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Abstract

In econometrics, the choice of model specification plays a central role in shap-
ing empirical analysis and inference. Traditional parametric models impose specific
functional forms on the relationships among economic variables, such as linear re-
gressions or logit models, which can provide interpretability and high statistical
power if the model is correctly specified but may lead to wrong conclusions if the
assumed functional forms are incorrect. In response, nonparametric and semipara-
metric models have emerged as flexible alternatives which relax functional form
assumptions and allow the data to determine the shape of the relationship between
variables.

This dissertation consists of three chapters on inference in various non- and semi-
parametric problems. The chapters that are self-contained and can be read sepa-
rately. Each chapter ends with an appendix that collects the proofs and technical
details.

In the first chapter, we study inference on parameters of the form ¢(6y), where ¢
is a known directionally differentiable transformation and 6 is an unknown param-
eter. We focus on settings, where 6y is an unknown function estimated using some
nonparametric estimator 0,. As many nonparametric estimators do not converge
in distribution, existing extensions to the Delta method are not applicable in our
setting. We propose to use strong approximations to the distribution of 6, as an
alternative concept to convergence in distribution. Further, we present a notion of
directional differentiability which is sufficiently flexible to handle the irregularity of
nonparametric estimators. These concepts enable us to derive a new Delta method
which approximates the distribution of the plug-in estimator gb(én) Since these
distributional approximations are rarely pivotal, we suggest a simulation-based esti-
mator and provide conditions for its consistency. Confidence intervals based on this
estimator are shown to provide local size control under conditions on the directional
derivative of ¢. We illustrate the applicability of our results in two examples and
study its finite sample performance in a simulation study.

Anti-concentration bounds play an important role in the modern theory on con-
fidence intervals and testing in settings such as high-dimensional and nonparametric
statistics. In the second chapter, we establish such a bound for sublinear and contin-
uous functionals of tight Gaussian random vectors in real-valued Banach spaces. The
bound is dimension-free and therefore equally applies to finite- as well as infinite-
dimensional settings. It imposes only weak restrictions on the covariance structure
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of the Gaussian vectors. As an application of our anti-concentration bound, we
derive Berry-Esseen type bounds for sublinear and continuous functionals of high-
dimensional mean vectors and kernel-type estimators.

The last chapter, which is joint work with Michael Vogt, studies estimation and
inference in the high-dimensional partially linear model Y = § + m(T') + X758 + ¢,
where m is a smooth unknown function and [ a sparse unknown regression param-
eter. The dimension of the covariates X is allowed to increase with the sample size
and in particular is allowed to be larger than the sample size. We propose an estima-
tor of B8 which attains the same rates as the infeasible Lasso estimator which knows
the unknown function m. Further, we show that ad-hoc estimators of m might
be biased due to the estimation of the high-dimensional parameter 5 and propose
an orthogonalized Nadaraya-Watson estimator of m which effectively decreases this
high-dimensional bias. This estimator is shown to converge at the same rates as an
infeasible Nadaraya-Watson estimator which knows the true value of 3. Based on
this estimator, we propose a test for the hypothesis that m = 0 which generalizes
the idea of significance testing in linear models to allow for general nonlinear effects
of T"on Y. Moreover, we propose a consistent multiplier bootstrap in order to set
the critical values and show uniform consistency of the resulting set against local
Holder balls. We study the finite sample performance of our proposed test in a
simulation study and demonstrate its good debiasing and power properties.

v
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Chapter 1

Inference on Directionally
Differentiable Functions of

Nonparametric Estimators

1.1 Introduction

The Delta method is a fundamental tool of asymptotic statistics and enables
researchers to derive the asymptotic distribution of nonlinear functionals of estima-
tors. The classical Delta method studies parameters of the form ¢(6y), where ¢ is
a known differentiable transformation and 6, is an unknown but estimable param-
eter. It has been extended independently by Shapiro (1991) and Diimbgen| (1993)
to transformations which are only directionally differentiable. Such settings arise
frequently across statistics and econometrics, including examples such as inference
on eigenvalues of covariance matrices (Dumbgen, 1993), empirical Wasserstein dis-
tances (Sommerfeld and Munk| [2018)), linear and quadratic programming (Hsieh
et al., [2022)), conditional moment inequality models (Chernozhukov et al. (2013b)),
Andrews and Shi| (2014))), sensitivity analysis (Masten et al., 2020 and inference on
value functions (Firpo et al., 2019).

In this paper, we focus on settings where 6, is an unknown function estimated
using some nonparametric estimator 6, such as kernel, series or machine learning
based procedures. Such nonparametric estimators have the advantage that they
can flexibly estimate the unknown function and therefore guard against potential

model misspecification. However, this flexibility comes at a price in that many



2 Directionally Differentiable Functions

nonparametric estimators do not converge in distribution when interpreted as an
estimator of a function and therefore existing extensions to the Delta method do not
apply. This phenomenon has e.g. been observed by [Firpo et al.|(2019)) and Masten
et al.| (2020) and lead these authors to restrict attention to regular estimators which
possess a limiting distribution. Others, as e.g. |[Freyberger and Larsen| (2021)), rely on
subsampling to perform inference. However, subsampling cannot be easily applied in
this setting as it is hard to show that the plug-in estimator converges in distribution
without relying on convergence in distribution of the preliminary estimator.
Following |Chernozhukov et al. (2013b), we propose to use strong approximations
to the distribution of 6, as an alternative concept to convergence in distribution.
Such strong approximation results approximate the distribution of the scaled esti-

~

mator 7, (6, — 0y) by a sequence of penultimate processes Z,, satisfying
[7(0n = 60) — Znll = 0p(1).

These penultimate processes usually have an intuitive appeal as approximate distri-
butions and there is a growing literature deriving such strong approximation results
(e.g. |Chernozhukov et al.| (2013b), Belloni et al.| (2015), |Chen and Christensen
(2018)), Belloni et al. (2019b)), Cattaneo et al. (2022) and [Singh and Vijaykumar
(2023))).

We derive a new Delta method which provides a strong approximation to the dis-
tribution of the plug-in estimator qb(én). This Delta method relies on a strengthened
notion of Fréchet directional differentiability which is sufficiently flexible to handle
the irregularity of nonparametric estimators. This flexibility is needed since the
plug-in estimator might converge at a different rate than the preliminary estimator
0, as is well known from the semiparametric statistics literature. In the impor-
tant special case when ¢ is a real-valued functional and Z,, is Gaussian, we derive
conditions implying that the distribution of the plug-in estimator converges to our
proposed approximate distribution in Kolmogorov-Smirnov distance. This result is
of particular interest in our setting, as it does not rely on the knowledge whether the
approximate distribution has a non-degenerate limit or not. And indeed, when ¢ is
only directionally differentiable, it is often hard to determine whether the plug-in
estimator converges in distribution. Besides the conditions of our Delta method,
this result only depends on convexity of the derivative and a lower bound on the

variance of the approximate distribution.



1.1 Introduction 3

While the Delta method allows to study the asymptotic properties of plug-in
estimators, it is of limited use for the construction of inference procedures as the de-
rived approximate distribution might depend on unknown parameters both through
the penultimate process Z,, and the derivative of ¢. Following Fang and Santos
(2018), we demonstrate how a consistent bootstrap estimator of the approximate
distribution of the plug-in estimator can be constructed. This construction relies
on two ingredients. First we require a bootstrap estimator for the distribution of
the penultimate process Z,,, and secondly we require a consistent estimator of the
derivative of ¢. Further we analyze subsampling, the rescaled bootstrap (Dumbgen,
1993) and the numerical Delta method (Hong and Li, 2020) in our context and
derive sufficient conditions for their validity.

The asymptotic approximation implied by our Delta method may depend dis-
continuously on the parameter 6y, when 6, is a point where ¢ fails to be continuously
differentiable in #. This suggests that resulting inference procedures might fail to be
robust against perturbations of the data generating process. We therefore comple-
ment our results and study the plug-in estimator in a local asymptotic framework.
We find a different approximate distribution in this local framework. In the case
where ¢ is a real-valued functional, we show that convexity of the derivative is suf-
ficient to ensure local size control of one-sided confidence intervals. Our results can
be seen as extensions of the results in Dimbgen| (1993) and [Fang and Santos| (2018))
to our setting.

We illustrate the applicability of our Delta method with two examples. Our first
example studies inference on the maximum of a conditional mean function and is
inspired by |Chernozhukov et al.| (2013b)). The second example is due to [Freyberger
and Larsen (2021). They study partial identification bounds in an alternating-
offer bargaining model. This example is non-trivial in that the plug-in estimator
exhibits multiple qualitatively different limiting distributions with various different
rates of convergence. We further study the finite sample performance of our proposed
methods using a Monte Carlo simulation.

Related literature: Our proposed Delta method contributes to the large liter-
ature on extensions of the Delta method. Many of the proposed extensions to the
Delta method require convergence in distribution of the preliminary estimator O,.
Examples include [Beutner and Zahle| (2010), Phillips (2012)), Belloni et al.| (2017)
and Kasy (2018). As discussed above, the assumption of convergence in distribution

precludes the applicability of these Delta methods to many nonparametric estima-
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tors. Our Delta method is closest to the results in [Shapiro, (1991) and Diimbgen
(1993). They also allow for directionally differentiable transformations ¢ while as-
suming convergence of the preliminary estimator in distribution. On the other hand,
they impose Hadamard directional differentiability of ¢ which is different to our as-
sumed notion of Fréchet directional differentiability. In particular, neither concept
of directional differentiability nests the other. Therefore, our Delta method can be
seen as a complement to the results in Shapiro| (1991) and Diimbgen| (1993) which
allows for nonparametric estimators.

We further contribute to the literature on inference on smooth functionals of non-
parametric estimators by allowing ¢ to be only directionally differentiable. Examples
include the Delta methods by Newey| (1997) and |Chen and Christensen| (2015) for
series estimators, |Shen| (1997) and |Chen and Shen| (1998)) for sieve and penalized
MLE, |Chen and Pouzo| (2015) in the context of semi/nonparametric conditional mo-
ment models, |Chen and Christensen| (2018) for 2SLS in nonparametric instrumental
variable estimation and Koltchinskii (2022) in the Gaussian sequence model. All
of these papers consider transformations with a linear derivative excluding trans-
formations which are only directionally differentiable. Further, they also do not
require that the preliminary estimator converges in distribution but instead derive
conditions which imply that the linearized estimator converges in distribution.

Our Delta method is also related to (Chernozhukov et al.| (2013b)). They study
inference on suprema and infima of conditional moment equations which are esti-
mated using kernel- or series-based estimators. This problem can be interpreted
as a directionally differentiable functional of an unknown curve and therefore fits
into our setup. Our motivation to use strong approximations stems from their anal-
ysis. Besides that, their analysis differs to our approach. While we approximate
the problem through the directional derivative of the transformation, Chernozhukov
et al| (2013b) leverage the specific properties of suprema and infima to construct
one-sided projection confidence intervals.

Finally, we contribute to the literature on simulation based inference in direc-
tionally differentiable problems. Our proposed construction of the bootstrap follows
closely the ideas in [Fang and Santos (2018) and complements their analysis by al-
lowing for nonparametric preliminary estimators 0,. Similarly, our analysis of the
rescaled bootstrap / numerical Delta method complement the results in |[Dimbgen
(1993) and Hong and Li (2020) by allowing for nonparametric estimators ,. Fur-

ther, we contribute to the literature studying subsampling of directionally differ-
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entiable parameters as e.g. in Andrews and Guggenberger| (2009b)) and Andrews
and Guggenberger| (2010). Andrews’ and Guggenberger’s results differ to ours as
they study semiparametric problems where the nonparametric component has no
influence on the limiting distribution, while we focus on settings where the approxi-
mate distribution is driven by the nonparametric estimator. On the other hand, we
restrict attention to local robustness properties, while Andrews and Guggenberger
(2009b) and |Andrews and Guggenberger| (2010) study global uniformity.

Outline: The remainder of the article is organized as follows. In Section [I.2] we
provide motivating examples and discuss the Delta method by [Shapiro| (1991)) and
Dumbgen (1993)), highlighting challenges in the context of nonparametric estimation.
Further, we present here our Delta method results. In Section [I.3] we construct
consistent simulation based estimators of the approximating distribution and present
sufficient conditions for the validity of subsampling and the rescaled bootstrap /
numerical Delta method. In Section [I.4] we study local properties of the plug-in

estimator and present our results of a small Monte Carlo study in Section [1.5]

1.2 Setup and the Delta method

In this section, we briefly introduce three examples illustrating potential appli-
cations, discuss a Delta method for directionally differentiable functionals due to
Shapiro| (1991)) and Diimbgen| (1993) and propose a new Delta method which allows

0y to be estimated nonparametrically.

1.2.1 Motivating examples

The first example is mainly expository and is used throughout the text to clarify
ideas. It may be seen as a simplified version of the problem that arises in inference

on intersection bounds as in |Chernozhukov et al.| (2013b)).

Ezxample 1 (Maximum of a conditional mean function). Let X and Y be scalar

random variables such that X € [0, 1] and suppose we wish to estimate the parameter

#(0p) = max E[Y | X = z].

z€[0,1]

Here 6y(x) = E[Y' | X = 2] and the transformation ¢ is given by ¢(0) = max,cpo11 ().



6 Directionally Differentiable Functions

Our second example is taken from Freyberger and Larsen (2021).|I| This example
arises in a partial identification analysis in an alternating-offer bargaining model.
Similar bounds arise under monotone treatment response, monotone treatment se-
lection and monotone instrumental variables assumptions as in Manski (1997) and
Manski and Pepper] (2000).

Example 2 (Bargaining bounds). Given some scalar random variables X € [0, 1] and
Y € [0,1], let (y,z) = Fyx(y,2) = P(Y <y|X =x) and ¢ be given by

O(Fvix. fx) = [ max Fyx(y,a')fx(e)da,

where fy denotes the marginal pdf of X. In this example 0y = (Fy|x, fx)-

Our final example is taken from Kwon and Mbakop| (2021) in the context of
estimation of the number of components in nonparametric mixture models. Similar
parameters of interest arise in rank tests or inference on the singular values of an

integral operator.

Ezample 3 (Singular values of an integral operator). Let X and Y be continuously
distributed random variables with X, Y € [0, 1] and denote by f their joint pdf. Let
T denote the integral operator given by

- (Tu)() = / f (@, u(z)dz

and suppose we are interested in the jth singular value, o;, of T'. In this case, 0y
corresponds to the joint density f and ¢ to the mapping which maps f to the jth

singular value of T'.

Common to all of the above examples is that 6, is a function-valued parameter
and that the maps ¢ depend on the whole function. Further, the studied ¢ are all
directionally differentiable in the sense that there exists a function ¢, such that for
any direction h

¢(0 + th) — ¢(0)

. Y
lim ; = ¢y(h).

LCf. equation (14) there.
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In the above examples, the directional derivative h — ¢} (h) is in general a nonlinear
function. In fact, the nonlinearity of the directional derivative is even a characteriz-
ing feature of directional differentiability in the sense that ¢ is (fully) differentiable

if the directional derivative is linear.

1.2.2 Discussion of the Delta methods by |Shapiro (1991)
and Diimbgen| (1993))

Shapiro| (1991) and [Dimbgen| (1993) derived independently a Delta method
which extends the functional Delta method of Reeds (1976) to allow for directionally
differentiable transformations ¢. In this section, we present their Delta method and
highlight challenges which arise when the preliminary estimator is a nonparametric
estimator. In order to make the presentation as clear as possible, we slightly simplify
the original assumptions.

The Delta method by |Shapiro| (1991)) and Diimbgen| (1993) allows for 6, € D
for some Banach space D and for transformations ¢ mapping ID to another Banach
space E. It relies on two basic assumptions. First, they assume that there is some

preliminary or first-step estimator 6,, of 6, satisfying
5 d
rn(Gn — 60) -7

for some D-valued tight random variable Z and sequence of real numbers r, —
co. The convergence in distribution is meant in the Hoffmann-Jgrgenson sensef
Secondly, they assume that ¢ is Hadamard directionally differentiable at 6y with
derivative ¢y, . Under these conditions, Shapiro| (1991) and Diimbgen| (1993) show
that a Delta method applies, i.e.,

rn(6(0) — 0(60)) > 0, (2).

There are two problems with the above Delta method, when the preliminary
estimator 6, is a nonparametric estimator. First, many nonparametric estimators
do not converge in distribution when I is a function space such as the space of
continuous functions C or the space of square integrable functions L,. In order to

illustrate this point, suppose that x +— 6y(z) denotes a conditional mean function

2See e.g. chapter 1.3 invan der Vaart and Wellner| (1996)) for an introduction to this notion of
convergence in distribution.
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which we want to estimate nonparametrically using an estimator 0,. For any fixed
x, it can be shown for many estimators that 7,(6,(z) — 6o(z)) is asymptotically
normally distributed. However, convergence in distribution of the whole process
z > 10, (2) — Op(2)) usually fails as r,(6, — 0,) fails to be asymptotically tight.
Secondly, the above Delta method suggests that the plug-in estimator converges at
the same rate as the preliminary estimator. However, well-known examples such as
estimation of average treatment effects or average derivatives show that the plug-in
estimator may converge at a much faster rate than the preliminary estimator.

There have been considered different solutions to the problem with convergence
in distribution in the literature. Newey| (1997), Chen and Christensen| (2015)), |(Chen
and Christensen| (2018) and (Chen and Pouzo| (2015)) do not rely on convergence in
distribution of the preliminary estimator and instead show directly that rngbgo(én —
0p) converges in distribution. This works particularly well when the derivative is
linear and 6, is asymptotically linear as e.g. kernel- or sieve-based estimators. In
our setting, where the derivative might fail to be linear, it is much harder to show
that ¢, (ro(6, — 65)) converges in distribution without relying on convergence in
distribution of the preliminary estimator 6,,.

Another potential solution to the convergence in distribution problem has been
used in (Chernozhukov et al| (2013b) in the context of inference on intersection
bounds. Instead of relying on a limiting distribution, the authors propose to ap-
proximate the distribution of the scaled estimator rn(én —0y) by a sequence of penul-
timate random vectors Z,. For series- or kernel-based estimators, they construct a

sequence of Gaussian processes 7, such that
170(0n = b0) — Znllp = 0p(1). (1.1)

Such constructions are called strong approximation theorems or coupling construc-
tions in the probability theory literature and there is a growing literature in non-
parametric statistics and econometrics deriving such penultimate processes for a
variety of different nonparametric estimators. Examples include Rio| (1994) for ker-
nel density estimation, (Chernozhukov et al| (2013b) and |Cattaneo et al.| (2022)
for kernel-based estimators, |Chernozhukov et al.| (2013b) and Belloni et al.| (2015)

30ne could argue that the estimator converges in distribution if we choose a different norm or
topology on D. However, choosing a different norm also affects the smoothness properties of ¢.
Hence, there is a tradeoff between smoothness of ¢ and distributional convergence of én, which we
discuss in more detail in Lemma [42|in the supplementary material.
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for series estimators, |Chen and Christensen| (2018) for 2SLS series estimators in
nonparametric instrumental variables models, Belloni et al.| (2019b) for conditional
quantile estimation using series estimators and [Singh and Vijaykumar (2023) for
kernel-ridge estimators. Furthermore, there are general strong approximation re-
sults for empirical processes (e.g. [Rio| (1994) and Koltchinskii (1994)) and high-
dimensional sums of i.i.d. random vectors (e.g. Belloni et al.| (2019b)) and |Cattaneo
et al|(2022)) which allow deriving Gaussian approximations to other nonparamet-
ric and machine-learning estimators as well. The concept of strong approximations
therefore seems to be suitably flexible for a Delta method for general nonparametric
estimator.

In order to illustrate this concept, consider again the setting of Example [I]

Ezample 4 (Maximum of conditional mean continued). For concreteness, we use
the local polynomial estimator in order to estimate the unknown conditional mean
function #y. Let K : R — R be a kernel function, h,, > 0 a sequence of bandwidths

and ¢ > 0 an integer. Then, the local polynomial estimator Bn is given by

B()—argmmZK(X )( Zﬁﬂ th )2

£+1
BERHL T

and the local polynomial estimator of the conditional mean function is 6, (z) =
Bo,n(ac). Under fairly standard regularity conditions, |[Chernozhukov et al.| (2013b)
show that there exists a sequence {Z,} of zero mean Gaussian processes on [0, 1]

satisfying

10g24n 1/4
sup |v/nhn{0n(x) — 6o(2)} — Zn()| = Op(( e ) + nh%”?’).

z€[0,1]
The covariance function of Z, is given by

1
hofx () fx(2')

where fx denotes the marginal density of X, K denotes the asymptotically equiva-

lent kernel, i.e., K(z) = U(0)TS™ K (z)U(x), Ky(z) = K(z/h), U(z) = (1, x,2%/2!,

L 2f/NT and S € REFDVXEHD with elements S;; = [ K(u)w/ ™ 2du, j k =
SO+ 1.

This covariance function is a first order approximation of the covariance function

Yoz, ') = E[K(X; — 2)Ku(X; — 2')e],
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of \/n_hn{én — 6o} and can better capture the local dependence structure than an
asymptotic approximation based on lim,,_,, 2,. Indeed, under standard regularity
conditions, the limit of ¥, (x, ') is zero for all x # 2" and nonzero if x = 2’ while 3J,, is
continuous. In this sense, Z,, has an intuitive appeal as an approximate distribution
and can be thought of as a Gaussian random variable which approximately matches

the first two moments of the scaled estimator.

The inflexibility of the above Delta method to capture differing rates of the plug-
in and the first-stage estimator can be attributed to the choice of the differentiability
concept. While the assumed Hadamard differentiability is a rather mild restriction,
its implied rate for the approximation of ¢ through its derivative is rather slow
and therefore limits the ability of the above Delta method to adapt to a faster rate
of the plug-in estimator. In order to illustrate this point, consider the following

characterization of Hadamard directional differentiability/[]]

Definition 1. The map ¢ : Dy C D — E is Hadamard directionally differentiable
at 0 € Dy, if there is a continuous map ¢y : D — E such that

¢(0 + tnh) — 6(0)
128

=0
E

— dy(h)

lim sup
n—00 heK

for any compact set K C D and all sequences t,, | 0 such that 0 4+ t,h € Dy for all
n and any h € K.

For the sake of argument, suppose further that rn(én —60o) is asymptotically tight.
Then

1 (6(0) = 6(60) =60, 1o (0n = 00) + (080 4 a0 = 60)) = 060 ).

n
/

~
=R,

Here R, measures the approximation error due to an approximation of ¢ by its
directional derivative. Since Tn(én — 6y) is asymptotically tight, it concentrates on
a compact set K C D with arbitrarily high probability and therefore Hadamard
directional differentiability implies R,, = 0,(1). Thus, Hadamard directional differ-
entiability ties the rate of the approximation error R, to the tightness properties of

the preliminary estimator and therefore is not sufficient to analyze settings where

4See Shapiro (1990) for other equivalent characterizations of Hadamard directional differentia-
bility.
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the plug-in estimator converges faster than the tightness rate of the preliminary
estimator.
As a more flexible notion of directional differentiability, we propose to assume

that ¢ is y-Fréchet directionally differentiable as given in the following definition.

Definition 2. Let v > 1. ¢ : Dy C D — E is called y-Fréchet directionally
differentiable at 0 in the interior of Dy, if there exists a positively homogeneous
function ¢ : D — E such that,

16(6 + ) — &(6) = ¢p(h)ll e = O([IR]"), (1.2)
for all h s.t. 6 +h € Dy and as ||h|| — 0.

In comparison to Hadamard directional differentiability, v-Fréchet directional

differentiability implies

6(6) — &(60) = G, (61 — 60) + O, (16 — bolI")

and therefore the approximation error converges faster to zero than the rate of
boundedness of the preliminary estimator, allowing for different rates of the plug-
in and preliminary estimator. The value of v measures the speed at which the
approximation error converges to zero. The higher ~, the stronger the implied
notion of differentiability. We show in Lemma [14]in the Appendix that if ¢ is twice
Fréchet directionally differentiable with continuous derivatives, then ¢ satisfies
for v > 2. In this sense, y-Fréchet directional differentiability can be thought of as
requiring ¢ to be y-times Fréchet directionally differentiable.

A further difference of the proposed differentiability concept is that it controls
the approximation error via the boundedness properties of the preliminary estimator
instead of tightness properties. This further increases the rate of the approximation
error as the rate of boundedness typically is faster than the rate of tightness for
nonparametric estimators. For example, if D corresponds to the space of continuous
functions on [0, 1] endowed with the supremum norm, the rate of ||6,,—6q|| differs from
the pointwise rate of convergence only by a logarithmic term. On the other hand,
rn(én — 0p) is asymptotically tight if and only if it is asymptotically stochastically

equicontinuous meaning that rn(én — ) is stochastically bounded and for any

5Cf. Theorem 7.3 in Billingsley| (1999).



12 Directionally Differentiable Functions

g,n > 0, there is some 0 > 0 such that

lim supP( sup 7| {0 () — 0o(z)} — {0n (") — Oo(2')}] > 5) <.

n—00 le—z'|<6

Heuristically, asymptotic stochastic equicontinuity demands that r, is chosen in
such a way that the derivative of r,(6, — ) is stochastically bounded, requiring a
considerably slower rate r, as is needed for stochastic boundedness alone.
Alternatively to y-Frechet directional differentiability, one might impose a notion
of directional differentiability which is more closely related to Hadamard directional

differentiability. For example, suppose that

¢(0 + tnh) — 6(0)

; =0t ), ast, 0 (1.3)

E

— ¢g(h)

sup
heK

for any compact K C D and some v > 1. We call any ¢ that satisfies (L.3),
~v-Hadamard directionally differentiable. While this concept imposes weaker con-
ditions on the smoothness of ¢, it bounds the approximation error using the rate
of tightness of the preliminary estimator instead of the rate of boundedness as dis-
cussed above. Thus, there is a trade-off between the smoothness properties of ¢ and
the convergence rates of 6,. Since all the presented examples in Section are
~v-Fréchet directionally differentiable for a suitably chosen norm, we prefer to use
~v-Fréchet directional differentiability for our Delta method.

Similar notions of differentiability for fully differentiable transformations with
linear derivatives have been proposed in the literature. In the context of the func-
tional Delta method, |Dudley| (1992), Dudley| (1994)) and Dudley and Norvaisal (1999)
propose to use v-Fréchet differentiability with respect to the p-variation norm. They
show that many commonly used operators such as function composition, multipli-
cation and the quantile function are all y-Fréchet differentiable for some v > 1.
In the literature on smooth functionals of nonparametric estimators and extremum
or GMM estimation, |[Newey| (1994b), Newey| (1997), Shen| (1997), Chen and Shen
(1998), |Chen et al.| (2003)) and |(Chen and Christensen! (2015) assume ~-Fréchet dif-
ferentiability with respect to various different norms. In most cases, v is assumed to
be 2. Other papers assume a bound on the approximation error in 2] which can be
written as a product of two norms ||-||¢]|-||5 for some a, 8 > 0. For example, Newey
(1994a)) and (Chen and Christensen (2018)) use such a differentiability concept with
the restriction o = = 1, while |Chen and Liao| (2015) and (Chen and Pouzo| (2015))
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do not restrict a and /.
We illustrate the above discussion on the differentiability concept within the
context of Example [I}

Ezxample 5 (Maximum of conditional mean function continued). For D equal to
the space of continuous functions endowed with the supremum norm |||/, it has
been shown in Fang and Santos (2018) that the maximum functional is Hadamard

directionally differentiable at any 6y with derivative

where W(6) = argmax, (o 1) 0o(z), which is a nonlinear transformation of » whenever
the maximum of 6y is non-unique. When D is taken as the space of Lipschitz
continuous functions from [0, 1] to R endowed with the bounded Lipschitz norm

||| 5. given by

1Flloe = max{ufuoo,sup M}

Ty |z — 9|

we can show -Fréchet directional differentiability of ¢ under further restrictions on
fy. For instance, consider functions ¢, which satisfy the following well-separatedness
conditionﬂ there exist constants ¢, p,d > 0 such that for all = € [0, 1],

xr/rel%ﬁ}{eo(x’)} — 0o(z) > (cd(x, 9 (0)))") A 0. (1.4)
Many functions satisfy such a condition. For example, if the argmax set is finite
and contained in the interior and 6 is a smooth function with second derivatives
bounded away from zero by a constant ¢, then this condition is satisfied for some
0 and p = 2. But also examples with a continuum of maximizers or maximizers at
the boundary satisfy this condition.

Given that 6, satisfies the well-separatedness condition (1.4]), we can show, for
p > 1, that ¢ is (p/(p — 1))-Fréchet directionally differentiable, i.e.[]

6(00 + h) = 6(6) + &, (h) + O(|hll 5. ),

6This condition can also be interpreted as a degree of identifiability of the argmax set W(fp).
See Condition V and its discussion in (Chernozhukov et al.| (2013b).
"See Proposition [1|in the Appendix.
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and that this v is tight. This result crucially depends on the chosen norm on
D. When this norm is chosen to be the sup-norm, ¢ fails to be Fréchet and -
Hadamard directionally differentiableﬁ This phenomenon occurs more generally: if
|-| is another norm on D which is even stronger than ||-||, then ~-Fréchet directional
differentiability with respect to ||| implies 7-Fréchet directional differentiability with
respect to the stronger norm |-|. Heuristically, Fréchet directional differentiability
with respect to a stronger norm requires to only hold for a smaller set of
directions and therefore is a weaker condition. The same applies for y-Hadamard

directional differentiability.

1.2.3 The Delta method

Motivated by the above discussion, our Delta method relies on the following two

assumptions.

Assumption 1 (On ¢). (i) D and E are real Banach spaces with norms ||||p and

e

(i) ¢ : Dy C D — E is Borel measurable and ~y-Fréchet directionally differentiable
at 0y with Borel measurable derivative ¢y : D — E. Dy C D has non-empty

interior and 0y € int(Dy). ¢y, is not the zero-mapping.

Assumption 2 (On 6,). (i) The estimator 0, is a measurable function, mapping

a sequence of random variables {X;}7_, into Dy.
(ii) There exists a sequence of real numbers a, — 0 such that ||6, — 6o|| = Op(an).

(i1i) There exists a sequence of real numbers b, — 0 and a sequence of D-valued

random vectors {Z,}1'_, such that

165, — 80) — &5, (Za)llz = Op(bn). (1.5)

Assumption 1| summarizes our smoothness requirements on the map ¢. It re-
quires that the map ¢ is y-Fréchet directional differentiability at 6, only. We as-
sume for simplicity that 6, lies in the interior of the domain of ¢. Instead, we could
allow 0y to lie on the boundary of Dy, by restricting the domain of the derivative
to the span of all h € D such that 6y + h € D, and assuming that Z,, is supported

8See Lemma [16[in the Appendix.



1.2 Setup and the Delta method 15

on this set. See also Remark 2.1 in [Fang and Santos| (2018)) for further technical
details on this point. Further, our notion of directional differentiability differs to
the proposals in Shapiro| (1991)) and Diimbgen| (1993) in that we do not formulate a
notion of Fréchet differentiability tangential to a set. Such a tangential formulation
allows restricting the set of directions to lie in a subset of D and therefore weakens
the required smoothness on ¢. Our definition can be modified to allow for such
a restriction of the directions. In order to facilitate the exposition and since this
extension is not needed in our examples, we decided not to include this formulation.
Moreover, we assume that the derivative is not degenerate, i.e., not the zero map-
ping. If this is the case, the approximate distribution ¢ (Z,) would be degenerate
and therefore of little use for inference. Similarly to the setting of the classical Delta
method, we might then perform a higher order Delta method instead. This has been
investigated by (Chen and Fang (2019)) in the setting of the Delta method by Shapiro
(1991) and Diimbgen, (1993)). While the derivation of a higher order Delta method
would be interesting in our setting, it is out of the scope of the current paper.

The measurability assumption on the estimator in Assumption [2| (i) might seem
restrictive in comparison to the Delta method in Dumbgen (1993)) and [Shapiro| (1991))
who only require asymptotic measurability instead. 6,, can fail to be measurable in
as simple examples as the empirical distribution function.ﬂ On the other hand, when
6, is some kernel or series-based curve estimator, 0, is typically measurable under
mild assumptions on the used kernel or system of basis functions. Nevertheless,
our Delta method extends to a setting where the preliminary estimator fails to be
measurable while the approximate distribution sequence Z,, is measurable as we
demonstrate in Appendix A.5.

In Assumption |2 (iii), we require the existence of an approximate distribution
sequence for the derivative ¢y, applied to the estimator. Alternatively, we could
have assumed that the derivative is Lipschitz continuous and that we have a strong
approximation for the whole process (én — 6p). This difference can have a large
impact on the requirements on the estimator én as well as the rate b,,. For example,
Chernozhukov et al.| (2014a) derived a coupling for the supremum of a series empiri-
cal process under weak requirements on the number of basis functions, while strong
approximations for the whole series empirical process often require much stronger re-
strictions on the number of basis functions (cf. (Chernozhukov et al.| (2013b)), Belloni
et al.| (2015)), |Chen and Christensen| (2018) and Belloni et al.| (2019b)). Moreover,

9See Chapter 1.1 in jvan der Vaart and Wellner| (1996).



16 Directionally Differentiable Functions

note that the assumed approximate distribution Z,, is not scaled. An appropriate
scaling of Z,, will be later determined by the rate of the plug-in estimator.

We proof the following Delta method in the Appendix.

Theorem 1. Let Assumptions[1] and[3 hold. Then,

$(0) — D(00) = B, (Zn) + Op(a], + by).

Theorem formalizes in what sense ¢y (Z,) can be thought of as an approximate
distribution of the plug-in estimator. It quantifies the size of the approximation er-
ror and separates it into the two components a] and b,. a) measures the analytical
approximation error caused by the approximation of ¢ through its derivative and
b, measures the stochastic approximation error induced by the distributional ap-
proximation of the preliminary estimator. The result might seem unconventional
for a Delta method due to the chosen mode of convergence. However, if we further
know that the approximand converges in distribution, say 7,¢j (Z,) % G for some
rate r, and limiting distribution G, Theorem [1| implies that r,(¢(6,) — ¢(6y)) e
whenever 7,(a) + b,) — 0. Moreover, when E is finite dimensional, say E = R for
simplicity, Theorem [I| implies that the studentized plug-in estimator converges in
distribution along subsequences under further moment conditions. Indeed, we show

in Lemma [5| in the Appendix that there exists a subsequence (ny) such that

Var(dy,(Zn,))

for some non-degenerate limiting distribution GG as long as the approximation error
(aj, + by) is of smaller order than the standard deviation of ¢p (Z,).

The imposed assumptions of Theorem [I] are rather mild. For example, in the
parametric setup, when both D and E are finite dimensional and rn(én—eo) converges
in distribution to some limit distribution G, Theorem [1{implies r,(¢(6,) — ¢(6,)) A
¢p,(G) as long as ¢ is y-Fréchet directionally differentiable for some v > 1 with
continuous derivative h + ¢y (k). Indeed, by tightness of 7,(6, — ), a, can be
chosen as r, !, Strassen’s T heoremH implies that there is a sequence Z, ~ G/r,

with b, = o(r;!) since r,(6, — 0y) converges in distribution and continuity of the

derivative implies 7,0y (Zy) 4 a.

10Cf. Chapter 10, Theorem 8 in [Pollard, (2001)).
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Regarding the construction of confidence intervals, Theorem 1 is strong enough
to bound the quantiles of functionals of the plug-in estimator by the quantiles of the
approximate distribution. Indeed, for any Lipschitz continuous functional v : E — R
such as point evaluation, an average or the norm, Theorem [I| implies for any ¢ > 0,

that there is some K such that for sufficiently large n,

Qp—c(V(0h,(Zn))) — K (a] + bn) <Qp(1(6(62) — 6(65)))
SQp-‘rf:‘(V(Qb/GO(Zn))) + K(aj, + by),

where Q,(Z) =inf{t e R: P(Z <t) > p}ﬂ In particular, when the approximation
error (a) + b,) converges faster than the standard deviation of the approximate

distribution o,, = \/ Var(v(¢y,(Zn))), Theorem [1f implies

Qp-c((4,(Z0)) = €00 < Qp(1(d(02) = (60))) < Qpe(v(Sh,(Z0))) + 0

for any € > 0 and sufficiently large n and therefore that the quantiles of the approx-
imate distribution are close to the quantiles of the plug-in estimator in comparison
to the standard deviation of the approximate distribution.

The asymptotic behavior of the quantiles can be strengthened under equiconti-
nuity and monotony conditions on the sequence of distribution functions of ¢j (Z,).
While in general it is hard to check such conditions, under further analytic as-
sumptions on the derivative and if the penultimate process Z, is Gaussian, we can

strengthen our Delta method in Theorem [1|to a bound in the Kolmogorov distance.

Theorem 2. Suppose that Assumptions|[1] and[9 hold with E = R. Further, suppose
that ¢y, is sublinear and continuous and that Z, is a sequence of centered and tight

Gaussian random vectors. Let o7 = Var(¢y (Z,)) > 0. If

a; + b,
On

— 0,
then

lim sup|P(6(0,) — ¢(0) < t) — P(¢h,(Z,) < t)]| = 0.

1See Lemma |§| in the Appendix.
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If further F = {f € D*|Vh € D : f(h) < ¢, (h), Var(f(Z,)) = 0} = 0] then

Jim sup|P(6(6,) — 6(60) < t) = P(¢n,(Z) < 1)] =0.

Theorem 2| implies that the approximate distribution ¢ (Z,) can approximate
the finite sample distribution of the plug-in estimator. One appealing aspect of an
approximation in Kolmogorov distance is that we do not need to know whether the
plug-in estimator converges in distribution or not. We only need to know that the
Delta method approximation error (a) + b,) is of smaller order than the standard
deviation of ¢p (Z,) as measured by 0,. In particular, we do not need to know at
which rate the plug-in estimator converges; a lower bound on the standard deviation
is sufficient. Moreover, Theorem [2] implies that the quantiles of the approximate

distribution converge to the quantiles of the plug-in estimator in the following sense:
for any p € (0,1) such that Q,(¢p,(Z,)) > OH we have

lim P(6(0,) — 6(60) < Qu(Bp,(Zn))) = p,

n—oo

which can be used in order to show pointwise validity of one-sided confidence sets.
A similar result holds when E is a general Banach space, and we are only interested
in a functional v : E — R of ¢(6,) — ¢(6) such as point evaluation or the norm.
Then Theorem [2| can be shown to hold as long as v o ¢ is continuous, positively
homogeneous and sublinear and if one substitutes ¢,, with the standard deviation
of v(¢y,(Z,)). This is for example satisfied when the derivative is continuous and
linear and v(-) = ||-||g, which is useful for the construction of uniform confidence
bands on function spaces.

The proof of Theorem [2| relies on an anti-concentration bound for continuous and
sublinear functionals of tight Gaussian random variables in our companion paper
Scherer| (2024)). We require centered Gaussian random vectors in order to obtain a
cleaner result although the aforementioned anti-concentration bound also allows for
non-centered Gaussian random variables. We only require tightness of Z,, for each
n instead of asymptotic tightness of the sequence (Z,) which is likely to be violated
for nonparametric estimators. The tightness of Z,, is e.g. guaranteed when D is
separable. In the case F # (), we can only bound the distance between the distribu-

tion functions on (0, 0o) since the cdf of ¢ (Z,) might have a jump discontinuity at

12Here, D* denotes the topological dual space of .
I31f F = (), the sign restriction on the quantile is not needed.
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zero. In |Scherer| (2024), we show that ¢j (Z,) can be represented as a supremum of
a Gaussian process indexed by continuous linear functionals. If F # (), this Gaus-
sian process attains the value zero for some functional and therefore bounds the
supremum from below by zero. On the other hand, when F = (), the cdf of ¢ (Z,)

is continuous, and we can obtain a bound on the Kolmogorov distance over R.

Examples revisited

We discuss here only the example of the maximum of the conditional mean and

refer to the Appendix for the example concerning the bargaining bound.

Ezample 6 (Maximum of conditional mean continued). Under fairly standard regu-
larity conditions (Assumption in the appendix), the local polynomial estimator
0, satisfies Assumption |2l In the appendix, we show that

. V1 1

—
=:an

As we presented in Example , there exists a sequence {Z,} of zero mean Gaussian

processes on [0, 1] satisfying!]

A log®n\ %/
sup {0 (x) — bo(a)} — Zu ()| = 0(<g—/) + hf;“).
z€[0,1] 2 nhy

>l

~~
=b,

If further the well-separatedness condition (|1.4]) holds with p € {1,2}, ¢ is 2-Fréchet
directionally differentiable with a continuous and sublinear derivative and therefore
satisfies Assumption [T Theorem [2] implies

lim sup

P<max 0, () — max O(z) < t) - P(maXZn(x) < t) ’ =0

z€[0,1] z€[0,1]

under the rate requirements
log* n log®n

20+1
2 — 0, nhe —0 and nh, " — 0.

This result can recover similar rate requirements as in Miiller| (1985) and [Ziegler

14See Lemma [19]in the Appendix.
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(2002)) who restricted attention to conditional mean functions having a unique max-
imizer. Our result on the other hand only restricts the set of maximizers through the
well-separatedness condition and allows for example for finitely many well-separated
maximizers as well as a continuum of maximizers. The presented results are similar
to the results in section 3.6 in|(Chernozhukov et al.| (2013b). Their condition S on the
equicontinuity radius is closely related to our requirement on the bounded Lipschitz
norm of the estimator as both measure the equicontinuity of the process. Moreover,
their condition V is the same as our well-separatedness condition . However,
our approach differs to their proposal. Firstly, they do not propose a plug-in estima-
tor but instead their estimator can be interpreted as a corrected plug-in estimator
¢(én + ¢,), where ¢, is a correction term. Using our Delta method, one can achieve
a similar correction using an estimate of the derivative as we will show in our local
analysis in Section [I.4] Secondly, their asymptotic approximation uses instead of a

derivative the intermediate approximation

600+ hn) — 6(00) = max h(2)

zeWy"
for some §,, — 0. This approximation allows them to analyze their estimator even
for functions that do not satisfy the well-separatedness condition, which we cannot

do relying on our Delta method.

1.3 Bootstrap

While the Delta method allows to study the asymptotic properties of plug-in
estimators, it is of limited use for the construction of inference procedures as the de-
rived approximate distribution might depend on unknown parameters both through
the penultimate process Z, and the derivative. In this section, we demonstrate how
a consistent bootstrap estimator of the approximate distribution of the plug-in es-
timator can be constructed following similar ideas as in Fang and Santos| (2018).
Further, in section [1.3.2] we discuss the validity of some general purpose bootstrap
techniques which have been proposed in the literature.

The construction of our bootstrap estimator relies on two components. Firstly,
we require a bootstrap estimator Z, for the distribution of the penultimate pro-
cess Z, in Assumption , and secondly we require a consistent estimator é; of the

derivative ¢y, in Assumption . Given these estimators, we can then estimate the
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approximate distribution of ¢y (Z,) using o (Zy).

Assumption 3. (On the Bootstrap Z,)
(i) Zn: {X;, Wi}, — D measurable with {W;}_, independent of D, = {X;}",.
(ii) There is some sequence d,, — 0 such that || Z,|| = O,(d.,).

(iii) There is some sequence s, — 0 and some Z|D,, ~ Z, such that for any e > 0,
there exist M such that

Tim P(P(65, (Z) — 6, (Zi) s > Ms, | D) > ) = 0.

Assumption [3| mirrors the assumptions imposed on the estimator in Assumption
2l We require the bootstrap to be measurable and that we know some rate for
the norm of the bootstrap distribution. Note that this rate is assumed to hold
unconditionally. A sufficient condition is that a similar bound holds conditionally
on the data{™|

(ii") for any € > 0, there exist M such that

JLIEOP(P(HZATLH > Md, | D,) > ¢) = 0. (1.6)
As Z,, might fail to have a limiting distribution, we cannot use the usual notion
of a consistent bootstrap procedure. Instead, we require in Assumption (iii) a
similar coupling construction as in Assumption [2] (iii). Such results are readily
available for various nonparametric estimators. In particular, Chernozhukov et al.
(2013b)) and Belloni et al.| (2015]) give a bootstrap for series estimators, |Chernozhukov
et al.| (2013b) and Cattaneo et al. (2017)) for kernel regression and local polynomial
estimators and Belloni et al.| (2019b) for conditional quantile estimation based on
series regression.ﬂ Moreover, we implicitly assume in part (iii) that the bootstrap
method can estimate the mean of the asymptotic distribution correctly. Since the
mean of Z, is closely related to the bias of én, this means that we usually need
to apply some debiasing to 6, or some undersmoothing of the tuning parameter.

Finally, we want to stress some technicality with couplings. Usually the coupled

5For a proof, see Lemma [8]in the Appendix.
6Most of these results derive a bound on the bounded Lipschitz distance and imply a coupling
result as in iii) by Strassen’s coupling theorem (cf. |Pollard| (2001) Theorem 8 in Chapter 10.3).
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distribution Z in Assumption (iii) depends on the specific M and . Instead, we
assume that Z does neither depend on M nor €. One can usually obtain such a
uniform coupling by slightly increasing s,,. See Remark 2.1 in|Cattaneo et al.[(2022)
for further details on this point.

Besides a bootstrap estimator Zn, we further need an estimator ng; for the un-

known derivative ¢y . We assume:

Assumption 4. (On the estimator ¢',)
The map ng; : D — E is a measurable function of {X;}I,, which is positively

homogeneous and satisfies for a sequence 1, — 0

sup (164, () = i, (W]l = Op(on).
rl<1
In Assumption 4] we assume that the estimator of the derivative is a uniformly
consistent estimator of the derivative at #y. Uniform convergence is needed as we
not only need to approximate the derivative along a fixed deterministic direction h
but along a sequence of random variables which may take on many different values.
Further, a simple plug-in estimator of the form bn = (bén easily fails to satisfy
Assumption {4 unless the derivative 6 — ¢,(h) is sufficiently smooth. However, when
¢ is only directionally differentiable, the derivative often even fails to be continuous
in 6.
Given these assumptions, we can show a notion of consistency of the bootstrap

for the approximate distribution ¢ (Z,).

Theorem 3. Let the Assumptions of Theorem[1], Assumptions[3 and[{] hold. Then,
for any € > 0, there exist M such that

Tim P(P(1,(2,) — 5, (Z)lle > M(dna V 5.)| D) > €) = 0.

Theorem 3 implies that the bootstrap error ||/, (Z,) — 9, (Z)||e converges with
rate d,n, V s, conditionally on the data D,,. The rate separates into d,n,, which
measures the approximation error of the derivative estimator qg’n, and the coupling
error s,. Theorem |3| has similar implications on the quantiles as Theorem Let
v : E — R be a Lipschitz continuous functional and let o7 , = Var(v(¢j,(Z,))). If

the bootstrap error is of smaller order than the o,,,, i.e., (d,0, V sn)/0n,, — 0, then
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Theorem |3 implies for every € > 0 and sufficiently large n

Qp—é(”(@%(ZAN))an) —eop, < Qp(”(¢(én> —¢(bo))) < Qp-&-S(V(QB,n(ZAn)MDn) Tt Eon

with probability converging to one and where Q,(Z|D,,) = inf{t € R : P(Z <
t|D,) > p}T| This bound can be used to justify confidence intervals when a consis-
tent estimator of the standard deviation is available. For instance, suppose we have

some &, satisfying

Then, the above bounds imply for any £ > 0 and « € (0,1/2)

lim ian(Qb(én) —¢(6o) < Ql—a—i—a(y(ﬁg);(zn)ﬂpn) +eb,) > 1—a.

n—oo

As in the discussion of Theorem (I, we can improve Theorem [3| to a bound in
Kolmogorov distance under further analytical assumptions on the derivative and

Gaussianity of the penultimate process Z,, as we show in the following Theorem.

Theorem 4. Suppose that the Assumptions of Theorem [3, Assumptions 3 and [{]
hold. Then, if {(d.n.) V sp} Var( leo(Zn))_l/z 0,

sup|P (¢, (Z,) < t| D) = P(¢(0) — 6(60) < t)| = 0,(1).

t>0

If further F = {f € D*|Vh € D : f(h) < ¢y (h), Var(f(Z,)) = 0} =0, then

Sup|P(91,(Zn) <[ Da) = P(6(00) = 0(60) < 1) = 0y(1).
€

Theorem (4] can be used to prove pointwise validity of confidence intervals. We
illustrate this here for confidence intervals of the following kind: For some o € (0, 1),
let G,(1 — ) denote the (1 — a)-quantile of the bootstrapped distribution ¢’.(Z,)

conditionally on the data, i.e.,

~

Ga(1 - ) =inf{q: P(&,(Z,) < q| D) > 1 - ) (L.7)

17See Lemma 11 in (Chernozhukov et al.| (2013b).
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and define the confidence interval as

Cl,={peE:¢(0,) —p < dn(l —a)}. (1.8)

Then, Theorem {4 readily implies pointwise validity as we show in the following

Corollary.

Corollary 1. Suppose that the Assumptions in Theorem [ hold. Further, suppose
that for o € (0,1), Go(1 — «) > 7 with probability approaching one, where 7 = 0 if
F # 0 and T = —oo otherwise. Then,

lim inf P (¢(6,) € C/’\In) >1-a.

n—o0

The assumption that the bootstrapped quantiles §,(1—a) are larger than 7 might
be hard to show in applications. Therefore, we present simple sufficient conditions
in Lemma[J)in the Appendix involving analytical properties of the derivative as well

as properties of the approximating Gaussian process Z,.

1.3.1 Examples revisited

Ezxample 7 (Maximum of conditional mean continued:). We use the following multi-
plier bootstrap in order to estimate the quantiles of the local polynomial estimator.
Let m;, e =1,...,n, be i.i.d. standard normally distributed random variables which
are independent of the data D,, = {(Y;, X;) : ¢ =1,...,n} and set

A~ X —
Zn Z 7 TS lK U( - )éza
(0) = — fn ;n V(X =)l

where f,(z) denotes a kernel density estimator of f(z) and é; = Y; — 6, (z). Condi-
tionally on the data, Z, = {Z,(z) : # € [0,1]} is a centered Gaussian process whose
covariance function (conditionally on the data) is a consistent estimator of the covari-
ance function of Z,,. Therefore, this multiplier bootstrap can also be thought of as a
Monte Carlo simulation of the approximate limiting distribution based on a consis-

tent estimator of the covariance function. In the appendix, we show that this boot-

strap satisfies Assumption [3| with d,, = /logn/(nh3) and s, = o((nh, logn)~/2).
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As an estimator for the derivative, we use

¢/, (h) = max h(z),

$€‘i’n
where

A ~

v, = {JI : Hn(x) + q"/n‘&n(x) > max én(j) - qvn‘}N(j)}'

Here, &,, denotes an estimator of the standard error of én and ¢, is an estimator of
the ,-quantile of |[(6, — 00)/0nloe- Yn — 1 slowly enough so that ¢, ||6m]lec — 0.

VU, is an estimator of the argmax set of 6y. Graphically, it is constructed as
follows: ¢, is chosen such that 0, + Gy, 0n(x) is a 7, uniform confidence band for
0. W, now consists of all z for which the upper band lies above the maximum
of the lower band. Thus, it consists of all potential maximizers which are justified
by the uniform confidence band and in particular covers the true set of maximizers
whenever the confidence band covers the true conditional mean function.

We show in the appendix, that the rate of this estimator can be bounded by

sup_[61(1) = )] = 0, ({E120=)T)
[hllpL<1 ¢
This rate depends on the well-separatedness condition on the maximum of
the conditional mean function. Heuristically, when the conditional mean function
is rather flat around its maximum as measured by the exponent p, it is harder to
estimate the set of maximizers therefore reducing the rate of convergence of the
derivative estimator.

Hence, this bootstrap of the plug-in estimator satisfies our general bootstrap
assumptions and Theorem [4] applies under the rate requirement log®n/(nh3) — 0

for p = 2. This is the same requirement as needed for the Delta method in Theorem
to hold.

1.3.2 Validity of general-purpose bootstrap procedures

The literature on inference on directionally differentiable functionals has pro-
posed several generally applicable bootstrap procedures including the standard boot-

strap, subsampling and the numerical Delta method. These procedures have been
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analyzed in the setting of the Delta method by [Shapiro| (1991)) and Diimbgen| (1993)),
and it is not obvious that they yield valid inference in our setup. We therefore discuss
in this section under which conditions these approaches yield consistent estimators
in the context of our proposed Delta method.

Standard / Naive Bootstrap: First, we consider what has been called the
standard bootstrap by |Fang and Santos| (2018)) and the naive bootstrap by Dumbgen
(1993) and Hong and Li| (2018) ['] It goes back to proposals by [Krinsky and Robb
(1986)), Krinsky and Robb (1990) and Runkle (1987). The idea is to draw boot-
strapped samples HAZ of the preliminary estimator 6, and use the distribution of
$(07) — #(6,,) conditionally on the data as an estimator of the distribution of the
plug-in estimator. This approach can be slightly more generally motivated as fol-

lows. The plug-in estimator can be written as

¢(én) — ¢(6o) = ¢(00 + {én —00}) — &(0).

The standard bootstrap now replaces the unknown 6, by its estimator én and (én—é’o)
by a bootstrap Z,, for its approximate distribution Z,,. Then, the quantiles of the
plug-in estimator are estimated by the quantiles of ¢(6, + Z,) — ¢(0,,) conditionally
on the sample {X;}I ;.

The following Lemma gives an asymptotic approximation of the distribution of

the standard bootstrap.

Lemma 1. Suppose that Assumption [5 and the Assumptions of Theorem [1] hold
with Assumption [J(iit) replaced with

lim P(P(||¢, (0n — 00) + Zn) — & (Zn + Z2)||l& > M (5, V by) | D) > €) = 0.

n—o0

Then, for any € > 0, there exist M such that

lim P(P([[(¢(0n + Z0) = $(00)) (%, (Zn + Z;1) = S, (Z))lz

n—o0

> M(b, Vs, VayVdl)|D,) >e)=0.

Heuristically, this result shows that the standard bootstrap does not approximate

181t is also called the parametric or asymptotic distribution bootstrap. See[Woutersen and Ham
(2014) for further details on this procedure.
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9, (Zn) but instead

A A

G(On + Zo) — ¢(0,) = & (Zn + Z5) — Py (Z0).

Thus, if the derivative ¢y, is linear in h, the standard bootstrap yields a consistent
estimator. On the other hand, when the derivative is non-linear, the standard
bootstrap might fail to be consistent. This observation is in line with the results in
Fang and Santos| (2018). They show in the context of the Delta method by Shapiro
(1991) and Diimbgen| (1993) that, when the limiting distribution is Gaussian, the
standard bootstrap is consistent if and only if the derivative is linear.

Subsampling: Two common approaches when dealing with non-standard boot-
strap settings are the m-out of n bootstrap and subsampling (in the context of
inference on directionally differentiable functionals, see e.g. |Romano and Shaikh
(2008), Romano and Shaikh| (2010), /Andrews and Guggenberger| (2009b)) and |An-
drews and Guggenberger| (2010)). Even in our setting, these procedures are consis-
tent if ¢ (Z,) converges in distribution. Since the analysis of subsampling and the
m out of n bootstrap is similar, we focus on subsampling in the following.

The subsampling approach is based on simulation of

1 A . .
a (¢(9n + amZ:;m) - Qb(gn))

where Z,, is based on a subsample of size m < n and a,, was given in Assumption

2l This can be interpreted as using implicitly the derivative estimator
1 .

Under the further assumption that h +— ¢y (h) is Lipschitz continuous, we show in

the Appendix that this estimator satisfies

sup [,) — (s = O 2 4 ).

[AlI<1 m
Therefore, subsampling fits into our general framework given above and implies:

Lemma 2. Suppose that Assumption[3 and the assumptions of Theorem[q hold. If
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m is chosen so that

{dm(an/am + a7}V s,
Om

— 0,
where o7, = Var(¢p (Zy,)), then

stgp}P(%(Zm) <t Do) = P(6(0n) — $(60) < t)] = 0,(1).
Here 7 = 0 if F # 0 and 7 = —o0 else. Moreover, if rn¢p (Z,) Y for some

sequence 1, and continuous limiting distribution G, then

Sup|P (1 Zn) < t] Da) = P(ra{6(02) = 6(60)} < 1) = (1),

This result suggests that the subsampling estimator is a consistent estimator
of the distribution of ¢j (Z;,) at sample size m < n. This might be problematic
as the covariance functions of 7, and Z,, might differ considerably. In particular,
when Z,, is the approximating distribution sequence of a local polynomial estimator
as discussed in Example [] the covariance function changes considerably with the
bandwidth choice. Since h, < h,,, Z,, might fail to approximate Z, well and
therefore also ¢p (Z,,) might be a poor approximation of ¢y (Z,). On the other
hand, when there is a rate r,, such that r,¢j (Z,) has a limiting distribution, a
simple rescaling ensures that subsampling yields valid inference.

Rescaled bootstrap / numerical Delta method: Another idea would be
to use the same numerical derivative estimator as in subsampling but to use some
general bootstrap Z,, of Z, instead of the subsampling distribution based on m < n
observations. This approach has been proposed by Diimbgen| (1993) as the rescaled
bootstrap and by [Hong and Li (2020)) as the numerical Delta method. Formally, the

rescaled bootstrap / numerical Delta method uses the distribution of

L (¢(én + amZn) - ¢(én))

am

conditionally on the data as an estimator of the distribution of the plug-in estimator.
As this method uses the same estimator of the derivative as subsampling, the
rescaled bootstrap / numerical Delta method also can be analyzed using Theorem

and (4] above. In particular, when the derivative is a continuous and sublinear
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functional, we show in the Appendix:
Lemma 3. Suppose that the assumptions of Theorem[3 hold. If m is chosen so that

{dn(an/am + al; )}V sy,
On

— 0,

where o = Var(¢y (Zy)), then, for ¢ given, in ,

sup|P (¢, (Z,) < t|Dn) = P(6(0) — 6(60) < t)| = 0,(1).

t>1

Here =0 if F # 0 and 7 = —o0 else.

1.4 Local analysis

The non-smoothness of only directionally differentiable transformations leads to
challenges for estimation and inference as has been shown in Diimbgen| (1993)), Hi-
rano and Porter| (2012) and Fang and Santos (2018). In particular, Hirano and
Porter| (2012)) have shown in a local asymptotic framework that when ¢ is only
directionally differentiable, there do not exist asymptotically quantile-unbiased esti-
mators, severely limiting the ability to perform asymptotically valid inference. We
therefore study in this section the robustness of our results to local perturbations
of the data generating process. We model this by considering parameter sequences
0,, which converge to #y. More generally, we allow the data generating process to
change with the sample size and denote this by using P,, instead of a fixed probabil-
ity measure P. We write o, and O,, in order to denote convergence in probability

and stochastic boundedness with respect to the sequence P,,.

Assumption 5. (i) The estimator 6, is a measurable function mapping a se-

quence of random variables {X;}7, into Dy.

(i) There exists a sequence a, — 0 such that 6, = 6y + h,, € Dy C Dy with
[l = O(an).

(i6i) (16— Ball = Op, (an).

(iv) There exists a sequence of real numbers b, — 0 and a sequence of D-valued
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random vectors {Z p, Y1y such that Z, p, ~ Z,, n € N, and

A

||¢/00({0n - Qn} + hn) - ¢/00(Zn,h" + hn)HE = Opn (bn)

Assumption [p] formalizes our local asymptotic framework and requires the prelim-
inary estimator 0,, to be insensitive to the local perturbations of the data generating
process. We allow the local parameters 6, to lie in a subset of Dy in order to al-
low for further restrictions on the parameter such as smoothness restrictions. This
might be needed for nonparametric preliminary estimators in order to control their
bias. Assumptions (iii) and (iv) can be interpreted as locally uniform versions of
the corresponding assumptions in Assumption . For instance, (iii) requires that
the rate a, is unaffected by local deviations. In (iv), we further require that the
approximate distribution Z,, ;, does not change with h,,. This can be interpreted as
a notion of asymptotic equivariance in law which is a common starting point for a
local asymptotic analysis. In particular, it is satisfied for regular estimators 0,. The
required locally robust coupling is for example satisfied when the derivative is Lip-
schitz continuous and there is a coupling of én — 0y to Z,, . Such local asymptotic
couplings can usually be derived along the same lines as the pointwise results since
the used strong approximation results are finite sample bounds.

Our two main results of this section can be seen as extensions of local results in
Fang and Santos (2018) and Diimbgen| (1993) to our setting:

Theorem 5. Suppose Assumption[]] and[J hold. Then

$(0n) — 0(0) = S, (Zupw + h) — By, () + Oy, (al +by,).

Theorem 6. Suppose that Assumptions and@ hold with E = R. Suppose that ¢y,
is sublinear and continuous and that Z,, is a sequence of centered and tight Gaussian

random vectors. If

a) + b,

On,h

— 0,

where o7 ), = Var(supsez, f(Znn, + hn)) with Fr = {f € D*|Vh € D : f(h) <
9, (R)} \ F, then

lim Sup|Pn(¢(én) - ¢<0n) S t) - Pn(gbleg(zn,hn + hn) - ¢/00(hn) S t)| = 07

N—=00 t>7,



1.4 Local analysis 31

where 7, = sup ;e f(hn).
If instead F = {f € D*|Vh € D : f(h) < ¢y, (h), Var(f(Z,)) =0} =0 and

al + by,

On,h

— 0,
where o7, = Var(¢y (Znn, + ha)), then

nlggo ilelﬂlglpn(¢<én) —9(0,) <t)— Pn(gbgo(zn + hn) — ¢go(hn) < t)‘ = 0.

The result in the above Theorems indicate how the finite sample distribution of
the plug-in estimator changes when the true parameter is close to a parameter 6,
where ¢ fails to be fully differentiable. In this case, the approximate distribution
depends on the perturbation h, and the pointwise asymptotic approximation in
Theorems [T] and 2] might be misleading. Importantly, Theorems [5] and [6] allow us to
study when our proposed procedures deliver reliable size control.

For example, in the setting of Theorem [6] and one-sided confidence intervals as
constructed in ([1.8]), Theorem @ implies

P(Qs(én) - Qb(gn) < C?n(l - a)) ZP(ﬁbleo(Zn + hn) - ?bleo(hn) < (jn(l - a)) - 0<1)'

In order to show that this confidence interval provides local size control, it is sufficient
to show that the probability on the right-hand side is larger than 1 — . While this
might be hard to show in general, sublinearity of h + ¢ (h) implies

d)leo(Zn + hn) - ¢/90(hn) < ¢/00 (Zn)

Thus, the quantiles of ¢j (Z,) provide an upper bound on the quantiles of the local
asymptotic approximate distribution and therefore the confidence set achieves local

size control. We summarize this finding in the following Corollary.

Corollary 2. Suppose the conditions of Theorem [] and Assumption [f below hold.
Then, if F =0, it holds for any « € (0,1) that

liminf P, (¢(6,) — (6,) < Gu(1 — @)) > 1 — a,

n—oo

where (1 — o) = inf{q : P(¢,(Z,) < q|Dy) >1—a}.
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The proof of Corollary [2| requires validity of the bootstrapped quantiles also in
this local asymptotic framework. We therefore impose the following adaption of

Assumptions [3] and [

Assumption 6. (i) Z, : {X;, W;}"_, — D measurable with {W;}"_, independent
of Dn = {Xi}isy-

(ii) There is some sequence d,, — 0 such that || Z,|| = O, (d,).

(iii) There is some sequence s, — 0 and some Zy, |D, ~ Z, such that for any
e > 0, there exist M such that

Tim Py (Po((165,(Z) — 5, (Z5p )iz > M, | D) > ) = 0.

(iv) The map ¢, : D — R is a measurable function of {X;}7_,, which is positively
homogeneous and satisfies for a sequence n, — 0 that for any € > 0, there is a
K such that

lim sup Pn( sup ¢y, (h) — ol (h) > Knn) < e.
n—00 IAlI<1

Assumptions (i)-(iii) are analogs to the corresponding assumptions in Assump-
tion |3 and require the bootstrap Z. to be insensitive to local perturbations. As-
sumption (iv), on the other hand, allows the estimator of the derivative to be biased
by local perturbations but restricts the direction of this bias. Heuristically, it im-
poses that (gg’n consistently estimates an upper bound of the derivative at 6, and is
weaker than assuming that g% consistently estimates ¢ . We allow for such a bias
since 0 — ¢} easily fails to be continuous when ¢ is only directionally differentiable
and therefore locally robust estimators of the derivative might be hard to construct.
On the other hand, (iv) is for example satisfied by the implicit derivative estimator
of the subsampling estimator.

The result of Corollary [2| can be interpreted as a local asymptotic half-quantile-
unbiased-ness property of the bootstrapped quantiles. While this property implies
local size control, it does not rule out that the resulting confidence sets are conser-
vative. This potential for conservativeness can be attributed to two factors. On the
one hand, we bounded the quantiles of the local approximate distribution using the
sublinearity of ¢y and secondly Assumption @ (iv) allows the bootstrapped quantiles

to be themselves an upward biased estimator of the quantiles of ¢y (Z,).
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The existence of locally asymptotically half-quantile-unbiased estimators is also
consistent with the impossibility results in |Hirano and Porter (2012). While the
authors show that there cannot exist locally asymptotically quantile-unbiased esti-
mators, this does not rule out the existence of locally asymptotically half-quantile-
unbiased estimators. This has also already been observed in the literature on mo-
ment inequalities as e.g. in |Chernozhukov et al| (2013b) and Andrews and Shi
(2013). There, the half-quantile-unbiasedness property is also used to construct
estimators which are asymptotically half-median-unbiased which translates in our

setting to the property that

lim inf P, (6(0,) — (1/2) < 6(0.) > 3
and in this sense gzﬁ(én) — Gn(1/2) is a locally asymptotically half-median-unbiased
estimator of ¢(6p). Further, the observation that sublinearity is sufficient for local
size control when the derivative is only directionally differentiable has already been
shown by [Fang and Santos| (2018). In this sense, Corollary [2| can be interpreted as
an application of their idea to our setting.

While sublinearity of the derivative holds in all of our examples, it can fail to
hold. In this scenario, one-sided confidence intervals as constructed in may
fail to provide local size control and need further investigation. On the other hand,
Theorems [ and [ imply that an upper bound on the quantiles of ¢y (Z, + h,) —
¢p, (hn) is sufficient for local size control. Sometimes such an upper bound can be
motivated by analyzing the analytical expression of the derivative as e.g. in Example
2.2 in Fang and Santos (2018]). Alternatively, motivated by the size-corrected fixed-
critical-values in |Andrews and Guggenberger| (2009a), one may compute the worst

case bound

P9, (Zn) = sup &g (Zy + h) — &, (h).
heDy
The function ¢j, is a sublinear majorant of the derivative ¢j and reduces to ¢j,
when the derivative is sublinear. By definition of ¢}, the quantiles of ¢j (Z,) imply
an upper bound on the quantiles of the local asymptotic approximate distribution.
Thus, an alternative strategy to construct one-sided confidence intervals may be
based on an estimator ngﬁ;iL of this upper bound ¢ instead of the derivative ¢ . In

particular, if ¢ is a continuous functional and Z,, a sequence of centered and tight
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Gaussians, we can obtain a similar result for the bootstrapped quantiles of ¢ (Z,)
as in Corollary [2]

Corollary 3. Suppose the conditions of Theorem [5 and Assumption [6] hold when
(iti) and () in Assumption [ are replaced by

(ii’) There is some sequence s, — 0 and some Z, |D, ~ Z, such that for any
e > 0, there exist M such that

nlgIOlO P, (Pn<“¢;0(2n) - gbzo(Z;,hR)HE > Ms, |Dy) > 5) = 0.

(iv’) The map QAS;"L : D — R is a measurable function of {X;} |, which is positively

homogeneous and satisfies for a sequence n, — 0 that for any € > 0, there is a

K such that
lim sup Pn( sup g, (h) — QBZ(h) > Knn) <e.
n—00 [|r|I<1
Then, if
7+ b,
M — 0’
O

where o7, , = Var(¢p (Zy)), and F = {f e D*|Vh e D : f(h) < ¢, (h), Var(f(Z,)) =
0} =0, it holds for any « € (0,1) that

lim inf Py, (¢(6,) — ¢(6n) < g5(1— @) > 1 - a,

n—oo

where ¢*(1 — o) = inf{q : P(¢*(Z,) < q|D,) >1—al.

1.5 Numerical Results

In this section, we present results of a Monte Carlo study to illustrate the finite-
sample relevance of our theoretical results. We focus here on the setting in Example
[T, i.e. the maximum of a conditional mean function, and present further simulations
in the setting of Example [2] in the Appendix. We employ the same Monte Carlo
designs as in |Chernozhukov et al.| (2013b)). This allows us to compare our simulation

results to the results in the aforementioned paper. We compare 4 different methods
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which can be briefly described as follows: the first method follows the construction
of a bootstrap method proposed in Section and was already outlined in Example
[7l The second method utilizes the standard bootstrap as discussed in Section [1.3.2]
The third method is a one-sided projection interval and the final method is the
method proposed in [Chernozhukov et al.| (2013b). All methods are compared in
terms of coverage probability of the true underlying parameter and a close false

parameter.

1.5.1 Data Generating Processes

We consider random samples from the model

X; ~ Unif[-2,2], ¢; = min{max{—3,0¢;},3}, and
Yi = Lo(X;) + ¢,

where ¢(-) is the standard normal density function, &; ~ N(0,1), and L and o
are constants. We consider four data-generating processes (DGP) taken from Cher-
nozhukov et al.| (2013b):

DGP1: L=0andoc=0.1; DGP2: L=1ando=0.1;
DGP3: L=5ando=0.1; DGP4: L =5andoc=0.01.

The first design DGP1 is completely flat, and therefore the functional is only di-
rectionally differentiable. The second design DGP2 is nonflat and smooth around
the maximum with a unique maximizer at zero. In this DGP the functional is fully
differentiable. DGP3 and DGP4 are also nonflat and similar to DGP2 with a peaked
conditional mean function with a unique maximizer. DGP3 and DGP4 only differ
in the conditional variance of Y; which is a hundred times smaller for DGP4. In our

simulations, we considered sample sizes n = 500 and n = 1000 for all of the above
DGPs.

1.5.2 Inference Procedures

Our implemented inference procedures use the local linear estimator as described
in Example [4] as an estimator for the conditional mean function. We follow the

tuning parameter choice in |Chernozhukov et al.| (2013b) and use the quartic kernel
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K(z) = 2(1—2?)?1(|z| < 1) as a kernel function and the rule-of-thumb bandwidth

h = iLROT X =§:v X n1/5 X n_2/7,
where §, is the sample standard deviation of the X; and iLROT is rule of thumb
bandwidth as described in Section 4.2 of Fan and Gijbels (1996)) ['°| The factor n'/® x

n—2/7

is multiplied to ensure that the smoothing bias is asymptotically negligible.
For the evaluation of the estimates, we consider only x within an interval between the
0.05 and 0.95 sample quantiles of X;’s to avoid influence of outlier at the boundary
of the support of X;.

We implement three procedures for inference. The first method follows the con-
struction of a bootstrap method proposed in Section [I.3] and will be called the
derivative estimation based procedure. We implemented this method following the
construction in Example m and chose v, = 1—0.1/logn for the tuning parameter of
the argmax set estimator \ifn The second method, which we call the standard boot-
strap, uses the same bootstrap for the local linear estimator as described in Example
and then applies the standard bootstrap as presented in Section [1.3.2] Finally,
the third method is a one-sided projection interval. It employs the bootstrap from
Example [7] to simulate the 95% quantile g, of
Zn (z)

sup — ,
:Cp In(x)

where 0,,(-) denotes the same estimator of the standard error of 0, as used in the

construction of the argmax set estimator. The resulting set
OB, = {0(x)|Vz : 0(x) > 0,(z) — Gu0n(x)}

is a uniform one-sided confidence band for #y. The third method consists of using

the following projection interval
Co={0(6) |6 € OB} = {(6) | #(6) > max{,(Z) — Gu6u(7)}}.

Note that this interval coincides with the conservative nonstochastic choice V = V

described in section 7.1. in |Chernozhukov et al. (2013b). Further, we implement

For further details, see section 7.3 in |Chernozhukov et al.| (2013b).
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the bootstrap in all of the above methods using 1000 draws.

1.5.3 Simulation Results

We evaluate our simulation results through the coverage probability (CP) at
the true maximum ¢(6p) with nominal level 95% and the false coverage probability
(FCP) evaluated at ¢(6y) —0.02. We perform 1000 independent replications for each
experiment. The results are summarized in Table [1.1]

We first consider the performance of the derivative estimator based procedure.
It performs reasonably well for DGP1 and undercovers only slightly. The argmax
set estimator covers approximately the full support of the X;s which is the true
argmax set for this DGP. For the other DGPs, the derivative based method is quite
conservative with CP ranging from 99% to 99.7%. This can be in part attributed
to the argmax set estimator; it overestimates the size of the true argmax set and
therefore results in a derivative estimator which is larger than the true derivative.
This in turn shifts the quantiles upwards and leads to increased coverage probabil-
ities. In DGP2 and DGP3, the derivative based method has non-trivial power as
indicated by the FCP and which decreases as the sample size increases. In compar-
ison to DGP2, DGP3 has a more peaked conditional mean function which results
in a shorter estimated argmax set showing that the argmax set estimator adapts
to the DGP. DGP3 and DGP4 only differ in the conditional variance of Y; which
is a hundred times smaller in DGP4. This results in more precise estimates of the
conditional mean function, reduces the width of the estimated argmax set and over-
all improves power so that the FCP is zero under DGP4. Further, the derivative
based method shows a similar performance as the proposed method in|Chernozhukov
et al. (2013b). Its CP are larger than the corresponding values for CLR across all
DGPs resulting in a loss of power. On the other hand, for DGP1 the derivative
based method undercovers less than CLR and is closer to the nominal level of 95%.
Overall, neither approach dominates the other.

The performance of the standard bootstrap based procedure is summarized in
Table [I.I] For DGP1, the standard bootstrap severely undercovers with a CP of
76.1% and 71.2%. For DGP2 and DGP3, the CP is close to the nominal level
resulting in a higher power as compared to the other methods in Table Finally,
for DGP4, the standard bootstrap also overcovers but with a smaller CP as compared

to the other methods. These observations are consistent with our theoretical results
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Sample Cov. False Cov. Ave. Argmax Set
Size Method  Prob. Prob. Min. Max.

500 Deriv 0.941 0.122 -1.771 1.773
500 CLR 0.923 0.064 -1.799 1.792
500 Project  0.923 0.064 -1.799 1.792
500 Standard 0.761 0.026 - -

1000 Deriv 0.942 0.008 -1.777 1.777
1000 CLR 0.936 0.003 -1.801 1.796
1000 Project  0.936 0.003 -1.801 1.796
1000  Standard 0.712 0.000 - -

500 Deriv 0.993 0.822 -0.702 0.701
500 CLR 0.989 0.808 -0.890 0.892
500 Project  0.995 0.871 -1.799 1.792
500 Standard 0.944 0.555 - -

1000 Deriv 0.991 0.695 -0.611 0.610
1000 CLR 0.990 0.675 -0.776 0.776
1000 Project  0.996 0.779 -1.801 1.796
1000  Standard 0.944 0.372 - -

500 Deriv 0.990 0.916 -0.352 0.352
500 CLR 0.986 0.876 -0.426 0.424
500 Project  0.995 0.943 -1.799 1.792
500 Standard  0.953 0.745 - -

1000 Deriv 0.990 0.841 -0.306 0.305
1000 CLR 0.986 0.816 -0.380 0.377
1000 Project  0.992 0.907 -1.801 1.796
1000  Standard 0.943 0.584 - -

500 Deriv 0.997 0.000 -0.136 0.136
500 CLR 0.981 0.000 -0.142 0.142
500 Project  0.991 0.000 -1.799 1.792
500 Standard (0.988 0.000 - -

1000 Deriv 0.997 0.000 -0.108 0.108
1000 CLR 0.991 0.000 -0.127 0.127
1000 Project  0.997 0.000 -1.801 1.796
1000  Standard 0.986 0.000 - -

o
P!
)—U
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Table 1.1: Results for the Monte Carlo experiment. The column "method” indicates
the chosen method. ”Deriv” denotes the derivative based method, ” CLR” the pro-
posed method in |Chernozhukov et al.| (2013b), ”Standard” is based on the standard
bootstrap and ”Project” denotes the one-sided projection interval. The results for
"CLR” and ”Project” are taken from Table III in |Chernozhukov et al.| (2013b).
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in Section[1.3.2las the derivative is nonlinear under DGP1 and therefore the standard
bootstrap is inconsistent, while the derivative is linear under the remaining DGPs.

The results for the projection interval are presented in Table Under DGP1,
it has a lower CP as compared to the derivative based method and yields the same
coverage properties as method CLR. For DGPs 2 and 3, the projection interval has
the highest CP and the lowest power among all the presented methods. DGP4 is an
exception. Here, the projection interval is less conservative than the derivative based
method for n = 500 and achieves the same coverage properties as the derivative
based method for n = 1000. This suggests that the derivative based method is

preferable to the projection interval, but no method strictly dominates the other.

1.6 Conclusion

In this paper, we study inference on parameters of the form ¢(6y), where ¢ is a
known directionally differentiable transformation and 6, is an unknown parameter.
We focus on settings, where 6y is an unknown function estimated using some non-
parametric or machine-learning estimator én. As many nonparametric or machine-
learning estimators do not converge in distribution, existing extensions to the Delta
method are not applicable in our setting. Similarly, subsampling cannot be easily
applied in this setting as it is hard to show that the plug-in estimator converges
in distribution without relying on convergence in distribution of the preliminary
estimator. We propose to use strong approximations to the distribution of 0, as
an alternative concept to convergence in distribution. Such strong approximations
provide a sequence of approximate distributions instead of a single limiting distribu-
tion and are readily available for a wide-range of estimators. Further, we present a
higher-order notion of Fréchet directional differentiability which is sufficiently flex-
ible to handle the irregularity of nonparametric estimators and allows analyzing
settings where the plug-in estimator converges at a faster rate than the preliminary
estimator. These concepts enable us to derive a new Delta method which implies
a strong approximation to the distribution of the plug-in estimator (b(én) Further,
we derive Berry-Esseen type Delta method under further analytical conditions on
the transformation and the approximate distributions of the preliminary estimator.

Since the distributional approximations implied by our Delta method are rarely
pivotal, we suggest a simulation-based estimator of the approximate distribution

of the plug-in estimator and provide conditions for its consistency. Besides that,
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we also study the validity of the standard bootstrap, subsampling and the rescaled
bootstrap / numerical Delta method. We study local approximations to the distri-
bution of the plug-in estimator and provide sufficient conditions on the directional
derivative of ¢ implying local size control for one-sided confidence intervals. We
illustrate the applicability of our results in the context of inference on the maximum
of a conditional mean function. In the appendix, we further apply our results to an
example taken from [Freyberger and Larsen| (2021) which illustrates that our results
can be applied in more complicated examples. Finally, we illustrate the finite sam-
ple performance in these examples using Monte-Carlo simulations. In the context
of the maximum of a conditional mean function, we find that our proposed method
performs comparably to the proposal in (Chernozhukov et al.| (2013b) and that it im-
proves upon projection bands. For the example from [Freyberger and Larsen| (2021)),

we find that the resulting bands are conservative but improve upon projection band.



Appendix

1.A Proofs of the main theorems

1.A.1 The Delta method

Proof of Theorem[1: By ~-Fréchet directional differentiability of ¢ at 6y, there exist
0 > 0 and C < oo such that

[¢(00 + 1) — ¢(6o) — ¢y, (M) [le < C|IA]]” (1.10)

for all h satisfying 6o+h € Dy and ||h|| < 6. By Assumption2f(ii), for any e > 0, there
exists a K. and an Nj such that the event A, = {[|6,, — 6| < a, K.} has probability
P(A,) > 1—¢ for all n > N. By Assumption (i), 0, € Dy and therefore ¢(6,,) is
well-defined in this case. Further, this implies that there exists an N3 > N; V Ny
such that on A, h, := 0, — 0, satisfies 0y + h,, € Dy and ||h,|| < 6 for all n > Nj.

Thus, by (T.10),

1—e < P(A,) < P([6(8) — ¢(00) — b (h)lle < Cllhall7)
for all n > N3 and therefore

[$(6) = 6(60) — B, (8 — b0)||; = Op (116 — bolI2) = Op(ar).

The claim now follows by the assumed coupling in Assumption (iii). O

The proof of Theorem 2| relies on a slight modification of Le Cam’s Lemma (cf.
Le Cam) (2012), p.402) which is proven in our companion paper Scherer| (2024)).

41
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Lemma 4. For X, Z arbitrary real-valued random variables, T € R and \ > 0,

sup|P(X <) = P(Z < 1) < P(IX = Z] > A) + G(X) V G(2),

t>T1
where (\(V) = sup,., P(t <V <t+ ) for any real-valued random variable V € R.

Proof of Theorem[J: Since ¢y, is Lipschitz continuous and Sublineaﬂ and Z, is
a centered and tight D-valued Gaussian random vector, we can apply the anti-

concentration bound in Scherer| (2024)) which implies

12
pP(E < 6 (Z) < t46) < V2

t>7 o2+ e2/12

for 7 =0 if F # () and 7 = —oo otherwise. By Le Cam’s Lemma [4]

Ve >0

sup|P(¢ (0, — 00) < t) — P(¢p,(Zn) < 1)

t>7

< inf P([(¢(0,) — 6(60)) — ¢, (Za)| > ) + n\/ﬁ, (1.11)

n>0 On,

where we used that /y/02 + ¢2/12 < ¢/0,,. By Theorem |1} we have
[(9(62) = 6(60)) = ¢4, (Zn)| = Op (a5 + bn)

Further, by assumption, (a? +b,)/0, — 0 as n — oo and therefore, for any ¢, there
is some N such that for 1, = 0,e/(8v/3)

P(|(6(6n) — 6(60)) — ¢, (Zn)| > 1) <

N ™

for all n > N. This implies for (1.11)

sup|P((6(0) — d(6o)) < t) — P(¢p,(Zs) < t)]

t>T1
) V12
SP(‘((b(en) - ¢<90)) - (ble()(Zn)‘ > nn) + 770_— <g,
for all n > N. The claim follows. ]

20Lipschitz continuity follows by continuity and sublinearity as mentioned in the discussion in

Section @
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Auxiliary results

Lemma 5. Let the assumptions of Theorem[1] hold. Further, suppose that there ex-
ists some 6 > 0 such that E[|¢}, (Z,)|*T°] < 0o ewists for all n, o2 = Var(¢) (Z,)) >
0 and that

E||¢5,(Zn) — pia] ]

245
Un

<M, Vn e N

where pi, = B¢y (Z,)]. If a) + b, = o(0y,), then for every subsequence there is a

further subsequence (ny) satisfying

& (0n,) — (00) — iy, d

— G
On

k

for some non-degenerate limiting distribution G which might depend on the subsub-

Sequence.

Proof. Consider the studentized approximate distribution implied by Theorem

G, = /Go(Zn) - l‘n'

oy
G, is asymptotically tight by Chebyshev’s inequality and hence by Prokhorov’s The-
0remE| (G,,) is relatively compact in the topology of weak convergence of probability
measures. By relative compactness, any subsequence has a further subsequence (ny)
such that G, % @G for some limiting distribution G' which might depend on the
chosen subsubsequence.

By Theorem 1| and since a) + b, = o(0,),

() — 9(0p) — o

On

= =Gy +0y(1)
and therefore also for every subsequence (ny)

$(0) — A(00) — fin,

On

= Gy, +0,(1).

k

21Gee e.g. Theorem 5.1 in Billingsley| (1999).
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Thus, for any subsequence satisfying G, N G, by Slutsky’s theorem

&(0) — &(00) — iy d

— G
On

k

It remains to show that the potential limiting distributions are non-degenerate.
To this end, note that by Strassen’s TheoremP?| there exist Z,, ~ G such that G,, =
Zp, + 0p(1). Since (G,) is uniformly square integrable, this implies Var(Z,,) —
Var(G,,) = 1 and therefore G is non-degenerate. As G was chosen arbitrarily

among the potential limiting distributions, the claim follows. O

The following result is a slight alteration of Lemma 11 in |(Chernozhukov et al.
(2013b)).

Lemma 6. Let X,Y be real-valued random variables, satisfying P(|X Y| >n) <e
for some n,e > 0. Denote by qz(p) the quantile function of a real-valued random
variable Z, i.e., qz(p) = inf{t e R: P(Z <t) > p}. Then, forp € (0,1)

av(p—¢)—n<aqx(p) <gr(p+e)+n
Proof. Let B = {|X —Y| > n}. For any t > 0, it holds

P(X <t) <PY <t+|X-Y]|)
<PHY <t+|X-Y|}nB°) +P(B)
P

This implies by definition of the quantile function

ax(P) = av—(p—€) =av(p—€) — .
For the other direction, by the same arguments as above

P(Y<t-n) <PX<t+|X-Y]-n)
P{X <t+|X —Y|-n}NB°)+P(B)
P

(X <t)+e

IN

implying qx(p) < av(p+¢) +7. -
22Cf. Chapter 10, Theorem 8 in [Pollard, (2001]).
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Sufficient conditions for Assumption [2[(iii) when the derivative is linear.

Lemma 7. Suppose that Assumptions |1 holds with E = R and h ¢/90(h) linear.
Further, suppose that X1, ..., X, is a random sample and that there exist v, with
E[¢f, (¥n(X:))] = 0 and B¢, (¥n(X:))[*] < bayn < 00 such that

O =00+ > a(X) + Op(brn). (1.12)

Then, there exists a sequence Y, ~ N (0,n Var(¢p, (¢¥n(X5)))) satisfying
By (Bn — 60) = Yo + Op((nbzn)'/*logn + by ).

If moreover D s separable, there exists a sequence of centered Gaussian random

vectors Z, with values in D such that
Oy (B — 00) = G, (Z0) + Op(nba)*logn + by )

and @y, (Zn) ~ N(0,n Var(¢p, (4n(Xi)))).

Proof. By Yurinskii’s Coupling (see e.g. Chapter 10 Theorem 10 in Pollard (2001))),
there exists, for any § > 0 and n, a Y,,(8) ~ N(0,n Var(¢p, (¢¥n(X5)))) satisfying

p (]

D G ($n( X)) = Ya(0)

P02 (1 4 1og(15° (nban)]),

63n

> 35) < C()
for some universal constant Cy. Choosing d,, = (nby,,)'/?log(n) implies

p (] >3, ) = o L)

Zzl ¢90 (1/)n(Xz)) - Yn(5n> log?’(n)

and in particular for Y,, := Y,,(d,),
S by (n(X0)) = Yo+ Oy (6).
i=1

Together with (1.12]) and Lipschitz continuity of the derivative, this implies

¢f90(én — b)) =Y, + Op((nbz,n)l/3 logn + bl,n)-
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Now suppose that ID is separable. In this case, it remains to show the existence of
Z,. Consider a centered Gaussian random vector Z,, on a probability space (£2, A, P)

with values in D and whose covariance function 3, is given by

Yn(f;9) = nCov(f(¥n(Xi)), g(¥n(Xi))),  f,9 €D

Since Z,, takes its values in a separable Banach space, it is Radon. By Proposition 3.6
in Ledoux and Talagrand| (1991)), there is an orthonormal basis (g;) of the Ly (€2, A, P)
closure of the variables of the form f(Z,) with f € D*, such that Z, = ). giz;
P — a.s. with z; = E[g;Z,]. The basis can be chosen to contain gzﬁ’go, or at least a
properly normalized version of it. Without loss of generality, we can assume that g,
corresponds to this normalized version. Then, ¢j (g171) ~ Y, and g1 1L >, Gi.
Thus, the image measure of (¢ (g121), ¢, (D 1oy gi%:)) is a product measure on
R x R. These thoughts show that we can realize Z, as the image of RY under
the map ), giz;. Moreover, since ¢y (Z,) = g1¢j,(71) is a one-to-one mapping
from g; to R, we can set g, = Y, /¢ (71), where we have used that ¢y (z1) # 0
as Var(¢y (Z,)) > 0. Thus, if we extend the original probability space, we can
construct Z, such that Y, = ¢y (Z,). The claim follows. O

1.A.2 The bootstrap

Proof of Theorem[3: By the triangle inequality,

165,(Zn) = ¢ (Zille <N161(Zn) = Dy (Za) e + 05, (Z0) = Sy (Z)le-  (1.13)

We will first derive a bound on the first term on the right-hand side. The second
term can be bounded by the assumed coupling on the bootstrap process.
Fix some arbitrary €,0 > 0. Then, there exist M;, My, M3, N1, Ny, N3 such that

the events

B, :{ sup 164, (h) — & () 1z > an}

lAlI<1
Cp ={|1Z]| > Mad,,}
Dy, ={P(l|¢,(Z0) = ¢4, (Z)l& > Mssn| D) > /2}

satisfy P(B,) < 6/4 for all n > Ny, P(C,) < 6/4 for all n > Ny and P(D,,) < §/2
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for all n > N3. On BS N C¢ and by positive homogeneity of é’n and ¢j ,

o 2 2
st~ ool ) - ()|
1612:) = 0 2ol N2l |1 ( 57 ) = o (755

<Myd n sup 16/, () = ¢, ()l|& < MiMod,ip.

P(P([[61,(Zn) = b, (Zn)lle > (MiModona) V (Mss,) | D) > £/2)
<P({P(l[$1.(Zn) = ¢, (Zo)lle > (MiMadyn,) V (Mss,) | Da) > £/2} 0 (B;, N Cy))
+P(B,UC,)

<P(B,)+P(C,) <

N

for all n > Ny V Ny. Thus, we have shown that for any ¢ > 0, there exist M =
M5V MM, such that

lim P(P(||¢),(Zn) — &, (Zn)|le > M(dutin V 5,) | D) > ) = 0.

n—oo

Finally, by (L.13),

P(l|§£:z<2n) - (bg)o(Z:;)HE > 2(M1M2dn77n) \% (MSSH) |Dn)
SP(”Q%(Zn) - ¢/90(ZAn)||E > (MlM?dnnn) \ (M35n) | Dn)
+ P10, (Zn) — 04 (Zi)le > (MyMadyin) V (Mssy) | D).

This implies

P (P(|¢},(Za) — %O(Z*)HE > 2(My Madyna) V (Mss,) | Dn) > )
SP(P(H& ( ) ¢90( )HIE > (MlMZdnnn) (M33n) |Dn) > 5/2)
+ P(P(Iéh, (Z0) — 6 (Z0)lle > Ms, | Do) > ¢/2)
dilos

for all n > N7 V Ny V N3, where we have used that the first term on the right-hand
side is less than §/2 by the above arguments and the second term is smaller than
d/2 since P(D,,) < 6/2. Thus, setting M = M; M,V Ms, the claim follows. O
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Proof of Theorem[]: Fix arbitrary £, > 0 and let

A, = sup|P(8,(Z,) < t| Dn) — P(0h,(Z2) < t|Dn)|.

t>0

Since Z;|D,, ~ Zy, it holds P (¢} (Z) < t|D,) = P(¢},(Z,) < t) and by Theorem
there exist N such that

sup|P (6, (Z0) < 1) = P(6(0a) = ¢(00) < )| < /2
>
for all n > N;. Thus, conditionally on D,

sup|P(9],(Z,) < t|Dn) = P(8(6n) — 9(60) <1)]

<A+ sup[P (¢4, (Zn) < 1) = P(6(6n) = é(00) < )| < Au+ 3

almost surely for all n > N;. By Le Cam’s Lemma [ for any A > 0

An S P(M;;z(ZAn) - ¢30(Z;)| > A ‘ Dn) + C)x(gb,%(zn))’

where we have used that Z*|D,, ~ Z,. By Theorem 1 in our companion paper

Scherer| (2024)), Cx\(dy,(Zn)) < V12)\ /o, where o, = \/ Var(¢y, (Zn)).

By Theorem [3] there exist M and N, such that the event

A= {PUGE) - 64200 > My v 52) | D) > 5}

satisfies P(A,) < § for all n > N,. Moreover, by the rate requirement {(d,,n,) V s,}
Var(¢), (Z,))~*/* = 0, there exist N3 such that, on A¢,

P((16,(Zn) = ¢4, (Zi)ll& > An| D) <

o

for all n > N,V N3 and for A, < €0,,/(8v/3). Taking this ), in the Le Cam’s bound

L .
above implies, on A¢,

Ay <P(|9),(Z0) = &y (Z2)] > An | Dn) + G, (S, (Z0))
V12N, & e ¢

<-4 ==
on 4+4 2’

<P(|6,(Zn) = 64 (Zi)lle > An | Dn) +
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for all n > Ny V N3. Thus, on A¢,

B, := sup}P(q%L(ZAn) <t|D,) - P(6(0,) — ¢(6o) < )] < A, + g <,

t>0

for all n > N7 V Ny V N3. This implies

P(B, >¢) <P{B, >e} N AS)+P(A,) <,

=0

for all n > Ny V Ny V N3 and therefore the claim follows by taking N = N; V Ny V
Ns. n

In the following, we proof a slightly more flexible result than Corollary [I, This
result shows validity for sequences of confidence levels «,. This flexibility is needed

in our examples in the construction of the estimators of the derivative.

Corollary 4. Suppose that the Assumptions in Theorem [ hold. Further, suppose
that for & € (0,1), Go(1 — &) > 7 with probability approaching one. Here T = 0
if F # 0 and 7 = —oo otherwise. Then, for any sequence (a,) with o,, — « and
a, < a,n €N,

liminf P(¢(0,) — ¢(00) < Gn(1 — ) > 1 — .

n—oo

Moreover, let Med(¢y,(Z,)) denote the median of ¢y (Z,) and o ... denote the

weak variance of ¢y (Zy), that is,

o’ = sup Var(f(Z,)).

n,weak
feF<fix=1

Here F< ={f eD*:VheD: f(h) < ¢y, (h)}. Then,

Gn(1 — ay) = Op(Med(g, (Z1)) + Onwear v/ 10g(1/(20))).

Proof of Corollary[4): Let A, denote the Kolmogorov distance between the boot-

strap distribution and the sample distribution, i.e.,
A, = stgplP(é;(Zn) <t|D,) — P(6(6a) — 6(6o) < t)].

As by assumption, A, = 0,(1), there exists a sequence ¢, | 0 such that P(A,, <
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en) — 1 as n — oo. Moreover, by monotonicity of ¢ — §,(t), also ¢,(1 — a,) > 7
with probability converging to one. Thus, there exists an €2, such that P(£2,) — 1
and, for all D,, € Q,,, A, <&, a, < a+¢, as well as ¢,(1 — a;,) > 7 and therefore

P(¢(0,) — 6(60) < du(1l — @) 2P(6(Z0) < dn(l — a,) | Da) — A,

>l—a,—¢,>1—a—2¢,.

Hence, on Q,, G,(1 — ap,) > qn(1 — a — 2¢,), where g,(1 — a — 2¢,) denotes the

(1 — a — 2¢,)-quantile of ¢(6,) — ¢(6,,). This implies that unconditionally

P(6(0n) = 6(60) > 4u(1 = an)) <P({6(0h) = #(00) > dn(1 = )} N ) + P()
<P(¢(02) = ¢(60) > ga(1 — a = 2¢,)) + P(25)

<a+2,+P(Q) —

since €, | 0 and P(£2,,) — 1, proving the claim.

Moreover, by a similar argument as above, on €, ¢,(1 — a,) < ¢,(1 — a + &,),
where g, denotes the quantile function of ¢j (Z,). As the derivative is Lipschitz
continuous and sublinear and Z,, is a tight Gaussian random vector on a Banach
space, the same arguments as in the Lipschitz concentration inequality for Gaussian

random vectors in Lemma 3.1 in Ledoux and Talagrand (1991)), imply that

P(,(Z0) > Med(6h,(Z0) + Tneatt) < 5 exp(~£/2), 130,

Taking t = 1/2log(1/(2a,)), this inequality implies
(gbé ( ) < Med(¢0 ( )) +on weakt) - Qn

and therefore ¢,(1 — a,) = O(Med(¢p,(Zn)) + Onweakr/10g(1/(20,))). The claim
follows. 0

Auxiliary results

Lemma 8. Suppose that holds, then || Z,|| = O,(d,).
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Proof. Fix ¢ > 0 and take 6 = ¢/2. Then, there exists M and N so that

P(P(|Zs] > Mda|Da) </2) >1=Z,  Vn=N.

=:B,

By the law of iterated expectations,

P(||Z.]| > Md,) =E[P(|Z,|l > Md,|D,)]
=E[1(Bu)P([ Zn]l > Mdy | Dy) + 1(BR)P (| Z0]| > Mdy, | Dy)]
<§ +P(B;) <e

for all n > N. The claim follows. O

The following Lemma gives sufficient conditions on the derivative ¢j and the

approximate distribution sequence Z,, so that ¢,(1 — a) > 7.

Lemma 9. Suppose that the Assumptions in Theorem |4| hold. Let F = {f €
D*|Vx € D : f(x) < ¢y, ()}, where D* denotes the topological dual space of D.
Further, let Z, be centered and set F,, = {f € F : Var(f(Z,)) = 0}. Then, T =0
and G,(1 — «) > 0 with probability approaching one for all o < 1/2. If further
Fn =0, for alln € N, then 7 = —o0 and §,(1 — ) > 7 with probability approaching
one for all a € (0,1).

Proof. The values of 7 follow from the same arguments as in the proof of Theorem
2] Further, by the same arguments as in Lemma 11 in Appendix B in [Chernozhukov
et al.| (2013Db)), the coupling of the bootstrap process imply that ¢,(1 — «a) > ¢,(1 —
a—90,)—¢&, with probability approaching one for some d,, €, | 0, where ¢, (¢) denotes
the t-quantile of ¢j (Z,). Since h — ¢y (h) is not the zero functional by assumption,
F\ F, #0. Thus, for any o < 1/2,

1 —a <P(9),(Za) < aul(l = a)) < P(f(Zy) < gall — ),

for any f € F\ F,. Since f(Z,) ~ N(0,0?) for some o € (0,00), this set of
inequalities implies ¢,(1 — «) > 0. Since 6,, €, | 0, this implies ¢,(1 — «) > 0 with

probability converging to one, proving the claim. O]
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General Purpose Bootstrap Procedures

Proof of Lemma[1: We can decompose

¢(‘9n + Zn) - ¢(én) :Qbéo((én - 60) + Zn) - ngo (én -0 )
+ (6(00 + {0 — 00) + Zn}) — 6(60) — &, (0 — 00) + Z2))
—(M%+{a—ﬂ&)—w%»—%4n—o».

Here, the first line corresponds to the derivative and the second and third lines to the

analytical approximation errors. By the same arguments as in the proof of Theorem

il

~

SO + Zn) — 3(0n) =5, (0 — 00) + Z) — &, (Z0) + Op(al + d7 + bn).

Let A,, given by

An = {11600 + Zn) = 6(0) =165, (B — b0) + Za) — ¢, (Za)ll|e < Cla], + d} + ba)}-

By the above argument, A,, has probability arbitrarily close to one for all sufficiently
large n, by choosing C appropriately. By the triangle inequality, we have

160 + Zy) — ¢(0n) — [0, (Zn + Z3) — 0, (Za)] ||
<N6(0n + Zu) — $(0n) — [0, (0 — 00) + Z0) — 5, (Za))
+ |0, (0 — 00) + Z0) — &, (Zn + Z2)||e

and therefore for any K and all D, € A,

P(l¢(0n + Zn) — ¢(0,) — b (Zn + Z2) — G (Za)le > K (b V 5,V all VdY) | D)
<P (|| ¢y, (O — 00) + Zn) — Gy, (Zn + Z2) || > K(b Vs, Vaivd))/2|D,)

+ P(||¢(én + Zn) - Qb(én) - [925/00(@71 —0 ) ) ¢00( )]HE
> K(by Vs, Va,Vvdl)/2|Dy).

If K is chosen sufficiently large, the second term on the right-hand size is exactly

zero on A,,. Therefore, for any ¢ > 0,

P(P(¢(0n + Zn) = ¢(6n) = 64, (Zn + Z3) = 4, (Za) i
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> K(b, Vs, ValVvdl)|D,) >e)
<P(P([6(0n + Zn) = 3(0n) — 04, (Z0 + Z3) — S, (Z0) Il

> K(b, Vs, ValVvdl)|Dy,) >e A,) +P(A)
<P (P(l1¢h,((0n = 00) + Z0) = &, (Zn + 7}l

> K (b Vs, ValVvdl)/2|Dy)) + P(AS).

The second term on the right-hand side can be made arbitrarily small by choosing
C and K sufficiently large. Next for this given K, the first term on the right-hand

side converges to zero by assumption. The claim follows. O

Proof of Lemma[9: Subsampling can be interpreted as using implicitly the deriva-

tive estimator

By ~-Fréchet directional differentiability, for any h with ||h] < 1,

i) == (oo + anf o+ 22 L, -0 }) — ot60))

m man

_ L (¢ (90 LN 90)) - ¢(90))

m amn

=g, (h + a—”i(én — 90)) — g, <Z—”ai(én — 90)> + Op(al7h).

m 'n m n

By Lipschitz continuity of the derivative and ||, — 0, = O,(ay),

m n

G (14 2220, 0) ) =64, 00+ Oyfan )

b (2200 = 80)) =Opfanfan)

amn

Note that the above holds uniformly over bounded sets B and therefore

~ a, _
sup|| ¢, (h) — &, (h)lle = 0p<— +ay, 1)-
heB a

m

The claim now follows by applying the general bootstrap theorem for Z;; O]
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Proof. By the proof of Lemma [2] for any bounded set B,

m

21 / an _
sup|| ¢, (k) — ¢, (h)||lz = Op(— +ay, 1)-
heB Qa

The remainder of the claim follows along the same lines as the proof of Lemma

by using the different rates for Z,,. m

1.A.3 Local analysis

Proof of Theorem[J By ~-Fréchet directional differentiability at 6,

$(0) — 3(02) =0 (0o + {05 — 0} + ) — B(6o)
+ @6 + hy) — &(6o)
=, ({00 — 0} + ) — &, (h) + Op([|0n — 0417 + || 2]|),

where we used that f(z) = a7 for v > 1, 2 € R with > 0 is convex and therefore
flx+y) <271 f(x)+ f(y)) for all x,y > 0. The claim now follows by the assumed
coupling. O]

Proof of Theorem[f] The claim follows along the same lines as the proof of Theo-
rem [2l We only have to discuss the anti-concentration bound of the approximate
distribution.

Since ¢, (hy,) is a deterministic real number

SUp Pt < By (Zu, + ) — B () < £ +1)

t>1
=sup P(t < ¢, (Zup, +ha) < t+n).

t>1
By sublinearity of ¢j and since Z,, + hy, is Gaussian, we can apply the anti-
concentration bound in our companion paper Scherer| (2024). In the case F # 0,
we have 7 = supcr f(hn) and o7, as given in the Theorem. If instead F = 0,
we have 7 = —oo and o , = Var(¢p (Z, + hy)). In cither cases, the implied anti-
concentration bound has exactly the same form as in the proof of Theorem 2] Thus,

by the rate requirements and the same arguments as in the latter proof, we obtain

lim Sup‘P(gb(én) - gb(@n) S t) - P(qs/GO(Zn,hn + hn) - ¢/90(hn) S t)} - O’

n—00 ¢>r
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for 7 € {7, —o0}. O

Validity of the confidence interval

The proof of Corollary [2| relies on a one-sided modification of Le Cam’s Lemma

(4t

Lemma 10. For X, Z € R arbitrary random variables and A > 0,

supP(X <1) = P(Z <) S P(Z = X > \) + G(X) VG(2),

teR
where (V) = sup,ep P(t <V <t + ) for any real-valued random variable V € R.

Proof. For any t € R and A > 0,

PX<t)<PX<t,Z-X<)N)+P(Z-X>)\)
<SP(Z<t+AN)+P(Z-X>))
<PZ<t)+Pt<Z<t+AN)+PZ-X>\).

The proof follows by rearranging this inequality and taking the supremum over t. [

Proof of Corollary[Z: The proof follows along the same lines as indicated in section
[1.4] It only remains to show the validity of the bootstrap in this triangular array
setup. But this follows by the same arguments as in the proof of Theorems 3], 4] and
Corollary [I} In particular, we have by similar arguments as in Theorem [3] for any
e > 0 exists M such that

lim P(P(¢h,(Z5) — 9(Zn) > M(dua V ) | Dp) > €) = 0.

n—oo

This implies by Le Cam’s one-sided Lemma [10] and the arguments in the proof of
Theorem [

sup P(¢),(Zu) < D) — Pu(dp, (Zns,) < t) = 0p(1),

teR

which implies for any ¢ € R and ¢ > 0 with probability converging to one

P (G (Zo) < 1) > P (Z,) <t|D,) — ¢
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and in particular for ¢ = ¢, 1—q,
Po(y(Znn,) < ni—a) > 1—a—e.
This implies by the same arguments as in the proof of Corollary
lim inf Pr. (¢, (Znp,) < dnp-a) =1 - @

and the claim follows. O]

1.A.4 Results on the differentiability concept

Before proving properties of y-Fréchet directional differentiability, we prove some

equivalent characterization of it.

Lemma 11. ¢ is y-Fréchet directionally differentiable at 6 if and only if for any
bounded set K C D, and t, | 0 such that 0 +t,h € Dy, for allh € K, n € N,

up |28 1) = 006)

. =0(t). (1.14)

E

— dy(h)

heK

Proof. First suppose that (|1.14) holds. Let h,, be any sequence such that ||h,|| — 0.
Set t, = ||h,|| and g, = h,/||hn||. Then ¢, | 0 and ||g,|]| = 1. In particular,
K = {g, : n € N} is bounded. It holds

o0 +tng) — o(0)
tn

16(0 + ) — &(0) — Gp(hn) & <tn sup

geK

— 9y(9)

= 0(t2).

Hence, by definition of t¢,,, ¢ is y-Fréchet directionally differentiable at 6.
Now, suppose ¢ does not satisfy the (1.14). Then there exists a bounded set K
and ¢, | 0 so that for any C' > 0 and all n € N

sup||¢(6 + tnh) — ¢(6) — ¢y (tnh)||e/t} > C.

heK

Thus, there also exists a sequence (h,) C K so that

19(0 + tnhn) = &(0) — Gy (tnhn) e/ (tallPnl])" > C/ ?Ellgllhll-
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Set g, = t,hy,. Then, ||g,|| — 0 but

1600 + gn) — ¢(0) — ¢h(9n) &
lgnll”

> C'/sup||h|.
heK

As this holds for any C' and all n, ¢ cannot be «-Fréchet directionally differentiable
at 6. The claim follows. m

For the arguments below, we need that the domain D, is sufficiently large in order
to ensure that there exist sufficiently many sequences ¢, | so that 0 +t,h, € D,. A
sufficient condition is that D, has non-empty interior and that 6 is contained in the

interior of .

Lemma 12. Suppose that ¢ : Dy — E is «y-Fréchet directionally differentiable at
0 € Dy with derivative ¢y : D — E. Further, suppose that 8 lies in the interior of
Dy. Then,

(1) ¢ is positively homogeneous, i.e., for all A > 0 and h € Dy so that Ah € Dy,
Pp(Ah) = Agg(h).

i1) If ¢ is Lipschitz continuous with respect to |||, then ¢, is also Lipschitz con-
D D 6 D

tinuous with respect to ||-||.

Proof. (i): Fix A > 0 and h € D so that Ah € Dy. Then, for any sequence ¢, | 0 so
that 0 + t,,h € Dy, we have that also s, := ¢,/A | 0 as well as 0 + s, Ah € Dy and
therefore by the equivalence Lemma

SO — T PO SAR) Z00) 06+ 1) — 0(6)

n—00 Sn n—00 tn

= Agy(h).

(ii): The proof follows along the same lines as in the discussion before Proposi-
tion 3.5 in Shapiro| (1990)).

Again using the equivalence Lemmal[l1] let h, b’ € Dy and ¢, | 0 so that 0+¢,h €
Dy and 6 +t,h" € D, for all n € N. Such sequences exist since 6 lies in the interior
of D, and therefore by choosing ¢, sufficiently small, 6 + ¢,h and 6 + ¢,,h’ lie in a

sufficiently small ball around 6. Given this construction, we have

oh(h) — () = lim 20 Ftnh) = SO+ tlt)

n—00 tn

SO+ tuh) = 9(6) | 90+ talt) = H(6)
tn tn

+ ¢p(h) — — d(h").



58 Directionally Differentiable Functions

By Fréchet directional differentiability, the terms in the second line converge to zero.

Further, by Lipschitz continuity of ¢, there is some L such that

H o0 +t,h) — p(0 +t,h)
tn

< LHh - h/HD’
E

implying that also ¢ is Lipschitz continuous. ]
We close this section with a uniqueness result for the derivative function.

Lemma 13. Suppose that ¢ : D — E is Gateaux directionally differentiable at 6.

Then, the derivative ¢ is uniquely determined.

Proof. Suppose that ¢, and g both satisfy, for all h € D,

0 +th) —o(h
0+th)—o(h
i HI) = 00) o

Thus, for any ¢t > 0,

l96(h) = g(h)lle <

— ¢p(h)

ooty —ott o

t

E H¢(9 + tht) — ¢(h)

The right-hand side converges to zero as t | 0. Since the left-hand side does not
depend on ¢, this implies ||¢j(h) — g(h)||z = 0 for all A, i.e., ¢, = g. O
Second order derivative

We propose here a notion of second order Fréchet directional differentiability

similar to the proposal in Definition 2.2 in |Hong and Li| (2020).

Definition 3. ¢ is twice Fréchet directionally differentiable at 6y, if there are con-
tinuous maps ¢y, ¢y, D — R with ¢p  positively homogeneous and ¢y positively

homogeneous of order 2 such that

BB+ h) = 6(80) + 4, (h) + 564, (1) + (A1)

as ||h|| — 0.
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This notion of second order Fréchet directional derivative can also be justified
by considering the Fréchet directional derivative of the first derivative as done in
Yamamuro (2006) in the context of full Fréchet differentiability. The continuity of
the derivative function is not necessary for directional differentiability per se, we

however rely on it in the following result.

Lemma 14. Suppose that ¢ is twice Fréchet directionally differentiable at 6y and that
its second derivative ¢y, is continuous at zero. Then, it is also 2-Fréchet directionally
differentiable at 0.

Proof. By continuity of the second derivative at zero, for any ¢ > 0 there is some
d > 0 such that when ||h|| <6 it holds ||¢p (h)|e < €. In particular, this implies by

positive homogeneity of order 2

1 1 c
Sup Hgb'éo(h)HE 52 Sup ||¢g0(5h)||E 52 sup ||¢g0(h)HE < 52 < o0.
lhll<1 IhlI<1 S

But this implies as ¢y, is positively homogeneous of order 2

185, ()l < lI7]1* Sup 15, (R)lle = O(I[Al[*),

|hll=1

proving the claim. O]

1.A.5 Extension of our main results to the non-measurable

case

In this section, we extend our main results to allow the preliminary estimator
6, to be non-measurable with respect to the Borel o-algebra on D. Measurability
problems occur for as fundamental estimators as the empirical distribution function.
Indeed, it can be shown that the empirical distribution function interpreted as an
estimator in the space of cadlag functions endowed with the supremum norm fails to
be Borel measurable (cf. Chapter 18 in Billingsley (1999))). By the same arguments,
the Nadaraya-Watson estimator of the conditional distribution function fails to be
measurable with respect to the Borel o-algebra on D as defined in Example [2|

We follow conceptually the ideas in the Hoffmann-Jgrgenson theory of weak con-
vergence as discussed in detail in van der Vaart and Wellner (1996)). This theory
defines a notion of weak convergence of probability measures which allows the se-

quence to not be measurable while assuming that its limit is measurable. Similarly,
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we do not assume that the preliminary estimator is measurable but only that the
coupled random vectors Z,, are.

For the following, further notation is needed. Let (2, A, P) be a probability space
and T : Q@ — R an arbitrary map, where R denotes the extended reals. Let E*[T]
and E,[T] denote the outer (inner) integral of 7" given by

E*[T] = inf{E[U] : U > T,U : Q — R measurable , E[U] exists }
E.[T] = sup{E[U] : U < T,U : Q — R measurable , E[U] exists },

where E[U] exists if at least one of E[max{U, 0}] or E[max{—U, 0}] is finite. Similarly,
denote by P*(B) and P,(B) the outer (inner) measure of B C (2, i.e.,

P*(B) =inf{P(A): AD B, A€ A}
P.(B) =sup{P(A): AC B,Ae€ A}

Synonymously, we will call the outer (inner) measure an outer (inner) probability.
Finally, for a sequence of maps X, : 2 — R, we set X,, = op+(1) if X, converges
in outer probability to zero and X,, = O,«(1) if X,, is stochastically bounded with
respect to the outer measure. The corresponding notation for the inner measure is

defined analogously.

The Delta method

Given this notation, we can formulate our weakened assumptions on the prelim-

inary estimator.

Assumption 7 (On én) (i) The estimator 6, is a function mapping a sequence

of random variables {X;}?_, into Dy.
(ii) There exists a sequence a, — 0 such that ||0, — 0p|| = Op(ay,).

(iii) There exists a sequence of real numbers b, — 0 and a sequence of D-valued

random vectors {Z,}?_, such that

165, (B — 60) — G, (Za) |z = Op(bn).

In comparison to Assumption , we do not assume 6,, to be measurable anymore

and assume that the bound on the norm holds in outer probability. Note that when
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(ii) holds, we also have ||6,—6o|| = O, (a,) as P,(B) < P*(B) for all B € Q. We keep
the statement on the strong approximation bound in (iii) unchanged as such coupling
bounds typically do not rely on measurability of the estimator@ Assumption
captures a similar notion of asymptotic measurability as in the Hoffmann-Jgrgenson
theory of weak convergence. As there, we do not assume that the estimator is
measurable and only that the approximating random vector Z, is.

While outer integrals and probability are not that commonly encountered in
other areas of econometrics and statistics, we want to stress that (ii) is not necessarily
harder to show than for measurable estimators. This is because usually such bounds
are based on upper bounds which are measurable anyway and to which the usual
probabilistic arguments apply.

Given this weakened assumption, we can proof the following Delta method:

Theorem 7. Let Assumptions[1] and[7 hold. Then,
¢(én) - gb(@o) = ¢,‘90 (Zn) + Op* (CL;’L + bn)

Its proof follows along the same lines as the proof of Theorem [I| and is therefore
omitted. One only has to swap the corresponding statements in probability with
statements in outer probability.

Moreover, Theorem [2| can also be shown under Assumption

Theorem 8. Suppose that Assumptions [1 and [7 hold with E = R. Suppose that
Py, is sublinear and that Z, is a sequence of centered and tight Gaussian random

vectors. If

al + by,

On

— 0,
where o;, = Var(¢y (Z,)), then
Jim sup|P*(¢(0) — 6(6) < t) = P(¢5,(Z) < t)| = 0.

If further F = {f € D*|Vh € D : f(h) < ¢y (h), Var(f(Z,)) = 0} =0, then

lim sup|P*(¢(6,) — ¢(6) < t) — P(¢h,(Za) < 1)| = 0.

ZSee the discussion in [Dudley and Philipp| (1983).
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The proof of Theorem [§| follows along the same lines as Theorem [2 and is omit-
ted. One only has to swap Le Cam’s Lemma with the following version for non-

measurable mappings:

Lemma 15. Let (Q, A, P) be a probability space, X : Q@ — R and Z a real random
variable. For any 7 € R and A > 0,

sup|P*(X < #) = P(Z < )] < P*(|IX — Z] > \) + ((2),

t>7

sup|P*(X >t) —P(Z >t)| <P (| X = Z| > \) + (\(2),

t>T
where (\(V) = sup,~, P(t <V <t + \) for real-valued V.

Proof. The claim follows along the same lines as the proof for measurable maps as
it only uses monotonicity and subadditivity of probability measures which also hold
for outer measures. Therefore, this result does not apply to inner measures as they
are superadditive instead of subadditive.

For any t € R and any A > 0,

P*(X <t) <P (X <£|X — Z] < A) + P*(IX — Z| > ))
<P(Z <t+A) +P (X — Z| > \)
<P(Z<H)+PE<Z<t+N)+P(X~2Z| >N

Moreover, it holds

P(Z<t)<P(Z<t—N+PEt-A<Z<t)
<P (Z<t|X—Z <AN+P(X—Z|>\+Pt—A<Z<t)
<PH(X <) +P(IX—Z| >\ +Pt—A< Z<).

Thus, we have shown

sup[P*(X <t) —P(Z <t)| <P (X = Z| > \) +supP(t < Z <t + \).

t>T t>1

The second inequality follows using similar arguments. O]

The bootstrap

Assumption 8. (On the Bootstrap Z,)
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(i) Zn : {X;, Wi}, — D with {W;}"_, independent of D, = {X;}™,.
(ii) There is some sequence d, — 0 such that || Z,|| = Op-(d,,)

(i1i) There is some sequence s, — 0 and some Z|D,, ~ Z,, such that for any e > 0,
there exist M such that

JLIEOP(P(HQSIGO(ZAn) - gbIHO(Z:;)“IE > Msn | Dn) > 8) =0.

As in Assumption [7, we do not assume that the bootstrap is measurable and
only assume a bound on the norm in outer probability, while keeping the coupling

in probability. Assumption [4]is left unchanged.

Theorem 9. Let the Assumptions of Theorem[1], Assumptions[] and[§ hold. Then,
for any € > 0, there exist M such that
Tim P (P (104(Z0) — 64 (Z)]lz > M{dun V )| D) > ) = 0.

Theorem [9] follows along the same lines as Theorem [3] while replacing probability
statements with the corresponding statements in outer probability. Moreover, we
have to clarify what is meant by a conditional outer measure. First note that the
proof only works with conditional distributions of real-valued functions given the
data which are measurable. Since the real numbers are a Polish space, these con-
ditional distributions can be defined as regular conditional probability distributions
and in particular are probability measures for each fixed realization of the data
D,,. In this setting, we can define the outer conditional distribution of a regular

conditional probability distribution of Y given X as
Py x(Blz) =imf{P(Y € A|X =2): AD B, A e A}, VB C R, Vz.

As a regular conditional probability distribution is in general only almost surely
unique, also this version of a conditional outer measure is only almost surely unique.
Therefore, one also has to adapt the proof slightly by carrying around a set of
measure Zzero.

Similarly as for Theorem [§ we can extend Theorem [ to the non-measurable

case by replacing statements in probability with statements in outer probability and
Lemma, [T5
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Theorem 10. Suppose that the Assumptions of Theorem [3, Assumptions[§ and [{]
hold. Then, if {(d\n.) V s} Var(¢) (Z,))™/* = 0,

sup|P*(9),(Zn) <] D) = P(6(62) — ¢(60) < )] = 0p(1).

t>0

If further F = {f € D*|Vh € D : f(h) < ¢y (h), Var(f(Z,)) = 0} = 0, then

~

P*(¢),(Zy) < t| D) — P(6(0,) — d(60) < t)| = 0, (1).

sup
teR
An extension of Corollary [1| to the non-measurable setting is a bit trickier. The
estimated quantile as defined in is not necessarily defined when the bootstrap
fails to be measurable. However, we can still define a similar quantile estimator as
the limit of a Monte Carlos simulation. That is, let {W, = (Wi, ..., Wy)T 1 b =
1,..., B} denote a random sample of the randomization variables W,. Then, we can
estimate the conditional distribution P(¢/,(Z,(D,, W,)) < t|D,) via

A

B
Py(¢(Zn(D,, W) < t]Dy) Z 1{ ¢, (Zn(Dn, Wp)) < t}

and define the quantile estimator ¢, (1 — «) as
Gn,p(1 — @) = inf{q : Pp(¢),(Z(Dn, Ws)) <t|D,) > 1—al.

Then, using essentially the same arguments as in the proof of Corollary (1, one can

show:

Corollary 5. Suppose that the Assumptions in Theorem [10] hold. Further, suppose
that for o € (0,1), Gn (1 — ) > 7 with probability approaching one. Here T = 0 if
F # 0 and T = —oo otherwise. Then,

lim inf P*(¢(6,,) — ¢(60) > Gn5(1 — o)) < a.

n—oo

denote the

n,weak

Moreover, let Med(¢p (Z,)) denote the median of ¢y (Z,) and o

weak variance of ¢y (Z,), that is,

gi,weak = sup Va‘r(f(Zn))
fer<filF=1
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Here F< ={f € D*:VheD: f(h) < ¢y, (h)}. Then,

Qn,B(l - Ot) = Op* (Med(qblé'o(zn)) + Onweak V log(l/(?oz))),

Local analysis

For our local analysis, we need for any n a potentially different outer measure.
As we do not work with minimal measurable majorants or essential infima, this does
not introduce any problems ]

As for the Delta method and bootstrap, we need to change the assumption on

the preliminary estimator:

Assumption 9. (i) The estimator 0, is a function mapping a sequence of random
variables {X;}1, into Dy.

(i1) 0, = 0y + h,, with |h,|| = O(a,).
(iii) There exists a sequence a, — 0 such that ||0, — 0,| = Op: (an).

(iv) There exists a sequence of real numbers b, — 0 and a sequence of D-valued

random vectors Zyp, such that Z,p, ~ Z,, n € N, and

||¢,90({én - en} + hn) - ¢/90<Zn7hn + hn)HIE - Opn (bn)

Given this assumption, the same arguments as in the proofs of Theorem [5| and
Theorem [ apply when swapping probability statements with statements in outer

probability.

Theorem 11. Suppose Assumption [ and[j hold. Then

¢(én) - ¢(‘9n) = ¢/00<Zn,hn + hn) - ¢,90<hn) + Op;g (a% + bn)

Theorem 12. Suppose that Assumptions 1] and [5 hold with E = R. Suppose that
Pp, 1s sublinear and that Z, is a sequence of centered and tight Gaussian random

vectors. If

a;) + b,

On,h

— 0,

24See Chapter 1.2 in [van der Vaart and Wellner| (1996) for a discussion.
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where o, = Var(supserz, f(Znn + hn)) with Fy = {f € D*|Vh € D : f(h) <
9, (h)} \ F, then

lim sup‘PZ(¢(én) — (0n) < 1) = Po(dpy (Znp + hn) = Py (hn) < t)| =0,

n—oo t>Tn

where 7, = sup ez f(hn).
If instead F = {f € D* |Yh e D : f(h) < ¢, (h), Var(f(Z,)) =0} =0 and

a;) + b,

On,h

— 0,

where o7, , = Var(¢y (Znn + hn)), then

lim sup|P;(¢(én) —¢(0n) <t) — Pn(¢,90(Zn + i) — @y (hn) < t)‘ = 0.

For the extension of Corollary [2] we need a slightly altered form of Assumption
OF

Assumption 10. (i) Z, : {X;, Wi}, — D with {W;}"_, independent of D, =
{ Xty

(ii) There is some sequence d,, — 0 such that || Z,|| = Op: (dn)

(i1i) There is some sequence s, — 0 and some Z|D,, ~ Z,, such that for any e > 0,
there exist M such that

nlggo P, (Pn(Hgb,eo(ZAn) - Qb:?o(Z;)HE > Msy, | Dy) > 5) =0.

(iv) The map q% : D — E is a measurable function of {X;},, which is positively

homogeneous and satisfies for a sequence n, — 0 and any bounded K C D,
sup||¢, (h) — &, (h)l[e = Oy, (1hn)-
heK

Corollary 6. Suppose the conditions of Theorem[1g and Assumption[I( hold. Then,
if F =0, it holds for any o € (0,1) that

lim inf P% (¢(6,) — 6(6,) > Gn.p(1 — a)) < a.

n—oo
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As for the other results in this section, the proof follows along the same lines as

the original one and therefore is omitted.

1.B Proofs concerning the examples

1.B.1 Maximum of conditional mean function
Proof of Differentiability:

Proposition 1. Let ¢ : C([0,1]) = R be given by ¢(0) = maxgcpo,1)0(x) and denote
by U(0) = argmax, 0(x). Further, suppose that 0 satisfies the well-separatedness
condition (1.4). Then, for p > 1 and if ||h||pL < 0,

1 P
|66+ h) — ¢(8) — dp(h)] < —llhll5L
and if p =1 as well as ||h||pL < 0,
2
[6(6 + 1) = 6(6) = d(W)] < =1l

Proof. First suppose that p > 1. The case p = 1 will be treated later.

Let W(0) := argmax,c, 0(r) and denote by d(x,¥(0)) = inf,-cyp)|z — 2.
Further, for any = € [0,1], let 2*(z) € argming |z — 2'[. It holds, for any
x € [0,1],

6(a) + hx) < 6(x) + h(a*(2)) + | bl zed(z, ¥(6))
mac{8(z) + h(z)} > 6(6) + (k) > B(6) + h(z"(x)).

Hence, for any maximizer z), € U(0 + h) := argmax, ¢ {0(z) + h(z)},
0(zn) + (2" (zn)) + [|P]| pLd(zn, W(0)) > O(xn) + h(zn) = $(0) + h(z" (24))
and therefore

¢(0) — 0(xn) < [|hllpLd(zn, ¥(0)).
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By the well-separatedness condition,
o) — O(xp) > (cd(xp, ¥(0))") AO.

If ||h||gr < 0, #(0)—0(xp) < ||h]|prd(xn, ¥(0)) < & and therefore the well-separated-

ness condition implies
17l pLd(zn, W(0)) = cd(zn, ¥(0))"

or equivalently,

|| %,
d(zp, U(0)) < IPll5e _, e(h)
implying W (0 + h) C W(0)s™). Thus, if ||h|pL < 0,

&0+ h)—¢(0) = max {0(z)+ h(zr)} — max 6(z)

z€W(0)=(h) ze¥(0)
— 6 h — 0 h ' (h
xegl(%w{ (z) + h(x)} x%%{ (z) + h(z)} + ¢y(h)

where we have used that 6 is constant on W(f#). The first term on the right-hand

side satisfies

0< max {0(z)+ h(z)} — max {0(x) + h(x)}

ze¥(9)=(h) zeW(0)
<(6) + h(z) — 0(x) + h
<O(0) +  max  hiz) = mei0(z) +h(z)}

< max h(z) — max h(x).
ze¥(9)=(h) z€W(0)

Let & € argmax,cyg)-m h(z). Then, since z*(z) € ¥(0),

h(z) — h(z) < h(Z) — h(z* (&
e (z) Jnax (z) < h(Z) — h(z"(2))

e
< sup  |h(x) = h(2)] < [|Pllpre(h) = [lhlI5L -

e[ <e(h)

Thus, the claim for p > 1 follows. For p = 1, it holds for any x; € U(6 + h),

0(n) + h(xn) < 0(xn) + |7l
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0(zn) + hizn) = ¢(0) + ¢p(h) = ¢(6) — [l

and therefore ¢(6) — 0(xy) < 2||h||pL as ||h]|ee < ||h||pr. By similar arguments as
for p > 1, if ||h||pL < 0,

dlan, () < Wl _ )

C

implying ¥ (6 + h) C ¥(0)*"). By the same arguments as for p > 1, we obtain

6(6 + 1) — 6(6) — ()] < =3,
proving the claim for p = 1. O
The following lemma discusses tightness of Proposition [1] above.
Lemma 16. Suppose that the conditions of Proposition 1] hold.

(i) There ezists a function 6 € C([0,1]) satisfying the well-separatedness condition
with p > 1 and a sequence of functions h, with ||h,|| s — 0 such that the
bound given in Proposition |1| holds for all p > 1 and sufficiently large n.

(ii) ¢ is not Fréchet directionally differentiable with respect to the supremum norm.

(i1i) There does not exist a v > 1 such that ¢ satisfying the well-separatedness

condition with p > 1 is v-Hadamard directionally differentiable in the sense of
=)

Proof. (i): Suppose that 0(z) = 1 — 2 for z € [0,1], ¢ > 1, and h,(x) = b,z for
b, > 0. Then, ¥(f) = {0} and |#)(0)] = 0 for all s < £ and |#(0)| # 0. Therefore,
¢y(h,) = 0. Moreover, 0(x) + h,(x) = 1 — 2° + b,z has a unique maximum at
x* = (b, /€)' with value given by

NCAGEY b\ /(D)
o6+ hy) =1 — (f) + b, (f) =1 — (7Y gDy

1 — e (/e
Moreover, Thus,

G0 + Nhy) = 6(0) + ¢y(hy) — 077D (0 — 1)p/ED
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Note that b, = ||h,||, and therefore we obtain exactly the rate of the approximation
error as claimed by the proposition.

(ii): No, as can be seen by the following example. Let again 0(z) = 1 — z” for
xz € [0,1], p > 1, and h.(x) = min{cz, 1}, ¢ > 1. Then B := {h. : ¢ > 1} is bounded

with respect to the supremum norm and
o0 +the) =1—(ct/p) +t

with unique maximizer x* = ¢/pt. Now take t = p/c* and let ¢ — co. Then z* = 1/c
and ¢(0+th,) = 1—c*+1. Further, ¢(0) = 1 and ¢j(h) = 0, for all ¢ and therefore

G0 + the) — ¢(8) — tdp(he) =1 —c*

or

o0+ the) —o(0) -
t - ¢9<h0) - 0

— 0

Hence, there is a bounded set and a sequence t,, | 0 such that

¢(0 + th) — ¢(0)
t

lim sup
n—oo heB

- 6] = oc.

(iii): Consider the same 6 as in (i) and (ii) but now take hg(z) = 2, for
B € (0,1). Then, 6 + thg is maximized at 2* = (¢/p)"/*~# with maximum

£\ 77
S0+ thy) =1 — (-) +p PRt
p

and therefore

¢(0 + thg) — ¢(0)
t

te—8

P
P—B) _B_

__B__
— @plhg) = (p7 77"
and the exponent can be made arbitrarily close to zero. Hence, ¢ is not y-Hadamard
directionally differentiable. O
Assumptions

The assumptions are based on the conditions in Example 7 in Appendix F in
Chernozhukov et al.| (2013b). This allows us to use the coupling results on both the
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estimator and the multiplier bootstrap.
Assumption 11. (i) (V;,X;),i=1,...,n are i.i.d.

(i1) X; has a continuously differentiable density f : R — R which is bounded away

from zero and infinity on [0, 1]

0<cr < f(z) <Cr <o, Va € [0,1]

(iii) €; is bounded and the density of €; conditionally on X; exists and is uniformly
bounded from above and below. The conditional variance o%(z) = E[e? | X; =

x] is bounded away from zero and twice continuously differentiable.

(iv) 0 is (+ 1) times continuously differentiable whose (¢ + 1)th derivative is Lips-
chitz continuous. Further, 0 satisfies the well-separatedness condition for
some ¢,d > 0 and p € {1,2}.

(v) K is a twice continuously differentiable second order kernel with support [—1,1].

(vi) hy — 0, nh? — oo, nh?/log** n — oo, nh?*3 — 0, /n=1h 2 — 0 at polyno-

maal rates in n.

We differ here slightly from the presentation in the main text in that we assume
that X is supported on a potentially larger set than [0, 1], and we only focus for
inference on [0, 1]. This assumption is imposed to shorten the proofs as we can rely
on the results in Kong et al.| (2010) and |Chernozhukov et al. (2013b). In particular,
this assumption simplifies the equivalent kernel of the local polynomial estimator so
that it does not change at the boundary.

The rate requirements are imposed in order to apply the uniform Bahadur expan-
sion in Kong et al.| (2010)). The Lipschitz continuity of the (¢ + 1)th derivative of
is used in the derivation of the rate of the bounded Lipschitz distance. The assump-
tion that ¢; is bounded is used in the Rio-Massart coupling and can be weakened by
assuming smoothness assumptions on the conditional quantile function of e; given
X;. The rate requirement nh2*3 — 0 is an undersmoothing condition and implies
that the approximating Gaussian process is centered. Moreover, the rate conditions
require higher order smoothness ¢ > 1, ruling out the local linear estimator. The
well-separatedness condition is required for bounding the analytic approximation

error made by the Delta method.
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Bounded Lipschitz distance

The local polynomial estimator can be written as a weighted average of the Y;

as
On(a) =Y wi(2)Y;
i=1
with weights

w;i(z) = U(O)TBn(:L')_lan,i(x)

o 4 (S (55)
BA@_;%éiK(xg4>U<xiﬂijc&;x>

Ulz) = (1,z,2%/2!, ..., 2°/0)7.

where

Lemma 17. Under Assumption

; logn 4
16, = Ol = 0, (1 255 4 1)

Proof. By standard arguments, one can show that

- logn ,
0, — 0|l = —— L A,
16, = Bl = O (/255 + 1)

In the following we will derive an upper bound on the rate of convergence of the
Lipschitz constant of 0, — 0. As it turns out, this rate is slower than the rate in sup
norm.

In order to bound the Lipschitz constant, we split

0, () — 0(z) — {0, (2") — 0(z")}
=3~ W) O0X) — 0) = Y ule)O(X) — )
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+ Z{wz (') Yei.

For the bias terms, by a Taylor expansion, there exist intermediate values &; and (;
such that

n (D) () &
; wi(2)(0(X;) — 0(x)) ZQ(H—;)!) 2; wi(2)(X; — z)H

m{W V(&) — 60"V ()}
+Zw’ Xi = (0+1)!

- (! A / _Q(E—H (w) - o WAV Z 1
> wila!)(0(X) = 0(a) = > wila)(X; — )
a (C+1)! =

- : {0UV(G) — 9“*”(1")}

Regarding the third and fourth term, we have by Lemma [18| (iii)

sz ,— )t {0V (g )gl 0 (z)} = O(R* 1)

Regarding the first terms on the right-hand side, we further split into

0D (2) & wi) (X; — )t — M zn:wi(x’)(Xi —a')t

((+1)! = (C+1)! &
(e+1) e+1
:9 + ((;_l_l sz X, £+1 (1‘15)
(6+1)
0(6 () Dy Zwi(x/){(Xi — /) — (X — ) (1.16)
9(€+1 g
W Z{wz wi(2')}(Xi — @), (1.17)

For (1.15)), we have by Hélder continuity of the derivative and Lemma [18| (i) and
(iii)

9(4—&-1) T _6(6-1-1) I n ,
((2 1) ) Zw,(:v)(Xl —2)™ = O, (Jx — 2P,

=1
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For (1.16]), we have by the same arguments as in the proof of Lemma

0D () / N 041 NE+1 p el
T o w06 =) = (X = ) 1) = Oy (Jo =+ AN,

i=1

For (1.17), we have by Lemma (18| (i) and (iv)
P (@) ,
R S X, — /+1 — ISR N2
11 iz{“’* ) — wi(2) }(X; = 2) = Op(l — 2|n"T)
Hence, uniformly over x, z’/
On(z) — 0(x) — {0, (') — 0(2')} = Z{wl (@)}e: + O(|z — &/|PhEH).
By discretization and conditional sub-Gaussianity of ¢;,

— w;(z') 2
=0 ( log n sup ( ; ) ),
b rHx ; HQ? -z HX

where 1; = 1(|X; — z| < h) + 1(]X; — 2/| < h). This implies together with Lemma

(iv)
logn
- op( o )

The claim follows. O

Z w;(x) — w;(2))

sup ‘:L‘ — :C/|

zF#x!

&

=1

sup
rH#x!

z = ul7)
6.
Ix—rc’l '

=1

Lemma 18. Suppose that Assumption [I1] hold. Then,

(i) for all x so that | X; — x| > h, w,(x) =0 and
sup ) _|wni(x)| = Oy(1)
o=l
(1t) For all x € [0,1], Y wyi(x) =1 and for j =1,...,¢,

Zwm (X; — )’ =0.
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(iii) For all x € [0, 1],
S () (X — ) = O (),
i=1

(iv) The weights w, ;(x) satisfy the following Lipschitz property

ap 8= 00 _ g (1)

ot |z — 2| nh?

Proof. We work in the following on the event A, = {Vz € [0,1],Vo € R :
| Bn(x)v]l2 > Allv]]2}. We later show that there is some A > 0 so that P(A,) — 1.

(i): The first part directly follows since K has support [—1,1]. For the second
part, note that on A, for all x € [0, 1],

|wni(2)] SNU(0)|l2]| Bn(@) |2l ani(2) |2
O]
— nh)

C
<= 1(X; — 2| < h),
< 1(X; -2l < )

|U((X; —2)/h)|[21(|X; — 2| < h)

where we have used that ||U(+)]|2 is uniformly bounded on [—1, 1]. Now, by standard

consistency results for the kernel density estimator with rectangular kernel

n n

1
sup Z|wm(x)| <C sup — Z L(|X; — 2| < h) = 0,(1).
i=1

z€[0,1] ;55 z€[0,1]

(ii): Let 04 denote the Kronecker-delta, i.e., o4 = 1 if s = ¢ and 0 else. Then,
forany j=1,...,0+1,

1 u XZ—ZL’ i
ﬁ;w"”’@)( )

:U(O)TBn(x)1%2K(Xih_x)U(Xih_x)Uj(Xih_I> o

(iii): (i) implies

:héJrl

Z Wi () (X; — z)H

Z Wi (2)(X; — x)
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<p't? i|w ()] sup Xi—az|™ = O,(h").
TS U xial<hl R !
(iv): For any z,2’ € [0, 1] satisfying |z — 2’| < 2h, decompose
i) = Wna @) =U(O)T{Ba(2)™ = Ba(a') ™ }ans(z) (1.13)
+ U(0)" By, (2"){ani(z) — ani(2')}. (1.19)

For any square matrix A, denote by [|Als = sup,ollAv|[2/||v]l2. Using that A~ —
B™! = A7Y(B — A)B™! for any invertible matrices A and B, we can bound (1.18])
by

U(0){Bn(2) ™" = Bu(2) " tan ()|
<NUO)ll2l| Ba(z) 2l Ba(2') = Bu(@) |12l Bu(a) " 2l ani(2)]2
<A Bu(a’) = Bu(@)llzl|ani(@)ll2.

It holds for some constant C

[ oo C

Jani(a)lls < = U <

where we used that ||U((X; — x)/h)||2 is bounded uniformly over X;, z and h since
| X; — z|| < h. Secondly, decompose

B,(2") — B,(x)

S s (e () (B) e
L G G R G G I
() (e () e ()] o

For (1.20]), we bound

C - XZ'—$/ XZ—(L'
1.2 <— K - K
@ <o 3w (K0 ) - k(2|

=1
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where we have again used that the Euclidean norm of the U vector is uniformly

bounded. Decompose
1 - Xi—.CC/ XZ—SL’
— K - K
w2 () ()
1 u Xi—.CIZ‘/ XZ—.CIZ' Xi—.ﬁE/ XZ—IE
=— K - K —E||K - K
a2 (F) - () () -+ (5|
1 [ X, — 2 X,—=x
—E||K|— —K|— :
o (%5) -+ ()
By standard arguments and Lipschitz continuity of K,
1 = X, — a2 X;—x
- K 7 —K 7
() (%)
Xi—.f, Xl—.l'

—E[|K - K

[ C7) )]

1 X; —a X;—x

——EB||K[ - K|
o Bz =2 H < h ) < h )

Since logn/(nh) — 0, sup,,.||(1.20)||2/]z — 2’| = Op(h™"). Regarding (1.21]) and
(1.22), by the binomial theorem, for any £ =0,1,... ¢,

() -5 O (5

S=

>

sup
xF#x!

and therefore

) () s O ()

This implies
Xi—.T, XZ—QZ'
/() ()

and since the kernel density estimator is asymptotically stochastically bounded,

1.21 1.22
sup = Oy(h7") and  sup =Op(h7").

rH£x! |$—$/| N z#a! |:L'—x/| B

= O(h™Y)

2

1
sup p
it [T — 7|




78 Directionally Differentiable Functions

This implies the following bound on (|1.18)

UO)T{Bn(2)"" = Bu(a) " Jani(@)| _ ( 1 )

su
b nh?

wta! |z — 2|
For (1.19)), we have on A,,
U(0)TB(2"){ni(w) — ani(@)}H <CA™ lani(z) = anu(@)]2.

By the same arguments as above

lan,i(2) — ani(2)|lz _ O(L)

nh?

sup p
wa! |z — 2|

implying for (1.19))

sup U(0)T By (") {an,i(x) — ani(2')}] O( 1 >

a! |z — |

Thus, we have shown that

sup ;
wa! |z — 2|

) “nl)]_ g (LY

nh?

The penultimate process

The following result provides an approximating distribution sequence as required
by Assumption [2[(iii).

Lemma 19. Suppose that Assumptions hold. Then, there exist a sequence of

centered Gaussian processes Z, with covariance function Y, satisfying

nh, 2, (z, ")

s P e (o (5 e

so that

sup [{6a(2) — 0(2)} — 7 ()] = 0((15—/”)/ v

z€[0,1] n
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Note that since the derivative is Lipschitz continuous, Lemma implies As-
sumption [2[iii) with the same rate.

Proof. Assumptions |11] are sufficient to imply (13) in Kong et al.| (2010) (see Ap-
pendix F in (Chernozhukov et al. (2013b) for a proof) and imply

sup {0 (x) — 8(x)} — 05 (x)| = Op(loﬂ - h)

z€(0,1] nhy

where

1 n
1) = VO, o) Y K= ) (X =) )
and S, (z) € REDXED with elements S, jx(2) = [ K(u)w/ ™ 2f(z + hu)du, j, k =

1,...,¢+ 1. By Lemma 8 in Kong et al.| (2010),

1
sup [, (x) — f(2)S] = op( oy hn),
z€[0,1] niy

where S € REFDXEHD with elements Sjp = [ K(u)w/ ™ 2du, j,k = 1,...,0 +
1. Thus, by standard arguments, for K(z) = U(0)TS™'K(2)U(z) and K;(z) =
K(z/h),

=0, (10ﬂ + h,ﬂ“).
z€[0,1] nhn

5 1~ Ku(X; -
sup [, (2) — 0(a)) = =0 Y- ST
i=1
Further, let

1 Kh(X—ZL‘)g
Vhe  flz)

Then, by Theorem 8 in Appendix G in |Chernozhukov et al.| (2013b), there exists
a Brownian Bridge B,, on {g, : © € [0,1]} such that for all ¢ > C'logn for some

t logn 4
> <
—C[\/ iz T nhD se

9z(g, X) = vz € [0,1].

constant C

1 KKu(X; —
P(sup n 7)
z€[0,1]

~ [

& — Bn(f]x)

nh,
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or equivalently, for Z,(z) = B, (g.)/v/nhs,

P < sup
z€[0,1]

Taking t,, = C'log® n for some sufficiently large C, implies

logsn 3/4
=0, —nhi/g .

Together with the bound on the linearization error of the local polynomial estimator

1 KKip(X; —2)
&
nh, = f(z)

- Zn@)

> C’[ t +t\/10gn}) <ot

(nhil P2

R Kh(Xi—x)gl
nh, = f(z)

(2

— Zn()

sup
z€[0,1]

above, we have

mm|ma¢»—ww}—2%un=w%<(b§")w4+M?Q.

z€[0,1] nhi/ 3

The claim follows. O

Lemma 20. Z,, can be chosen to have almost surely Lipschitz continuous sample

paths and there is a version of Z, such that Z, € D.

Proof. Consider the integral operator K related to the covariance function X, of Z,

given by

w»mﬂm=AEWuﬁmm

B o [ AKX )
—4 70 X [ Fe@y e

By properties of the convolution of two functions and smoothness properties of
K and fx, Kf is Lipschitz continuous with Lipschitz constant proportional to
| f|l,/hn. Therefore, all of its eigenfunctions are Lipschitz continuous with at most
the above Lipschitz constant.

Further, since

/En(x,x)dx < 00,

IC is trace class and hence the square root of its eigenvalues are absolutely summable.
Now, denote by \; > Ay > ... the eigenvalues of K and by ey, es, ... the correspond-

ing orthonormal system of eigenfunctions. By the Karhunen-Loeve Theorem, we can
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represent Z, as
Zn(x) = mi/Ajes(x),
j=1

for some sequence (n;) of i.i.d. standard normal random variables. Here, the conver-
gence is in the mean square sense. Further, Z,, is a.s. absolutely summable. Indeed,

since

2@ <D VN slles(@)] < || S VA | VA e @)

and since the eigenfunctions are uniformly bounded and (1/A;) absolutely summable,
the term on the right-hand side is a.s. finite and hence Z,(z) is a.s. absolutely

summable. We have, for any z, 2/,

1Z0(a) = Zola)] <, | 30 VA | 3 VA6 @) - e

L oo oo
<L IS A | S VRl - o
n\ =1 j=1

Again, since (1/);) is absolutely summable,

<3 VK <o
j=1

and hence, the representations Z,, are almost surely Lipschitz continuous.

The above construction shows that any Gaussian process with the covariance
function ¥, has a version with a.s. Lipschitz continuous sample paths. In order to
show that the Z,, constructed using the Rio-Massart coupling has such a version, we

slightly modify the Karhunen-Loeve construction from above. Let

nj = /01 Zyp(z)ej(x)dz.

Then, the resulting process (which we now call Y'(z) instead) satisfies Var(Z,(z) —



82 Directionally Differentiable Functions

Y(z)) = 0 (by mean square convergence, i.e. the same projection argument as in

the proof of the Karhunen-Loeve theorem). Finally, note that

PEr € QN0,1]: Zy(z) #Y(x) < > P(Zu(2) #Y(2)) =
z€Qn[0,1]
and therefore we can identify Z,, and Y almost surely. O

Lemma 21. Suppose that Assumptions[11] hold. Then for the Gaussian process Z,,
given in Lemma it holds for any continuous 6,

L~ O(Vh).

Var (¢, (Zn))

Proof. Since ¢y, is a sublinear and Lipschitz continuous functional and Z,, a centered
Gaussian process with almost surely continuous sample paths, Lemma 3 in |Scherer
(2024)) applies. We distinguish two cases. If the argmax set of 6 is a singleton, say
U (6y) = z*, then

Var(6}, (Z,)) = S(a”,2%) =

nhf /K 2qu(1 + (1))

and the claim follows for this case. Next, suppose that the argmax set of 6y contains
at least two elements. By the same arguments as above, we can lower bound &2 to
be of order (nh,)~'. Moreover, by standard arguments, E[¢}, (Z,)] < v/Iogn. Hence
by Lemma 3, in both cases the variance is lower bounded of order (nh,)~! and the

claim follows. O

Application of the Delta method

Lemma 22. Suppose that Assumptions[11] hold. Then

lim sup|P(6(6,) — 6(0) < 1) — P(h(Z,) < )| = 0.

Proof. By Lemma




1.B Proofs concerning the examples 83

and therefore by our Taylor result

logn

6(6,) — 6(0) = &4, (0 >+o( e hg<f+1>).

Further, by Lemma [19]

sup [{6n(z) — 0(x)} — Zo(2)| = op((@y’“ n hﬁﬂ)

z€[0,1] nhi/ 3

and by Lemma

— —O(V/uhy).

Var (¢, (Zn))

Further, since Z,, has mean zero and Var(Z,(z)) > 0 for all z € [0,1], the claim

follows by Theorem [2] since

—'y :O ( nhn{ lOg n h2 (0+1) })
Var(¢ nhs,
:O< log nh4€+3>
\/nhd
log®n 3/4
:O< h{( 4/3) eni])
Var
log” n
=0 o + Vi)
and by the assumed rate requirements in Assumption (11| (vi). O]

Consistency of the bootstrap for the preliminary estimator

Lemma 23. Suppose that Assumptions|11] hold. Then

. logn
1l = 0, ({53

n
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Proof. Let

1

K, (X; — x)é;.

Note that the equivalent kernel K is an (¢ + 1)th order kernel with support [—1, 1].
Moreover, it is Lipschitz continuous. Further, by standard arguments, fn is Lipschitz
continuous and the event A, = {min, f,(x) > ¢} converges in probability to one
for sufficiently small constant ¢ > 0. Moreover, the event B, = {max;|é;| < b}
converges in probability to one for a sufficiently large constant b, since Y; is bounded
and |0, — 0g||oc — 0. Therefore, on A, N B, and for |z — 2’| < hy,

|@i(x) — i) Sleh(Xi — ) — Kp(X; — 2)]
b 1 1 ,

<
—nh?

|z — 2[1(|X; — 2] < hn) L(|X; — 2] < hn),

where C' denotes some constant that potentially changes in every occasion. Further,
we have used in the second inequality that the distance between f,,(z)~! and f,, (/)"
can be upper bounded by the distance between fn(x) and fn(:v’ )on A, N B,. This
implies
02—l _C
o—a|<h, [T =] nhy,

(1Xi = 2|l < hn)L(IX; — 2| < D),

and therefore, since A,, N B,, with probability converging to one, we have

logn
- Op(\/ )
Next, for z, 2’ such that |x — 2’| > h,,, we have
. . Z|| logn
Zn(x) = Zy (2 <olZllee _ ¢y (' [loBm
s 1) - 2| <2050 = 0, (5 ),

where we have used that || Z,||l. = O,(y/logn/(nh,)). The claim follows. O

sup |Zn(x) _ Zn(:r')| —  sup W;i(x) — wi(x')

le—a!|<hn le—2!|<hyn

b

2 =]
i=1
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The following Theorem relies on the coupling constructed in Theorem 9 in |Cher-
nozhukov et al.| (2013b)). As the authors of this paper, we assume a sufficiently rich
probability space which contains a uniformly distributed random variable which is
independent of the data. For details, consider the discussion in before Theorem 9
and in the Appendix A in Chernozhukov et al.| (2013b)).

Lemma 24. Suppose that Assumptions|11| hold. Then,

Z, 0,(z) — 0
sup P(sup - () gt‘Dn> —P(sup M gt)’ = 0,(1),
teR | \zef01]|std(Z,(x) | Dy) z€0,1]| std(0,(z))

where std(Z,(x) | D,) denotes the standard deviation of Z,(x) conditionally on the

data, and
Stlelﬂglp(%o(zn) <t D) = P(6(6n) — $(6) < )] = 0,(1).

In particular, this Lemma implies by Corollary [I| that the bootstrapped quantile

cn)2r-

Zn(x)
std(Z,(z) | Dy)

Gni—a = inf{q eR: P( sup

z€[0,1]

satisfies

én(:c)A— 0(x)

std (0, (z))

P(Sup Sdn,l—a) Z 1_a+5n
z€[0,1]

for some ¢, | 0 uniformly over a € (0, @) for some & < 1/2.

Proof. By Theorem 9 in Appendix H.4 in|Chernozhukov et al.| (2013b) and standard
argumentﬂ, there exists an identical copy Z) of Z,, independent of the data D,,
such that

(s 12,(0) - Zi(w)] > o

z€[0,1]

1 D 1
—_— ] =0, —— ).
vnh,logn "\logn

25Theorem 9 implies a coupling for an unfeasible multiplier bootstrap which relies on the un-
known marginal density f and residuals €;. It remains to show that the multiplier bootstrap which
uses estimates of these also satisfies this coupling bound. This follows by standard arguments on
the estimation properties of the marginal density and residuals and therefore is omitted.
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By Lipschitz continuity of the derivative ¢j , this implies

/ 5 / * 1 = L
P(|¢90(Zn) o ¢90(Zn)| > O(W) ‘Dn) - Op(logn>'

By Le Cam’s Lemma,

B =SUpIP(6f, (Zn) < t]Da) = P($(00) = $(00) < 1)]

< inf{P(104,(2,) = 65, (Z0)] > nlDw) +supP(t < 64, (Z,) < t+ 1)}

T >0

By choosing n = &,/Var(¢y,(Z,)), for € > 0, the first term on the right-hand
side converges to zero with probability approaching one and the second term is
smaller than a constant multiple of ¢ with probability one. Thus, for any € > 0,
P(A, >¢) — 0.

It remains to show the first bound. Let s,(z) = std(0,(x)), on(z) = std(Z,(z))

A

and 6, (x) = std(Z,(x)). By standard arguments,

ZEN

Un@j)

sn(T)

sup
z€[0,1]

- 1‘ = o(1) and sup
z€[0,1]

Further, v/nh,o,(x) is bounded away from zero uniformly over x € [0,1]. This

implies
0,(x) — Oo(z)  Zyn(z) 1 .
su — <- 0, — 0o} — Z,||oo(1+ 0,(1
xE[OI,)l] Sn(l’) O'n(l’) 1nfr O'n(l’) H{ 0} H ( P( ))

and therefore Lemma [19] and Lemma [21] imply

b (x) — o ()

Zn(x)
(@) — sup |——=

z€[0,1]| On (JZ)
1

V/ Var(sup,|Z,(z) /0, (x)])

sup
xz€(0,1]

logn
- Op((nhz>1/4>

< logn.

By the same arguments as above, this implies

P(sup St‘Dn>—P<sup
z€[0,1] z€[0,1]

~

On () - ()
std (0, (x))

700
std(Z,(z) | Dy)

sup
teR

< t)‘ = 0,(1).



1.B Proofs concerning the examples 87

Consistency of the derivative estimator

Lemma 25. Suppose that Assumptions and the well-separatedness condition
hold. Further suppose that 1 —~, = O(1/logn). Then,

o1 / logn ﬁ
h) — h)| = O )
Hhﬁl;fgllaﬁn( ) — Py (h)] p((nhn) )

Proof. We will show that \i!n is a consistent estimator of the argmax set of 6y, ¥y,

in the sense that both ¥, c ¥, C ¥, with probability converging to one, for

some set W,, which converges to ¥y. In order to see this, note that, on the event
A, = {”(Qn - 00)/071”00 < (j'Yn}’

0 (%) + GO0 (x) — 30 — G1,6)
=0y () + (On(x) = O() + G, () — max{Bo (') + [6u(a') = bo(a") = @y, 5u(2")]}
>00() + (0 () = O0(2) + Gy, 60(2)) — &(60) — max{f(z') = bo(a’) = 4,60 (2')}
>00(z) — ¢(0o)

and therefore Wy = {z : fy(z) > ¢(6y)} C U,,. For the other direction, note that by

similar arguments, on A,
On(2) + 3, 00 (%) = (0 — G, 50) <O0() + 245,50 (x) — H(00)

and therefore U,, C {x : Oy(z) > ¢(0) — 24y, 60(2)} =: T,,.
Consider the event B,, = {§,||0n||cc < 0} for the § given in the well-separatedness
condition on . Since ¢, ||0,]« = 0,(1), P(B,) — 1. On B,,, we have by the well-

separatedness condition, for all z € ¥,

cd(z, ¥o)” < Gy, ||6nll0

i 16 1/p
d(z, W) < (@ [[nle) ™" _ e,

- c
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implying ¥,, C ", Therefore, on A, N B, for any h with ||A| s, < 1
|0, (h) = &, ()] < s [h(z) = h(z")] < |7l BLEn-

Since both P(A4,) — 1 and P(B,,) — 1, it holds

sup 194() — ()] = <1Zin> ’

lrllBL<1

where the last statement follows since ¢,, = Oy(vlogn + /—log(l —,)),
162]l0e = Op((nh,)~1/2) by standard arguments and 1 — 7, = O(1/ logn). O
Consistency of the bootstrap for the plug-in estimator

Lemma 26. Suppose that Assumptz’on and hold for p = 2. Then,

sup|P(¢,(Z,) <] D) — P(6(0,) — ¢(6) < )| = 0,(1).

teR

Proof. We apply Theorem [4l Assumptions [3] follows by Lemma [24] and Assumption
M4 by Lemma 25 It only remains to check the further rate requirements. We have

A \/T logn (logn 1/4_ log®n 1/4_>0
" nhd \ nhy, \ nhd

n

S”—\/_ ! -0

\/nh logn \/logn

and the claim follows by Theorem [4 O]

1.B.2 Bargaining bounds

Differentiability:
The differentiability properties in this example are qualitatively similar to Example

[ The derivative is given by

iy xtx (1 9) = Oy () + & (9)
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where

Ppy (W)(y) = [ max h(y,a’) fx(z)dr,

' e¥(y,z)

0, 0.9)(0) = [ max Fyix(y. ')g(a)da

and ¥(y,r) = argmax,, Fy|x(y,2’). Under a similar well-separatedness condi-
tion given in Section below, we can show that ¢ is 2-Fréchet directionally

differentiable with respect to the norm ||A||gL V ||g]|co, Where

h y L _h ,l’/
s = sup{suplny. )] v sup PO = D,
Y T rFx! ‘.T—.T,‘|

The well-separatedness condition allows for many qualitatively different conditional
distribution functions. As we show in Lemma [27] the well-separatedness condition
is for example satisfied when @ — Fy|x(y, x) is strictly increasing or decreasing with
a lower bound on the derivative. In the increasing case, the derivative reduces to a

point-evaluation functional

Py (M)(y) = Ay, 1),

while in the decreasing case

ey ) = [ bl (o)

the derivative averages over h(y,-). Another example of interest is when Y and X
are independent so that the conditional distribution function z — Fy|x(y, ) is flat

for all y. In this case, the derivative reduces to ¢

Oy ()(y) = [ maxhly, 2') fx(z)de.

Finally, the well-separatedness condition can be shown to hold in location scale

models Y = m(X) + s(X)e, with X L ¢, under suitable bounds on the derivatives

of the conditional mean m and conditional standard deviation function s.
Application of the Delta Method:

Consider the Nadaraya-Watson estimator of the cumulative distribution function of
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Y, conditional on X;

Fulyla) = ——— 3 k(20
fX(I)nh i=1 hn

)Jl(Yi <y)

where fX denotes the KDE of fx, the marginal density of X;. We consider two
separate strong approximations of this estimator. First in Section [I.B.2] when the
derivative is nonlinear, we use the Rio-Massart coupling to approximate the whole
process (x,y) — (Fn(y,z) — FY‘X(y,x),fn(x) — fx(z)). This yields a centered

Gaussian process Z,, = (Zp,,, Z5,,) With continuous sample paths such that

1(Fy = Fyix) — Zealloo V I1(fo = fx) = Zsalloo
logn\"*  V/log? ho 1

_Op(<03g7z> +\/og n, ogn+hﬁ)'
n3hy nhy, n

Second in Section [1.B.2] when the derivative is linear, we directly couple the deriva-

tive evaluated at the preliminary estimator to obtain a Gaussian process Z, with

the same distribution as above satisfying
supldf, (B = Fypxs fo = fx) = 8, (Zrns Zin)l = Op(ba),
Yy

for some b,, which depends on whether the derivative is mean-square continuous or

not. Moreover, we can show that

~ logn ,
HFﬂ_FY|XHBL:Op( nh3 +hn)7

n

where ¢ quantifies the smoothness of Fy|x. Using these results, we apply in Section
LB.2 both Delta methods Theorem [ and 2l As Theorem [2 is directed towards
univariate functionals, we apply it here to the point-evaluation functionals for y €
Rm Theorem [2 implies for both of the above couplings

lim sup|P(¢(0n)(y) — &(00) (y) < ) = P(¢4,(Za)(y) < )| =0,  Vy € [0,1]

under the undersmoothing condition y/nh2! — 0 and nh8 — oo when the deriva-

26We show in Lemma[29)in the Appendix that these point-evaluations are sublinear and Lipschitz
continuous as well as the supremum over the point-evaluations.
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tive is linear and mean-square continuous and under the undersmoothing condition
V/nh2HT — 0 and nh® — oo in the other cases. To the best of our knowledge,
these conditions are the only ones currently available. Moreover, other methods of
analysis as for example in |Chernozhukov et al. (2013b), Andrews and Shi| (2014]),
Firpo et al.| (2019) and [Semenoval (2023) cannot be directly applied here.

We want to stress that this distributional approximation holds regardless of the
underlying conditional distribution function as long as the rate requirements and the
well-separatedness condition hold. This is a demanding property as the approximate
distribution changes considerably under different conditional distribution functions.
For example, when = — Fy|x(y,z) is increasing, we have ¢%(Z,)(y) = Z1.(y, 1),
while in the decreasing case, ¢%(Z,)(y) = [ Zin(y,2z)fx(x)dz. In the first case,
the approximate distribution converges at the usual nonparametric rate and at the
parametric rate in the second case. Moreover, if for example Y 1L X, ¢-(Z,) =
&(Z1n, fx)(y) in which case it is hard to derive a precise rate of convergence.

The rate requirements on the bandwidth in the case when the derivative is linear
and mean square continuous is restrictive. Since ¢ is even 2-Fréchet directionally
differentiable with respect to the sup-norm instead of the bounded Lipschitz norm,

we can also apply Theorem [2| with respect to the sup-norm. In this case,

1/4 [
0o — /logn7 b — <log§n) / N log2n+ /hnlogn_i_hﬁ
nh, n n n

and

Theorem [2| now requires

log*n

2
nh?

—0 and nh* =0

improving over the aforementioned rate requirements. This illustrates the depen-

dence of our Delta method results with respect to the chosen norm on D.
Consistency Bootstrap:

We use the following Gaussian multiplier bootstrap in order to estimate the distri-

bution of the Nadaraya-Watson conditional distribution estimator and the kernel

density estimator. Let n;, ¢ = 1,...,n, be i.i.d. standard normally distributed ran-
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dom variables which are independent of the data D, = {(¥;, X;) :i=1,...,n} and

set

Znp(x,y) = - f ZmKh i — o) (1{Y; <y} = Fyxnly, 7))
n =1

an(l") = nhn Z’?i(Kh(Xi —z)— fn(x))

We show in Lemmathat Assumptionholds with d,, = @y, s, = o((nh, logn)~/?)
in the nonlinear derivative case and s, = o((nlogn)~/2?) when the derivative is lin-
ear and mean square continuous. This Gaussian multiplier

As an estimator of the derivative we choose

Sp(h)(y) = [ max h(y, ) ful)de

T G\I’n(y x)

/maxF y, 2')g(x)dz

where

Wiy, @) = {2' > o Fu(y,a') + 200(y, 2) > max F,(y, &) — 260(y, 7)}-
Here, 6,(y, 2) denotes an estimator of the standard deviation of F, (y, ) —Fyix(y, x)
and Z, is an estimator of the /3, quantile of Supy7x|F1;‘Xn(y, z) = Fyix(y,x)|/0n(y, v)
with 3, — 1 sufficiently slowly. In our simulations, we took 3, = 1 — 0.01/logn.
We show in Lemma 40| in the Appendix, that this estimator satisfies Assumption
with 7, = (logn/(nh,))"*. Hence, this bootstrap of the plug-in estimator satisfies
our general bootstrap assumptions and Theorem 4] applies under the rate require-
ment log” n/(nh3) — 0 when the derivative is nonlinear or linear but mean square
discontinuous and log®n/(nh?) — 0 when the derivative is linear and mean square
continuous. In the nonlinear case, these are similar requirement as needed for the
Delta method in Theorem [2| to hold but in the linear and mean square continuous
case, we require here a larger bandwidth. The latter is again due to the chosen
norm on D. If we endow DD with the sup-norm instead, we can improve the rate
requirements for the bootstrap as indicated in our discussion of the Delta method

above.
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Simulation Results

In this section, we present results of a small Monte Carlo study to illustrate the
finite-sample performance of our proposed procedures in the setting of the example
on bargaining bounds from Freyberger and Larsen (2021)).

We consider four data generating processes corresponding to the examples dis-
cussed in Section [I.B.2] Across all designs X is sampled from a uniform distribu-
tion on [0, 1] and Y is sampled from a truncated normal on [0, 1] with standard
deviation 1/3 and design-specific mean. In our first design, we take the mean
Maec(r) = x, resulting in a decreasing conditional mean function. In the second
design, m;,.(z) = 1 — x and the conditional distribution function is increasing in x.
For our third design, we choose the conditional mean to be constant, m;,q(z) = 1/2,
corresponding to independence of Y and X. In our last design, we take

1. 7
my(x) = -3 sin(4rx) + 3 + 0.65.

Our last design corresponds to the case where the partial derivatives « — 0, Fy|x (y, z)
have finitely many zeros as discussed in Section[I.B.2] As discussed there, these four
DGPs should correspond to different behavior of the plug-in estimator. As we do
not know any of these shape information in practice, we use for our estimator the
same bandwidths in any of the above DGPs. Potentially, one can improve consider-
ably by using a data-dependent bandwidth selection rule, but this is left for future
research.

For all DGPs, we generated 200 independent samples of sample size n = 1000,
and we implemented both the Nadaraya-Watson estimator and the kernel density
estimator using the rectangular kernel and the same bandwidth. The bandwidth h,,
is chosen according to the rule

B — fK(U>2dU —3/7

~ (J?K(v)dv)?

The rate factor n=3/7 is chosen to guarantee undersmoothing and the first factor is a
ratio measuring the kernel specific parts of the first order leading terms of the MSE
of the Nadaraya-Watson. This choice of bandwidth is rather arbitrary and has not
the aim to be optimal.

We simulate pointwise one-sided 95%-confidence intervals using the standard
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bootstrap, our Delta method based approach[ﬂ as proposed in Section and
projection confidence intervals. The projection intervals are based on uniform bands
for the conditional distribution and density. Further details are given in Section
[1.B.2] The performance of these confidence intervals is measured by their pointwise
coverage probability and the average distance of the lower confidence bound to the
plug-in estimator, which we call average length in the following.

Our results are depicted in Figures [I.B.1] and [1.B.2l The standard bootstrap

and Delta method based confidence intervals seem to be preferable compared to the

projection intervals. The projection intervals are very conservative, having 100%
coverage across all DGPs and lead to much wider confidence bands than the other
two approaches. While both the standard bootstrap and Delta method based confi-
dence interval are severely conservative in the second and fourth DGP, the standard
bootstrap intervals undercover both in the decreasing and independent DGP. In
these cases, the Delta method based intervals perform much better and only slightly
undercover in the independent DGP, while having a similar average length as the
standard intervals across all DGPs.

Our results suggest that the standard bootstrap and Delta method based confi-
dence intervals can adapt to the DGPs. The confidence intervals are roughly half
as wide in DGPs 1 and 4 as compared to DGPs 2 and 3. From the theoretical
analysis one might expect even smaller confidence intervals in DGP 1 as this DGP
allows for y/n-convergence while the other DGPs only converge at nonparametric
rates. Therefore, the adaption to the DGP seems to be limited. It might be inter-
esting to see whether data-dependent choices of the bandwidth can lead to a better

adaptiveness of the confidence intervals.

Proof of differentiability
The Gateaux directional derivative of ¢ is given by

¢%Y‘X,f(h79) = Cb/FYIX(fa h) + ¢ (Fyix, 9)

where

Gy (F,1) = [ max h(y, ') f(x)da

' €d(y,x)

2TWe depict some realizations of the resulting confidence bands in Section m
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Figure 1.B.1: The left column presents estimates of the pointwise coverage probabil-
ities and the right column the average length of the confidence intervals. The solid
line corresponds to the Delta method confidence intervals, the dashed line to pro-
jection intervals and the dotted line to intervals based on the standard bootstrap.
The first row presents results in the decreasing DGP and the second row for the
increasing DGP.
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Figure 1.B.2: The left column presents estimates of the pointwise coverage prob-
abilities and the right column the average length of the confidence intervals. The
solid line corresponds to the Delta method confidence intervals, the dashed line to
projection intervals and the dotted line to intervals based on the standard bootstrap.
The first row presents results in the independent DGP and the second row for the
fourth DGP.
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and

s (Fyix, 9) :/TJCQQ;CFYX(?J@/)Q@)CZW

Note that in general, the Gateaux directional derivative does not need to be ad-
ditively separable as in the above form. If the Gateaux directional derivative is
continuous in (Fy|x, f), then this additive separability can be reassured. Moreover,
in this continuous case, the derivative will be linear and therefore the mapping fully
differentiable instead of only directionally differentiable.

For our differentiability result, we need some notion of well-separability of the
local maxima of « — Fy|x(y, ). This condition can also be interpreted as a mea-
sure of identifiability of the restricted argmax sets W(y,x). It is similar to the
well-separatedness condition used in the maximum of a conditional mean function

example, but allows for regions of weak identifiability.

Assumption 12 (Well-separatedness Condition). Let U(y,z) := argmax,.,
Fyix(y, ") and Z be some finite subset of [0,1]. For some constants c1, ¢z, > 0 and

p,a > 1 independent of (y,x), it holds for all y, x € [0,1] and T > x
max{Fy|x(y, ')} = Fyix(y, %) = (d(Z, ¥(y, 2))") A (ead(@, Z)*) A6 (1.23)

While we assume this condition to hold everywhere, it is sufficient to only as-
sume this condition to hold Lebesgue almost everywhere since ¢ averages over the
restricted maximum.

In the following Lemma, we give examples of conditional distribution functions

satisfying this requirement.

Lemma 27. (i) Suppose that Fy|x(y,x) is strictly increasing in x for all y with
O Fyx(y,x) > ¢ >0 for all x and y. Then Fy|x satisfies with p =1,

c1 = ¢ and ¢y, v arbitrary. Further, ¢ is 2-Fréchet directionally differentiable
and its derivative reduces to gzﬁ};y‘x(h, Ny) = h(y,1).

(ii) Suppose that Fy x(y,x) is strictly decreasing in x for all y with 0,Fy x (y,x) <
c <0 for all z and y. Then Fy|x satisfies with p =1, ¢y = ¢ and ¢y,

arbitrary. Further, ¢ is 2-Fréchet directionally differentiable and its derivative
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reduces to
Oy D) = [ Wy ) f(@))

(iii) Suppose thatY and X are independent. Then Fy x satisfies with ¢y, co, p
and o arbitrary. Further, ¢ is 2-Fréchet directionally differentiable.

(iv) Suppose that Y = m(X) + ¢ with | X ~ G. G has a density g with respect
to the Lebesque measure on [0,1] and g is twice continuously differentiable and
bounded away from zero and infinity. m is two times continuously differentiable
with a Lipschitz continuous second derivative. m has a finite number of local
minimizers 0 < x1 < T9 < -+ < Ty, < 1 with corresponding values m(zy) <
m(xg) < --- < m(xy). These local minimizers are well separated in the sense
that m(x;) —m(zj—1) < =06 for some 6 >0 and all j = 2,...,m. Further, the

second derivative of m has at most 2(m—1) zeros and satisfies min; m”(x;) > c.

Then Fy|x satisfies with p = 2, ¢ and cy some constants bounded
away from zero, « = 1 and = s finite. Further, ¢ is 2-Fréchet directionally
differentiable.

Proof. (i): In this case W(y,x) = {1}, for all (y,x), and by the lower bound on the

derivative, for any = > =,

Loy x(y,t)

o dt > c(1 —2) =cd(z,¥Y(y,x)).

Fyix(y,1) — Fyix(y, T) = /
(ii): Here, ¥(y,z) = {z}, for all (y,z), and again by the lower bound on the

derivative, for any = > =,

Ry (y.t)

> T .
2Dt > cd(i, Wiy, o))

Fyix(y,z) — Fyix(y, @) = /
(iii): Under independence, the conditional distribution function does not change
in x, i.e., there is some function Fy|x(y) such that Fy|x(y,z) = Fy|x(y) for all z.
Therefore, the argmax set satisfies W(y, ) = [z, 1] in this case and max,>, Fy|x(y, 2")—
Fyix(y,2) =0 for all > .
(iv) It holds Fy|x(y,x) = G(y — m(z)). Then,

ng—gw = —g(y — m(z))m’(x)
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Myél);x?(y’x) = g'(y — m(z))(m/(x))* = gy — m(x))m" (x)

Note that any local minimizer of m corresponds to a local maximizer of Fy|x uni-
formly over y. Moreover, by the assumed structure on the local minimizers of m,

the restricted argmax set W(y, x) satisfies

(

{z1} if z € [0, 1]
{z} if x € (r1,&)
{z, 25} ,ifx=¢
{22} if x € (&, 9]
{z} if x € (29,&)
{z,z3} ifx=4&

\Ij<y7 $) -
{xm—l} ) if v € (gm—Zaxm—l]
{J]} ) if x € (Im—lafm—l)
{z,z,,} ,ifx=¢&,1
{zm} ) lf HAS (Sm—laIm]
\{x} it x € (2, 1]
for some values §;, j = 1,...,m — 1 which are the solution to the equation

FY|X(y7 fj—l) - FY|X(y7 xj)'

These &; do not depend on y, since G is invertible and therefore the above equation
is equivalent to m(&;_1) = m(x;). There are only m — 1 many of these values by
the assumed upper bound on the zeros of the second derivative. In order to see
this, note that for any x sufficiently close to z;_1, we have m’(x) > 0 and for any
x sufficiently close to z;, it holds m/(z) < 0. As the derivative is continuous, the
derivative has to attain zero in the interior of [z;_1,x;]. This also implies that the
second derivative has to have attained at least twice the value zero in the interior
of [xj_1,x;]. By the assumed upper bound on the zeros of the second derivative, it
attains zero exactly twice. This then implies that the first derivative attains zero

exactly once in the interior. Denote this zero by (. Since m/(z) > 0 for all x < ¢
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and m/(x) < 0 for all x > ¢, §_; has to lie to the left of ¢ and m(¢) > m(x;).
This implies by the intermediate value theorem that there exists exactly one &;_;.
Finally, since there are m — 1 intervals of the form [z;_1, z;], the claim follows.
The above arguments show that the first derivative of m is bounded from below
on the interval [x;_1 + ¢,&_1], where ¢ > 0. That is, m'(x) > ¢i(¢) for all z €
(-1 4+ ¢€,&—1]. Taking ¢ sufficiently small, we can make this lower bound uniform

over j. This implies for any x € [x;_1 + £,§;_1]

m(z) <m(&-1) +ci(e)(r — &),

ie., m(xz;) —m(xz) > c1(e)d(z, ;). This implies the following well-separatedness

conditions for x € [x;_1 +¢,&_1] and 2’ € [z,£;_4]

/

Foix (4, 2) — Fox(y,2) = / " gly — m(E)m (£)dt > ger ()d(', Uy, ),

where g denotes a lower bound on g. Moreover, for any 2" > §;_1, Fy|x(y,7) <
Fy|x(y,x;) since x; corresponds to the next smallest local minimum of m. Hence,

for any = € [z;_1 +¢,&_1] and 2’ > x, we have
Fyix(y,2) — Fyix(y,2') > Fyix(y,2) — Fyix(y,&-1) > gei(e)d(z, &-1)

We can make this bound hold uniformly over j, by defining == {¢, : j =1,...,m—
1}. Then, for any j and any = € [x;_1 +¢,;_1] and 2’ > z, we have

Fyix(y,z) — Fyix(y,2") > gei(e)d(z, Z).
Thus, if x € [z;_1 +€,§;-1] and T > z,
g/lgi( FY\X(ya x/) - FY|X(ya :Z)) > g01<5) (d<:i'7 \IJ(y) 33')) N d(x7 E))

The case = € (x,,, 1] follows analogously with a qualitatively similar bound and is
omitted in order to preserve space.
If x € [0,2;] or (§_1,x,], after potentially decreasing the e from above, there is
a constant C' which only depends on ¢ and the bounds of the density g such that
Pryix(y,2) O

sup —————— < — - 1.24
d(z!,X)<e 81'2 2 ( )
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Here X denotes the collection of local minimizers, i.e., X = {z; : j = 1,...,m}.

Thus, for any j and x such that |2" — z;| < e, by a second order Taylor expansion
c
FY|X(y7 x/) - FY|X<y7 13]') < _Zd('x/? \Ij(yv 'T))Q

or equivalently, max;>, Fy|x(y, Z) — Fy|x(y,2") > C/4d(z', ¥(y, z))*. Next, for any
&’ such that |2’ —x;| > e, we have either Fy|x(y, 2") < Fy|x(y, j11) < Fyx(y, 2;)—0
or Fyx(y,zj11) < Fyix(y,2’). In the latter case, we have by the same argu-
ments as above that Fy|x(y,2') decreases at least linearly for all |2' — x| > ¢

with Fy|x(y,2') > Fy|x(y,x;4+1). Hence, by potentially lowering J, we have
max Fyix(y, ) — Fyx(y,2") > 6,
for all ' satisfying |2’ — ;| > €. Thus, if = € [0, z4] or (§;_1,x,], for all 2’ > z,
rggelzachnX(y,i') — Fyix(y,2') > (C/4d(2', ¥ (y, x))*) A 6.
Next, let z € (zj,z;+¢],j = 1,...m. Forany n € (0,¢], by and m/(z;) =0

C
Ox? dt < o

OFyix(y,zj +n) OFyx(y,z;) /wﬁn O*Fyx(y,t)
= —|— _—
Ox Ox -

i
Hence, for any = € [z, z; + €],

B T OF 1 C. . .
Frin(y) = Frix(t)— = [ 208000 > S ) > S, wiy, ),

T

Moreover, by L-Lipschitz continuity of Fy x,
Fy|X(y7 l’j) — Fy|X(y,.Tj + 8) S Le
and as Fy|x(y, ) > Fyx(y,z; + ¢), we have for all > x

Fyix(y,z) — Fyix(y, %) >Fyix (v, ) — Fyix (1, Z) + Fyix(y, x5 +€) — Fyix (v, x))
>0 — Le,

where we used that Fy|x(y,z;) — Fy|x(y,Z) > 6 by the above argument. Thus, for
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any z € (zj,z;+¢|,j=1,...m,and any & > =

Fyix(y,x) = Fyix(y, ) > (%d(fi, W(y,x))) A (6 — Le).

To conclude, we have shown that there exists a finite collection = and some constants

1, Co, c3 and 0, so that for any y, x € [0,1] and any & > =z,

max Fyx (y, 2') — Fyx(y, 7)

{ad(z,9(y,z))*} NS Jif 2 €10,24] or x € (§5_1, 7]
> {ed(Z,V(y,z))} N6 Jifw € (z), x5 + €]
{c3d(Z,¥(y,x))} Nesd(x,Z) it x € (z; +€,&).

Since d(z, ¥ (y,x)) > d(z,¥(y,x))? for all Z, z,y, we have that for all y, any x € [0, 1]
and z > 1,

Ig/lg?,;{ FY|X(y7 wl) - FY|X(y7 ’j") > (C4d(j7 \I[(y7 x))Q) A <C3d(l‘7 E)) A 67

where ¢, denotes the minimum of ¢, ¢, and c¢3. The claim follows. O

We want to give two further examples to illustrate the behavior of the numbers
of zero of the partial derivative with respect to x. Consider for example (Y, X') with
e=Y —m(X), EY | X] =m(X) and ¢|X ~ F. Then

0(y,x) = F(y — m(x))
and
0:0(y, x) = —f(y — m(z))m/(z)

which is zero exactly when m/(x) = 0. Thus, the number and locations of the zeros

are fully determined by m(x). Moreover,

0na0(y, ) = f'(y — m(2))(m'(x))* = f(y — m(z))m" ().

In particular, for any x such that m’(x) = 0, the sign of the curvature is fully

determined by m”(x). Furthermore, we can bound the size of the curvature at any
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such zero by assuming a bound on the density f and m” at these zeros.
Consider on the other hand a location scale model, Y = m(X) + o(X)e with
e|X ~ F. Here, E[Y | X] = m(X), Var(Y|X) = 0%(X) and

with

0l 5) = -y (L) (- mi) 7o) o)

o(x) o(x) o(x) o(x)

Here, not only the location of the zeros may depend on y but also the number.

The following Lemma shows (7, ||||+)-Fréchet directional differentiability of ¢.

Here, we use the norm ||(h, g)||« = [|h|lsL V [|9]|cc, Where
h , L _h ,l’l
s = sup{suplny )] v sup P =D,
Yy x x#xl |m —x |

Lemma 28. For any (y,z), let ¥(y,r) = argmax, >, Fy|x(y, ') denote the argmax
set at (y,x). Further, suppose that the well-separatedness condition holds.
Then, ¢ is (ﬁ/\aTHAQ)-Fréchet directionally differentiable at (Fy|x, f) with deriva-
tive gble|X,f(h7 g) = /FY\X (f7 h) + gblf(FYLXa g); where

G ()= [ max hy.a')f(x)da

' €P(y,x)

and
¢ (Fyix,g) = /glgf Fyix(y, 2")g(x)dw.

Proof of Lemma[28: We only discuss the case p > 1. The case p = 1 can be handled
using the same arguments as in the proof of Proposition
For any bounded and Lipschitz continuous function h and bounded continuous

function g,

O(Fyix +huf +9) = [ max{Fyix(u. ) + h(y, 2} (0)dz

+ [ max(Frix(,) + hly.a")}g(a)do.
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We can further decompose

/ max{ Fypx (y,2) + h(y, ')} f(2)de = 6(Fy x, f) + Oy (B, f) + R

and
[ max{Frix(o.) + by, )
=05 (Frix.0) + [ max h(y,2")g(z)dv + Ry,
where

R _/{g}gf{wa(y,x/)+h(y,$’)}— max {Fypx(y,2) + h(y, 2')} ¢ flo)de

' eV (y,x) }

R2 :/{Txlllgi({FY|X(y,x’) —|—h<y’x/)} —  max {P’le(y7 )+h(y,x’)}

'€V (y,x)

g(x)dx.
In (i), we will show that for all x € [0, 1]

sup|max{Fy|x (y,2) + h(y,2')} — max Fy|x(y, ) — max LU ') < _HhHBL ,
y T2z x'>x

z'e¥(y,
(1.25)
whenever ||h|| g < cox®. In (ii), we show that this implies
SUP|Rl| <(—Hh\| + _”hHBL )Hf”oo (1.26)
supltal < ( A5, + 20155 ) ol (127)
y

Further, by the Cauchy-Schwarz inequality and properties of the sup-norm,

\ max h(y,a)g(x)dz| < [Allsellglle.

a'€Q(y,x)

Combining these results, yields
Sup’¢(FY|X + tha f + tg) - ¢(FY|X7 f) + ¢/FY\X (h’7 f) + ¢/f(FY\X7 g)‘

(—Ilhll + _HhHBL ){Hf”oo +llgllee } + 1l BLlgll-
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As ||h]|BL, |gllc — 0 and by the elementary inequality ab < (a V b)? for a,b > 0

( 2l ||h||BL ){Hf”oo +llgllee } + 1Al B9l

a+1
((IIhIIBLVHgIloo) V).

It remains to show ([1.25])-(1.27)).

(i) This follows essentially by the same arguments as in the proof of Proposi-
tion |1} Fix some y € R and = € [0,1]. Let V(y,z) = argmax,, Fy|x(y,2’) and
Uy, x) = argmax, >, { Fy|x (y,2')+h(y, 2') }. Further, let 2*(z) € argmin, ¢y, |2~
2'|. Now, for any z;, € Uy (y, ),

Fyx(y, vn) + h(y, vn) <Fyix(y,s) + h(y, " (z1)) + || bl srd(zn, Y(y, 7))

Fyix(y,zn) + h(y, zn) >Fyx(y) + m,gl;(%;(m) hy,z') > Fy|x(y) + h(y, z*(zp)),

where F;|X(y) = MaXycw(y,e) Fy|x(y,2'). This implies

Fyix(y) = Fyix (v, zn) < |kl srd(zn, ©(y, ).

Whenever ||k < cod(z,Z)* Ad =: §(x), by the well-separatedness condition
Lo
d(wn, Py, ) < bl = e(h).

Now, follows by the same computations as in the proof of Proposition .

(ii) We only show . follows by the same arguments replacing f by
g. Now, let A = {z:||h]| < d(x)} and denote by A¢ = [0,1]\ A. We can decompose
R; into

/{g}gﬁ{FYlX(ya ')+ h(y,2’)} — max {Fy\X<y, ')+ h(y, Zlf/)}}f(x)dx

eV (y,x

— [ {maxt Bt + n0 )~ max (Fvixl ) + 0} | oo

' e¥(y,x)

[ {maFrcton) 4 1)) = (Bl o) + iy )} (o)

z'e¥(y,x)
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On A, we can bound the integrand by (|1.25])

'/A{ri}i‘i‘””@’f’)+h<y’f’>}— max {Fyix(y, @ )+h(y>$')}}f(x)dx

'€V (y,x

1 P
<— Al 1l
&]

On A°, by properties of the maximum and since 2’ — Fy|x(y,2’) is constant on
U(y, ),

0< Ig}gi({FY|X(y7 ZE,) + h(?/? )} - maX {FY|X(y7 ) + h(y7 ZL’,)}

z'e¥(y
<Fyx(y) + max h(y,«') — Fyix(y) — ,H\}f%x hy, ") < [|h] .

Hence,

=

/ c{g}g{Fyx(y,w’)+h(y,x’)}— max {Fyx (v )+h(y,x’)}}f(x)dx

<[|hl|BL|| f]locLeb(A?),

where Leb(A) denotes the Lebesgue measure of set A. Further, since A° = {z :
A, Z) < (|55 2}, Leb(A°) < [|hllf5 #5/cs implying

1 L #H
suplts] < (-l + EEGE )11

Y

The claimed result follows. O

Lemma 29. The derivative ¢,Fy|x,f<h7 g) in Proposition is 1-Lipschitz continuous
and convex for each y. Further, sup, ¢/FY|x,f<h>g)<y) is sublinear and 1-Lipschitz

continuous.

Proof. Recall that ¢ ((h,g) = ¢,  (f, h) + ¢ (Fyix, g), where

Gy ()= [ max hy,a)f(a)da

' €P(y,x)

and

s (Fyix, 9) :/g}gﬁFyx(yaxl)g@)dﬂ
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Since for any h,h’ and g, ¢’

|¢,Fy‘x,f(hvg) - QS/FHX,f(h/ag,”
<IQry (1 ) = Dy (W D)+ 107 (Fyx, 9) — & (Fyix. 9)

and
/ o / < _
[y (0 ) = 0y (0. D) < [ | max hlyos) — e h(y.a)| Fl)da
<llh =l [ S(o)de = = W]
as well as

8} (Fyix, 9) — 3 (Fyix, 9)| < [lg — ¢ lloo,

1 as it is a conditional distribution function. Thus,

|1h — Pl + llg — ¢'l|co, i-e., Py s 18 1-Lipschitz

where we used that Fy x(y,z) <
<

(S (o 9) = S (9]
continuous.

Secondly, for any y, gb’FYlX is convex since for all h, A’ and X € [0, 1]

Gy N+ (1= VI, )
/ max {)\h y, ')+ (1 = NA (y,2")} f(x)dx

' ed(y,x)

<A max h(y,x')f(z)dr + (1 — ) max h'(y,2')f(z)dx

' €P(y,x) ' ed(y,x)

:A¢;’y|x (h7 f) + (1 - A)Qb}’y‘x (h/7 f)

Further, ¢'; is convex as it is linear in g. Thus, ¢/FY|X s 1s convex as it is the sum of

two convex functions. O

The next lemma gives some further analytic properties of the derivative when it

is linear. These properties are needed for the strong approximations in Lemma

Lemma 30. Suppose that the derivative is linear. Then, for any y, there exists a
unique monotonely increasing cadlag function x* : [0,1] — [0, 1] with z*(x) € [z, 1]
so that

ey 1)) = [ hly.a” (@) o)
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for all h. Finally, if x* is strictly increasing, x*(z) = x.

Proof. The derivative is linear if and only if W(y,x) is almost everywhere unique
when holding y fixed. That is, for any y, there exist selections Z(x) € V(y, z), for

all x, which are a.e. unique and satisfy, for all h,

By (1)) = / Wy, #(2)) fx (x)d.

Let z*(z) denote the selection which always chooses max U(y,z). Note that it is
well-defined by continuity of Fy|x. By definition of the argmax set W(y, x), we have
for any x < 2/, *(x) < 2*(2’) and therefore this selection is monotonely increasing.
It remains to show that x* is cadlag. For the continuity from the right, let x,, | «
for some arbitrary x. If max V(y,z) € (x,1), then there exist some N so that for
all n > N, we have ¥(y,x,) = U(y,x) and therefore z*(x,) = z*(x). If otherwise
max W(y, x) = x, then by the well-separatedness condition, there exists a d(x) such
that for any Z satisfying |z — x| < d(x), we have ||¥(y,z) — max ¥(y, )| < 0(z) and
therefore x* is continuous from the right.

For the existence of a limit from left, let x, 1 x for some arbitrary = € [0, 1].
If U(y,z) = x, then for all T satisfying & < x, it holds V(y,z) € {Z,z}. When
U(y,Z) = z, it holds for all 2’ € (%, z), ¥(y,2") = = and therefore z*(z’) is constant
on [Z, z] and clearly the left limit exists. Now suppose that ¥(y, Z) = Z and fix some
e < x — I. Since x, T x, there is some N such that for alln > N, x — x,, < e. By
monotony of z*, it holds z*(x,,) € [x,, x] for all n and therefore lim,, o, *(z,) = .
Hence, x* is even continuous in this case. If otherwise ¥ (y, x) > x, then either there
exist some T so that x* is constant on (Z, z] and therefore the limit exists or by the
same argument as above, we can show that z*(x,) converges to z.

In order to see the final claim, suppose by contradiction that z* is discontinuous
at x. Since x* is cadlag, it has to be discontinuous from the left. That is, there
is a sequence x, T x such that z*(x,) does not converge to z*(z). As we have
seen above, z* can only be discontinuous from the left when z*(z) > x. But when
x*(x) > x for some x, then x* is constant on [z, z*(z)] and therefore z* cannot be
strictly increasing. Finally, note that since z*(x) > = and z*(z) cannot be larger

than z, it holds z*(z) = x in this case. O

For the application of Theorem 2 we require a lower bound on the variance of

the derivative. Our derivation of such a lower bound depends on a representation



1.B Proofs concerning the examples 109

result for the derivative which we prove in the following Lemma.

Lemma 31. The derivative ¢y, can be represented for any fived y € (0,1) as

G, (h, 9)(y) = sup ¥(h,g),
$<ep

where the set {1 < ¢ } is a shorthand for

{v < ¢y} ={v € D*|Vh, g : ¥(h,g) < ¢, (h, 9)(v)}-

The sets {¢p < ¢ry } and { < ¢} are similarly defined. Then, it holds {¢ <
¢t} ={d}} and

(020,15 {1 [ bl @D fxlodte s a'(a) € Wiyava < 0,1
{ <ory ) C {h — /h(y,x)du(x) . o positive and finite Borel measure}.

Proof. Fix some arbitrary y € (0,1). The first part of the claim follows by Lemma 2
in our companion paper [Scherer| (2024). For the remainder, note that ¢, evaluated
at y € (0,1) is a linear functional and therefore {¢) < ¢;} = {¢;}. Therefore, it only
remains to characterize the linear functionals which are dominated by the derivative
with respect to Fy|x. For one direction, let z*(z) € ¥(y,x) for all x and fixed
y € (0,1). Then, x*(x) satisfies h(y, z*(z)) < maxXycw(ye) M(y,2’) and therefore the

functional v, given by

wall) = [ bl @) fx()dn < [ max by, o) fxla)do = i, (B).
Since h was arbitrary, this implies {¢,« : 2*(z) € V(y,z)Vz} C {¢ < gb}y‘x} and
therefore {1, + ¢ 1 2*(x) € V(y,z)Vz} C {¢h < ¢}

For the second claim, note that for fixed y, h(y,-) € C([0,1]). We first argue
that any ¢ € {¢ < gb},YIX} necessarily is a positive linear functional. Suppose by
contradiction that 1 is not positive, that is, there exists some h satisfying h(y,z) > 0
for all  and ¥(h) < 0. By linearity, this also implies )(—h) > 0. However, since

’FYIX(—h)(y) < 0, this implies ¢, (—h)(y) < ¥(—h), a contradiction.
This implies by the Riesz-Markov-Kakutani representation theorem, that for any

v e{y < ¢};Y|X}, there is a unique positive and finite Borel measure ;2 on the Borel



110 Directionally Differentiable Functions

o-field B([0, 1]) such that

$(h) = / Wy, ©)du(z).

Finally, evaluating ¢ at h(y,z) = 1 for all x € [0, 1], implies ¥)(h) = p([0,1]) <
¢ryx (h)(y) = 1. The claim follows. -

Assumptions

Assumption 13. (i) Let Uy, Uy be i.i.d. uniformly distributed on [0,1] and set
X = Fx'(Uh) and Y = Fy(Us| X1).  Purther, let (Y1, X1),. .., (Yo, X5)
be a random sample following the same construction for a random sample of
(Uir,Ui2), 1 =1,...,n.

(1) X; has an (€ + 1)-times continuously differentiable density f : R — R which is

bounded away from zero and infinity on [0, 1]

0<c¢r < f(z) <Cr < o0, Va € [0,1]

(iii) Fy|x is (¢ + 1)-times continuously differentiable whose (¢ + 1)th derivative
is Lipschitz continuous, satisfies the well-separatedness condition for

p=2, a=1and
Il

(iv) K is a twice continuously differentiable and symmetric (th order kernel with

fyix(Y | X)
0X

‘deX < 0.

support [—1,1].

(v) h, — 0, nh3 — oo, nh’/log** n — oo, nh?*3 — 0, /n=1h;2 — 0 at polyno-

maial rates in n.

These assumptions are rather standard assumptions in nonparametric regression.
Assumption (i) can be thought of as requiring an i.i.d. sample only. It is written
in this way in order to fit into the framework of the Rio-Massart coupling. The
well-separatedness condition in is both needed for the differentiability of ¢

and also in the derivation of the rate of the derivative estimator.
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Strong Approximation when the derivative is nonlinear

In this section, we derive a joint strong approximation of the NW estimator
of the conditional distribution and the KDE. While marginal strong approximation
results would be sufficient for the application of Theorem [I] we need a joint coupling
in order to verify the rate requirements in Theorem [2

We construct the strong approximation using the Rio-Massart coupling. This
coupling requires that the probability space (2,4, P) is sufficiently rich in that it
supports a random variable which is uniformly distributed on [0, 1] and which is
independent of the data. This is not a strong restriction as we can always enrich an
original space by taking the product with [0, 1] equipped with the uniform measure
over Borel sets of [0,1]. Therefore, we will assume in the following that (2,4, P) is
sufficiently rich in the above sense.

We construct a strong approximation of the estimators instead of the derivative
evaluated at the estimators. While we can represent the derivative in this exam-
ple as a supremum over linear functionals of the estimators, the entropy of these
linear functionals is in general too large to be a VC class as is required by the Rio-
Massart coupling. While the couplings in [Koltchinskii (1994) and |Chernozhukov
et al. (2014a)) are also applicable function classes with such a large entropy, they

result in slower rates of convergence.

Lemma 32. Suppose Assumption[13 holds. Then, there exists a centered Gaussian

process Zy = (Zpn, Zgn) with covariance functions

EF(Z/? z, ylv xl) = COV(ZFm(yv I)v ZF,n(ylv xl))
1

Tk fx(x) fx(a)

Sy (@, a') = Cov(Zsa(z), Za(a'))

E[K, (X; — ) K, (X; — 2')ei(y)ei(y')]  (1.28)

:#{E[K}Ln (X; — @) K, (X; — ')

— E[K), (X; — 2)| E[Ky, (X; — 2)]} (1.29)
Yri(y,z,2") =Cov(Zpn(y, x), Zsa(z') =0, (1.30)

and almost surely continuous sample paths so that

H(Fn - FY\X) - ZF,nHoo \% ||(fn - fX) - Zf,nHoo
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0 log*n 1/4+ \/1og5n+\/hnlogn+hg
PAN\ n3h4 nhy, n ")

Proof. Using the construction in Assumption[13] we can reduce the coupling problem

to a coupling of the uniform empirical process h,,'G,,(h;,.q), where

1 . » y
fx—(l')Khn(FX (u1) — $)(1{Fy|X(u2 | Fit(uy)) <y} — u2)

hag.f (u1) =K, (Fx' (u1) — 2) — B[y, (Fx ' (1) — ).

hx,y,F<u1a Uz) =

We collect all these functions in ‘H,, = H, p U H,, r, where Hyp g = {hoya: (x,y) €

0,1}, d € {f, F'}.
Indeed, by Lemma [33] and standard bounds on the bias of the KDE,

sup
.y

r _ h, logn
(Fn(y, 2) = Fyix(y,7)) — (nh2)7?Gp(hay r)| = OP< BT hﬁ)

sgpwfn(a:) — fx(@)) = (nh2) G (hays)| = Op(hL).

By Lemma [34] #,, is a VC class with functions which are uniformly bounded over
n. By Lemma , the total variation norm of H, is of order h_'. Further, H,
clearly satisfies the measurability conditions of Theorem 1.1 in Rio| (1994). Thus,
by Theorem 1.1 in [Rio| (1994), there exists a Brownian bridge B, indexed by H,
with almost surely continuous trajectories on (Hy, |||z, (j0,152)) such that, for any

positive t > C'logn,

P (Vi sup G.(0) — B, (1) > 0 17 syl + Vg 1) < (),
heHn heHn

where C' is a positive constant depending only on d(#H,) and C(#,). Take

Vil Zpa(y, 1) = h?Bu(hyyr) and v/nhnZso(z) = b ? By (hay.p), for all y, z
and define

A, = sup |h;1/2Gn(hx,y,F) —VnhyZpa(y, )|
Y, T

V sup |h;1/2Gn(h$7y,f) — vV nh,Zsn(x)|.
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Then, the above result implies for all > 0 sufficiently large

nlogn log®n _
P A, > <n "
( ”—C{\/ vz "\ ah, D ="

In particular, for n a sufficiently large multiple of logn,

1B %Gy (Bay) i Zo(y,2)] = 0, ( (150 e
su n\llz - Npln\Y,x)| =
y,aI:) " Y Y P nh% nhn

The rate of the coupling now follows together with the linearization in Lemma [33]
The form of the covariance functions in (1.28) and (1.29)) follow directly from the
empirical process representation. The covariance function ([1.30]) satisfies

1

m E[K, (X; — 2)ei(y, ©) Kp, (X; — )] = 0

Ypg(y,z,2') =

by the law of iterated expectations.

Finally, we show that Z, has almost surely continuous sample paths. We use the

Us ’ Fy (Y X)
with Jacobian

OFx(X)
DT(X7 Y) = (aFygi(wX) 8FYX(2Y|X)> - (aF{,ﬁ(gf(Rx) " ) .
ax oy —x—— frix(Y[X)

substitution

Thus, by the transformation formula, for any y, vy, z, 2’ € [0, 1]

1
hx —hx// =E||l——K Xz'_ i\Y»
(s v F Ly 0,2) fo(x) i ( z)ei(y, )
1
Ky (Xi— ey, ]
fX(I,) hn( ) (y )

1a.s = Prar g1l Ly 0.112) = Bl Kw, (Xi — 2) = Ko, (Xi — 2)].

The second term is Lipschitz continuous and therefore Z;, has almost surely con-
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tinuous sample paths. For the first term, we bound

E[ Xl(x) Ky, (Xi —2)ei(y, z) — %Khn (X; — 2)ei(y', o) }
< E[ 1@) (X —2)ei(y, ) — f%(x)KM(Xi — ey, o) }
/ ]' L x/ €, / x/
B | KX = )2l 0) = K (X = )|

For the first term on the right-hand side, we have

E[l
:E[ Fx(@)

and the second term on the right-hand side is similarly Lipschitz continuous uni-

1

X(x)Kh" (X; —x)ei(y, x) —

K, (Xi —2')ei(y', x)

|

||K||<>onYX||oo|y_y
~ hy,min, fx(x)

e
o K~ D&)<

|

formly over y' by smoothness properties of fx, Fy|x and K. Thus, Zp, also has
almost surely continuous sample paths. The claim follows. O
Auxiliary results for the Rio-Massart Coupling

The following Lemma shows that the Nadaraya-Watson estimator is asymptoti-

cally linear.

Lemma 33. Suppose that Assumption |15 holds. Then,

sup\\/nh Wy 2) — Fyix(y|2) = by, ?Go(hay)| = Op(ha/log n + /nh2t+1).

Proof. Let €;(y) = 1(Y; < y) — Fyx(y| X;), for i = 1,...,n and decompose the

estimator,

Fu(ylz) = ZKh i — o) Fyx(y | Xi) + hf ZKh i —x)ei(y)
n i=1

~nh fx Z{Kh — o) {Frix(y | Xi) = Frix(y] 2)}

— E[K (X _$>{FY\X(?J|X) FY|X(?J|£)]’]}

nh fX ZKh )



1.B Proofs concerning the examples 115

+ Fyix(y|z)
fx(z)
+(fn<x> >nh fx(a ZKh = o) { By X)) = Frixly|2)}

(7

—1>nh G ZKh (y).

By boundedness and standard arguments, uniformly over y and =,

S;lf nhan ZKh m){FY|X(y | X;) — FY|X(y ‘ 33)}
e PR = Py X0 Frixtyl )] = 0, (/2" )
supl - fjm B (X, — 2){Fyix(y 1 X0 = Fs |20} = 0,01
[logn
Sg}lf nh. fX ZKh >‘_OP( n—hn)
su fx(z) 1l = logn ¢
3Ep fn(:p) 1’ Op( nh, —i—hn)
implying

=0, (hn\/logn + vnh?f“).

[]

The following Lemma gives a bound on the VC dimension used in the coupling

of the Nadaraya-Watson estimator.

Lemma 34. There exist constants 0 < C,d < oo so that, for all n,

sup N (g, Hn, L1(Q)) < e,
Q

Proof. This proof follows closely the arguments in the proof of Theorem 8 in |Cher-
nozhukov et al.| (2013b)). Note that H,, p is the product of {1( Y‘X(ug | Ft(uy)) <
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1) — uy : y € R} with VC-dimension 1 and {Kj,(Fx'(u1) — x)/fx(x) : x € [0,1]} is
a VC class uniformly over n by Lemma 4.1 in [Rio| (1994)). Thus, the #,, r is a VC
class by Lemma A.1 in |Ghosal et al. (2000)).

Further, #, s is a VC class by Lemma 4.1 in Rio| (1994)). Finally, since the
covering numbers of a union of two classes can be bounded by the product of the

bounds on the separate covering numbers, it follows that H,, is a VC class. O

The last Lemma in this section bounds the total variation norm. For a function

f:R? = R, let ||f|l7v denote the total variation norm which is given by

e = swp [ F ) V9
) JRE

geDe([0,1]¢ 91l0o

where D,([0,1]¢) is the space of C* functions taking values in R? with compact

support included in [0, 1]¢, and where divg(x) is the divergence of g(z).

Lemma 35. Suppose that fx is bounded away from zero, K 1is symmetric and

continuously differentiable with compact support and

J1.

Then, there exists a constant C' < oo which only depends on the lower bound on fx,

dfyix (Y] X)
0X

'deX < 00.

the kernel K and the smoothness condition on the conditional density of Y given X

such that
C
sup [|A[lry < o
hEHn

Proof. For any g = (g1, 92) € D.([0,1]?),

d
/ / ey U1,U2 lVg('le,UQ)d Qdul

191loc

Ogi(ur,uz) | Oga(uy, uz)
=T Dy (U1, dusd
A A et e (T

First consider

1 1
/ / hxjy(ul, UQ)WdUQdul
0 0 1
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/ / Ko (F5 (1) — )1 {Fy (| Fi (u ))gy}wdugdm.

We use the substitution

U2 1 Y|X() | X)
with Jacobian

OFx(X)
DT(X,Y) = <8Fyg)((Y|X) aFyx[sz)) = (BF{T;(?I)X) X > :
X < — v frix(Y[X)

Thus, by the transformation formula

[ )~ ot ) < 0y 228
On(Fx(X), Frix(Y | X))]

—E {Khn(X —z)I{Y <y} Oy

Further, it holds

991 (Fx (X), Fyix(Y | X)) _ 091 (Fx (X), Fyx (Y [ X))

8X N 3u1 fX(X)
L 991 (Fx(X). Fyix (Y| X)) 9Fy (V| X)
8U2 8X
agl(FX(X),FHX(Y’X)) _agl(FX(X),FHX(Y’X))
0Y N 8U2 fY‘X(Y | X)

and therefore

E|:Khn(X —2)1{Y < y}agl(FX(X)>FY\X(Y | X))}

8u1

—E {Khn(x —2)1{Y < y}{agl(FX(X)élelX(Y | X))

L 991 (Fx(X), Fyix(V | X)) 0Fyx (V| X) 1 H
Ous 0X fx(X)

(1.31)
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091 (Fx(X), Fyix(Y [ X)) 0Fyx(Y [ X) 1
(1.32)

- E[Khno( —1{Y <y}

In order to bound ({1.31)), we decompose

E [Khn(X —2)I{Y < y}{agl(FX(X)éiwx(Y | X))

L 991 (Fx(X), Fyx (Y | X)) 0Fyx (V| X) 1 )H

Ay 0X  fx(X
_ / K, (X —2)1{Y < y}agl(Fx<X)é§Y'X(Y X)) f (V| X)dydx
_ / K (X —2)1{Y < y}{ % 1(FX(X)(Z),§”<Y D) v x)
+gl(FX(X),Fy|X(Y|X))W}d§/d.x (1.33)
- / K, (X — 2)1{Y < y}gr(Fx(X), Fyx (Y| X))wczmx (1.34)
Note that
g1 (Fx (X), FY|X8(§| X)) fyix (Y[ X)
IR B IR f ) 4 (30, Bl 30 2L

Thus, we can simplify ([1.33)) by partial integration

/ K (X — 2)1{Y < y}{ % 1(FX(X)(Z),§YX<Y D) v x)

Ofyix (Y[ X)
0X

4 gu(Fx(X), Fypx (Y | X)) }deX

(= 2) [ a(Ex (0. Brox(Y | X0 fx(Y | X0y

R

// P 8X MY < yrgi(Fx(X), Fyix (Y| X)) fyix (Y | X)dYdX

// aKhnaX Y <ytoi(Fx(X), Fyix (Y| X)) frix (Y| X)dYdX,

where we used that the first term in the integration by parts formula vanishes since

the kernel has compact support. We can upper bound the absolute value of the
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remaining term with

ol // oKX ~7)
gl (e’ aX

8Khn
gl

Similarly, we can upper bound the absolute value of ((1.34) by

0 X
Hngoo//\Khn —z)|1{y < }’fY'X—H‘deX

0 Y X
<1 lloell K loe / / ‘JCY')(;—X’)‘deX.

It remains to bound ([1.32)). It holds,

H{Y <y} fyix (V]| X)dYdX

Fy|x(y\X)dX < —Hgl\lool\aK/@ﬂcHoo-

E[Khn(X )Y < y}ﬁgl(Fx(X),Fm(Y | X)) 0Fyx (Y| X) 1 ]

Ous 0X fx(X)
_ / K (X —2)1{Y < y}agl(FX(X)éiy'X(Y X)) aFY}(‘;g X (V] X)dy X
:/ Ky (X — )1y < y}agl(FX(X)’a}F/YlX(Y’X))aFY)(;g|X>deX.
By integration by parts,
[ 14y <20 Bl LX) 0FlY 130,
- OFy x(Y | X)

=01 (Fx(X), Fyix (Y| X)) X

B / dfyix (V] X)

9 (Fx(X), Fyix(Y | X)) 5% dY

implying by similar arguments as above

‘ J[ iy < ) 2P0, B XD D (1) 1

Oy (Y| X
<2 g1llooll Klloe / / '%‘difdx
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Thus, we have shown that

dg1(u1,u
// Py (U1, uz) 91(61 2)d 2duy < Cg1]]0
Uy

for a constant C' which depends only on the kernel, the lower bound on fy and the
smoothness of the conditional density of Y given X.

It remains to bound

0gz(uy,u
// z,y U17U2 gz(aul 2)d oduy
2

fxl(:r / / K (F — ) H{Fy i (u2 | Fx' (1)) < y}%uzw)dmdul
fxl(x) / Ko (X — o)1y < yy 220X >éiY|X(Y ) (| X) fre(X)dY dX
fxl(a;) / Ko, (X =2){Y < y}a”(FX(X)’aiY'X(Y D) pxavax
=7 LB X = D) (), Py ) 5 (X)X,

where we have used the same transformations as above. Moreover, by similar bounds

as above, we have

bt 0go(uy, u
/ / hLy(ul,uQ)%dquul < COllg2lls
o Jo 2

where the constant only depends on the lower bound of fx and the kernel K. Thus,

dlvg(ul,UQ) 191100 + [l 92l
Ul u2 — " “du 2du1 < C < C
R 19]loc - 19loc -

proving the claim. O]

Strong approximation when the derivative is linear

In the case when the derivative is linear, i.e., ¢ is fully differentiable at 6,
we construct again the coupling using the Rio-Massart coupling, but this time we
directly couple the derivative. This is feasible since in this case the complexity
of the implied function class is sufficiently small. In some settings, such as for

a decreasing conditional distribution function as discussed in Section [I.B.2] the
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complexity is so small that even a Donsker theorem applies, and we could derive a
limiting distribution. However, in other settings such as for an increasing conditional

distribution function, the complexity is still too large to justify a Donsker theorem.

Lemma 36. Suppose Assumption[13 holds and that the derivative is linear. Then,
there exists a centered Gaussian Z,, = (Zy n, Za,) with the same covariance functions

as in Lemma[33 and almost surely continuous sample paths so that

Sup’(be (F FY|X7fn ) (bQO(Zl n;ZQn)l

:Op( 1og n /log n_ [ I logn )

If the derivative is Ly continuous and

sup|q§90(F FYlXafn ) ¢90(Zl naZ2 n)|

log n log® n I 10gn
=0y 3h4 2h2

Proof. Tf the derivative is linear, then there exists a function z*(x) € [z, 1] for all
z € [0,1] so that

if it is not.

Oy 1) = [ Hly.a” (@) (o)

By Lemma [30] this selection z* is cadlag and weakly monotone. Moreover, z* is
strictly increasing iff the derivative is Lo-continuous. Further, by Lemma [33] we can

linearize the conditional distribution estimator

sup\\/nh Wy T) — Fyix(y|2) = by, ?Go(hay)| = Op(hay/log n + \/nh2t+1).
This implies
[ )~ Frixty,a* @) )i

:% Z/h_lnmxi @ @){UY; < v) = Frix(y, " (@)} 7
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I
+Op(\/h”$+hfl)

and
/ Fyix(y,2){fu() — fx(a)}da

:% Z / hin{Kh” (X; —x) — E[K,, (X; — %)]}Fy‘x(’y, x)dr + Op(hf;%

where we used the usual bound on the bias of the KDE in the second equation. Note

that this linearized process has mean zero. Further, the function classes

Fn = {(XnY;) H/hinKhn(Xz _ x*(w)){ﬂ(}/; < y> . Fyx(y,x*(x))}%dx
+ / hin{Khn(Xi — ) — E[K},, (X; — )]} Fy|x(y, x)dz - y € [0, 1]}
(1.35)

are of VC-type uniformly over n as shown in Lemma [37] below. However, for the
bound on the total variation norm, we need a case distinction. If z* is strictly
increasing, the total variation norm is uniformly bounded over n and if x* is not
strictly increasing, the total variation norm is of order A, !. Both claims follow by
similar arguments as in Lemma [35} Hence, we can apply the Rio-Massart coupling
as in the proof of Lemma[32] Consider first the case that z* is strictly increasing. In
this case, by Theorem 1.1 in |Rio| (1994), there exists a Brownian bridge B,, indexed
by F, such that, for any positive t > C'logn,

P(\/ﬁ sup |G, (f) — Bn(f)| = CVnl/i2t 4+ C lognt) < exp(—t).

fe€Fn

Take /nY,(y) = Bn(fy), for all y € [0,1]. Then, the above result implies for all ¢
sufficiently large

4N\ 1/4
sup |G, (fy) — Yu(y)| = Op((log n) N 10g5n>.

y€[0,1] n n
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Together with the above linearization, this implies

SUP|¢90(F FYlXafn Ix) () — Ya(y)|

:Op( log n /log n [hy logn hg)

In the case where x* is not strictly increasing, the same arguments imply the exis-

tence a Gaussian process Y,, such that

SUP|¢90(F Fyix, fn — — Y, (

log n log® n I logn ’
:O”( 3h4 TV TV =

Finally, the existence of the claimed process Z,, can be shown using the same argu-

ments as in the ATE example. The claim follows. O
Lemma 37. The function classes F, defined in 1s a VC class.

Proof. First, consider the functions

1 R & C) N

[ 7o <
fx(2) :

/ py Ko X =) g ey @15 = 0)

This is just a product of a single function and an indicator function. Such indicator
functions are well discussed in the literature. For instance, Theorem 2.6.4 and
Example 2.6.1 in van der Vaart and Wellner| (1996|) imply

o

Slclsz(& {1(- <y):y€0,1]}, L1(Q)) <

for some universal constant C'. Thus, these functions form a VC class by Lemma
A.1 in |Ghosal et al.| (2000).

Next, consider the functions

gy(X;,Y;) / — Ky, (Xs — ) Fyix (Y, ) Jx
X
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- / hin{Khn (Xi — 2) = B[Ky, (X; — )]} Fy x (y, ©)dz

Since these are L-Lipschitz continuous in y, for some constant L independent of n,

we have for any probability measure @) with finite support in [0, 1]?,

g9y — 9y llzi@) < Lly —y/'|.

Now, fix e > 0 and let 0 = yo, 41,...,yny = 1 be a uniform grid of [0, 1] with mesh
width 1/N. Then, if L/N < ¢, or equivalently, N > Le~!, there is for any y € [0, 1],

some j so that

gy — gyj”Ll(Q) <e.

As e and @) were arbitrary, we have

™ |

Sup N(e{gy v €[0,1]}, L1(Q)) <

Finally, take minimal cover of the class of indicators of size [C/¢] and a minimal
cover of the g, functions of size [L/e]. Then we can approximate any function
fe Fnby

min|f, = 1(- < %) = gyl @

<minf|1(- <y) = 10 < yi)llzi@ +minflgy — gy M. < 2e.

Hence,

and the claim follows. OJ

Bounded Lipschitz norm of the NWE

Lemma 38. Suppose Assumption |15 holds. Then,

. logn
| E — Fyix|ler = Op(\/ n—h;“’;)
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Proof. Fix some arbitrary y € [0, 1] and decompose for any z € [0, 1]
. 1
{Fu(y,2) = Fyix(y,2)} =———— > K, (Xi — 2)zi(y)
1
+— Z K, (X; — 2){Fyx(y, Xi) — Fyix(y, )},

where €;(y) = 1(Y; <y) — Fyx(y, X;).
Then, for any z,2’ € [0, 1],

{EFuly @) = Fyix(y,2)) { ( 7') = Fypx(y, )}
e
—%{Fm(y’){) FYX(@/,:L"')}}’. (1.38)

For the first term on the right-hand side, (1.36]), we have

i Z{ K, (Xi =) K, (X; ; Y }a(y)‘

nh, — fn(x) fn<x/
< m izn;{Khn(Xi —x) — K, (X; — ;p’)}ez(y)' (1.39)
1 1 1 —
) f Kon (X = x)es 1.40
5 7l D (e (1.40)

Regarding ([1.39)), by similar arguments as in the proof of Lemma ,

[|lz — |

sup
xF#x!

hn Kh Xz‘—x/ )
" fn@:)Z{ (Xi = 2)}aily)

logn ‘
= h
(i )
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Regarding (1.40)), by similar arguments as in the proof of Lemma [17]
1 1 1

logn
— =0 ( +hfl)
2w fufw) - @)l Y i
logn ,
K = :
nh n; (X = 2)ealy )’ Op( nhy, +hn>

We can deal with ((1.38) similarly. We split

sup
z;é;r

sup

(T.33) g’ ! > Ko (Xi = 7) = K, (X = ) {Fyix(y, Xi) — Fyx (v, :v)}‘ (1.41)

niy i=1 fn(lﬁ)

* nin 2 Khn;f( ) ){FYIX(% ) = Fyix(v, fﬁ)}‘ (1.42)
1 /

i fn(x) nh ZKh" i—a {FY|X(y’X) Fy|x(y,£€)}‘.

(1.43)

By the same arguments as above, it can be shown that (1.41]) - (1.43)) are of the
same order as claimed in the Lemma. O
Application of the Delta Method

Theorem 13. Suppose that Assumptions |15 hold. Fixzy € [0,1]. Then

lim sup|P(¢(Fp, fu)(y) — ¢(Fyix, fx)(y) < t) — P(¢h,(Za)(y) < 1)| =0,

holds, where (Z,) is a sequence of mean-zero Gaussian random variables with values

in C([0,1]?) x C([0,1]) and covariance function given in (1.28)- . if
(i) ¢y, is nonlinear and

log®n

5 0 and nh2*1logn — 0;
n n

(ii) ¢, is linear and Lo-continuous and
o

log*n

6
nh®

— 0 and nh2t — 0;
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(iii) ¢y, is linear but not Lo-continuous and
log®n

it — 0 and nh?+ - 0.

Proof. We only need to check the conditions of Theorem [2| ¢ is (2, ||-||.)-Fréchet
directionally differentiable at (Fy|x, fx) by the well-separatedness condition ([1.23)
and Lemma[28 and therefore Assumption[Ijholds. Assumption[2](ii) holds by Lemma

B8 with
o logn
"\ nh3

Moreover, Z,, is a centered Gaussian random vector in C([0, 1]%) x C([0,1]) and tight

since the latter is separable. Further F = () by Lemma[39] Thus, it only remains to
verify Assumption [2] (iii) and the rate requirement (a2 + b,)/c, — 0.
(i): If ¢p, is nonlinear, Assumption [2] (iii) holds by Lemma |32 and Lipschitz

continuity of the derivative with

1/4
b — (10g4n) / N \/log‘f’n_'_\/hnlogn_i_hg

— -
n3hd nhy, n

By Lemma (39 (iii), it holds o, ' = O(v/nh, logn). Since

a? log®n
= =o(y/5) =

and

b, log® n 14 log®n
—zO(( ) + + v/h2logn + \/nh%“llogn) = o(1),

nh? nhy,

the claim follows by Theorem [2|
(ii): If ¢, is linear and Lo-continuous, Assumption [2] (iii) holds by Lemma

with
log? n\ /4 log® n h, logn
bn:( & ) =Ly 8% Lt
n n n
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By Lemma (39| (i), it holds o, ! = O(y/n). Since

and

b log'n\Y*  [log®
— = ((og n) + Oin—i-\/hnlogn—l—\/nhi"):o(l),

the claim follows by Theorem [2|

(iii): If ¢p, is linear but not Lo-continuous, Assumption [2f (iii) holds by Lemma

36l with
log n log® n hn logn
b = n3h4 n2h2

By Lemma (39 (ii), it holds o, ' = O(v/nh,,). Since

and

b, log*n\ /4 1
no_ O(( (T)lgh2n> Og +v/h2logn + nh%€+1> = o(1),
On =

the claim follows by Theorem [2| O

Auxiliary results for the Delta method

The following Lemma gives lower bounds on the variance of the derivative and

is needed in the application of Theorem [2]

Lemma 39. Suppose that Assumptions hold. Let o) = Var(¢y,(Zn)(y)), for
y € [0,1]. If the derivative ¢y, is

(i) linear and x* is strictly increasing, we have o' = O(y/n);

(ii) linear and x* is not strictly increasing, it holds o, = O(v/nhy,);
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(iii) monlinear, we have a,' = O(y/nh,logn).
In all cases F =0, for the set F given in Theorem [3
Proof. Fix y € (0,1).

(i): The variance is given by

oy =Var(dlp,  (Zra)(y) + 5(Z1n)(y))
= Var(dr,  (Zra)(y)) + Var(éy(Z1n)(y)) + 2Cov(p,  (Zrn)(y), 6(Zsn) (y)-

For the variance of the derivative with respect to the conditional distribution func-

tion, by Fubini’s theorem

Var ¢FY\X(ZFn)< ))
// Sr(y, 2" (), y, 2" () fx (2) fx (2")dwda’

— — 2z (1 2 fX(m) fX(x/> rdz’
‘nh? N (B = DN G Pt

_ K /Khn x* ))T%M)QFHX(%XOH—Fyx(ani)} ~

For fixed y € (0, 1), the conditional variance of ¢; is bounded away from zero as the
joint density of X and Y is bounded away from zero. Further, since the selection is
strictly increasing z*(z) = x for all x € [0, 1] by Lemma [30| and the integral within

the expectation satisfies

R T L

and therefore, for some ¢ > 0 which depends on y,
, c
For our purposes, a crude lower bound on the variance is enough. Therefore, we

lower bound the variance of the derivative with respect to the marginal density by

zero. The covariance of the two derivatives is

Cov(dhy  (Zrn): 6y(Z0) = [ [ Srstv..') fu@)Frixty,a* () dods’ =
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where the first equality follows by Fubini’s theorem. This show’s the first claim.
(ii): By the same arguments as in (i) we can focus on the variance of the

derivative with respect to the conditional distribution function. The difference is

that now there are intervalf™ ,,, C [0,1] such that 2*(z) = maxI,, =: z,, for all

x € I, and z*(z) = x for all x which are not included in any I,,. Therefore,
Oy Zen) ) = [ Zealy. " (@) fc(w

M
=3 Zralp e POGE L)+ [ Zpa(yo)fx(a)da
[0,1\UmIm

where M is either finite or countably infinite. Consider the covariances between the

different summands. For m # k,

COV<ZF,n(ya xm)a ZF,n(y) ZEk)) =0

for sufficiently small h, implying
M
YN Cov(Zpn(y. m), Zraly. 2))P(X; € L)P(X; € I) =0
m=1 k#m

for sufficiently small h, or equivalently, for sufficiently large n. Further, for any m,

by standard arguments

M
nhy, ) _ Cov (ZF,n(y, Tm), /
m=1 [0.1]

Zrn(y,x) fx (x)dx) = O(hy).

\Un I

This implies for the variance,

Var(Zpn(y, xm))P(X; € Im)2

Var </ ZF,n(y,x)fX(q:)dx> -0, (l)
[0,1]\Usn I, n

Var(Zp,(y, 2,))P(X; € L,)? — Op(n™1).

M=

Var(<b’FYlX (Zrn)(y)) >

3
I

+

M=

>

3
[N

Z8Since x* is monotonely increasing, I,, has to be connected. Moreover, since x*(z) is cadlag,
there can be at most countably many such intervals.
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Finally,
1
Var(Zpn(y, Tm)) :W E[K), (X; — 2)%ei(y)]
—nh f”m /K E2(5) | X; = 7+ hyo] fx (2 + hy)do

Elel(y)| Xi ==z 1
nh nfx(Tm) /K (”hn)

For fixed y, the conditional variance of ¢; is bounded away from zero since the joint
density of X and Y is bounded away from zero and therefore there is a constant
¢ > 0 such that

Cc

Var(9f, , (Zr) () = 5

(iii): The claim essentially follows by Lemma 3 in our companion paper Scherer
(2024)) and the representation result in Lemma In order to apply Lemma 3 in
our companion paper, we need a lower and upper bound on the weak variance as
well as an upper bound on E[¢; (Z,)].

For the upper bound on the weak variance, it holds for any ¢ < qb’FY‘X

Var(Y(Zpn) + ¢(Zsn)) = Var(¥(Zpn)) + Var(¢}(Zg.n)),

where we have used that Zp, and Z;, are uncorrelated. The variance of the func-

tional v satisfies

Var(i(Zs)) = / [ ety )dulw) )

el s ]
S E——

Using Fubini another time, implies

g B/ - i)

:4nh% // Ky, (Xz - %)Khn (XZ — x/)fX(Xz)dde/L(fL‘)dp(x/)
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o n o IEIBLfx o
< - e T
K(v + I )fX(ﬂC + hypv)dvdp(z)dp(z') < 4nh,, ’

B 4dnh,,

where we have used that p is a positive Borel measure p with p([0,1]) < 1. Fur-
ther, the variance of the derivative with respect to the marginal density satisfies by

standard arguments

Var(¢s(Zf.n))

// max Fyx(y,r1) max Fyx(y,z2)5f(z,2")dzdx’

z1€Y(y,z) z2€¥ (y,x’)

) [( V() Fyix(y, 2 ){Kn, (Xi — 7) — B[, (X — x)]}div) 2} = %

and therefore Var(¢(Zrn) + ¢4 (Zf.,)) < C/(nh,), for some constant which does not
depend on v, implying
9 C
o°:= sup Var(¢(Z,)) < —.
<, nh

For the lower bound on the weak variance, we use that by Lemma W(h) =
[ h(y,x*(x)) fx(x)dz is dominated by Py, for some selection z*(zx) € U(y,x),

€ [0,1]. As the derivative is nonlinear, there exists a continuum of x so that
U(y,x) is not a singleton. In particular, there exists some interval I C [0, 1] such
that max [ € U(y,z) for all z € I. In order to see this, let x be such that U(y, z)
is not a singleton. Then, there exists an & € U(y,x) with £ > z. By definition of
U(y, z) as an argmax set, it then holds that £ € ¥(y, 2’) for all 2’ € [z, Z]. Therefore,
we can find a selection which is monotone and cadlag a.e. which we denote by z* in
the following. Now, by the same arguments as in part (ii), there is a constant ¢ > 0
such that

Cc

nh,,’

Var( [ Zoat a0 (o + 6521, ) 2

implying 62 > ¢/(nh,,).
We further need an upper bound on E[¢j (Z,)]. By the proof of Lemma 2 in our
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companion paper Scherer| (2024), {) < ¢} } C {yp € D*: ¢

p+ < 1}. Thus,

Bl (2,)] <E| sup (2)| <E| s o(Ze,)| + Bl (2]
=%0p =Py x -0

<E[sup (Zr)] = E [sup Zr(3.0)| = 01/ 252
lpll<1 v o

where the last bound follows by standard arguments.

Now, we are ready to apply Lemma 3 in our companion paper. Therefore, either
nh, o>

Var(v/nhar,  (Zrn)) = 39

>c>0

or

nh, o> c

1
5 (201,02 + (Vb B[¢h. (Zpa)] + 1)2) ~ logn

Fyx

> 0.

Var(y/ nhngb’Fy‘X (Zpn)) >

By taking the smaller of the lower bounds, we have

c

/
Var((bep( (ZF,n)) > m-

The claim now follows since

Var(¢p, (Zn)) = Var(¢'FY‘X(ZF7n)) + Var(¢'s(Zyn)) + 2 Cov(¢’FYlX (Zm), 93 (Zgn))
c

“nhylogn’

where we have used that the derivatives are uncorrelated.
Finally, we show that 7 = (). By Lemma it is sufficient to show that, for

every positive and finite Borel measure p,

var( [ Zinly.2)dn(a) + 20)0)) 0.

Since these summands are uncorrelated by the same arguments as in part (i) of this

proof,

Var (/0 ZF,n<y7 SU)d,U(CC) + (b/f(me)(y)) > Vaf(¢}(Zf,n)(y)).
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Further, by Fubini’s theorem and (|1.29))

Var(¢3(Z1.n)(y))

// max FY‘X (y,21) max Fyx(y,22)Xs(z, 2")drds’

z1€¥(y,x) o€V (y,z’)

[( / max Fyx (y, 2" ) { K, (Xi — ) — B[}, (Xi — a:)]}d:z:) 2].

' eV(y,z)

The latter is strictly positive since Fy|x is bounded away from zero for fixed y and

K integrates to one. O

Consistency of the derivative estimator

Lemma 40. Suppose Assumptions[13 hold. Then,

~ , logn 1/4
sup [bultg) = é5, 000 = 0, (1) ),

”h”BLS]-v“gHooSl

Proof. Regarding consistency of the derivative estimator. Consider first the deriva-

tive with respect to F.

O r()(y) — dp(h)(y) = [ max h(y,a)fu(x)de — [ max h(y,a’)f(x)dx
T E\Ifn(y x) 2’ €V (y,z)
-/ {J;e‘élfé,x)h(y’ ) - mex h(y, )}fn(x)da;
- a g‘i’%;{m) h(y, {fn (ﬁ)}dx

We show below that W(y,z) C W, (y,2) C W(y,z)’ uniformly in (y,z) for some
0, — 0. Then, we can bound the first term by

‘/{ iy hy’ )~ max h(y,z )}fn(a:)dx

T G\IJn (y,x) z'e¥(y,x)
<sup| max h(y,z')— max h(y,2)| <||h|pLon.
.y :p’e\iln(y,m) '€V (y,x)

For the second part, we have

' mae h(y,2){ ful@) — fx(0)}de| < [hllaclfa - Fx .

' eV (y,x)
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Hence, on the event U(y,z) C U, (y, ) C U(y, 2)%, we have

16, (h) = & (M)lloe < 1llBLEw + | fo = flloo)-

For the derivative with respect to the marginal density of X, we have

s )0) = )] =| [ {max o) = max Fois(y. ) (o)

<[£n = Fyixlloollglloo-

Combining the above results implies

sup |an<h‘7g) _(béo(h?g)’

IRl BL<1,llglleo <1

<C(Ihllsz V llglloe) {0 + 15 = Frixlloo + 1 = fxlloc}

on B,. Since P(B,) — 1, the claim follows.
It remains to show that ¥(y,z) C W, (y,z) C ¥(y,z)* with high probability.
Recall that

\iln(y’x) = {I, > | Fn(ya wl) + ZAn&n(ya :E/) > max Fn(yv‘%) - éné—n(yaj)}

T>x

and bound

Fn(y, ')+ 22,6, (y,2") — max Fn(% )
=Fypx(y,2) — max Fyix (y, 7)

+{E,(y, ') — Fyx(y,2")}

— {I?Za;( E,(y, &) — max Fyx(y, f)}

+ 22,60y, ')

On the event B, = {||(F), — Fy|x)/&nllco < 2n}, We have

Eo(y,2') 4 22,6,(y, 2') — max F, (y, 7)

>z
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> Fyix(y,2') — maxz>, Fy|x(y, T)

< Fyix(y,2') — maxzs, Fyx (Y, T) + 42, |0 o
This implies
{o' 2 @ Frix(y,2") — max Fyix(y, ) 2 0}
O{z' >z : Fyix(y,a') — ?Qf Fyix(y, &) > 0}
={z' 2 2 Fyx(y,2) = max Fyix(y, &)} = ¥(y, 2)

and

A

\Ijn(y>$) C{.’L"/ > FY\X<y7x/) - mEJXFY\X<yaj) + 4271“&11”00 > 0} C \Ij<y7x)6n

with 6, = 1/¢ (42n|]&n\]m)ﬁv%l, which follows by the same arguments as in the
proof of Lemma [

Consistency of the bootstrap

Lemma 41. Suppose that Assumption |15 holds. Then,

stuﬂlg\P(cz?;(Zn) <t Dy) = P((0n) — 6(00) < )] = 0,(1).
S
Proof. We apply Theorem [] separately to the cases of a linear and nonlinear deriva-

tive. First consider the nonlinear case. The rate of the bootstrap can be shown to
be

logn

d, =
nh3

by the same arguments as in Lemmas [38 and 23] Moreover, the coupling for the
bootstrap follows using the same arguments as in the setting of the maximum of a
conditional mean function in Lemma [24] building on the proof of Theorem 9 in the

supplementary material of Chernozhukov et al. (2013b)). It results in an approxima-
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tion
#5001 o s ) ) = o)
sup |Z,(z) — Z}(x ol —— D, | =0, — ),
z€[0,1] nhy, log? n "\logn
and therefore we have s, = o((nh,log®n)~/?). Additionally, Lemma 40| implies
_ (logn 14
= nhy, '

It only remains to check the further rate requirements. We have

A logn (logn 1/4 log® n 174
= v/ nhy,logn N ( ) = ( T ) — 0

o nh3 \ nh,

S 1 1
= = \/nh,logn = —0
On Vnhylog?n  Viegn

and the claim follows by Theorem [4]

For the case of a linear mean square discontinuous derivative, the result follows

along the same lines as above (up to log terms). For the final case of a linear and

mean square continuous derivative, it still holds

nhy,

1 1/4
and Np = ( ogn) .

The coupling for the bootstrap follows again using the arguments as in the proof of
Theorem 9 in the supplementary material of Chernozhukov et al. (2013b) applied
to the coupling construction in Lemma |36/ and yield the rate s, = o((nlogn)~'/?).

It only remains to check the further rate requirements. We have

dptn Jn logn(logn>1/4: <log3n)l/4 0

On nh3 \ nh, nh?
Sn 1 1

— = = —0
On \/ﬁ\/nlogn Viogn

and the claim follows by Theorem [4] O
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Projection Confidence bands

Let [Fy(y,x), Fu(y,x)] be a confidence band for Fyx and [fi(z), fu(x)] a band
for fx. Then the projection bands are [¢(Fy, fo)(y), ¢(Fy, fu)(y)] which follows by
monotony of ¢ with respect to the pointwise ordering. In order to see this monotony,
let F <G and f < g, then

O(F, f) = [ max F(y,a') f(z)dx

< [ maxG(y, 2" )g(z)dx = ¢(G, g)

- ' >x

since F(y,z’) > 0.

1.C Additional results

1.C.1 Topological thoughts on the Delta method

Suppose 6,60 € D and »(D) C E. Now consider two topologies O and V on D
satisfying O C V, i.e., V is finer than O (or O is coarser than V). Further, denote
by K(O) the collection of compact sets in the topology O.

In the following Lemma, we collect some topological results:
Lemma 42. (i) If ||z]lo < ||z||y for all x € D, then O C V.
(i) If O CV, then K(V) C K(O).
(iii) If ||xz]|lo < ||z||y for all x € D, then V-bounded set is also O-bounded.
(iv) IfOCV and f: D — Y is O-continuous, then f is also V-continuous.
(v) IfOCV cdeniX in), theaniX m O.

(vi) If O C V and ¢ is O-Hadamard-differentiable, then ¢ is also V-Hadamard-
differentiable.

(vit) If O CV and ¢ is O-Fréchet-differentiable, then ¢ is also V-Fréchet-differen-
tiable.

In words: (i) allows the other results to be applied to a setting where we have

norms of differing strengths and therefore gives a common setting for the other
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results. (ii) states that the finer the topology, the smaller the number of compact
sets. This also implies that a random variable that is tight in the coarse topology
does not have to be tight in the finer topology. (iii) states that the finer the topology,
the smaller the number of bounded sets. (iv) implies that the finer the topology, the
larger the number of continuous functions. This almost directly implies (v), that a
sequence which converges in distribution in a coarser topology does not necessarily
need to converge in a finer topology. (v)-(vii) combined reveal a trade-off when
choosing the topology for the Delta method: The finer the topology, the harder it
gets for the random variable to converge in distribution but the easier it is for the

transformation to be differentiable.

Proof. (i): Suppose that O, V are generated by the norms ||-||o and |||y respec-
tively. Further, suppose that

lzllo < llllv

for any € D (implying that the identity mapping id : (D, O) — (D, V) is continu-

ous). This implies
{fyeD:flz—ylv<e}C{yeD: |z —ylo <e}

for any x € D and € > 0. Now, let O € O. Then, for any x € O, there exists € > 0
such that

{yeD: |z -yl <e} €O

and hence O € V, proving O C V.

(ii): Every V-compact set K is also O-compact. Let K(O) denote the compact
sets wrt the topology O, then K(V) C K(O). Indeed, any O-open cover of D is
also a V-open cover of D and the remaining argument is simple. Thus, the finer a
topology the (weakly) smaller the number of compact sets.

(iii): Follows directly by definition.

(iv): A function f: X — Y is continuous, if for any O € Oy it holds f~1(0) =
{z € X : f(z) € O}. Slightly abusing notation: f~*(Oy) C Ox. Now, if O C V
and f : D — Y (for an arbitrary topology on Y') is O-continuous, then f is also

V-continuous.
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(v): Recall convergence in distribution for a D-valued random variables X, to
X if

E* f(Xyn) = E f(X)

for all continuous and bounded f : D — R. Hence, by the observation on the number
of continuous functions in (iv), (v) follows.

(vi): This follows directly by the relation between Hadamard and compact dif-
ferentiability as well as (ii).

(vii): This follows directly by the relation between Fréchet and bounded differ-

entiability as well as (iii). O

1.C.2 Further Plots for the Simulation

The following figures depict the first four realizations of our Monte Carlo sim-
ulation across the four DGPs. The black curve depicts the plug-in estimator, the

blue dashed line the lower confidence interval and the red line shows the true curve.
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Figure 1.C.2: DGP increasing
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Chapter 2

An Anti-Concentration Bound for
Sublinear and Continuous
Functionals of Gaussian Random

Vectors

2.1 Introduction

Anti-concentration bounds play an important role in the modern theory on con-
fidence intervals and testing in settings such as high-dimensional and nonparametric
statistics. In these settings, it is often hard to derive limiting distributions of estima-
tors or even no limiting distribution might exist. Here, anti-concentration bounds
help as they provide non-asymptotic bounds leading to distributional approxima-
tions in Kolmogorov distance. More broadly, anti-concentration bounds have been
used in random matrix theory to study the behavior of smallest singular values (e.g.
Rudelson and Vershynin (2008) and Rudelson and Vershynin| (2009)), in machine
learning to characterize the computational complexity of learning sets under the
Gaussian distribution (Klivans et al. (2008))) and in nonparametric Bayesian statis-
tics to show validity of credible sets from a frequentist perspective (Gotze et al.
(2019))).

Anti-concentration bounds refer to inequalities bounding the probability that a
real-valued random variable, say X, lies in a small interval. Formally, they give

upper bounds on P(|X — x| < ¢) for arbitrary z € R and small ¢ > 0. More

145
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commonly known are concentration bounds, such as Markov’s inequality, which give
a lower bound on this quantity and where z typically is the mean or median of X.

In this paper, we derive an anti-concentration bound for sublinear and contin-
uous functionals of tight Gaussian random vectors. The Gaussian random vectors
are assumed to take values in a real-valued Banach space, therefore allowing for
finite dimensional as well as infinite dimensional applications. Sublinear functionals
arise naturally in many different settings. Two important examples are (semi)norms
or linear functionals. Besides that, they also come up in multiple one-sided testing
problems such as moment inequality models (see, e.g.,|Canay and Shaikh|(2016]) and
Molinari| (2020) for an overview of this literature) or estimation under shape restric-
tions (see Chetverikov et al| (2018]) for a survey). Moreover, sublinear functionals
appear frequently in inferential problems on directionally differentiable functionals
(see, Fang and Santos (2018) for examples).

The proof of our anti-concentration bound relies on two observations. Firstly,
any continuous sublinear functional can be represented as a supremum over a sub-
set of the topological dual of the Banach space under consideration and secondly
any Gaussian random vector in a Banach space D leads to a Gaussian process
over the topological dual of ID. These observations allow us to recast our setup to
the study of the supremum of Gaussian processes. For the latter, we adapt the
proof of an anti-concentration inequality due to (Giessing| (2023a). Giessing derives
a dimension-free anti-concentration bound for suprema of separable Gaussian pro-
cesses with non-degenerate marginal distributions. We adapt Giessing’s bound to
allow for non-separable Gaussian processes with potentially degenerate marginal
distributions so that we do not need to restrict the Banach space nor the continuous
sublinear functional. The extension to non-separable Gaussian processes allows our
bound to be applied to spaces such as the space of continuous or absolutely inte-
grable functions, and the extension to degenerate marginal distributions allows for
applications where the Gaussian random vector has a singular covariance matrix or
where the functional is non-negative.

The proposed anti-concentration bound contributes to the growing literature on
anti-concentration bounds for suprema of separable Gaussian processes. Closest to
our bound is the proposal by |Giessing| (2023al). As in Giessing (2023a)), our bounds
are sharp up to a multiplicative constant and can recover the anti-concentration
bounds in (Chernozhukov et al.| (2014b)), (Chernozhukov et al.| (2015a)), Chernozhukov
et al.| (2017) and [Deng and Zhang| (2020) when restricted to our setting. Notably,
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Deng and Zhang (2020)) also propose an anti-concentration bound which does not
depend on the smallest marginal variance, but their results are not dimension-free
and cannot be applied as easily to infinite-dimensional settings as ours. Our bounds
are also related to the bounds in Ball (1993, Nazarov| (2003) and Klivans et al.
(2008) who derive reverse isoperimetric inequalities for standard Gaussian mea-
sures of balls, half-spaces, convex polytopes, cones as well as general convex bodies.
Importantly, their bounds are dimension-dependent and therefore do not readily
apply to infinite-dimensional applications. Since norms are particular examples of
sublinear continuous functionals, our bound is also related to the results in (Gotze
et al. (2019) who study Gaussian comparison and anti-concentration bounds for
squared norms on Hilbert spaces. Their bounds are qualitatively different to ours
as they derive an anti-concentration bound for the squared norm which is not a
sublinear functional. Finally, we want to mention the anti-concentration bounds in
Belloni et al.| (2019a) and Peccati and Turchi| (2023)) on min-max statistics of finite-
dimensional vectors and Kozbur| (2021) and Giessing (2023a)) on order statistics.
These are partially more general in that they consider more general transformations
than a supremum but other than that are not related to the setup in this paper.
We apply our anti-concentration bound to derive non-asymptotic bounds on the
Kolmogorov distance for sublinear and continuous functionals of sums of indepen-
dent high-dimensional random vectors. By this, we contribute to the literature
on high-dimensional CLTs by allowing for more general transformations of high-
dimensional sums. Our bound is related to the literature on Berry-Esseen type
bounds for convex and symmetric sets since any convex set that includes a closed
ball can be represented by a sublinear and Lipschitz continuous Minkowski func-
tional. Thus, our results are related to Bentkus| (2003)), Bentkus (2005)), [Raic| (2019)
and Fang and Koike| (2024) who derived Berry-Esseen type bounds for general convex
and symmetric sets as well as Euclidean balls and to |Chernozhukov et al.| (2013a),
Chernozhukov et al.| (2017)), Chernozhuokov et al. (2022), Fang and Koike| (2021)),
Lopes| (2022) and Bong et al.| (2023) who derived bounds for hyperrectangles. Sim-
ilarly, [Kuchibhotla and Rinaldo| (2020) bound the distance between cdfs of sums
of high-dimensional vectors, which can be represented as a particular collection of
hyperrectangles. Further, since any norm is sublinear and Lipschitz continuous,
our bounds also relate to the literature on Kolmogorov bounds for norms of high-
dimensional sums as in Lopes et al. (2020) who studied the maximum norm and
Giessing and Fan| (2020)), (Giessing| (2023b)) and |Giessing and Fan| (2023) who stud-



148 Anti-Concentration

ied general /,-norms. The general applicability of our bounds comes at the price
of requiring often stronger restrictions on the dimension of the random vectors as
in the above-mentioned papers. This suggests that our bounds are best used for
functionals which are not covered by the above results.

Moreover, we apply our anti-concentration bound to derive distributional ap-
proximations for kernel-type estimators. We derive two separate results that differ
in the assumed complexity of the functional. In the case of a rather small com-
plexity, we rely on a coupling for empirical processes developed in |Chernozhukov
et al.| (2014a) and in the case of large complexity, we use the Rio-Massart coupling
derived in (Chernozhukov et al| (2013b). As for the Kolmogorov bounds on high-
dimensional vectors, we contribute to the literature by allowing for more general
transformations of the estimators. Related to our bounds are |(Chernozhukov et al.
(2013b) and (Chernozhukov et al.| (2014a) who study the supremum of kernel-based
empirical processes, Cattaneo et al.| (2024) who derive bounds for the sup-norm of
boundary adaptive local polynomial density estimators and |(Cheng and Chen| (2019)
who derive bounds for the sup-norm of debiased kernel density and local linear esti-
mators. I am not aware of any other work considering more general transformations
than the sup-norm.

The rest of the paper is organized as follows. In Section [2.2] we discuss moti-
vating examples and discuss their relation to the results in this paper. In Section
2.3l we derive our anti-concentration bound and lower bound on the variance of
suprema of separable Gaussian processes. Finally, in Section [2.4] we apply our anti-
concentration bound to derive Berry-Esseen type bounds for sums of independent
high-dimensional vectors and kernel-type estimators. We collect all of our proofs in
the Appendix.

Notation. For any measure () on a measurable space (S, S) and any measurable
function f : S — R, we use the notation || f||lg, = ([|f|PdQ)¥?, p € [1,00]. When Q
denotes the counting measure on (N, P(N)), where P(N) denotes the power set of N,
we write just || f]l, = (3,.exlf2[?)!/P. We also denote by ||-||, the £, norms on R? for
any d € N. For an arbitrary set 7', let C(T") denote the space of continuous functions
T — R endowed with the uniform norm ||f||r := sup,ep|f(¢)|. Unless otherwise
stated, ¢,C' > 0 denote universal constants of which the values may change from

place to place. For a,b € R, we use the notation a V b = max{a, b} and a; = a V0.
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2.2 Motivation

In this section, we briefly introduce two motivating examples illustrating poten-

tial applications and discuss their relation to our anti-concentration bounds.

Ezample 8 (Testing many inequalities). Let Xi,..., X, € R* be i.i.d. random
vectors with unknown mean py € R¥ for some k& which is allowed to increase with

n. Consider testing the set of linear inequalities
H()IIU()SO VS. H1:u07j>0, forsomejzl,...,k.

This testing problem has been analyzed for example by |Chernozhukov et al.| (2019)
and Bai et al. (2019)). Testing problems of this kind arise in different examples
in economics such as in market entry games as in |Ciliberto and Tamer (2009), in
discrete choice models with endogeneity in (Chesher et al. (2013) and in dynamic
models with imperfect competition as in Bajari et al. (2007)).

In order to develop a test statistic, let ji; and 6? denote the sample mean and

variance of Xy;,..., X,; respectively, for j =1,..., k, that is
. BN o L ~ N2
fing = — Y Xy and &= — 2 (X = y)”
i=1 i=1

There are many different test statistics in order to test Hy against H;. It is natural
to consider test statistics that take large values when some fi; is large. For example

consider

N k . 2
Hj Hj

Thoo = — d T,s= —= V0] .
T S 0)

Large values of T}, . or T, » indicate that Hj is violated, and therefore it is natural

to consider a test of the form
The>c = reject H, (=200

where ¢, denotes a critical value that is suitably chosen so that the test is approxi-
mately of size a € (0,1). These two tests lead to different power properties. Heuris-
tically, T), 2 is preferred to 7, . when many inequalities are violated simultaneously,

while T}, o, is preferred when only relatively few inequalities are violated.
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In order to construct critical values ¢y, note that under Hy,

Tho < Z(\/_“J “Jvo) =: Sy, (2.1)

7j=1

where equality holds when all 1 are zero. A similar inequality holds for 7, .. Hence,
in order to construct a critical value for 7;, 4, it is sufficient to construct critical values
as the (1 — a)-quantile of the distribution of S, ,. While this is straightforward in
the finite dimensional case when k is fixed, it is challenging to derive a distributional
approximation in the high-dimensional setting when £ is allowed to increase with
n. Even though the sup-based statistic has been studied in the high-dimensional
setting, to the best of my knowledge, there is no distributional approximation result
for the /y-based statistic in the high-dimensional setting in the literature. As we
demonstrate in Section [2.4] our results allow for such an application.

Alternatively, one may construct critical values based on an inequality selection
mechanism as e.g. in|Chernozhukov et al|(2019) instead of the bound (2.1). Heuris-
tically, such inequality selection procedures first discard uninformative inequalities
which are far from binding and base the critical values on the reduced set of in-
equalities which improves the power of the test. As for the simpler test outlined
above, one may derive a distributional approximation result for this refined testing

procedure using our results.

Our next example is about one-sided testing in nonparametric curve estimation.
Such one-sided tests arise in different settings such as inference on shape restrictions

or in partial identification analysis. See e.g. [Firpo et al.| (2019)) for specific examples.

Ezample 9 (One-sided testing in curve estimation). Suppose our object of interest
is 6 € C(0,1), and we are interested in testing the hypothesis: Hy : Vo € [0,1] :

Hy: Vo e[0,1]:0p(z) <0 wvs. Hy:3xel0,1]:0(x) > 0.

Further, suppose there is some nonparametric estimator 6,, of 6, which can be ap-
proximated by a suitable Gaussian distribution as n — oo. A natural choice for

a test statistic rejects the null hypothesis when én(:c) is positive and large. For
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example one may use a sup- or Lo-based test statistic

. 0 . L7 2
Tn,oo = Ssup n(x> or Tn,2 - \// (An(x)) dx?
z€[0,1] n(x) 0 O-n(x) +

where o,(z) denotes an estimator of the standard error of 6, (). Test statistics of

>

this form have been investigated by several authors, see for example |(Chernozhukov
et al.| (2013b) and references therein for the sup-based test statistic and Lee et al.
(2013)) for the Lo-based test statistic. Alternatively, one may use a type of one-sided

fova= (w0 (55) )’

where w is a decreasing non-negative locally integrable weight function on R,

Lorentz norm

q € [1,00) and the (-)% operator denotes the one-sided decreasing rearrangement

operator, i.e., for each f on [0, 1], f7 is given by

fi(t) =inf{y : Leb(x € [0,1] : f(z) > y) < t}.

For ¢ = 2 and w = 1, this test statistic would coincide with Tng. But for different
choices of the weight function w, this test statistic allows putting more weight on
large deviations from the null and therefore may be seen as a test statistic which is
between Tng and Tmoo.

As in Example 7 TAM may be preferred to TA,wO when 6 is positive on a relatively
large interval, while Tn,oo may be preferred when 6y only deviates from the null on a
small interval. Depending on the weight function w and ¢, the test statistics me,q
may interpolate between power properties of TmQ and Tn,oo and therefore constitute
an interesting alternative to these test statistics. Further, all of the above test
statistics can be written as a functional 1 of the differences én /6, For instance,

me,q = ¢(én — ), where v is given by

o = ([ wosena) "

v is sublinear and continuous with respect to both the sup- and the Lq—norm.ﬂ

!This follows by the same arguments as in Chapter 2 §2 in [DeVore and Lorentz| (1993) applied
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However, 1 is not absolutely homogeneous and therefore is no seminorm. The same

holds true for the sup- and Lo-based test statistic.

Common to both examples is that we are interested in inference of some sublinear
and continuous functional v applied to a random vector X,,. Also, common to both
examples is that inference is non-standard in the sense that the estimators under
consideration rarely converge in distribution to a useful limiting object. Heuristi-
cally, this can be seen as follows. If the non-studentized sample means /n(f — p)
converge in distribution, then they have to be asymptotically tight. In particular,
the norm /n||i — p|| has to be asymptotically stochastically bounded. On the other
hand, this norm usually diverges as the dimension of the vector increases (unless the
vectors are highly correlated across their components). A similar argument applies
to many nonparametric estimators such as kernel or series estimators. Thus, one
cannot justify inference in the above examples by appealing to a limiting distribution
approximation and the continuous mapping theorem.

While the above reasoning does not preclude the possibility that the test statistics
converge in distribution, showing that (X)) actually converges in distribution is
a hard task and may need to rely on arguments specific to both the functional v
and the random vectors X,,. On the other hand, there is a generic argument for
approximation of these test statistics based on the following result due to Le Cam
(Le Cam (2012)), p. 402) which we adapted to our setting here.

Lemma 43. For X, Z arbitrary random vectors and € > 0,

sup|P((X) <) = P((2) < 1) < P([0(X) —o(2)] > ¢) + . (¥(2)),

teR
where ((V) = sup,ep P(|V — 2| <€) for a real-valued random variable V.

In particular, this Lemma can be used to justify a Gaussian approximation
of the distribution of ¢(X,) in the sense that we can approximate the distribu-
tion of ¥(X,,) by the distribution of 1(Z,) for some Gaussian random vector Z,,.
For this purpose, this Lemma requires two ingredients. First, we need a bound
on P(|¢(X,) — ¢¥(Z,)| > €). Such bounds are readily available for sums of high-
dimensional random vectors (see e.g. [Zaitsev| (2013) for a survey) and for empirical
processes (e.g. [Massart| (1989)), Rio| (1994)), Koltchinskii| (1994])), |Chernozhukov et al.

to f1{f > 0}.
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(2014al), Chernozhukov et al. (2016)), Cattaneo et al. (2022) and |Giessing] (2023b)).
Secondly, we need a bound on the Lévy concentration function (. (¢(Z,)), i.e. an
anti-concentration bound for sublinear and continuous functionals ¢ of Gaussian
random vectors Z,. While there are related anti-concentration bounds for suprema
of separable Gaussian processes (see e.g. |(Chernozhukov et al.| (2014b)) and |Giessing
(2023a)), these bounds do not allow for applications where Z,, takes its values in
the space of continuous functions or the space of absolutely integrable functions.
To the best of my knowledge, there is no anti-concentration bound in this setting
which applies to general Banach spaces which motivates the results of the following

sections.

2.3 The Anti-Concentration Bound

Let (D, ||-||) be a real Banach space with continuous dual space (D, ||-]|*) and

1 : D — R be continuous at zero and sublinear, i.e.,

Y(Ar) = M)(x), A>0,z€D
Yz +y) <U(z)+U(y), z,y € D.

Moreover, suppose that Z is a tight Gaussian random vector in D, i.e., f(Z) is mea-
surable for every f € D*, and that every finite linear combination ) . o, f;(Z), o, €
R, f; € D*, is Gaussian.

In order to derive an anti-concentration bound for ¥(Z), we will reduce the
problem to an anti-concentration bound for a supremum over a not necessarily
separable Gaussian process. For the latter, we adapt the anti-concentration for
suprema of separable Gaussian processes derived by Giessing| (2023a). For this
purpose, we use the following representation result for Lipschitz continuous and
sublinear functionals. Its proof essentially follows by the Hahn-Banach dominated

extension theorem.

Lemma 44. Let ¢ : D — R be sublinear and continuous at zero. Then it can be

represented as

U(z) =sup{f(z)[feD":Vy e D: f(y) < ¥(y)}.

Conversely, any supremum of a uniformly bounded family of continuous linear func-
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tionals is a Lipschitz continuous and sublinear functional.

Lemma (44] lets us recast the problem as follows. Denote by F = {f € D* |Vz €
D: f(z) < ¥(x)}. Then ¢(Z) = supsex f(Z) is the supremum over the Gaussian
process G := {f(Z) : f € F}. This process has many nice properties such as
almost surely bounded and Lipschitz continuous sample paths. However, it might
fail to have a separable version since the dual space D* might not be separable as
for example when D is the space of continuous functions from [0,1] — R endowed
with the supremum norm. Instead, by tightness of Z and special properties of F,
we can approximate ¢ (Z) by a supremum over a countable set F and therefore have

sufficient regularity to apply the arguments in |Giessing| (2023al).

Theorem 14. Let vy : D — R be a sublinear and continuous functional and let Z be
a tight D-valued Gaussian random vector. Let Fo = {f € F : Var(f(Z)) =0} # 0
and define i = supscxr E[f(Z)]. Further, let Y := supscp 7, f(Z), then, for any
teR and e >0,

Pt <¢(Z)<t+e) <

T/ Var(Y) +£2/12

If Fo = 0, this bound reduces to

s\/ﬁ
VVar(y(2)) + e2/12

Pt <¢(Z)<t+e) <

We defer the proof to section in the Appendix.

Remark 1. Suppose that Z is centered in the sense that E[f(Z)] = 0 for all f € D*.
Then we can replace i in the upper bound by zero and Var(Y') by the variance of
W(Z). If moreover Fo = ), i.e., G has non-degenerate marginals, then the upper

bound reduces to the bound in Remark 2 in |Giessing (2023a).

Remark 2. By Theorem 1.1 in|Bobkov and Chistyakou (2015), it holds for arbitrary

continuous random variables X

supP(t < X <t+¢e)> 8/ :
teR \/ Var(X 52/12

This shows that the bound in Theorem[14)is of the right order as e — 0 when Fo = ).
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Remark 3. If Z ~ N(u,0?), then for anyt € R and € > 0,

9
Vol ]2

For a deriwation, see Remark 3 in|Giessing (2023a). Thus, as in|Giessing (2023a),

Pt<Z<t+4+e) <

sublinear transformations of Gaussian random vectors possess essentially the same

anti-concentration properties as a Gaussian random variable with variance Var(¢(Z)).

In applications, the functional 1) and the vector Z typically restrict the underly-
ing vector space, but there is some degree of freedom in the choice of the norm or the
choice of the Banach space. This choice faces a trade-off. On the one hand, while
the sublinearity of 1) only depends on the vector space structure, the continuity of v
is directly affected by the choice of the norm and the stronger the norm, the easier
to achieve continuity. On the other hand, the choice of the norm affects the tight-
ness of Z and implies in particular that E[||Z||*] < oo for any k € N. Therefore, a
stronger norm imposes stronger integrability properties on Z. In order to illustrate
this, consider for example Z = (A\,gn )nen, Where (g, )nen denotes an i.i.d. sequence
of standard normally distributed random variables and \,, is a sequence of nonneg-
ative real numbers. If (\,) € £, for p € (1, 00) but not in /;, then E[|| Z[|P] < oo but
E[[| Z]]1] = cc.

The bound in Theorem [14]is dimension-free and only imposes weak requirements
on the marginal distributions of Z. As they are dimension-free, they apply equally
to finite as well as infinite dimensional settings. In comparison to other proposals
in the literature (cf. |Chernozhukov et al.| (2014b), |Chernozhukov et al. (2015al),
Giessing| (2023a))), we do not require that the marginal variances are bounded away
from ZeroE| This allows for settings where GG has degenerate marginals. For example,
consider D = R and = — ¢(z) = (z)4 and Z ~ N(0,1). In this case, G = {Z,0}
includes a degenerate normal with variance 0. Further, this allows for settings where
marginal variances decay to zero. Examples include settings such as in PCA, count
data or functional data analysis as demonstrated in |Lopes et al.| (2020). Further, we
also do not require Z to be centered. This can be of interest in the construction of
tests. For example, in the setting of Example [§] this allows us to derive a distribu-

tional approximation of the test statistics 7, , both under null hypothesis and the

2Strictly speaking, we consider a more specialized setting than the aforementioned papers.
However, one may compare our bound to these papers if one interprets our bound as an anti-
concentration bound for the supremum of the Gaussian process G.
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alternative as we will show in the following section. Therefore, this property can be
useful in the power analysis of tests as noted in |(Chernozhukov et al.|(2016). Finally,
our bound does not require the Gaussian process GG to be separable. This allows to

apply our bound to the space of continuous functions or L.

2.3.1 Lower bounds on the variance

The proposed bounds are only operational when we can compute the variance of
¥(Z) or at least bound it from below. For instance, for norms in high-dimensional
statistics, the variance often converges to zero as the dimension increases, see for
example Biau and Mason (2015) for p-norms. In such situations, it is crucial to
understand at which rate the variance decreases. In the case of suprema of separable
Gaussian processes, lower bounds on the variance have been derived by Giessing
(2023a)) and lower bounds on the variance of p-norms of Gaussian k-vectors have been
derived in Giessing and Fan| (2023)). See also the further discussion and references
in Giessing| (2023a)) and Giessing and Fan| (2023).

Before presenting our lower bound on the variance, we apply the lower bound in

Proposition 1 in [Giessing] (20234) to our anti-concentration bound[]

Corollary 7. Suppose the assumptions of Theorem [1]] hold. Furthermore, suppose
that Z is centered and Var(f(Z)) > a > 0 for all f ¢ Fo. Then, 0 < E[Y] < o0 and

P(t < 4(2) <t +2) SISVI2S(E[Y] +0)

+P(U(Z) = LR € [t,t +2]).

The resulting anti-concentration bound is similar to the bounds in|Chernozhukov
et al.| (2014b)) and |(Chernozhukov et al.| (2015a) although with a worse constant. In
particular, besides the lower bound on the marginal variances, it only depends on Z
through the expected value of the supremum Y. This simplifies the applicability of
this bound considerably as there is a wide array of techniques to bound the expected
value of suprema of Gaussian processes in the literature.

Further, we propose a lower bound on the variance of the supremum of a separa-

ble Gaussian process which does not rely on a lower bound of the marginal variances

3While Proposition 1 in|Giessing| (2023a)) requires G to be separable, this result can be relaxed
to only require that we consider a supremum over a countable index set. See also the comment to
Lemma [45] below.
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but instead only uses an upper bound. Thus, this lower bound allows for example

for variance decay as in |Lopes et al.| (2020).

Lemma 45. Let X = {X, :u € U}, U # (), be a separable and centered Gaussian
process such that Var(X,) > 0 for alluw € U. Set Y = sup,cy X, and assume that
Y < o0 a.s. Then, 0 < E[Y] < oo and

Var(Y) > /32 cif BlY] <a/2
= 1—2(252 + (E[Y] + 1)2)—1 Lif B[Y] > 5/2.

Here, ¢ = sup,cy / Var(X,) denotes the weak variance of X.

The assumption that the Gaussian process X is separable is not essential for this
result to hold. In particular, it applies to G = {f(Z) : f € F} in our setting as
follows from Lemma in the Appendix. Heuristically, this follows since we only
need that the supremum of GG has a separable index set and the latter follows by
tightness of Z together with special properties of F.

As an application of this lower bound, we obtain the following Corollary to
Theorem [14]

Corollary 8. Suppose the assumptions of Theorem [14) hold. Furthermore, suppose
that Z is centered and that there exists some f € F so that Var(f(Z)) > ¢ >0 and
that & = sup) g1 \/ Var[f(Z)] < oo. Then, if E[Y] > L& /2 for some L > 1,

5?5\/@[3/] +1)2 + 21252

Pt <(Z) <t+e) <

+PW(Z) = pL(E € [t,t +<]).

2.4 Applications

In the following, we will apply our anti-concentration bound to derive
Kolmogorov bounds for Gaussian approximation of sums of independent high-

dimensional random vectors in section [2.4.1] and of kernel-type estimators in sec-
tion [2.4.2
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2.4.1 Sums of high-dimensional random vectors

In this section, we propose a bound on the Kolmogorov distance for transfor-
mations ¢ of sums of high-dimensional random vectors. Our main result is the

following.

Proposition 2. Let p > 1 and 1 : R¥ — R be sublinear and L-Lipschitz continuous
with respect to the £, norm. Suppose X, ..., X, are independent random k-vectors,
and let

By = D ElIX: — ELXGI31X: — E[XGI) + D Elllgill3lg:l5]
i=1 =1

be finite, where g1,..., g, is a sequence of independent random k-vectors such that
gi ~ N(0,Var(X;)) for all i = 1,...,n. Further, denote by ¢,(k) = \/pk?? for
p € [1,00) and ¢ (k) = +/210g 2k and let c,(k) = k5 ifpe [1,2) and c (k) =1 if
p € [2,00]. Lastly, set S, = X1 +---+ X,,. Then, for Z, ~ N(E[S,], Var(S,)) and
if Var(¢(Z,)) > 0, for all T € R,

uplP(4(S,) < 1)~ PU(Z,) < 1)] <CA, 1og(f§$§ ve)

+PW(Z,) = m)l(p = 7)

for some constant C' independent of n,k,p and the distribution of X and where

[ DB(R) N\
A"‘((Var<w<zn>>>3/2) |

The proof relies on a Yurinskii Coupling due to |Belloni et al.| (2019b). The inde-

pendence assumption can be weakened to Martingale assumptions by using results

from |Cattaneo et al. (2022)). The assumption that v is L-Lipschitz is already im-
plied if v is sublinear and continuous. In this sense, it is here only required that
the Lipschitz constant (or an upper bound) is known. Further, as this result is
non-asymptotic, 1) and therefore also F and L are allowed to depend on n. This
is for example needed in the context of Example [8| when the dimension is allowed
to increase with the sample size. Finally, note that the result does not assume that
the X, are centered.

In the derivation of the bound, we were agnostic about the cardinality of F.



2.4 Applications 159

When F only has finite cardinality, the results may be improved by using the Yurin-
skii Coupling in |(Chernozhukov et al.| (2014a)). This is because we use a coupling for
the whole vector .S,, and rely on the Lipschitz continuity of ¢/ to obtain a coupling for
¥(Sy). |Chernozhukov et al. (2014a)) in comparison, can be used to derive couplings
for ¢(S,,) directly which might lead to improvements when F has a relatively low

complexity.

Ezample 10. Consider for example ¢ (z) = ||z||2 and let Yj,... Y, be iid. and
centered with values in R¥. For simplicity, suppose that Var(Y;) = I, and take
X; =Y;/+/n. Then, we can apply Propositionwith p=2,L=1,Var(v(Z,)) ~ 1E|
and
B, = EQYills] |, Efllgll2]
vn vn

Suppose that max;<;<x E[|Y;;]?] < 8 for all 4, j, then 82 = O(\/k3/n). Thus,

% 1/8
suplP(u(5,) < 1)~ P(Z0) <0 = 0 (£ rogun ).
teR n
The Kolmogorov distance converges to zero whenever k°/n = o(log®n), thus hav-
ing similar restrictions as a Yurinskii coupling for S,, and Z, with respect to the

Euclidean distance.

Ezxample 11. The dependence on k in the above example can be improved, when the
Y; are highly correlated across coordinates and have light tails. Consider again the
setup as in Example [10] with the exception that now ¥; has covariance matrix ¥ with
ordered eigenvalues A\ > Ay > -+ > A\ > 0 and associated eigenvectors ey, ..., €.
Say, for simplicity, the e]T-Xi are uniformly bounded or sub-Gaussian. Then, we show
in Lemma [53]in the Appendix that

52:O< tr(E)j;llogk).

Further, by the variance bound in Lemma [45]

At
Var(4(Z)) = O (Al + (tr(£) A log /f)z)

4See Theorem A in |Lytova and Tikhomirov| (2019).
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and therefore if P(¢(Z,) = 0) = 0,

g@P@&%)sw—wwwzmStnzc{(ﬁﬁ%§iﬁ)uﬂ%£mm}.

Thus, if the trace of X is uniformly bounded, the requirements on k£ can be reduced
to k?/n = o(log' n).

Ezample 12 (Testing many inequalities). The same arguments as in Examples
and [11] apply to the framework of testing many inequalities studied in Example [8|
Here we only study the test statistic 7}, o and S, 2; the sup-based test statistics can
be analyzed similarly. Suppose for simplicity, that the variances O'JZ = Var(X;;) >0

are known. Then, S5, 2 can be written as

Sz = ¥(Vn(i—p)/0)

and can be approximated by the distribution of ¢(Z,,) for some centered Gaussian

vector Z,. If the covariance matrix of X; is nonsingular, Fy = () and therefore

sup|[P(Sp2 <) = P(¢(Zn) < 1) = 0
>0
under the conditions in Examples [10] or
We can use this result in order to approximate the (1 — «)-quantile of S,, » for
a € (0,1/2). Let ¢, 1o denote the (1 — a)-quantile of ¢(Z,). Since Z, is centered,

Cni—-a > 0 and does not depend on the particular choice of . Therefore,

[P(Sn2 > cnia) — (1 —a)| <sup|P(Sn2 <) — P((Z,) <t)] — 0.
>0
Moreover, we can use Proposition [2| to derive an approximation of the quantiles
of T, directly. This is because Proposition [2| does not require the approximating
Gaussian vector to be centered. In particular, we can approximate 7,5 by ¥(Y;)
for some Gaussian vector Y,, with mean p = (y/np;/0;)%_,. Thus, we obtain in this

setting

sup|P(Ty, < t) — P(Y;) < 1)] = 0

t>0
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and since ¢, 1o > 0 also
|P(Tn,2 S Cn,l—oc) - P(¢(Yn) S Cn,l—a)l — 0

both under the null hypothesis and the alternative. This allows for the study of size
and power properties of a test based on the critical values ¢, ;_,. In particular, size

control follows by construction of S, o

supP(Th2 > cni—a) < P(Sh2 > cni—a) — a.
p<0

For power on the other hand, we have for any p,, with ¢¥(¢,) > ¢hi-a

P(W(Zn + pn) > cni—a) Zsup P(f(Zn) > cnia — f(1n))

fer
21 _ (I)(Cn,la j w(,un)> 2

1
o 2’
where ® denotes the cdf of the standard normal distribution and &2 denotes the
weak variance, i.e. 5> = sup ez Var(f(Z,)). Thus, by Markov’s inequality, this test
is consistent against any alternative satisfying ¢ (u, )/ E[¢(Z,)] — oo.E|

In practice, one often faces estimators 0, for some parameter of interest # which
cannot be written as a sum of independent random vectors X;, but which are asymp-

totically linear in the sense that
Vil = 0n) =D Xi + 0,(0n),
i=1

for some independent random vectors X; € R* and some sequence of real numbers 6,,.
In particular, such linear expansions often hold for high-dimensional M-estimators
such as maximum likelihood estimators or least squares estimators. If the lineariza-
tion error converges sufficiently fast to zero, we can also obtain a bound on the
Kolmogorov distance between the distributions of \/nt(6, — 6,) and ¥(Z,,).

5Note that this power argument does not rely on any properties specific to this example but
applies analogously for any sublinear and continuous ¥ and tight Gaussian random vector Z,,. In
particular, it also applies to infinite-dimensional settings.
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Corollary 9. Consider the setup in Proposition[d. Suppose further that

n

Vi, -0 - >

i=1

= 0p(0n),

for some §,, satisfying 6, = O(\/Var(¥(Z,))). If in addition, P(¢¥(Z,) = g) — 0

and

Pp(k)°
An 10g<m V 6) — O,
then
sup|P (v (0, — 0,) < t) — P(¥(Z,) < t)] =0, as n — oo.

teR

To the best of my knowledge, there is no similar bound for the Kolmogorov
distance for sublinear and continuous functionals in the literature. In particular,
there does not seem to be any result applicable to the test statistic 7}, » in Exam-
ple |8| when the number of inequalities is allowed to increase with the sample size.
On the other hand, there is a growing literature on Gaussian approximation of ¢,
norms for sums of high-dimensional random vectors. In particular, for the case of
the Euclidean distance, Bentkus| (2003), Bentkus| (2005) and [Raic (2019) obtained
a bound of order £'/43>"" E[||S71X||3] and the k¥/* term can be removed when
Y = I;. In the setting of Example [I0] this reduces to an upper bound of order
(k®/n)Y/? which is better than our bound. [Fang and Koike| (2024) derived in the
same setting, under bounded 4th moments, a bound of the form n='/% + (k/n)Y/6.
For the case of the maximum norm, Chernozhukov et al. (2013a)), (Chernozhukov
et al. (2017) and Chernozhuokov et al| (2022) derived bounds for sub-exponential
X, with non-degenerate marginal variances only requiring (log”(nk)/n)"/* thus al-
lowing for very high-dimensional vectors. |Fang and Koike (2021) derive a bound

1/2 under the assumption that the X; have a log concave

of order (logklog®n/n)
density and under a lower bound on the smallest eigenvalue. Lopes et al. (2020)
assume decaying marginal variances and establish a bound that is independent of

172 Moreover, Giessing and Fan| (2020)), |Giessing

k and only slightly slower than n~
(2023b)) and |Giessing and Fan| (2023)) establish bounds for general ¢, norms which
are dimension-free in that they only depend on the moments of || X;||,. In summary,

while there are many results in the literature which yield better rates than Propo-
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sition [2| for specific norms, our result also applies to settings where 1 is not a norm

and therefore complements the results in the literature.

2.4.2 Kernel-type Estimators

Consider again Example[9] There, the functional ¢ depends on a nonparametric
estimator 6, of an unknown function 6. In practice, one may estimate 6y using
kernel or series methods. These methods can be approximated by local or series
empirical processes. Both local and series empirical processes can be characterized
as empirical processes whose classes change with n and their complexity diverges as
n — oo. In particular, these empirical processes do not have tight limits. Still, we
can obtain distributional approximations in Kolmogorov distance using couplings
due to |Chernozhukov et al.| (2013b)) and |Chernozhukov et al.| (2014a) together with
our anti-concentration bound in Theorem|[I4] Here, we only consider kernel methods,
although similar results can be derived for series estimators.

Let (Y1,X4),...,(Yn, X,) beiid. random variables taking values in the product
space Y x R? where (), Ay) is an arbitrary measurable space. Suppose that there
is a measurable function g, : Y x Z, — R for a compact subset Z, of R™. Let k(-)
be a kernel function on RY, that is, k(-) is integrable with respect to the Lebesgue
measure on R? and its integral on R? is normalized to be 1, but we do not assume
k(-) to be nonnegative, that is, higher order kernels are allowed. Let h, be a sequence
of positive constants such that h,, — 0 as n — oo, and let Z, be a compact subset

of R%. Consider the kernel-type statistics

Sn(z,y) = nhd ZgnYz,y ( W ) (z,y) € I, x I,

where p(-) denotes a Lebesgue density of the distribution of Xj.

Typically, under suitable regularity conditions, S, (z,y) will be a consistent es-
timator of E[g,(Y1,y)| X1 = z|. For example, when g = 1, S,(x,y) consistently
estimates the marginal density of X, p(z); when J = R and ¢(y,-) = y, Su(z,y)
consistently estimates the conditional mean function of Y given X, E[Y] | X; = z];
and when Y = R and ¢, (-, y) = h,'k(h, (- —v)),y € R, S,(z,y) will be a consistent
estimator of py|x(y,z), the conditional density of Y7 at y given X; = .

By our representation result, we can express (S, — E[S,]) as a supremum of an
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empirical process. For this purpose, let
Fo=A{(Y5, Xi) = f(0() " gV, Vol (Xi = )) = f € F}

and denote by P, the empirical measure that puts mass 1/n at each observation.
Formally, P,, = n~* Z?zl d(v;,x;)» where d(, ) denotes the Dirac measure at the point

(y,x) € Y x RL Then, we can write

VAR (S, ~ ElSu)) = sup [ [ F(B, = P) = sup b 17G (1)
rer. \ h fEFn
Motivated by this representation, we will approximate the distribution of (S, —
E[S,]) by the distribution of a supremum of some centered Gaussian process Z,

indexed by hj,, 4/ *F,, with covariance function

Salf, f) = 0 BlZo(£) Za()] = hy* Cov[f(Y1, X1), f(Y1,X1)],  f.f€Fn
(2.2)

That is, Z,, has the same covariance process as the empirical process h, 4/ G, Thus,
we approximate the distribution of y/nhé(S, — E[Z,]) by a Gaussian that matches
the first two moments. In particular, since the covariance function depends on the
bandwidth h,, such an approximation may better capture the dependence on the
choice of the tuning parameter than a distributional approximation in the limit
where h,, — 0.

For our approximation results, we distinguish two cases according to the complex-
ity of F,,. Following |Chernozhukov et al.| (2014a)), we will measure the complexity
using the concept of a VC type class. In order to introduce this concept, we need
some further notation. For € > 0, an e-net of a semimetric space (T, d) is a subset
T. of T such that for every t € T there exists a point t. € T, with d(¢,t.) < e. The
e-covering number N(e,T,d) of T is the infimum of the cardinality of e-nets of T,
that is N(T,d,¢) := inf{Card(T.) : T. is an e-net of T'}. For a class of measurable
functions F on some measurable space (5,S), a function F' is an envelope of F if
supsex|f(2)| < F(x) for all z € S.

Definition 4 (VC type class). Let F be a class of measurable functions on a measur-
able space (S, S), to which a measurable envelope F is attached. We say that F is VC
type with envelope F' if there are constants A,v > 0 such that supg N (e||F'[|q,2, F,



2.4 Applications 165

Ly(Q)) < (AJe)? for all 0 < e < 1, where the supremum is taken over all finitely

discrete probability measures on (S,S).

As noted by |Chernozhukov et al.| (2014al), the VC type class is a wider concept
than VC subgraph class (van der Vaart and Wellner| (1996), Chapter 2.6). The VC
type property is stable under summation, product, or more generally Lipschitz-type
transformations, which makes it much easier to check whether a function class is
VC type (see Lemma A.6 in the supplementary material of |Chernozhukov et al.
(20144)).

We derive two different approximation results. Our first result in Proposition
requires that F, is a VC type class uniformly in n. This assumption allows
us to directly couple the supremum of the empirical process and results in weak
restrictions on the bandwidth sequence. Our second result in Proposition {4| does
not require that F,, is a VC type class. This larger applicability comes at the price
of slightly stronger restrictions on the choice of the bandwidth sequence. The VC
type class assumption is for example satisfied in Example [J] for the sup-based test
statistic while it fails for the Lo-based statistic.

For our first result, we make the following assumptions. These assumptions are

essentially the same as in (Chernozhukov et al.| (2014a).

Assumption 14. (B1) F, is a VC type class uniformly in n.

(B2) G is a pointwise measurable class of functions Y — R which is continuous
m y and uniformly bounded by some constant B which does not depend on n.

(B3) k() is a bounded and continuous kernel function on RY.

(B4) The distribution of X, has a Lebesgue density p(-) which is bounded away
from zero on I, that is, p(x) > p >0 for all x € T.

(B5) h, — 0, log(1/h,) = O(logn) and Var(y(Z,)) = O((nh%)log®n) as n —

Assumptions (B3)-(B5) are rather standard for kernel-type estimators and rather
mild. In particular, we are silent about the order of the kernel k. Only the assump-
tion that G is uniformly bounded is restrictive when we are for example interested
in the estimation of a conditional moment such as the conditional mean. However,
this assumption can be weakened to moment restrictions on the envelope function

of G using similar arguments as in Proposition 3.2 in (Chernozhukov et al.| (2014a)).

Proposition 3. Suppose that ¢ : C(Z, x Z,) — R is sublinear and L-Lipschitz
continuous. Further, suppose that assumptions (B1)-(B5) are satisfied. Then, there
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is a sequence of tight Gaussian random variable Z, in C(Z, x I,) with mean zero
and covariance function X, given in such that

sup|P(v/nhi (S, — E[S,]) < 1) = P((Z,) < 1)

teR
<C 1 log*n 3/8+ logn
— | (Var(v(Z,)))/8 \_ nhd n

}+P<¢<Zn> _0),

where C > 0, is a constant that only depends on ||g|cc, ||klloe, p and L.

Proposition 3| only imposes mild restrictions on the choice of the bandwidth se-
quence. Indeed, if P(¢(Z,) = 0) = 0, then the Kolmogorov distance in Propo-
sition [3| converges to zero if log'*n/(Var(v/(Z,))(nhe)?) — 0. By the variance
lower bound in Lemma and by standard arguments, this is satisfied when-
ever log®/®n/(nh?) — 0. Thus, Proposition [3| requires only slightly more than
logn/(nhd) — 0, which is needed for consistent estimation of E[S,] in the sup-
norm.

Proposition [3| is based on the coupling in Corollary 2.2 in |Chernozhukov et al.
(2014a). Proposition |3 is an extension of the results in Proposition 3.1 in |Cher-
nozhukov et al| (2014a) to allow for other types of suprema of local empirical pro-
cesses. Further, our anti-concentration bound together with the lower bound on the
variance does not require a lower bound on the marginal variances.

In practice, one is often not interested on the expected value of \S,, since this is a
smoothed version of the parameter of interest. Moreover, the density of X is usually
unknown and therefore has to be estimated. We can also allow for such estimators
as long as they can be asymptotically approximated by S,,. This is the content of
the following Corollary.

Corollary 10. Consider the setup in Proposition[5. Suppose further that the ker-
nel estimator (x,y) én(:c,y) of some target function (x,y) — 0,(z,y) has an

asymptotic linear expansion uniformly in (z,y) € I, X Z,

Vil (0, y) = bu(2,) = V/nhil(Sa(2,y) — E[Su(2,9)]) + 0p(da),

for some 6, satisfying 6, = O(\/Var(¥(Z,))). If in addition, P(¢»(Z,) = 0) — 0

and

log*n

(nhq)? Var(y(Zn))

— 0,
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then

sup|P(\/nhi (0, — 0,) <) = P(¥(Z,) <) =0,  asn— 0.
teR
Such uniform asymptotic linear expansions have been derived by Masry| (1996)
and Kong et al.| (2010) for Nadaraya-Watson estimators and local polynomial es-
timators under mild assumptions. Implicit in the above expansion is the assump-
tion that the bias is asymptotically negligible. This can be achieved for example

by undersmoothing, that is, choosing the bandwidth smaller than the rate-optimal
bandwidth.

For our second result, we rely on a Rio-Massart coupling for kernel estimators
in |Chernozhukov et al| (2013b). In comparison to the setup above, we restrict
our attention here to univariate Y¥; € R and a single transformation g, which is
allowed to change with n. This still allows for the estimation of conditional moments
but precludes for example an application to conditional density estimation. This
restriction may be weakened when the class {g,, : y € Z,} depends smoothly on y.

We make the following assumptions. These are a modified version of Condition
R in |Chernozhukov et al.| (2013b)).

Assumption 15. (C1) The random vectors (Y;, X;) have bounded support with joint
density bounded from above and below by some constants f and S

(C2) gy, is bounded by some constant By and continuously differentiable such that
gl |0 < Ba for some constant By uniformly over n.

(C3) The kernel function K is twice continuously differentiable product kernel

function with support on [—1, 1]d.

(C4) h, — 0, log(1/h,) = O(logn) and A, /+/Var((Z,)) = O(n=¢%) for some

& >0, where
A 1 logn
"N w@n, T\ [

In comparison to Assumption |14} we require here more smoothness on the kernel

and the function g,,. Moreover, we directly assume boundedness of the Y; which is re-
strictive in comparison to what is needed in order to establish pointwise convergence
in distribution for kernel estimators.

Our second result is the following.
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Proposition 4. Suppose that i : C(Z,) — R is sublinear and L-Lipschitz con-
tinuous. Further, suppose that assumptions (C1)-(C4) are satisfied. Then, there
is a sequence of tight Gaussian random variable Z, in C(Z,) with mean zero and
covariance function ¥, given in such that

sup|P(v/nhdy (S, — E[S,]) < t) — P(¥(Z,) < 1)

teR

gcm% +log (M> } L P(W(Z,) = 0).

where

1 logn
An = {\/ nt/@tnp, + \/ nhd }

Proposition |4 only imposes mild restrictions on the choice of the bandwidth
sequence. Indeed, if P(¢(Z,) = 0) = 0, then the Kolmogorov distance in Proposition
converges to zero if log?*™! (Var(y(Z,))nh®*1) /(nhé+! Var(4(Z,))*) — 0. By
the variance lower bound in Lemma [45| and by standard arguments, this is satisfied
whenever log®**?n/(nh¢*') — 0. In comparison to Proposition , Proposition
requires stronger conditions on the bandwidth sequence but still not much more
than logn/(nh%) — 0, which is needed for consistent estimation of E[S,] in the
sup-norm. It might be the case that this stronger requirement is a proof artifact
and can be weakened by using a different coupling for the empirical process.

As for Proposition [3] we also have a result for kernel estimators which can be

uniformly approximated by S,. The same comments as for Corollary [10] apply.

Corollary 11. Consider the setup in Proposition[4. Suppose further that the kernel
estimator & — 0, () of some target function & — 0,(x) has an asymptotic linear

expansion uniformly in x € I,.

Vb (0. () = 6,(2)) = /nhi(S,(x) = E[Sa()]) + 0p(6a),

for some 6, satisfying 6, = O(\/Var(¥(Z,))). If in addition, P(¢»(Z,) = 0) — 0

and
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then

sup|P(\/nh;i¢(9An —6,) <t)—P(Z,) <t)| — 0, as n — 0o.

teR

2.5 Conclusion

In this paper, we establish an anti-concentration bound for sublinear and contin-
uous functionals of tight Gaussian random vectors in real-valued Banach spaces. The
bound is dimension-free and therefore equally applies to high-dimensional as well as
nonparametric statistical settings. Its proof relies on a translation of the problem to
the study of the anti-concentration behavior of suprema of tight Gaussian processes.
In comparison to other anti-concentration bounds for Gaussian processes, we assume
that the Gaussian process is tight instead of separable and therefore our bounds can
e.g. be applied to the space of continuous or absolutely integrable functions for
which the related Gaussian process is necessarily non-separable. Further, we im-
pose only weak restrictions on the covariance structure of the Gaussian vectors and
therefore allow for applications to arbitrary continuous and sublinear functionals.

As an illustration of the usefulness of our anti-concentration bound, we apply our
bound to derive Berry-Esseen type bounds for continuous and sublinear functionals
of high-dimen-sional mean vectors and kernel-type estimators. These bounds can
be applied in high-dimensional or non-parametric one-sided testing problems which

arise e.g. in moment inequality models or functional inequality testing.
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Appendix

2.A Anti-Concentration Bound for ¢(7)

2.A.1 Representation as a supremum

For the proof of our representation result, we use that continuous sublinear
functionals are Lipschitz continuous. This is the content of the following Lemma

whose proof is included for completeness.

Lemma 46. Let vp : D — R be sublinear. If 1) is continuous at zero, then 1 is

Lipschitz continuous with Lipschitz constant sup,—;[¢(z)| < oco.

Proof. We divide the proof into two steps. First we show that for sublinear func-
tionals v the Lipschitz satisfies

o 0@ = V] _ ()] 03

wty Iz =yl w20 |||

Secondly, we show that sublinear functionals which are continuous at zero satisfy
SUp|(z =1/ ()| < oo and are therefore Lipschitz continuous by the first part.
Regarding the first part, by subadditivity of ¥, we have for any x,y € D:z # y

P(r) <Pz —y)+¢y)  and  P(y) <Yy — o) + ()
implying
—p(y — =) < P(x) = ¥(y) <Yz —y).
Therefore,

() = (y)| < max{[v(y — )], [v(z —y)l}

171
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implying

960) = 80 ¢ f =) W=}

Iz =yl lz =yl " lle—yll

By positive homogeneity of v, this further implies

sup W}(ZE) B ¢(y)| S sup W}(x”
wry T —yll ]| =1

Further, by positive homogeneity of ¢, (0) = 0 and therefore

Pl _ @) =00 1) = )]
o el T3 ool T el

This implies .

For the second step, suppose that v is continuous at zero. We will first show that
¥ is then uniformly continuous. By continuity at zero, for any € > 0, there exists a
d > 0 such that |[¢(z)| < ¢ for all x satisfying ||z|| < 0. Now, for any x,y € D s.t.

|z — y|| < &, we have by the above arguments

() = (y)| < max{|(y — 2|, [Y(z —y)[} <e

and therefore 1 is uniformly continuous. By uniform continuity, we know that the

modulus of continuity

w(0) = sup{[y(x) =¥ (y)| : [le —yll <0}, =0,

exists and if finite for all 6 > 0. Hence, for any = # 0,

HwH Wuxu)‘ w(l) < co.

The claim follows. O

Now, the representation result follows by the Hahn-Banach dominated extension

theorem.

Proof of Lemmal[{{: For any x € D, let A = {A\z : A € R} and define f : A — R
by f(Ax) = Mp(x), Az € A. For A > 0, we have by positive homogeneity f(Az) =
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Y(Az), and for A < 0 we have

fOx) = =f(INz) = =(]A|z) < v (),

where we have used that 0 = ¢(0) < ¥(Ax) 4+ ¢(|A|z) by sublinearity of . Thus,
f(y) <4(y) for all y € A.
By the Hahn-Banach dominated extension theorem we can extend f to a linear

functional on the whole of . More rigorously, there exists a linear functional
g : D — R such that g(y) = f(y) for all y € A and

—p(—z) < g(z) <¢(z), zeD.

Moreover, since v is continuous and sublinear it is Lipschitz continuous by
Lemma (46| with Lipschitz constant sup,_;[¢(z)|. Hence,

ol = s lg(2)] < st ()] < o0
and therefore ¢ is continuous.

Since x € D in the construction of f was chosen arbitrarily, we have thus shown
that for any z € D, there exists an f € D* such that f < ¢ and f(z) = ¢¥(x). As
for all other g € D* with g < 4 it holds g(x) < 9(z), we have

U(x) = sup{f(z)[f e D": f <¢}

and the claim follows. O]

2.A.2 Anti-Concentration Bound for ¢(7)

Our proof relies on Theorem 1 in |Giessing (2023a)), which we reproduce here for
convenience. Actually, this is only an implication of the theorem. The authors deal
more generally with order statistics. In particular, note that X is not assumed to

be centered.

Theorem 15 (Giessing| (2023a) Thm 1:). Let X = {X; : 1 <i < n} be multivariate
Gaussian such that Var(X;) > 0 and Cor(X;, X;) <1 for all 1 <i# j <n. Then,
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foralle >0 and any t € R,

< .
~ y/Var(max; X;) +£2/12

P<t§ max X; <t—+¢

1<i<n

) eV12

Proof of Theorem[1]]: This proof is only a slight extension of Remark 2 in [Giessing
(2023a)) to allow for infcr Var(f(Z)) = 0 and not necessarily separable Gaussian
processes. We therefore follow closely his arguments.

First, we consider the case that Var(f(Z)) > 0, for all f € F, that is,
Fo = 0. Without loss of generality, we may assume that Var(y(Z)) > 0 as otherwise
the upper bound is trivial. By Lemma (vi), there exists a sequence of finite
sets F, C F such that Y, := maxscr, f(Z) converges to Y := sup,.» f(Z) in
probability as n — oo; hence Y, Ly, Moreover, by Lemma , we can replace
F by a countable subset F' = {f, : n € N} C F so that Y = sup,, f.(Z) as.
This approximation is useful as we can bound P(t <Y, < t + ¢) using the anti-
concentration bound in Theorem 1 in (Giessing| (2023a). This theorem applies since
by assumption Var(f(Z)) > 0, f € F, and without loss of generality Cor(f,g) < 1,
f,9 € F by Lemma [47] Moreover, by the reverse equivalence of moments for
suprema of Gaussian processesﬁ and the bounded convergence theorem, Var(Y;) —

Var(Y') as n — oo. Hence, by Theorem 1 in |Giessing] (2023a)),

V12 V12
lim P(t <Y, <t+e) < lim < - © .
700 n—oo \/Var(Y,) +€2/12  /Var(Y) +£2/12

It remains to show that P(t <Y, < t+4¢) converges to the corresponding probability
with respect to Y. By the reverse triangle inequality, for all £ € R and every € > 0,

Pt<Y,<t+e)—Pt<Y <t+¢e) §28u£|P(Yn <t)—PY <) (2.5)
te
The latter converges to zero by Le Cams’s inequality in [43] ([2.4), Var(¢/(Z)) > 0
and since Y,, =Y + 0,(1). The claimed bound now follows by combining and
E3).
Next, suppose that Fy # 0. By Lemma [48] there exists some f, € Fo
so that E[fo(Z)] = i < oo. Therefore, ¥(Z) = YL(Y > a) + pl(Y < i) with

6See Lemma iii) below.
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Y :=supser x5 f (7). Hence, for any t < i and ¢ sufficiently small,
P(t<(Z)<t+e)=0 (2.6)

which is smaller than the upper bound. For ¢t > i and any € > 0, ¥/(Z) =Y on the
event {t < ¥(Z) <t+¢e}. Thus, by the arguments in the first part of the proof,

eV/12
PU<UZ)Ste) s e

For ¢t = f1, we have to be careful as P(1)(Z) = i) might be positive. Note that since
Y(Z)=YL(Y > p)+ pl(Y < @), we have for all z > [

P(¥(Z) <2) =P(Y <z |V > HP(Y > i) + P(4(2) = fi).

Since Y has some density fy by the first part of the proof, we have

d - T
@P(Y§$|Y>M):m£/u fY(y)dy:m

and therefore
PrsuZ) <a+e)= [ Fo)dy+ Pz - p
=¢ fy+ev (i) + P(¥(Z2) = p),

where fy(z)+ev denotes the density of the convolution of the absolutely continuous
part of ¢(Z) with eU for U ~ Unif]0,1]. Since Y is a supremum of a Gaussian

process with non-degenerate marginals, the upper bound from the first part applies:

V12
v(i) < esssu ul(t) < 5
Freew () teﬂg fraev(®) V/Var(Y) + €2/12

and implies

P(i < ¥(Z) < i V12 P(U(Z) = ).

Ate) < V/Var(Y) +€2/12 *
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For t < i and t + & > [1, by (2.6) and the same argument as in the case t = [i,

Pt<i(Z)<t+e)=Pa<y(Z)<p+(t+ec—p))

(e+1—-p)V12 o
T Var(Y) + (e +t — p)?/12 P(4(Z) = p).

By monotonicity of the right-hand side in € 4+t — i, we obtain

VT2 o
P@SM@§t+@§VNmW%HWH+PWMLﬁQ

finishing the proof.
Note that for g = 0, ¥(Z) = YL(Y > 0) and therefore Var(¢(2)) < Var(Y).

Thus, in this case, the variance of Y in the bound can be replaced by the variance
of ¥(Z). [

Lemma 47. Assume the setting of Theorem . For any f,g € F\ Fo, we can
assume Cor(f,g) < 1.

Proof. Suppose there are f, g € F\ Fy so that Cor(f,g) = 1. Then there exist a > 0
and b € R so that g(Z) = af(Z)+b. Since g € F, we have af(x)+b < ¢(z), z € D.
In particular, this implies b = 0 since g(0) = af(0) +b = b = ¥(0) = 0. Moreover,
we can assume that a > 1. As otherwise, if a < 1, we can switch the roles of f and
g. If a =1, then f and g coincide, and we can discard one of them.

Note that we can discard all f for which there does not exist an x € D\ {0}
with f(z) = ¥(z). Indeed, if there would be such an f, then we can find for any
z € D\ {0}, an f, € F with f,(z) = ¢(z) (take the one constructed in Lemma [44)).
Thus, for any x there exists some dominating function, and therefore we can discard
f for the evaluation of the supremum.

Now, suppose that there exists some x € D\ {0} such that f(x) = ¢(x) > 0.
Since a > 1, g dominates f for all x for which f(x) > 0. But since there is some x
such that f(x) = v (z) this would imply that there is some x so that g(z) > ¥ (z).
Hence, a cannot be larger than one.

If there does not exist x € D\ {0} such that f(x) = ¢ (z) > 0, but there exist
such an x so that g(z) = ¥(x) > 0, then g dominates f whenever g is a maximizer.
If this is also not the case, then we can assume without loss of generality that there
exist z € D\ {0} such that f(z) = ¢ (x) < 0. Since @ > 1, f dominates g for all
x for which f(z) < 0. But since there is some x such that f(z) = ¢(x) this would
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imply that there is some x so that g(z) < ¥ (x). We distinguish two cases. Either
both f and g are dominated for all = so that ¥(x) < 0, or there is some z so that at
least one of them is a maximizer. In the first case we can discard both of them on
this event. In the second case, we can discard g since g(x) = af(z) < f(x) = ¢(x).
The claim follows. [

Lemma 48. Assume the setting of Theorem[1]). If Fo # 0, there exists some fo € Fo
such that E[fo(Z)] = p < 0.

Proof. We will show that Fy is compact and that f +— E[f(Z)] is continuous with
respect to weak*-convergence. This then implies the result.

We start by recalling some results from functional analysis. A sequence {f, :
n € N} C D* converges to f € D* in the weak*-topology if

lim f,(x) = f(x), z € D.

Continuity: Let {f, : n € N} C F be a weak*-convergent sequence
with limit f € D*. Since for any f € F, [f(z)| < supsez|f(z)], z € D and

E[sup;c#|f(Z)]] < LE[||Z]|] < oo, by the dominated convergence theorem,

lim E[f.(Z)] = E[f(2)],

n—o0

that is, f — E[f(Z)] is weak*-continuous on F.

Fo is closed: Since D is separable, the weak*-topology is metrizable and
therefore a set is closed if the limit of any weak*-convergent sequence in F lies in F'.
Let f, be a convergent sequence in F, i.e., for each z € D, we have lim,,_,, fn(2) =
f(z) for some f € D*. Since f,(z) < ¢(x) for all x and all n, f(z) < ¥(z) and
therefore F is closed with respect to the weak*-topology. Moreover, by the same
argument as above, one can show that f +— Var(f(Z)) is weak*-continuous. Thus,
for any weak*-convergent sequence f,, with Var(f,(Z)) = 0 and limit f, we have
Var(f(Z)) = 0. Thus, Fy is closed in the weak*-topology.

Now, since Fy is a closed subset of {f € D* : || f||* < L} which is compact in
the weak*-topology, Fy itself is compact with respect to this topology. The claim
follows. O
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2.A.3 Lower bound for the variances

Proof of Lemma[67: The proof idea is based on the proof of Proposition 1 in |[Giess-
ing| (2023a).

Observe that, under the stated assumptions, E[Z] > E[X,] = 0 and E[Z] < co.
We distinguish two cases. First, consider the case E[Z/d] < 1/2. By Chebyshev’s

inequality,
Var(Z/5) > P(Z/5 > 1)(1 — E[Z/5])* > iP(Z/& >1)> iqs}elgP(Xu >0).
Since X is a Gaussian process
igmxgzay:$§1—¢@ﬁm»:1—¢u>2%

Hence, if E[Z/5] < 1/2,

%%

Var(Z) >
Next, consider the case E[Z/5] > 1/2. By Cantelli’s inequality,

Var(Z)
P(Z>E[Z]+1) < Var(Z) 11

or equivalently,

P(Z > E[Z] + 1)
VarlZ) 2 T 7S Rz 2 1)

Now, by definition of Z as a supremum over the X,

P(Z > E[Z] + 1) >supP(X, > E[Z] + 1)

uelU
EZ 1 EZ 1
zsup1_<p(&) :1_¢(i>.
uelU Oy o

Thus,

P(Z>E[Z]+1) _1- o B2
1-P(Z>E[Z]+1) — (I)(E[Z}ﬂ) :
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Note that ¢ < erf(t)y/1+ 2 < /2t for all ¢ > 0 where erf(t) f fo exp(—x?)dx.
Moreover, since ®(t) = (1 + erf(x/v/2)), we have for any ¢ > 0,

@(OS%(H%M) and 1—®(t)2%(1—%)

and therefore

L-0t)  VI+22-t/V2  Vori—t
O(t) T I+E2+t V2HE+V2

This implies

- V262 + (E[Z] +1)2 — (E[Z] + 1)
Var(2) 2 V202 + (BE[Z] + 1)2 +V2(E[Z] + 1)

Consider the function f(z) = (1 —2)/(1 + v2x) and note that the right-hand side

equals f((E[Z] +1)/4/26% + (E[Z] + 1)2). It holds
52 2 _ 1
Z)+1)/\/262 + (E[Z] + 1) = NESTE:

where E = (E[Z] + 1)/+/26. Since E[Z]/(vV25) > 1/2, E > (1/2 +1/5)/v/2 and

therefore

/ 852 862 4 (0 + 2)? 8(d +2)2+ (7 +2)2 _3
(7 +2)2 (6+2)?2 — (0 +2)2 e

This implies

“ e TR -1 T
LV - e vV e )

Note that the function x — (1/1 + 1/22—1)(1+ z?) is monotonically decreasing for
x > 0 with limit 1/2 as |z| — oco. Thus,

1
\/1+1/x2—122

(1 +22)
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implying

The claim follows. ]

2.A.4 Regularity of the Gaussian process G

Lemma 49. Let E C D be a separable closed linear subspace of a real Banach space
D and let F = {f € D*|IVz € D : f(z) < ¢(x)} for a continuous and sublinear
functional 1. Then, there exists a countable subset F' of F so that

(z) = sup f(x) = sup f(x), Vo e E.
fer feF
Proof. The first equality follows by our representation Lemma [44] For the second
equality, let {z,, : n € N} be a countable dense subset of E. By the construction
in our representation result Lemma [44] for any n, there exists an f,, € F such that
fo(zn) = ¥(x,). Take F = {f, : n € N}. Indeed, for any x € E and any ¢ > 0, we

can find an n so that ||z — z,|| < € and therefore

U(x) <sup f(xn) +sup f(z — 2n) < folzn) + Le = sup fin(zn) + Le,
fer fer meN

where we have used that ||f||* < L for all f € F. There is a sequence (x) C F so
that ||z — zx]| < 1/k and

V() < sup flre) +
meN

Now, since F is uniformly bounded,

sup fin () <sup{fm ()} + sup{fm(zx — )}
meN meN meN

L
< sup{ fin(2)} + sup|| fuul[*l|lz — @il = sup{ fu ()} + -
meN meN meN

Further, since F' C F, supscr f(7) < supser f(z) and therefore

L
<2—.
ok

'w@:) ~ sup f(2)

fer
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Taking k — oo proves the claim. O

In the following lemma, we collect some regularity properties of Banach space
valued Gaussian random vectors and for their corresponding Gaussian process on
the dual space D*. These results follow easily from well established results in the
literature on probability in Banach spaces, as e.g. in |Ledoux and Talagrand (1991)),

and are included for completeness.

Lemma 50. Let D be a real Banach space and let F = {f € D*|Vx € D : f(x) <
Y(x)} for a continuous and sublinear functional 1. Further, let Z be a D-valued
tight Gaussian random vector. Denote by G ={f(Z): f € F}. Then,

(i) || Z|| has a finite unique median M.

(i) The mean function p(f) = E[f(Z)] is bounded and Lipschitz continuous, that
is, \u(f) — (o)l < E[ZI]IIf = gll*, f,9 € D"

(111) All moments of ||Z|| are finite. Moreover, the weak variance satisfies o =

supj <1 Var(f(Z)) < oc.
(iv) G has almost surely bounded sample paths.
(v) G has almost surely Lipschitz continuous sample paths.

(vi) There is a sequence (fy)nen C F so that

max f;(Z) “3 sup f(2).

1<i<n fer

Proof. (i) Since Z is tight, there exists a compact set K C D such that P(Z ¢ K) <
1/2. Compact sets are necessarily bounded and therefore, there exists a constant
C such that P(||Z]] > C) < P(Z ¢ K). By definition of a median M of || Z]],
P(|Z]| > M) > 1/2 implying P(|Z|| > C) < P(||Z|| > M). In turn, this implies
that M < C. Since M was arbitrary, it follows that any median is bounded. The
uniqueness follows by Chapter 3.1 in |Ledoux and Talagrand| (1991]).

(ii) The boundedness follows by |u(f)| < E[sup,cp|f(Z)]] < LE[|Z]|], where
we used that ||f||* < L for all f € F. Existence of E[||Z]|] follows by the triangle
inequality and existence of E[||Z — E[Z]||] as shown in Chapter 3.1 in Ledoux and
Talagrand (1991). The Lipschitz continuity follows by definition of the norm on the

dual space.
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(iii) By the triangle inequality, we can centralize the moments of || Z||, i.e.,
121z, < 112 = E[Z]H|z, + IELZ]]]

By tightness of Z and (ii), Z — E[Z] is tight, and its median is finite by the same

arguments in (i). Therefore, Corollary 3.2 in |Ledoux and Talagrand (1991) implies

that there exist constants 0 < ¢, < C), < oo such that c,m < ||| Z=E[Z]]|||., < Cpm,

where m denotes the median of ||Z — E[Z]||. Finiteness of the weak variance follows

by the bound ¢ < 2m derived in Chapter 3.1 in |Ledoux and Talagrand| (1991).
(iv) It is sufficient to show that

P([¢4(Z)] = o0) = 0.
It holds

P([4(Z)] = 00) =P(Va : [(Z)] > a) = P(Vn e N: [(Z)] > an)
<PVneN:3Ji>n:|[v(2)|> )

where the latter statement holds for any sequence a, — oo as n — oo. The latter
event can be written as (-, ;> A;, where A; = {|/(Z)| > a;}. Thus, the Borel-
Cantelli Lemma applies. Since F C {f € D* : ||f||* < L} =: By, it holds |¢(Z)| <
supser|f(Z2)| < supsep, |f(Z2)] = L||Z]|. As argued above, we further have E[|| Z||] <
oo and hence by Markov’s inequality for a, = 2"E[||Z]||L, we have P(L||Z| >
a,) < 27" for all n € N. Together with P(|(Z)| > t) < P(L||Z|| > t), t € R,
this implies ) . P(|¢¥(Z)| > an) < oo and hence by Borel-Cantelli and the above
inequalities P(|#(Z)] = oo) = 0 implying [(Z)]| < oo a.s. and |Gl < oo a.s.
where |G|z = sup e[ f(Z)]

(v) We need to show that

P(HL <o0:Vf.g € Filf(Z) - 9(2)] < L||f—g||) 1

By definition of the dual norm, |f(Z) — g(Z)| < ||Z]|||f — g|I* and therefore, on
{||Z]] < o0}, we can choose L = ||Z||. Hence,

P(HL <oo:Vfige Filf(Z) — g(2)| < LIS - gn) > P() 2] < 00) = 1.
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where the last equality follows by (iv).

(vi) By tightness of Z, for any n > 0, there is a compact set K, C D so that
P(Z ¢ K,) < n. Since K, is compact, for any ¢ > 0, there are z1,...,xy € K,
with N < oo, so that for any = € K,, there is some j so that ||z — z;|| < e. On the
event {Z € K,},

sup f(Z) <sup f(z;) +sup f(Z — ;).
fer fer feF

Since F is uniformly bounded, i.e., || f||* < L for all f € F and some L < oo,

sup f(Z — ;) < [|fIIF[|1Z — ]| < Le
fer

Moreover, by the same arguments as in the representation Lemma [44] there exists

for each x;, an f; € F such that f;(x;) = ¢ (z;) = sup;cr f(z;) and therefore

sup f(z;) = max fl(arj)
feF

Moreover, by the same arguments as above,

max_f;(z;) < max. fi(Z) + Le

1<i<N 1<i<

Together with sup ;. f(Z) > maxi<;<y fi(Z), this implies

sup f(Z) — max, fi(Z )’ < 2Le.
fer 1=i<

Thus,
7
<r(

Now, for the construction of the sequence (f,), let €, =1, = 27", n € N and repeat

for each n the construction from above to obtain x&"), e ,xg\?z and corresponding

sup f(Z) — max f;(Z )‘ >2L5)

feFr 1<i<N

sup f(Z) — max, fi(Z )‘ >2L5,Z€K)+P(Z¢K)§n

fer 1<6<
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fln), e >f1(v71) satisfying, for all n € N,

i

Construct the sequence (f,) by stacking the finite sequences fl("), cee f](\;; ) on each

. (’fl) —n+1 < 9—n
?2}2“2) max f; (Z)’>2 L>_2 :

other. The resulting sequence (f,) shares the same approximation properties with
the finite sequences. Indeed, it still holds max;<;<, fi(Z) < sup;cr f(Z) as well as
for some N, supser f(Z) < maxi<i<n, fi(Z) + 27" L. Therefore, for all n,

i

This implies together with the Borel Cantelli Lemma,

o ) —n+1 < 9N
fcg?f(z) lggﬁnfz(Z)‘ > 2 L) <2™.

max fi(Z) %3 sup f(Z)

1<i<n fer

and the claim follows. O

2.B Proofs for applications

Our proofs for the Applications are based on a slight refinement of Le Cam’s
inequality as presented in Lemma [43] This refinement allows us to circumvent the
potential point mass in the approximate distribution by restricting the approxima-

tion of the cdfs to a subset of R only.

Lemma 51. For X, Z € R arbitrary random variables, T € R and \ > 0,

sup[P(X < t) — P(Z < £)] < P(IX = Z] > A) + G(X) A G(2),

t>r

where (\(V) = sup;>, P(t <V <t 4 \) for real-valued V € R.

Proof of Lemma[51): For any t € R and any A > 0,
PX<t)<P(X<t,| X —Z|<N+P(|X -2 >\

<P(Z <t+M\)+P(IX -2 >))
<P(Z<t)+Pt<Z<t+N)+P(X = Z[>)).
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Moreover, it holds

P(Z<t)<P(Z<t—)\)+Pt—-A<Z<t)
<P(Z<t,|X—Z|<N+P(|X —Z| >\ +Pt-A<Z<t)
<P(X <)+ P(X —Z| >\ +P(t—A< Z<t).

Thus, we have shown

sup|P(X <t) —P(Z<t)| <P(X —Z| >\ +supP(t < Z <t +\).

t2>7 t>1

By changing the roles of X and Z, we also obtain

sup|P(X <t) —P(Z <t)| <P(IX —Z| > A\) +supP(t < X <t+ ).

t>7 t>T1

The claim follows. ]

2.B.1 Proof of the HD-CLT

Proof of Proposition[4: By the representation result ¢(z) = sup;cr f(x) for some
F C (R¥)*. Let q satisfy % + % = 1. In the following, we identify (R¥)* as R*
endowed with the ¢,-norm. By ¢, Lipschitz continuity of ¢ and the representation
result, F C {f e R* : ||f|l, < L}.

Further, let T, = > (X; — E[X;]) = S, — pn, where u, = > | E[X;]. By
Lemma 38 in [Belloni et al.| (2019D)), for any ¢ > 0, there exists Z,, ~ N (pn, Xp,) for
Y, = E[T, TT] so that

By
(IS, = Zolly > 30) < mind 52+ 20121, > 0}

where Z ~ N (0, I). By Lipschitz continuity of 1,

P(1u(s,) — o) > 35) <mipd B apq121, > 0.

t>0

By Lemma [52| and Markov’s inequality,

12|12 2 M M2 2
< )V <ol M _
P(|Z|l, > t) < P(exp( 12 ) > (402)) < C’( > + 1) exp(402) exp( 402)
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The right-hand side is monotonely increasing in M and therefore M can be re-
placed by any upper bound. In particular, by Lemma A.4 in Cattaneo et al.| (2022),
E[lZ|]] < ¢p(k), thus M < 2¢,(k). Further, since Z ~ N (0, I,), for ¢ > 0 such that

1 1 _
1—34—5—17

0® = sup E[(y"Z)°] = sup [lyll; = (k)
Illo=1 Illo=1

where ¢, (k) = 1 if p € [2,00] and ¢, (k) = kit =k if p € [1,2). This implies

P> 0 = (o) e ) (-1 )

Optimizing over ¢ yields for t* = C¢,(k)*log(¢,(k)/c,(k)6*/L?/5,)

P (165 - w(2)] > 3) < cL;fp{mk)Zlog(%) +1}

Combining Le Cam’s Lemma and our anti-concentration bound in Theorem [14]im-

plies

SUP’P(w(Sn) <t)-P(Z,) <t)|

< Iggl{CL;?p {cbp(k)zlog(%) + 1} * \/Var(l/J(z\Z/;?-l- 52<12>}

+ P(¢(Zn) = ﬂ)
< min{(]Lgﬁp%(k)Q log( (k)0 ) ; ﬂ} FP((Za) = i)

s i & (k) L35, Var(0(2))
Choose

5 = (L8, (k)*/Var((Z,))) "
and let

LBk N\
A"‘<<Var<w<zn>>>3/2) |
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Then,

L3B,6,(k)? &, (k)5° (k)3
(g ) - )

and therefore

Pp(k)?
cp(k)A,

suplP((S,) < £) — P(4(Z,) < 1)] <CA, 1og(

teR

ve) 4 Pz) =)
If, furthermore,

¢p(k)°
cp(k)A,

— 0,

then the upper bound can be simplified to

L3 By (k)
Var(¢(Zn)))

1/4
suplP(6(5,) < 0) - Pl(Z,) < 1) <€ ) ) =R

teR
for n sufficiently large. m

Proof of Corollary[9: By the triangle inequality,

‘\/ﬁw@n - en) - w(ZnN §|\/ﬁw(én - gn) - ¢(Sn)|
+ [¥(Sn) —¥(Zn)

IfA>aand A< B+C,then B>a—¢cor C' >e. As suppose that both B < a—¢
and C < g, then A < a and by taking complements the claim follows. Thus,

PV (0 = 02) = 0(Za)| > 2/ Var((Z,))e)
SP(|¢(Sn) —U(Zn)| > v Vaf(¢(Zn))5) (2.7)
+ P(|\/ﬁw<én —0n) = (Sn)| 2 v Var(w(zn))g)

By 6,/+v/Var(y(Z,)) = O(1), \/Var(¢¥(Z,)) > cb, eventually for some constant c,

and therefore

P (v (0, — 0,) — (Sa)| = v/Var(¥(Z,))e)

~

<P (|v1p(6n = 0,) = 1(Sn)| > cdne) — 0, as n — oo.
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Regarding (12.7)), note that

o= (T oo 222 ) 1)

cp(k) L3,

in the proof of Proposition . Moreover, by assumption, §/+/Var(¢(Z)) — 0 and
therefore 6 < \/Var(y)(Z))e eventually. Thus,

Finally, by applying Le Cam’s Lemma |51| with n = \/Var(¢(Z,))e

sup|P(v/mhdes (0, — 6,) < t) — P(4(Z,) < 1)| < €+ o(1),

teR
proving the claim. O

The following lemma is essentially a part of Corollary 3.2 in |Ledoux and Tala-

grand| (1991)) but with an explicit upper bound.

Lemma 52. Let Z ~ N(0, I,), M denote the median of || Z||,, and 0 = supy, < [|yll3-

Then, there is some absolute constant C', so that

1Z]]2 M M?
< —_ — .
E{exp( 107 )1 < C(J —1—1) exp(4a2)

Proof. Let a* = 1/(40?). It holds,

o0 oo 1
Blexp(1212)] = [ Plespla?|212) 2 e = [~ p(121, = Lot )ar
exp(a2M?) 1
:/ P(||Z||p > —\/logt) dt
0 a
> 1
+/ P(”Z“p > —\/logt>dt
exp(a2M?) a
1
P(HZHp > —\/logt> dt.
) a

oo

<exp(a’M?) + /

exp(a?M?

Substitute M + ou = 1/av/logt, i.e., u = (=M + 1/a\/logt), with derivative
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du/dt = = —— ie.,

oa t/logl
& 1
e (121> Lviog )i
M a

= /aat logtP(||Z||, > M + ou)du
= /0(12(]\/_/ + ou) exp(a*(M + ouw)*)P(|| Z||, > M + ou)du

1 2
< 5 /aa2(M + ou) exp(a®*(M + ou)?) exp <—%>du

where we used that by Borel’s concentration inequality,

B4}

1
(12l > 0 < e (-3

Next, consider a quadratic expansion
1
a*(M + ou)® — §u2 = a’M? + (a*0* — 0.5)u® + 2a*Mou

take a? = 1/(40?), then this reduces to

M? Mu M?
272 2 2 2 2 _ M 2 oMy M~
a“M* + (a”0” — 0.5)u” + 2a*Mou 102 0.25u +2202 P
M?

= o5 — (w/2 = M/(20))?

and therefore

202 4

/O‘L<M + ou) exp <%2) exp <—(U_—W> du
—% exp(M2/40%) / exp(—(u — M/o)?/4)du
+ L exp(M2/40?) / wexp(—(u — M/o)2/4)du

The lower boundary of integration is exp(a?M?) = exp(M?/40?)

/:o )exp(—w)du§2ﬁ

xp(M?2 /402 4

M2
402

189
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and similarly
/uexp(—(u — M/o)*/4)du < C(M/o + 1)
So the overall upper bound for this second part is of the form
C M +1 M

E— X [

o P 402
Since the first part is also of this form, we have

1Z]]2 M M?
< —_ — .
E{exp( 1? )1 < C(J —1—1) exp(4a2)

This proves the claim. O]

Lemma 53. Let Z ~ N(0,%). The covariance matriz ¥ has ordered eigenvalues
AL > Xy > - > A\ > 0 and associated unit eigenvectors ey, ..., e,. Then, there is

some absolute constant C', so that, for k > 2,

E[max|e]Z|3] < Ctr(X)y/ A logk.

1<j<k

Moreover, for any Vector X € RF,

E[lX13) < (tr(%))* B[ max e] X ]

1<5<d

Proof. By the Cauchy-Schwarz inequality,

TZ)| < > Tg; <\/ 3 1Z)?
B 2P| < B|1218 et | < /B2, folpma e 2]

By the rotational symmetry of the Euclidean distance, and since the e]T-Z are mutu-

ally independent,

B[)1Z)3) E[(ZWPﬂ S Bz 2

i=1 j=1
k k

=Y Ell] 2" +ZZE T Z 2| B[l Z]?)
j=1

1 j#i
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—Z3A2+Zz/\)\ <SZZ/\)\ = 3(tx(%))>.

i=1 j#i i=1 j=1

By Jensen’s inequality;,

) leT Z|2 lel Z ]2
E| max|e] Z|*| <4\ E| max Zjl)\ <4\ log( E| max exp| —2—

1<j<k 1<j<k ; 1<j<k 4\;
: lej Z?
<4\ log (Z E [exp( i)\ >] > <4\ log(\/ﬁk),
j=1 J

where we used in the last inequality that for standard normal random variables X,
Elexp(X?/4)] < v/2. The first part of the claim follows by combining the above
bounds.

For the second part, note that by rotational symmetry of the Euclidean distance,

we can bound

k
1032 =) " Aj(el X,)? < tr(2) max (e] X;)?

1<j<k ’

implying

E[lXG[13] < (tr(2))** E[ max [e] Xi|*].

1<5<d

2.B.2 Proofs for kernel-type estimators

Lemma 54. Under assumptions (B1)-(B5), Z, in Propositions[3 ans[{ has a version
with values in C(Z X G). In particular, Z, can be realized as the canonical process
n (C(G xI),B(C(G*xTI)),Pyz,), where Py, denotes the distribution of Z,.

Proof. By Dudley’s inequality (Theorem 11.17 in Ledoux and Talagrand (1991))),

Bl sw |Zuwo) - zn@?a:»@ <C [ VNG TP
(y,@),(§,2)€GXT 0

Since G x 7 is a compact set of a finite dimensional Banach space, the entropy in-

tegral on the right-hand side is finite and therefore Z,, has almost surely uniformly

continuous sample paths by the same arguments as in Lemma [50] Thus, there is
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a set of measure zero N such that outside of this set, every sample path is uni-
formly continuous. If we change all sample paths in N to be just constantly 0 (or
any continuous function), then the resulting process Z,, coincides with Z, for each
(y,2) € G x T P —a.s., that is Z,,,.(w) = Zny.(w) for all w ¢ N. Furthermore,
the existence of a version with continuous sample paths implies that one can realize
Z,, as the canonical process on (C(G xZ),B(C(G xZI)),Pz,), where Pz, denotes the
distribution of Z,. O

Proof of Proposition[3: In order to prove the Kolmogorov bound, we will use Le
Cam’s Lemma [51] In the first step, we will construct a coupled Gaussian process Z,,
using Corollary 2.2 in Chernozhukov et al.[(2010) in order to bound P(|\/nhdy(S,)—
W(Z,)| > n). Thereafter, we will use our anti-concentration bound in Theorem
to upper bound the Kolmogorov distance.

Regarding the coupling construction, note that for any f,, € F, and any k = 2, 3,

k—
LHgHoonHOO) i

B[l fu(Y, X) — ELfu(Y, X)) < CHES, (fu. fn)< ;

where ¥,, denotes the covariance function of h, 4 QGH. Let T",, denote the covariance

function of the kernel estimator

Lu(@,y,2,§) = Cov(p(z) " g(Y.y)k(h, (X — 2)),p(@) " g(V, §k(h, (X — 7))

Since f € D*, there is a regular Borel measure p and by Fubini’s Theorem,

Su(f,f) = / / Lol y, &, ) u(d(, 1) u(d(E, 7).

Since sup(, , z 5 [n(7,y) = O(1), we have o} = supscz hi¥,(f, f) = O(hy). Fur-
ther, let

_ Llgllslbllse
p

b

Then, b is a valid envelope function of F,, and

sup E[|f(Y, X)|"] < o272, k=23
feFn

Since F,, is a VC type class uniformly over n, A and v can be chosen independent
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of n. Now, Corollary 2.2 in |Chernozhukov et al.| (2014a) applies and implies that
for any v € (0,1), there exists a sequence of random variables W, () such that
W, £ ¢(Z,) and

logn log?’/4 n logz/3 n
P (1) <41 > Sy S

§C<7+ logn>.
n

Here C is a constant that only depends on ||g[o, ||¥lcc and p.

Note that
RS log®n < 1 [log'n 1/6
VA g =57\
/71/6 _ 71/2_1/3 > ].OgG’[’L nh:ll 1/6 _ logn 1/3
=\ nhi log'n nhi
logn
>
= ( nhi )
as well as

Thus, if v > /logn/(nhl), then
10g2/3

n logn
P (IVART(S, ~ EIS.) ~ Wal > O i) <oy + 152),

_ log2/3n :
Take n = Cw, 1.e.,
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implying

log*n  logn
d —
P(|\/nhii(S, — E[S,]) W!>n><0(nu3\/ it >

Together with Le Cam’s Lemma [51] and the anti-concentration bound in Theorem

this implied]

sup|P(\/nhiy(S, — E[S,]) <t) —P(W, <1
teR
) 1 log’n logn
<
_7172%{0<771/3 i " Var )}

<C 1 log™n 3/8 logn
B {(Var(w(Zn)))1/8<nhﬁ) T }

where we chose 7 = (Var(¢(Z,)) log* n/(nhe))3/®. It remains to show that the so
chosen ~ satisfies v > y/logn/(nh?). Indeed, since

B 1 log™n /8 logn
1T Var(@(Z))F\ nki ) =\ b
Var(¥(Z,)) <(nhy)log®n
which holds by assumption. O
Proof of Corollary[I0: By the triangle inequality,

| \% nhgw(én - en) - 2/)(Zn)| §|\/n_h;iﬂ/}(én - en) Y nhgﬂ/’(‘gn - E[Sn])l
+ [V (S, = E[S,]) — ¥ (Z)|

IfA>aand A< B+4+C,then B>a—e¢or C' > ¢e. As suppose that both B <a—¢
and C' < ¢, then A < a and by taking complements the claim follows. Thus,

(|\/Ww 6, — Zy)| = 2+/Var(¢(Z,))e)
<P(|y/nhip(S, — B[S,]) — ¥(Z,)| > \/Var(w( Z,))e) (2.8)
+ P(|v/nhdy( en—e \/Ww S, — E[S,])] > /Var(¥(Z,))e)

"We show in Lemma [54] that Z, can be chosen so that it satisfies the regularity conditions
imposed by our anti-concentration in Theorem @
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By 6,/+/ Var(y , v/ Var(y¥(Z,)) > ¢6, eventually for some constant c,

and therefore

P(|v/nhde (0, — 6,) — \/nhip(S WD >V Var(v(Z,))e)
<P(|/nhd(0, — 0,) — \/nhip(S W) > cb,e) — 0, as n — oo.

Regarding (2.8)), note that n = (Var(y(Z,))log* n/(nh%))3/® so that

1 log4n 3/8 logn

(Zn)))'/ n
Moreover, by assumption, 1/+/Var(1(Z))

n B 1 log™n 3/8
Var((Z,) (Var(¢(Zn)))1/8( nhg ) -0
and therefore n < C'\/Var(¢/(Z)) eventually. Thus,
P(| V nh%¢(8n - E[SHD - ¢(Zn)| >/ Var(¢<Zn))5)
P(|\/nhd (S, — E[S,]) — ¢(Z,)] > n) — 0, as n — oo.

Finally, by applying Le Cam’s Lemma |51| with n = \/Var(¢(Z,))e

sup|P(v/nhdip(0, —0,) < t) —P(p(Z,) < t)] < e+ o(1),

teR
proving the claim. O]

Proof of Proposition[{): Under Assumption the Rio-Massart Coupling in Theo-
rem 8 in |Chernozhukov et al.| (2010 constructs a sequence of P-Gaussian Bridges

Z,, (on a possibly enriched probability space) such that for any t > C'logn,

t logn
—d/2 . e .
P(qs}g/ﬂhn Gnl(g0) — Zn(gv)| > C’{Q / VT, + 4/ nhi }) < exp(—t

Moreover, the paths of v — Z,(g,) can be chosen to be continuous a.s. and therefore

Z, implies a Gaussian C(V)-valued random vector.
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By Lipschitz continuity of ¢, for any n > 0,

P([¢(v/nhd(Sn, — E[Sa])) — ¥ (Zn)| > 1) < P/ nhi(Sn — E[S,]) — Zull > n/L)

and since L does not depend on n, the Rio-Massart Coupling from above implies

P (oS, ~ EIS.0) — 0201 = 4\ i + ﬁ ) < el

Thus, for the Kolmogorov distance, set

o logn logn
=1 1/(d1+d nhd nl/(d1+d nhd
i.e., take t as
/ 1 [logn ]

implying for our Kolmogorov distance minimization problem:

o log n
mln exp(—Cn n1/(d1+d nhd Var ¢(Z )

Let A, = {\/ m + \/ loﬂ}. Then, the first order condition of the above

nhd

problems can be written as

1
Atexp(—nAT ) = —————
. exp(—nA,7) Ver0Z))
R A,
= A ‘1g< Varw(Zn)))
— UZAnlog( VarXD(Zn)))

This implies

| Clog ( Varw(Zn)))

A,
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=C{log(Var(y(Z,))) — log(An)}
=C{log(Var(1/(Z,))) + log(n) + o(log(n))}

which is larger than C'logn since A,,/+/Var(y = O(n™%) for some £ > 0 and
therefore the above choice of 7 is valid. ThlS 1mphes the following rate for the

Kolmogorov bound

CW{”I‘)%W)}

and the claim follows. O
Proof of Corollary[11: By the triangle inequality,

I/ nhdip(0, — 0,) — W(Zy)| <|/nhdap(0, — 0,) — \/nhiy(S, — E[S
+ |V nhiy(S, — E[S,]) — ¥(Z,)]

IfA>aand A< B+4+C,then B> a—eor C' > ¢e. As suppose that both B < a—¢
and C < g, then A < a and by taking complements the claim follows. Thus,

P(l Y nhgw(én - en) - ¢(Zn)| > 2y Var(w(Zn))E)

<P(|v/nhdp (S, — E[S,]) — ¥(Za)] > v/ Var(i(Zn))e) (2.9)
+P(Mn_m%w<én—e = k(S = BIS)| > v/ Var(0(Z,)e)
By 4,,/+/Var(¢ , / Var(¥(Z,)) > ¢d, eventually for some constant c,
and therefore
P(|v/nhdy (0, — 6,) — /nhdy(S W) >/ Var(¥(Z,))e)
§P(]\/nhg¢(én — v/nhidy(S )| > cne) — 0, as n — 00.

Regarding (12.9)), note that

n=A,log (W)

in the proof of Proposition . Moreover, by assumption, n/+/Var(i)(Z)) converges
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to zero and therefore ne < C'/Var(¢(Z)) eventually. Therefore,
P(| V nhg¢<sn - E[Sn]) - w(Zn” Z Var(@z)(zn))f)

<P(|\/nhd (S, — B[S,]) — ¥(Z,)| > ) < C et

——— — 0, as n — oo.
Var(¢(Z,))

Finally, by applying Le Cam’s Lemma [51| with n = \/Var(¢(Z,))e
sup|P(y/nhi(6, — 6,) < t) — P(p(Z,) < t)| < e+ o(1),
teR

proving the claim. O]



Chapter 3

Inference in the High-Dimensional
Partially Linear Model using
Orthogonalized Kernels

3.1 Introduction

High-dimensional linear models have become increasingly popular in various ar-
eas in economics. Examples include estimation of impulse response functions of
macroeconomic time-series using local projections (Jorda, 2005), optimal portfo-
lio estimation with many underlying assets (Fan et al., 2011), demand estimation
with many generates controls and instruments (Chernozhukov et al.;|2015b)), textual
analysis of patents in the context of growth estimation (Kelly et al., [2021) and the
analysis of job training programs with many generated controls |Spiess et al.| (2023).
Inference in the high-dimensional linear model has been extensively studied over
the last decades (Meinshausen et al.| (2009)), Meinshausen and Biithlmann| (2010),
Wasserman and Roeder| (2009), Shah and Samworth (2013), Belloni et al. (2014),
van de Geer et al. (2014)) and |Zhang and Zhang] (2014))).

In this paper, we study inference in the high-dimensional partially linear model
(HD PLM). This model is a semiparametric extension of the high-dimensional lin-
ear model and allows variables to enter nonlinearly into the regression equation. It
therefore maintains the flexibility of nonparametric models in some of the variables
while avoiding the curse of dimensionality of a fully nonparametric model. In the

low-dimensional setting, the partially linear model has a long history in the econo-
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metrics and semiparametric statistics literature and has been studied for example
in Engle et al. (1986)), Robinson| (1988), Chen| (1988)) and [Hardle et al.| (2000). Our
model extends this model in that we allow the dimension of the linear part to in-
crease with the sample size and in particular allow the number of regressors to be
(potentially) larger than the sample size.

Recently, there has been a growing interest in the high-dimensional partially
linear model. Much progress has been made to understand the estimation properties
of various proposals (Miller and van de Geer| (2015), Ma and Huang (2016), |Zhu
(2017), 'Yu et al.| (2019)) and inference on the linear part has been studied by Zhu
et al.| (2019). We complement this literature in that we focus on inference on the
nonlinear part.

More rigorously, we consider the following model: Let {(Y;,T;, X;) :i=1,...,n}
be a sample of i.i.d data, where Y; and 7T; are real-valued random variables and
X; = (Xi1,...,X;)7T is a p-dimensional random vector with p potentially very large,

in particular, p > n. Suppose that the data satisfy the model
Yi=0+m(Ty) + X/ B+e (3.1)

where m is smooth unknown function, 8 = (3y,...,3,)" is an unobserved sparse pa-
rameter vector with s nonzero entries and ¢; is an error term satisfying Ele; | T}, X;] =
0 as well as E[?| T}, X;] = 0% m is normalized so that E[m(T};)] = 0 in order to
achieve identifiability and the X; are assumed to be centered in order to shorten the
notation. We assume that 7; has compact support, which w.l.o.g. is normalized to
be the unit interval [0, 1].

Estimation of the nonlinear part in the above model is challenging due to the
high-dimensional linear part as we illustrate in the following. As suggested by Robin-
son| (1988)), estimation of the nonlinear part in a partially linear model can be based

on the identity
m(T)=E[Y —§ — XT5|T].

Therefore, given a preliminary estimator (5 , B) of (4, 3), one can estimate m using
arbitrary nonparametric estimators of univariate conditional mean functions. We
focus on Nadaraya-Watson estimation using the uniform kernel, but it might also

be interesting to extend our proposed method to other kernels or local polynomial
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estimators. This Nadaraya-Watson estimator is given by

aft) = Zim 1T — 1 < W)Y =9 = X7 B)
- 2 i WITi =t < h) ’

where h > 0 denotes a bandwidth chosen by the researcher. This estimator can be

decomposed into three parts

2z LIT =t < h)(Y; — 6 — XTPB)
i LT =t < h)

S LT —t < B)XT (B B) .
R D R

) =

The first term corresponds to the infeasible Nadaraya-Watson estimator which knows
the true values of § and 3. The second and the third term capture the influence
of estimation of (§, 5) on the estimator. While b} converges sufficiently fast to zero,
showing that the second term is negligible requires fairly strong conditions on the
estimation properties of B This problem is absent in the low-dimensional setting
when p is fixed or much smaller than n. The second term therefore resembles a bias
due to the high-dimensionality of the problem, and we refer to it as the HD bias in
the following.

In order to deal with the HD bias, we modify the uniform kernel so that it is
nearly orthogonal to X and by this we reduce the impact of the estimation error
of 8. More precisely, we construct orthogonalization parameters 4; which depend
only on (7}, X;),7 = 1,...,n, and base our test statistic on the orthogonalized

Nadaraya-Watson estimator

S LT — 1 < h)(1 = XT3)(Yi = 6 — X] D)
> imt WIT; — 1] < B)(1 — XT4)

(t) =

These orthogonalization parameters are chosen to ensure that

n

1 .
— D U(Ti —t < h)(1 = XT4) Xy < p, (3.2)

max
1<5<p

where p is a tuning parameter which can be chosen by the researcher.

We are interested in inference on the nonlinear part m and want to test the
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global hypothesis
Ho:Vt:m(t)=0 wvs. Hy: 3t:mf(t)#0.

Under model , the null hypothesis implies that the conditional mean of Y given
T and X does not depend on T'. In this sense, this test problem generalizes the idea
of significance testing frequently used in applied research by allowing 7" to affect Y in
a general nonlinear way. Based on the orthogonalized Nadaraya-Watson estimator,
we can construct a test statistic for the global null by constructing a test for the

equivalent hypotheses

Hj: sup |m(t)|=0 wvs. Hj: sup|m(t)| > 0.
te[0,1] t€[0,1]

Such a sup-norm test can also be interpreted as a joint test of the local hypotheses
Ho:: m(t) =0, te€0,1]
against the alternatives

Hy;:m(t)>0 and H_;: m(t) <O.

)

A rejection of the global null therefore allows us to infer the locations and signs of
the deviations from the null. This is in contrast to other equivalent formulations of
the global null as e.g. formulations based on L,-norms.

However, the evaluation of the sup-norm would require us to compute a con-
tinuum of orthogonalization parameters 4; which is both theoretically and compu-
tationally challenging. We therefore discretize the support of T" and consider only
a grid of locations Ty, := {t, : £ = 1,...,L} C [0,1] and the surrogate global
hypotheses

Hyp glez}r)ﬂm(tg)\ =0 wvs. H: &%'m(“)‘ >0,
and define the local hypotheses Hy, : m(t;) = 0,Hy, : m(t;) > 0 and H_, :
m(ty) < 0, £ = 1,..., L analogously. Due to the smoothness of m, the impact

of the discretization on the power of the test is negligible when the grid is chosen

sufficiently dense.
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We study our proposed test procedure using commonly imposed assumptions
from the literature on estimation in the HD PLM. We propose a first stage Lasso
estimator of § and study its estimation properties. In particular, we show that it has
the same rate of convergence for its estimation and prediction error as the infeasible
Lasso estimator which knows the true conditional means of Y and X given T
Further, we study the bias and asymptotic variance of the orthogonalized Nadaraya-
Watson estimator and find that its estimation properties are of the same order as
those of the infeasible Nadaraya-Watson estimator introduced above. Additionally,
we provide a consistent multiplier bootstrap for the critical values of the test statistic
and show uniform consistency of the proposed test against local Holder balls. Our
results are based on a mild sparsity assumption of s = o(y/n) (up to log terms) which
is only mildly stronger than what is needed for ¢;-consistency of the Lasso in the
high-dimensional linear model and a growth restriction to population counterparts
of the orthogonalization parameters 4; which can be shown to be satisfied when T’
and X are only weakly dependent.

We study the finite sample performance of our test in a Monte Carlo simulation.
We implement our method for different data adaptive tuning parameter choices
and compare its size and power to a test based on the infeasible Nadaraya-Watson
estimator as well as a Nadaraya-Watson estimator which does not use an orthog-
onalized kernel. The simulation results show that without orthogonalization the
Nadaraya-Watson estimator is heavily size-distorted and that the orthogonalization
yields size control. The power of our proposed method is comparable to the power
of the infeasible estimator although smaller.

Related Literature: Our estimation results for the first stage Lasso estimator
and the orthogonalized Nadaraya-Watson estimator contribute to the literature on
estimation in the HD PLM (Miiller and van de Geer| (2015)), Ma and Huang (2016)),
Zhu! (2017), Yu et al. (2019)). While our first stage Lasso estimator shares the rates
with the proposal in the literature, the orthogonalized Nadaraya-Watson estimator
yields the same rates as other proposals under weakened sparsity assumptions. We
collect the sparsity requirements of the aforementioned papers in Table [3.1.1} These
requirements are computed to ensure that the nonlinear part can be estimated at
the optimal nonparametric rate.

Our proposal is also related to the literature on inference in the high-dimensional
/ sparse additive model or spAM for short (Kozbur|(2020), Lu et al. (2020), |Gregory
et al| (2021) and Guo et al| (2019)). In this literature, the conditional mean is
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Paper Model sp.arsity SamPIe
requirements splitting
Miiller and van de Geer| (2015) [ HD PLM s = o(n'/?) No
Ma and Huang (2016)) HD PLM s = o(n=%/10) No
Yu et al.| (2019) HD PLM s = o(n'/%) No
Gregory et al.| (2021) spAM s = o( 3/10) No
Lu et al.| (2020) spAM O(n'/%) No
Guo et al.| (2019) spAM s = 0(n4/5) Yes
Our proposal HD PLM s =o0(y/n) No

Table 3.1.1: Sparsity requirements from related methods in HD PLM and addi-
tive models. These rates were computed to ensure that the nonlinear part can be
estimated at the optimal nonparametric rate. The sparsity requirements are only
correct up to powers of log terms.

modeled as
d
Y= do+m(Ty) + Y g;(Xy5) + e,

where g; are unknown smooth functions satisfying E[g;(X;;)] = 0 and the residual
e; satisfies E[;|T, X] = 0. This model is closely related to the HD PLM if one

approximates the unknown functions g; by a series expansion

gj(x) = Z%(ﬂc)ﬁo,kg‘ + T (2)
k=1

where the 9, are known basis functions and r,,; is an approximation error. Then,

d m
—(50+m +Zzwk ij ﬂOk]‘i‘ZT] ij +5z (3'3)

7j=1 k=1 j=1

Up to the approximation error, this is an HD PLM model and in this sense our
results are related to this literature.

Kozbur| (2020) propose the Post-Nonparametric Double Selection method which
is an extension of the Post Double Selection method developed in [Belloni et al.
(2014) to the spAM. Heuristically, they also linearize m in the additive model with



3.1 Introduction 205

expansion

m

m(t) = Z @) Y0k + Tmo(t)

k=1

for some basis functions ¢, and approximation error r,,0. For each basis function
vor and for Y they use a Lasso-type procedure to select the important regressors
in a linear regression of ¢y (or Y) on {(¢vr(Xy;)) : k= 1,...,m,j = 1,...,d}.
Then, in a second stage, they perform OLS on the union of all the selected re-
gressors. Under regularity conditions, they show that this two-stage procedure has
a normal limiting distribution when the number of selected variables is not too
large. However, it is not clear under what type of assumptions overselection can
be avoided. For example, suppose that the test functions form a basis of the space
of square-integrable functions. Assuming that most of the technical regressors oy
on {(Yr(Xi;)) :k=1,...,m,j =1,...,d} do not affect any of the ¢ is close to
assuming that 7' is independent of most of the included variables. In this sense, it
seems that they impose a stronger form of weak dependence than what we need for
our orthogonalization approach.

Gregory et al.| (2021) propose a three stage pre- and re-smoothing estimator. In
the first step, they construct an initial estimator of m and g which they debiase
in the second step by using an extension of the construction in van de Geer et al.
(2014). In the third step, they re-smooth the resulting estimator using nonparamet-
ric smoothing. They study the performance of their estimator in comparison to an
oracle estimator which knows the nuisance functions g;. They show that their pre-
and re-smoothing estimator has the same properties as the oracle estimator if the

sparsity of [y, satisfies s < n3/10

which is more restrictive than our corresponding
assumption.
Lu et al.| (2020) propose the Kernel-Sieve Method. In this two-stage procedure,

they first estimate m and § at some location ¢t € [0, 1] by minimizing

Here k is a kernel function, A a tuning parameter and P a penalty term that induces
an {1 penalty on a and a Group Lasso penalty on b. In the second stage, the debiase

their estimator of m locally wusing a similar construction as in
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Javanmard and Montanari (2014). Their estimator allows for changes in [ de-

pending on the location ¢. That is, their estimator is suitable in a varying coefficient

extension of model (3.3)):

d m
—5+m +Zz¢k ij 61@ )+5z

=1 k=1

This also explains why they obtain comparably slow rates of convergence for their
estimator of m. Further, their sparsity requirements as listed in Table are
stronger than what we need for our approach, and they impose a weak dependence
assumption on the joint distribution of 7" and X which is stronger than our weak
dependence requirements.

Guo et al.| (2019) propose a decorrelated local linear estimator and study point-
wise inference on the derivative of m. While their idea of decorrelating the kernel
is similar to our proposal, their construction of the orthogonalization weights relies
on assuming that the conditional mean of T" given X follows a high-dimensional
sparse model and therefore also relies on a kind of weak dependence assumption
between T and X. Their sparsity requirements as displayed in Table |3 are
best-case bounds from Section (A.4) in their Supplementary Material. The actual
requirements depend on the sparsity of the conditional mean of T" given X and
therefore hard to compare to our sparsity requirements especially since they are
interested in inference on the derivative instead of level of m.

Also related to our proposal is the literature on inference in high-dimensional
linear models with structured or group sparsity. Mitra and Zhang (2016), van de
Geer and Stucky| (2016)) and Stucky and van de Geer| (2018) are interested in joint
inference on multiple coefficients of the linear model. They allow the number of
coefficients of interest to grow as the sample size increases and therefore such an
approach can be applied to a linearized model, where m is expanded according to
some basis. However, they are interested in chi-squared type inference and therefore
cannot test the local hypotheses Hy .

Agenda: The paper is organized as follows. In section [3.2, we introduce the test
statistic and present a Bootstrap to obtain critical values. In section |3.3, we present
asymptotic properties of our proposed estimators and test procedure. Finally, we
present results of a Monte Carlos study in section We outline the proofs in

the Appendix and give detailed proofs of technical results in the Supplementary
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Material.

Notation: Let |||, for 1 < ¢ < oo denote the {,-norm on RP. Denote by
Y =Y1,...,Y)T, X)) = (Xy;,..., X,))T, for j=1,...,p, X = (XD, ..., XP)
and ¢ = (e1,...,&,)7. Further, for a vector v = (vq,...,v,)T € R", denote by
v = %Z?:l v; and by ¥; = v; — v. Finally, ¢ and C' without any subscript denote

constants whose value might change at each occurrence.

3.2 Estimation and Test Procedure

Our test procedure can be interpreted as a two-stage procedure. In the first
stage, estimators for 3 as well as the orthogonalization parameters 4 are constructed
which are then used in the second step to build the orthogonalized Nadaraya-Watson
estimator m.

In order to motivate our estimator for 3, note that in the partially linear model

m is given by
m(t) =ElY; =6 — X8| T; = t],
which implies for the model
Y; — ElY; | T3] = (X; — E[X; | T3])"8 + &

This is a high-dimensional linear model in the partial residuals Y; — E[Y; | T;] and
X; —E[X;|T;]. These partial residuals can be estimated using the Nadaraya-Watson

estimator as

E —Y — 2%1 ko(T; — Th)Y; and Xz _ X, — Z;L:nl k(T — 1) X
Zj:l ko(T; — T;) Zj:l ko(T; — To)

Here, k denotes a kernel function, ¢ a bandwidth and k,(v) = k(v/g). Now, 3 can be
estimated using any estimator for high-dimensional linear regression on the dataset
(f/i,f(i), 1=1,...,n. We use the Lasso

R I, ~ =
By = argmin{a Z(Y; - Xin)Q + )\||b||1}

beRP Py

and call the resulting estimator B,\ the profile Lasso due to its similar construction



208 HD PLM

as used in profile likelihood methods.

In order to achieve the near orthogonality property , we construct the or-
thogonalization parameters using an ¢;-penalized approach. Let p > 0 and denote
by Xi the demeaned control variables XZ- = X, — X, where X denotes the sample

average of the X;. Take 4; be a minimizer of

AR o1 N2
i o= S UT ] < B0 = KT + el | 3.4

i=1

The tuning parameter u governs the degree of orthogonality to the estimation error
of the profile Lasso BA. More precisely, the KK'T' conditions assure that the near
orthogonality property holds uniformly over j =1,...,p.

Given the profile Lasso BA,\ and the orthogonalization parameters 4;, we construct

the orthogonalized Nadaraya-Watson estimator m(t) as

Yy WITi — ] < h)(1 = XT3 Ry

m(t) = =<5, =
Zi:l 1(|T: —t] < h)(1 — X{4)

, (3.5)

where R; = YZ — XZT BA denote the partial residuals from a linear regression of Y;
on X; and a constant using the profile Lasso. This estimator can be interpreted
as a Nadaraya-Watson estimator of the conditional mean of R; given T; using the
orthogonalized kernel +1(|T; —t| < h)(1 — X4;). Further, the denominator in
is nonzero as long as p > 0 and some T; lie in [t, — h,t; + h] regardless of the
dimension pE|

For the construction of the test statistic, we discretize the support of ¢ into the
set of locations T, = {t,: ¢ =1,...,L} and for each { =1,..., L set

Sur = Y1) (3.6

A

One

where &, is an estimator of the asymptotic variance of S, ; given by

LS (T — ] < h)(1— XT4,,)2
6'721,62 nhZzzl (| €|— )( z%e) 25’2 (3.7>

(& S 10T — 1] < B)(1 - X740,

1 < - .
~2 T 2
__E Y, — X, .
O ni:1( zﬁ)\)

!Compare Lemma 70| in the Supplementary Material.
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The test statistic for the global null hypothesis is given by

T = Sl

In the next section, we will show that under certain conditions, the distribution
of T}, can be approximated by the distribution of the maximum of a multivariate
Gaussian random vector Z with mean zero and covariance matrix related to the
covariance matrix of the vector (Smg)g:l,m’[/. However, the latter distribution is
not known in practice, and therefore we use a Gaussian multiplier bootstrap to
estimate the critical value of our test statistic. In order to describe this bootstrap,
set & =Y, — f(ZTB,\ and let {e; : i« = 1,...,n} be i.i.d. standard normal random
variables independent of the data D := {(Y;,T;, X;) : i = 1,...,n}. Further, denote
by

~'€ 1 (’T _tf‘ <h)(1_XT:Y€u)éz
" \/_Unenhzl V(T =t < R — XTAe,)

ZVVM (3.9)

and define the bootstrapped values of S’M and Tn as

Using repeated draws of the e;, we simulate the conditional distribution of T;
P(T; < q|D)

and set the critical value ¢;_, as the (1 — a)-quantile of this distribution.

Given these critical values, we can use the test statistics Sn’g to either test the
global null hypothesis Hy : m(t) = 0 for all ¢ € [0,1] or the local hypotheses
Hoy: m(ty) = 0. By this, we can not only infer whether m deviates from zero, but
also the locations where it differs. Moreover, we can use the test for alternatives
H_14: m(ty) <0and Hyp: m(t;) > 0 and thus infer also the sign of the deviation

from zero. Concretely, we can reject the global null Hy if T}, > §i_o and reject the
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local hypothesis Hy in favor of H; , whenever S'n,g > (1_q or in favor of H_; , when

~

Sn,ﬁ < _qu—oa-

3.3 Theoretical Properties

In this section, we study the theoretical properties of the estimation and infer-
ence procedures presented in Section [3.2] Here, we will first introduce some general
assumptions on the data-generating process which will be used across all the up-
coming results which will be refined in the following sections. In Section [3.3.1} we
will analyze the estimation properties of the profile Lasso B,\ and describe the bias
and variance properties of the orthogonalized Nadaraya-Watson estimator in Sec-
tion [3.3.2] In Section [3.3.3] we derive a distributional approximation of the test
statistic and show consistency of the bootstrap in Section [3.3.4] Finally, we analyze
the power properties of our test in Section |[3.3.5

Our asymptotic results rely on row-wise i.i.d. triangular array data {(Yi,, T;n,
Xin) 4 =1,...,n} whose distribution is allowed to change in n. In particular,
all the parameters that characterize the distribution of {(Y; ., 7, Xi»)} such as
the conditional means of X, ,, given T;,,, m, the dimension of p and the sparsity of
B are allowed to change with n. We omit the dependence on n where possible in
order to increase readability. We use such triangular array asymptotics to better
capture finite-sample phenomena which occur when the number of covariates is large
compared to the sample size. A positive side effect of triangular asymptotics is that
our asymptotic results hold uniformly over all sequences of data generating processes
which satisfy the imposed assumptions below.

Our assumptions on the data generating process make use of the following notion
of smoothness: The Holder class H(n, M) on [0,1] is the class of m = [n| times
differentiable functions f : [0, 1] — R satisfying

) = F)

sup | f(t)| + sup <
)]+ sup

tel0,1]

Here, |n]| denotes the largest integer smaller or equal to n and f (m) the mth derivative

of f.

We assume on the data-generating process:

Assumption 16. (i) The marginal density of T;, fr, satisfies fr € H(ng, My) for
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some constants ny € (2,3] and My < 0o and there exists a constant 0 < ¢ < 00
such that fr(t) > ¢ for allt € [0,1].

(i1) X; € [-1,1]7 and the conditional means mx ;(T;) == E[X;; | T3], 7 =1,...,p,
satisfy mx, € H(nx, Mx) for some constants nx € (2,3] and Mx < oo. The
matriz Eluu]], where u; = X; — E[X; | T;], is nonsingular. The number of
covariates grows at most polynomually inn, i.e., p = O(nﬂp) for some constant
9

p-

(7ii) The residuals €; are conditionally sub-Gaussian given (T;, X;) in the sense that
there exists a constant K. such that Elexp(e?/K?) | T;, X;] < 2 a.s.

(iv) The nonlinear part, m, satisfies m € H(Ny, My,) for some constants n,, € (2, 3]
and M,, < oo.

(v) Let S ={j:3; # 0}. The sparsity of 3, s = #S, satisfies s = o(y/n/log® p,).
(vi) The constants ng, My, c,nx, Mx,Vp, K., nm and M, are independent of n.

Assumption [16] is mild and imposes common restrictions from the literatures on
nonparametric and high-dimensional linear regression. For instance, the assump-
tions on the marginal density of 7" and the smoothness assumptions on m and mx ;
are standard in the nonparametric regression literature and ensure that the estima-
tion error of the partial residuals converges sufficiently fast to zero. The nonsingu-
larity of E[u;u]] is needed for identifiability of Sy (Robinson, [1988). Heuristically,
no covariate is allowed to be a deterministic transformation of T" and particularly no
constant is allowed in X. Moreover, the boundedness of the covariates, the growth
requirement on the number of covariates and Assumption (iii) and the sparsity re-
quirement in (v) are common in the literature on high-dimensional linear regression.
Specifically, the sparsity condition on § is only slightly stronger than what is needed
for ¢1-consistency in the Lasso literature. As discussed in the literature review, the
sparsity condition is weaker than in |Gregory et al. (2021), Lu et al. (2020) and
Kozbur| (2020) and potentially weaker than in Guo et al. (2019).

3.3.1 Analysis of the Profile Lasso

For the estimation properties of the Profile Lasso, we further impose:
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Assumption 17. (i) For b = (by,...,b,)T € R?, let bg = (b;1(j € S))i_; and
bse = (b 1(j & S))i—;. The matriz Eluu]], where u; = X; —E[X; | Ti], satisfies
the compatibility condition

¢(2) = min{sE[(uin)Q} lbslli = 1, ||bse

1 <6} >c

for some constant ¢ > 0 which is independent of n.

(i) The kernel k is a Lipschitz continuous second order kernel with boundary cor-

rection. By this, we mean that

k?g(l',t) - kint (; ’ th S [971 - g]
K0 (54) L ifte (L—g.1]

where k9 /{;1%) and ki, are Lipschitz-continuous second order kernels with

low?

support [—q, 1], [—1,q] and [—1,1] respectively. Further, ky(x,-) satisfies

k ~ko(x.t
Supsupgl o(@,8) = ky(@, 0 _
(z.g) ts |s — ¢

(11i) The Lasso penalty \ satisfies X = Cxy/logp,/n for some sufficiently large

1/5

constant Cy and the bandwidths g is chosen as g = Cyn™"/° for some constant

Cy. The constants Cy and Cy are independent of n.

Assumption (i) is a compatibility condition on the covariance matrix of the par-
tial residuals u;. It can be seen as an extension of the usual compatibility condition
used in the Lasso literature to the HD PLM. Similar conditions are made in the
literature on estimation in the HD PLM (cf. Miiller and van de Geer| (2015)), |Zhu
(2017) and [Yu et al. (2019)). It is implied by lower bounded eigenvalues of E[u;u]]
and the latter is slightly stronger than what is needed for identification of 3y;. The
growth conditions on the bandwidth g and the Lasso tuning parameter A are stan-
dard in the literature. These growth conditions guarantee that the effective noise
of the profile Lasso is under control and that a sample version of the compatibility
condition in (7) holds with high probability.

We use boundary corrected kernels since the estimation properties of our esti-
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mator B \ depend on the kernel k through the partial residuals X; and
I, ., 2
=D (mi(T) — m(Ty)) (3.10)
i=1

where m}(7;) denotes the infeasible Nadaraya-Watson Estimator

ity — ZimtkolTy — (L) + &)
g a Z?:l kg<Tj - t)

The use of boundary-corrected kernels guarantees that the partial residuals X; are
sufficiently well-behaved and that (3.10|) converges sufficiently fast to zero.
Given these assumptions, we can derive upper bounds on the rate of convergence

of the prediction and estimation error of the profile Lasso 3y.

Theorem 16. Suppose that Assumptions[16] and[17 hold. Then, the prediction and

estimation error of BA,\ satisfy

%”m@—ﬁo)H%:op(sbfp) and HBA—ﬁo!h:op(s,/lep).

This result shows that the rates of the estimation error of the profile Lasso

are not affected by the estimation of the partial residuals. Heuristically, this can
be explained as follows: The contribution of the nonparametric estimation to the

effective noise in the Lasso estimation is of the form
2., e
ﬁ”(mk<T) —m(T))"X | oo,

where 7 denotes the infeasible Nadaraya-Watson estimator of m defined above.
Asymptotically, this term is of smaller order than %HETX |0 and therefore any choice
of A which controls %HeTX || also controls the nonparametric error.

The proof of Theorem relies on an in-sample version of the compatibility
condition in Assumption (1) to hold. We justify this by showing that the in-
sample compatibility condition converges to its population counterpart under the
sparsity requirement in Assumption (v) If we would instead directly assume that
this in-sample compatibility condition holds, Theorem [16| would hold true without
any requirement on the sparsity of (.

The rates given in Theorem [L6|are comparable to the results in the literature on
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the HD PLM. Muller and van de Geer| (2015)) and [Yu et al.|(2019) study a doubly
penalized least squares estimator which has besides an ¢;-penalty on 3 a smoothness
penalty on m. |Zhu| (2017) use a two-stage procedure, where they estimate the
univariate conditional means E[Y; | T;] and E[X; | T;] using nonparametric (penalized)
least squares and in the second stage, apply Lasso to the partial residuals Y;, X; as an
estimator for fy. Ma and Huang| (2016) use a similar estimator to our approach with
the difference that they estimate the partial residuals using splines instead of the
Nadaraya-Watson estimator. All these papers find that the rates of the prediction

and estimation error coincide with the usual rates obtained in the Lasso literature.

3.3.2 Properties of the Orthogonalized Nadaraya-Watson

Estimator

In order to analyze the orthogonalized kernels, we introduce a population coun-

terpart of 4;,. Let v, £ =1,..., L, be given by

v, € argmin E[1(|T; — t,| < h)(1 — X[ 7)?]. (3.11)

YERP
In addition to Assumptions [I6] and [I7], we impose:

Assumption 18. (i) The conditional density of T; given X;, frix, satisfies
frix=c € H(Nppx» My ) for some constants g, € (2,3] and My, < oo
uniformly over x. There exists a constant ¢ > 0 such that frix(t,x) > c for

allt and x.

(ii) The number of locations grows at most polynomially in n, i.e., L = O(n’%) for
some ¥, and Ty, C [h,1 — h].

(i) {y, : ¢ = 1,...,L} satisfies the growth-requirement maxe—1 1|7V,

nh
log® Lp | *

(iv) The penalty p satisfies p = Cy+/log Lyp,/(nhy,) for some sufficiently large

constant C,,.
(v) The bandwidth h satisfies nh — oo and nh® = O(1).

(vi) The constants g, My, . ,c,91, and C, are independent of n.
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The assumptions on the conditional density are rather mild and restrict the
dependence between T" and X. The lower bound on the conditional density may be
justified by restricting the support of X and only considering values of X for which
T varies sufficiently. The lower bound implies together with Assumption [16](ii) that
the matrices X, = E[I(T; € Z,)X;X]], ¢ = 1,..., Ly, are positive definite and
therefore 74, identified. Further, it implies that the orthogonalized kernels can be
bounded by the properties of the rectangular kernel. More precisely, the lower bound

on the conditional density implies that there exists a constant C' € (0, 1) such that

CE[L(|T; =t < h)] < E[L(T; — te| < h)(1 = X[n,)] < E[L(|T; -t < ).
(3.12)

This property is very useful both for the analysis of the smoothing bias and the
variance of the orthogonalized Nadaraya-Watson estimator. We could replace the
assumption on the lower bound by bounds on the eigenvalues of ¥, , and E[X; X]]
and by assuming the lower bound in instead.

The required growth conditions on y, h and L are rather mild. The restrictions on

1

the bandwidth allow for example for the optimal rate h o< n='/% and undersmooth-

ing choices satisfying h < n=/°

. The choice of the penalty term g is imposed to
guarantee that the effective noise in the computation of the orthogonalization pa-
rameters 9;, is under control. The restriction on the number of locations is very mild
and should not be binding in any practical application. We restrict the locations
to lie in [h, 1 — h] in order to circumvent boundary issues of the Nadaraya-Watson
estimator.

The rate requirements on the size of 7, are rather abstract. These rates are
only slightly stronger than what would be needed for prediction consistency of the
Lasso on a sample with nh observations without assuming any type of compatibility
condition. The rate requirements on ~,, are for example satisfied when there is
only a relatively small subset S, C {1,...,p} of regressors which affect 7" in the
sense that (7, Xs ) L Xsc. This independence implies that the v, are sparse for
all £ and their number of non-zero elements is controlled by the cardinality of S,.

Alternatively, the rate requirements on 7, are implied by a nonparametric weak

dependence assumption as in Assumption (A6) in Lu et al. (2020): Suppose there
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exists a sufficiently small constant ¢ such that

p p
Y lfrx = frfxlla<e and  max Y |l frx,x, = frfx s <
j=1 j=1

1<k<p <

where fr, X[, X fr. X; and ij denote the joint (marginal) densities of T', X;; and Xy
for j,k = 1,...,p. This assumption implies that ||y, |1 = O(1) uniformly over /.
Heuristically, this can be seen as follows. For each £, v,, = ¥, E[1(|T; — t,| < h)X]].
The nonparametric weak dependence assumption allows comparing the ¢;-norms of
E[L(|T; — ts| < h)X;] and ¥, to the corresponding terms which would result when
all X; and T" would be independent. In particular, it implies that the ¢;-norms of
E[L(|T; — t;| < h)X,] and ¥, ! are uniformly bounded.

Given these assumptions, we prove in the Appendix:

Theorem 17. Suppose that Assumptions[16] - [18 hold. Then, for any £ =1,...,L

Tt = mlt) = WBu(te) & -0 )

Onye

where o, (te) and By,(t;) are given by

2

9 o
Ony =
2 r(te) (1 — mx (t) Ty, )
1 1 Ofr(te) 1—mx (te) Tve,)
B, (t;) == "¢ —m/(t ot )
() =gt = 5 = i)

Theorem [17]shows that the orthogonalized Nadaraya-Watson estimator behaves
asymptotically comparable to the infeasible Nadaraya-Watson estimator which knows
the true value of y. The leading term of the bias of my is captured by B, and
resembles the usual bias for the Nadaraya-Watson estimator up to the orthogonal-
ization term (1 —mx(t¢)T7:,). Similarly, the asymptotic variance of m,, differs from
the asymptotic variance of the infeasible estimator only by the same factor. The
lower bound on the conditional density of T; given X, implies that this term is
bounded away from zero and infinity uniformly over p and therefore both the bias
and variance are of the same order of magnitude as the corresponding moments
of the infeasible estimator. The orthogonalization factor (1 — mx(t;)Ty;,) can be
interpreted as a price to pay for the reduction of the HD bias. This price reduces to

zero when X; and 7; are independent.
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Theorem implies that the orthogonalized Nadaraya-Watson estimator con-

verges at the familiar rate

M (te) —m(ty) = O, (\/% + h2>.

This rate coincides with other proposals in the literature on estimation in the HD
PLM. As discussed in the literature review, our approach relies on weaker sparsity
assumptions than the other proposals. This can be attributed to the orthogonaliza-

tion of the kernels and the resulting reduction of the HD bias.

3.3.3 Asymptotic Distribution of the Test Statistic

Regarding the asymptotic distribution of the test statistic Tn, we have

Theorem 18. LetZ, = {t : |t—t;| < h},(=1,...,L, and Z1,. .., Z, be independent
random vectors in RY with Z; ~ N(O, V), where

E[I(T; € Z,NTp){1 — (Xi — E[Xi]) Ty, {1 = (Xi — E[Xi]) Ty }]
VEIT; € Z){1 — (X; — E[Xi])T, }? E[L(T; € Tu){1 — (X; — E[Xi])T%}?]

Vi =

fort,k=1,...,L. Under Hy: m =0 and Assumptions[I1 - we have

sup
geR

P(T, < q) — P(Zmax

=1,..,L

The Theorem states that we can approximate the distribution of T, by the dis-
tribution of a maximum of a multivariate normal distribution and can be thought of
as an extension of Theorem [I7]to a uniform distributional approximation. The core
argument behind the theorem can be explained through the following decomposition
of the test statistic: For £ =1,..., L, it holds that Sng = Smg + ng + Sgg with

= szﬂ L(T; € Z,)(1 — X[ 4,) (m(T;) - 2>y m(T))
6o iy LT € Zo)(1 — X 4,)

Sy, — VS AT € T = XT3, XT3~ ) -
o l(T; € Zy)(1 — X A,)

S, = mZ?ﬂ (T; € To)(1 — X[ 4,) ( € — 5 D1 i) .

' o 1(T; € T,)(1 — X[ 44,)

S, (3.13)

(3.15)
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S'm’g is the only term that depends on m and is the term that drives the power of the
test statistic. Under the null hypothesis, this term is zero and hence not important
for Theorem [I8. We will come back to this term in section 3.5 when we discuss the
power properties of the test.

~

S. ¢ governs the asymptotic distribution of the test statistic. We can show that

n

> UT; € T){l — (X — E[X]) T Jei + 0p(1)

nhO'g i—1

A 1

el —

uniformly in ¢. Here, o, denotes a population counterpart of &,. Using a high-
dimensional Berry-Esseen inequality given in (Chernozhukov et al.| (2017), we can
show that this term converges to the distribution described in Theorem [18|

$X7g is the term through which the test statistic is affected by the estimation
error of 5’,\. We have introduced the auxiliary Lasso problem leading to 4, in order
for this term to converge to zero. The near orthogonality property of 4, implies
that the numerator of S ¢ is less or equal to Vnhl| By — Bol|1. This implies together
with the rate requirement on p that S x ¢ converges to zero whenever the profile Lasso
converges slightly faster than logarithmically to 5y. Without the orthogonalization
parameters, this bias term would be of order v/nh||3x — Bol: and one needs much

stronger assumptions on the sparsity of 3y for this term to converge to zero.

3.3.4 Consistency of the Bootstrap

As the quantiles of the asymptotic distribution given in Theorem depend
on the unknown covariance matrix V', we use the multiplier bootstrap described
earlier to estimate the critical values. The next theorem shows that the bootstrap

is consistent and therefore implies consistency of the estimated critical values.

Theorem 19. Under the same assumptions as in Theorem[18, it holds

sup|P*(T; < q) — P( max |Z,| < q)| = 0,(1),
geR {=1,...,L

where P* denotes the probability measure conditional on {(Y;, T;, X;) : 1 <i < n}.

Note that in the construction of the SAZ,E, we have replaced the residuals R; by ;.
This is in order to guarantee that the bootstrapped distribution is consistent also

under the alternative. While the multipliers ensure that the test statistic is correctly
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centered, the variance of the bootstrapped distribution increases in the size of m.
While this should not affect the size of the resulting test, it should decrease its

power.

3.3.5 Power Properties

In this section, we show that our test is uniformly consistent for testing the
global null over a local smoothness class under strengthened conditions on the set of
locations as well as the bandwidth A. In Addition, we derive an asymptotic power
function for testing the local hypotheses Hy .

As for our alternatives, we consider a subset of the Holder class H(R, &) which
shrinks to zero. For this purpose, let r, — 0 such that \/nh/TgLrn — oo and
define

M(R, & rp) ={m e H(R,E): sup |m(t)| =r,}.
telh,1—h]
This collection of alternatives is more general than considering Pitman alternatives
of the form m,, = r,m for some fixed functions m € H(R,§) with ||m|l. = 1. Such
Pitman sequences also imply that the size of m,, converges to zero but furthermore
imply that the derivatives of m also converge to zero. Our considered collection of
alternatives on the other hand allow the alternative to only shrink in size and keep

the size of the derivatives constant.

Theorem 20. Suppose the locations are chosen as a uniform grid of [h, 1 — h] with
ty =h <ty<--- <ty =1-h and L*r, — oo as well as nh®> = o(1). Under

Assumptions 16 - we have

lim  inf  P(T, > i) =1
n—00 meM(R,E,rn)

for all a € (0, 1), where \/nh/log Lr, — occ.

This Theorem shows that our test is uniformly consistent against any m in
M(R, &, r,). This is a stronger statement than consistency against Pitman alterna-
tives of the form m,(t) = r,m(t) for some function m € M(R,&,1). Heuristically,
Pitman alternatives are only allowed to change in size, while uniform consistency
allows the alternatives also to change in shape. For example, a Pitman alternative

would allow for m,(t) = r, cos(ft) for some fixed frequency f. M(R,&,r,), on the
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other hand, allows the frequency to increase with n so that the alternative becomes
more volatile as the sample size increases.

The requirements on the set of locations and the bandwidth can be explained
using the decomposition of the S’M in . As mentioned before, the term that

drives the power is Smg. For the latter, we can show that uniformly in ¢

Sne =V ™) 4 0 (Vi) (3.16)

One

where 0, was given in Theorem [17, The undersmoothing assumption nh® = o(1)
together with the results on the asymptotic distribution of T, under Hy, imply that
the test statistic can be bounded from below by

)

Tn > Vnhemax [m(t)]

=1,...,L On¢

We choose a uniform grid for the locations ¢, in order to guarantee that max,|m(t,)|
is close to sup,|m(t)|. For this purpose, the choice of the locations plays two roles:
First, choosing a uniform grid ensures that any location can be approximated by
a point in the grid. Secondly, L?r, — oo, assures that the approximation error
converges to zero sufficiently fast.

Additionally, we derive asymptotic power functions for tests of the local hypothe-

ses Ho o

Theorem 21. Suppose that the assumptions of Theorem[20] hold. Then, it holds for
allt=1,...,L and a € (0,1)

P(Sne>Gia) =1- @<q1_a — \/ﬁm(”)) +o(1)

One

- —m(t
P(Sn,E < _qu—a) - CI)(_QI—a - nhn:,_( E)) + 0<1)

n,l

where q1_, denotes the (1 — a)-quantile of the asymptotic distribution specified in
Theorem [18.

By standard arguments on the distribution of the maximum of multivariate
Gaussian random variables, one can show ¢;_, = O(y/log L). Moreover, by As-
sumption (18, o, can be bounded from above and below by a positive constant.

Thus, the asymptotic power functions in Theorem converge to one whenever
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m(te)\/nh/log L — oo or m(t,)y/nh/log L — —oo respectively.

3.4 Numerical Results

In this section we present the results of a small Monte Carlo study to illustrate
the finite-sample performance of our proposed test. Besides our proposed test, we
implement an infeasible test based on a Nadaraya-Watson estimator which knows
the true # and a Nadaraya-Watson estimator which does not deal with the HD bias.

We compare the procedures according to their size and power properties.

3.4.1 Data-Generating Process

Our data-generating process follows the model
Y; = m(T;) + X[ By + .

The X; are generated as follows: Let V;; be ii.d. uniformly distributed random
variables on [—1, 1] independent of W; which themselves are i.i.d. uniform on [—1, 1].
Further, let 8 > 0 and set

1 0

[EACRE AL

Xi':
1+46

These X; have mean zero and are equicorrelated with correlation given by 6%/(1+6?%).

Given the vector X;, we generate T; according to

- exp(XTo +m)
"1+ exp(X[ o+ )

where 7; ~ N (0,1) is independent of X;. Further, we choose ¢; ~ A (0,1) indepen-
dent of (T}, X;) and m(t) = cos(2nt) — E[cos(2nT;)]. Bo (10) is sparse with the first
s1 (82) elements non-zero which all take the value 3 (7) and the remaining elements
all zero.

Based on this model, we simulate 6 DGPs which use the parameter constellations
as described in Table [3.4.1, These DGPs vary in their sample size, number of
covariates and sparsity both in 3y and 7,. We choose 3 and 7 in order to ensure
that the signal-to-noise ratio Var(X]5y)/ Var(e) ~ Var(X[ 1)/ Var(n) ~ 1. This

serves two purposes. First, the constant signal-to-noise ratio in 7y ensures that the
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DGP n P S S 15} T

DGP1 | 100 10 5 5 0.658 0.658
DGP2 | 200 100 5 5 0.658 0.658
DGP3 | 200 100 10 10 0.353 0.353
DGP4 | 500 200 5 5 0.658 0.658
DGP5 | 500 200 10 10 0.353 0.353
DGP6 | 500 200 20 20 0.182 0.182

Table 3.4.1: Definition of the different DGPs.

marginal distribution of 7T; does not change too much as the sparsity of 7y varies
and secondly the constant signal-to-noise ratio in [y ensures that the signal strength
of the nonlinear part remains comparable to the linear part across different DGPs.
Moreover, we choose # = 1 across all DGPs which results in a correlation of 0.5
within the covariates X;. The locations are chosen as a uniform grid ranging from
h to 1 — h with L = 100 locations.

We have chosen this model in order to investigate how the orthogonalized
Nadaraya-Watson estimator performs for a DGP with relatively strong dependence
between T; and X;. Due to the common component W; in the construction of X;,
T; depends on all the X;;. Further, the constant signal-to-noise ratio in 7y ensures
that the dependence between T; and Xj;, j = 1,...,p, remains comparable across
the different DGPs. Together with the symmetry across j, this implies that the =,
are quickly growing in p and do not satisfy the rate requirements for large p. Al-
ternatively, a DGP which satisfies the growth condition on the «,, can be obtained
by generating the first s, X;; independently of the remaining X;; so that 7" and the
first s, X;; are jointly independent of the remaining X;;. In this alternative DGP,
the size of the 7, would be directly related to s,.

3.4.2 Implementation Details

We estimate the partial residuals using the Epanechnikov kernel for k;,; and for
k(‘])

low

we use k9 () = (alq) + b(q)z)kint(x) where a and be are given by

low

(1-¢*) — 01— q‘*))Q)1

e 1+¢° (
a(q)_(i(lﬂﬂ_ 0+ - 30+

20
(1-¢*) —ml—¢
(1+¢%) — (1 +¢°

NS [oC1 (%)

b(g) = — a(q).

~—

=100 00
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Finally, for k\p? we use kp? (z) = (a(q) —b(q)x)kin(x) for the same functions a and
b. We show in Section B.2 in the Supplementary Material that this kernel satisfies
Assumption [I7} The bandwidth g is chosen for each partial residual individually
based on leave-one-out cross-validation. Further, the penalty of the profile Lasso is
chosen by 10-fold cross-validation.

The biased estimator applies the Nadaraya-Watson estimator based on the rect-
angular kernel to the residuals R; = Y; — XJBA without using the orthogonalized
kernel. We choose its bandwidth using leave-one-out cross-validation and multiply

1/5=2/7 in order to ensure undersmoothing. Similarly, we implement

it by a factor n
the infeasible estimator as a Nadaraya-Watson estimator based on the rectangular
kernel applied to m(T;) + ;. As for the biased estimator, we choose the bandwidth
of the infeasible estimator using leave-one-out cross-validation with the same un-
dersmoothing factor. We compute the critical values of both methods as for the
orthogonalized Nadaraya-Watson estimator using a Gaussian multiplier bootstrap
with adapted choices for the standard errors and 1000 repetitions.

We implement the orthogonalization parameters 4;, using four different methods.
While a theoretical investigation of the tuning parameter choice is interesting, it is
out of the scope of the current paper. The following implementations are therefore
not guided by asymptotic arguments but instead should be interpreted as experi-
mental approaches. Our first approach, denoted by pcy, chooses the penalty p for
each location ¢, separately using 10-fold cross-validation resulting in a curve of esti-
mated penalty parameters [, cv, £ =1,..., L. In our simulations, the curve i, cv
varied considerably across locations and was highly non-smooth. On the contrary,
both the in-sample and the population problem should vary rather smoothly across
locations. The other three methods are therefore based on a smoothed version of
the cross-validated p curve. For all of these, we first smooth the cross-validated p
using a moving-average with bandwidth 5 and multiply the resulting penalty term
by a shrinkage factor x € {0.25,0.5,1}. The shrinkage factor is applied to improve
control over the HD bias. In the following, we denote these smoothed and shrunken
methods by pa . For all of these four methods, we select the same bandwidth
which results from the biased Nadaraya-Watson estimator and implement the boot-

strap using 1000 repetitions.
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DGP | pov pvag paiaos  Maaess  infeasible  biased
DGP1 size | 0.044 0.034 0.028 0.026 0.032 0.128
power | 0.908 0.85  0.802 0.732 0.968 0.984

DGP2 size | 0.084 0.046 0.028 0.03 0.03 0.30
power | 0.988 0.95  0.922 0.908 0.996 1

DGP3 size 0.09 0.056 0.056 0.058 0.03 0.312
power | 0.982 0.946  0.94 0.93 1 1

size | 0.064 0.054 0.046 0.044 0.03 0.33

DGP4 power 1 0.998 1 0.996 1 1
DGP5 size | 0.076 0.054  0.052 0.048 0.02 0.384
power 1 0.998  0.996 0.992 1 1

DGP6 size | 0.062 0.05  0.046 0.034 0.022 0.35
power 1 0.998 0.998 0.996 1 1

Table 3.4.2: Results of Monte Carlo experiments for 500 independent repetitions.

3.4.3 Simulation Results

Our results are displayed in Table[3.4.2] The debiased estimator is severely over-
sized across all DGPs with size estimates ranging between 12.8% and 38.4% while
the infeasible estimator has a size in the range of 2%-3.2%. This can be attributed
to the HD bias since the only difference between the two estimator is the estima-
tion of the high-dimensional part of the model. In comparison, the orthogonalized
Nadaraya-Watson estimators can effectively reduce the size problem over all the
studied DGPs. The cross-validated orthogonalized Nadaraya-Watson estimator pcy
is the only orthogonalized method which also faces size problems with size between
6.2% and 9% in DGPs 2-6. The smoothed and shrunken methods pia,, on the
other hand all approximately control size with slight overcoverage for x = 1 and in
DGP 3. Moreover, the smaller the shrinkage factor x, the smaller the size. This
improvement of the orthogonalization in size control is accompanied by a reduction
in power. As for the size control, the reduction in power is larger the smaller the
value of the shrinkage factor x and ranges from only a mild power reduction for pcy
and pna to a reduction of up to 24% for puia2s. Thus, the penalty choice for
the orthogonalization parameters introduces a trade-off between size and power and
needs further investigation.

The effect of the HD bias on the test statistics can also be seen in the local power

and size properties. Figures |3.4.1] and [3.4.2] display the size and power estimates of
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Figure 3.4.1: Monte Carlo results on local size. In the left panel, the line corresponds
to v, the dotted line to the infeasible estimator and the dashed line to the biased
estimator. In the right panel, the line corresponds to a1, the dotted line to pa 0.5
and the crossed line to pina .25

the studied methods for DGP3. It can be seen in the size of the biased estimator that
it mostly rejects for locations close to the boundary, while the size of the infeasible
estimator and the orthogonalized kernel methods is not altered at the boundary.
This suggests that the HD bias is larger at the boundary than at the center. This is
also supported by the power estimates. While the biased estimator has similar power
properties near the boundary as in the center, the orthogonalized kernel methods
possess almost no power at near the boundary (except for the cross-validated tuning

parameter choice).

3.5 Discussion

In this paper, we study estimation and inference in the high-dimensional par-
tially linear model Y = § + m(T') + X758 + ¢, where m is a smooth unknown
function measuring the potentially nonlinear effect of 7" on Y and 3 a sparse un-
known regression parameter. In contrast to the classical partially linear model, the
dimension of the covariates X is allowed to increase with the sample size and in
particular is allowed to be larger than the sample size. We propose a Lasso-type
estimator of § which attains the same rates an infeasible Lasso estimator which
knows the unknown conditional mean functions E[Y;|T;] and E[X;|T;]. Further, we
show that ad-hoc estimators of m might be biased due to the estimation of the
high-dimensional parameter 5 and In order to deal with this high-dimensional bias,

we propose an orthogonalized Nadaraya-Watson estimator of m which is based on a
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Figure 3.4.2: Monte Carlo results on local power. In the left panel, the line corre-
sponds to pucv, the dotted line to the infeasible estimator and the dashed line to the
biased estimator. In the right panel, the line corresponds to pina 1, the dotted line
to pinma 0.5 and the crossed line to pua .25

near-orthogonalization of the kernel with respect to the influence of the covariates
X and show that this orthogonalization effectively decreases this high-dimensional
bias. We further show that this orthogonalization does not affect the rate of the
orthogonalized Nadaraya-Watson estimator, and in particular the orthogonalized
Nadaraya-Watson estimator is shown to converge at the same rates as an infeasible
Nadaraya-Watson estimator which knows the true values of § and f.

We propose a test for the hypothesis that T has no effect on Y, i.e. m = 0,
based on the orthogonalized Nadaraya-Watson estimator. This test generalizes the
idea of significance testing in linear models by allowing for general smooth nonlinear
effects of T on Y. We derive a distributional approximation of our test statistic and
propose a consistent multiplier bootstrap to set its critical values. The proposed test
is shown to be uniformly consistent against local Holder balls. We study the finite
sample performance of our proposed test in a simulation study and demonstrate its
good debiasing and power properties. Within this simulation study, we implement
our test statistic using different data-adaptive tuning parameter choices and find

reasonable performance of these methods.



Appendix

3.A Proofs of the Main Theorems

This Appendix contains the proofs of the main theorems. Further technical

results can be found in the Supplementary Material.

3.A.1 Results on the Profile Lasso

The proof of Theorem (16| can be easily seen from the following three lemmas and

is omitted for brevity.

Lemma 55. Suppose the compatibility condition

1 ~_ ~
0< ¢2 = min{stﬁXTXb . HbSHI = 1, ||bsc 1 S 3} (3].7)

where S = {j : B0 # 0} is satisfied. Further, let

T = {%H(m;m —m(T) + &)X | < Ao}

Then, on T and for A\ > 2)\g, it holds

1~ - N . SAZ

SIX By = Bo)llz + AllBx = Bolly < 4?-
Proof. The proof is only a slight adaption of the corresponding arguments for the
Lasso as in Buhlmann and van de Geer| (2011) chapter 6. The only part that
changes is the derivation of the basic inequality and the effective noise term given

in the definition of the event 7. For the basic inequality, note that by definition of

227
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B, it holds
1o on s R Lo o
EHY — XAz + AlBah < EHY — XBollz + AllBolls-

Further, we have

17 = X33 =X (B0 — B3 + 2{m(T) — k(1) + £} X (B0 — B)
+ [[m(T) — #(T) + &3

as well as ||[Y — Xol3 = ||m(T) — mi(T) + ¢||3. Combination of the last results
yields together with Holder’s inequality the basic inequality

IR (B~ BIE+ A < 2 m(T) — i (T) + 1R (B~ o) + Mol
< 2m(T) = i (T) + &} X cllBr = Boll + Aol

On 7 and for A > 2\, the basic inequality implies

1, ~ 4 2 N R
EHX([?A — Bo)ll3 SEHXT5|’00HB/\ — Bolli + Al Bollx = IBxll1)

A - .
<S8y = Bolls = AUIBI = [1Bx1)

Writing 0 = B)\ — Bo and letting 04 denote the vector with entries d; for j € A, we
further get

1. -~ A A
X682 <=6 Z15ge
~|I X313 <5 10slh + 5195

1 MIBsll + AllBxsll = Ml

—
==Alléscllx

that is,
1, s 3 A
1 X612 < =A[[6s]lh — = ||0ge |- 3.18
RO < SMdsh — 5 13sel (319)
This implies

2, ~ 2 .
EHX&I% + Allo]x ZEHXéH% + AMJ0s]l1 + Alldge|lx
<3A[[dsllt = Alldsellt + Allds|l1 + Alldselli = 4A[|ds]]:-
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Note that (3.18]) implies ||dg||1 < 3||0s|l1. We can thus use the compatibility condi-
tion (3.17)) to obtain that

NZI NN
4M|[0s]l1 < 47%||X5||2
SA?

1 -
< —|| X602 + 4=,
< nH 12+ e

where the last inequality uses 4ab < a? + 4b2. The result follows. m

The following lemmas give probability bounds on the event T as well as that the
compatibility condition (3.17]) holds.

Lemma 56. Suppose that Assumptions and hold. Then, P(T) — 1 asn — oo
for
log 2p

Ao = 2K, .
n

Proof. By the triangle inequality,

2

Z103T) = () + )7 K oo <2 €7 K+ 2|01 (T) = m(T)) X

By using standard arguments, one can show for the first term that
. 2 >
lim P —||eTX||ec < Ao ) = 1.
n—oo n
For the second term, we have

() — m(T)) X e < (05(T) = m(T) Tull
+ 2 RE(T) = m(T)) (o (T) = mx (T) o

where we have used that )N(ij = w;; — (mx;(T;) — mx ;(T;)). We show in Lemma
in the Supplementary Material that

%H(m;(T) —m(T)) Tl = Op( loip{\/% ! 92})'

Regarding the second term on the right-hand side, we have by the Cauchy-Schwarz
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inequality

%H(m;;(T) —m(T)) (x(T) — mx(T))| s
< (T) = m(T)ll st = (T) = mx ()

We show in Lemmas [61] and [65] in the Supplementary Material

1
_A*T_ T2: i 4
L) - (I =0, (- + o)

s L) - (1) = 0, (VIR 441,
Hence,
L. . log p
L) = (D) = o222
and the claim follows. O

The next result shows that the compatibility condition in (3.17)) holds at least
asymptotically.

Lemma 57. Suppose Assumptions[16 and[17 hold. Then

XX

min{st b |lbslli = 1, ]|bse|l1 < 6}

1 S 6} — On,
| /1
on =0, (S_og(pn) + 894 +s —ng).
ng n

Proof. Denote by B the set of feasible vectors b, that is,

Zmin{st Eluu]lb : ||bslly = 1, ||bse

where

B = {b ER?: ||b5”2 = 1, Hbsc

1 <6}
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We can bound the compatibility condition (3.17)) from below by

n

min sl Z(XJZ))Q > min s E[(u]b)?]

beB n = beB
~ max s ; g(u;bﬁ B[l (3.19)
— max S% Zﬁ;({mx(Ti) — mx(T3)}7b)’ (3.20)
— maxs| Zl bTu {x (T}) — mx(T;)}7b|, (3.21)
where iy = (Mmx1,Mx2,...,Mx,)T and myx; is the Nadaraya-Watson estimator
of mx ; given by
- S k(T Xy

mX,j(t) B Z?:l kg( ivt)

We can bound (3.19)) by

n

% S (ulb)? — El(ulb)?

=1

1 < log p
= wu] = Elu]]| [BlF = O, ( 4/
niZIUU’Z [uuz] OOH Hl OP( n )7

where we have used that |[bl|; < 7 for all b € B and the probability bound follows
by applying Hoeffding’s inequality together with a union bound. Hence,

logp
= Op<s - >

maxs|—
beB

i=1

Regarding , we can bound
. Z({mxm) - mx(Tz)}Tb)2
n (1, 1) X, T\?2
=53 ({ - L me)} b) (3.22)

S0 ><{z}>

+

3Il\3

=1
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where fT denotes the kernel density estimator

For (3.23)), it holds

n

zzn:( ! ! )2<{ ! > k(T T.)X}Tb)2
[ JET(Ti) fr(T) 9= T
1 1 N 2/[1 < T\?
<| sup — > - <{— k T-—T,-X} b>
(0 o2 (g Sm - T
By Lemma 60| in the Supplementary Material and boundedness of fr it holds that

frt)  fr(®)
[ T logn )
fr(t)  fr(®) ’ B Op<\/79 9 ) (3.24)

The second factor on the right-hand side is bounded in probability, which can be

sup
t€[0,1]

seen as follows

n

(D)

i=1

2 n 1 n 2
2 (s k@ mx, |rb|\1)
n;(wggj ey
[ J <7
<2fr(Ty)

< TS (el — (1)) + T2 S (T = 0,(1),

=1

N J/ J/

—op(1) —0(1)

This implies for (3.23)

%il(ﬁ(lm B ngﬂ))z({n_lg i’“g@’ﬂ)Xi}Tb)Q = OP(I‘fg" +g4).
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Turning to (3.22)), we have

2y ({EEn b))

n 2

<! (t)ng({nigikg<Tj,Ti>Xi—mxme(rm}Tb)7

T mingeo1) /7 P

and as fr is bounded away from zero by Assumption L6, we can focus on the second

factor on the right-hand side. Decompose this term as follows
2 « 1 < T
= =D kg (T3, T X — mx (Ty) fr(Ti) ¢ b
SN T
6 — 1 & T2
<23 ({5 Xhm mu o) (529
n
i=1 j=1

e Z AR SR TN CATE] MY RCEY

2

+S§({§E[@<Tmmxm> 1T} ma @)} ) (3.27)

where we have used that (a+ b+ c¢)? < 3a* 4+ 3b? + 3¢? for any real numbers a, b and

C.

For the last term on the right side, i.e., (3.27)):

2

%g({élﬂ[kg(n,mmxay) | T} —mX<TZ->fT<Tf>}T”>

L Blt (7~ ()] - mx ()20 ) 10

<6 ( max sup
g

J=LeP 4e0,1]

By the usual arguments in the kernel regression literature, one can show

! Elk,(T; — t)ymx (T;)] — mX(t)fT(t)‘

max sup
9

7j=1,...,p te[0,1]

2

g

<z ( sup | fr(t)| max sup [m'y ,(t)]
2 \sefo,1] =L tefo,1]

+ sup |f/'(t)| max sup |mx;(t)]
te[0,1] t=1,...p ¢e0,1]



234 HD PLM

+ sup | f4(t)] max_ sup |mxz<t>|) [ Ko+ ol = 01)

te[0,1] =1,...p te0,1]

implying for
xS ({ Bl (0, Tyma (1)) - m(T) T} 8) = 061

beB
n i=1 9

Regarding (3.26)), we can argue analogously
6 1 & 1 T\?
O ({3 Tm(ry) — L Bl (1 T 7| )
i=1 j=1
6~/ 1 2
< - b
<23(1; 1e)

=3 k(T3 Tmx(Ty) = < Efky (T Tmx(T;) | T

n

LS k(T — Oy (Ty) — lE[k (Ty — ) 5(T2)]

§294< max sup
[

J=Lp 1e(0,1]

By Lemma [62]in the Supplementary Material, we have

max sup
J=1P telo,1]

Zk (T ) )-éE[kgm,t)mX,j(m =

ng -

implying

For (B.29),
6 n 1 n T 2 1 n 2
— — ko(T;, Ti)u; p b <294 max sup |— k Ti,tui->
nz({ngz (3T ) <204 (e s g 2= T

and using standard kernel regression arguments, we show in Lemma [63]in the Sup-
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plementary Material that

max sup
J=1p el0,1]

1 n
— > k(T thuy

ng =1

:Op( 10g(pn)).
ng
Hence, (3.25)) satisfies
T 2
_ log(np)
wen S ({ S mmmn o) o (5)

Finally, (3.21)) is of smaller order than (3.19)) or (3.20). In order to see this, decom-

pose

%Zb’ui{m(m (T}

T Zk (3.28)
- Ty 1 — 1 i - T uT

tL2b “l<fT<Tz-> fﬂn)) ng ?WW " (3:29)

=Sy (i b (T, T (T,) — me)fT(n)) " (3.30)

+23 <fT(1:&> - ) (nig 2 k(T Tymc(T) = (T (1))

(3.31)

Observe that (3.29)) and (3.31)) are of smaller order than (3.28) and (3.30)) by (3.24)).
For (3.28]), we can bound

2

2

ZkTTub
=1

1 1 ;
Z T Zk [“Z’fﬂn)n_g;%@“

n

]| e

(3.32)
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+H2E{% Zk

~0(1/(ng))

g |7)| 1o

J/

We can deal with the first term on the right-hand side by the Hanson-Wright
inequality in Theorem 1.1 in |Rudelson and Vershynin (2013). Even though this
Hanson-Wright inequality is not directly applicable to the off-diagonal elements of
this matrix, a closer inspection of its proof reveals that the same result applies also
to the off-diagonal elements at least if the random vectors have bounded entries. In

particular, one can adapt the Theorem to:

Theorem 22. Let X7 = (Xi1,...,Xu)7 and Xy = (Xi2,..., Xp2)T be random
vectors with independent components X;; which satisfy E[X;;] = 0 and |X;;| < K.
Let A be an n x n matriz. Then, for every t > 0,

2 t
P(|XTAX, — E[XTAX,]| > t) < 2exp (—cmin{ : }),
(1] 1 ) KA, K]

where ¢ is an absolute constant, ||Allys = 3=, ; af; denotes the Hilbert-Schmidt norm

and || Al = max|,,=1||Az||2 denotes the operator norm.

Apply Theorem [22| to (3.32)) conditionally on {7;,7 = 1,...,n}. For this, take
Xy = (s Unp)Ty Xo = (U1 gy -, Unk)T) and let A be the matrix with entries

a; j given by

1 1
fr(T3) n?

Note that ||A]|*> < ||A||%s = O(1/(ng)?). Hence, together with a union bound, we
obtain for (3.32))
gl

k:(T T)).

Clz'j

n

2 ¢ 1 1 1 1 ;
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For (3.30),

2> bt (S b 0 Tom () - mx() (7))

n—" fr(Ti) \ng =

Esuts (o Z’f (1)) = mx(E) ()

i=1 j=1

o1

o0

By Hoeffding’s inequality conditional on {7}, ...,T,} and using that

L Ly ’ . log p
|t ot sy = x| = 0,(M524)

one can show that

n

2wt (ng ST Thma(75) = ()71 )

=1 o0
O (\/108;1? 9 )
P + =
ny/g — /n
Hence, ([3.30) is of smaller order than (3.19) and (3.20). This completes the proof.

O

3.A.2 Results on the Orthogonalized Nadaraya-Watson Es-

timator

Proof of Theorem[I7: Let £ = 1,..., L be arbitrary. Decompose the estimator as

follows

(1)~ LT € Z)(1 X; T%é)Am(Tz) (3.33)
ST e )1 — X A,)
_ Zi:l ]l(Tl S Iz)(l — XZ'T’A}/Q)‘)?TA(B)\ - 6) (3'34)
> T € To)(1 = X A,)
Sy LT € T (1= XT)¢ (3.35)

ST € T)(1 - X A,)

Here, (3.33|) captures the estimate of m, (3.34]) the high-dimensional bias due to
estimation of # and (3.35)) captures the influence of the residual. Consider the first
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term on the right-hand side. It holds

S (T € Zo) (1 — Xi 4, )i(T5)
S (T € To)(1 - X3 4y,)
S UL eT)(1 - Xi)m(T) 1
S (T € To)(1 - X3 4y,)

and the second term on the right-hand side converges at y/n-rate and therefore is
negligible in the following. We can deal with the first term using a second order
Taylor expansion around t,, i.e., there exist intermediate values 6;, i = 1, ..., n such
that

Yo, W(T; € o) (1 = X 4, )m(Th)
S (T € T) (1 — X 4,)
Sy (T3 € T) (1 — X 4, )(Ti — t)
S LT € o) (1 — X3 4y,)
m(te) Yo LTy € To) (1 — X;" 4, )(T; — t)?

—m(te) +m/(t,)

2 ST € ) (1 — X Ar,)
XL U eT)( - X, A ) Am" (0;) — m" (o) H(T; — t0)?
2 ST € (1 — X )

In Lemma [75] below, we show
ST, € ) (1 — XT3, (Ts — to)
ST e T)(1— X A,)

1 Ofr(te)(1—mx (te) Tve,) 1
_pel o +o(——-+m)
3 fr(te)(L —mx(to)™y,) "\ Vnh

and by similar arguments one can show that

YL UL €)1 - X5 (T~ ) 1, <_1 T h2>
S NT e T)(1 - X Ay, 3 ’

LY U(T € Z (1= X3 e ) {m"(6:) — m" (t)}(T; — 1) _ (L N hz>

> ST € To)(1— X, An) ’
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and therefore

2?21 1(T: € Zo)(1 — XiT’?te)m(Ti) _ 2 2
ST € ) (1 — X"y, it 1B o)

Next, consider (3.34)). By Lemma the denominator is asymptotically bounded
away from zero and hence it suffices to consider the numerator. For the latter, we

have by the KKT conditions of the auxiliary Lasso

n

1 FT A NYT(A o 1
E;B(Ti €L)(1— X; 4,) X[ (Br— B)| < §||5,\ — Bl = op(m>

by Assumption [I8 and Theorem [16]
Finally, (3.35)) satisfies

S UT € )1 — X A, )és

S NT e L)1 - X Ay
:Z (T € Iz)(l XiTﬁ/tg)Ei o (L)

S T € Z)(1 - X' 4,) "\vn
_% Z?:l H(Ti € IZ)(l - XiT’AVtg)é“i 0 o L
O O A (ﬁ)

where the second equality follows by Lemmal[77)together with Lemmal[74] Moreover,
we show in Lemma, [76] that

1 & ST L 1 ¢ T Lo
— Z (T, € Zp)(1 — Xi "4y, )ei = EZH(E €)1 — Xy, )ei +op< — +h )
i=1 =1
which implies

ST € ) (1 — XM, )és
Sy (T € T)(1— X 4,)
Car i U € Zo)(1 = Xy, e

B fr(te)(1 —mx(te)T™,)

(1+0,(1)) + 0, (\/% + h2)

where we have used that the denominator is bounded away from zero by Lemma

and . Thus, we can approximate (3.35) by a sum of i.i.d. mean zero random
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variables with variance

, L LE[T € T)(1 - X[ 7,)?]

T ()2 (1 — mx (0T, )2

0.2

= T —mx iy WY

where we have again used Lemmas [66] and [74 Further, it holds

B[z UT; € Z)(1 — X{w,)el’] _ C 1

< —E[I(T; € Zy)|1 — X[y, |
\/ﬁ(O’n73/\/ﬁ)3 “/nhh [ ( E)‘ nyté|| |]
C 1
<———E[I(T; € T,)|1 — X[, |?
/ hh [ ( < €)| Z’ytgl]
O+ i) 1 2
<———=—"—E[l(T; € T)|1 - X],|*] =0,

where the first inequality follows by Lemmas [66] and [74], the second inequality as ¢;
is conditionally sub-Gaussian and the last inequality by boundedness of X;, Holder’s

inequality and Lemma [66, This implies by the Berry-Esseen bound

%Z?:l (T € Z)(1 — X y,)ei a
Onefr(te)(1 —mx(te)Tye,)

4 A0, 1)

which proves the claim. O

3.A.3 On the Asymptotic Distribution of T,

Proof of Theorem[18: Under Hy, we have, for £ =1,..., L,

RN VRLCHCE A e i WL
¢ Zz V(T e Zy)(1 = XTWM)
= Ocy + SX,E + {Ss,z - e,e}

with Sx.¢, S-¢ as defined in (3.14)) and (3.15) and

1 KU e T){1 - (X — BIX]) Ty, Je
Bet = Vnhoy ZZI fr(to) (T —mx(t)™s,) ‘
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We rewrite T}, as follows: Define W; = (VAViyl, e VAVi,gL)T with

W, et — 1 I[(TZ € IE)(l - XzT:YtJRi
T Vhey B T € T)(1 - XA,
W B 1 ﬂ(TZ € Ie)(l - XZT'AVW)RZ'

20 =

Vhéy 230 UT; € T) (1 — X[ Au,)

which allows us to write

Consider the (unobserved) statistic

T, = [33§L|Ss,e|,

which can be rewritten as

where W; = (W1, ..., Wiap)T with

1 U(T; € Z{1 — (Xi — E[Xi])Ty, }ei

Wior—1 = hos Fr(t) (L= mx ()T (3.36)
1 NT e Z){1 — (X — E[Xi]) Ty, bei
Wioe = N ot (L= mx (6) 77, ) (3.37)
For any ¢ € R,
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where T = (1,1,...,1)T and < in the last line is to be understood elementwise. We

prove in the Supplementary Material using Prop 2.1 in |Chernozhukov et al. (2017):

Lemma 58. Let W; be the random wvectors defined in and and let
Zy, ..., Zy be independent random vectors in R** with Z; ~ N (0, E[W;W[T]). Fur-
ther, denote by A the class of all hyperrectangles A in R*. Then, under Assump-

tions [1¢] - [18,

sup
AeA

P(%ZMGA) —P(%gzie/l)‘:o(l).

This high-dimensional CLT implies in particular that we can approximate the

unobserved test statistic T}, by a corresponding Gaussian test statistic, i.e.,

N

sup
geR

-~

It remains to bound the approximation of T, by T,,. For this purpose, write

1 1 ¢ 1 ¢
%;VVZ:%;M@%—%;Az

We show in Lemma [80|in the Supplementary Material

~ oo =01y ) (339)

¢=1,..2L

1 n
7 21 Aig

Thus, for any g € R,

-----
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<P =200 Wi < (g + o)1) +o(1)
>P( =Y, Wi < (g — o)1) +o(1)

where the last inequalities follow by (3.38)). This implies together with Lemma

1 & . 1 & .
Pl—=) W, < ql) —P(— Z; < ql)‘

-~

:P(Tn <q)

1 & 2 1 < .

and

=o(1) byfemma
(G s o) -r( 3% a0)|

The remaining term on the right-hand side can be dealt with using Nazarov’s in-
equality (Chernozhukov et al. (2017) Lemma A.1):

Lemma (Nazarov’s inequality). Let V = (Vi,...,V,)T be a centered Gaussian ran-
dom vector in RP with E[Vf] > c >0 for all 5. Then for every v € RP and every
¢ >0,

with C' only depending on c.
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It implies
1 & . 1 « .
Pl — Z; < )1 — Pl —= Z; <ql )| <Co,\/log2L = o(1
‘(\/ﬁ; _(Q+Q)> <”Z~:1 Q) onV/log o(1)
As a result
1 & . 1 & .
sup(P( —=» Wi <ql ) -P(—=> Z <ql)|=o(1)
q€R N3 N3
P (T <q)
proving the claim. O]

3.A.4 Consistency of the Bootstrap

Proof of Theorem [19: We can proceed similarly as in Theorem Let ey,...,e, ~
N(0,1) i.i.d. and independent of the data {(Y;,T;,X;) : i = 1,...,n}. Consider

1 LI ~
%2(”@‘”@% \/—Z 61 \/—Z

with W = (Wl, e ,WQL)T and W@ = %Z?:l Wi,. We prove in Lemma [82] in the
Supplementary Material

% Z:(A —Aei| > é) — 0,(1), (3.39)

Further, we show in Lemma|81|in the Supplementary Material by using Theorem
4.1 and Remark 4.1 in Chernozhukov et al.| (2017)

<f Z Q) P(% Xn: Z; < q) ‘ = 0,(1). (3.40)

i=1

sup|P
q€eR

Here P* denotes the probability measure conditional on (Y7,, 71, X1), ..., (Ya, T, X5).
Given these two ingredients and Nazarov’s inequality, the proof follows as in Theo-
rem [I8 O
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3.A.5 Power Properties

Proof of Theorem [20: We can decompose the test statistic T, into

T, >

zgl?fﬁwm’d B zyllaXLm”’e B sz|

where S, and S,,, where defined in (3.6) and (3.13). The second term on the
right-hand side behaves as the test statistic under Hy, whereas the first term drives
the power. In particular, we have for the second term

max |$M — 3m7g| = Op(\/log L)

0=1,..,L

by Theorem |18 and standard arguments on the distribution of the maximum of mul-
tivariate Gaussian distributions. By similar arguments as in the proof of Theorem
one can show that

4 m(t
max |Sy,¢ — \/nhM = 0,(Vnh?).
{=1,...,L Oy
Moreover, by Assumptions [I6] and [I§] o, is bounded away from zero uniformly over
l, i.e., there exists a constant ¢ > 0 such that g, > ¢ for all £. This implies, together
with nh® = o(1), that

A

T, 2

Q-

 Juax Vnh|m(t,)| — O,(1/log L).

It remains to assess the influence of the discretization of the support of 7" on the
power of the test. One may suspect that the maximum of m is attained outside the
grid ty, £ =1,..., L, and that m is substantially smaller on the grid. We will show
in the following that this is no problem for a sufficiently closed-meshed grid. For this
purpose, let t* be such that |m(t*)| = r,. We assume without loss of generality that
m(t*) > 0 as the case in which m(t*) < 0 can be dealt with by the same argument.
Since t* € [h, 1 —h], necessarily m/(t*) = 0 and by a Taylor expansion of m(¢) around

t*, there exists some 6 such that

m(t) = m(r") + S (6)(t ~ 1*)

and by the Landau-Kolmogorov inequalities there exists a constant M such that for



246 HD PLM

any m € M(R,&,ry)

Im(t) —m(t*)| < M(t —t*)2.

In particular, there is an £ = 1,..., L satisfying |t, — t*| < 1 and therefore
M
[m(te) —m(t7)] < 7.
This implies
* * M
m(te) > m(t*) — |m(t)) — m(t)| > r, — = rn(1+0(1))

and hence
. 1
T, > \/nhrng — O,({/log L).

Finally, as y/nh/log Lr, — oo, the claim follows. O]
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3.B Supplementary Material

We first prove some technical lemmas whose main purpose is to introduce a

reference in order to avoid recurring arguments.

Lemma 59. Let {Z;;: i=1,...,n,j=1,....J,}, J» = 00 as n — 00, be a collec-
tion of uniformly bounded random variables with mean zero and bound |Z;;| < M,

for some deterministic sequence M, . Further, suppose that the Z;; are independent

across 1.

(i) If M, = O(1/y/log J,) and max; Var (> )", Z;;) = O(1), then

| = 0,(viog 7).

Proof. By a union bound, we have, for n > 0,

> 4/log Jn77>

Jn
> loann) SZP(
j=1

<J, max P(
j=1

> %
=1

i=1

> +/log Jnn) .

(i) As M,, = O(1/+/log J,) and max; Var (>, Z;;) = O(1), there are constants
C1 and (5 such that for sufficiently large n,

Cy &
Mn < \/log—Jn and Var (Z le) < 02.

i=1

Thus, by Bernstein’s inequality, it holds

p (]

> %y
=1

1 log(J,)n?
> loanﬁ>§26Xp(_§C§gi—CH>7777/i3>
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implying

> 7
=1

For 7 sufficiently large, the exponent becomes negative and the right-hand side

11 2
= V/log Jnn> < 2exp(1og g, _ L loa(Ju)n )

20, + Cn/3

converges to zero as .J,, — co. The claim follows.

(ii) By Bernstein’s inequality, it holds

e )

> %
=1

1 log(J,)n?
> Vlog Jn ) < 2exp( —=
= Vo8 ") = eXp( 2Var (5.1, Zi) + Myv/log /3

implying

n

7.
i=1

> y/log Jnn)

( 1 log(J)n” )
"2Var (X0, Zy) + Mo/log Jan/3)

As M,, = o(1//log J,,) and max; Var (3.7, Z;;) = o(1), the denominator con-

verges to zero for any fixed n and hence the right-hand side converges to zero

as n — o0.

]

As a simple Corollary, we include a result which deals with the case when the

Z;; do not have mean zero:

Corollary 12. Let {Z;;: i = 1,...,n,j = 1,...,J,}, J, = 00 as n — 00, be a
collection of uniformly bounded random variables with bound |Z;;| < M, for some
deterministic sequence M,,. Further, suppose that the Z;; are independent across i.

If M, = O(1/\/log J,), max; Var (35, Zi;) = O(1) and max;;|E[Z;;]| = O(p).
then

n

37

i=1

= 0,(\/1og J, V (npy)).

Proof. The claim is a straightforward consequence of the triangle inequality and
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Lemma (9t
n n
jmax ;Zu‘ < mmax ;(Zij E[Z;;]) +n;:m£>’f%|E[Zm]l
—0,(VIog Ta) S ot

3.C Results on Boundary Corrected Kernels

In this section, we derive rates of several terms related to the Nadaraya-Watson
estimator in the definition of the estimated partial residuals ¥; and X;. Even though
the results seem pretty standard, they are not in that we employ boundary corrected
kernels and need some results on the joint behavior of a vector of Nadaraya-Watson
estimators. The first subsection is devoted to the rate results while in the second we
construct the boundary corrected kernel used in our simulation. The idea underlying
the construction of this kernel builds upon Gasser et al.| (1985) but with the difference
that we do not impose that the kernel needs to equal zero at the boundary of its

support.

3.C.1 Technical Lemmas

Through all results of this section, we assume that Assumptions [16]- [I§] hold.

Lemma 60. It holds

sup |fr(t) = fr(t) = op( ogn 92).

te[—1,1]

Proof. Decompose into bias and variance part

~ ~

frlt) = fot) = frlt) gE[kgm, Bl + ; Blky (T t)] — fr(t).

For the bias part, we have, by the standard argument for second order interior

kernels, for ¢ € [g,1 — ¢]

éEu@,(Ti ~1)] :§ /O k(Tg_ t)me)dTi
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_ /_ k(o) fr(t + gv)du

1

(1) / E(w)dv + g (1) / vk(v)dv

1 -1

+ %f%(t) / v?k(v)dv + o(g?)

-1

2 1
g
—fr(t) + G 57(0) | k() + o(g?
-1
For t € [0,g] or t € [1 — g,1], the same argument applies due to the support

constraints as well as the moment conditions of k., and k,, and hence

sup B[4 (T~ )fg = 0 < & sup 5001 [ 0]+ of)

t€0,1] €[0,1]

For the variance part, we show in the following

n

= S (ky(Tint) — E[kg(n,t)])' _ op< log”).

ng = ng

sup
tel0,1]

We first discretize the supremum. For that purpose, let tg = 0, 3, = land ¢t; = j/M.
For any t € [0, 1], thereis a j(¢) in 0,1,..., M such that |t —j(¢)| < 1/M. Moreover,
nlg S (ky(T;,t) — E[k,(T;, t)]) is Lipschitz continuous in ¢ as for s,t € [0, 1]

nig Z(k’g(Ti, s) — B[k, (T}, s)]) — nig Z(k;g(ﬂ, t) — E[k,(T;, t)])‘
< nig Z(kg(ﬂ, s) = kg(T;, ) — Elky (T3, s) — kg(Ti,t)})‘

< > (kg(T,8) = ky(Ti, )] + Ellky (T3, 5) — ky(T3, 1)]])

and therefore

1
sup |—
tel0,1]| 9 =

(kg(Ti — 1) — E[ky (T = 1)])
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n

1
< sup |— ko(T; —t) — Elk, (T, — ¢t
< sup o S (h(T 1)~ ik (T 0))
+ j:%lﬁ}fM n_g lzl(kg(Tz —t;) — E[k,(Ti — tj)])‘
1 « C
< max e > (kg(Ti — t;) — Elko(T; — t)])| + M

Since the kernel is bounded, the first term on the right-hand side is a sum of mean-
zero, independent and bounded random variables. Therefore, by Hoeffding’s in-

equality together with a union bound,

ng

1 zn:(k;g(ﬂ —t;) — E[k,(T; — tj)])‘ = OP( logM>

Taking M = n?, the claim follows. O

Lemma 61. It holds

ng

=S (1) — m(T)) = op(i N 94).

Proof. Let mj, _;(t) denote the leave-one-out estimator which is defined by

. . Zj i ko (T3, 1) (m(T5) + €5)
S S NG

Note that
AT =)~ s g ) i)
+ k(0) €
HO) 55y RT3,

This implies

N A* 2 Zj;éik9<7}>ﬂ) 29 . ,
n izl{mk(Tz) —m(T3)}* < (k(o) IS kg(Tj,Ti)) - Z-Zl{mk’im) —m(Ty)}

n

k(0) D
i (k(o) + 2 ko (T, Tz‘)) "2

i=1
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By Lemma G0}
( <0>Z+E:¢:i<? T>> T Olp“)
(k<0> + Zj:kg(Tj,Ti)) - O(n_g>
Hence,

(k(OHEﬁS@(M))iZ w=0 ( g>‘

Next, we decompose
1 n
2 (T = (T2
2
s } "
T 1 2

J#i
2
—Z{——Zk >—E[kg<n,n>m<n>|n]} (3.42)
fT z z i
2
n Z{ Blk, (T3, To)m(T3) | o] — m(Ti)} (3.43)
ng —1 z)
Regarding (3.41)),
2
{ _Zk } - sz ky(Te, Ti)ejee
fr— iz f Tﬂ( A G
the latter has conditional mean (conditionally on 71, ...,T})
Z iy
fT ’( : i
o? C
<—=
ng fri(Ti)

o? C ( 1 >
<— - =0
ng min, fr(t) — sup,| fr,-i(t) — fr(t)| ng

Thus, by Markov’s inequality applied to the conditional distribution (again condi-
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tional on 11, ...,T,)

2w o) o)

JFi

For (3.42)), we first apply Lemma[60]in order to deal with the kernel density estimator

23 s AT Tm (1) — Bl (5, Ty 71

JF
3 — 1 1 )
ey ;{mn—g ;kg(Tj,Ti)m@) — Elky(T}, T;)m(T}) yn]} (14 0,(1)).
Let
6. i RalT3, T)m(Ty) = Elky(Ty, T)m(T;) | T}
J - p ;

and note that the ;; are i.i.d. across j for j # ¢ and with mean zero and variance
bounded by

Bigt) < < [ k()do sup [m(o)F,

t€(0,1]

Now, (3.42)) can be written as

1
ming fr(t) Z{ Z 5”} min, fT n3 Z Z Z &ijie

= J# i=1 j#i £
n
_mlnt fr(t) (n3 Z Zf n3 Z Z Z ijié)
=1 j#i i=1 j£i 044,

The mean of the first term on the right-hand side satisfies

3 ZZ /k(v)de sup |m(t)[?

=1 j#i t€[0,1]

and hence, by Markov’s inequality,

LIy e-o(l)

i=1 j#i
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Further, note that the mean of second term on the right-hand side is zero as the
&i; are mean zero and independent across j conditionally on 7;. Thus, by Markov’s

inequality, (3.42)) is of order

—Z{ﬁ—Zk >—E[kg<Tj,n>m<Tj>|ﬂ1}2 ~0,().

J#

Finally, for (3.43)), we have

%Z{gf—lm B[k, (T}, T,)m(T;) | T;] - m(Ti)}z

<2 sup

1 2 )
te[o,u{gf:rm) Eilk (T3, T)m(T;) | T = m(ﬂ-)} (1+0,(1)) = Op(g"),

where we have used that 1/ fr_;(t) = 1/ fr(t) + 0,(1) uniformly in ¢. Thus, it holds
Z]#z k (T T )2 1
(1) = m(1)) = O, =+ ')
( ( )+ Z];ﬁz ( Z P ng

and the claim follows. O]

Lemma 62. It holds

max sup
Jj=1,..., Pte —1,1]

1 log(pn)
]{Zﬂ,th E|k ﬂ,tmx"ﬂ ’:O(
ng; ST) = 2 Bl (T ()] = 0, ([
Proof. We first discretize the supremum. For that purpose, let to = 0, t)y =
1 and t; = j/M. For any t € [0,1], there is a j(¢) in 0,1,...,M such that
|t — j(t)] < 1/M. Moreover, by similar arguments as in the proof of Lemma
nig Yo (kg(Ti, t)mx j(T;) — Elky (T, t)mx ;(T;)]) is Lipschitz-continuous in ¢ and

therefore

LSk (T3, (1) — Elky (T, t)mx,jm)])'

sup
tel0,1]| 19
1 n
< sup | — > (ky(T, t)ymx ;(T;) — Elky(Ti, t)mox ;(T3)])
tef0,1]| 9 =
1 n
+Iax ;(%(Tm tj)mx;(Ti) — Elkg (T, t;)mx ;(T3)])
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Ly C
g D2 (Tt () — Bl T, s, ()| + 3

Since the mx ; and the kernel are uniformly bounded, the first term on the right-hand
side is a sum of mean-zero, independent and bounded random variables. Therefore,

by Hoeffding’s inequality together with a union bound,

= > (kg(Ti ty)ymx ;(T1) — E[/fg(T%,tj)mX,j(Ti)])‘ _ Op( 1OgPM)

max
j=0,...M|ng — ng
Taking M = n?, the claim follows. O

Lemma 63. It holds

n

1
= k(T3 tuyy| =
ng — 9( ) J

max sup
J=Leppe[—1,1]

Proof. For any s,t € [0, 1], we have

1 o 1 ¢
” Z ko(T;, s)uij — g ; ko (T3, t)uij

<_Z|k TMS (Tlat)HuZ]|

i n
’ ng =1

cretization argument as in Lemma [62] one can show that

ie. ky(T;, s)u;j is Lipschitz-continuous in t. Hence, by an analogous dis-

sup
te[—l,l}

.....

and therefore by the same arguments as in Lemma

_o,,( log(pn) | 1 )

Zk (T3, t)wij

Taking M = n? yields the result. O

max sup

=L g1 1] ng M g?

ng -
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Lemma 64. It holds

i (T) — m(T)) Tl = 0p( bip{%n—g ”2}>

Proof. By the triangle inequality,

.....

nZZK 1 (TZ>T)

Al & k(T T Y
> it Ko (Te, T){m(T2) — m(T;) }
+ max |— y ——— Uy 5
j=1,.p n; ZZ:I ..... n kQ<T£7Ti) ’
Denote by w;, the weights
k,(Ty, T;
Wiy = g( 45 )

B Z@:l nk.Q(Te?TIL')'

.....

With these weights, we can rewrite the first term as

D, (T T,
Z ie 11 (;e, Z Z Wietijee.

""" @111

Conditionally on {(7}, X;),7 = 1,...,n} this is a weighted sum of the ; with weights

wy given by

n
- 1
== E Wi
n <
=1

The weights satisfy

1 & 1
E@?|T,,i=1,...,n] = = 2EE T =0 —
[w€| ) ’ ,n] n2 ;wzé [ul]| ] ngg )

<4
n

4 1
< ko(Ty, T;)?
~ miny fr(t) + 0,(1) ntg? ; o7 7o)

~ nigmin, fT< ) + 0,(1) (; Elko(T3, To)] + op(1>)
1

= /fT (t)2dt(1 + 0,(1)),

n3g min, f
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where we have used Lemma and that

1)) = [ [ (85, 12T 1 T) T A,
-1/ e (B2 g oty ata,
of k(T ) 1o (1) oty
+ /[1 o / ki 7 (%) Jr(Ty) fr(T)dT3dT;

By substitution with v = (7; — T;)/¢ and a Taylor expansion of fr, we have

[ Jre (B ) @y

o[ [ RO ) Tyt
(0,91 /=Ti/g

—g// KT/D (0)dv fr(T,)2dT,
[0,9] Y —Ti/g

J/

v

Iy / / K19 (Yo fr(T,) f(T3)dT,
[0,9] V-T3/g

J/

~

=0

T/g 2 ] J
iy /[ g] / B @ (T T
T/g
g /[ ) / - HEP @R + E00)d = FHT) oy (T)T

=g | fr(t)*dt+O(g")

[0,g]

By the same arguments, one can show for the other two terms,

[,/ "“’(T _Ti)fT“W“Ti)dedTi 9| m@pa+ol)
ol l9,1—4]

a-1/9) ( Li— T) _ ) .
/[1 m/k up ( 7 fr(Ty) fr(T3)dT;dT; = g/[lgﬂ fr(t)2dt + O(g°)
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and hence,
Elly (T3, 7)) = g [ fr(tPdt +O(g?)
This implies by Markov’s inequality and the law of iterated expectations
. 1
w; =0 (-)
Z_Zl 4 p ng g
Thus, the probability of the event A;; given by
- M
A:{ mg_}

can be made arbitrarily close to one by choosing M sufficiently large. Now, we can

bound the first term. For any K > 0, we have

n n
E WeEy E Weey
=1

P< max
j=1,...,
J p| = =

where p,, denotes

zkmmAM)+4%A@L

-----

_ Jlogp 1 9
p”‘VTL{ww+g}

By conditional sub-Gaussianity of the ¢;, we have
P ( Z U~}g€ Y

=1
where C' denotes some absolute constant which only depends on K.. By the law of

2 K?
zK,AM‘(Ti,Xi),i:L...,n>§2exp(—Cn§/[ ) a.s.

iterated expectations and a union bound, we thus obtain

“ 20,2 |2
P( Zﬁieé?z > K,On,AM> < 2exp(logp — C%)

=1 M
1+ +/ng®)?K?1
SQexp(logp—C( + niw) ng).

Choosing M and K sufficiently large, P (max;|>,_, Wees| > Kp,) becomes arbitrar-
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ily close to zero, implying

.....

- uij| = Op(pn)-

77777

Regarding the second term in our initial decomposition, we can interpret this as a
weighted sum of the u;; with weights

1 S0n o k(T T {m(T) = m(T))

77777

/l)‘
"o Zé:l

.....

- 1(1
— n | ng

1=

satisfying

Thus, by similar arguments as for the first term, one can show

1= D imt, o kg (Te, T){m(T) — m(T) }
-y =/ il = O,(pn).
ol n; > k(T T)) uis| = Oplpn)
The claim follows. O]

By the same arguments as in Lemma [61] and [62| one can show:

Lemma 65. It holds

1, . logp
max, e (7) — mx (T = 0, (V2 4 4t).

Jj=l,..pm

3.C.2 Construction of Boundary Corrected Kernels

Motivated by |Gasser and Rosenblatt| (1979), we construct the auxiliary kernels
k,(Q)

low

set

and k‘g%) by a polynomial weighting of some ordinary second order kernel k. We

2 (x) = (alq) + b(g)z)k(x)

and a(q), b(q) are chosen so that

[Ha@ =1 wd [akE -0
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or equivalently,

a(q) / 1 k(z)dz + b(q) / 1 ok(z)dz = 1

q —q

a(q) /_1 zk(x)dx + b(q) /1 22 k(z)dx = 0.

q —q
Solve the second equality for a(q)

qu zk(x)dx

b(q) = —ma q

and insert this into the first to get

a@:(/fmwmv u;wmmm%)*.

q N f_lq 22k(x)dx

In particular, for k equal to the Epanechnikov kernel, we have

[ 0=t = 00— 0+

[ sqa-ai =S - g ah

The kernel can be constructed with the given information.
The derivation of a(q) and b(q) for kfg,) follow analogously. They only differ in

the support of the moments of k:

a(q) = (/q k(x)de ()%, Ik((l})dgj)2>l

o B [2, 2?k(z)dx
[T ak(a)da
b(q) = —WG(Q)-

For k equal to the Epanechnikov kernel, it holds

[ G- =300 - {0+ d)
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3 3 3
“1=a¥dr==(¢* —1)— —(¢* — 1
/_1x4< 2o = (¢ = 1) = 15 = 1)

/q 220 = e = 21+ ) — (1 + ¢)
g VA TS

and the auxiliary kernel can be constructed from this information.

3.D Results on the Orthogonalization Parameters

In the first part of this section, we discuss properties of the orthogonalization
parameters -y, which we use in the second part of this section to study the prediction

properties of the auxiliary Lasso.

3.D.1 Properties of

The main goal of this section is to prove Lemma We start off with some

auxiliary results which are needed repeatedly.

Lemma 66. Let v, satisfy . Then, uniformly over £ and p,
(i) E[1(T; € Z,){1 — (X; — E[X}])T %4} | =E[I(T; € Ty){1 — (X; — E[Xi]) Ty, }]
(ii) E[1(T; € T){1 — (X; — E[X,))Ty, }*] <P(T; € T,)

(iii) B[(1 - (X; - B[X:))™,)" | T € )] <1

(iv) ENVar((X; — mx(T) ™, | T | T € T] < 1
(v) E[|1 = (X; — E[X)))Ty,| | Ti € Zo] <2.

Proof. For brevity of notation, let E[X;] = 0.
(1): By the first order conditions of (3.11)),

E[1(T; € Zo)(1 — X[ %,)?]
=P(T; € Z;) — 2B[I(T; € Zo) X[, + i, B[L(T: € Zo) Xi X[ |y,
=P(T; € I,) — E[I(T; € T,) X |,
— {BIL(T; € T)X]] — ] B[LU(T; € Zo) X X1},
=P(T; € 7,) — E[I(T; € Z,) X[,
=E[I(T; € T,)(1 — X[ y,)]
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(i1): By definition of 7, in (3.11) and as v = 0 is a feasible solution of this

problem, it holds
E[I(T; € Zo)(1 — XT,)*] < P(T; € o).

(#1): Follows directly by rearranging (ii).
(iv): Tt holds

E[1(T; € ) {1 — (X, — E[Xi])T, }']

. 2
> wmin E[1(T; € Z){1 ~ Xy, —g(T)}']

=E[U(T; € Z){1 — X[y, — B[l — X[, | T]}"]
=E[U(T; € Z){(Xi — mx(T})) ", } ]

the claim now follows by (ii) and the law of iterated expectations.

(v): By (i) and (i),

E[L(T; € Z)(1 - X7,)] = BIL(T, € Z))(1 - X7, < P(T} € I,).

Moreover, for any A > 1,

B[L(T; € Zo)(1 — XT7,)*] 2 E[L(T; € Zo)(1 = X[y, ) 1(]1 = X[y, | > N)]

>NP(|1 = X7, | > AT € T)).
Thus,

1
P(1 =X >AMTi€ L) < 3

which implies

Em—&%MEEMZ/Iﬂ%XhM>MEGMM
0

1 ool
< d)\—i-/ ﬁdA:Q
0 1

and the claim follows.
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Lemma 67. Suppose that the conditional density of T; given X, satisfies
frix(t,X;) >c¢  as.

for some constant ¢ > 0. Then, there exist constants Cy,Cy, C3 € (0,00) satisfying

uniformly over £ and p
(i) E[L(T; € Z)(1 — X[ ,)?] = Cih
(ii) B[L(T; € T)(1 - XT,)] € [0, ol
(i) v, B[Xi X[, < Cs
() E[I(T; € Z,))X; X, £ =1,..., L are positive definite.
Proof. (i) It holds
E[L(T; € Zo)(1 — XT,)*] 2 B[E[L(T; € Zo))(1 — X ,)%]

>2h B(1 - X7, )
>2ch min E[(1 — X[)?] = 2ch,
YERP

where we have used that
min E[(1 — X[7)? = min 1 + E[(X]7)?] — 2E[X;]Ty = 0
~YERP ~yERP
since E[X;] = 0.
(ii) This follows by Lemma[66|i), (ii) and part (i) of this Lemma.

(iii) By definition of ~,, it holds
E[L(T; € Z)(1 — X[,)?] = E[L(T; € Tp)] — v, BIM(T; € Z) X; X[,
By Lemma [66](i), this implies
Y, BIUT; € L) Xi X, = E[L(T: € Zo) Xa] T,
Further, by the same argument as in part (i)

v E[U(T; € Z) X, X[y, > 2chy! E[X: X[,
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and the claim follows by part (ii).
(iv) Forany y e RP and ¢/ = 1,..., L,

YTE[I(T; € Zo) Xi X[y > 2¢hyT E[X; X[y > 2¢hyT E[wu] ]y > 0.

The claim follows.

]

Lemma 68. Suppose that Assumptions and [1§ hold. Then, there exists a con-
stant which is independent of { and p such that

(1) Blll = Xyl < C
(it) [1=mx(t)Ty,| < C
(1ii) |mix (te)Ty,| < C
(i) [m (te) T, | < C.

Proof. (i) By the triangle inequality and Jensen’s inequality

B[l1 = X7y, || < EQ] 4+ E[| X5, [] <1+ /E[(XT )]

The claim follows by Lemma [67}
(ii) Note that
/fTIX(téa x)(1 — aTy,) fx(@)de =fr(te) E[(1 — Xv,) | T; = t]

=fr(te)(1 —mx(te) ™,

Thus,

| fr(te) (1 —mx ()™, )| < /|fo(t4793)||1 — 2Ty | fx (z)dz
S| frixlloe BIT = X, ]

and the claim follows by (i) and boundedness of fr.

(iii) The argument follows similarly to (ii). Note that

[ i)t = s ) fxle)ds =5 [(1= 0T et 5) (o)

t=ty
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9
== Fr(O = mx (O],

=fr(te) (1 —mx(te)Tv,) + fr(to)m’y (te) ™y,

where taking out the derivative is justified since the integrand is continuous with

continuous partial derivative with respect to ¢. Hence,

() (L= mx(te)™,) + fr(te)mx (L) ™y, < [ frxllee B[ = Xy ] < C

and by the reverse triangle inequality

| fr(te) (L —mx (te)Tye,) + fr(te)m'x (te) Ty, |
> fr(te)m'x () Tye | — | fr(t) (1 —mx (t) Ty, )],

ie.,

| fr(te)mix (t) T e | < 21 f7ixlloe BT — Xy, ]

and the claim follows by (i) and boundedness of fr.

(iv) The final claim follows analogously as (iii) and is omitted for brevity. [

Lemma 69. Let

2
BUH = argmin B |:]]-(|,-ij —t| < h) (Xij - ZXikbk> }

r—1 X
beR k7

2
Mo = E[IL(ITi —to| < h) (Xij - ZXikﬁl?’”> ]

K]

Suppose that there exist sequences r1,, T2, and rs, such that man,jHB(j’e)Hl =

O(r1,), ming;n?, = O(ry,) and

max " |Cov(P(IT; = to| < h| X.), Xi)| = Olrs.0).

If 7“1,n7"3,n/7“2,n =0 < %); then max,—; L||%g||1 =0 ( bgg(th))-

Proof of Lemma[69 Let ¥, = E[I(T; € Z,)(X; — E[X;])(X; — E[X;])T] and denote
by ;¢ the ijth element of ,. Further, let (3,1)¥) the jth column (or row) of ;.
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Then

IS, h = max [|(S,1)7];.
Jj=1,...p

.....

In order to bound the £;-norm of (X,')), we can assume without loss of generality

that y = 1. Now, partition ¥, as follows

5, — ong 07
b C

where b = (0210, 0310, - .., 0p10)T and C = (04;0)i j=2...p- The inverse of ¥, can now

,,,,,

be written as

1 (O'H’g — bTC_lb)_l —(0'1175 — bTC_lb)_leC_l
T\ =(o10 — bTCIH)LC (C = bopb7)~! '

Note that % = C~'b and 7, = 011, —bTC~'b. Hence, (3, 1)) = (1, —10)Ty 7

and therefore

.....

which is of order 7, /73, uniformly in ¢. Next, by the law of iterated expectations,
E[1(T; € T,)(X;; — E[X;;])] = Cov(P(T; € Z, | X;), X;)
and thus

max [E[1(T: € T) (X5 = B ] = O(rs.n).

Now,

Jmax [l = max |17 BIL(T; € o) (X5 — B
< max |70 max [E[L(T; € Zo)(Xy; — ELXGDIh = O(riarsa/r2n)

and the claim follows. O
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3.D.2 On Prediction Properties of 7, ,

We begin by showing that Lasso does not overfit under essentially no assumptions

on the design.

Lemma 70. Let Y € R")Y #0 and X € R"*P. Then, no solution B of

1
argmin —[|Y — Xb||3 + A[|b]l;
beRp T

satisfies XB=Y as long as A > 0.

Proof. If Y is not in the span of X, the claim is obvious. Thus, suppose that Y
is contained in the span of X. We prove the claim by contradiction. So suppose
that A > 0 and that there exists a solution B satisfying X B =Y. It is sufficient
to construct a vector 8 € RP which leads to a strictly smaller value of the criterion
function than B For this purpose, note that, as Y # 0, there exists some j = 1,...,p
such that Bj # 0 and the column X of X is not the zero vector. Further, let

€= lmin{—NA @}
2 X" VA

and h € R? such that hy = 0 for all k # j and h; = —sgn(ﬁAj)\/Xa Set 8=/ + h.

Then the value of the criterion function evaluated at ( is given by

1 1 . .
—[V = XBIl; + M8l =~V = XB = Xl + A5+ ks

1 .
= XA+ X3 +

1 . A
=~ XD[EA + A1 + Al

1 R
= EHX(J)H%Ag + (I8 = Vae)

where we have used in the last equality that ||5]|; = ||5]l, — Ve as € < |3;]/V/A.

Thus, [ leads to a strictly smaller value of the criterion function than B iff
L G2y 22 3/2
—[[XY|5Ae® = A2e < 0
n

which is satisfied since ¢ < vnA/[|X@|,. Hence, § cannot be a solution to the
Lasso problem. O
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The remainder of this section is devoted to results on the prediction error of
At,. In particular, we are only interested in the so-called ”slow rates” for prediction.
These have the advantage that they do not rely on restrictive conditions on the
design such as restricted eigenvalue or compatibility conditions. These slow rates
for 44, can be derived by the same arguments as for the usual Lasso. We only have
to take a closer look at the stochastic properties of the corresponding ”effective noise

term” .

Lemma 71. On the event

it holds for all p > 2ug

1 & o 3
— Y LT, € T){XT (3, — )} < Szl
i=1

The proof of this statement follows along the same lines as the corresponding
statement for the Lasso and is omitted for brevity. For a text book treatment, see
Bithlmann and van de Geer| (2011) section 6.

Regarding the probability of the event 7T

Lemma 72. Suppose that Assumptions[16 and[1§ hold. Then, we have

log Lp
- Op( nh )

n

2 . .
- > UT € L) (1 — XTy,) Xy

Proof. For { =1,...,L, 7=1,...,p, we have

\/_Z (T, € T))(1 — X[ y,,) Xy
=1

FZﬂTeze 1= (X — ELX) ™ Xy — LX) (3.45)
= YU € T){1 — (X~ B, (B, ] - X)) (3.46)
2 _

\E

+ o 2 1T € (X — BXD(X — BX™, (3.47)
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\/— Z L(T; € Zo)(X — E[Xy])(X — E[X)) Ty, (3.48)

Note that (3.45) is a sum of independent bounded and mean zero random variables

with bound

|Zis] = (T € Z)){1 = (Xi = E[XG]) Ty, }(XG; — B[XG])]

2
— 1
\/nh‘
<2 (14 max| ) = o ——
JE— X —

= ¢ Ve lln Tos Lp

and variance

Var(Zy) <~ BIU(T, € T){1 — (X, ~ E[X)",
4 1
< — h E[ﬂ(TZ S Zg)] = O(E)

where we have used that fr is bounded from above. Hence, Lemma [59(i) implies

rnax

= Op(/log Lp).

\/_Z (Ti € Zo){1 = (Xi = E[Xi]) Ty, 1 (Xyy — E[XG])

For (3.46)), we have

' FZ (T; € T){1 - (X — ELX) T HELY ) - X))
X — B = o(vIo2 Tp).

Z (T; € T){1 — (Xi — E[X,])Ty, }

g ) logp/n
—0, (/) (\/ gp/n)
For (3.47)), we have
2« ,
2 NTUT € T)(Xy; — B[Xi)) (X — E[Xi))T
o 22 M €T, ~ B~ B
<max _Z (T; € Iy) max|(X E[X:]) ™,
=1

J/

—Op(r )

—0, (VT8 1p) = o, (V/ioz 7).



270 HD PLM

Here, we have used that

\/—ZX E )Vte

is a sum of independent, bounded and mean zero random variables with bound

1 T Lmax 1=0 o
%‘(Xi—E[XZ-]) %elﬁ\/ﬁ 2l < log(LP>>

and variance (see Lemma @
Var((X; — E[Xi])Ty,) = O(1)

Hence, Lemma [59](i) implies that

max| (X — E[X))T,| = O ( logan) (3.49)

For (3.48]), we have analogously

Z WT; € Zy)( X — B[Xi;])(X — E[Xi]) Ty,

maX

\/_

s%mw_ZﬁTe@wX B2, max | |1 = o, (/iog Zp).
N ~  =0p(logp/n)
:Op(m)
The claim follows. O

Lemma and imply:

Corollary 13. Under Assumptions |16 - [18, we have

IR . 2 log Lp
g, S UT € TN o~ )} = 0 (122 o ol ).

The next result shows that the prediction error of 4;, also converges in expecta-

. . . log L.
tion to zero for u chosen as a sufficiently large multiple of |/ =2
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Lemma 73. Suppose that Assumptions[16| - [18 hold. Then

B[ o107 € T(RT (G, ~ )| 0

n <
=1
and
B[(X] (4, = 7,))* | Ty € ] — 0.

Proof. The basic inequality for the Lasso, i.e.,
1 © R )
- D UT € TY(XT (i — ) + il
i=1
2 « . .
< > (= X)) XT G, = ) + Ml
i=1

implies together with Holder’s inequality

I ) . .
nh D UT € T)(XT (o — ) + plli |l <MallAe, = v lls + pellye,
=1
<Ml el + (M + )l lla

where

n

- > (1= XTy)XT
i=1

M, =

[e.e]

On the event {M,, < p}, this implies

1 — . .
nh D UT € T)(XT (%, — ) (M = )5 lls + (M + )|, |1
=1
<24y, ||

and therefore

n

1 .
B| 2 SoUT € TXT (i, — )P UM < 0] < 20l

=1

On the alternative {M,, > u}, we have by definition of the Lasso and feasibility of
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the zero vector

n

R 1
MH%ﬁeHl < EZR(T; S Ig)

i=1

This implies together with our basic inequality above

Bl > 1TL € T 07~ )1 < )

_EIM, L S (T € T)1(M, > p)
- 1

+ (E[Mp] + 1) 17z, ] 1-

By choosing the constant in p in Assumption [18| sufficiently large, the second part
on the right-hand side is of the same order as u||y, |1 and therefore converges to

zero. Further, we can bound the first part using the Cauchy-Schwarz inequality

E[M, & Y0, U(T; € T)1(M, > u)]
0
3 \/E[Mz/um(Mn > )] Var(JL= S0 1(T; € T0))
- nh
P(T; € Zp)
h

+ E[M,/pul(M,, > p)]

By the arguments in the proof of Lemma M,, (or actually its upper bound which

also maximizes over the locations /) is sub-Gaussian and satisfies for all t > 0
P(M, — E[M,] > t) < Cexp(—Cnht?)
for some suitably chosen constants C'. In particular, also

Since E[M,,] = O(\/@) and p is a sufficiently large multiple of E[M,], we have
P(M, > p) — 0. Moreover, by the sub-Gaussian concentration inequality, one
can show using analogous arguments as in the proof of Corollary 3.2 in Ledoux
and Talagrand| (2013) that E[((M,, — E[M,])/ E[M,])?] is bounded by some constant
which is independent of ¢ and p. Hence, by the bounded convergence theorem
E[M,,/ul(M, > p)] and E[(M,,/u)?1(M, > u)] both converge to zero which proves
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the claim. [

3.E Technical Results on the Orthogonalized NWE

Lemma 74. Let Assumption [16] hold. Then, for any g € H(n, M) with n € (2, 3]
and any ¢ such that t, € [h,1 — h|, it holds

FEIL(T; € Z)(1 - (X; — BX])T,)

=21 (1)1~ mx)7,) + o IO ZAI) ) (5.50)
LE[L(T; € Z) (1~ (X; — EIX)T%,) (T ~ o)

200 = i) -
VBT, € T~ (X, — B[X) ™) (T; 1]

=212 () (1 — max (1)) + o) (3.52)

Proof. Regarding (3.50]), by Fubini’s theorem

% E[L(T; € Z,)(1 — (X; — E[Xi]) ™, )]

_ / % / U(t € Z,) frx (b 2)dE(L — 2T,) fx (2)de.

For the inner integral, standard arguments imply the existence of some intermediate

values 7(v) between ¢, and ¢, + hv so that

1

2
%/ﬂ(t € Zy) frix (¢, x)dt =2 frx (te, x) + %fﬁx(tb z) /_1 v2dv + Ry(),

where R, is given by

Ry(r) = — - {fT|X(T: T) — f”fr,|X(t€»$)}U2dU-

Since frix(-,z) € H(nx, Mx) uniformly over x for some nx € (2, 3], we can bound
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Rg by
MXhUX ! MthX
< 77Xd — .
Huln)l === [ loldv =" 7
Thus,
1
> EIL(T: € Z)(1 = (X; - E[Xi])T,)]

=2 [ e e ) o)+ [ el (0 - 27 @)
+ [ Ru)(1 =73 s (0)da
For the first term on the right-hand side, it holds
Ja= it sy
— Fr{t) BI(L = XT90) | T =t = fr(to)(1 = mx(t) ™)

and for the last term

MXhﬂX
nx + 1

[ Rt = T pto)is] <5 X = o),

where the last bound follows from Lemma [68] The integral in the second term can

be rewritten as

[ Htte (= e i@ =g [ e n - at) el

:anT(tf)(l —mx(te)™v,)
ot?

t=ty

where we can take out the derivative by Leibniz’ rule. Hence ({3.50|) follows.
The other two results follow similarly. In particular, we have for (3.51))

%E[]L(T € Tp)(1 — (X — E[Xi])Ty,)(T; — to)]
/% 1(t € Zy)(t — to) frix (£, 2)dt(1 — 2Ty,) fx (x)dx
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The inner integral satisfies

1
vidv + Ryo(z),
1

5 1€ T =) e e =12 t0.0) [
where
RM@IW/Mwm@w%ﬂu%@WM

for some intermediate value 75(v) between ¢, and t;, + hv. By similar arguments as
in the first part of the proof, one can show that |Ryo(x)| < Ch?® uniformly over z.

Hence, we have for the whole expression

LE[L(T, € Z)(1 — (Xi — BIX])T%,)(T; — 1)
2

=t [ frixtn0)( = 2Ty fx()ds + o(0)

where the bound on the remainder term follows as in the first part of the proof. The

integral on the right-hand side can be written as

/f’fr|x(t€7-75)(1 —aTy,) fx(z)dx :% (L= aTy,) frix(t, z) fx (z)da

0 h
:EfT(t)ﬂ — mX(t)T%z) }t:tz

=fr(te)(X = mx (te)Tye,) + fr(te)m'y (t) Ty,

where we can take out the derivative since the integrand is continuous with contin-
uous partial derivative with respect to ¢. This proves (3.51)).
Finally, for (3.52)), we repeat the above argument:

FEL(T, € T)(1 — (X; — BIX])",)(T; — 1]

:/%/uﬂema—m%wwwwbwww&mm

and the inner integral satisfies

1

1 / W(T; € Zy)(t — t@)ZfT‘X(t, x)dt :h2fT|X(tg, x) / v?dv + Ry3(z)
1

h
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where Ry 3(z) satisfies |Ry3(x)| < Ch? uniformly over z for some constant C'. Plug-

ging this into the above expression yields

FE[(T, € T)(1 — (Xi — BIX])",) (T, — 1]

=t [(1= 279 frx(te ) fx(a)d + o0,

where the remainder term can be dealt with by the same arguments as for the other

two expressions. The leading integral can be written as

/ (1 — ) frix (fer 2) fx ()

=fr(te) BI(L = X,) [ Ti = ta] = fr(to) (1 = mx (te) ™,

which proves (3.52)). O

Lemma 75. Under the same assumptions as in Theorem [I7, it holds

ST € ) (1 — X3 A, ) (Th — t)
ST € T)(1— XA,

1 Ofr(te)(I—mx (te) Tyt,) 1
22 ot +op(—+h2).
3 fr(te)(1 —mx(te)Ty,) Vnh

Proof. 1t is sufficient to only consider the numerator. The denominator is asymp-

totically bounded away from zero by Lemma [77] and Assumption [18 Decompose

the numerator as follows

n_lh STUT € T~ XT5,)(T — t)
:% E[L(T; € Zo)(1 — X[y, )(Ti — t0)]

+ % ;{1<Ti € L)1 — XT3, )(T; — ) — B[L(T}, € Z,)(1 — X4, )(T; — to)]}
+o > 1T € T~ ) X,

1 ot
+o 121 W(Ti € Z)(T; — t) Xi (Vey — Ft0)-
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The first term satisfies by Lemma

ghQ O fr(te)(1 —mx(te)™v,)
3 ot

FE[L(T; € T)(1— X[ (T~ t0)] = +o(h?).

~1/2 by a variance bound, and the

The second term is of smaller order than (nh)
third term is of smaller order by Lemma [59| and as XTv;, = o,(1).

It remains to bound the fourth term. Here, we have to be careful as the sum-
mands are not independent. Luckily, 4;, does only depend on X = (Xi,...,X,)
and 1, = (L(Ty € Z),...,1(T,, € Z;)), while the T; are still independent across i

conditionally on X and 1,. Thus, center the fourth term
1 - )
Sn :E ; IL(,I'Z € IE)(TZ - tf)Xi (/yt/z - /ytz)

= 22U € T(T~ 1) ~ BT~ )| X, 1) K =)

n

1 : R
+— D UL € L) BT — to) | X, 1)X: (n, — ).

=1

The centered sum on the right-hand side satisfies

1 o .
Var($, | X, 1) =y 3 1(T5 € T Var((Ti = 10| X L)X G, = 3)°
=1
I o
<3 S UT € TR (G, — )
=1

where we have used that Var((T; — t,) | X, 1,) < E[(T; — t,)? | X, 1,] < Ch% Thus,
the expectation of the conditional variance of the centered sum S,, can be bounded
by

E[Var(S, | X,1,)] = B {n—lh i (T} € T,)(XT (4, — %2»2} _ 0(%)

n -
=1

This implies by the Chebychev inequality on the conditional distribution and the law
of iterated expectations that vnhsS, = o,(1) unconditionally. Next, we deal with

the conditional mean of S,,. By independence of our data and standard arguments

1 2
5 BT —to) | X, 1) = gthT\X<t£>Xi) + R(X;)
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where the remainder R satisfies || R||.c < Ch"* = o(h?). Hence,

> T € Ty) (2/3 1 (te, Xi) + RIX)) X (e, — A1,

i=1

1
E[S, | X, 1,]| <h*|—
B[S, | X, 1] <h®| —

n

1h > T € T) (2/3Fpx (b, Xi) + R(X,))

<3, | —
nn <
=1

1 & : .
X = Z (T; € Iz)(XiT(’Yte —Y,))?

where the second inequality follows by the Cauchy-Schwarz inequality. This implies

for the unconditional mean by a further application of Cauchy-Schwarz

[E[S,]| <p® | E [% ; W(Ti € Zy) (2/3 fipyxc (te, Xi) + R(Xi))2]
) —0(1) ’
X [i i 1(T; € Zo) (X (%, — %))2]
h i—1
) =o(1)

and therefore vnh E[S,] = 0,(1). The claim follows.

Lemma 76. Suppose the Assumptions in Theorem [17 hold. Then
1 < —
E Z ]1(7—‘7, € Ig)(l — XiT'}/te)gi

1 < 1 )

Proof. We can decompose

\/_Z (T; € To)(1 — X; 4y, )es \/_Z]lTeIg )1 — Xy, )es
i=1

R : R
+ = > T € T)XT (4, — 4n)e (3.53)
nh—y
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\/_Z (T, € T)ei (X — E[X3)) T,
(3.54)

First, consider (3.53). Denote by A the event

DN W

1 « L
A= {Zmax — Z I(T; € Zf){XiT(%z — %2)}2 <

=1

p max, II%/glll}

On A, we have by conditional sub-Gaussianity of ¢; for any ¢ > 0

)

(‘\/—Z (T; € Zo) X[ (e, — v, )ei| >t

t2
SQexp( )
K23 pimaxp—y ||y, ||

The probability of the complement of A is well-behaved by Lemma [72| and hence by

a union bound and the law of iterated expectations
max —— 3" LT € T)XT (0, — A )es = o —
— i 4 i Mty Yt )€i = Op log Lp .
For (3.54)), it follows by Lemma
= O0,(+/logL).

max

.....

(T} € Tp)e
[ L e

Furthermore, by (3.49)), we have

Hence, (3.54]) satisfies

n

\/_UE Z (T; € Tp)ei (X — E[Xy]) Ty,

.....

This proves the claimed result. O]
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3.F Technical Results on the Asymptotic Vari-

ance Estimator

In this section, we will show that our estimator of the asymptotic variance of
the orthogonalized Nadaraya-Watson estimator is consistent as we capture in the

following proposition.
Proposition 1. Suppose that Assumptions[16| - [18 hold. Then

‘&n,é - On,f’ -
e, = = oll).

Before proving this result, we need some further technical results.

Lemma 77. Suppose that Assumptions[16] and [I8 hold. Then

n

1 ST A
— ST € T (1 - XT,)

nn <
=1

— E[I(T; € Z){1 — (Xi = E[Xi]) T, }]/h| = Op(pn),

where

Further, it holds that

LS NT; € Z)(1 — X[ 4,) — BT € Z){1 — (X; — E[Xi]) ™, }]
E[I(T; € Z,)(1 — (X; — E[Xi]) Ty, )]
1
o <log2 Lp> '

Proof. Decompose

nhz LT € )1 - XThu) = — (X~ BLX) ™)

i WT; € Zy)(
+E;ﬂ(Ti€Ig)(X — E[Xi]) Ty,
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n

1 S
+ Z UTi € Z)XT (i, — m,)-

=1

By the same arguments as in the proof of Lemma [72] we have for the first term on
the right-hand side

% Z]l(ﬂ € Z,)(1 — (X; — E[Xi])Tn,)

—E[I(T, € T)){1 — (X; — E[XiDT%g}]/h‘ = Op(\/@)

for the second term

1 & _ log p
7 U € 70 (X)), = 0y (5w
- =0,(VEP)

¢=1,..L

—0,(1)

and for the third by the Cauchy-Schwarz inequality

n 2

1 .
T A
% ZZI: ﬂ(ﬂ S IZ)X’L (fyté - fyté)
1 — 1 — i
<~ > T ey — > UTi € T)XT (i, — )’
=1 =1
—0,(1) =0y (maxy ey 1)

This proves the first part of the claim. The second part follows by noting that by
Lemma [66] and [67]

FE[L(T, € T)(1 — (X: ~ BIX])",)] = 7 E[L(T: € Z)(1 — (X, ~ B[X]) ™% > 2

which is bounded away from zero uniformly over ¢ and p. Finally, by the growth

conditions on u and ||y, ||1, the claimed rate follows. O

Lemma 78. Suppose that Assumptions[10 and[1§ hold. Then

n

L % Z W(T; € Z,)(1 — X[4,)? — E[L(T; € Zo){1 — (X; — E[Xi]) Ty, Y3/

i=1
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where
~ VB e |
Pn = nh Kirll?.?,{L Teelln
Proof. We have
1 & .
— ST e )1 — XT4,,)? 355
nh; ( o)( o) (3.55)
1 & .
e T 2
= 21T €T - X
IR : )
= > UT € T)(XT e, — A}
=1
2 — . , )
Y UT € T = X ) (KT {0, — Few))- (3.56)
=1

By Corollary the second term on the right-hand side satisfies,

IS T 2 /log Lp
Kirll,a)fL% - ]1(7-'2 S IZ){XJ(%&[ - P)/tl)} = Op< nh Kirll?%LH’ytéul

and regarding the first term, we further split

1 — .
o Z N(T; € Zp) (1 — X[y, )?
=1

—n—lh é (T} € Zo) (1 — {X; — E[X]}Ty,)° (3.57)
+ n—lh ; 1(T; € Z)({X — E[Xi]}Ty,)? (3.58)
+ n_2h Z T; € T,)(1 — {X; — B[Xi]} Ty, ){X — E[Xi]} s, (3.59)

=1
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Demean (|3.57)

LS €20 - (- B
:E[IL(T € I){1 — (X; — E[X;])T%,}?]/h
h Z{ﬂ T € Ig)(l — {X E[X]} ’yte)

— E[I(T; € Z){1 — (X; — E[Xi]) Ty, }]}-

The second term is a sum of independent, bounded, mean zero random variables

Z; ¢ given by

¢ = {U(T € )1~ {X, — BIX]}T,)?

— E[L(T; € Z){1 — (X; — E[Xi]) Ty, }]}

1
2 = O o macl )

1
Var(Zi,) <E[I(T; € Zo){1 — (X = B[X]) T, )]/ h—s max ], Iy

~0 (g macl )

Hence, by Bernstein’s inequality and a union bound
log L 9
= 0,  wmaxle).

For (3.58) and (3.59)), by the same arguments as in the proof of Lemma [72)

Zi

with bound

and variance

max. —Zﬂ (T, € T0) ({X — E[X)™,)” = 0,(p0)

=0 (log(Lp)/ n)
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max 2 ST € T)(1— X, ~ BIX) ) {X — EIX) T, = 0400,

=1 Il
. ~ ~ =0,(+/10g Lp/n)

=0,(1)

Finally, (3.56)) satisfies

2 — . . R log Lp
o T €T = X)) = 0(\/ s

max
14

by the Cauchy-Schwarz inequality. The assertion follows.

Lemma 79. Suppose that Assumptions[16] - [1§ hold. Then

&z_ampw(;ogp) (Lew))
n ng

Proof. Decompose

=3 (V= X7 By)? =0
n
=1

+ o 5? N
1 " R 2
+ o 2 (ML) = m(To)
+ = X B - f))
_ % (1} — m(TZ)){XZT(ﬂA — Bo)}
_ % (mi(T3) — m(T))e;

i=1

- %;{XZT(B/\ - 50)}61'7

where m} (7;) denotes the infeasible Nadaraya-Watson estimator

mZ(t) _ Z?:1 kg(z—‘i - t) (m(Tz) + 5i)

>ic ko(Ti 4+ 1)

1 )

]

(3.60)
(3.61)
(3.62)
(3.63)
(3.64)

(3.65)
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By the CLT, (3.60]) satisfies

| 1

— -0 =0, — |.

L= =olz)
(3.61)) satisfies

by the usual kernel regression arguments.

(3.62)) satisfies

n

%;{5@(6} )= Op(slogp)

by Theorem [16]

(3.63)) is of smaller order than the maximum of (3.61)) and ([3.62)) by the Cauchy-
Schwarz inequality.

Again, by the Cauchy-Schwarz inequality, (3.64) and (3.65]) satisfy

%Dmm ~m(L)ei = O, ( \/ning)

%;{XJ(B)\ — 50)}51' = Op( Slng) .

n

The claim follows. ]

Proof of Propostion [l We actually show the stronger result

|a-n,f - Un,€| 1
max —————— =0, —5— |,
¢=1,..,.L Ot log” Lp

which we need in our derivation of the uniform limiting distribution and the boot-

strap.
It holds by Lemma [79)

1 LT € Z)(1 - XT4,)°
im UL € Z)(1 = XiTy,))?

A2
On
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SNT € T)(1— XA, )?
S (T € ) (1 — XT4,))?

(

and therefore it is sufficient to consider the fraction only. For the denominator, we

have by Lemmas [66] [77] and

1
E 02<1+0P(1>)a
nh

s | 28 2im L(Ts € Zo)(1 — XTn) = fr(te) (1 = mx(t) ™) | 0,(1)
¢=1,..L fr(te) (1 —mx(t)Tv,) e

Thus, by a Delta method type argument

6_2 :% Z?:l :H‘(,IYZ € Ig)(]_ - XiT’S/Q)Q
e fr(te)2(1 — mx (te)Ty,)?

For the numerator, we have by Lemmas [66] [7§ and

o*(1+ 0,(1)).

LS UT € L) (1 — XTA4,)% — fr(te) (1 — mx (te) ™y,
(=1,0,L fr(te) (L —mx(te)™,)

1
- (log3 Lp)

and therefore

e (o))
T fr(te)2 (1 — mx (t) T, "\log® Lp

o (1+0(—1 ))
nt p lOgst

uniformly with respect to £. This implies on the one hand that asymptotically 6,2%@
is close to afw and bounded away from zero with probability converging to one. In
particular, the event {6274 > Ufhé /2} has probability converging to one. The map
f(x) = V/x restricted to [min, o7, ,,00) is continuously differentiable with bounded

second derivative. Hence, by a Delta method type argument,

. 1
o107, )

and the claim follows. O]
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3.G Technical Results on the Test Statistic

3.G.1 Technical Results on the Asymptotic Distribution

Proof of Lemma[58: By Proposition 2.1 in|Chernozhukov et al.|(2017)), it is sufficient

to show that there exists a constant b > 0 and a sequence B,, > 1 such that

LS B = (3.66)
=1
%Z E[[Wi "] < By, (3.67)
=1
for k =1,2 and
Elexp(|[Wil/By)] < 2 (3.68)
as well as
B, = 0( @) (3.69)

Take b = 1 and for some sufficiently large constant B

1+ maxy[|y, [lx
\/Eming gy

then (3.66)) holds with equality and B, satisfies both B, > 1 and (3.69)) by Assump-

tions (16| - Furthermore, (3.67)) follows since

(L + e l)* E[L(T: € Ze)(1 — (X — BIX]) Ty, )?led ]
(Vhao)* ho (fr(t0)(1 — mx (o) Ty, )***)

k 2+k/2

(Vhoy)k

B,=10B

V1,

E[[W, > < C

where we have used that conditional sub-Gaussianity of the ¢; implies for all p > 1E|

» p/2

2See Proposition 2.5.2 in [Vershynin| (2018).
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and finally

1+ [y llx
\/Effe

()] ()]

for C = 48(K2Vv1). By sub-Gaussianity of the ; (cf. Assumption[L6), the right-hand
side can be bounded by

E{exp<‘2|)—1] /Ooéexp<é> (lei] > t)dt
/ aexp( = C)dt
2 () [ B,

()

and hence, (3.68]) is satisfied. O

Lemma 80. Under Assumptions[16 -[18, it holds

|Wie| < e

il = 48(K4 v

implying

< S .
< max |Sy | (3.71)

=1,...

+ max |S.; — 8.4 (3.72)
(=1,..,L
As shown in the proof of Theorem [I7] the approximation of the denominator con-
verges sufficiently fast to zero when measured by the relative error and hence it is

sufficient in the following to consider only the numerators.
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For (3.71]), the KKT conditions of (3.4)) imply uniformly over ¢

n

2 .
%Zﬂ(Ti € L) (1 — X7 9) Xy

max
1<j<p

= u

with u = O(y/log Lp/nh) by Assumption . Moreover, by Theorem , 1Bx—B =
O,(sy/logp/n). This implies the bound

5 2 N A slog Lp
JES— . —_— T . . _— pu—
Swd < OV x| 2511 € Z) (1 - XT3 Xy 11 - 511 = 0, (2L,
For 1} we can decompose 51.74 into
SE,E :SE,Z
+ VAnh Z?::LH(Tl < I[)XJ<7te _ ﬁite)gi (373>
o Y WT e Z)(1 = X )
| Vnh > LT € To)ei(X — E[XG]) Ty, (3.74)
or YL UL € T)(1 - XTA) '
Vnh 1 ¢
+ YN (3.75)
Oy N <
J:
+ (2 - 1) Set (3.76)
Oy

In order to deal with (3.73)), let A denote the event

¢=1,...L nh &~~~ /Uil = 9 L

1 — . 2 3
A= { s 27 21T TG =) < G s

On A, we have by conditional sub-Gaussianity of ¢; for any ¢t > 0

R o
p( > UT € )XT (A, — )z

nhoy =

Zt‘T,X)

ost?
<2Zexp| — 23 ’
K25 pmaxe |y, |1

The probability of the complement of A is well-behaved by Lemma [72| and hence by
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a union bound

R 1
N U(T € T)XT (i, — An)ei = 0 —— .
zirllaXL ma_e : ( € 5) i (/yt/z ’%5,_,)5 Op(log Lp)

.....

.....

by using sub-Gaussianity of € combined with a union bound. Furthermore, by (3.49)),

we have

_ log L
maXL|(X — E[Xi])T%A = Op( gn p).

1111

Hence, (3.74)) satisfies

VAR (T € T (X - E[Xi]) "y,
(=1,...L| Oy Z?:l ﬂ(ﬂ € Ig)(l — XiT’AYg)

"\ vn "\log Lp )’

(3.75) is of smaller order by the CLT and (3.76) is of smaller order by the bound
derived in the proof of Proposition [I} O

3.G.2 Technical Results on the Bootstrap

Lemma 81. Under Assumptions |10 -[18, it holds

sup
qeR

P*(% ii(Wi —We: < q) _ P(% iz < q)’ — 0,(1).

Proof. Denote by 3 the matrix with (£, k)th element

n

~ 1 _ _
Yop = - Z(Ww — W) (Wi, — W),

i=1

Y = E[W;W]] and let A,,, denote A,,, = man7k|fJ - 3.

(2

Theorem 4.1 and Remark 4.1 in (Chernozhukov et al.| (2017) imply that, on the
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event A, , < A, where A can be chosen freely,
1 < _
Wi — W)e; < q> <_ Z; < q> ' < CAY31og??2L.
(2 72

In the following, we will show that

. 1
Sor— Senl = 0, [ ——
I%X| ok — Sl Op(log3L)

sup|P
q€eR

which is sufficient to prove the claim.

Decompose

. ] — o
Sep == WalW — WiV

and therefore

max|> — 3| <max
Lk

Z WieWa, — E[WieWig] | + max|W,|? (3.77)

In order to increase readability, let w;, denote

1 1(T; € T){1 = (Xi — E[Xi]) Ty, }
o0 fr(te) (X —mx (te)Ty,)

Then we can write (3.77)) as

Wi =

1 n
x| — ;{wigwiksf — E[wiwie?] }‘

By the triangle inequality,

— ;{wifwikg? — Elwiwie]] ‘ <max - wawzk e —0o°) (3.78)
0'2 -
+ max| Z{wifwik — Elwigwi] }‘
(3.79)

In order to deal with the first term on the right-hand side, we will use a Bernstein
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inequality for weighted sums of subexponentially distributed random variables as
given in Theorem 2.8.2 in [Vershynin| (2018)) which we reproduce here for the conve-

nience of the reader.

Theorem 23. Let Xi,...,X, be independent, mean zero, sub-exponential random

variables, and a = (ay,...,a,) € R™. Then, for every t > 0, we have
P([3pe]> 1) = 2o -emn{ . )
il >1t] <2exp| —cmin ,
K?|lall3” Kllalls

where K = max; || X; ||y, -
Here, || X ||y, denotes the smallest number such that E[exp(||X||/K)] < 2. If no

such number exists, we set || X[y, = oco.

n

>

1=1

We are going to apply Theorem to the conditional distribution, P*, condi-
tionally on {(7;,X;) : i = 1,...,n}. Therefore, ||-||4, also is to be interpreted with
respect to the corresponding conditional expectation. Take X; = (¢ — 0?) and
a; = log wawlk for i =1,...,n. Then, K = max;|e? — 02|y, < CKZ, by Assump-

tion [16] Exercise 2.7.10 in Vershynin (2018) and Lemma 2.7.6 in |Vershynin (2018).

Furthermore,
log* L 1
ol = O E sl ) = o 1)

and

n

2log® L
ol = (s Do LT € T)(1-+ (06— ELX)™) %, E o ).
=1

Denote by Ak the event
1 & 2
Ap = {m?x% ; (T; € Z,) (1 + (X; — E[X,))T,)" < Ky/log L},

for some constant K > 0. On Ag, it holds

log8 L

lall; < €

max|| v, [[7-
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Thus, by a union bound together with Theorem [23] we have on Ag for any t > 0

P*| max
0k

t
> —=— ] =0 as
log® L

This implies together with the law of iterated expectations and the dominated con-

1 n
— Y wiwi (e} - 0?)
nh —

vergence theorem

t
>—— Ac | — 0.
~ log® L C)

1 n

2 _ 2
— E wiw (g5 — 0°)
nh —

P max
Lk

By the same arguments as in Lemma (78| in (3.57)), we have that lim, P(A%) = 0

when K is chosen sufficiently large and therefore

1 — N 1
ol 2 el = )’ B Op(log?’L)'

In order to bound (3.79)), let

log* L
nh

max
0k

Zigk = {wipwi, — Elwipwig] }.

The Z;p. have mean zero and are bounded by

log* L

log* L
L1 17— 0

Zual < C 1)

nhopoy,

which is sufficient for Lemmal[59ii) to be applicable. Their variances can be bounded
by

VaI‘(ZMk)
log® L ) )
<C—=o 5 E[L(Ts € T)UT; € T) (1~ (X — EIX) ™) (1~ (X — B[X]) %) ]
10k
1 N 10g8 L 5
<C— hol E[I(T; € Z,) (1 — (X; — B[X,])™y,) "] (2max||vy, [|7 +2)
noj oy ¢ g

J/

=0(1) —oflog " Lp)
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which converges sufficiently fast to zero. Hence, by Lemma (ii),

max
0k

02 — 1
o ;{wiéwik - E[wigwik]}’ =0, (—10g3 L)’

and

max
Lk

1 n
= WaWi — E[Wy Wy
=1

1
=0, —— |-
"\log® L

For the second term on the right-hand side in (3.77]), we have by conditional

sub-Gaussianity of ¢;

P(Va|W,| > t|T, X Sexp(— " )
(VAlWe] 2 4|7, X) RE-L S, (T, € Z)(1 — (X, — B0 )?

By the same arguments as in the proof of Lemma [78] we have

n

1
. — - NT 2 _
S E_l 1(T; € Zp)(1 = (Xi — E[Xi])Ty,)” = Op(v/log L).
These statements imply maxy |W|? = o,(log™ L) and the claim follows. O

Lemma 82. Under Assumptions |10 - it holds

% Z(AM — N)ei| > gn) = 0,(1)

with 0, = 1/log L.
Proof. Note that & = m(T}) — m(T}) + XT (B — fx) + &; and decompose

1 & _
- Z(Aie - A£>ei
\/ﬁ i=1

n

1
B V nhc}gag ;

ST €T - )T ) e (330

Jj=1

(w € T)(1 — XT4){m(T,) — mi(T)}

n

_ : — XT4)XT (B — 3
e o (1T € T TR G )
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- 3T € T - XT3 - ) ) (3.1)

J=1
n

1 .
b S (1T eT)(1 - XT4,)es
> (1m e Z)0 - KT5)

=1
1 ¢ ot
— EZIL(T‘] GIg)(l —X}vtg)ej)ei (382)

J=1
n

1
- \/_Ugag ;
0 Z (T € Z){1 = (X — E[Xj])T’Vte}Ej> &, (3.83)

(ﬂ(T € T){1 - (X, — E[X)) ™}

where ay is given by

n

1
a :—hz W(T; € Zp)(1 — X[ 4,).

We can derive the rates of the terms (3.80)) - (3.83)) by the same recurring argument:
Note that the terms all are of the form

1 < _
e E (Zw — Zg)e
vVinh i

where the Z;, only depend on D := (Y;, T}, X;)", and Z, denotes Z, = %Z?:l Zi.
Since the e; are standard normal and independent of D, these sums are (conditionally

on D) normally distributed with mean zero and variance

1 & _
— Z(Zw — Zy)?
nh —

Then, by a union bound together with sub-Gaussian tail bounds,

2
> pn) <2exp <log L — - )

7/ Zg 6
Z ‘ maxy — nh Zz 1( il — Zg)

=1

Further, we can derive rates for an upper bound of the variance, say,

n

1
max — Z(Zw —Z)* < max — Z 7% = = 0,(p2).

=1
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Here the oh-p statements are to be understood unconditionally. Such a bound is
sufficient for the right-hand side to converge to zero in probability. Therefore, we
focus in the following on deriving rates for the conditional variances.

An upper bound on the variance of is

1 u . N
nhoza? Z 1(T; € Zp) (1 — X740, {m(Ty) — i (T) ¥

By the usual arguments in kernel regression, one can show

.k logn
wpmaw—munzq(w : +f)
te[0,1] ng

Moreover, by definition of 62,

1

(T, € ) (1 — XT4,,)% = — = O,(1
nhagag Zl € Z)( %2) 02 Op(1)
and therefore
1 - o -
s —— ST, € T)(1— XT3, ((T) — (1)) = 0,(65).
n Ueae P

Note that |X;;| < 2 and therefore the variance of (3.81)) can be bounded by

n

max ——— Y WL eT)(1- XiT,%é)2\{XiT(B>\ — Bo)}?

=1

AV
<4||Br—Boll?

4 !
<2l =t = 0, (B2 ) = o,(42)

where we have used Theorem [I6 and Lemma [79
The third term, (3.82)) can be decomposed as follows

n

1
vV nh&me zz_;

1 < .
_ EZ]]_(CT] c Ig)(]. - XJ»T%é)ej)ei

J=1
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n

=m;(w € {1 - (%~ EX )™}
_‘Z 1(Ty € Z){1 — (X; — E[X %A@) (3.84)
+(5- Ui) T (10 ez (- B
_‘Z 1(Ty € Z){1 — (X; — E[X %z}eg> (3.85)
_ mé(l(T € T))e; —%gﬂ (T} € T)e ) X)) (3.86)
- 2 (1 e T TG = b

- 23U € THAT G — b ) (3.57)

j=1
The first term, (3.84)), cancels with (3.83]). For (3.85]), we have by Lemma
3 (1 T - (x5 B

- —Z 1(T; € Zy) {1 — (X; — E[X,])T %e}sj)ez = O,(/log L)

and rate in the proof of Proposition (1| implies

Thus, (3.85)) converges sufficiently fast to zero.
An upper bound on the variance of (3.86) is given by

n

2 2
N > UT: € Tef max [(X = LX)y, [* = 0p(p})
:5:(1) =Op(10g Lp/n)

where we have used (3.49). For the final term, (3.87), an upper bound for the
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variance is given by

nhaz

221 (T; € Z{XT (A, — )}l

In order to deal with this term, we will use some further notation: Denote by
D = {(T;,X;) :i=1,...,n} and let ||Z||y,, for some random variable Z, denote

the smallest constant satisfying

loo (1) |7] <2

If no finite constant satisfies this inequality, set || Z]|4, = co. By Problem 8 in section

2.2 in jvan der Vaart and Wellner| (2000), it holds for any finite collection of random

variables Z1,..., 2,

E[ max ]Z | |D] < log(1 +m) nax HZ [

.........

Now, let Z, be given by

n

1 .
Zy=——=—=Y WT, € T){XT (%, — 2¢2,
l nh&%af ZZI ( € f){ i (’Vte ’Vte)} &
We show in Lemma R3]
HZZHM < KEZ Z T EI@ {X (%e %e)}Z
i=1

and thus

1< -
T/2 2.2

D/

2 : T(5, — 2
<K log(l + L) Erffl},(th— ; ]l(Tz € IE){Xz (r}/te %fe)}

=0y (log(L)nmax|y,[l1) = op(py)

where we have used Lemma [13| and Assumption [I8, Hence, also this term converges

sufficiently fast to zero and the claim follows. O]
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Lemma 83. Under Assumption (16|, it holds

1 < o
W Z W(T; € ZoO{XT (e, — ) }oe?

Y1

{X (’}/te ’}/te)}Q'

Proof. The argument relies on the following form of Young’s inequality: if p; € [0, 1]
with >, p; =1, then

n

[ <> pia
i1 i=1
Take a; = exp(e?/K?) and

H(TZ € If){XiT(‘;Yte B P)/te)}2 )
> i Wi € Zo{XT (B, — )

pi =

These satisty p; € [0, 1] as well as >, p; = 1 and so Young’s inequality is applicable.
Therefore,

blese( zz 1ﬂﬂ<<TT» = IIS){{;T&[— 3>)}}K) i

:E{ﬁa?

=1

D’] sz [exp( 2)‘@’}§2,

6

where we have used in the last inequality that the €7 satisfy max;||e?||,, < K2 by
Assumption [16] O
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