) ≤ Qp+ε(ν(ϕ̂

′
n(Ẑn))|Dn) + εσn

with probability converging to one and where Qp(Z|Dn) = inf{t ∈ R : P(Z ≤
t|Dn) ≥ p}.17 This bound can be used to justify confidence intervals when a consis-

tent estimator of the standard deviation is available. For instance, suppose we have

some σ̂n satisfying

σ̂n − σn
σn

p→ 0.

Then, the above bounds imply for any ε > 0 and α ∈ (0, 1/2)

lim inf
n→∞

P(ϕ(θ̂n)− ϕ(θ0) ≤ Q1−α+ε(ν(ϕ̂
′
n(Ẑn))|Dn) + εσ̂n) ≥ 1− α.

As in the discussion of Theorem 1, we can improve Theorem 3 to a bound in

Kolmogorov distance under further analytical assumptions on the derivative and

Gaussianity of the penultimate process Zn as we show in the following Theorem.

Theorem 4. Suppose that the Assumptions of Theorem 2, Assumptions 3 and 4

hold. Then, if {(dnηn) ∨ sn}Var(ϕ′
θ0
(Zn))

−1/2 → 0,

sup
t>0

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ = op(1).

If further F = {f ∈ D∗ | ∀h ∈ D : f(h) ≤ ϕ′
θ0
(h), Var(f(Zn)) = 0} = ∅, then

sup
t∈R

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ = op(1).

Theorem 4 can be used to prove pointwise validity of confidence intervals. We

illustrate this here for confidence intervals of the following kind: For some α ∈ (0, 1),

let q̂n(1 − α) denote the (1 − α)-quantile of the bootstrapped distribution ϕ̂′
n(Ẑn)

conditionally on the data, i.e.,

q̂n(1− α) = inf{q : P(ϕ̂′
n(Ẑn) ≤ q | Dn) ≥ 1− α} (1.7)

17See Lemma 11 in Chernozhukov et al. (2013b).
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and define the confidence interval as

ĈIn = {φ ∈ E : ϕ(θ̂n)− φ ≤ q̂n(1− α)}. (1.8)

Then, Theorem 4 readily implies pointwise validity as we show in the following

Corollary.

Corollary 1. Suppose that the Assumptions in Theorem 4 hold. Further, suppose

that for α ∈ (0, 1), q̂n(1 − α) > τ with probability approaching one, where τ = 0 if

F ̸= ∅ and τ = −∞ otherwise. Then,

lim inf
n→∞

P
(
ϕ(θ0) ∈ ĈIn

)
≥ 1− α.

The assumption that the bootstrapped quantiles q̂n(1−α) are larger than τ might

be hard to show in applications. Therefore, we present simple sufficient conditions

in Lemma 9 in the Appendix involving analytical properties of the derivative as well

as properties of the approximating Gaussian process Zn.

1.3.1 Examples revisited

Example 7 (Maximum of conditional mean continued:). We use the following multi-

plier bootstrap in order to estimate the quantiles of the local polynomial estimator.

Let ηi, i = 1, . . . , n, be i.i.d. standard normally distributed random variables which

are independent of the data Dn = {(Yi, Xi) : i = 1, . . . , n} and set

Ẑn(x) =
1

nhnf̂n(x)

n∑
i=1

ηiU(0)
⊺S−1Kh(Xi − x)U

(
Xi − x

hn

)
ε̂i,

where f̂n(x) denotes a kernel density estimator of f(x) and ε̂i = Yi − θ̂n(x). Condi-

tionally on the data, Ẑn = {Ẑn(x) : x ∈ [0, 1]} is a centered Gaussian process whose

covariance function (conditionally on the data) is a consistent estimator of the covari-

ance function of Zn. Therefore, this multiplier bootstrap can also be thought of as a

Monte Carlo simulation of the approximate limiting distribution based on a consis-

tent estimator of the covariance function. In the appendix, we show that this boot-

strap satisfies Assumption 3 with dn =
√
log n/(nh3n) and sn = o((nhn log n)

−1/2).
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As an estimator for the derivative, we use

ϕ̂′
n(h) = max

x∈Ψ̂n

h(x),

where

Ψ̂n = {x : θ̂n(x) + q̂γnσ̂n(x) ≥ max
x̃

θ̂n(x̃)− q̂γnσ̂n(x̃)}.

Here, σ̂n denotes an estimator of the standard error of θ̂n and q̂γn is an estimator of

the γn-quantile of ∥(θ̂n − θ0)/σn∥∞. γn → 1 slowly enough so that q̂γn∥σ̂n∥∞ → 0.

Ψ̂n is an estimator of the argmax set of θ0. Graphically, it is constructed as

follows: q̂γn is chosen such that θ̂n ± q̂γnσ̂n(x) is a γn uniform confidence band for

θ0. Ψ̂n now consists of all x for which the upper band lies above the maximum

of the lower band. Thus, it consists of all potential maximizers which are justified

by the uniform confidence band and in particular covers the true set of maximizers

whenever the confidence band covers the true conditional mean function.

We show in the appendix, that the rate of this estimator can be bounded by

sup
∥h∥BL≤1

|ϕ̂′
n(h)− ϕ′

θ0
(h)| = Op

(
(q̂γn∥σ̂n∥∞)1/ρ

c

)
.

This rate depends on the well-separatedness condition (1.4) on the maximum of

the conditional mean function. Heuristically, when the conditional mean function

is rather flat around its maximum as measured by the exponent ρ, it is harder to

estimate the set of maximizers therefore reducing the rate of convergence of the

derivative estimator.

Hence, this bootstrap of the plug-in estimator satisfies our general bootstrap

assumptions and Theorem 4 applies under the rate requirement log3 n/(nh5n) → 0

for ρ = 2. This is the same requirement as needed for the Delta method in Theorem

2 to hold.

1.3.2 Validity of general-purpose bootstrap procedures

The literature on inference on directionally differentiable functionals has pro-

posed several generally applicable bootstrap procedures including the standard boot-

strap, subsampling and the numerical Delta method. These procedures have been
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analyzed in the setting of the Delta method by Shapiro (1991) and Dümbgen (1993),

and it is not obvious that they yield valid inference in our setup. We therefore discuss

in this section under which conditions these approaches yield consistent estimators

in the context of our proposed Delta method.

Standard / Naive Bootstrap: First, we consider what has been called the

standard bootstrap by Fang and Santos (2018) and the naive bootstrap by Dümbgen

(1993) and Hong and Li (2018).18 It goes back to proposals by Krinsky and Robb

(1986), Krinsky and Robb (1990) and Runkle (1987). The idea is to draw boot-

strapped samples θ̂∗n of the preliminary estimator θ̂n and use the distribution of

ϕ(θ̂∗n) − ϕ(θ̂n) conditionally on the data as an estimator of the distribution of the

plug-in estimator. This approach can be slightly more generally motivated as fol-

lows. The plug-in estimator can be written as

ϕ(θ̂n)− ϕ(θ0) = ϕ(θ0 + {θ̂n − θ0})− ϕ(θ0).

The standard bootstrap now replaces the unknown θ0 by its estimator θ̂n and (θ̂n−θ0)
by a bootstrap Ẑn for its approximate distribution Zn. Then, the quantiles of the

plug-in estimator are estimated by the quantiles of ϕ(θ̂n+ Ẑn)−ϕ(θ̂n) conditionally

on the sample {Xi}ni=1.

The following Lemma gives an asymptotic approximation of the distribution of

the standard bootstrap.

Lemma 1. Suppose that Assumption 3 and the Assumptions of Theorem 1 hold

with Assumption 3(iii) replaced with

lim
n→∞

P
(
P(∥ϕ′

θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(Zn + Z∗

n)∥E > M(sn ∨ bn) | Dn) > ε
)
= 0.

Then, for any ε > 0, there exist M such that

lim
n→∞

P
(
P
(
∥(ϕ(θ̂n + Ẑn)− ϕ(θ̂n))−(ϕ′

θ0
(Zn + Z∗

n)− ϕ′
θ0
(Zn))∥E

> M(bn ∨ sn ∨ aγn ∨ dγn)
∣∣Dn

)
> ε
)
= 0.

Heuristically, this result shows that the standard bootstrap does not approximate

18It is also called the parametric or asymptotic distribution bootstrap. See Woutersen and Ham
(2014) for further details on this procedure.



1.3 Bootstrap 27

ϕ′
θ0
(Zn) but instead

ϕ(θ̂n + Ẑn)− ϕ(θ̂n) ≈ ϕ′
θ0
(Zn + Z∗

n)− ϕ′
θ0
(Zn).

Thus, if the derivative ϕ′
θ0

is linear in h, the standard bootstrap yields a consistent

estimator. On the other hand, when the derivative is non-linear, the standard

bootstrap might fail to be consistent. This observation is in line with the results in

Fang and Santos (2018). They show in the context of the Delta method by Shapiro

(1991) and Dümbgen (1993) that, when the limiting distribution is Gaussian, the

standard bootstrap is consistent if and only if the derivative is linear.

Subsampling: Two common approaches when dealing with non-standard boot-

strap settings are the m-out of n bootstrap and subsampling (in the context of

inference on directionally differentiable functionals, see e.g. Romano and Shaikh

(2008), Romano and Shaikh (2010), Andrews and Guggenberger (2009b) and An-

drews and Guggenberger (2010)). Even in our setting, these procedures are consis-

tent if ϕ′
θ0
(Zn) converges in distribution. Since the analysis of subsampling and the

m out of n bootstrap is similar, we focus on subsampling in the following.

The subsampling approach is based on simulation of

1

am

(
ϕ(θ̂n + amẐ

∗
m)− ϕ(θ̂n)

)
where Ẑm is based on a subsample of size m ≪ n and an was given in Assumption

2. This can be interpreted as using implicitly the derivative estimator

ϕ̂′
n(h) =

1

am

(
ϕ(θ̂n + amh)− ϕ(θ̂n)

)
. (1.9)

Under the further assumption that h 7→ ϕ′
θ0
(h) is Lipschitz continuous, we show in

the Appendix that this estimator satisfies

sup
∥h∥≤1

∥ϕ̂′
n(h)− ϕ′

θ0
(h)∥E = Op

(
an
am

+ aγ−1
m

)
.

Therefore, subsampling fits into our general framework given above and implies:

Lemma 2. Suppose that Assumption 3 and the assumptions of Theorem 2 hold. If
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m is chosen so that

{dm(an/am + aγ−1
m )} ∨ sm

σm
→ 0,

where σ2
n = Var(ϕ′

θ0
(Zn)), then

sup
t>τ

∣∣P(ϕ̂′
n(Ẑm) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂m)− ϕ(θ0) ≤ t

)∣∣ = op(1).

Here τ = 0 if F ≠ ∅ and τ = −∞ else. Moreover, if rnϕ
′
θ0
(Zn)

d→ G for some

sequence rn and continuous limiting distribution G, then

sup
t∈R

∣∣P(rmϕ̂′
n(Ẑm) ≤ t

∣∣Dn

)
− P

(
rn{ϕ(θ̂n)− ϕ(θ0)} ≤ t

)∣∣ = op(1).

This result suggests that the subsampling estimator is a consistent estimator

of the distribution of ϕ′
θ0
(Z∗

m) at sample size m ≪ n. This might be problematic

as the covariance functions of Zn and Zm might differ considerably. In particular,

when Zn is the approximating distribution sequence of a local polynomial estimator

as discussed in Example 4, the covariance function changes considerably with the

bandwidth choice. Since hn ≪ hm, Zm might fail to approximate Zn well and

therefore also ϕ′
θ0
(Zm) might be a poor approximation of ϕ′

θ0
(Zn). On the other

hand, when there is a rate rn such that rnϕ
′
θ0
(Zn) has a limiting distribution, a

simple rescaling ensures that subsampling yields valid inference.

Rescaled bootstrap / numerical Delta method: Another idea would be

to use the same numerical derivative estimator as in subsampling but to use some

general bootstrap Ẑn of Zn instead of the subsampling distribution based on m≪ n

observations. This approach has been proposed by Dümbgen (1993) as the rescaled

bootstrap and by Hong and Li (2020) as the numerical Delta method. Formally, the

rescaled bootstrap / numerical Delta method uses the distribution of

1

am

(
ϕ(θ̂n + amẐn)− ϕ(θ̂n)

)
conditionally on the data as an estimator of the distribution of the plug-in estimator.

As this method uses the same estimator of the derivative as subsampling, the

rescaled bootstrap / numerical Delta method also can be analyzed using Theorem

3 and 4 above. In particular, when the derivative is a continuous and sublinear
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functional, we show in the Appendix:

Lemma 3. Suppose that the assumptions of Theorem 2 hold. If m is chosen so that

{dn(an/am + aγ−1
m )} ∨ sn

σn
→ 0,

where σ2
n = Var(ϕ′

θ0
(Zn)), then, for ϕ̂

′
n given in (1.9),

sup
t>τ

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ = op(1).

Here τ = 0 if F ̸= ∅ and τ = −∞ else.

1.4 Local analysis

The non-smoothness of only directionally differentiable transformations leads to

challenges for estimation and inference as has been shown in Dümbgen (1993), Hi-

rano and Porter (2012) and Fang and Santos (2018). In particular, Hirano and

Porter (2012) have shown in a local asymptotic framework that when ϕ is only

directionally differentiable, there do not exist asymptotically quantile-unbiased esti-

mators, severely limiting the ability to perform asymptotically valid inference. We

therefore study in this section the robustness of our results to local perturbations

of the data generating process. We model this by considering parameter sequences

θn which converge to θ0. More generally, we allow the data generating process to

change with the sample size and denote this by using Pn instead of a fixed probabil-

ity measure P. We write opn and Opn in order to denote convergence in probability

and stochastic boundedness with respect to the sequence Pn.

Assumption 5. (i) The estimator θ̂n is a measurable function mapping a se-

quence of random variables {Xi}ni=1 into Dϕ.

(ii) There exists a sequence an → 0 such that θn = θ0 + hn ∈ Dθ ⊆ Dϕ with

∥hn∥ = O(an).

(iii) ∥θ̂n − θn∥ = Opn(an).

(iv) There exists a sequence of real numbers bn → 0 and a sequence of D-valued
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random vectors {Zn,hn}ni=1 such that Zn,hn ∼ Zn, n ∈ N, and

∥ϕ′
θ0
({θ̂n − θn}+ hn)− ϕ′

θ0
(Zn,hn + hn)∥E = Opn(bn).

Assumption 5 formalizes our local asymptotic framework and requires the prelim-

inary estimator θ̂n to be insensitive to the local perturbations of the data generating

process. We allow the local parameters θn to lie in a subset of Dϕ in order to al-

low for further restrictions on the parameter such as smoothness restrictions. This

might be needed for nonparametric preliminary estimators in order to control their

bias. Assumptions (iii) and (iv) can be interpreted as locally uniform versions of

the corresponding assumptions in Assumption 2. For instance, (iii) requires that

the rate an is unaffected by local deviations. In (iv), we further require that the

approximate distribution Zn,hn does not change with hn. This can be interpreted as

a notion of asymptotic equivariance in law which is a common starting point for a

local asymptotic analysis. In particular, it is satisfied for regular estimators θ̂n. The

required locally robust coupling is for example satisfied when the derivative is Lip-

schitz continuous and there is a coupling of θ̂n − θ0 to Zn,hn . Such local asymptotic

couplings can usually be derived along the same lines as the pointwise results since

the used strong approximation results are finite sample bounds.

Our two main results of this section can be seen as extensions of local results in

Fang and Santos (2018) and Dümbgen (1993) to our setting:

Theorem 5. Suppose Assumption 1 and 5 hold. Then

ϕ(θ̂n)− ϕ(θn) = ϕ′
θ0
(Zn,hn + hn)− ϕ′

θ0
(hn) +Opn

(
aγn + bn

)
.

Theorem 6. Suppose that Assumptions 1 and 5 hold with E = R. Suppose that ϕ′
θ0

is sublinear and continuous and that Zn is a sequence of centered and tight Gaussian

random vectors. If

aγn + bn
σn,h

→ 0,

where σ2
n,h = Var(supf∈F+

f(Zn,hn + hn)) with F+ = {f ∈ D∗ | ∀h ∈ D : f(h) ≤
ϕ′
θ0
(h)} \ F , then

lim
n→∞

sup
t>τn

∣∣Pn(ϕ(θ̂n)− ϕ(θn) ≤ t)− Pn
(
ϕ′
θ0
(Zn,hn + hn)− ϕ′

θ0
(hn) ≤ t

)∣∣ = 0,
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where τn = supf∈F f(hn).

If instead F = {f ∈ D∗ | ∀h ∈ D : f(h) ≤ ϕ′
θ0
(h), Var(f(Zn)) = 0} = ∅ and

aγn + bn
σn,h

→ 0,

where σ2
n,h = Var(ϕ′

θ0
(Zn,hn + hn)), then

lim
n→∞

sup
t∈R

∣∣Pn(ϕ(θ̂n)− ϕ(θn) ≤ t)− Pn
(
ϕ′
θ0
(Zn + hn)− ϕ′

θ0
(hn) ≤ t

)∣∣ = 0.

The result in the above Theorems indicate how the finite sample distribution of

the plug-in estimator changes when the true parameter is close to a parameter θ0

where ϕ fails to be fully differentiable. In this case, the approximate distribution

depends on the perturbation hn and the pointwise asymptotic approximation in

Theorems 1 and 2 might be misleading. Importantly, Theorems 5 and 6 allow us to

study when our proposed procedures deliver reliable size control.

For example, in the setting of Theorem 6 and one-sided confidence intervals as

constructed in (1.8), Theorem 6 implies

P(ϕ(θ̂n)− ϕ(θn) ≤ q̂n(1− α)) ≥P
(
ϕ′
θ0
(Zn + hn)− ϕ′

θ0
(hn) ≤ q̂n(1− α)

)
− o(1).

In order to show that this confidence interval provides local size control, it is sufficient

to show that the probability on the right-hand side is larger than 1− α. While this

might be hard to show in general, sublinearity of h 7→ ϕ′
θ0
(h) implies

ϕ′
θ0
(Zn + hn)− ϕ′

θ0
(hn) ≤ ϕ′

θ0
(Zn).

Thus, the quantiles of ϕ′
θ0
(Zn) provide an upper bound on the quantiles of the local

asymptotic approximate distribution and therefore the confidence set achieves local

size control. We summarize this finding in the following Corollary.

Corollary 2. Suppose the conditions of Theorem 6 and Assumption 6 below hold.

Then, if F = ∅, it holds for any α ∈ (0, 1) that

lim inf
n→∞

Pn(ϕ(θ̂n)− ϕ(θn) ≤ q̂n(1− α)) ≥ 1− α,

where q̂n(1− α) = inf{q : P(ϕ̂′
n(Ẑn) ≤ q | Dn) ≥ 1− α}.
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The proof of Corollary 2 requires validity of the bootstrapped quantiles also in

this local asymptotic framework. We therefore impose the following adaption of

Assumptions 3 and 4.

Assumption 6. (i) Ẑn : {Xi,Wi}ni=1 → D measurable with {Wi}ni=1 independent

of Dn = {Xi}ni=1.

(ii) There is some sequence dn → 0 such that ∥Ẑn∥ = Opn(dn).

(iii) There is some sequence sn → 0 and some Z∗
n,hn

|Dn ∼ Zn such that for any

ε > 0, there exist M such that

lim
n→∞

Pn
(
Pn(∥ϕ′

θ0
(Ẑn)− ϕ′

θ0
(Z∗

n,hn)∥E > Msn | Dn) > ε
)
= 0.

(iv) The map ϕ̂′
n : D → R is a measurable function of {Xi}ni=1, which is positively

homogeneous and satisfies for a sequence ηn → 0 that for any ε > 0, there is a

K such that

lim sup
n→∞

Pn

(
sup
∥h∥≤1

ϕ′
θ0
(h)− ϕ̂′

n(h) > Kηn

)
< ε.

Assumptions (i)-(iii) are analogs to the corresponding assumptions in Assump-

tion 3 and require the bootstrap Ẑn to be insensitive to local perturbations. As-

sumption (iv), on the other hand, allows the estimator of the derivative to be biased

by local perturbations but restricts the direction of this bias. Heuristically, it im-

poses that ϕ̂′
n consistently estimates an upper bound of the derivative at θ0 and is

weaker than assuming that ϕ̂′
n consistently estimates ϕ′

θ0
. We allow for such a bias

since θ 7→ ϕ′
θ easily fails to be continuous when ϕ is only directionally differentiable

and therefore locally robust estimators of the derivative might be hard to construct.

On the other hand, (iv) is for example satisfied by the implicit derivative estimator

of the subsampling estimator.

The result of Corollary 2 can be interpreted as a local asymptotic half-quantile-

unbiased-ness property of the bootstrapped quantiles. While this property implies

local size control, it does not rule out that the resulting confidence sets are conser-

vative. This potential for conservativeness can be attributed to two factors. On the

one hand, we bounded the quantiles of the local approximate distribution using the

sublinearity of ϕ′
θ and secondly Assumption 6 (iv) allows the bootstrapped quantiles

to be themselves an upward biased estimator of the quantiles of ϕ′
θ0
(Zn).
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The existence of locally asymptotically half-quantile-unbiased estimators is also

consistent with the impossibility results in Hirano and Porter (2012). While the

authors show that there cannot exist locally asymptotically quantile-unbiased esti-

mators, this does not rule out the existence of locally asymptotically half-quantile-

unbiased estimators. This has also already been observed in the literature on mo-

ment inequalities as e.g. in Chernozhukov et al. (2013b) and Andrews and Shi

(2013). There, the half-quantile-unbiasedness property is also used to construct

estimators which are asymptotically half-median-unbiased which translates in our

setting to the property that

lim inf
n→∞

Pn(ϕ(θ̂n)− q̂n(1/2) ≤ ϕ(θn)) ≥
1

2

and in this sense ϕ(θ̂n) − q̂n(1/2) is a locally asymptotically half-median-unbiased

estimator of ϕ(θ0). Further, the observation that sublinearity is sufficient for local

size control when the derivative is only directionally differentiable has already been

shown by Fang and Santos (2018). In this sense, Corollary 2 can be interpreted as

an application of their idea to our setting.

While sublinearity of the derivative holds in all of our examples, it can fail to

hold. In this scenario, one-sided confidence intervals as constructed in (1.8) may

fail to provide local size control and need further investigation. On the other hand,

Theorems 5 and 6 imply that an upper bound on the quantiles of ϕ′
θ0
(Zn + hn) −

ϕ′
θ0
(hn) is sufficient for local size control. Sometimes such an upper bound can be

motivated by analyzing the analytical expression of the derivative as e.g. in Example

2.2 in Fang and Santos (2018). Alternatively, motivated by the size-corrected fixed-

critical-values in Andrews and Guggenberger (2009a), one may compute the worst

case bound

ϕ∗
θ0
(Zn) := sup

h∈Dθ

ϕ′
θ0
(Zn + h)− ϕ′

θ0
(h).

The function ϕ∗
θ0

is a sublinear majorant of the derivative ϕ′
θ0

and reduces to ϕ′
θ0

when the derivative is sublinear. By definition of ϕ∗
θ, the quantiles of ϕ

∗
θ0
(Zn) imply

an upper bound on the quantiles of the local asymptotic approximate distribution.

Thus, an alternative strategy to construct one-sided confidence intervals may be

based on an estimator ϕ̂∗
n of this upper bound ϕ∗

θ0
instead of the derivative ϕ′

θ0
. In

particular, if ϕ is a continuous functional and Zn a sequence of centered and tight
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Gaussians, we can obtain a similar result for the bootstrapped quantiles of ϕ∗
θ0
(Zn)

as in Corollary 2.

Corollary 3. Suppose the conditions of Theorem 5 and Assumption 6 hold when

(iii) and (iv) in Assumption 6 are replaced by

(iii’) There is some sequence sn → 0 and some Z∗
n,hn

|Dn ∼ Zn such that for any

ε > 0, there exist M such that

lim
n→∞

Pn
(
Pn(∥ϕ∗

θ0
(Ẑn)− ϕ∗

θ0
(Z∗

n,hn)∥E > Msn | Dn) > ε
)
= 0.

(iv’) The map ϕ̂∗
n : D → R is a measurable function of {Xi}ni=1, which is positively

homogeneous and satisfies for a sequence ηn → 0 that for any ε > 0, there is a

K such that

lim sup
n→∞

Pn

(
sup
∥h∥≤1

ϕ∗
θ0
(h)− ϕ̂∗

n(h) > Kηn

)
< ε.

Then, if

aγn + bn
σn,∗

→ 0,

where σ2
n,∗ = Var(ϕ∗

θ0
(Zn)), and F = {f ∈ D∗ | ∀h ∈ D : f(h) ≤ ϕ∗

θ0
(h), Var(f(Zn)) =

0} = ∅, it holds for any α ∈ (0, 1) that

lim inf
n→∞

Pn(ϕ(θ̂n)− ϕ(θn) ≤ q∗n(1− α)) ≥ 1− α,

where q∗n(1− α) = inf{q : P(ϕ̂∗
n(Ẑn) ≤ q | Dn) ≥ 1− α}.

1.5 Numerical Results

In this section, we present results of a Monte Carlo study to illustrate the finite-

sample relevance of our theoretical results. We focus here on the setting in Example

1, i.e. the maximum of a conditional mean function, and present further simulations

in the setting of Example 2 in the Appendix. We employ the same Monte Carlo

designs as in Chernozhukov et al. (2013b). This allows us to compare our simulation

results to the results in the aforementioned paper. We compare 4 different methods
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which can be briefly described as follows: the first method follows the construction

of a bootstrap method proposed in Section 1.3 and was already outlined in Example

7. The second method utilizes the standard bootstrap as discussed in Section 1.3.2.

The third method is a one-sided projection interval and the final method is the

method proposed in Chernozhukov et al. (2013b). All methods are compared in

terms of coverage probability of the true underlying parameter and a close false

parameter.

1.5.1 Data Generating Processes

We consider random samples from the model

Xi ∼ Unif[−2, 2], εi = min{max{−3, σε̃i}, 3}, and

Yi = Lφ(Xi) + εi,

where φ(·) is the standard normal density function, ε̃i ∼ N (0, 1), and L and σ

are constants. We consider four data-generating processes (DGP) taken from Cher-

nozhukov et al. (2013b):

DGP1 : L = 0 and σ = 0.1; DGP2 : L = 1 and σ = 0.1;

DGP3 : L = 5 and σ = 0.1; DGP4 : L = 5 and σ = 0.01.

The first design DGP1 is completely flat, and therefore the functional is only di-

rectionally differentiable. The second design DGP2 is nonflat and smooth around

the maximum with a unique maximizer at zero. In this DGP the functional is fully

differentiable. DGP3 and DGP4 are also nonflat and similar to DGP2 with a peaked

conditional mean function with a unique maximizer. DGP3 and DGP4 only differ

in the conditional variance of Yi which is a hundred times smaller for DGP4. In our

simulations, we considered sample sizes n = 500 and n = 1000 for all of the above

DGPs.

1.5.2 Inference Procedures

Our implemented inference procedures use the local linear estimator as described

in Example 4 as an estimator for the conditional mean function. We follow the

tuning parameter choice in Chernozhukov et al. (2013b) and use the quartic kernel
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K(x) = 15
16
(1−x2)21(|x| ≤ 1) as a kernel function and the rule-of-thumb bandwidth

h = ĥROT × ŝx × n1/5 × n−2/7,

where ŝx is the sample standard deviation of the Xi and ĥROT is rule of thumb

bandwidth as described in Section 4.2 of Fan and Gijbels (1996).19 The factor n1/5×
n−2/7 is multiplied to ensure that the smoothing bias is asymptotically negligible.

For the evaluation of the estimates, we consider only x within an interval between the

0.05 and 0.95 sample quantiles of Xi’s to avoid influence of outlier at the boundary

of the support of Xi.

We implement three procedures for inference. The first method follows the con-

struction of a bootstrap method proposed in Section 1.3 and will be called the

derivative estimation based procedure. We implemented this method following the

construction in Example 7 and chose γn = 1−0.1/ log n for the tuning parameter of

the argmax set estimator Ψ̂n. The second method, which we call the standard boot-

strap, uses the same bootstrap for the local linear estimator as described in Example

7 and then applies the standard bootstrap as presented in Section 1.3.2. Finally,

the third method is a one-sided projection interval. It employs the bootstrap from

Example 7 to simulate the 95% quantile q̂n of

sup
x

Ẑn(x)

σ̂n(x)
,

where σ̂n(·) denotes the same estimator of the standard error of θ̂n as used in the

construction of the argmax set estimator. The resulting set

ĈBn = {θ(x) | ∀x : θ(x) ≥ θ̂n(x)− q̂nσ̂n(x)}

is a uniform one-sided confidence band for θ0. The third method consists of using

the following projection interval

Ĉn = {ϕ(θ) | θ ∈ ĈBn} =
{
ϕ(θ)

∣∣ϕ(θ) ≥ max
x̃

{θ̂n(x̃)− q̂nσ̂n(x̃)}
}
.

Note that this interval coincides with the conservative nonstochastic choice V̂ = V
described in section 7.1. in Chernozhukov et al. (2013b). Further, we implement

19For further details, see section 7.3 in Chernozhukov et al. (2013b).
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the bootstrap in all of the above methods using 1000 draws.

1.5.3 Simulation Results

We evaluate our simulation results through the coverage probability (CP) at

the true maximum ϕ(θ0) with nominal level 95% and the false coverage probability

(FCP) evaluated at ϕ(θ0)−0.02. We perform 1000 independent replications for each

experiment. The results are summarized in Table 1.1.

We first consider the performance of the derivative estimator based procedure.

It performs reasonably well for DGP1 and undercovers only slightly. The argmax

set estimator covers approximately the full support of the Xis which is the true

argmax set for this DGP. For the other DGPs, the derivative based method is quite

conservative with CP ranging from 99% to 99.7%. This can be in part attributed

to the argmax set estimator; it overestimates the size of the true argmax set and

therefore results in a derivative estimator which is larger than the true derivative.

This in turn shifts the quantiles upwards and leads to increased coverage probabil-

ities. In DGP2 and DGP3, the derivative based method has non-trivial power as

indicated by the FCP and which decreases as the sample size increases. In compar-

ison to DGP2, DGP3 has a more peaked conditional mean function which results

in a shorter estimated argmax set showing that the argmax set estimator adapts

to the DGP. DGP3 and DGP4 only differ in the conditional variance of Yi which

is a hundred times smaller in DGP4. This results in more precise estimates of the

conditional mean function, reduces the width of the estimated argmax set and over-

all improves power so that the FCP is zero under DGP4. Further, the derivative

based method shows a similar performance as the proposed method in Chernozhukov

et al. (2013b). Its CP are larger than the corresponding values for CLR across all

DGPs resulting in a loss of power. On the other hand, for DGP1 the derivative

based method undercovers less than CLR and is closer to the nominal level of 95%.

Overall, neither approach dominates the other.

The performance of the standard bootstrap based procedure is summarized in

Table 1.1. For DGP1, the standard bootstrap severely undercovers with a CP of

76.1% and 71.2%. For DGP2 and DGP3, the CP is close to the nominal level

resulting in a higher power as compared to the other methods in Table 1.1. Finally,

for DGP4, the standard bootstrap also overcovers but with a smaller CP as compared

to the other methods. These observations are consistent with our theoretical results
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Sample Cov. False Cov. Ave. Argmax Set
DGP Size Method Prob. Prob. Min. Max.

1 500 Deriv 0.941 0.122 -1.771 1.773
1 500 CLR 0.923 0.064 -1.799 1.792
1 500 Project 0.923 0.064 -1.799 1.792
1 500 Standard 0.761 0.026 - -
1 1000 Deriv 0.942 0.008 -1.777 1.777
1 1000 CLR 0.936 0.003 -1.801 1.796
1 1000 Project 0.936 0.003 -1.801 1.796
1 1000 Standard 0.712 0.000 - -
2 500 Deriv 0.993 0.822 -0.702 0.701
2 500 CLR 0.989 0.808 -0.890 0.892
2 500 Project 0.995 0.871 -1.799 1.792
2 500 Standard 0.944 0.555 - -
2 1000 Deriv 0.991 0.695 -0.611 0.610
2 1000 CLR 0.990 0.675 -0.776 0.776
2 1000 Project 0.996 0.779 -1.801 1.796
2 1000 Standard 0.944 0.372 - -
3 500 Deriv 0.990 0.916 -0.352 0.352
3 500 CLR 0.986 0.876 -0.426 0.424
3 500 Project 0.995 0.943 -1.799 1.792
3 500 Standard 0.953 0.745 - -
3 1000 Deriv 0.990 0.841 -0.306 0.305
3 1000 CLR 0.986 0.816 -0.380 0.377
3 1000 Project 0.992 0.907 -1.801 1.796
3 1000 Standard 0.943 0.584 - -
4 500 Deriv 0.997 0.000 -0.136 0.136
4 500 CLR 0.981 0.000 -0.142 0.142
4 500 Project 0.991 0.000 -1.799 1.792
4 500 Standard 0.988 0.000 - -
4 1000 Deriv 0.997 0.000 -0.108 0.108
4 1000 CLR 0.991 0.000 -0.127 0.127
4 1000 Project 0.997 0.000 -1.801 1.796
4 1000 Standard 0.986 0.000 - -

Table 1.1: Results for the Monte Carlo experiment. The column ”method” indicates
the chosen method. ”Deriv” denotes the derivative based method, ”CLR” the pro-
posed method in Chernozhukov et al. (2013b), ”Standard” is based on the standard
bootstrap and ”Project” denotes the one-sided projection interval. The results for
”CLR” and ”Project” are taken from Table III in Chernozhukov et al. (2013b).
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in Section 1.3.2 as the derivative is nonlinear under DGP1 and therefore the standard

bootstrap is inconsistent, while the derivative is linear under the remaining DGPs.

The results for the projection interval are presented in Table 1.1. Under DGP1,

it has a lower CP as compared to the derivative based method and yields the same

coverage properties as method CLR. For DGPs 2 and 3, the projection interval has

the highest CP and the lowest power among all the presented methods. DGP4 is an

exception. Here, the projection interval is less conservative than the derivative based

method for n = 500 and achieves the same coverage properties as the derivative

based method for n = 1000. This suggests that the derivative based method is

preferable to the projection interval, but no method strictly dominates the other.

1.6 Conclusion

In this paper, we study inference on parameters of the form ϕ(θ0), where ϕ is a

known directionally differentiable transformation and θ0 is an unknown parameter.

We focus on settings, where θ0 is an unknown function estimated using some non-

parametric or machine-learning estimator θ̂n. As many nonparametric or machine-

learning estimators do not converge in distribution, existing extensions to the Delta

method are not applicable in our setting. Similarly, subsampling cannot be easily

applied in this setting as it is hard to show that the plug-in estimator converges

in distribution without relying on convergence in distribution of the preliminary

estimator. We propose to use strong approximations to the distribution of θ̂n as

an alternative concept to convergence in distribution. Such strong approximations

provide a sequence of approximate distributions instead of a single limiting distribu-

tion and are readily available for a wide-range of estimators. Further, we present a

higher-order notion of Fréchet directional differentiability which is sufficiently flex-

ible to handle the irregularity of nonparametric estimators and allows analyzing

settings where the plug-in estimator converges at a faster rate than the preliminary

estimator. These concepts enable us to derive a new Delta method which implies

a strong approximation to the distribution of the plug-in estimator ϕ(θ̂n). Further,

we derive Berry-Esseen type Delta method under further analytical conditions on

the transformation and the approximate distributions of the preliminary estimator.

Since the distributional approximations implied by our Delta method are rarely

pivotal, we suggest a simulation-based estimator of the approximate distribution

of the plug-in estimator and provide conditions for its consistency. Besides that,
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we also study the validity of the standard bootstrap, subsampling and the rescaled

bootstrap / numerical Delta method. We study local approximations to the distri-

bution of the plug-in estimator and provide sufficient conditions on the directional

derivative of ϕ implying local size control for one-sided confidence intervals. We

illustrate the applicability of our results in the context of inference on the maximum

of a conditional mean function. In the appendix, we further apply our results to an

example taken from Freyberger and Larsen (2021) which illustrates that our results

can be applied in more complicated examples. Finally, we illustrate the finite sam-

ple performance in these examples using Monte-Carlo simulations. In the context

of the maximum of a conditional mean function, we find that our proposed method

performs comparably to the proposal in Chernozhukov et al. (2013b) and that it im-

proves upon projection bands. For the example from Freyberger and Larsen (2021),

we find that the resulting bands are conservative but improve upon projection band.



Appendix

1.A Proofs of the main theorems

1.A.1 The Delta method

Proof of Theorem 1: By γ-Fréchet directional differentiability of ϕ at θ0, there exist

δ > 0 and C <∞ such that

∥ϕ(θ0 + h)− ϕ(θ0)− ϕ′
θ0
(h)∥E ≤ C∥h∥γ (1.10)

for all h satisfying θ0+h ∈ Dϕ and ∥h∥ ≤ δ. By Assumption 2(ii), for any ε > 0, there

exists a Kε and an N1 such that the event An = {∥θ̂n− θ0∥ ≤ anKε} has probability

P(An) > 1 − ε for all n ≥ N . By Assumption 2(i), θ̂n ∈ Dϕ and therefore ϕ(θ̂n) is

well-defined in this case. Further, this implies that there exists an N3 ≥ N1 ∨ N2

such that on An, hn := θ̂n − θ0 satisfies θ0 + hn ∈ Dϕ and ∥hn∥ ≤ δ for all n ≥ N3.

Thus, by (1.10),

1− ε < P(An) ≤ P
(
∥ϕ(θ̂n)− ϕ(θ0)− ϕ′

θ0
(hn)∥E ≤ C∥hn∥γc

)
for all n ≥ N3 and therefore

∥∥ϕ(θ̂n)− ϕ(θ0)− ϕ′
θ0
(θ̂n − θ0)

∥∥
E = Op

(
∥θ̂n − θ0∥γc

)
= Op(a

γ
n).

The claim now follows by the assumed coupling in Assumption 2(iii).

The proof of Theorem 2 relies on a slight modification of Le Cam’s Lemma (cf.

Le Cam (2012), p.402) which is proven in our companion paper Scherer (2024).

41
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Lemma 4. For X,Z arbitrary real-valued random variables, τ ∈ R and λ > 0,

sup
t>τ

|P(X ≤ t)− P(Z ≤ t)| ≤ P(|X − Z| > λ) + ζλ(X) ∨ ζλ(Z),

where ζλ(V ) = supt>τ P(t ≤ V ≤ t+ λ) for any real-valued random variable V ∈ R.

Proof of Theorem 2: Since ϕ′
θ0

is Lipschitz continuous and sublinear20 and Zn is

a centered and tight D-valued Gaussian random vector, we can apply the anti-

concentration bound in Scherer (2024) which implies

sup
t>τ

P
(
t ≤ ϕ′

θ0
(Zn) ≤ t+ ε

)
≤ ε

√
12√

σ2
n + ε2/12

, ∀ε > 0

for τ = 0 if F ̸= ∅ and τ = −∞ otherwise. By Le Cam’s Lemma 4,

sup
t>τ

∣∣P(ϕ(θ̂n − θ0) ≤ t)− P
(
ϕ′
θ0
(Zn) ≤ t

)∣∣
≤ inf

η>0
P
(∣∣(ϕ(θ̂n)− ϕ(θ0))− ϕ′

θ0
(Zn)

∣∣ > η
)
+
η
√
12

σn
, (1.11)

where we used that ε/
√
σ2
n + ε2/12 ≤ ε/σn. By Theorem 1, we have

∣∣(ϕ(θ̂n)− ϕ(θ0))− ϕ′
θ0
(Zn)

∣∣ = Op

(
aγn + bn

)
.

Further, by assumption, (aγn+ bn)/σn → 0 as n→ ∞ and therefore, for any ε, there

is some N such that for ηn = σnε/(8
√
3)

P
(∣∣(ϕ(θ̂n)− ϕ(θ0))− ϕ′

θ0
(Zn)

∣∣ > ηn
)
≤ ε

2

for all n ≥ N . This implies for (1.11)

sup
t>τ

∣∣P((ϕ(θ̂n)− ϕ(θ0)) ≤ t)− P
(
ϕ′
θ0
(Zn) ≤ t

)∣∣
≤P
(∣∣(ϕ(θ̂n)− ϕ(θ0))− ϕ′

θ0
(Zn)

∣∣ > ηn
)
+
ηn
√
12

σn
≤ ε,

for all n ≥ N . The claim follows.

20Lipschitz continuity follows by continuity and sublinearity as mentioned in the discussion in
Section 1.2.



1.A Proofs of the main theorems 43

Auxiliary results

Lemma 5. Let the assumptions of Theorem 1 hold. Further, suppose that there ex-

ists some δ > 0 such that E[|ϕ′
θ0
(Zn)|2+δ] <∞ exists for all n, σ2

n = Var(ϕ′
θ0
(Zn)) >

0 and that

E[|ϕ′
θ0
(Zn)− µn|2+δ]
σ2+δ
n

≤M, ∀n ∈ N

where µn = E[ϕ′
θ0
(Zn)]. If aγn + bn = o(σn), then for every subsequence there is a

further subsequence (nk) satisfying

ϕ(θ̂nk
)− ϕ(θ0)− µnk

σnk

d→ G

for some non-degenerate limiting distribution G which might depend on the subsub-

sequence.

Proof. Consider the studentized approximate distribution implied by Theorem 1

Gn :=
ϕ′
θ0
(Zn)− µn

σn
.

Gn is asymptotically tight by Chebyshev’s inequality and hence by Prokhorov’s The-

orem21 (Gn) is relatively compact in the topology of weak convergence of probability

measures. By relative compactness, any subsequence has a further subsequence (nk)

such that Gnk

d→ G for some limiting distribution G which might depend on the

chosen subsubsequence.

By Theorem 1 and since aγn + bn = o(σn),

ϕ(θ̂n)− ϕ(θ0)− µn
σn

= Gn + op(1)

and therefore also for every subsequence (nk)

ϕ(θ̂nk
)− ϕ(θ0)− µnk

σnk

= Gnk
+ op(1).

21See e.g. Theorem 5.1 in Billingsley (1999).
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Thus, for any subsequence satisfying Gnk

d→ G, by Slutsky’s theorem

ϕ(θ̂nk
)− ϕ(θ0)− µnk

σnk

d→ G.

It remains to show that the potential limiting distributions are non-degenerate.

To this end, note that by Strassen’s Theorem22 there exist Znk
∼ G such that Gnk

=

Znk
+ op(1). Since (Gn) is uniformly square integrable, this implies Var(Znk

) →
Var(Gnk

) = 1 and therefore G is non-degenerate. As G was chosen arbitrarily

among the potential limiting distributions, the claim follows.

The following result is a slight alteration of Lemma 11 in Chernozhukov et al.

(2013b).

Lemma 6. Let X, Y be real-valued random variables, satisfying P(|X−Y | > η) ≤ ε

for some η, ε > 0. Denote by qZ(p) the quantile function of a real-valued random

variable Z, i.e., qZ(p) = inf{t ∈ R : P(Z ≤ t) ≥ p}. Then, for p ∈ (0, 1)

qY (p− ε)− η ≤ qX(p) ≤ qY (p+ ε) + η.

Proof. Let B = {|X − Y | > η}. For any t > 0, it holds

P(X ≤ t) ≤ P(Y ≤ t+ |X − Y |)

≤ P({Y ≤ t+ |X − Y |} ∩Bc) + P(B)

≤ P(Y ≤ t+ η) + ε.

This implies by definition of the quantile function

qX(p) ≥ qY−η(p− ε) = qY (p− ε)− η.

For the other direction, by the same arguments as above

P(Y ≤ t− η) ≤ P(X ≤ t+ |X − Y | − η)

≤ P({X ≤ t+ |X − Y | − η} ∩Bc) + P(B)

≤ P(X ≤ t) + ε

implying qX(p) ≤ qY (p+ ε) + η.

22Cf. Chapter 10, Theorem 8 in Pollard (2001).
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Sufficient conditions for Assumption 2(iii) when the derivative is linear.

Lemma 7. Suppose that Assumptions 1 holds with E = R and h 7→ ϕ′
θ0
(h) linear.

Further, suppose that X1, . . . , Xn is a random sample and that there exist ψn with

E[ϕ′
θ0
(ψn(Xi))] = 0 and E[|ϕ′

θ0
(ψn(Xi))|3] ≤ b2,n <∞ such that

θ̂n = θ0 +
n∑
i=1

ψn(Xi) +Op(b1,n). (1.12)

Then, there exists a sequence Yn ∼ N (0, nVar(ϕ′
θ0
(ψn(Xi)))) satisfying

ϕ′
θ0
(θ̂n − θ0) = Yn +Op

(
(nb2,n)

1/3 log n+ b1,n
)
.

If moreover D is separable, there exists a sequence of centered Gaussian random

vectors Zn with values in D such that

ϕ′
θ0
(θ̂n − θ0) = ϕ′

θ0
(Zn) +Op

(
(nb2,n)

1/3 log n+ b1,n
)

and ϕ′
θ0
(Zn) ∼ N (0, nVar(ϕ′

θ0
(ψn(Xi)))).

Proof. By Yurinskii’s Coupling (see e.g. Chapter 10 Theorem 10 in Pollard (2001)),

there exists, for any δ > 0 and n, a Yn(δ) ∼ N (0, nVar(ϕ′
θ0
(ψn(Xi)))) satisfying

P

(∣∣∣∣ n∑
i=1

ϕ′
θ0
(ψn(Xi))− Yn(δ)

∣∣∣∣ > 3δ

)
≤ C0

nb2,n
δ3

(1 + log(|δ3/(nb2,n)|)),

for some universal constant C0. Choosing δn = (nb2,n)
1/3 log(n) implies

P

(∣∣∣∣ n∑
i=1

ϕ′
θ0
(ψn(Xi))− Yn(δn)

∣∣∣∣ > 3δn

)
= O

(
log(log n)

log3(n)

)

and in particular for Yn := Yn(δn),

n∑
i=1

ϕ′
θ0
(ψn(Xi)) = Yn +Op(δn).

Together with (1.12) and Lipschitz continuity of the derivative, this implies

ϕ′
θ0
(θ̂n − θ0) = Yn +Op

(
(nb2,n)

1/3 log n+ b1,n
)
.
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Now suppose that D is separable. In this case, it remains to show the existence of

Zn. Consider a centered Gaussian random vector Zn on a probability space (Ω,A,P)
with values in D and whose covariance function Σn is given by

Σn(f, g) = nCov(f(ψn(Xi)), g(ψn(Xi))), f, g ∈ D∗.

Since Zn takes its values in a separable Banach space, it is Radon. By Proposition 3.6

in Ledoux and Talagrand (1991), there is an orthonormal basis (gi) of the L2(Ω,A,P)
closure of the variables of the form f(Zn) with f ∈ D∗, such that Zn =

∑
i gixi

P − a.s. with xi = E[giZn]. The basis can be chosen to contain ϕ′
θ0
, or at least a

properly normalized version of it. Without loss of generality, we can assume that g1

corresponds to this normalized version. Then, ϕ′
θ0
(g1x1) ∼ Yn and g1x1 ⊥⊥

∑∞
i=2 gixi.

Thus, the image measure of (ϕ′
θ0
(g1x1), ϕ

′
θ0
(
∑∞

i=2 gixi)) is a product measure on

R × R. These thoughts show that we can realize Zn as the image of RN under

the map
∑

i gixi. Moreover, since ϕ′
θ0
(Zn) = g1ϕ

′
θ0
(x1) is a one-to-one mapping

from g1 to R, we can set g1 = Yn/ϕ
′
θ0
(x1), where we have used that ϕ′

θ0
(x1) ̸= 0

as Var(ϕ′
θ0
(Zn)) > 0. Thus, if we extend the original probability space, we can

construct Zn such that Yn = ϕ′
θ0
(Zn). The claim follows.

1.A.2 The bootstrap

Proof of Theorem 3: By the triangle inequality,

∥ϕ̂′
n(Ẑn)− ϕ′

θ0
(Z∗

n)∥E ≤∥ϕ̂′
n(Ẑn)− ϕ′

θ0
(Ẑn)∥E + ∥ϕ′

θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)∥E. (1.13)

We will first derive a bound on the first term on the right-hand side. The second

term can be bounded by the assumed coupling on the bootstrap process.

Fix some arbitrary ε, δ > 0. Then, there exist M1,M2,M3, N1, N2, N3 such that

the events

Bn =

{
sup
∥h∥≤1

∥ϕ̂′
n(h)− ϕ′

θ0
(h)∥E > M1ηn

}
Cn =

{
∥Ẑn∥ > M2dn

}
Dn =

{
P(∥ϕ′

θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)∥E > M3sn | Dn) > ε/2
}

satisfy P(Bn) < δ/4 for all n ≥ N1, P(Cn) < δ/4 for all n ≥ N2 and P(Dn) < δ/2
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for all n ≥ N3. On Bc
n ∩ Cc

n and by positive homogeneity of ϕ̂′
n and ϕ′

θ0
,

∥ϕ̂′
n(Ẑn)− ϕ′

θ0
(Ẑn)∥E =∥Ẑn∥

∥∥∥∥ϕ̂′
n

(
Ẑn

∥Ẑn∥

)
− ϕ′

θ0

(
Ẑn

∥Ẑn∥

)∥∥∥∥
E

≤M2dn sup
∥h∥≤1

∥ϕ̂′
n(h)− ϕ′

θ0
(h)∥E ≤M1M2dnηn.

Hence,

P
(
P(∥ϕ̂′

n(Ẑn)− ϕ′
θ0
(Ẑn)∥E > (M1M2dnηn) ∨ (M3sn) | Dn) > ε/2

)
≤P
({

P(∥ϕ̂′
n(Ẑn)− ϕ′

θ0
(Ẑn)∥E > (M1M2dnηn) ∨ (M3sn) | Dn) > ε/2

}
∩ (Bc

n ∩ Cc
n)
)

+ P(Bn ∪ Cn)

≤P(Bn) + P(Cn) <
δ

2

for all n ≥ N1 ∨ N2. Thus, we have shown that for any ε > 0, there exist M =

M3 ∨M1M2 such that

lim
n→∞

P
(
P(∥ϕ̂′

n(Ẑn)− ϕ′
θ0
(Ẑn)∥E > M(dnηn ∨ sn) | Dn) > ε

)
= 0.

Finally, by (1.13),

P(∥ϕ̂′
n(Ẑn)− ϕ′

θ0
(Z∗

n)∥E > 2(M1M2dnηn) ∨ (M3sn) | Dn)

≤P(∥ϕ̂′
n(Ẑn)− ϕ′

θ0
(Ẑn)∥E > (M1M2dnηn) ∨ (M3sn) | Dn)

+ P(∥ϕ′
θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)∥E > (M1M2dnηn) ∨ (M3sn) | Dn).

This implies

P
(
P(∥ϕ̂′

n(Ẑn)− ϕ′
θ0
(Z∗

n)∥E > 2(M1M2dnηn) ∨ (M3sn) | Dn) > ε
)

≤P
(
P(∥ϕ̂′

n(Ẑn)− ϕ′
θ0
(Ẑn

∗
)∥E > (M1M2dnηn) ∨ (M3sn) | Dn) > ε/2

)
+ P

(
P(∥ϕ′

θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)∥E > M3sn | Dn) > ε/2
)

<
δ

2
+
δ

2
= δ,

for all n ≥ N1 ∨N2 ∨N3, where we have used that the first term on the right-hand

side is less than δ/2 by the above arguments and the second term is smaller than

δ/2 since P(Dn) < δ/2. Thus, setting M =M1M2 ∨M3, the claim follows.
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Proof of Theorem 4: Fix arbitrary ε, δ > 0 and let

∆n = sup
t>0

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ′
θ0
(Z∗

n) ≤ t
∣∣Dn

)∣∣.
Since Z∗

n|Dn ∼ Zn, it holds P
(
ϕ′
θ0
(Z∗

n) ≤ t
∣∣Dn

)
= P

(
ϕ′
θ0
(Zn) ≤ t

)
and by Theorem

2 there exist N1 such that

sup
t>0

∣∣P(ϕ′
θ0
(Zn) ≤ t

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ < ε/2

for all n ≥ N1. Thus, conditionally on Dn,

sup
t>0

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣
≤∆n + sup

t>0

∣∣P(ϕ′
θ0
(Zn) ≤ t

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ < ∆n +
ε

2

almost surely for all n ≥ N1. By Le Cam’s Lemma 4, for any λ > 0

∆n ≤ P
(
|ϕ̂′
n(Ẑn)− ϕ′

θ0
(Z∗

n)| > λ
∣∣Dn

)
+ ζλ(ϕ

′
θ0
(Zn)),

where we have used that Z∗
n|Dn ∼ Zn. By Theorem 1 in our companion paper

Scherer (2024), ζλ(ϕ
′
θ0
(Zn)) ≤

√
12λ/σn, where σn =

√
Var(ϕ′

θ0
(Zn)).

By Theorem 3, there exist M and N2 such that the event

An =

{
P
(
∥ϕ̂′

n(Ẑn)− ϕ′
θ0
(Z∗

n)∥E > M(dnηn ∨ sn)
∣∣Dn

)
>
ε

2

}
satisfies P(An) < δ for all n ≥ N2. Moreover, by the rate requirement {(dnηn)∨ sn}
Var(ϕ′

θ0
(Zn))

−1/2 → 0, there exist N3 such that, on Acn,

P
(
∥ϕ̂′

n(Ẑn)− ϕ′
θ0
(Z∗

n)∥E > λn
∣∣Dn

)
≤ ε

4

for all n ≥ N2 ∨N3 and for λn < εσn/(8
√
3). Taking this λn in the Le Cam’s bound

above implies, on Acn,

∆n ≤P
(
|ϕ̂′
n(Ẑn)− ϕ′

θ0
(Z∗

n)| > λn
∣∣Dn

)
+ ζλn(ϕ

′
θ0
(Zn))

≤P
(
∥ϕ̂′

n(Ẑn)− ϕ′
θ0
(Z∗

n)∥E > λn
∣∣Dn

)
+

√
12λn
σn

<
ε

4
+
ε

4
=
ε

2
,
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for all n ≥ N2 ∨N3. Thus, on A
c
n,

Bn := sup
t>0

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ < ∆n +
ε

2
< ε,

for all n ≥ N1 ∨N2 ∨N3. This implies

P(Bn > ε) ≤P({Bn > ε} ∩ Acn)︸ ︷︷ ︸
=0

+P(An) < δ,

for all n ≥ N1 ∨N2 ∨N3 and therefore the claim follows by taking N = N1 ∨N2 ∨
N3.

In the following, we proof a slightly more flexible result than Corollary 1. This

result shows validity for sequences of confidence levels αn. This flexibility is needed

in our examples in the construction of the estimators of the derivative.

Corollary 4. Suppose that the Assumptions in Theorem 4 hold. Further, suppose

that for ᾱ ∈ (0, 1), q̂n(1 − ᾱ) > τ with probability approaching one. Here τ = 0

if F ≠ ∅ and τ = −∞ otherwise. Then, for any sequence (αn) with αn → α and

αn ≤ ᾱ, n ∈ N,

lim inf
n→∞

P
(
ϕ(θ̂n)− ϕ(θ0) ≤ q̂n(1− αn)

)
≥ 1− α.

Moreover, let Med(ϕ′
θ0
(Zn)) denote the median of ϕ′

θ0
(Zn) and σ2

n,weak denote the

weak variance of ϕ′
θ0
(Zn), that is,

σ2
n,weak = sup

f∈F≤:∥f∥∗=1

Var(f(Zn)).

Here F≤ = {f ∈ D∗ : ∀h ∈ D : f(h) ≤ ϕ′
θ0
(h)}. Then,

q̂n(1− αn) = Op(Med(ϕ′
θ0
(Zn)) + σn,weak

√
log(1/(2αn))).

Proof of Corollary 4: Let ∆n denote the Kolmogorov distance between the boot-

strap distribution and the sample distribution, i.e.,

∆n = sup
t>τ

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣.
As by assumption, ∆n = op(1), there exists a sequence εn ↓ 0 such that P(∆n ≤
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εn) → 1 as n → ∞. Moreover, by monotonicity of t 7→ q̂n(t), also q̂n(1 − αn) > τ

with probability converging to one. Thus, there exists an Ωn such that P(Ωn) → 1

and, for all Dn ∈ Ωn, ∆n ≤ εn, αn ≤ α+ εn as well as q̂n(1− αn) > τ and therefore

P
(
ϕ(θ̂n)− ϕ(θ0) ≤ q̂n(1− αn)

)
≥P
(
ϕ̂′
n(Ẑn) ≤ q̂n(1− αn)

∣∣Dn

)
−∆n

≥1− αn − εn ≥ 1− α− 2εn.

Hence, on Ωn, q̂n(1 − αn) ≥ qn(1 − α − 2εn), where qn(1 − α − 2εn) denotes the

(1− α− 2εn)-quantile of ϕ(θ̂n)− ϕ(θn). This implies that unconditionally

P
(
ϕ(θ̂n)− ϕ(θ0) > q̂n(1− αn)

)
≤P
(
{ϕ(θ̂n)− ϕ(θ0) > q̂n(1− αn)} ∩ Ωn

)
+ P(Ωc

n)

≤P
(
ϕ(θ̂n)− ϕ(θ0) > qn(1− α− 2εn)

)
+ P(Ωc

n)

≤α + 2εn + P(Ωc
n) → α,

since εn ↓ 0 and P(Ωn) → 1, proving the claim.

Moreover, by a similar argument as above, on Ωn, q̂n(1− αn) ≤ q̃n(1− α + εn),

where q̃n denotes the quantile function of ϕ′
θ0
(Zn). As the derivative is Lipschitz

continuous and sublinear and Zn is a tight Gaussian random vector on a Banach

space, the same arguments as in the Lipschitz concentration inequality for Gaussian

random vectors in Lemma 3.1 in Ledoux and Talagrand (1991), imply that

P(ϕ′
θ0
(Zn) > Med(ϕ′

θ0
(Zn)) + σn,weakt) ≤

1

2
exp(−t2/2), t > 0.

Taking t =
√

2 log(1/(2αn)), this inequality implies

P(ϕ′
θ0
(Zn) ≤ Med(ϕ′

θ0
(Zn)) + σn,weakt) ≥ 1− αn

and therefore qn(1 − αn) = O(Med(ϕ′
θ0
(Zn)) + σn,weak

√
log(1/(2αn))). The claim

follows.

Auxiliary results

Lemma 8. Suppose that (1.6) holds, then ∥Ẑn∥ = Op(dn).
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Proof. Fix ε > 0 and take δ = ε/2. Then, there exists M and N so that

P
(
P(∥Ẑn∥ > Mdn | Dn) < ε/2︸ ︷︷ ︸

=:Bn

)
> 1− ε

2
, ∀n ≥ N.

By the law of iterated expectations,

P(∥Ẑn∥ > Mdn) =E
[
P(∥Ẑn∥ > Mdn | Dn)

]
=E[1(Bn)P(∥Ẑn∥ > Mdn | Dn) + 1(Bc

n)P(∥Ẑn∥ > Mdn | Dn)]

<
ε

2
+ P(Bc

n) < ε

for all n ≥ N . The claim follows.

The following Lemma gives sufficient conditions on the derivative ϕ′
θ0

and the

approximate distribution sequence Zn so that q̂n(1− α) > τ .

Lemma 9. Suppose that the Assumptions in Theorem 4 hold. Let F = {f ∈
D∗ | ∀x ∈ D : f(x) ≤ ϕ′

θ0
(x)}, where D∗ denotes the topological dual space of D.

Further, let Zn be centered and set Fn = {f ∈ F : Var(f(Zn)) = 0}. Then, τ = 0

and q̂n(1 − α) > 0 with probability approaching one for all α < 1/2. If further

Fn = ∅, for all n ∈ N, then τ = −∞ and q̂n(1−α) > τ with probability approaching

one for all α ∈ (0, 1).

Proof. The values of τ follow from the same arguments as in the proof of Theorem

2. Further, by the same arguments as in Lemma 11 in Appendix B in Chernozhukov

et al. (2013b), the coupling of the bootstrap process imply that q̂n(1− α) ≥ qn(1−
α−δn)−εn with probability approaching one for some δn, εn ↓ 0, where qn(t) denotes

the t-quantile of ϕ′
θ0
(Zn). Since h 7→ ϕ′

θ0
(h) is not the zero functional by assumption,

F \ Fn ̸= ∅. Thus, for any α < 1/2,

1− α ≤ P
(
ϕ′
θ0
(Zn) ≤ qn(1− α)

)
≤ P(f(Zn) ≤ qn(1− α)),

for any f ∈ F \ Fn. Since f(Zn) ∼ N (0, σ2) for some σ2 ∈ (0,∞), this set of

inequalities implies qn(1− α) > 0. Since δn, εn ↓ 0, this implies q̂n(1− α) > 0 with

probability converging to one, proving the claim.
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General Purpose Bootstrap Procedures

Proof of Lemma 1: We can decompose

ϕ(θ̂n + Ẑn)− ϕ(θ̂n) =ϕ
′
θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(θ̂n − θ0)

+
(
ϕ
(
θ0 +

{
(θ̂n − θ0) + Ẑn

})
− ϕ(θ0)− ϕ′

θ0
((θ̂n − θ0) + Ẑn)

)
−
(
ϕ
(
θ0 +

{
θ̂n − θ0

})
− ϕ(θ0)− ϕ′

θ0
(θ̂n − θ0)

)
.

Here, the first line corresponds to the derivative and the second and third lines to the

analytical approximation errors. By the same arguments as in the proof of Theorem

1,

ϕ(θ̂n + Ẑn)− ϕ(θ̂n) =ϕ
′
θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(Zn) +Op

(
aγn + dγn + bn

)
.

Let An given by

An = {∥ϕ(θ̂n + Ẑn)− ϕ(θ̂n)−[ϕ′
θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(Zn)]∥E ≤ C(aγn + dγn + bn)}.

By the above argument, An has probability arbitrarily close to one for all sufficiently

large n, by choosing C appropriately. By the triangle inequality, we have

∥ϕ(θ̂n + Ẑn)− ϕ(θ̂n)− [ϕ′
θ0
(Zn + Z∗

n)− ϕ′
θ0
(Zn)]∥E

≤∥ϕ(θ̂n + Ẑn)− ϕ(θ̂n)− [ϕ′
θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(Zn)]∥E

+ ∥ϕ′
θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(Zn + Z∗

n)∥E

and therefore for any K and all Dn ∈ An

P
(
∥ϕ(θ̂n + Ẑn)− ϕ(θ̂n)− ϕ′

θ0
(Zn + Z∗

n)− ϕ′
θ0
(Zn)∥E > K(bn ∨ sn ∨ aγn ∨ dγn)

∣∣Dn

)
≤P
(
∥ϕ′

θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(Zn + Z∗

n)∥E > K(bn ∨ sn ∨ aγn ∨ dγn)/2
∣∣Dn

)
+ P

(
∥ϕ(θ̂n + Ẑn)− ϕ(θ̂n)− [ϕ′

θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(Zn)]∥E

> K(bn ∨ sn ∨ aγn ∨ dγn)/2
∣∣Dn

)
.

If K is chosen sufficiently large, the second term on the right-hand size is exactly

zero on An. Therefore, for any ε > 0,

P
(
P
(
∥ϕ(θ̂n + Ẑn)− ϕ(θ̂n)− ϕ′

θ0
(Zn + Z∗

n)− ϕ′
θ0
(Zn)∥E
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> K(bn ∨ sn ∨ aγn ∨ dγn)
∣∣Dn

)
> ε
)

≤P
(
P
(
∥ϕ(θ̂n + Ẑn)− ϕ(θ̂n)− ϕ′

θ0
(Zn + Z∗

n)− ϕ′
θ0
(Zn)∥E

> K(bn ∨ sn ∨ aγn ∨ dγn)
∣∣Dn

)
> ε,An

)
+ P(Acn)

≤P
(
P
(
∥ϕ′

θ0
((θ̂n − θ0) + Ẑn)− ϕ′

θ0
(Zn + Z∗

n)∥E
> K(bn ∨ sn ∨ aγn ∨ dγn)/2

∣∣Dn

))
+ P(Acn).

The second term on the right-hand side can be made arbitrarily small by choosing

C and K sufficiently large. Next for this given K, the first term on the right-hand

side converges to zero by assumption. The claim follows.

Proof of Lemma 2: Subsampling can be interpreted as using implicitly the deriva-

tive estimator

ϕ̂′
n(h) =

1

am

(
ϕ(θ̂n + amh)− ϕ(θ̂n)

)
.

By γ-Fréchet directional differentiability, for any h with ∥h∥ ≤ 1,

ϕ̂′
n(h) =

1

am

(
ϕ

(
θ0 + am

{
h+

an
am

1

an
(θ̂n − θ0)

})
− ϕ(θ0)

)
− 1

am

(
ϕ

(
θ0 +

an
am

1

an
(θ̂n − θ0)

)
− ϕ(θ0)

)
=ϕ′

θ0

(
h+

an
am

1

an
(θ̂n − θ0)

)
− ϕ′

θ0

(
an
am

1

an
(θ̂n − θ0)

)
+Op(a

γ−1
m ).

By Lipschitz continuity of the derivative and ∥θ̂n − θ0∥ = Op(an),

ϕ′
θ0

(
h+

an
am

1

an
(θ̂n − θ0)

)
=ϕ′

θ0
(h) +Op(an/am)

ϕ′
θ0

(
an
am

1

an
(θ̂n − θ0)

)
=Op(an/am).

Note that the above holds uniformly over bounded sets B and therefore

sup
h∈B

∥ϕ̂′
n(h)− ϕ′

θ0
(h)∥E = Op

(
an
am

+ aγ−1
m

)
.

The claim now follows by applying the general bootstrap theorem for Ẑ∗
m.
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Proof. By the proof of Lemma 2, for any bounded set B,

sup
h∈B

∥ϕ̂′
n(h)− ϕ′

θ0
(h)∥E = Op

(
an
am

+ aγ−1
m

)
.

The remainder of the claim follows along the same lines as the proof of Lemma 2

by using the different rates for Ẑn.

1.A.3 Local analysis

Proof of Theorem 5. By γ-Fréchet directional differentiability at θ0,

ϕ(θ̂n)− ϕ(θn) =ϕ(θ0 + {θ̂n − θn}+ hn)− ϕ(θ0)

+ ϕ(θ0 + hn)− ϕ(θ0)

=ϕ′
θ0
({θ̂n − θn}+ hn)− ϕ′

θ0
(hn) +Op(∥θ̂n − θn∥γ + ∥hn∥γ),

where we used that f(x) = xγ for γ > 1, x ∈ R with x > 0 is convex and therefore

f(x+y) ≤ 2γ−1(f(x)+f(y)) for all x, y ≥ 0. The claim now follows by the assumed

coupling.

Proof of Theorem 6. The claim follows along the same lines as the proof of Theo-

rem 2. We only have to discuss the anti-concentration bound of the approximate

distribution.

Since ϕ′
θ0
(hn) is a deterministic real number

sup
t>τ

P(t ≤ ϕ′
θ0
(Zn,hn + hn)− ϕ′

θ0
(hn) ≤ t+ η)

= sup
t>τ

P(t ≤ ϕ′
θ0
(Zn,hn + hn) ≤ t+ η).

By sublinearity of ϕ′
θ0

and since Zn,hn + hn is Gaussian, we can apply the anti-

concentration bound in our companion paper Scherer (2024). In the case F ≠ ∅,
we have τ = supf∈F f(hn) and σ2

n,h as given in the Theorem. If instead F = ∅,
we have τ = −∞ and σ2

n,h = Var(ϕ′
θ0
(Zn + hn)). In either cases, the implied anti-

concentration bound has exactly the same form as in the proof of Theorem 2. Thus,

by the rate requirements and the same arguments as in the latter proof, we obtain

lim
n→∞

sup
t>τ

∣∣P(ϕ(θ̂n)− ϕ(θn) ≤ t)− P
(
ϕ′
θ0
(Zn,hn + hn)− ϕ′

θ0
(hn) ≤ t

)∣∣ = 0,



1.A Proofs of the main theorems 55

for τ ∈ {τn,−∞}.

Validity of the confidence interval

The proof of Corollary 2 relies on a one-sided modification of Le Cam’s Lemma

4:

Lemma 10. For X,Z ∈ R arbitrary random variables and λ > 0,

sup
t∈R

P(X ≤ t)− P(Z ≤ t) ≤ P(Z −X > λ) + ζλ(X) ∨ ζλ(Z),

where ζλ(V ) = supt∈R P(t ≤ V ≤ t+ λ) for any real-valued random variable V ∈ R.

Proof. For any t ∈ R and λ > 0,

P(X ≤ t) ≤ P(X ≤ t, Z −X ≤ λ) + P(Z −X > λ)

≤ P(Z ≤ t+ λ) + P(Z −X > λ)

≤ P(Z ≤ t) + P(t ≤ Z ≤ t+ λ) + P(Z −X > λ).

The proof follows by rearranging this inequality and taking the supremum over t.

Proof of Corollary 2: The proof follows along the same lines as indicated in section

1.4. It only remains to show the validity of the bootstrap in this triangular array

setup. But this follows by the same arguments as in the proof of Theorems 3, 4 and

Corollary 1. In particular, we have by similar arguments as in Theorem 3 for any

ε > 0 exists M such that

lim
n→∞

P
(
P(ϕ′

θ0
(Z∗

n)− ϕ̂′
n(Ẑn) > M(dnηn ∨ sn) | Dn) > ε

)
= 0.

This implies by Le Cam’s one-sided Lemma 10 and the arguments in the proof of

Theorem 4

sup
t∈R

P(ϕ̂′
n(Ẑn) ≤ t | Dn)− Pn(ϕ

′
θ0
(Zn,hn) ≤ t) = op(1),

which implies for any t ∈ R and ε > 0 with probability converging to one

Pn(ϕ
′
θ0
(Zn,hn) ≤ t) ≥ Pn(ϕ̂

′
n(Ẑn) ≤ t | Dn)− ε
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and in particular for t = q̂n,1−α,

Pn(ϕ
′
θ0
(Zn,hn) ≤ q̂n,1−α) ≥ 1− α− ε.

This implies by the same arguments as in the proof of Corollary 1

lim inf
n→∞

Pn(ϕ
′
θ0
(Zn,hn) ≤ q̂n,1−α) ≥ 1− α

and the claim follows.

1.A.4 Results on the differentiability concept

Before proving properties of γ-Fréchet directional differentiability, we prove some

equivalent characterization of it.

Lemma 11. ϕ is γ-Fréchet directionally differentiable at θ if and only if for any

bounded set K ⊂ D, and tn ↓ 0 such that θ + tnh ∈ Dϕ, for all h ∈ K, n ∈ N,

sup
h∈K

∥∥∥∥ϕ(θ + tnh)− ϕ(θ)

tn
− ϕ′

θ(h)

∥∥∥∥
E
= O(tγ−1

n ). (1.14)

Proof. First suppose that (1.14) holds. Let hn be any sequence such that ∥hn∥ → 0.

Set tn = ∥hn∥ and gn = hn/∥hn∥. Then tn ↓ 0 and ∥gn∥ = 1. In particular,

K = {gn : n ∈ N} is bounded. It holds

∥ϕ(θ + hn)− ϕ(θ)− ϕ′
θ(hn)∥E ≤tn sup

g∈K

∥∥∥∥ϕ(θ + tng)− ϕ(θ)

tn
− ϕ′

θ(g)

∥∥∥∥
E
= O(tγn).

Hence, by definition of tn, ϕ is γ-Fréchet directionally differentiable at θ.

Now, suppose ϕ does not satisfy the (1.14). Then there exists a bounded set K

and tn ↓ 0 so that for any C > 0 and all n ∈ N

sup
h∈K

∥ϕ(θ + tnh)− ϕ(θ)− ϕ′
θ(tnh)∥E/tγn > C.

Thus, there also exists a sequence (hn) ⊂ K so that

∥ϕ(θ + tnhn)− ϕ(θ)− ϕ′
θ(tnhn)∥E/(tn∥hn∥)γ > C/ sup

h∈K
∥h∥.
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Set gn = tnhn. Then, ∥gn∥ → 0 but

∥ϕ(θ + gn)− ϕ(θ)− ϕ′
θ(gn)∥E

∥gn∥γ
> C/ sup

h∈K
∥h∥.

As this holds for any C and all n, ϕ cannot be γ-Fréchet directionally differentiable

at θ. The claim follows.

For the arguments below, we need that the domain Dϕ is sufficiently large in order

to ensure that there exist sufficiently many sequences tn ↓ so that θ+ tnhn ∈ Dϕ. A

sufficient condition is that Dϕ has non-empty interior and that θ is contained in the

interior of Dϕ.

Lemma 12. Suppose that ϕ : Dϕ → E is γ-Fréchet directionally differentiable at

θ ∈ Dϕ with derivative ϕ′
θ : D → E. Further, suppose that θ lies in the interior of

Dϕ. Then,

(i) ϕ′
θ is positively homogeneous, i.e., for all λ ≥ 0 and h ∈ D0 so that λh ∈ D0,

ϕ′
θ(λh) = λϕ′

θ(h).

(ii) If ϕ is Lipschitz continuous with respect to ∥·∥, then ϕ′
θ is also Lipschitz con-

tinuous with respect to ∥·∥.

Proof. (i): Fix λ ≥ 0 and h ∈ D so that λh ∈ D0. Then, for any sequence tn ↓ 0 so

that θ + tnh ∈ Dϕ, we have that also sn := tn/λ ↓ 0 as well as θ + snλh ∈ Dϕ and

therefore by the equivalence Lemma 11

ϕ′
θ(λh) = lim

n→∞

ϕ(θ + snλh)− ϕ(θ)

sn
= λ lim

n→∞

ϕ(θ + tnh)− ϕ(θ)

tn
= λϕ′

θ(h).

(ii): The proof follows along the same lines as in the discussion before Proposi-

tion 3.5 in Shapiro (1990).

Again using the equivalence Lemma 11, let h, h′ ∈ D0 and tn ↓ 0 so that θ+tnh ∈
Dϕ and θ + tnh

′ ∈ Dϕ for all n ∈ N. Such sequences exist since θ lies in the interior

of Dϕ and therefore by choosing tn sufficiently small, θ + tnh and θ + tnh
′ lie in a

sufficiently small ball around θ. Given this construction, we have

ϕ′
θ(h)− ϕ′

θ(h
′) = lim

n→∞

ϕ(θ + tnh)− ϕ(θ + tnh
′)

tn

+ ϕ′
θ(h)−

ϕ(θ + tnh)− ϕ(θ)

tn
+
ϕ(θ + tnh

′)− ϕ(θ)

tn
− ϕ′

θ(h
′).
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By Fréchet directional differentiability, the terms in the second line converge to zero.

Further, by Lipschitz continuity of ϕ, there is some L such that∥∥∥∥ϕ(θ + tnh)− ϕ(θ + tnh
′)

tn

∥∥∥∥
E
≤ L∥h− h′∥D,

implying that also ϕ′
θ is Lipschitz continuous.

We close this section with a uniqueness result for the derivative function.

Lemma 13. Suppose that ϕ : D → E is Gâteaux directionally differentiable at θ.

Then, the derivative ϕ′
θ is uniquely determined.

Proof. Suppose that ϕ′
θ and g both satisfy, for all h ∈ D,

lim
t↓0

∥∥∥∥ϕ(θ + th)− ϕ(h)

t
− ϕ′

θ(h)

∥∥∥∥
E
= 0

lim
t↓0

∥∥∥∥ϕ(θ + th)− ϕ(h)

t
− g(h)

∥∥∥∥
E
= 0.

Thus, for any t > 0,

∥ϕ′
θ(h)− g(h)∥E ≤

∥∥∥∥ϕ(θ + th)− ϕ(h)

t
− ϕ′

θ(h)

∥∥∥∥
E
+

∥∥∥∥ϕ(θ + th)− ϕ(h)

t
− g(h)

∥∥∥∥
E
.

The right-hand side converges to zero as t ↓ 0. Since the left-hand side does not

depend on t, this implies ∥ϕ′
θ(h)− g(h)∥E = 0 for all h, i.e., ϕ′

θ = g.

Second order derivative

We propose here a notion of second order Fréchet directional differentiability

similar to the proposal in Definition 2.2 in Hong and Li (2020).

Definition 3. ϕ is twice Fréchet directionally differentiable at θ0, if there are con-

tinuous maps ϕ′
θ0
, ϕ′′

θ0
: D → R with ϕ′

θ0
positively homogeneous and ϕ′′

θ0
positively

homogeneous of order 2 such that

ϕ(θ0 + h) = ϕ(θ0) + ϕ′
θ0
(h) +

1

2
ϕ′′
θ0
(h) + o(∥h∥2c)

as ∥h∥ → 0.
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This notion of second order Fréchet directional derivative can also be justified

by considering the Fréchet directional derivative of the first derivative as done in

Yamamuro (2006) in the context of full Fréchet differentiability. The continuity of

the derivative function is not necessary for directional differentiability per se, we

however rely on it in the following result.

Lemma 14. Suppose that ϕ is twice Fréchet directionally differentiable at θ0 and that

its second derivative ϕ′′
θ0
is continuous at zero. Then, it is also 2-Fréchet directionally

differentiable at θ0.

Proof. By continuity of the second derivative at zero, for any ε > 0 there is some

δ > 0 such that when ∥h∥ ≤ δ it holds ∥ϕ′′
θ0
(h)∥E < ε. In particular, this implies by

positive homogeneity of order 2

sup
∥h∥≤1

∥ϕ′′
θ0
(h)∥E =

1

δ2
sup
∥h∥≤1

∥ϕ′′
θ0
(δh)∥E =

1

δ2
sup
∥h∥≤δ

∥ϕ′′
θ0
(h)∥E ≤ ε

δ2
<∞.

But this implies as ϕ′′
θ0

is positively homogeneous of order 2

∥ϕ′′
θ0
(h)∥E ≤ ∥h∥2 sup

∥h∥=1

∥ϕ′′
θ0
(h)∥E = O(∥h∥2),

proving the claim.

1.A.5 Extension of our main results to the non-measurable

case

In this section, we extend our main results to allow the preliminary estimator

θ̂n to be non-measurable with respect to the Borel σ-algebra on D. Measurability

problems occur for as fundamental estimators as the empirical distribution function.

Indeed, it can be shown that the empirical distribution function interpreted as an

estimator in the space of càdlàg functions endowed with the supremum norm fails to

be Borel measurable (cf. Chapter 18 in Billingsley (1999)). By the same arguments,

the Nadaraya-Watson estimator of the conditional distribution function fails to be

measurable with respect to the Borel σ-algebra on D as defined in Example 2.

We follow conceptually the ideas in the Hoffmann-Jørgenson theory of weak con-

vergence as discussed in detail in van der Vaart and Wellner (1996). This theory

defines a notion of weak convergence of probability measures which allows the se-

quence to not be measurable while assuming that its limit is measurable. Similarly,
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we do not assume that the preliminary estimator is measurable but only that the

coupled random vectors Zn are.

For the following, further notation is needed. Let (Ω,A,P) be a probability space

and T : Ω → R̄ an arbitrary map, where R̄ denotes the extended reals. Let E∗[T ]

and E∗[T ] denote the outer (inner) integral of T given by

E∗[T ] = inf{E[U ] : U ≥ T, U : Ω → R̄ measurable ,E[U ] exists }

E∗[T ] = sup{E[U ] : U ≤ T, U : Ω → R̄ measurable ,E[U ] exists },

where E[U ] exists if at least one of E[max{U, 0}] or E[max{−U, 0}] is finite. Similarly,

denote by P∗(B) and P∗(B) the outer (inner) measure of B ⊂ Ω, i.e.,

P∗(B) = inf{P(A) : A ⊃ B,A ∈ A}

P∗(B) = sup{P(A) : A ⊂ B,A ∈ A}.

Synonymously, we will call the outer (inner) measure an outer (inner) probability.

Finally, for a sequence of maps Xn : Ω → R̄, we set Xn = op∗(1) if Xn converges

in outer probability to zero and Xn = Op∗(1) if Xn is stochastically bounded with

respect to the outer measure. The corresponding notation for the inner measure is

defined analogously.

The Delta method

Given this notation, we can formulate our weakened assumptions on the prelim-

inary estimator.

Assumption 7 (On θ̂n). (i) The estimator θ̂n is a function mapping a sequence

of random variables {Xi}ni=1 into Dϕ.

(ii) There exists a sequence an → 0 such that ∥θ̂n − θ0∥ = Op∗(an).

(iii) There exists a sequence of real numbers bn → 0 and a sequence of D-valued
random vectors {Zn}ni=1 such that

∥ϕ′
θ0
(θ̂n − θ0)− ϕ′

θ0
(Zn)∥E = Op(bn).

In comparison to Assumption 2, we do not assume θ̂n to be measurable anymore

and assume that the bound on the norm holds in outer probability. Note that when
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(ii) holds, we also have ∥θ̂n−θ0∥ = Op∗(an) as P∗(B) ≤ P∗(B) for all B ⊂ Ω. We keep

the statement on the strong approximation bound in (iii) unchanged as such coupling

bounds typically do not rely on measurability of the estimator.23 Assumption 7

captures a similar notion of asymptotic measurability as in the Hoffmann-Jørgenson

theory of weak convergence. As there, we do not assume that the estimator is

measurable and only that the approximating random vector Zn is.

While outer integrals and probability are not that commonly encountered in

other areas of econometrics and statistics, we want to stress that (ii) is not necessarily

harder to show than for measurable estimators. This is because usually such bounds

are based on upper bounds which are measurable anyway and to which the usual

probabilistic arguments apply.

Given this weakened assumption, we can proof the following Delta method:

Theorem 7. Let Assumptions 1 and 7 hold. Then,

ϕ(θ̂n)− ϕ(θ0) = ϕ′
θ0
(Zn) +Op∗(a

γ
n + bn).

Its proof follows along the same lines as the proof of Theorem 1 and is therefore

omitted. One only has to swap the corresponding statements in probability with

statements in outer probability.

Moreover, Theorem 2 can also be shown under Assumption 7:

Theorem 8. Suppose that Assumptions 1 and 7 hold with E = R. Suppose that

ϕ′
θ0

is sublinear and that Zn is a sequence of centered and tight Gaussian random

vectors. If

aγn + bn
σn

→ 0,

where σ2
n = Var(ϕ′

θ0
(Zn)), then

lim
n→∞

sup
t>0

∣∣P∗(ϕ(θ̂n)− ϕ(θ0) ≤ t)− P
(
ϕ′
θ0
(Zn) ≤ t

)∣∣ = 0.

If further F = {f ∈ D∗ | ∀h ∈ D : f(h) ≤ ϕ′
θ0
(h), Var(f(Zn)) = 0} = ∅, then

lim
n→∞

sup
t∈R

∣∣P∗(ϕ(θ̂n)− ϕ(θ0) ≤ t)− P
(
ϕ′
θ0
(Zn) ≤ t

)∣∣ = 0.

23See the discussion in Dudley and Philipp (1983).
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The proof of Theorem 8 follows along the same lines as Theorem 2 and is omit-

ted. One only has to swap Le Cam’s Lemma with the following version for non-

measurable mappings:

Lemma 15. Let (Ω,A,P) be a probability space, X : Ω → R̄ and Z a real random

variable. For any τ ∈ R and λ > 0,

sup
t>τ

|P∗(X ≤ t)− P(Z ≤ t)| ≤ P∗(|X − Z| > λ) + ζλ(Z),

sup
t>τ

|P∗(X > t)− P(Z > t)| ≤ P∗(|X − Z| > λ) + ζλ(Z),

where ζλ(V ) = supt>τ P(t ≤ V ≤ t+ λ) for real-valued V .

Proof. The claim follows along the same lines as the proof for measurable maps as

it only uses monotonicity and subadditivity of probability measures which also hold

for outer measures. Therefore, this result does not apply to inner measures as they

are superadditive instead of subadditive.

For any t ∈ R and any λ > 0,

P∗(X ≤ t) ≤P∗(X ≤ t, |X − Z| ≤ λ) + P∗(|X − Z| > λ)

≤P(Z ≤ t+ λ) + P∗(|X − Z| > λ)

≤P(Z ≤ t) + P(t ≤ Z ≤ t+ λ) + P∗(|X − Z| > λ).

Moreover, it holds

P(Z ≤ t) ≤P(Z ≤ t− λ) + P(t− λ ≤ Z ≤ t)

≤P∗(Z ≤ t, |X − Z| ≤ λ) + P∗(|X − Z| > λ) + P(t− λ ≤ Z ≤ t)

≤P∗(X ≤ t) + P∗(|X − Z| > λ) + P(t− λ ≤ Z ≤ t).

Thus, we have shown

sup
t≥τ

|P∗(X ≤ t)− P(Z ≤ t)| ≤ P∗(|X − Z| > λ) + sup
t≥τ

P(t ≤ Z ≤ t+ λ).

The second inequality follows using similar arguments.

The bootstrap

Assumption 8. (On the Bootstrap Ẑn)
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(i) Ẑn : {Xi,Wi}ni=1 → D with {Wi}ni=1 independent of Dn = {Xi}ni=1.

(ii) There is some sequence dn → 0 such that ∥Ẑn∥ = Op∗(dn)

(iii) There is some sequence sn → 0 and some Z∗
n|Dn ∼ Zn such that for any ε > 0,

there exist M such that

lim
n→∞

P
(
P(∥ϕ′

θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)∥E > Msn | Dn) > ε
)
= 0.

As in Assumption 7, we do not assume that the bootstrap is measurable and

only assume a bound on the norm in outer probability, while keeping the coupling

in probability. Assumption 4 is left unchanged.

Theorem 9. Let the Assumptions of Theorem 1, Assumptions 4 and 8 hold. Then,

for any ε > 0, there exist M such that

lim
n→∞

P∗(P∗(∥ϕ̂′
n(Ẑn)− ϕ′

θ0
(Z∗

n)∥E > M(dnηn ∨ sn) | Dn) > ε
)
= 0.

Theorem 9 follows along the same lines as Theorem 3 while replacing probability

statements with the corresponding statements in outer probability. Moreover, we

have to clarify what is meant by a conditional outer measure. First note that the

proof only works with conditional distributions of real-valued functions given the

data which are measurable. Since the real numbers are a Polish space, these con-

ditional distributions can be defined as regular conditional probability distributions

and in particular are probability measures for each fixed realization of the data

Dn. In this setting, we can define the outer conditional distribution of a regular

conditional probability distribution of Y given X as

P∗
Y |X(B |x) = inf{P(Y ∈ A |X = x) : A ⊃ B,A ∈ A}, ∀B ⊂ R, ∀x.

As a regular conditional probability distribution is in general only almost surely

unique, also this version of a conditional outer measure is only almost surely unique.

Therefore, one also has to adapt the proof slightly by carrying around a set of

measure zero.

Similarly as for Theorem 8, we can extend Theorem 4 to the non-measurable

case by replacing statements in probability with statements in outer probability and

Lemma 15.
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Theorem 10. Suppose that the Assumptions of Theorem 2, Assumptions 8 and 4

hold. Then, if {(dnηn) ∨ sn}Var(ϕ′
θ0
(Zn))

−1/2 → 0,

sup
t>0

∣∣P∗(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ = op∗(1).

If further F = {f ∈ D∗ | ∀h ∈ D : f(h) ≤ ϕ′
θ0
(h), Var(f(Zn)) = 0} = ∅, then

sup
t∈R

∣∣P∗(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ = op∗(1).

An extension of Corollary 1 to the non-measurable setting is a bit trickier. The

estimated quantile as defined in (1.7) is not necessarily defined when the bootstrap

fails to be measurable. However, we can still define a similar quantile estimator as

the limit of a Monte Carlos simulation. That is, let {Wb = (W1b, . . . ,Wnb)
⊺ : b =

1, . . . , B} denote a random sample of the randomization variablesWb. Then, we can

estimate the conditional distribution P(ϕ̂′
n(Ẑn(Dn,Wb)) ≤ t | Dn) via

P̂B(ϕ̂
′
n(Ẑn(Dn,Wb)) ≤ t | Dn) =

1

B

B∑
b=1

1
{
ϕ̂′
n(Ẑn(Dn,Wb)) ≤ t

}
and define the quantile estimator q̂n,B(1− α) as

q̂n,B(1− α) = inf{q : P̂B(ϕ̂′
n(Ẑn(Dn,Wb)) ≤ t | Dn) ≥ 1− α}.

Then, using essentially the same arguments as in the proof of Corollary 1, one can

show:

Corollary 5. Suppose that the Assumptions in Theorem 10 hold. Further, suppose

that for α ∈ (0, 1), q̂n,B(1− α) > τ with probability approaching one. Here τ = 0 if

F ̸= ∅ and τ = −∞ otherwise. Then,

lim inf
n→∞

P∗(ϕ(θ̂n)− ϕ(θ0) > q̂n,B(1− αn)
)
≤ α.

Moreover, let Med(ϕ′
θ0
(Zn)) denote the median of ϕ′

θ0
(Zn) and σ2

n,weak denote the

weak variance of ϕ′
θ0
(Zn), that is,

σ2
n,weak = sup

f∈F≤:∥f∥∗=1

Var(f(Zn)).
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Here F≤ = {f ∈ D∗ : ∀h ∈ D : f(h) ≤ ϕ′
θ0
(h)}. Then,

q̂n,B(1− α) = Op∗(Med(ϕ′
θ0
(Zn)) + σn,weak

√
log(1/(2α))),

Local analysis

For our local analysis, we need for any n a potentially different outer measure.

As we do not work with minimal measurable majorants or essential infima, this does

not introduce any problems.24

As for the Delta method and bootstrap, we need to change the assumption on

the preliminary estimator:

Assumption 9. (i) The estimator θ̂n is a function mapping a sequence of random

variables {Xi}ni=1 into Dϕ.

(ii) θn = θ0 + hn with ∥hn∥ = O(an).

(iii) There exists a sequence an → 0 such that ∥θ̂n − θn∥ = Op∗n(an).

(iv) There exists a sequence of real numbers bn → 0 and a sequence of D-valued
random vectors Zn,hn such that Zn,hn ∼ Zn, n ∈ N, and

∥ϕ′
θ0
({θ̂n − θn}+ hn)− ϕ′

θ0
(Zn,hn + hn)∥E = Opn(bn).

Given this assumption, the same arguments as in the proofs of Theorem 5 and

Theorem 6 apply when swapping probability statements with statements in outer

probability.

Theorem 11. Suppose Assumption 1 and 5 hold. Then

ϕ(θ̂n)− ϕ(θn) = ϕ′
θ0
(Zn,hn + hn)− ϕ′

θ0
(hn) +Op∗n

(
aγn + bn

)
.

Theorem 12. Suppose that Assumptions 1 and 5 hold with E = R. Suppose that

ϕ′
θ0

is sublinear and that Zn is a sequence of centered and tight Gaussian random

vectors. If

aγn + bn
σn,h

→ 0,

24See Chapter 1.2 in van der Vaart and Wellner (1996) for a discussion.
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where σ2
n,h = Var(supf∈F+

f(Zn,h + hn)) with F+ = {f ∈ D∗ | ∀h ∈ D : f(h) ≤
ϕ′
θ0
(h)} \ F , then

lim
n→∞

sup
t>τn

∣∣P∗
n(ϕ(θ̂n)− ϕ(θn) ≤ t)− Pn

(
ϕ′
θ0
(Zn,h + hn)− ϕ′

θ0
(hn) ≤ t

)∣∣ = 0,

where τn = supf∈F f(hn).

If instead F = {f ∈ D∗ | ∀h ∈ D : f(h) ≤ ϕ′
θ0
(h), Var(f(Zn)) = 0} = ∅ and

aγn + bn
σn,h

→ 0,

where σ2
n,h = Var(ϕ′

θ0
(Zn,h + hn)), then

lim
n→∞

sup
t∈R

∣∣P∗
n(ϕ(θ̂n)− ϕ(θn) ≤ t)− Pn

(
ϕ′
θ0
(Zn + hn)− ϕ′

θ0
(hn) ≤ t

)∣∣ = 0.

For the extension of Corollary 2, we need a slightly altered form of Assumption

6:

Assumption 10. (i) Ẑn : {Xi,Wi}ni=1 → D with {Wi}ni=1 independent of Dn =

{Xi}ni=1.

(ii) There is some sequence dn → 0 such that ∥Ẑn∥ = Op∗n(dn)

(iii) There is some sequence sn → 0 and some Z∗
n|Dn ∼ Zn such that for any ε > 0,

there exist M such that

lim
n→∞

Pn
(
Pn(∥ϕ′

θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)∥E > Msn | Dn) > ε
)
= 0.

(iv) The map ϕ̂′
n : D → E is a measurable function of {Xi}ni=1, which is positively

homogeneous and satisfies for a sequence ηn → 0 and any bounded K ⊂ D,

sup
h∈K

∥ϕ̂′
n(h)− ϕ′

θ0
(h)∥E = Opn(ηn).

Corollary 6. Suppose the conditions of Theorem 12 and Assumption 10 hold. Then,

if F = ∅, it holds for any α ∈ (0, 1) that

lim inf
n→∞

P∗
n(ϕ(θ̂n)− ϕ(θn) > q̂n,B(1− α)) ≤ α.
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As for the other results in this section, the proof follows along the same lines as

the original one and therefore is omitted.

1.B Proofs concerning the examples

1.B.1 Maximum of conditional mean function

Proof of Differentiability:

Proposition 1. Let ϕ : C([0, 1]) → R be given by ϕ(θ) = maxx∈[0,1] θ(x) and denote

by Ψ(θ) = argmaxx θ(x). Further, suppose that θ satisfies the well-separatedness

condition (1.4). Then, for ρ > 1 and if ∥h∥BL < δ,

|ϕ(θ + h)− ϕ(θ)− ϕ′
θ(h)| ≤

1

c
∥h∥

ρ
ρ−1

BL

and if ρ = 1 as well as ∥h∥BL < δ,

|ϕ(θ + h)− ϕ(θ)− ϕ′
θ(h)| ≤

2

c
∥h∥2BL.

Proof. First suppose that ρ > 1. The case ρ = 1 will be treated later.

Let Ψ(θ) := argmaxx∈[0,1] θ(x) and denote by d(x,Ψ(θ)) = infx∗∈Ψ(θ)|x − x∗|.
Further, for any x ∈ [0, 1], let x∗(x) ∈ argminx′∈[0,1]|x − x′|. It holds, for any

x ∈ [0, 1],

θ(x) + h(x) ≤ θ(x) + h(x∗(x)) + ∥h∥BLd(x,Ψ(θ))

max
x

{θ(x) + h(x)} ≥ ϕ(θ) + ϕ′
θ(h) ≥ ϕ(θ) + h(x∗(x)).

Hence, for any maximizer xh ∈ Ψ(θ + h) := argmaxx∈[0,1]{θ(x) + h(x)},

θ(xh) + h(x∗(xh)) + ∥h∥BLd(xh,Ψ(θ)) ≥ θ(xh) + h(xh) ≥ ϕ(θ) + h(x∗(xh))

and therefore

ϕ(θ)− θ(xh) ≤ ∥h∥BLd(xh,Ψ(θ)).
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By the well-separatedness condition,

ϕ(θ)− θ(xh) ≥ (c d(xh,Ψ(θ))ρ) ∧ δ.

If ∥h∥BL < δ, ϕ(θ)−θ(xh) ≤ ∥h∥BLd(xh,Ψ(θ)) < δ and therefore the well-separated-

ness condition implies

∥h∥BLd(xh,Ψ(θ)) ≥ c d(xh,Ψ(θ))ρ

or equivalently,

d(xh,Ψ(θ)) ≤ ∥h∥
1

ρ−1

BL

c
=: ε(h)

implying Ψ(θ + h) ⊂ Ψ(θ)ε(h). Thus, if ∥h∥BL < δ,

ϕ(θ + h)− ϕ(θ) = max
x∈Ψ(θ)ε(h)

{θ(x) + h(x)} − max
x∈Ψ(θ)

θ(x)

= max
x∈Ψ(θ)ε(h)

{θ(x) + h(x)} − max
x∈Ψ(θ)

{θ(x) + h(x)}+ ϕ′
θ(h)

where we have used that θ is constant on Ψ(θ). The first term on the right-hand

side satisfies

0 < max
x∈Ψ(θ)ε(h)

{θ(x) + h(x)} − max
x∈Ψ(θ)

{θ(x) + h(x)}

≤ϕ(θ) + max
x∈Ψ(θ)ε(h)

h(x)− max
x∈Ψ(θ)

{θ(x) + h(x)}

≤ max
x∈Ψ(θ)ε(h)

h(x)− max
x∈Ψ(θ)

h(x).

Let x̃ ∈ argmaxx∈Ψ(θ)ε(h) h(x). Then, since x
∗(x̃) ∈ Ψ(θ),

max
x∈Ψ(θ)ε(h)

h(x)− max
x∈Ψ(θ)

h(x) ≤ h(x̃)− h(x∗(x̃))

≤ sup
|x−x′|≤ε(h)

|h(x)− h(x′)| ≤ ∥h∥BLε(h) =
1

c
∥h∥

ρ
ρ−1

BL .

Thus, the claim for ρ > 1 follows. For ρ = 1, it holds for any xh ∈ Ψ(θ + h),

θ(xh) + h(xh) ≤ θ(xh) + ∥h∥∞
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θ(xh) + h(xh) ≥ ϕ(θ) + ϕ′
θ(h) ≥ ϕ(θ)− ∥h∥∞

and therefore ϕ(θ) − θ(xh) ≤ 2∥h∥BL as ∥h∥∞ ≤ ∥h∥BL. By similar arguments as

for ρ > 1, if ∥h∥BL < δ,

d(xh,Ψ(θ)) ≤ 2∥h∥BL
c

=: ε(h)

implying Ψ(θ + h) ⊂ Ψ(θ)ε(h). By the same arguments as for ρ > 1, we obtain

|ϕ(θ + h)− ϕ(θ)− ϕ′
θ(h)| ≤

2

c
∥h∥2BL,

proving the claim for ρ = 1.

The following lemma discusses tightness of Proposition 1 above.

Lemma 16. Suppose that the conditions of Proposition 1 hold.

(i) There exists a function θ ∈ C([0, 1]) satisfying the well-separatedness condition

with ρ > 1 and a sequence of functions hn with ∥hn∥BL → 0 such that the

bound given in Proposition 1 holds for all ρ > 1 and sufficiently large n.

(ii) ϕ is not Fréchet directionally differentiable with respect to the supremum norm.

(iii) There does not exist a γ > 1 such that ϕ satisfying the well-separatedness

condition with ρ > 1 is γ-Hadamard directionally differentiable in the sense of

(1.3).

Proof. (i): Suppose that θ(x) = 1 − xℓ for x ∈ [0, 1], ℓ > 1, and hn(x) = bnx for

bn > 0. Then, Ψ(θ) = {0} and |θ(s)(0)| = 0 for all s < ℓ and |θ(ℓ)(0)| ≠ 0. Therefore,

ϕ′
θ(hn) = 0. Moreover, θ(x) + hn(x) = 1 − xℓ + bnx has a unique maximum at

x∗ = (bn/ℓ)
1/ℓ−1 with value given by

ϕ(θ + hn) =1−
(
bn
ℓ

)ℓ/(ℓ−1)

+ bn

(
bn
ℓ

)1/(ℓ−1)

= 1− (ℓ−ℓ/(ℓ−1) − ℓ1/(ℓ−1))bℓ/(ℓ−1)
n

=1− ℓ−ℓ/(ℓ−1)(ℓ− 1)bℓ/(ℓ−1)
n

Moreover, Thus,

ϕ(θ + hn) = ϕ(θ) + ϕ′
θ(hn)− ℓ−ℓ/(ℓ−1)(ℓ− 1)bℓ/(ℓ−1)

n



70 Directionally Differentiable Functions

Note that bn = ∥hn∥L, and therefore we obtain exactly the rate of the approximation

error as claimed by the proposition.

(ii): No, as can be seen by the following example. Let again θ(x) = 1 − xρ for

x ∈ [0, 1], ρ > 1, and hc(x) = min{cx, 1}, c ≥ 1. Then B := {hc : c ≥ 1} is bounded

with respect to the supremum norm and

ϕ(θ + thc) = 1− (ct/ρ)ρ + t

with unique maximizer x∗ = c/ρt. Now take t = ρ/c2 and let c→ ∞. Then x∗ = 1/c

and ϕ(θ+ thc) = 1−c−ρ+1. Further, ϕ(θ) = 1 and ϕ′
θ(h) = 0, for all c and therefore

ϕ(θ + thc)− ϕ(θ)− tϕ′
θ(hc) = 1− c−ρ

or

ϕ(θ + thc)− ϕ(θ)

t
− ϕ′

θ(hc) =
c2 − c

ρ
→ ∞

Hence, there is a bounded set and a sequence tn ↓ 0 such that

lim
n→∞

sup
h∈B

∣∣∣∣ϕ(θ + th)− ϕ(θ)

t
− ϕ′

θ(h)

∣∣∣∣ = ∞.

(iii): Consider the same θ as in (i) and (ii) but now take hβ(x) = xβ, for

β ∈ (0, 1). Then, θ + thβ is maximized at x∗ = (t/ρ)1/(ρ−β) with maximum

ϕ(θ + thβ) = 1−
(
t

ρ

) ρ
ρ−β

+ ρ−
β

ρ−β t
ρ

ρ−β

and therefore

ϕ(θ + thβ)− ϕ(θ)

t
− ϕ′

θ(hβ) =
(
ρ−

β
ρ−β

−ρ−
ρ

ρ−β )
t

β
ρ−β

and the exponent can be made arbitrarily close to zero. Hence, ϕ is not γ-Hadamard

directionally differentiable.

Assumptions

The assumptions are based on the conditions in Example 7 in Appendix F in

Chernozhukov et al. (2013b). This allows us to use the coupling results on both the
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estimator and the multiplier bootstrap.

Assumption 11. (i) (Yi, Xi), i = 1, . . . , n are i.i.d.

(ii) Xi has a continuously differentiable density f : R → R which is bounded away

from zero and infinity on [0, 1]

0 < cf ≤ f(x) ≤ Cf <∞, ∀x ∈ [0, 1]

(iii) εi is bounded and the density of εi conditionally on Xi exists and is uniformly

bounded from above and below. The conditional variance σ2
ε(x) := E[ε2i |Xi =

x] is bounded away from zero and twice continuously differentiable.

(iv) θ is (ℓ+1) times continuously differentiable whose (ℓ+1)th derivative is Lips-

chitz continuous. Further, θ satisfies the well-separatedness condition (1.4) for

some c, δ > 0 and ρ ∈ {1, 2}.

(v) K is a twice continuously differentiable second order kernel with support [−1, 1].

(vi) hn → 0, nh3n → ∞, nh5n/ log
24 n → ∞, nh2ℓ+3

n → 0,
√
n−1h−2

n → 0 at polyno-

mial rates in n.

We differ here slightly from the presentation in the main text in that we assume

that X is supported on a potentially larger set than [0, 1], and we only focus for

inference on [0, 1]. This assumption is imposed to shorten the proofs as we can rely

on the results in Kong et al. (2010) and Chernozhukov et al. (2013b). In particular,

this assumption simplifies the equivalent kernel of the local polynomial estimator so

that it does not change at the boundary.

The rate requirements are imposed in order to apply the uniform Bahadur expan-

sion in Kong et al. (2010). The Lipschitz continuity of the (ℓ+ 1)th derivative of θ

is used in the derivation of the rate of the bounded Lipschitz distance. The assump-

tion that εi is bounded is used in the Rio-Massart coupling and can be weakened by

assuming smoothness assumptions on the conditional quantile function of εi given

Xi. The rate requirement nh2ℓ+3
n → 0 is an undersmoothing condition and implies

that the approximating Gaussian process is centered. Moreover, the rate conditions

require higher order smoothness ℓ > 1, ruling out the local linear estimator. The

well-separatedness condition is required for bounding the analytic approximation

error made by the Delta method.
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Bounded Lipschitz distance

The local polynomial estimator can be written as a weighted average of the Yi

as

θ̂n(x) =
n∑
i=1

wi(x)Yi

with weights

wi(x) = U(0)⊺Bn(x)
−1an,i(x)

where

an,i(x) =
1

nh
K

(
Xi − x

h

)
U

(
Xi − x

h

)
Bn(x) =

1

nh

n∑
i=1

K

(
Xi − x

h

)
U

(
Xi − x

h

)
U⊺

(
Xi − x

h

)
U(x) = (1, x, x2/2!, . . . , xℓ/ℓ!)⊺.

Lemma 17. Under Assumption 11,

∥θ̂n − θ∥BL = Op

(√
log n

nh3
+ hℓ+1

)
.

Proof. By standard arguments, one can show that

∥θ̂n − θ∥∞ = Op

(√
log n

nh
+ hℓ+1

)
.

In the following we will derive an upper bound on the rate of convergence of the

Lipschitz constant of θ̂n− θ. As it turns out, this rate is slower than the rate in sup

norm.

In order to bound the Lipschitz constant, we split

θ̂n(x)− θ(x)− {θ̂n(x′)− θ(x′)}

=
n∑
i=1

wi(x)(θ(Xi)− θ(x))−
n∑
i=1

wi(x
′)(θ(Xi)− θ(x′))
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+
n∑
i=1

{wi(x)− wi(x
′)}εi.

For the bias terms, by a Taylor expansion, there exist intermediate values ξi and ζi

such that

n∑
i=1

wi(x)(θ(Xi)− θ(x)) =
θ(ℓ+1)(x)

(ℓ+ 1)!

n∑
i=1

wi(x)(Xi − x)ℓ+1

+
n∑
i=1

wi(x)(Xi − x)ℓ+1{θ(ℓ+1)(ξi)− θ(ℓ+1)(x)}
(ℓ+ 1)!

n∑
i=1

wi(x
′)(θ(Xi)− θ(x′)) =

θ(ℓ+1)(x′)

(ℓ+ 1)!

n∑
i=1

wi(x
′)(Xi − x′)ℓ+1

+
n∑
i=1

wi(x
′)(Xi − x′)ℓ+1{θ(ℓ+1)(ζi)− θ(ℓ+1)(x′)}

(ℓ+ 1)!
.

Regarding the third and fourth term, we have by Lemma 18 (iii)

n∑
i=1

wi(x)(Xi − x)ℓ+1{θ(ℓ+1)(ξi)− θ(ℓ+1)(x)}
ℓ!

= O(hℓ+1+β)

Regarding the first terms on the right-hand side, we further split into

θ(ℓ+1)(x)

(ℓ+ 1)!

n∑
i=1

wi(x)(Xi − x)ℓ+1 − θ(ℓ+1)(x′)

(ℓ+ 1)!

n∑
i=1

wi(x
′)(Xi − x′)ℓ+1

=
θ(ℓ+1)(x)− θ(ℓ+1)(x′)

(ℓ+ 1)!

n∑
i=1

wi(x)(Xi − x)ℓ+1 (1.15)

− θ(ℓ+1)(x′)

(ℓ+ 1)!

n∑
i=1

wi(x
′)
{
(Xi − x′)ℓ+1 − (Xi − x)ℓ+1

}
(1.16)

− θ(ℓ+1)(x′)

(ℓ+ 1)!

n∑
i=1

{wi(x)− wi(x
′)}(Xi − x)ℓ+1. (1.17)

For (1.15), we have by Hölder continuity of the derivative and Lemma 18 (i) and

(iii)

θ(ℓ+1)(x)− θ(ℓ+1)(x′)

(ℓ+ 1)!

n∑
i=1

wi(x)(Xi − x)ℓ+1 = Op(|x− x′|βhℓ+1).
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For (1.16), we have by the same arguments as in the proof of Lemma 18

θ(ℓ+1)(x′)

(ℓ+ 1)!

n∑
i=1

wi(x
′)
{
(Xi − x′)ℓ+1 − (Xi − x)ℓ+1

}
= Op

(
|x− x′|ℓ+1 ∧ hℓ+1

)
.

For (1.17), we have by Lemma 18 (i) and (iv)

θ(ℓ+1)(x′)

(ℓ+ 1)!

n∑
i=1

{wi(x)− wi(x
′)}(Xi − x)ℓ+1 = Op(|x− x′|hℓ+1)

Hence, uniformly over x, x′

θ̂n(x)− θ(x)− {θ̂n(x′)− θ(x′)} =
n∑
i=1

{wi(x)− wi(x
′)}εi +O(|x− x′|βhℓ+1).

By discretization and conditional sub-Gaussianity of εi,

sup
x̸=x′

∣∣∣∣ n∑
i=1

wi(x)− wi(x
′)

|x− x′|
εi

∣∣∣∣ = Op

(√√√√log n sup
x ̸=x′

n∑
i=1

1i

(
wi(x)− wi(x′)

∥x− x′∥X

)2)
,

where 1i = 1(|Xi − x| ≤ h) + 1(|Xi − x′| ≤ h). This implies together with Lemma

18 (iv)

sup
x ̸=x′

∣∣∣∣ n∑
i=1

wi(x)− wi(x
′)

|x− x′|
εi

∣∣∣∣ = Op

(√
log n

nh3

)
.

The claim follows.

Lemma 18. Suppose that Assumption 11 hold. Then,

(i) for all x so that |Xi − x| > h, wn,i(x) = 0 and

sup
x

n∑
i=1

|wn,i(x)| = Op(1)

(ii) For all x ∈ [0, 1],
∑

iwn,i(x) = 1 and for j = 1, . . . , ℓ,

n∑
i=1

wn,i(x)(Xi − x)j = 0.
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(iii) For all x ∈ [0, 1],

n∑
i=1

wn,i(x)(Xi − x)ℓ+1 = Op(h
ℓ+1).

(iv) The weights wn,i(x) satisfy the following Lipschitz property

sup
x̸=x′

|wn,i(x)− wn,i(x
′)|

|x− x′|
= Op

(
1

nh2

)
.

Proof. We work in the following on the event Λn = {∀x ∈ [0, 1],∀v ∈ Rℓ+1 :

∥Bn(x)v∥2 ≥ λ∥v∥2}. We later show that there is some λ > 0 so that P(Λn) → 1.

(i): The first part directly follows since K has support [−1, 1]. For the second

part, note that on Λn, for all x ∈ [0, 1],

|wn,i(x)| ≤∥U(0)∥2∥Bn(x)∥2∥an,i(x)∥2

≤C∥K∥∞
nhλ

∥U((Xi − x)/h)∥21(|Xi − x| ≤ h)

≤ C

nh
1(|Xi − x| ≤ h),

where we have used that ∥U(·)∥2 is uniformly bounded on [−1, 1]. Now, by standard

consistency results for the kernel density estimator with rectangular kernel

sup
x∈[0,1]

n∑
i=1

|wn,i(x)| ≤C sup
x∈[0,1]

1

nh

n∑
i=1

1(|Xi − x| ≤ h) = Op(1).

(ii): Let δst denote the Kronecker-delta, i.e., δst = 1 if s = t and 0 else. Then,

for any j = 1, . . . , ℓ+ 1,

1

j!

n∑
i=1

wn,i(x)

(
Xi − x

h

)j
=U(0)⊺Bn(x)

−1 1

nh

n∑
i=1

K

(
Xi − x

h

)
U

(
Xi − x

h

)
Uj

(
Xi − x

h

)
= δ1j.

(iii): (i) implies∣∣∣∣ n∑
i=1

wn,i(x)(Xi − x)ℓ+1

∣∣∣∣ =hℓ+1

∣∣∣∣ n∑
i=1

wn,i(x)(Xi − x)ℓ+1

∣∣∣∣
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≤hℓ+1

n∑
i=1

|wn,i(x)| sup
|Xi−x∥≤h

∣∣∣∣Xi − x

h

∣∣∣∣ℓ+1

= Op(h
ℓ+1).

(iv): For any x, x′ ∈ [0, 1] satisfying |x− x′| ≤ 2h, decompose

wn,i(x)− wn,i(x
′) =U(0)⊺{Bn(x)

−1 −Bn(x
′)−1}an,i(x) (1.18)

+ U(0)⊺Bn(x
′){an,i(x)− an,i(x

′)}. (1.19)

For any square matrix A, denote by ∥A∥2 = supv ̸=0∥Av∥2/∥v∥2. Using that A−1 −
B−1 = A−1(B − A)B−1 for any invertible matrices A and B, we can bound (1.18)

by

|U(0)⊺{Bn(x)
−1 −Bn(x

′)−1}an,i(x)|

≤∥U(0)∥2∥Bn(x)
−1∥2∥Bn(x

′)−Bn(x)∥2∥Bn(x
′)−1∥2∥an,i(x)∥2

≤λ−2∥Bn(x
′)−Bn(x)∥2∥an,i(x)∥2.

It holds for some constant C

∥an,i(x)∥2 ≤
∥K∥∞
nh

∥U∥2 ≤
C

nh
,

where we used that ∥U((Xi − x)/h)∥2 is bounded uniformly over Xi, x and h since

∥Xi − x∥ ≤ h. Secondly, decompose

Bn(x
′)−Bn(x)

=
1

nh

n∑
i=1

{
K

(
Xi − x′

h

)
−K

(
Xi − x

h

)}
U

(
Xi − x′

h

)
U⊺

(
Xi − x′

h

)
(1.20)

+
1

nh

n∑
i=1

K

(
Xi − x

h

){
U

(
Xi − x′

h

)
− U

(
Xi − x

h

)}
U⊺

(
Xi − x′

h

)
(1.21)

+
1

nh

n∑
i=1

K

(
Xi − x

h

)
U

(
Xi − x

h

){
U

(
Xi − x′

h

)
− U

(
Xi − x

h

)}⊺

(1.22)

For (1.20), we bound

∥(1.20)∥2 ≤
C

nh

n∑
i=1

∣∣∣∣K(Xi − x′

h

)
−K

(
Xi − x

h

)∣∣∣∣,
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where we have again used that the Euclidean norm of the U vector is uniformly

bounded. Decompose

1

nh

n∑
i=1

∣∣∣∣K(Xi − x′

h

)
−K

(
Xi − x

h

)∣∣∣∣
=

1

nh

n∑
i=1

∣∣∣∣K(Xi − x′

h

)
−K

(
Xi − x

h

)∣∣∣∣− E

[∣∣∣∣K(Xi − x′

h

)
−K

(
Xi − x

h

)∣∣∣∣]
+

1

h
E

[∣∣∣∣K(Xi − x′

h

)
−K

(
Xi − x

h

)∣∣∣∣].
By standard arguments and Lipschitz continuity of K,

sup
x ̸=x′

∣∣∣∣ 1

nh|x− x′|

n∑
i=1

∣∣∣∣K(Xi − x′

h

)
−K

(
Xi − x

h

)∣∣∣∣
− E

[∣∣∣∣K(Xi − x′

h

)
−K

(
Xi − x

h

)∣∣∣∣]∣∣∣∣ = Op

(√
log n

nh2

)
sup
x ̸=x′

1

h|x− x′|
E

[∣∣∣∣K(Xi − x′

h

)
−K

(
Xi − x

h

)∣∣∣∣] = O(h−1).

Since log n/(nh) → 0, supx ̸=x′∥(1.20)∥2/|x − x′| = Op(h
−1). Regarding (1.21) and

(1.22), by the binomial theorem, for any k = 0, 1, . . . , ℓ,

(
Xi − x

h

)k
=

k∑
s=0

(
k

s

)(
Xi − x′

h

)k−s(
x′ − x

h

)s
and therefore(

Xi − x

h

)k
−
(
Xi − x′

h

)k
=

k∑
s=1

(
k

s

)(
Xi − x′

h

)k−s(
x′ − x

h

)s
.

This implies

sup
x ̸=x′

1

|x− x′|

∥∥∥∥U(Xi − x′

h

)
− U

(
Xi − x

h

)∥∥∥∥
2

= O(h−1)

and since the kernel density estimator is asymptotically stochastically bounded,

sup
x ̸=x′

∥(1.21)∥2
|x− x′|

= Op(h
−1) and sup

x ̸=x′

∥(1.22)∥2
|x− x′|

= Op(h
−1).
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This implies the following bound on (1.18)

sup
x ̸=x′

|U(0)⊺{Bn(x)
−1 −Bn(x

′)−1}an,i(x)|
|x− x′|

= Op

(
1

nh2

)
.

For (1.19), we have on Λn,

|U(0)⊺Bn(x
′){an,i(x)− an,i(x

′)}| ≤Cλ−1∥an,i(x)− an,u(x
′)∥2.

By the same arguments as above

sup
x ̸=x′

∥an,i(x)− an,i(x
′)∥2

|x− x′|
= O

(
1

nh2

)
implying for (1.19)

sup
x ̸=x′

|U(0)⊺Bn(x
′){an,i(x)− an,i(x

′)}|
|x− x′|

= O

(
1

nh2

)
.

Thus, we have shown that

sup
x ̸=x′

|wn,i(x)− wn,i(x
′)|

|x− x′|
= Op

(
1

nh2

)
.

The penultimate process

The following result provides an approximating distribution sequence as required

by Assumption 2(iii).

Lemma 19. Suppose that Assumptions 11 hold. Then, there exist a sequence of

centered Gaussian processes Zn with covariance function Σn satisfying

nhnΣn(x, x
′)

=U(0)⊺S−1 1

hn
E

[
Kh(Xi − x)

f(x)

Kh(Xi − x′)

f(x′)
σ2(Xi)U

(
Xi − x

hn

)
U⊺

(
Xi − x

hn

)]
S−1U(0),

so that

sup
x∈[0,1]

|{θ̂n(x)− θ(x)} − Zn(x)| = Op

((
log8 n

nh
4/3
n

)3/4

+ hℓ+1
n

)
.
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Note that since the derivative is Lipschitz continuous, Lemma 19 implies As-

sumption 2(iii) with the same rate.

Proof. Assumptions 11 are sufficient to imply (13) in Kong et al. (2010) (see Ap-

pendix F in Chernozhukov et al. (2013b) for a proof) and imply

sup
x∈[0,1]

|{θ̂n(x)− θ(x)} − θ∗n(x)| = Op

(
log n

nhn
+ hℓ+1

n

)
,

where

θ∗n(x) = U(0)⊺S−1
n (x)

1

nhn

n∑
i=1

Kh(Xi − x)U((Xi − x)/h)εi

and Sn(x) ∈ R(ℓ+1)×(ℓ+1) with elements Sn,j,k(x) =
∫
K(u)uj+k−2f(x+hu)du, j, k =

1, . . . , ℓ+ 1. By Lemma 8 in Kong et al. (2010),

sup
x∈[0,1]

|Sn(x)− f(x)S| = Op

(√
log n

nhn
+ hn

)
,

where S ∈ R(ℓ+1)×(ℓ+1) with elements Sj,k =
∫
K(u)uj+k−2du, j, k = 1, . . . , ℓ +

1. Thus, by standard arguments, for K(x) = U(0)⊺S−1K(x)U(x) and Kh(x) =

K(x/h),

sup
x∈[0,1]

∣∣∣∣{θ̂n(x)− θ(x)} − 1

nh

n∑
i=1

Kh(Xi − x)

f(x)
εi

∣∣∣∣ = Op

(
log n

nhn
+ hℓ+1

n

)
.

Further, let

gx(ε,X) =
1√
hn

Kh(X − x)

f(x)
ε, ∀x ∈ [0, 1].

Then, by Theorem 8 in Appendix G in Chernozhukov et al. (2013b), there exists

a Brownian Bridge Bn on {gx : x ∈ [0, 1]} such that for all t ≥ C log n for some

constant C

P

(
sup
x∈[0,1]

∣∣∣∣ 1√
nhn

n∑
i=1

Kh(Xi − x)

f(x)
εi −Bn(gx)

∣∣∣∣ ≥ C

[√
t√
nh2n

+ t

√
log n

nhn

])
≤ e−t,
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or equivalently, for Zn(x) = Bn(gx)/
√
nhn

P

(
sup
x∈[0,1]

∣∣∣∣ 1

nhn

n∑
i=1

Kh(Xi − x)

f(x)
εi − Zn(x)

∣∣∣∣ ≥ C

[√
t

(nh
4/3
n )3/2

+ t

√
log n

nhn

])
≤ e−t.

Taking tn = C log2 n for some sufficiently large C, implies

sup
x∈[0,1]

∣∣∣∣ 1

nhn

n∑
i=1

Kh(Xi − x)

f(x)
εi − Zn(x)

∣∣∣∣ = Op

((
log8 n

nh
4/3
n

)3/4)
.

Together with the bound on the linearization error of the local polynomial estimator

above, we have

sup
x∈[0,1]

|{θ̂n(x)− θ(x)} − Zn(x)| = Op

((
log8 n

nh
4/3
n

)3/4

+ hℓ+1
n

)
.

The claim follows.

Lemma 20. Zn can be chosen to have almost surely Lipschitz continuous sample

paths and there is a version of Zn such that Zn ∈ D.

Proof. Consider the integral operator K related to the covariance function Σn of Zn

given by

f 7→ (Kf)(·) =
∫ 1

0

Σn(x, ·)f(x)dx

=E

[
Kh(Xi − ·)
fX(·)

σ2(Xi)

∫
1

hn

Kh(Xi − x)

fX(x)
f(x)dx

]
.

By properties of the convolution of two functions and smoothness properties of

K and fX , Kf is Lipschitz continuous with Lipschitz constant proportional to

∥f∥L2/hn. Therefore, all of its eigenfunctions are Lipschitz continuous with at most

the above Lipschitz constant.

Further, since ∫
Σn(x, x)dx <∞,

K is trace class and hence the square root of its eigenvalues are absolutely summable.

Now, denote by λ1 ≥ λ2 ≥ . . . the eigenvalues of K and by e1, e2, . . . the correspond-

ing orthonormal system of eigenfunctions. By the Karhunen-Loève Theorem, we can
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represent Zn as

Zn(x) =
∞∑
j=1

ηj
√
λjej(x),

for some sequence (ηj) of i.i.d. standard normal random variables. Here, the conver-

gence is in the mean square sense. Further, Zn is a.s. absolutely summable. Indeed,

since

|Zn(x)| ≤
∞∑
j=1

√
λj|ηj||ej(x)| ≤

√√√√ ∞∑
j=1

√
λjη2j

√√√√ ∞∑
j=1

√
λj|ej(x)|2

and since the eigenfunctions are uniformly bounded and (
√
λj) absolutely summable,

the term on the right-hand side is a.s. finite and hence Zn(x) is a.s. absolutely

summable. We have, for any x, x′,

|Zn(x)− Zn(x
′)| ≤

√√√√ ∞∑
j=1

√
λjη2j

√√√√ ∞∑
j=1

√
λj(ej(x)− ej(x′))2

≤ L

hn

√√√√ ∞∑
j=1

√
λjη2j

√√√√ ∞∑
j=1

√
λj|x− x′|.

Again, since (
√
λj) is absolutely summable,

E

√√√√ ∞∑
j=1

√
λjη2j

 ≤
∞∑
j=1

√
λj <∞

and hence, the representations Zn are almost surely Lipschitz continuous.

The above construction shows that any Gaussian process with the covariance

function Σn has a version with a.s. Lipschitz continuous sample paths. In order to

show that the Zn constructed using the Rio-Massart coupling has such a version, we

slightly modify the Karhunen-Loève construction from above. Let

ηj =

∫ 1

0

Zn(x)ej(x)dx.

Then, the resulting process (which we now call Y (x) instead) satisfies Var(Zn(x)−
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Y (x)) = 0 (by mean square convergence, i.e. the same projection argument as in

the proof of the Karhunen-Loève theorem). Finally, note that

P(∃x ∈ Q ∩ [0, 1] : Zn(x) ̸= Y (x)) ≤
∑

x∈Q∩[0,1]

P(Zn(x) ̸= Y (x)) = 0,

and therefore we can identify Zn and Y almost surely.

Lemma 21. Suppose that Assumptions 11 hold. Then for the Gaussian process Zn

given in Lemma 19, it holds for any continuous θ0

1√
Var(ϕ′

θ0
(Zn))

= O
(√

nhn
)
.

Proof. Since ϕ′
θ0
is a sublinear and Lipschitz continuous functional and Zn a centered

Gaussian process with almost surely continuous sample paths, Lemma 3 in Scherer

(2024) applies. We distinguish two cases. If the argmax set of θ0 is a singleton, say

Ψ(θ0) = x∗, then

Var(ϕ′
θ0
(Zn)) = Σ(x∗, x∗) =

1

nhn

σ2(x∗)

f(x∗)

∫
K(u)2du(1 + o(1))

and the claim follows for this case. Next, suppose that the argmax set of θ0 contains

at least two elements. By the same arguments as above, we can lower bound σ̄2 to

be of order (nhn)
−1. Moreover, by standard arguments, E[ϕ′

θ0
(Zn)] ≤

√
log n. Hence

by Lemma 3, in both cases the variance is lower bounded of order (nhn)
−1 and the

claim follows.

Application of the Delta method

Lemma 22. Suppose that Assumptions 11 hold. Then

lim
n→∞

sup
t∈R

|P(ϕ(θ̂n)− ϕ(θ0) ≤ t)− P(ϕ′
θ0
(Zn) ≤ t)| = 0.

Proof. By Lemma 17

∥θ̂n − θ0∥BL =Op

(√
log n

nh3n
+ hℓ+1

n

)
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and therefore by our Taylor result

ϕ(θ̂n)− ϕ(θ0) = ϕ′
θ0
(θ̂n − θ0) +Op

(
log n

nh3n
+ h2(ℓ+1)

n

)
.

Further, by Lemma 19,

sup
x∈[0,1]

|{θ̂n(x)− θ(x)} − Zn(x)| = Op

((
log8 n

nh
4/3
n

)3/4

+ hℓ+1
n

)
and by Lemma 21

1√
Var(ϕ′

θ0
(Zn))

= O
(√

nhn
)
.

Further, since Zn has mean zero and Var(Zn(x)) > 0 for all x ∈ [0, 1], the claim

follows by Theorem 2 since

a−γn√
Var(ϕ′

θ0
(Zn))

=O

(√
nhn

{
log n

nh3n
+ h2(ℓ+1)

n

})

=O

(
log n√
nh5n

+
√
nh4ℓ+3

n

)
r−1
n√

Var(ϕ′
θ0
(Zn))

=O

(√
nhn

{(
log8 n

nh
4/3
n

)3/4

+ hℓ+1
n

})

=O

(
log6 n

(nh2n)
1/4

+
√
nh2ℓ+3

n

)
and by the assumed rate requirements in Assumption 11 (vi).

Consistency of the bootstrap for the preliminary estimator

Lemma 23. Suppose that Assumptions 11 hold. Then

∥Ẑn∥BL = Op

(√
log n

nh3n

)
.
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Proof. Let

w̃i(x) =
1

nhnf̂n(x)
Kh(Xi − x)ε̂i.

Note that the equivalent kernel K is an (ℓ+ 1)th order kernel with support [−1, 1].

Moreover, it is Lipschitz continuous. Further, by standard arguments, f̂n is Lipschitz

continuous and the event An = {minx f̂n(x) ≥ c} converges in probability to one

for sufficiently small constant c > 0. Moreover, the event Bn = {maxi|ε̂i| ≤ b}
converges in probability to one for a sufficiently large constant b, since Yi is bounded

and ∥θ̂n − θ0∥∞ → 0. Therefore, on An ∩Bn, and for |x− x′| ≤ hn

|w̃i(x)− w̃i(x
′)| ≤ b

nhnf̂n(x)
|Kh(Xi − x)−Kh(Xi − x′)|

+
b

nhn

∣∣∣∣ 1

f̂n(x)
− 1

f̂n(x′)

∣∣∣∣|Kh(Xi − x′)|

≤ C

nh2n
|x− x′|1(|Xi − x| ≤ hn)1(|Xi − x′| ≤ hn),

where C denotes some constant that potentially changes in every occasion. Further,

we have used in the second inequality that the distance between f̂n(x)
−1 and f̂n(x

′)−1

can be upper bounded by the distance between f̂n(x) and f̂n(x
′) on An ∩ Bn. This

implies

sup
|x−x′|≤hn

|w̃i(x)− ˜wi(x′)|
|x− x′|

≤ C

nhn
1(∥Xi − x∥ ≤ hn)1(∥Xi − x′| ≤ hn),

and therefore, since An ∩Bn with probability converging to one, we have

sup
|x−x′|≤hn

|Ẑn(x)− Ẑn(x
′)| = sup

|x−x′|≤hn

∣∣∣∣ n∑
i=1

w̃i(x)− w̃i(x
′)

|x− x′|
ηi

∣∣∣∣ = Op

(√
log n

nh3n

)
.

Next, for x, x′ such that |x− x′| > hn, we have

sup
|x−x′|>hn

|Ẑn(x)− Ẑn(x
′)| ≤ 2

∥Ẑn∥∞
hn

= Op

(√
log n

nh3n

)
,

where we have used that ∥Ẑn∥∞ = Op(
√
log n/(nhn)). The claim follows.
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The following Theorem relies on the coupling constructed in Theorem 9 in Cher-

nozhukov et al. (2013b). As the authors of this paper, we assume a sufficiently rich

probability space which contains a uniformly distributed random variable which is

independent of the data. For details, consider the discussion in before Theorem 9

and in the Appendix A in Chernozhukov et al. (2013b).

Lemma 24. Suppose that Assumptions 11 hold. Then,

sup
t∈R

∣∣∣∣P( sup
x∈[0,1]

∣∣∣∣ Ẑn(x)

std(Ẑn(x) | Dn)

∣∣∣∣ ≤ t

∣∣∣∣Dn

)
− P

(
sup
x∈[0,1]

∣∣∣∣ θ̂n(x)− θ(x)

std(θ̂n(x))

∣∣∣∣ ≤ t

)∣∣∣∣ = op(1),

where std(Ẑn(x) | Dn) denotes the standard deviation of Ẑn(x) conditionally on the

data, and

sup
t∈R

|P(ϕ′
θ0
(Ẑn) ≤ t | Dn)− P(ϕ(θ̂n)− ϕ(θ0) ≤ t)| = op(1).

In particular, this Lemma implies by Corollary 1 that the bootstrapped quantile

q̂n,1−α = inf

{
q ∈ R : P

(
sup
x∈[0,1]

∣∣∣∣ Ẑn(x)

std(Ẑn(x) | Dn)

∣∣∣∣ ≤ t

∣∣∣∣Dn

)
≥ 1− α

}
satisfies

P

(
sup
x∈[0,1]

∣∣∣∣ θ̂n(x)− θ(x)

std(θ̂n(x))

∣∣∣∣ ≤ q̂n,1−α

)
≥ 1− α + εn

for some εn ↓ 0 uniformly over α ∈ (0, ᾱ) for some ᾱ < 1/2.

Proof. By Theorem 9 in Appendix H.4 in Chernozhukov et al. (2013b) and standard

arguments25, there exists an identical copy Z∗
n of Zn, independent of the data Dn

such that

P

(
sup
x∈[0,1]

|Ẑn(x)− Z∗
n(x)| > o

(
1√

nhn log n

)∣∣∣∣Dn

)
= op

(
1

log n

)
.

25Theorem 9 implies a coupling for an unfeasible multiplier bootstrap which relies on the un-
known marginal density f and residuals εi. It remains to show that the multiplier bootstrap which
uses estimates of these also satisfies this coupling bound. This follows by standard arguments on
the estimation properties of the marginal density and residuals and therefore is omitted.
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By Lipschitz continuity of the derivative ϕ′
θ0
, this implies

P

(
|ϕ′
θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)| > o

(
1√

nhn log n

)∣∣∣∣Dn

)
= op

(
1

log n

)
.

By Le Cam’s Lemma,

∆n =sup
t∈R

|P(ϕ′
θ0
(Ẑn) ≤ t | Dn)− P(ϕ(θ̂n)− ϕ(θ0) ≤ t)|

≤ inf
η>0

{
P
(
|ϕ′
θ0
(Ẑn)− ϕ′

θ0
(Z∗

n)| > η|Dn

)
+ sup

t∈R
P(t ≤ ϕ′

θ0
(Zn) ≤ t+ η)

}
By choosing η = ε

√
Var(ϕ′

θ0
(Zn)), for ε > 0, the first term on the right-hand

side converges to zero with probability approaching one and the second term is

smaller than a constant multiple of ε with probability one. Thus, for any ε > 0,

P(∆n > ε) → 0.

It remains to show the first bound. Let sn(x) = std(θ̂n(x)), σn(x) = std(Zn(x))

and σ̂n(x) = std(Ẑn(x)). By standard arguments,

sup
x∈[0,1]

∣∣∣∣σn(x)sn(x)
− 1

∣∣∣∣ = o(1) and sup
x∈[0,1]

∣∣∣∣σn(x)σ̂n(x)
− 1

∣∣∣∣ = op(1).

Further,
√
nhnσn(x) is bounded away from zero uniformly over x ∈ [0, 1]. This

implies

sup
x∈[0,1]

∣∣∣∣ θ̂n(x)− θ0(x)

sn(x)
− Zn(x)

σn(x)

∣∣∣∣ ≤ 1

infx σn(x)
∥{θ̂n − θ0} − Zn∥∞(1 + op(1))

and therefore Lemma 19 and Lemma 21 imply

sup
x∈[0,1]

∣∣∣∣ θ̂n(x)− θ0(x)

sn(x)

∣∣∣∣− sup
x∈[0,1]

∣∣∣∣Zn(x)σn(x)

∣∣∣∣ = Op

(
log n

(nh2n)
1/4

)
1√

Var(supx|Zn(x)/σn(x)|)
≤ log n.

By the same arguments as above, this implies

sup
t∈R

∣∣∣∣P( sup
x∈[0,1]

∣∣∣∣ Ẑn(x)

std(Ẑn(x) | Dn)

∣∣∣∣ ≤ t

∣∣∣∣Dn

)
− P

(
sup
x∈[0,1]

∣∣∣∣ θ̂n(x)− θ(x)

std(θ̂n(x))

∣∣∣∣ ≤ t

)∣∣∣∣ = op(1).
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Consistency of the derivative estimator

Lemma 25. Suppose that Assumptions 11 and the well-separatedness condition

(1.4) hold. Further suppose that 1− γn = O(1/ log n). Then,

sup
∥h∥BL≤1

|ϕ̂′
n(h)− ϕ′

θ0
(h)| = Op

((
log n

nhn

) 1
2ρ
)
.

Proof. We will show that Ψ̂n is a consistent estimator of the argmax set of θ0, Ψ0,

in the sense that both Ψ0 ⊂ Ψ̂n ⊂ Ψn with probability converging to one, for

some set Ψn which converges to Ψ0. In order to see this, note that, on the event

An = {∥(θ̂n − θ0)/σn∥∞ ≤ q̂γn},

θ̂n(x) + q̂γnσ̂n(x)− ϕ(θ̂n − q̂γnσ̂n)

=θ0(x) +
(
θ̂n(x)− θ0(x) + q̂γnσ̂n(x)

)
−max

x′

{
θ0(x

′) + [θ̂n(x
′)− θ0(x

′)− q̂γnσ̂n(x
′)]
}

≥θ0(x) +
(
θ̂n(x)− θ0(x) + q̂γnσ̂n(x)

)
− ϕ(θ0)−max

x′

{
θ̂n(x

′)− θ0(x
′)− q̂γnσ̂n(x

′)
}

≥θ0(x)− ϕ(θ0)

and therefore Ψ0 = {x : θ0(x) ≥ ϕ(θ0)} ⊂ Ψ̂n. For the other direction, note that by

similar arguments, on An,

θ̂n(x) + q̂γnσ̂n(x)− ϕ(θ̂n − q̂γnσ̂n) ≤θ0(x) + 2q̂γnσ̂n(x)− ϕ(θ0)

and therefore Ψ̂n ⊂ {x : θ0(x) ≥ ϕ(θ0)− 2q̂γnσ̂n(x)} =: Ψn.

Consider the eventBn = {q̂γn∥σ̂n∥∞ < δ} for the δ given in the well-separatedness

condition on θ. Since q̂γn∥σ̂n∥∞ = op(1), P(Bn) → 1. On Bn, we have by the well-

separatedness condition, for all x ∈ Ψn,

cd(x,Ψ0)
ρ ≤ q̂γn∥σ̂n∥∞

d(x,Ψ0) ≤
(q̂γn∥σ̂n∥∞)1/ρ

c
=: εn,
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implying Ψ̂n ⊂ Ψεn
0 . Therefore, on An ∩Bn, for any h with ∥h∥BL ≤ 1

|ϕ̂′
n(h)− ϕ′

θ0
(h)| ≤ sup

|x−x′|≤εn
|h(x)− h(x′)| ≤ ∥h∥BLεn.

Since both P(An) → 1 and P(Bn) → 1, it holds

sup
∥h∥BL≤1

|ϕ̂′
n(h)− ϕ′

θ0
(h)| =

(
log n

nhn

) 1
2ρ

,

where the last statement follows since q̂γn = Op(
√
log n +

√
− log(1− γn)),

∥σ̂n∥∞ = Op((nhn)
−1/2) by standard arguments and 1− γn = O(1/ log n).

Consistency of the bootstrap for the plug-in estimator

Lemma 26. Suppose that Assumption 11 and (1.4) hold for ρ = 2. Then,

sup
t∈R

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ = op(1).

Proof. We apply Theorem 4. Assumptions 3 follows by Lemma 24 and Assumption

4 by Lemma 25. It only remains to check the further rate requirements. We have

dnηn
σn

=
√
nhn

√
log n

nh3n

(
log n

nhn

)1/4

=

(
log3 n

nh5n

)1/4

→ 0

sn
σn

=
√
nhn

1√
nhn log n

=
1√
log n

→ 0

and the claim follows by Theorem 4.

1.B.2 Bargaining bounds

Differentiability:

The differentiability properties in this example are qualitatively similar to Example

1. The derivative is given by

ϕ′
FY |X ,fX

(h, g) = ϕ′
FY |X

(h) + ϕ′
fX
(g)
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where

ϕ′
FY |X

(h)(y) =

∫
max

x′∈Ψ(y,x)
h(y, x′)fX(x)dx,

ϕ′
fX
(θ, g)(y) =

∫
max
x′≥x

FY |X(y, x
′)g(x)dx

and Ψ(y, x) = argmaxx′≥x FY |X(y, x
′). Under a similar well-separatedness condi-

tion given in Section 1.B.2 below, we can show that ϕ is 2-Fréchet directionally

differentiable with respect to the norm ∥h∥BL ∨ ∥g∥∞, where

∥h∥BL = sup
y

{
sup
x
|h(y, x)| ∨ sup

x ̸=x′

|h(y, x)− h(y, x′)|
|x− x′|

}
.

The well-separatedness condition allows for many qualitatively different conditional

distribution functions. As we show in Lemma 27, the well-separatedness condition

is for example satisfied when x 7→ FY |X(y, x) is strictly increasing or decreasing with

a lower bound on the derivative. In the increasing case, the derivative reduces to a

point-evaluation functional

ϕ′
FY |X

(h)(y) = h(y, 1),

while in the decreasing case

ϕ′
FY |X

(h)(y) =

∫
h(y, x)fX(x)dx

the derivative averages over h(y, ·). Another example of interest is when Y and X

are independent so that the conditional distribution function x 7→ FY |X(y, x) is flat

for all y. In this case, the derivative reduces to ϕ

ϕ′
FY |X

(h)(y) =

∫
max
x′≥x

h(y, x′)fX(x)dx.

Finally, the well-separatedness condition can be shown to hold in location scale

models Y = m(X) + s(X)ε, with X ⊥⊥ ε, under suitable bounds on the derivatives

of the conditional mean m and conditional standard deviation function s.

Application of the Delta Method:

Consider the Nadaraya-Watson estimator of the cumulative distribution function of
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Yi conditional on Xi

F̂n(y |x) =
1

f̂X(x)

1

nh

n∑
i=1

K

(
Xi − x

hn

)
1(Yi ≤ y)

where f̂X denotes the KDE of fX , the marginal density of Xi. We consider two

separate strong approximations of this estimator. First in Section 1.B.2, when the

derivative is nonlinear, we use the Rio-Massart coupling to approximate the whole

process (x, y) 7→ (F̂n(y, x) − FY |X(y, x), f̂n(x) − fX(x)). This yields a centered

Gaussian process Zn = (ZF,n, Zf,n) with continuous sample paths such that

∥(F̂n − FY |X)− ZF,n∥∞ ∨ ∥(f̂n − fX)− Zf,n∥∞

=Op

((
log n

n3h4n

)1/4

+

√
log3 n

nhn
+

√
hn log n

n
+ hℓn

)
.

Second in Section 1.B.2, when the derivative is linear, we directly couple the deriva-

tive evaluated at the preliminary estimator to obtain a Gaussian process Zn with

the same distribution as above satisfying

sup
y
|ϕ′
θ0
(F̂n − FY |X , f̂n − fX)− ϕ′

θ0
(ZF,n, Zf,n)| = Op(bn),

for some bn which depends on whether the derivative is mean-square continuous or

not. Moreover, we can show that

∥F̂n − FY |X∥BL = Op

(√
log n

nh3n
+ hℓn

)
,

where ℓ quantifies the smoothness of FY |X . Using these results, we apply in Section

1.B.2 both Delta methods Theorem 1 and 2. As Theorem 2 is directed towards

univariate functionals, we apply it here to the point-evaluation functionals for y ∈
R.26 Theorem 2 implies for both of the above couplings

lim
n→∞

sup
t∈R

∣∣P(ϕ(θ̂n)(y)− ϕ(θ0)(y) ≤ t)− P
(
ϕ′
θ0
(Zn)(y) ≤ t

)∣∣ = 0, ∀y ∈ [0, 1]

under the undersmoothing condition
√
nh2ℓn → 0 and nh6n → ∞ when the deriva-

26We show in Lemma 29 in the Appendix that these point-evaluations are sublinear and Lipschitz
continuous as well as the supremum over the point-evaluations.
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tive is linear and mean-square continuous and under the undersmoothing condition√
nh2ℓ+1

n → 0 and nh5n → ∞ in the other cases. To the best of our knowledge,

these conditions are the only ones currently available. Moreover, other methods of

analysis as for example in Chernozhukov et al. (2013b), Andrews and Shi (2014),

Firpo et al. (2019) and Semenova (2023) cannot be directly applied here.

We want to stress that this distributional approximation holds regardless of the

underlying conditional distribution function as long as the rate requirements and the

well-separatedness condition hold. This is a demanding property as the approximate

distribution changes considerably under different conditional distribution functions.

For example, when x 7→ FY |X(y, x) is increasing, we have ϕ′
F (Zn)(y) = Z1,n(y, 1),

while in the decreasing case, ϕ′
F (Zn)(y) =

∫
Z1,n(y, x)fX(x)dx. In the first case,

the approximate distribution converges at the usual nonparametric rate and at the

parametric rate in the second case. Moreover, if for example Y ⊥⊥ X, ϕ′
F (Zn) =

ϕ(Z1,n, fX)(y) in which case it is hard to derive a precise rate of convergence.

The rate requirements on the bandwidth in the case when the derivative is linear

and mean square continuous is restrictive. Since ϕ is even 2-Fréchet directionally

differentiable with respect to the sup-norm instead of the bounded Lipschitz norm,

we can also apply Theorem 2 with respect to the sup-norm. In this case,

an =

√
log n

nhn
, bn =

(
log4 n

n3

)1/4

+

√
log5 n

n2
+

√
hn log n

n
+ hℓn

and

σ−1
n = O(

√
n).

Theorem 2 now requires

log2 n

nh2n
→ 0 and nh2ℓn → 0

improving over the aforementioned rate requirements. This illustrates the depen-

dence of our Delta method results with respect to the chosen norm on D.
Consistency Bootstrap:

We use the following Gaussian multiplier bootstrap in order to estimate the distri-

bution of the Nadaraya-Watson conditional distribution estimator and the kernel

density estimator. Let ηi, i = 1, . . . , n, be i.i.d. standard normally distributed ran-
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dom variables which are independent of the data Dn = {(Yi, Xi) : i = 1, . . . , n} and

set

Ẑn,F (x, y) =
1

nhnf̂n(x)

n∑
i=1

ηiKh(Xi − x)
(
1{Yi ≤ y} − F̂Y |X,n(y, x)

)
Ẑn,f (x) =

1

nhn

n∑
i=1

ηi
(
Kh(Xi − x)− f̂n(x)

)
.

We show in Lemma 41 that Assumption 3 holds with dn = an, sn = o((nhn log n)
−1/2)

in the nonlinear derivative case and sn = o((n log n)−1/2) when the derivative is lin-

ear and mean square continuous. This Gaussian multiplier

As an estimator of the derivative we choose

ϕ̂′
n,F (h)(y) =

∫
max

x′∈Ψ̂n(y,x)
h(y, x′)f̂n(x)dx

ϕ̂′
n,f (g)(y) =

∫
max
x′≥x

F̂n(y, x
′)g(x)dx

where

Ψ̂n(y, x) = {x′ ≥ x | F̂n(y, x′) + ẑnσ̂n(y, x
′) ≥ max

x̃≥x
F̂n(y, x̃)− ẑnσ̂n(y, x̃)}.

Here, σ̂n(y, x) denotes an estimator of the standard deviation of F̂n(y, x)−FY |X(y, x)

and ẑn is an estimator of the βn quantile of supy,x| ˆFY |Xn(y, x)−FY |X(y, x)|/σ̂n(y, x)
with βn → 1 sufficiently slowly. In our simulations, we took βn = 1 − 0.01/ log n.

We show in Lemma 40 in the Appendix, that this estimator satisfies Assumption 4

with ηn = (log n/(nhn))
1/4. Hence, this bootstrap of the plug-in estimator satisfies

our general bootstrap assumptions and Theorem 4 applies under the rate require-

ment log5 n/(nh5n) → 0 when the derivative is nonlinear or linear but mean square

discontinuous and log3 n/(nh7n) → 0 when the derivative is linear and mean square

continuous. In the nonlinear case, these are similar requirement as needed for the

Delta method in Theorem 2 to hold but in the linear and mean square continuous

case, we require here a larger bandwidth. The latter is again due to the chosen

norm on D. If we endow D with the sup-norm instead, we can improve the rate

requirements for the bootstrap as indicated in our discussion of the Delta method

above.
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Simulation Results

In this section, we present results of a small Monte Carlo study to illustrate the

finite-sample performance of our proposed procedures in the setting of the example

on bargaining bounds from Freyberger and Larsen (2021).

We consider four data generating processes corresponding to the examples dis-

cussed in Section 1.B.2. Across all designs X is sampled from a uniform distribu-

tion on [0, 1] and Y is sampled from a truncated normal on [0, 1] with standard

deviation 1/3 and design-specific mean. In our first design, we take the mean

mdec(x) = x, resulting in a decreasing conditional mean function. In the second

design, minc(x) = 1− x and the conditional distribution function is increasing in x.

For our third design, we choose the conditional mean to be constant, mind(x) = 1/2,

corresponding to independence of Y and X. In our last design, we take

m4(x) = −1

3
sin(4πx) +

x2

3
+ 0.65.

Our last design corresponds to the case where the partial derivatives x 7→ ∂xFY |X(y, x)

have finitely many zeros as discussed in Section 1.B.2. As discussed there, these four

DGPs should correspond to different behavior of the plug-in estimator. As we do

not know any of these shape information in practice, we use for our estimator the

same bandwidths in any of the above DGPs. Potentially, one can improve consider-

ably by using a data-dependent bandwidth selection rule, but this is left for future

research.

For all DGPs, we generated 200 independent samples of sample size n = 1000,

and we implemented both the Nadaraya-Watson estimator and the kernel density

estimator using the rectangular kernel and the same bandwidth. The bandwidth hn

is chosen according to the rule

hn =

∫
K(v)2dv

(
∫
v2K(v)dv)2

n−3/7.

The rate factor n−3/7 is chosen to guarantee undersmoothing and the first factor is a

ratio measuring the kernel specific parts of the first order leading terms of the MSE

of the Nadaraya-Watson. This choice of bandwidth is rather arbitrary and has not

the aim to be optimal.

We simulate pointwise one-sided 95%-confidence intervals using the standard
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bootstrap, our Delta method based approach27 as proposed in Section 1.B.2 and

projection confidence intervals. The projection intervals are based on uniform bands

for the conditional distribution and density. Further details are given in Section

1.B.2. The performance of these confidence intervals is measured by their pointwise

coverage probability and the average distance of the lower confidence bound to the

plug-in estimator, which we call average length in the following.

Our results are depicted in Figures 1.B.1 and 1.B.2. The standard bootstrap

and Delta method based confidence intervals seem to be preferable compared to the

projection intervals. The projection intervals are very conservative, having 100%

coverage across all DGPs and lead to much wider confidence bands than the other

two approaches. While both the standard bootstrap and Delta method based confi-

dence interval are severely conservative in the second and fourth DGP, the standard

bootstrap intervals undercover both in the decreasing and independent DGP. In

these cases, the Delta method based intervals perform much better and only slightly

undercover in the independent DGP, while having a similar average length as the

standard intervals across all DGPs.

Our results suggest that the standard bootstrap and Delta method based confi-

dence intervals can adapt to the DGPs. The confidence intervals are roughly half

as wide in DGPs 1 and 4 as compared to DGPs 2 and 3. From the theoretical

analysis one might expect even smaller confidence intervals in DGP 1 as this DGP

allows for
√
n-convergence while the other DGPs only converge at nonparametric

rates. Therefore, the adaption to the DGP seems to be limited. It might be inter-

esting to see whether data-dependent choices of the bandwidth can lead to a better

adaptiveness of the confidence intervals.

Proof of differentiability

The Gâteaux directional derivative of ϕ is given by

ϕ′
FY |X ,f

(h, g) = ϕ′
FY |X

(f, h) + ϕ′
f (FY |X , g)

where

ϕ′
FY |X

(f, h) =

∫
max

x′∈Φ(y,x)
h(y, x′)f(x)dx

27We depict some realizations of the resulting confidence bands in Section 1.C.2.
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Figure 1.B.1: The left column presents estimates of the pointwise coverage probabil-
ities and the right column the average length of the confidence intervals. The solid
line corresponds to the Delta method confidence intervals, the dashed line to pro-
jection intervals and the dotted line to intervals based on the standard bootstrap.
The first row presents results in the decreasing DGP and the second row for the
increasing DGP.
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Figure 1.B.2: The left column presents estimates of the pointwise coverage prob-
abilities and the right column the average length of the confidence intervals. The
solid line corresponds to the Delta method confidence intervals, the dashed line to
projection intervals and the dotted line to intervals based on the standard bootstrap.
The first row presents results in the independent DGP and the second row for the
fourth DGP.
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and

ϕ′
f (FY |X , g) =

∫
max
x′≥x

FY |X(y, x
′)g(x)dx.

Note that in general, the Gâteaux directional derivative does not need to be ad-

ditively separable as in the above form. If the Gâteaux directional derivative is

continuous in (FY |X , f), then this additive separability can be reassured. Moreover,

in this continuous case, the derivative will be linear and therefore the mapping fully

differentiable instead of only directionally differentiable.

For our differentiability result, we need some notion of well-separability of the

local maxima of x 7→ FY |X(y, x). This condition can also be interpreted as a mea-

sure of identifiability of the restricted argmax sets Ψ(y, x). It is similar to the

well-separatedness condition used in the maximum of a conditional mean function

example, but allows for regions of weak identifiability.

Assumption 12 (Well-separatedness Condition). Let Ψ(y, x) := argmaxx′≥x

FY |X(y, x
′) and Ξ be some finite subset of [0, 1]. For some constants c1, c2, δ > 0 and

ρ, α ≥ 1 independent of (y, x), it holds for all y, x ∈ [0, 1] and x̃ ≥ x

max
x′≥x

{FY |X(y, x
′)} − FY |X(y, x̃) ≥ (c1d(x̃,Ψ(y, x))ρ) ∧ (c2d(x,Ξ)

α) ∧ δ. (1.23)

While we assume this condition to hold everywhere, it is sufficient to only as-

sume this condition to hold Lebesgue almost everywhere since ϕ averages over the

restricted maximum.

In the following Lemma, we give examples of conditional distribution functions

satisfying this requirement.

Lemma 27. (i) Suppose that FY |X(y, x) is strictly increasing in x for all y with

∂xFY |X(y, x) ≥ c > 0 for all x and y. Then FY |X satisfies (1.23) with ρ = 1,

c1 = c and c2, α arbitrary. Further, ϕ is 2-Frèchet directionally differentiable

and its derivative reduces to ϕ′
FY |X

(h, f)(y) = h(y, 1).

(ii) Suppose that FY |X(y, x) is strictly decreasing in x for all y with ∂xFY |X(y, x) ≤
c < 0 for all x and y. Then FY |X satisfies (1.23) with ρ = 1, c1 = c and c2, α

arbitrary. Further, ϕ is 2-Fréchet directionally differentiable and its derivative
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reduces to

ϕ′
FY |X

(h, f)(y) =

∫
h(y, x)f(x)d(x).

(iii) Suppose that Y and X are independent. Then FY |X satisfies (1.23) with c1, c2, ρ

and α arbitrary. Further, ϕ is 2-Fréchet directionally differentiable.

(iv) Suppose that Y = m(X) + ε with ε |X ∼ G. G has a density g with respect

to the Lebesgue measure on [0, 1] and g is twice continuously differentiable and

bounded away from zero and infinity. m is two times continuously differentiable

with a Lipschitz continuous second derivative. m has a finite number of local

minimizers 0 < x1 < x2 < · · · < xm < 1 with corresponding values m(x1) <

m(x2) < · · · < m(xm). These local minimizers are well separated in the sense

that m(xj)−m(xj−1) ≤ −δ for some δ > 0 and all j = 2, . . . ,m. Further, the

second derivative of m has at most 2(m−1) zeros and satisfies minjm
′′(xj) ≥ c.

Then FY |X satisfies (1.23) with ρ = 2, c1 and c2 some constants bounded

away from zero, α = 1 and Ξ is finite. Further, ϕ is 2-Fréchet directionally

differentiable.

Proof. (i): In this case Ψ(y, x) = {1}, for all (y, x), and by the lower bound on the

derivative, for any x̃ ≥ x,

FY |X(y, 1)− FY |X(y, x̃) =

∫ 1

x̃

∂FY |X(y, t)

∂x
dt ≥ c(1− x̃) = c d(x̃,Ψ(y, x)).

(ii): Here, Ψ(y, x) = {x}, for all (y, x), and again by the lower bound on the

derivative, for any x̃ ≥ x,

FY |X(y, x)− FY |X(y, x̃) =

∫ x̃

x

−
∂FY |X(y, t)

∂x
dt ≥ c d(x̃,Ψ(y, x)).

(iii): Under independence, the conditional distribution function does not change

in x, i.e., there is some function FY |X(y) such that FY |X(y, x) = FY |X(y) for all x.

Therefore, the argmax set satisfies Ψ(y, x) = [x, 1] in this case and maxx′≥x FY |X(y, x
′)−

FY |X(y, x̃) = 0 for all x̃ ≥ x.

(iv) It holds FY |X(y, x) = G(y −m(x)). Then,

∂FY |X(y, x)

∂x
= −g(y −m(x))m′(x)
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∂2FY |X(y, x)

∂x2
= g′(y −m(x))(m′(x))2 − g(y −m(x))m′′(x)

Note that any local minimizer of m corresponds to a local maximizer of FY |X uni-

formly over y. Moreover, by the assumed structure on the local minimizers of m,

the restricted argmax set Ψ(y, x) satisfies

Ψ(y, x) =



{x1} , if x ∈ [0, x1]

{x} , if x ∈ (x1, ξ1)

{x, x2} , if x = ξ1

{x2} , if x ∈ (ξ1, x2]

{x} , if x ∈ (x2, ξ2)

{x, x3} , if x = ξ2

. . .

{xm−1} , if x ∈ (ξm−2, xm−1]

{x} , if x ∈ (xm−1, ξm−1)

{x, xm} , if x = ξm−1

{xm} , if x ∈ (ξm−1, xm]

{x} , if x ∈ (xm, 1]

for some values ξj, j = 1, . . . ,m− 1 which are the solution to the equation

FY |X(y, ξj−1) = FY |X(y, xj).

These ξj do not depend on y, since G is invertible and therefore the above equation

is equivalent to m(ξj−1) = m(xj). There are only m − 1 many of these values by

the assumed upper bound on the zeros of the second derivative. In order to see

this, note that for any x sufficiently close to xj−1, we have m′(x) > 0 and for any

x sufficiently close to xj, it holds m′(x) < 0. As the derivative is continuous, the

derivative has to attain zero in the interior of [xj−1, xj]. This also implies that the

second derivative has to have attained at least twice the value zero in the interior

of [xj−1, xj]. By the assumed upper bound on the zeros of the second derivative, it

attains zero exactly twice. This then implies that the first derivative attains zero

exactly once in the interior. Denote this zero by ζ. Since m′(x) > 0 for all x < ζ
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and m′(x) < 0 for all x > ζ, ξj−1 has to lie to the left of ζ and m(ζ) > m(xj).

This implies by the intermediate value theorem that there exists exactly one ξj−1.

Finally, since there are m− 1 intervals of the form [xj−1, xj], the claim follows.

The above arguments show that the first derivative of m is bounded from below

on the interval [xj−1 + ε, ξj−1], where ε > 0. That is, m′(x) ≥ c1(ε) for all x ∈
[xj−1 + ε, ξj−1]. Taking ε sufficiently small, we can make this lower bound uniform

over j. This implies for any x ∈ [xj−1 + ε, ξj−1]

m(x) ≤ m(ξj−1) + c1(ε)(x− ξj−1),

i.e., m(xj) − m(x) ≥ c1(ε)d(x, ξj). This implies the following well-separatedness

conditions for x ∈ [xj−1 + ε, ξj−1] and x
′ ∈ [x, ξj−1]

FY |X(y, x)− FY |X(y, x
′) =

∫ x′

x

g(y −m(t))m′(t)dt ≥ gc1(ε)d(x
′,Ψ(y, x)),

where g denotes a lower bound on g. Moreover, for any x′ > ξj−1, FY |X(y, x
′) ≤

FY |X(y, xj) since xj corresponds to the next smallest local minimum of m. Hence,

for any x ∈ [xj−1 + ε, ξj−1] and x
′ ≥ x, we have

FY |X(y, x)− FY |X(y, x
′) ≥ FY |X(y, x)− FY |X(y, ξj−1) ≥ gc1(ε)d(x, ξj−1)

We can make this bound hold uniformly over j, by defining Ξ = {ξj : j = 1, . . . ,m−
1}. Then, for any j and any x ∈ [xj−1 + ε, ξj−1] and x

′ ≥ x, we have

FY |X(y, x)− FY |X(y, x
′) ≥ gc1(ε)d(x,Ξ).

Thus, if x ∈ [xj−1 + ε, ξj−1] and x̃ ≥ x,

max
x′≥x

FY |X(y, x
′)− FY |X(y, x̃) ≥ gc1(ε)

(
d(x̃,Ψ(y, x)) ∧ d(x,Ξ)

)
.

The case x ∈ (xm, 1] follows analogously with a qualitatively similar bound and is

omitted in order to preserve space.

If x ∈ [0, x1] or (ξj−1, xj], after potentially decreasing the ε from above, there is

a constant C which only depends on c and the bounds of the density g such that

sup
d(x′,X)≤ε

∂2FY |X(y, x
′)

∂x2
≤ −C

2
. (1.24)
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Here X denotes the collection of local minimizers, i.e., X = {xj : j = 1, . . . ,m}.
Thus, for any j and x such that |x′ − xj| ≤ ε, by a second order Taylor expansion

FY |X(y, x
′)− FY |X(y, xj) ≤ − c

4
d(x′,Ψ(y, x))2

or equivalently, maxx̃≥x FY |X(y, x̃)−FY |X(y, x
′) ≥ C/4d(x′,Ψ(y, x))2. Next, for any

x′ such that |x′−xj| > ε, we have either FY |X(y, x
′) ≤ FY |X(y, xj+1) ≤ FY |X(y, xj)−δ

or FY |X(y, xj+1) ≤ FY |X(y, x
′). In the latter case, we have by the same argu-

ments as above that FY |X(y, x
′) decreases at least linearly for all |x′ − xj| > ε

with FY |X(y, x
′) > FY |X(y, xj+1). Hence, by potentially lowering δ, we have

max
x̃≥x

FY |X(y, x̃)− FY |X(y, x
′) ≥ δ,

for all x′ satisfying |x′ − xj| > ε. Thus, if x ∈ [0, x1] or (ξj−1, xj], for all x
′ ≥ x,

max
x̃≥x

FY |X(y, x̃)− FY |X(y, x
′) ≥

(
C/4d(x′,Ψ(y, x))2

)
∧ δ.

Next, let x ∈ (xj, xj+ε], j = 1, . . .m. For any η ∈ (0, ε], by (1.24) andm′(xj) = 0

∂FY |X(y, xj + η)

∂x
=
∂FY |X(y, xj)

∂x
+

∫ xj+η

xj

∂2FY |X(y, t)

∂x2
dt ≤ −C

2
η.

Hence, for any x̃ ∈ [x, xj + ε],

FY |X(y, x)− FY |X(y, x̃)− =

∫ x

x̃

∂FY |X(y, t)

∂x
dt ≥ C

4
[x̃2 − x2] ≥ Cx1

2
d(x̃,Ψ(y, x)).

Moreover, by L-Lipschitz continuity of FY |X ,

FY |X(y, xj)− FY |X(y, xj + ε) ≤ Lε

and as FY |X(y, x) ≥ FY |X(y, xj + ε), we have for all x̃ ≥ x

FY |X(y, x)− FY |X(y, x̃) ≥FY |X(y, xj)− FY |X(y, x̃) + FY |X(y, xj + ε)− FY |X(y, xj)

≥δ − Lε,

where we used that FY |X(y, xj)− FY |X(y, x̃) ≥ δ by the above argument. Thus, for
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any x ∈ (xj, xj + ε], j = 1, . . .m, and any x̃ ≥ x

FY |X(y, x)− FY |X(y, x̃) ≥
(
Cx1
2
d(x̃,Ψ(y, x))

)
∧
(
δ − Lε

)
.

To conclude, we have shown that there exists a finite collection Ξ and some constants

c1, c2, c3 and δ, so that for any y, x ∈ [0, 1] and any x̃ ≥ x,

max
x′≥x

FY |X(y, x
′)− FY |X(y, x̃)

≥


{c1d(x̃,Ψ(y, x))2} ∧ δ , if x ∈ [0, x1] or x ∈ (ξj−1, xj]

{c2d(x̃,Ψ(y, x))} ∧ δ , if x ∈ (xj, xj + ε]

{c3d(x̃,Ψ(y, x))} ∧ c3d(x,Ξ) , if x ∈ (xj + ε, ξj).

Since d(x̃,Ψ(y, x)) ≥ d(x̃,Ψ(y, x))2 for all x̃, x, y, we have that for all y, any x ∈ [0, 1]

and x̃ ≥ 1,

max
x′≥x

FY |X(y, x
′)− FY |X(y, x̃) ≥

(
c4d(x̃,Ψ(y, x))2

)
∧
(
c3d(x,Ξ)

)
∧ δ,

where c4 denotes the minimum of c1, c2 and c3. The claim follows.

We want to give two further examples to illustrate the behavior of the numbers

of zero of the partial derivative with respect to x. Consider for example (Y,X) with

ε = Y −m(X), E[Y |X] = m(X) and ε|X ∼ F . Then

θ(y, x) = F (y −m(x))

and

∂xθ(y, x) = −f(y −m(x))m′(x)

which is zero exactly when m′(x) = 0. Thus, the number and locations of the zeros

are fully determined by m(x). Moreover,

∂xxθ(y, x) = f ′(y −m(x))(m′(x))2 − f(y −m(x))m′′(x).

In particular, for any x such that m′(x) = 0, the sign of the curvature is fully

determined by m′′(x). Furthermore, we can bound the size of the curvature at any
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such zero by assuming a bound on the density f and m′′ at these zeros.

Consider on the other hand a location scale model, Y = m(X) + σ(X)ε with

ε|X ∼ F . Here, E[Y |X] = m(X), Var(Y |X) = σ2(X) and

θ(y, x) = F

(
Y −m(X)

σ(X)

)
with

∂xθ(y, x) = −f
(
y −m(x)

σ(x)

){
y −m(x)

σ(x)

σ′(x)

σ(x)
+
m′(x)

σ(x)

}
Here, not only the location of the zeros may depend on y but also the number.

The following Lemma shows (γ, ∥·∥∗)-Fréchet directional differentiability of ϕ.

Here, we use the norm ∥(h, g)∥∗ = ∥h∥BL ∨ ∥g∥∞, where

∥h∥BL = sup
y

{
sup
x
|h(y, x)| ∨ sup

x ̸=x′

|h(y, x)− h(y, x′)|
|x− x′|

}
.

Lemma 28. For any (y, x), let Ψ(y, x) = argmaxx′≥x FY |X(y, x
′) denote the argmax

set at (y, x). Further, suppose that the well-separatedness condition (1.23) holds.

Then, ϕ is ( ρ
ρ−1

∧α+1
α

∧2)-Frèchet directionally differentiable at (FY |X , f) with deriva-

tive ϕ′
FY |X ,f

(h, g) = ϕ′
FY |X

(f, h) + ϕ′
f (FY |X , g), where

ϕ′
FY |X

(h, f) =

∫
max

x′∈Φ(y,x)
h(y, x′)f(x)dx

and

ϕ′
f (FY |X , g) =

∫
max
x′≥x

FY |X(y, x
′)g(x)dx.

Proof of Lemma 28: We only discuss the case ρ > 1. The case ρ = 1 can be handled

using the same arguments as in the proof of Proposition 1.

For any bounded and Lipschitz continuous function h and bounded continuous

function g,

ϕ(FY |X + h, f + g) =

∫
max
x′≥x

{FY |X(y, x
′) + h(y, x′)}f(x)dx

+

∫
max
x′≥x

{FY |X(y, x
′) + h(y, x′)}g(x)dx.
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We can further decompose∫
max
x′≥x

{FY |X(y, x
′) + h(y, x′)}f(x)dx = ϕ(FY |X , f) + ϕ′

FY |X
(h, f) +R1

and ∫
max
x′≥x

{FY |X(y, x
′) + h(y, x′)}g(x)dx

=ϕ′
f (FY |X , g) +

∫
max

x′∈Φ(y,x)
h(y, x′)g(x)dx+R2,

where

R1 =

∫ {
max
x′≥x

{FY |X(y, x
′) + h(y, x′)} − max

x′∈Ψ(y,x)
{FY |X(y, x

′) + h(y, x′)}
}
f(x)dx

R2 =

∫ {
max
x′≥x

{FY |X(y, x
′) + h(y, x′)} − max

x′∈Ψ(y,x)
{FY |X(y, x

′) + h(y, x′)}
}
g(x)dx.

In (i), we will show that for all x ∈ [0, 1]

sup
y

∣∣max
x′≥x

{FY |X(y, x
′) + h(y, x′)} −max

x′≥x
FY |X(y, x

′)− max
x′∈Ψ(y,x)

h(y, x′)
∣∣ ≤ 1

c1
∥h∥

ρ
ρ−1

BL ,

(1.25)

whenever ∥h∥BL < c2x
α. In (ii), we show that this implies

sup
y
|R1| ≤

(
1

c1
∥h∥

ρ
ρ−1

BL +
1

c2
∥h∥

α+1
α

BL

)
∥f∥∞ (1.26)

sup
y
|R2| ≤

(
1

c1
∥h∥

ρ
ρ−1

BL +
1

c2
∥h∥

α+1
α

BL

)
∥g∥∞. (1.27)

Further, by the Cauchy-Schwarz inequality and properties of the sup-norm,∣∣∣∣∫ max
x′∈Φ(y,x)

h(y, x′)g(x)dx

∣∣∣∣ ≤ ∥h∥BL∥g∥∞.

Combining these results, yields

sup
y
|ϕ(FY |X + th, f + tg)− ϕ(FY |X , f) + ϕ′

FY |X
(h, f) + ϕ′

f (FY |X , g)|

≤
(

1

c1
∥h∥

ρ
ρ−1

BL +
1

c2
∥h∥

α+1
α

BL

){
∥f∥∞ + ∥g∥∞

}
+ ∥h∥BL∥g∥∞.
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As ∥h∥BL, ∥g∥∞ → 0 and by the elementary inequality ab ≤ (a ∨ b)2 for a, b ≥ 0(
1

c1
∥h∥

ρ
ρ−1

BL +
1

c2
∥h∥

α+1
α

BL

){
∥f∥∞ + ∥g∥∞

}
+ ∥h∥BL∥g∥∞

=O
(
(∥h∥BL ∨ ∥g∥∞)

ρ
ρ−1

∧α+1
α

∧2).
It remains to show (1.25)-(1.27).

(i) This follows essentially by the same arguments as in the proof of Proposi-

tion 1. Fix some y ∈ R and x ∈ [0, 1]. Let Ψ(y, x) = argmaxx′≥x FY |X(y, x
′) and

Ψh(y, x) = argmaxx′≥x{FY |X(y, x
′)+h(y, x′)}. Further, let x∗(x) ∈ argminx′∈Ψ(y,x)|x−

x′|. Now, for any xh ∈ Ψh(y, x),

FY |X(y, xh) + h(y, xh) ≤FY |X(y, xh) + h(y, x∗(xh)) + ∥h∥BLd(xh,Ψ(y, x))

FY |X(y, xh) + h(y, xh) ≥ ¯FY |X(y) + max
x′∈Ψ(y,x)

h(y, x′) ≥ ¯FY |X(y) + h(y, x∗(xh)),

where ¯FY |X(y) = maxx′∈Ψ(y,x) FY |X(y, x
′). This implies

¯FY |X(y)− FY |X(y, xh) ≤ ∥h∥BLd(xh,Ψ(y, x)).

Whenever ∥h∥BL < c2d(x,Ξ)
α ∧ δ =: δ(x), by the well-separatedness condition

d(xh,Ψ(y, x)) ≤ 1

c1
∥h∥

1
ρ−1

BL =: ε(h).

Now, (1.25) follows by the same computations as in the proof of Proposition 1.

(ii) We only show (1.26). (1.27) follows by the same arguments replacing f by

g. Now, let A = {x : ∥h∥ < δ(x)} and denote by Ac = [0, 1] \A. We can decompose

R1 into∫ {
max
x′≥x

{FY |X(y, x
′) + h(y, x′)} − max

x′∈Ψ(y,x)
{FY |X(y, x

′) + h(y, x′)}
}
f(x)dx

=

∫
A

{
max
x′≥x

{FY |X(y, x
′) + h(y, x′)} − max

x′∈Ψ(y,x)
{FY |X(y, x

′) + h(y, x′)}
}
f(x)dx

+

∫
Ac

{
max
x′≥x

{FY |X(y, x
′) + h(y, x′)} − max

x′∈Ψ(y,x)
{FY |X(y, x

′) + h(y, x′)}
}
f(x)dx.
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On A, we can bound the integrand by (1.25)∣∣∣∣∫
A

{
max
x′≥x

{FY |X(y, x
′) + h(y, x′)} − max

x′∈Ψ(y,x)
{FY |X(y, x

′) + h(y, x′)}
}
f(x)dx

∣∣∣∣
≤ 1

c1
∥h∥

ρ
ρ−1

BL ∥f∥∞.

On Ac, by properties of the maximum and since x′ 7→ FY |X(y, x
′) is constant on

Ψ(y, x),

0 ≤max
x′≥x

{FY |X(y, x
′) + h(y, x′)} − max

x′∈Ψ(y,x)
{FY |X(y, x

′) + h(y, x′)}

≤ ¯FY |X(y) + max
x′≥x

h(y, x′)− ¯FY |X(y)− max
x′∈Ψ(y,x)

h(y, x′) ≤ ∥h∥BL.

Hence,∣∣∣∣∫
Ac

{
max
x′≥x

{FY |X(y, x
′) + h(y, x′)} − max

x′∈Ψ(y,x)
{FY |X(y, x

′) + h(y, x′)}
}
f(x)dx

∣∣∣∣
≤∥h∥BL∥f∥∞Leb(Ac),

where Leb(A) denotes the Lebesgue measure of set A. Further, since Ac = {x :

d(x,Ξ) ≤ ∥h∥1/αBL /c2}, Leb(Ac) ≤ ∥h∥1/αBL#Ξ/c2 implying

sup
y
|R1| ≤

(
1

c1
∥h∥

ρ
ρ−1

BL +
#Ξ

c2
∥h∥

α+1
α

BL

)
∥f∥∞.

The claimed result follows.

Lemma 29. The derivative ϕ′
FY |X ,f

(h, g) in Proposition 28 is 1-Lipschitz continuous

and convex for each y. Further, supy ϕ
′
FY |X ,f

(h, g)(y) is sublinear and 1-Lipschitz

continuous.

Proof. Recall that ϕ′
FY |X ,f

(h, g) = ϕ′
FY |X

(f, h) + ϕ′
f (FY |X , g), where

ϕ′
FY |X

(h, f) =

∫
max

x′∈Φ(y,x)
h(y, x′)f(x)dx

and

ϕ′
f (FY |X , g) =

∫
max
x′≥x

FY |X(y, x
′)g(x)dx.
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Since for any h, h′ and g, g′

|ϕ′
FY |X ,f

(h, g)− ϕ′
FY |X ,f

(h′, g′)|

≤|ϕ′
FY |X

(h, f)− ϕ′
FY |X

(h′, f)|+ |ϕ′
f (FY |X , g)− ϕ′

f (FY |X , g
′)|

and

|ϕ′
FY |X

(h, f)− ϕ′
FY |X

(h′, f)| ≤
∫ ∣∣∣∣ max

x′∈Φ(y,x)
h(y, x′)− max

x′∈Φ(y,x)
h(y, x′)

∣∣∣∣f(x)dx
≤∥h− h′∥∞

∫
f(x)dx = ∥h− h′∥∞

as well as

|ϕ′
f (FY |X , g)− ϕ′

f (FY |X , g
′)| ≤ ∥g − g′∥∞,

where we used that FY |X(y, x) ≤ 1 as it is a conditional distribution function. Thus,

|ϕ′
FY |X ,f

(h, g) − ϕ′
FY |X ,f

(h′, g′)| ≤ ∥h − h′∥∞ + ∥g − g′∥∞, i.e., ϕ′
FY |X ,f

is 1-Lipschitz

continuous.

Secondly, for any y, ϕ′
FY |X

is convex since for all h, h′ and λ ∈ [0, 1]

ϕ′
FY |X

(λh+ (1− λ)h′, f)

=

∫
max

x′∈Φ(y,x)
{λh(y, x′) + (1− λ)h′(y, x′)}f(x)dx

≤λ
∫

max
x′∈Φ(y,x)

h(y, x′)f(x)dx+ (1− λ)

∫
max

x′∈Φ(y,x)
h′(y, x′)f(x)dx

=λϕ′
FY |X

(h, f) + (1− λ)ϕ′
FY |X

(h′, f).

Further, ϕ′
f is convex as it is linear in g. Thus, ϕ′

FY |X ,f
is convex as it is the sum of

two convex functions.

The next lemma gives some further analytic properties of the derivative when it

is linear. These properties are needed for the strong approximations in Lemma 36.

Lemma 30. Suppose that the derivative is linear. Then, for any y, there exists a

unique monotonely increasing càdlàg function x∗ : [0, 1] → [0, 1] with x∗(x) ∈ [x, 1]

so that

ϕ′
FY |X

(h)(y) =

∫
h(y, x∗(x))fX(x)dx
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for all h. Finally, if x∗ is strictly increasing, x∗(x) = x.

Proof. The derivative is linear if and only if Ψ(y, x) is almost everywhere unique

when holding y fixed. That is, for any y, there exist selections x̃(x) ∈ Ψ(y, x), for

all x, which are a.e. unique and satisfy, for all h,

ϕ′
FY |X

(h)(y) =

∫
h(y, x̃(x))fX(x)dx.

Let x∗(x) denote the selection which always chooses maxΨ(y, x). Note that it is

well-defined by continuity of FY |X . By definition of the argmax set Ψ(y, x), we have

for any x < x′, x∗(x) ≤ x∗(x′) and therefore this selection is monotonely increasing.

It remains to show that x∗ is càdlàg. For the continuity from the right, let xn ↓ x
for some arbitrary x. If maxΨ(y, x) ∈ (x, 1), then there exist some N so that for

all n ≥ N , we have Ψ(y, xn) = Ψ(y, x) and therefore x∗(xn) = x∗(x). If otherwise

maxΨ(y, x) = x, then by the well-separatedness condition, there exists a δ(x) such

that for any x̃ satisfying |x̃−x| < δ(x), we have ∥Ψ(y, x)−maxΨ(y, x̃)| < δ(x) and

therefore x∗ is continuous from the right.

For the existence of a limit from left, let xn ↑ x for some arbitrary x ∈ [0, 1].

If Ψ(y, x) = x, then for all x̃ satisfying x̃ < x, it holds Ψ(y, x̃) ∈ {x̃, x}. When

Ψ(y, x̃) = x, it holds for all x′ ∈ (x̃, x), Ψ(y, x′) = x and therefore x∗(x′) is constant

on [x̃, x] and clearly the left limit exists. Now suppose that Ψ(y, x̃) = x̃ and fix some

ε < x − x̃. Since xn ↑ x, there is some N such that for all n ≥ N , x − xn < ε. By

monotony of x∗, it holds x∗(xn) ∈ [xn, x] for all n and therefore limn→∞ x∗(xn) = x.

Hence, x∗ is even continuous in this case. If otherwise Ψ(y, x) > x, then either there

exist some x̃ so that x∗ is constant on (x̃, x] and therefore the limit exists or by the

same argument as above, we can show that x∗(xn) converges to x.

In order to see the final claim, suppose by contradiction that x∗ is discontinuous

at x. Since x∗ is càdlàg, it has to be discontinuous from the left. That is, there

is a sequence xn ↑ x such that x∗(xn) does not converge to x∗(x). As we have

seen above, x∗ can only be discontinuous from the left when x∗(x) > x. But when

x∗(x) > x for some x, then x∗ is constant on [x, x∗(x)] and therefore x∗ cannot be

strictly increasing. Finally, note that since x∗(x) ≥ x and x∗(x) cannot be larger

than x, it holds x∗(x) = x in this case.

For the application of Theorem 2, we require a lower bound on the variance of

the derivative. Our derivation of such a lower bound depends on a representation
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result for the derivative which we prove in the following Lemma.

Lemma 31. The derivative ϕ′
θ0

can be represented for any fixed y ∈ (0, 1) as

ϕ′
θ0
(h, g)(y) = sup

ψ≤ϕ′θ0

ψ(h, g),

where the set {ψ ≤ ϕ′
θ0
} is a shorthand for

{ψ ≤ ϕ′
θ0
} = {ψ ∈ D∗|∀h, g : ψ(h, g) ≤ ϕ′

θ0
(h, g)(y)}.

The sets {ψ ≤ ϕFY |X} and {ψ ≤ ϕ′
f} are similarly defined. Then, it holds {ψ ≤

ϕ′
f} = {ϕ′

f} and

{ψ ≤ ϕFY |X} ⊃
{
h 7→

∫
h(y, x∗(x))fX(x)dx : x∗(x) ∈ Ψ(y, x)∀x ∈ [0, 1]

}
{ψ ≤ ϕFY |X} ⊂

{
h 7→

∫
h(y, x)dµ(x) : µ positive and finite Borel measure

}
.

Proof. Fix some arbitrary y ∈ (0, 1). The first part of the claim follows by Lemma 2

in our companion paper Scherer (2024). For the remainder, note that ϕ′
f evaluated

at y ∈ (0, 1) is a linear functional and therefore {ψ ≤ ϕ′
f} = {ϕ′

f}. Therefore, it only
remains to characterize the linear functionals which are dominated by the derivative

with respect to FY |X . For one direction, let x∗(x) ∈ Ψ(y, x) for all x and fixed

y ∈ (0, 1). Then, x∗(x) satisfies h(y, x∗(x)) ≤ maxx′∈Ψ(y,x) h(y, x
′) and therefore the

functional ψx given by

ψx(h) =

∫
h(y, x∗(x))fX(x)dx ≤

∫
max

x′∈Ψ(y,x)
h(y, x′)fX(x)dx = ϕ′

FY |X
(h).

Since h was arbitrary, this implies {ψx∗ : x∗(x) ∈ Ψ(y, x)∀x} ⊂ {ψ ≤ ϕ′
FY |X

} and

therefore {ψx∗ + ϕ′
fX

: x∗(x) ∈ Ψ(y, x)∀x} ⊂ {ψ ≤ ϕ′
θ0
}.

For the second claim, note that for fixed y, h(y, ·) ∈ C([0, 1]). We first argue

that any ψ ∈ {ψ ≤ ϕ′
FY |X

} necessarily is a positive linear functional. Suppose by

contradiction that ψ is not positive, that is, there exists some h satisfying h(y, x) ≥ 0

for all x and ψ(h) < 0. By linearity, this also implies ψ(−h) > 0. However, since

ϕ′
FY |X

(−h)(y) ≤ 0, this implies ϕFY |X (−h)(y) < ψ(−h), a contradiction.

This implies by the Riesz-Markov-Kakutani representation theorem, that for any

ψ ∈ {ψ ≤ ϕ′
FY |X

}, there is a unique positive and finite Borel measure µ on the Borel



110 Directionally Differentiable Functions

σ-field B([0, 1]) such that

ψ(h) =

∫ 1

0

h(y, x)dµ(x).

Finally, evaluating ψ at h(y, x) = 1 for all x ∈ [0, 1], implies ψ(h) = µ([0, 1]) ≤
ϕFY |X (h)(y) = 1. The claim follows.

Assumptions

Assumption 13. (i) Let U1, U2 be i.i.d. uniformly distributed on [0, 1] and set

X = F−1
X (U1) and Y = F−1

Y |X(U2 |X1). Further, let (Y1, X1), . . . , (Yn, Xn)

be a random sample following the same construction for a random sample of

(Ui,1, Ui,2), i = 1, . . . , n.

(ii) Xi has an (ℓ+1)-times continuously differentiable density f : R → R which is

bounded away from zero and infinity on [0, 1]

0 < cf ≤ f(x) ≤ Cf <∞, ∀x ∈ [0, 1]

(iii) FY |X is (ℓ + 1)-times continuously differentiable whose (ℓ + 1)th derivative

is Lipschitz continuous, satisfies the well-separatedness condition (1.23) for

ρ = 2, α = 1 and ∫∫
R2

∣∣∣∣∂fY |X(Y |X)

∂X

∣∣∣∣dY dX <∞.

(iv) K is a twice continuously differentiable and symmetric ℓth order kernel with

support [−1, 1].

(v) hn → 0, nh3n → ∞, nh5n/ log
24 n → ∞, nh2ℓ+3

n → 0,
√
n−1h−2

n → 0 at polyno-

mial rates in n.

These assumptions are rather standard assumptions in nonparametric regression.

Assumption (i) can be thought of as requiring an i.i.d. sample only. It is written

in this way in order to fit into the framework of the Rio-Massart coupling. The

well-separatedness condition in (1.23) is both needed for the differentiability of ϕ

and also in the derivation of the rate of the derivative estimator.
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Strong Approximation when the derivative is nonlinear

In this section, we derive a joint strong approximation of the NW estimator

of the conditional distribution and the KDE. While marginal strong approximation

results would be sufficient for the application of Theorem 1, we need a joint coupling

in order to verify the rate requirements in Theorem 2.

We construct the strong approximation using the Rio-Massart coupling. This

coupling requires that the probability space (Ω,A,P) is sufficiently rich in that it

supports a random variable which is uniformly distributed on [0, 1] and which is

independent of the data. This is not a strong restriction as we can always enrich an

original space by taking the product with [0, 1] equipped with the uniform measure

over Borel sets of [0, 1]. Therefore, we will assume in the following that (Ω,A,P) is
sufficiently rich in the above sense.

We construct a strong approximation of the estimators instead of the derivative

evaluated at the estimators. While we can represent the derivative in this exam-

ple as a supremum over linear functionals of the estimators, the entropy of these

linear functionals is in general too large to be a VC class as is required by the Rio-

Massart coupling. While the couplings in Koltchinskii (1994) and Chernozhukov

et al. (2014a) are also applicable function classes with such a large entropy, they

result in slower rates of convergence.

Lemma 32. Suppose Assumption 13 holds. Then, there exists a centered Gaussian

process Zn = (ZF,n, Zf,n) with covariance functions

ΣF (y, x, y
′, x′) =Cov(ZF,n(y, x), ZF,n(y

′, x′))

=
1

nh2nfX(x)fX(x
′)
E[Khn(Xi − x)Khn(Xi − x′)εi(y)εi(y

′)] (1.28)

Σf (x, x
′) =Cov(Zf,n(x), Zf,n(x

′))

=
1

nh2n
{E[Khn(Xi − x)Khn(Xi − x′)]

− E[Khn(Xi − x)] E[Khn(Xi − x′)]} (1.29)

ΣF,f (y, x, x
′) =Cov(ZF,n(y, x), Zf,n(x

′)) = 0, (1.30)

and almost surely continuous sample paths so that

∥(F̂n − FY |X)− ZF,n∥∞ ∨ ∥(f̂n − fX)− Zf,n∥∞
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=Op

((
log4 n

n3h4n

)1/4

+

√
log5 n

nhn
+

√
hn log n

n
+ hℓn

)
.

Proof. Using the construction in Assumption 13, we can reduce the coupling problem

to a coupling of the uniform empirical process h−1
n Gn(hx,y,d), where

hx,y,F (u1, u2) =
1

fX(x)
Khn(F

−1
X (u1)− x)

(
1{F−1

Y |X(u2 |F
−1
X (u1)) ≤ y} − u2

)
hx,y,f (u1) =Khn(F

−1
X (u1)− x)− E[Khn(F

−1
X (u1)− x)].

We collect all these functions in Hn = Hn,F ∪ Hn,f , where Hn,d = {hx,y,d : (x, y) ∈
[0, 1]2}, d ∈ {f, F}.

Indeed, by Lemma 33 and standard bounds on the bias of the KDE,

sup
x,y

∣∣(F̂n(y, x)− FY |X(y, x))− (nh2n)
−1/2Gn(hx,y,F )

∣∣ = Op

(√
hn log n

n
+ hℓn

)
sup
x

∣∣(f̂n(x)− fX(x))− (nh2n)
−1/2Gn(hx,y,f )

∣∣ = Op

(
hℓn
)
.

By Lemma 34, Hn is a VC class with functions which are uniformly bounded over

n. By Lemma 35, the total variation norm of Hn is of order h−1
n . Further, Hn

clearly satisfies the measurability conditions of Theorem 1.1 in Rio (1994). Thus,

by Theorem 1.1 in Rio (1994), there exists a Brownian bridge Bn indexed by Hn

with almost surely continuous trajectories on (Hn, ∥·∥L1([0,1]2)) such that, for any

positive t ≥ C log n,

P

(√
n sup
h∈Hn

|Gn(h)−Bn(h)| ≥ C
√
n1/2 sup

h∈Hn

∥h∥TV t+ C
√

log nt

)
≤ exp(−t),

where C is a positive constant depending only on d(Hn) and C(Hn). Take
√
nhnZF,n(y, x) = h

−1/2
n Bn(hx,y,F ) and

√
nhnZf,n(x) = h

−1/2
n Bn(hx,y,f ), for all y, x

and define

∆n = sup
y,x

|h−1/2
n Gn(hx,y,F )−

√
nhnZF,n(y, x)|

∨ sup
x

|h−1/2
n Gn(hx,y,f )−

√
nhnZf,n(x)|.
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Then, the above result implies for all η > 0 sufficiently large

P

(
∆n ≥ C

{√
η log n√
nh2n

+ η

√
log3 n

nhn

})
≤ n−η.

In particular, for η a sufficiently large multiple of log n,

sup
y,x

|h−1/2
n Gn(hx,y)−

√
nhnZn(y, x)| = Op

((
log4 n

nh2n

)1/4

+

√
log5 n

nhn

)
The rate of the coupling now follows together with the linearization in Lemma 33.

The form of the covariance functions in (1.28) and (1.29) follow directly from the

empirical process representation. The covariance function (1.30) satisfies

ΣF,f (y, x, x
′) =

1

nh2nfX(x)
E[Khn(Xi − x)εi(y, x)Khn(Xi − x′)] = 0

by the law of iterated expectations.

Finally, we show that Zn has almost surely continuous sample paths. We use the

substitution (
u1

u2

)
= T (X, Y ) =

(
FX(X)

F−1
Y |X(Y |X)

)

with Jacobian

DT (X, Y ) =

(
∂FX(X)
∂X

0
∂FY |X(Y |X)

∂X

∂FY |X(Y |X)

∂Y

)
=

(
fX(X) 0

∂FY |X(Y |X)

∂X
fY |X(Y |X)

)
.

Thus, by the transformation formula, for any y, y′, x, x′ ∈ [0, 1]

∥hx,y,F − hx′,y′,F∥L1([0,1]2) =E

[∣∣∣∣ 1

fX(x)
Khn(Xi − x)εi(y, x)

− 1

fX(x′)
Khn(Xi − x′)εi(y

′, x′)

∣∣∣∣]
∥hx,f − hx′,f∥L1([0,1]2) =E[|Khn(Xi − x)−Khn(Xi − x′)|].

The second term is Lipschitz continuous and therefore Zf,n has almost surely con-
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tinuous sample paths. For the first term, we bound

E

[∣∣∣∣ 1

fX(x)
Khn(Xi − x)εi(y, x)−

1

fX(x′)
Khn(Xi − x′)εi(y

′, x′)

∣∣∣∣]
≤E

[∣∣∣∣ 1

fX(x)
Khn(Xi − x)εi(y, x)−

1

fX(x)
Khn(Xi − x′)εi(y

′, x)

∣∣∣∣]
+ E

[∣∣∣∣ 1

fX(x)
Khn(Xi − x)εi(y

′, x)− 1

fX(x′)
Khn(Xi − x′)εi(y

′, x′)

∣∣∣∣]
For the first term on the right-hand side, we have

E

[∣∣∣∣ 1

fX(x)
Khn(Xi − x)εi(y, x)−

1

fX(x)
Khn(Xi − x′)εi(y

′, x)

∣∣∣∣]
=E

[∣∣∣∣ 1

fX(x)
Khn(Xi − x){εi(y, x)− εi(y

′, x)}
∣∣∣∣] ≤ ∥K∥∞∥fY,X∥∞

hnminx fX(x)
|y − y′|

and the second term on the right-hand side is similarly Lipschitz continuous uni-

formly over y′ by smoothness properties of fX , FY |X and K. Thus, ZF,n also has

almost surely continuous sample paths. The claim follows.

Auxiliary results for the Rio-Massart Coupling

The following Lemma shows that the Nadaraya-Watson estimator is asymptoti-

cally linear.

Lemma 33. Suppose that Assumption 13 holds. Then,

sup
x,y

∣∣√nhn(F̂n(y |x)− FY |X(y |x))− h−1/2
n Gn(hx,y)

∣∣ = Op

(
hn
√

log n+
√
nh2ℓ+1

n

)
.

Proof. Let εi(y) = 1(Yi ≤ y) − FY |X(y |Xi), for i = 1, . . . , n and decompose the

estimator,

F̂n(y|x) =
1

nhnf̂n(x)

n∑
i=1

Kh(Xi − x)FY |X(y |Xi) +
1

nhnf̂n(x)

n∑
i=1

Kh(Xi − x)εi(y)

=
1

nhnfX(x)

n∑
i=1

{
Kh(Xi − x)

{
FY |X(y |Xi)− FY |X(y |x)

}
− E[Kh(Xi − x){FY |X(y |Xi)− FY |X(y |x)}]

}
+

1

nhnfX(x)

n∑
i=1

Kh(Xi − x)εi(y)
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+ FY |X(y |x)

+
1

hnfX(x)
E[Kh(Xi − x){FY |X(y |Xi)− FY |X(y |x)}]

+

(
fX(x)

f̂n(x)
− 1

)
1

nhnfX(x)

n∑
i=1

Kh(Xi − x)
{
FY |X(y |Xi)− FY |X(y |x)

}
+

(
fX(x)

f̂n(x)
− 1

)
1

nhnfX(x)

n∑
i=1

Kh(Xi − x)εi(y).

By boundedness and standard arguments, uniformly over y and x,

sup
y,x

∣∣∣∣ 1

nhnfX(x)

n∑
i=1

Kh(Xi − x)
{
FY |X(y |Xi)− FY |X(y |x)

}
− 1

hnfX(x)
E[Kh(Xi − x){FY |X(y |Xi)− FY |X(y |x)}]

∣∣∣∣ = Op

(√
hn log n

n

)
sup
y,x

∣∣∣∣ 1

hnfX(x)
E[Kh(Xi − x){FY |X(y |Xi)− FY |X(y |x)}]

∣∣∣∣ = Op(h
ℓ
n)

sup
y,x

∣∣∣∣ 1

nhnfX(x)

n∑
i=1

Kh(Xi − x)εi(y)

∣∣∣∣ = Op

(√
log n

nhn

)
sup
x

∣∣∣∣fX(x)f̂n(x)
− 1

∣∣∣∣ = Op

(√
log n

nhn
+ hℓn

)
implying

sup
y,x

∣∣∣∣√nhn
(
F̂n(y|x)− FY |X(y |x)

)
− 1√

nhnfX(x)

n∑
i=1

Kh(Xi − x)εi(y)

∣∣∣∣
=Op

(
hn
√

log n+
√
nh2s+1

n

)
.

The following Lemma gives a bound on the VC dimension used in the coupling

of the Nadaraya-Watson estimator.

Lemma 34. There exist constants 0 < C, d <∞ so that, for all n,

sup
Q
N(ε,Hn, L1(Q)) ≤ Cε−d.

Proof. This proof follows closely the arguments in the proof of Theorem 8 in Cher-

nozhukov et al. (2013b). Note that Hn,F is the product of {1(F−1
Y |X(u2 |F

−1
X (u1)) ≤
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1)− u2 : y ∈ R} with VC-dimension 1 and {Kh(F
−1
X (u1)− x)/fX(x) : x ∈ [0, 1]} is

a VC class uniformly over n by Lemma 4.1 in Rio (1994). Thus, the Hn,F is a VC

class by Lemma A.1 in Ghosal et al. (2000).

Further, Hn,f is a VC class by Lemma 4.1 in Rio (1994). Finally, since the

covering numbers of a union of two classes can be bounded by the product of the

bounds on the separate covering numbers, it follows that Hn is a VC class.

The last Lemma in this section bounds the total variation norm. For a function

f : Rd → R, let ∥f∥TV denote the total variation norm which is given by

∥f∥TV := sup
g∈Dc([0,1]d)

∫
Rd

f(x)
divg(x)

∥g∥∞
dx,

where Dc([0, 1]
d) is the space of C∞ functions taking values in Rd with compact

support included in [0, 1]d, and where divg(x) is the divergence of g(x).

Lemma 35. Suppose that fX is bounded away from zero, K is symmetric and

continuously differentiable with compact support and∫∫
R2

∣∣∣∣∂fY |X(Y |X)

∂X

∣∣∣∣dY dX <∞.

Then, there exists a constant C <∞ which only depends on the lower bound on fX ,

the kernel K and the smoothness condition on the conditional density of Y given X

such that

sup
h∈Hn

∥h∥TV ≤ C

hn
.

Proof. For any g = (g1, g2) ∈ Dc([0, 1]
2),∫ 1

0

∫ 1

0

hx,y(u1, u2)
divg(u1, u2)

∥g∥∞
du2du1

=
1

∥g∥∞

∫ 1

0

∫ 1

0

hx,y(u1, u2)

{
∂g1(u1, u2)

∂u1
+
∂g2(u1, u2)

∂u2

}
du2du1

First consider∫ 1

0

∫ 1

0

hx,y(u1, u2)
∂g1(u1, u2)

∂u1
du2du1
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=
1

fX(x)

∫ 1

0

∫ 1

0

Khn(F
−1
X (u1)− x)1{F−1

Y |X(u2 |F
−1
X (u1)) ≤ y}∂g1(u1, u2)

∂u1
du2du1.

We use the substitution(
u1

u2

)
= T (X, Y ) =

(
FX(X)

F−1
Y |X(Y |X)

)

with Jacobian

DT (X, Y ) =

(
∂FX(X)
∂X

0
∂FY |X(Y |X)

∂X

∂FY |X(Y |X)

∂Y

)
=

(
fX(X) 0

∂FY |X(Y |X)

∂X
fY |X(Y |X)

)
.

Thus, by the transformation formula∫ 1

0

∫ 1

0

Khn(F
−1
X (u1)− x)1{F−1

Y |X(u2 |F
−1
X (u1)) ≤ y}∂g1(u1, u2)

∂u1
du2du1

=

∫∫
R2

Khn(X − x)1{Y ≤ y}
∂g1(FX(X), FY |X(Y |X))

∂u1
fY |X(Y |X)fX(X)dY dX

=E

[
Khn(X − x)1{Y ≤ y}

∂g1(FX(X), FY |X(Y |X))

∂u1

]
.

Further, it holds

∂g1(FX(X), FY |X(Y |X))

∂X
=
∂g1(FX(X), FY |X(Y |X))

∂u1
fX(X)

+
∂g1(FX(X), FY |X(Y |X))

∂u2

∂FY |X(Y |X)

∂X
∂g1(FX(X), FY |X(Y |X))

∂Y
=
∂g1(FX(X), FY |X(Y |X))

∂u2
fY |X(Y |X)

and therefore

E

[
Khn(X − x)1{Y ≤ y}

∂g1(FX(X), FY |X(Y |X))

∂u1

]
=E

[
Khn(X − x)1{Y ≤ y}

{
∂g1(FX(X), FY |X(Y |X))

∂u1

+
∂g1(FX(X), FY |X(Y |X))

∂u2

∂FY |X(Y |X)

∂X

1

fX(X)

}]
(1.31)
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− E

[
Khn(X − x)1{Y ≤ y}

∂g1(FX(X), FY |X(Y |X))

∂u2

∂FY |X(Y |X)

∂X

1

fX(X)

]
.

(1.32)

In order to bound (1.31), we decompose

E

[
Khn(X − x)1{Y ≤ y}

{
∂g1(FX(X), FY |X(Y |X))

∂u1

+
∂g1(FX(X), FY |X(Y |X))

∂u2

∂FY |X(Y |X)

∂X

1

fX(X)

}]
=

∫∫
Khn(X − x)1{Y ≤ y}

∂g1(FX(X), FY |X(Y |X))

∂X
fY |X(Y |X)dY dX

=

∫∫
Khn(X − x)1{Y ≤ y}

{
∂g1(FX(X), FY |X(Y |X))

∂X
fY |X(Y |X)

+ g1(FX(X), FY |X(Y |X))
∂fY |X(Y |X)

∂X

}
dY dX (1.33)

−
∫∫

Khn(X − x)1{Y ≤ y}g1(FX(X), FY |X(Y |X))
∂fY |X(Y |X)

∂X
dY dX. (1.34)

Note that

∂g1(FX(X), FY |X(Y |X))fY |X(Y |X)

∂X

=
∂g1(FX(X), FY |X(Y |X))

∂X
fY |X(Y |X) + g1(FX(X), FY |X(Y |X))

∂fY |X(Y |X)

∂X

Thus, we can simplify (1.33) by partial integration∫∫
Khn(X − x)1{Y ≤ y}

{
∂g1(FX(X), FY |X(Y |X))

∂X
fY |X(Y |X)

+ g1(FX(X), FY |X(Y |X))
∂fY |X(Y |X)

∂X

}
dY dX

=Khn(X − x)

∫ y

−∞
g1(FX(X), FY |X(Y |X))fY |X(Y |X)dY

∣∣∣∣
R

−
∫∫

∂Khn(X − x)

∂X
1{Y ≤ y}g1(FX(X), FY |X(Y |X))fY |X(Y |X)dY dX

=−
∫∫

∂Khn(X − x)

∂X
1{Y ≤ y}g1(FX(X), FY |X(Y |X))fY |X(Y |X)dY dX,

where we used that the first term in the integration by parts formula vanishes since

the kernel has compact support. We can upper bound the absolute value of the
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remaining term with

∥g1∥∞
∫∫ ∣∣∣∣∂Khn(X − x)

∂X

∣∣∣∣1{Y ≤ y}fY |X(Y |X)dY dX

=∥g1∥∞
∫ ∣∣∣∣∂Khn(X − x)

∂X

∣∣∣∣FY |X(y |X)dX ≤ C

hn
∥g1∥∞∥∂K/∂x∥∞.

Similarly, we can upper bound the absolute value of (1.34) by

∥g1∥∞
∫∫

|Khn(X − x)|1{Y ≤ y}
∣∣∣∣∂fY |X(Y |X)

∂X

∣∣∣∣dY dX
≤∥g1∥∞∥K∥∞

∫∫ ∣∣∣∣∂fY |X(Y |X)

∂X

∣∣∣∣dY dX.
It remains to bound (1.32). It holds,

E

[
Khn(X − x)1{Y ≤ y}

∂g1(FX(X), FY |X(Y |X))

∂u2

∂FY |X(Y |X)

∂X

1

fX(X)

]
=

∫∫
Khn(X − x)1{Y ≤ y}

∂g1(FX(X), FY |X(Y |X))

∂u2

∂FY |X(Y |X)

∂X
fY |X(Y |X)dY dX

=

∫∫
Khn(X − x)1{Y ≤ y}

∂g1(FX(X), FY |X(Y |X))

∂Y

∂FY |X(Y |X)

∂X
dY dX.

By integration by parts,∫ y

−∞
1{Y ≤ y}

∂g1(FX(X), FY |X(Y |X))

∂Y

∂FY |X(Y |X)

∂X
dY

=g1(FX(X), FY |X(Y |X))
∂FY |X(Y |X)

∂X

−
∫ y

−∞
g1(FX(X), FY |X(Y |X))

∂fY |X(Y |X)

∂X
dY

implying by similar arguments as above∣∣∣∣∫∫ Khn(X − x)1{Y ≤ y}
∂g1(FX(X), FY |X(Y |X))

∂Y

∂FY |X(Y |X)

∂X
dY dX

∣∣∣∣
≤2∥g1∥∞∥K∥∞

∫∫ ∣∣∣∣∂fY |X(Y |X)

∂X

∣∣∣∣dY dX.
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Thus, we have shown that∫ 1

0

∫ 1

0

hx,y(u1, u2)
∂g1(u1, u2)

∂u1
du2du1 ≤ C∥g1∥∞

for a constant C which depends only on the kernel, the lower bound on fX and the

smoothness of the conditional density of Y given X.

It remains to bound∫ 1

0

∫ 1

0

hx,y(u1, u2)
∂g2(u1, u2)

∂u2
du2du1

=
1

fX(x)

∫ 1

0

∫ 1

0

Khn(F
−1
X (u1)− x)1{F−1

Y |X(u2 |F
−1
X (u1)) ≤ y}∂g2(u1, u2)

∂u2
du2du1

=
1

fX(x)

∫∫
R2

Khn(X − x)1{Y ≤ y}
∂g2(FX(X), FY |X(Y |X))

∂u2
fY |X(Y |X)fX(X)dY dX

=
1

fX(x)

∫∫
R2

Khn(X − x)1{Y ≤ y}
∂g2(FX(X), FY |X(Y |X))

∂Y
fX(X)dY dX

=
1

fX(x)

∫
R2

Khn(X − x)g2(FX(X), FY |X(y |X))fX(X)dX,

where we have used the same transformations as above. Moreover, by similar bounds

as above, we have∫ 1

0

∫ 1

0

hx,y(u1, u2)
∂g2(u1, u2)

∂u2
du2du1 ≤ C∥g2∥∞

where the constant only depends on the lower bound of fX and the kernel K. Thus,∫ 1

0

∫ 1

0

hx,y(u1, u2)
divg(u1, u2)

∥g∥∞
du2du1 ≤ C

∥g1∥∞ + ∥g2∥∞
∥g∥∞

≤ C

proving the claim.

Strong approximation when the derivative is linear

In the case when the derivative is linear, i.e., ϕ is fully differentiable at θ0,

we construct again the coupling using the Rio-Massart coupling, but this time we

directly couple the derivative. This is feasible since in this case the complexity

of the implied function class is sufficiently small. In some settings, such as for

a decreasing conditional distribution function as discussed in Section 1.B.2, the
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complexity is so small that even a Donsker theorem applies, and we could derive a

limiting distribution. However, in other settings such as for an increasing conditional

distribution function, the complexity is still too large to justify a Donsker theorem.

Lemma 36. Suppose Assumption 13 holds and that the derivative is linear. Then,

there exists a centered Gaussian Zn = (Z1,n, Z2,n) with the same covariance functions

as in Lemma 32 and almost surely continuous sample paths so that

sup
y
|ϕ′
θ0
(F̂n − FY |X , f̂n − fX)− ϕ′

θ0
(Z1,n, Z2,n)|

=Op

((
log4 n

n3

)1/4

+

√
log5 n

n2
+

√
hn log n

n
+ hℓn

)
.

If the derivative is L2 continuous and

sup
y
|ϕ′
θ0
(F̂n − FY |X , f̂n − fX)− ϕ′

θ0
(Z1,n, Z2,n)|

=Op

((
log4 n

n3h4n

)1/4

+

√
log5 n

n2h2n
+

√
hn log n

n
+ hℓn

)
if it is not.

Proof. If the derivative is linear, then there exists a function x∗(x) ∈ [x, 1] for all

x ∈ [0, 1] so that

ϕ′
FY |X

(h)(y) =

∫
h(y, x∗(x))fX(x)dx.

By Lemma 30, this selection x∗ is càdlàg and weakly monotone. Moreover, x∗ is

strictly increasing iff the derivative is L2-continuous. Further, by Lemma 33, we can

linearize the conditional distribution estimator

sup
x,y

∣∣√nhn(F̂n(y |x)− FY |X(y |x))− h−1/2
n Gn(hx,y)

∣∣ = Op

(
hn
√

log n+
√
nh2ℓ+1

n

)
.

This implies∫
(F̂n(y, x

∗(x))− FY |X(y, x
∗(x)))fX(x)dx

=
1

n

n∑
i=1

∫
1

hn
Khn(Xi − x∗(x)){1(Yi ≤ y)− FY |X(y, x

∗(x))} fX(x)

fX(x∗(x))
dx
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+Op

(√
hn log n

n
+ hℓn

)
and ∫

FY |X(y, x){f̂n(x)− fX(x)}dx

=
1

n

n∑
i=1

∫
1

hn
{Khn(Xi − x)− E[Khn(Xi − x)]}FY |X(y, x)dx+Op(h

ℓ
n),

where we used the usual bound on the bias of the KDE in the second equation. Note

that this linearized process has mean zero. Further, the function classes

Fn =

{
(Xi, Yi) 7→

∫
1

hn
Khn(Xi − x∗(x)){1(Yi ≤ y)− FY |X(y, x

∗(x))} fX(x)

fX(x∗(x))
dx

+

∫
1

hn
{Khn(Xi − x)− E[Khn(Xi − x)]}FY |X(y, x)dx : y ∈ [0, 1]

}
(1.35)

are of VC-type uniformly over n as shown in Lemma 37 below. However, for the

bound on the total variation norm, we need a case distinction. If x∗ is strictly

increasing, the total variation norm is uniformly bounded over n and if x∗ is not

strictly increasing, the total variation norm is of order h−1
n . Both claims follow by

similar arguments as in Lemma 35. Hence, we can apply the Rio-Massart coupling

as in the proof of Lemma 32. Consider first the case that x∗ is strictly increasing. In

this case, by Theorem 1.1 in Rio (1994), there exists a Brownian bridge Bn indexed

by Fn such that, for any positive t ≥ C log n,

P

(√
n sup
f∈Fn

|Gn(f)−Bn(f)| ≥ C
√
n1/2t+ C

√
log nt

)
≤ exp(−t).

Take
√
nYn(y) = Bn(fy), for all y ∈ [0, 1]. Then, the above result implies for all t

sufficiently large

sup
y∈[0,1]

|Gn(fy)− Yn(y)| = Op

((
log4 n

n

)1/4

+

√
log5 n

n

)
.
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Together with the above linearization, this implies

sup
y
|ϕ′
θ0
(F̂n − FY |X , f̂n − fX)(y)− Yn(y)|

=Op

((
log4 n

n3

)1/4

+

√
log5 n

n
+

√
hn log n

n
+ hℓn

)
.

In the case where x∗ is not strictly increasing, the same arguments imply the exis-

tence a Gaussian process Yn such that

sup
y
|ϕ′
θ0
(F̂n − FY |X , f̂n − fX)(y)− Yn(y)|

=Op

((
log4 n

n3h4n

)1/4

+

√
log5 n

nhn
+

√
hn log n

n
+ hℓn

)
.

Finally, the existence of the claimed process Zn can be shown using the same argu-

ments as in the ATE example. The claim follows.

Lemma 37. The function classes Fn defined in (1.35) is a VC class.

Proof. First, consider the functions∫
1

hn
Khn(Xi − x)1(Yi ≤ y)

fX(x)

fX(x∗(x))
dx

=

∫
1

hn
Khn(Xi − x)

fX(x)

fX(x∗(x))
dx1(Yi ≤ y).

This is just a product of a single function and an indicator function. Such indicator

functions are well discussed in the literature. For instance, Theorem 2.6.4 and

Example 2.6.1 in van der Vaart and Wellner (1996) imply

sup
Q
N(ε, {1(· ≤ y) : y ∈ [0, 1]}, L1(Q)) ≤

C

ε
,

for some universal constant C. Thus, these functions form a VC class by Lemma

A.1 in Ghosal et al. (2000).

Next, consider the functions

gy(Xi, Yi) :=−
∫

1

hn
Khn(Xi − x)FY |X(y, x)

fX(x)

fX(x∗(x))
dx
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+

∫
1

hn
{Khn(Xi − x)− E[Khn(Xi − x)]}FY |X(y, x)dx

Since these are L-Lipschitz continuous in y, for some constant L independent of n,

we have for any probability measure Q with finite support in [0, 1]2,

∥gy − gy′∥L1(Q) ≤ L|y − y′|.

Now, fix ε > 0 and let 0 = y0, y1, . . . , yN = 1 be a uniform grid of [0, 1] with mesh

width 1/N . Then, if L/N ≤ ε, or equivalently, N ≥ Lε−1, there is for any y ∈ [0, 1],

some j so that

∥gy − gyj∥L1(Q) ≤ ε.

As ε and Q were arbitrary, we have

sup
Q
N(ε, {gy : y ∈ [0, 1]}, L1(Q)) ≤

L

ε
.

Finally, take minimal cover of the class of indicators of size ⌈C/ε⌉ and a minimal

cover of the gy functions of size ⌈L/ε⌉. Then we can approximate any function

f ∈ Fn by

min
i,j

∥fy − 1(· ≤ yi)− gyj∥L1(Q)

≤min
i
∥1(· ≤ y)− 1(· ≤ yi)∥L1(Q) +min

j
∥gy − gyj∥L1(Q) ≤ 2ε.

Hence,

sup
Q
N(ε,Fn, L1(Q)) ≤

CL

(2ε)2

and the claim follows.

Bounded Lipschitz norm of the NWE

Lemma 38. Suppose Assumption 13 holds. Then,

∥F̂n − FY |X∥BL = Op

(√
log n

nh3n

)
.
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Proof. Fix some arbitrary y ∈ [0, 1] and decompose for any x ∈ [0, 1]

{F̂n(y, x)− FY |X(y, x)} =
1

nhnf̂n(x)

n∑
i=1

Khn(Xi − x)εi(y)

+
1

nhnf̂n(x)

n∑
i=1

Khn(Xi − x){FY |X(y,Xi)− FY |X(y, x)},

where εi(y) = 1(Yi ≤ y)− FY |X(y,Xi).

Then, for any x, x′ ∈ [0, 1],

|{F̂n(y, x)− FY |X(y, x)} − {F̂n(y, x′)− FY |X(y, x
′)}|

≤
∣∣∣∣ 1

nhn

n∑
i=1

{
Khn(Xi − x)

f̂n(x)
− Khn(Xi − x′)

f̂n(x′)

}
εi(y)

∣∣∣∣ (1.36)

+

∣∣∣∣ 1

nhn

n∑
i=1

{
Khn(Xi − x)

f̂n(x)
{FY |X(y,Xi)− FY |X(y, x)} (1.37)

− Khn(Xi − x′)

f̂n(x′)
{FY |X(y,Xi)− FY |X(y, x

′)}
}∣∣∣∣. (1.38)

For the first term on the right-hand side, (1.36), we have∣∣∣∣ 1

nhn

n∑
i=1

{
Khn(Xi − x)

f̂n(x)
− Khn(Xi − x′)

f̂n(x′)

}
εi(y)

∣∣∣∣
≤
∣∣∣∣ 1

nhnf̂n(x)

n∑
i=1

{
Khn(Xi − x)−Khn(Xi − x′)

}
εi(y)

∣∣∣∣ (1.39)

+

∣∣∣∣ 1

f̂n(x)
− 1

f̂n(x′)

∣∣∣∣∣∣∣∣ 1

nhn

n∑
i=1

Khn(Xi − x)εi(y)

∣∣∣∣ (1.40)

Regarding (1.39), by similar arguments as in the proof of Lemma 17,

sup
x ̸=x′

∣∣∣∣ 1

nhnf̂n(x)

n∑
i=1

{
Khn(Xi − x)−Khn(Xi − x′)

}
εi(y)

∣∣∣∣/|x− x′|

= Op

(√
log n

nh3n
+ hℓn

)
.
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Regarding (1.40), by similar arguments as in the proof of Lemma 17,

sup
x ̸=x′

∣∣∣∣ 1

|x− x′|
1

f̂n(x)
− 1

f̂n(x′)

∣∣∣∣ = Op

(√
log n

nh3n
+ hℓn

)
sup
y,x

∣∣∣∣ 1

nhn

n∑
i=1

Khn(Xi − x)εi(y)

∣∣∣∣ = Op

(√
log n

nhn
+ hℓn

)
.

We can deal with (1.38) similarly. We split

(1.38) ≤
∣∣∣∣ 1

nhn

n∑
i=1

Khn(Xi − x)−Khn(Xi − x′)

f̂n(x)
{FY |X(y,Xi)− FY |X(y, x)}

∣∣∣∣ (1.41)

+

∣∣∣∣ 1

nhn

n∑
i=1

Khn(Xi − x′)

f̂n(x)
{FY |X(y, x

′)− FY |X(y, x)}
∣∣∣∣ (1.42)

+

∣∣∣∣ 1

f̂n(x)
− 1

f̂n(x′)

∣∣∣∣∣∣∣∣ 1

nhn

n∑
i=1

Khn(Xi − x′){FY |X(y,Xi)− FY |X(y, x
′)}
∣∣∣∣.

(1.43)

By the same arguments as above, it can be shown that (1.41) - (1.43) are of the

same order as claimed in the Lemma.

Application of the Delta Method

Theorem 13. Suppose that Assumptions 13 hold. Fix y ∈ [0, 1]. Then

lim
n→∞

sup
t∈R

|P(ϕ(F̂n, f̂n)(y)− ϕ(FY |X , fX)(y) ≤ t)− P(ϕ′
θ0
(Zn)(y) ≤ t)| = 0,

holds, where (Zn) is a sequence of mean-zero Gaussian random variables with values

in C([0, 1]2)× C([0, 1]) and covariance function given in (1.28)-(1.30), if

(i) ϕ′
θ0

is nonlinear and

log3 n

nh5n
→ 0 and nh2ℓ+1

n log n→ 0;

(ii) ϕ′
θ0

is linear and L2-continuous and

log2 n

nh6n
→ 0 and nh2ℓn → 0;
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(iii) ϕ′
θ0

is linear but not L2-continuous and

log2 n

nh5n
→ 0 and nh2ℓ+1

n → 0.

Proof. We only need to check the conditions of Theorem 2. ϕ is (2, ∥·∥∗)-Fréchet
directionally differentiable at (FY |X , fX) by the well-separatedness condition (1.23)

and Lemma 28 and therefore Assumption 1 holds. Assumption 2 (ii) holds by Lemma

38 with

an =

√
log n

nh3n
.

Moreover, Zn is a centered Gaussian random vector in C([0, 1]2)×C([0, 1]) and tight

since the latter is separable. Further F = ∅ by Lemma 39. Thus, it only remains to

verify Assumption 2 (iii) and the rate requirement (a2n + bn)/σn → 0.

(i): If ϕ′
θ0

is nonlinear, Assumption 2 (iii) holds by Lemma 32 and Lipschitz

continuity of the derivative with

bn =

(
log4 n

n3h4n

)1/4

+

√
log5 n

nhn
+

√
hn log n

n
+ hℓn.

By Lemma 39 (iii), it holds σ−1
n = O(

√
nhn log n). Since

a2n
σn

= O

(√
log3 n

nh5n

)
= o(1)

and

bn
σn

= O

((
log6 n

nh2n

)1/4

+

√
log6 n

nhn
+
√
h2n log n+

√
nh2ℓ+1

n log n

)
= o(1),

the claim follows by Theorem 2.

(ii): If ϕ′
θ0

is linear and L2-continuous, Assumption 2 (iii) holds by Lemma 36

with

bn =

(
log4 n

n3

)1/4

+

√
log5 n

n2
+

√
hn log n

n
+ hℓn.
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By Lemma 39 (i), it holds σ−1
n = O(

√
n). Since

a2n
σn

= O

(√
log2 n

nh6n

)
= o(1)

and

bn
σn

= O

((
log4 n

n

)1/4

+

√
log5 n

n
+
√
hn log n+

√
nh2ℓn

)
= o(1),

the claim follows by Theorem 2.

(iii): If ϕ′
θ0

is linear but not L2-continuous, Assumption 2 (iii) holds by Lemma

36 with

bn =

(
log4 n

n3h4n

)1/4

+

√
log5 n

n2h2n
+

√
hn log n

n
+ hℓn.

By Lemma 39 (ii), it holds σ−1
n = O(

√
nhn). Since

a2n
σn

= O

(√
log2 n

nh5n

)
= o(1)

and

bn
σn

= O

((
log4 n

nh2n

)1/4

+

√
log5 n

nhn
+
√
h2n log n+

√
nh2ℓ+1

n

)
= o(1),

the claim follows by Theorem 2.

Auxiliary results for the Delta method

The following Lemma gives lower bounds on the variance of the derivative and

is needed in the application of Theorem 2.

Lemma 39. Suppose that Assumptions 13 hold. Let σ2
n = Var(ϕ′

θ0
(Zn)(y)), for

y ∈ [0, 1]. If the derivative ϕ′
θ0

is

(i) linear and x∗ is strictly increasing, we have σ−1
n = O(

√
n);

(ii) linear and x∗ is not strictly increasing, it holds σ−1
n = O(

√
nhn);
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(iii) nonlinear, we have σ−1
n = O(

√
nhn log n).

In all cases F = ∅, for the set F given in Theorem 2.

Proof. Fix y ∈ (0, 1).

(i): The variance is given by

σ2
n =Var(ϕ′

FY |X
(ZF,n)(y) + ϕ′

f (Zf,n)(y))

=Var(ϕ′
FY |X

(ZF,n)(y)) + Var(ϕ′
f (Zf,n)(y)) + 2Cov(ϕ′

FY |X
(ZF,n)(y), ϕ

′
f (Zf,n)(y)).

For the variance of the derivative with respect to the conditional distribution func-

tion, by Fubini’s theorem

Var(ϕ′
FY |X

(ZF,n)(y))

=

∫∫
ΣF (y, x

∗(x), y, x∗(x′))fX(x)fX(x
′)dxdx′

=
1

nh2n

∫∫
E[Khn(Xi − x∗(x))Khn(Xi − x∗(x′))ε2i (y)]

fX(x)

fX(x∗(x))

fX(x
′)

fX(x∗(x′))
dxdx′

=
1

n
E

[(
1

hn

∫
Khn(Xi − x∗(x))

fX(x)

fX(x∗(x))
dx

)2

FY |X(y,Xi){1− FY |X(y,Xi)}
]
.

For fixed y ∈ (0, 1), the conditional variance of εi is bounded away from zero as the

joint density of X and Y is bounded away from zero. Further, since the selection is

strictly increasing x∗(x) = x for all x ∈ [0, 1] by Lemma 30 and the integral within

the expectation satisfies

1

hn

∫
Khn(Xi − x∗(x))

fX(x)

fX(x∗(x))
dx =

1

hn

∫
Khn(Xi − x)dx = 1

and therefore, for some c > 0 which depends on y,

Var(ϕ′
FY |X

(ZF,n)(y)) ≥
c

n
.

For our purposes, a crude lower bound on the variance is enough. Therefore, we

lower bound the variance of the derivative with respect to the marginal density by

zero. The covariance of the two derivatives is

Cov(ϕ′
FY |X

(ZF,n), ϕ
′
f (Zf,n)) =

∫∫
ΣF,f (y, x, x

′)︸ ︷︷ ︸
=0

fX(x)FY |X(y, x
∗(x′))dxdx′ = 0,
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where the first equality follows by Fubini’s theorem. This show’s the first claim.

(ii): By the same arguments as in (i) we can focus on the variance of the

derivative with respect to the conditional distribution function. The difference is

that now there are intervals28 Im ⊂ [0, 1] such that x∗(x) = max Im =: xm for all

x ∈ Im and x∗(x) = x for all x which are not included in any Im. Therefore,

ϕ′
FY |X

(ZF,n)(y) =

∫
ZF,n(y, x

∗(x))fX(x)dx

=
M∑
m=1

ZF,n(y, xm)P(Xi ∈ Im) +

∫
[0,1]\∪mIm

ZF,n(y, x)fX(x)dx

where M is either finite or countably infinite. Consider the covariances between the

different summands. For m ̸= k,

Cov(ZF,n(y, xm), ZF,n(y, xk)) = 0

for sufficiently small h, implying

M∑
m=1

∑
k ̸=m

Cov(ZF,n(y, xm), ZF,n(y, xk))P(Xi ∈ Im)P(Xi ∈ Ik) = 0

for sufficiently small h, or equivalently, for sufficiently large n. Further, for any m,

by standard arguments

nhn

M∑
m=1

Cov

(
ZF,n(y, xm),

∫
[0,1]\∪mIm

ZF,n(y, x)fX(x)dx

)
= O(hn).

This implies for the variance,

Var(ϕ′
FY |X

(ZF,n)(y)) ≥
M∑
m=1

Var(ZF,n(y, xm))P(Xi ∈ Im)
2

+Var

(∫
[0,1]\∪mIm

ZF,n(y, x)fX(x)dx

)
−Op

(
1

n

)
≥

M∑
m=1

Var(ZF,n(y, xm))P(Xi ∈ Im)
2 −Op(n

−1).

28Since x∗ is monotonely increasing, Im has to be connected. Moreover, since x∗(x) is càdlàg,
there can be at most countably many such intervals.
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Finally,

Var(ZF,n(y, xm)) =
1

nh2nfX(xm)
2
E[Khn(Xi − xm)

2εi(y)
2]

=
1

nhnfX(xm)2

∫
K(v)2 E[ε2i (y) |Xi = x+ hnv]fX(x+ hnv)dv

≥E[ε2i (y) |Xi = x]

nhnfX(xm)

∫
K(v)2dv − op

(
1

nhn

)
.

For fixed y, the conditional variance of εi is bounded away from zero since the joint

density of X and Y is bounded away from zero and therefore there is a constant

c > 0 such that

Var(ϕ′
FY |X

(ZF,n)(y)) ≥
c

nhn
.

(iii): The claim essentially follows by Lemma 3 in our companion paper Scherer

(2024) and the representation result in Lemma 31. In order to apply Lemma 3 in

our companion paper, we need a lower and upper bound on the weak variance as

well as an upper bound on E[ϕ′
θ0
(Zn)].

For the upper bound on the weak variance, it holds for any ψ ≤ ϕ′
FY |X

Var(ψ(ZF,n) + ϕ′
f (Zf,n)) = Var(ψ(ZF,n)) + Var(ϕ′

f (Zf,n)),

where we have used that ZF,n and Zf,n are uncorrelated. The variance of the func-

tional ψ satisfies

Var(ψ(ZF,n)) =

∫∫
ΣF (y, x, y, x

′)dµ(x)dµ(x′)

=
1

nh2n
E

[(∫
Khn(Xi − x)dµ(x)

)2

εi(y)
2

]
≤ 1

4nh2n
E

[(∫
Khn(Xi − x)dµ(x)

)2]
.

Using Fubini another time, implies

1

4nh2n
E

[(∫
Khn(Xi − x)dµ(x)

)2]
=

1

4nh2n

∫∫∫
Khn(Xi − x)Khn(Xi − x′)fX(Xi)dXidµ(x)dµ(x

′)
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=
1

4nhn

∫∫∫
K(v)K

(
v +

x′ − x

hn

)
fX(x+ hnv)dvdµ(x)dµ(x

′) ≤ ∥K∥2∞∥fX∥∞
4nhn

,

where we have used that µ is a positive Borel measure µ with µ([0, 1]) ≤ 1. Fur-

ther, the variance of the derivative with respect to the marginal density satisfies by

standard arguments

Var(ϕ′
f (Zf,n))

=

∫∫
max

x1∈Ψ(y,x)
FY |X(y, x1) max

x2∈Ψ(y,x′)
FY |X(y, x2)Σf (x, x

′)dxdx′

=
1

n
E

[(
1

hn

∫
max

x′∈Ψ(y,x)
FY |X(y, x

′){Khn(Xi − x)− E[Khn(Xi − x)]}dx
)2]

≤ C

n

and therefore Var(ψ(ZF,n)+ϕ
′
f (Zf,n)) ≤ C/(nhn), for some constant which does not

depend on ψ, implying

σ̄2 := sup
ψ≤ϕ′θ0

Var(ψ(Zn)) ≤
C

nhn
.

For the lower bound on the weak variance, we use that by Lemma 31, ψ(h) =∫
h(y, x∗(x))fX(x)dx is dominated by ϕ′

FY |X
for some selection x∗(x) ∈ Ψ(y, x),

x ∈ [0, 1]. As the derivative is nonlinear, there exists a continuum of x so that

Ψ(y, x) is not a singleton. In particular, there exists some interval I ⊂ [0, 1] such

that max I ∈ Ψ(y, x) for all x ∈ I. In order to see this, let x be such that Ψ(y, x)

is not a singleton. Then, there exists an x̃ ∈ Ψ(y, x) with x̃ > x. By definition of

Ψ(y, x) as an argmax set, it then holds that x̃ ∈ Ψ(y, x′) for all x′ ∈ [x, x̃]. Therefore,

we can find a selection which is monotone and càdlàg a.e. which we denote by x∗ in

the following. Now, by the same arguments as in part (ii), there is a constant c > 0

such that

Var

(∫
ZF,n(y, x

∗(x))fX(x)dx+ ϕ′
f (Zf,n)

)
≥ c

nhn
,

implying σ̄2 ≥ c/(nhn).

We further need an upper bound on E[ϕ′
θ0
(Zn)]. By the proof of Lemma 2 in our
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companion paper Scherer (2024), {ψ ≤ ϕ′
θ0
} ⊂ {ψ ∈ D∗ : ∥ψ∥D∗ ≤ 1}. Thus,

E[ϕ′
θ0
(Zn)] =E

[
sup
ψ≤ϕ′θ0

ψ(Zn)

]
= E

[
sup

ψ≤ϕ′FY |X

ψ(ZF,n)

]
+ E[ϕ′

f (Zf,n)]︸ ︷︷ ︸
=0

≤E[ sup
∥ψ∥≤1

ψ(ZF,n)] = E

[
sup
y,x

ZF,n(y, x)

]
= O

(√
log n

nhn

)
,

where the last bound follows by standard arguments.

Now, we are ready to apply Lemma 3 in our companion paper. Therefore, either

Var(
√
nhnϕ

′
FY |X

(ZF,n)) ≥
nhnσ̄

2

32
≥ c > 0

or

Var(
√
nhnϕ

′
FY |X

(ZF,n)) ≥
1

5

nhnσ̄
2

(2nhnσ̄2 + (
√
nhn E[ϕ′

FY |X
(ZF,n)] + 1)2)

≥ c

log n
> 0.

By taking the smaller of the lower bounds, we have

Var(ϕ′
FY |X

(ZF,n)) ≥
c

nhn log n
.

The claim now follows since

Var(ϕ′
θ0
(Zn)) =Var(ϕ′

FY |X
(ZF,n)) + Var(ϕ′

f (Zf,n)) + 2Cov(ϕ′
FY |X

(ZF,n), ϕ
′
f (Zf,n))

≥ c

nhn log n
,

where we have used that the derivatives are uncorrelated.

Finally, we show that F = ∅. By Lemma 31, it is sufficient to show that, for

every positive and finite Borel measure µ,

Var

(∫ 1

0

ZF,n(y, x)dµ(x) + ϕ′
f (Zf,n)(y)

)
> 0.

Since these summands are uncorrelated by the same arguments as in part (i) of this

proof,

Var

(∫ 1

0

ZF,n(y, x)dµ(x) + ϕ′
f (Zf,n)(y)

)
≥ Var(ϕ′

f (Zf,n)(y)).
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Further, by Fubini’s theorem and (1.29)

Var(ϕ′
f (Zf,n)(y))

=

∫∫
max

x1∈Ψ(y,x)
FY |X(y, x1) max

x2∈Ψ(y,x′)
FY |X(y, x2)Σf (x, x

′)dxdx′

=
1

n
E

[(
1

hn

∫
max

x′∈Ψ(y,x)
FY |X(y, x

′){Khn(Xi − x)− E[Khn(Xi − x)]}dx
)2]

.

The latter is strictly positive since FY |X is bounded away from zero for fixed y and

K integrates to one.

Consistency of the derivative estimator

Lemma 40. Suppose Assumptions 13 hold. Then,

sup
∥h∥BL≤1,∥g∥∞≤1

|ϕ̂n(h, g)− ϕ′
θ0
(h, g)| = Op

((
log n

nhn

)1/4)
.

Proof. Regarding consistency of the derivative estimator. Consider first the deriva-

tive with respect to F .

ϕ̂′
n,F (h)(y)− ϕ′

F (h)(y) =

∫
max

x′∈Ψ̂n(y,x)
h(y, x′)f̂n(x)dx−

∫
max

x′∈Ψ(y,x)
h(y, x′)f(x)dx

=

∫ {
max

x′∈Ψ̂n(y,x)
h(y, x′)− max

x′∈Ψ(y,x)
h(y, x′)

}
f̂n(x)dx

+

∫
max

x′∈Ψ(y,x)
h(y, x′)

{
f̂n(x)− f(x)

}
dx

We show below that Ψ(y, x) ⊂ Ψ̂n(y, x) ⊆ Ψ(y, x)δn uniformly in (y, x) for some

δn → 0. Then, we can bound the first term by∣∣∣∣∫ { max
x′∈Ψ̂n(y,x)

h(y, x′)− max
x′∈Ψ(y,x)

h(y, x′)

}
f̂n(x)dx

∣∣∣∣
≤ sup

x,y

∣∣∣∣ max
x′∈Ψ̂n(y,x)

h(y, x′)− max
x′∈Ψ(y,x)

h(y, x′)

∣∣∣∣ ≤ ∥h∥BLδn.

For the second part, we have∣∣∣∣∫ max
x′∈Ψ(y,x)

h(y, x′)
{
f̂n(x)− fX(x)

}
dx

∣∣∣∣ ≤ ∥h∥BL∥f̂n − fX∥∞.
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Hence, on the event Ψ(y, x) ⊂ Ψ̂n(y, x) ⊆ Ψ(y, x)δn , we have

∥ϕ̂′
n,F (h)− ϕ′

F (h)∥∞ ≤ ∥h∥BL(δn + ∥f̂n − f∥∞).

For the derivative with respect to the marginal density of X, we have

|ϕ̂′
n,f (g)(y)− ϕ′

f (g)(y)| =
∣∣∣∣∫ {max

x′≥x
F̂n(y, x

′)−max
x′≥x

FY |X(y, x
′)

}
g(x)dx

∣∣∣∣
≤∥F̂n − FY |X∥∞∥g∥∞.

Combining the above results implies

sup
∥h∥BL≤1,∥g∥∞≤1

|ϕ̂n(h, g)− ϕ′
θ0
(h, g)|

≤C(∥h∥BL ∨ ∥g∥∞){δn + ∥F̂n − FY |X∥∞ + ∥f̂n − fX∥∞}

on Bn. Since P(Bn) → 1, the claim follows.

It remains to show that Ψ(y, x) ⊂ Ψ̂n(y, x) ⊆ Ψ(y, x)δn with high probability.

Recall that

Ψ̂n(y, x) = {x′ ≥ x | F̂n(y, x′) + ẑnσ̂n(y, x
′) ≥ max

x̃≥x
F̂n(y, x̃)− ẑnσ̂n(y, x̃)}

and bound

F̂n(y, x
′) + 2ẑnσ̂n(y, x

′)−max
x̃≥x

F̂n(y, x̃)

=FY |X(y, x
′)−max

x̃≥x
FY |X(y, x̃)

+ {F̂n(y, x′)− FY |X(y, x
′)}

−
{
max
x̃≥x

F̂n(y, x̃)−max
x̃≥x

FY |X(y, x̃)

}
+ 2ẑnσ̂n(y, x

′)

On the event Bn = {∥(F̂n − FY |X)/σ̂n∥∞ ≤ ẑn}, we have

F̂n(y, x
′) + 2ẑnσ̂n(y, x

′)−max
x̃≥x

F̂n(y, x̃)
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≥ FY |X(y, x
′)−maxx̃≥x FY |X(y, x̃)

≤ FY |X(y, x
′)−maxx̃≥x FY |X(y, x̃) + 4ẑn∥σ̂n∥∞.

This implies

{x′ ≥ x : FY |X(y, x
′)−max

x̃≥x
FY |X(y, x̃) ≥ 0}

⊃{x′ ≥ x : FY |X(y, x
′)−max

x̃≥x
FY |X(y, x̃) ≥ 0}

={x′ ≥ x : FY |X(y, x
′) = max

x̃≥x
FY |X(y, x̃)} = Ψ(y, x)

and

Ψ̂n(y, x) ⊂{x′ ≥ x : FY |X(y, x
′)−max

x̃≥x
FY |X(y, x̃) + 4ẑn∥σ̂n∥∞ ≥ 0} ⊂ Ψ(y, x)δn

with δn = 1/c1(4ẑn∥σ̂n∥∞)
ρ

ρ−1
∨α+1

α , which follows by the same arguments as in the

proof of Lemma 28.

Consistency of the bootstrap

Lemma 41. Suppose that Assumption 13 holds. Then,

sup
t∈R

∣∣P(ϕ̂′
n(Ẑn) ≤ t

∣∣Dn

)
− P

(
ϕ(θ̂n)− ϕ(θ0) ≤ t

)∣∣ = op(1).

Proof. We apply Theorem 4 separately to the cases of a linear and nonlinear deriva-

tive. First consider the nonlinear case. The rate of the bootstrap can be shown to

be

dn =

√
log n

nh3n

by the same arguments as in Lemmas 38 and 23. Moreover, the coupling for the

bootstrap follows using the same arguments as in the setting of the maximum of a

conditional mean function in Lemma 24 building on the proof of Theorem 9 in the

supplementary material of Chernozhukov et al. (2013b). It results in an approxima-
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tion

P

(
sup
x∈[0,1]

|Ẑn(x)− Z∗
n(x)| > o

(
1√

nhn log
2 n

)∣∣∣∣Dn

)
= op

(
1

log n

)
,

and therefore we have sn = o((nhn log
2 n)−1/2). Additionally, Lemma 40 implies

ηn =

(
log n

nhn

)1/4

.

It only remains to check the further rate requirements. We have

dnηn
σn

=
√
nhn log n

√
log n

nh3n

(
log n

nhn

)1/4

=

(
log5 n

nh5n

)1/4

→ 0

sn
σn

=
√
nhn log n

1√
nhn log

2 n
=

1√
log n

→ 0

and the claim follows by Theorem 4.

For the case of a linear mean square discontinuous derivative, the result follows

along the same lines as above (up to log terms). For the final case of a linear and

mean square continuous derivative, it still holds

dn =

√
log n

nh3n
and ηn =

(
log n

nhn

)1/4

.

The coupling for the bootstrap follows again using the arguments as in the proof of

Theorem 9 in the supplementary material of Chernozhukov et al. (2013b) applied

to the coupling construction in Lemma 36 and yield the rate sn = o((n log n)−1/2).

It only remains to check the further rate requirements. We have

dnηn
σn

=
√
n

√
log n

nh3n

(
log n

nhn

)1/4

=

(
log3 n

nh7n

)1/4

→ 0

sn
σn

=
√
n

1√
n log n

=
1√
log n

→ 0

and the claim follows by Theorem 4.
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Projection Confidence bands

Let [Fℓ(y, x), Fu(y, x)] be a confidence band for FY |X and [fℓ(x), fu(x)] a band

for fX . Then the projection bands are [ϕ(Fℓ, fℓ)(y), ϕ(Fu, fu)(y)] which follows by

monotony of ϕ with respect to the pointwise ordering. In order to see this monotony,

let F ≤ G and f ≤ g, then

ϕ(F, f) =

∫
max
x′≥x

F (y, x′)f(x)dx

≤
∫

max
x′≥x

G(y, x′)g(x)dx = ϕ(G, g)

since F (y, x′) ≥ 0.

1.C Additional results

1.C.1 Topological thoughts on the Delta method

Suppose θ̂n, θ ∈ D and ϕ(D) ⊂ E. Now consider two topologies O and V on D
satisfying O ⊂ V , i.e., V is finer than O (or O is coarser than V). Further, denote

by K(O) the collection of compact sets in the topology O.

In the following Lemma, we collect some topological results:

Lemma 42. (i) If ∥x∥O ≤ ∥x∥V for all x ∈ D, then O ⊂ V.

(ii) If O ⊆ V, then K(V) ⊆ K(O).

(iii) If ∥x∥O ≤ ∥x∥V for all x ∈ D, then V-bounded set is also O-bounded.

(iv) If O ⊆ V and f : D → Y is O-continuous, then f is also V-continuous.

(v) If O ⊆ V and Xn
d→ X in V, then Xn

d→ X in O.

(vi) If O ⊆ V and ϕ is O-Hadamard-differentiable, then ϕ is also V-Hadamard-

differentiable.

(vii) If O ⊆ V and ϕ is O-Fréchet-differentiable, then ϕ is also V-Fréchet-differen-
tiable.

In words: (i) allows the other results to be applied to a setting where we have

norms of differing strengths and therefore gives a common setting for the other
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results. (ii) states that the finer the topology, the smaller the number of compact

sets. This also implies that a random variable that is tight in the coarse topology

does not have to be tight in the finer topology. (iii) states that the finer the topology,

the smaller the number of bounded sets. (iv) implies that the finer the topology, the

larger the number of continuous functions. This almost directly implies (v), that a

sequence which converges in distribution in a coarser topology does not necessarily

need to converge in a finer topology. (v)-(vii) combined reveal a trade-off when

choosing the topology for the Delta method: The finer the topology, the harder it

gets for the random variable to converge in distribution but the easier it is for the

transformation to be differentiable.

Proof. (i): Suppose that O, V are generated by the norms ∥·∥O and ∥·∥V respec-

tively. Further, suppose that

∥x∥O ≤ ∥x∥V

for any x ∈ D (implying that the identity mapping id : (D,O) → (D,V) is continu-
ous). This implies

{y ∈ D : ∥x− y∥V < ε} ⊆ {y ∈ D : ∥x− y∥O < ε}

for any x ∈ D and ε > 0. Now, let O ∈ O. Then, for any x ∈ O, there exists ε > 0

such that

{y ∈ D : ∥x− y∥V < ε} ⊆ O

and hence O ∈ V , proving O ⊆ V .
(ii): Every V-compact set K is also O-compact. Let K(O) denote the compact

sets wrt the topology O, then K(V) ⊆ K(O). Indeed, any O-open cover of D is

also a V-open cover of D and the remaining argument is simple. Thus, the finer a

topology the (weakly) smaller the number of compact sets.

(iii): Follows directly by definition.

(iv): A function f : X → Y is continuous, if for any O ∈ OY it holds f−1(O) =

{x ∈ X : f(x) ∈ O}. Slightly abusing notation: f−1(OY ) ⊆ OX . Now, if O ⊆ V
and f : D → Y (for an arbitrary topology on Y ) is O-continuous, then f is also

V-continuous.
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(v): Recall convergence in distribution for a D-valued random variables Xn to

X if

E∗ f(Xn) → E f(X)

for all continuous and bounded f : D → R. Hence, by the observation on the number

of continuous functions in (iv), (v) follows.

(vi): This follows directly by the relation between Hadamard and compact dif-

ferentiability as well as (ii).

(vii): This follows directly by the relation between Fréchet and bounded differ-

entiability as well as (iii).

1.C.2 Further Plots for the Simulation

The following figures depict the first four realizations of our Monte Carlo sim-

ulation across the four DGPs. The black curve depicts the plug-in estimator, the

blue dashed line the lower confidence interval and the red line shows the true curve.
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Figure 1.C.1: DGP decreasing
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Figure 1.C.2: DGP increasing
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Figure 1.C.3: DGP independent
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Figure 1.C.4: DGP 4



Chapter 2

An Anti-Concentration Bound for

Sublinear and Continuous

Functionals of Gaussian Random

Vectors

2.1 Introduction

Anti-concentration bounds play an important role in the modern theory on con-

fidence intervals and testing in settings such as high-dimensional and nonparametric

statistics. In these settings, it is often hard to derive limiting distributions of estima-

tors or even no limiting distribution might exist. Here, anti-concentration bounds

help as they provide non-asymptotic bounds leading to distributional approxima-

tions in Kolmogorov distance. More broadly, anti-concentration bounds have been

used in random matrix theory to study the behavior of smallest singular values (e.g.

Rudelson and Vershynin (2008) and Rudelson and Vershynin (2009)), in machine

learning to characterize the computational complexity of learning sets under the

Gaussian distribution (Klivans et al. (2008)) and in nonparametric Bayesian statis-

tics to show validity of credible sets from a frequentist perspective (Götze et al.

(2019)).

Anti-concentration bounds refer to inequalities bounding the probability that a

real-valued random variable, say X, lies in a small interval. Formally, they give

upper bounds on P(|X − x| ≤ ε) for arbitrary x ∈ R and small ε > 0. More

145
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commonly known are concentration bounds, such as Markov’s inequality, which give

a lower bound on this quantity and where x typically is the mean or median of X.

In this paper, we derive an anti-concentration bound for sublinear and contin-

uous functionals of tight Gaussian random vectors. The Gaussian random vectors

are assumed to take values in a real-valued Banach space, therefore allowing for

finite dimensional as well as infinite dimensional applications. Sublinear functionals

arise naturally in many different settings. Two important examples are (semi)norms

or linear functionals. Besides that, they also come up in multiple one-sided testing

problems such as moment inequality models (see, e.g., Canay and Shaikh (2016) and

Molinari (2020) for an overview of this literature) or estimation under shape restric-

tions (see Chetverikov et al. (2018) for a survey). Moreover, sublinear functionals

appear frequently in inferential problems on directionally differentiable functionals

(see, Fang and Santos (2018) for examples).

The proof of our anti-concentration bound relies on two observations. Firstly,

any continuous sublinear functional can be represented as a supremum over a sub-

set of the topological dual of the Banach space under consideration and secondly

any Gaussian random vector in a Banach space D leads to a Gaussian process

over the topological dual of D. These observations allow us to recast our setup to

the study of the supremum of Gaussian processes. For the latter, we adapt the

proof of an anti-concentration inequality due to Giessing (2023a). Giessing derives

a dimension-free anti-concentration bound for suprema of separable Gaussian pro-

cesses with non-degenerate marginal distributions. We adapt Giessing’s bound to

allow for non-separable Gaussian processes with potentially degenerate marginal

distributions so that we do not need to restrict the Banach space nor the continuous

sublinear functional. The extension to non-separable Gaussian processes allows our

bound to be applied to spaces such as the space of continuous or absolutely inte-

grable functions, and the extension to degenerate marginal distributions allows for

applications where the Gaussian random vector has a singular covariance matrix or

where the functional is non-negative.

The proposed anti-concentration bound contributes to the growing literature on

anti-concentration bounds for suprema of separable Gaussian processes. Closest to

our bound is the proposal by Giessing (2023a). As in Giessing (2023a), our bounds

are sharp up to a multiplicative constant and can recover the anti-concentration

bounds in Chernozhukov et al. (2014b), Chernozhukov et al. (2015a), Chernozhukov

et al. (2017) and Deng and Zhang (2020) when restricted to our setting. Notably,
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Deng and Zhang (2020) also propose an anti-concentration bound which does not

depend on the smallest marginal variance, but their results are not dimension-free

and cannot be applied as easily to infinite-dimensional settings as ours. Our bounds

are also related to the bounds in Ball (1993), Nazarov (2003) and Klivans et al.

(2008) who derive reverse isoperimetric inequalities for standard Gaussian mea-

sures of balls, half-spaces, convex polytopes, cones as well as general convex bodies.

Importantly, their bounds are dimension-dependent and therefore do not readily

apply to infinite-dimensional applications. Since norms are particular examples of

sublinear continuous functionals, our bound is also related to the results in Götze

et al. (2019) who study Gaussian comparison and anti-concentration bounds for

squared norms on Hilbert spaces. Their bounds are qualitatively different to ours

as they derive an anti-concentration bound for the squared norm which is not a

sublinear functional. Finally, we want to mention the anti-concentration bounds in

Belloni et al. (2019a) and Peccati and Turchi (2023) on min-max statistics of finite-

dimensional vectors and Kozbur (2021) and Giessing (2023a) on order statistics.

These are partially more general in that they consider more general transformations

than a supremum but other than that are not related to the setup in this paper.

We apply our anti-concentration bound to derive non-asymptotic bounds on the

Kolmogorov distance for sublinear and continuous functionals of sums of indepen-

dent high-dimensional random vectors. By this, we contribute to the literature

on high-dimensional CLTs by allowing for more general transformations of high-

dimensional sums. Our bound is related to the literature on Berry-Esseen type

bounds for convex and symmetric sets since any convex set that includes a closed

ball can be represented by a sublinear and Lipschitz continuous Minkowski func-

tional. Thus, our results are related to Bentkus (2003), Bentkus (2005), Raič (2019)

and Fang and Koike (2024) who derived Berry-Esseen type bounds for general convex

and symmetric sets as well as Euclidean balls and to Chernozhukov et al. (2013a),

Chernozhukov et al. (2017), Chernozhuokov et al. (2022), Fang and Koike (2021),

Lopes (2022) and Bong et al. (2023) who derived bounds for hyperrectangles. Sim-

ilarly, Kuchibhotla and Rinaldo (2020) bound the distance between cdfs of sums

of high-dimensional vectors, which can be represented as a particular collection of

hyperrectangles. Further, since any norm is sublinear and Lipschitz continuous,

our bounds also relate to the literature on Kolmogorov bounds for norms of high-

dimensional sums as in Lopes et al. (2020) who studied the maximum norm and

Giessing and Fan (2020), Giessing (2023b) and Giessing and Fan (2023) who stud-
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ied general ℓp-norms. The general applicability of our bounds comes at the price

of requiring often stronger restrictions on the dimension of the random vectors as

in the above-mentioned papers. This suggests that our bounds are best used for

functionals which are not covered by the above results.

Moreover, we apply our anti-concentration bound to derive distributional ap-

proximations for kernel-type estimators. We derive two separate results that differ

in the assumed complexity of the functional. In the case of a rather small com-

plexity, we rely on a coupling for empirical processes developed in Chernozhukov

et al. (2014a) and in the case of large complexity, we use the Rio-Massart coupling

derived in Chernozhukov et al. (2013b). As for the Kolmogorov bounds on high-

dimensional vectors, we contribute to the literature by allowing for more general

transformations of the estimators. Related to our bounds are Chernozhukov et al.

(2013b) and Chernozhukov et al. (2014a) who study the supremum of kernel-based

empirical processes, Cattaneo et al. (2024) who derive bounds for the sup-norm of

boundary adaptive local polynomial density estimators and Cheng and Chen (2019)

who derive bounds for the sup-norm of debiased kernel density and local linear esti-

mators. I am not aware of any other work considering more general transformations

than the sup-norm.

The rest of the paper is organized as follows. In Section 2.2, we discuss moti-

vating examples and discuss their relation to the results in this paper. In Section

2.3, we derive our anti-concentration bound and lower bound on the variance of

suprema of separable Gaussian processes. Finally, in Section 2.4, we apply our anti-

concentration bound to derive Berry-Esseen type bounds for sums of independent

high-dimensional vectors and kernel-type estimators. We collect all of our proofs in

the Appendix.

Notation. For any measure Q on a measurable space (S,S) and any measurable

function f : S → R, we use the notation ∥f∥Q,p = (
∫
|f |pdQ)1/p, p ∈ [1,∞]. When Q

denotes the counting measure on (N,P(N)), where P(N) denotes the power set of N,
we write just ∥f∥p = (

∑
n∈N|fn|p)1/p. We also denote by ∥·∥p the ℓp norms on Rd for

any d ∈ N. For an arbitrary set T , let C(T ) denote the space of continuous functions
T → R endowed with the uniform norm ∥f∥T := supt∈T |f(t)|. Unless otherwise

stated, c, C > 0 denote universal constants of which the values may change from

place to place. For a, b ∈ R, we use the notation a ∨ b = max{a, b} and a+ = a ∨ 0.
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2.2 Motivation

In this section, we briefly introduce two motivating examples illustrating poten-

tial applications and discuss their relation to our anti-concentration bounds.

Example 8 (Testing many inequalities). Let X1, . . . , Xn ∈ Rk be i.i.d. random

vectors with unknown mean µ0 ∈ Rk for some k which is allowed to increase with

n. Consider testing the set of linear inequalities

H0 : µ0 ≤ 0 vs. H1 : µ0,j > 0, for some j = 1, . . . , k.

This testing problem has been analyzed for example by Chernozhukov et al. (2019)

and Bai et al. (2019). Testing problems of this kind arise in different examples

in economics such as in market entry games as in Ciliberto and Tamer (2009), in

discrete choice models with endogeneity in Chesher et al. (2013) and in dynamic

models with imperfect competition as in Bajari et al. (2007).

In order to develop a test statistic, let µ̂j and σ̂
2
j denote the sample mean and

variance of X1j, . . . , Xnj respectively, for j = 1, . . . , k, that is

µ̂n,j =
1

n

n∑
i=1

Xij and σ̂2
j =

1

n

n∑
i=1

(Xij − µ̂j)
2.

There are many different test statistics in order to test H0 against H1. It is natural

to consider test statistics that take large values when some µ̂j is large. For example

consider

Tn,∞ = max
1≤j≤k

√
n
µ̂j
σ̂j

and Tn,2 =

√√√√ k∑
j=1

(√
n
µ̂j
σ̂j

∨ 0

)2

.

Large values of Tn,∞ or Tn,2 indicate that H0 is violated, and therefore it is natural

to consider a test of the form

Tn,ℓ > cℓ =⇒ reject H0, ℓ = 2,∞

where cℓ denotes a critical value that is suitably chosen so that the test is approxi-

mately of size α ∈ (0, 1). These two tests lead to different power properties. Heuris-

tically, Tn,2 is preferred to Tn,∞ when many inequalities are violated simultaneously,

while Tn,∞ is preferred when only relatively few inequalities are violated.
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In order to construct critical values cℓ, note that under H0,

Tn,2 ≤

√√√√ k∑
j=1

(√
n
µ̂j − µj
σ̂j

∨ 0

)2

=: Sn,2, (2.1)

where equality holds when all µj are zero. A similar inequality holds for Tn,∞. Hence,

in order to construct a critical value for Tn,ℓ, it is sufficient to construct critical values

as the (1 − α)-quantile of the distribution of Sn,ℓ. While this is straightforward in

the finite dimensional case when k is fixed, it is challenging to derive a distributional

approximation in the high-dimensional setting when k is allowed to increase with

n. Even though the sup-based statistic has been studied in the high-dimensional

setting, to the best of my knowledge, there is no distributional approximation result

for the ℓ2-based statistic in the high-dimensional setting in the literature. As we

demonstrate in Section 2.4, our results allow for such an application.

Alternatively, one may construct critical values based on an inequality selection

mechanism as e.g. in Chernozhukov et al. (2019) instead of the bound (2.1). Heuris-

tically, such inequality selection procedures first discard uninformative inequalities

which are far from binding and base the critical values on the reduced set of in-

equalities which improves the power of the test. As for the simpler test outlined

above, one may derive a distributional approximation result for this refined testing

procedure using our results.

Our next example is about one-sided testing in nonparametric curve estimation.

Such one-sided tests arise in different settings such as inference on shape restrictions

or in partial identification analysis. See e.g. Firpo et al. (2019) for specific examples.

Example 9 (One-sided testing in curve estimation). Suppose our object of interest

is θ0 ∈ C(0, 1), and we are interested in testing the hypothesis: H0 : ∀x ∈ [0, 1] :

θ0(x) ≤ 0

H0 : ∀x ∈ [0, 1] : θ0(x) ≤ 0 vs. H1 : ∃x ∈ [0, 1] : θ0(x) > 0.

Further, suppose there is some nonparametric estimator θ̂n of θ0 which can be ap-

proximated by a suitable Gaussian distribution as n → ∞. A natural choice for

a test statistic rejects the null hypothesis when θ̂n(x) is positive and large. For
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example one may use a sup- or L2-based test statistic

T̂n,∞ = sup
x∈[0,1]

θ̂n(x)

σ̂n(x)
or T̂n,2 =

√∫ 1

0

(
θ̂n(x)

σ̂n(x)

)2

+

dx,

where σn(x) denotes an estimator of the standard error of θ̂n(x). Test statistics of

this form have been investigated by several authors, see for example Chernozhukov

et al. (2013b) and references therein for the sup-based test statistic and Lee et al.

(2013) for the L2-based test statistic. Alternatively, one may use a type of one-sided

Lorentz norm

T̂n,w,q =

(∫ ∞

0

w(t)

(
θ̂n(x)

σ̂n(x)

)∗

+

(t)qdt

) 1
q

,

where w is a decreasing non-negative locally integrable weight function on R+,

q ∈ [1,∞) and the (·)∗+ operator denotes the one-sided decreasing rearrangement

operator, i.e., for each f on [0, 1], f ∗
+ is given by

f ∗
+(t) = inf{y : Leb(x ∈ [0, 1] : f(x) > y) ≤ t}.

For q = 2 and w = 1, this test statistic would coincide with T̂n,2. But for different

choices of the weight function w, this test statistic allows putting more weight on

large deviations from the null and therefore may be seen as a test statistic which is

between T̂n,2 and T̂n,∞.

As in Example 8, T̂n,2 may be preferred to T̂n,∞ when θ0 is positive on a relatively

large interval, while T̂n,∞ may be preferred when θ0 only deviates from the null on a

small interval. Depending on the weight function w and q, the test statistics T̂n,w,q

may interpolate between power properties of T̂n,2 and T̂n,∞ and therefore constitute

an interesting alternative to these test statistics. Further, all of the above test

statistics can be written as a functional ψ of the differences θ̂n/σ̂n. For instance,

T̂n,w,q = ψ(θ̂n − µ), where ψ is given by

ψ(f) =

(∫ ∞

0

w(t)(f(x))q+dx

)1/q

.

ψ is sublinear and continuous with respect to both the sup- and the Lq-norm.1

1This follows by the same arguments as in Chapter 2 §2 in DeVore and Lorentz (1993) applied
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However, ψ is not absolutely homogeneous and therefore is no seminorm. The same

holds true for the sup- and L2-based test statistic.

Common to both examples is that we are interested in inference of some sublinear

and continuous functional ψ applied to a random vector Xn. Also, common to both

examples is that inference is non-standard in the sense that the estimators under

consideration rarely converge in distribution to a useful limiting object. Heuristi-

cally, this can be seen as follows. If the non-studentized sample means
√
n(µ̂ − µ)

converge in distribution, then they have to be asymptotically tight. In particular,

the norm
√
n∥µ̂−µ∥ has to be asymptotically stochastically bounded. On the other

hand, this norm usually diverges as the dimension of the vector increases (unless the

vectors are highly correlated across their components). A similar argument applies

to many nonparametric estimators such as kernel or series estimators. Thus, one

cannot justify inference in the above examples by appealing to a limiting distribution

approximation and the continuous mapping theorem.

While the above reasoning does not preclude the possibility that the test statistics

converge in distribution, showing that ψ(Xn) actually converges in distribution is

a hard task and may need to rely on arguments specific to both the functional ψ

and the random vectors Xn. On the other hand, there is a generic argument for

approximation of these test statistics based on the following result due to Le Cam

(Le Cam (2012), p. 402) which we adapted to our setting here.

Lemma 43. For X,Z arbitrary random vectors and ε > 0,

sup
t∈R

|P(ψ(X) ≤ t)− P(ψ(Z) ≤ t)| ≤ P(|ψ(X)− ψ(Z)| > ε) + ζε(ψ(Z)),

where ζε(V ) = supx∈R P(|V − x| ≤ ε) for a real-valued random variable V .

In particular, this Lemma can be used to justify a Gaussian approximation

of the distribution of ψ(Xn) in the sense that we can approximate the distribu-

tion of ψ(Xn) by the distribution of ψ(Zn) for some Gaussian random vector Zn.

For this purpose, this Lemma requires two ingredients. First, we need a bound

on P(|ψ(Xn) − ψ(Zn)| > ε). Such bounds are readily available for sums of high-

dimensional random vectors (see e.g. Zaitsev (2013) for a survey) and for empirical

processes (e.g. Massart (1989), Rio (1994), Koltchinskii (1994), Chernozhukov et al.

to f1{f ≥ 0}.
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(2014a), Chernozhukov et al. (2016), Cattaneo et al. (2022) and Giessing (2023b)).

Secondly, we need a bound on the Lévy concentration function ζε(ψ(Zn)), i.e. an

anti-concentration bound for sublinear and continuous functionals ψ of Gaussian

random vectors Zn. While there are related anti-concentration bounds for suprema

of separable Gaussian processes (see e.g. Chernozhukov et al. (2014b) and Giessing

(2023a)), these bounds do not allow for applications where Zn takes its values in

the space of continuous functions or the space of absolutely integrable functions.

To the best of my knowledge, there is no anti-concentration bound in this setting

which applies to general Banach spaces which motivates the results of the following

sections.

2.3 The Anti-Concentration Bound

Let (D, ∥·∥) be a real Banach space with continuous dual space (D, ∥·∥∗) and

ψ : D → R be continuous at zero and sublinear, i.e.,

ψ(λx) = λψ(x), λ ≥ 0, x ∈ D

ψ(x+ y) ≤ ψ(x) + ψ(y), x, y ∈ D.

Moreover, suppose that Z is a tight Gaussian random vector in D, i.e., f(Z) is mea-

surable for every f ∈ D∗, and that every finite linear combination
∑

i αifi(Z), αi ∈
R, fi ∈ D∗, is Gaussian.

In order to derive an anti-concentration bound for ψ(Z), we will reduce the

problem to an anti-concentration bound for a supremum over a not necessarily

separable Gaussian process. For the latter, we adapt the anti-concentration for

suprema of separable Gaussian processes derived by Giessing (2023a). For this

purpose, we use the following representation result for Lipschitz continuous and

sublinear functionals. Its proof essentially follows by the Hahn-Banach dominated

extension theorem.

Lemma 44. Let ψ : D → R be sublinear and continuous at zero. Then it can be

represented as

ψ(x) = sup{f(x) | f ∈ D∗ : ∀y ∈ D : f(y) ≤ ψ(y)}.

Conversely, any supremum of a uniformly bounded family of continuous linear func-
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tionals is a Lipschitz continuous and sublinear functional.

Lemma 44 lets us recast the problem as follows. Denote by F = {f ∈ D∗ | ∀x ∈
D : f(x) ≤ ψ(x)}. Then ψ(Z) = supf∈F f(Z) is the supremum over the Gaussian

process G := {f(Z) : f ∈ F}. This process has many nice properties such as

almost surely bounded and Lipschitz continuous sample paths. However, it might

fail to have a separable version since the dual space D∗ might not be separable as

for example when D is the space of continuous functions from [0, 1] → R endowed

with the supremum norm. Instead, by tightness of Z and special properties of F ,

we can approximate ψ(Z) by a supremum over a countable set F̃ and therefore have

sufficient regularity to apply the arguments in Giessing (2023a).

Theorem 14. Let ψ : D → R be a sublinear and continuous functional and let Z be

a tight D-valued Gaussian random vector. Let F0 = {f ∈ F : Var(f(Z)) = 0} ̸= ∅
and define µ̄ = supf∈F0

E[f(Z)]. Further, let Y := supf∈F\F0
f(Z), then, for any

t ∈ R and ε > 0,

P(t ≤ ψ(Z) ≤ t+ ε) ≤ ε
√
12√

Var(Y ) + ε2/12

+ P(ψ(Z) = µ̄)1(µ̄ ∈ [t, t+ ε]).

If F0 = ∅, this bound reduces to

P(t ≤ ψ(Z) ≤ t+ ε) ≤ ε
√
12√

Var(ψ(Z)) + ε2/12
.

We defer the proof to section 2.A.2 in the Appendix.

Remark 1. Suppose that Z is centered in the sense that E[f(Z)] = 0 for all f ∈ D∗.

Then we can replace µ̄ in the upper bound by zero and Var(Y ) by the variance of

ψ(Z). If moreover F0 = ∅, i.e., G has non-degenerate marginals, then the upper

bound reduces to the bound in Remark 2 in Giessing (2023a).

Remark 2. By Theorem 1.1 in Bobkov and Chistyakov (2015), it holds for arbitrary

continuous random variables X

sup
t∈R

P(t ≤ X ≤ t+ ε) ≥ ε/
√
12√

Var(X) + ε2/12
.

This shows that the bound in Theorem 14 is of the right order as ε→ 0 when F0 = ∅.



2.3 The Anti-Concentration Bound 155

Remark 3. If Z ∼ N (µ, σ2), then for any t ∈ R and ε > 0,

P(t ≤ Z ≤ t+ ε) ≤ ε√
σ2 + ε2/2

.

For a derivation, see Remark 3 in Giessing (2023a). Thus, as in Giessing (2023a),

sublinear transformations of Gaussian random vectors possess essentially the same

anti-concentration properties as a Gaussian random variable with variance Var(ψ(Z)).

In applications, the functional ψ and the vector Z typically restrict the underly-

ing vector space, but there is some degree of freedom in the choice of the norm or the

choice of the Banach space. This choice faces a trade-off. On the one hand, while

the sublinearity of ψ only depends on the vector space structure, the continuity of ψ

is directly affected by the choice of the norm and the stronger the norm, the easier

to achieve continuity. On the other hand, the choice of the norm affects the tight-

ness of Z and implies in particular that E[∥Z∥k] < ∞ for any k ∈ N. Therefore, a

stronger norm imposes stronger integrability properties on Z. In order to illustrate

this, consider for example Z = (λngn)n∈N, where (gn)n∈N denotes an i.i.d. sequence

of standard normally distributed random variables and λn is a sequence of nonneg-

ative real numbers. If (λn) ∈ ℓp for p ∈ (1,∞) but not in ℓ1, then E[∥Z∥pp] <∞ but

E[∥Z∥1] = ∞.

The bound in Theorem 14 is dimension-free and only imposes weak requirements

on the marginal distributions of Z. As they are dimension-free, they apply equally

to finite as well as infinite dimensional settings. In comparison to other proposals

in the literature (cf. Chernozhukov et al. (2014b), Chernozhukov et al. (2015a),

Giessing (2023a)), we do not require that the marginal variances are bounded away

from zero.2 This allows for settings where G has degenerate marginals. For example,

consider D = R and x 7→ ψ(x) = (x)+ and Z ∼ N (0, 1). In this case, G = {Z, 0}
includes a degenerate normal with variance 0. Further, this allows for settings where

marginal variances decay to zero. Examples include settings such as in PCA, count

data or functional data analysis as demonstrated in Lopes et al. (2020). Further, we

also do not require Z to be centered. This can be of interest in the construction of

tests. For example, in the setting of Example 8, this allows us to derive a distribu-

tional approximation of the test statistics Tn,ℓ both under null hypothesis and the

2Strictly speaking, we consider a more specialized setting than the aforementioned papers.
However, one may compare our bound to these papers if one interprets our bound as an anti-
concentration bound for the supremum of the Gaussian process G.
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alternative as we will show in the following section. Therefore, this property can be

useful in the power analysis of tests as noted in Chernozhukov et al. (2016). Finally,

our bound does not require the Gaussian process G to be separable. This allows to

apply our bound to the space of continuous functions or L1.

2.3.1 Lower bounds on the variance

The proposed bounds are only operational when we can compute the variance of

ψ(Z) or at least bound it from below. For instance, for norms in high-dimensional

statistics, the variance often converges to zero as the dimension increases, see for

example Biau and Mason (2015) for p-norms. In such situations, it is crucial to

understand at which rate the variance decreases. In the case of suprema of separable

Gaussian processes, lower bounds on the variance have been derived by Giessing

(2023a) and lower bounds on the variance of p-norms of Gaussian k-vectors have been

derived in Giessing and Fan (2023). See also the further discussion and references

in Giessing (2023a) and Giessing and Fan (2023).

Before presenting our lower bound on the variance, we apply the lower bound in

Proposition 1 in Giessing (2023a) to our anti-concentration bound.3

Corollary 7. Suppose the assumptions of Theorem 14 hold. Furthermore, suppose

that Z is centered and Var(f(Z)) ≥ σ > 0 for all f /∈ F0. Then, 0 ≤ E[Y ] <∞ and

P(t ≤ ψ(Z) ≤ t+ ε) ≤15
√
12

ε

σ2
(E[Y ] + σ)

+ P(ψ(Z) = µ̄)1(µ̄ ∈ [t, t+ ε]).

The resulting anti-concentration bound is similar to the bounds in Chernozhukov

et al. (2014b) and Chernozhukov et al. (2015a) although with a worse constant. In

particular, besides the lower bound on the marginal variances, it only depends on Z

through the expected value of the supremum Y . This simplifies the applicability of

this bound considerably as there is a wide array of techniques to bound the expected

value of suprema of Gaussian processes in the literature.

Further, we propose a lower bound on the variance of the supremum of a separa-

ble Gaussian process which does not rely on a lower bound of the marginal variances

3While Proposition 1 in Giessing (2023a) requires G to be separable, this result can be relaxed
to only require that we consider a supremum over a countable index set. See also the comment to
Lemma 45 below.
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but instead only uses an upper bound. Thus, this lower bound allows for example

for variance decay as in Lopes et al. (2020).

Lemma 45. Let X = {Xu : u ∈ U}, U ̸= ∅, be a separable and centered Gaussian

process such that Var(Xu) > 0 for all u ∈ U . Set Y = supu∈U Xu and assume that

Y <∞ a.s. Then, 0 ≤ E[Y ] <∞ and

Var(Y ) ≥

σ̄2/32 , if E[Y ] < σ̄/2

1
5
σ̄2(2σ̄2 + (E[Y ] + 1)2)−1 , if E[Y ] ≥ σ̄/2.

Here, σ̄ = supu∈U
√

Var(Xu) denotes the weak variance of X.

The assumption that the Gaussian process X is separable is not essential for this

result to hold. In particular, it applies to G = {f(Z) : f ∈ F} in our setting as

follows from Lemma 49 in the Appendix. Heuristically, this follows since we only

need that the supremum of G has a separable index set and the latter follows by

tightness of Z together with special properties of F .

As an application of this lower bound, we obtain the following Corollary to

Theorem 14.

Corollary 8. Suppose the assumptions of Theorem 14 hold. Furthermore, suppose

that Z is centered and that there exists some f ∈ F so that Var(f(Z)) ≥ c > 0 and

that σ̄ = sup∥f∥∗=1

√
Var[f(Z)] <∞. Then, if E[Y ] ≥ Lσ̄/2 for some L ≥ 1,

P(t ≤ ψ(Z) ≤ t+ ε) ≤5
√
12

c
ε
√

(E[Y ] + 1)2 + 2L2σ̄2

+ P(ψ(Z) = µ̄)1(µ̄ ∈ [t, t+ ε]).

2.4 Applications

In the following, we will apply our anti-concentration bound to derive

Kolmogorov bounds for Gaussian approximation of sums of independent high-

dimensional random vectors in section 2.4.1 and of kernel-type estimators in sec-

tion 2.4.2.
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2.4.1 Sums of high-dimensional random vectors

In this section, we propose a bound on the Kolmogorov distance for transfor-

mations ψ of sums of high-dimensional random vectors. Our main result is the

following.

Proposition 2. Let p ≥ 1 and ψ : Rk → R be sublinear and L-Lipschitz continuous

with respect to the ℓp norm. Suppose X1, . . . , Xn are independent random k-vectors,

and let

βp =
n∑
i=1

E[∥Xi − E[Xi]∥22∥Xi − E[Xi]∥p] +
n∑
i=1

E[∥gi∥22∥gi∥p]

be finite, where g1, . . . , gn is a sequence of independent random k-vectors such that

gi ∼ N (0,Var(Xi)) for all i = 1, . . . , n. Further, denote by ϕp(k) =
√
pk2/p for

p ∈ [1,∞) and ϕ∞(k) =
√
2 log 2k and let cp(k) = k

2−p
2p if p ∈ [1, 2) and cp(k) = 1 if

p ∈ [2,∞]. Lastly, set Sn = X1 + · · ·+Xn. Then, for Zn ∼ N (E[Sn],Var(Sn)) and

if Var(ψ(Zn)) > 0, for all τ ∈ R,

sup
t≥τ

|P(ψ(Sn) ≤ t)− P(ψ(Zn) ≤ t)| ≤C∆n log

(
ϕp(k)

3

cp(k)∆n

∨ e
)

+ P(ψ(Zn) = µ̄)1(µ̄ ≥ τ)

for some constant C independent of n, k, p and the distribution of X and where

∆n =

(
L3βpϕp(k)

2

(Var(ψ(Zn)))3/2

)1/4

.

The proof relies on a Yurinskii Coupling due to Belloni et al. (2019b). The inde-

pendence assumption can be weakened to Martingale assumptions by using results

from Cattaneo et al. (2022). The assumption that ψ is L-Lipschitz is already im-

plied if ψ is sublinear and continuous. In this sense, it is here only required that

the Lipschitz constant (or an upper bound) is known. Further, as this result is

non-asymptotic, ψ and therefore also F and L are allowed to depend on n. This

is for example needed in the context of Example 8 when the dimension is allowed

to increase with the sample size. Finally, note that the result does not assume that

the Xi are centered.

In the derivation of the bound, we were agnostic about the cardinality of F .
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When F only has finite cardinality, the results may be improved by using the Yurin-

skii Coupling in Chernozhukov et al. (2014a). This is because we use a coupling for

the whole vector Sn and rely on the Lipschitz continuity of ψ to obtain a coupling for

ψ(Sn). Chernozhukov et al. (2014a) in comparison, can be used to derive couplings

for ψ(Sn) directly which might lead to improvements when F has a relatively low

complexity.

Example 10. Consider for example ψ(x) = ∥x∥2 and let Y1, . . . , Yn be i.i.d. and

centered with values in Rk. For simplicity, suppose that Var(Yi) = Ik and take

Xi = Yi/
√
n. Then, we can apply Proposition 2 with p = 2, L = 1, Var(ψ(Zn)) ≈ 14

and

β2 =
E[∥Yi∥32]√

n
+

E[∥gi∥32]√
n

.

Suppose that max1≤j≤k E[|Yij|3] ≤ β for all i, j, then β2 = O(
√
k3/n). Thus,

sup
t∈R

|P(ψ(Sn) ≤ t)− P(ψ(Zn) ≤ t)| = O

{(
k5

n

)1/8

log(nk)

}
.

The Kolmogorov distance converges to zero whenever k5/n = o(log8 n), thus hav-

ing similar restrictions as a Yurinskii coupling for Sn and Zn with respect to the

Euclidean distance.

Example 11. The dependence on k in the above example can be improved, when the

Yi are highly correlated across coordinates and have light tails. Consider again the

setup as in Example 10 with the exception that now Yi has covariance matrix Σ with

ordered eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0 and associated eigenvectors e1, . . . , ek.

Say, for simplicity, the e⊺jXi are uniformly bounded or sub-Gaussian. Then, we show

in Lemma 53 in the Appendix that

β2 = O

(√
tr(Σ)λ1 log k

n

)
.

Further, by the variance bound in Lemma 45,

Var(ψ(Z)) ≥ O

(
λ1

λ1 + (tr(Σ)λ1 log k)2

)

4See Theorem A in Lytova and Tikhomirov (2019).
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and therefore if P(ψ(Zn) = 0) = 0,

sup
t∈R

|P(ψ(Sn) ≤ t)− P(ψ(Zn) ≤ t)| = O

{(
k2 tr(Σ)8λ21

n

)1/8

log2(nk)

}
.

Thus, if the trace of Σ is uniformly bounded, the requirements on k can be reduced

to k2/n = o(log16 n).

Example 12 (Testing many inequalities). The same arguments as in Examples 10

and 11 apply to the framework of testing many inequalities studied in Example 8.

Here we only study the test statistic Tn,2 and Sn,2; the sup-based test statistics can

be analyzed similarly. Suppose for simplicity, that the variances σ2
j = Var(Xij) > 0

are known. Then, Sn,2 can be written as

Sn,2 = ψ(
√
n(µ̂− µ)/σ)

and can be approximated by the distribution of ψ(Zn) for some centered Gaussian

vector Zn. If the covariance matrix of Xi is nonsingular, F0 = ∅ and therefore

sup
t>0

|P(Sn,2 ≤ t)− P(ψ(Zn) ≤ t)| → 0

under the conditions in Examples 10 or 11.

We can use this result in order to approximate the (1 − α)-quantile of Sn,2 for

α ∈ (0, 1/2). Let cn,1−α denote the (1− α)-quantile of ψ(Zn). Since Zn is centered,

cn,1−α > 0 and does not depend on the particular choice of µ. Therefore,

|P(Sn,2 > cn,1−α)− (1− α)| ≤ sup
t>0

|P(Sn,2 ≤ t)− P(ψ(Zn) ≤ t)| → 0.

Moreover, we can use Proposition 2 to derive an approximation of the quantiles

of Tn,2 directly. This is because Proposition 2 does not require the approximating

Gaussian vector to be centered. In particular, we can approximate Tn,2 by ψ(Yn)

for some Gaussian vector Yn with mean µ = (
√
nµj/σj)

k
j=1. Thus, we obtain in this

setting

sup
t>0

|P(Tn,2 ≤ t)− P(ψ(Yn) ≤ t)| → 0
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and since cn,1−α > 0 also

|P(Tn,2 ≤ cn,1−α)− P(ψ(Yn) ≤ cn,1−α)| → 0

both under the null hypothesis and the alternative. This allows for the study of size

and power properties of a test based on the critical values cn,1−α. In particular, size

control follows by construction of Sn,2

sup
µ≤0

P(Tn,2 > cn,1−α) ≤ P(Sn,2 > cn,1−α) → α.

For power on the other hand, we have for any µn with ψ(µn) ≥ cn,1−α

P(ψ(Zn + µn) > cn,1−α) ≥ sup
f∈F

P(f(Zn) > cn,1−α − f(µn))

≥1− Φ

(
cn,1−α − ψ(µn)

σ̄

)
≥ 1

2
,

where Φ denotes the cdf of the standard normal distribution and σ̄2 denotes the

weak variance, i.e. σ̄2 = supf∈F Var(f(Zn)). Thus, by Markov’s inequality, this test

is consistent against any alternative satisfying ψ(µn)/E[ψ(Zn)] → ∞.5

In practice, one often faces estimators θ̂n for some parameter of interest θ which

cannot be written as a sum of independent random vectors Xi, but which are asymp-

totically linear in the sense that

√
n(θ̂n − θn) =

n∑
i=1

Xi + op(δn),

for some independent random vectorsXi ∈ Rk and some sequence of real numbers δn.

In particular, such linear expansions often hold for high-dimensional M-estimators

such as maximum likelihood estimators or least squares estimators. If the lineariza-

tion error converges sufficiently fast to zero, we can also obtain a bound on the

Kolmogorov distance between the distributions of
√
nψ(θ̂n − θn) and ψ(Zn).

5Note that this power argument does not rely on any properties specific to this example but
applies analogously for any sublinear and continuous ψ and tight Gaussian random vector Zn. In
particular, it also applies to infinite-dimensional settings.
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Corollary 9. Consider the setup in Proposition 2. Suppose further that∥∥∥∥√n(θ̂n − θn)−
n∑
i=1

Xi

∥∥∥∥
p

= op(δn),

for some δn satisfying δn = O(
√

Var(ψ(Zn))). If in addition, P(ψ(Zn) = µ̄) → 0

and

∆n log

(
ϕp(k)

3

cp(k)∆n

∨ e
)

→ 0,

then

sup
t∈R

|P(
√
nψ(θ̂n − θn) ≤ t)− P(ψ(Zn) ≤ t)| → 0, as n→ ∞.

To the best of my knowledge, there is no similar bound for the Kolmogorov

distance for sublinear and continuous functionals in the literature. In particular,

there does not seem to be any result applicable to the test statistic Tn,2 in Exam-

ple 8 when the number of inequalities is allowed to increase with the sample size.

On the other hand, there is a growing literature on Gaussian approximation of ℓp

norms for sums of high-dimensional random vectors. In particular, for the case of

the Euclidean distance, Bentkus (2003), Bentkus (2005) and Raič (2019) obtained

a bound of order k1/4
∑n

i=1 E[∥Σ−1Xi∥32] and the k1/4 term can be removed when

Σ = Ik. In the setting of Example 10, this reduces to an upper bound of order

(k3/n)1/2 which is better than our bound. Fang and Koike (2024) derived in the

same setting, under bounded 4th moments, a bound of the form n−1/8 + (k/n)1/6.

For the case of the maximum norm, Chernozhukov et al. (2013a), Chernozhukov

et al. (2017) and Chernozhuokov et al. (2022) derived bounds for sub-exponential

Xi with non-degenerate marginal variances only requiring (log5(nk)/n)1/4 thus al-

lowing for very high-dimensional vectors. Fang and Koike (2021) derive a bound

of order (log k log2 n/n)1/2 under the assumption that the Xi have a log concave

density and under a lower bound on the smallest eigenvalue. Lopes et al. (2020)

assume decaying marginal variances and establish a bound that is independent of

k and only slightly slower than n−1/2. Moreover, Giessing and Fan (2020), Giessing

(2023b) and Giessing and Fan (2023) establish bounds for general ℓp norms which

are dimension-free in that they only depend on the moments of ∥Xi∥p. In summary,

while there are many results in the literature which yield better rates than Propo-



2.4 Applications 163

sition 2 for specific norms, our result also applies to settings where ψ is not a norm

and therefore complements the results in the literature.

2.4.2 Kernel-type Estimators

Consider again Example 9. There, the functional ψ depends on a nonparametric

estimator θ̂n of an unknown function θ0. In practice, one may estimate θ0 using

kernel or series methods. These methods can be approximated by local or series

empirical processes. Both local and series empirical processes can be characterized

as empirical processes whose classes change with n and their complexity diverges as

n → ∞. In particular, these empirical processes do not have tight limits. Still, we

can obtain distributional approximations in Kolmogorov distance using couplings

due to Chernozhukov et al. (2013b) and Chernozhukov et al. (2014a) together with

our anti-concentration bound in Theorem 14. Here, we only consider kernel methods,

although similar results can be derived for series estimators.

Let (Y1, X1), . . . , (Yn, Xn) be i.i.d. random variables taking values in the product

space Y × Rd, where (Y ,AY) is an arbitrary measurable space. Suppose that there

is a measurable function gn : Y × Iy → R for a compact subset Iy of Rd1 . Let k(·)
be a kernel function on Rd, that is, k(·) is integrable with respect to the Lebesgue

measure on Rd and its integral on Rd is normalized to be 1, but we do not assume

k(·) to be nonnegative, that is, higher order kernels are allowed. Let hn be a sequence
of positive constants such that hn → 0 as n → ∞, and let Ix be a compact subset

of Rd. Consider the kernel-type statistics

Sn(x, y) =
1

nhdnp(x)

n∑
i=1

gn(Yi, y)k

(
Xi − x

hn

)
, (x, y) ∈ Ix × Iy,

where p(·) denotes a Lebesgue density of the distribution of X1.

Typically, under suitable regularity conditions, Sn(x, y) will be a consistent es-

timator of E[gn(Y1, y) |X1 = x]. For example, when g = 1, Sn(x, y) consistently

estimates the marginal density of X, p(x); when Y = R and g(y, ·) = y, Sn(x, y)

consistently estimates the conditional mean function of Y given X, E[Y1 |X1 = x];

and when Y = R and gn(·, y) = h−1
n k(h−1

n (·−y)), y ∈ R, Sn(x, y) will be a consistent

estimator of pY |X(y, x), the conditional density of Y1 at y given X1 = x.

By our representation result, we can express ψ(Sn−E[Sn]) as a supremum of an
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empirical process. For this purpose, let

Fn = {(Yi, Xi) 7→ f(p(·)−1gn(Yi, ·)k(h−1
n (Xi − ·))) : f ∈ F}

and denote by Pn the empirical measure that puts mass 1/n at each observation.

Formally, Pn = n−1
∑n

i=1 δ(Yi,Xi), where δ(y,x) denotes the Dirac measure at the point

(y, x) ∈ Y × Rd. Then, we can write

√
nhdnψ(Sn − E[Sn]) = sup

f∈Fn

√
n

hdn

∫
fd(Pn − P ) =: sup

f∈Fn

h−d/2n Gn(f).

Motivated by this representation, we will approximate the distribution of ψ(Sn −
E[Sn]) by the distribution of a supremum of some centered Gaussian process Zn

indexed by h
−d/2
n Fn with covariance function

Σn(f, f̃) := h−dn E[Zn(f)Zn(f̃)] = h−dn Cov[f(Y1, X1), f̃(Y1, X1)], f, f̃ ∈ Fn.

(2.2)

That is, Zn has the same covariance process as the empirical process h
−d/2
n Gn. Thus,

we approximate the distribution of
√
nhdn(Sn − E[Zn]) by a Gaussian that matches

the first two moments. In particular, since the covariance function depends on the

bandwidth hn, such an approximation may better capture the dependence on the

choice of the tuning parameter than a distributional approximation in the limit

where hn → 0.

For our approximation results, we distinguish two cases according to the complex-

ity of Fn. Following Chernozhukov et al. (2014a), we will measure the complexity

using the concept of a VC type class. In order to introduce this concept, we need

some further notation. For ε > 0, an ε-net of a semimetric space (T, d) is a subset

Tε of T such that for every t ∈ T there exists a point tε ∈ Tε with d(t, tε) < ε. The

ε-covering number N(ε, T, d) of T is the infimum of the cardinality of ε-nets of T ,

that is N(T, d, ε) := inf{Card(Tε) : Tε is an ε-net of T}. For a class of measurable

functions F on some measurable space (S,S), a function F is an envelope of F if

supf∈F |f(x)| ≤ F (x) for all x ∈ S.

Definition 4 (VC type class). Let F be a class of measurable functions on a measur-

able space (S,S), to which a measurable envelope F is attached. We say that F is VC

type with envelope F if there are constants A, v > 0 such that supQN(ε∥F∥Q,2,F ,
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L2(Q)) ≤ (A/ε)v for all 0 < ε ≤ 1, where the supremum is taken over all finitely

discrete probability measures on (S,S).

As noted by Chernozhukov et al. (2014a), the VC type class is a wider concept

than VC subgraph class (van der Vaart and Wellner (1996), Chapter 2.6). The VC

type property is stable under summation, product, or more generally Lipschitz-type

transformations, which makes it much easier to check whether a function class is

VC type (see Lemma A.6 in the supplementary material of Chernozhukov et al.

(2014a)).

We derive two different approximation results. Our first result in Proposition

3 requires that Fn is a VC type class uniformly in n. This assumption allows

us to directly couple the supremum of the empirical process and results in weak

restrictions on the bandwidth sequence. Our second result in Proposition 4 does

not require that Fn is a VC type class. This larger applicability comes at the price

of slightly stronger restrictions on the choice of the bandwidth sequence. The VC

type class assumption is for example satisfied in Example 9 for the sup-based test

statistic while it fails for the L2-based statistic.

For our first result, we make the following assumptions. These assumptions are

essentially the same as in Chernozhukov et al. (2014a).

Assumption 14. (B1) Fn is a VC type class uniformly in n.

(B2) G is a pointwise measurable class of functions Y → R which is continuous

in y and uniformly bounded by some constant B which does not depend on n.

(B3) k(·) is a bounded and continuous kernel function on Rd.

(B4) The distribution of X1 has a Lebesgue density p(·) which is bounded away

from zero on Ix, that is, p(x) ≥ p > 0 for all x ∈ I.
(B5) hn → 0, log(1/hn) = O(log n) and Var(ψ(Zn)) = O((nhdn) log

8 n) as n →
∞.

Assumptions (B3)-(B5) are rather standard for kernel-type estimators and rather

mild. In particular, we are silent about the order of the kernel k. Only the assump-

tion that G is uniformly bounded is restrictive when we are for example interested

in the estimation of a conditional moment such as the conditional mean. However,

this assumption can be weakened to moment restrictions on the envelope function

of G using similar arguments as in Proposition 3.2 in Chernozhukov et al. (2014a).

Proposition 3. Suppose that ψ : C(Ix × Iy) → R is sublinear and L-Lipschitz

continuous. Further, suppose that assumptions (B1)-(B5) are satisfied. Then, there
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is a sequence of tight Gaussian random variable Zn in C(Ix × Iy) with mean zero

and covariance function Σn given in (2.2) such that

sup
t∈R

|P(
√
nhdnψ(Sn − E[Sn]) ≤ t)− P(ψ(Zn) ≤ t)|

≤C
{

1

(Var(ψ(Zn)))1/8

(
log4 n

nhdn

)3/8

+
log n

n

}
+ P(ψ(Zn) = 0),

where C > 0, is a constant that only depends on ∥g∥∞, ∥k∥∞, p and L.

Proposition 3 only imposes mild restrictions on the choice of the bandwidth se-

quence. Indeed, if P(ψ(Zn) = 0) = 0, then the Kolmogorov distance in Propo-

sition 3 converges to zero if log12 n/(Var(ψ(Zn))(nh
d
n)

3) → 0. By the variance

lower bound in Lemma 45 and by standard arguments, this is satisfied when-

ever log25/6 n/(nhdn) → 0. Thus, Proposition 3 requires only slightly more than

log n/(nhdn) → 0, which is needed for consistent estimation of E[Sn] in the sup-

norm.

Proposition 3 is based on the coupling in Corollary 2.2 in Chernozhukov et al.

(2014a). Proposition 3 is an extension of the results in Proposition 3.1 in Cher-

nozhukov et al. (2014a) to allow for other types of suprema of local empirical pro-

cesses. Further, our anti-concentration bound together with the lower bound on the

variance does not require a lower bound on the marginal variances.

In practice, one is often not interested on the expected value of Sn since this is a

smoothed version of the parameter of interest. Moreover, the density of Xi is usually

unknown and therefore has to be estimated. We can also allow for such estimators

as long as they can be asymptotically approximated by Sn. This is the content of

the following Corollary.

Corollary 10. Consider the setup in Proposition 3. Suppose further that the ker-

nel estimator (x, y) 7→ θ̂n(x, y) of some target function (x, y) 7→ θn(x, y) has an

asymptotic linear expansion uniformly in (x, y) ∈ Ix × Iy√
nhdn(θ̂n(x, y)− θn(x, y)) =

√
nhdn(Sn(x, y)− E[Sn(x, y)]) + oP (δn),

for some δn satisfying δn = O(
√

Var(ψ(Zn))). If in addition, P(ψ(Zn) = 0) → 0

and

log12 n

(nhdn)
3Var(ψ(Zn))

→ 0,
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then

sup
t∈R

|P(
√
nhdnψ(θ̂n − θn) ≤ t)− P(ψ(Zn) ≤ t)| → 0, as n→ ∞.

Such uniform asymptotic linear expansions have been derived by Masry (1996)

and Kong et al. (2010) for Nadaraya-Watson estimators and local polynomial es-

timators under mild assumptions. Implicit in the above expansion is the assump-

tion that the bias is asymptotically negligible. This can be achieved for example

by undersmoothing, that is, choosing the bandwidth smaller than the rate-optimal

bandwidth.

For our second result, we rely on a Rio-Massart coupling for kernel estimators

in Chernozhukov et al. (2013b). In comparison to the setup above, we restrict

our attention here to univariate Yi ∈ R and a single transformation gn which is

allowed to change with n. This still allows for the estimation of conditional moments

but precludes for example an application to conditional density estimation. This

restriction may be weakened when the class {gn,y : y ∈ Iy} depends smoothly on y.

We make the following assumptions. These are a modified version of Condition

R in Chernozhukov et al. (2013b).

Assumption 15. (C1) The random vectors (Yi, Xi) have bounded support with joint

density bounded from above and below by some constants f̄ and f .

(C2) gn is bounded by some constant B1 and continuously differentiable such that

∥g′n∥∞ ≤ B2 for some constant B2 uniformly over n.

(C3) The kernel function K is twice continuously differentiable product kernel

function with support on [−1, 1]d.

(C4) hn → 0, log(1/hn) = O(log n) and ∆n/
√
Var(ψ(Zn)) = O(n−ξ) for some

ξ > 0, where

∆n =

{√
1

n1/(d+1)hn
+

√
log n

nhdn

}
.

In comparison to Assumption 14, we require here more smoothness on the kernel

and the function gn. Moreover, we directly assume boundedness of the Yi which is re-

strictive in comparison to what is needed in order to establish pointwise convergence

in distribution for kernel estimators.

Our second result is the following.
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Proposition 4. Suppose that ψ : C(Ix) → R is sublinear and L-Lipschitz con-

tinuous. Further, suppose that assumptions (C1)-(C4) are satisfied. Then, there

is a sequence of tight Gaussian random variable Zn in C(Ix) with mean zero and

covariance function Σn given in (2.2) such that

sup
t∈R

|P(
√
nhdnψ(Sn − E[Sn]) ≤ t)− P(ψ(Zn) ≤ t)|

≤C ∆n√
Var(ψ(Zn))

{
1 + log

(√
Var(ψ(Zn))

∆n

)}
+ P(ψ(Zn) = 0),

where

∆n =

{√
1

n1/(d+1)hn
+

√
log n

nhdn

}
.

Proposition 4 only imposes mild restrictions on the choice of the bandwidth

sequence. Indeed, if P(ψ(Zn) = 0) = 0, then the Kolmogorov distance in Proposition

3 converges to zero if log2d+1(Var(ψ(Zn))nh
d+1
n )/(nhd+1

n Var(ψ(Zn))
d+1) → 0. By

the variance lower bound in Lemma 45 and by standard arguments, this is satisfied

whenever log3d+2 n/(nhd+1
n ) → 0. In comparison to Proposition 3, Proposition 4

requires stronger conditions on the bandwidth sequence but still not much more

than log n/(nhdn) → 0, which is needed for consistent estimation of E[Sn] in the

sup-norm. It might be the case that this stronger requirement is a proof artifact

and can be weakened by using a different coupling for the empirical process.

As for Proposition 3, we also have a result for kernel estimators which can be

uniformly approximated by Sn. The same comments as for Corollary 10 apply.

Corollary 11. Consider the setup in Proposition 4. Suppose further that the kernel

estimator x 7→ θ̂n(x) of some target function x 7→ θn(x) has an asymptotic linear

expansion uniformly in x ∈ Ix.√
nhdn(θ̂n(x)− θn(x)) =

√
nhdn(Sn(x)− E[Sn(x)]) + oP (δn),

for some δn satisfying δn = O(
√
Var(ψ(Zn))). If in addition, P(ψ(Zn) = 0) → 0

and

∆n√
Var(ψ(Zn))

{
1 + log

(√
Var(ψ(Zn))

∆n

)}
→ 0,
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then

sup
t∈R

|P(
√
nhdnψ(θ̂n − θn) ≤ t)− P(ψ(Zn) ≤ t)| → 0, as n→ ∞.

2.5 Conclusion

In this paper, we establish an anti-concentration bound for sublinear and contin-

uous functionals of tight Gaussian random vectors in real-valued Banach spaces. The

bound is dimension-free and therefore equally applies to high-dimensional as well as

nonparametric statistical settings. Its proof relies on a translation of the problem to

the study of the anti-concentration behavior of suprema of tight Gaussian processes.

In comparison to other anti-concentration bounds for Gaussian processes, we assume

that the Gaussian process is tight instead of separable and therefore our bounds can

e.g. be applied to the space of continuous or absolutely integrable functions for

which the related Gaussian process is necessarily non-separable. Further, we im-

pose only weak restrictions on the covariance structure of the Gaussian vectors and

therefore allow for applications to arbitrary continuous and sublinear functionals.

As an illustration of the usefulness of our anti-concentration bound, we apply our

bound to derive Berry-Esseen type bounds for continuous and sublinear functionals

of high-dimen-sional mean vectors and kernel-type estimators. These bounds can

be applied in high-dimensional or non-parametric one-sided testing problems which

arise e.g. in moment inequality models or functional inequality testing.
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Appendix

2.A Anti-Concentration Bound for ψ(Z)

2.A.1 Representation as a supremum

For the proof of our representation result, we use that continuous sublinear

functionals are Lipschitz continuous. This is the content of the following Lemma

whose proof is included for completeness.

Lemma 46. Let ψ : D → R be sublinear. If ψ is continuous at zero, then ψ is

Lipschitz continuous with Lipschitz constant sup∥x∥=1|ψ(x)| <∞.

Proof. We divide the proof into two steps. First we show that for sublinear func-

tionals ψ the Lipschitz satisfies

sup
x ̸=y

|ψ(x)− ψ(y)|
∥x− y∥

= sup
x̸=0

|ψ(x)|
∥x∥

. (2.3)

Secondly, we show that sublinear functionals which are continuous at zero satisfy

sup∥x∥=1|ψ(x)| <∞ and are therefore Lipschitz continuous by the first part.

Regarding the first part, by subadditivity of ψ, we have for any x, y ∈ D : x ̸= y

ψ(x) ≤ ψ(x− y) + ψ(y) and ψ(y) ≤ ψ(y − x) + ψ(x)

implying

−ψ(y − x) ≤ ψ(x)− ψ(y) ≤ ψ(x− y).

Therefore,

|ψ(x)− ψ(y)| ≤ max{|ψ(y − x)|, |ψ(x− y)|}

171
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implying

|ψ(x)− ψ(y)|
∥x− y∥

≤ max

{
|ψ(y − x)|
∥x− y∥

,
|ψ(x− y)|
∥x− y∥

}
.

By positive homogeneity of ψ, this further implies

sup
x ̸=y

|ψ(x)− ψ(y)|
∥x− y∥

≤ sup
∥x∥=1

|ψ(x)|.

Further, by positive homogeneity of ψ, ψ(0) = 0 and therefore

sup
x ̸=0

|ψ(x)|
∥x∥

= sup
x ̸=0

|ψ(x)− ψ(0)|
∥x− 0∥

≤ sup
x ̸=y

|ψ(x)− ψ(y)|
∥x− y∥

.

This implies (2.3).

For the second step, suppose that ψ is continuous at zero. We will first show that

ψ is then uniformly continuous. By continuity at zero, for any ε > 0, there exists a

δ > 0 such that |ψ(x)| < ε for all x satisfying ∥x∥ < δ. Now, for any x, y ∈ D s.t.

∥x− y∥ < δ, we have by the above arguments

|ψ(x)− ψ(y)| ≤ max{|ψ(y − x)|, |ψ(x− y)|} < ε

and therefore ψ is uniformly continuous. By uniform continuity, we know that the

modulus of continuity

w(δ) = sup{|ψ(x)− ψ(y)| : ∥x− y∥ ≤ δ}, δ ≥ 0,

exists and if finite for all δ ≥ 0. Hence, for any x ̸= 0,

|ψ(x)|
∥x∥

=

∣∣∣∣ψ( x

∥x∥

)∣∣∣∣ ≤ w(1) <∞.

The claim follows.

Now, the representation result follows by the Hahn-Banach dominated extension

theorem.

Proof of Lemma 44: For any x ∈ D, let A = {λx : λ ∈ R} and define f : A → R
by f(λx) = λψ(x), λx ∈ A. For λ ≥ 0, we have by positive homogeneity f(λx) =
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ψ(λx), and for λ < 0 we have

f(λx) = −f(|λ|x) = −ψ(|λ|x) ≤ ψ(λx),

where we have used that 0 = ψ(0) ≤ ψ(λx) + ψ(|λ|x) by sublinearity of ψ. Thus,

f(y) ≤ ψ(y) for all y ∈ A.

By the Hahn-Banach dominated extension theorem we can extend f to a linear

functional on the whole of D. More rigorously, there exists a linear functional

g : D → R such that g(y) = f(y) for all y ∈ A and

−ψ(−x) ≤ g(x) ≤ ψ(x), x ∈ D.

Moreover, since ψ is continuous and sublinear it is Lipschitz continuous by

Lemma 46 with Lipschitz constant sup∥x∥=1|ψ(x)|. Hence,

∥g∥∗ = sup
∥x∥=1

|g(x)| ≤ sup
∥x∥=1

|ψ(x)| <∞

and therefore g is continuous.

Since x ∈ D in the construction of f was chosen arbitrarily, we have thus shown

that for any x ∈ D, there exists an f ∈ D∗ such that f ≤ ψ and f(x) = ψ(x). As

for all other g ∈ D∗ with g ≤ ψ it holds g(x) ≤ ψ(x), we have

ψ(x) = sup{f(x) | f ∈ D∗ : f ≤ ψ}

and the claim follows.

2.A.2 Anti-Concentration Bound for ψ(Z)

Our proof relies on Theorem 1 in Giessing (2023a), which we reproduce here for

convenience. Actually, this is only an implication of the theorem. The authors deal

more generally with order statistics. In particular, note that X is not assumed to

be centered.

Theorem 15 (Giessing (2023a) Thm 1:). Let X = {Xi : 1 ≤ i ≤ n} be multivariate

Gaussian such that Var(Xi) > 0 and Cor(Xi, Xj) < 1 for all 1 ≤ i ̸= j ≤ n. Then,
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for all ε > 0 and any t ∈ R,

P

(
t ≤ max

1≤i≤n
Xi ≤ t+ ε

)
≤ ε

√
12√

Var(maxiXi) + ε2/12
.

Proof of Theorem 14: This proof is only a slight extension of Remark 2 in Giessing

(2023a) to allow for inff∈F Var(f(Z)) = 0 and not necessarily separable Gaussian

processes. We therefore follow closely his arguments.

First, we consider the case that Var(f(Z)) > 0, for all f ∈ F , that is,

F0 = ∅. Without loss of generality, we may assume that Var(ψ(Z)) > 0 as otherwise

the upper bound is trivial. By Lemma 50 (vi), there exists a sequence of finite

sets Fn ⊂ F such that Yn := maxf∈Fn f(Z) converges to Y := supf∈F f(Z) in

probability as n → ∞; hence Yn
d→ Y . Moreover, by Lemma 49, we can replace

F by a countable subset F = {fn : n ∈ N} ⊂ F so that Y = supn fn(Z) a.s.

This approximation is useful as we can bound P(t ≤ Yn ≤ t + ε) using the anti-

concentration bound in Theorem 1 in Giessing (2023a). This theorem applies since

by assumption Var(f(Z)) > 0, f ∈ F , and without loss of generality Cor(f, g) < 1,

f, g ∈ F by Lemma 47. Moreover, by the reverse equivalence of moments for

suprema of Gaussian processes6 and the bounded convergence theorem, Var(Yn) →
Var(Y ) as n→ ∞. Hence, by Theorem 1 in Giessing (2023a),

lim
n→∞

P(t ≤ Yn ≤ t+ ε) ≤ lim
n→∞

ε
√
12√

Var(Yn) + ε2/12
=

ε
√
12√

Var(Y ) + ε2/12
. (2.4)

It remains to show that P(t ≤ Yn ≤ t+ε) converges to the corresponding probability

with respect to Y . By the reverse triangle inequality, for all t ∈ R and every ε > 0,

|P(t ≤ Yn ≤ t+ ε)− P(t ≤ Y ≤ t+ ε)| ≤2 sup
t∈R

|P(Yn ≤ t)− P(Y ≤ t)|. (2.5)

The latter converges to zero by Le Cams’s inequality in 43, (2.4), Var(ψ(Z)) > 0

and since Yn = Y + op(1). The claimed bound now follows by combining (2.4) and

(2.5).

Next, suppose that F0 ̸= ∅. By Lemma 48, there exists some f0 ∈ F0

so that E[f0(Z)] = µ̄ < ∞. Therefore, ψ(Z) = Y 1(Y > µ̄) + µ̄1(Y ≤ µ̄) with

6See Lemma 50(iii) below.
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Y := supf∈F\F0
f(Z). Hence, for any t < µ̄ and ε sufficiently small,

P(t ≤ ψ(Z) ≤ t+ ε) = 0 (2.6)

which is smaller than the upper bound. For t > µ̄ and any ε > 0, ψ(Z) = Y on the

event {t ≤ ψ(Z) ≤ t+ ε}. Thus, by the arguments in the first part of the proof,

P(t ≤ ψ(Z) ≤ t+ ε) ≤ ε
√
12√

Var(Y ) + ε2/12
.

For t = µ̄, we have to be careful as P(ψ(Z) = µ̄) might be positive. Note that since

ψ(Z) = Y 1(Y > µ̄) + µ̄1(Y ≤ µ̄), we have for all x > µ̄

P(ψ(Z) ≤ x) = P(Y ≤ x |Y > µ̄)P(Y > µ̄) + P(ψ(Z) = µ̄).

Since Y has some density fY by the first part of the proof, we have

d

dx
P(Y ≤ x |Y > µ̄) =

1

P(Y > µ̄)

d

dx

∫ x

µ̄

fY (y)dy =
fY (x)

P(Y > µ̄)

and therefore

P(µ̄ ≤ ψ(Z) ≤ µ̄+ ε) =

∫ µ̄ε

µ̄

fY (y)dy + P(ψ(Z) = µ̄)

=εfY+εU(µ̄) + P(ψ(Z) = µ̄),

where fψ(Z)+εU denotes the density of the convolution of the absolutely continuous

part of ψ(Z) with εU for U ∼ Unif[0, 1]. Since Y is a supremum of a Gaussian

process with non-degenerate marginals, the upper bound from the first part applies:

fY+εU(µ̄) ≤ ess sup
t∈R

fY+εU(t) ≤
√
12√

Var(Y ) + ε2/12
,

and implies

P(µ̄ ≤ ψ(Z) ≤ µ̄+ ε) ≤ ε
√
12√

Var(Y ) + ε2/12
+ P(ψ(Z) = µ̄).



176 Anti-Concentration

For t < µ̄ and t+ ε > µ̄, by (2.6) and the same argument as in the case t = µ̄,

P(t ≤ ψ(Z) ≤ t+ ε) = P(µ̄ ≤ ψ(Z) ≤ µ̄+ (t+ ε− µ̄))

≤ (ε+ t− µ̄)
√
12√

Var(Y ) + (ε+ t− µ̄)2/12
+ P(ψ(Z) = µ̄).

By monotonicity of the right-hand side in ε+ t− µ̄, we obtain

P(t ≤ ψ(Z) ≤ t+ ε) ≤ ε
√
12√

Var(Y ) + ε2/12
+ P(ψ(Z) = µ̄)

finishing the proof.

Note that for µ̄ = 0, ψ(Z) = Y 1(Y > 0) and therefore Var(ψ(Z)) ≤ Var(Y ).

Thus, in this case, the variance of Y in the bound can be replaced by the variance

of ψ(Z).

Lemma 47. Assume the setting of Theorem 14. For any f, g ∈ F \ F0, we can

assume Cor(f, g) < 1.

Proof. Suppose there are f, g ∈ F \F0 so that Cor(f, g) = 1. Then there exist a > 0

and b ∈ R so that g(Z) = af(Z)+ b. Since g ∈ F , we have af(x)+ b ≤ ψ(x), x ∈ D.
In particular, this implies b = 0 since g(0) = af(0) + b = b = ψ(0) = 0. Moreover,

we can assume that a > 1. As otherwise, if a < 1, we can switch the roles of f and

g. If a = 1, then f and g coincide, and we can discard one of them.

Note that we can discard all f for which there does not exist an x ∈ D \ {0}
with f(x) = ψ(x). Indeed, if there would be such an f , then we can find for any

x ∈ D \ {0}, an fx ∈ F with fx(x) = ψ(x) (take the one constructed in Lemma 44).

Thus, for any x there exists some dominating function, and therefore we can discard

f for the evaluation of the supremum.

Now, suppose that there exists some x ∈ D \ {0} such that f(x) = ψ(x) > 0.

Since a > 1, g dominates f for all x for which f(x) > 0. But since there is some x

such that f(x) = ψ(x) this would imply that there is some x so that g(x) > ψ(x).

Hence, a cannot be larger than one.

If there does not exist x ∈ D \ {0} such that f(x) = ψ(x) > 0, but there exist

such an x so that g(x) = ψ(x) > 0, then g dominates f whenever g is a maximizer.

If this is also not the case, then we can assume without loss of generality that there

exist x ∈ D \ {0} such that f(x) = ψ(x) < 0. Since a > 1, f dominates g for all

x for which f(x) < 0. But since there is some x such that f(x) = ψ(x) this would
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imply that there is some x so that g(x) < ψ(x). We distinguish two cases. Either

both f and g are dominated for all x so that ψ(x) < 0, or there is some x so that at

least one of them is a maximizer. In the first case we can discard both of them on

this event. In the second case, we can discard g since g(x) = af(x) < f(x) = ψ(x).

The claim follows.

Lemma 48. Assume the setting of Theorem 14. If F0 ̸= ∅, there exists some f0 ∈ F0

such that E[f0(Z)] = µ̄ <∞.

Proof. We will show that F0 is compact and that f 7→ E[f(Z)] is continuous with

respect to weak∗-convergence. This then implies the result.

We start by recalling some results from functional analysis. A sequence {fn :

n ∈ N} ⊂ D∗ converges to f ∈ D∗ in the weak∗-topology if

lim
n→∞

fn(x) = f(x), x ∈ D.

Continuity: Let {fn : n ∈ N} ⊂ F be a weak∗-convergent sequence

with limit f ∈ D∗. Since for any f ∈ F , |f(x)| ≤ supf∈F |f(x)|, x ∈ D and

E[supf∈F |f(Z)|] ≤ LE[∥Z∥] <∞, by the dominated convergence theorem,

lim
n→∞

E[fn(Z)] = E[f(Z)],

that is, f 7→ E[f(Z)] is weak∗-continuous on F .

F0 is closed: Since D is separable, the weak∗-topology is metrizable and

therefore a set is closed if the limit of any weak∗-convergent sequence in F lies in F .

Let fn be a convergent sequence in F , i.e., for each x ∈ D, we have limn→∞ fn(x) =

f(x) for some f ∈ D∗. Since fn(x) ≤ ψ(x) for all x and all n, f(x) ≤ ψ(x) and

therefore F is closed with respect to the weak∗-topology. Moreover, by the same

argument as above, one can show that f 7→ Var(f(Z)) is weak∗-continuous. Thus,

for any weak∗-convergent sequence fn with Var(fn(Z)) = 0 and limit f , we have

Var(f(Z)) = 0. Thus, F0 is closed in the weak∗-topology.

Now, since F0 is a closed subset of {f ∈ D∗ : ∥f∥∗ ≤ L} which is compact in

the weak∗-topology, F0 itself is compact with respect to this topology. The claim

follows.
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2.A.3 Lower bound for the variances

Proof of Lemma 67: The proof idea is based on the proof of Proposition 1 in Giess-

ing (2023a).

Observe that, under the stated assumptions, E[Z] ≥ E[Xu] = 0 and E[Z] < ∞.

We distinguish two cases. First, consider the case E[Z/σ̄] < 1/2. By Chebyshev’s

inequality,

Var(Z/σ̄) ≥ P(Z/σ̄ ≥ 1)(1− E[Z/σ̄])2 ≥ 1

4
P(Z/σ̄ ≥ 1) ≥ 1

4
sup
u∈U

P(Xu ≥ σ̄).

Since X is a Gaussian process

sup
u∈U

P(Xu ≥ σ̄) = sup
u∈U

(1− Φ(σ̄/σu)) = 1− Φ(1) ≥ 1

8
.

Hence, if E[Z/σ̄] ≤ 1/2,

Var(Z) ≥ σ̄2

32
.

Next, consider the case E[Z/σ̄] ≥ 1/2. By Cantelli’s inequality,

P(Z ≥ E[Z] + 1) ≤ Var(Z)

Var(Z) + 1

or equivalently,

Var(Z) ≥ P(Z ≥ E[Z] + 1)

1− P(Z ≥ E[Z] + 1)
.

Now, by definition of Z as a supremum over the Xu,

P(Z ≥ E[Z] + 1) ≥ sup
u∈U

P(Xu ≥ E[Z] + 1)

= sup
u∈U

1− Φ

(
E[Z] + 1

σu

)
= 1− Φ

(
E[Z] + 1

σ̄

)
.

Thus,

P(Z ≥ E[Z] + 1)

1− P(Z ≥ E[Z] + 1)
≥
1− Φ(E[Z]+1

σ̄
)

Φ(E[Z]+1
σ̄

)
.
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Note that t ≤ erf(t)
√
1 + t2 ≤

√
2t for all t ≥ 0 where erf(t) = 2√

π

∫ t
0
exp(−x2)dx.

Moreover, since Φ(t) = 1
2
(1 + erf(x/

√
2)), we have for any t ≥ 0,

Φ(t) ≤ 1

2

(
1 +

t√
1 + t2/2

)
and 1− Φ(t) ≥ 1

2

(
1− t/

√
2√

1 + t2/2

)
and therefore

1− Φ(t)

Φ(t)
≥
√
1 + t2/2− t/

√
2√

1 + t2/2 + t
=

√
2 + t2 − t√

2 + t2 +
√
2t
.

This implies

Var(Z) ≥
√

2σ̄2 + (E[Z] + 1)2 − (E[Z] + 1)√
2σ̄2 + (E[Z] + 1)2 +

√
2(E[Z] + 1)

.

Consider the function f(x) = (1− x)/(1 +
√
2x) and note that the right-hand side

equals f((E[Z] + 1)/
√

2σ̄2 + (E[Z] + 1)2). It holds

(E[Z] + 1)/
√
2σ̄2 + (E[Z] + 1)2 =

1√
1 + 1/E2

where E = (E[Z] + 1)/
√
2σ̄. Since E[Z]/(

√
2σ̄) ≥ 1/2, E ≥ (1/2 + 1/σ̄)/

√
2 and

therefore√
1 +

1

E2
≤

√
1 +

8σ̄2

(σ̄ + 2)2
=

√
8σ̄2 + (σ̄ + 2)2

(σ̄ + 2)2
≤

√
8(σ̄ + 2)2 + (σ̄ + 2)2

(σ̄ + 2)2
= 3.

This implies

1− 1√
1+1/E2

1 +
√
2 1√

1+1/E2

=

√
1 + 1/E2 − 1√
1 + 1/E2 +

√
2
≥ 1

5

(√
1 +

1

E2
− 1

)
.

Note that the function x 7→ (
√

1 + 1/x2−1)(1+x2) is monotonically decreasing for

x > 0 with limit 1/2 as |x| → ∞. Thus,

√
1 + 1/x2 − 1 ≥ 1

2(1 + x2)
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implying

Var(Z) ≥ 1

10

1

1 + E2
=

1

5

σ̄2

2σ̄2 + (E[Z] + 1)2

The claim follows.

2.A.4 Regularity of the Gaussian process G

Lemma 49. Let E ⊂ D be a separable closed linear subspace of a real Banach space

D and let F = {f ∈ D∗|∀x ∈ D : f(x) ≤ ψ(x)} for a continuous and sublinear

functional ψ. Then, there exists a countable subset F of F so that

ψ(x) = sup
f∈F

f(x) = sup
f∈F

f(x), ∀x ∈ E.

Proof. The first equality follows by our representation Lemma 44. For the second

equality, let {xn : n ∈ N} be a countable dense subset of E. By the construction

in our representation result Lemma 44, for any n, there exists an fn ∈ F such that

fn(xn) = ψ(xn). Take F = {fn : n ∈ N}. Indeed, for any x ∈ E and any ε > 0, we

can find an n so that ∥x− xn∥ < ε and therefore

ψ(x) ≤ sup
f∈F

f(xn) + sup
f∈F

f(x− xn) ≤ fn(xn) + Lε = sup
m∈N

fm(xn) + Lε,

where we have used that ∥f∥∗ ≤ L for all f ∈ F . There is a sequence (xk) ⊂ F so

that ∥x− xk∥ ≤ 1/k and

ψ(x) ≤ sup
m∈N

fm(xk) +
L

k

Now, since F is uniformly bounded,

sup
m∈N

fm(xk) ≤ sup
m∈N

{fm(x)}+ sup
m∈N

{fm(xk − x)}

≤ sup
m∈N

{fm(x)}+ sup
m∈N

∥fm∥∗∥x− xk∥ = sup
m∈N

{fm(x)}+
L

k
.

Further, since F ⊂ F , supf∈F f(x) ≤ supf∈F f(x) and therefore∣∣∣∣ψ(x)− sup
f∈F

f(x)

∣∣∣∣ ≤ 2
L

k
.
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Taking k → ∞ proves the claim.

In the following lemma, we collect some regularity properties of Banach space

valued Gaussian random vectors and for their corresponding Gaussian process on

the dual space D∗. These results follow easily from well established results in the

literature on probability in Banach spaces, as e.g. in Ledoux and Talagrand (1991),

and are included for completeness.

Lemma 50. Let D be a real Banach space and let F = {f ∈ D∗|∀x ∈ D : f(x) ≤
ψ(x)} for a continuous and sublinear functional ψ. Further, let Z be a D-valued
tight Gaussian random vector. Denote by G = {f(Z) : f ∈ F}. Then,

(i) ∥Z∥ has a finite unique median M .

(ii) The mean function µ(f) = E[f(Z)] is bounded and Lipschitz continuous, that

is, |µ(f)− µ(g)| ≤ E[∥Z∥]∥f − g∥∗, f, g ∈ D∗.

(iii) All moments of ∥Z∥ are finite. Moreover, the weak variance satisfies σ2 =

sup∥f∥∗≤1Var(f(Z)) <∞.

(iv) G has almost surely bounded sample paths.

(v) G has almost surely Lipschitz continuous sample paths.

(vi) There is a sequence (fn)n∈N ⊂ F so that

max
1≤i≤n

fi(Z)
a.s.→ sup

f∈F
f(Z).

Proof. (i) Since Z is tight, there exists a compact set K ⊂ D such that P(Z /∈ K) <

1/2. Compact sets are necessarily bounded and therefore, there exists a constant

C such that P(∥Z∥ ≥ C) ≤ P(Z /∈ K). By definition of a median M of ∥Z∥,
P(∥Z∥ ≥ M) ≥ 1/2 implying P(|Z∥ ≥ C) ≤ P(∥Z∥ ≥ M). In turn, this implies

that M ≤ C. Since M was arbitrary, it follows that any median is bounded. The

uniqueness follows by Chapter 3.1 in Ledoux and Talagrand (1991).

(ii) The boundedness follows by |µ(f)| ≤ E[supf∈F |f(Z)|] ≤ LE[∥Z∥], where
we used that ∥f∥∗ ≤ L for all f ∈ F . Existence of E[∥Z∥] follows by the triangle

inequality and existence of E[∥Z − E[Z]∥] as shown in Chapter 3.1 in Ledoux and

Talagrand (1991). The Lipschitz continuity follows by definition of the norm on the

dual space.
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(iii) By the triangle inequality, we can centralize the moments of ∥Z∥, i.e.,

∥∥Z∥∥Lp ≤ ∥∥Z − E[Z]∥∥Lp + ∥E[Z]∥.

By tightness of Z and (ii), Z − E[Z] is tight, and its median is finite by the same

arguments in (i). Therefore, Corollary 3.2 in Ledoux and Talagrand (1991) implies

that there exist constants 0 < cp ≤ Cp <∞ such that cpm ≤ ∥∥Z−E[Z]∥∥Lp ≤ Cpm,

where m denotes the median of ∥Z −E[Z]∥. Finiteness of the weak variance follows

by the bound σ2 ≤ 2m derived in Chapter 3.1 in Ledoux and Talagrand (1991).

(iv) It is sufficient to show that

P(|ψ(Z)| = ∞) = 0.

It holds

P(|ψ(Z)| = ∞) =P(∀a : |ψ(Z)| > a) = P(∀n ∈ N : |ψ(Z)| > an)

≤P(∀n ∈ N : ∃i ≥ n : |ψ(Z)| > ai)

where the latter statement holds for any sequence an → ∞ as n → ∞. The latter

event can be written as
⋂∞
n=1

⋃∞
i=nAi, where Ai = {|ψ(Z)| > ai}. Thus, the Borel-

Cantelli Lemma applies. Since F ⊂ {f ∈ D∗ : ∥f∥∗ ≤ L} =: BL, it holds |ψ(Z)| ≤
supf∈F |f(Z)| ≤ supf∈BL

|f(Z)| = L∥Z∥. As argued above, we further have E[∥Z∥] <
∞ and hence by Markov’s inequality for an = 2n E[∥Z∥]L, we have P(L∥Z∥ >

an) ≤ 2−n for all n ∈ N. Together with P(|ψ(Z)| > t) ≤ P(L∥Z∥ > t), t ∈ R,
this implies

∑
n∈N P(|ψ(Z)| > an) < ∞ and hence by Borel-Cantelli and the above

inequalities P(|ψ(Z)| = ∞) = 0 implying |ψ(Z)| < ∞ a.s. and ∥G∥F < ∞ a.s.

where ∥G∥F = supf∈F |f(Z)|.
(v) We need to show that

P

(
∃L <∞ : ∀f, g ∈ F : |f(Z)− g(Z)| ≤ L∥f − g∥

)
= 1.

By definition of the dual norm, |f(Z) − g(Z)| ≤ ∥Z∥∥f − g∥∗ and therefore, on

{∥Z∥ <∞}, we can choose L = ∥Z∥. Hence,

P

(
∃L <∞ : ∀f, g ∈ F : |f(Z)− g(Z)| ≤ L∥f − g∥

)
≥ P(∥Z∥ <∞) = 1,
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where the last equality follows by (iv).

(vi) By tightness of Z, for any η > 0, there is a compact set Kη ⊂ D so that

P(Z /∈ Kη) < η. Since Kη is compact, for any ε > 0, there are x1, . . . , xN ∈ Kη,

with N <∞, so that for any x ∈ Kη, there is some j so that ∥x− xj∥ ≤ ε. On the

event {Z ∈ Kη},

sup
f∈F

f(Z) ≤ sup
f∈F

f(xj) + sup
f∈F

f(Z − xj).

Since F is uniformly bounded, i.e., ∥f∥∗ ≤ L for all f ∈ F and some L <∞,

sup
f∈F

f(Z − xj) ≤ ∥f∥∗∥Z − xj∥ ≤ Lε

Moreover, by the same arguments as in the representation Lemma 44, there exists

for each xj, an fj ∈ F such that fj(xj) = ψ(xj) = supf∈F f(xj) and therefore

sup
f∈F

f(xj) = max
1≤i≤N

fi(xj).

Moreover, by the same arguments as above,

max
1≤i≤N

fi(xj) ≤ max
1≤i≤N

fi(Z) + Lε

Together with supf∈F f(Z) ≥ max1≤i≤N fi(Z), this implies∣∣∣∣sup
f∈F

f(Z)− max
1≤i≤N

fi(Z)

∣∣∣∣ ≤ 2Lε.

Thus,

P

(∣∣∣∣sup
f∈F

f(Z)− max
1≤i≤N

fi(Z)

∣∣∣∣ > 2Lε

)
≤P

(∣∣∣∣sup
f∈F

f(Z)− max
1≤i≤N

fi(Z)

∣∣∣∣ > 2Lε, Z ∈ K

)
+ P(Z /∈ K) ≤ η.

Now, for the construction of the sequence (fn), let εn = ηn = 2−n, n ∈ N and repeat

for each n the construction from above to obtain x
(n)
1 , . . . , x

(n)
Nn

and corresponding
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f
(n)
1 , . . . , f

(n)
Nn

satisfying, for all n ∈ N,

P

(∣∣∣∣sup
f∈F

f(Z)− max
1≤i≤Nn

f
(n)
i (Z)

∣∣∣∣ > 2−n+1L

)
≤ 2−n.

Construct the sequence (fn) by stacking the finite sequences f
(n)
1 , . . . , f

(n)
Nn

on each

other. The resulting sequence (fn) shares the same approximation properties with

the finite sequences. Indeed, it still holds max1≤i≤n fi(Z) ≤ supf∈F f(Z) as well as

for some Nn, supf∈F f(Z) ≤ max1≤i≤Nn fi(Z) + 2−n+1L. Therefore, for all n,

P

(∣∣∣∣sup
f∈F

f(Z)− max
1≤i≤Nn

fi(Z)

∣∣∣∣ > 2−n+1L

)
≤ 2−n.

This implies together with the Borel Cantelli Lemma,

max
1≤i≤n

fi(Z)
a.s.→ sup

f∈F
f(Z)

and the claim follows.

2.B Proofs for applications

Our proofs for the Applications are based on a slight refinement of Le Cam’s

inequality as presented in Lemma 43. This refinement allows us to circumvent the

potential point mass in the approximate distribution by restricting the approxima-

tion of the cdfs to a subset of R only.

Lemma 51. For X,Z ∈ R arbitrary random variables, τ ∈ R and λ > 0,

sup
t≥τ

|P(X ≤ t)− P(Z ≤ t)| ≤ P(|X − Z| > λ) + ζλ(X) ∧ ζλ(Z),

where ζλ(V ) = supt≥τ P(t ≤ V ≤ t+ λ) for real-valued V ∈ R.

Proof of Lemma 51: For any t ∈ R and any λ > 0,

P(X ≤ t) ≤P(X ≤ t, |X − Z| ≤ λ) + P(|X − Z| > λ)

≤P(Z ≤ t+ λ) + P(|X − Z| > λ)

≤P(Z ≤ t) + P(t ≤ Z ≤ t+ λ) + P(|X − Z| > λ).
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Moreover, it holds

P(Z ≤ t) ≤P(Z ≤ t− λ) + P(t− λ ≤ Z ≤ t)

≤P(Z ≤ t, |X − Z| ≤ λ) + P(|X − Z| > λ) + P(t− λ ≤ Z ≤ t)

≤P(X ≤ t) + P(|X − Z| > λ) + P(t− λ ≤ Z ≤ t).

Thus, we have shown

sup
t≥τ

|P(X ≤ t)− P(Z ≤ t)| ≤ P(|X − Z| > λ) + sup
t≥τ

P(t ≤ Z ≤ t+ λ).

By changing the roles of X and Z, we also obtain

sup
t≥τ

|P(X ≤ t)− P(Z ≤ t)| ≤ P(|X − Z| > λ) + sup
t≥τ

P(t ≤ X ≤ t+ λ).

The claim follows.

2.B.1 Proof of the HD-CLT

Proof of Proposition 2: By the representation result ψ(x) = supf∈F f(x) for some

F ⊂ (Rk)∗. Let q satisfy 1
p
+ 1

q
= 1. In the following, we identify (Rk)∗ as Rk

endowed with the ℓq-norm. By ℓp Lipschitz continuity of ψ and the representation

result, F ⊂ {f ∈ Rk : ∥f∥q ≤ L}.
Further, let Tn =

∑n
i=1(Xi − E[Xi]) = Sn − µn, where µn =

∑n
i=1 E[Xi]. By

Lemma 38 in Belloni et al. (2019b), for any δ > 0, there exists Zn ∼ N (µn,Σn) for

Σn = E[TnT
⊺
n ] so that

P(∥Sn − Zn∥p > 3δ) ≤ min
t≥0

{
βp
δ3
t2 + 2P(∥Z∥p > t)

}
,

where Z ∼ N (0, I). By Lipschitz continuity of ψ,

P

(
|ψ(Sn)− ψ(Zn)| > 3δ

)
≤ min

t≥0

{
L3βp
δ3

t2 + 2P(∥Z∥p > t)

}
.

By Lemma 52 and Markov’s inequality,

P(∥Z∥p > t) ≤ P

(
exp

(∥Z∥2p
4σ2

)
>

(
t2

4σ2

))
≤ C

(
M

σ
+ 1

)
exp

(
M2

4σ2

)
exp

(
− t2

4σ2

)
.
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The right-hand side is monotonely increasing in M and therefore M can be re-

placed by any upper bound. In particular, by Lemma A.4 in Cattaneo et al. (2022),

E[∥Z∥] ≤ ϕp(k), thus M ≤ 2ϕp(k). Further, since Z ∼ N (0, Ik), for q ≥ 0 such that
1
p
+ 1

q
= 1,

σ2 = sup
∥y∥q=1

E[(y⊺Z)2] = sup
∥y∥q=1

∥y∥22 = cp(k)
2,

where cp(k) = 1 if p ∈ [2,∞] and cp(k) = k
1
2
− p−1

p = k
2−p
2p if p ∈ [1, 2). This implies

P(∥Z∥p > t) ≤ C

(
2ϕp(k)

cp(k)
+ 1

)
exp

(
ϕp(k)

2

cp(k)2

)
exp

(
− t2

4cp(k)2

)
Optimizing over t yields for t2 = Cϕp(k)

2 log(ϕp(k)/cp(k)δ
3/L3/βp)

P

(
|ψ(Sn)− ψ(Zn)| > 3δ

)
≤ C

L3βp
δ3

{
ϕp(k)

2 log

(
ϕp(k)δ

3

cp(k)L3βp

)
+ 1

}
.

Combining Le Cam’s Lemma and our anti-concentration bound in Theorem 14 im-

plies

sup
t∈R

|P(ψ(Sn) ≤ t)− P(ψ(Zn) ≤ t)|

≤min
δ>0

{
C
L3βp
δ3

{
ϕp(k)

2 log

(
ϕp(k)δ

3

cp(k)L3βp

)
+ 1

}
+

δ
√
12√

Var(ψ(Z)) + δ2(12)

}
+ P(ψ(Zn) = µ̄)

≤min
δ>0

{
C
L3βpϕp(k)

2

δ3
log

(
ϕp(k)δ

3

cp(k)L3βp
∨ e
)
+

δ
√
12√

Var(ψ(Z))

}
+ P(ψ(Zn) = µ̄).

Choose

δ =
(
L3βpϕp(k)

2
√

Var(ψ(Zn))
)1/4

and let

∆n =

(
L3βpϕp(k)

2

(Var(ψ(Zn)))3/2

)1/4

.
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Then,

L3βpϕp(k)
2

δ3
log

(
ϕp(k)δ

3

cp(k)L3βp
∨ e
)

= ∆n log

(
ϕp(k)

3

cp(k)∆n

∨ e
)

and therefore

sup
t∈R

|P(ψ(Sn) ≤ t)− P(ψ(Zn) ≤ t)| ≤C∆n log

(
ϕp(k)

3

cp(k)∆n

∨ e
)
+ P(ψ(Zn) = µ̄).

If, furthermore,

ϕp(k)
3

cp(k)∆n

→ 0,

then the upper bound can be simplified to

sup
t∈R

|P(ψ(Sn) ≤ t)− P(ψ(Zn) ≤ t)| ≤C
(

L3βpϕp(k)
2

(Var(ψ(Zn)))3/2

)1/4

+ P(ψ(Zn) = µ̄)

for n sufficiently large.

Proof of Corollary 9: By the triangle inequality,

|
√
nψ(θ̂n − θn)− ψ(Zn)| ≤|

√
nψ(θ̂n − θn)− ψ(Sn)|

+ |ψ(Sn)− ψ(Zn)|

If A ≥ a and A ≤ B+C, then B ≥ a− ε or C ≥ ε. As suppose that both B < a− ε

and C < ε, then A < a and by taking complements the claim follows. Thus,

P
(
|
√
nψ(θ̂n − θn)− ψ(Zn)| ≥ 2

√
Var(ψ(Zn))ε

)
≤P
(
|ψ(Sn)− ψ(Zn)| ≥

√
Var(ψ(Zn))ε

)
(2.7)

+ P
(
|
√
nψ(θ̂n − θn)− ψ(Sn)| ≥

√
Var(ψ(Zn))ε

)
By δn/

√
Var(ψ(Zn)) = O(1),

√
Var(ψ(Zn)) ≥ cδn eventually for some constant c,

and therefore

P
(
|
√
nψ(θ̂n − θn)− ψ(Sn)| ≥

√
Var(ψ(Zn))ε

)
≤P
(
|
√
nψ(θ̂n − θn)− ψ(Sn)| ≥ cδnε

)
→ 0, as n→ ∞.
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Regarding (2.7), note that

δ =

(
L3βp

√
Var(ψ(Zn))

{
ϕp(k)

2 log

(
ϕp(k)

cp(k)L3βp

)
+ 1

})1/4

in the proof of Proposition 2. Moreover, by assumption, δ/
√

Var(ψ(Z)) → 0 and

therefore δ ≤
√
Var(ψ(Z))ε eventually. Thus,

P
(
|ψ(Sn)− ψ(Zn)| ≥

√
Var(ψ(Zn))ε

)
≤P
(
|ψ(Sn)− ψ(Zn)| ≥ δ

)
→ 0.

Finally, by applying Le Cam’s Lemma 51 with η =
√

Var(ψ(Zn))ε

sup
t∈R

|P(
√
nhdnψ(θ̂n − θn) ≤ t)− P(ψ(Zn) ≤ t)| ≤ ε+ o(1),

proving the claim.

The following lemma is essentially a part of Corollary 3.2 in Ledoux and Tala-

grand (1991) but with an explicit upper bound.

Lemma 52. Let Z ∼ N (0, Ik),M denote the median of ∥Z∥p and σ2 = sup∥y∥q≤1∥y∥22.
Then, there is some absolute constant C, so that

E

[
exp

(∥Z∥2p
4σ2

)]
≤ C

(
M

σ
+ 1

)
exp

(
M2

4σ2

)
.

Proof. Let a2 = 1/(4σ2). It holds,

E[exp(a2∥Z∥2p)] =
∫ ∞

0

P(exp(a2∥Z∥2p) ≥ t)dt =

∫ ∞

0

P

(
∥Z∥p ≥

1

a

√
log t

)
dt

=

∫ exp(a2M2)

0

P

(
∥Z∥p ≥

1

a

√
log t

)
dt

+

∫ ∞

exp(a2M2)

P

(
∥Z∥p ≥

1

a

√
log t

)
dt

≤ exp(a2M2) +

∫ ∞

exp(a2M2)

P

(
∥Z∥p ≥

1

a

√
log t

)
dt.

Substitute M + σu = 1/a
√
log t, i.e., u = 1

σ
(−M + 1/a

√
log t), with derivative
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du/dt = 1
σa

1
t
√
log t

i.e.,

∫ ∞

M

P

(
∥Z∥p ≥

1

a

√
log t

)
dt

=

∫
σat
√

log tP(∥Z∥p ≥M + σu)du

=

∫
σa2(M + σu) exp(a2(M + σu)2)P(∥Z∥p ≥M + σu)du

≤ 1

2

∫
σa2(M + σu) exp(a2(M + σu)2) exp

(
−u

2

2

)
du

where we used that by Borel’s concentration inequality,

P(∥Z∥p > t) ≤ 1

2
exp

(
−(t−M)2

2σ2

)
.

Next, consider a quadratic expansion

a2(M + σu)2 − 1

2
u2 = a2M2 + (a2σ2 − 0.5)u2 + 2a2Mσu

take a2 = 1/(4σ2), then this reduces to

a2M2 + (a2σ2 − 0.5)u2 + 2a2Mσu =
M2

4σ2
− 0.25u2 + 2

M

2σ

u

2
− M2

4σ2
+
M2

4σ2

=
M2

2σ2
− (u/2−M/(2σ))2

and therefore ∫
σ

1

4σ2
(M + σu) exp

(
M2

2σ2

)
exp

(
−(u−M/σ)2

4

)
du

=
M

4σ
exp(M2/4σ2)

∫
exp(−(u−M/σ)2/4)du

+
1

4
exp(M2/4σ2)

∫
u exp(−(u−M/σ)2/4)du

The lower boundary of integration is exp(a2M2) = exp(M2/4σ2)∫ ∞

exp(M2/4σ2)

exp

(
−(u−M/σ)2

4

)
du ≤ 2

√
π
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and similarly ∫
u exp(−(u−M/σ)2/4)du ≤ C(M/σ + 1)

So the overall upper bound for this second part is of the form

C

(
M

σ
+ 1

)
exp

(
M2

4σ2

)
Since the first part is also of this form, we have

E

[
exp

(∥Z∥2p
4σ2

)]
≤ C

(
M

σ
+ 1

)
exp

(
M2

4σ2

)
.

This proves the claim.

Lemma 53. Let Z ∼ N (0,Σ). The covariance matrix Σ has ordered eigenvalues

λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0 and associated unit eigenvectors e1, . . . , ek. Then, there is

some absolute constant C, so that, for k ≥ 2,

E

[
max
1≤j≤k

|ejZ|3
]
≤ C tr(Σ)

√
λ1 log k.

Moreover, for any Vector X ∈ Rk,

E[∥X∥32] ≤ (tr(Σ))3/2 E
[
max
1≤j≤d

|e⊺jX|3
]
.

Proof. By the Cauchy-Schwarz inequality,

E

[
max
1≤j≤k

|e⊺jZ|3
]
≤ E

[
∥Z∥22 max

1≤j≤k
|e⊺j gi|

]
≤
√
E[∥Z∥42]

√
E
[
max
1≤j≤k

|e⊺jZ|2
]
.

By the rotational symmetry of the Euclidean distance, and since the e⊺jZ are mutu-

ally independent,

E[∥Z∥42] =E

[( k∑
j=1

|e⊺jZ|2
)2]

=
k∑
i=1

k∑
j=1

E[|e⊺i Z|2|e
⊺
jZ|2]

=
k∑
j=1

E[|e⊺jZ|4] +
k∑
i=1

∑
j ̸=i

E[|e⊺i Z|2] E[|e
⊺
jZ|2]



2.B Proofs for applications 191

=
k∑
j=1

3λ2j +
k∑
i=1

∑
j ̸=i

λiλj ≤ 3
k∑
i=1

k∑
j=1

λiλj = 3(tr(Σ))2.

By Jensen’s inequality,

E

[
max
1≤j≤k

|e⊺jZ|2
]
≤4λ1 E

[
max
1≤j≤k

|e⊺jZ|2

4λj

]
≤ 4λ1 log

(
E

[
max
1≤j≤k

exp

( |e⊺jZ|2

4λj

)])
≤4λ1 log

( k∑
j=1

E

[
exp

( |e⊺jZ|2

4λj

)])
≤ 4λ1 log

(√
2k
)
,

where we used in the last inequality that for standard normal random variables X,

E[exp(X2/4)] ≤
√
2. The first part of the claim follows by combining the above

bounds.

For the second part, note that by rotational symmetry of the Euclidean distance,

we can bound

∥Xi∥22 =
k∑
j=1

λj(e
⊺
jXi)

2 ≤ tr(Σ) max
1≤j≤k

(e⊺jXi)
2

implying

E[∥Xi∥32] ≤ (tr(Σ))3/2 E
[
max
1≤j≤d

|e⊺jXi|3
]
.

2.B.2 Proofs for kernel-type estimators

Lemma 54. Under assumptions (B1)-(B5), Zn in Propositions 3 ans 4 has a version

with values in C(I × G). In particular, Zn can be realized as the canonical process

on (C(G × I),B(C(G × I)),PZn), where PZn denotes the distribution of Zn.

Proof. By Dudley’s inequality (Theorem 11.17 in Ledoux and Talagrand (1991)),

E

[
sup

(y,x),(ỹ,x̃)∈G×I
|Zn(y, x)− Zn(ỹ, x̃)|

]
≤ C

∫ ∞

0

√
logN(ε,G × I, L2(P ))dε.

Since G × I is a compact set of a finite dimensional Banach space, the entropy in-

tegral on the right-hand side is finite and therefore Zn has almost surely uniformly

continuous sample paths by the same arguments as in Lemma 50. Thus, there is
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a set of measure zero N such that outside of this set, every sample path is uni-

formly continuous. If we change all sample paths in N to be just constantly 0 (or

any continuous function), then the resulting process Z̃n coincides with Zn for each

(y, x) ∈ G × I P − a.s., that is Z̃n,y,x(ω) = Zn,y,x(ω) for all ω /∈ N . Furthermore,

the existence of a version with continuous sample paths implies that one can realize

Zn as the canonical process on (C(G ×I),B(C(G ×I)),PZn), where PZn denotes the

distribution of Zn.

Proof of Proposition 3: In order to prove the Kolmogorov bound, we will use Le

Cam’s Lemma 51. In the first step, we will construct a coupled Gaussian process Zn

using Corollary 2.2 in Chernozhukov et al. (2010) in order to bound P(|
√
nhdnψ(Sn)−

ψ(Zn)| > η). Thereafter, we will use our anti-concentration bound in Theorem 14

to upper bound the Kolmogorov distance.

Regarding the coupling construction, note that for any fn ∈ Fn and any k = 2, 3,

E[|fn(Y,X)− E[fn(Y,X)]|k] ≤ ChdnΣn(fn, fn)

(
L∥g∥∞∥k∥∞

p

)k−2

,

where Σn denotes the covariance function of h
−d/2
n Gn. Let Γn denote the covariance

function of the kernel estimator

Γn(x, y, x̃, ỹ) = Cov(p(x)−1g(Y, y)k(h−1
n (X − x)), p(x̃)−1g(Y, ỹ)k(h−1

n (X − x̃)))

Since f ∈ D∗, there is a regular Borel measure µ and by Fubini’s Theorem,

Σn(f, f) =

∫∫
Γn(x, y, x̃, ỹ)µ(d(x, y))µ(d(x̃, ỹ)).

Since sup(x,y,x̃,ỹ) Γn(x, y) = O(1), we have σ2
n := supf∈Fn

hdnΣn(f, f) = O(hdn). Fur-

ther, let

b =
L∥g∥∞∥k∥∞

p
.

Then, b is a valid envelope function of Fn and

sup
f∈Fn

E[|f(Y,X)|k] ≤ σ2
nb
k−2, k = 2, 3.

Since Fn is a VC type class uniformly over n, A and v can be chosen independent
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of n. Now, Corollary 2.2 in Chernozhukov et al. (2014a) applies and implies that

for any γ ∈ (0, 1), there exists a sequence of random variables Wn(γ) such that

Wn
d
= ψ(Zn) and

P

(
|ψ(Sn)−Wn| > C

(
log n

γ1/2(nhdn)
1/2

+
log3/4 n

γ1/2(nhdn)
1/4

+
log2/3 n

γ1/3(nhdn)
1/6

))
≤C
(
γ +

log n

n

)
.

Here C is a constant that only depends on ∥g∥∞, ∥k∥∞ and p.

Note that

1
√
γ

√
log2 n

nhdn
≤ 1

γ1/3

(
log4 n

nhdn

)1/6

γ1/6 = γ1/2−1/3 ≥
(

log6 n

(nhdn)
3

nhdn
log4 n

)1/6

=

(
log n

nhdn

)1/3

γ ≥
(
log n

nhdn

)2

as well as

1

γ1/2

(
log3 n

nhdn

)1/4

≤ 1

γ1/3

(
log4 n

nhdn

)1/6

γ1/6 ≥
(

log9 n

(nhdn)
3

(nhdn)
2

log8 n

)1/12

γ ≥

√
log n

nhdn
.

Thus, if γ ≥
√
log n/(nhdn), then

P

(
|
√
nhdnψ(Sn − E[Sn])−Wn| > C

log2/3 n

γ1/3(nhdn)
1/6

)
≤ C

(
γ +

log n

n

)
.

Take η = C log2/3 n
γ1/3(nhdn)

1/6 , i.e.,

γ =

√√√√(C
η

)1/3
√

log4 n

nhdn
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implying

P(|
√
nhdnψ(Sn − E[Sn])−Wn| > η) ≤ C

(
1

η1/3

√
log4 n

nhdn
+

log n

n

)
.

Together with Le Cam’s Lemma 51 and the anti-concentration bound in Theorem

14, this implies7

sup
t∈R

|P(
√
nhdnψ(Sn − E[Sn]) ≤ t)− P(Wn ≤ t)|

≤ inf
η>0

{
C

(
1

η1/3

√
log4 n

nhdn
+

log n

n
+

η√
Var(ψ(Zn))

)}
≤C
{

1

(Var(ψ(Zn)))1/8

(
log4 n

nhdn

)3/8

+
log n

n

}
,

where we chose η = (Var(ψ(Zn)) log
4 n/(nhdn))

3/8. It remains to show that the so

chosen γ satisfies γ ≥
√
log n/(nhdn). Indeed, since

γ =
1

(Var(ψ(Zn)))1/8

(
log4 n

nhdn

)3/8

≥

√
log n

nhdn

Var(ψ(Zn)) ≤(nhdn) log
8 n

which holds by assumption.

Proof of Corollary 10: By the triangle inequality,

|
√
nhdnψ(θ̂n − θn)− ψ(Zn)| ≤|

√
nhdnψ(θ̂n − θn)−

√
nhdnψ(Sn − E[Sn])|

+ |
√
nhdnψ(Sn − E[Sn])− ψ(Zn)|

If A ≥ a and A ≤ B+C, then B ≥ a− ε or C ≥ ε. As suppose that both B < a− ε

and C < ε, then A < a and by taking complements the claim follows. Thus,

P
(
|
√
nhdnψ(θ̂n − θn)− ψ(Zn)| ≥ 2

√
Var(ψ(Zn))ε

)
≤P
(
|
√
nhdnψ(Sn − E[Sn])− ψ(Zn)| ≥

√
Var(ψ(Zn))ε

)
(2.8)

+ P
(
|
√
nhdnψ(θ̂n − θn)−

√
nhdnψ(Sn − E[Sn])| ≥

√
Var(ψ(Zn))ε

)
7We show in Lemma 54 that Zn can be chosen so that it satisfies the regularity conditions

imposed by our anti-concentration in Theorem 14.
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By δn/
√

Var(ψ(Zn)) = O(1),
√

Var(ψ(Zn)) ≥ cδn eventually for some constant c,

and therefore

P
(
|
√
nhdnψ(θ̂n − θn)−

√
nhdnψ(Sn − E[Sn])| ≥

√
Var(ψ(Zn))ε

)
≤P
(
|
√
nhdnψ(θ̂n − θn)−

√
nhdnψ(Sn − E[Sn])| ≥ cδnε

)
→ 0, as n→ ∞.

Regarding (2.8), note that η = (Var(ψ(Zn)) log
4 n/(nhdn))

3/8 so that

P(|
√
nhdnψ(Sn − E[Sn])−Wn| > η) ≤ C

(
1

(Var(ψ(Zn)))1/8

(
log4 n

nhdn

)3/8

+
log n

n

)
.

Moreover, by assumption, η/
√
Var(ψ(Z))

η√
Var(ψ(Zn))

=
1

(Var(ψ(Zn)))1/8

(
log4 n

nhdn

)3/8

→ 0

and therefore η ≤ C
√

Var(ψ(Z)) eventually. Thus,

P
(
|
√
nhdnψ(Sn − E[Sn])− ψ(Zn)| ≥

√
Var(ψ(Zn))ε

)
≤P
(
|
√
nhdnψ(Sn − E[Sn])− ψ(Zn)| ≥ η

)
→ 0, as n→ ∞.

Finally, by applying Le Cam’s Lemma 51 with η =
√

Var(ψ(Zn))ε

sup
t∈R

|P(
√
nhdnψ(θ̂n − θn) ≤ t)− P(ψ(Zn) ≤ t)| ≤ ε+ o(1),

proving the claim.

Proof of Proposition 4: Under Assumption 15, the Rio-Massart Coupling in Theo-

rem 8 in Chernozhukov et al. (2010) constructs a sequence of P -Gaussian Bridges

Zn (on a possibly enriched probability space) such that for any t ≥ C log n,

P

(
sup
v∈V

|h−d/2n Gn(gv)− Zn(gv)| ≥ C

{√
t

n1/(d1+d)hn
+ t

√
log n

nhdn

})
≤ exp(−t).

Moreover, the paths of ν 7→ Zn(gv) can be chosen to be continuous a.s. and therefore

Zn implies a Gaussian C(V)-valued random vector.
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By Lipschitz continuity of ψ, for any η > 0,

P(|ψ(
√
nhdn(Sn − E[Sn]))− ψ(Zn)| > η) ≤ P(∥

√
nhdn(Sn − E[Sn])− Zn∥ ≥ η/L)

and since L does not depend on n, the Rio-Massart Coupling from above implies

P

(
|ψ(
√
nhdn(Sn − E[Sn]))− ψ(Zn)| ≥ C

{√
t

n1/(d1+d)hn
+ t

√
log n

nhdn

})
≤ exp(−t).

Thus, for the Kolmogorov distance, set

η = tC

{√
1

n1/(d1+d)hn
+

√
log n

nhdn

}
≥ C

{√
t

n1/(d1+d)hn
+ t

√
log n

nhdn

}
i.e., take t as

t = Cη

{√
1

n1/(d1+d)hn
+

√
log n

nhdn

}−1

implying for our Kolmogorov distance minimization problem:

min
t

exp(−Cη
{√

1

n1/(d1+d)hn
+

√
log n

nhdn

}−1

) +
η√

Var(ψ(Zn))

Let ∆n =

{√
1

n1/(d1+d)hn
+
√

logn
nhdn

}
. Then, the first order condition of the above

problems can be written as

∆−1
n exp(−η∆−1

n ) =
1√

Var(ψ(Zn))

⇐⇒ −η∆−1
n = log

(
∆n√

Var(ψ(Zn))

)
⇐⇒ η = ∆n log

(√
Var(ψ(Zn))

∆n

)
.

This implies

t =C log

(√
Var(ψ(Zn))

∆n

)
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=C{log(Var(ψ(Zn)))− log(∆n)}

=C{log(Var(ψ(Zn))) + log(n) + o(log(n))}

which is larger than C log n since ∆n/
√

Var(ψ(Zn)) = O(n−ξ) for some ξ > 0 and

therefore the above choice of η is valid. This implies the following rate for the

Kolmogorov bound

C
∆n√

Var(ψ(Zn))

{
1 + log

(√
Var(ψ(Zn))

∆n

)}
and the claim follows.

Proof of Corollary 11: By the triangle inequality,

|
√
nhdnψ(θ̂n − θn)− ψ(Zn)| ≤|

√
nhdnψ(θ̂n − θn)−

√
nhdnψ(Sn − E[Sn])|

+ |
√
nhdnψ(Sn − E[Sn])− ψ(Zn)|

If A ≥ a and A ≤ B+C, then B ≥ a− ε or C ≥ ε. As suppose that both B < a− ε

and C < ε, then A < a and by taking complements the claim follows. Thus,

P
(
|
√
nhdnψ(θ̂n − θn)− ψ(Zn)| ≥ 2

√
Var(ψ(Zn))ε

)
≤P
(
|
√
nhdnψ(Sn − E[Sn])− ψ(Zn)| ≥

√
Var(ψ(Zn))ε

)
(2.9)

+ P
(
|
√
nhdnψ(θ̂n − θn)−

√
nhdnψ(Sn − E[Sn])| ≥

√
Var(ψ(Zn))ε

)
By δn/

√
Var(ψ(Zn)) = O(1),

√
Var(ψ(Zn)) ≥ cδn eventually for some constant c,

and therefore

P
(
|
√
nhdnψ(θ̂n − θn)−

√
nhdnψ(Sn − E[Sn])| ≥

√
Var(ψ(Zn))ε

)
≤P
(
|
√
nhdnψ(θ̂n − θn)−

√
nhdnψ(Sn − E[Sn])| ≥ cδnε

)
→ 0, as n→ ∞.

Regarding (2.9), note that

η = ∆n log

(√
Var(ψn)

∆n

)
in the proof of Proposition 4. Moreover, by assumption, η/

√
Var(ψ(Z)) converges
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to zero and therefore ηc ≤ C
√

Var(ψ(Z)) eventually. Therefore,

P
(
|
√
nhdnψ(Sn − E[Sn])− ψ(Zn)| ≥

√
Var(ψ(Zn))ε

)
≤P
(
|
√
nhdnψ(Sn − E[Sn])− ψ(Zn)| ≥ η

)
≤ C

η√
Var(ψ(Zn))

→ 0, as n→ ∞.

Finally, by applying Le Cam’s Lemma 51 with η =
√

Var(ψ(Zn))ε

sup
t∈R

|P(
√
nhdnψ(θ̂n − θn) ≤ t)− P(ψ(Zn) ≤ t)| ≤ ε+ o(1),

proving the claim.



Chapter 3

Inference in the High-Dimensional

Partially Linear Model using

Orthogonalized Kernels

3.1 Introduction

High-dimensional linear models have become increasingly popular in various ar-

eas in economics. Examples include estimation of impulse response functions of

macroeconomic time-series using local projections (Jordà, 2005), optimal portfo-

lio estimation with many underlying assets (Fan et al., 2011), demand estimation

with many generates controls and instruments (Chernozhukov et al., 2015b), textual

analysis of patents in the context of growth estimation (Kelly et al., 2021) and the

analysis of job training programs with many generated controls Spiess et al. (2023).

Inference in the high-dimensional linear model has been extensively studied over

the last decades (Meinshausen et al. (2009), Meinshausen and Bühlmann (2010),

Wasserman and Roeder (2009), Shah and Samworth (2013), Belloni et al. (2014),

van de Geer et al. (2014) and Zhang and Zhang (2014)).

In this paper, we study inference in the high-dimensional partially linear model

(HD PLM). This model is a semiparametric extension of the high-dimensional lin-

ear model and allows variables to enter nonlinearly into the regression equation. It

therefore maintains the flexibility of nonparametric models in some of the variables

while avoiding the curse of dimensionality of a fully nonparametric model. In the

low-dimensional setting, the partially linear model has a long history in the econo-

199
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metrics and semiparametric statistics literature and has been studied for example

in Engle et al. (1986), Robinson (1988), Chen (1988) and Härdle et al. (2000). Our

model extends this model in that we allow the dimension of the linear part to in-

crease with the sample size and in particular allow the number of regressors to be

(potentially) larger than the sample size.

Recently, there has been a growing interest in the high-dimensional partially

linear model. Much progress has been made to understand the estimation properties

of various proposals (Müller and van de Geer (2015), Ma and Huang (2016), Zhu

(2017), Yu et al. (2019)) and inference on the linear part has been studied by Zhu

et al. (2019). We complement this literature in that we focus on inference on the

nonlinear part.

More rigorously, we consider the following model: Let {(Yi, Ti, Xi) : i = 1, . . . , n}
be a sample of i.i.d data, where Yi and Ti are real-valued random variables and

Xi = (Xi1, . . . , Xip)
T is a p-dimensional random vector with p potentially very large,

in particular, p≫ n. Suppose that the data satisfy the model

Yi = δ +m(Ti) +XT
i β + εi (3.1)

where m is smooth unknown function, β = (β1, . . . , βp)
T is an unobserved sparse pa-

rameter vector with s nonzero entries and εi is an error term satisfying E[εi |Ti, Xi] =

0 as well as E[ε2i |Ti, Xi] = σ2. m is normalized so that E[m(Ti)] = 0 in order to

achieve identifiability and the Xi are assumed to be centered in order to shorten the

notation. We assume that Ti has compact support, which w.l.o.g. is normalized to

be the unit interval [0, 1].

Estimation of the nonlinear part in the above model is challenging due to the

high-dimensional linear part as we illustrate in the following. As suggested by Robin-

son (1988), estimation of the nonlinear part in a partially linear model can be based

on the identity

m(T ) = E[Y − δ −X⊺β |T ].

Therefore, given a preliminary estimator (δ̂, β̂) of (δ, β), one can estimate m using

arbitrary nonparametric estimators of univariate conditional mean functions. We

focus on Nadaraya-Watson estimation using the uniform kernel, but it might also

be interesting to extend our proposed method to other kernels or local polynomial
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estimators. This Nadaraya-Watson estimator is given by

m̃(t) =

∑n
i=1 1(|Ti − t| ≤ h)(Yi − δ̂ −X⊺

i β̂)∑n
i=1 1(|Ti − t| ≤ h)

,

where h > 0 denotes a bandwidth chosen by the researcher. This estimator can be

decomposed into three parts

m̃(t) =

∑n
i=1 1(|Ti − t| ≤ h)(Yi − δ −X⊺

i β)∑n
i=1 1(|Ti − t| ≤ h)

+

∑n
i=1 1(|Ti − t| ≤ h)X⊺

i (β − β̂)∑n
i=1 1(|Ti − t| ≤ h)

+ (δ − δ̂).

The first term corresponds to the infeasible Nadaraya-Watson estimator which knows

the true values of δ and β. The second and the third term capture the influence

of estimation of (δ, β) on the estimator. While δ̂ converges sufficiently fast to zero,

showing that the second term is negligible requires fairly strong conditions on the

estimation properties of β̂. This problem is absent in the low-dimensional setting

when p is fixed or much smaller than n. The second term therefore resembles a bias

due to the high-dimensionality of the problem, and we refer to it as the HD bias in

the following.

In order to deal with the HD bias, we modify the uniform kernel so that it is

nearly orthogonal to X and by this we reduce the impact of the estimation error

of β. More precisely, we construct orthogonalization parameters γ̂t which depend

only on (Ti, Xi), i = 1, . . . , n, and base our test statistic on the orthogonalized

Nadaraya-Watson estimator

m̂(t) =

∑n
i=1 1(|Ti − t| ≤ h)(1−X⊺

i γ̂t)(Yi − δ̂ −X⊺
i β̂)∑n

i=1 1(|Ti − t| ≤ h)(1−X⊺
i γ̂t)

.

These orthogonalization parameters are chosen to ensure that

max
1≤j≤p

∣∣∣∣ 1nh
n∑
i=1

1(|Ti − t| ≤ h)(1−X⊺
i γ̂t)Xij

∣∣∣∣ ≤ µ, (3.2)

where µ is a tuning parameter which can be chosen by the researcher.

We are interested in inference on the nonlinear part m and want to test the
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global hypothesis

H0 : ∀t : m(t) = 0 vs. H1 : ∃t : m(t) ̸= 0.

Under model (3.1), the null hypothesis implies that the conditional mean of Y given

T and X does not depend on T . In this sense, this test problem generalizes the idea

of significance testing frequently used in applied research by allowing T to affect Y in

a general nonlinear way. Based on the orthogonalized Nadaraya-Watson estimator,

we can construct a test statistic for the global null by constructing a test for the

equivalent hypotheses

H ′
0 : sup

t∈[0,1]
|m(t)| = 0 vs. H ′

1 : sup
t∈[0,1]

|m(t)| > 0.

Such a sup-norm test can also be interpreted as a joint test of the local hypotheses

H0,t : m(t) = 0, t ∈ [0, 1]

against the alternatives

H+,t : m(t) > 0 and H−,t : m(t) < 0.

A rejection of the global null therefore allows us to infer the locations and signs of

the deviations from the null. This is in contrast to other equivalent formulations of

the global null as e.g. formulations based on Lp-norms.

However, the evaluation of the sup-norm would require us to compute a con-

tinuum of orthogonalization parameters γ̂t which is both theoretically and compu-

tationally challenging. We therefore discretize the support of T and consider only

a grid of locations TL := {tℓ : ℓ = 1, . . . , L} ⊂ [0, 1] and the surrogate global

hypotheses

H ′
0,L : max

tℓ∈TL
|m(tℓ)| = 0 vs. H ′

1 : max
tℓ∈TL

|m(tℓ)| > 0,

and define the local hypotheses H0,ℓ : m(tℓ) = 0, H+,ℓ : m(tℓ) > 0 and H−,ℓ :

m(tℓ) < 0, ℓ = 1, . . . , L analogously. Due to the smoothness of m, the impact

of the discretization on the power of the test is negligible when the grid is chosen

sufficiently dense.
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We study our proposed test procedure using commonly imposed assumptions

from the literature on estimation in the HD PLM. We propose a first stage Lasso

estimator of β and study its estimation properties. In particular, we show that it has

the same rate of convergence for its estimation and prediction error as the infeasible

Lasso estimator which knows the true conditional means of Y and X given T .

Further, we study the bias and asymptotic variance of the orthogonalized Nadaraya-

Watson estimator and find that its estimation properties are of the same order as

those of the infeasible Nadaraya-Watson estimator introduced above. Additionally,

we provide a consistent multiplier bootstrap for the critical values of the test statistic

and show uniform consistency of the proposed test against local Hölder balls. Our

results are based on a mild sparsity assumption of s = o(
√
n) (up to log terms) which

is only mildly stronger than what is needed for ℓ1-consistency of the Lasso in the

high-dimensional linear model and a growth restriction to population counterparts

of the orthogonalization parameters γ̂t which can be shown to be satisfied when T

and X are only weakly dependent.

We study the finite sample performance of our test in a Monte Carlo simulation.

We implement our method for different data adaptive tuning parameter choices

and compare its size and power to a test based on the infeasible Nadaraya-Watson

estimator as well as a Nadaraya-Watson estimator which does not use an orthog-

onalized kernel. The simulation results show that without orthogonalization the

Nadaraya-Watson estimator is heavily size-distorted and that the orthogonalization

yields size control. The power of our proposed method is comparable to the power

of the infeasible estimator although smaller.

Related Literature: Our estimation results for the first stage Lasso estimator

and the orthogonalized Nadaraya-Watson estimator contribute to the literature on

estimation in the HD PLM (Müller and van de Geer (2015), Ma and Huang (2016),

Zhu (2017), Yu et al. (2019)). While our first stage Lasso estimator shares the rates

with the proposal in the literature, the orthogonalized Nadaraya-Watson estimator

yields the same rates as other proposals under weakened sparsity assumptions. We

collect the sparsity requirements of the aforementioned papers in Table 3.1.1. These

requirements are computed to ensure that the nonlinear part can be estimated at

the optimal nonparametric rate.

Our proposal is also related to the literature on inference in the high-dimensional

/ sparse additive model or spAM for short (Kozbur (2020), Lu et al. (2020), Gregory

et al. (2021) and Guo et al. (2019)). In this literature, the conditional mean is
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Paper Model
sparsity sample

requirements splitting

Müller and van de Geer (2015) HD PLM s = o(n1/5) No
Ma and Huang (2016) HD PLM s = o(n−3/10) No

Yu et al. (2019) HD PLM s = o(n1/5) No
Gregory et al. (2021) spAM s = o(n3/10) No

Lu et al. (2020) spAM s = O(n1/6) No
Guo et al. (2019) spAM s = o(n4/5) Yes
Our proposal HD PLM s = o(

√
n) No

Table 3.1.1: Sparsity requirements from related methods in HD PLM and addi-
tive models. These rates were computed to ensure that the nonlinear part can be
estimated at the optimal nonparametric rate. The sparsity requirements are only
correct up to powers of log terms.

modeled as

Yi = δ0 +m(Ti) +
d∑
j=1

gj(Xij) + εi,

where gj are unknown smooth functions satisfying E[gj(Xij)] = 0 and the residual

εi satisfies E[εi|T,X] = 0. This model is closely related to the HD PLM if one

approximates the unknown functions gj by a series expansion

gj(x) =
m∑
k=1

ψk(x)β0,kj + rmj(x)

where the ψk are known basis functions and rmj is an approximation error. Then,

Yi = δ0 +m(Ti) +
d∑
j=1

m∑
k=1

ψk(Xij)β0,kj +
d∑
j=1

rj(Xij) + εi (3.3)

Up to the approximation error, this is an HD PLM model and in this sense our

results are related to this literature.

Kozbur (2020) propose the Post-Nonparametric Double Selection method which

is an extension of the Post Double Selection method developed in Belloni et al.

(2014) to the spAM. Heuristically, they also linearize m in the additive model with
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expansion

m(t) =
m∑
k=1

φk(t)γ0,k + rm0(t)

for some basis functions φk and approximation error rm0. For each basis function

φk and for Y they use a Lasso-type procedure to select the important regressors

in a linear regression of φk (or Y ) on {(ψk(Xij)) : k = 1, . . . ,m, j = 1, . . . , d}.
Then, in a second stage, they perform OLS on the union of all the selected re-

gressors. Under regularity conditions, they show that this two-stage procedure has

a normal limiting distribution when the number of selected variables is not too

large. However, it is not clear under what type of assumptions overselection can

be avoided. For example, suppose that the test functions form a basis of the space

of square-integrable functions. Assuming that most of the technical regressors φk

on {(ψk(Xij)) : k = 1, . . . ,m, j = 1, . . . , d} do not affect any of the φk is close to

assuming that T is independent of most of the included variables. In this sense, it

seems that they impose a stronger form of weak dependence than what we need for

our orthogonalization approach.

Gregory et al. (2021) propose a three stage pre- and re-smoothing estimator. In

the first step, they construct an initial estimator of m and β which they debiase

in the second step by using an extension of the construction in van de Geer et al.

(2014). In the third step, they re-smooth the resulting estimator using nonparamet-

ric smoothing. They study the performance of their estimator in comparison to an

oracle estimator which knows the nuisance functions gj. They show that their pre-

and re-smoothing estimator has the same properties as the oracle estimator if the

sparsity of β0, satisfies s ≪ n3/10 which is more restrictive than our corresponding

assumption.

Lu et al. (2020) propose the Kernel-Sieve Method. In this two-stage procedure,

they first estimate m and β at some location t ∈ [0, 1] by minimizing

min
a,b

n∑
i=1

kh(Ti − t)

(
Yi − Ȳ − a−

d∑
j=1

m∑
k=1

ψk(Xij)bjk

)2

+ λP(a, b)

Here k is a kernel function, λ a tuning parameter and P a penalty term that induces

an ℓ1 penalty on a and a Group Lasso penalty on b. In the second stage, the debiase

their estimator of m locally using a similar construction as in
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Javanmard and Montanari (2014). Their estimator allows for changes in β de-

pending on the location t. That is, their estimator is suitable in a varying coefficient

extension of model (3.3):

Yi = δ +m(Ti) +
d∑
j=1

m∑
k=1

ϕk(Zij)βkj(Ti) + εi

This also explains why they obtain comparably slow rates of convergence for their

estimator of m. Further, their sparsity requirements as listed in Table 3.1.1 are

stronger than what we need for our approach, and they impose a weak dependence

assumption on the joint distribution of T and X which is stronger than our weak

dependence requirements.

Guo et al. (2019) propose a decorrelated local linear estimator and study point-

wise inference on the derivative of m. While their idea of decorrelating the kernel

is similar to our proposal, their construction of the orthogonalization weights relies

on assuming that the conditional mean of T given X follows a high-dimensional

sparse model and therefore also relies on a kind of weak dependence assumption

between T and X. Their sparsity requirements as displayed in Table 3.1.1 are

best-case bounds from Section (A.4) in their Supplementary Material. The actual

requirements depend on the sparsity of the conditional mean of T given X and

therefore hard to compare to our sparsity requirements especially since they are

interested in inference on the derivative instead of level of m.

Also related to our proposal is the literature on inference in high-dimensional

linear models with structured or group sparsity. Mitra and Zhang (2016), van de

Geer and Stucky (2016) and Stucky and van de Geer (2018) are interested in joint

inference on multiple coefficients of the linear model. They allow the number of

coefficients of interest to grow as the sample size increases and therefore such an

approach can be applied to a linearized model, where m is expanded according to

some basis. However, they are interested in chi-squared type inference and therefore

cannot test the local hypotheses H0,ℓ.

Agenda: The paper is organized as follows. In section 3.2, we introduce the test

statistic and present a Bootstrap to obtain critical values. In section 3.3, we present

asymptotic properties of our proposed estimators and test procedure. Finally, we

present results of a Monte Carlos study in section 3.4. We outline the proofs in

the Appendix and give detailed proofs of technical results in the Supplementary
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Material.

Notation: Let ∥·∥q for 1 ≤ q ≤ ∞ denote the ℓq-norm on Rp. Denote by

Y = (Y1, . . . , Yn)
⊺, X(j) = (X1j, . . . , Xnj)

⊺, for j = 1, . . . , p, X = (X(1), . . . , X(p))

and ε = (ε1, . . . , εn)
⊺. Further, for a vector v = (v1, . . . , vn)

⊺ ∈ Rn, denote by

v̄ = 1
n

∑n
i=1 vi and by v̇i = vi − v̄. Finally, c and C without any subscript denote

constants whose value might change at each occurrence.

3.2 Estimation and Test Procedure

Our test procedure can be interpreted as a two-stage procedure. In the first

stage, estimators for β as well as the orthogonalization parameters γ̂ are constructed

which are then used in the second step to build the orthogonalized Nadaraya-Watson

estimator m̂.

In order to motivate our estimator for β, note that in the partially linear model

m is given by

m(t) = E[Yi − δ −X⊺
i β |Ti = t],

which implies for the model (3.1)

Yi − E[Yi |Ti] = (Xi − E[Xi |Ti])⊺β + εi.

This is a high-dimensional linear model in the partial residuals Yi − E[Yi |Ti] and
Xi−E[Xi |Ti]. These partial residuals can be estimated using the Nadaraya-Watson

estimator as

Ỹi = Yi −
∑n

j=1 kg(Tj − Ti)Yj∑n
j=1 kg(Tj − Ti)

and X̃i = Xi −
∑n

j=1 kg(Tj − Ti)Xj∑n
j=1 kg(Tj − Ti)

.

Here, k denotes a kernel function, g a bandwidth and kg(v) = k(v/g). Now, β can be

estimated using any estimator for high-dimensional linear regression on the dataset

(Ỹi, X̃i), i = 1, . . . , n. We use the Lasso

β̂λ = argmin
b∈Rp

{
1

n

n∑
i=1

(
Ỹi − X̃T

i b
)2

+ λ∥b∥1
}

and call the resulting estimator β̂λ the profile Lasso due to its similar construction
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as used in profile likelihood methods.

In order to achieve the near orthogonality property (3.2), we construct the or-

thogonalization parameters using an ℓ1-penalized approach. Let µ > 0 and denote

by Ẋi the demeaned control variables Ẋi = Xi − X̄, where X̄ denotes the sample

average of the Xi. Take γ̂t be a minimizer of

min
c∈Rp

{
1

nh

n∑
i=1

1(|Ti − t| ≤ h)(1− Ẋ⊺
i c)

2 + µ∥c∥1
}

(3.4)

The tuning parameter µ governs the degree of orthogonality to the estimation error

of the profile Lasso β̂λ. More precisely, the KKT conditions assure that the near

orthogonality property (3.2) holds uniformly over j = 1, . . . , p.

Given the profile Lasso β̂λ and the orthogonalization parameters γ̂t, we construct

the orthogonalized Nadaraya-Watson estimator m̂(t) as

m̂(t) =

∑n
i=1 1(|Ti − t| ≤ h)(1− Ẋ⊺

i γ̂t)Ri∑n
i=1 1(|Ti − t| ≤ h)(1− Ẋ⊺

i γ̂t)
, (3.5)

where Ri = Ẏi − Ẋ⊺
i β̂λ denote the partial residuals from a linear regression of Yi

on Xi and a constant using the profile Lasso. This estimator can be interpreted

as a Nadaraya-Watson estimator of the conditional mean of Ri given Ti using the

orthogonalized kernel 1
h
1(|Ti− t| ≤ h)(1− Ẋ⊺

i γ̂t). Further, the denominator in (3.5)

is nonzero as long as µ > 0 and some Ti lie in [tℓ − h, tℓ + h] regardless of the

dimension p.1

For the construction of the test statistic, we discretize the support of t into the

set of locations TL = {tℓ : ℓ = 1, . . . , L} and for each ℓ = 1, . . . , L set

Ŝn,ℓ =
√
nh

σ̂n,ℓ
m̂(tℓ), (3.6)

where σ̂n,ℓ is an estimator of the asymptotic variance of Ŝn,ℓ given by

σ̂2
n,ℓ =

1
nh

∑n
i=1 1(|Ti − tℓ| ≤ h)(1− Ẋ⊺

i γ̂tℓ)
2(

1
nh

∑n
i=1 1(|Ti − tℓ| ≤ h)(1− Ẋ⊺

i γ̂tℓ)
)2 σ̂2

n (3.7)

σ̂2
n =

1

n

n∑
i=1

(Ỹi − X̃⊺
i β̂λ)

2.

1Compare Lemma 70 in the Supplementary Material.
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The test statistic for the global null hypothesis is given by

T̂n = max
1≤ℓ≤L

|Ŝn,ℓ|.

In the next section, we will show that under certain conditions, the distribution

of T̂n can be approximated by the distribution of the maximum of a multivariate

Gaussian random vector Z with mean zero and covariance matrix related to the

covariance matrix of the vector (Ŝn,ℓ)ℓ=1,...,L. However, the latter distribution is

not known in practice, and therefore we use a Gaussian multiplier bootstrap to

estimate the critical value of our test statistic. In order to describe this bootstrap,

set ε̂i = Ỹi − X̃⊺
i β̂λ and let {ei : i = 1, . . . , n} be i.i.d. standard normal random

variables independent of the data D := {(Yi, Ti, Xi) : i = 1, . . . , n}. Further, denote
by

W̃i,ℓ =
1√
hσ̂n,ℓ

1(|Ti − tℓ| ≤ h)(1− Ẋ⊺
i γ̂ℓ,µ)ε̂i

1
nh

∑n
i=1 1(|Ti − tℓ| ≤ h)(1− Ẋ⊺

i γ̂ℓ,µ)
(3.8)

W̃ ℓ =
1

n

n∑
i=1

Wi,ℓ (3.9)

and define the bootstrapped values of Ŝn,ℓ and T̂n as

Ŝ∗
n,ℓ =

1√
n

n∑
i=1

(W̃i,ℓ − W̃ ℓ)ei

T̂ ∗
n = max

ℓ=1,...,L
|Ŝ∗
n,ℓ|.

Using repeated draws of the ei, we simulate the conditional distribution of T̂ ∗
n

P(T̂ ∗
n ≤ q | D)

and set the critical value q̂1−α as the (1− α)-quantile of this distribution.

Given these critical values, we can use the test statistics Ŝn,ℓ to either test the

global null hypothesis H0 : m(t) = 0 for all t ∈ [0, 1] or the local hypotheses

H0,ℓ : m(tℓ) = 0. By this, we can not only infer whether m deviates from zero, but

also the locations where it differs. Moreover, we can use the test for alternatives

H−1,ℓ : m(tℓ) < 0 and H1,ℓ : m(tℓ) > 0 and thus infer also the sign of the deviation

from zero. Concretely, we can reject the global null H0 if T̂n > q̂1−α and reject the
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local hypothesis H0,ℓ in favor of H1,ℓ whenever Ŝn,ℓ > q̂1−α or in favor of H−1,ℓ when

Ŝn,ℓ < −q̂1−α.

3.3 Theoretical Properties

In this section, we study the theoretical properties of the estimation and infer-

ence procedures presented in Section 3.2. Here, we will first introduce some general

assumptions on the data-generating process which will be used across all the up-

coming results which will be refined in the following sections. In Section 3.3.1, we

will analyze the estimation properties of the profile Lasso β̂λ and describe the bias

and variance properties of the orthogonalized Nadaraya-Watson estimator in Sec-

tion 3.3.2. In Section 3.3.3, we derive a distributional approximation of the test

statistic and show consistency of the bootstrap in Section 3.3.4. Finally, we analyze

the power properties of our test in Section 3.3.5.

Our asymptotic results rely on row-wise i.i.d. triangular array data {(Yi,n, Ti,n,
Xi,n) : i = 1, . . . , n} whose distribution is allowed to change in n. In particular,

all the parameters that characterize the distribution of {(Yi,n, Ti,n, Xi,n)} such as

the conditional means of Xi,n given Ti,n, m, the dimension of p and the sparsity of

β are allowed to change with n. We omit the dependence on n where possible in

order to increase readability. We use such triangular array asymptotics to better

capture finite-sample phenomena which occur when the number of covariates is large

compared to the sample size. A positive side effect of triangular asymptotics is that

our asymptotic results hold uniformly over all sequences of data generating processes

which satisfy the imposed assumptions below.

Our assumptions on the data generating process make use of the following notion

of smoothness: The Hölder class H(η,M) on [0, 1] is the class of m = ⌊η⌋ times

differentiable functions f : [0, 1] → R satisfying

sup
t∈[0,1]

|f(t)|+ sup
t̸=s

|f (m)(t)− f (m)(s)|
|t− s|η−m

≤M.

Here, ⌊η⌋ denotes the largest integer smaller or equal to η and f (m) themth derivative

of f .

We assume on the data-generating process:

Assumption 16. (i) The marginal density of Ti, fT , satisfies fT ∈ H(ηf ,Mf ) for
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some constants ηf ∈ (2, 3] and Mf <∞ and there exists a constant 0 < c <∞
such that fT (t) ≥ c for all t ∈ [0, 1].

(ii) Xi ∈ [−1, 1]p and the conditional means mX,j(Ti) := E[Xij |Ti], j = 1, . . . , p,

satisfy mXj
∈ H(ηX ,MX) for some constants ηX ∈ (2, 3] and MX < ∞. The

matrix E[uiu
⊺
i ], where ui = Xi − E[Xi |Ti], is nonsingular. The number of

covariates grows at most polynomially in n, i.e., p = O(nϑp) for some constant

ϑp.

(iii) The residuals εi are conditionally sub-Gaussian given (Ti, Xi) in the sense that

there exists a constant Kε such that E[exp(ε2i /K
2
ε ) |Ti, Xi] ≤ 2 a.s.

(iv) The nonlinear part, m, satisfies m ∈ H(ηm,Mm) for some constants ηm ∈ (2, 3]

and Mm <∞.

(v) Let S = {j : βj ̸= 0}. The sparsity of β, s = #S, satisfies s = o(
√
n/ log3 pn).

(vi) The constants ηf ,Mf , c, ηX ,MX , ϑp, Kε, ηm and Mm are independent of n.

Assumption 16 is mild and imposes common restrictions from the literatures on

nonparametric and high-dimensional linear regression. For instance, the assump-

tions on the marginal density of T and the smoothness assumptions on m and mX,j

are standard in the nonparametric regression literature and ensure that the estima-

tion error of the partial residuals converges sufficiently fast to zero. The nonsingu-

larity of E[uiu
⊺
i ] is needed for identifiability of β0 (Robinson, 1988). Heuristically,

no covariate is allowed to be a deterministic transformation of T and particularly no

constant is allowed in X. Moreover, the boundedness of the covariates, the growth

requirement on the number of covariates and Assumption (iii) and the sparsity re-

quirement in (v) are common in the literature on high-dimensional linear regression.

Specifically, the sparsity condition on β is only slightly stronger than what is needed

for ℓ1-consistency in the Lasso literature. As discussed in the literature review, the

sparsity condition is weaker than in Gregory et al. (2021), Lu et al. (2020) and

Kozbur (2020) and potentially weaker than in Guo et al. (2019).

3.3.1 Analysis of the Profile Lasso

For the estimation properties of the Profile Lasso, we further impose:



212 HD PLM

Assumption 17. (i) For b = (b1, . . . , bp)
⊺ ∈ Rp, let bS = (bj1(j ∈ S))pj=1 and

bSc = (bj1(j /∈ S))pj=1. The matrix E[uiu
⊺
i ], where ui = Xi−E[Xi |Ti], satisfies

the compatibility condition

ϕ2
0 := min

{
sE
[
(u⊺i b)

2
]
: ∥bS∥1 = 1, ∥bSc∥1 ≤ 6

}
≥ c

for some constant c > 0 which is independent of n.

(ii) The kernel k is a Lipschitz continuous second order kernel with boundary cor-

rection. By this, we mean that

kg(x, t) =


k
(t/g)
low

(
x−t
h

)
, if t ∈ [0, g)

kint

(
x−t
g

)
, if t ∈ [g, 1− g]

k
(1−t/g)
up

(
x−t
g

)
, if t ∈ (1− g, 1]

where k
(q)
low, k

(q)
up and kint are Lipschitz-continuous second order kernels with

support [−q, 1], [−1, q] and [−1, 1] respectively. Further, kg(x, ·) satisfies

sup
(x,g)

sup
t̸=s

g
|kg(x, s)− kg(x, t)|

|s− t|
<∞.

(iii) The Lasso penalty λ satisfies λ = Cλ
√

log pn/n for some sufficiently large

constant Cλ and the bandwidths g is chosen as g = Cgn
−1/5 for some constant

Cg. The constants Cλ and Cg are independent of n.

Assumption (i) is a compatibility condition on the covariance matrix of the par-

tial residuals ui. It can be seen as an extension of the usual compatibility condition

used in the Lasso literature to the HD PLM. Similar conditions are made in the

literature on estimation in the HD PLM (cf. Müller and van de Geer (2015), Zhu

(2017) and Yu et al. (2019)). It is implied by lower bounded eigenvalues of E[uiu
⊺
i ]

and the latter is slightly stronger than what is needed for identification of β0. The

growth conditions on the bandwidth g and the Lasso tuning parameter λ are stan-

dard in the literature. These growth conditions guarantee that the effective noise

of the profile Lasso is under control and that a sample version of the compatibility

condition in (i) holds with high probability.

We use boundary corrected kernels since the estimation properties of our esti-
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mator β̂λ depend on the kernel k through the partial residuals X̃i and

1

n

n∑
i=1

(
m̂∗
k(Ti)−m(Ti)

)2
(3.10)

where m̂∗
k(Ti) denotes the infeasible Nadaraya-Watson Estimator

m̂∗
k(t) =

∑n
j=1 kg(Tj − t)(m(Ti) + εi)∑n

j=1 kg(Tj − t)
.

The use of boundary-corrected kernels guarantees that the partial residuals X̃i are

sufficiently well-behaved and that (3.10) converges sufficiently fast to zero.

Given these assumptions, we can derive upper bounds on the rate of convergence

of the prediction and estimation error of the profile Lasso β̂λ.

Theorem 16. Suppose that Assumptions 16 and 17 hold. Then, the prediction and

estimation error of β̂λ satisfy

1

n
∥X̃(β̂λ − β0)∥22 = Op

(
s
log p

n

)
and ∥β̂λ − β0∥1 = Op

(
s

√
log p

n

)
.

This result shows that the rates of the estimation error of the profile Lasso

are not affected by the estimation of the partial residuals. Heuristically, this can

be explained as follows: The contribution of the nonparametric estimation to the

effective noise in the Lasso estimation is of the form

2

n
∥(m̂∗

k(T )−m(T ))⊺X̃∥∞,

where m̂∗
k denotes the infeasible Nadaraya-Watson estimator of m defined above.

Asymptotically, this term is of smaller order than 2
n
∥ε⊺X̃∥∞ and therefore any choice

of λ which controls 2
n
∥ε⊺X̃∥∞ also controls the nonparametric error.

The proof of Theorem 16 relies on an in-sample version of the compatibility

condition in Assumption 17(i) to hold. We justify this by showing that the in-

sample compatibility condition converges to its population counterpart under the

sparsity requirement in Assumption 16(v). If we would instead directly assume that

this in-sample compatibility condition holds, Theorem 16 would hold true without

any requirement on the sparsity of β0.

The rates given in Theorem 16 are comparable to the results in the literature on
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the HD PLM. Müller and van de Geer (2015) and Yu et al. (2019) study a doubly

penalized least squares estimator which has besides an ℓ1-penalty on β a smoothness

penalty on m. Zhu (2017) use a two-stage procedure, where they estimate the

univariate conditional means E[Yi |Ti] and E[Xi |Ti] using nonparametric (penalized)

least squares and in the second stage, apply Lasso to the partial residuals Ỹi, X̃i as an

estimator for β0. Ma and Huang (2016) use a similar estimator to our approach with

the difference that they estimate the partial residuals using splines instead of the

Nadaraya-Watson estimator. All these papers find that the rates of the prediction

and estimation error coincide with the usual rates obtained in the Lasso literature.

3.3.2 Properties of the Orthogonalized Nadaraya-Watson

Estimator

In order to analyze the orthogonalized kernels, we introduce a population coun-

terpart of γ̂tℓ . Let γtℓ , ℓ = 1, . . . , L, be given by

γtℓ ∈ argmin
γ∈Rp

E[1(|Ti − tℓ| ≤ h)(1−X⊺
i γ)

2]. (3.11)

In addition to Assumptions 16 and 17, we impose:

Assumption 18. (i) The conditional density of Ti given Xi, fT |X , satisfies

fT |X=x ∈ H(ηfT |X ,MfT |X ) for some constants ηfT |X ∈ (2, 3] and MfT |X < ∞
uniformly over x. There exists a constant c > 0 such that fT |X(t, x) ≥ c for

all t and x.

(ii) The number of locations grows at most polynomially in n, i.e., L = O(nϑL) for

some ϑL and TL ⊆ [h, 1− h].

(iii) {γtℓ : ℓ = 1, . . . , L} satisfies the growth-requirement maxℓ=1,...,L∥γtℓ∥1
= o

(√
nh

log9 Lp

)
.

(iv) The penalty µ satisfies µ = Cµ
√
logLnpn/(nhn) for some sufficiently large

constant Cµ.

(v) The bandwidth h satisfies nh→ ∞ and nh5 = O(1).

(vi) The constants ηfT |X ,MfT |X , c, ϑL and Cµ are independent of n.
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The assumptions on the conditional density are rather mild and restrict the

dependence between T and X. The lower bound on the conditional density may be

justified by restricting the support of X and only considering values of X for which

T varies sufficiently. The lower bound implies together with Assumption 16(ii) that

the matrices Σn,ℓ := E[1(Ti ∈ Iℓ)XiX
⊺
i ], ℓ = 1, . . . , Ln, are positive definite and

therefore γtℓ identified. Further, it implies that the orthogonalized kernels can be

bounded by the properties of the rectangular kernel. More precisely, the lower bound

on the conditional density implies that there exists a constant C ∈ (0, 1) such that

C E[1(|Ti − tℓ| ≤ h)] ≤ E[1(|Ti − tℓ| ≤ h)(1−X⊺
i γtℓ)] ≤ E[1(|Ti − tℓ| ≤ h)].

(3.12)

This property is very useful both for the analysis of the smoothing bias and the

variance of the orthogonalized Nadaraya-Watson estimator. We could replace the

assumption on the lower bound by bounds on the eigenvalues of Σn,ℓ and E[XiX
⊺
i ]

and by assuming the lower bound in (3.12) instead.

The required growth conditions on µ, h and L are rather mild. The restrictions on

the bandwidth allow for example for the optimal rate h ∝ n−1/5 and undersmooth-

ing choices satisfying h ≪ n−1/5. The choice of the penalty term µ is imposed to

guarantee that the effective noise in the computation of the orthogonalization pa-

rameters γ̂tℓ is under control. The restriction on the number of locations is very mild

and should not be binding in any practical application. We restrict the locations

to lie in [h, 1 − h] in order to circumvent boundary issues of the Nadaraya-Watson

estimator.

The rate requirements on the size of γtℓ are rather abstract. These rates are

only slightly stronger than what would be needed for prediction consistency of the

Lasso on a sample with nh observations without assuming any type of compatibility

condition. The rate requirements on γtℓ are for example satisfied when there is

only a relatively small subset Sγ ⊂ {1, . . . , p} of regressors which affect T in the

sense that (T,XSγ ) ⊥⊥ XSc
γ
. This independence implies that the γtℓ are sparse for

all ℓ and their number of non-zero elements is controlled by the cardinality of Sγ.

Alternatively, the rate requirements on γtℓ are implied by a nonparametric weak

dependence assumption as in Assumption (A6) in Lu et al. (2020): Suppose there
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exists a sufficiently small constant c such that

p∑
j=1

∥fT,Xj
− fTfXj

∥2 ≤ c and max
1≤k≤p

p∑
j=1

∥fT,Xj ,Xk
− fTfXj

fXk
∥2 ≤ c,

where fT,Xj ,Xk
, fT,Xj

and fXj
denote the joint (marginal) densities of T , Xij and Xik

for j, k = 1, . . . , p. This assumption implies that ∥γtℓ∥1 = O(1) uniformly over ℓ.

Heuristically, this can be seen as follows. For each ℓ, γtℓ = Σ−1
ℓ E[1(|Ti− tℓ| ≤ h)Xi].

The nonparametric weak dependence assumption allows comparing the ℓ1-norms of

E[1(|Ti − tℓ| ≤ h)Xi] and Σ−1
ℓ to the corresponding terms which would result when

all Xj and T would be independent. In particular, it implies that the ℓ1-norms of

E[1(|Ti − tℓ| ≤ h)Xi] and Σ−1
ℓ are uniformly bounded.

Given these assumptions, we prove in the Appendix:

Theorem 17. Suppose that Assumptions 16 - 18 hold. Then, for any ℓ = 1, . . . , L

√
nh
m̂n(tℓ)−m(tℓ)− h2Bn(tℓ)

σn,ℓ

d→ N (0, 1),

where σn(tℓ) and Bn(tℓ) are given by

σ2
n,ℓ =

σ2

2fT (tℓ)(1−mX(tℓ)⊺γtℓ)

Bn(tℓ) =
1

3
m′′(tℓ) +

1

3
m′(tℓ)

∂fT (tℓ)(1−mX(tℓ)
⊺γtℓ )

∂t

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
.

Theorem 17 shows that the orthogonalized Nadaraya-Watson estimator behaves

asymptotically comparable to the infeasible Nadaraya-Watson estimator which knows

the true value of β0. The leading term of the bias of m̂N is captured by Bn and

resembles the usual bias for the Nadaraya-Watson estimator up to the orthogonal-

ization term (1−mX(tℓ)
⊺γtℓ). Similarly, the asymptotic variance of m̂n differs from

the asymptotic variance of the infeasible estimator only by the same factor. The

lower bound on the conditional density of Ti given Xi implies that this term is

bounded away from zero and infinity uniformly over p and therefore both the bias

and variance are of the same order of magnitude as the corresponding moments

of the infeasible estimator. The orthogonalization factor (1 − mX(tℓ)
⊺γtℓ) can be

interpreted as a price to pay for the reduction of the HD bias. This price reduces to

zero when Xi and Ti are independent.
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Theorem 17 implies that the orthogonalized Nadaraya-Watson estimator con-

verges at the familiar rate

m̂n(tℓ)−m(tℓ) = Op

(
1√
nh

+ h2
)
.

This rate coincides with other proposals in the literature on estimation in the HD

PLM. As discussed in the literature review, our approach relies on weaker sparsity

assumptions than the other proposals. This can be attributed to the orthogonaliza-

tion of the kernels and the resulting reduction of the HD bias.

3.3.3 Asymptotic Distribution of the Test Statistic

Regarding the asymptotic distribution of the test statistic T̂n, we have

Theorem 18. Let Iℓ = {t : |t−tℓ| ≤ h}, ℓ = 1, . . . , L, and Z1, . . . , Zn be independent

random vectors in RL with Zi ∼ N
(
0, V

)
, where

Vℓk =
E[1(Ti ∈ Iℓ ∩ Ik){1− (Xi − E[Xi])

⊺γtℓ}{1− (Xi − E[Xi])
⊺γk}]√

E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])⊺γtℓ}2] E[1(Ti ∈ Ik){1− (Xi − E[Xi])⊺γk}2]

for ℓ, k = 1, . . . , L. Under H0 : m = 0 and Assumptions 16 - 18, we have

sup
q∈R

∣∣∣∣P(T̂n ≤ q)− P

(
max
ℓ=1,...,L

∣∣∣∣ 1√
n

n∑
i=1

Ziℓ

∣∣∣∣ ≤ q

)∣∣∣∣ = o(1).

The Theorem states that we can approximate the distribution of T̂n by the dis-

tribution of a maximum of a multivariate normal distribution and can be thought of

as an extension of Theorem 17 to a uniform distributional approximation. The core

argument behind the theorem can be explained through the following decomposition

of the test statistic: For ℓ = 1, . . . , L, it holds that Ŝn,ℓ = Ŝm,ℓ + ŜX,ℓ + Ŝε,ℓ with

Ŝm,ℓ =
√
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)
(
m(Ti)− 1

n

∑n
i=1m(Ti)

)
σ̂ℓ
∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)

(3.13)

ŜX,ℓ =
√
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)Ẋ
⊺
i (β − β̂λ)

σ̂ℓ1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)

(3.14)

Ŝε,ℓ =
√
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)
(
εi − 1

n

∑n
i=1 εi

)
σ̂ℓ1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)
. (3.15)
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Ŝm,ℓ is the only term that depends on m and is the term that drives the power of the

test statistic. Under the null hypothesis, this term is zero and hence not important

for Theorem 18. We will come back to this term in section 3.5 when we discuss the

power properties of the test.

Ŝε,ℓ governs the asymptotic distribution of the test statistic. We can show that

Ŝε,ℓ =
1√
nhσℓ

n∑
i=1

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}εi + op(1)

uniformly in ℓ. Here, σℓ denotes a population counterpart of σ̂ℓ. Using a high-

dimensional Berry-Esseen inequality given in Chernozhukov et al. (2017), we can

show that this term converges to the distribution described in Theorem 18.

ŜX,ℓ is the term through which the test statistic is affected by the estimation

error of β̂λ. We have introduced the auxiliary Lasso problem leading to γ̂ℓ,µ in order

for this term to converge to zero. The near orthogonality property (3.2) of γ̂ℓ implies

that the numerator of ŜX,ℓ is less or equal to
√
nhµ∥β̂λ−β0∥1. This implies together

with the rate requirement on µ that ŜX,ℓ converges to zero whenever the profile Lasso
converges slightly faster than logarithmically to β0. Without the orthogonalization

parameters, this bias term would be of order
√
nh∥β̂λ − β0∥1 and one needs much

stronger assumptions on the sparsity of β0 for this term to converge to zero.

3.3.4 Consistency of the Bootstrap

As the quantiles of the asymptotic distribution given in Theorem 18 depend

on the unknown covariance matrix V , we use the multiplier bootstrap described

earlier to estimate the critical values. The next theorem shows that the bootstrap

is consistent and therefore implies consistency of the estimated critical values.

Theorem 19. Under the same assumptions as in Theorem 18, it holds

sup
q∈R

∣∣P∗(T̂ ∗
n ≤ q)− P

(
max
ℓ=1,...,L

|Zℓ| ≤ q
)∣∣ = op(1),

where P∗ denotes the probability measure conditional on {(Yi, Ti, Xi) : 1 ≤ i ≤ n}.

Note that in the construction of the Ŝ∗
n,ℓ, we have replaced the residuals R̂i by ε̂i.

This is in order to guarantee that the bootstrapped distribution is consistent also

under the alternative. While the multipliers ensure that the test statistic is correctly
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centered, the variance of the bootstrapped distribution increases in the size of m.

While this should not affect the size of the resulting test, it should decrease its

power.

3.3.5 Power Properties

In this section, we show that our test is uniformly consistent for testing the

global null over a local smoothness class under strengthened conditions on the set of

locations as well as the bandwidth h. In Addition, we derive an asymptotic power

function for testing the local hypotheses H0,ℓ.

As for our alternatives, we consider a subset of the Hölder class H(R, ξ) which

shrinks to zero. For this purpose, let rn → 0 such that
√
nh/ logLrn → ∞ and

define

M(R, ξ, rn) =
{
m ∈ H(R, ξ) : sup

t∈[h,1−h]
|m(t)| = rn

}
.

This collection of alternatives is more general than considering Pitman alternatives

of the form mn = rnm for some fixed functions m ∈ H(R, ξ) with ∥m∥∞ = 1. Such

Pitman sequences also imply that the size of mn converges to zero but furthermore

imply that the derivatives of m also converge to zero. Our considered collection of

alternatives on the other hand allow the alternative to only shrink in size and keep

the size of the derivatives constant.

Theorem 20. Suppose the locations are chosen as a uniform grid of [h, 1− h] with

t1 = h < t2 < · · · < tL = 1 − h and L2rn → ∞ as well as nh5 = o(1). Under

Assumptions 16 - 18, we have

lim
n→∞

inf
m∈M(R,ξ,rn)

P(T̂n > q̂1−α) = 1

for all α ∈ (0, 1), where
√
nh/ logLrn → ∞.

This Theorem shows that our test is uniformly consistent against any m in

M(R, ξ, rn). This is a stronger statement than consistency against Pitman alterna-

tives of the form mn(t) = rnm(t) for some function m ∈ M(R, ξ, 1). Heuristically,

Pitman alternatives are only allowed to change in size, while uniform consistency

allows the alternatives also to change in shape. For example, a Pitman alternative

would allow for mn(t) = rn cos(ft) for some fixed frequency f . M(R, ξ, rn), on the
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other hand, allows the frequency to increase with n so that the alternative becomes

more volatile as the sample size increases.

The requirements on the set of locations and the bandwidth can be explained

using the decomposition of the Ŝn,ℓ in (3.13). As mentioned before, the term that

drives the power is Ŝm,ℓ. For the latter, we can show that uniformly in ℓ

Ŝm,ℓ =
√
nh

m(tℓ)

σn,ℓ
+Op

(√
nh5
)

(3.16)

where σn,ℓ was given in Theorem 17. The undersmoothing assumption nh5 = o(1)

together with the results on the asymptotic distribution of T̂n under H0, imply that

the test statistic can be bounded from below by

T̂n ≥
√
nh max

ℓ=1,...,L

|m(tℓ)|
σn,ℓ

−Op

(√
logL

)
.

We choose a uniform grid for the locations tℓ in order to guarantee that maxℓ|m(tℓ)|
is close to supt|m(t)|. For this purpose, the choice of the locations plays two roles:

First, choosing a uniform grid ensures that any location can be approximated by

a point in the grid. Secondly, L2rn → ∞, assures that the approximation error

converges to zero sufficiently fast.

Additionally, we derive asymptotic power functions for tests of the local hypothe-

ses H0,ℓ:

Theorem 21. Suppose that the assumptions of Theorem 20 hold. Then, it holds for

all ℓ = 1, . . . , L and α ∈ (0, 1)

P
(
Ŝn,ℓ > q̂1−α

)
= 1− Φ

(
q1−α −

√
nh
m(tℓ)

σn,ℓ

)
+ o(1)

P
(
Ŝn,ℓ < −q̂1−α

)
= Φ

(
−q1−α −

√
nh
m(tℓ)

σn,ℓ

)
+ o(1)

where q1−α denotes the (1 − α)-quantile of the asymptotic distribution specified in

Theorem 18.

By standard arguments on the distribution of the maximum of multivariate

Gaussian random variables, one can show q1−α = O(
√
logL). Moreover, by As-

sumption 18, σℓ can be bounded from above and below by a positive constant.

Thus, the asymptotic power functions in Theorem 21 converge to one whenever
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m(tℓ)
√
nh/ logL→ ∞ or m(tℓ)

√
nh/ logL→ −∞ respectively.

3.4 Numerical Results

In this section we present the results of a small Monte Carlo study to illustrate

the finite-sample performance of our proposed test. Besides our proposed test, we

implement an infeasible test based on a Nadaraya-Watson estimator which knows

the true β and a Nadaraya-Watson estimator which does not deal with the HD bias.

We compare the procedures according to their size and power properties.

3.4.1 Data-Generating Process

Our data-generating process follows the model

Yi = m(Ti) +X⊺
i β0 + εi.

The Xi are generated as follows: Let Vij be i.i.d. uniformly distributed random

variables on [−1, 1] independent ofWi which themselves are i.i.d. uniform on [−1, 1].

Further, let θ > 0 and set

Xij =
1

1 + θ
Vij +

θ

1 + θ
Wi

TheseXi have mean zero and are equicorrelated with correlation given by θ2/(1+θ2).

Given the vector Xi, we generate Ti according to

Ti =
exp(X⊺

i τ0 + ηi)

1 + exp(X⊺
i τ0 + ηi)

where ηi ∼ N (0, 1) is independent of Xi. Further, we choose εi ∼ N (0, 1) indepen-

dent of (Ti, Xi) and m(t) = cos(2πt)− E[cos(2πTi)]. β0 (τ0) is sparse with the first

s1 (s2) elements non-zero which all take the value β̄ (τ̄) and the remaining elements

all zero.

Based on this model, we simulate 6 DGPs which use the parameter constellations

as described in Table 3.4.1. These DGPs vary in their sample size, number of

covariates and sparsity both in β0 and τ0. We choose β̄ and τ̄ in order to ensure

that the signal-to-noise ratio Var(X⊺
i β0)/Var(ε) ≈ Var(X⊺

i τ0)/Var(η) ≈ 1. This

serves two purposes. First, the constant signal-to-noise ratio in τ0 ensures that the
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DGP n p s1 s2 β̄ τ̄
DGP1 100 10 5 5 0.658 0.658
DGP2 200 100 5 5 0.658 0.658
DGP3 200 100 10 10 0.353 0.353
DGP4 500 200 5 5 0.658 0.658
DGP5 500 200 10 10 0.353 0.353
DGP6 500 200 20 20 0.182 0.182

Table 3.4.1: Definition of the different DGPs.

marginal distribution of Ti does not change too much as the sparsity of τ0 varies

and secondly the constant signal-to-noise ratio in β0 ensures that the signal strength

of the nonlinear part remains comparable to the linear part across different DGPs.

Moreover, we choose θ = 1 across all DGPs which results in a correlation of 0.5

within the covariates Xi. The locations are chosen as a uniform grid ranging from

h to 1− h with L = 100 locations.

We have chosen this model in order to investigate how the orthogonalized

Nadaraya-Watson estimator performs for a DGP with relatively strong dependence

between Ti and Xi. Due to the common component Wi in the construction of Xi,

Ti depends on all the Xij. Further, the constant signal-to-noise ratio in τ0 ensures

that the dependence between Ti and Xij, j = 1, . . . , p, remains comparable across

the different DGPs. Together with the symmetry across j, this implies that the γtℓ
are quickly growing in p and do not satisfy the rate requirements for large p. Al-

ternatively, a DGP which satisfies the growth condition on the γtℓ can be obtained

by generating the first s2 Xij independently of the remaining Xij so that T and the

first s2 Xij are jointly independent of the remaining Xij. In this alternative DGP,

the size of the γtℓ would be directly related to s2.

3.4.2 Implementation Details

We estimate the partial residuals using the Epanechnikov kernel for kint and for

k
(q)
low we use k

(q)
low(x) = (a(q) + b(q)x)kint(x) where a and be are given by

a(q) =

(
3

4
(1 + q)− 1 + q3

20
−
(
3
8
(1− q2)− 3

80
(1− q4)

)2
1
4
(1 + q3)− 3

100
(1 + q5)

)−1

b(q) = −
3
8
(1− q2)− 3

80
(1− q4)

1
4
(1 + q3)− 3

100
(1 + q5)

a(q).
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Finally, for k
(−q)
up we use k

(−q)
up (x) = (a(q)−b(q)x)kint(x) for the same functions a and

b. We show in Section B.2 in the Supplementary Material that this kernel satisfies

Assumption 17. The bandwidth g is chosen for each partial residual individually

based on leave-one-out cross-validation. Further, the penalty of the profile Lasso is

chosen by 10-fold cross-validation.

The biased estimator applies the Nadaraya-Watson estimator based on the rect-

angular kernel to the residuals Ri = Ẏi − Ẋ⊺
i β̂λ without using the orthogonalized

kernel. We choose its bandwidth using leave-one-out cross-validation and multiply

it by a factor n1/5−2/7 in order to ensure undersmoothing. Similarly, we implement

the infeasible estimator as a Nadaraya-Watson estimator based on the rectangular

kernel applied to m(Ti) + εi. As for the biased estimator, we choose the bandwidth

of the infeasible estimator using leave-one-out cross-validation with the same un-

dersmoothing factor. We compute the critical values of both methods as for the

orthogonalized Nadaraya-Watson estimator using a Gaussian multiplier bootstrap

with adapted choices for the standard errors and 1000 repetitions.

We implement the orthogonalization parameters γ̂tℓ using four different methods.

While a theoretical investigation of the tuning parameter choice is interesting, it is

out of the scope of the current paper. The following implementations are therefore

not guided by asymptotic arguments but instead should be interpreted as experi-

mental approaches. Our first approach, denoted by µCV , chooses the penalty µ for

each location tℓ separately using 10-fold cross-validation resulting in a curve of esti-

mated penalty parameters µ̂tℓ,CV , ℓ = 1, . . . , L. In our simulations, the curve µ̂tℓ,CV

varied considerably across locations and was highly non-smooth. On the contrary,

both the in-sample and the population problem should vary rather smoothly across

locations. The other three methods are therefore based on a smoothed version of

the cross-validated µ curve. For all of these, we first smooth the cross-validated µ

using a moving-average with bandwidth 5 and multiply the resulting penalty term

by a shrinkage factor κ ∈ {0.25, 0.5, 1}. The shrinkage factor is applied to improve

control over the HD bias. In the following, we denote these smoothed and shrunken

methods by µMA,κ. For all of these four methods, we select the same bandwidth

which results from the biased Nadaraya-Watson estimator and implement the boot-

strap using 1000 repetitions.
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DGP µCV µMA,1 µMA,0.5 µMA,0.25 infeasible biased

DGP1
size 0.044 0.034 0.028 0.026 0.032 0.128

power 0.908 0.85 0.802 0.732 0.968 0.984

DGP2
size 0.084 0.046 0.028 0.03 0.03 0.30

power 0.988 0.95 0.922 0.908 0.996 1

DGP3
size 0.09 0.056 0.056 0.058 0.03 0.312

power 0.982 0.946 0.94 0.93 1 1

DGP4
size 0.064 0.054 0.046 0.044 0.03 0.33

power 1 0.998 1 0.996 1 1

DGP5
size 0.076 0.054 0.052 0.048 0.02 0.384

power 1 0.998 0.996 0.992 1 1

DGP6
size 0.062 0.05 0.046 0.034 0.022 0.35

power 1 0.998 0.998 0.996 1 1

Table 3.4.2: Results of Monte Carlo experiments for 500 independent repetitions.

3.4.3 Simulation Results

Our results are displayed in Table 3.4.2. The debiased estimator is severely over-

sized across all DGPs with size estimates ranging between 12.8% and 38.4% while

the infeasible estimator has a size in the range of 2%-3.2%. This can be attributed

to the HD bias since the only difference between the two estimator is the estima-

tion of the high-dimensional part of the model. In comparison, the orthogonalized

Nadaraya-Watson estimators can effectively reduce the size problem over all the

studied DGPs. The cross-validated orthogonalized Nadaraya-Watson estimator µCV

is the only orthogonalized method which also faces size problems with size between

6.2% and 9% in DGPs 2-6. The smoothed and shrunken methods µMA,κ on the

other hand all approximately control size with slight overcoverage for κ = 1 and in

DGP 3. Moreover, the smaller the shrinkage factor κ, the smaller the size. This

improvement of the orthogonalization in size control is accompanied by a reduction

in power. As for the size control, the reduction in power is larger the smaller the

value of the shrinkage factor κ and ranges from only a mild power reduction for µCV

and µMA,1 to a reduction of up to 24% for µMA,0.25. Thus, the penalty choice for

the orthogonalization parameters introduces a trade-off between size and power and

needs further investigation.

The effect of the HD bias on the test statistics can also be seen in the local power

and size properties. Figures 3.4.1 and 3.4.2 display the size and power estimates of
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Figure 3.4.1: Monte Carlo results on local size. In the left panel, the line corresponds
to µCV, the dotted line to the infeasible estimator and the dashed line to the biased
estimator. In the right panel, the line corresponds to µMA,1, the dotted line to µMA,0.5

and the crossed line to µMA,0.25.

the studied methods for DGP3. It can be seen in the size of the biased estimator that

it mostly rejects for locations close to the boundary, while the size of the infeasible

estimator and the orthogonalized kernel methods is not altered at the boundary.

This suggests that the HD bias is larger at the boundary than at the center. This is

also supported by the power estimates. While the biased estimator has similar power

properties near the boundary as in the center, the orthogonalized kernel methods

possess almost no power at near the boundary (except for the cross-validated tuning

parameter choice).

3.5 Discussion

In this paper, we study estimation and inference in the high-dimensional par-

tially linear model Y = δ + m(T ) + X⊺β + ε, where m is a smooth unknown

function measuring the potentially nonlinear effect of T on Y and β a sparse un-

known regression parameter. In contrast to the classical partially linear model, the

dimension of the covariates X is allowed to increase with the sample size and in

particular is allowed to be larger than the sample size. We propose a Lasso-type

estimator of β which attains the same rates an infeasible Lasso estimator which

knows the unknown conditional mean functions E[Yi|Ti] and E[Xi|Ti]. Further, we

show that ad-hoc estimators of m might be biased due to the estimation of the

high-dimensional parameter β and In order to deal with this high-dimensional bias,

we propose an orthogonalized Nadaraya-Watson estimator of m which is based on a
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Figure 3.4.2: Monte Carlo results on local power. In the left panel, the line corre-
sponds to µCV, the dotted line to the infeasible estimator and the dashed line to the
biased estimator. In the right panel, the line corresponds to µMA,1, the dotted line
to µMA,0.5 and the crossed line to µMA,0.25.

near-orthogonalization of the kernel with respect to the influence of the covariates

X and show that this orthogonalization effectively decreases this high-dimensional

bias. We further show that this orthogonalization does not affect the rate of the

orthogonalized Nadaraya-Watson estimator, and in particular the orthogonalized

Nadaraya-Watson estimator is shown to converge at the same rates as an infeasible

Nadaraya-Watson estimator which knows the true values of δ and β.

We propose a test for the hypothesis that T has no effect on Y , i.e. m = 0,

based on the orthogonalized Nadaraya-Watson estimator. This test generalizes the

idea of significance testing in linear models by allowing for general smooth nonlinear

effects of T on Y . We derive a distributional approximation of our test statistic and

propose a consistent multiplier bootstrap to set its critical values. The proposed test

is shown to be uniformly consistent against local Hölder balls. We study the finite

sample performance of our proposed test in a simulation study and demonstrate its

good debiasing and power properties. Within this simulation study, we implement

our test statistic using different data-adaptive tuning parameter choices and find

reasonable performance of these methods.



Appendix

3.A Proofs of the Main Theorems

This Appendix contains the proofs of the main theorems. Further technical

results can be found in the Supplementary Material.

3.A.1 Results on the Profile Lasso

The proof of Theorem 16 can be easily seen from the following three lemmas and

is omitted for brevity.

Lemma 55. Suppose the compatibility condition

0 < ϕ2 = min

{
sb⊺

1

n
X̃⊺X̃b : ∥bS∥1 = 1, ∥bSc∥1 ≤ 3

}
(3.17)

where S = {j : βj,0 ̸= 0} is satisfied. Further, let

T =

{
2

n
∥(m̂∗

k(T )−m(T ) + ε)⊺X̃∥∞ ≤ λ0

}
Then, on T and for λ ≥ 2λ0, it holds

1

n
∥X̃(β̂λ − β0)∥22 + λ∥β̂λ − β0∥1 ≤ 4

sλ2

ϕ2
.

Proof. The proof is only a slight adaption of the corresponding arguments for the

Lasso as in Bühlmann and van de Geer (2011) chapter 6. The only part that

changes is the derivation of the basic inequality and the effective noise term given

in the definition of the event T . For the basic inequality, note that by definition of

227
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β̂λ it holds

1

n
∥Ỹ − X̃β̂λ∥22 + λ∥β̂λ∥1 ≤

1

n
∥Ỹ − X̃β0∥22 + λ∥β0∥1.

Further, we have

∥Ỹ − X̃β̂λ∥22 =∥X̃(β0 − β̂λ)∥22 + 2{m(T )− m̂∗
k(T ) + ε}⊺X̃(β0 − β̂λ)

+ ∥m(T )− m̂∗
k(T ) + ε∥22

as well as ∥Ỹ − X̃β0∥22 = ∥m(T ) − m̂∗
k(T ) + ε∥22. Combination of the last results

yields together with Hölder’s inequality the basic inequality

1

n
∥X̃(β0 − β̂λ)∥22 + λ∥β̂λ∥1 ≤

2

n
{m(T )− m̂∗

k(T ) + ε}⊺X̃(β̂λ − β0) + λ∥β0∥1

≤ 2

n
∥{m(T )− m̂∗

k(T ) + ε}⊺X̃∥∞∥β̂λ − β0∥1 + λ∥β0∥1.

On T and for λ ≥ 2λ0, the basic inequality implies

1

n
∥X̃(β̂λ − β0)∥22 ≤

2

n
∥X̃⊺ε∥∞∥β̂λ − β0∥1 + λ(∥β0∥1 − ∥β̂λ∥1)

≤λ
2
∥β̂λ − β0∥1 + λ(∥β∥1 − ∥β̂λ∥1)

Writing δ = β̂λ − β0 and letting δA denote the vector with entries δj for j ∈ A, we

further get

1

n
∥X̃δ∥22 ≤

λ

2
∥δS∥1 +

λ

2
∥δSc∥1 + λ∥δS∥1 + λ∥β̂λ,S∥1 − λ∥β̂λ∥1︸ ︷︷ ︸

=−λ∥δSc∥1

that is,

1

n
∥X̃δ∥22 ≤

3

2
λ∥δS∥1 −

λ

2
∥δSc∥1. (3.18)

This implies

2

n
∥X̃δ∥22 + λ∥δ∥1 =

2

n
∥X̃δ∥22 + λ∥δS∥1 + λ∥δSc∥1

≤3λ∥δS∥1 − λ∥δSc∥1 + λ∥δS∥1 + λ∥δSc∥1 = 4λ∥δS∥1.
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Note that (3.18) implies ∥δSc∥1 ≤ 3∥δS∥1. We can thus use the compatibility condi-

tion (3.17) to obtain that

4λ∥δS∥1 ≤ 4

√
sλ

ϕ

1√
n
∥X̃δ∥2

≤ 1

n
∥X̃δ∥22 + 4

sλ2

ϕ2
,

where the last inequality uses 4ab ≤ a2 + 4b2. The result follows.

The following lemmas give probability bounds on the event T as well as that the

compatibility condition (3.17) holds.

Lemma 56. Suppose that Assumptions 16 and 17 hold. Then, P(T ) → 1 as n→ ∞
for

λ0 = 2Kε

√
log 2p

n
.

Proof. By the triangle inequality,

2

n
∥(m̂∗

k(T )−m(T ) + ε)⊺X̃∥∞ ≤ 2

n
∥ε⊺X̃∥∞ +

2

n
∥(m̂∗

k(T )−m(T ))⊺X̃∥∞

By using standard arguments, one can show for the first term that

lim
n→∞

P

(
2

n
∥ε⊺X̃∥∞ ≤ λ0

)
= 1.

For the second term, we have

1

n
∥(m̂∗

k(T )−m(T ))⊺X̃∥∞ ≤ 1

n
∥(m̂∗

k(T )−m(T ))⊺u∥∞

+
1

n
∥(m̂∗

k(T )−m(T ))⊺(m̂X(T )−mX(T ))∥∞,

where we have used that X̃ij = uij − (mX,j(Ti)− m̂X,j(Ti)). We show in Lemma 64

in the Supplementary Material that

1

n
∥(m̂∗

k(T )−m(T ))⊺u∥∞ = Op

(√
log p

n

{
1

√
ng

+ g2
})

.

Regarding the second term on the right-hand side, we have by the Cauchy-Schwarz
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inequality

1

n
∥(m̂∗

k(T )−m(T ))⊺(m̂X(T )−mX(T ))∥∞

≤ 1√
n
∥m̂∗

k(T )−m(T )∥2 max
j=1,...p

1√
n
∥m̂X(T )−mX(T )∥2

We show in Lemmas 61 and 65 in the Supplementary Material

1

n
∥m̂∗

k(T )−m(T )∥22 = Op

(
1

ng
+ g4

)
max
j=1,...p

1

n
∥m̂X(T )−mX(T )∥22 = Op

(√
log p

ng
+ g4

)
.

Hence,

1

n
∥(m̂∗

k(T )−m(T ))⊺X̃∥∞ = op

(√
log p

n

)
and the claim follows.

The next result shows that the compatibility condition in (3.17) holds at least

asymptotically.

Lemma 57. Suppose Assumptions 16 and 17 hold. Then

min

{
sb⊺

X̃⊺X̃

n
b : ∥bS∥1 = 1, ∥bSc∥1 ≤ 6

}
≥min

{
sb⊺ E[uiu

⊺
i ]b : ∥bS∥1 = 1, ∥bSc∥1 ≤ 6

}
− ϱn,

where

ϱn = Op

(
s
log(pn)

ng
+ sg4 + s

√
log p

n

)
.

Proof. Denote by B the set of feasible vectors b, that is,

B = {b ∈ Rp : ∥bS∥2 = 1, ∥bSc∥1 ≤ 6}
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We can bound the compatibility condition (3.17) from below by

min
b∈B

s
1

n

n∑
i=1

(X̃⊺
i b)

2 ≥min
b∈B

sE[(u⊺i b)
2]

−max
b∈B

s

∣∣∣∣ 1n
n∑
i=1

(u⊺i b)
2 − E[(u⊺i b)

2]

∣∣∣∣ (3.19)

−max
b∈B

s
1

n

n∑
i=1

(
{m̂X(Ti)−mX(Ti)}⊺b

)2
(3.20)

−max
b∈B

s

∣∣∣∣ 2n
n∑
i=1

b⊺ui{m̂X(Ti)−mX(Ti)}⊺b
∣∣∣∣, (3.21)

where m̂X = (m̂X,1, m̂X,2, . . . , m̂X,p)
⊺ and m̂X,j is the Nadaraya-Watson estimator

of mX,j given by

m̂X,j(t) =

∑n
i=1 kg(Ti, t)Xij∑n
i=1 kg(Ti, t)

.

We can bound (3.19) by∣∣∣∣ 1n
n∑
i=1

(u⊺i b)
2 − E[(u⊺i b)

2]

∣∣∣∣ ≤∥∥∥∥ 1n
n∑
i=1

uiu
⊺
i − E[uiu

⊺
i ]

∥∥∥∥
∞
∥b∥21 = Op

(√
log p

n

)
,

where we have used that ∥b∥1 ≤ 7 for all b ∈ B and the probability bound follows

by applying Hoeffding’s inequality together with a union bound. Hence,

max
b∈B

s

∣∣∣∣ 1n
n∑
i=1

(u⊺i b)− E[(u⊺i b)
2]

∣∣∣∣ = Op

(
s

√
log p

n

)
.

Regarding (3.20), we can bound

1

n

n∑
i=1

(
{m̂X(Ti)−mX(Ti)}⊺b

)2
≤ 2

n

n∑
i=1

({ 1
ng

∑n
j=1 kg(Tj, Ti)Xi

fT (Ti)
−mX(Ti)

}⊺

b

)2

(3.22)

+
2

n

n∑
i=1

(
1

f̂T (Ti)
− 1

fT (Ti)

)2({
1

ng

n∑
j=1

kg(Tj, Ti)Xi

}⊺

b

)2

(3.23)
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where f̂T denotes the kernel density estimator

f̂T (t) =
1

ng

n∑
i=1

kg(Ti, t).

For (3.23), it holds

2

n

n∑
i=1

(
1

f̂T (Ti)
− 1

fT (Ti)

)2({
1

ng

n∑
j=1

kg(Tj, Ti)Xi

}⊺

b

)2

≤
(

sup
t∈[0,1]

∣∣∣∣ 1

f̂T (t)
− 1

fT (t)

∣∣∣∣)2
2

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj − Ti)Xj

}⊺

b

)2

By Lemma 60 in the Supplementary Material and boundedness of fT it holds that

sup
t∈[0,1]

∣∣∣∣ 1

f̂T (t)
− 1

fT (t)

∣∣∣∣ = Op

(√
log n

ng
+ g2

)
(3.24)

The second factor on the right-hand side is bounded in probability, which can be

seen as follows

2

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)Xj

}⊺

b

)2

≤ 2

n

n∑
i=1

(∥∥∥∥ 1

ng

n∑
j=1

kg(Tj, Ti)Xj

∥∥∥∥
∞︸ ︷︷ ︸

≤2f̂T (Ti)

∥b∥1︸︷︷︸
≤7

)2

≤ 784

n

n∑
i=1

(
f̂T (Ti)− fT (Ti)

)2
︸ ︷︷ ︸

=op(1)

+
784

n

n∑
i=1

fT (Ti)
2

︸ ︷︷ ︸
=O(1)

= Op(1).

This implies for (3.23)

2

n

n∑
i=1

(
1

f̂T (Ti)
− 1

fT (Ti)

)2({
1

ng

n∑
j=1

kg(Tj, Ti)Xi

}⊺

b

)2

= Op

(
log n

ng
+ g4

)
.
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Turning to (3.22), we have

2

n

n∑
i=1

({ 1
ng

∑n
j=1 kg(Tj, Ti)Xi

fT (Ti)
−mX(Ti)

}⊺

b

)2

≤ 1

mint∈[0,1] fT (t)2
2

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)Xi −mX(Ti)fT (Ti)

}⊺

b

)2

,

and as fT is bounded away from zero by Assumption 16, we can focus on the second

factor on the right-hand side. Decompose this term as follows

2

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)Xi −mX(Ti)fT (Ti)

}⊺

b

)2

≤ 6

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)ui

}⊺

b

)2

(3.25)

+
6

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−
1

g
E[kg(Tj, Ti)mX(Tj) |Ti]

}⊺

b

)2

(3.26)

+
6

n

n∑
i=1

({
1

g
E[kg(Tj, Ti)mX(Tj) |Ti]−mX(Ti)fT (Ti)

}⊺

b

)2

, (3.27)

where we have used that (a+ b+ c)2 ≤ 3a2+3b2+3c2 for any real numbers a, b and

c.

For the last term on the right side, i.e., (3.27):

6

n

n∑
i=1

({
1

g
E[kg(Tj, Ti)mX(Tj) |Ti]−mX(Ti)fT (Ti)

}⊺

b

)2

≤6

(
max
j=1,...,p

sup
t∈[0,1]

∣∣∣∣1g E[kg(Ti − t)mX(Ti)]−mX(t)fT (t)

∣∣∣∣)2

∥b∥21

By the usual arguments in the kernel regression literature, one can show

max
j=1,...,p

sup
t∈[0,1]

∣∣∣∣1g E[kg(Ti − t)mX(Ti)]−mX(t)fT (t)

∣∣∣∣
≤g

2

2

(
sup
t∈[0,1]

|fT (t)| max
ℓ=1,...,p

sup
t∈[0,1]

|m′′
X.ℓ(t)|

+ sup
t∈[0,1]

|f ′′
t (t)| max

ℓ=1,...,p
sup
t∈[0,1]

|mX,j(t)|
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+ sup
t∈[0,1]

|f ′
T (t)| max

ℓ=1,...,p
sup
t∈[0,1]

|m′
X,ℓ(t)|

)∫
k(v)v2dv + o(g2) = O(g2)

implying for (3.27)

max
b∈B

6

n

n∑
i=1

({
1

g
E[kg(Tj, Ti)mX(Tj)]−mX(Ti)fT (Ti)

}⊺

b

)2

= O(g4).

Regarding (3.26), we can argue analogously

6

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−
1

g
E[kg(Tj, Ti)mX(Tj) |Ti]

}⊺

b

)2

≤ 6

n

n∑
i=1

(∥∥∥∥ 1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−
1

g
E[kg(Tj, Ti)mX(Tj) |Ti]

∥∥∥∥
∞
∥b∥1︸︷︷︸
≤7

)2

≤294

(
max
j=1,...,p

sup
t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

kg(Ti − t)mX,j(Ti)−
1

g
E[kg(Ti − t)mX,j(Ti)]

∣∣∣∣)2

.

By Lemma 62 in the Supplementary Material, we have

max
j=1,...,p

sup
t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

kg(Ti, t)mX,j(Ti)−
1

g
E[kg(Ti, t)mX,j(Ti)]

∣∣∣∣ = Op

(√
log(pn)

ng

)

implying

max
b∈B

s
6

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−
1

g
E[kg(Tj, Ti)mX(Tj) |Ti]

}⊺

b

)2

=Op

(
s
log(pn)

ng

)
.

For (3.25),

6

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)ui

}⊺

b

)2

≤294

(
max
j=1,...,p

sup
t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

kg(Ti, t)uij

∣∣∣∣)2

and using standard kernel regression arguments, we show in Lemma 63 in the Sup-
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plementary Material that

max
j=1,...,p

sup
t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

kg(Ti, t)uij

∣∣∣∣ = Op

(√
log(pn)

ng

)
.

Hence, (3.25) satisfies

max
b∈B

s
6

n

n∑
i=1

({
1

ng

n∑
j=1

kg(Tj, Ti)ui

}⊺

b

)2

= Op

(
s
log(np)

ng

)
.

Finally, (3.21) is of smaller order than (3.19) or (3.20). In order to see this, decom-

pose

2

n

n∑
i=1

b⊺ui{m̂X(Ti)−mX(Ti)}⊺b

=
2

n

n∑
i=1

b⊺ui
1

fT (Ti)

1

ng

n∑
j=1

kg(Tj, Ti)u
⊺
j b (3.28)

+
2

n

n∑
i=1

b⊺ui

(
1

f̂T (Ti)
− 1

fT (Ti)

)
1

ng

n∑
j=1

kg(Tj, Ti)u
⊺
j b (3.29)

+
2

n

n∑
i=1

b⊺ui
1

fT (Ti)

(
1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−mX(Ti)fT (Ti)

)⊺

b (3.30)

+
2

n

n∑
i=1

b⊺ui

(
1

f̂T (Ti)
− 1

fT (Ti)

)(
1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−mX(Ti)fT (Ti)

)⊺

b

(3.31)

Observe that (3.29) and (3.31) are of smaller order than (3.28) and (3.30) by (3.24).

For (3.28), we can bound∣∣∣∣ 2n
n∑
i=1

b⊺ui
1

fT (Ti)

1

ng

n∑
j=1

kg(Tj, Ti)u
⊺
j b

∣∣∣∣
≤
∥∥∥∥ 2n

n∑
i=1

ui
1

fT (Ti)

1

ng

n∑
j=1

kg(Tj, Ti)u
⊺
j − 2E

[
ui

1

fT (Ti)

1

ng

n∑
j=1

kg(Tj, Ti)u
⊺
j

∣∣∣∣T]∥∥∥∥
∞
∥b∥21

(3.32)
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+

∥∥∥∥2E[ui 1

fT (Ti)

1

ng

n∑
j=1

kg(Tj, Ti)u
⊺
j

∣∣∣∣T]∥∥∥∥
∞︸ ︷︷ ︸

=O(1/(ng))

∥b∥21

We can deal with the first term on the right-hand side by the Hanson-Wright

inequality in Theorem 1.1 in Rudelson and Vershynin (2013). Even though this

Hanson-Wright inequality is not directly applicable to the off-diagonal elements of

this matrix, a closer inspection of its proof reveals that the same result applies also

to the off-diagonal elements at least if the random vectors have bounded entries. In

particular, one can adapt the Theorem to:

Theorem 22. Let X1 = (X11, . . . , Xn1)
⊺ and X2 = (X12, . . . , Xn2)

⊺ be random

vectors with independent components Xij which satisfy E[Xij] = 0 and |Xij| ≤ K.

Let A be an n× n matrix. Then, for every t ≥ 0,

P
(
|X⊺

1AX2 − E[X⊺
1AX2]| > t

)
≤ 2 exp

(
−cmin

{
t2

K4∥A∥2HS
,

t

K2∥A∥

})
,

where c is an absolute constant, ∥A∥2HS =
∑

i,j a
2
ij denotes the Hilbert-Schmidt norm

and ∥A∥ = max∥x∥2=1∥Ax∥2 denotes the operator norm.

Apply Theorem 22 to (3.32) conditionally on {Ti, i = 1, . . . , n}. For this, take

X1 = (u1,ℓ, . . . , un,ℓ)
⊺, X2 = (u1,k, . . . , un,k)

⊺) and let A be the matrix with entries

ai,j given by

aij =
1

fT (Ti)

1

n2g
kg(Tj, Ti).

Note that ∥A∥2 ≤ ∥A∥2HS = O(1/(ng)2). Hence, together with a union bound, we

obtain for (3.32)∥∥∥∥ 2n
n∑
i=1

ui
1

fT (Ti)

1

ng

n∑
j=1

kg(Tj, Ti)u
⊺
j − 2E

[
ui

1

fT (Ti)

1

ng

n∑
j=1

kg(Tj, Ti)u
⊺
j

∣∣∣∣T]∥∥∥∥
∞

=Op

(
log p

ng

)



3.A Proofs of the Main Theorems 237

For (3.30),∣∣∣∣ 2n
n∑
i=1

b⊺ui
1

fT (Ti)

(
1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−mX(Ti)fT (Ti)

)⊺

b

∣∣∣∣
≤
∥∥∥∥ 2n

n∑
i=1

ui
1

fT (Ti)

(
1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−mX(Ti)fT (Ti)

)⊺∥∥∥∥
∞
∥b∥21

By Hoeffding’s inequality conditional on {T1, . . . , Tn} and using that∥∥∥∥ 1

fT (Ti)

1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−mX(Ti)fT (Ti)

∥∥∥∥2
∞

= Op

(
log p

ng
+ g4

)

one can show that∥∥∥∥ 2n
n∑
i=1

ui
1

fT (Ti)

(
1

ng

n∑
j=1

kg(Tj, Ti)mX(Tj)−mX(Ti)fT (Ti)

)⊺∥∥∥∥
∞

=Op

(√
log p

n
√
g

+
g2√
n

)
.

Hence, (3.30) is of smaller order than (3.19) and (3.20). This completes the proof.

3.A.2 Results on the Orthogonalized Nadaraya-Watson Es-

timator

Proof of Theorem 17: Let ℓ = 1, . . . , L be arbitrary. Decompose the estimator as

follows

m̂∗
k(tℓ) =

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)ṁ(Ti)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

(3.33)

−
∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)Ẋ

⊺
i (β̂λ − β)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

(3.34)

+

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)ε̇i∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

. (3.35)

Here, (3.33) captures the estimate of m, (3.34) the high-dimensional bias due to

estimation of β and (3.35) captures the influence of the residual. Consider the first
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term on the right-hand side. It holds∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)ṁ(Ti)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

=

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)m(Ti)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

− 1

n

n∑
i=1

m(Ti)

and the second term on the right-hand side converges at
√
n-rate and therefore is

negligible in the following. We can deal with the first term using a second order

Taylor expansion around tℓ, i.e., there exist intermediate values θi, i = 1, . . . , n such

that ∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)m(Ti)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

=m(tℓ) +m′(tℓ)

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)(Ti − tℓ)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

+
m′′(tℓ)

2

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)(Ti − tℓ)

2∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)

+
1

2

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ){m′′(θi)−m′′(tℓ)}(Ti − tℓ)

2∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)

.

In Lemma 75 below, we show∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)(Ti − tℓ)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

=h2
1

3

∂fT (tℓ)(1−mX(tℓ)
⊺γtℓ )

∂t

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
+ op

(
1√
nh

+ h2
)

and by similar arguments one can show that∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)(Ti − tℓ)

2∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)

=
1

3
h2 + op

(
1√
nh

+ h2
)

1

2

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ){m′′(θi)−m′′(tℓ)}(Ti − tℓ)

2∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)

=op

(
1√
nh

+ h2
)
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and therefore∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)m(Ti)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

=m(tℓ) + h2B(tℓ) + o(h2).

Next, consider (3.34). By Lemma 77, the denominator is asymptotically bounded

away from zero and hence it suffices to consider the numerator. For the latter, we

have by the KKT conditions of the auxiliary Lasso∣∣∣∣ 1nh
n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)Ẋ

⊺
i (β̂λ − β)

∣∣∣∣ ≤ µ

2
∥β̂λ − β∥1 = op

(
1√
nh

)

by Assumption 18 and Theorem 16.

Finally, (3.35) satisfies∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)ε̇i∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

=

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)εi∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

+ op

(
1√
n

)
=

1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)εi

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
(1 + op(1)) + op

(
1√
n

)
where the second equality follows by Lemma 77 together with Lemma 74. Moreover,

we show in Lemma 76 that

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)εi =

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)εi + op

(
1√
nh

+ h2
)

which implies∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)ε̇i∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

=
1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)εi

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
(1 + op(1)) + op

(
1√
nh

+ h2
)

where we have used that the denominator is bounded away from zero by Lemma

66 and 74. Thus, we can approximate (3.35) by a sum of i.i.d. mean zero random
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variables with variance

σ2
n,ℓ = σ2

1
h
E[1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)
2]

fT (tℓ)2(1−mX(t)⊺γtℓ)
2

=
σ2

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
+ o(1)

where we have again used Lemmas 66 and 74. Further, it holds

E[| 1
h
1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)εi|3]√
n(σn,ℓ/

√
h)3

≤ C√
nh

1

h
E[1(Ti ∈ Iℓ)|1−X⊺

i γtℓ|3|εi|3]

≤ C√
nh

1

h
E[1(Ti ∈ Iℓ)|1−X⊺

i γtℓ|3]

≤C(1 + ∥γtℓ∥1)√
nh

1

h
E[1(Ti ∈ Iℓ)|1−X⊺

i γtℓ |2] → 0,

where the first inequality follows by Lemmas 66 and 74, the second inequality as εi

is conditionally sub-Gaussian and the last inequality by boundedness of Xi, Hölder’s

inequality and Lemma 66. This implies by the Berry-Esseen bound

1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)εi

σn,ℓfT (tℓ)(1−mX(tℓ)⊺γtℓ)

d→ N (0, 1)

which proves the claim.

3.A.3 On the Asymptotic Distribution of T̂n

Proof of Theorem 18: Under H0, we have, for ℓ = 1, . . . , L,

Ŝn,ℓ =
√
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂ℓ,µ)R̂i

σ̂ℓ
∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂ℓ,µ)

= Sε,ℓ + ŜX,ℓ +
{
Ŝε,ℓ − Sε,ℓ

}
with ŜX,ℓ, Ŝε,ℓ as defined in (3.14) and (3.15) and

Sε,ℓ =
1√
nhσℓ

n∑
i=1

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}εi

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
.
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We rewrite T̂n as follows: Define Ŵi = (Ŵi,1, . . . , Ŵi,2L)
T with

Ŵi,2ℓ−1 =
1√
hσ̂ℓ

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)R̂i

1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂ℓ,µ)

Ŵi,2ℓ = − 1√
hσ̂ℓ

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)R̂i

1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂ℓ,µ)
,

which allows us to write

T̂n = max
ℓ=1,...,L

|Ŝn,ℓ|

= max
ℓ=1,...,2L

1√
n

n∑
i=1

Ŵi,ℓ.

Consider the (unobserved) statistic

Tn = max
ℓ=1,...,L

|Sε,ℓ|,

which can be rewritten as

Tn = max
ℓ=1,...,2L

1√
n

n∑
i=1

Wi,ℓ,

where Wi = (Wi,1, . . . ,Wi,2L)
T with

Wi,2ℓ−1 =
1√
hσℓ

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}εi

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
(3.36)

Wi,2ℓ = − 1√
hσℓ

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}εi

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
. (3.37)

For any q ∈ R,

P(Tn ≤ q) = P

(
max

ℓ=1,...,2L

1√
n

n∑
i=1

Wi,ℓ ≤ q

)
= P

(
1√
n

n∑
i=1

Wi,ℓ ≤ q ∀ℓ
)

= P

(
1√
n

n∑
i=1

Wi ≤ q1⃗

)
,
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where 1⃗ = (1, 1, . . . , 1)⊺ and ≤ in the last line is to be understood elementwise. We

prove in the Supplementary Material using Prop 2.1 in Chernozhukov et al. (2017):

Lemma 58. Let Wi be the random vectors defined in (3.36) and (3.37) and let

Z1, . . . , Zn be independent random vectors in R2L with Zi ∼ N
(
0,E

[
WiW

T
i

])
. Fur-

ther, denote by A the class of all hyperrectangles A in R2L. Then, under Assump-

tions 16 - 18,

sup
A∈A

∣∣∣∣P( 1√
n

n∑
i=1

Wi ∈ A

)
− P

(
1√
n

n∑
i=1

Zi ∈ A

)∣∣∣∣ = o(1).

This high-dimensional CLT implies in particular that we can approximate the

unobserved test statistic Tn by a corresponding Gaussian test statistic, i.e.,

sup
q∈R

∣∣∣∣P( 1√
n

n∑
i=1

Wi ≤ q

)
︸ ︷︷ ︸

=P(Tn≤q)

−P

(
1√
n

n∑
i=1

Zi ≤ q

)∣∣∣∣ = o(1).

It remains to bound the approximation of T̂n by Tn. For this purpose, write

1√
n

n∑
i=1

Ŵi =
1√
n

n∑
i=1

Wi +
1√
n

n∑
i=1

∆i.

We show in Lemma 80 in the Supplementary Material

max
ℓ=1,...,2L

∣∣∣∣ 1√
n

n∑
i=1

∆i,ℓ

∣∣∣∣ = op(ϱn) = op

(
1

logL

)
. (3.38)

Thus, for any q ∈ R,

P(T̂n ≤ q) = P

(
max

ℓ=1,...,2L

1√
n

n∑
i=1

Ŵiℓ ≤ q

)
= P

(
1√
n

n∑
i=1

Ŵiℓ ≤ q ∀ℓ
)

= P

(
1√
n

n∑
i=1

Wiℓ ≤ q − 1√
n

n∑
i=1

∆iℓ ∀ℓ
)

= P

(
1√
n

n∑
i=1

Wi ≤ q1⃗− 1√
n

n∑
i=1

∆i

)
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
≤ P

(
1√
n

∑n
i=1Wi ≤ (q + ϱn)⃗1

)
+ o(1)

≥ P

(
1√
n

∑n
i=1Wi ≤ (q − ϱn)⃗1

)
+ o(1)

where the last inequalities follow by (3.38). This implies together with Lemma 58∣∣∣∣P( 1√
n

n∑
i=1

Ŵi ≤ q1⃗

)
︸ ︷︷ ︸

=P(T̂n≤q)

−P

(
1√
n

n∑
i=1

Zi ≤ q1⃗

)∣∣∣∣
≤ max

{∣∣∣∣P( 1√
n

n∑
i=1

Wi ≤ (q + ϱn)⃗1

)
− P

(
1√
n

n∑
i=1

Zi ≤ q1⃗

)∣∣∣∣,∣∣∣∣P( 1√
n

n∑
i=1

Wi ≤ (q − ϱn)⃗1

)
− P

(
1√
n

n∑
i=1

Zi ≤ q1⃗

)∣∣∣∣}+ o(1)

and ∣∣∣∣P( 1√
n

n∑
i=1

Wi ≤ (q + ϱn)⃗1

)
− P

(
1√
n

n∑
i=1

Zi ≤ q1⃗

)∣∣∣∣
≤
∣∣∣∣P( 1√

n

n∑
i=1

Wi ≤ (q + ϱn)⃗1

)
− P

(
1√
n

n∑
i=1

Zi ≤ (q + ϱn)⃗1

)∣∣∣∣︸ ︷︷ ︸
=o(1) by Lemma 58

+

∣∣∣∣P( 1√
n

n∑
i=1

Zi ≤ (q + ϱn)⃗1

)
− P

(
1√
n

n∑
i=1

Zi ≤ q1⃗

)∣∣∣∣.
The remaining term on the right-hand side can be dealt with using Nazarov’s in-

equality (Chernozhukov et al. (2017) Lemma A.1):

Lemma (Nazarov’s inequality). Let V = (V1, . . . , Vp)
T be a centered Gaussian ran-

dom vector in Rp with E[V 2
j ] ≥ c > 0 for all j. Then for every v ∈ Rp and every

ϕ > 0,

P(V ≤ v + ϕ1⃗)− P(V ≤ v) ≤ Cϕ
√

log p

with C only depending on c.
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It implies∣∣∣∣P( 1√
n

n∑
i=1

Zi ≤ (q + ϱn)⃗1

)
− P

(
1√
n

n∑
i=1

Zi ≤ q1⃗

)∣∣∣∣ ≤ Cϱn
√

log 2L = o(1).

As a result,

sup
q∈R

∣∣∣∣P( 1√
n

n∑
i=1

Ŵi ≤ q1⃗

)
︸ ︷︷ ︸

=P(T̂n≤q)

−P

(
1√
n

n∑
i=1

Zi ≤ q1⃗

)∣∣∣∣ = o(1)

proving the claim.

3.A.4 Consistency of the Bootstrap

Proof of Theorem 19: We can proceed similarly as in Theorem 18. Let e1, . . . , en ∼
N (0, 1) i.i.d. and independent of the data {(Yi, Ti, Xi) : i = 1, . . . , n}. Consider

1√
n

n∑
i=1

(W̃i − W̃ )ei =
1√
n

n∑
i=1

(Wi −W )ei +
1√
n

n∑
i=1

(∆i − ∆̄)ei

with W̃ = (W̃ 1, . . . , W̃ 2L)
T and W̃ ℓ =

1
n

∑n
i=1 W̃iℓ. We prove in Lemma 82 in the

Supplementary Material

P∗
(

max
ℓ=1,...,2L

∣∣∣∣ 1√
n

n∑
i=1

(∆iℓ − ∆̄ℓ)ei

∣∣∣∣ > 1

logL

)
= op(1), (3.39)

Further, we show in Lemma 81 in the Supplementary Material by using Theorem

4.1 and Remark 4.1 in Chernozhukov et al. (2017)

sup
q∈R

∣∣∣∣P∗
(

1√
n

n∑
i=1

(Wi −W )ei ≤ q

)
− P

(
1√
n

n∑
i=1

Zi ≤ q

)∣∣∣∣ = op(1). (3.40)

Here P∗ denotes the probability measure conditional on (Y1, , T1, X1), . . . , (Yn, Tn, Xn).

Given these two ingredients and Nazarov’s inequality, the proof follows as in Theo-

rem 18.
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3.A.5 Power Properties

Proof of Theorem 20: We can decompose the test statistic T̂n into

T̂n ≥ max
ℓ=1,...,L

|Ŝm,ℓ| − max
ℓ=1,...,L

|Ŝn,ℓ − Ŝm,ℓ|

where Ŝn,ℓ and Ŝm,ℓ where defined in (3.6) and (3.13). The second term on the

right-hand side behaves as the test statistic under H0, whereas the first term drives

the power. In particular, we have for the second term

max
ℓ=1,...,L

|Ŝn,ℓ − Ŝm,ℓ| = Op

(√
logL

)
by Theorem 18 and standard arguments on the distribution of the maximum of mul-

tivariate Gaussian distributions. By similar arguments as in the proof of Theorem

17, one can show that

max
ℓ=1,...,L

∣∣∣∣Ŝm,ℓ −√
nh
m(tℓ)

σℓ

∣∣∣∣ = Op

(√
nh5
)
.

Moreover, by Assumptions 16 and 18, σℓ is bounded away from zero uniformly over

ℓ, i.e., there exists a constant c > 0 such that σℓ ≥ c for all ℓ. This implies, together

with nh5 = o(1), that

T̂n ≥ 1

c
max
ℓ=1,...,L

√
nh|m(tℓ)| −Op(

√
logL).

It remains to assess the influence of the discretization of the support of T on the

power of the test. One may suspect that the maximum of m is attained outside the

grid tℓ, ℓ = 1, . . . , L, and that m is substantially smaller on the grid. We will show

in the following that this is no problem for a sufficiently closed-meshed grid. For this

purpose, let t∗ be such that |m(t∗)| = rn. We assume without loss of generality that

m(t∗) > 0 as the case in which m(t∗) < 0 can be dealt with by the same argument.

Since t∗ ∈ [h, 1−h], necessarilym′(t∗) = 0 and by a Taylor expansion ofm(t) around

t∗, there exists some θ such that

m(t) = m(t∗) +
1

2
m′′(θ)(t− t∗)2

and by the Landau-Kolmogorov inequalities there exists a constant M such that for
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any m ∈ M(R, ξ, rn)

|m(t)−m(t∗)| ≤M(t− t∗)2.

In particular, there is an ℓ = 1, . . . , L satisfying |tℓ − t∗| ≤ 1
L
and therefore

|m(tℓ)−m(t∗)| ≤ M

L2
.

This implies

m(tℓ) ≥ m(t∗)− |m(tℓ)−m(t∗)| ≥ rn −
M

L2
= rn(1 + o(1))

and hence

T̂n ≥
√
nhrn

1

c
−Op(

√
logL).

Finally, as
√
nh/ logLrn → ∞, the claim follows.



3.B Supplementary Material 247

3.B Supplementary Material

We first prove some technical lemmas whose main purpose is to introduce a

reference in order to avoid recurring arguments.

Lemma 59. Let {Zij: i = 1, . . . , n, j = 1, . . . , Jn}, Jn → ∞ as n→ ∞, be a collec-

tion of uniformly bounded random variables with mean zero and bound |Zij| ≤ Mn

for some deterministic sequence Mn. Further, suppose that the Zij are independent

across i.

(i) If Mn = O(1/
√
log Jn) and maxj Var (

∑n
i=1 Zij) = O(1), then

max
j=1,...,Jn

∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ = Op

(√
log Jn

)
.

(ii) If Mn = o(1/
√
log Jn) and maxj Var (

∑n
i=1 Zij) = o(1), then

max
j=1,...,Jn

∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ = op
(√

log Jn
)
.

Proof. By a union bound, we have, for η > 0,

P

(
max

j=1,...,Jn

∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ ≥√log Jnη

)
≤

Jn∑
j=1

P

(∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ ≥√log Jnη

)

≤Jn max
j=1,...,Jn

P

(∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ ≥√log Jnη

)
.

(i) As Mn = O(1/
√
log Jn) and maxj Var (

∑n
i=1 Zij) = O(1), there are constants

C1 and C2 such that for sufficiently large n,

Mn ≤ C1√
log Jn

and Var

( n∑
i=1

Zij

)
≤ C2.

Thus, by Bernstein’s inequality, it holds

P

(∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ ≥√log Jnη

)
≤ 2 exp

(
−1

2

log(Jn)η
2

C2 + C1η/3

)
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implying

P

(
max

j=1,...,Jn

∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ ≥√log Jnη

)
≤ 2 exp

(
log Jn −

1

2

log(Jn)η
2

C2 + C1η/3

)
.

For η sufficiently large, the exponent becomes negative and the right-hand side

converges to zero as Jn → ∞. The claim follows.

(ii) By Bernstein’s inequality, it holds

P

(∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ ≥√log Jnη

)
≤ 2 exp

(
−1

2

log(Jn)η
2

Var (
∑n

i=1 Zij) +Mn

√
log Jnη/3

)

implying

P

(
max

j=1,...,Jn

∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ ≥√log Jnη

)
≤2 exp

(
log Jn −

1

2

log(Jn)η
2

Var (
∑n

i=1 Zij) +Mn

√
log Jnη/3

)
.

As Mn = o(1/
√
log Jn) and maxj Var (

∑n
i=1 Zij) = o(1), the denominator con-

verges to zero for any fixed η and hence the right-hand side converges to zero

as n→ ∞.

As a simple Corollary, we include a result which deals with the case when the

Zij do not have mean zero:

Corollary 12. Let {Zij: i = 1, . . . , n, j = 1, . . . , Jn}, Jn → ∞ as n → ∞, be a

collection of uniformly bounded random variables with bound |Zij| ≤ Mn for some

deterministic sequence Mn. Further, suppose that the Zij are independent across i.

If Mn = O(1/
√
log Jn), maxj Var (

∑n
i=1 Zij) = O(1) and maxi,j|E[Zij]| = O(ρn),

then

max
j=1,...,Jn

∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ = Op

(√
log Jn ∨ (nρn)

)
.

Proof. The claim is a straightforward consequence of the triangle inequality and
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Lemma 59:

max
j=1,...,Jn

∣∣∣∣ n∑
i=1

Zij

∣∣∣∣ ≤ max
j=1,...,Jn

∣∣∣∣ n∑
i=1

(Zij − E[Zij])

∣∣∣∣︸ ︷︷ ︸
=Op(

√
log Jn)

+n max
i=1,...,n,
j=1,...,Jn

|E[Zij]|︸ ︷︷ ︸
=O(nρn)

.

3.C Results on Boundary Corrected Kernels

In this section, we derive rates of several terms related to the Nadaraya-Watson

estimator in the definition of the estimated partial residuals Ỹi and X̃i. Even though

the results seem pretty standard, they are not in that we employ boundary corrected

kernels and need some results on the joint behavior of a vector of Nadaraya-Watson

estimators. The first subsection is devoted to the rate results while in the second we

construct the boundary corrected kernel used in our simulation. The idea underlying

the construction of this kernel builds upon Gasser et al. (1985) but with the difference

that we do not impose that the kernel needs to equal zero at the boundary of its

support.

3.C.1 Technical Lemmas

Through all results of this section, we assume that Assumptions 16 - 18 hold.

Lemma 60. It holds

sup
t∈[−1,1]

|f̂T (t)− fT (t)| = Op

(√
log n

ng
+ g2

)
.

Proof. Decompose into bias and variance part

f̂T (t)− fT (t) = f̂T (t)−
1

g
E[kg(Ti, t)] +

1

g
E[kg(Ti, t)]− fT (t).

For the bias part, we have, by the standard argument for second order interior

kernels, for t ∈ [g, 1− g]

1

g
E[kg(Ti − t)] =

1

g

∫ 1

0

k

(
Ti − t

g

)
fT (Ti)dTi
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=

∫ 1

−1

k(v)fT (t+ gv)dv

=fT (t)

∫ 1

−1

k(v)dv + gf ′
T (t)

∫ 1

−1

vk(v)dv

+
g2

2
f ′′
T (t)

∫ 1

−1

v2k(v)dv + o(g2)

=fT (t) +
g2

2
f ′′
T (t)

∫ 1

−1

v2k(v)dv + o(g2)

For t ∈ [0, g] or t ∈ [1 − g, 1], the same argument applies due to the support

constraints as well as the moment conditions of klow and kup and hence

sup
t∈[0,1]

|E[kg(Ti − t)]/g − fT (t)| ≤
g2

2
sup
t∈[0,1]

|f ′′

T (t)|
∣∣∣∣∫ 1

−1

v2k(v)dv

∣∣∣∣+ o(g2).

For the variance part, we show in the following

sup
t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti, t)− E[kg(Ti, t)])

∣∣∣∣ = Op

(√
log n

ng

)
.

We first discretize the supremum. For that purpose, let t0 = 0, tM = 1 and tj = j/M .

For any t ∈ [0, 1], there is a j(t) in 0, 1, . . . ,M such that |t−j(t)| ≤ 1/M . Moreover,
1
ng

∑n
i=1(kg(Ti, t)− E[kg(Ti, t)]) is Lipschitz continuous in t as for s, t ∈ [0, 1]

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti, s)− E[kg(Ti, s)])−
1

ng

n∑
i=1

(kg(Ti, t)− E[kg(Ti, t)])

∣∣∣∣
≤
∣∣∣∣ 1ng

n∑
i=1

(kg(Ti, s)− kg(Ti, t)− E[kg(Ti, s)− kg(Ti, t)])

∣∣∣∣
≤ 1

ng

n∑
i=1

(|kg(Ti, s)− kg(Ti, t)|+ E[|kg(Ti, s)− kg(Ti, t)|])

≤C

g2
|s− t|

and therefore

sup
t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti − t)− E[kg(Ti − t)])

∣∣∣∣
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≤ sup
t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti − t)− E[kg(Ti − t)])

∣∣∣∣
+ max

j=0,...,M

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti − tj)− E[kg(Ti − tj)])

∣∣∣∣
≤ max

j=0,...,M

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti − tj)− E[kg(Ti − tj)])

∣∣∣∣+ C

Mg2
.

Since the kernel is bounded, the first term on the right-hand side is a sum of mean-

zero, independent and bounded random variables. Therefore, by Hoeffding’s in-

equality together with a union bound,

max
j=0,...,M

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti − tj)− E[kg(Ti − tj)])

∣∣∣∣ = Op

(√
logM

ng

)

Taking M = n2, the claim follows.

Lemma 61. It holds

1

n

n∑
i=1

(m̂∗
k(Ti)−m(Ti))

2 = Op

(
1

ng
+ g4

)
.

Proof. Let m̂∗
k,−i(t) denote the leave-one-out estimator which is defined by

m̂∗
k,−i(Ti) =

∑
j ̸=i kg(Tj, Ti)(m(Tj) + εj)∑

j ̸=i kg(Tj, Ti)

Note that

m̂∗
k(Ti) =m̂

∗
k,−i(Ti)−

k(0)

k(0) +
∑

j ̸=i kg(Tj, Ti)
(m̂∗

k,−i(Ti)−m(Ti))

+
k(0)

k(0) +
∑

j ̸=i kg(Tj, Ti)
εi

This implies

1

n

n∑
i=1

{m̂∗
k(Ti)−m(Ti)}2 ≤

( ∑
j ̸=i kg(Tj, Ti)

k(0) +
∑

j ̸=i kg(Tj, Ti)

)2
2

n

n∑
i=1

{m̂∗
k,−i(Ti)−m(Ti)}2

+

(
k(0)

k(0) +
∑

j ̸=i kg(Tj, Ti)

)
2

n

n∑
i=1

ε2i
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By Lemma 60, ( ∑
j ̸=i kg(Tj, Ti)

k(0) +
∑

j ̸=i kg(Tj, Ti)

)2

= 1 + op(1)(
k(0)

k(0) +
∑

j ̸=i kg(Tj, Ti)

)
= Op

(
1

ng

)
.

Hence, (
k(0)

k(0) +
∑

j ̸=i kg(Tj, Ti)

)
2

n

n∑
i=1

ε2i = Op

(
1

ng

)
.

Next, we decompose

1

n

n∑
i=1

{m̂∗
k,−i(Ti)−m(Ti)}2

≤ 3

n

n∑
i=1

{
1

f̂T,−i(Ti)

1

ng

∑
j ̸=i

kg(Tj, Ti)εj

}2

(3.41)

+
3

n

n∑
i=1

{
1

f̂T,−i(Ti)

1

ng

∑
j ̸=i

kg(Tj, Ti)m(Tj)− E[kg(Tj, Ti)m(Tj) |Ti]
}2

(3.42)

+
3

n

n∑
i=1

{
1

gf̂T,−i(Ti)
E[kg(Tj, Ti)m(Tj) |Ti]−m(Ti)

}2

(3.43)

Regarding (3.41),{
1

f̂T,−i(Ti)

1

ng

∑
j ̸=i

kg(Tj, Ti)εj

}2

=
1

f̂T,−i(Ti)2
1

(ng)2

∑
j ̸=i

∑
ℓ̸=i

kg(Tj, Ti)kg(Tℓ, Ti)εjεℓ

the latter has conditional mean (conditionally on T1, . . . , Tn)

1

f̂T,−i(Ti)2
1

(ng)2

∑
j ̸=i

kg(Tj, Ti)
2σ2

≤σ2

ng

C

f̂T,−i(Ti)

≤σ2

ng

C

mint fT (t)− supt|f̂T,−i(t)− fT (t)|
= Op

(
1

ng

)
.

Thus, by Markov’s inequality applied to the conditional distribution (again condi-
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tional on T1, . . . , Tn)

3

n

n∑
i=1

{
1

f̂T,−i(Ti)

1

ng

∑
j ̸=i

kg(Tj, Ti)εj

}2

= Op

(
1

ng

)
.

For (3.42), we first apply Lemma 60 in order to deal with the kernel density estimator

3

n

n∑
i=1

{
1

f̂T,−i(Ti)

1

ng

∑
j ̸=i

kg(Tj, Ti)m(Tj)− E[kg(Tj, Ti)m(Tj) |Ti]
}2

≤ 3

n

n∑
i=1

{
1

mint fT (t)

1

ng

∑
j ̸=i

kg(Tj, Ti)m(Tj)− E[kg(Tj, Ti)m(Tj) |Ti]
}2

(1 + op(1)).

Let

ξij :=
kg(Tj, Ti)m(Tj)− E[kg(Tj, Ti)m(Tj) |Ti]

g
,

and note that the ξij are i.i.d. across j for j ̸= i and with mean zero and variance

bounded by

E[ξ2ij] ≤
1

g

∫
k(v)2dv sup

t∈[0,1]
|m(t)|2.

Now, (3.42) can be written as

1

mint fT (t)

3

n

n∑
i=1

{
1

n

∑
j ̸=i

ξij

}2

=
1

mint fT (t)

3

n3

n∑
i=1

∑
j ̸=i

∑
ℓ̸=i

ξijξiℓ

=
1

mint fT (t)

(
3

n3

n∑
i=1

∑
j ̸=i

ξ2ij +
3

n3

n∑
i=1

∑
j ̸=i

∑
ℓ̸=i,j

ξijξiℓ

)

The mean of the first term on the right-hand side satisfies

3

n3

n∑
i=1

∑
j ̸=i

E
[
ξ2ij
]
≤ 3

ng

∫
k(v)2dv sup

t∈[0,1]
|m(t)|2

and hence, by Markov’s inequality,

1

mint fT (t)

3

n3

n∑
i=1

∑
j ̸=i

ξ2ij = Op

(
1

ng

)
.
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Further, note that the mean of second term on the right-hand side is zero as the

ξij are mean zero and independent across j conditionally on Ti. Thus, by Markov’s

inequality, (3.42) is of order

3

n

n∑
i=1

{
1

f̂T,−i(Ti)

1

ng

∑
j ̸=i

kg(Tj, Ti)m(Tj)− E[kg(Tj, Ti)m(Tj) |Ti]
}2

= Op

(
1

ng

)
.

Finally, for (3.43), we have

2

n

n∑
i=1

{
1

gf̂T,−i(Ti)
E[kg(Tj, Ti)m(Tj) |Ti]−m(Ti)

}2

≤2 sup
t∈[0,1]

{
1

gfT (Ti)
E[kg(Tj, Ti)m(Tj) |Ti]−m(Ti)

}2

(1 + op(1)) = Op(g
4),

where we have used that 1/f̂T,−i(t) = 1/fT (t) + op(1) uniformly in t. Thus, it holds( ∑
j ̸=i kg(Tj, Ti)

k(0) +
∑

j ̸=i kg(Tj, Ti)

)2
2

n

n∑
i=1

{m̂∗
k,−i(Ti)−m(Ti)}2 = Op

(
1

ng
+ g4

)

and the claim follows.

Lemma 62. It holds

max
j=1,...,p

sup
t∈[−1,1]

∣∣∣∣ 1ng
n∑
i=1

kg(Ti, t)mX,j(Ti)−
1

g
E[kg(Ti, t)mX,j(Ti)]

∣∣∣∣ = Op

(√
log(pn)

ng

)

Proof. We first discretize the supremum. For that purpose, let t0 = 0, tM =

1 and tj = j/M . For any t ∈ [0, 1], there is a j(t) in 0, 1, . . . ,M such that

|t − j(t)| ≤ 1/M . Moreover, by similar arguments as in the proof of Lemma

60, 1
ng

∑n
i=1(kg(Ti, t)mX,j(Ti)−E[kg(Ti, t)mX,j(Ti)]) is Lipschitz-continuous in t and

therefore

sup
t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti, t)mX,j(Ti)− E[kg(Ti, t)mX,j(Ti)])

∣∣∣∣
≤ sup

t∈[0,1]

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti, t)mX,j(Ti)− E[kg(Ti, t)mX,j(Ti)])

∣∣∣∣
+ max

j=0,...,M

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti, tj)mX,j(Ti)− E[kg(Ti, tj)mX,j(Ti)])

∣∣∣∣
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≤ max
j=0,...,M

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti, tj)mX,j(Ti)− E[kg(Ti, tj)mX,j(Ti)])

∣∣∣∣+ C

Mg2
.

Since themX,j and the kernel are uniformly bounded, the first term on the right-hand

side is a sum of mean-zero, independent and bounded random variables. Therefore,

by Hoeffding’s inequality together with a union bound,

max
j=0,...,M

∣∣∣∣ 1ng
n∑
i=1

(kg(Ti, tj)mX,j(Ti)− E[kg(Ti, tj)mX,j(Ti)])

∣∣∣∣ = Op

(√
log pM

ng

)

Taking M = n2, the claim follows.

Lemma 63. It holds

max
j=1,...,p

sup
t∈[−1,1]

∣∣∣∣ 1ng
n∑
i=1

kg(Ti, t)uij

∣∣∣∣ = Op

(√
log(pn)

ng

)

Proof. For any s, t ∈ [0, 1], we have∣∣∣∣ 1ng
n∑
i=1

kg(Ti, s)uij −
1

ng

n∑
i=1

kg(Ti, t)uij

∣∣∣∣
≤ 1

ng

n∑
i=1

|kg(Ti, s)− kg(Ti, t)||uij|

≤C

g2
|s− t|,

i.e., 1
ng

∑n
i=1 kg(Ti, s)uij is Lipschitz-continuous in t. Hence, by an analogous dis-

cretization argument as in Lemma 62, one can show that

sup
t∈[−1,1]

∣∣∣∣ 1ng
n∑
i=1

kg(Ti, t)uij

∣∣∣∣ ≤ max
ℓ=0,...,M

∣∣∣∣ 1ng
n∑
i=1

kg(Ti, tℓ)uij

∣∣∣∣+ C

Mg2

and therefore by the same arguments as in Lemma 62

max
j=1,...,p

sup
t∈[−1,1]

∣∣∣∣ 1ng
n∑
i=1

kg(Ti, t)uij

∣∣∣∣ = Op

(√
log(pn)

ng
+

1

Mg2

)
.

Taking M = n2 yields the result.
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Lemma 64. It holds

1

n
∥(m̂∗

k(T )−m(T ))⊺u∥∞ = Op

(√
log p

n

{
1

√
ng

+ g2
})

Proof. By the triangle inequality,

1

n
∥(m̂∗

k(T )−m(T ))⊺u∥∞ ≤ max
j=1,...,p

∣∣∣∣ 1n
n∑
i=1

∑
ℓ=1,...,n kg(Tℓ, Ti)εℓ∑
ℓ=1,...,n kg(Tℓ, Ti)

uij

∣∣∣∣
+ max

j=1,...,p

∣∣∣∣ 1n
n∑
i=1

∑
ℓ=1,...,n kg(Tℓ, Ti){m(Tℓ)−m(Ti)}∑

ℓ=1,...,n kg(Tℓ, Ti)
uij

∣∣∣∣
Denote by wiℓ the weights

wiℓ =
kg(Tℓ, Ti)∑

ℓ=1,...,n kg(Tℓ, Ti)
.

With these weights, we can rewrite the first term as

1

n

n∑
i=1

∑
ℓ=1,...,n kg(Tℓ, Ti)εℓ∑
ℓ=1,...,n kg(Tℓ, Ti)

uij =
1

n

n∑
ℓ=1

n∑
i=1

wiℓuijεℓ.

Conditionally on {(Ti, Xi), i = 1, . . . , n} this is a weighted sum of the εi with weights

w̃ℓ given by

w̃ℓ =
1

n

n∑
i=1

wiℓuij.

The weights satisfy

E[w̃2
ℓ |Ti, i = 1, . . . , n] =

1

n2

n∑
i=1

w2
iℓ E[u

2
ij |Ti]︸ ︷︷ ︸
≤4

= O

(
1

n3g

)
,

≤ 4

mint fT (t) + op(1)

1

n4g2

n∑
i=1

kg(Tℓ, Ti)
2

=
1

n3g

4

mint fT (t) + op(1)

(
1

g
E[kg(Tj, Ti)] + op(1)

)
=

1

n3g

4

mint fT (t)

∫
fT (t)

2dt(1 + op(1)),
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where we have used Lemma 60 and that

E[kg(Tj, Ti)] =

∫∫
kg(Tj, Ti)fT (Tj)fT (Ti)dTjdTi

=

∫
[0,g]

∫
k
(Ti/g)
low

(
Tj − Ti
g

)
fT (Tj)fT (Ti)dTjdTi

+

∫
[g,1−g]

∫
kint

(
Tj − Ti
g

)
fT (Tj)fT (Ti)dTjdTi

+

∫
[1−g,1]

∫
k(1−Ti/g)up

(
Tj − Ti
g

)
fT (Tj)fT (Ti)dTjdTi

By substitution with v = (Tj − Ti)/g and a Taylor expansion of fT , we have∫
[0,g]

∫
k
(Ti/g)
low

(
Tj − Ti
g

)
fT (Tj)fT (Ti)dTjdTi

=g

∫
[0,g]

∫ 1

−Ti/g
k
(Ti/g)
low (v)fT (Ti + gv)fT (Ti)dvdTi

=g

∫
[0,g]

∫ 1

−Ti/g
k
(Ti/g)
low (v)dv︸ ︷︷ ︸
=1

fT (Ti)
2dTi

+ g2
∫
[0,g]

∫ 1

−Ti/g
k
(Ti/g)
low (v)vdv︸ ︷︷ ︸
=0

fT (Ti)f
′
T (Ti)dTi

+ g3
∫
[0,g]

∫ 1

−Ti/g
k
(Ti/g)
low (v)v2dvfT (Ti)f

′′
T (Ti)dTi

+ g3
∫
[0,g]

∫ 1

−Ti/g
k
(Ti/g)
low (v)v2{f ′′

T (Ti + ξgv)d− f ′′
T (Ti)}vfT (Ti)dTi

=g

∫
[0,g]

fT (t)
2dt+O(g3)

By the same arguments, one can show for the other two terms,∫
[g,1−g]

∫
kint

(
Tj − Ti
g

)
fT (Tj)fT (Ti)dTjdTi = g

∫
[g,1−g]

fT (t)
2dt+O(g3)∫

[1−g,1]

∫
k(1−Ti/g)up

(
Tj − Ti
g

)
fT (Tj)fT (Ti)dTjdTi = g

∫
[1−g,1]

fT (t)
2dt+O(g3)
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and hence,

E[kg(Tj, Ti)] = g

∫
fT (t)

2dt+O(g3).

This implies by Markov’s inequality and the law of iterated expectations

n∑
ℓ=1

w̃2
ℓ =Op

(
1

n2g

)
.

Thus, the probability of the event AM given by

AM =

{ n∑
ℓ=1

w̃ℓ ≤
M

n2g

}

can be made arbitrarily close to one by choosing M sufficiently large. Now, we can

bound the first term. For any K > 0, we have

P

(
max
j=1,...,p

∣∣∣∣ n∑
ℓ=1

w̃ℓεℓ

∣∣∣∣ ≥ Kρn

)
≤P

(
max
j=1,...,p

∣∣∣∣ n∑
ℓ=1

w̃ℓεℓ

∣∣∣∣ ≥ Kρn, AM

)
+ P(AcM),

where ρn denotes

ρn =

√
log p

n

{
1

√
ng

+ g2
}
.

By conditional sub-Gaussianity of the εi, we have

P

(∣∣∣∣ n∑
ℓ=1

w̃ℓεℓ

∣∣∣∣ ≥ K,AM

∣∣∣∣ (Ti, Xi), i = 1, . . . , n

)
≤ 2 exp

(
−Cn

2gK2

M

)
a.s.

where C denotes some absolute constant which only depends on Kε. By the law of

iterated expectations and a union bound, we thus obtain

P

(∣∣∣∣ n∑
ℓ=1

w̃ℓεℓ

∣∣∣∣ ≥ Kρn, AM

)
≤ 2 exp

(
log p− C

n2gρ2nK
2

M

)
≤ 2 exp

(
log p− C

(1 +
√
ng5)2K2 log p

M

)
.

ChoosingM and K sufficiently large, P (maxj|
∑n

ℓ=1 w̃ℓεℓ| ≥ Kρn) becomes arbitrar-
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ily close to zero, implying

max
j=1,...,p

∣∣∣∣ 1n
n∑
i=1

∑
ℓ=1,...,n kg(Tℓ, Ti)εℓ∑
ℓ=1,...,n kg(Tℓ, Ti)

uij

∣∣∣∣ = Op(ρn).

Regarding the second term in our initial decomposition, we can interpret this as a

weighted sum of the uij with weights

vi =
1

n

∑
ℓ=1,...,n kg(Tℓ, Ti){m(Tℓ)−m(Ti)}∑

ℓ=1,...,n kg(Tℓ, Ti)

satisfying

n∑
i=1

v2i = Op

(
1

n

{
1

ng
+ g4

})
.

Thus, by similar arguments as for the first term, one can show

max
j=1,...,p

∣∣∣∣ 1n
n∑
i=1

∑
ℓ=1,...,n kg(Tℓ, Ti){m(Tℓ)−m(Ti)}∑

ℓ=1,...,n kg(Tℓ, Ti)
uij

∣∣∣∣ = Op(ρn).

The claim follows.

By the same arguments as in Lemma 61 and 62 one can show:

Lemma 65. It holds

max
j=1,...p

1

n
∥m̂X(T )−mX(T )∥22 = Op

(√
log p

ng
+ g4

)
.

3.C.2 Construction of Boundary Corrected Kernels

Motivated by Gasser and Rosenblatt (1979), we construct the auxiliary kernels

k
(q)
low and k

(q)
up by a polynomial weighting of some ordinary second order kernel k. We

set

k
(q)
low(x) = (a(q) + b(q)x)k(x)

and a(q), b(q) are chosen so that∫
k
(q)
low(x) = 1 and

∫
xk

(q)
low(x) = 0,
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or equivalently,

a(q)

∫ 1

−q
k(x)dx+ b(q)

∫ 1

−q
xk(x)dx = 1

a(q)

∫ 1

−q
xk(x)dx+ b(q)

∫ 1

−q
x2k(x)dx = 0.

Solve the second equality for a(q)

b(q) = −
∫ 1

−q xk(x)dx∫ 1

−q x
2k(x)dx

a(q)

and insert this into the first to get

a(q) =

(∫ 1

−q
k(x)dx−

(
∫ 1

−q xk(x)dx)
2∫ 1

−q x
2k(x)dx

)−1

.

In particular, for k equal to the Epanechnikov kernel, we have∫ 1

−q

3

4
(1− x2)dx =

3

4
(1 + q)− 1

4
(1 + q3)∫ 1

−q
x
3

4
(1− x2)dx =

3

8
(1− q2)− 3

16
(1− q4)∫ 1

−q
x2

3

4
(1− x2)dx =

1

4
(1 + q3)− 3

20
(1 + q5).

The kernel can be constructed with the given information.

The derivation of a(q) and b(q) for k
(q)
up follow analogously. They only differ in

the support of the moments of k:

a(q) =

(∫ q

−1

k(x)dx−
(
∫ q
−1
xk(x)dx)2∫ q

−1
x2k(x)dx

)−1

b(q) = −
∫ q
−1
xk(x)dx∫ q

−1
x2k(x)dx

a(q).

For k equal to the Epanechnikov kernel, it holds∫ q

−1

3

4
(1− x2)dx =

3

4
(1 + q)− 1

4
(1 + q3)
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∫ q

−1

x
3

4
(1− x2)dx =

3

8
(q2 − 1)− 3

16
(q4 − 1)∫ q

−1

x2
3

4
(1− x2)dx =

1

4
(1 + q3)− 3

20
(1 + q5)

and the auxiliary kernel can be constructed from this information.

3.D Results on the Orthogonalization Parameters

In the first part of this section, we discuss properties of the orthogonalization

parameters γtℓ which we use in the second part of this section to study the prediction

properties of the auxiliary Lasso.

3.D.1 Properties of γtℓ

The main goal of this section is to prove Lemma 69. We start off with some

auxiliary results which are needed repeatedly.

Lemma 66. Let γtℓ satisfy (3.11). Then, uniformly over ℓ and p,

(i) E
[
1(Ti ∈ Iℓ)

{
1− (Xi − E[Xi])

⊺γtℓ
}2]

= E
[
1(Ti ∈ Iℓ)

{
1− (Xi − E[Xi])

⊺γtℓ
}]

(ii) E
[
1(Ti ∈ Iℓ)

{
1− (Xi − E[Xi])

⊺γtℓ
}2] ≤ P(Ti ∈ Iℓ)

(iii) E
[(
1− (Xi − E[Xi])

⊺γtℓ
)2 |Ti ∈ Iℓ

]
≤ 1

(iv) E[Var((Xi −mX(Ti))
⊺γtℓ |Ti) |Ti ∈ Iℓ] ≤ 1

(v) E
[∣∣1− (Xi − E[Xi])

⊺γtℓ
∣∣ |Ti ∈ Iℓ

]
≤ 2.

Proof. For brevity of notation, let E[Xi] = 0.

(i): By the first order conditions of (3.11),

E
[
1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)
2
]

=P(Ti ∈ Iℓ)− 2E[1(Ti ∈ Iℓ)X⊺
i ]γtℓ + γ⊺tℓ E[1(Ti ∈ Iℓ)XiX

⊺
i ]γtℓ

=P(Ti ∈ Iℓ)− E[1(Ti ∈ Iℓ)X⊺
i ]γtℓ

−
{
E[1(Ti ∈ Iℓ)X⊺

i ]− γ⊺tℓ E[1(Ti ∈ Iℓ)XiX
⊺
i ]
}
γtℓ

=P(Ti ∈ Iℓ)− E[1(Ti ∈ Iℓ)X⊺
i ]γtℓ

=E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)]
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(ii): By definition of γtℓ in (3.11) and as γ = 0 is a feasible solution of this

problem, it holds

E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)

2] ≤ P(Ti ∈ Iℓ).

(iii): Follows directly by rearranging (ii).

(iv): It holds

E
[
1(Ti ∈ Iℓ)

{
1− (Xi − E[Xi])

⊺γtℓ
}2]

≥ min
g∈L2(PT )

E
[
1(Ti ∈ Iℓ)

{
1−X⊺

i γtℓ − g(Ti)
}2]

=E
[
1(Ti ∈ Iℓ)

{
1−X⊺

i γtℓ − E[1−X⊺
i γtℓ |Ti]

}2]
=E

[
1(Ti ∈ Iℓ)

{
(Xi −mX(Ti))

⊺γtℓ
}2]

the claim now follows by (ii) and the law of iterated expectations.

(v): By (i) and (ii),

E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)] = E[1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)
2] ≤ P(Ti ∈ Iℓ).

Moreover, for any λ > 1,

E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)

2] ≥E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)

2
1(|1−X⊺

i γtℓ | > λ)]

≥λ2P(|1−X⊺
i γtℓ | > λ, Ti ∈ Iℓ).

Thus,

P(|1−X⊺
i γtℓ | > λ |Ti ∈ Iℓ) ≤

1

λ2

which implies

E[|1−X⊺
i γtℓ| |Ti ∈ Iℓ] =

∫ ∞

0

P(|1−X⊺
i γtℓ | > λ |Ti ∈ Iℓ)dλ

≤
∫ 1

0

dλ+

∫ ∞

1

1

λ2
dλ = 2

and the claim follows.
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Lemma 67. Suppose that the conditional density of Ti given Xi satisfies

fT |X(t,Xi) ≥ c a.s.

for some constant c > 0. Then, there exist constants C1, C2, C3 ∈ (0,∞) satisfying

uniformly over ℓ and p

(i) E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)

2] ≥ C1h

(ii) E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)] ∈ [0, C2h]

(iii) γ⊺tℓ E[XiX
⊺
i ]γtℓ ≤ C3

(iv) E[1(Ti ∈ Iℓ)XiX
⊺
i ], ℓ = 1, . . . , L are positive definite.

Proof. (i) It holds

E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)

2] ≥E[E[1(Ti ∈ Iℓ)](1−X⊺
i γtℓ)

2]

≥2chE[(1−X⊺
i γtℓ)

2]

≥2chmin
γ∈Rp

E[(1−X⊺
i γ)

2] = 2ch,

where we have used that

min
γ∈Rp

E[(1−X⊺
i γ)

2] = min
γ∈Rp

1 + E[(X⊺
i γ)

2]− 2E[Xi]
⊺γ = 0

since E[Xi] = 0.

(ii) This follows by Lemma 66(i), (ii) and part (i) of this Lemma.

(iii) By definition of γtℓ , it holds

E[1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)

2] = E[1(Ti ∈ Iℓ)]− γtℓ E[1(Ti ∈ Iℓ)XiX
⊺
i ]γtℓ .

By Lemma 66(i), this implies

γtℓ E[1(Ti ∈ Iℓ)XiX
⊺
i ]γtℓ = E[1(Ti ∈ Iℓ)Xi]

⊺γtℓ .

Further, by the same argument as in part (i)

γ⊺tℓ E[1(Ti ∈ Iℓ)XiX
⊺
i ]γtℓ ≥ 2chγ⊺tℓ E[XiX

⊺
i ]γtℓ
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and the claim follows by part (ii).

(iv) For any γ ∈ Rp and ℓ = 1, . . . , L,

γ⊺ E[1(Ti ∈ Iℓ)XiX
⊺
i ]γ ≥ 2chγ⊺ E[XiX

⊺
i ]γ ≥ 2chγ⊺ E[uiu

⊺
i ]γ > 0.

The claim follows.

Lemma 68. Suppose that Assumptions 16 and 18 hold. Then, there exists a con-

stant which is independent of ℓ and p such that

(i) E[|1−X⊺
i γtℓ |] ≤ C

(ii) |1−mX(tℓ)
⊺γtℓ | ≤ C

(iii) |m′
X(tℓ)

⊺γtℓ | ≤ C

(iv) |m′′
X(tℓ)

⊺γtℓ | ≤ C.

Proof. (i) By the triangle inequality and Jensen’s inequality

E[|1−X⊺
i γtℓ|] ≤ E[1] + E[|X⊺

i γtℓ |] ≤ 1 +
√
E[(X⊺

i γtℓ)
2]

The claim follows by Lemma 67.

(ii) Note that∫
fT |X(tℓ, x)(1− x⊺γtℓ)fX(x)dx =fT (tℓ) E[(1−X⊺

i γtℓ) |Ti = tℓ]

=fT (tℓ)(1−mX(tℓ)
⊺γtℓ)

Thus,

|fT (tℓ)(1−mX(tℓ)
⊺γtℓ)| ≤

∫
|fT |X(tℓ, x)||1− x⊺γtℓ|fX(x)dx

≤∥fT |X∥∞ E[|1−X⊺
i γtℓ |]

and the claim follows by (i) and boundedness of fT .

(iii) The argument follows similarly to (ii). Note that∫
f ′
T |X(tℓ, x)(1− x⊺γtℓ)fX(x)dx =

∂

∂t

∫
(1− x⊺γtℓ)fT |X(t, x)fX(x)dx

∣∣∣∣
t=tℓ
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=
∂

∂t
fT (t)(1−mX(t)

⊺γtℓ)
∣∣
t=tℓ

=f ′
T (tℓ)(1−mX(tℓ)

⊺γtℓ) + fT (tℓ)m
′
X(tℓ)

⊺γtℓ

where taking out the derivative is justified since the integrand is continuous with

continuous partial derivative with respect to t. Hence,

|f ′
T (tℓ)(1−mX(tℓ)

⊺γtℓ) + fT (tℓ)m
′
X(tℓ)

⊺γtℓ | ≤ ∥f ′
T |X∥∞ E[|1−X⊺

i γtℓ |] ≤ C

and by the reverse triangle inequality

|f ′
T (tℓ)(1−mX(tℓ)

⊺γtℓ) + fT (tℓ)m
′
X(tℓ)

⊺γtℓ|

≥|fT (tℓ)m′
X(tℓ)

⊺γtℓ | − |f ′
T (tℓ)(1−mX(tℓ)

⊺γtℓ)|,

i.e.,

|fT (tℓ)m′
X(tℓ)

⊺γtℓ | ≤ 2∥f ′
T |X∥∞ E[|1−X⊺

i γtℓ |]

and the claim follows by (i) and boundedness of fT .

(iv) The final claim follows analogously as (iii) and is omitted for brevity.

Lemma 69. Let

β(j,ℓ) = argmin
b∈Rp−1

E

[
1(|Ti − tℓ| ≤ h)

(
Xij −

∑
k ̸=j

Xikbk

)2]

η2j,ℓ = E

[
1(|Ti − tℓ| ≤ h)

(
Xij −

∑
k ̸=j

Xikβ
(j,ℓ)
k

)2]
.

Suppose that there exist sequences r1,n, r2,n and r3,n such that maxℓ,j∥β(j,ℓ)∥1 =

O(r1,n), minℓ,j η
2
j,ℓ = O(r−1

2,n) and

max
ℓ=1,...,L

p∑
j=1

∣∣Cov(P(|Ti − tℓ| ≤ h |Xi), Xi

)∣∣ = O(r3,n).

If r1,nr3,n/r2,n = o
(√

nh
log9(Lp)

)
, then maxℓ=1,...,L∥γtℓ∥1 = o

(√
nh

log9(Lp)

)
.

Proof of Lemma 69. Let Σℓ = E[1(Ti ∈ Iℓ)(Xi − E[Xi])(Xi − E[Xi])
⊺] and denote

by σij,ℓ the ijth element of Σℓ. Further, let (Σ
−1
ℓ )(j) the jth column (or row) of Σ−1

ℓ .
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Then

∥Σ−1
ℓ ∥1 = max

j=1,...,p
∥(Σ−1

ℓ )(j)∥1.

In order to bound the ℓ1-norm of (Σ−1
ℓ )(j), we can assume without loss of generality

that j = 1. Now, partition Σℓ as follows

Σℓ =

(
σ11,ℓ b⊺

b C

)

where b = (σ21,ℓ, σ31,ℓ, . . . , σp1,ℓ)
⊺ and C = (σij,ℓ)i,j=2,...,p. The inverse of Σℓ can now

be written as

Σ−1
ℓ =

(
(σ11,ℓ − b⊺C−1b)−1 −(σ11,ℓ − b⊺C−1b)−1b⊺C−1

−(σ11,ℓ − b⊺C−1b)−1C−1b (C − bσ−1
11,ℓb

⊺)−1

)
.

Note that β(1,ℓ) = C−1b and η21,ℓ = σ11,ℓ− b⊺C−1b. Hence, (Σ−1
ℓ )(1) = (1,−β(1,ℓ))⊺η−2

1,ℓ

and therefore

∥Σ−1
ℓ ∥1 = max

j=1,...,p
(1 + ∥β(j,ℓ)∥1)η−2

j,ℓ

which is of order r1,n/r2,n uniformly in ℓ. Next, by the law of iterated expectations,

E[1(Ti ∈ Iℓ)(Xij − E[Xij])] = Cov
(
P(Ti ∈ Iℓ |Xi), Xi

)
and thus

max
ℓ=1,...,L

|E[1(Ti ∈ Iℓ)(Xij − E[Xij])]∥1 = O(r3,n).

Now,

max
ℓ=1,...,L

∥γtℓ∥1 = max
ℓ=1,...,L

∥Σ−1
ℓ E[1(Ti ∈ Iℓ)(Xij − E[Xij])]∥1

≤ max
ℓ=1,...,L

∥Σ−1
ℓ ∥1 max

ℓ=1,...,L
∥E[1(Ti ∈ Iℓ)(Xij − E[Xij])]∥1 = O(r1,nr3,n/r2,n)

and the claim follows.
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3.D.2 On Prediction Properties of γ̂ℓ,µ

We begin by showing that Lasso does not overfit under essentially no assumptions

on the design.

Lemma 70. Let Y ∈ Rn, Y ̸= 0 and X ∈ Rn×p. Then, no solution β̂ of

argmin
b∈Rp

1

n
∥Y −Xb∥22 + λ∥b∥1

satisfies Xβ̂ = Y as long as λ > 0.

Proof. If Y is not in the span of X, the claim is obvious. Thus, suppose that Y

is contained in the span of X. We prove the claim by contradiction. So suppose

that λ > 0 and that there exists a solution β̂ satisfying Xβ̂ = Y . It is sufficient

to construct a vector β ∈ Rp which leads to a strictly smaller value of the criterion

function than β̂. For this purpose, note that, as Y ̸= 0, there exists some j = 1, . . . , p

such that β̂j ̸= 0 and the column X(j) of X is not the zero vector. Further, let

ε =
1

2
min

{ √
nλ

∥X(j)∥2
,
|β̂j|√
λ

}
and h ∈ Rp such that hk = 0 for all k ̸= j and hj = − sgn(β̂j)

√
λε. Set β = β̂ + h.

Then the value of the criterion function evaluated at β is given by

1

n
∥Y −Xβ∥22 + λ∥β∥1 =

1

n
∥Y −Xβ̂ −Xh∥22 + λ∥β̂ + h∥1

=
1

n
∥Xh∥22 + λ∥β̂ + h∥1

=
1

n
∥X(j)∥22λε2 + λ∥β̂ + h∥1

=
1

n
∥X(j)∥22λε2 + λ

(
∥β̂∥1 −

√
λε
)

where we have used in the last equality that ∥β∥1 = ∥β̂∥1 −
√
λε as ε < |β̂j|/

√
λ.

Thus, β leads to a strictly smaller value of the criterion function than β̂ iff

1

n
∥X(j)∥22λε2 − λ3/2ε < 0

which is satisfied since ε <
√
nλ/∥X(j)∥2. Hence, β̂ cannot be a solution to the

Lasso problem.
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The remainder of this section is devoted to results on the prediction error of

γ̂tℓ . In particular, we are only interested in the so-called ”slow rates” for prediction.

These have the advantage that they do not rely on restrictive conditions on the

design such as restricted eigenvalue or compatibility conditions. These slow rates

for γ̂ℓ,µ can be derived by the same arguments as for the usual Lasso. We only have

to take a closer look at the stochastic properties of the corresponding ”effective noise

term”.

Lemma 71. On the event

T :=

{
max
j=1,...,p

∣∣∣∣ 1nh
n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γtℓ)Ẋij

∣∣∣∣ ≤ µ0

}
(3.44)

it holds for all µ ≥ 2µ0

1

nh

n∑
i=1

1(Ti ∈ Iℓ)
{
Ẋ⊺
i (γ̂tℓ − γtℓ)

}2 ≤ 3

2
µ∥γtℓ∥1.

The proof of this statement follows along the same lines as the corresponding

statement for the Lasso and is omitted for brevity. For a text book treatment, see

Bühlmann and van de Geer (2011) section 6.

Regarding the probability of the event T :

Lemma 72. Suppose that Assumptions 16 and 18 hold. Then, we have

max
ℓ=1,...,L

max
j=1,...,p

∣∣∣∣ 2nh
n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γtℓ)Ẋij

∣∣∣∣ = Op

(√
logLp

nh

)
.

Proof. For ℓ = 1, . . . , L, j = 1, . . . , p, we have

2√
nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γtℓ)Ẋij

=
2√
nh

n∑
i=1

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}(Xij − E[Xij]) (3.45)

+
2√
nh

n∑
i=1

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}(E[Xij]− X̄j) (3.46)

+
2√
nh

n∑
i=1

1(Ti ∈ Iℓ)(Xij − E[Xij])(X̄ − E[Xi])
⊺γtℓ (3.47)
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+
2√
nh

n∑
i=1

1(Ti ∈ Iℓ)(X̄ − E[Xij])(X̄ − E[Xi])
⊺γtℓ . (3.48)

Note that (3.45) is a sum of independent bounded and mean zero random variables

with bound

|Zij| :=
2√
nh

|1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}(Xij − E[Xij])|

≤ 2√
nh

(1 + max
ℓ

∥γtℓ∥1) = o

(
1√

logLp

)
and variance

Var(Zij) ≤
4

nh
E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])

⊺γtℓ}2]

≤ 4

nh
E[1(Ti ∈ Iℓ)] = O

(
1

n

)
where we have used that fT is bounded from above. Hence, Lemma 59(i) implies

max
ℓ,j

∣∣∣∣ 2√
nh

n∑
i=1

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}(Xij − E[Xij])

∣∣∣∣ = Op(
√

logLp).

For (3.46), we have∣∣∣∣ 2√
nh

n∑
i=1

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}(E[Xij]− X̄j)

∣∣∣∣
≤
∣∣∣∣ 2√
nh

n∑
i=1

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}

∣∣∣∣︸ ︷︷ ︸
=Op(

√
nh)

∥∥X̄ − E[Xi]
∥∥
∞︸ ︷︷ ︸

=Op(
√

log p/n)

= op
(√

logLp
)
.

For (3.47), we have∣∣∣∣ 2√
nh

n∑
i=1

1(Ti ∈ Iℓ)(Xij − E[Xij])(X̄ − E[Xi])
⊺γtℓ

∣∣∣∣
≤max

ℓ

2√
nh

n∑
i=1

1(Ti ∈ Iℓ)︸ ︷︷ ︸
=Op(

√
nh)

max
ℓ

|(X̄ − E[Xi])
⊺γtℓ |

=Op

(√
h logLp

)
= op

(√
logLp

)
.



270 HD PLM

Here, we have used that

1√
n

n∑
i=1

(Xi − E[Xi])
⊺γtℓ

is a sum of independent, bounded and mean zero random variables with bound

1√
n
|(Xi − E[Xi])

⊺γtℓ| ≤
1√
n
max
ℓ

∥γtℓ∥1 = o

(
1√

log(Lp)

)
and variance (see Lemma 67)

Var((Xi − E[Xi])
⊺γtℓ) = O(1)

Hence, Lemma 59(i) implies that

max
ℓ,j

|(X̄ − E[Xi])
⊺γtℓ | = Op

(√
logLp

n

)
. (3.49)

For (3.48), we have analogously

max
ℓ,j

∣∣∣∣ 2√
nh

n∑
i=1

1(Ti ∈ Iℓ)(X̄ − E[Xij])(X̄ − E[Xi])
⊺γtℓ

∣∣∣∣
≤max

ℓ

2√
nh

n∑
i=1

1(Ti ∈ Iℓ)︸ ︷︷ ︸
=Op(

√
nh)

∥X̄ − E[Xi]∥2∞︸ ︷︷ ︸
=Op(log p/n)

max
ℓ

∥γtℓ∥1 = op
(√

logLp
)
.

The claim follows.

Lemma (71) and (72) imply:

Corollary 13. Under Assumptions 16 - 18, we have

max
ℓ=1,...,L

1

nh

n∑
i=1

1(Ti ∈ Iℓ)
{
Ẋ⊺
i (γ̂tℓ − γtℓ)

}2
= Op

(√
logLp

nh
max
ℓ=1,...,L

∥γtℓ∥1
)
.

The next result shows that the prediction error of γ̂tℓ also converges in expecta-

tion to zero for µ chosen as a sufficiently large multiple of
√

logLp
nh

.
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Lemma 73. Suppose that Assumptions 16 - 18 hold. Then

E

[
1

n

n∑
i=1

1(Ti ∈ Iℓ)(Ẋ⊺
i (γ̂tℓ − γtℓ))

2

]
→ 0

and

E[(Ẋ⊺
i (γ̂tℓ − γtℓ))

2 |Ti ∈ Iℓ] → 0.

Proof. The basic inequality for the Lasso, i.e.,

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(X⊺
i (γ̂tℓ − γtℓ))

2 + µ∥γ̂tℓ∥1

≤ 2

n

n∑
i=1

(1−X⊺
i γtℓ)X

⊺
i (γ̂tℓ − γtℓ) + λ∥γtℓ∥1

implies together with Hölder’s inequality

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(X⊺
i (γ̂tℓ − γtℓ))

2 + µ∥γ̂tℓ∥1 ≤Mn∥γ̂tℓ − γtℓ∥1 + µ∥γtℓ∥1

≤Mn∥γ̂tℓ∥1 + (Mn + µ)∥γtℓ∥1

where

Mn =

∥∥∥∥ 2n
n∑
i=1

(1−X⊺
i γtℓ)X

⊺
i

∥∥∥∥
∞
.

On the event {Mn ≤ µ}, this implies

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(X⊺
i (γ̂tℓ − γtℓ))

2 ≤(Mn − µ)∥γ̂tℓ∥1 + (Mn + µ)∥γtℓ∥1

≤2µ∥γtℓ∥

and therefore

E

[
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(X⊺
i (γ̂tℓ − γtℓ))

2
1(Mn ≤ µ)

]
≤ 2µ∥γtℓ∥1.

On the alternative {Mn > µ}, we have by definition of the Lasso and feasibility of
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the zero vector

µ∥γ̂tℓ∥1 ≤
1

nh

n∑
i=1

1(Ti ∈ Iℓ).

This implies together with our basic inequality above

E

[
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(X⊺
i (γ̂tℓ − γtℓ))

2
1(Mn ≤ µ)

]
≤
E[Mn

1
nh

∑n
i=1 1(Ti ∈ Iℓ)1(Mn > µ)]

µ
+ (E[Mn] + µ)∥γtℓ∥1.

By choosing the constant in µ in Assumption 18 sufficiently large, the second part

on the right-hand side is of the same order as µ∥γtℓ∥1 and therefore converges to

zero. Further, we can bound the first part using the Cauchy-Schwarz inequality

E[Mn
1
nh

∑n
i=1 1(Ti ∈ Iℓ)1(Mn > µ)]

µ

≤

√
E[M2

n/µ
21(Mn > µ)] Var( 1√

nh

∑n
i=1 1(Ti ∈ Iℓ))

nh

+ E[Mn/µ1(Mn > µ)]
P(Ti ∈ Iℓ)

h

By the arguments in the proof of Lemma 72, Mn (or actually its upper bound which

also maximizes over the locations ℓ) is sub-Gaussian and satisfies for all t > 0

P(Mn − E[Mn] > t) ≤ C exp(−Cnht2)

for some suitably chosen constants C. In particular, also

P

(
Mn − E[Mn]

E[Mn]
> t

)
≤ C exp(−CnhE[Mn]

2t2) for all t > 0.

Since E[Mn] = O(
√

logLp
nh

) and µ is a sufficiently large multiple of E[Mn], we have

P(Mn > µ) → 0. Moreover, by the sub-Gaussian concentration inequality, one

can show using analogous arguments as in the proof of Corollary 3.2 in Ledoux

and Talagrand (2013) that E[((Mn−E[Mn])/E[Mn])
2] is bounded by some constant

which is independent of ℓ and p. Hence, by the bounded convergence theorem

E[Mn/µ1(Mn > µ)] and E[(Mn/µ)
2
1(Mn > µ)] both converge to zero which proves
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the claim.

3.E Technical Results on the Orthogonalized NWE

Lemma 74. Let Assumption 16 hold. Then, for any g ∈ H(η,M) with η ∈ (2, 3]

and any ℓ such that tℓ ∈ [h, 1− h], it holds

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)]

=2fT (tℓ)(1−mX(tℓ)
⊺γtℓ) +

h2

3

∂2fT (tℓ)(1−mX(tℓ)
⊺γtℓ)

∂t2
+ o(h2) (3.50)

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)(Ti − tℓ)]

=
2

3
h2
∂fT (tℓ)(1−mX(tℓ)

⊺γtℓ)

∂t
+ o(h2) (3.51)

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)(Ti − tℓ)
2]

=
2

3
h2fT (tℓ)(1−mX(tℓ)

⊺γtℓ) + o(h2) (3.52)

Proof. Regarding (3.50), by Fubini’s theorem

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)]

=

∫
1

h

∫
1(t ∈ Iℓ)fT |X(t, x)dt(1− x⊺γtℓ)fX(x)dx.

For the inner integral, standard arguments imply the existence of some intermediate

values τ(v) between tℓ and tℓ + hv so that

1

h

∫
1(t ∈ Iℓ)fT |X(t, x)dt =2fT |X(tℓ, x) +

h2

2
f ′′
T |X(tℓ, x)

∫ 1

−1

v2dv +Rℓ(x),

where Rℓ is given by

Rℓ(x) =
h2

2

∫ 1

−1

{f ′′
T |X(τ, x)− f ′′

T |X(tℓ, x)}v2dv.

Since fT |X(·, x) ∈ H(ηX ,MX) uniformly over x for some ηX ∈ (2, 3], we can bound
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Rℓ by

|Rℓ(x)| ≤
MXh

ηX

2

∫ 1

−1

|v|ηXdv =
MXh

ηX

ηX + 1
.

Thus,

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)]

=2

∫
(1− x⊺γtℓ)fT |X(tℓ, x)fX(x)dx+

h2

3

∫
f ′′
T |X(tℓ, x)(1− x⊺γtℓ)fX(x)dx

+

∫
Rℓ(x)(1− x⊺γtℓ)fX(x)dx.

For the first term on the right-hand side, it holds∫
(1− x⊺γtℓ)fT |X(tℓ, x)fX(x)dx

=fT (tℓ) E[(1−X⊺
i γtℓ) |Ti = tℓ] = fT (tℓ)(1−mX(tℓ)

⊺γtℓ)

and for the last term∣∣∣∣∫ Rℓ(x)(1− x⊺γtℓ)fX(x)dx

∣∣∣∣ ≤MXh
ηX

ηX + 1
E[|1−X⊺

i γtℓ |] = o(h2),

where the last bound follows from Lemma 68. The integral in the second term can

be rewritten as∫
f ′′
T |X(tℓ, x)(1− x⊺γtℓ)fX(x)dx =

∂2

∂t2

∫
fT |X(t, x)(1− x⊺γtℓ)fX(x)dx

∣∣∣∣
t=tℓ

=
∂2fT (tℓ)(1−mX(tℓ)

⊺γtℓ)

∂t2

where we can take out the derivative by Leibniz’ rule. Hence (3.50) follows.

The other two results follow similarly. In particular, we have for (3.51)

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)(Ti − tℓ)]

=

∫
1

h

∫
1(t ∈ Iℓ)(t− tℓ)fT |X(t, x)dt(1− x⊺γtℓ)fX(x)dx.
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The inner integral satisfies

1

h

∫
1(t ∈ Iℓ)(t− tℓ)fT |X(t, x)dt =h

2f ′
T |X(tℓ, x)

∫ 1

−1

v2dv +Rℓ,2(x),

where

Rℓ,2(x) = h2
∫

{f ′
T |X(τ2(v), x)− f ′

T |X(tℓ, x)}v2dv

for some intermediate value τ2(v) between tℓ and tℓ + hv. By similar arguments as

in the first part of the proof, one can show that |Rℓ,2(x)| ≤ Ch3 uniformly over x.

Hence, we have for the whole expression

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)(Ti − tℓ)]

=
2

3
h2
∫
f ′
T |X(tℓ, x)(1− x⊺γtℓ)fX(x)dx+ o(h2),

where the bound on the remainder term follows as in the first part of the proof. The

integral on the right-hand side can be written as∫
f ′
T |X(tℓ, x)(1− x⊺γtℓ)fX(x)dx =

∂

∂t

∫
(1− x⊺γtℓ)fT |X(t, x)fX(x)dx

∣∣∣∣
t=tℓ

=
∂

∂t
fT (t)(1−mX(t)

⊺γtℓ)
∣∣
t=tℓ

=f ′
T (tℓ)(1−mX(tℓ)

⊺γtℓ) + fT (tℓ)m
′
X(tℓ)

⊺γtℓ

where we can take out the derivative since the integrand is continuous with contin-

uous partial derivative with respect to t. This proves (3.51).

Finally, for (3.52), we repeat the above argument:

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)(Ti − tℓ)
2]

=

∫
1

h

∫
1(Ti ∈ Iℓ)(t− tℓ)

2fT |X(t, x)dt(1− x⊺γtℓ)fX(x)dx

and the inner integral satisfies

1

h

∫
1(Ti ∈ Iℓ)(t− tℓ)

2fT |X(t, x)dt =h
2fT |X(tℓ, x)

∫ 1

−1

v2dv +Rℓ,3(x)
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where Rℓ,3(x) satisfies |Rℓ,3(x)| ≤ Ch3 uniformly over x for some constant C. Plug-

ging this into the above expression yields

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)(Ti − tℓ)
2]

=
2

3
h2
∫

(1− x⊺γtℓ)fT |X(tℓ, x)fX(x)dx+ o(h2),

where the remainder term can be dealt with by the same arguments as for the other

two expressions. The leading integral can be written as∫
(1− x⊺γtℓ)fT |X(tℓ, x)fX(x)dx

=fT (tℓ) E[(1−X⊺
i γtℓ) |Ti = tℓ] = fT (tℓ)(1−mX(tℓ)

⊺γtℓ)

which proves (3.52).

Lemma 75. Under the same assumptions as in Theorem 17, it holds∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋi

⊺
γ̂tℓ)(Ti − tℓ)∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)

=h2
1

3

∂fT (tℓ)(1−mX(tℓ)
⊺γtℓ )

∂t

fT (tℓ)(1−mX(tℓ)⊺γtℓ)
+ op

(
1√
nh

+ h2
)
.

Proof. It is sufficient to only consider the numerator. The denominator is asymp-

totically bounded away from zero by Lemma 77 and Assumption 18. Decompose

the numerator as follows

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)(Ti − tℓ)

=
1

h
E[1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)(Ti − tℓ)]

+
1

nh

n∑
i=1

{1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)(Ti − tℓ)− E[1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)(Ti − tℓ)]}

+
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(Ti − tℓ)X̄
⊺
nγtℓ

+
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(Ti − tℓ)Ẋi
⊺
(γtℓ − γ̂tℓ).
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The first term satisfies by Lemma 74

1

h
E[1(Ti ∈ Iℓ)(1−X⊺

i γtℓ)(Ti − tℓ)] =
2

3
h2
∂fT (tℓ)(1−mX(tℓ)

⊺γtℓ)

∂t
+ o(h2).

The second term is of smaller order than (nh)−1/2 by a variance bound, and the

third term is of smaller order by Lemma 59 and as X̄⊺
nγtℓ = op(1).

It remains to bound the fourth term. Here, we have to be careful as the sum-

mands are not independent. Luckily, γ̂tℓ does only depend on X = (X1, . . . , Xn)

and 1ℓ = (1(T1 ∈ Iℓ), . . . ,1(Tn ∈ Iℓ)), while the Ti are still independent across i

conditionally on X and 1ℓ. Thus, center the fourth term

Sn =
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(Ti − tℓ)Ẋi
⊺
(γtℓ − γ̂tℓ)

=
1

nh

n∑
i=1

1(Ti ∈ Iℓ){(Ti − tℓ)− E[(Ti − tℓ) |X,1ℓ]}Ẋi
⊺
(γtℓ − γ̂tℓ)

+
1

nh

n∑
i=1

1(Ti ∈ Iℓ) E[(Ti − tℓ) |X,1ℓ]Ẋi
⊺
(γtℓ − γ̂tℓ).

The centered sum on the right-hand side satisfies

Var(Sn |X,1ℓ) =
1

(nh)2

n∑
i=1

1(Ti ∈ Iℓ)Var((Ti − tℓ) |X,1ℓ)(Ẋ⊺
i (γ̂tℓ − γtℓ))

2

≤ 1

n2

n∑
i=1

1(Ti ∈ Iℓ)(Ẋ⊺
i (γ̂tℓ − γtℓ))

2,

where we have used that Var((Ti − tℓ) |X,1ℓ) ≤ E[(Ti − tℓ)
2 |X,1ℓ] ≤ Ch2. Thus,

the expectation of the conditional variance of the centered sum Sn can be bounded

by

E[Var(Sn |X,1ℓ)] =
h

n
E

[
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(Ẋ⊺
i (γ̂tℓ − γtℓ))

2

]
= o

(
1

nh

)
.

This implies by the Chebychev inequality on the conditional distribution and the law

of iterated expectations that
√
nhSn = op(1) unconditionally. Next, we deal with

the conditional mean of Sn. By independence of our data and standard arguments

1

h
E[(Ti − tℓ) |X,1ℓ] =

2

3
h2f ′

T |X(tℓ, Xi) +R(Xi)
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where the remainder R satisfies ∥R∥∞ ≤ ChηX = o(h2). Hence,

|E[Sn |X,1ℓ]| ≤h3
∣∣∣∣ 1nh

n∑
i=1

1(Ti ∈ Iℓ)
(
2/3f ′

T |X(tℓ, Xi) +R(Xi)
)
Ẋi

⊺
(γtℓ − γ̂tℓ)

∣∣∣∣
≤h3

√√√√ 1

nh

n∑
i=1

1(Ti ∈ Iℓ)
(
2/3f ′

T |X(tℓ, Xi) +R(Xi)
)2

×

√√√√ 1

nh

n∑
i=1

1(Ti ∈ Iℓ)(Ẋi
⊺
(γtℓ − γ̂tℓ))

2

where the second inequality follows by the Cauchy-Schwarz inequality. This implies

for the unconditional mean by a further application of Cauchy-Schwarz

|E[Sn]| ≤h3
√√√√E

[
1

nh

n∑
i=1

1(Ti ∈ Iℓ)
(
2/3f ′

T |X(tℓ, Xi) +R(Xi)
)2]

︸ ︷︷ ︸
=O(1)

×

√√√√E

[
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(Ẋi
⊺
(γtℓ − γ̂tℓ))

2

]
︸ ︷︷ ︸

=o(1)

and therefore
√
nhE[Sn] = op(1). The claim follows.

Lemma 76. Suppose the Assumptions in Theorem 17 hold. Then

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)εi

=
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)εi + op

(
1√
nh

+ h2
)
.

Proof. We can decompose

1√
nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋi
⊺
γ̂tℓ)εi =

1√
nh

n∑
i=1

1(Ti ∈ Iℓ)(1−X⊺
i γtℓ)εi

+
1√
nh

n∑
i=1

1(Ti ∈ Iℓ)Ẋ⊺
i (γtℓ − γ̂tℓ)εi (3.53)
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+
1√
nh

n∑
i=1

1(Ti ∈ Iℓ)εi
(
X̄ − E[Xi]

)⊺
γtℓ

(3.54)

First, consider (3.53). Denote by A the event

A =

{
max
ℓ=1,...,L

1

nh

n∑
i=1

1(Ti ∈ Iℓ)
{
Ẋ⊺
i (γ̂tℓ − γtℓ)

}2 ≤ 3

2
µ max
ℓ=1,...,L

∥γtℓ∥1
}
.

On A, we have by conditional sub-Gaussianity of εi for any t > 0

P

(∣∣∣∣ 1√
nh

n∑
i=1

1(Ti ∈ Iℓ)Ẋ⊺
i (γ̂tℓ − γtℓ)εi

∣∣∣∣ ≥ t

∣∣∣∣T,X)
≤2 exp

(
− t2

K2
ε
3
2
µmaxℓ=1∥γtℓ∥1

)
.

The probability of the complement of A is well-behaved by Lemma 72 and hence by

a union bound and the law of iterated expectations

max
ℓ=1,...,L

1√
nh

n∑
i=1

1(Ti ∈ Iℓ)Ẋ⊺
i (γtℓ − γ̂tℓ)εi = op

(
1

logLp

)
.

For (3.54), it follows by Lemma 59

max
ℓ=1,...,L

∣∣∣∣ 1√
nh

n∑
i=1

1(Ti ∈ Iℓ)εi
∣∣∣∣ = Op(

√
logL).

Furthermore, by (3.49), we have

max
ℓ=1,...,L

|
(
X̄ − E[Xi]

)⊺
γtℓ | = Op

(√
logLp

n

)
.

Hence, (3.54) satisfies

max
ℓ=1,...,L

∣∣∣∣ 1√
nhσℓ

n∑
i=1

1(Ti ∈ Iℓ)εi
(
X̄ − E[Xi]

)⊺
γtℓ

∣∣∣∣ = Op

(
logLp√

n

)
= op

(
1

logLp

)
.

This proves the claimed result.
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3.F Technical Results on the Asymptotic Vari-

ance Estimator

In this section, we will show that our estimator of the asymptotic variance of

the orthogonalized Nadaraya-Watson estimator is consistent as we capture in the

following proposition.

Proposition 1. Suppose that Assumptions 16 - 18 hold. Then

max
ℓ=1,...,L

|σ̂n,ℓ − σn,ℓ|
σn,ℓ

= op(1).

Before proving this result, we need some further technical results.

Lemma 77. Suppose that Assumptions 16 and 18 hold. Then

max
ℓ=1,...,L

∣∣∣∣ 1nh
n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)

− E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}]/h

∣∣∣∣ = Op(ρn),

where

ρn =

√√
logLp

nh
max
ℓ=1,...,L

∥γtℓ∥1.

Further, it holds that

max
ℓ=1,...,L

∣∣∣∣ 1n∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)− E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}]

E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])⊺γtℓ)]

∣∣∣∣
=op

(
1

log2 Lp

)
.

Proof. Decompose

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ) =

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− (Xi − E[Xi])
⊺γtℓ)

+
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(X̄n − E[Xi])
⊺γtℓ
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+
1

nh

n∑
i=1

1(Ti ∈ Iℓ)Ẋ⊺
i (γ̂tℓ − γtℓ).

By the same arguments as in the proof of Lemma 72, we have for the first term on

the right-hand side

max
ℓ=1,...,L

∣∣∣∣ 1nh
n∑
i=1

1(Ti ∈ Iℓ)(1− (Xi − E[Xi])
⊺γtℓ)

− E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}]/h

∣∣∣∣ = Op

(√
logLp

nh

)
for the second term

1

nh

n∑
i=1

1(Ti ∈ Iℓ)︸ ︷︷ ︸
=Op(1)

(X̄n − E[Xi])
⊺γtℓ︸ ︷︷ ︸

=Op

(√
log p
n

) = Op

(√
log p

n
max
ℓ

∥γtℓ∥1
)

and for the third by the Cauchy-Schwarz inequality∣∣∣∣ 1nh
n∑
i=1

1(Ti ∈ Iℓ)Ẋ⊺
i (γ̂tℓ − γtℓ)

∣∣∣∣2
≤ 1

nh

n∑
i=1

1(Ti ∈ Iℓ)︸ ︷︷ ︸
=Op(1)

1

nh

n∑
i=1

1(Ti ∈ Iℓ)Ẋ⊺
i (γ̂tℓ − γtℓ)

2

︸ ︷︷ ︸
=Op(µmaxℓ∥γtℓ∥1)

=Op

(
µ max
ℓ=1,...,L

∥γtℓ∥1
)
.

This proves the first part of the claim. The second part follows by noting that by

Lemma 66 and 67

1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)] =
1

h
E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])

⊺γtℓ)
2] ≥ 2c

which is bounded away from zero uniformly over ℓ and p. Finally, by the growth

conditions on µ and ∥γtℓ∥1, the claimed rate follows.

Lemma 78. Suppose that Assumptions 16 and 18 hold. Then

max
ℓ=1,...,L

∣∣∣∣ 1nh
n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)

2 − E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}2]/h

∣∣∣∣
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=Op(ρn),

where

ρn =

√√
logLp

nh
max
ℓ=1,...,L

∥γtℓ∥1.

Proof. We have

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂ℓ,µ)

2 (3.55)

=
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γtℓ)

2

+
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(Ẋ⊺
i {γtℓ − γ̂ℓ,µ})2

+
2

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γtℓ)(Ẋ

⊺
i {γtℓ − γ̂ℓ,µ}). (3.56)

By Corollary 13, the second term on the right-hand side satisfies,

max
ℓ=1,...,L

1

nh

n∑
i=1

1(Ti ∈ Iℓ)
{
Ẋ⊺
i (γ̂tℓ − γtℓ)

}2
= Op

(√
logLp

nh
max
ℓ=1,...,L

∥γtℓ∥1
)

and regarding the first term, we further split

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γtℓ)

2

=
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− {Xi − E[Xi]}⊺γtℓ)2 (3.57)

+
1

nh

n∑
i=1

1(Ti ∈ Iℓ)({X̄ − E[Xi]}⊺γtℓ)2 (3.58)

+
2

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− {Xi − E[Xi]}⊺γtℓ){X̄ − E[Xi]}⊺γtℓ . (3.59)



3.F Technical Results on the Asymptotic Variance Estimator 283

Demean (3.57)

1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− {Xi − E[Xi]}⊺γtℓ)2

=E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}2]/h

+
1

nh

n∑
i=1

{
1(Ti ∈ Iℓ)(1− {Xi − E[Xi]}⊺γtℓ)2

− E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}2]

}
.

The second term is a sum of independent, bounded, mean zero random variables

Zi,ℓ given by

Zi,ℓ =
1

nh

{
1(Ti ∈ Iℓ)(1− {Xi − E[Xi]}⊺γtℓ)2

− E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}2]

}
with bound

|Zi,ℓ| = O

(
1

nh
max
ℓ

∥γtℓ∥21
)

and variance

Var(Zi,ℓ) ≤E[1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}2]/h

1

n2h
max
ℓ

∥γtℓ∥21

=O

(
1

n2h
max
ℓ

∥γtℓ∥21
)
.

Hence, by Bernstein’s inequality and a union bound

max
ℓ=1,...,L

∣∣∣∣ n∑
i=1

Zi,ℓ

∣∣∣∣ = Op

(
logL

nh
max
ℓ

∥γtℓ∥21
)
.

For (3.58) and (3.59), by the same arguments as in the proof of Lemma 72

max
ℓ=1,...,L

1

nh

n∑
i=1

1(Ti ∈ Iℓ)︸ ︷︷ ︸
=Op(1)

({X̄ − E[Xi]}⊺γtℓ)2︸ ︷︷ ︸
=Op(log(Lp)/n)

= op(ρn)



284 HD PLM

max
ℓ=1,...,L

2

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− {Xi − E[Xi]}⊺γtℓ)︸ ︷︷ ︸
=Op(1)

{X̄ − E[Xi]}⊺γtℓ︸ ︷︷ ︸
=Op(

√
logLp/n)

= op(ρn).

Finally, (3.56) satisfies

max
ℓ

∣∣∣∣ 2nh
n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γtℓ)(Ẋ

⊺
i {γtℓ − γ̂ℓ,µ})

∣∣∣∣ = Op

(√√
logLp

nh
max
ℓ

∥γtℓ∥1
)

by the Cauchy-Schwarz inequality. The assertion follows.

Lemma 79. Suppose that Assumptions 16 - 18 hold. Then

σ̂2 = σ2 +Op

(√(
s
log p

n

)
∨
(

1

ng
+ g4

))
.

Proof. Decompose

1

n

n∑
i=1

(Ỹi − X̃⊺
i β̂λ)

2 =σ2

+
1

n

n∑
i=1

ε2i − σ2 (3.60)

+
1

n

n∑
i=1

(m̂∗
k(Ti)−m(Ti))

2 (3.61)

+
1

n

n∑
i=1

{
X̃⊺
i (β̂λ − β0)

}2
(3.62)

− 2

n

n∑
i=1

(m̂∗
k −m(Ti))

{
X̃⊺
i (β̂λ − β0)

}
(3.63)

− 2

n

n∑
i=1

(m̂∗
k(Ti)−m(Ti))εi (3.64)

− 2

n

n∑
i=1

{
X̃⊺
i (β̂λ − β0)

}
εi, (3.65)

where m̂∗
k(Ti) denotes the infeasible Nadaraya-Watson estimator

m̂∗
k(t) =

∑n
i=1 kg(Ti − t)(m(Ti) + εi)∑n

i=1 kg(Ti + t)
.
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By the CLT, (3.60) satisfies

1

n

n∑
i=1

ε2i − σ2 = Op

(
1√
n

)
.

(3.61) satisfies

1

n

n∑
i=1

(m̂∗
k(Ti)−m(Ti))

2 = Op

(
1

ng
+ g4

)

by the usual kernel regression arguments.

(3.62) satisfies

1

n

n∑
i=1

{
X̃⊺
i (β̂λ − β0)

}2
= Op

(
s
log p

n

)

by Theorem 16.

(3.63) is of smaller order than the maximum of (3.61) and (3.62) by the Cauchy-

Schwarz inequality.

Again, by the Cauchy-Schwarz inequality, (3.64) and (3.65) satisfy

2

n

n∑
i=1

(m̂∗
k(Ti)−m(Ti))εi = Op

(√
1

ng
+ g4

)
2

n

n∑
i=1

{
X̃⊺
i (β̂λ − β0)

}
εi = Op

(√
s
log p

n

)
.

The claim follows.

Proof of Propostion 1. We actually show the stronger result

max
ℓ=1,...,L

|σ̂n,ℓ − σn,ℓ|
σn,ℓ

= op

(
1

log3 Lp

)
,

which we need in our derivation of the uniform limiting distribution and the boot-

strap.

It holds by Lemma 79

σ̂2
n,ℓ =

1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)
2

( 1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ))
2
σ̂2
n
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=
1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)
2

( 1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ))
2
σ2(1 + op(1)),

and therefore it is sufficient to consider the fraction only. For the denominator, we

have by Lemmas 66, 77 and 74

max
ℓ=1,...,L

∣∣∣∣ 1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)− fT (tℓ)(1−mX(tℓ)
⊺γtℓ)

fT (tℓ)(1−mX(tℓ)⊺γtℓ)

∣∣∣∣ = op(1).

Thus, by a Delta method type argument

σ̂2
n,ℓ =

1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)
2

fT (tℓ)2(1−mX(tℓ)⊺γtℓ)
2

σ2(1 + op(1)).

For the numerator, we have by Lemmas 66, 78 and 74

max
ℓ=1,...,L

∣∣∣∣ 1
nh

∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)
2 − fT (tℓ)(1−mX(tℓ)

⊺γtℓ)

fT (tℓ)(1−mX(tℓ)⊺γtℓ)

∣∣∣∣ = op

(
1

log3 Lp

)
and therefore

σ̂2
n,ℓ =

σ2

fT (tℓ)2(1−mX(tℓ)⊺γtℓ)

(
1 + op

(
1

log3 Lp

))
=σ2

n,ℓ

(
1 + op

(
1

log3 Lp

))
uniformly with respect to ℓ. This implies on the one hand that asymptotically σ̂2

n,ℓ

is close to σ2
n,ℓ and bounded away from zero with probability converging to one. In

particular, the event {σ̂2
n,ℓ ≥ σ2

n,ℓ/2} has probability converging to one. The map

f(x) =
√
x restricted to [minℓ σ

2
n,ℓ,∞) is continuously differentiable with bounded

second derivative. Hence, by a Delta method type argument,

σ̂n,ℓ =σn,ℓ

(
1 + op

(
1

log3 Lp

))
and the claim follows.
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3.G Technical Results on the Test Statistic

3.G.1 Technical Results on the Asymptotic Distribution

Proof of Lemma 58: By Proposition 2.1 in Chernozhukov et al. (2017), it is sufficient

to show that there exists a constant b > 0 and a sequence Bn ≥ 1 such that

1

n

n∑
i=1

E[W 2
iℓ] ≥ b (3.66)

1

n

n∑
i=1

E[|Wiℓ|2+k] ≤ Bk
n (3.67)

for k = 1, 2 and

E[exp(|Wiℓ|/Bn)] ≤ 2 (3.68)

as well as

Bn = o

(√
n

log7(Ln)

)
. (3.69)

Take b = 1 and for some sufficiently large constant B

Bn = B
1 + maxℓ∥γtℓ∥1√

hminℓ σℓ
∨ 1,

then (3.66) holds with equality and Bn satisfies both Bn ≥ 1 and (3.69) by Assump-

tions 16 - 18. Furthermore, (3.67) follows since

E[|Wiℓ|2+k] ≤ C
(1 + ∥γtℓ∥1)k

(
√
hσℓ)k

E[1(Ti ∈ Iℓ)(1− (Xi − E[Xi])
⊺γtℓ)

2|εi|2+k]
hσ2

ℓ (fT (tℓ)(1−mX(tℓ)⊺γtℓ)
2+k)

≤ C
(1 + ∥γtℓ∥1)k

(
√
hσℓ)k

3(2 + k)

(
2 + k

2

)2+k/2

K2+k
ε ≤ Bk

n

where we have used that conditional sub-Gaussianity of the εi implies for all p ≥ 12

E[|εi|p |Ti, Xi] ≤ 3p

(
p

2

)p/2
Kp
ε (3.70)

2See Proposition 2.5.2 in Vershynin (2018).
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and finally

|Wiℓ| ≤
1 + ∥γtℓ∥1√

hσℓ
|εi| ≤

Bn

48(K4
ε ∨ 1)

|εi|

implying

E

[
exp

(
|Wiℓ|
Bn

)]
≤ E

[
exp

(
|εi|
C

)]
for C = 48(K4

ε∨1). By sub-Gaussianity of the εi (cf. Assumption 16), the right-hand

side can be bounded by

E

[
exp

(
|εi|
C

)
− 1

]
=

∫ ∞

0

1

C
exp

(
t

C

)
P(|εi| ≥ t)dt

≤
∫ ∞

0

2

C
exp

(
− t2

K2
ε

+
t

C

)
dt

=
2

C
exp

(
Kε

4C2

)∫ ∞

0

exp

(
−(t−Kε/(2C))

2

K2
ε

)
dt

≤ 2
√
πKε

C
exp

(
Kε

4C2

)
< 1

and hence, (3.68) is satisfied.

Lemma 80. Under Assumptions 16 - 18, it holds

max
ℓ=1,...,L

∣∣∣∣ 1√
n

n∑
i=1

∆i,ℓ

∣∣∣∣ = op

(
1

logLp

)
.

Proof. By the triangle inequality, we can bound

max
ℓ=1,...,L

∣∣∣∣ 1√
n

n∑
i=1

∆i,ℓ

∣∣∣∣ ≤ max
ℓ=1,...,L

|ŜX,ℓ| (3.71)

+ max
ℓ=1,...,L

|Ŝε,ℓ − Sε,ℓ|. (3.72)

As shown in the proof of Theorem 17, the approximation of the denominator con-

verges sufficiently fast to zero when measured by the relative error and hence it is

sufficient in the following to consider only the numerators.
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For (3.71), the KKT conditions of (3.4) imply uniformly over ℓ

max
1≤j≤p

∣∣∣∣ 2nh
n∑
i=1

1(Ti ∈ Iℓ)
(
1− Ẋ⊺

i γ̂ℓ
)
Ẋij

∣∣∣∣ = µ

with µ = O(
√

logLp/nh) by Assumption 18. Moreover, by Theorem 16, ∥β̂λ−β∥1 =
Op(s

√
log p/n). This implies the bound

|ŜX,ℓ| ≤ C
√
nh max

1≤j≤p

∣∣∣∣ 2nh
n∑
i=1

1(Ti ∈ Iℓ)
(
1− Ẋ⊺

i γ̂ℓ
)
Ẋij

∣∣∣∣∥β̂λ − β∥1 = Op

(
s logLp√

n

)
.

For (3.72), we can decompose Ŝε,ℓ into

Ŝε,ℓ =Sε,ℓ

+

√
nh

σ̂ℓ

∑n
i=1 1(Ti ∈ Iℓ)Ẋ⊺

i (γtℓ − γ̂tℓ)εi∑n
i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂ℓ)
(3.73)

+

√
nh

σ̂ℓ

∑n
i=1 1(Ti ∈ Iℓ)εi

(
X̄ − E[Xi]

)⊺
γtℓ∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂ℓ)

(3.74)

+

√
nh

σ̂ℓ

1

n

n∑
j=1

εj (3.75)

+

(
σℓ
σ̂ℓ

− 1

)
Sε,ℓ (3.76)

In order to deal with (3.73), let A denote the event

A =

{
max
ℓ=1,...,L

1

nh

n∑
i=1

1(Ti ∈ Iℓ)
{
Ẋ⊺
i (γ̂tℓ − γtℓ)

}2 ≤ 3

2
µ max
ℓ=1,...,L

∥γtℓ∥1
}
.

On A, we have by conditional sub-Gaussianity of εi for any t > 0

P

(∣∣∣∣ 1√
nhσℓ

n∑
i=1

1(Ti ∈ Iℓ)Ẋ⊺
i (γ̂tℓ − γtℓ)εi

∣∣∣∣ ≥ t

∣∣∣∣T,X)
≤2 exp

(
− σ2

ℓ t
2

K2
ε
3
2
µmaxℓ=1∥γtℓ∥1

)
.

The probability of the complement of A is well-behaved by Lemma 72 and hence by
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a union bound

max
ℓ=1,...,L

1√
nhσ̂ℓ

n∑
i=1

1(Ti ∈ Iℓ)Ẋ⊺
i (γtℓ − γ̂tℓ)εi = op

(
1

logLp

)
.

For (3.74), one can show that

max
ℓ=1,...,L

∣∣∣∣ 1√
nh

n∑
i=1

1(Ti ∈ Iℓ)εi
∣∣∣∣ = Op(

√
logL)

by using sub-Gaussianity of ε combined with a union bound. Furthermore, by (3.49),

we have

max
ℓ=1,...,L

|
(
X̄ − E[Xi]

)⊺
γtℓ | = Op

(√
logLp

n

)
.

Hence, (3.74) satisfies

max
ℓ=1,...,L

∣∣∣∣
√
nh

σ̂ℓ

∑n
i=1 1(Ti ∈ Iℓ)εi

(
X̄ − E[Xi]

)⊺
γtℓ∑n

i=1 1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂ℓ)

∣∣∣∣ = Op

(
logLp√

n

)
= op

(
1

logLp

)
.

(3.75) is of smaller order by the CLT and (3.76) is of smaller order by the bound

derived in the proof of Proposition 1.

3.G.2 Technical Results on the Bootstrap

Lemma 81. Under Assumptions 16 - 18, it holds

sup
q∈R

∣∣∣∣P∗
(

1√
n

n∑
i=1

(Wi −W )ei ≤ q

)
− P

(
1√
n

n∑
i=1

Zi ≤ q

)∣∣∣∣ = op(1).

Proof. Denote by Σ̂ the matrix with (ℓ, k)th element

Σ̂ℓ,k =
1

n

n∑
i=1

(Wiℓ −W ℓ)(Wik −W k),

Σ = E[WiW
⊺
i ] and let ∆n,r denote ∆n,r = maxℓ,k|Σ̂− Σ|.

Theorem 4.1 and Remark 4.1 in Chernozhukov et al. (2017) imply that, on the
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event ∆n,r ≤ ∆̄, where ∆̄ can be chosen freely,

sup
q∈R

∣∣∣∣P∗
(

1√
n

n∑
i=1

(Wi −W )ei ≤ q

)
− P

(
1√
n

n∑
i=1

Zi ≤ q

)∣∣∣∣ ≤ C∆̄1/3
n log2/3 2L.

In the following, we will show that

max
ℓ,k

|Σ̂ℓ,k − Σℓ,k| = op

(
1

log3 L

)
which is sufficient to prove the claim.

Decompose

Σ̂ℓ,k =
1

n

n∑
i=1

WiℓWik −W ℓW k

and therefore

max
ℓ,k

|Σ̂− Σ| ≤max
ℓ,k

∣∣∣∣ 1n
n∑
i=1

WiℓWik − E[WiℓWik]

∣∣∣∣+max
ℓ

|W ℓ|2 (3.77)

In order to increase readability, let wiℓ denote

wiℓ =
1

σℓ

1(Ti ∈ Iℓ){1− (Xi − E[Xi])
⊺γtℓ}

fT (tℓ)(1−mX(tℓ)⊺γtℓ)

Then we can write (3.77) as

max
ℓ,k

∣∣∣∣ 1nh
n∑
i=1

{
wiℓwikε

2
i − E[wiℓwikε

2
i ]
}∣∣∣∣.

By the triangle inequality,

max
ℓ,k

∣∣∣∣ 1nh
n∑
i=1

{
wiℓwikε

2
i − E[wiℓwikε

2
i ]
}∣∣∣∣ ≤max

ℓ,k

∣∣∣∣ 1nh
n∑
i=1

wiℓwik(ε
2
i − σ2)

∣∣∣∣ (3.78)

+ max
ℓ,k

∣∣∣∣ σ2

nh

n∑
i=1

{
wiℓwik − E[wiℓwik]

}∣∣∣∣
(3.79)

In order to deal with the first term on the right-hand side, we will use a Bernstein
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inequality for weighted sums of subexponentially distributed random variables as

given in Theorem 2.8.2 in Vershynin (2018) which we reproduce here for the conve-

nience of the reader.

Theorem 23. Let X1, . . . , Xn be independent, mean zero, sub-exponential random

variables, and a = (a1, . . . , an) ∈ Rn. Then, for every t ≥ 0, we have

P

(∣∣∣∣ n∑
i=1

aiXi

∣∣∣∣ ≥ t

)
≤ 2 exp

(
−cmin

{
t2

K2∥a∥22
,

t

K∥a∥∞

})

where K = maxi∥Xi∥ψ1.

Here, ∥X∥ψ1 denotes the smallest number such that E[exp(∥X∥/K)] ≤ 2. If no

such number exists, we set ∥X∥ψ1 = ∞.

We are going to apply Theorem 23 to the conditional distribution, P∗, condi-

tionally on {(Ti, Xi) : i = 1, . . . , n}. Therefore, ∥·∥ψ1 also is to be interpreted with

respect to the corresponding conditional expectation. Take Xi = (ε2i − σ2) and

ai =
log4 L
nh

wiℓwik for i = 1, . . . , n. Then, K = maxi∥ε2i − σ2∥ψ1 ≤ CK2
ε , by Assump-

tion 16, Exercise 2.7.10 in Vershynin (2018) and Lemma 2.7.6 in Vershynin (2018).

Furthermore,

∥a∥∞ = O

(
log4 L

nh
max
ℓ

∥γtℓ∥21
)

= o

(
1

logL

)
and

∥a∥22 = O

(
1

nh

n∑
i=1

1(Ti ∈ Iℓ)
(
1 + (Xi − E[Xi])

⊺γtℓ
)2 log8 L

nh
max
ℓ

∥γtℓ∥21
)
.

Denote by AK the event

AK =

{
max
ℓ

1

nh

n∑
i=1

1(Ti ∈ Iℓ)
(
1 + (Xi − E[Xi])

⊺γtℓ
)2 ≤ K

√
logL

}
,

for some constant K > 0. On AK , it holds

∥a∥22 ≤ C
log8.5 L

nh
max
ℓ

∥γtℓ∥21.



3.G Technical Results on the Test Statistic 293

Thus, by a union bound together with Theorem 23, we have on AK for any t > 0

P∗
(
max
ℓ,k

∣∣∣∣ 1nh
n∑
i=1

wiℓwik(ε
2
i − σ2)

∣∣∣∣ ≥ t

log3 L

)
→ 0 a.s.

This implies together with the law of iterated expectations and the dominated con-

vergence theorem

P

(
max
ℓ,k

∣∣∣∣ 1nh
n∑
i=1

wiℓwik(ε
2
i − σ2)

∣∣∣∣ ≥ t

log3 L
, AC

)
→ 0.

By the same arguments as in Lemma 78 in (3.57), we have that limn P(A
c
K) = 0

when K is chosen sufficiently large and therefore

max
ℓ,k

∣∣∣∣ 1nh
n∑
i=1

wiℓwik(ε
2
i − σ2)

∣∣∣∣ = op

(
1

log3 L

)
.

In order to bound (3.79), let

Ziℓk =
log4 L

nh
{wiℓwik − E[wiℓwik]}.

The Ziℓk have mean zero and are bounded by

|Ziℓk| ≤ C
log4 L

nhσℓσk

(
1 + max

ℓ
∥γtℓ∥1

)2
= O

(
log4 L

nh
max
ℓ

∥γtℓ∥21
)

which is sufficient for Lemma 59(ii) to be applicable. Their variances can be bounded

by

Var(Ziℓk)

≤C log8 L

nhσ2
ℓσ

2
k

E
[
1(Ti ∈ Iℓ)1(Ti ∈ Ik)

(
1− (Xi − E[Xi])

⊺γtℓ
)2(

1− (Xi − E[Xi])
⊺γk
)2]

≤C 1

nσ2
k

1

hσ2
ℓ

E
[
1(Ti ∈ Iℓ)

(
1− (Xi − E[Xi])

⊺γtℓ
)2]

︸ ︷︷ ︸
=O(1)

log8 L

nh

(
2max

ℓ
∥γtℓ∥21 + 2

)
︸ ︷︷ ︸

=o(log−1 Lp)
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which converges sufficiently fast to zero. Hence, by Lemma 12(ii),

max
ℓ,k

∣∣∣∣ σ2

nh

n∑
i=1

{
wiℓwik − E[wiℓwik]

}∣∣∣∣ = op

(
1

log3 L

)
,

and

max
ℓ,k

∣∣∣∣ 1n
n∑
i=1

WiℓWik − E[WiℓWik]

∣∣∣∣ = op

(
1

log3 L

)
.

For the second term on the right-hand side in (3.77), we have by conditional

sub-Gaussianity of εi

P
(√

n|W ℓ| ≥ t |T,X
)
≤ exp

(
− t2

K2
ε

1
nhσ2

ℓ

∑n
i=1 1(Ti ∈ Iℓ)(1− (Xi − E[Xi])⊺γtℓ)

2

)

By the same arguments as in the proof of Lemma 78, we have

max
ℓ=1,...,L

1

nhσ2
ℓ

n∑
i=1

1(Ti ∈ Iℓ)(1− (Xi − E[Xi])
⊺γtℓ)

2 = Op(
√

logL).

These statements imply maxℓ,k|W ℓ|2 = op(log
−3 L) and the claim follows.

Lemma 82. Under Assumptions 16 - 18, it holds

P∗
(

max
ℓ=1,...,2L

∣∣∣∣ 1√
n

n∑
i=1

(∆iℓ − ∆̄ℓ)ei

∣∣∣∣ > ϱn

)
= op(1)

with ϱn = 1/ logL.

Proof. Note that ε̂i = m(Ti)− m̂∗
k(Ti) + X̃⊺

i (β0 − β̂λ) + εi and decompose

1√
n

n∑
i=1

(∆iℓ − ∆̄ℓ)ei

=
1√

nhσ̂ℓaℓ

n∑
i=1

(
1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ){m(Ti)− m̂∗
k(Ti)}

− 1

n

n∑
j=1

1(Tj ∈ Iℓ)(1− Ẋ⊺
j γ̂tℓ){m(Tj)− m̂∗

k(Tj)}
)
ei (3.80)

+
1√

nhσ̂ℓaℓ

n∑
i=1

(
1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)X̃
⊺
i (β0 − β̂λ)
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− 1

n

n∑
j=1

1(Tj ∈ Iℓ)(1− Ẋ⊺
j γ̂tℓ)X̃

⊺
j (β0 − β̂λ)

)
ei (3.81)

+
1√

nhσ̂ℓaℓ

n∑
i=1

(
1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)εi

− 1

n

n∑
j=1

1(Tj ∈ Iℓ)(1− Ẋ⊺
j γ̂tℓ)εj

)
ei (3.82)

− 1√
nhσℓaℓ

n∑
i=1

(
1(Ti ∈ Iℓ){1− (Xi − E[Xi])

⊺γtℓ}εi

− 1

n

n∑
j=1

1(Tj ∈ Iℓ){1− (Xj − E[Xj])
⊺γtℓ}εj

)
ei, (3.83)

where aℓ is given by

aℓ =
1

nh

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ).

We can derive the rates of the terms (3.80) - (3.83) by the same recurring argument:

Note that the terms all are of the form

1√
nh

n∑
i=1

(Ziℓ − Z̄ℓ)ei

where the Ziℓ only depend on D := (Yi, Ti, Xi)
n
i=1 and Z̄ℓ denotes Z̄ℓ =

1
n

∑n
i=1 Ziℓ.

Since the ei are standard normal and independent ofD, these sums are (conditionally

on D) normally distributed with mean zero and variance

1

nh

n∑
i=1

(Ziℓ − Z̄ℓ)
2

Then, by a union bound together with sub-Gaussian tail bounds,

P∗
(

max
ℓ=1,...,L

∣∣∣∣ 1√
nh

n∑
i=1

(Ziℓ − Z̄ℓ)ei

∣∣∣∣ ≥ ρn

)
≤2 exp

(
logL− ρ2n

maxℓ
2
nh

∑n
i=1(Ziℓ − Z̄ℓ)2

)

Further, we can derive rates for an upper bound of the variance, say,

max
ℓ

1

nh

n∑
i=1

(Ziℓ − Z̄ℓ)
2 ≤ max

ℓ

1

nh

n∑
i=1

Z2
iℓ = Op(rn) = op(ρ

3
n).
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Here the oh-p statements are to be understood unconditionally. Such a bound is

sufficient for the right-hand side to converge to zero in probability. Therefore, we

focus in the following on deriving rates for the conditional variances.

An upper bound on the variance of (3.80) is

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)

2{m(Ti)− m̂∗
k(Ti)}2

By the usual arguments in kernel regression, one can show

sup
t∈[0,1]

|m̂∗
k(t)−m(t)| = Op

(√
log n

ng
+ g2

)
.

Moreover, by definition of σ̂2
ℓ ,

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)

2 =
1

σ̂2
= Op(1)

and therefore

max
ℓ

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)

2{m(Ti)− m̂∗
k(Ti)}2 = op(ρ

3
n).

Note that |X̃ij| ≤ 2 and therefore the variance of (3.81) can be bounded by

max
ℓ=1,...,L

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ)(1− Ẋ⊺
i γ̂tℓ)

2 {X̃⊺
i (β̂λ − β0)}2︸ ︷︷ ︸
≤4∥β̂λ−β0∥21

≤ 4

σ̂2
∥β̂λ − β0∥21 = Op

(
s2
log p

n

)
= op(ρ

3
n)

where we have used Theorem 16 and Lemma 79.

The third term, (3.82) can be decomposed as follows

1√
nhσ̂ℓaℓ

n∑
i=1

(
1(Ti ∈ Iℓ)(1− Ẋ⊺

i γ̂tℓ)εi

− 1

n

n∑
j=1

1(Tj ∈ Iℓ)(1− Ẋ⊺
j γ̂tℓ)εj

)
ei
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=
1√

nhσℓaℓ

n∑
i=1

(
1(Ti ∈ Iℓ){1− (Xi − E[Xi])

⊺γtℓ}εi

− 1

n

n∑
j=1

1(Tj ∈ Iℓ){1− (Xj − E[Xj])
⊺γtℓ}εj

)
ei (3.84)

+

(
1

σ̂ℓ
− 1

σℓ

)
1√
nhaℓ

n∑
i=1

(
1(Ti ∈ Iℓ){1− (Xi − E[Xi])

⊺γtℓ}εi

− 1

n

n∑
j=1

1(Tj ∈ Iℓ){1− (Xj − E[Xj])
⊺γtℓ}εj

)
ei (3.85)

− 1√
nhσ̂ℓaℓ

n∑
i=1

(
1(Ti ∈ Iℓ)εi −

1

n

n∑
j=1

1(Tj ∈ Iℓ)εj
)
ei
(
(X̄ − E[Xi])

⊺γtℓ
)

(3.86)

− 1√
nhσ̂ℓaℓ

n∑
i=1

(
1(Ti ∈ Iℓ){Ẋ⊺

i (γ̂tℓ − γtℓ)}εi

− 1

n

n∑
j=1

1(Tj ∈ Iℓ){Ẋ⊺
i (γ̂tℓ − γtℓ)}εj

)
ei (3.87)

The first term, (3.84), cancels with (3.83). For (3.85), we have by Lemma 81

max
ℓ=1,...,L

1√
nh

n∑
i=1

(
1(Ti ∈ Iℓ){1− (Xi − E[Xi])

⊺γtℓ}εi

− 1

n

n∑
j=1

1(Tj ∈ Iℓ){1− (Xj − E[Xj])
⊺γtℓ}εj

)
ei = Op(

√
logL)

and rate in the proof of Proposition 1 implies

max
ℓ=1,...,L

(
1

σ̂ℓ
− 1

σℓ

)
= Op(ρ

2
n).

Thus, (3.85) converges sufficiently fast to zero.

An upper bound on the variance of (3.86) is given by

max
ℓ=1,...,L

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ)ε2i︸ ︷︷ ︸
=Op(1)

max
ℓ=1,...,L

|(X̄ − E[Xi])
⊺γtℓ |2︸ ︷︷ ︸

=Op(logLp/n)

= op(ρ
3
n)

where we have used (3.49). For the final term, (3.87), an upper bound for the
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variance is given by

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ){Ẋ⊺
i (γ̂tℓ − γtℓ)}2ε2i .

In order to deal with this term, we will use some further notation: Denote by

D′ := {(Ti, Xi) : i = 1, . . . , n} and let ∥Z∥ψ1 , for some random variable Z, denote

the smallest constant satisfying

E

[
exp

(
|Z|

∥Z∥ψ1

) ∣∣∣∣D′
]
≤ 2.

If no finite constant satisfies this inequality, set ∥Z∥ψ1 = ∞. By Problem 8 in section

2.2 in van der Vaart and Wellner (2000), it holds for any finite collection of random

variables Z1, . . . , Zm

E
[
max

i=1,...,m
|Zi|

∣∣D′] ≤ log(1 +m) max
i=1,...,m

∥Zi∥ψ1 .

Now, let Zℓ be given by

Zℓ :=
1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ){Ẋ⊺
i (γ̂tℓ − γtℓ)}2ε2i .

We show in Lemma 83

∥Zℓ∥ψ1 ≤ K2
ε

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ){Ẋ⊺
i (γ̂tℓ − γtℓ)}2

and thus

E

[
max
ℓ=1,...,L

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ){Ẋ⊺
i (γ̂tℓ − γtℓ)}2ε2i

∣∣∣∣D′
]

≤K2
ε log(1 + L) max

ℓ=1,...,L

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ){Ẋ⊺
i (γ̂tℓ − γtℓ)}2

=Op

(
log(L)µmax

ℓ
∥γtℓ∥1

)
= op(ρ

3
n)

where we have used Lemma 13 and Assumption 18. Hence, also this term converges

sufficiently fast to zero and the claim follows.



3.G Technical Results on the Test Statistic 299

Lemma 83. Under Assumption 16, it holds∥∥∥∥ 1

nhσ̂2
ℓ

n∑
i=1

1(Ti ∈ Iℓ){Ẋ⊺
i (γ̂tℓ − γtℓ)}2ε2i

∥∥∥∥
ψ1

≤K2
ε

1

nhσ̂2
ℓa

2
ℓ

n∑
i=1

1(Ti ∈ Iℓ){Ẋ⊺
i (γ̂tℓ − γtℓ)}2.

Proof. The argument relies on the following form of Young’s inequality: if pi ∈ [0, 1]

with
∑

i pi = 1, then

n∏
i=1

apii ≤
n∑
i=1

piai.

Take ai = exp(ε2i /K
2
ε ) and

pi =
1(Ti ∈ Iℓ){Ẋ⊺

i (γ̂tℓ − γtℓ)}2∑n
i=1 1(Ti ∈ Iℓ){Ẋ⊺

i (γ̂tℓ − γtℓ)}2
.

These satisfy pi ∈ [0, 1] as well as
∑

i pi = 1 and so Young’s inequality is applicable.

Therefore,

E

[
exp

( ∑n
i=1 1(Ti ∈ Iℓ){Ẋ⊺

i (γ̂tℓ − γtℓ)}2ε2i∑n
i=1 1(Ti ∈ Iℓ){Ẋ⊺

i (γ̂tℓ − γtℓ)}2K2
ε

) ∣∣∣∣D′
]

=E

[ n∏
i=1

apii

∣∣∣∣D′
]
≤

n∑
i=1

pi E

[
exp

(
ε2i
K2
ε

) ∣∣∣∣D′
]
≤ 2,

where we have used in the last inequality that the ε2i satisfy maxi∥ε2i ∥ψ1 ≤ K2
ε by

Assumption 16.
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congress, vol. 2, 271o306, ed. by b. honoré, a. pakes, m. piazzesi, and l samuelson,

2016.

M. D. Cattaneo, M. Jansson, K. Nagasawa, et al. Bootstrap-based inference for

cube root consistent estimators. arXiv preprint arXiv:1704.08066, 2017.

M. D. Cattaneo, R. P. Masini, and W. G. Underwood. Yurinskii’s coupling for

martingales, 2022. URL https://arxiv.org/abs/2210.00362.

M. D. Cattaneo, R. Chandak, M. Jansson, and X. Ma. Boundary adaptive local

polynomial conditional density estimators. Bernoulli, 30(4):3193–3223, 2024.

H. Chen. Convergence rates for parametric components in a partly linear model.

The Annals of Statistics, pages 136–146, 1988.

Q. Chen and Z. Fang. Inference on functionals under first order degeneracy. Journal

of Econometrics, 210(2):459–481, 2019.

X. Chen and T. M. Christensen. Optimal uniform convergence rates and asymp-

totic normality for series estimators under weak dependence and weak conditions.

Journal of Econometrics, 188(2):447–465, 2015.

X. Chen and T. M. Christensen. Optimal sup-norm rates and uniform inference on

nonlinear functionals of nonparametric iv regression. Quantitative Economics, 9

(1):39–84, 2018.

X. Chen and Z. Liao. Sieve semiparametric two-step gmm under weak dependence.

Journal of Econometrics, 189(1):163–186, 2015.

X. Chen and D. Pouzo. Sieve wald and qlr inferences on semi/nonparametric con-

ditional moment models. Econometrica, 83(3):1013–1079, 2015.

X. Chen and X. Shen. Sieve extremum estimates for weakly dependent data. Econo-

metrica, pages 289–314, 1998.

https://arxiv.org/abs/2210.00362


304 BIBLIOGRAPHY

X. Chen, O. Linton, and I. Van Keilegom. Estimation of semiparametric models

when the criterion function is not smooth. Econometrica, 71(5):1591–1608, 2003.

G. Cheng and Y.-C. Chen. Nonparametric inference via bootstrapping the debiased

estimator. Electronic Journal of Statistics, 13(1):2194 – 2256, 2019. doi: 10.1214/

19-EJS1575. URL https://doi.org/10.1214/19-EJS1575.

V. Chernozhukov, I. Fernández-Val, and A. Galichon. Quantile and probability

curves without crossing. Econometrica, 78(3):1093–1125, 2010.

V. Chernozhukov, D. Chetverikov, and K. Kato. Gaussian approximations and

multiplier bootstrap for maxima of sums of high-dimensional random vectors.

The Annals of Statistics, 41(6):2786 – 2819, 2013a. doi: 10.1214/13-AOS1161.

URL https://doi.org/10.1214/13-AOS1161.

V. Chernozhukov, S. Lee, and A. M. Rosen. Intersection bounds: Estimation and

inference. Econometrica, 81(2):667–737, 2013b.

V. Chernozhukov, D. Chetverikov, and K. Kato. Gaussian approximation of suprema

of empirical processes. The Annals of Statistics, 42(4):1564–1597, 2014a.

V. Chernozhukov, D. Chetverikov, and K. Kato. Anti-concentration and honest,

adaptive confidence bands. The Annals of Statistics, 42(5):1787 – 1818, 2014b.

doi: 10.1214/14-AOS1235. URL https://doi.org/10.1214/14-AOS1235.

V. Chernozhukov, D. Chetverikov, and K. Kato. Comparison and anti-concentration

bounds for maxima of gaussian random vectors. Probability Theory and Related

Fields, 162:47–70, 2015a.

V. Chernozhukov, C. Hansen, and M. Spindler. Post-selection and post-

regularization inference in linear models with many controls and instruments.

American Economic Review, 105(5):486–490, 2015b.

V. Chernozhukov, D. Chetverikov, and K. Kato. Empirical and multiplier bootstraps

for suprema of empirical processes of increasing complexity, and related gaussian

couplings. Stochastic Processes and their Applications, 126(12):3632–3651, 2016.

V. Chernozhukov, D. Chetverikov, and K. Kato. Central limit theorems and boot-

strap in high dimensions. The Annals of Probability, 45(4):2309–2352, 2017.

https://doi.org/10.1214/19-EJS1575
https://doi.org/10.1214/13-AOS1161
https://doi.org/10.1214/14-AOS1235


BIBLIOGRAPHY 305

V. Chernozhukov, D. Chetverikov, and K. Kato. Inference on causal and structural

parameters using many moment inequalities. The Review of Economic Studies,

86(5):1867–1900, 2019.

V. Chernozhuokov, D. Chetverikov, K. Kato, and Y. Koike. Improved central limit

theorem and bootstrap approximations in high dimensions. The Annals of Statis-

tics, 50(5):2562–2586, 2022.

A. Chesher, A. M. Rosen, and K. Smolinski. An instrumental variable model of

multiple discrete choice. Quantitative Economics, 4(2):157–196, 2013.

D. Chetverikov, A. Santos, and A. M. Shaikh. The econometrics of shape restrictions.

Annual Review of Economics, 10(1):31–63, 2018.

F. Ciliberto and E. Tamer. Market structure and multiple equilibria in airline mar-

kets. Econometrica, 77(6):1791–1828, 2009.

H. Deng and C.-H. Zhang. Beyond Gaussian approximation: Bootstrap for max-

ima of sums of independent random vectors. The Annals of Statistics, 48(6):

3643 – 3671, 2020. doi: 10.1214/20-AOS1946. URL https://doi.org/10.1214/

20-AOS1946.

R. A. DeVore and G. G. Lorentz. Constructive approximation, volume 303. Springer

Science & Business Media, 1993.

R. M. Dudley. Frechet Differentiability, p-Variation and Uniform Donsker Classes.

The Annals of Probability, 20(4):1968 – 1982, 1992. doi: 10.1214/aop/1176989537.

URL https://doi.org/10.1214/aop/1176989537.

R. M. Dudley. The Order of the Remainder in Derivatives of Composition and

Inverse Operators for p-Variation Norms. The Annals of Statistics, 22(1):1 – 20,

1994.
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M. Raič. A multivariate Berry–Esseen theorem with explicit constants. Bernoulli,

25(4A):2824 – 2853, 2019. doi: 10.3150/18-BEJ1072. URL https://doi.org/

10.3150/18-BEJ1072.

J. Reeds. On the Definition of Von Mises Functionals. Harvard University, 1976.

E. Rio. Local invariance principles and their application to density estimation.

Probability Theory and Related Fields, 98(1):21–45, 1994.

P. M. Robinson. Root-n-consistent semiparametric regression. Econometrica, 56(4):

931–954, 1988. ISSN 00129682, 14680262.

J. P. Romano and A. M. Shaikh. Inference for identifiable parameters in partially

identified econometric models. Journal of Statistical Planning and Inference, 138

(9):2786–2807, 2008.

J. P. Romano and A. M. Shaikh. Inference for the identified set in partially identified

econometric models. Econometrica, 78(1):169–211, 2010.

M. Rudelson and R. Vershynin. The littlewood–offord problem and invertibility of

random matrices. Advances in Mathematics, 218(2):600–633, 2008.

https://doi.org/10.3150/18-BEJ1072
https://doi.org/10.3150/18-BEJ1072


312 BIBLIOGRAPHY

M. Rudelson and R. Vershynin. Smallest singular value of a random rectangular

matrix. Communications on Pure and Applied Mathematics: A Journal Issued by

the Courant Institute of Mathematical Sciences, 62(12):1707–1739, 2009.

M. Rudelson and R. Vershynin. Hanson-wright inequality and sub-gaussian con-

centration. Electronic Communications in Probability, 18:9 pp., 2013. doi:

10.1214/ECP.v18-2865.

D. E. Runkle. Vector autoregressions and reality. Journal of Business & Economic

Statistics, 5(4):437–442, 1987.

J. Scherer. An anti-concentration bound for sublinear and continuous functionals of

gaussian random vectors. unpublished, 2024.

V. Semenova. Adaptive estimation of intersection bounds: a classification approach.

arXiv preprint arXiv:2303.00982, 2023.

R. D. Shah and R. J. Samworth. Variable selection with error control: another look

at stability selection. Journal of the Royal Statistical Society: Series B (Statistical

Methodology), 75(1):55–80, 2013.

A. Shapiro. On concepts of directional differentiability. Journal of optimization

theory and applications, 66(3):477–487, 1990.

A. Shapiro. Asymptotic analysis of stochastic programs. Annals of Operations

Research, 30(1):169–186, 1991.

X. Shen. On methods of sieves and penalization. The Annals of Statistics, 25(6):

2555–2591, 1997.

R. Singh and S. Vijaykumar. Kernel ridge regression inference. arXiv preprint

arXiv:2302.06578, 2023.

M. Sommerfeld and A. Munk. Inference for empirical wasserstein distances on finite

spaces. Journal of the Royal Statistical Society: Series B (Statistical Methodology),

80(1):219–238, 2018.

J. Spiess, A. Venugopal, et al. Double and single descent in causal inference with an

application to high-dimensional synthetic control. Advances in Neural Information

Processing Systems, 36:63642–63659, 2023.



BIBLIOGRAPHY 313

B. Stucky and S. van de Geer. Asymptotic confidence regions for high-dimensional

structured sparsity. IEEE Transactions on Signal Processing, 66(8):2178–2190,

2018.

S. van de Geer and B. Stucky. χ2-confidence sets in high-dimensional regression. In

Statistical analysis for high-dimensional data, pages 279–306. Springer, 2016.
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