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Summary

In this thesis we study mathematical models describing stability properties of metals and synthetic
compounds. Many of these materials are made of polycrystals consisting of many small crystals, also
called grains. In each crystal, atoms are arranged in lattice structures. The interface where grains meet is
called a grain boundary. At these grain boundaries, the lattice structure may change its orientation, which
leads to residual stresses inside the material. High temperatures allow the atoms to move, leading to shape
changes of grain boundaries. In Chapters 2 and 3 we focus on two models which are often used to describe
the evolution of these shape changes. A popular model for describing the evolution of grain boundaries in
the interior of the material is mean curvature flow, while we see surface diffusion near the surface.

In the following two paragraphs we sketch two key results which are proved using the relative entropy
method. This method was first introduced by Fischer, Hensel, Laux and Simon [61].

In Chapter 2, see also Appendix A, we prove a quantitative convergence result of solutions to the
non-local Allen–Cahn equation to volume preserving mean curvature flow. The main difficulty in our
proof is to choose a suitable extension 𝐵 of the normal velocity field 𝑉𝜈 in order to prove the Gronwall
estimate. We define the extension via a solution of a Laplace problem. This approach was first used by
Laux [113], and recently by Poiatti [148] for a Stokes problem. In contrast to many previous works, where
this extension was defined by orthogonal projection of 𝑉𝜈 onto the surface combined with a cutoff function,
this construction allows us to add a tangential component to 𝐵 which is needed to prove the Gronwall
estimate.

In Chapter 3 we prove a weak-strong uniqueness principle for the surface diffusion flow in the sense that
if a classical solution and a weak solution agree at time 𝑡 = 0, then they agree for all times as long as the
classical solution exists. There are two main ingredients for the Gronwall inequality. On the one hand, we
apply some results from geometric measure theory, in particular so-called Jordan boundaries, on which a
Poincaré inequality holds. On the other hand, we estimate the “difference” of tangential derivatives on both
surfaces, in a suitable sense, by the relative energy. Crucially, this includes higher order derivatives, which
appear naturally since the surface diffusion flow is a fourth order equation. To the best of our knowledge,
this is the first application of the relative entropy method to higher order geometric flows.

Finally, in Chapter 4 we prove a Γ-convergence result of the elastic energy 𝐸ℎ, defined below in (1.26),
for thin non-Euclidean rods as the thickness ℎ tends to zero for the energy scaling 𝐸ℎ ∼ ℎ4. We consider a
setting where both the ambient space and the target are Riemannian manifolds. By introducing so-called
Fermi coordinates, we are able to write the limiting functional as a functional which can be viewed as
a norm of the difference between the curvature tensors of the target and the ambient space. Our proof
combines a result by Müller and Mora [139], who compute this Γ-limit in the Euclidean setting, and a
result by Müller and the author [110] for non-Euclidean balls. We exploit the fact that Sobolev maps agree
with Lipschitz functions, with a Lipschitz constant independent of the thickness ℎ, everywhere except on a
set of measure less than 𝐶ℎ4. This allows us to work locally in a single chart in the target manifold.

v





Declarations

I declare that I have authored this thesis independently, that I have used none other than the references
included in the bibliography, and that I have explicitly referenced all quoted material either literally or by
content to sources in the bibliography.

vii





Contents

1 Introduction 1
1.1 Geometric flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Phase-field models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 The relative entropy method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.4 Non-Euclidean elasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.5 Results in this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.5.1 Convergence of the nonlocal Allen–Cahn equation to volume preserving mean
curvature flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.5.2 A uniqueness and stability principle for surface diffusion . . . . . . . . . . . . . 10
1.5.3 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes 11

1.6 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Bibliography 15

2 Convergence of the nonlocal Allen–Cahn equation to volume preserving mean curvature
flow 25
2.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 A uniqueness and stability principle for surface diffusion 29
3.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.3 Definitions and notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.4 Stability for stationary solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.5 Stability of surface diffusion in 2D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.6 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.6.1 Jordan boundary decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.6.2 A Poincaré inequality on rectifiable sets . . . . . . . . . . . . . . . . . . . . . . 55

4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes 61
4.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.3 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.3.1 Fermi coordinates around a geodesic in M . . . . . . . . . . . . . . . . . . . . 66
4.3.2 Lift of maps from a small geodesic tube in M . . . . . . . . . . . . . . . . . . . 68
4.3.3 Estimates for the center of mass in normal coordinates . . . . . . . . . . . . . . 70
4.3.4 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.4 Main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

ix



4.5 Convergence of the energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
4.6 Minimization of the limiting functional . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.7 Uniqueness of the limit in XG/∼ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.8 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.8.1 Lipschitz approximation on thin tubes . . . . . . . . . . . . . . . . . . . . . . . 108
4.8.2 Fermi coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

A Published version: Convergence of the nonlocal Allen–Cahn equation to volume
preserving mean curvature flow 119
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

A.1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
A.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
A.3 Construction of calibrations: Proof of Proposition A.5 . . . . . . . . . . . . . . . . . . . 125
A.4 Relative energy estimate: Proof of Proposition A.6 . . . . . . . . . . . . . . . . . . . . 127

x



CHAPTER 1

Introduction

A wide range of materials, including metals and numerous synthetic substances, are crystalline, where
atoms are arranged in lattice structures. However, perfect single crystal materials are rare. Instead,
most of these materials are polycrystals consisting of many small crystals, or grains, joined together at
so-called grain boundaries. Understanding the grain boundaries at microscopic scales is key to determine
macroscopic properties of the material such as its strength or stiffness.

For example, the Hall–Petch effect stipulates that the material becomes harder when the average grain
size decreases. However, this relationship fails for some materials at very small scales in the nanometer
regime, where materials either maintain a constant strength or experience softening as the average grain
size decreases below a critical scale in the order of 10 nanometers.

When materials are exposed to high temperatures, atoms become mobile which causes them to move to
energetically favorable locations. This results in two prominent effects.

Figure 1.1: Thermal Grooving of a heated poly-
crystal

At places where grain boundaries meet the surface, we see
thermal grooving, which causes atoms to move away from the
grain boundary leading to a V-shaped groove, see Figure 1.1.
In these regions the evolution of the surface is described by
the surface diffusion equation, see Chapter 3.

In the bulk of the material we see grain growth and coarsen-
ing. For a long time the generally accepted approach for
modeling grain growth has been mean curvature flow [143],
see Appendix A. This makes sense as mean curvature flow
seeks to minimize the total interfacial area. However, recent
experimental measurements show that grain boundary evol-
ution in the bulk is not always described by mean curvature
flow [149, 23].

A significant part of the mathematics and physics literature
is dedicated to so-called thin films, which play an important
role in the engineering of e.g., micro-chips, coating materials
and other technologies where space and weight efficiency is
crucial. Hence understanding fatigue mechanisms in thin films is important to ensure the long term stability
and effectiveness of these materials. In many applications thin films experience cyclic temperature changes,
which causes annealing due to grain growth and grooving at the surface during high temperature periods.
This degrades the structural integrity of the material over time and can eventually cause bending or cracking,
see for example [82, Figure 1].
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Chapter 1 Introduction

In order to minimize the stresses acting on the material, another important problem is to determine
the optimal deformation of a material in a given distribution of grains. Mathematically, grain boundaries
induce a pre-stressed configuration of a material in Euclidean space in the sense that there is no deformation
which makes the material stress free. Pre-stressed materials are generally described in the framework of
non-Euclidean elasticity, where residual stresses are encoded in the metric of a Riemannian manifold.

A natural approach for modeling thin bodies is to define them as the tubular neighborhood of a lower
dimensional submanifold S. In this setting one would like to derive properties of the thin body based on
the geometry of S. Mathematically, this can be made rigorous in the framework of Γ-convergence. We
study this problem in detail for geodesic rods in Chapter 4.

Before we present the details of these results we give a general introduction to geometric flows in
Section 1.1 and existing literature related to this thesis. In Section 1.2 we introduce phase field models,
which can be used to approximate some of these geometric flows. In Section 1.3 we introduce the recently
developed relative entropy method, which is crucial for the proofs in Chapters 2 and 3. Finally, we give an
overview of non-Euclidean elasticity and relevant literature in Section 1.4.

1.1 Geometric flows

Geometric flows describe the evolution of a family of surfaces which move by a prescribed velocity 𝑉 in its
normal direction, and play an important role in geometry, analysis, and many applications.

Consider a smooth, (𝑑 − 1)-dimensional, orientable manifold 𝑀 and let 𝑋 (·, 𝑡) : 𝑀 → R𝑑 be a family
of smooth embeddings. We say that Σ(𝑡) := 𝑋 (𝑀, 𝑡) evolves with normal velocity 𝑉 : 𝑀 × [0, 𝑇) → R if

𝜕𝑡𝑋 = 𝑉𝜈 in 𝑀 × [0, 𝑇), (1.1)

where 𝜈 is an oriented unit normal vector field of Σ(𝑡).
In many applications these flows carry a gradient flow structure, which is an important tool to understand

the behavior of solutions of (1.1). This gradient flow structure can be described as follows: Consider the
space M of all oriented, embedded hypersurfaces Σ ⊂ R𝑑 . We formally equip M at each element Σ ∈ M
with a tangent space consisting of all normal velocities

𝑇ΣM = {𝑉 : Σ → R} , (1.2)

and with a metric 𝑔 : 𝑇ΣM × 𝑇ΣM → R. Indeed, normal velocities can be viewed as “tangent” vectors in
the sense that for any vector field 𝜁 : R𝑑 → R𝑑 we can define a curve in M by

Σ(𝑡) = {𝑥 + 𝑡𝜁 (𝑥) : 𝑥 ∈ Σ} (1.3)

such that 𝑉 = 𝜁 · 𝜈 is the “differential” of this curve at 𝑡 = 0. Now the gradient of an energy 𝐸 : M → R is
given by

⟨gradM 𝐸,𝑉⟩𝑔 =
𝑑

𝑑𝑡

����
𝑡=0
𝐸 (Σ(𝑡)). (1.4)

A standard example is the area functional 𝐸 (Σ) = H 𝑑−1(Σ) and the 𝐿2 inner product

⟨𝑉,𝑊⟩
𝐿

2 :=
∫
Σ

𝑉𝑊 𝑑H 𝑑−1
.
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1.1 Geometric flows

The gradient of the area functional with respect to this inner product is therefore given by

⟨gradM 𝐸,𝑉⟩
𝐿

2 =
𝑑

𝑑𝑡

����
𝑡=0

H 𝑑−1(Σ(𝑡)) =
∫
Σ

𝑉𝐻 𝑑H 𝑑−1
,

where Σ(𝑡) is given by (1.3). Hence we have gradM 𝐸 = 𝐻 and the 𝐿2-gradient flow of the area functional
is the mean curvature flow

𝑉 (·, 𝑡) = −𝐻 on Σ(𝑡), (1.5)

which is one of the most studied geometric evolution equations. In particular, the surface area of solutions
of (1.5) is non-increasing

𝑑

𝑑𝑡
H 𝑑−1(Σ(𝑡)) =

∫
Σ (𝑡 )

𝑉𝐻 𝑑H 𝑑−1
= −

∫
Σ (𝑡 )

𝐻
2
𝑑H 𝑑−1 ≤ 0.

In local coordinates, mean curvature flow leads to a parabolic second order equation. Such equations fulfill
maximum and comparison principles, which play an important role in the analysis of mean curvature flow.
Huisken [90] uses a maximum principle to show that smooth convex initial data remain convex under
mean curvature flow and shrink to a point in finite time in dimensions 𝑑 ≥ 3. Gage and Hamilton [69]
prove this result for curves using integral estimates. Non-convex initial data can develop other topology
changes before shrinking to a point. For example, Grayson [79] uses a maximum principle to show that the
boundary of a dumbbell shaped region will develop a pinch off in finite time when evolving under mean
curvature flow.

Since smooth solutions to mean curvature flow only exist for finite time and cannot remain smooth past
singularities, an important question is how to describe surfaces evolving by mean curvature flow past
singularities. A typical approach is to define a notion of weak solutions which is compatible with classical
solutions in the sense that if a weak solution and a classical solution agree at time 𝑡 = 0, then they agree for
all times as long as the classical solution exists.

Brakke [29] studied varifold solutions to mean curvature flow, which are generally non-unique. Other
methods have been suggested to define weak solutions which may evolve past singularities. Chen, Giga
and Goto [38], and independently Evans and Spruck [53, 54, 55], construct viscosity solutions, which
are defined as level sets of an auxiliary function solving a nonlinear partial differential equation. Other
suggestions include Kohn and Bronsard [31] and De Giorgi [44] by simply defining the evolution as an
asymptotic limit of solutions of the Allen–Cahn equation, which will be discussed further in Section 1.2.
Almgren, Taylor and Wang [10] define so-called flat flow solutions as limits of a minimizing movements
scheme. Luckhaus and Sturzenhecker [129] also use a minimizing movements scheme to prove existence
of BV-solutions. Recently, Hensel and Laux [84] developed a new varifold solution concept based on
results for general gradient flows by De Giorgi [45] and Sandier, Serfaty [154].

In many applications physical conservation laws require the volume of the regions enclosed by the
evolving surface Σ(𝑡) to be preserved, therefore volume preserving geometric flows are of high interest.
Two evolutions which satisfy this requirement are volume preserving mean curvature flow and the surface
diffusion flow. We study both these flows in this thesis, see Chapters 2 and 3.

Let us first discuss the simpler equation, the volume preserving mean curvature flow, which is given by

𝑉 (·, 𝑡) = 𝐻 (·, 𝑡) − 𝜆(𝑡), 𝜆(𝑡) = 1
H 𝑑−1(Σ(𝑡))

∫
Σ (𝑡 )

𝐻 (𝑥, 𝑡) 𝑑H 𝑑−1
. (1.6)

Short time existence of classical solutions of (1.6) for initial data which are close to spheres was shown in
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Chapter 1 Introduction

two dimensions by Elliott and Garcke [48], and in higher dimensions by Escher and Simonett [51].
Using a minimizing movements scheme introduced by Almgren, Taylor and Wang [10], Mugnai, Seis

and Spadaro [141] construct distributional global in time solutions of (1.6) in the sense of Luckhaus and
Sturzenhecker [129], see also Julin and Niinikowski [96]. Laux and Swartz [120] prove a similar result for
the thresholding scheme.

In this thesis we use the recently developed relative entropy method, which is introduced in Section 1.3,
to prove the convergence of solutions of the Allen–Cahn equation to volume preserving mean curvature
flow, see Section 1.2 and Appendix A.

While volume preserving mean curvature flow preserves the volume by adding a Lagrange multiplier, a
more physical flow to consider is the surface diffusion flow, which naturally preserves the volume.

Surface diffusion was first introduced by Mullins [142] to describe the process of thermal grooving at grain
boundaries of heated polycrystals. It arises naturally from the conservation law 𝑉 (·, 𝑡) + divΣ (𝑡 ) 𝑗 (·, 𝑡) = 0
and the Nernst–Planck relation, which stipulates that the average flux of atoms on the surface follows the
negative mean curvature 𝑗 (·, 𝑡) = −∇Σ (𝑡 )𝐻 (·, 𝑡). Combining these relations yields the surface diffusion
equation

𝑉 (·, 𝑡) = ΔΣ (𝑡 )𝐻 on Σ(𝑡). (1.7)

Surface diffusion naturally preserves the volume of the enclosed region since, by Gauss’ theorem,

𝑑

𝑑𝑡
Vol(Ω(𝑡)) =

∫
Σ (𝑡 )

𝑉 𝑑H 𝑑−1
=

∫
Σ (𝑡 )

ΔΣ (𝑡 )𝐻 𝑑H
𝑑−1

= 0.

Moreover, the area is dissipated, i.e.,

𝑑

𝑑𝑡
H 𝑑−1(Σ(𝑡)) =

∫
Σ (𝑡 )

𝑉𝐻 𝑑H 𝑑−1
= −

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝐻 |2 𝑑H 𝑑−1 ≤ 0. (1.8)

Although surface diffusion is crucial in applications, relatively little is known about general solutions of
the surface diffusion equation (1.7) due to its delicate structure.

As a quasilinear parabolic fourth order equation, surface diffusion has a regularizing effect in the sense
that corners and edges instantly become smooth under surface diffusion. Nevertheless singularities may
form in finite time. The formation of self-intersections was conjectured by Elliott and Garcke [48] and later
proved for curves by Giga and Ito [75], and in higher dimensions by Mayer and Simonett [133]. Using the
parabolic structure, Escher, Mayer and Simonett [50] prove short-time existence for sufficiently smooth
initial data. Giga and Ito [74] show existence of simple, convex closed curves which lose convexity while
remaining simple before developing singularities, see also [39, 27]. Numerical simulations confirm these
effects [72, Figure 3]. Cicalese, Fusco, Julin, and Kubin [40] prove convergence of a minimizing-movements
scheme to flat flow solutions of the surface diffusion flow, as well as uniqueness in three dimensions for
sufficiently regular initial data.

Spheres play a central role in the study of surface diffusion, since they are stationary solutions. Elliott
and Garcke [48] prove that if simple closed curves evolving under surface diffusion exist for all time, they
must converge to a circle. Escher, Mayer and Simonett [50] prove a similar result in higher dimensions.
Wheeler [164, 163] quantified this convergence by showing that 𝐿2 perturbations of circles converge
exponentially fast.

Beyond spheres, stationary solutions include the standard double bubble [1, 71] and certain Delaunay
surfaces [97]. More generally, Acerbi, Fusco, Julin and Morini [3] show that any three-dimensional
configuration which is periodic and strictly stable for the area functional is exponentially stable for the
surface diffusion flow.
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1.2 Phase-field models

1.2 Phase-field models

In numerical schemes, geometric flows often present practical difficulties since incorporating singularities
and topological changes in lower dimensional interfaces is a difficult task. Instead, some flows can be
approximated with so-called phase-field models. In these models one introduces a small parameter 𝜀 > 0,
which describes the thickness of the interface between different phases, and a phase field variable 𝑢𝜀 which
solves some partial differential equation and is close to the minima of some potential. The advantage of
phase field models is that we “only” need to solve a partial differential equation, where there are usually
less difficulties to overcome.

Similarly to geometric flows, some phase field models carry a gradient flow structure where the phase
field variable 𝑢𝜀 is the gradient flow of some energy 𝐸𝜀 . For the remainder of this section we will focus on
the Cahn–Hilliard energy, which is closely related to the geometric flows described in the previous section.
Before we continue with gradient flows of the Cahn–Hilliard energy, we give a brief introduction to the
Cahn–Hilliard energy itself and some results on the static problem. Many of the results mentioned below
will also be important in the analysis of gradient flows of the Cahn–Hilliard energy.

The Cahn–Hilliard energy is given by the Ginzburg-Landau functional

𝐸𝜀 (𝑢) :=
∫
R𝑑

𝜀

2
|∇𝑢 |2 + 1

𝜀
𝑊 (𝑢) 𝑑𝑥, (1.9)

where 𝑊 ≥ 0 is a potential vanishing at finitely many points. A typical example is the standard double
well potential𝑊 (𝑢) = 𝑢2(1 − 𝑢)2. The term 1

𝜀
𝑊 (𝑢) in the energy penalizes 𝑢 away from the minima of

𝑊 , while the term 𝜀
2 |∇𝑢 |

2 penalizes rapid changes of 𝑢 in space. Hence we expect minimizers of (1.9) to
converge to an indicator function taking values at the minima of𝑊 as 𝜀 → 0.

For a double well potential, Modica and Mortola [137] show that the Cahn–Hilliard energy (1.9)
Γ-converges to a multiple of the area functional. A crucial step in their proof is to introduce the change of
variables, which was discovered independently by Bomogol’nyi [28],

𝜓 := 𝜙 ◦ 𝑢, where 𝜙(𝑢) =
∫ 𝑢

0

√︁
2𝑊 (𝑧) 𝑑𝑧. (1.10)

As we will see later on, this change of variables is also an important step in this thesis. Modica [136]
shows that for a more general family of double-well potentials vanishing at two points 𝛼 ≠ 𝛽, minimizers
of (1.9), restricted to the volume constraint

∫
𝑢 = 𝑚, converge to a function 𝜒 : R𝑑 → {𝛼, 𝛽} such that the

interface supp∇𝜒 minimizes the area functional among all sets with mass 𝑚. An important fact is that
this Γ-convergence is stable under the addition of integral constraints for 𝐸𝜀 , which is important in many
applications which require a mass conservation property.

We will now consider gradient flows of the Cahn–Hilliard energy (1.9). One of the most well knows
phase-field models is the Allen–Cahn equation, which was first introduced by Allen and Cahn in 1979 [9]
to model the motion of phase boundaries by surface tension. The Allen–Cahn equation is the 𝐿2-gradient
flow of the Cahn–Hilliard energy (1.9) and is given by

𝜕𝑡𝑢𝜀 = Δ𝑢𝜀 −
1
𝜀

2𝑊
′(𝑢), (1.11)

which can formally be read-off from the optimal energy dissipation relation, which holds for any classical

5



Chapter 1 Introduction

solution of (1.11):

𝑑

𝑑𝑡
𝐸𝜀 (𝑢𝜀 (·, 𝑡)) = −

∫
R𝑑
𝜀(𝜕𝑡𝑢𝜀 (𝑥, 𝑡))

2
𝑑𝑥.

Formal asymptotic expansion [33, 152] suggests that solutions to (1.11) converge to mean curvature
flow, which was shown by Evans, Soner and Souganidis [52] for level set solutions of mean curvature
flow. Ilmanen [92] proves a similar result for varifold solutions of mean curvature flow in the sense of
Brakke [29].

As we mentioned in the previous section, many applications require the volume to be preserved, which
motivates studying mass preserving versions of (1.11). Here the mass preservation is achieved by adding a
constraint, leading to a Lagrange multiplier

𝜕𝑡𝑢𝜀 = Δ𝑢𝜀 −
1
𝜀

2𝑊
′(𝑢) + 1

𝜀
𝜆𝜀 . (1.12)

Volume preserving versions of the Allen–Cahn equation were first introduced by Rubinstein and Stern-
berg [152], who called (1.12) the nonlocal Allen–Cahn equation. This is because the constraint∫
𝑢𝜀 (·, 𝑡) 𝑑𝑥 =

∫
𝑢(·, 0) 𝑑𝑥 is a nonlocal constraint. Using formal asymptotic expansion, they show

that solutions to (1.12) converge to volume preserving mean curvature flow. Chen, Hilhorst and Logak [37]
give a rigorous proof of this fact for smooth initial data and short time.

Golovaty [77] proposed a different model, which amplifies the effect of the Lagrange multiplier near the
diffuse interface,

𝜕𝑡𝑢𝜀 = Δ𝑢𝜀 −
1
𝜀

2𝑊
′(𝑢) + 1

𝜀
𝜆𝜀

√︁
2𝑊 (𝑢𝜀). (1.13)

This model does not preserve the mass of 𝑢𝜀 , but the mass of 𝜓𝜀 = 𝜙 ◦ 𝑢𝜀 , where 𝜙 is given in (1.10).
Golovaty’s formal argument suggests that solutions of (1.13) converge to volume preserving mean curvature
flow 𝑉 = −𝐻 + 𝜆. Takasao [160] shows that solutions of (1.13) converge to weak solutions to volume
preserving mean curvature flow in the sense of Brakke in ambient dimensions 𝑑 = 2, 3, and recently in
arbitrary dimensions for slight perturbations of (1.13), see [161].

Mellet and Rozowski [134] prove a similar convergence result of the Patlak–Keller–Segel system, an
aggregation-diffusion equation, to volume preserving mean curvature flow, see also Jang and Mellet [93].

Another phase field model of high interest is the Cahn–Hilliard equation

𝜕𝑡𝑢𝜀 + ∇ · 𝑗𝜀 = 0,

𝑗𝜀 = 𝑚(𝑢𝜀)∇
(
𝜀Δ𝑢𝜀 −

1
𝜀
𝑊

′(𝑢𝜀)
)
.

(1.14)

Here𝑚(𝑢) is the so-called mobility and𝑊 is a double-well potential. The mobility𝑚(𝑢) plays an important
role in the analysis of the sharp interface limit. Just like the Allen–Cahn equation, the Cahn–Hilliard
equation has a gradient flow structure. It is a gradient flow of the Cahn–Hilliard energy (1.9), where the
metric depends on the mobility 𝑚(𝑢). For constant mobilities, solutions of (1.14) converge to solutions of
the Mullins–Sekerka problem [158]. For disparate mobilities, i.e., when 𝑚(𝑢) vanishes in one of the phases,
Laux and the author [108] show that solutions of (1.14) converge to the Hele–Shaw flow. For mobilities
which vanish in both phases, e.g., 𝑚(𝑢) = 1− 𝑢2, formal matched asymptotics show that solutions of (1.14)
converge to solutions of the surface diffusion flow [34]. However, it is still an open problem to prove
this limit rigorously. In the case of doubly degenerate mobilities, formal asymptotic analysis shows that
some choices of 𝑚 actually do not converge to surface diffusion and contain additional bulk diffusion
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1.3 The relative entropy method

contributions, see Dai and Du [42] and Lee et al. [121, 122]. Salvalaglio et al. [153] discuss regularized
models and give an overview of numerical approximation schemes.

1.3 The relative entropy method

The relative entropy method is a technique which uses the gradient flow structure of geometric flows and
gradient flow calibrations in order to prove uniqueness and stability principles. It was first introduced
by Fischer, Hensel, Laux, and Simon [61] to prove a weak-strong uniqueness and stability principle for
varifold solutions to multiphase mean curvature flow. Since its introduction the relative entropy method
has been used to prove similar results for various other weak formulations of (volume preserving) mean
curvature flow [113, 86, 85, 148] and of the surface diffusion equation, see Chapter 3.

We now give an introduction to gradient flow calibrations. Consider a family of smooth surfaces
Σ(𝑡) = 𝜕Ω(𝑡) ⊂ R𝑑 evolving by mean curvature flow. A calibration for mean curvature flow consists of a
tuple (𝜉, 𝐵, 𝜗) such that the following statements hold:

1. 𝜉 (·, 𝑡) is an extension of the unit normal with |𝜉 | ≤ 1 and 𝐵 is an extension of the normal velocity

𝜉 = 𝜈 and 𝐵 = 𝑉𝜈 on Σ(𝑡).

2. The weight 𝜗 satisfies the transport equation

(𝜕𝑡𝜗 + (𝐵 · ∇)𝜗) (·, 𝑡) = 0 on Σ(𝑡). (1.15)

3. 𝐵 and 𝜉 satisfy the evolution equation

𝐵(·, 𝑡) · 𝜉 (·, 𝑡) + ∇ · 𝜉 (·, 𝑡) = 0 on Σ(𝑡). (1.16)

All the above quantities are assumed to be smooth and to satisfy certain error estimates in a neighborhood
of Σ(𝑡) which scale linearly or quadratically with the distance function dist(·, Σ). A precise definition can
be found e.g., in [62]. If such a calibration exists, we call Σ a calibrated flow. In the setting of volume
preserving mean curvature flow there is an additional parameter 𝜆 to incorporate the volume constraint
in (1.16), see [113] and Definition A.4. For surface diffusion we can define a similar calibration, except
that the evolution equation (1.16) becomes

𝐵 · 𝜉 − 𝜋𝜉
⊥ : ∇(𝜋𝜉

⊥∇(∇ · 𝜉)) = 0 on Σ(𝑡), (1.17)

where 𝜋𝜉
⊥ = Id−𝜉 ⊗ 𝜉.

A natural question is whether a weak solution agrees with a classical solution as long as the latter exists.
This is what we call a weak-strong uniqueness principle. More precisely, we say that a weak solution
concept satisfies a weak-strong uniqueness principle, if for any weak solution Σ(𝑡) = 𝜕

∗
Ω(𝑡) and any

classical solution Σ
∗(𝑡) = 𝜕Ω∗(𝑡) with Ω(0) = Ω

∗(0), we have Ω(𝑡) = Ω
∗(𝑡) for all 𝑡 up to Lebesgue null

sets. In order to prove such a weak-strong uniqueness principle, the relative entropy method employs the
following strategy.

Consider a calibrated flow Σ
∗ and a weak solution to mean curvature flow Σ. We define the relative

7



Chapter 1 Introduction

entropy and the volume error by

E(𝑡) :=
∫
Σ (𝑡 )

(1 − 𝜈 · 𝜉) 𝑑H 𝑑−1
,

F (𝑡) :=
∫
R𝑑

��𝜒Ω(𝑡 ) − 𝜒Ω∗ (𝑡 )
�� |𝜗 | 𝑑𝑥. (1.18)

Now the idea of the relative entropy method is to prove a Gronwall estimate

E(𝑡) + F (𝑡) ≤ 𝐶 (E(0) + F (0)), (1.19)

which implies a weak-strong uniqueness principle for calibrations and classical solutions.
This method can also be used to prove convergence of phase-field models. Recall that the Allen–Cahn

equation (1.11) is the 𝐿2-gradient flow of the Cahn–Hilliard energy

𝐸𝜀 (𝑢) :=
∫
R𝑑

𝜀

2
|∇𝑢 |2 + 1

𝜀
𝑊 (𝑢) 𝑑𝑥. (1.20)

Using this gradient flow structure, the relative entropy method has been used to prove convergence of
solutions of the Allen–Cahn equation to mean curvature flow [62, 84], volume preserving mean curvature
flow, see Appendix A, and multiphase mean curvature flow [63].

A crucial step in the relative entropy method is to apply the change of variables 𝜓𝜀 = 𝜙 ◦ 𝑢𝜀 , where 𝜙 is
given by (1.10). To prove convergence of solutions of (1.11) we consider a calibrated flow Σ(𝑡) = 𝜕∗Ω(𝑡)
and a sequence of solutions 𝑢𝜀 to the Allen–Cahn equation (1.11) at scale 𝜀. We define the relative entropy
by

E𝜀 (𝑡) := 𝐸𝜀 (𝑢𝜀 (·, 𝑡)) −
∫
R𝑑
𝜉 · ∇𝜓𝜀 𝑑𝑥. (1.21)

As we will see later on, it is convenient to rewrite the relative entropy as

E𝜀 (𝑡) =
∫
R𝑑

(
𝜀

2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀) − |∇𝜓𝜀 |

)
𝑑𝑥 +

∫
R𝑑

(1 − 𝜉 · 𝜈𝜀) |∇𝜓𝜀 | 𝑑𝑥. (1.22)

Here 𝜈𝜀 := − ∇𝜓𝜀

|∇𝜓𝜀 |
if ∇𝜓𝜀 ≠ 0 and 𝜈𝜀 = 𝑒 for some 𝑒 ∈ 𝑆𝑑−1 when ∇𝜓𝜀 = 0. Note that both terms

in (1.22) are non-negative, since by the chain rule and Young’s inequality∫
R𝑑

|∇𝜓𝜀 (𝑥, 𝑡) | 𝑑𝑥 =
∫
R𝑑

√︁
2𝑊 (𝑢𝜀) |∇𝑢𝜀 | 𝑑𝑥 ≤

∫
R𝑑

𝜀

2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀) 𝑑𝑥 = 𝐸𝜀 (𝑡). (1.23)

A crucial observation is that the second term of (1.22) is very similar to the relative entropy in the sharp
interface limit (1.18) while the first term measures the discrepancy of the equi-contribution of the two
energy terms.

Further, we define the volume error functional by

F𝜀 (𝑡) :=
∫
R𝑑

|𝜓𝜀 − 𝜒Ω(𝑡 ) | |𝜗(𝑥, 𝑡) | 𝑑𝑥. (1.24)

Now the idea is to prove a uniform convergence rate of the form sup𝑡 (E𝜀 (𝑡) + F𝜀 (𝑡)) ≤ 𝐶𝜀
2 which, as for

the sharp interface case, relies on a Gronwall estimate.
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1.4 Non-Euclidean elasticity

1.4 Non-Euclidean elasticity

Non-Euclidean elasticity describes elastic bodies with residual stresses that preclude the existence of a
stress-free configuration. These are commonly referred to as pre-stressed bodies. A theory for pre-stressed
bodies was first introduced in the 1950s to model dislocations in crystalline structures within a continuum
framework. In particular, Bilby et al. [25, 26] established a theoretical basis for representing crystals as
Riemannian manifolds and provide a detailed comparison with the discrete theory of lattice dislocations.
In recent years, this framework has been used for studying pattern formation in plants, synthetic materials
and other mechanical phenomena driven by differential growth or shrinkage [162, 126, 6, 7, 16, 80]. Many
of these applications are concerned with thin elastic bodies which have one or more thin dimensions. In the
following we give a short overview of the setting and existing literature on thin domains in non-Euclidean
elasticity. We refer to [66, 65] and the references therein for an overview of the Euclidean theory on thin
elastic bodies.

A pre-stressed elastic body is usually modeled as a compact, smooth, oriented 𝑑-dimensional Riemannian
manifold (M, 𝑔) embedded into an ambient space (M̃, 𝑔̃) of the same dimension. A body which is slender
along 𝑑 − 𝑘 dimensions can be modeled as a tubular neighborhood of a 𝑘-dimensional submanifold of M.
More precisely, let S ⊂ M be a smooth, compact 𝑘-dimensional submanifold of M with normal bundle
𝑁S. Then, for sufficiently small ℎ, the thin body is given by

Ω
∗
ℎ :=

{
exp𝑝 (𝑣) : 𝑝 ∈ S, 𝑣 ∈ 𝑁S, |𝑣 | < ℎ

}
, (1.25)

where 𝑁S denotes the normal bundle of S. Now our goal is to give an effective elastic energy model for
the surface S.

For a configuration 𝑢 : S → M̃ we define the elastic energy of 𝑢 by

𝐸Ω
∗
ℎ

: 𝑊1,2(Ω∗
ℎ; M̃) → [0,∞],

𝐸Ω
∗
ℎ
(𝑢) :=

1
|Ω∗

ℎ |

∫
Ω
∗
ℎ

dist2(𝑑𝑢𝑝, 𝑆𝑂 (𝑔𝑝, 𝑔̃𝑢(𝑝) ))𝑑 Vol𝑔 (𝑝),
(1.26)

where 𝑆𝑂 (𝑔𝑝, 𝑔̃𝑢(𝑝) ) denotes the set of orientation preserving isometries between 𝑇𝑝M and 𝑇𝑢(𝑝)M̃. To
establish an effective elastic energy model for the surface S we want to identify the natural scaling of
inf 𝐸Ω

∗
ℎ
, i.e., inf𝑢 𝐸Ω

∗
ℎ
(𝑢) ∼ ℎ𝛽 for some 𝛽 ≥ 0, and compute the limit of ℎ−𝛽 inf 𝐸Ω

∗
ℎ

as ℎ → 0. This limit
is usually studied in the framework of Γ-convergence.

In the following we give an overview of thin elastic bodies which are embedded into Euclidean space
M̃ = R𝑑 , which is also the most relevant for applications. Kupferman and Solomon [111] prove a general
Γ-convergence result for the elastic energy (1.26) for arbitrary dimension and codimension in the scaling
regime 𝛽 = 2, i.e., inf𝑢 𝐸Ω

∗
ℎ
∼ ℎ2. In particular, they show that inf𝑢 𝐸Ω

∗
ℎ
= 𝑂 (ℎ2) if and only if S can be

𝑊
2,2 isometrically immersed into R𝑑 . This result generalizes plate, shell and rod theories for Euclidean

bodies to pre-stressed bodies in the ℎ2 scaling regime, which were previously studied separately, mainly
in the case 𝑑 = 3 due to its importance in applications, see [66, 125]. Ricciotti et al. [151] show that
3-dimensional plates satisfying 1

ℎ
2 inf𝑢 𝐸Ω

∗
ℎ

automatically satisfy inf𝑢 𝐸Ω
∗
ℎ
= 𝑂 (ℎ4). They show further

that if inf𝑢 𝐸Ω
∗
ℎ
= 𝑜(ℎ4) then 𝑔 |S is flat, i.e., R|S = 0.

When the ambient space is a general Riemannian manifold M̃, Maor and Shachar [132] conjectured that
for geodesic balls 𝐵ℎ (𝑝) shrinking to a point 𝑝, the elastic energy (1.26) Γ-converges to a norm of the
difference between the curvature on M and M̃. Müller and the author [110] show that this is indeed the
case by introducing a new notion of convergence based on uniformly Lipschitz approximations of energy

9



Chapter 1 Introduction

minimizers. In Chapter 4 we combine this strategy with a previous result by Mora and Müller [139] in the
Euclidean setting to prove a Γ-convergence result for non-Euclidean rods embedded in a general ambient
manifold M̃.

1.5 Results in this thesis

In this section we give a brief overview of the main theorems in this thesis, for a more detailed summary
we refer to the individual chapters. The proof of the results in the first two subsections is based on the
relative entropy method.

1.5.1 Convergence of the nonlocal Allen–Cahn equation to volume preserving mean
curvature flow

In Appendix A we prove convergence of solutions of the non-local Allen–Cahn equation introduced by
Golovaty [77]

𝜕𝑡𝑢𝜀 = Δ𝑢𝜀 −
1
𝜀

2𝑊
′(𝑢𝜀) − 𝜆𝜀 (𝑡)

√︁
2𝑊 (𝑢𝜀) (1.27)

to volume preserving mean curvature flow in the following sense.

Theorem 1.1. Let Σ = (Σ(𝑡) = 𝜕Ω(𝑡))𝑡∈[0,𝑇 ] be a smooth solution to volume preserving mean curvature
flow and let 𝑢𝜀 be a sequence of solutions of (1.27) with well prepared initial conditions. Then there exists
a constant 𝐶 = 𝐶 (𝑑, Σ, 𝑇) < ∞ such that

sup
𝑡∈[0,𝑇 ]

∫
R𝑑

|𝜓𝜀 (·, 𝑡) − 𝜒Ω(𝑡 ) | 𝑑𝑥 ≤ 𝐶𝜀.

A precise statement of this theorem can be found in Theorem A.1 below.

The construction of well prepared initial data is straight forward using the optimal profile 𝑈, see
Lemma A.2 below.

The main ingredient for the proof of Theorem 1.1 is choosing a suitable extension 𝐵 of the velocity field
𝑉𝜈. In many previous works, 𝐵 was defined as the orthogonal projection of 𝑉𝜈 with a cutoff function. This
does not work in our setting, because our proof requires 𝜈 ⊗ 𝜈 : ∇𝐵 = 0. Therefore, we define 𝐵 via a
gradient field 𝐵 = 𝑉𝜈 + ∇𝜑, where 𝜑 solves a Laplace problem. This was first done by Laux [113] for a
Neumann–Laplace problem. More recently, Poiatti [148] used a similar approach for a Stokes problem. In
general, such a 𝐵 may have a tangential component, which is crucial for our proof, see Proposition A.5.
We present a detailed summary of this construction in Chapter 2.

1.5.2 A uniqueness and stability principle for surface diffusion

In Chapter 3 we prove a uniqueness and stability principle for the surface diffusion flow in the following
sense.

Theorem 1.2. Let Σ∗(𝑡) = 𝜕Ω∗(𝑡) be a smooth solution to surface diffusion and let Σ(𝑡) = 𝜕∗Ω(𝑡) be a
weak solution to surface diffusion. If 𝑑 = 2, then there exists a constant 𝐶 < ∞ such that

𝑑

𝑑𝑡
(E(𝑡) + F (𝑡)) ≤ 𝐶 (E(𝑡) + F (𝑡)). (1.28)

10
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In particular, weak solutions are stable and unique. If, in addition, Σ∗(𝑡) = Σ
∗(0) is a stationary solution,

then (1.28) holds for all 𝑑 ≥ 2.

The surface diffusion flow is the 𝐻−1 gradient flow of the area functional, which can be read-off from the
energy dissipation inequality (1.8). Naturally, higher order tangential derivatives appear when computing
𝑑
𝑑𝑡
E(𝑡). Therefore it is crucial to understand the interaction of tangential derivatives on both surfaces to

prove the Gronwall inequality. Indeed, by extending the operator ∇Σ
∗ (𝑡 ) to all of R𝑑 , see Definition 3.6,

it is easy to show closeness of the operators ∇Σ (𝑡 ) and ∇Σ
∗ (𝑡 ) on Σ(𝑡), see Lemma 3.7. For higher order

derivatives, this becomes much more challenging, see Remark 3.14. However, for the quantities that appear
in the Gronwall inequality, we are able to show this closeness for second order derivatives.

1.5.3 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic
tubes

In this section we present the main result of Chapter 4, and we keep the notation from Section 1.4. We
prove a Γ-convergence result of the elastic energy

𝐸ℎ : 𝑊1,2(Ω∗
ℎ; M̃) → [0,∞],

𝐸ℎ (𝑢̃) :=
1

|Ω∗
ℎ |

∫
Ω
∗
ℎ

dist2(𝑑𝑢̃, 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔
(1.29)

in the scaling regime 𝐸ℎ ∼ ℎ
4, see Theorem 4.20 below. Here, (M, 𝑔) and (M̃, 𝑔̃) are Riemannian

manifolds, and Ω
∗
ℎ ⊂ M is defined by (1.25) in the case 𝑘 = 1, i.e., a tubular neighborhood of radius ℎ

around a fixed geodesic 𝛾.
Our proof combines two previous results together with the notion of Fermi coordinates, which are a

natural coordinate system for tubular neighborhoods of geodesics, see Section 4.3.1. We generalize a result
by Mora and Müller [139], who compute the Γ-limit of (1.29) in the Euclidean setting. One major difficulty
is to find a suitable coordinate system in the target manifold, since the image of Sobolev maps might not be
contained in a single chart. To overcome this problem, we introduce a new notion of convergence based
on uniformly Lipschitz approximations, which agree with Sobolev maps on large sets. Using rigidity
estimates, we show that the image of these approximations is indeed contained in a single chart. This was
first done by Müller and the author [110] in a simpler setting of geodesic balls, and allows us to write the
remaining proof in an Euclidean setting.

11
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1.6 Outlook

Several recent proofs use the relative entropy method to prove weak strong uniqueness principles and
the convergence of phase field models for geometric flows by defining a suitable notion of gradient flow
calibrations. Regarding volume preserving mean curvature flow, the existence proof for calibrations has a
rather unique component. The extension of the velocity field 𝐵 is defined as 𝐵 = 𝑉𝜈 + ∇𝜑, where 𝜑 solves
a partial differential equation (A.22). A approach was first used by Laux [113], where 𝐵 is defined as a
solution of a Neumann–Laplace problem. In both cases, 𝐵 generally does not point in the normal direction
of the interface. More recently, Poiatti [148] used a similar technique for a Stokes problem. The advantage
of these constructions is that it is possible to impose different restrictions on 𝐵. In contrast to defining 𝐵
as the orthogonal projection of 𝑉𝜈 multiplied by a cutoff function, defining 𝐵 via the solution of a PDE
gives more freedom to choose 𝐵 precisely in the way needed to prove the Gronwall estimate (1.19) for the
relative entropy.

This strategy may be useful for other equations as well. Similarly to Appendix A, it may be possible to
quantify convergence results for other equations such as the Patlak–Keller–Segel system [134, 93] to mean
curvature flow using the relative entropy method.

Another potential application of the relative entropy method is the approximation of the surface diffusion
flow, which is a major open problem. Formal asymptotic expansion suggests that the surface diffusion
flow can be approximated by the Cahn–Hilliard equation with doubly degenerate mobility (1.14). We are
confident that some of the ideas developed in Chapter 3 will be useful for studying the sharp-interface limit
of the Cahn–Hilliard equations developed in [30, 153]. To the best of our knowledge the work presented in
Chapter 3 is the first application of the relative entropy method to higher order geometric flows. Another
possible approach would be to use a compactness approach and weak solutions, as was done by Laux
and the author [106] for the convergence of the Cahn–Hilliard equation with disparate mobility to the
Hele–Shaw flow.

In Chapter 3 there is a major difficulty in dimensions 𝑑 > 2, where higher order differential operators
with respect to the tangential gradient produce additional curvature terms. In Theorem 1.2 we were not
able to prove a Gronwall estimate for these terms, which is why the statement only holds for stationary
solutions in dimensions 𝑑 > 2. It would be very interesting to obtain a Gronwall estimate for arbitrary
solutions in higher dimensions.

Finally, we give an outlook regarding Chapter 4. Maor and Shachar [132] previously gave a lower bound
for the limit of ℎ−4 inf𝑢 𝐸Sℎ

(𝑢) for general manifolds S when the target is the Euclidean space. In this
thesis we extend their result in two ways: We give an explicit expression of the Γ-limit of ℎ−4

𝐸Sℎ
for

non-Euclidean rods when the target space is a general Riemannian manifold. In particular, our result gives
a very general answer to [132, Question 3] for non-Euclidean rods.

A natural generalization of our result is to establish an explicit formula of the Γ-limit of ℎ−4
𝐸ℎ for tubular

neighborhoods of arbitrary smooth curves 𝛾. In this case some difficulties arise. On the one hand, there is, in
general, no orthonormal frame around 𝛾, as this would require 0 = 𝐷

𝑑𝑡
𝑔(𝛾′, 𝜈𝑘) = 𝑔

(
𝐷
𝑑𝑡
𝛾
′
, 𝜈𝑘

)
+𝑔

(
𝛾
′
, 𝐷
𝑑𝑡
𝜈𝑘

)
.

However, the first term on the right hand side is generally non-zero. The second difficulty is the Taylor
expansion of the metric. When 𝛾 is no geodesic, the terms involving the 𝛾′ direction produce terms of
order ℎ, not ℎ2. This is problematic since we will see terms of order 𝑂 (ℎ2) when Taylor expanding the
energy (1.29). However, it should be possible to overcome this difficulty by choosing an appropriate frame
for a suitable curve in the target manifold, so that these terms cancel when Taylor expanding the elastic
energy.

Another question is to consider higher dimensional objects. When the target is also a Riemannian
manifold, one difficulty arises from the fact that the intrinsic geometry of the cross section S produces

12



1.6 Outlook

additional terms in the energy. Computing these terms requires solving the Gauss–Codazzi–equations
on the manifolds M and M̃. Maor and Shachar [132] give a lower bound for inf𝑢 ℎ

−4
𝐸Sℎ

(𝑢) for tubular
neighborhoods of arbitrary 𝑘-dimensional submanifolds S when the target is R𝑑 . Even in this case,
computing the Γ-limit of ℎ−4

𝐸Sℎ
is still an open problem.
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CHAPTER 2

Convergence of the nonlocal Allen–Cahn equation
to volume preserving mean curvature flow

In this chapter we give a summary of the article

• M. Kroemer and T. Laux. “Quantitative convergence of the nonlocal Allen-Cahn equation to
volume-preserving mean curvature flow”. In: Math. Ann. 391.3 (2025), pp. 4455–4472. doi:
https://doi.org/10.1007/s00208-024-03034-0

The article is a joint work with Tim Laux, and presented in full in Appendix A. Both authors have
contributed significant parts to each section of this publication.

2.1 Summary

In Appendix A we consider the nonlocal Allen–Cahn equation introduced by Golovaty [1]

𝜕𝑡𝑢𝜀 = Δ𝑢𝜀 −
1
𝜀

2𝑊
′(𝑢𝜀) + 𝜆𝜀 (𝑡)

√︁
2𝑊 (𝑢𝜀). (2.1)

We show that solutions of (2.1) with well prepared initial data converge to solutions of volume preserving
mean curvature flow in the following sense.

Theorem 2.1. Let Σ = (Σ(𝑡) = 𝜕Ω(𝑡))𝑡∈[0,𝑇 ] be a smooth solution to volume preserving mean curvature
flow and let 𝑢𝜀 be a sequence of solutions of (2.1) with well prepared initial conditions in the sense of
Definition A.7 below. Then there exists a constant 𝐶 = 𝐶 (𝑑, Σ, 𝑇) < ∞ such that

sup
𝑡∈[0,𝑇 ]

∫
R𝑑

|𝜓𝜀 (·, 𝑡) − 𝜒Ω(𝑡 ) | 𝑑𝑥 ≤ 𝐶𝜀. (2.2)

A precise statement of this theorem can be found in Theorem A.1 below.

Well prepared initial data can easily be constructed by using the optimal profile and the signed distance
function for Σ(0), see Lemma A.2 below.

The proof of Theorem 2.1 is divided into three steps. First, we show that smooth solutions of volume
preserving mean curvature satisfy a suitable notion of gradient flow calibrations, see Proposition A.5.
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Second, we use the relative entropy method introduced in Section 1.3 to show that, given a gradient flow
calibration and well prepared initial data, the relative energy converges to zero, see Proposition A.6. Finally,
we combine these two results and a coercivity estimate to obtain (2.2).

A calibration for volume preserving mean curvature flow consists of a tuple (𝜉, 𝐵, 𝜗, 𝜆), where 𝜉 extends
the unit normal, 𝐵 extends the normal velocity, 𝜗 is the so-called weight with Σ(𝑡) = {𝑥 : 𝜗(𝑥, 𝑡) = 0},
and 𝜆 is a Lagrange multiplier, see Definition A.4. In a previous work by Laux [3], 𝐵 could be chosen
divergence free in Ω(𝑡). This is a natural choice as it precisely encodes the incompressibility condition∫

Ω(𝑡 )
div 𝐵 𝑑𝑥 =

∫
Σ (𝑡 )

𝜈 · 𝐵 𝑑H 𝑑−1
=

∫
Σ (𝑡 )

𝑉 𝑑H 𝑑−1
=
𝑑

𝑑𝑡
|Ω(𝑡) | = 0.

In order to estimate certain terms in the Gronwall inequality, our constraints on 𝐵 are slightly different. We
require that the 𝜈 ⊗ 𝜈 component of ∇𝐵 is zero on Σ(𝑡). This constraint is incompatible with the condition
div 𝐵 = 0, as this implies divΣ 𝐵 = 0. In this case the surface area of Σ(𝑡) is equal for all 𝑡, since∫

Σ (𝑡 )
divΣ (𝑡 ) 𝐵 𝑑H

𝑑−1
=

∫
Σ (𝑡 )

𝐵 · (𝐻𝜈) 𝑑H 𝑑−1
=

∫
Σ (𝑡 )

𝑉𝐻 𝑑H 𝑑−1
=
𝑑

𝑑𝑡
H 𝑑−1(Σ(𝑡)).

Instead, we require div 𝐵(·, 𝑡) = 𝑐(𝑡) on Σ(𝑡) for some constant 𝑐(𝑡) in order to satisfy the constraint
𝜈 ⊗ 𝜈 : ∇𝐵 = 0.

In the following we give a brief overview of the construction of such a calibration, see Proposition A.5
for more details. Let Σ(𝑡) be a smooth solution to volume preserving mean curvature flow and consider the
signed distance function

s(𝑥, 𝑡) := dist(𝑥,Ω(𝑡)) − dist(𝑥,R𝑑 \Ω(𝑡)). (2.3)

Since Σ(𝑡) is smooth, the signed distance function is well defined in a tubular neighborhood of Σ(𝑡).
Furthermore we have ∇s = 𝜈 on Σ(𝑡), hence a natural choice for 𝜉 is 𝜉 = (𝜁 ◦ s)∇s, where 𝜁 is a smooth,
symmetric cutoff function. To define 𝜗, we let 𝜃 be a smooth truncation of the identity, i.e., 𝜃 (𝑟) = −𝜃 (−𝑟)
for all 𝑟 , 𝜃 (𝑟) = 𝑟 for |𝑟 | < 𝛿/2 and 𝜃 (𝑟) = 𝛿 for 𝑟 ≥ 𝛿. Then 𝜗 := 𝜃 ◦ s satisfies the required properties.

It remains to construct 𝐵. Consider the ansatz 𝐵 = 𝑉𝜈 + 𝑋 on Σ. Then the constraints div 𝐵(·, 𝑡) = 𝑐(𝑡)
and 𝜈 ⊗ 𝜈 : ∇𝐵 = 0 become

− divΣ (𝑡 ) 𝑋 = 𝑉𝐻 − 𝑐.

This PDE is underdetermined, therefore we make the ansatz that 𝑋 is a gradient field 𝑋 = ∇Σ𝜑. Then 𝜑
solves the Poisson equation

−ΔΣ (𝑡 )𝜑 = 𝑉𝐻 − 𝑐.

Now set 𝑐(𝑡) = 1
H𝑑−1 (Σ (𝑡 ) )

∫
Σ (𝑡 ) 𝑉𝐻 𝑑H

𝑑−1. Then the compatibility condition
∫
Σ (𝑡 ) 𝑉𝐻 − 𝑐 𝑑H 𝑑−1

= 0 is

satisfied, and existence and uniqueness of solutions in 𝐻1
(0) (Σ(𝑡)) follows from the Lax–Milgram lemma.

The second step to proving Theorem 2.1 is the Gronwall inequality for the relative energy. Given a
gradient flow calibration (𝜉, 𝐵, 𝜗, 𝜆) of Σ(𝑡) = 𝜕Ω(𝑡) and solutions 𝑢𝜀 (𝑥, 𝑡) of (2.1) with well prepared
initial data, we define the relative entropy E𝜀 (𝑡) and the volume error F𝜀 (𝑡) by

E𝜀 (𝑡) :=
∫
R𝑑

𝜀

2
|∇𝑢𝜀 (𝑥, 𝑡) |

2 + 1
𝜀

√︁
2𝑊 (𝑢𝜀 (𝑥, 𝑡)) 𝑑𝑥 +

∫
R𝑑
𝜉 (𝑥, 𝑡) · ∇𝜓𝜀 (𝑥, 𝑡) 𝑑𝑥,

F𝜀 (𝑡) :=
∫
R𝑑

��𝜓𝜀 (𝑥, 𝑡) − 𝜒Ω(𝑡 ) (𝑥)
�� |𝜗(𝑥, 𝑡) | 𝑑𝑥. (2.4)

26



2.1 Summary

Here 𝜓𝜀 (𝑥, 𝑡) :=
∫ 𝑢𝜀 (𝑥,𝑡 )

0

√︁
2𝑊 (𝑧) 𝑑𝑧. We prove the Gronwall inequality in two steps. First, we show that

there exists a dissipation term D𝜀 (𝑡) ≥ 0 such that

𝑑

𝑑𝑡
E𝜀 (𝑡) +

1
2
D𝜀 (𝑡) ≤ 𝐶 (E𝜀 (𝑡) + F𝜀 (𝑡)).

In the second step we separate 𝑑
𝑑𝑡
F𝜀 (𝑡) into two terms

𝑑

𝑑𝑡
F𝜀 (𝑡) ≤

𝛼

2
D𝜀 (𝑡) +

𝐶

2𝛼
(E𝜀 (𝑡) + F𝜀 (𝑡))

for any 0 < 𝛼 < 1. Adding these terms together with 𝛼 = 1/2, the dissipation term can be absorbed on the
left hand side of (2.4), so that

𝑑

𝑑𝑡
(E𝜀 (𝑡) + F𝜀 (𝑡)) +

1
4
D𝜀 (𝑡) ≤ 𝐶 (E𝜀 (𝑡) + F𝜀 (𝑡)). (2.5)

For more details we refer to Section A.4.
Finally, to obtain Equation (2.2), we use Fubini and the coercivity properties of 𝜗 to show that the left hand

side of (2.2) is bounded by
√︁
F𝜀 (𝑡) and apply Gronwall’s inequality (2.5). Then using well-preparedness

of the initial data, see Definition A.7 below, gives (2.2).
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CHAPTER 3

A uniqueness and stability principle for surface
diffusion

This chapter is a joint work with Tim Laux, and coincides, except for minor changes, with the
following preprint from Section 3.2 onward:

• M. Kroemer and T. Laux. A uniqueness and stability principle for surface diffusion. arXiv
preprint. 2022. arXiv: 2212.12487

The article is accepted for publication in the journal Interfaces and free boundaries. Both authors have
contributed significant parts to each section of this work.

3.1 Summary

In this chapter we derive a uniqueness and stability principle for surface diffusion before the onset of
singularities. In particular, we introduce a new notion of weak solutions of the surface diffusion equation
𝑉 (·, 𝑡) = ΔΣ (𝑡 )𝐻 (·, 𝑡), see Definition 3.4, and prove the following uniqueness and stability principle using
the relative entropy method.

Theorem 3.1. Let Σ∗(𝑡) = 𝜕Ω∗(𝑡) be a smooth solution to surface diffusion and let Σ(𝑡) = 𝜕∗Ω(𝑡) be a
weak solution to surface diffusion. If 𝑑 = 2, then there exists a constant 𝐶 < ∞ such that

𝑑

𝑑𝑡
(E(𝑡) + F (𝑡)) ≤ 𝐶 (E(𝑡) + F (𝑡)). (3.1)

If, in addition, Σ∗(𝑡) = Σ
∗(0) is a stationary solution, then (3.1) holds for all 𝑑 ≥ 2.

The surface diffusion flow is the 𝐻−1 gradient flow of the area functional, which can be read-off from
the energy dissipation

𝑑

𝑑𝑡
H 𝑑−1(Σ(𝑡)) =

∫
Σ (𝑡 )

𝑉𝐻 𝑑H 𝑑−1
= −

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝐻 |2 𝑑H 𝑑−1 ≤ 0.

Similarly to mean curvature flow, we can define a calibration (𝐵, 𝜉, 𝜗) for smooth solutions to the surface
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diffusion flow with

𝜉 = 𝜈 on Σ
∗(𝑡), (3.2)

𝐵 = 𝑉𝜈 on Σ
∗(𝑡), (3.3)

(𝜕𝑡𝜗 + (𝐵 · ∇)𝜗) = 0 on Σ
∗(𝑡), (3.4)

𝐵 · 𝜉 − 𝜋𝜉
⊥ : ∇(𝜋𝜉

⊥∇(∇ · 𝜉)) = 0 on Σ
∗(𝑡), (3.5)

where 𝜋𝜉
⊥ = Id−𝜉 ⊗ 𝜉.

Therefore we will see higher order derivatives with respect to the tangential gradient ∇Σ when
differentiating the relative entropy E(𝑡). Since 𝐵 and 𝜉 satisfy the differential equation (3.5) on Σ

∗, a
crucial step is the following extension of differential operators.

For smooth functions 𝑢 : R𝑑 → R we can write the tangential gradient ∇Σ
∗ (𝑡 ) and tangential divergence

divΣ∗ (𝑡 ) as

∇Σ
∗ (𝑡 )𝑢 = (Id−𝜈∗ ⊗ 𝜈∗)∇𝑢 and divΣ∗ (𝑡 ) 𝑢 = (Id−𝜈∗ ⊗ 𝜈∗) : ∇𝑢.

Combining this with 𝜈Σ∗ (𝑡 ) (𝑥) = ∇s(𝑥, 𝑡) on Σ
∗(𝑡) and the fact that s is smooth in a neighborhood of Σ∗,

where s denotes the signed distance function as in (2.3), we extend these operators, and by extension all
higher order operators, to all of R𝑑 using a cutoff function.

The idea is to estimate the difference of these operators with the corresponding one on the weak solution.
Indeed, we have estimates of the form

∫
Σ (𝑡 ) |𝐷Σ (𝑡 )𝑢 − 𝐷Σ

∗ (𝑡 )𝑢 |
2
𝑑𝑥 ≤ 2∥𝐷𝑢∥∞E(𝑡) for smooth functions

𝑢 and first order operators 𝐷 such as ∇ and div. For second order operators we have similar estimates in
2D which allows us to prove the Gronwall estimate for arbitrary solutions. In higher dimensions there are
additional curvature terms which we cannot estimate by the relative entropy. However, estimates for first
order operators are sufficient for us to prove the Gronwall estimate for stationary solutions.

3.2 Introduction

Surface diffusion is one of the most fundamental continuum model describing the evolution of solid
material surfaces. The equation was first introduced by Mullins [32] to describe the phenomenon of
thermal grooving at grain boundaries of heated polycrystals. Surface diffusion describes the slow change
of the shape of a solid body caused by the diffusion of particles along the surface to energetically favorable
locations. It arises naturally from the conservation law relating the normal velocity 𝑉 = 𝑉 (𝑥, 𝑡) of the
boundary Σ(𝑡) of the solid body and the flux of particles 𝑗 = 𝑗 (𝑥, 𝑡) moving along Σ(𝑡) ⊂ R𝑑 via

𝑉 (·, 𝑡) + divΣ (𝑡 ) 𝑗 (·, 𝑡) = 0 on Σ(𝑡)

together with the Nernst–Planck relation stipulating that the average flux of atoms on the material surface
follows the negative (mean) curvature gradient, i.e.,

𝑗 (·, 𝑡) = −∇Σ (𝑡 )𝐻 (·, 𝑡) on Σ(𝑡).

These two equations then precisely yield the surface diffusion equation

𝑉 (·, 𝑡) = ΔΣ (𝑡 )𝐻 (·, 𝑡) on Σ(𝑡). (3.6)

While surface diffusion is crucial for applications, the mathematical literature is comparably thin. This
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is mainly due to the delicate structure of the equation and the intricate behavior of solutions. From
the viewpoint of partial differential equations, surface diffusion is a quasilinear degenerate parabolic
fourth-order equation. The degeneracy is due to the geometric invariance of the equation just as in its
second-order analog, the mean curvature flow. The evolution (3.6) has a regularizing effect in the sense
that edges and corners are smoothed out immediately. As in many geometric evolution equations, despite
the immediate smoothing effect, one has to expect singularity formation in finite time. The regularizing
effect, the fact that surface diffusion can lose convexity and the formation of singularities can be observed
in numerical simulations, see the overview article by Garcke [18, Fig. 3]. Using the parabolic structure,
Escher, Mayer and Simonett [13] have shown short time existence and uniqueness of classical parametrized
solutions for sufficiently regular initial data in arbitrary dimensions. Further they give numerical examples
of embedded curves evolving by surface diffusion that develop singularities in finite time. Giga and
Ito [20] have shown that there exist unique local solutions for immersed 𝐻4-initial curves. Chou [9] gives a
sharp criterion for finite time blowup. Therefore, it is in principle interesting to consider weak solutions.
However, to the best of our knowledge, no such theory has been developed.

Spheres play a crucial role in surface diffusion since any disjoint union of spheres is a stationary solution.
They are asymptotically stable in the following sense. If the initial datum is sufficiently close to a sphere,
then there exists a global solution and it converges to a sphere, see [11] for the 2-dimensional case and [13]
for higher dimensions. Wheeler [37, 36] shows that the evolution of 𝐻2-perturbations of a circle converge
exponentially fast to a circle in the long-term limit. A similar result holds in higher dimensions [38].
Miura and Okabe [31] study the analogous problem for immersed curves. There are also further interesting
stationary solutions of surface diffusion. For the standard double bubble, Abels, Arab, and Garcke [1]
showed the stability in the planar case. Garcke and Göswein [17] extended this result to higher dimensions.
For Delaunay surfaces, Kohsaka [24] gives a sufficient condition for stability and in-stability under surface
diffusion. In more generality, Acerbi et al. [2] show that any three-dimensional configuration which is
periodic and strictly stable for the area functional is exponentially stable for the surface diffusion flow.

In contrast to the mean curvature flow, surface diffusion does not satisfy any comparison principle so
that viscosity solution techniques and simple geometric comparisons fail. Initially embedded curves can
evolve to self intersections, see [30] and [6]. Even if the initial surface is the graph of a function, it can lose
this property under the evolution [12]. Giga and Ito [19] show that there exist simple closed curves which
lose convexity while remaining simple before developing singularities, see also [6] for some more recent
results. After the publication of the preprint of the present paper, Cicalese, Fusco, Julin and Kubin [10]
have shown convergence of a minimizing movements scheme to flat flow solutions of surface diffusion, as
well as uniqueness, in three dimensions for sufficiently regular initial data.

For the present work, the key structural property of surface diffusion is its gradient flow structure: any
(sufficiently regular) solution of (3.6) satisfies the energy dissipation relation

𝑑

𝑑𝑡
H 𝑑−1(Σ(𝑡)) =

∫
Σ (𝑡 )

𝑉 (·, 𝑡)𝐻 (·, 𝑡) 𝑑𝑆 = −
∫
Σ (𝑡 )

|∇Σ (𝑡 )𝐻 (·, 𝑡) |2 𝑑H 𝑑−1 ≤ 0. (3.7)

In other words, the evolution (3.6) follows the steepest descent in an energy landscape; the energy is the
surface area while the metric tensor is the 𝐻−1 product on normal velocities. This structure is the crucial
ingredient for the present work and will allow us to derive a stability and uniqueness result. Our main
results, Theorem 3.8 and Theorem 3.10, show that stationary points are stable in any dimension and that
smooth solutions are stable in two dimensions. The perturbations are allowed to be rather wild, e.g., we
can add many small bubbles.

The basic idea is to monitor the evolution of a relative energy modeled after the area functional appearing
in (3.7). This general strategy was introduced recently for multiphase mean curvature flow by Fischer,
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Hensel, Simon and one of the authors [15]. The key difficulty in that work is then to construct so-called
gradient flow calibrations. This framework was extended to the volume-preserving mean curvature flow
in [28], where the notion of volume-preserving calibrations was introduced. While in volume-preserving
mean curvature flow, the volume is preserved by an artificial Lagrange-multiplier, surface diffusion
preserves the volume of the enclosed region Ω(𝑡) naturally, as can be seen at the simple computation

𝑑

𝑑𝑡
Vol(Ω(𝑡)) =

∫
Σ (𝑡 )

𝑉 (·, 𝑡) 𝑑𝑆 =

∫
Σ (𝑡 )

ΔΣ (𝑡 )𝐻 (·, 𝑡) 𝑑𝑆 = 0.

We will construct a variant of the volume-preserving calibrations from [28] in our setting of surface
diffusion. The main additional challenge in our proof is that the metric structure in the gradient flow is not
the standard 𝐿2 scalar product on normal velocities but the 𝐻−1 product on the evolving surfaces. That
means that we have to introduce certain potentials on the moving surfaces in order to capture the precise
energy-dissipation mechanism. The crucial step in our argument is to compare the velocity potentials of
two surfaces, which in particular requires replacing covariant derivatives on one surface by extensions of
the corresponding derivatives on another one.

There has been continuous interest from the applied mathematics community in surface diffusion because
it arises in many physical models. Cahn, Elliott and Novick-Cohen [8] introduced a Cahn–Hilliard equation
with degenerate mobility and performed formal matched asymptotics indicating that the sharp-interface
limit is governed by surface diffusion. However, as explained in the review [22] by Gugenberger, Spatschek,
Kassner, different potentials can lead to diffusion in the bulk: There is a fine interplay between potential
and mobility that restricts the diffusion only to the diffuse interface layer. Rätz, Ribalta and Voigt [34]
introduced a similar Cahn–Hilliard equation which allows for standard double-well potentials. However,
this model does not carry a variational structure. Most recently, another modified Cahn–Hilliard model
has been proposed by Bretin et al. [7] which can be written as the weighted 𝐻−1 gradient flow of the
Cahn–Hilliard energy. Again, formal matched asymptotics suggest that in the sharp-interface limit this
yields surface diffusion. Independently, Salvalaglio et al. [35] defined a similar modified Cahn–Hilliard
model which has a gradient flow structure

𝜀𝜕𝑡𝑢 = ∇ · (𝑀 (𝑢)∇𝛿𝐸𝜀 (𝑢)),

where 𝐸𝜀 is the modified Cahn–Hilliard energy functional

𝐸𝜀 (𝑢) =
∫

𝑔0(𝑢)
(
𝜀

2
|∇𝑢 |2 + 1

𝜀
𝑊 (𝑢)

)
𝑑𝑥,

and both the mobility function 𝑀 and the inverse restriction function 1/𝑔0 vanish at the two stable
configurations of the potential𝑊 . One of the main interests in studying such phase-field models is that they
give rise to efficient numerical algorithms to approximate surface diffusion. Indeed, a direct implementation
of finite elements for parametrizations, as done by Bänsch et al. [5] cannot resolve singularities. Phase-fields
on the other hand give a natural choice of evolution through singularities. The numerical implementation
of phase-fields is commonly done by a convex-concave splitting in the spirit of Eyre [14] because this leads
to an unconditionally stable scheme. For the model introduced in [34], this was performed by Backofen et
al. [4].

In principle, uniqueness and stability proofs are interesting for these applications because they have the
potential to be lifted to approximation schemes such as phase-field models. For mean curvature flow and
its Allen–Cahn approximation, this was carried out recently by Fischer, Simon and one of the authors [16].
We are confident that some of the ideas developed here will be useful for studying the sharp-interface limit
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of the Cahn–Hilliard equations developed in [7, 35]. In principle, another possible convergence approach
would be via compactness and weak solutions as was done by the authors in [26] for the Cahn–Hilliard
equation with disparate mobilities, i.e., a mobility function that vanishes in only one of the two stable
phases.

3.3 Definitions and notation

We begin by defining strong and weak solution to surface diffusion.

Definition 3.2 (Smooth solution to surface diffusion). Let Σ∗
= (Σ∗(𝑡))𝑡∈[0,𝑇∗ ] be a family of closed

surfaces Σ
∗(𝑡) = 𝜕Ω

∗(𝑡) with Ω
∗(𝑡) ⊂ R𝑑 open and bounded. We say that Σ∗ is a smooth solution to

surface diffusion flow, if Σ∗(𝑡) is 𝐶6,𝛼, for some 𝛼 ∈ (0, 1), and the normal velocity 𝑉∗ ∈ 𝐶2,𝛼 and mean
curvature 𝐻∗ satisfy

𝑉
∗(·, 𝑡) = ΔΣ

∗ (𝑡 )𝐻
∗(·, 𝑡) on Σ

∗(𝑡).

We call a surface Σ
∗ a stationary solution if it gives rise to a constant-in-time solution with 𝑉∗

= 0.

Here ΔΣ
∗ (𝑡 ) denotes the Laplace–Beltrami operator on Σ

∗(𝑡).
Before we define weak solutions, we define some quantities on finite perimeter sets which we will need.

Let Ω ⊂ R𝑑 be a set of finite perimeter and let Σ := 𝜕∗Ω. Further let 𝜈 := − ∇𝜒Ω
|∇𝜒Ω |

denote the outward unit
normal.

Suppose there exists a function 𝐻 : Σ → R such that for all vector fields 𝐵 ∈ 𝐶1
𝑐 (R

𝑑;R𝑑) it holds∫
Σ

divΣ 𝐵 𝑑H
𝑑−1

=

∫
Σ

𝐻𝜈 · 𝐵 𝑑H 𝑑−1
, divΣ 𝐵 := ∇ · 𝐵 − 𝜈 · ∇𝐵𝜈, (3.8)

that is, 𝐻 is the distributional mean curvature of Σ.
We say that a function 𝜑 : Σ → R is weakly differentiable if there exists a vector field ∇Σ𝜑 : Σ → R𝑑

such that for all 𝐵 ∈ 𝐶1
𝑐 (R

𝑑;R𝑑) it holds∫
Σ

𝐵 · ∇Σ𝜑 𝑑H
𝑑−1

=

∫
Σ

𝐻𝜈 · (𝜑𝐵) 𝑑H 𝑑−1 −
∫
Σ

𝜑 divΣ 𝐵 𝑑H
𝑑−1

.

Note that if 𝜑 ∈ 𝐶1(R𝑑) is defined on all of R𝑑 , then the definition of ∇Σ𝜑 coincides with the standard
tangential gradient

∇Σ𝜑 = (Id−𝜈 ⊗ 𝜈)∇𝜑.

Now we define the Sobolev space 𝐻1(Σ) by

𝐻
1(Σ) :=

{
𝜑 ∈ 𝐿2(Σ) : ∇Σ𝜑 ∈ 𝐿2(Σ;R𝑑)

}
.

Remark 3.3. The space 𝐻1(Σ) is the closure of 𝐶∞
𝑐 (R𝑑) under the norm

∥𝑢∥2
𝐻

1 (Σ) := ∥𝑢∥2
𝐿

2 + ∥∇Σ𝑢∥
2
𝐿

2 .
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Indeed, let 𝜑𝜀 be a mollifier, let 𝑓 ∈ 𝐻1(Σ) and let 𝜇 = H 𝑑−1
⌞Σ. Then the function

𝑓𝜀 (𝑥) :=
∫
R𝑑
𝑓 (𝑦)𝜑𝜀 (𝑥 − 𝑦) 𝑑𝜇(𝑦)

and its gradient ∇Σ 𝑓𝜀 converges to 𝑓 , respectively ∇Σ 𝑓 , uniformly on compact sets and thus in 𝐿2(Σ, 𝜇).
In particular 𝐻1(Σ) is a Hilbert space and ∇Σ𝜑 satisfies

1
2
∥∇Σ𝜑∥

2
𝐿

2 =
1
2

∫
Σ

|∇Σ𝜑 |
2
𝑑H 𝑑−1

= sup
𝜉

{∫
Σ

∇Σ𝜑 · 𝜉 𝑑H 𝑑−1 − 1
2

∫
Σ

|𝜉 |2 𝑑H 𝑑−1
}
,

where we take the supremum over all test vector fields 𝜉 ∈ 𝐶1
𝑐 (R

𝑑;R𝑑).
We define the space 𝐻−1(Σ) as follows: Define an operator ΔΣ on 𝐻1(Σ) characterized by

−
∫
Σ

(ΔΣ𝑢)𝑣 𝑑H
𝑑−1

=

∫
Σ

∇Σ𝑢 · ∇Σ𝑣 𝑑H
𝑑−1 for all 𝑣 ∈ 𝐶∞

𝑐 (R𝑑).

Then we set 𝐻−1(Σ) :=
{
ΔΣ𝑢 : 𝑢 ∈ 𝐻1(Σ)

}
.

Now we have everything we need to define weak solutions to surface diffusion.

Definition 3.4 (Weak solution to surface diffusion). Let {Ω(𝑡)}𝑡∈[0,𝑇 ) be a family of sets of finite perimeter
and let Σ = (Σ(𝑡) := 𝜕Ω(𝑡))𝑡∈[0,𝑇 ) . We say that Σ is a weak solution to surface diffusion if there exist
functions 𝑉 (·, 𝑡) ∈ 𝐻−1(Σ(𝑡)) and 𝐻 (·, 𝑡) ∈ ¤𝐻1(Σ(𝑡)), 𝜑𝑉 (·, 𝑡) ∈ 𝐻

1(Σ(𝑡)) such that

(i) The function 𝐻 (·, 𝑡) is the mean curvature of the surface Σ(𝑡) in the sense that for all 𝐵 ∈
𝐶

1(R𝑑 × (0, 𝑇);R𝑑)∫ 𝑇

0

∫
Σ (𝑡 )

divΣ (𝑡 ) 𝐵 𝑑H
𝑑−1

𝑑𝑡 =

∫ 𝑇

0

∫
Σ (𝑡 )

𝐻𝜈 · 𝐵 𝑑H 𝑑−1
𝑑𝑡. (3.9)

(ii) The function 𝑉 (·, 𝑡) is the normal velocity of the surface Σ(𝑡) in the sense that for all 𝜁 ∈
𝐶

1(R𝑑 × [0, 𝑇]) and almost all 𝑇 ′ ∈ (0, 𝑇)∫
Ω(𝑇 ′ )

𝜁 (𝑥, 𝑇 ′) 𝑑𝑥 −
∫
Ω(0)

𝜁 (𝑥, 0) 𝑑𝑥 =
∫ 𝑇

′

0

(∫
Ω(𝑡 )

𝜕𝑡 𝜁 (𝑥, 𝑡) 𝑑𝑥 +
∫
Σ (𝑡 )

𝑉𝜁 𝑑H 𝑑−1
)
𝑑𝑡. (3.10)

(iii) The function 𝜑𝑉 is the zero-average potential of 𝑉 in the sense that
∫
Σ (𝑡 ) 𝜑𝑉 𝑑H

𝑑−1
= 0 and for all

𝑔 ∈ 𝐶∞
𝑐 (R𝑑)

−
∫ 𝑇

0

∫
Σ (𝑡 )

∇Σ (𝑡 )𝑔 · ∇Σ (𝑡 )𝜑𝑉 𝑑H
𝑑−1

𝑑𝑡 =

∫ 𝑇

0

∫
Σ (𝑡 )

𝑔𝑉 𝑑H 𝑑−1
𝑑𝑡. (3.11)

(iv) For almost every 𝑇 ′ ∈ (0, 𝑇), the following sharp energy dissipation relation is satisfied

H 𝑑−1(Σ(𝑇 ′)) − H 𝑑−1(Σ(0))

≤ − 1
2

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝐻 |2 𝑑H 𝑑−1
𝑑𝑡 − 1

2

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜑𝑉 |
2
𝑑H 𝑑−1

𝑑𝑡.
(3.12)
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(v) There exists a constant 𝐶 < ∞ such that for a.e. 𝑥, 𝑡 we have

sup
𝑟>0

1
2𝑟

H(𝐵Σ (𝑡 ) (𝑥, 𝑟)) < 𝐶. (3.13)

Remark 3.5. Note that, since 𝐻 is differentiable almost everywhere on Σ, a.e. 𝑥 ∈ Σ is a Lebesgue point of
𝐻. Hence, by the Poincaré inequality (3.65), we have 𝐻 ∈ 𝐻1(Σ).

We are going to prove a weak-strong uniqueness result. Before we do this, we introduce some notation.
Suppose Σ

∗(𝑡) = ⋃𝑘
∗ (𝑡 )

𝑖=1 Σ
∗
𝑖 (𝑡) =

⋃𝑘
∗ (𝑡 )

𝑖=1 𝜕Ω
∗
𝑖 (𝑡) is a smooth solution to surface diffusion flow with 𝑘∗(𝑡)

path components. Since all Σ∗(𝑡) are𝐶2 hypersurfaces, no topological changes can occur, hence 𝑘∗(𝑡) = 𝑘∗
is constant.

Let 𝜁 be a cutoff function such that 𝜁 (𝑠) = 1 − 𝑠2 for |𝑠 | ≤ 𝛿/2 and 𝜁 (𝑠) = 0 for |𝑠 | ≥ 𝛿. We need a
smallness assumption on 𝛿, which we will state below.

First, we need the following definition. Let Ω∗
𝑖 (𝑡) be the region enclosed by Σ

∗
𝑖 (𝑡) and define the signed

distance of Ω∗(𝑡) = ⋃𝑘
∗

𝑖=1 Ω
∗
𝑖 (𝑡) by

s(𝑥, 𝑡) := dist(𝑥,Ω∗(𝑡)) − dist(𝑥, (Ω∗(𝑡))𝑐).

Then s(·, 𝑡) is a smooth function in a neighborhood of Σ∗. Therefore, for each 𝑖 and each 𝑥 ∈ Σ
∗
𝑖 (𝑡), there

exists 𝜀𝑥 > 0 sufficiently small such that ∇s(𝑥) ≠ 0 in 𝐵𝜀𝑥
(𝑥). Then the orthogonal projection onto Σ

∗
𝑖 (𝑡)

is well defined in the neighborhood 𝐵𝜀𝑥
(𝑥) and given by id−s(·, 𝑡)∇s(·, 𝑡). Define

𝑟 (Σ∗
𝑖 (𝑡)) := min

𝑥∈Σ∗
𝑖 (𝑡 )

𝜀𝑥 .

Then 𝑟 (Σ∗
𝑖 (𝑡)) > 0 because Σ

∗
𝑖 (𝑡) is compact. Now our assumption on 𝛿 is

𝛿 < min
0≤𝑡≤𝑇∗

min
1≤𝑖≤𝑘∗

{
min
𝑗≠𝑖

{
dist(Σ∗

𝑖 (𝑡), Σ
∗
𝑗 (𝑡))/4

}
, 𝑟 (Σ∗

𝑖 (𝑡))/4
}
, (3.14)

and, for each 𝑡 ∈ [0, 𝑇∗] we define a tubular neighborhood of Σ∗(𝑡) by

U𝛿 (𝑡) :=
{
𝑥 ∈ R𝑑 : dist(𝑥, Σ∗(𝑡)) < 𝛿

}
.

Define 𝜉 : R𝑑 × [0, 𝑇∗] → R𝑑 by
𝜉 (𝑥, 𝑡) := 𝜁 (s(𝑥, 𝑡))∇s(𝑥, 𝑡). (3.15)

We define the orthogonal projection 𝜋∗(·, 𝑡) : U𝛿 (𝑡) → Σ
∗(𝑡) onto Σ

∗(𝑡) by

𝜋
∗(·, 𝑡) := id−s(·, 𝑡)∇s(·, 𝑡). (3.16)

The assumption (3.14) on 𝛿 guarantees that 𝜋∗(·, 𝑡) is well defined for 𝑡 ∈ [0, 𝑇∗]. Further we let 𝜃 be
a smooth truncation of the identity. Precisely, 𝜃 (−𝑠) = −𝜃 (𝑠) for all 𝑠, 𝜃 (𝑠) = 𝑠 for 0 ≤ 𝑠 ≤ 𝛿/2 and
𝜃 (𝑠) = 𝛿 for 𝑠 > 𝛿. Now we let

𝜗 := 𝜃 ◦ s (3.17)

and define the relative energy

E(𝑡) :=
∫
Σ (𝑡 )

(1 − 𝜈(·, 𝑡) · 𝜉 (·, 𝑡)) 𝑑H 𝑑−1
, (3.18)
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and the volume error
F (𝑡) :=

∫
R2
(𝜒Ω(𝑡 ) − 𝜒Ω∗ (𝑡 ) )𝜗(·, 𝑡) 𝑑𝑥. (3.19)

By construction we have

F (𝑡) =
∫
R2

|𝜒Ω(𝑡 ) − 𝜒Ω∗ (𝑡 ) | |𝜗(·, 𝑡) | 𝑑𝑥.

To prove weak-strong uniqueness, we will show an estimate of the form

E(𝑇 ′) + F (𝑇 ′) ≤ 𝐶𝑒𝐶𝑇
′
(E(0) + F (0)).

By Gronwall’s inequality it suffices to show

E(𝑇 ′) + F (𝑇 ′) − E(0) − F (0) ≤ 𝐶
∫ 𝑇

′

0
E(𝑡) + F (𝑡) 𝑑𝑡 for a.e. 𝑇 ′ ∈ [0,min

{
𝑇,𝑇

∗}], (3.20)

which formally means

𝑑

𝑑𝑡
(E(𝑡) + F (𝑡)) ≤ 𝐶 (E(𝑡) + F (𝑡)) for a.e. 𝑡 ∈ [0,min

{
𝑇,𝑇

∗}]. (3.21)

First we perform some formal computations in the spirit of the differential inequality (3.21) which we
will turn into a rigorous integral inequality in form of (3.20). We have

𝑑

𝑑𝑡
E(𝑡) = 𝑑

𝑑𝑡
H 𝑑−1(Σ(𝑡)) − 𝑑

𝑑𝑡

∫
Σ (𝑡 )

𝜈 · 𝜉 𝑑H 𝑑−1
. (3.22)

For the first term, we use the formal differential inequality corresponding to (3.12):

𝑑

𝑑𝑡
H 𝑑−1(Σ(𝑡)) ≤ −1

2

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝐻 |2 𝑑H 𝑑−1 − 1
2

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜑𝑉 |
2
𝑑H 𝑑−1

.

We compute, using the formal differential identity corresponding to (3.10),

− 𝑑
𝑑𝑡

∫
Σ (𝑡 )

𝜈 · 𝜉 𝑑H 𝑑−1
= − 𝑑

𝑑𝑡

∫
Ω(𝑡 )

∇ · 𝜉 𝑑𝑥

= −
∫
Ω(𝑡 )

∇ · (𝜕𝑡𝜉) 𝑑𝑥 −
∫
Σ (𝑡 )

𝑉∇ · 𝜉 𝑑H 𝑑−1

= −
∫
Σ (𝑡 )

𝜈 · (𝜕𝑡𝜉) + (∇ · 𝜉)𝑉 𝑑H 𝑑−1
.
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Now we complete a square and combine the above

𝑑

𝑑𝑡
E(𝑡) ≤ − 1

2

∫
|∇Σ (𝑡 )𝐻 |2 𝑑H 𝑑−1 − 1

2

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜑𝑉 |
2
𝑑H 𝑑−1

−
∫
Σ (𝑡 )

𝜈 · (𝜕𝑡𝜉) 𝑑H
𝑑−1 −

∫
Σ (𝑡 )

(∇Σ (𝑡 ) (∇ · 𝜉)) · ∇Σ (𝑡 )𝜑𝑉 𝑑H
𝑑−1

= − 1
2

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝐻 |2 𝑑H 𝑑−1 − 1
2

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜑𝑉 − ∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1

−
∫
Σ (𝑡 )

𝜈 · (𝜕𝑡𝜉) 𝑑H
𝑑−1 + 1

2

∫
Σ (𝑡 )

|∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1
.

(3.23)

The main goal of the present work is to estimate the terms on the right hand side by 𝐶 (E(𝑡) + F (𝑡)). To
this end, we extend the differential operator ∇Σ

∗ (𝑡 ) to R𝑑 and give some estimates between the geometric
quantities on Σ(𝑡) and Σ

∗(𝑡).

Definition 3.6. Let 𝜂 : R → [0,∞) be a cutoff function such that 𝜂 = 1 on [−𝛿, 𝛿] ⊇ supp 𝜁 and 𝜂(𝑠) = 0
for |𝑠 | ≥ 2𝛿. We extend 𝐻∗

, 𝜈
∗ and the differential operator ∇Σ

∗ (𝑡 ) to all of R𝑑 by

𝐻
∗ := 𝜂Δs, 𝜈

∗ := 𝜂∇s, ∇Σ
∗ (𝑡 ) := (Id−𝜈∗ ⊗ 𝜈∗)∇.

By this definition, we have smooth functions 𝜈∗, 𝐻∗ defined on R𝑑 × [0, 𝑇∗] such that the restriction to
Σ
∗ is the normal and curvature, respectively. Further, the operator ∇Σ

∗ (𝑡 ) is defined on R𝑑 and coincides
with the surface gradient on Σ

∗(𝑡). We suppress the dependence on 𝑡 in the following lemma.

Lemma 3.7. For any differentiable function 𝑢 on R𝑑 and any rectifiable surface Σ = 𝜕
∗
Ω it holds

|∇Σ𝑢 − ∇Σ
∗𝑢 |2 ≤ 2|∇𝑢 |2 |𝜈 − 𝜈∗ |2 a.e. on Σ. (3.24)

Furthermore
|𝜈 − 𝜈∗ |2 ≤ 4(1 − 𝜈 · 𝜉) a.e. on Σ, (3.25)

and
|∇Σs|2 ≤ 2(1 − 𝜈 · 𝜉) a.e. on Σ. (3.26)

Proof. We compute

| (𝜈 · ∇𝑢)𝜈 − (𝜈∗ · ∇𝑢)𝜈∗ |2 ≤ |(𝜈 · ∇𝑢) (𝜈 − 𝜈∗) |2 + |((𝜈 − 𝜈∗) · ∇𝑢) |2 ≤ 2|∇𝑢 |2 |𝜈 − 𝜈∗ |2.

Furthermore

|𝜈 − 𝜈∗ |2 = 𝜁 |𝜈 − 𝜈∗ |2 + (1 − 𝜁) |𝜈 − 𝜈∗ |2

≤ 2𝜁 (1 − 𝜈 · 𝜈∗) + 2(1 − 𝜁)
≤ 2(1 − 𝜁 (𝜈 · 𝜈∗)) + 2(1 − 𝜁 (𝜈 · 𝜈∗))
= 4(1 − 𝜈 · 𝜉),

and

|∇Σs|2 = |∇s|2 − (𝜈 · ∇s)2 ≤ |∇s|2 − (𝜁 ◦ s)2(𝜈 · ∇s)2 ≤ 2(1 − 𝜈 · 𝜉). □
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3.4 Stability for stationary solutions

We are now in the position to prove our first main result, which concerns the stability of stationary solutions.

Theorem 3.8. Let Σ∗ be a smooth stationary solution to surface diffusion in the sense of Definition 3.2 and
let Σ be a weak solution to surface diffusion in the sense of Definition 3.4. Then

E(𝑇 ′) + F (𝑇 ′) ≤ 𝐶𝑒𝐶𝑇
′
(E(0) + F (0)) for a.e. 𝑇 ′ ∈ [0,min

{
𝑇,𝑇

∗}]. (3.27)

In particular, if Ω(0) = Ω
∗(0) up to Lebesgue null sets, then Ω(𝑡) = Ω

∗(𝑡) up to Lebesgue null sets for a.e.
𝑡 ∈ [0,min

{
𝑇,𝑇

∗}].
Before we prove the theorem, we prove the following lemma.

Lemma 3.9. Let Σ∗ be a stationary solution to surface diffusion according to Definition 3.2 and let Σ
be a weak solution to surface diffusion according to Definition 3.4. Then there exists a constant 𝐶 < ∞
depending only on Σ

∗ such that∫
Σ (𝑡 )

|∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1 ≤ 𝐶E(𝑡) for a.e. 𝑡 ∈ [0,min
{
𝑇,𝑇

∗}]. (3.28)

Proof. We compute

∇Σ (𝑡 ) (∇ · 𝜉) = (𝜁 ◦ s)∇Σ (𝑡 ) (Δs) + (𝜁 ′ ◦ s) (Δs)∇Σ (𝑡 )s + (𝜁 ′′ ◦ s)∇Σ (𝑡 )s.

We note that Δs = 𝐻
∗ on supp 𝜁 ◦ s. By (3.24) and (3.26) we have |∇Σ (𝑡 )s|

2 ≤ 2(1 − 𝜈 · 𝜉) and
|∇Σ (𝑡 )𝐻

∗ − ∇Σ
∗ (𝑡 )𝐻

∗ |2 ≲ 1 − 𝜈 · 𝜉. Hence,∫
Σ (𝑡 )

|∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1 ≲ E(𝑡) +
∫
Σ (𝑡 )

(𝜁 ◦ s)2 |∇Σ
∗ (𝑡 )𝐻

∗ |2 𝑑H 𝑑−1
.

Next observe that, since 𝜁 ◦ s = 1 on Σ
∗ and ΔΣ

∗𝐻
∗
= 𝑉

∗
= 0, we have∫

Σ
∗ (𝑡 )

|∇Σ
∗ (𝑡 )𝐻

∗ |2 𝑑H 𝑑−1
= −

∫
Σ
∗ (𝑡 )

𝐻
∗
ΔΣ

∗ (𝑡 )𝐻
∗
𝑑H 𝑑−1

= 0.

Hence |∇Σ
∗ (𝑡 )𝐻

∗(·, 𝑡) | = 0 on Σ
∗(𝑡). Since 𝐻∗ is 𝐶2, we have |∇Σ

∗ (𝑡 )𝐻
∗ | = 𝑂 (s(·, 𝑡)) in U𝛿 (𝑡). Therefore∫

Σ (𝑡 )
(𝜁 ◦ s)2 |∇Σ

∗ (𝑡 )𝐻
∗(·, 𝑡) |2 𝑑H 𝑑−1 ≲

∫
U𝛿 (𝑡 )

s(·, 𝑡)2
𝑑𝑥 ≲ E(𝑡). □

Proof of Theorem 3.8. We start by estimating E(𝑇 ′) − E(0) in the spirit of the formal computation that
lead to (3.23). We write

E(𝑇 ′) − E(0) = H 𝑑−1(Σ(𝑇 ′)) − H 𝑑−1(Σ(0))

−
(∫

Σ (𝑇 ′ )
𝜈(·, 𝑇 ′) · 𝜉 (·, 𝑇 ′) 𝑑H 𝑑−1 −

∫
Σ (0)

𝜈(·, 0) · 𝜉 (·, 0) 𝑑H 𝑑−1
)
.
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Using (3.9) and (3.11), we can mirror the formal computations and obtain the following integral version

E(𝑇 ′) − E(0)

≤ − 1
2

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝐻 |2 𝑑H 𝑑−1
𝑑𝑡

− 1
2

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜑𝑉 − ∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1
𝑑𝑡

−
∫ 𝑇

′

0

∫
Σ (𝑡 )

𝜈 · (𝜕𝑡𝜉) 𝑑H
𝑑−1

𝑑𝑡 + 1
2

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1
𝑑𝑡.

(3.29)

Using Lemma 3.9 and the fact that 𝜕𝑡𝜉 = 0, we have

E(𝑡) ≤ − 1
2

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝐻 |2 𝑑H 𝑑−1
𝑑𝑡

− 1
2

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜑𝑉 − ∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1
𝑑𝑡 + 𝐶

∫ 𝑇
′

0
E(𝑡) 𝑑𝑡.

Now we estimate the bulk error F (𝑡). We have

F (𝑇 ′) − F (0) =
∫ 𝑇

′

0

∫
Σ (𝑡 )

𝜗𝑉 𝑑H 𝑑−1
𝑑𝑡 +

∫ 𝑇
′

0

∫
R𝑑

(𝜒 − 𝜒∗)𝜕𝑡𝜗 𝑑𝑥 𝑑𝑡.

The second term is zero because 𝜃 is independent of 𝑡. For the first term we use (3.11) and Young’s
inequality to obtain, for any 𝜀 > 0,∫ 𝑇

′

0

∫
Σ (𝑡 )

𝜗𝑉 𝑑H 𝑑−1
𝑑𝑡

= −
∫ 𝑇

′

0

∫
Σ (𝑡 )

(∇Σ (𝑡 )𝜗) · ∇Σ (𝑡 )𝜑𝑉 𝑑H
𝑑−1

𝑑𝑡

≤ 1
2𝜀

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜗 |
2
𝑑H 𝑑−1

𝑑𝑡 + 𝜀
2

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜑𝑉 |
2
𝑑H 𝑑−1

𝑑𝑡

≤ 1
2𝜀

∫ 𝑇
′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜗 |
2
𝑑H 𝑑−1

𝑑𝑡

+ 𝜀
∫ 𝑇

′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 )𝜑𝑉 − ∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1
𝑑𝑡

+ 𝜀
∫ 𝑇

′

0

∫
Σ (𝑡 )

|∇Σ (𝑡 ) (∇ · 𝜉) |2 𝑑H 𝑑−1
𝑑𝑡.

The first term is bounded by E(𝑡), since 𝜗 is a Lipschitz function of the signed distance s, cf. (3.17), and∫
Σ (𝑡 ) |∇Σ (𝑡 )s|

2 ≲ E. The second term is absorbed by the second dissipation term in (3.23), for 𝜀 < 1
2 . The

third term is estimated by Lemma 3.9. □

39



Chapter 3 A uniqueness and stability principle for surface diffusion

3.5 Stability of surface diffusion in 2D

In this section we study the stability of non-stationary solutions to surface diffusion, but we restrict ourselves
to the 2D case. Then the evolution reads

𝑉 = 𝜕
2
𝑠 𝜅,

where 𝜕𝑠 denotes differentiation with respect to the arc length parameter 𝑠 on the surface Σ(𝑡) and 𝜅 denotes
the curvature of Σ(𝑡).

We assume that Σ(𝑡) is a weak solution to surface diffusion flow according to Definition 3.4 and 𝑑 = 2.
Let 𝜏, 𝜏∗ denote the tangent vectors and 𝜈 = 𝐽𝜏, 𝜈∗ = 𝐽𝜏∗ denote the outward unit normal vectors on Σ

and Σ
∗ respectively, where 𝐽 is the counter-clockwise rotation by 90 degrees. Then the curvatures 𝜅 and

𝜅
∗ are given by 𝜅 = −(𝜕𝑠𝜏) · 𝜈 and 𝜅∗ = −(𝜕𝑠∗𝜏

∗) · 𝜈∗. Note that the weak formulation of this equality is
exactly (3.8).

The second main result of the present work is the following stability and uniqueness statement for
solutions to surface diffusion.

Theorem 3.10. Let 𝑑 = 2 and let (Σ∗(𝑡))𝑡∈[0,𝑇∗ ] and (Σ(𝑡))𝑡∈[0,𝑇 ] be a strong and a weak solution to
surface diffusion according to Definition 3.2, respectively Definition 3.4. Then there exists a constant
𝐶 < ∞ depending only on Σ

∗ and H1(Σ(0)) such that

E(𝑇 ′) + F (𝑇 ′) ≤ 𝐶𝑒𝐶𝑇
′
(E(0) + F (0)) for a.e. 𝑇 ′ ∈ [0,min

{
𝑇,𝑇

∗}]. (3.30)

In particular, if Ω(0) = Ω
∗(0) up to Lebesgue null sets, then Ω(𝑡) = Ω

∗(𝑡) up to Lebesgue null sets for a.e.
𝑡 ∈ [0,min

{
𝑇,𝑇

∗}].
As before, it suffices to show that

E(𝑇 ′) + F (𝑇 ′) − E(0) − F (0) ≤ 𝐶
∫ 𝑇

′

0
(E(𝑡) + F (𝑡)) 𝑑𝑡 for a.e. 𝑇 ′ ∈ [0,min

{
𝑇,𝑇

∗}]. (3.31)

We again extend the geometric quantities 𝜅∗, 𝜈∗, 𝜏∗ and the operator 𝜕𝑠∗ to all of R2 as in Definition 3.6.

Definition 3.11. Let 𝜂 : R → [0,∞) be as in Definition 3.6, and define 𝜅∗, 𝜏∗, 𝜈∗ and 𝜕𝑠∗ by

𝜅
∗ := 𝜂Δs, 𝜈

∗ := 𝜂∇s, 𝜏
∗ := 𝐽−1

𝜈
∗
, 𝜕𝑠∗ := 𝜏∗ · ∇.

Then, on U𝛿 ,

∇𝜋∗ = Id−𝜈∗ ⊗ 𝜈∗ − s∇𝜈∗ = 𝜏∗ ⊗ 𝜏∗ − s∇𝜈∗ (3.32)

and therefore
𝜕𝑠∗𝜋

∗
= (1 + s𝜅∗)𝜏∗ on U𝛿 . (3.33)

Next, we recall the 2D version of Lemma 3.7. We suppress the 𝑡-dependence in the following statement
and the proof of Theorem 3.10.

Lemma 3.12 (Lemma 3.7 in 2D). For any differentiable function 𝑢 on R2 and any rectifiable curve
Σ = 𝜕

∗
Ω it holds

|𝜕𝑠𝑢 − 𝜕𝑠∗𝑢 |
2 ≤ |∇𝑢 |2𝜁 |𝜏 − 𝜏∗ |2 a.e. on Σ. (3.34)
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Furthermore
|𝜏 − 𝜏∗ |2 = |𝜈 − 𝜈∗ |2 ≤ 4(1 − 𝜈 · 𝜉) a.e. on Σ, (3.35)

and
|𝜏 · ∇s|2 ≤ 2(1 − 𝜈 · 𝜉) a.e. on Σ. (3.36)

Remark 3.13. From (3.34) and (3.35), it follows that for any 𝑣 ∈ 𝐿2(Σ), 𝑢 ∈ ¤𝐻1(R2) ∩ ¤𝑊1,∞(R2), we have∫
Σ

(𝑣 − 𝜕𝑠𝑢)
2
𝑑𝑠 ≤ 2

∫
Σ

(𝑣 − 𝜕𝑠∗𝑢)
2
𝑑𝑠 + 8∥∇𝑢∥2

∞E . (3.37)

We refer to the above inequalities as replacing 𝜕𝑠 by 𝜕𝑠∗ or vice versa when performing estimates of this
form. Furthermore ∫

Σ

(𝜕𝑠 (𝜁 ◦ s))2
𝑑𝑠 ≤ ∥𝜁 ′∥2

∞

∫
Σ

(𝜏 · ∇s)2
𝑑𝑠 ≤ 2∥𝜁 ′∥2

∞E, (3.38)

and
𝜕𝑠∗ (𝜁 ◦ s) = (𝜁 ′ ◦ s)𝜏∗ · 𝜈∗ = 0. (3.39)

For each Jordan boundary Σ𝑖 (𝑡) according to Definition 3.22, we let 𝜈𝑖 (·, 𝑡) := 𝜈(·, 𝑡) |Σ𝑖 (𝑡 ) be the
restriction of the normal to Σ𝑖 (𝑡). Let 𝐵 : R2 × [0, 𝑇∗] → R2 be a smooth vector field. At each time 𝑡 and
each path component Σ𝑖 (𝑡), we let 𝜑𝜈𝑖 ·𝐵 be the zero-average potential 𝜑𝜈𝑖 ·𝐵 (·, 𝑡) such that

𝜕
2
𝑠 𝜑𝜈𝑖 ·𝐵 (·, 𝑡) = 𝜈𝑖 (·, 𝑡) · 𝐵(·, 𝑡) −

⨏
Σ𝑖 (𝑡 )

𝜈𝑖 (·, 𝑡) · 𝐵(·, 𝑡) 𝑑𝑠 a.e.

with
∫
Σ𝑖 (𝑡 )

𝜑𝜈𝑖 ·𝐵 (·, 𝑡) 𝑑𝑠 = 0. This solution exists by Lemma 3.15.
We then define 𝜑𝜈 ·𝐵 (·, 𝑡) : Σ(𝑡) → R by 𝜑𝜈 ·𝐵 (·, 𝑡) = 𝜑𝜈𝑖 ·𝐵 (·, 𝑡) on Σ𝑖 (𝑡).
Now we are ready to prove our second main result.

Proof of Theorem 3.10. We continue from (3.23) and keep the informal style. The differential inequalities
can be turned into rigorous integral inequalities just as in the proof of Theorem 3.10. In addition, we
suppress the dependence on 𝑡.

Adding zero to (3.23) in terms of (3.9) and using∫
Σ

𝜅𝜈 · 𝐵 𝑑𝑠 =
𝑘 (𝑡 )∑︁
𝑖=1

∫
Σ𝑖

𝜅

(
𝜈𝑖 · 𝐵 −

⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠
′
)
𝑑𝑠 +

𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠

= −
∫
Σ

𝜕𝑠𝜅𝜕𝑠𝜑𝜈 ·𝐵 𝑑𝑠 +
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠,

we complete another square

𝑑

𝑑𝑡
E(𝑡) ≤ − 1

2

∫
Σ

(𝜕𝑠𝜅)
2
𝑑𝑠 − 1

2

∫
Σ

(𝜕𝑠𝜑𝑉 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

−
∫
Σ

𝜈 · (𝜕𝑡𝜉) 𝑑𝑠 +
1
2

∫
Σ

(𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

+
∫
Σ

∇ · 𝐵 𝑑𝑠 −
∫
Σ

𝜈 · ∇𝐵𝜈 𝑑𝑠
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+
∫
Σ

𝜕𝑠𝜅𝜕𝑠𝜑𝜈 ·𝐵 𝑑𝑠 −
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠

= − 1
2

∫
Σ

(𝜕𝑠𝜅 − 𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠 − 1

2

∫
Σ

(𝜕𝑠𝜑𝑉 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

−
∫
Σ

𝜈 · (𝜕𝑡𝜉) 𝑑𝑠 +
1
2

∫
Σ

(𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

+
∫
Σ

∇ · 𝐵 𝑑𝑠 −
∫
Σ

𝜈 · ∇𝐵𝜈 𝑑𝑠 − 1
2

∫
Σ

(𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠

−
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠.

Now we complete one more square by adding zero in terms of
∫
Σ
(𝜕𝑠 (∇ · 𝜉))𝜕𝑠𝜑𝜈 ·𝐵 𝑑𝑠 and use the definition

of 𝜑𝜈 ·𝐵 to obtain

𝑑

𝑑𝑡
E(𝑡) ≤ − 1

2

∫
Σ

(𝜕𝑠𝜅 − 𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠 − 1

2

∫
Σ

(𝜕𝑠𝜑𝑉 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

+ 1
2

∫
Σ

(𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠 + 1

2

∫
Σ

(𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠

+
∫
Σ

(𝜕𝑠 (∇ · 𝜉))𝜕𝑠𝜑𝜈 ·𝐵 𝑑𝑠 −
∫
Σ

(𝜕𝑠 (∇ · 𝜉))𝜕𝑠𝜑𝜈 ·𝐵 𝑑𝑠

−
∫
Σ

𝜈 · (𝜕𝑡𝜉) 𝑑𝑠 +
∫
Σ

∇ · 𝐵 𝑑𝑠 −
∫
Σ

𝜈 · ∇𝐵𝜈 𝑑𝑠

−
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠

= − 1
2

∫
Σ

(𝜕𝑠𝜅 − 𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠 − 1

2

∫
Σ

(𝜕𝑠𝜑𝑉 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

+ 1
2

∫
Σ

(𝜕𝑠𝜑𝜈 ·𝐵 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

−
∫
Σ

𝜈 · 𝐵(∇ · 𝜉) 𝑑𝑠 +
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

(∇ · 𝜉) 𝑑𝑠
) ⨏

Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠

−
∫
Σ

𝜈 · (𝜕𝑡𝜉) 𝑑𝑠 +
∫
Σ

∇ · 𝐵 𝑑𝑠 −
∫
Σ

𝜈 · ∇𝐵𝜈 𝑑𝑠

−
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠.

We recall that every exact differential form is closed and apply Gauss’ theorem to 𝐵 ∧ 𝜉 := 𝐵 ⊗ 𝜉 − 𝜉 ⊗ 𝐵:

0 =

∫
Ω

∇ · (∇ · (𝐵 ∧ 𝜉)) 𝑑𝑥

=

∫
Σ

𝜈 · (∇ · (𝐵 ∧ 𝜉)) 𝑑𝑠

=

∫
Σ

[
(∇ · 𝜉)𝜈 · 𝐵 + 𝜈 · (𝜉 · ∇)𝐵 − (∇ · 𝐵)𝜈 · 𝜉 − 𝜈 · (𝐵 · ∇)𝜉

]
𝑑𝑠.

(3.40)
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Now we add zero in terms of (3.40) and rearrange terms

𝑑

𝑑𝑡
E(𝑡) ≤ − 1

2

∫
Σ

(𝜕𝑠𝜅 − 𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠 − 1

2

∫
Σ

(𝜕𝑠𝜑𝑉 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

+ 1
2

∫
Σ

(𝜕𝑠𝜑𝜈 ·𝐵 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠 −

∫
Σ

𝜈 · 𝐵(∇ · 𝜉) 𝑑𝑠

−
∫
Σ

𝜈 · (𝜕𝑡𝜉) 𝑑𝑠 +
∫
Σ

∇ · 𝐵 𝑑𝑠 −
∫
Σ

𝜈 · ∇𝐵𝜈 𝑑𝑠

+
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

(∇ · 𝜉) 𝑑𝑠 −
∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠

+
∫
Σ

[
(∇ · 𝜉)𝜈 · 𝐵 + 𝜈 · (𝜉 · ∇)𝐵 − (∇ · 𝐵)𝜈 · 𝜉 − 𝜈 · (𝐵 · ∇)𝜉

]
𝑑𝑠

= − 1
2

∫
Σ

(𝜕𝑠𝜅 − 𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠 − 1

2

∫
Σ

(𝜕𝑠𝜑𝑉 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠

+ 1
2

∫
Σ

(𝜕𝑠𝜑𝜈 ·𝐵 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠 +

∫
Σ

(∇ · 𝐵) (1 − 𝜈 · 𝜉) 𝑑𝑠

−
∫
Σ

(𝜈 − 𝜉) · ∇𝐵(𝜈 − 𝜉) 𝑑𝑠 − 1
2

∫
Σ

(𝜕𝑡 |𝜉 |
2 + (𝐵 · ∇) |𝜉 |2) 𝑑𝑠

−
∫
Σ

(𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)𝑇𝜉) · (𝜈 − 𝜉) 𝑑𝑠

+
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

(∇ · 𝜉) 𝑑𝑠 −
∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠

All terms are either non-positive or directly estimated by 𝐶 (1 − 𝜈 · 𝜉), except for

1
2

∫
Σ

(𝜕𝑠𝜑𝜈 ·𝐵 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠 − 1

2

∫
Σ

(𝜕𝑡 |𝜉 |
2 + (𝐵 · ∇) |𝜉 |2) 𝑑𝑠

−
∫
Σ

(𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)𝑇𝜉) · (𝜈 − 𝜉) 𝑑𝑠

+
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

(∇ · 𝜉) 𝑑𝑠 −
∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠.

(3.41)

To estimate those terms, we choose a suitable vector field 𝐵 according to Corollary 3.18 below.

To estimate the second term in (3.41), we introduce the trivial extension of the normal velocity vector
𝑉
∗
𝜈
∗ on U𝛿 defined by

𝐵(·, 𝑡) = (𝜂 ◦ s) (𝐵 ◦ 𝜋∗).

Then
𝐵 · ∇s = (𝜕2

𝑠
∗Δs ◦ 𝜋∗) = 𝑉∗ ◦ 𝜋∗ on U𝛿 . (3.42)

We compute
(𝜕𝑡 + (𝐵 · ∇)) |𝜉 |2 = (𝜕𝑡 + (𝐵 · ∇))(𝜁2 ◦ s) + (𝐵 − 𝐵) · ∇(𝜁2 ◦ s). (3.43)
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The first term is exactly zero on U𝛿 , since 𝜁2 is a function of the signed distance, i.e.

𝜕𝑡 (𝜁
2 ◦ s) + 𝐵 · ∇(𝜁2 ◦ s) = 0,

cf. [27, Lem. 1.19]. For the second term we use the Lipschitz estimate

|𝐵 − 𝐵| = |𝐵 − (𝐵 ◦ 𝜋∗) | ≤ ∥𝐵∥∞ | id−𝜋
∗ | = ∥𝐵∥∞ |s| on U𝛿 (3.44)

and compute

|∇(𝜁2 ◦ s) | ≤ 2(𝜁 ◦ s) |𝜁 ′ ◦ s| |∇s| ≤ 𝐶 |s|,

where we used that 𝜁 ′(0) = 0 and hence 𝜁 ′(s) ≲ |s|. Thus the last term on the right hand side of (3.43) is
𝑂 ( |s|2).

Now we estimate the transport operator 𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)𝑇𝜉. We compute

𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)𝑇𝜉 =
(
(𝜕𝑡 + (𝐵 · ∇))(𝜁 ◦ s)

)
∇s

+ (𝜁 ◦ s) (𝜕𝑡∇s + (𝐵 · ∇)∇s + (∇𝐵)𝑇∇s).

The first term on the right hand side is again 𝑂 (s), as above. The second term reads, after again smuggling
in 𝐵 (

𝜕𝑡∇s + (𝐵 · ∇)∇s + (∇𝐵)𝑇∇s
)
=

(
𝜕𝑡∇s + (𝐵 · ∇)∇s + (∇𝐵)𝑇∇s

)
+ (𝐵 − 𝐵) · ∇2s + (∇𝐵 − ∇𝐵)𝑇∇s.

The first term vanishes identically on supp 𝜁 ◦ s. The second term is again 𝑂 (s) by (3.44) on supp 𝜁 ◦ s.
For the last term we compute

(∇𝐵 − ∇𝐵)𝑇∇s = (∇𝐵 − (∇𝐵 ◦ 𝜋∗)∇𝜋∗)𝑇∇s

= (∇𝐵 − (𝐵 ◦ 𝜋∗))𝑇∇s + (Id−∇𝜋∗) (∇𝐵 ◦ 𝜋∗)𝑇∇s.

The first term on the right hand side is again 𝑂 (s) since ∇𝐵 is Lipschitz. Using ∇𝜋∗ = Id−∇s ⊗ ∇s +𝑂 (s),
the second term reads

(Id−∇𝜋∗) (∇𝐵 ◦ 𝜋∗)𝑇∇s = ∇s ⊗ ∇s(∇𝐵 ◦ 𝜋∗)𝑇∇s +𝑂 (s)
= (∇s · (∇𝐵 ◦ 𝜋∗)𝑇∇s)∇s +𝑂 (s).

Since this error term is multiplied by 𝜁 ◦ s, we have

(𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)𝑇𝜉) · (𝜈 − 𝜉) ≲ 𝑂 (s2) + 𝜉 · (𝜈 − 𝜉)

and since 𝜉 · (𝜈− 𝜉) ≤ 𝜁 (1− 𝜁), also this term is estimated by E. Note that we only used
∫
U𝛿

s2
𝑑𝑥 ≤ 𝐶E(𝑡).

This estimate does of course not hold in general when integrating over R2 instead of U𝛿 . Now the only
terms remaining are the following

1
2

∫
Σ

(𝜕𝑠𝜑𝜈 ·𝐵 − 𝜕𝑠 (∇ · 𝜉))2
𝑑𝑠 +

𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖

(∇ · 𝜉) 𝑑𝑠 −
∫
Σ𝑖

𝜅 𝑑𝑠

) ⨏
Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠. (3.45)
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Remark 3.14. Until this point, we have not used the fact that we are in R2. Everything would have worked
the same way in R𝑑 . However, we will soon use the Gauss–Bonnet theorem, which only applies to the
Gauss curvature, not the mean curvature. Further we will have terms of the form 𝜕𝑠𝜕𝑠∗𝜑 𝑓 for some smooth
potential 𝜑 𝑓 with 𝜕2

𝑠
∗𝜑 𝑓 = 𝑓 . In higher dimensions, we would want to estimate terms like ∇Σ∇Σ

∗𝜑 𝑓 instead.
Since ∇Σ

∗𝜑 𝑓 is not a tangential vector field on Σ, this creates additional curvature terms.

We estimate the term of (3.41). By the Gauss–Bonnet theorem, we have

𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖 (𝑡 )

𝜅 𝑑𝑠

) ⨏
Σ𝑖 (𝑡 )

𝜈𝑖 · 𝐵 𝑑𝑠 = 2𝜋
𝑘 (𝑡 )∑︁
𝑖=1

1
H1(Σ𝑖 (𝑡))

∫
Σ𝑖 (𝑡 )

𝜈𝑖 · 𝐵 𝑑𝑠.

Hence the last term in (3.41) is estimated by Lemma 3.19. It remains to estimate∫
Σ

(𝜕𝑠 (∇ · 𝜉) − 𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠. (3.46)

To obtain an estimate for (3.46), we define another zero-average potential function 𝜑∗(·, 𝑡) : Σ∗(𝑡) → R
such that

𝜕
2
𝑠
∗𝜑

∗(·, 𝑡) = 𝜉 (·, 𝑡) · 𝐵(·, 𝑡) = 𝑉∗(·, 𝑡) on Σ
∗(𝑡).

Note that
⨏
Σ
∗
𝑖 (𝑡 )

𝑉
∗(·, 𝑡) 𝑑𝑠∗ = 0 for all 1 ≤ 𝑖 ≤ 𝑘

∗. We also define an extension 𝜑∗𝜉 ·𝐵 (·, 𝑡) : R2 → R by

𝜑
∗
𝜉 ·𝐵 (𝑥, 𝑡) := 𝜑∗(𝜋∗(𝑥, 𝑡), 𝑡)𝜁 (s(𝑥, 𝑡)).

Further, since 𝜉 · 𝐵 ∈ 𝐻2(Σ∗) and Σ
∗ is 𝐶3, we have 𝜑𝜉 ·𝐵 ∈ 𝐶2(R𝑑). Using (3.33), we have

𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 = (𝜁 ◦ s) (𝜕𝑠∗𝜑

∗) ◦ 𝜋∗(1 + s𝜅∗) + (𝜕𝑠∗𝜁) (𝜑
∗ ◦ 𝜋∗)

= (𝜁 ◦ s) (1 + s𝜅∗) (𝜕𝑠∗𝜑
∗) ◦ 𝜋∗

because 𝜕𝑠∗ (𝜁 ◦ s) = 𝜁 ′𝜏∗ · ∇s = 0 on U𝛿 , and hence

𝜕
2
𝑠
∗𝜑

∗
𝜉 ·𝐵 = 𝜉 · 𝐵(1 + s𝜅∗)2 + (𝜁 ◦ s)s𝜕𝑠∗𝜅

∗((𝜕𝑠∗𝜑
∗
𝜉 ·𝐵) ◦ 𝜋

∗)

on supp 𝜁 . In particular we have for any 𝑣 ∈ 𝐿2(Σ)∫
Σ

(𝜕2
𝑠
∗𝜑

∗
𝜉 ·𝐵 − 𝑣)2

𝑑𝑠 ≲
∫
Σ

(𝜉 · 𝐵 − 𝑣)2
𝑑𝑠 + 𝐶

∫
Σ

(𝜁 ◦ s)2s2
𝑑𝑠

≲
∫
Σ

(𝜉 · 𝐵 − 𝑣)2
𝑑𝑠 + E,

(3.47)

because s2 ≤ 1 − 𝜁 ≤ 1 − 𝜈 · 𝜉 on supp 𝜁 , where 𝐶 = 𝐶 (𝜅∗, 𝜑∗𝜉 ·𝐵, s). Now we smuggle 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 into (3.46)

and compute ∫
Σ

(𝜕𝑠 (∇ · 𝜉) − 𝜕𝑠𝜑𝜈 ·𝐵)
2
𝑑𝑠

≲
∫
Σ

(𝜕𝑠 (∇ · 𝜉) − 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠 +

∫
Σ

(𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 − 𝜕𝑠𝜑𝜈 ·𝐵)

2
𝑑𝑠
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≲
∫
Σ

(𝜕𝑠 (∇ · 𝜉) − 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠 +

∫
Σ

(𝜕𝑠𝜑
∗
𝜉 ·𝐵 − 𝜕𝑠𝜑𝜈 ·𝐵)

2
𝑑𝑠 + 𝐶 (∇𝜑∗𝜉 ·𝐵)E .

We estimate the second term and write the integral as a sum over the connected components. On each
term we subtract the average 𝑐𝑖 :=

⨏
Σ𝑖
𝜁𝜕𝑠∗𝜑

∗
𝜉 ·𝐵 and apply the Poincaré inequality (3.65) and get that there

exists a constant 𝐶 depending only on H1(Σ(0)) such that∫
Σ𝑖

(𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 − 𝜕𝑠𝜑𝜈𝑖 ·𝐵 − 𝑐𝑖)

2
𝑑𝑠 +

∫
Σ𝑖

(⨏
Σ𝑖

𝜕𝑠∗𝜑
∗
𝜉 ·𝐵

)2

=

∫
Σ𝑖

(𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 − 𝜕𝑠𝜑𝜈𝑖 ·𝐵 − 𝑐𝑖)

2
𝑑𝑠 +

∫
Σ𝑖

(⨏
Σ𝑖

𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 + 𝜕𝑠 (𝜑

∗
𝜉 ·𝐵)

)2

≲ 𝐶

∫
Σ𝑖

(𝜕𝑠𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 − 𝜕2

𝑠 𝜑𝜈𝑖 ·𝐵)
2
𝑑𝑠 + 𝐶 (𝜑∗𝜉 ·𝐵,H

1(Σ(0)))
∫
Σ𝑖

1 − 𝜈𝑖 · 𝜉 𝑑𝑠

≲ 𝐶

∫
Σ𝑖

(𝜕2
𝑠
∗𝜑

∗
𝜉 ·𝐵 − 𝜕2

𝑠 𝜑𝜈𝑖 ·𝐵)
2
𝑑𝑠 + 𝐶 (𝜑∗𝜉 ·𝐵,H

1(Σ(0)))
∫
Σ𝑖

1 − 𝜈𝑖 · 𝜉 𝑑𝑠

≲ 𝐶

∫
Σ𝑖

(
𝜉 · 𝐵 − 𝜈𝑖 · 𝐵

)2
𝑑𝑠 + 𝐶

∫
Σ𝑖

(⨏
Σ𝑖

(𝜕2
𝑠
∗Δs)𝜈𝑖 · 𝜉 𝑑𝑠

′
)2
𝑑𝑠

+ 𝐶 (𝜑∗𝜉 ·𝐵,H
1(Σ(0)))

∫
Σ𝑖

1 − 𝜈𝑖 · 𝜉 𝑑𝑠,

(3.48)

where we used (3.47) in the last step. Now we sum over the connected components 𝑖 = 1, . . . , 𝑘 (𝑡). The
contribution in the first and third term is bounded by

𝑘 (𝑡 )∑︁
𝑖=1

(
𝐶 (H1(Σ(0)))

∫
Σ𝑖 (𝑡 )

((𝜉 − 𝜈𝑖) · 𝐵)
2
𝑑𝑠 + 𝐶 (𝜑∗𝜉 ·𝐵,H

1(Σ(0)))
∫
Σ𝑖

1 − 𝜈𝑖 · 𝜉 𝑑𝑠
)

≤ 𝐶

𝑘 (𝑡 )∑︁
𝑖=1

(
∥𝐵∥2

∞

∫
Σ𝑖 (𝑡 )

|𝜈 − 𝜉 |2 𝑑𝑠 + 𝐶 (𝜑∗𝜉 ·𝐵)
∫
Σ𝑖

1 − 𝜈𝑖 · 𝜉 𝑑𝑠
)

≲ 𝐶 (Σ∗
,H1(Σ(0)))E .

The second term in the last line of (3.48) can be estimated by adding zero in terms of
⨏
Σ𝑖
𝜕𝑠 (𝜕𝑠∗Δs) and

using Jensen’s inequality ∫
Σ𝑖

(⨏
Σ𝑖

(𝜕2
𝑠
∗Δs)𝜈𝑖 · 𝜉 𝑑𝑠

′
)2
𝑑𝑠

≲
∫
Σ𝑖

(
(𝜕2

𝑠
∗Δs))𝜈𝑖 · 𝜉 − 𝜕𝑠 (𝜕𝑠∗Δs)

)2
𝑑𝑠

≲
∫
Σ𝑖

(
𝜕

2
𝑠
∗Δs − 𝜕𝑠𝜕𝑠∗Δs

)2
𝑑𝑠

+ ∥𝜕2
𝑠
∗𝜅

∗∥2
∞

∫
Σ𝑖

(
1 − 𝜈𝑖 · 𝜉

)2
𝑑𝑠
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After summing over 𝑖, all terms above are again bounded by E. Hence it remains to estimate∫
Σ

(𝜕𝑠 (∇ · 𝜉) − 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠.

We compute

𝜕𝑠 (∇ · 𝜉) = 𝜏 · ∇(∇ · 𝜉)
= 𝜏 ·

(
(𝜁 ◦ s)∇(Δs) + (𝜁 ′ ◦ s) (Δs)∇s + (𝜁 ′′ ◦ s)∇s

)
= (𝜁 ◦ s)𝜕𝑠Δs + (𝜏 · ∇s)

(
(𝜁 ′ ◦ s)Δs + (𝜁 ′′ ◦ s)

)
.

By Young’s inequality we have

1
2

∫
Σ

(𝜕𝑠 (∇ · 𝜉) − 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠

≤
∫
Σ

(𝜕𝑠Δs − 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠 +

∫
Σ

(1 − 𝜁)𝜕𝑠Δs + (𝜏 · ∇s)2 (
(𝜁 ′ ◦ s)Δs + (𝜁 ′′ ◦ s)

)2
𝑑𝑠.

We treat each summand separately. The last term can be bounded by E by (3.36). Thus it remains to
estimate the first term ∫

Σ

(
𝜕𝑠Δs − 𝜕𝑠∗𝜑

∗
𝜉 ·𝐵

)2
𝑑𝑠. (3.49)

Replacing 𝜕𝑠 with 𝜕𝑠∗ , it is also sufficient to estimate∫
Σ

(𝜕𝑠∗Δs − 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠. (3.50)

To this end, we again subtract the average and apply the Poincaré inequality to obtain∫
Σ

(𝜕𝑠Δs − 𝜕𝑠𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠

≲ H1(Σ)2
∫
Σ

(𝜕𝑠𝜕𝑠∗Δs − 𝜕𝑠𝜕𝑠∗𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠 +

∫
Σ

(⨏
Σ

𝜕𝑠∗Δs − 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 𝑑𝑠

′
)2
𝑑𝑠

+ 𝐶 (𝜅∗, 𝜑∗𝜉 ·𝐵)E .

In the second term we add zero in terms of
⨏
Σ
𝜕𝑠 (Δs − 𝜑∗𝜉 ·𝐵) 𝑑𝑠

′ and we again replace 𝜕𝑠 with 𝜕𝑠∗ and
use (3.47) to obtain ∫

Σ

(𝜕𝑠𝜕𝑠∗Δs − 𝜕𝑠𝜕𝑠∗𝜑
∗
𝜉 ·𝐵)

2
𝑑𝑠 +

∫
Σ

(⨏
Σ

𝜕𝑠∗Δs − 𝜕𝑠∗𝜑
∗
𝜉 ·𝐵 𝑑𝑠

′
)2
𝑑𝑠

≲
∫
Σ

(𝜕2
𝑠
∗Δs − 𝜕2

𝑠
∗𝜑

∗
𝜉 ·𝐵)

2
𝑑𝑠 + 𝐶 (𝜅∗, 𝜑∗𝜉 ·𝐵)E

=

∫
Σ

(𝜕2
𝑠
∗Δs − 𝜉 · 𝐵)2

𝑑𝑠 + 𝐶 (𝜅∗, 𝜑∗𝜉 ·𝐵)E .

Now we smuggle in 𝜉 · 𝐵 and obtain∫
Σ

(𝜕2
𝑠
∗Δs − 𝜉 · 𝐵)2

𝑑𝑠 ≲
∫
Σ

(𝜕2
𝑠
∗Δs − 𝜉 · 𝐵)2

𝑑𝑠 +
∫
Σ

(𝜉 · (𝐵 − 𝐵))2
𝑑𝑠

47



Chapter 3 A uniqueness and stability principle for surface diffusion

≲
∫
Σ

(𝜕2
𝑠
∗Δs − 𝜉 · 𝐵)2

𝑑𝑠 + 𝐶E

≲
∫
Σ

(𝜕2
𝑠
∗Δs − (𝜕2

𝑠
∗Δs) ◦ 𝜋∗)2

𝑑𝑠 + 𝐶E .

where we used that 1− |𝜉 |2 ≤ 2(1− 𝜈 · 𝜉) in the last line. The last term is bounded by E due to the Lipschitz
estimate |𝜕2

𝑠
∗Δs − (𝜕2

𝑠
∗Δs) ◦ 𝜋∗ | ≤ 𝐶 |s|. This concludes the estimate for E.

Next, we treat the bulk error F (𝑡). We recall that

|𝜕𝑡𝜗 + (𝐵 · ∇)𝜗 | ≤ 𝐶 |𝜗 |.

Using the above estimate and that 𝜗(·, 𝑡) = 0 on supp |∇𝜒∗(·, 𝑡) | = Σ
∗(𝑡), and

∫
Σ (𝑡 ) (∇ · 𝐵)𝜗 𝑑𝑠 ≲ F (𝑡), we

have

𝑑

𝑑𝑡
F (𝑡) =

∫
Σ (𝑡 )

𝜗𝑉 𝑑𝑠 +
∫
R2
(𝜒 − 𝜒∗)𝜕𝑡𝜗 𝑑𝑥

≤
∫
Σ (𝑡 )

𝜗𝑉 𝑑𝑠 −
∫
R2
(𝜒 − 𝜒∗) (𝐵 · ∇)𝜗 𝑑𝑥 + 𝐶

∫
R2

|𝜒 − 𝜒∗ | |𝜗 | 𝑑𝑥

= 𝐶F (𝑡) +
∫
Σ (𝑡 )

𝜗𝑉 𝑑𝑠 −
∫
Σ (𝑡 )

𝜗(𝜈 · 𝐵) 𝑑𝑠.

(3.51)

We compute ∫
Σ (𝑡 )

𝜗(𝑉 − 𝜈 · 𝐵) 𝑑𝑠 = −
𝑘 (𝑡 )∑︁
𝑖=1

∫
Σ𝑖 (𝑡 )

(𝜕𝑠𝜗) (𝜕𝑠𝜑𝑉 − 𝜕𝑠𝜑𝜈𝑖 ·𝐵) 𝑑𝑠

+
𝑘 (𝑡 )∑︁
𝑖=1

(∫
Σ𝑖 (𝑡 )

𝜗 𝑑𝑠

) ⨏
Σ𝑖 (𝑡 )

𝜈𝑖 · 𝐵 𝑑𝑠

The second sum is estimated by Lemma 3.19 below. The first sum reads, for any 𝜀 > 0,

−
∫
Σ (𝑡 )

(𝜕𝑠𝜗) (𝜕𝑠𝜑𝑉 − 𝜕𝑠𝜑𝜈 ·𝐵) 𝑑𝑠

≤ 1
2𝜀

∫
Σ (𝑡 )

(𝜕𝑠𝜗)
2
𝑑𝑠 + 𝜀

2

∫
Σ (𝑡 )

(
𝜕𝑠𝜑𝑉 − 𝜕𝑠𝜑𝜈 ·𝐵

)2
𝑑𝑠

≤ 1
2𝜀

∫
Σ (𝑡 )

(𝜕𝑠𝜗)
2
𝑑𝑠 + 𝜀

∫
Σ (𝑡 )

(
𝜕𝑠𝜑𝑉 − 𝜕𝑠 (∇ · 𝜉)

)2
𝑑𝑠 + 𝜀

∫
Σ (𝑡 )

(
𝜕𝑠 (∇ · 𝜉) − 𝜕𝑠𝜑𝜈 ·𝐵

)2
𝑑𝑠.

(3.52)

The first term reads

1
2𝜀

∫
Σ (𝑡 )

(𝜕𝑠𝜗)
2
𝑑𝑠 ≲

1
2𝜀

∫
Σ (𝑡 )

(𝜏 · ∇s)2
𝑑𝑠 ≲

1
2𝜀

E(𝑡).

The second term is absorbed in the dissipation term for E(𝑡) for 𝜀 ≤ 1
2 . The last term was already estimated

in (3.46). This concludes the proof of Theorem 3.10. □
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3.6 Auxiliary results

Here we state a few auxiliary results which are crucial for the proof of Theorem 3.10.
First we prove existence of weak solutions to the Poisson equation on rectifiable sets. For a function

𝑢 : Σ → R we denote the average w.r.t. a measure 𝜇 by

⟨𝑢⟩Σ :=
⨏
Σ

𝑢 𝑑𝜇,

and we define the space 𝐻1
(0) (Σ) :=

{
𝑢 ∈ 𝐻1(Σ) : ⟨𝑢⟩Σ = 0

}
.

Lemma 3.15. Let Ω ⊂ R𝑑 be a set of finite perimeter, let Σ = 𝜕
∗
Ω and let 𝑢 ∈ 𝐻1

(0) (Σ). Then there exists
a unique function 𝜑 ∈ 𝐻1

(0) (Σ) such that∫
Σ

∇Σ𝜑 · ∇Σ𝜓 𝑑H
𝑑−1

=

∫
Σ

𝑢𝜓 𝑑H 𝑑−1 for all 𝜓 ∈ 𝐶∞
𝑐 (R𝑑). (3.53)

Furthermore, if 𝑑 = 2, then 𝜕2
𝑠 𝜑 exists and

𝜕
2
𝑠 𝜑 = 𝑢 a.e.

Proof. We will use the Lax–Milgram lemma to prove this result. Define a bilinear form 𝑏 : 𝐻1
(0) (Σ) ×

𝐻
1
(0) (Σ) → R by

𝑏(𝜑, 𝜓) :=
∫
Σ

∇Σ𝜑 · ∇Σ𝜓 𝑑H
𝑑−1 for all 𝜓 ∈ 𝐶∞

𝑐 (R𝑑).

By density of 𝐶∞
𝑐 (R𝑑), this uniquely defines 𝑏. Since 𝐻1

(0) (Σ) ⊂ 𝐿
2(Σ) is a closed subspace, the space

(𝐻1
(0) (Σ), ∥ · ∥𝐿2 (Σ) ) equipped with the 𝐿2 norm is again a Hilbert space. By the Poincaré inequality and

Cauchy–Schwarz we have

sup
∥𝜓∥

𝐻
1
(0)

=1
𝑏(𝜑, 𝜓) = ∥∇Σ𝜑∥

2
𝐿

2 ≥ 1
𝐶
∥𝜑∥2

𝐿
2 for all 𝜑 ∈ 𝐻1

(0) (Σ),

hence 𝑏 is coercive. Furthermore we define a bounded linear operator 𝑓 ∈ (𝐿2(Σ))′ by

𝑓 (𝜓) :=
∫
Σ

𝑢𝜓 𝑑H 𝑑−1
.

By the Lax–Milgram lemma there exists a unique 𝜑 ∈ 𝐻1
(0) (Σ) such that

𝑏(𝜑, 𝜓) = 𝑓 (𝜓) for all 𝜓 ∈ 𝐶∞
𝑐 (R𝑑).

Now let 𝑑 = 2. We test (3.53) with 𝜑 and obtain∫
Σ

(𝜕𝑠𝜑)
2
𝑑H1

=

∫
Σ

𝜑𝑢 𝑑H1
.

Approximating 𝜑 with smooth functions, we get that 𝜕2
𝑠 𝜑 exists a.e., and 𝜕2

𝑠 𝜑 = 𝑢. □
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The following simple lemma shows that the surface area of small bubbles is controlled by the relative
energy.

Lemma 3.16. Let Σ = 𝜕Ω ⊂ R𝑑 be a closed surface and let 𝜉 : R𝑑 → R𝑑 be a Lipschitz vector field such
that ∥𝜉∥∞ ≤ 1. If diam(Σ) ≤ 1

2∥∇𝜉 ∥∞
, then

H 𝑑−1(Σ) ≤ 34
∫
Σ

(1 − 𝜉 · 𝜈) 𝑑H 𝑑−1
. (3.54)

Proof. Let 𝛼 := 1
10 and 𝛿 := 3

10 . We claim that

H 𝑑−1({𝑥 ∈ Σ : 𝜉 (𝑥) · 𝜈(𝑥) ≤ 1 − 𝛿}) ≥ 𝛼H 𝑑−1(Σ). (3.55)

If the claim holds, then

H 𝑑−1(Σ) ≤ 1
𝛼𝛿

∫
Σ∩{ 𝜉 ·𝜈≤1−𝛿}

𝛿 𝑑H 𝑑−1

≤ 1
𝛼𝛿

∫
Σ∩{ 𝜉 ·𝜈≤1−𝛿}

1 − 𝜉 · 𝜈 𝑑H 𝑑−1

≤ 1
𝛼𝛿

∫
Σ

1 − 𝜉 · 𝜈 𝑑H 𝑑−1
.

Since 1
𝛼𝛿

= 100
3 ≤ 102

3 = 34, this implies the assertion.
Now we prove the claim. Suppose for a contradiction that

H 𝑑−1({𝑥 ∈ Σ : 𝜉 (𝑥) · 𝜈(𝑥) > 1 − 𝛿}) > (1 − 𝛼)H 𝑑−1(Σ). (3.56)

Then we have for any 𝜉 ∈ R𝑑 ∫
Σ

𝜉 · 𝜈 𝑑H 𝑑−1
=

∫
Σ

(𝜉 − 𝜉) · 𝜈 𝑑H 𝑑−1

and therefore ∫
Σ

𝜉 · 𝜈 𝑑H 𝑑−1 ≤ ∥∇𝜉∥∞ diam(Σ) H 𝑑−1(Σ).

On the other hand∫
Σ

𝜉 · 𝜈 𝑑H 𝑑−1
=

∫
Σ∩{ 𝜉 ·𝜈>1−𝛿}

𝜉 · 𝜈 𝑑H 𝑑−1 +
∫
Σ∩{ 𝜉 ·𝜈≤1−𝛿}

𝜉 · 𝜈 𝑑H 𝑑−1

≥ (1 − 𝛿)H 𝑑−1({𝑥 ∈ Σ : 𝜉 (𝑥) · 𝜈(𝑥) > 1 − 𝛿})
− H 𝑑−1({𝑥 ∈ Σ : 𝜉 (𝑥) · 𝜈(𝑥) ≤ 1 − 𝛿})

≥ ((1 − 𝛿) (1 − 𝛼) − 𝛼)H 𝑑−1(Σ).

By our choice of 𝛼 and 𝛿, we have

1 − 2𝛼 − 𝛿 + 𝛼𝛿 ≥ 1 − 2
10

− 3
10

+ 3
100

=
1
2
+ 3

100
>

1
2
.

50



3.6 Auxiliary results

Hence we get

1
2
H 𝑑−1(Σ) < ∥∇𝜉∥∞ diam(Σ)H 𝑑−1(Σ),

a contradiction to (3.56). This concludes the proof. □

The following construction appeared in [28] and will be useful for our framework as well.

Lemma 3.17. Let Σ∗ ⊂ R𝑑 be a smooth closed surface with enclosed region Ω
∗ and let 𝑉∗ ∈ 𝐶2,𝛼 (Σ∗),

for some for some 𝛼 ∈ (0, 1), with
∫
Σ
∗ 𝑉

∗
𝑑H 𝑑−1

= 0. Then there exists a compactly supported Lipschitz
vector field 𝐵 ∈ 𝐶1,1

𝑐 (R𝑑;R𝑑) such that 𝜈∗ · 𝐵 = 𝑉
∗ on Σ

∗ and ∇ · 𝐵 = 𝑂 (dist(·,Ω∗)).
Applying the lemma to each time slice, we immediately get the following statement.

Corollary 3.18. There exists a family of compactly supported Lipschitz vector fields 𝐵(·, 𝑡) ∈ 𝐶1,1
𝑐 (R𝑑;R𝑑)

such that 𝜈∗ · 𝐵 = 𝑉
∗ on Σ

∗(𝑡) so that ∇ · 𝐵(·, 𝑡) = 𝑂 (dist(·,Ω∗(𝑡))) for all 𝑡 with Ω
∗(𝑡) as in Definition 3.2.

Proof of Lemma 3.17. The proof consists of three steps. First we show existence of a 𝐶2,𝛼 solution to a
Neumann–Laplace problem with boundary condition 𝜈∗ · ∇𝜙 = 𝑉

∗. Second, we improve the regularity to
𝐶

3,𝛼. Finally, we use an extension theorem to extend this function to all of R𝑑 .

Step 1. For each 𝑡 let 𝜙 be a solution to the Neumann–Laplace problem

Δ𝜙 = 0 in Ω
∗, (3.57)

𝜈
∗ · ∇𝜙 = 𝑉 on Σ

∗. (3.58)

The existence of a solution 𝜙 with
∫
Ω
∗ 𝜙 𝑑𝑥 = 0 follows from elliptic theory since∫

Σ
∗
𝑉
∗
𝑑H 𝑑−1

= 0.

Using Schauder boundary regularity, see [33, Thm. 4.1] or [29, Thm. 95], we have, for all 0 < 𝛼 < 1,

∥𝜙∥
𝐶

2,𝛼
(
Ω
∗
) ≤ 𝐶 (Ω∗)∥𝑉∗∥

𝐶
1,𝛼 (𝜕Ω∗) ≤ 𝐶 (Σ

∗). (3.59)

In the next step, we improve this regularity to show that 𝜙 ∈ 𝐶3,𝛼 (Ω∗), and hence ∇𝜙 ∈ 𝐶1,1(Ω∗;R𝑑).

Step 2. It is sufficient to show that for any orthogonal coordinate frame (𝑥1
, . . . , 𝑥

𝑑) of class 𝐶2,𝛼 (Ω∗)
with 𝑥𝑖 · 𝜈 = 0 for 1 ≤ 𝑖 ≤ 𝑑 − 1 and 𝑥𝑑 = 𝜈 on 𝜕Ω∗. Then it holds 𝑥𝑖 · ∇𝜙 ∈ 𝐶2,𝛼 (Ω∗) for 𝑖 = 1, . . . , 𝑑.
Indeed, given such a frame, we see that, for any 𝑖 = 1, . . . , 𝑑 − 1, 𝜓 := 𝑥𝑖 · ∇𝜙 is a solution to

Δ𝜓 = Δ𝑥
𝑖 · ∇𝜙 + 2∇𝑥𝑖 : ∇2

𝜙 in Ω
∗,

𝜈
∗ · ∇𝜓 = ∇𝜙 · (𝜈 · ∇)𝑥𝑖 + (𝑥𝑖 · ∇)𝑉∗ − ∇𝜙 · (𝑥𝑖 · ∇)𝜈∗ on Σ

∗,

where we used that Δ𝜙 = 0 in Ω
∗ in the first line and 𝜈∗ · ∇𝜙 = 0 on Σ

∗ in the second line. We observe
that the right-hand side of this PDE is of class 𝐶1,𝛼 (Ω∗) and the Neumann boundary datum is of class
𝐶

1,𝛼 (𝜕Ω∗), because 𝑉∗ ∈ 𝐶2,𝛼 (𝜕Ω∗) and 𝜕Ω∗ ∈ 𝐶3,𝛼, which implies (𝑥𝑖 · ∇)𝜈∗ ∈ 𝐶1,𝛼 (𝜕Ω∗) for all
𝑖 = 1, . . . , 𝑑 − 1. For the normal field 𝑥𝑑 , we observe that 𝜓 := 𝑥

𝑑 · ∇𝜙 solves the Dirichlet–Laplace
problem

Δ𝜓 = Δ𝑥
𝑑 · ∇𝜙 + 2∇𝑥𝑑 : ∇2

𝜙 in Ω
∗,
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𝜓 = 𝜈
∗ · ∇𝜙 = 𝑉

∗ on Σ
∗.

The right-hand side of this PDE is identical to the previous case with the Dirichlet datum being of class
𝐶

2,𝛼 (𝜕Ω∗). Thus we can apply Schauder boundary regularity for the Dirichlet–Laplace problem [21, Thm.
6.8] to assert that also 𝜓 ∈ 𝐶2,𝛼 (Ω∗). Therefore we have

∥𝜙∥
𝐶

3,𝛼
(
Ω
∗
) ≤ 𝐶 (Σ∗).

Step 3. We extend 𝜙 to all of R𝑑 using a standard extension theorem, e.g. [21, Thm. 6.37], to a function
𝜙 ∈ 𝐶3,𝛼 (R𝑑) with the same regularity as 𝜙 such that 𝜙 = 𝜙 in Ω

∗ and 𝜙 = 0 in R𝑑 \ 𝐵𝑅 (0) for some
𝑅 < ∞ sufficiently large. Now we set

𝐵 := ∇𝜙.

Finally we have ∇ · 𝐵 = Δ𝜙 = 0 on Σ
∗ and therefore ∇ · 𝐵 = 𝑂 (dist(·,Ω∗)). □

The combination of the simple geometric estimate in Lemma 3.16 and the properties of the extended
velocity vector field in Corollary 3.18 gives us the following crucial estimate.

Lemma 3.19. Let Σ(𝑡) be as in Definition 3.4 with connected components Σ𝑖 (𝑡), where 1 ≤ 𝑖 ≤ 𝑘 (𝑡), and
Σ
∗(𝑡) as in Definition 3.2. Let 𝐵(·, 𝑡) ∈ 𝐶1,1

𝑐 (R𝑑;R𝑑) as in Corollary 3.18. Then there exists a constant 𝐶
depending only on Σ

∗ such that

𝑘 (𝑡 )∑︁
𝑖=1

�����∫Σ𝑖 (𝑡 )
𝜈𝑖 · 𝐵 𝑑H

𝑑−1

����� ≤ 𝐶F (𝑡) (3.60)

and, for 𝑑 = 2,
𝑘 (𝑡 )∑︁
𝑖=1

1
H 𝑑−1(Σ𝑖 (𝑡))

�����∫Σ𝑖 (𝑡 )
𝜈𝑖 · 𝐵 𝑑H

𝑑−1

����� ≤ 𝐶 (E(𝑡) + F (𝑡)). (3.61)

Again we will suppress the 𝑡-dependence in the following proof.

Proof. Let 𝑅 < ∞ be sufficiently large such that supp∇𝐵 ⊂ 𝐵𝑅 (0) × [0, 𝑇∗]. We compute (3.60): Since
|∇ · 𝐵| = 𝑂 (dist(·,Ω∗(𝑡))) ≤ 𝐶 |s| (1 − 𝜒Ω∗ (𝑡 ) ),

𝑘 (𝑡 )∑︁
𝑖=1

�����∫Σ𝑖

𝜈𝑖 · 𝐵 𝑑𝑠
����� = 𝑘 (𝑡 )∑︁

𝑖=1

�����∫Ω𝑖

∇ · 𝐵 𝑑𝑥
�����

≲
∫
𝐵𝑅 (0)

|s| (1 − 𝜒∗)𝜒 𝑑𝑥

≤ 2𝑅
𝛿

∫
R𝑑

|𝜗 | |𝜒 − 𝜒∗ | 𝑑𝑥

≤ 2𝑅
𝛿
∥∇ · 𝐵∥∞F .
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Finally, in the case of 𝑑 = 2, we let 𝐶 := ∥𝐵∥∞. We split the sum (3.61) into two parts:

𝑘 (𝑡 )∑︁
𝑖=1

1
H1(Σ𝑖)

�����∫Σ𝑖

𝜈𝑖 · 𝐵 𝑑H
1

����� ≤ ∑︁
𝑖:H1 (Σ𝑖 )>1/𝐶

1
H1(Σ𝑖)

�����∫Σ𝑖

𝜈𝑖 · 𝐵 𝑑H
1

�����
+

∑︁
𝑖:H1 (Σ𝑖 )≤1/𝐶

1
H1(Σ𝑖)

�����∫Σ𝑖

𝜈𝑖 · 𝐵 𝑑H
1

����� .
For the first sum we can use the estimate (3.60). For the second sum we use the isoperimetric inequality
|Ω𝑖 | ≲ (H1(Σ𝑖))

2 and then, by the elementary estimate diam(Σ𝑖) ≤ 1
2H

1(Σ𝑖), we may use Lemma 3.16
to obtain ∑︁

𝑖:H1 (Σ𝑖 )≤1/𝐶

1
H1(Σ𝑖)

�����∫Σ𝑖

𝜈𝑖 · 𝐵 𝑑H
1

����� = ∑︁
𝑖:H1 (Σ𝑖 )≤1/𝐶

1
H1(Σ𝑖)

�����∫Ω𝑖

∇ · 𝐵 𝑑𝑥
�����

≲ ∥∇ · 𝐵∥∞
∑︁

𝑖:H1 (Σ𝑖 )≤1/𝐶

H1(Σ𝑖)

≤ 34∥∇ · 𝐵∥∞
𝑘∑︁
𝑖=1

∫
Σ𝑖

1 − 𝜉 · 𝜈𝑖 𝑑H
1

= 34∥∇ · 𝐵∥∞E . □

Lemma 3.20. Let Ω ⊂ R2 be a set of finite perimeter, Σ = 𝜕
∗
Ω and let 𝑓 ∈ 𝐶0,1(Σ). Then∫

Σ

𝜕𝑠 𝑓 𝑑H
1
= 0.

Proof. Let 𝑓 ∈ 𝐶∞
𝑐 (R𝑑) and let ∇⊥

𝑓 := 𝐽−1∇ 𝑓 . Then∫
Σ

𝜕𝑠 𝑓 𝑑H
1
=

∫
Σ

𝜏 · ∇ 𝑓 𝑑H1

=

∫
Σ

𝜈 · ∇⊥
𝑓 𝑑H1

=

∫
Ω

(−𝜕𝑥1
𝜕𝑥2

𝑓 + 𝜕𝑥2
𝜕𝑥1

𝑓 ) 𝑑𝑥

= 0.

By density of 𝐶∞
𝑐 (R2) in 𝐶0,1(Σ), this concludes the proof. □

3.6.1 Jordan boundary decomposition

We collect some crucial properties of sets of finite perimeter in the plane and a corresponding version of
connectedness, called indecomposability. More details can be found in [3].

Definition 3.21 (Indecomposable sets). Let Ω ⊂ R𝑑 be a set of finite perimeter. We say that Ω is
decomposable if there exists a disjoint partition Ω = 𝐴 ∪ 𝐵 such that 𝑃(Ω) = 𝑃(𝐴) + 𝑃(𝐵). If Ω is not
decomposable, we call Ω indecomposable.
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Definition 3.22 (Simple sets and Jordan boundaries). An indecomposable set Ω ⊂ R𝑑 is called simple if
for all sets of finite perimeter 𝐹 ⊂ R𝑑 the following holds: If |𝐹 | ∈ (0,∞) and 𝜕∗𝐹 ⊂ 𝜕

∗
Ω up to H 𝑑−1

null sets, then 𝐸 = 𝐹.
A set 𝐽 ⊂ R𝑑 is called a Jordan boundary if there exists a simple set Ω such that 𝜕∗Ω = 𝐽.

Proposition 3.23 (Decomposition theorem [3, Thm. 1]). Let Ω be a set of finite perimeter. Then there
exists a unique finite or countable family of pairwise disjoint indecomposable sets

{
Ω𝑖

}
𝑖
such that |Ω𝑖 | > 0

for all 𝑖 and 𝑃(Ω) = ∑
𝑖 𝑃(Ω𝑖). Furthermore any indecomposable set 𝐹 ⊂ Ω is contained in some Ω𝑖 up to

Lebesgue null sets.

To simplify the following statement, we add the formal Jordan boundary 𝐽𝑜 whose interior is empty and
𝐽∞ whose interior is R𝑑 .

Proposition 3.24 (Jordan boundary decomposition [3, Thm. 4]). Let Ω be a set of finite perimeter. Then
there exists a unique decomposition of 𝜕∗Ω into Jordan boundaries

{
𝐽
+
𝑖 , 𝐽

−
𝑘 : 𝑖, 𝑘 ∈ N

}
such that the

following hold:

1. Given int(𝐽+𝑖 ), int(𝐽+𝑗 ), then either they are disjoint or one is contained in the other; Given
int(𝐽−𝑘 ), int(𝐽−𝑙 ), then either they are disjoint or one is contained in the other.

2. Every int(𝐽−𝑘 ) is contained in some int(𝐽+𝑖 ).

3. 𝑃(Ω) = ∑
𝑖∈NH 𝑑−1(𝐽+𝑖 ) +

∑
𝑘∈NH 𝑑−1(𝐽−𝑘 ).

4. If int(𝐽+𝑖 ) ⊆ int(𝐽+𝑗 ) for some 𝑖 ≠ 𝑗 , then there exists some 𝐽−𝑘 such that int(𝐽+𝑖 ) ⊆ int(𝐽−𝑘 ) ⊆ int(𝐽+𝑗 ).
Similarly, if int(𝐽−𝑘 ) ⊆ int(𝐽−𝑙 ) for some 𝑘 ≠ 𝑙, then there exists some 𝐽+𝑖 such that int(𝐽−𝑘 ) ⊆
int(𝐽+𝑖 ) ⊆ int(𝐽−𝑙 ).

5. Let 𝐿𝑖 :=
{
𝑘 : int(𝐽−𝑘 ) ⊂ int(𝐽+𝑖 )

}
and let 𝑌𝑖 := int(𝐽+𝑖 ) \

(⋃
𝑘∈𝐿𝑖

int(𝐽−𝑘 )
)
. Then 𝑌𝑖 are pairwise

disjoint, indecomposable and Ω =
⋃

𝑖∈N𝑌𝑖 .

Remark 3.25. The authors of [3] define 𝜕∗Ω as the set of points where density

𝐷 (𝑥) := lim
𝑟↓0

|Ω ∩ 𝐵(𝑥, 𝑟) |
|𝐵(𝑥, 𝑟) |

is equal to 1/2, denoted by Ω
1/2 := {𝑥 : 𝐷 (𝑥) = 1/2}. However, up to H 𝑑−1 null sets we have

|∇𝜒Ω | = H 𝑑−1
⌞Ω

1/2
,

thus the results are still applicable in our setting.

Remark 3.26. The sets Ω𝑖 in Proposition 3.23 are exactly the 𝑌𝑖 from Proposition 3.24. We also recall De
Giorgi’s structure theorem: For any finite perimeter set Ω ⊂ R𝑑 there exists a null set 𝑁 and countably
many 𝐶1 hypersurfaces 𝑆𝑖 and compact subsets 𝐾𝑖 ⊂ 𝑆𝑖 such that

𝜕
∗
Ω = 𝑁 ∪

∞⋃
𝑖=1

𝐾𝑖 .
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Lemma 3.27. Let 𝑑 = 2 and let Ω be a set of finite perimeter, Σ = 𝜕
∗
Ω, let 𝜅 denote the mean curvature of

Σ and let 𝐽𝑖 denote its Jordan boundary decomposition as in Proposition 3.24. Then∫
𝐽𝑖

𝜅 |𝐽𝑖 𝑑H
1
= 2𝜋 for all 𝑖.

Proof. By definition we have ∫
Σ

divΣ 𝐵 𝑑H
1
=

∫
Σ

𝜅𝜈 · 𝐵 𝑑H1

for all 𝐵 ∈ 𝐶1
𝑐 (R

2;R2). Now fix 𝑖 and let 𝐵 ∈ 𝐶1
𝑐 (R

2;R2). Then, by the definition of the Jordan boundary
decomposition, we can take a cutoff function 𝜂 such that 𝐵̃ := 𝜂𝐵 = 𝐵 on 𝐽𝑖 and supp 𝐵̃ ⊂ R2 \ ⋃

𝑗≠𝑖 𝐽 𝑗 .
Then ∫

𝐽𝑖

𝜅 |𝐽𝑖𝜈 · 𝐵 =

∫
Σ

𝜅𝜈 · 𝐵̃ =

∫
Σ

divΣ 𝐵̃ =

∫
𝐽𝑖

divΣ 𝐵.

Hence 𝜅 |𝐽𝑖 is the mean curvature of 𝐽𝑖. We now show that 𝐽𝑖 is a rectifiable closed curve, then the claim
follows from the Gauss–Bonnet theorem. Indeed, let 𝐸 be a simple set such that 𝜕∗𝐸 = 𝐽𝑖 and let𝑌 := int 𝐽𝑖 .
Then 𝜕∗𝑌 is either a rectifiable closed curve or a union of closed curves and 𝜕∗𝑌 ⊂ 𝜕

∗
𝐸 . If 𝜕∗𝑌 is a

union of curves, then there exist curves with non-empty interior 𝐼1, 𝐼2 such that 𝑌 = int(𝐼1) ∪ int(𝐼2).
However, since 𝐸 is simple, we have 𝑌 = 𝐸 = int(𝐼1) ∪ int(𝐼2). But this means that 𝐸 is decomposable, a
contradiction. □

3.6.2 A Poincaré inequality on rectifiable sets

We introduce a Poincaré inequality on rectifiable sets by viewing them as metric measure spaces, cf. [23].
This in turn gives us a Poincaré inequality on the reduced boundary of finite perimeter sets.

Definition 3.28. Let Σ ⊂ R𝑑 be a rectifiable set and let 𝑥, 𝑦 ∈ Σ. A path connecting 𝑥 and 𝑦 is a continuous
piecewise 𝐶1 function 𝛾𝑥𝑦 : [0, 𝐿] → Σ such that 𝛾𝑥𝑦 (0) = 𝑥 and 𝛾𝑥𝑦 (𝐿) = 𝑦. The length of a path 𝛾 is
denoted by 𝐿 (𝛾) :=

∫ 𝐿

0 |𝛾′(𝑠) | 𝑑𝑠. The distance between 𝑥 and 𝑦 is defined as

𝑑Σ (𝑥, 𝑦) := inf
𝛾𝑥𝑦

𝐿 (𝛾𝑥𝑦), (3.62)

where we take the infimum over all paths 𝛾𝑥𝑦 connecting 𝑥 and 𝑦.

To obtain a Poincaré inequality on Σ, we define the space 𝑀1, 𝑝 (Σ) by

𝑀
1, 𝑝 (Σ) :=

{
𝑢 ∈ 𝐿 𝑝 (Σ) : ∃𝑔𝑢 ∈ 𝐿 𝑝 (Σ)

}
,

where 𝑔𝑢 is a function satisfying

|𝑢(𝑥) − 𝑢(𝑦) | ≤ 𝑑Σ (𝑥, 𝑦) (𝑔𝑢 (𝑥) + 𝑔𝑢 (𝑦)) for a.e. 𝑥, 𝑦 ∈ Σ. (3.63)

Remark 3.29. If we equip 𝑀1, 𝑝 (Σ) with a norm defined by

∥𝑢∥ 𝑝
𝑀

1, 𝑝 := ∥𝑢∥ 𝑝
𝐿
𝑝 + inf

𝑔𝑢
∥𝑔𝑢∥

𝑝

𝐿
𝑝 ,

then 𝑀1, 𝑝 (Σ) becomes a Banach space.
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Definition 3.30. Let Σ be a rectifiable set. We say that a measure 𝜇 on Σ is doubling if there exists a
constant 𝐶 (𝜇) such that

𝜇(2𝐵) ≤ 𝐶 (𝜇)𝜇(𝐵) for all balls 𝐵 ⊂ Σ.

The constant 𝐶 (𝜇) is called the doubling constant of 𝜇.

Here the balls are taken w.r.t. the distance (3.62). Note that for 𝜇 = H 𝑑−1 we can choose 𝐶 (𝜇) = 2𝑑−1.
For the remainder of this section, Σ is a rectifiable set and 𝜇 is a doubling measure on Σ, unless otherwise

noted. Now the following Poincaré inequality holds, which is a corollary of [23, Thm. 5.15] and holds in
particular for the reduced boundary of finite perimeter sets equipped with the Gauss–Green measure.

Proposition 3.31. Let Σ be a rectifiable set, 1 ≤ 𝑝 < ∞, and let 𝜇 be a doubling measure on Σ. Then there
exists a constant 𝐶 depending only on 𝑝 and the doubling constant of 𝜇 such that for all 𝑢 ∈ 𝑀1, 𝑝 (Σ) and
every 𝑔 satisfying (3.63) we have∫

Σ

|𝑢 − ⟨𝑢⟩Σ |
𝑝
𝑑𝜇 ≤ 𝐶2𝑝 (diamΣ) 𝑝

∫
Σ

|𝑔 |𝑝 𝑑𝜇. (3.64)

Lemma 3.32. Let Σ ⊂ R2 be a rectifiable closed curve with H1(Σ) < ∞. Suppose further that there exists
a constant 𝐶 < ∞ such that Σ satisfies (3.13). Then there exists a constant 𝐶′

< ∞ depending only on 𝑝
such that 𝐶0,1(Σ) ⊆ 𝑀

1, 𝑝 (Σ) for all 𝑝 ≥ 1 and∫
Σ

|𝑢 − ⟨𝑢⟩Σ |
𝑝
𝑑H1 ≤ 𝐶′2𝑝 (diamΣ) 𝑝

∫
Σ

|𝜕𝑠𝑢 |
𝑝
𝑑H1

.

This lemma also holds in higher dimensions with an analogous proof, but we restrict ourselves to the 2D
case for simplicity. Before we continue with the proof, we recall some facts about maximal functions. For
a locally integrable function 𝑓 : Σ → R we define the maximal function 𝑀 ( 𝑓 ) by

𝑀 ( 𝑓 ) (𝑥) := sup
𝑟>0

⨏
𝐵
Σ (𝑥,𝑟 )

| 𝑓 | 𝑑𝜇.

Here 𝐵Σ (𝑥, 𝑟) denotes the ball with radius 𝑟 centered at 𝑥 ∈ Σ with respect to the intrinsic distance (3.62).
Further 𝜕𝑠 will denote differentiation with respect to the arc-lenght parameter on Σ, as above.

Proof of Lemma 3.32. Let 𝑢 ∈ 𝐶0,1(Σ) be a Lipschitz function. By Rademacher’s theorem 𝑢 is differenti-
able a.e. with derivative 𝜕𝑠𝑢. Let 𝑀 (𝜕𝑠𝑢) denote the maximal function of 𝜕𝑠𝑢, i.e.

𝑀 (𝜕𝑠𝑢) (𝑥) := sup
𝑟>0

⨏
𝐵
Σ (𝑥,𝑟 )

|𝜕𝑠𝑢 | 𝑑H
1
.

Furthermore observe that, since 𝜕𝑠𝑢 is locally Lipschitz, we have 𝑀 (𝜕𝑠𝑢) (𝑥) ≥ |𝜕𝑠𝑢(𝑥) | for a.e. 𝑥 ∈ Σ.
Now, let 𝑥 ∈ Σ and let 𝐵Σ ⊂ Σ be any (intrinsic) ball containing 𝑥. Further, for 𝑦 ∈ Σ, let 𝛾𝑥𝑦 be a shortest
path connecting 𝑥 and 𝑦 which is parametrized by arc length. Such a path exists since Σ is compact. Then

H1
(
𝐵
Σ
)
(𝑢(𝑥) − ⟨𝑢⟩

𝐵
Σ ) =

∫
𝐵
Σ

∫ 𝑑 (𝑥,𝑦)

0
𝜕𝑠𝑢(𝛾𝑥𝑦 (𝑟)) 𝑑𝑟 𝑑H

1(𝑦)

≤
∫
𝐵
Σ
|𝐵Σ (𝑥, 𝑑 (𝑥, 𝑦)) |𝑀 (𝜕𝑠𝑢) (𝑥)𝑑H

1(𝑦)

≤ H1
(
𝐵
Σ
)2
𝑀 (𝜕𝑠𝑢) (𝑥).
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Now, for 𝑥, 𝑦 ∈ Σ we can take a ball 𝐵 with radius 𝑑 (𝑥, 𝑦) such that 𝑥, 𝑦 ∈ 𝐵 and obtain, by symmetry,

|𝑢(𝑥) − 𝑢(𝑦) | ≤ H1
(
𝐵
Σ
)
(𝑀 (𝜕𝑠𝑢) (𝑥) + 𝑀 (𝜕𝑠𝑢) (𝑦)).

Now, since there exists a constant 𝐶̃ such that H1
(
𝐵
Σ
)
≤ 𝐶̃𝑟 for any ball of radius 𝑟 in Σ, we get that

𝐶̃𝑀 (𝜕𝑠𝑢) satisfies (3.63). Finally, using the maximal function theorem [23, Thm. 2.2], there exists a
constant 𝐶 depending only on the doubling constant of H1

⌞Σ such that∫
Σ

𝑀 (𝜕𝑠𝑢)
𝑝
𝑑H1 ≤ 𝐶

∫
Σ

|𝜕𝑠𝑢 |
𝑝
𝑑H1

,

and by Proposition 3.31 we have∫
Σ

|𝑢 − ⟨𝑢⟩Σ |
𝑝
𝑑H1 ≤ 𝐶2𝑝 (diamΣ) 𝑝

∫
Σ

𝑀 (𝜕𝑠𝑢)
𝑝
𝑑H1

≤ 𝐶𝐶̃2𝑝 (diamΣ) 𝑝
∫
Σ

|𝜕𝑠𝑢 |
𝑝
𝑑H1

. □

The proof can easily be generalized to arbitrary dimensions, cf. [23, Chapter 2]. Note that in the
case when Σ(𝑡) = 𝜕

∗
Ω(𝑡) is a weak solution to surface diffusion in the sense of Definition 3.4 and

𝜇 = H 𝑑−1
⌞Σ(𝑡), then 𝜇 has doubling constant 2𝑑−1 and hence on each path component Σ𝑖 (𝑡) we have∫

Σ𝑖 (𝑡 )
|𝑢 − ⟨𝑢⟩Σ𝑖 (𝑡 ) |

𝑝
𝑑𝜇 ≤ 2𝑝+𝑑−1

𝐶𝐶̃ (H 𝑑−1(Σ(0))) 𝑝
∫
Σ𝑖 (𝑡 )

|∇Σ𝑖 (𝑡 )𝑢 |
𝑝
𝑑𝜇 (3.65)

for all 𝑢 ∈ 𝐶0,1(Σ(𝑡)) and a.e. 𝑡. In particular the Poincaré constant can be bounded by a constant depending
only on 𝑝, 𝑑 and Σ(0).
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CHAPTER 4

Non-Euclidean elasticity for rods and almost
isometric embeddings of geodesic tubes

This chapter coincides, except for minor changes, with the following preprint from Section 4.2
onward

• M. Kroemer and S. Müller. Non-Euclidean elasticity for rods and almost isometric embeddings
of geodesic tubes. arXiv preprint. 2025. arXiv: 2512.00643

This is a joint work with Stefan Müller. Both authors have contributed significant parts to each section
of this work.

4.1 Summary

In this chapter we prove a Γ-convergence result of the elastic energy

𝐸ℎ (𝑢̃) :=
1

|Ω∗
ℎ |

∫
Ω
∗
ℎ

dist2(𝑑𝑢̃, 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔 (4.1)

in the scaling regime 𝐸ℎ ∼ ℎ4, where the domain Ω
∗
ℎ is a tubular neighborhood of radius ℎ > 0 around a

geodesic 𝛾. Here (M, 𝑔), (M̃, 𝑔̃) are 𝑑-dimensional Riemannian manifolds, and 𝑆𝑂 (𝑔, 𝑔̃) denotes the
set of orientation preserving isometries between the tangent spaces 𝑇𝑝M → 𝑇𝑢(𝑝)M̃. Together with a
compactness result for sequences 𝑢̃ℎ which satisfy 𝐸ℎ (𝑢̃ℎ) ≤ 𝐶ℎ

4 as ℎ → 0, we obtain the following
theorem. The statement of the theorem involves the notion of Fermi coordinates around a geodesic, defined
in (4.4) below.

Theorem 4.1. Let 𝐸ℎ be as in (4.1). Then

lim
ℎ→0

inf
𝑢̃∈𝑊1,2 (Ω∗

ℎ;M̃)
ℎ
−4
𝐸ℎ (𝑢̃) = 0 (4.2)

if and only if there exists a unit speed geodesic 𝛾̃ : (−𝐿, 𝐿) → M̃ and Fermi coordinates 𝜓𝛾 and 𝜓̃𝛾̃ such
that the pullbacks of the Riemann curvature tensors satisfy

𝜓
∗
𝛾 (𝑥1, 0)R = 𝜓̃

∗
𝛾̃ (𝑥1, 0)R̃ for all 𝑥1 ∈ (−𝐿, 𝐿). (4.3)
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More generally, we obtain an explicit formula for the Γ-limit of the functionals ℎ−4
𝐸ℎ in the sense of

Theorem 4.20.
To compute the Γ limit, we introduce a new notion of convergence based on uniformly Lipschitz

approximations 𝑣̃ℎ of maps 𝑢̃ℎ with 𝐸ℎ (𝑢̃ℎ) ≤ 𝐶ℎ
4. The idea is to show that there exist suitable coordinate

systems 𝜓 and 𝜓̃ such that 𝑣̃ℎ ◦ 𝜓(Ωℎ) is contained in the image of 𝜓̃ and to rewrite the energy as

𝐸ℎ (𝑣̃ℎ) =
1

|Ω∗
ℎ |

∫
(−𝐿,𝐿)×𝐵ℎ (0)

dist2(𝑔̃−1/2(𝑑 (𝜓̃−1 ◦ 𝑣̃ℎ ◦ 𝜓)𝑔
1/2
, 𝑆𝑂 (𝑛))

√︁
det 𝑔 𝑑𝑥.

Then we are able to adapt results from the Euclidean theory [16].
Here 𝜓 and 𝜓̃ denote the so-called Fermi coordinates in M and M̃, respectively, around unit speed

geodesics 𝛾 and 𝛾̃. Specifically, to define 𝜓, we choose a parallel orthonormal frame 𝜈 = (𝜈2, . . . , 𝜈𝑛) of
the normal bundle of 𝛾 and we set

𝜓(𝑥) = exp𝛾 (𝑥1 )

(
𝑑∑︁

𝑘=2
𝑥𝑘𝜈𝑘

)
. (4.4)

If 𝛾 has no self-intersections, it is easy to see that, for sufficiently small 𝜀 > 0, the map 𝜓 is a diffeomorphism
from (−𝐿, 𝐿) × 𝐵𝜀 (0) to a tubular neighborhood Ω

∗
𝜀 of 𝛾.

In the target manifold M̃, however, it is not obvious how to introduce Fermi coordinates since the maps
𝑢̃ℎ need not be continuous. Thus there may be no geodesic 𝛾̃ in M̃ such that the image of 𝑢̃ℎ is contained
in a sufficiently small tubular neighborhood of 𝛾̃. To overcome this difficulty, we first construct Lipschitz
approximations 𝑣̃ℎ with a fixed Lipschitz constant 𝑙 which agree with 𝑢̃ℎ, except on a set with measure
less than 𝐶ℎ4. Then we use the bound 𝐸 (𝑢̃ℎ) ≤ 𝐶ℎ

4 and Euclidean rigidity estimates for low energy
maps to show that the image of 𝑣̃ℎ lies in a tubular neighborhood of size 𝐶ℎ of a unit speed geodesic
𝛾̃ : (−𝐿, 𝐿) → M̃. More precisely, we show that

sup
𝑥∈Ωℎ

distM̃ (𝛾̃(𝑥1), 𝑣̃ℎ ◦ 𝜓(𝑥)) ≤ 𝐶ℎ. (4.5)

Actually, in general 𝛾̃ may have self intersections, but using (4.5) and a standard lifting argument one can
show that nonetheless there exists a lift 𝑣ℎ such that 𝜓̃ ◦ 𝑣ℎ = 𝑣̃ℎ ◦𝜓, see Lemma 4.6 below. This allows one
to use the results from the Euclidean theory [16] to 𝑣ℎ. Together with the Taylor expansion of the metric in
Fermi coordinates one obtains a natural expression of the Γ-limit of ℎ−4

𝐸ℎ in the Riemannian setting.

4.2 Introduction

Non-Euclidean elasticity is a theory of elastic bodies which do not have a compatible stress-free reference
configuration, and was originally developed to formulate and analyze models of metal plasticity and
dislocations. Recently, it attracted a lot of attention in the study of biomechanical systems, see for example,
[7, 18, 11, 10, 14]. In this context, bodies which are small in one or several dimensions are of particular
interest because they often arise in applications and they show universal behavior based on the underlying
geometric nonlinearities rather than the detailed material laws.

The goal of this article is twofold. First, we extend the derivation of a low energy theory for inextensible
rods by Γ-convergence [16] from a Euclidean to a Riemannian setting. Secondly, for the case for thin
geodesic tubes we extend the results of Maor and Shachar [15] on optimal embeddings of thin geometric
objects in two ways. First, the target is a general Riemannian manifold rather than R𝑛 and, secondly, we
give a precise description of the asymptotic energy as a quadratic form in the difference of the curvature
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tensors in the domain and the target (see [15, Question 3, page 154]). This also extends the work of Maor
and Shachar [15], and Müller and the author [9] on the optimal embedding of small balls.

To set the stage, let (M, 𝑔) and (M̃, 𝑔̃) be smooth, oriented, 𝑛 dimensional, Riemannian manifolds with
𝑛 ≥ 2 and assume that M is complete and M̃ is compact. Let 𝜓 : [−𝐿, 𝐿] → M be an injective unit speed
geodesic and let 𝜈 = (𝜈2, . . . , 𝜈𝑛) : (−𝐿, 𝐿) → (𝑇M)𝑛−1 be a parallel orthonormal frame of the normal
bundle of 𝜓, such that (𝛾′, 𝜈) is positively oriented. We call the pair (𝛾′, 𝜈) a framed unit speed geodesic.
Define geodesic normal coordinates (also known as Fermi coordinates) by

𝜓(𝑥) := 𝜓𝛾,𝜈 (𝑥) := exp𝛾 (𝑥1 )

𝑛∑︁
𝑗=2
𝑥 𝑗𝜈 𝑗 (𝑥1)

and consider the geodesic tube
Ω

∗
ℎ := 𝜓((−𝐿, 𝐿) × 𝐵ℎ (0)).

Note that Ω∗
ℎ depends only on the geodesic 𝛾 and not on the frame 𝜈. For sufficiently small ℎ > 0, the set Ω∗

ℎ

can be identified with the set of those vectors in the normal bundle𝑁𝛾 =
⋃

𝑡∈ (−𝐿,𝐿)
{
𝑎 ∈ 𝑇𝛾 (𝑡 ) : (𝑎, 𝛾′(𝑡)) = 0

}
which have norm less than ℎ. To a map 𝑢̃ : Ω∗

ℎ → M̃ we assign an energy

𝐸ℎ (𝑢̃) :=
⨏
Ω
∗
ℎ

dist2(𝑑𝑢̃, 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 VolM . (4.6)

Here the integrand is given more explicitly by dist2(𝑑𝑢̃(𝑝), 𝑆𝑂 (𝑔(𝑝), 𝑔̃(𝑢̃(𝑝))), where
𝑆𝑂 (𝑔(𝑝), 𝑔̃(𝑢̃(𝑝))) denotes the set of orientation preserving linear isometries from 𝑇𝑝M to 𝑇𝑢(𝑝)M̃ and
the distance is taken with respect to the Riemannian Hilbert Schmidt norm for 1-1 tensors. Moreover,

⨏
Ω
∗
ℎ

denotes the average with respect to the Riemannian volume measure on M.

Our first result is a compactness result. For every family of maps 𝑢̃ℎ : Ω∗
ℎ → M̃ with sup0<ℎ<ℎ0

ℎ
−4
𝐸ℎ (𝑢̃ℎ) <

∞ there exists a sequence ℎ𝑘 → 0 and framed unit speed geodesics (𝛾̃𝑘 , 𝜈̃𝑘) in M̃ which converge to a
framed unit speed geodesic (𝛾̃, 𝜈̃) and have the following properties. If 𝑣𝑘 (𝑥1, ℎ𝑥

′) is the expression of 𝑢̃𝑘
in geodesic normal coordinates, i.e., if

(𝜓𝛾̂𝑘 ,𝜈̂𝑘
◦ 𝑣𝑘) (𝑥1, 𝑥

′) = 𝑢̃𝑘 ◦ 𝜓𝛾,𝜈 (𝑥1, ℎ𝑥
′),

then 𝑣𝑘 essentially satisfies

𝑣𝑘 (𝑥1, 𝑥
′) =

(
𝑥1

ℎ𝑥
′

)
+

(
ℎ

2
𝑘𝑤𝑘 (𝑥1) − ℎ

2
𝑘𝜕𝑥1

𝑦𝑘 (𝑥1) · 𝑥
′

ℎ𝑘𝑦𝑘 (𝑥1) + ℎ
2
𝑘𝑍𝑘 (𝑥1)𝑥

′

)
+ ℎ3

𝑘𝛽𝑘 (𝑥1, 𝑥
′),

where 𝑍𝑘 (𝑥1) is a skew symmetric (𝑛 − 1) × (𝑛 − 1) matrix. Moreover, a subsequence of the tuple
(𝑤𝑘 , 𝑦𝑘 , 𝑍𝑘 , 𝛽𝑘) converges to (𝑤, 𝑦, 𝑍, 𝛽) in a suitable topology.

Our second result is a Γ-convergence result. With respect to the convergence indicated above, the
functionals ℎ−4

𝐸ℎ Γ-converges to a limit functional given by

I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽) :=
⨏ 𝐿

−𝐿

⨏
𝐵1 (0)

| sym𝐺 (𝑥) − T (𝑥) |2 𝑑𝑥, (4.7)
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where

𝐺 (𝑥1, 𝑥
′) :=

( (
𝜕𝑥1
𝑤

)
𝑒1 + (𝜕𝑥1

𝐴)
(

0
𝑥
′

)
𝜕𝑥2
𝛽 . . . 𝜕𝑥𝑛

𝛽

)
− 1

2
𝐴

2
,

T (𝑥1, 𝑥
′) :=

(
T R
𝛾,𝜈 (𝑥1, 𝑥

′) − T R̃
𝛾̃,𝜈̃ (𝑥1, 𝑦(𝑥1) + 𝑥

′)
)
,

(4.8)

and

𝐴 =

(
0 −𝜕𝑥1

𝑦
𝑇

𝜕𝑥1
𝑦 𝑍

)
, (4.9)

see Theorem 4.20 below. Here T R
𝛾,𝜈 (𝑥1, 𝑥

′) is a quadratic form in 𝑥′ which describes the rescaled deviation
of the metric introduced by the Fermi coordinates in M from the Euclidean metric. This deviation is a
quadratic form in 𝑥′ and the coefficients of the quadratic form depend on the curvature tensor R along 𝛾,
see Lemma 4.4 below. Similarly, T R̃

𝛾̃,𝜈̃ (𝑥1, 𝑦(𝑥1) + 𝑥
′) describes the metric deficit in the target manifold M̃.

The Γ-limit deviates from the Γ-limit in the Euclidean setting [16] exactly by the additional term T (𝑥).
Actually, there is subtlety. The map 𝑢̃ℎ is only in𝑊1,2 and hence may not be uniformly close to any unit

speed geodesic and we may not be able to express 𝑢̃ℎ in Fermi coordinates around such a geodesic. To
overcome this difficulty, we use the same idea as in [9]: instead of 𝑢̃ℎ we consider a uniformly Lipschitz
approximations 𝑣̃ℎ which agree with 𝑢̃ℎ except on a set of volume fraction O(ℎ4). We then define the limit
(𝑤, 𝑦, 𝑍, 𝛽) in terms of the Lipschitz approximations 𝑣̃ℎ. It is not difficult to see that the limit does not
depend on the choice of the approximation. Moreover, the limit is also independent on the precise choice of
the geodesics 𝛾̃ℎ, up to a natural finite dimensional equivalence relation related to an infinitesimal change
of framed geodesic, see Definition 4.15 and Proposition 4.17.

Using the compactness of M̃, it is easy to see by standard arguments for Γ-convergence that

lim
ℎ→0

inf
𝑢̃
ℎ
−4
𝐸ℎ (𝑢̃) = min

( 𝛾̃,𝜈̃) ∈G
𝑚

𝛾̃,𝜈̃
,

where G denotes the set of framed unit speed geodesics and where

𝑚
𝛾̃,𝜈̃

= inf
𝑤,𝑦,𝑍,𝛽

I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽),

see Theorem 4.26. We note that G is finite dimensional, since a framed unit speed geodesic is determined
by 𝑝 = 𝛾̃(0) and a positively oriented orthonormal frame at 𝑝.

Finally, we show that 𝑚 𝛾̃,𝜈̃ can be expressed as quadratic form of the difference of the curvature tensors
in M and M̃ along the corresponding framed unit speed geodesics. Set

A(𝑥1) := R̃ (𝑥1, 0) − R(𝑥1, 0),

where R is the pullback of the curvature tensor on M with respect to the Fermi coordinates for (𝛾, 𝜈) and
R̃ is the pullback of the curvature tensor R̃ of M̃ with respect to the Fermi coordinates for (𝛾̃, 𝜈̃). Then

𝑚
𝛾̃,𝜈̃

=

⨏ 𝐿

−𝐿
Q(A(𝑥1)) 𝑑𝑥1.

Here the quadratic form Q is positive definite on the space of 4-tensors which have the symmetries of the
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curvature tensor and on those tensors it can be written as

Q(A) = Q1(A
par) + Q2(A

′) + Q3(A
′′),

where

Apar
𝑘𝑙

= A1𝑘1𝑙, A′
𝑗𝑘𝑙 = A1𝑘 𝑗𝑙, (A′′)𝑖𝑘 𝑗𝑙 = A𝑖𝑘 𝑗𝑙, for 𝑖, 𝑗 , 𝑘, 𝑙 ≥ 2,

and

Q1(A
par) 1

2(𝑛 + 1) (𝑛 + 3) |A
par |2 − 1

2(𝑛 + 1)2(𝑛 + 3)
(
trApar)2

,

Q2(A
′) = min

𝑏1

1
2

⨏
{0}×𝐵1 (0)

∑︁
𝑗≥2

(
𝜕 𝑗𝑏1(𝑥

′) − 1
3
A′

𝑗𝑘𝑙𝑥
′
𝑘𝑥

′
𝑙

)2
𝑑𝑥

′
,

and

Q3(A
′′) = min

𝑏
′

⨏
{0}×𝐵1 (0)

∑︁
𝑖, 𝑗≥2

(
(sym∇′

𝑏
′)𝑖 𝑗 (𝑥

′) − 1
6
A′′

𝑖𝑘 𝑗𝑙𝑥
′
𝑘𝑥

′
𝑙

)
𝑑𝑥

′
,

see Theorem 4.27 and Corollary 4.28. Note that Q1 is positive definite since (trApar)2 ≤ (𝑛 − 1) |Apar |2.
The expression of Q3 captures the behavior perpendicular to the geodesics 𝛾 and 𝛾̃ and agrees with the
formulae for asymptotic energy of the optimal embedding of small balls derived in [15] and [9].

In term of elasticity, the linearization of the energy density dist2(𝑑𝑢̃, 𝑆𝑂 (𝑔, 𝑔̃)) leads to an energy in
linear elasticity which is isotropic and has the special Poisson’s ratio 0. One can start instead with a
general isotropic energy. To do so, one uses polar decomposition to write 𝑑𝑢̃(𝑝) = 𝑅(𝑝)𝑆(𝑝), where
𝑅 ∈ 𝑆𝑂 (𝑔(𝑝), 𝑔̃(𝑝)) and 𝑆(𝑝) : 𝑇𝑝𝑀 → 𝑇𝑝𝑀 is symmetric (with respect to the metric 𝑔(𝑝)). Then one
considers an energy density 𝑓 (𝜆1(𝑝), . . . , 𝜆𝑛 (𝑝)) where 𝜆1(𝑝), . . . , 𝜆𝑛 (𝑝) are the eigenvalues of 𝑆(𝑝) and
𝑓 is a symmetric function of its 𝑛 arguments, of class 𝐶2 and satisfies 𝑓 (1, . . . , 1) = 0, 𝐷 𝑓 (1, . . . , 1) = 0
and 𝐷2

𝑓 (1, . . . , 1) > 0. Then the Γ-limit is given by⨏
Ω

𝜇 |𝐺 − T |2 + 𝜆
2
(tr(𝐺 − T))2

𝑑𝑥

with suitable coefficients 𝜇 > 0 and 𝜆 > − 2
𝑛
𝜇. The particular form of the Γ limit arises from the fact that

the space of quadratic symmetric functions ℎ : R𝑛 → R is spanned by the two functions ℎ1(𝑠) =
∑𝑛

𝑖=1 𝑠
2
𝑖

and ℎ2(𝑠) =
(∑𝑛

𝑖=1 𝑠𝑖
)2, see [2] for a general discussion of symmetric functions in nonlinear elasticity.

Finally, we briefly comment on the assumption that M̃ be compact. This assumption is not needed for
the Γ-convergence result, but of course for the compactness statement, since otherwise the maps 𝑢̃ℎ might
escape to infinity. If M̃ has constant curvature we can use isometric translations to restore compactness. In
particular we may take M̃ = R𝑛. If M̃ is asymptotic to a constant curvature space at ∞, then in the spirit
of concentration compactness the limit limℎ→0 ℎ

−4 inf𝑢̃ 𝐸ℎ (𝑢̃) is either given by min( 𝛾̃,𝜈̃) ∈G 𝑚
𝛾̃,𝜈̃ or by a

limit problem on the space of constant curvature.
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4.3 Preliminaries

4.3.1 Fermi coordinates around a geodesic in M

Let (M, 𝑔) be a complete 𝑛-dimensional Riemannian manifold and let 𝛾 : R → M be a geodesic with
|𝛾′ | = 1. Let 𝜈 := (𝜈2, . . . , 𝜈𝑛) be a parallel orthonormal frame of the normal bundle of 𝛾. Then the Fermi
coordinates 𝜓𝛾,𝜈 are given by

𝜓𝛾,𝜈 (𝑥1, 𝑥
′) := exp𝛾 (𝑥1 )

(
𝑛∑︁

𝑘=2
𝑥𝑘𝜈𝑘 (𝑥1)

)
. (4.10)

We call (𝛾, 𝜈) a framed unit speed geodesic.

Remark 4.2. The definition of 𝜓 := 𝜓𝛾,𝜈 implies that that 𝐷𝜓(𝑥1, 0) is an isometry from R𝑛 to 𝑇𝛾 (𝑥1 )M.
If 𝛾 has no self-intersections on the interval [−𝐿, 𝐿], then it follows from the inverse function theorem and
a compactness argument that there exists 𝜀 > 0 such that 𝜓 is a diffeomorphism from (−𝐿, 𝐿) × 𝐵𝜀 (0) to
its image with |𝐷𝜓 | ≤ 2 and | (𝐷𝜓)−1 | ≤ 2 and such that 𝜓 | (−𝐿,𝐿)×𝐵𝜀 (0) is bilipschitz.

Remark 4.3. For the main results of this paper we consider oriented Riemannian manifolds and in this
setting we will always assume that the frame (𝛾′(𝑥1), 𝜈2(𝑥1), . . . , 𝜈𝑛 (𝑥1)) is positively oriented.

We denote by 𝑔 the pullback metric of 𝑔 under 𝜓𝛾,𝜈 , i.e.,

𝑔(𝑥) (𝑋,𝑌 ) = (𝜓∗
𝛾,𝜈𝑔) (𝑥) (𝑋,𝑌 ) = 𝑔𝜓𝛾,𝜈 (𝑥 ) (𝑑𝜓𝛾,𝜈 (𝑥)𝑋, 𝑑𝜓𝛾,𝜈 (𝑥)𝑌 ) .

Furthermore, we let R denote the Riemann curvature tensor on M, i.e.

R(𝑍, 𝑋,𝑌 ) := ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍 − ∇[𝑋,𝑌 ]𝑍. (4.11)

This is a 1-3 tensor and we denote the associated 0-4 tensor also by R, i.e.,

R(𝑊, 𝑍, 𝑋,𝑌 ) = 𝑔(𝑊,R(𝑍, 𝑋,𝑌 )). (4.12)

We also define the curvature operator by

𝑅(𝑋,𝑌 )𝑍 := 𝑅(𝑍, 𝑋,𝑌 ). (4.13)

Lemma 4.4 ([13],[5, Chapter 9]). Let (M, 𝑔) be a smooth Riemannian manifold. Given a framed unit
speed geodesic (𝛾, 𝜈) on [−𝐿, 𝐿] in M there exists 𝜌 > 0 and 𝐶 > 0 such that the Fermi coordinates 𝜓𝛾,𝜈

are defined in Ω𝜌 = (−𝐿, 𝐿) × 𝐵𝜌 and the pullback metric 𝑔 = 𝜓
∗
𝛾,𝜈𝑔 and its Christoffel symbols Γ satisfy,
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for |𝑥′ | < 𝜌, 1 �����𝑔11(𝑥) − 1 +
𝑛∑︁

𝑘,𝑙=2
R1𝑘1𝑙 (𝑥1)𝑥

′
𝑘𝑥

′
𝑙

����� ≤ 𝐶 |𝑥′ |3,�����𝑔1 𝑗 (𝑥) +
2
3

𝑛∑︁
𝑘,𝑙=2

R 𝑗𝑘1𝑙 (𝑥1)𝑥
′
𝑘𝑥

′
𝑙

����� ≤ 𝐶 |𝑥′ |3, 𝑗 = 2, . . . , 𝑛,�����𝑔𝑖 𝑗 (𝑥) − 𝛿𝑖 𝑗 + 1
3

𝑛∑︁
𝑘,𝑙=2

R 𝑗𝑘𝑖𝑙 (𝑥1)𝑥
′
𝑘𝑥

′
𝑙

����� ≤ 𝐶 |𝑥′ |3, 𝑖, 𝑗 = 2, . . . , 𝑛,

(4.14)

and ����Γ𝑘

𝑖 𝑗 (𝑥) +
1
3

(
R𝑘 𝑗𝑖𝑙 (𝑥1) + R𝑘𝑖 𝑗𝑙 (𝑥1)

)
𝑥
′
𝑙

���� ≤ 𝐶 |𝑥′ |2 if 𝑖, 𝑗 ≥ 2,���Γ𝑘

𝑖1(𝑥) + R𝑘𝑖1𝑙 (𝑥1)𝑥
′
𝑙

��� ≤ 𝐶 |𝑥′ |2 , (4.15)

with R 𝑗𝑘𝑖𝑙 (𝑥1) = 𝜓
∗
𝛾,𝜈R(𝑥1, 0) (𝑒 𝑗 , 𝑒𝑘 , 𝑒𝑖 , 𝑒𝑙) where 𝑒1, . . . , 𝑒𝑛 is the canonical basis for R𝑛. If 𝐾 ⊂ M

is compact then the constants 𝜌 > 0 and 𝐶 can be chosen uniformly for all unit speed geodesics 𝛾 with
𝛾((−𝐿, 𝐿)) ⊂ 𝐾 .

Proof of Lemma 4.4. This follows by standard Jacobi field estimates. Indeed, the Taylor expansions for
𝑔 and Γ can be found, for example, in [13, eq. (66a)-(66c)], and [13, eq. (58b) and (58c)], respectively.
Higher order Taylor expansions of the metric are established in [5, Chapter 9]. The uniformity of 𝐶 and 𝜌
follows from the fact that 𝜓𝛾,𝜈 is smooth (by standard results ODEs for geodesic and parallel transport) and
the fact that 𝐾 can be covered by finitely many charts. For the convenience of the reader we recall the proof
in Section 4.8.2. The argument shows that 𝜌 and 𝐶 can be controlled by the 𝐶0 norm of the curvature
tensor R and its covariant derivative in a neighborhood of 𝛾( [−𝐿, 𝐿]). □

In order to simplify the notation below, we associate a matrix T A
𝛾,𝜈 ∈ R𝑛×𝑛 to every tuple (A, 𝛾, 𝜈), where

A is a (3, 1)-tensor on M and (𝛾, 𝜈) is a framed unit speed geodesic, as follows. For 𝑖, 𝑗 ∈ {2, . . . , 𝑛} we
set

(T A
𝛾,𝜈)11(𝑥1, 𝑥

′) = −1
2

𝑛∑︁
𝑘,𝑙=2

A1𝑘1𝑙 (𝑥1)𝑥
′
𝑘𝑥

′
𝑙 ,

(T A
𝛾,𝜈)1 𝑗 (𝑥1, 𝑥

′) = −1
3

𝑛∑︁
𝑘,𝑙=2

A 𝑗𝑘1𝑙 (𝑥1)𝑥
′
𝑘𝑥

′
𝑙 ,

(T A
𝛾,𝜈) 𝑗1(𝑥1, 𝑥

′) = −1
3

𝑛∑︁
𝑘,𝑙=2

A1𝑘 𝑗𝑙 (𝑥1)𝑥
′
𝑘𝑥

′
𝑙 ,

(T A
𝛾,𝜈)𝑖 𝑗 (𝑥1, 𝑥

′) = −1
6

𝑛∑︁
𝑘,𝑙=2

A 𝑗𝑘𝑖𝑙 (𝑥1)𝑥
′
𝑘𝑥

′
𝑙 .

(4.16)

1 In our earlier paper [9] we used the definition R(𝑋,𝑌, 𝑍) = R(𝑋,𝑌 )𝑍 instead of (4.11). This gives a formula with the opposite
sign in (4.14)
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Here A = 𝜓
∗
𝛾,𝜈A is the pullback of the restriction of the tensor A to 𝛾.

For a metric 𝑔 on R𝑛 we define a positive definite symmetric matrix 𝐴𝑔 by (𝐴𝑔)𝑖 𝑗 := 𝑔𝑖 𝑗 := 𝑔(𝑒𝑖 , 𝑒 𝑗). By
𝐴

1/2
𝑔

we denote the unique positive definite symmetric matrix 𝑀 with 𝑀2
= 𝐴𝑔 and we set 𝐴−1/2

𝑔
:= 𝑀−1.

We use the shorthand notations

(𝑔1/2)𝑖 𝑗 := (𝐴1/2
𝑔

)𝑖 𝑗 , (𝑔−1/2)𝑖 𝑗 := (𝐴−1/2
𝑔

)𝑖 𝑗 . (4.17)

Note that neither 𝐴1/2
𝑔

nor 𝐴−1/2
𝑔

are 0-2 or 1-1 tensors. Indeed, if 𝜑(𝑥) = 𝜆𝑥, then 𝜑∗𝑔 = 𝜆
2
𝑔 and

(𝐴𝜑
∗
𝑔)

1/2
= 𝜆𝐴

1/2
𝑔

while (𝐴𝜑
∗
𝑔)

−1/2
= 𝜆

−1
𝐴
−1/2
𝑔

which is incompatible with the behaviour of 0-2 or 1-1
tensors.

An immediate consequence of Lemma 4.4 is that the Taylor expansions of the matrices 𝑔1/2 and 𝑔−1/2

are given by ���(𝑔1/2) (𝑥) − Id−T R
𝛾,𝜈 (𝑥)

��� ≤ 𝐶 |𝑥′ |3, (4.18)

and ���(𝑔−1/2) (𝑥) − Id+T R
𝛾,𝜈 (𝑥)

��� ≤ 𝐶 |𝑥′ |3 . (4.19)

4.3.2 Lift of maps from a small geodesic tube in M

If 𝛾̃ : (−𝐿, 𝐿) → M̃ is a unit speed geodesic in a smooth Riemannian manifold M̃, then in general the
Fermi coordinates associated with 𝛾̃ are not globally invertible on a small cylinder, because 𝛾̃ may have
self-intersections. We will overcome this difficulty by the following lifting result.

Lemma 4.5. Let M̃ be a smooth 𝑛-dimensional Riemannian manifold and let 𝐾 ⊂ M̃ be compact. Let
(𝛾̃, 𝜈̃) be a framed unit speed geodesic on (−𝐿, 𝐿) with 𝛾̃((−𝐿, 𝐿)) ⊂ 𝐾 and let 𝜓̃ := 𝜓𝛾̃,𝜈̃ be the associated
Fermi map.

For 𝜂 > 0 define

𝑈𝜂 := (−𝐿 − 𝜂, 𝐿 + 𝜂) × 𝐵𝜂 (0) ⊂ R × R𝑛−1
, (4.20)

𝑉𝜂 :=
{
(𝑠, 𝑞) ∈ (−𝐿, 𝐿) × M̃ : distM̃ (𝑞, 𝛾̃(𝑠)) < 𝜂

}
. (4.21)

Then there exists a 𝛿 > 0 such that 𝜓̃ can be extended to𝑈𝛿 , the operator norm satisfies |𝐷𝜓̃ | ≤ 2 and
there exists a unique smooth map Φ̃ : 𝑉𝛿/2 → 𝑈𝛿 satisfying

𝜓̃(Φ̃(𝑠, 𝑞)) = 𝑞 and Φ̃(𝑠, 𝛾̃(𝑠)) = (𝑠, 0) for all (𝑠, 𝑞) ∈ 𝑉𝛿/2.

Moreover 𝜕𝑠Φ̃ = 0 in𝑉𝛿/2, the operator norm satisfies |𝐷Φ̃| ≤ 2, and Φ̃ is Lipschitz with Lipschitz constant
at most 6. Moreover, 𝛿 > 0 can be chosen independently of 𝐿 and of the framed unit speed geodesic (𝛾̃, 𝜈̃)
as long as 𝛾̃((−𝐿, 𝐿)) ⊂ 𝐾 .

We will frequently use the following immediate consequence of Lemma 4.5.

Lemma 4.6. Let M and M̃ be smooth, complete 𝑛-dimensional Riemannian manifolds and let (𝛾, 𝜈) and
(𝛾̃, 𝜈̃) be framed unit speed geodesics on [−𝐿, 𝐿] in M and M̃, respectively. Let 𝜓 and 𝜓̃ denote the Fermi
coordinate maps for the framed geodesics. Let 𝛿 > 0 be as in Lemma 4.5 and let 𝜀 > 0 be as in Remark 4.2.
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If a map 𝑣̃ : 𝜓(Ω𝜀) → M̃ satisfies

sup
𝑥∈Ω𝜀

𝑑M̃ (𝑣(𝜓(𝑥)), 𝛾̃(𝑥1)) <
1
2
𝛿 (4.22)

then there exists a lift 𝑣 : (−𝐿, 𝐿) × 𝐵𝜀 (0) → R × 𝐵𝛿 (0) such that

𝜓̃ ◦ 𝑣 = 𝑣̃ ◦ 𝜓 and |𝑣(𝑥1) − 𝑥1 | < 𝛿 for all 𝑥1 ∈ (−𝐿, 𝐿).

If, in addition, 𝑣̃ is Lipschitz with Lipschitz constant 𝑙, then 𝑣 is Lipschitz with Lipschitz at most 4𝑙.

Proof. It follows from (4.22) that (𝑣 ◦𝜓) (Ω𝜀) ⊂ 𝑉𝛿/2. Thus we can take 𝑣(𝑥) = Φ̃
(
𝑥1, 𝑣(𝜓(𝑥))

)
. To show

the assertion on Lipschitz constant, we use that Lipschitz functions are differentiable almost everywhere.
Then the chain rule and the bounds |𝐷Φ̃| ≤ 2 and |𝐷𝜓−1 | ≤ 2 imply that |𝐷𝑣(𝑥) | ≤ 4𝑙 almost everywhere.
Since Ω𝜀 is convex, it follows that 𝑣 has Lipschitz constant at most 4𝑙. □

Proof of Lemma 4.5. Since 𝛾̃((−𝐿, 𝐿)) is contained in a compact subset there exists a 𝛿0 > 0 such that
𝛾̃ and the orthonormal frame can be extended to (−𝐿 − 2𝛿0, 𝐿 + 2𝛿0). Let 𝑠 ∈ [−𝐿, 𝐿]. Then 𝐷𝜓̃(𝑠, 0)
is a linear isometry from R𝑛 to 𝑇𝛾̃ (𝑠)M̃. By the inverse function theorem, there exists a 𝛿 ∈ (0, 𝛿0) such
that the restriction of 𝜓̃ to (𝑠 − 2𝛿, 𝑠 + 2𝛿) × 𝐵𝛿 (0) satisfies |𝐷𝜓̃ | ≤ 2 and | (𝐷𝜓̃)−1 | ≤ 2, is injective, and
𝜓̃

(
(𝑠 − 𝛿, 𝑠 + 𝛿) × 𝐵𝛿 (0)

)
⊃ 𝐵𝛿/2(𝛾̃(𝑠)). Thus there exists a smooth map

Ψ̃𝑠 : 𝐵𝛿/2(𝛾̃(𝑠)) → (𝑠 − 𝛿, 𝑠 + 𝛿) × 𝐵𝛿 (0)

with 𝜓̃ ◦ Ψ̃𝑠 = id and |𝐷Ψ̃𝑠 | ≤ 2. By the usual compactness argument, such a 𝛿 > 0 can be chosen
uniformly for all 𝑠 ∈ [−𝐿, 𝐿] and for all framed unit speed geodesics which satisfy 𝛾̃((−𝐿, 𝐿)) ⊂ 𝐾 . Now
define Φ̃ : (−𝐿, 𝐿) ×𝑉𝛿/2 → 𝑈𝛿 by

Φ̃(𝑠, 𝑞) = Ψ̃𝑠 (𝑞).

Then Φ̃(𝑠, 𝑞) ∈ (𝑠 − 𝛿, 𝑠 + 𝛿) × 𝐵𝛿 (0) and

𝜓̃(Φ(𝑠, 𝑞)) = 𝑞.

Assume that |𝑠′−𝑠 | < min(𝛿, 𝛿/2−distM̃ (𝑞, 𝑠)). Then 𝑞 ∈ 𝐵𝛿/2,𝛾̃ (𝑠′ ) , since distM̃ (𝛾̃(𝑠), 𝛾̃(𝑠′)) ≤ |𝑠−𝑠′ |.
Thus Φ̃(𝑠′, 𝑞) is defined and Φ̃(𝑠′, 𝑞) ∈ (𝑠′ − 𝛿, 𝑠′ + 𝛿) × 𝐵𝛿 (0) ⊂ (𝑠 − 2𝛿, 𝑠 + 2𝛿) × 𝐵𝛿 (0). Since 𝜓̃ is
injective on (𝑠 − 2𝛿, 𝑠 + 2𝛿) × 𝐵𝛿 (0) it follows that

Φ(𝑠′, 𝑞) = Φ(𝑠, 𝑞) whenever |𝑠′ − 𝑠 | < min(𝛿, 𝛿/2 − distM̃ (𝑞, 𝑠)). (4.23)

Hence 𝜕𝑠Φ(𝑠, 𝑞) = 0 and Φ̃ is smooth function on 𝑉𝛿/2. Moreover, |𝐷Φ̃| = |𝐷𝑞Φ̃| = |𝐷Ψ̃𝑠 | ≤ 2.

To show uniqueness, assume that Φ̂ : 𝑉𝛿/2 → 𝑈𝛿 is smooth and satisfies Φ̂(𝑠, 𝛾(𝑠)) = (𝑠, 0) for 𝑠 ∈
(−𝐿, 𝐿) and 𝜓̃(Φ̂(𝑠, 𝑞)) = 𝑞 for all (𝑠, 𝑞) in𝑉𝛿/2. Fix 𝑠 ∈ (−𝐿, 𝐿) and let𝑊 :=

{
𝑞 ∈ 𝐵𝛿/2(𝛾(𝑠)) : Φ̂(𝑠, 𝑞) = Φ̃(𝑠, 𝑞)

}
.

Then𝑊 is open, since Φ̃({𝑠} ×𝑊) ⊂ (𝑠 − 𝛿, 𝑠 + 𝛿) × 𝐵𝛿 (0) and 𝜓̃ is injective on (𝑠 − 𝛿, 𝑠 + 𝛿) × 𝐵𝛿 (0).
Moreover, 𝑊 is relatively closed in 𝐵𝛿/2(𝛾(𝑠)) since Φ̂ and Φ̃ are continuous. Finally 𝑊 is not empty
since 𝛾(𝑠) ∈ 𝑊 , by assumption. Since 𝐵𝛿/2(𝛾(𝑠)) is connected (for sufficiently small 𝛿 > 0) we get
𝑊 = 𝐵𝛿/2(𝛾(𝑠)). This holds for all 𝑠 ∈ (−𝐿, 𝐿) and hence Φ̂ = Φ̃.

Finally, we show that Φ̃ is globally Lipschitz. By reducing 𝛿 > 0, if needed, we may assume, in addition,
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that the balls 𝐵𝛿/2(𝛾̃(𝑠)) are geodesically convex for all 𝑠 ∈ (−𝐿, 𝐿). To prove the Lipschitz estimate, let
(𝑠, 𝑞), (𝑠′, 𝑞′) ∈ 𝑉𝛿/2. By symmetry, we may assume that distM̃ (𝑞′, 𝛾̃(𝑠′)) ≤ distM̃ (𝑞, 𝛾̃(𝑠)).

Assume first that |𝑠′ − 𝑠 | < distM̃ (𝑞, 𝛾̃(𝑠)). Consider the length minimizing unit speed geodesic 𝜂 from
𝑞 to 𝛾̃(𝑠) and let 𝑞′′ := 𝜂( |𝑠′ − 𝑠 |). Then

distM̃ (𝑞′′, 𝛾̃(𝑠)) = distM̃ (𝑞, 𝛾̃(𝑠)) − |𝑠′ − 𝑠 |

and hence distM̃ (𝑞′′, 𝛾̃(𝑠′)) ≤ distM̃ (𝑞, 𝛾̃(𝑠′)) < 𝛿/2 since |𝛾̃(𝑠′) − 𝛾̃(𝑠) | ≤ |𝑠′ − 𝑠 |. Thus Φ̃(𝑠, 𝑞′′) =
Φ̃(𝑠, 𝑞′′). Since |𝐷Φ̃| ≤ 2 and since the balls 𝐵𝛿/2(𝛾̃(𝜎)) and 𝐵𝛿/2(𝛾̃(𝑠

′)) are geodesically convex, we
get

|Φ̃(𝑠, 𝑞) − Φ̃(𝑠′, 𝑞) | ≤ |Φ̃(𝑠, 𝑞) − Φ̃(𝑠, 𝑞′′) | + |Φ̃(𝑠′, 𝑞′) − Φ̃(𝑠′, 𝑞′′) |
≤ 2|𝑠′ − 𝑠 | + 2 distM̃ (𝑞′, 𝑞′′) ≤ 4|𝑠 − 𝑠′ | + 2 distM̃ (𝑞′, 𝑞) < 6 distM̃ (𝑞′, 𝑞).

If |𝑠′ − 𝑠 | ≥ distM̃ (𝑞, 𝛾̃(𝑠)), we set 𝑞′′ = 𝛾̃(𝑠) and 𝑞′′′ = 𝛾̃(𝑠′). Then Φ̃(𝑠, 𝑞′′) = (𝑠, 0) and Φ̃(𝑠′, 𝑞′′′) =
(𝑠′, 0). Hence

|Φ̃(𝑠, 𝑞) − Φ̃(𝑠′, 𝑞) | ≤ |Φ̃(𝑠, 𝑞) − Φ̃(𝑠, 𝑞′′) | + |Φ̃(𝑠′, 𝑞′) − Φ̃(𝑠′, 𝑞′′′) | + |𝑠 − 𝑠′ |
≤2 distM̃ (𝑞, 𝛾̃(𝑠)) + 2 distM̃ (𝑞′, 𝛾̃(𝑠′)) + |𝑠′ − 𝑠 |
≤4 distM̃ (𝑞, 𝛾(𝑠)) + |𝑠′ − 𝑠 | ≤ 5|𝑠′ − 𝑠 |.

Here we used the assumption distM̃ (𝑞′, 𝛾(𝑠′)) ≤ distM̃ (𝑞, 𝛾(𝑠)). Combining the estimates in the two
cases, we see that Φ̃ is Lipschitz with Lipschitz constant at most 6. □

4.3.3 Estimates for the center of mass in normal coordinates

Definition 4.7 (Riemannian center of mass [6]). Let (𝐴, 𝜇) be a probability space, let M̃ be a complete
Riemannian manifold and let 𝐵𝜌 ⊂ M̃ be a convex geodesic ball. For a measurable function 𝑓 : 𝐴→ 𝐵𝜌

define
𝑃 𝑓 : 𝐵𝜌 → R, 𝑃 𝑓 (𝑚) =

1
2

∫
𝐴

dist2(𝑚, 𝑓 (𝑎)) 𝑑𝜇(𝑎) . (4.24)

We call C 𝑓 := arg min
𝑚∈𝐵𝜌

𝑃 𝑓 (𝑚) the Riemannian center of mass of 𝑓 in 𝐴.

Remark 4.8. The function 𝑃 𝑓 in (4.24) is convex and has a unique minimum which lies in the interior of
𝐵𝜌. A proof of this result and more details on the Riemannian center of mass can be found in [6].

Proposition 4.9. Let N be a complete, smooth Riemannian manifold. Let 𝑝 ∈ N . Then there exist 𝜌 > 0
and 𝐶′

> 0 with the following property. The ball 𝐵2𝜌 (𝑝) is geodesically convex and the exponential map
exp𝑝 is a smooth diffeomorphism from 𝐵2𝜌 (0) ⊂ 𝑇𝑝𝑁 → 𝐵2𝜌 (𝑝). Moreover, the map 𝜓 := exp−1

𝑝 ◦ exp𝑞
satisfies, for every 𝑞 ∈ 𝐵𝜌 (𝑝) and every 𝑣 ∈ 𝑇𝑞𝑁 with |𝑣 | ≤ 𝜌

|𝜓(𝑣) − 𝜓(0) − 𝑑𝜓(0)𝑣 | ≤ 𝐶′(𝑑 (𝑝, 𝑞) + |𝑣 |) |𝑣 |2. (4.25)

If 𝑁 is compact, then 𝜌 and 𝐶 can be chosen independently of the point 𝑝 ∈ 𝑁 .

Proof. Consider the map 𝑐 : [0, 1] → 𝑁 given by 𝑐(𝑡) = exp𝑞 𝑡𝑣. Then 𝑐 is a geodesic arc which connects
𝑐(0) = 𝑞 and 𝑐(1) = exp𝑞 𝑣. Moreover, |𝑐′(𝑡) | = |𝑣 | and thus 𝑐( [0, 1]) ⊂ 𝐵2𝜌 (𝑝). Hence we can define
𝛾 := 𝜑 ◦ 𝑐, where 𝜑 = exp−1

𝑝 . Then |𝛾′(𝑡) | ≤ 𝐶 |𝑐′(𝑡) | ≤ 𝐶 |𝑣 |.
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Let Γ denote the Christoffel symbols corresponding to the chart 𝜑. Then

𝛾
′′(𝑡) = −Γ(𝛾(𝑡)) (𝛾′(𝑡), 𝛾′(𝑡)) (4.26)

and
𝛾(0) = 𝜑(𝑞) = 𝜓(0), 𝛾

′(0) = 𝑑𝜓(0)𝑣, 𝛾(1) = 𝜓(𝑣). (4.27)

Since the chart 𝜑 defines normal coordinates, we have Γ(0) = 0. Moreover 𝐷Γ is controlled in terms of
the second derivatives of the metric. Hence

|Γ(𝛾(𝑡)) (𝛾′(𝑡), 𝛾′(𝑡)) | ≤ 𝐶 |𝛾(𝑡) | |𝛾′(𝑡) |2 ≤ 𝐶′(𝑑 (𝑝, 𝑞) + |𝑣 |) |𝑣 |2. (4.28)

Hence the assertion (4.25) follows from (4.26) and (4.27). The fact that 𝜌 and 𝐶 can be chosen uniformly
for compact N follows from the usual argument. □

Corollary 4.10. Let 𝑝,𝜌 and 𝐶′ be as in Proposition 4.9. Let 𝑟 ≤ 𝜌/2. Let (𝐴, 𝜇) be a probability space
and let 𝑓 : 𝐴→ 𝐵𝑟 (𝑝) be a measurable map. Then the center of mass C 𝑓 satisfies����exp−1

𝑝 C 𝑓 −
∫
𝐴

exp−1
𝑝 𝑓 (𝑎) 𝑑𝜇(𝑎)

���� ≤ 𝐶′
𝑟

3
. (4.29)

Proof. Let 𝑞 = C 𝑓 . Then by [6, Thm. 1.2] we have∫
𝐴

exp−1
𝑞 𝑓 (𝑎) 𝑑𝜇(𝑎) = 0. (4.30)

Recall that 𝜓 = exp−1
𝑝 ◦ exp𝑞. Thus exp−1

𝑝 ◦ 𝑓 = 𝜓 ◦ (exp−1
𝑞 ◦ 𝑓 ). It follows from (4.30) and (4.25) that����∫

𝐴

exp−1
𝑝 𝑓 (𝑎) 𝑑𝜇(𝑎) − 𝜓(0)

���� ≤ 𝐶′
𝑟

3
.

Since 𝜓(0) = exp−1
𝑝 (𝑞) = exp−1

𝑝 C 𝑓 , this concludes the proof. □

4.3.4 Setup

Let 𝐿 > 0. For ℎ > 0 define Ωℎ := (−𝐿, 𝐿) × 𝐵ℎ (0) ⊂ R𝑛, and let Ω := (−𝐿, 𝐿) × 𝐵1(0). We define the
rescaled gradient 𝑑ℎ𝑣 of a function 𝑣 : Ω → R𝑛 by

𝑑ℎ𝑣 :=
(
𝜕𝑥1
𝑣

����1ℎ𝜕𝑥2
𝑣

���� . . . ����1ℎ𝜕𝑥𝑛𝑣) .
If 𝐼ℎ : Ω → Ωℎ is given by 𝐼ℎ (𝑥1, 𝑥

′) = (𝑥1, ℎ𝑥
′), 𝑣ℎ : Ωℎ → R𝑛 and 𝑣 = 𝑣ℎ ◦ 𝐼ℎ then

𝑑ℎ𝑣 = (𝑑𝑣ℎ) ◦ 𝐼ℎ .

Let (𝛾, 𝜈) be a framed unit speed geodesic in a complete Riemannian manifold M and let

Ω
∗
ℎ = 𝜓𝛾,𝜈 (Ωℎ), (4.31)
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where 𝜓𝛾,𝜈 is the Fermi coordinate system defined in (4.10). For functions 𝑢̃ : Ω∗
ℎ → M̃ we define the

energy

𝐸ℎ (𝑢̃) :=
⨏
Ω
∗
ℎ

dist2(𝑑𝑢̃, 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔 . (4.32)

Remark 4.11. If (𝛾, 𝜈), (𝛾̃, 𝜈̃) are as in Lemma 4.5 and 𝑣 is a lift of 𝑢̃ with respect to these geodesics, i.e. if
𝜓̃𝛾̃,𝜈̃ ◦ 𝑣 = 𝑢̃ ◦ 𝜓𝛾,𝜈 , then,

𝐸ℎ (𝑢̃) =
1∫

Ωℎ

√︁
det 𝑔 𝑑𝑥

∫
Ωℎ

dist2
(
(𝑔̃ ◦ 𝑣)1/2

𝑑𝑣 𝑔
−1/2

, 𝑆𝑂 (𝑛)
) √︁

det 𝑔 𝑑𝑥, (4.33)

see for example [9, Eq. 2.5]. Here 𝑑𝑣 is identified with the matrix with components (𝑑𝑣)𝑖 𝑗 = 𝜕𝑥 𝑗
𝑣𝑖 and the

matrices 𝑔−1/2 and 𝑔̃1/2 are defined in (4.17).

If | (𝑣2, . . . , 𝑣𝑛) | ≤ 𝐶ℎ, then the metrics in (4.33) are 𝑂 (ℎ2) close to the identity. This will allow us to
use the following compactness result in the Euclidean setting.

Theorem 4.12 ([16, Thm. 2.2]). Let 𝑛 ≥ 2 and let ℎ𝑘 → 0, 𝑣𝑘 : Ω → R𝑛 such that

sup
𝑘

1
ℎ

4
𝑘

∫
Ω

dist2(𝑑𝑣𝑘 , 𝑆𝑂 (𝑛)) 𝑑𝑥 < ∞. (4.34)

Then there exist maps 𝑄𝑘 : (−𝐿, 𝐿) → 𝑆𝑂 (𝑛), 𝑄̃𝑘 : (−𝐿, 𝐿) → R𝑛×𝑛 with |𝑄̃𝑘 | ≤ 𝑐 and constants
𝑄𝑘 ∈ 𝑆𝑂 (𝑛), 𝑐𝑘 ∈ R𝑛 such that the functions 𝑣𝑘 := 𝑄

𝑇

𝑘 𝑣𝑘 − 𝑐𝑘 satisfy

∥𝑑ℎ𝑘𝑣𝑘 −𝑄𝑘 ∥𝐿2 (Ω) ≤ 𝐶ℎ
2
𝑘 ,

∥𝑄𝑘 − 𝑄̃𝑘 ∥𝐿2 (−𝐿,𝐿) ≤ 𝐶ℎ
2
𝑘 , ∥∇𝑄̃𝑘 ∥𝐿2 (−𝐿,𝐿) ≤ 𝐶ℎ𝑘 ,

∥𝑄𝑘 − Id ∥𝐿∞ ≤ 𝐶ℎ𝑘 .

(4.35)

Furthermore, set

𝑤
𝑘 (𝑥1) :=

∫
𝐵1 (0)

(𝑣𝑘)1(𝑥) − 𝑥1

ℎ
2
𝑘

𝑑𝑥
′
,

𝑦
𝑘
𝑖 (𝑥1) :=

∫
𝐵1 (0)

(𝑣𝑘)𝑖 (𝑥)
ℎ𝑘

𝑑𝑥
′
, 𝑖 = 2, . . . , 𝑛,

𝑧
𝑘
𝑖 𝑗 (𝑥1) := − 1

𝜇

∫
𝐵1 (0)

𝑥𝑖 (𝑣𝑘) 𝑗 (𝑥) − 𝑥 𝑗 (𝑣𝑘)𝑖 (𝑥)
ℎ

2
𝑘

𝑑𝑥
′
, 𝑖, 𝑗 = 2, . . . , 𝑛,

where 𝜇 := 2
∫
𝐵ℎ𝑘

(0) 𝑥
2
𝑛 𝑑𝑥

′. By 𝑍 𝑘 we denote the skew-symmetric matrix with entries 𝑧𝑘𝑖 𝑗 . Then, up to
subsequences, it holds:

1. 𝑤𝑘
⇀ 𝑤 weakly in𝑊1,2(−𝐿, 𝐿),

2. 𝑦𝑘𝑖 → 𝑦𝑖 in𝑊1,2(−𝐿, 𝐿) with 𝑦𝑖 ∈ 𝑊
2,2(−𝐿, 𝐿) for 𝑖 = 2, . . . , 𝑛,

3. 𝑧𝑘𝑖 𝑗 ⇀ 𝑧𝑖 𝑗 weakly in𝑊1,2(−𝐿, 𝐿).

4. There exists a matrix 𝐴 ∈ 𝑊1,2((−𝐿, 𝐿);R𝑛×𝑛) such that (𝑑ℎ𝑘𝑣𝑘 − Id)/ℎ𝑘 → 𝐴 in 𝐿2(Ω),
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5. sym(𝑄𝑘 − Id)/ℎ2
𝑘 → 𝐴

2/2 uniformly on (−𝐿, 𝐿) with

𝐴 =

(
0 −𝜕𝑥1

𝑦
𝑇

𝜕𝑥1
𝑦 𝑍

)
, (4.36)

where 𝑍 is the skew-symmetric matrix with entries 𝑧𝑖 𝑗 and 𝑦 =
©­­«
𝑦2
...

𝑦𝑛

ª®®¬.

6. The sequence 𝛽𝑘 defined by

𝛽
𝑘
1 (𝑥) :=

1
ℎ𝑘

(
(𝑣𝑘)1(𝑥) − 𝑥1

ℎ
2
𝑘

− 𝑤𝑘 (𝑥1) +
𝑛∑︁
𝑖=2

𝑥𝑖𝜕𝑥1
𝑦
𝑘
𝑖 (𝑥1)

)
,

𝛽
𝑘
𝑗 (𝑥) :=

1
ℎ

2
𝑘

( (𝑣𝑘) 𝑗 (𝑥) − ℎ𝑘𝑥 𝑗
ℎ𝑘

− 𝑦𝑘𝑗 (𝑥1) − ℎ𝑘 (𝑍
𝑘
𝑥
′) 𝑗

)
for 𝑗 = 2, . . . , 𝑛

converges weakly in 𝐿2(Ω;R𝑛) to a function 𝛽 belonging to the space

B :=
{
𝛼 ∈ 𝐿2(Ω;R𝑛) :

∫
𝐵1 (0)

𝛼(𝑥) 𝑑𝑥′ = 0, 𝜕𝑥𝑖𝛼 ∈ 𝐿2(Ω;R𝑛),∫
𝐵1 (0)

𝛼 𝑗𝑥𝑖 − 𝛼𝑖𝑥 𝑗 𝑑𝑥
′
= 0

}
. (4.37)

Moreover, 𝜕𝑥𝑖 𝛽
𝑘
⇀ 𝜕𝑥𝑖

𝛽 in 𝐿2(Ω) for 𝑖 = 2, . . . , 𝑛.

In [16] Theorem 4.12 is proved for the case 𝑛 = 3. The proof is analogous for all 𝑛 ≥ 2. Note that for
𝑛 = 2 we have 𝑍 = 0 by antisymmetry.

Note that the limit (𝑤, 𝑦, 𝑍, 𝛽) is not unique, not even after choice of a subsequence. The point is that
the choice of the constant rotations 𝑄𝑘 and the constants 𝑐𝑘 is not unique. Indeed, if we replace 𝑄𝑘 by
𝑄̌𝑘 = 𝑒

ℎ𝑘𝑊𝑄𝑘 and 𝑐𝑘 = 𝑐𝑘 + ℎ𝑘𝑐
′ + ℎ2

𝑘𝑤0𝑒1 with 𝑊 skew-symmetric, and 𝑣𝑘 by 𝑣̌𝑘 := 𝑄̌𝑇
𝑘 𝑣𝑘 − 𝑐𝑘 , then

the limits in the convergences 1. to 6. get replaced by

𝑤̌(𝑥1) = 𝑤0 + 𝑤(𝑥1) +
1
2
(𝑊2)11𝑥1 +

𝑛∑︁
𝑗=2
𝑊1 𝑗 𝑦 𝑗 (𝑥1),

𝑦̌𝑖 (𝑥1) = 𝑦𝑖 (𝑥1) +𝑊1𝑖𝑥1 + 𝑐
′
𝑖 , 𝑖 = 2, . . . , 𝑛,

𝑧𝑖 𝑗 = 𝑧𝑖 𝑗 +𝑊𝑖 𝑗 , 𝑖, 𝑗 = 2, . . . , 𝑛 .

It is not difficult to show that modulo this equivalence relation, the limit is unique (for a suitable
subsequence). We will show this in a more general setting in Proposition 4.17 below.

Geometrically, the choice of 𝑄𝑘 and 𝑐𝑘 corresponds to the choice of a line segment 𝛾𝑘 given by

𝛾𝑘 (𝑡) = 𝑄𝑘 (𝑡𝑒1 + 𝑐𝑘)

and a constant orthonormal frame 𝜈 𝑗 = 𝑄𝑘𝑒 𝑗 for 𝑗 ≥ 2 perpendicular to 𝛾𝑘 such that 𝑣𝑘 stays close to 𝛾𝑘
and 𝑑ℎ𝑘𝑣𝑘 is close to 𝑄𝑘 on average.
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In the Riemannian setting, the straight line 𝛾𝑘 is replaced by a unit speed geodesic and the constant
frame is replaced by a parallel orthonormal frame. In this setting we want the expression of 𝑣𝑘 in Fermi
coordinates around this framed geodesic to satisfy Properties 1 to 6 of Theorem 4.12 without application
of an additional rotation 𝑄𝑘 and translation 𝑐𝑘 . Here the following simple consequence of Theorem 4.12
will be useful.

Corollary 4.13. Assume that ℎ𝑘 → 0 and that the maps 𝑣𝑘 : Ω → R𝑛 satisfy

sup
𝑘

1
ℎ

4
𝑘

∫
Ω

dist2(𝑑𝑣𝑘 , 𝑆𝑂 (𝑛)) 𝑑𝑥 < ∞. (4.38)

Assume in addition that ∫
Ω

����𝑣𝑘 (𝑥) − (
𝑥1
0

)����2 𝑑𝑥 ≤ 𝐶ℎ
2
𝑘 , for 𝑗 ≥ 2, (4.39)����∫

Ω

(𝑣𝑘)1(𝑥) − 𝑥1 𝑑𝑥

���� ≤ 𝐶ℎ
2
𝑘 . (4.40)

Then there exists 𝑅𝑘 ∈ 𝑆𝑂 (𝑛 − 1) such that a subsequence of the maps

𝑣
♯

𝑘
:=

(
1 0
0 𝑅𝑘

)𝑇
𝑣𝑘 (4.41)

satisfy (4.35) and Properties 1 to 6 of Theorem 4.12.

Note that the action of 𝑅𝑘 ∈ 𝑆𝑂 (𝑛 − 1) simply corresponds to a fixed rotation of the orthonormal frame
around the curve.

Proof. Let 𝑄𝑘 , 𝑐𝑘 and 𝑣𝑘 be as in Theorem 4.12. Set 𝑑𝑘 = 𝑄𝑘𝑐𝑘 . Then

𝑣𝑘 = 𝑄𝑘𝑣𝑘 + 𝑑𝑘 ,

and thus, for 𝑗 ≥ 2,∫
𝐵1 (0)

(𝑣𝑘) 𝑗 (𝑥1, 𝑥
′)𝑑𝑥′ = (𝑑𝑘) 𝑗 +

𝑛∑︁
𝑙=2

ℎ𝑘 (𝑄𝑘) 𝑗𝑙 (𝑦𝑘)𝑙 (𝑥1) + (𝑄𝑘) 𝑗1𝑥1 + (𝑄𝑘) 𝑗1ℎ
2
𝑘𝑤𝑘 (𝑥1).

Since 𝑦𝑘 and 𝑤𝑘 are bounded in 𝐿2((−𝐿, 𝐿) it follows from (4.39) that∫
(−𝐿,𝐿)

���(𝑑𝑘) 𝑗 + (𝑄𝑘) 𝑗1𝑥1

���2 𝑑𝑥1 ≤ 𝐶ℎ2
𝑘 .

Hence
| (𝑑𝑘) 𝑗 | + |(𝑄𝑘) 𝑗1 | ≤ 𝐶ℎ𝑘 for 𝑗 ≥ 2. (4.42)

Similarly, we have∫
𝐵1 (0)

(𝑣𝑘)1(𝑥1, 𝑥
′) − 𝑥1 𝑑𝑥

′
= (𝑑𝑘)1 +

𝑛∑︁
𝑙=2

ℎ𝑘 (𝑄𝑘)1𝑙 (𝑦𝑘)𝑙 +
(
(𝑄𝑘)11 − 1

)
𝑥1 + (𝑄𝑘)11ℎ

2
𝑘𝑤𝑘 (4.43)
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and we get
| (𝑄𝑘)11 − 1| ≤ 𝐶ℎ𝑘 . (4.44)

Since 𝑄𝑘 ∈ 𝑆𝑂 (𝑛) we have
∑𝑛

𝑙=1(𝑄𝑘)𝑙 𝑗 (𝑄𝑘)𝑙1 = 0, for 𝑗 ≥ 2, and thus we get

| (𝑄𝑘)1 𝑗 | ≤ 𝐶ℎ𝑘 for 𝑗 ≥ 2. (4.45)

Since 𝑦𝑘 and 𝑤𝑘 are bounded in 𝐿2, it follows from (4.43) and the assumption (4.40) that

| (𝑑𝑘)1 | ≤ 𝐶ℎ
2
𝑘 . (4.46)

Summarizing and recalling that 𝑐𝑘 = 𝑄
𝑇

𝑘 𝑑𝑘 , we get

| (𝑐𝑘)1 | ≤ 𝐶ℎ
2
𝑘 , | (𝑐𝑘) 𝑗 | ≤ 𝐶ℎ𝑘 , | (𝑄𝑘)

𝑇
𝑒1 − 𝑒1 | ≤ 𝐶ℎ𝑘 , for 𝑗 ≥ 2. (4.47)

It follows that there exist 𝑄♯

𝑘
∈ 𝑆𝑂 (𝑛) such that

𝑄
♯

𝑘
𝑒1 = (𝑄𝑘)

𝑇
𝑒1, |𝑄♯

𝑘
− Id | ≤ 𝐶ℎ𝑘 .

Then 𝑄𝑘 (𝑄
♯

𝑘
)𝑒1 = 𝑒1. Since 𝑄𝑘 (𝑄

♯

𝑘
) ∈ 𝑆𝑂 (𝑛), we have

𝑄𝑘𝑄
♯

𝑘
=

(
1 0
0 𝑅𝑘

)
for some 𝑅𝑘 ∈ 𝑆𝑂 (𝑛 − 1). Set

𝑣
♯

𝑘
:= (𝑄𝑘𝑄

♯

𝑘
)𝑇𝑣𝑘 = (𝑄♯

𝑘
)𝑇 (𝑄𝑘)

𝑇
𝑣𝑘 = (𝑄♯

𝑘
)𝑇 (𝑣𝑘 + 𝑐𝑘).

Since 𝑄♯

𝑘
∈ 𝑆𝑂 (𝑛), the maps 𝑣♯

𝑘
satisfy (4.35) (with with 𝑄𝑘 and 𝑄̃𝑘 replaced by (𝑄♯

𝑘
)𝑇𝑄𝑘 and (𝑄♯

𝑘
)𝑇𝑄̃𝑘 ,

respectively). Moreover, it is easy to see that Properties 1 to 6 for the sequence 𝑣𝑘 imply the corresponding
properties for a subsequence of 𝑣♯

𝑘
. □

4.4 Main theorem

From now on we always assume that M and M̃ are complete smooth, oriented 𝑛-dimensional Riemannian
manifolds and that 𝑀̃ has a positive injectivity radius. We will often assume that 𝑀̃ is compact. Then the
assumption on the injectivity radius is automatically satisfied.

The main result of this paper is the identification of the Γ-limit of the energy functional (4.32). We
define the spaces X and XG by

X := 𝑊1,2((−𝐿, 𝐿)) ×𝑊2,2((−𝐿, 𝐿);R𝑛−1) × (𝑊1,2((−𝐿, 𝐿);R𝑛−1×𝑛−1) × B,
XG := G × X.

(4.48)

Here the space B is defined in (4.37) and G is the set of all framed unit speed geodesics (𝛾̃, 𝜈̃). Note that
G is isomorphic to M̃ × 𝑆𝑂 (𝑛), since any framed unit speed geodesic is uniquely determined by the initial
conditions (𝛾̃(0), 𝛾̃′(0), 𝜈̃(0)).
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Definition 4.14 (Notion of convergence). Let ℎ𝑘 > 0 with lim𝑘→∞ ℎ𝑘 = 0, let 𝛾 : (−𝐿, 𝐿) → M be a
geodesic and let 𝑢̃𝑘 be a sequence of maps in𝑊1,2(Ω∗

ℎ𝑘
; M̃) withΩ∗

ℎ𝑘
= 𝜓𝛾,𝜈 (Ωℎ𝑘

). Let (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽) ∈
XG . We say that 𝑢𝑘 converges to the tuple

(𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽),

if there exists a 𝑘0 such that for 𝑘 ≥ 𝑘0 the following assertions hold:

1. there exist Lipschitz maps 𝑣̃𝑘 : Ω∗
ℎ𝑘

→ M̃ such that

ℓ := sup
𝑘

Lip 𝑣̃𝑘 < ∞,

sup
𝑘

1
ℎ

4
𝑘

1
𝜇(Ω∗

ℎ𝑘
)
𝜇(

{
𝑥 ∈ Ω

∗
ℎ𝑘

: 𝑣̃𝑘 (𝑥) ≠ 𝑢̃𝑘 (𝑥)
}
) < ∞,

(4.49)

where 𝜇 is the volume measure on M̃,

2. there exist geodesics 𝛾̃𝑘 : (−𝐿, 𝐿) → M̃ such that

sup
𝑘

sup
𝑥∈Ωℎ𝑘

1
ℎ𝑘

dist(𝛾̃𝑘 (𝑥1), 𝑣̃𝑘 (𝑥)) < ∞ (4.50)

and 𝛾̃𝑘 → 𝛾̃ uniformly as 𝑘 → ∞,

3. there exist parallel orthonormal frames 𝜈̃
𝑘

of the normal bundle of 𝛾̃𝑘 that converge to 𝜈̃ with the
following property. Let 𝑣𝑘 denote the lift of 𝑣̃𝑘 in the sense of Lemma 4.5 and let 𝑣𝑘 = 𝑣𝑘 ◦ 𝐼ℎ𝑘 with
𝐼ℎ𝑘

(𝑥1, 𝑥
′) = (𝑥1, ℎ𝑘𝑥

′). Then the maps 𝑣𝑘 satisfy (4.35) and Properties 1 to 6 of Theorem 4.12 with
limits (𝑤, 𝑦, 𝑍, 𝛽).

We denote this convergence by 𝑢𝑘 → (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽).

In view of the discussion of non-uniqueness after Theorem 4.12 we define an equivalence relation on the
space XG as follows.

Definition 4.15. We say that (𝛾̂, 𝜈̂, 𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) ∼ (𝛾̌, 𝜈̌, 𝑤̌, 𝑦̌, 𝑍̌ , 𝛽) if

(𝛾̂, 𝜈̂) = (𝛾̌, 𝜈̌) (4.51)

and if there exist 𝐽 : (−𝐿, 𝐿) → R𝑛 and 𝐵 : (−𝐿, 𝐿) → R𝑛×𝑛
skew such that

𝐽1 = 0, (4.52)
𝐵𝑒1 = 𝜕𝑥1

𝐽, (4.53)

𝜕𝑥1
𝐵(𝑥1) = −R̃(𝐽 (𝑥1), 𝑒1), (4.54)

and, for 𝑗 , 𝑙 ≥ 2,

𝑍̂ 𝑗𝑙 = 𝑍̌ 𝑗𝑙 + 𝐵 𝑗𝑙, (4.55)
𝑦̂ = 𝑦̌ + 𝐽′, (4.56)

𝜕𝑥1
𝑤̂(𝑥1) + T̃11(𝑥1, 𝑦̂(𝑥1)) = 𝜕𝑥1

𝑤̌(𝑥1) + T̃11(𝑥1, 𝑦̌(𝑥1))
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+1
2
( 𝐴̂2 − 𝐴̌2)11(𝑥1), (4.57)

𝜕𝑥 𝑗
𝛽1(𝑥1, 𝑥

′) + 2T̃1 𝑗 (𝑥1, 𝑦̂(𝑥1) + 𝑥
′) = 𝜕𝑥 𝑗

𝛽1(𝑥) + 2T̃1 𝑗 (𝑥1, 𝑦̌(𝑥1) + 𝑥
′)

𝑒 𝑗 · 𝜕𝑥1
(𝑍̌ − 𝑍̂) (𝑥1)𝑥

′ + ( 𝐴̂2 − 𝐴̌2)1 𝑗 (𝑥1), (4.58)

(sym∇′
𝛽
′) 𝑗𝑙 (𝑥1, 𝑥

′) + T̃𝑗𝑙 (𝑥1, 𝑦̂(𝑥1) + 𝑥
′) = (sym∇′

𝛽
′) 𝑗𝑙 (𝑥1, 𝑥

′) + T̃𝑗𝑙 (𝑥1, 𝑦̌(𝑥1) + 𝑥
′)

+1
2
( 𝐴̂2 − 𝐴̌2) 𝑗𝑙 (𝑥1), (4.59)

where ∇′
= (𝜕𝑥2

, . . . , 𝜕𝑥𝑛
), 𝛽′ = (𝛽2, . . . , 𝛽𝑛), 𝐽

′
= (𝐽2, . . . , 𝐽𝑛) and

𝐴̂ =

(
0 −𝜕𝑥1

( 𝑦̂)𝑇

𝜕𝑥1
𝑦̂ 𝑍̂

)
, 𝐴̌ =

(
0 −𝜕𝑥1

( 𝑦̌)𝑇

𝜕𝑥1
𝑦̌ 𝑍̌

)
.

Here we used the abbreviation T̃ := T R̃
𝛾̃,𝜈̃ . Moreover R̃ := 𝜓∗

𝛾̃,𝜈̃R̃ where R̃ is the curvature tensor of 𝑀̃.

Equivalently, R̃ is the curvature tensor of the pullback metric 𝜓∗
𝛾̃,𝜈̃ 𝑔̃.

If the underlying framed geodesic is clear from the context we sometimes also write (𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) ∼
(𝑤̌, 𝑦̌, 𝑍̌ , 𝛽) to express the equivalence relation.

Note that for 𝛽 ∈ B, the map 𝛽 : Ω → R𝑛 is uniquely determined by ∇′
𝛽1 and sym∇′

𝛽
′. Indeed, 𝛽1

is uniquely determined up to the addition of a function of 𝑥1 and the condition
∫
𝐵1 (0)

𝛽1(𝑥) 𝑑𝑥
′
= 0 in

the definition of B determines 𝛽1 uniquely. Similarly, by Korn’s inequality, 𝛽′ is determined up to the
addition of a map 𝑐(𝑥1) +𝑀 (𝑥1)𝑥

′ where 𝑀 : R𝑛−1 → R𝑛−1 is linear and skew-symmetric. The conditions∫
𝐵1 (0)

𝛽 𝑗 (𝑥) 𝑑𝑥
′
= 0 for 𝑗 ≥ 2 and

∫
𝐵1 (0)

𝑥𝑖𝛽 𝑗 (𝑥) − 𝑥 𝑗 𝛽𝑖 (𝑥) 𝑑𝑥
′
= 0 for 𝑖, 𝑗 ≥ 2 thus determine 𝛽′ uniquely.

Remark 4.16. It follows from (4.54), the map 𝐽 is a Jacobi field (with respect to the pullback metric 𝜓∗
𝛾̃,𝜈̃ 𝑔̃),

i.e., 𝐽 corresponds to an infinitesimal (normal) variation of the geodesic 𝛾̂. Similarly, 𝐵 corresponds to an
infinitesimal variation of the orthonormal frame (𝛾̂′, 𝜈̂𝑘 , . . . , 𝜈̂𝑛) of 𝛾̂.

A key observation is that the limit (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽) defined in (4.14) is unique up to the equivalence
relation ∼. More precisely, the following result holds.

Proposition 4.17. Suppose that there exist Lipschitz maps ˆ̃𝑣 and ˇ̃𝑣 from Ω
∗
ℎ𝑘

= 𝜓(Ωℎ𝑘
) to M̃ with the

following properties:
sup
𝑘

max(Lip ˆ̃𝑣𝑘 ,Lip ˇ̃𝑣𝑘) ≤ 𝑙, (4.60)

lim
𝑘→∞

1
ℎ

4
𝑘

𝜇

{
𝑥 ∈ Ω

∗
ℎ𝑘

: ˆ̃𝑣𝑘 (𝑥) ≠ ˇ̃𝑣𝑘 (𝑥)
}

𝜇(Ωℎ𝑘
) = 0, (4.61)

where 𝜇 is the volume measure on M.
Assume further that there exist framed unit speed geodesics (𝛾̂𝑘 , 𝜈̂𝑘) and (𝛾̌𝑘 , 𝜈̌𝑘) such that

sup
𝑘

1
ℎ𝑘

sup
𝑥∈Ωℎ𝑘

dist( ˆ̃𝑣𝑘 ◦ 𝜓(𝑥), 𝛾̂𝑘 (𝑥1)) +
1
ℎ𝑘

sup
𝑥∈Ωℎ𝑘

dist( ˇ̃𝑣𝑘 ◦ 𝜓(𝑥), 𝛾̌𝑘 (𝑥1)) < ∞ (4.62)

and lifts 𝑣̂𝑘 : Ω → R𝑛 and 𝑣̌𝑘 : Ω → R𝑛 such that

𝜓̂𝑘 ◦ 𝑣̂𝑘 = ˆ̃𝑣𝑘 ◦ 𝜓 ◦ 𝐼ℎ𝑘 , 𝜓̌𝑘 ◦ 𝑣̌𝑘 = ˇ̃𝑣𝑘 ◦ 𝜓 ◦ 𝐼ℎ𝑘 ,
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where 𝜓̂𝑘 and 𝜓̌𝑘 are the Fermi coordinate maps for the framed geodesics (𝛾̂𝑘 , 𝜈̂𝑘) and (𝛾̌𝑘 , 𝜈̌𝑘), respectively,
and where 𝐼ℎ𝑘 (𝑥1, 𝑥

′) = (𝑥1, ℎ𝑘𝑥
′). Assume that 𝑣̂𝑘 and 𝑣̌𝑘 satisfy Properties 1 to 6 of Theorem 4.12 and

let (𝛾̂, 𝜈̂, 𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) and (𝛾̌, 𝜈̌, 𝑤̌, 𝑦̌, 𝑍̌ , 𝛽) denote the corresponding limits defined in Definition 4.14. Then

(𝛾̂, 𝜈̂) = (𝛾̌, 𝜈̌) and (𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) ∼ (𝑤̌, 𝑦̌, 𝑍̌ , 𝛽).

Proof. The proof uses standard calculations, but is a bit lengthy. Thus we postpone it to Section 4.7
below. □

Definition 4.18. Let (𝛾, 𝜈) and (𝛾̃, 𝜈̃) be framed, unit speed geodesics in M and M̃, respectively. For
(𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽) ∈ XG define

I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽) :=
⨏ 𝐿

−𝐿

⨏
𝐵1 (0)

| sym𝐺 (𝑥) − T (𝑥) |2 𝑑𝑥, (4.63)

where

𝐺 (𝑥1, 𝑥
′) :=

( (
𝜕𝑥1
𝑤

)
𝑒1 + (𝜕𝑥1

𝐴)
(

0
𝑥
′

)
𝜕𝑥2
𝛽 . . . 𝜕𝑥𝑛

𝛽

)
− 1

2
𝐴

2
,

T (𝑥1, 𝑥
′) :=

(
T R
𝛾,𝜈 (𝑥1, 𝑥

′) − T R̃
𝛾̃,𝜈̃ (𝑥1, 𝑦(𝑥1) + 𝑥

′)
)
,

(4.64)

and

𝐴 =

(
0 −𝜕𝑥1

𝑦
𝑇

𝜕𝑥1
𝑦 𝑍

)
. (4.65)

Proposition 4.19. Suppose that (𝛾̂, 𝜈̂, 𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) ∼ (𝛾̌, 𝜈̌, 𝑤̌, 𝑦̌, 𝑍̌ , 𝛽) Then

I 𝛾̂,𝜈̂ (𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) = I 𝛾̌,𝜈̌ (𝑤̌, 𝑦̌, 𝑍̌ , 𝛽).

Proof. By definition of the the equivalence relation, we have (𝛾̂, 𝜈̂) = (𝛾̌, 𝜈̌) and in the following we denote
this framed geodesic by (𝛾̃, 𝜈̃).

Let
𝐸̂ := sym 𝐺̂ − T R

𝛾,𝜈 (𝑥1, 𝑥
′) + T R̃

𝛾̃,𝜈̃ (𝑥1, 𝑦̂(𝑥1) + 𝑥
′),

𝐸̂ := sym 𝐺̌ − T R
𝛾,𝜈 (𝑥1, 𝑥

′) + T R̃
𝛾̃,𝜈̃ (𝑥1, 𝑦̌(𝑥1) + 𝑥

′) ,

where 𝐺̂ is computed using 𝑤̂, 𝐴̂ and 𝛽 and similarly for 𝐺̌. Set 𝐸 := 𝐸̂ − 𝐸̌ . It follows directly from (4.59)
that

𝐸 𝑗𝑙 = 0 if 𝑗 , 𝑙 ≥ 2.

For 𝑗 ≥ 2 we get

2𝐸1 𝑗 =

𝑛∑︁
𝑘=2

𝜕𝑥1
𝐴̂ 𝑗𝑘 𝑥𝑘 + 𝜕𝑥 𝑗

𝛽1 + 2T̃1 𝑗 (𝑥1, 𝑥
′ + 𝑦̂(𝑥1)) − ( 𝐴̂)2

1 𝑗

−
(

𝑛∑︁
𝑘=2

𝜕𝑥1
𝐴̌ 𝑗𝑘 𝑥𝑘 + 𝜕𝑥 𝑗

𝛽1 + 2T̃1 𝑗 (𝑥1, 𝑥
′ + 𝑦̌(𝑥1)) − ( 𝐴̌)2

1 𝑗

)
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=
(4.58)

𝑛∑︁
𝑘=2

𝜕𝑥1
𝐴̂ 𝑗𝑘 𝑥𝑘 −

𝑛∑︁
𝑘=2

𝜕𝑥1
𝐴̌ 𝑗𝑘 𝑥𝑘 −

𝑛∑︁
𝑘=2

𝜕𝑥1
(𝑍̌ − 𝑍̂) 𝑗𝑘 𝑥𝑘

= 0,

since 𝐴̂ 𝑗𝑘 = 𝑍̂ 𝑗𝑘 for 𝑗 , 𝑘 ≥ 2 and similarly for 𝐴̌ and 𝑍̌ .

Finally we have

𝐸11 = 𝜕𝑥1
𝑤̂ +

𝑛∑︁
𝑙=2

𝜕𝑥1
𝐴̂1𝑙 𝑥𝑙 −

1
2
( 𝐴̂)2

11 + T̃11(𝑥1, 𝑥
′ + 𝑦̂(𝑥1))

−
(
𝜕𝑥1
𝑤̌ +

𝑛∑︁
𝑙=2

𝜕𝑥1
𝐴̌1𝑙 𝑥𝑙 −

1
2
( 𝐴̌)2

11 + T̃11(𝑥1, 𝑥
′ + 𝑦̌(𝑥1))

)
= 𝜕𝑥1

𝑤̂ −
𝑛∑︁
𝑙=2

𝜕
2
𝑥1
𝑦̂𝑙 𝑥𝑙 −

1
2
( 𝐴̂)2

11 + T̃11(𝑥1, 𝑥
′ + 𝑦̂(𝑥1))

−
(
𝜕𝑥1
𝑤̌ −

𝑛∑︁
𝑙=2

𝜕
2
𝑥1
𝑦̌𝑙 𝑥𝑙 −

1
2
( 𝐴̌)2

11 + T̃11(𝑥1, 𝑥
′ + 𝑦̌(𝑥1))

)
=

(4.56),(4.57)
−T̃11(𝑥1, 𝑦̂(𝑥1)) −

𝑛∑︁
𝑙=2

𝜕
2
𝑥1
𝐽𝑙 (𝑥1) 𝑥𝑙 + T̃11(𝑥1, 𝑥

′ + 𝑦̂(𝑥1))

−
(
−T̃11(𝑥1, 𝑦̌(𝑥1)) + T̃11(𝑥1, 𝑥

′ + 𝑦̌(𝑥1))
)
.

Since 𝑣 ↦→ T̃ (𝑥1, 𝑣) is quadratic, the derivative T̃ with respect to 𝑣 is bilinear. Moreover 𝑦̂ − 𝑦̌ = 𝐽′ and
𝐽1 = 0 so we get

𝐸11 = 𝐷T̃11(𝑥1) (𝑥
′
, 𝐽 (𝑥1)) −

𝑛∑︁
𝑙=2

𝜕
2
𝑥1
𝐽𝑙 (𝑥1)𝑥𝑙 . (4.66)

It follows from the definition (4.16) of T̃ and the fact that 𝐽1 = 0 that

𝐷T̃11(𝑥1) (𝑥
′
, 𝐽 (𝑥1)) = −

𝑛∑︁
𝑘,𝑙=2

R̃ (𝑥1)1𝑘1𝑙𝐽𝑘 (𝑥1)𝑥𝑙 .

On the other hand 𝐽 is a Jacobi field and (4.54) gives

𝜕
2
𝑥1
𝐽 = 𝜕𝑥1

𝐵𝑒1 = −R̃(𝑥1) (𝐽 (𝑥1), 𝑒1)𝑒1.

Thus, for 𝑙 ≥ 2

𝜕
2
𝑥1
𝐽𝑙 = −R̃(𝑥1) (𝑒𝑙, 𝑒1, 𝐽, 𝑒1) = −

𝑛∑︁
𝑘,𝑙=2

R̃𝑙1𝑘1(𝑥1)𝐽𝑘 (𝑥1) = −
𝑛∑︁

𝑘,𝑙=2
R̃1𝑘1𝑙 (𝑥1)𝐽𝑘 (𝑥1)

and thus
𝑛∑︁
𝑙=2

𝜕
2
𝑥1
𝐽𝑙 𝑥𝑙 = −

𝑛∑︁
𝑘,𝑙=2

R̃1𝑘1𝑙 (𝑥1)𝐽𝑘 (𝑥1)𝑥𝑙 .

Hence 𝐸11 = 0. □
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In the following we usually understand the convergence in Definition 4.14 as a convergence in XG/∼.

Theorem 4.20. Let (M, 𝑔) and (M̃, 𝑔̃) be complete oriented, 𝑛-dimensional Riemannian manifolds with
𝑛 ≥ 2. Then the following statements hold:

(i) Compactness: Assume in addition that M̃ is compact. Let ℎ𝑘 → 0, 𝑢̃𝑘 ∈ 𝑊1,2(Ω∗
ℎ𝑘
, M̃) and suppose

that lim sup𝑘→∞
1
ℎ

4
𝑘

𝐸ℎ𝑘
(𝑢̃𝑘) < ∞. Then there exists a subsequence ℎ𝑘 𝑗

→ 0 such that

𝑢𝑘 𝑗
→ (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽)

in the sense of Definition 4.14.

(ii) Γ-liminf inequality: If ℎ𝑘 → 0 and 𝑢̃𝑘 → (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽) in the sense of Definition 4.14, then

lim inf
𝑘→∞

1
ℎ

4
𝑘

𝐸ℎ𝑘
(𝑢̃𝑘) ≥ I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽).

(iii) Recovery sequence: Given a tuple (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽) and a sequence ℎ𝑘 → 0, there exists a sequence
𝑢̃𝑘 such that 𝑢̃𝑘 → (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽) in the sense of Definition 4.14 and

lim sup
𝑘→∞

1
ℎ

4
𝑘

𝐸ℎ𝑘
(𝑢̃𝑘) ≤ I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽). (4.67)

Combining properties (ii) and (iii) with Proposition 4.22 and Lemma 4.21, we obtain that the functionals
1
ℎ

4
𝑘

𝐸ℎ𝑘
are Γ-convergent to the functional I 𝛾̃,𝜈̃ with respect to the convergence in Definition 4.14 modulo

the equivalence relation of Definition 4.15. Regarding the compactness statement, we give an explicit
construction of the paths 𝛾̃𝑘 in step 2 of the proof of Theorem 4.20. First, we prove the Γ-liminf inequality.

Lemma 4.21. Assume that 𝑢̃𝑘 → (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽) in the sense of Definition 4.14. Let 𝑣̃𝑘 , 𝑣𝑘 and 𝑣𝑘 be as
in Definition 4.14, let 𝑄𝑘 : (−𝐿, 𝐿) → 𝑆𝑂 (𝑛) be such that (4.35) holds and define 𝐺𝑘 : Ω → R𝑛×𝑛 by

𝐺𝑘 :=
𝑄

𝑇
𝑘 (𝑔̃1/2

𝑘 ◦ 𝑣𝑘) 𝑑ℎ𝑘𝑣𝑘 (𝑔−1/2 ◦ 𝐼ℎ𝑘 ) − Id

ℎ
2
𝑘

.

where 𝐼ℎ𝑘 (𝑥1, 𝑥
′) = (𝑥1, ℎ𝑘𝑥

′). Then there exists a subsequence (not relabeled) and 𝐺 ∈ 𝐿2(Ω;R𝑛×𝑛)
such that 𝐺𝑘 ⇀ 𝐺 weakly in 𝐿2 and

sym𝐺 (𝑥) = 𝜕𝑥1
𝑤(𝑥1)𝑒1 ⊗ 𝑒1 −

1
2
𝐴

2(𝑥1) + sym
(
𝜕𝑥1
𝐴(𝑥1)

(
0
𝑥
′

)
𝜕𝑥2
𝛽 . . . 𝜕𝑥𝑛

𝛽

)
− T R

𝛾,𝜈 (𝑥1, 𝑥
′) + T R̃

𝛾̃,𝜈̃ (𝑥1, 𝑦(𝑥1) + 𝑥
′).

(4.68)

Moreover,
lim inf
𝑘→∞

1
ℎ

4
𝑘

⨏
Ω
∗
ℎ𝑘

dist2(𝑑𝑢̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔 ≥
⨏
Ω

| sym𝐺 |2 𝑑𝑥. (4.69)

Proof. The reasoning is similar to the proof of Lemma 2.3 in [16], but we need into account the extra
contributions coming from the deviation of the pullback metric in Fermi coordinates from the Euclidean
metric.

80



4.4 Main theorem

We have

𝐺𝑘 =
𝑄

𝑇
𝑘 (𝑔̃1/2

𝑘 ◦ 𝑣𝑘 − Id) 𝑑ℎ𝑘𝑣𝑘 (𝑔
−1/2 ◦ 𝐼ℎ𝑘 )

ℎ
2
𝑘

+
𝑄

𝑇
𝑘 𝑑ℎ𝑘

𝑣𝑘 − Id

ℎ
2
𝑘

+
𝑄

𝑇
𝑘 𝑑ℎ𝑘

𝑣𝑘 (𝑔
−1/2 ◦ 𝐼ℎ𝑘 − Id)

ℎ
2
𝑘

. (4.70)

The maps 𝑣̃𝑘 and hence 𝑣𝑘 are uniformly Lipschitz and therefore 𝑑ℎ𝑘𝑣𝑘 is bounded in 𝐿∞. Moreover, the
condition (4.50) implies that

sup
𝑥∈Ω

|𝑣𝑘 (𝑥) − 𝑥1 | ≤ 𝐶ℎ𝑘 . (4.71)

It follows from the Taylor expansion of the metric in Fermi coordinates that

𝑔
−1/2 ◦ 𝐼ℎ𝑘 − Id

ℎ
2
𝑘

→ −T R
𝛾,𝜈 uniformly in Ω,

see (4.19). By (4.35) we have 𝑄𝑇
𝑘 𝑑ℎ𝑘

𝑣𝑘 → Id in 𝐿2(Ω) and thus

𝑄
𝑇
𝑘 𝑑ℎ𝑘

𝑣𝑘 (𝑔
−1/2 ◦ 𝐼ℎ𝑘 − Id)

ℎ
2
𝑘

→ −T R
𝛾,𝜈 in 𝐿2(Ω). (4.72)

To treat the term involving 𝑔̃, we define 𝚤(𝑦) (𝑥) := (𝑥1, 𝑦(𝑥1) + 𝑥
′), where 𝑦 : (−𝐿, 𝐿) → R𝑛−1 is the

limit of 1
ℎ𝑘

∫
𝐵1 (0)

𝑣
′
𝑘 . It follows from Property (6) in Theorem 4.12 that ℎ−1

𝑘 𝑣
′
𝑘 → 𝚤(𝑦) in 𝐿2(Ω). In view

of (4.71) we also get convergence in 𝐿 𝑝 (Ω), for all 𝑝 < ∞. Using again the bound (4.71) and the Taylor
expansion (4.18) of the Fermi coordinates we get

(𝑔̃1/2
𝑘 ◦ 𝑣𝑘 − Id)

ℎ
2
𝑘

→ T R̃
𝛾̃,𝜈̃ ◦ 𝚤(𝑦) in 𝐿𝑞 (Ω), for all 𝑞 < ∞.

It follows that
𝑄

𝑇
𝑘 (𝑔̃1/2

𝑘 ◦ 𝑣𝑘 − Id) 𝑑ℎ𝑘𝑣𝑘 𝑔
−1/2 ◦ 𝐼ℎ𝑘

ℎ
2
𝑘

→ T R̃
𝛾̃,𝜈̃ ◦ 𝚤(𝑦) in 𝐿2(Ω). (4.73)

It remains to analyze the term ℎ
−2
𝑘 (𝑄𝑇

𝑘 𝑑ℎ𝑘
𝑣𝑘 − Id). By (4.35), this term is bounded in 𝐿2(Ω) and hence

there exists a weakly convergent subsequence, not relabeled, such that

𝑄
𝑇
𝑘 𝑑ℎ𝑘

𝑣𝑘 − Id

ℎ
2
𝑘

⇀ 𝐻 in 𝐿2(Ω). (4.74)

Hence
𝐺𝑘 ⇀ 𝐻 + T R̃

𝛾̃,𝜈̃ ◦ 𝚤(𝑦) − T R
𝛾,𝜈 . (4.75)

The last two terms on the right and side take values in symmetric matrices. To compute sym𝐻 we note
that by Property 4 and Property 5 in Theorem 4.12 we have

𝑑ℎ𝑘
𝑣𝑘 − Id
ℎ𝑘

→ 𝐴 in 𝐿2(Ω) and sym
𝑄

𝑇
𝑘 − Id
ℎ

2
𝑘

→ 𝐴
2

2
uniformly.
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From Property 6 in Theorem 4.12 we get

sym
𝑑ℎ𝑘

𝑣𝑘 − Id

ℎ
2
𝑘

→ 𝜕𝑥1
𝑤(𝑥1)𝑒1 ⊗ 𝑒1 + sym

(
𝜕𝑥1
𝐴(𝑥1)

(
0
𝑥
′

)
𝜕𝑥2
𝛽 . . . 𝜕𝑥𝑛

𝛽

)
strongly in𝑊−1,2(Ω). Since

𝑄
𝑇
𝑘 𝑑ℎ𝑘

𝑣𝑘 − Id = (𝑄𝑇
𝑘 − Id) + (𝑑ℎ𝑘𝑣𝑘 − Id) + (𝑄𝑇

𝑘 − Id) (𝑑ℎ𝑘𝑣𝑘 − Id)

and since 𝐴 is skew-symmetric and thus 𝐴2 is symmetric we get

sym𝐻 = 𝜕𝑥1
𝑤(𝑥1)𝑒1 ⊗ 𝑒1 + sym

(
𝜕𝑥1
𝐴(𝑥1)

(
0
𝑥
′

)
𝜕𝑥2
𝛽 . . . 𝜕𝑥𝑛

𝛽

)
− 𝐴

2

2
.

Finally we show (4.69). We first choose a subsequence 𝑘 𝑗 such that

lim
𝑗→∞

1
ℎ

4
𝑘 𝑗

⨏
Ω
∗
ℎ𝑘 𝑗

dist2(𝑑𝑢̃𝑘 𝑗
, 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔

= lim inf
𝑘→∞

1
ℎ

4
𝑘

⨏
Ω
∗
ℎ𝑘

dist2(𝑑𝑢̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔 .

Then we apply the previous reasoning to the subsequence 𝑘 𝑗 . Thus there exists a further subsequence such
that 𝐺𝑘 𝑗𝑙

⇀ 𝐺 as 𝑙 → ∞ where sym𝐺 is given by (4.68). We need to show

lim
𝑙→∞

1
ℎ

4
𝑘 𝑗𝑙

⨏
Ω
∗
ℎ𝑘 𝑗𝑙

dist2(𝑑𝑢̃𝑘 𝑗𝑙

, 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔 ≥
⨏
Ω

| sym𝐺 |2.

This follows by a Taylor expansion away from the set where ℎ2
𝑘𝐺𝑘 is not small (and the set where 𝑢̃𝑘 ≠ 𝑣̃𝑘).

as in [4, 16]. For the convenience of the reader we include the details for the argument.
To simply the notation we now write again 𝐺𝑘 instead of 𝐺𝑘 𝑗𝑙

. Let

𝐹
′
𝑘 =

{
𝑥 ∈ Ω

∗
ℎ : 𝑣̃𝑘 (𝑥) ≠ 𝑢̃𝑘 (𝑥)

}
, 𝐹

′′
𝑘 :=

{
𝑥 ∈ Ω : (𝜓𝛾,𝜈 ◦ 𝐼ℎ𝑘 ) (𝑥) ∈ 𝐹

′
𝑘

}
.

Then, for 𝑥 ∉ 𝐹′′
𝑘 we have, by (4.33),

dist(𝑑𝑢̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) ◦ 𝜓𝛾,𝜈 ◦ 𝐼ℎ𝑘
= dist(𝑑𝑣̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) ◦ 𝜓𝛾,𝜈 ◦ 𝐼ℎ𝑘
= dist

(
(𝑔̃𝑘 ◦ 𝑣𝑘)

1/2) 𝑑ℎ𝑘𝑣𝑘 (𝑔
−1/2 ◦ 𝐼ℎ𝑘 ), 𝑆𝑂 (𝑛)

)
= dist(Id+ℎ2

𝑘𝐺𝑘 , 𝑆𝑂 (𝑛)). (4.76)

where 𝑔 and 𝑔̃𝑘 are the metrics of M and M̃ in the Fermi coordinates induced by 𝜓𝛾,𝜈 and 𝜓𝛾̂𝑘 ,𝜈̂𝑘
,

respectively. Set

𝐹𝑘 = 𝐹
′′
𝑘 ∪

{
|ℎ2

𝑘𝐺𝑘 | > ℎ𝑘
}
.
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Then (4.49) and the boundedness of 𝐺𝑘 in 𝐿2 imply that

L𝑛 (𝐹𝑘) ≤ 𝐶ℎ
4
𝑘 + 𝐶ℎ

2
𝑘 → 0 as 𝑘 → ∞.

From (4.76) and the change of variables formula we get

lim inf
𝑘→∞

1
ℎ

4
𝑘

⨏
Ω
∗
ℎ𝑘

dist2(𝑑𝑢̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔

≥ 1
ℎ

4
𝑘

∫
Ω\𝐹𝑘

dist(Id+ℎ2
𝑘𝐺𝑘 , 𝑆𝑂 (𝑛))

√︁
det 𝑔 ◦ 𝐼ℎ𝑘 𝑑𝑥

1∫
Ω

√︁
det 𝑔 ◦ 𝐼ℎ𝑘 𝑑𝑥

.

We have
√︁

det 𝑔 ◦ 𝐼ℎ𝑘 → 1 uniformly in Ω. Thus it suffices to show that

lim inf
𝑘→∞

1
ℎ

4
𝑘

∫
Ω\𝐹𝑘

dist(Id+ℎ2
𝑘𝐺𝑘 , 𝑆𝑂 (𝑛)) 𝑑𝑥 ≥

∫
Ω

| sym𝐺 |2 𝑑𝑥.

Now for 𝑥 ∈ Ω \ 𝐹𝑘 we have by Taylor expansion,

|dist(Id+ℎ2
𝑘𝐺𝑘) − sym𝐺𝑘 | ≤ 𝐶ℎ𝑘 |ℎ

2
𝑘𝐺𝑘 |.

Thus

lim inf
𝑘→∞

1
ℎ

4
𝑘

∫
Ω\𝐹𝑘

dist(Id+ℎ2
𝑘𝐺𝑘 , 𝑆𝑂 (𝑛)) 𝑑𝑥

≥ lim inf
𝑘→∞

1
ℎ

4
𝑘

∫
Ω

|𝜒Ω\𝐹𝑘
sym𝐺𝑘 |

2
𝑑𝑥 ≥

∫
Ω

| sym𝐺 |2 𝑑𝑥.

For the last inequality we used that sym𝐺𝑘 𝜒Ω\𝐹𝑘
converges weakly in 𝐿2 to sym𝐺 (since L𝑛 (𝐹𝑘) → 0)

and the lower semicontinuity of the 𝐿2 norm under weak convergence in 𝐿2. This concludes the proof. □

Proposition 4.22. Let (𝛾̃, 𝜈̃, 𝑤, 𝑦, 𝑍, 𝛽) ∈ XG . Then there exist sequences ℎ𝑘 ↓ 0 and 𝑣𝑘 ∈ 𝑊1,∞(Ω;R𝑛)
such that properties 1-6 of Theorem 4.12 hold. Furthermore, the sequence 𝑢̃𝑘 (𝑥) := 𝜓̃𝛾̃,𝜈̃ ◦ 𝑣𝑘 ◦ 𝜓

−1
𝛾,𝜈 (𝑥)

satisfies

lim sup
𝑘→∞

1
ℎ

4
𝑘

𝐸ℎ𝑘
(𝑢̃𝑘) ≤ I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽). (4.77)

Proof. The proof follows a similar strategy as in [16]. Suppose for the moment that 𝑤, 𝑦, 𝑍, 𝛽 are smooth.
For ℎ > 0 define

𝑣ℎ (𝑥1, 𝑥
′) :=

(
𝑥1
ℎ𝑥

′

)
+

(
ℎ

2
𝑤

ℎ𝑦

)
− ℎ2

(
𝑥
′ · 𝜕𝑥1

𝑦

𝑍𝑥
′

)
+ ℎ3

𝛽.

Then 𝑣ℎ is Lipschitz and satisfies properties 1-6. Furthermore,

𝑑ℎ𝑣ℎ = Id+
(
ℎ

2
𝜕𝑥1
𝑤 −ℎ(𝜕𝑥1

𝑦)𝑇

ℎ𝜕𝑥1
𝑦 𝑍

)
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− ℎ2 ©­«
∑︁
𝑖, 𝑗

𝑥𝑖𝜕
2
𝑥1
𝑦 𝑗 + 𝑥 𝑗𝜕

2
𝑥1
𝑦𝑖

𝑍𝑥
′

𝜕𝑥2
𝛽 . . . 𝜕𝑥𝑛

𝛽
ª®¬ +𝑂 (ℎ3).

Using the identity (Id+𝐵𝑇 ) (Id+𝐵) = Id+2 sym 𝐵 + 𝐵𝑇
𝐵, we obtain

(𝑑ℎ𝑣ℎ)
𝑇
𝑑ℎ𝑣ℎ = Id+2ℎ2

𝜕𝑥1
𝑤𝑒1 ⊗ 𝑒1 + 2ℎ2

(
𝜕𝑥1
𝐴

(
0
𝑥
′

)
𝜕𝑥2
𝛽 . . . 𝜕𝑥𝑛

𝛽

)
+ ℎ2

𝐴
𝑇
𝐴 +𝑂 (ℎ3).

Taking the square root and recalling the definition of 𝐺ℎ, we have[
(𝑑ℎ𝑣ℎ)

𝑇
𝑑ℎ𝑣ℎ

]1/2
= Id+ℎ2

𝐺ℎ +𝑂 (ℎ3).

For ℎ sufficiently small we have det
[
(𝑑ℎ𝑣ℎ)

𝑇
𝑑ℎ𝑣ℎ

]1/2
> 0, hence by frame indifference

dist2(𝑑ℎ𝑣ℎ, 𝑆𝑂 (𝑛)) = dist2
( [
(𝑑ℎ𝑣ℎ)

𝑇
𝑑ℎ𝑣ℎ

]1/2
, 𝑆𝑂 (𝑛)

)
,

By Taylor expansion of dist(·, 𝑆𝑂 (𝑛)) we obtain

1
ℎ

2 dist(𝑑ℎ𝑣ℎ, 𝑆𝑂 (𝑛)) → | sym𝐺 | in 𝐿2,

and sym𝐺ℎ → sym𝐺 in 𝐿
2. Finally, the inequality (4.77) follows from (4.33). Now note that any

tuple (𝑤, 𝑦, 𝑍, 𝛽) ∈ X can be approximated by smooth functions (𝑤𝑘
, 𝑦

𝑘
, 𝑍

𝑘
, 𝛽

𝑘) by density. We have
I 𝛾̃,𝜈̃ (𝑤𝑘

, 𝑦
𝑘
, 𝑍

𝑘
, 𝛽

𝑘) → I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽). Then the upper bound (4.77) follows by a diagonal argument,
see e.g. [1, Remark 1.2]. □

The following fact on Lipschitz approximation of R𝑠-valued Sobolev maps will be a crucial ingredient
in proving the compactness of Theorem 4.20.

Lemma 4.23. Let 𝑠, 𝑛 ≥ 1 and 1 ≤ 𝑝 < ∞ and suppose 𝑈 ⊂ R𝑛 is a bounded Lipschitz domain. Then
there exists a constant 𝐶 = 𝐶 (𝑈, 𝑛, 𝑠, 𝑝) with the following property: For each 𝑢 ∈ 𝑊1, 𝑝 (𝑈,R𝑠) and each
𝜆 > 0 there exists 𝑣 : 𝑈 → R𝑠 such that

(i) Lip 𝑣 ≤ 𝐶𝜆,

(ii) L𝑛 ({𝑥 ∈ 𝑈 : 𝑢(𝑥) ≠ 𝑣(𝑥)}) ≤ 𝐶

𝜆
𝑝

∫
{𝑥∈𝑈: |𝑑𝑢 |𝑒>𝜆}

|𝑑𝑢 |𝑝𝑒 𝑑𝑥.

Here | · |𝑒 denotes the Frobenius norm with respect to the standard scalar product on R𝑛 and R𝑠, respectively.
If 𝑈 = Ωℎ := (−𝐿, 𝐿) × 𝐵ℎ (0) ⊂ R𝑛 with ℎ ∈ (0, 𝐿/2) then the constant 𝐶 in (i) and (ii) can be chosen
independent of ℎ and 𝐿.

Remark 4.24. It is easy to see that the constant 𝐶 can be chosen uniformly for all domains𝑈′ which are
bilipschitzly equivalent to a given domain𝑈, with a fixed bilipschitz constant 𝑀 .

Proof. For the result for a fixed set 𝑈, see, for example [4, Prop. A.1]. Closely related results appeared
earlier in [12] and [3, Sect 6.6.2, 6.6.3].
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4.4 Main theorem

For sets of the form𝑈 = (−𝐿, 𝐿) × 𝐵ℎ (0) ⊂ R𝑛 one can obtain a bound which is uniform in ℎ by first
extending to a set (−𝐿, 𝐿) × (−2ℎ, 2ℎ)𝑛−1 by reflection multiple reflections to extend to (−𝐿, 𝐿)𝑛. For the
convenience of the reader we give a detailed proof in Section 4.8.1. □

Proof of Theorem 4.20 (i).

Step 4 (Existence of Lipschitz approximations).
The construction of the Lipschitz maps 𝑣̃ℎ is similar to the construction in [9]. We include the details
for the convenience of the reader. Recall that by Nash’s imbedding theorem [17, Theorem 3], M̃ can be
viewed as a subset of R𝑠 for sufficiently large 𝑠, and the metric on the tangent space of M̃ is induced by the
Euclidean metric in R𝑠. Define 𝑢𝑘 : Ωℎ𝑘

→ M̃ ⊂ R𝑠 by

𝑢𝑘 := 𝑢̃𝑘 ◦ 𝜓𝛾,𝜈 ,

and let 𝑔𝑖 𝑗 (𝑥) := (𝜓∗
𝛾,𝜈𝑔) (𝑥) (𝑒𝑖 , 𝑒 𝑗) be the coefficients of the metric on M in the standard Euclidean basis.

By Lemma 4.4 we have

|𝑔𝑖 𝑗 (𝑥) − 𝛿𝑖 𝑗 | ≤ 𝐶ℎ
2
𝑘 for all 𝑥 ∈ (−𝐿, 𝐿) × 𝐵ℎ𝑘

(0).

Since the Frobenius norm, denoted by | · |𝑒, of a map in 𝑆𝑂 (𝑛) is
√
𝑛 and M̃ is isometrically imbedded

into R𝑠, we have

|𝑑𝑢𝑘 |𝑒 ≤ (1 + 𝐶ℎ2
𝑘) (

√
𝑛 + dist(𝑑𝑢̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃))).

In particular for sufficiently large 𝑘 we have the following implication:

if |𝑑𝑢𝑘 |𝑒 ≥ 4
√
𝑛 then dist(𝑑𝑢𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) ≥ 1

2
|𝑑𝑢𝑘 |𝑒 ≥ 2

√
𝑛.

We apply Lemma 4.23 with 𝑢 = 𝑢𝑘 , 𝑈 = Ωℎ and 𝜆 = 4
√
𝑛, and denote the corresponding Lipschitz

approximation by 𝑣𝑘 , and set 𝐸2
𝑘 :=

{
𝑥 ∈ Ωℎ𝑘

: 𝑣𝑘 ≠ 𝑢𝑘

}
. Then

Lip 𝑣𝑘 ≤ 𝐶. (4.78)

Using that det 𝑔(𝑥) ≥ (1 + 𝐶ℎ2
𝑘)

−1 ≥ 1
2 we get

L𝑛 (𝐸2
𝑘) =

𝐶

𝜆
2

∫{
𝑥∈Ωℎ𝑘

: |𝑑𝑢𝑘 |𝑒>𝜆
} |𝑑𝑢𝑘 |𝑒 𝑑𝑥

≤ 𝐶

𝜆
2

∫
Ωℎ𝑘

dist2(𝑑𝑢̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 Vol𝑔

≤ 𝐶𝜇(Ωℎ𝑘
)ℎ4

𝑘 .

(4.79)

In the last inequality we used that 𝜆 = 4
√
𝑛, so that 1

𝜆
2 ≤ 1. Here, the map 𝑣𝑘 generally takes values in R𝑠,

not in M̃.
This issue can easily be resolved by projecting back to M̃. Indeed, since M̃ is compact, there exists

𝜌 > 0 and a smooth projection 𝜋M̃ which maps a tubular 𝜌-neighborhood of M̃ in R𝑠 to M̃. By (4.79) we
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have

L𝑛 (𝐸2
𝑘) = O(ℎ𝑛−1+4

𝑘 ),

hence the radius of the largest ball in 𝐸2
𝑘 is bounded by O(ℎ1+3/𝑛

𝑘
). In particular

sup
𝑥∈𝐸2

𝑘

dist(𝑣𝑘 (𝑥), M̃) ≤ 𝐶ℎ𝑘 .

Then 𝑣′𝑘 := 𝜋M̃ ◦ 𝑣𝑘 is well defined for ℎ𝑘 sufficiently small and satisfies Lip 𝑣′𝑘 ≤ 𝐶. Since 𝜋 |M̃ = id, we
have

{
𝑣
′
𝑘 ≠ 𝑢𝑘

}
⊆

{
𝑣𝑘 ≠ 𝑢𝑘

}
. By Remark 4.2 the restriction of 𝜓𝛾,𝜈 to a sufficiently small cylinder Ω𝜀 is

bilipschitz. Thus 𝑣̃𝑘 := 𝑣′𝑘 ◦ 𝜓
−1
𝛾,𝜈 satisfies (4.49).

We also note that
𝐸ℎ𝑘

(𝑣̃𝑘) ≤ 𝐸ℎ𝑘
(𝑢̃𝑘) + 𝐶ℎ

4
𝑘 ≤ 𝐶ℎ4

𝑘 . (4.80)

Indeed, the measure of the set where 𝑑𝑣̃𝑘 ≠ 𝑑𝑢̃𝑘 is bounded by 𝐶ℎ4
𝑘 and on that set |𝑑𝑣̃𝑘 | is uniformly

bounded.

Step 5 (Approximation by a geodesic). We will show that for each sufficiently large 𝑘 there exists a unit
speed geodesic 𝛾̌𝑘 such that

sup
𝑥∈Ωℎ𝑘

dist(𝑣̃𝑘 (𝑥), 𝛾̌𝑘 (𝑥1)) ≤ 𝐶ℎ𝑘 . (4.81)

We will first construct a continuous, piecewise geodesic curve 𝛾𝑝𝑤 such that (4.81) holds with 𝛾𝑝𝑤 instead
of 𝛾̌𝑘 and such that the 𝑙2 norm of the jumps of the derivative of 𝛾𝑝𝑤 and the quantity |𝛾𝑝𝑤′ | − 1 are
controlled in terms of the energy of 𝑣̃𝑘 . Then an ODE argument shows that there exists a unit speed
geodesic 𝛾̌𝑘 such that (4.81) holds, see Lemma 4.25 below. In the following we will always assume that ℎ𝑘
is sufficiently small, in particularly much smaller then the injectivity radius of 𝑀̃ .

To construct the piecewise geodesic curve 𝛾𝑝𝑤 , let 𝑁𝑘 :=
⌈
𝐿
ℎ𝑘

⌉
, 𝜀𝑘 = 𝐿

𝑁𝑘
, and

𝑡𝑖 := 𝑖𝜀𝑘 for 𝑖 = −𝑁𝑘 ,−𝑁𝑘 + 1, . . . , 𝑁𝑘 , 𝑠𝑖 :=
𝑡𝑖 + 𝑡𝑖+1

2
,

and
Ω𝑖 = (𝑡𝑖 , 𝑡𝑖+1) × 𝐵ℎ𝑘 (0) .

Here 𝑡𝑖, 𝑠𝑖 and Ω𝑖 also depend on 𝑘 , but for easier readability we suppressed that dependence. Note that
ℎ𝑘/2 ≤ 𝜀𝑘 ≤ ℎ𝑘 .

Let 𝑥𝑖 be the Riemannian center of mass of the map 𝑣̃𝑘 ◦ 𝜓 |Ω𝑖
, see Definition 4.7. Here we equip Ω𝑖

with the normalized Lebesgue measure. Since the maps 𝑣̃𝑘 are uniformly Lipschitz we get

sup
𝑥∈Ω𝑖

𝑑𝑀̃ (𝑣̃𝑘 (𝑥), 𝑥𝑖) ≤ 𝐶ℎ𝑘 , 𝑑𝑀̃ (𝑥𝑖 , 𝑥𝑖+1) ≤ 𝐶ℎ𝑘 . (4.82)

Define on [𝑠−𝑁 , 𝑠𝑁−1] a piecewise the 𝐶1 curve 𝛾𝑝𝑤 by the condition

𝛾
𝑝𝑤 | [𝑠𝑖 ,𝑠𝑖+1 ] is the unique length-minimizing geodesic with

𝛾
𝑝𝑤 (𝑠𝑖) = 𝑥𝑖 and 𝛾𝑝𝑤 (𝑠𝑖+1) = 𝑥𝑖+1.
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4.4 Main theorem

We extend 𝛾𝑝𝑤 uniquely to geodesic on (−∞, 𝑠−𝑁+1) and (𝑠𝑁−2,∞). Using (4.81) for 𝑥 ∈ Ω𝑖 , we see that

sup
𝑥∈Ωℎ𝑘

dist(𝑣̃𝑘 (𝑥), 𝛾
𝑝𝑤 (𝑥1)) ≤ 𝐶ℎ𝑘 . (4.83)

The derivative 𝛾𝑝𝑤 may jump at 𝑠𝑖 for 𝑖 = −𝑁 +1, . . . 𝑁 −2. For such values of 𝑖, we denote by 𝛾𝑝𝑤′
+ (𝑠𝑖)

the derivative of the geodesic defined on [𝑠𝑖 , 𝑠𝑖+1] and by 𝛾𝑝𝑤′
− (𝑠𝑖) the derivative of the geodesic defined

on [𝑠𝑖−1, 𝑠𝑖]. By definition of the exponential map these geodesics a mapped to straight lines under exp−1
𝑥𝑖

and we have

𝛾
𝑝𝑤′
+ (𝑠𝑖) =

1
𝜀𝑘

exp−1
𝑥𝑖
𝑥𝑖+1, 𝛾

𝑝𝑤′
− (𝑠𝑖) = − 1

𝜀𝑘
exp−1

𝑥𝑖
𝑥𝑖−1, (4.84)

To estimate the size of jump, we will apply the rigidity estimate for low energy maps to the maps

𝑓𝑖 = exp−1
𝑥𝑖

◦ 𝑣̃𝑘 ◦ 𝜓𝛾,𝜈 .

For 𝑗 ∈ {−1, 0, 1} we define

𝑞𝑖, 𝑗 :=
⨏
Ω𝑖+ 𝑗

𝑓𝑖 𝑑𝑥 ∈ 𝑇𝑥𝑖M̃ .

Then 𝑞𝑖,0 = 0 by the definition of the center of mass. Corollary 4.10 implies that���exp−1
𝑥𝑖
𝑥𝑖+ 𝑗 − 𝑞𝑖, 𝑗

��� ≤ 𝐶ℎ3
𝑘 for 𝑗 = ±1. (4.85)

Thus ����𝛾𝑝𝑤′
+ (𝑠𝑖) −

1
𝜀𝑘
𝑞𝑖,1

���� ≤ 𝐶ℎ2
𝑘 ,

����𝛾𝑝𝑤′
− (𝑠𝑖) +

1
𝜀𝑘
𝑞𝑖,−1

���� ≤ 𝐶ℎ2
𝑘 . (4.86)

Set
𝐴𝑖 := Ω𝑖−1 ∪Ω𝑖 ∪Ω𝑖+1.

Then the quantitative rigidity estimate in [4, Thm. 3.1] implies that there exist 𝑅𝑖 ∈ 𝑆𝑂 (𝑛) such that∫
𝐴𝑖

|𝑑𝑓𝑖 − 𝑅𝑖 |
2
𝑑𝑥 ≤

∫
𝐴𝑖

dist2(𝑑𝑓𝑖 , 𝑆𝑂 (𝑛)) 𝑑𝑥.

It follows from (4.82) and the expansion of the metric in normal coordinates in M̃ and Fermi coordinates
in M that

dist(𝑑𝑓𝑖 , 𝑆𝑂 (𝑛)) ≤ dist(𝑑𝑣̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) ◦ 𝜓𝛾,𝜈 + 𝐶ℎ
2
𝑘 .

Set
𝐸𝑘,𝑖 :=

⨏
𝐴𝑖

dist2(𝑑𝑣̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) ◦ 𝜓𝛾,𝜈 𝑑𝑥

and 𝑐𝑖 =
⨏
𝐴𝑖
𝑓𝑖 𝑑𝑥. Since

⨏
𝐴𝑖
𝑥 𝑑𝑥 = 𝑠𝑖𝑒1, the Poincaré inequality shows there exists a constant 𝐶 < ∞

such that

1
|𝐴𝑖 |

∫
𝐴𝑖

| 𝑓𝑖 (𝑥) − 𝑅𝑖 (𝑥 − 𝑠𝑖𝑒1) − 𝑐𝑖 |
2
𝑑𝑥

≤
𝐶ℎ

2
𝑘

|𝐴𝑖 |

∫
𝐴𝑖

|𝑑𝑓𝑖 − 𝑅𝑖 |
2
𝑑𝑥
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≤
𝐶ℎ

2
𝑘

|𝐴𝑖 |

∫
𝐴𝑖

dist2(𝑑𝑓𝑖 , 𝑆𝑂 (𝑛)) 𝑑𝑥 ≤ 𝐶ℎ2
𝑘 (𝐸𝑘,𝑖 + ℎ

4
𝑘). (4.87)

Since
⨏
Ω𝑖
𝑓𝑖 𝑑𝑥 = 𝑞𝑖,0 = 0 by the definition of the center of mass, and

∫
Ω𝑖
(𝑥 − 𝑠𝑖𝑒1) = 0, Jensen’s inequality

implies that

|𝑐𝑖 | =
�����⨏Ω𝑖

𝑓𝑖 − 𝑅𝑖 (𝑥 − 𝑠𝑖𝑒𝑖) − 𝑐𝑖 𝑑𝑥
����� ≤ 𝐶ℎ𝑘 (𝐸1/2

𝑘,𝑖
+ ℎ2

𝑘).

Similarly, by integrating over Ω𝑖−1 and Ω𝑖+1 and using the estimate for 𝑐𝑖 we get

|𝑞𝑖,−1 − 𝑅𝑖 (−𝜀𝑘𝑒𝑖) | ≤ 𝐶ℎ𝑘 (𝐸
1/2
𝑘,𝑖

+ ℎ2
𝑘), |𝑞𝑖,1 − 𝑅𝑖 (𝜀𝑘𝑒𝑖) | ≤ 𝐶ℎ𝑘 (𝐸

1/2
𝑘,𝑖

+ ℎ2
𝑘).

In combination with (4.86) we get ��𝛾𝑝𝑤′
± (𝑠𝑖) − 𝑅𝑖𝑒𝑖

�� ≤ 𝐶 (𝐸1/2
𝑘,𝑖

+ ℎ2
𝑘) (4.88)

and, in particular, ��𝛾𝑝𝑤′
+ (𝑠𝑖) − 𝛾

𝑝𝑤′
− (𝑠𝑖)

�� ≤ 𝐶 (𝐸1/2
𝑘,𝑖

+ ℎ2
𝑘). (4.89)

Since det𝐷𝜓 is bounded from above and below we deduce from (4.80) that

𝑁−2∑︁
𝑖=−𝑁+1

𝐸𝑘,𝑖 ≤ 𝐶
2𝐿
𝜀𝑘

⨏
Ω
∗
ℎ𝑘

dist2(𝑑𝑣̃𝑘 , 𝑆𝑂 (𝑔, 𝑔̃)) 𝑑 VolM ≤ 𝐶ℎ3
𝑘 (4.90)

and hence
∑𝑁−2

𝑖=−𝑁+1 𝐸
1/2
𝑘,𝑖

≤ 𝐶𝑁1/2
ℎ

3/2
𝑘

≤ 𝐶ℎ𝑘 . Thus we finally get

𝑁−2∑︁
𝑖=−𝑁+1

��𝛾𝑝𝑤′
+ (𝑠𝑖) − 𝛾

𝑝𝑤′
− (𝑠𝑖)

�� ≤ 𝐶ℎ𝑘 . (4.91)

The estimate (4.90) implies 𝐸𝑘,𝑖 ≤ 𝐶ℎ
3/2
𝑘

for each 𝑖. Since |𝛾𝑝𝑤′ | is constant on the segments where 𝛾𝑝𝑤

is a geodesic, it follows from (4.88) that

sup
𝑠∈[−𝐿,𝐿 ]

��|𝛾𝑝𝑤′(𝑠) | − 1
�� ≤ 𝐶ℎ3/2

𝑘
. (4.92)

Using Lemma 4.25, we see that there exists a unit speed geodesic 𝛾̌𝑘 such that

sup
𝑡∈[−𝐿,𝐿 ]

dist𝑀̃ (𝛾𝑝𝑤 (𝑡), 𝛾̌𝑘 (𝑡)) ≤ 𝐶ℎ𝑘 .

Combining this estimate with (4.83), we get (4.81).

Step 6 (Compactness). Choose a parallel orthonormal frame 𝜈̌ along 𝛾̌ and let Φ𝛾̌,𝜈̌ be the corresponding
lifting map constructed in Lemma 4.5. Set

𝑣̌𝑘 (𝑥) := Φ𝛾̌,𝜈̌ (𝑥1, 𝜈̃𝑘 ◦ 𝜓𝛾,𝜈 ◦ 𝐼ℎ𝑘 (𝑥)).

Then

𝜓𝛾̌,𝜈̌ ◦ 𝑣̌𝑘 = 𝜈̃𝑘 ◦ 𝜓𝛾,𝜈 ◦ 𝐼ℎ𝑘 .
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It follows from the expansion of the metric in Fermi coordinates and the estimate (4.81) that∫
Ω

dist2(𝑑ℎ𝑘 𝑣̌𝑘 , 𝑆𝑂 (𝑛)) 𝑑𝑥 ≤ 𝐶ℎ
4
𝑘 , (4.93)∫

Ω

����𝑣̌𝑘 (𝑥) − (
𝑥1
0

)����2 𝑑𝑥 ≤ 𝐶ℎ
2
𝑘 . (4.94)

The last estimate can be improved for the first component (𝑣𝑘)1(𝑥) − 𝑥1, at least on average, by a small
translation along the geodesic 𝛾̌. For 𝜏 = O(ℎ𝑘) define translated framed geodesics by

𝛾̌𝜏 (𝑥1) = 𝛾̌(𝑥1 + 𝜏), 𝜈̌𝜏 (𝑥1) = 𝜈̌(𝑥1 + 𝜏) .

Then
𝜓𝛾̌𝜏 ,𝜈̌𝜏

(𝑥1, 𝑥
′) = 𝜓𝛾̌,𝜈̌ (𝑥1 + 𝜏, 𝑥

′).

If we define
𝑣̌𝑘,𝜏 (𝑥) := Φ𝛾̌𝜏 ,𝜈̌𝜏

(𝑥1, 𝜈̃𝑘 ◦ 𝜓𝛾,𝜈 ◦ 𝐼ℎ𝑘 (𝑥)) , (4.95)

we see that
𝑣̌𝑘,𝜏 (𝑥) = 𝑣̌𝑘 (𝑥) − 𝜏𝑒1. (4.96)

Thus ⨏
Ω

(𝑣̌𝑘,𝜏)1(𝑥) − 𝑥1 𝑑𝑥 = −𝜏 +
⨏
Ω

(𝑣̌𝑘)1(𝑥) − 𝑥1 𝑑𝑥.

It follows from (4.94) that there exists a 𝜏 with |𝜏 | ≤ 𝐶ℎ𝑘 and⨏
Ω

(𝑣̌𝑘,𝜏)1(𝑥) − 𝑥1 𝑑𝑥 = 0.

Taking into account (4.96), (4.93), and (4.94) we see that the sequence 𝑘 ↦→ 𝑣̌𝑘,𝜏 satisfies the assumptions
of Corollary 4.13. Thus there exists 𝑅𝑘 ∈ 𝑆𝑂 (𝑛 − 1) such the sequence of maps 𝑣𝑘 , defined by

𝑣𝑘 =

(
1 0
0 𝑅𝑘

)𝑇
(𝑣̌𝑘,𝜏)

satisfies (4.35) and Properties 1 to 6 of Theorem 4.12. Set

𝛾̃𝑘 (𝑥1) = 𝛾̌𝜏 (𝑥1)

and define a parallel orthonormal frame along 𝛾̃𝑘 by

𝜈̃ 𝑗 (𝑥1) :=
𝑛∑︁
𝑙=2

(𝑅𝑘)𝑙 𝑗 (𝜈̌𝜏)𝑙 (𝑥1).

Since 𝛾̌𝑘 is a unit speed geodesic we have dist𝑀̃ (𝛾̃𝑘 (𝑥1), 𝛾̌𝑘 (𝑥1)) ≤ 𝜏 ≤ 𝐶ℎ𝑘 . Thus it follows from (4.81)
that

sup
𝑥∈Ωℎ𝑘

dist(𝑣̃𝑘 (𝑥), 𝛾̃𝑘 (𝑥1)) ≤ 𝐶ℎ𝑘 . (4.97)
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Using that 𝑅𝑇
𝑘 𝑅𝑘 = Id we get

𝜓𝛾̃,𝜈̃ (𝑣𝑘 (𝑥)) = exp𝛾̃ (𝑣1 (𝑥 ) )

𝑛∑︁
𝑗=2
𝜈̃ 𝑗 (𝑥1)

𝑛∑︁
𝑖=2

(𝑅𝑘)𝑖 𝑗 (𝑣̌𝑘,𝜏)𝑙 (𝑥)

= exp𝛾̃ ( (𝑣̌𝑘,𝜏 )1 (𝑥 ) )

𝑛∑︁
𝑖, 𝑗 ,𝑙=2

(𝜈̌𝑘,𝜏)𝑙 (𝑥1) (𝑅𝑘)𝑙 𝑗 (𝑅𝑘)𝑖 𝑗 𝑣̌𝑘,𝜏 (𝑥)

=𝜓𝛾̌𝜏 ,𝜈̌𝜏
(𝑣̌𝑘,𝜏 (𝑥)).

Using (4.95) we get
𝜓𝛾̃,𝜈̃ ◦ 𝑣𝑘 = 𝑣̃𝑘 ◦ 𝜓 ◦ 𝐼ℎ𝑘 , (4.98)

and we have seen that the sequence 𝑘 ↦→ 𝑣𝑘 satisfies (4.35) and Properties 1 to 6 of Theorem 4.12.
Finally, the compactness of M̃ implies that the space of framed unit speed geodesics on (−𝐿, 𝐿) is

compact, since a framed unit speed geodesic (𝛾̃, 𝜈̃) is determined by 𝛾̃(0) and an orthonormal frame in
𝑇𝛾 (0)M̃ and the geodesic and its frame depend continuously on these data. Thus there exists a subsequence
such that (𝛾̃𝑘 , 𝜈̃𝑘) converges to a framed unit speed geodesic (𝛾̃, 𝜈̃). This concludes the proof of assertion (i)
of Theorem 4.20. □

Lemma 4.25 (Approximation of piecewise geodesics by geodesics). Let M̃ be a smooth, compact
Riemannian manifold. Let 𝛿 > 0 be as in Lemma 4.5. Then there exists a constant 𝐶 > 0 with the following
property.

Let 𝛾𝑝𝑤 : [0,∞) → M̃ be continuous and assume that there exist 0 < 𝑡1 < . . . 𝑡𝐽 < ∞ such that
𝛾 | (𝑡𝑖 ,𝑡𝑖+1 ) is a geodesic, for 𝑖 = 0, . . . 𝐽 with 𝑡0 = 0 and 𝑡𝐽+1 = ∞. Assume further that

|𝛾′(𝑡−𝑗 ) − 𝛾
′(𝑡+𝑗 ) | ≤ 𝐹𝑗 for 𝑗 = 1, . . . , 𝐽, (4.99)

where 𝛾′(𝑡−𝑗 ) is the derivative at 𝑡 𝑗 of the extension of the geodesic defined on (𝑡 𝑗−1, 𝑡 𝑗) and 𝛾′(𝑡+𝑗 ) is the
derivative at 𝑡 𝑗 of the extension of the geodesic defined on (𝑡 𝑗 , 𝑡 𝑗+1). Assume also that�� |𝛾′𝑝𝑤 (0+) | − 1

�� ≤ 𝐹0 (4.100)

and
𝐽∑︁
𝑗=0

𝐹𝑗 ≤
1
2
. (4.101)

Set
𝜔(𝑡) := 𝑒𝐶𝑡

𝐹0 +
∑︁
𝑘:𝑡𝑘<𝑡

𝐶𝑒
𝐶 (𝑡−𝑡𝑘 )𝐹𝑘 . (4.102)

Let 𝛾̃ : R → M̃ be the unit speed geodesic with 𝛾̃(0) = 𝛾𝑝𝑤 (0) and 𝛾′(0) = 𝛾′𝑝𝑤 (0
+)/|𝛾𝑝𝑤 (0

+) |. Then

𝑑M̃ (𝛾𝑝𝑤 (𝑡), 𝛾̃(𝑡)) ≤ 2𝜔(𝑡) if 𝜔(𝑡) < 𝛿

4
. (4.103)

Proof. This is a natural adaptation of the standard Gronwall type estimate for differences of approximate
solutions of the geodesic equation 𝑦′′ = Γ(𝑦′, 𝑦′) + 𝑓 with 𝑓 ∈ 𝐿1 to the case where 𝑓 is a finite sum of
Dirac masses.

Since 𝛾𝑝𝑤 is a geodesic on (𝑡𝑖 , 𝑡𝑖+1), the speed |𝛾′𝑝𝑤 (𝑡) | is constant in this interval. Thus, it follows
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from (4.99), (4.100), and (4.101) that

|𝛾′𝑝𝑤 (𝑡) | ≤ 2 for 𝑡 ∉
{
𝑡1, . . . , 𝑡𝐽

}
. (4.104)

Set 𝑣 = 𝛾′𝑝𝑤 (0
+)/|𝛾𝑝𝑤 (0

+) |. By (4.100) we have

|𝛾′𝑝𝑤 (0
+) − 𝑣 | ≤ 𝐹0. (4.105)

Let 𝛾̃ : R → M̃ be the geodesic with

𝛾̃(0) = 𝛾𝑝𝑤 (0), 𝛾̃
′(0) = 𝑣.

Fix a parallel orthonormal frame 𝜈̃ of the normal bundle of 𝛾̃ and let 𝜓̃ = 𝜓̃𝛾̃,𝜈̃ be the Fermi coordinate
map.

We will show the following: if

sup
𝑡∈[0,𝐿′ )

𝑑M̃ (𝛾𝑝𝑤 (𝑡), 𝛾̃(𝑡)) < 𝛿/2 (4.106)

for some 𝐿′ > 0, then
𝑑M̃ (𝛾𝑝𝑤 (𝑡), 𝛾̃(𝑡)) ≤ 2𝜔(𝑡) for all 𝑡 ∈ [0, 𝐿′). (4.107)

From this the assertion of the lemma follows by the usual continuation argument.

Now assume that (4.106) holds for some 𝐿′ > 0. Let Φ̃ be the map in the lifting lemma, Lemma 4.5,
and define, for 𝑥1 ∈ [0, 𝐿′)

𝑦𝑝𝑤 (𝑥1) := Φ̃(𝑥1, 𝛾𝑝𝑤 (𝑥1)).

Then 𝜓̃ ◦ 𝑦𝑝𝑤 = 𝛾𝑝𝑤 and 𝑦𝑝𝑤 satisfies the geodesic equation

𝑦
′′
𝑝𝑤 (𝑡) = Γ(𝑦𝑝𝑤 (𝑡)) (𝑦

′
𝑝𝑤 (𝑡), 𝑦

′
𝑝𝑤 (𝑡)) for 𝑡 ∈ (𝑡𝑖 , 𝑡𝑖+1). (4.108)

where Γ denotes the Christoffel symbols in Fermi coordinates. The lift of 𝛾̃ is given by the trivial map

𝑦̃(𝑡) = (𝑡, 0).

Let

𝑧(𝑡) = 𝑦𝑝𝑤 (𝑡) − 𝑦̃(𝑡).

In Fermi coordinates we have Γ((𝑡, 0)) = 0. Since M̃ is smooth an compact and |𝑦′𝑝𝑤 | ≤ 2, it follows that
there exists a constant 𝐶 which only depends on M̃ such that

|𝑧′′(𝑡) | ≤ 𝐶 |𝑧(𝑡) | for 𝑡 ∈ (𝑡𝑖 , 𝑡𝑖+1). (4.109)

Considering the vector
( 𝑧
𝑧
′
)
, we get from the Gronwall inequality����( 𝑧𝑧′) (𝑡)���� ≤ 𝑒𝐶 (𝑡−𝑡𝑖 )

����( 𝑧𝑧′) (𝑡+𝑖 )���� if 𝑡 ∈ (𝑡𝑖 , 𝑡𝑖+1). (4.110)
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Moreover, (after enlarging 𝐶 if necessary) we have����( 𝑧𝑧′) (𝑡+𝑖 ) − (
𝑧

𝑧
′

)
(𝑡−𝑖 )

���� = |𝑧′(𝑡+𝑗 ) − 𝑧
′(𝑡−𝑗 ) | ≤ 𝐶𝐹𝑘 ,

����( 𝑧𝑧′) (0+)���� ≤ 𝐹0. (4.111)

Note that |𝑧′(𝑡+𝑗 ) − 𝑧
′(𝑡−𝑗 ) | refers to the Euclidean norm in R𝑛 while the definition of 𝐹𝑘 involves the norm

given by the metric on 𝑀̃ . Thus the constant 𝐶 arises from the estimate of the metric in Fermi coordinates.
We define

𝛼(𝑡) := 𝑒−𝐶𝑡

����( 𝑧𝑧′) (𝑡)����
for 𝑡 ∉

{
𝑡1, . . . , 𝑡𝐽

}
and similarly we define 𝛼(𝑡±𝑗 ). Then (4.109) and (4.110) imply that

𝛼(𝑡) ≤ 𝐹0 +
∑︁

𝑘≥1:𝑡𝑘≤𝑡
𝐶𝑒

−𝐶𝑡𝑘𝐹𝑘 , (4.112)

where for 𝑡 ∈
{
𝑡1, . . . , 𝑡 𝑗

}
the estimate holds for 𝛼(𝑡−) and 𝛼(𝑡+). It follows that

|𝑧(𝑡) | ≤ 𝜔(𝑡) for 𝑡 ∈ [0, 𝐿′).

By Lemma 4.5 we have |𝐷Φ̃| ≤ 2 in a convex set which contains the values of 𝑦𝑝𝑤 (𝑡) and 𝑦̃(𝑡). Hence

𝑑M̃ (𝛾𝑝𝑤 (𝑡), 𝛾̃(𝑡)) ≤ 2|𝑧(𝑡) | ≤ 2𝜔(𝑡). □

4.5 Convergence of the energy

Define

𝑚
𝛾̃,𝜈̃ := inf

(𝑤,𝑦,𝑍,𝛽) ∈X
I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽).

Theorem 4.26. Let M be complete, M̃ compact and let (𝛾, 𝜈) be a framed unit speed geodesic in M. Then

lim
ℎ→0

1
ℎ

4 inf
𝑢∈𝑊1,2 (Ω∗

ℎ;M̃)
𝐸ℎ (𝑢) = 𝑚 := min

G
𝑚

𝛾̃,𝜈̃
, (4.113)

where G denotes the set of all framed unit speed geodesics (𝛾̃, 𝜈̃) in M̃.

Proof. This is a standard consequence of Theorem 4.20. We include the details for the convenience of the
reader. First, note that G is isomorphic to the set M̃ × 𝑆𝑂 (𝑛) and therefore compact.

Consider the map 𝑓 : (𝛾̃, 𝜈̃) ↦→ 𝑚
𝛾̃,𝜈̃ . Clearly 𝑓 is continuous. Since G is compact, the minimum on the

right hand side of (4.113) exists.
Upper bound: Set 𝐿+ := lim supℎ→0 ℎ

−4 inf
𝑢̃∈𝑊1,2 (Ω∗

ℎ;M̃) 𝐸ℎ (𝑢̃) and let ℎ𝑘 → 0 be a subsequence which
realizes the limit superior. Let (𝛾̃, 𝜈̃) be a framed unit speed geodesic and let 𝑥 ∈ X be a minimizer of
I 𝛾̃,𝜈̃ . It follows from Theorem 4.20 (iii) that 𝐿+ ≤ 𝑚 𝛾̃,𝜈̃ . Optimizing over (𝛾̃, 𝜈̃) we get 𝐿+ ≤ 𝑚.

Lower bound: Set 𝐿− := lim infℎ→0 ℎ
−4 inf

𝑢̃∈𝑊1,2 (Ω∗
ℎ;M̃) 𝐸ℎ (𝑢̃) and let ℎ𝑘 → 0 be a subsequence which
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realizes the limit inferior. Then there exist maps 𝑢̃𝑘 such that

lim
𝑘→∞

1
ℎ

4
𝑘

𝐸ℎ𝑘
(𝑢̃𝑘) = 𝐿

−
.

By Theorem 4.20 (i) there exists a subsequence 𝑢𝑘 𝑗
which converges to (𝛾̃, 𝜈̃, 𝑥) with 𝑥 ∈ X in the sense of

Definition 4.14. By Theorem 4.20 (ii) we have 𝐿− ≥ I 𝛾̃,𝜈̃ (𝑥) ≥ 𝑚. □

4.6 Minimization of the limiting functional

Recall that the T̃ := T R̃
𝛾̃,𝜈̃ : (−𝐿, 𝐿) → R𝑛×𝑛 and T := T R

𝛾,𝜈 : (−𝐿, 𝐿) → R𝑛×𝑛 describe the quadratic
correction between metric in Fermi coordinates in M̃ and M, respectively, and the Euclidean metric,
see (4.16).

Theorem 4.27. The infimum of the functional I 𝛾̃,𝜈̃ , defined in (4.63), is attained on X and we have

𝑚
𝛾̃,𝜈̃ := min

(𝑤,𝑦,𝑍,𝛽) ∈X
I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽) = min

𝛽∈B
J 𝛾̃,𝜈̃ (𝛽), (4.114)

where

J 𝛾̃,𝜈̃ (𝛽) =
⨏ 𝐿

−𝐿

⨏
𝐵1 (0)

|T̂11(𝑥1, 𝑥
′) − T̂ 11(𝑥1) |

2
𝑑𝑥

′
𝑑𝑥1

+ 1
2

⨏ 𝐿

−𝐿

⨏
𝐵1 (0)

𝑛∑︁
𝑗=2

|𝜕𝑥 𝑗
𝛽1(𝑥) + T̂1 𝑗 (𝑥1, 𝑥

′) |2 𝑑𝑥′ 𝑑𝑥1

+
⨏ 𝐿

−𝐿

⨏
𝐵1 (0)

| sym∇′
𝛽
′(𝑥) + T̂ ′′(𝑥1, 𝑥

′) |2 𝑑𝑥′ 𝑑𝑥1, (4.115)

with

T̂𝑖 𝑗 = T̃𝑖 𝑗 − T𝑖 𝑗 , (4.116)

T̂ 11(𝑥1) =

⨏
𝐵1 (0)

T̂11(𝑥1, 𝑥
′) 𝑑𝑥′ , (4.117)

and where T̂ ′′ denotes the (𝑛 − 1) × (𝑛 − 1) submatrix of T̂ corresponding to the entries 𝑖, 𝑗 ≥ 2.

It is easy to see that the infimum of the quadratic functional J is attained, see Proposition 4.29 below.
Since J is a quadratic functional in 𝛽, its minimizers depends linearly on T̂ . It follows that 𝑚 𝛾̃,𝜈̃ is a
quadratic form in the difference of the curvature tensors R̃ − R along the framed unit speed geodesics
(𝛾, 𝜈) and (𝛾̃, 𝜈̃), respectively. Indeed, the minimization of J over 𝛽 can be carried out separately for each
𝑥1, since the functional does not involve derivatives of 𝛽 with respect to 𝑥1. Thus there exists a quadratic
from Q on the space of 4-tensors which satisfy the symmetries of the curvature tensor such that

𝑚
𝛾̃,𝜈̃

=

⨏ 𝐿

−𝐿
Q

(
R̃ (𝑥1) − R(𝑥1)

)
𝑑𝑥1. (4.118)

In addition, Q has the following properties.
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Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

Corollary 4.28. The quadratic form Q is positive definite on the space of 4-tensors A which have the
symmetries of the curvature tensor2 and on those tensors it can be written as

Q(A) = Q1(A
par) + Q2(A

′) + Q3(A
′′), (4.119)

where
Apar

𝑘𝑙
= A1𝑘1𝑙, A′

𝑗𝑘𝑙 = A1𝑘 𝑗𝑙 , A′′
𝑖𝑘 𝑗𝑙 = A𝑖𝑘 𝑗𝑙, for 𝑖, 𝑗 , 𝑘, 𝑙 ≥ 2 (4.120)

and

Q1(A
par) 1

2(𝑛 + 1) (𝑛 + 3) |A
par |2 − 1

2(𝑛 + 1)2(𝑛 + 3)
(
trApar)2

, (4.121)

Q2(A
′) = min

𝑏1

1
2

∫
{0}×𝐵1 (0)

∑︁
𝑗≥2

(
𝜕𝑥 𝑗
𝑏1(𝑥

′) − 1
3
A′

𝑗𝑘𝑙𝑥
′
𝑘𝑥

′
𝑙

)2
𝑑𝑥

′
, (4.122)

Q3(A
′′) = min

𝑏
′

∫
{0}×𝐵1 (0)

∑︁
𝑖, 𝑗≥2

(
(sym∇′

𝑏
′)𝑖 𝑗 (𝑥

′) − 1
6
A′′

𝑖𝑘 𝑗𝑙𝑥
′
𝑘𝑥

′
𝑙

)
𝑑𝑥

′
. (4.123)

Note that Q1 is positive definite since (trApar)2 ≤ (𝑛 − 1) |𝐴par |2.
In particular, we have limℎ→0 ℎ

−4 inf𝑢̃ 𝐸ℎ (𝑢̃) = 0 if and only if R̃ (𝑥1) = R(𝑥1) for every 𝑥1 ∈ (−𝐿, 𝐿).

We note that the expression for Q3, which captures the behavior normal to 𝛾̃ agrees with the formula for
the optimal embedding of (𝑛 − 1) dimensional balls derived in [9].

We will prove Corollary 4.28] at the end of this section. We first recall the following classical result
which implies that the functional J attains its minimum.

Proposition 4.29. Let 𝐵1(0) ⊂ R𝑛−1 and consider the function spaces

ℬ1 :=
{
𝑏 ∈ 𝑊1,2(𝐵1(0)) :

∫
𝐵1 (0)

𝑏 𝑑𝑥
′
= 0

}
,

ℬ
′ :=

{
𝑏
′ ∈ 𝑊1,2(𝐵1(0);R

𝑛−1) :
∫
𝐵1 (0)

𝑏
′
𝑑𝑥

′
= 0, skew

(∫
𝐵1 (0)

∇′
𝑏 𝑑𝑥

)
= 0

}
,

where ∇′
= (𝜕𝑥1

, . . . , 𝜕𝑥𝑛−1
). Then the following assertions hold.

1. If 𝑓 ∈ 𝐿2(𝐵1(0);R
𝑛−1) and 𝑓

′ ∈ 𝐿2(𝐵1(0);R
(𝑛−1)×(𝑛−1) ) then there exists a unique 𝑏1 ∈ ℬ1 and

a unique 𝑏
′ ∈ ℬ

′ such that

∥ 𝑓 + ∇′
𝑏1∥𝐿2 = min

𝑏1∈ℬ1
∥ 𝑓 + ∇′

𝑏1∥𝐿2 , ∥ 𝑓 ′ + ∇′
𝑏
′∥

𝐿
2 = min

𝑏
′∈ℬ′

∥ 𝑓 + ∇′
𝑏
′∥

𝐿
2 .

Moreover, the maps 𝑓 ↦→ 𝑏1 and 𝑓
′ ↦→ 𝑏

′
are linear and ∥𝑏1∥𝐿2 ≤ ∥ 𝑓 ∥

𝐿
2 and ∥𝑏′∥

𝐿
2 ≤ ∥ 𝑓 ′∥

𝐿
2 .

2. If 𝑓 ′ : 𝐵1(0) → R(𝑛−1)×(𝑛−1) is affine and ( 𝑓 ′)𝑇 = 𝑓
′ then there exists a unique 𝑏′ ∈ ℬ

′ such that

sym(∇′
𝑏
′) = 𝑓

′
.

2 I.e., A𝑖 𝑗𝑘𝑙 = −A 𝑗𝑖𝑘𝑙 = −A𝑖 𝑗𝑙𝑘 = A𝑘𝑙𝑖 𝑗 and A𝑖 𝑗𝑘𝑙 + A𝑖𝑘𝑙 𝑗 + A𝑖𝑙 𝑗𝑘 = 0
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Proof. By the Poincaré inequality the space
{
∇′
𝑏1 : 𝑏1 ∈ ℬ1

}
is a closed subspace of 𝐿2. Hence 𝑏1 is

given by the orthogonal projection of − 𝑓 onto that subspace. Similarly, the space
{
∇′
𝑏
′ : 𝑏′ ∈ ℬ

′} is a
closed subspace of 𝐿2 by the Korn and the Poincaré inequalities and 𝑏

′
is the orthogonal projection of − 𝑓 ′

onto that subspace. This concludes the proof Assertion 1.
Assertion 2 is well known. Indeed, if 𝑓 ′𝑖 𝑗 (𝑥) = 𝐴𝑖 𝑗𝑘𝑥𝑘𝑛 + 𝑎𝑖 𝑗 with 𝐴𝑖 𝑗𝑘 = 𝐴 𝑗𝑖𝑘 and 𝑎𝑖 𝑗 = 𝑎 𝑗𝑖, then it

suffices to take
𝑏
′
𝑖 (𝑥) =

1
2
(𝐴𝑖 𝑗𝑘 − 𝐴 𝑗𝑘𝑖 + 𝐴𝑘𝑖 𝑗)𝑥 𝑗𝑥𝑘 + 𝑎𝑖 𝑗𝑥 𝑗 .

Uniqueness follows from Korn’s inequality. □

Proof of Theorem 4.27. It follows from Proposition 4.29 that attains 𝐽 its minimum on B. Indeed, the
minimizer 𝛽 is given by

𝛽(𝑥1, 𝑥
′) =

((𝑏𝑥1
)1(𝑥

′)

(𝑏′𝑥1
)1(𝑥

′)

)
,

where (𝑏𝑥1
)1(𝑥

′) ∈ ℬ1 is the minimizer in Proposition 4.29 for 𝑓 (𝑥′) = (T̂12(𝑥1, 𝑥
′), . . . T̂1𝑛 (𝑥1, 𝑥

′)) and
(𝑏′𝑥1

) (𝑥′) ∈ ℬ
′ is the minimizer for 𝑓 ′(𝑥′) = T̂ ′′(𝑥1, 𝑥

′).
Set

𝑚 = min
𝛽∈B

J 𝛾̃,𝜈̃ (𝛽).

We next show that 𝑚 𝛾̃,𝜈̃ ≤ 𝑚. We first note that for 𝑦 = 0, 𝑍 = 0 we have 𝐴 = 0 and

sym𝐺 (𝑥) + T̃ (𝑥1, 𝑦(𝑥1) + 𝑥
′) − T (𝑥1) = sym

((
𝜕𝑥1
𝑤1

0

)����𝜕𝑥2
𝛽

���� . . . ����𝜕𝑥𝑛𝛽) + T̂ .

If we take

𝜕𝑥1
𝑤(𝑥1) = −

⨏
𝐵1 (0)

T̂11(𝑥1, 𝑥
′) 𝑑𝑥′,

then we get

𝑚
𝛾̃,𝜈̃ ≤ I 𝛾̃,𝜈̃ (𝑤, 0, 0, 𝛽)

=

⨏ 𝐿

−𝐿

⨏
𝐵1 (0)

����sym
((
𝜕𝑥1
𝑤1

0

)
|𝜕𝑥2

𝛽 | . . . |𝜕𝑥𝑛𝛽
)
+ T̂

����2 𝑑𝑥′ 𝑑𝑥1

=J 𝛾̃,𝜈̃ (𝛽) = 𝑚.

Thus it suffices to show that I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽) ≥ 𝑚. Then the infimum of I 𝛾̃,𝜈̃ is attained by (𝑤, 0, 0, 𝛽)
and 𝑚 𝛾̃,𝜈̃

= 𝑚. To get a lower bound for I 𝛾̃,𝜈̃ we first note that for each 𝑥1 ∈ (−𝐿, 𝐿) the map

𝑥
′ ↦→ L(𝑥1, 𝑥

′) := T̃ (𝑥1, 𝑦(𝑥1) + 𝑥
′) − T̃ (𝑥1, 𝑥

′) − T̃ (𝑥1, 𝑦(𝑥1))

is linear, since 𝑧′ ↦→ T̃ (𝑥1, 𝑧
′) is a quadratic form. Recalling the definition of I 𝛾̃,𝜈̃ in (4.63)–(4.65) we get

I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽) =
⨏ 𝐿

−𝐿

⨏
𝐵1 (0)

|𝐹 |2 𝑑𝑥′ 𝑑𝑥1
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where

𝐹 (𝑥) =
(
𝐹11(𝑥) (𝐹′)𝑇 (𝑥)
𝐹
′(𝑥) 𝐹

′′

)
= sym

( (
𝜕𝑥1
𝑤(𝑥1)

)
𝑒1 + (𝜕𝑥1

𝐴(𝑥1))
(

0
𝑥
′

)
𝜕𝑥2
𝛽 . . . 𝜕𝑥𝑛

𝛽

)
− 1

2
𝐴

2(𝑥1)

+ T̂ (𝑥) + L(𝑥1, 𝑥
′) + T̃ (𝑥1, 𝑦(𝑥1)).

If 𝑓 : 𝐵1(0) → R is symmetric, i.e., 𝑓 (−𝑥) = 𝑓 (𝑥) and 𝑓 : 𝐵1(0) → R is antisymmetric then∫
𝐵1 (0)

𝑓 𝑓 𝑑𝑥
′
= 0. Moreover

∫
𝐵1 (0)

| 𝑓 |2 𝑑𝑥′ ≥
∫
𝐵1 (0)

����� 𝑓 − ⨏
𝐵1 (0)

𝑓

�����2 𝑑𝑥′.
Thus we get ∫

𝐵1 (0)
𝐹

2
11(𝑥1, 𝑥

′) 𝑑𝑥′ ≥
∫
𝐵1 (0)

�����T̂ (𝑥1, 𝑥
′) −

⨏
𝐵1 (0)

T̂ (𝑥1, 𝑥
′) 𝑑𝑥′

�����2 𝑑𝑥′ . (4.124)

To estimate 𝐹′, define the symmetric and antisymmetric part of a map 𝑓
′ : Ω → R𝑛−1 by 2 𝑓 ′𝑠 (𝑥1, 𝑥

′) =
𝑓
′(𝑥1, 𝑥

′) + 𝑓 (𝑥1, 𝑥
′) and 2 𝑓 ′𝑎 (𝑥1, 𝑥

′) = 𝑓
′(𝑥1, 𝑥

′) − 𝑓 (𝑥1, 𝑥
′) so that 𝑓 ′ = 𝑓

′
𝑠 + 𝑓

′
𝑎 Then we get

2
∫
𝐵1 (0)

|𝐹′(𝑥1, 𝑥
′) |2 𝑑𝑥′ ≥ 1

2

∫
𝐵1 (0)

| (∇′
𝛽1)𝑠 (𝑥1, 𝑥

′) + 𝑐(𝑥1) + T̂ ′(𝑥1, 𝑥
′) |2 𝑑𝑥′

≥ 1
2

min
𝛽1

∫
𝐵1 (0)

|∇′
𝛽1(𝑥1, 𝑥

′) + T̂ ′(𝑥1, 𝑥
′) |2 𝑑𝑥′ . (4.125)

For the second inequality if suffices to note that the function

𝛽(𝑥) :=
1
2

(
𝛽(𝑥1, 𝑥

′) − 𝛽(𝑥1,−𝑥
′)
)
+ 𝑐(𝑥1)𝑥

′

satisfies ∇′
𝛽 = (∇′

𝛽)𝑠 (𝑥1, 𝑥
′) + 𝑐(𝑥1).

Finally, to estimate 𝐹′′ we use that by Assertion 2 in Proposition 4.29 there exists a 𝛽′ : Ω → R𝑛−1 such
that

sym∇′
𝛽
′(𝑥1, 𝑥

′) =
[
−1

2
𝐴

2(𝑥1) + L(𝑥1, 𝑥
′) + T̃ (𝑥1)

] ′′
.

Thus ∫
𝐵1 (0)

|𝐹′′(𝑥1, 𝑥
′) |2 𝑑𝑥′ ≥

∫
𝐵1 (0)

| sym∇′
𝛽
′(𝑥1, 𝑥

′) + sym∇′
𝛽
′(𝑥1, 𝑥

′) + T̂ (𝑥1, 𝑥
′) | 𝑑𝑥′

≥ min
𝛽
′

∫
𝐵1 (0)

|∇′
𝛽
′(𝑥1, 𝑥

′) + T̂ ′′(𝑥1, 𝑥
′) |2 𝑑𝑥′ . (4.126)

Now it follows from (4.124), (4.125), and (4.126) that I 𝛾̃,𝜈̃ (𝑤, 𝑦, 𝑍, 𝛽) ≥ 𝑚. This concludes the proof of
Theorem 4.27. □
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4.6 Minimization of the limiting functional

Proof of Corollary 4.28. The last statement follows from the fact that Q is positive definite on the space of
tensors which have the symmetries of the curvature tensor and Theorem 4.26.

The formula (4.119) and the expressions (4.122) and (4.123) for Q2 and Q3 follow from the formula
(4.115) for J in Theorem 4.27 and the formulae for T and T̃ in (4.16). For Q1 we get

Q1(A
par) =

∫
{0}×𝐵1 (0)

1
4
|Apar

𝑘𝑙
𝑥
′
𝑘𝑥

′
𝑙 − 𝑐 |

2
=

1
4

∫
{0}×𝐵1 (0)

|Apar
𝑘𝑙
𝑥
′
𝑘𝑥

′
𝑙 |

2 − 1
4
𝑐

2
, (4.127)

with
𝑐 =

⨏
{0}×𝐵1 (0)

𝐴
par
𝑘𝑙
𝑥
′
𝑘𝑥

′
𝑙 𝑑𝑥

′
. (4.128)

To show the identity

Q1(A
par) = 1

2(𝑛 + 1) (𝑛 + 3) |A
par |2 − 1

2(𝑛 + 1)2(𝑛 + 3)
(
trApar)2

, (4.129)

for the symmetric matrix Apar, we first note that it suffices to show this identity for diagonal matrices, since
both sides are invariant under orthogonal transformations Apar ↦→ 𝑄

−1Apar
𝑄 with 𝑄 ∈ 𝑆𝑂 (𝑛). Here we

use that the measure 𝑛 − 1 dimensional Lebesgue measure on 𝐵1(0) is invariant under the action of 𝑄.
For diagonal matrices 𝐷, the map 𝐷 ↦→ Q1(𝐷) is a quadratic form of the diagonal entries (𝑑1, . . . , 𝑑𝑛−1)
which is invariant under permuation of the 𝑑𝑖 . Thus Q1 is of the form

Q1(𝐷) = 𝛼
∑︁
𝑖

𝑑
2
𝑖 + 𝛽(

∑︁
𝑖

𝑑𝑖)
2
= 𝛼 |𝐷 |2 + 𝛽(tr𝐷)2

.

To determine 𝛼 and 𝛽, we set 𝑚 = 𝑛 − 1 and use that

𝐼2 :=
⨏

{0}×𝐵1 (0)
𝑥
′
𝑗
2
𝑑𝑥

′
=

1
𝑚

⨏
𝐵1 (0)

|𝑥′ |2𝑑𝑥′ = 1
𝑚 + 2

.

and (see below for a proof)

𝐼4 :=
⨏

{0}×𝐵1 (0)
(𝑥′𝑗)

4
𝑑𝑥

′
=

3
(𝑚 + 2) (𝑚 + 4) (4.130)

Now the definition of Q1 implies that

4(𝑚𝛼 + 𝑚2
𝛽) = 4Q1(Id) =

⨏
{0}×𝐵1 (0)

|𝑥′ |4 𝑑𝑥′ − (𝑚𝐼2)
2
=

𝑚

𝑚 + 4
− 𝑚

2

(𝑚 + 2)2

=
4𝑚

(𝑚 + 2)2(𝑚 + 4)
, (4.131)

and

4(𝛼 + 𝛽) = 4Q1(𝑒1 ⊗ 𝑒1) = 𝐼4 − 𝐼
2
2 =

3(𝑚 + 2)
(𝑚 + 2)2(𝑚 + 4)

− 𝑚 + 4
(𝑚 + 2)2(𝑚 + 4)

(4.132)

=
2𝑚 + 2

(𝑚 + 2)2(𝑚 + 4)
. (4.133)
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Thus

4𝛽 =
1

𝑚 − 1
4 − 2𝑚 − 2

(𝑚 + 2)2(𝑚 + 4)
= − 2

(𝑚 + 2)2(𝑚 + 4)
,

4𝛼 =
2𝑚 + 4

(𝑚 + 2)2(𝑚 + 4)
=

2
(𝑚 + 2) (𝑚 + 4) .

Since 𝑚 = (𝑛 − 1), this is equivalent to the desired identity (4.129).

It only remains to show the identity (4.130) for 𝐼4. Denote by 𝐵𝑚
𝑅 the open ball of radius 𝑅 in R𝑚 and set

𝜔𝑚 := L𝑚(𝐵𝑚
1 ), 𝑎𝑘 =

∫ 𝜋/2

0
cos𝑘 𝑡 𝑑𝑡.

Using the substitution 𝑟 = sin 𝑡, we get

𝜔𝑚 =

∫
𝐵
𝑚
1

1 𝑑𝑦 =
∫ 1

0
1
∫
𝐵
𝑚−1√

1−𝑟2

𝑑𝑦
′
𝑑𝑟 =

∫ 1

0
(1 − 𝑟2) (𝑚−1)/2

𝜔𝑚−1 𝑑𝑟 = 𝜔𝑚−1𝑎𝑚 .

Using that sin4
𝑡 = (1 − cos2

𝑡)2
= 1 − 2 cos2

𝑡 + cos4
𝑡, we get similarly.

𝜔𝐼4 =

∫
𝐵

1
𝑚

𝑦
4
1 𝑑𝑥 =

∫ 1

0
𝑟

4
∫
𝐵
𝑚−1√

1−𝑟2

𝑑𝑦
′
𝑑𝑟 =

∫ 1

0
𝑟

4(1 − 𝑟2) (𝑚−1)/2
𝜔𝑚−1 𝑑𝑟

=

∫ 1

0
sin4

𝑡 cos𝑚 𝑡 𝑑𝑡 = 𝑎𝑚+4 − 2𝑎𝑚+2 + 𝑎𝑚 .

Integration by parts and the identity sin2
𝑡 = 1 − cos2

𝑡 give, for 𝑘 ≥ 2,

𝑎𝑘 =

∫ 𝜋/2

0
cos𝑘−1

𝑡 cos 𝑡 𝑑𝑡 =
∫ 𝜋/2

0
(𝑘 − 1) cos𝑘−2

𝑡 sin 𝑡 sin 𝑡 𝑑𝑡 = (𝑘 − 1) (𝑎𝑘−2 − 𝑎𝑘).

Thus 𝑎𝑘 = 𝑘−1
𝑘
𝑎𝑘−2 and hence

𝐼4 =
𝑎𝑚+4 − 2𝑎𝑚+2 + 𝑎𝑚

𝑎𝑚
=
𝑚 + 3
𝑚 + 4

𝑚 + 1
𝑚 + 2

− 2
𝑚 + 1
𝑚 + 2

+ 1

=
(𝑚 + 3) (𝑚 + 1) − 2(𝑚 + 1) (𝑚 + 4) + (𝑚 + 2) (𝑚 + 4)

(𝑚 + 2) (𝑚 + 4)

=
3

(𝑚 + 2) (𝑚 + 4) .

This concludes the proof of (4.130).

We now show that Q is positive definite (on the space of tensors which satisfy the symmetries of the
curvature tensor). It follows from the definition of the quadratic forms Q𝑖, that Q is positive semidefinite
on that space. To prove positive definiteness, assume that Q(A) = 0. Then

Q1(A
par) = 0, Q2(A

′) = 0, and Q3(A
′′) = 0.
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4.7 Uniqueness of the limit in XG/∼

By (4.129), we get Apar
= 0. The condition Q2(A

′) = 0 implies that there exists a 𝛽1 such that

−3𝜕𝑥 𝑗
𝛽1 = A1𝑘 𝑗𝑙𝑥𝑘𝑥𝑙 on {0} × 𝐵1(0)

and thus

−3𝜕𝑥𝑚𝜕𝑥 𝑗
𝛽1 = A1𝑚𝑗𝑙𝑥𝑙 + A1𝑙 𝑗𝑚𝑥𝑙 .

Since the second derivatives are symmetric this gives

0 = 𝐴1𝑚𝑗𝑙 + 𝐴1𝑙 𝑗𝑚 − 𝐴1 𝑗𝑚𝑙 − 𝐴1𝑙𝑚 𝑗 .

Now −𝐴1𝑙𝑚 𝑗 = 𝐴1𝑙 𝑗𝑚 and

0 = 𝐴1𝑙 𝑗𝑚 + 𝐴1 𝑗𝑚𝑙 + 𝐴1𝑚𝑙 𝑗 = 𝐴1𝑙 𝑗𝑚 − (−𝐴1 𝑗𝑚𝑙 + 𝐴1𝑚𝑗𝑙).

Thus 𝐴1𝑚𝑗𝑙 − 𝐴1 𝑗𝑚𝑙 = 𝐴1𝑙 𝑗𝑚 and hence 𝐴1𝑚𝑙 𝑗 = 0, for all 𝑚, 𝑙, 𝑗 ≥ 2.
Finally, using the compatibility conditions for a symmetrized gradient one easily concludes that

Q3(A
′′) = 0 implies that A′′

= 0, see, for example, [15] or [9]. □

4.7 Uniqueness of the limit in X
G
/∼

In this section we prove Proposition 4.17. In Proposition 4.17 two things vary. We have two uniformly
Lipschitz maps ˆ̃𝑣 and ˇ̃𝑣 which agree on a large set and we consider the lift with respect to two different
framed geodesics. Thus Proposition 4.17 will follow from Propositions 4.30 and 4.31 below, where we
consider separately the effects of changing ˆ̃𝑣 to ˇ̃𝑣 and of the lift with respect to two different framed
geodesics.

Proposition 4.30. Suppose that there exist Lipschitz maps ˆ̃𝑣 and ˇ̃𝑣 from Ω
∗
ℎ𝑘

= 𝜓(Ωℎ𝑘
) to M̃ with the

following properties:
sup
𝑘

max(Lip ˆ̃𝑣𝑘 ,Lip ˇ̃𝑣𝑘) ≤ 𝑙, (4.134)

sup
𝑘

1
ℎ

4
𝑘

𝜇

{
𝑥 ∈ Ω

∗
ℎ𝑘

: ˆ̃𝑣𝑘 (𝑥) ≠ ˇ̃𝑣𝑘 (𝑥)
}

𝜇(Ωℎ𝑘
) < ∞, (4.135)

where 𝜇 is the volume measure on M. Then

sup
𝑥∈Ω∗

ℎ𝑘

dist( ˆ̃𝑣(𝑥), ˇ̃𝑣(𝑥)) ≤ 𝐶ℎ1+3/𝑛
𝑘

. (4.136)

If, in addition, there exist framed unit speed geodesics (𝛾̌𝑘 , 𝜈̌𝑘) such that

sup
𝑘

1
ℎ𝑘

dist( ˇ̃𝑣𝑘 ◦ 𝜓(𝑥), 𝛾̌𝑘 (𝑥1)) < ∞. (4.137)

and if the lifts 𝑣̌𝑘 : Ω → R𝑛 defined by

𝜓̌𝑘 ◦ 𝑣̌𝑘 = ˇ̃𝑣𝑘 ◦ 𝜓 ◦ 𝐼ℎ𝑘
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satisfy Properties 1 to 6 of Theorem 4.12, then the lifts 𝑣̂𝑘 : Ω → R𝑛 defined by

𝜓̌𝑘 ◦ 𝑣̂𝑘 = ˆ̃𝑣𝑘 ◦ 𝜓 ◦ 𝐼ℎ𝑘

exist and
∥𝑣̂𝑘 − 𝑣̌𝑘 ∥𝐿2 (Ω) ≤ 𝐶ℎ

3+3/𝑛
𝑘

. (4.138)

Moreover, 𝑣̂𝑘 also satisfy Properties 1 to 6 of Theorem 4.12 and

(𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) = (𝑤̌, 𝑦̌, 𝑍̌ , 𝛽). (4.139)

Proof of Proposition 4.30. It follows from (4.135) that

𝜇

{
𝑥 ∈ Ω

∗
ℎ𝑘

: 𝑣̂𝑘 (𝑥) ≠ 𝑣̌𝑘 (𝑥)
}
= O(ℎ𝑛−1+4

𝑘 ).

Thus the radius of the largest ball in
{
𝑥 ∈ Ω

∗
ℎ𝑘

: 𝑣̂𝑘 (𝑥) ≠ 𝑣̌𝑘 (𝑥)
}

is bounded by O(ℎ1+3/𝑛
𝑘

). Together
with (4.134) this implies (4.136).

Thus
sup
𝑘

1
ℎ𝑘

dist(𝑣̂𝑘 ◦ 𝜓(𝑥), 𝛾̌𝑘 (𝑥1)) < ∞

and therefore the lift 𝑣̂𝑘 exists and

sup
𝑥∈Ω

|𝑣̂𝑘 (𝑥) − 𝑣̌𝑘 (𝑥) | ≤ 𝐶ℎ
1+3/𝑛
𝑘

,

L𝑛 (
{
𝑥 ∈ Ω : 𝑣̂𝑘 (𝑥) ≠ 𝑣̌𝑘 (𝑥)

}
≤ 𝐶ℎ4

𝑘 .

These two estimates imply (4.138). It follows from (4.138) that

1
ℎ

2
𝑘

∥ 𝑦̂𝑘 − 𝑦̌𝑘 ∥
𝐿

2 + 1
ℎ𝑘

∥𝑤̂𝑘 − 𝑤̌𝑘 ∥𝐿2 + 1
ℎ𝑘

∥ 𝑍̂ − 𝑍̌ ∥
𝐿

2 + ∥𝛽 − 𝛽∥
𝐿

2 ≤ 𝐶ℎ3/𝑛
𝑘
.

This implies (4.139). □

We now come to the heart of the matter, the change of the limits under the change of framed geodesics.

Proposition 4.31. Let 𝜓 = 𝜓𝛾,𝜈 and let 𝑣̃𝑘 be a sequence of Lipschitz maps from Ω
∗
ℎ𝑘

= 𝜓(Ωℎ𝑘
) to M̃

with sup𝑘 Lip 𝑣̃𝑘 ≤ 𝑙. Assume that there exist framed unit speed geodesics (𝛾̂𝑘 , 𝜈̂𝑘) and (𝛾̌𝑘 , 𝜈̌𝑘) such that

sup
𝑘

1
ℎ𝑘

sup
𝑥∈Ωℎ𝑘

dist(𝑣̃𝑘 ◦ 𝜓(𝑥), 𝛾̂𝑘 (𝑥1)) +
1
ℎ𝑘

sup
𝑥∈Ωℎ𝑘

dist(𝑣̃𝑘 ◦ 𝜓(𝑥), 𝛾̌𝑘 (𝑥1)) < ∞. (4.140)

Then there exist lifts 𝑣̂𝑘 : Ω → R𝑛 and 𝑣̌𝑘 : Ω → R𝑛 such that

𝜓̂𝑘 ◦ 𝑣̂𝑘 = 𝑣̃𝑘 ◦ 𝜓 ◦ 𝐼ℎ𝑘 , 𝜓̌𝑘 ◦ 𝑣̌𝑘 = 𝑣̃𝑘 ◦ 𝜓 ◦ 𝐼ℎ𝑘 ,

where 𝜓̂𝑘 and 𝜓̌𝑘 are the Fermi coordinate maps for the framed geodesics (𝛾̂𝑘 , 𝜈̂𝑘) and (𝛾̌𝑘 , 𝜈̌𝑘), respectively,
and where 𝐼ℎ𝑘 (𝑥1, 𝑥

′) = (𝑥1, ℎ𝑘𝑥
′). Assume that 𝑣̂𝑘 and 𝑣̌𝑘 satisfy Properties 1 to 6 of Theorem 4.12 and

let (𝛾̂, 𝜈̂, 𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) and (𝛾̌, 𝜈̌, 𝑤̌, 𝑦̌, 𝑍̌ , 𝛽) denote the corresponding limits defined in Definition 4.14.
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Then
(𝛾̂, 𝜈̂) = (𝛾̌, 𝜈̌) (4.141)

and there exists a Jacobi field 𝐽 : (−𝐿, 𝐿) → R𝑛 and an infinitesimal change of frame map 𝐵 : (−𝐿, 𝐿) →
R𝑛×𝑛

s𝑘𝑒𝑤 such that
𝐽1 = 0, 𝐵𝑒1 = 𝜕1𝐽, (4.142)

𝜕
2
𝑥1
𝐽 = −R̃(𝐽, 𝑒1)𝑒1 , (4.143)

and
𝜕𝑥1
𝐵 = −R̃(𝐽, 𝑒1) (4.144)

such that for 𝑗 , 𝑙 ≥ 2,

𝑍̂ 𝑗𝑙 = 𝑍̌ 𝑗𝑙 + 𝐵 𝑗𝑙 , (4.145)
𝑦̂ = 𝑦̌ + 𝐽 , (4.146)

𝜕𝑥1
𝑤̂(𝑥1) + T̃11(𝑥1, 𝑦̂(𝑥1)) = 𝜕𝑥1

𝑤̌(𝑥1) + T̃11(𝑥1, 𝑦̌(𝑥1))

+1
2
( 𝐴̂2 − 𝐴̌2)11(𝑥1) , (4.147)

𝜕𝑥 𝑗
𝛽1(𝑥1, 𝑥

′) + 2T̃1 𝑗 (𝑥1, 𝑦̂(𝑥1) + 𝑥
′) = ∇′

𝛽1(𝑥) + 2T̃1 𝑗 (𝑥1, 𝑦̌(𝑥1) + 𝑥
′)

𝑒 𝑗 · 𝜕𝑥1
(𝑍̌ − 𝑍̂) (𝑥1)𝑥

′ + ( 𝐴̂2 − 𝐴̌2)1 𝑗 (𝑥1) , (4.148)

(sym∇′
𝛽
′) 𝑗𝑙 (𝑥1, 𝑥

′) + T̃𝑗𝑙 (𝑥1, 𝑦̂(𝑥1) + 𝑥
′) = (sym∇′

𝛽
′) 𝑗𝑙 (𝑥1, 𝑥

′) + T̃𝑗𝑙 (𝑥1, 𝑦̌(𝑥1) + 𝑥
′)

+1
2
( 𝐴̂2 − 𝐴̌2) 𝑗𝑙 (𝑥1) , (4.149)

where ∇′
= (𝜕𝑥2

, . . . , 𝜕𝑥𝑛
), 𝛽′ = (𝛽2, . . . , 𝛽𝑛) and

𝐴̂ =

(
0 −(𝜕𝑥1

𝑦̂)𝑇

𝜕𝑥1
𝑦̂ 𝑍̂

)
, 𝐴̌ =

(
0 −(𝜕𝑥1

𝑦̌)𝑇

𝜕𝑥1
𝑦̌ 𝑍̌

)
.

Here we used the abbreviation T̃ = T R̃
𝛾̃,𝜈̃ with (𝛾̃, 𝜈̃) := (𝛾̂, 𝜈̂) = (𝛾̌, 𝜈̌).

Proof. It follows from (4.140) that lim𝑘→∞ sup𝑥1∈ (−𝐿,𝐿) dist(𝛾̂𝑘 (𝑥1), 𝛾̌𝑘 (𝑥1)) = 0. Hence 𝛾̂ = 𝛾̌ and we
will write

𝛾̃ := 𝛾̂ = 𝛾̌.

To prove the other assertions in Proposition 4.31, we will show in Proposition 4.32 below that there
exists a lift Φ𝑘 : Ω𝐶ℎ𝑘

→ R𝑛 such that
𝜓̌𝑘 = 𝜓̂𝑘 ◦Φ𝑘

and Φ𝑘 is well behaved, in particular |𝐷2
Φ𝑘 | = O(ℎ𝑘) and dist(𝐷Φ𝑘 , 𝑆𝑂 (𝑛)) = O(ℎ2

𝑘) on Ω𝐶ℎ𝑘
. It

follows from the definition of Φ𝑘 that 𝜓̂𝑘 ◦ 𝑣̂𝑘 = 𝜓̌𝑘 ◦ 𝑣̌𝑘 = 𝜓̂𝑘 ◦Φ𝑘 ◦ 𝑣̌𝑘 and hence

𝑣̂𝑘 = Φ𝑘 ◦ 𝑣̌𝑘 . (4.150)

The convergence properties of 𝑣̂𝑘 and 𝑣̌𝑘 will imply that ℎ−1
𝑘 (𝐷Φ𝑘 − Id) is bounded in 𝐿

2, and
in Proposition 4.33 we analyze the limits of ℎ−1

𝑘 (𝐷Φ𝑘 − Id) and ℎ
−2
𝑘

[
(𝐷Φ𝑇

𝑘𝐷Φ𝑘) − Id
]

and show
(4.142)–(4.144).

The formulae (4.145)–(4.149) then follow from Proposition 4.34 below. □
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Proposition 4.32. Let (M̃, 𝑔̃) be a smooth, oriented, compact Riemannian manifold. Let 𝐿 > 0 and 𝐶 > 0.
Then there exists a constant 𝐶′

> 0 with the following property. Let ℎ𝑘 > 0 with lim𝑘→∞ ℎ𝑘 = 0, and let
𝛾̂𝑘 and 𝛾̌𝑘 be unit speed geodesics in M̃ with

dist(𝛾̌𝑘 (𝑥1), 𝛾̂𝑘 (𝑥1)) ≤ 𝐶ℎ𝑘 for 𝑥1 ∈ (−𝐿, 𝐿). (4.151)

Let 𝜈̂
𝑘

and 𝜈̌
𝑘

be positively oriented orthonormal parallel frames of the normal bundles of 𝛾̂𝑘 and 𝛾̌𝑘 ,
respectively, and let 𝜓̂𝑘 and 𝜓̌𝑘 denote the corresponding Fermi coordinate maps.

Then for 𝑘 ≥ 𝑘0 there exists a 𝜌 > 0 a unique map Φ𝑘 : (−2𝐿, 2𝐿) × 𝐵𝜌 (0) → R𝑛 such that

𝜓̌𝑘 = 𝜓̂𝑘 ◦Φ𝑘 .

Moreover, Φ𝑘 is a smooth diffeomorphism onto its image and, for 𝑥 ∈ (−2𝐿, 2𝐿) × 𝐵𝐶ℎ𝑘
(0),

dist(𝐷Φ𝑘 (𝑥), 𝑆𝑂 (𝑛)) ≤ 𝐶
′
ℎ

2
𝑘 , (4.152)

|𝐷2
Φ𝑘 (𝑥) | ≤ 𝐶

′
ℎ𝑘 . (4.153)

Proof. In the course of the proof we denote all constants which depend only on 𝐶, 𝐿, and the manifold
(M̃, 𝑔̃) by 𝐶′.

Since 𝛾̂𝑘 and 𝛾̌𝑘 are geodesics, a Gronwall type argument shows that the estimate (4.151) also holds on
(−3𝐿, 3𝐿) with a different constant 𝐶′.

The existence of Φ𝑘(for the interval (−3𝐿, 3𝐿)) implies

|Φ𝑘 (𝑥1, 0) − (𝑥1, 0) | ≤ 𝐶
′
ℎ𝑘 , (4.154)

since the maps Φ𝑘 are uniformly bilipschitz. It follows that Φ𝑘 maps (−2𝐿, 2𝐿) × 𝐵𝐶ℎ𝑘
(0) to a subset of

(−3𝐿, 3𝐿) × 𝐵𝐶′
ℎ𝑘
(0).

We denote by 𝑔̂𝑘 := 𝜓̂∗
𝑘 𝑔̃ the pullback of the metric in M̃ and we write Γ̂𝑘 for the Christoffel symbols of

𝑔̂𝑘 . Analogously we define 𝑔̌𝑘 and Γ̌𝑘 . To prove (4.152), we use that

𝑔̌𝑘 = Φ
∗
𝑘 𝑔̂𝑘 . (4.155)

If |𝑧′ | ≤ 𝐶ℎ𝑘 then the estimates for the metric in Fermi coordinates gives

𝛿𝑖 𝑗 + O(ℎ2
𝑘) = 𝑔̌𝑘 (𝑧) (𝑒𝑖 , 𝑒 𝑗) = 𝑔̂𝑘 (Φ𝑘 (𝑧)) (𝐷Φ𝑘𝑒𝑖 , 𝐷Φ𝑘𝑒 𝑗) = (𝐷Φ𝑘 (𝑧)

𝑇
𝐷Φ𝑘 (𝑧))𝑖 𝑗 + O(ℎ2

𝑘)

and this implies (4.152).
Similarly, the estimate (4.153) for 𝐷2

Φ𝑘 follows from the estimates of the Christoffel symbols in Fermi
coordinates. If we consider the curve 𝛼(𝑡) = 𝑥 + 𝑡𝑣 and express the covariant derivative of the vector field
𝑊 (𝑡) := 𝐷𝜓̌(𝛼(𝑡))𝑤 = (𝐷𝜓̂ ◦ Φ𝑘 (𝛼(𝑡)) 𝐷Φ𝑘 (𝛼(𝑡))𝑤 along the curve 𝜓̌ ◦ 𝛼 in both Fermi coordinates
we get

𝐷
2
Φ𝑘 (𝑥) (𝑣, 𝑤) + Γ̂𝑘 (Φ𝑘 (𝑥)) (𝐷Φ𝑘 (𝑥)𝑣, 𝐷Φ𝑘 (𝑥)) = 𝐷Φ𝑘 (𝑥) (Γ̌𝑘 (𝑥) (𝑣, 𝑤)), (4.156)

By Lemma 4.4 the Christoffel symbols are bounded by 𝐶 |𝑥′ |. Thus we get (4.153). □

Proposition 4.33. Assume that the hypotheses of Proposition 4.32 hold. Set

𝜂𝑘 (𝑥1) := Φ𝑘 (𝑥1, 0), 𝑄𝑘 (𝑥1) := 𝐷Φ𝑘 (𝑥1, 0).
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and assume that, in addition,

𝐵𝑘 :=
𝑄𝑘 − Id
ℎ𝑘

is bounded (4.157)

and (𝛾̂𝑘 , 𝜈̂𝑘) converges to (𝛾̃, 𝜈̃) on (−𝐿, 𝐿). Then for subsequences (not relabeled) we have,

1
ℎ𝑘

(
𝜂𝑘 (𝑥1) −

(
𝑥1
0

))
→ 𝐽, 𝐵𝑘 → 𝐵, uniformly,

𝐵𝑒1 = 𝜕𝑥1
𝐽𝑒1, 𝐵

𝑇
= −𝐵, (4.158)

and

𝜕
2
𝑥1
𝐽 (𝑥1) = −R̃(𝑥1) (𝐽 (𝑥1), 𝑒1) 𝑒1, (4.159)

𝜕𝑥1
𝐵(𝑥1) = −R̃(𝑥1) (𝐽 (𝑥1), 𝑒1) . (4.160)

Moreover,

(𝐷Φ𝑘 (𝑧1, ℎ𝑘𝑧
′))𝑇𝐷Φ𝑘 (𝑧1, ℎℎ𝑧

′)) − Id
ℎ

2
𝑘

→ T̃ (𝑧1, 𝑧
′) − T̃ (𝑧1, 𝐽

′(𝑥1) + 𝑧
′)

uniformly on (−2𝐿, 2𝐿) × 𝐵𝐶 (0), (4.161)

where T̃ := T R̃ .

Proof. Let 𝐽𝑘 (𝑥1) = ℎ
−1
𝑘 (𝜂𝑘 (𝑥1) − (𝑥1, 0)). Then 𝐽𝑘 is bounded in𝐶1 by (4.154) and (4.157). The geodesic

equation for 𝜂𝑘 can be rewritten as

𝜕
2
𝑥1
𝐽𝑘 = − 1

ℎ𝑘
Γ̂𝑘 ((𝑥1𝑒1 + ℎ𝑘𝐽𝑘) (𝑒1 + ℎ𝑘𝜕𝑥1

𝐽𝑘 , 𝑒1 + ℎ𝑘𝜕𝑥1
𝐽𝑘).

Since Γ̂𝑘 (𝑥1, 0) = 0 and |Γ̂𝑘 ((𝑥1𝑒1 + ℎ𝑘𝐽𝑘) | ≤ 𝐶ℎ𝑘 |𝐽𝑘 | by Lemma 4.4, it follows that 𝐽𝑘 is bounded in 𝐶2.
Hence a subsequence converges in 𝐶1 and by (4.15) the limit 𝐽 satisfies

𝜕
2
𝑥1
𝐽 = −𝐷Γ11(𝑥1, 0) (𝐽) = −𝑅̃(𝐽, 𝑒1)𝑒1. (4.162)

By the definition of the Fermi coordinates 𝜓̌𝑘 , the vector fields

𝑄𝑘 (𝑥1)𝑒 𝑗 = 𝐷Φ𝑘 (𝜂𝑘 (𝑥1))𝑒 𝑗 = 𝐷𝜓̌𝑘 (𝑥1, 0)𝑒 𝑗

are parallel. Since 𝑄𝑘 = Id+ℎ𝑘𝐵𝑘 we get

𝜕𝑥1
𝐵𝑘 (𝑥1)𝑒 𝑗 =

1
ℎ𝑘
𝜕𝑥1
𝑄𝑘 (𝑥1)𝑒 𝑗 = − 1

ℎ𝑘
Γ(𝜂𝑘 (𝑥1)) (𝑒1, 𝑒 𝑗 + ℎ𝑘𝐵𝑘 (𝑥1)𝑒 𝑗).

Using again (4.15), we see that

𝜕𝑥1
𝐵(𝑥1)𝑒 𝑗 = −R̃(𝑥1) (𝐽 (𝑥1), 𝑒1)𝑒 𝑗 ,
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or, equivalently 𝜕𝑥1
𝐵(𝑥1) = −R̃(𝑥1) (𝐽 (𝑥1), 𝑒1). This proves (4.160). The first identity in (4.158) follows

from the fact that 𝐵𝑘𝑒1 = ℎ
−1
𝑘 (𝑄𝑘𝑒1 − 𝑒1) = 𝜕𝑥1

ℎ
−1
𝑘 (𝜂𝑘 − 𝑥1). The skew symmetry of 𝐵 follows from the

fact that Id+2ℎ𝑘 sym 𝐵𝑘 + 𝐵
𝑇
𝑘 𝐵𝑘 = 𝑄

𝑇
𝑘𝑄𝑘 = Id+O(ℎ2

𝑘).

To show (4.161), we use that 𝜓̌𝑘 = 𝜓̂𝑘 ◦Φ𝑘 implies 𝑔̌𝑘 = Φ
∗
𝑘 𝑔̂𝑘 . Let R̂𝑘 = 𝜓̂

∗
𝑘R̃ be the curvature tensor

in the Fermi coordinates 𝜓̂𝑘 and let T̂𝑘 (𝑥1, 𝑥
′) := T R̃

𝛾̂𝑘 ,𝜈̂𝑘
(𝑥1, 𝑥

′) denote the quadratic form in 𝑥′ which
describes the deviation of the metric 𝑔̂𝑘 = 𝜓̂

∗
𝑘 𝑔̃ form the Euclidean metric (see (4.16) for the definition of

this quadratic form). The quadratic form 𝑥
′ ↦→ Ť𝑘 (𝑥1, 𝑥

′) is defined analogously.
Since 𝑔̌𝑘 = Φ

∗
𝑘 𝑔̂𝑘 we have

𝑔̌𝑘 (𝑧) (𝑒𝑖 , 𝑒 𝑗) = 𝑔̂𝑘 (Φ𝑘 (𝑧)) (𝐷Φ𝑘𝑒𝑖 , 𝐷Φ𝑘𝑒 𝑗).

Thus, for |𝑧′ | ≤ 𝐶ℎ𝑘 we get

𝛿𝑖 𝑗 + (Ť𝑘)𝑖 𝑗 (𝑧1, 𝑧
′) + O(ℎ3

𝑘) = (𝐷Φ𝑘 (𝑧))
𝑇
𝐷Φ𝑘 (𝑧))𝑖 𝑗 + (T̂𝑘)𝑖 𝑗 (Φ𝑘 (𝑧)) + O(ℎ3

𝑘).

Here we used that 𝐷Φ𝑘 (𝑧) = Id+O(ℎ𝑘). Now the pull back curvature tensors R̂𝑘 and Ř𝑘 only differ by
O(ℎ𝑘) since 𝐷Φ𝑘 = Id+O(ℎ𝑘) and Φ𝑘 (𝑧) − 𝑧 = O(ℎ𝑘). Hence

(Ť𝑘)𝑖 𝑗 (𝑧1, 𝑧
′) = (T̂𝑘)𝑖 𝑗 (𝑧1, 𝑧

′) + O(ℎ3
𝑘),

for 𝑧′ = O(ℎ𝑘). Also

(T̂𝑘)𝑖 𝑗 (Φ𝑘 (𝑧)1,Φ
′
𝑘 (𝑧)) = (T̂𝑘)𝑖 𝑗 (𝑧1,Φ

′
𝑘 (𝑧)) + O(ℎ3

𝑘).

Thus

(𝐷Φ𝑘 (𝑧))
𝑇
𝐷Φ𝑘 (𝑧)) − Id = T̂𝑘 (𝑧1, 𝑧

′) − T̂𝑘 (𝑧1,Φ
′
𝑘 (𝑧)) +𝑂 (ℎ3

𝑘).

Since 𝐷Φ𝑘 − Id = O(ℎ𝑘) and Φ𝑘 (𝑧1, 0) = 𝜂𝑘 (𝑧1) we have

Φ
′
𝑘 (𝑧) = 𝜂

′
𝑘 (𝑧1) + 𝑧

′ + O(ℎ2
𝑘)

and therefore

(𝐷Φ𝑘 (𝑧))
𝑇
𝐷Φ𝑘 (𝑧)) − Id
ℎ

2
𝑘

= T̂𝑘 (𝑧1, ℎ
−1
𝑘 𝑧

′) − T̂𝑘 (𝑧1, ℎ
−1
𝑘 𝜂

′
𝑘 (𝑧1) + ℎ

−1
𝑘 𝑧

′) + O(ℎ𝑘).

Using that T̂𝑘 is a quadratic form in the second argument and that ℎ−1
𝑘 𝜂

′
𝑘 → 𝐽

′ uniformly we get

(𝐷Φ𝑘 (𝑧))
𝑇
𝐷Φ𝑘 (𝑧)) − Id
ℎ𝑘

= −T̂𝑘 (𝑧1, ℎ
−1
𝑘 𝑧

′) − T̂𝑘 (𝑧1, 𝐽
′(𝑥1) + ℎ

−1
𝑘 𝑧

′) + 𝑜(1).

The pullback curvature tensors 𝜓̂∗
𝑘 𝑅̃ converge to 𝜓̃∗

𝑅̃ uniformly on thin cylinders since (𝛾̂𝑘 , 𝜈̂𝑘) converges
to (𝛾̃, 𝜈̃) (note that is also implies the convergence of 𝛾̂′𝑘 to 𝛾̃′). Thus the quadratic forms T̂𝑘 (𝑥1) converge
to T̃ (𝑥1) uniformly, and we get (4.161). □

Proposition 4.34. Let Ω = (−𝐿, 𝐿) ×𝐵1(0) ⊂ R𝑛. Let Φ𝑘 be as in Propositions 4.32 and 4.33 and suppose
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that 𝑣̂𝑘 : Ω → R𝑛 and 𝑣̌𝑘 : Ω → R𝑛 satisfy properties 1. to 6. of Theorem 4.12 and assume that

|𝑣̌𝑘 (𝑥) − (𝑥1, 0) | + |𝑣̂𝑘 (𝑥) − (𝑥1, 0) | ≤ 𝐶ℎ𝑘 .

Assume further that 𝑣̂𝑘 = Φ𝑘 ◦ 𝑣̌𝑘 . Let 𝜂𝑘 (𝑥1) = Φ𝑘 (𝑥1, 0) and 𝑄𝑘 (𝑥1) = 𝐷Φ𝑘 (𝑥1, 0) be as in
Proposition 4.33. Then

𝐵𝑘 (𝑥1) :=
𝑄𝑘 (𝑥1) − Id

ℎ𝑘
→ 𝐵(𝑥1), (4.163)

𝜂𝑘 (𝑥1) − 𝑥1
ℎ𝑘

→ 𝐽 (𝑥1) (4.164)

uniformly, as 𝑘 → ∞. In addition, 𝐽1 = 0 and 𝐽 and 𝐵 satisfy (4.159) and (4.160), respectively.
Moreover, the limits (𝑤̌, 𝑦̌, 𝑍̌ , 𝛽) and (𝑤̂, 𝑦̂, 𝑍̂ , 𝛽) satisfy (4.145)–(4.149).

Proof. First, we show that

𝐵𝑘 (𝑥1) =
𝐷Φ𝑘 (𝑥1, 0) − Id

ℎ𝑘
→ 𝐴̂(𝑥1) − 𝐴̌(𝑥1)

and 𝜈̂ = 𝜈̌.
We have 𝑑ℎ𝑘 𝑣̂𝑘 = (𝐷Φ𝑘 ◦ 𝑣̌𝑘) 𝐷𝑣̌𝑘 and thus

𝑑ℎ𝑘
𝑣̂𝑘 − Id
ℎ𝑘

=
𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id

ℎ𝑘
+ 𝐷Φ𝑘 ◦ 𝑣̌𝑘

𝑑ℎ𝑘
𝑣̌𝑘 − Id
ℎ𝑘

. (4.165)

By Property 4 of Theorem 4.12 we have

𝑑ℎ𝑘
𝑣̌𝑘 − Id
ℎ𝑘

→ 𝐴̌,
𝑑ℎ𝑘

𝑣̂𝑘 − Id
ℎ𝑘

→ 𝐴̂ in 𝐿2(Ω).

Since 𝐷Φ𝑘 is bounded, it follows from (4.165) that ℎ−1
𝑘 (𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id) is bounded in 𝐿2(Ω) and hence

𝐷Φ𝑘 ◦ 𝑣̌𝑘 → Id in 𝐿2(Ω).

Thus

𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id
ℎ𝑘

→ 𝐴̂ − 𝐴̌ in 𝐿1(Ω). (4.166)

By assumption, |𝑣̌𝑘 (𝑥)− (𝑥1, 0) | ≤ 𝐶ℎ𝑘 . Moreover, by (4.153), we know that ℎ−1
𝑘 |𝐷2

Φ𝑘 (𝑧1, 𝑧
′) | is bounded

if |𝑧′ | ≤ 𝐶ℎ𝑘 . Thus

| (𝐷Φ𝑘 ◦ 𝑣̌𝑘) (𝑥) − 𝐵𝑘 (𝑥1) | = |𝐷Φ𝑘 (𝑣̌𝑘 (𝑥)) − 𝐷Φ𝑘 (𝑥1, 0) | ≤ 𝐶ℎ𝑘 |𝑣̌𝑘 (𝑥) − (𝑥1, 0) | ≤ 𝐶ℎ
2
𝑘 .

Therefore ℎ−1
𝑘 (𝐷Φ𝑘 ◦ 𝑣̌𝑘 − 𝐵𝑘) → 0 uniformly and hence

𝐵𝑘 → 𝐵 in 𝐿1((−𝐿, 𝐿)) and 𝐴̂ − 𝐴̌ = 𝐵. (4.167)

Since |𝜕𝑥1
𝐵𝑘 (𝑥1) | ≤ ℎ

−1
𝑘 |𝐷2

Φ𝑘 (𝑥1, 0) | is bounded, we have 𝐵𝑘 → 𝐵 uniformly. By Proposition 4.33, 𝐵
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satisfies (4.160) and is skew symmetric. The formulae for 𝐴̌ and 𝐴̂ imply that

𝐵 𝑗𝑙 = 𝑍̂ 𝑗𝑙 − 𝑍̌ 𝑗𝑙, for 𝑗 , 𝑙 ≥ 2. (4.168)

Hence (4.145) holds. By definition of the Fermi coordinates and the map Φ𝑘 , the 𝑗-th vector in the frame
𝜈̌
𝑘

satisfies

(𝜈̌𝑘) 𝑗 (0) = 𝐷𝜓̌𝑘 (0)𝑒 𝑗 = 𝐷𝜓̂𝑘 (Φ𝑘 (0)) 𝐷Φ𝑘 (0)𝑒 𝑗 = 𝐷𝜓̂𝑘 (𝜂𝑘 (0)) (𝐷Φ𝑘 (0))𝑙 𝑗𝑒𝑙 .

Since 𝜂𝑘 (0) → 0 and 𝐷Φ𝑘 (0) → Id it follows that the limiting frames agree at 𝑥1 = 0 and hence
everywhere, i.e. 𝜈̂ = 𝜈̌.

Next, we show the convergence of ℎ−1
𝑘 𝜂𝑘 → 𝐽 and the identities 𝐽1 = 0 and 𝐽 𝑗 = 𝑦̌ 𝑗 − 𝑦̂ 𝑗 for 𝑗 ≥ 2. By

Property 6 in Theorem 4.12∫
Ω

����𝑣̂𝑘 (𝑥1, 𝑥
′) −

(
𝑥1

ℎ𝑘 𝑦̂𝑘 (𝑥1) + ℎ𝑘𝑥
′

)����2 𝑑𝑥 ≤ 𝐶ℎ
4
𝑘 , (4.169)∫

Ω

����𝑣̌𝑘 (𝑥1, 𝑥
′) −

(
𝑥1

ℎ𝑘 𝑦̌𝑘 (𝑥1) + ℎ𝑘𝑥
′

)����2 𝑑𝑥 ≤ 𝐶ℎ
4
𝑘 . (4.170)

Now, for |𝑧′ | ≤ 𝐶ℎ𝑘 , the boundedness of ℎ−1
𝑘 𝐷

2
Φ𝑘 and the boundedness of 𝐵𝑘 implies that

𝐷Φ𝑘 (𝑧1, 𝑧
′) = Id+ℎ𝑘𝐵𝑘 (𝑧1) + O(ℎ2

𝑘) = Id+O(ℎ𝑘).

Thus, for |𝑧′ | ≤ 𝐶ℎ𝑘 ,

Φ𝑘 (𝑧1, 𝑧
′) − 𝜂𝑘 (𝑧1) = Φ(𝑧1, 𝑧

′) −Φ(𝑧1, 0) =
(

0
𝑧
′

)
+ O(ℎ2

𝑘).

It follows that

𝑣̂𝑘 (𝑥) = Φ𝑘 (𝑣̌𝑘 (𝑥)) = 𝜂𝑘 ((𝑣̌𝑘)1(𝑥)) +
(

0
𝑣̌
′
𝑘

)
+ O(ℎ2

𝑘).

Since 𝜕𝑥1
𝜂𝑘 (𝑥1) = 𝐷Φ𝑘 (𝑥1, 0)𝑒1 is bounded, we get����𝑣̂𝑘 (𝑥) − 𝜂𝑘 (𝑥1) −

(
0

𝑣̌
′
𝑘 (𝑥)

)���� ≤ 𝐶ℎ2
𝑘 + 𝐶 | (𝑣̌𝑘)1(𝑥) − 𝑥1 |.

With (4.169) and (4.170) it follows that∫
Ω

����( 𝑥1

ℎ𝑘 𝑦̂𝑘 (𝑥1) + ℎ𝑘𝑥
′

)
− 𝜂𝑘 (𝑥1) −

(
0

ℎ𝑘 𝑦̌𝑘 (𝑥1) + ℎ𝑘𝑥
′

)����2 𝑑𝑥
≤𝐶ℎ4

𝑘 +
∫
Ω

| (𝑣̌𝑘)1(𝑥) − 𝑥1 |
2
𝑑𝑥 ≤ 𝐶ℎ4

𝑘 .

This implies that

lim
𝑘→∞

1
ℎ𝑘

(
𝜂𝑘 −

(
id
0

))
= lim

𝑘→∞

(
0

𝑦̂𝑘 − 𝑦̌𝑘

)
=

(
0

𝑦̂ − 𝑦̌

)
in 𝐿2((−𝐿, 𝐿)).
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4.7 Uniqueness of the limit in XG/∼

Since 𝜕𝑥1
𝜂𝑘 is bounded, the maps ℎ−1

𝑘 (𝜂1(𝑥1)−(𝑥1, 0)) converge uniformly to (0, 𝑦̌− 𝑦̂). By Proposition 4.33
we get 𝐽 =

( 0
𝑦̂− 𝑦̌

)
and 𝐽 satisfies (4.159). In particular, (4.146) holds.

Finally, we derive the formulae by 𝜕𝑥1
(𝑤̂ − 𝑤̌), ∇′(𝛽1 − 𝛽1), and sym∇′(𝛽′ − 𝛽′). By Property 6 in

Theorem 4.12 we have

sym
𝑑ℎ𝑘

𝑣̂𝑘 − Id

ℎ
2
𝑘

⇀ 𝑆, sym
𝑑ℎ𝑘

𝑣̌𝑘 − Id

ℎ
2
𝑘

⇀ 𝑆 weakly in𝑊−1,2(Ω), (4.171)

where

𝑆(𝑥) =
(
𝜕𝑥1
𝑤1(𝑥1) − 𝜕

2
𝑥1
𝑦̌ · 𝑥′ 1

2 (∇
′
𝛽1(𝑥) + 𝜕𝑥1

𝑍 (𝑥1)𝑥
′)𝑇

1
2 (∇

′
𝛽1(𝑥) + 𝜕𝑥1

𝑍 (𝑥1)𝑥
′) sym∇′

𝛽
′(𝑥)

)
(4.172)

with the analogous formula for 𝑆. Since 𝑑ℎ𝑘 𝑣̂𝑘 = 𝐷Φ𝑘 ◦ 𝑣̌𝑘 𝑑ℎ𝑘 𝑣̌𝑘 , we have

sym
𝑑ℎ𝑘

𝑣̂𝑘 − Id

ℎ
2
𝑘

= sym
𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id

ℎ
2
𝑘

+ sym
𝑑ℎ𝑘

𝑣̌𝑘 − Id

ℎ
2
𝑘

+ sym
(
𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id

ℎ𝑘

𝑑ℎ𝑘
𝑣̌𝑘 − Id
ℎ𝑘

)
.

(4.173)

It follows from (4.166), (4.167), and Property 4 of Theorem 4.12 that

lim
𝑘→∞

sym
(
𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id

ℎ𝑘

𝑑ℎ𝑘
𝑣̌𝑘 − Id
ℎ𝑘

)
= sym(𝐵𝐴̌) = 1

2

(
𝐵𝐴̌ + 𝐴̌𝐵

)
. (4.174)

For the last identity we used that 𝐵 and 𝐴̌ are skew symmetric.
To analyze term ℎ

−2
𝑘 sym(𝐷Φ𝑘 ◦ 𝑣̂𝑘 − Id) we use the identity

𝑄
𝑇
𝑄 = (Id+(𝑄 − Id))𝑇 (Id+(𝑄 − Id)) = Id+2 sym(𝑄 − Id) + (𝑄 − Id)𝑇 (𝑄 − Id).

Thus

2 sym
𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id

ℎ
2
𝑘

=
(𝐷Φ𝑘 𝑣̌𝑘)

𝑇
𝐷Φ𝑘 𝑣̌𝑘 − Id
ℎ

2
𝑘

−
(𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id)𝑇

ℎ𝑘

𝐷Φ𝑘 ◦ 𝑣̌𝑘 − Id
ℎ𝑘

. (4.175)

The second term on the right hand side converges to −𝐵𝑇
𝐵 = 𝐵

2.
For the first term on the right we use (4.161). By assumption, 𝑣̌𝑘 has values in (−2𝐿, 2𝐿) × 𝐵𝐶ℎ𝑘

. Since
the convergence in (4.161) is uniform on (−2𝐿, 2𝐿) × 𝐵𝐶 (0), we get

lim
𝑘→∞

(𝐷Φ𝑘 𝑣̌𝑘)
𝑇
𝐷Φ𝑘 𝑣̌𝑘 − Id
ℎ

2
𝑘

= lim
𝑘→∞

T̃ ((𝑣̌𝑘)1, ℎ
−1
𝑘 𝑣̌

′
𝑘) − T̃ ((𝑣̌𝑘)1, 𝐽 + ℎ

−1
𝑘 𝑣̌

′
𝑘)

= T̃ ◦ ℓ̌ − T̃ ◦ ℓ̂ (4.176)

in 𝐿1(Ω), where

ℓ̌(𝑥) = (𝑥1, 𝑦̌(𝑥1) + 𝑥
′), ℓ̂(𝑥) = (𝑥1, 𝐽 (𝑥1) + 𝑦̌(𝑥1) + 𝑥

′) = (𝑥1, 𝑦̂(𝑥1) + 𝑥
′).
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For the last identity in (4.176) we used the pointwise estimate���T̃ ((𝑣̌𝑘)1(𝑥), ℎ
−1
𝑘 𝑣̌

′
𝑘 (𝑥)) − T̃ ((𝑥1), ℎ

−1
𝑘 𝑣̌

′
𝑘 (𝑥))

��� ≤ 𝐶 | (𝑣𝑘)1(𝑥) − 𝑥1 | ≤ 𝐶ℎ𝑘

as well as the corresponding estimate for 𝑇 ((𝑣̌𝑘)1(𝑥), 𝐽 (𝑥1) + 1
ℎ𝑘
𝑣̌
′
𝑘 (𝑥)), the bound (4.170), and the fact

that 𝑧′ ↦→ T (𝑧1, 𝑧
′) is quadratic.

Combining (4.171), (4.173), (4.174), (4.175), and (4.176) we get,

𝑆(𝑥) − 𝑆(𝑥) = 1
2
(𝐵𝐴̌ + 𝐴̌𝐵) (𝑥1) + 𝐵

2(𝑥1) + T̃ (𝑥1, 𝑦̌(𝑥1)) − T̃ (𝑥1, 𝑦̂(𝑥1)),

or, equivalently,

𝑆(𝑥) + T̃ (𝑥1, 𝑦̂(𝑥1)) = 𝑆(𝑥) + T̃ (𝑥1, 𝑦̌(𝑥1)) +
1
2
𝐴̂

2 − 1
2
𝐴̌

2
. (4.177)

Together with (4.172) and the corresponding formula for 𝑆 we get (4.147), (4.148), and (4.149). To obtain
the identity (4.147) for 𝜕𝑥1

(𝑤̂ − 𝑤̌) we integrate the (11) component of (4.177) in 𝑥′ over 𝐵1(0) and
we observe that the map 𝑥′ ↦→ T̃ (𝑥1, 𝑦̌(𝑥1) + 𝑥

′) − T̃ (𝑥1, 𝑦̂(𝑥1) + 𝑥
′) is affine since 𝑧′ ↦→ T̃ (𝑥1, 𝑧

′) is a
quadratic form and that for linear maps the integral in 𝑥′ over 𝐵1(0) vanishes. □

4.8 Auxiliary results

4.8.1 Lipschitz approximation on thin tubes

Lemma 4.35. Let 𝑠, 𝑛 ≥ 1 and 1 ≤ 𝑝 < ∞ and suppose 𝑈 ⊂ R𝑛 is a bounded Lipschitz domain. Then
there exists a constant 𝐶 = 𝐶 (𝑈, 𝑛, 𝑠, 𝑝) with the following property: For each 𝑢 ∈ 𝑊1, 𝑝 (𝑈,R𝑠) and each
𝜆 > 0 there exists 𝑣 : 𝑈 → R𝑠 such that

(i) Lip 𝑣 ≤ 𝐶𝜆,

(ii) L𝑛 ({𝑥 ∈ 𝑈 : 𝑢(𝑥) ≠ 𝑣(𝑥)}) ≤ 𝐶

𝜆
𝑝

∫
{𝑥∈𝑈: |𝑑𝑢 |𝑒>𝜆}

|𝑑𝑢 |𝑝𝑒 𝑑𝑥.

Here | · |𝑒 denotes the Frobenius norm with respect to the standard scalar product on R𝑛 and R𝑠, respectively.
If𝑈 = (−𝐿, 𝐿)×𝐵ℎ (0) ⊂ R𝑛 with ℎ ∈ (0, 𝐿/2) then the constant𝐶 in (i) and (ii) can be chosen independent
of ℎ and 𝐿.

Proof. For the result for a fixed set 𝑈, see [4, Prop. A.1]. Now let 𝑈 = (−𝐿, 𝐿) × 𝐵ℎ (0) ⊂ R𝑛 with ℎ ∈
(0, 𝐿/2) and let 𝑢 ∈ 𝑊1, 𝑝 (𝑈,R𝑠). We first extend 𝑢 to (−𝐿, 𝐿) × (−2ℎ, 2ℎ)𝑛−1 and then to a function which
is 8ℎ-periodic in the second argument. Let 𝜙 ∈ 𝐶1(𝐵1(0) \ 𝐵1/2(0);R

𝑛−1) ∩ 𝐶0(𝐵1(0) \ 𝐵1/2(0);R
𝑛−1)

be a 𝐶1 diffeomorphism from 𝐵1(0) \ 𝐵1/2(0) ⊂ R𝑛−1 to (−2, 2)𝑛−1 \ 𝐵1(0) with

sup
𝐵1 (0)\𝐵1/2 (0)

|𝐷𝜙| + |(𝐷𝜙)−1 | < ∞

and 𝜙 |𝜕𝐵1 (0) = id𝜕𝐵1 (0) . Then 𝜙ℎ given by 𝜙ℎ (𝑦) = ℎ𝜙
(

1
ℎ
𝑦

)
is a𝐶1 diffeomorphism from 𝐵ℎ (0) \𝐵ℎ/2(0)
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to (−2ℎ, 2ℎ)𝑛−1 \ 𝐵ℎ (0) with

sup
𝐵ℎ (0)\𝐵ℎ/2 (0)

|𝐷𝜙ℎ | + |(𝐷𝜙ℎ)
−1 | = sup

𝐵1 (0)\𝐵1/2 (0)
|𝐷𝜙| + |(𝐷𝜙)−1 |.

For 𝑢 ∈ 𝑊1, 𝑝 ((−𝐿, 𝐿) × 𝐵ℎ (0);R
𝑠) we define an extension 𝑢 : (−𝐿, 𝐿) × (−2ℎ, 2ℎ)𝑛−1 → R𝑠 by

𝑢(𝑥1, 𝑥
′) =

{
𝑢(𝑥1, 𝑥

′) if 𝑥′ ∈ 𝐵ℎ (0),
𝑢(𝑥1, 𝜙

−1
ℎ (𝑥′)) if 𝑥′ ∈ (−2ℎ, 2ℎ)𝑛−1 \ 𝐵ℎ (0).

Then |𝑑𝑢 |𝑒 (𝑥1, 𝑥
′) ≤ 𝐶′ |𝑑𝑢 |𝑒 (𝑥1, 𝜙

−1
ℎ (𝑥′)) and therefore∫

(−𝐿,𝐿)×(−2ℎ,2ℎ)𝑛−1

|𝑑𝑢 |>𝐶′
𝜆

|𝑑𝑢 |𝑝𝑒 𝑑𝑥 ≤ 𝐶′′
∫

(−𝐿,𝐿)×𝐵ℎ (0)
|𝑑𝑢 |>𝜆

|𝑑𝑢 |𝑝𝑒 𝑑𝑥 =: 𝐸.

Now we extend 𝑢 to a map 𝑢̂ : (−𝐿, 𝐿) × R𝑛−1 → R𝑠 by successive symmetric extension across the planes
𝑥𝑖 = 2ℎ+4ℎℓ, ℓ ∈ Z, 𝑖 = 2, . . . , 𝑛. Then 𝑥′ → 𝑢̂(𝑥1, 𝑥

′) is 8ℎ-periodic inR𝑛−1, i.e. 𝑢̂(𝑥1, 𝑥
′+𝑧′) = 𝑢̂(𝑥1, 𝑥

′)
if 𝑧′ ∈ 8ℎZ𝑛−1. Then ∫

(−𝐿,𝐿)×(−4ℎℓ,4ℎℓ )𝑛−1

|𝑑𝑢̂ |>𝐶′′
𝜆

|𝑑𝑢̂ |𝑝𝑒 𝑑𝑥 ≤ (2ℓ)𝑛−1
𝐸.

Thus for ℓ =
⌈ 4𝐿

8ℎ
⌉
=

⌈
𝐿
2ℎ

⌉
we get ℓ ≥ 2 and∫

(−𝐿,𝐿)×(−4𝐿,4𝐿)𝑛−1

|𝑑𝑢̂ |>𝐶′′
𝜆

|𝑑𝑢̂ |𝑝𝑒 𝑑𝑥 ≤ (2ℓ)𝑛−1
𝐸.

Applying (i) and (ii) from Lemma 4.35 to the set 𝑈 = (−1, 1) × (−4, 4)𝑛−1 and the map 𝑥 ↦→ 𝐶
′

𝐿
𝑢̂(𝐿𝑥)

with 𝜆 replaced by 𝐶′′
𝜆 we see that there exists a map 𝑣̂ : (−𝐿, 𝐿) × (−4𝐿, 4𝐿)𝑛−1 → R𝑠 such that

Lip 𝑣̂ ≤ 𝐶𝐶′′
𝜆 and

L𝑛 (
{
𝑥 ∈ (−𝐿, 𝐿) × (−4𝐿, 4𝐿)𝑛−1 : 𝑣̂(𝑥) ≠ 𝑢̂(𝑥)

}
) ≤ (2ℓ + 1)𝑛−1 𝐶

𝜆
𝑝 𝐸.

Let ℓ′ = ℓ − 1. Then 8ℓ′ℎ ≤ 4𝐿 and there exists 𝑧′ ∈ 8ℎ
{
−(ℓ′ − 1), . . . , ℓ′ − 1

}𝑛−1 such that

L𝑛 (
{
𝑥 ∈ (−𝐿, 𝐿) × (𝑧′ + (−4ℎ, 4ℎ)𝑛−1) : 𝑣̂(𝑥) ≠ 𝑢̂(𝑥)

}
) ≤ (2ℓ)𝑛−1

(2ℓ′ − 1)𝑛−1
𝐶

𝜆
𝑝 𝐸 ≤ 4𝑛−1 𝐶

𝜆
𝑝 𝐸,

since 2ℓ′ − 1 = 2ℓ − 3 and ℓ ≥ 2. Set 𝑣(𝑥1, 𝑥
′) = 𝑣̂(𝑥1, 𝑥

′ + 𝑧′) for 𝑥′ ∈ 𝐵ℎ (0). Then

Lip 𝑣 ≤ 𝐶𝐶′
𝜆 and 𝑢(𝑥1, 𝑥

′) = 𝑢̂(𝑥1, 𝑥
′ + 𝑧′),
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since 𝑥′ ↦→ 𝑢̂(𝑥1, 𝑥
′) is 8ℎ-periodic. Therefore

L𝑛 (
{
𝑥 ∈ (−𝐿, 𝐿) × 𝐵ℎ (0) : 𝑣(𝑥) ≠ 𝑢(𝑥)

}
) ≤ 4𝑛−1 𝐶

𝜆
𝑝 𝐸 = 4𝑛−1𝐶𝐶

′′

𝜆
𝑝

∫
(−𝐿,𝐿)×𝐵ℎ (0)

|𝑑𝑢 |>𝜆

|𝑑𝑢 |𝑝𝑒 𝑑𝑥.

This concludes the proof. □

4.8.2 Fermi coordinates

Proof of Lemma 4.4. The Fermi map 𝜓 is smooth since the solutions of the ordinary differential equation
for geodesics depends smoothly on the initial data. To estimate the metric 𝑔 = 𝜓

∗
𝑔 and its Christoffel

symbols Γ we first note that the definition of the Fermi coordinates implies that

𝑔(𝑥1, 0) (𝑒𝑖 , 𝑒 𝑗) = 𝛿𝑖 𝑗 and Γ(𝑥1, 0) = 0. (4.178)

We define a frame (𝐸1(𝑥), . . . , 𝐸𝑛 (𝑥)) as follows: 𝐸𝑖 (𝑥1, 𝑥
′) is obtained by parallel transport of the

canonical basis vector 𝑒𝑖 of R𝑛 from (𝑥1, 0) to (𝑥1, 𝑥
′) along the geodesic 𝑡 ↦→ (𝑥1, 𝑡𝑥

′). Then

𝑔(𝑥) (𝐸𝑖 (𝑥), 𝐸 𝑗 (𝑥)) = 𝛿𝑖 𝑗

since the covariant derivative of the metric vanishes. We define 𝐴 𝑗

𝑖
(𝑥) by

𝑒𝑖 = 𝐴
𝑗

𝑖
(𝑥)𝐸 𝑗 (𝑥).

Then
𝑔𝑖 𝑗 (𝑥) = 𝑔(𝑥) (𝑒𝑖 , 𝑒 𝑗) = 𝐴

𝑘
𝑖 (𝑥)𝐴

𝑙
𝑗 (𝑥) 𝑔(𝑥) (𝐸𝑘 , 𝐸𝑙) = 𝐴

𝑘
𝑖 (𝑥)𝐴

𝑘
𝑗 (𝑥). (4.179)

To estimate 𝐴 𝑗

𝑖
− 𝛿 𝑗

𝑖
, we will use Jacobi field estimates. For 𝑖 ≥ 2 the maps 𝑡 ↦→ (𝑥1, 𝑡 (𝑥

′ + 𝑠𝑒𝑖)) are
geodesics and hence

𝐽 (𝑡) := 𝑡𝑒𝑖 = 𝑡𝐴
𝑗

𝑖
(𝑥1, 𝑡𝑥

′)𝐸 𝑗 (𝑥1, 𝑡𝑥
′)

is a Jacobi fields along the geodesic 𝑡 ↦→ (𝑥1, 𝑡𝑥
′). The Jacobi field equation 𝐷

𝑑𝑡
𝐷
𝑑𝑡
𝐽 = −R(𝑥1, 𝑡𝑥

′) (𝐽, 𝑥′)𝑥′
implies that

𝜕
2
𝑡 (𝑡𝐴

𝑗

𝑖
(𝑥1, 𝑡𝑥

′))𝐸 𝑗 (𝑥1, 𝑡𝑥
′) = −R(𝑥1, 𝑡𝑥

′) (𝑥′, 𝐽, 𝑥′)

= − R(𝑥1, 𝑡𝑥
′)𝑘 (𝑥′, 𝑡𝑒𝑖 , 𝑥

′)𝑒𝑘 = −R𝑘 (𝑥′, 𝑒𝑖 , 𝑥
′)𝑡𝐴𝑙𝑘 (𝑥1, 𝑡𝑥

′)𝐸𝑙 (𝑥1, 𝑡𝑥
′).

With the notation

𝐴(𝑡; 𝑥) := 𝐴(𝑥1 + 𝑡𝑥
′), 𝑀

𝑘
𝑖 (𝑡; 𝑥) := −R𝑘 (𝑥1 + 𝑡𝑥

′) (𝑥′, 𝑒𝑖 , 𝑥
′)

this can be written as
𝜕

2
𝑡

(
𝑡𝐴

𝑗

𝑖
(𝑡; 𝑥)

)
= 𝑀

𝑘
𝑖 (𝑡; 𝑥)

(
𝑡𝐴

𝑗

𝑘
(𝑡; 𝑥)

)
if 𝑖 ≥ 2. (4.180)

Using the first identity in (4.178), we see that 𝐵 𝑗

𝑖
(𝑡; 𝑥) := 𝑡𝐴 𝑗

𝑖
(𝑡; 𝑥) satisfies the initial conditions

𝐵
𝑗

𝑖
(𝑡; 𝑥) = 0, 𝜕𝑡𝐵

𝑗

𝑖
(0; 𝑥) = 𝐴 𝑗

𝑖
(0; 𝑥) = 𝛿 𝑗

𝑖
. (4.181)
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Similarly, 𝑡 ↦→ (𝑥1 + 𝑠, 𝑡𝑥
′) are geodesics, so that 𝑒1 is a Jacobi field along the geodesic 𝑡 ↦→ (𝑥1, 𝑡𝑥

′).
This yields the ODE

𝜕
2
𝑡 𝐴

𝑗

1 (𝑡; 𝑥) = 𝑀
𝑘
1 (𝑡; 𝑥) 𝐴

𝑗

𝑘
(𝑡; 𝑥) (4.182)

and by (4.178) we have the initial conditions

𝐴
𝑗

1 (𝑡; 𝑥) = 𝛿
𝑗

1 𝜕𝑡𝐴
𝑗

1 (0; 𝑥) = 0. (4.183)

Next we show that the system of ODEs (4.180) and (4.182) with initial conditions (4.181) and (4.183)
implies that

|𝐴 𝑗

𝑖
(𝑥) − 𝛿 𝑗

𝑖
− 1

6
𝑀

𝑗

𝑖
(0; 𝑥) | ≤ 𝐶 |𝑥′ |3, for 𝑖 ≥ 2, 𝑗 ≥ 1, (4.184)

|𝐴 𝑗

1 (𝑥) − 𝛿
𝑗

1 −
1
2
𝑀

𝑗

1 (0; 𝑥) | ≤ 𝐶 |𝑥′ |3, for 𝑗 ≥ 1 (4.185)

and

|𝜕𝑥𝑘 𝐴
𝑗

𝑖
(𝑥) − 1

6
𝜕𝑥𝑘

𝑀
𝑗

𝑖
(0; 𝑥) | ≤ 𝐶 |𝑥′ |2, for 𝑖, ≥ 2, 𝑗 ≥ 1, (4.186)

|𝜕𝑥𝑘 𝐴
𝑗

1 (𝑥) −
1
2
𝜕𝑥𝑘

𝑀
𝑗

𝑖
(0; 𝑥) | ≤ 𝐶 |𝑥′ |2, for 𝑗 ≥ 1. (4.187)

Here the constant 𝐶 can be estimated in terms of the supremum of the pulled back curvature tensor R and
its first derivative.

To show (4.184) and (4.185), we use that the system of ODEs given by (4.180) and (4.182) with initial
conditions (4.181) and (4.183) is equivalent to the following fixed point problem in 𝐶0( [0; 1];R𝑛×𝑛):

𝐴 = 𝑇𝑥 [𝐴] := Id+𝑆𝑥 [𝐴], (4.188)

where Id denotes the constant function from [0, 1] to R𝑛×𝑛 with value Id and the linear operator 𝑆𝑥 is given
by

(𝑆𝑥)
𝑗

1 [𝐴] (𝑡) :=
∫ 𝑡

0

∫ 𝑠

0
𝑀

𝑘
1 (𝜎; 𝑥)𝐴 𝑗

𝑘
(𝜎) 𝑑𝜎 𝑑𝑠, for 𝑗 ≥ 1,

(𝑆𝑥)
𝑗

𝑖
[𝐴] (𝑡) :=

1
𝑡

∫ 𝑡

0

∫ 𝑠

0
𝜎𝑀

𝑘
1 (𝜎; 𝑥)𝐴 𝑗

𝑘
(𝜎) 𝑑𝜎 𝑑𝑠, for 𝑖 ≥ 2, 𝑗 ≥ 1.

Let 𝜌 > 0 and set

𝐿0 := sup
𝑥∈ (−2𝐿,2𝐿)×𝐵𝜌 (0)

|R |, 𝐿1 := sup
𝑥∈ (−2𝐿,2𝐿)×𝐵𝜌 (0)

|𝐷R|.

Then, for 𝜎 ∈ [0, 1],
|𝑀 (𝜎; 𝑥) | ≤ 𝐶𝐿0 |𝑥

′ |2 for 𝑥 ∈ (−2𝐿, 2𝐿) × 𝐵𝜌 (0)

and thus the operator norm of 𝑆𝑥 with respect to the supremum norm on 𝐶0( [0; 1];R𝑛×𝑛) satisfies

∥𝑆𝑥 ∥ ≤ 𝐶𝐿0 |𝑥
′ |2 for 𝑥 ∈ (−2𝐿, 2𝐿) × 𝐵𝜌 (0). (4.189)

Hence 𝑇𝑥 is a contraction if 𝐿0𝜌
2 is sufficiently small. We will assume this from now on and we assume
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in particular that 𝐿0𝜌
2 ≤ 1. Then it follows that for all 𝑥 ∈ (−2𝐿, 2𝐿) × 𝐵𝜌 (0) there exists a unique

fixed point 𝐴𝑥 ∈ 𝐶0( [0; 1];R𝑛×𝑛) of 𝑇𝑥 and 𝐴𝑥 (𝑡) = 𝐴(𝑡; 𝑥). Moreover 𝐴𝑥 (𝑡) = Id+∑∞
𝑘=1 𝑆

𝑘 [Id] (𝑡) and
hence (4.189) implies that

sup
𝑡∈[0,1]

|𝐴𝑥 (𝑡) − Id−𝑆𝑥 [Id] (𝑡) | ≤ 𝐶𝐿
2
0 |𝑥

′ |4.

In particular we have

sup
𝑡∈[0,1]

|𝐴𝑥 (𝑡) − Id | ≤ 𝐶 (𝐿0 |𝑥
′ |2 + 𝐿2

0 |𝑥
′ |4) ≤ 𝐶𝐿0 |𝑥

′ |2. (4.190)

since 𝐿0𝜌
2 ≤ 1. It is easy to see that

|𝑀 (𝑡; 𝑥) − 𝑀 (0; 𝑥) | ≤ 𝐶𝐿1 |𝑥
′ |3 for 𝑡 ∈ [0, 1].

Together with (4.190) and the definition of 𝑆𝑥 this implies that, for 𝑖 ≥ 2 and 𝑗 ≥ 1,

sup
𝑡∈[0,1]

����(𝐴𝑥)
𝑗

1 (𝑡) − 𝛿
𝑗

1 −
1
2
𝑡
2
𝑀

𝑗

1 (0; 𝑥)
���� ≤ 𝐶 (𝐿2

0 |𝑥
′ |4 + 𝐿1 |𝑥

′ |3),

sup
𝑡∈[0,1]

����(𝐴𝑥)
𝑗

1 (𝑡) − 𝛿
𝑗

1 −
1
6
𝑡
2
𝑀

𝑗

1 (0; 𝑥)
���� ≤ 𝐶 (𝐿2

0 |𝑥
′ |4 + 𝐿1 |𝑥

′ |3).

Using this estimate for 𝑡 = 1, we get (4.184) and (4.185) since 𝐴(𝑥) = 𝐴(1; 𝑥) = 𝐴𝑥 (1).

Now the map 𝑥 ↦→ 𝑆𝑥 is a 𝐶1 map from (−2𝐿, 2𝐿) × 𝐵𝜌 (0) to the space of bounded linear operators on
𝐶

0( [0, 1];R𝑛×𝑛). Hence 𝑥 ↦→ 𝐴𝑥 is 𝐶1 and the derivative 𝐹 := 𝜕𝑥𝑘 𝐴𝑥 satisfies

𝐹 = 𝑆𝑥 [𝐹] + (𝜕𝑥𝑘𝑆𝑥) [𝐴𝑥] .

It is easy to see that, for 𝑥 ∈ (−2𝐿, 2𝐿) × 𝐵𝜌 (0) and 𝑡 ∈ [0, 1],

|𝜕𝑥𝑘𝑀 (𝑡; 𝑥) − 𝜕𝑥𝑘𝑀 (0; 𝑥) | ≤ 𝐶𝐿1 |𝑥
′ |2, (4.191)

|𝜕𝑥𝑘𝑀 (0; 𝑥) | ≤ 𝐶𝐿0 |𝑥
′ |. (4.192)

Together with (4.190) we get, for 𝑖 ≥ 2 and 𝑗 ≥ 1,

sup
𝑡∈[0,1]

����𝐹 𝑗

1 (𝑡) − (𝑆𝑥)
𝑗

1 [𝐹] (𝑡) −
1
2
𝑡
2
𝜕𝑥𝑘

𝑀
𝑗

1 (0; 𝑥)
���� ≤ 𝐶 (𝐿1 |𝑥

′ |2 + 𝐿2
0 |𝑥

′ |3), (4.193)

sup
𝑡∈[0,1]

����𝐹 𝑗

𝑖
(𝑡) − (𝑆𝑥)

𝑗

𝑖
[𝐹] (𝑡) − 1

6
𝑡
2
𝜕𝑥𝑘

𝑀
𝑗

1 (0; 𝑥)
���� ≤ 𝐶 (𝐿1 |𝑥

′ |2 + 𝐿2
0 |𝑥

′ |3). (4.194)

Since ∥𝑆𝑥 ∥ ≤ 𝐶𝐿0 |𝑥
′ |2 and |𝜕𝑥𝑘𝑀 (0; 𝑥) | ≤ 𝐶𝐿0 |𝑥

′ | this implies (4.186) and (4.187).

We now turn to the estimates for the pull back metric 𝑔 and its Christoffel symbols Γ. For ease of
notation we simply write 𝑔 and Γ instead of 𝑔 and Γ. It follows from (4.179), (4.184), and (4.185) that

𝑔𝑖 𝑗 − 𝛿𝑖 𝑗 = (A 𝑗

𝑖
− 𝛿 𝑗

𝑖
) + (A𝑖

𝑗 − 𝛿
𝑖
𝑗) + O(|𝑥′ |4).
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Moreover we have

𝑀
𝑗

𝑖
(0; 𝑥) = −R 𝑗𝑘𝑖𝑙 (𝑥1)𝑥

′
𝑘𝑥

′
𝑙 ,

where

R 𝑗𝑘𝑖𝑙 (𝑥1) := (𝜓∗R)(𝑥1, 0) (𝑒 𝑗 , 𝑒𝑘 , 𝑒𝑖 , 𝑒𝑙) = R(𝜓(𝑥1, 0)) (𝑎 𝑗 , 𝑎𝑘 , 𝑎𝑖 , 𝑎𝑙)

with 𝑎 𝑗 = 𝐷𝜓(𝑥1, 0)𝑒 𝑗 , i.e., 𝑎1 = 𝛾
′(𝑥1) and 𝑎 𝑗 = 𝜈 𝑗 (𝑥1) for 𝑗 ≥ 2.

In particular, 𝑀 𝑗

𝑖
(0; 𝑥) is symmetric in 𝑖 and 𝑗 , since R 𝑗𝑘𝑖𝑙 = R𝑖𝑙 𝑗𝑘 . Thus����𝑔𝑖 𝑗 (𝑥) − 𝛿𝑖 𝑗 − 1

3
𝑀

𝑗

𝑖
(0; 𝑥)

���� ≤ 𝐶 |𝑥′ |3, for 𝑖 ≥ 2, 𝑗 ≥ 2, (4.195)����𝑔1 𝑗 (𝑥) − 𝛿𝑖 𝑗 −
2
3
𝑀

𝑗

1 (0; 𝑥)
���� ≤ 𝐶 |𝑥′ |3, for 𝑗 ≥ 2, (4.196)���𝑔11(𝑥) − 𝛿𝑖 𝑗 − 𝑀

1
1 (0; 𝑥)

��� ≤ 𝐶 |𝑥′ |3. (4.197)

This shows that (4.14) holds.

To estimate the Christoffel symbols we note that (4.179) and (4.184)–(4.187) imply that

𝜕𝑥𝑘
𝑔𝑖 𝑗 = 𝜕𝑥𝑘

𝐴
𝑗

𝑖
+ 𝜕𝑥𝑘 𝐴

𝑖
𝑗 + O(|𝑥′ |2).

Using the symmetry of 𝑀 𝑗

𝑖
(0; 𝑥) under exchange of 𝑖 and 𝑗 we get, for 𝑖, 𝑗 , 𝑘 ≥ 2,

3𝜕𝑥𝑘𝑔𝑖 𝑗 (𝑥) = −[R 𝑗𝑘𝑖𝑙 (𝑥1) + R 𝑗𝑙𝑖𝑘 (𝑥1)]𝑥
′
𝑙 + O(|𝑥′ |2) = [R𝑘 𝑗𝑖𝑙 (𝑥1) + R𝑘𝑖 𝑗𝑙 (𝑥1)]𝑥

′
𝑙 + O(|𝑥′ |2) ,

3𝜕𝑥𝑖𝑔 𝑗𝑘 (𝑥) = −[R𝑘𝑖 𝑗𝑙 (𝑥1) + R𝑘𝑙 𝑗𝑖 (𝑥1)]𝑥
′
𝑙 + O(|𝑥′ |2) = −[R𝑘𝑖 𝑗𝑙 (𝑥1) + R 𝑗𝑖𝑘𝑙 (𝑥1)]𝑥

′
𝑙 + O(|𝑥′ |2) ,

3𝜕𝑥 𝑗
𝑔𝑘𝑖 (𝑥) = −[R𝑖 𝑗𝑘𝑙 (𝑥1) + R𝑖𝑙𝑘 𝑗 (𝑥1)]𝑥

′
𝑙 + O(|𝑥′ |2) = −[R𝑖 𝑗𝑘𝑙 (𝑥1) + R𝑘 𝑗𝑖𝑙 (𝑥1)]𝑥

′
𝑙 + O(|𝑥′ |2) .

Here we also used that R𝑖 𝑗𝑘𝑙 = R𝑘𝑙𝑖 𝑗 and that R is antisymmetric in the first two arguments. Using this
antisymmetry again, we get R 𝑗𝑖𝑘𝑙 (𝑥1) + R𝑖 𝑗𝑘𝑙 (𝑥1) = 0 and hence

6Γ𝑘𝑖 𝑗 (𝑥) = 3(𝜕𝑥𝑖𝑔 𝑗𝑘 (𝑥) + 𝜕𝑥 𝑗
𝑔𝑘1(𝑥) − 𝜕𝑥𝑘𝑔𝑖 𝑗 (𝑥))

= − 2[R𝑘 𝑗𝑖𝑙 (𝑥1) + R𝑘𝑖 𝑗𝑙 (𝑥1)]𝑥𝑙 + O(|𝑥′ |2) for 𝑖, 𝑗 , 𝑘 ≥ 2. (4.198)

For 𝑘 = 1 and 𝑖, 𝑗 ≥ 2 we get 𝜕𝑥1
𝑔𝑖 𝑗 = 0 and

3
2
𝜕𝑥𝑖
𝑔 𝑗1(𝑥) = −[R1𝑖 𝑗𝑙 (𝑥1) + R 𝑗𝑖1𝑙 (𝑥1)]𝑥

′
𝑙 + O(|𝑥′ |2) , (4.199)

3
2
𝜕𝑥 𝑗
𝑔1𝑖 (𝑥) = −[R𝑖 𝑗1𝑙 (𝑥1) + R1 𝑗𝑖𝑙 (𝑥1)]𝑥

′
𝑙 + O(|𝑥′ |2) . (4.200)

Thus

3Γ1𝑖 𝑗 (𝑥) =
3
2
(𝜕𝑥𝑖𝑔 𝑗1(𝑥) + 𝜕𝑥 𝑗

𝑔1𝑖 (𝑥) − 𝜕𝑥1
𝑔𝑖 𝑗 (𝑥))

= − [R1 𝑗𝑖𝑙 (𝑥1) + R1𝑖 𝑗𝑙 (𝑥1)]𝑥
′
𝑙 + O(|𝑥′ |2) for 𝑖, 𝑗 ≥ 2.
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Combining this identity with (4.198) we get

Γ𝑘𝑖 𝑗 (𝑥) = −1
3
[R𝑘 𝑗𝑖𝑙 (𝑥1) + R𝑘𝑖 𝑗𝑙 (𝑥1)]𝑥

′
𝑙 + O(|𝑥′ |2) if 𝑖, 𝑗 ≥ 2, 𝑘 ≥ 1. (4.201)

In view of the estimate for the metric we have

|Γ𝑘

𝑖 𝑗 (𝑥) − Γ𝑘𝑖 𝑗 (𝑥) | ≤ 𝐶 |𝑥
′ |2. (4.202)

Thus (4.201) implies the first estimate in (4.15).

Similarly, (4.199) and (4.200) imply that

3Γ𝑖 𝑗1(𝑥) =
3
2
(𝜕𝑥 𝑗

𝑔1𝑖 (𝑥) + 𝜕𝑥1
𝑔𝑖 𝑗 (𝑥) − 𝜕𝑥𝑖𝑔 𝑗1(𝑥))

= − [2R𝑖 𝑗1𝑙 (𝑥1) − R 𝑗1𝑖𝑙 (𝑥1) − R1𝑖 𝑗𝑙 (𝑥1)]𝑥
′
𝑙 + O(|𝑥′ |2)

= − 3R𝑖 𝑗1𝑙 (𝑥1)𝑥𝑙 + O(|𝑥′ |2) for 𝑖, 𝑗 ≥ 2. (4.203)

Here we used in the last step that

R𝑖 𝑗𝑘𝑙 + R 𝑗𝑘𝑖𝑙 + R𝑘𝑖 𝑗𝑙 = R𝑘𝑙𝑖 𝑗 + R𝑖𝑙 𝑗𝑘 + R 𝑗𝑙𝑘𝑖 = −[R𝑙𝑘𝑖 𝑗 + R𝑙𝑖 𝑗𝑘 + R𝑙 𝑗𝑘𝑖] = 0,

since R(𝑋,𝑌 )𝑍 + R(𝑌, 𝑍)𝑋 + R(𝑍, 𝑋)𝑌 = 0.
Moreover,

2Γ𝑘11(𝑥) = − 𝜕𝑥𝑘𝑔11(𝑥) = [R1𝑘1𝑙 (𝑥1) + R1𝑙1𝑘 (𝑥1)]𝑥
′
𝑙 + O(|𝑥′ |2)

= 2R1𝑘1𝑙 (𝑥1)𝑥𝑙 + O(|𝑥′ |2)
= − 2R𝑘11𝑙 (𝑥1)𝑥

′
𝑙 + O(|𝑥′ |2) for 𝑘 ≥ 2. (4.204)

In addition we have Γ111 = O(|𝑥′ |2), since 𝜕𝑥1
𝑔11 = O(|𝑥′ |2) and the antisymmetry of R in the first two

arguments gives R111𝑙 = 0. Hence the identity (4.204) also holds for 𝑘 = 1. Combining this observation
with (4.203) (with (𝑖, 𝑗) replaced by (𝑘, 𝑖) we get

Γ𝑘𝑖1(𝑥) = −R𝑘𝑖1𝑙 (𝑥1)𝑥𝑙 + O(|𝑥′ |2) for 𝑖, 𝑘 ≥ 1. (4.205)

Together with (4.202) we get the second estimate in (4.15).

Finally we discuss the independence of the constants in the estimates (4.14) and (4.15) of the framed
unit speed geodesic (𝛾, 𝜈). Set

𝐶𝜌 := (−2𝐿, 2𝐿) × 𝐵𝜌 (0).

It follows from (4.190) that there exists an 𝜀0 such that

sup
𝑥∈𝐶𝜌

|𝑔 − Id | ≤ 𝐶𝜌2 sup
𝑥∈𝐶𝜌

|R(𝑥) |

as long as
𝜌

2 sup
𝑥∈𝐶𝜌

|R(𝑥) | ≤ 𝜀0,

where |R(𝑝) | is an intrinsic norm of the curvature tensor at 𝑝 ∈ M. On the other hand, if 1
2 Id ≤ 𝑔 ≤ 2 Id
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then
sup
𝐶𝜌

|R(𝑥) | ≤ 𝐶 sup
𝑝∈𝜓 (𝐶𝜌 )

|R(𝑝) |. (4.206)

Thus a continuity argument shows that 1
2 Id ≤ 𝑔 ≤ 2 Id and (4.206) hold provided that

𝜌
2 sup
𝑝∈𝜓 (𝐶𝜌 )

|R(𝑝) | ≤ 𝜀1

for some 𝜀1 > 0.
Similarly, the other constants in the estimates for 𝑔 and Γ are controlled by sup𝑥∈𝐶𝜌

|R(𝑥) | and
sup𝑥∈𝐶𝜌

|𝐷R(𝑥) |. Now, for |Γ | ≤ 1 and 1
2 Id ≤ 𝑔 ≤ 2 Id, the quantity sup𝑥∈𝐶𝜌

|𝐷R(𝑥) | is controlled by
the 𝐶0 norm of R and its covariant derivative ∇R in 𝜓(𝐶𝜌). Thus another continuity argument based on
(4.192)–(4.194) shows that that the constants are uniformly controlled if

𝜌 sup
𝑝∈𝜓 (𝐶𝜌 )

|R(𝑝) | + 𝜌2 sup
𝑝∈𝜓 (𝐶𝜌 )

|∇R(𝑝) | ≤ 𝜀2

for some 𝜀2 > 0. In particular, for a compact manifold, the radius 𝜌 and the constants 𝐶 in can be chosen
independent of the frame unit speed geodesic (𝛾, 𝜈). □
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APPENDIX A

Published version: Convergence of the nonlocal
Allen–Cahn equation to volume preserving mean
curvature flow

This Appendix coincides with following article, which is a joint work with Tim Laux:

• M. Kroemer and T. Laux. “Quantitative convergence of the nonlocal Allen-Cahn equation to
volume-preserving mean curvature flow”. In: Math. Ann. 391.3 (2025), pp. 4455–4472. doi:
https://doi.org/10.1007/s00208-024-03034-0

A.1 Introduction

We consider the nonlocal Allen–Cahn equation

𝜕𝑡𝑢𝜀 = Δ𝑢𝜀 −
1
𝜀

2𝑊
′(𝑢𝜀) + 𝜆𝜀

√︁
2𝑊 (𝑢𝜀) (A.1)

which was first introduced by Golovaty [7]. Here 𝜆𝜀 = 𝜆𝜀 (𝑡) is a Lagrange multiplier which is given
explicitly by

𝜆𝜀 (𝑡) := −

∫
R𝑑 (Δ𝑢𝜀 − 1

𝜀
2𝑊

′(𝑢𝜀))
√︁

2𝑊 (𝑢𝜀) d𝑥∫
R𝑑 2𝑊 (𝑢𝜀) d𝑥

. (A.2)

This is a natural choice since then the mass of 𝜓𝜀 := 𝜙 ◦ 𝑢𝜀 , where 𝜙(𝑢) =
∫ 𝑢

0

√︁
2𝑊 (𝑧) d𝑧, is preserved:

𝑑

𝑑𝑡

∫
(𝜙 ◦ 𝑢𝜀) (𝑥, 𝑡) d𝑥 =

∫
R𝑑

√︁
2𝑊 (𝑢𝜀 (𝑥, 𝑡))𝜕𝑡𝑢𝜀 (𝑥, 𝑡) d𝑥 = 0. (A.3)

This change of variables 𝜙 : 𝑢𝜀 ↦→ 𝜓𝜀 is crucial in studying the Allen–Cahn equation and was discovered
by Modica–Mortola [18] and independently by Bogomol’nyi [2]. In the present paper, we derive an optimal
quantitative convergence result in the sharp interface limit, see Theorem A.1 below.
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Appendix A Published version: Convergence of the nonlocal Allen–Cahn equation to volume preserving
mean curvature flow

Nonlocal versions of the Allen–Cahn equation were first introduced by Rubinstein and Sternberg [20]
as a basic model for coarsening processes which conserve the phase volume. The original model by
Rubinstein and Sternberg is

𝜕𝑡𝑢𝜀 = Δ𝑢𝜀 −
1
𝜀

2𝑊
′(𝑢𝜀) +

1
𝜀
𝜆𝜀 ,

where 𝜆𝜀 = 𝜆𝜀 (𝑡) is the Lagrange multiplier associated to the mass constraint∫
R𝑑 𝑢𝜀 (𝑥, 𝑡) d𝑥 =

∫
R𝑑 𝑢𝜀 (𝑥, 0) d𝑥 and is explicitly given by 𝜆𝜀 (𝑡) =

∫
R𝑑

1
𝜀
𝑊

′(𝑢𝜀 (𝑥, 𝑡)) d𝑥. Equation (A.1)
has several advantages over the classical Rubinstein–Sternberg model as the effect of the Lagrange multiplier
is amplified close to the diffuse interface.

The nonlocal Allen–Cahn equation (A.1) is the 𝐿2-gradient flow of the Cahn–Hilliard energy

𝐸𝜀 [𝑢] =
∫
R𝑑

(
𝜀

2
|∇𝑢 |2 + 1

𝜀
𝑊 (𝑢)

)
d𝑥 (A.4)

restricted to the mass-constrained “submanifold”
{
𝑢 :

∫
R𝑑 𝜙 ◦ 𝑢 d𝑥 = 𝑚

}
⊂ 𝐿

2(R𝑑) and sped up by the
factor 1

𝜀
. This gradient-flow structure can be read off from the optimal energy dissipation relation which

holds for any classical solution of (A.1):

𝑑

𝑑𝑡
𝐸𝜀 [𝑢𝜀 (·, 𝑡)] = −

∫
R𝑑
𝜀(𝜕𝑡𝑢𝜀 (𝑥, 𝑡))

2 d𝑥. (A.5)

The investigation of the sharp-interface limit 𝜀 → 0 of nonlocal versions of the Allen–Cahn equation (A.1)–
(A.2) started with the matched asymptotic expansion by Golovaty [7]. His formal argument suggests that
the limit evolves by the nonlocal evolution equation

𝑉 = −𝐻 + 𝜆 on Σ(𝑡), (A.6)

where 𝑉 and 𝐻 denote the normal velocity and the mean curvature of the evolving surface Σ(𝑡) = 𝜕Ω(𝑡),
respectively, and 𝜆 = 𝜆(𝑡) is the Lagrange multiplier corresponding to the volume constraint |Ω(𝑡) | = |Ω(0) |.
Also this equation, the volume-preserving mean curvature flow, has a gradient-flow structure as is seen at
the energy dissipation relation

𝑑

𝑑𝑡
𝐸 [Σ(𝑡)] =

∫
Σ (𝑡 )

𝑉 (𝑥, 𝑡)𝐻 (𝑥, 𝑡) dH 𝑑−1(𝑥) = −
∫
Σ (𝑡 )

𝑉
2 dH 𝑑−1(𝑥), (A.7)

which holds for sufficiently regular solutions of (A.6). Again the evolution is restricted to a “submanifold”{
Σ = 𝜕Ω ⊂ R𝑑 : |Ω| = 𝑚

}
which incorporates the volume constraint. Takasao showed under very mild

assumptions that solutions to (A.1)–(A.2) converge to a weak solution of volume-preserving mean curvature
flow in the sense of Brakke [3]; first for ambient dimensions 𝑑 = 2, 3 [21] and most recently, for a slight
perturbation of (A.1)–(A.2) in all dimensions [22]. Another approach is inspired by the work of Luckhaus
and Sturzenhecker [17]: the second author and Simon [15] showed that, under a natural energy-convergence
assumption as in [17], the limit is a distributional solution to volume-preserving mean curvature flow,
which holds in all spatial dimensions and also in the case of multiple phases, any selection of which may
carry a volume constraint.

For our proof, we use the relative energy method. In the context of the convergence of phase field models
this method was introduced by Fischer, Simon and the second author in [5], but the relative energy is very
closely related to the diffuse tilt-excess introduced by Simon and the second author in [15]. It can also be
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A.2 Main results

used to incorporate boundary contact, as was shown by Hensel and Moser [9], and Hensel and the second
author [8]. As the method does not rely on the maximum principle, it can also be applied for vectorial
problems. Liu and the second author [14] combined the relative energy method with weak convergence
methods to derive the scaling limit of transitions between the isotropic and the nematic phase in liquid
crystals. Fischer and Marveggio [6] showed that the method can also be used for the vectorial Allen–Cahn
equation, at least in ambient dimensions 𝑑 = 2, 3 and for a prototypical potential with three wells.

The nonlocal Allen–Cahn equation is a physically motivated model, which is why its sharp interface
limit is of high interest. But it can also be viewed as an approximation scheme to construct (numerically or
theoretically) solutions to volume preserving mean curvature flow. Other methods to construct solutions
include PDE methods which can be used for short time [4]; versions of the minimizing movements scheme
by Almgren, Taylor and Wang [1], as was first done by Mugnai, Seis and Spadaro [19] and later by Julin
and Niinikoski [10]; and the thresholding scheme, which is also numerically efficient, see the work of
Swartz and the second author [16].

A.1.1 Notation

The Landau symbol 𝑂 will be used frequently. Precisely, by 𝑎 = 𝑂 (𝑏) we mean that there exists a constant
𝐶 depending on 𝑑, 𝑇 , and Σ = (Σ(𝑡))𝑡∈[0,𝑇 ] , such that |𝑎 | ≤ 𝐶 |𝑏 |. The signed distance function to Σ(𝑡)
will be denoted by

s(𝑥, 𝑡) := dist(𝑥,Ω(𝑡)) − dist(𝑥,R𝑑 \Ω(𝑡)), (A.8)

where Ω(𝑡) is the region enclosed by Σ(𝑡). For a surface Σ not depending on time we simply write s(𝑥).
The gradient and divergence on R𝑑 will be denoted by ∇ and div, respectively. The tangential gradient ∇Σ

and divergence divΣ can be defined intrinsically for functions and vector fields on a smooth surface Σ. For
functions defined in a neighborhood, those definitions agree with the following operators

∇Σ = (Id − 𝜈 ⊗ 𝜈)∇ and divΣ = (Id − 𝜈 ⊗ 𝜈) : ∇

which can furthermore be extended to a tubular neighborhood of the surface by extending 𝜈 = ∇s.

A.2 Main results

The main result of this work states that solutions to the nonlocal Allen–Cahn equation with well-prepared
initial conditions converge to solutions of volume-preserving mean curvature flow before the onset of
singularities. In addition, the theorem provides the optimal convergence rate 𝑂 (𝜀). For simplicity
we assume that the two wells of 𝑊 are 0 and 1 and that the induced surface tension is normalized to
𝜎 := 𝜙(1) =

∫ 1
0

√︁
2𝑊 (𝑧) d𝑧 = 1. This is for example the case if𝑊 (𝑧) = 18𝑧2(𝑧 − 1)2.

Theorem A.1. Let Σ = (Σ(𝑡) = 𝜕Ω(𝑡))𝑡∈[0,𝑇 ] be a smooth solution to volume-preserving mean curvature
flow according to Definition A.3 below and let 𝑢𝜀 be a solution of the nonlocal Allen–Cahn equation (A.1)
with well-prepared initial conditions according to Definition A.7 below. Then there exists a constant
𝐶 = 𝐶 (𝑑, Σ, 𝑇) < ∞ such that

sup
𝑡∈[0,𝑇 ]

∫
R𝑑

|𝜓𝜀 (𝑥, 𝑡) − 𝜒Ω(𝑡 ) (𝑥) | d𝑥 ≤ 𝐶𝜀,

where 𝜓𝜀 := 𝜙 ◦ 𝑢𝜀 .
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We note that well-prepared initial data can easily be constructed by gluing the optimal profile around
Σ(0):

Lemma A.2. If Σ(0) is 𝐶3,𝛼 for some 𝛼 ∈ (0, 1), then there exist constants (𝑎𝜀)𝜀>0 with 𝑎𝜀 = 𝑂 (𝜀) as
𝜀 ↓ 0 such that

𝑢𝜀 (𝑥, 0) := 𝑈
(−s(𝑥, 0) − 𝑎𝜀

𝜀

)
is well-prepared in the sense of Definition A.7, (A.9)

where𝑈 is the unique solution to𝑈′′
= 𝑊

′(𝑈) with𝑈 (−∞) = 0, 𝑈 (+∞) = 1 and𝑈 (0) = 1
2 .

Definition A.3. We call a family of surfaces Σ = (Σ(𝑡))𝑡∈[0,𝑇 ] a smooth solution to volume-preserving
mean curvature flow if there exists 𝛼 ∈ (0, 1) such that Σ(𝑡) is 𝐶3,𝛼 for all 𝑡 and Σ(𝑡) evolves by (A.6), i.e.,
𝑉 = −𝐻 + 𝜆, and the normal velocity 𝑉 (𝑡) is of class 𝐶1,𝛼 in space.

Before we give a precise definition of well-preparedness, we need to introduce some definitions. The
key tool in our proof is a suitable gradient flow calibration.

Definition A.4. Let Σ = (Σ(𝑡))𝑡∈[0,𝑇 ] be a one-parameter family of closed surfaces Σ(𝑡) = 𝜕Ω(𝑡) ⊂ R𝑑 .
Let 𝜉, 𝐵 : R𝑑 × [0, 𝑇] → R𝑑 be two vector fields, let 𝜗 : R𝑑 × [0, 𝑇] → R and let 𝜆 : [0, 𝑇] → R. We
call the tuple (𝜉, 𝐵, 𝜗, 𝜆) a gradient-flow calibration for volume-preserving mean curvature flow if the
following statements hold true.

(i) Regularity. The vector field 𝜉 and the functions 𝜗, 𝜆 satisfy

𝜉 ∈ 𝐶0,1(R𝑑 × [0, 𝑇];R𝑑), 𝜗 ∈ 𝐶0,1(R𝑑 × [0, 𝑇]) and 𝜆 ∈ 𝐿2( [0, 𝑇]). (A.10)

Furthermore, for each 𝑡 ∈ [0, 𝑇] it holds

𝐵(·, 𝑡) ∈ 𝐶0,1(R𝑑;R𝑑). (A.11)

(ii) Normal extension and shortness. The vector field 𝜉 extends the exterior unit normal vector field

𝜉 (·, 𝑡) = 𝜈(·, 𝑡) on Σ(𝑡) (A.12)

and it is short away from Σ: There exists a constant 𝑐 > 0 such that

|𝜉 (·, 𝑡) | ≤ (1 − 𝑐dist2(𝑥,Σ(𝑡)))+, (A.13)

where (·)+ denotes the positive part.

(iii) Divergence constraint. There exists a bounded function 𝑐 : [0, 𝑇] → R such that the vector fields
𝐵(·, 𝑡) satisfy, for each 𝑡 ∈ [0, 𝑇],

∇ · 𝐵(·, 𝑡) − 𝑐(𝑡) = 𝑂
(
dist(·, Σ(𝑡))

)
, (A.14)

and

𝜉 ⊗ 𝜉 : ∇𝐵(·, 𝑡) = 𝑂 (dist(·, Σ(𝑡))). (A.15)
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A.2 Main results

(iv) Approximate transport equations. The weight 𝜗 is transported to first order(
𝜕𝑡𝜗 + (𝐵 · ∇)𝜗

)
(·, 𝑡) = 𝑂

(
dist(·, Σ(𝑡))

)
, (A.16)

and the length of 𝜉 to second order(
𝜕𝑡 |𝜉 |

2 + (𝐵 · ∇) |𝜉 |2
)
(·, 𝑡) = 𝑂

(
dist2(·, Σ(𝑡))

)
. (A.17)

Furthermore (
𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)T

𝜉

)
(·, 𝑡) = 𝑂

(
dist(·, Σ(𝑡))

)
. (A.18)

(v) Geometric evolution equation.

𝐵(·, 𝑡) · 𝜉 (·, 𝑡) + ∇ · 𝜉 (·, 𝑡) − 𝜆(𝑡) = 𝑂
(
dist(·, Σ(𝑡))

)
. (A.19)

(vi) Coercivity of the transported weight. It holds

𝜗(·, 𝑡) > 0 on R𝑑 \Ω(𝑡),
𝜗(·, 𝑡) < 0 in Ω(𝑡),

sup
(𝑥,𝑡 ) ∈R𝑑×[0,𝑇 ]

|𝜗(𝑥, 𝑡) | < ∞,

and there exist constants 0 < 𝑐, 𝐶 < ∞ such that, on supp 𝜉,

𝑐dist(·, Σ(𝑡)) ≤ |𝜗(·, 𝑡) | ≤ 𝐶dist(·, Σ(𝑡)). (A.20)

In case such a gradient-flow calibration exists for Σ, we call Σ a calibrated flow.

The main difficulty in this work, compared to previous works using relative energy methods, are the
divergence constraints (A.14) and (A.15) on 𝐵 which need a particular construction. These divergence
constraints are natural in the following sense. In view of [13], it is useful to choose 𝐵 such that its
divergence is controlled, since ∇ · 𝐵 = 0 is the localized version of the preservation of the total volume.
There, it was chosen such that ∇ · 𝐵 = 𝑂 (dist(·, Σ)). Here, we need to relax this constraint to (A.14) as
we additionally want to choose 𝐵 such that the 𝜈 ⊗ 𝜈 component of the Jacobian ∇𝐵 vanishes. With this
assumption we have ∇ · 𝐵 = (𝐼 − 𝜈 ⊗ 𝜈) : ∇𝐵 = divΣ 𝐵 on Σ by (A.15), and since the rate of change of the
total surface area is dictated by the PDE, we cannot set 𝑐(𝑡) = 0.

Our ansatz is to add a tangential part to the velocity field, say 𝑋 . More precisely, setting 𝐵 = 𝑉𝜈 + 𝑋 on
Σ, the divergence constraint (A.14) ∇ · 𝐵 = 𝑐 on Σ becomes

− divΣ 𝑋 = 𝑉𝐻 − 𝑐.

Hence we see that necessarily

𝑐(𝑡) =

∫
Σ (𝑡 ) 𝑉𝐻 dH 𝑑−1

H 𝑑−1(Σ(𝑡))
. (A.21)
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This PDE is underdetermined, so we make the ansatz that 𝑋 is a gradient field, i.e., 𝑋 = ∇Σ𝜑 for some
potential 𝜑. Then 𝜑 solves the Poisson equation

−ΔΣ𝜑 = 𝑉𝐻 − 𝑐 on Σ, (A.22)

where ΔΣ = divΣ ∇Σ is the Laplace–Beltrami operator on Σ.
Now Theorem A.1 rests on the following two propositions. The first one guarantees the existence of a

calibration, the second shows that, given a calibration, the Allen–Cahn equation converges.

Proposition A.5. If Σ is a smooth solution to volume-preserving mean curvature flow in the sense of
Definition A.3, then Σ is a calibrated flow.

Proposition A.6. Let 𝑢𝜀 be a solution to the nonlocal Allen–Cahn equation (A.1) and let (Σ(𝑡))𝑡∈[0,𝑇 ] be
a calibrated flow according to Definition A.4. Suppose further that∫

R𝑑
𝜓𝜀 (𝑥, 0) d𝑥 = |Ω(0) |.

Then there exists a constant 𝐶 = 𝐶 (𝑑, 𝑇, Σ) such that, for all 𝑡 ∈ (0, 𝑇), it holds

𝑑

𝑑𝑡

(
E𝜀 (𝑡) + F𝜀 (𝑡)

)
≤ 𝐶

(
E𝜀 (𝑡) + F𝜀 (𝑡)

)
, (A.23)

where E𝜀 and F𝜀 are defined below in (A.24) and (A.25), respectively.

We work with the relative energy

E𝜀 (𝑡) := E𝜀 [𝑢𝜀 , Σ] (𝑡) := 𝐸𝜀 [𝑢𝜀 (·, 𝑡)] +
∫
R𝑑
𝜉 (𝑥, 𝑡) · ∇𝜓𝜀 (𝑥, 𝑡) d𝑥 (A.24)

=

∫
R𝑑

(
𝜀

2
|∇𝑢𝜀 (𝑥, 𝑡) |

2 + 1
𝜀
𝑊 (𝑢𝜀 (𝑥, 𝑡)) − |∇𝜓𝜀 (𝑥, 𝑡) |

)
d𝑥

+
∫
R𝑑

(
1 − 𝜉 (𝑥, 𝑡) · 𝜈𝜀 (𝑥, 𝑡)

)
|∇𝜓𝜀 (𝑥, 𝑡) | d𝑥,

where 𝜓𝜀 (𝑥, 𝑡) :=
∫ 𝑢𝜀 (𝑥,𝑡 )

0

√︁
2𝑊 (𝑧) d𝑧 and 𝜈𝜀 (𝑥, 𝑡) := − ∇𝜓𝜀 (𝑥,𝑡 )

|∇𝜓𝜀 (𝑥,𝑡 ) |
if ∇𝜓𝜀 (𝑥, 𝑡) ≠ 0 and 𝜈𝜀 (𝑥, 𝑡) := 𝑒 for

some arbitrary 𝑒 ∈ 𝑆𝑑−1 if ∇𝜓𝜀 (𝑥, 𝑡) = 0. This energy is non-negative, since∫
R𝑑

(
𝜀

2
|∇𝑢𝜀 (𝑥, 𝑡) |

2 + 1
𝜀
𝑊 (𝑢𝜀 (𝑥, 𝑡)) − |∇𝜓𝜀 (𝑥, 𝑡) |

)
d𝑥

=

∫
1
2

(√
𝜀 |∇𝑢𝜀 |

2 − 1
√
𝜀

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥 ≥ 0,

and |𝜈𝜀 · 𝜉 | ≤ 1. It is already clear that the relative energy E𝜀 controls both the discrepancy between the
two terms in the energy and the tilt-excess.

Furthermore, we define the volume error functional

F𝜀 (𝑡) := F𝜀 [𝑢𝜀 , Σ] (𝑡) :=
∫
R𝑑

|𝜓𝜀 (𝑥, 𝑡) − 𝜒Ω(𝑡 ) (𝑥) | |𝜗(𝑥, 𝑡) | d𝑥 (A.25)

=

∫
R𝑑

(𝜓𝜀 (𝑥, 𝑡) − 𝜒Ω(𝑡 ) (𝑥))𝜗(𝑥, 𝑡) d𝑥.
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A.3 Construction of calibrations: Proof of Proposition A.5

Definition A.7. We call initial conditions 𝑢𝜀 (·, 0) well-prepared if they satisfy the following assumptions:

(i) Mass constraint.
∫
R𝑑 𝜓𝜀 (𝑥, 0) d𝑥 = |Ω(0) |.

(ii) Optimal convergence rate. E𝜀 (0) + F𝜀 (0) = 𝑂 (𝜀2).

The proofs of Proposition A.5 and A.6 are deferred to the next sections. Now, based on the propositions
we are able to prove Theorem A.1 similarly to [5].

Proof of Theorem A.1. By Gronwall’s lemma, (A.23) implies

E𝜀 (𝑡) + F𝜀 (𝑡) ≤ 𝐶
(
E𝜀 (0) + F𝜀 (0)

)
for all 𝑡 ∈ [0, 𝑇]. (A.26)

Now, for 𝛿 > 0 and 𝑓 ∈ 𝐿∞(0, 𝛿), we split the square [0, 𝛿]2 into two triangles and apply Fubini’s theorem(∫ 𝛿

0
| 𝑓 (𝑟) | d𝑟

)2

=

∫ 𝛿

0

∫ 𝛿

0
| 𝑓 (𝑟) | | 𝑓 (𝑟 ′) | d𝑟 d𝑟 ′ ≤ 2∥ 𝑓 ∥∞

∫ 𝛿

0
| 𝑓 (𝑟) |𝑟 d𝑟. (A.27)

Let U𝑟 (𝑡) := {𝑥 : dist(𝑥,Σ(𝑡)) < 𝑟} denote the tubular neighborhood of Σ(𝑡) with radius 𝑟 and let
𝜋Σ (𝑡 ) (𝑥) := 𝑥 − s(𝑥, 𝑡) (𝑥 · ∇s(𝑥, 𝑡))∇s(𝑥, 𝑡) denote the orthogonal projection onto Σ(𝑡), where s is the
signed distance function defined in (A.8). Now let 𝛿 > 0 sufficiently small such that 𝜋Σ (𝑡 ) is well defined
on U𝛿 (𝑡) and injective for all 𝑡 ∈ [0, 𝑇]. We compute, using (A.27),(∫

U𝛿 (𝑡 )
|𝜓𝜀 (·, 𝑡) − 𝜒Ω(𝑡 ) | d𝑥

)2

≤ 𝐶

( ∫
Σ (𝑡 )

∫ 𝛿

0
|𝜓𝜀 − 𝜒Ω | (𝑦 + 𝑟𝜈(𝑦, 𝑡), 𝑡)𝑟 d𝑟 dH 𝑑−1(𝑦)

+
∫
Σ (𝑡 )

∫ 𝛿

0
|𝜓𝜀 − 𝜒Ω | (𝑦 − 𝑟𝜈(𝑦, 𝑡), 𝑡)𝑟 d𝑟 dH 𝑑−1(𝑦)

)
= 𝐶

∫
Σ (𝑡 )

∫ 𝛿

−𝛿

|𝜓𝜀 − 𝜒Ω(𝑡 ) | (𝑦 + 𝑟𝜈(𝑦, 𝑡), 𝑡)dist(𝑦 + 𝑟𝜈(𝑥, 𝑡), Σ(𝑡)) d𝑟 dH 𝑑−1(𝑦)

≤ 𝐶

∫
U𝛿 (𝑡 )

|𝜓𝜀 (𝑥, 𝑡) − 𝜒Ω(𝑡 ) (𝑥) |dist(𝑥, Σ(𝑡)) d𝑥 ≤ 𝐶F𝜀 (𝑡).

In view of (A.26) and the well-preparedness condition (ii) we obtain Theorem A.1. □

A.3 Construction of calibrations: Proof of Proposition A.5

Proof of Proposition A.5. Let (Σ(𝑡))𝑡∈[0,𝑇 ] be a smooth solution to volume-preserving mean curvature
flow and let 𝛿 > 0 be sufficiently small such that 𝜋Σ, with the notation of the proof of Theorem A.1, is
well defined, injective and of class 𝐶2 on U2𝛿 . Define a smooth cutoff function 𝜁 : R → [0,∞) such that
𝜁 (𝑟) = 1 − 𝑟2 for 𝑟 < 𝛿/2, 𝜁 = 0 for 𝑟 > 𝛿 and define

𝜉 (·, 𝑡) := 𝜁 (s(·, 𝑡))∇s(·, 𝑡).

Next, let 𝜃 be a smooth truncation of the identity, i.e., 𝜃 (𝑟) = −𝜃 (−𝑟), 𝜃 (𝑟) = 𝑟 for |𝑟 | < 𝛿/2 and 𝜃 (𝑟) = 𝛿
for 𝑟 ≥ 𝛿. Now we define 𝜗(𝑥, 𝑡) := 𝜃 (s(𝑥, 𝑡)).
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Finally we construct the vector field 𝐵. Let 𝑉 (·, 𝑡) denote the normal velocity of the interface
Σ(𝑡) = {𝜗(·, 𝑡) = 0} and let 𝜂 be a cutoff function such that 𝜂(𝑟) = 1 for |𝑟 | < 𝛿 and 𝜂(𝑟) = 0 for 𝑟 > 2𝛿.
Now consider the ansatz

𝐵(𝑥, 𝑡) := 𝜂(s(𝑥, 𝑡)) ((𝑉𝜈 + 𝑋) (𝜋Σ (𝑡 ) (𝑥)))

for some tangent vector field 𝑋 (·, 𝑡) : Σ(𝑡) → 𝑇Σ(𝑡). Then 𝜈 ⊗ 𝜈 : ∇𝐵 = 0 on U𝛿 and hence

∇ · 𝐵 = (Id − 𝜈 ⊗ 𝜈) : ∇𝐵 + 𝜈 ⊗ 𝜈 : ∇𝐵
= divΣ (𝑡 ) 𝐵

= divΣ (𝑡 ) (𝑉𝜈 + 𝑋)
= 𝑉 divΣ (𝑡 ) 𝜈 + divΣ (𝑡 ) 𝑋.

We can construct such an 𝑋 (·, 𝑡) by solving the PDE

−ΔΣ (𝑡 )𝜑 = 𝑉𝐻 − 𝑐 on Σ(𝑡),

where 𝑐(𝑡) =
⨏
Σ (𝑡 ) 𝑉𝐻 dH 𝑑−1. Then the right-hand side satisfies the compatibility condition∫

Σ (𝑡 )
𝑉𝐻 − 𝑐 dH 𝑑−1

= 0,

and existence and uniqueness of weak solutions in 𝐻1
(0) (Σ(𝑡)) can easily be shown with the Lax–Milgram

lemma, cf. [11, Lemma 4]. Since Σ(𝑡) is 𝐶3,𝛼 and the normal velocity 𝑉 is of class 𝐶1,𝛼, the regularity
of 𝜑 can be improved to 𝐶3,𝛼 using Schauder estimates, cf. [13, Proof of Thm. 1]. Now set 𝑋 := ∇Σ (𝑡 )𝜑.
Then 𝐵 is of class 𝐶1,𝛼, in particular 𝐶0,1, and satisfies the required properties:

𝜈 ⊗ 𝜈 : ∇𝐵 = 0 on Σ(𝑡), (A.28)
∇ · 𝐵 = 𝑐 on Σ(𝑡), (A.29)

and hence by Lipschitz continuity the divergence constraints (A.14) and (A.15).
Now we compute, on Σ,

𝜕𝑡s + 𝐵 · ∇s = −𝑉 + 𝐵 · 𝜈 = −𝑉 +𝑉 = 0. (A.30)

Since both |𝜉 |2 = (𝜁 ◦ s)2 and 𝜗 = 𝜃 ◦ s are Lipschitz functions and functions of the signed distance in a
neighborhood of Σ(𝑡), we immediately obtain (A.16) and (A.17).

It remains to show (A.18) and (A.19). Since 𝜁 ′(0) = 0, we have, on Σ,

𝐵 · 𝜉 + ∇ · 𝜉 − 𝜆 = 𝐵 · 𝜈 + |∇s|2𝜁 ′(0) + 𝜁 (0)∇ · 𝜈 − 𝜆 = 𝑉 + 𝐻 − 𝜆 = 0.

By Lipschitz continuity of 𝐵 and 𝜉 we get (A.19). Finally we compute

(𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)T
𝜉) (·, 𝑡)

= 𝜁
′(s) (𝜕𝑡s + 𝐵 · ∇s)∇s + 𝜁 (s) (𝜕𝑡∇s + (𝐵 · ∇)∇s + (∇𝐵)T∇s)

As before, the first term is 𝑂 (dist(·, Σ(𝑡))). Thus it remains to compute the second term. We have, on Σ,

0 = ∇(𝜕𝑡s + (𝐵 · ∇)s)
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= 𝜕𝑡∇s + (𝐵 · ∇)∇s + (∇𝐵)T∇s

= 𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)T
𝜉.

This concludes the proof of Proposition A.5. □

A.4 Relative energy estimate: Proof of Proposition A.6

This section is devoted to the proof of the relative energy estimate in Proposition A.6. We will need an
appropriate weak formulation of the nonlocal Allen–Cahn equation, which we will later test with the
extended velocity field 𝐵. It is easy to check that testing (A.1) with 𝐵 · 𝜀∇𝑢𝜀 we have for any solution 𝑢𝜀
of the nonlocal Allen–Cahn equation (A.1)∫

(∇ · 𝐵)
(𝜀
2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀)

)
d𝑥 −

∫
𝜈𝜀 · ∇𝐵𝜈𝜀 |∇𝜓𝜀 | d𝑥 (A.31)

= −
∫ (

𝑉𝜀 − 𝜆𝜀

√︁
2𝑊 (𝑢𝜀)

)
𝜈𝜀 · 𝐵|∇𝑢𝜀 | d𝑥 +

∫
𝜈𝜀 · ∇𝐵𝜈𝜀

(
𝜀 |∇𝑢𝜀 |

2 − |∇𝜓𝜀 |
)

d𝑥, (A.32)

where 𝑉𝜀 := 𝜀𝜕𝑡𝑢𝜀 , and we omitted the domain of integration R𝑑 × {𝑡}, for 𝑡 ∈ (0, 𝑇), cf. [15, Section 3.2].
The following simple lemma, cf. [5, Lemma 4], states the basic coercivity properties of the relative

energy E𝜀 .

Lemma A.8. There exist constants 0 < 𝑐, 𝐶 < ∞ such that∫ (√
𝜀 |∇𝑢𝜀 | −

1
√
𝜀

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥 ≤ 2E𝜀 [𝑢𝜀 , Σ], (A.33)∫

|𝜈𝜀 − 𝜉 |
2 |∇𝜓𝜀 | d𝑥 ≤ 2E𝜀 [𝑢𝜀 , Σ], (A.34)∫

|𝜈𝜀 − 𝜉 |
2
𝜀 |∇𝑢𝜀 |

2 d𝑥 ≤ 12E𝜀 [𝑢𝜀 , Σ], (A.35)∫
min

{
dist2(·, Σ), 𝑐

} (𝜀
2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀)

)
d𝑥 ≤ 𝐶 (Σ)E𝜀 [𝑢𝜀 , Σ] . (A.36)

Now we are in the position to prove Proposition A.6.

Proof of Proposition A.6. We compute using Gauss’ theorem

𝑑

𝑑𝑡
E𝜀 (𝑡) =

𝑑

𝑑𝑡
𝐸𝜀 [𝑢𝜀 (·, 𝑡)] +

𝑑

𝑑𝑡

∫
R𝑑×{𝑡 }

𝜉 · ∇𝜓𝜀 d𝑥 (A.37)

= −
∫
R𝑑×{𝑡 }

1
𝜀
(𝜀𝜕𝑡𝑢𝜀)

2 d𝑥 −
∫
R𝑑×{𝑡 }

(∇ · 𝜉)
√︁

2𝑊 (𝑢𝜀)𝜕𝑡𝑢𝜀 d𝑥 +
∫
R𝑑×{𝑡 }

𝜕𝑡𝜉 · ∇𝜓𝜀 d𝑥. (A.38)

In the following, we again omit the domain of integration R𝑑 × {𝑡}. We set 𝑉𝜀 := 𝜀𝜕𝑡𝑢𝜀 . Then we see,
using that

∫
𝑉𝜀

√︁
2𝑊 (𝑢𝜀) d𝑥 = 𝑑

𝑑𝑡

∫
𝜓𝜀 d𝑥 = 0,

𝑑

𝑑𝑡
E𝜀 (𝑡) =

∫ (
−1
𝜀
𝑉

2
𝜀 −

1
𝜀
𝑉𝜀

(
∇ · 𝜉 − 𝜆

)√︁
2𝑊 (𝑢𝜀) − 𝜕𝑡𝜉 · 𝜈𝜀 |∇𝜓𝜀 |

)
d𝑥.
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We add the weak formulation (A.32), tested with the velocity field 𝐵, to obtain

𝑑

𝑑𝑡
E𝜀 (𝑡) =

∫ (
−1
𝜀
𝑉

2
𝜀 −

1
𝜀
𝑉𝜀

(
∇ · 𝜉 − 𝜆

)√︁
2𝑊 (𝑢𝜀) +

(
𝑉𝜀 − 𝜆𝜀

√︁
2𝑊 (𝑢𝜀)

)
𝜈𝜀 · 𝐵|∇𝑢𝜀 |

)
d𝑥

+
∫

(∇ · 𝐵)
(𝜀
2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀)

)
d𝑥 −

∫
𝜈𝜀 · ∇𝐵𝜈𝜀 |∇𝜓𝜀 | d𝑥

−
∫

𝜈𝜀 · 𝜕𝑡𝜉 |∇𝜓𝜀 | d𝑥

−
∫

𝜈𝜀 · ∇𝐵𝜈𝜀
(
𝜀 |∇𝑢𝜀 |

2 − |∇𝜓𝜀 |
)

d𝑥.

Decomposing the vector field 𝐵 = (𝐵 · 𝜉)𝜉 + (Id − 𝜉 ⊗ 𝜉)𝐵, completing squares, and adding zero to make
the transport term for 𝜉 appear, we get

𝑑

𝑑𝑡
E𝜀 (𝑡) +

1
2

∫
1
𝜀

(
𝑉𝜀 + (∇ · 𝜉 − 𝜆)

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥 + 1

2

∫
1
𝜀

���𝑉𝜀𝜈𝜀 − 𝜀 |∇𝑢𝜀 | (𝐵 · 𝜉)𝜉
���2 d𝑥

=
1
2

∫ (
(∇ · 𝜉 − 𝜆)2 1

𝜀
2𝑊 (𝑢𝜀) + (𝐵 · 𝜉)2 |𝜉 |2𝜀 |∇𝑢𝜀 |

2
)

d𝑥

+
∫ (

𝑉𝜀𝜈𝜀 (Id − 𝜉 ⊗ 𝜉)𝐵 − 𝜆𝜀

√︁
2𝑊 (𝑢𝜀)𝜈𝜀 · 𝐵

)
|∇𝑢𝜀 | d𝑥

+
∫ (

∇ · 𝐵 − 𝜈𝜀 · ∇𝐵𝜈𝜀 + 𝜈𝜀 · (𝐵 · ∇)𝜉 + 𝜉 (𝜈𝜀 · ∇)𝐵
)
|∇𝜓𝜀 | d𝑥

−
∫

𝜈𝜀 · (𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)T
𝜉) |∇𝜓𝜀 | d𝑥

+
∫

(∇ · 𝐵)
(𝜀
2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀) − |∇𝜓𝜀 |

)
d𝑥

−
∫

𝜈𝜀 · ∇𝐵𝜈𝜀
(
𝜀 |∇𝑢𝜀 |

2 − |∇𝜓𝜀 |
)

d𝑥.

(A.39)

Completing another square and using 𝜉 ⊗ 𝜈𝜀 + 𝜈𝜀 ⊗ 𝜉 = −(𝜈𝜀 − 𝜉) ⊗ (𝜈𝜀 − 𝜉) + 𝜈𝜀 ⊗ 𝜈𝜀 + 𝜉 ⊗ 𝜉, we may
write the right-hand side of (A.39) as

1
2

∫
1
𝜀

(
(∇ · 𝜉 − 𝜆)

√︁
2𝑊 (𝑢𝜀) + 𝜀 |∇𝑢𝜀 |𝐵 · 𝜉

)2
d𝑥

+ 1
2

∫ (
|𝜉 |2 − 1

)
(𝐵 · 𝜉)2

𝜀 |∇𝑢𝜀 |
2 d𝑥

−
∫

(∇ · 𝜉 − 𝜆)𝐵 · 𝜉 |∇𝜓𝜀 | d𝑥

+
∫ (

𝑉𝜀𝜈𝜀 · (Id − 𝜉 ⊗ 𝜉)𝐵 − 𝜆𝜀

√︁
2𝑊 (𝑢𝜀)𝜈𝜀 · 𝐵

)
|∇𝑢𝜀 | d𝑥

+
∫

(∇ · 𝐵) (1 − 𝜉 · 𝜈𝜀) |∇𝜓𝜀 | d𝑥 +
∫

(∇ · 𝐵)𝜉 · 𝜈𝜀 |∇𝜓𝜀 | d𝑥

−
∫

∇𝐵 : (𝜈𝜀 − 𝜉) ⊗ (𝜈𝜀 − 𝜉) |∇𝜓𝜀 | d𝑥

−
∫

𝜈𝜀 · (𝜉 · ∇)𝐵|∇𝜓𝜀 | d𝑥 +
∫

𝜈𝜀 · (𝐵 · ∇)𝜉 |∇𝜓𝜀 | d𝑥
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−
∫

(𝜈𝜀 − 𝜉) ·
(
𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)T

𝜉

)
|∇𝜓𝜀 | d𝑥

−
∫

𝜉 ·
(
𝜕𝑡𝜉 + (𝐵 · ∇)𝜉

)
|∇𝜓𝜀 | d𝑥

+
∫

(∇ · 𝐵)
(𝜀
2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀) − |∇𝜓𝜀 |

)
d𝑥

−
∫

𝜈𝜀 · ∇𝐵𝜈𝜀
(
𝜀 |∇𝑢𝜀 |

2 − |∇𝜓𝜀 |
)

d𝑥. (A.40)

Two integrations by parts and the symmetry of the Hessian ∇2
𝜓𝜀 imply∫

(𝐵 · ∇)𝜉 · ∇𝜓𝜀 d𝑥 =
∫

(𝜉 · ∇)𝐵 · ∇𝜓𝜀 d𝑥 +
∫ (

(∇ · 𝜉)𝐵 − (∇ · 𝐵)𝜉
)
· ∇𝜓𝜀 d𝑥.

Combining this with ∇𝜓𝜀 = −𝜈𝜀 |∇𝜓𝜀 |, we may again replace three terms in (A.40) by the term
(∇ · 𝜉)𝐵 · 𝜈𝜀 |∇𝜓𝜀 | so that we get

𝑑

𝑑𝑡
E𝜀 (𝑡) +

1
2

∫
1
𝜀

(
𝑉𝜀 + (∇ · 𝜉 − 𝜆)

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥 + 1

2

∫
1
𝜀

���𝑉𝜀𝜈𝜀 − 𝜀 |∇𝑢𝜀 | (𝐵 · 𝜉)𝜉
���2 d𝑥

=
1
2

∫
1
𝜀

(
(∇ · 𝜉 − 𝜆)

√︁
2𝑊 (𝑢𝜀) + 𝜀 |∇𝑢𝜀 |𝐵 · 𝜉

)2
d𝑥 + 1

2

∫ (
|𝜉 |2 − 1

)
(𝐵 · 𝜉)2

𝜀 |∇𝑢𝜀 |
2 d𝑥

−
∫

(∇ · 𝜉 − 𝜆) (1 − 𝜉 · 𝜈𝜀)𝐵 · 𝜉 |∇𝜓𝜀 | d𝑥 +
∫

(𝜆 − 𝜆𝜀)𝜈𝜀 · 𝐵|∇𝜓𝜀 | d𝑥

+
∫ (

𝑉𝜀 + (∇ · 𝜉 − 𝜆)
√︁

2𝑊 (𝑢𝜀)
)
𝜈𝜀 · (Id − 𝜉 ⊗ 𝜉)𝐵|∇𝑢𝜀 | d𝑥

+
∫

(∇ · 𝐵) (1 − 𝜉 · 𝜈𝜀) |∇𝜓𝜀 | d𝑥 −
∫

(𝜈𝜀 − 𝜉) · ∇𝐵(𝜈𝜀 − 𝜉) |∇𝜓𝜀 | d𝑥

−
∫

(𝜈𝜀 − 𝜉) ·
(
𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)T

𝜉

)
|∇𝜓𝜀 | d𝑥

− 1
2

∫ (
𝜕𝑡 |𝜉 |

2 + (𝐵 · ∇) |𝜉 |2
)
|∇𝜓𝜀 | d𝑥

+
∫

(∇ · 𝐵)
(𝜀
2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀) − |∇𝜓𝜀 |

)
d𝑥

−
∫

𝜈𝜀 · ∇𝐵𝜈𝜀
(
𝜀 |∇𝑢𝜀 |

2 − |∇𝜓𝜀 |
)

d𝑥. (A.41)

We argue term-by-term that the right-hand side can be controlled suitably. By and large, the argument is
similar to the one in the sharp-interface case in [13], here based on the coercivity properties of E𝜀 collected
in Lemma A.8. Let us first estimate the terms that are analogous to [13]. For the first term, by Young’s
inequality we have

1
2𝜀

(
(∇ · 𝜉 − 𝜆)

√︁
2𝑊 (𝑢𝜀) + 𝜀 |∇𝑢𝜀 |𝐵 · 𝜉

)2

≤ (∇ · 𝜉 − 𝜆 + 𝐵 · 𝜉)2
𝜀 |∇𝑢𝜀 |

2 + (∇ · 𝜉 − 𝜆)2
(√
𝜀 |∇𝑢𝜀 | −

1
√
𝜀

√︁
2𝑊 (𝑢𝜀)

)2
.

The contribution of these terms are controlled by E𝜀 (𝑡) using (A.19) and (A.36), respectively, (A.33).
The second term in (A.41) is controlled by (A.13) in conjunction with (A.36). The third term is directly
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controlled by ∥∇ · 𝜉 − 𝜆∥∞∥𝐵 · 𝜉∥∞E𝜀 (𝑡). The analogous argument holds for the sixth term. For the fifth
term we use Young’s inequality:∫ (

𝑉𝜀 + (∇ · 𝜉 − 𝜆)
√︁

2𝑊 (𝑢𝜀)
)
𝜈𝜀 · (Id − 𝜉 ⊗ 𝜉)𝐵|∇𝑢𝜀 | d𝑥

≤ 1
4

∫
1
𝜀

(
𝑉𝜀 + (∇ · 𝜉 − 𝜆)

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥 +

∫
(𝜈𝜀 · (Id − 𝜉 ⊗ 𝜉)𝐵)2

𝜀 |∇𝑢𝜀 |
2 d𝑥

≤ 1
4

∫
1
𝜀

(
𝑉𝜀 + (∇ · 𝜉 − 𝜆)

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥 + ∥𝐵∥2

∞

∫
|𝜈𝜀 − (𝜈𝜀 · 𝜉)𝜉 |

2
𝜀∇𝑢𝜀 |

2 d𝑥.

The first term is absorbed in the first term on the left-hand side of (A.41). The second term is estimated
by (A.35). The seventh term of (A.41) is controlled by (A.34), since (𝜈𝜀−𝜉) ·∇𝐵(𝜈𝜀−𝜉) ≤ ∥∇𝐵∥∞ |𝜈𝜀−𝜉 |

2.
For the eighth term we have, using (A.19) and Young’s inequality,���(𝜈𝜀 − 𝜉) · (𝜕𝑡𝜉 + (𝐵 · ∇)𝜉 + (∇𝐵)T

𝜉

)
|∇𝜓𝜀 |

���
≤ 1

2
|𝜈𝜀 − 𝜉 |

2 |∇𝜓𝜀 | +
1
2
𝐶min

{
dist2(·, Σ(𝑡)), 𝑐

}
|∇𝜓𝜀 |.

Since |∇𝜓𝜀 | ≤ 1
2𝜀 |∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀), the eighth term is controlled by (A.34) and (A.36). The ninth term is

controlled by (A.17). The second to last term is controlled by ∥∇ · 𝐵∥∞E𝜀 (𝑡). Thus is remains to estimate
the fourth term and the last term.

For the last term in (A.41) we observe that, using |𝜈𝜀 · ∇𝐵𝜈𝜀 − 𝜉 · ∇𝐵𝜉 | ≤ ∥∇𝐵∥∞ |𝜈𝜀 − 𝜉 | and Young’s
inequality, ����∫ 𝜈𝜀 · ∇𝐵𝜈𝜀

(
𝜀 |∇𝑢𝜀 |

2 − |∇𝜓𝜀 |
)

d𝑥
����

≤
����∫ 𝜉 · ∇𝐵𝜉

(
𝜀 |∇𝑢𝜀 |

2 − |∇𝜓𝜀 |
)

d𝑥
����

+ ∥∇𝐵∥∞
∫

|𝜈𝜀 − 𝜉 |
√
𝜀 |∇𝑢𝜀 |

����√𝜀 |∇𝑢𝜀 | − 1
√
𝜀

√︁
2𝑊 (𝑢𝜀)

���� d𝑥

≤
����∫ 𝜉 · ∇𝐵𝜉

(
𝜀 |∇𝑢𝜀 |

2 − |∇𝜓𝜀 |
)

d𝑥
���� + ∥∇𝐵∥∞

∫
|𝜈𝜀 − 𝜉 |

2
𝜀 |∇𝑢𝜀 |

2 d𝑥

+ ∥∇𝐵∥∞
∫ (√

𝜀 |∇𝑢 | − 1
√
𝜀

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥.

Here, the last two terms are bounded by (A.33) and (A.35), respectively. We compute, using Young’s
inequality, ∫

𝜉 ⊗ 𝜉 : ∇𝐵(𝜀 |∇𝑢𝜀 |
2 − |∇𝜓𝜀 |) d𝑥 ≤ 1

2

∫
(𝜉 ⊗ 𝜉 : ∇𝐵)2

𝜀 |∇𝑢𝜀 |
2 d𝑥

+ 1
2

∫ (√
𝜀 |∇𝑢𝜀 | −

1
√
𝜀

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥.

Using the coercivity estimate (A.20) and (A.33), the second summand is bounded by E𝜀 . For the first term
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we have, by (A.15),

1
2

∫
(𝜉 ⊗ 𝜉 : ∇𝐵)2

𝜀 |∇𝑢𝜀 |
2 d𝑥 ≤ 𝐶

∫
supp 𝜉

|s|2𝜀 |∇𝑢 |2 d𝑥

which is bounded by E𝜀 by (A.36).

Next we estimate the fourth term in (A.41). Since by Gauss’ theorem∫
Ω(𝑡 )

∇ · 𝐵 d𝑥 =
∫
Σ (𝑡 )

𝐵 · 𝜈 dH 𝑑−1
=

∫
Σ (𝑡 )

𝑉 dH 𝑑−1
=
𝑑

𝑑𝑡
|Ω(𝑡) | = 0,

we have ∫
(𝜆 − 𝜆𝜀)𝜈𝜀 · 𝐵|∇𝜓𝜀 | d𝑥 = (𝜆 − 𝜆𝜀)

∫
(∇ · 𝐵)𝜓𝜀 d𝑥

= (𝜆 − 𝜆𝜀)
∫

(∇ · 𝐵) (𝜓𝜀 − 𝜒Ω(𝑡 ) ) d𝑥.

Furthermore, since 𝑑
𝑑𝑡

∫
𝜓𝜀 d𝑥 = 0 = 𝑑

𝑑𝑡
|Ω(𝑡) |, we also have∫

(∇ · 𝐵) (𝜓𝜀 − 𝜒Ω) d𝑥

=

∫
(∇ · 𝐵 − 𝑐) (𝜓𝜀 − 𝜒Ω) d𝑥 +

∫
𝑐(𝜓𝜀 − 𝜒Ω) d𝑥

=

∫
(∇ · 𝐵 − 𝑐) (𝜓𝜀 − 𝜒Ω) d𝑥 + 𝑐

(∫
R𝑑
𝜓𝜀 (𝑥, 𝑡) d𝑥 − |Ω(𝑡) |

)
=

∫
(∇ · 𝐵 − 𝑐) (𝜓𝜀 − 𝜒Ω) d𝑥 + 𝑐

(∫
R𝑑
𝜓𝜀 (𝑥, 0) d𝑥 − |Ω(0) |

)
.

By the well-preparedness assumption (i), the second summand vanishes. By (A.14) and (A.20) we have

( |𝜆 | + |𝜆𝜀 |)
∫

(∇ · 𝐵 − 𝑐) (𝜓𝜀 − 𝜒Ω) d𝑥 ≤ 𝐶 ( |𝜆 | + |𝜆𝜀 |)
∫

|𝜗 | |𝜓𝜀 − 𝜒Ω | d𝑥

= 𝐶 ( |𝜆 | + |𝜆𝜀 |)F𝜀 .

Therefore we have in total

𝑑

𝑑𝑡
E𝜀 (𝑡) +

1
4

∫
1
𝜀

(
𝑉𝜀 + (∇ · 𝜉 − 𝜆)

√︁
2𝑊 (𝑢𝜀)

)2
d𝑥 + 1

2

∫
1
𝜀

���𝑉𝜀𝜈𝜀 − 𝜀 |∇𝑢𝜀 | (𝐵 · 𝜉)𝜉
���2 d𝑥

≤ 𝐶 (E𝜀 (𝑡) + F𝜀 (𝑡)). (A.42)

Finally we estimate 𝑑
𝑑𝑡
F𝜀 by decomposing it into a term which is bounded by E𝜀 + F𝜀 and a small

dissipation term which can be absorbed on the left-hand side of (A.42).

We smuggle in
∫
(𝐵 · ∇𝜗) (𝜓𝜀 − 𝜒Ω) d𝑥 = −

∫
𝜗𝐵 · ∇𝜓𝜀 d𝑥 −

∫
(∇ · 𝐵)𝜗(𝜓𝜀 − 𝜒Ω) d𝑥 and obtain

𝑑

𝑑𝑡
F𝜀 (𝑡) =

∫
𝜕𝑡𝜗(𝜓𝜀 − 𝜒Ω) d𝑥 +

∫
𝜗𝜕𝑡𝜓𝜀 d𝑥 −

∫
Σ

𝜗𝑉 dH 𝑑−1

=

∫
(𝜕𝑡𝜗 + 𝐵 · ∇𝜗) (𝜓𝜀 − 𝜒Ω) d𝑥 +

∫
(∇ · 𝐵)𝜗(𝜓𝜀 − 𝜒Ω) d𝑥
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+
∫

𝜗(𝜕𝑡𝜓𝜀 + 𝐵 · ∇𝜓𝜀) d𝑥.

Since (𝜕𝑡𝜗 + 𝐵 · ∇𝜗) = 𝑂 (dist(·, Σ)) and 𝐵 is Lipschitz, the first two summands are bounded by F𝜀 . It only
remains to estimate the last integral, which amounts to estimating the error in the transport equation for 𝜓𝜀 .

Indeed, decomposing the vector field 𝐵 = (𝐵 · 𝜉)𝜉 + (Id − 𝜉 ⊗ 𝜉)𝐵 once more and applying Young’s
inequality, we compute∫

𝜗(𝜕𝑡𝜓𝜀 + 𝐵 · ∇𝜓𝜀) d𝑥 ≤
∫

𝜗

(
1
𝜀

√︁
2𝑊 (𝑢𝜀)𝑉𝜀 −

1
𝜀

√︁
2𝑊 (𝑢𝜀)𝜀 |∇𝑢𝜀 |𝜈𝜀 · (𝐵 · 𝜉)𝜉

)
d𝑥

+
∫

𝜗 |∇𝜓𝜀 |𝐵 · (𝜈𝜀 − (𝜉 · 𝜈𝜀)𝜉) d𝑥

≤
∫

𝜗
1
𝜀

√︁
2𝑊 (𝑢𝜀)

(
𝑉𝜀 − 𝜀 |∇𝑢𝜀 |𝜈𝜀 · (𝐵 · 𝜉)𝜉

)
d𝑥

+ ∥𝐵∥∞
∫

|𝜗 | |𝜈𝜀 − (𝜈𝜀 · 𝜉)𝜉 | |∇𝜓𝜀 | d𝑥

≤ 2
∫

𝜗
2 1
𝜀
𝑊 (𝑢𝜀) d𝑥 + 1

4

∫
1
𝜀

(
𝑉𝜀 − 𝜀 |∇𝑢𝜀 |𝜈 · (𝐵 · 𝜉)𝜉

)2 d𝑥

+ ∥𝐵∥∞
∫

|𝜗 | |𝜈𝜀 − (𝜈𝜀 · 𝜉)𝜉 | |∇𝜓𝜀 | d𝑥.

The first term is estimated by (A.36). The second term is absorbed in the dissipation (A.42) after adding
𝑑
𝑑𝑡
E𝜀 and 𝑑

𝑑𝑡
F𝜀 together. For the last term we apply Young’s inequality once more to obtain∫
|𝜗 | |𝜈𝜀 − (𝜈𝜀 · 𝜉)𝜉 | |∇𝜓𝜀 | d𝑥 ≤ 1

2

∫
𝜗

2 |∇𝜓𝜀 | d𝑥 +
1
2

∫
2(1 − 𝜈𝜀 · 𝜉) |∇𝜓𝜀 | d𝑥

≤ 1
2

∫
𝜗

2
(
𝜀

2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀)

)
d𝑥 + E𝜀 .

This is again estimated by E𝜀 (𝑡). Therefore

𝑑

𝑑𝑡

(
E𝜀 (𝑡) + F𝜀 (𝑡)

)
≤ 𝐶

(
E𝜀 (𝑡) + F𝜀 (𝑡)

)
. □

Finally we give a short proof of Lemma A.2.

Proof of Lemma A.2. The proof is similar to the unconstrained case in [5]. For 𝑎 ∈ R define 𝑢𝑎𝜀 (𝑥) :=
𝑈 (−𝜀−1s(𝑥) − 𝑎), where 𝑈 is as in (A.9), and let 𝜓𝑎

𝜀 := 𝜙 ◦ 𝑢𝑎𝜀 . Since 𝑎 ↦→
∫
𝜓
𝑎
𝜀 d𝑥 is continuous and∫

𝜓
𝑎
𝜀 d𝑥 → 0 as 𝑎 → +∞ and

∫
𝜓
𝑎
𝜀 d𝑥 → ∞ as 𝑎 → −∞, there exists, for each 𝜀 > 0, 𝑎𝜀 ∈ R such that∫

𝜓
𝑎𝜀
𝜀 d𝑥 = |Ω(0) |. Furthermore, using𝑈′

=
√︁

2𝑊 (𝑈),

𝑑

𝑑𝑎

����
𝑎=0

∫
𝜙 ◦ 𝑢𝑎𝜀 d𝑥 =

∫
−1
𝜀

√︃
2𝑊 (𝑢0

𝜀)𝑈
′(−𝜀−1s) d𝑥 = −

∫
2
𝜀
𝑊 (𝑢0

𝜀) d𝑥

= −𝐸𝜀 (𝑢
0
𝜀) → −H 𝑑−1(Σ(0)) ≠ 0,

and we have
∫
𝜙 ◦𝑈 (−𝜀−1s) d𝑥 = |Ω(0) | (1+𝑂 (𝜀)). Hence 𝑎𝜀 = 𝑂 (𝜀). For simplicity we write 𝑢𝜀 = 𝑢

𝑎𝜀
𝜀 .
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A.4 Relative energy estimate: Proof of Proposition A.6

Now we compute, again using𝑈′(𝑠) =
√︁

2𝑊 (𝑈 (𝑠)) and 1 − ∇s · 𝜉 ≤ 1 − |𝜉 |2 ≤ 𝑐dist2(·, Σ(0)),

E𝜀 (0) =
∫ (

𝜀

2
|∇𝑢𝜀 |

2 + 1
𝜀
𝑊 (𝑢𝜀)

)
d𝑥 +

∫
𝜉 · ∇𝜓𝜀 d𝑥

=

∫ (
1

2𝜀

���𝑈′
(
−𝜀−1s(𝑥) − 𝑎𝜀

)���2 + 1
𝜀
𝑊 (𝑢𝜀 (𝑥))

)
d𝑥 −

∫
2
𝜀
𝑊 (𝑢𝜀)𝜉 · ∇s(𝑥) d𝑥

=

∫
(1 − ∇s · 𝜉) 2

𝜀
𝑊 (𝑢𝜀) d𝑥

≤ 𝑐𝜀2
∫ (

dist(𝑥, Σ(0))
𝜀

)2 2
𝜀
𝑊 (𝑢𝜀) d𝑥.

Hence E𝜀 (0) = 𝑂 (𝜀2). The bulk error

F𝜀 (0) =
∫

𝜗(𝑥) (𝜙(𝑈 (−𝜀−1s(𝑥) − 𝑎𝜀)) − 𝜒Ω(0) (𝑥)) d𝑥

is also 𝑂 (𝜀2), since 𝑐dist(·, Σ(0)) ≤ |𝜗 | ≤ 𝐶dist(·, Σ(0)) and 𝑈 (𝑠) → 0 as 𝑠 → −∞ and 𝑈 (𝑠) → 1 as
𝑠 → +∞. Hence 𝑢𝜀 satisfies condition (ii). □
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