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1. Introduction

The primary objective of multi-extended object tracking (MEOT)) is to estimate both the kine-
matic state (e.g. position, velocity, and acceleration) and the geometric parameters, including
shape and size, of an unknown and potentially varying number of objects. methods are
essential in numerous applications, including autonomous driving [1-5], robotics [6H8], aviation
and air traffic control, maritime surveillance, autonomous water taxis [9-11} |C1], ferries [12H14],
defense and security [15], and agriculture [16].

This PhD thesis proposes methodological contributions to physics-based modeling within [MEOT],
aiming for broad applicability across different domains. Special attention is given to maritime
scenarios, as they present unique and significant challenges. One notable challenge arises from
the heterogeneous nature of maritime traffic, which includes participants varying dramatically in
size, shape and dynamics, from swimmers and stand-up paddlers to motorboats, sailing vessels,
ferries, cruise ships, and container ships. Additionally, the absence of predefined lanes or struc-
tured traffic patterns allows new objects to appear unpredictably from any direction, further
complicating the tracking task.

1.1. Physics-based modeling in multi-extended object tracking

Physics-based modeling plays a key role in tracking applications. For example, to predict the
movement of other objects, it is crucial to model their motion dynamics. Movement predictions
are not only essential for collision avoidance but are also required during the short sampling
periods of sensor systems in standard tracking methods, such as the Kalman filter [17]. In
tracking and control, various object dynamic model ([ODM]) range from precise physical models
tailored to specific scenarios to more generalized models that can be applied across a broader
range of conditions. For instance, the dynamic behavior of a small unmanned surface vehicle
can be described by a complex model that considers inertia, Coriolis effects, and hydrodynamic
damping [18, [19]. Such detailed modeling is highly relevant in control engineering applications,
as it describes the relationship between the voltage at the motor and the resulting acceleration
of the boat.

In contrast, tracking applications adopt an external perspective, focusing on observable states
such as position, velocity, and acceleration. Internal states of the boat, such as the current and
voltage in the motor, do not play a role at all in these models. Instead, all factors influencing
the kinematic states, including the effects of actuators and external disturbances like current
and wind, are collectively modeled as process noise. The typically used in tracking, such
as the constant acceleration (CAl), constant velocity (CV]), or coordinated turn (CT]) models,
are based on underlying physical principles that have been generalized to allow their application
in a wide variety of scenarios, ranging from maritime to automotive environments. Therefore,
these serve as examples of generalized physical models that are widely used in tracking
applications.

In multi object tracking (MOT)), interactions among multiple objects can also be modeled using
physical principles. For example, in [20] basketball players are tracked using a Kalman filter
incorporating a However, by modeling human behavior to actively avoid collisions,
the tracking performance can be further enhanced [20|. In addition, human motion has been
examined in |21, 22|, where the dynamics of leg movements during walking are modeled to im-
prove the recognition capabilities of vision-based tracking algorithms. However, these models are
highly specialized for capturing the nuances of an anthropomorphic walk and are therefore not
sufficiently generalized for transfer to other applications.

Generalized physical models also play an important role in extended object tracking (EQOT]),
particularly in modeling the shape of objects and the distribution of measurement sources. For
instance, one common assumption is that the measurements are either normally or uniformly
distributed over the object’s surface or contour, while an alternative physics-based approach
involves tracing each individual lidar beam to determine the exact measurement source via its
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intersection with the contour. For the shape itself, there are generalizing approaches, assuming
e.g. an elliptical shape or approaches that estimate arbitrary shapes with many details.

1.2. Methodologies and contributions

This PhD thesis makes significant contributions to two key aspects of (MEOT]) through the use
of generalized physical models. First, complex measurement models for various two-dimensional
and three-dimensional shapes are developed and integrated into a tracking framework, referred
to as the virtual measurement model approach. Second, the thesis introduces advanced
physics-based modeling techniques for target birth processes, enabling more accurate initializa-
tion of objects in scenarios with 360° sensor coverage.

Lidar measurements, which are typically obtained along object contours, can be accurately mod-
eled using ray tracing. However, lidar beams may pass through openings, such as windows,
resulting in measurements that originate either from the object’s surface or, in 3D scenarios,
from within its volume. Those measurements are also denoted interior measurements. Moreover,
the exact shape of the object is not always known in advance. The proposed [EQT] approach
addresses these challenges by accounting for both interior and contour measurements while au-
tomatically selecting the most suitable base shape from a predefined set.

The central question of the first chapter is how complex measurement models can be integrated
into a unified [EQT] framework for various shapes. To address this, the MM approach is intro-
duced. The generates artificial measurements based on input parameters and embedded
physical models. It relies on a Kalman filter with random matrix-based extension estimation,
which first filters the centroid and the spread of measurements over time. The objective is to
estimate the object’s state and extent parameters so that the artificial measurements generated
by the VMMl match the statistical moments of those obtained from the random matrix tracking
algorithm. This is best achieved through an iterative adaptation process, whose convergence is
formally proven in this work.

The framework incorporates both the object’s shape and the measurement category. In
cases where the optimal shape representation is unknown or the measurement type (interior,
contour, or mixed) is ambiguous, multiple instances can be applied in parallel. The result-
ing artificial measurements can then be used for classification. To evaluate the proposed VMMI
approach, extensive simulations are performed and real lidar data, primarily from maritime sce-
narios, are analyzed.

The second part of this thesis focuses on the search areas of tracking algorithms and the initial-
ization required upon the first detection of new objects. This search area, or more precisely, the
probability density used to model it, is referred to as birth density. Determining when, where,
and with which initial state parameters new objects appear poses a key challenge in tracking an
unknown number of objects.

A widely used approach is the measurement-driven adaptive birth density, where measurements
that cannot be assigned to any existing object generate a hypothesis for a new object. If subse-
quent measurements in close proximity to the initial detection confirm this hypothesis, its weight
increases; otherwise, the hypothesis is eventually discarded. While this method proves efficient
in simple scenarios, it often results in a high false alarm rate and greater computational effort in
cluttered environments.

A central question of the second part is how to model an adaptive birth density that reliably
detects all new objects while being less sensitive to clutter than measurement-driven approaches.
The adaptive birth density proposed in this thesis is derived from physical principles: a sensor’s
range is inherently limited, and in an open environment, new objects must appear at the bound-
ary of the surveillance area; otherwise, they would already have been detected and would not
be considered new. Consequently, the search area of filtering algorithms does not need to cover
the entire state space. However, determining the exact boundary of the surveillance area and
its width must be done adaptively, using information about the initial positions of previously
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detected objects.

For lidar sensors with a 360° field of view, assuming point symmetry is reasonable, leading to
the introduction of a circular birth density in polar coordinates. Furthermore, prior knowledge
about the initial states of new objects can be leveraged based on geometric and physical con-
straints. For example, if the own object is moving in a certain direction, new objects can only
appear behind it if they have a higher velocity. Slower objects would either already be within
the surveillance area or would never enter it at all. Accurately modeling these relationships
improves the initialization process for new objects. The adaptive birth densities are extensively
evaluated through simulations, demonstrating that adaptation enhances tracking performance.
Their relevance in real-world environments is demonstrated using a maritime scenario.

1.3. Core theses of this work

The findings of this thesis can be summarized in the following three core theses:

1. Virtual measurement models enable reliable and precise estimation of object extent and
position across various shapes and sensor modalities.

2. The virtual measurements generated as a byproduct can be used to classify an object’s
shape or measurement model.

3. The initial states of objects detected by a filter can be leveraged to adapt the birth density
for tracking future objects. A formulation in polar coordinates enables full 360° coverage.

The core theses and results of this work are documented in two journal articles and seven con-
ference papers.

1.4. Structure of this thesis

Section [2| presents the fundamental concepts of that are necessary for understanding the
remainder of this thesis. The body of the thesis is divided into two main parts.

Part 1, comprising Sections [3H6] introduces the novel [EOT] approach based on VMMk. Sec-
tion [3] introduces measurement models for various 2D and 3D shapes. For each shape, methods
to generate contour and interior measurements are presented. Section [ describes the VMM]
framework, including the adaptation algorithm, an extension to the setting, and the use
of a Gaussian process regression model (Gaussian processes regression model (GPRM))) as an
alternative to the adaptation algorithm. The artificial measurements generated by the
during the adaptation process are used for shape classification in section p| where two classifi-
cation methods are presented: one based on histograms and another using Chamfer distances.
Finally, section [6] evaluates the VMM] framework using both simulation studies and real-world
experiments.

Part 2, covering sections [7HJ] presents the detection-driven adaptive birth densities. Section
introduces the framework for adapting a single Gaussian birth density based on the detections
made by the filter. In section |8 the circular birth density is introduced to enable full 360°
coverage of the surveillance area. Finally, section [9] evaluates the adaptive birth densities from
sections [7| and [§| through simulation studies and real-world experiments.

1.5. Publications

The content of this thesis has been published in two peer-reviewed journal articles and seven
conference papers. These include work on [EOT] [PH1-PH6| and adaptive birth densities [PHT7}-
PH9|. In addition, I contributed as a co-author to several other publications |[C1HC6|. These
works are not part of this thesis, as the main contributions have been made by colleagues, they
fall under the scope of other dissertations, or they are not directly relevant to the core topics
addressed here.
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The publications [PHIHPH9| forming the basis of this thesis were written independently by me
to a significant extent and are based on my own ideas. The following statement affirms that all
co-authors agree to the inclusion of these publications in this thesis and support the declaration
of my own contributions.

Declaration of Authorship

We hereby declare that Patrick Hoher has written the research papers
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Wolfgang Koch [PH1-PHS6, PHS8, PHY]
Johannes Reuter | [PH1-PH9]
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Although this thesis is based on publications, it is written in the form of a monograph. This
reflects the continuous development and refinement of ideas that originated in earlier work,
such as [PHI|. Within the thesis, the content from these papers has been restructured in a
unified context and updated accordingly. Redundancies have been eliminated, and additional
comparative discussions of the various approaches have been included to improve coherence
and readability. In contrast, the content of more recent papers, particularly [PH9|, which was
published almost simultaneously with the completion of this thesis, has been largely incorporated
in its original form.

The copyrights of the Transactions on Signal Processing paper [PH1| and the two Symposium
Sensor Data Fusion papers [PH3, PH5| are held by IEEE. Reproduction of textual material,
illustrations, and tables from these works is permitted for this thesis in accordance with IEEE
policy. The copyrights of the Journal of Advances in Information Fusion paper [PH9| and of
the five Fusion conference papers [PH2, PH4| [PH6-PHS8| are held by the International Society
of Information Fusion (ISIF) and textual material, illustrations and tables are reproduced here
in accordance with the ISIF copyright policy.
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2. Background

2.1. Object dynamic model

A crucial aspect of tracking is the physics-based modeling of an object’s dynamics, describing
the evolution of the kinematic state x as a Markov process over time steps k. The general state
transition equation is given by [23, p. 22]|[24) p. 125]:

L = f (@k—lawk) ) (21)
where w), represents the process noise. For linear models with additive noise, this simplifies to:
), = Frxp,_ 1 +wy, (2.2)

where F} is the transition matrix. The state transition density for linear object dynamic models
(ODMk) can be expressed by [23, p. 27]

p(zy |z 1) =N (2 Fezy 1, Qk) (2.3)

whereas Q) is the process noise covariance matrix. The simplest transition model is the constant
velocity (CV])) model with state vector z = (x,v)T consisting of position and velocity in one
direction and sampling period T' |23} p. 27| |24} p. 344]|[25, p. 142]|26, p. 203]:

Constant Velocity (CV) Model

1 T T2 T4 T3
— _ |2 _ |4 2| .2
Fk - 0 1 ) Wy = T g, Qk - [7; T2 Uak

In the model , the noise term ay ~ N (ak; O,agk) represents an unknown acceleration that
affects the transition. For d dimensions, the model can be expanded using the Kronecker
product ®:

Fk,d = Fk () Id, (24)

where I is the identity matrix I; € R4 The process noise vector w;, and the covariance matrix
Q. are extended similarly. Applying the Kronecker product results in decorrelated dimensions,
an assumption commonly made in models.

The constant acceleration (CA) model, where the kinematic state z = (a:,v,a)T consists of
position, velocity and acceleration, is given by [23, p. 65][24, p. 344][26} p. 204]:

Constant Acceleration (CA) Model

7% 73 ™ T 7z
1L T 5 & 0 8 6§
2 3 2 2 2
Fp=10 1 T|, w,=DBywp=|%5|wWk Q= |5 L Llo,T
72 T
0 0 1 T L 7 1

In the[CAlmodel, the noise term wy, represents an unknown change in acceleration. Consequently,
its unit is m/s* and the covariance matrix Q; models the uncertainty associated with this noise.
The derivations of Fj and w;, are done using an exact discretization of a linear time continuous
system, which is shown as an example in Appendix[A] Approximations, e.g. the Euler method or
the trapezoidal approach, that have to be used for nonlinear systems, lead to similar but different
results. A simple approach to calculate the covariance matrix is given by Q = angkB,;r, which
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is used for most simulations in this work, but this does not lead to the result for Q) given in this
section. Further details are discussed in Appendix [A]

Another linear model frequently used within this work is Singer’s 27, p. 475][24, p. 346],
presented here in its simplified form

Singer’s Object Dynamic Model (ODM)

17 0 0 0
Fp=10 1 T |, wy, = |0 ag, Q=10 0 0
00 e 1 00 o2

Singer’s introduces a time constant 75, which models a natural decay of acceleration. In
this simplified version, the process noise term a; directly affects only the acceleration state,
consistent with the result obtained from an explicit Euler discretization.

Other commonly used include the horizontal turn model 28| p. 389] and the coordinated
turn model [29).

2.2. Measurement model and measurement likelihood function

The measurement at the current step z;, depends on the current state z; and a measurement
noise term vy, |23, p. 23][24, p. 125]

2 = h(zg, ), (2.5)
which simplifies to 23|, p. 25|[24, p. 21]
2 = Hyzy, + vy, (2.6)

for linear measurement models with additive white Gaussian measurement noise, where v;, ~
N (vg;0; Ry). For positional measurements in combination with the[CVlmodel, the measurement
matrix is Hx = (1,0). Similarly, for the and Singer’s model, Hy, = (1,0,0). For d dimensions,
the Kronecker product can be used to expand Hj. The linear measurement likelihood function
for objects without extension is given by:

p(zx | zi) = N (z21; Hezy, Ri) (2.7)

where R;, is the covariance matrix of the measurement noise.

In extended object tracking (EQTI), however, the tracked object is characterized by an additional
extension state X, in addition to its kinematic state . The random matrix (RM]) algorithm [30],
which is introduced later in this section, assumes that measurements are distributed normally
across the object’s extent. Taking into account multiple measurements and the additional spread
caused by the object’s extension, the measurement likelihood is expressed as follows |31, p. 6][32,
p. 1031]:

ng
P(Z I, zy, Xi) = [ [N (2 (Hi ® Ig)zy, Xi + Ry), (2.8)

j=1

whereas ny, is the number of measurements.
In many of the measurement and shape models that are introduced in this work, the likelihood
function can not be expressed in a closed form. For instance, using a lidar sensor results in
contour measurements, where the center of gravity (CoGl) does not necessarily coincide with
the object’s centroid. Additionally, measurements are generated with a nonlinear function ,
that is also not necessarily given in closed form. Within the lidar measurement model, all mea-
surements in Zj are correlated to each other, although measurement noise independently affects
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each measurement.

For arbitrary measurement distributions, it is still possible to use the linear measurement likeli-
hood function in a recursive filter. However, this approach requires careful interpretation
of the results. Specifically, the filter will estimate the CoG of the measurements rather than the
actual position of the object’s centroid. Moreover, the filter will track the covariance matrix of
the measurement spread, which is influenced by the object’s extension, rather than estimating
the true extension itself.

2.3. Bayesian filtering

The goal of tracking is to determine the conditional probability density function (pdf) p (z;,|Z")
which represents the belief about the current state z;, of an object given the accumulated measure-
ments Z¥ = {z,, 2y, ..., 2} up to the current time step k. The Bayes filter provides a recursive
framework for estimating p (§k|Z k) and consists of a prediction and an update step [23, p. 23].

Recursive Bayes Filter

Prediction:
p (% | Z’H) = /p(xk | Zp 1) P (@;@_1 | Z’H) day, ;.
Update:
B\ p (2 |£k)P(£k | Zk_l)
p(zﬂz ) - pllzEy
where
p <§k \ Z’H) = /p(zk | zg) p (@k | Z’H) dzy,.

In the prediction step, the prior p (21#1 | Zk_l) is obtained from the posterior result of the
previous iteration p (z;, | Z*!) considering the state transition probability p (z;, | 2_,). In the
update step, the prior is refined using the current measurement using the measurement likelihood
function p (2, | ), yielding the posterior of the current time step p (z;, | Z¥).

2.4. Linear Kalman filter

Under the assumptions that the posterior always follows a normal distribution p (gk | Zk) ~

N <gk; Lk Prl k) and that the state transition probability and the measurement likelihood func-
tion are both linear with additive white Gaussian noise (see Eq. (2.3) and (2.7))), the linear
Kalman filter can be derived from the Bayes filter [23, p. 23]. A detailed derivation of the Linear
Kalman filter can e.g. be found in |23 p. 25-30] Under those assumptions, the Kalman filter is
the optimal Bayes filter for a single object without extension.
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Linear Kalman Filter

Prediction Step:
Tipk—1 = FuZp_1x-1,

Pyr—1 = FiPy_1js—1 Fy + Qx.
Update Step:
Ty = Tppp—1 + K <§k - Hk£k|k—1) )
Py = (I — KpHy) Prjp—1-

with Kalman gain and innovation:

Ky = Py HY S,
Sp = Hkpk‘k_lH];r + Ry..

2.5. Random matrix approach

The random matrix (RM)) approach is a Bayesian filtering recursion to estimate the joint density
p(z), X1 Z*) and was initially introduced in [30]. Several assumptions were made to estimate
kinematics and extension separately [30, p. 1046]. The density of the kinematical state z;, is
Gaussian and the density of the extension Xy is an inverse Wishart density

P(Xk|Z*) = DV(Xs iy Xijie) (2.9)

with Xp ), > 0 and vy, > (2d + 2). The expected value of the inverse Wishart density is given
by:

(2.10)

Since E(Xj;) is the expected value for the spread of the measurements caused by the object’s
extent, it is further assumed that the square roots of the eigenvalues of E(Xp;,) correspond to
the extension parameters length, width and in 3D additionally height. The object’s orientation
Y|k can either be given from the extension matrix or the kinematics.

Prediction For the kinematic state, the prediction equations of the linear Kalman filter are
used within the [RM| framework. However, for the extent, the prediction equations must ensure
that the expected value (2.10) stays constant and are given as follows [30, p. 1046]:

Prediction equations for the extension

_T
Vglk—1 = € "Vg_1]k—1, (2.11)

@
e TV g1 —d—1

Xplk—1 = Xk—1jk—1- (2.12)

Vi—1k—1 —d—1

This prediction, however, does not ensure that X ,_; is always positive definite, therefore an
advanced version [33], p. 2409] can be used as an alternative:
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Alternative prediction equations for the extension [33]

g
Vilk—1 = 6 + m(’/kfukq —6), (2.13)
ay
Xio—1 = 7 aka:—l\k—l- (2.14)

Both tuning parameters, 7 and aj enable a trade-off between a small stationary error and a
dynamic behavior in a turn.

Update The update for the kinematic state z;, is similar to the update within the linear Kalman
filter, but slightly adjusted to accommodate for multiple measurements being received at each
time step. For the following, z, is the measurement’s mean and Zj is the covariance matrix of
the current set of measurements Z; = {g}c,gz, o 2}

LA
2= ) 2 (2.15)
k j=1
Zr =Y (2 -2z — 2)" (2.16)
j=1

The kinematic state update is given for d dimensions by:

Update equations for the kinematic state [30]

Ty = Zijk—1 + Whip—1 ® 1a)(Zx — (Hi ® Li)Tppp_1), (2.17)
Prjk = Prjg—1 — Wk\k—15k|k—1W13[k_1: (2.18)

with innovation factor Sy;_; and Kalman gain Wy ,_q:

2
ag
Sk—1 = HypPep—1 H + n*:a (2.19)

Wiik—1 = Pk|k71H17; k_‘]i_la (2.20)

\.

where ny, is the number of measurements and o2 is the covariance of the measurement noise. Note
that measurement noise was not considered in the original approach [30]. Equation has
been modified to include measurement noise. To update the parameters of the inverse Wishart
density, the following equations are given [30, p. 1048]:

Update equations for the extent state [30]

Xk = Xgjh—1 + Ngjp—1 + Zk, (2.21)

Vilk = Vilk—1 + M- (2.22)
with innovation matrix [30, p. 1048]:

Nijp—1 = Skﬁ,l(zk — (Hy ® Ig)zpyp—1) (21, — (Hy ® Ig)zpp—1)" (2.23)

There are extensions of the random matrix approach which exclude the measurement noise from
the filtered covariance matrix [31} 32, 34, 35]. E(X};,) (2.10) then represents only the covariance
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of the measurement data caused by the object’s extension.

Applications for the random matrix approach The random matrix approach was extended
in several publications [31437] and is nowadays a state-of-the-art filter for It was also
integrated into the probability hypothesis density (PHD)) filter [38] to allow multi-extended object
tracking (MEQOT]). In previous works, the random matrix approach has already been applied to
ship tracking using radar sensors [39|[40]. It has been shown that an ellipse is a suitable shape
approximation for ships [39, p. 8][40, p. 6626]. In 41|, random matrices are combined with
the generalized probabilistic data association filter. The method is also evaluated
using vessel tracking with radar data [41, p. 967|. A combination of a lidar sensor with the
random matrix approach can be found e.g. in 38, p. 5659]. There, the extensions of a bicyclist
and a pedestrian are estimated. However, the surfaces of a bicyclist and a pedestrian are not
that homogeneous as the surface of vessels observed from the side. Therefore the measurement
distribution in [38, p. 5659, Figure 1] is closer to the measurement model assumed in [30] than
the measurement model we assume for lidar in the next section. Non-uniformly distributed
measurements were considered in [37] with a conditional Gaussian mixture model. The idea is
to split the object into several areas with different measurement densities |37, p. 3819].

2.6. Random finite sets

Random finite sets (RFSk) are used in multi object tracking (MOT]) to mathematically model
the multi-object state X and the set of measurement Z:

X = {2, .., 2"}, (2.24)
Z ={zM, ..., 2m, (2.25)

whereas n € Ny is the number of objects and m € Ny the number of measurements. In an [RFS]
the cardinality is random but finite, just like the number of objects n and measurements m is
random but finite. The X can be empty (X = ()), contain a single state vector (X = {z})
or contain a finite number of n state vectors. The same is true for the Z, representing m
measurements.

Finite set statistics (EISST) is introduced by Mahler in [42/-44]. A can be described by its
cardinality distribution p(n) and a family of symmetric joined distributions p, (g(l), ceey g(”)) [45,
p. 3408]. For a[RES| X, the f(X) can be written as [45, p. 3408]:

F(X) = f{zW, ..., 2™ = nlpn)pa(zD, ..., ). (2.26)

The expression in (2.26]) can also be represented by a case notation [46, p. 25]:

f((Z))() isz@()
z if X = {z\0
fX) = %xm,}i@}) if X = }M,}x(?)} (2.27)

Bernoulli  RES] The pdf of a Bernoulli is given by [45, p. 3408|:
[ 1-q ifX=0
FX) _{ q-plz) X =z’ (2.28)

whereas ¢ is the probability of existence for the object and p(z) the spatial density. The Bernoulli
can contain either the empty set () or a single element {z}. By assuming multiple indepen-
dent objects, the Bernoulli can be extended to a Multi-Bernoulli [46, p. 28].

10
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Labeled multi-Bernoulli Labels can be used to uniquely identify each state vector within
the multi-object state. The labeled state is consequently given as z = (z,!) with the unlabeled
state z and the label [ € L [46, p. 29], where L is the label space. The labeled multi-Bernoulli
is characterized by the following parameter set [46, p. 30]

F(X) = {(¢W,pY (2)) }ier- (2.29)

Since each labeled component has its own probability of existence ¢!) and its own spatial density
p®) all components are assumed to be statistically independent |46, p. 31| but defined within
the same state space.

Generalized labeled multi-Bernoulli If the condition that components are independent
cannot be fulfilled, then a generalized labeled multi-Bernoulli (GLMB) must be used. The
is described by weights and spatial densities of hypotheses ¢ € C instead of compo-
nents. The [FISSTI[pdf] of a [GLMBIRES!is given by: [46, p. 31] [47, p. 3248§]

F(X) = AX) Y LX) p1* (2.30)

ceC

where w(®)(L£(X)) are the weights of the hypotheses and p(®) are the spatial densities. The
notation [p(®9]X represents the multi-object exponential [48, p. 3464], which is defined for a
function h(z) as h* = [[,cx h(z) [49, p. 918]. A(X) is the distinct label indicator, ensuring
that labels are unique and that the number of labels corresponds to the cardinality of the multi-
object state [46, p. 31] [47, p. 3248]. This uniqueness is already ensured in by l € L.

In an implementation, the has the disadvantage that the spatial densities of objects
appear in multiple hypotheses, leading to additional computational effort [46, p. 32]. To optimize
and improve computational efficiency, the {GLMBIRFES] can be used [48, p. 3464-3466].

Most methods based on can either be categorized as Bernoulli filters or filters.
Both types of filters are used in this work and are therefore presented in the following subsections.

2.7. Bernoulli filter

Bernoulli filters can be used for single object tracking in clutter [45] or for [42) 43} |46
47, [50]. The single object Bernoulli propagates a Bernoulli and therefore assumes that an
object either exists or not exists. If it exists at the current time step, then it will still exist
at the next time step with probability of survival ps. If the object is not existing, a newborn
object is modeled by the birth probability p, and a spatial birth density b(z), representing the
distribution of initial states.

The Bernoulli measurement model considers clutter and true measurements Z = C UW [45] p.
3412], whereas the set of true measurements W is either empty or contains a single measurement
with probability of detection pg. The number of clutter measurements follows a Poisson distri-
bution [45, p. 3412] and the measurements are typically uniformly distributed over the entire
observation area. A tutorial on Bernoulli filters is given by Ristic et al. in [45], covering the
derivation of the single object Bernoulli filter and its Gaussian mixture implementation for linear
transition and measurement models.

The multi-target multi-Bernoulli (MeMBerl) filter [42, p. 655-682] predicts and updates a multi-
Bernoulli RFS] containing several independent tracks. Each track has a unique identification la-
bel, a probability of existence and a spatial density representing the kinematic state [42], p. 657].
During the update step for the[MeMBedfilter, every track is updated with every measurement and
the approximation within the calculation of their probability of existence leads to a cardinality
bias. To overcome this issue, the cardinality balanced multi-target multi-bernoulli (CBMeMBex)
was proposed by Vo et al. [50]. The update compensates most of the bias that
is caused by the approximation within the track update. However, since it also assumes a low

11
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clutter rate, a cardinality bias is still observable in high-clutter scenarios [M1].

A further improvement for the update step was proposed by Reuter et al. by introducing the
[LMBI filter. Since an adaptive birth density for the [LMBI filter was presented in the first con-
ference paper [PH7| published from this dissertation, the filter is briefly explained in the
following section. The adaptive birth density is presented in section [7]in the methodological part
of this thesis.

2.8. The labeled multi-Bernoulli filter

The filter propagates an [RTS] that is transformed to a [GLMB for the update
step. Fig [l shows the structure of the [[MB filter:

! !
Te—1lk—1 = {(q£l1|k—1751(ci1|k—1)}l€ﬂd

v

l 1
{0\ hies
Birth Model LMB Prediction
Tklk—1
A4
LMB — GLMB
Tklk—1
A4
Ly,
Sensor GLMB Update
Tk|k
Y
GLMB — LMB
Tk|k
R A4
Multi-Object State X
< Track management

i Tk|k

Figure 1: Filter (following [47, p. 3253]) [PHT7|.

The [LMB! filter recursion starts with the posterior density in form with a variable number
of components. Fach component consists of a label [, a probability of existence ¢V and a
spatial density s() and represents a single track. In the prediction step, each track is propagated
independently, and birth tracks for the current time step are included. The update step is
performed in form. Instead of updating individual tracks, each possible hypothesis is
updated. This approach is necessary because tracks are not independent, as a measurement can
be assigned to only one track at a time. After the update, the is approximated by
an [LMBIRFS] to improve computational efficiency. In the final recursion step, tracks that meet
the detection criteria are extracted, and methods are applied to manage the number of tracks
effectively.

Prediction The predicted is the union of the previous posterior and the
birth LMBIRFESI [47, p. 3253]):

l l l l
ekt = (@1 Skjp_) Her U (B b)) ies. (231)

12
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In a Gaussian mixture implementation, the probabilities of existence ¢{!) and spatial den-
sities s() can be predicted using [46, p. 105]:

@ _. 0

T k-1 *psqk 1k—10 (2.32)
(le Le) P(l,e) ) (2 33)

k|k 1= E,w k:\k: 1 k=1 :

where p; is the probability that an object survives between the time steps k—1 and k. Each|[GM]
component is predicted individually using the standard Kalman filter equations, as described in

Section 2.4

transformation To prepare for the update step, the [LMBI[RFES| is transformed into a
GLMBIRFS, which requires calculating the weights w(!) for each hypothesis I [46, p. 114]:

()

@ () (k-1
Wilg—1 = | |(1 - qk]|k_1) | | P R (2.34)
jeL el 1= Qs

Since the number of hypotheses increases exponentially with the number of tracks, measures
must be taken to retain only the most important ones [46|, p. 115|[47, p. 3254], e.g., by using a k-
shortest paths algorithm [51} 52| or stochastic sampling [46, p. 115|. The spatial densities remain
unchanged during the transformation; however, the corresponding tracks are assigned to
the hypotheses that include them.

update The update can be performed independently for the spatial densities
and hypothesis probabilities.

To update the spatial densities, all possible combinations of existing tracks and measurements
are evaluated. Considering missed detections as well, a total of mL+ L tracks are generated for L
tracks and m measurements. When approximating the result to the [LMBIl form, tracks with the
same label are merged. This reduces the number of tracks back to L, ensuring it remains constant
during the measurement update. In a[GM]implementation, the mL measurement-updated tracks
are given as [46, p. 109]:

ﬂgflj) | = Hm I(cl\lj) 1 (2.35)

Syl =HPGY HT + R, (2.36)

KO = PUO HTSO (2.37)

P =Pl - KPIHTPY (2.38)

mg“:’]) guj) R S E ﬁgélﬁ- (2.39)

The L miss-detection tracks are simply the predicted tracks:

P = Py (2.40)

mz(gluj) = mg{lir (2.41)

During the hypothesis update the Welghts w(l 9 of the posterior hypotheses (I, 0) are calculated.

I is the hypothesis from the [QLMB]I transformation, indicating which objects exist, and 6 repre-
sents the measurement association for the update step. In general, tracks can be assigned to a
measurement or a missed detection. Because the number of possible assignments grows rapidly,
only the k most important assignments are computed [46, p. 117]. The calculation is performed

13
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using Murty’s algorithm [53|. In the first step, a cost matrix is constructed, which is given as
[46, p. 117]:
Ay o amay @) o 79

V) o 3™ 490 ..o G930y

L = (2.42)

AV o 3 A0 o 700

The cost matrix has n rows, one for each track, and m + n columns [46, p. 117]. The first m
columns contain the costs of assigning tracks to measurements [46, p. 117]. The remaining n
columns represent the costs of missed detections, allowing each track to be assigned to a missed
detection hypothesis [46 p. 117]. The elements of the cost matrix are computed using the weight
of the predicted hypothesis wy;,—1 and the measurement assignment likelihood 7, [46, p. 117]:

7 (l,) = — log (wypp—1(1) - (1)), (2.43)
N
V% ,€ € e
WO = L% ;w,gllkg/v@@(l);gngl, (o)), (2.44)

”(Ze(z)) 1

For an assignment to a missed detection hypothesis, n, is given by 1 — pg [46, p. 110]. The
total cost of a global assignment hypothesis is obtained by summing the costs of all individual
assignments [46, p. 117]:

1]
) =Y 6,0'w). (245)

i=1
Since equation (2.43)) defines costs in logarithmic form, the weight for the hypothesis (I,6) is
determined using the exponential function [46, p. 118]:
w19(Z) = exp (- c(Z])(Ql)). (2.46)
Finally, the weights must be normalized |46, p. 118]:

Lot _ _ 0(2)
Ik _2129@(1’9)(Z).

approximation To convert the update result back to the initial form of the recursion, it
must be approximated as an [LMBIRFSI This requires to calculate the existence probabilites of

the posterior tracks by summing up the weights of all hypotheses that contain the corresponding
track, identified by its label [46, p. 97]:

0 _ (1.0)
Ge= D Wi (Z). (2.48)
L(I1,0)31

(2.47)

The spatial densities of the individual tracks result from the weighted sum of the spatial densities
of the tracks that are assigned to a hypothesis containing the track label [ [46 p. 97]:

o _ 1 (1,6) [ 7 (0.D)
S = Do Wik (D) - (2.49)
|k L(1,0)31

After the [LMBl approximation, the posterior 7, = {(q,(g?k, 51(cl|)k)}l€l may have too many compo-

nents to be computational feasible. Therefore, components with low weights have to be pruned
and components that are close to each other have to be merged.

14



2.9. Probability hypothesis density filter Patrick Hoher

2.9. Probability hypothesis density filter

The probability hypothesis density (PHD)) filter, introduced by Mahler [54], is an alternative
approach to multi-Bernoulli filters for [MOT] and operates by approximating the multi-object
state through a function of the single-object state, known as the D(z). Unlike a [pdf]
integrating the over the entire state space does not yield unity. Instead, it yields the
expected cardinality i.e. the expected number of objects [54, p. 1152]. It is further assumed that
the cardinality is Poisson distributed and that the elements within the are independent
and identically distributed [55, p. 5702][M2, p. 19].

One common practical implementation of the filter is the filter [56], where the
density is represented by a weighted sum of Gaussian distributions:

I
D(z)=> wN (z; m®, P(i)) , (2.50)
i=1

with weights w®, means m(Y, and covariance matrices P4 . The key difference from [GM-multi-
Bernoulli filters lies in the absence of explicit track assignments for each Gaussian component.
The Bayesian recursion of the filter is illustrated in Figure [2|

Poisson General :
IID Cluster Density :
Prediction Bayes’ rule KLD minimization |[—
Poisson 11D
Cluster

Figure 2: Bayesian recursion of the filter. Figure adapted from [55, p. 5703] and [M2,
p. 5703].

The posterior resulting from the measurement update step generally loses the Poisson

property. Hence, it must be approximated back to a Poisson [[ID] cluster using Kullback-Leibler
divergence minimization.

Prediction The prediction for the [PHDI filter is given by [54, p. 1167][56, p. 4094]:

Dyjj—1 = /psp(xk!$k1)Dk1|k1 + br(z), (2.51)

where p; is the probability of survival, p(z;|z;_;) denotes the transition density and by (z) rep-
resents the birth intensity.

Update The update step of the filter incorporates new measurements into the predicted
intensity, resulting in the posterior intensity given by [56}, p. 4094]:

pap(zk|zy) Dyjp—1(2)
kr(zi) + [ pap(zilzy) Dyjp—1(zg) dzy,’

Dyi(zy) = (1= pa) Dyj—t (zp,) +

ékezk

(2.52)

where pg is the detection probability, p(z;|z;) the measurement likelihood, and kg (z;,) the clutter
intensity. The main advantage of the filter update is its computational efficiency compared
to multi-Bernoulli-based methods. However, as it approximates Bayes’ rule directly on intensity

15
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level, it generally offers lower accuracy compared to more complex methods, such as the [GLMB|
update within the [LMB] filter. A widely used practical implementation is the (GM){PHDL the
details of which are presented later with the trajectory probability hypothesis density (TPHD)

filter in section Before discussing the [TPHD filter, a brief theoretical background on sets
of trajectories is provided.

2.10. Accumulated state densities and sets of trajectories

The joint densities of all state vectors up to the current time step, denoted as accumulated state
densitys ([ASDk), are addressed in numerous publications [57-59]. The accumulated state from
time ¢ back to t,, is defined in |58, p. 2202| as

Lpin = (glwikfl? s 7&11) ) (253)

which describes a trajectory of length n 4+ 1. The accumulated state density corresponds to the
joint probability density function p(zy,.,|z;.;). This formulation has the advantage of preserving
all correlations between the object’s states at different time steps [58, p. 2202|. A typical
application of is the handling of out-of-sequence (OOS]) measurements [58].

Sets of trajectories can be interpreted as a representation of within the framework of
[PH2|. A trajectory is defined as a sequence of single-target states. In the context of multi-object
tracking, where objects can appear and disappear over time, trajectories have explicit start and
end times. Formally, a trajectory is defined as [60, p. 1687]:

X = (t7£11L> = (t, 24, "'7§L) (2.54)

with initial time step ¢ and length «. Therefore, the trajectory exists from time step ¢ to time
step t+¢— 160, p. 1687]. If the final time step ¢ + ¢ — 1 is equal to the current time step k, the
trajectory is referred to as an alive trajectory.

The set of all trajectories is denoted by X and is an [RES|Ithat can be interpreted as the trajectory
version of . From a given set of trajectories, the multi-object state at a specific time step
k can be extracted using the extraction function |60, p. 1687]:

(X) = |J (%), (2.55)
XeX
{1} t<k<t+i-1
X) = . |
) {Q) elsewhere (2.56)

Multi-trajectory densities The single trajectory density is denoted by 7(X'), or equivalently by
7(t,x1.,) [55, p. 5703][M2, p. 37|. Its integral over the space of all trajectories must equal one
and is given by [55, p. 5703]:

/W(X)dX = Z /W(taxlzb)dxlw =1 (257)

(€L

with [y = {(t,0) : 0 <t <kand 1 <¢ <k —t+1}[55, p. 5703]. This set integral corresponds
to the sum over all possible start times and lengths of trajectories, with integration over the
corresponding state sequences. The multi-trajectory density is denoted as 7(X). Within the
filter recursion, the posterior is modeled as a Poisson multi-trajectory density. Such a
density is defined as |55, p. 5704]:

r({aW, L xmy) = e an [ w(x@), (2.58)
7j=1
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where A, > 0 denotes the expected number of trajectories.

Bayesian recursion for sets of trajectories The Bayesian recursion for sets of trajectories
follows the classical two-step structure consisting of prediction and update [55, p. 5705][M2, p.
38]:

(X4 Zp 1) = / (Xl X )T (X pt| Zre1)dX 1, (2.59)

__ P(Zk| (X)) (X k| Z1k-1)
R M A A e AT TS (260

In the prediction (2.59), 7(Xk—1]|Z1.x—1) denotes the posterior multi-trajectory density from the
previous time step, p(X|X_1) is the multi-trajectory transition density, and 7(Xy|Z1.5_1) is
the predicted density [55, p. 5705][M2, p. 38].

The update step incorporates the measurement likelihood p(Zy|7; (X)), which depends
only on the current multi-object state. Since the measurement set Zj, at time step k is assumed to
be conditionally independent of past states given the current one, the extraction function 75 (X)
(Equation is used to obtain the current multi-object state from the set of trajectories
[55, p. 5705|[M2, p. 38]. One concrete implementation of the Bayesian recursion over sets of
trajectories is the trajectory probability hypothesis density (TPHDI) filter, which approximates
the multi-trajectory posterior by a Poisson point process.

2.11. Trajectory probability hypothesis density filter

The trajectory probability hypothesis density filter is one of the most computationally
efficient filters based on sets of trajectories. It was first introduced in [61] and further detailed in
[55]. The MPHDI filter builds upon the standard filter described in Section [2.9] and inherits
its underlying assumptions. However, several modifications are required to accommodate the
representation of trajectories. Similar to the prediction, the prediction result of the [TPHDI

filter consists of two components: surviving trajectories D (X) and newborn trajectories

k—1lk—1
Dl(fb—)llk'—l(x)' The adjusted prediction equation for surviving trajectories is given by [55, p.
5706]:

DY) (t,z1,) = psg(a,|z,_1) Do (t, 21, 1) 1N, (1 (2.61)

with posterior Dy_qjk—1, and £+ —1 = k since trajectories are considered to be alive. The
indicator N = {1, ..., k} ensures that the transition accesses only the last state of the trajectory
[M2], p. 39]. Newborn components are added similarly than in the filter and are basically
just trajectories with length = 1.

The update step of the filter is performed by multiplying the predicted with a
pseudolikelihood function L, _[55, p. 5706][M2, p. 39

Dk’|k’(t7£1m) = Dk|k—1(ta£1w)L§k (QI:L)‘ (262)
The pseudolikelihood function is defined as [55, p. 5706]:

I(z]z)
(2) + [ pal(z]¢) Dr gjk—1(¢)d¢

L. (z)=1-pa+ps)y (2.63)
2€Z Kk

where ( is the previous state and kj is the clutter density.
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Gaussian mixture implementation In the Gaussian mixture implementation, the poste-
rior is assumed to be a[GM] as given in [55, p. 5708|[M2, p. 39]:

I
_ () (@ 0 (%)
Dijp—1(X) —Zwk—1|k—1 (X b iy~ 1|k— 1’Pk—1\k—1>‘ (2.64)
i=1

where each component is a Gaussian distribution over a trajectory hypothesis, defined by the

(4)
ety—11k-1 , and the covariance matrix P( R €

birth time tS) 1, the mean vector mg) k-1 € R ke 1k—1
(4)

(1) (%)
R %=1k~ P XM 1 with n, state dimensions and trajectory length ¢ The vector

E—1|k—1"
m](;zl‘k_l contains a concatenation of all single-target state vectors of the trajectory. Thus,
the trajectory length is given by [55, p. 5708|[M2, p. 39]:

(@)

Uk 1jk—1 dim(m(i) )/ Ny (2.65)

k—1|k—1

The [GM]prediction follows the general structure of (2.61) and is given by [55, p. 5708][p. 39][M2]:

(b) () (9) (4)
Dijp—1(X) = Dk:|k: 1 +pszwk 1lk—1 <X e 1’mkz|k:—1’Pk:|k:—1) (2.66)
with
) ) (i), (@) !
i i i i T
M1 = [T k1 (F ) ] ; (2.67)
Y = oLLml“_l,l] ® F, (2.68)
(i) (i) @ "
(@ _ L 1|k—1 B 1\k71Fk
Pie—1= | oo pl (i) p (i) @7 (2.69)
| E Pl B Bl e BT T @

In Equation (2.68), the matrix Fj, @ is constructed via a Kronecker product to expand the single-

target transition matrix F' according to the trajectory length L](f) k-1 This is achieved using an

(4)

access vector composed of ¢~ k-1 — 1 zeros followed by a one, which selects the last state in
the trajectory for propagation. For instance, if the trajectory length is ¢« = 3, the access vector
is [0, 0, 1], resulting in a multiplication of F' with the final state of the trajectory [M2, p. 40].
The result of the prediction in Equation (2.66|) can be written in compact form as a new Gaussian
mixture [M2, p. 40]:

I
Dy 1(X) = > wip (N (st m P L) (2.70)
i=1

The posterior after the update step is given by [55, p. 5708][M2, p. 40]:

Dyy1(X) = (1 = pa) Dygpo—1 (X) + Zwk‘k (X £, ,({:Z')k(z) Pﬁ) (2.71)

z€Zy, 1=1

The first term accounts for missed detections, where the predicted component weights are scaled
by the factor (1 —pg). For measurement-updated components, an expanded measurement matrix

H ,S,i) is constructed using the Kronecker product to apply the measurement update to the last
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state in the trajectory: [55, p. 5708|[M2, p. 40]:

HO — [01,&11,1} ® Hy, (2.72)
gl(cil)k—l = H;ii)m;i?k_p (2.73)
Sik1 = Hlii)P;E@_lHéi)T + Ry, (2.74)

K = P;ﬁf;l_lH;g)T(Sﬁl_l)il, (2.75)

mi(2) =m{)_, + K, (g —~ gﬁj)kfl) : (2.76)

Pl =P — KVHD PG (2.77)

Finally, the updated weights for the measurement components are computed as: [55, p. 5708][M2),
p. 41]:

(4) . (0) (4)
pdwk\kle (§’§k|k7175k\k71>
I i i i :
kk(2) +Pd iz wl(c\)k:—lN (15 §l(c|)k—1’ SIE;\L—J

To prevent an exponential growth in the number of Gaussian components, pruning and merging
techniques are applied [61, p. 5][M2, p. 41]. Furthermore, to limit the memory and com-
putational complexity associated with long trajectory histories, an L-scan implementation as
proposed in [55, p. 5709] can be used, which restricts the trajectory length to the most recent L
time steps [M2, p. 42].

In summary, the filter provides a computationally efficient framework for trajectory es-
timation by extending the recursion to sets of trajectories, while retaining the tractability
of implementations.

w](;ﬁk(é) — (2.78)

2.12. Gaussian process regression

A Gaussian process (GP)) is a collection of random variables with a joint multivariate Gaussian
distribution, defined by:

f(z) ~ GP (m(z), k(z, ') (2.79)
where m(z) = E[f(x)] is the mean function and the covariance function is given by 62, p. 13]:
ka,2) = E [(f(2) - m(@)(f(&) - m()"]. (2.80)
In many cases, the squared exponential function [62, p. 19]
d 2
k(z,, 2,) = 0F exp (-2 > p2g2q> + 07 0pg (2.81)
m=1

is used, since the normal distribution has the same kernel. The hyperparameters are signal
variance a]%, length-scale ¢ and the noise covariance o2 [62, p. 20]. Figure [3a|shows a Gaussian
Process with zero mean. Using the parameters 0]20 =1, 02 =0 and £ = 0.5 within the squared
exponential kernel, three realizations are drawn from the multivariate normal distribution
N (X.,0,K(X,, X,)). Note that the covariance matrix K (X, X,) is evaluated by calculating
all correlations between all elements within the test data set X, using (see for the
structure).

For data with linear trends, however, the dot product kernel is the better choice [62, p. 80]:

k(z,,2,) = 2,2, + 0n0pq. (2.82)
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Figure 3: Gaussian Processes examples. Inspired by Rasmussen [62, p. 15]

The key to regression is the conditional distribution

p(Yi| X, X,Y) = N(X,;: K(X,, X)K(X, X)" Y,
K(X,, X, - KX, X)K(X,X)"'K(X,X,)), (2.83)

where X is the set of training data with corresponding outputs Y = f(X) and X, are test data
points [62, p. 16]. The covariance matrices K(X,, X), K(X,X) and K (X, X.) are computed

by:

k(g ab) k(zf,28) ... k(zf,zp)
k(z%,2%)  k(z%, b k(x4 ab

ety = | FBD) D) kgl st
k(ap,2}) k(zh,28) ... k(zh,a))

using the squared exponential kernel (2.81]). Figure shows an example of a 1-dimensional

posterior Gaussian process.
A sine function was observed at 7 points. For a smooth visualization, 1500 training points

distributed uniformly in z were used. Figure [3b] shows the mean function and the 1o resp. 20
area obtained by the conditional distribution ([2.83)).
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3. Measurement and shape models

[EOT] methods differ significantly in how explicitly they represent the properties of generalized
phy sical objects. They can be classified according to their assumed geometric shape or the
underlying measurement likelihood model. The extent to which these methods incorporate phys-
ical realism versus maintaining a high level of generality is crucial for their applicability and
accuracy. As an introductory example, a tracking scenario involving a boat observed by a lidar
sensor illustrates three representative approaches (Figure [4)), each highlighting different degrees
of generalization and physical realism in modeling the shape and measurement distribution.

~
o o — —

Physics-based modeling

Figure 4: Physics-based modeling and generalization in tracking of boats with a lidar sensor.

The first approach, shown on the left side of Figure ] models the object’s shape as an ellipse
and assumes that lidar measurements are uniformly distributed along its contour. This combined
shape and measurement model was, for example, used in [63|. The approach achieves a high level
of generalization, as an ellipse provides a suitable approximation for a wide range of boats. Fur-
thermore, due to the uniform distribution assumption, specific sensor details such as its exact
position and orientation relative to the object do not need to be considered. However, several
physical constraints are neglected, most notably that a lidar sensor only generates measurements
from parts of the object’s contour within its direct line of sight.

This limitation is addressed by the second approach, in which measurements are generated using
ray tracing. Here, explicitly considering the sensor’s position and physical constraints such as
line-of-sight results in a more realistic measurement model. A ray tracing method is used in
[PH1, [PH3-PHS5, 64] and will also be proposed in this section not just for ellipses but for further
2D and 3D shapes.

The next level of physics-based modeling could involve replacing the elliptical shape with the
bird’s-eye view contour extracted from a computer-aided design ([CADI]) model. While this pro-
vides an exact representation of the object’s shape, it significantly reduces generalization since
it is only applicable to one specific object.

As a compromise between physical realism and generalization, the central approach shown in
section [4] is further pursued. It serves as an example of a generalized physical model.

To place this modeling choice within the broader context of existing literature, the remainder
of this section provides an overview of commonly used shape models in both 2D and 3D [EOT]
This review highlights the prevalence of standard geometric representations and motivates the
specific modeling choices adopted and developed in this work.

The most common shapes in [EOQT] are ellipses [30-41, 64-73|, rectangles [64, 74-76] and star-
convex shapes [72, [76/78|. In 3D{EOT], commonly used shapes include ellipsoids [30, 33}, [34} [38],
cones |79), cylinders [80] or rectangular cuboids [PH2|. Figure [j|illustrates real-world examples
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of the shapes used in this work.

/Jy

A
.
T —
L 4

(a) 2D Ellipse ] (b) 2D Triangle [} (c) 2D Rectangle[}

(d) 3D Ellipsoid.

(e) 3D Cone . (f) 3D CuboidEl

Figure 5: Object-specific shapes.

Two-dimensional shapes such as ellipses, triangles, and rectangles are often derived from the
bird’s-eye view of three-dimensional objects, particularly in scenarios where object height is irrel-
evant. In maritime environments, ellipses are the most common representation for various types
of boats, including sailing boats and motorboats, while rectangular shapes are sometimes more
appropriate for ferries. In 3D maritime [EOT] different vessel types are typically modeled using
ellipsoids for motorboats, cones for sailing boats, and cuboids for ferries. A similar approach is
used in automotive applications, where cars, buses, and trams are commonly represented as 2D
rectangles or 3D cuboids. Shape information can thus provide valuable cues for object classifica-
tion. On the following pages, mathematical formulations of the shape models used in this work,
along with a range of associated measurement models are presented.

The key difference between [EQT] and point-object tracking is that extended targets may gener-
ate multiple measurements per time step. This means that every target has a finite or infinite
number of measurement sources , p. 141]. The detection probability py describes how likely
a measurement source causes a measurement. Typically, these measurements are affected by
white Gaussian measurement noise. To model this probabilistic relationship, the measurement
likelihood p(Z|z) is used, whereas the number of detections (L) and their spatial distribution
across the extent of the target are considered , pp. 142-143]. In their overview paper about
[EOT] Granstrom et al. classify [EQT] methods by the three most common ways of modeling the
measurement likelihood p. 143-145]:

e set of points on a rigid body (SPRBI)
e spatial model [30-41, 65-68 78]

e physics-based modeling

An example of an [SPRBI model is provided in [69, p. 2375]: A discrete number of reflection
centers (point reflectors and plane reflectors) are distributed over the object’s contour, in this

!Research vessel Solgenia, image from Hannes Homburger, HTWG Konstanz

2Northrop B-2, image retrieved from:
https://de.wikipedia.org/wiki/Northrop_B-2#/media/Datei:B-2_Spirit_original.jpg on July, 26,
2024

3Car topview, image retrieved from:
https://commons.wikimedia.org/wiki/File:Travel-car-topview.svg on November, 14, 2024

*Konstanz City bus, image retrieved from:
https://www.busnetz.de/sechs-neue-e-busse-fuer-konstanz/ on April, 24, 2025
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3.1. Ellipse Patrick Hoher

case a car |69, p. 2375|, and each reflector can generate a measurement independently with
probability pg [81, p. 143]. A significant drawback of is the required data association
problem of detections with measurement sources or reflection areas [81, p. 143], which must be
solved, for example, by using Murty’s algorithm [53)].

A spatial model uses a Poisson distributed number of detections and the detections themselves
are spatially distributed across the target [81, p. 144]. An example of a spatial model is the
approach proposed in [30] and further extended in |[31H38, 41, [65-67]. The basic idea of the
approach is that the measurements are normally distributed across the object’s center, with
a covariance being proportional to the object’s extension |30, p. 1047]. Further spatial models
are e.g. random hypersurface models (RHMK) |71, [72], where the measurements are distributed
uniformly across the extent or contour of the target. The advantage of spatial models compared
to models is that there is no assignment problem of detections to measurement sources |81}
p. 144]. Physics-based modeling is done when the model does not fit into an or a spatial
model [81} p. 145]. Using a lidar sensor makes it possible to determine the measurement sources
by ray tracing |81, p. 145][64, p. 5]. The result is also a set of points on a rigid body. However,
these points have a more profound physical background than typical models. It is easy to
derive artificial measurements with ray tracing, but finding a measurement likelihood function in
closed form is challenging. The lack of a measurement likelihood function in closed form can make
the integration into the Bayesian framework difficult. In this work, mainly lidar measurements
that are obtained from physics-based ray tracing are considered, but also measurements that are
distributed normally or uniformly over the object’s extent.

Own publications on this subject: The ray tracing method for ellipses has been published
in the journal paper [PH1| and was also the main measurement model in [PH3| and [PH4|. In
[PH5|, the measurement models for triangles and rectangles were introduced and all models were
expanded with uniform distributed measurements. The 3D models for ellipsoid, cone and cuboid
were published in [PH6|. Partial visibility due to objects covering each other was addressed in
[PH3|. Reproduction of textual material, illustrations, and tables from those papers for this
section ig in accordance with the IEEE and ISIF copyright policies.

3.1. Ellipse

The equation of an ellipse centered at the origin and aligned with the coordinate axes is given

by its Cartesian representation:
2 2 1

Ty

where [ and w denote the ellipse’s length and width, respectively. In this unrotated case (1) = 0°),
the center is located at the origin. In the general case, where the ellipse is centered at (zg, yo)
and rotated by an orientation angle v, its parametric form is given by:

— g 1
( x ) _ ( xo > n ( CQS(@D) sin(1)) ) ( acgs(t) ) 7 (3.2)
y Yo sin(¢)  cos(¥) % sin(t)
with ¢t € [0,2x]. The following paragraphs present various measurement generation methods

for elliptical objects, including contour measurements, as well as measurements uniformly or
normally distributed over the object’s spatial extent.
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Contour measurements Figure [6a] illustrates the generation of contour measurements for an
elliptical object centered at (xo,yo), observed by a lidar sensor located at (z,ys).

4t 00 e(zly)
Object at (zo, yo) 2 578 Object at (x4, yg)
oL [ ] Sensor position 8 : @  Sensor position
(.Z’ ) Measurement sources Measurement sources
. 0r ‘”’///, f’ys % Measurements . 6 ¥ Measurements
é Ko Lidar beams é al Lidar beams
> 2 * >
4+ S ot
6F or
. . . . . 8 h T O S R ol . . . B i . . . . |
0 2 4 6 8 10 12 14 16 18 20 22 8 6 4 2 0 2 4 6 8 10 12 14
x [m] X [m]
(a) Sensor/local coordinates. (b) Target coordinates.

Figure 6: Measurement generation with a lidar sensor for elliptical targets [PH1, |PH4, |PH5|.

The sensor is assumed to be located at the origin of the coordinate system, as shown in Figure [6a]
which therefore represents the sensor or local coordinate system. This distinction becomes im-
portant when considering ego motion: in the local coordinate system, the sensor remains at the
origin, while the environment appears to move relative to it. In contrast, in a global or stationary
frame, the sensor’s position changes over time.

Since the elliptical object is not necessarily centered at (0,0) and may have a nonzero orientation
yaw angle 1, the simple Cartesian form given in cannot be used directly in the sensor frame.
However, it remains valid in target coordinates, where the coordinate system is centered on the
object and aligned with the ellipse’s semi-axes, as illustrated in Figure [6b}

Measurement sources are defined as the intersection points of lidar beams with the object’s con-
tour. Actual measurements are generated by adding random noise to these intersection points.
Because the detection probability py is less than one, not every source produces a measurement.
The resulting measurements do not follow a simple analytical distribution.

A lidar measurement model based on uniformly distributed measurement sources along the con-
tour of an ellipse was proposed in [68]. Ray tracing for elliptical objects was derived in [64] and
later applied to vessel extension estimation in [70|. This section presents a method to generate
artificial lidar measurements based on ray tracing, similar to the approach introduced in [64, p.
5].

Determining the measurement sources requires an analytic solution for the intersection points
between the lidar beams and the contour of the ellipse. Since the ellipse is most conveniently
described in target coordinates, the entire computation is performed in this coordinate system.
This requires a transformation of the sensor position into the target frame:

< x > _ ( cos(vp)  sin(v) ) < Tg — T > (3.3)
s —sin(y)  cos(y) Ys — Yo

The ellipse itself does not need to be transformed, since its center and orientation in target

coordinates are given by x, = 0, y;, = 0, and ¢/ = 0.

With the sensor position expressed in the target coordinate system, the equation of a lidar beam
is given by:

~un~

y = tan(a;)z + (y's — tan(ay)z's) , (3.4)

where «; denotes the directional angle of the j-th beam. The angular range of the sensor is
defined by the start angle ag and the end angle amax, while the angular resolution is determined
by the step size Aa = a1 — ;. For each angle «;, the corresponding beam equation is
evaluated. To compute the intersection points between the lidar beams and the contour of the
object, equation is substituted into the ellipse equation . After some simplifications
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and rearrangements, we get:

1 tan(ay)? 2t :
<12 + anﬁ” > 2?4 a;lga] ) (4~ tan(a,)a)) @
(3.5)
(ys — tan(ay)a)” 1 _

+ w? 4

Equation (3.5) is of the form az? + bx + ¢ = 0 and can be solved using the quadratic formula.
The corresponding y,,, value is then obtained by evaluating equation (3.4)).

If real-valued solutions z/,,,2] ., € R exist, the next step is to determine which intersection
point lies on the side of the object facing the sensor. Therefore, the Euclidean distance to the
sensor position (z},y.) is computed for both solutions. The solution with the smaller distance
is selected as the measurement source. This resulting measurement source (z),,y.,) must then

be transformed from target coordinates back to the original coordinate system using:

T, x0 cos(¢) —sin(v)) > < xl, )
= + . , 3.6
)= )+ (o) ) ) G 30
which is the inverse of (3.3)). A similar derivation of the intersection points between lidar beams
and the object’s contour can be found in [64, p. 5|. To generate measurements, a random value

u ~ U(0,1) is drawn for each measurement source. If u < py, the measurement source generates
a measurement by adding white Gaussian noise to the true position:

()4 ()

2

where v; ~ N(v;0,02) are independent zero-mean Gaussian noise terms with variance o2.
Gaussian distributed measurements Gaussian distributed measurements can be interpreted as
noisy observations of the object’s centroid, where the measurement uncertainty is proportional
to the object’s spatial extent [30, p. 1047|. In the 2D case, this results in a Gaussian distribution
whose o-ellipse scales with the size of the object. Consequently, this measurement model is
suitable only for elliptical shapes.

Uniformly distributed interior measurements Measurements can also be uniformly distributed
across the object’s extent [34, Figure 1b|. The corresponding measurement sources can be effi-
ciently generated using rejection sampling, as illustrated in Figure[7]

e Reference
(] Measurement sources
Rejected measurements sources

Figure 7: Drawing uniformly distributed samples over an ellipse via rejection sampling [PH5|.

First, samples are drawn from s uniform distribution over the bounding rectangle using x; ~
U (-1/2,1/2) and y; ~ U(—w/2,w/2) with sampling index 7. Samples that satisfy the condition

2
x* n . . . .
=+ % < % lie within the ellipse and are accepted as measurement sources; all others are re-
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jected. Since this method is applicable to arbitrary densities [82], it can also be used for more
complex shapes. As measurements are obtained by adding white Gaussian noise to the accepted
measurement sources, some resulting measurements may lie outside the object’s true extent.

3.2. Triangle

Contour measurements For contour measurements, ray tracing is used to determine the mea-
surement sources by computing the intersections of the lidar beams (see equation with the
object’s contour in target coordinates. Figure[§|illustrates the ray tracing process for a triangular
object, shown both in sensor coordinates and in target coordinates.

6 Object e b ) g 2r
(] Sensor position e : -

4k Measurement sources oFf
—_ ¥ Measurements
=, Lidar beams
=) ot 2

0 .m\\\' 4+ .\\\\\\\\‘\

1 1 3 5 79 1113 12 10 8 6 -4 2 0 2 4
X [m] x [m]
(a) Sensor coordinates. (b) Target coordinates.

Figure 8: Ray tracing with a triangular object [PH5].

In target coordinates, the three corners of the triangle are given by:

-l w
M= =
c (2,2>, (3.8)

L) (é()) 7 (3.9)
3) (—21—2“’> , (3.10)

These corner points define the triangle’s three edges, each represented by a linear equation of
the form:

() =mWz + oM (3.11)

where, for example, the slope and intercept of the first edge are given by:
2 _ (1)
H—_ — v (3.12)
m\ = , .
C£c2) - cgcl) + €
p) — 01(11) — im0

T

(3.13)

where € is a small value to avoid division by zero. The equations for the other two edges fy(2) (x),
f@53) (z) can be calculated simultaneously. The intersection of edge i with the lidar beam equation
(in the direction of «) is calculated by equating fggl) (z) and 1} and solving for x:

mWz 4+ b = tan(a)z + y, — tan(a)zs, (3.14)
_ ystan(a)y, — b

m — tan(a) (3.15)

The corresponding y-value can be obtained by evaluating either equation (3.11]) or equation ((3.4])
at the computed z-coordinate. This procedure is repeated for all beam directions o and for
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each triangle edge to determine the complete set of potential measurement sources in target
coordinates.

While the linear equations for the triangle edges describe infinite lines, only the segments between
the defined corner points represent the actual edges of the triangle. Therefore, after computing
the intersection points between the lidar beams and the edge equations, it is necessary to verify
whether these points lie within the bounds of the corresponding edge segments. Intersection
points that fall outside the triangular contour must be discarded.

Uniformly distributed interior measurements Uniformly distributed measurements can be gen-
erated in target coordinates by first sampling the x-coordinate from a triangular distribution with

the following

0 for z < a,
2 forx=a
b—a ’
T4 = —x 3.16
Jeri() ?éia)z) for a < x < b, ( )
0 forb< x

with a = _71 and b = é For each sampled z-value, the corresponding y-value is drawn from a
uniform distribution with bounds that depend on x:

—w w l wow l

Contour measurements Similar to the triangle, the corner points of the rectangle in target

coordinates are defined as:
-l w
O (= = 1
c < 5 2> , (3.18)

(2 (; ;’) , (3.19)
O <g ‘2“}) , (3.20)
@ = (;l _2“)> . (3.21)

The four edges can be described analogously to those of the triangle using linear equations as in
(3-11) and (3.13)). The intersection points between the lidar beams and the rectangle edges are
then computed by solving the corresponding equations as outlined in . Figure @] illustrates
the ray tracing procedure for the rectangle in both sensor and target coordinate systems.

3.3. Rectangle

%
6 Object
@  Sensor position
Measurement sources 7
—4f ¥ Measurements 7 S
E Lidar beams Kl
> o 'Cflﬁéﬁ
2 €
0 .\\\\\\\3"” :
L - 8 6 -4 2 0 2
x [m]
(a) Sensor coordinates. (b) Target coordinates.

Figure 9: Ray tracing with a rectangular object [PH5|.
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Uniformly distributed interior measurements The rectangle is the most straightforward shape
for generating uniformly distributed measurements, as the z- and y-coordinates can be sampled
independently in target coordinates using

x~U(=1/2,1/2), (3.22)
y~U(—w/2,w/2). (3.23)

3.4. Ellipsoid

The ellipsoid is the first 3D shape model considered in this work. Asin the previous sections, both
a local (sensor) coordinate system and a target coordinate system are used. For all 3D models,
both coordinate systems follow the x-East, y-North, z-Up (ENU]). Since the target coordinate
system is body-fixed, it is sometimes referred to as the BODY frame. A detailed discussion of
3D coordinate systems and their transformations is provided by Fossen in [83].

The surface of a triaxial ellipsoid is defined by the implicit equation:

A TCE I |

4 g 4z 3.24
12 + w? + hz 4’ ( )
where [, w, and h denote the length, width, and height, respectively. In spherical coordinates,
its surface can be described using:

l
T =5 sin(t2) cos(t1), (3.25)
g1 = %sin(tg) sin(ts), (3.26)
h
2 = §cos(t2), (3.27)

with azimuth angle ¢; and inclination ¢5. In general, however, the ellipsoid is located at (xg, yo, 20)
and rotated by pitch 0, yaw ¢ and roll ¢ (see Figure [10a]). This transformation from [ENT] to

6 2
I Fllipsoid
o Sensor position
E 0 Measurement sources
: Lidar beams
-2
-5
-3
X [m] 10

o 2 4 6 8

2 y [m]

(b) Ray tracing.

(a) Pitch 6, yaw ¢ and roll .

Figure 10: 3D Ellipsoid [PH6|.
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BODY coordinates is expressed by |83, p. 24, adjusted for zUp|:

x X0 1 0 0
( Yy ) = ( Yo ) + ( 0 cos(p) —sin(p) )
z 20 0 sin(p)  cos(y)

Ry, for roll

) . (3.28)
cos(d) 0 —sin(6) cos(yp) —sin(¢yp) O 1
. 0 1 0 sin(¢))  cos(yp) O no |-
sin(d) 0  cos(6) 0 0 1 z1
Ry for pitch Ry for yaw

Contour measurements Since the ellipsoid equation in is significantly simpler than its
representation in coordinates (see equation , the subsequent intersection calculations
for ray tracing are performed in the BODY coordinate system. Figure illustrates the gener-
ation of measurement sources from an ellipsoid using a lidar sensor and ray tracing.

The first step in computing the intersection points is to transform the sensor position (xs, ys, 2s)
into BODY coordinates using the inverse rotation matrices:

x; Ts

vo | =RJRIRSM us | (3.29)
/

Zs Zs

Then, a single lidar beam in azimuth direction 6, and inclination ¢ can be described using:

x = ', + r cos(¢s) cos(fs), (3.30)
Y= y; + TCOS(QSS) sin(&s), (331)
2 = 2 + rsin(¢s). (3.32)

Inserting equations (3.30)—(3.32) into the ellipsoid equation (3.24)) yields:
((sc; + 7 cos(9:) cos(as»?) . ((y; + 7 cos(gs) sinws))?)

12 w2
) (3.33)
L (G 1,
h? 47
which can be rearranged into a quadratic equation in 7:
(oo , oo Psin@f | il
l w h?
N (2$’S COS(¢;) cos(fy) N 2y cos(quQ) sin(6;) N 22, sin(gi)s)) . (3.34)
l w h?
A A

_l’_

This quadratic equation is solved for r. If no real solution r € R exists, the lidar beam does
not intersect the ellipsoid. If two solutions exist, the smaller value of r corresponds to the
first intersection point and is selected as the measurement source. Inserting this value of r into
equations f yields the Cartesian coordinates of the measurement source in BODY
coordinates.

Finally, the result is transformed back into [ENU] coordinates using:

z o z
Yy = Yo + R@RQR#; Y . (3.35)
z 20 z
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This intersection calculation is performed for each lidar beam.

3.5. Elliptical cone

The Cartesian equation of an elliptical cone is given by:

72 y? 52
@ + 7(%)2 T 0. (3.36)

where [, w, and h denote the base length, width, and height of the cone, respectively. The apex
of the cone is located at the origin, and the lateral surface extends infinitely in the positive and
negative z-direction. However, for the purpose of this work, only the finite portion of the cone
with z € [—h, 0] is considered, as illustrated by the blue-highlighted region in Figure

I Cone
@®  Sensor Position
0 Measurement sources
1 Lidar Beams

0 . 7 _ y [m]

xfm] oy (b) Ray tracing in target coordinates.

(a) Symmetric representation.

Figure 11: Elliptical cone [PH6|.

The cone can also be expressed in parametric form |79, [84]:

u-1/2-cos(s)
c(u,8) = | u-w/2- s}in(s) , (3.37)

with w € [0,1] and s € [0,27]. This parameterization describes the lateral surface of the cone
and ensures that the apex is located at the origin, consistent with its Cartesian representation
given in equation ((3.36)).

Contour measurements Ray tracing for the elliptical cone follows a methodology similar to
that for the ellipsoid. Intersections of lidar beams with the cone’s surface are determined by

substituting (3.30[)-(3.32)) into the cone equation (3.36)). This yields an equation similar to (3.34]),
(cos<¢s>2cos<es>2 | cos(@)sin(8)* sm<¢>2> 2

2 ) 2
(2) (5) h
N 22!, cos(¢s) cos(s) N 2y cos(¢s) sin(fs) 225 sin(¢s) " (3.38)
(5)° (%)’ h
2 2
72 72 72
i xs + Ys _ ZL — 07
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which is then solved for r. Subsequently, the corresponding Cartesian coordinates are calculated
using — and only solutions with z € [—h,0] are considered as valid measurement
sources, as the cone surface is originally unbounded in z. These valid measurement sources must
be transformed into [ENU] coordinates using . Figure m illustrates an example of ray
tracing for a 3D elliptical cone. While contour measurements from the elliptical base area could
potentially be generated, they have not been incorporated into this work, as they are not visible
in the examined scenarios due to observation angle limitations.

3.6. Rectangular cuboid

Contour measurements The cuboid has a total of six faces, each capable of intersecting with
lidar beams to generate measurement sources. One of those faces is highlighted in Figure [[2a)and
Figure illustrates the ray tracing procedure in BODY coordinates and in the corresponding
target coordinate system.

[ Cuboid
@®  Sensor Position

Measurement sources

Lidar Beams

y [m]

(a) Cuboid: The face with y = &} is highlighted.

(b) Ray tracing.

Figure 12: Rectangular cuboid [PH6|.

First, the sensor’s position is transformed into this coordinate system using (3.29). In the BODY
coordinate system, the cuboid’s six plane equations are defined as follows: =z = :l:%, y=*£35
and z = i%. To find the intersections with a lidar beam, 1} is substituted into the plane
equations and solved for the radius r, leading to:

+L o) +

B — s
7"172 = M, (339) T374 -

cos(¢s) sin(fs)’

wolg

(3.40)

h !
Zl:E—ZS

==, 41
75,6 sin(6s) (341)

The Cartesian coordinates of the intersection points are then computed using equations —
(3-32)). However, since the planes defining the cuboid’s faces are mathematically unbounded, only
solutions that satisfy the conditions —é <z< é, -5 <y<7%, and —% <z< % are considered
as valid intersections of the lidar beams with the cuboid’s contour.

Among all valid intersection points, only those corresponding to the smallest positive radius r; for
each beam are selected as measurement sources, since lidar measurements occur only on the face
of the object that directly faces the sensor. Finally, the resulting coordinates are transformed

from BODY to [ENU] coordinates using equation (3.35)).
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3.7. Partially visible objects and occlusion

In both, single-object and multi-object tracking, objects may not be fully observable. This can
occur due to occlusion by other dynamic objects, as illustrated in Figure or due to static
barriers, as shown in Figure [I3b] The topic of occlusion and partially visible objects has been
investigated extensively in [PH3|.

In physics-based modeling using ray tracing, such occlusions can be naturally accounted for:
For each lidar beam, all potential intersection points with the contours of all objects or static
obstacles are computed, and only the closest intersection point to the sensor is selected as the
measurement source.

In the special case of a static wall, as shown in Figure[13b] a more efficient alternative to explicit
intersection calculation is to filter measurement sources based on angular constraints. Specifically,
only those with angles 0 < a < atan2(—10, 10), where « is the angular position of the source in
polar coordinates, are accepted.

Reference uy,
1ol 1071 % Measurements Zj %
@  Sensor position
Obstacle
(U RM result y,
i Reference u; é or [ ]
>-10r * Measurements Zj, =
[ ] Sensor position
-20 Lidar beams
10 0 10 20 30 40 50 60 70 80 100 ‘ ‘ ‘ ‘
X [m] -10 0 10 20 30
X [m]

(a) Multi-extended object tracking.
(b) Single object tracking with a static obstacle.

Figure 13: Occlusions [PH3).

If a spatial model is used for the measurement likelihood, occluded regions could alternatively
be identified using a heuristic that sets the measurement source density to zero in those areas.
However, implementing such a heuristic still requires some form of physical occlusion modeling,
such as ray tracing.

34



Patrick Hoher

4. The virtual measurement model framework

The shape and measurement models presented in the previous chapter are ideal for precisely mod-
eling the generation of measurements in a wide variety of scenarios based on physical properties.
Moreover, since these models can be combined flexibly, they enable accurate representations
even in complex scenarios that require a combination of contour measurements and uniformly or
normally distributed measurements.

Such combined measurement scenarios typically arise in real-world lidar data. A practical ex-
ample is tracking boats using 3D lidar data reduced to a 2D bird’s-eye view. Here, certain lidar
layers predominantly generate contour measurements of the boat’s hull, whereas other layers
produce measurements from objects located on deck, roofs, or cabin structures. Due to their 2D-
position being inside the vessel’s contour, these inner structures appear as if their measurements
originate from the boat’s surface.

Despite their flexibility, these realistic measurement models pose significant challenges in [EOQT]
Specifically, Bayesian filters, which form the basis of most tracking approaches, fundamentally
depend on accurately evaluating the measurement likelihood function p(zj|z;) (see Section [2.2)).
While closed-form expressions for the measurement likelihood are available for normally or uni-
formly distributed data, they become infeasible or computationally demanding for contour and
combined measurement models due to their inherent nonlinearity and asymmetry.

To address uniform or normally distributed measurements efficiently, the random matrix ap-
proach summarized in section is one of the most popular methods for [EOT]l It provides
a computationally efficient, robust, and precise solution to the Bayesian filtering problem, yet
it struggles with measurement scenarios that include significant contour data or asymmetrical
shapes.

Motivated by these limitations, the virtual measurement model (VMM]) framework proposed in
this thesis aims to combine the robustness and computational efficiency of the random matrix
approach with the flexibility of complex physics-based measurement models. In particular, the
[VMM] framework is based on the random matrix method, inheriting its desirable properties such
as robustness to measurement noise and computational efficiency, largely independent of the
number of measurements. However, since directly applying the random matrix approach leads
to mismatched modeling when contour or combined measurements are involved, additional cor-
rection steps are necessary. The proposed solution involves generating artificial, so-called wvirtual,
measurements and subsequently comparing their statistical moments with the filtered statistical
momients of the actual measurements obtained from the random matrix algorithm. The estimate
is then iteratively adapted until the statistical moments of virtual and filtered actual measure-
ments closely match. Alternatively, a regression model can be trained on virtual measurements
to directly adjust the random matrix filter’s output.

Own publications on this subject: The VMMIframework was first introduced in the journal
"IEEE Transactions on Signal Processing" [PH1| including the lidar sensor ray tracing method
for elliptical-shaped objects from the previous section and the WVMM]input adaptation with proof
of stability and convergence. This article has been read more than 2000 times and has been cited
32 times as of August 2025 (according to researchgate.net).

In the conference publications [PH3-PH6| the VMM]framework was extended to the state of this
dissertation: In [PH3|, multi extended object tracking within the VMM] framework and conceal-
ment of objects was considered using the same input adaptation from the original paper. As an
alternative to this adaptation, a Gaussian processes regression model was presented in
[PH4|. Finally, [PH5| and [PH6| focus on shape classification with virtual measurement models
which is the topic of section [5] Reproduction of textual material, illustrations, and tables from
those papers for this section is in accordance with the IEEE and ISIF copyright policies.
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4.1. Reference model concept

The main motivation behind the reference model concept is to efficiently estimate the position
and extent of targets without explicitly requiring a closed-form expression for the measurement
likelihood. Thus, this approach conveniently accommodates all the shape-specific measurement
models introduced in Section [3l The fundamental idea is to interpret the entire processing chain
from the reference model up to the estimation step performed by the random matrix approach
as a plant model. Figure [14]illustrates this plant representation in its upper part.

Reference plant

Zy Kalman Filter | I
B + RM Approach ’

Virtual plant
U Yy
Yk | VMM Z Mean and Cov | =k
‘ Calculation ’

Figure 14: Reference model concept |[PH1|.

L A
\4

\4
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This plant will henceforth be referred to as the reference model, respectively reference plant.

Reference plant Its input vector u, consists of the unknown position and extent parameters
of the actual object at time step k:
e for 2D tracking,

l
"y = {(wk,yk, ks W (41)

(Tks Yis 2k Ly Wi, hg)T for 3D tracking.

For 2D tracking scenarios, the input vector u;, includes the position (xg, yx), the object’s length I,
and width wy, at time step k. In 3D scenarios, an additional vertical position z; and the height Ay
are included as further extent parameters. Based on wu,, the sensor generates a set of measure-
ments Zj. Afterwards, the Kalman filter with extension estimation provides the filtered
kinematic state z;, and the filtered covariance matrix E(Xy) of those measurements.

In the earliest works on MMk |[PH3-PH3|, the larger and smaller eigenvalues of E(Xy;,) are
denoted as €1y and €241 respectively. It is assumed that the square roots of these eigenvalues
are linearly related to the object’s semi-axes, leading to the following proportional relationships:

Lejk < 2, /€1, (4.2) Wk < 2, [€, . (4.3)

The factor 2 is not decisive for the proportionality and could theoretically be omitted. However,
the relationship used in the random matrix approach, namely Iy, = 2\/Clr and wyp = 2 (S
also plays a role in the initialization of the adaptation process discussed in the next section. For
the sake of consistency, it is therefore retained in this formulation. In practical applications,
however, only the proportionality is relevant.

In 2D scenarios, the assumption [ > w is generally plausible. In contrast, a corresponding
assumption such as [ > w > h is difficult to justify in 3D due to the added spatial dimension.
Real-world objects may also exhibit proportions like [ > h > w with similar likelihood, making
fixed ordering assumptions problematic.

As an alternative that remains independent of the specific ordering of extent parameters, an
eigenvector-based matching approach is proposed. This method is outlined in Algorithm [I} and
assumes small roll and pitch angles. For larger angles, the eigenvector with the largest absolute
z-component may not correspond to the height, which may lead to incorrect assignments.
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Algorithm 1 Eigenvector-based matching

Compute the eigenvalues and eigenvectors of the extent matrix X ]i‘Zk)

Identify the eigenvector with the largest z-component and assign its corresponding eigenvalue
to the height.

Determine the yaw angles of the remaining two eigenvectors.

Compute the yaw angle from the kinematic state.

Assign the eigenvalue whose eigenvector’s yaw angle is closest to the kinematic yaw to the
length.

Assign the remaining eigenvalue to the width.

The eigenvalue assigned to the length is now denoted by €Ly that for the width by g and
that for the height by Chyi- Based on this assignment, the output vector Yy of the reference
plant can now be defined as follows:

T
) (sz,‘k, 2y 2 /elk\me) for 2D tracking, (4.4)
Ik T . :
(zxk‘k, Zyiin Zzii 20/Clain > 24/ Cwp > 2\/ehk|k) for 3D tracking.

Here, (sz\k-? zl/k-\k)’ respectively : Za ks Fypii zzk,‘k> represent the filtered center of gravity in 2D
and 3D. According to Singer’s [ODM] the center of gravity corresponds to the first two or three
components of the kinematic state, depending on the tracking dimensionality.

Other kinematic quantities such as velocity or acceleration are assumed to be available from
the Kalman filter’s kinematic state, as they are largely unaffected by the choice of measurement
model.

Furthermore, it is assumed that the object is aligned with its direction of motion. Therefore,
the 2D orientation angle 1y, of the object’s extent can be derived directly from the velocity
components of the estimated kinematic state:

Yy|r = arctan (1%) : (4.5)

Uﬂ?k\k

In the 3D case, the pitch angle 0y, can be estimated similar using:

Okx = arctan % , (4.6)
vfﬁk\k + vykw

whereas the roll angle ¢ remains undefined in this framework and is treated as arbitrary.
This assumption holds for simple motion models, such as Singer’s [ODMl However, for more
complex scenarios, e.g. when the target exhibits drift or rapid orientation changes, dedicated
methods for estimating the roll angle ¢, may be required (see, e.g., [65]).
Difficulties also arise when the target comes to a stop and becomes static. In such cases, even
slight inaccuracies in ego motion compensation can lead to sign changes in the estimated velocity
components, which may cause unintentional rotations of the estimated orientation.
As an alternative, the orientation angles can be derived directly from the covariance matrix
estimated by the random matrix approach [85] p. 44]:

d— (P11 — P22)
20, ’

Yy, = arctan ( (4.7)

whereas @ is the expected value for the covariance matrix E (X ), d = \/(<I>1,1 — Dy9)° + 4<I>31
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and @1 # 0. Equation is derived by first identifying the eigenvector of the extent matrix ®
that corresponds to its largest eigenvalue. This eigenvector is then used analogously to the
velocity vector in Equation to estimate the orientation.

In 3D tracking scenarios, both pitch 6 and yaw 1 can be extracted from this dominant eigenvector.
However, computing the eigenvalues of ® requires solving a cubic characteristic equation, which
complicates the derivation of a closed-form analytical solution.

By additionally evaluating the remaining eigenvectors, it is also possible to estimate the roll
angle ¢, which is otherwise not accessible via the kinematic state alone.

Virtual plant Parallel to the reference plan, a virtual plant is introduced, designed to emulate its
behavior. In this plant, the sensor is replaced by a virtual measurement model (VMM]), and the
filtering process is substituted by a direct computation of the sample mean and covariance. The
input vector @ follows the structure from Equation and represents a suggested estimate.

. (Zto, Gty U, i) T for 2D tracking, (4.8)
Uy, = N - :
— (Tk, Uks 2y Lo, W, hk)T for 3D tracking.
The output vector g, of the virtual plant is defined in the same form as in Equation (4.4):
. (Zarr s 24/t 2/En) for 2D tracking, (49)
T\ Bags Zyes Zor 23/1r 23/ @ 24/Eny )| for 3D tracking.

Since no filtering is applied within the virtual plant, the resolution of the must be suffi-
ciently high to ensure an accurate estimation of all components of Y- Notably, increasing the
sensor resolution does not influence the estimated center of gravity or the measurement variance.
The can be interpreted as a function that generates artificial measurements. To formally
describe the input—output relationship of the virtual plant, the mapping

g, = fliy) (4.10)

is defined. However, due to the complexity of the FMM] the function f is not available in closed
form.

Optimization problem The objective of the reference model concept is to find an input @, for
the plant such that the output Y, = f(@k) matches the output Yy, of the reference plant.
If both outputs are equal and the system is fully observable, then the corresponding inputs must
also be equal. In this case, %; becomes an estimate of the system state, respectively the input
Uy, .

This condition can be formulated as the following optimization problem:

. - T
i, = argmin (y, — f(@) (y, — fl@) (4.11)
U
for which the following error vector and corresponding error norm are defined:
€ = Yy = Yo (4.12)
€k = Ex € - (4.13)

This work proposes an adaptation algorithm for the input %, which is based on an integral
adaptation law with a variable gain K;. The algorithm is presented in detail in Section

As an alternative to the adaptation, the Nelder-Mead algorithm [86] can be employed. It is a
numerical optimization method that uses a simplex-based approach to iteratively search for an
input that minimizes the error.
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Practical example To illustrate the reference model concept, a 2D tracking example is consid-
ered. A noisy lidar sensor, positioned at the origin of the coordinate system, is used to track
an elliptically shaped object using the random matrix approach. Figure corresponds to the
processing chain within the reference plant, from the true object parameters to the filtered re-
sult obtained via the random matrix method. The output of the approach is visualized as
a o-ellipse, where the semi-axes are defined by I3, = 2 V& and wg, = 2\ /2 .-

12t A2¢
13+ 13}
14} 14}

— Reference w, Estimation @,

g 15t % Measurements Zj é 15+ Artifical Meas. Zk
> e RM Result Yy ) VMM Result gk
-16 -16
171 171
3 4 5 6 7 8 9 10 11 3 4 5 6 7 8 9 10 11
X [m] x [m]
(a) Reference plant. (b) Virtual plant.

Figure 15: Introductory example at time step k = 50 [PH1|.

The input and output of the virtual plant are illustrated in Figure It is assumed that an
adaptation algorithm provides an estimate @, which is then used as input to the VMM]in order
to generate a large number of artificial measurements.

The mean and covariance of these artificial measurements are visualized using a o-ellipse and is
denoted in Figure as VMM Result g, . To assess the quality of the estimate %, a comparison
with the reference u;, (Figure would be informative. However, in real-world applications,
the true object parameters u,; are not available.

Instead, the comparison can be made between the output of the random matrix approach and the
empirical mean and covariance of the artificial measurements. These two results are visualized as
black and grey ellipses in Figure In this example, the alignment between both ellipses is very
good, indicating that the artificial measurements closely match the filtered output. Consequently,
the error € defined in Equation is expected to be small, and @; can be considered a good
estimate of the object’s position and extent.

Measurement noise When using the random matrix approach as described in Section and
based on [30], measurement noise must be considered in the This can be achieved either
by adding noise directly to the generated measurements, or by incorporating the measurement
noise covariance matrix into the empirical covariance of the artificial measurements.

In contrast, advanced approaches such as those proposed in 31} (32} 34} 35| use an inverse Wishart
distribution in which the expected value exclusively represents the object’s extent. In such cases,
the VMM] must be designed without adding measurement noise.
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4.2. Adaptation algorithm

The goal of the adaptation algorithm is to iteratively determine an input 4 ; that minimizes
the corresponding error € ;, as defined in Equation (4.13[), where i denotes the iteration index.
Figure [I6] illustrates the structure of the proposed approach.

Uy,

Y

Estimation

Figure 16: Reference model concept with [RM] approach and an adaptation algorithm |[PH1]|.

The first part of the flow chart, from the real-world parameters u;, to the output of the random
matrix approach Yy 18 already known from Figure including the virtual plant depicted in
the lower section. For each time step k, the adaptation algorithm is executed over I iterations.
In each iteration i € {1,2,...,I}, the input parameters 1, ; are updated using the following
adaptation law:

Up i1 = U + Kiggy, (4.14)

where €, ; =y, — g, . is the error vector as defined in Equation 1D

Closed-loop stability The lower part of Figure consisting the VMM], the computation of
mean and covariance, the eigenvalue calculation, and the adaptation mechanism, is a closed
feedback loop.

The most critical requirement for the adaptation law is that this feedback loop is asymptotically
stable. To analyze stability, all components except the adaptation algorithm are grouped into a
single plant, denoted by A. This abstraction leads to the simplified control structure shown in
Figure For better readability, time and iteration indices are only written for the vectors and
neglected for their elements.

g = (2w72y72\/é772\/a)T

Figure 17: Adaptation in closed-loop |\

A central challenge in this approach is that the measurement likelihood, and therefore conse-
quently the plant A, cannot be expressed in closed form. Nevertheless, upper and lower bounds
can be assumed in order to analyze stability.

For the center of gravity of the measurements, it is assumed that it may shift from the geometric
center of the object by at most half the largest extension in the direction of the sensor. This
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shift can be modeled as:

)a, (4.15)
)b, (4.16)

2

Zy = T — sgn (&) max(

L
L

2

2, = 7 — sgn(f) max(

with a € [0, 0.5] and b € [0, 0.5]. Time and iteration indices are neglected for better readability.
The values of a and b are considered constant within a given time step k, and their variation is
assumed to be negligible during the adaptation iterations.

For the eigenvalues, it is assumed that the square root of the larger eigenvalue corresponds linearly
to half the object length, and the square root of the smaller eigenvalue corresponds linearly to
half the object width. Since both expressions must be non-negative and cannot exceed the actual
object dimensions, the following relationships are assumed:

2V/e = ¢l (4.17)
2\/20 = d, (4.18)
with ¢ € [0, 1] and d € [0, 1].
For the first quadrant (Z, 7 > 0), and under the assumption that the length is by definition larger

than the width, Equations (4.15)—(4.18) can be rearranged into a system of linear equations of
the form g, . = Aty ;:

Zr 1 0 —a O T
Zy o1 b 0 0]
2 | 100 ¢ 0 l (4.19)
2\/€w 00 0 d w
Using the adaptation law (4.14)) leads to a closed-loop dynamic given by:
Up i1 = Uy — KiAly,; + Ky, (4.20)
= (I - KiA)Uy,; + Ky, - (4.21)

To prove that the closed loop is asymptotically stable, it must be shown that all eigenvalues of
the matrix (I — K;A) lie strictly inside the unit circle. That means, the absolute values of all
eigenvalues must satisfy:

N (I — KA <1 withj=1,....4. (4.22)

The matrix (I — K;A) is given by:

1-K; 0 e 0
0 1-K; bK; 0

(I - K;A) = X T (4.23)
0 0 0 1 —dK;

Since this matrix is upper triangular, its eigenvalues are given by the entries on the main diagonal.
Consequently, the parameters a and b have no influence on the eigenvalues and thus do not affect
stability.

For the first two eigenvalues, the condition |1 — K;| < 1 must hold, which leads to the constraint:

0< K; <2. (4.24)
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For the third eigenvalue, stability requires the following condition:

1—cK; <1, (4.25)
cK; >0, (4.26)

which is automatically satisfied, as both ¢ and K; are positive by previous assumptions, respec-
tively restrictions (4.24]). The second condition is:

1—cK; > —1, (4.27)
2

K; < —. (4.28)
C

Inserting the maximum value ¢ = 1 leads to K; < 2. Hence, no additional constraint arises for K;
from the third eigenvalue. Since ¢ and d are defined in the same intervals and due to symmetry,
the same argument applies to the fourth eigenvalue.

To summarize, the adaptation law given in Equation (4.23) ensures asymptotic closed-loop sta-
bility for all gain values in the interval: 0 < K; < 2.

This stability proof also applies to the 3D tracking case, as the same structural considerations
hold. However, the assumption made in Equation , that the length corresponds to the
larger eigenvalue and the width to the smaller one, is not always valid in 3D.

In particular, when the eigenvalues are close to each other, misassignments may occur, which
can negatively affect stability. To address this issue, the eigenvector-based matching procedure
described in Algorithm [1] can be used to ensure a consistent assignment of the different spatial
dimensions.

Initialization There are three options to initialize the adaptation algorithm in each time step:

1. Initialize with the result of the Kalman filter with [RM] extension estimation using the
following relations (mandatory in the first time step):

4.29

4.30

4.31

4.32

)

jk‘ 1= Za:k|k

Uk = Yk
ey =2, /€1,
ka,l =2 /ewk|k'

2. Prediction of the depending on the selected [ODM

(4.29)
(4.30)
(4.31)
(4.32)

Tra = fo(@r-11)s (4.33)
Ukt = fy(Ur-1,1), (4.34)
let =l (4.35)
W1 = Wk, T- (4.36)

3. Continue with the last VMMl input of the previous time step:

Upq = Up_q - (4.37)

The most precise option is a prediction from the previous [VMM] parameters to the current time
step. This makes the initial error € ; smaller than with the other two methods. Thus, the
number of iterations per time step can be kept small.
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Implementation It was previously shown that the adaptation algorithm for the input
is asymptotically stable for all gain values in the interval 0 < K; < 2. However, in practical
implementations, deviations from the theoretical assumptions may occur, potentially violating
the conditions required for stability.

One such issue arises when, after a VMMl update, the estimated width exceeds the length. If the
eigenvector-based assignment procedure from Algorithm [I] is not applied, this leads to a misas-
signment of eigenvalues, as it is otherwise always assumed that the larger eigenvalue corresponds
to the length. This problem can be addressed by enforcing correct ordering after the adaptation
step or by reducing the gain Kj.

Moreover, it must be ensured that length and width remain positive after the update.

Due to stochastic fluctuations, parameters such as ¢ and d may occasionally fall outside their
intended ranges. According to Equation , an increased value of ¢ implies a smaller allow-
able K; to maintain asymptotic stability.

To mitigate all these potential sources of instability, a variable gain K; with step-size control is
proposed. In cases where the system temporarily violates assumptions, this approach adapts K;
to remain within the valid range. As an indicator for reducing K;, the error norm ¢; defined in

Equation ({.13)) is monitored.
Algorithm 2outlines a robust implementation of the VMMl adaptation using variable gain control.

Algorithm 2 Random matrix approach with VMM] adaptation
fork=1,...,K do
Kalman filter prediction and update of kinematic and extent state (see Sections
if k==1 then
Initialize input using Equations ({4.29)-(4.32)

else
Predict VMM] input using Equations (4.33)—(4.36))
end if

Compute initial error ¢y from Equation (4.13))
Initialize gain K; such that 0 < K; < 2
fori=1,...,1 do
Store current input parameters
Update input using adaptation law and run VMM]
Compute error ¢; from Equation (4.13)
if ¢, > ¢;_1 then
Restore previous input
Reduce K; (e.g., halve it)

end if
end for
Return final input as state estimate
end for
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4.3. Expansion to multi-extended object tracking

In this section, the VMM] Approach is extended to address MEOT] The content is based on the
own conference paper [PH3|. The focus is on scenarios where objects may obscure one another
but remain sufficiently separated, allowing for straightforward solutions to clustering and data
association challenges using density-based spatial clustering of applications with noise (DBSCAN))
[87] and a nearest neighbor approach. The overall approach continues to rely on Kalman filtering
with extension estimation, where each track is managed by its own filter. Since object
transitions are assumed to be independent, the prediction step remains unchanged, and the
method described in can be applied to each track alongside the Kalman filter prediction
equations [17]. Figure [1§]illustrates the adapted framework.

Tracks XM, ..., x"s)

v X gl

7<1) . 7(’ﬂu> Zk Z}gl)7 . Z}i’ﬂc)
DBSCAN

Kalman Filter
+ RM Approach

Data
Association

~“YVYY

X(nf) « Z}ia(nf)

g{il),.. .,giénf)
& e
Adaptation 2 - 2 Ass:ﬁ?:lion
Ezy) - g:f>e‘ﬂg“nf»
DIl

a g

(1 S(ng)
ot Z]i’g’ Y Zk’if Mean and Cov
Estimation DBSCAN .
Calculation

Figure 18: Reference model concept for multi-extended object tracking with an adaptation algo-

rithm [PH3|.
In [MEQOT], the input to the reference plant is a set of vectors g,({}), ...,gé"“), where n, is the
number of objects present and each vector w; follows the definition given in (4.1). After the

sensor generates a set of measurement Zj, the set is clustered into subsets Z,gl), e Z,g"c) using
[87], where n. represents the number of clusters. requires the set of mea-
surements and two tuning parameters as input: the maximum distance (Eps) and the minimum
number of points (MinPts)|87, p. 230]. With appropriate parameter settings, each subset con-
tains measurements generated by one single object.

The filter (Kalman Filter + Approach in Figure [18), maintains a set of Tracks
XD xM ) where each track includes the parameters of a Gaussian distribution for kinematic
state estimation and the parameters of an inverse Wishart distribution for extension estima-
tion. For the current iteration’s update step, the measurement clusters must be assigned to the
predicted tracks from the previous iteration. This assignment is performed by calculating the
average Mahalanobis distance between all measurements in cluster j and track e, defined as:

o= S () ) () (el -5) e

1=
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This allows to build up a cost matrix for the total number of ny tracks and n. clusters:

C1,1 C1,2 e Cln,
€21 €22 ... Can,

C= ) ) ) . . (4.39)
Cngl Cng2 --- Cngone

The maximum number of cluster-to-track associations is given by a = min(n., ns). During each
of the I iterations, the minimum value in the cost matrix C' is evaluated, and the corresponding
cluster with index j is assigned to track e if c(e, j) does not exceed a predefined threshold. After
the assignment, the values in C' for row e and column j are set to infinity, ensuring that each
cluster is assigned to only one track, and each track receives at most one cluster. This method for
solving the data association problem closely resembles the suboptimal nearest-neighbor (SNNI)
approach [88, p. 293]. In the update step, each track is updated with its assigned cluster or,
if no cluster is assigned, treated as a miss detection track. For the notation of the assignment
in Figure the function «(e) is used and returns the index of the cluster that is assigned
to track e by the SNNI Note that this is a very simple approach to the problem, more
modern tracking methods do not make a fixed assignment but consider multiple hypotheses. For
example, the filter |[89] considers every global assignment hypothesis. The disadvantage,
however, is the enormous computational effort, since the expansion estimation within each global
hypothesis would have to be adapted with YMMk. For this section, it is therefore assumed that
the measurement data can be easily clustered and that an assignment is unambiguous. The focus
is on the occlusions.
The virtual plant consists of the blocks VMM, DBSCAN and Mean and Cov Calculation and
is the Multi-Object version of the second line in Figure [[4] The input to the is a set of
suggested estimates Q,(Cll) e ,@,(;f ) and the VMM]outputs a set of the artificial measurements Z ki
The artificial measurements are then clustered and for each cluster, the mean and covariance
matrix are calculated as well as the eigenvalues of this covariance matrix. The result is structured
as a set of vectors ggl) s e g,(cnzf ), with each vector following the definition given in .
The adaptation law for the multi-object case is analogous to the single-object case and is given
by:

By = i)~ K76, (4.40)
In this equation, the error gﬁfi represents the difference between the result gl(:z and the

corresponding reference result assigned that has been assigned to this VMM output yéa(e)). The
same method can be employed for data association.

The adaptation and the evaluation of the virtual plant are done in [ iterations for every time
step k. In the last iteration, the errors €y is expected to be small and Q,(:}, . ,Q,(ng) becomes
an estimate for position and extension.

VMM input initialization and prediction At each time step k, an initial set of MM]input set
@,(Cli, . ,@,E:nlf) is required. For the initial time step k = 1, the ['MM] inputs can be initialized

using the outputs of the Kalman filters with extension estimation:

" =y, (4.41)

I3

~(1)
Ujqse-es

For subsequent time steps, simply initializing the inputs in the same manner would cause

the adaptation process to restart from scratch at each step. To enhance efficiency, it is more
effective to predict the inputs for the next time step using the results from the previous
step:

) ) _ (o )
g/(ﬁ,i’ te ’Qk‘,if = f (QI(C—)LI’ s ,ﬂk_fL[) ) (442)
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where f represents the transition function. To perform this transition, e.g. for a constant velocity
(CV) model, the velocities v, and v, resp. v, in 3D must either be integrated into the vector @

or extracted from the corresponding track.

Implementation Algorithm [3| presents a suggested implementation of the [MEQOT] filtering ap-
proach. To ensure the safe convergence of the adaptation procedure, the adaptation gain Kj; is
adjusted: if the error increases after an iteration, the gain is reduced accordingly. This dynamic
adjustment helps stabilize the adaptation process, preventing divergence and improving overall

robustness.

Algorithm 3 Multi-extended object tracking with a virtual measurement model

for k—1,... K do
Prediction of kinematic [17] and extent using (2.13)-(2.14) for each track
Measurement clustering using [87]
Cluster-to-track assignment using the cost matrix (4.39)
Update of kinematic [17] and extent using (2.17)-(2.23) for each track
[VMM] input initialization (4.41]) resp. prediction (4.42))

(e) _

Get initial error ¢’ = || (ggf) — g,(f%) || for each object

Initialize Ki(e) (0 << KZ-(e) << 2) for each object
for i=1,....I do

Store VMM] input for each object
input adaptation (4.40))
Run VMMI to generate artificial measurements
Artificial measurement clustering using [87]
Evaluate mean and cov for each cluster
Data Association g,(fz — y,&a(e))
get error ege) = | (g](:) - gffz) || for each object
for e=1,...,ny do
if ege) > 656,)1 then
restore previous VMM] input parameters for g,(:z
decrease K; (e.g. divide by 2)
end if

end for

end for
provide last VMM] input parameters as state estimation
end for
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4.4. Gaussian processes regression model with VMMs

The reference model approach from section involves the use of a VMM] to generate artificial
measurements for a suggested estimate u; and a comparison of their statistical characteristics
Y, with the result of the Kalman filter y,. If y, and g, match, then the suggested estimate
u;, should also match the reference u;. Previously, this estimate was adapted multiple times
within each time step using the integral-based adaptation law (see Eq. ) Each iteration
required the generation of artificial measurements, which, depending on the measurement and
shape model, could become computational expensive.

In this section, an alternative approach is proposed: Using a virtual measurement model to
generate training data for a [62] during offline preprocessing. During the actual filtering
process, the trained [GPRM/'s prediction function is employed to estimate the target’s position
and extent based on the filtered and the covariance matrix of the measurements. This
approach eliminates the need for multiple adaptation iterations per time step and allows for
the prediction of uncertainties. This section is based on the own conference paper [PH4| where
the method was applied to 2D-tracking scenarios. While the approach could,
in theory, be extended to 3D tracking, the curse of dimensionality significantly increases the
number of required samples, making the [GPRM] less efficient. Therefore, this section focuses on
explaining the approach with specifically for 2D tracking.

Figure illustrates the processing chain of the proposed extension estimation and tracking
approach, which consists of two main steps: the training of the during preprocessing
and online [EOT] using a Kalman filter with random matrix extension estimation followed by the
correction with the [GPRMT's prediction.

AA4
+ RM Approach

Figure 19: Processing chain of the proposed extension estimation approach |[PH4J.

\4

GP Regression

Generation of training data The training of the requires a total of I [VMM] input
samples and their corresponding outputs:

@i = (i'lyglailvwhqz) ; (443)

gi = (2507i7 2y,iv Zelis Zew,i) s (444)

whereas Z, = 2,/¢; and Z, = 2,/e,,.

To account for objects with all possible orientations, 1,Z~)Z is included in the input vector @, for the
training data. However, the orientation vy, sy = atan2 (”yk,esw”xk,m) is already available from
the object’s kinematics and thus not estimated by the[GPRML The positions (Z;, ;) of the input
samples must cover the entire observation area, and their parameters l; and w; must span all
potential objects extents.
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These samples are drawn from uniform distributions with ¢ =1,...,1:
Ei ~ U (Tnins Tmaz) (4.45) Ui ~ U (0,27), (4.48)
i ~ U Ymin, Ymaz) » (4.46) Cwi ~U(0.1,0.9), (4.49)
li ~ U (Lmin, lmaz ) » (4.47) Wi = Cuili- (4.50)

The scaling factor c,,; ensures that the width is always smaller than the length. For each input

sample @, artificial measurements Z; are generated using the and the elements of the
output vector §, are computed as described in Section , Equation (4.4).

Linear correlations in training data Before designing the [TPRM] an analysis of the training
data is performed to select suitable hyperparameters and kernel functions. It is expected that
each VMM] input parameter in @ primarily influences a specific output parameter in y. For
instance, the position (Z,¢) corresponds to the (Zz, Zy), the length [ to the square root of
the larger eigenvalue Z., and the width @ to the square root of the smaller eigenvalue Zg,,.
Table[I] presents the linear correlation coefficients between the input parameters @ and the output
parameters y.

Table 1: Linear correlation coefficients between training data. High correlations (> 0.8) are
highlighted in yellow resp. blue (> 0.5). 10,000 samples [PH4|.

u

i | g ] W b
-2, | 0.80 | 0.00 [ 0.00 | 0.02 | 0.00
7—2%, | 0.00 | 0.80 | 0.00 | —0.01 | 0.02
. | 0.00 | 0.00 [ 0.96 1066 | 0.01
Zew | 0.00 | 0.00 [061] 0.90 | 0.02

[
N
)

Note that the correlation was calculated to the shift Z — Z, rather than for the itself. This
prevents the correlation from being overly close to 1, as high values of Z and g would otherwise
dominate the values in [ and w.

Fitting the GPRM In the following, two different [GPRM] approaches are parametrized, both
following the structure shown in Figure

Tk, est M

> Tk,est = fl (?—Jk) >
yk,est

gk > Yk,est = f2 (gk) > Up et
»

lk,est .

> lk,est = f3 () >
W, est

| Wiest = fa(t)

MU;(

Figure 20: Gaussian processes regression. Full I/w predictors: f34(y, ). Single [/w predictors:
fg(Zel) and f4(zew) ’PH4I.

The most straightforward approach is to use a multivariate Gaussian process for each desired
parameter in w .., using the entire vector y, as input for each prediction. This approach is
referred to as full predictors. However, due to the strong correlations between z.; and length and
between 2., and width, an alternative is to predict length and width using only z.;, respectively
Zew- This approach is referred to as single predictors.
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Single [/w predictors The parameterization begins with the single predictors, as the one-
dimensional Gaussian process used in this approach allows for straightforward visualization.
Figure shows 1,000 data points sampled within the range Zmin = Ymin = —d0m, Tpax =
Ymax = D0 m, with lengths varying between [y, = 3m and [y, = 15m.  The sensor is located

12

i
o
T

=
o
T

o

Mean
+  Training data
l-o-area
2-g-area

. o4 Mean

S +  Training data
: 1-c-area 2
2-g-area

GPRM Output / [m]
GPRM Output w [m]

I | | | | I | | | | | | | I
0 1 2 3 4 5 6 7 8 9 10 0 0.5 1 15 2 25 3 35 4 45
GPRM Input 2y [m] GPRM Input z, [m]

(a) length | = f3(zc1). (b) length w = f4(zew).

Figure 21: Posterior Gaussian processes for single predictors [PH4|.

at (0,0) m and any objects overlapping with this location are resampled until they no longer do.
For the Gaussian processes, a kernel composed of the sum of a squared exponential kernel and a
dot product kernel is used:

2
1 (2p — xg)

k(xp,zq) = aj% exp (—2%2) + 028p, + Tpay (4.51)

with signal variance 0% = 1m?, length scale £/ = 0.1m and noise variance o2 = 100m. These
parameters were found iteratively to ensure that the posterior Gaussian processes in Figure
(calculated using (2.83)) fitted well with the training data. A good fit is indicated by approxi-
mately 95% of the samples falling within the 20 confidence interval. The advantage of the single
predictor is its user-friendly evaluation by visualization of the Gaussian process as well as the
computational efficiency. However, it has a significant disadvantage: As shown in Figure [21] the
uncertainty in the posterior Gaussian process remains high and cannot be reduced by adding
more training data. The high noise term is caused by the unknown and varying position and
orientation, the itself works without noise and is deterministic. Without considering the
object’s orientation and position, the estimation will not become more precise. This is even more
evident in the estimation of the position: If a (22, 2y) is provided by the Kalman filter, the
distance this has shifted from the actual object position (z,y) towards the sensor must be
determined. This shift depends on the position and on the extension parameters, as Figure
shows. If an object is placed at * = Om, the shift is mainly in the y-direction. The further
away the object is in the z-direction, the larger the z-shift becomes which is expressed by the
linear correlation coefficient of 0.8 in Table[I] The size of this shift is mainly determined by the
expansion parameters. Due to the symmetry to the z-axis, the linear correlation coefficient is
0 and cannot express this relationship. Consequently, to estimate the position and for a better
expansion estimate, multivariate Gaussian processes are used in the following.
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® lengthp*

Z [m] , W [m]

(a) & position. (b) Length [ and width .

Figure 22: Correlations to the shift £ — Z,. 10,000 samples [PH6|.

Multivariate predictors For the multivariate predictor the same combination of a squared ex-

ponential kernel with a dot product kernel in its multivariate notation (see (2.81)-(2.82) is
used, with signal variance 0% = 1m?, noise covariance o2 = 1m, length scale ¢1 2 = 10m for

x/y-position, ¢34 = 1m for length and width and ¢5 = 0.1 for orientation. With these hyperpa-
rameters, the four Gaussian processes given in Figure 20| are implemented in the form f; <yk>
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5. Shape classification with virtual measurement models

In [EOTI[81], the shape of objects is not always known. In group tracking, it is even possible that
the shape changes if the individuals change their formation. In many situations, at least one of
the shapes considered in this work (see section [3)) can represent the object well, but which one
fits best is not necessarily known in advance. Therefore the goal of the shape classification is
to use virtual measurement models, to identify the shape of the object respectively to select the
best fitting shape from a predefined list.

Shape classification has been previously considered e.g. in [90|, where a Gaussian Processes-|77|
based extension estimation algorithm was used, followed by a feature-based Bayesian classifier.
However, in this work, arbitrary shapes are not considered.

Own publications on this subject: This section is based on the own conference papers
[PH5| and |[PH6|. In [PH5|, the framework for shape classification with MMk, that is shown
in Figure and explained in the further course of this section, was introduced. The shape
classification was done by comparing real measurements with artificial measurements, generated
by shape-specific VMMPs using a histogram based approach. Whereas [PH5| was limited to
2D{EOT] 3D{EOT] was considered in [PH6| and instead of the histogram-based classification,
Chamfer distances were used.

The framework for [EQOT] and shape classification with [VMMk is shown in Figure

(Z) X(Z

e Zk Kalman Filter| —klk’ ik
+ RM Approach ¢
Eigenvalues

Yy,
v v v
Adaption loop with Adaption loop with Adaption loop with
1st VMM 2nd VMM 3rd VMM
@k,hzkvl Qk72>2k,2 @kﬁ,zkﬁ
A4 A4 A4
‘ Shape Classification
Qk,l,Zk,hUk,l l Qk7272k,2,7]1@,2 l Qkﬁg»zkﬁ:rlk,i& l

Figure 23: Extended object tracking and shape classification with virtual measurement models
[PH5, PH6).

At the beginning of the framework shown in Figure 23] data acquisition is followed by filtering
using a Kalman filter with random matrix extension estimation. Once the eigenvalues are cal-
culated, the result is rearranged into the vector y, as described in . So far, this is exactly
the same structure from the previous section that was denoted as the reference plant. However,
the reference plant is now followed by several parallel adaptation loops, each utilizing a different
virtual measurement model corresponding to a specific shape. In [PH5|, rectangular, triangular
and elliptical shapes were used, while in [PHG| ellipsoids, cones and cuboids were employed.
Each adaptation loop involves generating artificial measurements Z~k7i, evaluating them and de-
noting them as the virtual output @k This output is then compared with the actual output
and used for the adaptation of the estimation Uy, ; as llustrated in Figure Note that the
v1rtual output yk can not be found in Figure . since it is an internal element of the adaptation
loop and therefore only visible when visualizing the inside of the loop, as done in Figure
The results of each adaptation loop can be interpreted as follows: If assumed that the shape
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of the object is elliptical, the "Adaption loop with ellipse VMM]|" provides us the object’s pa-
rameters Uy . These parameters cause the artificial measurements Z;wll and their statistical
moments match the random matrix result. Note that this works for all shape models: Even if
the wrong shape is used, it is still possible to fit the shape parameters so that the mean and
the covariance matrix of artificial measurements match the random matrix result. However, this
also means that the residual error in the adaptation loops (e.g. gk,ell — gk) is not a criterion for
the classification, since it is minimized for each shape. However, for classification it is possible
to compare the artificial measurements Z~k,i generated by the corresponding in its last
iteration with the real measurements Z;. Note that mean and covariance of those measurement
sets can not be used for classification, since in all adaptation loops, the WMM]| was adapted until
those fit. In the following, two comparison methods are presented for classification with [VMMk.

5.1. Shape classification based on histograms

To estimate the shape, the real measurements Z;, are compared with the artificial measurements
of the VMME (Zm, Zk;’g and Z;.@g). This is done in target coordinates which allows to accu-
mulate measurements over several time steps. To check, how well a certain shape fits, the real
and the artificial measurements are both transformed into the target coordinate system. Here,
the measurements are divided into several bins according to Figure [24] based on the estimated
extension parameters and the measurements in each bin are counted. The root mean square

Ny, Ty ng, fig nig, Mz | Mg, i

ng, N3 n7, g ni, My | Mg, s

E or W shape
> ng, Ny N6, N 10, 10 14, M1g

ny, Ny ng, N5 ng, flg n13, M3

Uk shape

| | | | | | | | |
-4 -3 -2 -1 0 1 2 3 4
x [m]

Figure 24: Histogram-based shape classification [PH5|.

error of the normalized number of real measurements compared to the normalized number of
artificial measurements is used as the criterion. The shape classification can be either done at
the end of the scenario or in live tracking as a sliding window that uses the measurements of the
L last time steps.

5.2. Shape classification based on Chamfer distances

Previously, shape classification within the framework relied on comparing histograms of
real measurements Zj with those of artificial measurements for each shape hypothesis [PH5].
However, this method did not consistently achieve high classification quality, especially in sce-
narios with moderate to high measurement noise [PH5|.

To enhance classification accuracy, the use of the Chamfer distance [91] as a metric to evaluate
the similarity between the two sets of measurements is proposed. The Chamfer distance between
two 3D point clouds Sy and Ss is given by [92, p. 4] [93, p. 4]:

1 1

do(Sy, Ss) = —— in|lz —yl|2+ — in ||y — z||2 5.1

c(S1,52) Sl ) ]r.gg;!\:v yl| +,52‘ > ;relgi\ly z||?, (5.1)
TES YyESo
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whereas |S;| is the number of elements in S;. The classification scores for each shape hypothesis
are then determined as follows:

Nkell = dc (Zk,ell, Zk) ; (5.2)
Nk,con = dC (Zk:,cona Zk:) ) (53)
Nk,cub = dC (Zk,cub7 Zk> : (5.4)

The shape with the lowest score is considered as the estimated shape. To improve accuracy
further, real measurements from multiple time steps are accumulated using a sliding window
approach with a window length L. These accumulated measurements are then transformed into
the BODY coordinate system of the [VMMPs state estimation and compared with the virtual
measurements generated by the corresponding [VMM]
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6. Results

This section presents the results of the proposed methods, based on both simulation studies and
real-world lidar data, to evaluate their performance and applicability across a range of tracking
scenarios.

6.1. Extension estimation with an elliptical object

In this section, the VMMIframework is evaluated in its simplest form: observing a single elliptical
object using a lidar sensor. These results were originally published in the journal paper [PHI1],
where the framework was first introduced. For the modeling of the object’s dynamic,
a Singer’s is used. The scenario is 29s long with a sampling period T = 0.1s. The
kinematic state (z,y, vy, vy, az, ay)’ is initialized as (—40m, —10m,3m/s,0m/s,0m/s?* 0 m/s?).
Acceleration is affected by white Gaussian noise with standard deviation o4, = 04y = 0.01m/ s2.
The object has a length of [ = 5m and a width of w = 2m. The lidar sensor is located at
the origin, with a resolution of 1° and measurements are generated using the lidar sensor model
for contour measurements as presented in section [3] The measurements are affected by white
Gaussian noise with standard deviations o, = o, = 0.5m. The measurements are first filtered
using the random matrix algorithm resulting in the filtered center of gravity and the filtered
covariance matrix. The Kalman filter is initialized by the measurements from the first time step
with an initial uncertainty P = diag((10,5,1)). For the random matrix algorithm, a parameter
of 7 = 0.5 and an initial value v = 4 are used. Figure 25| shows the filtered center of gravity and
the filtered 1o—ellipses of the measurements in black.

10 — Reference
Random matrix result
After VMM adaption

5+ *  Measurements
¥ Sensor position

Figure 25: Tracking results for a Singer’s [ODM)] observed by a lidar sensor. Linear Kalman filter
implementation. The extension estimation and the measurements are shown every 40
time steps [PH1, p. 235].

In Figure 25 it can be observed that the center of gravity of the measurements, respectively
the position of the black ellipse, filtered by the random matrix algorithm, is shifted towards the
sensor. This shift occurs because measurements only appear on the object’s contour facing the
sensor, causing a bias in the overall trajectory. Additionally, the filtered lo-ellipse is smaller
in both directions compared to the object’s extent and its size depends on the position of the
object in the sensor coordinate frame, even though the actual size of the object remains constant.
Therefore, using a constant scaling factor to estimate the extent from the filtered lo-ellipse
(respectively the covariance matrix X,) would not be appropriate.

The [VMM] has the same properties as the real sensor, only the resolution is set to 0.01° and no
measurement noise is assumed. Using the and the proposed adaptation algorithm, the
extension estimation is adapted for two iterations in each time step, as proposed in algorithm
2] using a variable gain starting with K; = 0.1. If the error € increases after an iteration, the
previous values are reconstructed and the gain Kj; is divided by 2 for the next iteration. In the
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next time step, K; is set to 0.1 again. The results after the adaptation are shown in Figure
in red.

With the adaptation presented in this paper, the bias in the trajectory estimation is removed and
the estimated extension matches the reference extension very precisely. However, the accuracy
after adaptation depends on the precision of the random matrix results. In the first estimate
(shown at ~ (—38 m|—10m), the filter has not yet fully converged, so even the adaptation cannot
give an accurate result.

Monte Carlo simulation - single trajectory The scenario shown in Figure [25]is evaluated over
100 Monte Carlo (MC]) runs. While the trajectory is generated only once, measurements are
independently generated for each run. The results of the extension estimation are shown in
Figure [20]

6 3
=W =) - —
:;‘;) ,W Reference gl ?—: INAAAAAA Reference
5 2 Random matrix result E 1 —— R andom matrix result
- VMM adaption - VMM adaption

0 | I | 0 | 1 | 1

0 5 10 15 20 25 0 5 10 15 20 25
t [s] t [s]
(a) Length (b) Width

Figure 26: Extension estimation (mean and standard deviation) averaged over 100 runs
[PH1].

After approximately 15— 20 seconds, the object passes the sensor, generating the highest number
of measurements at this point. Consequently, the standard deviations of all extension estimations
are at their lowest. The results of the random matrix approach are discussed first: During the
drive-by at 15 — 20 seconds, the sensor observes the entire length of the object, leading to a peak
in the length estimation , as shown in Figure 26a] When mainly the front or the back of the
object is visible, the length estimation is smaller. A similar but opposite behavior is observed
for the width estimation in Figure 26b] When the front or the back of the object is heading
towards the sensor, the entire width is observed, causing the width estimation to increase at the
beginning and end of the scenario.

Another observation is that both the length and width estimation oscillate at the beginning of
the scenario. This effect can be explained by considering the number of measurements received
at each time step, as shwon in Figure

40

201

measurements

0 5 10 15 20 25 30
t [s]
Figure 27: Number of measurements received at each time step. Since the trajectory is identical

across all[MClruns and the detection probability is 100%, the number of measurements
in each [MCl run remains constant.

At t = 1.6 m, four noisy measurements are generated because four lidar beams intersect with
the object’s contour. As the object moves slightly to the right, only three measurements are
generated, giving the appearance that the object is smaller. In the early time steps, this os-
cillation in the number of measurements results in a corresponding oscillation in the extension
estimation. As more measurements are gathered and the distance between them decreases, this
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effect diminishes.

After applying the VMM] adaptation, the estimated extension aligns almost perfectly with the
reference when the object is near the sensor. However, when fewer measurements are received,
the approach tends to slightly overestimate the extension.

Monte Carlo simulation - random trajectories To demonstrate that the and its adap-
tation are effective beyond a single trajectory, a [MC] simulation is performed with randomly
generated trajectories. In each run, the initial position is sampled from a Gaussian birth
density with an expected value of

E(zy) = (—40, —20,3,0,0,0)’ (6.1)
and covariance matrix
Cov(zp) = diag((10,10,0.01,0.01,0.001,0.001)). (6.2)

Process noise is generated independently for each trajectory. The results of the extension esti-
mation are shown in Figure

8 3 {
E H2
% 4 - Reference = [ Reference

— =] —]

5 2 Random matrix result ; 1 Random matrix result
- VMM adaption VMM adaption

0 | | " " " 0 . L 1 I I
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t [s] t [s]
(a) Length (b) Width

Figure 28: Extension estimation averaged over 1000 [MC| runs with random trajectories [PH1|

The extension estimation shows a slight overestimation, with this bias increasing toward the end
of the scenario when the target is typically farther from the sensor. The standard deviation
is also higher compared to the previous simulation with a single trajectory. This increase is
expected, as some trajectories pass close to the sensor while others do not. The oscillations in
the number of measurements and the results of the random matrix approach, as explained in the
previous section, are not observed in this scenario with random trajectories since it depends on
geometric properties of a single trajectory.

Studies on stability and computational cost Section shows that the adaptation algorithm
is asymptotically stable for 0 < K; < 2. To demonstrate this, the scenario shown in Figure [25]is
evaluated for different K; values. The value of K; is held constant throughout the scenario and
is not adjusted, even if the error increases. At each time step, the VMM]input is initialized with
the random matrix result using — and nine iterations are performed. Figure [29|shows
the error per iteration, averaged over all time steps.

For K; < 2, the error converges, as illustrated in Figure 29| for K; = 0.1 and K; = 1. However,
when K; > 2, the algorithm diverges with the first two eigenvalues from falling outside
the unit circle. In these cases, the third and fourth eigenvalues may occasionally remain stable,
depending on whether ¢ and d stay within their assumed limits. However, to ensure stability
across all scenarios, using a variable K is strongly recommended, as detailed in section £.2] By
incorporating the VMM prediction from (4.33)-(.36), a smaller K; can be selected for robustness
and the number of iterations can be reduced. This significantly lowers the computational cost,
which is closely tied to the the number of iterations, as shown in Table[2] The Kalman Filter with
random matrix extension estimation requires an average of 0.14 ms per time step. The main
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Figure 29: Error norm (mean and standard deviation), averaged over all time steps. The standard
deviation for K; = 2.1 is not shown since its region would cover the whole Figure
[PH1].

Table 2: Computational cost per time step, averaged over 100 MC runs. Matlab-Implementation
on an Intel Core i7-3720QM CPU @2.6GHz |[PH1].

number of iterations 1 2 3 5 10

computational cost [ms| | 7.0 | 15.7 | 23.5 | 40.7 | 52.1

reason for the high computational cost is the generation of numerous artificial measurements.
Reducing the resolution of the VMM] can therefore reduce the computational cost.

Comparison with Gaussian Processes The results of the extension estimation using a [VMM]
and its adaptation are compared to a shape estimation based on Gaussian processes [77]. It
is important to note that this shape estimation differs significantly from the [GPRM] approach
proposed in section where the shape remains elliptical. Results for the extension
to VMMk are presented in the next section. In this section, the shape itself is modeled by a
Gaussian process, resulting in a star-convex form.
The Gaussian processes algorithm employs a nonlinear motion model with coordinated turn. The
kinematic state contains position (z,y), velocity v, orientation angle ¢ and turn rate w. The
state transition is given in |29, p. 2, Equation (4)]. This motion model has the advantage that
the orientation ¢ is directly available. In the Gaussian processes algorithm, the measurements
have to be transformed into the local target coordinate frame using the orientation |77, p. 4169].
A symmetric model is assumed. Therefore, the covariance function has a period of w. The kernel
is defined as follows: i o—o'l

k(0,0 =ofe 2z, (6.3)
where 6 represents the angle. The kernel function parameters are set as follows: oy = 2, 0, = 2
and [ = 7/4 with a total of 100 radial function samples. An extended Kalman filter framework is
used to accommodate the nonlinear model. Figure [30] compares the extension estimation results
obtained with the to those from the Gaussian process-based extension estimation.
Compared to the previous simulation study, the measurement noise has been reduced to o, =
oy = 0.2m. With higher measurement noise (e.g. 0, = 0.5m as used before), the Gaussian
processes algorithm may fail to converge as measurements are frequently assigned to wrong
parts of the object’s contour. Figure [31] shows the extension estimation at k = 220 for various
levels of measurement noise.
In low-noise scenarios (see Figure [30] and Figure , both algorithms achieve highly accurate
results. The Gaussian processes-based approach tends to overestimates the width but lacks
the VMMTs prior information that the object is perfectly elliptical which also leads to a longer
convergence time. However, if the shape is unknown and the measurement noise is low or
moderate, Gaussian processes may be superior. By contrast, the VMM extension estimation
remains largely unaffected by the increased measurement noise, as shown in Figure [31b] Table
provides numerical results with mean and root mean square error (RMSE]) values evaluated
over 100 Monte Carlo runs for both algorithms. Results where the Gaussian processes-based
approach produces errors exceeding 5m are omitted in the table due to divergence in some
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Figure 30: Tracking results for a Singer’s model observed by a lidar sensor. Comparison with
Gaussian Processes [PH1).
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Figure 31: Extension estimation at k = 220 for different measurement noise [PH1].

situations. The approach generally outperforms Gaussian processes at the beginning and
end of the scenario, where fewer measurements are available.

The Gaussian processes algorithm’s average computational cost per time step is 36 ms, similar
to that of the VMM with 4 — 5 iterations (see Table [2)).

Table 3: Mean and averaged over 100 Monte Carlo runs [PH1|.

Ref. | GP mean | VMM mean | GP VMM RMSEl
length | 5m 4.71m 5.20m 1.23m 0.35m
width | 2m 2.66 m 2.05m 1.20m 0.24m
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VMM adaptation with real lidar (Velodyne VLP-16) data In this scenario, a vessel on the
Rhine river was observed using a Velodyne VLP-16 (Puck) Lidar. Figure [32| shows the observed
vessel.

Figure 32: Observed vessel |\

With real data, the challenges in extension estimation differ significantly from those in simula-
tion studies. In the previous scenario, measurement noise was set to o, = o, = 0.5m whereas
the VLP-16 offers a range accuracy of £0.03 m. Measurement noise can easily be transformed
in Cartesian coordinates using a linear approximation. Due to the high horizontal resolution
(0.1° — 0.4°), numerous measurements are captured per time step when the target is nearby.
However, the lower vertical resolution (2.0°) restricts measurement to a single layer, making 2D
tracking methods sufficient.

A key challenge is that the assumptions of the measurement model are only partially met: The
vessel’s contour is not a perfect ellipse and measurements do not consistently appear only on the
side of the vessel facing the sensor. Figure [33] shows the received Lidar measurements for every
15th time step.
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Figure 33: Lidar measurements shown for every 15 time steps \\
From the beginning until approximately time step £ = 105, the measurements align closely with

the assumed model, with only a few outliers. Between k &~ 120 and k = 135, however, mea-
surements also appear from the side facing away from the sensor. For the filter with VMMI
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adaptation, the same parameters as in the previous simulation study (Figure were used, with
the exception that the measurement noise was reduced to o, = o, = 0.03m. The tracking results
at k = 50 and k£ = 135 are presented in Figure [34]
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Figure 34: Tracking results at selected time steps [PHI]|

When measurements appear where expected, the extension can be estimated very precisely -
see Figure B4al However, if the measurements model does not align with the sensor’s behavior,
the extension estimation becomes significantly worse (see Figure [34b). The extension estima-
tion using Gaussian Processes shows a different behavior: When measurements are only on the
object’s side facing the sensor, the object is estimated wider than with the VMMl When measure-
ments appear on the other side, the Gaussian processes algorithm matches them to measurement
sources at the backside. The width estimation gets smaller and close to its supposed reference
value. There are several options to improve the VMMl The random matrix approach [30] uses a
parameter 7 which describes how fast the estimated covariance (and therefore the estimated ex-
tension) can change. Of course, the length and width of an object do not change, but a rotation
of the covariance matrix can be caused by a turn of the object. Another option is to distinguish
between measurements in the observable space (according to the assumed model) and those that
seem to be outside. The observable space can be determined by the prediction of the once
it has converged. Measurements assigned to the non- observable part of the object’s contour
are deleted. The tracking results for this setting are shown in Figure B4d The parameter 7
has been increased from 7 = 0.5 up to 7 = 50 and only the measurements at the object’s side
facing towards the sensor are used. The boundary of the unobservable space is also shown. It
is defined by the tangential lidar beams and the predicted center of the target. The estimation
in Figure has not changed since, in this time step, only a few measurements are affected by
the gating. In Figure the estimation of extension and center has been improved. Without
measurement gating, a length of ~ 5.50m is estimated (see Figure and with measurement
gating, a length of &~ 5.00 m (see Figure. Both values seem to be reasonable for the observed
vessel. The width is estimated as ~ 2.00m, resp. ~ 1.50 m with measurement gating. Assuming
that the measurements shown in Figure [34d| are from both sides of the object’s contour, a width
around 2.00 m seems reasonable. When there are measurements from both sides of the object,
the extension estimation using Gaussian processes is close to this value (see Figure [34b)). In this
scenario, the object was mainly observed from the side. This made the length estimation easy
and the width estimation challenging.
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6.2. Extension estimation with the Gaussian processes regression model

In this section, the [VMM]is used to generate training data for a [GPRM] which is then applied
in live tracking to predict the extension parameters and the object position based on the ran-
dom matrix result, following the approach outlined in section [4.4 All findings were previously
published in the conference paper [PH4|. First, the approach is tested in the scenario
presented in Figure [25] from the previous section, where a Singer’s moves in close proxim-
ity to lidar sensor. Following this, the real lidar data from Figure [33] captured by a Velodyne
VLP-16 sensor observing a small vessel on the Rhine river, are evaluated. This allows to compare
the results of both approaches.

Before tracking, the was trained with 1,000 samples to predict the extension parameters
Up, e from the random matrix result y, during live tracking. The object’s orientation is not de-
termined by the but from the Kalman filters kinematic. The tracking results are shown
in Figure [35]
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Figure 35: Tracking results of the random matrix algorithm and the approach for a
constant acceleration model observed by a lidar sensor. The extension estimations
and the measurements are shown every 40 time steps [PH4|.

The results of the random matrix algorithm have not changed from those explained in the pre-
vious section, where the estimated position shifts toward the sensor and both length and width
are underestimated. The functions as a corrective layer for the random matrix results,
providing high accuracy, especially when the object is close to the sensor, at the midpoint of the
scenario. However, at the beginning and end of the scenario, when measurements are sparse, the
width estimation tends to lose accuracy.

To compare the multivariate results with those of single predictors for length and width,
as well as with the adaptation approach from the previous section, a Monte Carlo sim-
ulation is performed. The results are shown in Figure and Table @ In each run, a new
trajectory and new measurements are generated, while the trained and the initial states
remain unchanged. The length is clearly underestimated by the single predictor while the width
is overestimated. The single predictor takes the values of the random matrix approach (ze;, Zew)
and determines the corresponding ! and w values (see Figure . As explained in chapter ,
this is not very accurate. However, good results can be obtained with the multivariate [GPRM],
especially for the length. At the beginning of the scenario, the length is slightly underestimated
since it can not be observed well from this angle. The best precision is achieved when the object
is close to the sensor and observed from the side. In the same section, however, the width is
difficult to observe, which leads to an underestimation here. Table 4| shows the and com-
putational time for with different numbers of training data, as well as the comparison
to the original approach via adaptation|PH1]|.
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Figure 36: Extension estimation averaged over 100 MC runs |[PH4|.

Table 4: and calculation time for different settings |[PHA4|.
n z[m] | ym] | {[m] | w[m] | ¢[ms]
GPRM | 100 | 0.72 | 0.88 | 0.51 | 0.68 | 0.15
GPRM | 1,000 | 0.46 | 0.27 | 0.40 | 0.41 2.5
GPRM | 5,000 | 0.49 | 0.40 | 0.48 | 0.47 | 3.9
[PH1| n.a. | 0.15 | 0.08 | 0.39 | 0.30 | 10.2

Not surprisingly, more training data improves the results but also means more computational
effort. Compared to the adaptation, the performance is still slightly worse even with 5,000
training data, but the computational effort is significantly lower.

GPRM with real Lidar (Velodyne VLP-16) data The[GPRMlextension estimation is evaluated
using real lidar data of a small vessel (see Figure on the Rhine river, captured with a Velodyne
VLP-16. Given that the VLP-16 has a range of 100m, 1,000 pairs of training data are sampled
with rmax = 100m, rpin = 5m, lpin = 2m, lhax = 15m. The linear Kalman filter with random
matrix extension estimation is applied with the same settings as in the previous section, but with
an increased value for 7 set to 50. Figure [37|shows the tracking results of this scenario. For most
time steps, the expansion estimate is reasonable, indicated by the measurements aligning with
the estimated contour. One such time step is k = 50, where the estimation is straightforward
because nearly all measurements were generated from the side of the vessel facing the sensor.
This, therefore, aligns perfectly with the assumptions made in the VMM] used to create the
training data. However, at time step k = 135, this assumption is violated, as measurements
are also received from the side of the vessel facing away from the sensor. The lidar beams hit
the boat at a different angle or height and possibly pass the window at the rear of the boat as
shown in Figure [32] Since this could not be included in the training data, there is a substantial
discrepancy in the estimation of extension and position, as the measurements do not correspond
to the object’s contour.

At both time steps, the with only 100 pairs of training data has a larger mismatch
(especially in position) compared to the others. This indicates that 100 is too little training data.
The length and width estimation of the whole scenario are plotted in Figure

It shows that there are no major differences between the with different training data
and the VMM] input adaptation for both extension parameters, but the length estimation of the
converges faster. The lengths estimates are varying around a constant value, while the
widths are increasing more and more. This is because the object is observed almost continuously
from the side which makes length estimation easy and width estimation difficult. The averaged
length and width estimation per time step are shown in Table[5] The Kalman filter with random
matrices, is very efficient with 0.3 ms/time step, but cannot provide a precise expansion estimate
on its own. The determined values for length and width seem plausible, even if no reference for
the ship is available. In addition, the vessels shape is not perfectly elliptical.
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Figure 37: Tracking results of the Kalman Filter with Random Matrix covariance estimation
followed by a Gaussian processes regression. The sensor is located at (0,0) [PH4|.

Table 5: Averaged extension estimation for the Kalman Filter with Random Matrices,
regression and the VMM] input adaptation from [PH1] with 2 iterations per time step.
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KF+RM | GP 100 | GP 1,000 | GP 10,000 | [PHI] |
Length [m] 3.1 5.4 5.3 5.4 5.2
Width [m] 0.5 2.0 2.3 2.3 2.0
calc. time [ms] 0.3 1.2 1.4 1.5 2.2
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6.3. Multi-extended object tracking and occlusions

In this section, the VMM] with the integral-based adaptation law is evaluated in the context
of multi-extended object tracking. The implemented framework is based on the methodology
in section initially presented in the conference paper [PH3|. This results section focuses on
occlusions, as they can be effectively modeled within the ray tracing methods presented in section
Bl The first scenario, though focused on a single object, is included to illustrate a temporary
occlusion as the object moves behind a static obstacle, rather than involving occlusions caused
by other objects. In the second scenario, however, multiple objects are considered, with frequent
occlusions occurring throughout. The results of both scenarios were as well published in the
conference paper [PH3|.

For the first scenario, a constant velocity model is used for the object’s kinematic. The lidar
sensor is simulated with a resolution of 1° and measurements are affected by white Gaussian noise
with 0, = 0y = 0.5m. To consider the wall, the occlusion is modeled as described in section
The Kalman filter with the random matrix algorithm is used with the same parameters as
in previous sections, followed by the VMM] adaptation with an initial gain of K; = 0.1 and an
increased resolution for the virtual sensor of 0.01°. The results are shown in Figure
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Figure 38: Single object tracking with occlusions: Object passing behind an obstacle observed by
a lidar sensor. Reference ellipse, Measurements and results visualized every 15 time
steps [PH3|.

At the beginning and the end of the scenario, the object is fully visible and the results are in
general the same that were observed in section [6.1], where an elliptical object passed nearby a
lidar sensor without any occlusion. At time step k& = 32, the occlusion’s effect becomes evident:
although measurements are generated only from the object’s left side, the object’s extent is
still accurately determined, as the obstacle-induced occlusion is accounted for by the
At time step k = 47, however, a limitation of the method emerges as a leftward bias in the
estimation. When the object passes behind the obstacle, it seems that the center of gravity of
the measurements "decelerates" (see Figure . Once measurements reappear on the other side
of the obstacle, the estimated velocity increases, causing the estimate to lag behind the reference
for a few time steps. Since the total distance moved by the center of gravity in Figure [3§] is
shorter than the distance moved by the object, there is generally a bias in the velocity estimate
in Figure [39]
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Figure 39: Velocity estimation
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In the second scenario, four extended objects of varying sizes are simulated, as shown in Figure
Measurements are generated using ray tracing, with occlusions from other objects accounted for
as outlined in section Clustering of measurements is performed using the DBSCAN algorithm
[87], with parameters MinPts=1, defining the minimum required measurements within a cluster,
and eps=15 m, specifying the minimum separation between clusters. Following clustering, the
MEOT framework for adaptation is applied as described in section with an individual
Kalman filter and random matrix extension algorithm assigned to each object, followed by the
adaptation. The results are presented in Figure
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Figure 40: Multi-extended object tracking results with occlusions. Reference, extension estima-
tion and measurements are visualized every 30 time steps.

For most time steps, no occlusions occur, allowing the extents of all four objects to be estimated.
The results are basically the same as in previous sections with single elliptical objects, since
object’s do not influence each other. However, at time step k& = 182, object 3 is in such a
position that it partially covers objects 2 and 4. While there are still sufficient measurements
for an accurate adaptation of object 2, this is not the case for object 4. In this situation, a
miss detection hypothesis could be introduced as an enhancement, where the adaptation would
be paused when measurements are insufficient respectively not available at all.
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6.4. Comparison with other EOT methods

In previous sections, the VMM]adaptation and the approach have been compared against
each other and to a Gaussian process-based shape estimation. Although some comparisons were
also made with the original random matrix method, these are less informative since the random
matrix approach does not account for the ray tracing measurement model.

In their work [C4, |C5] on [EOQT] using superellipses, Baur et al. conducted extensive simulation
studies and evaluations on real lidar data from automotive and maritime scenarios. They com-
pared their superellipse model with multiple other approaches, including the multiplicative
error model extended Kalman filter (MEM-EKF¥) [73], elliptical and star convex (Fourier) [RHMI
[71, 72, 94|, Gaussian processes-based extent estimation [77] and the method. For these
studies, a [VMM] Matlab implementation was provided, in which the [VMM] generates artificial
measurements from the contour using ray tracing with a resolution of 1° and artificial measure-
ments from the object’s interior with a density of 2/m?. These results reveal additional strengths
and weaknesses of the method; thus, the most significant findings are summarized and
reevaluated here with a focus on VMM All simulations in |C4) [C5] used a coordinated turn
model [29], with computational effort and intersection over union ([[oUl) [95] as the main evalua-
tion criteria.

In the first simulation study, a reference trajectory around a lidar sensor is generated, with the
object’s shape modeled using a[CADI model of the research vessel Solgenia [C4, 96]. A simulated
lidar sensor captures surface points and measurement noise is added with a standard deviation
of o, = 0.05m. Further details about this scenario can be found in [C4, 96|. The results for the
simulated maritime scenario from Baur et al. are illustrated in Figure 41}
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Figure 41: Intersection over Union and computational effort of the comparison study [C4, p. 6].
Other parameter settings for superellipses, elliptical and Fourier and Gaussian
processes are presented in [C4] p. 6].

In terms of [oUl the algorithm performs well, ranking in the upper range, although it falls
slightly short compared to the superellipses, which offer greater shape flexibility: The Solgenia’s
shape can be reasonably approximated by an ellipse in 2D, but superellipses with optimal parame-
terization provide a closer fit. When considering computational efficiency, the VMM] algorithm is
among the best, together with the MEM-EKF* although the latter performs poorly in accuracy.
Another key advantage of the VMM] algorithm is its consistent computational demand through-
out the scenario. At time step k = 5, the object is closest and generates numerous measurements,
the computational effort rises for all methods except VMMl The primary reason for this
efficiency is that the random matrix method, a core component of the NMM]| requires only the
prediction and update of mean and covariance, which themselves are independent of the number
of measurements. However, calculating the mean and covariance of the current measurement set,
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which is necessary for the update step, depends slightly on the number of measurements. When
generating artificial measurements with the VMM], lidar beams are considered in all directions
and intersections are calculated regardless, as it is unkown in advance if they exist or not. If a
solution and therefore a measurement source are found, the computational effort remains almost
stable. Furthermore, all other steps, such as comparing with the random matrix results and
performing the adaptation, are completely independent of the number of measurements. Other
[EOT] methods, do the update step individually for each measurement and have therefore an
almost linear relation between number of measurements and computational effort.

Besides the simulation studies, Baur et al. also compared [EOT] methods in a maritime scenario
and on an automotive data set [C5]. For the 2D real-world maritime scenario, the Solgenia vessel
was tracked from a stationary lidar sensor positioned at the river bank, with an RTK-GPS and
model as reference [C5|. For the automotive scenarios, the KITTI data set [4] was used.
Further details are provided in [C5]. Figure 42| shows the [oUs for each [EQT] method in both
real-world applications. In the maritime scenario, [oUk are shown for each time step, while for
the automotive data set, are displayed for every tracklet and sorted to improve visualization.
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Figure 42: Extension estimation results from real-world applications [C5]

In the maritime scenario, the performs very well, being only slightly behind the superel-
lipses. However, on the automotive data set, the VMMl encounters some challenges but still
outperforms both and the star convex RHMl Since many targets in the automotive
data set are rectangular rather than elliptical, this could account for the superior performance of
superellipses. However, the ellipse scores surprisingly well, suggesting that [VMMF's limita-
tions may not stem solely from wrong shape assumptions. On the other hand, it is notable that
the ellipse did not perform as well in the maritime scenario. To further improve the VMM
method, particularly for automotive scenarios, greater flexibility is required. This could be done
by incorporating additional shapes, such as rectangles and triangles, as introduced in section [3]
which will be evaluated in the following section. Another option is to make the ray tracing
resolution and spatial measurement density adaptive. This could be beneficial, especially if the
density varies across individual tracklets within the automotive data set, caused by different
height and geometry.
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6.5. Non-elliptical shapes and shape classification in 2D and 3D

In previous results sections, the object’s shape was limited to 2D ellipses. In this section, the
parallel application of multiple to represent a range of 2D and 3D shape models, as
proposed in section bl is evaluated. This also includes the shape classification method, based
on either histograms or Chamfer distances, to select the best-fitting shape. First, this approach
is tested in a 2D simulation study, published in the conference paper |[PH5|. Following this, a
3D simulation study and experiments with real lidar data from maritime scenarios are presented.
These results were published in [PH6).

Simulation studies for 2D EOT and Shape Classification with Histograms For the 2D sim-
ulation study with shape classification, the same constant acceleration model is applied, with
state vector z = (, y, Uy, Uy, az, ay)T and the transition affected by white Gaussian process noise
of oz = Owy = O.5m/s3. The sampling period is set to T" = 0.1s. To keep the object near
the sensor for an extended period and ensure it passes close to the sensor multiple times, the
trajectory is not determined solely by process noise but is also directed by navigation commands.
These commands specify a certain acceleration, subsequently affected by the process noise. The
navigation commands are listed in Table [6] resulting in the trajectory shown in Figure 3]

Table 6: Navigation commands for the desired trajectory [PH5|.
k 50 | 140 | 150 | 180 | 200 | 320 | 350 | 450

az [m/s%] | 2 0| 0| 0 |-1]-15]0 -1

ay [m/s?] | -1.5 | 2 0 2 | 2] 2 0 0

Because acceleration affects position and velocity with a delay, the direction changes observed
in Figure [43] lag behind the control commands listed in Table [} Additionally, these control
commands introduce unexpected disturbances, providing an extra challenge for the filtering ap-
proach.
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Figure 43: Tracking results for a controlled constant acceleration model with triangular shape
observed by a lidar sensor. Extension estimation with three VMMs (Ellipse, Triangle,
Rectangle). The extension estimations and the measurements are shown every 20
time steps [PH5|.

The reference object has a triangular shape with length [ = 5m and width w = 2m. The
sensor is located at (0,0) and generates contour measurements with a resolution of 1° as well
as measurements uniformly distributed over the object’s extent with a density of 2/m2. All
measurements are affected by white Gaussian noise with o, = o = 0.2m. Since both the true
shape of the object, which could be an ellipse, triangle, or rectangle, and its size in terms of
length and width are unknown, three [VMMb run in parallel to perform simultaneous extension
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estimation. Each follows its own adaptation loop, based on the framework presented in
section 5 The [VMMk operate under known sensor specifications: the resolution of 1° and the
density of 2/m? are known. Tracking results from the linear Kalman filter with random matrix
extension estimation, as well as from the three VMME, are shown in Figure The triangular
[VMM] aligns closely with the reference shape at most time steps, while the other VMMk shapes
also produce reasonable estimates of the object’s expansion. One such example is at time step
k = 160, shown in Figure
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Figure 44: Extension estimation results at £ = 160 |[PH5|

The VMM] builds on the random matrix estimate: due to unevenly distributed contour measure-
ments, the random matrix ellipse often shifts slightly toward the sensor, an effect consistently
observed in all result sections. This shift is later corrected by the VMMk. Temporary divergence
in the estimate may only occur immediately after turning maneuvers, caused by the Kalman
filter requiring time to respond to the unexpected disturbance. It is important to note that
the orientation angle remains consistent across all estimates, as it is derived directly from the
Kalman filter’s kinematic model using ¢ = atan2(vy, vy).

To obtain more conclusive results, a Monte Carlo simulation with 500 runs was conducted using
the trajectory shown in Figure 43| For each run, measurements were regenerated, while the
process noise was sampled only once to maintain a consistent trajectory. Figure shows the
mean and standard deviation of the extension estimates.
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Figure 45: Extension estimation. Averaged over 500 MC runs with the same trajectory but
different measurements. The dotted lines show the navigation commands and their
thicknesses correspond to the change in acceleration [PH5|.

Up to time step & = 50, where no distractions from navigation commands are present, all shape
models produce an accurate length estimate, though only the correct triangle model captures the
width accurately. It should be noted that, due to the orthogonal observation angle in this section,
the length is generally easier to estimate than the width. For later time steps, width estimates
increase with a slight delay after each navigation command, and this increase corresponds to
the intensity of the kinematic change. Subsequently, the width estimation consistently converges
back to the true value, while alternative shape models tend to underestimate the width in sta-
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tionary periods. The low standard deviation observed across the Monte Carlo runs suggests that
the main sources of error are due to the navigation commands rather than measurement noise.

Although all VMM] shape models provide reasonable results, it is unquestionable, that the best
performance is expected from the right shape models. Likewise, for a real target that does not
precisely conform to one of these basic geometric shapes, the VMM] that best approximates the
target shape is likely to yield the most accurate results. Consequently, implementing a shape
classification method offers a distinct advantage. This is now evaluated using the histogram-
based approach introduced in section

In addition to the VMM]adaptation for elliptical, triangular, and rectangular shapes with known
sensor specifications, a triangular adaptation is also considered, where mainly contour
measurements are generated. This is done to investigate whether the same approach can be used
not to classify the shape, but rather the measurement likelihood, such as distinguishing between
contour measurements, interior measurements, or a mixture of both. In summary, four hypothe-
ses are considered: HI1 for an elliptical shape, H2 for a triangular shape, H3 for a rectangular
shape, and H4 for a triangular shape with a spatial density in the reduced to 1/10. For
each hypothesis, the real measurements are compared with the virtual measurements generated
by the corresponding during the last adaptation of each time step. This comparison re-
quires alignment in the same coordinate system; therefore, to evaluate H1, for example, both real
and virtual measurements are transformed into the target coordinate system of the estimated
elliptical object. This is illustrated for all hypotheses in Figure 6] Next, the measurements
are divided into 16 segments of equal size, with the estimated length and width setting the seg-
ment boundaries. For each segment, the measurements are counted. Then, the number of real
measurements in each segment is compared with the number of artificial measurements in the
corresponding segment using a normalized across all segments.
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6. Results
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Figure 46: Histogram-based shape classification.
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(h) H4: Virtual triangle contour

Real and virtual measurements transformed in

the target coordinate system of the estimation [PH5|.
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The scenario shown in Figure [3]is repeated with 300 different noise realizations, and measure-
ments are collected throughout the entire scenario. Figure [{7a] presents the [RMSE] results from
the histogram-based comparison between real and artificial measurements, depending on the
noise level.
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Figure 47: [RMSEI results for shape classification [PH5|.

Up to a noise level of o, = 0.15m, the true triangular shape produces the lowest [RMSEl and
is clearly identifiable. At higher noise levels, however, the elliptical shape becomes more fitting,
since Gaussian distributed measurements imitate an elliptical shape. Across all noise values, the
model that primarily relies on contour measurements yields the highest [RMSE], demon-
strating that this approach can also be used effectively for likelihood classification.

Figure 7D presents results from a Monte Carlo simulation using the sliding window approach.
In this setup, the RMSEl at each time step depends on measurements received over the previous
100 time steps. This simulation reveals the sections of the trajectory where the triangle shape is
classified correctly. The triangle is accurately identified only between k = 50 and k& = 150 and
from k = 400 until the end of the scenario. When examining these segments in Figure @3] it
becomes evident that only in these intervals is the triangle’s tip directed toward the sensor. It is
unsurprising that the triangle cannot be distinguished from a rectangle when observed from the
rear. Here, spatial measurements also appear to offer no additional classification advantage.
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Simulation studies for 3D EOT and Shape Classification with Chamfer distances The first
3D shape investigated is the ellipsoid. In the following scenario, an ellipsoidal object is tracked,
with kinematic transitions modeled by a 3D constant acceleration (CA) model and a state vector
z = (2,Y, 2, Vg, Uy, Uz, Ay, Gy, aZ)T. The model is influenced by white Gaussian process noise with
Owz = Owy = Owz = 0.5 m/s4, and a sampling period of T' = 0.1s. Measurements were generated
through 3D ray tracing, as described in section [3|for the ellipsoid, with a sensor resolution of 1° in
both vertical and horizontal directions. All measurements were also affected by white Gaussian
measurement noise with o, = oy = o, = 0.5m. Figure 48| shows the reference trajectory, the
measurements and the results from the random matrix algorithm and from the VMM] algorithm.

% Sensor position
Reference

. Measurements
Random matrix
VMM adaptation

7 [m]

Figure 48: Single run. Extension estimation and measurement shown every 60 time steps [PHG|.

The trajectory estimated by the linear Kalman filter with random matrix extension estimation
shows a noticeable shift towards the sensor, an observation consistent with previous 2D simulation
studies. Additionally, the 1o ellipsoid is smaller than the actual object’s extent and is therefore
barely visible, as it lies within the reference ellipsoid. In contrast, the[VMMladaptation effectively
compensates for the trajectory shift with only two iterations per time step. The estimated
ellipsoid size closely matches the reference ellipsoid. Notably, the enhanced cost function to
prevent extension growth due to unobservability was not required in this scenario, as the
adaptation remained stable on its own.

To evaluate robustness and obtain more conclusive results, a Monte Carlo simulation with 100
runs was conducted, with process noise and measurement noise independently sampled for each
run. Figure 49 and Table [7] show the mean and standard deviation of the extension estimation
from the Monte Carlo simulation.

Table 7: Mean and std. deviation from 100 MC runs. Ellipsoidal reference object [PH6).
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Reference | Ellipsoid Cone Cuboid
length [m] 11 11.1+1.4|129+2.6 | 7.3+£0.9
width [m] 7 71+14 | 6.2+23 | 42+18
height [m] 4 42404 | 47+£09 | 3.3+£0.3
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Figure 49: Extension estimation averaged over 100 MC runs |[PH6|

Height estimates were the most accurate, benefiting from a favorable angle between the sensor
and the object. Toward the end of the scenario, estimating the object’s length became more dif-
ficult as it was viewed exclusively from behind. Similarly, width estimation proved challenging
when the object was close but only visible from a side angle.

Assuming that the ellipsoidal shape is initially unknown and needs to be identified, the cone
and cuboid VMMk are applied simultaneously. Their results, shown in Table [7], are clearly less
accurate, reflecting the consequences of assuming an incorrect shape. However, the generated
measurements from each [VMM], Zj, can be compared with the actual measurements, Zj, using
Chamfer distances to help determine the correct shape. Figure presents the Chamfer dis-
tances for a sliding window of length L = 5, averaged over 100 Monte Carlo runs. On average,
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Figure 50: Chamfer distances for three VMMk. Monte Carlo results [PH6|.

the Chamfer distance between the ellipsoid’s virtual measurements and the real measurements
is the lowest, confirming accurate shape classification. The 1o ranges show consistent correct
classification overall, although some overlap occurs toward the end of the scenario, indicating
occasional misclassifications in a few Monte Carlo runs. These misclassifications, however, were
infrequent: the ellipsoid was correctly identified in 97.9% of all time steps, while the cuboid
achieved the lowest Chamfer distance in 1.9% of instances, and the cone in only 0.2%

To determine if objects with different shapes could be tracked with comparable accuracy and
effectively identified, the same scenario was simulated with a cone and a cuboid as reference
objects. Figure [p1]shows the results at time step £ = 60.  Overall, the cone yielded tracking re-
sults comparable to those for the ellipsoid. In contrast, the cuboid showed significantly degraded
tracking performance at certain time steps, with notable underestimation of its size, especially
when only a single face was visible, resulting in observability challenges (see, e.g., Figure .
Classification results for all shapes are summarized in Table [§] based on 100 Monte Carlo runs
per shape. While the ellipsoid and cone were consistently classified accurately, the cuboid was
frequently misclassified as an ellipsoid.
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Reference Reference
Measurements . Measurements

RM result e RM re§ult .
VMM input adaptation VMM input adaptation

y [m] 10 -35 x [m] y [m] -15 x [m]

(a) Cone (b) Cuboid

Figure 51: Tracking results at k = 60 |\

Table 8: Classification results from 100 Monte Carlo runs per shape.

classified as
Ellipsoid | Cone | Cuboid
1.9%
2.4%

Reference
Ellipsoid

Cuboid

Real-world experiments with a sailing boat To evaluate the [EOT] approach in a real-world
setting, a scenario with sailing boats on Lake Constance is considered. The camera image in
Figure [52a] shows an overview of the scenario. Measurements were captured by a Velodyne Al-
pha Prime (VLP-128) lidar mounted on a catamaran traveling approximately 32 km/h from
Friedrichshafen to Constance. Differential global positioning system (GPS) provided position
and yaw data, while an inertial measurement unit ([MU]) measured roll and pitch to account for
the catamaran’s ego motion. Figure [52b] shows the lidar measurements, random matrix result,
and extension estimation after VMM] adaptation for a single sailing boat. An elliptical cone was
identified by the classification with Chamfer distances as the best-fitting shape.

(a) Camera image.

(b) Measurements and tracking results.

Figure 52: Real world experiments with a sailing boat |\

At the start of the scenario, the sailing boat is approximately 240 meters away, resulting in a
low number of measurements. As the catamaran gets closer, the measurement count steadily
increases, reaching its peak when the distance narrows to about 70 meters at the end of the
scenario. Around time step k = 300, the measurement count quickly drops to zero as the object
moves into a blind spot, where the lidar becomes obstructed by parts of the catamaran’s roof.
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As shown in Figure the adaptation aligns the cone reasonably well with the measure-
ments, though not perfectly, as some measurements fall distinctly outside the cone. Figure [53al
shows the estimated extension parameters over the time steps.
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(a) Extension estimation (Cone-VMM). (b) Chamfer distances

Figure 53: Tracking results from the sailing boat [PHG6].

The length and height estimates appear plausible, remaining nearly constant throughout the
scenario. However, estimating width poses several challenges due to various factors: first, the
wind positions the sail at the back of the boat, whereas ray tracing assumes measurements come
from the front, leading to a mismatch in modeling. Second, while the boat tilts slightly, ignoring
roll and pitch results in an estimated cone that remains upright, misrepresenting the boat’s ori-
entation. Third, since the boat is consistently viewed from the side, estimating width becomes
inherently more challenging than estimating length or height.

The classification results, based on Chamfer distances, are shown in Figure With the ex-
ception of a few initial time steps (when the Kalman filter has not fully converged) and the final
steps, the cone consistently achieves the lowest Chamfer distance. This outcome is intuitive, as
a cone visually appears to be the best fit for the shape of a sailing boat.

Real-world experiments with a motor boat In the second real-world scenario, lidar data from
the motorboat "Solgenia" are analyzed. For this scenario, both a model and reference
extension parameters are available. Figure [54] presents the lidar measurements, tracking results
from the VMM]| adaptation with ellipsoidal shape, and the [CAD| model, manually aligned with
the measurements for comparison.

Measurements
VMM adaptation
I CAD reference

x [m]

Figure 54: Tracking results for the motorboat "Solgenia". Reference parameters: | = 8.4m,
w = 2.5m, h = 2.0m. Estimated parameters (mean): [ =8.5m, w =2.4m, h=25m
|[PHG6).

The length and width of the "Solgenia" can be estimated with high precision with an error of only
10 cm. This accuracy is due to the fact that the base, or 2D top view, of the "Solgenia" closely
approximates a perfect ellipse. However, the height is somewhat overestimated, particularly
toward the bottom, where the estimated ellipsoid diverges significantly from the [CAD| model.
Regarding the height parameter, the elliptical assumption is not entirely met, posing a challenge
to precise estimation.

If the ellipsoidal shape is not assumed to be known, the shape must first be classified. For
shape classification in this scenario, real and artificial measurements from three different
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(ellipsoid, cuboid, and cone) are accumulated within a sliding window of length L = 5. All
measurements are transformed into the target coordinate system of the corresponding VMMI
estimate. For illustration, Figure shows the real and artificial measurements for time steps
k =10 through k = 15.

4
2
0
-2 -4 5

X [m]

Real measurements

(a) Ellipsoid Artificial measurements

(b) Cone

(c) Cuboid

Figure 55: Real and artificial measurements for classification [PH6).

It is immediately apparent that the point clouds in Figure are the most similar and that
therefore the ellipsoid should be the best-fitting shape for the "Solgenia". Table [9] provides
the mean Chamfer distances and the empirical probabilities of each shape achieving the lowest
Chamfer distance per time step. In 91.4% of all time steps, the ellipsoid proved to be the

best-fitting shape, yielding the lowest Chamfer distance.

Table 9: Classification results for the motor boat [PH|.

Ellipsoid | Cone | Cuboid
Mean d¢ 0.50 0.67 0.59
classified as ... [%] 914 4.8 3.8
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6.6. Discussion and conclusion for virtual measurement models

In the first part of this thesis, a novel approach for extended object tracking (EQT]) was proposed,
in which the output of the random matrix algorithm is adjusted using virtual measurement
models (VMMk). In Section [6.1] it was shown that the proposed [VMM] approach leads to
unbiased estimates of both object position and spatial extent when tracking elliptical objects
with a lidar sensor that produces asymmetric contour measurements. The associated adaptation
algorithm, introduced in Section , was proven to be asymptotically stable in theory (see
Section and confirmed in practice (see Section , provided the adaptation gain remains
within the range 0 < K; < 2.

A comparison with Gaussian process-based shape estimation methods revealed a key strength
of the approach: its robustness to measurement noise. This advantage stems from the
fact that the VMM] operates on the filtered outputs—mnamely, the estimated mean and covari-
ance—of the random matrix algorithm. As a result, measurement noise is effectively suppressed
prior to adaptation. In contrast, methods based on Gaussian processes must associate individual
measurements with assumed measurement sources on the object contour, which can lead to sig-
nificant estimation errors or divergence in high-noise scenarios when measurements are assigned
to the wrong part of the object’s contour. However, Gaussian processes offer greater flexibility
in modeling arbitrary shapes, whereas the VMM] framework assumes a set of predefined shape
classes. It is worth noting that the VMM] adaptation does not affect the filtering process itself.
It functions purely as a post-correction stage, preserving the stability and consistency of the
underlying random matrix Kalman filter.

In Section [6.4] the VMM] approach was compared with various state-of-the-art methods from
the literature. Based on the intersection-over-union (IoU) metric, the VMM approach performed
competitively in terms of estimation accuracy. More importantly, it stood out for its computa-
tional efficiency. This is largely due to the fact that the number of measurements has minimal
influence on the adaptation cost, allowing the method to maintain low and predictable compu-
tational requirements across the whole scenario.

As an alternative to the iterative adaptation, Section explored a regression-based ap-
proach using Gaussian processes regression model (GPRM]). Here, a was trained on
synthetic data generated by the and used during online tracking to directly map the ran-
dom matrix output—i.e., centroid and spread—back to object position and shape parameters.
This approach led to substantial computational savings, though it also introduced larger estima-
tion errors. The primary challenge was to cover the entire state space with a limited number of
training samples. Since this issue becomes more severe in higher-dimensional (3D) applications,
the [GPRMlmethod was used exclusively in 2D, while the iterative VMMl adaptation was retained
for 3D scenarios.

In Section it was demonstrated that MMk can also be used to account for occlusions in
multi-extended object tracking (MEOT]). In particular, ray tracing within the framework
enables precise modeling of partial visibility. This approach proved effective as long as objects
were only partially occluded. However, as the estimates of the kinematic depends on the center
of gravity, they tend to drift during periods with occlusion, resulting in apparent velocity changes
that are not yet compensated within the current framework.

Section explored various geometric shape models for both 2D and 3D scenarios. Each shape
class, such as ellipses, cones, and cuboids, was associated with its own and adaptation
loop. After the adaptation, the resulting virtual measurements were accumulated over several
time steps and compared with real measurements to enable shape classification. The results
indicate that accurate knowledge of the underlying object shape is critical for precise extent
estimation and therefore, shape classification is beneficial. Shape classification using Chamfer
distances proved to be robust and reliable, even under noisy conditions. Only rectangular cuboids
observed strictly from the side could not be classified reliably due to limited observability. In real-
world lidar data, a sailing boat was consistently classified as an elliptical cone, while a motorboat
was correctly identified as an ellipsoid.
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Beyond shape classification, the framework can also be used to classify the underlying
measurement likelihood. This includes distinguishing between surface/contour, and interior mea-
surements, or estimating the relative contribution of each in mixed measurement scenarios, an
important consideration in practical applications where lidar beams may generate also measure-
ment from the inside of objects. In summary, the proposed framework offers a computationally
efficient solution for [EQT] that flexibly accommodates a wide range of sensor modalities and
geometric base shapes. By using VMME, it becomes possible to model complex measurement
model behavior, such as occlusions or mixed measurement sources, within a unified framework.

6.7. Future work

In this work, each object was represented by a single predefined shape. A natural extension is
the use of multiple shape components that can be combined, thereby increasing the flexibility
of the and enabling more precise physics-based modeling. One illustrative example is the
refinement of the sailing boat representation. While an elliptical cone was shown to provide a
sufficiently accurate approximation in many scenarios, a more detailed model that combines an
ellipsoid for the hull with a half-cone for the sail can further enhance the accuracy, as demon-
strated in Figure [56] Virtual measurements can also be generated for this representation by

N Sailing boat CAD
I Ellipsoid

Cone

Figure 56: Sailing boat representation using a combination of a half-ellipsoid for the hull and a
half-cone for the sai]ﬁ

applying ray tracing and sampling interior measurements, which can then be compared with
real sensor measurements. Assuming that the yaw angle is known from kinematic information
and roll and pitch can be neglected, a single ellipsoid requires six parameters (its length, width,
height, and position in z, y, and z) to be uniquely defined. These parameters can be determined
directly from the random matrix estimate, namely from the filtered center of gravity in z, y, and
z together with the three eigenvalues of the filtered covariance matrix.

In contrast, the combined representation requires eleven parameters to be specified (the height
of the second component is omitted since the two shapes are stacked). The random matrix result
alone is therefore insufficient, and additional metrics must be taken into account, for example
Chamfer distances between virtual and real measurements. Furthermore, deriving an intuitive
adaptation law is unlikely to be feasible; instead, more advanced machine learning approaches
such as neural networks or reinforcement learning will be required.

5Sailboat CAD model, available at https://sketchfab. com/3d-models/sailboat-d59913994a44444b8d054f4de5£519bc,
downloaded on July 30, 2025.
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7. Detection-driven adaptive birth density

The virtual measurement model (VMM]) framework introduced in Part [ was primarily concerned
with the physical modeling of measurement models in extended object tracking (EOQT]). In
contrast, multi-extended object tracking was addressed only in the context of occlusions,
as discussed in Section The classical multi object tracking (MOT)) challenges presented in
Section including, for example, clutter, clustering, data association, and object birth and
death, were not complex enough to require advanced solutions. Part [[I] now focuses on
scenarios that necessitate more sophisticated modeling of object birth and more advanced filtering
techniques, such as Bernoulli and probability hypothesis density (PHDI) filters.

Bernoulli filters [42, 43| 45, 47, [50, 97] represent hypothetical objects as tracks, jointly estimating
their kinematic states and probabilities of existence. An overview of Bernoulli filters [45] has
been provided in Section 2.7 The labeled multi-Bernoulli filter [47|, which is employed
later in this section, was briefly summarized in Section [2.§]

In addition to Bernoulli filters, filters are widely used in [MOT] These filters represent the
multi-object state using the function, which is defined over the single-object state space.
filters, introduced in Section are among the most popular approaches and have
been applied and extended in numerous publications [54], 56, 98-100].

To enable the detection and initialization of new objects, Bernoulli filters incorporate birth tracks
during the prediction step [42, p. 670], while PHDIfilters introduce a birth intensity [56, p. 4095].
Birth tracks form a multi-Bernoulli random finite set (RES), where each component is charac-
terized by a birth probability and a spatial birth density. In a Gaussian mixture (GM])-based
implementation, if each birth track is represented by a single component, the conversion
between birth tracks and birth intensity is straightforward.

Modeling a suitable birth density presents several challenges: the initial states of new objects are
generally unknown and may vary significantly. For example, larger objects might be detected
earlier at greater distances from the sensor and may exhibit higher velocities than smaller ones.
Furthermore, the expected initial states can vary over time due to factors such as changing
weather or lighting conditions. To address these challenges, adaptive birth densities or intensities
have been proposed for both Bernoulli and [PHDI filters [47, p. 3256],|101} [102]. These adaptive
models are typically measurement-driven; that means, they are based on measurements from the
previous time step |47, (101} 102].

While measurement-driven models allow the detection of new objects anywhere in the surveil-
lance region without prior information, they come with several drawbacks. In scenarios with
high clutter density, both the computational cost and false alarm rate can increase substan-
tially. Additional limitations include delayed detection (by at least one time step) [103] p. 3],
sensitivity to user-defined parameters [103, p. 1], and the so-called “spooky action at a distance”
phenomenon, wherein measurements from unrelated regions affect the existence probabilities of
potential targets [103, p. 4].

The key contribution of this section is a detection-driven adaptive birth density model that can
be integrated with existing filters. The term “detection-driven” indicates that the birth
density, modeled as a single Gaussian distribution, is updated based on the filter’s detections.

Own publications on this subject The novel approach of adapting a birth density using the
detections of the filter was first introduced in the conference paper |[PH7], specifically in the
context of the [LMB] filter. In this first publication, the birth density was modeled as a single
Gaussian distribution. The initial states of the targets detected by the LMBlfilter were calculated
using the Rauch-Tung-Striebel (RTS)) recursion, with the goal to recursively estimate the mean
and covariance of the target’s initial state density, that is ultimately the birth density.

The implementation of the filter used in this work is based on the author’s master’s the-
sis [M1], in which various Bernoulli filters were compared across multiple scenarios. That study
identified the modeling of the birth density as a promising area for further research. A com-
prehensive literature review of measurement-driven adaptive birth densities was also published
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in [M2, p. 43-45] and |[PH9|, and is summarized in the next section. Reproduction of textual
material, illustrations, and tables from those papers for this section is in accordance with the
IEEE and ISIF copyright policies.

7.1. Related work

Measurement-driven adaptive birth densities have been considered in [47, 101, 102, 104107,
primarily due to the limitations of static birth models. Static birth densities with small spatial
uncertainties require prior knowledge |47, p. 3256], which is not always available |[101, p. 96].
Furthermore, reliable and prompt track initiation becomes challenging if the object has already
moved significantly away from the expected location of the birth density [47, p. 3256]. On
the other hand, static birth densities with large uncertainties, designed to cover the entire state
space, are inefficient [102} p. 1658] and lead to increased false alarm rates, particularly in cluttered
environments.

A measurement-driven adaptive birth model was proposed in [47, p. 3256] for the LMBlfilter. The
core idea is to use the current measurement set Zj, to define the multi-Bernoulli birth distribution
at the next time step. Measurements that cannot be associated with any existing track are
assumed likely to originate from newborn targets [47, p. 3256]. Accordingly, the probability that
a given measurement corresponds to a new object is derived from the weights of the association
hypotheses. This concept was later extended in [101] for application to the generalized labeled
multi-Bernoulli (GLMB)) filter.

A related method based on measurement-driven birth intensities was introduced in [102] for
and cardinalized probability hypothesis density (CPHD)) filters. In this approach, targets
are explicitly labeled as either persistent or newborn, and the labels are incorporated into both
the prediction and update steps [102, p. 1659]. The labeled state is defined as

z=(y.8), (7.1)
where
0 for a persistent target,
8= & (7.2)
1 for a newborn target.
This leads to a birth intensity of the form [102, p. 1658]:
p® _ pW® _ D) is=1, 3
k‘kfl(ﬂ) = k\kfl(%ﬁ) = 0 it B =0. (7.3)

Here, y denotes the kinematic state, previously referred to as . Newborn targets labeled with
g=1 are considered persistent in the following time step, which is incorporated in the transition
model [102]. The update step is also adjusted: since newborn targets must have produced a
measurement, their detection probability is set to 1, whereas for persistent targets, it remains
pa [102].

This model was later refined in [104] for use in low-detection-probability environments. Addi-
tional variants of measurement-driven adaptive birth densities for filters—incorporating
labeling or variable flags to distinguish between newborn and persistent targets—have been ex-
plored in [105H107].

An alternative to adaptive birth models is track initiation via a Poisson point process, as im-
plemented in Poisson multi-Bernoulli mixture filters [103]. This approach offers a Bayesian
foundation for handling new targets.
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7.2. Detection-driven adaptation

In many practical tracking scenarios, the initial states of objects are not known, but can be
constrained using contextual information. For example, in air surveillance, newly appearing
objects are typically located near runways. To capture such prior knowledge, a birth density can
be defined to cover these high-probability regions. However, parameters describing a takeoff, such
as position, velocity, and acceleration, remain uncertain. While a large aircraft like an Airbus
A380 may take off at the end of the runway at speeds exceeding 300km/h, lighter aircraft
generally lift off earlier and at lower velocities. The true initial states can therefore be modeled
as Gaussian-distributed, with unknown mean and covariance. When a new object is detected,
its observed kinematic state provides valuable information that can be used to adapt the birth
density of the tracking filter. The framework for adaptation is shown in Figure 7]

(ﬁ Multi-Object State
Birth Model '@
Y

Birth Density Adaption |< RTS Recursion
’ Estimated Initial
Position

Figure 57: Detection driven adaptive birth density [PHT].

The [LMBlfilter from Section is used with an initial birth model to estimate the multi-object
state. This birth model consists of a single Gaussian density, defined by its expected value and
covariance, a birth probability and a label that contains the current time step k. This ensures
that the initialization time of every track is explicitly known.

If an object originating from a birth track initialized at time step k is still alive at time step k+Ak,
the recursion is applied to estimate its initial position. This backward smoothing step
provides a refined estimate of the object’s state at the time of birth, which is then used to update
the birth density. The following two sections summarize the recursion and introduce the
method for adapting the birth density based on the estimated initial states.

7.3. Rauch-Tung-Striebel (RTS) recursion

The Rauch-Tung-Striebel (RTS)) recursion is a method used for smoothing or retrodiction [58].
The Kalman filter provides state estimates z, and corresponding covariances Py, at each time
step k. However, its best estimate of the initial state z, considering only the measurement
received at & = 0 is denoted zj,. When observations are available over multiple future time
steps, up to k = 0 + Ak, these additional measurements can be used to refine the estimate of
the initial state. This refined estimate is denoted by |4, With associated covariance Ppjo4ak
and it considers all measurements from time steps 0 to Ak. An overview of the Kalman filter
and recursion structure is illustrated in Figure [58]

[ Reference ] [ Zo J—V[ Z; ]—b[ )—b[ Lot A,

)
v v
) L= ) L& ) (o ) (2 )
v v v v
C ke ) (2o J— 2m J{ - fr{(Zorauorad]
) )

[ Sensor

v v v v
Zojora, J¢—{ Ziora, Je—{ - Je—{Zora,ra,

( RTS

Figure 58: Relationship between the Kalman filter and the [RTS recursion [PH7].
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The recursion is executed in a loop over all time steps at each time step k. The recursion
is initialized with the latest estimate @klkﬁ Pyi,) from the Kalman filter. Afterwards, the states
of previous time steps [ with [ < k can be reconstructed in reverse order |58, p. 2203]:

e = 2y + Wi (@ ge — Zigap), (7.4)
Py = Py + Wi (Pyage — Pl+1|l)VVl—\;+17 (7.5)

with retrodiction gain [58} p. 2203]:

Wiy = PuF Py (7.6)
The recursion, as presented here, is specifically designed for the standard Kalman filter,
which models a single object’s state as a unimodal normal distribution. To enable its application
in multi-object filtering scenarios, the recursion must be extended by constructing object
trajectories based on label information. In the case of a implementation, the component
with the highest weight is selected at each time step to estimate the initial position of the
corresponding track. The weights of the Gaussian mixture components from earlier time steps
remain unchanged throughout this backward smoothing process.

The detection-driven adaptive birth density can also be used without the recursion by tak-
ing the state at the time of detection as an estimate of the initial position. This simplification
increases compatibility, as it removes the dependency on label information and allows the ap-
proach to be used with any filter. However, bypassing the recursion results in a loss of
accuracy, since the estimated initial state no longer benefits from the information contained in
future observations.

7.4. Birth density adaptation

The true birth density is defined by its mean my, ., and covariance matrix P grye. Since these
true parameters can not be determined directly, they must be estimated. In this context, n
denotes the number of detected targets, and my ; represents the initial position of target i. The
estimated mean and covariance of the birth density are denoted by my, and P, respectively.
Using a batch processing approach, standard statistical estimators can be applied to determine
these parameters:

1 n
my = > mo, (7.7)
=1
1 n
Py = n—1 Z(mm’ —my,)(mg; —my) " (7.8)
=1

By some rewriting, the estimation process can be expressed in a recursive manner. The derivation
of this recursive formulation is detailed in [108], and the resulting equations are provided below.

Mo — Mp|g—1

o (79)

Mp| = Mp|k—1 +
1 T
Py = (1 - n) Pyg-1+ (n+1) <mb|k - mb\k—l) (mb|k - mb\k—l) ; (7.10)

with the initial condition myq = 0, Pyp = 0. The disadvantage of this estimator is that newly
detected targets have the same influence as older ones. As the number of updates increases, this
leads to a loss of adaptability. To maintain the dynamic behavior of the estimate over time, a
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parameter 7 > 1 is introduced.

my p — Mp|g—1
T+1

1 T
Py, = (1 - T) Pyp—1+(7+1) (ka - Mb\kq) (mb\k - mb|k71) : (7.12)

M|y = Mpjp—1 + ; (7.11)

As a result, the algorithm always behaves as if 7 targets have already been incorporated into the
birth density estimate. This means that the weight of a newly detected target remains fixed at
1/(7 4+ 1), independent of the actual number of previously processed detections.

Proposition 1: The estimation m, is unbiased If the iterative update equation is reformulated
as a batch computation, it results in a weighted sum. To express this formally, a weighting factor
A is introduced, leading to the following expression for the estimated birth density mean:

my, = Zkimo,i, (7.13)
i=0
1 1\
AN = 1-— . 7.14
T+ 1 < T—|—1> ( )

Note that ¢ = 0 refers to the most recently detected target. As n — oo, the sum of the weighting
factors converges to 1. This can be shown by rewriting the sum:

n

1 <& 1 \°
N=—— 1— . 1
Y- 53 (1- ) 19

1=0

Since the common ratio 1 — T—}rl < 1, this is a convergent geometric series. Applying the formula
for the sum of such a series for n — oo yields:

" 1 1
i : =1. 7.16
ZZ; M 1-(1- ) 10

This allows to compute the expected value of the estimate m, from Equation (7.13)):

E(m,) =E (Z Ai mO,i) = ZE()\z m(),i)' (7.17)
i=0 i=0

Since the weighting factors A; are deterministic and independent of the random variables my),,
it follows that:

n

E(m;) = 3 A E(my,). (7.18)
1=0

Assuming E(my ;) = my, ¢ for all i, and using the result from Equation (7.16]), this simplifies to:

E(m,) = 1, res- (7.19)

Proposition 2: The estimation m, is not consistent The covariance of the estimator, denoted
as Cov(my), does not converge to zero as n — 0o, as expected when using Equation (7.7). The
lack of consistency arises due to the unequal weighting factors A; applied to the initial positions
Mg ;-
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The covariance of the estimator (not to be confused with the estimated covariance matrix P,
of the birth density) depends on the true covariance Py er and the parameter 7. According to
Bienaymé’s identity [109], the covariance of a weighted sum X = >""" | A X; is given by:

n
Cov(X) = A7 Cov(X,). (7.20)
=0
In the case of the proposed estimator, it holds that Cov(X;) = Cov(mg ;) = Py rer, leading to:

Cov(my) = A Prer. (7.21)
=0

Inserting the expression for \; from Equation (7.14)) gives:

1 2 n 1 21
Cov(my) = P ret (T+1> Zz:% (1 p— 1) . (7.22)

Applying the standard formula for the sum in the limit n — oo results in:

1y’ 1 Py et

C =P . = —, 7.23

ov(m,) b,ref<7_+1> a2+l (7.23)
T+l

Thus, the covariance of the estimate m; does not vanish as n — oo, but instead converges to a

fixed value determined by the true covariance P ot and the memory parameter 7.

Optimal choice for parameter 7 As the value of 7 increases, the stationary value can be
estimated more precisely according to Equation . However, if the expected value of the
underlying distribution changes over time, a smaller 7 is advantageous. It allows the estimator
to react more quickly, increasing adaptability at the cost of higher variance. This trade-off
is illustrated in the example shown in Figure Initially, samples are drawn from a normal
distribution N (z; 1 = 10,0 = 2). At time step k = 100, the expected value abruptly changes
to puz = 20. Estimators with a small value of 7 respond more quickly to sudden changes in the

Expected Value
Estimated Mean
= nmn e Estimation with 7 =1

5 e Fstimation with 7 =5
== m Estimation with 7 = 20
0 / | | | | | | | | | ]
0 20 40 60 80 100 120 140 160 180 200

k
Figure 59: Estimation behavior for different values of 7 [PH7|.
distribution, but exhibit increased variance in the stationary regime. In contrast, larger values

of 7 yield smoother estimates but adapt more slowly to dynamic changes. As a compromise
between adaptability and estimation precision, a value of 7 = 5 was selected in this work.
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8. Circular birth density

The approach for an adaptive birth density described in the previous section was limited to a
single Gaussian component. This restriction limits the method to scenarios in which targets
emerge from only one predominant direction. In environments where targets may originate
from multiple directions, the method can be extended to incorporate several Gaussian birth
components. This extension is feasible provided that the initial positions of newly detected
objects can be reliably assigned to one of these components. A representative example of such a
setting is vessel tracking on a river (see results in Section , where targets can appear either
from upstream or downstream.

In this section, the birth density is refined using polar coordinates, resulting in a circular birth
density that covers the entire horizon of the observation area. This generalization is particularly
relevant for lidar or radar sensors with 360° coverage, in scenarios with open fields of view,
such as maritime or aerial environments. Assuming the sensor is positioned at the origin of
the coordinate system, the birth density can be described in polar coordinates, incorporating all
point-symmetrical quantities like radius r, radial velocity v, and tangential velocity v; of newborn
objects. To simplify notation, these quantities are combined into a vector r = (r, Ur,llt)—r. It is
further assumed that the birth density follows a normal distribution over r but is uniform over
the orientation angle . This results in a cirular birth density given by

po(r,0) = N (r; 7, P,)U (650, 27) (8.1)

with expected value 7 and covariance matrix P,. The covariance matrix P, can be given in

diagonal form (e.g. P, = diag (03, agr o2 ) ) but can also consider correlations. Figure shows

» Yo
a circular birth density for # = 100 m and o, = 20 m as an example.
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Figure 60: Circular birth density ,

However, in most tracking scenarios, filters operate in Cartesian coordinates. This is typically
the case because motion models are defined for Cartesian state vectors. Therefore, the polar
birth density from must be approximated in Cartesian coordinates. The approximation is
carried out in two steps: First, the circular birth density is represented as a Gaussian mixture
in polar coordinates. Second, this mixture is transformed into Cartesian coordinates.

Own publications on this subject The idea of a circular birth density was first introduced in the
master’s thesis and further developed in the conference paper . In both publications,
the birth density is described in polar coordinates and approximated by a Gaussian mixture in
Cartesian coordinates. The adaptation can be performed similarly to the previous section, but
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carried out in polar space. While the Cartesian approximation proposed in [PH8, M2| was largely
heuristic, initial simulation results were promising and are summarized in Section [9.2]

In this work, the entire approach is extended with a more rigorous mathematical foundation for
the Cartesian transformation and the Gaussian mixture approximation, with special attention to
unimodality and Kullback-Leibler divergences (KLDk). Furthermore, the influence of ego motion
is explicitly addressed, and new simulation studies and real-world experiments with ego motion
are presented. This section is based on and contains adapted material from the journal paper
[PH9|, reproduced here in accordance with the ISIF copyright policies.

8.1. Gaussian mixture approximation

In this section, the birth density from Equation (8.1) is approximated by a Gaussian mixture
with n; components, indexed by j. This approximation is necessary, as Gaussian mixtures can
be efficiently transformed in the subsequent conversion to Cartesian coordinates. The details of
this transformation are discussed in the next section, with Figure providing an illustrative
example.

As a general principle, increasing the number of Gaussian components n; reduces the approxima-
tion error introduced during the transformation into Cartesian space. The expected values and
standard deviations of the radial and tangential velocities can be directly used in the Gaussian
mixture approximation, as their distributions are point-symmetric and thus identical for all
components. Specifically, we have @Tj = Uy, Ov,. = O, ¢ ;= U, and Tuy;, = Oy

However, for radius r and orientation angle 6, the following Gaussian mixture approximation for
the circular birth density (as shown in Figure is required:

N(r;f,a,%)uw;o,zw)zéi/\/qg];[gj],[(8% (%D, (8.2)

whereas 7 and o2 do not differ from the values used in the original density 1’ With n;
Gaussian components, the expected values of the angular positions are defined as

A 2T, .
0 =—@G—1), (8.3)
nj
with j = 1,...,n;. As a result, the Gaussian components are uniformly distributed over the

angular range 6.

Determining the optimal variance 03 for an accurate approximation in is a more challenging
task. In [110], ridgeline and ridgeline elevation plots are used to investigate the topographic
properties of multivariate distributions projected onto a one-dimensional space. In this work,
the concept of ridgeline elevation is likewise used to evaluate the birth density and to identify a
suitable approximation.

In Figure [60] the ridgeline is defined over the interval @ = 0 to § = 27 at a fixed radius 7. The
corresponding ridgeline elevation function is given by

p(0,r=7)=N (f; 7, 03) U(6;0,2m), (8.4)

which is constant, with its value determined by # and o2.
Marginalizing over the radius yields the one-dimensional ridgeline elevation density:

1
p(6) = U (6:0,2m) = -~ ~ 0.1592. (8.5)

™

Since p(0) does not exhibit any extrema, it is a unimodal distribution. Ideally, the Gaussian
mixture should approximate this uniform density such that p(6) = % holds.
In general, however, the Gaussian mixture ridgeline probability density function (pdf]) is given
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by

<N (0 —6;)?

Proposition 1: With increasing oy, the Gaussian mixture converges to a unimodal uniform
distribution When standard Gaussian distributions are applied to a periodic variable such as
0, the periodicity is not inherently taken into account. As a result, the [pdi] assigns different
values to equivalent angles, such as 0, 27, 47, and so on. To properly model periodic behavior, a
mixture of von Mises distributions can be used. The corresponding [pdf]is given in [111, Eq. (4)]:

n:

J
pvm(0) = TZJZI 27”,10(/1) exp (Fa cos(6; — 0)) , (8.7)
where & = 1/0%, and Iy(k) denotes the modified Bessel function.

For small values of gy, i.e., 09 < 27, the von Mises distribution closely resembles a Gaussian
distribution. The key differences compared to the Gaussian [pdf] are the cosine term in the
exponent and the normalization factor, which ensures that fo% pym(0)do = 1.

To prove Proposition 1, we compute the limit of the [pdi] as follows:

. Ol 1 .
1 1
= lim — 8.9
HIL% n; ]z::l 271'[0(/43) ( )

Since Ip(0) =1 [111, Eq. 5], the expression simplifies to

1
lim pym(0) = 5, (8.10)
Kk—0

2
which is equivalent to the [pdf] of the uniform distribution.
For practical applications, however, it is often more convenient to work with a Gaussian mixture
rather than a von Mises mixture. The convergence of the Gaussian mixture to a uniform distri-
bution with increasing uncertainty is illustrated in Figure [6I) where the distance between two
components is denoted as Ay = 0; — 0,_1. The three figures on the left show the ridgeline
densities for three components, while the three figures on the right show the results for eight
components. From top to bottom, the uncertainty oy increases from 0.3Ag to 0.7Ay.
For the low uncertainty of 0.3A¢ in Figures and strong density fluctuations are visible
across 0. For a value of 0.5Ay in Figures and [61d] the density is almost unimodal, with
only slight deviations. Since small variance values result in smaller approximation errors when
transforming the density into Cartesian coordinates, a value of 0.5Ay is sufficient for the appli-
cation. A further increase, such as to 0.7Ag as shown in Figures and is not necessary,
even though the density here shows almost no fluctuations.
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Figure 61: Unimodal or multimodal Gaussian mixtures for the ridgeline elevation density
achieved by marginalizing the birth density over radius r. The random variable is
the angle 6 which is periodic with a period of T'= 27 [PHY|.

92



8.1. Gaussian mixture approximation Patrick Hoher

The choice of oy = 0.5A0 proves beneficial when the approximation is visualized in polar
coordinates, as shown in Figure With oy = 0.3A6, as shown in Figures and clear
gaps appear through which objects could potentially pass undetected in tracking scenarios.

In contrast, with g9 = 0.5A0, as shown in Figures and the birth density resulting
from the approximation is nearly indistinguishable from the original density from Figure [60}
Increasing oy further, for example to 0.7A6, yields no significant improvement and may negatively
affect the subsequent Cartesian approximation.

Although the number of components may seem irrelevant up to this point, it becomes crucial
for the Cartesian approximation discussed in the following section.
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Figure 62: Gaussian mixtures in polar coordinates ||
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8.2. Cartesian transformation of a polar Gaussian distribution

The transformation of a Gaussian distribution from polar coordinates, ppolar(7, #), into Cartesian
coordinates, peart(z,y), can be illustrated graphically, as shown in Figure Mathematically,
this transformation can be expressed as follows:

x Z; o2, 0 r 7 o2 0
Pjcart(2,y) = N {y}[yj][ A } %pj,polar(r,e):-/v([e}§|:éj:|a[ 0 o2
N—————

3y
Pj,cart
(8.11)
The transformation of the expected value is straightforward:
i = 7 cos(6;), (8.12)
g; = 7sin(f;). (8.13)

For the variances, we first consider the density in Figure |63| for 6 =0°.

100

Polar
Cartesian

50

of Y

y [m]

-50

-100

-50 0 50 100 150
X [m]

Figure 63: 1lo— ellipses for the Cartesian approximation of a polar Gaussian distribution|[PH9).

In Figure the radial standard deviation o, corresponds to o, while the angular standard

deviation oy must be converted into a tangential standard deviation oy, given by oy = 7 tan(oyp).

Considering the general case for rotated components, the Cartesian covariance matrix Pj cart
is obtained through the following transformation:

Pj,cart - RertR;'rv (814)

where V¢ is the covariance matrix in the radial-tangential coordinate system:

2
Vi = (‘{;" °2> , (8.15)

Oy

and R; is the rotation matrix defined as:

r= () ). (5.16)
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8.2. Cartesian transformation of a polar Gaussian distribution Patrick Hoher

Since the transformation to Cartesian coordinates is an approximation, it causes an approxima-
tion error that can be quantified using the Kullback-Leibler divergence (KLDI) [112]. The [KLD
measures the discrepancy between two probability distributions and is defined as [112]:

(e 9]

Pcart (5U> y) )
w(z,y) log (2t go gy, 8.17
pca t( y) g <pp01ar(r’ 0) y ( )

d(PcartHPpolar) = /

—00

However, due to the different random variables involved, the [KLDI is evaluated in a discrete

form in this context. Both continuous densities peart(z,y) and ppolar(r, 0) are discretized, and
the divergence is computed using [113} p. 19]:

pt<$y>> , (8.18)

1 n

d(Pcart HPpolar) = E Z‘Z;pcart (xiu yz) log <ppolar(ria 01)
where n is the number of samples, and peart (24, i) and ppolar(ri, 0;) are the normalized density
values at the corresponding sample positions. The normalization ensures that Y ;- | peart (24, yi) =
Z?zl Ppolar (ria 01) =1

In the following, it is investigated how the[KLDlbehaves for different numbers of components.
For the discretization, 10000 Cartesian samples are uniformly distributed such that zmi, =
T—30z, Tmax = £+ 302, Ymin = §J — 30y and Ymax = ¥+ 30,. For each sample, the corresponding
(r,0) values are computed, the densities are evaluated and normalized, and the is then
calculated using Equation . The results for the current example birth density are shown
in Figure [64] for different numbers of Gaussian components.

15}
I /( Peort| Poolar)
0 d(Ppotar| Peart)
10
(o)
|
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6 7 8 9 10
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Figure 64: [KLDIfor the approximation of a polar Gaussian density by a Cartesian density [PH9|.

The [KLDl is an asymmetric measure, meaning that d(Preart || Ppolar) 7 d(Ppolar|| Peart). However,
the behavior of the two directions shown in Figure [64]is qualitatively similar. As the number of
components increases, the [KLD| decreases exponentially and converges to zero.

Due to the observed symmetry and the low resulting [KLDI a total of eight Gaussian components
is used in the following sections.

Previously, it was noted that a larger value for oy (e.g., 0.7Ay) negatively affects the Cartesian
approximation. With eight components and og = 0.5Ay, the 1-o angular range of a compo-
nent covers approximately 45°. In contrast, for o9 = 0.7Ay, this range increases to roughly 63°,
which results in a larger [KLDL as the curvature of the circular structure is increasingly neglected.
The final result of the[GMlapproximation and the Cartesian transformation is shown in Figure
The birth density depicted in Figure [65b] based on eight components and oy = 0.5A¢, closely
matches the original density in Figure [60] and is therefore recommended.
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8. Circular birth density
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Figure 65: Birth densities after [GM]| and Cartesian approximation ||

8.3. Birth velocities

Newly detected objects are typically expected to move toward the sensor, which corresponds to a
negative radial velocity v,.. The expected tangential velocity v; is assumed to be zero. As a result,
the expected Cartesian velocity components v, and vy, depend on the angle § and therefore differ
across the individual components.

Figure [66] illustrates the relationship between velocity components in polar and Cartesian coor-
dinates.

y [m]

Figure 66: Velocities in polar and Cartesian coordinates , .

From the radial and tangential velocity components, the expected Cartesian velocities 0, and 7,

can be computed as follows:
Uz\ _ p [Or
() == ) 619

where R; denotes the rotation matrix associated with the corresponding IGMl component.
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The covariance matrix of the velocity in Cartesian coordinates is given by:

0'3‘ 0 T
Pieatwt = R (70 o ) BJ. (8.20)

vt

Here, o, and o0,, denote the standard deviations of the radial and tangential velocities, respec-
tively, as used in Equation (8.1)).

Summary and birth intensities for [PHD filters The resulting birth intensity for Cartesian
filters is given by:

nj
b DPov0
Diiu)g_l(l) Y > N (zmy, Py, (8.21)
=1

where p,o denotes the birth probability and n; the number of [GM| components. Based on
prior investigations, the use of eight components is recommended in practical applications. The
expected value m; of component j is defined as:

T
m] == (‘Tjaijvmjwvyj) bl (822)

and the associated covariance matrix P; is given by:

P; 0
p; = ( e ) . 8.23
J < 0 Pj,cart,vel ( )

Instead of using a constant velocity (CV]) model, an alternative approach could involve a constant
turn model, where the state vector is defined as z, = (a:, Y, v, ¢,w)T, with v denoting the total
velocity and ¢ the orientation. These quantities can be derived from the radial and tangential
velocities of the circular birth density as follows:

v; = \/@,2]. +07 =, [02, + 02, (8.24)
¢; = atan2(vy,, ve; ). (8.25)

8.4. Detection-driven adaptation for a circular birth density

In the previous sections, it was assumed that the parameters of the circular birth density in
polar coordinates, namely the expected value 7 and the covariance matrix Py, were known and
remained constant. Analogous to the approach in Section [7] where detection-driven adaptation
was introduced for a single Gaussian birth density, a corresponding mechanism is now proposed
for the circular birth density. While the radius may still be available from sensor specification
sheets, initial values for radial and tangential velocities are often difficult to estimate, especially
with regard to their associated uncertainties. Figure [67] illustrates the proposed framework for
detection-driven adaptation of the circular birth density.

The starting point is the birth density in polar coordinates, given by Equation , which
is shown on the far left in Figure Its Gaussian mixture approximation and subsequent
transformation to Cartesian coordinates have already been discussed.

The filter, which operates in Cartesian coordinates, is primarily responsible for detecting
and tracking objects. In this context, however, it also takes on the secondary task of estimating
their initial states. This can be achieved, for instance, by applying a backward recursion once
an object has been successfully observed over multiple time steps, for a more accurate estimate
of its initial state. This approach was described in Section [7] for the [LMBI filter using the
recursion.

It filters based on sets of trajectories are used, a separate backward recursion is no longer
necessary. In that case, the initial state is continuously updated as new measurements are
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Figure 67: Detection-driven birth density adaptation for a circular birth density [PHS, PH9J.

A

received. The resulting estimate can then be treated as a sample from the birth density for the
purpose of estimating its parameters.

Since the birth density is described in polar coordinates, a coordinate transformation from Carte-
sian back to polar is required. The transformation from Cartesian to polar coordinates is given
by:

= VTP (826)
vy = cos(a)vy + sin(a)vy, (8.27)

vy = —sin(a)v, + cos(a)vy (8.28)

with angle o = atan2(y, x). For the update of the birth density, the initial state of object n in
polar coordinates is defined by r;,, = (To,n, Vrg s Uto’n)T.

To estimate the expected value and the covariance matrix, the same recursive estimators with
weighting parameter 7 as introduced in Section for the single Gaussian case can be applied
here:

Ton — Py
By =g + L (8.29)

1
B, — (1 - )p,,n_l 7 (= Fpt) (P — ) (8.30)

8.5. Effects of ego motion

In the previous sections, it was assumed that the sensor remained stationary throughout the
scenario. However, in cases where the sensor itself is in motion, the influence of ego motion on
the birth density must be taken into account. For the remainder of this section, the ego motion is
described by the velocity vego and direction fego. In addition, the random variable v, ~ p(vr)
is introduced to represent the prior distribution of radial velocities of the targets.

Probability of birth The relevance of ego motion becomes evident when considering two extreme
cases: negligible ego motion (vego = 0) and dominant ego motion (vego > vro or v, 0 ~ 0). In
the first case, where the sensor remains stationary, new targets are expected to appear uniformly
from all directions, as illustrated in Figure In contrast, if veg significantly exceeds the
velocity of the targets, new objects are expected primarily in the direction of motion, specifically
within the angular direction Oego = 90°. In general, the birth probability p, becomes a function
of the angle . This angular dependence is incorporated via an additional factor pyego(f)-

In the presence of ego motion, the birth intensity is therefore expressed as:

DL (1,0) = Py Phego (0) N (3 7, P U(0; 0, 27). (8:31)

To derive the function pp ego(0), we consider the example shown in Figure
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Figure 68: Introductory example for ego motion consideration within circular birth densities
[PHY)|.

In this example, the ego motion is defined by a velocity of vego = 2m/s and a direction of
Oego = 0°. The expected detection range is 7 = 100m. At point A, two hypothetical targets are
considered: Target 1 with a radial velocity of v,; = 1m/s and Target 2 with v, 2 = 3m/s.
Intuitively, Target 1 is likely to be detected, as its radial velocity is lower than the ego motion
velocity. In contrast, Target 2 is moving away too quickly and is therefore not expected to be
detected at that location. As a prior distribution for the radial velocity, p(vy.0) = N (vy,0;0, 3?)
is assumed, from which the two example velocities are drawn.

At point A, all targets with a radial velocity below 2m/s are considered plausible birth targets
(see Figure upper right subfigure). The contribution of ego motion to the birth probability
corresponds to the shaded area under the distribution curve and is computed as:

Vego €08 (0+0ego)
pb,egO(H) = 2/ p(UT,O)d'vr,O (832)
_ 9 <veg0 08 (0 + Oego) — 13,”70) (.33)
O-U’I",O

where ®(x) denotes the cumulative distribution function (CDF]) of the standard normal distri-
bution. The factor of 2 serves to normalize the [CDF] since without ego motion term, the result
would otherwise be 0.5. The computation of the ego-motion-dependent birth probability pp ego
via Equation is not limited to normally distributed radial velocities; the method is compat-
ible with arbitrary prior distributions. The circular birth density for the previously introduced
example in Figure[60} now incorporating ego motion and assuming prior radial velocities as shown
in Figure [684] is visualized in Figure [68Db] It demonstrates that the birth probability increases
in the direction of motion, while it decreases on the opposite side.

In the context of ego motion, it is also necessary to account for the sensor’s own position. This
requirement can be efficiently addressed by applying a simple coordinate shift. It is advantageous
to perform this shift after the Cartesian approximation, as this enables a simplified representation
of the birth density in polar coordinates, as shown in Equation .

Birth density for radial velocity In addition to the birth probability, ego motion has also a
significant impact on the expected radial velocities of newly born targets. For example, the
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radial velocity of a target born at point A in Figure @ must be less than 2m/s, whereas for a
target at point B it is constrained to be below —2m/s. As a result, the birth density b(v,) for the
radial velocity becomes dependent on the angle 6. If the prior distribution of the radial velocity
of newborn targets is Gaussian, then the birth density b(v,) can be described by a truncated
normal distribution. The corresponding [pdi] is given by (adapted from p. 757)):

b g — 1 ¢ (%) 8.34
(U’I‘7 ) - O, 0P (Uego COS(0+09gO)_’LAJ'r,O> ( . )
’ U'UT,O

where ¢(z) represents the [pdf] of the standard normal distribution. The expected value and
variance of this truncated normal distribution (8.34) are given by (see e.g. [L14} p. 759]):

o o(8(0))
0 (0) = Br0 — Uvr,ow

)
3(B(0) ([ o(B(0)
S50~ (3603) ] ’ (530

: (8.35)

oo (0) =02 [1 -8B

where A
Vego €0S(0 — Bego) — r0

B(0) = o (8.37)

For the example illustrated in Figure the [pdi] (8.34), expected value (8.35)), and standard
deviation (square root of (8.36))) are shown in Figure for various angles 6.

0251 e p(0r0)
s b (0, 0 = 0)
L s b0, 0 = 7/2)
02 b(v,,0 =)

o [m/s]

0 /2 s 3n/2 27
0

v, [m/s]

(a) [pdfl expected value and standard deviation (b) Gaussian approximations (dotted lines) for dif-
ferent angles resp. truncation points.

Figure 69: Truncated normal distribution for the radial velocity |\

At point A in Figure newborn targets are expected to have a radial velocity of v,(f = 0) =
—2.8 4+ 3.4m/s, whereas at point B, the expected radial velocity is v,(0 = 7) = —5.3 £ m/s as
shown in Figure Since it is impractical to employ a combination of normal and truncated
normal distributions in the filter, the truncated normal distribution is approximated by
a normal distribution using its mean and variance, i.e., a second-order moment approximation.
Figure [69D]illustrates this Gaussian approximation for the example scenario from Figure [68a] and
for the angular positions corresponding to points A through D.
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9. Results

This section presents both simulation studies and real-world experiments concerning the detection-
driven adaptive birth densities. The following scenarios are covered:

e Single Gaussian birth density adaptation using an [LMBI filter and [RTS| in line with the
framework described in section [7] The results of this scenario are published in the confer-
ence paper |[PHT].

e Adaptation of the circular birth density with 8 components, following the approach
from section This scenario was initially explored in the master’s thesis [M2, p. 68-69]
and subsequently extended for the publications [PHS8, p. 6-8] and [PHY| p. 12-14]. The
extended version, based on the publications [PHS8, [PHY|, is presented in the further course
of this section.

e Simulation studies with ego motion consideration within a circular birth density, as outlined
in section and published in [PH9, p. 14-16].

e Full-scale experiments with lidar data from a maritime scenario recorded on Lake Con-
stance, presented in [PH9, p. 16-18].

In all scenarios involving the circular birth density, a trajectory probability hypothesis density

(TPHD)) filter is utilized for [MOTI

9.1. Single Gaussian birth density

The first simulation study focuses on tracking ships on a river. In the observation area, where
there are no piers, new objects can enter the scene from either the right or left side. For sim-
plicity, only the left side is considered, enabling the use of a single Gaussian birth density. This
birth density spans the entire width of the river, as illustrated in Figure [70a]
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X [m] X [m]
(a) large initial birth density (b) small initial birth density

Figure 70: River scenario [PHT|.

As it turns out, the initial Gaussian birth density is oversized. In reality, the ships navigate
slightly to the left of the middle of the river due to the left-hand traffic rules. The low speed
of the ships relative to the sensor sampling rate results in a relatively constant z-position for
newly detected targets. Additionally, the narrowness of the river at this point imposes a speed
limit, causing the ships to travel at roughly the same speed. The sensor is positioned at the
origin and is assumed to have a range of 100m, leading to the placement of the birth density
at x = —100m. However, in practice, ships begin to generate measurements at a distance of
approximately 128 m.
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In the second simulation, it is incorrectly assumed that the ships navigate precisely in the middle
of the river, as illustrated in Figure[fOb] Furthermore, the range of the sensor is slightly overes-
timated. In both simulations, the expectation value of the true initial state (x,y, vz, vy, Gz, ay)
is given as:

mp et = (—128,10,5,0,0,0) (9.1)

with the uncertainties:
opret = (0.5,5,0.2,0.01,0.01,0.01). (9.2)

Additive white noise affects the acceleration with o,, = 0.05m/s? in the z-direction and Oa, =
0.01m/s? in the y-direction. The sensor is characterized by a measurement noise of o, = Oy =
0.1m, a detection probability of p; = 0.98, and an average clutter detection rate of A, = 10.
Clutter is uniformly distributed within the area —130m < z < —90m and —20m < y < 20 m.
The scenario spans £ = 10000 time steps, with a sampling period of 0.1s. New targets appear at
time steps k = 0, 100, 200, . . ., and leave the surveillance area at k = 85,185,285, .... Cardinality
estimation, optimal subpattern assignment ((OSPA)), localization [OSPAl and cardinality
metrics are used to evaluate the results across 100 Monte Carlo runs.

Initial birth density with large uncertainty In the first scenario, the initial birth density of the
LMDBl filter is defined as:
mp filter = (_1007 07 57 Oa 07 O)a (93)

with large uncertainties (Figure [70al):
O filter,large — (107 207 17 17 17 1) (94)

Since the targets move in the positive z-direction, each target will cross the birth density after
a few seconds. Even without any adaptation, all targets will eventually be detected, although
with a delay. The scenario is evaluated twice: once with [RTS| recursion and once without it.
Figure [71] illustrates the adaptation of the birth density.
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(a) without [RTS] recursion (b) with [RTS] recursion

Figure 71: Adaption of the birth density (Adaptation steps at k& = 100,200,...) averaged over
100 Monte Carlo (MC)) runs [PH7].

Figure [71b] demonstrates that the recursion improves the estimation of the birth density,
as its final state is closer to the true initial birth density compared to the result shown in Fig-
ure[71a] Since the objects move in the positive a-direction, the detection point typically exhibits
a positive z-bias. Theoretically, this bias should approach zero when using the [RIS| recursion.
However, one issue arises: a target born at k = kg is not always assigned to the birth track at kg
but may instead be assigned to the birth track at ki, ks,.... Consequently, the [RT'S| recursion
for such a track can only go backward to the time step at which the track was created. This
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limitation causes a small offset. Nevertheless, the computational cost of the [RIS| recursion is
very low since it is performed only once for each target. If a track born at k = ko remains active
at k = ko + Ak, the [RTS recursion is applied to estimate the kinematic state at kg. In this
simulation, Ak is 20.

To investigate the effects of a well-known birth density on tracking performance, cardinality esti-
mation and the are considered. Figure [72| shows the cardinality estimation averaged over
the Monte Carlo runs for the first target (born at £ = 0) and the 50th target (born at k = 4900).
A threshold value of 0.9 is used for track extraction, meaning the average cardinality estimation
for the first target reaches this threshold in 3.9 seconds. By adapting the birth density, this
detection delay can be reduced to 0.3 seconds for the last target.
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Figure 72: Cardinality estimation averaged over 100 [MC] runs [PH7].

The [OSPA] metric [115] with parameters p = 1 and ¢ = 1 is used as the second performance
indicator. The average [OSPAl [OSPAl Loc, and [OSPAl Card are calculated for each 10-second
interval (corresponding to one target) and are shown in Figure
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Figure 73: [OSPAl averaged over 100 [MC runs, averaged over each target [PH7].

The Cardinality is significantly reduced due to the adaptation of the birth density. In-
terestingly, there is no further improvement after 10 targets (100 seconds), even though the
estimation of the birth density takes more time to converge to the true value, as shown in Fig-
ure [74] To investigate whether the advantages of the recursion affect the [OSPA] the total
mean values are calculated and presented in Table [I0] and demonstrate that the [OSPA] could be
reduced by 17%.
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Table 10: Mean [OSPA| averaged over 100 [MClruns ||

without [RTS| | with RTSl | Difference
[OSPA] 0.130 0.108 1%
[OSPA| Loc 0.054 0.047 -13%
[OSPA| Card 0.075 0.061 -19%
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Figure 74: Estimation of my, and oy, averaged over 100 [MCl runs |\

Initial birth density with small uncertainty Whereas the uncertainty of the initial birth density
was chosen too large in the first scenario, it is chosen too small in this scenario. The expected
value of the initial birth density is given by:

My filter = (_1307075707070) (95)
with the small uncertainties (Figure [70bl):

O filter,small = (1’ 1,1,1,1, 1)' (96)

In this scenario, the targets move away from the birth density and never cross it. The issue
is not when they are detected but whether they are detected at all. Without adaptation, it is
expected that only targets appearing in the southern part (y ~ 5m) of the true birth density
will be detected. However, with every detected target, the probability of future targets being
detected increases. Figure shows the cardinality estimation averaged over the Monte Carlo
runs.
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Figure 75: Cardinality estimation averaged over 100 [MCl runs |\
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If a target is successfully detected, its estimated probability of existence is approximately 1 and
only decreases briefly for single time steps in the case of a missed detection. The underestimation
of the cardinality in Figure [75]is therefore caused by missed targets born too far away from the
birth density. The first target is detected in approximately 10% of the Monte Carlo runs, while
the last target is detected in approximately 90% of the runs. After 500 seconds, a bias in the
y-value of the estimated birth density remains, as shown in Figure [76] It is expected that this
bias disappears in longer scenarios. There is also a bias in the z-direction, as shown in Figure[77}
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Figure 76: Estimation of my,, and oy, averaged over 100 [MC runs [PH7).

This bias is not problematic because it is positive, and objects are moving in the z-direction;
thus, they will eventually cross the birth density. As explained in the first scenario, this bias will
persist and will not disappear.
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Figure 77: Estimation of my, , and oy, averaged over 100 runs [PH7].

Limitation A significant limitation of the detection-driven adaptation lies in its reliance on the
presence of detections. Adaptation is only possible if detections occur. If the birth density is
so poorly placed that no detections are made, the filter has no means to adapt. However, even
if the probability of detecting a target is very low, the birth density in the filter will gradually
adapt until it aligns with the true birth density of newly born targets.
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9.2. Circular birth density adaptation

This section marks the first detailed investigation of the circular birth density. The focus lies
on a detection-driven adaptation, assuming a static sensor setup and the absence of ego motion.
An initial version of this scenario was presented in the master’s thesis [M2, p. 68-69]|, albeit
only briefly and without in-depth analysis. For the subsequent conference publication [PHS], the
journal article [PH9|, and this dissertation, the scenario was revisited with greater detail and
with additional insight.

To evaluate the circular detection-driven adaptive birth density using a [TPHDI filter, a complex
scenario involving multiple targets is considered. The sampling period is set to T' = 0.1s, and
over the course of & = 1000 time steps, a total of 50 targets are born at uniformly distributed
time indices. The surveillance area is defined as a square of size 200m x 200m, bounded by
—100m < z,y < 100m. Newborn targets originate along the border of the surveillance area,
with initial positions uniformly distributed across the 800 m perimeter. Targets born on the
southern edge have initial velocities sampled from v, ~ t(—10,10) m/s and v, ~ U(0,20) m/s,
ensuring movement toward the center. Equivalent velocity distributions are applied for targets
originating from the remaining edges [M2].

The sensor is positioned at the origin of the coordinate system, and each target is assigned an
individual detection range p,, which is sampled from a uniform distribution as p, ~ U(80,100) m.
This concept of a variable detection range accounts for differences in object sizes and geometries,
which influence the maximum distance at which targets can generate measurements. In the
simulation, a target only generates measurements if it is closer to the sensor than its assigned
value of p.. FEach target’s p, value is drawn once at the time of birth and remains constant
throughout its lifetime. The clutter rate is set to A = 1, and all measurements are affected by
white Gaussian noise with standard deviations o, = 0y = 1 m.

Figure [78a] illustrates the reference trajectories, the generated measurements, and the initial
circular birth density. The corresponding reference cardinality of the scenario is shown in Fig-

ure [M2].
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Figure 78: Scenario to demonstrate the adaptation of the circular birth density [PH8, PH9, M2|.
For multi-object tracking, a [[TPHDI filter is employed in its Gaussian mixture implementation.
Components with weights smaller than 0.01 are pruned, and trajectories that lie within one

Mahalanobis distance of a longer trajectory are absorbed.
At the beginning of the scenario, the circular birth density is positioned too close to the sensor,
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with an initial radius of # = 50m and a standard deviation of o, = 4m. As a result, the first
targets are detected only with delays or not at all.

The radial velocity is expected to be negative, as objects move toward the sensor. It is initialized
with a value of v, = —10m/s and a standard deviation of o, = 4m/s. Due to symmetry,
the tangential velocity is assumed to have an expected value of v; = Om/s, with an initial
uncertainty of o,, = 2m/s. This circular birth density is approximated by a mixture of eight
Gaussian components for use within the filter.

Once the[TPHDIfilter has tracked an object for 20 consecutive time steps, the resulting trajectory,
of length + = 20, is used to adapt the birth density based on its initial position. A tuning
parameter of 7 = 3 is applied for this adaptation. If the sole purpose of estimating the full
trajectory is to update the birth density, an L-scan implementation with L = ¢ can be used to
reduce memory and computation. However, for visualization purposes, the complete trajectory
is retained.

In the following, the results of a single realization of the scenario are examined. The first
adaptation of the birth density occurs at time step k& = 168. Figure [79a] shows the tracking
results at this point.
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Figure 79: Tracking results of the [TPHDI filter with the circular detection-driven adaptive birth
density [PHS8, PH9, ]M2|.

The object that was now tracked by the filter for 20 time steps was detected with a delay, as
expected. By this point, two other objects had already passed through the surveillance area
without being detected by the filter, as they had entered outside the region where new objects
were likely to appear according to the initial birth density. The measurements of these two
undetected objects can be clearly seen in the top right and bottom left regions of the surveillance
area.

For the detected trajectory, the initial state is transformed into polar coordinates, resulting in
r="71.8m, v, = —7.7m/s, and v, = —0.2m/s. Based on these values, the birth density is
adapted for the first time.

After numerous subsequent adaptations, the birth density converges toward the actual region in
which objects are first observed. This result is illustrated in Figure New objects are now
detected immediately. One reference trajectory is not detected anymore, but this target is no
longer generating measurements and is therefore no longer considered alive by the filter.

The evolution of the birth density’s parameters over time is shown in the left column of Figure
The final parameter estimates at the end of the scenario are summarized in Table[II} A reference
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value is only available for the radius: since the detection range of new targets is uniformly
distributed between 80m and 100 m, the expected value is 90m. The corresponding standard
deviation of the true birth density is given by o, = 1/1/12-20m = 5.78 m.

So far, only a single run of the scenario has been considered. In the following, a simulation
with 100 runs is performed. In each run, both the reference trajectories and the measurements
are newly generated.

The averaged results of this Monte Carlo evaluation are shown in the right column of Figure [80]
and the final values for each parameter are summarized in Table [T}
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Figure 80: Estimated birth density parameters of a single run in the left column. Mean and
standard deviation from 100 runs in the right column [PHS| [PH9).

Table 11: Results of the birth density estimation [PHS8, PH9J.

Reference | Single run runs
7 ] 90.00 89.72 90.14
oy |m] 5.78 3.04 4.49
vy [m/s n.a. —5.52 —5.91
ov, |m/s| n.a. 1.94 2.16
vy [m/s] n.a. —0.04 0.08
ou, |m/s| n.a. 4.20 3.91

The radius is estimated at r = 90.14 m, which is very close to the reference value of 90 m.
However, the standard deviation is estimated at 4.49 m and is therefore too low compared to the
reference value of 5.78 m.

For the radial velocity, a final value of v, = —5.91 &+ 2.16 m/s is determined. This result is
consistent with the expectation that the initial radial velocity must be negative.

The final estimate for the tangential velocity is vy —0.08 + 3.91 m/s. This matches the
expectation that the mean of the tangential velocity should be close to zero due to symmetry.
The large standard deviation reflects the fact that objects enter the surveillance area at a wide
range of angles.
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9.3. Comparison with other birth models

In this section, the detection-driven adaptive circular birth density is compared under two differ-
ent parameter settings with two alternative birth models. The comparison is based on the same
scenario as described in the previous section. The methods being compared are:

e Detection-driven (1): The birth density is configured as in the previous section, with
an initial expected radius of 7 = 50 m and an expected radial velocity of o, = —10m/s.
For fast adaptation, the parameter 7 = 3 is used, consistent with the earlier setup.

e Detection-driven (2): In this configuration, the sensor range is assumed to be better
known. The initial expected radius is set to 7 = 80m, and the expected radial velocity,
derived from previous runs, is set to v, = —5m/s. Since fast adaptation is no longer
required, 7 is increased to 20, ensuring more precise stationary behavior.

e Measurement-driven: Gaussian birth components with Ppnq = diag(102,10%,102,102)
are placed at every location where measurements were received during the previous time
step.

e Static: A static Gaussian birth density with large uncertainty covers the entire surveillance
area. It is given by

Posingle(z) = N (230, diag(100%, 10%, 100%, 10%)) ,
where the Cartesian state is defined as = (z, vy, y, vy).

The [OSPA| metric is used as the evaluation criterion, and the results are presented in Figure
for different clutter intensities.
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Figure 81: Comparison of different birth models using [OSPAl Different clutter intensities are
evaluated. Averaged over 100 MC] runs.

In the previous chapter, the adaptation behavior of the detection-driven circular birth density
was demonstrated by deliberately initializing the radius with a poor estimate. This configuration
is labeled as (1) in Figure |81] and is represented by a solid line.

In contrast, if the birth density is initialized with improved parameters (7 = 80m, 9, = —5m/s)
and the adaptation rate is reduced by setting 7 = 20, more accurate results are obtained. This
configuration is labeled as (2) in Figure |81| and is shown with a dashed line.

At low clutter rates of A\, = 1, all approaches perform similarly well, including the single Gaus-
sian birth density with large uncertainty. However, the poorly initialized circular birth density
requires a few targets to be observed before it can adapt effectively and detect subsequent targets.
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At higher clutter rates (A, = 5, A = 10), the single Gaussian density fails completely and is
unable to detect targets, highlighting the necessity of adaptive birth models.

Interestingly, the results of the measurement-driven birth densities remain very good and even
slightly outperform the circular birth densities at higher clutter rates. A significantly increased
false-alarm rate was not observed in this scenario, likely due to the low uncertainties of the
measurement-driven components and the relatively slow movement of the targets. The slow
motion ensures that targets remain close to the expected positions of the birth components.
However, higher target speeds would negatively affect the performance of the circular birth
density, as the model assumes targets to appear near the sensor and to approach slowly. The
computational effort across all compared approaches was nearly identical, with the static single
Gaussian density requiring slightly less computation.

Even though the detection-driven birth density does not quite match the measurement-driven
approach in terms of the metric, it can still be advantageous to use this method. It
provides additional contextual information that can be valuable for scene interpretation. For
instance, even when no target is currently present, one might act more cautiously if it is known
that new targets could appear very close and with high velocity. Conversely, less attention
might be required if new targets are expected to appear far away and move slowly. This type of
contextual awareness is provided by the birth density estimator.

9.4. Simulation studies with ego motion consideration

In the previous scenario, using the [TPHD filter and the detection-driven circular birth density,
the sensor remained stationary, and thus no effects of ego motion occurred. In this section, a
scenario is examined in which the sensor is mounted on a moving platform following a trajectory
as shown in Figure In contrast to the previous setup, the parameters of the circular birth
density are assumed to be known, with 7 = 200 m and o, = 10 m. They are only adjusted by
explicitly accounting for ego motion.

For the radial velocity of other targets, a prior distribution is assumed, given by

p (/UT,O) =N (UT,O; 0, 52) . (9.7)

1000
800 -
600 -
400

200

y [m]

-200 [

-400 [

-600 [

-800 -

1000 I I I I I I I I I I I
-1000 -800 -600 -400 -200 O 200 400 600 800 1000

x[m]

Figure 82: Scenario with ego motion consideration. The birth density is shown for every 100
time steps [PH9|.

At the first time step after initialization (k = 2), the sensor is stationary (vego = 0m/s). Con-
sequently, objects are expected to arrive from all directions with equal probability. This is
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reflected in Figure where the circular birth density at £ = 2 exhibits uniform intensity across
all directions.

This situation changes as soon as ego motion is present. In addition to the birth probability, it
is also illustrative to examine the initial expected velocities of newly appearing targets. These
are summarized in Table [[21

Table 12: Parameters of the birth density with ego motion consideration [PHY).

time step k 2 100 200 300 400 500 600 700

Ego motion velocity vego [m/s] 0.0 3.0 3.0 5.1 5.1 5.1 5.6 5.6

Ego motion orientation fego [°] 90 90 90 90 -2 —48 | —48 | —48

expected velocity v, for targets in front [m/s] 0.0 0.0 0.0 0.0 1.4 | -0.9 | —0.8 | —0.8
expected velocity v, for targets in front [m/s]| —4.0 | —23 | =23 | =14 | 0.0 1.0 0.9 0.9
expected velocity v, for targets from behind '[m/s] | 0.0 0.0 0.0 0.0 7.7 5.2 5.5 5.5
expected velocity v, for targets from behind '[m/s] | 4.0 6.1 6.1 7.7 | —=0.2 | =5.7 | —6.0 | —6.0

! Expected value of the Gaussian component representing the section of the circular birth density located directly
ahead of or behind the ego vehicle. In global coordinates, not relative to ego motion.

Without ego motion, the expected radial velocity from the truncated normal distribution (8.35|)
simplifies to an expression that is independent of the angle 6:

*(5)

Op = Dp0 — Tu, g N (9.8)
(P ( U”r,g)>
and inserting the values 9,0 = Om/s and o, , = 5m/s from the prior distribution leads to:
0.4
ﬁr:0—5-ﬁm/82—4 m/s. (9.9)

Considering an ego orientation of fego = 90°, the Cartesian velocities of the Gaussian mixture
components can be calculated. For 2 out of the 8 components, the resulting velocities are listed
in Table [12]

Targets that appear in front of the sensor exhibit a negative y-velocity, while those appearing
behind the sensor exhibit a positive y-velocity. In both cases, the targets move toward the sensor,
which is a prerequisite for target birth.

At higher ego velocities vego, the required velocity of targets appearing behind the sensor increases,
as they must always move faster than the sensor itself. In contrast, in front of the sensor, not
only targets moving toward the sensor but also slower targets moving in the same direction as
the ego motion can be detected. As a result, the expected velocities in front decrease.
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Ego motion consideration within multi-object tracking To investigate the effects of the cir-
cular birth density with ego motion consideration in the context of MOT] the following tracking
scenario is defined based on the ego motion trajectory from Figure

A total of 100 targets are generated, each with a birth time step sampled uniformly over kpax =
700. The initial positions and velocities are generated similarly to Section[9.2] but now from the
edges of a square surveillance area of size 2000 m x 2000 m, bounded by —1000 m < z,y < 1000 m.
The initial velocities follow the same distributions as in Section [9.2} for instance, targets born
on the southern edge are sampled with v, ~ ¢(—10,10) m/s and v, ~ U(0,20) m/s, ensuring
motion toward the center of the area.

The transition model, process noise, and death condition are also equivalent to Section[9.2] Each
target has a detection range sampled as p, ~ U(200,210) m, and measurements are affected by
white Gaussian noise with standard deviations o, = 0y, = 1 m. To isolate the effects on track
initialization, no clutter is introduced in this initial investigation, as each target is assumed to
be detected upon its first measurement.

A [PHD] filter in its Gaussian mixture implementation is used for this scenario. Since the birth
density is not adapted during the simulation, a trajectory filter is not required. The circular
birth density is approximated by a Gaussian mixture with 8 components. Figure [83] shows the
tracking results at the final time step kmax = 700, both in local and sensor coordinate systems.

1000 - x

300 [-

Ego Motion
X Targets
800 - Measurements

Track 5 Track 6 %  Detections
600 - X 200 -

100 -

y [m]

°

y [m]
°

_a00 | -100 -

-600

-200
-800 [~

-1000 [ x

L L L L L L L L L ) L L L L L )
-1000 -800 -600 -400 -200 0 200 400 600 800 1000 -300 -200 -100 0 100 200 300
x[m] x[m]

(a) Local coordinates (b) Sensor coordinates

Figure 83: Targets and birth density at the last time step kmax = 700, measurements and filter’s
detection of all time steps [PH9|.

Out of the 100 generated targets, only 10 produced measurements, as most targets remained
outside the sensor’s detection range throughout the scenario. As expected for this relatively
simple setup, all targets that generated measurements were successfully tracked.

However, the advantages of ego motion consideration become evident when analyzing the ini-
tialization of the tracks in more detail. Figure [84]illustrates the actual velocities (v, vy) of the
targets at the time of track initialization, alongside the velocities used for the initialization based
on the birth model.

Track 1 (see Figure approaches the sengor from the left. Consequently, its z-velocity must be
positive, and the expected value of the resulting truncated distribution depends on the assumed
prior velocity distribution. With the chosen value of ¢,, , = 5 m/s, the initialized z-velocity of
the first target matches the reference velocity well.

Since the object approaches from the side, there is no directional constraint on the y-velocity.
Due to symmetry, the expected value remains zero. This means that for the first target, only
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Figure 84: Reference velocities of targets and initialization velocities ||

the initialization of the z-velocity benefits from ego motion consideration.

Across the entire scenario, the average root mean square error (RMSE) in both z- and y-velocity is
lowest—>5.5m/s—when o, , = 5m/s is assumed. Assuming narrower priors, such as oy, , =2m/s
or oy, , = 1 m/s, yields slightly higher RMSE] values of 6.1 m/s and 6.7 m/s, respectively.

In all cases, the performance is worse when using a naive initialization with zero velocity, which

results in an [RMSE] of 7.0 m/s.

Monte Carlo runs For more conclusive results, a Monte Carlo simulation is conducted for the
same scenario. The ego motion trajectory remains constant across all runs, while the target
trajectories and their corresponding measurements are resampled in each run.

For different assumed prior densities of the initial radial velocities, each with expected value 0,
but varying standard deviations oy, ,, a total of 100 runs is simulated per configuration. The
resulting values are summarized in Table [[3] and compared against a baseline where
velocity is initialized with zero.

The best result was obtained using the prior A/(0,102), yielding an average of 4.6m/s.
Compared to zero initialization, this corresponds to a reduction of 31 %. However, if the prior un-
certainty is set too high—implying unrealistically fast targets, the RMSEl increases substantially,
as seen in the entry for o, , = 50m/s.

Table 13: [RMSE for different assumed prior densities for the initial velocity
GooIm/si ] 0 [ 1 [ 2] 5 | 10 ] 156 [ 20 [ 50
IRMSE] 6.7 | 6.4 | 6.2 5.4 4.6 5.0 6.4 20.0

[%l T4 8| —19 | 31| —25 | —4 | +201

9.5. Full-scale experiments

In the final results section, the proposed approach is evaluated on real lidar data recorded in a
maritime scenario on Lake Constance. Figure [85] shows the sensor equipment used during the
experiment. For the determination of the ego motion, the global positioning system (GPS]) and
inertial measurement unit ([MU]) were used.

Figure 85: Sensor equipment: Velodyne VLS-128 lidar Alpha Prime, stereo cameras, [GPS| and
MUl mounted on the research vessel Solgenia.
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Figure shows an image from one of the onboard cameras, while Figure 86D displays the
measurements generated by the lidar sensor at the beginning of the scenario.

(a) Camera output (b) Lidar output

Figure 86: Sensor output at the beginning of the scenario.

In this experiment, the sensor equipment was mounted on a catamaran operating as public
transport between Friedrichshafen and Constance. On its way to Constance, the catamaran
encountered and crossed a large group of sailing boats participating in a regatta.

The lidar measurements were clustered using density-based spatial clustering of applications
with noise (DBSCAN) [87], with a distance parameter of € = 10m and a minimum number of
measurements set to 1. All measurements within 20m of the sensor were discarded, as they
originated from the ship itself. Figure [87] shows the resulting clustered measurements in sensor
coordinates.

The tracks of the objects are clearly recognizable in the measurements. They typically begin at
a distance of approximately 250 m, which corresponds to the sensor’s maximum range. Clutter
measurements are almost absent at larger distances, but become more frequent at close range,
particularly within 50 m in front of the sensor, where they are primarily caused by wave reflections.
Using different [DBSCAN]| parameter settings can reduce the number of clutter measurements.
However, the tracking filter is also capable of suppressing these spurious detections effectively.
The total duration of the scenario is 1200 time steps, with a sampling period of T'= 0.1 s.

For the multi-object tracking, a filter is employed, assuming a motion model and an
object dynamic model (ODM)) for all targets. The process noise is set to o, = 0.2 m/s?, and
the measurement noise to o, = 0y = 2 m. The reason for this high noise value is not the
noise in individual lidar measurements, but rather that the centers of the clusters behave like
noisy measurements of the object’s center of gravity. The detection probability is pg = 0.9, and
the clutter rate is A, = 1. The circular birth density is approximated using 8 components.
For the prior velocity distribution of newly appearing targets, a truncated Gaussian with v, o ~
N (O,Jgho) and 0,,, = 5 m/s is assumed. Figure shows the tracking results at time step
k = 370.

Three tracks have been successfully maintained over the last few time steps, and a fourth track
is currently being initialized between birth components 3 and 4. Clutter measurements near the
sensor have not caused any false alarms.

However, two major issues must be addressed. First, the filter failed to track two targets. One
of the missed targets, located in the lower-right corner, was initially too close to the sensor and
thus too far from all birth components. The second missed target was located near 4. For
this target, no measurements were generated at a distance of 250 m, and they only appeared
later in the scenario. The second issue concerns false alarms: in addition to the missed targets,
four false tracks were initialized in regions without any measurements.

Figure [88b[shows the tracking results at time step k& = 1000, where the previously observed issues
repeat. While the majority of targets are successfully tracked, a number of tracks are missed
and false alarms are generated in measurement-free regions.

Most of the missed tracks are caused by lidar shadowing on the left-hand side, which is already
clearly visible in the measurements shown in Figure If targets emerge from the shaded area,
the circular birth density filter is no longer able to track them. The missed detection hypothesis
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cannot handle this either, as the period of invisibility due to shading is too long and leads to
eventual track deletion.

To address this, the shadowing would need to be explicitly modeled, e.g. by placing additional
birth components in shaded regions, or the approach would need to be extended using a combi-
nation with a measurement-driven adaptive birth density.
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Figure 87: Measurements in the sensor coordinate system |[PH9|.
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Figure 88: Tracking results [PH9J.
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9.6. Critical interpretation of the results

The simulation results in Section demonstrated that, particularly in the presence of unknown
parameters, the adaptation of the birth density is successful. It leads to improved filter perfor-
mance, as tracks can be detected more reliably and at earlier stages.

By considering ego motion in Section[9.4] the initial velocity of newly appearing objects could be
initialized more accurately, resulting in up to 31 % lower RMSE], as shown in Table [13] However,
this improvement had no significant effect on evaluation metrics such as the score or posi-
tion error, since even with zero velocity initialization (Om/s), all tracks were reliably established.
The influence of initialization vanished after a few time steps.

In contrast, the consideration of the sensor’s own position proved to be indispensable, as it
enabled consistent detection of tracks throughout the entire scenario.

The real-data experiment presented in Section [9.5] however, revealed the most critical limitation
of the approach: If a track is lost during the scenario, e.g. due to lidar shadowing, the circular
birth density is too inflexible to support reinitialization of that track.

Moreover, in scenarios with extremely low clutter rates, the circular birth density offers no
advantage over a measurement-driven birth model. Since nearly every measurement originates
from an actual object, a measurement-driven approach does not significantly increase the false
alarm rate or the computational burden.

Figure [89illustrates the results of the same tracking scenario with a few modifications:
now requires at least 10 measurements per cluster. Instead of a filter, a simple nearest-
neighbor measurement association followed by a Bernoulli update is employed. Additionally, the
circular birth density is replaced by a measurement-driven model. Under these conditions, no
tracks are missed, and only a few false alarms remain, mostly caused by clutter measurements.
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Figure 89: Tracking results at & = 1000 with a measurement-driven adaptive birth model and
nearest neighbor measurement assignment [PH9).
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9.7. Conclusion for adaptive birth densities

It was shown that a detection-driven adaptation of a Gaussian birth density can improve tracking
performance in scenarios with limited knowledge of the initial positions of targets. However, the
restriction to a single Gaussian component makes this approach applicable only in specific cases,
such as tracking vessels on a river. For broader applications, particularly with lidar sensors in
open areas, a circular birth density was introduced in polar coordinates, incorporating all point-
symmetric quantities such as radial and tangential velocity. For Cartesian filter implementations,
a Gaussian mixture approximation and a corresponding coordinate transformation were derived.
When employing a multi-object tracking filter based on sets of trajectories, such as the [TPHDI
filter, the estimated initial positions of newly detected trajectories can be used to adapt the
parameters of the birth density. Simulation results demonstrated that this adaptation enables
faster and more reliable detection of future targets. In direct comparison to a measurement-
driven birth model, the detection-driven approach achieved comparable overall performance while
additionally providing spatial information on likely target appearances, which may support scene
interpretation.

It was further shown that ego motion alters both the birth probability and the birth density.
In such cases, new objects must exhibit an initial velocity component towards the sensor to be
considered valid births, which effectively truncates the velocity distribution. Incorporating this
effect reduced the [RMSE] of the initial velocity estimate by up to 31% in simulation, although
no significant improvement was observed in global performance measures such as the average
[OSPAL even under challenging clutter and velocity conditions.

Experiments with real data revealed specific limitations of the circular birth density, for instance
in scenarios involving occlusions, which require additional modeling. For practical large-scale
applications, further refinements are necessary, including the consideration of blind-spot regions
and concealment effects. In low-clutter, low-noise environments with simple clustering, however,
a purely measurement-driven adaptation may remain advantageous.
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A. Derivation of the constant acceleration model

As an example for physics-based modeling for the kinematic state evolution, the discretized
constant acceleration is derived in this section. Additional to the differential equations
Z = v and v = a, it is assumed that an input disturbance to the constant acceleration model is
a change in acceleration, leading @ = w. This can be written in the form z(t) = Az(t) + Bu(t):

T 010 x 0
v =001 v |+ 0 |w (A.1)
a 0 00 a 1

The discrete time system x;, = Fx;_; + Guy, is derived by using

F =T, (A.2)
which is defined by a Taylor expansion:
T2 3
eAT:I+AT+A2§+A3§+... (A.3)
For the CA model, this leads to:
100 07T 0 00 Z 1Tz
F=eT=1l010]|4+(00T]|+l00 0 |=(01T (A.4)
0 0 1 0 0 O 0 0 O 0 0 1

Expressions with A3 and higher exponents, turn to zero. Additionally, we have to calculate a
discretization G of the input matrix B using:

T T2 T3
G:/eMMB:OT+Aw+ﬁy+m>B (A.5)
0 . .
For the CA model, this leads to:
T 0 0 o Z o 00 0 2
G = 07 0 |+fo o ZZ|+l00 0 0 ]=12Z 1] (A6
0 0 T 0 0 0 00 0 1 T

To calculate the covariance matrix (), there are several approaches. In this work, all simulations
follow the approach given by Vo

¢ 15 T A S
oppT_ 2| B A DS o | 22 2
Q=0,BB =0, | &5 T 5 |=0uT = T 5 (A7)
A 2 ° T
T 3z T T oz 1
However, the most common result for () in the literature is
A S A T4 13 T2
20 8 6 7(;' 8 6
— 52 ¢ T3 T2 — 4272 5 12 T
Q=0,T| & 5 5 |=0uT T 3 3 | (A.8)
™12 T 4
6 2 6 2

which is therefore stated in the background section. However, especially for small values of T,
differences can be neglected.
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