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Summary

In this thesis we study mathematical models describing stability properties of metals and synthetic
compounds. Many of these materials are made of polycrystals consisting of many small crystals, also
called grains. In each crystal, atoms are arranged in lattice structures. The interface where grains meet is
called a grain boundary. At these grain boundaries, the lattice structure may change its orientation, which
leads to residual stresses inside the material. High temperatures allow the atoms to move, leading to shape
changes of grain boundaries. In Chapters 2 and 3 we focus on two models which are often used to describe
the evolution of these shape changes. A popular model for describing the evolution of grain boundaries in
the interior of the material is mean curvature flow, while we see surface diffusion near the surface.

In the following two paragraphs we sketch two key results which are proved using the relative entropy
method. This method was first introduced by Fischer, Hensel, Laux and Simon [61].

In Chapter 2, see also Appendix A, we prove a quantitative convergence result of solutions to the
non-local Allen—Cahn equation to volume preserving mean curvature flow. The main difficulty in our
proof is to choose a suitable extension B of the normal velocity field Vv in order to prove the Gronwall
estimate. We define the extension via a solution of a Laplace problem. This approach was first used by
Laux [113], and recently by Poiatti [148] for a Stokes problem. In contrast to many previous works, where
this extension was defined by orthogonal projection of Vv onto the surface combined with a cutoff function,
this construction allows us to add a tangential component to B which is needed to prove the Gronwall
estimate.

In Chapter 3 we prove a weak-strong uniqueness principle for the surface diffusion flow in the sense that
if a classical solution and a weak solution agree at time ¢ = 0, then they agree for all times as long as the
classical solution exists. There are two main ingredients for the Gronwall inequality. On the one hand, we
apply some results from geometric measure theory, in particular so-called Jordan boundaries, on which a
Poincaré inequality holds. On the other hand, we estimate the “difference” of tangential derivatives on both
surfaces, in a suitable sense, by the relative energy. Crucially, this includes higher order derivatives, which
appear naturally since the surface diffusion flow is a fourth order equation. To the best of our knowledge,
this is the first application of the relative entropy method to higher order geometric flows.

Finally, in Chapter 4 we prove a I'-convergence result of the elastic energy E,,, defined below in (1.26),
for thin non-Euclidean rods as the thickness £ tends to zero for the energy scaling £, ~ h*. We consider a
setting where both the ambient space and the target are Riemannian manifolds. By introducing so-called
Fermi coordinates, we are able to write the limiting functional as a functional which can be viewed as
a norm of the difference between the curvature tensors of the target and the ambient space. Our proof
combines a result by Miiller and Mora [139], who compute this I'-limit in the Euclidean setting, and a
result by Miiller and the author [110] for non-Euclidean balls. We exploit the fact that Sobolev maps agree
with Lipschitz functions, with a Lipschitz constant independent of the thickness &, everywhere except on a
set of measure less than Ch*. This allows us to work locally in a single chart in the target manifold.
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CHAPTER 1

Introduction

A wide range of materials, including metals and numerous synthetic substances, are crystalline, where
atoms are arranged in lattice structures. However, perfect single crystal materials are rare. Instead,
most of these materials are polycrystals consisting of many small crystals, or grains, joined together at
so-called grain boundaries. Understanding the grain boundaries at microscopic scales is key to determine
macroscopic properties of the material such as its strength or stiffness.

For example, the Hall-Petch effect stipulates that the material becomes harder when the average grain
size decreases. However, this relationship fails for some materials at very small scales in the nanometer
regime, where materials either maintain a constant strength or experience softening as the average grain
size decreases below a critical scale in the order of 10 nanometers.

When materials are exposed to high temperatures, atoms become mobile which causes them to move to
energetically favorable locations. This results in two prominent effects.

At places where grain boundaries meet the surface, we see
thermal grooving, which causes atoms to move away from the
grain boundary leading to a V-shaped groove, see Figure 1.1.
In these regions the evolution of the surface is described by
the surface diffusion equation, see Chapter 3.

In the bulk of the material we see grain growth and coarsen-
ing. For a long time the generally accepted approach for
modeling grain growth has been mean curvature flow [143],
see Appendix A. This makes sense as mean curvature flow
seeks to minimize the total interfacial area. However, recent
experimental measurements show that grain boundary evol-
ution in the bulk is not always described by mean curvature
flow [149, 23].

A significant part of the mathematics and physics literature Figure 1.1: Thermal Grooving of a heated poly-
is dedicated to so-called thin films, which play an important  ¢pyga]
role in the engineering of e.g., micro-chips, coating materials
and other technologies where space and weight efficiency is
crucial. Hence understanding fatigue mechanisms in thin films is important to ensure the long term stability
and effectiveness of these materials. In many applications thin films experience cyclic temperature changes,
which causes annealing due to grain growth and grooving at the surface during high temperature periods.
This degrades the structural integrity of the material over time and can eventually cause bending or cracking,
see for example [82, Figure 1].
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In order to minimize the stresses acting on the material, another important problem is to determine
the optimal deformation of a material in a given distribution of grains. Mathematically, grain boundaries
induce a pre-stressed configuration of a material in Euclidean space in the sense that there is no deformation
which makes the material stress free. Pre-stressed materials are generally described in the framework of
non-Euclidean elasticity, where residual stresses are encoded in the metric of a Riemannian manifold.

A natural approach for modeling thin bodies is to define them as the tubular neighborhood of a lower
dimensional submanifold S. In this setting one would like to derive properties of the thin body based on
the geometry of S. Mathematically, this can be made rigorous in the framework of I"-convergence. We
study this problem in detail for geodesic rods in Chapter 4.

Before we present the details of these results we give a general introduction to geometric flows in
Section 1.1 and existing literature related to this thesis. In Section 1.2 we introduce phase field models,
which can be used to approximate some of these geometric flows. In Section 1.3 we introduce the recently
developed relative entropy method, which is crucial for the proofs in Chapters 2 and 3. Finally, we give an
overview of non-Euclidean elasticity and relevant literature in Section 1.4.

1.1 Geometric flows

Geometric flows describe the evolution of a family of surfaces which move by a prescribed velocity V in its
normal direction, and play an important role in geometry, analysis, and many applications.

Consider a smooth, (d — 1)-dimensional, orientable manifold M and let X(-,7) : M — R% be a family
of smooth embeddings. We say that X(¢) := X (M, t) evolves with normal velocity V : M x [0,T) — R if

8,X=Vv inMx[0,T), (1.1)

where v is an oriented unit normal vector field of X(z).

In many applications these flows carry a gradient flow structure, which is an important tool to understand
the behavior of solutions of (1.1). This gradient flow structure can be described as follows: Consider the
space M of all oriented, embedded hypersurfaces £ C RY. We formally equip M at each element ¥ € M
with a tangent space consisting of all normal velocities

ToM={V:% SR}, (1.2)

and with a metric g : Ty M X Ty M — R. Indeed, normal velocities can be viewed as “tangent” vectors in
the sense that for any vector field ¢ : R? — R we can define a curve in M by

S(t)={x+tl{(x):x € X} (1.3)

such that V = £ - v is the “differential” of this curve at r = 0. Now the gradient of an energy E : M — Riis
given by

d
(gradp  E, V), = —

- E(Z(1)). (L.4)

t=0

A standard example is the area functional E(X) = H -1 (%) and the L? inner product

(V,W),> :=/VWd7-{d_1.
>
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The gradient of the area functional with respect to this inner product is therefore given by

(grad p( E, V),> = 4 HITN(2(1)) = /VHdwd“,
dt IZO 2

where 2(t) is given by (1.3). Hence we have grad ( E = H and the Lz—gradient flow of the area functional
is the mean curvature flow
V(-,t) =—H onX(¢), (1.5)

which is one of the most studied geometric evolution equations. In particular, the surface area of solutions
of (1.5) is non-increasing

d 4 B .
ZHIN(Z(@) :/ VHdH = - H*aH ! <o0.
dt (1) (1)

In local coordinates, mean curvature flow leads to a parabolic second order equation. Such equations fulfill
maximum and comparison principles, which play an important role in the analysis of mean curvature flow.
Huisken [90] uses a maximum principle to show that smooth convex initial data remain convex under
mean curvature flow and shrink to a point in finite time in dimensions d > 3. Gage and Hamilton [69]
prove this result for curves using integral estimates. Non-convex initial data can develop other topology
changes before shrinking to a point. For example, Grayson [79] uses a maximum principle to show that the
boundary of a dumbbell shaped region will develop a pinch off in finite time when evolving under mean
curvature flow.

Since smooth solutions to mean curvature flow only exist for finite time and cannot remain smooth past
singularities, an important question is how to describe surfaces evolving by mean curvature flow past
singularities. A typical approach is to define a notion of weak solutions which is compatible with classical
solutions in the sense that if a weak solution and a classical solution agree at time ¢ = 0, then they agree for
all times as long as the classical solution exists.

Brakke [29] studied varifold solutions to mean curvature flow, which are generally non-unique. Other
methods have been suggested to define weak solutions which may evolve past singularities. Chen, Giga
and Goto [38], and independently Evans and Spruck [53, 54, 55], construct viscosity solutions, which
are defined as level sets of an auxiliary function solving a nonlinear partial differential equation. Other
suggestions include Kohn and Bronsard [31] and De Giorgi [44] by simply defining the evolution as an
asymptotic limit of solutions of the Allen—Cahn equation, which will be discussed further in Section 1.2.
Almgren, Taylor and Wang [10] define so-called flat flow solutions as limits of a minimizing movements
scheme. Luckhaus and Sturzenhecker [129] also use a minimizing movements scheme to prove existence
of BV-solutions. Recently, Hensel and Laux [84] developed a new varifold solution concept based on
results for general gradient flows by De Giorgi [45] and Sandier, Serfaty [154].

In many applications physical conservation laws require the volume of the regions enclosed by the
evolving surface X(t) to be preserved, therefore volume preserving geometric flows are of high interest.
Two evolutions which satisfy this requirement are volume preserving mean curvature flow and the surface
diffusion flow. We study both these flows in this thesis, see Chapters 2 and 3.

Let us first discuss the simpler equation, the volume preserving mean curvature flow, which is given by

V()= H( 1) - A1), Al = H(x,t) dH". (1.6)

1
H(Z(1) /zm

Short time existence of classical solutions of (1.6) for initial data which are close to spheres was shown in
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two dimensions by Elliott and Garcke [48], and in higher dimensions by Escher and Simonett [51].

Using a minimizing movements scheme introduced by Almgren, Taylor and Wang [10], Mugnai, Seis
and Spadaro [141] construct distributional global in time solutions of (1.6) in the sense of Luckhaus and
Sturzenhecker [129], see also Julin and Niinikowski [96]. Laux and Swartz [120] prove a similar result for
the thresholding scheme.

In this thesis we use the recently developed relative entropy method, which is introduced in Section 1.3,
to prove the convergence of solutions of the Allen—Cahn equation to volume preserving mean curvature
flow, see Section 1.2 and Appendix A.

While volume preserving mean curvature flow preserves the volume by adding a Lagrange multiplier, a
more physical flow to consider is the surface diffusion flow, which naturally preserves the volume.
Surface diffusion was first introduced by Mullins [142] to describe the process of thermal grooving at grain
boundaries of heated polycrystals. It arises naturally from the conservation law V (-, 1) + divy ) j(-,1) =0
and the Nernst—Planck relation, which stipulates that the average flux of atoms on the surface follows the
negative mean curvature j(-,7) = —Vy, H(-,1). Combining these relations yields the surface diffusion
equation
V(1) =AgyH onXZ(1). 1.7)

Surface diffusion naturally preserves the volume of the enclosed region since, by Gauss’ theorem,

d
Svol@m = [ var = [ ayrant <o
dt Z(1) (1)

Moreover, the area is dissipated, i.e.,

d_ a1 _
CH (200)) = /

%(t)

VHdH*" = —/

Vs HI? dH™" < 0. (1.8)
(1)

Although surface diffusion is crucial in applications, relatively little is known about general solutions of
the surface diffusion equation (1.7) due to its delicate structure.

As a quasilinear parabolic fourth order equation, surface diffusion has a regularizing effect in the sense
that corners and edges instantly become smooth under surface diffusion. Nevertheless singularities may
form in finite time. The formation of self-intersections was conjectured by Elliott and Garcke [48] and later
proved for curves by Giga and Ito [75], and in higher dimensions by Mayer and Simonett [133]. Using the
parabolic structure, Escher, Mayer and Simonett [50] prove short-time existence for sufficiently smooth
initial data. Giga and Ito [74] show existence of simple, convex closed curves which lose convexity while
remaining simple before developing singularities, see also [39, 27]. Numerical simulations confirm these
effects [72, Figure 3]. Cicalese, Fusco, Julin, and Kubin [40] prove convergence of a minimizing-movements
scheme to flat flow solutions of the surface diffusion flow, as well as uniqueness in three dimensions for
sufficiently regular initial data.

Spheres play a central role in the study of surface diffusion, since they are stationary solutions. Elliott
and Garcke [48] prove that if simple closed curves evolving under surface diffusion exist for all time, they
must converge to a circle. Escher, Mayer and Simonett [50] prove a similar result in higher dimensions.
Wheeler [164, 163] quantified this convergence by showing that L? perturbations of circles converge
exponentially fast.

Beyond spheres, stationary solutions include the standard double bubble [1, 71] and certain Delaunay
surfaces [97]. More generally, Acerbi, Fusco, Julin and Morini [3] show that any three-dimensional
configuration which is periodic and strictly stable for the area functional is exponentially stable for the
surface diffusion flow.
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1.2 Phase-field models

In numerical schemes, geometric flows often present practical difficulties since incorporating singularities
and topological changes in lower dimensional interfaces is a difficult task. Instead, some flows can be
approximated with so-called phase-field models. In these models one introduces a small parameter € > 0,
which describes the thickness of the interface between different phases, and a phase field variable u . which
solves some partial differential equation and is close to the minima of some potential. The advantage of
phase field models is that we “only” need to solve a partial differential equation, where there are usually
less difficulties to overcome.

Similarly to geometric flows, some phase field models carry a gradient flow structure where the phase
field variable u . is the gradient flow of some energy E . For the remainder of this section we will focus on
the Cahn-Hilliard energy, which is closely related to the geometric flows described in the previous section.
Before we continue with gradient flows of the Cahn-Hilliard energy, we give a brief introduction to the
Cahn-Hilliard energy itself and some results on the static problem. Many of the results mentioned below
will also be important in the analysis of gradient flows of the Cahn—Hilliard energy.

The Cahn—Hilliard energy is given by the Ginzburg-Landau functional

E, (1) :=/ gqu|2+lW(u)dx, (1.9)
R4 &

where W > 0 is a potential vanishing at finitely many points. A typical example is the standard double
well potential W (u) = u2(1 - u)z. The term %W(u) in the energy penalizes u away from the minima of
W, while the term %qul2 penalizes rapid changes of u in space. Hence we expect minimizers of (1.9) to
converge to an indicator function taking values at the minima of W as € — 0.

For a double well potential, Modica and Mortola [137] show that the Cahn-Hilliard energy (1.9)
I"-converges to a multiple of the area functional. A crucial step in their proof is to introduce the change of
variables, which was discovered independently by Bomogol’'nyi [28],

Y =¢ou, where ¢(u) = /M V2W(z) dz. (1.10)
0

As we will see later on, this change of variables is also an important step in this thesis. Modica [136]
shows that for a more general family of double-well potentials vanishing at two points @ # 8, minimizers
of (1.9), restricted to the volume constraint f u = m, converge to a function y : RY — {a, B} such that the
interface supp V y minimizes the area functional among all sets with mass m. An important fact is that
this I"-convergence is stable under the addition of integral constraints for £, which is important in many
applications which require a mass conservation property.

We will now consider gradient flows of the Cahn—Hilliard energy (1.9). One of the most well knows
phase-field models is the Allen—Cahn equation, which was first introduced by Allen and Cahn in 1979 [9]
to model the motion of phase boundaries by surface tension. The Allen—Cahn equation is the Lz—gradient
flow of the Cahn—Hilliard energy (1.9) and is given by

1o
Oy =Auy — = Wi(u), (1.11)
€

which can formally be read-off from the optimal energy dissipation relation, which holds for any classical
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solution of (1.11):

B ) == [ e, (0 ax.

Formal asymptotic expansion [33, 152] suggests that solutions to (1.11) converge to mean curvature
flow, which was shown by Evans, Soner and Souganidis [52] for level set solutions of mean curvature
flow. Ilmanen [92] proves a similar result for varifold solutions of mean curvature flow in the sense of
Brakke [29].

As we mentioned in the previous section, many applications require the volume to be preserved, which
motivates studying mass preserving versions of (1.11). Here the mass preservation is achieved by adding a
constraint, leading to a Lagrange multiplier

1, 1
Oug=Au, — =W+ -1,. (1.12)
£ €

Volume preserving versions of the Allen—Cahn equation were first introduced by Rubinstein and Stern-
berg [152], who called (1.12) the nonlocal Allen—Cahn equation. This is because the constraint
f uy (-, t)dx = f u(-,0) dx is a nonlocal constraint. Using formal asymptotic expansion, they show
that solutions to (1.12) converge to volume preserving mean curvature flow. Chen, Hilhorst and Logak [37]
give a rigorous proof of this fact for smooth initial data and short time.

Golovaty [77] proposed a different model, which amplifies the effect of the Lagrange multiplier near the
diffuse interface,

., 1
Ou,=Au, - ;W (u) + 2/18\/2W(u€). (1.13)

This model does not preserve the mass of u ., but the mass of y, = ¢ o u, where ¢ is given in (1.10).
Golovaty’s formal argument suggests that solutions of (1.13) converge to volume preserving mean curvature
flow V = —H + A. Takasao [160] shows that solutions of (1.13) converge to weak solutions to volume
preserving mean curvature flow in the sense of Brakke in ambient dimensions d = 2, 3, and recently in
arbitrary dimensions for slight perturbations of (1.13), see [161].

Mellet and Rozowski [134] prove a similar convergence result of the Patlak—Keller—Segel system, an
aggregation-diffusion equation, to volume preserving mean curvature flow, see also Jang and Mellet [93].

Another phase field model of high interest is the Cahn—Hilliard equation

ou,+V-j.=0,

1.14
js =m(u€)V (‘9Au5_§W’(us)) . ( )

Here m(u) is the so-called mobility and W is a double-well potential. The mobility m (u) plays an important
role in the analysis of the sharp interface limit. Just like the Allen—Cahn equation, the Cahn—Hilliard
equation has a gradient flow structure. It is a gradient flow of the Cahn-Hilliard energy (1.9), where the
metric depends on the mobility m (). For constant mobilities, solutions of (1.14) converge to solutions of
the Mullins—Sekerka problem [158]. For disparate mobilities, i.e., when m (u) vanishes in one of the phases,
Laux and the author [108] show that solutions of (1.14) converge to the Hele—Shaw flow. For mobilities
which vanish in both phases, e.g., m(u) = 1 — u?, formal matched asymptotics show that solutions of (1.14)
converge to solutions of the surface diffusion flow [34]. However, it is still an open problem to prove
this limit rigorously. In the case of doubly degenerate mobilities, formal asymptotic analysis shows that
some choices of m actually do not converge to surface diffusion and contain additional bulk diffusion
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contributions, see Dai and Du [42] and Lee et al. [121, 122]. Salvalaglio et al. [153] discuss regularized
models and give an overview of numerical approximation schemes.

1.3 The relative entropy method

The relative entropy method is a technique which uses the gradient flow structure of geometric flows and
gradient flow calibrations in order to prove uniqueness and stability principles. It was first introduced
by Fischer, Hensel, Laux, and Simon [61] to prove a weak-strong uniqueness and stability principle for
varifold solutions to multiphase mean curvature flow. Since its introduction the relative entropy method
has been used to prove similar results for various other weak formulations of (volume preserving) mean
curvature flow [113, 86, 85, 148] and of the surface diffusion equation, see Chapter 3.

We now give an introduction to gradient flow calibrations. Consider a family of smooth surfaces
X(t) =0Q(t) C R? evolving by mean curvature flow. A calibration for mean curvature flow consists of a
tuple (£, B, ¢) such that the following statements hold:

1. &(-,t) is an extension of the unit normal with |£| < 1 and B is an extension of the normal velocity

E=v and B=Vy on X(1).

2. The weight ¢ satisfies the transport equation

0,9+ (B-V)9)(.1)=0  onX(r). (1.15)

3. B and ¢ satisfy the evolution equation

B(-,t) - (1) +V-£(,1) =0 on X(1). (1.16)

All the above quantities are assumed to be smooth and to satisfy certain error estimates in a neighborhood
of X(¢) which scale linearly or quadratically with the distance function dist(-, X). A precise definition can
be found e.g., in [62]. If such a calibration exists, we call X a calibrated flow. In the setting of volume
preserving mean curvature flow there is an additional parameter A to incorporate the volume constraint
in (1.16), see [113] and Definition A.4. For surface diffusion we can define a similar calibration, except
that the evolution equation (1.16) becomes

B-é-mp:V(naV(V-£)=0  onX(r), (1.17)

where 7. =Id-{®¢.

A natural question is whether a weak solution agrees with a classical solution as long as the latter exists.
This is what we call a weak-strong uniqueness principle. More precisely, we say that a weak solution
concept satisfies a weak-strong uniqueness principle, if for any weak solution X(#) = "Q(¢) and any
classical solution X" (7) = Q" (r) with Q(0) = Q*(0), we have Q(7) = Q"(¢) for all ¢ up to Lebesgue null
sets. In order to prove such a weak-strong uniqueness principle, the relative entropy method employs the
following strategy.

Consider a calibrated flow X" and a weak solution to mean curvature flow X. We define the relative
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entropy and the volume error by

&(t) = /Z( )(1 —y &) dHI,

(1.18)
F(t) = /R" Ixaq) — Xar (| 191 dx.
Now the idea of the relative entropy method is to prove a Gronwall estimate
EM)+F (1) <C(&E0)+7F(0)), (1.19)

which implies a weak-strong uniqueness principle for calibrations and classical solutions.

This method can also be used to prove convergence of phase-field models. Recall that the Allen—Cahn
equation (1.11) is the Lz-gradient flow of the Cahn-Hilliard energy

E(u) = /Rd §|Vu|2+ éW(u) dx. (1.20)

Using this gradient flow structure, the relative entropy method has been used to prove convergence of
solutions of the Allen—Cahn equation to mean curvature flow [62, 84], volume preserving mean curvature
flow, see Appendix A, and multiphase mean curvature flow [63].

A crucial step in the relative entropy method is to apply the change of variables ¢, = ¢ o u ., where ¢ is
given by (1.10). To prove convergence of solutions of (1.11) we consider a calibrated flow X(z) = 9" Q(t)
and a sequence of solutions u . to the Allen—Cahn equation (1.11) at scale . We define the relative entropy
by

8.(1) = Eylu (o)~ [ & Vu dx (1.21)

As we will see later on, it is convenient to rewrite the relative entropy as
&0 |, (;w W) - |vwg|) dev [ (=€) 1901 ds. (1.22)
Here v, = —% if V. # 0 and v, = e for some e € S9! when Vi . = 0. Note that both terms

in (1.22) are non—ﬁegative, since by the chain rule and Young’s inequality

/lvwg(x,t)|dx:/ \IZW(u8)|Vu8|dx£/ §|Vu8|2+£W(u8)dx:E8(t). (1.23)
rRY RY RY

A crucial observation is that the second term of (1.22) is very similar to the relative entropy in the sharp
interface limit (1.18) while the first term measures the discrepancy of the equi-contribution of the two
energy terms.

Further, we define the volume error functional by
70 = [ W2 = xaun 19501 . (124)

Now the idea is to prove a uniform convergence rate of the form sup, (E,.(f) + (1)) < C &? which, as for
the sharp interface case, relies on a Gronwall estimate.
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1.4 Non-Euclidean elasticity

Non-Euclidean elasticity describes elastic bodies with residual stresses that preclude the existence of a
stress-free configuration. These are commonly referred to as pre-stressed bodies. A theory for pre-stressed
bodies was first introduced in the 1950s to model dislocations in crystalline structures within a continuum
framework. In particular, Bilby et al. [25, 26] established a theoretical basis for representing crystals as
Riemannian manifolds and provide a detailed comparison with the discrete theory of lattice dislocations.
In recent years, this framework has been used for studying pattern formation in plants, synthetic materials
and other mechanical phenomena driven by differential growth or shrinkage [162, 126, 6, 7, 16, 80]. Many
of these applications are concerned with thin elastic bodies which have one or more thin dimensions. In the
following we give a short overview of the setting and existing literature on thin domains in non-Euclidean
elasticity. We refer to [66, 65] and the references therein for an overview of the Euclidean theory on thin
elastic bodies.

A pre-stressed elastic body is usually modeled as a compact, smooth, oriented d-dimensional Riemannian
manifold (M, g) embedded into an ambient space (M, ) of the same dimension. A body which is slender
along d — k dimensions can be modeled as a tubular neighborhood of a k-dimensional submanifold of M.
More precisely, let S ¢ M be a smooth, compact k-dimensional submanifold of M with normal bundle
NS. Then, for sufficiently small %, the thin body is given by

Q) = {expp(v) :p €S, vENS, |v| <h}, (1.25)

where NS denotes the normal bundle of S. Now our goal is to give an effective elastic energy model for
the surface S.

For a configuration u : S — M we define the elastic energy of u by
Eg: : w2 (@} M) — [0, ],

1 .9 . (1.26)
Eq: (u) = |Q_Z| . dist™(du,, SO(8 s &4 (py))d Volg(p),
h

where SO(g,,. §,(p)) denotes the set of orientation preserving isometries between 7), M and 7, p)M. To
establish an effective elastic energy model for the surface S we want to identify the natural scaling of
inf Eqy. , e, inf, Eq: (1) ~ P for some B > 0, and compute the limit of /1~ inf Eq; as h — 0. This limit
is usually studied in the framework of I'-convergence.

In the following we give an overview of thin elastic bodies which are embedded into Euclidean space
M =R?, which is also the most relevant for applications. Kupferman and Solomon [111] prove a general
I"-convergence result for the elastic energy (1.26) for arbitrary dimension and codimension in the scaling
regime 8 =2, i.e., inf, Eq: ~ h?. In particular, they show that inf, Eq = O(h?) if and only if S can be
w22 isometrically immersed into R?. This result generalizes plate, shell and rod theories for Euclidean
bodies to pre-stressed bodies in the h? scaling regime, which were previously studied separately, mainly
in the case d = 3 due to its importance in applications, see [66, 125]. Ricciotti et al. [151] show that
3-dimensional plates satisfying # inf, Eqy: automatically satisfy inf, Eq: = 0(h4). They show further
that if inf, Eq: = o(h") then g| is flat, i.e., R| s = 0.

When the ambient space is a general Riemannian manifold M, Maor and Shachar [132] conjectured that
for geodesic balls B;,(p) shrinking to a point p, the elastic energy (1.26) I'-converges to a norm of the

difference between the curvature on M and M. Miiller and the author [110] show that this is indeed the
case by introducing a new notion of convergence based on uniformly Lipschitz approximations of energy



Chapter 1 Introduction

minimizers. In Chapter 4 we combine this strategy with a previous result by Mora and Miiller [139] in the
Euclidean setting to prove a I'-convergence result for non-Euclidean rods embedded in a general ambient
manifold M.

1.5 Results in this thesis

In this section we give a brief overview of the main theorems in this thesis, for a more detailed summary
we refer to the individual chapters. The proof of the results in the first two subsections is based on the
relative entropy method.

1.5.1 Convergence of the nonlocal Allen—Cahn equation to volume preserving mean
curvature flow

In Appendix A we prove convergence of solutions of the non-local Allen—Cahn equation introduced by
Golovaty [77]

1o
Ouy=Au, — =W (ug) = A, ()V2W(u,) (1.27)
&
to volume preserving mean curvature flow in the following sense.

Theorem 1.1. Let X = (2(t) = 0€(1)),c[0,7) be a smooth solution to volume preserving mean curvature
flow and let u . be a sequence of solutions of (1.27) with well prepared initial conditions. Then there exists
a constant C = C(d, 2, T) < oo such that

sup /d & ( 1) — xql dx < Ce.
te[0,T] /R

A precise statement of this theorem can be found in Theorem A.1 below.

The construction of well prepared initial data is straight forward using the optimal profile U, see
Lemma A.2 below.

The main ingredient for the proof of Theorem 1.1 is choosing a suitable extension B of the velocity field
Vv. In many previous works, B was defined as the orthogonal projection of Vv with a cutoff function. This
does not work in our setting, because our proof requires v v : VB = 0. Therefore, we define B via a
gradient field B = Vv + V¢, where ¢ solves a Laplace problem. This was first done by Laux [113] for a
Neumann—Laplace problem. More recently, Poiatti [148] used a similar approach for a Stokes problem. In
general, such a B may have a tangential component, which is crucial for our proof, see Proposition A.5.
We present a detailed summary of this construction in Chapter 2.

1.5.2 A uniqueness and stability principle for surface diffusion

In Chapter 3 we prove a uniqueness and stability principle for the surface diffusion flow in the following
sense.

Theorem 1.2. Let X*(t) = 0Q" () be a smooth solution to surface diffusion and let £(t) = 0" Q(t) be a
weak solution to surface diffusion. If d = 2, then there exists a constant C < oo such that

%(S(t) +F (1) <C(E@)+F(1)). (1.28)

10
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In particular, weak solutions are stable and unique. If, in addition, ¥*(t) = X (0) is a stationary solution,
then (1.28) holds for all d > 2.

The surface diffusion flow is the H ™! gradient flow of the area functional, which can be read-off from the
energy dissipation inequality (1.8). Naturally, higher order tangential derivatives appear when computing
%S(I). Therefore it is crucial to understand the interaction of tangential derivatives on both surfaces to

prove the Gronwall inequality. Indeed, by extending the operator Vs, to all of R?, see Definition 3.6,
itis easy to show closeness of the operators Vy,) and Vy-(,) on X(7), see Lemma 3.7. For higher order
derivatives, this becomes much more challenging, see Remark 3.14. However, for the quantities that appear
in the Gronwall inequality, we are able to show this closeness for second order derivatives.

1.5.3 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic
tubes

In this section we present the main result of Chapter 4, and we keep the notation from Section 1.4. We
prove a I'-convergence result of the elastic energy

E, : W'2(Q); M) = [0, 0],

1 1.29
E (i) = — / distz(dﬁ, SO(g,8))d Vol ( )
|Qh| Qp 8

in the scaling regime E;, ~ h*, see Theorem 4.20 below. Here, (M, g) and (M, g) are Riemannian
manifolds, and QZ C M is defined by (1.25) in the case k = 1, i.e., a tubular neighborhood of radius £
around a fixed geodesic y.

Our proof combines two previous results together with the notion of Fermi coordinates, which are a
natural coordinate system for tubular neighborhoods of geodesics, see Section 4.3.1. We generalize a result
by Mora and Miiller [139], who compute the I'-limit of (1.29) in the Euclidean setting. One major difficulty
is to find a suitable coordinate system in the target manifold, since the image of Sobolev maps might not be
contained in a single chart. To overcome this problem, we introduce a new notion of convergence based
on uniformly Lipschitz approximations, which agree with Sobolev maps on large sets. Using rigidity
estimates, we show that the image of these approximations is indeed contained in a single chart. This was
first done by Miiller and the author [110] in a simpler setting of geodesic balls, and allows us to write the
remaining proof in an Euclidean setting.

11
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1.6 Outlook

Several recent proofs use the relative entropy method to prove weak strong uniqueness principles and
the convergence of phase field models for geometric flows by defining a suitable notion of gradient flow
calibrations. Regarding volume preserving mean curvature flow, the existence proof for calibrations has a
rather unique component. The extension of the velocity field B is defined as B = Vv + Vg, where ¢ solves
a partial differential equation (A.22). A approach was first used by Laux [113], where B is defined as a
solution of a Neumann-Laplace problem. In both cases, B generally does not point in the normal direction
of the interface. More recently, Poiatti [148] used a similar technique for a Stokes problem. The advantage
of these constructions is that it is possible to impose different restrictions on B. In contrast to defining B
as the orthogonal projection of Vv multiplied by a cutoff function, defining B via the solution of a PDE
gives more freedom to choose B precisely in the way needed to prove the Gronwall estimate (1.19) for the
relative entropy.

This strategy may be useful for other equations as well. Similarly to Appendix A, it may be possible to
quantify convergence results for other equations such as the Patlak—Keller—Segel system [134, 93] to mean
curvature flow using the relative entropy method.

Another potential application of the relative entropy method is the approximation of the surface diffusion
flow, which is a major open problem. Formal asymptotic expansion suggests that the surface diffusion
flow can be approximated by the Cahn—Hilliard equation with doubly degenerate mobility (1.14). We are
confident that some of the ideas developed in Chapter 3 will be useful for studying the sharp-interface limit
of the Cahn—Hilliard equations developed in [30, 153]. To the best of our knowledge the work presented in
Chapter 3 is the first application of the relative entropy method to higher order geometric flows. Another
possible approach would be to use a compactness approach and weak solutions, as was done by Laux
and the author [106] for the convergence of the Cahn—Hilliard equation with disparate mobility to the
Hele—Shaw flow.

In Chapter 3 there is a major difficulty in dimensions d > 2, where higher order differential operators
with respect to the tangential gradient produce additional curvature terms. In Theorem 1.2 we were not
able to prove a Gronwall estimate for these terms, which is why the statement only holds for stationary
solutions in dimensions d > 2. It would be very interesting to obtain a Gronwall estimate for arbitrary
solutions in higher dimensions.

Finally, we give an outlook regarding Chapter 4. Maor and Shachar [132] previously gave a lower bound
for the limit of 2% inf, E S, (u) for general manifolds S when the target is the Euclidean space. In this

thesis we extend their result in two ways: We give an explicit expression of the I'-limit of h*E s, for
non-Euclidean rods when the target space is a general Riemannian manifold. In particular, our result gives
a very general answer to [132, Question 3] for non-Euclidean rods.

A natural generalization of our result is to establish an explicit formula of the I"-limit of h*E ;, for tubular
neighborhoods of arbitrary smooth curves y. In this case some difficulties arise. On the one hand, there is, in
general, no orthonormal frame around y, as this would require 0 = 2¢(y',v;) = g (27, v, ) +g (v, 2v,).
However, the first term on the right hand side is generally non-zero. The second difficulty is the Taylor
expansion of the metric. When 7 is no geodesic, the terms involving the ¥’ direction produce terms of
order h, not h%. This is problematic since we will see terms of order O(h*) when Taylor expanding the
energy (1.29). However, it should be possible to overcome this difficulty by choosing an appropriate frame
for a suitable curve in the target manifold, so that these terms cancel when Taylor expanding the elastic
energy.

Another question is to consider higher dimensional objects. When the target is also a Riemannian
manifold, one difficulty arises from the fact that the intrinsic geometry of the cross section S produces

12
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additional terms in the energy. Computing these terms requires solving the Gauss—Coda221—equat10ns
on the manifolds M and M. Maor and Shachar [132] give a lower bound for inf, A~ ‘E S, (u) for tubular

neighborhoods of arbitrary k-dimensional submanifolds S when the target is R?. Even in this case,
computing the I'-limit of h*E s,, 1s still an open problem.

13
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CHAPTER 2

Convergence of the nonlocal Allen—Cahn equation
to volume preserving mean curvature flow

In this chapter we give a summary of the article

* M. Kroemer and T. Laux. “Quantitative convergence of the nonlocal Allen-Cahn equation to
volume-preserving mean curvature flow”. In: Math. Ann. 391.3 (2025), pp. 4455-4472. por:
https://doi.org/10.1007/s00208-024-03034-0

The article is a joint work with Tim Laux, and presented in full in Appendix A. Both authors have
contributed significant parts to each section of this publication.

2.1 Summary

In Appendix A we consider the nonlocal Allen—Cahn equation introduced by Golovaty [1]

By = Ay — W' (u,) + 4, (YW (). @.1)
E

We show that solutions of (2.1) with well prepared initial data converge to solutions of volume preserving
mean curvature flow in the following sense.

Theorem 2.1. Let X = (2(t) = 0€2(1)),c(0,1) be a smooth solution to volume preserving mean curvature
Sflow and let u . be a sequence of solutions of (2.1) with well prepared initial conditions in the sense of
Definition A.7 below. Then there exists a constant C = C(d, X, T) < oo such that

sup /, o (1) = x| dx < Ce. (2.2)
te[0,T] JRC

A precise statement of this theorem can be found in Theorem A.l below.

Well prepared initial data can easily be constructed by using the optimal profile and the signed distance
function for 2(0), see Lemma A.2 below.

The proof of Theorem 2.1 is divided into three steps. First, we show that smooth solutions of volume
preserving mean curvature satisfy a suitable notion of gradient flow calibrations, see Proposition A.5.
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Second, we use the relative entropy method introduced in Section 1.3 to show that, given a gradient flow
calibration and well prepared initial data, the relative energy converges to zero, see Proposition A.6. Finally,
we combine these two results and a coercivity estimate to obtain (2.2).

A calibration for volume preserving mean curvature flow consists of a tuple (£, B, ¢, 1), where & extends
the unit normal, B extends the normal velocity, 9 is the so-called weight with X(¢) = {x : 9(x,¢) = 0},
and A is a Lagrange multiplier, see Definition A.4. In a previous work by Laux [3], B could be chosen
divergence free in (7). This is a natural choice as it precisely encodes the incompressibility condition

d
/ diVBa’x:/ v-BdH! 2/ VdH! = —[Q(1)] = 0.
Q1) (1) (1) dt

In order to estimate certain terms in the Gronwall inequality, our constraints on B are slightly different. We
require that the v ® v component of VB is zero on X(¢). This constraint is incompatible with the condition
div B = 0, as this implies divy B = 0. In this case the surface area of (¢) is equal for all #, since

. i} _ o od g
/ divy(, BdH? 1=/ B- (Hv)dH? 1=/ VHdH = Eﬂd "=@)).
(1) (1) Z(t)

Instead, we require div B(-,t) = c¢(¢) on X(t) for some constant c¢(¢) in order to satisfy the constraint
vyev:VB=0.

In the following we give a brief overview of the construction of such a calibration, see Proposition A.5
for more details. Let X(#) be a smooth solution to volume preserving mean curvature flow and consider the

signed distance function
s(x, 1) = dist(x, Q1)) — dist(x, R? \ Q(¢)). (2.3)

Since X(t) is smooth, the signed distance function is well defined in a tubular neighborhood of Z(¢).
Furthermore we have Vs = v on X(¢), hence a natural choice for £ is & = ({ o s)Vs, where ¢ is a smooth,
symmetric cutoff function. To define %, we let 8 be a smooth truncation of the identity, i.e., 8(r) = —0(—r)
forall r, 8(r) = r for |r| < 6/2 and 6(r) = 6 for r > 8. Then I = 0 o s satisfies the required properties.

It remains to construct B. Consider the ansatz B = Vv + X on X. Then the constraints div B(-, 1) = ¢(t)
and v ® v : VB = 0 become

_diVZ(l) X=VH-c.

This PDE is underdetermined, therefore we make the ansatz that X is a gradient field X = Vy¢. Then ¢
solves the Poisson equation

_AZ(I‘)()D =VH-c.

Now set ¢(7) = /Z(z) VH dH"™". Then the compatibility condition /Z(t) VH —cdH ' = 0is

1
HTN (2 (1))
satisfied, and existence and uniqueness of solutions in H (10) (2(t)) follows from the Lax—Milgram lemma.

The second step to proving Theorem 2.1 is the Gronwall inequality for the relative energy. Given a
gradient flow calibration (¢, B, ¢, 1) of 2(t) = 0€Q(t) and solutions u . (x, t) of (2.1) with well prepared
initial data, we define the relative entropy & () and the volume error ¥ () by

&,.(1) ::/ Equg(x,t)|2+lw/2W(u£(x,t))dx+/ E(x,1) - Vi (x, 1) dx,
R4 2 & RY

2.4)
70 = [ 102500 = e 0] 1950
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2.1 Summary

Here y . (x,t) = fouﬁ(x’t) V2W(z) dz. We prove the Gronwall inequality in two steps. First, we show that
there exists a dissipation term D (7) > 0 such that

d

80+ %@g(t) < C(E.(1) +F.(2)).

In the second step we separate %Tg(t) into two terms

d
ST < 5D, + 5 (8,0 + 7, (1)

for any 0 < @ < 1. Adding these terms together with @ = 1/2, the dissipation term can be absorbed on the
left hand side of (2.4), so that

a0+ T (0) + 3D, (1) £ CE,(0) + T, (1), @5

For more details we refer to Section A.4.

Finally, to obtain Equation (2.2), we use Fubini and the coercivity properties of ¢ to show that the left hand
side of (2.2) is bounded by /7. (¢) and apply Gronwall’s inequality (2.5). Then using well-preparedness
of the initial data, see Definition A.7 below, gives (2.2).
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CHAPTER 3

A uniqueness and stability principle for surface
diffusion

This chapter is a joint work with Tim Laux, and coincides, except for minor changes, with the
following preprint from Section 3.2 onward:

* M. Kroemer and T. Laux. A uniqueness and stability principle for surface diffusion. arXiv
preprint. 2022. arXiv: 2212.12487

The article is accepted for publication in the journal Interfaces and free boundaries. Both authors have
contributed significant parts to each section of this work.

3.1 Summary

In this chapter we derive a uniqueness and stability principle for surface diffusion before the onset of
singularities. In particular, we introduce a new notion of weak solutions of the surface diffusion equation
V(- 1) = Ay, )H(-, 1), see Definition 3.4, and prove the following uniqueness and stability principle using
the relative entropy method.

Theorem 3.1. Let X" (1) = 0Q"(t) be a smooth solution to surface diffusion and let (t) = 6" Q(t) be a
weak solution to surface diffusion. If d = 2, then there exists a constant C < oo such that

%(8(0 +F (1)) <C(E(@) +F(1)). (3.1)

If, in addition, " (t) = £*(0) is a stationary solution, then (3.1) holds for all d > 2.

The surface diffusion flow is the H~" gradient flow of the area functional, which can be read-off from
the energy dissipation

d a1 _
artem- [

VHdH* = —/ Vs HI> dH" <0.
£(1) 2(1)

Similarly to mean curvature flow, we can define a calibration (B, &, ¥) for smooth solutions to the surface
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diffusion flow with

E=v on X (1), (3.2)

B=Vvy on X (1), (3.3)

3,9+ (B-V)9) =0  onZ*(1), (3.4)

B-é—mp :V(mV(V-£))=0 on X (1), (3.5)

where mer=1d-£®¢.

Therefore we will see higher order derivatives with respect to the tangential gradient Vy when
differentiating the relative entropy &(z). Since B and ¢ satisfy the differential equation (3.5) on X*, a
crucial step is the following extension of differential operators.

For smooth functions u : RY — R we can write the tangential gradient V-, and tangential divergence
divy:(, as

Vs (= (I1d—v* ® v*)Vu and divg:,yu=(Id-v"®v") : Vu.

Combining this with vy+ () (x) = Vs(x, ) on >"(t) and the fact that s is smooth in a neighborhood of X*,
where s denotes the signed distance function as in (2.3), we extend these operators, and by extension all
higher order operators, to all of RY using a cutoff function.

The idea is to estimate the difference of these operators with the corresponding one on the weak solution.
Indeed, we have estimates of the form fz(t) |Dy(pyu - DZ*(t)ulz dx < 2||Dul|,&(t) for smooth functions
u and first order operators D such as V and div. For second order operators we have similar estimates in
2D which allows us to prove the Gronwall estimate for arbitrary solutions. In higher dimensions there are
additional curvature terms which we cannot estimate by the relative entropy. However, estimates for first
order operators are sufficient for us to prove the Gronwall estimate for stationary solutions.

3.2 Introduction

Surface diffusion is one of the most fundamental continuum model describing the evolution of solid
material surfaces. The equation was first introduced by Mullins [32] to describe the phenomenon of
thermal grooving at grain boundaries of heated polycrystals. Surface diffusion describes the slow change
of the shape of a solid body caused by the diffusion of particles along the surface to energetically favorable
locations. It arises naturally from the conservation law relating the normal velocity V = V(x, t) of the
boundary X(¢) of the solid body and the flux of particles j = j(x, #) moving along Z(¢) C R? via

V(1) +divgy j(,1) =0 on Z(2)

together with the Nernst—Planck relation stipulating that the average flux of atoms on the material surface
follows the negative (mean) curvature gradient, i.e.,

J1) ==Vy»H(,1) onZ(2).
These two equations then precisely yield the surface diffusion equation
V(1) =AyH(, 1) onZ(1). (3.6)

While surface diffusion is crucial for applications, the mathematical literature is comparably thin. This
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is mainly due to the delicate structure of the equation and the intricate behavior of solutions. From
the viewpoint of partial differential equations, surface diffusion is a quasilinear degenerate parabolic
fourth-order equation. The degeneracy is due to the geometric invariance of the equation just as in its
second-order analog, the mean curvature flow. The evolution (3.6) has a regularizing effect in the sense
that edges and corners are smoothed out immediately. As in many geometric evolution equations, despite
the immediate smoothing effect, one has to expect singularity formation in finite time. The regularizing
effect, the fact that surface diffusion can lose convexity and the formation of singularities can be observed
in numerical simulations, see the overview article by Garcke [18, Fig. 3]. Using the parabolic structure,
Escher, Mayer and Simonett [13] have shown short time existence and uniqueness of classical parametrized
solutions for sufficiently regular initial data in arbitrary dimensions. Further they give numerical examples
of embedded curves evolving by surface diffusion that develop singularities in finite time. Giga and
Ito [20] have shown that there exist unique local solutions for immersed H *_initial curves. Chou [9] gives a
sharp criterion for finite time blowup. Therefore, it is in principle interesting to consider weak solutions.
However, to the best of our knowledge, no such theory has been developed.

Spheres play a crucial role in surface diffusion since any disjoint union of spheres is a stationary solution.
They are asymptotically stable in the following sense. If the initial datum is sufficiently close to a sphere,
then there exists a global solution and it converges to a sphere, see [11] for the 2-dimensional case and [13]
for higher dimensions. Wheeler [37, 36] shows that the evolution of H 2—perturbations of a circle converge
exponentially fast to a circle in the long-term limit. A similar result holds in higher dimensions [38].
Miura and Okabe [31] study the analogous problem for immersed curves. There are also further interesting
stationary solutions of surface diffusion. For the standard double bubble, Abels, Arab, and Garcke [1]
showed the stability in the planar case. Garcke and Goswein [17] extended this result to higher dimensions.
For Delaunay surfaces, Kohsaka [24] gives a sufficient condition for stability and in-stability under surface
diffusion. In more generality, Acerbi et al. [2] show that any three-dimensional configuration which is
periodic and strictly stable for the area functional is exponentially stable for the surface diffusion flow.

In contrast to the mean curvature flow, surface diffusion does not satisfy any comparison principle so
that viscosity solution techniques and simple geometric comparisons fail. Initially embedded curves can
evolve to self intersections, see [30] and [6]. Even if the initial surface is the graph of a function, it can lose
this property under the evolution [12]. Giga and Ito [19] show that there exist simple closed curves which
lose convexity while remaining simple before developing singularities, see also [6] for some more recent
results. After the publication of the preprint of the present paper, Cicalese, Fusco, Julin and Kubin [10]
have shown convergence of a minimizing movements scheme to flat flow solutions of surface diffusion, as
well as uniqueness, in three dimensions for sufficiently regular initial data.

For the present work, the key structural property of surface diffusion is its gradient flow structure: any
(sufficiently regular) solution of (3.6) satisfies the energy dissipation relation

L) (51)) = / V(,0H(1)dS = ‘/ Vs HC 0 M <0, S
dt (1) (1)

In other words, the evolution (3.6) follows the steepest descent in an energy landscape; the energy is the
surface area while the metric tensor is the H ™' product on normal velocities. This structure is the crucial
ingredient for the present work and will allow us to derive a stability and uniqueness result. Our main
results, Theorem 3.8 and Theorem 3.10, show that stationary points are stable in any dimension and that
smooth solutions are stable in two dimensions. The perturbations are allowed to be rather wild, e.g., we
can add many small bubbles.

The basic idea is to monitor the evolution of a relative energy modeled after the area functional appearing
in (3.7). This general strategy was introduced recently for multiphase mean curvature flow by Fischer,
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Hensel, Simon and one of the authors [15]. The key difficulty in that work is then to construct so-called
gradient flow calibrations. This framework was extended to the volume-preserving mean curvature flow
in [28], where the notion of volume-preserving calibrations was introduced. While in volume-preserving
mean curvature flow, the volume is preserved by an artificial Lagrange-multiplier, surface diffusion
preserves the volume of the enclosed region () naturally, as can be seen at the simple computation

d
= Vol(Q(1)) =/ V(-,1)dS =/ Ay H(-1)dS =0.
dt (1) =(t)

We will construct a variant of the volume-preserving calibrations from [28] in our setting of surface
diffusion. The main additional challenge in our proof is that the metric structure in the gradient flow is not
the standard L? scalar product on normal velocities but the H -l product on the evolving surfaces. That
means that we have to introduce certain potentials on the moving surfaces in order to capture the precise
energy-dissipation mechanism. The crucial step in our argument is to compare the velocity potentials of
two surfaces, which in particular requires replacing covariant derivatives on one surface by extensions of
the corresponding derivatives on another one.

There has been continuous interest from the applied mathematics community in surface diffusion because
it arises in many physical models. Cahn, Elliott and Novick-Cohen [8] introduced a Cahn—Hilliard equation
with degenerate mobility and performed formal matched asymptotics indicating that the sharp-interface
limit is governed by surface diffusion. However, as explained in the review [22] by Gugenberger, Spatschek,
Kassner, different potentials can lead to diffusion in the bulk: There is a fine interplay between potential
and mobility that restricts the diffusion only to the diffuse interface layer. Ritz, Ribalta and Voigt [34]
introduced a similar Cahn—Hilliard equation which allows for standard double-well potentials. However,
this model does not carry a variational structure. Most recently, another modified Cahn—Hilliard model
has been proposed by Bretin et al. [7] which can be written as the weighted H - gradient flow of the
Cahn-Hilliard energy. Again, formal matched asymptotics suggest that in the sharp-interface limit this
yields surface diffusion. Independently, Salvalaglio et al. [35] defined a similar modified Cahn-Hilliard
model which has a gradient flow structure

g0,u=V-(M(u)VOE .(u)),

where E . is the modified Cahn—Hilliard energy functional

B = [ o (519 + W) as.

and both the mobility function M and the inverse restriction function 1/g, vanish at the two stable
configurations of the potential W. One of the main interests in studying such phase-field models is that they
give rise to efficient numerical algorithms to approximate surface diffusion. Indeed, a direct implementation
of finite elements for parametrizations, as done by Bénsch et al. [5] cannot resolve singularities. Phase-fields
on the other hand give a natural choice of evolution through singularities. The numerical implementation
of phase-fields is commonly done by a convex-concave splitting in the spirit of Eyre [14] because this leads
to an unconditionally stable scheme. For the model introduced in [34], this was performed by Backofen et
al. [4].

In principle, uniqueness and stability proofs are interesting for these applications because they have the
potential to be lifted to approximation schemes such as phase-field models. For mean curvature flow and
its Allen—Cahn approximation, this was carried out recently by Fischer, Simon and one of the authors [16].
We are confident that some of the ideas developed here will be useful for studying the sharp-interface limit
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of the Cahn—Hilliard equations developed in [7, 35]. In principle, another possible convergence approach
would be via compactness and weak solutions as was done by the authors in [26] for the Cahn—Hilliard
equation with disparate mobilities, i.e., a mobility function that vanishes in only one of the two stable
phases.

3.3 Definitions and notation
We begin by defining strong and weak solution to surface diffusion.

Definition 3.2 (Smooth solution to surface diffusion). Let % = (Z7(1)),[o 7+ be a family of closed

surfaces £*(f) = 0Q" (1) with Q"(r) ¢ R open and bounded. We say that £* is a smooth solution to
surface diffusion flow, if =*(7) is C*®, for some @ € (0, 1), and the normal velocity V* € C*“ and mean
curvature H" satisfy

Vi 1) = Agr (i H (1) on X (1).

We call a surface X" a stationary solution if it gives rise to a constant-in-time solution with V* = 0.

Here Ay, denotes the Laplace-Beltrami operator on X" (z).

Before we define weak solutions, we define some quantities on finite perimeter sets which we will need.
Let Q c R? be a set of finite perimeter and let ¥ := 8" Q. Further let v == — ;;zl denote the outward unit
normal.

Suppose there exists a function H : £ — R such that for all vector fields B € Ccl. (Rd; Rd) it holds

/diszdﬂ—(d_l :/Hv-Bd'Hd_l, divy B:=V-B—v-VBy, (3.8)
z 2z

that is, H is the distributional mean curvature of >.

We say that a function ¢ : ¥ — R is weakly differentiable if there exists a vector field Vs : £ — R?
such that for all B € C(R?;RY) it holds

/B.v2¢d7{d—1 Z/Hv-(ch) dH! —/godinBd‘Hd_l.
) z z

Note that if ¢ € C : (Rd) is defined on all of R?, then the definition of Vs coincides with the standard
tangential gradient

Vs =(Id-v®v)Ve.
Now we define the Sobolev space H o) by
H' (Z) = {<p € L3(2): Vep € LZ(Z;R“)} .
Remark 3.3. The space H ! (X) is the closure of C;’ (Rd) under the norm

2 . 2 2
el g, = el + 1Vl 2.
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Indeed, let ¢ be a mollifier, let f € H '(2) and let u= H~'_S. Then the function
1o = [ FOoee =) dut

and its gradient Vy f,. converges to f, respectively Vs f, uniformly on compact sets and thus in LZ(Z, ).
In particular H ! (X) is a Hilbert space and Vs satisfies

1 1 _ _ 1 _
—||V290||22=—/|V2<P|2d7’{d - /st0~€de ‘——/|§|2ded 18
2 L 2 Js & 5 2 Js

where we take the supremum over all test vector fields € € C, i (Rd; Rd).

We define the space H -1 (2) as follows: Define an operator Ay on H ! (%) characterized by

- /(Azu)v dH ' = / Vsu - Vv dH" forallv e C?(Rd).
b2 b2

Then we set H ' (X) == {Azu ‘u € HI(Z)}.
Now we have everything we need to define weak solutions to surface diffusion.

Definition 3.4 (Weak solution to surface diffusion). Let {€2(7)},¢[o 7 be a family of sets of finite perimeter
and let £ = (2(7) = 0Q(1)),¢[0,1)- We say that X is a weak solution to surface diffusion if there exist

functions V(-,7) € H™'(£(¢)) and H(-,1) € H'(2(1)), ¢y (-.1) € H' (2(1)) such that

(i) The function H(-,t) is the mean curvature of the surface X(¢) in the sense that for all B €
C' (R x (0,7);RY)

T T
/ / divy,,y BdH™" dt =/ Hy-BdH"™"dr. 3.9)
0 (1) 0 (1)

(i) The function V(-,f) is the normal velocity of the surface X(¢) in the sense that for all { €
C'(R? x [0,T]) and almost all T’ € (0,T)

-
/ C(x, Ty dx - £(x,0) dxz/ (/ 8,Z(x,1) a’x+/ vgczwd‘l) dt.  (3.10)
Q(T) Q(0) 0 Q1) (1)

(iii) The function ¢y, is the zero-average potential of V in the sense that oy dH 4=1 — 0 and for all
1% (1) TV
g € CX(RY)

T T
—/ / Vz(t)g-Vz(,)npvd‘Hd_ldt:/ / gVdH ™ ar. (3.11)
0 (1) 0 Z(1)

(iv) For almost every T’ € (0, T), the following sharp energy dissipation relation is satisfied

HN (1)) - H (2(0)

1,7 _ 17 _ (3.12)
< —5/ / Vs HI? dH? ‘dt—E/ / Vs ey |* dH ™" dt.
0 X(t) 0 (1)
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(v) There exists a constant C < oo such that for a.e. x, t we have

sup %W(Bz(t)(x, r)) < C. (3.13)

r>0

Remark 3.5. Note that, since H is differentiable almost everywhere on %, a.e. x € X is a Lebesgue point of
H. Hence, by the Poincaré inequality (3.65), we have H € H I®).

We are going to prove a weak-strong uniqueness result. Before we do this, we introduce some notation.
Suppose (1) = Uf.il(t) Ti(r) = Uf;l(t) 0Q (1) is a smooth solution to surface diffusion flow with k*(r)
path components. Since all £*(¢) are C 2 hypersurfaces, no topological changes can occur, hence k* (1) = k*
is constant.

Let £ be a cutoff function such that £(5) = 1 — 52 for |5] < 6/2and £(5) =0 for 5] > 5. We need a
smallness assumption on ¢, which we will state below.

First, we need the following definition. Let Q;(7) be the region enclosed by X () and define the signed

distance of Q*(7) = Ufil Q: (1) by
s(x, 1) = dist(x, Q7 (1)) — dist(x, (Q"(1))°).

Then s(-, #) is a smooth function in a neighborhood of X*. Therefore, for each i and each x € X;(r), there
exists €, > 0O sufficiently small such that Vs(x) # O in B e, (x). Then the orthogonal projection onto X (¢)
is well defined in the neighborhood B &, (x) and given by id —s(-, #)Vs(-, 7). Define

r(Z/(r)) = min &,.
x€X; (1)

Then r(2;(¢)) > 0 because X () is compact. Now our assumption on § is

§ < min min { in{dist(Z;‘(t),Z;(t))M},r(Z;‘(t))/4}, (3.14)

0<t<T* 1<i<k®

J

and, for each ¢ € [0, T"] we define a tubular neighborhood of X (¢) by
Uy (1) = {x e RY : dist(x, 2 (1)) < 5} .

Define ¢ : RY x [0,T°] — R¢ by
£, 1) = £(s(x, 1) Vs(x, 7). (3.15)

We define the orthogonal projection 7 (-, ) : Us(t) — X*(r) onto X*(¢) by
n*(,t) =id —s(-,1)Vs(-, 1). (3.16)

The assumption (3.14) on § guarantees that 7”(-, ¢) is well defined for € [0, T"]. Further we let 6 be
a smooth truncation of the identity. Precisely, 8(—s) = —@(s) for all s, 8(s) = s for 0 < s < §/2 and
0(s) =6 for s > 5. Now we let

?=0os (3.17)

and define the relative energy

&) = /Z( )(1 —y(, 1) - €C,1) dHY, (3.18)
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and the volume error

70 = [ (o = e )91 di. (3.19)

By construction we have

70 = [ e ~ e 1960 v

To prove weak-strong uniqueness, we will show an estimate of the form
ET) +F(T') < CeST (8(0) + F(0)).

By Gronwall’s inequality it suffices to show
T/
ETHY+F(T)-E0)-F(0)<C / E)+F(t)dt  forae. T € [0,min{T,T"}], (3.20)
0
which formally means

%(8(1) +F (1) <C(E@) +F (1) forae.t e [0,min{T,T"}]. (3.21)

First we perform some formal computations in the spirit of the differential inequality (3.21) which we
will turn into a rigorous integral inequality in form of (3.20). We have

d _d _d ' d-1
S8(1) = S H (Z0) dt/ v EdH" (3.22)

X(t)
For the first term, we use the formal differential inequality corresponding to (3.12):

1

d_ a1 1 2 eqyd-1 2 eyd—1
L =1 (201) s——/ Vo HPdHY == [ [V ool dHA.
dt 2 (1) %(t) 2 (1) X(t)¥V

We compute, using the formal differential identity corresponding to (3.10),
d d—1 d /
—-— v-EdH = —— V.- &dx
dt (t) dt Q(t)
= —/ V. ((‘3t§)dx—/ VV - EdH!
Q(r) (1)

=—/ v (8,6) + (V- EVAH".
2(t)
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Now we complete a square and combine the above

d 1 2 -1 1 2 qgd-1
G0 =3 [T P art =3 [ el an

- / v (8,6) dH - / (Vs 0y (V- €)) - Vs gy dHI
(1) (1)

1 1

(3.23)
| Ny HFdH - —/ Vs @y — Ve (V- €)2 dH!
2 ,/2‘(1‘) (1) 2 (1) X(t)¥V (1)

1 -
[ v @@ant el [ v (7 oPae
(1) (1)

The main goal of the present work is to estimate the terms on the right hand side by C(&E(¢) + 7 (¢)). To
this end, we extend the differential operator Vy- ;) to RY and give some estimates between the geometric
quantities on X(z) and X" (1).

Definition 3.6. Letn : R — [0, o) be a cutoff function such that = 1 on [-6, 8] 2 supp ¢ and n(s) =0
for |s| > 26. We extend H", v* and the differential operator Vs« () to all of R? by

H =nAs, v =nVs, Vg =Id-" @v")V.
By this definition, we have smooth functions v*, H* defined on R? x [0, T*] such that the restriction to
¥" is the normal and curvature, respectively. Further, the operator Vs+ () 1s defined on R? and coincides

with the surface gradient on X*(#). We suppress the dependence on ¢ in the following lemma.

Lemma 3.7. For any differentiable function u on R and any rectifiable surface ¥ = 8*Q it holds

|Vsu — Vseul* < 2|Vul*lv = v*|*  ae. onX. (3.24)
Furthermore
V=V <4(1-v-§) ae ony, (3.25)
and
IVes|> <2(1=v-&) ae. on. (3.26)

Proof. We compute

(v - Vu)y = (v - V)V P < |(v- V) (v = V)P + [((v = V) - V) |? < 2|Vul |y - v

Furthermore
v=v =Ly =P+ =0l -V
<20(1=v-v)+2(1-2)
<2(1=¢4(v-v))+2(1 = 2(v-vY))
=4(1-v-¥§),
and
[Vgs|? = |Vs|* = (v- Vs)® < |Vs]> = (£ os)*(v-Vs)? <2(1 —v-&). O
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3.4 Stability for stationary solutions

We are now in the position to prove our first main result, which concerns the stability of stationary solutions.

Theorem 3.8. Let X" be a smooth stationary solution to surface diffusion in the sense of Definition 3.2 and
let ¥ be a weak solution to surface diffusion in the sense of Definition 3.4. Then

E(T")+F(T") < CeST (E(0) + F(0)) forae. T' € [0,min {T,T*}]. (3.27)

In particular, if Q(0) = Q" (0) up to Lebesgue null sets, then Q(t) = Q" (t) up to Lebesgue null sets for a.e.
t € [0, min {T,T"}].

Before we prove the theorem, we prove the following lemma.

Lemma 3.9. Let X be a stationary solution to surface diffusion according to Definition 3.2 and let %
be a weak solution to surface diffusion according to Definition 3.4. Then there exists a constant C < oo
depending only on X" such that

/ Vs (V- EP dH™ < CE(1)  forace. t € [0,min {T,T"}]. (3.28)
(1)

Proof. We compute
V(i) (V- €) = (£ 08)Vy () (As) + (£ 08)(As)Vy(ys+ (" 08)Vy (8.
We note that As = H" on suppZ os. By (3.24) and (3.26) we have |Vzms|2 <2(1 —v-¥¢) and

|V2(t)H* - Vz"(t)H*l2 < 1 —-v-£&. Hence,

/ Vs, (V-OP dHI s 8+ [ (082 Wy H'P dH
(1) )

x(t

Next observe that, since { os =1 on X" and Ay-H" = V* = 0, we have
/ |VZ*(t)H*|2 d?‘(d_l = —/ H*AZ*(l‘)H* d?’{d_l = O
(1) (1)
Hence |Vy+ () H (-, 1)] = 0 on X*(¢). Since H" is C?, we have Vs« (yH'| = O(s(-, 1)) in U (7). Therefore

(¢ 08)*[Vyr( H (L0 dH < / 5(-.1)° dx < 8(1). 0

(1) Us (1)

Proof of Theorem 3.8. We start by estimating E(T”) — E(0) in the spirit of the formal computation that
lead to (3.23). We write

E(T") - 8(0) = H ' (Z(T)) - H ™ (2(0))
—(/ v(-,T')-g(-,T’)dwd—l—/ v(-,0) - £(-,0) dH | .
(T") %(0)
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Using (3.9) and (3.11), we can mirror the formal computations and obtain the following integral version

&(T") - &(0)

117 _
< ——/ / Vs HI” dH* dt
2Jo Jr

1T )
- 5/ / Vs @v = Vs (V- )P dH ™ dt
0 (1)

T 1 T
—/ / v-(8,€) dﬂdldH—/ / Vs oy (V- & dH ™ ar.
o Jro 2Jo Jzw

Using Lemma 3.9 and the fact that J,& = 0, we have

(3.29)

1 7 _
&) < —5/ / Vs HI* dH" dt
0 X(t)
1 T/ 2 d—-1 T,
0 (1) 0

Now we estimate the bulk error # (¢). We have

il T
F(T') — F(0) :/ / ﬁVd‘Hd_ldt+/ / (x — x")8,9 dx dt.
0 (1) 0 R4

The second term is zero because 6 is independent of ¢. For the first term we use (3.11) and Young’s
inequality to obtain, for any € > 0,

TI
/ / IV AH dr
0 X(t)
r d-1
= —/ (Vs)®) - Vyypy dH™ dr
0 (1)
L/T/ |V2(t)ﬁ|2dwd_ldt+f/T/ Vs ey l* dH ™ di
2e Jo  Jra 2Jo Js

1/T"/ ’ d-1
— Vs 9> dHI dr
2e Jo  Jro) =)

T/
+8/ / |VZ(I)¢V_VE(Z)(V é‘:)lz dq—(d_ldt
0 (1)

T/
+e/ / V(i) (V- O dH ™ ar.
0 X(t)

The first term is bounded by &(¢), since ¢ is a Lipschitz function of the signed distance s, cf. (3.17), and
/z ) Vs (t)sl2 < &. The second term is absorbed by the second dissipation term in (3.23), for € < % The
third term is estimated by Lemma 3.9. |

IA

IA
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3.5 Stability of surface diffusion in 2D

In this section we study the stability of non-stationary solutions to surface diffusion, but we restrict ourselves
to the 2D case. Then the evolution reads

V:(?SZK,

where 0, denotes differentiation with respect to the arc length parameter s on the surface X(#) and « denotes
the curvature of X (7).

We assume that (¢) is a weak solution to surface diffusion flow according to Definition 3.4 and d = 2.

Let 7, 7° denote the tangent vectors and v = Jt, v* = Jr" denote the outward unit normal vectors on
and X" respectively, where J is the counter-clockwise rotation by 90 degrees. Then the curvatures « and
k" are given by k = —(d,7) - vand k" = —=(d,+7") - v". Note that the weak formulation of this equality is
exactly (3.8).

The second main result of the present work is the following stability and uniqueness statement for
solutions to surface diffusion.

Theorem 3.10. Let d = 2 and let (X°(1)),c(0.7+ and (£(1));c(0.1) be a strong and a weak solution to
surface diffusion according to Definition 3.2, respectively Definition 3.4. Then there exists a constant
C < oo depending only on X" and H! (Z(0)) such that

E(T)+F(T') < CeCT(E(0) + F(0)) forae. T' € [0, min {1,7"}]. (3.30)

In particular, if Q(0) = Q(0) up to Lebesgue null sets, then Q(t) = Q"(t) up to Lebesgue null sets for a.e.
t € [0, min {T,T"}].

As before, it suffices to show that
T/
E(T)+F(T") - &) - F(0) < C/ (&) +F (1)) dt forae.T' € [0,min{T,T"}]. (3.31)
0

We again extend the geometric quantities «*, v*, 7* and the operator ;- to all of R? as in Definition 3.6.
Definition 3.11. Let 7 : R — [0, o) be as in Definition 3.6, and define «*, 7*, v* and ;- by

K =nAs, v =nVs, ti=J"Y, 4.=1"-V.

N

Then, on Uy,
V' =Ild=v' @ v —=sVWW' =1t"® 1" —sVy" (3.32)

and therefore
dgn* =(1+sk)7" onU,. (3.33)

Next, we recall the 2D version of Lemma 3.7. We suppress the -dependence in the following statement
and the proof of Theorem 3.10.

Lemma 3.12 (Lemma 3.7 in 2D). For any differentiable function u on R* and any rectifiable curve
Y = 0"Q it holds
10.u — dpul* < |Vul*¢lt —7°* ae onX. (3.34)
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3.5 Stability of surface diffusion in 2D

Furthermore
lt—t P =v=v<4(l-v-& ae ony, (3.35)
and

It-Vs? <2(1-v-&) ae onX. (3.36)

Remark 3.13. From (3.34) and (3.35), it follows that for any v € L*(Z), u € H' (R?) n W' (R?), we have

/(v —du)ds < 2/(v — dgu)? ds + 8||Vul2E. (3.37)
z >

We refer to the above inequalities as replacing 0, by 0+ or vice versa when performing estimates of this
form. Furthermore

/ @,(L o) ds < 17115 / (- V)2 ds < 2|6, (3.38)
> >
and

d;(Los)= (L os)T" - v =0. (3.39)

For each Jordan boundary X;(¢) according to Definition 3.22, we let v;(-,7) = v(-,t)|zi(,) be the

restriction of the normal to Z,(#). Let B : R? x [0, T"] — R? be a smooth vector field. At each time ¢ and
each path component X; (1), we let ¢, be the zero-average potential ¢,, g(-, 1) such that

026, 5(1) = V(1) B(-1) —f

X (t

v;(-,t) - B(,t)ds ae.
)

with /z.(t) ¢,..5(+ 1) ds = 0. This solution exists by Lemma 3.15.
We then define ¢, 5(-,1) : Z(t) = Rby ¢, 5(-,1) = ‘Pv,.~B("t) on X; (7).
Now we are ready to prove our second main result.

Proof of Theorem 3.10. We continue from (3.23) and keep the informal style. The differential inequalities
can be turned into rigorous integral inequalities just as in the proof of Theorem 3.10. In addition, we
suppress the dependence on 7.

k(t) k(t)

Adding zero to (3.23) in terms of (3.9) and using
kv -Bds = /K(V-B—f v~-Bds')ds+ (/de)fV--BdS
/z lzzl % ' % ' ; % %, '

=— [ 0,k0,0p,.pds + /de)f v; - Bds,
./2 b Z( % %

i=1 L i
we complete another square

d 1 , 1 )
G60 s =5 [@wrds—3 [0 -0,7-0)%as

! :
- [v-@pas+s [0, 00

+/V-Bds—/v-VBvds
> by
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Chapter 3 A uniqueness and stability principle for surface diffusion

k(t)

+ | 04k0,0p,.5ds —
/2 #yv-B Z

i=1

(./z de) fz v; - Bds

i

1 1
= -3 /(asK - 6s‘10v~B)2 ds — = ‘/(aSQDV - as(v : ‘f))z ds
2 Js 2 s

1 2
- [r@oases [05-0ra

1
+/V-Bds—/v-VBvds——/(@‘Pv-B)zdS
z z 2Js

k(1)

_Z(/Z.de)‘fz‘vi'Bds.

i=1 i i

Now we complete one more square by adding zero in terms of fz(ﬁs (V-£))0,¢,.5 ds and use the definition

of ¢,,.p to obtain

d

1 1
G605 =5 [t pds=3 [0 -0,7-0)as

1 2 1 2
o3[O 02 ds+5 [@0, 7 ds
+ /E (0,(V - )0, ds - /2 (3,(V - )00, d

—/v-(8t§)ds+/V-Bds—/v-VBvds
p) p2 b

k(t)
—Z(/ de)f v, Bds
i=1 \Y%i %

1 1
Y /(ask - as“pv-3>2 ds — = /(85‘10V - 85(V : é‘:))z ds
2 Js “ ) “

1
+5 [Ouprs=0,5-6)as

k(1)

_/ZV.B(V.g)dH;(/Ei(v-g)ds)fZivi-Bds

—/v-(8t§)ds+‘/V-Bds—/v-VBvds
p) b2 b

k(t)

_Z(‘/Z‘.de)‘%;vi'Bds_

i=1 i i

We recall that every exact differential form is closed and apply Gauss’ theoremto BAE =B ® & — ¢ ® B:

O:/QV-(V-(B/\f))dx
:/v-(V-(B/\g))ds
>

=/[(V-f)v-B+v-(g—‘-V)B—(V-B)v-f—v-(B-V)f ds.
b
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3.5 Stability of surface diffusion in 2D

Now we add zero in terms of (3.40) and rearrange terms

d 1

1
G860 < =5 -5 d5 -5 [(Gey-0,-0 ds

1
+5 [Oers-0.5-6)ds= [v BV -g)as

—/v-(8t§)ds+/V-Bds—/v~VBvds
b b b

k(1)

+Z(_/E_W'f)ds_‘/zkds)fz.vi'Bds

i=1 i

.

1 1
= -3 ‘/(asK - as(pv-B)2 ds — = /(asQDV - as(v : f))z ds
2 Js 2 Js

(V-&Vv-B+v-(£-V)B=(V-B)yv-&—v-(B-V)é|ds

1
+5 [Oevs-0,5-0ds+ [(V-BY1-v-0)ds
- [o-o VB0 -gds- 5 [ @R+ 5P s
z z
- [0+ B+ B9 0= ds

k(t)

+;(‘/Zi(V-f)ds—/Zikds)fZivi-Bds

All terms are either non-positive or directly estimated by C(1 — v - &), except for
! G d.(V-£)*d L [P+ B - v)eP) d
5 s sPv-B ~ O & S_E 2( zl‘fl +( : )lé‘:l ) S

—/Z(a,§+(B-V)§+ (VB)T¢)- (v - &) ds (3.41)

+I:Z::)(‘/Zi(V-f)ds—/Zikds)fZivi-Bds.

To estimate those terms, we choose a suitable vector field B according to Corollary 3.18 below.

To estimate the second term in (3.41), we introduce the trivial extension of the normal velocity vector
V*v* on U defined by
B(-,1) = (os)(Bon").

Then _
B-Vs=(d2Ason") =V on" onU;. (3.42)

We compute _ _
(0, +(B-V)EIP = (8, +(B-V)({*os)+(B-B)-V( os). (3.43)
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Chapter 3 A uniqueness and stability principle for surface diffusion

The first term is exactly zero on U, since % is a function of the signed distance, i.e.
8,(2os)+B-V(*os) =0,
cf. [27, Lem. 1.19]. For the second term we use the Lipschitz estimate
|B—B|=|B~-(Bon")| <||Bllo|id=7"| = ||Bllnls| onUs (3.44)
and compute
V(2% 08)| < 2(£ 08)I¢ o 5]|Vs| < Clsl,

where we used that £’ (0) = 0 and hence ’(s) < |s|. Thus the last term on the right hand side of (3.43) is
o(sl).

Now we estimate the transport operator d,¢ + (B - V)& + (VB)&. We compute
0,6+ (B-V)E+(VB) ¢ = ((9,+(B-V))(Los)) Vs
+(£05)(8,Vs+ (B-V)Vs+ (VB)' Vs).
The first term on the right hand side is again O(s), as above. The second term reads, after again smuggling
in B
(a,Vs +(B-V)Vs+ (VB)TVs) - ((')tVs +(B-V)Vs+ (VE)TVS)
+(B=B)-V*s+(VB-VB) Vs,

The first term vanishes identically on supp ¢ o s. The second term is again O(s) by (3.44) on supp { o s.
For the last term we compute

(VB-VB)'Vs = (VB- (VBon")Vr*) Vs
=(VB—=(Bonr") Vs+(Id-Vr*)(VB o ") Vs.

The first term on the right hand side is again O(s) since VB is Lipschitz. Using Va* =1d -Vs ® Vs + O(s),
the second term reads

(Id=Vr*) (VB o ") Vs = Vs ® Vs(VB o 1) Vs + O(s)
= (Vs- (VBon") Vs)Vs+0(s).
Since this error term is multiplied by £ o s, we have
(0,£+(B-V)E+(VB)'8) - (v =) 5 O(") +£- (v = &)

and since & - (v—¢&) < £(1-7), also this term is estimated by &. Note that we only used [’Us s?dx < C&E(1).

This estimate does of course not hold in general when integrating over R? instead of U 5. Now the only
terms remaining are the following

k(t)

%‘/Z(BS¢V,B—HS(V-§))2ds+;(Li(v-f)ds—‘/Zins)‘fz y; - Bds. (3.45)

i
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3.5 Stability of surface diffusion in 2D

Remark 3.14. Until this point, we have not used the fact that we are in RZ. Everything would have worked
the same way in R?. However, we will soon use the Gauss—Bonnet theorem, which only applies to the
Gauss curvature, not the mean curvature. Further we will have terms of the form d,9;- ¢ » for some smooth

potential ¢ » with (')sz* ¢ = f. Inhigher dimensions, we would want to estimate terms like V3 V- ¢ instead.
Since Vy+ ¢ is not a tangential vector field on X, this creates additional curvature terms.

We estimate the term of (3.41). By the Gauss—Bonnet theorem, we have

k(1) k(t) 1
Z(/ de)f Vi'BdSZZHZI—/ v; - Bds.
iz ) % (1) i H(Z(1) Iz

Hence the last term in (3.41) is estimated by Lemma 3.19. It remains to estimate
/ (0,(V - &) = d,0,.5)" ds. (3.46)
by

To obtain an estimate for (3.46), we define another zero-average potential function ¢*(-,1) : (1) > R
such that

029 (1) = £(,1) - B, 1) = V' (1) onZ(1).
Note that fzzﬂ(t) Vi(-,t)ds" =0forall 1 <i < k". We also define an extension ¢ p(-,1) : R?> — R by
¢ep(x,t) =@ (1" (x,1),1){(s(x,1)).
Further, since & - B € H*(X*) and =" is C°, we have Pe.p € C*(R?). Using (3.33), we have

By @5 = (L 08) (") o " (145K") + (3,0) (¢ 0 1)
= ((o8)(1+5¢) (0 ") o7

because d,-({ os) = ¢t - Vs = 0 on U, and hence
020pp =€ B(1+5k") + (£ 08)s0,k" (050 ) 0 ")
on supp {. In particular we have for any v € LZ(Z)
/(65*902_3 —v)2ds < /(f -B-v)’ds +C/(§ o s)%s? ds
) z z (3.47)
< /(§-B—V)2ds+8,
b

because s> < 1 — < 1-v-&onsuppl, where C = C(k", tpzc.B, s). Now we smuggle 8‘9*902,3 into (3.46)
and compute

‘/Z(aS(V &) - aSSDV-B)2 ds

< fz (B,(V - £) = 0,05 ) dis + /2 (B 6.5 — sy ) ds
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Chapter 3 A uniqueness and stability principle for surface diffusion

< /Z (0,(V &) - 0’ p) s + /Z (0,655 — 0,0.5)  ds + C(V ' p)E.

We estimate the second term and write the integral as a sum over the connected components. On each
term we subtract the average c¢; = fzi 4 as*go*g, p and apply the Poincaré inequality (3.65) and get that there

exists a constant C depending only on H ! (Z(0)) such that

2
/(6S*<p2,3—ascpvi,3—cl-)zds+/ (f as*‘ﬂ*g-B)
Z; I \J I

2
= ‘/2 (65*902“3 - ‘9590vi~3 - Ci)z ds +L (‘fz 3;‘9023 + 63(9023))

L

C (@065 -0, 0 ds+ Ce e H' ) [ 17,205

7N

(3.48)
< € (@ p=loy wdsr Cle p 1 @O [ 1w s

2
SC/ (f-B—vi-B)2 ds+C/ (f (83*As)vi-§ds') ds
% z, \J3,

i

+ (¢ 5 H(2(0))) /Z L=, £ds,

where we used (3.47) in the last step. Now we sum over the connected components i = 1, ..., k(). The
contribution in the first and third term is bounded by

k(z)

2 (C(?Il(zw))) / 69 B s+ Clglp ' (50)) / l—vi-fds)

i=1

k(t)

< 2 _ 2d C * l—v . 2d )
< C; (||B||oo ‘/Zi(t) lv = €7 ds + C(@g.p) /Zi v, - & ds
< C(Z", H' (2(0)&.

The second term in the last line of (3.48) can be estimated by adding zero in terms of fz. 0,(04+As) and

using Jensen’s inequality
2
/(f (af*As)vi-fds') ds
5 \J3;

/z ((63*As))vi £ - 5s(35*As))2 ds

i

/Z | (as%As - GSGS*AS)2 ds

ORI [ (1= vie)” as
>.

L

A

N

46



3.5 Stability of surface diffusion in 2D

After summing over i, all terms above are again bounded by &. Hence it remains to estimate

[07 0= 0001 s
We compute

9,(V-&) =7-V(V-§)
=7-((£os)V(AS) + ({" 05)(As)Vs + (¢ 0 5)Vs)
=(L08)0,As+ (7-Vs) (({' os)As+ (" o)).

By Young’s inequality we have
1 * 2
3 [0 000 pas
< /(5SAS - 8S*go*§,3)2 ds + /(1 —0),As+ (1-Vs)> (( os)As+ (I o s))2
b p)

We treat each summand separately. The last term can be bounded by & by (3.36). Thus it remains to
estimate the first term

2
/ (9, - agup*g,B) ds. (3.49)
p)
Replacing 0, with 0, it is also sufficient to estimate

/2 (g As = By gy ) ds. (3.50)

To this end, we again subtract the average and apply the Poincaré inequality to obtain

/(6SAS_63(102‘~B)2 ds

2
S H' (D) /(38 “As — s*¢2,3)2ds+‘/2(fzé?s*As—éswz,Bds') ds
+C(k" ’905-3)8-

In the second term we add zero in terms of fz 0s(As — goz, ) ds’ and we again replace 8, with 4+ and
use (3.47) to obtain

2
/(38 +As — s»«tp*f,B)zds+/(f 8S*As—8s*go*§,3ds') ds

‘/(azAs 6 gogB) ds + C(k", 9053)8

N

'/Z(asz*As —&-B)Yds+C(x", P¢.p)E.
Now we smuggle in & - B and obtain

/(aj*As—g-des < /(65*As—§~§)2 ds+/(§-(B—§))2ds
> > >
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Chapter 3 A uniqueness and stability principle for surface diffusion

< /(8§*As—§-§)2ds+C8
>

< /(GSZ*AS - ((952*As) on™)?ds + CE.
>

where we used that 1 — | |2 < 2(1—=v-¢) in the last line. The last term is bounded by & due to the Lipschitz
estimate |6s2* As — (63* As) o | < Cls|. This concludes the estimate for &.

Next, we treat the bulk error ¥ (¢). We recall that
|0,9 + (B - V)9 < C|9|.

Using the above estimate and that (-, ) = 0 on supp |Vx" (-, )| = £*(¢), and fz(z) (V-B)dds s F (1), we
have

i?(z‘) = / ﬁVds+/ (x —x7)0,9 dx
dt (t) R?
< / ﬂVds—/ (X—X*)(B-V)ﬂdx+C/ Lx = x"[19] dx (3.51)
(1) R? R?
=CT (1) +/ IV ds - / ?(v - B) ds.
(t) (1)

We compute
k(1)
[ oow-vmas==3 [ @000 -0, d
(1) =1 JZi(0) '

k(t)

+ dds f v. - Bds
Z(/zm) ) 50

i=1

The second sum is estimated by Lemma 3.19 below. The first sum reads, for any € > 0,

- (asﬁ)(asch - asgov-B) ds
2(t)

1
< — (8519)2 ds + f/ (05y —55%-3)2 ds (3.52)
2e Jsu) 2 Jsy
1
< — (8Sﬁ)2ds+s/ (8,0 — 0,(V - £))* ds+s/ (0,(V - &) —d,0,5)" ds.
2e Js(r) (1) (1)

The first term reads

1 1 1
—/ (0,9) ds < — (t-Vs)?ds < —&(1).
2e Js() 2e Js(r) 2

The second term is absorbed in the dissipation term for &(t) for & < % The last term was already estimated
in (3.46). This concludes the proof of Theorem 3.10. O
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3.6 Auxiliary results

Here we state a few auxiliary results which are crucial for the proof of Theorem 3.10.

First we prove existence of weak solutions to the Poisson equation on rectifiable sets. For a function
u : £ — R we denote the average w.r.t. a measure u by

(u)y = fz udy,

and we define the space H(IO)(Z) = {u € Hl(Z) u)s = 0}.

Lemma 3.15. Let Q ¢ R? be a set of finite perimeter, let ¥ = 8" Q and let u € H(IO) (X). Then there exists
a unique function ¢ € H (10) (X) such that

/vw.vzw dH! :/uwde"‘l forall y € CZ(RY). (3.53)
Z z

Furthermore, if d = 2, then 652 @ exists and
af p=u ae.

Proof. We will use the Lax—Milgram lemma to prove this result. Define a bilinear form b : H EO) (%) x
H{y (Z) - R by

b(p,y) = /VZ¢ Vs dH' forally e CX(RY).
b
By density of C (RY), this uniquely defines b. Since H (10) (L) c L*(2) is a closed subspace, the space

(H (10) ), 1 -1l LZ(Z)) equipped with the L? norm is again a Hilbert space. By the Poincaré inequality and
Cauchy-Schwarz we have

1
s b(p.9) = Vsell;2 2 Sl forall g € Hi (2),
Ul =1
(0)

hence b is coercive. Furthermore we define a bounded linear operator f € (LZ(Z))' by
fly) = /Zw dHL
By the Lax—Milgram lemma there exists a unique ¢ € H (10) (%) such that

b(g.w) = f(y) forally e CZ(RY).

Now let d = 2. We test (3.53) with ¢ and obtain

/(astp)zdﬂl =/¢udﬂ‘.
z )

Approximating ¢ with smooth functions, we get that 6szgo exists a.e., and GSZ ¢ =u. O
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Chapter 3 A uniqueness and stability principle for surface diffusion

The following simple lemma shows that the surface area of small bubbles is controlled by the relative
energy.

Lemma 3.16. Let X = 9Q c R? be a closed surface and let & : R?Y 5 RY bea Lipschitz vector field such
that ||€]| < 1. If diam(X) < 2”V§” , then

HITN(Z) < 34/(1 —&y)dH, (3.54)
z

Proof. Leta = ﬁ and ¢ = 13—0. We claim that

HIT (xeZ: &) -v(x) <1-6}) > aH (D). (3.55)
If the claim holds, then
1
HITN(2) < — / SdH!
@0 Jsn(ev<i-s)
1
S — 1—&-vdH!

>n{&-v<1-6}

—/1— vdH .
1 _ 100 o 102 _

Since -= = 5~ < 5= = 34, this implies the assertion.

Now we prove the claim. Suppose for a contradiction that
HIT {xeS: () -vx) > 1-6}) > (1 —a)HL(D). (3.56)

Then we have for any & € R?

/g-vdwd—l =/(§—E)-vdwd‘1
p )

and therefore
/g vdHIT! < | Vel diam(Z) HL(E).
by

On the other hand

/f-vd?—(d_lz/ f-vd?—(d_1+/ f-vd?—(d_l
b En{&-v>1-6} TN{&v<1-6)

>(1-0)H ' ({xeZ: &(x)-v(x) >1-6})
—HT ({x €2 E(x) - v(x) < 1-6))
>((1-6)(1-a)-a)H"(D).

By our choice of a and ¢, we have

2 3 3
1-2a-60+a6>1-— — —

1 3 1
=—+— >
10 10 100 2 100~ 2
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Hence we get
1
SHTE) < [IVEll, diam(Z)H (D),

a contradiction to (3.56). This concludes the proof. |

The following construction appeared in [28] and will be useful for our framework as well.

Lemma 3.17. Let ° c R? be a smooth closed surface with enclosed region Q" and let V* € C** (%),
for some for some a € (0, 1), with fz V*dH ' = 0. Then there exists a compactly supported Lipschitz

vector field B € C'(RY;RY) such that v* - B=V* on £* and V - B = O(dist(-, Q")).
Applying the lemma to each time slice, we immediately get the following statement.

Corollary 3.18. There exists a family of compactly supported Lipschitz vector fields B(-,t) € C 2,1 (Rd; Rd)
suchthatv'-B=V" on X" (t) so that V - B(-,t) = O(dist(-, Q" (¢))) for all t with Q" (t) as in Definition 3.2.

Proof of Lemma 3.17. The proof consists of three steps. First we show existence of a C*“ solution to a
Neumann-Laplace problem with boundary condition v* - V¢ = V*. Second, we improve the regularity to
c*e. Finally, we use an extension theorem to extend this function to all of R

Step 1. For each ¢ let ¢ be a solution to the Neumann-Laplace problem

Ap= 0 in Q" (3.57)
V' V=V on X", (3.58)

The existence of a solution ¢ with /Q ¢ dx = 0 follows from elliptic theory since

/ Vi dH = 0.

z

Using Schauder boundary regularity, see [33, Thm. 4.1] or [29, Thm. 95], we have, for all 0 < a < 1,

[0l ) < CQIV gt oy < €. (3.59)

In the next step, we improve this regularity to show that ¢ € c? ’“(E), and hence V¢ € C!! (E; Rd).

Step 2. It is sufficient to show that for any orthogonal coordinate frame (xl, cees xd)_of class C 2’C'(E)
withx' -y =0for1 <i<d-1andx? =vondQ". Thenitholdsx’ - V¢ € C>*(Q") fori=1,...,d.
Indeed, given such a frame, we see that, forany i = 1,...,d — 1, := x' - V¢ is a solution to
Ay = Ax' - V¢ +2Vx : V¢ in Q°,
VeV =V (v- VX + (x- V)V Vg (X V) on ¥*,

where we used that A¢ = 0 in Q" in the first line and v* - V¢ = 0 on X" in the second line. We observe

that the right-hand side of this PDE is of class C 1’“(Q*) and the Neumann boundary datum is of class
Ch(0Q"), because V* € C*%(4Q") and Q" € C*?, which implies (x - V)v* € C?(dQ") for all
i=1,...,d — 1. For the normal field xd, we observe that ¢ = x4 . V¢ solves the Dirichlet—Laplace
problem

Ay = Ax? - V¢ +2Vx? V¢ in Q*,
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Chapter 3 A uniqueness and stability principle for surface diffusion

y=v"-Vp=V" on X",

The right-hand side of this PDE is identical to the previous case with the Dirichlet datum being of class
C*>?(9Q"). Thus we can apply Schauder boundary regularity for the Dirichlet-Laplace problem [21, Thm.
6.8] to assert that also € C>%(Q"). Therefore we have

||¢||C3,n(§) < C(Z").

Step 3. We extend ¢ to all of R4 using a standard extension theorin, e.g. [21, Thm. 6.37], to a function
¢ € C3’“(Rd) with the same regularity as ¢ such that ¢ = ¢ in Q" and ¢ = 0 in R4 \ Bg(0) for some
R < oo sufficiently large. Now we set

B =Vg¢.

Finally we have V - B = A¢ = 0 on X* and therefore V - B = O(dist(-, Q%)). m|

The combination of the simple geometric estimate in Lemma 3.16 and the properties of the extended
velocity vector field in Corollary 3.18 gives us the following crucial estimate.

Lemma 3.19. Let X(t) be as in Definition 3.4 with connected components X(t), where 1 <i < k(t), and
>"(t) as in Definition 3.2. Let B(-,t) € C;’l (Rd; Rd) as in Corollary 3.18. Then there exists a constant C
depending only on X" such that

k(z)

2

i=1

< CF(1) (3.60)

% (1)

and, for d =2,
k(t) 1

—_— < C(E@)+F (). (3.61)
S HIN (=)

/ Vl' * B dq_{d_l
Z; (1)

Again we will suppress the r-dependence in the following proof.

Proof. Let R < oo be sufficiently large such that supp VB C By (0) x [0,T"]. We compute (3.60): Since
|V - B| = O(dist(-, Q(1)) < CIs|(1 = xq:()):
/ V. Bdx
Q.

/ v; - Bds
% :

i

k(1)

2,

i=1

k(1)

5

i=1

JARCESeIP™
Bg(0)

2R .
<2 [ olle-xlas

2R
< FHV - B|| T .

12\
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Finally, in the case of d = 2, we let C := || B||,. We split the sum (3.61) into two parts:

k(t) 1

1
> = /vi-Bdﬂl Y 1 /vi~Bd7{1
o H (%) |z i:‘Hl(E,-)>1/CW (Z) |7z
1
i:‘H'(Zi)sl/Cq—{ (Z) |V

For the first sum we can use the estimate (3.60). For the second sum we use the isoperimetric inequality
|, < (H' (Ei))2 and then, by the elementary estimate diam(%;) < %7’(1 (%), we may use Lemma 3.16

to obtain
/vi-Bdﬂl /V-de
z“i Qi

1
2. H'(Z)

1
2 H'(Z)

iH (2)<1/C iH (z)<1/C
<IV-Ble ), H'(E)
iH' (z)<1/C
k
s34||V-B||wZ/ 1—¢&-v; dH'
i=1 Y%
=34||V - B||E. O

Lemma 3.20. Let Q C R? be a set of finite perimeter, . = 0" Q and let f € CO’I(Z). Then
/ d.f dH"' =0.
b2

Proof. Let f € CX(RY) and let V* f := J~'Vf. Then

/asfdﬂl =/T-Vfdw1
z z
:/V-VLfdﬂl
)
= fg (=0, 0, f +0,,0, [)dx
=0.

By density of C;”(Rz) in c%! (%), this concludes the proof. |

3.6.1 Jordan boundary decomposition

We collect some crucial properties of sets of finite perimeter in the plane and a corresponding version of
connectedness, called indecomposability. More details can be found in [3].

Definition 3.21 (Indecomposable sets). Let Q C R? be a set of finite perimeter. We say that Q is
decomposable if there exists a disjoint partition Q = A U B such that P(Q) = P(A) + P(B). If Q is not
decomposable, we call Q indecomposable.
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Definition 3.22 (Simple sets and Jordan boundaries). An indecomposable set 2 C R is called simple if
for all sets of finite perimeter F' C R? the following holds: If |F| € (0, 0) and 8*F C 8*Q up to H!
null sets, then E = F.

A setJ ¢ R? is called a Jordan boundary if there exists a simple set Q such that 8"Q = J.

Proposition 3.23 (Decomposition theorem [3, Thm. 1]). Let Q be a set of finite perimeter. Then there
exists a unique finite or countable family of pairwise disjoint indecomposable sets {Qi},— such that |Q;| > 0
foralliand P(Q) = },; P(Q;). Furthermore any indecomposable set F C Q is contained in some ; up to
Lebesgue null sets.

To simplify the following statement, we add the formal Jordan boundary J, whose interior is empty and
J,, whose interior is RY.

Proposition 3.24 (Jordan boundary decomposition [3, Thm. 4]). Let Q be a set of finite perimeter. Then
there exists a unique decomposition of 8*Q into Jordan boundaries {J:r M vl ke N} such that the
following hold:

1. Given int(J; ),int(J}’), then either they are disjoint or one is contained in the other;, Given
int(Jy ), int(J; ), then either they are disjoint or one is contained in the other.

2. Everyint(J;) is contained in some int(J}).

3. P(Q) = Sy H T UD) + Sy H ).

4. Ifint(J;) C int(J_;’)for some i # j, then there exists some J; such that int(J;) C int(J;) C int(]}r).
Similarly, if int(J;) C int(J;) for some k # I, then there exists some J; such that int(J;) C

int(J)) Cint(J)).

5. Let L; = {k cint(Jy) C int(J;')} and let Y; = int(J7) \ (UkeLi int(J,;)). Then Y; are pairwise
disjoint, indecomposable and Q = J;cy Y.

Remark 3.25. The authors of [3] define *Q as the set of points where density

. QN B(x,r)]
D X) = hm _—
(0 = e e

is equal to 1/2, denoted by Q% = {x : D(x) = 1/2}. However, up to H 4=1 hull sets we have
Vx| = M1 Q2

thus the results are still applicable in our setting.

Remark 3.26. The sets €, in Proposition 3.23 are exactly the Y; from Proposition 3.24. We also recall De
Giorgi’s structure theorem: For any finite perimeter set  C R there exists a null set N and countably
many C ! hypersurfaces S; and compact subsets K; C §; such that

Q=NU| |K,.
i=1
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Lemma 3.27. Let d = 2 and let Q be a set of finite perimeter, ¥ = 0" Q, let k denote the mean curvature of
2 and let J; denote its Jordan boundary decomposition as in Proposition 3.24. Then

/Kl,d?’(1:27r foralli.
J !

Proof. By definition we have

/diVEqu’IIZ/KV'BdWI
p> p>

forall Be C i (RZ; Rz). Now fixi and let B € C i (R2; Rz). Then, by the definition of the Jordan boundary
decomposition, we can take a cutoff function 7 such that B := B = B on J; and supp B R’ \Ujzi -

Then
/Klj,v-B:/Kv-E:/diVZ}?:/diVZB.
J; z z J;

i i

Hence «|;. is the mean curvature of J;. We now show that J; is a rectifiable closed curve, then the claim
follows from the Gauss-Bonnet theorem. Indeed, let E be a simple set such that 9"E = J; and let Y = int J,.
Then 8"Y is either a rectifiable closed curve or a union of closed curves and 8*Y C 9“E. If 'Y is a
union of curves, then there exist curves with non-empty interior /, I, such that ¥ = int(/;) U int(/,).
However, since E is simple, we have Y = E = int(/;) U int(/,). But this means that £ is decomposable, a
contradiction. O

3.6.2 A Poincaré inequality on rectifiable sets

We introduce a Poincaré inequality on rectifiable sets by viewing them as metric measure spaces, cf. [23].
This in turn gives us a Poincaré inequality on the reduced boundary of finite perimeter sets.

Definition 3.28. Let £ c R be a rectifiable set and let x, y € Z. A path connecting x and y is a continuous
piecewise C' function Yxy ¢ [0, L] — X such that y,,(0) = x and y,, (L) = y. The length of a path y is

denoted by L(y) = fOL |¥’ ()| ds. The distance between x and y is defined as

ds(x,y) = inf L(¥yy)s (3.62)
xy

where we take the infimum over all paths ., connecting x and y.
To obtain a Poincaré inequality on X, we define the space M L.p (2) by
M"P(Z) = {u e LP(2): 3g, € L (D)},
where g, is a function satisfying
|u(x) —u(y)| < ds(x,y)(g,(x) +g,(y)) forae x,yeZX. (3.63)

Remark 3.29. If we equip M I-P (2) with a norm defined by

P — p : P
e P T

then M"*” (X) becomes a Banach space.
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Definition 3.30. Let X be a rectifiable set. We say that a measure u on X is doubling if there exists a
constant C(u) such that
u(2B) < C(u)u(B) forallballs B C X.

The constant C(u) is called the doubling constant of u.

Here the balls are taken w.r.t. the distance (3.62). Note that for u = H 4=1 we can choose C (w) = 241,

For the remainder of this section, X is a rectifiable set and u is a doubling measure on X, unless otherwise
noted. Now the following Poincaré inequality holds, which is a corollary of [23, Thm. 5.15] and holds in
particular for the reduced boundary of finite perimeter sets equipped with the Gauss—Green measure.

Proposition 3.31. Let X be a rectifiable set, 1 < p < oo, and let u be a doubling measure on . Then there
exists a constant C depending only on p and the doubling constant of u such that for allu € M Lp (2) and
every g satisfying (3.63) we have

/|u— Wys|P du < C2p(diam2)p/|g|p du. (3.64)
> >

Lemma 3.32. Let S c R* bea rectifiable closed curve with H ! (2) < oo. Suppose further that there exists

a constant C < oo such that T satisfies (3.13). Then there exists a constant C' < oo depending only on p
such that C*'(X) € M“P() forall p > 1 and

/lu — (g |P dH' < C'2° (diam £)? / |0.u|” dH'.
> z

This lemma also holds in higher dimensions with an analogous proof, but we restrict ourselves to the 2D
case for simplicity. Before we continue with the proof, we recall some facts about maximal functions. For
a locally integrable function f : £ — R we define the maximal function M (f) by

M@ = f il

r>0

Here B> (x, r) denotes the ball with radius r centered at x € X with respect to the intrinsic distance (3.62).
Further d; will denote differentiation with respect to the arc-lenght parameter on X, as above.

Proof of Lemma 3.32. Letu € C 0.1 (2) be a Lipschitz function. By Rademacher’s theorem u is differenti-
able a.e. with derivative d,u. Let M (0,u) denote the maximal function of d,u, i.e.

M (d,u)(x) = supf |0,u| dH'.
Bz(x,r)

r>0

Furthermore observe that, since d,u is locally Lipschitz, we have M (d,u)(x) > |0,u(x)| for a.e. x € Z.
Now, let x € T and let B> C X be any (intrinsic) ball containing x. Further, for y € X, let y,, be a shortest
path connecting x and y which is parametrized by arc length. Such a path exists since X is compact. Then

d(x,y)
H! (BE) (u(x) = (u)p=) = ./BZ ‘/o Ogu(yyy (1)) dr dH' (y)
< [ B d )M 00 (dH' )
B

< H' (BZ)ZM(asu)(x).
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Now, for x, y € ¥ we can take a ball B with radius d(x, y) such that x, y € B and obtain, by symmetry,

u() = (] < H' (B¥) (M(0,0)(x) + M3, ().

Now, since there exists a constant C such that ' (BZ) < Cr for any ball of radius 7 in X, we get that

cM (0,u) satisfies (3.63). Finally, using the maximal function theorem [23, Thm. 2.2], there exists a
constant C depending only on the doubling constant of H 'S such that

/M((?su)p dH' < c/ |0,ulP dH',
p p)
and by Proposition 3.31 we have
/lu — (g |P dH" < C2p(diam2)p/M(8su)p dH'
p) p)
< cézf’(diamz)'”fwsmp dH'". O
p)
The proof can easily be generalized to arbitrary dimensions, cf. [23, Chapter 2]. Note that in the

case when X(r) = 0"Q(¢) is a weak solution to surface diffusion in the sense of Definition 3.4 and
u=H d_ll_Z(t), then u has doubling constant 297! and hence on each path component X, (¢) we have

/ = (g |7 d < 274 CE(HA (2(0)))” /
% (1) ' (

i

) |V2i(t)l/t|p d[.l (365)

forallu € C%! (2(¢)) and a.e. t. In particular the Poincaré constant can be bounded by a constant depending
only on p, d and X(0).
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CHAPTER 4

Non-Euclidean elasticity for rods and almost
isometric embeddings of geodesic tubes

This chapter coincides, except for minor changes, with the following preprint from Section 4.2
onward

* M. Kroemer and S. Miiller. Non-Euclidean elasticity for rods and almost isometric embeddings
of geodesic tubes. arXiv preprint. 2025. arXiv: 2512.00643

This is a joint work with Stefan Miiller. Both authors have contributed significant parts to each section
of this work.

4.1 Summary

In this chapter we prove a I'-convergence result of the elastic energy
1
E, (i) = — / dist®(dii, SO (g, §)) d Vol, 4.1)
€2, Qp

in the scaling regime E;, ~ h*, where the domain Q, is a tubular neighborhood of radius 4 > 0 around a
geodesic y. Here (M, g), (M, g) are d-dimensional Riemannian manifolds, and SO (g, &) denotes the
set of orientation preserving isometries between the tangent spaces 7, M — T,,(,,) M. Together with a

compactness result for sequences i, which satisfy E, (ii,) < C h* as h — 0, we obtain the following
theorem. The statement of the theorem involves the notion of Fermi coordinates around a geodesic, defined
in (4.4) below.

Theorem 4.1. Let E; be as in (4.1). Then

lim inf K YE, (i) =0 (4.2)
hﬁoﬁewl’z(QZ;M)

if and only if there exists a unit speed geodesic 7 : (=L, L) — M and Fermi coordinates Y, and 1,7/7 such
that the pullbacks of the Riemann curvature tensors satisfy

W, (xp, OOR = 45 (xy, 0)R forallx, € (-L,L). 4.3)
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More generally, we obtain an explicit formula for the I'-limit of the functionals h*E ,, in the sense of
Theorem 4.20.

To compute the I" limit, we introduce a new notion of convergence based on uniformly Lipschitz
approximations ¥;, of maps i, with E,(@i,) < C h*. The idea is to show that there exist suitable coordinate
systems ¢ and ¢ such that ¥, o ¢(€,,) is contained in the image of / and to rewrite the energy as

1 — -
Ey(3)) = —— dis? (@ 2@ 0 7, 0 w)g"2 SO () Vet T dr.
141 J(-L,L)xB,0)

Then we are able to adapt results from the Euclidean theory [16].

Here ¢ and i denote the so-called Fermi coordinates in M and M, respectively, around unit speed
geodesics y and y. Specifically, to define , we choose a parallel orthonormal frame v = (v,, ..., v,) of
the normal bundle of v and we set

d
Y(x) = expy(y, (Z xkvk) . (4.4)

k=2

If y has no self-intersections, it is easy to see that, for sufficiently small £ > 0, the map  is a diffeomorphism
from (=L, L) X B_(0) to a tubular neighborhood Q7 of .

In the target manifold M, however, it is not obvious how to introduce Fermi coordinates since the maps
ii;, need not be continuous. Thus there may be no geodesic ¥ in M such that the image of i 5, 1s contained
in a sufficiently small tubular neighborhood of ¥. To overcome this difficulty, we first construct Lipschitz
approximations ¥, with a fixed Lipschitz constant / which agree with ii;,, except on a set with measure
less than Ch*. Then we use the bound E (@, <C h* and Euclidean rigidity estimates for low energy
maps to show that the image of ¥, lies in a tubular neighborhood of size Ch of a unit speed geodesic
% :(~L,L) — M. More precisely, we show that

sup dist y (7(x), 7, o (x)) < Ch. 4.5)

xX€Q,

Actually, in general ¥ may have self intersections, but using (4.5) and a standard lifting argument one can
show that nonetheless there exists a lift v, such thaty oV, = ¥, o, see Lemma 4.6 below. This allows one
to use the results from the Euclidean theory [16] to v;,. Together with the Taylor expansion of the metric in
Fermi coordinates one obtains a natural expression of the I-limit of 4~ *E,, in the Riemannian setting.

4.2 Introduction

Non-Euclidean elasticity is a theory of elastic bodies which do not have a compatible stress-free reference
configuration, and was originally developed to formulate and analyze models of metal plasticity and
dislocations. Recently, it attracted a lot of attention in the study of biomechanical systems, see for example,
[7, 18, 11, 10, 14]. In this context, bodies which are small in one or several dimensions are of particular
interest because they often arise in applications and they show universal behavior based on the underlying
geometric nonlinearities rather than the detailed material laws.

The goal of this article is twofold. First, we extend the derivation of a low energy theory for inextensible
rods by I'-convergence [16] from a Euclidean to a Riemannian setting. Secondly, for the case for thin
geodesic tubes we extend the results of Maor and Shachar [15] on optimal embeddings of thin geometric
objects in two ways. First, the target is a general Riemannian manifold rather than R" and, secondly, we
give a precise description of the asymptotic energy as a quadratic form in the difference of the curvature
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tensors in the domain and the target (see [15, Question 3, page 154]). This also extends the work of Maor
and Shachar [15], and Miiller and the author [9] on the optimal embedding of small balls.

To set the stage, let (M, g) and (/\7(, £) be smooth, oriented, n dimensional, Riemannian manifolds with
n > 2 and assume that M is complete and M is compact. Let  : [-L, L] — M be an injective unit speed
geodesicand let v = (v,,...,v,) : (-L,L) — (T/\/()”_1 be a parallel orthonormal frame of the normal
bundle of i, such that (y’, v) is positively oriented. We call the pair (y’, v) a framed unit speed geodesic.
Define geodesic normal coordinates (also known as Fermi coordinates) by

() =4, (6) = expy ) DX (x)

Jj=2

and consider the geodesic tube
Q, =y ((-L,L) x B,(0)).
Note that Q;, depends only on the geodesic y and not on the frame v. For sufficiently small & > 0, the set Q)

can be identified with the set of those vectors in the normal bundle Ny = U, ¢ 1) {a €Ty (a, Y1) = O}
which have norm less than 4. To a map i : Q) — M we assign an energy

E, (ii) = f * dist® (dii, SO (g, §)) d Vol . (4.6)

Q

Here the integrand is given more explicitly by distz(dﬂ(p), SO(g(p),g(i(p))), where
SO(g(p).&(i(p))) denotes the set of orientation preserving linear isometries from 7, M to T, p)M and
the distance is taken with respect to the Riemannian Hilbert Schmidt norm for 1-1 tensors. Moreover, a
denotes the average with respect to the Riemannian volume measure on M.

Our first result is a compactness result. For every family of maps i, : Q; — M withsup,_;,- ho hE L) <

oo there exists a sequence &, — 0 and framed unit speed geodesics (7, 7,) in M which converge to a
framed unit speed geodesic (¥, 7) and have the following properties. If v, (x;, hx") is the expression of i,
in geodesic normal coordinates, i.e., if

(l//f’kvﬁk o vk)(xl,x') =i o (//%K(xl, hx'),
then v, essentially satisfies

X ) N (hiwk(x]) - hiax]yk(xl) -x’

’ , +h2ﬁk('x1’x,)’
hx ey (xp) + B Zy (xp)x

vk(xl,x’) = (

where Z; (x;) is a skew symmetric (n — 1) X (n — 1) matrix. Moreover, a subsequence of the tuple
(Wk»> Yi» Zy» Bx) converges to (w, y, Z, 8) in a suitable topology.

Our second result is a I'-convergence result. With respect to the convergence indicated above, the
functionals h™*E 5, I'-converges to a limit functional given by

L
wnzp=f f  IymGw - Twdx @)
-L J B(0)
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where
, 0 1
G(xy,x) = ( (%w)e1 +(0y,A) (x,) 0B |- |0y B )_ §A2’
N (4.8)
T (xp,x") = (7;,7,;()61,)6/) - ‘7;7@()61, y(x;) +x')) ,
and
_ 0 _ax yT
A= (5x|y Z] ) , 4.9)

see Theorem 4.20 below. Here 7;?2, (x;,x") is a quadratic form in x” which describes the rescaled deviation
of the metric introduced by the Fermi coordinates in M from the Euclidean metric. This deviation is a
quadratic form in x” and the coeflicients of the quadratic form depend on the curvature tensor R along 7y,

see Lemma 4.4 below. Similarly, 7}@ (1, y(x;) +x") describes the metric deficit in the target manifold M.

The I'-limit deviates from the I'-limit in the Euclidean setting [16] exactly by the additional term 7 (x).

Actually, there is subtlety. The map i, is only in w2 and hence may not be uniformly close to any unit
speed geodesic and we may not be able to express ii;, in Fermi coordinates around such a geodesic. To
overcome this difficulty, we use the same idea as in [9]: instead of ii;, we consider a uniformly Lipschitz
approximations ¥, which agree with i, except on a set of volume fraction O( h4). We then define the limit
(w,y,Z, ) in terms of the Lipschitz approximations ¥,. It is not difficult to see that the limit does not
depend on the choice of the approximation. Moreover, the limit is also independent on the precise choice of
the geodesics ¥;,, up to a natural finite dimensional equivalence relation related to an infinitesimal change
of framed geodesic, see Definition 4.15 and Proposition 4.17.

Using the compactness of M, it is easy to see by standard arguments for I'-convergence that

[<

lim inf 2 ~*E, (@) = min m"Z,
h—0 i (y,7)€G

where G denotes the set of framed unit speed geodesics and where

= inf I7%(w,y,Z,p),
m»E = inf I75(w.y.Z.p)

see Theorem 4.26. We note that G is finite dimensional, since a framed unit speed geodesic is determined
by p = ¥(0) and a positively oriented orthonormal frame at p.

Finally, we show that m?*Y can be expressed as quadratic form of the difference of the curvature tensors
in M and M along the corresponding framed unit speed geodesics. Set

Ax;) = R(x;,0) = R(x,,0),

where R is the pullback of the curvature tensor on M with respect to the Fermi coordinates for (7, v) and

ﬁ is the pullback of the curvature tensor R of M with respect to the Fermi coordinates for (¥, 7). Then

s L
mE = f QA .

Here the quadratic form Q is positive definite on the space of 4-tensors which have the symmetries of the
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curvature tensor and on those tensors it can be written as

Q(A) = Q(AP) + Qy(A”) +Q3(A"),

where
ﬂz?r = "ﬂlkll’ "ﬂ}kl = ﬂlkjl’ (ﬂ”>ikjl = ﬂikjl’ for i, j, k,l > 2’
and
1 2
Q (ﬂpar) | par|2 tI_\ﬂpar ,
: 2(n+1)(n+3) 2n+1)*(n+3) )
Q(ﬂl) 1f Z(ab(/) lﬂ/ //)zd/
o) = min —- 01 X )— = 'klxkxl X ,
b2 J oyxs,0) S\ 37
and

1
Q3(A") = minf ((s mV'b’); . (x') — - A ~x'x') dx’,
3 b J (0w, 0) Z y j 6 likjl* kM

i,j>2

see Theorem 4.27 and Corollary 4.28. Note that Q, is positive definite since (tr AP™)? < (n — 1)|AP"|.
The expression of Q5 captures the behavior perpendicular to the geodesics y and ¥ and agrees with the
formulae for asymptotic energy of the optimal embedding of small balls derived in [15] and [9].

In term of elasticity, the linearization of the energy density dist?(dii, SO (g, §)) leads to an energy in
linear elasticity which is isotropic and has the special Poisson’s ratio 0. One can start instead with a
general isotropic energy. To do so, one uses polar decomposition to write dit(p) = R(p)S(p), where
R € SO(g(p).§(p)) and S(p) : T,M — T,,M is symmetric (with respect to the metric g(p)). Then one
considers an energy density f(4,(p),...,4,(p)) where ,(p), ..., 4,,(p) are the eigenvalues of S(p) and
f is a symmetric function of its n arguments, of class C? and satisfies f,...,1)=0,Df(1,...,1)=0
and D*f(1,...,1) > 0. Then the I'-limit is given by

2
f ulG -7 + 5 (G - T))? dx
Q

with suitable coefficients u > 0 and A > —% u. The particular form of the I" limit arises from the fact that
2

the space of quadratic symmetric functions 4 : R" — R is spanned by the two functions A (s) = Y1, s;

and h,(s) = (X7 5;)", see [2] for a general discussion of symmetric functions in nonlinear elasticity.

Finally, we briefly comment on the assumption that M be compact. This assumption is not needed for
the I'-convergence result, but of course for the compactness statement, since otherwise the maps #,;, might
escape to infinity. If M has constant curvature we can use isometric translations to restore compactness. In
particular we may take M =R". If M is asymptotic to a constant curvature space at co, then in the spirit
of concentration compactness the limit lim;,_,, h™* inf a Ej (i) is either given by min 5 5y ¢ m?% or by a
limit problem on the space of constant curvature.
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4.3 Preliminaries

4.3.1 Fermi coordinates around a geodesic in M

Let (M, g) be a complete n-dimensional Riemannian manifold and let v : R — M be a geodesic with
ly’| = 1. Lety = (v,,...,v,) be a parallel orthonormal frame of the normal bundle of y. Then the Fermi
coordinates ., ,, are given by

lﬁy,z(xl,x') = eXPy (x,) (Zxkvk(xl)) . (4.10)

k=2

We call (y, v) a framed unit speed geodesic.

Remark 4.2. The definition of ¢ := ¢, , implies that that Dy (x,, 0) is an isometry from R" to Ty (xpyM.
If v has no self-intersections on the interval [—L, L], then it follows from the inverse function theorem and
a compactness argument that there exists & > 0 such that i is a diffeomorphism from (-L, L) X B_(0) to
its image with |[Dy/| < 2 and |(D:,b)_1| < 2 and such that /| _; 1)xp_(o) is bilipschitz.

Remark 4.3. For the main results of this paper we consider oriented Riemannian manifolds and in this
setting we will always assume that the frame (y'(x,), v,(x}), ..., v, (x,)) is positively oriented.

We denote by g the pullback metric of g under ¢, . i.e.,

FOX.Y) = (0}, (0 (X.Y) = g, (diry , ()X, dir, , (x)Y).
Furthermore, we let R denote the Riemann curvature tensor on M, i.e.

This is a 1-3 tensor and we denote the associated 0-4 tensor also by R, i.e.,
RW,Z,X,Y)=g(W,R(Z,X,Y)). (4.12)
We also define the curvature operator by
R(X,Y)Z :=R(Z,X.Y). (4.13)

Lemma 4.4 ([13],[5, Chapter 9]). Let (M, g) be a smooth Riemannian manifold. Given a framed unit
speed geodesic (y,v) on [—L, L] in M there exists p > 0 and C > 0 such that the Fermi coordinates ., ,,

are defined in Q, = (=L, L) X B,, and the pullback metric g = lﬁ;lg and its Christoffel symbols T satisfy,
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4.3 Preliminaries

forlx'l <p,’

n
- R 3
@) =1+ D) Ry (wajexy| < CI'P,
k,1=2

— 2 < D 7 ’ .
810 +3 > Ryuexixt| < C'P =2, (4.14)
k=2

— 1 S D ’ ’ ..
‘gij(x) —6ij+§ Z R kit (x)xpx;| < Clx P, i,j=2,...,n,

k=2
and
=k l (= D ’ ’ o s
I (x) + 3 (Rkjiz(xﬂ + Rkijz()ﬁ)) x| < Clx ? ifi,j =2
(4.15)
=k o) ’ ’
[ (%) +Rkill(x1)xl' < CK'?,
with ﬁjkil(xl) = W;,ZR(XD 0)(e;, ek, e €;) where ey, ..., e, is the canonical basis for R". IfFK c M

is compact then the constants p > 0 and C can be chosen uniformly for all unit speed geodesics y with

Proof of Lemma 4.4. This follows by standard Jacobi field estimates. Indeed, the Taylor expansions for
g and T can be found, for example, in [13, eq. (66a)-(66¢)], and [13, eq. (58b) and (58c)], respectively.
Higher order Taylor expansions of the metric are established in [5, Chapter 9]. The uniformity of C and p
follows from the fact that y,, ,, is smooth (by standard results ODEs for geodesic and parallel transport) and
the fact that K can be covered by finitely many charts. For the convenience of the reader we recall the proof
in Section 4.8.2. The argument shows that p and C can be controlled by the C % norm of the curvature
tensor R and its covariant derivative in a neighborhood of y([-L, L]). O

In order to simplify the notation below, we associate a matrix 7;@ € R™" to every tuple (A, y, v), where
A is a (3, 1)-tensor on M and (7, v) is a framed unit speed geodesic, as follows. Fori, j € {2,...,n} we
set

4 1 O = 7
(%i)ll(xl’x ) = _5 Z ﬂlkll(xl)xkxl,
k,1=2

4 1 O = ’r s
(Ei)lj‘(xl’x ) = ) Z A (x1)xx7,
k,1=2

. (4.16)
A ’ T N
(7;,1)1'1()61,)6 ) = —g Z ﬂlkjl(xl)xkxl,
k,1=2
1 v =
(%i)ij(xl’x,) =75 Z A jreia (X1)XX]
k, =2

" In our earlier paper [9] we used the definition R(X,Y, Z) = R(X,Y)Z instead of (4.11). This gives a formula with the opposite
sign in (4.14)
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Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

Here A = ‘ﬁ;,zﬂ is the pullback of the restriction of the tensor A to y.
For a metric g on R" we define a positive definite symmetric matrix Agby (Ag);; =8;; =2(e;e;). By

A2 we denote the unique positive definite symmetric matrix M with M 2= Ag and we set A;/ 2=M
We use the shorthand notations

—1/2 1/2 —1/2 -1/2

(g / )ij = (Ag/ )ij» (& / )ij = (Ag / )ij- (4.17)

1/2 1/2

Note that neither A
g
(Ayp)'? = AA;J ? while (A5) "'/ = /l_lA;/ ? which is incompatible with the behaviour of 0-2 or 1-1
tensors.
An immediate consequence of Lemma 4.4 is that the Taylor expansions of the matrices §1/ 2 and g
are given by

nor A% are 0-2 or 1-1 tensors. Indeed, if ¢(x) = Ax, then ¢'g = /12§ and

12

(@00 - 14-7% ()] < P, (4.18)
and

|(§_1/2)(x) - Id+7;§(x)| <P 4.19)

4.3.2 Lift of maps from a small geodesic tube in M

If y: (-L, L) — M is a unit speed geodesic in a smooth Riemannian manifold M, then in general the
Fermi coordinates associated with ¥ are not globally invertible on a small cylinder, because ¥ may have
self-intersections. We will overcome this difficulty by the following lifting result.

Lemma 4.5. Let M be a smooth n-dimensional Riemannian manifold and let K ¢ M be compact. Let
(¥, ) be a framed unit speed geodesic on (—L, L) with 7((=L, L)) C K and let y = Y55 be the associated
Fermi map.

For n > 0 define

U, (-L-n.L+n)xB,(0) cRxR"", (4.20)

V, = {(s.q) € (L, L) x M : dist (¢, 7(5)) < n}. (4.21)

Then there exists a 6 > 0 such that § can be extended to U s, the operator norm satisfies |Di| < 2 and
there exists a unique smooth map ® : Vs, — U satisfying

J(@(s,q))=q and  D(s,7(s)) = (5,0) forall (s,q) € Vg

Moreover d,® = 0 in Vs 12, the operator norm satisfies |D®| < 2, and ® is Lipschitz with Lipschitz constant
at most 6. Moreover, § > 0 can be chosen independently of L and of the framed unit speed geodesic (7, 7)
as long as y((-L,L)) C K.

We will frequently use the following immediate consequence of Lemma 4.5.

Lemma 4.6. Let M and M be smooth, complete n-dimensional Riemannian manifolds and let (y,v) and
(7, 7) be framed unit speed geodesics on [—L, L] in M and M, respectively. Let y and { denote the Fermi
coordinate maps for the framed geodesics. Let 6 > 0 be as in Lemma 4.5 and let € > 0 be as in Remark 4.2.
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4.3 Preliminaries

Ifamap v : y(Q,) — M satisfies

sup g (v(y (), 7)) < 30 22)

xX€Q,

then there exists a lift v : (=L, L) X B_(0) = R X B 5(0) such that
yov=Poy and |v(x;)—x,| <6 forallx, € (-L,L).
If, in addition, v is Lipschitz with Lipschitz constant I, then v is Lipschitz with Lipschitz at most 41.

Proof. Tt follows from (4.22) that (v 0 ) (Q,) C V5. Thus we can take v(x) = ®(x;,v(¢(x))). To show

the assertion on Lipschitz constant, we use that Lipschitz functions are differentiable almost everywhere.
Then the chain rule and the bounds |D®| < 2 and |D1ﬁ_1| < 2 imply that |[Dv(x)| < 4/ almost everywhere.

Since Q. is convex, it follows that v has Lipschitz constant at most 4/. O

Proof of Lemma 4.5. Since y((—L, L)) is contained in a compact subset there exists a d, > 0 such that
¥ and the orthonormal frame can be extended to (—L — 25, L + 25,). Let s € [-L, L]. Then Dy (s, 0)
is a linear isometry from R" to T;(s)M. By the inverse function theorem, there exists a 6 € (0, 6;)) such

that the restriction of §/ to (s — 26, s + 28) X B 5(0) satisfies |Dy/| < 2 and |(D§)™'| < 2, is injective, and
¥ ((s = 6,5+06) X B5(0)) D Bs(7(s)). Thus there exists a smooth map

W, : Bs;p(7(s)) = (s — 6,5 +6) x B5(0)

with ¢ o ‘i’s = id and |D‘i’S| < 2. By the usual compactness argument, such a 6 > 0 can be chosen
uniformly for all s € [—L, L] and for all framed unit speed geodesics which satisfy ((—L, L)) c K. Now
define @ : (~L,L) X Vs, = Ugs by

®(s,q) = ¥(q).

Then ®(s,q) € (s — 6,5+ ) X Bs(0) and

U (@(s,9) =gq.

Assume that [s"—s| < min(6, §/2—dist 5 (g, 5)). Theng € B3 (5 sincedist y(7(s5), 7(s")) < [s=5"].
Thus ®(s’, q) is defined and ®(s’, g) € (s' — 6,5 + ) X B5(0) C (s — 28, s +26) x B5(0). Since ¥ is
injective on (s — 29, s + 26) X B(0) it follows that

®(s’,q) = P(s,q) whenever |s" — s| < min(6,5/2 — dist (g, )). (4.23)

Hence d,®(s, ¢) = 0 and ® is smooth function on V2. Moreover, |DD| = |Dq<i)| = |D¥,| < 2.

To show uniqueness, assume that & : Vs — Ug is smooth and satisfies d(s,7(s)) = (s,0) for s €
(=L, L) and iy (®(s, q)) = g forall (s, q) inVs),. Fixs € (=L, L) andletW := {q € Bsn(v(5)) : &(5,9) =
Then W is open, since ®({5} x W) C (5 — 5,5+ 6) X B(0) and ¥ is injective on (5 — 6,5 + ) X B(0).
Moreover, W is relatively closed in B s/, (y(5)) since ® and @ are continuous. Finally W is not empty
since y(5) € W, by assumption. Since B /,(y(5)) is connected (for sufficiently small 6 > 0) we get
W = Bs;(y(5)). This holds for all 5 € (-L, L) and hence ® = .

Finally, we show that ® is globally Lipschitz. By reducing § > 0, if needed, we may assume, in addition,
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Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

that the balls B, (7(s)) are geodesically convex for all s € (—L, L). To prove the Lipschitz estimate, let
(5.9), (s, q") € Vs)5. By symmetry, we may assume that dist 5 (¢", 7(s")) < dist (¢, 7(5)).

Assume first that |s" — s| < dist (g, 7(s)). Consider the length minimizing unit speed geodesic 7 from
g to 7(s) and let ¢”’ == n(|s" — s|). Then

dist 7 (q", ¥(s)) = dist (g, ¥(s)) — |s" = s

and hence dist ;;(g”, 7(s")) < dist y(g,7(s")) < 6/2 since |§(s") = ¥(s)| < |s" = s|. Thus &(s,q") =
®(s,q"). Since |DP| < 2 and since the balls B, (7(c")) and B ,(7(s")) are geodesically convex, we
get

|D(s,q) - B(s". q)| < |DB(s.q) — P(s.¢")| +|D(s".q") - D(s", ¢")
<2|s" —s|+2dist (¢, ¢"") < 4|s — s'| +2dist 5 (¢", q) < 6dist (¢, ).
If | — 5| > dist g (g, 7(s5)), we set ¢ = (s) and g”” = ¥(s”). Then ®(s,q") = (5,0) and ®(s",¢"") =
(s”,0). Hence
1®(s,q) = D(s", q)| <|D(s,q9) = P(s,¢") | +|D(s',¢") = (5", ¢"") | +|s = 5|
<2dist y; (g, 7(s)) + 2dist 5 (¢", 7(s")) + |s" = 5]
<4dist v (q,y(s)) +|s" —s| < 5]s" - s].

Here we used the Elssumption dist 4 (q",y(s") < dist x(g,7(s)). Combining the estimates in the two
cases, we see that @ is Lipschitz with Lipschitz constant at most 6. m|

4.3.3 Estimates for the center of mass in normal coordinates

Definition 4.7 (Riemannian center of mass [6]). Let (A, u) be a probability space, let M be a complete
Riemannian manifold and let B, C M be a convex geodesic ball. For a measurable function f : A — B,
define

P;:B, >R,  Py(m)= %/Adistz(m,f(a))dy(a). (4.24)

We call C = arg min__z P f(m) the Riemannian center of mass of f in A.
yed

Remark 4.8. The function P f in (4.24) is convex and has a unique minimum which lies in the interior of
Ep. A proof of this result and more details on the Riemannian center of mass can be found in [6].

Proposition 4.9. Let N be a complete, smooth Riemannian manifold. Let p € N. Then there exist p > 0
and C' > 0 with the following property. The ball B,,(p) is geodesically convex and the exponential map

exp,, is a smooth diffeomorphism from B,,(0) C T,,N — B,,(p). Moreover, the map y = exp;,1 oexp,
satisfies, for every q € B, (p) and every v € T,N with [v| < p

W (v) =y (0) — dy (0)v| < C'(d(p, q) + [V)IvI*. (4.25)
If N is compact, then p and C can be chosen independently of the point p € N.

Proof. Consider the map ¢ : [0, 1] — N given by c(#) = exp,, tv. Then c is a geodesic arc which connects
c(0) = g and (1) = exp, v. Moreover, |¢"(#)| = |v| and thus ¢([0, 1]) C B,,(p). Hence we can define

y = g oc, where ¢ = exp,,'. Then |y'(1)| < Clc’(1)] < C|v.
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Let I" denote the Christoffel symbols corresponding to the chart ¢. Then

y'(t) = -T(y()) (¥ (1), ¥ (1)) (4.26)
and
¥(0) = ¢(q) =¥(0), ¥ (0)=dy(0)v, y(1)=y(v). (4.27)

Since the chart ¢ defines normal coordinates, we have I'(0) = 0. Moreover DI is controlled in terms of
the second derivatives of the metric. Hence

PO ).y )] < ClyOI 1Y () < C'(d(p.q) + V)] (4.28)
Hence the assertion (4.25) follows from (4.26) and (4.27). The fact that p and C can be chosen uniformly
for compact N follows from the usual argument. m|

Corollary 4.10. Let p,p and C’ be as in Proposition 4.9. Let r < p/2. Let (A, u) be a probability space
andlet f : A — B,.(p) be a measurable map. Then the center of mass C satisfies

exp,' C; - /A exp,' f(a)du(a)| < C'r. (4.29)
Proof. Let g = C;. Then by [6, Thm. 1.2] we have

/A exp,' f(a)du(a) =0. (4.30)
Recall that y = exp,,' oexp,,. Thus exp,' of =y o (exp,' of). It follows from (4.30) and (4.25) that
[ e @ duta - wio| < e

Since ¥ (0) = exp;l (q) = epr;1 C ., this concludes the proof. O

4.3.4 Setup

Let L > 0. For h > 0 define Q, = (-L, L) x B, (0) c R", and let Q := (-L, L) x B,(0). We define the
rescaled gradient d;,v of a function v : Q — R" by

1
d,v = (8x1" Zaxzv

. ‘%@C" v) .

If I, : Q — Q is given by I, (x,x") = (x;, hx"), v, : Q, > R" andv = v, o I, then
dyv = (dvy,) oI},

Let (v, v) be a framed unit speed geodesic in a complete Riemannian manifold M and let

Q, =, ,(Q), 4.31)

71



Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

where ¢, ,, is the Fermi coordinate system defined in (4.10). For functions # : Q, — M we define the
energy

E,(ii) = f * dist*(dit, SO(g. §)) d Vol, . (4.32)

h
Remark 4.11. If (y,v), (¥,¥) are as in Lemma 4.5 and v is a lift of & with respect to these geodesics, i.e. if
&7,2 ov=1io lﬂ%z, then,

1 _
E, (i) = —_/ dist® ((g o2 gy §_1/2,SO(n)) det3 dx, 4.33)
fﬂh detg dx Jo,

see for example [9, Eq. 2.5]. Here dv is identified with the matrix with components (dv);; = 8xjvi and the
matrices §_1/ 2 and §1/2 are defined in (4.17).

If |(vy,...,v,)| < Ch, then the metrics in (4.33) are 0(h2) close to the identity. This will allow us to
use the following compactness result in the Euclidean setting.

Theorem 4.12 ([16, Thm. 2.2]). Let n > 2 and let h;, — 0, v;, : Q — R" such that

1
sup — / dist* (dv,, SO(n)) dx < oo. (4.34)
k hp Jo

Then there exist maps Q, : (-L,L) — SO(n), Q, : (-L,L) — R™" with |Q,| < ¢ and constants
_ =T
Qy € SO(n), ¢, € R" such that the functions vy = Qv — ¢, satisfy
2
||dhkvk - Qk”LZ(Q) < Cl’l ,

10k = Oull2pp) < Chis IVOll2(_p ) < Chy, (4.35)
10k ~1d |l < Chy.

Furthermore, set

k (Vi (x) —x;
= ————dx,
w" (x;) /31(0) X

hy
)’f'{()ﬁ)::/ de/’ i=2,...,n,
B, (0) hk
1 X (Vi) (x0) —x; (v (x)
by =y [ SRR =2
' H JB,(0) hy

where u =2 '/Bh ) x% dx’. By Z* we denote the skew-symmetric matrix with entries zfj. Then, up to
k

subsequences, it holds:
1wk =w weakly in Wl’z(—L, L),
2. y{-‘ —y;in W' (=L, L) with y; € W>2(=L,L) fori=2,....n,
3. szj — z;; weakly in w2 (-L, L).

4. There exists a matrix A € W' ((=L, L);R™") such that (dp, vi =1d)/hy — Ain L*(Q),
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5. sym(Qy — Id)/hi - A2/2 uniformly on (=L, L) with

T
Ao 0 —le y ’
9,y zZ
Y2
where Z is the skew-symmetric matrix with entries z;; and y =
Yn

6. The sequence ,Bk defined by

Bi) = o (M k) + inaxlyffocl)) ,
k . i=2

(v0),(x) = hex,
B (x) = hii (% A - hk<zkx'>,-) forj=2...

converges weakly in LZ(Q; R™) to a function B belonging to the space

B = {a e L*(Q;R"Y) :/ a(x)dx' =0, 8, @ € L*(Q:;R"),
B,(0) '

@x; —ax;dd’ = 0}.
L, o @t

Moreover, ax[,Bk - ax’ﬁ in LZ(Q) fori=2,...,n.

In [16] Theorem 4.12 is proved for the case n = 3. The proof is analogous for all n
n =2 we have Z = 0 by antisymmetry.

Note that the limit (w, y, Z, 8) is not unique, not even after choice of a subsequence
the choice of the constant rotations Q, and the constants ¢, is not unique. Indeed, if

(4.36)

)

(4.37)

> 2. Note that for

. The point is that
we replace Q. by

O = ehkwak and &, = ¢ + h & + hiwoel with W skew-symmetric, and v, by ¥; = Q“{Vk — ¢, then

the limits in the convergences 1. to 6. get replaced by

. 1 C
j=2

Yolx) =y () + Wypxy +6, i=2,...m,

Gij =2+ Wy, Lj=2,...,m.

It is not difficult to show that modulo this equivalence relation, the limit is unique (for a suitable

subsequence). We will show this in a more general setting in Proposition 4.17 below.

Geometrically, the choice of ak and ¢, corresponds to the choice of a line segment y, given by

Yi(t) = ak(fﬁ +cp)

and a constant orthonormal frame v; = @k e for j > 2 perpendicular to y, such that v stays close to y;

and dj, v, is close to Q; on average.
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Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

In the Riemannian setting, the straight line y, is replaced by a unit speed geodesic and the constant
frame is replaced by a parallel orthonormal frame. In this setting we want the expression of v; in Fermi
coordinates around this framed geodesic to satisfy Properties 1 to 6 of Theorem 4.12 without application
of an additional rotation @k and translation c¢;. Here the following simple consequence of Theorem 4.12
will be useful.

Corollary 4.13. Assume that h;, — 0 and that the maps v, : Q — R" satisfy
1
sup — / dist* (dv,, SO(n)) dx < oo. (4.38)
k hp Jo
Assume in addition that

2
dx Chi, forj =2, (4.39)

IA

an—@)

‘/(Vk)l(x) —x;dx
Q

Then there exists R, € SO(n — 1) such that a subsequence of the maps

T
J:Co)ﬁ (4.41)

INA

Chi. (4.40)

o R,

satisfy (4.35) and Properties 1 to 6 of Theorem 4.12.

Note that the action of Ek € SO(n — 1) simply corresponds to a fixed rotation of the orthonormal frame
around the curve.

Proof. Let Qy, ¢, and v, be as in Theorem 4.12. Set d;, = Q;c;. Then

Vi = Qv +dy,

and thus, for j > 2,
n — — —
/ © (Vk)j(xlvx,)dx, = (dk)j + Z hk(Qk)jl(yk)l(xl) + (Qk)jlxl + (Qk)jlhiwk(xl)-
B =2
Since y; and w, are bounded in Lz((—L, L) it follows from (4.39) that

_ 2
/ ’(dk)j + (Qk)j1x1| dx; < Chi.
(_LsL)
Hence _
[(d) ;| +1(Q) 1| < Chy for j = 2. (4.42)

Similarly, we have

‘/B o (Vi) (xp,x") —xpdx’ = (dy), + Z hk(ak)]l()/k)l + ((ak)n - l)xl + (ak)llhiwk (4.43)
1 =2
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4.4 Main theorem

and we get .
Qi) — 1] < Chy. (4.44)

Since @k € SO(n) we have Z;‘:l(ék)lj (ék)ll =0, for j > 2, and thus we get
|(§k)1j| < Chy forj>2. (4.45)

Since y; and w; are bounded in Lz, it follows from (4.43) and the assumption (4.40) that

(dy),| < CH2. (4.46)

- : —T
Summarizing and recalling that ¢, = O, d;, we get

(e < Ch, (e, < Chy, (@) ey —ey| < Chy, forj >2. (4.47)
It follows that there exist Qi € SO(n) such that
Ofe, = (@0 e, 10} -1d| < Chy.

Then @k(Qi)el = e,. Since ék(Qi) € SO (n), we have

— 4 (1 O
Qka - (0 Rk)
for some R; € SO(n —1). Set
Vﬁ = @in)TVk = (Qi)T@k)TVk = (Qi)T(Vk +Cp).

Since 0% € SO(n), the maps v¥ satisfy (4.35) (with with O, and 0 replaced by (0%)"Q, and (0)"0,,
respectively). Moreover, it is easy to see that Properties 1 to 6 for the sequence v, imply the corresponding

f i

properties for a subsequence of v .

4.4 Main theorem

From now on we always assume that M and M are complete smooth, oriented n-dimensional Riemannian
manifolds and that M has a positive injectivity radius. We will often assume that M is compact. Then the
assumption on the injectivity radius is automatically satisfied.

The main result of this paper is the identification of the I'-limit of the energy functional (4.32). We
define the spaces X and X g by

X =W ((-L, L)) x W**((~L, L);R" ) x (W'((~-L, L);R"" "1y x 8,

4.48
X9 =G xX. (4:48)

Here the space B is c~leﬁned in (4.37) and G is the set of all framed unit speed geodesics (¥, 7). Note that
G is isomorphic to M X SO (n), since any framed unit speed geodesic is uniquely determined by the initial
conditions (7(0), 7' (0), #(0)).
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Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

Definition 4.14 (Notion of convergence). Let i, > 0 with lim;_, h; = 0,lety : (-L,L) — Mbe a
geodesic and let i7; be a sequence of maps in Wl’z(QZk; M) with sz = '/’%z(ghk)' Let(y,7,w,y,Z,B) €

X9. We say that u; converges to the tuple
(’)7’ 27 W’ y’ Z’ ﬁ),
if there exists a k such that for k > k the following assertions hold:

1. there exist Lipschitz maps 7, : Q;‘lk — M such that

¢ =supLip¥; < oo,
k

1
sup——*y({x €Q V. (x)#i (x)}) < oo,
&l (@) CRAC
where y is the volume measure on M,

2. there exist geodesics 7, : (=L, L) — M such that

1
sup sup h—diSt(f’k(Xl),Vk(x)) < oo
k erhk k

and ¥, — ¥ uniformly as k — oo,

(4.49)

(4.50)

3. there exist parallel orthonormal frames ¥, of the normal bundle of ¥, that converge to ¥ with the
following property. Let v denote the lift of v, in the sense of Lemma 4.5 and let v; =V, o [}, with
Iy, (x1,x") = (x1, hx"). Then the maps v satisfy (4.35) and Properties 1 to 6 of Theorem 4.12 with

limits (w, y, Z, B).

We denote this convergence by u;, — (7,7, w,y,Z,f3).

In view of the discussion of non-uniqueness after Theorem 4.12 we define an equivalence relation on the

space X Y as follows.
Definition 4.15. We say that (9, 9, W, $, Z, 8) ~ (7, v, W, ¥, Z, B) if
(7.9 =(.7)

and if there exist J : (=L,L) = R" and B : (=L, L) — R such that

skew

‘Il :O,
Bel :axl.],

9, B(x)) = ~R(J(x)). ¢)),

and, for j,[ > 2,

PN

y
axlw(xl) + 771 (x1, 9(x))

y+J,
axlﬁ’()fl) + 711 (x, ¥ (x))
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+%(A2 - A (x), (4.57)
axjﬁvl(x) + 27~Ij(xl’ y(xp) +x7)

e;- 0, (Z=2)(x)x +(A* - £%),;(x)), (4.58)
(sym V',@')jl(xl,x') + ‘7;, (x1, Y(xp) +x)

I o«
2 (A7 =A%)y (x), (4.59)

8xj,é1(x1,x') +27~Ij(x1,)7(x1) +x')

(sym V'ﬁ”)ﬂ(xl,x’) + 7;1()51,)7(351) +x')

where V= (8, ,...,0, ), B'= By, ... B,), J = (J5,...,J,) and

A 0 -0, (y)T .
pa— 1 pa—
A—((9 , A=

| 0 -0, ("
W Z ‘

0,y V4

Here we used the abbreviation 7 := 7:7?1;. Moreover R := zp;’ﬂé where R is the curvature tensor of M.

Equivalently, 7_§ is the curvature tensor of the pullback metric W:k;, 58

If the underlying framed geodesic is clear from the context we sometimes also write (W, §, Z, ) ~
(W, ¥, Z, B) to express the equivalence relation. .

Note that for 3 € B, the map 3 : Q — R" is uniquely determined by V'3, and sym V'’ Indeed, 3,
is uniquely determined up to the addition of a function of x; and the condition '[Bl ) Bi(x)dx’ =0in

the definition of B determines 3, uniquely. Similarly, by Korn’s inequality, 8’ is determined up to the
addition of a map ¢ (x;) + M (x,)x’ where M : R"' — R""! is linear and skew-symmetric. The conditions

fB] © B;(x)dx’ =0for j >2and fBl(O) x;B;(x) —x;B;(x) dx’ = 0 for i, j > 2 thus determine B uniquely.
Remark 4.16. It follows from (4.54), the map J is a Jacobi field (with respect to the pullback metric 1//;’ gg),

i.e., J corresponds to an infinitesimal (normal) variation of the geodesic $. Similarly, B corresponds to an
infinitesimal variation of the orthonormal frame (9, ¥4, ..., 7,) of J.

A key observation is that the limit (¥, ¥, w, y, Z, B) defined in (4.14) is unique up to the equivalence
relation ~. More precisely, the following result holds.

Proposition 4.17. Suppose that there exist Lipschitz maps v and v from sz = w(Qhk) to M with the
following properties:

sup max(Lip v, Lipv,) <, (4.60)
k
| K {x €Q, Vi (x) # f/k(x)}
lim — 0, 4.61)
koo w(Qp,)

where u is the volume measure on M.
Assume further that there exist framed unit speed geodesics (., v, ) and (., V,) such that

1 A 1 .
sup — sup dist(v, oy (x), 7, (x;)) + . sup dist(Vy o ¢ (x), ¥4 (x))) < o0 (4.62)
k "k erhk k erhk

and lifts ¥, : Q = R" and v, : Q — R" such that

77



Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

where i, and s, are the Fermi coordinate maps for the framed geodesics (7, V) and (¥, V), respectively,
and where Iy, (x1,x") = (x;, hyx"). Assume that ¥, and ¥, satisfy Properties 1 to 6 of Theorem 4.12 and

let (9,9, W, 9, Z,B) and (v, v,%, ¥, Z, B) denote the corresponding limits defined in Definition 4.14. Then
('5}’2) = (’5;’2) and (W’j}’z’ﬂ,\) ~ (V\{/,j}, Z’B’)
Proof. The proof uses standard calculations, but is a bit lengthy. Thus we postpone it to Section 4.7

below. O

Definition 4.18. Let (y, v) and (7, 7) be framed, unit speed geodesics in M and M, respectively. For
()7’ 27 w,y, Zyﬁ) € Xg deﬁne

o L
"Y(w,y,Z,B) :=f f | sym G (x) — T (x)|? dx, (4.63)
-LJ B, (0)
where
, 0 1,
Gxx) = | (0 w) er+ @A) (o) | 08| o | 8,8 | = 54°
(4.64)
N . R ’ ﬁ ’
T (%) = (T8, 00) = T (e v () +3))
and
0 _ax yT
= 1
A (dcly S (4.65)

Proposition 4.19. Suppose that (9,9, W, 9, 2, ) ~ (¥, v, %, ¥, Z, ) Then

I=¢

I72(w,9,2,8) = 172w, 3, Z, B).

Proof. By definition of the the equivalence relation, we have (7, ¥) = (¥, ¥) and in the following we denote
this framed geodesic by (7, 7).
Let

A A R ’ R ~ ’
E:=symG -7, (x;,x") + 75 5(xp, $(x)) +x7),

A

v R ’ v /’
E:=symG -7, (x;,x') + 75 5(x, y(x)) +x7) ,

where G is computed using W, A and 8 and similarly for G. Set E := E — E. It follows directly from (4.59)
that
E; =0 ifj,l>2.

For j > 2 we get

N

2E,; = Oy, Ajixi + 0y By + 271 (e, X+ 9(x) = (A

X

T
S N

- ax]Ajkxk-"axjﬁvl+27~Ij(xl’x,-i-yv(xl))_(A)%j
k=2
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4.4 Main theorem

n n n
+35) ZaxlAjkxk_ZaxlAjkxk_Zaxl(z_z)jkxk
’ k=2 k=2 k=2
= 0

since A k= V4 ik for j, k > 2 and similarly for Aand Z.

Finally we have

A N 1 N = ’ N
Ey = 0w+ ) 8 Ay = S (AT + T (o1 + 5 ()

X 1 X = ’ v
O Ay x;— E(A)%l + T (x, X" + y(xl)))

A A 1 o = ’ A
= 0= ) A3 = (AT T (e, 4 5()

—
3QJ
=«
|
=

~ 1 X = ’ v
5)%,)’1951 - E(A)%l + T (g, X" + y(x1)))
=

n
_ _F PN _ 2 = ’ oA
wsocasy ~TGLI0) ;axyxxl)xﬁmxl,x +9(x1))

- (_771 (. Y(x) + Ty (3, X7 +3(x1))) -
Since v — T~ (x;,v) is quadratic, the derivative 9~ with respect to v is bilinear. Moreover $ — y = J' and
J; =0 so we get
n
Ejy = DTy (o)) (6, T (x)) = D 0% 0y (). (4.66)
=2
It follows from the definition (4.16) of 7~ and the fact that J 1 = 0 that

DT () T () = = Y R i),
k=2

On the other hand J is a Jacobi field and (4.54) gives
07 J =0, Be; = —R(x))(J(x)), €))e;.

Thus, for [ > 2

0 J1 = —R(xp)(epepJ,eq) = - Z R ()i () = = Z R (41 (x1)

k,1=2 k,I=2
and thus i i
2 Y
Zaxl‘]lxl == Z Rirrr () (x1)x;.
=2 k,I=2
Hence E; = 0. O
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Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

In the following we usually understand the convergence in Definition 4.14 as a convergence in X g /~.

Theorem 4.20. Let (M, g) and (M, §) be complete oriented, n-dimensional Riemannian manifolds with
n > 2. Then the following statements hold:

(i) Compactness: Assume in addition that M is compact. Let h r— 0,4, € w2 (sz, M) and suppose
that lim sup;_,, h%E hy, (f1) < oo. Then there exists a subsequence h K 0 such that
k

ukj - ()79 2’ w,y, Z’ﬁ)
in the sense of Definition 4.14.

(ii) I'-liminfinequality: If h, — 0 and @i, — (¥,7,w,y, Z, B) in the sense of Definition 4.14, then

| . 5.9
lim inf h_iEhk(”k) > 17w, y,Z,B).

(iii) Recovery sequence: Given a tuple (y,v,w,y,Z, B) and a sequence h; — 0, there exists a sequence
iy, such that i, — (y,v,w,y,Z, B) in the sense of Definition 4.14 and

1 o
lim sup h—4Ehk (i) < I7%(w,y,Z,pB). (4.67)
k—o00 k

Combining properties (ii) and (iii) with Proposition 4.22 and Lemma 4.21, we obtain that the functionals
h%E n, are I'-convergent to the functional 7 ”¥ with respect to the convergence in Definition 4.14 modulo
k

the equivalence relation of Definition 4.15. Regarding the compactness statement, we give an explicit
construction of the paths ¥, in step 2 of the proof of Theorem 4.20. First, we prove the I"-liminf inequality.

Lemma 4.21. Assume that i, — (y,V,w,y, Z, ) in the sense of Definition 4.14. Let v, v, and v, be as
in Definition 4.14, let Q; : (=L, L) — SO (n) be such that (4.35) holds and define G,, : Q — R"™" by

—1/2 _
~ 01 (3 o) dp vi (8 120 I,)—-1d

2
hk

where I, (x1,x") = (x;, hyx"). Then there exists a subsequence (not relabeled) and G € LA (Q;R™™)
such that G, — G weakly in L* and

1
symG(x) = 0, w(x|)e; ® ¢; — —A%(x)) +sym( 9, Alxy) (O,) OB |...|0B )
~2 X " (4.68)
= Ty (1) + T (e v () + ).
Moreover, .
liminf — dist*(dii,, SO(g, §)) d Vol,, > f | sym G|* dx. (4.69)
k—co hi Q, & Q

Proof. The reasoning is similar to the proof of Lemma 2.3 in [16], but we need into account the extra
contributions coming from the deviation of the pullback metric in Fermi coordinates from the Euclidean
metric.
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4.4 Main theorem

We have

32 512 T 12
Q (&r ovie—-Id)d, v (g ol, ) 0OYd, vi,—-1d Qra, v (g —Id)
k 8k n Vk hy) Sk kK~ L 2k vk . @4.70)

hk hk hi

The maps v and hence v are uniformly Lipschitz and therefore d), v is bounded in L®. Moreover, the
condition (4.50) implies that
sup |vi (x) —x;| < Chy. 4.71)

xeQ

It follows from the Taylor expansion of the metric in Fermi coordinates that

2 — —7;?1 uniformly in €,
k

see (4.19). By (4.35) we have Qg dp, vy — Idin L*(Q) and thus

old, v, (@'"?o1, —1d)
kT K - s - -7% inL*(Q). (4.72)
k

To treat the term involving g, we define 1(y)(x) = (x;, y(x;) +x’), Where y:(-L,L) — — R" s the
limit of f B,(0) v} It follows from Property (6) in Theorem 4.12 that &, by « — 1(y)in L’ (Q). In view

of (4.71) we also get convergence in L” (Q), for all p < co. Using again the bound (4.71) and the Taylor
expansion (4.18) of the Fermi coordinates we get

—1/2

-1d >
M 72 o1(y) inL9(Q), forall g < co.
hy, -
It follows that _in
——1/2
Ok B ovi—1d)d), v 301y,

— T Z oi(y) in LZ(Q). (4.73)

It remains to analyze the term h,;z(dehkv . —Id). By (4.35), this term is bounded in L?(£) and hence
there exists a weakly convergent subsequence, not relabeled, such that

ora, v, —1d
AL H (@) (4.74)
hk

Hence 3
G, = H+T;501(y) - T,5. (4.75)

The last two terms on the right and side take values in symmetric matrices. To compute sym H we note
that by Property 4 and Property 5 in Theorem 4.12 we have

d v, —1d p-ld A?
Ry ; A in LZ(Q) and sym O — > uniformly.
B h

k
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Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

From Property 6 in Theorem 4.12 we get
dhk Vi — Id

sym — — 9, w(x))e; ®e, +sym( 9, Alxy) (}?,) OB |- |0y B )
k

strongly in w2(Q). Since
Qkdy, vy —1d = (Qf —1d) + (dy, vy —1d) + (@5 —1d)(d), vy — 1d)
and since A is skew-symmetric and thus A%is symmetric we get

A2

symH =9, w(x))e; ® e +sym( 9, Alxy) (}?,) 0B ... 0, B ) -5

Finally we show (4.69). We first choose a subsequence k j such that

1
lim —f dist* (diiy,, SO(g.§)) d Vol,
Jj— hi Q;lk J

J ‘j

1
= liminf — dist*(dii;, SO(g, §)) d Vol .
k— o0 hi sz 8

Then we apply the previous reasoning to the subsequence k ;. Thus there exists a further subsequence such

that G K = G as [ — oo where sym G is given by (4.68). We need to show
1

1

lim —— dist* (dii, ,SO(g.§)) d Vol, > f | sym G|*.
[—o0 hk~ sz J1 Q

J1 jl

This follows by a Taylor expansion away from the set where hiG « 1s not small (and the set where @i, # V).
as in [4, 16]. For the convenience of the reader we include the details for the argument.
To simply the notation we now write again G, instead of G K, - Let
1

F,’c = {x €Q) v (x) # ftk(x)} , F,g' = {x €EQ: (dj%z ) Ihk)(x) € F,Q} .
Then, for x ¢ F}/ we have, by (4.33),

dist(dii;, SO(g, 8)) o Yy ©ln,
= dist(dy, SO(g,8)) o ¥, o I,
=dist( (§k o Vk)l/z) dthk (2_1/2 °© Ihk)’ So(n))
=dist(Id +h3G,, SO (n)). (470

where g and g, are the metrics of M and M in the Fermi coordinates induced by Y, and Vw0
respectively. Set
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4.4 Main theorem

Then (4.49) and the boundedness of G, in L’ imply that
L(F) < Chi +Chi -0 ask — .

From (4.76) and the change of variables formula we get

1
lim inf — dist®(diiy, SO(g.8)) d Vol,,
k=0 py Q.
1 _ 5 - 1

> — dist(Id +h; G, SO(n)) ydetg o I, dx .
t Javr, ok "L detg o 1, dx

We have ydetg o [, — 1 uniformly in €. Thus it suffices to show that

1
lim inf — dist(Id+h; G, SO(n)) dx > / | sym G|* dx.
k= py Ja\Fy, Q

Now for x € Q\ F;, we have by Taylor expansion,
|dist(Id+h1G ) — sym G | < Chy|hiG,|.
Thus

1
lim inf — dist(Id +h3 G, SO(n)) dx
k—o0 h Q\Fk

Zlimlnf—/|/\(g\p sym G| dx>/|symG| dx.

For the last inequality we used that sym G xq\ f, converges weakly in L*to sym G (since L" (F;) — 0)
and the lower semicontinuity of the L? norm under weak convergence in L?. This concludes the proof.

O

Proposition 4.22. Let (y,7,w,y,Z,B) € XY. Then there exist sequences h;, | 0 and v, € W (Q; R
such that properties 1-6 of Theorem 4.12 hold. Furthermore, the sequence ii; (x) = &7,2 oV, o w;}z(x)

satisfies
1
limsup - (1) < I (w,y, 2, ).

k—o0

4.77)

Proof. The proof follows a similar strategy as in [16]. Suppose for the moment that w, y, Z, 5 are smooth.

For h > 0 define

i (x 0,y

, W
v, (x),x") = (;;,)+(h;v)— P )+hﬁ

Then v, is Lipschitz and satisfies properties 1-6. Furthermore,

h26x w —h(d y)T
— 1 X1
dhvh Id+( h6x1y 7
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Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

2 2
2 inaxlyj+xj’axlyi 3
—h i (9x2,8 axnﬂ +0(h).
Zx'
Using the identity (Id+B”)(Id+B) = Id+2 sym B + B’ B, we obtain

0

(dyv) dyv), =1d+2h°0, we, ® ¢, +2h2( 9, A (x) 0. B|...|0. B )+h2ATA+0(h3).

Taking the square root and recalling the definition of G;,, we have

T 172 2 3
. T 172 o
For h sufficiently small we have det [(d Wn) dpv h] > 0, hence by frame indifference

.2 . 2 T 172
dist™(d,v;, SO(n)) = dist [(dhvh) dhvh] ,80(n)|,
By Taylor expansion of dist(-, SO (n)) we obtain
1 .. .
?dlst(dhvh,SO(n)) — |sym G| in L%

and symG, — symG in L% Finally, the inequality (4.77) follows from (4.33). Now note that any
tuple (w, y, Z, 8) € X can be approximated by smooth functions (wk, yk, z*, ,Bk) by density. We have
7Y (wk, yk, Zk,,Bk) — I7Y(w,y, Z, B). Then the upper bound (4.77) follows by a diagonal argument,
see e.g. [1, Remark 1.2]. O

The following fact on Lipschitz approximation of R*-valued Sobolev maps will be a crucial ingredient
in proving the compactness of Theorem 4.20.

Lemma 4.23. Let s,n > 1 and 1 < p < oo and suppose U C R" is a bounded Lipschitz domain. Then
there exists a constant C = C(U, n, s, p) with the following property: For each u € Wl’p(U, R*) and each
A > 0 there exists v : U — R® such that

(i) Lipv < C2,

.. n . £ P
(i) L" {x € U:ulx) £v(x)}) < 7 </{x€U:|du|e>/1} |dul, dx.

Here |- |, denotes the Frobenius norm with respect to the standard scalar product on R" and R®, respectively.
IfU=Q, = (-L,L) X B,,(0) c R" with h € (0, L/2) then the constant C in (i) and (ii) can be chosen
independent of h and L.

Remark 4.24. Tt is easy to see that the constant C can be chosen uniformly for all domains U’ which are
bilipschitzly equivalent to a given domain U, with a fixed bilipschitz constant M.

Proof. For the result for a fixed set U, see, for example [4, Prop. A.1]. Closely related results appeared
earlier in [12] and [3, Sect 6.6.2, 6.6.3].
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4.4 Main theorem

For sets of the form U = (=L, L) x B}, (0) c R" one can obtain a bound which is uniform in % by first
extending to a set (—L, L) X (-2h, 2h)"_1 by reflection multiple reflections to extend to (=L, L)". For the
convenience of the reader we give a detailed proof in Section 4.8.1. O

Proof of Theorem 4.20 (i).

Step 4 (Existence of Lipschitz approximations).

The construction of the Lipschitz maps ¥, is similar to the construction in [9]. We include the details
for the convenience of the reader. Recall that by Nash’s imbedding theorem [17, Theorem 3], M can be
viewed as a subset of R*® for sufficiently large s, and the metric on the tangent space of M is induced by the
Euclidean metric in R*. Define i : Q, — M C R’ by

ﬁk = ﬁk o l,l/y,z,

and let g, ; (x) = (;l/;‘,,zg) (x)(e;, ;) be the coefficients of the metric on M in the standard Euclidean basis.
By Lemma 4.4 we have

5,;(x) = 6;;| < Chi forallx € (-L,L) X B, (0).

Since the Frobenius norm, denoted by | - |,,, of a map in SO(n) is vn and M is isometrically imbedded
into R*, we have

|dity|, < (1+Chy) (Vn + dist(dity, SO (g, 2)).
In particular for sufficiently large k we have the following implication:

1
i |digl, 2 4V then  dist(du, SO(g.2)) 2 31dil, = 2vn.

We apply Lemma 4.23 with u = u;, U = Q;, and A = 4+/n, and denote the corresponding Lipschitz
approximation by v, and set E,% = {x €Qy Vi # ﬁk}. Then

Lipv, <C. (4.78)

Using that detg(x) > (1 + Ch%)_1 > % we get

n C _
L(E}) = —2/ |dii, |, dx
A {erhk:Idﬁklewl}
C . i
<= dist’ (dii;., SO(g, §)) d Vol (4.79)

A" Je,
< Cu(Qy, )iy
In the last inequality we used that A = 4+/n, so that % < 1. Here, the map v, generally takes values in R’,
not in M.

This issue can easily be resolved by projecting back to M. Indeed, since M is compact, there exists
p > 0 and a smooth projection 7 y; which maps a tubular p-neighborhood of M in R* to M. By (4.79) we
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have
LMED) = O™,

1+3/n

hence the radius of the largest ball in E,% is bounded by O(h,

). In particular
sup dist(v, (x), M) < Ch,.

2
xeEj

Then v = 7 4 oV, is well defined for h; sufficiently small and satisfies Lip v} < C. Since 7| 5 = id, we
have {V}C # ﬁk} c {Vk # ﬁk}. By Remark 4.2 the restriction of ¢, ,, to a sufficiently small cylinder € is

bilipschitz. Thus ¥ =V} o 1//;11 satisfies (4.49).
We also note that
E,, (%) < E,, (i) + Chy < Chy . (4.80)

Indeed, the measure of the set where dV, # dii, is bounded by C hi and on that set |d¥,| is uniformly
bounded.

Step 5 (Approximation by a geodesic). We will show that for each sufficiently large k there exists a unit
speed geodesic y,, such that
sup dist(V(x), ¥ (x;)) < Chy. (4.81)

xEQhk

We will first construct a continuous, piecewise geodesic curve y”" such that (4.81) holds with y”" instead
of ¥, and such that the /, norm of the jumps of the derivative of y”" and the quantity |y”"’| — 1 are
controlled in terms of the energy of ¥;. Then an ODE argument shows that there exists a unit speed
geodesic y, such that (4.81) holds, see Lemma 4.25 below. In the following we will always assume that 5,
is sufficiently small, in particularly much smaller then the injectivity radius of M.

To construct the piecewise geodesic curve y”", let Ny = [%-‘, & = NLk, and

. . Lty
ti ::lgk fOl’lZ—Nk,—Nk+1,...,Nk, §; = > .

and
Q; = (t;,1;41) X By, (0)-
Here ¢,, 5; and €; also depend on k, but for easier readability we suppressed that dependence. Note that
hi/2 < & < hy.
Let x; be the Riemannian center of mass of the map ¥, o | q,» see Definition 4.7. Here we equip €;
with the normalized Lebesgue measure. Since the maps ¥, are uniformly Lipschitz we get

sup dy; (7, (x).%;) < Chy,  dy(X,.%;4,) < Chy. (4.82)
xX€Q;

Define on [s_p, sy_;] a piecewise the C ! curve " by the condition

¥""|(s,.5,.,1 15 the unique length-minimizing geodesic with

pr(si) =X; and pr(siﬂ) =Xy
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We extend y”" uniquely to geodesic on (—oco, s_ ;) and (s _,, ). Using (4.81) for x € Q;, we see that

sup dist(¥,(x),y"" (x;)) < Chy. (4.83)

XEQhk

The derivative y”* may jump at s; fori = —~N +1, ... N —2. For such values of i, we denote by y”""(s;)
the derivative of the geodesic defined on [s;, s;,,] and by 2"’ (s;) the derivative of the geodesic defined
on [s;_;,s;]. By definition of the exponential map these geodesics a mapped to straight lines under exp;.]
and we have l

pwr

’ 1 J 1 J
yP" (s;) = —expz. Xiys YEV(s;) = —— exps Xy, (4.84)
Ek ! Ek !
To estimate the size of jump, we will apply the rigidity estimate for low energy maps to the maps
-1 ~
fi= expy, © Vg © Uy

For j € {-1,0, 1} we define
q;j = f fidx € T;i/\jl.
Qi

Then g; , = 0 by the definition of the center of mass. Corollary 4.10 implies that

< Ch; forj==l. (4.85)

1=
’CXPE[ Xivj —4ij

Thus
< Ch3,

, 1 , 1
wa (s;) — —4i,1 YV (s;) + —q; 1| = Chi- (4.86)
€k €k

Set
Ai = Qi—l U Qi U Qi+1'

Then the quantitative rigidity estimate in [4, Thm. 3.1] implies that there exist R; € SO (n) such that

/ |df; - R;|* dx 5/ dist? (df,, SO (n)) dx.
A, A

L

It follows from (4.82) and the expansion of the metric in normal coordinates in M and Fermi coordinates
in M that
dist(df;, SO(n)) < dist(d¥y,SO(g.3)) o0, , + Chj.

Set
Eri= . dist(d5,.50(2.8)) 00y, ds
A -

L

and ¢; = f 4. Jidx. Since f 4. X dx = s;e, the Poincaré inequality shows there exists a constant C < co
such that l

1
m/A Ifi(x) = R;(x — s;eq) — Ci|2dx

Ch;
SlATA |df, — R;|* dx
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Ch2
Sy X / dist* (df;, SO(n)) dx < Chy(Ey; + hi). (4.87)

Since fg_ Ji dx = q; o = 0 by the definition of the center of mass, and fg (x —s;eq) =0, Jensen’s inequality
implies that

leil =

f fi = Rix = s;¢;) — ¢ dx| < Chy (B2 + p).
Similarly, by integrating over ,_; and Q;,, and using the estimate for ¢; we get
10,1 = Ri(=exe)] < Chi (BT + 1), 14;1 = Ri(exen)| < Chi(E] +h).
In combination with (4.86) we get
Y2 (s;) - Riey] < C(E? + i) (4.88)

and, in particular,
2 (s) =¥ (50| < C(ET + i), (4.89)

Since det Dy is bounded from above and below we deduce from (4.80) that

Z Ep; < C— distz(dﬁk, SO(g.8))d Vol y < Ch} (4.90)
-N+1
and hence Zt——N+1 El/2 < C’Nl/zhi/2 < Chy,. Thus we finally get
N-2
DoY) =y (s < Chy. (4.91)
j=—N+1

The estimate (4.90) implies £, ; < Chi/ ? for each i. Since |y”"’| is constant on the segments where y”"
is a geodesic, it follows from (4.88) that

sup [y (s)| - 1] < cr). (4.92)
se[-L,L]

Using Lemma 4.25, we see that there exists a unit speed geodesic y, such that

sup disty (7" (1), 7, (1) < Chy.
te[-L,L]

Combining this estimate with (4.83), we get (4.81).

Step 6 (Compactness). Choose a parallel orthonormal frame ¥ along ¥ and let @, ;; be the corresponding
lifting map constructed in Lemma 4.5. Set

‘\;k(x) = (I))“/,g(xl’ Vk °© wy,z ° Ihk (X))

Then

YyyoVp=vioy,, ol .
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It follows from the expansion of the metric in Fermi coordinates and the estimate (4.81) that

cht, (4.93)

IA

/ dist* (d,,, ¥, SO (n)) dx
Q

2
‘/g Vi(x) — ()8)' dx

The last estimate can be improved for the first component (v, ), (x) — x;, at least on average, by a small
translation along the geodesic y. For 7 = O(h; ) define translated framed geodesics by

IA

Chi. (4.94)

Vo (x)) =y(x; +71), E(x]) =y(x; +7).

Then
w%n’i(xl’x,) = wi,’g(xl + T,X,).
If we define
Ve (6) =@y (1, T 0y, 0 Iy (1)) (4.95)
we see that
Vi, (x) =V (x) — ey (4.96)
Thus

f G () —xy dr = -7 +f (01 () — x, di.
Q Q

It follows from (4.94) that there exists a T with |T| < Ch,, and

f (V)1 (x) —x; dx = 0.
Q

Taking into account (4.96), (4.93), and (4.94) we see that the sequence k +— V = satisfies the assumptions
of Corollary 4.13. Thus there exists R, € SO(n — 1) such the sequence of maps v, defined by

T
1 0 "
Vi = (0 Rk) (vk,‘r)
satisfies (4.35) and Properties 1 to 6 of Theorem 4.12. Set

Vi(x) = ¥-(x))
and define a parallel orthonormal frame along ¥, by

n

vi(xy) = Z(Rk)lj(‘jf)z(ﬁ)-

=2

Since y, is a unit speed geodesic we have disty; (7, (x;), ¥4 (x;)) < T < Chy. Thus it follows from (4.81)
that
sup dist(\jk(x),j;k(xl)) < Chk (497)

xeQ
Iy
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Using that R{Rk = Id we get

n n
V55 (Vi () = XDy, ) D, 710 D (R (i) ()
j=2 i=2
n
= eXDy((5, ) D T i) (R (R Vg ()
i,7,1=2

= lﬂ;@,&(‘v’k,r(x))-

Using (4.95) we get
Vypovi=vioyoly, (4.98)

and we have seen that the sequence k — v, satisfies (4.35) and Properties 1 to 6 of Theorem 4.12.
Finally, the compactness of M implies that the space of framed unit speed geodesics on (—L, L) is
compact, since a framed unit speed geodesic (¥, ¥) is determined by 7(0) and an orthonormal frame in
Ty(o)/ﬂ and the geodesic and its frame depend continuously on these data. Thus there exists a subsequence
such that (¥, 7, ) converges to a framed unit speed geodesic (¥, 7). This concludes the proof of assertion (i)
of Theorem 4.20. |

Lemma 4.25 (Approximation of piecewise geodesics by geodesics). Let M be a smooth, compact
Riemannian manifold. Let 6 > 0 be as in Lemma 4.5. Then there exists a constant C > 0 with the following
property.

Lety,,, : [0,00) — M be continuous and assume that there exist 0 < t, < ...t; < oo such that
Y, 1., I a geodesic, fori =0,...J withty=0and 1y, = co. Assume further that

Y (&) =y (DI < F; forj=1,....,J, (4.99)

where y'(t;) is the derivative at t; of the extension of the geodesic defined on (t;_,,t;) and y'(t;) is the
derivative at t ; of the extension of the geodesic defined on (1;,1;,,). Assume also that

|17 (00 = 1] < Fy (4.100)
and
L 1
D Fi 3 (4.101)
j=0
Set
w(t) = Fy+ Y CeCUTIOp (4.102)
kit <t

Let 7 : R — M be the unit speed geodesic with 7(0) = Y pw (0) and Y’ (0) = y},w (O+)/|ypw (0%)|. Then

A 0,70 200 ifo() < 5 (4.103)

Proof. This is a natural adaptation of the standard Gronwall type estimate for differences of approximate
solutions of the geodesic equation y” = T'(y’,y) + f with f € L' to the case where f is a finite sum of
Dirac masses.

Since vy, is a geodesic on (1;,1;,), the speed |y),,,(¢)] is constant in this interval. Thus, it follows
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from (4.99), (4.100), and (4.101) that

[Ypw(®D| <2 fort ¢ {t,,....1;}. (4.104)

Set v =7v,,,,(0M)/17,,,(07)|. By (4.100) we have
[V (01) = V] < F,. (4.105)
Let 7 : R — M be the geodesic with
7(0) = ¥,,,(0),  7(0) =v.

Fix a parallel orthonormal frame 7 of the normal bundle of ¥ and let ¢ = lﬁ,y,’ be the Fermi coordinate

map.

[=

We will show the following: if

sup dM(’pr(t),f/(t)) <d/2 (4.106)
te[0,L")
for some L” > 0, then
d (¥ e (1), 7(1)) < 200(1) forall £ € [0, L). (4.107)

From this the assertion of the lemma follows by the usual continuation argument.

Now assume that (4.106) holds for some L’ > 0. Let ® be the map in the lifting lemma, Lemma 4.5,
and define, for x, € [0, L")

Ypw(X1) = é(xl9pr(xl))'
Then o y pw = Ypw and y,, satisfies the geodesic equation
Vi () = Ty () (Vi (1, Yoy (1)) BT 1 € (11, 1141). (4.108)
where I denotes the Christoffel symbols in Fermi coordinates. The lift of ¥ is given by the trivial map
y(1) = (2,0).
Let
2(1) =y p (1) = 3(0).

In Fermi coordinates we have I'((z,0)) = 0. Since M is smooth an compact and | y},wl < 2, it follows that
there exists a constant C which only depends on M such that

2(D] < Clz(n)] fort € (t,114). (4.109)
Considering the vector ( j), we get from the Gronwall inequality

(Z,)m (?)(rﬁ)
Z Z

< eC(t—ti)

ift € (t;,1,,). (4.110)
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Moreover, (after enlarging C if necessary) we have

(?)(z?) - (?)(r;) (Z,)<o+>
Z Z Z

Note that |7’ (t;f) - z'(t;)l refers to the Euclidean norm in R” while the definition of F, involves the norm

=12'(1}) = Z'(1))| < CFy, < F,. @.111)

given by the metric on M. Thus the constant C arises from the estimate of the metric in Fermi coordinates.
We define
Z
o
Z

fors ¢ {r,,...,1;} and similarly we define a(f;). Then (4.109) and (4.110) imply that

a(t) = e ¢!

a(t) < Fy+ Z Ce C'Fy, 4.112)

k>1:t; <t
where for f € {tl, R j} the estimate holds for a(¢7) and a(¢"). It follows that
|z(1)] < w(t) forte [0,L).

By Lemma 4.5 we have |[D®| < 2 in a convex set which contains the values of y pw (1) and $(7). Hence

d (¥ pw (1), 7(1)) < 2]2(1)] < 20(2). O

4.5 Convergence of the energy

Define

m™ = inf  I7%(w,y,Zp).
oy B LT3, 2. B)

Theorem 4.26. Let M be complete, M compact and let (7, v) be a framed unit speed geodesic in M. Then

1 .
lim — inf E,(u) =m = minm”¥, (4.113)
h=0 B™ uew'2(Q;: M) G

where G denotes the set of all framed unit speed geodesics (¥, V) in M.

Proof. This is a standard consequence of Theorem 4.20. We include the details for the convenience of the
reader. First, note that G is isomorphic to the set M x SO(n) and therefore compact.

Consider the map f : (7,7) +— m”2. Clearly f is continuous. Since G is compact, the minimum on the
right hand side of (4.113) exists.

Upper bound: Set L™ = lim sup;,_,, nt infﬁEW1,2(97 N
realizes the limit superior. Let (¥, ) be a framed unit speed geodesic and let x € X be a minimizer of

7Y 1t follows from Theorem 4.20 (iii) that L* < m”*~. Optimizing over (7, 7) we get L* < m.

E,, (@) and let h;, — O be a subsequence which

Lower bound: Set L™ := liminf, /" inf E, (@) and let h;, — 0 be a subsequence which

ewh2(Q; ;M)
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realizes the limit inferior. Then there exist maps i, such that
.1 . -
Jim h_4Ehk(”k) =L
By Theorem 4.20 (i) there exists a subsequence u K, which converges to (¥, 7, x) with x € X in the sense of
Definition 4.14. By Theorem 4.20 (ii) we have L~ > 77"Y(x) > . O
4.6 Minimization of the limiting functional
Recall that the 7 := 7;@ :(=L,L) > R™"and T := 7;7’1 : (=L, L) — R™" describe the quadratic

correction between metric in Fermi coordinates in M and M, respectively, and the Euclidean metric,
see (4.16).

Theorem 4.27. The infimum of the functional I IR defined in (4.63), is attained on X and we have

m” =  min I"%(w,y,Z, mmj” 4.114
oin w,y,Z,p) = (B, ( )
where
~ ~ L ~ - 2
e - f f 15, Cer ') = Ty (o) P’y
f f Zw Br(x) +T5; (e x| dx” dx,
1(0) ’
+f f |symV'B' (x) + T (x;,x") > dx’ dx,, (4.115)
B,(0)
with
Tij = Tij =T (4.116)
T = Ty (x,x) dx’ 4.117)
B,(0)

and where T denotes the (n — 1) x (n — 1) submatrix of I~ corresponding to the entries i, j > 2.

It is easy to see that the infimum of the quadratic functional J is attained, see Proposition 4.29~b~elow.
Since J is a quadratic functional in 3, its minimizers depends linearly on 4. It follows that m”** is a

quadratic form in the difference of the curvature tensors R — R along the framed unit speed geodesics
(v,v) and (¥, ¥), respectively. Indeed, the minimization of J over 3 can be carried out separately for each
x1, since the functional does not involve derivatives of S with respect to x;. Thus there exists a quadratic
from Q on the space of 4-tensors which satisfy the symmetries of the curvature tensor such that

m?Y = fL Q (%(xl) —ﬁ()ﬁ)) dx;. (4.118)
-L

In addition, Q has the following properties.
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Corollary 4.28. The quadratic form Q is positive definite on the space of 4-tensors A which have the
symmetries of the curvature tensor’ and on those tensors it can be written as

Q(A) = Q) (A™) + Qy(A") + Q3(A"), (4.119)
where
ﬂi?r = A ﬂ}kl = Ao ﬂl{;cjl = Ay, Sori,j k1 =2 (4.120)
and
1 2
Q(A™) - | AP - tr AP)? (4.121)
‘ 2(n+1)(n+3) 2(n+1)%(n+3) (10 77)
1 1 2
QA" = min—/ (ﬁx_b (x") = = A x') dx’, (4.122)
’ b 2 J{0yxB,(0) JZ;; 2 37K
144 . ’1.7 ’ 1 144 4 ’ 4
Q(A7) = mlln/ Z ((symV b)) (x") — gﬂikﬂxkxl) dx". (4.123)
b" J{0yxB,(0) )

Note that Q, is positive definite since (tr AP < (n - 1)|APT %

In particular, we have lim;,_,, n inf; E;, (@) = 0 if and only ifﬁ(xl) = ﬁ(xl)for everyx, € (=L, L).

We note that the expression for Q5, which captures the behavior normal to ¥ agrees with the formula for
the optimal embedding of (n — 1) dimensional balls derived in [9].

We will prove Corollary 4.28] at the end of this section. We first recall the following classical result
which implies that the functional J attains its minimum.

Proposition 4.29. Let B,(0) C R and consider the function spaces

B, = {b e W' (B,(0)) : / bdx' = 0},
B

1(0)
B = {b’ e W (B, (0);R" ) : b dx’ =0, skew (/ V'b dx) = 0} ,
B, (0) B, (0)
where V' = (axl, cee Gxn_l). Then the following assertions hold.

1. If f € L*(B,(0):R" V) and £ € L*(B,(0); R" V>V then there exists a unique b, € B, and
a unique b € B’ such that

I _ . ’ ’ 7’ _ . ryr
If+ Vb2 = ,min 1f+Voillpz, 7+ Vol = min [lf 4 V007 2.

Moreover, the maps [ — El and f' b are linear and ||El 2 < ||f||Lz and ||E’||Lz < ||7||Lz.

2. If f' : By(0) = R0 i aine and (f')T = f' then there exists a unique b’ € B’ such that

sym(V'b") = 1.

2 _ _ _ _
Le, Ajjig = = Ajigg = ~Ajik = Apgij and Agjpg + Ajpgj + Ay =0
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Proof. By the Poincaré inequality the space {V'bl :b, € 93’1} is a closed subspace of L*. Hence El is
given by the orthogonal projection of — f onto that subspace. Similarly, the space {V'd" : b’ € B’} isa

closed subspace of L? by the Korn and the Poincaré inequalities and D is the orthogonal projection of — f”
onto that subspace. This concludes the proof Assertion 1.

Assertion 2 is well known. Indeed, if fi'j (x) = Ajjpxgn+a;; with A = Ay and a;; = ajy, then it
suffices to take

ijk — J

Uniqueness follows from Korn’s inequahty. |

Proof of Theorem 4.27. 1t follows from Proposition 4.29 that attains J its minimum on 8. Indeed, the
minimizer 8 is given by
wmmn
B ) ()
where (le)l(x') € %, is the minimizer in Proposition 4.29 for f(x") = (71,(x,x"), ...}, (x;,x")) and
(Z;l)(x') € &' is the minimizer for f'(x") = 7" (x;,x’).

Set

B(xl’x,) = (

7 = min JVEP).

We next show that m”*> < 7. We first note that for y=0,Z=0we have A =0 and

- 0
symG (x) + 7 (x;, y(x;) +x") = T (x;) = sym (( x‘owl) 9B (9xn,8) +7
If we take
0y, W(xy) = —f Ty (xp,x") dx’,
B (0)
then we get
m”Y < J~£ w,0,0,5)
2
= sym(( 1)|axj3| ... 10, /‘3) +9 dx’ dx,
B0 "
ety

Thus it suffices to show that I ’7’2(W, »Z ,,E) > 7. Then the infimum of 77 is attained by (w, 0, O,E)
and m”"> = . To get a lower bound for 77~ we first note that for each x, € (-L, L) the map

X Lxp,x") =T (xp, y(xp) +x7) =T (x, x") = T (xp, y(x1))

is linear, since 7’ > 7 (x;, z’) is a quadratic form. Recalling the definition of I 7% in (4.63)—(4.65) we get
o _ L
I7%(W,y,Z,B) = f f |F|* dx’ dx,
-L J B,(0)
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where
_ (P (F) (%)
ra = () )
- sym( (0 W) €1 + (04, Ax)) (0) WAREY: )— A
+‘f'(x) +L(x;,x") +‘7'(x1,y(x1)).

If f: B:l (0) — R is symmetric, i.e., f(—=x) = f(x) and f : B;(0) — R is antisymmetric then
fBI(O) ffdx’ =0. Moreover
2
r-f
B, (0)

/ P dx’ > /
B (0) B (0)

dx’.

Thus we get

dx’ . (4.124)

2
/ F121 (xl,x') dx’ > / ’f'(xl,x') —f ’f'(xl,x') dx’
B,(0) B,(0) B,(0)

To estimate F’, define the symmetric and antisymmetric part of a map ' : Q — R" ™' by 2/ (x,,x") =
f’(xl’xl) + f(xl’xl) and 2fci(xl7x,) = fl(xbx,) - f(xl’x/) so that fl = f:s/ +foll Then we get

’ ’ ’ 1 ’ ’ 27 ’ ’
2/ \F' (x,x" )| dx’ > 5/ (VB (xp, x') +c(xy) + T (xp,x7) > dx
B,(0) B,(0)

1 15 ’ 2 ’ ’
Z—min/ VB, (xp,x) + T (x,x) | dx” . (4.125)
B JB,0)

For the second inequality if suffices to note that the function
A 1 ’ ’ ’
B(x) = 5 (ﬁ(x]’x ) = B(xy,—x )) +c(xy)x

satisfies V'8 = (V') (x1,x") + c(x)).

Finally, to estimate F” we use that by Assertion 2 in Proposition 4.29 there exists a 8’ : Q — R""! such
that

124

>4 ’ 1 ’ =
symV' 5 (x,x") = [—EAZ()C]) +L(x,x") + 7 (x)
Thus
/ IF"(xl,x’)l2 dx’ > / |symV'ﬂ'(x1,x') + sym V’ﬁ'(xl,x') +7A'(x1,x')|dx'
B, (0) B (0)

zmin/ VB (xp, x')+ T (xp, x") > dx’ . (4.126)
B JB,(0)

Now it follows from (4.124), (4.125), and (4.126) that 7 7’£(W, Y, Z,/_B) > m. This concludes the proof of
Theorem 4.27. o
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Proof of Corollary 4.28. The last statement follows from the fact that Q is positive definite on the space of
tensors which have the symmetries of the curvature tensor and Theorem 4.26.

The formula (4.119) and the expressions (4.122) and (4.123) for Q, and Q5 follow from the formula
(4.115) for  in Theorem 4.27 and the formulae for 7" and 7~ in (4.16). For Q, we get

1
Q(AM™) = / m"*‘“ === / | AP XX P = ~c?, (4.127)
{0}xB, (0) 4 4 J{0yxB, (0)
with
c= f AV xpx) dx’ (4.128)
{0}x B, (0)
To show the identity
1 2
QAP = — | AP tr APY)? (4.129)
: 2(n+1)(n+3) 2n+ 1)2(n+3)( )

for the symmetric matrix AP, we first note that it suffices to show this identity for diagonal matrices, since
both sides are invariant under orthogonal transformations AP* — Q' AP'Q with Q € SO(n). Here we
use that the measure n — 1 dimensional Lebesgue measure on B, (0) is invariant under the action of Q.
For diagonal matrices D, the map D +— Q, (D) is a quadratic form of the diagonal entries (d,...,d,_;)
which is invariant under permuation of the d;. Thus Q, is of the form

QD) =a ) di +B(D d)* = a|DI’ + (i D).

To determine a and 8, we set m = n — 1 and use that

’ ’ 1 ’ 4 1
I, :=f sz dx’ = — |x |2dx = .
{0}xB,(0) m J B, (0) m+2

and (see below for a proof)

3

1, = f )y = —— (4.130)
+ (0}xB,(0) (m+2)(m+4)
Now the definition of Q; implies that
m m2
4(ma +m*B) = 4Q,(1d) = f I |*dx’ = (mIy)* = - >
{0}xB, (0) m+4 (m+2)
4
= -, (4.131)
(m+2)"(m+4)
and
3(m+2 +4
Aa+P)=4Q,(e, ®e)) =1, - I3 = (m2 ) _ - (4.132)
(m+2)*(m+4) (m+2)"(m+4)
2m +2
_ m2+ . (4.133)
(m+2)"(m+4)
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Thus
1 4-2m-2 2
B = 2 - 2 ’
m_l(m+2) (m+4) (m+2)"(m+4)
2m+4 2
da =

(m+2)2(m+4) (m+2)(m+4)
Since m = (n — 1), this is equivalent to the desired identity (4.129).

It only remains to show the identity (4.130) for /,. Denote by B the open ball of radius R in R" and set

. pm/pm _ /2 k
w,, =L"(B"), a;= cos" tdt.
0

Using the substitution r = sin ¢, we get

1 1
wm:/ ldy:/ 1/ | dy’dr:/ (l_rz)(m_l)/zwm—l dr:wm_lam,
B o Jert, 0

Using that sin* 7= (1 - cos’ t)2 =1-2cos’t+cos*t, we get similarly.

1 1
0”4:/1 y?dx:/ r4/m_1 dy'dr:/ (1=, ar
B, 0 B 0
I

= / sin*rcos™rdr = a,, .4 —2a,.,+a,,.
0
Integration by parts and the identity sin?f=1—cos’ ¢t give, for k > 2,

/2 /2
ak:/O cosk_ltcostdt:/O (k—l)cosk_ztsint sintdt = (k —1)(ag_, —a).

Thus g, = %akﬁ and hence

7 :am+4—2am+2+am :m+3 m+l m+1 ‘1

4 a,, m+4m+2 m+2
_(m+3)(m+1)=2(m+1)(m+4)+(m+2)(m+4)
B (m+2)(m+4)
3 3
T (m+2)(m+4)

This concludes the proof of (4.130).

We now show that Q is positive definite (on the space of tensors which satisfy the symmetries of the
curvature tensor). It follows from the definition of the quadratic forms Q;, that Q is positive semidefinite
on that space. To prove positive definiteness, assume that Q(A) = 0. Then

Q(A™) =0, QA)=0, and Q3(A")=0.
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4.7 Uniqueness of the limit in X g [~

By (4.129), we get A" = 0. The condition Q,(A") = 0 implies that there exists a 3, such that
=30, B = Arixix;  on {0} X By (0)
and thus
=30y, 0 Br = Ayjixi + A jm-
Since the second derivatives are symmetric this gives
0=A,+Aujm = Aljm = Alimj-
Now _Allmj = Alljm and
0=Ayjm+Aljm + A = Atjm — (AL + Almjt)-

Thus Almjl - Aljml = Alljm and hence Almlj = 0, for all n, l,] > 2.
Finally, using the compatibility conditions for a symmetrized gradient one easily concludes that
Q;(A"”) = 0 implies that A" = 0, see, for example, [15] or [9]. m]

4.7 Uniqueness of the limit in X9/~

In this section we prove Proposition 4.17. In Proposition 4.17 two things vary. We have two uniformly
Lipschitz maps ¢ and v which agree on a large set and we consider the lift with respect to two different
framed geodesics. Thus Proposition 4.17 will follow from Propositions 4.30 and 4.31 below, where we
consider separately the effects of changing ¥ to v and of the lift with respect to two different framed
geodesics.

Proposition 4.30. Suppose that there exist Lipschitz maps v and v from sz = w(Qhk) to M with the
following properties:

sup max(Lip v, Lipv,) <, (4.134)

k
1 e {x € sz . \L;k(x) * \X’/k(.x)} (4 135)

sup — < 0o, .
K hy 1(€2,)
where  is the volume measure on M. Then

sup dist($(x), ¥(x)) < Ch " (4.136)

erZk

If; in addition, there exist framed unit speed geodesics (., V,) such that
| .

sup h—dlst(vk oY(x), ¥ (x))) < oo. (4.137)

k g

and if the lifts v, : Q — R" defined by

Yrovg=vioyol,
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satisfy Properties 1 to 6 of Theorem 4.12, then the lifts 9, : Q — R" defined by

v

Yrovi=vioyol,

exist and
195 = Till 20 < . (4.138)

Moreover, V. also satisfy Properties 1 to 6 of Theorem 4.12 and
(W, 9,2,8) = (0,3, Z, B). (4.139)
Proof of Proposition 4.30. It follows from (4.135) that

p {x € Q) 10, (x) # vk(x)} = O() 1.

Thus the radius of the largest ball in {x € sz CVp(x) £V k(x)} is bounded by O(h,lc+3/ ™). Together
with (4.134) this implies (4.136).
Thus

1
sup ——dist(P; o ¥ (x), ¥, (x1)) < e0
kT
and therefore the lift ¥, exists and

sup 9, (x) = Vi (x)] < Chy ™",
xeQ

L"({x €Q: D (x)# ﬁk(x)} < Chi.
These two estimates imply (4.138). It follows from (4.138) that

) B . . 1~ PO 3
?Hy -y ||L2+h—k||Wk—Wk||L2+h—k||Z—Z||L2+||,3—/3||L2SChk/n-
k

This implies (4.139). m|

We now come to the heart of the matter, the change of the limits under the change of framed geodesics.

Proposition 4.31. Let =, ,, and let V. be a sequence of Lipschitz maps from sz = lp(Qhk) 10 M
with sup, Lip v, < . Assume that there exist framed unit speed geodesics (¥, v, ) and (¥, V,) such that

1 1
sup — sup dist(V, o ¢ (x), Y (x))) + o sup dist(7 o ¢ (x), ¥, (x)) < oo. (4.140)

k "k erhk k erhk
Then there exist lifts v, : Q — R" and v, : Q — R" such that
Yrobp=vioyol,, YoV =vioyol,,

where i, and s, are the Fermi coordinate maps for the framed geodesics (7, V) and (¥, Y,), respectively,
and where Iy, (x1,x") = (x1, hyx"). Assume that ¥, and v, satisfy Properties 1 to 6 of Theorem 4.12 and

let (§,9,W,9,Z,B) and (¥, v, W, ¥, Z, B) denote the corresponding limits defined in Definition 4.14.
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4.7 Uniqueness of the limit in X g [~

Then
(7,9 = (¥,7) (4.141)

and there exists a Jacobi field J : (=L, L) — R" and an infinitesimal change of frame map B : (—L, L) —
R such that

skew

J; =0, Be, =0,J, (4.142)
07 J =-R(J.e))e, . (4.143)

and _
0, B=-R(J,e) (4.144)

such that for j,l > 2,
Z; = Z;+By, (4.145)
$ = y+J, (4.146)
axﬁ(h)*‘(ih(xpf(h)) = axlw(xl)‘*‘rih(xh)v’(xl))
1 o

+§(A2 —- A% (x))., (4.147)

axjﬁl(xl,x’) + 277,'()61,5’(%) +x") VB (x) + zﬂj(xlay(xl) +x)
e;- 0, (Z—2)(x))x" + (A% = A%);(x)), (4.148)
(Symv/:é’)jl(xlvx/) +7}1(X1’5’(X1) +x)

1w
+§(A2 - A%,(xy), (4.149)

(sym V',@')jl(xl,x') + 7}1(951’ $(xp) +x7)

where V' = (6x2, ces axn)’ B =(By,....B,) and

T T
A= 0 R _(axA])’) ’ = 0 5 _(any) ‘
9, V4 9,y V4

o ~ R . -~ ~ A oA v oy
Here we used the abbreviation T~ = T ;; with (7, 7) :==(9,9) = (y,¥).

Proof. It follows from (4.140) that lim_,, sup, ¢(_r 1) dist(y,(x;), ¥, (x;)) = 0. Hence ¥ = y and we
will write
y=7=7.

To prove the other assertions in Proposition 4.31, we will show in Proposition 4.32 below that there

exists a lift @ : Q¢ — R” such that
Ui = o @y

and @, is well behaved, in particular |D2(I)k| = O(hy) and dist(D®,, SO(n)) = O(hi) on QChk. It
follows from the definition of @, that §, o ¥} =/, oV, = ¥, o ®, oV, and hence

Vg = @y 0 V. (4.150)

The convergence properties of ¥, and v, will imply that h,;l(DCI)k — 1d) is bounded in L?, and
in Proposition 4.33 we analyze the limits of ;' (D®, — Id) and h,;z[(Dd);fDd)k) —1d] and show
(4.142)—(4.144).

The formulae (4.145)—(4.149) then follow from Proposition 4.34 below. ]
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Proposition 4.32. Let (M, §) be a smooth, oriented, compact Riemannian manifold. Let L > 0 and C > 0.
Then there exists a constant C' > 0 with the following property. Let hy > 0 with lim,_,  h; =0, and let
Vi and y, be unit speed geodesics in M with

dist(y,(x;), 74 (x;)) < Chy,  forx, € (=L, L). (4.151)

Let v, and v, be positively oriented orthonormal parallel frames of the normal bundles of ¥, and y,,
respectively, and let tﬁk and s « denote the corresponding Fermi coordinate maps.
Then for k > ki, there exists a p > 0 a unique map @, : (-=2L,2L) X B,(0) — R" such that

Uy =iy 0 @y
Moreover, ®, is a smooth diffeomorphism onto its image and, for x € (=2L,2L) X Bep, (0,

C'h2, (4.152)
C'hy. (4.153)

dist(D® (x), SO(n))
D@, (x)]

IA

IA

Proof. In the course of the proof we denote all constants which depend only on C, L, and the manifold
(M, g) by C".

Since 7, and y, are geodesics, a Gronwall type argument shows that the estimate (4.151) also holds on
(=3L,3L) with a different constant C".

The existence of @, (for the interval (=3L,3L)) implies

|® (x1,0) = (x,0)| < C'hy, (4.154)

since the maps @, are uniformly bilipschitz. It follows that ®;, maps (-2L,2L) X Bey, (0) to a subset of

We denote by &, := /;& the pullback of the metric in M and we write ", for the Christoffel symbols of
8- Analogously we define g, and fk. To prove (4.152), we use that

& = Dréy. (4.155)
If |7'| < Chy then the estimates for the metric in Fermi coordinates gives
8y +O(h) = &i(2) (e, ¢)) = 81 (@1 (2))(DDre;, DDye ) = (DD () DD (2)); + O (hp)

and this implies (4.152).

Similarly, the estimate (4.153) for D*® « follows from the estimates of the Christoffel symbols in Fermi
coordinates. If we consider the curve @ (f) = x + fv and express the covariant derivative of the vector field
W(t) := Dy (a(t))w = (Dy o @, (a(t)) DD, (a(t))w along the curve ¥ o @ in both Fermi coordinates
we get

Dzd)k xX)(v,w) + fk(ék (X)) (DD (x)v, DD (x)) = DDy (x) (fk x)(v,w)), (4.156)

By Lemma 4.4 the Christoffel symbols are bounded by C|x’|. Thus we get (4.153). m|

Proposition 4.33. Assume that the hypotheses of Proposition 4.32 hold. Set

Ne(x)) = @p(x1,0), Qp(x)) = DDy (x1,0).
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4.7 Uniqueness of the limit in X g [~

and assume that, in addition,

O, —-1d .
B, = A is bounded (4.157)
k

and (¥, 9, ) converges to (¥,7) on (=L, L). Then for subsequences (not relabeled) we have,

1
. (Uk(x1) - (xl)) —J, By — B, uniformly,

hy, 0
Be,=d,Je;, B'=-B, (4.158)
and
0 1(x) = —Rx)I(x)).ep) ey, (4.159)
C()x,l’_}(xl) = _ﬁ(xl)(J(xl)’el)- (4.160)
Moreover,
D®,(z,, 0,2 ) DO, (2, h,7)) -1d . R ) )
(DO 2. 142)) e @ 12) — T (21.2) = T (20,0 (x)) +2')
k
uniformly on (=2L,2L) X B~(0), 4.161)
where 7 = TR,

Proof. LetJ, (x;) = hy' (17, (x;) = (x,,0)). Then J, is bounded in C' by (4.154) and (4.157). The geodesic
equation for 77; can be rewritten as

1 .
8§1]k = _h_krk((xlel + S ey + by Jis ey + Oy J).

Since I, (x;,0) = 0 and |, ((x e, + b J;)| < Chy|J,| by Lemma 4.4, it follows that J, is bounded in C*.
Hence a subsequence converges in C and by (4.15) the limit J satisfies

927 = =DT';(x,0)(J) = —R(J, e e, (4.162)
By the definition of the Fermi coordinates y/,, the vector fields

Qk(xl)ej = D<1>k(77k(xl))€j = D'vbk(xl’o)ej

are parallel. Since Q; = Id +h; B; we get

1 1
Oy Bi(x))e; = h_kalek(xl)ej = _h_kr(rlk(xl))(el’ej + B (x))e;).
Using again (4.15), we see that

9, Bx))e; = —R(x)(J(x)). e))e;.
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or, equivalently axl B(x)) = —%(xl)(.] (x1), €q). This proves (4.160). The first identity in (4.158) follows
from the fact that Bye; = hy ' (Qe, — ¢;) = 0, h,;l (nx — x1). The skew symmetry of B follows from the
fact that Id 424, sym B, + BkBk = Qka =1Id +O(h ).

To show (4.161), we use that i, = i, o @, implies gk = ®;8;. Let R, = iR be the curvature tensor

in the Fermi coordinates ¢, and let 7; (x;,x’) := (xy,x") denote the quadratic form in x” which

7 Vk
describes the deviation of the metric §; = af/}i g form the Euclidean metric (see (4.16) for the definition of
this quadratic form). The quadratic form x” +— ‘iv; (x;,x") is defined analogously.

Since g, = ®; £, we have
8r(2)(ejne;) = 81 (@ (2))(DDre;, DDye).
Thus, for |7'| < Chy we get
6+ (70ij(21,2) +0(h}) = (DD (2)" DD (2));; + (70); (P (2)) + O(hy).

Here we used that D®, (z) = Id+O(h;). Now the pull back curvature tensors R, and R, only differ by
O(hy) since D®; =1d+O(h;) and @, (z) — z = O(hy). Hence

(T0)i(21.7) = (50 (1.2) + O (1),
for 7/ = O(hy). Also
(70 (P (2)1, @1 (2)) = (7)1 (21, P (2)) + O(h}).
Thus
(D@ (2) DD (2) —1d = Ty (21.2) = T (21, @ () + O ().
Since D®; —1d = O(h;) and @, (z;,0) = 1, (z;) we have
D (2) = ni(z)) + 2 + O ()
and therefore

(DP(2))" DP(2)) -~ 1d
i

Te(zy, b 2) = Telzys b i (z) + b ' 2)) + O (iy).

Using that 77{ is a quadratic form in the second argument and that h,;ln;( — J' uniformly we get

(DD, (2))" DO, (2)) - 1d
hy

= ez, b '2) = Tizy, I (xp) + b 2)) + o(1).

The pullback curvature tensors ¥} R converge to R unlformly on thin cylinders since (yk, ¥,) converges
to (7, ¥) (note that is also implies the convergence of ¥, to 7). Thus the quadratic forms ‘T (x;) converge
to 7 (x,) uniformly, and we get (4.161). O

Proposition 4.34. Let Q = (=L, L) x B;(0) C R". Let ®, be as in Propositions 4.32 and 4.33 and suppose
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4.7 Uniqueness of the limit in X g [~

that ¥, : Q — R" and v, : Q — R" satisfy properties 1. to 6. of Theorem 4.12 and assume that
Vi (x) = (x1, 0)| + 94 (x) = (x1,0) < Chy.

Assume further that V) = ®; o V;. Let n;(x)) = Pr(x,0) and Q;(x;) = DD (x,,0) be as in
Proposition 4.33. Then

Bk<x1>:=%i_ld S B, (4.163)
) x| J(x)) (4.164)
hk

uniformly, as k — oo. In addition, J, = 0 and J and B satisfy (4.159) and (4.160), respectively.
Moreover, the limits (W, ¥, Z, B) and (W, 9, Z, ) satisfy (4.145)—(4.149).
Proof. First, we show that

D®, (x,,0) - 1d
hk

By(x)) = —“‘i(xl)—f{(xl)

We have dj, ¥ = (D®; o V;) DV and thus

dp, vy —1d _ Do 0¥, -1d DD, o, dp, Vi =~ Id'
hy hy hy

(4.165)

By Property 4 of Theorem 4.12 we have

d, v, —1d . d, v.—1d .
ek 4 I LA i LAQ).
hk hk

Since D®, is bounded, it follows from (4.165) that h;' (D®, o ¥, — 1d) is bounded in L*(€2) and hence
D®, 0¥, —»1d in L*(Q).

Thus

D®, oV, —1d

p —A-A inL'(Q). (4.166)
k

By assumption, |V (x) — (x;,0)| < Ch;. Moreover, by (4.153), we know that h,;llDZ(Dk(zl,z')l is bounded
if |z'| < Chy. Thus

[((D®) 0 V) (x) — Bi(x))| = |DP (Vi (x)) = DD (x1,0)| < Chy |V, (x) — (x1,0)] < Chi.
Therefore h,;l (DD, 0V, — B;) — 0 uniformly and hence
B, > B inL'((-L,L)) and A-A=B. (4.167)

Since |6x1 Bi(x))] < h,:l |D2(I>k(x1, 0)| is bounded, we have B;,, — B uniformly. By Proposition 4.33, B
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satisfies (4.160) and is skew symmetric. The formulae for A and A imply that

By=2,-2y, forjl>2. (4.168)

Hence (4.145) holds. By definition of the Fermi coordinates and the map ®,, the j-th vector in the frame
v, satisfies

(71);(0) = Dy (0)e; = Dy (@ (0)) DDy(0)e; = Difry (17.(0)) (DD (0)); ;.-

Since 17,(0) — 0 and D®,(0) — Id it follows that the limiting frames agree at x; = 0 and hence
everywhere, i.e. ¥ = V.

Next, we show the convergence of h,;lnk — J and the identities J; =0 and J; =y, — §, for j > 2. By
Property 6 in Theorem 4.12

X 2 4
D, (x;,x") — A | de < Ch, 4.169
/Q Kl x) (hkyk(x1)+hkx) ( )
2
v ’ X1 4
Vo (x,x) — J dx < Chy. 4.170
ot (hkfk<x1>+hkx) ¢ (170

Now, for || < Chy, the boundedness of h,;lDZde and the boundedness of B, implies that
D®,(z,,7) = ld+h By (z)) + O(hy) = 1d+O(hy).
Thus, for || < Chy,
Dy (21,2) —mi(zy) = (21, 2) - @(2,,0) = (f) +O(hp).
It follows that

5(x) = Dy (5 () = (52, () + ( 9) +O(R).

Vi

Since 8xlnk(x1) = D®,; (x,,0)e, is bounded, we get

< Chi + Cl(¥); (x) = xy.

0
e =m0

With (4.169) and (4.170) it follows that

JA PR T BN P
o\ 9 (xp) + hyx' o M3 (xp) + hyx’

sczai+/g|(ﬁk)l(x) —x,*dx < Chj.

2
dx

This implies that

o1 id . 0 0 .2
lim — - = lim |, l=1. in L°((-L, L)).
k—oo Iy (nk (0)) k—co ()’k - yk) ()’ - )

¢
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4.7 Uniqueness of the limit in X g [~

Since 9, 1, is bounded, the maps he ' (17,(x;)—(x,, 0)) converge uniformly to (0, y—9). By Proposition 4.33
we get J = (yﬁy) and J satisfies (4.159). In particular, (4.146) holds.

Finally, we derive the formulae by 9, (W — W), V'(B, - B,), and sym V' (5’ — ). By Property 6 in
Theorem 4.12 we have

dy, v, —1d . dy, v, —1d . 1
sym ———— = §, sym ———— —§  weakly in W~ *(Q), 4.171)
R R
where
5 2 v ’ 1 ’ T
§(x) =, ax}W1(x1)—axl)"x , 7(V :31(x)+?xl/z(x1)x) 4.172)
3(V'B1(x) + 0, Z(x))x") sym V'’ (x)

with the analogous formula for $. Since d n Vk = D@y oV d), Vi, we have

dp, ¥y —1d D®, 0¥, —1d dp, Vi —1d D®, o, —Id dp Vi —1d
sym ————— = sym ——————— + sym ————— + sym .
hy h; h; hy hy
(4.173)
It follows from (4.166), (4.167), and Property 4 of Theorem 4.12 that
DO, oV, —1d dp Vi —1d N
lim sym | —&° Yk Py & — sym(BA) = - (BA + AB) . (4.174)
For the last identity we used that B and A are skew symmetric.
To analyze term h,;2 sym(D®, o v, —Id) we use the identity
070 = (Id+(Q - 1d))T (1d +(Q - 1d)) = Id+2 sym(Q — Id) + (Q — Id)" (Q - 1d).
Thus
" N . . T "
h; hi hy hy

The second term on the right hand side converges to -B"B = B*.

For the first term on the right we use (4.161). By assumption, v, has values in (-2L,2L) X B h, - Since
the convergence in (4.161) is uniform on (-2L,2L) X B-(0), we get

- (D®,v,) DDV, —1d
k—o0 hi

= lim T(()y, e Vi) = T ()1, T + ' 1)
—Fol-Fol (4.176)
in LI(Q), where

{(x) = (xp, ¥(xp) +x7), {(x) = (x, J(xp) + ¥ (xp) +x7) = (), 9(xp) +x7).

107



Chapter 4 Non-Euclidean elasticity for rods and almost isometric embeddings of geodesic tubes

For the last identity in (4.176) we used the pointwise estimate

T (0 iy Ve () = T (1), By Vi ()] < Clvg) (1) = x| < Chy

1 w7/

as well as the corresponding estimate for 7((V ), (x), J(x;) + v (X)), the bound (4.170), and the fact
that 7 — 7 (z4,7’) is quadratic.
Combining (4.171), (4.173), (4.174), (4.175), and (4.176) we get,

$(0 = 80) =3 (BA+ AB)(x1) + B (1) + T (1, 501)) = T (31, 5x1),

or, equivalently,

R - R . ~ . 1., 1y

S +T (1, 9(01)) = 8(0) + T (xp, () + 747 = SA%. 4.177)
Together with (4.172) and the corresponding formula for S we get (4.147), (4.148), and (4.149). To obtain
the identity (4.147) for 8xl (W — W) we integrate the (11) component of (4.177) in x” over B,(0) and
we observe that the map x” +— 7 (x, ¥(x;) +x") = 7 (x;, $(x;) + x") is affine since z’ — T (x;,7") is a
quadratic form and that for linear maps the integral in x” over B, (0) vanishes. O

4.8 Auxiliary results

4.8.1 Lipschitz approximation on thin tubes

Lemma 4.35. Let s,n > 1 and 1 < p < oo and suppose U C R" is a bounded Lipschitz domain. Then
there exists a constant C = C(U, n, s, p) with the following property: For each u € whp (U,R*) and each
A > 0 there exists v : U — R® such that

(i) Lipv < C4,

o c ,
(i) L" {x e U:ulx) £v(x)}) < 7 /{er:|du|e>/l} |dul, dx.

Here |- |, denotes the Frobenius norm with respect to the standard scalar product on R" and R’, respectively.
IfU = (-L,L)xB,,(0) c R" with h € (0, L/2) then the constant C in (i) and (ii) can be chosen independent
of h and L.

Proof. For the result for a fixed set U, see [4, Prop. A.1]. Now let U = (—L, L) X B,,(0) c R" with h €
(0,L/2) andletu € W"P (U, R®). We first extend u to (=L, L) X (—2h, 2h)"~" and then to a function which
is 8h-periodic in the second argument. Let ¢ € C' (B, (0) \ By ,(0); RN n (B, (0) \ By ,(0); R"
be a C' diffeomorphism from B,(0) \ B ,(0) < "' to (-2,2)"~" \ B(0) with

sup D@l +|(Dg)”"| < o0
B (0)\B/,(0)

and ¢|5p (o) =1dsp, (0)- Then ¢, given by ¢,(y) = h¢ (%y) isa C' diffeomorphism from B, (0)\ Bj,/2(0)
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to (—=2h,2h)"~" \ B,,(0) with

sup D¢, +1(Dgy) 1= sup Do+ [(DP).
B}, (0)\B,,(0) B (0)\B/,(0)

Foru € WP ((~L, L) x B, (0); R*) we define an extension @ : (~L, L) X (=2h,2h)""" — R® by

( " = u(xy,x") if x" € B,(0),
)= Ly 87 ()i € (=2h,20)" 1\ B, (0).

Then |di|, (x;,x") < C’|dul,(x,, ¢, (x')) and therefore

/ |du|? dx < C” / |du|? dx = E.

(=L,L)x(=2h,2h)""! (=L,L)xB,(0)
|du|>C’ Idul>1

Now we extend u to amap i : (—L, L) X R RS by successive symmetric extension across the planes
x; =2h+4ht, £ € Z,i=2,...,n. Thenx" — ii(xy,x") is 8h-periodic in R ie. A(xy,x'+7) = l(x,x")
if 7/ € 8hZ""'. Then

/ |da|? dx < (26" 'E.

(~L,L)X(—4h€,4h€)"""
|dit|>C"' A

Thus for € = [g—lfl] = [ﬁ] we get £ > 2 and

/ |da|? dx < (26" 'E.

(~L,L)x(—4L,4L)"""
|dii|>C" A

Applying (i) and (ii) from Lemma 4.35 to the set U = (-1, 1) X (-4, 4)"_1 and the map x +— %ﬁ(Lx)
with A replaced by C”’1 we see that there exists a map ¥ : (=L, L) x (=4L,4L)" ~1' 5 R® such that
Lip? < CC"” 2 and

L"({x € (-L,L)x (-4L,4L)""" : p(x) # ﬁ(x)}) <20+ 1)"‘1%3

Let ¢’ = ¢ — 1. Then 8¢'h < 4L and there exists z' € 8h {—(¢' = 1),...,0' - 1}"‘1 such that

n—1
(20 Cp < 4"‘1£E,

L"({x € (=L, L) x (' + (—4h, 40)"1) : p(x) # ﬁ(x)}) b =

since 2’ =1 =2¢—-3and ¢ > 2. Set v(x;,x") = P(x;,x" +7") forx € B, (0). Then

Lipy < CC'A and  u(x;,x") =d(x;,x" +7'),
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since x” > @i(xy,x") is 8h-periodic. Therefore

c . ..cc”
rE=Y p

L'({x € (L, L) x B,(0) : v(x) # u(x)}) < 4" |dul{ dx.

(=L,L)xBy,(0)
|du|>A

This concludes the proof. o

4.8.2 Fermi coordinates

Proof of Lemma 4.4. The Fermi map  is smooth since the solutions of the ordinary differential equation
for geodesics depends smoothly on the initial data. To estimate the metric g = " g and its Christoffel
symbols I" we first note that the definition of the Fermi coordinates implies that

8(x1.0)(e;e;) =6;; and I(x),0) =0. (4.178)

We define a frame (E,(x),...,E,(x)) as follows: E;(x;,x") is obtained by parallel transport of the
canonical basis vector e; of R" from (x;,0) to (x;,x") along the geodesic # > (x,,7x”"). Then

2O (E,(x), E;(x) = 6,
since the covariant derivative of the metric vanishes. We define A{ (x) by
e; = Al (0)E;(x).

Then
g;(0) =8 (e e)) = AF ()AL (x) () (B, E)) = AF (x) A% (x). (4.179)

To estimate A{ - 6{, we will use Jacobi field estimates. For i > 2 the maps 7 — (x;,(x" + se;)) are
geodesics and hence .
J(t) =te; = tA'l.’ (xq, tx')Ej (xy,2x")

is a Jacobi fields along the geodesic ¢ > (x,, x"). The Jacobi field equation 227 = —R(x;, tx")(J,x")x’
implies that

07 (tA] (x1, 1) E; (xy, 1x") = =R (xp, tx") (x', ], x")

D ’ ’ ’ —k ’ ’ ’ ’
= —R(x, tx )k(x Jte, x)er =—R (x',e;,x )tAi(xl,tx VE (x),tx7).
With the notation
’ —k ’ ’ ’
A(t;x) = A(x, +1x),  MF(:x) = -R (x; +tx')(x, e;, %)

this can be written as _ .
o2 (tA{ (t;x)) = M¥(1;%) (tA',’((t;x)) ifi>2. (4.180)

Using the first identity in (4.178), we see that B{ (t;x) = tA{ (t; x) satisfies the initial conditions

Bl(1;x) =0, 8,B](0;x) = Al(0;x) = &/. (4.181)
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Similarly, 7 > (x; + s, x") are geodesics, so that e, is a Jacobi field along the geodesic ¢ > (x;, 1x").
This yields the ODE ' _
O AL (t:x) = M{ (t;x) AL (t; %) (4.182)

and by (4.178) we have the initial conditions
Al(;x) =6]  9,A](0;x) = 0. (4.183)

Next we show that the system of ODEs (4.180) and (4.182) with initial conditions (4.181) and (4.183)
implies that

|A{(x)—5-i"—éM{(o;x)| < CIXP, fori>2,j>1, (4.184)

|A{(x)—6{—%M{(0;x)| < ClXP, forj>1 (4.185)
and

|axkA{(x)—éaka{(o;x)| < CXP, fori,>2,j>1, (4.186)

|6xkA{(x)—%c')kal.j(0;x)| < CIX'|’, forj>1. (4.187)

Here the constant C can be estimated in terms of the supremum of the pulled back curvature tensor R and
its first derivative.

To show (4.184) and (4.185), we use that the system of ODEs given by (4.180) and (4.182) with initial
conditions (4.181) and (4.183) is equivalent to the following fixed point problem in C O([0; 11, R™™):

A=T,[A] =1d+S [A], (4.188)

where Id denotes the constant function from [0, 1] to R"*" with value Id and the linear operator S, is given
by

(Sx){[A](t) /0’ /OSM{{(O';X)A{;(O') dods, forj>1,

. 1 tops .
(Sx)f [A](?) ;/ / O'Mlk((r;x)A{{(O') dods, fori>2,j>1.
0 0

Let p > 0 and set

Ly:= sup R|, L,:= sup |DR|.
x€(=2L,2L)xB,,(0) x€(=2L,2L)xB,,(0)

Then, for o € [0, 1],
|M(0;x)| < CLolx'|> forx € (—2L,2L) X B,,(0)

and thus the operator norm of S, with respect to the supremum norm on CO( [0; 1]; R™™) satisfies

ISl < CLolx'|> forx € (=2L,2L) x B,,(0). (4.189)

Hence T, is a contraction if Lyp” is sufficiently small. We will assume this from now on and we assume
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in particular that Lop2 < 1. Then it follows that for all x € (-2L,2L) x B,,(0) there exists a unique
fixed point A, € C°([0; 1];R™") of T, and A (¢) = A(t;x). Moreover A (1) = Id+ X, S¥[Id](¢) and
hence (4.189) implies that

sup |A (1) —1d-S [Id](r)| < CL3|x'|*.
te[0,1]

In particular we have

sup |A, (1) —1d| < C(Lolx'|* + Lx'|*) < CLoIx|)*. (4.190)
te[0,1]

since Lyp” < 1. It is easy to see that
|M (t;x) - M(0;x)| < CL,|x'|} fort € [0,1].

Together with (4.190) and the definition of S, this implies that, fori > 2 and j > 1,

— j / 1 j ’ ’
sup '(Ax){(t) -6 - EzzM{ 0;x)| < CLIX|*+ LX),
te[0,1]
— j / 1 j ’ ’
sup [(A,)] (1) - 6] - gtzM{ 0:x) < CLIX*+ LXK P).
te[0,1]

Using this estimate for ¢ = 1, we get (4.184) and (4.185) since A(x) = A(1;x) = Zx(l).

Now the mapx +— S, isa C ! map from (-2L,2L) X B,,(0) to the space of bounded linear operators on
C°([0,1];R™"™). Hence x — A, is C' and the derivative F := akax satisfies

F=S8[F]+(8,5)[A,].

It is easy to see that, for x € (-=2L,2L) X B,(0) and 7 € [0, 1],

10, M(t:x) = 8, M(0;x)] < CL|x'[, (4.191)
10, M(0;x)] < CLolx'|. (4.192)
Together with (4.190) we get, fori > 2 and j > 1,
j j 1 j ’ ’
s[up] Fl(0) = (S)][F1(t) - Etzﬁka{(O;x) < C(L X' [F+ LX), (4.193)
te[0,1
j j 1 j ’ ’
S[up] Fl(t) = (SOITF1(1) - gzzaka{ 0;x) < CL X1 +LIxP). (4.194)
te[0,1

Since ||S, || < CLy|x’|* and 10, M(0;x)| < CLl|x’| this implies (4.186) and (4.187).

We now turn to the estimates for the pull back metric g and its Christoffel symbols T. For ease of
notation we simply write g and I instead of g and I'. It follows from (4.179), (4.184), and (4.185) that

i =0 = (A —8)) + (A, = 6" + O(IX'[Y).
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Moreover we have
Mii(O;x) = —7_3jkiz ()X,
where
ﬁjkil(xl) = (‘r//*ﬂ)(xl’o)(ej’ek’ei’el) = R(W(x,,0))(a;, ay, a;, ap)

with a; = Dy (x;,0)e;, ie., a; =y (x;) and a; = v;(x;) for j > 2.

In particular, Ml.j (0;x) is symmetric in i and j, since R kil = R, k- Thus
1 .
g (x) =6 — gMi.’(O;x) < ClP)P, fori>2,j>2, (4.195)
— 2 ] ’ .
g1 (x) =6, - gM{(o;x) < CI), forj>2, (4.196)
’gn(x) —6;, - Ml (00| < CIT. (4.197)

This shows that (4.14) holds.

To estimate the Christoffel symbols we note that (4.179) and (4.184)—(4.187) imply that

— j i 72

Using the symmetry of Ml.j (0; x) under exchange of i and j we get, for i, j, k > 2,

30, 8;(x) = _[ﬁjkil(xl) +§jlik(x1)]xl/ +O(Ix'%) = [ﬁkjil(xl) +ﬁkijl(x1)]x; +O(x'1%),
30,8 (1) = —[Ruiji(xp) + Ry i) + O(x'1P) = =[Ryy 1 (xp) + R g (2] + O(Ix' 1),
35xj§ki(x) = _[ﬁijkl(xl) +§ilkj(x1)]x; + O(|x’|2) = _[ﬁijkl(xl) +§kjil(x1)]x; + O(lx’|2) .

Here we also used that R, ikl = 7_€kli ; and that R is antisymmetric in the first two arguments. Using this
antisymmetry again, we get R jikt(xXp) + R, ki(x1) = 0 and hence

OF i (x) =3(0,,8 1 (x) + 8, By (x) = 0y, 81 (x))
= = 2[Ry u (x) + Ry jy (x)1x, + O(X'P) - ford, j k > 2. (4.198)

For k =1andi,j > 2 we get 6x1§ij =0 and

3. _ _ _ , /
505,871 (0 = —[Ryijy(x) + Ry (x) ]2 + O (I %), (4.199)

3. _ = = ’ ’
Eaxjgli(x) = —[Riju(xp) + Ry (xp)]xg + O(lx %). (4.200)
Thus

_ 3 _ _ _
3035 () =58, 81 () + 9, 1 (1) = 9,85 ()
= — [Ryju(x) + Ry (xp)]x) + O [P fori, j > 2.
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Combining this identity with (4.198) we get
= 1 D D ’ ’ ep .
Trij (1) = =3 [Rpjir (1)) + Ry (x1) 1] + O 1) ifi,j>2,k> 1. (4.201)
In view of the estimate for the metric we have
—k — ,
T} (x) = Ty (0)] < CI' 1. (4.202)

Thus (4.201) implies the first estimate in (4.15).
Similarly, (4.199) and (4.200) imply that

— 3 _ _ _
3 (x) = 5(5xj81i(x) +0, 8;;(x) - axigjl(x))
== [2@]'11(?61) _ﬁjlil(xl) - ﬁlijl(xl)]x; + O(|X’|2)
= = 3R, (x)x; +O(IX']?) fori,j > 2. (4.203)

Here we used in the last step that

Rijir + Rjrir + Riiji = Ruaij + Ruje + Rjui = —[Ruwij + Ruijre + Ryjril =0,

since R(X,Y)Z+R(Y,Z2)X +R(Z,X)Y =0.
Moreover,
2T (x) = — 0y, 811 (x) = [Rig(x1) +Rypue(x)]xg + O(Ix'*)
=2R 1 (e + O('T)
= — 2R, (x)x) + O(Ix' ) for k > 2. (4.204)

In addition we have I'};; = O(|x'|2), since 0, &1 = O(|x'|2) and the antisymmetry of R in the first two

arguments gives ﬁll]l = 0. Hence the identity (4.204) also holds for £ = 1. Combining this observation
with (4.203) (with (i, j) replaced by (k, i) we get

T (x) = =Ry (x)x; +O(X'|?) forik > 1. (4.205)

Together with (4.202) we get the second estimate in (4.15).

Finally we discuss the independence of the constants in the estimates (4.14) and (4.15) of the framed
unit speed geodesic (y, v). Set
C, = (-2L,2L) X B,(0).

It follows from (4.190) that there exists an g such that

sup |g—1d| < Cp? sup |R(x)|

xeC, xeC,
as long as
5 —
p? sup [R(x)| < .

xeC,

where |R(p)| is an intrinsic norm of the curvature tensor at p € M. On the other hand, if % Id<g<2Id
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then

sup |R(x)] < C sup [R(p)|. (4.206)
c, pew(C,)

Thus a continuity argument shows that % Id < g < 21d and (4.206) hold provided that
p* sup R(p)| <&
Pey(Cy)

for some &, > 0. _ .
Similarly, the other constants in the estimates for g and I' are controlled by SUPxec, |R(x)| and
SUpyec, |IDR(x)|. Now, for || < 1 and %Id < g < 21d, the quantity SUpyec, |IDR(x)| is controlled by

the C° norm of R and its covariant derivative VR in ¥ (C,). Thus another continuity argument based on
(4.192)—(4.194) shows that that the constants are uniformly controlled if

p sup [R(p)+p° sup |[VR(p)|<e,
pey(C,) PeY(C,)

for some &, > 0. In particular, for a compact manifold, the radius p and the constants C in can be chosen
independent of the frame unit speed geodesic (y, v). |
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APPENDIX A

Published version: Convergence of the nonlocal
Allen—Cahn equation to volume preserving mean
curvature flow

This Appendix coincides with following article, which is a joint work with Tim Laux:

* M. Kroemer and T. Laux. “Quantitative convergence of the nonlocal Allen-Cahn equation to
volume-preserving mean curvature flow”. In: Math. Ann. 391.3 (2025), pp. 4455-4472. por:
https://doi.org/10.1007/s00208-024-03034-0

A.1 Introduction

We consider the nonlocal Allen—Cahn equation

1
Ou,=Au, — —2W'(u£) + A N2W(u,) (A.1)
€

which was first introduced by Golovaty [7]. Here A, = A_(¢) is a Lagrange multiplier which is given
explicitly by

Ja (Bug = SW (u )N2W () dx
foa 2W (u,,) dx

(1) = - (A.2)

This is a natural choice since then the mass of ¢, := ¢ o u_, where ¢(u) = fou V2W(z) dz, is preserved:

% /(¢ ou,)(x,t)dx = /d V2W (u (x,1))0,u(x,1)dx = 0. (A.3)
R

This change of variables ¢ : u,_ +— i is crucial in studying the Allen—Cahn equation and was discovered
by Modica—Mortola [18] and independently by Bogomol’nyi [2]. In the present paper, we derive an optimal
quantitative convergence result in the sharp interface limit, see Theorem A.1 below.
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Appendix A Published version: Convergence of the nonlocal Allen—Cahn equation to volume preserving
mean curvature flow

Nonlocal versions of the Allen—Cahn equation were first introduced by Rubinstein and Sternberg [20]
as a basic model for coarsening processes which conserve the phase volume. The original model by
Rubinstein and Sternberg is

1, 1
Ou,=Au, — ;W (u,) +;/18,

where A, = A.(t) is the Lagrange multiplier associated to the mass constraint
Jaug(x,t)dx = [au,(x,0)dx and is explicitly given by 2,(r) = fra W’ (u,(x,1)) dx. Equation (A.1)
has several advantages over the classical Rubinstein—Sternberg model as the effect of the Lagrange multiplier
is amplified close to the diffuse interface.

The nonlocal Allen—Cahn equation (A.1) is the Lz—gradient flow of the Cahn—Hilliard energy
Eul= [ (E1vul+ iww) ax A4
slul = » §| ul +2 (u) (A4)

restricted to the mass-constrained “submanifold” {u: /Rd poudx = m} C Lz(Rd) and sped up by the
factor ]E This gradient-flow structure can be read off from the optimal energy dissipation relation which
holds for any classical solution of (A.1):

d
EES[M‘E(-, ] =- /R" e(0u(x, 1)? dx. (A.5)

The investigation of the sharp-interface limit & — 0 of nonlocal versions of the Allen—Cahn equation (A.1)-
(A.2) started with the matched asymptotic expansion by Golovaty [7]. His formal argument suggests that
the limit evolves by the nonlocal evolution equation

V=-H+1 onX(1), (A.6)

where V and H denote the normal velocity and the mean curvature of the evolving surface X(r) = 0Q(¢),
respectively, and A = A(¢) is the Lagrange multiplier corresponding to the volume constraint [Q(z)| = |Q(0)].
Also this equation, the volume-preserving mean curvature flow, has a gradient-flow structure as is seen at
the energy dissipation relation

d B d-1, N _ _ 2 qyd-1
EE[Z(I)] = /2(;) VO, H)H(x,t) dH ™ (x) = ‘/Z(t) VEdHE  (x), (A7)

which holds for sufficiently regular solutions of (A.6). Again the evolution is restricted to a “submanifold”
{E =90Q c RY: |Q] = m} which incorporates the volume constraint. Takasao showed under very mild
assumptions that solutions to (A.1)-(A.2) converge to a weak solution of volume-preserving mean curvature
flow in the sense of Brakke [3]; first for ambient dimensions d = 2,3 [21] and most recently, for a slight
perturbation of (A.1)—(A.2) in all dimensions [22]. Another approach is inspired by the work of Luckhaus
and Sturzenhecker [17]: the second author and Simon [15] showed that, under a natural energy-convergence
assumption as in [17], the limit is a distributional solution to volume-preserving mean curvature flow,
which holds in all spatial dimensions and also in the case of multiple phases, any selection of which may
carry a volume constraint.

For our proof, we use the relative energy method. In the context of the convergence of phase field models
this method was introduced by Fischer, Simon and the second author in [5], but the relative energy is very
closely related to the diffuse tilt-excess introduced by Simon and the second author in [15]. It can also be
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used to incorporate boundary contact, as was shown by Hensel and Moser [9], and Hensel and the second
author [8]. As the method does not rely on the maximum principle, it can also be applied for vectorial
problems. Liu and the second author [14] combined the relative energy method with weak convergence
methods to derive the scaling limit of transitions between the isotropic and the nematic phase in liquid
crystals. Fischer and Marveggio [6] showed that the method can also be used for the vectorial Allen—Cahn
equation, at least in ambient dimensions d = 2, 3 and for a prototypical potential with three wells.

The nonlocal Allen—Cahn equation is a physically motivated model, which is why its sharp interface
limit is of high interest. But it can also be viewed as an approximation scheme to construct (numerically or
theoretically) solutions to volume preserving mean curvature flow. Other methods to construct solutions
include PDE methods which can be used for short time [4]; versions of the minimizing movements scheme
by Almgren, Taylor and Wang [1], as was first done by Mugnai, Seis and Spadaro [19] and later by Julin
and Niinikoski [10]; and the thresholding scheme, which is also numerically efficient, see the work of
Swartz and the second author [16].

A.1.1 Notation

The Landau symbol O will be used frequently. Precisely, by a = O (b) we mean that there exists a constant
C depending on d, T, and X = (£(#)),¢[o,r1- Such that |a| < C|b|. The signed distance function to X(7)
will be denoted by

s(x, 1) = dist(x, Q(¢)) — dist(x, R\ Q(1)), (A.8)

where Q(¢) is the region enclosed by X(#). For a surface X not depending on time we simply write s(x).
The gradient and divergence on R? will be denoted by V and div, respectively. The tangential gradient Vy,
and divergence divy can be defined intrinsically for functions and vector fields on a smooth surface X. For
functions defined in a neighborhood, those definitions agree with the following operators

Vs=(Id-v®v)V and divy=(Id-vQ®v):V

which can furthermore be extended to a tubular neighborhood of the surface by extending v = Vs.

A.2 Main results

The main result of this work states that solutions to the nonlocal Allen—Cahn equation with well-prepared
initial conditions converge to solutions of volume-preserving mean curvature flow before the onset of
singularities. In addition, the theorem provides the optimal convergence rate O(g). For simplicity
we assume that the two wells of W are 0 and 1 and that the induced surface tension is normalized to
o=¢(l) = fol v2W(z) dz = 1. This is for example the case if W(z) = 18z2(z - 1)2.

Theorem A.1. Let X = (X(1) = 0Q(1)),e10,1] be a smooth solution to volume-preserving mean curvature
flow according to Definition A.3 below and let u . be a solution of the nonlocal Allen—-Cahn equation (A.1)
with well-prepared initial conditions according to Definition A.7 below. Then there exists a constant
C=C(d,Z,T) < o such that

Sup /d |w‘<;(-x’t) _Xg(t) (-x)| dx < CE,
t€[0,T] /R

where . =¢dou,.
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We note that well-prepared initial data can easily be constructed by gluing the optimal profile around
>(0):

Lemma A.2. If2(0) is CS’afor some « € (0, 1), then there exist constants (a ) .o witha, = O(g) as
& | 0 such that

_S()C, 0) - ag . . ..
u (x,0) =U0|———= is well-prepared in the sense of Definition A.7, (A9)
£

where U is the unique solution to U” = W' (U) with U(-0) = 0, U(+o0) = 1 and U(0) = 1.

Definition A.3. We call a family of surfaces X = (£(f)),¢[ ] @ smooth solution to volume-preserving

mean curvature flow if there exists a € (0, 1) such that X(7) is C* for all t and >(¢) evolves by (A.6), i.e.,
V = —H + A, and the normal velocity V (7) is of class C L0 space.

Before we give a precise definition of well-preparedness, we need to introduce some definitions. The
key tool in our proof is a suitable gradient flow calibration.

Definition A.4. Let X = (2(7)),¢[o 1] be a one-parameter family of closed surfaces X (1) = 9€(7) C RY.

Let &, B: RY x [0,T] — RY be two vector fields, let 9: R? x [0,T] > Randlet A: [0,T] - R. We
call the tuple (¢, B, ¥, ) a gradient-flow calibration for volume-preserving mean curvature flow if the
following statements hold true.

(i) Regularity. The vector field £ and the functions ¥, A satisfy
e CMRY%[0,T;RY), 9eC™®R*%[0,T]) and A e L*([0,T]). (A.10)
Furthermore, for each ¢ € [0, T] it holds

B(-,1) € C*' (R RY). (A.11)

(i) Normal extension and shortness. The vector field & extends the exterior unit normal vector field
ECG,t)=v(,1) onZ(r) (A.12)
and it is short away from X: There exists a constant ¢ > 0 such that
€C, 01 < (1= edist’ (6, 2(1))),. (A.13)
where (-), denotes the positive part.

(iii) Divergence constraint. There exists a bounded function ¢ : [0, T] — R such that the vector fields
B(-, 1) satisty, for each ¢ € [0, T],

V- B(-,1) - c(r) = O(dist(-, £(2))), (A.14)
and

@& VB(,1) = O(dist(-, 2(1))). (A.15)
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(iv) Approximate transport equations. The weight @ is transported to first order
(0,9 + (B-V)¥) (-, 1) = O(dist(-, X(1))), (A.16)
and the length of £ to second order
(8,167 + (B V)IEP) (1) = O(dist*(, 2(1))). (A.17)
Furthermore

(atg +(B-V)é+ (VB)Tg) (1) = O(dist(-, 2(1))). (A.18)

(v) Geometric evolution equation.

B(-,1) - £, 1) + V- (-, 1) — A(r) = O(dist(-, Z(1))). (A.19)

(vi) Coercivity of the transported weight. It holds

9(,1) >0 onRY\ Q®),
(1) <0 1inQ(1),
sup |F(x,1)| < o0,
(x,t)eRY%[0,T]

and there exist constants 0 < ¢, C < oo such that, on supp &,

cdist(, 2(1)) < |9(,1)] < Cdist(-, Z(1)). (A.20)

In case such a gradient-flow calibration exists for X, we call X a calibrated flow.

The main difficulty in this work, compared to previous works using relative energy methods, are the
divergence constraints (A.14) and (A.15) on B which need a particular construction. These divergence
constraints are natural in the following sense. In view of [13], it is useful to choose B such that its
divergence is controlled, since V - B = 0 is the localized version of the preservation of the total volume.
There, it was chosen such that V - B = O(dist(+, X)). Here, we need to relax this constraint to (A.14) as
we additionally want to choose B such that the v ® v component of the Jacobian VB vanishes. With this
assumption we have V- B = (I — v ® v): VB = divy B on X by (A.15), and since the rate of change of the
total surface area is dictated by the PDE, we cannot set ¢(¢) = 0.

Our ansatz is to add a tangential part to the velocity field, say X. More precisely, setting B = Vv + X on
X, the divergence constraint (A.14) V- B = ¢ on X becomes

—divy X =VH —c.
Hence we see that necessarily

Sy VHdH!
() = =5
HT(2(n))

(A.21)
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This PDE is underdetermined, so we make the ansatz that X is a gradient field, i.e., X = Vs ¢ for some
potential ¢. Then ¢ solves the Poisson equation

-Asp=VH-c onZ, (A.22)
where Ay = divy Vy is the Laplace—Beltrami operator on X.

Now Theorem A.1 rests on the following two propositions. The first one guarantees the existence of a
calibration, the second shows that, given a calibration, the Allen—Cahn equation converges.

Proposition A.5. If X is a smooth solution to volume-preserving mean curvature flow in the sense of
Definition A.3, then X is a calibrated flow.

Proposition A.6. Let u, be a solution to the nonlocal Allen—Cahn equation (A.1) and let (£(1)),c[0,17 be
a calibrated flow according to Definition A.4. Suppose further that

[ w0 a= 201

R

Then there exists a constant C = C(d, T, X) such that, for all t € (0,T), it holds

d

—(Ec(1) + Fo (1) < C(E.(0) + F. (1)), (A.23)

dt
where & and F are defined below in (A.24) and (A.2S5), respectively.

We work with the relative energy
E(t) =E [u,,Z](t) =E_[u.(-1)] +/ E(x,t) - VY o (x, 1) dx (A.24)
Rd
= [ (517 R W ) = 90, 0
Rd 2 &
+ /R" (1=€&(x, 1) - v (x,0) |V . (x,1)] dx,

where ¢ (x,1) = foug(x’t) V2W(z)dz and v_(x,?) = —% if Vi (x,t) # 0 and v (x,1) := e for

some arbitrary e € st Vi . (x,t) = 0. This energy is non-negative, since
& 2 1
o\ Ve O + =Wl (x,0) = Vi (x, )] | dx
R &

[ 21 ’
_ /2(\/5|Vu8| \/E\/m) dx > 0,

and |v, - £| < 1. Itis already clear that the relative energy &, controls both the discrepancy between the
two terms in the energy and the tilt-excess.
Furthermore, we define the volume error functional

To0) = Tl 210 = [ 10:600) = xaq 119G 0] d (A25)

= [0 = xag ()P
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Definition A.7. We call initial conditions u (-, 0) well-prepared if they satisfy the following assumptions:
(i) Mass constraint. /Rd Y. (x,0) dx = |Q(0)].
(ii) Optimal convergence rate. &_.(0) + F.(0) = o0(&%).

The proofs of Proposition A.5 and A.6 are deferred to the next sections. Now, based on the propositions
we are able to prove Theorem A.1 similarly to [5].

Proof of Theorem A.1. By Gronwall’s lemma, (A.23) implies

E.(t) + Fo(t) < C(E,(0) + F.(0)) forallt € [0,T]. (A.26)

Now, for § > 0 and f € L”(0, 6), we split the square [0, §]? into two triangles and apply Fubini’s theorem

S 2 S péo S
( /0 If(r)ldr) - /0 fo FOIFE drdr < 201 £ll /0 £ dr. (A27)

Let U, (1) = {x :dist(x,X(¢)) < r} denote the tubular neighborhood of X(7) with radius r and let
Ty () (x) = x —s(x,1)(x - Vs(x, 1)) Vs(x, 1) denote the orthogonal projection onto X(7), where s is the
signed distance function defined in (A.8). Now let 6 > O sufficiently small such that 7y, is well defined
on U (t) and injective for all # € [0,T]. We compute, using (A.27),

2
/ 0o () = x| dx)
Us(t)

o)
sc( [ [ we=xalt+rtvn.oraran= )
2(t) JO

5
+./ / e = xal(y —rv(y, 1), )rdr dH 7 (y)
Z(t) JO
5
= C/Z( )/_5 Y& = xaul (v +rv(y, 1), D)dist(y + rv(x, 1), £(2)) dr dH ()
< C/ W o (x. 1) = xqq) (0)|dist(x, £(1)) dx < CF,(1).
Us(t)

In view of (A.26) and the well-preparedness condition (ii) we obtain Theorem A.1. m]

A.3 Construction of calibrations: Proof of Proposition A.5

Proof of Proposition A.5. Let (£(1)),c[0,r] be a smooth solution to volume-preserving mean curvature
flow and let 6 > O be sufficiently small such that 7y, with the notation of the proof of Theorem A.1, is
well defined, injective and of class C* on U, 5. Define a smooth cutoff function ¢ : R — [0, o) such that
l(r)=1 —r forr < 6/2,¢ =0 for r > 6 and define

é‘:(', t) = {(S('9 l))VS(', t)'

Next, let 6 be a smooth truncation of the identity, i.e., 8(r) = —6(—r), 8(r) =r for |[r| < §/2 and 6(r) =6
for r > 6. Now we define J(x, 1) = (s(x,1)).
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Finally we construct the vector field B. Let V(-,f) denote the normal velocity of the interface
2(2) = {J(-,t) = 0} and let n be a cutoff function such that n(r) = 1 for |r| < § and n(r) = 0 for r > 26.
Now consider the ansatz

B(x,1) =n(s(x, 1) (Vv + X) (g (x)))
for some tangent vector field X (-,7) : 2(t) — TX(t). Then v ® v : VB = 0 on U 5 and hence

V.-B=(Id-v®v):VB+vQ®v:VB
=divy,) B
= divg ) (Vv + X)
= Vdivy,) v +divg) X.

We can construct such an X (-, ) by solving the PDE
_Az(t)(p: VH—-c on Z(t),

where c(t) = fz ) VHdHY". Then the right-hand side satisfies the compatibility condition
/ VH - cdH"' =0,
(1)

and existence and uniqueness of weak solutions in H (10) (2(2)) can easily be shown with the Lax—Milgram

lemma, cf. [11, Lemma 4]. Since X(¢) is C 3 and the normal velocity V is of class C L the regularity
of ¢ can be improved to C 3@ using Schauder estimates, cf. [13, Proof of Thm. 1]. Now set X = Vg, ¢.

Then B is of class C"*?, in particular C 0.1 and satisfies the required properties:

vv:VB=0 on X(t), (A.28)
V-B=c on X(1), (A.29)

and hence by Lipschitz continuity the divergence constraints (A.14) and (A.15).
Now we compute, on X,

0,s+B-Vs=-V+B-y=-V+V=0. (A.30)

Since both |£ |2 =(lo s)2 and ¢ = 6 o s are Lipschitz functions and functions of the signed distance in a
neighborhood of Z(¢), we immediately obtain (A.16) and (A.17).
It remains to show (A.18) and (A.19). Since £’(0) = 0, we have, on X,

B-é+V-é—A1=B-v+|Vs]’?(0)+(0)V-v-A1=V+H-21=0.
By Lipschitz continuity of B and & we get (A.19). Finally we compute

(0,6 +(B-V)E+(VB)'E) (1)
='(s)(9,8+B - Vs)Vs+(s)(8,Vs + (B - V)Vs + (VB) ' Vs)

As before, the first term is O (dist(-, Z(¢))). Thus it remains to compute the second term. We have, on X,

0=V(d,s+(B-V)s)
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=9,Vs+(B-V)Vs+(VB) Vs
= 0,6+ (B-V)¢+(VB)'E.

This concludes the proof of Proposition A.5. |

A.4 Relative energy estimate: Proof of Proposition A.6
This section is devoted to the proof of the relative energy estimate in Proposition A.6. We will need an
appropriate weak formulation of the nonlocal Allen—Cahn equation, which we will later test with the

extended velocity field B. It is easy to check that testing (A.1) with B - eVu _ we have for any solution u .
of the nonlocal Allen—Cahn equation (A.1)

/(V.B)(§|Vug|2+éW(ug))dx—/vg-Vng|V¢/€|dx (A31)
=—/(VS—/18 2W(u£))v£«B|Vu8|dx+/v$'Vng(squ$|2—|Vl,//8|)dx, (A.32)

where V_ = £0,u ., and we omitted the domain of integration RY x {t}, fort € (0,T), cf. [15, Section 3.2].
The following simple lemma, cf. [5, Lemma 4], states the basic coercivity properties of the relative
energy &,.

Lemma A.8. There exist constants 0 < ¢, C < oo such that

/ (Velvu, | - %\/W)zdx <28, [u,. 5, (A.33)

[ o= ePivu, o < 28, lu,. 2, (A34)

/ lv, — €e|Vu |* dx < 128 [u,, 2], (A.35)

/rnin {distz(-,z),c} (;qug|2 + éW(uS)) dx < C(2)E,[u,. 2. (A.36)

Now we are in the position to prove Proposition A.6.

Proof of Proposition A.6. We compute using Gauss’ theorem

d

d d
580 = Eglu (0] + — /Rdx{t} £V dx (A.37)

[, etua- [ VN [ a6 e A3
R d

Ix{t} € RYx {1} RY%{¢}

In the following, we again omit the domain of integration R? x {t}. Weset V, := gd,u,. Then we see,

using that [V \2W(u,)dx =4 [y dx =0,

d 1 1
Gen=[ (—EV§—;vg(v-f—ﬂwzvv(us)—atf-vgwm) d.
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We add the weak formulation (A.32), tested with the velocity field B, to obtain

d 1, 1

6.0 = / (—;vg = VeV £ - )V2W(u,) + (Ve = 2A2W () v, B|Vug|) dx
+/(V-B)(§|Vu£|2+éW(ug))dx—/VS-VBV8|V¢8|dx
- [ve 0890l a
- [ ve B el P - )

Decomposing the vector field B = (B - £)¢ + (Id — ¢ ® &) B, completing squares, and adding zero to make
the transport term for & appear, we get

2
S0} [ Hvoe -0 o [
:l/ ((V‘f—/l)z£2W(u8)+(B.§)2|§|28|Vu8|2)dx

Vv, - elVu (B - )] dx

2
+'/(ngg(ld—.fQZ)f)B—/1‘9\/2W(u‘9 Ve B)|[Vu,|dx
+/(V-B—vg-VBv8+vs-(B-V)§+§(VS-V)B)|VQﬁ£|dx (A.39)

- [ v e BV (TB OV, 0
o [ B(ST e W) - 19, )
- / Ve Vng(é‘lVMgIz - |ngg|) dx.

Completing another square and using E @ v, + v, ®¢é=—-(v, &) Q@ (v, — &) + v, ® v, +& ® £, we may
write the right-hand side of (A.39) as

3 [ (7= OB+ olV B ) @
+5 [ (el = 1) (B¢ elvu, P ax

- [ e-n-elvy,

+/ (Veve - (ld=£®&)B—A,\2W(u,)v, - B)|Vu,|dx
¢ [ ma-gomu e [T g0l
S AL ORLE I TAT

—/vg-<§-v>8|wg|dx+/v8-<B-v>§|wg|dx
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- [0 (064 B D TBTE) Tl de
—/f' (0,6 + (B - V)é) |Vy .| dx
+ [ B(STu e S, - 19, )
2 e
- / v, - VB, (e|Vu,|* - |V ) dx. (A.40)
Two integrations by parts and the symmetry of the Hessian Vzwg imply
/(B-V)g-ngdxz /(g-V)B-Vdex+/ (V-&)B - (V- B)¢) -V, dx.

Combining this with V¢, = —v_|Vy .|, we may again replace three terms in (A.40) by the term
(V-&)B-v_|Vy,| so that we get

%&(lh%/é(vg+<V-§—wm)2dx+%/é

2
L Y B etV ) ar L [ (P16 el P

2
Vo, - elVu | (B - £)¢] ax
&

- [@e-na-evp-avudas [a-dov, Bl

" / (Ve + (V- €= D\2W ()7, - (1d - £ © £)B|Vu, | dx

¢ [ ma-gvvula- [0,-0- T80, - olvy, i

- [0 a5+ B+ (78)E) 190, e

1
-5 [ (o€l + 5 DleR) (0.l ax
& 2 1

+ [ (V- B)(51Vu P + Wi, = Vo) dx

—/VS-VBV8(8|VME|2— IV |) dx. (A.41)
We argue term-by-term that the right-hand side can be controlled suitably. By and large, the argument is
similar to the one in the sharp-interface case in [13], here based on the coercivity properties of & collected

in Lemma A.8. Let us first estimate the terms that are analogous to [13]. For the first term, by Young’s
inequality we have

2
(V&= )VEW ) + 6l Vi 1B -¢)

< (V&= A4 B %elVu, P + (V- £ - % (VelVu,| - éx/zww)z.

The contribution of these terms are controlled by & .(#) using (A.19) and (A.36), respectively, (A.33).
The second term in (A.41) is controlled by (A.13) in conjunction with (A.36). The third term is directly
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controlled by ||V - & — A||||B - €||oE (). The analogous argument holds for the sixth term. For the fifth
term we use Young’s inequality:

[ (Ves (72 0\BWGw) v, - (14 - € © OBITu, | ax
< %/ é (Vg (V¢ —A)\/M)2 dx+/(v€ - (Id - £ ® £)B) e|Vu,, > dx
<1 [ (Ve - 0VIG) a8 [ b, - - eleVu P
The first term is absorbed in the first term on the left-hand side of (A.41). The second term is estimated

by (A.35). The seventh term of (A.41) is controlled by (A.34), since (v, —&)-VB(v_ —¢) < ||[VB||,|v, —§|2.
For the eighth term we have, using (A.19) and Young’s inequality,

(v =0+ (0,6 + (B- V)£ + (VB)T¢) V|

1 1
< 31V, = €l199.| + 5C min {distZ(-, z(t)),c} Yy I.

Since |V, | < 1&|Vu, >+ LW (u,), the eighth term is controlled by (A.34) and (A.36). The ninth term is
controlled by (A.17). The second to last term is controlled by ||V - B|| & .(¢). Thus is remains to estimate
the fourth term and the last term.

For the last term in (A.41) we observe that, using |v, - VBy_ — & - VB¢| < ||VB|| |V, — | and Young’s
inequality,

‘/ v, - VB (e|Vu,|* - |Vw8|)dx‘

<

Ve|Vu,| - L\/2W(ug)
N7

+ VB, / v, - &Pe|Vu, [ dx

dx

s ||VB||OQ/ v, - £VEIVu, |

<

/ £ VBE(elVu, P - Yy, ) dx

198 [ (%ww—%m)z dr.

Here, the last two terms are bounded by (A.33) and (A.35), respectively. We compute, using Young’s
inequality,

/§®§:VB(8|W$|2—IV%I)dx < %/ (@& VBY oVu, [ dx
2

e (vaw—%m dr.

Using the coercivity estimate (A.20) and (A.33), the second summand is bounded by & . For the first term
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we have, by (A.15),

1
5 [ €oevBremiPar<c [ slevila
supp &

which is bounded by & by (A.36).

Next we estimate the fourth term in (A.41). Since by Gauss’ theorem
d
/ V-Bdx= B-vdH! :/ VAH = = 1Q@1)| =0,
Q) (1) (1) dt
we have
[y, s ia= -2, [(7-Bw,
— =20 [V B, - ) i

Furthermore, since % / Y .dx=0= %|Q(t)|, we also have

[@ B, -
= /(V “B-c¢)(¥, _Xg)dx+/0($g - Xq) dx
=/<V-B—c><¢g—x9>dx+c(/w, 0o (e, 1) dx - |sz<t>|)
- [ B s [, om0 o= 120,
By the well-preparedness assumption (i), the second summand vanishes. By (A.14) and (A.20) we have

(1410, [ (VB =)W, = xa)dr < O+ D [ 19110, - xol
= C(|A] + 11T
Therefore we have in total
d 1 1 2 1 1
ESE(I)+Z/E(VS+(Vf—ﬂ)vZW(ug)) dx+§‘/;

< C(8 (1) + Fu(1)). (A.42)

sta - 8|VM8|(B : g)f zdx

Finally we estimate %7—; by decomposing it into a term which is bounded by €, + ¥, and a small
dissipation term which can be absorbed on the left-hand side of (A.42).

We smuggle in [(B- V&) (¥, — xo)dx == [ 9B - V¢ dx — [(V-B)3(, — xg) dx and obtain

%ﬂ(f)z'/atﬂ(lﬁg—Xg)dX+/ﬂatlﬁsdx—/ﬁVdﬂd1
z

=/<a,ﬂ+B'Vmwg—m)d“/w-m(wg—m)dx
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+/ﬁ(8t;./15+B-V1//8)dx.

Since (9,9 + B - Vi) = O(dist(+, X)) and B is Lipschitz, the first two summands are bounded by ¥ . It only
remains to estimate the last integral, which amounts to estimating the error in the transport equation for ¢ ..

Indeed, decomposing the vector field B = (B - £)¢ + (Id — £ ® £) B once more and applying Young’s
inequality, we compute

/ﬂ(6t¢£+B-V¢8)dxs/ﬁ(é\/ZW(us)Vs—éVZW(uS)aWuglvs-(B-f)g) dx
+ / IV IB - (v, — (£ v,)é) dr
S/ﬂé 2W(u,) (V8—6|Vu€|v8-(B-§)§) dx
+||B||oo/|ﬁ||vg—<v€-f>§||vwg|dx
1 1 1
S2/ﬁ2;W(u£)dx+Z/;(V£—8|Vu£|v-(B-§)§)2dx
+||B||m/Iﬁllvg—(vaf)fllVl//EIdX-

The first term is estimated by (A.36). The second term is absorbed in the dissipation (A.42) after adding
%88 and %7-‘8 together. For the last term we apply Young’s inequality once more to obtain

1 1
[1oive =0 oeivu dae < 5 [ o9uans s [20 v, o90la

1 2(1€ 2 1

This is again estimated by & (). Therefore

% (E.(1) +Fo(2) < C(E(1) + F,(1)). o

Finally we give a short proof of Lemma A.2.

Proof of Lemma A.2. The proof is similar to the unconstrained case in [5]. For a € R define u%(x) =
U(-&""s(x) — a), where U is as in (A.9), and let 4 = ¢ o u. Since a f ¥ dx is continuous and
[yiédx — O0asa — +eoand [ Y4 dx — o0 as a — —oo, there exists, for each & > 0, a, € R such that

/ ¥a® dx = |Q(0)|. Furthermore, using U’ = 2W (U),

a:0/¢ou‘;dx:/—é\/2W(ug)U'(—s_ls)dx:—/%W(u%)dx

=-E, (%) - -H"(2(0)) #0,

d
da
and we have f ¢po U(—s_ls) dx = |Q(0)|(1+0(e)). Hence a, = O(g). For simplicity we write u, = u%*.
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Now we compute, again using U’ (s) = \2W(U(s))and 1 - Vs - & < 1 — |§|2 < cdist? (-, 2(0)),
&0 = [ (51vus Iwi) avs ¢ w0
B 1
-/
2
- [1-vs- 02w @

. 2
SCSZ‘/(M) %W(ug)dx.

Hence &,.(0) = 0(82). The bulk error

U’ (—s_ls(x) - ag)

2, éW(ug(x))) ac- [ 2wie - Vst

7.(0) = / B (B(U(~"'5(x) - a,)) ~ X (¥)) dx

is also 0(82), since cdist(-, 2(0)) < || < Cdist(-,X(0)) and U(s) —» 0as s — —oo and U(s) — 1 as

s — +oo. Hence u . satisfies condition (ii).

O
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