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Zusammenfassung

IE Robotik hat sich in den letzten Jahren als transformative Techno-

logie etabliert und unser Leben spiirbar verandert. Die Verbesserung

der Lebensqualitidt durch autonome Staubsauger oder Rasenméaher

ist nicht mehr aus unserem Alltag wegzudenken. Die Produktivitats-
gewinne durch Intralogistikroboter und autonome Fahrzeuge pragen unsere Pro-
duktionsstéatten und unsere Produktionsweise. Um als Produkt erfolgreich zu sein,
miissen Roboter reale Probleme autonom und effizient 16sen. Mobile Roboter in-
teragieren mit der Welt hauptsachlich mittels ihrer eigenen Bewegung, auch Na-
vigation genannt. Sie ist eine besondere Herausforderung fiir reale Anwendungen
da Verlésslichkeit, Autonomie und Leistung oft im Gegensatz zur Kosteneffizienz
stehen. Ein brauchbarer Roboter darf auch unter widrigen Bedingungen die Si-
cherheit nicht gefahrden oder stdndige menschliche Eingriffe erfordern und muss
dennoch seine Aufgabe zuverlassig erledigen.

In dieser Arbeit behandeln wir das Problem der Roboternavigation in realen Sze-
narien, die wir durch den Anwendungsfall des Bosch Indego Rasenmahers illus-
trieren. Unser Ziel ist es, Roboter mit kostengiinstigen Sensorsatzen zu befahigen,
effektiv in herausfordernden Umgebungen zu navigieren. Bewegungsunsicherhei-
ten treten im Rasenmaéhszenario besonders deutlich in Form von unebenem Ge-
lande, merkmalsarmen Bereichen und dem allgemeinen Zwang zur Kosteneffizi-
enz auf. Wir behandeln diese Unsicherheiten im Rahmen von drei grundlegenden
Bausteinen der Roboternavigation: Lokalisierung, Punkt-zu-Punkt-Pfadplanung
und flichendeckende Pfadplanung. Lokalisierung ist fiir Navigation besonders be-
deutsam, da sie ein spezifisches Koordinatensystem fiir den Roboter und seiner
Umgebung berechnet und somit zielgerichtete Bewegungen ermdéglicht. Unsere
Lokalisierungsmethode erzielt genaue Positionsschitzungen in diversen Umge-
bungen und benotigt dafiir nur wenig Rechenleistung. Dennoch konnen Roboter,
die mit giinstigen Sensoren unter komplexen Bedingungen agieren, nicht tiberall
sicher und genau wissen, wo sie sich befinden. Die Berticksichtigung der raumli-
chen Veranderung der Lokalisierungsqualitat ist die direkte Motivation fiir unse-

ren zweiten Beitrag, der sich damit befasst, wie Roboter ihre Bewegung in solchen
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Umgebungen planen sollten um Sicherheit und Robustheit zu gewahrleisten. Un-
sere Methode plant Pfade, die die erwartete Unsicherheit in der Lokalisierung
explizit berticksichtigen und verbessert somit die Navigation des Roboters. Hier-
fiir schatzen wir ab, welche Teile des Arbeitsbereichs besonders informativ oder
merkmalsarm sind und nutzen diese Informationen fiir den Pfadplanungsprozess.
Unsere Punkt-zu-Punkt-Pfadplanungsmethode ist schnell, recheneffizient und ge-
neriert sicherheitsbewusste Pfade fiir den Roboter. Uber die Punkt-zu-Punkt-
Pfadplanung hinaus fiihren wir eine Methode ein, die die Lokalisierbarkeitsinfor-
mation fiir das flichendeckende Bahnplanungsproblem nutzt. Dieses Problem ist
fiir den Rasenméher zentral, da es eine Trajektorie berechnet, die den gesamten
Arbeitsbereich mit dem Endeffektor abdeckt. Unser Ansatz nutzt auch hier die
erwartete Lokalisierungsgenauigkeit in der Umgebung, um Pfade zu planen, auf
denen sich der Roboter gut lokalisieren kann, und verbessert somit die Robustheit
der flichendeckenden Bahnplanung.

Zusammengenommen bieten die in dieser Dissertation skizzierten Beitrage neuar-
tige Losungen fiir Lokalisierung und Planung unter Unsicherheit. Alle Teile dieser
Arbeit wurden in begutachteten Berichten auf internationalen Konferenzen verof-
fentlicht. Wir haben unsere Ansétze in effizientem C++ implementiert und auch
auf Robotern eingesetzt.
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Abstract

N recent years, robotics has emerged as a transformative force, changing

how we approach everyday activities to improve our comfort and produc-

tivity. Robotics technologies continuously push the boundaries of what

can be solved autonomously, thereby improving our lives. Service robots
such as autonomous vacuum cleaners and lawn mowers are well established in
the market, while the automation of factory logistics and automated driving are
up-and-coming areas with significant robotics impact. To be a successful prod-
uct, a robot must solve a real-world problem autonomously and efficiently. For
mobile robots that primarily interact with the world by moving, the main task is
often navigation, which encompasses the technologies required to drive robustly
and solve a problem for the user. Robot navigation in real-world applications is
challenging because robustness and performance requirements conflict with the
cost-minimization imperative. Thus, to perform a real service to the user, a robot
must perform its task in potentially adverse conditions without compromising

safety or requiring constant human intervention.

In this thesis, we address the problem of robot navigation in real-world scenar-
ios motivated by the Bosch Indego autonomous lawn mower. Our goal is to enable
robots with cheaper sensor sets to navigate effectively in challenging garden en-
vironments despite significant sensing and actuation noise. These uncertainties
are particularly pronounced in the lawn-mowing scenario due to uneven terrain,
featureless areas, and the need for the robot to operate cost-effectively. We han-
dle those uncertainties in three fundamental building blocks of robot navigation.
First, we consider the localization problem. Localization is particularly important
for mobile robots, as it allows the use of a single coordinate frame to represent
the robot’s position and the environment, enabling the robot to move with a
purpose. Our localization method generates accurate pose estimates in diverse
environments recorded with different sensors, while requiring only little compute.
Nevertheless, robots with cheap sensors operating in complex conditions, such as
autonomous lawn mowers, cannot always precisely know where they are. Their
ability to remain well-localized varies significantly across different regions of their

workspace. Accounting for this variation in localization quality directly motivates



our second contribution, which addresses how robots should plan their motion
in such situations to ensure safety and robustness. Our method estimates which
areas of the workspace are particularly informative or feature-poor, and exploits
this information during the path planning process. Our point-to-point path plan-
ning method is fast, computationally lightweight, and efficiently accounts for the
uncertainty in sensing and actuation. Beyond point-to-point path planning, we
also introduce a method that leverages the localizability information for cover-
age path planning. This problem is central to autonomous lawn mowers as it
computes a trajectory to cover the entire workspace with the end effector. Our
approach leverages the expected localization accuracy in the environment to plan
paths where the robot can localize well, thus improving the robustness of the
coverage path and overall system performance.

Taken together, the contributions outlined in this thesis provide novel solu-
tions to localization and planning under uncertainty. All parts of this thesis have
been published in peer-reviewed proceedings of international conferences. We

have implemented our approaches in efficient C++ and deployed them on robots.
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Chapter 1
Introduction

UTONOMOUS mobile robots provide valuable services in the industrial
and consumer markets and are gradually becoming part of our daily
lives. In the consumer domain, autonomous lawn mowers and vacuum
cleaners solve repetitive tasks around the home. In the industrial
domain, mobile robots automate the transportation of goods improving worker
productivity. The primary variable affecting the robotization of a task is its
complexity, which directly impacts how cheaply and reliably it can be automated.
Mobile robots chiefly interact with their environment via navigation. Navigation
is the task of moving purposefully to accomplish a task for a user. In the following,
we will elaborate on guiding principles for assessing the complexity of certain

navigation tasks and identifying where our contributions lie.

4 .. N\
Navigation
Localization goal
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Figure 1.1: Modules required for mobile robot navigation.



Using the autonomous lawn mower as an example, we note that certain critical
ingredients are necessary for the robot to navigate effectively. During regular
lawn-mowing operations, it is often sufficient - but inefficient - for the robot to
move randomly around the lawn without getting stuck or leaving the workspace.
Over time, this system leads to complete lawn coverage, providing a valuable
service to the customer. The key to this task is thus a navigation system that
knows whether the robot is inside or outside the lawn and ensures the robot does
not leave the lawn. This navigation system must also be robust enough not to
get stuck by integrating a bumper or similar sensor to back up upon hitting an
obstacle.

To maximize the utility and ensure continuous operations, the robot must
also be able to drive to the dock to recharge. This specific point-to-point nav-
igation task requires further ingredients to be completed successfully. A single
frame of reference to store the robot location and dock position (localization), a
representation of the environment to store the position of obstacles (mapping),
and the ability to compute a path to the goal while avoiding the obstacles (path
planning), see Fig. [L.1. These three problems are also called the fundamental
problems of mobile robotics, and they are considered the minimum set of tech-
nologies needed for a robot to drive efficiently from A to B. How these problems

Figure 1.2: A Bosch Indego autonomous lawn mowing robot.



1. INTRODUCTION

are addressed is to a large extent dependent on the robot task and environment.

Continuing with the robotic lawn mower example, we identify some char-
acteristics that affect the solution space for this product. First, the variety of
workspaces the robot is deployed in is very large. Lawns come in all shapes and
types. The navigation system must account for this variance. Second, the naviga-
tion must be centimeter-accurate around the dock, and robust enough to ensure
the robot never leaves the lawn. Third, the environment fluctuates over time,
with changing light conditions, weather and vegetation. Fourth, the product’s
price is important, as the robot must be affordable to the customer. This means
the hardware must be cheap, and the algorithms must run on limited resources.
The robot must also be easy to use, which means it should not require much user
interaction to set up or keep running. Fifth, robustness: the robot must be able
to handle a variety of sensor noise and actuation errors, such as wheel slip on wet
grass. The robot must also be able to handle the non-planarity of the garden,
which can lead to significant changes in sensor readings due to erratic roll, pitch
and yaw.

These constraints have led most robotic mowing products to converge on the
same navigation paradigm: modifying the workspace by laying a perimeter wire
to remove some of the problem’s variance. This wire is sensed with precision and
robustness at short range, which means the robot will sense it before leaving the
garden or in the vicinity of the dock. This ensures that navigation in sensitive
areas such as the dock or lawn border areas lawn mowers is robust and centimeter-
precise. The main drawback of the perimeter wire is the inconvenience to the
customer: it is tedious to set up while following all instructions, mistakes are
difficult to correct and the lack of other sensors limits the robot’s ability to react
to obstacles and navigate efficiently farther away from the wire. It is, therefore,
the “holy grail” of lawn mower navigation to make the product more customer-
friendly by eliminating the perimeter wire while respecting the hard constraints
imposed on service robotics: product safety and price competitiveness.

In this thesis, we explore one approach towards the removal of the perimeter
wire by considering a robot equipped with a cheap laser scanner and adapting
the navigation algorithms to operate in this challenging environment. Given the
significant noise in sensing and actuation we expect in this scenario, we focus on
designing algorithms that explicitly account for the robot localizability during
planning. We further emphasize the computational efficiency of our approaches
to account for the limited hardware resources.

This thesis is divided into two parts. In Part m, we discuss the localization
problem for LiDAR equipped mobile robots. In Part @, we focus on planning
robot paths under uncertainty in sensing and actuating. For this, we explic-

itly model the information gain and loss on the robot pose to find paths that



1.1. MAIN CONTRIBUTIONS

maximize robot safety in the lawn-mowing context. Our approaches account for
the relationship between localization and path planning, enabling robots with

inexpensive sensor suites to navigate more effectively and safely.

1.1 Main Contributions

This thesis presents novel solutions for robot navigation in the presence of sig-
nificant noise in sensing and actuation. We contribute to the state of the art
in robotic localization and path planning under uncertainty. We provide an in-
troduction to the fundamental techniques upon which our approaches build in
Chapter E

Part m focuses on localization for mobile robots equipped with depth sensors
such as laser scanners or RGB-D cameras. The goal of the approach we present in
Chapter § is to localize the robot against a map by comparing and minimizing the
distance between two point clouds. This problem, also knows as global point cloud
registration, is key to robust robot navigation. An important step of our approach
is to generate, test and evaluate transforms directly from the point clouds. This
enables us to efficiently evaluate hundreds of thousands of transforms for each
point cloud pair. We experimentally show that our approach works across a broad
set of registration problems, is fast, precise and generates well-scaled uncertainty
estimates.

Part @ introduces our path planning methods, which account for the expected
uncertainty in the robot pose. This is particularly relevant to robots navigating in
challenging environments, as the system can not expect to estimate the robot pose
accurately at all times. One of the key steps of our method is the computation
of the localizability map, which encodes how well the robot can localize itself at
each position in the environment and, conversely, which feature-poor areas it is
more prone to dead-reckoning drift. The point-to-point path planning method
we introduce in Chapter @ uses the localizability map to plan safer paths by
accounting for the expected robot belief about its pose as it follows a path. In
effect, our method efficiently simulates the expected information loss due to wheel
slip when driving through featureless areas and the information gain from sensors
when discriminative landmarks are detected to plan paths. Our third contribution
presented in Chapter B tackles the coverage path planning problem. The coverage
path planning problem solves the core “lawn-mowing” task by finding a path that
covers the entire workspace with the robot’s end effector. Our approach leverages
our efficient simulation of the belief dynamics to plan coverage paths where the
robot deviates less from the reference trajectory, thus reducing the probability of
leaving the lawn and improving overall system efficiency.

In this thesis, we cover several aspects of the robotic navigation problem in an
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effort to make robots more aware of their uncertainty. We present an approach for
the key task of global point cloud registration which is fast, precise, efficient and
that generates well-scaled uncertainty estimates. We further introduce an efficient
yet powerful approximation for how the robot gains and loses information on its
pose while tracking a path. We use this model to plan localization-aware point-to-
point paths that minimize the probability of the robot getting lost or driving into
obstacles. Finally, we extend this method to plan coverage paths for the robot
that visits all locations in the workspace while reducing the uncertainty of the
robot’s motions. All our contributions are published in peer-reviewed conferences,
while the software remains proprietary to Robert Bosch GmbH due to company

restrictions.

1.2 Publications

Parts of this thesis have been published in the following peer-reviewed papers and

patent applications:

R. Schirmer, P. Biber, and C. Stachniss. Efficient Path Planning in Belief
Space for Safe Navigation. In Proc. of the IEEE/RSJ Intl. Conf. on Intelli-
gent Robots and Systems (IROS), 2017. DOI: 10.1109/IR0OS.2017.8206117

e R. Schirmer, P. Biber, and C. Stachniss. Coverage Path Planning in Belief
Space. In Proc. of the IEEE Intl. Conf. on Robotics & Automation (ICRA),
2019. DOI: 10.1109/ICRA.2019.8793969

e R. Schirmer, N. Vaskevic¢ius, P. Biber, and C. Stachniss. Fast Global
Point Cloud Registration using Semantic NDT. Proc. of the IEEE/RSJ
Intl. Conf. on Intelligent Robots and Systems (IROS), 2024. DOI:
10.1109/TR0OS58592.2024.10801863

e R. Schirmer, P. Biber, and C. Stachniss. Verfahren zur Steuerung zumindest
eines autonomen Arbeitsgerats. Patent application at Deutsches Patent-
und Markenamt, Germany, DE10 2019 204 267, 2019

During my doctorate, I was involved in the following additional papers and
patents that are not part of this thesis:

o T. Linder, K.Y. Pfeiffer, N. Vaskevicius, R. Schirmer, and K.O. Arras. Ac-
curate detection and 3D localization of humans using a novel YOLO-based
RGB-D fusion approach and synthetic training data. Proc. of the IEEE
Intl. Conf. on Robotics & Automation (ICRA ), 2020. DOLI:
10.1109/ICR.A40945.2020.9196899
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DOI: 10.1109/TROS51168.2021.9636158

P. Biber, A. Koch, M. Wenger, S. Laible, S. Haug, M. Holoch, G. Kurz,
S. Benz, S. Scherer, R. Schirmer, and K.O. Arras. Bosch Corporate Research
SLAM (CR SLAM) - Submission to Hilti SLAM Challenge. 2021
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Chapter 2
Basic Techniques

N this chapter, we provide a summary of the techniques upon which our

ideas and our approaches build. We begin with an overview over the fun-

damentals for localization and state estimation for mobile robots in Sec. @

We then discuss path planning and its extension towards planning under
uncertainty in Sec. @ and Sec. @

2.1 State Estimation

TATE estimation is a critical component of all autonomous systems, as

their actions are a function of their own and the environment’s state.

In the case of mobile robots, the overall system state is typically split

into the environment state and the robot state within it. Estimating
the state of the environment from sensor readings is often called the mapping
problem and involves computing a map with navigation-relevant obstacles and
landmarks. Estimating the robot’s pose, i.e., position and heading, within the
map is referred to as the localization problem. In many scenarios, both estimation
problems are performed in parallel in a process called Simultaneous Localization
and Mapping (SLAM), where the robot builds a map of the environment while
localizing itself within it. Probabilistic techniques are popular methods for this
type of problem because they explicitly account for uncertainty in measurement
and actuation. Robots typically determine their state using a mix of interoceptive
and exteroceptive sensors. Interoceptive sensors relate to the measurement of
velocity or acceleration from within and include accelerometers, gyroscopes, and
wheel odometers. Exteroceptive sensors measure relevant data with respect to
elements outside of the robot such as LIDAR, Global Navigation Satellite System
(GNSS) and cameras. In this thesis, we focus on LiDAR based robots.



2.1. STATE ESTIMATION

2.1.1 Kalman Filtering and Belief State Estimation

The Kalman filter [45] is a filtering technique with wide applications to state
estimation and robotics. In its generic formulation, the Kalman filter predicts
the state of a system that follows a linear transition and observation model with

additive Gaussian noise defined as:

Xy = At Xi—1 + Bt W + €, (21)
Z; — Ct Xt + 5,5, (22)

with x; the state of the system, u; the control applied to the system, and z,
the observation at time ¢. The matrices A;, B; and C,; respectively encode how
the state evolves, reacts to control input, and how the observation is generated
given the state. The process and observation noise are encoded by the random
variables €; and é;, which are distributed according to a Gaussian distribution
with zero mean and covariance R; and Q; respectively. Note that depending on
the community, the terms R; and Q; may be swapped.

Given an initial Gaussian belief about the state of the system bel(x;—1) =
N (i1, X4_1), the control u;, and the sensor’s observation z;, the Kalman Filter
computes a new belief bel(x;) = N(p,, X;) according to:

o =A p 1 + Biuy, (2.3)
T =A% A + R, (2.4)
K, =%C/ (C,XC/ +Q), (2.5)
pe=p, + Ki (2 — Comy), (2.6)
2 =01I-KC)XZ, (2.7)

The Kalman filter uses two phases to update the belief: Eq. (@) and Eq. (@)
constitute the prediction step, which estimates the new state of the system based
on the transition model. In effect, this step uses the robot’s motion commands
(e.g., from wheel encoders) and previous state to predict where it will be next.
This prediction always increases the robot’s position uncertainty because motion
is never perfectly accurate. Eq. (@) to Eq. (@) are the update step, which cor-
rects the prediction according to the observation. The matrix K; is the Kalman
gain and determines the relative weight of the measurement with respect to the
predicted estimate. A well-calibrated Kalman gain is of great importance to the
overall filter performance, as it fundamentally establishes the trustworthiness of
incoming information on the state. Being over-or underconfident about transi-
tions or observations may cause the filtered belief to diverge from the true state
of the robot.
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Most robotic applications do not satisfy the assumptions of linear transition
and observation models for the Kalman filter, as accounting for robot orientation
requires the use of trigonometric functions in the system matrices. The Extended
Kalman filter (EKF) extends the principles underlying the Kalman filter to sys-
tems with non-linear transition and observation models:

X = g(X—1, W) + €, (2.8)
7y — h(xt) + 6157 (29)

with g and h non-linear functions. The key idea of the Extended Kalman Filter is
to locally linearize the functions g and h by using the first-order Taylor expansion:

9(%—1, W) = g(pe—1, ) + Gy (X1 — phe—1), (2.10)
h(x;) =~ h(m,) + Hy (x, — 1), (2.11)

where G; and H, are the Jacobians consisting of the partial derivatives:

- ag<xt—1aut) o ah(ﬁt)
G, — e Ho= (2.12)

Thus, given an initial belief bel(x;_1) = N (w—1, X¢_1), the EKF computes
a Gaussian approximation of bel(x;) ~ N (pt, X¢):

2= g(pi-1, wy), (2.13)
S =G G;r + Ry, ( )
K, =3 H (X H + Q) (2.15)
e =m; + K, (2, — h(,)), (2.16)
¥, =(1-KH)X,. (2.17)

In robotics, our goal is often to characterize our knowledge about the robot’s
pose x; € X and the state of the environment m given the set of observed
measurements z; € Z and the set of robot controls uw; € U. Formulated proba-
bilistically, this is the conditional density p(X|Z, U) which the robot computes at
runtime from sensor and actuator data to maintain and update its belief about
its position. The EKF is a widely applied method to compute the state of a
robot which moves according to a motion model Eq. (@) and that obtains mea-
surements of the environment according to an observation function Eq. (@) In
this thesis, we will consider a robot where the motion model is obtained from the
actuation command combined with a gyroscope, while the observation function
is obtained from the LiDAR sensor.
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2.1.2 Point Cloud Registration and the Normal

Distributions Transform

Measurements from the environment provide important information about the
robot pose. Light detection and ranging (LiDAR) sensors are widely used due to
their precision, robustness to certain environmental impacts and relative ease of
processing compared to alternatives such as cameras. LiDARs generate measure-
ments by emitting a set of pulsed light waves whose return time is measured. This
device is often mounted on a mechanically rotating base to generate a 360 degree
reading from the environment. In this thesis, we consider a scan from a LiDAR
to be the output of a single rotation about its axis from one of these sensors, as
illustrated in Fig. EI

e e L

Figure 2.1: A point cloud recorded from a car-mounted Velodyne HDL64 laser scanner with 64
rays. Data from the KITTI dataset [@]

LiDAR-equipped mobile robots use this exteroceptive sensor to gain addi-
tional information about the robot pose in several ways. LiDAR odometry is a
widely used input for EKF-based robot pose tracking and computes the trans-
form between consecutive scans to infer an estimate of the robot’s displacement.

10
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Formally, given P the source and () the target point cloud, typically recorded
from slightly different viewpoints, the goal of point cloud registration is to find
a rigid 3D isometry transformation T% € SE(3) that aligns P to @ s.t. the
squared distance between corresponding points (p, q) € K(7;) is minimized and
the relative poses of both point clouds can be retrieved.

R t
SE(3) =< T = ERY | R SO(3), teR® (2.18)
0 1
T = argmin Z | Tp — qll (2.19)
(P.q)eK(m)

A widely used approach for finding the transformation between two LiDAR
scans is the Normal Distributions Transform (NDT), introduced by Biber et
al. [L1] for 2D registration and later extended to 3D by Magnusson et al. [62].
We discuss the NDT and point cloud registration in depth as they are among the
main topics of this thesis. The NDT is a local point cloud registration algorithm
that generates precise results when the geometry of the scanned environment is
informative and the point clouds are not too far apart. One of the central moti-
vations behind NDT is that the dense point cloud representation generated from
the LiDAR has a number of limitations: it is memory-intensive and contains no
explicit surface information such as orientation or smoothness. The NDT com-
presses the point cloud and computes normal information by mapping it to a set
of local probability density functions (PDF) that describe different parts of the
point cloud see Fig. R.2.

We show the procedure to compute the NDT of a point cloud P in Alg. m
In essence, we segment P into axis-aligned discrete voxel cells V' of fixed size,
and then fit a 3D Gaussian distribution to the points that fall within each voxel.
With S; the set of points in voxel V;, each NDT; € NDT(P) with mean g, and
covariance ¥J; is computed as:

NDT(P) := {(NDT,...,NDT;) | Vi € V} (2.20)
NDT; := (p;, %) (2.21)
1
M= 15 %ip (2.22)
1 T
= TErs 11;1(19—;%)(19—#1) (2.23)

11
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2.1.

-,137;)

(zcl,..

> f maps a point x; to its voxel V;

(p;, 2;) from V;.points

> All voxels V; € V with valid NDT Eigenvalue ratio.

-
4%

12

Verify Figenvalue ratio

Vi.points.append(x;)
return NDT(P)

Vi= f(xs)
Compute NDT;

for each x; € P do
for each V; € V do

4: function MAP POINTS TO VOXELS(P, V)
return

1: Input: Point cloud P
2: Output: NDT(P)
10: function CompUTE NDT (V)

3:
5:
11:
12:
13:
14:

Algorithm 1 NDT Computation
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Figure 2.2: The NDT of the point cloud shown in Fig. @ discretized with a resolution of 1.0 m.
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To gain a good intuition for the NDT’s descriptive abilities, we further assess
the surface orientation and smoothness by analyzing the Eigenvectors and corre-
sponding Eigenvalues obtained from the Eigen decomposition of the covariance
matrix ;. The Eigenvectors are a set of orthogonal vectors that describe the
principal components of the distribution, shown in Fig. @ We discern several
shapes of 3D normal distributions depending on their Eigenvalue ratio, as illus-
trated in Fig. @ We obtain them by ordering the Eigenvalues from largest to
smallest, Ay > Ay > As:

1. A1 = A3: spherical Fig. .
2. A > A, Ay & A3 linear Fig. .
3. A1 = Ao, Ay > A3 planar Fig. .

4+ e

(a) 1D (b) 2D (c) 3D

Figure 2.3: Normally-distributed Probability Density Functions in one, two and three dimen-
sions. The data points are blue, while the mean is red and the resulting PDF is purple.

(a) Spherical: all Eigenvalues (b) Linear: one Eigenvalue is (¢) Planar: one Eigenvalue is
are approximately equal. significantly larger. significantly smaller.

Figure 2.4: The NDT shapes which result from differing Eigenvalue ratios of the point distri-

bution within a given cell. The red lines show the Eigenvectors of the distribution, scaled by
their corresponding Eigenvalue.

In this thesis, we follow Magnusson et al. [61] and rescale nearly singular

covariances (cells where the ratio of the largest to the smallest Eigenvalue is very

13
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large) to avoid numerical issues. We do this by setting the smallest Eigenvalue
to a minimum value \,,;, = 0.01 X A, and then recomputing the covariance

matrix from the Eigenvectors and rescaled Eigenvalues.

To minimize the registration error, it is essential to have a metric for the dis-
tance between two point clouds. For raw point clouds, this is given by Eq. (),
but NDT compression enables other approaches. We illustrate them by describ-
ing the distance between two NDT cells in the source and target point clouds
denoted as NDT; and NDT;. In the literature, the distance between two cells (to
be minimized) is often formulated as a score (to be maximized). The process for
matching an entire point cloud minimizes the distance between all corresponding
NDT pairs.

Following the original formulation by Biber et al. [11], the Point-To-Distribution
(NDT-P2D) score is defined as the likelihood ¥ that the raw point cloud used in
the computation of the source NDT; is generated from the Gaussian distribution
encoding the target NDT;:

v=[] »@), (2.24)

L eV;.points

1 (z —p)'S7 (z - p)
—————exp | — .
N 2

px) = (2.25)

With p(x) the PDF for the 3D Gaussian distribution for NDT;. The best
match corresponds to the one with the maximum likelihood W, which can be

found by minimizing its negative log-likelihood:

—log ¥ = Z log (p(x)). (2.26)

L eV;.points

14
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0.15

0.104

0.05 4

0.004

(a) Likelihood (b) Negative log-likelihood

Figure 2.5: The likelihood and negative log-likelihood of both a Gaussian distribution p(z)
and the mixture distribution p(z) as proposed by Biber et al. [[11]. The influence of outliers is
bounded for p(x), while it grows without bounds for p(zx).

As illustrated in Fig. @, the negative log-likelihood of a normal distribution,
and thus any point’s contribution towards the score, grows without bounds as
it gets further from the mean. Consequently, outliers in the scan data will have
a significant influence on the result. To mitigate this, Biber et al. [11] use the

mixture of a normal and uniform distribution to model the likelihood:

p(x) = cpexp (— i “)TEQJ i H)) + ¢2 po. (2.27)

With py the expected outlier ratio and the constants ¢; and ¢y determined by
requiring the probability mass within the space spanned by a cell to be 1. In
practice, this bounds the influence of outliers as shown in Fig. . The score
thus consists of terms which have the form:

“log (5(x)) = —log <01 exp (— G ”)Tz;_l(“" - “)) + o po) L (228)

Q

The left exponential term of Eq. (R.28) is log-normally distributed, i.e., it is
the logarithm of a normally distributed variable, while the right term remains
constant for all evaluated points. This function can thus, in turn, be efficiently
approximated by a Gaussian distribution:

“log(p(e) ~ ~dvep (e - WS @ w) . 29)

Where the parameters d; and dsy are set s.t. the properties of the log-normal
distribution are conserved.
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Recapitulating, the NDT-P2D score between NDT; and NDT; is defined as:

~log¥ = Y log(p(x)) (2.30)

L eV, .points

Z —dj exp (_T@(m - uj)TEj_l(w - u,j)) : (2.31)

L eV;.points

Q

The main advantages of this formulation lie in the resulting smoothness of the
score with analytical first and second-order derivatives and in the elegant outlier
handling. Nevertheless, this approach suffers from the computational expense of
using the full source point cloud for scoring, and biasing the score towards closer
ranges that contain the most points from the sensor geometry.

Another approach for NDT distance computation is proposed by Stoyanov
et al. [106] and is called the NDT distribution-to-distribution (NDT-D2D) score.
Their method uses the Lo distance between the probability densities encoded in
NDT; and NDT; to compute the integral of their squared difference:

Dy, (NDT,, NDT,) = / (PN (0 20)) — peN (. B)))° de (232)
_ / PN (g, 20))2 + / PN (1, 5,))? (2.33)
2 [ W, 2) [ oV, B de. @230

Stoyanov et al. find that in the context of point cloud registration, the first
two terms remain invariant under rigid transformations (which do not change the
shape of the Gaussians encoded in the NDT cell). They thus focus on Eq. ()
and apply the following identity:

/ (N (el B0 Nl 2,)) de = NO | s — o, S+ 8,) de. (2.35)

The L, distance is proportional to the distance of p, from the combined
distribution N (g, 3; 4+ X;). From this, Stoyanov et al. derive the NDT-D2D
score (to be maximized) as the following:

d
NDT-DED(NDTLNDTT) = —dsexp 00, = )78+ 2) s~ ) ).

(2.36)

With regularization factors d; and d. We note that, similarly to the P2D
score case, this score is higher when p, lies along the combined covariance of

3 +33;. Thus, the covariances chiefly influence the score by scaling the effect of
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the distances between the means. This score formulation requires only a single
matrix inversion per NDT cell, thereby eliminating the need to use the entire point
cloud for scoring. The D2D formulation further permits to efficiently approximate
the rigid body transformation of the point cloud model by only transforming the
NDT means and covariances using the following matrix operations:

T x NDT(P) = {(T x NDTy,) |[VV; € V}, (2.37)
TxNDTy, = (T x p;, T xX; xT). (2.38)

We show the behavior of these NDT score formulations in Fig. @ on some
simple 2D test cases. They show how the NDT-P2D score penalizes translations
away from the mean of the target distribution, while the NDT-D2D score penal-
izes translations away from the combined covariance of both distributions and is
thus less sensitive to motions along the target distribution. In the approach pre-
sented in Chapter E, we use the NDT-D2D score as it is computationally cheap
while also accounting for shape information.

In summary, using local point cloud registration methods on consecutive scans
improves a mobile robot’s relative displacement estimate when the sensor detects
geometrically informative features. When the assumption of small displacements
between point cloud pairs is violated, local registration approaches may fail un-
predictably and yield suboptimal results. Such situations can arise when the
robot revisits a place previously seen after driving a large loop and the odometry
estimate may be too far off for local registration to converge to the correct solu-
tion. In these cases, more robust results can be achieved by using global point
cloud registration methods such as the one we present in Part [[.

2.1.3 Robot Mapping

An actionable representation of the environment is key for robot navigation. For
most robots that operate in planar environments, occupancy grid maps are the
standard choice as they encode the constraints on the robot motions: free space
and obstacles, see Fig. @ Occupancy grid maps are generated by dividing the
environment into discrete cells of fixed size and computing, for each cell, the
probability that it is occupied by an obstacle. An obstacle in the context of robot
navigation is an area the robot cannot drive into, while the workspace is the
set of all reachable parts of the environment. In practice, occupancy grid maps
are computed by projecting the LiDAR observations z;; from the robot poses
x1.¢ estimated from the previously discussed sources. Assuming independence
between cells, the occupancy of each cell only needs to consider the points that

land within it. We refer to Thrun et al. [109] for further information on adapting
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2 2
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0 0
-1 — 1 —
Z 0 1 2 -1
(a) (b)
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1 1
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-1 — -1 —
-1 0 1 2 -1 0 1 2
(c) (d)

Figure 2.6: Graphical illustration of the NDT point-to-distribution (P2D) and distribution-
to-distribution (D2D) scores. We estimate the score of the green source with respect to the
blue target distribution which we compute from the black points. Finding the transform that
maximizes the cumulative score of all NDTs yields the minimal distance between the two point
clouds.
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occupancy grid maps to the sensor model and environment dynamics. In this
thesis, we will focus on static environments and thus only need to detect whether
a cell is ground, an obstacle or outside the workspace. We also expect that the
edges of the workspace are taught in during the product’s initialization phase.

Figure 2.7: An occupancy grid map (black - occupied, gray - free) computed from LiDAR
observations (colored points). The red lines indicate the workspace edges.

2.2 Path Planning

Finding paths to drive in an environment that avoids obstacles is key for robots
to navigate purposefully. Path planning is the problem of finding an obstacle-
free path to a goal given the robot pose and the environment map. While path
planning algorithms come in many varieties depending on the properties of the
robotic system, the low-compute and slow-driving environment we are focusing
on in the context of the lawn mower leads us to prioritize computational efficiency
and discount the robot’s kinematics or dynamics. This section focuses on classical
graph search methods and largely recapitulates the concepts discussed in depth
in Lavalle [53].

2.2.1 Path Planning as Graph Search

Path planning for mobile robots is often formulated as a search problem on a
weighted graph, a classical problem with decades of research in computer science.
Formally, a weighted graph G = (V, E,w) is defined by its vertices V', edges E
and edge weights w. An edge e;; € E is said to join or connect two vertices
i,7 € V with cost w;;. Shortest path algorithms find the set of vertices, or path,
between a start vertex vgq,+ and goal vertex vgo s.t. the sum of the weights w for

all vertices along the path is minimal. To formulate path planning as a shortest
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path graph search, it is thus sufficient to encode the problem constraints into the
vertex set V| the edge set E and corresponding edge weights w.

A critical concept for this is the configuration space Cypqce, Which is the set of
all robot configurations @ relative to a fixed coordinate frame. The configuration
space is further divided into two subsets, Cfree and Cops, which correspond to
the free configuration space where the robot can move without collisions and
the obstacle configuration space where the robot is in collision with obstacles.
For a wheeled robot moving in a planar environment, it is typical to define the
Clspace as a 2D rigid body with configuration z = (z,y,6), where z,y € R and
0 € [0,27]. For the path planning problem we solve in this thesis, we discount the
robot orientation # to minimize computational effort since each dimension affects
the configuration space exponentially. To formulate the problem as a graph, we
discretize the configuration space uniformly with resolution r to obtain the vertex
set V', where the current robot pose is v+ and the goal pose is vgoq. We further
define the set of edges which connect all neighboring vertex pairs 7,7 € V as
eij € E with weight w = ||z; — ;|| < v/2 x r when both configurations are in
C'tree, as shown in Fig. P.§. In many applications, including our own point-to-
point path planning approach in Chapter H, the edge weights are used to encode
other costs to be accounted for in the search such as control effort, travel time or
the robot’s uncertainty.

A

\

(a) 8-neighborhood (b) Dijkstra’s algorithm. (c) A* search algorithm.
defining the edge set.

Figure 2.8: Path planning as graph search to navigate from start (red cell) to goal (blue cell)
on a grid map. The resulting path is the dotted line and the colored cells are the expanded
ones during the search. Images courtesy of A. Patel [@]

2.2.2 Graph Search Algorithms

Having defined the weighted graph G = (V, E,w) that encodes the main path
planning constraints of reachable space and neighboring configurations, we now
discuss some shortest path search algorithms on graphs. One of the most popular
algorithms for this is Dijkstra’s algorithm [@] which we describe in Alg. H For
each visited vertex, this algorithm stores the cost to go from v, referred to as
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Algorithm 2 Dijkstra’s Algorithm for Shortest Path Search
: Input: Weighted graph G = (V, E, w), Ustart, Vgoat

: Output: Shortest path from vt 10 Vgoas

1

2

3:

4: function INITIALIZE(vgygre, G, Q)
5: for each v € V do

6 Geost (V) 4= 00

7 parent(v) < None

8
9

Geost(Ustart) 0
Q.ins ert(gcost (Ustart) ) Ustart)
10: return G, Q)
11:
12: function SEARCH(G, Q)
13: while () is not empty do

14: v+ Q.pop() > with lowest g from @)
15: if v = vgoq then

16: return ReconstructPath(v)

17: for each neighbor u of v do

18: if Geost (V) + Wyu < Geost(u) then

19: Geost (1) = Geost (V) + Wy

20: parent(u) < v

21: Q.insert-or-update(geost(u), u)

Jeost, and the parent vertex through which this path goes. This method gradually
explores the graph starting with v, by spreading along the edges and pushing
the vertices onto the priority queue (). This priority queue is a key part of
this method and sorts the set of nodes currently considered by their cost to go,
ensuring that the nodes with the lowest cost are expanded first. At each step of
the search, the algorithm updates g.,s; and the parent node for the neighbors of
the currently considered vertex. The search terminates when the goal has been
reached or all nodes have been examined, and the shortest path is returned by
following the parent relationships of the goal vertex. Dijkstra’s algorithm is both
complete and optimal when all edge weights are positive, meaning it will always

find the optimal solution if one exists.

For many path-planning problems in which the search space satisfies addi-
tional properties, Dijkstra’s algorithm can be accelerated without sacrificing ei-
ther solution optimality or completeness. The A* search algorithm [71] changes
the expansion order to make use of a heuristic cost h..s and replaces the evalua-

tion order of the nodes in () to:
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feval(m) - gcost(x) + hcost(x); (239)

Here, h.ys is an informed estimate of the remaining path length to the goal
extracted from the problem structure, leading to more promising nodes being
expanded earlier. In the path planning use case, we can thus inject the heuristic
knowledge that for any vertex in the graph, its shortest path to the goal will
undoubtedly be on the line connecting it to the goal and thus be bounded by
ost(2) = || — gout]|

When the heuristic is admissible, i.e., heost () < Geost (), then the A* search
algorithm is optimal, meaning it finds the path to the goal with the least number
of node expansions. Fig. @ illustrates how A* expands significantly fewer nodes
to find the shortest path to goal than Dijkstra’s algorithm. In this thesis, we use
the A* algorithm for point-to-point planning problems and Dijkstra’s algorithm
for finding paths from a single point to multiple goals.

2.3 Decision Making under Uncertainty

The planning approaches discussed in the previous section require perfect knowl-
edge about the robot pose and environment at planning time. They also assume
that the robot actions play out deterministically in the real world. In many ap-
plications, these assumptions do not hold due to the inherent dynamics of the
environment and sensing uncertainty. Many current products engineer around
this uncertainty by modifying the environment or mounting expensive sensors
and thus assume that the estimated mode of the state distribution corresponds
to the state. In this thesis, we investigate the use of noisy low-cost sensors
for robot navigation in complex lawn environments, without assuming full state
observability. Thus, the robot’s ability to navigate and make decisions under un-
certainty becomes crucial. This chapter discusses the basic techniques prevalent
in decision-making under uncertainty, and follows the discussion for a similar use

case described by Nardi [6§].

2.3.1 Markov Decision Process

The most widely used theoretical framework for modeling sequential decision
problems is called a Markov decision process (MDP) [82]. MDPs model the
actions of a reward-maximizing agent that perfectly knows the state of the world,
but whose actions affect the world stochastically.

Formally, a Markov decision process is defined as a tuple (S, A, s, T, R)
where S is the set of states, A is the set of actions, sq is the initial state, 7 defines
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a transition model between states, and R stores the reward for each transition. At
each time step t, the state of the world and of the agent is encoded in state s; € S,
and the agent must determine an action a, € A. The transition model 7 (s, a, s’)
specifies the probability for the new world state s’. Thus, all decision-relevant
information is encapsulated in the state, and does not depend on the history of
agent decisions: this is also called the Markov assumption. Each time the agent
changes states, it receives a reward defined by the reward function R(s, a, s’),
which can be positive or negative. We illustrate the sensing-planning-acting loop
for MDPs in Fig. @ The goal is to find a policy that specifies an action for the
agent in each state that maximizes a cumulative function of the expected rewards.
We note that a policy is not a single sequence of actions to follow from a given
state, but a sequence of actions for any state that may be encoded by the MDP.
In summary, tasks can be formulated as MDPs when the state is always known
and fully observable, but the agent’s decision outcomes are non-deterministic and
described by a probability distribution over successor states. In this context, they

are a powerful tool for decision-making under action uncertainty.
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Figure 2.9: The principles underlying the relationship between the agent and the environment
for both MDPs and POMDPs. Note how in MDPs, the state is always observed directly, while
in POMDPs the agent must infer the state from the observations.

We can now formulate the path planning for mobile robots with action uncer-
tainty as an MDP, as done by Ferguson et al. [33]. Assuming a static environment,
the set of states consists of all robot poses, possibly discretized into a grid as we
did in Sec. . For each state, the robot can attempt an action of moving in one
of eight directions, as previously done in the grid planning use case. The state
transition model encodes the expected uncertainty in actuation, which can be
better or worse in specific locations. For each state, we can set a negative reward,
with a larger negative reward for contact with an obstacle in the environment
and a large positive reward at the goal pose. Finding a policy that maximizes
the expected reward in this MDP yields a feasible solution to the path planning

problem under action uncertainty:.

23
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2.3.2 Partially Observable Markov Decision Process

MDPs assume that the environment is fully observable and that uncertainty only
comes from actuation. When scaling down the sensor costs as we investigate in
this thesis, we cannot assume perfect state and world observability. Partially
observable Markov decision processes [130], or POMDPs, are the extension of
MDPs that formalize decision-making problems in the presence of both actuation
and measurement noise. POMDPs assume the system dynamics to be determined
by an MDP but also account for uncertain observations.

Formally, a POMDP is a tuple (S, A, T,R,0,Q) where S, A, T, R are the
states, actions, transition and reward functions identically to MDPs. POMDPs
differ by adding O, the set of observations, and €2 which specifies the probability
to make an observation in a given state. At each time step ¢, the agent maintains
a belief bel(s;) over the states S of the world, and takes an action a;. The
state of the world is not directly observable, but can only be inferred through
observations o,y; € O. Thus, the agent uses a state estimator to update its
belief bel(s;;1) which considers the last action a;, the current observation o1,
and the previous belief bel(s;).

As illustrated in Fig. é and in contrast to MDPs, the agent makes decisions
solely based on its belief about the state of the world. This belief depends on the
agent’s history of actions and observations, making POMDPs in general compu-
tationally complex and challenging to solve. They have also been demonstrated
to be PSPACE-complete [72] and, thus, finding an optimal solution is intractable
for most real-world problems.

Two of the approaches we present in Part @ are designed to approximate
POMDP decision-making for robot navigation in belief space in the autonomous

lawn mower context.
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Point Cloud Registration
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Chapter 3

Efficient Global Point Cloud
Registration using Semantic
NDT

OBUST and accurate point cloud registration is an essential part of

many robotic tasks such as sensor odometry estimation, SLAM or

object pose estimation. We discuss in detail in Sec. El] how point

cloud registration is key to the state estimation of LiDAR-equipped
robots and is used in both incremental local pose-tracking and global loop-closing
applications. In this chapter, we consider the problem of global 3D point cloud
registration and present an approach that achieves fast and precise results. Global
point cloud registration is the task of estimating the rigid 3D isometry transform
between a source and a target point cloud without an initial guess. This problem
is particularly relevant for mobile robots revisiting previously mapped areas as
they need to detect and compute loop closures. In this context, their pose esti-
mate may have drifted significantly, and no good initial guess may be available
for local point cloud registration. Here, global point cloud registration enables
robots to relocalize themselves by matching the current sensor readings to the
map without requiring an initial guess, thereby generating a consistent global
map of the environment. Beyond the raw registration result, the uncertainty of
the estimated transform is also important for quantifying the result confidence
and to effectively fuse with other sensors in a SLAM back-end.

As we sketch in Fig. @, the main challenges of global point cloud registration
arise from spatial aliasing, the potentially small overlap between the two point
clouds, sensor noise and outliers due to scene dynamics, and significant differ-
ences across viewpoints due to sensor geometry. Typically, approaches build on
a descriptor extraction and matching process. In practice, computing handcrafted

features such as fast point feature histograms [89] for large inputs may be expen-
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Figure 3.1: Overview of our approach. To match source (green) with target (blue) we (1)
compute the NDTs, (2) generate the NDT distance histogram, which enumerates and references
by distance all possible NDT pairs, (3) search for corresponding NDT pairs (purple) by using
the NDT distance histogram and (4) evaluate the hypothesized transforms (red) established by
aligning the NDT means and normals.

sive, parameter sensitive or yield unsatisfactory performance. In contrast, deep
learned alternatives such as fully convolutional geometric features [@] perform
robustly and offer faster processing speeds, but come with practical drawbacks:
they require a GPU, training data and may not generalize to other environments.
The resulting uncertainty estimate at inference time is thus difficult to calibrate,
which makes sensor fusion challenging.

The main contribution of this chapter is a novel approach for global registra-
tion which is fast to compute, robust, precise and leverages semantic information
from semantic segmentation. Our algorithm builds on three approaches. We use
the normal distributions transform proposed by Biber et al. [] for voxelizing the
point clouds, computing normals, and estimating a registration score. We then
generate candidate transforms by sampling point pairs and their normals using
a method inspired by Winkelbach et al. [] Finally, we accelerate the fitness
assessment of each candidate transform using the bail-out test by Capel [@]
In this chapter, we build upon our publication [@], and extend our approach
while further pushing its analysis. Compared to the paper, we introduce a novel
probabilistic termination criterion for the search and a method for computing the
covariance of the final result. We also evaluate different methods for exploiting se-
mantic information and go into greater depth on the utility of the NDT distance
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histogram to accelerate the registration process. Our experimental evaluation
shows that even without semantic information, our global matcher finds solu-
tions more quickly than the state of the art and can handle difficult registration
problems. We make three key claims in this chapter: Our global 3D point cloud
registration approach is able to (i) perform strongly across different settings; (ii)
generate results faster than the state of the art; (iii) optionally leverage semantic
information for faster results. These claims are backed up by the chapter and our

experimental evaluation.

3.1 Related Work

We refer to the survey by Huang et al. [42] for a general discussion of point
cloud registration, and to the survey by Yin et al. [124] for LiDAR-based place
recognition. Here, we focus on correspondence-based methods, dense methods,
and the exploitation of semantic information for point cloud registration.

Correspondence-based methods have descriptor extraction and matching steps.
A prominent handcrafted descriptor is fast point feature histograms (FPFH) by
Rusu et al. [89], which encodes local geometry as a histogram of neighboring
points and normals. A lot of recent work has focused on data-driven descriptor
learning such as 3DMatch by Zheng et al. [127] or FCGF by Choy et al. [26].
Learned descriptors can outperform handcrafted ones, but require a GPU and
may degrade performance when transferring between domains as discussed by
Drory et al. [30]. Some methods exploit a bird’s-eye-view representation and
density maps to align point clouds and to find loop closures [39]. One may also
exploit a sequence of sensor readings to localize more reliably, see Vysotska et
al. [115].

After obtaining the descriptors, correspondences are established and matched
to extract a relative motion between the two point clouds. A popular family of
approaches is based on RANSAC, which works by repeatedly sampling a set of
point matches, estimating a motion, and calculating a score as the fraction of
point matches that agree with the motion. RANSAC has been extended with
improvements to sample selection as done by Barath et al. [5], or with early re-
jection of non-promising candidates such as Matas et al. [63] and Capel [16]. As
randomized approaches converge slowly in the presence of high outlier rates, re-
cent methods have proposed more robust and deterministic descriptor matching.
TEASER++ by Yang et al. [123] formulates the problem as a graph and uses
robust maximum clique methods to match the descriptors. Zhang et al. [128] ex-
tends this by using maximal cliques and combining it with deep-learned methods
to achieve state-of-the-art results.

Dense methods without descriptor extraction have also been proposed. In
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principle, a rigid transformation can be estimated from three point correspon-
dences between the target and source point clouds. The correspondence search
can be simplified to four point congruent sets as proposed by Aiger et al. [2]
and Mellado et al. [65]. Winkelbach et al. [118] present an approach for global
registration based on oriented point (position and normal) pairs. Winkelbach’s
approach is further extended by Papazov et al. [73] to 3D object identification and
pose estimation. Raposo et al. [87] evaluate these dense approaches for global reg-
istration on real data and conclude that the oriented point method of Winkelbach
et al. [118] outperforms Super4PCS [65].

Lim et al. [b8, 56] discuss the degeneracy problem which occurs when too
many descriptor correspondences are pruned during the outlier rejection step.
Their Quatro extension of TEASER++ only estimates the yaw rotation angle
during point cloud registration, as in many applications roll and pitch are known
from an IMU. KISS-Matcher by the same authors [57] combines these ideas with
graph-based approaches and further introduces a new descriptor called Faster-
PFH which shows strong results in diverse settings. We note that by construction,
dense methods are unaffected by degeneracy as the problem geometry is not

abstracted into a descriptor-matching problem.

Zaganidis et al. [126] use semantic segmentation in the data association step
of NDT to achieve good results in global registration settings. Semantic seg-
mentation is also used by Chen et al. [23] in SUMA++ to achieve highly ac-
curate results in the KITTI odometry benchmark [38]. Yin et al. [125] extend
TEASER++ [122] with semantic information and present strong registration re-
sults, also in the presence of noisy semantic labels.

The great performance of oriented point pairs and semantically assisted meth-
ods has inspired us to build upon them and introduce several key improvements,
which, taken together, constitute the novelty we present in this chapter. First,
we integrate the oriented point pair approach into the NDT framework. This
changes the main transform estimation primitive from corresponding point pairs
with normals to corresponding NDT pairs. This also enables us to efficiently
exploit local shape information by using the NDT-D2D score formulation when
evaluating a transform. The second key improvement we present is the intro-
duction of the NDT distance histogram to optimize candidate pose extraction.
This preprocessing step guides the search for corresponding NDT pairs towards
the most promising ones. Finally, our method’s structure enables effective use of
pixel-wise semantic information: we leverage it to reduce the quadratic cost of
computing the NDT distance histogram and to focus the search for corresponding
NDT pairs semantically.
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3.2 Problem Description

Let P be the source and () be the target point cloud. The goal of global regis-
tration is to find a rigid 3D isometry transformation T% € SE(3) that aligns P
to @ s.t. the squared distance between corresponding points is minimized.

SE(3):={ T = ROt il Re SO(3), te R? (3.1)
0 1
T?, = argmin Z | Tp — qll2, (3.2)
(pvq)eK(Tt)

with p € P, g € ) and K being the set of nearest neighbor correspondences

with a distance smaller than ;.

3.3 Our Approach

Our method uses four steps to find T% which we illustrate in Fig, @ and describe
in more detail in Alg. E We (1) compute the NDT of both the source and the
target point clouds. We then (2) compute the NDT distance histogram. We then
repeatedly (3) sample corresponding NDT pairs in both source and target and
use them to hypothesize a candidate transform. Step (4) evaluates that transform
and potentially stores it as the current best guess. We repeat the (3)-(4) loop

until a global termination criterion is met.

Algorithm 3 Semantic NDT Global Point Cloud Registration

1: Input: Source point cloud P, target point cloud @

2: Output: Estimated rigid transformation TjQ:, aligning P to @)

3:

4: NDT COMPUTATION (P, Q) > Sec. B.3.1
5: NDT DISTANCE HISTOGRAM (NDT(P), NDT(Q)) > Sec. B.3.3
6: while not termination criterion met do > Sec. B.3.0
7: HyYPOTHESIZE-AND-TEST(NDT(P), NDT(Q)) > Sec. B.3.4
8: Estimate pose covariance > Sec.
9:

return Best-scoring transform T% and estimated covariance

3.3.1 Normal Distributions Transform

The first step of our approach is to compute the NDT of the source and target
point clouds NDT(P) and NDT(Q). We discuss local point cloud registration
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Figure 3.2: How we extract a candidate transform from two corresponding NDT cell pairs
(NDT;,NDT;) € NDT(P) and (NDT;, NDT;) € NDT(Q) on the Stanford Bunny [119].

approaches based on NDT in depth in Sec. and use it as a basis for our
approach, as it compresses the point cloud and enables fast scoring of candidate
transforms. We index the NDT cells using a hash map similarly to Vizzo et
al. [] for efficient correspondence lookup, and denote as h(NDT;) € NDT(Q),
with NDT; € NDT(P) the cell in NDT(Q) at the same spatial location as NDT;.

3.3.2 Candidate Transform Extraction

In the second step, we generate candidate transforms by adapting the oriented
point pair approach by Winkelbach et al. [] to NDTs and extending it with
the NDT distance histogram. Winkelbach’s method uses the property that two
corresponding point pairs and normals suffice to generate a rigid body transform
which aligns these points and their normals, see Fig. @: We use this property
by using the cell means g and normals n analogously to points and normals.
The normal n is the Eigenvector associated with the smallest Eigenvalue of the
covariance 3, multiplied by —1 when needed so it point outward from the center
of the pair.

To extract a candidate transform, it is key that the selected NDT cell pairs cor-
respond. We denote two NDT pairs, (NDT;, NDT;) € NDT(P) and (NDT;,NDT,) €
NDT(Q), to correspond when their pairwise relationship depicted in Fig. g is
similar w.r.t.:

1. distance [|p; — p,| £ ¢,

2. angle v; £ ¢ of n; with the line segment joining the two means,
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Figure 3.3: Angles we use to describe the relationship between NDT pairs.

3. angle vy, £ 9 of n; with the line segment joining the two means,

4. angle v3 + 9 between both normals projected onto the plane orthogonal to

the line segment.

Given two corresponding NDT pairs, we compute two candidate transforms
T9(i) and T%(j) as follows:

1. Compute the rotation R, that aligns the vectors vy = (u; — p;) and

vy = (u;, — ;) around the axis w, = (v; X vy) by angle @ = arccos(v; - V).

2. Compute the rotation Rs that aligns the normal vectors by rotating along
the axis vy. This has two solutions for either NDT pair (i,k) or (j,1).
We obtain Rg; by projecting R,mn; and my, onto the plane defined by v,
and computing the angle between both projected vectors. We obtain Rg,;
analogously using (7,1).

3. Compute the translation ¢; that aligns vy x (R,Rp;) with v,. We obtain ¢;
analogously for Rpg;.

4. Return Tg(i) = (RaRgi, ts), Tg(j) = (RaRg;, t5).

Concluding this discussion on corresponding NDT pairs, it is important to
note that correspondence is a strictly necessary geometric condition required to
extract a rigid body transform from points and normals. However, depending on
the environment’s geometry, there may be many spuriously corresponding NDT
pairs that, while suitable for transform extraction, do not yield a transform min-
imizing point cloud distance as they are from different parts of the environment.

3.3.3 NDT Distance Histogram

As with all dense point cloud registration methods, the search for corresponding

NDT pairs is the most expensive part of our method due to its quadratic nature.
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The naive approach is to sample randomly from NDT(P) and NDT(Q) until a
corresponding pair is found. Winkelbach et al. [118] extend this by placing all
evaluated NDT pairs in a hash map indexed with the four values of their rela-
tionship. This enables them to retrieve for each new sampled pair, all previously
seen pairs with the same relationship, thereby accelerating the algorithm. We
propose to improve this further by introducing the NDT distance histogram as
shown in Fig. % for an outdoor scene and Fig. @ for an indoor scene. We
describe in Alg. ¥l how to compute it: we enumerate and index all NDT pairs in
both source and target according to their distance in bins of size €. Thus, when
we search for corresponding NDT pairs, we exclusively sample from those with

the same binned distance: distance-bin(P,d) or distance-bin(Q,d).

Algorithm 4 NDT distance histogram
1: Input: Source NDT(P), target NDT(Q)
2: Output: NDT distance histogram(P, Q)

3:

4: for all (NDT;,NDT,) € NDT(P) do

5: Compute distance d;; = [|p; — p;[2

6: Store (NDT;, NDT;) in distance-bin(P, d;;)
7. for all (NDT;,NDT,) € NDT(Q)) do

8: Compute distance d;; = [|pt; — p;]|2

9: Store (NDT;, NDT,) in distance-bin(Q, d;;)

In an idealized setting without sensor noise, scene dynamics, induced er-
ror from voxelization, and with 100% scene overlap, the NDT distance his-
tograms for NDT(P) and NDT(Q)) are identical. Thus, for any (NDT;,NDT;) €
distance-bin( P, d), there are at most |distance-bin(Q),d)| pairs in target to verify
and exactly one corresponds to the actual transform. This property general-
izes, with some limitations, to the practical setting, as many NDT pairs lack
correspondences describing non-overlapping parts of the point clouds, or exhibit
imprecise normal computations due to sensor noise. We further use the NDT
distance histogram to remove pairs with |distance-bin(Q,d)| = 0 and to bias the
search towards pairs with large distance for more stable alignment, as discussed
by Papazov et al. [73] and Aiger et al. [2]. This also exploits the decreasing
point density with increasing distance from the sensor, yielding fewer NDT pair
candidates to evaluate as seen in Fig. @ Our experiments show that convinc-
ing results are achieved when we sample from the 25% of bins with the largest
distance, see Sec. .

Recapitulating the main difference to Winkelbach et al. [118], we front-load
the computation of the distances to organize the search space and to sample

corresponding pairs more efficiently. We also use this knowledge to bias our
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Figure 3.4: The NDT of a typical KITTI scan yields approximately 10% cells and 10° cell pairs.
The NDT distance histogram enumerates and indexes all pairs by their distance.

search towards the most promising pairs. So, while quadratic in the number of
NDT cells, this simple preprocessing speeds up the search for NDT cell pairs
satisfying the other three constraints. Our NDT distance histogram stores the
references to all pairs in bins to efficiently find items satisfying the following
query: “Given NDT, ; € @) with distance d, what is the set of NDT cell pairs in
P with the same distance?”. We will refer to the NDT pairs with approximately
the same distance d as distance-bin({P},d) or distance-bin({Q},d).

3.3.4 Candidate Transform Evaluation

Given a candidate transform T, we apply it to all means and covariances in
source NDT(P) using Eq. () and evaluate the alignment with target NDT(Q),
see Alg. P for the procedure of a single hypothesize-and-test iteration.

We discuss several methods to compute the distance between NDTs in Sec. ,
and decide to use the NDT-D2D score Eq. (@) derived by Stoyanov et al. []
as it provides a good trade-off between speed and precision. Denoting h(NDT;)
as the cell at the same location in NDT(Q), we compute the NDT-D2D score
between the transformed source T x NDT; and the target NDT A(T x NDT;) as
follows:
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Figure 3.5: The NDT of a typical indoor RGB-D scan yields approximately 100 cells and 10*
cell pairs. The NDT distance histogram enumerates and indexes all pairs by their distance.

d
NDT-D2D(NDT;, NDT;) = —dy exp(—(; — ;)" (Si + 5) 7" (15 — 1)

(3.3)
score(T) = ) NDT-D2D(T x NDT;,h(T x NDT;)).
NDT,eNDT(P)
(3.4)
3.3.5 Bail-Out Test
In the remainder, we set the D2D-regularization factors to dy = —1, do = 0.05.

We note that NDT-D2D(:) € [0,1], where perfectly overlapping NDTs have
NDT-D2D(-) = 1 and that distances between the cell means with respect to their
combined covariance are penalized towards 0. As we iterate over NDT; € NDT(P),
the score (T) increases monotonously but remains bounded by N = |[NDT(P)|.
We propose to accelerate this evaluation by adapting Capel’s [] bail-out test to
the continuous NDT scores. Intuitively, this test answers the following ques-

n

tion: “Given the current score (T,)" after n NDTs, will score (T.)" surpass

score (TmaX)N , the best transform evaluated so far?” We know from the central
limit theorem that the sample mean Z of i.i.d. random variables with variance o2

converges towards the true mean p with standard deviation \/iﬁ, which approaches
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Algorithm 5 Hypothesize-and-test for NDT Global Registration

Input: NDT(P), NDT(Q) and their NDT distance histograms
Output: Estimated rigid transformation Tg aligning P to )

score (T ax) ¢ —00, Tiax < 0

Sample random NDT pair (NDT;, NDT;) € NDT(P)

for all pairs (NDT,,NDT;) € distance-bin(Q, d;;) do
Check if (NDT;,NDT;) and (NDT;, NDT;) correspond

if correspondence found then

Extract candidate transform T .ang
Evaluate score (T cang) using NDT-D2D score with bail-out test
if score (Tcana) > score (T pax) then

score (T ax) <= score (Teand); Tmax ¢ Tcand

— = =
M 2@

the normal distribution with larger sample size. We further infer from Popovi-
cius’ inequality and NDT-D2D(-) € [0, 1] that o < 0.5. Thus, after evaluation of
n random NDT scores, the 99% confidence bound on the true mean is:

1.288
v

We stop scoring the current candidate when it is unlikely to surpass the best

p=7+ (3.5)

transform so far:

~1.288
T+ W < HUmax- (36)
As we evaluate transforms, the estimate for py., increases, leading to earlier
bail-outs from non-promising transforms. For example, we stop evaluating the

current hypothesis in our implementation when g, = 0.9,2 =0 and n = 2.

3.3.6 Termination Criteria

Our approach is a hypothesize-and-test method that generates candidate trans-
forms between two point clouds by searching for matching NDT pairs and scor-
ing them according to their NDT score. Hypothesize-and-test approaches are
conceptually simple, general and robust against outliers but suffer from fuzzy
termination criteria due to their open-loop nature. At any point, continuing the
search may yield a better result than the one achieved so far. Related approaches
often end after a set number of iterations or after the computation time budget
has been exhausted, see the discussion in Drory et al. [30]. Other authors, such
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as Schnabel et al. [99], derive a probabilistic criterion to decide when to stop
the search. In this thesis, we typically use a set time budget, but also derive a
probabilistic termination criterion in this section which we evaluate in Sec. .

In general, hypothesize-and-test approaches which require s data points to
generate a model with an inlier rate ¢ have the following probability of success

for each independent trial pia:

Drial = (€)°, (3.7)

Ptail-trial = 1— Dtrial-

The general probability pguccess Of finding the correct transform after N trials
is the complement of N consecutive failures.

Psuccess = 1— (pfail—trial)Na (39)
Psuccess = 1 - (1 - ptrial)N7 (310)
Dsuccess = 1 — (1 - GS)N- (311)

Solving for N, we obtain the number of iterations required to reach a goal

confidence pguccess fOr a given inlier rate € as:

N = Fogkfé q %“;;Sﬂ . (3.12)

Intuitively, the inlier rate € encodes the fundamental complexity of finding a
good hypothesis. All other factors remaining constant, the lower the inlier rate,
the more complex the problem and the more iterations are required to solve it.

3.3.6.1 Termination Criterion based on NDT cell pairs

We calculate the probabilistic termination criterion solely based on the number of
NDT cell pairs, ignoring the NDT distance histogram as follows. Assuming each
NDT cell pair in source has exactly one corresponding pair in target, the inlier
rate is the probability of sampling this specific pair in target. With n = [NDT(Q)],
the number of cell pairs in target m is the binomial coefficient:

m = <Z) (3.13)

(3.14)
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Assuming all pairs in target have a corresponding pair in source and each pair

yields a good transform, we obtain:

1
cell = —. 3.15
Coell = (3.15)

We further discuss the impact of the inlier rate € for point cloud registration,
as it fundamentally encodes the complexity of finding a transform. The formula
which models this accurately should account for all contributing factors: “Which
sensor recorded the scene?” “What discretization effects are to be expected from
the NDTs of each point cloud?” “Which target overlap is necessary for registra-
tion success?” “What is the overlapping scene geometry?” Compressing all this
information to a single floating point value e will necessarily make a lot of assump-
tions which we empirically evaluate in Sec. . This phenomenon is taken up
by Chum et al. [27] and Barath et al. [6], who discuss that hypothesize-and-test
approaches are strongly affected by inlier noise because they generate hypotheses
from minimal sets only and are thus more subject to noise.

We assume the inlier rate € is affected by p,, the probability that, even when we
have sampled two corresponding NDT pairs, we actually retrieve a valid transform
due to overlap, sensor noise, discretization errors and other adverse effects. This

changes the inlier rate to:

Dr
Coell = - (3.16)

The term p, is essentially unique to each registration instance, as it encodes
all the parameters underlying the complexity of generating a good transform.
We have empirically found different values which work well on the datasets we
work with, ranging from RGBD indoor p, = 0.025, LiDAR indoor p, = 0.05, to
pr = 0.2 in LiDAR outdoor settings.

We illustrate this formula with a concrete registration instance: the LiDAR
outdoor setting with approximately 1000 NDT cells we show in Fig. @ and
whose NDT distance histogram we show in Fig. @ We target psuccess = 0.99
and estimate p, = 0.2, from which we compute N, as:

log (1 - psuccess) . log (1 — 099)

Ncell = -
log (1 —€l.;) log (1 — 49%;00)

=~ 29000000. (3.17)

We would thus need to sample more than 29 million NDT cell pairs to achieve
99% success probability. This showcases the core computational complexity in-
duced by sampling randomly from the set of all NDT cell pairs and the underlying

low inlier rate.
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3.3.6.2 Termination Criterion with the NDT Distance Histogram

In this thesis, we introduce the NDT distance histogram in Sec. . We pre-
process the data to only sample NDT pairs (NDT;,NDT;) € distance-bin(P,d)
and query for corresponding NDT pairs (NDT,, NDT;) € distance-bin(Q,d) with
the same distance d. This essentially recasts the problem from sampling random
pairs from the set of all NDT cells to the set of all NDT cells with the same
precomputed approximate distance. Analogously to the previous case without
NDT distance histogram, this yields, with m(bin) the number of cells in a given
distance bin distance-bin(Q, d), for each binned distance:

: 1
6ideal-histogram(bln) = m(bln)’ (318>
. DPr
6histogmm(bln) = m(bln) . (319)

As for the previous NDT cell pair case, the inlier rate is affected by the inlier
noise p,. By sampling only from a single distance bin, we would undermine the
independence assumption of the probabilistic termination criterion as we would
risk sampling only from NDT pairs that lack correspondences due to overlap.
We mitigate this statistical dependency by sampling from several distance bins,
thereby distributing the sampled NDT pairs more evenly and using their average
size m(bin) to compute the probabilistic termination criterion.

We illustrate this formula using the same registration instance used for the
termination criterion based on NDT cell pairs, shown in Fig. @ and Fig. @ We
target Psuccess = 0.99 and are currently sampling from distance bins with average
size T (bin) = 1000 cell pairs. Here, Nbin is computed as:

lOg (1 - psuccess) . log (1 — 099)

log (1 —ery) — log (1 — fi)

Npin = ~ 57000. (3.20)

Thus, in this situation, we stop the search after evaluating N = 57000 can-
didate transforms. This is several orders of magnitude fewer than for the case
without the NDT distance histogram. We empirically evaluate this criterion and

further build upon it in Sec. .

3.3.7 Quantification of Result Uncertainty

To function correctly, probabilistic state estimation algorithms such as those we
discuss in Sec. @ also require an estimate of the pose uncertainty. This is particu-
larly important in settings where ambiguity in the robot pose is expected, such as

our lawn mower scenario or many other situations with significant odometry drift.

40
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The concrete encoding of the pose uncertainty depends on the state estimator.
However, we will focus on a Gaussian covariance estimate in this section as it is
the most commonly used representation. This probability distribution is defined
by the 6d mean isometry, and its 6 x 6 covariance matrix. Related approaches
typically compute the covariance using the first-and second-order derivatives of
the computed score, see Stoyanov et al. [106] or Biber et al. [11]. Here, the authors
use the local smoothness properties of the NDT distance function and it’s first
and second order derivatives to quantify the confidence in the result. Intuitively,
a sharp peak in the score function around the registration result indicates high
confidence, while a flat score function indicates low confidence. This approach
is, however, fundamentally local and does not account for the global structure of
the score function, which may have several peaks corresponding to solutions of
similar quality. In this section, we propose to leverage our approach’s property
of generating and evaluating many candidate transforms to estimate the result

uncertainty.

We base our method on Brossard’s et al. [14] approach. Given a registration
result, Brossard et al. approximate the result uncertainty by sampling twelve
other transforms around the registration result using the sigma-points of a prede-
fined distribution, similar to the widely used key idea of the Unscented Kalman
Filter [44]. They then evaluate those convergence results to generate the covari-
ance matrix. In contrast, we use our approach’s history of evaluated transform
candidates to estimate the pose uncertainty, thereby avoiding the need to re-

evaluate other transforms explicitly.

Intuitively, given the k best pose hypotheses T, and their mean score (T, ),
we seek to compute a Gaussian distribution which reflects the uncertainty around
the registration result. If all selected hypotheses are clustered around a single
pose, the covariance is small, while a wide spread indicates more ambiguity in
the result. This is a two-step weighted sample mean and covariance estimation
problem: (1) selecting the k pose hypotheses and (2) weighing and averaging the
transforms according to this transform’s mean score (T1__x).

We obtain the lower bound on the number of poses k to estimate the covariance
by noting that the final 6 x 6 covariance cannot be rank deficient, from which
we require at least k > 7 transforms. We compute the k& best pose estimates by

evaluating the expected score (Tl_,, 1) for each hypothesis using the expected final

bail-out score we discuss in Sec. B.3.5. For each registration result, we select all
the candidate transforms where score (T) > 0.9 x score ( T7) and set the weight of
each hypothesis to be its exponentially discounted contribution towards the sum

of scores, see Fig. B.6:
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Figure 3.6: Distribution of evaluated transform scores in an RGBD-indoor setting. Running
our approach for one second evaluates 250000 transforms. 150000 of these have an expected
score > 1.0 using the Bail-Out test. We select the transforms with a very high score > 95 to

compute the result covariance.

n= Z exp(score (Tg)), (3.21)

_exp(score (T))
Wy = , . (3.22)

(3.23)

Similarly to Brossard et al., we compute the weighted average of the selected
transforms using Lie-group theory to account for the special group structure of
the rotation space SO(3). Recapitulating, we leverage our approach’s property
of generating and evaluating many candidate transforms to estimate the result
uncertainty and thus expect a globally more robust uncertainty estimate than
Brossard’s method which evaluates twelve transforms around the registration

result. We evaluate our covariance computation approach in Sec. .

3.4 Exploiting Semantic Information

Many autonomous systems compute the semantic segmentation of incoming point
clouds for scene understanding, such as the perception systems by Maturana
et al. [64] or Hughes et al. [43]. In navigation scenarios, this is often used to
improve robot autonomy by inferring which parts of the map are traversable or
dynamic without prior human intervention. In this chapter, we extend our global
registration approach to exploit this additional semantic information to improve

efficiency and reduce the risk of incorrect associations.
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Figure 3.7: A semantically segmented scan from the Semantic KITTI dataset. Each point of
the 64 ray scans is classified into one of 25 classes, including walls (yellow), roads (magenta),
sidewalks (purple), cars (blue) and vegetation (green).

We focus our eveluation on the automated driving domain, but note that
these insights transfer to other scenarios as well. In the KITTI [@] and Semantic
KITTI [H] datasets, scans are recorded from a car-mounted large HDL64 laser
scanner with 64 rays. The combination of rich geometric information obtained
from this laser scanner, a structured on-road environment, and ample training
data has led to the development of strong data-driven semantic segmentation
approaches. In Semantic KITTI, scans are annotated with point-wise ground
truth annotations for 25 classes, which we illustrate in Fig. @ In this thesis, we
will use both the ground-truth labels and the labels provided by RangeNet++
[@] The additional information channel provided by the semantics has been
shown to improve both loop closure detections [@] and LiDAR odometry []

Given the point-wise semantic labels, we aim to leverage this information to
improve the point cloud registration process. In the related global registration
literature, semantic labels are used to reduce the risk of wrong data associations
as in Pfaff et al. [@] and Zaganidis et al. [] Following their ideas, we split
the scans by semantic labels and compute the NDT and NDT distance map for
each class separately, as illustrated in Fig. @ and Fig. @ We evaluate four
variants of our approach which exploit the semantic labels for different parts of
the registration process in Sec. . We compare our best semantic approach
to other state-of-the-art global registration approaches in Sec. .

We note that splitting the point cloud into semantic classes presents several
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Figure 3.8: Semantic NDT obtained from splitting the point cloud using semantic KITTI labels
and computing the NDT for each class separately, identical to the scene we show in Fig. EI

advantages: It both mitigates the quadratic complexity of computing the NDT
distance histogram and reduces the number of NDT pairs to evaluate for each
hypothesis as these can be constrained to NDTs of the same class. This is best
illustrated when comparing the geometric NDT distance histogram in Fig. @ and
the semantic NDT distance histogram for the same scan in Fig. B.9. Cumulated
over all semantic classes, there are 4000 NDT pairs with a distance of 20 m in the
semantic NDT distance histogram, while there are more than 10000 pairs with
the same distance in the geometric NDT distance histogram. Those fewer NDT
pairs to sample from lead to both shorter computation times and more effective

sampling later on.

3.5 Experimental Evaluation

The primary focus of this work is to present an approach for global point cloud
registration. The task of global registration is to match two point clouds with
an arbitrary initial transform and in the absence of prior information. In this
section, we compare our approach in both geometric and semantic settings on
several benchmarks to evaluate its performance. We show the capabilities of
our method and support our key claims in our experiments, namely that our
approach: (i) performs strongly across different settings; (ii) generates results
faster than the state of the art; (iii) optionally leverages semantic information for

faster results.
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Figure 3.9: Semantic NDT distance histograms obtained from semantically segmenting and
splitting scans. We compute the NDT distance histogram for each class separately. Contrast
this to the NDT without semantic labels in Fig. @

3.5.1 Metrics Used for the Evaluation

The main metrics we use to compare global matcher performance are the abso-
lute rotation error (RE) and translation error (TE), calculated from the shortest
angular and FEuclidean distances between the ground truth and estimated trans-
forms. The recall is the proportion of matches where both RE and TE are below
a given threshold. As surveyed by Huang et al. [@], we set these to the most
prevalent values: indoors RE < 15° and TE < 0.3m, outdoors RE < 5° and
TE < 2.0m. As our method focuses on computational efficiency, we also evalu-
ate the time required to find a good transform. For this, we run the experiments
on a laptop CPU Intel Core i7-10850H @2.70 GHz and limit computations to a
single thread, noting that all approaches benefit from multi-threading.

3.5.2 Datasets Used for the Evaluation

We show the capabilities of our point cloud registration method on several diverse
datasets. We provide a tabular overview of the datasets in Tab. Ell, a graphical
overview of their properties in Fig. , and show sample registration results
in Fig. , Fig. and Fig. . We select these datasets to cover a wide range
of scenarios, including indoor and outdoor settings, structured and unstructured

environments, and different sensor modalities.
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Scene Name pairs | Setting Dynamics | Sensor | # points X/Y/Z span m.
source (target)

ETH Apartment 100 | Structured indoor with furniture | yes LiDAR | 370296 8/10/7 (11/7/3)
moved between scans

ETH Stairs 100 | Structured indoor/outdoors with large | none LiDAR | 186883 17/17/15 (16/24/9)
variations in scanned volumes

ETH Hauptgebdaude | 100 | Structured indoor with repetitive ele- | none LiDAR | 189324 35/38/32 (52/26/17)
ments

TUM Pioneer Slam | 100 | Structured indoor none RGBD | 232255 5/5/5 (5/5/2)

TUM Pioneer Slam 3 | 100 | Structured indoor none RGBD | 154422 7/8/7(9/6/2)

TUM Long Office 100 | Structured indoor none RGBD | 260824 5/5/4 (6/5/1)

ETH Gazebo Winter | 100 | Semi-structured outdoor - people walk- | yes LiDAR | 143784 33/35/31 (39/43/17)
ing and seasonal changes

ETH gazebo Summer | 100 | Semi-structured outdoor - people walk- | yes LiDAR | 161306 25/24/23 (25/30/11)
ing and seasonal changes

ETH Mountain Plain | 100 | Unstructured outdoor none LiDAR | 100177 24/23/19 (26/30/7)

ETH Wood Summer | 100 | Unstructured outdoor - people walking | yes LiDAR | 187775 26/25/24 (25/34/16)
and seasonal changes

ETH Wood Autumn | 100 | Unstructured outdoor - people walking | yes LiDAR | 180648 29/27/27 (26/38/17)
and seasonal changes

Planetary map 100 | Unstructured outdoor - matching small | none LiDAR | 85870 49/75/36(102/155/37)
dense source to large low density target

Planetary box_met | 100 | Unstructured outdoor none LiDAR | 190752 73/32/29 (76/38/10)

Planetary p2at_met | 100 | Unstructured outdoor none LiDAR | 103038 43/70/35(55/77/8)

KITTI-10m 555 | Structured outdoor yes LiDAR | 123535 154/90/11

KITTI-LC 20-30m 1260 | Structured outdoor yes LiDAR | 123535 154/90/11

Table 3.1: Overview of the used global point cloud registration datasets.
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(d) Fontana dataset outdoor split (800 pairs).

Figure 3.10: Overview of the pose perturbations and point cloud overlaps present in the
datasets. We compute the overlap as the proportion of points in source having a corresponding
point within 0.05m (indoors) or 0.3 m (outdoors) in target at the ground truth pose.

3.5.2.1 Fontana Global Registration Benchmark

We evaluate on the 1400 scan pair global registration benchmau"kEI by Fontana
et al. [@] This dataset reprocesses and combines 600 indoor registration in-
stances from ETH [@], TUM RGB-D datasets [], and 800 outdoor pairs from
ETH [@] and Canadian planetary emulation datasets [] All instances in the
dataset are generated with different point cloud overlaps (60-100%), sizes, trans-
form perturbations in roll/pitch/yaw, a variety of sensors (LiDARs and RGB-D
cameras), scene dynamics, and diverse settings (from structured to unstructured
indoor and outdoor environments with several scales). The graphical dataset
properties Fig. show that the Fontana benchmark instances are generated
with a large variety in roll/pitch/yaw perturbations, while the overlap between
point cloud pairs is mostly above 40%. Some dataset properties only become

visible when examining the registration instances graphically, see Fig. B.11. The

"'We remove KAIST urban 05 due to an issue with the ground truth transforms.
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scales of the indoor environments vary widely ranging from small scenes or apart-
ments (ETH Apartment, TUM datasets) to large building interiors such as ETH
Hauptgebaude. The impact of sensor geometry is also clearly visible here: The
ETH datasets are recorded with a high-resolution 2D Hokuyo LiDAR tilted along
its pitch axis at regular intervals, see [[7§] for more details. This results in read-
ings with high precision, long range and a wide field of view, but with a range-
dependent point density. On the other hand, the RGBD sensor used in the TUM
datasets has a smaller field of view, shorter range and stronger noise correla-
tion with the sensing distance. The TUM Long Office registration instance also
shows the challenge posed by the variation in point cloud sizes between source
and target: The green source scan is only a subset of the blue target scan, lead-
ing to significant spatial aliasing as global registration methods may converge to
several solutions. The ETH outdoor datasets Fig. have little vertical struc-
ture, and the sensor geometry more strongly affects the long-range data due to
the large spacing between the scan rays. The Canadian planetary datasets illus-
trated in Fig. are sampled homogeneously and very challenging due to small
vertical structures and large point cloud spans.
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(a) ETH Apartment.

(¢c) ETH Hauptgebdude (d) TUM Pioneer Slam

(e) TUM Pioneer Slam 3 (f) TUM Long Office

Figure 3.11: Qualitative registration results on indoor datasets. These images show the result
of matching the source (green) to the target point cloud (blue) using our approach.
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(a) ETH Gazebo Winter (b) ETH Gazebo Summer

(e) ETH Mountain Plain (f) Planetary Map

Figure 3.12: Qualitative registration results on outdoor datasets. These images show the result
of matching the source (green) to the target point cloud (blue) using our approach.
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3.5.2.2 KITTI Registration Benchmark

We evaluate our global registration approach in an automated driving setting on
the KITTI dataset [38]. This dataset is recorded with a large HDL64 Velodyne
LiDAR car driving through urban and semi-urban environments. We adapt the
original KITTI LiDAR odometry benchmark to the global registration setting fol-
lowing the widely used KITTI-10m protocol by Choy et al. [26]. In this protocol,
the KITTI LiDAR odometry data from runs 8, 9, and 10 is sampled by selecting
(scan/pose) pairs separated by at least 10 m, yielding 555 registration pairs. We
correct for noise in the provided reference poses using ICPE as described in the
original protocol. The dataset properties in Fig. show that the KITTI-10m
dataset presents only low yaw perturbations and practically none in roll/pitch,
and typically has large overlaps > 60%. This is somewhat expected in the on-road
autonomous driving setting, where the car’s roll and pitch often remain constant
relative to the street. As discussed in Drory et al. [30], the KITTI-10m bench-
mark is not representative of all point cloud registration challenges in automated
driving which is why it is commonly paired with another dataset.

Thus, we further use the 1260 pair KITTI-LC 20-30m [83] dataset to test our
approach on more complex registration problems in the autonomous driving con-
text. The properties in Fig. show that while the perturbations in roll/pitch
remain low, the pose pairs have much larger perturbations in yaw and distance
compared to KITTI-10m. The overlaps are also more widely distributed, falling
as low as 10%. This yields a challenging registration benchmark where we expect
the approaches to differentiate themselves more.

20pen3D implementation (200 iterations, 1078 relative fitness/rmse)
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Figure 3.13: Qualitative registration results on outdoor datasets. These images show the result
of matching the source (green) to the target point cloud (blue).

3.5.3 Evaluation on Geometric Datasets

The first set of experiment analyzes the point cloud registration capabilities of
our approach across several settings and aims to support our first two claims:
that our method performs strongly across different settings and generates results
faster than the state of the art. With this aim, we compare our method to a wide
range of approaches which we describe in Sec. . We structure the experi-
ments according to the three registration settings: indoors Sec. , outdoors

Sec. and automated-driving Sec. . This experiment purposefully

does not evaluate the capabilities of our approach when using semantics, which

we analyze in Sec. .
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3.5.3.1 Geometric Baselines

We compare our approach to the following baselines representing a wide array
from the state of the art.

TEASER++ B : A correspondence-based matcher using FPFH [89] de-
scriptors and TEASER++ by Yang et al. [122]. We use the authors’ implemen-
tationa, and set the parameters as Yin et al. [125] outdoors with indoor voxel-size
to 0.1 m, normal radius 0.2m and FPFH radius 0.3 m.

KISS-Matcher Il : The global point cloud registration method by Lim et
al. [567], which introduces a point descriptor called Faster-PFH and further accel-
erates the TEASER++ matching back-end using a k-core based graph-theoretic
pruning to reject spurious correspondences. We set the outdoor voxel-size as the
auhors to 0.3 m, and the indoor voxel-size to 0.2 m.

PointDSC M : The deep-learning based PointDSC correspondence matcher
by Bai et al. [4] using learned FCGF [26] descriptors. We use the authors’ im-
plementationg, their trained KITTI-10m model for outdoor settings and their
trained 3DMatch [127] model for indoor settings, limiting the number of possible
correspondences to 3000.

SC2-PCR B : The second order spatial compatibility method SC2-PCR
by Chen et al. [24] using FPFH [89] descriptors. We use the authors’ implemen-
tationa, their KITTI-10m parameters for outdoor settings, and their 3DMatch
parameters for indoor settings.

TRON Bl : An NDT feature-based global matcher presented by Schmiedel
et al. [98]. We use the authors’ implementation and parametersa, differing in the
following: outdoor voxel-size 0.5 m, indoor voxel-size 0.2 m, matching tolerance
0.5 x voxel-size, neighbor search radius 5.0 voxel-size, distance/angle bins 5 and
10000 RANSAC loops.

Winkelbach Bl : A dense oriented point matcher proposed by Winkelbach
et al. [118] and the main inspiration for this work. We use our own implementation
and set the following parameters outdoors (indoors) as the authors evaluated
in a different setting: voxel-size 0.4 (0.2) m, normal radius 3 x voxel-size, inlier
distance 1.4 x voxel-size, mininimum point pair distance 5.0 (0.5) m, hash table
bin size angle: 0.1 rads, hash table bin size distance: voxel-size. We stop after
10s and evaluate the recall of the intermediate results. The main difference to
our approach lies in our introduction of both the NDT distance histogram for
sampling and NDT-D2D for scoring.

ndt-global (ours) : Our approach using the following parameters out-

3https://github.com/MIT-SPARK /TEASER-plusplus
4https://github.com/XuyangBai/PointDSC
Shttps://github.com/ZhiChen902/SC2-PCR
Shttps://github.com/thoschm/IRON
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doors (indoors): voxel-size 1.0 (0.2)m, ¢ = 0.25 x voxel-size, ¥ = 0.1 rads,
mininum points per NDT voxel 5. We stop after 3s and evaluate the recall of the
intermediate results, which shows the duration until the first successful solution
and can be used to tune registration quality against time.

We further underline the effect of evaluating the intermediate results on the
interpretation of the recall over time plots we use to compare registration per-
formance in the experiments: the curves for our approach and Winkelbach are
“best-case” results where we assume the stopping problem to be solved perfectly
and return success at the moment where a transform is found which satisfies the
recall criterion. Hypothesize-and-test approaches are typically run with a fixed
number of iterations or a given computation budget. In our evaluation, this would
appear as a step function jumping from 0% to the recall at any given computation
time. We analyze the performance of other termination criteria for our approach
in Sec. , which can be used as a direct comparison point.

For all approaches, we include the computation time required for data pre-
processing to begin the registration process such as FPFH feature extraction and
NDT computation. We run PointDSC, FCGF feature extraction and SC2-PCR
on a laptop Nvidia Quadro RTX 3000 GPU. All other preprocessing and ap-
proaches run on a single thread of an Intel Core i7-10850H @2.70 GHz laptop
CPU. This yields a realistic estimate for the compute effort to expect from these
approaches in the field, but distorts the computation time in favor of the GPU-
based methods.

3.5.3.2 Results on Fontana Indoor Dataset

We present the results of our experiments on the indoor split of the Fontana
benchmark in Fig. , which shows the recalls over the computation time re-
quired to achieve them. The plots can be intuitively understood as the proportion
of successfully registered pairs when stopping the algorithm at any given time for
each registration instance: the faster an approach converges to strong solutions,
the steeper its recall curve rises towards the top left. Our method, ndt-global,
reaches the highest recall of 68% correctly matched pairs within 3000 ms, with
50% reached after 250 ms. The only baseline with a similar recall is PointDSC,
achieving 67% recall after 1500 ms of GPU processing time. Our approach pre-
processes the data for 40 ms to generate the NDT representation and distance
histogram, which contains an average of 480 NDTs per problem. The FPFH and
Faster-PFH based approaches TEASER++, SC2-PCR and KISS-Matcher have
lower recalls on this benchmark, showing the complexity of tuning these descrip-
tors in diverse scenarios. The baseline which inspired us, Winkelbach, has a recall
of 60% after 10000 ms, which is both slower and less accurate than our approach,
showing the usefulness of the NDT distance histogram and NDT-D2D scoring.
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This experiment also highlights how the deep learning approach PointDSC with
FCGF features, trained on 3DMatch, transfers well to other indoor scenarios

recorded with different modalities.
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Figure 3.14: Registration results on Fontana indoor.

The evaluation on this first experiment suggests that our method provides
better registration results faster than the state of the art across multiple indoor
settings with different sensing modalities, supporting our first two claims.

3.5.3.3 Results on Fontana Outdoor Dataset

This experiment further analyzes the point cloud registration capabilities of our
approach and aims to support our first two claims, which are that our method
performs strongly across different settings and generates results faster than the
state of the art. Here, we compare our registration approach to the baselines in the
800 registration pairs from the Fontana outdoor dataset in Fig. . Our method
reaches the highest recall of 80% after 2500 ms, with 50% recall achieved after
100ms. SC2-PCR with GPU computation is the best state-of-the-art baseline
reaching 75% recall in 500 ms, which is faster than our approach to reach that
threshold. The FPFH based approach TEASER++ has lower recall than SC2-
PCR, showcasing that the difference in registration performance is not solely due
to the descriptor in this setting. The Faster-PFH based approach KISS-Matcher
has similar performance to TEASER++, but remains approximately 6% recall
points worse. On average, our approach processes the data for 72 ms to generate
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the NDT representation and distance histogram, which contains an average of 860
NDTs per problem. TEASER++ averages 173 ms to compute the descriptors;
by then, our approach already has a recall of over 50%. Winkelbach, the main
inspiration for our approach, reaches a recall of 70% after 10000 ms, which is both
slower and less accurate than our approach, further underlining the usefulness of
the NDT distance histogram and NDT-D2D scoring. It is particularly interesting
to note that the deep learned model trained on KITTT used in PointDSC does not
generalize well to the roll/pitch perturbations present in this dataset, reaching
22% recall.
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Figure 3.15: Registration results on Fontana outdoor.

In summary, our evaluation on both the Fontana indoor and outdoor datasets
suggests that our method provides better registration results substantially faster
than the state of the art across multiple indoor and outdoor settings with different
sensing modalities, supporting our first two claims. It is particularly interesting
to note that the speed with which the NDT representation and distance histogram
are computed is key to reaching strong results quickly, even when compared to
GPU-accelerated methods. On many registration instances, our approach finds
its first successful matches before the baselines finish preprocessing the data.

3.5.3.4 Results on KITTI Dataset

This experiment further analyzes the point cloud registration capabilities of our

approach and aims to support our first two claims, which are that our method
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performs strongly across different settings and generates results faster than the
state of the art. We begin by comparing the results of our approach to the
baselines in the automated driving benchmark KITTI-10m in Fig. . Our
experiments show that our approach converges quickly to >94% recall in under
200ms. SC2-PCR and PointDSC both achieve the same recall within 600 ms
on the GPU. The feature-extracting baselines TEASER~++4, KISS-Matcher, and
IRON are slow to generate descriptors on the large point clouds, explaining why
their recall only starts rising after 500 ms, when our approach has practically
converged to the maximum recall. On this dataset, we find that KISS-Matcher
clearly outperforms TEASER++ in both computation time and recall, demon-
strating the improvements achieved on this utonomous driving setting that the
authors targeted their method for. Compared to Winkelbach, our approach con-
verges to a higher recall faster, underlining the usefulness of the NDT distance
histogram and NDT-D2D scoring. We note that all approaches ultimately reach
strong recalls, showing that the KITTI-10m contains rich geometric information

for global registration.
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Figure 3.16: Registration results on KITTI-10m.

We present our experiments in the KITTI-LC 20-30m benchmark in Fig. .
On this more complex dataset, the strongest results are obtained by the deep-
learned PointDSC which reaches 33% recall after 500 ms, showing that training
on KITTI-10m transferred well to the KITTI-LC 20-30m case. Our method
reaches 28% recall after 3000 ms, with 20% recall achieved after 500 ms, which
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is the second-strongest result in this benchmark. The FPFH-based approaches
TEASER++ and SC2-PCR reach above 20% recall but do not achieve the same
recall as our approach. Unlike in the KITTI-10m dataset, KISS-Matcher has lower
recall than TEASER++, but does reach 10% recall faster. This may indicate that
the improvements the authors made to optimize the computation time may have
weakened performance in more ambiguous settings. Winkelbach’s method is both
slower and achieves lower recall than our approach, but reaches 25% recall. We
note that all non-deep learned baselines converge to a weaker recall than our
method, highlighting the difficulty of this dataset and the strong results of ndt-
global.
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Figure 3.17: Registration results on KITTI-LC 20-30m.

In summary, our evaluation on the KITTI datasets suggests that, in simpler
automated driving settings where scans are approximately 10m apart, our ap-
proach provides the best registration results substantially faster than the state
of the art. In more complex settings where overlap is low, rotation/translation
perturbations are higher and sensor geometry effects are stronger, our approach
outperforms all the classical approaches but does not yield results as strong as
the deep-learned baseline PointDSC.
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3. EFFICIENT GLOBAL POINT CLOUD REGISTRATION USING SEMANTIC NDT

3.5.4 Evaluation on Semantic Datasets

3.5.4.1 Semantic Labels

The following experiment is designed to show how our approach leverages avail-
able semantic information to achieve faster and better results, supporting our
third claim. We focus our evaluation on the KITTI-10m and KITTI-LC 20-30m
dataset and use two sources of semantic labels: the reference labels (gt) and the
RangeNet53-with-kNN (noisy) by Milioto et al. [66], as we discuss in depth in
Sec.

3.5.4.2 Semantic Baselines

We compare our approach to the following baselines representing two broad trends
in the state of the art for point cloud registration with semantic information:
feature-based matching and a semantically augmented local matcher.

SE-NDT : A semantically assisted NDT local matcher by Zaganidis
et al. [126] with strong global matching performance when used with semantic
information. We use our own implementation and set the parameters as the

authors do: voxel sizes: (100, 20, 100, 4, 1, 2, 1), iterations per resolution: 5,
number of neighbors: 8, d1: 1.0, d2: 0.05.

Segregator . A semantically extended feature-based matcher based on
TEASER++ by Yin et al. [125], we use the authors’ implementautiom[ﬂ and their
provided parameters. This version of Segregator only uses the points labeled with
the cars, buildings and poles classes.

Segregator-veg MM: The Segregator method that additionally makes use of
points labeled as vegetation.

ndt-global-semantic M : This is the semantically augmented version of
our approach where we use semantic labels to only consider points with classes
sidewalk, building, fence, vegetation, terrain and pole. We then generate candi-
date transforms exclusively from NDT cells with identical semantic classes, and
consider only NDT cells of the same class during transform evaluation. We discuss
and compare several variants of our method to use the semantics in Sec. ,
and this result corresponds to the best-semantic-sample-score variant.

We include the preprocessing time to compute descriptors or NDTs for all
approaches, but exclude the time to semantically annotate the point cloud as it
is not part of the registration process. As a general rule of thumb for modern

GPUs, we can assume that labels for KITTI scans are computed within 50 ms.

"https://github.com /Pamphlett/Segregator
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3.5.4.3 Results

We present the recall over time of the semantic approaches on the KITTI-10m
dataset in Fig. . This figure shows that our semantic approach leverages pixel-
wise semantic information most effectively to reach 99.8% recall within 400 ms,
which is faster than any other approach we compare to. While Segregator con-
verges at a similar rate, it peaks at 83% recall. SE-NDT reaches 50% recall,
which is weaker than all geometric approaches we compared to, but shows how
semantic labels can assist a local registration approach in solving global point
cloud registration problems. The experiment further shows how our approach is
more resilient against label deterioration than the baselines, dropping from 99.8%
to 99.6% recall. In contrast, Segregator drops from 83.0% to 67.5%, Segregator-
with-veg drops from 92.7% to 83.8%, and SE-NDT from 50.3% to 23.0%. We
find that ndt-global without semantic information is only slightly worse than
ndt-global-semantic on this dataset.
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Figure 3.18: Registration results on KITTI-10m for semantic approaches.

We show the results on the KITTI-LC 20-30m dataset in Fig. . We find
that all methods have lower recall than on the KITTI-10m dataset, which allows
a more differentiated analysis. Our semantically assisted approach achieves the
highest recall with 58% and 51% using ground-truth or noisy labels respectively.
The next-best method, Segregator-veg, converges to 47% recall with ground-
truth labels. On this more complex dataset, all semantic approaches except

SE-NDT outperform the deep-learned and geometric baselines, even with noisy
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labels (see Fig. ) This emphasizes the usefulness of semantic information for
global point cloud registration as the target scenario becomes more complex and
the matching problem turns more ambiguous: a factor of two separates the recall
of ndt-global from ndt-global-semantic! The deterioration caused by labels is less
pronounced than on KITTI-10m, with all approaches losing approximately 7%
recall points.
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Figure 3.19: Registration results on KITTI-LC 20-30m for semantic approaches.

In summary, these experiments support all three of our claims as our seman-
tically assisted approach outperforms all other baselines we compare it to. Thus,
our approach (i) performs strongly across different settings; (ii) generates results
faster than the state of the art; and (iii) optionally leverages semantic information
for faster results.

3.5.5 Translation and Rotation Thresholds Evaluation

In this experiment, we evaluate the sensitivity of each approach to the translation
and rotation error thresholds used to determine the registration success. For this,
we use all final transform estimates on KITTI-LC 20-30m and evaluate whether
they fulfill the modified translation/rotation criteria. We use this dataset because
it is the most complicated one we have tested semantic and geometric approaches
on, and it highlights whether an approach over- or underperforms due to the
selected recall threshold.
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The results, which we present for variations in the translation thresholds
in Fig. , show how our approaches ndt-global-semantic and ndt-global perform
strongly in the presence of more stringent error requirements: the recall remains
practically unchanged between both the TE = 1.0m and 2.0 m thresholds. It is
also interesting to note that at very low thresholds TE < 0.2m, our approaches
ndt-global-semantic, ndt-global and the baselines Segregator, Segregator-with-veg
and TEASER++ all present similar recall of ~ 20%. Our approaches are compar-
atively strongest at generating transform hypotheses within 0.2m — 0.5m of the
target, where we observe the most significant divergence in recall from the other
methods. Uniquely, PointDSC is strongly affected by the translation threshold,
with its recall dropping from 30% at TE = 2.0m to 15% at TE = 0.5m. It
thus only overtakes our geometric approach’s recall at TE > 1.5m. This may be
due to the data-driven descriptor and parameter learning in this approach which
was trained on the KITTI-10m benchmark and only applies more fuzzily to this
more complicated setting. It is interesting to note that all approaches achieve
low recall at TE < 0.1m, which is a larger error than the typical performance
of local registration algorithms with a good initial guess. This indicates that, for
optimal system performance, it is key to refine the global registration result using
a fine-grain local registration approach.
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KISS-Matcher

ndt-global-semantic(ours)-gt ndt-global(ours)
1004 o ndt-global-semantic(ours)-noisy —— TEASER++
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SE-NDT-noisy —— IRON
30 - Segregator-gt —— Winkelbach

Segregator-veg-gt
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Figure 3.20: Registration results on KITTI-LC 20-30m varying the translation threshold for
overall registration success. The red vertical bar indicates the translation threshold typically
used in the literature and in our other experiments.

We present the results for variations in the rotation threshold in Fig. .
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They show that our approach with semantics, ndt-global-semantic, already reaches
its maximum recall at approximately RE = 3°, independently of label quality.
This is unlike the other semantic approach, Segregator with or without vegeta-
tion, whose recall continues climbing even after RE > 10° and almost reaches
ndt-global-semantic’s recall at approximately 17° error with ground truth labels.
This indicates that our approach is comparatively strong at generating trans-
forms with low rotation errors. It is also interesting to note that this effect holds
when examining the semantic approaches using noisy labels, demonstrating our
robustness to semantic label degradation. The geometric approaches, on the
other hand, exhibit a stable recall starting at RE = 4°, indicating that most of
the generated transforms have diverged to solutions well outside the considered

rotation/translation thresholds.
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Figure 3.21: Registration results on KITTI-LC 20-30m varying the rotation threshold for overall
registration success. The red vertical bar indicates the rotation threshold typically used in the
literature and in our other experiments.

In summary, this experiment shows that our approach converges to solutions
that are well within the most typically used thresholds in the state of the art. This
further supports our claim that our approach performs strongly across different
settings.
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3.5.6 Termination Criteria Evaluation

In the previous experiments, we evaluate all intermediate results generated by
our approach to compute the recall over computation time curves. In this sec-
tion, we analyze the performance of the probabilistic termination criterion we
introduce in Sec. and seek to approximate the “oracle” of knowing when
to stop computing. The guiding question we seek to answer in this experiment
is the following: “Given all data available at runtime such as point cloud size,
number of NDT cells and the NDT distance histogram, can we predict the num-
ber of iterations required to find a good transform?”. Answering this question
is ambiguous as best illustrated by examining the results of ndt-global on the
KITTI-10m dataset (94% recall in 200 ms - see Fig. against the ones on
the KITTI-LC 20-30m (10% recall in 200ms - see Fig. ) Despite identical
point cloud sizes, sensors, success criteria and similar deployment settings, the
difference in relative displacement is enough to cause registration complexity to
vary strongly, thereby affecting the number iterations required for success.

As we discuss in Sec. 5.3.6‘, given an inlier rate e, hypothesize-and-test ap-
proaches require the evaluation of N hypotheses to reach a target confidence

level Psuccess*

N — Fog (1- psuccess)w ' (3.24)
log (1 — %)
This inlier rate e fundamentally encodes the complexity of a registration pair.
It is largely influenced by the average number of NDT pairs in the target NDT
distance histogram m(bin) and the probability of actually generating a valid
transform from a corresponding NDT pair p, due to noise, partial overlap and
sensor geometry effects. We thus define the inlier rate as:

o
€= m(bin)’ (3.25)

Assuming p, and pguecess do not vary within a single dataset, we expect our
approach to evaluate a number of hypotheses N proportional to the average bin

size in the target NDT distance histogram to solve a specific registration instance:

N o m(bin). (3.26)

We verify this hypothesis by analyzing the actual number of evaluated hy-
potheses N (obs) for successful matches against m(bin) using the ground truth

iterations to success obtained from evaluating all intermediate results. We il-
lustrate these values for the KITTI-10m dataset in Fig. , and, in orange,

64



3. EFFICIENT GLOBAL POINT CLOUD REGISTRATION USING SEMANTIC NDT

50000 - y 4
log(1.0 — 0.9)/log(1 — €),pr = 0.6

== Estimated f : m(bin) — N for 90% success rate

@® registration instances

40000 1
[

0
8
!
7
8
= 30000
g .
=
g
= 20000
ol
=
g
S
10000 +
[
[ J
0 I T T L
0 2000 4000 6000 8000 10000 12000 14000
m(bin)

Figure 3.22: Observed number of evaluated hypotheses to success over the average bin size in
target we are sampling from m(bin) on KITTI-10m (blue). In orange, we show the probabilistic
termination criterion to obtain a 90% success rate given m(bin). As this criterion necessarily
passes through the origin, we further compute in green a function mapping f : m(bin) — N
which does not have this constraint. When using N (est) to stop the registration process, two
types of errors arise: (a) evaluating a hypothesis for too long even though a good enough
solution has already been found (red - under the line) and (b) aborting evaluation too early,
leading to failed registration (brown - over the line).

compute the recommended termination points for a 90% success rate using the
derived probabilistic criterion, yielding an inlier probability of p, = 0.6. The re-
sults indicate that the number of iterations to success indeed grows with m(bin),
but not as strongly as the probabilistic criterion suggests. As the classical deci-
sion line necessarily passes through the origin, the relationship mapping m/(bin)
to the number of hypotheses to verify is severely constrained. We compute an-
other decision boundary in green to estimate number of hypotheses to verify as
f = m(bin) — N(est) s.t. the following holds: (i) psuccess = 0.9, (ii) all estimates
have a positive linear relationship with m(bin) and (iii), the sum of all estimates
is minimal.

We use this data to verify our guiding question and test whether N (obs)
correlates with m(bin). For this, we compute the Pearson correlation coefficient
p = corr[m(bin), N (obs)] between both data series. As discussed in Murphy [@],
the Pearson correlation coefficient is a widely used statistical tool for assessing
correlation between two data series X and Y. Correlation coefficients tending

towards p = 1 occur as Y = aX+b, i.e., when there is a linear relationship between
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X and Y. For the KITTI-10m dataset, we obtain p = 0.17 which indicates a weak
yet statistically significant correlation between N (obs) and m(bin), suggesting a
small but measurable signal on the problem complexity that can be acquired from
m(bin).

Similarly to the relationship between m(bin) and N(obs), we also evaluate
the relationship between m(bin) and T'(obs), the observed total computation
time to success. We show the results for the KITTI-10m dataset in Fig. @ and
obtain a Pearson correlation coefficient of p = 0.45, which is a much stronger

signal than that from the number of iterations. We believe computation time
correlates more strongly with the number of iterations than with the number
of NDT cells as it also includes the time to evaluate the transform, which is
associated with the number of NDT cells in both source and target, and the ability
of the bail-out test to accelerate the evaluation of each individual transform.
There is thus more “substance” in the total computation time than in the number
of iterations. To understand this effect in more depth, we examine the relationship
between the number of NDT cells in target m(target), N(obs) and T'(obs). We
provide an overview of this analysis for all benchmarks in Tab. . The data
shows that both m(bin) and m(target) correlate with the number of iterations
in the KITTI and Fontana planetary datasets, but this effect is strongest in the
Fontana ETH and TUM indoor datasets. The evaluation further shows that both
m(bin) and m(target) correlate more with 7'(obs) than N(obs). Surprisingly,
the iterations to success on Fontana ETH indoor even correlate negatively with
m(bin) and m(target), indicating that some aspects of the problem complexity
are not adequately captured by either of these values.
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Figure 3.23: Observed computation time T'(obs) over the average bin size in target we are
sampling from m(bin) on KITTI-10m (blue). In green, we compute the function mapping
f :m(bin) — T(est).
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Dataset N(obs) | T(obs) | m(bin) | m(target) | p(m(bin), | p(m(bin), | p(m(target),| p(m(target),
N(obs)) T'(obs)) N(obs)) T'(obs))
-
KITTI-10m 5859.98 | 170.83 | 9534.67 | 1370.18 0.16 0.45 0.11 0.42
KITTI-LC 20-30m 42561.76 | 561.82 | 10575.86 | 1533.9 0.16 0.26 0.14 0.28
Fontana ETH indoor 22857.61 | 324.51 | 19772.59 | 1585.86 -0.02 0.27 -0.06 0.25
Fontana TUM indoor 10024.08 | 78.42 1112.26 | 301.74 0.04 0.06 0.08 0.09
Fontana ETH outdoor 11413.23 | 119.08 | 3420.03 | 473.48 0.07 0.11 0.06 0.1
Fontana planetary outdoor | 10024.08 | 78.42 1112.26 | 301.74 0.28 0.71 0.28 0.75

Table 3.2: Overview of the Pearson correlation p between N (obs) (ground truth observed iterations to termination), T'(obs) (ground truth observed time
to termination), m(target) (average number of NDT cells in target) and m(bin) (average size of NDT distance bins in target) for all datasets.
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Ultimately, we wish to understand the true performance of our approach that
uses the probabilistic termination criterion by comparing it against the optimal
“termination oracle” from evaluating the intermediate registration results. We do
this on every benchmark dataset to provide a fair comparison of our approach’s
performance against methods from the state of the art. In this experiment, we
evaluate the following termination criteria that predict either the time or number
of iterations to finish from the data available at the start of the registration

process:
bin-size-iterations HM : This termination criterion we illustrate in Fig.

uses 20% of each dataset to regress a linear function mapping f : m(bin) — N (est)
that predicts the number of iterations required to obtain 90% recall given m/(bin),
the average number of NDT pairs contained in the target NDT distance histogram
bin. We then use this estimate to terminate the registration process once N (est)
iterations have been evaluated.

bin-size-time BM: This termination criterion we illustrate in Fig. uses
20% of each dataset to regress a linear function mapping f : m(bin) — T'(est)
that predicts the computation time required to obtain 90% recall given m(bin) the
average number of NDT pairs contained in the target NDT distance histogram
bin. We then use this estimate to terminate the registration process once T'(est)
milliseconds have elapsed.

wait-500-ms B This termination criterion stops the registration process
when the current best transform estimate has not improved in the previous
500 ms.

wait-1000-ms Bl This termination criterion stops the registration process
when the current best transform estimate has not improved in the previous
1000 ms.

termination-oracle This termination criterion evaluates all intermediate
results as for the previous experiments and returns the earliest time at which the
registration is successful. This represents an upper bound on the performance of
our approach and is the best performance any termination criterion can reach.

We present the results for KITTI-10m in Fig. , KITTI-LC 20-30m in Fig. ,
Fontana indoor Fig. and Fontana outdoor Fig. . Taken as a whole, they
show that the performance of the probabilistic termination criteria we derived

is slightly yet consistently weaker than the termination oracle. This indicates
that we extract a signal for the problem complexity from parameters available at
runtime. Further, our probabilistic criteria typically terminate earlier than the
fixed-time baselines while providing similar high-quality results, demonstrating
the usefulness of the termination criteria. Nevertheless, the waiting approaches
perform strongly considering they use the same parameter set for each registration

problem and do not depend on any other information.
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Figure 3.24: Registration results for probabilistic termination criteria on KITTI-10m.
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Figure 3.25: Registration results for probabilistic termination criteria on KITTI-LC 20-30m.
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Figure 3.26: Registration results for probabilistic termination criteria on Fontana indoor.
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Figure 3.27: Registration results for probabilistic termination criteria on Fontana outdoor.

In sum, this experiment shows the usefulness of the NDT distance histogram
for probabilistically terminating the registration process. This criterion depends
on a registration instance-specific p, which we infer using some ground-truth

iterations-to-termination. This experiment further shows how the average NDT
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distance bin size correlates with the observed iterations and time to termina-
tion across all of our datasets. Finally, even with this probabilistic termination

criterion, our approach remains very competitive with state-of-the-art methods.

3.5.7 Evaluation of Result Covariance

In this experiment, we seek to evaluate the uncertainty estimate our approach
produces using the method we describe in Sec. . The covariance encodes the
algorithm’s confidence in its result and is critical for weighing the estimated pose
against other measurements. This is particularly relevant in the context of state
estimation, see the discussion Sec. @

We compare the covariance our approach generates with that from the fol-
lowing state-of-the-art methods:

Censi Bl This covariance method uses Censi’s [19] method to compute the
covariance of an ICP-based point cloud registration result. This method ad-
dresses registration uncertainty arising from underconstrained situations and sen-
sor noise. We use the libpointmatcherE implementation [77] and initialize the ICP
registration with our ndt-global result.

Brossard This uses Brossard’s et al. [14] method to compute the reg-
istration covariance and is the main inspiration for our covariance computation
approach. Brossard et al. perform 13 registration attempts with different start
transforms using ICP and combine the results in the manner of an Unscented
Kalman Filter. In effect, this method accounts for errors arising from the regis-
tration being initialized far from the attraction basin of ICP and extends Censi’s
approach. We use the author’s irnplernentationE and parameters, and initialize
the ICP registration with our ndt-global result.

P2D-Hessian I This covariance method uses Magnusson’s et al. [61] method
to compute the covariance from the NDT-P2D score Hessian. This is the 2nd
derivative of the NDT-P2D score with respect to the final result translation and
rotation. Intuitively, the Hessian encodes the local curvature of the NDT dis-
tance function around the final result, with peaked curvatures indicating high
confidence and flat curvatures indicating low confidence. We use the author’s
implementation [ and evaluate the covariance at the final transform computed
by ndt-global.

D2D-Hessian Il This covariance method uses Stoyanov’s et al. [106] method
to compute the covariance from the NDT-D2D score Hessian, i.e., the 2nd deriva-
tive of the NDT-D2D score w.r.t. the final result translation and rotation. We use

8https://github.com /norlab-ulaval /libpointmatcher
9https://github.com/CAOR-MINES-ParisTech/3d-icp-cov
DOhttps://gitsvn-nt.oru.se/software/ndt__core_public
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the author’s implementation 14 2nd evaluate the covariance at the final transform
computed by ndt-global.

Ours This uses our method to compute the covariance. Inspired by
Brossard et al. [14], we use the top k& > 7 transforms found during the registration
process to compute the result covariance weighted according to their exponentially
discounted contribution to the sum of NDT-D2D scores.

Similar to Brossard et al. [14] and Landry et al. [51], we evaluate the covariance
by analyzing the Mahalanobis distance between the ground truth translation t,
and the 3D-Gaussian probability distribution () with mean t., and covariance ¥,
according to:

dM(tgta Q) = \/(tgt - test>TZ;1(tgt - test) (327)

Intuitively, this distance represents the number of standard deviations be-
tween t.y and t,, with dy(t,;) = 0 meaning that t.y is precisely on the ground
truth and dp(t,, @) = 1 indicating that the ground truth is within one standard
deviation of t.y. We expect a Gaussian distribution to satisfy the “3-¢” rule,
which for the 1-D case states that approximately 68-95-99.7% of observations are
contained within one, two, and three standard deviations of the mean, respec-
tively. In this experiment, we vary only the covariance computation, not the
estimated pose which is always the one from our approach. We use the “3-¢” rule
for 3D-Gaussian distributions as an ideal distribution of the translation errors
from the covariance and we visualize the properties of each covariance. It is par-
ticularly interesting to determine whether an approach is overconfident, i.e., the
result covariance erroneously indicates the solution is closer to the ground truth
than it actually is. Such errors often lead state estimation filters to diverge from
the actual robot pose as the point cloud registration error is propagated with high
confidence. On the other hand, an underconfident approach’s covariance falsely
estimates that the result is further from the ground truth than it actually is, and
may be considered less harmful in practice.

We show the covariance scaling results for the KITTI-10m dataset in Fig.
where we plot the proportion of transform errors that have a Mahalanobis dis-
tance less than o from the covariance. This dataset is particularly interesting
for covariance evaluation as our approach practically reaches 100% recall with a
translation error threshold of TE < 2.0 m, and it thus represents situations where
the registration algorithm has converged well. The results show that our approach
computes the covariances where the Mahalanobis distances to the ground truth
are the closest to the expected 3D-Gaussian distribution. Nevertheless, our ap-
proach is underconfident for a large proportion of registration instances: while a

Hhttps://gitsvn-nt.oru.se/software/ndt__core_public
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well-scaled 3D-Gaussian distribution contains 20% of results within one o of the
mean, ours contain 60%. The underconfidence ends at 2.5 0, where our covari-
ance begins trailing the target distribution. The P2D-Hessian approach computes
strong covariances as well, but is somewhat more underconfident than ours, hav-
ing 90% of all results within one o of the mean. The Brossard, D2D-Hessian and
Censi approaches are overconfident, with 70-45-and 30% of registration instances

contained within 5o of the ground truth, respectively.
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Figure 3.28: Translation covariance evaluation testing the proportion of t.s; which fall within
a given amount of standard deviations from tg on the KITTI-10m dataset. Values above the
red line indicate underconfidence, while values below suggest overconfidence in the result.

We show the covariance scaling results for the KITTI-LC 20-30m dataset
in Fig. . On this dataset, our approach achieves only ~ 30% recall using a
translation error threshold of TE < 2.0 m, and it thus highlights situations where
the registration algorithm has not converged well. Detecting such situations reli-
ably is arguably more important for filtering methods as those estimates should
be discarded entirely and do not provide any useful information on the robot
pose. Our results indicate that all approaches are more overconfident than in the
KITTI-10m dataset. This shows that, for registration solutions that diverge from
the ground-truth pose, none of the considered methods correctly accounts for the
result uncertainty. Nevertheless, our approach has 45% of results within 50 of
the ground truth, which is more than twice that of the next-best approaches,
Brossard and P2D-Hessian with 21%. This suggests that our approach lever-
ages global information from multiple transform candidates identified during the
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search to compute better-scaled covariances than other approaches, even in the

context of failed registration attempts.
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Figure 3.29: Translation covariance evaluation testing the proportion of t.s which fall within a
given amount of standard deviations from tg; on the KITTI-LC 20-30m dataset. Values above
the red line indicate underconfidence, while values below suggest overconfidence in the result.

In sum, this experiment shows that our method leverages the global infor-
mation from strong transform hypotheses found during the registration process.
This yields better-scaled covariances than the state-of-the-art covariance com-
putation methods we compare against which only use local information such as
the Hessian. Those better-scaled covariances make our approach well-suited for
filtering algorithms such as those we discuss in Sec. @

3.5.8 Further Evaluation and Ablation Studies

In this thesis, we seek to understand which critical ingredients make our approach
effective and particularly focus on the NDT distance histogram as our key con-
tribution. To this end, we examine the impact of the NDT distance histogram
on the hypothesis transform generation speed and quality in Sec. . We
further examine the impact of the order in which we select NDT distance bins
in Sec. . We present the impact of different methods of actually using
semantic segmentation in Sec. .
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3.5.8.1 Performance Impact of the NDT Distance Histogram

In this experiment, we show that the NDT distance histogram we introduce in
Sec. is key to sampling high-quality transforms and thus contributes to the
performance of our approach.

winkelbach =====----

winkelbach ---------

o ---------

. ---------

0 3 600 900 1200 1500 1800 2100 2400 2700 3000
Time spent per registration phase (ms)

I NDT I NDT Distance Histogram B Transform Extraction BN Transform Evaluation

Figure 3.30: Average time spent per registration phase on the Fontana dataset for four variants
of our approach, interrupting the search after 3000 ms. The NDT computation time (red) is
not visible on this plot scale and typically < 10 ms.

As illustrated in Fig. for all Fontana datasets, our point cloud registration
approach allocates computation on several key steps: (1) we preprocess the data
to compute the NDTs and NDT distance histograms and then loop over (2) the
candidate transform generation by extracting matching NDT pairs and (3) the
candidate transform scoring. On average, computing the NDT takes 3 ms while
computing the NDT distance histogram requires 55 ms, with the vast majority of
the effort expended on generating and evaluating transforms. The main change we
introduce with our approach compared to Winkelbach et al. [], is to front-load
the computation of the NDT distance histogram, and use it to extract candidate
poses more effectively. In this experiment, we analyze the trade-off between
additional computation time to compute the NDT distance histogram and the
improvement in registration performance provided by our approach. For this, we
compare four variants where we vary the candidate transform extraction step,
leaving the transform evaluation and other parameters identical:

Random F: In this variant, we naively sample NDT pairs randomly from
NDT(P) and NDT(Q) and evaluate the transforms obtained from all found corre-
sponding pairs.

Winkelbach Bl: In this variant, we use the sampling strategy described in
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3. EFFICIENT GLOBAL POINT CLOUD REGISTRATION USING SEMANTIC NDT

Winkelbach et al. [118]. We alternately sample random NDT pairs from NDT(P)
and NDT(Q), and place their descriptors in a hash map indexed by all four values
of their relationship. Thus, on sampling a new pair, we generate transforms for
all previously seen pairs with the same relationship and evaluate them. It is
important to ensure that all emplaced pairs in the hash map are unique to avoid
duplicate evaluations.

Histogram : In this variant, we use our strategy described in Sec.
and use the NDT distance histogram. The main NDT pair generation loop con-
sists of repeatedly sampling a random pair from a source distance bin with large
distance, and then iterating over all NDTs in target with similar distance to
generate candidate transforms and evaluate them.

Winkelbach+Histogram B: In this variant, we combine our approach
with that of Winkelbach et al.: we begin by computing the NDT distance his-
togram. The main NDT pair generation loop now consists of alternately sampling
a random pair from a distance bin with large distance in target and source, placing
them into the descriptor hash map, and generating transforms for all previously

seen pairs with the same relationship.
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Figure 3.31: Median number of evaluated transforms per ms over the entire registration process
for all Fontana datasets.

We begin the analysis by verifying the average time spent per registration
phase in Fig. . When we discount the time spent computing the NDT dis-
tance histogram, the results show that Winkelbach’s approach spends signifi-
cantly more time evaluating the transforms than the NDT distance histogram
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based approaches. The random approach spends the longest searching for can-
didate transforms to evaluate. This indicates that the four variants spend their
computation budget in different phases of the registration process, with the ran-
dom approach struggling the most to find valid transforms and Winkelbach’s
approach seemingly generating transforms the quickest but spending more time
evaluating them.

Analyzing the speed at which variants generate candidate transforms in Fig.
highlights other key differences. As expected, Winkelbach’s approach generates
transforms the fastest, evaluating more than 300 transforms per millisecond. This
slows to 225 evaluated transforms per millisecond as duplicate pairs are getting
sampled in greater volume. The approaches using the NDT distance histogram
start off slower but also reach 225 evaluated transforms per millisecond after
2500 ms in the search process. The Random baseline is clearly limited by its
ability to generate transforms and evaluates fewer than 20 transforms per mil-
lisecond. An important similarity shared by all approaches is how in the first
phase of the registration process, the transform evaluation speed increases due
to ever earlier bail-out of unpromising candidate transforms. In conclusion, the
approaches that use the Winkelbach hash table generate transforms the fastest.
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Figure 3.32: Median transform fitness of the current best hypothesis over the duration of the
registration process for all Fontana datasets.

We finally evaluate the median support of all current best transforms during

the registration process over time in Fig. . It shows that, despite generat-
ing fewer transforms, the histogram-based approach generates transforms with
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stronger support, demonstrating how the NDT distance histogram guides the
search towards more promising NDT pairs with higher support and distributes
the search effort better. It is interesting to note that the Winkelbach + histogram
approach does not find strong transform candidates as quickly as the approach
that only uses the NDT distance histogram. This indicates that, despite gener-
ating candidates more quickly, the Winkelbach + histogram variant spends more
time evaluating less promising transforms and is thus slower at finding the overall
stronger candidates found using only the NDT distance histogram.

In sum, this experiment shows that the NDT distance histogram we introduce
is key to generating high-quality transform candidates. The stronger transforms
are found more quickly, despite a lower candidate generation rate than Winkel-
bach, clearly underscoring the performance gain achieved by the NDT distance
histogram in spite of the additional computational effort preprocessing the data.
Finally, this experiment also shows how the bail-out test contributes to acceler-
ating the transform evaluation rate.

3.5.8.2 NDT Distance Bin Sampling Ordering Analysis

We design this experiment to show that the NDT distance histogram further
helps our registration approach focus on the parts of the scenes that are most
relevant for finding good candidate transforms. To show this, we compare three
variants of our approach, which differ only with respect to the order in which
they sample from the NDT distance bins. We show an example NDT distance
histogram we use for this experiment in Fig. @

Distance(0.1, 0.25, 0.5) Hl: In these variants, we exclusively sample NDT
pairs from the (10, 25 or 50)% bins with the longest distance. Once all potential
NDT pairs are extracted from the selected bins, we proceed to the next bin using
this criterion.

Size-Target(0.1, 0.25, 0.5) B In this variant, we exclusively sample NDT
pairs from the (10, 25 or 50)% bins with the lowest number of possible NDT pairs
in target. When all potential NDT pairs are extracted from the selected bins, we
continue with the next bin according to this criterion.

Size-Target-Source(0.1, 0.25, 0.5) F: In this variant, we sort and select
a subset of (10, 25 or 50)% of NDT bins by the product of the pairs in target
and source for that distance. When all potential NDT pairs are extracted from
the selected bins, we continue with the next bin according to this criterion.

Random(0.1, 0.25, 0.5, 1.0) MM: In these variants, we select a subset of
(10, 25, 50 or 100)% of NDT bins randomly, and sample from them uniformly,
backfilling from further random bins as the pairs run out. All variants tend

towards Random as the proportion of sampled bins gets higher.
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Figure 3.33: Registration performance for variants of our approach which differ in their ordering
of NDT distance bins from which to generate candidate transforms.

We present the recall over time for the KITTI-10m dataset in both absolute
and relative terms in Fig. . We select this dataset because all registration
pairs exhibit similar characteristics, and our approach practically reaches 100%
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recall, enabling us to examine the convergence speed of each variant. One of our
main findings is that all random approaches, even those that focus on a small
subset of distance bins, perform worse than methods that sort the bins by any
criterion beforehand. Random variants take four times as long to reach 90% recall
(250 ms vs 1000 ms) than those sorting the NDT bins by distance or the number
of cells in target. This underlines how for this benchmark, the NDT bin selection
criteria play an important role in registration performance. The approaches that
sort the NDT bins by both distance and the number of pairs in target perform
best but are quite difficult to differentiate on this dataset.

In sum, this experiment shows a further benefit of using the NDT distance
histogram, as it enables to focus on certain parts of the NDT pair search space
and thus increase the speed at which we find strong transform candidates. The
strongest finding of this experiment is the significantly weaker performance of the
random sampling strategies, showing that certain parts of the search space are
more relevant than others and the NDT distance histogram helps to sample from
them.

3.5.8.3 Evaluation of Semantic Information

This experiment aims to understand how to maximize the usefulness of point-
wise semantic labeling for point cloud registration. We test the following four
variants of our approach which use the semantics in different parts of the point
cloud registration:

semantic-sample Bl : restricts the use of the semantics to the candidate
transform extraction step. This variant searches for corresponding NDT pairs in
target and source using only cells with the same pair-wise semantic class. We
implement this by computing a class-wise NDT distance histogram to condition
the search on semantic classes. We expect a higher inlier probability and thus
better registration performance.

semantic-sample-score BM: uses the semantics for both the candidate
transform extraction and their evaluation. Different from semantic-sample but
akin to Zaganidis et al. [126], this variant only evaluates the NDT-D2D score of
NDTs with identical classes. With reliable semantic labels, we expect this variant
to also score hypotheses more quickly without losing precision.

best-semantic-sample restricts the use of semantics to the candidate
transform extraction step, but only uses points with the best classes. Our evalua-
tion shows that the best classes for our approach on the semantic KITTI dataset
are: sidewalk, building, fence, vegetation, terrain and pole. We remove the points
from other classes from the incoming point cloud. We note that, unlike the anal-
ysis for Segregator by Yin et al. [125], our approach can leverage points labeled
sidewalk and terrain classes to improve registration results.
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best-semantic-sample-score Bl uses the semantics for both the candidate

transform extraction and the scoring, but only uses points from the best classes.
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Figure 3.34: Registration performance of four variants of our approach differing in their use of
semantics for the registration process on KITTI-LC 20-30m.

We present the recall over time for the four variants on the KITTI-LC 20-30m
dataset in Fig. . This dataset is particularly interesting for this experiment as
it highlights the differing result quality in the most complex registration settings
where we expect the strongest signal from semantics. We observe that all methods
that use semantics outperform the geometric baseline, both with ground truth and
noisy labels. It is striking that the recall achieved by the geometric baseline after
3000 ms is reached more than 10 times faster by the strongest semantic approaches
after 250 ms. Nevertheless, the strongest variant, best-semantic-sample-score,
outperforms the worst, semantic-sample, by a factor of almost two and finds
solutions significantly faster as well. Further, both approaches focusing on the
best classes outperform their counterparts which use all classes, irrespective of
the label quality. This indicates a significant improvement achieved through
the reduction of the point clouds to their most informative subsets. We also
note that approaches using the semantics for both the sampling and the scoring
outperform those that only use it for sampling, indicating that on this complicated
dataset, much of the registration signal lies in matching the semantic classes. By
extension, this indicates that the variants using the semantics for scoring are
more affected by label noise (=~ 10% deterioration), than those which only use

them for sampling (practically no effect). This suggests that these approaches
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are limited by their inability to leverage the semantic signal to affect the scoring.
Nevertheless, despite their higher sensitivity to label noise, the variants that use
semantics for scoring still outperform those that do not.

In summary, this experiment shows that semantic information provides strong
information for point cloud registration in complex situations. Our method lever-
ages this effectively to more than double the registration performance recall com-
pared to the geometric baseline, with an even greater impact on computation
time. Nevertheless, the variants that use the semantics in the scoring prove
much more reliable at exploiting the information than those that score using only
the environment geometry. We expect these insights to apply to other semantic
point cloud registration approaches.

3.6 Conclusion

In this chapter, we addressed the problem of global point cloud registration, which
is essential to many robotic tasks such as localization, SLAM or object pose re-
trieval. We introduced a new global point cloud registration approach that is
fast, robust and precise. Our approach builds upon the NDT and oriented point
pairs frameworks for candidate transform generation. One of the core ideas we in-
troduced is the NDT distance histogram which enabled us to sample transforms
in a targeted manner, generating strong transforms quickly. Our method effi-
ciently combined these ideas with an early bail-out from unpromising candidate
evaluations to generate and evaluate several hundred transforms per millisecond.
This allowed us to compute the result covariance from the best transform can-
didates found during the registration process, providing global insights into the
registration quality.

We implemented and extensively evaluated our approach on multiple datasets
with different characteristics and support all the claims we made. Our experi-
ments showed that our approach performs strongly compared to the state of the
art in terms of registration performance and computation time, while remaining
lightweight and generalizing well across sensor modalities and environments. On
many registration instances, our approach computed successful matches before
the baselines finished preprocessing the data. These findings also held when we
varied the rotation and translation error thresholds, showing that our approach
is robust to different registration precision requirements.

We evaluated the impact of integrating semantic information into our ap-
proach and showed that it significantly improves registration performance, even
when label quality is degraded. Our ablation studies on different methods for
using semantic information showed that using it for both candidate transform

extraction and scoring yields the strongest performance. This more than dou-
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bles the registration recall compared to the geometric baseline, and has an even
greater impact on the computation time.

We compared our covariance computation method which relies on the best
transform candidates found during the registration process with several state-of-
the-art methods that use only local information around the registration result.
Compared to these methods, the evaluation shows that our covariance estimates
follow the actual registration error more closely when the registration has con-
verged well and is significantly better when the registration result is off. This
makes our approach particularly well-suited for subsequent information fusion
with other sensors.

Our ablation studies further underlined the usefulness of the NDT distance
histogram and highlighted its two main benefits for the registration process com-
pared to prior work. First, it enables to focus the search on NDT pairs that are
more likely to yield strong candidate transforms such as those with the largest
distances, and thus increases the speed at which we find them. Second, the
NDT distance histogram structures the search order so that high quality candi-
date transforms are generated earlier and duplicates can be avoided entirely by
focusing on a subset of NDT distance bins at a time.

We believe that autonomous systems that rely on 3D point cloud sensors will
benefit from our point cloud registration method as it is lightweight, generalizes
well across sensor geometries and environments, and is robust to challenging
registration situations. Many systems already semantically segment incoming
point clouds for other perception tasks, which can be easily integrated into our
approach for further performance gains, especially in ambiguous environments.

As we discussed in Sec. El!, point cloud registration plays a key role in the
pose estimation of LiDAR-equipped mobile robots by providing exteroceptive
measurements of the robot’s pose. Thus, for filtering approaches that encode the
robot pose belief as a Gaussian distribution such as the Kalman Filter (KF) or
the Extended Kalman Filter (EKF), our global point cloud registration method
directly provides the measurement update mean and associated uncertainty. The
filter can then combine this measurement with predictions from other sensor
modalities such as wheel odometry or IMU measurements, correctly scaling the
influence of the registration result based on our covariance estimate.

While point cloud registration provides the foundation for localization, the
robot’s ability to remain well-localized varies significantly across different regions
of its workspace. This spatial variation in localization quality directly motivates
the second part of this thesis, in which we address how robots should plan their

motion when localization uncertainty depends on the local environment geometry.
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Part 11

Planning Under Uncertainty
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Chapter 4
Path Planning in Belief Space

OBOTIC lawn mowers are required to stay within a predefined working

area, otherwise they may drive into a pond or on the street, damaging

themselves or private property. This makes all navigation components

critical for robotic lawn mowers as they must operate unsupervised
for long periods on a wide variety of gardens. The safety-relevant worst-case
scenario to avoid at all costs is leaving the working area (i.e., the customer’s
lawn), as erratic behavior outside this protected space could result in harm or
injury.

On most current robot lawn mowers, navigation in lawn border areas relies
on a physical perimeter wire laid along the borders and obstacles. The wire
can be sensed with precision and robustness at short range, meaning the robot
will necessarily detect it before leaving the garden. In effect, this turns the lawn
from a fundamentally unstructured environment into a structured one with quasi-
deterministic sensing along the edges. Most products use this wire to navigate
along the edges and to guarantee they remain within the working area. This is
a very robust solution, but it comes with several drawbacks: the wire is expen-
sive, tedious to set up according to the instructions and any mistakes are difficult
to correct. It is, therefore, the “holy grail” of lawn mower navigation to make
the product more customer-friendly by eliminating the perimeter wire while re-
specting the hard constraints set on service robotics: product safety and price
competitiveness. One approach towards that goal is to equip the robot with a
cheap laser scanner and then navigate using probabilistic state estimation tech-
niques. In this chapter, we tackle the problem of planning paths for such a robot
to maximize the probability of remaining localized while navigating.

Most LiDAR-based mobile robots use probabilistic methods to estimate their
state and the environment’s state. Nevertheless, their planning systems often
presume that the state of the world and the robot are perfectly known or directly

measurable. This assumption is not valid in the considered lawn mower scenario
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Figure 4.1: Motivating scenario: a prototype of a Bosch autonomous lawn mower equipped
with a LiDAR. Image courtesy of the Trimbot project []

as the robot is equipped with low-cost sensors and may encounter featureless
areas where the localization can fail, diverge or otherwise be inaccurate. Thus, in
many real-world environments, the robot’s ability to remain well-localized varies
significantly across different regions of its workspace.

The requirement to avoid unintentionally leaving the working area needs to
be handled at the path planning level, as featureless areas should be handled
specifically or in extreme cases avoided altogether. In this chapter, we focus
on path planning under uncertainty from one point to another, particularly on
maximizing the probability that the lawn mower does not collide with obstacles or
taught-in borders by planning paths that account for the expected evolution of the
robot’s belief. This requires us to account for uncertainty in the robot’s perception
and action execution. Besides coverage, which we discuss in Chapter E, navigating
from one pose to another is important for robotic lawn mowers as they often need
to find safe paths to the charging station or to non-processed areas. The robot
we are considering is a modified Bosch Indego lawn mower equipped with a laser
scanner deployed in a garden as shown in Fig. . For our experiments, we
approximate a cheaper sensor by selecting a single ray and limiting its range to
4.0m. Certain obstacles such as low bushes or gravel cannot be reliably detected
by this sensor set, so we expect the customer to manually teleoperate the robot
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Figure 4.2: Motivating scenario: A robotic lawn mower needs to plan paths towards the cyan
goal maximizing the probability of the robot remaining localized while navigating. We simulate
how the robot belief evolves as it drives along the blue and olive paths given the map. Our
approach estimates the blue path to be safer as it remains closer to the information-rich wall
corner. The obstacle information (black) is shown as a grid map with a resolution 5 cm and the
taught-in working area borders are shown in red.

once along the borders of every obstacle and limits of the garden. During this
process, the robot computes a SLAM map of the environment yielding a map
of visible landmarks and invisible borders such as the one shown in Fig. @
While our application scenario is specific, all the methods we describe transfer
to other applications where the final system performance depends on localization
accuracy during path tracking and where some prior information on localizability

is available.

Planning under uncertainty or in belief space differs fundamentally from plan-
ning without uncertainty where the state of the robot is always assumed to be
known precisely. In uncertainty-aware planning, the robot cannot directly observe
its state; instead, it must infer it from past observations and actions. This necessi-
tates maintaining a probability distribution over the robot’s possible states called
the belief, and computing a control policy to select the best actions. This problem
can be formalized as a partially observable Markov decision process (POMDP),
which in the general case quickly becomes computationally intractable for real-
world problems, see the discussion in Sec. @

The main contribution of this chapter is the development of a safe path plan-
ning algorithm in belief space for LIDAR equipped mobile robots with a special
focus on robotic lawn mowers. Our approach relies on two key components:

First we estimate, given the information available to the robot at planning time,
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how well the robot can localize itself in different parts of the environment. We
combine this prior localizability information with the expected actuation error
to predict how the robot belief about its pose will evolve as it drives along a
path. The second part of our method is a path search algorithm which prop-
agates the simulated belief towards the goal while maximizing the probability
the robot remains localized. Our focus on optimizing compute speed leads us to
make assumptions such as low robot velocity, discretization of possible positions,
dominance relations between different beliefs, etc., to efficiently search the belief
space. We instantiate our search algorithm with different evaluation functions
and dominance relations allowing us to investigate how they influence the results
on realistic test sets.

Summarizing, we make the following key claims:

(i) Our approach computes similar solutions to existing techniques that in-
corporate the uncertainty in the path planning process, but does so in a smaller
amount of time.

(ii) Our approach investigates the effect of different evaluation functions and
dominance relations on search algorithms in belief space on realistic test sets.

(iii) Our approach can be executed on a real robot.

These claims are backed up by the chapter and especially our experimental

evaluation.

4.1 Related Work

As discussed in Sec. @, Markov decision processes are a widely used framework
to solve planning problems in which the state is fully observable, but the actions
are noisy. When the state is not directly observable but must be inferred from
observations, the problem turns into a POMDP. Using POMDPs to model the
entire system is considered computationally too complex to provide useful results
for real-world problems, see the survey by Lauri et al. [52]. Thus, much research
is oriented toward approximating POMDPs or identifying the system compo-
nents that should be modeled with them in order to solve practical problems.
Sampling-based methods are popular to approximately solve POMDPs, where
instead of generating the optimal policy for each belief, it is only computed for
an initial belief. From this initial belief, approaches such as POMCP [102] or
DESPOT [104] sample possible actions, observations, possible future states and
rewards to generate a strong policy for the initial belief.

Augmented-MDPs introduced by Roy et al. [88] is another method to approx-
imate the state space of a POMDP in a computationally efficient way. They
recast the POMDP as an MDP over belief states, which can be solved using
MDP tools. They use this idea for a museum guide robot to plan paths which
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minimize the likelihood of the robot getting lost in a large open space with many
dynamic obstacles. Thus, instead of simulating the effect of actions on possible
observations and states as a POMDP would require, they cast the problem as an
MDP over Gaussian robot state beliefs to plan robust paths that minimize the
risk of getting lost. Nardi et al. [70] use the same concept to plan routes on road
networks that take into account the uncertainty about the position of the robot
to reduce the risk to take a wrong turn. In this chapter, we build upon these ideas
to make our planning problem under uncertainty tractable. We further compute
a localizability map to predict the pose information the robot can extract from its
sensors at all locations in the environment and use it to plan paths that minimize

collisions and the risk of getting lost.

Research on motion planning under uncertainty often involves making as-
sumptions and discretizing the belief space to render the underlying POMDP
approximation solvable for problem instances of the required size. Therefore,
state-of-the-art approaches can be categorized by the considered sources of un-
certainty, e.g., uncertainty from movement (noise from actuators), uncertainty
from localization (noise from sensors), unknown future motion of dynamic obsta-

cles and uncertainty in the map.

We will focus on approaches that account for uncertainty from localization
and movement, as these lie at the heart of the problem we are treating. A
commonality they share is that the belief dynamics of the POMDP are computed
using a Bayesian Filter. The approach by Prentice et al. [81] plans in belief
space by extending Probabilistic Roadmaps. The approach by Van den Berg
et al. [9] uses Rapidly exploring Random Trees (RRT) to plan a large number
of candidate paths which are then tested using a simulated Linear-Quadratic-
Gaussian controller. The approaches of Bry et al. [15] and Lenz et al. [54] aim
at planning the path of a robot using Rapidly Exploring Random Belief Trees.
These approaches differ from ours in the motion and sensor models they use: they
assume the information the robots obtain w.r.t. their position is a linear function
of the distance to a beacon. They also use higher-dimensional state spaces better
suited to model UAVs or car-like robots but slowing computation due to the curse
of dimensionality.

Lambert et al. [50] and the subsequent RRT based extension by Pepy et al. [75]
present a Bayesian framework for planning in an extended pose X covariance space
that takes sensing and motion uncertainty into account. They use the sensor
model described in Lambert et al. [49] which simulates the sensors’ response to
the environment. Costante et al. [28] also use an RRT based approach to plan
paths in belief space for a camera-based localization system mounted on a drone.
Censi et al. [21] use the same representation but differ in an information space

approach for the description of the robot belief. They also introduce other search
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algorithms such as a backward search that provides reusable plans as long as
the goal remains constant. We will compare our approach to the forward-search
algorithm by Censi et al. [21], as our assumptions are similar, and the authors
have provided comprehensive experimental results.

Bopardikar et al. [12] further discretize the belief space from Lambert et
al. [p0] by using a bound on the maximum eigenvalue of the covariance and
use it to solve multi-objective optimization problems. Shan et al. [101] further
improve the approach by Bopardikar et al. by eliminating unnecessary node ex-
pansions and exploring further motion planning use cases. The approach by
Agha-Mohammadi et al. [ breaks the curse of history inherent to POMDPs by
using local feedback controllers enabling fast belief space replanning. The strong
assumptions (observability and controllability of the system) restrict the method
to sensor models that are not applicable to our scenario. The approach of Car-
rillo et al. [17] specifically emphasizes the problem of path planning using active
SLAM concepts, but limits possible paths to those taken during the mapping
process.

It is key for our approach to approximate the information gain obtained from
the laser scanner, which is non-linear w.r.t. the environment: an area of the map
may be very informative where a corner is easily triangulated, but information
poor in the location right next to it because the feature is no longer detectable.
Censi et al. [19, 0] and Bengtsson et al. [8] study how much localization-related
information scan-matching algorithms are expected to provide in different envi-
ronments and how it affects the localizability of the robot. Similarly, Vysotska
et al. [116] compute the localizability along roads using OpenStreetMap Data for
the active localization use case. For camera based localization, Zhang et al. [129]
compute a similar abstraction with six degrees of freedom to plan localizability
aware paths that account for the visibility of visual landmarks. We incorporate
these ideas into our approach as localization information is an important aspect

of collision avoidance in the lawn mower context.

4.2 Problem Description

In this chapter, we address the problem of planning a path to a goal which
avoids obstacles and maximizes the probability of remaining localized during its
navigation. While point cloud registration such as the approach we present in
Part m provides the foundation for LiDAR-based localization, the robot’s ability to
remain well-localized varies significantly across different regions of its workspace
depending on the detectable features within them. We can thus anticipate that
the robot needs to navigate with particular care in a feature-poor area near

the edge of the garden in order to avoid leaving its workspace. To solve this
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problem, our path planning approach considers the uncertainties in both motion
and sensing and assumes the map generated by a SLAM algorithm is largely free
of gross errors and that the world is static. We expect the map-building process
to be error free because the product initialization i.e., map-building and teach-in
of borders, is supervised by the customer.

While our test datasets recorded in real gardens are non-planar, we project
obstacles and a circular approximation of the robot shape onto the ground-plane,
resulting in a two-dimensional configuration space similar to Lambert et al. [50].
We further expect the world to remain static, which means the belief space is the
set of all possible probability distributions over the robot’s configurations. We
assume Gaussianity and possible linearization of the robot dynamics, so the robot
belief is encoded as a bivariate Gaussian distribution with mean g and covariance
3. We show the resulting POMDP interaction loop between the robot and the
environment in Fig. . Our approach simulates at planning time the expected
evolution of the robot belief as it advances and gains information about its state
from sensors and loses it through noisy controls recursively using an Extended
Kalman Filter (EKF). It is intuitive to think of the planning space as the set of
all poses x covariances. To reduce the computational load, we further discretize
the belief space by considering only beliefs centered at regular grid intervals and
by discounting the robot’s orientation.

Robot §
bel(x¢)
P  EKF »  Policy
Uy
bel(x;—1)
Zy Environment <

Xt

Figure 4.3: The POMDP interactions between the robot and the environment while navigating
along a path. The true system state x; lives in the environment but remains hidden from the
robot, which can only affect it through the noisy controls u and sense it from observations z.
Thus, the robot must infer a belief bel(x;) = N(ps, ;) from the noisy observation z;, the
previous belief bel(x;_1) and the previous control u;_1.

4.3 Our Approach

To solve our belief space motion planning problem in the lawn mower setting, we

propose a two-step method that simulates the belief dynamics at planning time.
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The first step is the construction of a localization performance model for a 2D
laser scanner sensor we describe in Sec. . The second step of our approach
involves searching for a path in belief space by using a heuristic search algorithm,

see Sec. .

4.3.1 Localizability Map

When a robot estimates its position against a given map using point cloud reg-
istration, it matches the currently acquired LiDAR point cloud against the map
and computes a transformation returning the most probable location of the scan

with respect to the map. Formally, the scan-matching optimizes:

p(xt’xtflautazhm) (41)

where x; is the distribution of possible robot poses at time ¢, z; are the sensor
measurements, m is the map and w, is the odometry/command given to the robot.

Given the information gained about the garden layout during the initializa-
tion of the lawn mower and its sensor model, we estimate how measurements
will affect the robot localization using the approach by Bengtsson et al. [§], as
described in Alg. E We start by simulating the laser scanner by ray tracing the
SLAM map of the environment (we use a point cloud, although it would also work
with an occupancy grid map). We then repeat the following procedure 50 times:
transform the simulated scan by up to 50 cm and 15°, apply point-wise Gaussian
noise and register the transformed simulated laser scans with the SLAM map
of the environment using local NDT point cloud registration. When the simu-
lated scan of the environment includes useful features such as corners or other
geometric structures that enable unambiguous alignment, the results converge to
the location from which the laser-scan was simulated, and the covariance of the
registration solutions is small. Conversely, in featureless areas such as large lawns
or near long walls, the registration may diverge to widely different locations de-
pending on the initial perturbation, leading to a large covariance of registration
solutions. Intuitively, this method simulates potential odometry drift that the
robot may encounter as it moves from one cell to the next and measures how well
the point cloud registration can correct for it. We do not use our own global point
cloud registration approach introduced in the first part of the thesis to register
the simulated scan to the map due to its later publication, but note that it would
be suitable due to its direct estimate of registration uncertainty.

We perform this for every point on the map at a given resolution and consider
the result to be a localizability prior, or an estimate of an EKF sensor observation
for the given robot and odometry noise. We show an extract from the localizabil-

ity map computed for the motivational scenario in Fig. @ (top), while a semantic

93



4.3. OUR APPROACH

Algorithm 6 Computation of the Localizability Map

1: Input: Environment map m, sensor model, scan simulation parameters
2: Output: Localizability map L (covariance at each location)
3: for each location x in m with chosen resolution do
4: Simulate a laser scan z at x using ray tracing on m
for each random perturbation (Az, Ay, Af) do
Apply (Az, Ay, Af) to z to get perturbed scan z’
Register z’ to m using local NDT point cloud registration
Store the registration pose estimate x

Compute the covariance Y of all registration estimates x
10: Store >4 in L at location x

11: return L

view is shown in Fig. @ (bottom). We opt for a maximum scanning range of 4 m
to mimic a low-cost range sensor suitable for a lawn mower. We assume the noise
in the range measurement to be Gaussian with a variance of 3cm and consider
1850 readings per scan. Fig. Q (top) shows how the localizability near corners
is good in both x and y dimensions, while the detection of only one wall leads
to good localizabilty in only one dimension. Bushes (large black masses on the
grid-map) are challenging for localization, as uneven ground leads to different
parts of the bush being scanned, which in turn increases uncertainty.

4.3.2 Heuristic Search Algorithm in Belief Space

The previous section describes how we simulate the evolution of path uncertainty
in belief space: we can transition from one belief to the next using an EKF with
a fixed dead-reckoning drift prediction-step and an expected sensor update-step
from the localizability map.

To complete the path-planning approach, we present a belief space search
algorithm to find a path to the goal that optimizes different aspects, depending
on the chosen evaluation function. We adapt the notation and description of the
search algorithm from Censi et al. [21].

A node n is a tuple (x, ¥, d) that encodes the expected evolution of the belief
on a path from the starting position to the mean of the node, x. The intuitive
meaning is: “There exists a path from the start to x with length d and covari-
ance X”. The function SUCCESSORS(n) generates successor nodes to all adjacent
grid cells using the belief dynamics equation of the EKF and rejects those that
may lead to collisions, i.e., where the collision probability is higher than a given
threshold (1% in our experiments).

The generic search algorithm described in Alg. H aims at computing the path
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Figure 4.4: Localizability map: Top: An extract of a localizability map for the motivational
problem. Each blue ellipse corresponds to 99.5% ellipses of expected EKF update steps. Large
ellipse axes are found in dimensions where no information is present. Bottom: semantic view
of a localizability map for a larger area. Yellow values indicate good localizability (sum of
eigenvalues < 0.1m) and dark purple tones indicate bad localizability (sum of eigenvalues >
1m). The gray areas are either featureless or outside the working area.

encoded in node Ny = (goal, Xreurn, dreturn) ranked as the first element accord-

ing to the «-relation, the evaluation function. Our approach does so by greedily
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Algorithm 7 Search Algorithm in Belief Space
1: VISITED: the set of visited nodes
2: OPEN: the set of opened nodes, ordered by <-relation
3: Put ngys in OPEN
4: while OPEN is not empty do
5: Pop first (according to «) node n from OPEN

6: Return n if 1S-GOAL(n)

7: for all s in SUCCESSORS(n) do

8: if s is >-dominated in VISITED then
9: Ignore s

10: else

11: Put s in VISITED

12: Put s in OPEN

13: Report failure

expanding the node dominating the others according to € in OPEN and verifying
whether it can discard any new incoming nodes using the dominance >-relation.
This leads to provably optimal solutions if « is admissible, such as the sum of the
euclidean distance to the goal and d when the problem is set in the configuration
space.

The main part of our work focuses on investigating the influence of differ-
ent evaluation functions and dominance relations on solution quality and com-
putation time. The following subsections present the evaluation functions and
dominance relations we use to compare any two nodes: n; = (x1,%,d;) and
ng = (X9, o, da).

4.3.2.1 Dominance Relation

A dominance relation defined in Eq. (@) is an ordering over nodes used to decide
whether one node will necessarily lead to a better solution than another. We use
it to prune parts of the search space that cannot contribute to optimal solutions,
such as longer paths with worse robot localization that lead to the same position

as another path.

(n1 > 712) <~ (Xl =X A2 <Yy Ad; < dQ) (42)

Comparing the state x and distance d is fairly straightforward, but the co-
variance X is more difficult because of its multi-dimensionality. We show the
importance of using a dominance relation in Fig. @ (a). By removing nodes
that encode paths with worse localization than the blue one, (e.g. the dashed
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>

(a) (b)

Figure 4.5: Dominance relations. (a) demonstrates how a dominance relation in belief space
must consider the covariance. To find a solution and pass the red obstacle, the safer but longer
beige path must be considered. The dashed green path has a larger expected belief uncertainty
than the blue one and can safely be pruned from the search. (b) illustrates how the partial
ordering over covariances induced by Full Subsumption leads two minima (4 and 2) to be kept
in the search. Trace induces a total ordering that only keeps one (4).

green path), we prune large parts of the search space wihtout losing any solution
quality. Some authors such as Censi et al. [@] reject nodes using a Full Sub-
sumption test: Xy < Xy iff X1 — Xy is negative semidefinite. Other authors
such as Bry et al. [] compare the Trace. This leads to faster computations as
it is a total ordering (it can always be decided whether 3; < 3,) but comes at
the cost of losing completeness as illustrated in Fig. @ (b). To our knowledge,

we are the first to compare these two dominance relations on extensive test sets.

4.3.2.2 Evaluation Function

An evaluation function is the function f used in Eq. (@) which ranks the nodes
in OPEN and defines a total ordering over them. Evaluation functions can use
different criteria to rank nodes based on the user preferences: we will focus on

path distance, accumulated uncertainty, or a weighted combination of both.

(n1 4ng) < f(n)) < f(ne) (4.3)

Approaches such as Censi et al. [@] rank the nodes by their total distance to
the goal to select the shortest path. For this, nodes are scored according to the

sum of the distance traveled d with a heuristic value h:
faiss(n) = d(n) + h(n, goal) (4.4)
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Typically, approaches in belief space that optimize for distance use the Eu-
clidean distance of a node to the goal as heuristic. We propose to use Dijkstra’s
algorithm from the goal pose in the lower-dimensional 2D configuration space to
compute the shortest path to the goal for all nodes, without considering uncer-
tainty. Using the result of a lower-dimensional planner as a heuristic for high-
dimensional motion planners is a widely followed idea, e.g., Stachniss et al. [105],
but to our knowledge we are the first to use it for planning in belief space. We
note that both the Euclidean and Dijkstra heuristics are admissible and consis-
tent, so the computed paths will be optimal in terms of distance. This yields the
two following evaluation functions for distance-based approaches:

JEuclidean-distance (1) = d(n) + FEuclidean(n, goal) (4.5)
fDijsktra-distance(n) = d(n> + Diijtra<n7 gOCLl) (46)

The evaluation of paths in belief space should go beyond the path length as
the goal is to remain localized while driving them. Sim et al. [103] and Carrillo
et al. [17, 18] discuss the statistical evaluation of path uncertainty for mobile
robots using criterions derived from experimental design theory [32]. To assess
the covariance of each belief, they argue that D-opt is a good compromise between
the two other popular metrics, A-opt and E-opt. A-opt minimizes the sum of
variances in each dimension, which does not account for large imbalances. E-opt
minimizes the maximum eigenvalue of the covariance, which can overlook cases
where one dimension is very well constrained, and the other is highly uncertain,
potentially underestimating overall uncertainty. D-opt minimizes the volume of
the uncertainty ellipsoid and thus considers both dimensions equally. It is defined
as:

D-0pi(2) = 4 (exp(log (%) + og Ao(E))) (4.7)

with A;2(3) the eigenvalues of ¥ considering the z,y-space. We thus define
the uncertainty node evaluation function as the sum of all D-opt(X) of the path

encoded in node n:

funcertainty(n) = Z D'Opt(zi) (48)

Finally, weighted evaluation functions account for both the path length and
the accumulated uncertainty over a path. Costante et al. [28] combine an un-
certainty metric u(n) and a distance metric v(n) using a parameter o weighing

the advantages of a shorter path with the disadvantage of bigger covariances,
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f(n) = au(n) 4+ (1 — a)v(n). An issue may arise when tuning « as achievable
covariances may depend on the map. To avoid tuning «, we propose to score the
nodes based on their distance and uncertainty relative to a theoretical optimal
solution, which we can intuitively visualize as the shortest collision-free path that
keeps the robot well localized. Let L;z.q be the ideal distance and Cjg.q be the
ideal uncertainty which is a small covariance c;z.q; Over the entire path length.

We define our weighted node evaluation function as the following.

Ligeai = Dijkstra(start,goal) (4.9
Cideat = Lidgear X D-0pt(Cideat) (
gaist(n) = Dijkstra(n, goal) + d(n) — Ligea (
Guncertainty (V) = D-0pt(Cigear) X Dijkstra(n, goal) + D-opt(n) — Cigea (4.12
(

fweighted (n) = Jdist (n) + Guncertainty (n)

This evaluation ordering penalizes nodes farther from the ideal path and priv-
ileges nodes on a short path with low covariance. In our experiments, we set
Cidear = 20cm. We show an overview of the different evaluation functions and

dominance relations in Tab. El!

4.4 Experimental Evaluation

The goal of this work is to provide a fast and efficient algorithm for path planning
under uncertainty. Our experiments are designed to show the capabilities of
our method and to support the three claims we made in the introduction. Our
approach (i) computes similar solutions to existing techniques that incorporate
the uncertainty in the path planning process in a similar way but does so in a
smaller amount of time, (ii) investigates the effect of different evaluation functions
and dominance relations on search algorithms in belief space on realistic test sets
and (iii) can be executed on a real robot. All computations are performed using
a prototypical implementation of the algorithms in C++ running ROS on a Core
i7 CPU @2.8 GHz.

4.4.1 Overview of Tested Orderings and Metrics

We evaluate the eight different orderings resulting from the combination of the
two dominance relations and four evaluation functions described in Sec. , see
Tab. El] for the used abbreviations:

We compare the approaches using the following metrics, which we design to

capture different aspects of the search process and resulting paths:
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Abbreviation | Dominance > | Evaluation Function «
FSE Il Full Subsumption [Euclidean-distance
FSD Full Subsumption [Dijkstra-distance
FSU Full Subsumption funcertainty
FSW mm Full Subsumption fweighted
TE Trace JEuclidean-distance
TD Trace IDijkstra-distance
TU Trace Juncertainty
TW Trace Jweighted

Table 4.1: Overview of the dominance and evaluation orderings we analyze.

e Created: Measures how many nodes were created during the search and
estimates complexity.

e Memory: Measures the maximum number of nodes present in memory at

any given time and showcases memory use.

e Time: Measures the search runtime in seconds and includes the computa-

tion of heuristic costs.
e Length: Denotes the path length in meters.

o Uncertainty: corresponds to the average trace of the path covariance,

Le:bgth Ziepath TRACE(X;).

4.4.2 Comparison with the State of the Art

The first set of experiments is designed to support claim (i) and shows how
our approach leads to smaller computation times in the same scenario as Censi
et al. [21]. The comparison to their approach is particularly relevant, as they
published precise results on a specific problem set and use similar assumptions
(e.g., a two-dimensional state, Gaussian assumption and a comparable motion
model). The problem scenario they provide is depicted in Fig. @ and has a
very specific structure that favors approaches quickly seeking information. The
robot starts with a large state uncertainty and is equipped with a simplified four-
sampled North, South, West, East (N,S, W,E) range-finder, meaning the path
must go through the bottom left enclave (area 1) in order to go through the
needle-hole further to the right (area 2).

We present the results of the experiment graphically in Fig. @ and quan-
titatively in Tab. @ They show that our baseline algorithm FSE, which uses
the same orderings as the forward search algorithm from Censi et al., is compa-

rable to theirs in terms of speed and memory load while producing paths with a
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Figure 4.6: Results of experiment 1: The algorithms must find a path leading from the bottom
yellow rectangle to the top cyan one. The sensor is a simplified four-sampled N, S, W, E range-
finder, leading to a necessary localization detour in area 1 to make it through the tight passage
in area 2. The path by FSE, closely resembling the forward search algorithm by Censi08, is
red. The FSU and FSW paths are green and blue.
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similar shape. We can thus use it as fair point of comparison for our other exper-
iments and algorithms. The experiments indicate that Trace dominance reduces
the computational load by approximately 30% while maintaining the same path,
demonstrating that pruning the belief space more aggressively leads to shorter
computation times and solutions of similar quality. Every other dominance rela-
tion produces path with the expected properties: funcertainty leads to safer, longer
paths and the weighted solution balances both aspects. The shorter computation
time of funcertainty 15 due to the bias of this experiment favoring quick information
seeking in order to break out of the needle-hole. In conclusion, the evaluation
results show how the selection of the evaluation function/dominance leads to sig-
nificant differences in result efficiency, while returning the same solution as the
approach by Censi et al. [21].

ALGORITHM | Created | Memory | Time | Length | Uncertainty
CENSIO8[21] 5474 - 0.51 ~ 37.0 -
FSE 5134 461 0.39 33.0 4.2
FSD 3742 592 0.34 33.0 4.2
FSU 1 3666 281 0.28 46.1 2.8
FSW 9819 990 0.63 42.7 3.2
TE 3170 283 0.28 33.0 4.2
TD 2468 397 0.22 33.0 4.2
TU 1984 101 0.18 46.1 2.8
W 9146 566 0.42 42.7 3.2

Table 4.2: Quantitative results of the first experiment for a toy environment.

4.4.3 Analysis of Evaluation Functions and Dominance
Relations

The second set of experiments is designed to support claim (ii) and investigates
the performance of our approach in realistic settings while analyzing the influence
of evaluation functions and dominance relations on search algorithms in belief
space. The test data are from a set of eight reference gardens selected by Robert
Bosch GmbH to test robotic lawn mowers. They pose a wide range of difficult
challenges for mobile robots, such as slopes, large glass panes, large gardens
or uneven ground. Tab. @ aggregates the results of 403 computed paths per
algorithm, while we show example trajectories and the localizability map for the
largest garden in Fig. @

Several conclusions can be drawn from this experiment: first, pruning the

search space with the Trace dominance relation leads to consistently better run-
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W
i

B, B sk

(a) Localizability map (b) Planned paths

Figure 4.7: Experiment 2 on the largest garden shows the clear divergence between computed
paths. The algorithms plan a path from the yellow (top left) to the cyan (bottom right) square.
The red TD path required a computation time of 1.3 s, created 29722 nodes, stored a maximum
of 5749 in memory for a final path length of 51.6 m and a mean path uncertainty of 1.1 m. The
green T'U one required 0.7 s, created 14859 nodes with a maximum of 678 in the memory. The
final path length is 83.5m and mean uncertainty of 0.2m. The blue TW one required 4.9s,
created 154804 nodes with a maximum in memory of 10032 for a final path length of 69.5 m
and path uncertainty of 0.2m. Note the localization detour of the T'U path in the top left to
maximize localization information where TD and TW take a shortcut.
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time and lower complexity (by a factor of around 50%) than using the Full Sub-
sumption relation. The obtained path lengths and uncertainties are nevertheless
very similar, showing that more aggressively pruning large parts of the search
space with a less strict dominance relation yields faster solutions of similar qual-
ity for the autonomous lawn mower use case.

Furthermore, the distance-based evaluation functions in general reach the so-
lution with fewer expanded nodes. This property arises from the rapid expansion
of the search space toward the goal region driven by the minimal-distance heuris-
tic. This differs from the other evaluation functions that either optimize over
the covariance (with no bias towards the goal region) or face a multi-objective
optimization problem leading to a more balanced exploration of the search space
and a more pronounced effect of the POMDP dimensionality /history curses.

Comparing TU to the distance-based approaches (TD and TE) shows that
this variant computes 30% longer paths with a 75% lower uncertainty. The com-
putation effort remains low (0.2s computation time), indicating that approaches
that minimize the uncertainty also find paths efficiently.

The approaches building on the fyeightea Ordering achieve both short distance
and good localization, but at the cost of significant computation time and com-
plexity. The paths are 20% shorter than TU while keeping the same low un-
certainty, but the computation time is 10 times higher. This shows that the
multi-objective optimization problem is significantly harder to solve than single-
objective problems, leading to a wider exploration of the search space and a higher
computational load.

Examining the results in the largest garden in Fig. @, we find that distance-
based evaluation functions privilege going through the information-poor center
as they only optimize for path length. On the other hand, TU and TW stay
near the edges of the garden where localizability is better. In this particular
example, TU has a shorter computation time and lower complexity because of
the localizability “corridor” from start to goal along the border areas.

For completeness, we have also tested non-admissible evaluation functions,
scaling the heuristic used in TD by 1.5x. Non-admissible heuristics lead to
suboptimal but quicker results, see the discussion in Wissow et al. [119]. In our
belief space setting, this leads to further 50% reduction in computation times,

while only making the paths slightly longer.

4.4.4 Real World Evaluation

The third set of experiments is designed to support claim (iii) and tests our ap-
proach on a real robot. We have done our experiments on a garden in Renningen,
Germany using a Clearpath Robotics Jackal robot depicted in Fig. @ (top). We
modified the robot by adding a Velodyne VLP-16, although our experiments use
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Algorithm Created Memory Time Length Uncertainty
FSE 5557+(27121) | 867.64+(2599.1) | 0.2+(1.3) | 17.94+(9.1) 0.8+(1.0)
FSD 3874+(17530) | 839.14(2425.8) | 0.2+(0.8) | 17.94+(9.1) 0.8+(1.1)
FSU 7247+(8956) 632.7+(604.3) | 0.2£(0.3) | 24.24+(16.6) 0.24+(0.1)
FSW 53565+(181230) | 5579+(13929) | 2.0£(7.2) | 22.0+(14.2) 0.2+(0.2)

TE 2446+(6102) 494.74(741.9) | 0.1+(0.2) | 17.9+(9.1) 0.8+(1.0)
TD Il 1917+(4344) 507.14+(789.2) | 0.1£(0.2) | 17.9£(9.1) 0.8+(1.0)
TU . 4529+4(4730) 288.1+(184.4) | 0.2+(0.2) | 24.3+(16.5) 0.2+(0.1)
TW El | 37223+(118612) | 2643.1+(5440) | 1.3+(4.0) | 22.04+(14.3) 0.2+(0.2)

Table 4.3: Results of experiment 2 with 403 computed paths per approach on eight gardens.
The resolution of the search grid is 0.25 m.

only a single ray of the scanner truncated to 4 m. We plan paths using the TW
@ (bottom). The path goes from the bottom left to the top
right, while computations took 5s on the Jackal Celeron J1800. This algorithm

algorithm, see Fig.

prioritizes information seeking, leading the robot through the information-rich
top left corner while staying close to the walls. The motion commands are com-
puted using a Dynamic Window Approach that smooths the rough edges of the
path. The green line represents the mean of the robot belief as it travels down
the path, while the blue line is the ground truth data recorded with a Topcon
Totalstation. This experiment shows how our methods can run on a real robot
and generate paths that maximize localizability and can be followed by a robot

with very constrained sensors.

4.5 Conclusion

In this chapter, we addressed the problem of path planning under uncertainty re-
sulting from movement and sensing. This is particularly relevant for robots with
limited sensing capabilities that need to remain well localized to perform their
tasks, such as autonomous lawn mowers. Our method effectively utilizes the in-
formation available at planning time to precompute a localizability map which we
use to simulate the sensor observation of a Bayesian filter computing the robot’s
belief as it navigates along the path. This allows us to efficiently account for
the expected evolution of the robot’s pose uncertainty during the path planning
process and to implement algorithms that exhibit information-seeking behavior.
We have introduced several evaluation functions and dominance relations to in-
stantiate a best-first search algorithm which can privilege different path aspects
during the search. We implemented and evaluated our approach across different
datasets and provided comparisons to other existing techniques and supported
all claims made in this paper. The experiments on realistic datasets show how

our method can compute paths that balance path length and uncertainty in a
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(b) Robot state

Figure 4.8: Experiments on a real garden and robot. Top: A modified Clearpath Robotics
Jackal (A) used in the experiment. Bottom: A path computed during the experiment. A grid-
map view of the environment (black and gray map), obstacles (red lines, B, C, D), the planned
path with the predicted belief of the robot (red ellipses), the ground truth path the robot took
(blue) and the actual evolution of the robot belief as it drove on the path (green). The current
laser scan (magenta) consists of a single Velodyne VLP-16 ray truncated to 4.0 m.
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4. PATH PLANNING IN BELIEF SPACE

few seconds, also on real robots with limited compute and noisy sensors.

The experiments suggest that using the Trace dominance relation leads to
significantly faster computation times and lower complexity while returning paths
of similar quality as the more expensive Full Subsumption relation. Furthermore,
we show how different evaluation functions lead to paths with different properties,
such as short paths with high uncertainty or long paths with low uncertainty. The
weighted evaluation function balances both aspects, but at the cost of a significant
increase in computation time and complexity.

The strong performance of our approach leads us to consider the coverage
path planning problem under uncertainty as a next step. Coverage path planning
consists of finding a path that covers all points in a given area and is particularly
relevant for autonomous lawn mowers as it directly relates to the task of mowing

a lawn.
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Chapter 5

Coverage Path Planning in Belief
Space

EYOND navigating from one point to another as we discussed in the pre-
vious chapter, coverage path planning is critical for many real-world
applications. For example, robotic lawn mowers must cover the entire
working area to ensure a well-mowed lawn, cleaning robots must cover

the entire floor area to ensure cleanliness, and agricultural machines must cover
fields for tasks such as spraying or harvesting. For autonomous lawn mowers,
coverage path planning directly impacts both the efficiency and effectiveness of
the entire system which ultimately determines customer satisfaction and com-
mercial viability: Planning paths that do not cover the entire workspace leads to
an ineffective product where the user must manually mow the remaining areas.
Planning paths that cover the entire workspace with large overlaps leads to an
inefficient product that wastes energy, operational time and causes issues with
cutting uniformity.

In this chapter, we focus on the problem of planning a coverage path under
motion and sensing uncertainty that may run on a robot operating without a
perimeter wire. Similarly to the previous chapter on point-to-point navigation,
the uncertainties in motion and sensing lead to solving the problem in belief space,
as the robot state cannot be assumed to be precisely known at all times. We thus
maintain a probability distribution over possible robot states called the belief, and
compute a path that accounts for the expected evolution of the belief given the
knowledge available at planning time. Our setting assumes prior knowledge about
the environment, i.e., a point cloud or occupancy grid map of the surroundings,
and the placement of obstacles and workspace boundaries as polygons. This is
a safety requirement in the absence of a perimeter wire, as certain borders such
as those separating the working area from boardwalks cannot be sensed by on-

board sensors and must be taught in. The use of an exteroceptive sensor enables
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further improvements to the system: we can plan paths using parallel lanes that
are more understandable to the end user and improve the robot’s path tracking

performance by privileging paths with good localization.

Figure 5.1: A robotic lawn mower must solve the coverage path planning problem to plan paths
which cover the entire workspace. The path should avoid obstacles (black) and remain within
the working area (red). Comparing the cyan and olive paths shows that in one case, the robot
remains orthogonal to the top wall while in the other it drives parallel to it, leading to different
pose-tracking performance along the paths. Our approach plans coverage paths in belief space
taking localizability into account.

The main contribution of this chapter is a new approach for coverage path
planning in belief space for mobile robots with a special focus on robotic lawn
mowers. Nevertheless, our method is generalizable to other settings where an
autonomous system performs coverage and where its performance depends on the
localization accuracy during the path execution. Our coverage approach builds
upon our uncertainty-aware planning system, which we present in Chapter @
Similarly, our coverage approach starts by computing the localizability map. We
combine it with an odometry drift to yield the expected belief dynamics, which we
take into account at planning time to compute a set of parallel lanes covering the
entire workspace that avoid collisions building on the boustrophedon approach
by Choset et al. [25]. We make two key claims in this chapter: Our coverage path
planning approach in belief space is able to: (i) plan coverage paths that are safer
than state-of-the-art techniques by taking into account the collision probability;
(ii) plan coverage paths that improve the path-tracking performance by finding
paths with good localizability;

These claims are backed up by the chapter and our experimental evaluation.
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5. COVERAGE PATH PLANNING IN BELIEF SPACE

5.1 Related Work

Covering polygonal regions in 2D configuration space is a well-studied problem
due to its broad applicability. Traditional approaches decompose the workspace
into regions using cell decomposition or discretize it using a grid. If the space to
be covered is not known in advance, online approaches have been proposed that
cover the entire workspace while exploring it. Recent approaches have focused
on extensions to non-holonomic robots [55], the inclusion of other externalities
such as battery power [117], or planning coverage for 2.5D elevation maps [35].
Deciding the direction in which to perform coverage paths is discussed by Van-
dermeulen et al. [113], Ramesh et al. [85] and Béhnemann et al. [3]. These ap-
proaches recognize that the primary coverage direction strongly affects the final
performance as it directly influences the number of turns the robot makes and,
consequently, the runtime. Ramesh et al. [86] bridge the gap between online and
offline approaches by presenting an anytime-replanning method that corrects a
precomputed coverage path as new information comes in. For more details on
approaches for robotic coverage path planning, see the surveys by Galceran et
al. [36] or Bormann et al. [84].

We discuss the literature on belief space planning in Sec. @ In this chapter,
we integrate our belief-space point-to-point path planning approach with the
boustrophedon coverage algorithm in 2D configuration space by Choset et al. [25].
Similarly, the approach by Kim et al. [46] uses techniques from active-SLAM to
determine when to backtrack to previously explored areas to reduce localization
uncertainty during coverage. They consider camera-equipped underwater robots
that actively build a map by drawing parallel lane patterns. In contrast, we use a
LiDAR on a map that was previously explored under the end user’s supervision.
Paull et al. [48] present an approach to planning coverage paths in belief space
for teams of underwater robots that can cooperatively localize with a focus on
achieving complete coverage. From a modeling perspective, the approach closest
to ours is the method by Galceran et al. [37]. They also assume a localization
prior and compute paths along parallel lanes. However, their work has a different
objective as they focus on underwater robots which float above obstacles and
they subsequently do not account for the probability of collisions or leaving the

working area.

5.2 Problem Description

We address the problem of coverage path planning in belief space for differential-
drive-equipped mobile robots. In our wireless autonomous lawn mower setting,

this involves finding a path composed of parallel lanes that cover the entire
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workspace while maximizing the probability of remaining localized during navi-
gation. Parallel lanes are particularly desirable because they are understandable
to end users and produce aesthetically pleasing mowing patterns. Our approach
accounts for the uncertainties from motion and sensing, but requires the SLAM
map to be largely free of gross errors and the world to be static. We assume
this prior knowledge because the product is initialized, i.e., taught the working
area borders while being supervised by the end user. The rest of the system and

constraints are identical to those we presented in Chapter @

5.3 Coverage in Configuration Space

In this chapter, we propose a novel combination of the boustrophedon method
by Choset et al. [25] and our path planning in belief space approach which we
presented in Part @ We first present Choset’s method for coverage in configura-
tion space using the boustrophedon approach and then generalize it to the belief
space in Sec. m

The boustrophedon coverage path planning algorithm, see Alg. E, generates a
parallel lane pattern covering the entire working area that accounts for obstacles
by dividing the workspace into obstacle-free regions called decomposition cells,
as illustrated with different colors in Fig. @ Boustrophedon decomposed cells
can be completely covered using two simple motions: either by moving parallel
to the lane direction (long arrows) or by moving orthogonally along a cell edge
(short arrows). With these two motions, there are four possibilities to cover a
decomposition cell. One path starts in the top left corner and follows obstacles
to the right, (¢1). The three other paths are defined symmetrically starting in the
bottom left (bl), top right (¢r) and bottom right (br) corners. Covering the entire
working area now becomes a matter of selecting exactly one of the four solutions
for each decomposition cell into a contiguous path using a Generalized Travelling
Salesperson Problem (GTSP) formulation.

The GTSP generalizes the Travelling Salesperson Problem by partitioning the
vertices to be visited into sets and computing a tour that visits each set exactly
once. Formally, it is defined over a graph G = (V, E,w) where V is the set of
vertices, F is the set of edges and w is the edge weights. Additionally, the vertices
V' are partitioned into pairwise disjoint sets V' = |J, V;. The GTSP solution is
the minimum-cost tour containing exactly one vertex from each disjoint set V.

To formulate the coverage path planning in configuration space problem as a
GTSP, we must define the sets V', E and w. Without loss of generality, we assume
the boustrophedon decomposition to yield the set A consisting of n decomposition
cells. To solve the coverage problem for any one decomposition cell, it is sufficient

to drive along one of the four possible paths covering it. The vertex v; g, can

112
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Algorithm 8 Boustrophedon Coverage Path Planning

1: Input: Workspace map M with obstacles

2: Output: Coverage path P covering the entire workspace

3:

4: function BOUSTROPHEDON-DECOMPOSITION(M )

5: Decompose M into obstacle-free decomposition cells A using the boustro-

phedon decomposition

6: return A

7

8: function CONSTRUCT-VERTICES(A)

9: for Vi € A do
10: Generate parallel lane patterns to cover decomposition cell i
11: for sp € (tl,bl,tr,br) do:
12: Compute the coverage path v; 5, for i starting at sp
13: li sp < length of v; 4,
14: Add v; 4, to the set of vertices V;

15: return V = J,., Vi

16:
17: function CONSTRUCT-EDGES(V)
18: for V(v;,v;) € V,with 4,j ¢ V; do

19: d < distance between end-point of v; and start point of v;

20: Add edge (v;,v;) to the edge set E with weight w(v;,v;) = d +1;
21: return £, w

22:

23: function SOLVE GTSP(G = (V, E,w))

24: Find a minimal-length tour visiting one solution per cell

25: Concatenate the cell coverage paths to form the final coverage path P
26: return P
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th £ X 2 k7 K7 K7 A

4

Figure 5.2: View of the right part of the test garden decomposed using a boustrophedon de-
composition. Two types of movement are required for covering a cell: moving across parallel
lanes (long arrows) or moving along obstacles (short arrows).

be intuitively understood as “the solution to decomposition cell ¢ starting from
starting point sp”. We thus map a decomposition cell to its set of possible solutions
V; of which one must appear in the full coverage path, see Eq. (@) The set of
vertices V' of the GTSP is the union of all disjoint decomposition-cell solutions
V; and has size 4 x n:

v= v, (5.1)

i€A

Vi=  UJ v (5.2)

spe{tl,tr,bl,br}

The edges E and their associated weights w are used to encode the costs of
travelling from v; to v; and performing the coverage path associated with v;. In
configuration space, this is typically the path length from the end point of v; to
the starting point of v;, plus the length of v;. As every vertex has (n — 1) x 4
edges, namely one towards the starting points of all other areas, the induced
GTSP has a total of (16n* — 16n) edges and weights.

A large body of literature is dedicated to the GTSP problem, see the survey by
Pop et al. [@], and optimal solutions are generally considered to be prohibitively
expensive to compute. Nevertheless, many heuristics have been proposed to com-
pute good solutions in a reasonable time. We implement our own GTSP solver
in order to control the effects of moving the problem to the belief space. Our
solver initializes a tour with the insertion heuristic, i.e., iteratively adding the
closest vertex from each decomposition cell until we find a complete tour. We
then refine this initial solution using two of the local improvement procedures for
GTSPs presented by Gutin et al. [@] until we reach a fixed computation time
budget. The two local improvement procedures we use are:
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o Swap starting point: For a random cell in the solution, change the starting

point to another one.

e k-random swap: switch £ = 2 or £ = 3 random cells in the solution with
each other.

Summarizing, the steps to plan a coverage path in configuration space using
Chosets et al. boustrophedon algorithm are the following: begin by decomposing
the workspace into obstacle-free cells, then compute the set of vertices V' repre-
senting possible solutions for each cell, compute the edges E and weights w that
encode the costs of travelling between cells and covering them, and finally solve
the GTSP to obtain one contiguous minimal length path.

5.4 Our Approach

We now present our approach to coverage path planning in belief space. We use
the same method to simulate the evolution of the robot belief as in Sec. #.3.1l.
Throughout this chapter, we use the localizability map illustrated in Fig. p.3

Y

which simulates the localization performance of a LIDAR equipped mobile robot
with a maximum scanning range of 8 m to mimic low-cost range sensors. The
figure shows how the map can be divided into 5 areas with similar properties:
scans taken in area 1 sense the corner of a building, leading to good localizability.
Scans taken in areas 2 and 3 detect only one stretch of the wall, providing good
localizability in only one dimension. Scans in area 4 provide little information
about the robot’s location, while areas closer to bushes and poles near the bottom
again provide better localizability.

5.4.1 Coverage in Belief Space

We now adapt the boustrophedon coverage approach to the belief space, also
relying on the GTSP formulation. Similarly to the configuration space case, we
use a three-step procedure. First, we decompose the workspace into decomposi-
tion cells and build the set of vertices V' representing possible solutions. Second,
we compute the edge set £ and weights w that encode the costs of travelling
between decomposition cells and covering them. In the final step, we compute
a contiguous path where each decomposition cell is covered exactly once. Our
approach is flexible, as we can select any single-cell-coverage policy in the first
step to privilege different path aspects. We choose to maximize aesthetically
pleasing parallel lane patterns for the lawn mowing application while avoiding
collisions. The GTSP formulation also generalizes to other coverage problems
as it can optimize various solution aspects such as localizability, collisions, path

length or the number of turns.

115



5.4. OUR APPROACH

good localizability in both dimensions
M good localizability in only one dimension
M bad localizability

i)

3= L

Figure 5.3: Localizability map: Top: An extract of a localizability map for the test garden.
Each ellipse corresponds to a 3-0¢ projection of expected EKF update steps. Large ellipse axes
indicate dimensions where no localization information is present. Bottom: semantic view of
a localizability map for a larger area. The white areas are either featureless or outside the
working area.

5.4.2 Belief Discretization

Similarly to Bopardikar et al. [] and Nardi et al. [@], we make the belief
space tractable by approximating any two-dimensional Gaussian belief bel(x;) =
N(p, ) used as a starting point for a transition or a decomposition cell so-
lution using Eq. (@) and Eq. (@), where \j o(bel) are the eigenvalues of Y

considering the x, y-space.

A(bel) = max(A(bel), Ay (bel)), (5.3)
[ A(bel)? 0
Ebeldiscretized - [ 0 /_\(bel)zl : (54)

We quantize all starting beliefs for decomposition cells or transitions into one
of |U| uncertainty bins sized 0 using Eq. (@) and Eq. (@), where 0z and Auin
represent the largest and lowest eigenvalues of any expected robot belief during
operation. We will refer to any uy,; € U as the belief uncertainty level and set
|U| = 5 for the experiments.

)\max - )\mm
Ul=—%—"" (5.5)

= [RD =] 6o
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5.4.3 Single Decomposition Cell Coverage in Belief Space

Using the GTSP formulation, we begin by computing the set of vertices V' con-
taining the solutions for all decomposition cells. In belief space, a vertex v; sp pei
encodes the solution for a decomposition cell ¢ from starting point sp and belief
bel. To avoid enumerating all possible beliefs, we discretize bel using Eq. (@)
A vertex now becomes v; g, ,,, intuitively understood as “the solution to decom-
position cell ¢ starting from starting point sp with uncertainty level «”. While we
could implement any policy covering the entire decomposition cell, our approach

minimizes collision probability while maximizing lane length.

() predicted robot belief

predicted collision
poses to be visited to complete cell coverage

start uncertainty levels

ooOQQ Ul =5

Figure 5.4: Policy for solving one decomposition cell in belief space. We compute a solution
which starts in the top-left corner with us. The uncertainty grows in the z dimension through
odometric drift, while the uncertainty in the y dimension is bounded due to sensing the upper
wall. As the collision probability rises, the coverage path switches to the next lane prematurely
and continues the parallel lane pattern.

Given the starting point and uncertainty level, we track the expected evolution
of the robot belief along the path and avoid any motions that might lead to
collisions by prematurely switching to the next lane, see Fig. @ When the
entire width of the cell has been covered according to this policy, uncovered
areas may remain as illustrated in purple in Fig. @ We treat the uncovered
areas as independent decomposition cells and solve a local GTSP connecting the
current predicted belief of the robot bel (the blue ellipse) with the uncovered
areas Uy ,uz,1 and Vg 4 ;2. We solve the local GTSP using the same method used
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to solve the global GTSP problem we describe in Sec. . To avoid excessive
information seeking behavior, e.g., driving a 50 m detour to cover a small area
such as v4 44,2, we make sure the trade-off between additional travelled distance
and uncovered area does not exceed 8 = 5.0m driven per m? covered. We note
that in certain feature-poor gardens, this policy is overly cautious and cannot
guarantee complete coverage, as they lack sufficient exteroceptive localization

information to counteract odometry drift at all positions.

(b) predicted robot belief [ ] part of the cell covered
[ parts of the cell still to be covered
poses to be visited /U4 tl U
l{ y YUy V3
I

(Y
v4,tl,u3,1 4,tl,u3,2

Figure 5.5: Solution to one decomposition cell in belief space. The policy of following a lane
until a collision probability threshold is met, then changing lanes, may leave areas uncovered,
as shown in purple. In order to achieve complete coverage, the robot must still visit the sub-
decomposition cells v4 ¢,45,1 and V4 ¢7,4,,2 from the predicted belief of the robot, bel.

We compute the vertex set for each decomposition cell V; by iterating over all
starting points and uncertainty levels, see Eq. (@) Additionally, every vertex
must store the induced exit belief beloy(v;spu), the path length d(v;s,.) and
untreated area o(v; sp,,) from which we compute the vertex costs ¢(v; sp.) as done

in Eq. (@) We use these to compute the edge weights w.

Vi=Avispu} Vi€ A, spe {t, tr, bl, br}, ue U, (5.7)
C<Ui,sp,u) - d(“i,sp,u) + 6 O(Ui,sp,u)-

5.4.4 Decomposition Cell Transitions

The final step encoding the coverage path planning problem as a GTSP is to
compute the edges E and their edge weights w. As those are the only elements
that carry information into the optimization process, the edge weights w must

additionally contain the goal vertex costs alongside the transition costs:

118



5. COVERAGE PATH PLANNING IN BELIEF SPACE

w(v;,vj) = c(v,v5) +c(v;) Vi,j eV (5.9)

The cost ¢(v;) is given by Eq. (@), so we need to compute the transition
cost ¢(v;, v;) for all possible edges, which represents the costs of moving the robot
from bel.,;(v;) to the starting point and uncertainty level of v;. Planning this
transition in belief space helps regain information after meandering within an
area, as the customer does not necessarily expect the robot to follow a parallel
lane pattern along the transport path from one area to the next, which allows
greater freedom in trading off path distance against uncertainty.

One of the keys to our approach is to avoid planning a transition towards every
uncertainty level at the goal. As our approach fundamentally seeks path safety,
this implies that transitions that lead to lower uncertainty levels at the goal pose
are always more desirable. It is thus sufficient to search for a single path that
fulfills an optimal trade-off between final uncertainty and path length, pruning
away the others. We do this efficiently by adapting the “Trace-Weighted” TW
variant of our point-to-point planner from chapter Chapter . First, we adapt the
planner to plan from “point-to-set-of-points” in belief space in order to compute
transitions batch-wise, as we are seeking to compute the transitions from one final
belief to all other start positions. This means we cannot use heuristically-guided
approaches such as our own weighted one, and instead opt for a simple wave-front
algorithm combining the distance travelled with the accumulated uncertainty via
a trade-off parameter a: cost(path) = a x (pathlength) +1— « (path uncertainty),
with path uncertainty the sum of belief variances over a predicted path. We set
a = 0.05 to bias the search towards safer, longer paths.

Thus, we compute a single transition path for all decomposition cells (exit-
belief, start-point) pairs, which, depending on « and the information contained
in the environment, induces the uncertainty level at the goal vertex. These edge
weights w are defined as follows, setting to infinity the weights of edges where
the path-planner does not find a transition, effectively thinning out the graph:

w(vi178p17ub1 ) Ui275p27ub2)
C(Uiz,spg,ubz)
+ C(belemit(vil,spl,ubl); (Uig,spz,ubg)) if Up2 = Uinduced (510)

+ o0 else

Similarly to the case in configuration space, every vertex has (n—1) x 4 x |U|
edges. As there are 4 x |U| vertices per decomposition cell and n decomposition

cells, we have to compute 16 x |U]*> x (n — 1) x n edges. We prune the edges
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flowing into the optimization by only considering one transition for any (exit-
belief, starting point) pair, which reduces the amount of non-infinity edges to
16 x |U| x (n—1) x n.

5.4.5 Solving the Coverage GTSP in Belief Space

Now that we have computed V', E and w, we search for a contiguous shortest
path that covers all decomposition cells. We note that the belief space version of
the problem has a structure that distinguishes it from configuration space plan-
ning. In the configuration space GTSP, the solver directly optimizes over target
vertices from each set. In belief space, the solver does not directly select the
uncertainty level with which it starts a decomposition cell; instead, it is deter-
mined by the trajectory taken so far(i.e., the starting points and decomposition
cells along the path). To solve the GTSP, we use the same approach as for the
problem in configuration space (Sec. ), initializing with the insertion heuristic
and improving it by using local GTSP operators.

5.5 Experimental Evaluation

The main focus of this work is to combine belief space with coverage planning
to compute a safe coverage path for a LiDAR equipped robotic lawn mower.
Our experimental evaluation is designed to support our key claims, which are
that our approach (i) computes coverage paths that are safer than state-of-the-
art techniques by taking into account the collision probability, and (ii) plans
coverage paths that improve the path-tracking performance by finding paths with
good localizability.

We compare the following three coverage approaches:

CONFIG, the configuration space Boustrophedon coverage algorithm by Choset
et al. [25] which we implemented ourselves.

MIN, a belief space approach that replaces the cost term d(v;sp,) with the
mean predicted uncertainty. This minimizes the uncertainty without accounting
for the probability of collision and resembles the approach by Galceran et al. [37].

OURS, the collision-avoiding, parallel-lane-maximizing belief space approach
we present in this chapter.

The experiment consists of computing coverage paths from data collected in
a real garden and driving along those paths in simulation in Gazebo 90 times.
The simulated 2D laser scanner has a range of 8m and 1850 samples at 10 Hz.
The state estimation filter uses all scans to compute the robot pose using a point-
to-plane scan-matching algorithm for localization [100] where we resolve the data

association deterministically. The odometry we simulate has zero-mean Gaussian

120



5. COVERAGE PATH PLANNING IN BELIEF SPACE

noise with variance (0.25m,0.25m,15°) (longitudinal, lateral, rotational) per me-
ter. We select these high values to highlight how the approaches handle difficult
situations a robotic lawn mower might encounter, such as driving on wet grass
over uneven ground. All computations are performed on an Intel Core i7 CPU
@2.8 GHz. The garden measures 12 x 36 m and the coverage pattern has 1m
spacing. We set the GTSP solver to terminate after 40s, which we include in the

computation time.

B vorkspace borders NI Coverage path, start - cnd

e P g

CONFIG

Figure 5.6: The coverage paths computed by the three approaches.

We show the paths covering the working area for all approaches in Fig. @
and present other quantitative results for the path computation in Tab. EI All
coverage paths start at the top right and clearly show the parallel lane patterns
underlying their single-cell coverage policies. Path-length-wise, CONFIG is the
shortest as it optimizes the distance, while MIN is the longest, as it ignores path
length to focus on the trace of the belief. Computation-time-wise, OURS takes

121



5.5. EXPERIMENTAL EVALUATION

B —_— ° e
S ———— el .3-7& = o
—_— e ———— 1=

“ \k Q"’%l - OURS

Figure 5.7: Predicted robot belief evolution over the coverage path using our approach, the

-

visualization is thinned out for readability.

Approach | Path length (m) | Computation time (s) | # Edges
OURS 486 o584 72449
MIN 526 112 19372
CONFIG 438 45.3 2998

Table 5.1: Quantitative path computation results on the test garden.

10 minutes, which is five times longer than the next slowest approach. The main
reason for this is the computation of the transitions between two points in belief
space (72449 edges (OURS) vs 2998 edges (CONFIG) vs 19372 (MIN)). The differ-
ence in number of edges arises from solving the single-decomposition-cell-GTSP,
which occurs when the predicted belief within a cell collides with an obstacle, as
we show in Fig. @ Nevertheless, the somewhat long computation time is not
an impediment, as the computed paths do not change unless the environment
changes, and can be stored in a lookup table or computed offline. We also note
that the uncertainty aware approaches do not cover the entire workspace, as no
collision-free path towards very narrow areas such as the U-shaped obstacle in
the top right is found. We further show the predicted belief evolution for OURS
in Fig. @ and draw attention to the effects of localizability: the predicted un-
certainty for paths in less informative parts of the garden is considerable (cyan,
bottom), while safe areas are recognized as such (blue, top left). The figure shows
how our approach interrupts lanes before the predicted 3-o uncertainty ellipses
touch an obstacle.

We present the results of driving each coverage path in simulation 90 times
in Tab. @ In sum, the simulated robot travels about 45 km along each coverage
path. We sample the ground truth position and robot belief every 25cm, from
which we compute the localization error (distance between ground truth pose and
robot belief), lane error (distance between ground truth position and lane) and
the number of collisions. OURS has the lowest lane error (0.18 m vs 0.24 m (MIN))
and the lowest number of collisions (72 vs 421 (MIN)). It is further interesting to
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Approach | Distance (m) | Localization error (m) | Lane error (m) | Collisions
OURS 45592 0.29 £ 0.28 0.18 £ 0.27 72 £ 3.7
MIN 49193 0.28 £ 0.31 0.24 £ 0.31 421 £+ 22
CONFIG 41229 0.38 £ 0.4 029 £ 0.4 1172 £ 93

Table 5.2: Quantitative results of 90 simulated runs along the paths computed on the test
garden.

note that MIN has the lowest localization error (0.28 m) while still having more
collisions than OURS. This indicates that the lane error carries more weight for
collision avoidance than the localization error, especially when the path is close to
borders. Our approach’s ability to interrupt lanes as soon as the risk of collision
is too high also helps reduce the lane errors near borders. Nevertheless, MIN has
significantly less lane error than CONFIG (0.24m vs 0.29 m) and fewer collisions
(421 vs 1172), which shows that even the computationally cheaper belief space
approach improves the path-tracking performance of the system by minimizing
the lane error.

In sum, our evaluation supports our claims that our belief-space coverage
approach computes plans that lead to fewer collisions than state-of-the-art tech-
niques and improve the system’s path-tracking performance by minimizing lane
error. The belief-space planning approaches generally outperform the configura-
tion space approach in terms of the number of collisions, localization errors and
lane errors, indicating that accounting for the expected evolution of the belief
during path planning leads to safer paths. The experiment further indicates that
although the additional computation time is significant (10 min), it remains ac-
ceptable for coverage path planning, as the paths do not change without new

information about the environment.

5.6 Conclusion

In this chapter, we addressed the problem of coverage path planning for an au-
tonomous lawn mower. This is an important problem for many types of service
robots and requires the robot to cover the entire working area while avoiding col-
lisions with obstacles. We presented a novel approach to coverage path planning
in belief space, that accounts for the expected evolution of the robot belief dur-
ing planning. This allows us to compute safer paths that avoid collisions while
still efficiently covering the working area. The key to our method is the effective
combination of the boustrophedon decomposition approach with our own work on
planning paths in belief space. We formulate the coverage problem in belief space

as a generalized travelling salesperson problem (GTSP), enabling us to precom-
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pute solutions for decomposition cells and transitions in belief space. We then
combine the precomputed single-decomposition-cell solutions into one path cov-
ering the entire working area by solving the GTSP. We evaluated our approach
on data from a real garden and compared it to other existing techniques. The
experiments and comparisons with other approaches support all claims made in
this chapter, and suggest that our method computes coverage paths that are safer
than those of state-of-the-art techniques by accounting for the collision probabil-
ity. Overall, accounting for the expected evolution of the robot belief during path
planning leads to paths that improve the overall system performance.
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Chapter 6
Conclusion

ROM service robots like vacuum cleaners and lawn mowers to advance-
ments in factory logistics and automated driving, robotics continues
to expand its impact on our daily lives. For a robot to succeed as
a product, it must address real-world problems autonomously while
remaining cost-effective for users. Navigation, the core functionality for mobile
robots, involves robust and efficient movement to achieve specific tasks. How-
ever, real-world navigation presents challenges due to the need for reliability and
performance under cost constraints. To truly serve users, robots must oper-
ate autonomously in complex environments without failure or posing risks. In
this thesis, we tackled the problem of robot navigation in real-world scenarios
inspired by the Bosch Indego autonomous lawn mower. We focus on enabling
cost-effective robots with limited sensor capabilities to navigate challenging gar-
den environments characterized by significant noise in sensing and actuation.
We address these uncertainties in three fundamental components of robot nav-
igation. First, we present a robust point cloud registration method that excels
across diverse environments, provides well-scaled uncertainty estimates and is
very computationally efficient. Second, we enhance the robot’s planning by in-
corporating localization uncertainty. By estimating localizability across different
workspace areas, we compute safer point-to-point paths that account for informa-
tion gain and loss, even in low-information environments. Finally, we extend this
approach to the coverage path planning problem, generating trajectories that
cover the entire lawn while accounting for expected localization quality. Our
methods generate paths with fewer collisions and lane errors, which is critical for
effective operation in complex environments.
We motivate our path planning under uncertainty approach with the use
case of autonomous lawn mowing, where the robot must navigate robustly in a
complex garden environment with limited information and noisy sensors in the

absence of a perimeter wire. This product vision has been made a reality by
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systems such as Worx Landroid (camera-based navigation) [120], Hookii Neomow
(LiDAR-based navigation) [41] and Ecovacs GOAT (beacon-based navigation)
[B1], among others. Beyond the disappointment that Bosch did not release a
wireless autonomous lawn mower, we note that these products do not yet solve
the problem satisfactorily. They mount expensive dense 3D LiDARs (Hookii),
navigate using inefficient random patterns (Landroid) or require setting up bea-
cons (Ecovacs) causing reduced robot performance as the robot moves away from
them. Integrating our path planning under uncertainty ideas would help engineer
around some of these issues and further minimize the price point at which the
autonomous lawn mowing task can be solved. As discussed by Kurniawati et
al. [47], while POMDP approaches have scaling issues, methods that account for
some uncertainty, even approximately, will typically outperform methods that
completely ignore it. Our approaches are an important step in this direction, as
they provide an efficient yet effective method to plan paths under uncertainty
while accounting for the expected localization quality in the environment.

6.1 Short Summary of the Key Contributions

The key contributions of this thesis are novel solutions to localization and plan-
ning under uncertainty. We summarize them in the following:

The first contribution of this thesis is a global point cloud registration ap-
proach that generates high-quality pose estimates across diverse environments
captured by different sensors. This helps robots localize efficiently and precisely,
which is critical for robot navigation as faulty pose estimates can lead to ineffi-
cient or even dangerous behavior. Our method is based on the Normal Distribu-
tion Transform and the oriented-point-pair frameworks and evaluates hundreds
of thousands of transforms per second. Our approach makes few assumptions and
the experimental evaluation shows that it performs reliably in many settings. We
leverage the large number of tested transforms to generate a well-scaled estimate
of the result uncertainty, which is central to the robot making informed naviga-
tion decisions. Our method emphasizes robustness and computational efficiency
in order to be deployable on real systems with constrained hardware. We believe
this work will improve LiDAR and RGBD-camera-based localization and mapping
systems by providing compute-efficient, robust and precise global registration.

While point cloud registration provides the foundation for localization, the
robot’s ability to remain well-localized varies significantly across different regions
of its workspace. This spatial variation in localization quality directly motivates
our second contribution, which addresses how robots should plan their motion
when the localization uncertainty depends on the local environment geometry.

To address this problem in the autonomous lawn mower context, we develop
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a method that estimates how well the robot can localize itself across different
parts of the workspace, given the data available after the product setup by a cus-
tomer. Our approach exploits this information to compute paths in belief space
that account for the expected interplay between information gain through exte-
roceptive sensing and information loss due to dead-reckoning drift in featureless
areas. Our point-to-point path planning method is both fast and computationally
lightweight, finding information-rich paths for the robot to drive along to reach a
target pose. This is particularly important in environments where localization is
challenging, as it allows the robot to navigate effectively while minimizing risks.
We believe that this work will improve the planning capabilities of cost-effective
robots in complex environments, enabling them to operate more efficiently and
safely.

Our third contribution extends the point-to-point planning method to the
coverage path planning problem. Planning coverage paths is critical for many
service robots that need to process an entire area, such as lawn mowers, vacuum
cleaners, and floor scrubbers. Most coverage path planning approaches typically
ignore sensor and actuation noise when planning in configuration space, leading
to suboptimal results in information-poor areas as localization errors may cause
the robot to exit the workspace or leave certain parts untreated. Many products
do not attempt to solve the coverage path planning problem at all, reverting
to a random navigation strategy: “as time goes to infinity, it is easier to cover
the entire workspace randomly than it is to deterministically never miss a single
spot”. While this approach has merits, it nevertheless leads to inefficient systems
that must run for hours each day. Our coverage path planning approach extends
our point-to-point method to generate a trajectory that covers the entire lawn
while accounting for the expected evolution of the robot pose uncertainty as it
navigates. Our results show that the paths generated by our approach have
fewer collisions and lower lane error than other approaches, which is crucial for
the robot to operate effectively and efficiently in complex environments. We
believe that this work will improve the efficiency of coverage path planning for
autonomous lawn mowers and other systems working in localizability-challenged

contexts, enabling them to operate more effectively in complex environments.

6.2 Future Work

In this thesis, we explored both the localization problem and the path planning
problem under pose uncertainty. While our contributions provide novel solutions
to these challenges, many open questions and opportunities remain for future
research. We outline some key areas for future work below:

Our point cloud registration provides strong results across diverse environ-
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ments, but there are promising ways to extend our method to be more useful in
practical applications. An interesting direction would be to adapt the system to
the widespread use of IMUs on most robotic systems. The research community
has defined the global point cloud registration problem as an SE3 problem, where
the robot pose is represented by a 6D vector (x, y, z, roll, pitch, yaw) and all of
these must be estimated solely from the point clouds. However, many robots in
the field are equipped with IMUs, which provide reliable estimates of both the
system’s pitch and roll. Integrating this information into our approach would
yield a more efficient search-space formulation that would strongly benefit real-
world systems. Further, the effective use of semantics in our approach opens the
door to handcrafted features that leverage the global orientations and shapes of
individual NDTs. Methods such as Stoyanov et al. [107] or Bosse et al. [13] can be
used to classify the geometry of incoming point clouds to bridge the performance
gap between the semantic and geometric versions of our approach in most set-
tings. Another interesting avenue for future research lies in analyzing the NDT
distance histograms or in statistically analyzing subsets of the source and target
point clouds to gain further information on which parts of the NDT-pair search
space to privilege. Nevertheless, it is important not to compromise the compu-
tational efficiency of our approach: one of the key advantages of our method is
the ability to start generating and evaluating transforms very quickly.

Our methods for path planning under uncertainty can be further extended
by considering lifelong learning of the localizability map and a noise model for
terrain traversal. This would allow the robot to adapt its planning strategies over
time, improving its performance in specific environments as it learns from experi-
ence. As discussed by Nardi et al. [69], such approaches can significantly enhance
exploration tasks by allowing the robot to learn from its interactions with the
environment. By continuously updating the localizability map and noise model,
the robot could become more efficient at navigating complex environments, for
example, learning to approach specific areas only from a given angle. As the robot
learns the garden, this would lead to overall better system performance. Further,
our approach focuses on speed and efficiency by using Gaussian approximations
in many parts of the belief-space planning. Future work may evaluate different
methods for encoding the robot belief to better understand the trade-off between
speed and precision in belief space planning. It is also interesting to consider how
our approach can be used to find the minimal price point at which we can solve
the autonomous lawn mowing task. By integrating our ideas for path planning
under uncertainty, we could address some issues faced by current products and
further minimize the cost of autonomous lawn mowers.
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