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Abstract

This thesis establishes a model for the differentiable stack cohomology associated to a
regular and proper Lie groupoid.

The 2-category of differentiable stacks is equivalent to a 2-category of Lie groupoids,
which means that definitions such as cohomology on the former can be transferred to a
corresponding notion on the latter. This establishes the concept of the differentiable
stack cohomology associated to a Lie groupoid, which has a well-known interpretation as
a generalisation of equivariant cohomology. The search for models computing this
differentiable stack cohomology can therefore be motivated by pre-existing results about
similar objects for equivariant cohomology. Generalising their constructions from the
setting of equivariant cohomology to describe a model for the differentiable stack
cohomology associated to a general Lie groupoid has been an ongoing effort. A key
object in previous research has been the Bott—Shulman—Stasheff bicomplex, which is an
established non-infinitesimal model computing the differentiable stack cohomology
associated to a Lie groupoid.

In this thesis, it will be shown that in the case of a proper and regular groupoid, the
cohomology of the columns of the Bott—Shulman—Stasheff bicomplex can be computed
explicitly. For this, a notion of invariance is introduced through a construction using the
first jet groupoid and the concept of a multiplicative Ehresmann connection with respect
to the isotropy Lie algebroid. The first page of the spectral sequence associated to the
induced filtration is computed by analysing the de Rham differential. Furthermore, it is
proven that the associated spectral sequence collapses at the second page. It then can be
concluded that we obtain a model for the differentiable stack cohomology associated to a
proper and regular groupoid, which can be explicitly constructed and computed.
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Introduction

The concept of a “differentiable stack” is a geometric notion generalising the concept of
a manifold, but examples also include orbifolds, quotients of Lie group actions and many
moduli spaces. While understanding differentiable stacks by unravelling their definition as
categories is possible, there is also another way to approach their study: It can be seen that
the 2-category of differentiable stacks is equivalent to the 2-category of Lie groupoids with
certain bibundles as morphisms. Lie groupoids are quite well-known objects in higher
differential geometry and we can now hope that this knowledge can be translated into
results on differentiable stacks.

Of course, sometimes we only have statements on a subclass of Lie groupoids. For
example, the geometric realisation of the nerve is a certain simplicial construction starting
with a Lie groupoid and yielding a topological space. If the Lie groupoid is an action
Lie groupoid, i.e. a Lie groupoid constructed out of a Lie group action on a manifold,
the cohomology of the thus associated space is precisely the equivariant cohomology of
the action. When this statement is translated to the category of differentiable stacks,
we find that the cohomology of the topological space agrees with the differentiable stack
cohomology of the associated stack (with values in R). This means that all of the results
we know for equivariant cohomology now also hold for the differentiable stack cohomology
of a stack associated to an action Lie groupoid.

One of the results on equivariant cohomology (and hence, in certain cases, differentiable
stack cohomology) that is essential in practical calculations but also relevant for many
theoretical considerations is the fact that there are models for equivariant cohomology.
To be precise, there are two differently constructed, but isomorphic and very strongly
related differential graded algebras - one called the Weil model and one called the Cartan
model - whose cohomology agrees with the equivariant cohomology of a given Lie group
action by a compact group. One great strength of the Weil and Cartan model is that both
are relatively easy to compute. They are sometimes referred to as infinitesimal models,
because under mild assumptions they even only depend on the induced Lie algebra action
(the infinitesimal counterpart of the Lie group action).

So considering all of this together, we have very well-behaved models for computing
the cohomology of a stack associated to an action groupoid of a compact Lie group action.
However, showing that a stack is associated to an action groupoid is both tedious and not
always possible. It has been a long-standing belief in the community of higher differential
geometers, that a generalisation of the models corresponding to more general groupoids
should be possible.

Thesis result

This thesis aims to contribute to this quest of finding a (possibly infinitesimal) model for
the differentiable stack cohomology associated to a Lie groupoid. The Lie groupoids that
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I consider are not a superset of action Lie groupoids arising from compact groups, but
rather an entirely different class: Proper Lie groupoids for which the foliation on the object
space induced by the orbits is a regular foliation. This can be equivalently expressed by
the condition that the anchor p of the associated Lie algebroid has constant rank. This is
an interesting case as in general, any proper groupoid admits some sort of decomposition
by the rank of p (or equivalently the dimension of the orbits). It also turns out that it
is a strong enough assumption to provide models for the differentiable stack cohomology.
The models developed in this thesis differ from the precise notions originally conjectured
in some cases, but there are strong relations.

Methodologically, the first step in our construction for the models will be given by re-
placing the notion of differentiable stack cohomology by the cohomology of the associated
Bott—Shulman—Stasheff complex. This is an object defined by a somewhat less categor-
ical set-up, as it is given by a bicomplex of differential forms on the manifolds G, of ¢
composable arrows. This is a standard approach, as the Bott—Shulman—Stasheff complex
is very well-behaved, although unfortunately still too large for efficient computations. We
will then show the following theorem:

Thesis result: Theorem 5.2.31

Let G be a proper and regular Lie groupoid and E be a multiplicative Ehresmann
connection on G. Then we have a graded isomorphism of R-algebras

(O3 H'(TOt(QBss(G))) — H'(TOt(RE)) = H‘(TOt(%E)).

In particular, both Tot(RE) and Tot(RE) are models that can be used to compute the
cohomology of the differentiable stack associated to G as

Hpisisack ([Go//G1]) = H* (Tot(Rg)) = H*(Tot(RE)).

Here, R and Rg are isomorphic bicomplexes, where SRp takes a form similar to the
Cartan model for equivariant cohomology and R g is its isomorphic counterpart consisting
of actual differential forms similar to the Bott—Shulman—Stasheff complex. From the nota-
tion it already becomes apparent that the notion of a multiplicative Ehresmann connection
is a key concept in defining the models, even if we will find out later in the thesis that the
latter algebra R is actually independent of the choice of E. A multiplicative Ehresmann
connection is one of many possible choices to generalise the notion of a connection to a Lie
groupoid. Connections are commonly defined on vector bundles, fibre bundle, principal
bundles or submersions, where there is a unique notion of vertical tangent vectors, and
essentially describes an additional notion of horizontal vectors. On Lie groupoids, it is not
clear what a vertical vector should be defined as - in this thesis, it will usually be a vector
in the kernel of both T's and Tt for the source and target maps of the groupoid.

A multiplicative Ehresmann connection E now precisely decomposes the tangent space
of the arrow manifold (G; into a vertical and horizontal summand, in a way that is nicely
compatible with the multiplication of the Lie groupoid. Using it, we will be able to define
a notion of invariance on elements of QOP(Gy) and therefore on the vector spaces giving rise
to the Bott—Shulman—Stasheff-complex. This notion will heuristically replace the notion
of G-invariance when comparing to an action groupoid, although it is in some sense more
restrictive. The so-called J¥G-invariant forms will be used to define Rp, Mg and the
isomorphism between both algebras through various constructions.
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Summary and structure of the thesis

The proof of the main thesis result spans the entirety of this thesis and requires multiple
steps and different techniques. The only exception is Chapter 0, which first covers equivari-
ant cohomology, the correspondence between Lie groupoids and differentiable stack and
other topics mentioned in the beginning of this introduction in far greater detail, along
with examples and explanations regarding existing generalisations. Chapter 1 serves as
the actual beginning of the proof of the previous theorem - at which we will start by laying
the groundwork both regarding notational conventions, motivational observations, as well
as important concepts such as the jet groupoid which will appear frequently throughout
the thesis. It will also contain a proof on the existence of a special type of cover of a regular
Lie groupoid, which we will often use in explicit constructions throughout all chapters.

In Chapter 2 we then turn to the aforementioned notion of J¥G-invariance, which com-
bines jet groupoids with a multiplicative Ehresmann connection. We prove in this chapter,
that the inclusion of invariant elements into a column of the Bott—Shulman—Stasheff-
complex is a quasi-isomorphism. Chapter 3 slightly improves this result, by considering
the inclusion of J¥G-isotropy Cartan forms instead. These are J¥G-invariant forms sat-
isfying additional properties regarding their values at the unit section. This is strongly
inspired by analogous well-known arguments using a generalisation of the Eilenberg—Zilber
theorem.

In Chapter 4, we make a first attempt at computing the total cohomology of the
Bott—Shulman—Stasheff complex instead of the cohomology of “just” a column. For this,
a precise analysis of the relation between the de Rham differential and the splitting of
FE is needed, yielding an explicit computation for some specific component of dgg. This
component induces a differential on the J¥G-isotropy Cartan forms, which we can then
use to define the isomorphic bicomplexes Rg and Rg. However, the relation between the
cohomology of Tot(Rg) (or Tot(?RE)) and the cohomology of the Bott—Shulman-Stasheff-
bicomplex is not trivial. There is a spectral sequence relating one with the other - however,
the collapsing of this spectral sequence (or more directly, the isomorphism between the
cohomologies) depends on a technical condition. In the case of a flat multiplicative Ehres-
mann connection, this condition is easier to prove than in the general case, leading to
some interesting examples already.

In the general case, the condition referred to is also satisfied. This is more involved to
prove, however, which is the content of Chapter 5. It is closely related to the existence
of multiplicative Ehresmann connections which are flat when restricted to a certain type
of subspace and the fact that the specific construction we can give for vertical preimages
in the Bott—Shulman—Stasheff complex has many useful properties, e.g. that it commutes
with one of the components of dgr and also retains forms which are supported on a
controlled set.

Conventions

On geometric notions

Geometry, roughly speaking, is the study of manifolds and their properties. However,
depending on the author and field of study, different objects are admitted (or not admitted)
as such - which then again affects other notions such as Lie groups. In this thesis, we will
stick to the following conventions:

Definition 0.0.1 ([30], pp. 2-15). A manifold M is an underlying Hausdorff second-
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countable topological space |M| with a smooth atlas, i.e. a collection of local homeo-
morphisms {U,, C M — R}y (or {U, C M — R%}g<,,<; if finite) called charts. These
coordinate charts must be smoothly compatible.

Remark. Note that in some sources, the property of second-countability is not assumed
for a manifold.

Definition 0.0.2 ([30], p.151). A Lie group G is a group equipped with a manifold
structure such that the structure maps (multiplication and inversion of elements) are
smooth.

Remark. Note that sometimes, authors admit infinite dimensional spaces in the definition
of Lie groups. In these definitions there is always some choice convenient setting such as
diffeological spaces, that allows the concept of a smooth manifold to be generalised to
infinite dimensional spaces adhering somewhat to the methods of differential geometry.
While there are many interesting examples of infinite dimensional Lie groups, we will not
include these objects in our studies.

On Gaussian sums

Similar to physics, the Gaussian sum convention is quite popular in the field of geometry
when computing expressions in coordinates. We will use the Gaussian sum convention in
this thesis when turning to compute certain coordinate expressions, in which case we will
make this transparent.

Consider two families of objects {X;}ic; and {u’};cr, which are indexed by the same
family I, one index is denoted at the base and one index is denoted in the exponent. Then
in the Gaussian sum convention, any expression containing both objects v/ and X j with
the same index variable j represents the sum over all such terms.

Example 0.0.3. In Gaussian sum convention, the term
W YX; =Y

should be read as

D W Y)Xi =Y.

el

Example 0.0.4. In Gaussian sum convention, the term

lai, aj] = cﬁjak

should be read as

las, a;] = E c”ak

kel

Example 0.0.5. In Gaussian sum convention, the term
d.fL'aFZ:_IJXZ
should be read as

Z da:OTZ

iel,aeJ
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On the names of variables

In this paper, I aim to follow the following conventions in regard to naming objects. Some
of them will be defined more precisely in the first section.

Ng, N>1 natural numbers starting from 0 or 1 respectively

G Lie groupoid with object space Gy and morphism space G,
target morphism ¢, source morphism s and multiplication u

m a point in Gy, i.e. an object

x a point in G, i.e. a morphism

z a point in Gy, i.e. a higher morphism

1 the unit at m € Gy

Gy level of the simplicial nerve N (G), i.e. G1 Xg, G1 X, - - - G1

lg, C Gy the image of the unit section

kq dimension of G|

pr; the projection of G, to the i-th copy of G in the fibre
product

pz the projection of G, to G induced by the inclusion of the

0-th vertex into A? (explicitly given by t applied to the left
most component of G X, G1 X¢g, - ..G1 in case of pg, ana-
logous for pf, and by the value at the i-th pull-back for

0<i<q)

Om orbit of m € Gy

Fn orbit foliation on Gy,

In dimension of F, in case of regularity

A Lie algebroid associated to G, where X € A corresponds to
a right invariant vector field with 7,,s(X) = 0 for any = € G,

Ajso isotropy Lie subalgebroid in the case that A is regular

Is0%(G) Lie groupoid given by the connected component(s) of the
isotropy containing the units

Sat(S) saturation of a set S C G

6 =dy vertical differential of the Bott—Shulman—Stasheff bicom-
plex, induced by the nerve

d = dgr horizontal differential of the Bott—Shulman—Stasheff bicom-
plex, given by the de Rham differential

d total differential of the Bott—Shulman—Stasheff bicomplex

¢r chain complex given by (QP(G,),dyr)

E a multiplicative Ehresmann connection

\Y% a T'Gg-connection on a Lie algebroid
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vE the connection on Ajy, induced by E

dgplb, dflg, dj{é decomposition of the de Rham differential with respect to a
multiplicative Ehresmann connection

On left and right (source and target)

Let me also make the following note on conventions regarding the reading direction:
Given a Lie groupoid G; = G with multiplication u, I will follow the convention that

,u:G1 ng G1—>G1.

Graphically, this means that the source of an arrow corresponds to its right side, while
the target corresponds to its left, i.e. that the elements of GG; follow the same convention
of source and target as functions do and the compositions of two elements is denoted from
right to left.

However, when passing to the simplicial nerve of the groupoid, note that dy corresponds
to “the omittance of the left-most component”, which on G only leaves the information
of the base-point associated to the right side of an arrow, i.e. its source. So even though
dp is the map I will denote on the left of di, we have dy = s and d; = ¢.

I strongly doubt that I can hold myself to the standard of never mislabelling an index,
but I will try.
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Chapter 0O
Exposition

This chapter concerns itself with motivating the search for infinitesimal models for differ-
entiable stack cohomology and will mostly contain references to theorems, examples and
counterexamples. While some of the latter are original work, this chapter is intended as a
survey.

We will briefly cover equivariant cohomology, differentiable stacks and the generalised
Weil algebra (as defined by Mehta in [32] and Abas in [1]). The content discussed here
will not be a necessary prerequisite for the original results of this thesis in the following
chapters, but it has been a relevant part of my research process and I believe it to be
helpful to understanding the larger picture.

0.1 Equivariant cohomology

Equivariant cohomology is a concept applicable to general topological spaces, but in par-
ticular interesting when considering manifolds. It defines a cohomology on G-manifolds,
i.e. the category of manifolds with an action of a fixed Lie group G, which is motivated
by considering the corresponding quotient. There is also a nice higher categorical point of
view on the construction. In fact, I personally find equivariant cohomology to be one of the
most tangible examples of where a geometer may come across model category structures
naturally.

The concept of equivariant cohomology has been considered for at least the last 60
years (in [24], which supplies very detailed bibliographical notes, it is attributed to Borel
with reference to [7]) and is topic of countless papers. In the following, I will introduce the
main definitions and results, along with some examples. I will mainly follow Guillemin
and Sternberg (cf. [24]) and a series of introductory lectures by Tu (cf. [41]) along
this section. The latter contains a very thorough but accessible survey on equivariant
cohomology particularly suited to an in depth introduction to the topic.

Definition 0.1.1. A smooth left G-action of a group G on a manifold M is a map
L:GxM—M
which is smooth and satisfies the axioms of a left G-action, i.e.
L(1,m)=m

and
L(g, L(h,m)) = L(u(g, h),m)

17



18 CHAPTER 0. EXPOSITION

for any m € M and g,h € G.
We will also denote the action as L : G © M. There is an analogous notion of a smooth
right G-action, denoted R: M xG — M or R: M O G.

Definition 0.1.2. (cf. [41], p. 31) Let M be a manifold, G a Lie group, L : G x M — M
a Lie group action and R be a coefficient ring. Then the equivariant cohomology
Hg(M;R) is defined to be

HG(M;R) == H*(Mg; R),

where Mg is the topological space constructed by
Mg = (EG x M)/ ((z,m) ~ (R(z,97"), L(g,m))) -

Here, G denotes an arbitrary contractible topological space with a free right G-action
R: EGxG— EG.

Remark. Note that in the definition, we can also replace M by a topological space X
with a continuous G-action (which is also the way it is defined in [41]).

Remark. The fact that £G of the Definition 0.1.2 is only characterised as topological
space which is contractible and carries a free G-action poses two immediate questions:
Why does such a space exist? And why is the definition independent of the choice?

The first question can be answered by giving an explicit construction (e.g. by Milnor,
cf. [41], Section 5.3) and is tied to the context of universal bundles and classifying spaces.
The second one can be inferred from certain facts about fibre bundles (cf. [41], Section
4.4) that can be applied to

EG x E'G x M,

where E’'G is a (potentially different) possible choice of a contractible topological space with
a free right G-action. (This, again, can be interpreted in a higher categorical framework
as EG and E'G constructing different choices of cofibrant replacements.)

Definition 0.1.3. We will denote
HE (M) := HG(M;R) = H*(Mg; R).

One of the results mentioned in the previous remark is the following one, that we can
also apply to another context.

Proposition 0.1.4 ([41], Lemma 4.9). If E is a weakly contractible space on which a
topological group G acts and P — P/G is a principal G-bundle, then (E x P)/G and P/G
are weakly homotopy equivalent.

This will now imply an important relation.
Corollary 0.1.5. Let G be a Lie group acting freely and properly on a manifold M. Then
HG(M;R) = H*(M/G;R)

and in particular
Hg(M) = H*(M/G).

Proof. M/G is well-defined as a quotient of a free and proper action and M — M/G
automatically has the structure of a principal G-bundle ([30], Theorem 21.10.), so that
Proposition 0.1.4 applies. O
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This highlights that equivariant cohomology is still very closely tied to computing the
cohomology of the quotient of an action. EG x M /G can be thought of as some sort of
idealised quotient of the action, it is called the homotopy quotient in [41]. Unfortunately,
while the description of EG in theory is elegant, in practice it is quite hard to work with.
One of the problems that arises is, that while £G can be constructed as a CW-complex,
it will often need to have cells of arbitrarily high dimensions. This can be inferred from
the fact that BG, over which FEG is a principal G-bundle, can have cohomology classes
supported in arbitrarily high degrees.

In particular, EG can often not be chosen with an appropriate manifold structure. This
means that the (singular) cohomology of the space can not be computed using differential
forms, even when the ring of coefficients is R. Therefore we often find that Hg(M) is quite
difficult to compute via the original definition, where “difficult” is of course somewhat
subjective. In this case it is used as one often needs to apply technical results or methods,
e.g. spectral sequences.

Example 0.1.6. Consider G = S' and M = {} with the trivial action. Then we obtain
Hg(M) = ES'/St.
It is well known, that ES! = S with the action such that
BS! = ES'/S' = cp®.
This implies that H§(M) = H®*(CP>) (cf. [41], p.37).

Luckily, in the case where the group G is compact, there is an easier way to compute
equivariant cohomology. It was first published by Cartan around 1950. (cf. [24], Section
4.9 which names [10], pp. 62-63 as the original source. It is referred to as follows: “These
two sections [...] don’t make for easy reading.” The fact that the content of these two
pages of Cartan spans an entire chapter in [24] does underline their point.) It replaces the
problem of computing the cohomology of a topological space by the problem of computing
the cohomology of a differential graded R-algebra.

Theorem 0.1.7 (Cartan, cf. [10] p. 64). Let G be a compact Lie group and g its Lie
algebra. Let L : G O M be a smooth action. We have that

Hé(M) =H @ (QP(M) ® Sq(g*))g sdeart |
o=p+2q

where
QP (M) ® SU(g"))¢ C QP(M) ® S9(g")

denotes the subalgebra of G-invariant elements. Note that the bigrading is induced by the
grading on Q*(M) and S*(g*) with a weight of 2 (i.e. the degree of an element u € S*(g*)
is 2).

An element g € G acts on the algebra Q(M) by the action induced by L. This is
constructed for any g € G by considering the expression

Lg(m) = L(g>m)7

which defines a diffeomorphism on M and the pull-backs (Lg)* act on Q(M) accordingly.
On S*(g*) we instead have the coadjoint action (induced by the coadjoint action on its
generator g* ).
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The Cartan differential dcare s defined by
w € QM) = dar(w) = tyx,)w ® ul,
u' € St(g*) — 0,
where {u'}icr is a basis of g* corresponding to a dual basis {X;}icr of g.
Remark. Similar to previous notational conventions, we understand Q(M) to mean
Q(M;R).

Remark. Note that the definition of the differential in Theorem 0.1.7 is actually inde-
pendent of the choice of the basis. Because we are using the Gaussian summing convention
(for details consider the introductory remarks following page 12) summing over all terms,
any base change of the u’ and X? will affect the sum simultaneously in inverse ways.

Definition 0.1.8. The differential graded R-algebra
(@00 @ 8 (@) deu)

of Theorem 0.1.7 is also referred to as the Cartan model for equivariant cohomology
(or just as the Cartan model).

Remark. Also note that in particular, if G is not only compact but also connected we
have that the invariant subcomplex satisfies

QM) ® 5°(g7))7 = (AUM) @ S*(g7))° .

By this, we mean that the invariance of a form w € Q(M) ® S®(g*) under the action
of G is equivalent to the “infinitesimal” invariance under “infinitesimal” elements of G.
Mathematically, we differentiate the action of G on Q(M) to a Lie algebra action of g,
which yields the Lie derivative with respect to fundamental vector fields. Similarly, we
differentiate the coadjoint action of G on S®(g*) to the coadjoint action of g, which can
also be expressed via the Lie bracket. Because of this, the Cartan model is referred to
as an infinitesimal model, as in this case it only depends on the infinitesimal data of the
group action around the unit.

Of course, there may be instances in which the original definition of equivariant co-
homology leads to a more convenient computation. However, as Q°(M) vanishes in suf-
ficiently high degrees and g* is a finite dimensional vector space, the Cartan model can
reduce the complexity of computing equivariant cohomology significantly.

Example 0.1.9. Let G be any compact Lie group. Then
H(BG) = Hg({*})

can be computed by the Cartan model as
H ((S.(g*))g adCart) .

However, we know that the elements of S'(g*) are supported in degree 2, meaning that
all elements of S*®(g*) are supported in even degree. This in particular implies dcayt = 0.
So we have that

g
H*(BG) = ($*(s"))
and
H2k+1 (Bg) -0
for all £ € Ny.
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Example 0.1.10. We will now reconsider the set-up of Example 0.1.6: Let G = S! acting
trivially on M = {x}. This means that g = R and as S! is abelian, the induced adjoint
representation vanishes.

We can apply the considerations of the previous Example 0.1.9 to compute

HE () = (5°(6")” = (R -u) =R -uF

and
HE 1 ({#}) = 0

for all £ € No, meaning Hg({*}) has the structure of a polynomial ring in one variable of
degree 2.

The Cartan model as described is actually part of a larger structure, the Weil algebra,
which will play a role in the generalisation conjecture we will concern ourselves with in
this thesis.

The general reason to consider the Weil algebra is that, just as the Cartan model
relates to EG x M /G, the Weil algebra can be used to construct an algebraic version of
EG x M together with an inclusion of algebras that behaves similarly to the pull-back
along

EGx M — EG x M/G.

The reason why it is particularly interesting in the context of this thesis is that there
is a version to generalise it to Lie algebroids which we will consider later.

Definition 0.1.11 (cf. [24], pp. 34-35 and [41], pp. 151-156). Given a Lie algebroid g,
the Weil algebra WW(g) is defined as the differential graded R-algebra given by

W (g):= P Ag" @S5 g").

o=p+2q

where the algebra structure is induced by the one of the exterior and symmetric algebras.
The coadjoint representation of g on the Weil algebra is the representation induced

by the coadjoint representation on each factor simultaneously. If G is a group with Lie

algebra g, the coadjoint representation of G on the Weil algebra is defined analogously.

This concept now only depends on a Lie group or Lie algebra, not on any action on
a manifold. This is why in our context, the Weil algebra will frequently appear together
with Q(M), where M is the manifold that the Lie group G acts upon. For notational
reasons, we will now also introduce a way to abbreviate this.

Definition 0.1.12. Consider a Lie algebra g and a manifold M. The extended Weil
algebra W(g, M) associated to g and M is given by

W e M) = @D (M) T @ SU(g).
o=p+r+2q

Consider a Lie group G acting on M such that g is the Lie algebra associated to G. Then
the G-action on M induces an action on Q(M), which together with the coadjoint action
defines a G-action on W(g, M).
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Definition 0.1.13. (cf. [24], Def. 2.3.1) Let G be a Lie group and (A, d4) a differential
graded R-algebra. Then a G*-algebra structure on A is a representation P : G — Aut(A)
of G on A together with a Lie algebra morphism

g — Der(A)
X — LX

into the space Der(.A) of graded derivations of A of degree —1. This data needs to satisfy
that for all g € G and X € g holds

e that P retains the differential, i.e.

P(g)odaoP(g") = da.

e that

0
aP(exp(t . X))‘t:() = [dA,Lx] = ,Cx.

e that
P(g)otxoP(g') = LAdy(X)-

e that consequently

P(g) o Lx o P(g™") = Lag,(x)-

There is also a similar notion related to Lie algebras, which we will not use in this
section, but refer to again at a later point.

Definition 0.1.14 ([41], Definition 18.3.). Let g be a Lie algebra. A g-differential
graded R-algebra A is a differential graded R-algebra (A, d 4) that has two actions of g:

t:gx A— A

and

L:igxA— A,

where for X € g both tx and Lx are R-linear in X, tx acts on A as an anti-derivation of
degree —1 (in particular such that (1x)? = 0) and Lx acts on A as a derivation of degree
0; furthermore, d, tx, and Lx satisfy Cartan’s homotopy formula:

Lx = [da,tx].

Remark. Note that this notion is not the infinitesimal counterpart to Definition 0.1.13.
It is notably weaker, in that we don’t require all equations of the Cartan calculus to hold,
which immediately follows when L£x comes from a group action.

Proposition 0.1.15 (cf. [24], p. 19, pp. 34-35 and pp. 41-45). Let G be a Lie group
acting on a manifold M. Consider the extended Weil algebra W(g, M) together with the
differential dcart given by

w e Q(M) — ddR(w) + (_1)|w‘£p(Xi) X 0 — Lp(X;)W X U
. 1.
0" ' — 07 N6

u' = —ci ) ® uF
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Then W(g, M),dcart) carries a G*-algebra structure with respect to the coadjoint repres-
entation of G on W(g, M). The action v of this structure is given by

vigx W(g, M) — W(g, M)

(X,w)egx QM) —0
(X,0) € g x Al(g*) = (6, X)
(X,u) € g xS (g") 0.

If we consider the inclusion
(M) @ S*(g")) € W(g, M)

we furthermore find that dcare tndeed restricts to the notion of doart used in the Cartan
model of Theorem 0.1.7. Its image are precisely the elements which are G-invariant and
horizontal under the given G*-algebra structure, i.e. those v € W(g, M) for which

(Ly)v =,
where (Lg)* denotes the action of an arbitrary g € G and
vxv = 0.
forall X € g.

Remark. Note that we have defined the extended Weil algebra a priori for any Lie algebra
g and manifold M. If we additionally have a Lie algebra action of g on M, we can actually
still define the g-differential algebra structure, even though it is not induced by a G*-
algebra structure.

For this work, we could now conclude the survey of the Weil and Cartan algebra. We
will later cover how to generalise them in the sense of the definitions previously presented.
However, I find it both interesting and important to note, that there is an equivalent
construction of the Weil algebra that can actually motivate a lot of the equations we will
encounter while generalising, even though it does not appear directly.

Proposition 0.1.16 ([24], p. 19, pp. 34-35). Let G be a Lie group acting on a manifold
M. Then there is a differential dwey on the extended Weil algebra W(g, M) given by

w € Q(M) — ddR(w)
. 1.
0" ' — 07 N6
u' > — ;ﬁké?j ® uf

The extended Weil algebra (W(g, M), dweil) carries a G*-algebra structure with respect to
the coadjoint representation of G on W(g, M). The action v of this structure is given by

Here, p denotes the map
p:g— X(M)

that associates fundamental vector fields to the Lie algebra elements.
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Remark. When considering

Z =U §cj,1€ s
we can rewrite the equations for the differential above as

w e Q(M) — ddR(w)
0! — 2

2P 0

In some sources (e.g. [24], cf. p. 34), the Weil algebra is actually introduced in terms
of these coordinates. The advantage of using these coordinates is that the Weil algebra
becomes the differential graded symmetric algebra generated by

0—g[-1] =g [-2-0—-0—...

where the only non-trivial morphism is the identity, which is useful for the intuition of it
being acyclic as well as for understanding the expressions in the generalisations that are
to follow.

The advantage of the coordinate expressions with respect to the u’ is the simplicity of
writing down the horizontal subcomplex, but also a deep connection to group cohomology
and the Bott—Shulman—Stasheff complex, which will become apparent later in the thesis
but motivates the convention chosen here.

Theorem 0.1.17 ([24], pp. 41-44). The Mathai-Quillen-isomorphism ¢ is an isomorph-
ism between the G*-structure on the Weil algebra of Proposition 0.1.15 and the G*-structure
on the Weil algebra of Proposition 0.1.16.

Corollary 0.1.18. The Mathai-Quillen-isomorphism ¢ is an isomorphism between the
g-differential graded algebra structure on the Weil algebra induced by the G*-structure
of Proposition 0.1.15 and the g-differential graded algebra structure on the Weil algebra
induced by the G*-structure of Proposition 0.1.16.

Corollary 0.1.19. The Mathai- Quillen-isomorphism ¢ maps the Cartan algebra, when
understood as the basic subalgebra of the G*-algebra structure on W(g, M) of Proposi-
tion 0.1.15, to the basic subalgebra of the G*-algebra structure on W(g, M) of Proposition
0.1.16. In particular,

Whas(g, M) := {v € W(g, M) G-invariant and horizontal} C W(g, M)
also computes Hg(M). By G-invariant and horizontal we mean that
(Lg)*v =,
where (Lg)* denotes the action of an arbitrary g € G and
txv = 0.
forall X € g.

Conceptually, we may summarise the previous content on models for equivariant co-
homology in the following diagram
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Manifold with
Lie group action

Manifold
with Lie al-
Homotopy gebra action
Quotient
EG x M/G

Weil or Cartan
type construction

Cohomology
Ring

The red arrows indicate that the procedures on the left are generally considered difficult
(at least by geometers) and the blue arrows on the right indicate that these procedures
are, in comparison, considered easier.

0.2 Differentiable Stacks

The analogue to algebraic stacks or topological stacks in differential geometry is called
a differentiable stack. The intent behind this notion is to create a category that fully
faithfully contains the category Mfld of smooth manifolds, but also allows for geometric
notions of, for example, the objects BG and EG we considered previously.

Differentiable stacks have arisen more recently as an object of interest. (Recently is
used as a somewhat relative term here. They have been studied since around the 1990,
for example I was made aware by David Miyamoto that the concept was already discussed
by Pronk in 1993 in [35].) We will mostly follow [3] and [20] to introduce them, where
the former is a more original source, while the latter is a set of lecture notes covering the
basics of the topic.

Definition 0.2.1 (cf. [20], pp. 2-3). A pre-stack over Mfld is a category D together
with a functor

T : D — Mfld

such that:

e For every morphism f : V — U and every U with 7(U) = U, there exists some V

with 7(V) =V and a lift

|

VU
which is a lift in the sense that 7(f) = f.

e For every commutative triangle
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U \
| Sw
v
of manifolds and smooth maps and any diagram in D of the form

T~

w

o

%

which maps to the corresponding part of the triangle under 7, there is a unique
morphism U — V extending the diagram accordingly.

Definition 0.2.2 (cf. [20], pp. 3-4). For any inclusion V C U and any object U € D we
will use the notation of Uy for any element for which there is a morphism

L: U’V —U
lifting the inclusion.

Remark. The name for this notion varies in the literature. Ginot refers to it as a pre-
stack (cf. [20], pp. 2-3) while Behrend and Xu refer to it as a category fibred in groupoids
(cf. [3], pp. 290-291). There is also an equivalent definition of a (pre-)stack (cf. [26],
Definition 1.1.) as follows: A pre-stack over Mfld is a 2-functor

D : Mfld°®® — Grpd.

The relation between the two definitions comes from the fact that when considering a
pre-stack D according to Definition 0.2.1, 7T:1(U ) together with morphisms covering idy
for each U € Mfld is a groupoid defining D(U). The construction of D when given D
corresponds to choosing an explicit f*(U) for U € D(U) C Dy such that

1) -Uu

maps to f under w. Note that these two constructions describe a natural equivalence of
categories, but not an isomorphism.

A way to think of stacks is as a category of structures parametrised by a manifold.
When considering Definition 0.2.1, the first property can be thought of as the existence
of pull-backs of the structure, their uniqueness up to isomorphism corresponding to the
second. However, such a parametrisation also has a locality property, that is not yet
included in the framework and constitutes one of the differences between a pre-stack over
Mfld and a differentiable stack.

Definition 0.2.3 (cf. [20], pp. 4-5). A stack D over Mfld is a pre-stack on which the
following holds:

e Objects can be glued, i.e. consider {U; C M };cr an open cover of M and {A4; € D}
a family of objects with m(A4;) = U;. Assume that that there are isomorphisms

Vij + Ailuinu; = Ajluinu;
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with
Vjk 0 Yij = Yik

on U; NU; N Uy, then we have an object A € D with m(A) = M where each 4; is a
pull-back of A along U; C M.

e Morphisms can be glued, i.e. consider objects A, B € D such that
m(A)=n(B)="M
together with {U; C M} an open cover of M. Assume that there is a family
{¢i : Alv, — Blu,}

for some choice of Aly, and By, and a choice of Av,nu; and By,np, for any i and j
such that the induced morphisms ¢;|y,nv; and @;|v,nu; satisfy

bilv,nu; = jlvinu;-
Then there exists a unique morphism ¢ : A — B such that ¢|y, = ¢; for all 7.
Example 0.2.4 (cf. [20], p. 4). Any manifold M defines the category
D = Mfld/M.
This category is defined by
Do ={f: N — M morphism of manifolds}

and morphisms given by commutative diagrams of the form

L

Ny
The functor which makes this into a differentiable stack is given on objects by
(f: N—-M)—N

and on morphisms analogously.
This construction induces a fully faithful functor

Mfld — Stack.

This can be worked out explicitly by considering id : M — M as an object of D. The
stack induced by M will also be denoted as [M].

Definition 0.2.5 (cf. [20], p. 5). A morphism of stacks is a functor of the respective
categories
F: Dl — DQ

such that
7T10F:7T20F.



28 CHAPTER 0. EXPOSITION

Remark. Note that the notions of isomorphisms between categories, natural transform-
ations of functors and natural equivalences between categories can be immediately trans-
ferred to differentiable stacks due to this definition. This defines the structure of a 2-
category, where all 2-morphisms are invertible (cf. [26], p. 4).

With this, we can finally write down what it means to be a differentiable stack.

Definition 0.2.6 (cf. [20], p. 7). A stack D over Mfld is a differentiable stack if it
admits a representable epimorphism

p: [Go] —)D,

where G is a manifold. Here, [Gp] denotes the stack constructed as in Example 0.2.4.
That p is a representable epimorphism is equivalent to the following condition: For any
manifold U and its associated stack [U] together with any morphism [U] — D, the fibred
product [Gg] xp [U] is isomorphic to a manifold denoted Gy xp U (when identified with its
associated stack [Gp xpU]) and the induced map Gy xpU — U is a surjective submersion.

Remark. The notion of fibre product referred to here is not the ordinary notion, but
rather a 2-categorical one, which satisfies a 2-categorical universal property.

Remark. Similar to ordinary fibre products, we can see that
[M] xpan) [U] ~ [U],

meaning that the identity [M] — [M] is a representable epimorphism and [M] itself is a
differentiable stack (cf. [20], Example 6.).

Definition 0.2.7 (cf. [20], p. 7). Consider a differentiable stack D with a representable
epimorphism p : [Go] — D. Then p is called an atlas of D.

Proposition 0.2.8 (cf. [20], Proposition 2.4.). Let p : [Go] — D be an atlas of a differ-
entiable stack. Consider G1 the manifold such that

[G1] = [Go xB" Gol
Then there is a naturally associated Lie groupoid structure on G1 = Gy.

In practice, we will not have to think about this more technical condition often, because
we will use a different viewpoint on the category of differentiable stacks. For now, let us
focus on examples. As we have remarked above, stacks of the form [M] for a manifold M
are always differentiable. So we can still think of the category of differentiable stacks as a
generalisation of the category of manifolds. At the same time, it also encompasses spaces
such as differential versions of £G and BG.

Example 0.2.9 (cf. [20], p. 6). Let G be a Lie group. Consider the category D where
the objects are given by

Dy = {P — M where P has a fixed G-principal bundle structure}
and morphisms given by commutative diagrams of the form

Q— P

|

N —M
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where the top arrow is G-equivariant.
The functor defining the pre-stack structure is given on objects by

(P — M where P has a fixed G-principal bundle structure) — M

and on morphisms analogously.
Now consider a morphism of differentiable stacks (i.e. functor) of the form

F:[M]— D,

i.e. from the differentiable stack associated to a manifold M as described in Example
0.2.4 to our current example D. We can evaluate the morphism as a functor of categories
on the final object id : M — M of [M]. By construction, its image is given by a G-
principal bundle. Furthermore, any natural equivalence between two functors defining
such a morphism of differentiable stacks induces an isomorphism between the associated
principal bundles. Hence any homotopy class of maps from a manifold to D defines a
principal bundle up to isomorphism over M.

The converse is also true, which can be seen as id : M — M is final and all pull-backs
exist uniquely up to unique isomorphism. This is the reason why the stack D of this
construction is also referred to as BG, as it satisfies the universal property (only in the
category of stacks instead of the category of topological spaces). If we include the category
of differentiable stacks in the category of topological stacks, D and the topological [BG]
become equivalent as stacks (cf. [26], p. 3, 5).

As it turns out, this construction can be generalised to produce even more interesting
differentiable stacks. For this, we will introduce the notion of principal bundles with
respect to a Lie groupoid instead of a Lie group. Lie groupoids are central objects in the
field of higher differential geometry and therefore the concept but also many examples are
well-known. For completeness, we will review it here.

Definition 0.2.10. A Lie groupoid G is a groupoid internal to the category of manifolds
(with morphisms being smooth maps) where both source map s and target map t are
surjective submersions. We denote its object manifold by Gy, its arrow or morphism
manifold by G; and the corresponding multiplication map by

M Gl Xs7t Gl — Gl.

The inverse of € G will be denoted by ! and the unit corresponding to m € Gq will
be denoted 1,,. We will also refer to 1, C G as the submanifold of G; that corresponds
to the embedding of Gy by the unit section u.

Example 0.2.11. Consider any manifold M. The object and morphism spaces
Go:=M

and
Gy =M

together with source and target map s = ¢t = idjs can be equipped with a unique Lie
groupoid structure where all arrows are automatically units.

Example 0.2.12. Let M be any manifold. Then the object and morphism spaces

Go:=M
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and
G1 =M x M

together with the source map s = pr, and target map ¢ = pr; can be equipped with a
unique Lie groupoid structure where for every m,n € M there exists a unique arrow (m,n)
with source n and target m.

Example 0.2.13. Let G be a Lie group with multiplication map pg, M a manifold and
L:G O M asmooth action. Then we can consider

Go=M

and
Gi=Gx M

which we can equip with the structure maps of a groupoid. For this, we have s = pr,,,
t=L:GxM— M and pu the map that corresponds to pug x id on the right-hand side
when we identify

Glxs’tGlgngXM
((h,n), (g, m)) = (h,g,m)
((h, L(g,m)), (g,m)) ¢ (h,g,m).

This example is known as the action Lie groupoid of L. More explicitly, we have

p((h;n), (g,m)) = (g (h, g),m)

for composable elements of G1.

There is a very deep connection between Lie groupoids and differentiable stacks, as
there are constructions that relate both concepts. One of those constructions is the fol-
lowing:

Example 0.2.14 (cf. [20], p. 9). Let G be a Lie groupoid. Consider the category D
where the objects are given by

Do C {(M, P manifolds, q: P — M, : P — Go,p: Gy x*¥ P — P)},

which can be visualised as

G, 'er
ls 0 s
Go M

The precise space of objects Dy consists of the tuples where ¢ is a surjective submersion
and where the maps of the data are compatible in the sense that

qop=qopry
and
Yop=topr

on all of G; x*¥ P, that
p((Lyp),p)) =p
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for all p € P and that
po(p,id) = po (id, p)
on all of G; x*t G; x*¥ P and furthermore satisfy that

p’G1><GO{p} 1 Gy X G {p} — P

maps bijectively onto ¢~ ({q(p)}) for any p € P. The morphisms are given by commutative
diagrams

p_f.,p

ol

Go ML m

where the top arrow must be equivariant with respect to the action of G, i.e. it must
satisfy that
Fop=pol(id, F)

as maps
Gy x*¥ P P,

Mapping an element of Dy to the manifold which is in the above definition referred to
as M defines a functor D — Mfld. With this structure, the category D describes a stack.
Furthermore, we can look at the map

p: [Go] = D
given as a functor by mapping any
f:N—=>Gye [G()]

to

G1 C G1 Xs’f N
tusA lprz

Go N
where the action is given by
p = (M,ld) : G1 Xs’t G1 Xs’f N — G1 Xs’f N.

We can now explicitly check that for any manifold U and the associated stack [U] with
any morphism [U] — D, the fibred product [Gy] xp [U] is isomorphic to a manifold. For
this, we can consider the image of id : U — U under the functor describing [U] — D,
which is given by a G-principal bundle described by the data as above, in particular by a
manifold P. Calculations can show that the stack [Go] xp [U] is isomorphic to precisely
[P]. Therefore, D is indeed a differentiable stack. This also shows that [Go] is an atlas for
D and that [Go] xp [Go] precisely recovers [G1].

Remark. In this definition, we have precisely spelled out what it means for p to define
a left G-action on P. We will, for now, not introduce the notion of left (and right) Lie
groupoid actions further, apart from giving some examples. A review of the notion can
be found in Chapter 1, where it will be much more central.
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Definition 0.2.15. The differentiable stack associated to a Lie groupoid G as
described in Example 0.2.14 will be denoted [Go//G1].

Remark. Again, the language and notation is not unified throughout the literature. We
adhere here to the conventions of [20] (cf. p. 9), while in [3] (cf. pp. 298-299) the arising
stack is called BG instead of [Go//G1]. Also, the objects of the stack are sometimes
referred to as torsors (cf. [3], Definition 2.6.), but they are also known as G-principal
bundles (cf. [33] pp. 144-145) and are referred to as such in [20].

This means we have now seen both how to associate a Lie groupoid to a differentiable
stack using an atlas and how to construct a differentiable stack from a Lie groupoid. From
the viewpoint of a higher differential geometer, it makes sense to try to study differentiable
stacks using these “auxiliary” geometric objects. Note, that an atlas is not necessarily
unique (as we will also see in Example 0.2.21). Furthermore, a morphism of differentiable
stacks does not necessarily induce a groupoid morphism on the charts. However, it turns
out that the relation between differentiable stacks and Lie groupoids still assemble into a
very concise structure using higher category theory.

Definition 0.2.16 ([5], Definition 2.10.). Let G and H be Lie groupoids. Consider

G 1 P H 1
N
Go Hy

where P is a G-H-bibundle (i.e. it comes with commuting left and right actions). P is
called right principal if the following three conditions hold:

e The left moment map of P is a surjective submersion.
e The right H-action is free.
e The right H-action is transitive on the fibres of the left multiplication.

Example 0.2.17. Consider GG to be the identity groupoid of Example 0.2.11 and H to
be the pair groupoid of Example 0.2.12. We have

M M x M M x M
tus/ \tus
M M,

where the two bundle maps are given by the projections on the respective factor of M x M.
The left action is trivial, in the sense that any s-fibre only contains the identity element
that acts trivially. The right action is defined by acting on the second factor of the product
with the action analogous to the action on the object manifold Hy = M. This is indeed a
right principal G-H-bibundle.

Definition 0.2.18 ([5], Proposition 2.12.). Define the 2-category C of Lie groupoids
with Morita morphisms as the 2-category with

Co = {G which is a Lie groupoid}
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and

Gl P H1
tus / \ tus right principal bibundle
Go Hy

and
Co = {P — @ which is a biequivariant map of bibundles}.

The weakly invertible 1-morphisms are referred to as Morita equivalences of Lie
groupoids.

Remark. The notion of 2-category used here is the notion of bicategory (or weak 2-
category).

Example 0.2.19. Consider the pair groupoid of Example 0.2.12. We have

M x M

A A7 \u

This is indeed a biprincipal G-H-bibundle for GG the pair groupoid and H the identity
groupoid. We can associate an biprincipal H-G-bibundle given by

{x} M M x M

b

{+}
and explicitly computing the compositions of the bibundles yields

M x M M x M M x M
M 1 M

and
{+} {x} {x}

PN

{*} {*}
proving that these biprincipal bibundles are (weak) inverses in Cj.

Theorem 0.2.20 ([5], Theorem 2.18.). There is an equivalence of 2-categories between
the 2-category of Lie groupoids and the 2-category of differentiable stacks.

Remark. The equivalence of categories is indeed constructed by using the method of
Example 0.2.14 to associate to every Lie groupoid G the stack D = [G//G1] and for its
inverse the construction of Proposition 0.2.8.
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Example 0.2.21. The biprincipal bibundle of Example 0.2.19 can be used to construct
an equivalence of categories between the stacks [M//M x M] and [{*}//{x}] = [{*}]
The earlier example of Example 0.2.17 describes a map of stacks from [M//M] = [M] to
[M//M x M]. The referred to isomorphisms can be explicitly spelled out, they are given
by forgetful maps from [{*}//{*}] to [{x}] (or [M//M x M] to [M]). Post-composing with
the Morita equivalence of Example 0.2.19 yields a map from [M] to [{*}] that can be
interpreted as the smooth map
M — {x}.

This can be checked by evaluating the functors on the object (idy; : M — M) € [M].

Both the isomorphism from [{*}] to [{*}//{*}] inverse to the map appearing in this
construction and the map from [M] to [M//M x M] similarly constructed from the map
of Example 0.2.19 can be shown to be representable epimorphisms (cf. [26], Lemma 3.1.).
So both of them define atlases of this stack, in particular, atlases are not unique.

A consequence of this is that a lot of concepts related to differentiable stacks can be
related to a construction on Lie groupoids. In this thesis, the concept we will focus on is
that of differentiable stack cohomology.

Definition 0.2.22 (cf. [3], pp. 306-307). Let D be a differentiable stack and Fp be a sheaf
of differential graded R-algebras over D. Then we define the Fp-valued cohomology of
D as

H]BiﬁStack(D7fD) = H.(RF(Daf'D))7

where I' denotes the global sections functor and RI' denotes its right derived functor.
Furthermore, we will denote

H].DiffStack (D) = H].DiffStack(Dv R'D)v

where Rp denotes the sheaf of locally constant functions on D (i.e. any U € D will be
assigned the set of locally constant functions on its corresponding U € Mfld).

Remark. Recall (cf. [3], p. 306) that a presheaf of differential graded R-algebras on a
category D is defined as a functor

DP — dg-R-Alg.

Such a functor is called a sheaf if it is compatible with the Grothendiek topology on D.
However, we can define this using the Grothendiek topology on Mfld and the functor w
contained in the data of D.

Furthermore, recall that the global section functor of a sheaf over D can be defined (in
analogy to the general theory) as

I'(D, F) := Hom(Rp, F).

Definition 0.2.23. Consider a Lie groupoid G. The nerve of G is defined as the sim-
plicial manifold NV(G) defined by

L s,t s,t s,t
[q] — Gq =Gy XG() G1 XGO v XGO Gl,

where G is referred to as the manifold of g-composable arrows, where there are ¢
copies of G1 in the pull-back.
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The corresponding face maps are given by
di : Gq — Gqfl
(21,5 2¢) = (oo iz, 2Zig1), - - )

and the corresponding degeneracy maps by

St Gq — Gq+1

(,zl,...,zq) — (...,Zi,lm,zl'+1,...)
where m = s(z;) = t(zi41).

Definition 0.2.24. The maps u, : Go — G defined by

are referred to as the unit maps.

Remark. We have that
So = 1(.) =uy : Gy — Gi.

Similarly, consider any sequence
iy 0.8, + Go = Gy

In component expressions, it is easy to check that one recovers the map u,. Using this,
the definition of u, can be generalised to arbitrary simplicial manifolds.

Definition 0.2.25. In a similar vein to Definition 0.2.10, we will use the notation 15, C G4
to refer to the embedded manifold defined by the image of u,.

Definition 0.2.26 (cf. [9], p. 44). Let X be a simplicial manifold. We define the Bott—
Shulman—Stasheff bicomplex Qpgs(X;R) (with the convention of anti-commuting dif-
ferentials) as the differential graded bicomplex given by

U8 (X R) = 0(Xy;R)

together with the horizontal differential given by the de Rham differential d = dgr and
the vertical differential given by the simplicially induced differential

§=dy =Y (=1)PFi(dy)".
We consider Q(Xg;R) = 0 where p < 0 or ¢ < 0.

Remark. The fact that the signs chosen here define anti-commuting differentials is clear
immediately, as dgg commutes with pull-backs.

Remark. Technically, we can also define the Bott—Shulman—Stasheff bicomplex for values
in a representation, which is why the trivial coefficients are included in the definition.
Similar to the abbreviation Q(M) := Q(M;R) we will also denote

Qpgs(X) := Qpgs(X; R).
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Remark. In [9], the definition of the Bott—Shulman-Stasheff bicomplex is not explicit
on the sign conventions or on which direction should be the horizontal or vertical one.
For any considerations on the cohomology, all of these conventions yield the same results.
There are different conventions throughout the literature, for example, in [31] the grading

U8 (G R) = Q7(X,;R)
is used instead, together with the vertical differential
6 = (=1)"dar

and horizontal differential
d=> (-1)'(d;)".

For our constructions, we choose to follow the conventions as in [32] (cf. pp. 96-97). It
will be helpful that the de Rham differential appears as the horizontal differential without
any signs in Chapter 4 of this thesis. For all conventions, we can easily construct bigraded
vector space isomorphisms that transform the given complex into a complex of any other
sign convention. This is why we can nonetheless apply statements and methods that were
proven using different conventions.

Definition 0.2.27 (cf. [31], p. 97). The cup product on two forms w € QP(G,) and
v € "(Gy) of the Bott—Shulman—Stasheff bicomplex is given by

N * *
wUvrv:= pri  qw VAN Pryii1,. g+sV-
Here, pry _, denotes the projection

Gots = Gy
2= (21,1 2¢4s) — (21, ., 2q)
and pry.; ..+ analogously denotes the projection
Gors = Gy
2= (21, 2g+s) = (Zg41, - s Zgts)-

The cup product on two arbitrary elements of the Bott—Shulman—Stasheff complex is
defined by extension.

Lemma 0.2.28 (cf. [31], p. 97). The differentials of the Bott—Shulman—Stasheff bicomplex
are both derivations with respect to the cup product, i.e. we have that for w € QP(G4) and
v € Q(Gs) holds that

S(wUv) =0(w)Uv+ (—=1)PTw + 6(v)

and stmilarly
dwUv) =dw)Uv+ (—1)P 9w+ d(v).

Example 0.2.29. The nerve N(G) of a Lie groupoid is a simplicial manifold that gives
rise to the following Bott—Shulman—Stasheff bicomplex:
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COO(GQ) e QI(GQ) — Q2(G2) e QS(GQ) —_— ...

N

dy

COO(Gl) e Ql(Gl) — QQ(Gl) e Qg(Gl) —_— ...

dn

C=(Go) —25 O1(Go) —— Q2(Go) —— DB(Go) — ...

Definition 0.2.30. The totalisation of a bicomplex C**® is given by the cochain
complex

Tot(C)" = @5 €

r=p+q
together with the total differential
d=d+9.

Example 0.2.31. Consider the Bott—Shulman—Stasheff bicomplex of Example 0.2.29. Its
totalisation is given by

Tot(Qmss(G)) = EP Q(Gy).

r=p+q
The total differential d is given by

d=dyg +dn-
The totalisation has an algebra structure with respect to the cup product.

Theorem 0.2.32 (cf. [3], pp. 308, 310-11). Let D be a differentiable stack and G a
Lie groupoid which was constructed from an atlas [Go] — D. Then the following are
isomorphic as graded rings:

Histack (D) = Higigtack (D, ) = H*(Tot(Qpss(N (G))))-

Remark. The ring structure of
Hpigstack(D)
and
Hpigstack (D 2p)

is immediately induces as the sheafs are valued in R-algebras. For
H* (Tot(Qpss (N (G))))

the ring structure is induced by the cup product and the compatibility of the ring structures
is an important aspect of the theorem.

This result can now be used to translate known facts about simplicial manifolds and
bicomplexes into statements about differentiable stack cohomology. This is not only useful
on a conceptual level, but also on a computational one. At least in low degrees, the Bott—
Shulman—Stasheff complex can be quite explicitly written down.

Lemma 0.2.33. Consider a Lie groupoid G such that Gg is simply connected and G s
connected. Then

Hpigseack ([Go//G1]) = 0.
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Proof. Consider a closed 1-form w € Qpgs(G). It has two components w1y € Q(Gy)
and w1 0) € Q1(Gop) in the respective bidegrees. One of the equations that needs to be
satisfied is
dar (w(1,0)) = 0.
However, we know that G is simply connected, meaning that H*(Go) = 0. This means
that there is some v € C°°(Gp) with dgqr (v) = w(1,0)-

Now consider
W= d(y),

which is still closed in Qpgg, as we have only subtracted an exact term. By definition, it
only has a non-zero component in bidegree (0,1) given by

wo,1) — dn(v).

This must now be closed under dggr, hence locally constant. As (G is connected, this
means it must be a globally constant function.

At the same time, the component must vanish under das. But if we choose any m € G
and consider 1,, € G2 at the identity section, we have that

for any function f € C°°(G1), in particular for

[ = w(,1) — da(v).

So we find that as das(f) vanishes at 1,, at the identity section in G, we already find
that f vanishes at the identity section in G1. As f was constant, this means

f=0

and
w=d(v).

In particular,

[w] = [0] € H'(Tot(Qpss(G))) = Hpsgsiacc([Go// G1l).
O

Now look at an example that is slightly more involved - and will become important
later.

Lemma 0.2.34. Consider a Lie groupoid G such that Gy = S and G, is connected and
satisfies that
ul: HY(Gy) — H (Gy) = H*(S)

s an isomorphism. Now consider a closed element w of total degree 2 in the Bott—Shulman—
Stasheff bicomplex. Then w must be exact.

Remark. We will later see a construction of a groupoid with precisely these properties.
The definition of the groupoid requires some prerequisites that we will only encounter at a
later point. Nonetheless, the explicit computations here do highlight possible advantages
of computing with the Bott—Shulman—Stasheff complex nicely.
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Proof. The element w a priori has up to three non-vanishing components: of degree (2,0),
(1,1) and (0,2). However there can not be one of the first type as Q?(S') = 0. This implies
that the component w; 1) of bidegree (1,1) is closed under the de Rham differential and
thus represents a cohomology class [w( )] € H HaGy).

By our assumption this cohomology class is uniquely defined by its image under uj.
Also, we find that on 1-forms we have

’LL; o dN = —’Uj{,

which we can compute as each of the three components d; of djs satisfies an analogous
relation (and the signs add up correctly). As we assumed w to be closed under the total
differential, we have that

dn(w(i,1)) = — dar(w(o,2))
and
ui(w(i,1)) = —uz(dy(wa 1)) = dar (u3(w(o,2)))-
So by the assumption that u} is an injective map on H'(G7) we find that w(1,1) must
represent a trivial cohomology class. Furthermore, any preimage v/ of w(1,1) under dgr

satisfies that
w—d()

is a closed element of total degree 2 with vanishing component in bidegree (1,1).
Let us assume without loss of generality that already w(; 1) = 0. This implies that

dar (w(o,2)) = 0

and hence w(g ) is a locally constant function. As we assumed G to be connected the
function is globally constant.

If we let 1o 1y € Q°(G1) = C*°(G1) be the corresponding constant function on G, we
obtain that

dar(v(0,1)) =0
and
dnv (Y(0,1)) = —w(0,2)5

as all of the components of dys map constant functions to the corresponding constant
functions of G5 and the signs add up accordingly.
So we find
w +d(,1)) =0

implying that w is exact with respect to the total differential of the Bott—Shulman—Stasheff
complex. 0

Interestingly, there is another interpretation of the totalisation of the bicomplex Qpss(G)
aside from the cohomology of [Go//G1].

Definition 0.2.35. Let X be a simplicial manifold. Then the geometric realisation
|| X|| of X is given by the topological space

|| X|| = colimpyjcpor Ap X X
Theorem 0.2.36 ([9], p. 51). Let X be a simplicial manifold. Then we have that

H* (|| X[[;R) = H*(Tot(2pss(X;R))).
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Remark. The precise statement of [9] requires all X, to be paracompact. As we require
manifolds to be second countable, we may omit this condition.

Corollary 0.2.37. Let G be a Lie groupoid and [Gy//G1] its associated differentiable
stack. We have that

Hpigstack ([Go//G1l;R) = H* (JIN(G)][; R).

This statement has multiple consequences. We can use it for example to relate dif-
ferentiable stack cohomology back to equivariant cohomology, which we will see via the
following examples.

Example 0.2.38. Consider the action of a Lie group G on itself. The associated action
groupoid G is Morita equivalent to the trivial groupoid {*} = {x} by

gxg g {*}

N

While the stack corresponding to [#//x] is quite easy to spell out (see Example 0.2.4),
considering the isomorphic stack [G1//Gp] has some geometric advantages. This stack
is sometimes referred to as EG because its connection to the corresponding topological
space.

We know that G has its simplicial nerve given by

Gpn=GxGx---xg,

where there are n+1 copies of G. The simplicial face maps are given by either omitting the
first coordinate in case of dy or multiplying adjacent elements in case of d; for 1 < i < n.
This means that if we define the right action of G on G, by multiplying the right-most
coordinate from the right, i.e.

G, xG— G,
(Zag) = (217 <oy Rny Z,ag) € Gy — (Z17 <oy Ry M(Zl’g))
all face maps are G-equivariant. The same holds for the degeneracy maps that introduce
a unit in one of the first n coordinates (from left to right, i.e. any but the right-most
component). So the G-action will induce a well-defined action on ||NV(G)||. However, we
also have that ||[NV(G)|| is contractible. This can either be seen explicitly or by applying
the earlier fact that [Go//G1] is equivalent to [«] (cf. [40], Proposition 2.1.).

This means, that we can consider |[N(G)]| to be a model of the topological space EG
and its quotient by the action of G to be the corresponding model for BG. However, by
our explicit construction

BG :=EG/G = [IN(G)||/G
has a very explicit form. It is given by the simplicial realisation ||X|| of the simplicial
manifold for which
X, =N(G),/G
with the induced simplicial maps. This description, however, is precisely given by

X = N(H)

for the action Lie groupoid H of the trivial action of G on {*}. So in particular, we have
now seen that for coefficients in R holds that

H5({*}) = H*(BG) = H*([INV(H)]]).
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Example 0.2.39. Let M be a manifold. We can consider the left action of a Lie group G
on the manifold G x M by only acting on the first component of the product. Consider the
associated action Lie groupoid Ggxps. Similarly to Example 0.2.38, we can then construct
IV (Ggxa)|| and relate it to EG. As taking the product with M and taking the colimit
over [n] € A°® commutes, we find that

[IV(Ggxan)ll = IN(Gg)l| x M = EG x M,

where GGg denotes the action Lie groupoid of G acting on itself.
If we further have a left G-action on M, this is given by a map

H(GoM) g x M — M.

If we interpret this as an equivariant map (due to associativity) with respect to the cor-
responding G-actions on each space, we obtain a morphism ¢, : Ggxy — Gy of the
associated action Lie groupoids. It can be extended to a morphism of the respective
simplicial nerves and therefore to a continuous map

EG x M = ||IN(Ggxum)l| = [IN(Gum)l|-
Additionally, we can consider the induced left G-action on (Ggxar)n given by
IV (@)ll = G X (Ggxar)n — (Ggxar)n
(Zag) - (Zlv <oy Rny z/,m,g) € Gp— (Zl, s 7zn7ﬂ(gog)(zlag_l)7 H(gOM)(g7m))

By construction, this is precisely the diagonal action on EG x M. Furthermore, we have
that the image of an element under ¢, is invariant under the action. Because the action
of G on the fibres of ¢, is free and transitive, we have that [N (¢,)|| exhibits [N (Gas)|]
as the quotient of £G x M by the diagonal action.

In particular, this implies that for coefficients in R holds that

H({+}) = H*(EG/G) = H*(|IN(Gm)l|)-

This example shows that equivariant cohomology agrees with the differentiable stack
cohomology of the stack defined by an action groupoid.

Corollary 0.2.40 (cf. [2], p. 10). Let G be the action groupoid of an action L : G O M.
Then

Hpiftstack ([Go//G1]) = Hg(M).
Proof. By Corollary 0.2.37 we have that
Hpygistack([Go//G1l;R) = H* ([IN(G)|; R).
However, in the previous Example 0.2.39 we have seen that
V(@) = EG x M/G,
such that we recover equivariant cohomology. O

The close relations between the different notions explored here can help to compute
the differentiable stack cohomology of differentiable stacks associated to Lie groupoids.
The following is an example that we will encounter again later.
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Example 0.2.41. Consider the action groupoid S associated to the action of T? with its
product group structure acting trivially on S'. Then we can apply Corollary 0.2.40 to
obtain

Hpisistack([S0//S1]) = Hr2(S")
and then Theorem 0.1.7 (simplified in analogy to Example 0.1.10) to obtain

Hyo(S') = H ((S") @ S*(R2), dcan)
AS dCart = O on SO(RZ) and dCart = ddR on Q(Sl)’ we have
H (QS") ® 5*(R?),dcart) = (R (dz) - R) @ Rlu, v].

So we may consider differentiable stack cohomology as a generalisation of equivariant
cohomology in the sense of the following schematic picture:

Lie groupoid

Manifold with
Lie group action

Homotopy
Quotient

Differentiable
M x EG/G
Stack /

Cohomology
Ring

Note that the “inner” one of the half-circles describes a diagram that is already familiar:
It describes the construction of equivariant cohomology covered earlier in the schematic
on page 25. The “outer” diagram describes its generalisation to the differentiable stack
cohomology associated to a Lie groupoid.

In the diagram we constructed for equivariant cohomology, we have now replaced
manifolds with Lie group actions by Lie groupoids. The construction of an action Lie
groupoid (cf. Example 0.2.13) is a natural way of understanding this as a generalisation
of the objects we concern ourselves with. The findings of Example 0.2.39 also indicates
that we can understand differentiable stacks as a generalisation of the homotopy quotients
of the previous diagram, however, the result was only obtained for the stack associated to
an action groupoid. This is indicated by the dotted line.
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If we return to the original diagram on page 25, we find however, that the construction
described and generalised here was the “difficult” one from the definition. There was also
an “easy” computation using the Cartan model. The question that we concern ourselves
with in this thesis is now natural: Is there a generalisation of the “easy” half of the
original diagram? In other words: Is there a construction to generalise the models for
equivariant cohomology, such that we can start from a groupoid and obtain a model for
its differentiable stack cohomology?

0.3 Generalising the Weil and Cartan models

The geometric equivalent of differentiating a Lie group action to a Lie algebra action is
differentiating a Lie groupoid to a Lie algebroid. However, when trying to generalise or
even describe the Weil and Cartan model constructions in this setting, there is a hindrance:
The Cartan and Weil models of a Lie algebra action do at first glance not only depend on
the action Lie algebroid, but on the Lie algebra action, which can not be recovered from
an action Lie algebroid. This is why, at least intermittently, the product structure of the
action Lie algebroid is remembered through the extra datum of a connection.

The same arguments can a priori be made with regards to the ambient Weil algebra.
However, for this, there is indeed an independent description. We will mainly follow [32]
by Mehta and [1] by Abad, who described different viewpoints on this algebra, one using
supergeometry, the other representations up to homotopy.

Definition 0.3.1. (cf. [1], p.41) Let A — Gj be a Lie algebroid and V a T'Gy-connection
on A, i.e. a connection on A as an ordinary vector bundle. Then the associated Weil
algebra W(A, V) is given by

WA, V)= @ T(Go,N'T*Goy& N'g* @ SU(g")).
p+r+2q

This definition is actually not the preferred one in either source, even though it will
for our purposes in this section be the most convenient one. The conceptual picture has
its own advantages, however, especially with defining the differential.

Definition 0.3.2 (cf. [32], p. 71). Let A — Gy be a Lie algebroid. Then the associated
WEeil algebra W(A) is given by

W(A) == C2(T1(A[L]))-

Here, T[1](A[1]) denotes the Z-graded supermanifold obtained by applying the shifted
tangent functor T'[1] to the supermanifold A[1]. This, in turn, is obtained through a con-
struction that associates a supermanifold to a vector bundle, where the bundle coordinates
are functions of degree 1.

Remark. There are different conventions on how to denote the functor T[1]. In the
original, the functor is actually denoted [—1]T, while we adhere to the notation used for
example in [6] (cf. p. 69).

Lemma 0.3.3 (cf. [32], p. 74). The choice of a connection V induces an algebra iso-
morphism

W(A) = W(A, V).

Again, there will be two equivalent differentials on this generalised Weil algebra. We
will first denote them in coordinates and then refer to the more conceptual description.
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Proposition 0.3.4 (cf. [32], pp. 23, 36). Let A be a Lie algebroid and ¥V a connection on
A. There is a canonical differential on W(A) induced by the structure of W(A) as differ-
ential forms on a supermanifold. This induces a corresponding differential on W(A, V).
We will denote it doart -

Consider a local basis X; € T'(U, A) of A as a vector bundle and the corresponding dual
basis 0° € T'(U, A*). The equations

% dx® + plf’

i a i opiy i Y[ a ki alpi ) gk A pl
0" rda® T 00+l — 5 (ckyl—p L N vraﬁl)e Y
u! »—>Ffm (dz* @ u?)

1 {0c , — pfTt , + perI® . A . A
+( bk DOl Ty — AT TS | (e @ 05 )

2 Ox®
+ (g = AT+ T8 ) 0 @ U™
— S (€ AT+ AT (05 A0 o)
describe this differential on W(A, V).

Remark. In Mehta, these equations are not spelled out as explicitly for the given case.
They are spelled out in local coordinates on a supermanifold, which correspond to a local
connection on A which is flat.

In this case we have that the Christoffel symbols vanish. For the more general case,
we have to precisely analyse how the structure coefficients c;k behave under coordinate
changes. The terms A A A

Cop = Chy— Pilaj T P5 ok
that appear precisely satisfy the equation
1 Xi = (X5, Xi

at some point m € Gy whenever X; = X, at m and X is V-horizontal and the analogous
condition holds for Xj.
These computations and equations may look complicated at first, but note that if all
X, are V-horizontal at m € U, we have that the differential reduces to
0" — 2" at m
2t 0at m
where )
2= - 2 (chy = AT + PRTG) 0% A6
This term generally corresponds to the z° that are mentioned in a previous remark on
page 24 as an alternate choice of coordinates for the Weil algebra. It will become more
important for the Weil differential.
Also, note that we can compute that under the Cartan differential

Hp? . . . . 1 . .
da v —SErda @ 0' — piul — pfT, j(da® © 67) — Spf (oL — pfTY 1) (6 161,

In analogy to the two differentials on the extended Weil algebra as in Proposition
0.1.15 and Proposition 0.1.16, there is a second canonical differential on W(A). However,
it is less important for our context.
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Proposition 0.3.5 (cf. [32], p. 72). The canonically defined differential on W(A) of
Proposition 0.3.4 is related to a different differential, denoted dwei, by the Mathai-Quillen
isomorphism
v = exp(td,)-

Remark. If you consider the Mathai-Quillen isomorphism mentioned as Theorem 0.1.17
(i.e. the one of [24], cf. pp. 41-42), it corresponds to the identity on elements of the second
tensor factor, i.e. the Weil algebra of the Lie algebroid. This Mathai-Quillen isomorphism
of Mehta does not do the same - its morphism on the part corresponding to the algebroid is
given precisely by the change of coordinates from the x4 to the z* mentioned in a previous
remark on page 44.

Definition 0.3.6 (cf. [32], p. 74). Consider W(A, V) and let X € I'(Gp, A) be a section
of the Lie algebroid. Define the C'*°(Gy)-linear degree —1 derivation

tx WA, V) - W(A,V)
by
dz® —0
0° (6%, X)
u' 0.
Furthermore define the degree 0 derivation
Lx = [dcart, tx]-
A form w € W(A, V) is V-horizontal if
txw =10
for all X € I'(Gy, A). A form w is V-basic, if it is horizontal and satisfies
Lxw=20
for all X € I'(Gy, A).

Remark. Note that the Cartan calculus does not hold any more, at least in part. However,
by definition, we still have the required identities such that the Cartan differential maps
basic forms to basic forms. This can be seen as a generalisation of the structure of a
g-differential graded R-algebra of Definition 0.1.14.

Definition 0.3.7. Define the Mehta generalisation of the Cartan model as the
differential graded algebra given by

AV ehtaCartan (A) := {w € W(A, V) where w is basic} C W(A, V).

Define the Mehta generalisation of the Weil model AY ;.. we.i(4) as the dif-
ferential graded algebra that corresponds to Aﬁehta_Cartan(A) under the Mathai-Quillen-
isomorphism of Proposition 0.3.5.

These algebras are now the counterparts to the classical Weil and Cartan models
established in Proposition 0.1.15 and Proposition 0.1.16. However, the definition of ¢x
depends a priori on the choice of the connection V.

It is now a natural question to ask if there again is a generalised interpretation of ¢x.
One could hope that even if V # V' the corresponding dg-algebras AI\V/Iehta_Cartan(A) and
Al\v/l/ehta—Cartan(A) are isomorphic. The answer to this is negative, as we are about to see.
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Example 0.3.8. Consider S! acting on the first component of T? = S' xS!. The associated
algebroid is given by
R x St x St — st x St

For the canonical connection V* on A induced by the product structure of this action
algebroid we have (cf. [32], p. 75) that

W(A,V*) = W(g, T?)

and that o
A&ehta—Cartan(A) = (Q(TQ) ® S. (g*)) .
This means that we can compute

H* (A&:hta-Cartan (A)) = él (TQ) ~ H* (Sl)

by Theorem 0.1.7 and Corollary 0.1.5 (about equivariant cohomology of free actions). In
particular, we can note that
H*(W(A, V™)) = 0.

Example 0.3.9. Consider the algebroid
R x St x §* — st x st.
of the previous example (Example 0.3.8). Any non-constant, non-vanishing function
fi:St=R
induces a function f = prj(fi) and a connection V7 on A given by
X(Go) x I'(Go, A) — T'(Go, A)

(X,a)HfV?((}-a),

where V> denotes the connection with respect to the product structure.
The Mehta-Cartan model for (A, V/) is given by

f [ (] (A,Vf)
‘Al\v/[ehta—Cartan(A) = (P(Sl X Sl? A T*(Sl X Sl) X S (A*))) .
As the connection is flat and has trivial holonomy, with constant global sections of the
form f - ¢ where ¢ is constant with respect to the product structure, we can express the
invariance of a form

w e D(St x SHAT*(S! x SY) ® §°(A%))

as
Lfc(w)=0

for any ¢ € R when interpreted as a constant global section of the product.
We can compute that

'Cf~c =f-Lc+ ddR(f) e
In particular, on I'(Gg, S®*(A*)) the action is given by

Lic=f-Le.
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This means that w € I'(Gg, S*(A*)) is invariant (and thus basic) if on each orbit S' x {t}
it corresponds to a constant section with respect to the product structure.
If we now consider the global section

y=f-duel(S' xSt A*) c T(S! x St A T*(S! x St @ §1(A4%)),

it satisfies this condition. Here, we denote by u the frame of A* induced by the product
structure corresponding to the unit covector of S'. Furthermore, as it is horizontal with
respect to V/, we have that

dCart (’Y) =0.

Let us now consider a V-basic form

we (T(S x S, AT*(S! x S1) @ §°(4%))) V")

of total degree 1. Automatically, w € (Q!(S' x Sl))(A’Vf). Furthermore
Ly.cw =0,

which implies that

Lexp(f-ow =0
for the left action L of S' on T? that we derived the algebroid from.

However, we have that when ¢ = fl%;) for some n; € S! then at any point m =

(n1,n2) € T? we have exp(f - ¢)(m) = 1,,. Furthermore, whenever dqr(f)(m) # 0, we
have that exp(f - ¢) is not tangent to the unit section at m. If we analyse

(Lexp(f-¢))x : TnT? = T T2,

we find that
(Lexp(f-¢))+ — id : Ty T? = T, T?

is contained in the bundle T,,S! x {0} C T,,T? as the action on T? leaves its second
component fixed. Note that this bundle coincides with the foliation bundle Fy of the
orbits. The latter map is non-vanishing at m whenever dgr(f) is non-vanishing at m:
We can consider the associated maps to T(oy ) A, where f - ¢ and the constant section 27
induce maps 7,,T? — T(2r,m)A that only differ by vertical vectors precisely corresponding
to the directional derivatives of f. Furthermore, T exp is an immersion on each fibre of the
algebroid as the group is abelian and T't o T exp is injective as the action is furthermore
free. In particular, as Fy is one-dimensional, the image of (Leyp(f.c))« — id in that case is
(Fo),, entirely.
Because

(L;Xp(f_c) — id) (W) =w—-—w=
it follows that for any Y € T,,,T? holds
U(Loxp(fey)=—id) ()& = LY ( oxp(f-c) ~ id) (w)=0

and therefore w(m) must vanish under tx for any X € (Fy),,. So when we restrict w to
the saturated open subset

U :={m = (n1,n2) € T? s.t. dar(f1)(m1) # 0} C T
z{m e St sit. dar(f1)(n1) # 0} x St ¢ T?
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we actually obtain a form
w’U € Q%)as(U)7
meaning that also
dcart (@]r) = dar (W]r) € Qi (V).

In particular, we have that |y is not in the image of the Cartan differential on U.
As the Cartan differential is local, we find that also 7 is not in the image of the Cartan
differential on T2. This means that

] e H? <AMehta Cartan(A))

is a non-trivial cohomology class.

These examples show, that the choice of V is vital not only for the isomorphism class

of A epta.Cartan (A) as a chain complex or differential graded R-algebra (and subsequently
the isomorphism class of AYc.wei(4)), but also for their cohomology.

0.4 A counterexample to infinitesimality

We can summarise the previous results on generalising our construction in the schematic
picture

Lie groupoid

\_/ Lie algebroid
Differentiable J

Stack

v i Lie algebroid
with connection

Bott-Shulman-

Stasheff complex
L N Weilor Cartan

type construction

Cohomology
Ring

where on the right side, we only know how to construct the solid blue arrows. To com-
plete the construction via the generalised Weil algebra, we still need to construct one of
the dotted blue ones. This means, we want to consider constructions that assign a Lie
algebroid with a connection to a Lie groupoid (or directly to a Lie algebroid). The latest
considerations have shown that this can not be solved trivially by an arbitrary assignment.

There is a choice to be made here on how to proceed: Which one of the dotted arrows
should one aim to construct? Or mathematically: Should we aim for a construction that
associates a suitable connection to a Lie algebroid or instead aim only for a construction
of a suitable Lie algebroid with a connection from a Lie groupoid? Note that the latter
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option is more general because it means that the associated connection may also depend
on global data.

In the following, we will give an example that implies that this dependence on global
data is indeed necessary. Any construction of a connection on infinitesimal data alone
(meaning only on the Lie algebroid) can not succeed on a sufficiently large class of Lie
groupoids.

Definition 0.4.1. A Lie group bundle is a Lie groupoid satisfying that s = ¢, i.e.
source and target map agree.

Lemma 0.4.2. Consider Gy and Gy manifolds and 7w : Gu — G a surjective submersion.
Then the smooth maps u, 1, (=)~ equip G1 = Gy with s =t = m with the structure of a
Lie group bundle if and only if they equip every fibre of m with a group structure.

Proof. This follows immediately, as the conditions of a Lie groupoid are either given by
source-target-compatibilities, which become trivial for s = ¢, or unitality, associativity and
inverses, which are precisely the properties of a group. ]

Example 0.4.3. Consider
p:RZx St — st
Then the fibrewise group structure of R? with addition defines a Lie group bundle R. We

can furthermore consider the standard Riemannian metric on R? as a smooth family of
Riemannian metrics on each fibre of the bundle.

Example 0.4.4. Consider
p:T? xSt - st

~

Then the fibrewise group structure of T2 2 (R/27Z)? with addition defines a Lie group
bundle S. By construction, the map

R?2xS' - T2 xS!

is a quotient map which is a group homomorphism in every fibre. In particular, it induces
a Lie group homomorphism R — S, where R denotes the Lie group bundle of Example
0.4.3. The preimage of the unit section is given by the groupoid

(2nZ)? x St — S,

which in every fibre is given by a discrete subset of R?. The Riemannian metric of R?
descends to T2, as it is translation invariant.

Lemma 0.4.5. Consider the groupoid S of Example 0.4.4. We have that its associated
Lie algebroid Ag is trivial.

Proof. Let R be the Lie group bundle of Example 0.4.3. We have that Ag = Ag, as the
open sets
{x € Ry such that u(z,1,)) < 7}

and
{r € Sy such that u(z, 1,4)) < 7}

are diffeomorphic by the quotient map (because the minimal distance between two points
that are identified in the quotient is 27, the restriction has trivial fibres). The restriction
of the groupoid structure on both opens is compatible with the quotient map, hence the
induced map on algebroids must be an isomorphism.
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For R, we have that as it is a trivial group bundle the Lie algebroid will be trivial as a
vector bundle and p = 0. Furthermore, as R has abelian fibres, the Lie bracket vanishes.
So Ar = Ag is also trivial in that regard. O

Remark. We could have applied a similar argument to Ag itself, but the method above
will generalise to non-trivial torus bundles.

Example 0.4.6. Consider the Lie group bundle R given by
p:R? xSt — st
as in Example 0.4.3 and consider the following subset:
b= 0 o x e (5 SO (2090
Note that this is indeed well-defined: Even though we have that
27 - cos((¢ + 2m) /4) 27 - cos(¢/4)
<27r sin((¢ + 27r>/4)> 7 (% - sin(¢/4)> :

as well as

(ot vamn ) * (o o)

meaning that the expressions in the definition are not well-defined, we have instead that

<27r -cos((¢ + 27r)/4))
27 - sin((¢ + 27)/4)

= (o)

as well as
=27 -sin((¢ + 2m)/4)\ _ [—2m - cos(¢/4)
< 27 - cos((¢ + 2m) /4) > N <—27r . sin(¢/4)> ’
meaning that the lattice is spanned by the same set of vectors up to scaling by —1. This
makes it well-defined.

We have that L; = S! defines a subgroupoid of R: Locally, a smooth choice of the two
generators (for example the one from the definition outside of ¢ = 0) define a trivialisation
of p|r : L — S! as a fibre bundle, in which all the fibres are isomorphic to Z2?. Hence
L1 carries the structure of an embedded submanifold. Note that the generalisation also
induce a (non-standard) compatible trivialisation of R. Furthermore, the lattice carries
the structure of a fibrewise subgroup by definition. The fibrewise structure maps are
compatible with the trivialisation of L; previously described, such that they are indeed
not only fibrewise but globally smooth. Hence restricting the groupoid structure of R to
L gives indeed rise to an inclusion of groupoids L C R.

Example 0.4.7. Consider the Lie group bundle R with fibre R? of Example 0.4.3 and
the Lie group subbundle L. C R with lattice fibres of Example 0.4.6. As over every fibre,
L defines a normal subgroup of R, we can consider T := R/L, which at ¢ € S! has the

fibre ‘
/(0 ) () o

As we have discussed in Example 0.4.6 that L is a locally trivial bundle and its trivial-
isation (the parametrisation of the basis vectors spanning the lattice) is compatible with
a trivialisation of R, we have that the same trivialisation establishes T" a locally trivial
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smooth torus bundle. Furthermore, these trivialisations are compatible with the fibrewise
group structures, such that there is a well-defined Lie groupoid structure on 7" such that
the canonical map R — T is a Lie groupoid homomorphism.

Furthermore, we have that the smooth family of metrics on the fibres of R descend
to a smooth family of metrics on the fibres of T as the standard Riemannian metric
on R? is translation and rotation invariant (the rotation invariance is relevant for the
local trivialisation of the lattice, as it induces a non-standard local trivialisation of R by
fibrewise rotation).

Lemma 0.4.8. Consider the Lie groupoid T of Example 0.4.7. Then the corresponding
Lie algebroid Ar is trivial.

Proof. Let R denote the Lie groupoid of Example 0.4.3. We have that Ar = Ap, as the
open sets
{z € Ry such that u(z,1,)) < 7}

and
{z € T1 such that p(z,1,,)) < 7}

are diffeomorphic under the quotient map (because the minimal distance between two
points that are identified in the quotient is 2w the quotient map is an isomorphism on
these). The restriction of the groupoid structure on both opens is compatible with the
quotient map, and hence this describes a diffeomorphism inducing an isomorphism on the
algebroids. As we have that Ap ~ R? x S! and p = 0 for Ar (the Lie algebroid of a trivial
Lie group bundle is a trivial Lie algebra bundle), and furthermore the brackets on Ag
vanish as R has abelian fibres, the same must be true for Ap. O

Lemma 0.4.9. For Ty the morphisms of the groupoid in Example 0.4.7, we have that
HYTy) ~R and
(w1)*: HY(Ty) — HY(SY)

s an isomorphism.

Proof. We have that T; is compact as S is compact and 77 is a fibre bundle with compact
fibres. As additionally, the unit section is a global section of the projection, we have
that the homology Hi(T}) is generated by three elements c,t1,t2, where ¢ is the image
of the generator of H1(S!) under the unit section and #; and ty are the homology classes
corresponding to generators of Hi(T?) of the torus fibre at an arbitrary but fixed point
m € S'. However, we have that the holonomy of L imposes relations on the generators.
We have that 71 (S') = Z acts via torus automorphisms on the fibre over m, where the
explicit form of L implies that the automorphism corresponding to 1 is given by

0 -1
(1)

This tells us that in H;(77) all homology classes generated by ¢; and t2 are equivalent
that correspond to each other via this action. However, this in particular identifies t; with
to and then —t; and to similarly with —fs. As the coefficient ring R we are considering is
torsion-free, this implies [t1] = [t2] = [0].

Hence we have that H;(77) has at most one generator, ¢, but as this projects to the
generator of Hi(S') under the projection, it can not be 0. So indeed

Hl(Tl) ~c-R.
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As H'(Ty;R) is dual to H;(T1;R) by the universal coefficient theorem (cf. [25], Theorem
3.2.), we hence have
HY(T)) = ¢ -R.

By construction, ¢ was precisely the image of the generator of Hy(S!), such that (u1)*(c*)
is the dual generator of H'(S'). In particular, the map (u1)* induces an isomorphism
between the two cohomology groups. O

Proposition 0.4.10. The two Lie groupoids S and T of Example 0.4.4 and Example 0.4.7
differentiate to Lie algebroids which satisfy that

AS = AT7

while we also have
Hpigstack([So//51]) # Hpigstack ([T0//T1])-

Proof. We have by Lemma 0.4.5 and Lemma 0.4.8 that
Asg = Ar = Ar

are trivial Lie algebroids and isomorphic.
Furthermore, we know by Lemma 0.4.9 that the necessary conditions are satisfied to
apply Lemma 0.2.34. This implies that

Hpstack([T0//T1]) = 0.
At the same time we know by Example 0.2.41 that
Hpifrstack ([S0//S1]) = u-R@ v - R,
such that the cohomology rings can not be isomorphic. O

We can note here, that while we were able to compute all of Hy);gq;.q([So0//S1]) in this
proof, we have not yet been able to determine more of Hy);5q. ([T0//11]) than its degree 2
component. Later in this thesis, we will be able to be more specific about this cohomology
ring.

Thesis result: Proposition 4.3.21

The cohomology ring of the differentiable stack associated to the torus bundle of Fx-
ample 0.4.7 is given by

H(QU(SY)) @ Rlz,y, 2] /(42" — y(a® — y)),
where x is a generator of degree 4 and y and z are generators of degree 8.
Corollary 0.4.11. Let C be any full subcategory of the category LieGrpd containing both

groupoids S and T of Example 0.4.4 and Example 0.4.7 as objects. The functor from C to
the category dg-R-Alg of differential graded R-algebras given by

G — Hpigstack([Go//G1])
does not factor through the functor

LieGrpd — LieAlgd
G — Ag,
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where Ag denotes the Lie algebroid of G.
Even more, the underlying maps of sets of the objects

Co — (dg-R-Alg),
does not factor through the underlying map of sets
Co — (LieAlgd),, -
In particular, we can not have an assignment
A VA

where VA is a connection on A such that for G € C a Lie groupoid and Ag its associated
Lie algebroid we have

(] (] A
HDiffStack(G) =H (AI\V/Ielia—Cartan(AG)) .

Proof. The second claim (about the maps of sets) implies both the first and the third,
as they would induce such maps. However, these maps can not exist, as S and T have
different images under the cohomology map and the same images under the differentiation
map. O

Unfortunately, the Lie groupoids .S and T" are extremely well-behaved. They are proper,
have compact object and morphism spaces, have orbits only containing a single point each
and admit flat Cartan connections. So the previous fact applies to a lot of categories C
that might be willing to restrict ourselves to.

In consequence, we will aim to generalise the differentiation functor from Lie groups
to Lie algebras in a different way than usual. This will turn out to be an endeavour that,
albeit complicated, will yield new results on models for differentiable stack cohomology.

Lie groupoid

Lie algebroid

Differentiable
Stack

Lie algebroid
with connection

Bott—Shulman—

K
Stasheff complex
L N Weilor Cartan

type construction

Cohomology
Ring
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To be precise, we will in this thesis construct the missing dashed arrow of the right
side of the diagram - at least for any regular groupoid - and show that there is a model
for differentiable stack cohomology in this case, which is in some sense related to the
Mehta-Cartan model. The construction will not be canonical, but depend on a choice of
connection on the Lie groupoid. We will later see that result of the Cartan type model we
will describe is, however, canonical.

With this outlook, we will conclude this chapter. This exposition, of course, can not be
understood as a complete overview of the ideas and methods that we will build upon. For
example, Abad constructed a van-Est-map from the normalised subcomplex of the Bott—
Shulman—Stasheff complex to the Weil algebra with certain cohomological properties (cf.
[1], Theorem 3.5.1.) and a spectral sequence computing differentiable stack cohomology
(cf. [1], Theorem 5.3.2.) which is a technique that we will also use in Chapter 4. However,
I do hope that this chapter has been a helpful survey of both the setting and aim of the
problem of finding infinitesimal models for differentiable stack cohomology, as well as of
the most crucial notions, advances and examples.



Chapter 1

Structures on a regular groupoid

In this chapter we will turn from the theoretical background of computing differentiable
stack cohomology to the world of Lie groupoids - in particular proper and regular ones.
This section will cover everything from notational conventions about the simplicial
nerve, to concepts we will aim to use, such as the jet groupoids, from motivational ex-
amples and auxiliary definitions to very general and strong linearisation results about Lie
groupoids. The relation of many of these concepts to the Bott—Shulman—Stasheff bicom-
plex or differentiable stack cohomology will not always be apparent in this chapter yet.

1.1 Groupoid actions and other preliminaries

Aim of this section: Definitions and Concepts

What is a regular groupoid? What are interesting structures on groupoids? What
are groupoid actions?

The beginning of this thesis is mostly an overview of concepts that are well-known in
higher differential geometry and a set-up of notational conventions. It will also include a
lot of examples, in particular regarding Lie groupoid actions. These are a concept central
to this thesis and many of the examples will be reoccurring throughout all chapters.

We will start this chapter by establishing some general facts about Lie groupoids, in
particular proper and regular ones. We will then turn to study Lie groupoid actions. The
main concepts in this section are often well-known and either commonly taught or easily
checked. I claim no originality of the results presented here.

Remark. Recall the definition of the nerve of a Lie groupoid from Definition 0.2.23:
Consider a Lie groupoid G. The nerve of G is defined as the simplicial manifold
N(G) defined by

- st st st
[q] — Gq = Gl XGO Gl XGO s XGO Gl,

where G, is referred to as the manifold of g-composable arrows, where there are ¢
copies of G7 in the pull-back.
The corresponding face maps are given by

di : Gq — Gq_l

(2’1,...,Zq) — (...,u(zi,zi+1),...)

95
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and the corresponding degeneracy maps by

s; 1 Gy = G
(21,0, 2¢) = (o oy Zi Lo,y Zit, - )
where m = s(z;) = t(zi41).
Definition 1.1.1. For each G, with ¢ > 1 and each 1 <1i < g we denote by
pr; : Gy — Gy

the projection to i-th component, i.e. the map respectively given by

G1 Xs’t Gl Xs’t . Xs’t G1
| | |
pTry pro Py
v + -
G G1 e G1.

Definition 1.1.2. For each G, with ¢ > 1 and each 0 < ¢ < g we denote by
pfl 1 Gy — Go

the projection to i-th vertex, i.e. the map given by

Gy x5t Gy xst .. x5t Gy
Pg G1 pé G4 Pg . pﬁf‘” G1
£ /N l /N l l /N
t S t S t s
v (VY \ v \
Go Go Gy . Go Go.

For ¢ = 0, we define p8 =id : Gy — Gy.

Example 1.1.3. Consider a Lie group bundle G, i.e. a Lie groupoid with s = ¢. We then

have 4
py = topr,
and
prH =sopr;.

But the codomain of pr; is G, on which we have s = ¢. This then implies pfl = pz“ for
allOSiSq—landthereforepf]:p{]forallogigqandogqu.

Remark. Recall the definition of the unit maps u, to general levels of the nerve from
Definition 0.2.24:
The maps uq : Go — G4 defined by

are referred to as the unit maps.

Lemma 1.1.4. Consider any q € N>1. Then there is an isomorphism
(ug)*TGq = TGy & A%

as vector bundles over Gy.
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Proof. For ¢ = 1, we have that T's is a surjective vector bundle map between (u1)*T'Gq
and T'Gy for which Tu; defines a section. Therefore

(ul)*TGl =TGy P (ker(Ts) N (ul)*TGl) ,

where the latter is precisely A. Similarly for G,, we have that T'p defines a projection to
TGy and T'ugy a section of it, such that

(uq) TGy =TGo @ (ker(Tpg) N (ug)*TGy).

Now under the projection T'pr, to the right-most copy of T'Gy, we have that ker(T'pd)
projects to A. We can define a section of this projection by mapping

X € Ay (Tur(p(X)), ..., T (p(X)), X)

such that
(ug)* TGy = TGo @ (ker(T'pry) N (ug) " TGy) & A.

However, we have that being in the kernel of 7' pr, automatically implies that the tangent

vector vanishes under Tpg_1 as well. We can inductively apply the same argument with
the analogous construction of a section of the form

X € Ay s (Tur(p(X)), ..., Tur (p(X)), X,0,...).

Note that this defines a section to ker(Tpk) N, +1<i<q ker(T'pr;), which is necessary for
the induction. The procedure ends for £ = 1, where we obtain

ker(Tpé) N ﬂ ker(7T pr;) = m ker(T'pr;) | ® A=A,

2<i<q 1<i<q
such that the decomposition yields ¢ copies of A in total. O

Lemma 1.1.5. All maps pr; andpg : Gg — Go are surjective submersions. In particular,
for every m € Gy, the space (py)~(m) is a natural embedded submanifold of G,.

Proof. Pull-backs of surjective submersions along arbitrary functions are surjective sub-
mersions as well (this follows from the local form as a projection). We can apply this fact
to find that all projections pr; from G, to the G1, which are pull-backs of the identity, are
surjective submersions as well. Hence also the concatenations of pr; with either s or ¢ are
surjective submersions, implying the statement for pj with ¢ > 0. For ¢ = 0, the identity
is a surjective submersion as well.

The fact on the embedding of the fibres follows from the local form of a surjective
submersion (cf. [30], Theorem 4.12). O

Lemma 1.1.6. Let G be a Lie groupoid, g € N>y and
diyo---od;,
the concatenation of any choice of face maps. Then there is some 0 <1 < q such that

dilo'--odiq:pfl.
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Proof. For ¢ = 1, this follows by definition. For ¢ > 1, we can see this inductively, as
almost all components are retained under d;, meaning so are their sources and targets, and
multiplying two adjacent arrows z; and z;41 will map to an element of which its source
agrees with s(zj41) and its target agrees with ¢(z;), which are both maps described by p}
for either =35 —1orl=j+1. O

We will now turn from basic notions related to the simplicial structure of G to basic
notions about its geometry.

Definition 1.1.7. A Lie groupoid G is proper if the map
(t,S) : G1 — Go X Go
is proper.

In this thesis, we are mainly concerning ourselves with proper and regular groupoids.
Before we define regularity in the context of groupoids, let us recall the definition of a
foliation and the Frobenius theorem.

Definition 1.1.8 (cf. [30], p. 501). We define a (regular) foliation of dimension
[ on a manifold Gy to be a collection F' of disjoint, connected, non-empty, immersed k-
dimensional submanifolds of Gy (called the leaves of the foliation), whose union is Gj.
They need to satisfy that in a neighbourhood of each point m € Gg there exists a flat
chart for F', i.e. a chart U — Gy where U C R" is a cube, and each submanifold in F'
intersects U in either the empty set or a countable union of I-dimensional slices of the
form

Remark. For any point m € Gy, the definition (F),, = T,,L C T,,Go, where L € F is
the leaf containing m, defines a regular subbundle F of T'Gy which is involutive. In local
coordinates, it takes the form

TR' x {0, }yern—t C TR™,

Theorem 1.1.9 (Frobenius, cf. [30], Theorem 19.12., Theorem 19.21.). Every involutive
distribution is completely integrable. Let Foy be an involutive distribution on a smooth
manifold Go. The collection of all mazimal connected integral manifolds of Fo forms a
foliation of Gy.

These considerations now allow us to think of (regular) foliations as (regular) involutive
distributions.

Definition 1.1.10. Let G be a groupoid (not necessarily a Lie groupoid). For any m € Go,
we denote the orbit O,, as the set given by

Om = {n € Gy s.t. 3z € Gy with t(z) = n, s(z) = m}.
Lemma 1.1.11. We have that
m~n:neO,

is an equivalence relation.
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Proof. Consider x € G such that t(x) = n and s(x) = m. Then z~! satisfies that
t(x) = m and s(x) = n and hence witnesses m € O,,. Therefore, the relation is symmetric.
Unitality follows from the existence of units. Transitivity can be inferred by multiplying
x with t(z) = n and s(z) = m and y with t(z) =1 and s(x) = n to u(y,z). O

Definition 1.1.12. A Lie groupoid is regular if the foliation Fjy on G induced by the
orbits is a regular foliation, i.e. if the bundle Fy defined at any m € Gy by the space

(T1,,t)(T1,, s~ (m)) = p(Am) C TmGo
is a vector bundle of constant rank.

Remark. We could equivalently (using the Frobenius theorem) describe the conditions
necessary for the orbits to be the leaves of a regular foliation. Note that using the de-
scription as above we do not need to state that Fqy is involutive as a requirement, as the
anchor p is a morphism of Lie algebroids. Without applying the Frobenius theorem, it is
not a priori clear that orbits define submanifolds of Gy. In case of regularity of Fy it can
be seen as an automatic consequence, but it can also be shown in the non-regular case,
where they are not necessarily embedded but initial (cf. [14], pp. 177-178).

Lemma 1.1.13. Let G be a regular groupoid. The subset of the associated Lie algebroid
A given by
{X € A st p(X)=0}

defines a Lie subalgebroid.

Proof. The image of the fibre over m € Gg under p is given precisely by
(fo)m = (Tlmt)(TlnLSil(m)) = p(Am)

and by assumption of regularity these spaces construct a vector bundle (in particular the
fibre-wise rank of the map is constant). So we obtain that the rank of ker(p) is constant
and has a vector bundle structure as well. That ker(p) is closed under the Lie bracket
follows immediately as p is a Lie algebra morphism and the zero section is the trivial Lie
subalgebra of TGy — Gy. O]

Definition 1.1.14. Consider a regular Lie groupoid G. We call the subalgebroid
Aiso ={X €Ast. p(X)=0}CA
the isotropy Lie algebroid of G.

Lemma 1.1.15. For every reqular groupoid G, the path-connected components of the
isotropy in G1, i.e. the space given by

(Is0%(@)), =

3o : [0,1] = Gy with ©(0) = 1,, p(1) =
1 {mEGls.t. ¢ :[0,1] = Gy with (0) (1) w}

and s(p(r)) =t(e(r)) =m for 0 <r <1
describes the manifold of morphisms of a Lie groupoid over
(ISOO(G))O = Go.

If G is proper, then Iso®(G) is proper as well.
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Proof. Many properties are already induced by the groupoid structure of G. We need
to check if (ISOO(G))1 is a manifold, if ¢ and s are submersions and if the statement on
properness holds. We can see this by studying the Lie groupoids in the way found in [11],
i.e. by thinking of elements in the Lie groupoid as the endpoints of smooth paths in A.

In a small neighbourhood of the unit section in G1, the subset of (IsoO(G)) | Is precisely
the image of the exponential map restricted to Aigso, regardless of the choice of connection in
the construction. This is because by construction, Ajs, maps to ISOO(G), but also because
locally around the 0-section, elements of A\ Ajs, get mapped along paths projecting under
t to extensions of non-zero tangent vectors and therefore to elements satisfying s # t.
The exponential map is a diffeomorphism locally around the zero section Og, C A. Hence
restricted to this neighbourhood, the manifold structure of Ajs, induces a smooth manifold
structure on Iso®(G).

Furthermore, any element of Iso’(G) can be expressed as the endpoint of a path in
some fibre of Aj, and any such path can always be integrated to a path in (ISOO(G))l.
Hence any local frame on Aj, can be used to extend this element to a smooth local
section of G contained in Iso’(G). We can explicitly check that Iso?(G) is closed under
multiplication, which implies that a local neighbourhood of any section is isomorphic to
a local neighbourhood of the identity section. Thus Iso(G) has the local structure of a
manifold at every point. By the same argument, we can also see that s is a submersion
(as every element extends to a smooth section) and if s is a submersion, so is t.

When considering how the smooth structure on (ISOO(G))1 is induced by the expo-
nential map, we find that as Aig, is closed in A, hence so is (ISOO(G))1 in G (and even
embedded as a submanifold). Hence if G is proper, so is Iso’(G). O

Unsurprisingly, if a groupoid is regular, there are also implications for the associated
nerve.

Proposition 1.1.16. Let G be a regular groupoid and Fy the orbit foliation on G with
associated distribution Fy. Consider the quotient

Q = Go/Fo = Go/ ~,

where ~ denotes the equivalence relation of Lemma 1.1.11, (i.e. m ~n < n € O,,) and
the unique canonical projections mq : G4 — Q. Then the fibres (7rq)_1 induce a regular
foliation on G, with distribution denoted F, satisfying

Fq = (Tpl) ™ (Fo)
for any 0 < i < q. The foliation has rank
lg =g (k1 — ko) + lo,
where ko is the dimension of Gy and ky is the dimension of G1 (and ly is the rank of Fq).

Proof. Fist of all, let us start with showing that the 7, are indeed canonically defined:
Consider the maps pf] for 0 < < g as defined in Definition 1.1.2. Note that for any z € Gy,
all py(z) lie in the same orbit, hence in the same leaf of Fy. So their image in @ is well
defined. This also automatically implies that 7, factors through any pj : G, — Go, and
the preimage of ¢ € Q under 7, agrees with the preimage of the associated leaf (mp)~!(q)
under any pz.

But these leaves of the regular foliation on Gy can be described by their associated
tangent subbundle Fy and the map pfl is a surjective submersion, hence the preimage of
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Fo in TG, defines a regular foliation as well. Thus the fibres (7;) ™! can indeed be written
as the leaves of a regular foliation. The dimension of the foliation is obtained through this
argument as well: The submersion has source G4, which has dimension ¢-k; — (¢ —1) - ko,
target Gy (which has dimension k) and hence the pull-back of a foliation of dimension
increases its rank by ¢ - k1 — q - ko. O

Definition 1.1.17. Let G be a Lie groupoid. Then T'G denotes its associated tangent
groupoid, which is defined as the groupoid with

e object space TG
e morphism space TG
e source map 1's and target map 7't

e the structure maps inherited from G, i.e. multiplication map T i, unit map T'uq; and

inverse map T(e)~ L.

Remark. This groupoid is sometimes also referred to as the tangent prolongation group-
oid (e.g. in [32], p. 3). Its well-definedness can be easily checked. We can also note that
the tangent functor commutes with pull-backs, such that

(TG), = TG, xggg’t . xgg? TG, =TG,.

Lemma 1.1.18. Let G be a Lie groupoid and consider the bundle of vector spaces over
Gy defined by
(F)m = (T1,,1)(T1,, 5~ (m)) = p(Am).

Then we have
(Ts)~"(Fo) = (Tt)""(Fo) == F

defining a bundle of vector spaces over G1. These spaces assemble into a groupoid

Fi

TtuTs

Fo

with the structure of a subgroupoid of TG. If G is reqular, it is an embedded Lie subgroupoid
of TG.

Remark. In case G is regular, we recover precisely the definition of F; as in Proposition
1.1.16, as that notion was shown to satisfy Fi = (T's)~!(Fo) = (Tt) " (Fo).

Proof. As the unit map Tu; is a section of both T's and Tt and the inverse map 7'(e)~!
exchanges the image under T's and Tt we can restrict the entire groupoid structure to

(Ts)"Y(Fo) N (Tt)"Y(Fy) = TGy

as a subgroupoid of the tangent groupoid. However, if X € (Ts)"!(Fy) C TG, is a
vector at some base-point x € G, we have that by assumption T's(X) = Tt(Y) for
Y e AcCT,, Go. Inparticular, Tu(X,Y) is well-defined and satisfies

TH(X) = THTu(X,Y)).
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However, we have that T's(Tu(X,Y)) = T's(Y') = 04, by the choice of Y, such that the
composition Tu(X,Y,0,-1) is again well-defined. We can immediately check that

Tu(X,Y,0,-1) € Tlt(z)Gl Nker(T's) = At(m)v

which implies
Tt(X) = p(TM(Xv)/aOz_l)) € Fo
such that indeed s~1(Fo) = t~(Fo).

If G is furthermore regular, we have by Proposition 1.1.16 that both Fy and F; are
involutive vector bundles of constant rank, meaning that in particular they are embedded
submanifolds of TGy and T'G;. As T's and T't are furthermore vector bundle maps pro-
jecting to the surjective submersions s and ¢, they are surjective submersions themselves
if and only if they are fibrewise surjective. However, this is also implied by the condition
that s and ¢ are surjective submersions respectively such that we obtain a Lie groupoid
structure. O

Lemma 1.1.19. Let G be a regular Lie groupoid. The orbit foliation bundle F, defined in
Proposition 1.1.16 is precisely the q-th level nerve of the Lie groupoid F1 = Fo of Lemma
1.1.18.

Proof. We have that the nerve F of the groupoid of Lemma 1.1.18 is by definition given
by

Fi XFo " XFy F1 C TG XTGy *** XTGy TG, :TGq,

i.e. by the subset of T'G, given by those elements for which all 7 pr; map to F;. The
foliation of Proposition 1.1.16 is in the proof described by those elements Z € T'G, for
which any Tpé maps to Fg. However, by definition F; consists of precisely those tangent
vectors mapping to Fo under T's (or equivalently under 7't) such that the image of X € T'G|,
under 7T pr; is contained in JF; if and only if the image under Tpf] (or equivalently Tpf;l)
is contained in Fyg. L]

We find that some of these properties also hold in the non-regular case.

Lemma 1.1.20. Let G be a Lie groupoid and F1 = Fo the groupoid defined in Lemma
1.1.18. Then the nerve of this groupoid satisfies that its q-th level, i.e. the bundle of vector
spaces over Gy given by

Fo=Fuxg xR cTa,

agrees with (Tpl) = (Fo) for all 0 <i < gq.
Proof. We can note that (T's)~!(Fo) = (Tt)~1(Fo) = Fi already implies that (T'p})~!(Fo)
agrees with both (T pr;)~*(F;) and (Tpfl_l)_l(fo). Similarly it implies that (Tpfl)_l(]:o)
agrees with both (T'pr; ;)" (F1) and (Tpit)~1(Fo). By finite descent, this means that

(Tpg) ™ (Fo) = (TP)) ™ (Fo)
forany 0 <i<qgand 0 <j <qand

(Tpg) ™" (Fo) = (T pre) ' (F1)
for any 1 < k < ¢. In particular

(Tpl) ™ (Fo) = () (Tpre)™'(F1),

1<k<q

which is precisely the description of F; as a subset of (T'G),. O
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At this point of the section, we will turn our aim to understanding constructions
associated with Lie groupoid actions. The notion can be motivated by left multiplication,
i.e. the action of x € G on an appropriate z € Gy by left-multiplying the left-most
component of z with z (we will in particular formalise this notion). There is one family of
actions that we aim to understand in particular: The action of x € G'1 on G by diagonal
action at the i-th pull-back of

Gq = Gl X Go Gl X Go ...Gl,
which we are going to generalise later.

Definition 1.1.21. For a groupoid G define a left groupoid action of G on a manifold
N with p: N — Gy as a smooth action map

L:Gy x*!? N - N

such that it satisfies unitality for any n € N:

as well as associativity (whenever defined):

L(gl7 L(QQ, n)) = L(,U,(gl, 92)7 n)

Similarly, define a right groupoid action of G on a manifold N with p: N — Gy
as a smooth action map
R:N Xp’t G1 — N

such that it satisfies unitality for any n € N:
L(n, 1p(n)) =N
as well as associativity (whenever defined):

R(R(n, 1), 92) = R(n, (g1, 92))-

Remark. Left and right Lie groupoid actions can, similar to Lie group actions, be trans-
formed into another by associating Lie groupoid elements to their inverses. We will in
the following mostly define notions for left actions, but their analogues can be inferred in
precisely the same way.

Definition 1.1.22. Let G be a Lie groupoid left acting by L; on p; : Ny — Gp and by
Lo on po : Ny — Gg. Let f: N — Ny be a smooth map. Then f is G-equivariant if
p2o f =p1 and

f(L1(g,n)) = La(g, f(n))

for any n € N and g € G with s(g) = p1(n).

Furthermore, let G be acting by L on p: N — Gy and consider f € C*°(N,M). We
call f a G-invariant function if the induced map (p, f) : N — Go x M is equivariant
with respect to the trivial action of G on pr; : Go x M — Gy. Here, the trivial action is
given by the unique action

Gl x P11 GO XM — GQ X M
(v, 0) > (t(x) )

such that a G-equivariant function is a function for which

f(L(g,n)) = f(n).
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Example 1.1.23. We can consider id : N = Gg — Gp. Then we can act with an element
z € Gy onm e N =Gy if s(x) = n. This action can be defined as L(z,n) = ¢(x). This is
the unique action we can define with respect to the identity map.

Example 1.1.24. Consider pr : Gg = Go for ¢ > 1. Then we can define a left action of
G. At an element z € G given in components as z = (21,.. ., z¢) it is given by

L(z,2) = (21, .., p(zi, Y, pu(z, 2ig1), Ziga, - ).

For i = 0, we understand this term to be of the form

L(z,z) = (u(z, 21), 22, .. . ).

and for ¢ = ¢, we understand this term to be of the form

L(z,2) = (..., zg1, (2 27 h), ).

In particular, if ¢ = 1 and ¢ = 0 we recover what is often called left multiplication with
x as

L(x,z) = p(z, 2)
and if ¢ = 1 and 7 = 1 we recover the induced left action by right multiplication as
L(z,2) = p(z,z71).
Remark. Even though the notation of

Lo(2) = n(z, 2)

and
Ry-1(2) == p(z, 27 h).

is not uncommon, we will abstain from using it for notational clarity considering the many
definitions of this thesis. We will rather use the names instead which we will define in the
following (to be precise, Dy ; and D} ;).

Example 1.1.25. Consider the action L of G on G4 described in Example 1.1.24 for some
0 < < g. Consider the projection pr; : Gg — G1 to the j-th component. Then if j # ¢
and j # i + 1 we have that pr; is G-invariant, as the projection of

(Zla s HUJ(Zi? l’_l), ,U,(I‘, Z’iJrl)a Rit2s - )
to its j-th component precisely recovers z; and therefore
pr;(L(z,z)) = pr;(2).

For j =, we have that pr; is G-equivariant with respect to the action L; of G on Gy
constructed in Example 1.1.24 for ¢ = 1, as in this case

pr;(L(z,2)) = p(zi,z7") = Li(x, pry(2)).

Similarly, for j =i+ 1, we have that pr; is G-equivariant with respect to the action Ly of
G on (G constructed in Example 1.1.24 for i = 0, as in this case

pri1(L(z,2)) = (@, zi1) = L2, prigq(2))-
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This example is crucial to us, as this action and the concepts we derive from it will
later yield notions of invariance on differential forms on G,. Therefore, we want to give
these actions a name depending on the choices of ¢ and i.

Definition 1.1.26. Consider the left action on pf] : G4 — Go of either Example 1.1.23
(for ¢ = 0, as p§ = id) or Example 1.1.24 (for ¢ > 1). We will call an action of this form
the diagonal action at the i-th pull-back and denote it as D;q(o), i.e. we denote

ro(m) = t(z)

for m € Gy with s(x) = m and

D;,q(z) - (zla s 7:“’(Ziaxil)au(x7zi+1)7zi+27 . )
for z € Gy with s(z) = pl,(2).

Remark. For notational reasons, I have here decided to denote the element of GG; that
“acts” in the index. This is in part to shorten the formulas in this thesis and in part
because we also aim to use the notation of D!  (e) and D@’ ,(®) for the associated induced

actions we will later encounter. However, we still have that ng(o) depends smoothly on
x.

Lemma 1.1.27. Let L be the action of the groupoid G on p : N — Go, where p is
a surjective submersion and consider x € G1. Then the submanifolds of G, given by
p~(s(z)) and p~(s(x)) are diffeomorphic.

Proof. As p is a surjective submersion, we have that its fibres define smooth manifolds.
The map

Llgaysp-1(say) : {z} x p (s(2)) = {2} x p~(t(2))
z v+ L(z,2)

defines a smooth map between p~!(s(x)) and p~!(s(z)). Its analogue defined with respect
to 27! is precisely the inverse and hence both maps are diffeomorphisms. ]

Example 1.1.28. By Lemma 1.1.5 we have that all of the maps pz are surjective sub-
mersions and we can apply Lemma 1.1.27 to the diagonal action at the i-th pull-back of
Example 1.1.24. On the submanifolds of G of the form (p})~"(m) we therefore have that
for any z € (G; we obtain a smooth map

Di, g+ () (s(@) = (0) " (t(x)
Z D;7q(z).
Lemma 1.1.29. We have that
DYyody=dyoD},

as maps on (p})~Y(s(x)) and

0 — 0
D%O (¢] d1 = d1 (¢] Dx,l

as maps on (pY)~L(s(x)).
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Proof. First of all, note that pj = d; =t and p; = dy = s, such that the left hand side of
both equations evaluates to

by definition.
The fact that

and
t(D31(2)) = t(p(z, 2)) = t(z)
follow by inserting the definitions of the D}, ;(z). O

The examples we have studied up to this point were all very focussed on defining the
diagonal actions at the different pull-backs. However, there is a second, very important
class of examples in this thesis, given by different “adjoint actions”.

When trading Lie groups and Lie algebras in for Lie groupoids and Lie algebroids, it is
a well-known and lamented problem that the notions of adjoint action and representation
can not be easily transferred. Approaches to fix this often lead to interesting higher
structures such as representations up to homotopy (cf. [1], p. 7).

The approach used here is a radically simple one: We restrict the space we are acting
on to a subspace, where the definitions generalise more easily. Nonetheless it will prove a
useful concept later.

Example 1.1.30. Let G be any Lie groupoid, H C G any Lie subgroupoid for which
s =t on Hy and consider H, for ¢ > 1. By Example 1.1.3, all of the maps

pr:Hq—>G0

agree. We can attempt to define a left action of G on this bundle. At an element z € H,
with components z = (21, ..., z;) we would like it to be given by

L(z, 2) = (u(z, 21,27, plz, 20, 271), ... ,,u(x,zq,x_l)).

Well-definedness of this expression follows from the fact that all pfl : Hy — G, ie.
sources and targets of the components z; agree. However, it is not generally the case
that L(z,z) € H. We need to add this to our assumptions on H.

If G is regular, this in particular can be applied to H = (Iso(G)),. Here, we obtain
that L(z,2) € Hy (or equivalently u(z,z;,2~!) € Hy for all 1 < i < g) as the action can
be applied to the entire path that establishes some z; as an element of Iso’(G). For ¢ = 0,
we consider L to be the action of Example 1.1.23, as (Iso’(G))o = Go.

If G is a Lie group and G = H = G == %, we furthermore find that the action of G on
H, = G4 recovers the usual notion of the adjoint action of G on itself.

Example 1.1.31. Consider the adjoint action L, of G on H, as described in Example
1.1.30 and in particular consider the adjoint action L of G on H;. Consider the projection
pr; : G, = G1 to the j-th component for any 1 < j < ¢g. Then we have that pr; is G-
equivariant, as we can explicitly compute

pr;(Ly(w, 2)) = p(, zj,27") = Lz, pry(2)).
We similarly can consider a simplicial face map d; and explicitly compute

di(Lq(x?Z)) = (,U,({L'72:17$71), s ,/L(.’L’,ZZ‘,Zi+1,$71),ﬂ(x72i+2,.’1771), i ) = Lq—l('r7di(z))7
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meaning that d; is G-equivariant. Also we can consider a simplicial degeneracy map s;
and explicitly compute

Sj(Lq<J:‘, Z)) - (M(xa 21 Jf'_l)a <. 7“('%" Zjax_l)a 1t(x)7u(xa Zj—‘—l:x_l): s ) = Lq—l(xa Sj(Z)),
meaning that s; is G-equivariant.

Lemma 1.1.32. Let L be the action of a Lie groupoid G on a bundle p : N — Gy, where
p has constant rank. Then there is a canonical induced action L' of G on

(Pre, ©T'p)lker(ryp) © ker(Tp) — Go.

It extends L in the sense that on the image of the zero section N C ker(T'p) the action
restricts to L.

Remark. The proof will reveal that p being of constant rank only matters for the state-
ment that ker(7'p) is a manifold, however for general p we still obtain a well-defined action
of G on ker(T'p) as a topological space.

Proof. Firstly, let us note that by the regularity of p the space ker(T'p) is actually a regular
subvector bundle of TN and therefore a manifold. We can define the action L’ as

L' : G x*P0 °TP ker(Tp) — ker(Tp)
2, X v TL(0y, X).

Note that this is well-defined as T'L(0, X ) satisfies that
Tp(TL(0g, X)) = Tt(0z) = O4(a)

and furthermore, for X = 0,, in the image of the zero section, we obtain
L'(z,X)=TL(0,0,) = 0L (z,n)-

The fact that this satisfies all the axioms of an action follows immediately using

T1a(0z,0y) = Opy(z )
and
0wy (p(n)) = Tu1(0p(n)).

O
Example 1.1.33. Consider Example 1.1.30, i.e. a Lie groupoid G acting on H,, where
H C G is in particular a subgroupoid on which we have s = ¢t. Denote the algebroid
associated to H by Ap. We have already noted that all pfl in this example agree so they
define a unique map to Gp, and by Lemma 1.1.5 this is a surjective submersion which is in

particular regular. By Lemma 1.1.32, we have an induced action of G on ker(T'pg) C TH,.
We know by Lemma 1.1.4 that we have

(ug)*TH = TGy & A%,
where T'pd projects to the first summand. This means that

(uq)* ker(Tpd) = A%/,
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such that the domain of L’ contains
Gy x¥P'6o AT C Gy xP'Go °Tpg ker(T'p])
and therefore restricts to a map

/ . S,pr Bq q
L |G1X57Prcoqu 1 Gy xPP60 A — ker(Tp]).

Furthermore for any z € uy(Go) C Hy, i.e. z = 1, for some m € Gy, we have that any
x € s71({m}) satisfies

L) = (e, L)ool Ly ) = ug(t(2)).
So it immediately follows that the image of the restriction is contained in
ker(Tpg) N (uq) TGy,
which as above before is A??Iq itself. Hence we obtain a well-defined restriction

L;@q Gy x*PGo AT — ATT
Note that in the case mentioned in Example 1.1.30, where G = H = G = * we
have that Ay = g. In particular, the action of G on Ap precisely recovers the adjoint
representation of G on g.

We know, that at least in the case of the adjoint action of a Lie group G, there is also
a corresponding notion of a coadjoint action. We can replicate it in this setting, however,
in this case, a more general framework will become useful later.

Lemma 1.1.34. Let G be a Lie groupoid and consider a bundle p: N — Go and a vector
bundle pryy : V — N. Assume there is a left G-action L on popry which is linear, in the
sense that for any v € G and n € N with p(n) = s(x) the map

L(z,e)|y, :V, =V

has its image contained in a unique fibre V,, and is linear as a map of these vector spaces.
Then L extends a unique left action of G on N and there is a canonical right action L*
of G on V* extending its corresponding right action.

Proof. First of all, note that the fact that L is linear immediately implies that for any
n € N with p(n) = s(z) we have that L(z,0,) = 0,,, such that we may restrict L onto
the zero section (which is isomorphic to N) and obtain

L:Gy x? N N

which still satisfies the axioms of an action as the restriction of an action. Its corresponding
right action is given by the map

(n,z) € N xP' Gy Lz, n).
Now we aim to define

L*(6,2) == (X € Vg1 pry(0)) — O(L(x, X)) €R) € (V);

pry(6) L(z=1.pry(0))’
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For this, we need to check that 6(L(x, X)) is a well-defined expression for X € Vi,;-1 1, (6))-
Let n € N be our notation for the base-point of §. Note that we only need to define L* (6, x)
under the condition that
(popry)(0) = p(n) = t(z).
This implies that
s(z7) =t(z)=n
and the expression L(z~!,n) is actually well-defined. Furthermore, we have that
pry(X) = L(z™',n)

and therefore

(popry)(X) =t(z"") = s(x).
So the expression L(x, X) is indeed well-defined. As it is linear in X and 6 is linear by
assumption, we have that the expression indeed defines an element of V* with base-point
L(z~%,n). Analogously, the action is linear in # and in particular if § = 0,, then

L* (On, 37) = OL(xfl,n)'

This immediately implies that it extends the right action induced by L.
The group action properties now essentially follow from those of L, where we note that
for example

L*(L*(0,2),y)(X) = 0(L(z, L(y, X))) = 0(L(u(x, y), X))

and all other properties analogously. O

Example 1.1.35. Let L’ denote the action of G on A%q as defined in Example 1.1.33,
where A%q denotes the Lie algebroid of H. We now claim that we can apply Lemma 1.1.34
to obtain an action of G on (AL?)* = (A%)®? defined by
L*(0,2) == (X = 0(L' (2, X))) € (A0
for 6 € (A’fq)i(i). For this, we need to see that the expression L'(z, X) is linear in X which
directly follows from the linearity of L'(x, X) in X, which holds by its definition of

L'z, X) =T, (L(z™t, ))(X)

where m is the base-point of X.

Note that in the case where G = G == % and ¢ = 1 as mentioned in Example 1.1.30
and Example 1.1.33, we have that the action is defined precisely as the right action cor-
responding to the coadjoint action of G on g*.

Of course, vector bundles admit other constructions than the dual as well. These will,
in part, become relevant later.

Lemma 1.1.36. Let G be a groupoid and consider a bundle p: N — Gg and two vector
bundles pry : V. — N and pry : W — N. Assume there is a G-action L1 on p o pry which
1s linear, in the sense that for any n € N and x € G the map

L(z,e)|y, : V,, =V

has its image contained in a unique fibre Vy, and is linear as a map of these vector spaces.
Assume that there is a G-action La on p o pry which is linear in the analogous sense.
Further assume that both actions extend the same underlying action L of G on N at the
respective zero section of V. and W. Then there is a left G-action L on V & W extending
both L1 and Lo respectively.
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Proof. Consider any n € N, then the fibre over n of V@& W is given by V,, & W,, and for
any x € G1 with s(z) = p(n) we can define

Vo ® Wi = Vi(an) @ Wiian)

X1 ® X9 —Li(x, X1) ® La(z, X2).

The action axioms are immediately inherited from L and Lo respectively. O

Lemma 1.1.37. Let G be a Lie groupoid and H C G be a subgroupoid as in Example
1.1.30, in particular on which s =t. Let A be the Lie algebroid associated to G and A
the Lie algebroid associated to H. Consider the adjoint actions L and L9 constructed as
actions of G on Hy and H, respectively as in Example 1.1.30. Further consider the actions
L' and (L’)(Q) as the actions as described in Example 1.1.33, i.e. the adjoint actions of G
on A and A?Iq respectively. Then (L’)(q) agrees with the action given by the direct sum
of q copies of the action L' of G on Ay. Here, we refer to the direct sum of linear actions
as defined in Lemma 1.1.36.

Proof. Explicitly spelling out the definition yields that we need to prove the following: If
we consider Y € Ty,, H, such that T’ pz(Y) =0 and Y is given in components by

Y =(Y1,...,Y,)

we have that
(LY D (2,Y) = (L' (2, Y1),..., L (2,Y,)).

This statement follows directly from the fact that the actions L and L@ on H; and H,
respectively by definition satisfy that

LDz, 2) = (L(z, 21), ..., L(z, 2,))

and from the fact that for Ag the inclusion of some copy of A in qu actually corresponds
in components to the map
X —(0,...,0,X,0,...)

This comes from the fact that in the construction of Lemma 1.1.4, the map is defined as
X = (Tug(p(X)),...,Tuy(p(X)), X,0,...)
and p=0on Ay C Ajs- O

Lemma 1.1.38. Let G be a groupoid and consider a bundle p : N — Gy and a vector
bundle pry : V. — N. Assume there is a G-action L on p o pry which is linear, in the
sense that for anyn € N and x € G the map

L(z,e)|y, : V, =V

has its image contained in a unique fibre Vy, and is linear as a map of these vector spaces.
Then there is a canonical extension of the action to an action of G on T*V as well as an
action of G on S*V and an action of G on A*V.

Proof. Let us start by noting that L by Lemma 1.1.34 extends an underlying action L of
G on N. We can define an action on the tensor power 7%(V) on every fibre n € N by

Va®: @V 2Vian ® - @ Viun
X1®- @ X, =L, X1)®...L(z, X).
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As any L(x,e) is linear when restricted to V;, by assumption, we have that the map is
well-defined. The action axioms are immediately inherited by L. It is also clear from
the definition that the map is equivariant under any action of the permutation group >
by permuting the factors of the tensor power in domain and codomain. Therefore, the
description of the action immediately descends to the quotients A¥V as well as S¥V. As
we defined the action this way for an arbitrary degree k, the direct sum over all degrees
defines an action on the entire space in each of these examples. O

Definition 1.1.39. Consider the actions of Example 1.1.30 and Example 1.1.33 of G
on H, or Ap respectively. We will refer to the actions as the adjoint actions on the
respective spaces and denote them as

L(z,e) = AdY (o)

and
L(z,0) = Ad,(e)

respectively. In the case where G is regular and H = Iso’(G), we will use the notation
L(x,e) = Ad%q(o).

If ¢ is clear from the context, we will also use the notation Ad(e) and Ad?(e).
We will refer to the action of Example 1.1.35 as the coadjoint action of G' on A},
and denote it as
L*(z,0) = Ad} (e).
We will also use the notation of Ad} (e) for the extension of the action to A®*A}; or S*(A};)
when applicable.

Remark. Recall that in the proof of Lemma 1.1.15 we have seen that for a regular Lie
groupoid G the algebroid associated to ISOO(G) is Ajgo. At the same time s=ton H C G
implies that Ay C Ajso. This corresponds to the fact that Iso’(H) C Iso?(G) is an
embedding of the connected component of H containing the unit section into Iso(G). In
particular, we have that the action of G on Ay can be entirely recovered from the action
of G on Ajs,. As we are mostly interested in the case where G is indeed regular, this
motivates why we do not distinguish H notationally when considering the adjoint action.

Now that we have defined the actions that are most important for our context, we
will turn to induced actions. These will exist for general Lie groupoid actions, but again,
we will be particularly interested in the examples we have already established. There is
one induced notion which can easily be defined using only standard differential geometric
tools, which is the induced action of an s-section v € I'(Go, G1) on the space N. It can
even be defined for local sections as well.

Definition 1.1.40. Consider a Lie groupoid G. Let us denote its space of local sections
of s as
Fs’loc(Go, Gl) = {’)/ U C G() — Gl 180y = idU}

Definition 1.1.41. Consider local sections 71,72 € I's 10c(Go, G1), defined on U; and Us
respectively. Then, if (£ o y2)~1(U1) # 0 we define the concatenation

wo (’Ylv 72) € Ps,loc(GO, Gl)

as

o (y1,72) ¢ (o) H(Uh) = G
m = p(y2(t(y1(m))), y1(m)).
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Definition 1.1.42. Let G' be a Lie groupoid. Consider v € I'goc(Go, G1) defined on
U C Gy. Then we call v a local bisection if

Yi=toy:U— Gy
is a diffeomorphism onto its image V. In that case, we will denote by
Y71V = G € Tioe(Go, Gh)

the local section given by
7*1 = (o)*l oo zpfl.

Lemma 1.1.43. With the concatenation of local sections as in Definition 1.1.41 we have
that

po (v, v ) =wm
and

po (v ) =i

Proof. We only have to check the formulas, which yield

po (v,77)(m)
=p(y(t(y1(m))), v (m))
=p(y (v~ m)™), (v~ (m))) )
=pu(y(s(v( ™ (m)))), (Y~ (m))) ™)
=pu(y(p~H(m)), (v~ (m)) ™)

and the calculation for the other concatenation follows the same process. ]

Lemma 1.1.44. Let G be a Lie groupoid. Consider a local bisection 1 € T's10c(Go, G1)
defined on Uy C Gg and
Yy :=toy : U — Go

the associated diffeomorphism onto its image Vi. Similarly, consider a local bisection

Y2 € T's10c(Go, G1) defined on Uy C Gy and
Py i=toyy: Uz — Gy

the associated diffeomorphism onto its image Vo. Assume that Uy NV # 0.
Then the concatenation

o (y1,72) 1y (U1 N Vo) — Gy
1s a local bisection and its inverse is given by

(mo(v,72) ' =no(tmh.

Proof. By definition, we have that the map associated to p o (v1,72) is given by

m =t (g o (y1,72)(m))
=t (P2(m)), 12(m))) = t(n(¥2(m))) = (Y1lvinv, © P2ly-1 ) (M)
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where all expressions well-defined on v, L(U). As the compositions of diffeomorphisms is
a diffeomorphism, we have that 1 o (y1,72) is indeed a bisection.

The associated (12 0 (1,72)) " is defined on the image v (U;NVa) which can be checked
explicitly to be the domain of p o (v5 L v 1). It is given by

m s (1o (1, 2) (@l © el 1)) ™ )

where the expression can be computed as

(17 (W2 ((W2) M (1) 71 (m)))), Y2 (b2
()M m)))
(
(

O]

Definition 1.1.45. Given the left action L of a Lie groupoid G on p : N — Gy, we can
define the associated local left action of I'; jo.(Go, G1). For a local section

v:U C Gy — G
of s it is given by
Ly:p'(U)—=N
n = L(y(p(n)), n).

Remark. AsT'; 1oc(Go, G1) is not a group this is in particular not a group action. However,
it behaves similarly to a group action with respect to the concatenation partially defined
on I'y 1oc(Go, G1) and behaves as a pseudogroup action when restricted to the pseudogroup
of local bisections. This has a structural reason:
Note that _
TZLA/ :T,G1 — Tzw(z)Gl

only depends on ~ infinitesimally in the sense that it is determined by
Toe)7 + Tp(2)Go = Ty p(a)) G-

This in particular means that restricted to the group of globally defined bisections, we

indeed obtain a map
Fs,t(GO, Gl) xN—=>N

which is local in the sense that it factors through the first jet prolongation. This implies
in particular that it is also local in the topological sense, where the germ of a bisection
v at p(n) determines its action on n € N. It is straightforward to check that this map
describes a group action on V.

Example 1.1.46. Consider the Lie groupoid left action of a Lie groupoid G on Gy with
respect to id of Example 1.1.23. For v € I'; 1,.(Go, G1) defined on U C Gy we obtain the
local action given by

E,y U — Gy
z = t(y(2)).
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We will refer to it as
~ =
D%0 =1L,

Example 1.1.47. Let G be a Lie groupoid. Consider the action of Example 1.1.24 for
g =1landi=0,i.e. theleft action by left multiplication of G on Gy. For v € I'; 1oc(Go, G1)
defined on U C Gy we obtain the local action given by

Ly t7HU) = Gy
2= p(y(t(2)), 2)-
For consistency with the general notation, we will denote
~y
Dy = Ly.

Similarly we can look at the example of right multiplication (i.e. ¢ = 1 and i = 1)
which induces the following local left action

D), :s7HU) = Gy
20z, (7(s(2)) 7).

We will now extend this notation to all possible indices in a similar way. The previous
examples can often be used to check intuitions about the new notions.

Definition 1.1.48. Let G be a Lie groupoid. On G|, for ¢ # 0, we define 5},“1 for0 <v<q
as _ ‘

D, () (U) = 6,
the local left action of a section v : U C G — G on G associated to the diagonal action

at the i-th pull-back of Example 1.1.24. In case ¢ = 0 we refer to the notion associated to
the action of Example 1.1.23, which is the case covered in Example 1.1.46.

As this definition is closely related to the definition of Dfm, we have that some of our
earlier results immediately transfer.

Corollary 1.1.49. Let G be a Lie groupoid. We have that on the corresponding domains
of definition holds N B
DSGO o dg = dg @) D,lyJ

and N B
DYgod =dioD,.

Proof. We have noted in Lemma 1.1.29 that these equations hold for the corresponding Lie
groupoid actions. As we have that for any point z € G} in the domain of definition that
thq(z) = Di:,q for the appropriate x = ’y(pfl(z)), they are immediately transferable. [

Definition 1.1.50. Let G be a Lie groupoid and H C G be a Lie subgroupoid as in
Example 1.1.30, in particular satisfying that s =t on H;. On H, for ¢ > 1, we define

—~H
Ad%q as the local left action of a section v : U C Gy — G on H, associated to the adjoint
action of Example 1.1.30. In case ¢ = 0 we refer to the notion associated to the action

~H
of Example 1.1.23. If ¢ is apparent from context, we also use the notation Ad, . In case
—~0 —~0
H =1s0°(G), we also use the notation Ad, , (or Ad.).

Analogously, we define &17 as the local left action of a section v: U C Gg — G1 on
Ap C Ajso associated to the adjoint action of Example 1.1.33.
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Remark. As we have already noted on page 71, the action on A is actually the restriction
of the action on Aj, obtained for H = Iso®(G).

We have already noted previously that this action (at least for ¢ = 1) actually depends
on v in a way that is point-wise only dependent on infinitesimal data. In the following,
we will formalise this observation. To this goal, we will construct a new groupoid, the jet
groupoid J'G, from an arbitrary Lie groupoid. The morphisms of the jet groupoid are
given by infinitesimal bisections, expressed as subspaces of T'G.

However, we can already note here, that our definitions did not require v to be a
bisection. This makes the statements and definitions applicable to an even larger space of
objects I'; 1oc(Go, G1) when compared to local bisections. This is an important observation,
which we will also mirror when transferring the structures from sections to jets.

1.2 Jet groupoids and induced actions

Aim of this section: Definitions and Concepts

What is a jet groupoid? What do we mean by induced jet groupoid actions? How
does this relate to differential forms?

A jet manifold is a mathematical concept, popular for example in mathematical phys-
ics, that describes the space of infinitesimal sections of a vector bundle or fibre bundle.
They can also be defined with respect to a surjective submersion. But what precisely
should a jet groupoid be, where we have two maps, source and target? There is a satisfy-
ing answer to this question, which will lead us to define J!'G, the (first) jet groupoid.

In this section, we will study these jet groupoids (which are an infinitesimal version
of the bisection groupoid) and their properties. The most important in our context will
be, that jet groupoids come with a natural construction to extend a Lie groupoid action.
Unfortunately, the notion of a jet groupoid is not always used for the exact same concept,
but there is a relation between the different versions and overlap in some proofs and
techniques. We will here refer to the notion used for example by Crainic, Salazar and
Struchinger in [12] (cf. Section 3.1). N

One of the goals of this section will be to add to the notions of (D}, ,(e)). and (D ,(e))«
a third notion ( '%/’q(o))*. Recall that (lN);q(o))* was induced by (D% (e))«, which also
explains their similar notation. Their difference lies in the fact that a point z € G; can
only act by D}, (e) on an embedded submanifold of G, (almost always of lower dimension

than G;). A local section 7 of s can instead act by 152/ 4(®) on an open subset and - if x
is in the image of v - extend the previous notion. This works well with the restriction to
jets, too, which act on an infinitesimal neighbourhood of the embedded manifold in the
same way as a corresponding local section would. It is recommended to be aware that we
will not work with only one of these three types of actions, but with all three throughout
the thesis, using the relations between them.

Lemma 1.2.1 (cf. [34], p. 32-33). Let G be a Lie groupoid. The space consisting of
bisection jets

Jl(s,t) = {VI C TGy st Typs : Vi — TyyGo and Tyt are isos}
s an open submanifold of

Jl(s : G — Go) = {Vx C TGy s.t. Typs: Vi — Ty()Go is an iso} .
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Remark. For completeness, I have included the proof in Lemma A.3.1.

Also note that this is not the definition of a jet which is commonly used. One usually
rather defines jets as equivalence classes of local sections. However, as s is a surjective
submersion, we find that every subspace V,, C TG for which T's restricts to an isomorph-
ism can be extended to a section and by the inverse function theorem (cf. [30], Theorem
4.5.) if Tt restricts to an isomorphism on V| this section is locally a bisection.

The space J'(s : G; — Gp) can be thought of as the infinitesimal versions of the
space of s-sections I's(Go, G1). This space of “global” objects intrinsically carry a notion
of composition, which we defined as p o (y1,72) in Definition 1.1.41. When considering
the space of global bisections of s and ¢, this composition satisfies the group axioms, and
we can define analogue notions on local or infinitesimal versions of sections and bisections
(cf. [33], pp. 114-115).

For us, it will actually be very relevant that we can define the notion of composition
not only on the space of bisections or bisection jets, but actually on the space of jets itself.
This is why I have chosen to arrange the statements leading up to Definition 1.2.5 in an
order that might seem somewhat unintuitive to a reader familiar with the notion of a jet
groupoid. Usually, it is not necessary to use structure on J!(s : G; — Gyp) to define the
first jet groupoid (as is true for the cited sources [12] and [22]).

Definition 1.2.2. Consider a Lie groupoid G and
V,W e J'(s: Gy — Go).

If VeT,Gy and W € TGy with s(x) = t(y), we can define their composition 7(V, W)
as

AV, W) :={Tu(X,Y) € Ty(3,)G1 where X € V and Y € W with T's(X) = Tt(Y)}.
Lemma 1.2.3. Consider a Lie groupoid G and
V,W e J'(s: Gy — Go).

Then [(V,W) indeed defines an element of J'(s : G1 — Go). Let v1 and o be local
sections of s through x € G1 and y € Gy where s(x) = t(y). Assume that

V= Ts(a:)’yl (Ts(:t) GO)
and

W = Tyy)12(Ts)Go)
be the corresponding jets. Then u(V, W) is precisely the jet corresponding to p o (v1,72)
at p(z,y).

Proof. The fact that (V, W) is indeed a jet (i.e. that T's restricts to an isomorphism) is
implied by the fact that
Ts(Tu(X,Y)) = Ts(Y)

uniquely recovers Y by assumption and Tt(Y) = T's(X) uniquely recovers X analogously.
Furthermore, by the same argument and the fact that V' and W are jets we can construct
X and Y associated to any Z € T, Go this way where y denotes the point satisfying that
W C TyG1. The second claim directly follows from the definition of 10 (71,72) as

m /L(’Yl (t(’YQ (m)))v VQ(m)%
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as by the standard rules for derivatives this implies
X = Tp(Ty(T(t o 2)(X)), Ty2(X)),
where by definition
Ty (T(toye)(X)) eV

and
T’yz(X) e W.

This immediately implies a number of properties of [i.

Lemma 1.2.4. Consider a Lie groupoid G and the multiplication map [i as defined in
Definition 1.2.2. Then

e /i is associative.
e The jets of the unit section Tuy(T,,Go) act as neutral elements with respect to [i.

o If T(e)~! : TGy — TG induces a bijection between V and W, then u(V,W) is
tangent to the unit section.

Furthermore, if V,W € J%(s,t), we have a(V,W) € J(s,t).

Proof. Firstly, recall that we have already noted in the remark on page 76 that any jet
can be equivalently be understood as an equivalence class of local sections (because s is a
surjective submersion), so for any V C T,G1 we can always find some ~ for which

This immediately implies that 7 is associative, that jets of the unit section act as neutral
elements and that if two jets correspond to vy and y~! (as defined in Lemma 1.1.43, which
precisely corresponds to applying (¢)~! on the graph and therefore the jet), we have
that they multiply to a jet tangent to the unit section. Furthermore, we can note that
J1(s,t) precisely consists of the invertible elements of J'(s : G — Gy) in the sense that
their images under T'(e)~! still define jets. However, as taking inverses and multiplying
commutes on sections by Lemma 1.1.44, the same is true for jets, in particular meaning
that
T(o)~ AV, W) = (T(e) 7 (V), T(e) (W),

where the right-hand side is well-defined by the assumption of V and W being bijets and
a jet by Lemma 1.2.3. O

Definition 1.2.5 (cf. [12], p. 950, [22] pp. 776-777). Given a groupoid G, the (first) jet
groupoid J!'G is defined as the groupoid described by the following data:

e the object space (J'G)g = Go,
e the morphism space given by (J'G); := J!(s,t) of Lemma 1.2.1, i.e. by

(J1G), = {Vgg C TGy st Tys 2 Vi — Tyy)Go and Tt are isos}

e source and target maps are induced by s and ¢ via precomposition with the bundle
projection TGy — Gy
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e multiplication of V,, and W, with s(x) = t(y) given by (V;, W) as in Definition
1.2.2, i.e by

{Tw(X,Y) where X € V, and Y € W, with T's(X) =Tt(Y)}

¢ identity elements for any m € G are given by

{(Tw)(X) c T;4,,)G1 where X € T,,Go}

e inversion of elements is given as

(Vo)™ = {(T(e) ") (X) C T,-1G1 where X €V}

Remark. As the name suggests, there are also higher jet groupoids, which are not relevant
in our context.

Definition 1.2.6. Let G be a Lie groupoid. The map on J!(s: G; — Gg) described by
VCcT,Gi—xeGy

maps any V € J!(s : G1 — Gp) to a corresponding point which we will call the base-point
of V.

Lemma 1.2.7. The map of Definition 1.2.6 (i.e. mapping jets to their base-points) in-
duces a Lie groupoid morphism

(JlG)l EEEm— G1

] [

(JlG)o = Go E— G()

Proof. This follows immediately from the definitions, as all of the structure maps of J'G
are defined using the derivatives of the structure maps of G and hence retain the groupoid
structure on the base-points. O

Lemma 1.2.8. Let G be a Lie groupoid. For any x € Gy there is some V € (J'G)1, such
that x is the base-point of V.

Proof. For any z we can immediately find some V' € J'(s : Gy — Gg) with base-point z,
as s is a submersion. We can compute

Tt: V' — Tt(Z)GQ

Note that as ¢ is a submersion, we have that T¢(V’) must be surjective up to values
in Tt(Tzs~ ' ({s(2)})) = p(Ayz) = (Fo)uz)- In particular, if the image Tt(V) contains
(F0)t(x), then Tt is surjective and as the dimensions agree, it is bijective.

We can now choose an arbitrary isomorphism

Vi (Fo)s(z) = (Fo)iz)

and construct V' as follows: First, we choose any basis {X;}icr of (Fo)s(z)- Then, we lift
the basis vectors according to the chosen isomorphism, meaning that we find a Y; for each
X; such that T's(Y;) = X; and Tt(Y;) = ¥(X;). Lifting some X € (Fo)y) to Y € TGy
such that the image is a fixed arbitrary vector of (Fy)y(.) is possible, as any lift is defined
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up to terms in T,s~1({s(z)}). The space of all lifts of X therefore describes an affine
vector space Y + T,s 1 ({s(2)}) with affine image under Tt, where we have already seen
that it takes the for of Tt(Y) + (Fo)(y) but as we have that ¥V + Tos™({s(2)}) C F1, its
image under Tt is Fy itself.

We now choose an extension of the basis {X; }ies of (Fo)s(z) to a basis of Ty(,)Go. For
the remaining basis vectors, there is a unique lift along T's contained in V. We can now
extend the span of the Y; accordingly to a subspace V of T,Gy and as it is spanned by
lifts of a basis of T}, )Go, we have that it indeed describes V' € JY(s : G1 — Gy). By
construction T¢(V') now has the property that it contains all of (Fo),(,). By our previous
considerations, this implies that T't restricts to an isomorphism on the resulting V. ]

Corollary 1.2.9. Let G be a Lie groupoid. For any x € G there is some local bisection
v € T's10c(Go, G1) such that y(s(x)) = x.

Proof. By Lemma 1.2.8, we have that there is some V C T,G7 such that V € (JlG)l.
Consider the associated isomorphism (T's[y)™ : Ty,yGo — V. By the local form of a
submersion, we find that we can extend any such section of T's to a local section of s.
This section satisfies that the map Tt o Ty at the fibre of s(x) is precisely induced by
Tt o (Ts|y)~!, which is the concatenation of two isomorphisms, hence an isomorphism
itself. So restricted to a small open around s(x), ¢t o v must be a diffeomorphism e.g. by
the inverse function theorem (cf. [30], Theorem 4.5.). O

Jets and jet manifolds, especially higher jet manifolds, can be used for example when
considering PDEs, as it can reduce complexity to consider formal solutions of PDEs, where
the function values and formal derivative values are considered independently. However,
in this context, we need a different property of jets that already appears when going to
jets of the first order. Even though I was not able to find the following statement in the
literature, it is known in the research community. I learned of it from Rui Fernandes
during a discussion in the beginning of 2024.

Proposition 1.2.10. Consider a Lie groupoid G acting on p: N — Gqg by
L:Gx*P N — N.

Then there ezists a canonical action L of J'G onpopry : TN — Gy induced by TL.

Proof. The action is defined as
L(V, X) = (TL)(Y, X),

where Y € V is the unique vector satisfying (Y, X) € T(G x*P N), i.e. the unique vector
such that T's(Y) = Tp(X).

The properties we need to verify for a groupoid action of J'G' on T'N follow directly
from the same properties for the action of G on N and the definition of the composition in
J'G: The compatibility of the source and target maps with the bundle map can be seen
by unravelling

(popry) (TL(Y, X)) = p(L(y, x)),

where y and x are the corresponding base-points of Y and X. The units of (J'G); are
given by jets tangent to the unit section, meaning

(TL)(Y, X) = (TL)(Tuy(Tp(X)), X) = (Tidy)(X) = X

in this case.
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The associativity law follows as
LW, L(V. X)) = (TL)(Z. (TL)(Y, X)),
where Z € W is the unique vector satisfying
Ts(Z) =Tp(TL)(Y, X)) = Ti(Y),
meaning that (W, V) contains the vector (Tu)(Z,Y) as the unique vector with
Ts((Tu)(Z,Y)) = Ts(Y) = Tp(X).
O

Lemma 1.2.11. Let L be the action of a Lie groupoid G on p : N — Gq, where p is of
constant rank. Then the action L defined in Proposition 1.2.10 extends the action L' as
defined in Lemma 1.1.32 in the sense that on an element X € ker(T'p) the action of a jet
Ve € (J1G)1 is given by

L(Vy, X) = L' (z, X).

Proof. By definition, we have that
L(Vy, X) = (TL)(Y, X)

where Y € V,, is the unique vector satisfying (Y, X) € T(G x*P N), i.e. the unique vector
such that T's(Y) = T'p(X). We have that

L'(z,X) = TL(04, X).

However, under the assumption that X € ker(T'p), we have that Ts(Y) = 0 and 0, is the
unique vector contained in V, with that property. Therefore, we have by definition that

L(Vy, X) = L' (z, X).
Il

Lemma 1.2.12. The action of Proposition 1.2.10 is linear with respect to the wvector
bundle structure of TN — N. In particular, there is an induced dual right action L* of
J'G on T*N and a canonical extension to an action of J'G on A*T*N. This extension
satisfies that for anyn € N and wy, € A"TYN holds that

L*(V,wn) (X1, ..., Xp) = wa(L(V, X1), ..., L(V, X))

for any V € (J'G)1 with base-point x such that t(x) = n and any choice of X; € Tre1mN
for1 <i<r.

Proof. As derivatives are linear, we have that
L(V, X) = (TL)(Y, X),

is a linear expression in X. By Lemma 1.1.34, we have that for every linear action there
is a dual action, which is defined by precisely the given formula

L'(V.6,) = (X = 0,(L(V. X))
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for any n € N and 6,, € V7', or equivalently
L*(V,0,)(X) = 0n(L(V, X)).
By definition, the induced action on A*T*N of Lemma 1.1.38 acts on

o1 /\.../\Q(T)

n n

component-wise and we obtain
L*(V, 0D A A0 (X, ., X)) = DXV, 000) A+ ATS(V, 600 (X, ..., X,0).
As this depends only on expressions of the form
L*(v,60)(X;) = 69 (L(V, X)),
we can see that the formula of the statement indeed holds true. O

Example 1.2.13. Consider the action of a Lie groupoid G on id : Gy — Gy of Example
1.1.23. Let us now study the induced action of J'G on prg, : TGo — Go constructed in
Proposition 1.2.10. Consider any V, € (J'G);. Then V, acts on X € Ts()Go by mapping
it to Tt(Y) for the unique Y € V, with T's(Y') = X. This way the action of V, produces
an isomorphism Ty(,yGo — Tj(,)Go. The inverse can be constructed from (Vz)~! implying
the bijectivity.

The dual action is defined similarly, where we consider the isomorphism
T's(x)Go — Ty(2)Go induced by V, and dualise to a morphism Tt*(z)Go — T:(x)Go.

Example 1.2.14. Let G be a regular Lie groupoid with associated Lie algebra A. Consider
the action of the previous Example 1.2.13 and the subvector bundle Fy C T'Gy defined by

(Fo)m := (T1,,t)(T1,, s~ (m)) = p(Am).

We can explicitly check, that if V, € (J'G); acts on X € Fy, the auxiliary tangent vector
Y € V, (as in the previous example) satisfies that Y € F; as Ts(Y) = X € Fy. This
implies that Tt(Y') € Fy. In particular, the action of Example 1.2.13 restricts to Fy.

When dualising, we have that the inclusion Fy C T'Gj induces a projection T*Go — F§
and the fact that the action restricts to Fy can be explicitly checked to be equivalent to
the existence of an action of J'G on F§ for which the projection is J!G-equivariant.

Example 1.2.15. Let G be a regular Lie groupoid as in the previous Example 1.2.14.
We can consider the quotient of vector bundles.

TG()/.FO — Go.

We have seen that the action of Example 1.2.13 restricts to Fp and by definition the
induced action of J'G on TGy is linear with respect to the vector bundle structure of
TGy. Hence the J!'G-action on TGy descends to an action on TG/ Fo.
We can similarly consider
(T'Go/Fo)" — Go

which is isomorphic to the kernel of the projection mentioned in Example 1.2.14. By the
fact that the projection is J!'G-equivariant and fibre-wise linear, it follows immediately
that the J!'G-action restricts to this kernel as a subvector bundle of T*Gy. This precisely
recovers a notion dual to the action of J'G on TGy/Fy as by definition both are induced
respectively by dual J!'G-actions on TGy and T*Gy.
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However, this bundle has a very specific interpretation: It is the normal bundle of the
foliation. On this bundle, there is a well-known action of the Lie groupoid G (specifically,
a representation) called the normal representation (cf. [14], pp. 177-178). As it turns out,
this action of J'G is closely related to it.

Lemma 1.2.16. The action of J'G on TGq/Fo defined in the previous Example 1.2.15
is actually given by a G-action on TGy/Fy that has been pulled back along the map of
Lemma 1.2.7, i.e. the action of any V € (J'G)1 is uniquely determined by its base-point
x € Gy. The G-action on TGy/Fy is precisely given by the normal representation. The
analogous statements hold for the actions of J'G on (TGo/Fo)* and N*(TGo/Fo)*.

Proof. We can explicitly check that if V,, and W, are two jets acting on [X] € T(;)Go/Fo
represented by X € T} ,)Go, the auxiliary vectors Yy and Yy as in Example 1.2.13 satisfy
that

Ts(Yy —Yw)=X—-X=0.

This implies that Yy — Yy € F; and therefore that
Tt(Yy) € Tyy)Go/Fo = Tt(Yw) € Ty1)Go/Fo

So the descended action of V, on [X] actually only depends on the base-point = of V.
This means, that the action can be understood as an action of G that has been pulled
back to an action of J'G. The description of an element z acting by any choice of jet V,
(which can be represented by an s-section) precisely agrees with the geometric description
of the normal representation in [14] (cf. p. 178).

The analogous statement for the action of J'G on (T'Go/Fo)* follows immediately
from the observation of Example 1.2.15 that the two notions are dual and the fact that
the extension of an action is defined by the simultaneous action on all tensor factors. [

Definition 1.2.17. Consider the left action L of a Lie groupoid G on p; Gy = Gy
induced of Example 1.1.23 (for ¢ = 0) or Example 1.1.24 (for ¢ > 1). Furthermore, let
L be the J'G-action on Tpfl : TGy — TGo constructed from L according to Proposition
1.2.10. Then we will denote

(Dyrg)«(e) = L(V; o).

Analogously, let L* be the J!G-action constructed from L according to Lemma 1.2.12.
We will denote

(Dyg)"(e) = L*(V; 0).

Lemma 1.2.18. Let G be a Lie groupoid left acting by L1 on p1 : Ny — Go and by Loy on
p2 : No — Go. Furthermore, let f € C*°(N1, N2) be a G-equivariant map, i.e. a map for
which

Then the induced actions fl and f/; of Proposition 1.2.10 satisfy that T f is J'G-equivariant.

Proof. The property that ps o pry, o1 f = py opry, is immediate as 7'f is a map of vector
bundles covering f. We have seen in the proof of Proposition 1.2.10 that the action is of
the form -

LI(V> X) = (TLI)(Yv X)

such that

(TH(L1(V, X)) = (T(f o L)Y, X) = (T(Lz 0 (id, )Y, X) = (TLa)(Y, (T f)(X)).
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As the property that Y € V is retained and pa(pry, (T f(X))) = p1(pry, (X)) the latter
expression agrees with

Ly(V, T(X)),
such that T'f is indeed J!'G-equivariant. O

Example 1.2.19. Consider the diagonal action at the i-th pull-back L of a Lie groupoid
G on Gy as described in Example 1.1.24 for some ¢ > 1 and 0 < 7 < ¢q. Consider the
projection pr; : G, — G to the j-th component. Then we have already seen in Example
1.1.25 that if j # ¢ and j # i+ 1 we have that pr; is G-invariant under L and for j = i, we
have that pr; is G-equivariant with respect to L and the action L; of G on G constructed
in Example 1.1.24 for ¢ = 1. Similarly, for j = i + 1, we have that pr; is G-equivariant
with respect to L and the action Lo of G on G1 constructed in Example 1.1.24 for i = 0.

Therefore Lemma 1.2.18 implies that if j # i and j # ¢ + 1 we have that T pr; is JIG-

invariant with respect to L. Furthermore for J =1, we have that T'pr; is J LG-equivariant
with respect to L and the action El and for j = i+1, we have that T'pr; is J lG-equivariant

with respect to L and the action Eg.

Example 1.2.20. Consider any ¢ > 1 and 0 < i < q Let L be the diagonal action at the
i-th pull-back of G on G, of Example 1.1.24. Let L be the associated action of J!G on
TG,. We can compute for the action L that

%((217 B M(thil)nu(xv Zig1)s - 72(1)) = t(zj) = pz]((zlv s 72(1))7

so that for the action L of G on G, the map pg is L-invariant. By Lemma 1.2.18 this
implies that T'pj : TG, — TG for j # i is then J'G-invariant.

Example 1.2.21. Let G be a Lie groupoid and H be a subgroupoid as in Example 1.1.30.
Consider the G-action L defining AdZ as described in that example (and Definition 1.1.39).
This action induces a J'G-action L on T H, as constructed in Proposition 1.2.10.

We can compute in analogy to Example 1.1.33 that

L(w, Ly() = (@, Ly, 2™,y (@, Ty, 7)) = Ly,
such that L can be restricted to
E’(uq)*THq : (JIG)I X SPaOP (ug)"THy — (uq)"THyg.
However, we know that at the unit section of H we have a splitting
(ug)"THy = THo @ (Ap)®,
such that we obtain two maps
Lirm, : (J'G)1 x*P"¢ THy — (u,)*TH,

and
Ll(agyon : (J' G X P0 (Ap)® = (ug)"TH,

If we consider the first map, the property that L restricts to the unit section immedi-
ately implies that _
TL:TGy xT™ TH, — TH,
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can in domain and target be restricted to T'Hy C T'H, where the inclusion is given by
Tug. Hence the first map E|TH0 also restricts to THy and describes a J'G-action as the
axioms are retained by restriction.

For the second map, we have already seen explicitly in Example 1.1.33 that T'L restricts
to a map on (Ag)® induced by a G-action. When compared to the induced jet action L,
we may note that Tpé vanishes on Ay, such that every jet V € (J'G); acts on (Ay)®4
only by

(V, X) > (TL)(0,, X),

where z is the base-point of V. So the action of V on (Ap)®? agrees with that of T(L(xz,e))
for its base-point. Therefore, we obtain that L is actually the pull-back of the adjoint G-
action on (Ag)®? which by Lemma 1.1.37 is precisely induced by the adjoint G-action of
Example 1.1.33 of G on Aj; acting on each component of the direct sum simultaneously.

Definition 1.2.22. Let G be a Lie groupoid and consider the adjoint action action L of G
on H, for any subgroupoid H C G with s =t as defined in Example 1.1.30. Consider the
associated induced action L as defined in Proposition 1.2.10. We will denote the action of
J'G on TH, as

~H ~

Ady, (o) = L(V, ).

If H = Is0’(G), we will also use the notation
0 —~
Rdy(e) = L(V,e).
We will denote the adjoint action of J'G on A by
AdV(') = Z(V, .)|(u1)*TH1

and the dual coadjoint action of J1G on A% by
Ady (e) = L*(V, ®)|(uy) 1+,

Example 1.2.23. Using this notation, we can write the result for ¢ = 1 of Example 1.2.21
as
Ady = (Ady)s,

where both expressions are defined as maps (Ax)sz) — (An)y) for @ the base-point of
V.

One of the ways to think about J'(s : G1 — Gp) is as a bundle over the space G
where the bundle map is the projection to the corresponding base-points. The fibre over
x € (1 can then be interpreted as the space of local sections of s through z, where we
identify those sections which are tangent to each other. Choosing jets corresponding to
sections or sections corresponding to jets is a very natural construction from this point of
view.

We could therefore wonder if

(D) = (Dirg)e

when we choose the appropriate V' and consider the appropriate domains, as both are
induced maps on T'G,. We will find that this actually holds, with the caveat, that we can
(currently) only obtain an appropriate V' for bisections.
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Lemma 1.2.24. Let G be a Lie groupoid. Consider a local bisection v : U C Gy — Gy
and any z € G4 with pé(z) € U. Then the space

V = (T )M Ty Go) € T () G
is an element of (J'G);.

Proof. We need to show that on V = Tpé(z)’y(Tpé(Z)Go) the maps T's and Tt both restrict
to isomorphisms. However, we know that as a bisection Ty postcomposed with T's is given
by the identity on T'Gy and the composition with Tt corresponds to the derivative of a
diffeomorphism. This implies the statement. O

However, while bisections do correspond to elements of the jet groupoid, we have that
our original definition of 15@761 (or more generally the induced action L, : p~!(U) — N of
Definition 1.1.45) was also applicable to sections that do not induce diffeomorphisms. This
difference will be meaningful in some of the proofs in the later chapters. If we consider

V = (T ()M (Tyi () Go) € Typi(2)) G

for these sections, we only obtain that they are jets of the source map.

The solution for this is quite simple: Just as we have already seen that on the space of
jets of local sections of s we have a multiplication-like structure, even if we don’t obtain
an actual group, we will be able to define an action-like structure induced by a groupoid
action, where jets of the source map act on elements of TN for the chosen bundle.

Definition 1.2.25. Let G be a Lie groupoid. Consider the jet manifold
Jl(s :G1 — Go) = {Vm C TGy st Tys o Vi — Typ)Go is an iso} )

Given a left action L of a Lie groupoid G on p : N — G, we extend the induced action
of Proposition 1.2.10 to a map

L:J(s: Gy — Go) x*PaiPPN TN 5 TN,

On a sub-vector space V C TG which satisfies V € J(s : G1 — Gp) and X € T,,N with
p(n) = s(z) it is defined as

~

L(V,X)=(TL)(Y,X),

where Y € V is the unique vector satisfying T's(Y) = T'p(X).
We denote

( ' %/,q)* : TZG(] - TDg‘cyq(z)Gq
X — L(V, X)
extending the definition of Definition 1.2.17.

Of course, the claims contained in this definition of extending some previous definitions
needs to be proven.

Lemma 1.2.26. The map of Definition 1.2.25 is well-defined and indeed extends the map
of Proposition 1.2.10. It is compatible with the operation [ of Definition 1.2.2 in the sense
that the unitality and associativity axioms hold.
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Proof. If we consider the proof of Proposition 1.2.10, we can directly see that the defini-
tions agree. The proof of well-definedness follows the same arguments and is completely
analogous. O

Lemma 1.2.27. Consider a Lie groupoid G left acting on some p : N — Go by L.
Consider the extended induced action L of J'(s: G1 — Go) on TN. Then the statements
of Lemma 1.2.11, Lemma 1.2.12, Lemma 1.2.16 and Lemma 1.2.18 hold analogously.

Proof. Considering each proof, we have never relied on the fact that the V. € (J'G); were
invertible and only employed the definition of

L(Vy, X) = TL(Y, X),

which coincides with the definition of the extension, even if V, € J!(s : G1 — Gj) is not
invertible. O

Lemma 1.2.28. Let G be a Lie groupoid. Consider a local section v : U C Gy — G1 and
any z € G4 with pf](z) € U. Then the space

V = (T ()M (T (5)Go) € Ty i) G

is actually an element of J'(s : G1 — Gyg). For a Lie groupoid action L : G x*P N — N
and the associated notions

L,:p ' (U) =N
of Definition 1.1.45 and
L: J(s: Gy — Go) x*PG1PPIN TN
of Definition 1.2.25, we obtain that at any given point (x,n) € G x*P N holds
(E”/)* =L

as maps of the form
TnN — TL(x,n)N-

In particular _ N
(Dyq)s = (D)
as maps of the form
Tqu — TD};’q(z)Gq-

Proof. We need to show that on V = Tpé(z)ry(Tpfl(z)GO) the map T's indeed restricts to an
isomorphism. However, we know that as a section, Ty postcomposed with T's is given by
the identity on T'Gg. Furthermore, when defining

E(V7X) = (TL)( 7X)7

Y,
we characterised Y as the element of V with T's(Y) = Tp}(X). However, we have that
Tfy(Tpr(X)) € V by definition and Ts(Ty(Tpr(X))) = Tpl,(X), so actually
)

Y = Ty(Tpy(X))

and

L(V.X) = (TL)(TA(Tpjy(X)), X),
meaning that for fixed V' it is precisely the derivative at the base-point = of X of
2= L(y(pg(2)), 2),

which is precisely the definition of EV. O
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Corollary 1.2.29. Let G be a Lie groupoid. Consider a local section v : U C Go — G1.
We can compute the entire map (D7, )« in terms of the action of JY(s : Gy — Go) on
pfl : Gy — Go by evaluating (Dé/zq)* for the family of jets corresponding to . If v is a
bisection, the action of J'G on py + Gg = Go is sufficient.
Analogously, for any Lie subgroupoid H C G with Hy = Go for which s =t and any
~H
q € No we can compute the entire map (Ad,, ). from the action of JY(s : G1 — Go) on

. —~H
py : Hy — Go by evalualing Ad.V for the family of jets corresponding to ~v. If v is a
bisection, the action of J'G on py + Hy — Gy is sufficient.

Proof. By Lemma 1.2.28, we know that for any (z,z) € Gy X P4 G4 holds

(E;,q)* = ( . %/,q)*

as maps
Tqu — TDQq(z)Gq

for V = (Tpé(z)'y)(Tpé(z)Gg). This means that the entire map (D? ), can be computed by

b Ya)
evaluating (D{/q)* on J!(s: G1 = Gyp). The case of Ad, can be argued analogously. By

Lemma 1.2.24, we know that if 7y is a bisection, the corresponding jets are indeed elements
of (JlG) 1. O]

Corollary 1.2.30. Let G be a Lie groupoid. Consider two local sections v and ' around
m with v(m) =~'(m) and

Tm’y = Tm’y/ :1T,Go — T,y(m)Gl = T»y/(m)Gl

Then for any z € G4 with pé(z) = m we have that

(D) = (D).

as maps
TZGq — TDZ

v(m),q

(z)Gq = TD (z)Gq

iv’(m),q
Analogously, if H C G is a Lie subgroupoid as in Example 1.1.30, in particular satis-
fying s =t on Hy, we have that at any z € Hy with py(z) = m holds that

(Ad). = (k).

as maps

v(m),q

(Z)Hq = TDz (Z)Hq.

~'(m),q

Proof. By assumption

and by Lemma 1.2.28 we have
(Di,q)* = ( .%/7q)* = (Di’,q)*'
~H ~H
The case of (Ad, ). = (Ad./). can be argued analogously. O

Now that we have established the definition in the most general way possible, we will
turn to studying properties of these actions. Let us first note a property that will look
unassuming for now, but will be key later.
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Lemma 1.2.31. Let G be a Lie groupoid and Y € T,G, be a tangent vector such that
(Tpi)(Y) = 0. Given x € Gy with s(x) = pi(z) and some V € J'(s : G1 — Go) with
base-point x, then

(DY) (Y) = (D3 )Y,

where DL is seen as a diffeomorphism from (pfl)_l(s(x)) to (p)~'(t(x)). The latter is
an embedded submanifold of G4 and therefore (D;’q)*Y can be seen as an element of TG,,.
Furthermore if Y € ker(TpZ) for some 0 < j < g, then so is (D%/q)(Y) In particular,

ifY € No<izy ker(Tpl), so is (D%,q)(Y)
Proof. By definition, we have that
(DY)« (Y) = (TL)(Z,Y),

where Z € V is the unique vector with T's(Z) = Tp,(Y) and L is the action through which
L(x,e) = D;q(o) is defined. As this term vanishes by assumption, we have that Z = 0,.
Hence

(TL)(Z,Y) = (TL)(05,Y) = (T(L(w,®)))(Y) = (T D, ,)(Y).

This automatically implies that Tpfl((D%/; )+(Y)) =0, as the image of Di , projects to
a point under pf]. Furthermore we have that the maps Tpé are J!'G-invariant by Example
1.2.20 if ¢ # j, meaning that we retain

Tpy((Dyg)(Y)) = Tpy(Y) = 0.
O

Other very notable properties are the behaviour of the actions in relation to the face
and degeneracy maps d; and s;. They will span most of the remainder of this section.
Similar to Lemma 1.1.29 implying Corollary 1.1.49, we can start by noting the following
immediate consequence.

Corollary 1.2.32. Let G be a Lie groupoid. We have that
(DV0)x 0 (do)s = (do)x © (Diy)s

on T,G1 whenever the base-point x of V satisfies s(x) = s(z) and
(Dg/,o)* o (d1)x = (d1)«o (Dg/,l)*'

on T,G1 whenever the base-point x of V' satisfies s(z) = t(z).

The proof can be found in A.1.1. This is by far not the only relation between actions
and simplicial maps.

Lemma 1.2.33. Let G be a Lie groupoid and x € G1. For any q € Ng and 0 <1 <qg+1
as well as 0 <1 < g+ 1 we have that on (plqﬂ)*l({s(x)}) holds that

DL odi  ifi>l
dioD. 1= D¢ Y od; ifi<l
d; ifi=1.
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Furthermore, for any q € Ng with ¢ > 1 and 0 <[ < g as well as 0 < i < g+ 1 we have
that on (prl od;) " ({s(x)}) holds that

l . B

dio DV ifi<l.

Also, for any ¢ € Ng and 0 <1 < q as well as 0 < j < q we have that on (pé)*l({s(:r)})
holds that

l . .
Dy gr108) ifg>1
} I I+1 l s
sjoDy, = D%:l,q+)1OD7,q+103j ifj=1
+1 o
Dy 410585 ifj <l

Lastly, for any ¢ € Ng and 0 < I < g+ 1 as well as 0 < j < q we have that on
(pil o) L({s(x)}) holds that

sjoDL, ifj>1

l o
Drgri05 = {sj oDV ifj+1<l

The proof can be found in A.1.2.

Corollary 1.2.34. Let G be a Lie groupoid and v € I's10c(Go, G1). For any q € Ng and
0<I<qg+1aswell as 0 <i < g+ 1 we have that on the respective domains of definition
it holds that
D! odi ifi>l
dioD! =DV Vod ifi<l
d; ifi=1.

and on the respective domains of definition it holds that

D! od._{dioDlv,qH ifi>1
Y9 Ol

dioDVTY ifi<l.

The statements on the relations between ]_~)l%q and s; are analogous to those of Lemma
1.2.38.

The proof can be found in A.1.3.

Corollary 1.2.35. Let G be a Lie groupoid and V € (J'G)1 with base-point x € G1. For
any q € Ng and 0 <1 < qg+1 as well as 0 < i < g+1 we have that on T, G for z satisfying
ph(2) = s(z) holds that

(D)oo (d)e  ifi>1
(di)s 0 (Dgrn)e = S (DU, )0 (i) ifi <1
(di)« ifi =1,
and on TGy for z satisfying Ph(di(2)) = s(z) holds that

(di)so (DY yiy)s ifi>1

(di)s o (DY D)s ifi <L

(D ) o (i) =

The statements on the relations between (D{éq)* and s; are analogous to those of
Lemma 1.2.35.
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The proof can be found in A.1.4.

Lemma 1.2.36. Let G be a Lie groupoid and x € G1. For any q € N and 0 < i < q we
have that on (p}) "' ({s(x)}) holds that

i 0 i
Pq© Dzg = Dz opg

T
The analogous statements B B
pyo Dyg=Dioon,
and
() © (D)« = (D) © (1)
hold as well on the appropriate spaces.

The proof can be found in A.1.5.

Lemma 1.2.37. Let G be a Lie groupoid and x € G1 as well asy € G1. For anyq € N and
0<i<gqandforany0 <j <qwithi# j we have that on (pf])_l({s(x)})ﬂ(pf])_l({s(y)})
holds that ' ' ' '
Dy g0 Dyg=Dgq0 Dy
The analogue statements

i N 1y 2]
Dﬁ,q o D%q = D%q o D,&q.

and . .. . . .
(Diyg)s © (Dig)s = (Dg)s o (Diy )
hold as well on the appropriate spaces.

The proof can be found in A.1.6.

Lemma 1.2.38. Let G be a Lie groupoid, H C G a Lie subgroupoid as in Example 1.1.30
and x € Gy1. For any q € N we have that on Hy N (p}) ™' ({s(x)}) holds that

H _— ng 1 0
Adgg=Dgg0--0Dzg0 Dy

x?q -

The analogue statements

~ H ~ ~ ~
= N4 o 1 0
Ad%q - D%q © © D%q °© D%Q'

and .y
Ady,=Di 0 0D, 0D,
hold as well on the appropriate spaces.

The proof can be found in A.1.7.

Lemma 1.2.39. Let G be a Lie groupoid and x € Gy. For any ¢ € N we have that on
(Iso®(G))o N (PY)"*({s(z)}) holds that

0 _ na 1 0
ugoDyog=D3 ,0---0Dy 0D, oug.
The analogue statements
=0 _ = =i ~0
uqumo =DI o0 oD%qu%qouq

and
(tg)s 0 (DYs)w = (DY )w 0+ 0 (D) 0 (DYrg)s © (ug)-

hold as well on the appropriate spaces
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The proof can be found in A.1.8.

This concludes the list of rules we will concern ourselves with, although there are likely
many more. We have that these many interchanging rules make a lot of computations
immediately easier.

Lemma 1.2.40. Let G be a Lie groupoid and F4 be defined as in Lemma 1.1.20 for Fo
and Fi as defined in Lemma 1.1.18. Consider any V, € (J'G)1 with base-point x and
X € F, with base-point z satisfying that s(x) = pé(z). Then,

( 'éfm)q)*X € F,.

Remark. For ¢ = 0, we have already explicitly noted this in Example 1.2.14.

Proof. We have that o ' ‘
Trg((DY, 0)«(X)) = (DY, o)«(TPy(X))
by Lemma 1.2.36. By definition (and in analogy to Example 1.2.14), this is defined to be
Tt(Y)

for the unique Y € V;, satisfying T's(Y') = Tpé(X). But as X € F; we have sz(X) € Fo,
which in turn implies Y € F; and Tt(Y) € Fy. Therefore, (D%/Iq)*(X) maps to Fy under
Tpl, and hence (D%/xq)*(X) € Fy. O

1.3 Basic Forms
Aim of this section: Proposition 1.3.14

Let G be a Lie groupoid. The forms w € Q(G) which are J!G-invariant are precisely
the basic forms on Gy. Hence we can identify

(QUG))”" 2 Qs (Go).

The definitions and properties previously established will give us a new understanding
of the basic forms on the object space G of a Lie groupoid G, especially when interpreted
as forms on G, for varying levels of the nerve. It is not relevant to the rest of the thesis
and can be seen as more of a nice result motivating a few helpful observations at a later
point.

Definition 1.3.1. Let G be a Lie groupoid. We can define the basic forms on Gy as
Qpas(Go) = {w € Q(Go) s.t. (do)*(w) = (d1)"(w)}

Lemma 1.3.2. Let G be a Lie groupoid and Fy be the (not necessarily smooth) bundle of
vector spaces over Gg defined by

(F0)m = (T1,,)(T1,, 57 (m)) = p(Am).-
We have that the basic forms on Gg can be equivalently described by

txw =0 for X € Fy and where defined:
Vs (Go) = {w e (Gy) st X0 ’ i }

(ﬁg,O)*w =w fOT Y€ FS,IOC(G07 Gl)
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or

txw =0 for X € Fy and where defined:
Qbas(GO) = {OJ € Q(Go) S.t. .

(15370)%) =w for vy € I's 4 10c(Go, G1)
Here, we use I's 4 10c(Go, G1) to describe the space of local bisections.

Remark. The first condition is actually implied by the second, but its useful to note
explicitly. Also note that in both conditions, we only concern ourselves with a single
action (D270)* as for ¢ = 0 our family {(D7 ,)*} only consists of a single element.

Proof. For this proof, we will need to show the following implications: Firstly, we will
show that w € Qpas(Go) according to Definition 1.3.1 implies that

txw =10

for X € Fy and
(]53’0)”@ =w

for v € T's10c(Go, G1). That this implies the same for v € I's ; 1oc(Go, G1) is trivial. So if
we then show that txw = 0 for X € Fy and (5270)’% = w for v € I'5410c(Go, G1) implies
that w € Qpas(Go), all of the definitions are equivalent.

Let us start with the fact that (do)*w = (d;)*w implies that (xw = 0 for X € Fy. For
this, consider that

txw = (u1)*(d;)*txw

for both i = 0 and 7 = 1. If we consider the base-point m € Gy of X, we have by definition
that there is Y € A,, such that p(4) =Y, so if we understand A,, C T1,,G; this translates
to Ts(Y)=0and TtHY) = X.

As dg and dy are precisely defined as s and t, this implies

(u1)*(d1)"exw = (w1)"ey (di)*w = (w1) "1y (do)*w = (u1)*(do) " Low,

however (gw = 0, and this is retained under the pull-back.
Now consider v € I's10c(Go, G1). If we have w with (do)*w = (di)*w, we know that

also

(7)"(do)"w = ()" (d1)"w.
But as dy = s, we have that

(7)"(do)"'w = w,
while by definition B
(7)*(d1)*w = (D3 g)*w,

which indeed proves that w also satisfies (5270)%} = w. As noted in the beginning, this
concludes the first major step of the proof.

What remains to be seen is the converse, but when restricting ourselves to local bi-
sections, i.e. that (dp)*w = (d1)*w is automatically implied by txw = 0 for X € Fy and
(Dgyo)*w = w for v € T's110c(Go, G1). Firstly note that using the notation of Lemma
1.1.18 both pull-backs (d;)*w for i = 0 and i = 1 satisfy

Ly(di)*w =0forY e Fi

as (d;)«(Y) € Fo for Y € F1. Due to the second property we have that both (dp)*w and
(d1)*w are invariant under (D%l)* and (D%,l)* for any v € I's ¢ 10c(Go, G1) by Corollary
1.1.49. By Corollary 1.2.9, we can for any z find a local bisection 7 of s and ¢ that
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satisfies y(s(z)) = z. Then the values (d;)*w at z can each be expressed by the values
of (D} 1)*(d;)*w at z. However, these are fully determined by the value of each (d;)*w at
Ly as (D;l)(z) = pu(z,2z71). Any tangent vector at 1y, can be decomposed to a vector
tangent to the identity section and a vector Y satisfying (dp).Y = 0. As this implies
Y € 71 and on the identity section we have dy = dy, we obtain that the (d;)*w agree at
Ly(z)- This in turn, shows that indeed (dp)*w = (d1)*w on the entire G, meaning that
indeed w € Qpas(Go) and concluding the proof. d

Corollary 1.3.3. Let G be a Lie groupoid and Fy be the (not necessarily smooth) bundle
of vector spaces over Gg defined by

(Fo)m = (T1,,)(T1,,5~" (m)) = p(Am).

We have that the basic forms on Gg can be equivalently described by

txw =0 for X € Fy and where defined:
Qpas(Go) = {w € QG st d ° i }

(D?/70)*w =w for Ve J'(s: Gy — Go)
or

txw =0 for X € Fy and where defined:
Qbas(C”O) = {w S Q(Go) s.t. X f 0 ﬁ }

(D%O)*w =w for Ve (J'G)

Proof. Let G be a Lie groupoid. We know by Lemma 1.3.2 that the analogous statements
hold for local sections of s and local bisections of s and t. However, as s is a submersion,
we can extend any V € J(s: G1 — Gp) to a local section of s in analogy to Corollary
1.2.9, where we have seen that if V € (J'G)1, then we may without loss of generality
assume y to be a bisection. By Lemma 1.2.28, we know that the pull-backs along the

action of jets and the pull-backs along the action of local sections agree. O
Lemma 1.3.4. Any basic form w € Qﬁas(Go) satisfies that its value at some point of an

orbit n € Oy, can be inferred from its value at m. For p =0, we have that
CE2u(Go) = O, (Go)
can equivalently be defined as
Coi(Go) == {f € C™(Go) such that f(n) = f(m) for any n € Op,}.

Proof. We will show the statement using the equivalent definition of Cyy, of Lemma 1.3.2.
Consider f € C2%(Go) or w € O, (Go) and m € Go. If n € Oy, we can by definition
choose some x € G1 with s(z) = m and t(z) = n. If we extend z to any local section
v :U — Gy of s (which is possible as s is a surjective submersion), we have that

(52,0)*f =f
as functions on U or N
(Dg’o)*w =w

as forms on U. As (m) = x by definition, this immediately implies that

Wn = (Dg,o)*wpg,o(n) = (Dg,o)*wm

and similarly

(DY,0)"f(m) = f(D3o(m)) = f(n),
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implying f(n) = f(m).

The converse regarding functions, i.e. the fact that a function constant along orbits is
basic, can be proved the same way: As functions are of degree 0, we have that txf =0
for degree reasons for any X € T'Gy. So when we have some function f with the property
that f(n) = f(m) if n € O, we can explicitly check that

(DY0)" f(a) = f(D 4 0(@)) = f(t(v(a)) = f(a),

as t(y(a)) € O,. This means that

on its domain of definition. O

The definition itself does not explain why these forms are called “basic” - implying
that they come from a base. This is the case in the motivating example of a free and
proper action of a group on a manifold, in which case the manifold becomes a principal
bundle over the quotient of the action (cf. [30], Theorem 21.10.), in fact, the definition we
use here can be seen as a generalisation of the usual notion of basic form.

Proposition 1.3.5 (cf. [41], Theorem 12.5). Assume that G is the action groupoid of a
free and proper action of a group G on a manifold M. Then the basic forms are precisely
the forms which arise as pull-backs along

prg: M —Q
where Q@ = M /G is the quotient by the group action.

Proof. In Theorem 12.5 of [41], it is shown to be equivalent for a form w € Q(M) to arise
as the pull-back of a form on () and to be horizontal and invariant, i.e. to vanish under
insertion of vectors contained in Fy and to be G-invariant. This characterisation of basic
forms as horizontal and invariant agrees with the alternate definition of Lemma 1.3.2, as
for any

v E Fs,loc(]\4ag X M) = Cg)c(M7 g)

and any horizontal w € Q(M) we have

(DY 0)*@)m = (D))" @)m:

where y(m) denotes the constant function or s-section. This is precisely because the
derivatives of any two s-sections can only differ in their values by elements vanishing
under T's, meaning that the induced maps (Dg,o)* and (Dg(m),o)* at m only differ by
values in Fp, under which w vanishes. ]

Proposition 1.3.6. Let G be a Lie groupoid and consider w € Qy.5(Go). Then for any
q € N the pull-back of w along any choice of compositions of face maps from G4 to Go
agree and define a unique form in Q(Gq). The form w can be uniquely recovered.

Proof. For ¢ =1 this statement reduces to dy = d1, which is true by definition. For ¢ > 0
we can now use induction together with the simplicial identities.
Compare
(dil O---0 diq)* == dzq o (dn O-+-+0 diq_l)*

with
(d]1 QO-+++0 d]q)* = d}kq (e] (d]l O+++0 djqfl)*



1.3. BASIC FORMS 95

then we may by induction over g assume that

dj, = di,_, = do

q—1

as replacing the pull-backs along the first ¢ — 1 face maps will not change the result.
However, we have

di = diq,1 o) diq,1 if lg—1 < 1q
q—1 q er - .
di,odi,_ 41 if g1 >4

and similar relations for d;,_, and dj,.
If we apply these, we obtain

(dho"'odiq)*:("'odo)*

and
(djy 0+ dj,)" = (-++ o do)’

By induction, these expressions agree.

We can recover w € O (Go) by considering the unit maps u, : Go — G, of Definition
bas y q q

0.2.24. As we can explicitly compute
(diy 0+ -0 d;, o ug) (m) =m,
for any concatenation of face maps we obtain that
(ug)* o (diy 0+ 0d;,)" =id
on Q(Gyp). O

Definition 1.3.7. Let G be a Lie groupoid and consider w € Qpas(Gp). We will denote
the unique associated form of Proposition 1.3.6 by (m;)*(w). The subalgebra

{(7g)"(w) for w € Mas(Go)} C Q(Gy)
will be called the subalgebra of basic forms on G,.

Remark. By Proposition 1.3.6, we already know that
{(mg)™(w) for w € Qpas(Go)} = Nas(Go).

Lemma 1.3.8. Let G be a Lie groupoid. The vertical differential das of the Bott—Shulman—
Stasheff-bicomplex is Cpo (Go)-linear in the following sense: If f € Cpo (Go) then we have
that

dn((mg)" [ - w) = (mg11)" f - A (w),

where we follow the notion of (my)*

any p,q € Ng, we have that

as established in Definition 1.5.7. In particular, for

W(Gq) = D (Ggt1)

is a morphism of Cpo(Go)-modules.
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Proof. This simply follows from

(di)*((mg)"f) = (do©---odyodi)" f = (mg1)" f

by the definition of (mgy1)*f as the pull-back along an arbitrary choice of face maps.
Therefore

(di)*((mg)"f - w) = (mq1)"f - (di)* (w).
As this relation holds for any d; and the fact that das is a linear combination of different
face maps, we obtain that the analogue holds for dys. O

Definition 1.3.9. Consider a left action L of a Lie groupoid G on p : N — Gyp. If
an element w € Q(NV) satisfies that for any n € N and x € G with s(z) = p(n) and
V. € (J'G)1 we have that

WXty Xp) = Wgemy (L(Ve, X1), -, L(Viy X)),

then we call w a J!G-invariant form of p: N — G, with respect to L.

If w € Q(Go), we call it J'G-invariant if it is a J'G-invariant form of id : Go — Gy
with respect to the action of Example 1.1.23.

If w € Q(Gy), we call it J'G-invariant if it is a J!G-invariant form of any choice of
pfl : G4 — G with respect to the corresponding action of the form as in Example 1.1.24.

Remark. In case w = f € C°°(N), we recover the notion of a G-invariant function with
respect to L as given in Definition 1.1.22. However, the action of J'G on A°T*N = N
agrees with the pull-back of this action along the base-point projection by definition,
meaning that we also precisely recover the notion of a J!G-invariant function as given in
Definition 1.1.22.

Lemma 1.3.10. A J'G-invariant form is also invariant under (ﬁfyq)* for any local bi-
section .

Proof. We have already seen in Corollary 1.2.29, that (ﬁlvq)* can be fibre-wise recovered
by the expression (D@q)* for the appropriate jet V € (J'G)1. So at every point z € pz(U)

for U the domain of definition of « the restriction of (Dfm)* to a map
NTh: (z)Gq — TG,
v(pg(2)),q
satisfies that
Wpi (2) — Wy
v(pg(2)),q

we automatically obtain that _
(Dfﬁq)*w = w.

O]

Lemma 1.3.11. Let G be a Lie groupoid. For any y,z € Gy for which p(q)(y) € Opo(z) we
can find ', ..., 29 € Gy such that

DY, (D42, (- Dl (DY, ) = =

Remark. If G is regular, the lemma precisely requires y and z to be in the same leaf of
the orbit foliation Fj, (i.e. in the same fibre of the map 7, : G4, — @ of Proposition 1.1.16).
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Proof. We have that y, z are of the form

(yla"'ayq)a (Zla"'azq) S Gl XG() XGO Gla

where there is in particular an element x° with s(z%) = #(y1) and t(2°) = t(21). So we
have that

DY (y) =
where v’ = (u(2° y1),y2, .. .,9,). In particular, p)(y’) = t(z%) = t(z1).
Now we can inductively consider the following procedure: As 3’ and z satisfy that
pg (y) = pg(z), we can multiply their first components and obtain

= (=) ).
We can then compute
= DL ) = (o i(20) ™ g 0), ).
As we have that (y”)1 = z1, we also find that p}(y”) = pi(z). Therefore we can define
= nu((z2)"",93)

and describe the analogous procedure for Dig o for which we obtain

D%, (D (Dmo,q( ))) = (21,22, p((22) ™", U5, ¥3), Y, - - - )
We can analogously iterate until we obtain z4¢, for which
D, (ng L ( ..D}, (DM( )))) =2,
proving the statement. O

Corollary 1.3.12. For any z € G, we can find m € Gy and x',... 29 € Gy such that

Dg‘hq (Diq 11 .4 ( Dazl,q( ))) = Uq(m)-

Proof. We can apply Lemma 1.3.11 to z and 11?8(2) = uq(pg(z)), which already map to the

same point under pg. Reviewing the proof will show that in this case, we also may assume
that 20 = Lo = u1(pJ(2)), such that by unitality of the action we have Dgo’q = id
wherever defined. O

Lemma 1.3.13. Letw € (Q(Gq))‘]lG and v € (Q(Gq))‘]lG. If we have that
w=v
along the unit section Go C G4, then we find that w = v.

Proof. Consider any point z € G,. By Corollary 1.3.12, we have that

1
Dy (D2, (- Dby (2))) = wg(m)
for some m € GGy. We can now choose V; € (JlG)l with base-points z' by Lemma 1.2.8.

The concatenation .
1 q—1 q
(DVMI) : (D Vg— 1#]) (DVqﬂ)
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induces a map between
/\'T;kq(m)Gq — AT, Gy,

which by assumption of J!G-invariance maps Wy, (m) 10 w and analogously for v. But as
we have assumed that wy, (;m) = Vy,(m), this implies that

Wy =V
and as z € Gy was chosen arbitrarily, we obtain w = v. O

While not strictly necessary for our work, the following observation will be a good point
of intuition for us later, when we restrict ourselves only to a more specific invariance.

Proposition 1.3.14. Let G be a Lie groupoid. The forms w € Q(G,) which are J'G-
invariant are precisely the basic forms on G,. Hence we can identify

1
(QG)” 2 Qs (Go).
Proof. For this proof, we have to show the two inclusions
{(7g)*(@) for w € Quus(Go)} € (2AGy)”'

and

(AG)”"C € {(mg)* (@) for w € Qs (Go)}-

The first direction, i.e. that pull-backs of basic forms define J!'G-invariant forms, will be
straightforward. The second direction will rely on Lemma 1.3.13 and the fact that we will
show that

LXW = 0

at the unit section for any J!G-invariant form and any vector field X € X(G,) contained
in the orbit foliation bundle F.

To start off, let us show that the basic forms on G, are indeed J lG-invariant. For
q = 0 this is already implied by Corollary 1.3.3. Otherwise, we can inductively assume
that the statement holds for ¢ — 1. Then we can write (mq)*w = (do)*(7g—1)*w and apply
the rules of Lemma 1.2.33, to find that

(D )" ()" w = (di)*(mg—1)*w = (mg)*w.

So (my)*w is indeed J!G-invariant.
Now let us prove the converse: Assume that we have some form v € (Q(Gp))’'C.
Define

w = (uq)*v.
We claim that w € Qpas(Go) and further that v = (7y)*w. We immediately know that
w € (Q(Go))”'C from Lemma 1.2.39. To show this, we will first assume the following
claim: For any J!G-invariant form and any vector field X € X(G,) contained in the orbit

foliation bundle F,, we have
txv =0

along the unit section 1g, C G4. This will immediately imply that w € Q,5(Go) by
Corollary 1.3.3 and it will also imply that

(mq) ((ug)™v) = v
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at the unit section 1g, C Gy, as the tangent space at any 1,, is spanned by T;,Go and
Fq (this can be seen for example by studying their dimensions and noting that their
intersection corresponds precisely to Fp). Together with Lemma 1.3.13, this implies that
indeed

v=(mg)*w

in this case and concludes the proof.

Now let us turn to showing the claim: To see this, let us first show tywi,, = 0 at the
unit section for any Y = (ug)«(Y) € Fq N (Tug)(TnGo) C Th,,Gq. Let us commence this
argument by choosing an arbitrary splitting of T,,Go = H @ Fp and then choosing a lift
of Fy to A along p. This defines a map

TnGo — T1,,Gh,

which by definition is a section of Tt and can be inverted to a section of T's defining a
subspace V' C 11, G1. By construction, V satisfies that V N F; gets mapped to 0 under
Tt. Tt is therefore not an element of (J'G)1, but of J!(s: Gy — G1). However, we can
use linear interpolation between the jet we constructed and the jet induced by the map

Tu1 : TmGo — TImGl

to obtain a family of elements of (J'G); converging to V. We can explicitly compute that
all affine combinations between the jets map elements of /7 under T't to a linear multiple
of their image under T's and the scaling constant is only 0 for V itself. As ker(T't) C Fi,
this means T is injective on these jets. By continuity of the respective actions, we must
have that v is invariant under any action of the form (D%, q)* as well. However, we have
by construction that by Lemma 1.2.39 and construction

(Dgﬂq)* e (D\lf,q)*(D?/,q)*Y = (uq)*(D?/,q)*X =0
for any Y = (uq)«Y with Y € F, or equivalently Y € Fy. Therefore
yw = iy (DI, . (DY) (D) = (DY) .. (D) (DY) (1) = 0.

The general statement can now be inferred as follows: Consider Z € I'(Gy, A) arbitrary
and any 0 < i < ¢q. We have that around any m € G there is some open neighbourhood
Unm C Gp and open interval I, containing 0 such that the expression exp(t - Z) defines

a local bisection on Uy, for t € I,,. Therefore, Déxp(t, 24 defines a family of local diffeo-

morphisms on (p})~!(Uy,), which can be derived to a vector field Z e X(Gy). If w denotes
a J'G-invariant form, it is retained under this family of diffeomorphisms and therefore
also satisfies that

ng =0.

Now let us analyse the form of Z: We have that it is given at z € G, by

0

i o (00t D)) plesplt D))z )|

From the formulas, we can directly see that this corresponds to
DE, (- (D% g (D2 g (- D2, g (-0, = Zs oy + (Tuq) (0(Zyi () Zi (2505 - ) - )

where we have used that all expressions vanish under T pfl for any 0 <[ < ¢ with [ # 1.
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In particular, we have that

F-Z=w)f-Z
and ‘ A
Lizw = d((p)"f) Negw + ()" f - Lzw,

such that in particular ‘
A((B)* ) A1z =0,

However, we may choose any f for this to hold, such that we may choose it satisfying
o d ((py)f) =1

at m, where we recall the notion of Y € F, N (Tu1)+«(T»Go) from earlier. (This is al-
ways possible, as we can choose any preimage of Y under Tu; and enforce the analogue
condition). This means that

0=1y (d((pf])*f) Aizw) L= (LZw)lm — d((pé)*f) ALy (wa)lm = (1zw) 1
where we have used the earlier fact that insertion of ¥ in w (and therefore also ;w)

Z
vanishes. So indeed, we find that

L2w50

at the unit section. As ~we can explicitly find from the fact that /3 is spanned by F and
A, we obtain that the Z and Y span F, at the unit section of G,. Therefore

txw =0

for any X € I'(G4, F;) and we can conclude the proof.

1.4 Submanifolds complementary to orbits

Aim of this section: Definitions and Concepts

What are embedded submanifolds complementary to the orbit foliation of a regular
manifold? What are nice properties of these? We can prove a local linearisation
result. What are additional properties needed for additional results?

In this section, we will study regular Lie groupoids by constructing certain subgroup-
oids as auxiliary structures. They will help us to obtain results on the original groupoids.

For the motivation behind this simplification let us look at transitive Lie groupoids,
i.e. Lie groupoids, where the orbit of any point is the entire object space Gy. Up to Morita
equivalence, any transitive Lie groupoid corresponds to a group acting on a point (which
can be obtained through a similar argument to Example 0.2.19 and Example 0.2.21). So
in this case any complexity of the object space (e.g. a complicated fundamental group,
non-orientability, etc.) is completely irrelevant when computing the associated stack co-
homology.

Returning to general regular groupoids, we could, in a similar vein, try to pick a single
point representing each orbit and hope to construct a Morita equivalent Lie groupoid in
this case as well. Unfortunately, there is a major flaw in this strategy: Picking a single
point for each orbit in a smooth way is equivalent to computing the quotient space of Gy
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by G1 and further embedding it as a submanifold of Gg. The quotient space, however,
is generally not even a manifold. Luckily, the idea also works out when the procedure is
done locally: The orbits define leafs of a foliation and it is possible to locally choose a
manifold complementary to it, intersecting each local leaf exactly once.

We will study precisely these types of embedded manifolds and their associated sub-
groupoids. It will become apparent, that they are particularly useful if we may assume
and additional property, s-properness, on those subgroupoids. This will lead to the notion
of “admissible” embedded manifolds, which we will use in multiple proofs at crucial points
in this thesis.

Definition 1.4.1. Let G be a groupoid (not necessarily a Lie groupoid). We denote the
saturation of a subset S C Gy as

Sat(S) = {m € Gp s.t. Iz with t(x) =m,s(z) € S}.
A set S is saturated if Sat(S) = S.

This concept of saturation and many of its properties can be studied in a more general
context (cf. [30], p.605). For completeness, we will present some well-known results for
the setting of Lie groupoids here without any claim of originality.

Lemma 1.4.2. Let G be a groupoid (not necessarily a Lie groupoid). The following are
equivalent:

o The set S is saturated.
o The set S satisfies t—1(S) = s71(9).
The proof of this can be found in A.2.1.

Definition 1.4.3. Let G be a groupoid (not necessarily a Lie groupoid) and H be a
subgroupoid. Then H is called a full subgroupoid of G, if for every m,n € Hy we have
that

(tl) " ({m}) N (s|) " ({n}) € H1 € Gy
agrees with

= ({m}p) N s~ ({n}).

Definition 1.4.4. Let G be a Lie groupoid and S a saturated subset. G|g denotes the
full subgroupoid of G over S given

e object space (G|g)o := S
e morphism space (G|s)1 := s71(S) = t71(9).

Lemma 1.4.5. Consider a Lie groupoid G and a saturated embedded submanifold U C Gy.
Then the groupoid G|y defined in Definition 1.4.4, i.e. given by

e object space (Gly)o =U

e morphism space (G|y)o = s H(U) =t~ 1(U)
1s a Lie groupoid.

The proof of this can be found at A.2.2.

Lemma 1.4.6. Let G be a Lie groupoid. The saturation of an open subset of Gg is open.
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The proof of this statement can be found in A.2.3

Lemma 1.4.7. Let G be a proper Lie groupoid. The saturation of any compact set C C Gy
1s closed.

Remark. The assumption of C being compact can not be replaced by the assumption of
C' being only closed. For example, consider the (regular and proper) foliation groupoid
defined by the foliation

{Rx {y}}yeR

on R2. The graph of the exponential function is closed in R?, but its saturation is given
by
R x H%>Oa

which is not closed.
The proof of this statement can be found in A.2.4.

Lemma 1.4.8. Let G be a groupoid (not necessarily a Lie groupoid). For any m € Gy,
we have that the orbit of Definition 1.1.10 satisfies

Op, = Sat({m}).
Proof. This follows directly as the definitions agree. O

Corollary 1.4.9. If G is a proper Lie groupoid, then O, is closed for any m € Gy.

Proof. This follows from applying Lemma 1.4.7 to {m} in the alternative definition of O,
of Lemma 1.4.8. ]

The following is a result for which I am especially certain that it can be found in the
pre-existing literature or at least is “folklore”. The proof, although lengthy, resembles
precisely the classical result for manifolds and their topology.

Proposition 1.4.10 (A.2.5). Consider a proper Lie groupoid G. Any two closed saturated
subsets C C Gg and D C Gy which are disjoint can be separated by open saturated sets.
This means that there exist open sets N C Go and O C Go with C C N and D C O which
also satisfy

NNO =10.

Corollary 1.4.11. Consider a proper Lie groupoid G. Any two closed saturated subsets
C C Gy and D C Gy which are disjoint can be separated by open saturated sets N and O
which satisfy

NNnO=0.
The proof of this statement can be found in A.2.6
Corollary 1.4.12. Let G be a proper Lie groupoid. Consider the space
Q = Go/Fo = Go/ ~,

where ~ denotes the equivalence relation of Lemma 1.1.11. Then the quotient topology on
Q is Ty (i.e. normal and T} ).
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The proof of this statement can be found in A.2.7.

We have already described at the beginning of the section, that we aim to reduce the
complexity of studying a Lie groupoid G by constructing auxiliary Lie subgroupoids, where
we aim to only include very few (preferably one) points per orbit in the new restricted
object space. On regular groupoids, we have that the orbit foliation of Gy has a constant
rank - so we can hope to use the (non-canonical) foliation charts. They will produce
a (non-canonical) local embedding of a vector space spanned by the coordinate vectors
which are fixed in the leaf of 0 in the given chart - and hence intersecting all the leafs of
the chart precisely once.

Definition 1.4.13. Let G be a Lie groupoid. A manifold R is an embedded subman-
ifold complementary to the orbits of Gy if it is an embedded submanifold of Gy and
the embedding ¢ : R C Gy satisfies that T : TR — TGy is complementary to the orbit
foliation in the sense that for the foliation bundle Fy we have that

(TW)(TR) N Fo = 0.

Remark. It might seem a natural choice to use the word “transversal” instead of “com-
plementary” here. However, transversality of two embeddings @) and R in some G is
usually (cf. [30], p. 143) defined as satisfying

TmQ &TnR= TmG(L

which is not necessarily the case here. We will sometimes in the following consider embed-
ded submanifolds R for which both conditions are satisfied. It is immediately clear that
this requires the codimension of R to be precisely the dimension of the foliation. Under
this assumption, the notions of “complementary” and “transversal” become equivalent
and the embedded manifolds satisfying them are also known as “maximally transversal”.
However, some of the following statements can be proven independently of the assumption
of a certain codimension of R.

Lemma 1.4.14. Consider a manifold Gy with a reqular foliation Fy of rank ly, i.e. where
we can locally around any m € Gy choose coordinates such that the chosen coordinate
chart is given by a cube

U C R =Rl x RFo~lo

and the leaves of the foliation are given by

CUZO+1 — Cl0+1, ko

. zho = ¢

and its associated involutive distribution by

(T(®") x {0,},crro-0 ) lo-

Then for any embedded manifold R of codimension ly (i.e. dimension ko —ly) comple-
mentary to the foliation we can choose a coordinate chart

¢:V CGy— UcCRk
of the form described above with the additional property that
H(RNV) = ({0} x RFe=loy n 1.

The proof of this statement can be found in A.2.8.
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Lemma 1.4.15. Let G be a regular Lie groupoid where the rank of the orbit foliation is ly.
The saturation of a embedded manifold R of codimension ly complementary to the orbits
is an open subset of Gy and in particular an embedded manifold.

The proof of this statement can be found in A.2.9.

We now want to use these embedded submanifolds to study “global” phenomena on
the entire groupoid by only looking at the restriction to a submanifold only.

The philosophy will relate the properties (e.g. values of forms) along orbits, like we
already have done for example in Lemma 1.3.4 for basic functions, where the value at a
point determines the value at each point in an orbit. This means that when studying some
complementary embedded manifold R, we will only obtain information on its saturation,
which we can continue to a groupoid structure.

Lemma 1.4.16. For a Lie groupoid G, consider R C Gy an embedded manifold comple-
mentary to the orbit foliation Fy, such that Sat(R) is an embedded manifold. Then for
any r € R we have T, Sat(R) = T,R ® Fy and

S‘tfl(R) : t_l(R) — Sat(R)
18 a submersion.
The proof of this statement can be found in A.2.10.

Corollary 1.4.17. For a Lie groupoid G, consider R C Gy an embedded manifold com-
plementary to the orbit foliation Fy, such that Sat(R) is an embedded manifold.

Then we have that t—1(R) N s~Y(R) is a manifold embedded in G1. If G was proper,
then the map

(t,s):t ' (R)Ns ' (R) = RxR
is proper as well.

The proof of this statement can be found in A.2.11.

Definition 1.4.18. Let G be a Lie groupoid and R C Gy an embedded manifold comple-
mentary to the orbits satisfying that Sat(R) C Gy is also embedded. Then G|r denotes
the full subgroupoid of G over R given by

e object space (G|r)o := R
e morphism space (G|g)1 := t~}(R) N s~ (R).

Remark. This is in some sense an extension of Definition 1.4.4. Also, with this definition
the statement of Corollary 1.4.17 can be formulated as: If G is proper, then G|g is proper.

Corollary 1.4.19. If G is a reqular Lie groupoid with an orbit foliation Fo of dimension
lo and further R C Gy is an embedded manifold of codimension ly complementary to the
orbits, then

S‘tfl(R) : til(R) — Sat(R)

is a submersion and t~1(R)Ns~1(R) is a manifold embedded in Gy defining a subgroupoid
of G which we will denote G|r. If G was proper, then so is G|g.

The proof of this statement can be found in A.2.12
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Corollary 1.4.20. If G is a reqular Lie groupoid with an orbit foliation Fy of dimension
lo and further R1 C Go and Re C Gy are embedded manifolds of codimension lg comple-
mentary to the orbits, then for any m € Ry N Sat(Re) there is a local s-section defined on
U C Ry around m inducing a diffeomorphism between U and an open submanifold of Ra.

The proof of this statement can be found in A.2.13.

Intuitively, if we compare Sat(R) and R, we have that for the Lie groupoid G|gq¢(r)
the embedding R C Sat(R) behaves similarly to the embedding of a point in a transitive
groupoid. In fact, we can check that that G|g is Morita equivalent to Glga(r) (using the
bibundles s~*(R) and ¢~*(R)). However, this simplification of the structure from G|g,(p)
to G|gr is not quite sufficient for our purposes yet. What we will also need is a result that
tells us more about the structure on G|g, specifically, we will be looking for a result that
will tell us, that locally, G|r has the structure of an action Lie groupoid. For this aim,
we will look at results on linearising Lie groupoids. The question on how to linearise a
general proper Lie groupoid has been already been considered by Weinstein in [43] and
Zung in [44] and there is a family of results constantly improving the existing linearisation
theorems.

Definition 1.4.21. Consider a Lie groupoid G, a saturated subset Hy C Gg and the
associated full subgroupoid H = G|g,. Then the normal groupoid of H in G is denoted
v(H) and defined by the vector bundle quotients

(v(H))o = TGolm,/THo

and
(v(H)), =TG1|n, /TH;.

Remark. We can see immediately from the construction that TG|y is a subgroupoid of
TG and TH C TG|g is a morphism of VB-groupoids over H. Therefore, the groupoid
structure of T'G actually descends to v(H) and furthermore, v(H) has the structure of a
VB-groupoid.

Definition 1.4.22. A Lie groupoid G is called s-proper if its source map s is a proper
map.

Lemma 1.4.23. Let G be an s-proper Lie groupoid. Then for any m € Gy, the orbit O,
only has finitely many connected components.

Proof. Consider the connected components of s~!({m}). By assumption of s-properness
this is a compact manifold. Therefore it can only have finitely many connected compon-
ents. As t is continuous, it maps connected components onto connected components and
the image under ¢ is given by precisely O,. O

Lemma 1.4.24. If a Lie groupoid G is s-proper and an open subset U C Gy is saturated,
then G|y is s-proper as well.

Proof. Consider a sequence {z, € (G|y)1} such that the values of s(z,) converge. Then
as G was s-proper, we have that there is a subsequence converging to x € G;. However,
we have that s(x) € U is the limit of the s(z,) and as U is saturated, we have that also
t(z) € U. Hence x € (G|y)1, implying that G|y is s-proper. O

Theorem 1.4.25 ([15], Corollary 5.14.). Consider an s-proper Lie groupoid G and a
saturated embedded manifold Sg C Gg. Then G is invariantly linearisable around Sy.
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This means when considering the groupoid S with
S1=t"1(So) = 5" (S)

as a subgroupoid of G, then there is an open saturated subgroupoid U of G (i.e. Uy is
open and saturated and Uy = t~Y(Uy) = s~ (Up)) containing S and an isomorphism
U~V Cv(S) where V is an open saturated subgroupoid of v(S5).

Remark. The main theorem of [15] is much stronger - this result is merely a consequence
of it. Furthermore, in the original statement, the additional assumption on G being
Hausdorff was made, which we have dropped as it is included in our definition of Lie
groupoids.

Corollary 1.4.26. Given an s-proper Lie groupoid G with discrete orbits and m € Gy
with orbit Oy, = {m = my, ma,...,my}. Then there are disjoint Uy, ..., Uy which are open
neighbourhoods of the respective m; such that U = UU; is saturated and G|y is isomorphic
to a saturated open subset of v(G|o,,)-

In particular, both source and target map induce a fibre bundle structure on G|y which
each admit a trivialisation over each U;. Furthermore, every connected component of G|y
induces a unique diffeomorphism between some U; and U;. Also, the trivialisations on the
connected component containing the units of some U; with respect to either s =t agree and
the fibre bundle structure is compatible with the groupoid structure, such that we obtain a
trivial Lie group bundle structure on Iso®(G|y,).

Proof. As all conditions are met, we can apply Theorem 1.4.25 for Sy = O,,. In this case,
we have that T'Oy, is the trivial bundle over O,,, meaning that (v(Glo,.)), = T'Golo,.,
which decomposes into disjoint connected components which are tangent bundle fibres
over every m; in the orbit of m.

Furthermore, we have that any X € T,G1/T:t~(Oy,) for x € t71(0,,) = s71(Oy,) is
uniquely determined by = and its image under T's, which is a tangent vector at s(x). This
means that for any m; the source map of v(G|p,,) when restricted to T,,Go ~ U; is the
projection of a trivial fibre bundle with fibre s~({m;}). An analogous result holds for the
target.

When expressed according to the trivialisation with respect to s, any connected com-
ponent of the bundle can be expressed as a product of some connected component of some
s71({m;}) and the associated U;. In particular, the connected components of the source
fibres agree with the source fibres of the connected components (and the same for target
fibres).

Also note that under ¢, any connected component given by the product of U; and
some connected component of s7!({m;}) needs to have connected image, hence it must
be contained in some Uj;. Furthermore the image of each source fibre in this connected
component needs to be connected, but as the orbits are discrete the image is actually
constant. Hence if we choose any section of the source map on U; with image in the
chosen connected component, the induced map from U; to U; is unique.

The inversion of elements induces an involution on the set of connected components
of (v(G|o,,));- Because of inversion exchanging source and target the morphisms induced
by two accordingly related connected components on the respective components of U are
inverse to each other. In particular, all induced maps are diffeomorphisms.

If we consider a connected component including all units of some U; it is immediately
clear that the induced diffeomorphism is the identity and that s = ¢ on the entire com-
ponent. If we consider the trivialisation of this connected component, its fibre is given
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by a group, namely the connected component of the identity in s~'(m) N¢~!(m) and the
trivialisation is compatible with the multiplication, such that we obtain a trivial Lie group
bundle, which is equivalent to the action groupoid of the Lie group acting trivially on
U;. O

Corollary 1.4.27. Let G be an s-proper groupoid with discrete orbits, i.e. where the orbit
foliation bundle Fo vanishes. Let f € C*°(Gy) be any smooth function. Then the function
g defined by
1
m i g(m) : > fn)

‘Om‘ nEOm
is a well-defined and smooth function in Cpo(Go).

Proof. We know that as G is s-proper, any m € R only has a finite orbit in R given by
O = {m = mq,ma,...,my}. Hence the values of g(m) are well-defined. It is also clear
that for m and m’ with O,, = O, holds g(m) = g(m'), meaning that by Lemma 1.3.4 the
function is basic (assuming that it is smooth). We will now show, that g indeed satisfies
smoothness, which will be an application of Corollary 1.4.26.

Firstly, note that t*f € C°°(G1) is a smooth function that is locally constant on s-fibres
of GG, because the orbits are discrete. Further note that instead of averaging over the values
of f on O,,, we could have been averaging over the constant values of f on the connected
components of s~1(m) instead. In that sum, we would replaced the term of f(m;) for
any 1 < i < k by the term f(m;) for each connected component of t~1(m;) N s~ (m).
However, independently of 4, this space is non-canonically isomorphic to s~!(m)Nt=1(m),
meaning the number of connected components is independent of i. Therefore, each term
f(m;) appears with the same frequency and as we are averaging over all terms, this does
not change the result.

If we now apply Corollary 1.4.26, we have that s : G; — Gg is a trivial fibre bundle
when restricted to some saturated open around O,,, where on each connected component
the function f is fibre-wise constant. For any m’ we have just shown that averaging over
the values of f on the s-fibres yields g. As the bundle is trivial, we have that each connected
component induces a unique smooth function on the open component around m, which
corresponds to the value of f in the fibre of the component. Averaging over these finitely
many smooth functions will result in g, which shows that it is a smooth function as well
on an open around m. As smoothness is a local property, we have that f is indeed smooth
everywhere on Gy. ]

Remark. This corollary will be our go-to procedure to construct basic functions through-
out the rest of the chapter. It will become apparent later how to apply it (at least locally)
to general proper and regular groupoids. Note that we can also reframe the construction
as averaging over a Haar system that is normalised. This is a construction that could be
generalised to general s-proper groupoids, but not to proper groupoids.

Unfortunately, properness and s-properness of a groupoid are not equivalent, even
when each orbit is compact or even finite. A good example to highlight that is the
covering groupoid of a manifold: For a finite but not locally finite cover this has discrete
finite orbits and is proper, but not s-proper.

Definition 1.4.28. Consider a proper regular groupoid G with orbit foliation of rank .
A complementary embedded manifold R C G is admissible if it is of codimension [y and
when restricted to G|g the source map s|g is proper.
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Remark. Due to the maximal codimension, we have that this manifold is automatically
also transversal to the foliation in the usual sense, specifically minimally transversal (see
the previous remark on page 103).

Note, that this is a technical definition. The term admissible in this context was chosen
to express that the manifolds have the necessary properties so that the constructions of
Chapter 2 (and later Chapter 5) will work. Generally, there are already similar pre-
existing notions for maximally transversal embedded submanifolds. For example, there is
the notion of slice as in [13] (cf. p. 738), which denotes a maximally transversal embedded
manifold R, but it furthermore must satisfy that for some previously fixed point m € Gy
holds that RN O,, = {m}. This concept is very useful when considering the linearisation
of Lie groupoids which are proper (or even only proper at x). It will turn out that when
later describing a general procedure to construct admissible embedded manifolds, we will
often end up with slices coincidentally. Nonetheless, in the confines of this thesis, the
s-properness required for admissibility is key to a number of proofs, explaining the need
for this alternate notion.

Lemma 1.4.29. Let G be a proper reqular Lie groupoid. Consider an embedded manifold
Q C Goy complementary to the orbit foliation of codimension ly and R C Q) an open subset.
Then the following are equivalent:

e R C Q is admissible as an embedded manifold complementary to the orbit foliation
with respect to G|q.

e R C Gy is admissible as an embedded manifold complementary to the orbit foliation
with respect to G.

Proof. First of all, the composition of the embedding from R to ) and the embedding
from @ to Gg is still an embedding and as the image is contained in the image of the
latter it is also still complementary to the orbit foliation. The codimension of R with
respect to Gy is Iy, as the dimension of R agrees with the dimension of ). Furthermore,
as G|r = (G|g)|r the s-properness of the groupoid can be checked on either. O

Corollary 1.4.30. Let G be a proper and reqular Lie groupoid and Q C Gg an admissible
embedded manifold. Then any union R = U;c1@Q; C Q of connected components @QQ; C Q
s also an admissible embedded manifold R C Gy.

Proof. By Lemma 1.4.29 it is sufficient to show that R C @ is admissible with respect to
G|g. The dimension of R agrees with the dimension of @) as an open subset, so it only
remains to check s-properness. However, as both s and ¢ map connected components to
connected components as they are smooth, we have that G|r C G|g is an inclusion of
connected components as well. In particular, it is a closed subset meaning that for any
compact C' C @ we have that s71(C) N G|R is a closed subset of s71(C) N G|g. The latter
is compact, as () was admissible, and therefore, so is the former. Hence, G|g is s-proper
and R is admissible. O

Lemma 1.4.31. Let G be a Lie groupoid. Consider an admissible embedded manifold
Q C Gy and R C Q a saturated open subset. Then R C @ is admissible as an embedded
manifold (complementary to the orbit foliation) with respect to G|g and R C Gy is ad-
missible as an embedded manifold (complementary to the orbit foliation) with respect to

G.



1.4. SUBMANIFOLDS COMPLEMENTARY TO ORBITS 109

Proof. As R C @ open, the dimensions of (Q and R agree, which means that R has
codimension 0 with respect to Q and codimension [y with respect to Gy. Hence it only
remains to check s-properness of G|g.

Assume that we have a sequence of points {z,}nen, for which the sequence of the
values s(x,) converges in R. Then they also converge in (), meaning there is a limit
z € (G|g)1. However, we have that s(xz) € R by assumption and as R is saturated, this
implies t(x) € R and = € (G|r):. Hence G| is s-proper and R is admissible in both of
the respective cases. O

Lemma 1.4.32. Consider a proper and regular groupoid with a coordinate chart U as
described in Lemma 1.4.14 and assume there is an open V C RF=lo sych that

{0} xV
s admissible. Then if
[0,p] - bxV CU
for some p € R and b € R we have that
{p-b} xV

is admissible as well. Furthermore, r € [0, p| parametrises a family of isomorphisms

Glirpyxv = Glioyxv
that smoothly depend on r.

Proof. We have that {r} x V is a complementary embedded manifold of codimension [
for any r € [0, p]. Furthermore the fact that

[0,p] - bxV CU
implies that locally around every point m € V we can find a section
v {O} xV =Gy

of s which, when composed with ¢, maps to {r} x V covering the identity on V. We can
construct this section as follows: Choose any vector bundle map of Fy to A which is a
left-inverse to p (as p is linear, we can do this locally and then glue). We have that this
maps the vector field

{gb € TRY} x {0 € TR~}

to a local section I'ye(Go, A) defined on U. Continuing this to a local right invariant
vector field (defined on ¢t=!(U)) and integrating to a flow ¢, (parametrised by a) yields 7,
defined by

vr(n) := ¢r(1,) € Gy.

It is not a priori clear that the result is well-defined on an open around m. However,
as G is proper, we have that ¢,(x) for s(z) € U is well-defined precisely as long as the
flow of

{e?b € TRY} x {0 € TR0}

starting at s(x) is defined at time a. For x = 1,, with n € V this is precisely the case as

long as
[0,a] - bx {n} €U,
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which in particular holds for all 0 < a < p and implies that -, is indeed well defined.

As the vector field we are integrating is contained in ker(7's), we also have that 7 is a
section of s, while by construction, ¢ o7y, maps the first coordinate from 0 to r - b. As this
defines a diffeomorphism between

{0} xV={r-b}xV
we have that there is also a well-defined section
'7;1:{7“}XV—>G1

which is a left and right inverse to -, under the multiplication of Definition 1.1.41 by an
argument analogous to Lemma 1.1.43.
By construction, this implies that

(Glioyxv)1 = (Glgrpyxv )i
z = (e (t(x)), 2, (v (s(2))) )

and

(Glipsyxv)1 = (Glioyxv )i
x = (), z, (3 (s(2) )

induce inverse groupoid morphisms. By construction, the family of sections 7, and there-
fore also the family of induced isomorphisms smoothly depend on r. Furthermore, this
shows that G|,.5) <y is precisely s-proper if and only if G|gy 1 is. As the other properties
required for an embedded manifold to be admissible are clear from the explicit form of the
embedding, it follows that if {0} x V' is admissible, so is {r - b} x V.

O

Definition 1.4.33. Consider an embedded manifold R C Gy. Then the Go-boundary
OR C Gy is given by
R/R C Gy.

Lemma 1.4.34. Consider an admissible embedded manifold R C Gg. Then
OR C Go/ Sat(R).

Proof. Assume that
OR N Sat(R) # 0.

This would mean that there is some x € G with s(z) € R and t(x) € 9R. We can now
choose a sequence of points m,, € R such that they converge to t(z). As t is a surjective
submersion we can lift them to a converging sequence z,, € G1. We now aim to show that
we may choose the x,, with s(z,) € R for sufficiently large n.
For this note that according to Lemma 1.4.14, we can choose a coordinate chart around
s(x) in which R corresponds to
{0} x Rko—lo

and all leaves of the form
R x {z}

for a fixed € R¥o~% belong to the same orbit, meaning in particular that orbits are
retained by the standard orthogonal projection to R.
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In particular, for every x,, with s(x,) contained in this chart, we can replace x,, by

x;z = /‘($na yn)
for y, € Gp some morphism with t(y,) = s(z,) and s(y,) € R the unique value to
which s(z,,) projects. This constructs a sequence which satisfies that ¢(z],) = t(x,) € R
converges to a value in JR, while s(x]) € R converges to s(x), as in coordinates limit and
projection to R can be interchanged.

However, we assumed that G| was s-proper. Hence the 2/, have a converging sub-
sequence in (G|gr)1. As limits are unique, it follows that x € (G|r)1 and t(x) € R. This is
a contradiction by definition of the boundary. O

Lemma 1.4.35. Consider a proper Lie groupoid G where the leaves of the orbit foliation
Fy are of dimension 0, i.e. all orbits are discrete. Then for any m € Gy we can choose a
precompact coordinate chart U' C Go with m € U’ and local coordinates U' =2 R*o | such
that O, NU’ only contains finitely many points for any n € Gy.

Proof. Choose any coordinate chart around n. By assumption we have that G is proper,
meaning that

1 (Bi(0) N5~ ({n})

is a compact set. In particular, it can only have finitely many connected components. Fur-
thermore, as connected components of this set map to connected components of O,,NB;(0)
surjectively, we know that the latter also only has finitely many connected components.
However, as the orbits on G are discrete, this implies that the coordinate chart we can
define on Bj(0) satisfies the property of the statement, as it only intersects O,, in finitely
many points. O

Lemma 1.4.36. Given a proper Lie groupoid G where the orbit foliation Fo vanishes and
for some m € Gy a coordinate chart U' C Gy with m € U’ and local coordinates U’ =2 R0,
such that O, NU' only contains finitely many points. Furthermore, let p € R be such that

where we consider the standard metric on R0,
Then there exists a 0 < ¢’ < p such that for any 0 < q < ¢’ we have

Sat(B,(0)) N dB,(0) = 0.
Proof. As we have
Sat(B4(0)) N 0B, (0) C Sat(By(0)) N9B,(0)
whenever g < ¢/, it is sufficient to show that Sat(B,(0)) N 9B,(0) = 0 for some ¢'.
Assume that there was no such ¢’. Then for every n € N 1 we would have

Sat(B1(0)) N0B,(0) # 0

implying that there would be some x,, € s_l(B% (0)) with t(z,) € 0B,(0). We have that

{s(zy)} is a sequence that converges to 0 € R* which corresponds to m. Furthermore,
as 0Bp(0) is a compact embedded submanifold of Go, we have that {t(x,)} contains a
subsequence that converges to an element of 0B,(0). However, as G was assumed proper
this means that there is € G| with s(z) = m and t(z) € 0B,(0), i.e. |t(x)| = p. This is
a contradiction that p # |m;|, as t(x) must be in the orbit of m. O
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Lemma 1.4.37. Given a proper Lie groupoid G with discrete orbits and m € Gy. Then
there is an open U with m € U which is admissible. We may choose U connected and
contractible and such that U C O for any open neighbourhood of m.

We may additionally choose U such that G|y is isomorphic to a full open subgroupoid
V C v(Glo,,). This may be done such that both source and target on G|y induce fibre
bundle structures which each admit a trivialisation. In particular, every connected com-
ponent of G|y induces a unique diffeomorphism on U. Furthermore, the trivialisations
with respect to s =t agree on the connected component containing the units of U, where
they induce the structure of a trivial Lie group bundle.

Proof. First of all, let us note that the only reason the source map of a proper Lie groupoid
with finite orbits is not proper is the existence of sequences {z,, € G }nen, for which the
images under the source map converge, but images under the target map do not. So
if we apply Lemma 1.4.35, we can choose local coordinates U’ ~ R* on some open
neighbourhood U’ C Gy of m, where the orbits are finite. We will denote the points in
the intersection of U" and O,, by {m = mi,...,my }. Now we may choose 0 < p € R such
that

p # |mil

for any 1 <4 <k’ and consider B,(0) C R*o ~ .
We can now apply Lemma 1.4.36 to obtain that there is a ¢ € R with 0 < ¢’ < p, such
that B,(0) C R* ~ U’ satisfies that

Sat(B,(0)) N OB,(0) = 0

for any 0 < ¢ < ¢/. We will now show that any choice of ¢ is sufficient for G|Sat(Bq (0))NB,(0)>
i.e. the full groupoid over Sat(B,(0)) N B,(0), to be s-proper. For this, consider a sequence

{zn € (Glsat(B,(0)nBy©)) { fneN
such that s(x;,) converges to
a € Sat(B4(0)) N By(0).

By boundedness, a subsequence of ¢(x,,) converges in

Sat(B,4(0)) 1 B,(0) C B, (0)

and by properness of GG, this means that a sub-subsequence of the x,, converges to x with
s(x) = a and t(x) € By(0). However, by assumption we have that

O, N Bp(0) C Sat(B,(0)) N By(0) = Sat(B,(0)) N B,(0)
as the intersection with the boundary 0B, (0) is empty. Thus
T € (Glsat(B,(0))NB,(0))1-
This concludes the proof that G|ga B,(0))nB,(0) 1s indeed s-proper and therefore
Sat(Bqy(0)) N By(0)

is admissible.
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It remains to show that we can find U C Sat(B,(0)) N B,(0) which is not only admiss-
ible, but also connected and contractible and can be chosen arbitrarily small. However,
we are now in the situation where we may apply Corollary 1.4.26 to

Gl0,nB,(0) € Glsat(B,(0))nB,(0)-

This gives us disjoint open sets U; C Sat(B,(0)) N B,(0) for 1 <4 < k' with m; € U; such
that G|uy, is isomorphic to a saturated open subgroupoid of v(G|o,,.nB,(0))-
As the U; are disjoint, we have that the inclusion

G’U1 - G|UU¢

is an inclusion of connected components both on the level of objects and morphisms. As
connected components are closed as well as open, convergence of a sequence in (G|, )1 is
equivalent to convergence of the sequence in (G|uy,)1 meaning that in particular G|y, is
s-proper.

Furthermore, we have that G|y, corresponds under the isomorphism to an open sub-
groupoid V' C v(Glqpy). However, G|,y is given by a compact group acting trivially
on a point. So if we consider the trivialisation of (V’); according to s as in Corollary
1.4.26, we obtain a group action of (G|n,3)1 on (V')o, which by definition corresponds
to the group action of (G/|gyy)1 on v((Glm)o) induced by the canonical trivialisation of
v((Glm)1) = (Glm)1 X v((G]m)o) along the source map.

However, as we were linearising around a discrete orbit, we have

v((Glm)o) = TinGo

such that the action of (G|gyy)1 on v((Glm)o) is linear with respect to its vector space
structure. As (G|{ny)1 is compact, we can define an inner product on T;,Go that is
invariant under the given action, meaning that in particular all open balls

B..(0) C T;,Go

for r > 0 are saturated.
If we now choose r € R such that additionally

B, (0) € (V)o,

we have that B,(0) is connected and contractible and v(G|gny)lB, ) € V' is a well-
defined subgroupoid as B,(0) was saturated. Furthermore, v(G/|(yy)|B, (o) is s-proper
as B.(0) € (V') is admissible by Lemma 1.4.31. Under the isomorphism with G|y,
we have that B,(0) corresponds to an open connected contractible subset U C U; and
v(Gl{my)| B, (0) to Glu, which is then an open and s-proper subgroupoid of G|, , meaning
that U is admissible.

The form of the trivialisation of G|y follows as in Corollary 1.4.26. O

Corollary 1.4.38. For any proper and regqular groupoid G and any m € G there exists
an admissible embedded manifold R C Go with m € R.

Proof. By definition, we have that there are coordinates on Gg given by a chart U — Gy
where U C R" is a cube, such that each orbit intersects U in either the empty set or a
countable union of [-dimensional slices of the form
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In particular
Un{z"=0for1<i<ky—Ilp}

is an embedded manifold of codimension ly complementary to the orbits. Therefore, by
Corollary 1.4.19, we have that G|r is well-defined and by Lemma 1.4.37 there exists an
admissible manifold @ C R. By Lemma 1.4.29 this means ) C Gg is an admissible
embedded manifold. O

1.5 The existence of a specific cover

Aim of this section: Proposition 1.5.9 (abbreviated)

For any proper and reqular groupoid G there exists an admissible cover, i.e. a cover
that satisfies specific properties. For example, it is comprised of sets of the form
U,, = Sat(R,,) where R,, are admissible embedded manifolds as defined in the previous
section.

This section does not aim to produce results that are of use in the general study of
a proper and regular Lie groupoid, but rather a specific construction that has explicit
properties which will become extremely relevant throughout this thesis. The goal itself is
to construct quite ordinary objects, such as covers, subcovers, partitions of unity or cut-off
functions, but in a specific framework tied to our previous notions of admissible manifolds
and basic functions.

The statements in this section are therefore often quite easy to apply without a deeper
understanding of the underlying construction, while the proofs are mostly technical.

Definition 1.5.1. Consider a regular and proper Lie groupoid G. A cover {U, },en for
N=Ny or N={neNys.t. 0<n<f}
is admissible with admissible embedded manifolds {R,,},cn if
e {R,}nhen is a family of admissible embedded manifolds.
e Sat(R,) = U, for each n € N.
e {Up,}nen is alocally finite cover of Gy.

If the closed sets { R, }nen are additionally pairwise disjoint, we call it admissible with
properly disjoint admissible embedded manifolds.

An admissible subordinate refinement of such an admissible cover is an admissible
cover {V,, }nen with admissible embedded manifolds {Q;, }nen where we have that

Vi, C U,
for alln € N.
Remark. We will adhere to the notion
N=Nyp or N={neNyst.0<n<f}

throughout this section to simplify the statements.
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As it will turn out, finding an admissible cover by properly disjoint admissible manifold
is almost always possible. Only when the dimension of F is given by [y = 0 we will not
be able to give a general construction. However, we often have that in the case where the
orbits are discrete, the trivial cover {R} for R = Gy is admissible, in particular when G is
a Lie group bundle.

Definition 1.5.2. Consider a regular and proper Lie groupoid G and an admissible cover
{Un}nen with admissible embedded manifolds {R,},en. If all R, are connected and
contractible, we call the cover admissible with connected contractible admissible
embedded manifolds.

Definition 1.5.3. Consider a Lie groupoid G and a cover {Up,},en by saturated open
sets, e.g. an admissible cover. Then a partition of unity {x,},cn is admissible if

Xn € ngs(GO)
for all n € N.

Definition 1.5.4. Consider a Lie groupoid G. Further consider a cover {U,},en by
saturated sets and a subordinate refinement {V,,},cn by saturated sets satisfying that

V., CU,

as subsets of Gy. Then a family of cut-off-functions {¢,},cn associated respectively
to the inclusion V,, C U,, C Gy is admissible if

g” € Clc;gs(GO)
for all n € N.

Remark. By a cut-off-function for two open sets V. C U C Gy with V C U, we mean a
non-negative function £ € C*°(Gy) such that

supp(§) C U
and
E=1
on V and
£E=0

on Go/U. Technically, this is a cut-off-function between V and G/U.

Lemma 1.5.5. Consider G an proper and reqular groupoid with R C Gy admissible and
Q C R open, such that Sat(Q) C Go is contained in Sat(R). Then there exists

§€ ngs(GO)

which is a cut-off-function between Sat(Q)) C Go and G\ Sat(R).

Proof. Note that we may without loss of generality assume that () C R is saturated
already (as we may otherwise replace @ by Sat(Q) N R, as this is still open with the
same saturation). We will start the construction of ¢ by applying Corollary 1.4.11 to Q
and Go/ Sat(R) to find open saturated sets N and O with disjoint closure separating the
saturated closed ones. Then, we choose an arbitrary cut-off-function {’ € C*°(Gy) between
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N and O (cf. [30], Proposition 2.25.). We have that supp(¢’) C Sat(R)\O, implying that
also
Sat(supp(&)) N O = 0.

As G|g is s-proper, we can apply Corollary 1.4.27 to obtain

_ 1 ,
€m) = 57 > €,

TLEOm

where ¢ € C*°(R). Furthermore, we have £ = 1 on Q as ¢ = 1 on Sat(Q), such that we
only average over 1 on these orbits.
Also, as subsets of R we have that

supp(§) C Sat(supp(¢'|Rr))

as the latter is closed and contains all points where £(m) > 0, as this implies &'(n) > 0 for
some n € O,,. We have, by construction, that

Sat (supp(¢’|r)) N O =0,

as O N R is saturated and open.
Lastly, we have that £ defines a function { € CP3,(Sat(R)) by

§(m) =¢(n)

for n any point in O,, N R. To see that this function is well-defined and smooth, we can
consider the surjective submersions s : s~ '(R) = R and ¢ : s7'(R) — Sat(R).

If we pull back € along s, we obtain & € C>°(s~1(R)). Because & was basic, we obtain
by Lemma 1.3.4 that E is fibre-wise constant along t. As t is surjective, this uniquely
defines a function & € C*°(Sat(R)), where smoothness is implied as ¢ is a submersion.
Furthermore, if we consider two points in the same orbit, the corresponding values of &
are both defined to agree with the value of £(n), where n is any point in the intersection
of the common orbit with R. Again using Lemma 1.3.4, this means that the resulting
function is basic.

Lastly, let us note that as subsets of Sat(R), we have

supp(§) C Sat(supp(§)),

as any m with £(m) > 0 lies in the orbit of some r € R with £(r) > 0 by construction.
However, it is also disjoint from O, which implies

supp(§) € Go\O C Sat(R).

This means that we can continue ¢ smoothly by 0 outside of Sat(R) and that we have
indeed constructed an admissible cut-off-function for Sat(Q) C Sat(R) C Gy. O

Corollary 1.5.6. Let G be a proper and regular Lie groupoid. Consider an admissible
embedded manifold R C Gy and a saturated open U C Gy such that Sat(R) UU = Gy.
Then there exist non-negative basic functions fi, fo € Cpo(Go) such that

fl = 0
on an open containing Go \ U and

f2=0

on an open containing Go \ Sat(R) as well as

fitfo=1
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Proof. We can apply Corollary 1.4.11 to the closed sets Gy \ U and G \ Sat(R). Let O
be the open around Gy \ U, then we immediately have that O C Sat(R) and O C Sat(R).
Therefore we can apply Lemma 1.5.5 to O N R, which by definition satisfies

Sat(ON R) = O.

Therefore we obtain a cut-off-function ¢ between O and G \ Sat(R). By postcomposing
with a suitable function if necessary we can ensure that £ only takes values in [0,1]. In
particular, we have that

fi=1-¢
and

fa=¢

satisfy the properties as claimed in the statement. ]

Lemma 1.5.7. Every admissible cover {Up}nen with admissible embedded manifolds
{Rp}nen admits an admissible subordinate refinement {V,}nen with admissible embed-
ded manifolds {Qn}nen such that

Qn C R,

as subsets of Gy and
Vi, C Uy,

for alln € N.

Proof. We will inductively define Q,, C R, for n € Ny. Both the case n = 0 and the
induction step follow the same procedure, which is why they will be simultaneously studied.

Consider the partial cover of R, by Vx N R, for k < n and U; N R, for [ > n. The
points that are not covered are those of

¢ =R/ (UviuJu) =R/ (UvevUJu)

which is a closed set in GGy with closed saturation

Go/ (UVkUUUl>.

By definition, it is disjoint from G/ Sat(R,,) which is closed and contains OR,, as a subset
by Lemma 1.4.34. We can now apply that closed disjoint sets can be separated by disjoint
open neighbourhoods, yielding O O C open with O N R, = (). We may assume O to be
saturated by Proposition 1.4.10.
We define
Q.=0NR,DC,

which is open in R, and also satisfies
QnNOR, =10

in Gy, implying Q,, C R,,. Also, as O is saturated with respect to G we have that Q, is
saturated with respect to G|g, and thus admissible by Lemma 1.4.31.
Furthermore, if we consider

Sat(Qn) U {Vi}bken U{Ui}i>n,
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we obtain a cover of Gy. This is because outside of U,,, we have that

Vit oan U{Ui}isn

is a cover by assumption and as all sets are saturated, we may check the cover property
on U, on R, instead, where it holds by construction.
It only remains to argue why the sets

{Vk = Sat(Qk) fren,

themselves form a cover of Gy. However, the cover by the {Uy} was assumed to be locally
finite. So for any point m € Gq there is a n € Ny such that m ¢ U, for [ > n. This means
that as

(Vi be<n U{Ui}isn

is a cover of Gy, we have that m € V. for some k < n. So all points are contained in the
union UkeNg Vi. = Go. L]

Lemma 1.5.8. Consider G a proper and regular groupoid. Then every admissible cover
of G admits an admissible partition of unity.

Proof. By Lemma 1.5.7, we may choose for every admissible cover {U,, },cn with embed-
ded manifolds {R,,}nen an admissible subordinate refinement {V,,},en with embedded
manifolds {@, }nen such that

V., CU,

for allm € N.
We can now apply Lemma 1.5.5 to obtain cut-off-functions &, € Cpo (Go) for each pair
Vi, C Uy. As the cover by the U, is locally finite and supp(&,) C U, we find that the sum

fzzgn

neN

is well-defined. As the V,, form a subcover of Gy, we have that
f(m)>1>0

for all m € Gy. Hence the term

1
Xn(m) = mfn(m)

is well-defined and by construction the collection {xy }nen constitute an admissible par-
tition of unity. Furthermore, we can apply Lemma 1.3.4 (on the &, as well as the newly
constructed functions) to find that f and also each y,, are basic, such that the partition
of unity is admissible. O

Proposition 1.5.9. Let G be a proper and reqular Lie groupoid. Then G admits an
admissible cover {Uy, }nen with admissible embedded connected and contractible manifolds
{Rp}nen- If we have that the dimension of the orbit foliation Fy is given by ly # 0, the
admissible manifolds can be chosen properly disjoint.

Remark. This proof is perhaps more complicated then necessary. However, the con-
struction given has some additional properties which we will prove at a later point (to be
precise, in Lemma 5.2.27).
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Proof. This proof will adhere to the following structure:

Step 1: Describe how to cover each point by an open generated by an admissible embedded
manifold adhering to different restrictions.

Step 2: Describe how to construct a locally finite cover where each open set is generated
by an admissible embedded manifold. The cover will admit a specific refinement
also generated by admissible manifolds.

Step 3: Describe how to construct a refinement of the previous cover satisfying that the
admissible embedded manifolds have pairwise disjoint closure.

Step 1:

As G was assumed regular, we know that locally around any m € Gy we can choose
coordinates on some open neighbourhood O,, of m satisfying that the chart takes values
in a cube of R* and the foliation bundle is given by

TR x {04 },crro-to-

For any closed set C' with m ¢ C, we may assume that O,, N C = () without loss of
generality. For any open set O with m € O we may without loss of generality assume that
Om C O (as cubes form an open basis of the topology of R*0). Then, for any m € Gy we
can choose a radius r,,, and parameter ¢, such that in coordinates

[fsm,em]lo X By, (0) C Op,

implying that
{y} x Br,,(0) C Om

is a complementary embedded manifold for y € [—&y,,&m,]). By Lemma 1.4.37 (also
considering the proof, where we pick an invariant metric making balls saturated), we
may without loss of generality assume that the coordinates are chosen in a way that any
{0} x B,/(0) for ' < rp, is admissible (and actually even the full groupoid over it is
trivialisable). Let us denote R

R, = {0} x B, (0).

and
U = Sat({0} x B,, (0)) = Sat(Rp,)

and

Vi, = Sat({0} x By, (0)).

By Lemma 1.4.15, both U], and V), are open. By Lemma 1.4.7, we also have that

Sat({0} x B, _(0))

is closed and hence

V! < Sat({0} x B, (0)) c U..

Step 2:
We start off by exhausting G9 by precompact open subsets { Pk} ken,, where the com-
pact closures satisfy
Cyp = Py C Ppy1.

We will now iteratively pick finite covers for the Cj by extending a given cover for Cj_1.
Each open of the cover will be of the form of some V,,, (for some r,, and €,, that have
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arisen during the construction) as defined in the previous step. Let I be the finite indexing
set of the cover and denote
U, - UHEIUfr/L'

and
V/ - Unejv;:.

Now we aim to apply the construction of Step 1. For any compact set Ci_1 we have
that Sat(Cj_1) is closed by Lemma 1.4.7. As we have discussed, this means that for any
m ¢ Sat(Ck_1), we can choose Oy, such that

Op, N Sat(Cr_1) = 0.

implying directly that R
R, NSat(Cr_1) =10

and as Sat(Cj_1) is saturated
Urln N Sat(Ck,l) = (.

So the open set V'’ (which covers Sat(Cj_1)) together with the open sets V, for all
m ¢ Sat(Ck—_1) form a cover of Cy. By compactness of Cf, there exists a finite subcover.
So in particular, we have now found an open cover of Cy_1\V’. If we extend this cover by
the cover of Cp_1 given by V,, for n € I, we obtain a cover of C}.

The union of all of these iteratively constructed covers results by construction in a
countable cover of Gy. The union of all the associated U/, by construction also form a
countable cover of Gy, for which the cover by the V! automatically defines a refinement.
We claim that both of these covers are locally finite: For any m € G we have that m € Cy,
for some k € Ng. Hence P, C Ci4q is an open around m. We have that by the (k 4 1)-st
iteration of the procedure, we have constructed a finite cover of Cy1. After the (k+ 1)-st
iteration, we only consider sets such that U}, N Sat(Ck4+1) = 0 to add to the cover. So
indeed m ¢ U/ for all but finitely many U], for the chosen cover.

Step 3:

Let us consider the locally finite cover constructed in Step 2. It is comprised of a
countable number of open sets, which we will denote Uj, for k € Ny with a subordinate
refinement given by V}/. For each of these V]| C Uj, there is a point my € G and an open
coordinate chart Oy, such that

U, = Sat ({0} x B,, (0)) = Sat(Ry)

. V! = Sat ({0} X B%rk(o)) .

Now we aim to iteratively replace each U, and V) by a finite cover of V} by sets of the
form U,, and V,,, where V,,, C U,, and V,,, = Sat(R,,). We will construct these sets such
that each R,, intersects each orbit only finitely many times. Assume that we have already
replaced all U] and V}/ for 0 <1 < k. Let us denote the collection of all the obtained open
sets by {Vp }ner and {U,, },er and the admissible embedded manifolds by { Ry, }ner-

For every m € Vi, N Ry = {0} x B 1 . (0) we will now describe a construction that

yields admissible connected and contractible embedded manifolds R/, and @/, and open
saturated sets U,, and V,, such that the following holds:

e We have
Sat(R,) = Vpn.
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e We have
Sat(Q;n) =Un.
e We have
R, C @, C Ry,
and

Q.. C Ry.
e If [y # 0, we have an embedding
(0,1) x Ry C Oy
constructed from the natural identification
[p B} x By, (0) = {0} X By, (0).
for some B € R such that for infinitely many values of p € (0,1) we have that
{p} x R, "Ry =0

for any n € I and R,, the associated embedded manifold constructed in a previous
iteration for 0 <[ < k.

e Consider any n € I and the associated pair V,, C U, constructed in a previous
iteration for 0 <1 < k. We have that if m € U,, then @}, C U, and if m ¢ U, then
Q. NV, =10.

Let us now describe a construction with these properties: First of all, from the V/ C U]
for 0 <1 < k we have obtained a collection of finitely many finite open covers (of different
sets). Their union is therefore still finite. This means for every m € Vi, N Ry we can start
by choosing an open subset O,, C ék satisfying that Oy, C Go\V,, if m ¢ U, (as these are
finitely many constraints) and similarly we may choose O,, C U, if m € U, for any U,
contained in some cover of the V). In this step, we could even consider a stricter set of
conditions, for example, we could ask that there exists a local bisection defined on all of
O,, with image contained in @/, by Corollary 1.4.20 (this will be relevant in the proof of
Lemma 5.2.27).

Then we consider G| &, By Lemma 1.4.37, we can choose some Q., C Oy, which is a

connected and contractible admissible embedded open submanifold of ﬁk with @/, C Ek
By Lemma 1.4.29, we know that this means that Q/, C Gy is admissible as well. If we are
in the case of [y = 0, we can skip the following steps and define R, := R}, := Q. They,
by construction, satisfy the properties that we have claimed. Note in particular, that R,,

and R/ are subsets of Ek;, which is compact, meaning it intersects each orbit only finitely
many times.

In the following, we will now focus on the case where ly # 0. For this consider the
local leaf of m in the coordinate chart Oy. It contains precisely those points of R x {m}
intersecting the cube containing the coordinates. We have that the R,, are closed, meaning
that their (finite) union is closed as well. So if there is some B,, € Rl with

{Bn} x {m} € Ox\R,
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for all of the n € I, then the same is true on an open neighbourhood of {B,,} x {m}.
However, if Iy # 0 each R,, only intersects the (infinite) local leaf in finitely many points,
so it is indeed possible to find B,, as described. The induced embedding

(0,1) x Ry, € O

is in particular disjoint from any R,, on an open around around the endpoint 1.
So for any R), C @), small enough, we find that

{p . Bm} X Riinﬂ (UnEIR7n) - (Z)

for all p in some open subset of (0,1). In particular, we may use Lemma 1.4.37 to choose
R/, admissible with this property. By construction, we have that R/, and @/, satisfy the
properties that we claimed earlier. If we now define V,,, = Sat(R],) and U,, = Sat(Q.,),
we have constructed the required data.

Now consider the cover of {0} x B . (0) C Ry by the Vj,,. As the set is compact, we
can find a finite subcover. It only remains to choose p,, for the finitely many V,,, contained
in this cover, such that under the embedding associated to m (depending on B,,) of

(0,1) x Ry C Oy

we have

{pm}yx R, N R, =0.

As we have infinitely many possibilities for p,,, we may choose them such that p, B, € R
is a unique vector for all m indexing the cover. This immediately implies that if we define

Ry, = {pm} X R;n C O

the closures
Ry = {pm} x R, C Oy

are pairwise disjoint. If we furthermore note that R,, is isomorphic to R}, by translation
along a local leaf, it immediately follows, that Sat(R,,) = V,, and that R,, intersects each
orbit the same number of times as R),. In analogy to the argument in case Iy = 0, we
have that R], C ]TZ}C implies, that this number is finite for any orbit.

Therefore, the described method is indeed well-defined and we can use it to construct
a cover as claimed.

O]



Chapter 2

A notion of invariance

In the case of a Lie group G acting freely and properly on a manifold M, we know that there
exists a quotient () = M /G such that M — @ is a principal G-bundle. We have already
seen that in this case, the equivariant cohomology of the associated action agrees with the
cohomology of @ (Corollary 0.1.5). We can actually even check that @, when interpreted
as a trivial groupoid, is Morita equivalent to the action groupoid (by considering M as
the right principal bundle describing both inverses). Hence we know we can compute the
differentiable stack cohomology of the action groupoid G associated to the action G O M
by computing the cohomology of Q(Q) = Qpas(M). As we have previously seen, a different
way to interpret Qp,s(M) is as the Jl-invariant forms on Gy or any other Gj.

That a notion of invariance appears here does not seem surprising, as it often does
when working with Lie group actions both in general and in the context of equivariant
cohomology. Therefore we might intuit that differentiable stack cohomology can be com-
puted using some concept of invariance and perhaps even J'G-invariant forms. However,
we have already found that J'G-invariant forms do not depend on the degree ¢. Especially
in the example of a group acting on a point, this would only leave us with constants, not
with (S*(g*)), which we know to be the correct result. So invariance under all jets can
not be the appropriate notion for our purposes, but it turns out that asking for invariance
under a certain subset of jets leads to interesting results. In this chapter, we will show
that the cohomology of the columns of the Bott—Shulman—Stasheff complex only depends
on these so called J¥G-invariant forms.

2.1 Multiplicative Ehresmann connections

Aim of this section: Definitions and Concepts

What is a multiplicative Ehresmann connection? How does it define a subgroupoid
of J'G? What do we know about forms which are invariant under elements of J¥G?

Multiplicative Ehresmann connections are a recent tool in higher differential geometry.
They go back to [29] by Laurent-Gengoux, Stiénon and Xu but have been in broader
generality defined by Fernandes and Marcut in [19].

As it will turn out later in this chapter, the multiplicative Ehresmann connections
with respect to the isotropy algebroid of a regular groupoid are a tool that can define a
useful subvector space of the Bott—Shulman—Stasheff bicomplex. It is both large enough
to capture its vertical cohomology and small enough so we can find relatively explicit
expressions.

123
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Definition 2.1.1 (cf. [19], Definition 2.3.). Consider a Lie groupoid G; =% G with a Lie
algebroid A — G where p : A — T'G( denotes the anchor. We call a vector subbundle
B C A a bundle of ideals of G; if B C ker(p) and B is invariant under conjugation by
any = € G defined on ker(p) C ker(T's) Nker(Tt) C TG, by

(Dz1)x 0 (D2 1)+ (ker(p))say — (ker(p))sa).

Remark. The notion of “invariant” used in the definition describes the requirement that
under the given map, the image of By(;) C (ker(p))y(,) lies in By,). Regarding the
notation, recall that in accordance with Definition 1.1.26 we denote left multiplication
with an element x € G as

Dy,(2) = p(z, z)
(a priori defined on ¢! (s(z)), while right multiplication with 2! is given by the left action
‘Di,l(z) = /J“(Z7 I71)7

defined on s7!(s(x))). Note that the conjugation by x of the definition is well-defined by
Example 1.1.28 and Example 1.2.20 as well as the fact that p(z, ls(z),x_l) = Ly(a)-

We can see that in case of G regular, the adjoint action of G on Aig, is precisely the
action by conjugation. For this, recall the adjoint action of G on Iso’(G) was defined in
Example 1.1.30 and Definition 1.1.39 explicitly as

Ad(z) = pla, 2,27

on Iso?(G). This was derived in Example 1.1.33 to an adjoint action on Ajs, = ker(p) and
explicitly writing out the corresponding expressions yields

X e (Aiso>s(:r:) — T/L(OI,X, 01—1),
which agrees with the result under (D} ;). o (D ))..

Lemma 2.1.2. Let G be a Lie groupoid. For every x € G1 and every bundle of ideals B
we have that

(Th,,) D21)(By(a)) = (T1,,, Dy 1) (Bywy) = Vi € TG

s(x) '7:71

agree as vector spaces. The resulting subbundle V' of ker(T's) Nker(Tt) is invariant under
both left and right multiplication.

Remark. If we are given a vector bundle V' C T'GGy such that
V C ker(T's) Nker(T't)

and V is invariant under left and right multiplication, we can also restrict to 1, to obtain
a bundle of ideals B. In other words, this construction is a 1-to-1 correspondence.

Proof. We have that the inverse to Tls(x)D%l is given by T33D2_171 (analogously for right
multiplication). So the claim is equivalent to

(To Dz 1) (11, D2.1) (By(a) = (Dg1)+(D31)+(By(z)) = Bia-

However, by definition B C ker(p) is a bundle that is precisely invariant under this map.
Furthermore, the claim that V' is invariant under left multiplication follows directly
from the equation
(Tls(z)Dg,l)(Bs(m)) =V

and the associativity axiom, for right multiplication the analogue argument holds. O
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Definition 2.1.3 ([19], Definition 2.4). Let G be a Lie groupoid. Consider a bundle of
ideals B and its induced vector bundle V' C T'G; as in Lemma 2.1.2. A multiplicative
Ehresmann connection is a splitting

TGl =2=FpV
such that the F = T'Gy is naturally a subgroupoid of TG1 = T'Gy.

Remark. It is also part of the definition of [19] that in the case a multiplicative Ehresmann
connection with respect to B exists, the bundle B is called partially split.

Definition 2.1.4. Let G be a Lie groupoid and F a multiplicative Ehresmann connection
with respect to a bundle of ideals B. An element V, € J'(s : G; — Gp), where z € Gy
denotes the base-point of V., is called F-horizontal if V,, C E,. We will denote the subset
of all E-horizontal s-jets by

JE(S : G — Gg) C Jl(s : G — GO)

Lemma 2.1.5. Consider a Lie groupoid G together with a multiplicative Ehresmann con-
nection E with respect to a bundle of ideals B. Then the subspace

JE(S : G — Go) C Jl(S : G — Go)
has the structure of a closed embedded submanifold.

For the proof, we refer to A.3.2, as the proof adds little to the understanding of
multiplicative Ehresmann connections (in fact, it does not depend on the multiplicativity
at all).

Corollary 2.1.6. Consider a Lie groupoid G together with a multiplicative Ehresmann
connection E with respect to a bundle of ideals B. The subspace of the morphisms of J'G
given by

{Wx CE, st Tys: W, > Ty@yGo and Tyt - W, = Ty(2)Go isomorphically} c (J'Q),

s a closed submanifold.

Proof. We know by Lemma 2.1.5 that J¥(s : G1 — Gy) is a closed embedded submanifold.
We also know that (J'G); C J'(s: G1 — Gyp) is an open subset. This directly proves the
claim. 0

Lemma 2.1.7. Let G be a Lie groupoid and E be a multiplicative Ehresmann connection
with respect to a bundle of ideals B. Then the submanifold J¥(s : G1 — Gy) is closed
under the multiplication on J'(s : G1 — Go) as defined in Definition 1.2.2. The Lie
groupoid structure of J'G restricts to the submanifold defined in Corollary 2.1.6.

Proof. For the multiplication, we know that
a(Ve, W) € JX(s : G1 — Gy),
is a jet which only contains vectors of the form

Tp(X,Y)
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for X €V, C E; and Y € W, C Ej,. Hence Tu(X,Y) € E,(,,) and
i(Ve, W) € JP(s: Gy — Gy).

It remains to show that for J'G the restrictions of the other Lie groupoid structure maps
are well-defined. However, the argument for inverses is analogous. The unit map are
contained in the tangent space to the unit section, which by definition is a subspace of
E. O

We will give this restricted structure a specific name: The E-jet groupoid.

Definition 2.1.8. Given a Lie groupoid G together with a multiplicative Ehresmann
connection F with respect to a bundle of ideals B. The E-jet groupoid J¥G is defined
as the groupoid with

e object space (JFG)g := Gy,
e morphism space

(JEG),
= {Vm CEyst. Tps: V= Ty()Go and Tyt = V = Ty(2)Go isomorphically}

e source, target, composition, inversion and unit maps are inherited by J'G.

Lemma 2.1.9. Given a Lie groupoid G together with a multiplicative Ehresmann connec-
tion E with respect to a bundle of ideals B. There is a canonical inclusion JPG — J'G
and a canonical projection J'G — JPG. The latter establishes J'G as a VB-groupoid
over JEG.

For the proof, we refer to A.3.3, as this is a nice observation, but not of central
importance to this chapter.

Definition 2.1.10. Let G be a Lie groupoid and F be a multiplicative Ehresmann con-
nection with respect to some bundle of ideals B. Consider a left action of Gonp: N — Gy
and the induced left action of J'G on popry : TN — Gy of Proposition 1.2.10. If an
element w € QP(N) satisfies that for any n € N and x € G; with s(z) = p(n) and
Ve € (JPG)1 we have that

wn(Xlﬂ s 7Xp) = wL(z,n)(E(Vﬂm X1)> s 7E(VZE7 Xp))a
then we call w a JPG-invariant form of p: N — G with respect to L.

Lemma 2.1.11. For a regular Lie groupoid G, the bundle V' as constructed in Lemma
2.1.2 associated to the bundle of ideals Aiso = ker(p) is given by

ker(7T's) Nker(Tt).

Proof. Note that, by definition, the action by z € G has domain ker(p)s,) = (Aiso)s()
and target ker(p);(») = (Aiso)i(x), 50 (Aiso) is an invariant bundle. We have that ker(7's)
is a subbundle of T'G; (because s is a submersion), which at each point x is isomorphic
to Ay by right translation. Under this isomorphism, ker(7t) Nker(7's) is identified with
(Aiso)t(z) @S to D}M =t and Tt at a unit element is precisely the map defining p. O
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Definition 2.1.12. Let G be a regular Lie groupoid. We will call the bundle
IG; = ker(Tt) Nker(T's)
the isotropy tangent subbundle.

Corollary 2.1.13. The isotropy tangent subbundle of a regular Lie groupoid G is indeed
a vector bundle on GG1.

Proof. As Ajg is locally trivial over Gy, and V = I(Gy at each point g € (G7 is isomorphic
to (Aiso)¢(g) by right translation, we have that IG is also locally trivial. O

Theorem 2.1.14 ([19], Theorem 4.2). Any bundle of ideals in a proper Lie groupoid G is
partially split. In particular, if G is proper and reqular the bundle given by Aiso is partially
split, meaning that there exists a multiplicative Ehresmann connection with respect to the
isotropy algebroid.

Remark. Let G be a proper regular Lie groupoid. Spelling out the definition, a multi-
plicative Ehresmann connection with respect to the isotropy algebroid Ajs, consists of a
splitting

TGhH =2 FE1 891G,

such that Fy = T'Gy inherits a groupoid structure.

Lemma 2.1.15. Let G be a reqular Lie groupoid. We have that
ﬂker(Tpr) = IGl XTGO cee XTGO IGl,

which is a vector bundle over Gy and in particular a smooth submanifold of TG,. Fur-
thermore, it splits into a direct sum of components

ﬂker(Tpé) = (pry)"IG1 @ (pry) " I1G1 @ - - @ (pr,) " IG1.

Proof. Note that each projection
pr; : Gy — Gi

given by mapping onto the i-th component (as defined in Definition 1.1.1) induces a
derivative T pr; with the property that it map () ker(Tp}) to a subset of ker(T's) Nker(T't),
such that we obtain that

ﬂker(sz) C IGl XTGy *** XTGy IGl,

where both are a priori only defined as topological subspaces of T'G,. However, by the
analogous argument the maps T’p;, vanish on the pull-back, such that we obtain that both
sets agree. Note that for this reason, we also have that

IGl XTGo " XTGo IGl = IGl XGo " XGo IGl,

which immediately implies that this set is indeed a vector bundle over G, and in particular,
a manifold. Furthermore, it directly implies that for any base-point z € G, given in
components as (z1, ..., %) the induced map

Iqu — Iz1G1 D---D Izqu

is a bijection. O
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Lemma 2.1.16. Consider a reqular Lie groupoid G. Any multiplicative Ehresmann con-
nection with respect to the isotropy bundle induces a splitting of TG, that can be expressed

by
TG, = E, IG,,

where IGy is the vector bundle over G that is given by (ker(Tp}). The bundle Eq is
given by
E XTGO Tt XTGO E)

i.e. by the nerve of

E

TtuTs

TGy.
Proof. Here, we can apply Lemma 2.1.15, such that it remains to show that
TGy = E,; @ 1G,.

As E =2 Gy is given by a vector subbundle £ C T'G; with linear structure maps to
TGy by definition, we automatically find that £, C TGy is a vector subbundle over G,.
We furthermore find that the horizontal projection induces a vector bundle map

Prg : TGq = TG1 XTGo " XTGo TG1 — F XTGo " XTGo FE = Eq

which is given by the horizontal projection in each component of T'G;. It is clear that this
maps F, to itself. The kernel of the projection is also given by precisely those elements
which in each component are given by an E-vertical element, i.e. an element in IG;. So

TG, = E, @ ker(prp) = E, ®IG1 X716 - X176y IG1 = E4 @ 1GYy.
L]

Definition 2.1.17. Let G be a regular Lie groupoid and E a multiplicative Ehresmann
connection with respect to the isotropy algebroid. A vector X € T'G, will be called
E-horizontal if X € F, and E-vertical if X € IG|,.

Corollary 2.1.18. Let G be a regular Lie groupoid and E be a multiplicative Ehresmann
connection with respect to the isotropy algebroid. Any E-horizontal vector in Gy is uniquely
characterised by its base-point z and its image under the sz.

Proof. Consider two vectors Xy, Xo € TG, which agree under all projections
Tpy(X1) = Tpy(Xa).
Then their difference satisfies
X1 — Xy € (ker(Tp)) = IG,.
But if both vectors are horizontal, then their difference is horizontal and hence

X1 —Xo=0.
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Corollary 2.1.19. Let G be a regular groupoid and E be a multiplicative Ehresmann
connection with respect to the isotropy algebroid. Consider an element x € Gy and an
isomorphism v : Ty(;)Go — Ty(yGo induced by some V, € (JEG)1 as

)1
Ts(2)Go ACLN v, 2% Ty()Go,

where the arrows denote the isomorphisms induced by T's and Tt when restricted to V.
Then V,, is uniquely determined by ) in the sense that if V, and V. € (JEG)1 induce
the same isomorphism v, then V,, = V.

Proof. By definition, the vectors both in V, and V] are in bijection with the vectors in
T(z) precisely in a way where they are E-horizontal and their images under T's (given by
the identity) and T't (given by ¢) are predetermined.

By Corollary 2.1.18 this in particular implies that the image of any X € T(;)Go in V;
under (T's)~! must agree with the image of X in V/ and hence that V, = V. O

We will now introduce a definition that is central to the thesis. It ties together the
induced jet groupoid actions of Chapter 1 with multiplicative Ehresmann connections.
Understanding the condition we obtain this way in terms of jet groupoids is thanks to Rui
Fernandes. (In earlier versions of these notes, there was an alternate definition using local
sections instead. Compared with the following, it was much longer and less elegant.)

Definition 2.1.20. Let G be a regular Lie groupoid and E be a multiplicative Ehresmann
connection with respect to the isotropy algebroid. Consider a left action L of G on some
bundle p: N — Gy. If an element w € Q(NV) satisfies that for any n € N and = € G with
s(z) = p(n) and V, € (JFG); we have that

wn( X1y Xp) = wigem) (L(Va, X1), - -, LV, X)),

then we call w a J¥G-invariant form of p: N — G with respect to L.

If w € Q(Go), we call it JEG-invariant if it is a form J¥G-invariant with respect
to the G-action on id : Gy — Gy of Example 1.1.23 (inducing the J1G-action defined in
Definition 1.2.17).

If w e QG,), we call it JEG-invariant if it is a form JEG-invariant with respect
to any of the G-actions on any choice of pfl : Gg = Gy of Example 1.1.24 (inducing the
J1G-actions defined in Definition 1.2.17).

Remark. Note that as a subgroupoid of J'G, the induced action of Proposition 1.2.10
always restricts to a groupoid left action of J¥G.

We will also adhere to the notation previously established for the action of J'G on G,
and use the notation of a jet V, acting on some X € TG with s(z) = p(z) as

( ' %/T,q)*(X) = E(VI’X)

when describing this action (in analogy to Definition 1.2.17 and Definition 1.2.25).
In particular, we can spell out the definition of J¥G-invariance of a form w € Q(Gy)
as

W (X1, Xp) = wpi () (DY)« (X1), -, (D) (X))
for all 0 < i < ¢ and all compatible V € (J¥G)y, 2 € Gy and z € Gy.
Lemma 2.1.21. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann

connection E with respect to the isotropy. If w € QP(G,) is JPG-invariant, so is (d;)*w
for 0 <i<(qg+1) and (s;)*w for 0 < j < (g—1).
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Proof. We aim to show that
(D) (@@ ) = (@),

for any 0 < | < g and z € G, and V € (JFG); with base-point z € G; satisfying
pl(2) = s(x). This would precisely show that (d;)*w is J¥G-invariant.
Firstly, by definition, we have that on the right hand

((di)*w), = (di)* (way(2))
and on the left hand

(Dhe) " (@ ey ) = (di0 D) (om0
We further have that

(DY)« 0 (di)s  ifi>1

(di)s o (D)o = S (DY V)u0 (di)e if i <
(di)s if i = 1.

according to Corollary 1.2.35. So

*

* (@) (D) (woryaien) i1
(Dha)" (@" @) = € @) (D7) (wpuniay) Hi<
(di)" (way(2)) if i =1.

We can see that the result equals (d;)”* (wdi(z)) in all three of these cases by JFG-
invariance of w. For well-definedness, it is important to note in the case 7 > [ that

Py(2) = py(di(2))

and in the case 7 < [ that
ph(z) = p{=V (di(2)).

The argument for (s;)*w is analogous under employment of the interchange rules given
in Corollary 1.2.35. O]

Corollary 2.1.22. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy. If w is JEG-invariant, so is dy(w).

Proof. This follows immediately from Lemma 2.1.21. O

Lemma 2.1.23. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy. If w € QP(Gy) is J¥G-invariant, then for any
of the component projections pr; : Gg — G for 1 < i < ¢, we have that (pr;)*(w) is also
JEG-invariant.

Proof. We have by Example 1.2.19 that
(DY,o)* (pr)* () = (pr;)* ()
immediately for any 0 < j < g unless j =¢ — 1 or j = ¢. We also have that

(Dyg )" (pr)* (@) = (pr,)* (DV1)"(w) = (pr;)*(w)



2.1. MULTIPLICATIVE EHRESMANN CONNECTIONS 131

and
(D) (pr)*(w) = (pry)*(Dy1)*(w) = (pry)*(w),

such that (pr;)*(w) is invariant under each separate action of J¥G. Therefore (pr;)*(w) is
indeed J¥G-invariant. O

Lemma 2.1.24. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection I with respect to the isotropy. Consider X € T.Gy a E-horizontal tangent
vector at some z € G4 and V, € JE(s : G1 — Gyo) a jet with its base-point = satisfying
pi(z) = s(z). Then (D@xq)*(X) is E-horizontal as well.

Remark. This in particular applies for V, € (J¥G);.

Proof. By definition, X = (X(l), e 7X(q)) is E-horizontal if all its components X ) are
E-horizontal. The vector (D%/bq)*(X ) has likewise components given by either X ) (if
j<iorj>i+1)orare given by

(Tp)(x D, Y)

or

(Tp)(2, XUHY)

for Y,Z € V; C E,. But as E is a subgroupoid of T'Gy it is closed under Ty and hence
all components of (D%,hq)*(X ) are E-horizontal. O

As we have noted already in Chapter 1 (for the precise result, see Proposition 1.3.14),
the invariance under jets corresponds to the invariance under bisections. However, it will
be advantageous to relate J¥G-invariance to invariance under sections, too. Simultan-
eously, we will find that we can replace (JEG); by J¥(s : G1 — Gp) in the invariance
condition. We will do this in the following.

Lemma 2.1.25. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy. Consider any x € G1 and a linear isomorphism

Y : Ty(z)Go — Ty2)Go induced by some V, € (JEGQ):.
Then for any A € R there is a V) € (JFQ)1 inducing an isomorphism 1> with

PMX) = A (V(X))

for any X € Fy. They can be constructed in a way that the limit limy_o 1" is well-defined
and the limit limy_,o V) € JB(s: Gg — Gy) is well-defined.

We refer the proof to A.3.4, as it is mainly a technical explicit construction.

Proposition 2.1.26. Let G be a reqular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy. Consider a form w € QP(G,) and a
multiplicative Ehresmann connection E with respect to the isotropy bundle. Then if w is
JEG-invariant (according to Definition 2.1.20) we have that

txw =10

for any X € F, (the orbit foliation on G, as defined in Proposition 1.1.16 or Lemma
1.1.19) which is E-horizontal.
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Proof. We can start by decomposing X into its components

and its base-point z € G into its components

z=(21,...,2)-

By assumption, we have X € F,, which implies that X ) e Fiforall1<i<gq.
Now consider p(z) = t(z1). We can consider the corresponding unit

Vo = Tug(Tho(:)Go) = j' (ug)pp() € (JFG
and by Lemma 2.1.25, it induces a family V' of E-jets. We have that

exwz (Y1, Y1) = ¢ po A)*(X)wz((D?/OA)*(Y1)7 s (D?/OA)*(YP—I))
V

0

by the definition of J¥G-invariance. Let Vg be the limit of VO’\. As the action of
JE (s : G1 = Gp) on the term is continuous, we find that the right-hand side converges,
yielding

ixw,(Y1,..., Y1) = L(Dové)*(x)wz((bové)*(yl), ey (DY)s (Y1)
We have that (DOVO,)(X ) when written in components is given by
(DY)(X) = (XD, X, x (@)

where (X")(V) is by definition given by Tpu(Z, X(1)) for the unique compatible Z € V-
Note that (X")(1) is still E-horizontal. We have that Tt((X")(M)) = ¢ (Ts(X 1)) for 1))
the limit of the isomorphisms 1/18 associated to the VO’\. However, as X(1) € F;, we have
that Tt(X(M) e Fo, such that ¥*(Ts(XD)) depends linearly on A and in the limit we
obtain ¢ (Ts(X 1)) = Tt((X" )W) = 0.

We can iteratively define V;, Vi)‘ and V/ for 1 < ¢ < ¢ and iteratively apply the
invariance equation for (D;A) Because of continuity on all of J¥(s : Gy — Gy) for

all of the multiplication actions, we have that taking limits over the different Vf in the
expression

(D8 (- (D)4(2))
commutes and the limit is given by
4 0
(D). (- (DY).(2)) -
This also means that

waz(lfl,. . ';}/p—l)

(D4 (- DY) o D (- DY (Y50))

=t

e
Dy (03,0
Note that analogous to the previous considerations

X' = (D). ( . (DOO/)*(X))
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is an FE-horizontal vector satisfying that T pr(X "Y' =0 for all 0 < i < ¢q. By Corollary
2.1.18, this implies X’ = 0. So we find that

ixwz (Y, .., Y1) = wow (Y7, ..., Y, 1) =0
where we denote
I _ (4 50 -
Vi = (DF)- (- (DY) |
such that (since the Y; were chosen arbitrarily) indeed txw, = 0.
O

Lemma 2.1.27. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy. When considered as subsets of

JI(S G — G()),

we have that

JE(S : G1 — Go)

1s the closure of

(JEG), c (J'G)y € I (s : G1 — Gy).

We refer the proof to A.3.5, as the proof is similar to that of Lemma 2.1.25 and mostly
technical without additional insight.

Corollary 2.1.28. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy. Consider w € QP(G,) which is J¥G-
mmwariant. Then w satisfies

w:(X1,. .+, Xp) = wpi (5 (DY) (X1), .., (DY, ) (X))

as defined in Definition 1.2.25 for any V, € J¥(s : Gy — Gyo). In particular, J¥G-
invariance is equivalent to invariance under all V, € J¥(s: Gy — Gy).

Proof. By Lemma 2.1.27 we have that J¥(s : G; — Gy) is precisely the closure of
(JEG); € J' (s : G1 — Gyp). As the action is continuous, we have that for any fixed
w each invariance condition (w.r.t. each Di-action for 1 < i < q) defines a closed subset
of J'G where it is satisfied.

0

Corollary 2.1.29. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy. Consider a form w € QP(G,) and a
multiplicative Fhresmann connection E with respect to the isotropy bundle. Then w 1is
JEG-invariant if and only if it satisfies that for all 0 < i < q and all z € G4 we have that
under _
(D5 )" /\.T]:k);,q(z)Gq — N*T.G,
holds _
(D’Zy,q)*(wDiﬂq(z)) =Wz

for any local bisection v which is horizontal at pfl(z) with respect to the multiplicative
Ehresmann connection, where we denote y(pl(z)) = x € G.
By a bisection horizontal at p,(z), we mean that

(Tpé(z)7> (Tpé(z)Go) C (El)m c TGy,

i.e. the infinitesimal image of v at pfl(z) is contained in the horizontal subbundle of the
multiplicative Ehresmann connection.
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Proof. Let ~y be a bisection as in the statement. We know by Lemma 1.2.24 and Lemma
1.2.28 that (D7 ,)* = (Dy,,)" as maps

/\.Tlgth(z)Gq = N'TG,
if we choose

(T ()N (Ti(5Go) = V € (J'G)1.

We also have by definition that Tpé(z)’y(Tpr(z)GO) C E and hence V € (JFG);. Soif a form

w is JPG-invariant, it must be invariant under the infinitesimal action of the bisection
as well.

On the other hand, if we are given a V € (JFG);, we have that V C E, for some
x € G1. As we further have that T's is an isomorphism onto Ty(,)Go we can find a local
section vy of s that satisfies ’Y(Tpfl(z)GO) =V.

We have already seen in Corollary 1.2.9 that such a v can be assumed to be a local
bisection. So if a form is invariant under the infinitesimal action of any horizontal bisection
this includes . Therefore it will also be invariant under the action of V', which can be
chosen as any element of (J¥G)y, and hence w is J¥G-invariant. O

Corollary 2.1.30. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy. Consider a form w € QP(Gy) and a
multiplicative Ehresmann connection E with respect to the isotropy bundle. Then w 1is
JEG-invariant if and only if it satisfies that for all 0 < i < q we have that under

(D) s AT, Gy = ATEG,

(2)
holds _
(D) (wp, () = w:

for any local section v of s which is horizontal at pf](z) with respect to the multiplicative
Ehresmann connection.
By a section of s horizontal at pfz(z), we mean that

(sz(zﬂ> (Thi(2)G0) C (E1)s(pi () © Tyipi(2)) G

i.e. the infinitesimal image of v at pé(z) is contained in the horizontal subbundle of the
multiplicative Ehresmann connection.

Proof. The proof of this is analogous to the proof of Corollary 2.1.29, only that the cor-
responding infinitesimal action is that of an element of J¥(s : G1 — Gy). However,
JEG-invariance is equivalent to invariance under infinitesimal sections of s by Corollary
2.1.28. O

Definition 2.1.31. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection I with respect to the isotropy algebroid. Comnsider w, € APT.G,. The
identification

T.G,=FE.®1.G,

induces a decomposition

NT.Gy= P ANE.®AN'LG,
pPo+p1=p
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If w, is 0 or contained in a single component of the direct sum, we will call w, to be
homogeneous with respect to E (or E-homogeneous) of E-horizontal degree py and
FE-vertical degree p;.

Consider w € QP(Gy). If for any z € G, we have that w, is homogeneous with respect
to E (or E-homogeneous) of E-horizontal degree py and E-vertical degree p;, we will call
w to be homogeneous with respect to F (or E-homogeneous) of E-horizontal degree
po and E-vertical degree p.

Remark. Note that this means that we now have two different notions of homogeneous
components of a bidegree - the notion from the definition of the Bott—Shulman—Stasheff
bicomplex, where any w € QP(G,) is homogeneous of bidegree (p, ¢) and the E-horizontal
and FE-vertical bidegree, which can be used to decompose this space again. We will use
the expressions “horizontal/vertical degree” and “bidegree” to reference p and ¢ and the
expressions “FE-horizontal/ E-vertical degree” and “FE-homogeneous bidegree” to reference
po and p;. We could also denote the multidegree corresponding to an E-homogeneous
component by (po,p1,q) (where we can recover p = pg + p1) and at a later point, we will
actually use even more intricate multidegrees following this principle.

This definition will be vital for many results of this thesis, as we will often use the
decomposition of a form into its E-homogeneous components. We will in the following lay
down a lot of the necessary groundwork for this method to be viable.

Lemma 2.1.32. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. The splitting of TGy, = E, ® IGy of
Proposition 2.1.16 is retained through (d;)« for all 0 <i < q and (s;)« for all 0 < j <gq.

Proof. As the degeneracy maps are given by inserting the unit section at the corresponding
position of the iterated pull-back, the horizontal bundle is mapped to the pull-back of the
copies of F, where at the corresponding position there is an additional factor given by
the tangent space to the unit section. As this is horizontal by definition, the image of a
horizontal tangent vector is horizontal.

Furthermore, we have that p]; 41085 = p’;/, so any element of ) ker(TpI;) is mapped to
N ker(Tp’q“ +1), so verticality is also retained.

Regarding the face maps, we have that by definition

w(Ey xrg, E1) C By,

as E7 was supposed to inherit a groupoid structure, which also implies that all face maps
that are given by multiplication of adjacent factors retain horizontality. Clearly the omit-
tance of either the left or the right factor of the iterated pull-back will also map the
horizontal bundle to the horizontal bundle.

Lastly, we have that p’; 1 0d; = p’q“/, so any element of ﬂker(Tp’;) is mapped to
N ker(Tp’;_l). Hence the image of a vertical vector is again vertical. O

Corollary 2.1.33. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid. Let w € QP(G,) be an E-
homogeneous form of E-horizontal degree py and E-vertical degree p1. Then dpr(w) is also
an E-homogeneous form of the respective E-horizontal and E-vertical degrees.

Proof. By Lemma 2.1.32, we have that all (d;)* for 0 < i < ¢ retain the splitting of
Proposition 2.1.16. Therefore all terms (d;)*(w) occurring in the definition of dys are
E-homogeneous and therefore, so is their sum. O
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Lemma 2.1.34. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Consider a form w € QP(G,) of E-
horizontal degree pg and subsequently E-vertical degree p1 := p — py. Further consider any
subspace V € JF(s: G1 — Gy).

We then have that

(Dyg)"w
18 homogeneous with respect to E of E-horizontal degree pg and E-vertical degree p;.

Proof. We know by Lemma 2.1.24 that for any X € T'G, an E-horizontal tangent vector
we have

(Dyg)+(X)

is E-horizontal.
We also know by Lemma 1.2.31 that for any X € TG, an E-vertical tangent vector
we have

(DY)« (Y) = (D} )«(Y)

is E-vertical.

As (D@ q)* is precisely dual to the notion on tangent vectors, we obtain that it maps
E-horizontal cotangent vectors to E-horizontal cotangent vectors and E-horizontal forms
to E-horizontal forms. O

Corollary 2.1.35. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid. The space of J¥G-invariant
forms decomposes into the direct sum along the E-homogeneous bidegree, i.e.

(@G = P (T(Go,NWE, & N IG,)" 7.
po+p1=p

Proof. By Lemma 2.1.34 the action of J¥G restricts to the E-homogeneous subspaces,
which immediately implies that each E-homogeneous component of a J¥G-invariant form
is JEG-invariant as well. O

Lemma 2.1.36. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Consider a form w € QP(G,) of E-
horizontal degree pg and subsequently E-vertical degree p1 := p — pg. Further consider any
subspace V € J1(s: Gy — Gy).
Then the decomposition of
(Dy4)"w
into components of homogeneous E-horizontal and E-vertical degree satisfies that the E-

vertical degree of each component is at most p1. Furthermore, the component of E-vertical
degree p1 is given by

(Divg) w,
where W is the E-horizontal projection of V, i.e. the space given by
W = {prE(X) S TxG]_ fOT X € V}7

where prp : TGy — E, denotes the E-horizontal projection.
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Proof. First of all, we may note that if we are given E-horizontal vector fields X1,..., Xy
and F-vertical vector fields Yi,...,Y; for K+ 1 = p and [ > p; it holds that for degree
reasons

(D} ) (@) (X1, X5, Yi,..., V)

=0 ((DV,g)+(X1), - (DY, )(Xp), (DY) (Y1), .., (DY) (12))
=0

as by Lemma 1.2.31 we have

(DV0)+(Y5) = (D5 )+ (¥;)-

which is E-vertical and hence we evaluate w on more vertical tangent vectors than it has
vertical degree.
Furthermore, if [ = p;, we find

(DY) (W)(X1, ..., X5, Y1, ..., V)
=w (DY) (X1), -y (DF ) (Xi), (DY) (Y1), - -, (DY) (V1))
=w(prp((DY,)«(X1)), - prp((DFg)«(Xk)), (DY)« (Y1), - -, (D)« (V)

for the same reason. Now for any 1 < i < k let us compare

prp((DY,)+(X0))

to the expression
(Dl q)«(X3)
By definition,
(DV,)«(Xi) = (TD)(Z, X3)

for some Z € V C TG agrees with (D’;Vq)*(XZ) under all T'p), as horizontal projection
from Z to pry(Z) changes neither the image under T's nor under T't. However, also by
definition X; is E-horizontal and ((D"‘jvq)* retains E-horizontality as W € JPG. Hence
we have that

(Dl g)+(Xi) = pr(((DY,)«(Xy))

which proves the claim. ]

Corollary 2.1.37. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid. Consider a J¥G-invariant form
w € QP(Gy) of E-horizontal degree py and E-vertical degree p1. Consider~y : U C Gy — Gy
any local section of s. Then if we consider the component of (15;7(1)*(4) of E-horizontal de-
gree po (and E-vertical degree py), it agrees with w on its domain (p})~'(U).

Proof. By Lemma 1.2.28, we have that ((5’“})’%}) = (D%/q)*w for V= T'y(sz(z)Go) for
. z ’
any z € (p}) ' (U). By Lemma 2.1.36, we find that this means

((DLyw) = (Diyy)w

z

in E-horizontal degree pg for some W € JF(s: G; — Gg). However, as w is J¥G-invariant,
we can apply Corollary 2.1.28 to obtain the claim. O
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Lemma 2.1.38. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Let w € QP(Gy) be a JEG-invariant
element. Then the values of w along any orbit (i.e. on any leaf of the foliation F, defined
by the full preimage of n € Q as in Proposition 1.1.16) are determined by the value of w
at a single point in that orbit.

Proof. Consider any two elements ¥y, z € G, in the same orbit. This means that by Lemma
1.3.11 we can find 20, ..., 29 € G; which satisfy that

D, (Dg;}qu ( ..DL, (Dgojq (z)) )) —y

Now we have that for each ! we may choose by Lemma 1.2.8 some V' € (J'G); with
base-point ’. By Lemma 2.1.9 we may without loss of generality assume Vi € (J¥G);.
By J¥G-invariance, we now have that

(D) (Db )" - (D ) e, = .

So indeed, the value of w, determines w, and as z was chosen arbitrarily, w, determines
the values of w along the entire orbit of y.
O

Lemma 2.1.39. Let G be a reqular Lie groupoid. Let m,n € Go and 2°,...,27 € G1 such
that
(Diag) - (Dg1 ) (Do ) (1) = 1.

Then 2° = - = 29 and
(Dsg) - (Dh (D% ) (1) = Ad%o(1n)-
Proof. If we explicitly express 1,, in components and evaluate the expression, we obtain

(Dag) -+ (D1 )(D%o ) (L) = (n(2®, L (2')7H), oy @™, L (29) 7)),

where we know for each term that
//J($ia ]-m7 (:Ei—"_l)_l) = 1n

However, by associativity and unitality, we find that this implies

The first statement follows immediately from this, the second is implied by Lemma 1.1.37.
O

Lemma 2.1.40. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. The J¥G-invariant elements of bide-
gree (p,q) are determined by their restriction to the image of the identity section, where
they are contained in the subspace

B (T (Go, N°T*(Go/Fo) ® A ((A5) ) € T(Go, AP (ug) TGy
Po+p1=p

Here, the inclusion (AL,))®? C T*Gy is induced by the E-vertical projection map and
the G-invariance denotes invariance (when evaluated at the corresponding points) with
respect to the extension of the action of Lemma 1.2.16 and the extension of the direct sum

of q copies of the coadjoint action of Definition 1.1.39.



2.1. MULTIPLICATIVE EHRESMANN CONNECTIONS 139

Proof. As any orbit intersects the unit section (e.g. x and 1108(90) are always in the same
orbit as seen in Corollary 1.3.12), the values at the unit section determine all of w by
Lemma 2.1.38. A priori, we obtain

Wig, = w o ug € ['(Go, NugT*Gy).

First, we will now apply the splitting of the tangent space in F-horizontal and E-vertical
tangent vectors. The E-vertical vectors at the unit section correspond to the g-fold sum
of the isotropy in (G; by Lemma 2.1.16, such that we obtain an element in

D(Go, N E* @ AP ((Afy)®7))
with pg+ p1 = p. Now Proposition 2.1.26 implies that the values are actually contained in
P(Go,/\poT*G()@/\pl ((A;kso) )) ,

as at the unit section E splits into TGy and (AN E)®4. The lemma further implies that
the values are contained in

T (Go, A" (TGo/Fo)" @ A" ((Afe) ™)) -

Next, let us show, that the values we have obtained this way are G-invariant in the
sense of the statement.

If wis a JEG-invariant form, it is invariant under all sequences of actions generated
by the Dy, for V € (JEG); that map the tangent space at a unit into the tangent space
at another unit. So they in particular satisfy the invariance

- % 79— 1\ % . *( T *
(D) (DY) - (D) (DY) wr,, = wi,,

where the base-point = of V must satisfy s(x) = m and ¢(z) = n for well-definedness. By
Lemma 1.2.38 we have on T'(Iso’(G)), C TG, holds

(DY, )< (D) (DY) (D). = (Rdy)..

which identifies the J¥G-action on the components TGo @ (Ajs)®9 of the splitting. This

—0
means that the J¥G-invariance implies an invariance of W|(1s00(c2)), under (Ady,)* for any
V € JEG. In terms of the splitting

(ug)"T*Gy = T*Go & (AN B)") & (AL,

1SO

the inclusion precisely corresponds to the projection to the components of T*Gy and

(Af,) %% In particular, as wi, already vanishes under any X € (AN E)®?, we have that

the projection of Wig, to

PT (4)*T* (Is09(G) ) “Wlg, = w|(ISOO G))q © Uq GF( A ( ) T*(ISO (G>q))
o @ [(Go, APOT*Go & APL(AL,)®7)

corresponds to the expression of the same form as Wig, itself. Furthermore, we have seen
in Lemma 1.2.39 that on T'u, : TGy C TG, the action is given by (D%O)* and descends to a
G-action on TGy /Fy by Example 1.2.15. We can furthermore see from Lemma 1.2.11 and
Example 1.1.33 that ((Ad°)y ), restricts to (Ajso)®9, where it is also given by a G-action,
namely Ad®? by Lemma 1.1.37. O
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Proposition 2.1.41. Let G be a reqular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid. The map of Lemma 2.1.40 from
JEG-invariant forms of bidegree (p,q) to their values on the image of the identity section
is an isomorphism. In particular

(@(G)) = @ (T (Co, AT (Go/Fo) ® AP ((ALy)™))) .
po+p1=p

Proof. We need to show that each element of

(I (Go, APT*(Go/Fo) @ AP ((Af,)9))) ¢

180

actually defines a J¥G-invariant form.
Now suppose that we have an element

wig, € D(Go, N (TGo/Fo)* © A ((AL,)®)) C T(Go, (ug) TGy),

where the inclusion is as those forms which vanish on F;, N E. We could aim to extend
it to a form on Gy by reversing the construction described in the proof of Lemma 2.1.38.
What we need to show is that this reconstruction process is indeed well-defined (assuming
that w  is G-invariant) and that the arising form is J¥G-invariant.

For this, recall that by Lemma 1.3.12 any z € G, is in the same orbit as Lo € Gy
By the proof of Lemma 2.1.38, we found that J¥G-invariance implies that whenever z and
1,, are contained in the same orbit, we have

(DYo ) (Din )" (D%;}17q)*(D€/q7q)*w1m = w,
for some choice of Vi € (JEG)1 for 0 < ¢ < ¢q. So as wy,, is determined by Wig, this
equation can simply be taken as a definition for w,.

Now we need to check that this describes a well defined form. For this, let n € Gy be
a different point such that 1, is also in the same orbit as z (meaning in particular that n
and m are in the same orbit in G) and W' for 0 < i < g be a different set of E-horizontal
jets chosen such that

(DY ) (Db ) (D1 ) (Dl ) n,, € APTZG,

For well-definedness of w we actually only need to show that
(D?/07q)* ce (D(‘]/q7q)*w1m, - (D?/[/O7q)* te (D?/I/q7q)*w1n € /\.TZGQ

in the case of n = m, but we can show it in this generality as it automatically proves a
number of other useful properties.
We have that for the base-points 2° € G1 of V* and y* of W* holds by construction
that
0 0
(Dgag) o+ 0 (Dyog)(Im) = (Dyag) 00 (Dyo )(1n) = 2

implying (by Example 1.2.20 and Lemma 1.2.36 or simply evaluating the expressions) that
t(a') = py(2) = t(y")

This means, first of all, that the jets V* and (W?)~! can each be multiplied, and fur-
thermore by the commutativity of Lemma 1.2.37 and the associativity of the actions, the
statement we aim to show becomes equivalent to

(D%((Wq)—l’vq),q)* e (D}Q((Wl)*l,vl),q)*(D%((WO)*l,VO),q)*Wlm = Wi,
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Note, that by assumption we have that both w;,, and wy,, satisfy that they vanish on
all of 7, N E. As by Lemma 1.2.40, F is retained under any of the (D/%Z((Wi)71 Vi) q)* and
by Lemma 2.1.24, so is F, we obtain that it is actually sufficient to compare the values of
wi,, and

- * 51 * 10 *
Dliwa-1va.g) " Dgarny-1v.0) Dpaoy1v0), ) w1
after projection to T* Iso®(G),.
However, if we consider the base-points of the zi((W*)~!, V%) they need to satisfy
(D 12,0) ©* © (D(y)-1,00).0) Im) = (1)

such that we can apply Lemma 2.1.39 to obtain that all the base-points of the compositions
agree. We have already seen that if we additionally assume that all z((W?)~% V) agree,
that for the projection of wi, to the respective values of I'(Go, (uq)*T (Is0°(@)),) the
expression of this form satisfies

- * - * 50 *
(D%((WO)—l,VO),q) ---(D,%((WO)—gVO),q) (Wi, [1s00(G)) = (Ad ) g(woy-1,v0)) " (w1,,) 109(G)

and we have furthermore seen in the proof of Lemma 2.1.40 that this latter action takes
the form of the G-action described in the statement, such that by assumption

—0 %
((Ad ) zwoy-1,10)) " (W1, [1s00 (@) = (W1, [1500())-

This in particular implies that
. * 1 * 70 *
(Dliwoy-1,v01.0)" - Doy 1,v0)g) (Dawoy-1,v0) o) Wi = @1,
However, even if not all i((W?%) =1, V?) agree, we can apply this fact to reformulate

- * 51 * 10 *
(DS way-1vaya) " - Dawny 11,0 (Diwoy-1,v0) o) Wi = w1,
as

(D way-Lvayg)” - D=1 v1).0) " Ofwoy-1.10),0) Wi,

- * 51 * 710 *
=(Dfwoy-1v01.0)" - (Digawoy-1,v0) o) (Dgwoy-1,v0) ) Wi
which means that the claim that w is invariant can now be written as
(ngq)* .. (D}]l’q)*(D?]O’q)*wlm =uwi,,

for the appropriate U® € (J¥G); with U® = u1(1,,) being the identity jet. In particular,
we can apply the same reasoning as above to find that the base-points of all U? are given by

L. For the same reasons as above (any (D « retains the splitting of £ by Lemma 2.1.24

i

u Z}q)
and the foliation F; by Lemma 1.2.40) it is sufficient to check that the endomorphism of
T1,,G4 described by any such (Dj; q)* induces the identity on T1,,G4/(F, N E).

We can note that on Ajg,, the map
(D;]z,q)* : (Aiso)m — Tlqu

is already given by the identity due to Lemma 1.2.31. We also have that on TGy C TG,

the image of any (T'uy)(X) under (D;]Zq>* satisfies that

TPy (D )+ (Tug)(X))) = (Dyi )« (TW)(Tu1g) (X)) = (Dyi 0)(X) = TH(Y)
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by Lemma 1.2.36, where Y € U is the unique tangent vector with T's(Y) = X. However,
as U" has its base-point at a unit, we can analyse Y under the splitting of
1,,Gy=T1,,Go® A

we know that the component of Y in 77,, Go must be given by X, such that Tt(Y)—X € Fo.
Therefore, also N
(Dyyi o) +(Tug) (X)) = (Tug)(X) € Fy
and furthermore both terms are contained in F. So even though
(D%ﬂ,q)* : TmGO — Tlqu
is not given by the identity map per se, the quotient map
(D?)aq)* : TiGo/Fo — Ti,,Gy/ Fy
is. So indeed, we have that -
(Dpi ) wi,, = w1,
for any of the 0 <4 < ¢ and therefore
(D) (Dl )" (D ), = 1,
This concludes the proof of well-definedness.
The fact that any w defined this way is JFG-invariant now holds by construction, as

by the commutativity of Lemma 1.2.37, we have that the action of any (D%/V q)* on an
expression of the form

- * (T * ~g—1 *( T *
(D90, (Db )" (DI ) (D ) e,
can be commuted with all the pull-backs up to (D{/l q)*, where we obtain

(D)™ © (Dyg)" = (D )"
such that the resulting expression takes an analogous form and therefore agrees with the

definition of w.

O]

So algebraically, the J¥G-invariant forms can be constructed from an expression which
only depends on Gy, the orbit foliation Fy and the isotropy algebroid, where the invariance
is technically an invariance under elements of G; and not jets. This makes it relatively
easy to express.

Lemma 2.1.42. Consider a proper and regular Lie groupoid G and let A be the associated
Lie algebroid. Let E be a multiplicative Ehresmann connection with respect to the isotropy
algebroid. Then the J¥G-invariant forms of bidegree (p,q) are a subalgebra of

D (T (Go AT (Go/Fo) @ AP (A7) ™))
po+p1=p

with equality in the case where G is s-connected. By the invariance under T'(Go, A) we
denote the subspace of

180

I' (Go, N T*(Go/Fo) ® AP* ((Af,)®))
on which
EX = 0,
where Lx is the local derivative which acts on each section I'(Go, (T'Go/Fo)*) as L,x)
and on each section I'(Go, (A%,)) corresponding to one copy of A%, as the dual to [X,e].

iso iso
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Proof. Note that in the proof of Lemma 2.1.40, we have shown that the G-invariance of
the expression actually stemmed from a J¥G-invariance which was induced by the adjoint

—~0
action Ad on (Iso’(G)),. However, we have then seen that for the J!'G-actions on the
respective cotangent spaces that they were already determined by the base-points of the
acting jets. Hence we can write the space of J¥G-invariant forms as

B (T (Go, AT (Go/Fo) @ AP ((A5)27))) ¢

po+p1=p

for that action instead. Note that using J'G instead of J¥G here is deliberate!

Now consider an invariant element Wig, - By Lemma 1.2.28, we know that we can
recover the action associated to Ad® of any local bisection 7 entirely by the action of the
local jets. In particular, for any X € I'(Gp, A), we can consider a neighbourhood U of
some m € G such that exp(¢- X) defines a family of local bisections on U for all t € (—e, €)
for some € > 0. We then have that

—0 .
(Adexp(t-'y)) Wig, = Wig,s

where we need to interpret wi,, € I'(Go, (ug)* (T (Is0’(G)),)) for well-definedness.
This implies that then also

0 (,0 .
a ((Adexp(t-X)) leO) =0,

mit=0

which we now claim to be Lx (wlao)m. This can be seen as follows: We have by Lemma
1.2.39 as well as Lemma 1.2.38, that

—0 ~
Adexp(t-X) o (uq) = Dgxp(t-X),q

NHo
where Dexp(t-X),q

derived to p(X) (actually not only at ¢t = 0).
Furthermore, we have that for any Y € I'(Gy, A), the Lie bracket

defines a family of local diffeomorphisms of Gy that can be explicitly

(X, Y]
is the unique vector field obtained as

0 0

il

t=0

o 00y o (o) o (9a) 7 (m)

which can also be written as

0 X 1
m = o= (@) 0 (Digx)-16my 1.0+ (Y o)1 my) — Ym

a=0

where D(l( 6X)=1(m))~1.1 is understood as a map of the manifolds

sTH{t((ga) T m)}) = s ({s((¢a) 7 (m)}).

We have that
X _ 70
d)a - Dexp(a-X),l7
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as both derive to the right invariant vector field induced by X, meaning in particular that

(d)aX)_l = D(exp(wX))*l,l‘
and
(¢ )~ (m) = (exp(a - X)($a(m))) ",
where 1, is the local diffeomorphism induced by exp(a - X)) around m. This implies that
exp(a- X)(Ya(m)) = ((¢3) " (m)) ™!

and therefore Eéxp(a-X),l restricts on s71({¢4(m)}) to D(1(¢§)71(m))71,1'

So rewriting our previous statements, we have that
(X, Y]

is the unique vector field obtained as

Y

t=0

9 ~ -
m— %(Dgxp(a-x),l)* ° (Déxp(a-X),l)*Ywa(m) —Yn
and if Y € I'(Go, Aiso) we have that this agrees by Lemma 1.2.38 with

0 ,~0
m = %(Adexp(w)(),l)*ywa(m) - Ym

a=0
and as the constant term vanishes, this agrees with
0 (,—~0
mes — <(Ad x 1)*Y>
da exp(a-X), m| g

—~0
which is by definition dual to (Adeypq.x)1)"
It only remains to note that by Example 1.1.31 we have

—~0 —~0
(pri)* © (Adexp(a-X),q)* = (Adexp(a-X),l)* © (pri)*’

such that on each Y € T'(Go, (Aiso)®?) contained in a single copy the Lie derivative for the
action on G (instead of G1) acts by [X, ] as well.

The statement on equality in case of s-connectedness can be inferred as following:
By our considerations on the Lie derivative, we have actually seen that invariance under
I'(Go, A) is equivalent to invariance under the local bisections we constructed locally as
exp(t - X). We have also already used previously that invariance under the J!'G-action
and G-action are equivalent, meaning that from invariance with respect to the adjoint
J'G-action under all the local bisections exp(t - X) we obtain invariance with respect
to the adjoint G-action under all the element exp(¢ - X)(m). As we can construct all
elements locally around the unit section of GG; as elements of this form and invariance
under two composable elements means invariance under their composition, we find that s-

connectedness implies that the invariance holds under the adjoint G-action of any element.
O

In conclusion, this means that the algebraic expression that we have found is actually
independent of the chosen multiplicative Ehresmann connection. This is pleasing both
from a conceptual perspective of not having to concern ourselves with “better” or “worse”
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choices in hindsight and from a practical perspective of the formula being computable
without even having to choose. Of course, when considering the map

B (T (Go, AT (Go/Fo) ® A (A1) *))) = ((Gy))”"F € 2(Gy).
po+p1=p

this very strongly depends on the choice of the multiplicative Ehresmann connection.
We will now aim to show that these J¥G-invariant forms can be used to compute the
cohomology of the columns of the Bott—Shulman—Stasheff complex.

2.2 Some kind of averaging

Aim of this section: Definitions and Concepts

How (and on what space) can we define a measure or a family of measures that will
allow us to average over functions and forms? What will be the properties of this
averaging process?

If we have a chain complex of R-vector spaces with a compact Lie group G acting on
it, we often find that the inclusion of the subcomplex of G-invariant elements is a quasi-
isomorphism with quasi-inverse given by averaging over G. One of the key facts for this
procedure to be possible is that any compact Lie group G admits a Haar measure, which
is the unique normalised measure that is left and right invariant as well-as normalised.

On groupoids, there are similar concepts, like Haar systems, which are a collection
of measures on the source fibres (cf. [37], pp. 16-17). However, source fibres are not
generally compact, so even with our new notion of invariance, there is still no well-defined
averaging procedure. Due to this, we will alter the concept slightly and define measures
not on s~'({m}) for all m € Gy, but on t~*(R) N s~ ({m}), where R is an admissible
embedded manifold. As this space is compact, an averaging procedure will be possible.

Proposition 2.2.1. Consider a proper and regular Lie groupoid G with an admissible
embedded manifold R.

Then for any m € Sat(R) there is a unique measure fifaar on t~(R)Ns~1(m) for any
0 <[ < q which satisfies that

® [iHaar 08 invariant under right multiplication with any element of t=1(m) N s~1(m).

® UHaar 95 invariant under left multiplication with any element of t~ (re) N s~ 1(ry)
when ppaar 15 restricted to t=(r1) N s~1(m) and t=1(re) N s~ (m) respectively.

o We have that
MHaar(t_l(R) N S_l(m)) =L

The measure is smooth in m, meaning that for the surjective submersion (according to
Lemma 1.4.16)
Sltfl(R) : t_l(R) — G()

the measure varies smoothly in the fibres.
It also satisfies that for any x € (Glsat(r))1, the map

t Y R)Ns  (t(z)) =t H(R) N s (s(x))
a— p(a, )

s an isomorphism retaining the Haar measures.
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Proof. Consider any m € Gy, then

RN {(mp) = @ nsT {m)),

re RNOm,

where all components of the union are mutually disjoint and each is isomorphic to

= ({m}) N s~ ({m})

by left multiplication with some choice of

ap €t ({r}) Ns~ ({m})

and its inverse respectively.

As G was assumed proper, t 1 ({m}) Ns~1({m}) is a compact group and hence comes
with a Haar measure pi,,, which is both left and right invariant. We can push the measure
forward through the isomorphism and obtain g, on each component t~*({r})Ns~t({m}).
As left and right multiplication commute, pu, is invariant under right multiplication with

elements of
-1 -1
t=({m}) ns™ ({m}).
We now can see that p, is independent of a,, as any other choice a. can be written as

/

a, = p(ar, g)

for
g9 =u((ar)" ap) € t7H({m}) ns™H({m}),

and hence the push-forward by left multiplication with a] can be interpreted as the push-
forward under left multiplication with g and then a,, but the Haar measure is invariant
under the first of these operations.

For a similar reason, the measure also satisfies that it is invariant under right multi-
plication with an element

get  ({rh) nsTH({r)),

as under the isomorphism, this corresponds to left multiplication with w((a,)™t,g,a;).
Given two different components indexed by r1 and ry, we further have that any

zet™ ({r2h) Ns™ ({r1})

can be written as
T = u(an,g, (arz)_l)a

such that left push-forward induced by left multiplication will map the measure p,, to the
Haar measure on ¢~ ({m})N s~ ({m}), which is retained by left multiplication with g and
then pushed forward to the measure p,, by definition.

Note that for this reason the first two conditions of the statement actually imply that
on each component ¢t~ ({r})Ns~1({m}) the measure we aim to construct has to be induced
by a linear multiple of the Haar measure on ¢~1({m}) N s~}({m}) and that the scaling
factor has to be uniform for all » € R. Now we can define

i (§) — Zremon e (S0 (7 05~ (m))
o >ernon, i T{r}) N s ({m})

as the unique measure on t~*(R)Ns~!({m}) which satisfies all required properties, because
the property on jigaar(t"1(R) N s~(m)) uniquely defines the rescaling constant. We can
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also notice, that the measure on t~*({r})Ns~1({m}) can not only be inferred from the Haar
measure on ¢~ ({m}) N s~ ({m}), but also from the Haar measure on t~*({r})Ns=1({r})
for any r € Op, N R, which immediately implies the last statement of the proposition.

Furthermore, around any m € Gy we may choose a local section v of s with target in R.
By our latest remark on our construction this describes a family of isomorphisms of each
t=Y(R)Ns~1(m) with t71(R) N s~ L(¢t(y(m))), where this family retains the Haar measures
and smoothly depends on m. This implies that when checking the smoothness of the
measure depending on m € Gy, it is sufficient if we can show smoothness of the measure
for points mpr € R. Now we can also realise that the constructed Haar measure restricted
to t7*({mgr}) N s~ ({mgr}) C t71(R) N s~(mg) is in particular invariant under left an
right multiplication, hence a linear multiple of the group Haar measure. This implies that
on any connected component the measure is induced by a linear multiple of the Haar
measure on the connected component of the unit, which we will denote 10,. We know that
Is0?(@) is a Lie groupoid according to Lemma 1.1.15, and as on this subgroupoid s = t,
it is actually a Lie group bundle of compact Lie groups, hence the Haar measures p2, of
Iso?(G)|r vary smoothly for any m € R.

By the assumption that R is admissible, we have that G|r is an s-proper Lie groupoid.
By Corollary 1.4.26, we know that locally around mpg, the source fibres of t~1(R)Ns~1(R)
are isomorphic to t1(R) N s~ ({mg}). Under this identification Iso®(G) is identified with
t=1({mgr})Ns 1 ({mg}) and as the trivialisation is compatible with t trivialised over each
connected component of R.

Hence the measure fifaar,m on each connected component of every fibre is a linear
multiple of ugl by a factor which is uniform over every fibre. Hence smoothness of paar
in m is determined by smoothness of the scaling factor. However, as the measure on every
fibre is normalised, the scaling factor is the inverse of the number of components, which
is constant as the bundle is locally trivial. O

Definition 2.2.2. Consider a proper and regular Lie groupoid G and an admissible em-
bedded manifold R C Gy. Then the measure on t~}(R)Ns~!(m) described in Proposition
2.2.1 will be called the R-Haar measure.

Lemma 2.2.3. Consider a proper and reqular Lie groupoid G equipped with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid, together with an
admissible embedded submanifold R C Gy. For any x € Gy with t(x) € R, there exists a
unique Vy € JE (s : G1 — Go) which under Tt maps to Tyo) R C Ty(z) Go.

Proof. By Corollary 1.4.19, we have that s : t7!(R) — Gg is a submersion which is
surjective onto Sat(R). This means that at x € t~1(R), we can choose an arbitrary lift
W, which projects under T's to Ty(,)Go isomorphically. We further know that it maps
to Tj() R under t. Consider now the E-horizontal projection V, C E, of W,. As it only
changes the elements contained in W, by adding E-vertical vectors (which both vanish
under T's and T't) both properties are retained.

For the claim of uniqueness, assume that there is V) with the same properties. Now
consider X € Ty(,;)Go and compare the unique lifts Z € V, and Z' € V. We have that
7 — Z' vanishes under T's. This implies in particular that Z — Z’ maps to an element
of Fo under Tt. But as we have that the vector is also contained in Tj)R, meaning
that it must be 0. So Z — Z' € ker(Tt) Nker(T's) = IG;. At the same time, we have
Z — 7' € E,, such that indeed Z = Z’. As this procedure works for any X € Ty(2)Go and
T's induces an isomorphism from Ty(,)Go to V. (and V. respectively), we find that indeed
V; is unique. ]
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Definition 2.2.4. Consider a proper and regular Lie groupoid G equipped with a mul-
tiplicative Ehresmann connection F with respect to the isotropy algebroid, together with
an admissible embedded manifold R C Gy. Then for every w € Q(G,) the R-average of

w over the diagonal action at the [-th pull-back is the form (5%@)*((,0) on the open
submanifold (Glsat(ry)q C G point-wise defined by

(Dra) (@) (Clsum)e = AP(TGy)

Z ((Dl a)*(w))zd,uHaar,
aes~1(pl(2))Nt—1(R)

where we choose V, depending on a as the unique subspace of E, as defined in Lemma
2.2.3. The measure fifaar refers to the R-Haar measure (as in Proposition 2.2.1).

Remark. Under insertion of vector fields, this definition means that
— *
(D) @) (X1, X)

W(Dé(z)) ((D%/a)*Xla ey (D%/a)*Xp> duHaar'

/aeswpg(z))mtlm)

Lemma 2.2.5. Consider a proper and reqular Lie groupoid G equipped with a multiplicat-
we Ehresmann connection E with respect to the isotropy algebroid, together with an admiss-

ible embedded manifold R C Go. If w € QP(Gy) is JEG-invariant, then (ﬁé;{,q)*(w) =w
as forms on (Glsat(r))q C Gq-

Proof. As w is JEG-invariant, we have that in Definition 2.2.4 the expression defining
(EZR’Q)*(w) can be simplified using <<D€/a> w)z = w, because V, C E,. Hence we are

integrating a constant value with respect to a normalised measure. O

Lemma 2.2.6. Consider a proper and reqular Lie groupoid G equipped with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid, together with an
admissible embedded manifold R C Gy. Assume that w € QP(G,) is E-homogeneous of

E-horizontal degree po and E-vertical degree py. Then (ElR,q)*(w) is also E-homogeneous
of the same degrees.

Proof. In Definition 2.2.4, we have that for each z € G4 the terms which we integrate to

obtain (Elﬁq)*(w) at z is E-homogeneous. This holds by Lemma 2.1.34 as any (D%/a)*
respects the splitting with respect to E. As integration is linear (and well-defined due to
the compact domain), we obtain the same for the result. O

Lemma 2.2.7. Consider a proper and reqular Lie groupoid G equipped with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid, together with an
admissible embedded manifold R C Gg. Furthermore consider w € QP(Gy). Let us denote

the restriction of (bﬁ7q)*w to G|r by
—k "
((Dho)w),

and the restriction of w to G|g by w|g.

R

We have that ((Elfiq)*w) |r is completely determined by w|r and the dependence is

linear. In particular, if w|g = 0, we find also ((qu)*w) lr = 0.
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Proof. By definition, we have that for z € G| the value of ((EZ)*w) is determined by

z
its evaluations

(X1,...,X,) = ((E’;)*w)z (X1,...,X,)

which is computed from the terms of the form
D) <(D(€’a)*X17 Y (Dx]Z)*XP>

for a € t7'(R) N s~ (p(2)). As we are only interested in values of the restriction, we
may furthermore assume that all X; € T(G|gr)q, which is equivalent to stating that
Tpg(Xi) € TR for all 0 < j <gq.

However, we know by Example 1.2.20 that for any a € t7'(R) N s~ (p(2)) holds

Tpy(Xi) = Try((Dy, )+ (X3)

if j # k. If j = k then we know by Lemma 1.2.36 that
Tp)((DY,)+(X0) = (Dy ) (TP (X0)),
i.e. it is given by the image under Tt of the unique element Y € V, satisfying that
Ts(Y) = Tpl(X;).

By the choice of V satisfying that Tt(Y') € TR, we find that (D{f/a)*(Xi) is also contained
in T(G|r)q- This automatically implies that w|r completely determines all values of
((D%)*w) |r- As the integral is linear, we find that so is the correspondence and in
particular, if we are integrating 0, we obtain 0. ]

Lemma 2.2.8. Consider a proper and reqular groupoid G with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Furthermore assume that there is
an admissible embedded manifold R with Sat(R) = Go. Let w € QP(Gy) be a form for
p > dim(R) + q - (k1 — ko), where ko is the dimension of Gy and ky is the dimension of
G1. Then

(Dpy)"w = 0.

Proof. By definition, we have that for any z € G the value of ((ﬁ%)*w) is determined

z
by its evaluations

(X1,..., X,) ((E;)*w)z(xl,...,xp)

which is computed from the terms of the form

W(DL(2)) ((D{/a)*Xl, e (D%/a)*Xp)

for a € t71(R) N s‘l(pg(z)). As we have already noted in the proof of Lemma 2.2.7, all
the vectors (Dﬁ/a)*Xi satisfy that

Tp, ((D},).X:) € Ty R,

such that ((Eg)*w) only depends on W|(pg)—1(R)-
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We have that pé : G4 — Gy is a surjective submersion by Lemma 1.1.5, such that
(pé)*l(R) is a submanifold of G, of codimension [y (the same as the codimension of R as
a submanifold of Gg). This implies that

dim((pl) "' (R)) = q-k1 — (q—1) ko — lo = (ko — lo) + q - (k1 — ko).

So as p > dim((p},) "' (R)), we find that trivially w‘(pé)—l(R) = 0, meaning that all terms
we have discussed in this proof vanish. O

Lemma 2.2.9. Consider a proper and reqular Lie groupoid G equipped with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid, together with an
admissible embedded manifold R C Gy. Whenever defined, we have

. (d)* o (Dp)*  ifi>k
(DR,q+1)* o(d;)" =19 (d;)* o (5%:1))* ifi <k

(d;)* ifi=k,
and .
— ., (D Y ol(d)* ifi>1
(di)o (Dry)* =14 ! . .
(DRrgt1) o (di)" ifi <l
as well as l
_ )0 (Dpgp)” i1
(D)o (sy)" = 4\ Ppegra) 47>
(5j)" 0 (Dpgt1)* ifd <1,
and

-l
* oY * (DR, )*O(S')* Zf]>l
(sj)" 0 (DRgy1)” = { o
(Drg ) o(s))" ifj+1<l
Furthermore, we for any v and any |l # k, we have that
n * _k \* =k \* n *
(Diy,q) ° (DR,q) W= (DR,q) 0 (D'ly,q) w.
and analogously for any V, € J'(s: G1 — Go) and any | # k, we have that
- * -k * -k * - *
(D%/z,q) ° (DR,q) W= (DR,q) o (D%/z,q) W,
where both expressions are defined on (pg)_l(s(x)).

Proof. As pull-backs are defined fibre-wise, they interchange with the integral in the ex-
pression defining (ﬁ’;,q)*, such that we can apply the interchanging rules of Corollary
1.2.35 and Lemma 1.2.37 (where for section, we additionally employ Lemma 1.2.28). Also
note that, in almost all of these cases above the domains of integration agree on the left-
hand and right-hand side, meaning that we recover precisely the equations above. The
exception is (EE’ 2) o (dr)" = (di)*, where after the application of the interchanging rules
on the left-hand side, we obtain an integral over a constant with respect to a normalised
measure. O

Lemma 2.2.10. Consider a proper and regular Lie groupoid G equipped with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid, together with an
admissible embedded manifold R C Go. If V, is E-horizontal and s(x) = pfl(z), we have
that .

(D) 0 Dg)w) = (D)) .

*

. -l . . .
i.e. (Dpg)*w is invariant under (Dﬁfz )" whenever defined.
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Proof. We have

: (Dl a)*(p) dNHaar
e /aew(pé,(Da,q(z)))mtl(R) ( )Dé»q@

and hence

DL Yoo (D Vw) = (DL ) / D) d r -
(D)o Dry)'w), = (L) a€s= (ol (D 4 ()0t (R) (@) (p))Dé,q(z) e

q

However, as pull-backs are fibre-wise linear, this can be computed as

@, | [ (DL () dittaa
Ve aGsl(pé(Dé7q(z)))ﬂt1(R)< v >Dé,q(2)

B (D4 0)) )

z,q

/0681(1951(1355,5,(3)))%1(1%)

-/ (D) (D4 (1))t
ags~1(pl (DL 4(2)))Nt=(R) z

= (Dhvav))*(p)) disstaar-
/‘lesl(Pé(Dé,q(z)))mtl(R)( Ve, Ve) >Z

Note, that we have already seen in Lemma 1.2.33 that
(Dl q(2)) = D3 o0l (2)) = t(x)
Pg(Dy 4(2 2,0(Pg(2 x).

Now, by multiplicativity of F, we have that u(V,,V,) is an E-horizontal subspace of
T(a,z)G1 and satisfies that the image under Tt is contained in Ty, R, as this is true for
Va. Hence we can choose u(V,,V,) =V, for

b= p(a,z).

This defines a bijection between s~1(t(x)) Nt~ 1(R) and s~!(s(z)) Nt~ 1(R), as we can
recover a by inverse multiplication with 2= and by the properties of jiffaar according to
Proposition 2.2.1, we have that the measure is invariant under it. Thus

(Dl )*(p) dftHaar
/zes1<pz(Da,q(z>>>mt1<R>( (Ve V) >

= D! - 1Y dptHaar
/beswplq(z))mtl(m (Phiveser)' ),

-/ ((D4)"(0)) st
bes~1(ph(2))Nt=1(R) #

= ((Dig)w)

z



152 CHAPTER 2. A NOTION OF INVARIANCE

2.3 A model for the columns

Aim of this section: Theorem 2.3.13 (abbreviated):

Let G be a proper and regular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. The inclusion

(((Ga)" dv) € ((Ga)dy) =&,

s a quasi-isomorphism, meaning the cohomology of each column of the Bott—Shulman—
Stasheff-complex H®(€,) can be computed on the JEG-invariant elements.

We can now commence with the actual proof of the result mentioned as the aim of this
section and chapter. The entirety of this section will be dedicated to prove that the JZG-
invariant forms compute the cohomology of the columns of the Bott—Shulman—Stasheff
complex, however, we also include some additional details. Most of this section will be
technical, as the proof heavily relies on using simplicial identities to find explicit preimages
for exact terms.

We will define the notation needed for this first and then start on the propositions and
lemma containing the core proof steps.

Definition 2.3.1. Let G be a Lie groupoid. We define €, as the cochain complex of
the p-th column of Qpgs(G) given by

(€p)* = (27(Ge), dw)

Remark. In the following, we will have to use a number of simplicial identities, but also

the relation of face and degeneracy maps with the D o, and D, R We would like to refer
the reader to the collection of computation rules we estabhshed between pages 88 and 91.

Proposition 2.3.2. Consider a proper and reqular Lie groupoid G together with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid, and assume there
is an admissible embedded submanifold R C Gy with Sat(R) = Gy.

Then for any 0 < j < q we can express w € QP(Gy) as

W= (—1yPH (A + B; +Cj — (5)* ((nglﬂ)*(d/\/(w»» )

where
Ay = S (@ (501) (P @)
i=0

and
B = (1)1 ((Dh,) ()

and

q+1 )
Cr= 3 (-1 (A1) (53) (DR (@)

i=j+2
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Proof. As all maps (including (ﬁi&q)*, which is clear from the definition) are defined such
that their value at a point is linearly dependent on their argument, we have that

()" ((Dliger)” (An ()
4 g+1 ‘
=(s)" ((D”Rf;m* (Z(—mwdm(u)))

=0
g+1 4
=0 ()" (Do) (d) (@)
=0

where
j—1
Ay = 3 (=07 () (5j-1) (D) (@)
=0
and
B = (=177 (D) ()
and
q+1 ‘ .
Cy= D (17 ((dimr)" ()" (Dpiy )" (@)
=742

O

Example 2.3.3. Consider a proper and regular Lie groupoid G together with a multiplic-
ative Ehresmann connection F with respect to the isotropy algebroid, and assume there is
an admissible embedded submanifold R C Gy with Sat(R) = Gy. Consider f € C*(G)).
Then we can compute the terms from the decomposition of Proposition 2.3.2: We have

Ay=Cp=0
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trivially, as the sums are empty. We have

By = (1) (D% (£))

)

which at m € Gy is given by
-/ (DR, )" () ()t
act—1(R)Ns—1(m)
simplifying to

- a aar — aar _17‘ 5_1m - Jr).
/ath(R)msl(m)f(t( ))dum Z taa(#(r) N (m)) - f(r)

re RNO,,

However, as the Haar measure is invariant under right multiplication and normalised, we

have
1

T RN O,

such that the formula describes an averaging procedure. We have already seen in Corollary
1.4.27 that this procedure produces a well-defined and basic function. This, together
with the result of Proposition 2.3.2, implies in particular that any dar-closed function is
automatically basic.

Furthermore, we can consider the decomposition in the case in which das(f) does not
necessarily vanish. We then have

(50)" (D) (dn (1)) = ()" (D) (s = ()

which at m is given by
/ ((s* ()@ ))dpraar —/ () (@) dpaar
act—1(R)Ns—1(m) act—1(R)Ns~1(m)
-/ (5" (5) (@) dbttaar — £(m)
act—1(R)Ns—1(m)

and as s(a~!) = t(a) the first term agrees (up to sign) with By.

Example 2.3.4. Consider a proper and regular Lie groupoid G together with a multiplic-
ative Ehresmann connection FE with respect to the isotropy algebroid, and assume there
is an admissible embedded submanifold R C Gy with Sat(R) = Gy. Consider w € QP(Gy)
where p > dim(R) + ¢ - (k1 — ko), where ko is the dimension of G and k; is the dimension
of G;. Then we can compute the terms of the decomposition of Proposition 2.3.2: We
have

Aj=B; =C; =0,

which follows from Lemma 2.2.8. This implies that whenever an w of this form is closed,
it automatically must be 0 and more generally

(=174 ()" (D) (An (@) ) = .

Example 2.3.5. Consider a proper and regular Lie groupoid G together with a mul-
tiplicative Ehresmann connection E with respect to the isotropy algebroid, and assume
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there is an admissible embedded submanifold R C Gy with Sat(R) = Go. Consider
€ (QP(Gy))”’ "G o JEG-invariant form, and assume that

()" (@) = (s5-1)*(w) = 0.
Then we can compute the terms of Proposition 2.3.2 as follows: We have
A =C; =0,

as both of these terms are linear in either (s;)*(w) or (s;—1)*(w). We further have

Bj = (—1)PHw.
This in particular implies that

()" ((Dhger) Ay (@) =0
and that the equation of Proposition 2.3.2 takes the form
w= (=1 (0+ (-1)PMw +0-0).

Lemma 2.3.6. Consider a proper and reqular Lie groupoid G together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid, and assume there is an
admissible embedded submanifold R C Gy with Sat(R) = Go. Further assume some w is
invariant (when comparing values at the appropriate z € G,) with respect to the action by
(D@I,q)* for any 0 <1 <k of any V, € JE(s: G1 — Gy).

Then the term Ay defined as in Proposition 2.3.2 is invariant with respect to the action
by (D%/y,q)* for any 0 <1<k of any V,, € JE(s: G1 — Gy).

Proof. We have that when i < k (which holds for all terms appearing in Ay) and [ < k it
holds

(di)* (D}, 1) ( ) (D )" (W) ifi<l
(i) (s 1)( R)" (@ ) if i =1
(d)* (DY, )" (sk-1)" (Di)* (') ifi>1
(di)*( {)(DRq)(w) ifi<l

=4 (di)"(sk-1)" ﬁég)*(w/) if i =1
(di)*( o ) (D) (W) ifi>1
(di)*( (DY) ifi<ld
(di)*( (@) ifi=1
(di)"( “(Dy, )W) ifi>1

(

where we have used the assumption that w is in particular invariant under (D%/y ;)" and
the interchanging rules of Corollary 1.2.35 as well as Lemma 2.2.9. This implies

(DY, )" Ak = Ak
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for | < k.
For | = k we have

(D}, )" ()" (sk-1)" (D, )*( /)
' “(D}

D}, q>*<Dk 1) (D )" ()
D}, )" (D) (Di ) ()
)* (D y)* ()

Dvyzq

~—~ I~ o~ o~
2 o
~— ~— ~— ~— =
*
~—~ o~ o~ o~
)
R‘
>—A
\_/\_/\_/\_/»Q)—l
*
—~, S~ o~

where we have additionally used Lemma 1.2.37 and Lemma 2.2.10 such that also
(DY, )" Ar = Ay,
in this case. O

Lemma 2.3.7. Consider a proper and reqular Lie groupoid G together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid, and assume there is an
admissible embedded submanifold R C Gy with Sat(R) = Go. Assume some w is invariant
(when comparing values at the appropriate z € Gy) with respect to the action by (D{,z,q)*
for any 0 <1<k of any V, € JE(s: Gy — Gy).

Then the term By defined as in Proposition 2.85.2 is invariant with respect to the action
by (D%,y’q)* for any 0 <1<k of any V, € JE(s: G1 = Gy).

Proof. According to Lemma 2.2.9, we have that
a1l * Tk Y -k * (1 EY -k P

(Dy, )" (DRg)" (W) = (Dpg)"(Dy, )" (W) = (Dpg)" ()
for [ < k, where we use the assumption of w being invariant under (Dﬁ/y ;)" and Lemma
2.2.10 implying

. _k\* _k\*
(DY, )" (Drg)* (@) = (Drg) W),

such that By is also invariant under (D]f/y’q)*. O

Lemma 2.3.8. Consider a proper and reqular Lie groupoid G together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid, and assume there is an
admissible embedded submanifold R C Gy with Sat(R) = Go. Assume some w is invariant
(when comparing values at the appropriate z € Gg) with respect to the action by (Dl 7q)*
for any 0 <1<k of any V, € JE(s: G1 — Gy).

Then the term ék given by

G {Ck +dy (1) (Dl )* (@) ifk<g
Cr=0 ifk=gq

where Ci is defined as in Proposition 2.5.2, is invariant with respect to the action by
(D ) forany 0 <1 <k of any V, € JE(s: Gy — Gy).
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Proof. First of all, note that the sum defining C} is trivially empty if £ = ¢ and 0 is
trivially invariant under all actions. So the case that is difficult to consider is the case
where k < q.

If we spell out the latter term, we obtain

q

dn ((50) (Dl V(@) = D (=17 ((d)* ()" (Dlly )" (@)
=0
Considering that Cj was defined as
q+1 ‘ il
Cr= > (=17 ((die)"(51) (D )" (@)
i=k+2
= > ()P ((d) (1) (Dl )" (@)
i=k+1
we obtain i
Cro = > (=17* (o) (s0)" (Dl /' (@) ).
=0

We can check that when 7 < k and [ < k we have

1 —k+1

(DY, o) (di)* ()" (Dplg )* ()
(di)*(D%}q)*(Sk)*(ﬁgql)*(w) if i <1
= 3 (d)*(s1)* (DR )* () ifi=1
(di)*(D@y,q)*(sk)*(ﬁgql)*(w) if i >1
(di)* (s)* (D L) (Dily )* () if i <
= (di)*(sk)*@';fql)*(w) iti=1
(dz‘)*(Sk)*(D%,q)*(qul)*(w) ifi >1
((di)*(Sk)*(E’;%qu)*(Di/;’lq)*(w) if i <1
= (d@-)*(s;g)*(ﬁ’;fj)*@) if =1
\(dz‘)*(Sk)*(ﬁ?ql)*(D{,y’q)*(w) if i > 1
= (di)*(Sk)*(E];:izl)*(w),

where we have used the assumption that w is invariant at any 2z € G4 with respect to
(D@wq)* for any 0 <1 < k, the interchanging rules as in Corollary 1.2.35 and Lemma 2.2.9
and the fact that ¢ < k, such that the last case (i > [) is only possible if | < i < k and in
particular [ < k.

Hence ék is invariant at any z € Gy under (D%/y q)* for any 0 <[ < k. O

Example 2.3.9. In the setting of Example 2.3.3 (i.e. w = f € C*(Gp)), we have that
Cy = 0, simply because k = g = 0.
In the setting of Example 2.3.4 (i.e. w € QP(Gy) with p > dim(R)), we have that
Co = 0, as similar to the example, Lemma 2.2.8 implies that (ﬁRJ’rql)*(w) =0.
In the setting of Example 2.3.5 (i.e. w € (Qp(Gq))JEG with (s;)*(w) = (sj-1)*(w) = 0),
we find that éj =0as Cj =0 and (ﬁﬁfql)*(w) = w by Lemma 2.2.5.
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Proposition 2.3.10. Consider a proper and regular Lie groupoid G with a multiplicat-
we FEhresmann connection E with respect to the isotropy algebroid. Assume we have an
element w € QP(G,) = (€,)? such that dy(w) is JEG-invariant.

Then there is an element p € (€,)97! such that w + dy(p) is J¥G-invariant.

If w is homogeneous with respect to the splitting into E-vertical and E-horizontal sub-
spaces (i.e. at each z € G4 we have

€ (AP (B,), ® NP ILGy)

such that po+p1 = p) then p can also be chosen homogeneously with respect to the splitting
mduced by E. Its E-horizontal degree in that case is pg and its E-vertical degree is p;
(which implies the same E-homogeneous degrees for da(p) and w + dar(p)).

Proof. In the first part of the proof, let us assume that there is an admissible embedded
submanifold R C Gy with Sat(R) = Gy. We will eliminate the assumption in the end.

The proof of the statement will proceed inductively (iterating over 0 < k < g + 1)
prove the following statement: There is an exact term v that we can add to w such that
the result w + v when evaluated at the corresponding points is invariant under

(DY) ATy ()Gq = A TGy

for any V, € JE(s: G; — Gy) and any 0 <[ < k. For k = 0, the condition is trivially met
for vy = 0.

Let us now prove the induction step from k& to £+ 1. By induction hypothesis there is
an exact v such that w’ = w + v satisfies the given condition.

As v, is exact we have that

dy(w) = dpr(w')

and hence dy(w') is JFG-invariant.
By Proposition 2.3.2 we can express

W' = (—1)PtF <Ak + By, + C — (sx)" ((D];;rqarl) (dN(w/)))> ’

where
k—1
A= 3217 () (s-1) (D) ()
=0
and i
By = (=) (D) ()
and

Cr= 3" (~17* ((dicr) (1) (Dig )" (@)

i=k+2

By assumption, w’ is invariant under (Dly )* for any V, € JE(s : Gi — Gp) and any
0 <1l < k. According to Lemma 2.3.6 and Lemma 2.3.7, th1s implies that Ay and By, are
invariant under (D%,y,q) for any 0 <! < k+ 1. By Lemma 2.3.8, we have that

Cr+d ((s) (Dig )" (@)

is also invariant under (ﬁlR g for 0<i<k+1
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As d(w') is JFG-invariant by assumption, we have by Corollary 2.2.5, that

(D) (dn (@) = dur ()

and by Lemma 2.1.21, we obtain that
(58)" (D) (An(@)) = (s)* (An ()

is JEG-invariant as well, meaning that it is in particular invariant under (D%/y q)* for any
0 <! < k+ 1. This means that for

v = dy (=17 (s0)" (Dl ) (@)
we have that
of + v = (=1 (A + By + Gy = (51)" (D) (dn (@) )

where all terms are invariant under (D€/y7 ) forany 0 <l <k+1.

Asw' +vV =w+ry,+1v and v, + 1/ is exact by construction, this proves the induction
step for g1 = v + V. Note that for the terms to be well-defined, we need to assume
k < g, hence in the end we obtain v, such that w + vy is invariant under (D{/y )" for

0<l<q+1,ie for 0 << g, recovering the notion of J¥G-invariance.
When writing down the formulas for v = v, and p such that v = das(p), we find that

where

) = (=17 ()" Dy )" (@)
for the iterations w®) = w + v, of the induction. This also implies that if w = w©) is E-
homogeneous of E-horizontal degree py and E-vertical degree p; then so is p(®©) by Lemma
2.2.6 and Lemma 2.1.32. Subsequently, w(!) is F-homogeneous of the same degrees, which
implies that p(!) is, too. Analogously, we can see that during the entire induction, we have
that w® and p*) retain the splitting. So the same will be also true for w(@*t1) and for p.

We can now complete the proof by showing that we can use this to recover the result
if R only exists locally as in Proposition 1.5.9. For this, note that the vertical differential
dy is Cps (Go)-linear, as shown in Lemma 1.3.8.

Now if we do not have an admissible embedded manifold R C Gy with Sat(R) = Gy, we
can instead apply Proposition 1.5.9 for a collection { Ry, }nen, (or { R, }o<n<f) of admissible
embedded manifolds. We can consider an admissible partition of unity {x,} underlying
the cover {U, = Sat(R,)}. If we have an element w € QP(G,) such that dy(w) is JEG-
invariant, we find that (m;)*x, - w is also JZG-invariant under the vertical differential due
to the Cp2 (Gp)-linearity and JEG-invariance of basic functions (by Proposition 1.3.14,
even J!G-invariance). We can now consider the groupoid G|, , for which by construction
R, is an admissible embedded manifold with Sat(R,) = (G|v, )o-

If we denote the restriction of w to G|y, by wl|y,, we have that (mg)*xy - w|y, is an
element to which we can apply the construction described previously: As we have shown,
we can find an exact term dy(p,) such that adding it to (m,)*xn - w|y, yields a JEG-
invariant element. We have also explicitly constructed a formula for p,, which shows
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that the value of py(z) for any x € G4 linearly depends on the collection of values
w, for z € (my)71(my(x)), i.e. 2z a point in the leaf of the orbit foliation on G, which
corresponds (under the pull-back along any face map) to the leaf of the orbit foliation on
G4—1 containing x. Therefore, we have that p,(z) = 0 whenever (my)*xy - w|y, = 0 on
(mq) " H(my(z)), which is in particular the case for x outside of the support of (mg—1)*xn-
So pn, = 0 on an open collar of U,, and hence can be extended by 0 to an element p/, on
all of Gg—1.

The image da(p),) is (by CPe,(Go)-linearity of dyr) is precisely the extension by 0 of
the constructed da(p,) from (G|y,)q to G4. As Xy is supported on Uy, we find that this
implies that (m)*xn - w + dar(p),) is the extension of (7y)*xp - w|v, + dar(pn) by 0, which
is in particular still J¥G-invariant. So as

p=> 0,

n€Ng

is a locally finite sum, it is well-defined and satisfies

w+dn(p) = Y (mg) xn - w + dn(ph)
n€eNyp

where the sum is locally finite and consists only of J¥G-invariant terms - hence the result

must be JEG-invariant as well.
O

Lemma 2.3.11. Consider a proper and regular Lie groupoid G together with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. Fir an admissible
cover of Gy with an underlying admissible partition of unity. Then the assignment

we WP (Gy) s.t. dy(w) =0 pe QP(Gg—1)

constructed in Proposition 2.3.10 is Cpo,(Go)-linear and can be extended to all of QP(Gy).
If w is JEG-invariant, so is p.

If the admissible cover of Gy used in the construction is trivial, i.e. only consists of
the open U = Gy = Sat(R) for R an admissible embedded manifold, we have that p|r only
depends on the values of w|g, i.e. the restriction of w to G|g.

Proof. We have in the previous proof established formulas for the construction of w®*) and
o) following inductive procedures with respect to some admissible embedded manifold
R. These formulas can be checked to be CP3,(Go)-linear in w and furthermore, they can
be evaluated as well for w € QP(G,) whenever dy(w) is not J¥G-invariant. Furthermore,
we have that for a JPG-invariant form w all the pull-backs, the vertical differential and
the operation (E}f’q)* retains J¥G-invariance by Lemma 2.1.32, Corollary 2.1.33 and
Lemma 2.2.5. For a cover given by a family of admissible manifolds, it remains to glue
these constructions, which is also Cp (Go)-linear in the data and as the diagonal action
at the i-th pull-back retains the orbits, we can explicitly check that the conditions for
JPG-invariance are C22_ (Gy)-linear using Lemma 1.3.4.

Under the assumption of a trivial cover, let us now show that p|g only depends on

w|g: For p®) =0, this is trivially the case. By evaluating the formulas for w®) and p(*),

we find that each p(®)|z depends on (ﬁgql )*(w¥))| g, which by Lemma 2.2.7 only depends

on w®|p. As
k—1

WP =wlr+ Y dy(pY|r)
1=0
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we have that this also only depends on w|g by induction. So the same must be true for
all p(k)|R as well as p|gp = Zp(k)h%- 0

Corollary 2.3.12. Consider a proper and regular Lie groupoid G together with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. Consider w € QP (Gy)
such that dy(w) is JEG-invariant. Assume that the admissible cover of Gy used in the
construction of Proposition 2.5.10 extended as in Lemma 2.3.11 is trivial, i.e. only consists
of the open Gy = Sat(R) for R an admissible embedded manifold. Then the expression

w+da(p)

can be uniquely recovered from w|g.

In general, we have that if dy(w) is JEG-invariant, the expression w -+ dr(p) only de-
pends on the collection of values of w|g,, , i.e. the restriction of w to G|g, . The dependence
is linear and in particular w|gr, = 0 for all of the Ry, implies that

w+dy(p) = 0.

Proof. We know by Lemma 2.1.38 that the values of a J¥G-invariant element on an orbit
are determined by the values at a point in the orbit. So as w + das(p) is JEG-invariant by
Proposition 2.3.10, it is possible to recover all values from those at the units 1, for r € R.
Furthermore, from the explicit form of Proposition 2.1.41, we can see that the restriction
to (w+dar(p))|p can uniquely recover these values. But (w + da(p))|, only depends on
w|r and p|g, so by Lemma 2.3.11, we can recover it from w|r completely.

As w + du(p) only depends on w|r in the case of a trivial cover, the claim about
w + da(p) in general only depending on the family w|g, follows from the construction
immediately (as it is given by a sum of elements only depending on w|g, ). O

Theorem 2.3.13. Let G be a proper and regular Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. The inclusion

((@(G))" ¢ ax) € (@(Ga),dn) =&,

s a quasi-isomorphism, meaning the cohomology of each column of the Bott-Shulman—
Stasheff-complex H*(€,) can be computed on the JEG-invariant elements as

H*(€,) = B* ((©7(G2)”"9  dv)

or under the isomorphism of Proposition 2.1.41 as

H*(C,) ~ H* < P (T (Go, " (TGo/Fo)* @ /\pl((Ai*so)@.)))JEG,dN 1G0> .

pPo+p1=p

Proof. By Corollary 2.1.22, we know that J¥G-invariance is retained under the horizontal
differential dp;. Hence we have an inclusion of chain complexes of the J¥G-invariant
elements of a column into all the elements of that column in the Bott—Shulman—Stasheff
complex.

Surjectivity of the inclusion when considering cohomology is the statement of Propos-
ition 2.3.10 under the stricter assumption that dp/(w) = 0, as 0 is J¥G-invariant and
injectivity follows from the same proposition as any exact JG-invariant form v = dy(w)
with w not necessarily J¥G-invariant has a J¥G-invariant preimage w + dy(p).

That the JFG-invariant forms can equivalently be expressed by their values at the
unit section is precisely the statement of Proposition 2.1.41. ]
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Lemma 2.3.14. Consider a proper and reqular Lie groupoid G together with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. We can construct a
quasi-inverse to the inclusion of Theorem 2.3.13 by

w € QP(Gy) — w1y +da(pl,)

for r, € QP(G,) the element associated to dpr(w) using the assignment of Lemma 2.3.11
and pl, € QP(G4—1) the element associated to w + r using the same assignment.

Proof. First of all, we need to check if this is a well-defined map. We have that w + r,, by
Proposition 2.3.10 satisfies that dps(w) + dp(r.) is JEG-invariant. So by the same result,
we have that

w 4710+ dn(p],)

is JEG-invariant as well. Secondly, we need to check that it is compatible with the
differential dar. As dar(w) is closed and the assignment of Lemma 2.3.11 is R-linear, we
find that

T(dp(w) =0

and p'( dy(w)) ABrees with the image of djr(w) under the assignment, which incidentally is
the definition of r,. This implies that

dnv(w + 7o + dn(pl,) = dy (W) + dy (rw) = (W) + Ty ) + IV (Play w)-

Therefore, the map is well-defined.
We also find that more generally on all closed elements, the map agrees with

w st da(w) =0 w+dy(p,).

This shows that both pre- and postcomposition with the inclusion of J¥G-invariant ele-
ments into € is on closed J¥G-invariant elements given by the map

w = w4 dy (o)

As any cohomology class can be represented by some w of this form, the constructed map
is a quasi-inverse to the inclusion if and only if the resulting form is again cohomologically
equivalent to w. We have that dar(p/,) is trivially exact as an element of €, however, as p,
is not necessarily JEG-invariant itself, the same is not immediately true in (QF(G,))”"C.
However, the existence of a J¥G-invariant preimage of dar(p.,) is one of the consequences

of Proposition 2.3.10. O

Example 2.3.15 (The Pair Groupoid). Consider a pair groupoid, i.e. a groupoid G with
object space Gg = M and morphism space G = M x M. As the isotropy is trivial at
every point, we have that there is a unique multiplicative Ehresmann connection given by

1T,G1 =T,G1 ¢0.

As the Ehresmann connection encompasses the entire tangent space at each point, the
JEG-invariant forms of bidegree (p, q) are given by

E 1
(QP(G)" ¢ = ((Gy))" “,
which by Proposition 1.3.14 implies

(Q(Gy))” ¢ = O (G).
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We know by Lemma 1.3.2, that basic forms vanish under insertion of any vector field
contained in the orbit foliation. But as the orbit foliation at each point is given by the
entire tangent space, we obtain that

(Q(Gy))” ¢ = 8 (Go) =0

unless p = 0, in which case by Lemma 1.3.4

(@)

is given by constant functions. In particular, we obtain H(€,) = 0 for p # 0.

We can further compute that in €y, the vertical differential is given alternatingly by
either 0 or id (as all pull-backs retain constant functions and we sum alternatingly over
their results), in a way that the cohomology H (&) is given by R in degree 0. In particular,
almost every form closed under dys is also in the image of ds.

This actually implies that any element in Qpgs(G) of total degree r > 0 is closed under
the total differential d if and only if it is d-exact. We will omit the argument here to avoid
redundancy and come back to it later in Example 4.2.8. (By that point these considerations
will follow without much further proof being necessary. However, the statement regarding
this example can be worked out easily with less technical tools.) For total degree r = 0, we
obtain that all J¥G-invariant elements of bidegree (0,0) define cohomology classes. This
is because constant functions are closed under the de Rham differential, hence defining d-
closed elements, which for degree reasons define unique cohomology classes. (Analogously,
this already describes all the cohomology classes of HY(Qpss(G)), as those are given by the
intersection of ker(dr) and ker(dgr), which is in particular a subset of H%(€%) = ker(dy)).

So in conclusion, we have that H(Qpss(G)) = R, which is concentrated in degree 0.
This is an unsurprising result due to the fact that any pair groupoid is Morita equivalent
to a point (cf. Lemma 0.2.19), so its differentiable stack cohomology should also be trivial.

- ngs(GO) =R

Example 2.3.16 (The Free Action). At the beginning of this chapter we have considered
the free and proper action of a group G on a manifold M and the induced action groupoid
G, which is equivalent to the trivial groupoid of the quotient Q.

In this case, similar to Example 2.3.15 we also have that (G is the trivial bundle and
hence there is a unique multiplicative Ehresmann connection £ = T'G; on G with respect
to the isotropy. We also have that the J¥G-invariant forms in bidegree (p, q) are given by

E 1
((Gy)" % = (7(Gy))” €,
which we know by Proposition 1.3.14 and Proposition 1.3.5 to be equal to
1
(7(Gg))” = Qas(Go) = Q).

With similar considerations as for €y in the previous example, we can work out that
the cohomology of the columns €, is supported only in degree 0 and the cohomology of
the total complex is supported in bidegree (p,0) and that in this example the cohomology
is given by

H*(Tot(Qpss(G))) = H*(as(Go),dar) = H*(Q, dar)-

We will prove this properly in Example 4.2.10. (Similar to the comment on the previous
example, we can again alternatively work out the details with less technical tools then we
use later.)
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Definition 2.3.17. A Lie groupoid G is called étale if the source and target maps of G
are local diffeomorphisms.

Example 2.3.18. Let G be a proper and étale groupoid. Etale implies that the source
and target fibres are discrete, such that the orbit foliation bundle vanishes, hence G is
regular, and that A;,, = 0. In particular, the multiplicative Ehresmann connection on G
is uniquely determined to be the entire tangent space. In analogy to Example 2.3.16 and
by Proposition 1.3.14 the J¥G-invariant forms in this example are given by

(QF(Gy))'C = QP (Go).

The computation in the two previous examples actually can be unified in a single
setting:

Example 2.3.19. Let G be any proper and regular groupoid satisfying Ajso, = 0. Then
the multiplicative Ehresmann connection on G is uniquely determined as the entire tan-
gent space. Similar as to the argument in Example 2.3.16, we have that this identifies
JEG = J'G and by Proposition 1.3.14 we have that

(QP(Gy))'C = QP (Go).

Example 2.3.20 (The Action on a Point). For the trivial action of a compact group G
on a single point {*} we obtain that again, there is a unique multiplicative Ehresmann
connection with respect to the isotropy. It is induced by the zero section G C TG as
the unique dimension 0 subbundle, corresponding to the fact that in this case the entire
tangent space must be E-vertical as IG; = T'G1. We have that A} = g* and hence that
the JEG-invariant forms in bidegree (p,q) are according to Proposition 2.1.41 are given
by
A7 ((g)°1)

A very nice property of this example is that as we are working with a honest group
action, we have that dgqg maps G-invariant forms to G-invariant forms (which are auto-
matically the J¥G-invariant forms, as all jets only contain a single zero vector). This is
still a relatively large bicomplex, and computing its cohomology is not trivial. However,
we already know that the differentiable stack cohomology of the associated Lie groupoid
is given by S¥(g*) in degree 2k, so this example illustrates very well why we still have to
improve the current result.

Example 2.3.21. Consider a compact Lie group G and a Lie groupoid of the form
G1 =G x Gy x Go,

where the target map is given by projection to the second component, the source map is
given by projection to the third component and the multiplication is in the first component
given by pg, i.e. the multiplication of G. Then the splitting

TGy = (TG) x T(Go x Go)
induces a multiplicative Ehresmann connection by

We now know that by the Lie groupoid axioms, the diagonal Gg C Gy x Gy induces a
left and right G-action on G1 each covering the identity on Gg. This way, every element of G
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corresponds to a E-horizontal bisection of G' covering the identity. Hence J¥G-invariance
implies invariance under these bisections and
JEG JEG
(QP(Gg))" % = ((Gy)¥)” .
Furthermore, if we consider the isomorphism of Proposition 2.1.41, we find that for
each term of the form

(T (Gos A7 ((45) %)),

we can similarly consider the action of these global sections. By definition of the multiplic-
ation on G, we find that the action of any element (g,m,n) on (A% )®7 = (g*)®7 agrees
with the extension of the classical coadjoint action. As all sections cover the identity, we

find that we can rewrite the previous term as

G
(1 (Go, (A7 ((450)°9)7))
If we now rewrite any (g,m,n) € G as

(g,m,n) = M((lvmvn)v (ga n,n)),

it becomes apparent that G-invariance of a G-invariant section of the previous expression
precisely means that under the trivialisation of (A% )®7 = (g*)®? the values at m and n
agree. As the groupoid is transitive, this implies

<F (GO’ (/\p ((A?so)éBq))g))G o~ (/\P ((g*)EBq))Q 7

such that this expression characterises the J¥G-invariant forms of G. This generalises the
findings of Example 2.3.20.

Example 2.3.22. Consider the Lie groupoid G = T of Example 0.4.7. We now aim to
equip it with a multiplicative Ehresmann connection.

We have seen in 0.4.6, that L. C R defines a discrete subgroupoid. We now claim
that there is a unique linear multiplicative Ehresmann connection on R such that the
embedding of L into R is at each point horizontal and such that it induces a multiplicative
Ehresmann connection on 7'. For this, note that we have already shown that there is a local
trivialisation of R as a bundle which is compatible with the fibre-wise addition and scaling
and also exhibits L as a trivial Lie group subbundle. This trivialisation induces a vector
bundle connection locally and as s = ¢ and the Lie group bundle structure is given by
the fibre-wise addition it indeed satisfies the requirements of a multiplicative Ehresmann
connection (i.e. that addition of horizontal vectors remains horizontal). Furthermore, as
T is exhibited as the quotient by a discrete subgroup (or rather a trivial group subbundle),
we have that the connection induces a well-defined connection on 7.

Let us now argue, that this connection on R is unique: As the lattice can be generated
by two linearly independent vectors, X; and X3, we can write every other vector in R
as a linear combination. We obtain that the connection on R at X is precisely given by
T'x, L and analogously for X5. So indeed, the property that the connection is linear and
the lattice embeddings are horizontal uniquely define the connection. This is now also
the reason, why it is sufficient to prove the existence locally with respect to the bundle
structure: On any intersection, two connections defined this way will always agree. As the
quotient to T is also given by a fibre-wise construction, it follows that the same holds for
the induced connection on 7T'. In particular, it is well-defined.
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Therefore, we may now compute the J¥G-invariant forms in this example. By Pro-
position 2.1.41, we have that they are given in bidegree (p, q) by

B (D', AP (TS @ AP ((A7)21)

po+p1=p

as the orbits are trivial (meaning Fy = 0) and p = 0 on the entire algebroid (meaning
Ajgo = A)

Furthermore, we have that as G is a Lie group bundle, the action of any element on S*
and its cotangent space is trivial and the adjoint action on A* is as well, because the fibre
of the bundle is T?, which is abelian. This means the J¥G-invariant forms of bidegree
(p, q) actually correspond to

P ([TEA(Trsh) @ A ((A7)%9))) .

po+p1=p



Chapter 3

JE (GG-isotropy Cartan forms

In the previous section, we have shown that the quasi-isomorphism of including J¥G-
invariant forms into the columns €, of the Bott-Shulman—Stasheff bicomplex reduces the
complexity of computing the cohomology of those columns significantly. However, we have
also noted that there is still room for improvement. We will now establish an even smaller
subcomplex that already computes the cohomology of €,,.

The differential on that subcomplex will vanish, so it can even be understood as the
smallest subcomplex to compute the cohomology of the columns. Furthermore, we will find
that computing the cohomology of the columns in this way can, in many examples, already
give some relevant insight into the properties of the Bott—Shulman—Stasheff bicomplexes
of which we have taken the columns.

3.1 An Eilenberg—Zilber type argument

Aim of this section: Theorem 3.1.20 (abbreviated):

Let G be a regular and proper Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. The inclusions

R < (Q°(Ga))""¢

and
REY C (e

are quasi-isomorphisms with respect to the respective restrictions of dar. Furthermore,

any cohomology class of a column [w] € HY(C,) can be uniquely represented by a

JEG-isotropy Cartan form w € Rg’q).

This section is dedicated to exploring the bicomplex R g mentioned in the theorem, as
well as proving the given inclusion to be a quasi-isomorphism. We will first take a look at
the space of J¥G-invariant forms and decompose it into smaller components, characterised
by a multidegree. This will help us understand the inclusion.

Afterwards we will establish all the necessary technical details and properties of this
decomposition, to prove the theorem. This will take up the majority of this section. The
proof is mostly based on a generalised version of the Eilenberg—Zilber theorem and is
constructive, but technical.

167
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Lemma 3.1.1. Consider a regular Lie groupoid G together with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid. Then the decomposition of I1G,
of Lemma 2.1.16 yields the decompositions

AP0 By @ NP (IG,)*
= D AE;eN ((pr)I1G) ® - @ A ((pr,) 1G1)]
Pyt +py=p1

and

/\po (Eq/]:q)* ® /\pl (IGQ)*
= D AESF) @ N (1) IG) @ A ((pr,) IG)”
P+ +py=p1

as vector bundles over G4 and at the unit section identifies

AP (TGo/Fo)* @ AP' ((Af)®7)
= P TG/ Fo) @ N (M) @ 0 A (AL)
P+ tpg=p1

as vector bundles over Gy.

Proof. This follows immediately from the fact that the exterior product over a direct sum
of vector bundles agrees with the tensor product of the respective exterior powers. O

Definition 3.1.2. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection F. Considering the decomposition of Lemma 3.1.1, we will call any
form

weT (Gq, APEE @ AP ((pry)*IGh)" ® - - - @ APh ((prq)*IGl)*> C QP(Gy)

homogeneous of multidegree (po,p},..., pfl,q). Similarly, we will call elements or
sections of
/\POE:; ® NP1 ((prl)*]Gl)* Q- @ NPa ((prq)*IGl)*

or
AP (B Fy)* @ AP ((pr) IGh)" @+ @ AP ((pr)TGh)"
or
NP(TGo/Fo)” @ NP1 (Af,) @ -+ - @ AP (Af,)
homogeneous of multidegree (po,p}, .-, p};q)-

Remark. Note that the multidegrees are not indexed over tuples of a fixed length but
instead always have ¢ + 2 components. Also note that by definition, we can recover
the FE-vertical degree p; as well as the entire horizontal degree p from the expression

(Po, P -+ > Py @)-

Lemma 3.1.3. Let G be a regular Lie groupoid. For the homogeneous elements of mul-
tidegree (po,1,1,...,1,q) of

N (TGo/Fo)” ® A*((Af0) ™)
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i.e. elements of the bundle
AP0 (TGO/‘FO)* ® (A;kso) K (A;kso) — Go

there is a canonical action of the permutation group ¥, on the tensor factors A . The
subset of
r (GO, APO (TGO/]:O)* ® (Aikso) Q& (Aikso))

given by elements invariant under the induced action can be canonically identified with
r (G07 NP0 (TGO/FO)* @ Sq(A?so)) .

Proof. Consider the action of the permutation group ¥, on AL(A% ) = A% by permuting
the tensor factors. As it does not change the projection to Gy, the invariant sections are
the sections to the invariant subbundle. The map from the symmetric powers of a vector
space or bundle to the tensor powers as the permutation invariant elements is a common

construction. O

This subcomplex now already looks quite similar to the subcomplex of the JFG-
invariant forms mentioned in the theorem. However, the actual invariance is still missing
and we have to check if this notion is well-defined and behaves as intended.

Lemma 3.1.4. Let G be a regqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy Lie algebroid. Then for any 0 < i < ¢ the
diagonal action at the i-th pull-back of any V € J¥(s: Gy — Gg) on

[ (G, NP E} @ AP (IG,)")

by Dé/q retains the multidegree of a form, i.e. the homogeneous components of QP(Gy)

are invariant under the family of diagonal actions of J¥ (s : G1 — Go) and in particular
under the family of diagonal actions of JEG.

Proof. The fact that any D%,Mq retains the multidegree of any form comes in part from
the fact that the analogous statement holds for the F-homogeneous degrees pg and p; and
that the additional splitting of p; is induced by the projections of G, to its components.

We have that D{/m only depends on the base value * € G; when evaluated on IG,.
Under the projections of G, to G1 which induce the splitting of IG, the action of D;q
corresponds to left multiplication, right multiplication or the trivial action. As these are
well-defined maps independent of the other components of z, we find that they each induce

the action on the respective copy of A separately. O

Corollary 3.1.5. Let G be a reqular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy Lie algebroid. We have that the space
(Qp(Gq))JEG decomposes into components

B P (T(GormE e () TG @ (<prq>*IG1>))JEG'

Po+P1=P p} +-+py=p1

Proof. This follows directly from Lemma 3.1.4, as it in particular states that invariance
of some w € (P(Gy))” "G under D%/’ , automatically implies invariance of each component
of homogeneous multidegree of w. O
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Corollary 3.1.6. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy Lie algebroid. We have that under the
isomorphism of Proposition 2.1.41 given by

(T (Ggn AW Ey @ AP (IG,)))” " = T (Go, A(TGo/Fo)* @ AP ((A5,)*7))°

the decomposition into the direct sum of homogeneous components

’ , JEG
P (r (Gq, AP B, ® AL ((pry)*IGh) @ - -+ @ APa ((prq)*IGl))>
Pyt =p1

of Corollary 3.1.5 precisely corresponds to the decomposition into the direct sum of homo-
geneous components

D (0 (G0 @G/ T @ N (A @@ A% (43)))

pi+tp=p1
each representing a form on Gy homogeneous of the same multidegree.

Proof. By definition, the isomorphism of Proposition 2.1.41 is given by restriction to the
unit section, where by Lemma 3.1.1 the decomposition precisely takes the described form.
O

Lemma 3.1.7. Let G be a regular Lie algebroid. The action of G on
I (Go, A(TGo/Fo)* @ N (Af) @ -+ & AP (AL))

given by the extension of the action of Lemma 1.2.16 and the extension of the coadjoint
action of Example 1.1.35 commutes with the permutation action of ¥,.

Proof. As the permutation action is defined as an extension of the trivial action on
(T'Go/Fo), we only need to check that it commutes with the extension of the coadjoint
action on APl (AL ) ® - ® AP (Af,) = APL(AL)®4. Commutativity of the extension of
the coadjoint action with 3, can be explicitly seen directly, as the adjoint action of any
x € Gyon [ Gq|1G0 at 1y, restricts component-wise to the adjoint action of x on every
copy of I G1|1G0 simultaneously by Lemma 1.1.37. So as the permutation action permutes
the components (i.e. it can be characterised by pr,;y oL, = pr;) we find that the two
actions commute on each component, and therefore, on all of (Af_)¥9. O

180

Lemma 3.1.8. Let G be a regular Lie groupoid. The action of G on

NP (TGo/Fo)* @ A (Afy) @ -+ @ A (AL,) C AP (TGo/Fo)* @ AT (A

ISO)EBq

given by the extension of the action of Lemma 1.2.16 and the coadjoint action on (A%, )®?
of Example 1.1.35 agrees under the isomorphism

AP0 (TGO/fO)* ® /\1 (A;kso) @ /\1 (A;kso) = NP0 (TGO/‘FO)* ® Tq(A;kso)a

with the extension of the action of Lemma 1.2.16 and the extension of the coadjoint action
on A% _ of Example 1.1.35.

180
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Proof. This follows immediately from the definition of the respective extensions of Lemma
1.1.38 as well as Lemma 1.1.37. On TY9(A%_ ), we have that the extension of the G-action

1SO
is defined by applying Ad component-wise to any decomposition of an element into a

product with respect to the tensor algebra structure. At the same time, the inclusion is
induced by the inclusion ¢; of each copy of Ajs, as some respective copy of (Ajso)P? and as

1(Ady(0Y) ® -+ ® 1g(Adz(07)) = Ad, (11(6Y) @ -+ ® Ady (14(67))
we obtain the result. O

Corollary 3.1.9. Let G be a reqular Lie groupoid. The action of G on
N(TGo/Fo)™ @ 5(Ais,)
as both the subset of ¥ -invariant elements and the quotient by the X4-action of
NP (TGo/Fo)* @ A (Af) @ -+ ® A (AL,) = AP(TGo/Fo)" @ TU(AL,)

with the action of G given by the extension of the action of Lemma 1.2.16 and the extension
of the coadjoint action of Example 1.1.35 on the left-hand side is well-defined and can
analogously be described as the extension of the action of Lemma 1.2.16 and the extension
of the coadjoint action of Example 1.1.35 to the symmetric algebra.

Proof. The fact that the action of G on
N?(TGo/Fo)* @ THA)

descends to the quotient by the action of ¥, follows directly from the commutativity
of Lemma 3.1.7. This also shows that invariance under permutation is retained by the
G-action. As there is a canonical isomorphism between the invariant and coinvariant
elements, we have that the two actions must agree.

The precise form of the action is shown in Lemma 3.1.8, where the X -action precisely
corresponds to commuting the tensor algebra factors, such that both the quotient and the

invariant elements precisely describe the construction of SY(Af ) from T9(A%,). O

Definition 3.1.10. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection £ with respect to the isotropy Lie algebroid. A JFG-invariant element
w € QP(Gq) for which its values at the unit section given by wi, satisfy that

Wig, € (T (Go, A (TGo/Fp)™ @ S1(AL,))"

will be called homogeneous J¥G-isotropy Cartan form of bidegree (p, q) or multide-
gree (po,1,...,1,q). The space of J¥G-isotropy Cartan forms of bidegree (p,q) will be

denoted by R%’Q). The bigraded vector space of all J¥G-isotropy Cartan forms will be

denoted by
Re= P REY?,
p,q€No
where the bigrading is naturally induced.

Let us return to the aim of this section we previously described. We can now under-
stand the claim of the theorem.
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Aim of this section: Theorem 3.1.20:

Let G be a regular and proper Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. The inclusions

R ((Ga))""C

and
REY (g

are quasi-isomorphisms with respect to the respective restrictions of dyr. Furthermore,
any cohomology class of a column [w] € HI(E&,) can be uniquely represented by a
JEG-isotropy Cartan form w € Rg’Q), i.e. an JEG-invariant form w € (Qp(Gq))JEG
satisfying

wig, € (T (Go, \P~U(TGo/Fo)* ® S9(AL,))) .

The proof that the J¥G-isotropy Cartan forms compute the same cohomology as the
JEG-invariant elements (on columns) is purely combinatorial and does not require any
geometric tools. It will take up the rest of this section.

The first step for this is to understand how the multidegrees behave under the ver-
tical differential dpr. On the homogeneous components this can be seen quite explicitly,
although it involves a lot of combinatorial formulas for some cases. In others, however, the
maps are quite easy to describe, especially because many components of the differential
vanish.

Lemma 3.1.11. Let G be a regular groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Consider v € (Qp(Gq))JEG homo-
geneous of multidegree (po,pl, . . . ,p’q7 q) and denote by W(rg,r1,...rqs1,q+1) the homogeneous
components of multidegree (ro,71,...,7¢+1,q + 1) of w = dy(v), where dys denotes the
vertical differential. Then we have the following:

a) Wirgri,.rqsrq+1) 7 0 only when ro = po.

b) W(rg,r1,rgr1,g+1) 7 O only when there is some 1 <14 < q such that

(7’0, S . (Ti + T’i+1),ri+2, ey rq—‘,—h q) - (p07p{[7 cee 7p:17q)

orry =0 and

(TO,T‘Q,..-,Tqul,Q) = (poapllv""p:pq)
orrqr1 =0 and

(T0>Tla"'>rq7Q) = (p()vp/l:"')p:p(D'

q+1 . _ 4 /
i=1Ti = 2.=1D;-

¢) If ply #0 and pl; 1y #0 for 1 < j < (q—1), then Wiy ry....rgp1,q+1) = 0 for

In particular

(TOa’rla .- '7Tq+1aq+ 1) = (p(Jap/la s 7p;'707p;'+17 s 7p:]7q—|_ 1)

If p # 0, then W(ro,r,rqsnqtl) = 0 for

(7”0,7’1, cee 7Tq+17Q+ 1) = (p0707p/17 cee 7p:17q + 1)
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pr; 7é 0, then W(ro,r1yeeyTgr1,q+1) = 0 fOT’
(TOa T1y... 7T'q+17 q + 1) - (p07pI17 o 7p:]7 07 q + 1)

In particular if p;» # 0 for all 1 < j < g, then w
alll1 <i<(g+1).

y # 0 only when r; # 0 for

T0,715--,Tq+1

d) if i <jis an interval in 1,...,q such that the associated p, . .. ,pg- describe a mazximal
sequence of Os (i.e. pj, =0 fori <k < j as well as either i =1 orpj, #0 fork=1i—1
and either j = q or pj # 0 for k= j+ 1), then if j — i is odd we have that

w(p0717/1:-~~7P;_170’“-,07173'_0_1,“-47&"]""1) = O’

where 1, =0 for i < k < (j+ 1) (i.e. we have increased the length of the sequence of
Os by one).

e) In the setting of d), if j — i is even, we have that Wiy, . ro.1) for
(T():Tla .. 7rq+17 q + 1) - (p07p/17 cee 7p;;—17 07 cee 7O7p;'+17 B 7p:17 q + 1)

uniquely determines v. It can be recovered through the isomorphism between homogen-

eous elements of degree (ro,r1,...,Tq+1,q+1) and degree (po, pl, ... ,p;, q) by contract-
ing the tensor product by a factor of I'(Go, A\°(A%,)) = C®(Go) and multiplying with
—(—1)PH.

Proof. Let us start by noting the following: As each d; for 0 < i < ¢+ 1 maps the identity
section of G441 to the identity section of G4, we can obtain the differential dys(v) by only
considering Tyd; for some point = (1,,,...,1,,) in the image of the identity section.

Proof of property a):

We have that the T'd; retain the splitting between the isotropy and the horizontal
subspace by Lemma 2.1.32, where the latter is spanned (with possibly non-empty inter-
section) by the vectors tangent to the unit section and the horizontal vectors contained in
Fq. As the py and p; = p} + p5 + ... indicate the E-horizontal and E-vertical degree of
v, they are retained by (d;)*.

Hence each dy(v) will only have components in multidegree (r9,71,...,7¢+1), where
To = Po-

Proof of property b):

First of all, let us note that by Lemma 2.1.21, v being invariant implies that all (d;)*(v)
are JEG-invariant as well, such that it is sufficient to identify (d;)*(v) at the unit section.
As the d; map 1,, in G¢41 to 1,, in Gy, it is possible to do this by computing T'd; at the
unit section. As the d; retain the splitting of £ by Lemma 2.1.32, we may compute the
restriction to the E-horizontal and E-vertical subspace separately.

Note, that E-horizontal vectors at the unit section decompose into vectors tangent to
the unit section (on which T'd; corresponds to the identity) and E-horizontal vectors in
F1 (which vanish under insertion into v or any (d;)*(v) by Proposition 2.1.26).

We can for x = 1,, explicitly compute T.d; : (Aiso)%(qﬂ) — (Aiso)??ﬂ. The tangent
map of multiplication at the unit is given by addition, thus we have for 1 < i < ¢ that

Todi(ZWD, .., 7@ty = (zW 700 70 L zG+0 (a4

for ¢ = 0 that
Tpdi(ZW, ..., 7@y = (2@ zla+h)
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and for i = ¢ + 1 that

T$di(Z(l), N .7z(q+1)) - (Z(l) Z(Q)).

So assume that the homogeneous component of w = da(v) of some multidegree
(70,71, - -+, 7g+1) does not vanish (i.e. w(y . roiy) # 0). Then this fact is witnessed
by a family of E-horizontal vectors X1, ..., X, and a family of E-vertical vectors

(1 1) v(2) 2 (g+1) 1
iy Dy @ vty

such that each Y? is contained in the i-th component of the splitting. By witnessing,
that dar(v), does not vanish, we mean that

dy (v) <X1,...,XTO,Yl(l),...,Y(l),...,Yl(qH),... Y(q“)) £ 0.

71 P T T+l

For some 0 < i < ¢ we must therefore have have
v((di)e(X1), .o, (di)« (D)) #£ 0.

We have listed above which form (d;). takes in the three different cases of 2 <1i < ¢,
i =0 and i = g+ 1. For the first of these cases, we can explicitly check that the family
(di)e(X1), - (di)a (VEED)

Tq+1

has now multidegree (rg,...,r;—1, (r; + 7i+1), 7it2, .- . ), in the sense that the family con-
tains 79 many vectors which are F-horizontal, 1 many vectors contained in the first copy
of (Aiso)®? etc. So as we assumed (d;)*v(Xq, ... ,Yr(qull)) # 0, we have that v as a homo-
geneous form must be of the according multidegree

(pOapllv cee 7p;,Q) = (7"0, <oy Ti1, (Ti +Ti+1)ari+27 .. )

For the other two cases i = 0 or ¢ = ¢+ 1, we need to note that if (d;). vanishes on one
vector, then automatically (d;)*v(Xq, ... ,Y}S{:l)) = 0. So as we assumed the contrary, we
find that this implies r1 = 0 or rg41 = 0 respectively. In this case, too, we can explicitly
compute that the induced family is of the multidegrees listed in the statement.

Proof of property c):

Consider a multidegree (79,71, . ..,7¢+1) of the form in the statement. We now need to
show that w(y; ry,...ry 1) = 0- To consider all three cases of the statement simultaneously,
set 7 = 0 if we are in the second case and j = ¢ if we are in the third case.

Analogously to the proof of property b) we can for go through all cases of 0 < i < ¢
in which potentially (d;)*(v) has a non-vanishing component of multidegree

(7"(),7’1, cee 77'q+luQ+ 1) - (p07p/17 o 7p;707p/(j+1)7 .. p;aq_'_ 1)

This analysis shows that this can only be the case for components that satisfy ¢ = j and
i = j+1, as whenever i < j (which in particular implies j > 1) we find that the equations
of b) would otherwise state

(p07p,1a .- p:;a‘]) = (TOarla R (r’i +ri+1)a ey T i1, T 42, - - arq+1>Q)

= (p07p,17' ) (p; +p2+1)7' o ap;"07p;'+17 s 7p;7Q)
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and in particular imply p;- = 0 (in case i = 0 the expression is different but would also
imply p;. = 0). Whenever i > j + 1 (which in particular implies j < ¢ — 1) we would
analogously find p;- 41 = 0, which would both contradict the assumptions of the statement.

But if we return to the computation of T,d; : (Aiso)gz(ﬁl) — (Aiso)%q on the ver-

tical tangent space, we have that T,d; and T,d;;1 agree on E-vertical tangent vectors
Z = (Z',...,Z%"1) where written in components Z/*! = 0. Due to the considerations at
the beginning of the proof of statement b), this implies that the entire forms obtained by
projecting (d;)*(v) and (dj4+1)*(v) to their component in multidegree (ro, 71, ..., 7g+1,q+1)
agree.

So for the component of dp(v) in the chosen multidegree (ro,r1,...,r¢4+1,9 + 1) we
obtain that the terms contained in its definition given by

((di)*(V)>(r0,r1,...,rq+1,q+l) = 0

for all cases except i = j and ¢ = j + 1 and in these

((dj)*(V))(T07T17--~’rq+1:‘1+1) - ((dj""l)*(V))(T07T17.-~7Tq+1,q+1) ’

and as they appear with opposite signs in (dx)(v), the component w
ishes too.

Proof of property d):

We follow a similar scheme as in the previous proof. By analysing the multidegrees of
(d;)*(v) and using that p;_; # 0 and pj,; # 0, we obtain that Wiy ... r.1,q+1) CONSists
of precisely the terms obtained by projecting (di)*(v) for i —1 < k < j to the components
of the given multidegree.

As now we only need to evaluate w ... r,y,) o0 @ family of E-horizontal tangent
vectors tangent to the identity section and E-vertical tangent vectors all vanishing in the
components labelled 7,741, ..., j, we obtain that all ((dk‘)*(V))(ro,m,...,rqﬂ) fori—1<k<jy
actually agree.

As the terms are summed alternatingly and there are j — ¢ + 1 of them (an even
= 0.

7'077'17~~va7”q+17Q+1) varn-

number), we have Wiy vy, . rqi1)
Proof of property e):
To prove property e), we follow the same proof as for property d), only now we have
an odd number of terms, such that

Wirorrrars) = (CUDPTTH (e ) ) (rg i)
If we now consider T,.d;_1 on the vertical subspaces, we have
Tpdi (XY, ..., X9 = (x1, .. X2 X X0 L XaTt),
which for X’ = X! = ... = XJ = 0 agrees with
(Xt .., x"o,.,0, x0T L X O,

where the sequence of 0s has decreased in length by one. Hence to recover the evaluation
of v on a vector Y with horizontal component Y? and vertical components Y, ..., Y9, we
can assume for degree reasons that Y = ... = YJ = 0, increase the length of the sequence
of 0s by one and evaluate. For a family of vectors, we proceed analogously.

Spelling this procedure out in terms of Wy ,...ry.1), iNSErting a zero at some point
of the sequence corresponds to contracting at the corresponding component of the form
['(Go, A°(AL,)) = C*®(Gy) in the tensor product. O

1SO
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Corollary 3.1.12. Let G be a reqular groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Then all JEG-invariant forms of
multidegree (po,1,1,...,1,q) are closed under the vertical differential dyr. In particular,
all JEG-isotropy Cartan forms are closed under d .

Proof. Consider v an element of multidegree (pg,1,1,...,1) and dy(v) = w. By Lemma
3.1.11 a) and b) we have W, r,,...r.y,) = 0 Whenever 7o # pg or 71 + - +rg41 # g. But
if r1 + -+ 4+ 7441 = ¢ we have that some r; = 0 as we are summing over non-negative

integers, and by c) this implies w(,, ... .. ) = 0 as well. O

Tq+1

Lemma 3.1.13. Let G be a regular groupoid together with a multiplicative Ehresmann

connection E with respect to the isotropy algebroid. Consider w € (QP(GQ))JEG homogen-
eous of multidegree (po,p, . . . ,p;, q), let wig, denote the values of w along the unit section
and let 1 <i<(q—1). Let

VIGO er (G()a AP0 (TGO/FO)* ® /\pll (A;kso) K- /\p§+p;+1 (A;kso) X ® /\pil (Aikso))

*
iso

be the expression obtained by identification of the i-th and i + 1-st respective copy of A
m

Wig, el <G07 AP0 (TGO/]:O)* ® /\pll (Aikso) Q- ® /\pf] (A;kso>> )
i.e. the form induced by mapping

APi(AL) @ APt (AE,)

180 1SO

to

AP (A7)

as vector bundles over Gy.
Then Vig, i G-invariant under the action described in Lemma 2.1.40 and in particular

it corresponds to a J¥G-invariant form v.

Proof. The map as described is dual to the map induced by

Si : (Aiso)EBq — (Aiso)®(q+1)
(xW, . x@) 5 (x® 0 x0 xO x0HD  x(@)),

and the G-action on the respective spaces is dual to the G-action on (Ais,)®? and (Ajo)P9T!
induced by the action Ad” on (Is0?(G)), and (Is0®(G))4+1 as described in Example 1.1.33.
This is given by Ad®? and Ad®*) respectively by Lemma 1.1.37, i.e. the G-action of
Ad applied on each copy of Ajs, simultaneously. The fact that we can therefore directly
compute

S; o AdP? = Ad?(q'H) 0S;

automatically implies that the dual notion of contracting two forms as defined in the
statement retains G-invariance.

The statement on Vig, describing a J¥G-invariant form is now an application of Pro-
position 2.1.41. ]

Lemma 3.1.14. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
E
connection E with respect to the isotropy algebroid. Consider w € (P (G,))”" ¢ such that w
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is E-homogeneous of E-vertical degree p1 (but not necessarily E-homogeneous of a certain
multidegree) and its associated values along the unit section

e @ (T (ConnT G W (AL) 0@ (4L)))°

Pyt +py=p1

Furthermore, let w respectively denote its homogeneous components of mul-

N P )
tidegree (po,pj, ... ,p;,q). Assume dpar(w) = 0. Then w is cohomologically equivalent to
the form w' where its homogeneous components of multidegree (po,pl, ... ,p;,q) satisfy

wzpo,p’17---,p;7q) = 0 whenever p, =0 for some 1 <i < q and

/ J—
Ypo,plseplpa) = P00 00)

otherwise. The preimage v of the difference can be chosen such that Y(po, ey _1,(a—1) = 0
unless p, = 0 for some 1 <i < q— 1.

In particular, if p1 = q we have that w — w(py 1,...1,4) 1S ezact.

Proof. We will use an argument of finite descent: For each w, consider all pairs of ¢ and
j for which i < j, together with the associated multidegrees (po,pi, ..., py,q) for which
holds p} = p,, = --- = p; = 0. Then, if possible, choose a multidegree such that

® W) 70
e ¢ is minimal under this constraint and
e j — i is maximal under both of the previous constraints.

If it is not possible to choose (po,pj,. .- ,pg), we can conclude with the descent as
W(po,p} - p) # 0 only when p} # 0 for all 1 <i <g.

In each step of the descent we will construct a cohomologically equivalent w’ that
satisfies w(p()’p,l ) = 0 for the chosen multidegree (po,pi, ..., py;q). Furthermore, w’
only differs from w in specific multidegrees (ug,u}, ... ,u’q, q). Either

L4 (u07u/17- . .,U;,Q) = (pOapllv cee ,p;,Q)

o (up,ul,. .., ug,q) satisfies that uj, # 0 for 1 <k <4

o (ug,uf,..., u;, q) satisfies that uj # 0 for 1 < k < and the sequence of zero-valued
index components w; = u; ; = --- = u; = 0 has smaller length than j —i + 1 (i.e.
l—i<j—1)

Furthermore, all of these multidegrees in which the form differs will satisfy that there is
some index ! with vanishing degree uj = 0.

Hence after one step we can again consider all pairs of 7/ and j/ for which i’ < j’ together
with the multidegrees (po,p},. . .,pj,q) for which holds p, = pj,, | = - = p;, = 0. Then,
if possible, choose 7/, j' and a multidegree such that

/
® W
(P0:PY D) 70

e i’ is minimal under this constraint and

e j/ — i is maximal under both of the previous constraints.
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We now have that i/ > i because of the restrictions on the multidegrees (ug,uf, ... ,u;, q)
in which w’ can differ from the previous form w and for the same reason, we have that if
i =1, we have 7/ — 1/ < j —1.

If this value also has stayed constant, we can then infer that the indices satisfying that

T N / . .1
wp = upq = =u; =0 and Wipo ) ) # 0 are a strict subset of those indices where
I — / = ... = /. e / 1 1-1 1
up =g = u; = 0 and Wipo at) ot # 0. In particular, the number of multi-indices

of this form corresponding to non-vanishing components has decreased. So in conclusion,
iterating this procedure will in each step either increase i to i’ > 4, or leave i’ = i constant
and decrease j — i to 7' — i’ < j — i, or leave i = i’ constant and j' — ¢ = j — i constant
and decrease the number of non-vanishing components associated to a certain family of
multidegrees.

As this number is finite, we must either increase i to ¢ > ¢ or decrease j — i to
j' —1i' < j —1i after a finite number of iterations. As both of these values are also bounded
(by ¢ and 0 respectively), we obtain that the descent must end eventually.

We will now prove that the descent step is possible as previously described. For this,
choose i, j and (po, p}, - - -, P, g) with the desired minimality condition.

As we know that dp-(w) = 0, we have that in particular

d/\/(w)(T077“17---,7"q+17q+1) =0
for

(TO,T‘l, cee 7Tq+1aQ+ 1) = (p07p/17 e 7p;—1707p'/£7 .. p:pq)a

where we increased the length of the zero sequence by one.
By Lemma 3.1.11 b), this component of da/(w) only depends on the components

W (gl oo} where
(uo,ull,...,u;,q) = (T0y ey Tk + Thtls -5 q)-
If we analyse this expression to find out properties of (ug,u], ... ,u;, q), we obtain the
following:
e if k <i—1, we have that (uj,...,u;) contains a sequence of Os of starting at index
i—1

e if i — 1<k <j+1, wehave that (uo,uy,...,uy, q) = (po, Py -0y q)

e if j+ 1 < k, we have that (u],... ,u;) contains a sequence of Os of length j —i 4+ 1
starting at index ¢

By assumption, however, the components of w corresponding to indices satisfying either
the first or third property vanish.

Therefore the component of multidegree (79,71, ..,7¢+1,¢+1) of dy(w) actually only
depends on wy, e Plys)” As we have assumed da(w) = 0, it follows that also

dN(w(po,pﬁ,m,pg,q))(To,r1,---,rq+17q+1) =0.

We can now apply Lemma 3.1.11 e) to obtain, that j —i must be odd, or we would already
W(po,pl,esply) = 0 contrary to our choice.

In particular, the sequence 7,7+ 1, ..., 7 has at least two elements. Hence we can con-
sider w(p, pr .. pry 7 0 and contract at one of the tensor factors I'(Go, NO(AL)) = C(Go).
This will give us a homogeneous element v of multidegree

(p07pI17 L 7p§—1707 L 707p9+17 e 7p/qvq - 1)7
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where the sequence of Os has decreased length, but is still of at least length one.

If we compute dar(v), we obtain in analogy to the proof of Lemma 3.1.11 e) that it
has a non-vanishing component in multidegree (po, pj, ..., pg), where it agrees with w up
to sign. Other non-vanishing components of da(v) according to Lemma 3.1.11 b) and c)
only occur in multidegrees where the first zero of the sequence r,... ,7“(’1 41 is at either
index 7 or ¢ + 1 and the length of the corresponding sequence of Os agrees with the length
of the zero sequence in (po,py,--.,p;_1,0,...,0,p} 1,...,pg ¢ — 1), meaning its length is
strictly shorter than j —¢ + 1.

Hence ' = w=+dy(v) satisfies the conditions formulated in the finite descent and thus
proves the original statement. O

Lemma 3.1.15. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Consider the contraction of a form w at
index i and i+ 1 and the result v as in Lemma 3.1.13 when p; # 0 and p;; # 0. Then the
component of dN(V)1GO in degree (po,p, - .- ,p;,q) s given by the graded symmetrisation
of Wig, up to a scaling constant.

By this we mean the following: Let

X1,..., Xy, €T(Go, (TGo/Fp))

and let
Y1(1), LYo >Y1q7 o va(g) € I'(Go, (Aiso)@q)

’) T p1 ?
)

where the image of each Yk(j
construct

s contained in the j-th copy of Aisxo. For each o € E(p;—i-p;H)

(0,8 —(0,2) 5(o,i+1 —(o,i+1
Yg 2)7 RS Y;Z 1)7Y5 ' )7 s aYI()H_Zl ) € F(G()? (Aiso)@q)a

where for 1 < k < pl with o=Y(k) < pl we define ?,(:’i) as the unique section with image

in the i-th copy of (Aiso)®? satisfying

(0,%)

~H(k)

under the projection to the i-th component pr; : (Aiso)®? — Aiso and for 1 < k < p)

with o~ (k) > P+ 1 we define ?,(:’i) as the unique section with image in the i-th copy of
(Aiso)®? satisfying
(0,8 i+1
pr; OYI(c K = DPTin1 oycf(z—l(lz)_p§~

Similarly, for 1 <k < pj , with o~ (pl + k) < pl we define ?,(Cg’iﬂ) as the unique section

with image in the i + 1-st copy of (Aiso)®? satisfying
(0,i)

Prit1 oY} = pr; OYO—(Z—)l(k)

and for 1 < k < ply with o= (o} + k) > p} + 1 we define Vi7"
with image in the i+ 1-st copy of (Ais)®? satisfying

as the unique section

) (i+1)
-1

(ot
pri oYy (k)—p}

=pr;4 oY

(e

Now, if we evaluate

AN ()16, (X1, Xpo, VIV, YD Y Y9,

» £ pgq
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we obtain the same result as for

c- Z sgn(o)w ( . ,?gg’i), - ,Yg’i),?(la’iﬂ), . ?(U’Hl), .. > ,

T Pitl
b
7€), )
. —1)p+i
with ¢ = |E(II‘7§:/‘
Py Pit1
In particular, for p; = pi,; = 1, we obtain that

1 1
w(..., Y, ),...,Yp(/l),...,Yl(Q),...,Ysz))
— (=1t dN(u)(...,Yl(”,...,y;f,l”,...,}g‘q),...,yﬁq))

Pq
—l..., Y;ﬁz‘—l)7?g—l,i),?(—l,i—&-l), Yl(i+2)’ )
i—1
which corresponds to the result of w under the action of the element
1 2 ... i—-1 i t+1 i+2 ...
<1 2 . odi—1 i+l i P2 > € >

by permutation of the respective components as defined in Lemma 3.1.3.

Proof. First of all, let us note that the component of dy(v)1, in degree (po,pi, - - ., pg: q)
agrees with the component of (d;)*(v)1,, in that degree. This is because, by definition,
Vg, is homogeneous of degree (po, py, .., Pi_1, (D5 +Pi1), - - -+ Py, @), and with this we can
see from the proof of statement b) of Lemma 3.1.11 that the component of (d;)*(v)1g,
in the given degree vanishes unless ¢ = j. Note that we need to use the assumption that
p; > 0 and p;4+1 > 0 to check that

(P0; Py -+ s D1y (D + Dig1)s -5 P @) 7 (00, DY+ 5 D1, (0 + Djg1)s -+ -5 Dgr @)

unless ¢ = j.
Furthermore, we know from the proof of statement b) of Lemma 3.1.11, that

()" (V)16 (X1, Xpo, Vi Y0 YDy
=1, (X1se s X, Y, YD T LY@

where the sections

YLD VDY € T(Go, (o) PY)

satisfy that each ?k(J ) for j < i has its image contained in the j-th copy of Ajs, and for
j > 1 has its image contained in the j — 1-th copy of Ais,, while simultaneously such that

7O = y0)

under the corresponding projections to I'(Gp, Ajso)-
Now we can easily see that the construction of

w = AN (V) (o ) 0)

commutes with evaluation on the vector fields

VARSI IR TS IS 4 Gt
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and (i+2) (9)
+2 (i+2) q ()
Y| yores Ypurg aee s Y7 yeee, Yo
as for these vectors, insertion into w and then contracting corresponds (because of the

reindexing of the remaining components) precisely to inserting the corresponding IN/k(J )
into v as well. Therefore, we may without loss of generality assume that p; = 0 for all
indices j #i and j # i+ 1.

Now we have that the evaluation on vector fields on both

1SO

a €T (Go, N (A,) @ AP (A5,))

and
BeT (Go, APiFPi (A;;O)) .

is induced by the evaluation on vector fields as elements @ and 3 of the corresponding
spaces

I (GO’ ®p; (A;kso) ® ®p;+1 (A;kso)> =T (GO’ ®P;+p;+1 (Ai*s0)> )
where evaluating on the family

i) v (1) i+1
LY Yy

Yl(i)
on the left hand side corresponds to evaluating on the family

571(1‘)7 o 7?]3(:)7 }71(z‘+1), o }710(1_?11)
on the right hand side.
However, the evaluation of the contracted form 5 on a family of vector fields

PO, 70 700 g

1 yeees Ly

is induced by A
> seu(0) Blo(,... Vi)

OEX /.1
P;tPi g

while the evaluation of « is induced by

oY sen(®)sgn(e ) ae@ v,y ), oYy D)),

_ ] P P
ey , olit ey ,
P Piy1

We can explicitly check that permutation of the

}71(1')’ RGeS

T TPt

is translated under the isomorphism of
I (Go, & (Af,) @ @ (A%,)) 2T (Go, &7 (4L,))

to the notion ' ‘ )
Y(,H_l) . ?(0’,2) ?(U,Z-‘rl).

P Loy piga

Yl(i)

g ooy

So if @ and B are related by contraction, we have that

(i (i __~~(o, —(0,i+1
Blo(V,... Y@y =a(™,. 7).

? T Pit1 T T Pitl
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This in particular implies that

~(i S _ (o, —(o,i+1
B(Yl(),...,Yp(iJ:l)): Z sgn(a)-a(Yg ),...,Y}(%_+1 )).
T

Let us compare this expression to

7(0'77;) 7(0'71""'1)
Z sgn(o) oYy, .. Y, ).
UEE?’§+”;+1
As postcomposition with the action of Zp; or Epgﬂ corresponds to two free commuting
actions on Ep;ﬂ);“, we find that all terms of the definition corresponding to the second

expression appear each |3 |Z‘p4+l| times and each such group corresponds to one term
K3

p§| '
in the sum defining 3 (}71(1), - ,?p(iil)). The additional sign given by (—1)P** appears in
the constant as this is precisely the sign of (d;)* (and our calculations only computed the
image without a sign). Applying this to v and w gives the statements of the Lemma. If
p; =1 and p, 41 = 1, the normalisation equals 1 such that we directly obtain the second

statement. ]

Lemma 3.1.16. Let G be a reqular Lie groupoid. Consider an element

we(Af" B Ao ® - P AL

1SO 1SO)<®p1 = ((ATSO)EBq)®p1

for which
pL#4q
and i
D (D) (Tigydi)*w = 0 € ((Af)P)=r,
i=0

where we understand (Af,)®? as a subbundle of the tangent bundle of G4 restricted to 1¢, .
Then there is a

v e ((Ax

o)

with
q

D (1) (Thg, di) v = w.

=0

Furthermore, the assignment is smooth in Gy and linear, such that for any section

@ € T (Go, \®(T'Go/Fo)* ® ((Af,)®1) M)

180

for which
q+1 ‘
> (—1){(T1g,di)*@ = 0 € T (Go, A (TGo/Fo)* ® ((Af,)P1H)®r1)
i=0
there is a
U €T (Go, \"(TGo/ Fo)* @ ((Af,,) 57 H)#P1)
with

q

D (—1){(Tig, di)T = .

1=0
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If we consider the action of ¥, on the given space by permutation of the tensor factors
and we have w satisfying that
ow =sgn(o) - w

we may chose U satisfying the same condition.
If w is furthermore invariant under the G-action induced by the coadjoint action on

(A% )®9, then so is V.

Remark. This Lemma in its proof follows very closely the arguments of Bott in [8], in
which he computes the cohomology of the columns of the Bott—Shulman—Stasheff bicom-
plex in the case of a trivial action groupoid or equivalently the equivariant cohomology of
a trivial action (cf. [8], Theorem 1.).

Proof. The differential for the case p;1 = 1 can be computed in a straightforward way,
regardless of the condition between p; and ¢g: We know that the face maps of the simplicial
structure of T1, Ge = I'(Go, (Af,)®®) are given by multiplication, which agrees with
addition on Ajs,. The only exceptions are dp and dg11
On (A% )®? we thus obtain that any (T, di)* will fibre-wise map cotangent vectors
(v1,...,v4-1) to
(V15 V4, Viy Vi1 - - 5 Vg—1)-

This means that in case that ¢ > 0 is even, we obtain that the image of the alternating
sum is given by
(—v1,0,v2 —v3,0...,04—2 — V41,0, vq)

and if ¢ is odd it is given by
(05 V2,V2,V4,04, ... 7vq—17 Uq—l) O)

This means that in particular, if ¢ > 2 is even, we obtain that a preimage of any closed
element can be chosen as

1
(%—2 + vq—l), 0) € (A;kso)@q_l

1 1
(0, 5(’[)2 + 1)3),0, *(1)4 +U5), ..., 0, 5

2
and if ¢ > 3 is odd a preimage of any closed element can be chosen as

1 1 1 1 1 1
(_Ula 57}37 _57}37 5”57 —51}5, ) ivq—2a _§Uq—27 Uq)-

As (Af )® = {0}, we find that the cohomology of

r (GOv (Ai*so)@.)

is given by
I (G, A

ISO)

in degree 1.

The statement of the theorem is now essentially an application of a generalised version
of the Eilenberg—Zilber theorem. In the paper [8], Bott calls it the Cartier extension of
the Eilenberg—Zilber theorem (cf. p. 298), which are also the authors referenced for this
result in Dold and Puppe (cf. [16] p. 213). However, this name for the theorem seems not
to be universally used. Details on the theorem can be found in A.4.

The theorem as stated in Theorem A.4.5 implies that there is a natural isomorphism

H*(C*(Diag(B))) ~ H*(Tot(C*(B)))
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where B is a bi-cosimplicial abelian group (or more generally a cosimplicial object in an
abelian category) and C' is the Moore cochain complex functor.
In particular we can isolate the first factor of the tensor product and interpret

T (Go, ((Af)®1)®P1) =T (Go, ((Af)®?) @ ((Af,)P0)e 1)

as C*(Diag(B)) for
B(An17An2) =T (GOv ((Aikso)@nl) ® ((Aikso)@nQ)@pl_l) 5

where the simplicial structure on G and the respective Ty, Gq = (Af,)®? induces the
cosimplicial structure on B.

Now according to the Eilenberg—Zilber—Cartier theorem, this cohomology in degree ¢
can be computed as

HI(Tot(C*(B))).

As we constructed choices of preimages under the differential in the first step of this proof,
we obtain maps

B(A™,A™2) - B(A™~1 A™)

for ny > 2 and these will still map to preimages under the differential in the first compon-
ent.

As the differential on Tot(C*®(B)) is precisely the sum of the differential acting on the
first and the differential acting on the second component, this implies that any closed
degree ¢ element is equivalent to one with only a non-zero value in degree (1, — 1) (and
theoretically (0, ¢), but that space only contains 0). Similarly, any preimage of total degree
q — 1 in case of exactness would be equivalent to one with only a non-zero value in degree
(1,q—2).

But as the differential acting on the first part of the tensor product vanishes on elements
of these form, we have induced a shifted quasi-isomorphism

H*™ (T (Go, (AL,) ® ((Af,) )17 1)) ~ H*(Tot(C*(B))),

where the differential of the left hand side chain complex is the one that only acts on the
second part of the tensor product.
However, this is an argument that can be iterated. In the case where p; < ¢, we obtain

H(Tot(C*(B))) = HP (T (Go, ((A5) ™71 @ ((45,))™1)) ,

where we can use the preimages we previously constructed to show that this chain complex
only has cohomology in degree 1 while ¢ —p; +1 > 2.
In the case where p; > ¢, we can instead obtain

HI(Tot(C*(B))) = H° (T (Go, ((450)%) @ ((450)*)*77)) ,
where the degree 0 elements are given by sections to
((Af)®9) @ ((AL)®0)2P1 1 = ((A%)%%) @ ({0})*7 7 = {0}

and hence

HY(Tot(C*(B))) = 0.
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Lastly, we can note that the differential is equivariant under the symmetric action, so if
we consider the anti-symmetrisation of v it will be the preimage of the anti-symmetrisation
of w. Here we mean by anti-symmetrisation the respective term

1 ~
= Z sgn(o) - 0.0
S

or
1

Epl

So if w itself is anti-symmetric, we have hence shown the existence of an anti-symmetric
preimage.

For the statement on G-invariance, we could aim to reconstruct the results we used to
obtain Proposition 2.3.10. But it is actually sufficient to note that in the construction of
v the terms that occurred were already invariant. First of all, we have that the explicitly
constructed preimages at the beginning of the proof. These can be explicitly checked to
retain G-invariance, and the anti-symmetrisation process commutes with the adjoint action
of any element of G. So it only remains to consider the preimages which come from the
generalised version of the Eilenberg—Zilber theorem. However, these are constructed using
only simplicial maps (see the discussion in A.4). Due to both Ad®? and T} o d; on (Ajso)®?
being obtained by the respective notions on (Iso’(G)),, we find that Example 1.1.31 implies
that the simplicial maps Tt d; (and the analogous terms for the s;) commute with the
adjoint G-action as well. Therefore, they retain the G-invariance. So all in all, if w was
G-invariant, then so is v as well as the anti-symmetrisation of v, which concludes the
proof. O

Corollary 3.1.17. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid. Let w be a J¥G-invariant form
of E-horizontal degree py and E-vertical degree py, for which p1 # q, and corresponding
under the isomorphism of Proposition 2.1.41 to

Wigy € (T (Go, A (TGo/Fo)* @ AP ((45)°1)))°

Then we have that w € (QP(G4))?"C is exact if and only if it is closed.

Proof. Assume that w is exact, then it is automatically closed as (da)2 = 0. The relevant
claim to prove here is that w is exact if it is closed.
In this case, we can canonically include

AP ((Afe)®7) C ((AL) PN

as those elements which are invariant under the anti-symmetric action of X, , yielding

& e (F (Go, N(TGo/Fo)" & ((Ai*so)@q)%))e

We can now apply Lemma 3.1.16, to obtain a preimage. Note that the differential as
described in the lemma only agrees with the differential on (QP(G,))””¢ up to the factor
(—1)P. Scaling the preimage by the same factor returns an expression .

By the lemma, we may assume we chose v invariant under the anti-symmetric action
and invariant under the G-action induced by the coadjoint action, meaning that there is
a corresponding

ve (F (Go, AP (TGo/Fo)* @ AL ((A;"SO)@(‘Z*U)DG.
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As the differentials of the lemma precisely corresponds to d up to a sign, which is chosen
precisely in a way that it cancels, it follows that

dy(v) = w.
and w is exact. O

Lemma 3.1.18. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Consider a form w € (Qp(Gq))JEG
which is homogeneous of multidegree (po,1,...,1,q) and satisfies dy/(w) = 0. Then w is
exact if and only if w vanishes under symmetrisation.

Proof. Here, we have to prove two things: That all exact terms vanish under symmetrisa-
tion and that all terms that vanish under symmetrisation are exact. First, let us prove
that all exact terms vanish under symmetrisation: For this, consider any preimage v. We
have that v decomposes into homogeneous components Y(po,p) ety _1,a=1) with respect to
the splitting given by E. By statement b) of Lemma 3.1.11 the only components satisfying

dN(V(po,p’l,m,pg_l,q—l))(po71,---71,q) #0

are those when

(pOapllv"'7p;—17q_]—):(p(]vlv"')l?Z?]-a”'a]-aq_1)5

where the cases p} = 2 and Pg-1) =2 (i.e. one of the lists 1,...,1 is empty) are included.

If we consider such a term with p} = 2, we also know from statement b) and c) of Lemma
3.1.11, that its image under dy will only be of multidegree (pg, 1,...,1, ), meaning that
the sum of only these components will yield a preimage of w as well and we may without
loss of generality assume that all other components of v vanish. Furthermore, it follows
from the proof of statement b) that the only non-vanishing term arises from (d;)* for the
multi-index with p} = 2.

If we consider the explicit formula, we further find that its image under dy = (d;)* is
antisymmetric in the i-th and i + 1-st component. This is because on (Ajs,)®? the image
under (d;), is invariant under the corresponding flip of the i-th and ¢ 4+ 1-st component,
however, the order of the components changes by a permutation of negative sign. Hence
w, as a sum of such terms vanishes under symmetrisation.

Now consider that we have any term w that vanishes under symmetrisation. By Lemma
3.1.15, we obtain that w is cohomologically equivalent to w’, its image under the flip of
the i-th with the i + 1-st component. As the symmetric group is generated by flips of
adjacent elements, this means w is cohomologically equivalent to all of its images under
permutation and therefore also to its average, which is the symmetrisation of w. But this
was supposed to be 0, so w must be exact. 0

Lemma 3.1.19. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Consider the inclusion

L1 (T (Go, \P9(T G/ Fo)* @ SU(AL)) B

1SO

b @ (0G0 @67y & w ((42)%)))°

pPo+p1=p

and the projection to the multidegree (po,1,1,...,1,q) component followed by symmetrisa-
tion
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T @D (D(Go, AP (TGo/Fo)* @ A ((A5)®)))” j

po+p1=p

5 (D (Go, \P=U(TGo [ Fo)* @ S9(AL)))
where p is fived and the differential is induced by the vertical differential. Then v and 7 are
maps of chain complezes corresponding to (R( ’.), dyr) and (((G.))?"C, dy) that induce
tnverse maps on cohomology.

Proof. First let us note that the domain of ¢ is indeed a chain complex as the horizontal
differential sends values corresponding to J¥G-isotropy Cartan forms to 0, which is in
particular corresponding to 0 as an J¥G-isotropy Cartan form. With this it is also auto-
matically clear that the inclusion is a map of chain complexes.

To see the same for m means to show that for any du(r1,,) = wig, of some G-
invariant v, the symmetrisation of its component w11, 1,4) vanishes. This follows
from Lemma 3.1.18, under the assumption that w, 1,1,..1,9) 18 exact. But by statement
b) of Lemma 3.1.11 we have that restricting to the components of v of multi-indices
(r0,1,...,2,...,1,q — 1) constructs a preimage of Wiy, 1,1,...1,4) under dy.

As m o1 =1id, we only need to show that ¢ o 7w induces an isomorphism in cohomology
for the two maps to be inverse quasi-isomorphisms. As ¢ is just an inclusion, we need to
show that any wy, with dN(ngo) = 0 is cohomologically equivalent to its image under
7, i.e. its symmetrised component in multidegree (pg, 1,1,...,1,q).

For this, let us first note that any closed wj] o for which the component in multidegree
(po,1,1,...,1,q) vanishes is automatically exact by Lemma 3.1.14 and Lemma 3.1.17. As
the differential of wy,, 1 . 1) vanishes, by Corollary 3.1.12, we find that if Wig, 18 closed,
so is

wllco = Wig, — Wipo,l,...,1,9)

But now its projection to its degree (pg, 1,...,1,q) component is 0, hence it is exact by
the previous arguments. In particular, Wig, is cohomologically equivalent to
leO — w’1 = w(

Go Po,1,...,1,q)

Let us now conclude from this that ¢ o 7 is a quasi-isomorphism. This means that we
need to show that any closed Wig, Is cohomologically equivalent to the symmetrisation
of its component w But using our previous findings it is now sufficient to show
that

p0717"'717q).

W(po,1,..,1,9) — Sym(w(p0717._.71,q))

is exact. But we know by Corollary 3.1.18 that any element in multidegree (po, 1,...,1,q) is
exact if it vanishes under symmetrisation, and this element vanishes under symmetrisation
by definition. So in conclusion, ¢ o 7 is indeed a quasi-isomorphism. O

Theorem 3.1.20. Let G be a reqular and proper Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. The inclusions

R < (Q7(Ga))”"C

and
REY € (&)
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are quasi-isomorphisms with respect to the respective restrictions of da. Furthermore, any
cohomology class of a column [w] € H(&,) can be uniquely represented by a JEG-isotropy

Cartan form w € R%”q), i.e. an J¥G-invariant form w € (Qp(Gq))JEG satisfying
wig, € (T (Go, \P~UTGo/Fo)* ® S9(AL,))) .

Proof. The inclusion ¢ of Lemma 3.1.19 is a quasi-isomorphism, which under the identi-
fication of Proposition 2.1.41 corresponds to the inclusion

RE® c (QP(G.))”"C,

which is therefore also a quasi-isomorphism. So is the inclusion of the J¥G-invariant forms
into €, by Theorem 2.3.13. But we have that dys = 0 on the J EG-isotropy Cartan forms
by Corollary 3.1.12. Therefore, each JF¥G-isotropy Cartan form corresponds to a unique
cohomology class in the cochain complex of J¥G-isotropy Cartan forms with fixed p, as
well as in the cochain complex of J¥G-invariant forms with fixed p as well as ¢, itself. [

Corollary 3.1.21. Let G be a reqular and proper Lie groupoid together with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. The map m of
Lemma 3.1.19 under the isomorphism of Proposition 2.1.41 yields the construction of a
quasi-inverse to the inclusion

RE € (Q(G,))""C.
Composing with the morphism of Lemma 2.3.14, we obtain a quasi-inverse of the inclusion
RE® € ()",
Proof. By Theorem 3.1.20 we have that the inclusion
R (@(Gy))""¢

is a quasi-isomorphism corresponding to the map ¢ of Lemma 3.1.19, which already states
that 7 describes a quasi-inverse under the isomorphism of Proposition 2.1.41. Similarly,
the map of Lemma 2.3.14 is a quasi-inverse to the inclusion

JEG
((Gq))” ™ C (€)*,
such that the composition of quasi-inverses is a quasi-inverse of the composition. O

We have, in this chapter, used the identification of Proposition 2.1.41 (i.e. of J¥G-
invariant forms with their values at the units) quite frequently. However, while J Eq-
invariance depends heavily on the choice of F, the expressions

(D(Go, A (TGo/Fo)* @ AP ((AL)®)))¢

does not. It is a priori not clear if and how the differential forms we obtain by extending
the same value to a JFG-invariant or J¥ G-invariant form respectively are related. On
JEG-isotropy Cartan forms and J G-isotropy Cartan forms, the relation is quite strong
as we are about to see.
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Corollary 3.1.22. Let G be a regular and proper Lie groupoid. Let E and F be two
choices of multiplicative Ehresmann connections with respect to the isotropy algebroid.
Then there is a canonical isomorphism of bigraded Cpo (Go)-modules between the JEG-
isotropy Cartan forms

VP RE > Rp

induced by the identity on H1(&,) for any p,q € Ny.

Proof. We can include the J¥G-isotropy Cartan forms canonically into ¢, and we know
that this induces an isomorphism of CP3, (Go)-modules between R and H(€,). The same
holds for the target. Note that as an isomorphism, the map is invertible.

So we can define " by the composition of the two isomorphisms at H (¢p). This
means that we map any J¥G-isotropy Cartan form to the unique J¥G-isotropy Cartan

form such that both are cohomologically equivalent. O

Lemma 3.1.23. Let G be a reqular and proper Lie groupoid and E and F two choices of a
multiplicative Ehresmann connection with respect to the isotropy algebroid. The morphism
of Corollary 3.1.22 under the identifications

R = (T (Go, A\ U(TGo/Fo)* ® SU(AL,)))C

and

R = (T (Go, N U(TGo/ Fo)* © S9(AL)))

18O

of Proposition 2.1.41 is given by the identity morphism.

Proof. Consider a JFG-isotropy Cartan form w. By definition, it is of E-vertical degree
q. We can now decompose it into F-homogeneous components. They can be of F-vertical
degree at most g, as the insertion of any choice of g+1 tangent vectors which are F-vertical
and therefore F-vertical into w must vanish by assumption. We claim that the component
of F-vertical degree ¢, given by w? is a JF' G-invariant form. Let us first assume this was
true and compute w?.

Its values at the unit section are given by the projection to the F-vertical degree
q of thO by definition. By construction, elements of AP~4(T'Gy/Fy) define cotangent
vectors by their values on the unit section (which is both E- and F-horizontal) that also
vanish on A. So they correspond to F-horizontal forms of the same expression. The
elements of A, correspond to E-vertical cotangent vectors which can be written as a sum
of an F-vertical and an F-horizontal cotangent vector. However, the expression of the
F-vertical cotangent vector as an element of A  only depends on the evaluation of the
cotangent vector on Ajs,. As the F-horizontal component vanishes on Ajg, by definition,
we have that the F-vertical component therefore corresponds to the same element of A
as the E-vertical cotangent vector does. We can now check that w? has to (for degree
reasons) consist precisely of the product of the product of the F-horizontal cotangent
vector corresponding to AP~9(T'Gy/Fp)* with the F-vertical components of the E-vertical
cotangent vectors, each corresponding to an element in a copy of A, , but as we have seen,
the expressions for these are all identical. So the resulting F-homogeneous form w? is not
only J¥ G-invariant, but even J¥G-isotropy Cartan, with the values at the unit section
induced by the identity.

Now let us turn to the claim that the projection of w to w?, its F-homogeneous com-
ponent of F-vertical degree ¢, is J¥ G-invariant. For this, we aim to compute the value of
w? under

(DY, o)+ NPT (yGq — N'TZ G,
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where V,, € JF'G. First of all, let us note that by Lemma 2.1.36, we have that
(DY, )" (w) = w +0,

where 0 AP T7G, is a term with components of E-vertical degree at most ¢ — 1, so as
by our previous considerations also with components of F-vertical degree at most g — 1.
Furthermore, we have that .
(Dy, )" (w?)

is F-homogeneous of F-vertical degree ¢ by Lemma 2.1.34, and for the F-homogeneous
terms w?™ !, ..., wY the analogous is true. This means that the component of F-vertical
degree ¢ of (D@I o) (w) is simultaneously given by (D%/z’q)*(wq) and w?, meaning these
agree and w? is indeed J¥ G-invariant.

Lastly, it remains to note that by Corollary 3.1.17, any F-homogeneous component of
vertical degree different from ¢ is exact, meaning that the J¥G-isotropy Cartan form w
and the resulting projection w? are cohomologically equivalent. So indeed the map induced
by identifying J¥G- and J¥ G-isotropy Cartan forms with their unique cohomology classes
maps w to w?. [

Lastly, in this section, we will study the quasi-isomorphisms given by the inclusion
of J¥G-isotropy Cartan forms either into the J¥G-invariant forms or the entire space of
differential forms and their respective quasi-inverses more closely.

Lemma 3.1.24. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. There is a Cpo(Go)-linear assignment

w € (Q(Gy)”"C s.t. dy(w) =0 0 € ((Gy1))” ¢

such that
w ~+ dar(o)

is JEG-isotropy Cartan. It can be chosen to retain the E-horizontal degree on homogeneous
components.

Proof. We will follow the structure noted in the proof of Lemma 3.1.19. We will for this
consider w’ € (OP(G,))” "G Jefined as

W= w— w@
where w(® denotes the components of w of E-vertical degree ¢q. As in the case of Co-
rollary 3.1.17 we can use the method outlined in Lemma 3.1.16 to construct ¢’ with
W' + dp(0') = 0. The remaining term is given by w — w’ = wy, which is precisely the
component of w of E-vertical degree q. Here, we will now consider

W@ — “(po,1,.-,1,9)
and use Lemma 3.1.14 to construct o, as a preimage of w(@ — w(
construct a preimage for

poL,...Lq)- Lastly, we will

W(po,1,..,1,q) — Sym(w(po,1,~-~,1,q)>

according to Corollary 3.1.18, which we will denote by o, 1,1,
All the statements referred to above show that respectively

W' +dy(e’) =0
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and
wg +dy(og) =0

which are in particular J¥G-isotropy Cartan. They also show that
WpoLylig) T AN (T, 1,0)) = SYM(Wipg 1,....1,0))

which is J¥G-isotropy Cartan by definition. Furthermore, the constructions in the state-
ments all retain the E-horizontal degree of w. Lastly, we can note that all constructions de-
pend on w CPs. (Go)-linearly, as they come from fibre-wise constructions on vector bundles
over (3. O

Corollary 3.1.25. Let G be a regular and proper Lie groupoid together with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. There is a Cpo(Go)-
linear assignment

weQP(Gy) s.t. dy(w) =0 v e QP(Gy—1)

such that
w4 dar(v)

is JEG-isotropy Cartan. It satisfies that
w+dy(r) =0

whenever w is exact and it can be chosen to retain the E-horizontal degree on homogeneous
components and such that J¥G-invariance of w implies J¥G-invariance of v.

Furthermore, if Go = Sat(R) for some admissible embedded manifold, we have that
v|r only depends on w|g.

Proof. In Lemma 2.3.11 we have already constructed an assignment
weQP(Gy)—p

such that if dyr(w) is JEG-invariant (in particular including the case where dy(w) = 0),
then also

w + dn(p)

is JEG-invariant. As this is still dy~-closed, we can now apply the assignment
a € (P(Gy) % st. dy(e) =0 0 € QP(Gy1)
of Lemma 3.1.24 to a = w + das(p). We have by construction, that
a+dy(o) =w+dy(p) + dy(o)
is JFG-isotropy Cartan. As
W] = [w+dn(p) + dn(0)] € H(E,),
we have by Theorem 3.1.20 that if [w] = 0, then
w+ dy(p) + du(e) = 0.

So, all in all, we have that
v=p+to
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has the desired properties. As the assignments described for
W p

and
W oo

are both CP%,(Go)-linear and retain the E-horizontal degree of an element, the same is
true for the assignment as a whole. Also, we know that if w is J¥G-invariant, so is p
and therefore also v. The fact that p|rp only depends on w|g is also stated in Lemma
2.3.11, the fact that o|g only depends on a|g follows immediately from the fact that, as
already noted in the proof of Lemma 3.1.24, the construction of ¢ is obtained by fibre-wise
constructions on vector bundles over Gj. ]

Corollary 3.1.26. Let G be a regular and proper Lie groupoid together with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. Consider any
dar-closed form w € QP(Gy). Then w is cohomologically equivalent to WD | which denotes
its component in E-vertical degree q.

Proof. By Corollary 2.1.33, we have that dys retains the splitting of E, meaning that if w
is dpr-closed, so is w(®9. We can therefore define

W= w—w@

and apply Corollary 3.1.25 to obtain v such that
W'+ dar(v)

is JEG-isotropy Cartan and vanishes in FE-vertical degree ¢. However, J¥G-isotropy
Cartan forms are only supported in E-vertical degree ¢, meaning that

W' +dy(v) =0
or equivalently
W+ dpr(v) = wl@,
meaning that the two elements are cohomologically equivalent. O

To conclude this section, we aim to compute the J¥G-isotropy Cartan forms in the
examples we previously considered and with them the associated results for H*(<,).

Example 3.1.27. As we have seen in the pair groupoid of Example 2.3.15, the J¥G-
invariant forms of the pair groupoid are already only given by the constants in bidegree
(0,0), which are all J¥G-isotropy Cartan.

Example 3.1.28. When computing the cohomology associated to the free and proper
action of a group G on a manifold M, we have seen in Example 2.3.16, that all J¥G-
invariant forms of bidegree (p, q) are given by

(QP(Gy)” ¢ = P(Q).

However, it is immediately clear that these forms are all of E-vertical degree 0 (as the
dimension of the isotropy is 0 in this example). So these J¥G-invariant forms are only
JEG-isotropy Cartan for ¢ = 0.
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In particular, we have that

Q) ifqg=0

0 otherwise.

Hi(g,) = {
The analogue argument holds in the case of a proper and étale groupoid as in Example
2.3.18 or in the more general case of Ajs, = 0 of Example 2.3.19.

Example 3.1.29. As we have seen for the trivial action of a group G on a point of Ex-
ample 2.3.20, the J¥G-invariant forms in bidegree (p, q) of the associated Bott—Shulman—
Stasheff-complex are given at the unit by values of the form

(A"(g)%0)°.
However, the J¥G-isotropy Cartan forms are only given by
* * g
(5%(g%)7  (n%(g")®?)
in bidegrees for which p = gq.

Example 3.1.30. Consider the Lie groupoid of Example 2.3.21. We have already seen
that its J¥G-invariant forms of bidegree (p,q) correspond to the expression

(F (GO’ (A7 ((A?so)@q))g»c = (AP ((g*)@q))g ’

meaning that the associated J¥G-isotropy Cartan forms are given by

(r (GO, (SP (A;‘SO))Q»G =~ (SP (g"))°.

We can see that this is independent from Gy and also that in the case Gy = x, this
generalises Example 3.1.29.

Example 3.1.31. Consider the groupoid of Example 0.4.7. We have already seen in
Example 2.3.22 that the J¥G-invariant forms in bidegree (p, ¢) in this example are given
by
P ([EhAr(Test) @A ((A%)%9),
Po+p1=p
i.e. the coadjoint action in this example is trivial. Therefore, we find that the J¥G-isotropy
Cartan forms of bidegree (p, q) are given by

(T(SY APTUT*ST) ® S9(AY))) .
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Chapter 4

A conditional model

We now understand the cohomology of the columns of the Bott—Shulman—Stasheff bicom-
plex, but it remains to understand the cohomology of totalisation of the bicomplex. In
this chapter, we will analyse the implications of our previous findings and results.

For this, note that we can interpret Bott—Shulman—Stasheff complex as a chain complex
of chain complexes. This can happen in two ways: a chain complex of rows (2(Gy), dar)
with differential das or a chain complex of columns €, with differential dgr. (As the
differentials graded commute instead of commuting, both dys and dgr are not strictly
speaking maps of chain complexes - but for motivational purposes we will not be strict
about this here).

In a naive first attempt to compute the cohomology of this chain complex of chain
complexes, we could try computing “the cohomology of the cohomologies”: First replace
each chain complex given by a column by its cohomology, i.e. the graded vector space
of JEG-isotropy Cartan forms of the respective column (technically those come with a
differential, too, but as that vanishes, we will forget this datum). At the same time, we
replace the de Rham differential by a cohomological version of it, too. By this we obtain
a chain complex of graded vector spaces. We could then compute the cohomology of it
and hope to recover the cohomology of the total bicomplex.

It will turn out that this approach actually works, but we will need not only this
chapter, but also the next, to conclude the proof of that claim. In this chapter, the goal
is to properly understand the objects appearing in this construction (in particular the
cohomological version of the de Rham differential) and the relations between the total
cohomology of the bicomplex and this “naive” approximation as explicitly as possible.

In the first section, we will study the de Rham differential in detail, as we have previ-
ously not concerned ourselves with its properties and its relation of J¥G-invariance and
JEG-isotropy Cartan forms. In the second section, we will explore conditions under which
the “naive” approach is applicable to reconstruct the total cohomology as described above.
It is relatively straightforward to see that this condition is satisfied when the multiplicative
Ehresmann connection is flat, which is a case we will explore in more detail in the third
section.

195
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4.1 The de Rham differential

Aim of this section: Proposition 4.1.20 (abbreviated):

Let G be a regular and proper Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. The de Rham differential dgr(w)
of a JEG-isotropy Cartan form is cohomologically equivalent to its projection of E-
vertical degree q, which is a JF¥G-isotropy Cartan form that can be computed by a
differential dE, . (w) on RE.

Let w € QP(Gy) represent a cohomology class of the p-th column, i.e. let it be closed
under dps. Then dgr(w) is also closed under dar and hence also represents a cohomology
class, only this object is now a cohomology class of the (p + 1)-st column. But how are
these classes [w] € H*(¢,) and [dqr(w)] € H*(Cp41) related? Computing the map [dqr],
meaning the map induced by the de Rham differential on

H*(€y) — H*(Tp11)

will turn out to be a vital component for the methods used later in this thesis.

For this, we will study dqr especially when evaluated on J¥G-isotropy Cartan forms,
as we have established them previously as possible representatives to study the vertical
cohomology classes. Unfortunately, we will find that the de Rham differential does not
even retain the J¥G-invariance of a form. However, it is possible to decompose dgqr into
three components. Of these, only one, denoted as dijp qr does not retain J EG-invariance,
and a different one, denoted dde determines the cohomology class of dgr(w). We are able
to compute this component quite explicitly.

During this process of studying the result of a J¥ G-isotropy Cartan form under dgg, we
will also obtain additional results on the de Rham differential, which we can subsequently
use to our advantage. Nonetheless, this section contains many technical results that are
only needed to arrive at the result referenced at the beginning.

Lemma 4.1.1. Let G be a regqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. For any w € QP(G,) of E-vertical
degree py its de Rham differential dgr (w) only has components in E-vertical degree p1—1, p1
and p1 + 1.

To be precise, when evaluated on E-horizontal and E-vertical vector fields, denoted
by X1,..., X, and Y1,...,Y] respectively, the component dgé(w) of dgr(w) in E-vertical
degree p1 — 1 is given by

(ddR( )) (X17 s 7Xp0+2, Yl, c. Ypl—l)
po+2 po+2

=YY (D)X Xl verts oy Xy, Xy )
=1 j=i+1
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the component dffoi(w) of dqr (w) in E-vertical degree p1 is given by

(ddilg(w)) (le s 7Xp0+1,}/1, .. }/Pl)
po+1

_Z D X (w(. .., X5, .0)

P0+1 po+1
H—
+ E E Jw X’MX]E hor7~--7Xi7--~7Xj7--~)
=1 j=i+1
po+1 p1

+ 3 () PO G (X Y] Bverts - Xy V)
i=1 j=1

and the component d;fé(w) of dqr (w) in E-vertical degree p1 + 1 is given by

(d(JirPlL(w)) (Xb s 7XpO,Y1, . va1+1)
p1+1

—Z DY (., Vi)

po p1+1 R
+Y N ()G ([XG Yl pobors - X Y
=1 j=1
p1+1 p1+1 R N
+3° Y ()Y Y] YY),

=1 j=i+1

Proof. We can choose k vector fields X7,..., X}, defined around z € G, which are E-
horizontal and [ vectors fields Y7, .. ., Y; defined around the same point which are E-vertical
such that £+ 1 =p+ 1. Now we can evaluate

(ddR(w))Z (Xl, Ce ,Xk,}/i, . Yl),

where our aim is to show that the result vanishes unless [ takes one of the distinguished

values.
We have by definition

(dar(w)) (X1, ..., X3 Y1,... V)

k
:Z DX (w(. .., X, ..0)

l

_|_Z k+z+1Y ( 7Y7,7))

k
+) Z D0 Xa, X5, Xy oy Xy )
=1 j=1+1
k l . R
Y I )T R, Y] XY )
=1 j=1

L
+3 N ()Y Y YY),

i=1 j=i+1



198 CHAPTER 4. A CONDITIONAL MODEL

We can analyse these terms one by one.
For degree reasons, we have

unless | = p;. Similarly, R
Yilw(...,Y;,...))=Y(0)=0

unless [ = p1+1. As both terms of the form [X;, X;] and [X;, Y] can be mixed (i.e. neither
purely horizontal nor purely vertical), we have that they decompose into an FE-vertical

and E-horizontal component each, which we will denote by [—, —]g—vert and [—, =] p—hor
respectively.
We have i
S (-1 Mw(Xi, X, X X)) =0
i=1

unless either [ = p; — 1 or [ = p1, while

k
S (=) (X, Y] Xy Y ) =0
=1

unless either [ = p; or [ = p; + 1. The remaining term satisfies that

k

S (-1 ([Y;, Yy, YY) =0
i=1

unless | = p; + 1, as we have that the vertical bundle is involutive as the intersection of
kernels of tangent maps (as those are always involutive). O

Lemma 4.1.2. Let G be a regular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. For any w € QP(G,) we have that

diR(dgp(@)) = — dgp(dig (@)
as well as
AR (dgp (@) = — R (AR (w))-

Proof. As the de Rham differential is linear, we may assume that w is F-homogeneous of
FE-vertical degree p;. Then we have

0= dar(dar(w)) = (dgp + dig + dip) (dga + iR + dg) (@)

where the right-hand side expression decomposes into its component in F-vertical degree
p — 1 given by

dap (43R (@) + AR (dgg (@),
its component in E-vertical degree p given by

g (AR (@) + AR (AR (@) + ddR (dgp (@),

and its component in F-vertical degree p 4+ 1 given by

3R (ddg (W) + dig (AR (@)

The vanishing of the first and last expressions imply the statement of the lemma. O



4.1. THE DE RHAM DIFFERENTIAL 199

We will now analyse these components. For two of them, we will find that they behave
quite well with respect to the notion of J¥G-invariance.

Lemma 4.1.3. Let G be a regqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Let w € QP(G,) be of E-horizontal
degree p1 and consider z € Gy and 7y a local s-section E-horizontal at p]q“(z).

If p is the component of (5§7q)*w in E-vertical degree p1, then

(DL ) (@)~ (@30). =0
and

(D) @)~ (@), =o.
Proof. We have that on the compatible domain there holds that

(D5 )" (dar(w)) = dar (D4 )" ().

If we evaluate this at z and decompose into its components of homogeneous FE-vertical and
FE-horizontal degree, we know by Lemma 4.1.1 that the left hand side decomposes into

(D},0)" (g (@)
in degree p — 1 and

(D} )" (AR ()
in degree p and B

(D},0)* (A (@)

in degree p + 1. It remains to be seen what happens on the left hand side.
First of all, by Lemma 2.1.36, if we decompose
(DE ) (w)=p"+p" +...
according to E-vertical degree, we find that the sum terminates with the terms pP*~! and

pPr. We will also denote the latter as p = pP! as defined in the statement.
This means that by Lemma 4.1.1, we have

k \*
ddR((D'y,q) (Ld))
only has terms of E-vertical degree up to p; + 1, in which it is given by
dr(p)
and in degree p; it is given by
40 1 -1
ddR(p) + dIR(Ppl ).
So for degree p; + 1 we have automatically obtained the statement of the lemma by
comparing degree-wise expressions. For degree p1, we can explicitly compute the following

(dgl:l{(p(plil))> (X17 e 7Xp0+1,Y1, e }/;71)

p1
=3 (1Pt (pE (LY L)
=1

po+1 p1

E S P (X Vs Koy )
i=1 j=1
P1 p1 o N N

+Z Z (_1)Z+]ppl_1([}/i’}/j],.”7}/;7”"%,“‘)‘

i=1 j=i+1
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We now aim to show that this expression vanishes at z. To obtain this, note that pP'~1
vanishes at all 2’ where ~ is E-horizontal at p’q“(z’ ) as under that condition the degree of a
form is preserved by (ﬁ,’jq)* This is in particular the case for z, meaning the two latter
expressions arising in the sum vanish at z. However, it also holds for the entire fibre
(pF)~1({m}) for m = pk(2). Any Y; is by definition tangent to that fibre, meaning that in
the remaining first term taking the derivative of at z in the direction of Y; is a derivative
of the 0 function.

Hence all components of the previous sum vanish and we have found that

djfli(ppl_l)z =0
implying that when we compare degree-wise, we have
(DY )" (R (@) = dig(p) + dir (0" 71) = dig (p)

at z.
O

Proposition 4.1.4. Let G be a reqular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid. For any w which is JEG-
mwvariant of E-vertical degree p1, the components d:ig(w) of E-vertical degree p1 and
d:lrl){(w) of E-vertical degree py + 1 are J¥G-invariant.

Proof. By Corollary 2.1.37, we have that for any v : U C Gy — G1 a local section of s
that B
(D} 4)" (w)

agrees with w in E-horizontal degree py (i.e. E-vertical degree p1) on its domain (pf])_l(U),
meaning that when we apply Lemma 4.1.3 (i.e. when we have z € G4 and ~ horizontal at
pfl(z)), we have p = w.

In particular, we have that at any z € G, and for any local bisection vy which is
E-horizontal at pfl (z) the relations

(D) (@52w)) = (dRw),

and
(DL )" (5 @)) | = (dfaw)).

hold, which by Corollary 2.1.29 is equivalent to déclg(w) and d; (w) being JEG-invariant.
O

Our aim in the following will be to compute ddifg(w) explicitly for any J¥G-invariant
w. In the computation, a certain expression will appear that we can relate to a connection
VE on the isotropy Lie algebroid. We will first define what this connection is and then
establish how it relates to our problem at hand.

Lemma 4.1.5. Let G be a regular Lie groupoid. For every multiplicative Ehresmann

connection E, there is a unique vector bundle connection VE on Ais, to which we will

refer to as the isotropy reduction of E, that infinitesimally corresponds to the restriction

of E to the connected component of the unit in the isotropy subgroupoid Iso®(G).
Furthermore, we can consider the exponential map

exp : Aiso — (Is0(G))1.
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On open subdomains containing the zero section of Aiso such that the restriction of any
fibre of Aiso — Go is convex and exp is a diffeomorphism onto its image, the pull-back of
E as a splitting of T(Iso°(G))1 agrees with the linear Ehresmann connection of the vector
bundle Ajso corresponding to VE.

Proof. According to Lemma 1.1.15, the connected component of the the isotropy sub-
groupoid containing the unit, denoted by Iso’(G), is a Lie groupoid. The splitting of TG4
restricts to a splitting of T (IsoO(G))l, which is well-defined as IGy; C T (ISOO(G))l. As
the multiplication is inherited, the restriction is a multiplicative Ehresmann connection
on Iso’(G).

However, as s = t on Iso?(G), the multiplicative Ehresmann connection is now connec-
tion with respect to s, i.e. a Cartan connection. It can be differentiated to a unique con-
nection on the algebroid of Iso’(G), which is precisely the isotropy Lie algebroid Ais,. This
works as follows (cf. [4], p. 3130): Consider the base-point map (J¥ Is0%(G))1 — (Iso?(G));.
As for any two jets at base-point z € (Iso’(G))1, the preimages of some X € T's(2)Go can
only differ by elements in /Gy N E (as this agrees with ker(s) N E), the map is actually
injective and even an immersion. From Lemma 1.2.8 and the projection of Lemma 2.1.9
(also explicitly described in Lemma 2.1.36), we can obtain surjectivity of the map. This
means that (J¥ Iso?(G)); — (Iso’(G)); is a diffeomorphism and admits a smooth inverse.
As the map was obtained as part of a Lie groupoid morphism covering idg, it further-
more defines a Lie groupoid isomorphism. The inverse (Iso(G)); — (J¥Is0?(G)); also
defines a Lie groupoid isomorphism covering idg,. It can be composed with the inclu-
sion of (J¥Is0?(G)); C (J'1s0(G)); and can then be derived to the corresponding Lie
algebroids of Iso?(G) and J!'Iso’(G), which can be seen to be e : Ajo — J' Ao, where
J' Ais, denotes the jets of Ajs, — Go. Any linear map of this form defines a connection by

Vf =e€ _j1(0)7

where j! denotes the first jet prolongation.

As p = 0 on Ajg, we have that the exponential map is canonically defined on all of
Ajso. Also, on some open set around the 0-section of Ajg, it maps diffeomorphically to an
open around the unit section in (Iso?(G));.

We have that by definition, pulling E back along the diffeomorphism will return a
connection as a bundle (not a vector bundle) on the corresponding domain in Ajs, such
that V¥ is its linearisation at the O-section. That the linearisation actually recovers V¥
comes from the fact that the inclusion A C T'G; under the inverse of the exponential map
corresponds to A C T A, where each element of A precisely corresponds to the vertical
(with respect to the bundle structure) tangent vector at the zero section. Therefore, the
map G; — (J'G); mentioned previously induces a map Ai, — J'Ajs for which the
derivative at the 0 section restricts to V¥ on A C T'A as the vertical tangent bundle at 0.
This is precisely the construction referred to as linearisation.

However, as the connection on Iso’(G) is multiplicative, we have that the pull-back of
FE is already linear: As the anchor vanishes, we have that

(exp (X))"

is well-defined and agrees with exp(n - X) for any X € Ajs, and any fixed n € N>; and
the same is true for all values in an open neighbourhood of X.

Assume that both X and n - X are contained in the convex domain chosen in the
statement to pull back E. By multiplicativity of E, we have that any horizontal lift at
n - X is given by the n-fold product of the horizontal lift at X. But as this is the image
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under taking the n-th power (again, this only holds as p = 0) which corresponds to linear
scaling, we find that the pull-back of E is linear with respect to scaling by n € N>, at
least whenever X and n - X are contained in the domain on which the pull-back of E is
defined.

Linearity with respect to A € R follows by the reverse argument for fractions (for
A € Q) and continuity. Here, we need to use that the fibres are connected. Note that the
convexity of the fibres of the domain is a convenient choice as it is connected and closed
under rescaling with A < 1. Linearity with respect to addition follows, as multiplication
is infinitesimally approximated by addition on Ajig,. O

Lemma 4.1.6. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. For an E-horizontal vector field X
on G1 tangent to the identity section at units and a E-vertical vector field Y on G1, the
expression [X,Y |g—vert at 1., is given by the covariant derivative

(VE)X|GO Vg, (m),

where VE is defined as in Lemma 4.1.5.

For an E-horizontal vector field X on Gy tangent to the identity section at units and a
E-vertical vector field Y on Gy, the expression [X,Y|p_vert at 1p, is given by the analogue
expression for the induced connection on (Aiso)®? given by the direct sum of VE on each
component.

Proof. Let us first consider the situation on G;. As we have
[f- X Y]=[f-[X,Y]=Y(f)- X

and X is horizontal, we have that [X,Y]|g_yert is C°°(G1)-linear in the first component
and hence its value at 1,, only depends on the value of X at 1,,. Hence we can compute
the expression while choosing X in a way that is convenient for us. For example, we may
assume that on (Iso’(G))1, which in particular contains the unit section, X is tangent to
(Iso?(G))1 C Gy. As any vertical tangent vector has this property automatically, this in
particular proves that [X,Y] is tangent to (Iso’(G))1, and it further allows us to assume
G = Is0%(@G) for the computation.

For Y, we have that the expression at 1,, only depends on the values of Y at the unit
section, as

(X, f-Y]=F-[X,Y]+X(f)Y,

which vanishes if f = 0 at the unit section. Hence we can also assume any form of Y (and
even that Y is only locally defined around the unit section) for our computation, as long
as we retain the values along the unit section.

Choose a convex domain where the exponential map (which is universally defined on
the isotropy subalgebroid) is a diffeomorphism. Then the form we are going to assume
for Y is the following: Consider the pull-back exp* Y under the exponential map, which
defines a vector field on Ajs,, such that the values at the zero section correspond to the
values at the groupoid units. We will assume Y to be of the form where it corresponds to
a fibre-wise constant vector field under the exponential pull-back on this domain.

As by Lemma 4.1.5 we have found V¥ to satisfy that horizontal vectors get mapped
to horizontal vectors under the exponential map, we can choose the precise form of X
(locally on the same domain around the unit section) such that the corresponding vector
field exp* X is at each point of the domain given by the lift of the vector field X|g, on Gy
according to the connection V¥.
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But now, we can compute [X,Y]g_vert by instead computing its pull-back along exp.
As it is a vector at the unit section tangent to (Iso’(G)); the splitting of E (which is
actually the canonical splitting into TGy and Ajs,) precisely corresponds to the canonical
splitting of T A;so at the zero section. We will actually see that by our choice of X and
Y, we already have that exp*[X,Y] = [exp* X, exp* Y] is vertical. To simplify notation in
the following, we will denote exp* X = X’ and analogously for Y.

We know that by construction of X that X’ satisfies precisely that the flow line
Yo = ¢f(/(:v) integrating X' starting at any point x in the fibre over m is given by hori-
zontal path-lifting of the flow-line ~,,, = qﬁf(/ (m) integrating X’ on the zero section of the
algebroid with ~,,(0) = m (the correct notation would be g, , but we will abbreviate for
notational purposes). We furthermore know that by construction, Y corresponds to a Y’
that integrates to the flow that shifts the fibres at any n € Gy linearly by ¢ - Y, (where ¢
is the flow parameter).

So if we want compute the preimage of [ X, Y]g_yert under the exponential map diffeo-
morphism, we can consider the concatenation of the two flows. We obtain that

& (8Y (m)) = Ysv, (1)

which is the horizontal lift of v, at s-Y,, while

oY (¢ (m)) = s - Y-

If we let t go to 0, we obtain two tangent vectors at s - Y (m), of which the first one is
horizontal. Hence

0 0
a¢§(¢ix(m)) — &7 (¢35 (m))]e=0 = 0B (578 Y0 li=0);
where vg will be the map to the vertical component of %s . Y(Ivm(t))‘t:(] with respect to

VE. By the linearity of the expression in s, we find

o 0
vE(as : )/(Ifym(t))’t:()) = vp(s- aY(,Wm(t))’t:O)'

But V¥ also has linearity properties, such that

) )
V(s - 5 Yo li=0) = 5 - vB(5,Y(,,, 4y li=0):

where the vectors are identified by translation. So

8 a !/ ~ 8 !/ ~ E !/ o E
5% V(Y by l=0)ls=0 = vE(5 Y, 4y l=0) = Vi Yoo = Vi), | Ve,

In this chain of identifications we use that the vertical tangent bundle at the zero section
of a vector bundle is isomorphic to the vector bundle itself. The second identification
is precisely the relation between a connection as a horizontal subspace and a covariant
derivative. We actually see in this computation that [X', Y] itself is already a vertical
tangent vector. As the exponential map on vertical tangent vectors at the zero section
corresponds to the identity on A, we find that indeed

XY pvert = VX, Vg,

Now considering a E-vertical vector field on Gy, we can use R-linearity in the second
component of [X,Y] to split Y into ¢ vector fields Y* for 1 < i < ¢ according to the
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splitting of the isotropy vector bundle of G into the g copies of the isotropy vector bundle
of Gl.
However, we can consider the embeddings €; of Gy into G for 1 <14 <1 given by

Z = (1t(z)7 SRR 1t(z)7 2y 15(2)7 SRR 1S(Z))

where the image of the vector bundle /G under the tangent map at any point agrees
exactly with the vector bundle induced by Ajs, supported in the respective i-th component
of (Ajgo)®e. '

Hence any flow starting at an element of €, along vectors corresponding to elements of
the i-th component of (Ajs,)®? will be contained in the image of Eé. But by definition, the
vector field Y only consists of such vectors, hence the flow induced by Y must retain ef].

By the same linearity argument as before we have that [X,Y]g_yert at 1, € G4 only
depends on X7, . Hence we may assume any form of X outside of the point 1,,. As X;,, is
tangent to the identity section, which is in the image of € (Iso®(G1)) (precisely the image
of the units), we can assume that similarly, X is tangent to €'(Iso’(G1)) at any point of
the image. This would imply that the flow of X retains ¢ (Iso®(G1)) as well.

Hence we can conclude that we can compute [X, Yi] E—vert at 1, on the image of ef],
i.e. on GG1. This also implies that the result is contained in the i-th copy of the isotropy
vector bundle (as it is the space tangent to the image of eé).

But by our previous findings, [X,Y"]g_vert at 1, on Gp corresponds to

v?(‘lco (Yihao)‘

So [X, Y| E_vert is given by a tangent vector with its components either given by 0 or
V)E(Il (Yihc ). This means [X,Y]|g_vert is given by a tangent vector with its j-th com-

ponent corresponding to V Xlrg, (Yj |1GO) for each 1 < j < ¢. So indeed

[X7 Y]E—vert = V/X‘lGO (Y‘IGO)

for V'’ the direct sum of the connections. O

At this point, we can recall the earlier result on how to compute d*? ar» Which had the
following expression.

(ddifg(w)) (Xla R 7Xp0+1,}/1, .. )/;71)
po+1

_Z D X (w(. ., X5, .0)

:00-1-1 po+1 e e

+Z Z H]w XZ,X]E hor7~--7Xia--~7Xj7--~)
i=1 j=i+1
po+1l p1 R

F ) (D) (X, Y Bverts - Xy, Vi)
i=1 j=1

We can now replace the bracket in the last expression by the covariant derivative, as long
as we aim to compute it at a unit and the X; satisfies the requirements needed.

Example 4.1.7. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection F with respect to the isotropy algebroid. Let w be a form of E-horizontal
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degree py = 0 and E-vertical degree p;1 = 1. Let X be some E-horizontal vector field tan-
gent to the unit section when restricted 1g, and Y some vertical vector field.
Then the expression of d(ﬁg(w)(X ,Y) at the unit section simplifies to

(daR@)) (X, V) g, = Xhe, @he, (Yhe,)) —wlhe, (Vihig, Vha,)

where V is the direct ¢-fold sum of the connection V.

This previous result is especially interesting, when we assume w to be JFG-invariant.
In that case, we know that di}g is JEG-invariant as well - and hence the values at the unit
section are sufficient to describe both w and dio( ) in their entirety. We may also note
that when considering values along the unit section as elements in I'(Gg, A}, ), we obtain
the term defining V*, a covariant derivative on I'(Gg, A%). It is well-known that this
notion can be extended to a derivation on (G, A,,) which squares to 0 if the connection
is flat (cf. [1], p.13). It will turn out, that this indeed corresponds to déﬁg on elements of
Q(Gy, Ar,) which represent J¥G-invariant forms.

Before we show this, we first need to clarify a few facts on the derivation properties
and algebra structures of the objects we are working with, as they are important for the

proof.

Lemma 4.1.8. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. The maps ddé,diO and dé}l{ are

derivations on the algebra Q(Gy) of differential forms (with the standard wedge product).

Proof. Assume we have w and v which are without loss of generality (as ddilg is defined
component-wise) E-homogeneous of E-vertical degrees p; and 7 respectively. Then, as
dgr is a derivation, we have that

dar(w A v) = (dgg +dE0 + did) (W) A v+ (D) ¥lw A (dgg + dE0 +dih) (v).

If we now compare the components in FE-vertical degrees, e.g. p; + r1, we obtain
precisely
A2 (wAv) = dE(w) A v+ (—D)¥lw A dE (),

showing d(jﬁg is a derivation. The degrees p; + r1 + 1 yield the analogous results for dj{l}{
and d. O

Lemma 4.1.9. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. The inclusion of JFG-invariant forms

(4Gy)”"¢ € 9(Gy)
equips (Q(Gq))JEG with the natural structure of a subalgebra of Q(G).

Proof. We need to show that if w and v are JFG-invariant forms, so is w A v. However,
the action of J'G' (and thus JPG) on A®TG,, that we refer to with Di, o 18 defined as the
naturally induced extension of the action on T Gg4. This implies that by definition

(L €/7q)*<w Av) = (D%/,q)*w NI %/,q)*’/ =wAv

for any 0 < i < g and w A v is indeed J EG-invariant. ]
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Corollary 4.1.10. Let G be a reqular Lie groupoid together with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid. The map dcjfp[z 1$ a derivation

on the algebra (Q(Gq))JEG of JEG-invariant differential forms (with the standard wedge
product as in Lemma 4.1.9).

Proof. As dff({ retains J¥G-invariance, it restricts to (Q(Gq))JEG. The derivation property
is inherited from Q(G,). O

Lemma 4.1.11. Let G be a reqular Lie groupoid together with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Under the isomorphism

(QGg))”" ¢ = (T(Go, A (TGo/ Fo)* @ A*((AL)P))) ¢

of Proposition 2.1.41, the algebra structure of(Q(Gq))JEG (with the standard wedge product
as in Lemma 4.1.9) corresponds to the C*°(Gy)-algebra structure inherited by the inclusion

(D(Go, A*(TGo/Fo)* @ A*((A%,)%1)) € T(Go, A*(TGo/Fo)* @ A*((A,)*))
i.e. given by point-wise wedge product on the fibres of both tensor factors.

Proof. The isomorphism (Q(Gq))JEG = (IN(Go, N (TGo/ Fo)* @ /\'((Ai*so)@q)))JEG is given
by restriction to the unit section and the algebra structure on (Q(Gq))‘] @ is given by the
wedge in every fibre of A*T*G, — Gy.

Hence, at the unit section, we immediately have that the multiplication is given by
the wedge product on the fibres A®*TY G,. The restricted target of the space of sections

comes from the fact that under the decomposition
T7,Gq = T,,Go ® (47,)%,

where (T'Gy/Fo)* C T*Gy and AL C A* (using E and its associated vertical projection)

180

we have that the map of Proposition 2.1.41 factors through these subspaces. O

Unfortunately, this algebra structure does not restrict to the space R of J¥G-isotropy
Cartan forms. The simplest reason for this is the fact, that ¢ must be fixed for this mul-
tiplication to be defined, but the E-vertical degree is additive, meaning that multiplying
two JPG-isotropy Cartan forms (of respective E-vertical degree ¢) will yield a form of
E-vertical degree 2¢. Hence this form then can not be J¥G-isotropy Cartan.

However, there is of course a canonical fibre-wise multiplication on S®(AZ ) due to its
structure as a symmetric tensor power.

Lemma 4.1.12. Let G be a regular Lie groupoid. The C*°(Gyo)-algebra structure of
[ (Go, \P°T* Gy ® S (AL,))
induced by tensoring the fibre-wise ring structures of NP~9T*Gy and S (A}, ) restricts to

(T (Go, "™ 1(T G/ Fo)" ® 57 (45,)))°

180

where the G-action is defined as the extension of the G-action of Lemma 1.2.16 and the
extension of the coadjoint G-action of Example 1.1.35.
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Proof. First of all, let us note that as (T'Gy/Fo)* C T*Gy, we have that by definition

['(Go, NP (T'Go/ Fo)* @ S?(A%,)) C T (Go, NPT Go ® S (Af,))

18O

is an inclusion of algebras. Note that we have seen in the previous chapter (in particular in
Corollary 3.1.6 and Corollary 3.1.9) that the G-action on the subcomplex is well-defined.
In particular, we have defined the G-action as an extension of two G-actions on (T'Go/Fp)*
and Aj,, with respect to the algebra structure of the exterior and symmetric algebra. This
immediately implies that the action commutes with multiplication of elements by fibre-
wise multiplication in APO(T'Go/Fp)* ® S9 (A, ) and that therefore, the subspace is indeed

a subalgebra. 0

Definition 4.1.13. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection F with respect to the isotropy algebroid. We will denote the product on

(p,q)

the space of J¥G-isotropy Cartan forms R r  induced by the isomorphism to

(F (G07 /\p_q(TGO/’FO) ® 57 (A;kso)))
and the algebra structure of Lemma 4.1.12 on the target by
(a,b) — a~b.

Lemma 4.1.14. Let G be a regular Lie groupoid. Consider a vector bundle connection
(i.e. TGo-connection) V on (Aiso)®?. The map
c:r (Go, ANT*Gy @ AP ((A*

180

)P)) —= T (Go, AT TGy @ AP ((AL,)®Y))

defined on
weTl (GO’ APOT*Glo @ APL ((A?“O)®Q))

1S

and X1,..., Xpo+1 € X(Go) and Yi,...,Y,, € (G, ((Aiso)®?)) by

C(w)(Xla s 7Xp0+1a)/17' . 'a}/pl)
po+1

_Z DX (w(. .., X5, .)

+ Y )X, X, X, X
1<i<j<(po+1)
(po+1),p1

+ Y (CY)H (VYL XY,
i=1,7=1

is local and a derivation with respect to the Q(Go)-module structure induced by the exterior
fibre products.

When considering po = 0, i.e. the map where C is evaluated on T'(Go, \P*(Af,)®?) it
is induced by the covariant derivative of a connection (V')* on APL(AL )%9). It is precisely
the connection on NP*((Aiso)®1)* = AP(AL,)®? dual to V' on APY(Ajse) ¥, which is defined
by

Vi (Vi A AYp) = ()T VXY AYI A AY AL

In case p1 = 0, i.e. where we are considering QP°(Gy) it is given by the de Rham
differential dggr.
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Proof. First of all, let us note that V' indeed defines a connection, as it is clearly C*°(Gy)-
linear in X and we have that

Vxf-WMAN--ANY,)=Vx(f-YIA---AY,)

such that the Leibniz rule can be inferred from the Leibniz rule of V.

Now consider the exterior covariant derivative d(y)« induced by (V')*. Tt is uniquely
defined by its properties of being local and a derivation with the map for degree py = 0
being precisely induced by the covariant derivative (cf. [28], p. 169). It is also given by a
Koszul formula (cf. [1], p. 13), which is of the following form:

d(V’)*(w)(Xla cee 7Xp0+1)
= Y )Mw(Xe Xl X, X))
1<i<j<(po+1)

(po+1)

+ Z H_l ZU)(,AXZ,)

Here, if we unravel the definition of a dual connection, we obtain

Ay (w)(X1, ..o, Xpor1) (Y1 A= AYpy)

= Y )Mw(Xn Xl X X, ) (YA AY,)
1<i<j<(po+1)
(po+1)
+ Z 1)+, (w(...,)? L) A Ym))
Po—l—l -
- Z D, X, ) (Vi (YA AY,)

= Z (D)X, X,], . Xay o X YA A AY)
1<i<j<(po+1)
(po+1)

N Z DX (e Ko ) A A))

(p0+1)7p1

_ (—1)i+jw(...,5(\i,...)<(V’Xin)/\(Y1/\-~/\}7j,...)>.

i=1,j=1

However, we can see that this expression precisely coincides with the formula of C
as evaluation on terms of the form Y; A --- A'Y,, agrees with evaluation on (Y7,...,Y},)
and the signs correspond to each other using that w is by definition anti-symmetric on
(T'Go/Fo) ® Ajso)®PotP1) | Therefore, we have obtained the statement of the proposition.

The fact that for p; = 0 we obtain the de Rham differential follows directly from the
formula, as in this case C' only consists of the terms of the first and second form, which
recovers precisely the Koszul formula for the de Rham differential. O

Lemma 4.1.15. Let G be a reqular Lie groupoid. The induced map

C T (Go, A*T*Go @ A* ((AL,)®9)) = T (Go, A*TIT*Go @ A®* ((AL,)®9))

180

which on components is given by the map of Lemma 4.1.1/ is a local derivation with respect
to the algebra structure on T' (Go, AN*T*Go @ A® ((A%,)®)) of Lemma 4.1.11.

150
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Proof. As we have already seen in Lemma 4.1.14 that the given map is local and a de-
rivation with respect to the C*°(Gg)-module structure, we only need to show that C' is a
derivation when multiplying elements of I" (Go, A® ((A%,)®?)). However, we have on this
subspace that

Cw)(X,Yi,...,Y,)
=X (w(Yi,...))

and for v € T (Gy, (AL )®9)

180

such that

(C(w) Av)(X, Y1, ., Yay1)
a+1
=) OW X T )00,

and similarly for w A C(v).
At the same time, we can compute

C’(w /\v)(X,Yl, ce 7Ya+1)
a+1 ~
_Z z+a+1X (w(Yy,..., Y, ...) Ao(Y)))

+Z Ditew(vy, ..., Y. ) - u(VxY;)

+ ZZ(—l)J’*“Mw(vXYj,Yb Y, ) u(Yis)

j=1i=2
a a+l ' ' R
+ Z Z (_1)J+a+2+1w(vXYjv Yi,.... Y, ..0) - o(Y)),
Jj=li=j+1

where we can now use the fact that X is a derivation on functions and some combinatorial
rearranging of the terms to obtain that this indeed agrees with

C(w) Ao+ (=1)%w A C(v).

By associativity we can now obtain that the same statement holds even if v is of degree
p1 that is not necessarily assumed to be 1. This yields the result of the statement. O

Lemma 4.1.16. Let G be a reqular Lie groupoid. Consider the inclusion

[ (Go, A*T*Go @ S9(AL,)) € T (Go, A*T*Go @ A7 ((ALL,)®9))
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of elements of multidegree (po, 1, ..., 1, q) which are invariant under the permutation action
of 4. Let C be the map defined in Lemma 4.1.15 for a connection V1 on (Aigo)® given
by the direct sum of identical connections V on each copy of Aiso. Then C restricts to this
subspace. Furthermore, this restriction of C is also local and a derivation when considering
the algebra structure described in Lemma 4.1.12 on the subspace.

Proof. We know by Lemma 4.1.14 and Lemma 4.1.15 that C is local and a derivation with
respect to the algebra structure on

r (Go, AT Gy ® A® ((A* )@q)) .

180

If we now have an element of
wel (Go, /\pOT*Go X Sq(A?SO)) s

we need to show three things. Firstly, we will show that the multidegree of C'(w) is of
the correct form, secondly, we will show that C' commutes with the permutation action
(implying that the invariance is retained under C) and thirdly, we will consider the new
algebra structure.

We will start by showing that C'(w) has the appropriate multidegree and commutes
with the permutation action of ¥,. For both of this we will use the properties that C
is local and that C' is a derivation to check the necessary statements only on Q(Gp) and
' (Go, (AL,)®9). (To locally decompose any element into a sum of products of those, we
may simply choose an arbitrary local frame.)

There, we find, that on Q(Gp) the action is trivial and an element of multidegree
(p0,0,...,0,q) is mapped under C' = dgr to an element of multidegree (po+1,0,...,0,q).
On T' (G, (Af,)#7), each homogeneous subspace of multidegree (0,...,0,1,0,...,q) cor-
responds to I' (Gp, Af,) contained in the corresponding copy of (A5, )®?. As the covariant
derivative of the direct sum connection V%7 is given precisely by the covariant derivative
of V applied to each component of the direct sum, we obtain that the multidegree of the
image is (1,...,0,1,0,...,q) and corresponds precisely to the image of the corresponding
element in I' (Go, Af,). In particular, C' commutes with the permutation action. This
means that, also in general, C' maps homogeneous elements (with respect to the multide-
gree) to homogeneous elements and increases the first component of the multidegree by 1.
So the multidegree (po, 1,...,1,¢) will be mapped to (po+ 1,1,...,1,q). Furthermore, C
commutes with the action of 3.

The last assertion, that C' is compatible with the algebra structure of Lemma 4.1.11
can now be inferred from the fact that the multiplication with respect to this algebra struc-
ture can be constructed equivalently by including (Ajs,)®? and (Ajso)®¢ into (Ajee)®ITe
applying the original multiplication of elements lastly averaging over X ;. These are all
procedures which commute with C' (the statement on the inclusions follows from the form

of V¥4 in analogue to the argument of C being invariant under permutation). O

Lemma 4.1.17. Let G be a reqular Lie groupoid with a multiplicative Ehresmann con-
nection E with respect to the isotropy algebroid. Consider w € QP(G,) which is E-
homogeneous of E-vertical degree p1 and therefore E-horizontal degree pg :== p — p1. Let
X1,..., Xpo+1 be vector fields defined on the unit section 1g, C G, which are tangent to
the unit section and Y1, ..., Y,, be E-vertical vector fields (i.e. sections of (Aiso)®?) defined
at the unit section. The expression

(d(ijPO{(W))lm (X17 ey Xp0+1, Yl, . ,}/})1)
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1s independent of the values of w outside of the identity section. Its corresponding element
of T (Go, \HIT*Go @ AP ((Af,,)®9)) is given by C(wig, ), where C is computed as in
Lemma 4.1.15 for V = (VE)®4 and furthermore

leo el (Go, /\pOT*GO ®@ AP ((Aikso) ))

is defined as the image of (uq)*(w) € I'(Go, (ug)*(TGy)) under the projection induced by
TGy ® Ajso C TGq.

Proof. First of all, we know that the value of the expression considered in the claim only
depends on the values of X; and Yj at 1,,, so we may continue the X; by E-horizontal
vector fields and the Y; by E-vertical vector fields without loss of generality.

We have by Lemma 4.1.1, that on pg + 1 horizontal and p; vertical vector fields, the
de Rham differential is defined as follows:

(dét}%(w))lm(le cee 7Xp0+17 Yl’ s 7}/;’1)
po+1

_Z DFYX) 1, (W X, 2)

+ Z (_1)i+jw1m([Xian]E7hora---75(\1'7---;Xj7'--)
1<i<j<(po+1)
(po+1),p1 N

+ ) ()T (X0 Y] Bverts o Xis o Y )
i=1,5=1

The first summand only depends on the values of w along X, hence along the unit section.
The other two summands even only depend on the value of w at 1,,. This proves the claim
that the result only depends on Wig, -
We know that
(X Xjlnor = [Xi, X

at 1p,, as both X; and X restrict to vector fields on the unit section meaning [X;, X;]
does so, too, and any vector tangent to the unit section is horizontal by definition. We
also know by Lemma 4.1.6 that [X;,Y}|gp—vert = Vx,Yj at 1, for V = (VE)Y®a,

Hence indeed the expression coincides with C(wl14,)- O

Proposition 4.1.18. Let G be a reqular Lie groupoid with a multiplicative Ehresmann
connection E with respect to the isotropy algebroid. Consider w € QP(G,) which is JEG-
mwvariant and E-homogeneous of E-vertical degree p1. Let pg := p—p1 be the corresponding
E-horizontal degree. Then dfﬁg(w) is given by the J¥G-invariant form corresponding to

Clwhig,) € (T (Co AT Go/Fo) @ A7 ((43,)7)))

where C is computed as in Lemma 4.1.15 for V = (VF)®4,
When evaluated on a J¥G-isotropy Cartan form w the result will again be J¥G-isotropy
Cartan. The endomorphism on J¥G-isotropy Cartan forms

w dcﬁg(w)

1s local and a derivation with respect to the algebra structure of Lemma 4.1.12. It can be
computed as the restriction of the derivation on

P (Go, AP0T" Gy @ 57 (4L,))
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which on w € QP~9(Gy) acts by the de Rham differential and on w € T' (G, A%,) is given
by the form locally given by

dz® @ —
v ®3$a’

where the derivative is taken with respect to the connection dual to V.

Proof. We know by Lemma 4.1.1, that if w is J¥G-invariant, so di—g(w). So in particu-
lar it is uniquely identified by its restriction (déﬁg(w)) 1, Which we know to satisfy by
Proposition 2.1.41 that

(& (W) l1e, € T (Go, NP FHTGo/ Fo)* @ AP ((Af,)®7)) -

However, this expression can be reconstructed by evaluating it on a family of vector
fields Xo, ..., Xp,+1 defined on the unit section which are tangent to the unit section and
a family of F-vertical vector fields Y1, ...,Y),, defined at the unit section. As we know by
Lemma 4.1.17, the result agrees with the result when evaluating C(w|i, ) on the same
vector fields, hence

(AR W) g, = Cwhe,)-

In particular, C(wl1,) is contained in
I (Go, AP DTG/ Fo)* @ AP ((A50)7) ) € T (Go, AP DT Go @ A ((470)77))

and furthermore J¥G-invariant.

Also, we know by Lemma 4.1.16 that C' retains the subspace of elements of multidegree
(po,1,...,1,q) which are invariant under the permutation action of ¥,. So if w is JEG-
isotropy Cartan and hence w|y,  is contained in that subspace, we find that so is C(w|i, )-
Combining both observations, this implies

Cwhigy) € (T (Go A0 -9(TCo/Fo)* @ 57 (4L,)) )

So, C (w|1GO) is representing a JFG-isotropy Cartan form as well. Furthermore, we know
that C' is a derivation with respect to the algebra structure of

I (Go, A°T*Go ® S* (Af,))

by Lemma 4.1.16, where the computations on Q(Gy) and I'(Gy, A% ) can be inferred from

1S0

Lemma 4.1.14. UJ

Definition 4.1.19. Let G be a regular Lie groupoid together with a multiplicative Ehres-
mann connection F with respect to the isotropy algebroid. We will denote the endomorph-
ism on J¥G-isotropy Cartan forms described in Proposition 4.1.18 by

dgart : R%’q) - R.(EZ‘)+17q)

and the map corresponding to it by

)G

dgart : (F (GO’ /\p_q(TGO/‘FU)* ® Sq(Aikso))
G (0 (o1 @G0 oy 59(4,)))C

1S0
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In cases, where the choice of multiplicative Ehresmann connection is clear, we may
also denote it by dcart-

Remark. Note that the expression of C' (which can be used to compute d&, ) on Q(Gy)
and I'(Go, (Aiso)*) shows that the differential itself only depends on V¥, not E. So in
a sense, the model (as it will turn out to be one) given by this chain complex is only
depending on the infinitesimal objects Ajs, and VE and can be called an infinitesimal
model.

We will later even be able to show that d, , is independent of the choice of E, further
justifying why the index may be suppressed. The map C on the ambient space however
is not independent of the choice of E.

Proposition 4.1.20. Let G be a regular and proper Lie groupoid together with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. The de Rham
differential dgr (w) of a J¥G-isotropy Cartan form

w E Rg’q)

is cohomologically equivalent to its projection of E-vertical degree q. This projection is
given by the JEG-isotropy Cartan form

gart (w) = déltF(z (w) ’

and can be computed according to Proposition 4.1.18.

Moreover, the preimage of the exact term by which the two elements dgr(w) and its
projection to vertical degree q differ can be chosen such that its E-vertical degree q with
respect to the multiplicative Fhresmann connection vanishes.

Proof. For any v € Qp+1(Gq) closed under dys, we have that its vertical cohomology class
is determined by the projection to its component of vertical degree g by Corollary 3.1.26.

For a J¥G-isotropy Cartan form w we have that dgr(w) is dp-closed as the two
differentials commute. Therefore, it is cohomologically equivalent to dflg(w), as this is
the component in E-vertical degree q. The remaining statements directly follow from
Proposition 4.1.18. O

Corollary 4.1.21. Let G be a reqular and proper Lie groupoid together with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. On the algebra R
of JEG-isotropy Cartan forms, we have

—

( gart)2 =0.
On the associated isomorphic algebra (T (Go, A*(TGo/Fo)* @ S* (A%, we have
(dgart)z = 0.

Remark. On w € I'(Gy, Af,), the Cartan derivation C' does not necessarily square to
0 depending on the curvature. In fact, the exteriour covariant derivative with respect to
a vector bundle and its connection precisely only squares to 0 if the connection is flat,
something that we may not assume in our case (cf. [1], p. 13).

We can motivate our given result nonetheless by the fact that the Cartan derivation
does square to 0 on w € T (Go, (S*® (Ax ))G), as on this bundle we do obtain a flat

1S0
connection. This is not an obvious fact but it can be derived by a careful study of
how multiplicative Ehresmann connections can be chosen on Lie group bundles (like the
isotropy bundle). We will remark on this claim again at a later point of this thesis (page
301).
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Proof. Any JFG-isotropy Cartan form w decomposes into J¥G-isotropy Cartan forms
W(p,q)» Which are only supported in bidegree (p,q). For each of these, we know by Propos-

—

p.g
ition 4.1.20, that the expressions dqr(w(p, q)) and d& . (Wp,q)) yield equivalent cohomology
classes in HY(€Pt1).

This implies that also the cohomology classes of (dqr)?*(w(y,)) and ddR(cl/Ca\rt(w(nq)))
in HY9(€P+2) agree, where we know (dgg)? = 0.

However, as dCa:(w\(nq)) is again J¥G-isotropy Cartan, we can again use Proposition
4.1.20 to identify the cohomology class ddR(d/Ca\rt (Wp,q))) as precisely the class containing
the JEG-isotropy Cartan element (d/ca\m)Q(w(p’q)). As the cohomology class contains 0,

we find that this must be the only J¥G-isotropy Cartan form by Theorem 3.1.20. Hence

(dcmt)2 = 0 when evaluated on every component W(p,q) and on w as a whole. O

Corollary 4.1.22. Let G be a regular and proper Lie groupoid together with a multiplic-
ative Fhresmann connection E with respect to the isotropy algebroid. The bigraded vector
space RE of JEG-isotropy Cartan forms can be used to construct a bicomplex by defining

the vertical differential as § = 0 and the horizontal differential as d = A&,

Proof. By Corollary 4.1.21, we have that d is indeed a differential. The facts that 2 = 0
and dd = —dd are immediate as § = 0. O

Definition 4.1.23. Let G be a regular and proper Lie groupoid together with a multi-
plicative Ehresmann connection F with respect to the isotropy algebroid. We can define
the families of cochain complexes

R; = <R( 9 dCart)

and

Ne = ((F (Go, N~ UTGo/Fo)" @ Sq(ATso)))G7dgart)

and the bicomplex

Rive) = <@@ (Go, AP~U(T G/ Fo)* ®Sq(Aj‘SO)))G,dgart,0>.

p—e g—e

Remark. Note that all of these complexes depend definitorially on the multiplicative
Ehresmann connection E. We have suppressed this in the notation in the first two cases,
as they are auxiliary constructions.

Lemma 4.1.24. Let G be a regular and proper Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. The cochain complexes
Ry and Ry are canonically isomorphic for any q € Ng. The bicomplex R, is canonically
isomorphic to the bicomplex described in Corollary 4.1.22.

Proof. By definition, we have that Rg’Q) is isomorphic to

(I (Go, A"™I(T'Go/ Fo)* @ SU(AL,)))“
under the morphism of Proposition 2.1.41. By definition, this means that RY is isomorphic
to Mg, meaning that Ry and Ry are isomorphic. Under the same morphism R corres-
ponds to R%”Q) directly, where the 0 maps trivially correspond to each other under the

—

isomorphism and by definition so do dgart and dgart. This already implies the claim. [
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Corollary 4.1.25. Let G be a proper and regular Lie groupoid and E and F two choices
of a multiplicative Ehresmann connections with respect to the isotropy algebroid. The map
B of Corollary 3.1.22 induces a map of chain complexes between Rq.E associated to F
and Rq r associated to F'. On the canonically isomorphic chain complezes Ry g and Ry r
the isomorphism is given by the identity. In particular the differentials on Ry g and Ry r
agree. The analogous statement holds for Rg and Rp.

Proof. We already obtain from the definition of 1% in Corollary 3.1.22, that the map
retains the bidegree of elements of Rg. So it restricts to Ry g — Ry r. By definition, the
isomorphism is given by identifying

Ry p = HI(C,) = RY .

)

—

Under these identifications, we have by Proposition 4.1.20 that dZ, . is mapped to [dqr]
(i.e. the map between HY(C,) and HY(€,41) induced by dgr on €}). However, this
map is completely independent of any multiplicative Ehresmann connection and therefore

corresponds to df, . under the second isomorphism as well.
We also have that under the isomorphism of Proposition 2.1.41 the map % as a
map of vector spaces corresponds in each bidegree to the identity map

<1 . mP p
id : i)‘iq’E — %q’F

by Lemma 3.1.23. However, we have just seen, that ¢ is compatible with the chain
complex structure, and by Lemma 4.1.24, so is the induced isomorphism from R, g to
M, and the respective analogue morphism for F. So d&,,, and df,,, correspond to each
other under the identity map and hence agree.

If we consider the same arguments on Rg and R or Rg and R, the same consider-
ations hold. In these cases, it only remains to observe that the vertical differential is given
by 0, which is trivially retained by the linearity of ¥»¥>¥" and its induced maps. O

Lemma 4.1.26. Let G be a regular and proper Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. The algebra structure on
the bicomplex Rg as defined in Lemma 4.1.12 is compatible with its bigrading and both
the horizontal and vertical differential. Subsequently, the induced algebra structure on R
18 also compatible with its bigrading and horizontal and vertical differential.

Proof. The multiplication on SR is induced by the multiplication on the exterior product
and the symmetric product of I' (Go, A*T*Go ® S®(AL,)), which are both compatible with
the respective degrees in the respective power algebras. The degree of a JFG-isotropy
Cartan form being (p, q) is equivalent to its degree in the exterior power being given by
po = p — q and its degree being p; = ¢ in the symmetric power, which can equivalently be
expressed by the equations p = pg + p1 and ¢ = p;. As all those equations are linear, we
obtain that indeed, the fact that multiplication adds the degrees of homogeneous elements
is transferred to Rg. The same statement for Ry follows directly as the bigrading is
precisely defined in the way such that it is retained under the isomorphism of Proposition
2.1.41.

For compatibility with the differentials, we may first note that the zero differential,
i.e. the vertical differential, is compatible with any algebra structure. The fact that the
horizontal differential is also compatible with this structure is already stated in Proposition
4.1.18. O
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Lemma 4.1.27. Let G be a regular and proper Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. A J¥G-isotropy Cartan
form w € Tot(RE) of total degree t is closed under dcart if and only if all its components
W(p,q) With p+q = t are closed under dcari. In particular, w is closed under the total
differential if and only if all w, q) are closed as elements of Ry.

A JFG-isotropy Cartan form w of total degree t is exact in Tot(Rg) if and only if all
its components w(, q) with p+q =1 are exact in Ry.

Proof. We know that the differential dcay maps each form of bidegree (p,q) to a homo-
geneous term of bidegree (p+ 1, ¢). so the differential of each W(p,q) can be recovered from
the decomposition of dcart(w) into its homogeneous components. Hence if the differential
of w vanishes, so does the differential of w(, ;) for all (p, q). By definition and the fact that
the vertical differential is 0 on R, we find that this precisely describes the differentials
of the respective complexes.

The claim about exactness follows analogously from the fact that dga,t maps each form
of degree (p — 1, q) to a homogeneous term of degree (p, q), so the preimage of an exact

term can be decomposed into its components which then are preimages of the w(, ). U

Corollary 4.1.28. Let G be a reqular and proper Lie groupoid together with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. We have that

H*(Tot(Rp)) = €D HP(Ry)
p+q=k

and
HY(Tot(Rp)) = @ HP(%R,)
p+q=k

Proof. This follows from Lemma 4.1.27, as the direct sum can be explicitly described by
the decomposition of w into its components w, q). ]

4.2 The total cohomology of {25g5(G)

Aim of this section: Theorem 4.2.16 (abbreviated):

Let G be a proper and reqular groupoid and E a multiplicative Ehresmann connection
with respect to the isotropy algebroid. Assume that there was a linear assignment from
JEG-isotropy Cartan forms closed under the Cartan differential to closed elements
of Tot(Qpss(G)) satisfying certain compatibility conditions.

Then there exists a graded vector space isomorphism

@ : H*(Tot(Qpss(G))) — H*(Tot(Rg)) = H*(Tot(Rg)).

Now that we have computed the differential on the J¥G-isotropy Cartan forms quite
explicitly, we will return to the problem of computing the cohomology of Tot({2pss(G)).
At the beginning of this section, we will describe how that cohomology can be computed
by a spectral sequence - and we will claim that the spectral sequence collapses at its second
page, even though the proof will not be contained in this section. Under that assumption,
the cohomology of Tot(Qpgs(G)) is indeed comprised of the cohomology groups of the R,
meaning they would agree with the cohomology of Rp (at least as cohomology groups,
although not necessarily with respect to the algebra structure).
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We will, however, consider the result on spectral sequences noted here as a somewhat
motivational approach and take the time to spell out the relation between cohomology
classes in Qpgs(G) and Rp explicitly. This will enable some explicit computations, for
example regarding the algebra structure. Therefore, understanding spectral sequences is
not necessary to follow the main arguments of this subsection or section. (Note that I,
myself, have only very little experience with spectral sequences.)

The fact that we aim to understand precisely how the cohomology classes are related
when using the framework of spectral sequences and unravelling the associated definitions
also means that there is little originality to the content of this section. It can be seen
more as the application of a general framework to the specific context, with some added
observations on how expressions may be simplified. Note that also, the sources we use
sometimes contain more general statements or constructions, which we then apply to our
context-specific setting.

Definition 4.2.1 (cf. [42] Definition 5.6.1). Consider a double complex C/, o) (With graded
commuting differentials). Then the filtration by columns on Tot(C) is given by

An = @C(p,Q) C TOt(C).

p<n

For a double cocomplex it is given by the dual notion (i.e. by the same subspaces
interpreted as a quotient instead of a subset).

Proposition 4.2.2 (cf. [42], pp.135, 142). Consider a double complex C 44y (with graded
commuting differentials) supported in the first quadrant (i.e. wherep > 0 andq > 0). Then
the spectral sequence associated to the horizontal filtration converges to the cohomology of

Tot(C).
Its Oth page is given by
(EO(C))(M) = C(p,q)-
Its 1st page is given by
(El(c))(p,q) = Hy(Cp.e),9);

where & denotes the vertical differential. Its 2nd page is given by

(£2(C)) () = Hp (Hg(Cla,0), ). [d])

where [d] denotes the differential induced by the horizontal differential.
Dually, on a double cocomplex we obtain that the cohomology of Tot(C') can be computed
with respect to a spectral sequence for which its O0th page is given by

(EO(C))(pv‘I) _ C(p,q)'

Its 1st page is given by
(EI(C))(P"]) — Hq(C’(p’°),5),

where § denotes the vertical differential. Its 2nd page is given by
(B2(C) " = ¥ (HY(C*,5),1d]),

where [d] denotes the differential induced by the horizontal differential.
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If we apply this fact to our situation at hand, we have already managed to compute the
complexes on the first page. They are given precisely by H?(€?), which we have identified
to be the JFG-isotropy Cartan forms.

What we have essentially done in the previous section is computing d®) = [d] = [dgg]
more precisely and what we will essentially do in this section and the next chapter is
showing that the differential on the second page vanishes - meaning that the spectral
sequence collapses. The latter realisation is thanks to a suggestion by Luca Acconero
(who also helped me understand the spectral sequence of a double complex).

While we will often refer to this spectral sequence viewpoint of the problem in this
chapter, we will nonetheless focus on the explicit structures that go into constructing the
spectral sequence for various reasons. One of them is, that the proof that the sequence
collapses is constructive and quite explicit. Therefore, we will often consider closed forms
in Tot(Qpss(G)) (or their preimages) and try to relate their cohomology classes to J¥G-
isotropy Cartan forms explicitly.

Definition 4.2.3. Let G be a Lie groupoid. Consider a element w(, ;) € QP(G,) satisfying
Wp,q) 7 0. A descending homogeneous extension of w(, ) is an element w € Qpss(G)
homogeneous with respect to the total grading (in which it has degree p + ¢) such that
its component of bidegree (p,q) is given by w(, ) and its components of bidegree (p,¢’)
vanish in case p’ < p (or equivalently ¢’ > q).

The element 0 € Qpgs(G) is considered to be the descending homogeneous extension
of 0 € Q¥(Gp) in bidegree (k,0) for any k € Ny

P,q)

Remark. In particular, any homogeneous element of the totalisation of the Bott—Shulman—
Stasheff complex of degree r can be interpreted as a descending homogeneous extension
of its component in bidegree (k,r — k) where k € Ny is minimal such that the component
does not vanish.

The nomenclature of this definition is not a standard definition. The objects described
here can be obtained by unravelling the description of permanent cycles of the spectral
sequence associated to a double cocomplex with the filtration by columns, as we will see
in the following. However, as we are considering a very explicit case, I found it helpful to
give a name to the elements of this form.

Lemma 4.2.4. Let G be a reqular Lie groupoid and E a multiplicative Ehresmann connec-
tion with respect to the isotropy algebroid. Any closed descending homogeneous extension
of a non-vanishing element w, o) € QP(Gy) in the Bott-Shulman-Stasheff complex is co-
homologically equivalent to a closed descending homogeneous extension of a J¥G-isotropy
Cartan form in bidegree (p + k,q — k) for k € Ny.

Remark. Note that the J¥G-isotropy Cartan form is not unique.

Proof. Let w denote the extension of w(, . Note, that in particular d(w) = 0 implies

P
dr(Wip,q)) = 0. By Corollary 3.1.25, we can choose v such that w, o) + dy(v) is JEG-
isotropy Cartan. But as dy = §, we have that either w, ;) + dy(v) =0 or w +d(v) is a

descending homogeneous extension of
(w + d(p + U))(p,q) = w(p,q) + dN(p + 0)7

which is a JEG-isotropy Cartan form.
If we are in the case where w(, ;) + da(v) = 0, we still have that

(@ +d®)) g =0

?'.,q')



4.2. THE TOTAL COHOMOLOGY OF Qgpss(G) 219

for ¢’ > ¢, as v is homogeneous of bidegree (¢ — 1, p). Hence we obtain a closed descending

homogeneous extension of some (w +d(p + 7)), ) for some I > 0. By iterating the

previous argument, we obtain a closed homogeneous extension of a J¥G-isotropy Cartan
element (non-zero or zero) after a finite descent. O

Corollary 4.2.5. Let G be a reqular and proper Lie groupoid together with a multiplicat-
we Ehresmann connection E with respect to the isotropy algebroid. Any closed descending
homogeneous extension of a non-vanishing element w, o) € QP(G,) in the Bott-Shulman-—
Stasheff complex is cohomologically equivalent to a closed descending homogeneous exten-
sion of an element pr,’q,) of bidegree (p',q") with p' > ¢'.

Proof. By Lemma 4.2.4, we have that w is cohomologically equivalent to some w’ which
is a closed descending homogeneous extension of a J¥G-isotropy Cartan element w/

4
However, all non-zero J¥G-isotropy Cartan forms have bidegrees that satisfy p’ > ¢/,
which proves the statement. O

Lemma 4.2.6. Let G be a regular and proper Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. Assume a JFG-isotropy
Cartan form w, 4 has a closed homogeneous descending extension. Then w, ) ts closed
under the Cartan differential.

Proof. Assume that w, 4 has a closed homogeneous extension w. Then we know that

dar(Wip,g)) = — ANV (W(pt1,4-1))-

Hence dgr(w(p,q)) is closed and exact.

We know that the cohomology class of dgr(w(,,q)) is determined by the J EG-isotropy
Cartan form dcart(w(p,q)) by Proposition 4.1.20. So dcart(w(p,q)) must be exact, too. But
as a JPG-isotropy Cartan form is exact if and only if it vanishes, this means that

dcart (W(p,q)) = 0.
O

Our aim will be to show that the previous relation is actually an equivalence, and that

dcaﬂw\(p,q)) = 0 is sufficient for wy,, ) to admit a closed descending homogeneous extension
as well. In this section, however, we will mostly focus on analysing, how this assumption
will give us an isomorphism between H(Tot(Q2pgs(G))) and H(Tot(REg)).

In the spectral sequence picture, J¥G-isotropy Cartan forms are the elements of the
first page, and dcar corresponds to the first page differential dV). So H(Tot(Rg)) de-
scribes cohomology classes of the first page of the spectral sequence, while H (Tot(2pss(G)))
describes cohomology classes of the of the limit of that spectral sequence. As such, it is
quite unsurprising that for every element of the limit there are corresponding elements on
the first page which are not always unique. In some cases which we will consider we will
however be able to control the choice of their representatives.

That these maps agree in their construction with the methods used to obtain the
previous results is only clear when going into the definition of the spectral sequence asso-
ciated to a double complex and the definition of convergence ([42], pp. 125-126, 133, 135,
141-142). The same is true about the next proposition - but it can instead also be used
as a black box on why studying closed descending homogeneous extensions in Qpgs(G) is
important.
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Proposition 4.2.7. Let G be a regular and proper Lie groupoid together with a mul-
tiplicative Ehresmann connection E with respect to the isotropy algebroid. Consider a
JEG-isotropy Cartan form Wip,q) € P(Gy) closed under doary. The following are equival-
ent:

® W(pq) admits a closed descending homogeneous extension w.

® Wi, S a permanent cycle, i.e. on the n-th page of the spectral sequence for any
n € Ng we have that d(n)([w(p,q)]) =0.

Proof. For the definition of the spectral sequence associated to a filtration, consider [42]
(cf. pp. 133, 141-142). The description is for a chain complex or bicomplex, not for the
dual version, but we will describe the dual notions explicitly in this proof. Firstly, let us
analyse how d(”)([w(pyq)]) and w are related for n > 2. By spelling out d(® as the canonical
map of the double complex, we find that

d(2)([w(p,q)]) = [[dar (¥(p+1,4-1))lvert]nor € Hp+2(Rq—1)7

where v(, 11 4-1) is an arbitrary element satisfying

—dr (V(pr1,9-1)) = dar(Wp,g))

which exists as dcart(wW(p,q)) = 0. The brackets in the equation above denote

[ddR(V(p—&—l,q—l))}vert S Hq_l(Q:erQ) = R{;ji

such that the bracket [—|po; can then denote the according cohomology class.
If we now assume that w,,) admits a closed descending homogeneous extension, we
find that w,41,4-1) is a possible choice for v, 1 4_1). However, we know that

dar (Wpt1,9-1)) = — ANV (W(pt2,0-2))5

meaning that as
(A (@(pr2g-2)] = [0] € HI}(€p0) = RET]

the same holds in HP2(R,_1).
For the other direction, assume that d(2)([w(p,q)]) = 0. This precisely means that for
any choice of v(, 1 4_1), we have that

HddR(V(p+1,q71))]vert]hor - [O] € Hp+2(qu_1)7

i.e that there is a preimage under dcart of [ddR (V(p+1,4—1))]vert @s an element of Rz’ir% given

by a J¥G-isotropy Cartan form Pp+1,q-1) € Rgﬂ. By Proposition 4.1.20 this implies that
ddR<V(p+17q,1)) and dgr(p(p+1,4—1)) also only differ by a djr-exact term. If we now choose

Wp+l,g—1) = Y(p+1,g-1) — P(p+1,4-1)>

we find that
[dar (Wipt1,g-1))Jvert = [0] € H(€PTF) = RPTL.

This means that in particular the set of v, ,_2) for which

dar (Wpt1,9-1) = —dn (Vpt2,9—2)
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is non-empty.
Similarly, if d("_l)([w(pﬂ)]) = 0, we have that

d(”)([w(@q)}) = [[dar (Y(p+n—1,g+n—1))]vert]nor € HP™(Ry-nt1)/ Im(d@), Im(d®), . .

for any v(p1n_1,4-ns1) satisfying

ddR(w(p—‘rn—l,q—n—i-l)) = - dN(”(p—i—n—l,q—n—&-l))-

Again, if w is a closed descending homogeneous extension, we may choose

Vip+n—1,g-—n+1) = Y(p+n—1,g-n+1)

which then proves the claim.
Conversely, if d(™) ([wip,g]) = 0 we can first write

0 = [[dar (Vptn—1,gtn-1)hertlnor + A7V (@7 V]) 4 - +d®([a?]) € B (Ryrn1)-

Each representative a() € R(Ep+n_l’q_n+l) of [a(l)] admits, precisely by the previous con-
struction an extension by terms

NG
(p+n—Il+a,g—n+l—a)

in bidegree (p+n—I1+a,q—n-+1—a) for all 1 < a <1—2. By definition of the respective
d®, we find that subtracting

n—1
O]
Wptk,g—k) — Z a(p—i—k,q—k)
k=n—I1

yields terms wE for 1 < k < mn—2 with the same properties (relative to each other)

p+k,q—k)

as the w1 ). However, for the w we find that the associated expression

/
(p+n—2,g+n-2)

[[ddR(V£P+n—1,q—n+1))]Vert]hor € Hern(Rq-i-n—l)
is actually 0. So in this case, we can apply again the previous method to define

/
Wp+n—1,g-n+1) = Yip4n—1,g+n—1) — P(p+n—1,g+n—1)
for which then again the set of v,y q—n) satisying
ddR(W(p+n—1,q—n+1)) = - dN(”(p—i—n,q—n))

is non-empty.

This procedure terminates in the case where n = ¢ + 1, in which case we find w,, 4.0
such that ddR(w(p +q70)) is dp-exact, which for degree reasons implies

ddar (w(p+q,0) ) =0.
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One of the implications of the previous statements is, that if any J¥G-isotropy Cartan
form admits a closed descending homogeneous extension, then the associated graded to
the filtration of the spectral sequence is given precisely by

H*(Tot(Rp)) = H*(Tot(Rp)) = P HP(R,).
ptq=e

This then also computes the cohomology group of Tot(Qpgs(G)).

However, even without knowing that the condition holds in general, we can infer a
lot from studying how the map from H®(Tot(Qpss(G))) to H*(Tot(REg)) is construc-
ted. Studying these maps explicitly for Qpgg(G) will not only already suffice to compute
multiple of our previous examples, but it will also help understanding how the algebra
structure of H®(Tot(Qpss(G))) relates to H®*(Tot(Rg)). We will still make notes every
now and then to the relation with the spectral sequence.

Example 4.2.8. Consider the pair groupoids of Example 2.3.15. We now know that
any closed element in Qpss(G) is cohomologically equivalent to the extension of a J¥G-
isotropy Cartan form. However, we have already seen in Example 3.1.27, that there are
no JEG-isotropy Cartan forms in bidegree (p,q) with p # 0, so the only J¥G-isotropy
Cartan forms will be in bidegree (0, 0).

So any closed descending homogeneous extension of a J¥G-isotropy Cartan form of
total degree r > 0 can only be an extension of 0, and hence must be 0 itself. Thus, any
closed element in (2pgg of total degree r > 0 is exact.

Lemma 4.2.9. Let G be a reqular and proper Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. If there are two closed des-
cending homogeneous extensions of (possibly different) J¥G-isotropy Cartan forms W(p,q)
and wép,’q,) of total degree r which only differ by a d-exact term, then the preimage of this
term may be chosen as a descending homogeneous extension of an element v ,_1_g) in
bidegree (k,r—1—k) for k € Ny, where 2k > r—1 (or equivalently k > r—1—k). The choice
can additionally be made such that vy, ,_1_y) is JEG-isotropy Cartan if k < max{p,p'}—1.

Proof. Let v/ denote a preimage of the exact term. It is a homogeneous descending exten-
sion of yEk’rilik) for some k € Ny. Without loss of generality we may assume that v/ was
chosen such that it maximises k (as k < r by definition the maximum is well-defined). If
k already satisfies 2k > r — 1 and k > p and k > p/, the claim is trivially satisfied. In the
following picture, this schematically corresponds to (k,r —1—k) being one of the bidegrees
marked with a yellow circle, where the grey diamonds mark the degrees in which w and

w’ are supported. The red circles denote where 2k < r —1 (or equivalently k < r—1—k.)

Qe
o|®
O|®

In the following, we will simultaneously prove, that (k,r — 1 — k) cannot correspond
to one of the bidegrees schematically marked in red and also prove that if (k,r — 1 — k)
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is in one of the bidegrees schematically marked in blue, then the component of v/ may be
chosen J¥G-isotropy Cartan.

Consider the difference between the two closed descending homogeneous extensions.
It is itself a closed descending homogeneous extension of an element w(, ). We now claim
that if one of the conditions 2k > r — 1, k > p or k > p’ is violated, we find k < a: First
note that by construction a > b, a > p, a > p anda+b=r. f k <pork < p, it
immediately follows that k < a. If 2k < r — 1, we can consider that 2a > a + b = r,
implying that 2k < 2a — 1 and thus also k¥ < a, as k and a are natural numbers. So if
Vék;,r—l—k) does contradict any one of the conditions 2k > r—1or k > por k > p/, we
must have k < a.

We know that

(d(l//))(a,’b,) = W(a/’b/) = O

for all @’ < a and ¥’ > b. This in particular implies that if & < a we have
d/\/(yék,rflfk)) = (d(yl))(k,r—k) = Wkr—k) =0

and by Corollary 3.1.25 we can choose v = v’ + d(ag,—2—r)) to satisfy that v ,_1_p) is
JEG-isotropy Cartan, without compromising on the fact that Vir—i—1) =0 for I < k.

If furthermore v .1 %) = 0 we have that v is actually a descending homogeneous
extension of an element v ,_1_p) for k" > k, contradicting our assumption of k£ being
maximal. So v must be actually be a descending homogeneous extension of a (non-zero)
JEG-isotropy Cartan form in bidegree (k,7—1—k). In particular, this implies k > r—1—k
or equivalently 2k > r — 1 as all J¥G-isotropy Cartan forms are supported at and below
the counter-diagonal. O

Example 4.2.10. Consider the Lie groupoid of a free and proper group action on a
manifold as in Example 2.3.16. We now know that every cohomology class will contain
an element given by a closed descending extension of a J¥G-isotropy Cartan form, which
by Example 3.1.28 are all contained in bidegrees (p,0). In particular, the extension is just
given by the element itself.

Now it only remains to analyse which of these elements are actually exact. By Lemma
4.2.9, two JEG-isotropy Cartan forms of degree (p,0) are cohomologically equivalent if
and only if their difference is given by dar(v) with v a descending homogeneous extension
of an element in bidegree (k,r — 1 — k), where necessarily £k < p — 1 (as p — 1 is its total
degree), such that v is also an extenstion of a J¥G-isotropy Cartan element and thus can
only have leading component in degree (p—1,0), also making this term its only component.

Hence the cohomology of the entire bicomplex can be indeed computed by

H*(Tot(pss(G))) = H* (Qas(Go)),

on which the total differential of the bicomplex restricts to dgr and by Proposition 1.3.5,
we have that

.bas (GO) =0° (Q)

where both complexes are equipped with the respective de Rham differentials. Note that
this recovers the result of Corollary 0.1.5 using that

Hg(M) = Hpigrstack([Go//G1]) = H® (Tot(Qpss(G)))-

Definition 4.2.11. An orbifold is a differentiable stack which can be presented by a
proper étale Lie groupoid.
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Example 4.2.12. Let G be a Lie groupoid presenting an orbifold, i.e. let G be proper
and étale. We have covered this example already in Example 2.3.18 and Example 3.1.28.
The multiplicative Ehresmann connection on G is given by the entire tangent space and
therefore automatically flat. Its J¥G-isotropy Cartan forms are, as we have previously
computed given in degree (p,0) by

s (Go)

and in degrees where ¢ > 0 by 0.
This means that in analogy to Example 4.2.10, we obtain

Hpigstack ([Go//G1]) = H* (Tot(Qpss(G))) = H® (Qnas(Go)),

where the J¥G-Cartan differential acts as the de Rham differential dqr on Qy,.5(Go). The
latter term is even invariant under Morita equivalence, such that the cohomology of the
orbifold can be computed as H®(,as(Gy)) for any Lie groupoid representation G'.

This line of argument does not depend on the orbits being discrete, such that the
analogue argument holds in the case of Example 2.3.19 where Ajs, = 0. We already noted
this fact when computing the J¥G-isotropy Cartan forms in Example 3.1.28.

Lemma 4.2.13. Let G be a proper and regular Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. When restricted to homo-
geneous descending extensions where the leading term is in bidegree (p,q) with p > k, the
projections of Qpss(G) to € induces a map
Ok . 72 (Tot(Qpss)) — HF(€)) = REM ~ (r (G SE(AL )))G
: BSS k E 0

1S0

Proof. Assume we are given an element w € Qpgg which is closed under the total differ-
ential d to represent a cohomology class of H?*(Tot(Qpss)). Then we know by Lemma
4.2.4 that we may assume w to be a closed homogeneous descending extension of a J¥G-
isotropy Cartan element w, o) with p+ ¢ = 2k and implicitly p > ¢q. Hence p > k and wy
is in all cases J¥G-isotropy Cartan (non-zero only if p = ¢ = k). So it indeed represents
a cohomology class in H*(€y).

We still need to show that this is a well-defined assignment in the sense that indeed each
representative w’ which is a homogeneous descending extension with leading component
in bidegree (p/,q') with p’ > k projects to the same cohomology class in H*(€}).

Firstly note that w’ actually projects to a closed element, as either wzk,k) = 0 or
wzk’k) = pr,g,) if p = ¢’ = k and in that case d(w’) = 0 implies dN(pr,q)) = 0. Secondly
note that the cohomology class of this element in H*(¢;) is not impacted by adding d(p)
for p only supported in bidegree (p', ¢’ — 1) either, such that we may assume wép,’q,) to be

JEG-isotropy Cartan as well.

By Lemma 4.2.9 we have that w—w’ can be expressed by d(v), where v is a descending
homogeneous extension of an element in bidegree (I, p+q—1—1) where 2 > p+q—1 = 2k—1,
implying [ > k because both [ and k are natural numbers.

This, however, implies that the component of d(v) in bidegree (k,k) is given by
dn (V(kk—1y)- Hence w py and wzkk) only differ by an exact term in € and represent
the same cohomology class in H*(¢}). O

Corollary 4.2.14. Let G be a proper and regular Lie groupoid together with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. The image of the
map ®F defined in Lemma 4.2.13 is contained in

{w € R%’k) s.t. dE, . (w) = O} = H*(Ry) = H*(Ry)
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Proof. ®" is defined by projecting closed descending homogeneous extensions w to JFG-
isotropy Cartan forms wy x) such that either w ;) = 0 or w is a closed descending homo-

—

geneous extension of w(y ). By Lemma 4.2.6, all of these w(y, 1) satisfy that d&,.. (Wikky) = 0,
thus we can restrict the image. O

Our next aim will be to define an analogous map for the projection of H2**1(Qpgs(G)).
From the spectral sequence picture, we already have the intuition that the “correct”
target for such a map is H**'(Ry) or H*1(R;,) instead of H* (€, 1) (despite the indices
looking differently, we have that this is the natural choice as both arise from QFF1(Gy)).
However, we can also see why very explicitly: There may be elements w which are exact in
H? 1 (Tot(Qpss(G))) and hence agree with 0 cohomologically. But they do not necessarily
project to 0 in H*(€;, ), making the assignment not well-defined.

This problem for example arises for exact elements of the form w = d(v(x)) where
the preimage v 1) € QF(G},) is some JFG-isotropy Cartan form. Hence w only has one
non-vanishing component wy1x) in bidegree (k+1,k) given by

Wikt1,k) = ddr (V(k 1))

which is not necessarily exact in @, but would rather project to the J¥G-isotropy Cartan
form dgart(u(hk)), as we have seen in the previous chapter. However, if we consider this
as an element of

ker([dar]) € H*(€pq1)
Im([dar]) C H*(Chv1)

H*(HH(C), [dar] ) =

we are quotienting out precisely all terms of this form, such that w and 0 are equivalent
again.

This also corresponds to our claim that H*®(Tot(9Rg)) is a model for H*(Tot(Q2pgs(G))).
In the following, we will examine the maps that extend the previously described ®* to
each H*(MR,) explicitly and also how they assemble into one unified construction.

Proposition 4.2.15. Let G be a proper and reqular Lie groupoid together with a mul-
tiplicative Ehresmann connection E with respect to the isotropy algebroid. Assume that
any J¥G-isotropy Cartan form which is closed under dcae admits a closed descending
homogeneous extension. Then there are well defined maps ®P9 such that for p = q = k
we have

k) — oF . H2*(Tot(Qpss(G))) — H*(Ri) = H*(R),) ¢ H?*(Tot(RE))
forp=q+1 we have
o) . HPH9(Tot(Qpss(())) — HP(Ry) = HP(R,) C H”(Tot(RE))
and for p > q+2
3P : ker(@P-LatDy  gP(R,) = HP(R,) C HPH(Tot(RE)).

All of these maps are surjective onto HPT4(R,). Furthermore, we have that if any
[w] € H*(Tot(Qpss(G))) is mapped to 0 under all P, then [w] = 0.

Proof. The map ®®9 for p = ¢ = k is already well-defined due to Lemma 4.2.13 and
Corollary 4.2.14. Also, the assumption that any J¥G-isotropy Cartan form which is closed
under the Cartan differential (which includes all cycles in fR;) admit a closed descending
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homogeneous extension by definition implies that the map is surjective after restriction of
the target space.

We will define the map oPa) for p = q + 1 similar to Lemma 4.2.13 on descending
homogeneous extensions. First, let us show that any [w] € Qpss(G) of degree p+ ¢ can be
represented by a homogeneous descending extension with leading component in bidegree
(', q") for p’ > p:

We know by Lemma 4.2.4, that any w representing a cohomology class in Qpss(G)
may be chosen as a closed descending homogeneous extension of a J¥G-isotropy Cartan
element. This in particular means that the leading component is supported in bidegree
(p',q) with p’ > ¢/. This implies 2p' > p + ¢ = 2p — 1, but because both numbers are
even integers we obtain p’ > p. So the value of ®®%([w]) can indeed be defined as the
projection to bidegree (p, ¢) which yields either 0 or a non-zero J¥G-isotropy Cartan form.

Also, consider any other w’ that is a closed descending homogeneous extension of a
JEG-isotropy Cartan form that represents the same cohomology class. By Lemma 4.2.9,
we may choose the preimage v of their difference w — w’ as a descending homogeneous
extension of an element in bidegree (k,p+¢q — 1 — k) for k € Ny with 2k > p+ ¢ — 1. As
p+qg—1=2p—2, weobtain k >p—1.

If k& > p, this implies that w(, ) and %,q) only differ by da(v(pq-1)). However, as
JEG-isotropy Cartan forms are uniquely determined by their cohomology classes in <,

by Theorem 3.1.20 this would imply w, ) = wE meaning that the image of [w] = [w']

p,a)’
under ®®% is well-defined. So it remains to consider the case k = p — 1.

We know that in that case by Lemma 4.2.9 that we may additionally assume v to be
a descending homogeneous extension of a J¥G-isotropy Cartan element. In that case, we

have that w, ,) and wzp 9 only differ by definition by

ddR(V(p—l,q)) + (_1)p d/\/(y(p,q—l))

which decomposes into a dj-exact term and the expression dcart(v(,—1,4)) by Proposition
4.1.20. But dcart(¥(p—1,q)) is one of the boundaries in R? by definition, hence w and W' get
mapped to the same cohomology class in HP(RY).

Again, as in the case with p = ¢, we have that the map is surjective under our additional
assumption, as every closed descending homogeneous extension of a J¥G-isotropy Cartan
form is mapped to the cohomology class of precisely that J¥G-isotropy Cartan form.

The proof for the remaining cases is quite similar. But there are some things to note.
Firstly, we can note that a closed descending homogeneous extension w of a J¥G-isotropy
Cartan form w(,_1441) in degree (p — 1,¢ + 1) is only in ker(®P=14+1) if there is a
cohomologically equivalent form in Qpgs(G) which satisfies that the leading component is
in degree (p/,¢') with p’ > p—1,1.e. p' > p.

We achieve this by adding d(—v(,—2411)), Where vy, .41y is some J E G-isotropy
Cartan form in bidegree (p — 2,q + 1) of Qpss(G) corresponding to a preimage of the
boundary w(,_1441) in Rt and then some term V(p—1,q) 0 bidegree (p—1,q) to cancel
the remaining components of dgqr(—¥(p—24+1)) Which are by Proposition 4.1.20 exact in
er—1,

So indeed, we can define the map ®#% on the entire kernel as the map induced by
projecting a closed descending homogeneous extension w of an element in bidegree (p/, ¢')
which we may assume to be J¥G-isotropy Cartan and satisfying p’ > p to its component
in degree (p, q).

Also, if we have a d-exact element, which is a closed descending homogeneous extension
of an element in bidegree (p, ¢) and its preimage v is a descending homogeneous extension



4.2. THE TOTAL COHOMOLOGY OF Qgpss(G) 227

of an element in bidegree (p/, ¢’), as long as p’ < p, we may assume V') 18 J EG-isotropy
Cartan.

If further, p’ < p — 1, we have that dqr(v(y 4)) is exact as an element of e”+1 and
hence Vip',q') 18 closed under dcgyt. By assumption, this means that V' ') admits a closed
descending homogeneous extension, which we may subtract from v without altering its
image, hence showing that we can gradually increase the value of p’ until p’ > p—1. Then
we can proceed analogous to the proof for p = g+ 1.

For the statement regarding the case of [w] € Qpgs(G) which gets mapped to 0 we can
note the following: We have already seen in this proof that [w] is precisely in ker(®®)
if the representative w of the cohomology class can be chosen to be a closed descending
homogeneous extension of a J¥G-isotropy Cartan element in bidegree (p +1,q — 1).

So if [w] is iteratively mapped to 0 by all maps, this must mean that w can be chosen
as an extension of an element of bidegree degree (p',¢') with p’ iteratively being increased
to p+ ¢, at which point ®®) (w) = w, such that this representative must be identically 0,
and therefore the entire cohomology class vanishes. O

Theorem 4.2.16. Let G be a proper and reqular Lie groupoid and E a multiplicative
Ehresmann connection with respect to the isotropy algebroid. Assume that there was a
linear assignment from JEG-isotropy Cartan forms closed under the Cartan differential
to their closed descending homogeneous extensions in Tot(2pss(G)), such that cohomolo-
gically equivalent forms in Tot(RE) would be mapped to cohomologically equivalent forms
m QBSS(G)-

Then there exists a graded vector space isomorphism

D . H'(TOt(QBss(G))) — H'(TOt(RE)) >~ H*(Tot(RE))

extending the maps oPa) of Proposition 4.2.15.
The inverse @1 is described precisely by associating [w] € H*®(Tot(Qpss(G))) to
[Wip,g)] € H*(Tot(RE)) where w is the closed descending homogeneous extension asso-

ciated to W(p,q)-

Remark. From the from of ®~! it is immediately clear that ® depends strongly on the
choice of closed descending homogeneous extensions. As the choice of an extension w of
W(p,q) 18 nOt unique, and in particular can be replaced by w + v for v any closed descending
homogeneous extension of v, q—r), we find that there are many different choices for the
map ¢ that can arise from this construction.

Proof. To define this map, we consider projections from ker(®®~14+1) (or HP+9(Qpgg(Q))
for p = g and p = ¢ + 1) to ker(®@9), which is a subspace by definition. If we have a
family of these, we can extend maps from ker(®®9) to ker(®®—1.a+1)) jteratively until
we can extend to HPT9(Qpss(G)) forp=qg+1or p=gq.

We can define them through linear involutions on ker(®®~14+1)) that vanishes on
ker(®®9) instead (because subtracting such a map from the identity yields a projection).
For this, first apply ®®% to obtain a cohomology class in H? (Rq4) which can be repres-
ented by a J¥G-isotropy Cartan form and then apply the assignment from J¥G-isotropy
Cartan forms to their extensions of the assumption. This is not well-defined as a map
to Tot(2Bss(G)), but by assumption on the assignment it is well-defined as a map to
H*(Tot(pss(G))). Furthermore, as the resulting cohomology class is given by the dif-
ference of a class in ker(®®~19t1) and a class given by the extension of an element in
bidegree (p, q) its representative can be chosen as a descending homogeneous extension as
an element in bidegree (p,¢') with p’ > p as well. Lastly, note that the assignment was
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assumed to be linear, such that on ker(®®%), we obtain the 0 cohomology class through
this construction.

Once we have the projections (which we can concatenate as well), we can extend the
maps P9 to all of HP9(Qpss(G)). By summing up over all the results under these
maps @9 we obtain a single map from H*(Qpss(G)) to

P H(R,)

p+a=k

which agrees with HPT4(Tot(Rg)) by Corollary 4.1.28. The injectivity and surjectivity
follow from Proposition 4.2.15.

Also note that, by definition, all but one ®#9) vanish on any non-zero closed descending
homogeneous extension in the image of the assignment from the assumption: If w is the
closed descending homogeneous extension assigned to some J¥G-isotropy Cartan form
W gy, We have that wgy o) € ker(®P9)) as long as p < p' (or equivalently ¢ > ¢').
Furthermore &4 (w) = W ¢y by definition, and also by definition w vanishes under the
projection to ker(q)(p/’q/)). This now also proves the fact about the inverse, as summing up
over all the images of w under the different maps will precisely yield w; and therefore
[w] is the unique preimage of [w O

p',q")
p,q)]'

Remark. Under the assumption of the axiom of choice, the assumptions of Proposition
4.2.15 and Theorem 4.2.16 are equivalent.

So we now have a potential model for the cohomology of Tot(Q2pss) and hence a
potential model for

Hpigstack ([Go//G1])-

The only caveat is that for it to hold, we need to prove the assumptions of Proposition
4.2.15 and Theorem 4.2.16. This will be of varying difficulty depending on the case. For
example, in the next section we are going to consider a flat multiplicative Ehresmann
connection, for which the assignment can be constructed more easily.

However, note that we have proven in Corollary 4.1.25 that the model R is actually
independent of the chosen Ehresmann connection. So if we obtain that Rg is a model for
Qpgs(G), we can actually compute R by using an arbitrary multiplicative Ehresmann
connection in the process. As it turns out, we can actually already replace Rp by Rp
much earlier in the construction of the model.

Lemma 4.2.17. Let G be a proper and regular Lie groupoid. Assume there is a mul-
tiplicative Ehresmann connection E with respect to the isotropy algebroid such that any
JEG-isotropy Cartan form closed under dgart has a closed descending homogeneous ex-
tension in dgss. Then any multiplicative Ehresmann connection F with respect to the
isotropy algebroid satisfies that any J¥G-isotropy Cartan form closed under dgart has a
closed descending homogeneous extension.

Assume that there is a well-defined linear assignment

Wip,g) —r W

between JEG-isotropy Cartan forms closed under dcay and their extensions, such that co-
homologically equivalent elements of RY are mapped to cohomologically equivalent elements
in Tot(Qpss(G)). Then there is a well-defined induced assignment from J¥ G-isotropy
Cartan forms to their extensions satisfying the same properties.
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Proof. By Corollary 3.1.22, we know that there is a linear isomorphism % between
JEG-isotropy Cartan forms and J¥ G-isotropy Cartan forms, where E and F are any two
multiplicative Ehresmann connections. It is constructed such that for the cohomology
classes of corresponding elements holds

WP (W)l = W) € HI(E,).

In particular, this implies the existence of a preimage v € Qg_l = QP(G4-1) of their
difference ®* (W(p,q) — Wipg) € € under dp. While it is not canonical, we can use
the construction of Corollary 3.1.25 to choose the preimage, which in particular yields a
linear assignment between J¥G-isotropy Cartan forms and preimages of this form and
an induced linear assignment between J¥ G-isotropy Cartan forms and preimages of this
form.

So if there is a closed descending homogenecous extension w for the J¥G-isotropy
Cartan form wy, ), we can add d(v) to obtain a closed descending homogeneous extension
of &:F (w(qu)). Similarly, we can construct a closed descending homogeneous extension of
W(p,qg) if one is given for PP r (W(p,q))' Note that by construction, the elements assigned to
Wip.g) and Y= (we, q))

This now shows that ¥ (w) has a closed descending homogeneous extension if and
only if w has a closed descending homogeneous extension. This is, by assumption, exactly
the case when d&, . (w) = 0. We now need to show that this condition is met whenever
dE, . (PF(w)) = 0. This statement suffices, as ¥ is an isomorphism and we can
reconstruct a corresponding w for any J G-isotropy Cartan form.

However, we have by Proposition 4.1.20 that d&, ,(w) agrees with dgg(w) in H(eP+1)
and because d = dgr and dy anti-commute, we also have that

[dar (¥"F ()] = [dar(w)] € HI(€H).

So we obtain that ¥ (w) has a closed descending homogeneous extension if and only
if dgr(¢¥F (w)) is exact, which is the case exactly if it vanishes under d,, .. O

are cohomologically equivalent in Tot(Qpss(G)).

This now tells us that the condition of the existence of an assignment of the form
described in Proposition 4.2.15 and Theorem 4.2.16 does not actually depend on the choice
of multiplicative Ehresmann connection. As previously noted, there are particularly well-
suited Ehresmann connections to construct the assignments for. Before we will turn to
that aspect, we will however make some additional observations on the algebraic structures
involved. The aim in this is to understand, under which conditions the map ® of Theorem
4.2.16 is not only an isomorphism of graded vector spaces, but of graded R-algebras.

Lemma 4.2.18. Consider a Lie groupoid G and two descending homogeneous extensions
w and v in Qpss(G).

Then the product w U v for the product on the Bott—Shulman—Stasheff bicomplex as
defined in Definition 0.2.27 is a descending homogeneous extension. If w and v are closed,
s0 is w U .

Furthermore, if w4y and vy ) are the elements that are the leading components of
w and v, we have that w U v extends

* *
prlv"'vq w(p7q) /\ pqurl,,quq' V(p/7q/)

Proof. The first assertion is true, as multiplication on Qpgs(G) works component-wise and
the bidegree and algebra structure are all compatible by definition. The second assertion
follows from the definition of w(, o) Uv(y ) and the fact that all other terms have bidegree
(a,b) with a > p+ p’ or equivalently b < g + ¢'. O
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Lemma 4.2.19. Consider a regular Lie groupoid G and assume that it is equipped with a
multiplicative Ehresmann connection E (with respect to the isotropy algebroid). Consider
w € QP(G,) and v € O (Gy).

Assume that w is homogeneous of E-vertical degree p, and v is homogeneous of E-
vertical degree r1. Then wUv is homogeneous of E-vertical degree py +r1, where wUv is
the multiplication defined in Definition 0.2.27.

Proof. By definition, we have that
wUr=prj wADI 1 gV

As the projections (by definition of E, C T'G,) retain the splitting of E, we find that
indeed,

*
Pry,. g%

has E-vertical degree p; (and E-horizontal degree pg)

prz+1,-~~,q+q’ v
has F-vertical degree r; and their wedge product has E-vertical degree p; + 1. O

Lemma 4.2.20. Consider a proper and reqular Lie groupoid G and assume that it is
equipped with a multiplicative Ehresmann connection E (with respect to the isotropy al-
gebroid). Let w and v be J¥G-isotropy Cartan forms. Then

dy(wUr) =0

and the unique JFG-isotropy Cartan form representing [w U v] € HI3(€piy) (i.e. the
vertical cohomology class of wUv) corresponds to w*v (i.e. the product of J¥G-isotropy
Cartan forms as in Definition 4.1.13).

Proof. We know by Lemma 0.2.28 that the differentials on Qpgg(G) are compatible with
the cup product multiplication. So, indeed, as all J¥G-isotropy Cartan forms are closed
under ds, we have

dy(wUr) =dy(w)Ur + (—1)wUdy(r) =0,

where (p, q) is the bidegree of w.
We also have by Lemma 2.1.23, that projections retain J¥G-invariance, such that

*
prl,...,qW

and
*
prq—i—l,...,q—l—s v

are JPG-invariant elements. Their multidegree is given by
(po,1,...,1,0,...,0,q+ s)

and
(ro,0,...,0,1,....1,qg+ s),

as the projections that appear retain the unit section, where they respectively correspond
on (Aiso)®? to projection to the first ¢ or last s copies of Ajgo.
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Now the wedge product of these two forms is a J¥G-invariant form of multidegree
(p0+T0515‘°'713q+8)7

and by definition its values at the unit section are given by the fibre-wise wedge product
on

[ (Go, A* ((TGo/Fo)" @ ((A)®"™))) =T (Go, A*(TGo/ Fo)" @ A*((Afo) ™)) -

When identifying the wedge product of disjoint summands with the tensor product of
these summands, we have that the JG-invariant forms of multidegree

(po,1,...,1,0,...,0,q+ s)
can be identified with elements of

F(Go, AP0 (TG[)/./_“())* ® Al

180

® Aj

180

® ... A

1SO

) = L(Go, " (T'Go/Fo)* ® (Ajs) ™).
The analogous statement holds for elements of the other relevant multidegrees, i.e.
(ro,0,...,0,1,...,1,g+s) aswellas (ro,1,...,1,¢+ ).

Under this identification, the wedge product of (prj _,w)lig, and (Pryiq  g4s¥)|ig,
which by definition agrees with w U v can be computed by combining the wedge product
on A*(T'Gy/Fo)* with the map induced by the tensor product on

(45

18O

)9 (4

180

)" = (4

ISO)®q+S °

We can now use this explicit form of w U v to prove the statement: By Lemma 3.1.19,
the unique J¥G-isotropy Cartan form contained in [w U v] is the symmetrisation of w U v
as an element of

11(C;07 (TGo/fQ)* & Aiso & Aiso X ... Aiso)-

But the multiplication w v is induced precisely by the multiplication on symmetric tensor
powers

S9(Afso) x S°(Aj

180

) — Slats) (A

ISO)’

which factors through the multiplication on tensor powers as above when including the
terms of the domain e.g. S7(AL)) C (AL, )®? as permutation invariant elements and

considering S(4+5) (A ) as a quotient of 714+3)(Af ). So we have that
TwUr) =w"r,

where 7 denotes precisely that quotient projection.

Incidentally, 7 agrees with the map of Lemma 3.1.19, because wUv already is contained
in the correct multidegrees. As m is shown to be the quasi-inverse to the inclusion, it follows
that

wUv] =[w* V]
as cohomology classes in H (q+5)(€(p+,.)). O
Lemma 4.2.21. Let G be a proper and reqular Lie groupoid together with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. Assume that

[a] € HPT9(Tot(Qpgs)) and [B] € H™#(Tot(Qpss)) are two cohomology classes which are
in the domains of P9 and &%) respectively. Consider corresponding representatives o
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and B given by closed homogeneous descending extensions of J¥G-isotropy Cartan forms
in degrees (p+k,q—k) and (r+1,q —1) for k,l € Ny respectively.
Then the cohomology class of their product

[ U B] € HPT T8 (Tot(Qpss))

with respect to the non-commutative multiplication of the Bott-Shulman—Stasheff complex
described in Definition 0.2.27 maps under ®Ptm4s) to the JEG-isotropy Cartan form
given by

259 (0 U ) = 8P (a0 [5))

Proof. Let us first note that by construction, we have
(I,(p,q)(a) = [Ck(pﬂ)] € H'(TOt(RE)),

where we denote by «, ) the component of a in bidegree (p,q). This was assumed to
be either 0 or a non-zero J¥G-isotropy Cartan form, and was therefore interpreted as an
element of Tot(R ) in the construction of ®® . The analogous holds for (%) (5) = Br.s)-

Further note that a«US by Lemma 4.2.18 is a closed descending homogeneous extension
of

Pr1 g O¥(pq) NPrgit . gts Birs)

As aqp ) and By, ) are JEG-isotropy Cartan, we can apply Lemma 4.2.20 to find that

[pf{,“.,q A(p,q) A pr;—&—l,...,q—&-s B(r,s)] = [a(p,q) YB(r,s)] € H(p+r) (Q:(q—i-s))'

In particular, when following the construction of Lemma 4.2.4 to find a closed descending
homogeneous extension cohomologically equivalent to a« U S with leading component being
a JFG-isotropy Cartan form, we will obtain that the component of bidegree (p+4r, ¢+s) of
the resulting component in bidegree (p, q) is given by o, )~ Bs). As the map Pptrats)
is given precisely by projection to this component, the statement follows.

O]

So we have found that the maps ®®9 are actually also compatible with the multiplic-
ation * of J¥G-isotropy Cartan forms. This leads to the question: When is the same true
for ®7

Lemma 4.2.22. Let G be a proper and regular Lie groupoid together with a multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. Consider a linear
assignment from J¥G-isotropy Cartan forms closed under dgm to closed descending ho-
mogeneous extensions thereof

—

Qap) € ker(dE, ) € Tot(RE) — a € Tot(Qpss(G))

satisfying that cohomologically equivalent forms of Tot(Rg) are mapped to cohomologically
equivalent elements of Tot(Qpss(G)). Then the map ® of Theorem 4.2.16 constructed
using this assignment is an isomorphism of R-algebras if and only if it the assignment
satisfies that for every wg, . € Rg’q) with image w and v(; 5 € Rg’s) with image v the
mmage of

o —+r,q+s
Wpg) *V(rs) € RETT

is cohomologically equivalent in Tot(Qpss(G)) to

wUur.
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Proof. As ® is an isomorphism, we can check that it retains the ring structure on ®~1,
which is explicitly described as associating [a] to [a(,p)] for a a closed descending homo-
geneous extension of the J¥G-isotropy Cartan form Q(q,p) in the image of the assignment.
For the unit axiom, we can note that extensions of elements of bidegree (0,0) are always
trivial. The linearity holds by assumption. It only remains to check under which condi-
tions @1 retains the multiplication. But the formulation in the statement is equivalent
to that condition. O

Lemma 4.2.23. Let G be a proper and regular Lie groupoid and let E and F be two choices
of a multiplicative Ehresmann connection with respect to the isotropy algebroid. Let ¥V be a
linear assignment from J¥G-isotropy Cartan forms closed under dgart to closed descending
homogeneous extensions thereof

0 p) € ker(dyy) C Tot(Rp) — ¥(ap) € Tot(Qpss(G)).

Assume that ¥ maps cohomologically equivalent elements of Tot(Rg) to cohomologically
equivalent elements of Tot(Qpss(G)). Further assume that ¥ satisfies that the image

U (Wip,q) “V(r,s))

is cohomologically equivalent in Tot(Qpgs(G)) to

V(wipg) U (Vir,s)-

Let V' be an assignment such that
() = P(ap)

is exact for any oy, where o/(a b) denotes the unique J¥G-isotropy Cartan form cor-

responding to o) under the isomorphism of Corollary 3.1.22. Then U’ also satisfies
that

v

p,q) ’ VéT’s) )

\I!’(wE
is cohomologically equivalent in Tot(Qpss(G)) to

\I/’(wgp 2 U \If’(y(r’s)).

)

Proof. This is immediate, as we have that both ¥ and ¥ map to closed elements of
Tot(2pss(G)), meaning that any p and o with

d(p) = ¥(wp,g) — V(W g)

and
d(a) = \II(V(r,s)) - \I]/(Vzr,s))

satisfy that
pU \I],(VET,S)) + (_1)p+q\1j(w(p,q)) Uo

is a preimage of
\Ill(wzp,q)) U \I]/(VET,S)) - \Ij(w(p,q)) U lII(V(T,S))7

in particular showing that this term is exact. We know that the cohomology classes of
U(Wipg) U ¥ (V) and W(we, o) Virs)) as well as \If’(wép,q)*uzm)) agree by the various

assumptions. ]
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Corollary 4.2.24. Consider a proper and reqular Lie groupoid G together with a mul-
tiplicative Ehresmann connection E with respect to the isotropy algebroid. Let ¥ be a
linear assignment between JEG-isotropy Cartan forms closed under dcay and their closed
descending homogeneous extensions. Assume that W maps cohomologically equivalent ele-
ments of Tot(Rg) to cohomologically equivalent elements of Tot(Qpss(G)). Further as-
sume that ¥ satisfies that the image

Y(Wip,q) “V(r,s))

is cohomologically equivalent in Tot(Qpss(G)) to

\Il(w(p,q)) U \II(V(T',S))

for any two JFG-isotropy Cartan forms Wp,q) and V(y ).
Then for every multiplicative Ehresmann connection F with respect to the isotropy
algebroid there exists an assignment

—

U : ker(dE,,,) € Tot(Rr) — Tot(Qpss(G))

such that the image

v

V(@) Virs)
is cohomologically equivalent in Tot(Qpgs(G)) to

V' (wipg) UV ().
for any two J¥ G-isotropy Cartan forms W(p,q) and V(y ). In particular, the associated map
& : H(Tot(Qpss(G))) — H(Tot(Rr))
constructed in Theorem 4.2.16 is an isomorphism of graded R-algebras.

Proof. By Lemma 4.2.22, we know that ¥ yields an isomorphism of graded R-algebras
precisely if and only if it satisfies that

v

U (Wip,g) * V(rs))

is cohomologically equivalent in Tot(Qpgs(G)) to

V(wipg) UL (Vr,s))-

Following the construction of Lemma 4.2.17, we can simply define ¥’ satisfying that

V(e p) = ¥(ap)
is exact for any df,-closed J¥G-isotropy Cartan form and its corresponding J¥G-
isotropy Cartan form under the isomorphism of Corollary 3.1.22. However, this imme-
diately implies that we may apply Lemma 4.2.23, such that ¥’ also satisfies the prerequis-
ites to apply Lemma 4.2.22 which states that ® constructed from ¥’ is an isomorphism of
graded R-algebras. O

4.3 Flat multiplicative Ehresmann connections
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Aim of this section: Applications and Examples

How can we apply the previous results to the setting where the multiplicative Ehres-
mann connection F is flat? How does this relate to pre-existing concepts such as the
van-Est-map? Are there interesting examples?

No matter if we are studying connections on a vector bundle, a fibre bundle or a Lie
groupoid, flatness is known as a condition for particularly “nice” results. Their existence
often allows for local trivialisations which are compatible in a particularly nice way, making
computations that are local, like that of the de Rham differential, behave almost as in the
globally trivial examples.

When applied to our study of Qpss(G), we find that indeed, the flatness of the mul-
tiplicative Ehresmann connection has many convenient implications. For example the
de Rham differential retains J¥G-invariance in this case, meaning in particular that the
JEG-invariant forms form a subbicomplex of Qpgs(G). Additionally, the fact that the
de Rham differential retains J¥G-invariance yields a straightforward assignment that can
be used in the construction of ® : H*(Tot(Qpss(G))) — H*(RE) of the previous chapter
(Theorem 4.2.16), such that ® is an isomorphism of R-algebras.

Definition 4.3.1. A multiplicative Ehresmann connection F with respect to some bundle
of ideals B on a Lie groupoid G is flat if E is an integrable distribution, i.e. if

(X1, Xo] € T(Gy, E)

or equivalently
[X17X2]E—vert =0

for all E-horizontal vector fields X1, Xs € T'(G1, E) C X(G1).

Lemma 4.3.2. Consider a regqular Lie groupoid G equipped with a flat multiplicative
Ehresmann connection E with respect to the isotropy algebroid. Then all E-horizontal
vector fields Zy, Zs € X(G1) satisfy that

[Zla Z2]E7vert =0.

Proof. For any z = (z1,...,24) € G4, we have that writing the Lie bracket in components
yields

[Zlv ZQ]Z = ([Z£1)7 Zél)]zu SRR [qu)’ Zéq)]zq)v

where ij ) are the component of Z; under projection to the j-th factor G;. Now con-
sider the case where Z; and Zy are E-horizontal. This precisely means that all ZZ.(J ) are
E-horizontal as vector fields on G;. As we have assumed E to be flat, this means all

[Z{j ), Zéj )] are E-horizontal and therefore [Z), Z5] is E-horizontal as well. O

Lemma 4.3.3. Let G be a regqular Lie groupoid and E o flat multiplicative Ehresmann
connection with respect to the isotropy algebroid. Then dgfli =0 on all of WP (Gy,).
In particular, the subspaces of J¥G-invariant forms

E
(QP(Gy)”"C c o)

define a subbicomplex of Qdpss.
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Proof. Recall that by Lemma 4.1.1 the formula to compute d;ﬁ is given by

(ddR( )) (X17 T 7XP0+27 Y17 s }/pl—l)

po+2 po+2
=30 (D)X Xl poverts 5 Xiv oo, Xy )
i=1 j=i+1
where X1,..., X, 42 denotes a family of E-horizontal vector fields and Yi,...,Y), 1 de-

notes a family of E-vertical vector fields. As FE is flat, we can now apply Lemma 4.3.2.
This means that in the computation of d z(w), the expression and hence the whole term
actually vanishes and dgé = 0.

This in particular (trivially) maps J¥G-invariant forms to J¥G-invariant forms. We
already know by Lemma 4.1.1 and Lemma 4.1.4 that there are only three components
to dgr and that d(ﬁo{ and d:ﬁl{ retain JFG-invariance. At the same time, the vertical
differential d generally retains J¥G-invariance, such that the bicomplex structure maps
indeed restrict to the subspaces defined by

(Q(G))’ ¢ c bl (@).
]

Lemma 4.3.4. Consider a proper and reqular Lie groupoid G and assume that it is
equipped with a flat multiplicative Ehresmann connection E (with respect to the isotropy
algebroid). Then every JEG-isotropy Cartan form which is closed under dcar admits a
closed descending homogeneous extension. We can furthermore construct a linear assign-
ment

—

Wp,q) € ker(dgart) C Tot(REg) — w € Tot(Qpss(G))

of JEG-isotropy Cartan forms to their closed descending homogeneous extensions. The
assignment may be chosen such that w is JFG-invariant.

Proof. First, note that any J¥G-isotropy Cartan form of bidegree (p,0) is given by an
ordinary differential form w, o) € QP(Go), but the Cartan differential agrees with the
de Rham differential on Q(Gp). So any J¥G-isotropy Cartan form of bidegree (p,0)
which is closed under the Cartan differential also defines a closed descending homogeneous
extension of itself.

To cover bidegrees (p,q) with ¢ > 1, let us start by noting

dar (W(p.g) = dap (Wipg) + AR (@pg) + ddR (@ipg))s

where the first component vanishes by Lemma 4.3.3 and the second component vanishes
by assumption, as it agrees with (ﬂa\rt(w(p’q)) by Proposition 4.1.20.

So we find that dqr(w(p,q)) € QPT1(G,) is homogeneous of E-vertical degree ¢ + 1 and
80 is — dqr(W(p,g))- Also, we have

dp (= dar(wp,g)) = dar(dn (W(p,g))) =0

According to Corollary 3.1.17 and Corollary 3.1.25, we can now choose a preimage of
— dar(w(p,q)) under dr that we denote w141y € QT (Gy-1), which is also of E-vertical
degree g+1. Note that by Proposition 4.1.4, we have that that — dqr (w(p,q)) = — dgé(w(nq))
is JEG-invariant. This means that the preimage W(p+1,q—1) chosen according to Corollary
3.1.17 is also JEG-invariant analogous to the invariance of the preimage in Lemma 3.1.16.
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We will now iteratively choose w(, 1k q—k) € QPHF(G,—i) until k = ¢, such that for each
k > 1 the components of E-vertical degree g or lower vanish. For k = 1, we have already
done so.

To iteratively choose w(p4p41,g—k—1) depending on w(,  q—k), We consider

— dar (W(prhg—r)) € PTGy ).

By the decomposition of dqgr according to Lemma 4.1.1 (where dgé vanishes due to flat-
ness), and the assumption on the E-vertical degrees of w, ) We have that this ex-
pression will also only consist of terms of E-vertical degree ¢ + 1 or higher. Also

dn (= dar (Wiptk,g—k))) = dar (AN (Wptkg—k))) = dar (= dar (Wptk—1,g-k+1))) = 0.

Hence we can indeed choose Wy 441,g—k—1) as a preimage of — dqr (W(p+k,q—k)) and we
can do so in a way that we only obtain components of F-vertical degree ¢ + 1 and higher,
or equivalently, all components of degree ¢ or lower vanish.

Note that if ¢ > 1, this proof implies that w(,140) = 0, as any form on G¢ has E-vertical
degree 0.

By construction, if we consider

W= Zw(zﬁk,q*k‘)’
k=0

q
we have that d(w) = 0 and hence w is a closed descending homogeneous extension of W(p,q)-

The claim that we can choose these extensions in a way that linearly depends on w, o)
follows from the fact that all constructions described here (or referred to and described in
earlier chapters) are linear constructions. Studying the precise constructions referred to
above, we have actually chosen w11 4-1) to be J EG-invariant and inductively all following
forms as well. ]

Lemma 4.3.5. Consider a proper and regular Lie groupoid G and assume that it is
equipped with a flat multiplicative Ehresmann connection E (with respect to the isotropy
algebroid). Then there is a map ¥ of chain complexes from Tot(Rpg) to Tot(Qpss) that
assigns to every non-vanishing JEG-isotropy Cartan form Wip,q) € P(Gy) a descending
homogeneous extensions w = V(w(, ). It may be chosen such that it extends the assign-
ment constructed in Lemma 4.38.4. It may also be chosen such that w is JFG-invariant.

Proof. As we have already constructed the assignment of Lemma 4.3.4, we now need to
construct w precisely for the elements w, ;) which are not closed under dcart.

For such an W(p,q)» WE NOW NOW that dcart (w(nq)) # 0 does satisfies the condition that
its image under dg,y¢ vanishes and therefore dcart(w(p’q)) can be extended according to
Lemma 4.3.4 to an element p, which is a closed descending homogeneous extension of

P(p+1,9) = dcart(Wp,g))

in bidegree (p + 1,q). Furthermore, we know from the respective proof that apart from
this bidegree, p(,414x,q—k) for 1 < k < g will always be of E-vertical degree at least g + 1
and J¥G-invariant.

So now, we will aim to choose w(,, q—) iteratively to obtain

d(w) = p,
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where we will choose w(, 1 q—k) to consist of components of E-vertical degree of at least
g+ 1for1<k<gq.

For this, we will use the method exactly analogous to the proof of Lemma 4.3.4: We
will consider w1y k) for the largest £ that we have previously defined. Then we will
compute

Pprh+1,g—k) — QR (W(prkg—k))
which is (for £ = 0 by assumption and then inductively by the same arguments as in the

reference) only contained in components of E-vertical degree of at least ¢ + 1.
We have

A (Ppth+1,0-k) — QAR (Wptkg—k))) = — daR(P(pthg—k—1)) + dar (AN (Wiptk,g—k)))-

If k = 0, this expression is 0 as w(, q) is J E@G-isotropy Cartan and p is a closed descending
homogeneous extension of an element in bidegree (p + 1, ¢q). If £ > 0 we have constructed
W(ptk,g—k) tO satisfy

AN (W(pth,g—k)) T ddR(W(prh—1,g-k+1)) = P(pth,g—k+1)s

which equivalently means

Pp+h,g—k+1) — N (Wiptk,g—k)) = AR (W(pth—1,—k+1))>
implying
— dar (P(p+k,g—k—1)) + dar (AN (W(ptk,g—k))) = O
So, we find that
Plp+ht1,q—k) — daR (W(ptkg—k))
is closed and of E-vertical degree g + 1, hence exact, and we can choose a preimage

W(p+k+1,g—k—1)

of E-vertical degree q + 1.

Hence we will after a finite descent obtain w with d(w) = p. Furthermore, note
that if p = 0, the previous construction precisely agrees with the one of Lemma 4.3.4.
Furthermore, the constructed map

Tot(Rp) — Tot(Qpss(G))

is linear, as all of the used constructions were linear. In analogy to the proof of Lemma
4.3.4, we may again note that by Lemma 4.1.4 as well as Corollary 3.1.17, we have actually
chosen w41 4-1) to be J E@-invariant and inductively all following forms as well. Here,
we additionally use that the J¥G-invariance also holds for p. U

Corollary 4.3.6. Let G be a proper and regular Lie groupoid together with a flat multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. The assignment
U of Lemma 4.3.5 satisfies that cohomologically equivalent J¥G-isotropy Cartan forms in

Tot(RE) get mapped to cohomologically equivalent elements of Tot(Qpss(G)).

Proof. We may check this claim on homogeneous forms w, 4 and wzp 9 which are cohomo-
logically equivalent in R by Corollary 4.1.28. If we choose a preimage Y € Rg_l of
the term wy, 4) — pr g We have that by definition

p—1,q)

—
/

E
dCart(V(p—Lq)) =Wpg) ~ Y-

So the descending homogeneous extension associated to v(,_; 4 will map to the closed
descending homogeneous extension of w, ) — pr 0 which by linearity is w — w’. O
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Proposition 4.3.7. Let G be a proper and reqular Lie groupoid and assume that it is
equipped with a flat multiplicative Ehresmann connection E (with respect to the isotropy
algebroid). Then there exists an isomorphism of graded R-vector spaces

H.(TOt(QBss(G))) = H'(TOt(RE)).

Proof. By Theorem 4.2.16 there exists a graded isomorphism ® between H*®(Tot(pss(G)))
and H*(Tot(Rpg)) under the condition that there is an assignment

—

Wp,q) € ker(dgart) C Tot(REg) — w € Tot(Qpss(G))

from J¥G-isotropy Cartan forms closed under d/Ca\rt to their closed descending homogen-
eous extensions. However, by Lemma 4.3.4 and Corollary 4.3.6, we have constructed an
assignment of this form, which is furthermore linear and descends to cohomology classes
(i.e. it maps cohomologically equivalent elements of Tot(Rg) to cohomologically equival-
ent elements of Tot(Qpgs(G))). O

Corollary 4.3.8. Let G be a proper and reqular Lie groupoid together with a flat multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. We have that U
constructed in Lemma 4.3.5 induces a map

H(V): H(Tot(Rg)) — H(Tot(pss(G)))
which is inverse to the map ® constructed in Proposition 4.3.7.

Proof. We have, in Theorem 4.2.16, already described the inverse to ® by

O ([wipg]) = [,

where w is the closed descending homogeneous extension associated to wy,q). This is
immediately given by the definition of the map ¥ as an extension of this assignment. [

Lemma 4.3.9. Let G be a proper and reqular Lie groupoid together with a flat multiplic-
ative Ehresmann connection E with respect to the isotropy algebroid. The inclusion

E
(mss(@)” 9 € Qs (@)
defines a quasi-isomorphism on the totalisations of the respective double complexes.

Proof. By Lemma 4.3.5, we have that the assignment W constructed in that lemma assigns

a JPG-invariant form w to any J¥G-isotropy Cartan form W(p,q)- However, by construction

this implies that ¥ factors through Tot ((QBSS(G))JEG> and the inclusion. But as ¥ is

a quasi-isomorphism, this means that the inclusion must be surjective on cohomology
classes. It also implies that on the image

H(V) (H(Tot(Rp))) € H (Tot ((QBSS(G))JEG)) ,

the inclusion induces an isomorphism.

However, we can see that the construction of Lemma 4.2.4 restricts to the subbicom-
plex of J¥G-invariant forms. This implies in particular that H(¥) is surjective: Any
closed descending homogeneous extension w of some element w, .y in bidegree (p,q), is
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cohomologically equivalent to some closed descending homogeneous extension w’ where
either pr 9 is 0 or pr 9 is JPG-isotropy Cartan. In either case,

W' — qj(“ép,q))

is a closed descending extension of an element in bidegree (p’,q') where p’ > ¢'. So using
an argument of finite descent, we can write w as a sum of exact terms and terms in the
image of W, meaning in particular that the associated cohomology class

(w] € H (Tot ((Qpss(G)”"))

contains an element in the image of ¥ and therefore is in the image of H (V). O

Lemma 4.3.10. Consider a proper and regular Lie groupoid G and assume that it is
equipped with a flat multiplicative Ehresmann connection E (with respect to the isotropy
algebroid).

Then the restriction to the unit section together with the morphism m of Lemma 3.1.19
induces a map ® of bicomplezes between ((QBSS(G))JEG> and Rg. The kernel of ®

includes all elements of bidegree (p,q) for which the E-vertical component of degree q
vanishes.

Proof. The map of Lemma 3.1.19 is defined on
B (0 (Go (TG Fo) @ A ((A1)*)))”

pPo+p1=p

which corresponds to the J¥G-invariant forms of bidegree (p,q). Its image are precisely
the JFG-isotropy Cartan forms of E-horizontal degree p — ¢ given by

(T (Go, AP 1(TGo [ Fo)* ® S9(AL,))E € (%) P9

So, we obtain a map of bigraded vector spaces from ((QBSS(G))JEG> to Rp.

Furthermore, we have that 7 is given by the concatenation of two maps, the first
of which projects a J¥G-invariant form to its component of multidegree (po,1,...,1,q).
This implies that the set of elements not contained in the kernel is a subspace of the
homogeneous forms of F-vertical degree q. This means all components of a different F-
vertical degree will automatically be in the kernel. We will use this fact to show that the
bicomplex differentials are retained under this map.

This also shows, that when considering a J¥G-invariant form w € QP(G,)) of E-vertical
degree p1, we will have that both w and dgr(w) are in the kernel of ® unless pr=¢qg—1or
p1 = ¢ by Lemma 4.1.1 and Lemma 4.3.3 due to the assumption that F is flat.

Let us consider the case where p; = (¢ — 1) first. In this case, we know that the values
of w at the unit section are given by some Wi, that lies in the kernel of m. This implies
(as the map to values at the unit is an isomorphism and 7 is a quasi-isomorphism) that w
is exact with respect to dys. We now need to show that

0 = deart (m(wig, ) = m(dar(w)1g, )-
But by exactness of w, its preimage v satisfies that

da(dar(—v)) = dar(dy(v)) = dar(w),
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such that dgr(w) is also exact with respect to dys. This implies
[m(dar(W)1g,)] = [dar(W)14,] = [0] € H(&p),

but we have that 7(dar(w)1g,) is an expression corresponding to a J EG-isotropy Cartan
form by definition. By Theorem 3.1.20, this form is uniquely determined by the cohomo-
logy class of dgr(w), which implies that it already must be 0 itself.

The argument in the case p; = ¢ is similar. Here we know that w — m(w) lies in
the kernel of m (as by definition 7 = id on J¥G-isotropy Cartan forms). We can now
analogously find that this implies

[m(dar(w — I(m(wig,)))1g,)] = [0] € H(Cpy1)

where I denotes the inverse to the map of Proposition 2.1.41. Thus

m(dar(w — I(m(wig,))g,) = 0

However, we know that

m(dar (I (m(wig,)))16,) = T(dgr (I (T (wig,)))16,)

as all other components of dgg lie in the kernel of © by Proposition 4.1.20. Furthermore
dfp(i = dcare on JEG-isotropy Cartan forms, and 7 = id on expressions corresponding to
JEG-isotropy Cartan forms, implying that

m(dgy (I (m(wig,)1g,) = doart(T(wig,))-

Using all our previous findings, this shows that

m(ddar (W)1g,) = 7(dar (I (7 (w1g,)))16,) = dear(7(w))-

This is precisely what we needed to show for the map to respect the horizontal differential
of both bicomplexes.

For the vertical map, it is sufficient to notice that both the restriction to the unit
section as well as the map 7w were defined on chain complexes, such that on the differential
on the domain

(QP(G.)" % c g,

of the concatenation (which agrees with the differential of the Bott—Shulman—Stasheff-
complex) is mapped to the 0 differential on the target, which is the vertical differential of
RE. O

Definition 4.3.11. The map ® of Lemma 4.3.10 will be called the JEPG-Van-Est-map.

When comparing to other notions of the van-Est map (e.g. [1], pp. 60-65), we can see
that the target is usually given by

T(Go, \T*Go @ N (A*) @ S9(A%))

In consequence, it might seem more natural to define a map to at least a somewhat more
general target, e.g.

D(Go, AP T*Go @ N (A,) ® S1(Af,)) = W(Aiso, V)
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in a way where the image of w depends on wi, —as well as expressions such as (L )?w)lgo
for X being obtained by some construction from X € I'(Gy, Aiso)-

It is not trivial to compare the map we constructed with notions of a map to W(Ajse, VF)
or even

W(A, V) =T (Go, T*Go @ A"(A*) @ SI(A*)) .

This is in part because this complex depends on a choice of a connection V. All the choices
yield equivalent algebras (see Lemma 0.3.3), however, the isomorphisms are not trivial.
The following Lemma can be seen as a tool to relate the notions in the flat case, at least
under some compatibility assumptions between V and VZ.

Lemma 4.3.12. Consider a proper and reqular Lie groupoid G and assume that it is
equipped with a flat multiplicative Ehresmann connection E (with respect to the isotropy
algebroid). Let X be the vector field on Gy that is induced by some X € I'(Gy, A) under
right translation: At z € G, we can consider the action by left multiplication

L:Gy x*1 Gy — G,
of Example 1.1.24 (for i =0) and define
X. =TL(X, ,

P9z’

0,).
We have that any JEG-invariant form w € QP(G,) satisfies
(ﬁxw)z =0
if either X € T(Go, AN E) or X € T'(Gy, Aiso) such that it is V¥ -horizontal at pg(z).

Proof. Assume that X € I'(Go, AN E). As E is closed under multiplication and contains
all 0 tangent vectors, we find that X is also an E-horizontal vector field. At the same time,
we have that Tp)(X.) = Tp)(X, ) € Fo, implying that X is a vector field contained
in Fy.

Furthermore, we have

(=)

Lxw = [tx,dqr|w.

However, both w and dgg (w) are J¥G-invariant by Lemma 4.3.3, such that ¢x must vanish
on both of them by Proposition 2.1.26.

If we have X € Ajs, we know by Lemma 4.1.5, that exp(t- X) is well-defined for some
t € (—&,¢) and gives rise to a family of E-horizontal jets V!. As the right translation of
vector fields was induced by the same map that defines the left action of a jet DY, we find
that 5

[:Xw = aD‘O/t (w)’t:(),
which vanishes by J¥G-invariance. ]

Theorem 4.3.13. Consider a proper and regular Lie groupoid G and assume that it is
equipped with a flat multiplicative Ehresmann connection E (with respect to the isotropy
algebroid). Furthermore, let d be the JEG-van Est map defined in Lemma 4.3.10 (induced
by the restriction to values at the unit and the morphism m of Lemma 3.1.19). Then o
defines a quasi-isomorphism of the associated chain complezres

Tot(®) : Tot((Qpss(G))”" ) — Tot(Rg).

Using the identification of H*(Tot(Q2pss(())) and H*(Tot((Qsss(G)°F)) of Lemma
4.8.9 we have that ® lifts the morphism ® of Proposition 4.5.7.
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Proof. Let w, q) € QP(Gy) bea J EG-isotropy Cartan form and w its associated descending
homogeneous extension of Lemma 4.3.5. Then by definition

~

D (Wip,g) = T(Wp,g) = W)

while for £ > 0 we have that w(, 1 ) has only components of E-vertical degree at least
(¢ + 1), meaning that w4y q—k) € ker(m) by Lemma 4.3.10 and

&)(W(Hk,q—k)) = W(w(p—i-k,q—k)) =0.

This means that on cohomology

~

H(Tot(®))([w]) = [wipg)

for any J¥G-isotropy Cartan form W(p,q) closed under d/Ca\rt But this, by Theorem 4.2.16, is
precisely the definition of @, only that ® is defined on cohomology classes of Tot(Qpgs(G)).
The difference only lies in the fact that H(Tot(®)) is defined on cohomology classes of
Tot((Qmss(G))7"F).

Now we only need to apply that by Lemma 4.3.9, the inclusion of double complexes
induces a quasi-isomorphism of the associated totalisations and the fact that w is already
an element of (Qpss(G))’ PG £ obtain the statement of the theorem. This also implies
that H (t/IS) can be written as the concatenation of two isomorphisms, hence it must be an

isomorphism itself, meaning ® is a quasi-isomorphism. O

Lemma 4.3.14. Consider a proper and regular Lie groupoid G and assume that it is
equipped with a flat multiplicative Ehresmann connection E (with respect to the isotropy
algebroid).

Let w be a closed descending homogeneous extension of w, q), where w, q) s homogen-
eous of E-vertical degree q and all terms w4y for k > 0 only have E-homogeneous
components of E-vertical degree at least ¢+ 1.

Let v be a closed descending homogeneous extension of vy 4y, where vy oy is homogen-
eous of E-vertical degree ¢' and all terms V(p'+k,q'—k) Jor k >0 only have E-homogeneous
components of E-vertical degree at least ¢ + 1.

Then wU v is a closed descending homogeneous extension of

* *
PT1 qWpa) NP1, q+q V' a')

where all terms (w U V)(p+p,+l7q+q,_l) for 1 > 0 only have E-homogeneous components of
E-vertical degree at least ¢+ ¢ + 1.

Proof. We have, by Lemma 4.2.18 that wUv is a closed descending homogeneous extension
of
Wp.g) YV q) = P, Wipa) NPTt gt Vo a)-

and that all other components consists of sums of terms of the form

Lk *
W(ptk,g—k) Y V(p/+k! g —k') = PI1. gk W(pt+k,g—k) N PTgkt1,....q+q' —k—k' V(p'+k ¢ k')

where either £ > 0 or [ > 0 or both.

By Lemma 4.2.19 we know, however, that this multiplication is compatible with FE-
vertical degrees. This means, by our assumption, that all terms have E-vertical degree of
at least ¢ + ¢’ + 1. O
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Lemma 4.3.15. Let G be a proper and reqular Lie groupoid together with a flat multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. The assignment
U : Tot(Rg) — Tot(Qpss(G)) satisfies that

U(w v) — ¥(w)U¥(v)
1s exact for all w and v which are closed under (ij;c

Proof. First of all, by Lemma 4.2.18 we have that
U(w)UT(r)
is a closed descending homogeneous extension of
w U,

where we know that all other components are of E-vertical degree at least ¢ + s + 1 by
Lemma 4.3.4 and Lemma 4.2.19. We know that ¥(w~v) also has almost only components
of E-vertical degrees at least ¢ + s + 1 as a closed homogeneous descending extension of
W .
So
U(wv) — ¥(w)U¥(v)

is a closed element of Qpgs(G) which consists of non-zero components in multidegrees of
the form (p+r+k,q+ s — k) for k > 0, where for k = 0 the component satisfies

w7 = (B(w) UT(0)) i) = 070 —w U] = 0 € H(Epr)

by Lemma 4.2.20. In the corresponding proof we can see that wUv is J¥ G-invariant itself,
that (W(w) U W (V))(ptrqts) is of multidegree (po + 7o, 1,...,1,¢ + s) and that

T((() U W) rgi) = w7

This means that if we use the method of Lemma 4.2.4 to construct a closed descending
homogeneous extension of an J¥G-isotropy Cartan form cohomologically equivalent to

U(w-v) —¥(w)U¥(v),

its component in bidegree (p + r,q + s) is given by 0 and the J E@G-isotropy Cartan form
must be in one of the components (p +r + k,q+ s — k) for £ > 0. We now aim to show
that this already implies that the J¥G-isotropy Cartan form which is the leading term of
this extension is given by 0, such that the whole extension vanishes
In the first step of constructing this closed descending homogeneous extension, we
choose a preimage o of
w'v—wUvr

in the cohomology of €, ,, i.e. with respect to the differential dr. A possible construction
for this preimage is given in Lemma 3.1.18 using the explicit result of Lemma 3.1.15.
This construction expresses the preimage ¢ as a sum of contractions of dy-closed JFG-
invariant forms of multidegree (pg+1o,1,...,1,¢+s) obtained by elements of ¥, ¢ acting
on w v —wUvr. We aim to show that this already implies that ¢ vanishes under d(jﬁg.
We have that contraction of adjacent tensor factors as well as the permutation action
commutes with dffg on the corresponding forms. This can be seen as follows: d(jff(g can
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be computed as C' of Lemma 4.1.15 for the connection V®¢ on (Ajs,)®? by Proposition
4.1.18, which is a derivation on

I (Go, A*T*Go ® A® (AL,) ™)

by Lemma 4.1.15. In analogy to the proof of Lemma 4.1.16, the fact that the connection
is defined as the sum of identical connections then implies that the computation of C' com-
mutes with decomposition of an element into its components of homogeneous multidegree
and any kind of change of the index of the copy an element of I' (Go, A®A},) is contained
in. So if d(ﬁg vanishes on a J¥G-invariant form, it also vanishes on contractions of that

form. Applying this to our situation, if we can show that d(jflg vanishes on
w'rv—wUr

it then follows that dfg(o) =0.

We find that on J¥G-isotropy Cartan forms w~v and w and v the differential dfﬁg
corresponds to (f;a\rt and also that it is a derivation by Lemma 4.1.8. Furthermore, d(jﬁg
can be interchanged with pull-backs along face maps by Lemma 2.1.32 and the usual
commutativity of dgr and pull-backs. Therefore we have indeed that

—

dcﬁg (wv —wUv) =deart(w) v+ w dcart (V) — diﬁg(w) Ur FwU diﬁg(u) =0.

So indeed, we also have that
d(jffg(a) =0

In particular, by Lemma 4.1.1 and Lemma 4.3.3 we have that
d(0) =w - v — (VW) U¥(V)) yyrgrs) + dgr (o),

where djﬁl{(a) is of E-vertical degree ¢ + s+ 1.
This means, that in the first step in the construction of Lemma 4.2.4, we show that

U(w-v)— ¥(w)UT(v),

is cohomologically equivalent to a closed element of Qpsg(G) which consists of non-zero
components in degree (p +r + k,q+ s — k) for k > 0 where additionally all components
are of E-vertical degree at least ¢ + s + 1.

But now we can see, that in all further steps of the construction of Lemma 4.2.4, this
property is retained as by Corollary 3.1.25, the preimages of any da-exact J¥G-invariant
form can be chosen to retain the E-vertical degree and furthermore due to flatness of
the Ehresmann condition dgﬁ = 0 by Lemma 4.3.3, such that dgqg can only increase the
FE-horizontal degree of a term.

So the leading term of the closed descending homogeneous extenstion we obtain must
be a J¥G-isotropy Cartan form in bidegree (p +r + k,q + s — k) for k > 0, but also have
FE-vertical degree ¢ + s + 1, which is a contradiction unless the form is 0, meaning the
entire closed descending homogeneous extension vanishes and

U(w-v)—TV(w)UT(r),

is cohomologically equivalent to 0. O
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Theorem 4.3.16. Let G be a proper and reqular Lie groupoid together with a flat mul-
tiplicative Ehresmann connection E with respect to the isotropy algebroid. There is a
quasi-isomorphism of chain complexes

U : Tot(Rg) — Tot(Qpss(G))
which establishes Tot(Rg) = Tot(Rg) as a model for

Hpifrstack ([Go//G1]) = H(Tot(Q2ss(G))).

We have that furthermore H (V) is a morphism of graded algebras.
Its inverse on cohomology is given by a morphism of graded algebras ® which can be
lifted to a morphism of bicomplexes ® when restricting to

E

(QBss(G))J G C QBSS(G)

where the inclusion is a quasi-isomorphism of double complexes.

Proof. This is simply the collection of all the results of this section. The construction of
¥ is given in Lemma 4.2.4 and Lemma 4.3.5, the fact that it is a quasi-isomorphism is
the statement of Corollary 4.3.8 (where we have already stated that on cohomology it is
inverse to the map ® of Proposition 4.3.7) and the fact that it descends to a morphism
of graded algebras is the statement of Lemma 4.2.22 and Lemma 4.3.15. The morphism
d is the JPG-van-Est-map of Lemma 4.3.10, that it descends to ® is the statement of
Theorem 4.3.13. O

Corollary 4.3.17. Assume G is a proper and regular Lie groupoid which admits a flat
multiplicative Ehresmann connection E with respect to the isotropy algebroid. Then for
any multiplicative Ehresmann connection F with respect to the isotropy algebroid, the
algebra Tot(R ) is a model for the differentiable stack cohomology associated to G and the
cohomology of Tot(Qpss(G)) in the sense that

H(Tot(Rr)) = H(Tot(Rr)) = Hpimstack ((Go//G1]) = H(Tot(2pss(G)))
are isomorphisms of graded R-algebras.

Proof. By Lemma 4.3.4, we know that there is an assignment
Wip,q) T W5

which maps J¥ G-isotropy Cartan forms closed under dcapt to corresponding closed des-
cending homogeneous extensions. By Lemma 4.2.17 this implies that the same is true for
all multiplicative Ehresmann connections, in particular F'. Theorem 4.2.16 then implies
the statement for isomorphisms of R-vector spaces. But we know by Corollary 4.2.24 and
Lemma 4.2.22 that the constructed maps are R-algebra isomorphism as well. ]

Of course, constructing a flat multiplicative Ehresmann connection in general is hard
- if not impossible. (I suspect that some result on obstructions of the existence of a flat
connection on a principal bundle imply that in general it may be impossible to construct a
flat multiplicative Ehresmann connection on a Lie groupoid, even one with nice properties
such as properness or regularity.)

However, in quite a number of examples we do have a flat multiplicative Ehresmann
connection by construction. With this result, we can now look at a few examples of Lie
groupoids with flat multiplicative Ehresmann connections.
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Example 4.3.18. Recall Example 4.2.8 and Example 4.2.10 we considered earlier in
this chapter. We can note that in both of these examples, the chosen multiplicative
Ehresmann connections are flat. In both of these cases, we have already seen explicitly
that the homogeneous extensions of J¥G-isotropy Cartan elements can (and must) be

chosen trivially and that dgr and ddilg = c@ actually agree.

Example 4.3.19. Consider the Lie groupoid G; = G x Gy x Gy of Example 2.3.21 and
Example 3.1.30. Recall that its J¥G-isotropy Cartan forms of bidegree (p, q) are given by

(1 (G (57 (42)7))” = (57 (0))°

Furthermore, we know that by definition of the Ehresmann connection its reduction
V¥ is given precisely by the connection induced by the product structure of Aj, = g x Go
and therefore

dg

art —

on (S*(g*))Y, as these elements correspond to constant sections. So we obtain
H(Tot(Qpss(G))) = H((5*(g*))7,0).

For Gy = {x}, this recovers the result of Example 0.1.9. Interestingly, one can also see
that the Lie groupoid G itself is Morita equivalent to the trivial action groupoid, such that
it is very natural that the complex is actually independent of Gj.

Example 4.3.20. Consider the Lie groupoid G = T of Example 0.4.7 and its JZG-
isotropy Cartan forms of Example 3.1.31. Its multiplicative Ehresmann connection induced
by the lattice is flat, as it locally corresponds to a trivialisation by Example 2.3.22. Hence
we can indeed use Tot(Rg) to compute the associated differentiable stack cohomology.
We have that by Example 3.1.31 it is given by

T(S!, A(T*SY) ® S°*(A%)).

We would now like to choose a E-horizontal frame of S*(A*), because d&,,; vanishes
on VF-horizontal sections. However, because of the holonomy this is not possible.

Instead, we will use the following construction: Consider 7 : R — S! as the universal
cover, inducing B = 7*A as a new Lie algebroid. We can also pull back the connection
V¥ to B. We now have

L(SYA(T*SY) @ §°(A4%)) = T(R, A*(T*R) ® S*(B*))*Z.

Now let us recall that A and hence B is a bundle of rank 2. As R is simply connected,
we can now choose V¥-horizontal frame. We will refer to the elements of this frame as y;
and po. Note that for this we may consider an arbitrary point m and choose u1(m) and
p2(m) of an arbitrary linearly independent form. For example, we can choose p1 and o
according to the generators of the lattice used to define G = T', which implies that 27 - 1
acts on py and po by the matrix

0 —1
(1)

D(R,A*(T"R) ® $*(B"))*™* = T(R, A*(T*R) ® Rlu1, pa] )%,

So we now have that
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where, as we chose p1 and pg as VF-horizontal frames, we find

dgart (Ml) = dgart (H2) =0.

Furthermore, we know that the J¥G-Cartan differential is a derivation and acts on Q°*(R)
as the de Rham differential. So we can for example see that

e (13 + p3)

for any constant ¢ or

df - (i + p3)
for any 2m-periodic function f € C*°(R) (equivalently f € C°°(S)) describe closed elements
(and hence cohomology classes) in

D(R,A*(T*R) © Rlu1, pa]) 7.

Proposition 4.3.21. The cohomology ring of the differentiable stack associated to the
torus bundle of Fxample 0.4.7 is given by

H(QU(SY)) @ Rlz,y, 2]/ (42" — y(a® — y)),
where x is a generator of degree 4 and y and z are generators of degree 8.

Remark. In particular, we find that

Higsaac([To//Th]) = 0,
which agrees with the result of Proposition 0.4.10.

Proof. We can start by recalling that we have already noted in Example 4.3.20 that the
multiplicative Ehresmann connection constructed on T in 2.3.22 is flat. Therefore we can
now apply Theorem 4.3.16, such that

Hpigrstack ([To//Th]) = H* (Tot(Rg))

If we again consider the findings of Example 4.3.20, where we have seen that the cohomo-
logy of Tot(Rg) is given by

F(R7 /\.(T*R) ® R[Mla /1'2])2”.2’

where we have that
dgart(ul) = dgart (MQ) = 0.

We can use that T*R is a bundle of rank 1 to write
T'(R,R ® Rluy, p2])*™? & T(R, dz - R @ R, pg])*™ 7.

Note that written like this, we have seen that the differential only acts on the components
in T*R and the function coefficients of second component, but vanishes on g and po. In
particular, the entire second summand is closed, while an element in the first summand is
only closed when all of its component functions (using I'(R, R&R[u1, po]) = C°(R)[p1, o))
are constant. Furthermore the image of the differential is contained in the second com-
ponent entirely. This implies that if an element is exact, its preimage can be chosen to
be contained in the first component of the direct sum only. Also, it implies that only
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elements contained in the second component of the direct sum can be exact. Lastly, it
implies that the cohomology groups inherit the structure as a direct sum of cohomology
classes represented by elements of the first and second component respectively.

Now let us analyse the first component

P(R,R @R[, pa])*7% = (C%(R) [, pa]) 7

first. As we have already noted that elements of this subspace cannot be exact, we have
that any closed element defines a unique cohomology class. We will now analyse the
subspace of closed elements

ker(dcart) C (C™(R)[p1, p2])*™ 2.
The elements of the first component are of the form
> fmme) g,
(n1,m2)

where the invariance condition is given by
£ (@) = (17 [0 a4 2m).

The closedness condition on each component of the sum is closedness of the f("1:72)
under the de Rham differential, i.e. the functions must be constant. As the invariance
condition implies that

f(nl’nQ)(l') _ (_1)n1+n2f(n1,n2)(w 4 47‘(’),
we find that in particular
fm2) =

for nq 4+ no odd.

So we now in particular know that as a C°°(R)-algebra, (C°(R)[u1, u2]) is gener-
ated by u?, u2 and pypue which, of course, are subject to equivalence relations. We can
also choose the equivalent generating set

277,

{a,b,¢} := {pf + pi3, 17 — 13, ppsa}-
The equivalence condition 4¢? = (a + b)(a — b) is sufficient for the polynomial algebras
Rla, b, ]/ (4% — (a + b)(a — b)) = Ru? + i3, 1 — 13, p )
to agree, which can be seen as in degree 2k, there are 2k + 1 generators of
R[uf + 13, 113 — 13, po o)
as an R-vector space (given by ,ulfl . ,u;”), while as R-vector spaces, we have that
Rla,b,c]/(4c* — (a + b)(a — b)) 2 R[a,b] @ (R ® ¢ - R),

where there are k + 1 generators of degree 2k and k generators of degree 2k — 2 in R[a, b].
Note that all three of these generators are eigenvectors of the action of 27 - Z, with
eigenvalues 1, —1, —1 respectively. So if we consider

S FOBN a6 € (Rla,b] @ (R @ - R))>,
(a,8,7)
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we find that they are given by precisely those elements for which

flebm =

when g 4 « is odd. Equivalently, we can only sum over those values where 5 + v is even,
such that we can write the previous element equivalently as

S P e (1) (8 - y)(be)” € (Rla,b] @ (R @ c-R))* 7,
(00,8,7),8+7v=26

where the three terms a, b*> and be are each invariant under the action.
This means that

(Rla,b] ® (R @ ¢-R)?™% = R[a,b*] @ (R & be - R),

as R-vector spaces and therefore

(R[a, b, c]/(élc2 —(a+b)(a— b)))QW'Z = R[a, b2, be]/(~),

as R-algebras, where the equivalence relation ~ is generated by the equivalence relation
(4¢? — (a +b)(a — b)) on Rla, b, c] as a superspace of Rla, b?, bc].
Spelling out the algebra in terms of these new generators yields

Rla, b2, bel/(~) = Rlu, v,w]/(4w2 - v(u2 —0)),

where u is of degree 4 and v and w are of degree 8. That this is indeed an isomorphism
of R-algebras follows in an analogous way as in the previous calculations: The map

(u,v,w) — (a,b?,bc)

induces an algebra morphism and by counting the dimensions of the homogeneous sub-
spaces as R-vector spaces, we find that it is indeed bijective. The latter follows directly
from the fact that

Rlu, v, w]/(4w? — v(u® — v)) = Rlu,v] ® (R w - R) = Ra,b*] @ (R ® be - R)

as R-vector spaces.
This concludes the proof that cohomology classes of

T(R,R @ R, p2])*™? @ T(R, dz - R ® Rl o] )™
represented by elements of the first summand
(R, R ® R[u1, p2])*™ 2

correspond to elements of
Rlu, v, w]/(4w? — v(u® — v)).
Recovering u, v and w in terms of p; and g yields
u =i+ i
v= (i — p3)? = iy — 20345 +
w = (pf — p3)pape = pipa — pps.
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We will now apply a similar method to obtain an analogous result for the cohomology
classes represented by elements of the second summand

[(R,dz - R ® Rlus, uo])*™ %

However, on this space we need to take the quotient by exact terms.
If we ignore the matter of invariance, we find that any element of

[(R,dz - R @ Ru1, p2]) = T(R,dz - R) @ Rlua, p2] = Q' (R) ® Rlpaa, o]

has a preimage under the differential, as it corresponds to the de Rham differential. The
preimage is unique up to a closed term (which we already identified to be the terms with
constant component functions) and can be described very specifically: The preimage of
w € QY(R) is given by f € C*°(R) defined as

x
flz) = / w+c.
0
In the following, we aim to show the following: The inclusion of “constant” forms

dz - R @R[, p2] € Q'(R) ® Rl oo

restricts on the invariant elements to an isomorphism onto the cohomology classes repres-
ented by elements of the second summand, where the inverse is induced by

1 8
w&—>dx-/ w.
87 Jo

Us

To prove this claim, assume that we have a family w(m:m2) guch that

- e n 2n-Z
D wmmh il e (QY(R) @ Rl pa]) ™

ni,n2

i.e. that
Wm12) () = (—1)m2eom2m) (3 4 21)

Let us first analyse, when this element is exact, i.e. when we can define
x
) (4) = / w(1n2) 4 (n1m2)
0

for an appropriate choice of ¢""2) and obtain a preimage which is invariant again, i.e.

S pmm) e e (COF(R) [y, pa]) 2

ni,m2

Because of the form of the transformation matrix (in particular, its fourth power is
the identity), the invariance condition can only be satisfied when

f(nl,nz)(x) _ f(m,nz)(x + 877).

In particular, the sum w(nm2). pyt ps? can only be exact with an invariant preimage

ni,n2
if
81
/wmwﬂ
0
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for all indices (n1,n2). This shows that each invariant element of
dz - R @ Rlu1, pa] € Q' (R) @ R[pa, o)
is exact if and only if it is given by 0 itself. Therefore, all
(dz - R ® R, po])*™*

define unique cohomology classes.

Now it only remains to show that indeed, each cohomology class corresponding to an
element of Q'(R) ® R[u1, 2] can be represented by an element with constant coefficients.
For this, consider the projection

Z w(nunz) Mnlugz s Z dz - w(n17n2) Mnl n2 o dg - R ® Rlu1, pa).

ni,n2 ni,n2

As invariance implies 8m-periodicity and therefore all integrals of length 87 return the
same value, we find that this assignment maps invariant elements to invariant elements.
Also it is immediately clear that on the subspace dz - R ® R[uq, u2] the map is given by
the identity, making it into an actual projection to this subspace.

We aim to show that the map also retains the cohomology class of an element, i.e.
that the kernel of

E w(nn2) R E dx - w(m,m) e
ni,n2 ni,mn2
only contains exact elements. So assume that we have some me wmn2). pyt pg? in the

kernel. If we define

c(nim2) 0,
i.e.

0

we find that the family of f("1"2)(z) is indeed 87-periodic, but not necessarily defines an
invariant form. However, we can now look at the functions

7 (2) = i(f (n1:12) (1) - (—1)"2 flr2m1) (27 4 )

() ) (4 )+ (<1 0 (6 +)),
which define an invariant element

Z ?(nl,nQ) . 7111/‘32 (d.l? R® R[Nla MQ])QW-Z )

ni,n2
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This can be checked explicitly: We have that

(=)= "™ (@ 4 2m)
=4—D”(i(ﬂ“““@w+%0+(—Dmfm“”Vx+4ﬂ
+ (—1)mtne fn2m) (g 4 Gr) 4 (—1)m2 fmm2) (g SW)))
:% ((_1)”2f(”2’"1)($ +2m) 4 (=1)"tne prn2) (g 4 4
+ (1) f2m) (4 6) 4 fn2) (2 4 87T)>
:i ((—1)”2f("2’”1)(:c +27) 4 (=1)mtne plrn2) (g 4 g
+4—UMﬂWMMm+&ﬂ+fW””WD
—F(x).

We can compute that this construction corresponds to choosing

2 A .
C(nth) N 1 <(_1)n2/ w(nz,nl) + (_1)n1+n2/ W(nl’n2) + (_1)n1/ w(”%m)) )
4 0 ; i
and hence
dgart <Z ?(m,nz) .'u?llu;Q) - Z w(m,nz) .M?lugz'
ni,ng e

(If we don’t want to check that this constant indeed yields the alternate function as a
preimage, we can alternatively use linearity of the Cartan differential to obtain the same

conclusion using the invariance of ), wrn) .y e )
bl

So we have now indeed obtained that all of the cohomology classes

Z w(m,nz) . Mrluugz

ni,n2

in the previously described kernel are exact. Hence the cohomology classes represented by
elements of

- o 277
Z wmen2) i e (QYR) @ Riu, po))

ni,n2

can be equivalently represented by elements of
(do - R ® Rlu, pa])*™ %,

which describe unique cohomology classes as we have stated previously. In complete
analogy to our considerations for the invariant elements (R @ R[p1, p2])*™ %, we can identify

(dz - R @ Rlup, p2])*™ % = da - Rlu, v, w]/(4w? — v(u?® —v)),
where the generators correspond to the expressions

u= 4+ 4
v=(ui = p3)® = i — 20305 +

w = (pf — p3)pape = pipa — pps.
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So all in all, we have found that the cohomology classes can indeed be expressed by
(Rlp1, p2])*™ % @ da - (R[paa, p12])*™ % 2 H(Q(S)) @ Ru, v, w]/ (4w® = v(u® = v)),

where by the precise form of the isomorphism (i.e. the fact that the ring structure of
R[u, v, w]/(4w? — v(u? — v) embeds as a subring into R[ju1, i2]) proves that this does not
only describe the group structure but also the ring structure of H(Tot(Rg)). O

Corollary 4.3.22. We have that for the groupoid of Example 0.4.7 holds

A+1 ifk=8l
A+1 ifk=8l+1
0 if k=81 +2
0 ifk=81+3
A+1 ifk=8+4
2A+1 ifk=8l+5
0 ifk=8+6
0 ifk=8+7.

dim(Hgseack ([To//T1])) =

\

Proof. We can apply the result of Proposition 4.3.21 to compute the dimensions of the
cohomology ring We can use the R-vector space isomorphism established in the proof,
which identifies

Rlu, v, w]/(4w? — v(u? — v)) =2 Ru,v] ® (R ®w - R),

where, for [ > 0, we have that there are | + 1 monomials of Rlu,v] of total degree 8l
determined by the power of y in the range {0,...,[}, and the same argument applies in
degree 8/ + 4. There are no monomials in degrees not divisible by 4. (This implies for
[ > 0, there are | monomials of total degree 8(1 — 1) or 8(I — 1) +4.)

Now, we can use these monomials to choose a basis of the R-vector space (where they
are multiplied according to the tensor products by at most one power of dz or w). This
distinguishes four types of basis vectors by whether or not they contain dx and whether or
not they contain w. For each of these four types there are precisely as many basis vectors
of degree k as there are monomials of the appropriate degree (either k,k — 1,k — 8,k —9).
We have previously described how to compute this number, after which we can sum over
the four cases. O



Chapter 5

A construction of the model

In Chapter 4, we have studied how the total cohomology of the Bott—Shulman—Stasheft-
complex relates to the cohomology of the bicomplex of J¥G-isotropy Cartan forms R g and
the closely related bicomplex Rg. In particular, we have found a condition under which
they are quasi-isomorphic (after totalisation) in a way that even recovers the algebra
structure of Qpss(G).

The referred to condition was related to J¥G-isotropy Cartan forms closed in R (i.e.
under the Cartan differential) having corresponding closed elements in the Bott—Shulman—
Stasheff complex (i.e. closed descending homogeneous extensions). If we consider the
findings of Section 4.3, we can see that flatness of a multiplicative Ehresmann connection
is a strong enough assumption to show that the condition is met.

Of course, imposing flatness is often a meaningful obstruction to the existence of
connections. However, for admissible embedded manifolds we have a local form induced
by the linearisation around a fibre, which automatically implies the existence of a flat
connection on some open neighbourhood. If we assume that a flat connection is defined
on all of G|gr we can even apply our previous results to this subgroupoid. However,
G|r and Glga(r) are Morita equivalent (with bibundles s™'(R) and t~'(R) describing
inverse right principal bundles). This means that both Lie groupoids need to induce the
same differentiable stack cohomology, so that that the associated Bott—Shulman—Stasheff
complex must have similar properties. We could hope, for instance, that if the technical
condition mentioned above is met on Qpss(G|g), it is also met on Qpss(Glsar(r))-

In this chapter, we aim to use this idea to generalise our findings previously obtained
for a proper and regular Lie groupoid with a flat multiplicative Ehresmann connection,
to results where we may drop the flatness condition. Specifically, we will show that the
condition previously mentioned on the closed descending homogeneous extensions of d/ca\rt—
closed J¥G-isotropy Cartan forms is indeed true independently of the groupoid or the
chosen multiplicative Ehresmann connection. We will proceed in two steps. Firstly, we
will consider groupoids, for which there exists a trivial admissible cover, i.e. an admissible
embedded manifold R C Gy with Sat(R) = Gy. We will find that even though the multi-
plicative Ehresmann connection might not be flat, there is a construction similar to that
of Section 4.3 to construct an extension of any J¥G-isotropy Cartan form. Furthermore,
we will study properties of this construction if there is an additional flatness assumption
on the restriction to G|g.

In the second step, we will generalise to the setting of a general admissible cover. It
will turn out that for this construction, we will need a compatibility condition between the
cover and the chosen multiplicative Ehresmann connection. Most of the second chapter
will be dedicated to showing that for almost any proper Lie groupoid G it is possible to

255
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choose such compatible data (and in the remaining case, there is a trick to enable the
construction as well).

5.1 Establishing sufficient conditions

Aim of this section: Theorem 5.1.19:

Consider a regular and proper Lie groupoid G with a multiplicative Ehresmann con-
nection E and an admissible embedded manifold R such that Sat(R) = Ggy. Then the
associated differentiable stack cohomology groups can be computed as

Hpysisrack ([Go//G1]) = H* (Tot(REg)) = H*(Tot(RE)).

If furthermore E|R is flat, we have that the isomorphisms additionally preserve the
ring structure of Hgeina([Go//G1]).

As mentioned in the introduction to this chapter, we have that given any proper and
regular Lie groupoid G' and admissible embedded manifold R C Gy, the groupoids G|r
and Glgag(r) are Morita equivalent. So if the cohomology of G|z can be modelled using
JEG-isotropy Cartan forms, the same result must hold for G |sat(R)-

Interestingly, studying what this relation corresponds to in the Bott—Shulman—Stasheff-
complex reveals that the method described in Section 4.3 can be extended to Glsa(r) -
no matter if the connection E satisfies that E|g is flat or not. (In the case where E|g is
flat, there will be some additional results on the multiplicative structures.)

To see this, a major result will be that (53%7(1)* and diﬁg commute. This will be a very
technical result. As will be the rest of the section, in which we will revisit the construction
of how to assign a descending homogeneous extension to the J¥G-isotropy Cartan forms,
generalising from the case where F is flat.

Lemma 5.1.1. Let G be an s-proper Lie groupoid where all orbits are discrete and finite.
Consider a multiplicative Ehresmann connection E with respect to the isotropy algebroid
and m € Gy and define N := Glp,,. Then there is a neighbourhood of N which is
trivialisable to the structure of the infinitesimal neighbourhood E|n of N.

By this, we mean that there is an open connected and contractible subset U with m € U,
such that its saturation Sat(U) is diffeomorphic to O, x B1(0), identifying {m} x B1(0)
with U and Oy, x {0} with Oy, together with a diffeomorphism

N x B1(0) = (Glsatn)1 C Gi-
In addition, we require that the induced regular Lie groupoid structure on
N x B1(0) = O,, x B1(0)

has its source given by (s o pry,pry) and a target map also compatible with projection to
N = On. The diffeomorphism between N x Bi1(0) and (Glsatu))1 furthermore satis-
fies that the pull-back of E and the splitting induced by the product structure agree when
considered on N x {0}.

Proof. Firstly note, that as the orbits are discrete, we have that at any x € G the
Ehresmann connection E satisfies

T,G1 = E; ® ker(T's),
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as the image of ker(7's) under T't is contained in the orbit foliation and hence is 0. This
means that we actually have a Cartan connection in this case and in particular, we can
use the connection to lift vector fields on Gy along s.

We have already seen in Corollary 1.4.26 that s : G — Gg locally has the structure of
a trivial fibre bundle. The product structure induces a connection which is not necessarily
given by the multiplicative Ehresmann connection, but it can help us in our construction.
This is because the given trivialisation of G around N = O,,, being isomorphic to an open
subset of the normal bundle v(N) = v(O,,) shows that there are coordinates (precisely
given by coordinates compatible with the vector bundle structure of v(0,,)) locally around
any m’ € O,, for which any local diffeomorphism induced by a local section of G is a
linear map (in coordinates). The construction of U from this will now consist of two steps.

Firstly, analogous to a part of the proof of Lemma 1.4.37 (by choosing an invariant
metric and balls sufficiently small to be contained in the corresponding subset of v(O,,)),
we may assume the domain of the coordinate chart around each point to be isomorphic
to B, (0) C R* for an appropriate 7’ € R and any local diffeomorphism induced by a local
section of GG1 is given by an orthonormal linear map. In particular, for any r < r’ we have
that O, C B,(0) is saturated.

We will now construct simultaneously a morphism from N x B,/(0) to G; and a restric-
ted domain related to the choice of U: Consider this coordinate chart B,.(0) C R¥ — Gy.
For every p € B,»(0) C R¥ we can associate the corresponding vector field X, € X(R*0)
that is constant when expressed in coordinates and satisfies that if we integrate to a flow

tX this flow satisfies
p

¢x, (m) = p.
We can locally lift X, to G x M along s and integrate to a flow ¢§? which is a priori
p

defined only for ¢ € [0,¢) at any point in the fibre of R*0, where € > 0 can be arbitrarily
small. As we however have that the groupoid is s-proper and the vector fields X, can
be integrated when starting at m to a path on (—¢,1 + €) for some sufficiently small
€ > 0, the flow integrating 5(; starting in the fibre s~!(m) over m are defined for any
t € (—€,1+4¢€) as well. Evaluation at 1 defines a morphism

s_l(m) X BT/(O) — G1.

This morphism is a diffeomorphism locally around s~!(m), this can be seen as the tan-
gent map is bijective by construction. As G is s-proper, we can now find a B,.(0) C B,(0),
such that

s71(m) x B.(0) = G4

is a diffeomorphism globally. The corresponding set U C G will now have the desired
properties.

As per our choice, we have that choosing these trivialisations for every m’ € O,, yields
a morphism

N x BT(O) — Gl.

We now need to check that the groupoid structure that this morphism induces has the
desired property with respect to the projection on IV, i.e. that for any composable pair
(z,k) and (y,1) the first component of the composition is given by u(z,y).

However, we have that the (in coordinates) linear path between any (x,0) and (x, k) is
E-horizontal by construction and so is the path between any (y,0) and (y,). Furthermore,
we have already noted that all induced diffeomorphisms - in particular any diffeomorphism
extending this lift locally - induces an orthonormal linear map in our chosen coordinates.
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So as we know that (x,k) and (y,l) are compatible, so must be (z,0) and (y,0), as any
linear map fixes 0, as well as (z, A - k) and (y, A - 1) for any A € (—¢, 1+ ¢€) for some € > 0.

This in particular implies that p(z,y) is well-defined, as the morphism restricted to
N x {0} is given by the identity and (u(x,y),0) is the result of composing (x,0) and (y, 0).
Furthermore, we can consider the entire path defined by the compositions of (z, \- k) and
(y,A-1) for A € (—¢,1 +€). As E is multiplicative, it, too is E-horizontal. It also covers
the same path as (y, A - 1) under s, which is linear.

So this path is precisely given by the flow of 5(\1 starting at y. This means that under
the diffeomorphism

N x Bp(0) = (Glsat(w))1

it corresponds to (u(z,y), A-1). In particular, the composition between the images of (z, k)
and (y,1) is given by (u(x,y),1), for which the first component is indeed given by u(z,y).

It remains to analyse the pull-back of E. However, the fact that it agrees along G|o,,
with the product structure is by definition, as the tangent vectors horizontal with respect
to the product structure are precisely mapped to the (E-horizontal) value of some X,,. [

Lemma 5.1.2. Let G be a proper and reqular Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. Assume that R C Gy
is an admissible embedded manifold. Let w € QP(G,) be of E-vertical degree p1 and
2 € (Glsat(r))q- Furthermore let v be a local section of s which is E-horizontal at pé(z).
Then we have

(D5 a8 (D) (@) = dif (D) (@) ) =0

z

and
(D) dgit (D) @) = dif (D) @))) =0.

In particular, if
(@32 (D) @) = D) (d38)) ) lgycy = 0
the same holds on all of Sat(R) and the analogous statement holds for d;é.

Proof. We aim to apply Lemma 4.1.3 to our situation. For this, note that (EiR,q)* re-
tains the E-homogeneity of w and its F-vertical degree p;. It remains to show that the
component of

(D% (D g)*(w)
of E-vertical degree p; is given by (ﬁﬁq)*(w) itself, not only at z but on an open around

it.
However, at any y € G such that v is defined at pg(y), we have that by Lemma 1.2.28

(D5 g)" = (DY),
where V' C TG, is the image of sz (y)Go under Ty. Furthermore, we know by Lemma

2.1.36, that as V' is not necessarily E-horizontal, the image of (D}é’ )" (w) under (D3, g)" de-
composes into F-homogeneous components, where the component in E-horizontal degree

po agrees with the image under (Di;,)* for W the E-horizontal projection of V.
However, by Lemma 2.2.10, we know that
((Divg) (D) (@) = ((Drg)" (@)

Y Yy
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Hence indeed the E-homogeneous component of E-horizontal degree py and E-vertical
degree py of (D&q)*(ﬁ;z?q)*(w) agrees with (Ekq)*(w). Additionally, we have that

(0,0 D) @) = ((Dh) D) (@)= (D) (@) -

z

The main statement of the lemma now follows from applying Lemma 4.1.3 to (ﬁéjq)*(w),
which in this case precisely states that

(D% it (D) (@) = dif (D) (@))) =0

z

and
((DL0)" 4k (D) @) = dif (D) @))) =0,

z

Now let us turn to the implication mentioned in the lemma. We have that for any
2 € (Glsat(r))q We have by definition that pj(z) is in the orbit of some » € M, which is
why we can find a 7 locally defined around and E-horizontal at p!(z) mapping to t~!(R).

As by our previously established formula, ddR((ﬁ%’q)*(w)) and (ﬁg’q)*(ddR((ﬁ%’q)*(w)))
at z agree in E-vertical degrees p; and p; + 1.
Using those findings, we have that

(D) @)))) . = (D) (D) (d52()) )
(D)’ @))) = (D30)" (D" (d8(w)))

= (D37 (452 (Dig)*@)) = (Do) (dE2))))
using that Lemma 2.2.10 - similar to a previous argument, implies that

(D40 (D) (452())) = ((Dh)* (D" (a432@))) = ((Dle)” (d50()) ) -

z

However, the term
(D%0)" (432 (D) (@)) = (Dle)* (d52(w)) )
vanishes under the assumption that
dig (D) @) = Do) (d3RW))) gy 1) = 0
dR Rgq) \W Rgq dr\¥ (Py)~1(R)

as (p,) ' (R) contains the image of 527(1 by construction. So we indeed obtain that the
statement of the lemma has the implication as claimed. The same line of argument as
described here also holds for djé. O

Lemma 5.1.3. Let G be a proper and reqular Lie groupoid together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. Assume that R C Gg is
an admissible embedded manifold. Let w € QP(G,) be of E-vertical degree py. Then we

have that (FR)* commutes with both dfﬁg and dlz, i.e.

dir (D) (@) = (DR)*(djp (@)



260 CHAPTER 5. A CONSTRUCTION OF THE MODEL

and
dir(DR)*(w)) = (DR)*(djg (w))-

In particular, we have that
dar((Dg)*(w)) = (D)*(dar (w))
1s of E-vertical degree p; — 1.

Proof. Considering the result of Lemma 5.1.2, let us assume without loss of generality
that z € Gy with m = pj(2) € R. By Lemma 5.1.1, there is locally a trivialisation of G|r
given by a map

G|om x U — (G’R)l

inducing a local product structure that on the fibre s~!(m) agrees with E. In particular
we obtain that on U = {m} x U C R there is a product structure induced identification

st )Nt YR) = (s (m) N Glo,,) x {n} = (s (m)NGlo, ) x {m} =s"(m)nt 1 (R)

for any n € U. This induces sections of s on U corresponding to each element on
s~1(m) N t71(R). All those sections are E-horizontal at m. We will refer to them as
7; for b € s7H(m) Nt~ L(R).

Our aim in the following will be to replace the E-jets W, in the definition of

| (D) (@) it
a€sL(p§(y))Nt—1(R) Y

and

(D @iten) = [ (Do) (@) o
y a€s~1(pi(y))Nt—1(R) y

by jets (not necessarily E-horizontal) corresponding to the s-sections ~; we just construc-
ted.

However, the sections 7, are defined on U C R, so the associated jet V(,b,n) for any
n € U only maps isomorphically to 7T, R under T's. We will choose smooth extensions -,
of ~; with image contained in R, using that t~1(R) — Gy is a surjective submersion. It is
possible to choose the extensions uniformly on some W C G an open neighbourhood of m
as the space s~1(m) N G|g is compact. The choices can be explicitly constructed by using
the local form of a submersion to locally lift vector fields along s and a procedure locally
integrating these vector fields (corresponding to lifts of the complementary directions of
R), where we can project all lifted vector fields to their E-horizontal components so we
may without loss of generality assume that each v, is E-horizontal at m. Let us denote
the jets associated to some -, as

Viomy = (Tu ) (TGo)

for any n e (UNW).
Now for m = p}(z) we have

«ﬁé’q)*(y))z N /aEsl(m)ﬂtl(R) <(D%”a"1)*(y)>zd“Haar'

and for y € (pi) "' (U N W) with n = p(y) similarly

(D @) = [ sy ((Pli)"0)),
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We will now compare those terms to the expression

Di (v dtHaar-
/bES_l(n)ﬁt—l(R) (( V(byn)vq) ( )>y HH

(Here, we consider y = z and n = m when comparing to the first term.)
First of all, we can denote the map of Lemma 5.1.1 as

Glo,, x U = (G|lrh
(b, n) — Q(b,n)-

This induces the term
W,

(bn)?

which are jets with base-points a(,) as in the definition of (E%?q)* (i.e. the unique jets
mapping to TR under T't). As the map to G; is a groupoid isomorphism onto a saturated
subset of G, we find that the space s~!(n) Nt~1(R) C G is isomorphic to G|o,, x {n}
where the R-Haar measure agrees with the O, x U-Haar measure. However, we know
that as G|p,, x U is by definition a trivial bundle with respect to s and the trivialisation is
compatible with the multiplication, the Haar measure in each fibre agrees. It is therefore
retained by the isomorphism

sTHm) Nt7H(R) = (s"'(m) N Glo,,) x {m} = (s~ (m) N Glo,,) x {n} = s~ (n) Nt (R)
mentioned earlier, which can now be written as
b— Q(b,n)-

In particular, we have that

g *(v)) d = Di *(v)) d -
/aEsl(n)ﬂtl(R) (( Waa)( ))y fiHtea /besl(m)ﬁtl(R) (( Wagyy0)( )>y o

where the measures refer to the Haar measure of s~1(n) Nt~1(R) and s~(m) Nt }(R)
respectively.

Let us now focus on the implications of this equation. We have that Wa, . 18 the
unique E-horizontal subspace at a(;,) with its image under T'¢ contained in T'R, but the
jets V(3 ) have the same property and hence induce the same underlying maps on 7}, Go.
Therefore, it turns out that

%%

@(b,n)

is precisely the E-horizontal projection of

Vibm)-

By Lemma 2.1.36, we find that therefore

(i, " 0)

is the component of E-vertical degree p; of

(DY) @), = (DL, )

Yy

Y
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We will apply this result twice, once for v = w and once for v = ddi}%(w). In the first
case, we obtain that the component of E-vertical degree p; of

(ZE®)

Y

is given by ((D%/Va 7q)*(w)> .
(b,n) y

In the second case, for y = z and v = dfﬁg(w), we find that

((Div.,, ., )" (@RD)

Y

is the component of E-vertical degree p; of

(DY) @R@D) = (D50 (@R D)

and that (because sums and integrals can be computed component-wise)

(@raraiten), = [ (B0 @),

Yy

in E-horizontal degree p;. As each -, itself is E-horizontal at m = pfl(z), this means

(Brar@iten) = [ (D0 @5R)) dpra

Meanwhile, we can apply Lemma 4.1.3 to obtain that for each b € s~!(m) Nt~ (R) we
have

(D5, (@5R0@)) = (38 (pw))...

where pp is by definition the component of E-vertical degree p; of (ﬁl%’q)*w. So we can
replace the integrand to obtain

z

(D @ien) = [ (422 ()., dpsaar
bes—1(m)Nt—1(R)

The right-hand term agrees with

(dét}% (/ pb) d,UHaar>
bes—H(m)Nt—1(R) .

as dgr and hence also its components act linearly on forms and the domain of integration
is compact such that integration and taking derivatives commutes.
However, by our earlier considerations (for ¥ = w) we precisely have that

(po)y = ((Dira,, ., ) @)

Y

for y € (p,) "' (UNW) and hence

/ Py — / Dy, ) () = (Dlyy) ().
bes—1(m)Nt—1(R) bes—1(m)Nt—1(R) (m)
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Retracing the equations, this means

(D) (@3@)) = (a3 (D) (@)))

z

Hence indeed

(432D @)ly1m ) = (D) @R gy 1)) =0

z

As z was chosen arbitrarily, we obtain
(aar (D) (@) = (D) (dar(@)) ) lippy-1(r) = 0

on the entire submanifold. By Lemma 5.1.2, the statement of this lemma follows. The
same line of argument as described here also holds for d;ﬁ%.
O

Lemma 5.1.4. Let G be a proper and reqular Lie groupoid and E a multiplicative Ehres-
mann connection with respect to the isotropy algebroid. Assume there is an admissible
embedded submanifold R of Gy with Sat(R) = Go. Consider a form w € QP(G,) of E-
vertical degree py and p € QP (G4—1) chosen according to the assignment of Lemma 2.3.11
with respect to R, where p is of E-vertical degree p;.

Further consider dflg(w) and also chose p1o € QP (G 1) according to the assignment
of Lemma 2.3.11 with respect to R, where pig is of E-vertical degree p1. Similarly consider
d:{é(w) and chose py1 € QPTG 1) according to the assignment of Lemma 2.5.11 with
respect to R, where py1 is of E-vertical degree p1 + 1.

We obtain that

dﬁfﬁ(p) = —pP=+0
and

dchlL(P) = TP+1-

In particular, if dgr(w) has a vanishing component of E-vertical degree p1, then dar(p)
also has a vanishing component of E-vertical degree p;.

If dgr(w) has a vanishing component of E-vertical degree py + 1, then dgr(p) also has
a vanishing component of E-vertical degree p1 + 1.

Proof. Firstly, let us recall the definition of p: Under the assumption of the existence of
R, it is given according to Lemma 2.3.8 and the proof of Proposition 2.3.10 as a sum of
terms of the form -
* /). +
p*) = (=1)PE(s))" (DR )" (0 ™),

where the w(*) are iteratively defined as
W=D 4 dy (pD)

with
w® = .

Similarly, pio is defined by terms of the form

k)

(p0)® = (=1 ()" (D) (d22(w)) ™),

which are analogously defined.
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We can now iteratively apply Lemma 5.1.3 and the fact that dqg commutes with
pull-backs to show that

k
A (w®) = (a2(w)) ™

and
AR (p™) = —(pao) ™.

For this, we can use anti-commutativity of dys and dgqr as well as the fact that d s retains
the splitting induced by F, such that the anti-commutativity is retained on each compon-
ent when decomposing dgr. Similarly, dqgg commutes with pull-backs and simplicial maps
retain the splitting by Lemma 2.1.32, such that the components of dgr also commute with
the pull-back (s;)* in each step. This then immediately implies that

d?ﬁg(l)) = —pP+o-

Note that the analogous argument is applicable to d:{ﬁ.
For the implication mentioned in the statement, note that pig depends linearly on
dfg(w) by Lemma 2.3.11, such that in particular déﬁg(w) = 0 implies that

A2 (p) = —ptro = 0.
O

Lemma 5.1.5. Let G be a proper and reqular Lie groupoid and E a multiplicative Ehres-
mann connection with respect to the isotropy algebroid. Assume there is an admissible
embedded submanifold R of Go with Sat(R) = Go. Consider a J¥G-invariant form
w € QP(G,) of E-vertical degree p1 and o € QP(Gy4—1) chosen according to the assign-
ment of Lemma 3.1.24, where o is of E-vertical degree p;.

Further consider diﬁ%(w) and also chose o9 € WPTH(G,_1) according to the assignment
of Lemma 3.1.24, where o4q is of E-vertical degree p1. Then we obtain that

dcﬁg((f) = —040.

In particular, if dqr (w) has a vanishing component of E-vertical degree p1, then dgr (o)
also has a vanishing component of E-vertical degree py.

Remark. The reason that we can only note this result for d(jﬁg this time, is that o is
chosen according to three different methods according to Corollary 3.1.17, Lemma 3.1.14
and Corollary 3.1.18, and which method applies on which component might be altered by
djj'é. This is why the explicit form of dflg as d/c;E is a key ingredient for the result.

Proof. For the proof of this claim, we will decompose w into its component wy, 1,1,...,1;)
and the remainder
W Wipp,1,1,...,159)

Following the proof of Lemma 3.1.24, we will choose the preimage of the remainder ac-
cording to Corollary 3.1.17 and Lemma 3.1.14 and then use Corollary 3.1.18 to find an
JEG-isotropy Cartan form equivalent to Wpo,1,1,...,15)"

If we now consider d(jﬁg, we find that as it is given by (%a\rt it retains the F-vertical
multidegree of any J¥G-invariant form. So it is sufficient to show, that the methods of
Corollary 3.1.17, Lemma 3.1.14 and Corollary 3.1.18 each anti-commute with d(jﬁg on the
relevant forms.

If we consider the proof of Lemma 3.1.16, we find that the preimages are chosen based

on two formulas: One, which is described in A.4 that only consists of sums of terms
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constructed from identities and pull-backs by simplicial maps and one very explicit one
described in the proof of the lemma. All components of dggr commute with pull-backs by
simplicial maps and the explicit formula given is linear in all components of (A% )®? and
therefore commutes with the derivation C' of Lemma 4.1.15 for the connection of the form
V = (VE)®4 which gives an alternate computation for dga,t = dcﬁg. The precise argument
for the commutativity uses the product structure of the connection and is analogue to
the proof of Lemma 4.1.16 or parts of the proof of Lemma 4.3.15. That the construction
anti-commutes with df}% now simply follows from the fact that as we have described in
Corollary 3.1.17, the preimages are scaled each with (—1)P and (—1)P*! respectively.

If we consider the proof of Lemma 3.1.14 and 3.1.18, we see that it is sufficient to
prove that contraction of two adjacent vertical components commutes with dfﬁo{, as the
construction of the preimage contains the sign (—1)P*?, which will turn commutativity into
anti-commutativity. However, we know that on J¥G-invariant forms dcﬁ% can alternatively
be computed by C, which is a derivative. As the contraction is given by the multiplication

of the two components it hence must commute. ]

Lemma 5.1.6. Let G be a proper and reqular Lie groupoid and E a multiplicative Ehres-
mann connection with respect to the isotropy algebroid. Assume there is an admiss-
ible embedded submanifold R of Gy with Sat(R) = Go. Assume that there is a form
Wp,q) € P(Gy) with ¢ > 0 such that dy(dar(wp,q))) = 0 and all of the components of w of
E-vertical degree p1 with either p1 < q or p1 = q+ 1 vanish. If furthermore the component
of dar(wW(p,q)) in E-vertical degree q vanishes, we can find a form w,41,4-1) € QPG yo1)
with the following properties:

e We have that
ddR(w(p,q)) = - dN(W(p+1,q—1))-

e in E-vertical degree py < q—1 and p1 = q the components of wp41,4-1) vanish.
e the component in E-vertical degree ¢ — 1 of dqr(W(p41,4—1)) vanishes.

Remark. Note that if ¢ = 1, we have that dqr(w(y+1,4—1)) itself has E-vertical degree 0,
meaning that wg,,1,4-1) is closed under dgg.

Proof. The idea of this proof is mainly to apply Lemma 5.1.4 and Lemma 5.1.5, which
imply that we can apply our construction of choosing preimages under d in a way that
certain components in certain degrees vanish. In the following, we will mostly spell out
these decompositions explicitly.

By Corollary 3.1.26, we know that dgr(w(y,q)) is cohomologically equivalent to its pro-
jection to its component in E-vertical degree g. As this vanishes, we know that ddR(w(p,q))
is exact in the cohomology of &,. Hence there is an w, . ,_1) which is a preimage of
—dar(wW(p,g)) under dy.

We can choose it by the assignment of Corollary 3.1.25: First, we choose p(,41,4-1)
as in the assignment of Lemma 2.3.11, with respect to the trivial cover, i.e. the cover
given by the open U = Gy = Sat(R) together with the admissible embedded manifold R.
Note that this construction retains the E-vertical degree, so we may equivalently compute
P(p+1,q—1) component-wise. Then we can choose the components of o, ,1) in each
E-vertical degree according to the assignment of Lemma 3.1.24. Now it remains to set
W(p+1,g-1) = P(p+1,g-1)) + T(p+1,g-1)-

We now aim to show that this choice of wy,, 1) satisfies all properties of the lemma.
While property that

d/\f(w(erl,qfl)) = - ddR(w(p,q))
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is immediate, we will now need to study its components of homogeneous E-vertical degrees.
In particular, we need to understand its component of E-vertical degree ¢ — 1.

We may note, that ddR(w(nq)) only has components of E-vertical degree p; = ¢ — 1
and p; > ¢ + 1 according to the decomposition of dgr of Lemma 4.1.1 and the assump-
tion that the component of E-vertical degree p; = ¢ vanishes. As the construction of
Lemma 2.3.11 retains the E-vertical degree of a form, we have that p(,;14-1) also only
consists of elements of F-vertical degrees p1 = ¢ — 1 and p; > ¢ + 1. The same holds
for dar (W(p,q)) + dn(P(p+1,9-1)) as da retains the splitting of £ by Corollary 2.1.33. As
the construction of Lemma 3.1.24 also retains E-vertical degrees, we obtain the same res-
ult for 0,11 4-1)- (Note that 0,41 41y arises from dgr(w(p,q)) + A (P(p41,4—1)) and not
ddR(w(p,q)) itself.)

Furthermore, we have that the component wég?q) of F-vertical degree ¢ of w determines

(dar (@) = A (@)

and

0= (ddR(w(nq)))(q) = diP?(wEZ,)q))

using the analogue notation for the respective F-homogeneous components. This also

follows from the decomposition of dgr of Lemma 4.1.1 and the assumption that w((zz)l ) —0.

We also know that ddR(ddR(wEZ)q))) = 0, so in particular the component in E-vertical

degree ¢ — 1 of this term vanishes. But this component is for degree reasons given by

0 = i (458 (o)) + 0k (450 (00) @) ) = i (et e).

(¢—1)
1

(p+1,g—1) satisfies

By Lemma 5.1.4, we therefore have that p

430 (o)) = 0.

Again, as dar retains the splitting of £ by Corollary 2.1.33, this implies that

050 (dar ()@ + dy ((pgg)*™V) ) =0

satisfies the analogous property and we can apply Lemma 5.1.5 to obtain that

430 ((0,) V) = 0.

This proves the last assertion of the lemma, as for degree reasons

(ddR(w(erl,q—l)))(qil) = dflg ((w(pﬂ,q—l))(qil)) ’

where

(g—1) (g—1)

-1
(w(p+1,q—1)) = (p(p+1,q—1)>(q : + (U(p+1,q—1))
by definition. O

Proposition 5.1.7. Let G be a proper and regular Lie groupoid together with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. Assume there is
an admissible embedded submanifold R of Go with Sat(R) = Gy. A JEG-isotropy Cartan
Jorm w4 # 0 has a closed homogeneous descending extension w if and only if it is
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closed under the J¥G-isotropy Cartan differential. The assignment of closed descending
homogeneous extensions to J¥G-isotropy Cartan forms

Wp,q) € ker(dgart) C R%)’q) — w € Tot(Qpgs(G))

can be expressed explicitly and the assignment is R-linear in w, 4. Furthermore, the
extension is natural with respect to the inclusion of G|r C G, in the sense that the extension
of Wip.g)|R as a form on (G|Rr), precisely agrees with w|g.

Proof. We have already shown that any element admitting a homogeneous extension is
closed under dc,yt in Lemma 4.2.6.

To show the converse, consider a J¥G-isotropy Cartan form Wp,q) 7 0 which is closed
under the Cartan differential. Firstly, we may note, that ddR(w(pvq)) has a vanishing
component of E-vertical degree ¢ according to Proposition 4.1.20. If we assume ¢ = 0, we
have that d/Ca\rt and dgr agree (as on Q(Gy), all forms have E-vertical degree 0), such that

dar(wp,0)) =0

and w(, o) is a closed descending homogeneous extension of itself. Therefore, we may
without loss of generality assume that g > 1.

In this case, note that J¥G-isotropy Cartan forms are homogeneous of E-vertical
degree g and closed under dy, so in particular dgqr(w(p,q)) is also closed under dy. We
can now inductively choose w4 q—k) for k < ¢ by Lemma 5.1.6, as by the properties we
obtain from the statement we have that

dn (dar (Wpak,g—k))) = — daR (AN (W(ptr,9—k))) = dar(dar (Wpth—1,9-k+1))) = 0,

which is the only condition necessary to apply the lemma iteratively that is not immediate.
Furthermore, for w40y, we have that by Lemma 5.1.6 holds that dqr (w(p+q,0)) vanishes
in E-vertical degree 0, but analogous to a previous argument this means that automatically

dar (Wpq,0) = 0.

This implies, that indeed
q
w = Zw(pﬂv,q*k)
k=0

is a closed descending homogeneous extension of w(, 4.

The fact, that this construction satisfies that the extension of w, ,)|r agrees with w|g
is due to the fact that Lemma 5.1.6 uses the assignment of Corollary 3.1.25 to construct
the preimage, which satisfies that the restriction of the preimage only depends on the

restriction of the dr-closed form.
O

Corollary 5.1.8. There exists an isomorphism of graded vector spaces
D . H'(TOt(QBss(G))) — H'(TOt(RE)) = H'(TOt(%E))

Proof. By Proposition 5.1.7, we have a linear assignment between J¥G-isotropy Cartan
forms and their closed descending homogeneous extensions. However, this assignment does
not automatically map cohomologically equivalent forms to cohomologically equivalent
extensions. By the axiom of choice we can alter the given assignment to satisfy this
condition. Then, we can apply Theorem 4.2.16. O
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Lemma 5.1.9. Consider a reqular and proper Lie groupoid G together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid and an admissible embedded
manifold R such that Sat(R) = Go. Assume that we have a closed descending homogeneous
extension w of some w, 4y in bidegree (p,q) where w|g = 0. Then w is exact and we may
choose the preimage p satisfying p|r = 0.

Proof. This follows directly from Lemma 2.3.11, as we can construct a preimage of w under
d iteratively: Start with a preimage of w, ;) under dys, which by the aforementioned result
can be chosen satisfying p, ;—1)|r = 0. Consider

W= d(p(p,q—l))a

which is a closed descending homogeneous extension of some element in bidegree (p+k, ¢—k)
for k > 0 and satisfies (as dgqr restricts to submanifolds) that

(w—d(ppg-1)) [r =0

as well. We can proceed analogously and construct p(,4xq—r—1) and iterate until

d(pp.g—1) + Ppskg—k—1) T+ ) = w,

where by construction
P = Pp.g—1) T Plpthkg—k—1) T ---
satisfies p|p = 0. O

Lemma 5.1.10. Consider a regular and proper Lie groupoid G with a multiplicative Ehres-
mann connection E with respect to the isotropy and an admissible embedded manifold R
such that Sat(R) = Go. Assume that E|g is flat. Further assume we have a closed des-
cending homogeneous extension w of some w, q) in bidegree (p,q) where w|g vanishes in
E|r-vertical degrees up to q. Then w is exact and we may choose the preimage v satisfying
that v|r also vanishes in E-vertical degrees up to q.

Proof. The proof in this case is analogous to the proof of Lemma 5.1.9. The only difference
is that the preimage v(,, 1) is now chosen by considering both p(,, and o, .. We
have that p(, ) by Lemma 2.3.11 satisfies that p(,q)|r only depends on w, ,|r and by
construction and Proposition 2.3.10 this means it vanishes in E|g-vertical degrees up to
q. Similarly by Corollary 2.3.12, we have that the same holds for w, ;) + dx(p(p,qg)) in its
entirety. Following the construction of o(, 4y according to Lemma 3.1.24 retains E-vertical
degree as well. So

(p(pvq—l) +0pg-1)lR

vanishes in E-vertical degrees up to ¢ and by Lemma 4.3.3 this is retained under dgr due
to flatness of E|g.

For this reason, the iterative method of Lemma 5.1.9 of constructing preimages for the
components of w can be applied here as well. O

Lemma 5.1.11. Consider a proper and regular Lie groupoid G equipped with o multiplic-
ative Ehresmann connection E (with respect to the isotropy) and furthermore let R C G
be an admissible embedded manifold such that Sat(R) = Go. Assume that E|g is a flat
multiplicative Ehresmann connection on G|g. Let wy, 4 € QP(Gy) be an form satisfying
that da(dar (wp,q))) = 0 and all of the components of w of E-vertical degree py with either
p1 < q or p1 = q+ 1 vanish. Furthermore assume that the component of ddR(w(nq)) m
FE-vertical degree q vanishes.
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Then the form w(p41,4-1) described in Lemma 5.1.6 additionally has the property that
if w(p,q)]R satisfies that its E-vertical components vanish for all degrees up to ¢', the same
holds for

W(p+1,g-1) |R.

Additionally, if ¢ > q — 1, then Wipt+1,g—-1)|r only has non-vanishing components in E-
vertical degrees for which p1 > q.

Proof. By Lemma 2.2.7, we have that the values of ((Dy)*a) on G| only depend on the
values of @ on G| and the dependence is linear. The same property holds for pull-backs
along simplicial maps such as (s;)* and their sum such as dyr, as by definition the maps
itself restrict to the simplicial structure of (G|gr)e. In the construction of w4 4-1) of
Lemma 5.1.6, we can now recall that for each E-vertical degree k we define the corres-
ponding component of w41 4-1) as

(k) _ (k) (k)
Yipt+1,9-1) = Plp+1,g-1) + 9 (p+1,q-1)°

where pEZquil arises from (ddR(w(nq)))(k) under the assignment of Lemma 2.3.11. This
assignment is for general w defined by an inductive procedure in which we iteratively
define w® and p® along formulas only using terms constructed from (ﬁﬁq)*, (sj)* and
dar. The previous argument together with the fact that dgqgr and decomposition into F-
. L o (k) .

homogeneous components commutes with restriction to G| implies that Ppt1,g-1) |r arises
precisely from the construction of Lemma 5.1.6 applied to w(p7q)| r on G|gr. In particular,
if

k

(ddR(w(p,q)lR))( ) — (ddR(w(p,q)))(k) lr =0

then also "
k
'O(p+1,q—1)’R =0.

Similarly, the term U§§3_17q_1) arises from (ddR(w(pvq)))(k) + dN(pE];qu_l)) under the
assignment of Lemma 3.1.24. Here, we can check that all constructions used to construct
preimages are induced by fibre-wise operations on bundles over Gy. In particular, if we
have that wig (m) = 0 for a general Wig,, then we immediately find that the associ-
ated o1, (m) = 0. Furthermore, we can recover the values of wi, from wi, [r due
to the explicit form of Proposition 2.1.41 (which implies we can recover the value at 1,

for any r € R) and Lemma 2.1.38 (using that Sat(R) = Gp). So in this case we also
have that we can recover aggrl q71)‘ r if we apply the construction of Lemma 3.1.24 to

(ddR(w(p,q)\R))(k) + dN(Pgﬁll,q_l)\R)- In particular, if

(dar W)™ IR =0

then also ®)
k
(dar @)™ + dn (s 1 4 1))lr =0

and therefore w
k
T pr1g-n)|R =0-
We can also note that recalling the definitions and methods behind these arguments

(k)
reveals that the term Wipt1g—1

term constructed from w((];)q)| r as an element of pss(G|gr) using the method of Lemma

)| r we have constructed this way precisely agrees with the
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5.1.6. Now let us apply this to our setting: By assumption, E|g is flat on G|g. In
particular, we can see that

d&fli (w(pyq)) R = d&é (W(PJI)‘R) =0

due to dg}% = 0 on any form on (G|g)4 according to Lemma 4.3.3. This means that if all -
vertical components up to degree ¢’ of w(, ;)| r vanish, the same holds for dqr (w(p ¢))|r and
therefore w11 4—1)|r. Similarly, as the E-vertical component of degree ¢ of dqr(w(p,q))|r
vanishes, the same also holds for W(erLq,l)\ r. In particular, we have that if ¢ > ¢ we
obtain that w(,1,4-1)|r vanishes in E-vertical degrees p; < q. We can also note that the
construction of Lemma 5.1.6 of w1 1,4-1)|r from w, ¢)|r agrees with the construction of
Lemma 4.3.4 for the trivial admissible cover { R} of (G|r)o = R in this case.

O

Lemma 5.1.12. Consider a regular and proper Lie groupoid G with a multiplicative Ehres-
mann connection E with respect to the isotropy algebroid and an admissible embedded
manifold R such that Sat(R) = Go and E|g is a flat multiplicative Ehresmann connection
on Glr. Let wyq) € QP(Gy) be a JEG-isotropy Cartan form closed under the Cartan

differential d/Ca\rt Then its closed descending homogeneous extension w constructed in
Proposition 5.1.7 satisfies that for k > 0 the term

Wiptkg—k) R

only consists of non-vanishing components of E-vertical degree at least ¢ + 1.

This property defines w uniquely up to an exact term. If W' is another form with the
same properties, we may choose the preimage p mapping to w — w' under dy to satisfy
that in all components p(. s € Q2" (Gs) holds that p(,. s |r vanishes in E-vertical degrees for
which p1 < q.

Proof. The construction of w of Proposition 5.1.7 uses the result of Lemma 5.1.6 induct-
ively. We have seen in Lemma 5.1.11, that if the term w4, 1)|r satisfies, that its
E-vertical components of degree at most ¢ vanish, then the term w11 4—;—1)|r satisfies
the same condition. The lemma also states that the fact that ddifg(w(p,q)ﬂ r vanishes in
E-vertical degree ¢ is sufficient to start the induction.

Furthermore, for any two choices w and w’, we have that w —w’ only has non-vanishing
components in bidegrees (p + k,q — k) for k < 0 by definition. In particular, we have that
by our assumption the expression

(w—u)lr

only has non-vanishing components in E-vertical degrees satisfying p; < ¢ + 1. In partic-
ular, we can apply Lemma 5.1.10 to obtain the statement of the lemma.
O

Lemma 5.1.13. Let G be a proper and regular Lie groupoid and E a flat multiplicative
Ehresmann connection with respect to the isotropy algebroid. Assume there is an admissible
embedded submanifold R of Gy with Sat(R) = Gy.

Consider the closed descending homogeneous extension v according to Proposition 5.1.7
of a JPG-isotropy Cartan form V(rs) closed under dcart. Assume that there is a form
Wipg) € P(Gy) with p+q+1 = r+s and ¢ > 0 such that dy (dar (W(p,q)) —V(p+1,9)) = 0. Also
assume that all of the components of w, 4) of E-vertical degree p1 < q and py = q+1 vanish.
If furthermore the component in E-vertical degree q of ddR(w(nq)) — V(pt1,q) Vanishes, we
can find a form wpi14-1) € QPTL(G 1) with the following properties:
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a) We have that
dar (Wip,q)) = = AN (W(p+1,6-1)) + Vpt1,0)-

b) W(pt1,q—1) has vanishing components in E-vertical degree py < q—1 and p1 = q.
c¢) The component in E-vertical degree q — 1 of dar(W(p+1,4—1)) and V(py24-1) agree.

Proof. We will follow a similar strategy as in Lemma 5.1.6. For this, let us consider
dar (W(p,g)) = V(p+1,q)- 1t is closed under the vertical differential, so it represents a cohomo-
logy class, but as it is cohomologically equivalent to its projection of E-vertical degree
q, we find that it is exact and we may choose a preimage. This can be done according
to Corollary 3.1.25 by choosing p(,41,4-1) and o1 14-1) (where the choice is detailed in
Lemma 2.3.11 and Lemma 3.1.24). As both of these terms retain the E-vertical degree,
they vanish in degree g and in degrees p1 < ¢ — 1, as (41 4) stems from the construction
of Lemma 5.1.6 and hence vanishes in these components and dqr(w(,,q)) does so by as-
sumption and the fact of Lemma 4.1.1 that dgr can at most reduce the E-vertical degree
of a homogeneous form by one.

Lastly, we will prove the claim that the component in FE-vertical degree ¢ — 1 of
dar (W(p41,9—1)) agrees with v, 5 o 1y. Let us first analyse dqr(w(p41,4—1)): We know that
W(p+1,q—1) 18 chosen as the d-preimage of a term that only has components (as argued
above) of E-vertical degree ¢ — 1 and p; > ¢q. We have already noted that dqr can reduce
the E-vertical degree of any homogeneous component by at most one, so that

(¢-1) _ dfo (¢—1)

(ddR<w(p+l,q—1))) R(w(erl,qfl))

(

where (ddR(W(p+1,q—1))) 91 denotes the component of FE-vertical degree ¢ — 1 of
ddr (W(p+1,4—1)) and the analogous notation is used for dfg(wgz:)qil)).
As we choose the preimages degree-wise, the component of E-vertical degree ¢ — 1 of

W(p+1,g—1) is only dependent of the component of E-vertical degree ¢ — 1 of that term

Vip+1,9) — dar(@(p,q))-

However, by construction, this component is given by

-1.(a) \ _ -1/ (9
0= dir (Wipg) = ~ dar(@ig);
where wEZ 9 denotes the component of w,, of E-vertical degree g. So we obtain by
Lemma 5.1.4 and Lemma 5.1.5 that

+0/, (¢-1)
AR @ir1g-1))

is actually precisely the preimage of
+0 (-1, (9)
ai (4 ()
under the analogous construction.

We have that v, 2 4—1) is constructed as the d-preimage of — dgr(¥(p+1,4)) by choos-

ing JEpH’q_l) and p'(p+27q_1) according to Corollary 3.1.25. The component of E-vertical
(9) (9)

. . -1
degree ¢ — 1 is d'etermmed by — ddR(V(p+1,q ), where Yipt1q)
V(p+1,q) Of E-vertical degree q. However, we have assumed that

denotes the component of

(@)

Vipt1,9) = (ddR(w(p,q)))(Q)
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denoting the component of dyqr(w(pq)) in E-vertical degree g, which for degree reasons
implies

(9) _ 40/, (@)
Yip+1,q) = ddR(w(p,q))'
So we find that
a1
(p+2,4—1)

is the preimage of
-1 (340, (9)
— i (AR () -
However, dflg and d;ﬁ anti-commute by Lemma 4.1.2, such that

—1¢, (@) _ —14£0(, (@) \y _ 92£0/3—1 )
~ AR (k) = ~dR(ERE,) = HREGR R,
So we find that the F-vertical degree ¢g—1 of dflg(w(pﬂ,q,l)) and v(,42 4—1) agree. Therefore
we have shown that all properties of the statement hold. ]

Proposition 5.1.14. Let G be a proper and reqular Lie groupoid together with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. We can extend
the construction of Proposition 5.1.7 to a linear injective chain complex map

v Wip,q) € Tot(Rg) — w € Tot(Qpss(G)).

In particular, ¥ is a quasi-isomorphism of chain complexes and the construction of ®
of Corollary 5.1.8 recovers H(W)~!, where ® is constructed from the restriction of ¥ to

dgart—closed JEG—isotmpy Cartan forms.

Proof. We have already constructed an assignment of J¥G-isotropy Cartan forms closed
under (%a\rt to their closed descending homogeneous extensions in Proposition 5.1.7. This
was based in the construction of Lemma 5.1.6, which can be generalised by the construction
of Lemma 5.1.13 for v = 0. Now for a general J¥G-isotropy Cartan form w, we can choose
v = (@(w) This is closed under d/Ca\rt as the differential squares to 0. We now claim
that in analogy to Proposition 5.1.7 that the construction of Lemma 5.1.13 can be iterated
to construct

q
w= W(p+k,q—k)
k=0
with the desired properties.

For this, we have to check that we can start the induction for w, ). In this case, we have
that vy, ) = (f;a\rt(w(nq)) such that automatically dy(v(p,q+1)) = 0 and dy(wp,q)) = 0
as both forms are JFG-isotropy Cartan. By anti-commutativity of the differentials we
obtain

dN(ddR(w(p,q)) - V(p+1,q)) =0.

This, together with the fact that (%a\rt = d?ﬁg by Proposition 4.1.20 proves that indeed
Lemma 5.1.13 is applicable.

Now for the induction step, we need to check that the result obtained by applying
Lemma 5.1.13 w(,yr41,-k—1) 1S constructed satisfying the conditions of Lemma 5.1.13
itself, i.e. that

A (dar (@W(pkr1,g-k-1)) = Vprht2,q-k-1)) =0
as well as that
W(p+k+1,g—k—1)
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only has non-vanishing FE-vertical components in degrees p;1 = g—k—1land p; > ¢—k+1
and that

ddR(w(p+k+1,q—k—1)) — V(p+k+2,g—k—1)
vanishes in E-vertical degree ¢ — k — 1.

For the first of these assertions, we have that by Lemma 5.1.6 that w4 g41,4-x—1) 18
constructed satisfying

AN (Wptk+1,9-k-1)) = Viptrht1,q—k) — DR (W(ptkg—k))

which implies

Ay (dar (Wipsk+1,9-k—1)) = — dar (AN (W k41,9-k—1))) = — AR (V(psh+1,9-k))-

Therefore in particular

Ay (dar(@(pakt1,9-k-1)) = Vptk+2,q—k-1)) = —(daR (V(prrt1,9-k)) + IV Vprnt2.g-k-1)))
=0

as v is d-closed. The second and third assertion are contained directly in the statement
of Lemma 5.1.13.

This concludes the proof of the induction step. So we obtain a collection of w4 q—)
for any 0 < k < g where the fact that all forms on G are of E-vertical degree 0 immediately
implies that

dar (W(p1q,0) = V(prat1,0)-

Together with all previous equations, we obtain that

q
W= 2 Yptka—k)
k=0
defines a form satisfying that

d(w) =v.

The map constructed this way is linear (as the construction of every preimage is) and
injective, as any non-zero J¥G-isotropy Cartan form is mapped to an extension of itself,
which is in particular non-zero again. As a chain complex map, the restriction of ¥ to
JPG-isotropy Cartan forms closed under dcayt vields an assignment that maps cohomo-
logically equivalent J¥G-isotropy Cartan forms to cohomologically equivalent elements of
Tot(Qpgs(G)). Therefore we can apply Theorem 4.2.16 to obtain ®, which by construction
is an isomorphism inverse to H (V). This implies that ¥ is a quasi-isomorphism. O

Corollary 5.1.15. Let G be a proper and regular Lie groupoid together with a multi-
plicative Ehresmann connection E with respect to the isotropy algebroid. If we consider
the image of ¥ of Proposition 5.1.14, it is closed under d (i.e. the total differential
of the Bott-Shulman—Stasheff complex). If we consider the corresponding subcomplex
U (Tot(RE)) C Tot(pss(G)), the inclusion induces an isomorphism on cohomology.

Proof. We will apply Proposition 5.1.14. As ¥ is a chain complex map, Im(¥) is closed
under d and therefore a subcomplex of Tot(2pss(G)). We further have that H(¥) is an
isomorphism that factors as

H(Tot(Rp)) — H(Im(¥)) — H(Tot(Qpss(G))).
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By construction, W is injective and by definition also surjective onto its image, and there-
fore an isomorphism, which projects onto an isomorphism in cohomology. So the right
arrow above, which is precisely the projection of the inclusion map onto the cohomology,
is an isomorphism as well. O

Remark. Note that as ¥ is an isomorphism onto its image, we immediately have an
inverse W1 defined on Im(¥) which lifts .

Lemma 5.1.16. Consider a reqular and proper Lie groupoid G together with a multiplic-
ative Fhresmann connection E with respect to the isotropy algebroid and an admissible
embedded manifold R C Gy.

Let w be a closed descending homogeneous extension of w, q), where w, o) s homogen-
eous of E-vertical degree q and all terms w(,qkq—k)|r for k > 0 only have E-homogeneous
components of E-vertical degree at least ¢ + 1. Let v be a closed descending homogeneous
extension of vy g, where vy .y is homogeneous of E-vertical degree q" and all terms
y(p/+,€7q/_k)|R for k > 0 only have E-homogeneous components of E-vertical degree at least
q + 1.

Then w U v is a closed descending homogeneous extension of

* *
Pri,..qWpg) NPlpt1,.q+q Vo' )

where all terms (w U V)(p+p/+l7q+q/_l) |s for 1 > 0 only have E-homogeneous components of
E-vertical degree at least ¢+ ¢ + 1.

Proof. By Lemma 4.2.18, we immediately obtain that w U v is a closed descending homo-
geneous extension of

PI1,..qWpa) N Plptt,.gtq Vo' a):
Additionally, we have that the cup product is defined naturally using the simplicial struc-

ture of GG, such that
(w U V)|Ra

i.e. the restriction of w U v to (G|r)q+y C Ggtq, only depends on w|gr and v|r. How-
ever, we can apply Lemma 4.2.19 on these restrictions and their respective homogeneous
components, which then yields the statement. ]

Lemma 5.1.17. Consider a reqular and proper Lie groupoid G together with a multiplic-
ative Fhresmann connection E with respect to the isotropy algebroid and an admissible
embedded manifold R such that Sat(R) = Go. Assume that E|gr is a flat multiplicative
Ehresmann connection on G|g.

Let wip q) € QP(Gy) and vy 4y € QP (Gy) be JEG-isotropy Cartan forms. We then
have that

V(@) YUY ()

is cohomologically equivalent to V(w(, q)~ V(p ¢)), where ¥ denotes the map of Proposition
5.1.14.

Proof. By Lemma 5.1.16, we have that
V(Wpg) V(e ,g)
is a closed descending homogeneous extension of

* *
PI,.qWpg) NPlpt1,..q+q V' )
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where all terms (w U u)( ) |r for [ > 0 only have E-homogeneous components

p+p'+l,q+q' !
of E-vertical degree at least ¢ + ¢’ + 1. By Lemma 4.2.20, we know that there exists a

s Q(p“”/)(G(quq/_l)) such that
\I/(W(p,q)) @] \I/(I/(p/ﬂ/)) + d(U)

is a closed descending homogeneous extension of

Wipg) V! q')-

Considering the proof of Lemma 4.2.20, the construction of o can be traced back to Lemma
3.1.15 which is applied to obtain Lemma 3.1.18 (which then is used in the proof of Lemma
3.1.19). Doing so describes the construction of o from pri _,wpq) APy vy V')
by contractions of adjacent copies of Af and the permutation action of ¥4 4. This
immediately implies that o has E-vertical degree ¢ + ¢’. As by Proposition 4.1.18 and
Lemma 4.1.15 we have that dgﬁg corresponds to a derivation with respect to the algebra
structure on I'(Go, AP (T'Go/Fo)* @ APL(AL,)®?), where the expression on each copy of

A agrees, we find that dflg commutes with these operations. Therefore it also follows

that
40
dar(9)|r
can be analogously be constructed from

:I:O * E3 .
dar (PT1,...q Wip.g) A PIptt,...qrq Yo' a) R =0,

implying that dfﬁ(a)m = 0 as well. Note that by Lemma 4.3.3, ng{ = 0 on G|g. There-
fore,
qj(W(p,Q)) U \I}(V(p’,q’)) + d(U)

restricts on R to a form where all components in some bidegree (p + p' + 1,9 + ¢’ — 1) for
[ > 0 only have E-homogeneous components of E-vertical degree at least ¢ + ¢’ + 1.
This directly implies that

V(W) Y a)) = (Y(Wipg) U ¥ (V) +d(0))
is exact by Lemma 5.1.12. The statement of the lemma follows. O

Proposition 5.1.18. Consider a regular and proper Lie groupoid G together with a mul-
tiplicative Ehresmann connection E with respect to the isotropy algebroid. Consider the
chain complex map

v Wipq) € TOt(RE) = w € TOt(QBss(G)),

established in Proposition 5.1.14 as a quasi-isomorphism with inverse H(¥)~! = ®. If
E|R is flat, we have that both ® and H(V) are isomorphisms of R-algebras.

Proof. We have by Lemma 4.2.22 that ® as constructed from ¥ retains the R-algebra
structure if and only if

v

Y(Wip,g) “Virs))

is cohomologically equivalent to
\Il(w(p,q)) U \IJ(V(T,S))

for any d/c;;—closed JEG-isotropy Cartan forms Wipq) and v ). This is precisely the
statement of Lemma 5.1.17 using the condition that E|p is flat. O]
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Theorem 5.1.19. Consider a reqular and proper Lie groupoid G with a multiplicative
Ehresmann connection E and an admissible embedded manifold R such that Sat(R) = Go.
Then the associated differentiable stack cohomology groups can be computed as

Hpigistack([Go//Ghl) = H* (Tot(Rg)) = H*(Tot(RE)).

If furthermore E|R is flat, we have that the isomorphisms additionally preserve the ring
structure of Hpygsiaq ([Go//G1])-

Proof. By Theorem 0.2.32, we have that Hp 4. ([Go//G1]) agrees with the cohomology
ring of Tot(Qpss(G)). By Proposition 5.1.14, we have that W is a quasi-isomorphism, such
that indeed

Hpigistack ([Go//G1]) = H® (Tot(Qpss(G))) = H*(Tot(REe))

as groups. Furthermore, we have by Proposition 5.1.18 that H(¥) preserves the ring
structure if E|g is flat. Lastly, we have that Rg and g are isomorphic by Proposition
2.1.41, such that both bicomplexes induce models for the differentiable stack cohomology.

O

5.2 Eliminating the necessity for glueing

Aim of this section: Theorem 5.2.31

Let G be a proper and regular Lie groupoid and E be a multiplicative Ehresmann
connection on G. Then we have a graded isomorphism of R-algebras

@ : H*(Tot(Qpss(G))) — H*(Tot(Rg)) = H*(Tot(Rp)).

In particular, both Tot(RE) and Tot(Rg) are models that can be used to compute the
cohomology of the differentiable stack associated to G as

Hpiistack ([Go//G1]) = H*(Tot(RE)) = H*(Tot(RE)).

In the previous section, we have constructed an assignment from JG-isotropy Cartan
form to their descending homogeneous extensions for an arbitrary multiplicative Ehres-

—

mann connection. It was defined in a way that d, -closed J¥G-isotropy Cartan forms
are mapped to closed descending homogeneous extensions. This gave us a lot of results
that are surprisingly similar to those we obtained in the case that E was flat. A key as-
sumption for the construction to work, however, was that there is an admissible embedded
manifold R C Gy with Sat(R) = Gy. This is also not the case generally.

Unfortunately, the assignment we obtain can not be glued in case we need more than
one admissible embedded manifold to cover Gy, as dgr is not Cps (Go)-linear. We will
however, in this section, aim to find a multiplicative Ehresmann connection for which
glueing is not necessary. In particular, we will be able to prove a statement that recoves
the case where F is flat as well as the case where R C G is admissible with Sat(R) = G
and F|g is flat relatively quickly at the beginning of this section. There will be also many
more cases covered, where similarly, the property of E being flat will suffice on restrictions
to much smaller submanifolds. These more relaxed properties will still be too strict to give
a general construction. However, their local existence will already give rise to an explicit
construction of an assignment between JFG-isotropy Cartan forms and their descending
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homogeneous extensions. We will conclude the section with the proof that for a proper
and regular Lie groupoid G the necessary choices of an admissible cover, locally defined
connections and a specific globally defined connection can always be made.

The lemmas and propositions of this section are, again, mostly technical. Some will
be referring to properties of earlier definitions and constructions, others regarding more
fundamental properties of flat multiplicative Ehresmann connections on Lie group bundles
which can be nicely classified or constructions like glueing multiplicative Ehresmann con-
nections, which is a notion we had not previously explored yet.

Lemma 5.2.1. Consider a reqular and proper Lie groupoid G together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. Furthermore consider R
and R’ admissible embedded submanifolds of Go. Assume we are given a form w defined
on the open subset (G‘Sat(R)ﬁSat(R’))q C Gq. Also consider any r € R and r' € R within
the same orbit and any jet

V. € Jl(S G — Go)

such that
e s(z)=r and t(x) =1’
e the image of V, N E, under T's contains T, R (i.e. the lift of T, R is E-horizontal)
e the image Tt(V, N (Ts)~Y(T,R)) is contained in T,/ R'.

Then we have that for any z with pé(z) in the orbit of r and r' holds

/ (Dl (DY ) dpitan
agsH(ph ()Nt 1({r}) z

=c- (/ <(D€/b,q)*(w)> dﬂHaar) y
bes=1(ph (2))Nt=({r'}) z

where ¢ € Q is the fraction given by

o— |0, N R'|
 |O.NR|’

Remark. Note that all the conditions on V, only concern the subspace that projects to
TR under T's. Hence if a subspace W, C T,G; exists that maps isomorphically to T;.R
under T's and satisfies the respective conditions analogous to those for V, in the lemma,
it can always be extended to some V, as required.

Proof. As an extended induced action, we have by Lemma 1.2.26 that

(D%/a,q)*(bifz,q)* = (Di?(VmVa),q)*’
where uma) denotes the composition of jets as defined in 1.2.2. This, in turn, is defined
as
{T(X,Y) for X € V,,Y € V, with T's(X) =Tt(Y)}.

From this definition, we already have that u(V,, V,) only depends on V,N(T's)~ (T R),
as T,R = Tt(V,) for all a € s_l(pfl(z)) Nt~ 1({r}). In particular, we have that the image
of 1(Vy, V,) under Tt is contained in T;»R’, but also, as any element in V,, N (T's)"1(T,R)
is E-horizontal, we have that so is p(V, Va).
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This means that u(Vy, V) = V4, for b = p(z,a). So we obtain

/ <<D€/u(z a)vq)*(w)) dMHaar
ae(gfl(pé(z))mtfl({r}) s 2

and as left multiplication with x induces an isomorphism on the respective index sets, this

agrees with
( / (Pl @) d;/) ,
bes~1(ph(2))nt=1 ({r'}) #

where p’ is the induced measure. However, this induced measure is different from the one
occurring in the integral of the statement.

Generally, we have that the Haar measure on s~!(pl(z)) Nt~ ({r}) is induced by the
Haar measure on s~ 1({r}) Nt~1({r}) and the Haar measure on s_l(pé(z)) Nt 1({r'}) is
induced by the Haar measure on s~ ({r'}) Nt=1({r'}). These two groups are related by
taking the adjoint with x and hence the induced Haar measures on these groups agree.
What does not agree is the rescaling constant, which on R is given by |0, N R| and on R’
is given by |O,» N R'|.

Thus we obtain that the Haar measure on 8_1(pf1 (2))Nt~1({r}) induces a measure on
s~ (pl(2)) Nt~ ({r'}) which is given by the Haar measure scaled by the constant c. [

Lemma 5.2.2. Consider a reqular and proper Lie groupoid G together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. Furthermore consider R
and R’ admissible embedded submanifolds of Gy. Assume we are given a form w defined
on the open subset (G|3at(R)m5at(R/))q C Ggq. Also assume that for any r € R and r' € R’

within the same orbit there exists a jet V, € Jl(s : G1 — Go) such that
e s(z)=r and t(x) =1’
e the image of V, N E, under T's contains T, R (i.e. the lift of T, R is E-horizontal)
e the image Tt(V, N (Ts)"Y(T,R)) is contained in TR’ and

e we have
Fw = L*(D@%q)*w

at any z with pf](z) =1, where * denotes the inclusion (pé)_l(R’) C Gg.

Then we have that ' '
(D y)*w = (D )" w

Remark. By concatenating, this means that w also needs to be invariant under certain
jets at morphisms from r to other elements of R.

Proof. We have by definition that

(@%vq)*@z: 2 </a651<pz<z))mt1({r}) <(Dlva’q)*(W))ZduHaar>'

TERQOPZ(Z)

and similarly

¥ * — o)/ *
((DR’,q) w)z - Z (/b€sl(pf1(z))ﬁt1({r’}) ((DVb,q) (w)>z dﬂHaar) .

e Rt
r'eR ﬂopg(z)
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By Lemma 5.2.1, we have that for any fixed v’ € R’ N Ot () holds

Z </ <(D€/a,q)*((D€/m,q)*<w))> dMHaar)
a€s~(py(z)Nt=1({r}) z

TERHOPEI(Z)
= >« ( / (D0 @) duHaar> ,
reRNO bes—H(pg ()Nt ({r'}) z
q z

where the E-jets V,, depend on r and r’. We may note that technically, dependence is only
on

L*(Dﬁ/%q)*w
instead of (Dﬁfx’q)*w as (Dﬁ/a,q)* maps TGq\(pé)_1(s(a)) to (Tpé)_l(Tr/R’) by definition.

By our assumption, this means that we can replace (D{/L q)*w by w and obtain

Z (/ ((DQ/%(])*(OJ)) dﬂHaar)
: ags~H(ph(2))nt=1 ({r}) z

TERﬁopé(z
- Z ° </ —1(pl —1(f ((D%@q)*(w))zdﬂHaM)’
rerny  \Jres G

We can write ¢ independently of r and 7’ as

B |Opfz(z) N R"

c— Pd® "
‘Opé(Z) NR|

and summing over all possible choices of ' € R' N Opfz () We obtain

Z (/ ((D%/a,q)*(w)> dﬂHaar)
a€s~H(ph()Nt=1({r}) ?

TERmopé(z)’T/eleOpé(z)
oY/
- Z ¢ / ((DVb,q)*(w)) d:UJHaar
r€RNO ;. "ERNO bes—1(ph(2))nt—({r'}) #
pq (%) pg(2)

or equivalently
|Opfz(z) N R/| ’ (D%)*w = ‘Opfl(z) N R| "Cr (Dé%’)*wa

at 2 € (Glsat(r)nsat(Rr'))q> Which can be rescaled to

(Drg)w) = (D y)w) -

z

As z was chosen arbitrary, this yields the statement on the entire space. ]

Lemma 5.2.3. Consider a reqular and proper Lie groupoid G together with a multiplicative
Ehresmann connection E with respect to the isotropy algebroid. Furthermore consider R
and R’ admissible embedded submanifolds of Gy. Assume we are given a form w defined
on the open subset (G’Sat(R)ﬂSat(R/))q C Ggq. Also assume that for any r € R and r' € R’

within the same orbit there exists a section vy : U C R — G1 of s on an open U containing
r such that
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t(r) =+
e 7 is horizontal in the sense that for any n € U (not just for r itself) we have

Tov(ToR) C E

to~ is a map from R to R’

e we have o
vw= (D7) w
at any z with pl(z) = r, where .* denotes the inclusion (p.) *(R) C G.
Then we have that both - .
(Dpg)" (@) = (DR g)" (W)
and L .
(DRg)* dar(w) = (Dgs o)" dar(w)

meaning that in particular
(Drg)" dap(@) = (D g)* dgp(w).

Proof. First off, note that we may assume that w is E-homogeneous without loss of gen-
erality - because the only condition on w is that

fw = (D;,q)*w,

and as = is E-horizontal it is equivalent for this condition to hold for w and to hold for all
E-homogeneous components of w.
This result is a direct application of Lemma 5.2.2. We have that the collection

Ve =T,v(TR) @ (ker(Tt) N E,)

for all r € R and r’ € R’ defines jets with the required property. It remains to show that

*

w *

L*(D%/bq) w

and

Fdar(w) = (L %/z,q)* dar (w)

on (py)~H(R').
However, we have that N _
(DY, g)'w = (D5) W,
as by definition (Dﬁ/z o)+ When restricted to (Tp,)~*(TR) only depends on
Ve N (Ts) Y TrR) = Ty

and hence agrees with the notion of (5;(1)*
Similarly, we have that

(DY, ) dar(w) = (DY )" dar(w),

where by assumption

(D )" dar(w) = dar ((D},0)"(@)) = dar (+"(w)) = *(dar(w)).



5.2. ELIMINATING THE NECESSITY FOR GLUEING 281

So indeed » '
(DRg)* dar(w) = (Dgs )" dar(w)

and because (ﬁ;’q)* and (ng’q)* retain the E-horizontal degree

=i

(Do) dap() = (Do) dai(w).
Il

Definition 5.2.4. Let G be a proper and regular Lie groupoid together with an admissible
cover where the admissible embedded manifolds are given by {R,}o<n<f (or {Rp}nen, in
case of a finite cover). Consider a multiplicative Ehresmann connection F (with respect
to the isotropy algebroid). Then FE is flatly compatible with the cover if for every
pair n and n’ and every r € R, and ' € R, in the same orbit we have that there exists
a section v : U C R, — G of s on an open U containing r such that

« t(r) =7
e to~isamap from R, to R,,.

e ~ is horizontal in the sense that for any u € U (not just for r itself) we have

T.v(T,R) C E.

Lemma 5.2.5. Consider a proper and reqular Lie groupoid G together with an admissible
cover and a multiplicative Ehresmann connection E which are flatly compatible. Then any
JEG-isotropy Cartan form Wip,q € QP(Gy) has a descending homogeneous extension w,
such that the assignment

U : Tot(Rg) — Tot(Qpss(G))

Wip,g) — W

is a map of chain complezes. In particular, if we, q) is a JEG-isotropy Cartan form closed

under (Ea\rt, then \I/(w(pvq)) is a closed descending homogeneous extension of w, q)-

Proof. We apply the same construction as in Proposition 5.1.7 and Proposition 5.1.14 to
all Lie groupoids of the form Glga(r,) with the respective admissible embedded R, for
n €Ny (or 0<n < f).

We will need to prove that two things remain true throughout the iterative procedures
simultaneously: That the w(, 4 k) are (on appropriate domains) independent of the
choice of R,, and hence describe the restrictions of a unique global form and also that they
satisfy that B

C(Wiptkg—k) = (D 0)" (Wptkg—k))
for any sections v of the form as described in the definition of flat compatibility in Defini-
tion 5.2.4. Note that this in particular true if £ = 0 and wy, 4) is JEG-isotropy Cartan as
all v as described are F-horizontal at any point, such that both claims are true for k = 0.

Let us first consider the case of Proposition 5.1.7, i.e. where w, ) is d/Ca\rt—closed. If we
now intend to prove the induction step from k to k+1, we need to show that w4 x41,¢4-1—1)
satisfies the same properties by analysing the how it was constructed in Lemma 5.1.6. We
find that it consists out of two terms, the first one is p(p4x41,¢—x—1), which was constructed
from

dar (Wip+hg—k))
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and the second one is 0,1 x11,4—k—1), Which was constructed from

dar (W(ptk,g—k)) + AN (P(ptk,g—k))-

We further know know that p(,y141,9—k—1) is given by an iterated procedure where by
Proposition 2.3.10 we have that

x 1 *
p = (1P ()" (D gi)* (V)

and

where v(0) = ddr (W(p+k,g—k)). We therefore find that we can apply Lemma 5.2.3, such that
p) while a priori defined with respect to each R,, on Sat(R,) separately can be glued
uniquely to a globally defined form.

We can note that (INJfY qfkfl)* of the invariance condition of Lemma 5.2.3 is an honest
pull-back and commutes with dgg and can be interchanged with the simplicial maps ac-
cording to Corollary 1.2.34 and (ﬁlg,;,k)* according to Lemma 2.2.9 and Lemma 2.2.10.
Due to this fact, we have that p(®) also satisfies the invariance condition and so does w(V).
We can now iteratively apply Lemma 5.2.3 and the previous arguments, where the induced
v and p(l) respectively all satisfy the invariance condition.

So not only have we found now, that p,4r41,4—x—1) is well-defined, we have also found
that it satisfies the invariance condition given by

L*(p(p+k+1,q—k—1)) = (Efy,q)*(p(p-‘rk-l—l,q—k—l))

for all sections y as described in the definition of flatly compatible in Definition 5.2.4.
The same is true for o(, ry1,4—k—1) Which we choose according to Lemma 3.1.24, as
this is by definition a J¥G-invariant form. Also, its construction is independent from any
choice of cover. o
This concludes the proof in case of a dgar-closed JPG-isotropy Cartan form as in
Proposition 5.1.7. However, in the more general case we construct preimages of terms of
the form

Vip+kt1,g-k) — QR (W(ptk,g—k))>

where v,y 141,4-k) is precisely constructed in the manner described above. In this case,
the analogous arguments hold to show that both

V(p+k+1,q—k)

and
dar (W(ptk,g—k))

satisfy the invariance condition. Then, the analogous arguments imply that in the induc-
tion step in Proposition 5.1.14, we again obtain w4 x41,¢—k—1) independent of the choice
of any R,, and satisfying

L*(w(p+k+1,q—k—l)) = (ﬁ;,q)*(w(p-‘rk—i-l,q—k—l))'

Therefore the descending homogeneous extensions of J¥G-isotropy Cartan forms are gen-
erally independent of the choice of R, for a flatly compatible cover and connection and
there in particular exists a uniquely defined global extension of the locally defined des-
cending homogeneous extensions to a global one. O
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Example 5.2.6. A flat multiplicative Ehresmann connection F is flatly compatible with
every cover. So for any given cover we obtain that the construction of Lemma 5.2.5 yields a
closed homogeneous descending extension of any J¥G-isotropy Cartan form closed under
d/c;;. However, by the same argument used to justify that glueing is not necessary as
the local choice of the extension is independent of the chosen admissible manifold, we can
indeed find that the entire construction also agrees with that of Lemma 4.3.5.

Lemma 5.2.7. Given a proper and regular Lie groupoid G and a locally finite saturated
cover {Op }nen as well as a family { Ry }nen of admissible embedded manifolds generating
an admissible cover. Let {U, C Oy} be a saturated subordinate refinement together with
a family of cut-off-functions {&, }nen. Then consider a d-closed element w for which the
restrictions w|p, for alln € N can respectively be written as a locally finite sum

wlo, = Zw;(cn)

keN

such that each w,(gn) is d-closed, satisfies w,(gn)]Rk = 0 and is supported on a subset of a

saturated closed set C,gn) C Sat(Ry) N Oy. Then w is exact.

Furthermore, assume for any k € N we have a flat multiplicative Ehresmann connection
Ey on G|g, and for any pair of k € N and n € N, we have a multiplicative Ehresmann
connection E,i") on Sat(Ry) N Oy, such that E;(fn)|kaon = Ek|lr.no,- Then consider a
d-closed element w which is a closed descending homogeneous extension of an element in

bidegree (p,q) for which the restrictions w|o, for alln € N can respectively be written as
a locally finite sum

keN

such that each w,(gn) is d-closed, satisfies that all components a(,yp q—r) Of w,in)|Rk for

k € Ng vanish in (Ex|o,nr, )-vertical degrees p1 < g+ 1 and is supported on a subset of a
saturated closed set C,in) C Sat(Rg) N O,,. Then w is eract.

Proof. We will proceed iteratively with the construction of a preimage. Consider some
w,(co) and choose a preimage 1/15,0) with respect to Ry and, in the first case considered by the
Lemma, any multiplicative Ehresmann connection, where the preimage exists according to
Lemma 5.1.9. In the second case, use Elio), where the preimage exists according to Lemma

5.1.10. Note that a priori, VIE,O) is only well-defined on Sat(Rx) N Og, but by construction,
(0)

whenever w, ' vanishes on a saturated open (e.g. Sat(Rj) \ C’,go)), so does I/]go) as the
construction of the components of the preimage (based on Lemma 2.3.11 and Lemma
(0

3.1.24) is P, (Go)-linear and dgg is local. So we can extend v ) to all of Oy. We can

consider

W =w—d(- ) ),

keNy

where we understand & - > oy 1/,(?0) as a form smoothly extended by 0. Note that the sum

is well-defined as the cover induced by the { Ry }ren, is locally finite and that ' is clearly
cohomologically equivalent to w. Furthermore, we have in the first case considered in the

(0)

lemma, that as V]io) |r, vanishes, so does d(§; v, ') and in the second case, we obtain that
d(& - u,go)) is only supported in E-vertical degrees p1 > g+ 1, which additionally uses that
E,(Cn) is flat such that dqr can only increase the FE-vertical degree by Lemma 4.3.3. As the



284 CHAPTER 5. A CONSTRUCTION OF THE MODEL

support of & is closed and saturated as a subset of Gy, the same holds for supp(§p) N C’,go),

meaning that d(& - y,go)) is supported on a subset of a closed saturated set in Gj,.
So w’ also satisfies that it decomposes into a sum of the form

Vo, =Y @) =3 wl” —d& - v)lo,.
keN keN

(n)

where each (w'),” is again d-closed, supported on a subset of a saturated closed set
C,gn) C Sat(Ry)NO,, and satisfies either (w’ ),gn) |r, = 0or (w ),(cn)| R,, only has non-vanishing
components of Fy-vertical degree p; > g + 1. Furthermore we have by construction that
w' =0 on G|y,.

If we iterate this procedure, we obtain in each step that w is cohomologically equivalent
to a form vanishing on Up<i<,G|y,. At the same time, we only add exact terms coming
from terms supported only on O, meaning that as {O,},en is locally finite, there is a
well-defined locally finite sum of all the exact terms added in the iterated procedure, as
well as their preimages. This sum of the preimages v satisfies that w + d(v) vanishes on
all G|y,, and therefore on all of G. In particular, w is exact. ]

Lemma 5.2.8. Consider a proper and reqular groupoid G together with an admissible
cover induced by { Ry }nen (or {Rn}o<n<y) and a multiplicative Ehresmann connection E
with respect the the isotropy. Now consider a saturated open cover {Oy}tren and a family
of multiplicative Ehresmann connections {E®}.en where each E®) is defined on Glo, -
Furthermore assume that this data satisfies:

e The open cover {O}ren, admits a subordinate refinement {Uy}ren, such that
Uy C O
for any k € Ny with admissible cut-off-functions and an admissible partition of unity.
e We have that E("“)\ano,c = E|g,no, for each n € N and k € N.

e On G|o, we have that E®) is flatly compatible with the cover induced by the admiss-
ible embedded manifolds { R,, N Ok }nen.

Then we have that any J¥G-isotropy Cartan form Wip,q) € P(Gy) closed under (fja\rt
has a closed descending homogeneous extension w. This form can be chosen to satisfy that

[wlo,] = [w™] € H(Tot(Qess(Glo,)))

where w®) is the closed descending homogeneous extension of Wp,q)loy as constructed in
Lemma 5.2.5 from E%®) and the flatly compatible cover.

Proof. Consider a J¥G-isotropy Cartan form W(p,q) Closed under d/C;; We can, on each

J E(k) (k)

Oy consider the unique G-isotropy Cartan form Wipa) satisfying that

(Wea)lo] = Wiyl € HU(€))[0,)-

We know by Lemma 3.1.23, that these two forms correspond to identical expressions at
the unit section. As for any R, we have E(k)]anok = E|r,no,, we can note that this
implies
k
(@epg)|Ran0x = (@) R0
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Now, by Lemma 4.3.5, we have that there is a closed descending homogeneous extension
(k)

of “ip,a)’

which we will call w®). Note that for any R,, we have that

w®) |Sat(RnﬂOk)

does by construction and flatness agree with the extension as in Proposition 5.1.7. In
particular, we have that

(k) |Rnﬂ0k

only depends on the values of w((];)q)| R.nO, and E(k)\ RnNOy -
This means that any w(k)]anok only depends on w(, ¢)|r,no, and E|r,no,,, and that
in particular, we have
w®|g,n0, =0 r,n0,

whenever there is an intersection on which both are defined. This means that

(@® =0 D)o,n0,

is a closed form vanishing on any R, N O N O;. In particular, we can consider a partition
of unity underlying the {Sat(R;)}nen and write

(w(k) ’OkﬁOl Z Xn * (l))‘OkﬁOl
neN

to which we then can apply Lemma 5.2.7 to find that (w®) —w®)|o, o, is actually exact.
Note that this is the step of the proof where we need the refinement of the cover and the
existence of cut-off functions.

Now we will construct a series of closed forms w, which each is defined on Up<p<qOk.
In each step we will have that w,|o, is given by an expression of the form

k) + Z(wa)'gzk),

is d-closed, supported on a subset of a saturated closed subset of

)(k)

where we have that (wg)n
Sat(Ry)NO,, and satisfies (wa)fzk) |r, = 0. Therefore in particular w,|o, is cohomologically
equivalent to w®). The proof will be by induction, with start as wg = w(®

Now assume, that we have constructed w; on Up<p<;0;. We will find that when re-
stricted to Oj N Oj41 for any 0 < j <4, the term
(i+1)

(wi = w"")]0;00i44

is given by

0t (@) = ) 37 )P
neN neN

So we may apply Lemma 5.2.7 to (w; — w(i+1))‘(u0<3<1)mol+1 on G|(Uy<;<)n0;, With the

cover by {O; N O;11}o0<j<i and find that the term (w; — w1 )|O N0, is actually exact.
Let v be a preimage. From the proof of Lemma 5.2.7 it is 1mmed1ately clear that I/’0J nO
also admits a decomposition into terms each vanishing on some R,,.

i+1

We can now apply Corollary 1.5.6 to obtain a pair of basic functions f1( and fy M) 4
(Uo<j<iOj) U Sat(R,, N Oj41) satisfying fl(n) + f2(n) = 1 each vanishing on either an open
neighbourhood around Sat(R, N O;+1) \ (Uo<j<iO;) or an open neighbourhood around
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(Uo<;j<iOj) \ Sat(R, N O;41). Using the partition of unity underlying the admissible cover,

we obtain that
=3 xn A1
neN

similarly satisfies that f; = 0 on an open neighbourhood of O;;1 \ (Up<;j<;O;) and f1 =1
on an open neighbourhood of (Up<j<;) \ O;41 such that together with

fo=1-fi

we obtain two functions defined on all of (Up<j<;O;) U Oj41.
If we now consider fs - v, it is well-defined on all of (Up<;j<;0;), where we have that

wi —d(f2-v)
only differs from w; by an exact term and furthermore satisfies that
wi —d(fs - v) = Y

on any open on which fo = 1. In particular, this is true for an open neighbourhood of
Oi+1\ (Uo<j<iO;), meaning that we can smoothly extend w; by w1 to a form defined on
all of (Up<j<iO;) U Oj11. By the assumption on the decomposition of w, into terms van-
ishing on some R,, and the previous remark on v, we have that this new form immediately
satisfies the same property on any O; for 0 < j < 4. On O;;1, the analogous argument
holds when applied to

WD L d(f1 V) =w+d(f2 - v),

where the first expression is actually well-defined on all of O;;1 and precisely agrees with
the extension of the form by w(*1) on 0441\ (Up<j<iO;).

So as the cover of the O, is locally finite and by construction, the values of any w; and
wit+1 agree outside of O;41, we obtain a well-defined limit w’ of the family {w;};en. This
limit is not an extension of w(, 4), however (using that v by construction is only supported
in bidegrees (p’, ¢') for which ¢’ < ¢), we obtain that

[(Wipg)loy] = [wim)] € HY(E,)

for any k € N. So by our previous considerations we have that also

[(wép,q)ﬂok] = [(w(p,q))‘Ok-] € Hq(etp)'

This immediately implies that when employing the method of Lemma 4.2.4 to find a form
w cohomologically equivalent to w’ such that its degree (p,q) component is J¥G-isotropy
Cartan, we have that w is indeed a closed descending homogeneous extension of w(, 4.
As the cover furthermore admits an admissible partition of unity, we can use that ds is

b, (Go)-linear to choose local preimages under ds on all of the Oy, of

<pr,Q)> lor = (Wip.g)loy

(k)

decomposes into Wipa) and a sum of

terms vanishing on some respective R,, and the fact that wEI;)q)\Rn = W(p,q)| R, for any R,
to construct the preimage of (Wép,q))’Ok — (Wp,g))l0), as a sum of terms which each vanish

on R, N Oy (and are supported on a closed saturated subset of Sat(R,) N Of). As this is

respectively. Here, we can even use the fact that wzp 9)
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simultaneously the preimage of (w')|o, — (w)|o, this term can be written as a sum of an
analogous form, and similarly, so does

wlo, —w),
O

Lemma 5.2.9. Let G be a proper and reqular groupoid together with an admissible cover
induced by {Rp}tnen (or {Rn}o<n<yf) and let E be a multiplicative Ehresmann connec-
tion with respect to the isotropy algebroid. The assignment between J¥G-isotropy Cartan

forms closed under dgart and their closed descending homogeneous extensions of Lemma
5.2.8 satisfies that it maps cohomologically equivalent forms of Tot(Rg) to cohomologically
equivalent forms of Tot(Qpss(G)).

Proof. First of all, let us note that the method of Lemma 5.2.8 is linear, i.e. that the
statement of the claim is equivalent to showing that if W(p,q) 18 exact with respect to dgart,
then w is exact.

Now note that any of the w®*) in the construction by Lemma 5.2.8 satisfies that
w(l‘“)|anO,c and w|g,no, agree for any n € Ny based on the fact that E(k)|anok is flatly
compatible and agrees with E|r,~o,. So if we choose a preimage v of w*) according
to the method of Lemma 5.2.7, we have that the construction of I/(k)|anOk agrees with
the construction of a preimage of w|g,no, on G|r,no,- In particular, it only depends on

E|Rr,no,, such that
yk 0

vanishes on R,, for any n € N.

Let us now consider the construction of w’ of Lemma 5.2.8 by defining a series of w;.
We aim to iteratively define a preimage of each w; which we will denote v;, starting with
vy = v, Now note that w;i+1 was constructed from w; by the formula

Wi +d(f2 . Oé),

where « is chosen as a preimage under d of

W; — w(iJrl).

In particular, we have that

i+1) _

I/i—V( «

is d-closed. By construction, we will have that on any O; for 0 < j <4, the restriction
Vilo;

will only differ from v by a sum of terms 57(3‘ ) satisfying that

This immediately implies that A
v — vt alo,

is of a similar form (when considering the proof of Lemma 5.2.8 on the analogous property
for a).

In particular, we have that

v — ) — alo,



288 CHAPTER 5. A CONSTRUCTION OF THE MODEL

is exact with preimage p. So

vi— fora—d(f2-p)
is now a well-defined form on Up<;j<;O; satisfying that on an open neighbourhood of
Oit1 \ (Uogjgzo) (i.e. where fo = 1) we have that it agrees with v+ Furthermore

d(vi— fa-a—d(fe-p) =w —d(f2- ),

which agrees with w;4+1. So the extension of this form by w1 on Oi+1 \ (Uo<j<iO;) is
smooth and a preimage of w;11. The argument that

Vi+1|0j — V)
decomposes as claimed previously is analogous to the proof of Lemma 5.2.8. So is the
existence of a limit /. We have that w—w’ consists of an exact term, where the construction
of the preimage 6 has already been explicitly described in Lemma 5.2.8. So now, we have
that

vV 40

is a preimage of w, and in particular w is d-exact.

We can analogously analyse the cohomology class of the leading component. For this,
it is relevant that both 6 and all of the terms arising as « in the previous construction are
supported in bidegrees (p + 1,q — 1) by construction (as the leading component of w is in
degree (p,q + 1)). Therefore, on Oy, we have that

v+ mok
has its leading component given by l/((;)q) up to some dpr-exact terms and in particular,
the dp-cohomology class precisely agrees with

[V(p,q) ‘Ok]

So adding an d-exact term corresponding to the preimage under dys of the difference
between v/ + 6 and V(p,q) in bidegree (p,q) will precisely yield a descending homogeneous
extension of v which we can denote as v, with the property that

d(v) = w.

D,q)°

We can explicitly check that this method recovers the construction of Lemma 5.2.8 in
the case that w = 0.
O

Lemma 5.2.10. Consider a proper and reqular groupoid G together with an admissible
cover induced by {Ry}nen (or {Rn}to<n<s) and a multiplicative Ehresmann connection
E with respect the the isotropy. Now consider a saturated open cover {Oy}ren and a
family of multiplicative Ehresmann connections {E(k)}keN where each E®) is defined on
Glo,. Assume that these objects satisfy the conditions of Lemma 5.2.8 and consider the
corresponding construction for any JFG-isotropy Cartan forms W(p,q) and V(y ) supported
in bidegrees (p,q) and (r,s) respectively. Assume that there is a family of flat connections
E, on any G|r, and the connections E%) used in the construction satisfy that for any
n € N we have E(k)|anOk = Ey|r.no,- Then, we obtain that the associated closed
descending homogeneous extension

18 cohomologically equivalent to



5.2. ELIMINATING THE NECESSITY FOR GLUEING 289

Proof. We can review the construction of w = W¥(w, ) to note that apart from bidegree
(p, q), we have that all components w4 q—r) of bidegree (p+k,q—k) for £ > 0 on any of
the Oy decompose into sums of terms which for some R,, restrict to a form only supported
in components of F,-vertical degree at least ¢ + 1. We can see this by the decomposition
of
wlo, = w® + Z W) = wipg) + Z Xn - (@0 —wipq) +wll)
neN neN
where the terms we are summing over are given each as the sum of a term that vanishes
on the corresponding R, and a term coming from w®) which restricts to a form only
supported in components of E,-vertical degree at least ¢+ 1. Similarly, we can decompose
v = V¥(y(,)) into its component v, ,) and a sum of terms which restrict on some R, to
a form supported only in the components of E,,-vertical degree at least s.
This also means that the product
wJr

can be written as the sum of
W(p,g) Y V(r,s)

and a sum of terms which for a corresponding R,, restrict to an expression supported in
E,-vertical degrees at least ¢ + s + 1. Similarly, we have that

U (Wip,g) * V(rs))

decomposes into w, q) “ V(s and a sum of the analogous form. Now it only remains to
note that as w(,q) and v, ) are dy-closed, so are both w, ) U v and wi, g) V()
and by Lemma 4.2.20 they are cohomologically equivalent. Furthermore, we have that
their preimage can be constructed explicitly by only using the contraction of two adjacent
factors of (A%, )®? and considering the action of ¥+ s by Lemma 3.1.18 and Lemma 3.1.15.
However, as by Proposition 4.1.18 and Lemma 4.1.15 we have that dffg corresponds to a
derivation with respect to the algebra structure on I'(Go, AP (T'Go/Fo)* @ AP (AL )99),
where the expression on each copy of A  agrees, we have that the permutation action
and contraction both commute with d?ﬁg. So the preimage o of

Wip,g) Y V(rs) — Wipag)  Vrs)

is a JFG-invariant form for which ddilg(a) vanishes, especially on any restriction to any
R,,, such that we have that as a whole

\I’(W(p,q)) U W(V(r,s)) - le(w(p,q) YV(r,s)) - d(U)u

decomposes into a sum of terms where each restricts on a specific R,, to a form supported
only in E,-vertical degrees at least g+ 1. By Lemma 5.2.7, this implies that the term is ex-
act. Asso is d(o) we directly obtain that therefore W(w(, ;) U¥ (1. s)) and ¥(w(, o) V(r,s))
are cohomologically equivalent. O

Proposition 5.2.11. Consider a proper and reqular Lie groupoid G together with an ad-
missible cover induced by { Ry }nen, (07 {Rn}o<n<f) and an open saturated cover {Oy}ren,
with an admissible partition of unity with respect to the latter. Further consider a multi-
plicative Ehresmann connection E with respect to the isotropy Lie algebroid and a family
of multiplicative Ehresmann connections {E(k)}keNO, where each E®) s a multiplicative
Ehresmann connection with respect to the isotropy on Glo,, as well as a family of multi-
plicative Ehresmann connections { Ep }nen,, where each E, is a multiplicative Ehresmann
connection with respect to the isotropy on G|g, . Assume that the connections satisfy that
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o F,, is a flat multiplicative Ehresmann connection for any n € Ny.
e We have that E(k)\anOk = E|g,no, for each n € N and k € N.

e On G|o, we have that E®) s flatly compatible with the cover induced by the admiss-
ible embedded manifolds { R,, N Ok }nen-

Then the map
o : H(TOt(Qgss(G))) — H(TOt(RE’))

as constructed in Theorem 4.2.16 from the assignment of Lemma 5.2.8 is an isomorphism
of R-algebras.

Proof. By Lemma 5.2.9 we have that the assignment of Lemma 5.2.8 satisfies the re-
quirements to apply Theorem 4.2.16 constructing ®. By Lemma 4.2.22 we have that ®
induced by some linear assignment W is a morphism of R-algebras if and only if for any
two d/c;c—closed JFG-isotropy Cartan forms W(p,q) and v(; 5) holds that

V(Wip.g) U (s)
is cohomologically equivalent to W(w(; ) “¥(r,s)). This is the case by Lemma 5.2.10. O

From here on out, we will show that indeed, for any Lie groupoid G there exists
an admissible cover together with a family of locally defined multiplicative Ehresmann
connection that are flatly compatible and agree on restrictions with a globally defined F.
It will turn out, that the construction of Proposition 1.5.9 is actually almost the right
choice (up to a refinement) for the admissible manifolds {R,},en and we can actually
choose the induced cover Oy, = Sat(Ry).

Obtaining the multiplicative Ehresmann connection (and proving that it is flat) is more
difficult. While we know (due to way we chose R,, with respect to the local form of G|g,,),
that there are flat Ehresmann connections on the restrictions of the groupoid, we don’t
know if they are compatible with any extension to G|yg, (this will turn out to be true
locally) or to the entirety of G (this will turn out to be true locally on some refinement).

Before we turn to proving this, we will however start by laying some groundwork
first. We will analyse how to extend multiplicative Ehresmann connections from G|z to
G\Sat( r) and how to glue multiplicative Ehresmann connections, which is a surprisingly
non-canonical notion.

Lemma 5.2.12. Consider a proper and reqular Lie groupoid G together with an admissible
embedded manifold R such that Sat(R) = Go. Then a multiplicative Ehresmann connection
E with respect to the isotropy is uniquely determined by the data of E|g the Ehresmann
connection on G|r and the restriction E|-1(r) of E to

s:t Y(R) = Gy

as a connection with respect to the surjective submersion.

Furthermore, the compatibility condition necessary for E|r and E]tq(R) to arise from a
multiplicative Ehresmann connection E (with respect to the isotropy) is that E|,—1(ry = E|r
on G|r and

Tu: E|R XTGo E|t*1(R) C TGy XTG, TG1 — TG,

only takes values in Ely-1(g).
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Proof. The fact that any Ehresmann connection E induces E|r and E[.-1(g) with the
given property is immediate.

For the converse, assume we are given E|r and FE |t—1( R)» let us show there is a unique
extension F.

We will fist check well-definedness. For this, consider = € ;. By assumption, there is
some r € R in the same orbit as s(x) and ¢(x). We can choose =5 € G and x; € G with
target r and source s(x) and t(x) respectively. Furthermore, we can compute

g=p (xtaxa (xs)_l) € G|R>

which implies that
1% ((xt)ila g, JIS) =x.

It is sufficient for the definition of E to describe the projection of any X' € T,G; to
its horizontal component. For this, consider T's(X’), which, as

S t_l(R) — G(]

is a surjective submersion with a connection, can be lifted at zs to X € E|;-1(g) uniquely.
Similarly, T¢(X') can be lifted uniquely at x; to X; € El;-1(g)-
Now we can compose

Tu(Xe, X', (T(—=)")(X)) := X].

We know that X is a tangent vector at g € G|r with T's(X]) € TR and Tt(X)) € T, R,
implying that X/ € T(G|g). This means that we can project it to its FE|g-horizontal
component X,.

We can then compute

Tp((T(-)"H)(Xe), X, Xo) = X

and obtain a tangent vector at x for which T's(X) = T's(X') and Tt(X) = Tt(X'), such
that X and X’ only differ by a vector in the isotropy bundle. We define X to be the
horizontal projection of X’. Note that this indeed satisfies the necessary condition for a
horizontal projection, as whenever X’ € IG,, we have Xy = 0 and X; = 0 as both lift the
0 vector, implying that X| € IG; and X, = 0 as well.

We now need to check if this definition depends on the choice of x5 or x4, as all other
constructions were uniquely described. So consider different choices ys; and y; with the
implied vectors Ys, Yy, Y, and Y,. We can consider g; € G|g with

Ys = /L(gs, -Ts)
and define Zs € F|r as the unique lift of Tt(X,) at gs. Then we obtain that
T/’L(287 XS)

is E|;-1(p)-horizontal and lifts T's(X) to T'(t~'(R)) at ys. Hence we obtain that it agrees
with Y5.

We can look at similar constructions for Y; and obtain that Y, and X can be re-
lated by left and right multiplication with F|g-horizontal vectors. However, as E|gr is a
multiplicative Ehresmann connection, we know that the horizontal projections of

Tu(Xe, X', (T(=)"1)(X,)) € T(Gr)
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and
Tu(Ys, X', (T(=)~")(Ys)) € T(GR)

are then related by left and right multiplication with both tangent vectors simultaneously,
as they are E|r horizontal such that they are projected onto themselves. Inserting this in
all the formulas yields that both definitions of X agree.

Next, we need to argue, that the horizontal projection described this way indeed defines
a multiplicative Ehresmann connection. For this, it is important, that at units z = 1,, the
connection contains the subspace tangent to the unit section. However, in the case that
X' =Tuwi(Z) for Z € T,,,Gp, we can choose x5 = x4 and Xz = Xy, such that X/ is also
given by a vector tangent to the unit section. As F|r was assumed to be a multiplicative
Ehresmann connection, this implies X, = X/ and X = X'.

Furthermore, we need to check that multiplying two E-horizontal vectors X and Y
yields an E-horizontal result. However, by definition, to multiply the vectors, we know that
Ts(X) = Tt(Y), meaning that if we choose z; = y; we can choose X; = Y;. Unravelling
the definitions, we then find that when we replace X and Y by the terms of their E-
horizontal projections the term p(X,Y’) agrees with the term defining the E-horizontal
projection of u(X,Y) itself.

In a similar manner, we have that if X is F-horizontal, we can choose any X and X;
and for Y/ = (T'(e)~1)(X) choose Yy = X; and Y; = X,. Then the term Y, in the given
construction is given precisely by the inverse to the term X/. But as by construction, X
is E-horizontal if and only if X/ is E|r-horizontal, we find that Y, is E|r-horizontal and
therefore Y is E-horizontal.

Lastly, it remains to check that E described this way indeed restricts to E|r and
El;-1(g). For this, note that if 2 € t71(R), we can choose r = t(x) as well as z; = 1y
and x5 = x. Then we have that g = 1,(,) and for any E|;-1g)-horizontal vector X' we can
use that E|r agrees with El,-1(g) to lift it at 2, to X' itself and at x; to (Tu1)(Tt(X")).
However, this implies that X = (Tuq)(Tt(X’)), such that the F|g-horizontal projection
is given by the identity, implying that the E-horizontal projection of X’ is given by the
identity as well and therefore that X’ is E-horizontal. As X’ was chosen as an arbitrary
Eli—1(p)-horizontal vector, this means that E = El;~1(p) on t~'(R). In particular, E
restricts to E|g. O

Lemma 5.2.13. Consider a proper and regular Lie groupoid G together with an admiss-
ible embedded manifold R such that Sat(R) = Go. Consider a family of multiplicative
FEhresmann connections {E(")}neNO with respect to the isotropy on a saturated open cover
{Un}nen, such that the family of Ehresmann connections EM)| gy satisfies that for any
two k,l € Ny, we have

E®|pev, = EY|pe,.

Then given any partition of unity {xn € Cpe(Go)}nen, underlying the {Uy}nen, we
can glue the connections E(”)|t_1(R) on

s:t Y(RNU,) = Gy

and E(")\RmUn on G|r to the data as given in Lemma 5.2.12 encoding a multiplicative
Ehresmann connection E with respect to the isotropy.

Proof. 1t is immediately clear that we obtain a connection E|;-1(g) on

st Y(R) — Gy
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and a connection F|g on G|g which splits T'G; with respect to IG1. We still need to show
that the result is multiplicative and that El[,—1(p) restricts to E|g.

However, we have that on G|g, the Ehresmann connections E(")\ Rr agree wherever
two of them are defined. Therefore the result E|p extends any given E(|gr. As the
multiplicativity can be checked locally on saturated sets, we have that all connections
E|t—1(RﬂUn) on

s:t Y (RNU,) = Gy

are invariant under left-multiplication with F|g and hence so is the result of glueing. Also,
as all E|y-1(rny,) agree with E|g on the appropriate restriction, so does the result after
glueing.

By Lemma 5.2.12; this compatibility implies that there is a multiplicative Ehresmann
connection E that restricts to E|r and El;-1(p). O

Unfortunately, this method of glueing multiplicative Ehresmann connections does not
only depend on the partition of unity, but also on R.

Lemma 5.2.14. Consider a proper and regular Lie groupoid G together with two admiss-
ible embedded manifolds Ry and Ry such that Sat(Ry) = Sat(Rg) = Go. Consider a family
of multiplicative Ehresmann connections {E(n)}neN with respect to the isotropy on a satur-
ated open cover {Upy}nen with an underlying partition of unity {xnnen. Further assume
that the family of Fhresmann connections E(”)]RIQUH satisfies that for any two k,l € N,
we have

E®) R0, = ED | R0,

on Ry Nsupp(x;) Nsupp(xx) and the family of Ehresmann connections E™|p,ny., satisfies
that for any two k,l € N, we have

E(k) |R2ﬂUk = E(l) |R20Ul

on Rs N'supp(x;) Nsupp(xk)-

Then, if R1 U Ry is an embedded manifold of Gy, the two multiplicative Ehresmann
connections E1 and Ey obtained by the construction of Lemma 5.2.13 with respect to Ry
or Ry satisfy that

E1 = E2

on G|Rr,UR,, extending each of the restrictions {E™|r,qv, Yneno 01 G|rynv, and each of

the {E™|ryv, Ineng on Glrynu, -
If furthermore EW) = E®) wherever defined on G|Rr,UR,, we find that

E1 = E2
on all of G.

Remark. This lemma has implications in more general settings as well. If R; and Ro
are any admissible embedded manifolds, we can consider U = Sat(R;) N Sat(R2) which is
open saturated. In this setting R1 NU and Re N U satisfy the required property to apply
the previous statement to the groupoid G|y .

Proof. Let us denote the two results of the construction of Lemma 5.2.13 by E; and Fbs.

Consider t~1(R1)Ns™1(Ry). The multiplicative Ehresmann connection F; restricted to
this set is determined by E1|;-1(g,) and hence is constructed by glueing the £ (") according
to the partition of unity. On ¢t~!(Ry) Ns™1(R;) we have that similarly, Fy is determined
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by E2|t—1( R,) and hence is constructed by glueing the E(™) meaning that as all the E("
and Fy and Fs is preserved under taking inverses and the partition of unity consists of
basic functions, we have that

Eyli-1(r)ns—1(Re) = E2li-1(R1)ns—1 (R

The same argument holds for t~!(Ry) N s~*(R;) and the fact that all £ and hence
any result of glueing them agrees on G|r, and G|g, is by assumption.
Furthermore, we have that if on G|g,ur, all E™ agree, that

B1l-1(ry)ns—1(R2) = E2li-1(R)ns—1(Re) = E™ i1 (Ry)ns—1 (R2)»

wherever the latter is defined.

Now note that we are generally defining Elltq( Rry) and Esli-1(R,) by a similar process:
For either z1 € t~1(R;) or x5 € t~!(Ry) we define the respective multiplicative Ehresmann
connection by glueing the horizontal projections with respect to the partition of unity.
However, if x1 and xo are in the same orbit we can relate those projections according to
E(™ by left multiplying with a horizontal jet in t~1(Ry) N s~ (Ry) or t~1(R2) N s~ (Ry).

So if horizontality in t~1(R;)Ns~!(Ry) is a uniquely defined notion (as all multiplicative
Ehresmann connections agree on the corresponding groupoid) this implies that the result
of E1|i-1(g,) at 1 and Fals-1(p,) at 2 are also related by left multiplying with a horizontal
jet in t71(Ry) N s™Y(Ry) or t71(Ry) Ns~H(Ry). (as this is a linear map on the tangent
space).

However, when reconstructing £y and Fy from Fi|i-1(p,) and Eali-1(g,), We can use
precisely left multiplication and adjoint action with elements of t =1 (R1)Ns™(R2) to relate
the construction of a general horizontal vector. The adjoint is acting on E|g, and E3|g,
respectively, but as we have shown that Fy, = F5 on both R; and Rs, we find that indeed
the result agrees. O

Corollary 5.2.15. Consider a proper and reqular Lie groupoid G, a saturated open subset
U C Gy and an admissible embedded manifold R together with a multiplicative Ehresmann
connection By on Gly and Ey on Glsa(r)- Then there exists a multiplicative Ehresmann
connection E on G|yusat(r) which extends Ey on U\ Sat(R) and Ez on Sat(R)\ U.

Proof. Without loss of generality, assume that Gp = U U Sat(R) as we can otherwise
restrict the groupoid to this saturated open. We have that the subsets Sat(R) \ U and
U\ Sat(R) are both saturated and closed and by definition disjoint. We may, by Corollary
1.5.6 assume that we can separate them by basic functions y; and yo with x1 + x2 = 1,
such that y; = 1 on an open neighbourhood of Sat(R) \ U and x2 = 1 on an open
neighbourhood of U \ Sat(R).

On UNSat(R) we now may apply Lemma 5.2.13 and glue the connections with respect
to RN U and this partition of unity (where R N U is admissible by Lemma 1.4.31). On
any saturated open on which y; = 1 we recover F; and similar for E». By construction,
this is the case for open collars of U \ Sat(R) and Sat(R) \ U, meaning the result can be
extended to U U Sat(R) by the original connections. O

The first step that we might want to tackle now is describing on how to proceed when
given two admissible embedded manifolds R; C G and Ry C Gq for which the associated
groupoids G|g, and G|g, are trivialisable in the sense of the local form of an s-proper

groupoid. Assuming that R; N Ry = (), we want to find a flat multiplicative Ehresmann
connection on G/|(r,uR,)-
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This construction will use facts about the automorphism groups of a Lie group. How-
ever, while the local form of G| g, and G|g, is in both cases given by an action Lie groupoid
(because we are looking at the neighbourhood of some isotropy group acting), the corres-
ponding group in both cases is not necessarily identical. This complicates the proceedings.

So again, we will postpone the proof and consider some auxiliary definitions first.

Lemma 5.2.16. Consider a proper and reqular Lie groupoid G. Then the subset H1 C Gy
given by

Hy ={z € G s.t. s(x) =1t(z) and
Jor any X € Ty, Go there is X € T,G1 with Tt()?) = Ts()A() =X}

defines a proper and regular Lie subgroupoid. It admits an adjoint action in the sense of
Ezample 1.1.30. The construction furthermore commutes with the restriction to admissible
embedded submanifolds and induces a quotient groupoid G/H. In case lyp = 0, we have
that G/H s étale.

Remark. We can note that for a foliation of dimension Iy = 0 the given set agrees with
the description

{z € G s.t. s(x) =t(z) and any X € T, G, satisfies Tt(X) = T's(X)}.
However, this definition would yield the empty set in case [y # 0.

Proof. In this proof, we will derive the statement for increasingly general settings. Let us
first consider the case of an action groupoid where a compact Lie group G is acting on a
manifold M with a G-invariant Riemannian metric (which then always exists), where the
orbits are discrete. Then geodesics are mapped to geodesics. In particular, if m € M is a
fixed point of some g € G and L, : M — M satisfies that

TynLy : TuM — T, M

is given by the identity, then also
L,=id

on any exponential coordinate chart given by an open ball U,,, C M open around m € M.
Furthermore, as the orbits are discrete, we find that the entire connected component of G
containing g must satisfy that Ly = id on U, as any such Ly (r) for any r € U,, must
be contained in the same constant leaf of the foliation as L,(r) = r. Similarly, if

TpnLg : TnM — T M

is not given by the identity, there is an open neighbourhood around m on which the entire
connected component of ¢ induces a fixed non-trivial diffeomorphism, which, even at any
fixed point, induces a non-trivial map on the tangent spaces. In particular, any lift of
any X € Ty(;)Go (whether it is a lift with respect to the product structure or not) will
have an image under Tt according to this diffecomorphism, such that it is distinct from
X itself. Hence for the associated action groupoid G, any element (g,m) € H admits an
open neighbourhood s~1(U,,) Nt~1(U,,) on which the inclusion H C G agrees with the
inclusion of connected components. So H is an embedded submanifold of G.

Now let us cover the case where we do not assume G to be an action groupoid, but
we assume that G is proper and regular and the orbits are discrete. If we combine the
previous fact with Lemma 1.4.37, we obtain that for any point m € Gy there is again an
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open neighbourhood U, such that any of the connected components of G|y, can either
induce the identity on T'Gg at all points or at no point at all. In particular, the subgroupoid
H is well-defined.

Now let us return to the general case. Here, we know by Corollary 1.4.38 that for any
m € Gy we can find an admissible embedded manifold R through m, and by Lemma 1.4.14
there exists a nice compatible coordinate chart, which we may without loss of generality
assume to take values in a cube. Analogous to the proof of Lemma 1.4.32 we can integrate
some lift of Fy to A (i.e. it maps under ¢ to R while retaining the local leaves). This
results in a family of local sections inducing bijections between {0} x V" and {b} x V' where
{0} x V' is precisely the set corresponding to the intersection of the domain with R. Instead
of understanding the family sections as such, we can instead consider the inverses, which
on the open subset of R% x V contained in the cube (i.e. the codomain of the coordinate
chart) define an s-section v with image in R. Let us denote this open as U,,. We obtain
an isomorphism

Gly,, = Gly x (U c R) x (U c Rb)
= (u(y(t(2)), 2, 7(s(2)) ™), Prew (¢(x)), Prag (s(2)))

It is immediate from the description that on the right-hand side the induced groupoid
structure corresponds under the identification R0 x V =V x R0 to

Gy xUxU—=VxU=X2U,
(x7 a/7 b) ’_> (x7 b)

and

Gy xUxU—=VxU=x2Up,
(z,a,b) = (2, a).

We can directly notice, that the diagonal map
A: G|gp xRl € G|g x Rl x Rl
describes an embedding, and by our previous arguments, so does
H|r xR c G|g x Rlo,

We now claim that this embedding, when intersected with the codomain of the constructed
isomorphism, precisely describes H locally. For this, firstly notice that as x € H implies
s(x) = t(x), we have that H can indeed can indeed only contain elements of the diagonal.
Also, we have that the definition of H is local, meaning that H N G|y,, = H|y,, and
H|rNG|y = H|y. Therefore, we now need to show that any element of H|y,, corresponds
to an element of H|y x U x U and also the converse.
We have that at any point of
Gly xU x U,

any lift of some (X,0) € TR x TRY with respect to T's’ (i.e. in its first and third compon-
ent) corresponds in G|y, to a lift of X when interpreted as an element of T'G(. Therefore,
if at some point z € H|y,, there exist a lift X of some X € TR with Tt(X) = Ts(X) = X,
it will correspond to a vector (X ’,0,0) in G|y x U x U where its image under Tt is given
by (X,0) as well. In particular X e TG|y satisfies that Tt(X’) Ts(X’) X. There-
fore, any point of H|y,, has its first component contained in H|y. At the same time, we
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may simply define the lift of any (X,Y) at some x € H|y x A(U) as ()/(\’,Y, Y'), where
X is chosen as previously described for the lift of (X,0). We can explicitly compute that
it is indeed a lift with respect to T's’ and T't'. So indeed, all elements of the embedded
manifold H|y x A(U) correspond to elements of H|y,, and the two descriptions agree. In
particular, H|y,, has the structure of an embedded submanifold. Furthermore, we find
that the construction of H from G commutes with the restriction to R around m. But as
R and m were arbitrary, this holds for every admissible embedded submanifold.

We now aim to check that H is normal, i.e. that the equivalence class of x up to
left multiplication with elements of H agrees with the equivalence class of x up to right
multiplication with elements of H. As H is a subgroupoid of GG, we have that the quotient
G/H is the quotient of a free and proper groupoid action, which is always well-defined
and if H is normal, it immediately inherits a groupoid structure. It is also immediately
clear from the formulation that H is a normal subgroupoid if and only if for any x € G
holds that

w(z, hyx™t)y € H

for any h € G|i4(,)y N H. This is also precisely the condition necessary to define an adjoint
action as in Example 1.1.30.

Now by Corollary 1.2.9 we know that we can extend z to a local bisection -, where we
will denote its domain by O and its codomain by W, where v covers the diffeomorphism

¢:0—W.
We then find that
15271 o 15,1%1 :Glw — Glo
y = p(y (W), y, (v () ™)

is a bijection with inverse 150 o 151_1 1> even though it is not a groupoid morphism.

Also, by assumption, it maps h 6 G|{1 } N H precisely to u(z, h,z~!). We can now for

any X € Ty)W consider Y =T ¢ Ts()O. By assumption, we can find a lift
Y e T1,G|o, such that Tt(Y) TS(Y) Y. We can now explicitly compute that

Tt((DS1 0 DLy )).Y) = THTD) 1 (V) = T¢(Tt(Y)) = X

and analogously for T's. So indeed, any X € Tj(,)Go we can define a lift X as required in
the definition of H. So indeed, H is normal and therefore the quotient G/H is well-defined.

Furthermore, we have that the dimension of H is precisely given by k1 — [y, as we can
see from the explicit form of the embedding H C G and the dimension of its s-fibres is
therefore k1 — kg — lp. This implies that the quotient is of dimension kg + ly and if [o = 0,
that the groupoid (G/H) is étale. O

Definition 5.2.17. Consider a proper and regular Lie groupoid G. Then the subgroupoid
H defined in Lemma 5.2.16 will be referred to as the rigid isotropy subgroupoid.

Lemma 5.2.18. Consider a proper and reqular Lie groupoid G and assume that Ry C Gy
and Ry C Go are admissible embedded manifolds. Consider some connected component

iCcs Y RNt Y R)NG/H

where s and t denote source and target maps of the groupoid G/H. The component i has
a preimage i under the projection G — G/H.
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If there is a section v : U C Ry — G of s such that
pra/p oYU C Ry — (G/H)

is an isomorphism onto i, we have
i = Hlu,

where the isomorphism is equivariant under the action of H|y on both spaces by right
multiplication.
Furthermore, if v induces a diffeomorphism between U and V' C Ry, we have addition-
ally that
i~ Hly

where the isomorphism is equivariant under the action of H|y on both spaces by left mul-
tiplication. The concatenated isomorphism

H|ly 2 H|y

agrees with ;‘;15
Proof. The isomorphism can be explicitly written down as
Hly =i
z = p(y(s(x)), )
and

/Z'\—) H’U
= p(((t(2))) 7, ),

where we can now check that the expressions are well-defined. For the first map, this
follows as we can note that s =t on H|y and + is a section of s. The result is an element
of i, as x projects to Ly € G/H, such that the composition projects to pr(v(s(z))), which
is in 7 by definition.

Now consider the second map. Here, we need to check that t(z) = s((y(t(x)))~!) and
that the composition is actually an element of H|y. By assumption, any = € gprojects to
x € ¢ with the same image under the respective source and target maps. In particular as
pro7y is an isomorphism and s is a left inverse by definition, we have that the restriction
sli i — U is well-defined with target space U instead of Gy and describes the unique left
and right inverse. This implies s(z) = s(x) € U, such that the term (y(s(x)))™?
Furthermore, it implies that pr(y(s(z))) = « and we have that

s((7(s(2))) 1) = t(v(s(x))) = t(y(s(2))) = tz) = t(x).

So now it only remains to be seen that

p((1(t(2))) " 2) € Hlu.

However, this is by definition, as we have that z € i projects to z, while y(s(z)) € ©
projects to the unique element 2’ € i with s(z’') = s(z) = s(z), implying that 2/ = z.
So they lie in the same equivalence class of G/H and in particular, the expression we are
analysing is an element of H. That it is contained in H|y follows immediately from the
consideration that s(x) € U and left multiplication does not alter the source.

exists.
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The fact that the two maps between i and H |y are inverses is immediate. They also
are equivariant under the action by right multiplication.

In case that v induces a diffeomorphism between U and V, recall that we have defined
a section y~! : V — G which maps precisely to the values inverse to those in the graph
of v. We can now analogously check that

Hly =i
z = plz, (v ()7
and
i— Hly
z = plz, oy (H)),

are isomorphisms analogously, where the only additional argument needed is the fact that
by construction, proy~! = (proy)~! such that

t(v (t(2))) = t(proy) T (@) = tz™") = s(z) = s(x).

By writing out the concatenation of both morphisms, we obtain

Hly i » Hly

z —— p(y(s(x)), z)

T y (v H(E(2))

z ——— p(y(s(2)), 2) —— p(y(s(2), 2,77 (v (s(2))))),

where we can note that (y~'oto~)(u) = (y(u))~! for any u € U, such that this notion
—~H
indeed agrees with Ad, ,. O

The groupoid H is very well-behaved. For example, because it is a proper Lie group
bundle we have that for any two points in a connected component of Hy = Gy, their fibres
are (non-canonically) isomorphic groups. By construction, the same is also true for any
two points in the same orbit of Gy. This means that while it is difficult to compare G|g,
and G|g, for two admissible manifolds with the same saturation even when they admit
local trivialisations, it will be feasible to compare H|gr, and H|g,.

This comparison will be based on a well-known result by Iwasawa that is not about
Lie groupoids, but Lie groups. On first glance, the relation is somewhat hidden, but we
will uncover it in the following.

Theorem 5.2.19 ([27], Lemma 1.1). If G is a compact Lie group, then
Aut(G)/Inn(G)

1s discrete.

However, this statement implies direct consequences for the connections on Lie group
bundles:

Lemma 5.2.20. Let M be a connected and contractible manifold and G a compact Lie
group. Assume there is an automorphism
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GxM—2GgxM

tus tus
M—4

of the trivial action groupoid which restricts to id on G x {m}. Then there exists

7€ C®(M,G) =T(M,G x M),

—~G
such that ¢ = Ad,, ;.
Furthermore, the choice of v is unique up to

e€ C®(M,C)=T(M,Cx M),
where C C G s the center subgroup of G.

Remark. If we ask that v(m) = 1,,, we obtain that 7 is unique up to € also satisfying
e(m) = 1,,. This would for example imply that £ only takes values in the connected
component of C containing 1,,.

Proof. We have that for each n € M the groupoid morphism induces an automorphism on
G x {n}. As ¢ is continuous, the induced map A, € CY(M, Aut(G)) is continuous as well.
As M is connected, so is the image of A4, meaning that at each n € M the automorphism
Ag(n) is in the same connected component of Aut(G). As this component must contain
id (which is the image at m), we know that it is a subset of Inn(G) by Theorem 5.2.19.
So we can write

Ay € CV(M,Tnn(G)).

Furthermore, we have that Inn(G) carries a canonical manifold structure (as a subman-
ifold of Aut(G)). As ¢ is a smooth groupoid morphism, we find that As € C°(M,Inn(G))
must actually be smooth with respect to this structure as well. Note that there is a
canonical projection

G — Inn(G)

which is a smooth Lie group homomorphism and establishes
Inn(G) = G/C.

Now, because M is contractible and G is compact, we may lift A, to v € C*(M,G): A
smooth contraction f. of M to a point induces Ay o f. € C*°(M x [0,1],G/C) (deforming
Ay to a constant, which can clearly be lifted) and any connection of G as a bundle over
G/C. Choose a lift of Ago f. to C>°(M x [1 —t,1],G) along this connection for the largest
t possible. Well-definedness for t = 1 follows from compactness of G. By construction of
the map from G to Inn(G), we precisely have that the obtained section v satisfies that A?ig
(which acts by Ad,(,) on each fibre) agrees with ¢.

For the second claim, we only need to apply the previous result to the groupoid morph-
ism ¢ = id. We have that in this case Ad,(,) : G — G must be trivial for any n € M. This
however is equivalent to y(n) € C for any n € M. O

Lemma 5.2.21. Let G be a proper and reqular Lie groupoid. Assume that there are two
connected and contractible admissible embedded manifolds Ry C Gy and Ry C Gy with two
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flat multiplicative Ehresmann connections E1 and Eo on H|p, and H|gr, and a bisection
v : Ry = Gy which induces an isomorphism

Pre oy 1 — i C t Y (Ry)Ns Y (Ry) Cc G/H

to a connected component i of t~1(Ra) N s~ (Ry).

Then there is a construction for a flat connection E (equivalently with respect to s or
t) on the component? which is the preimage of the connected component i under Prg/H-
It is compatible with Fy and Eo in the sense that T restricts to the spaces

TN:EXTR1E1_>E

and
TM:EQ XTRQE—>E.

Further, it admits an E-horizontal bisection v : Ry — Gy, which is unique up to left-
multiplication with
n € Ry — p(h(n),e(n)) = p(e(n), h(n))

where h: Ry — (H|g,)1 is an Ea-horizontal section and
e: Ry —C1 C Hy,

s a section where C denotes the center subgroupoid of H. It is also unique up to right
multiplication with

n € Ry v p(h(n),e(n) = p(e(n), h(n))

where h: R — (H|g,)1 is an Ei-horizontal section and
e: Ry — Cl C Hy
15 a section.

Remark. If we consider the path representing a non-zero tangent vector at m € Gg as
an embedding (—¢,e) C Go then we may consider H|_..y. As this is one-dimensional,
any multiplicative Ehresmann connection is flat and we can apply this statement to some
R; = R admissible around m. We obtain that while the multiplicative Ehresmann
connection on H \(7575) is not unique, it is unique up to some adjoint action. This means
that for the infinitesimal V¥ on Ajs|(_. -y and the associated connection on S®(Aiso)|(—c )
the same must hold true. In particular, its induced connection on (S'(Aiso))G\(_€7a) is
unique and as the path was chosen arbitrarily, this generalises to (S®(Ajs,))” entirely.
This in particular motivates, as we have already remarked on page 213, that the Cartan
differential squares to 0.

Proof. According to Lemma 5.2.18 there is an isomorphism between the described com-
ponent of s~1(Ry) Nt~1(Ry) and H|g, and H|g, respectively induced by v and y~!. So
both E; and E» induce a connection on i. Unfortunately, using either of these isomorph-
isms would not yield the desired result. We will, however, employ a similar method using
a different isomorphism.

For this, we first need to alter v by another section. For this consider

~H
Ad%q:H|R2 —)H|R1.

We can pull-back E; via this map. As Ry is contractible and both E; and F» are flat both
yield unique trivialisations
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I’I|R2 =~ ngRQ

tus tus
Ry o Ry

where G describes the group structure of the fibre of H|g, at some m € Ry. The trivial-
isations agree at G, x {m}.
By Lemma 5.2.20, we have that there is then a section 7 : Ro — (H|g,)1 such that

—~H
Ad77q : H’R2 —>H‘R2

identifies F (on the domain) with the pull-back of Ej to H|g, (on the target) and thus

Adgo'y,q : H‘Rz - H|R1
identifies E; and E5. Let us denote v/ =75 o ~.

If we now use 7/ to identify the described component of s71(R1) Nt~ 1(Ry) with H|g,
and H|p, respectively, we have that using either F; or Ey will define the same connec-
tion by Lemma 5.2.18. Using the identification with H|r, will by definition make the
connection compatible with multiplication from the right (as the isomorphism is defined
by multiplying on the left, which commutes with right multiplication) and the analogous
statement holds for H|g,, meaning that indeed the new connection is compatible with
either.

Lastly note that 4/ is by definition a flat bisection, as it corresponds to the identity
section in (H|g,)1 (and similarly for (H|g,)1 when using (7')~!). Also note that any such

flat bisection " satisfies that
~H
Ad'y”o(’y’)_l : ]{‘R2 — I{|R2

is compatible with Fs. If we consider the value at m, the result is some element of H which
can be extended to a flat section h, corresponding to a constant section of G,, x Ro. The

~H —~H

map Ad,, is also compatible with Es and furthermore agrees with Ad,yllo(,y/)fl at m. This
implies by Lemma 5.2.20 that their difference can be expressed by a section contained in
the center of G,,,, which under the identification with H|g, corresponds to

€2R2—>Cl.
[

Corollary 5.2.22. Let G be a proper and regular Lie groupoid. Assume that there are
two admissible embedded manifolds Ry C Go and Ry C Gg with two flat multiplicative
Ehresmann connections E1 and Eo on H|r, and H|gr, and a bisection v : Ry — Gi.
Further assume that v induces an isomorphism

pre oy : 1 — i C t Y (Ry)Ns Y (Ry) Cc G/H

to a connected component i of t-1(R2) Ns~1(Ry).

Then there is a construction for a flat connection E (equivalently with respect to s ort)
on the component i of G|ry,ur, which is the preimage of the connected component i under
prg/p- 1t is compatible with Ey and Ey in the sense that T restricts to the spaces

TM:EXTRlE1—>E
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and
TM:EQ XTRQE—>E.

Further, the section v is E-horizontal.

Proof. We can review the proof of Lemma 5.2.21 and see that the contractibility was
only necessary to replace v by 4/. This step is no longer necessary due to the additional
assumption on . That the connection induced on i satisfies all necessary properties can
be checked locally on connected and contractible admissible subsets of R; which exist by
Lemma 1.4.37. O

So we have constructed a method to extend two flat multiplicative Ehresmann connec-
tions (in particular when on two properly disjoint embedded manifolds) in a particular way
- not necessarily to a multiplicative Ehresmann connection, but to some sort of connection.
We will later apply it to recover an actual multiplicative Ehresmann connection.

Lemma 5.2.23. Let G be a proper and reqular Lie groupoid. Consider two admissible
embedded manifolds R1 C Gy and Ry C Gy with two flat multiplicative Ehresmann connec-
tions By and Ey on H|gp, and H|g,. Assume that Ry U Ra is an embedded manifold of Gy
(i.e. Ry and Ry are disjoint or intersect on an open). Let i be a connected component of
G/H|r,uR, that is not an identity component. Denote by i the component of G|r,ur, that
projects to i. Assume that there is a bisection v : Ry — G1 that induces a diffeomorphism
between Ry and R which furthermore is an isomorphism onto i under prg p ©Y- Further

—~0
assume that Ad, ; is a diffeomorphism of H|gr, and H|r, which relates the two Ehresmann
connections.
Also consider any number of local bisections {vy : Ri — G1}o<kp<s with the following
properties:

e all prg, oy, agree with prg g oy as maps to G/H

e all vy induce diffeomorphisms of the corresponding open subsets of H|r, and H|g,
respecting the chosen Ehresmann connections.

Then for any weighting {\;, € R} there is an averaging construction resulting in a flat
connection on i which is invariant under left multiplication by Es and right multiplication
by El.

Proof. Consider the given construction of Corollary 5.2.22 to use 7, to construct a con-
nection E*®) on the component iof G |r,uR, corresponding to the connected component i
of (G/H)|r,ur, corresponding to vy (and therefore also 7).

Then we average the resulting connections E*) (i.e. their vertical projection maps)
with respect to the weighting. This is trivially still a connection with respect to s and t.
The retained invariance under E7 and Fs is also immediately inherited.

Now, we still need to argue that the resulting connection is flat. Note that as flatness
is a local property, we may check this construction on any restriction to an open subset of
R1. So by Lemma 1.4.37 we may without loss of generality assume R; to be connected and
contractible. If we now consider the Lemma 5.2.21, we have that any bisection ~ defining
a flat connection on?compatible with 7 and Fs is unique up to an Ej-horizontal section

h:R1—>G’Rl

and a section

e: R —C,
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where C is the center of H. This means that all p o (v, hx) agree with v up to € for any
v¢. Now we can note that as C is an abelian Lie group bundle, the exponential map

exp: Ac = C

is a fibre-wise group homomorphism (and therefore universal covering map) with respect
to the vector bundle structure of the Lie algebroid A¢ associated to C. As Ry was assumed
contractible, we can now choose lifts €, and average these with respect to the vector bundle
structure. Projecting to C returns a section e. We claim that u(~, €) is E-horizontal, which,
in combination with the flatness of E1, yields that the connection on 7 is flat as well.

For this, let us start with the observation that as Fj is flat and H|g, is a Lie group
bundle, the trivialisation induced by FE7 also restricts to C in the sense that any element
of ¢ defines an F-flat section of H|g, contained in C. This means that for any r € R
we can consider €x(r) and €(r) as a Ej-horizontal section to C. So by construction the
vertical projection of the connection induced by ~ will agree with the vertical projection
of the connection induced by po (v, €(r)), in particular at r itself and a similar statement
holds for 10 (Y, o (ex(r) ™1, €(r))). So we have that the difference between these vertical
projections at p(y(r),€(r)) is given by the left translation of

Ty o (ex, ex(r) ™).

Subsequently, the difference between the vertical projection of the connection induced
by 7 and the vertical projection of E is given at u(vy(r),e(r)) by the left translation of

Z A+ (Trpo (e ei(r) ™).

0<k<f

Now, it only remains to notice, that as exp is a local diffeomorphism, the vertical projec-
tions are uniquely determined by their pull-backs to A¢ and furthermore, that due to exp
being a diffeomorphism these are given by

> Ak (Thé — é(r)).

0<k<f

On this expression we can now apply R-linearity of the tangent map as well as the definition
of € to obtain that indeed

S M- (Té — @(r) = T, —ar)),

0<k<f

meaning that at 7 the connection on i induced by wo (7, €) agrees with E, and in particular,
po (,€) is E-horizontal at r. As r was chosen arbitrarily, this holds for all of Ry and in
particular, F is flat. ]

Corollary 5.2.24. Let G be a proper and regular Lie groupoid. Consider two admissible
embedded manifolds R1 C Go and Re C Go. Assume that Ry U Ry is an embedded manifold
of Go (i.e. Ry and Ry are disjoint or intersect on an open). Let {E(k)}ogkgf be a family
of multiplicative Ehresmann connections on G|r,ur, extending the two flat connections Ey
on G|r, and Ey on G|g,, such that their restriction to t=1(R1) N s~ Y(Ry) is flat as well.
Then the same properties hold for the result E of averaging over the E¥) in the sense of
Lemma 5.2.13 using any weighting {\r, € R} as a partition of unity.
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Proof. As any E®) is flat, we have that any i admits E®)-horizontal sections locally.
Restricting to sufficiently small admissible open subsets of R; (which we can do according
to Lemma 1.4.37) shows that the construction of F on/i\according to Lemma 5.2.13 actually
agrees with the construction of £ on?according to Lemma 5.2.23, which is indeed flat. [

We can now relate this fact to the situation we are actually interested in: The cover
constructed in Chapter 1. Our goal in this section is to construct a multiplicative Ehres-
mann connection on the entire groupoid, but our intermediate goal will be to construct a
flat multiplicative Ehresmann connection on G|g,,.

Lemma 5.2.25. Let G be a proper and regular groupoid. Consider two admissible embed-
ded manifolds R1 and Ry as well as a connected components i of

tH(Ry) Ns H(Ry).
Then there is a unique connected component i~' of
t T (R) Ns T (Ry).

consisting of precisely
it = {a7! for x €i}.

Proof. We have that (e)~! is its self-inverse and exchanges s and t, such that it induces
an isomorphism

7 (Ry) Ns~ (Ry) =t (R1) Ns™ ' (Ry),

which in particular maps connected components to connected components, which yields
the statement. O

Lemma 5.2.26. Let G be a proper and regular groupoid. Consider three admissible em-
bedded manifolds R1, Ro and R3 as well as a connected components i of

£ (Rs) Ns™(R)

and a connected component i’
t T (Re) Ns™H(Ry).

Assume that s restricts to an isomorphism on i and furthermore both s and t restrict to
an isomorphism on i'. Then the inclusion of sets

w(i i) = {u(z,y) for x €i andy € i’ with s(x) = t(y)} €t 1(Rs) Ns (Ry)

is an inclusion of an open subset on which s restricts to an isomorphism. In partic-
ular, any connected subset of s(u(i,i’)) is associated to a unique connected component
i" € t7Y(R3) Ns71(Ry). Furthermore, if Ry = Rs and i’ = i~' as defined in Lemma
5.2.25, we obtain that (i, i') = uy(t(7)).

Proof. First off, consider V' = s(i) Nt(i'). As both maps are diffeomorphisms onto their
images, we have that the images respectively are open, so V' is open as well. Now consider
U = s(t~1(V)), which by the analogous argument is open as well. We claim that j(i,4’) is
diffeomorphic to U through the restriction of s. As s is a smooth map, it suffices to show
that s is an isomorphism of sets as well as that there are locally defined smooth inverses.
The existence of these inverses also proves that their joint image, i.e. u(i,i’) is open as
well.
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Let us start with the fact that s is an isomorphism of sets. By construction, we have
s(u(x,y)) = s(y). This uniquely determines y as well as ¢(y) by the assumption that s and
t are isomorphisms on i’. However, this in turn determines s(z) and therefore x, so we
can recover u(x,y) from its image under s proving injectivity. Surjectivity follows by the
analogous argument, as by construction, we have that both y € i/ N s~ 1(U) =i Nt~ (V)
and x € i N s~ (V) are well-defined for any point of U.

Now to construct the local inverses, consider u(x,y) € t~1(R3) N s 1(Ry). We have
that as s restricts to an isomorphism on both ¢ and ', any local sections -, and =, of s
respectively around = and y defines an inverse of s. We can now consider

Mo ('Yx’ ’72,/)'

By construction, this is a section of s with image in u(7,4’), so it must automatically be a
local inverse to s.
In the case where ¢/ = ¢~

V=s()Nt(i~') =t("!) and

1 we can review the procedures of this proof to find that

U=s(t (™)) =s6G") = t(0).

We also know that for any 2 € i we have z=! € i~ and therefore 1y, € pu(i,i"'). So as
s restricts to an isomorphism on pu(i,i7!) and wu;(¢(7)) is a subset on which s is already
surjective, we must have

O]

Lemma 5.2.27. Let G be a proper and reqular Lie groupoid and H the rigid isotropy
subgroupoid as in Definition 5.2.17 and H/G the associated groupoid as constructed in
Lemma 5.2.16. Consider the construction of Proposition 1.5.9. For the admissible cover
constructed that way there exists

e a family of flat multiplicative Ehresmann connections E'|r, on H|g, .

e a family of local s-sections {Y(n ) : U C Ry — s HRy) ﬂt‘l(Rn/)}(n’n/,i)GI defined
on the index set I of all tuples (n,n’,i) where i denotes a connected component of
the intersection s~ (R,) Nt Y (R,) in (G/H).

These families may be chosen such that

o We have
V(n,n,an) = 1|Rn'

e We have
Y(n,ni) R, — Gl.

All maps pr(q/my ©V(na ) induce an isomorphism between their domain U and i.

All maps t o Y 4y are diffeomorphisms between their domain and image.

The induced isomorphism

~ H
Ad»y(n’n,’i) : Hlvcr,, = Hlucr,

maps E'|r , to E'|R,,.
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o We have that
wo (7(n,n’,i)7 f)/(n’,n,ifl))

is horizontal with respect to E'|R,,.

Proof. First of all, note that by construction, we have that each R, comes with a trivial-
isation of G|g, compatible with the multiplicative structure, as this is true for every }A%m
when constructing the cover, so also for subsets and by Lemma 1.4.32 also for the actual
R, (this last isomorphism between G|r, and G|, is not canonical, but for every n € N
we can fix one for the remainder of this proof). This in particular implies a trivialisation
of H|g, as a Lie group bundle, which induces a flat multiplicative Ehresmann connection
E'|g, . Also we can choose constant sections for all (n,n,) € I on all of R,, according to
the trivialisation, which are compatible with H|g, in the required way, where we choose
Y(nndg,) = 1|g,, which is always trivial independently of the connection. Concatenating
sections on inverse components is then also E’|g, -horizontal and so is the composition

-1
po (’Y(n,n,i’) © Y(n,ni)s (’Y(n,n,u(i’,i))) > .

We will now cover the case of a component where n # n’. We will distinguish between
two cases: R, and R, are added simultaneously to the cover (i.e. both are constructed
from the same ﬁ; and U,,) or R, and R,, arise from different ﬁ; and U,,.

Consider n and n’ # n for which the associated R, and R, are added simultaneously
to the cover. In the construction, the sets are indexed by points of ]/%; which we call m and
m’ respectively. We may construct the associated Y(n ) for every (n,n’,i) by considering
the isomorphism

Glr,, = Glr, CGlg

where we, as previously detailed, have a trivialisation and in particular a flat connec-
tion on G| I for which any element can be extended to a flat s-section on all of Ry.

Note that as (G/H)]a
connected component and any s-section therefore also induces an (inverse) isomorphism
onto its corresponding component. In particular, the same is true for the open subset
i e sTYR,)Nt R, C (G/H”ﬁk’ where we choose i corresponding to i under the

previous isomorphisms. This means that indeed, when extending an element of i to a
horizontal s-section, we obtain that the restriction to s(/z\) induces an isomorphism onto #’.

We have that these 7(, , ;) automatically satisfy almost all the properties we require in
the lemma, as the trivialisations of G|g, and G|g , defining E'|g, and E'|g , are precisely

chosen to correspond to the trivialisation of G| e

is trivial as well, s restricts to an isomorphism onto Rj on any

For every n and n’ where n is added later than n/, we have that R,, was chosen such
that R,, was either disjoint to Sat(R,) or contained in Sat(R}), where R}, is the admissible
manifold from which R, was constructed. However, in the first of these cases there is no
(n,n' i) € I.

In the second case, we claim that s™1(R,) Nt '(R,/) C G/H has a useful structure
induced by the inclusion

5T (Ra) Nt (Ry) C 57 (Ra) N8 (Ry).

We firstly can use the assumption that there is an s-section vr, inducing a diffeomorphism
of Q! with an open subset of Ry to construct an s-section inducing a diffeomorphism of
R, with the corresponding O C Rj. This immediately implies that

sTH(Ra) Nt (Ry) 2 s7HO) Nt (Ry)
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and N ~
sTHR,) Nt~ Y (Ry) =2 s HO) Nt~ Y (Ry),

where the above inclusion corresponds to
sTHO) Nt (Ry) C s (O) Nt N (Ry).

Due to the trivialisation of G| i, and therefore G /H| , We have that under projection

to G/H both s71(0O) N fl(ﬁk) and s~H(R,) N fl(ﬁk) are trivial discrete covers of O
and R,, with respect to s. Here, we are using that the isomorphism is H-equivariant
under the right action of H, as left and right multiplication commute. The component
containing the identities in s~1(0) Nt !(Ry,) corresponds to the image component of Yo
in s7Y(R,) Nt~*(Ry), showing in particular that prg /H ©Vm 1S an isomorphism onto its
image.

However, we have that this isomorphism is not necessarily compatible with the flat
multiplicative Ehresmann connection of H|r, and H|p. Here, the connection on H|pg, is
induced by the restriction of the trivialisation of

G|RZ CG’ﬁk

and the isomorphism G|g, = G|r; as in Lemma 1.4.32 and the flat multiplicative Ehres-
mann connection on H|p is induced by restricting the trivialisation of G| B However, as
R, is simply connected, we can apply the method of Lemma 5.2.21 to replace 7,, with an

~H
s-section 7y, for which Ad., , does retain the Ehresmann connections (and therefore also
the trivialisations) on H|g, and H|o.
We have already noted that G| A is a trivial bundle with respect to s, where each

connected component induces a unique diffeomorphism of }Aik onto itself. This implies
that s71(0) Nt~ 1(Ry) has the same structure as a trivial bundle with respect to s and
furthermore, each component induces a diffeomorphism of O onto another open of ﬁk
The same holds true in G/H. This implies that for every (n,n’,i) we can understand i as
a connected open subset of a connected component of

57 (Ra) N £ (Ry),

and in particular both s and ¢ are diffeomorphisms onto their image. We may choose an
s-section to some corresponding component of s~!(R,) N ¢ *(Ry) that is constant with
respect to the previously described trivialisation, and as its projection to G/H is an inverse
to s (both left and right inverse), its restriction to U = s(¢) must automatically project to
an inverse to the restriction of s to i. We will define it to be v, 4y : U C R, — G1. 1t is
immediate that its image under ¢ agrees with the image of its projection under ¢ and hence
is contained in R,,. Note, that it induces a diffeomorphism onto the image of ¢ under ¢ as
the restriction of a diffeomorphism onto its image.

As all such sections 7, , ;) : U C R, — G are bisections by our previous considera-
tions we have that their inverses are well-defined sections that can be chosen as v,/ , ;-1
This construction immediately implies that the concatenation

o (7(n,n’,i)7 f)/(n’,n,ifl)) =u

is horizontal with respect to any multiplicative Ehresmann connection (analogously for
the reverse order). Through this process, we can furthermore also cover the case where n

is added before n’ from the previous construction.
O
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Lemma 5.2.28. Let G be a proper and regular Lie groupoid and consider {Rpy}nen,

(or {Rn}o<n<f) an admissible cover by connected and contractible admissible embedded

manifolds satisfying that the sets R, are pairwise disjoint. Denote by H the rigid isotropy

subgroupoid of G of Definition 5.2.17. Assume that there exists a family { El }nen, where

E! is a flat multiplicative Ehresmann connection on H|g, (with respect to the isotropy).
Furthermore assume that there exists a family

Vi) 1 U C Ry — s H(Ra) N (R) iyt

over the index set I over all tuples (n,n’,i) where i denotes a connected component of the
intersection s~ (R,)Nt~Y(Ry) in (G/H) such that the following assumptions are satisfied:

e for every v, v ;) we have that
Pr oY) U — s HRy) Nt Y(Ry) C (G/H)
s an isomorphism to i

e we have
Y(nnlg,) = 1R,

e all maps toy(, v 4) are diffeomorphisms and the respective induced isomorphism onto
its image given by
—H
Adw ' : H’U — H|Rn/

pulls back E!, to E}|u

e both .
M (7(n,n’,i)7 (’Y(n/,n,i—l)) )
and

I (’Y(n,n,z") © V(nni)s (V(n’”ﬂ'”))_l)

are horizontal with respect to E'|p, for any i and i’ and i" = p(i,i"), assuming this

is well-defined.

Then there exists a multiplicative Ehresmann connection E on G with respect to the
isotropy and an admissible refinement {S,, C Ry }nen, such that E|g, is flat on G|s, and
agrees with E'|s, on H|s,. Furthermore, there is a family {E®)}ren of multiplicative
Ehresmann connections defined on Gl|sa(s,) respectively, where each is flatly compatible
with the admissible cover generated by the S,, N Sat(Sk). Furthermore, they satisfy that
EW|g = El|g, for anyn € N.

Proof. This proof will be quite long and technical. It can be subdivided into the following
steps:

1. Construct a family of flat multiplicative Ehresmann connections FE,, on G|g, extend-
ing £/, on H|p,.

2. Construct a family of flat multiplicative Ehresmann connections E® on @ |URnNSat(Ry)
extending En|RnﬁSat(Rk) on G|RnﬁSat(Rk)'

3. Construct an admissible cover by admissible embedded manifolds {S, C Ry }nen,
and a family of multiplicative Ehresmann connections E®*) on GlSat(Ry,), Which on

Glus, nsat(ry) extend BR).
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4. Construct a multiplicative Ehresmann connection F on G such that E agrees with
E, on G|g, for any n € N.

Step 1:

We aim to construct a flat multiplicative Ehresmann connection E,, on G|g, extend-
ing E!, on H|g,. For this, consider some connected component i of (G/H)|g, and its
preimage 7 under the projection G — G/H. Note that as each R, is admissible the map
s : (G/H)|r, — Ry is a cover (as (G/H)|g, is étale by Lemma 5.2.16 and s-proper by
construction), and as R,, is connected and contractible, the cover is trivial and each i and
hence also each 7, ;) will induce a diffeomorphism of R,,.

By Lemma 5.2.18, we have then that the v, ;, ;) identifies 7 with H |Rr, , meaning we can

define the continuation of E!, to /z'\, which is the unique connection on 0 compatible with
the action induced by left multiplication with elements of E], where Y(n,n,i) 18 horizontal.
By the invariance of E!, under the adjoint action of Y(n,n,i) We find that the connection is
also compatible with the action induced by right multiplication with elements of E/. We
can do this for every connected component i and every induced i to obtain a connection
with respect to the isotropy on all of G|g, .

As we have that both results of multiplication and inverses of the v, ;) only differ
from the corresponding element of the family by a section that is E/-horizontal, we have
that the connection on G|g, is actually a multiplicative Ehresmann connection E,, with
respect to the isotropy.

Step 2:

Again, we can follow the use the induced identification of Lemma 5.2.18 to transfer
the connection E!, on H ‘U(n’,n,i) to i. Equivalently, we could also transfer the connection
E! on H|w to i, where W C R, is the open given by the image of ¢ o Y(n'm,i)- This is
the construction analogous to Corollary 5.2.22, as Y, ) is compatible with E}, and E],.
The result is the unique E),-equivariant connection for which Y(n',n,i) is horizontal.

We can furthermore extend the isomorphism

Hlw =%
of Lemma 5.2.18 to an isomorphism
Gl O 5™ (W) 2 17 (Ba) N 5™ Uit ).

This isomorphism induces a unique FE,-equivariant connection E(, , ;) on the entire space
t=1(R,) N sil(U(n@n,i)) in a similar way, which is characterised by the fact that (. )
is horizontal. It can equivalently be characterised by the fact that v mi) © Vn/m,i) 18
horizontal for any ¢’ € (G/H)|g,, (where we implicitly use the fact that (G/H)|g, is a
trivial cover of R, with respect to s and the domain of v, , ;7 is therefore all of R;,). We
will denote the connection it as E, , ;).

Furthermore we have that if

U(n/7n7i) N U(n’m,i’) # @ C Rn,

for any other i, then the intersection of x(4, (i')~') with the preimage of any connected
component of Uy 3y N Uy pniry under s gives some component i” of (G/H)|g,. That
(G/H)|R, is a trivial cover of R,, via s implies that this component must admit a section
Y(n,n,iy and that this section induces a diffeomorphism on

tH(Ry) N s (Ryy).
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As we know that any diffeomorphism maps connected components isomorphically to con-
nected components, we have that 7 and 7’ now correspond to each other. However, as this
isomorphism is induced by left multiplication, it leaves the source of an element unchanged
and we subsequently find that

U(n’,n,i) = U(n’,n,i’) .

In particular, the spaces t~*(Ry) N5~ (Upy i) and t71(Ry) N s~ (Ugy n,ir)) also agree.

However, choosing 7,/ i) instead of v, ;) to construct a connection on the space
t7H(Rn) N s (Ugy i), will not yield the same connection as the previously described
E(n ni)- Recall that the connection E(,, ,, ;) could be characterised by the fact that v, )
was a horizontal map. Instead, the construction will now yield a connection E(, 5, i1y, where
Vingnou(iy(@)-1)) © V(' m,iy 18 & horizontal section from U, 5 to i.

We know by Lemma 5.2.23 that averaging over the connections arising for the different
choices while retaining flatness is possible if they induce the same adjoint action between
H |U(n/,n,i) and H|p,, but this condition is one of our assumptions on the family of sections.
So we may average over all the connections E,, ,, ) we obtain on t=H(R,)N S_l(U(nl;n"Z‘)),
as there are only finitely many components of (G/H)|g, due to s-properness. The result is
not only E/ -invariant, but also E,,-invariant: Firstly, all the connections we consider satisfy
by assumption that they are E!-invariant. The result is E,-invariant by construction if
it is also retained by left-multiplication with any 7,y ;). However, this will only permute
the indices of the averaging procedure, as we can by associativity first compose

wo (’Y(n,n,j) ) V(n,n,i’))

up to a section horizontal in E’

ny IMeanmg

which by assumption agrees with v(,, . u(j,i"))
the bisections induce the same E) -invariant connection.

As we have seen that the connected components of t~1(R,) N s7!(R,/) can be all
associated by their image under the source to some t~1(R,) N §_1(U(n/7n’l-)) for a disjoint
collection of Uy 5, 4), we find that the collection of all these results of glueing the E, ;, i)
for all components i of t~1(R,) N s~} (R,) C (G/H); already induces a connection on
t~1(R,) Ns ! (R,). However, we want to incorporate one additional structure.

Similarly to previous considerations for (G/H)|g,, we have that the components of
(G/H)|Rg,, induce a group action on the components of t~(R,) Ns™(R,y) in G/H. In
particular, composition with 7, , ;» induces an isomorphism on tY(R,) Nns Y (R,y),
but it does not necessarily retain the Ehresmann connection resulting from the previous
construction. Instead, if 4 is a connected component of t~1(R,,) N s~ (R,/) C (G/H); the
connection on its preimage 7 is per that construction given by averaging (indexed by ')

over all those Ej,-invariant connections for which o (v, i) Y mpu((i")-1,i))) is horizontal.

o~

Under the isomorphism induced by 7(, ) we have that ¢ has its preimage given by

u(i,/(iwﬂ) c t YR, N s_l(U(n/7n7i)) (which is in this case well-defined) and we obtain
the push-forward of the connection to ¢ which is given by averaging (indexed over i) over
all those Ej-invariant connections for which o (v .i1), V! ma((7) =10, (i)~ 1)))s V(n! ! it7))
is horizontal.

We can take this into consideration by averaging a second time over the finitely many
components of (G/H)|r , (indexed by i"”) or equivalently averaging not over the con-
nections E(, i (i.e. where p1o (y(nm’i,),y(n/’nw((i/)_l,i)) is horizontal), but instead over
connections induced by horizontal sections of the form

o (7(n,n,i’)7 Y (@) =10, 1)) /Y(n’,n’,i”)) .
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We will denote these as E(, ). Again, the averaging is well-defined and its result is
flat by Lemma 5.2.23. The chosen averaging procedure will automatically imply that the
connections E, ) on t~*(Ry,) Ns™!(R,) will be both E,-invariant and E,-invariant, in
analogy to E,-invariance earlier.

Now we have obtained connections E,, ) on each t~*(Ry) N s (R,) compatible with
E, and E,,. We can for fixed k € N consider

t_l(Rk) N G|URn = UneNot_l(Rk) N S_I(Rn)

and as the components are disjoint, we obtain a connection _/E\(k)’t—l( Ry)- Fr-invariance
allows us to apply Lemma 5.2.12 to obtain a connection on all of G| RnMSat(Ry)s Which we

will denote as E(®). B N

On R, we have that E*) ’RmSat(Rk) agrees with E,, as the connection E*) | RnSat(Ry)
is precisely constructed from the connection on ¢t ~'(R;)Ns~!(R,,), which was E,,-invariant.

Step 3:

Again, we will aim to use Lemma 5.2.12 to construct a multiplicative Ehresmann
connection on G|s,¢(r,)- The connection on G|, is given by Ej, the connection on t=1(Ry)
with respect to s has yet to be constructed. From the previous step, we have however
obtained flat connections on each t~(Ry) N s~(R,) with respect to s for each n € Ny,
so it would be desirable to extend these to a connection on all of t~!(Ry). Unfortunately,
there is no general construction for this. However, we will describe a construction, which
for any closed subset C' C R;, will describe a Ej-invariant connection E¢ on t~1(Ry) that
agrees with E(k)|t*1(Rk)ﬁs*1(Rn) on an open around t~'(Ry) N s~1(C). We will further
describe how we can even alter this construction to with respect to an entire collection
{Cy, C R,} of closed subsets.

The construction mentioned works in two steps: First, we will consider only one closed
set C C R, and describe how to construct a connection on an open subset of t=1(Ry)
containing ¢~ (R;)Ns ™ (C) closely related to E*). Afterwards, we will use this connection
to construct an extension to all of ~!(R},). This second step (a simple glueing procedure)
can be easily adjusted to take multiple connections for a specific collection of {C,, C R,,}
into consideration when extending to a connection E(k)]t_l( Ry) O1 t=Y(Ry).

We will start by describing the first of these two steps: Given a E*)-horizontal bisection
v : U — tYRy) N s71(R,) defined on an open set U, we can extend it on an open
set in W C Sat(Ry) with U = W N R, to a s-section with image in ¢ '(Ry) as s is
a submersion and R, N Sat(Ry) is an embedded manifold. So if we consider E*) on
t~1(R)Ns~ 1 (R,), we can cover R, NSat(R},) by finitely many open sets U; small enough
to admit such a bisection. From this procedure we obtain s-sections on some open sets
W, C Sat(R;) and associated Ej-invariant connections on t~!(Ry) Ns~!(W;) extending
E on t7Y(Ry) N s~H(U;). Without loss of generality we may assume that the cover {W;}
(of V' = UW,, which is open in Sat(Ry)) is locally finite, as we can otherwise choose a
refinement. Choosing a partition of unity underlying the {W;} (as a cover of their union)
always restricts to a partition of unity underlying the {U;}, implying that glueing the
Ej-invariant connections on t~!(Ry) N s~1(W;) defined by the extended sections results
in an E,-invariant connection on t~*(Ry) N s~ (UW;). Let us denote it by Ec. We have
that it extends E*) on t~1(Ry) N s~ (U1)), i.e on t~ 1 (Rg) N s (Ry).

Now let us describe the second step, first in the case where we are only considering
one C' C R,. In this case, we have just described a procedure to obtain a connection on
some t~1(R;) N s~1(V), where V is an open containing R,, (specifically V' = UW},). To
extend it to all of 1 (Ry), it only remains to choose an arbitrary E,-invariant connection
on tY(Ry,) Ns~1(Gy \ C), which is open and then glue according to a partition of unity
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underlying
t7 (Ry) =t (Re) Ns™ (G \ C) Ut (Re) Ns (V).

Note that choosing an Ej-invariant connection on t~(Ry) N s~ 1(Gp \ C) is possible
similar to previous arguments for example by choosing local sections which define unique
FE-invariant connections locally and glueing or alternatively choosing an arbitrary con-
nection and then averaging (over the fibres of H and the components of G/H).

The fact that the resulting connection on t (R )Ns~!(C) agrees with E‘t—l(Rk)ms—l(Rn)

implies that the induced connection via the construction of Lemma 5.2.12 yields E® on
an open around

Sat(Rk) N G’C C Sat(Rk) N G’Rn

and analogously around t~1(C) Ns~1(Ry) C t"1(R,) N s~ (Ry), i.e. we recover E®) on
an open around
Sat(Rk) N G‘RkUC C Sat(Rk) N G‘RkURn-

We have now concluded in this second step, that for a closed subset C' C R, we can
extend E(k)‘tfl(Rk)msfl(Rn) to all of t7!(R}) retaining the connection around C' C R,.
This particular holds for the closed set

Cy, = supp(xn) N Ry.

We can now describe the same procedure taking the collection of all the closed sets {C;}
into account simultaneously: For each R; we will obtain some V; and a connection on
t=1(R;) N s~1(V}). Note that as the collection of {Sat(R;)} is locally finite, we have that
UC] is a locally finite union and hence still a closed set. So Sat(Ry) \ (UC;) is open and
together with the sets V; \ (UyCy) covers Sat(Ry) entirely. For the latter sets we have
constructed a connection on t~1(Rg) Ns~(V}) (which can simply be restricted), while for
t=Y(Ry)Ns~1(Sat(Ry)\ (U;C;)) we can again choose an Ej-invariant connection arbitrarily.
By construction, the result when glueing with respect to a partition of unity underlying
this cover will be an Ej-invariant connection which we denote as E(k)|t_1( Ry)-

We will now apply Lemma 5.2.12 to Ej, and E*) \t_1( Ry)» Which as we have seen recovers

E® on each G’Rku(clmsat(Rk))y so in particular on

Glus,nsat(Ry,)

for
Sp = {r € Ry, s.t. xn(r) > 0}.

Now it remains to note that Sat(S,) also defines an admissible cover of Gp. That
it is indeed a cover is immediate: As y, is basic and supp(x,) C Sat(R,), we have that
Sat(S,) = {m € Gy s.t. xp(m) > 0} and {x,} is a partition of unity, so at each point there
must be one strictly positive function. As it is a subordinate subcover of {Sat(R,)}nen,,
we find that it is also locally finite. Furthermore, we have that by Lemma 1.3.4 S,, C R,
is a saturated subset, meaning that by Lemma 1.4.31 the .S,, are indeed admissible.

Step 4:

Lastly, it only remains to glue the E®*) according to the method of Corollary 5.2.15.
We will do so inductively: Starting with E(*) on Uy = Sat(Sp) and E() on Sat(S;) we will
apply Corollary 5.2.15 for a multiplicative Ehresmann connection E7 on Uy = UpUSat(S1).
When considering the proof of the statement, we obtain that the multiplicative Ehresmann
connection arises from a glueing procedure as described in Lemma 5.2.13 with respect to
S1, however we obtain from Lemma 5.2.14 that on S,, N Sat(S1) the resulting connection
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extends E, on Gl|g, for any n € N. On S,, N (Up N Sat(S1)), the same statement holds
immediately as it was a prerequisite for Fy = EO),

For the induction step, we analogously consider Ej, on U, = Uo<i<k Sat(S;) and Ek+1)
on Sat(Sk4+1). Again, we will apply Corollary 5.2.15 for a multiplicative Ehresmann con-
nection Eg 1 on Ugy1 = U USat(Sks1). We analogously obtain from Lemma 5.2.14 that
on S, N Sat(Sk+1) the resulting connection extends E,, on G|g, for any n € N and by the
induction hypothesis, we obtain the same outside of Sat(Sg1).

As the cover is locally finite and in each step we only change the multiplicative Ehres-
mann connection on Sat(Sy), we obtain a multiplicative Ehresmann connection E with
respect to the isotropy as the limit of this construction. As in each step

Ekz’Sn EEn

on the open S,, NUj where the left-hand expression is defined, the limit will indeed satisfy
that
E ’ S, = En.

O]

Corollary 5.2.29. Let G be a proper and regqular Lie groupoid where the dimension of
the orbit foliation Fy on Gq is given by lg # 0. Then there exists

e an admissible cover induced by { Ry }nen, (07 {Rn}o<n<t)
e an induced open saturated cover {Oy = Sat(Ry)}ren,

e o multiplicative Ehresmann connection E on G with respect to the isotropy Lie al-
gebroid

o a family of multiplicative FEhresmann connections {E(k)}keNO, where each E®) is q
multiplicative Ehresmann connection with respect to the isotropy on G|o,

e a family of multiplicative Ehresmann connections {Ey}nen,, where each E, is a
multiplicative Ehresmann connection with respect to the isotropy on G|g,,

such that these objects satisfy the following:

e FE, is a flat multiplicative Ehresmann connection for any n € Ny.
e We have that E(k)\anok = E|r,no, for each n € N and k € N.

e On G|o, we have that E®) s flatly compatible with the cover induced by the admiss-
ible embedded manifolds { R,, N Ok }nen-

In particular, the map
® : H(Tot(Qpss(G))) — H(Tot(REg))

as constructed in Theorem 4.2.16 from the assignment of Lemma 5.2.8 is an isomorphism
of R-algebras.

Proof. Consider the cover constructed in Proposition 1.5.9. Asly # 0, we find that we may
choose the R, such that their closures are pairwise disjoint. By Lemma 5.2.27, we know
that we may now assume the conditions of Lemma 5.2.28, which we can apply to construct
the cover by the S, and the flatly compatible Ehresmann connection E. Note that by
Lemma 1.5.8, there is an admissible partition of unity underlying the cover {Og}ren,-
By Proposition 5.2.11, this implies precisely that we obtain ®, which is an R-algebra
isomorphism. ]
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Lemma 5.2.30. Let G and be a proper and reqular Lie groupoid where the orbits are
discrete, i.e. the dimension ly of the orbit foliation Fy is given by ly = 0.

Then there is a proper and reqular Lie groupoid G’ for which there is an admissible
cover {R) }nen, (or {Rl}o<n<f) such that the R, are pairwise disjoint and satisfy there
exists the data as constructed in Lemma 5.2.27.

Furthermore, there is a groupoid map p : G' — G consisting of local isomorphisms and
G C G’ an open inclusion of groupoids, such that it is a section of p and the image consists
of connected components.

The map p satisfies that for every multiplicative Ehresmann connection E on G there
exists a multiplicative Ehresmann connection E' on G', such that the pull-back of a JEG-
invariant form is J¥ G-invariant and the induced map p* : (Q(Gq))‘]EG — (Q(G’q))JE/G
is an isomorphism. Furthermore, this isomorphism maps J¥G-isotropy Cartan forms to
JE G-isotropy Cartan forms and the induced map

p* :Rg — Rg

18 a morphism of dg-R-algebras. The inverse map is given by the restriction of forms to
GcCdG.

In particular, if every JE G'-isotropy Cartan form closed under dcar has a closed
descending homogeneous extension, the same holds for every JEG-isotropy Cartan form.
If there is an assignment

—

U ker(dE, ;) € Tot(Rp/) — Tot(Qpss(G”))

mapping J¥G-Cartan forms to their closed descending homogeneous extensions it induces
an assignment of the form

U : ker(dE,,,) C Tot(Rg) — Tot(Qpss(G))
where if U is compatible with multiplication in the sense of Lemma 4.2.22, so is V.

Proof. Let us first define G’. By Proposition 1.5.9, we can choose an admissible cover of G
with respect to a family { R, }nen, (or {R,}o<n<f) of admissible embedded manifolds. By
Lemma 5.2.27, it satisfies all the conditions of Lemma 5.2.28 up to the pairwise disjointness
of the R,,.

Now define Gj, as the totally disjoint union

Go U (UneNORn) .

This comes with a natural surjective submersion to Gy along which we can pull back the
groupoid structure. To be explicit, this yields G} as the disjoint union

G1 U (Unengs™ H(Ry) Ut H(Ry)) U (Unenys™ H(Ry) NEHRY)).

Source and target maps, which we will denote by s’ and ¢’ are induced by the maps on
G, where in the decomposition of G as described above the first component G maps to
Gp under s’ and ¢, the last component (G|yUg, )1 maps to Upyen, Ry under s’ and ¢ and
in the middle component s~!(R,,) maps to R, under s’ and to G under #' while t~(R,,)
maps to R, under ¢ and to Gy under s’. The multiplication is induced by the one on G
analogously.

The induced collection { R}, },en, where each R}, is given by the connected component
of G, that contains the disjoint copy of R,, still satisfies the admissibility conditions, as
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G'|r; = G|R,. Furthermore, it is still a cover, as the saturation Sat(R;,) contains R;, itself
(i.e. the component that is a disjoint copy of R,,) as well as Sat(R,,) C Gy by construction.
Units are given by those in G and those in G|, = s~} (R,) Nt 1(R,).

From this construction we directly obtain that the canonical maps G, — Gy and
G} — G; assemble into a groupoid morphism p : G’ — G. On each connected component
we can see that p is actually given by a map corresponding to the inclusion of an open
subset and in particular a local isomorphism. The inclusion of Gy C Gj, similarly induces
an inclusion G C G’ which is a right-inverse to p. The fact that its image consists of
connected components follows immediately from the decomposition of G’ as described
above.

As p is given by a local isomorphism on G, we can define E’ as the local pull-back
of E. As the multiplication on G’ is induced by that on G, we directly obtain that E’ is
multiplicative and we can similarly check that /G corresponds precisely to the pull-back
of IGy. Assume we have a J¥G-invariant form w, ) € QP(G,). Then p*w, ) € (G))
is a JE'G'-invariant form, as the composition and hence the action of E’ are compatible
with p. The restriction of forms to GG defines a left inverse to p* and we claim that it is not
only surjective but bijective, which would in particular imply that p* is an isomorphism
as well.

So assume that we have a JZ @'-invariant form such that it restricts to 0 on G C G'.
We know that the value at any point z € G of any J E' G'-invariant form is determined by
the value of the form at any other point in the same leaf as z by Lemma 2.1.38. However,
Sat(Go) = G by construction, so indeed any leaf with respect to the foliation Fy, on G,
intersects G. So indeed, if a JE G’'-invariant form vanishes on its restriction to the open
Gq C G;, it vanishes everywhere. Hence both the restriction of J& G’-invariant forms to
G and p* actually describe inverse isomorphisms.

This immediately implies that if p* and restriction induce isomorphisms between J¥G'-
isotropy Cartan forms and JZ G’-isotropy Cartan forms they retain the dg-R-algebra
structure - as multiplication is defined point-wise on the values at the units and the
Cartan differential can be computed locally. Hence the result of either operation at a
point z € G can be determined by its open neighbourhood G, C G7. The fact that p*
actually does restrict follows as by construction E corresponds to E’ locally under p, so
multidegrees but also the action of the permutation group are retained by the pull-back.

So if we now assume that E’ satisfies that all JZ G'-isotropy Cartan forms closed under
dcart has a closed descending homogeneous extension and w, q) is a J E@-isotropy Cartan

—

form closed under dgart, we can by assumption choose a closed descending homogeneous
extension for p*w, . If we denote it by w, we find that w|g is a closed descending
homogeneous extension of w(, 4. As we have previously seen that p* and restriction retain
the differential and algebra structure, it immediately follows that if ¥’ is an assignment
describing the extension of JZ G'-isotropy Cartan forms, then the induced map ¥ on
JEG-isotropy Cartan forms retains in particular the following properties:

o If U is linear, so is W.

e If ¥/ maps cohomologically equivalent elements of Tot(R gr) to cohomologically equi-
valent elements of Tot(2pss(G’)), then ¥ maps cohomologically equivalent elements
of Tot(Rg) to cohomologically equivalent elements of Tot(Qpgs(G)).

o If U satisfies that

)

U (Wip.g) * Vrs))
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is cohomologically equivalent in Tot({2pss(G)) to
\I’/(w(p,q)) U lI’/(V(r,s))

for any two J¥ G-isotropy Cartan forms W(p,q) and v, q), then ¥ satisfies that

D,q)

v

V(W) Vrs))
is cohomologically equivalent in Tot(Q2pgs(G)) to

\Ij(w(p,q)) U \II(V(T,S))
for any two J¥G-isotropy Cartan forms Wip,g) and V().
O

Theorem 5.2.31. Let G be a proper and reqular Lie groupoid and E be a multiplicative
Ehresmann connection on G. Then we have a graded isomorphism of R-algebras

@ : H*(Tot(Qpss(G))) — H*(Tot(Rg)) = H*(Tot(Rp)).

In particular, both Tot(Rg) and Tot(Rg) are models that can be used to compute the
cohomology of the differentiable stack associated to G as

Hpitistack([Go//Ghl) = H* (Tot(Rg)) = H*(Tot(RE)).

Proof. In Corollary 5.2.29 we have already shown that the claim holds if the dimension of
the orbit foliation Fy on Gy is given by lg # 0. So assume that [y = 0, then we can construct
the Lie groupoid G’ of Lemma 5.2.30 together with a cover which satisfies the conditions
of Lemma 5.2.28. Applying this yields a subcover, a multiplicative Ehresmann connection
E defined on G and the families of multiplicative Ehresmann connections {E®)} (each
defined on Glgay(s,)) and {Ey} (each defined on G|g,). Note that by Lemma 1.5.8, there
is an admissible partition of unity underlying the cover {Sat(Sk)}xren,. So this is precisely
the data required in Proposition 5.2.11, meaning we obtain an assignment

P : ker(d&,,) C Tot(Rg) — Tot(Qpss(G'))
satisfying by Lemma 4.2.22 that
T (W) Vi)
is cohomologically equivalent in Tot(Q2pgs(G’)) to
\PE(w(p,q)) U \IIEO/(T,S))

for any two J¥G’-isotropy Cartan forms W(p,q) and v, q).

We can now choose any multiplicative Ehresmann connection F' on G and apply 5.2.30
to construct a multiplicative Ehresmann connection F’ with respect to the isotropy on G’.
We have by Corollary 4.2.24 that ¥ induces an assignment

U : ker(df,,,) € Tot(Rpr) — Tot(Qpss(G))

also satisfying the compatibility with multiplication. It then follows from Lemma 5.2.30,
that we obtain an induced assignment

—

U : ker(dE,,) C Tot(Rg/) — Tot(Qpss(G'))
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which furthermore satisfies

Y(Wip,g) “Virs))

is cohomologically equivalent in Tot(Qpgs(G)) to

\Ij(w(p,q)) U \II(V(T',S))

for any two JF G-isotropy Cartan forms W(p,q) and V(. o) implying by Lemma 4.2.22 that the
map P constructed from ¥ as in Proposition 4.2.16 is indeed an R-algebra morphism. [



Appendix A

Various References

A.1 Interchanging Rules

The following is a collection of all the computation rules (there are a lot of redundancies).
Let us start by recalling the simplicial identities given by

Sjodi—l 1fZ>j+1
diOSjZ Sj—lodz' ifi+1§j

id else.

and

d dit10s; ifi>j
s:od; =
! ’ di08j+1 le S]

The identities between local multiplication and face maps are given by
DL od; ifi>1

dioD! 1 =DV Vod ifi<l
d; iti=1,

and

dio DD if i <1,

d; o D! if i >1
l - g 7,9+1
D, ,odi = {
v,q+1

The identities with respect to the degeneracies are

Df%qﬂosj ifj>1

. - I+1 l R g
sjoD , = D“(/l,j_—sl—)IOD%q—HOSJ ifj=1
D, +105; if 7 <,

and

Dl o — sjoDl ifj>1
T T s o DY 1<

These, together with various explicit calculations on D;q and Ad will be used fre-
quently in the thesis - however, many of the proofs are quite straightforward.

319
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Corollary A.1.1 (previously: Corollary 1.2.32). Let G be a Lie groupoid. We have that
(DVg)s © (do)« = (do)« © (Dy;y)s

on T,G1 whenever the base-point x of V satisfies s(x) = s(z) and
(DVg)s © (di)x = (d1)x 0 (DY)

on T,G1 whenever the base-point x of V' satisfies s(z) = t(z).

Proof. We have noted in Lemma 1.1.29 that these equations hold for the corresponding
Lie groupoid actions defining D’ , which we will denote by Lz. As by definition

(Dyg)+(X) = (TLy)(Y, X)

and we have that
(TLY)(Y, Tdo(X)) = Tdo((TLy)(Y, X)),

we find that V acts via Y on both X (when considering L1 with respect to the bundle
s: Gy — Go) and Tdy(X) (considering L) with respect to the bundle id : Gy — Gp.) [

Lemma A.1.2 (previously: Lemma 1.2.33). Let G be a Lie groupoid and x € Gy. For
any ¢ € Ng and 0 <1< q+1 as well as 0 < i < g+ 1 we have that on (pfﬁl)*l({s(:r)})
holds that
l . .
Dxl’q od; ifi>1
dioD. . =¢ DV Vod; ifi<l

d; ifi=1.
Furthermore, for any ¢ € Ng with g > 1 and 0 <1 < q as well as 0 < i < g+ 1 we have
that on (pfﬁ_1 od;)"*({s(x)}) holds that

x,q v

dio DV ifi<l.

Also, for any g € Ng and 0 <1 < g as well as 0 < j < q we have that on (pfz)_l({s(m)})
holds that

l . .
Dy gr108; if j >1
, I I+1 l Y I
sjo Dy, = Dfif{)lOD%qHOSj ifj=1
D, s1085 ifj <l

Lastly, for any ¢ € Ng and 0 < I < g+ 1 as well as 0 < j < q we have that on
(pil o) 1({s(x)}) holds that

sjo D! if 5> 1
D! os; =14 " o
=g+l 75 {sj oDV ifj+1<l
Proof. Let us first consider the case ¢ # 0. The face maps are then (mostly) given by
multiplication of two adjacent elements of Gy = G X¢g, -+ Xg, G1. If the index of the

face map agrees with the index of the action, we can compute the composition d; o Déq 11
explicitly as

(21, oo p(pa(zi (@) 1), (@, 2041)), - ooy 2g) = (s (20 Zig1)s -2 ) -
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If the indices 7 and [ differ, it is immediately clear that the diagonal actions commute with
the multiplication of adjacent elements by analogously writing out the formulas, but as
the face maps decrease the number of factors of G1, the index of the diagonal action will
shift if 4 < [. Spelling this out also for the cases of dy and d,, which are the cases we have
not covered yet, follows the same procedure.

Similarly, as face maps correspond to an insertion of a unit, we have

DL 108 if j > 1
oDl — I+1 ! i —
sjo Dy, = Dy(cl’f{)l oDy 08 ij=I

D, 1085 if 5 <1,

where the description in case of j = [ comes from the fact that

(' ) M(Zi? (x)_l)v 1t(x)7u ($, Zz’—l—l) e )
:(,U,<ZZ‘7 (1‘)71), /L(.’L‘, 13(1:)7 (:E)il), ,U,(l', Zi—l—l))

The remaining statements on Dé’q o s; can be obtained similarly. However, there are cases
(j =1 and j =1 — 1) where the expression can not be written down in a similar way as
before. O

Corollary A.1.3 (previously: Corollary 1.2.34). Let G be a Lie groupoid and v €
Ls10c(Go,G1). For any g € Ng and 0 <1 < g+ 1 as well as 0 < i < g+ 1 we have
that on the respective domains of definition it holds that

l . .
D ,od; if i >1
dioDh =DV Vod; ifi<l
d; ifi=1.

and on the respective domains of definition it holds that

D! od, = {dioDlv,qH ifix>l

dio DTV ifi<l.

The statements on the relations between ﬁl%q and s; are analogous to those of Lemma
1.2.33.

Proof. As we have that for any point z € G, in the domain of definition that Eﬁy  (2) = Dlx’ q

for the appropriate x = ’y(pé(z)), the relations of Lemma 1.2.33 are immediately transfer-
able. O

Corollary A.1.4 (previously: Corollary 1.2.35). Let G be a Lie groupoid and
V € JYs : Gi — Go) with base-point x € G1. For any q €Npand 0 <1 < qg+1
as well as 0 < i < g+ 1 we have that on T,G, for z satisfying py(z) = s(z) holds that

(Db,q)* © (dz)* ifi>1
(di)s 0 (DY gin)e = & (DY) 0 (di)e if i <

and on T,Gy for z satisfying pg(di(z)) = s(x) holds that

(di) o (Dygiy)s ifi>1

(di)s o (DY D)s if i <L

(D). o (d)s — {
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The statements on the relations between (D{/7q)* and s; are analogous to those of
Lemma 1.2.35.

Proof. We have that for any point z € G, as described in the statement Dﬁ/ g (X) is given
by
TL(Y, X)

where L describes the action defining wa and Y € V. As the tangent functor is indeed
a functor, we can therefore apply the results of Lemma 1.2.33. It only remains to note
that in the process, we have not altered the acting element x, such that also Y remains
unchanged when interchanging the maps. In particular, the property Y € V is retained
such that we indeed can recover the expressions on the right hand side. O

Lemma A.1.5 (previously: Lemma 1.2.36). Let G be a Lie groupoid and x € G1. For
any q € N and 0 < i < g we have that on (pfz)_l({s(:n)}) holds that

Py © Dyg = Dig o)
The analogous statements

i ™ o— 10 i
pqOD%q:Dmoopq

and . .. . .
(Pg) © (Dyg)s = (D) © ()
hold as well on the appropriate spaces.
Proof. If we consider any z € (p.)~'({s(z)}) and write
z=(z1,...,%q)
we can explicitly compute
D;',q(z) = (Zla s ,,LL(Zi, x_l)v ,U,(LE, Z’i+1)7 s )

and ‘ '

Pq (D q(2)) = t(z),
while by assumption p(z) = s(z) and

D} o(s(2)) = t(a).

That the statements for the induced actions hold can be obtained in analogy to Co-
rollary 1.2.34 and Corollary 1.2.35. 0

Lemma A.1.6 (previously: Lemma 1.2.37). Let G be a Lie groupoid and x € G as well
asy € G1. For any g € N and 0 < i < q and for any 0 < j < q with i # j we have that
on (pg) " ({s(2)}) N ()~ ({s(y)}) holds that

J L ) J
DygoDyq=Drg0Dy,
The analogue statements
nJ Nt = nJ
Dy o D, =D, o Dy -
(D) © (Dyg)s = (Dyg)s © (Diy g )s-

hold as well on the appropriate spaces.
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Proof. If we consider any z € (pé)_l({s(a:)}) N ()~ ({s(y)}) and write
z=1(21,...,2)

we can explicitly compute both expressions as

(Z17 ey /’L(Zjay_l)nu/(yv Zj+1)7 R M(Zi,$_1)7M<l', Z’H—l)u s )

in case j <i¢—1, and

(215 (259 1) Yy, 2y 70, (@, 2i1), - -2

in case j =17 — 1, and

(21, plziz™ ), o, 2,y 1) (Y, 2j41)s - )

in case j =1+ 1, and

(Zh ) u(zi,m_l),,u(m, ZiJrl)a s 7N(Zj,y_1),,u(y, szrl)v s )

in case 5 >+ 1.
That the statements for the induced actions hold can be obtained in analogy to Co-
rollary 1.2.34 and Corollary 1.2.35. O

Lemma A.1.7 (previously: Lemma 1.2.38). Let G be a Lie groupoid, H C G a Lie sub-

groupoid as in FExample 1.1.30 and * € Gi. For any q € N we have that on
H,N (pfl)_l({s(x)}) holds that

H _— g 1 0
Adgg=Digo--0Dyg0Dp,

w?q -

The analogue statements

K(/iH =D¢ o...oD! oDO
V.4 V.4 .4 v,q°

and I
~H _ A
Adyg=Dgg0-0Dp 0Dy,

hold as well on the appropriate spaces.

Proof. We can explicitly compute for any z € H, N (pfz)_l({s(:v)}) that

Adgq(z) = (,u(ﬂ:, 2,27 Y, (e, Zq, :p_l))

while
Dg’q(z) = (u(z,21),22,...,2)
and therefore
Dy o(Dg 4(2)) = (p(z, z1,27"), ulw, 22), 23, - ., %)
and iterating yields

DE (- (Dz (D2 4(2)))) = (u(z, 21,27, il 2,27 1))

That the statements for the induced actions hold can be obtained in analogy to Co-
rollary 1.2.34 and Corollary 1.2.35. O



324 APPENDIX A. VARIOUS REFERENCES

Lemma A.1.8 (previously: Lemma 1.2.39). Let G be a Lie groupoid and x € G1. For
any q € N we have that on (Is0(G))o N (pd) "L ({s(x)}) holds that

0 _ g 1 0
ugoDyog=D3,0---0D; 0Dy oug.
The analogue statements
=0 _mq =1 ~0
ugoDyog=DI o---0D, oDJ ouy
and

(ug)s © (DVg)s = (DY, p)x 0+ 0 (Dyg)x © (DY, ) © (ug)s

hold as well on the appropriate spaces

Proof. We have that (Iso(G))o N (p3)~1({s(z)}) only consists of a single point {m} for
m € Go for which
D o(m) = t(x)

and in coordinates
ug(m) = (L, ..., 1),
such that we can explicitly compute in analogy to Lemma 1.2.37 that

DE (- (Dz (DS 4 (ug(m)))) = (u(x, Lin, &™), s i@, Ly 271) = (Lygays - - Loga))-

That the statements for the induced actions hold can be obtained in analogy to Co-
rollary 1.2.34 and Corollary 1.2.35. O

A.2 Topology of object spaces and Saturated Sets

At the beginning of Section 1.4, we have listed a few definitions and properties related to
the saturation of subsets of the object space G of a Lie groupoid. For ease of reading, we
have not included all proofs or remarks directly, but instead referred for some of them to
this appendix.

Lemma A.2.1 (previously: Lemma 1.4.2). Let G be a groupoid (not necessarily a Lie
groupoid). The following are equivalent:

o The set S is saturated.
o The set S satisfies t—1(S) = s~1(S).

Proof. By definition, we have
Sat(S) = t(s~(9)),

but as s and t in the definition are symmetrical via taking the inverse on G1, we find that
also

Sat(S) = s(t71(9)).

So if we assume that Sat(S) = S, we have that t=1(S) = t~1(t(s71(5))) D s71(9)
while we analogously find that s71(S) D ¢~1(S), meaning

t71(8) = s7H(9).
Similarly, if we assume that t~1(S) = s71(9), we find that
S C Sat(S) = s(t71(S)) = s(s71(S)) c S

such that S = Sat(S), i.e. S is saturated. O
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Lemma A.2.2 (previously: Lemma 1.4.5). Consider a Lie groupoid G and a saturated
embedded submanifold U C Go. Then the groupoid G|y defined in Definition 1.4.4, i.e.
given by

e object space (Gly)o =U
e morphism space (G|y)o = s H(U) =t71(U)
1s a Lie groupoid.

Proof. This follows immediately, as t~1(U) C G; is open, and therefore defines an open
embedded submanifold and smoothness of the structure maps is a local property. ]

Lemma A.2.3 (previously: Lemma 1.4.6). Let G be a Lie groupoid. The saturation of
an open subset of Gy is open.

Proof. The saturation can be expressed as t(s~1(S)) and if S is open, so is s71(5). How-
ever, submersions are open maps (which can be seen for example using the standard form
of a submersion), such that the saturation is indeed an open set. ]

Lemma A.2.4 (previously: Lemma 1.4.7). Let G be a proper Lie groupoid. The saturation
of any compact set C' C Gy is closed.

Proof. Consider a sequence of points {a, € Sat(C)}nen, which converges in Gy. By
definition, for each a,, there is an z,, € Gy with t(x,,) = a, and s(x,) € C. By compactness,
these two sequences contains corresponding sub-sequences where s(x,,) is converging with
limit in C' (without loss of generality we may assume this to hold for the sequences a,, and
x,, itself).

Therefore by properness, the sequence {xy}nen, has a convergent subsequence with
limit x € G, where s(z) and t(x) are given by the limit of the s(z,,) and t(z,,) respectively.
Hence, we have s(z) € C and hence t(x) € Sat(C). However, t(z) is the limit of the a,,
such that Sat(C') must be closed. O

Proposition A.2.5 (previously: Proposition 1.4.10). Consider a proper Lie groupoid G.
Any two closed saturated subsets C C Gy and D C Gg which are disjoint can be separated
by open saturated sets. This means that there exist open sets N C Gy and O C Gy with
C C N and D C O which also satisfy

NNO=10.

Proof. We know that the statement is true for NV and O ordinary open sets, and it remains
to show that they can be chosen saturated. The idea of the proof is quite similar to the
ordinary one.

We will first consider C’ and D’ compact with Sat(C’) N Sat(D’) = 0 and prove the
analogous result. Then we will cover the case where C’ is compact and D is closed and
saturated with Sat(C’) N D = (). Lastly, we will obtain the result in the case described in
the proposition.

Pick any complete metric on Gy. For C’ and D’ compact, we can then define

N. = {m € Gg with |m — C'| < &}

and
Os = {m € Gy with |m — D'| < §}.
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The term |m — C’| denotes the minimum value of |m — ¢| for ¢ € C’, which exists as C” is
compact. That V. and Oy are open follows from the triangle inequality in a straightforward
way.

If we now let the parameters € and § converge to 0, we obtain that either

Sat(N:) N Sat(Og) = 0

for sufficiently small ¢ and ¢ or that there is a sequence {Zn }nen,, With s(z,) € N1 and
t(x,) € O1. We have that for any such sequence both the sequence s(x;,) and the sequence

t(zy) have a converging subsequence with limit in C” and D’ respectively (determined each
by the sequences of the closest points to s(z,,) or t(z,) in C" or D). We may hence without
loss of generality assume that both s(x,) and t(x,) themselves converge, implying due to
properness that a subsequence of the z,, converges to some x € G; with s(z) € C’ and
t(x) € D'. However, this contradicts that Sat(C’) N Sat(D’) = ), thus for small enough &
and §

Sat(N:) N Sat(Og) = 0.

Note that if we consider the same argument for a fixed N, and only let § go to 0, we
obtain that either
Sat(N:) N Sat(Og) = 0.

for small enough ¢ or Sat(NN:) NSat(D’) # (). The argument in that case relies on the fact
that N, is compact, which holds independently of ¢ as the metric was chosen complete. If
the metric was not chosen complete, we could still apply the argument for € small enough
(such that all closed e-balls centered in C’ are compact, this value can be constructed
through a corresponding lower semi-continuous function on C”).

Now, let us consider the case where C’ is compact and D is closed and saturated with

Sat(C")ND = (). First off, we aim to show that there exists an € such that Sat(N.)ND = ().
However, as D itself is saturated, this is equivalent to finding ¢ such that

N.ND ={.

As N. C No., we can just choose this as
1 /
e < §|C — D‘,

where the latter value might only exist as an infimum, but is non-zero as C’ is compact.
As already remarked in the previous case, this implies that for a compact D’ with
Sat(D') C D there must be some Os5 D D" with

Sat(N:) N Sat(Os) = 0.

We can exhaust D by compact subsets D), cover each with some O™ of the form Oj
for the respective D], and then take the union over the corresponding sets of the form
Sat(O™). This will in particular cover the union of all D/, which is D. The union of
open saturated sets is itself open and saturated, and by construction it will be disjoint
from Sat(N;).

Now consider the case originally proposed, where C and D are closed and saturated.
We can now exhaust Gg by compact subsets, which simultaneously gives us an exhaustion
of C' and D. In each step, we will consider the compact subsets C/, C C' and D), C D and

choose N and O™ such that
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a) N covers C",

b) O™ covers D!,

c) N does not intersect D

O™ does not intersect C

0

@
0}
I
—+
=
g
S~—
D
2
I
—+
—~
)
2
~
I

)
)

f) Sat(N™) N Sat(O®)
) )

y=0foral k<n
Sat(N®)) N Sat(OM) = ()

for all kK < n.

This is possible for sets of the form N, and O with respect to CJ, and D), for small enough
values of € and §. This is because these constraints are all satisfied for small enough values
of either ¢ or ¢ or both (which we have seen for each item at some previous step in the
proof) and the number of constraints is finite for each construction step.

Now if we consider

N =) NW
n€Ng
and
o= J o™
n€eNp

we have that

a) N’ covers C

b) O’ covers D

¢) Sat(N)nNSat(0) = 0.

So if we now set N = Sat(N’) and O = Sat(O’) we obtain the result of the proposition. []

Corollary A.2.6 (previously: Corollary 1.4.11). Consider a proper Lie groupoid G. Any
two closed saturated subsets C' C Gy and D C Gg which are disjoint can be separated by
open saturated sets N and O which satisfy

NNO =0.

Proof. As a first step, we can apply Proposition 1.4.10 to obtain N’ and O’. We have that
Go\N' = D’ is saturated and closed. We can reapply Proposition 1.4.10 to C' and D’ to
obtain N” and O”. Now we have that for N = N” and O = O’ holds

NNO C (G)\D'YnD" =4.
O

Corollary A.2.7 (previously: Corollary 1.4.12). Let G be a proper Lie groupoid. Consider
the space

Q = Go/Fo = Go/ ~,

where ~ denotes the equivalence relation of Lemma 1.1.11. Then the quotient topology on
Q is Ty (i.e. normal and T} ).
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Proof. By definition, a set O C @ is open, if its preimage in G is and analogously for
closed sets. Also by definition, the preimage of any set is saturated, as the saturation is
precisely generated by the same relation ~. By Corollary 1.4.9, we have that the preimage
of a point ¢ € @ (i.e. an orbit) is closed, meaning that @ is 7;. The statement of
Proposition 1.4.10 is precisely equivalent to separating closed sets in (), meaning that
is T4. ]

Lemma A.2.8 (previously: Lemma 1.4.14). Consider a manifold Gy with a regular foli-
ation Fy of rank ly, i.e. where we can locally around any m € Gy choose coordinates such
that the chosen coordinate chart is given by a cube

U C Rfo =R x RFo~lo
and the leaves of the foliation are given by

$ZO+1 — Cl0+1, ko

- zFo = ¢

and its associated involutive distribution by

(T(Rlo) X {oy}yeerlo) I

Then for any embedded manifold R complementary to the orbits of codimension ly (i.e.
dimension ko — lg) we can choose a coordinate chart

¢:V CGo— U C Rk

of the form described above with the additional property that

H(RNV) = ({0} x Rko=lo)yq 1.
Proof. For any point r € R we may choose a coordinate chart

¢o:V->U
compatible with the foliation as described. We can consider the function
PIgpko—io 0P : V — RFo—lo
which on RNV restricts to
[ = (Prgro-to 99)| v
and analogously consider the function
g = (Prgio ©9)|rnv

We claim that f is a local diffeomorphism. For this, it is sufficient to show that 7). f is an
isomorphism e.g. by the inverse function theorem ([30], Theorem 4.5). As the dimensions
of R and RFo—l agree, we may check injectivity: Assume there is some X € T, R such
that Tf(X) = 0. This implies that T¢(X) € ker(T prgi,), which can be formulated as
Top(X) € T(RP) x {0y} crro-10- However, this means that as ¢ is a diffeomorphism,
X € Fy and by our assumption of X € T,.R we obtain that X = 0.

Hence we can find an inverse function f~! locally around f(r) on U’ C U. We can
now consider V/ = ¢~(U’) and define the coordinate chart

¢ V' — RF0
v p(@) = (g(F 7 (((6(@) "™ (6(x)*))), 0 € RFTO),
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As we can explicitly express the inverse as
vy o7 (y+ (U 7)), 0 e R

which is well-defined on an open set containing the image, ¢’ is indeed a local diffeomorph-
ism. It is clear by construction, that elements of RNV’ are getting mapped to {0} x RFo—lo
It only remains to restrict domain and codomain in a suitable way such that the codomain
is given by a cube. O

Lemma A.2.9 (previously: Lemma 1.4.15). Let G be a regular Lie groupoid where the
rank of the orbit foliation is lg. The saturation of a embedded manifold R of codimension
lo complementary to the orbits is an open subset of Go and in particular an embedded
manifold.

Proof. Consider r € R. Locally around r we may by Lemma 1.4.14 choose coordinates
compatible with the foliation and R, i.e. a coordinate chart

U C RFo = Rlo x Rko~lo

on which the foliation corresponds to

<T(RZO) X {Oy}yeR’fo—%) lu
and R locally corresponds to
U N {0} x RFo~lo,
As U is open and contains r € R, we will find that for some € > 0 a neighbourhood
r+ (—g,e)k

is contained in U. As this is an open set, its saturation V; is also open by Lemma 1.4.6, and
as it contains r it also contains Sat({r}). If we can also show that r + (—¢,£)* C Sat(R)
it would immediately follow that V,. C Sat(R) and furthermore

U i € sat(r) = | Sat({r}) € | Vi
reR reR reR

meaning that Sat(R) = U,crV, is an open subset of Gj.

For this, we consider that the orbit foliation Fy is precisely the infinitesimal counterpart
of the saturation procedure and all paths contained in a leaf can be lifted along the target
map to paths of morphisms with constant source map. In particular this means that for
any point m € U, we have that its entire connected component in

Unm+Re x {0}
is contained in Sat({m}). In particular, if m € R, we have that
UnNnm+RY x {0} C Sat(R)
However, by construction we have that
r+ ({0} x (—g,e)k~ly c R

which implies that
r+ (RY x (—¢,e)f0~l0y N U  Sat(R)

and in particular
7+ (—€ €)™ C Sat(R).
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Lemma A.2.10 (previously: Lemma 1.4.16). For a Lie groupoid G, consider R C Gy
an embedded manifold complementary to the orbit foliation Fy, such that Sat(R) is an
embedded manifold. Then for any r € R we have T, Sat(R) =T, R ® Fy and

Sltfl(R) : til(R) — Sat(R)
1S a submersion.

Proof. As R is an embedded manifold and ¢ is a surjective submersion, we have that
t~1(R) is a submanifold of G7. The map s is still surjective onto Sat(R), but we do not
know if it is a submersion.

However, as the map is still smooth, we can consider

Ts:T(t ' (R)) — T Sat(R).

At each point z € t71(R) we have by Lemma 1.2.8 that there exists a jet V € (J'G);
with V' C T,G;. As Tt is an isomorphism on V, we find that V' = V N T,,(t"1(R)) has
the same dimension as T, R, i.e. the dimension of R and T't restricts to an isomorphism.
This in particular means that T,(t~!(R)) splits into a direct sum

T.(t7HR)) = V' @ ker(T,t) = V' @ (F1L N Tt H(R)),

where we have used that the orbit foliation JFy vanishes when restricted to R, such that the
image of F7 under Tt (which is usually contained in F{) must also vanish. We also know
for the same reason that the image of V/ under T's (which is still injective) does not contain
elements of Fy, while the entirety of 71 maps to Fy surjectively. So indeed, the map T's
has constant rank, which is at each point given by dim (V') +dim(Fp) = dim(R)+dim(Fy).
In particular, if dim(Sat(R)) = dim(R) + dim(Fy), we know that T's is surjective at each
point, i.e. that s is a submersion. We can also note that dim(Sat(R)) > dim(R)+dim(Fy),
as at r € R both TR and Fy are disjoint subspaces of T, Sat(R).

So we either have that this condition is satisfied, or that each point is a critical point and
by surjectivity the image of the critical points consists of the entirety of Sat(R). However,
by Sard’s theorem, we have that the critical values must have measure 0 with respect to
the outer Lebesgue measure on any coordinate chart on Sat(R) ([39], Theorem 7.2.). This
means that there can not be any critical values and s is a surjective submersion. O

Corollary A.2.11 (previously: Corollary 1.4.17). For a Lie groupoid G, consider R C G
an embedded manifold complementary to the orbit foliation Fy, such that Sat(R) is an
embedded manifold.
Then we have that t—*(R) N s~ (R) is a manifold embedded in G1. If G was proper,
then the map
(t,s):t ' (R)Ns ' (R) > RxR

s proper as well.

Proof. Firstly note, that in analogy to the argument of Lemma 1.4.16, t~*(R) has a
manifold structure and ¢t~!(R) C G is an embedding, as t is a surjective submersion (and
hence locally is given by a projection) and R is an embedded manifold. Furthermore, the
statement of Lemma 1.4.16 implies that s|;-1(p) is a surjective submersion as well, and
hence

(shorqm) ™" = 1 (R) N sTH(R)

is an embedded submanifold of t~*(R) and therefore G;. If we now consider a sequence of
z; € s71(R) Nt~ (R) such that their source and target maps converge in R, we find that
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as G is proper, this implies that there is a sub-sequence with a limit z € G. But as we
assumed that the s(x;) and t(z;) converge in R we find that = € t~}(R) N s~!(R) as well.
O

Corollary A.2.12 (previously: Corollary 1.4.19). If G is a regular Lie groupoid with
an orbit foliation Fy of dimension ly and further R C Gg is an embedded manifold of
codimension lg complementary to the orbits, then

S‘t—l(R) : til(R) — Sat(R)

is a submersion and t~1(R) Ns~1(R) is a manifold embedded in Gy defining a subgroupoid
of G which we will denote G|r. If G was proper, then so is G|g.

Proof. By Lemma 1.4.15, we have that Sat(R) is an embedded manifold, meaning that we
can apply Corollary 1.4.17 which directly translates to the given result. O

Corollary A.2.13 (previously: Corollary 1.4.20). If G is a regular Lie groupoid with
an orbit foliation Fy of dimension ly and further Ri C Gy and Ry C Go are embedded
manifolds of codimension ly complementary to the orbits, then for any m € Ry N Sat(Ry)
there is a local s-section defined on U C Ry around m inducing a diffeomorphism between
U and an open submanifold of Ro.

Proof. As
Sltfl(Rz) : t_l(Rg) — Sat(Rg)

is a submersion by Corollary 1.4.19, we can find a local s-section v : V' — t~1(R3), which
then by definition has its image contained in Ry. Considering T,,(t o 7), we have that its
kernel is contained in Fy by definition and the fact that v is an s-section. So locally on
U C V we have that v induces a diffeomorphism. O

A.3 Constructions on jet bundles

In the thesis, we have sometimes omitted proofs of statements concerning jet bundles as
these arguments are standard but technical. For completeness, we have included them in
this section.

Lemma A.3.1 (cf. [34], p. 33, previously: Lemma 1.2.1). Let G be a Lie groupoid. The
space consisting of bisection jets

J(s,t) = {VI C T:Gy s.t. Tys : Vi — TyyGo and Tyt are isos}
s an open submanifold of
Jl(s : G — Go) = {Vx CTpGy s.t. Tys: Vi = Ty(yGo is an iso} .
Proof. From general theory about jet manifolds we know that
J(s:G1 — Go) = Gy
is an affine vector bundle which comes with a canonical smooth map to
JY(pry : Gy x Gg — Go) = Go x Gy

induced by (t,s).
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For any x € G and any choice of local coordinates around s(z) and ¢(z), we can
consider the corresponding open of

Jl(prz : GO X GO — Go) — Go X Go,

where we can express the jets as matrices and compute their determinants.

The determinant is a smooth function, such that the set where it remains non-zero is
open as well. However, we know that the condition of a non-zero determinant is equivalent
to T pr; inducing an isomorphism between the jet and T, G for the corresponding m € Gy.
This also shows that the condition is actually independent of the choice of coordinates.

This implies that we have constructed an open subset of J!(pry : GoxGo — Go), which,
when we take the preimage in J!(s: G1 — Gy), yields precisely those jets V, C T,G; for
which Tt is an isomorphism. ]

Lemma A.3.2 (previously: Lemma 2.1.5). Consider a Lie groupoid G together with a
multiplicative Ehresmann connection E with respect to a bundle of ideals B. Then the
subspace

JE(S :G1 — Go) C Jl(S : G — Go)
has the structure of a closed embedded submanifold.

Proof. For this, we first need to recall the manifold structure of J1(s : G; — Gp): We can
use the local form of a submersion, in our case s, as a projection from R*! to its first kg
coordinates (cf. [30] 4.12.), where ko and k; are the dimensions of Gy and G respectively.
Thus, we know that locally the subspaces W, at = that project isomorphically to T,)Go
can be expressed by the lift of the standard basis vectors of TGy = Ts(m)RkO. The
collection of these, expressed in coordinates of the standard basis at T,G1 = T,R*!, define
a kg X k1-matrix associated to each W, satisfying that the first kg entries of each row are
according to the identity matrix. The matrix may be seen as the section of T's at s(x)
associated to W, and expressed in coordinates.

To make the vector bundle modelling the affine structure of J'(s : G — Gy) (as a
bundle over G1) explicit, this is the same as choosing kg x (k1 —ko)-matrices, or equivalently,
maps from Ty, Go to ker(T's) C T,G1. When considered as matrices, we now express
only the last (k; — ko) components of the preimages of the standard basis vectors of
Ts(x)RkO ~ Rko in T,R¥ ~ RF1. The affine structure has the base-point given by the
identity matrix extended by zeroes and the associated jet.

Given a multiplicative Ehresmann connection, we can project each vector of W, to
its vertical and horizontal component according to the splitting TGy = E @ V. Because
the vertical projection is linear, it induces an affine map between J'(s: G; — Gp) to the
bundle (which is actually a vector bundle) s*(7*G) ® V' where the fibre over each y € G
is given by the space of linear maps from T(,)Go to V.

Furthermore, as V vanishes under T's, we have that the target space is actually a
subspace of the vector space modelling the affine structure. Furthermore, when considering
the map induced by vertical projection, we find that it is given by the identity on this
vector bundle model, meaning in particular that it is surjective. This means that no
matter the image of the base-point of the affine structure, the induced map between the
bundles is surjective as well. Furthermore, subtracting the image under this map from
any local section of J!(s : G1 — Gg) — G1 will yield a local section in the kernel of the
vertical projection map.

We have that J¥(s : G; — Gy) is precisely the kernel of the affine vertical projection
map that we have described. Additionally, any local section in the kernel of this map will
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yield a local vector bundle model such that the map on the models is linear. As the kernel
of a vector bundle map of constant rank is a vector bundle, we have that surjectivity
implies that the kernel J¥(s : G; — Gp) is an affine bundle modelled on a subvector
bundle of the vector bundle modelling J!(s : G — Gp). In particular, it is a closed and
embedded manifold. O

Lemma A.3.3 (previously: Lemma 2.1.9). Given a Lie groupoid G together with a mul-
tiplicative Ehresmann connection E with respect to a bundle of ideals B. There is a
canonical inclusion JEG — J'G and a canonical projection J'G — JEG. The latter
establishes J'G as a VB-groupoid over J¥G.

Proof. By construction J¥G is a subgroupoid of J'G, it is well defined by Lemma 2.1.7.
However, as analogous to the proof of Lemma 2.1.5, there is also a canonical map induced
by the horizontal projection instead of the vertical one, which automatically maps elements
of J1(s: G1 — Go) to elements of J¥(s : G1 — Gp). The map only changes the vectors up
to components in V' (i.e. the vertical bundle as induced by B). When recalling the proof
of Lemma 1.2.1, this implies that the map from J'(s : G1 — Gp) to J'(s : Go x Gy — Gy)
factors through J¥(s : G; — Gy), such that the image of (J'G); must be contained in
(JlG)l N JE(S G — G(]) = (JEG)l

It still remains to check that the groupoid structure is compatible: W, and its pro-
jection W/ differ precisely by an element in s*(T'Gy) ® V' as we have seen in the proof of
Lemma 2.1.5. Expressing any X € W, as X' + Zx for X' € W, and Zx € V yields that
for any pair of composable vectors X and Y contained in ji(W,,U,) that

(X,Y) = (X,—FZ)(,Y/ —I—Zy) = (X/,Y/) + (Zx,Zy)

as V C ker(T's) Nker(Tt) and hence Zx and Zy are always composable. Using that V
is closed under the groupoid structure maps, we can check explicitly that the projection
(J'G)1 — (JFG)1 is compatible with multiplication and inverses. The fact that V is
compatible with the groupoid structure follows by an analogous argument as above, as
any two composable elements (77, Z3) can be written as

(Z1,Z2) = (0, Z2) + (Z1,0)

and therefore their image under T corresponds to the sum of the left translation of Z5 by
the base-point of Z; and the right translation of Z; under the base-point of Zs. However,
V is by Lemma 2.1.2 invariant under both left and right translation. That the unit map
is compatible follows as the horizontal projection of a vector tangent to the unit section
is given by the vector itself, implying the same for the units of J'G. O

Lemma A.3.4 (previously: Lemma 2.1.25). Let G be a regular Lie groupoid together

with a multiplicative Ehresmann connection E with respect to the isotropy. Consider any

r € G1 and a linear isomorphism ¢ : Ty(;yGo — Ty, Go induced by some V, € (JEQ);.
Then for any X € R there is a V) € (JFQ); inducing an isomorphism 1 with

YHX) = A (D(X))

for any X € Fy. They can be constructed in a way that the limit limy_,o ¥ is well-defined
and the limit limy_,o V) € J¥(s: Go — G1) is well-defined.

Proof. We can choose any (non-canonical) decomposition of V, as

Veo=VanFr)e W,
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which via the isomorphisms T's and Tt induces splittings
Ts(m)GO = (fo)s(a:) D TS(WHU)

and
Ty2)Go = (Fo)i(z) © TH(W,).

By construction, the splittings are retained by ¢. Now we will aim to define V) as a
superspace of W, by altering the direct summand (V, N Fy).
For every X € (V, N Fi), we define X* as the unique E-horizontal vector satisfying

Ts(XY) = Ts(X)

and
Tt(X?) = X -Tt(X).

The vector X* indeed exists, as both T's(X) and A - Tt(X) are elements of Fy with
base-points in the same orbit by assumption. Furthermore as the construction is linear
and T's is retained (in particular X* € F7), the collection

V2 ={X*for X € (V, N F)} & W,

is canonically a E-horizontal subspace of T;;G1 on which T's is an isomorphism to T, Go.
By construction we have that 7't retains the splitting and maps W, isomorphically to
Tt(W3). On the other summand, Tt is given by the concatenation of an isomorphism (7'
evaluated on X') by multiplication with A, but as A # 0, this is also an isomorphism.
This concludes that V) € (JFG); and by construction the induced map ¢ satisfies
the required equation. For the claim on the limits, note that by construction, we have
that

Wrsw) = Ylrsov)

such that convergence is trivial and the series of ¥ on (Fp) s(z) depends linearly on A and
hence converges to 0. Similarly, we find that the limit of the V;} retains the splitting,
where the second component W, agrees for all A and the first component converges to
the space containing a E-horizontal vector X° uniquely associated to any X € (F; N V)
defined by the properties that
Ts(X°) = Ts(X)
and
Tt(X%) = 0.
O

Lemma A.3.5 (previously: Lemma 2.1.27). Let G be a regular Lie groupoid together with
a multiplicative Ehresmann connection E with respect to the isotropy. When considered
as subsets of

Jl(s G — GQ),

we have that

JE(S : G1 — Go)

is the closure of

(JEG), ¢ (J*G)y C JH(s: G1 — Gy).
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Proof. In Lemma 2.1.5, we have already seen that J¥(s : G1 — Gy) is a closed subset
of J(s : G1 — Gp). In the proof of Lemma 2.1.25, we have now explicitly constructed
certain elements V/ as limits of a sequence V) € (JFG);. However, that construction
can easily be amended to construct any V as a limit: For this choose a (non-canonical)
decomposition of

V= (V'NF) e W

which via T's induces a splitting on
Ts(:p)GO = (‘Fo)s(m) D TS(W;)
We have that V] N F; induces a linear map

Vl(Fo)uy * (F0)s@) = (FO)t(a)-

This map is not an isomorphism. However, as the subspace of (I x [)-matrices given by
invertible ones GL(I x 1) C Mat(l x [) is dense, we may simply choose

11}>\|(.7'-0)s(x) : (]:0)5(1’) - (]:O)t(ac)

as a converging sequence of isomorphisms with limit 1)’ \( Fo)a(a)"

Now for every X € (V/NFi), we define X* as the unique E-horizontal vector satisfying
Ts(X) = Ts(X)

and
Tt(X/\) = 1/})\‘(]-—0)5(1) (T's(X)).

This vector indeed exists, as both expressions are contained in Fy.
Now consider the collection

V2 ={X*for X € (V/nF)} o W.

We claim that V) € (JFG); for all A of the sequence. For this, let us note that
Ts(X*) = Ts(X) for the corresponding X € (V! N Fy), such that T's retains the splitting
of the vector spaces. Furthermore, T's(X) uniquely identifies X and the associated X A
meaning that Ts : V) — Ts(z)Go is still an isomorphism. To see the same for T, assume
some Y € V! satisfies Tt(Y) = 0. Then we must have that Y € F;. By definition, this
means that Y = X* for some X € (V/ N F;). Therefore

0=THY) = THX?) = |z, (Ts(X)).

However, we assumed that w/\](;o)s(z) was an isomorphism, meaning that Ts(X?*) = 0
as well. But X* is E-horizontal, meaning that T's(X*) = T#(X?*) = 0 implies X* = 0
by Corollary 2.1.18. So Tt : V,} — T}(z)Go is injective and for dimension reasons this
concludes that T't is an isomorphism. O

A.4 The generalised Eilenberg—Zilber Theorem

As this is a very important part of Chapter 3 (and in particular Lemma 3.1.16), I would
like to explore the generalisation of the Eilenberg—Zilber theorem that I use. The name
Eilenberg—Zilber—Cartier theorem was used by Bott in [8] (cf. p. 300) as well as the name
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“Cartier extension of the Eilenberg—Zilber theorem” (p. 298). It references [16] by Dold
and Puppe for the result, which also accredit Cartier in their work.

The paper of Dold and Puppe is in German, which unfortunate for the non-German
speaking members of the research community (although luckily for me it is a language I
speak). It is stated somewhat as follows:

Theorem A.4.1 ([16], p. 213). There is a universal (chain) homotopy equivalence between
the total and the diagonal complex of the double object V.. More generally holds: Let
X=X(V), M=9NV) the total or diagonal complex of V' respectively; in particular holds
Xo =MNo = V-

(a) Every universal morphism Xo — Mo (in particular the identity one) is extendable to
a universal chain morphism

(b) Any two universal chain morphisms, which agree in dimension 0 (i.e. Xo — Mg) are
universally homotopic.

The notion of “double object” used by Dold and Puppe would today be referred to as
a bisimplicial object in an abelian category and the notions of the total complex can be
formulated with the following definition.

Definition A.4.2 ([21], p. 205). The Moore bicomplex for a bisimplicial abelian
group A is the bicomplex having (p, ¢)-chains A(p, q), horizontal boundary

p

Ohor = Y _(—=1)'d}*" : A(p,q) = A(p— 1,9)
=0

and vertical boundary

q

Byere = Y (=1)PT'd™ : A(p,q) = A(p,q — 1)
=0

Here, the index hor denotes the maps corresponding to the structure maps of the simplicial
structure denoted in the first component and the index vert denotes the maps correspond-
ing to the structure maps of the simplicial structure denoted in the second component.

Of course, this notion does not only make sense for bisimplicial abelian groups, but can
be generalised to recover the setting of the previous theorem. It transforms any bisimplicial
object into a double complex in the respective category, for which the associated notion
of the associated total chain complexes is a standard construction.

However, for our purposes, we need the dual of the given objects, in the sense that the
constructions that we are working with are bi-cosimplicial. Here, the analogue definitions
take similar form.

Definition A.4.3 (cf. [23] pp. 732-733). Let X be a bi-cosimplicial object in an abelian
category A, i.e. an object of A2*2, The associated (unnormalised) cochain bicom-
plex C(X) is given by

C(x)Pa) = x(Pa)

and horizontal and vertical differentials

p+1
Ohor = Z<_1)Zdz : X(p,q) — X(p+17q)
=0
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and
q+1

8vert = Z(—l)p+jdi : X(p,q) — X(P7q+1).
7=0

Here, the index hor denotes the maps corresponding to the structure maps of the simplicial
structure denoted in the first component (or equivalently induced by the left-hand copy
of A) and the index vert denotes the maps corresponding to the structure maps of the
simplicial structure denoted in the second component.

The other concept of the diagonal complex can be described as follows:

Example A.4.4 (cf. [23] p. 733). Let X be a bi-cosimplicial object in an abelian category
A, i.e. an object of A2*2. The image of X under the diagonalisation functor Diag can
be described as the cosimplicial object

Diag(X)? = X PP)

with coface maps

d' = di gy 0 digyy © XPP — XPHLPH

vert

and codegeneracy maps

s = sfwr o s{,ert  Xpriptl _y xpp
for 0 <7 < p+1and 0 < j < p. Here, the index hor denotes the maps corresponding to the
structure maps of the simplicial structure denoted in the first component (or equivalently
induced by the left-hand copy of A) and the index vert denotes the maps corresponding
to the structure maps of the simplicial structure denoted in the second component.

The associated (unnormalised) chain complex C(Diag(X)) can be similarly described
as given by
Diag(X)P = X (P)

with differential
p+1

0=> (=1)'djp 0 dipyy : XPP — XPHLPHL,
=0

vert

The version of the Eilenberg—Zilber theorem that is used for the proof earlier in this
thesis is the following cosimplicial version.

Theorem A.4.5 ([23], Theorem A.3.). Let A be an abelian category with enough injectives.
There is a natural isomorphism

*(Diag(X)) = H*(C(Diag(X))) = H*(Tot(C(X))),

where Tot(C(X)) denotes the total complex associated to the double cochain complexr C(X)
as in Definition A.4.3.

As we aim to construct the preimages of exact elements explicitly, the proof of this is
also of interest. Already in [16], the shuffle map and Alexander-Whitney map are explicitly
mentioned to be universal homotopy equivalences (cf. p. 217). In our covariant setting,
this will take the following form:
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Definition A.4.6 ([23], p. 734). The cosimplicial Alexander-Whitney map is a map
of bicomplexes
gpﬂq : C(X)pvq — C(X)P'HLP‘HI

defined when denoting p 4+ g = n as

Pa.— gt o1 o dPTl o g0 0 o0
g ‘= Oper © dhor ° dhor © dvert © dvert © dvert'

It induces a map
g" : Tot(C(X))"™ — Diag(C(X))"
given on each component of Tot(C(X))™ by the respective gP9.
Definition A.4.7 ([23], p. 735). The shuffle coproduct formula is given by a family

of linear maps
fPao(x)Prerte 5 o(X)Pa
defined when denoting p 4+ g = n as
-1 +1 1
Pre Y s e o s o )
o€{(p,q)-shuffles}

The proof that the Alexander-Whitney map and the shuffle coproduct formula are
actually homotopy inverses is more often found in the simplicial instead of cosimplicial
formulations. Of course, the statement itself does not depend on this formulation, as a
cosimplicial object is simplicial in the opposite category. Heuristically, it must be true
that any homotopy equivalence in this setting must be constructed from the bisimplicial

and abelian structure alone, as this is the only required structure in our setting. It can be
explicitly constructed in a series of steps.

Theorem A.4.8 (cf. [21], Chapter III, Theorem 2.4., pp. 145, 149-150). The inclusion
t:N(A) — C(A)

of the normalised chain complex

in the Moore complex of a simplicial abelian group A is a chain homotopy equivalence.
Its homotopy inverse f satisfies

for=id
and
tof—id=dT+1Td
for a homotopy T defined in degree n by

Ty =10 in—otn_1fn-2-- fo+ 0. in_stn-ofns...fo+ - +iot1fo+ to,
where
fa(@) =2 = sj1dj41 (@)
forn>a+2 and
f="Fn—2--Jo
and
ty(x) = (=1)"spy1(x)

forn > b+ 1 and all the i. refer to inclusions of different subcomplezes.



A.4. THE GENERALISED EILENBERG-ZILBER THEOREM 339

However, in many cases the normalised chain complex is not treated as a subcomplex,
but rather a quotient. This is according to the following fact.

Theorem A.4.9 (cf. [21], p. 146). Let A be a simplicial abelian group. There is an
isomorphism of chain complezes

N(A) = A/D(A).

The reason why we are considering these normalised complexes is the fact that in the
special case of the product of two simplicial abelian groups there is a very explicit proof
for the Eilenberg—Zilber theorem.

Definition A.4.10 (cf. [17], p. 63). Let K and L simplicial abelian groups. Then their
product is defined as
(K X L)q = Kq ®LQa

where face and degeneracy maps correspond to the tensor of the respective face and
degeneracy maps of K and L.

Theorem A.4.11 (cf. [18], Theorem 2.1a, p. 53). Let K and L be simplicial abelian
groups. Then there is a chain homotopy equivalence

N(K x L) &= N(K) ® N(L),

where f is induced by the Alezander- Whitney map and g is induced by the shuffle coproduct
formula. Explicitly,

fg=id

and there is a homotopy ® such that
gf —id = d® + @d.

The homotopy can be extended to a map ® on the unnormalised complexes that is determ-
ined by the equations
D3 =0

where ®¢ denotes the map in degree 0 and
Dy = —(Pg-1)" + (9f) s0-

Together with the earlier fact about the normalised complexes being homotopic to the
unnormalised ones

Theorem A.4.12 (cf. [18], Theorem 2.1). Let K and L be simplicial abelian groups.
Then the maps f and g induce a chain homotopy equivalence

C(K x L) # C(K)® C(L).

The theorem in this form is what is originally referred to as the Eilenberg—Zilber
theorem. It relates to the generalised version in the sense that the product can also be
used to define a bisimplicial abelian group, given at the index (p, ¢) by

K,® L,.

By definition, its diagonal simplicial group precisely agrees with K x L. We will now see
that from this result, one can obtain the generalised version directly, at least for simplicial
abelian groups.
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Corollary A.4.13 (cf. [21], pp. 205-206). For K = ZAP and L = ZAY, we obtain that
K x L = Diag(ZAP)
and
C(ZAP) @ C(ZAT) = Tot(C(ZAPY))
up to natural tsomorphism, such that we obtain a homotopy equivalence
f
C(Diag(ZAP1)) —— Tot(C(ZAP7)).
g
Every bisimplicial abelian group A sits in a functorial exact sequence
Pzas—- fH za - Ao,
T—0 o: AP 49— A

The functors Tot and Diag are both right exact and preserve direct sums, so the chain
maps

f : C(Diag(ZAP)) — Tot(C(ZAP?))

uniquely extend to a natural chain map
f: C(Diag(A)) — Tot(C(A))
which is natural in bisimplicial abelian groups A. Similarly, the chain maps
g : Tot(C(ZAP?)) — C(Diag(ZAP?))
mnduce a natural chain map
g : Tot(C(A)) — C(Diag(A)).

The same argument implies that the bicosimplicial chain homotopies fg ~ id and gf ~ id
extend uniquely to chain homotopies which are natural in bisimplicial abelian groups.

This description of how to extend the Eilenberg—Zilber theorem as in Theorem A.4.12
to a more general version also has the practical implication that the homotopy in the
generalised version can be constructed on the level of bisimplices and that whenever we
have a formula describing the homotopy as a sum of terms constructed from identity, face
and degeneracy maps, the same formulas can be transferred to any bisimplicial abelian
group. Currently, we have that the homotopy can be expressed in these terms and &
which appears in Theorem A.4.11. Luckily, there is indeed a formula for this term. It is
attributed to Rubio, who published it in [38] in 1991 (cf. pp. 41-42).

Theorem A.4.14 (cf. [36], Theorem 6.2). The map ® defined as in Theorem A.4.11 is
equivalently characterised by the formula

On = Z<—1)nipiq sgn((a, 5)) (Sg(();)Jrn*pfq e Sg((){)Jrn*pquztfp*qfldigqﬂ T dgor

vert vert vert hor
Sa(p+1)+n—p—q - " Sa(1)+n—p—qdn—p—q T dn—q—l)

where the sum is over all indices (p,q,a, ) where 0 < g<n—1and0<p<n-—qg—1
and (o, B) is a (p+ 1, q)-shuffle.
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