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Summary

Long-time convergence of Markov processes towards their stationary equilibrium dis-
tribution is of fundamental importance in a variety of applications. For one, efficient
sampling of intractable probability distributions arising, for instance, in Bayesian stat-
istics or computational physics, typically relies on Markov chain Monte Carlo methods
that use samples of a Markov process at large time as surrogates for the target measure.
Furthermore, many phenomena arising in the modelling of real-world systems in physics
or biology as well as in finance or deep learning are described as stochastic processes, and
often valuable insight can be gained by understanding their long-time behaviour. Such
models frequently lead to dynamics that are not reversible in time and are subject to
degenerate noise acting only on a subset of the variables of the model. In Markov chain
Monte Carlo (MCMC), one observes a desirable accelerated convergence behaviour due
to the interplay of non-reversibility and degenerate noise, which has led to increasing
popularity of algorithms based on such processes.

This thesis is concerned with convergence to stationarity of such non-reversible Markov
processes with degenerate noise, known as hypocoercivity. From an analytical viewpoint,
these features inhibit the use of many standard tools and thus present challenging prob-
lems. We address this issue by developing a framework that allows to derive rates of
convergence towards the invariant measure in L2 for a large class of such dynamics,
which we term second-order lifts of reversible diffusions. These are motivated by the
concept of lifts of Markov chains in discrete time that was introduced to understand ac-
celeration due to non-reversibility in Markov chain Monte Carlo methods. The six works
forming the basis for this thesis are included in the appendix as Chapters A–F.

The development of the hypocoercivity framework based on second-order lifts is the
main content of Chapters A, B and C. The concept of second-order lifts of reversible dif-
fusions is motivated and introduced in Chapter A, and shown to include several processes
commonly used in the MCMC literature. It provides a structural relationship between
many non-reversible dynamics with degenerate noise and simple, reversible diffusions.
We show how this relationship can be exploited to derive a simple lower bound on the
L2-relaxation time of arbitrary second-order lifts, and give a first demonstration of how
it can be used to obtain quantitative hypocoercivity results for randomised Hamiltonian
Monte Carlo, and thereby a matching upper bound on the relaxation time. In Chapter B,
we extend this framework to processes on Riemannian manifolds with boundary, and
prove the quantitative divergence lemma. The latter is a statement purely on the gen-
erator of the underlying reversible diffusion, and is a crucial ingredient in the proof of
upper bounds on the relaxation time using the approach of second-order lifts. We con-
clude in Chapter C by turning these ideas developed for randomised Hamiltonian Monte
Carlo and Langevin dynamics into a general framework. It allows to derive quantitative
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bounds on rates of convergence to stationarity for second-order lifts by proving a flow
Poincaré inequality, a time-averaged Poincaré inequality along trajectories of the associ-
ated transition semigroup, under assumptions that are simple to verify in practice. We
demonstrate this result by applying it to piecewise-deterministic Markov processes used
in sampling applications, as well as run-and-tumble particles with jamming, a model from
non-equilibrium statistical mechanics. Chapter D compares our approach to hypocoer-
civity with the highly influential one developed by Dolbeault, Mouhot and Schmeiser,
uncovering several structural similarities. The approach based on second-order lifts, how-
ever, often yields better convergence rates. For Langevin dynamics, for instance, rates of
convergence that are sharp in terms of the order of the dependence on model parameters
eluded previous approaches, yet can be obtained using the framework of second-order
lifts.

Chapters E and F focus on two classes of self-interacting processes, namely self-
repellent random walks and self-repelling diffusions. These are non-Markovian since
they interact with their history through their occupation time measure, yet considering
their evolution jointly with their environment or local time profile yields Markov pro-
cesses. We show that these are second-order lifts of a suitable Ornstein-Uhlenbeck pro-
cess whose invariant probability measure corresponds to that of the environment process.
Self-repellent random walks are closely related to Event Chain Monte Carlo methods—a
special class of MCMC methods—applied to a chain of harmonically interacting oscillat-
ors, while self-repelling diffusions are related to Brownian polymers, models for polymer
growth. For both classes, we show that convergence rates to stationarity of the joint
processes can be obtained using the framework of second-order lifts and the results of
Chapter C.

We begin with some background on convergence to equilibrium of Markov processes and
some examples motivating acceleration through non-reversibility in Chapter 1. The main
result of this thesis, the hypocoercivity framework based on second-order lifts and the flow
Poincaré inequality, is presented in Chapter 2, focussing on the convergence of Langevin
dynamics to highlight the main ideas. Finally, Chapter 3 presents the contributions of
the individual projects as well as some open questions for further research.
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Chapter 1.

Introduction

Many phenomena arising in nature and applications, ranging from physical or chem-
ical systems or biological dynamics to financial models, are too complex to be mod-
elled exactly and exhibit unavoidable uncertainty or even intrinsic random fluctuations.
Therefore, incorporating randomness into their description is often necessary, and such
phenomena are conveniently modelled by stochastic processes. A central question is un-
derstanding the long-time behaviour of such dynamics, which is often described by an
equilibrium distribution that is left invariant by the process. Among other questions such
as existence, uniqueness and regularity of such a steady state, the rate at which the law of
the process at finite time converges to the limiting distribution is of crucial importance.
This question is also of fundamental importance in Markov chain Monte Carlo (MCMC),
a cornerstone of modern statistics. In MCMC, one constructs a Markov process whose
stationary distribution is a given target and uses samples from this process at sufficiently
large time as surrogates for samples from the target measure. In this context, the rate
of convergence of the law of the process at finite time towards the target distribution
determines the efficiency of the scheme at approximating the target measure.

We begin in Section 1.1 by briefly introducing Markov chain Monte Carlo, which
serves as one of the main motivations for the phenomena and processes we consider.
We continue in Section 1.2 by introducing the main distances on the set of probability
measures that we will use to quantify convergence to equilibrium, focusing on the χ2-
divergence and the role of the Poincaré inequality in the case of time-reversible Markov
processes. In the subsequent Section 1.3, we illustrate the phenomenon of accelerated
convergence due to non-reversibility and degenerate noise that has motivated a variety of
popular non-reversible MCMC methods and has attracted substantial attention from the
points of view of analysis, probability and statistical physics. The systematic study and
exploration of this phenomenon is the goal of this thesis, with the main results presented
in Chapters 2 and 3.

1.1. Markov chain Monte Carlo

In many applications one is interested in computing integrals of the form

µ(f) =

ˆ
S
f dµ ,
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Chapter 1. Introduction

where µ ∈ P(S) is a probability measure on a state space S and f : S → R is a function
that is integrable with respect to µ. For instance, µ may be a representation of a large
dataset in Bayesian statistics or machine learning, or describe a distribution on a large
or high-dimensional configuration space in computational physics or chemistry. Applic-
ations are also commonplace throughout other sciences such as mathematical biology,
medicine, or economics.

A closely related problem is that of creating samples from the distribution µ, since,
by the law of large numbers, the expectation µ(f) can be approximated by the sample
means of a sequence of i.i.d. random variables with distribution µ. However, typically, the
probability distribution µ is complicated due to multimodality or anisotropy, the state
space S is high-dimensional, or the density of µ is only available up to a normalising
constant, so that neither direct computation of the integrals µ(f) nor direct sampling
of µ is feasible. For this reason, one resorts to Markov chain Monte Carlo methods
that construct a time-homogeneous Markov chain ((Xn)n∈N, (Px)x∈S) with state space
S that has the target measure µ as invariant measure. Assuming ergodicity, the law
of the Markov chain for large n approximates µ, and ergodic averages can be used to
approximate µ(f) by the ergodic theorem, see e.g. [195, 235]. This idea originates in the
1953 work of Metropolis, Rosenbluth, Rosenbluth, Teller and Teller [194] on interacting
molecules and hard sphere systems. It was later popularised by the work of Hastings
[130], see also [57, 221] for a more complete history and modern introduction to the field.

While practical implementations of such schemes require discrete-time formulations,
many Markov chains used in applications arise as discretisations of continuous-time dy-
namics through discretisations of stochastic differential equations (SDEs) or piecewise-
deterministic Markov processes (PDMPs). Such continuous-time Markov processes are
often more convenient to work with, as they are more amenable to analytic methods
and avoid discrete-time issues such as periodicity. For this reason, we will focus on
continuous-time Markov processes ((Xt)t≥0, (Px)x∈S) and their convergence behaviour,
and only mention discrete-time counterparts obtained through discretisation. This is
further justified by the fact that, at leading order in the step size h, the variance of time-
discretisations typically agrees with that of the continuous-time process [178]. Again
assuming ergodicity, ergodic averages

Ab,t(f) =
1

t

ˆ b+t

b
f(Xs) ds

can then be used to approximate µ(f), where b ∈ (0,∞) is a burn-in time and t ∈ (0,∞).
Indeed, by the ergodic theorem,

Ab,t(f)
t→∞−→ µ(f) Px-almost surely

for µ-almost every x ∈ S [235]. The speed of convergence of (Xt)t≥0 to stationarity is of
crucial importance, since it, together with the computational complexity of simulation,
determines the efficiency of the MCMC scheme.

2



1.2. Convergence to equilibrium of Markov processes

1.2. Convergence to equilibrium of Markov processes

We will study time-homogeneous right-continuous Markov processes ((Xt)t≥0, (Px)x∈S)
with a Polish state space S endowed with its Borel σ-algebra B(S), defined on a meas-
urable space (Ω,A). We will usually assume the process to have an invariant probability
measure µ ∈ P(S), that is, the transition function (pt)t≥0 describing the time evolution
of the law of Xt satisfies

(µpt)(A) =

ˆ
S
pt(x,A)µ(dx) = µ(A) for all t ≥ 0 and A ∈ B(S) .

The dual action of pt on observables in L2(µ) is the transition semigroup (Pt)t≥0 on
L2(µ) given by

Ptf(x) = Ex[f(Xt)] =

ˆ
S
f(y)pt(x, dy) for all f ∈ L2(µ) and t ≥ 0 .

As motivated above, a question central to this thesis is that of the speed of convergence
of the law of the process at finite time to its invariant measure.

1.2.1. f-divergences

In order to quantify the convergence of the law νpt of the process at time t with initial
distribution ν to equilibrium µ, it is necessary to equip the space P(S) of probability
measures on (S,B(S)) with a concept of distance. A popular class of such functions is
given by f -divergences for convex functions f : [0,∞) → R ∪ {∞} with f(1) = 0. For
two probability measures ν, µ ∈ P(S), the f -divergence of ν with respect to µ is

Df (ν | µ) =

ˆ
S
f(ρ) dµ + ν({ρ = ∞}) lim

t→∞

f(t)

t
, (1.1)

where ρ = dν
dµ is the Lebesgue density and the limit exists due to convexity. Even though

f -divergences are not symmetric in general, they are always non-negative and satisfy
Df (ν | µ) = 0 if and only if ν = µ as soon as f is strictly convex at 1, so that they
are suitable distance functions. This class of distance functions was introduced by Rényi
[219] as a generalisation of the Kullback-Leibler divergence [159], and later developed
further by Csiszár [73].

Several classical distance functions on P(S) can be recovered by choosing f in specific
ways. Notably, f(t) = |t − 1|/2 yields the total variation distance, f(t) = t log t the
relative entropy or Kullback-Leibler divergence, and f(t) = (

√
t − 1)2/2 the Hellinger

distance. Most important for us is the case f(t) = t2 − 1, which yields the χ2-divergence

χ2(ν | µ) =

{´
S ρ

2 dµ− 1 if ν ≪ µ ,

+∞ otherwise .
(1.2)

As a consequence of Jensen’s inequality, the f -divergence of the law of Xt with respect
to its invariant measure is a non-increasing function of time, i.e. t 7→ Df (νpt | µ) is

3



Chapter 1. Introduction

non-increasing for all ν ∈ P(S), see [73]. In the special case of relative entropy, this is
known as the H-theorem in statistical physics and was first described by Boltzmann in
1872 [42].

1.2.2. Convergence in L2 and relaxation times

The χ2-divergence (1.2) admits the variational characterisation

χ2(ν | µ)1/2 = sup

{ˆ
S
f dν : f ∈ L2

0(µ), ∥f∥L2(µ) ≤ 1

}
. (1.3)

Here and in the following, L2
0(µ) = {f ∈ L2(µ) :

´
f dµ = 0} denotes the subspace of

L2(µ) consisting of mean-zero functions. This representation yields
ˆ
S
f d(νpt) =

ˆ
S
Ptf dν ≤ ∥Ptf∥L2(µ)χ

2(ν | µ)1/2 for all f ∈ L2
0(µ) ,

so that taking the supremum over f ∈ L2
0(µ) with ∥f∥L2(µ) ≤ 1 shows that

χ2(νpt | µ) ≤ ∥Pt∥2B(L2
0(µ))

χ2(ν | µ) , (1.4)

where ∥·∥B(L2
0(µ))

denotes the operator norm of a bounded linear operator on L2
0(µ).

∥Pt∥B(L2
0(µ))

denotes the operator norm of Pt : L
2
0(µ) → L2

0(µ). This motivates the
definition

trel(P, ε) = inf
{
t ≥ 0 : ∥Ptf∥L2(µ) ≤ ε∥f∥L2(µ) for all f ∈ L2

0(µ)
}

of the L2 ε-relaxation time of (Pt)t≥0: After the time trel(P, ε), the square-root of the
χ2-divergence with respect to the invariant probability measure has decayed by a factor
ε for any initial distribution with square-integrable density with respect to µ. We set
trel(P ) = trel(P, e

−1) and refer to this quantity simply as the L2-relaxation time.

The Poincaré inequality

A key advantage of f -divergences is their amenability to analytic tools such as functional
inequalities. In particular, for the χ2-divergence, the Poincaré inequality plays a central
role in obtaining upper bounds on the L2-relaxation time. For a transition semigroup
(Pt)t≥0 on L2(µ) with generator (L,Dom(L)), we say that L satisfies a Poincaré inequality
with constant C > 0 ifˆ

S
f2 dµ ≤ −C

ˆ
S
fLf dµ for all f ∈ L2

0(µ) ∩Dom(L) , (1.5)

where the quantity E(f) = −
´
S fLf dµ appearing on the right-hand side is the Dirichlet

form associated to L. We denote by CP the optimal constant C in (1.5).
The guiding principle is that bounds for the relaxation time can be obtained by dif-

ferentiating ∥Ptf∥L2(µ) in time, upper bounding the resulting rate of energy dissipation

4



1.2. Convergence to equilibrium of Markov processes

using a functional inequality, and concluding by Grönwall’s lemma. More precisely, the
Poincaré inequality (1.5) yields

d

dt
∥Ptf∥2L2(µ) = −2E(Ptf) ≤ − 2

CP
∥Ptf∥2L2(µ) (1.6)

for all f ∈ L2
0(µ), so that

∥Ptf∥L2(µ) ≤ e−t/CP ∥f∥L2(µ) for all f ∈ L2
0(µ) and t ≥ 0 .

This in particular implies the relaxation time bound

trel(P, ε) ≤ CP log(ε−1) and trel(P ) ≤ CP . (1.7)

The Poincaré inequality also has important consequences beyond exponential decay
of the associated transition semigroup. For instance, in the special case of a gradient
Dirichlet form associated to the generator of an overdamped Langevin diffusion, see
Section 1.3.1 below, the Poincaré inequality implies exponential concentration of measure,
see e.g. [20, 163].

The reversible case

In order to better understand (1.7), it is instructive to at first consider the case where
the generator (L,Dom(L)) of the transition semigroup is self-adjoint in L2(µ). In this
case, the corresponding Markov process is reversible with respect to µ, i.e.

(Xt)t∈[0,T ] ∼ (XT−t)t∈[0,T ] under Pµ for any T > 0 ,

so that the forward and backward evolutions in time have the same distribution in sta-
tionarity. By the spectral theorem, the semigroup can then be written as the exponential
Pt = exp(tL) defined via spectral theory, see e.g. [104, 217]. In particular, the operator
norm of the semigroup can be expressed explicitly as

∥Pt∥B(L2
0(µ))

= exp(−gap(L)t) ,

where
gap(L) = inf

{
Re(λ) : λ ∈ spec(−L|L2

0(µ)
)
}

(1.8)

denotes the spectral gap of the generator (L,Dom(L)) in L2(µ). Here spec(−L|L2
0(µ)

) is
the set of λ ∈ C such that the operator λI +L : Dom(L)∩L2

0(µ) → L2
0(µ) does not have

a bounded inverse. It describes the gap between the eigenvalue 0 corresponding to the
constant functions and the spectrum of L restricted to their orthogonal complement. By
the variational characterisation of the eigenvalues of self-adjoint operators,

gap(L) = inf

{
⟨f,−Lf⟩L2(µ)

∥f∥2
L2(µ)

: f ∈ L2
0(µ) ∩Dom(L) \ {0}

}
, (1.9)

so that, in the reversible case, the inverse spectral gap and the Poincaré constant coincide.
We therefore have

1

gap(L)
= trel(P ) = CP . (1.10)

5



Chapter 1. Introduction

The non-reversible case

The non-reversible case, where the generator (L,Dom(L)) of (Pt)t≥0 is no longer self-
adjoint in the Hilbert space L2(µ), is of particular interest in applications, see the dis-
cussion in Section 1.3 below. Here, the operator norm ∥Pt∥B(L2

0(µ))
is no longer a pure

exponential, and one can only expect bounds of the form

∥Pt∥B(L2
0(µ))

≤ C exp(−λt) (1.11)

with constants C ∈ [1,∞) and λ ≤ gap(L), see [104, Proposition IV.2.2], due to the
lack of a spectral theorem. In contrast to the reversible case, one therefore only has the
relation

1

gap(L)
≤ trel(P ) ≤ CP (1.12)

in general. Note that the Dirichlet form E(f) only depends on the symmetric part
Ls =

1
2(L+L∗) of the generator, and cannot measure acceleration of convergence due to

the antisymmetric part that we will observe in Section 1.3. In particular, the Poincaré
constant may be infinite, while the process still converges exponentially fast, as is for
instance the case for Langevin dynamics, see Section 1.3.3 below.

A useful lower bound on the relaxation time in the non-reversible case can be given in
terms of the singular value gap

s(L) = inf

{
∥Lf∥L2(µ)

∥f∥L2(µ)
: f ∈ L2

0(µ) ∩Dom(L) \ {0}

}
. (1.13)

In the reversible case, s(L) = gap(L), so that the singular value gap and the usual
spectral gap coincide. In the non-reversible case, one only has |λ| ≥ s(L) for any λ ∈
spec(−L|L2

0(µ)
), which, however, does not yield a direct relation to the spectral gap which

is defined in terms of the real part of the spectrum.

Lemma 1.1. For any ε ∈ (0, 1), we have

trel(P, ε) ≥ 1− ε

s(L)
.

Proof. We have ∥Ptf − f∥L2(µ) ≤
´ t
0∥PsLf∥L2(µ) ds ≤ t∥Lf∥L2(µ) for any f ∈ L2

0(µ) ∩
Dom(L) and t ≥ 0, so that

∥Ptf∥L2(µ) ≥ ∥f∥L2(µ) − ∥Ptf − f∥L2(µ) ≥ ∥f∥L2(µ) − t∥Lf∥L2(µ) .

For σ > s(L), we can choose f ∈ L2
0(µ) ∩Dom(L) with ∥Lf∥L2(µ) < σ∥f∥L2(µ), so that

∥Ptf∥L2(µ) > (1− σt)∥f∥L2(µ) ,

and in particular trel(P, ε) ≥ (1− ε)/σ. Taking σ ↓ s(L) finishes the proof.
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1.2. Convergence to equilibrium of Markov processes

Bounds such as (1.11) correspond hypocoercivity of the generator [248] and can im-
mediately be used to obtain the upper bound

trel(P, ε) ≤ log(C) + log(ε−1)

λ

on the relaxation time. However, proving (1.11) with quantitative estimates on the con-
stants C and λ is a challenging task in many applications, since standard tools such as the
Poincaré inequality do not yield sharp results or fail completely. Hypocoercivity will be
discussed in more detail in Section 2.2, and we will show how a time-integrated Poincaré
inequality, the flow Poincaré inequality, can be leveraged to obtain such hypocoercive
bounds.

1.2.3. Other convergence metrics

Before continuing the study of convergence in χ2-divergence, let us mention some other
convergence metrics, as well as their relations and applications. Hence let µ, ν ∈ P(S)
be probability measures.

Another analytically important f -divergence is the relative entropy H(ν | µ) of ν with
respect to µ. It arises by choosing f(t) = t log t in (1.1), i.e.

H(ν | µ) =

ˆ
S
ρ log ρ dµ =

ˆ
S
log ρdν

if ν ≪ µ with relative density ρ, and H(ν | µ) = ∞ otherwise. The role of the Poincaré
inequality (1.5) in governing decay in χ2-divergence is taken on by the logarithmic So-
bolev inequality for decay in relative entropy, see e.g. [225]. The relative entropy can be
bounded by the χ2-divergence as

H(ν | µ) ≤ log(1 + χ2(ν | µ)) ≤ χ2(ν | µ) .

Furthermore, the χ2-divergence arises as an approximation of the relative entropy up to
second order, since a Taylor expansion of x log(x) around 1 yields x log(x) = (x − 1) +
1
2(x − 1)2 + O(|x − 1|3). Logarithmic Sobolev inequalities and convergence in relative
entropy are of particular importance in high dimension, since the relative entropy often
scales better with the dimension than the χ2-divergence. For instance, for product meas-
ures, the χ2-divergence grows exponentially in the dimension, while the relative entropy
only grows linearly.

A further class of distance functions on P(S) is given by Wasserstein distances. Given
a lower semi-continuous metric d : S × S → [0,∞) on S, the Lp-Wasserstein distance
between probability measures µ, ν ∈ P(S) is

Wp(ν, µ) = inf
γ∈Π(ν,µ)

(ˆ
d(x, y)pγ(dxdy)

)1/p

, (1.14)

where Π(ν, µ) denotes the set of all couplings of ν and µ, i.e. probability measures γ
on S × S with γ(A × S) = ν(A) and γ(S × B) = µ(B) for all A,B ∈ B(S). The
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Chapter 1. Introduction

minimisation in (1.14) is a particular case of an optimal transportation problem for
the cost function c(x, y) = d(x, y)p in the Kantorovich formulation, and a minimising
coupling exists, see [247]. The Lp-Wasserstein distance forms a metric on the space Pp(S)
of probability measures on S with finite p-th moment, which, for p = 1, is also known as
the Kantorovich-Rubinstein distance. A special case arises by choosing d(x, y) = 1{x̸=y}
and p = 1, where the Wasserstein distance coincides with the total variation norm

∥ν − µ∥TV = sup
A∈B(S)

|ν(A)− µ(A)| , (1.15)

see e.g. [247] or [179]. Total variation distances can be bounded via Pinsker’s inequality

∥ν − µ∥TV ≤
(1
2
H(ν | µ)

)1/2
,

see [160].
Since the Wasserstein distances (1.14) are defined as an infimum, upper bounds for

Wp(ν, µ) can be obtained by considering any coupling of ν and µ. To study convergence
of a Markov process to stationarity, one hence constructs couplings of two copies (Xt)t≥0

and (Yt)t≥0 of the process with different initial laws ν and ν̃. If one can find such a
coupling such that there exists a constant C > 0 with

E[d(Xt, Yt)
p] ≤ exp(−Ct)E[d(X0, Y0)

p] for all t ≥ 0 and ν, ν̃ ∈ Pp(S) ,

then the transition function (pt)t≥0 is a contraction with respect to the Lp-Wasserstein
distance, and the existence of an invariant probability measure µ with exponential con-
vergence Wp(νpt, µ) ≤ e−CtWp(ν, µ) for all ν ∈ Pp(S) and t ≥ 0 follows, see e.g. [95, 96,
183].

1.3. Acceleration through non-reversibility

There are many ways to construct a Markov process with given invariant probability
measure. In the origins of Markov chain Monte Carlo, this was achieved by constructing
a Markov chain satisfying the detailed balance condition, a local symmetry condition on
the transitions of the Markov chain implying invariance of the desired distribution. It
is, however, not necessary, and recently, there has been growing interest in accelerated
convergence to stationarity in absence of the detailed balance condition, leading to non-
reversible Markov processes, see for instance [48, 79, 143, 158, 175, 203].

We begin by introducing the detailed balance condition and the paradigmatic example
of a continuous-time Markov process satisfying it, the overdamped Langevin diffusion,
in Section 1.3.1, before exploring how it can be modified to accelerate convergence to
stationarity in Section 1.3.2. The main insight is that acceleration can be achieved
through non-reversibility and degenerate noise, and we present two classes of processes
based on this observation in Sections 1.3.3 and 1.3.4.
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1.3. Acceleration through non-reversibility

1.3.1. Reversible methods and detailed balance

A simple and sufficient, yet not necessary, requirement for a Markov chain with transition
kernel p to have µ as invariant measure is the detailed balance condition

µ(dx)p(x, dy) = µ(dy)p(y,dx) (1.16)

that has been used in the context of Markov chain Monte Carlo since the original work
of Metropolis and co-authors [194]. To this day, it forms the basis of many MCMC
methods, such as Gibbs sampling [114], Glauber dynamics [117], or Hit-and-Run [233,
244], or enters through the inclusion of a Metropolis-Hastings acceptance-rejection step
in the spirit of [130] in a vast variety of algorithms, such as the Metropolis-adjusted
Langevin algorithm [222] or the No-U-turn sampler [136], to name but a few.

For continuous-time Markov processes with generator (L,Dom(L)), the analogous
statement is that ˆ

S
fLg dµ =

ˆ
S
gLf dµ for all f, g ∈ Dom(L) , (1.17)

which amounts to self-adjointness of the generator in L2(µ), so that the corresponding
Markov process is reversible with respect to µ.

In case S = Rd, a prototypical reversible diffusion with given invariant probability
measure is the overdamped Langevin diffusion. If µ ∈ P(Rd) is a probability measure
with

µ(dx) ∝ exp(−U(x)) dx , (1.18)

where U ∈ C1(Rd) is a potential such that U(x) → ∞ as |x| → ∞, then the overdamped
Langevin diffusion is the process (Zt)t≥0 with state space Rd that solves the stochastic
differential equation

dZt = −1

2
∇U(Zt) dt + dBt , (1.19)

where (Bt)t≥0 is a standard d-dimensional Brownian motion. Under mild drift assump-
tions, such as

lim
|x|→∞

x · ∇U(x)

|x|2
> −∞ ,

a unique non-explosive strong solution exists for any initial distribution, see e.g. [211],
and the measure µ is the unique invariant probability measure. The generator of the
overdamped Langevin diffusion in L2(µ) is given by

Lf = −1

2
∇U · ∇f +

1

2
∆f for all f ∈ C∞

b (Rd) , (1.20)

and the space C∞
b (Rd) of smooth functions with bounded derivatives is a core for L [251].

The generator can also be written as L = −1
2∇

∗∇, where the adjoint is in L2(µ). In
particular, (L,Dom(L)) satisfies (1.17) and is self-adjoint. The associated Dirichlet form
is the gradient Dirichlet form

E(f, g) =
1

2

ˆ
Rd

∇f · ∇g dµ .

9



Chapter 1. Introduction

By reversibility, if the measure µ satisfies the Poincaré inequality1

ˆ
Rd

f2 dµ ≤ 1

m

ˆ
Rd

|∇f |2 dµ for all f ∈ C∞
c (Rd) (1.21)

with some m ∈ (0,∞), the relaxation time of the associated transition semigroup (Pt)t≥0

satisfies trel(P ) ≤ 2
m , with equality if m is chosen maximally such that (1.21) holds.

The inequality (1.21) is for instance satisfied if U ∈ C2(Rd) is m-strongly convex, i.e.
∇2U(x) ≥ mId for all x ∈ Rd in the sense of quadratic forms by the Bakry-Émery
theorem [19], and more generally if U ∈ C2(Rd) is a bounded perturbation of a strongly
convex function by the theorem of Holley-Strook [138].2 In applications, due to issues
such as high-dimensionality, multimodality or non-convexity, the regime of large Poincaré
constant, and hence small m ∈ (0, 1), is of particular interest. In these situations, the
order of the dependence of the relaxation time on m is crucial.

Example 1.2 (Gaussian case). Consider the probability measure µ = N (0, C−1) on Rd

with inverse covariance matrix C ∈ Rd×d, i.e. U(x) = 1
2x

⊤Cx. Then the overdamped
Langevin diffusion (1.19) becomes a generalised Ornstein-Uhlenbeck process

dZt = −1

2
CZt dt + dBt .

In this case, the spectrum of the associated generator is given by

spec(−L) =

{
1

2

n∑
i=1

aiλi : ai ∈ N0, λi ∈ spec(C)

}
, (1.22)

see [193, Theorem 3.1]. In particular, the spectral gap of L is gap(L) = 1
2m, where

m = min spec(C) is the minimal eigenvalue of C, and the relaxation time is trel(P ) = 2
m .

While the sampling of Gaussian measures can typically be performed directly, not
necessitating the use of MCMC methods, they still provide a useful base case and toy
example. Furthermore, they arise as natural reference measures in high-dimensional set-
tings as finite-dimensional projections of infinite-dimensional Gaussian measures such as
the Wiener measure, and understanding the effect of high-dimensionality and anisotropy
on convergence rates and relaxation times is important.

MCMC algorithms based on the overdamped Langevin diffusion include the unadjus-
ted Langevin algorithm (ULA) [213], which is an Euler discretisation of (1.19), and its
unbiased counterpart, the Metropolis-adjusted Langevin algorithm (MALA), obtained
through inclusion of a Metropolis-Hastings accept-reject step [222]. While these have
been widely and effectively used in applications, they exhibit diffusive behaviour due to

1Note that we say that a probability measure satisfies a Poincaré inequality with constant 1
m

if (1.21)
holds, i.e. if the generator L of an overdamped Langevin diffusion with invariant probability measure
µ satisfies the Poincaré inequality (1.5) with constant C = 2

m
.

2Both these results in fact show that a logarithmic Sobolev inequality holds, which implies a Poincaré
inequality by a linearisation argument [224].
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1.3. Acceleration through non-reversibility

the detailed balance condition (1.16). Intuitively, the detailed balance condition imposes
a local symmetry condition in the sense that, in stationarity, a step from x to y is followed
by an equally likely step from y to x. This inhibits efficient exploration of the state space
and thereby good convergence behaviour. We will explore in the following sections how
breaking detailed balance and considering non-reversible Markov processes can improve
convergence to equilibrium.

1.3.2. Measure-preserving diffusions and antisymmetric perturbations

While the overdamped Langevin diffusion (1.19) is arguably the simplest diffusion with µ
as invariant probability measure, it is by no means unique with this property. More gen-
erally, we consider drift and diffusion coefficients b ∈ C1(Rd,Rd) and σ ∈ C1(Rd,Rd×d)
and let a(x) = σ(x)σ(x)⊤. Then the Itō diffusion

dZt =
1

2

(
exp(U) div(exp(−U)a)

)
(Zt) dt + b(Zt) dt + σ(Zt) dBt

= −
(1
2
a(Zt)∇U(Zt)− div(a)(Zt)

)
dt + b(Zt) dt + σ(Zt) dBt

(1.23)

with a d-dimensional Brownian motion (Bt)t≥0 has the generator

Lf =
1

2
(exp(U) div(exp(−U)a∇f) + b · ∇f

= −1

2
∇∗(a∇f) + b · ∇f ,

(1.24)

where the adjoint is in L2(µ). The first summand in (1.24) is symmetric in L2(µ), so
that the measure µ is infinitesimally invariant if and only if the drift is divergence-free,
i.e. ˆ

Rd

Lf dµ = 0 for all f ∈ C∞
c (Rd) ⇐⇒ div(exp(−U)b) = 0 . (1.25)

In this case, the operator b · ∇ is antisymmetric in L2(µ). Note that choosing σ(x) = Id
and b(x) = 0 recovers the overdamped Langevin diffusion (1.19). Invariance of the
measure µ then immediately follows from infinitesimal invariance if C∞

c (Rd) is a core for
the generator. Such divergence-free vector fields can easily be constructed by choosing
any antisymmetric matrix J ∈ Rd×d and setting b(x) = J∇U(x).

In case σ(x) = Id and b is divergence-free, the SDE (1.23) becomes

dZt = −1

2
∇U(Zt) dt + b(Zt) dt + dBt , (1.26)

an antisymmetric perturbation of the classical overdamped Langevin diffusion with in-
variant measure µ. It is shown in [143] that adding such a divergence-free drift to the
dynamics cannot decrease both the spectral gap of the generator and the asymptotic rate
of convergence in total variation distance. This shows that, at least at the level of the
continuous-time overdamped Langevin diffusion, convergence behaviour is improved by
including non-reversibility.

11



Chapter 1. Introduction

Example 1.3. Returning to the Gaussian case µ = N (0, C−1) introduced in Example 1.2,
considering linear drifts and constant diffusion coefficients in (1.23) leads to generalised
Ornstein-Uhlenbeck processes of the form

dZt = −1

2
(D + J)CZt dt + D1/2 dBt (1.27)

with D ∈ Sd
+(R) and J ∈ Ad(R), where Sd

+(R) denotes the cone of symmetric, positive
semidefinite real d× d-matrices and Ad(R) the set of antisymmetric real d× d-matrices.
Denoting the corresponding generators in L2(µ) by LD,J , [193, Theorem 3.1] again shows
that

spec(−LD,J) =

{
1

2

n∑
i=1

aiλi : ai ∈ N0, λi ∈ spec((D + J)C)

}
,

and in particular gap(LD,J) =
1
2 min{Re(λ) : λ ∈ spec((D+J)C)}. Recall that for over-

damped Langevin dynamics, D = Id and J = 0, and we have gap(LId,0) =
1
2 min spec(C).

At first considering only antisymmetric perturbations of the drift yields

max
{
gap(LId,J) : J ∈ Ad(R)

}
=

tr(C)

2d
, (1.28)

as shown in [142], with constructive procedures to choose such a J given in [175, 253].
The spectral gap can hence be improved from half the minimal eigenvalue to half the
mean of the eigenvalues of C. If, on the other hand, one imposes J = 0 and allows to
vary D, one obtains

max
{
gap(LD,0) : D ∈ Sd

+(R), tr(D) ≤ d} =
d

2 tr(C−1)
, (1.29)

half the harmonic mean of the eigenvalues of C, as shown in [122], where the maximum is
attained for D = d

tr(C−1)
C−1. A constraint on D is necessary since otherwise the spectral

gap (and rate of convergence) could be made arbitrarily large by multiplying D by a
constant, corresponding to a time acceleration. Finally, combining antisymmetric drift
perturbations and non-trivial diffusion matrices,

max
{
gap(LD,J) : D ∈ Sd

+(R), J ∈ Ad(R) , tr(D) ≤ d} =
1

2
max spec(C) ,

where the maximum is attained for D = dvv⊤ with a normalised eigenvector v to the
largest eigenvalue of C. Hence the spectral gap gap(LD,J) can be maximised by choosing
a highly degenerate diffusion (1.27): The diffusion matrix D = dvv⊤ is only of rank 1.
In general, one has

min spec(C) ≤ d

tr(C−1)
≤ tr(C)

d
≤ max spec(C) ,

with equality holding if and only if all eigenvalues of C coincide. Typically, probability
distributions of interest have many different scales, so that, in this toy example, the
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1.3. Acceleration through non-reversibility

eigenvalues of C lie over different orders of magnitude. Therefore, adding a suitable
antisymmetric drift can already improve the spectral gap by passing from the minimal
eigenvalue to the arithmetic mean, while further considering degenerate diffusions with
dimker(D) > 0 has the potential to vastly improve it from the minimal to the maximal
eigenvalue.

Beyond the Gaussian case, it is unfortunately unclear how to choose an optimal
divergence-free vector field b in practice, and in what way this is to be combined with
degenerate noise. However, the principle that non-reversible dynamics with degenerate
noise can be used to accelerate convergence remains applicable, and has led to several
systematic approaches to the construction of non-reversible Markov processes and asso-
ciated MCMC algorithms. We detail some of these in the following sections.

1.3.3. Processes based on Hamiltonian dynamics

One way of introducing non-reversibility is by considering kinetic, second-order processes.
These can be constructed as stochastic perturbations of the Hamiltonian flow

Ẋt = Vt , V̇t = −∇U(Xt) (1.30)

associated to the Hamiltonian

H(x, v) = U(x) +
1

2
|v|2 , (x, v) ∈ Rd × Rd (1.31)

with unit mass. Since the Hamiltonian flow is symplectic and preserves H [18], it leaves
the Boltzmann-Gibbs distribution

µ̂ = µ⊗ κ with κ = N (0, Id) (1.32)

with density proportional to exp(−H) on Rd × Rd invariant. Here, as before, µ(dx) ∝
exp(−U(x)) dx with U ∈ C1(Rd), and X and V are typically interpreted as a position
and velocity or momentum component, respectively. Note that the first d-dimensional
marginal of µ̂ is µ, so that samples from µ̂ yield samples from µ by projection. The
generator of the deterministic dynamics (1.30) in L2(µ̂) is given by

L̂hamf(x, v) = v · ∇xf(x, v) − ∇U(x) · ∇vf(x, v) ,

where {f ∈ H1,2
loc (R

d × Rd) ∩ L2(µ̂) : L̂hamf ∈ L2(µ̂)} ⊆ Dom(L̂ham). Since the Hamilto-
nian dynamics (1.30) preserves the total energy H, it is not ergodic. To mitigate this
issue, one considers stochastic perturbations of the Hamiltonian flow, where the noise
is typically added in the velocity component only. This approach in particular leads to
randomised Hamiltonian Monte Carlo and Langevin dynamics.

Randomised Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) methods are a class of sampling methods that are
obtained by interspersing the Hamiltonian dynamics (1.30), or a suitable discretisation,
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Chapter 1. Introduction

with resamplings of the velocity component at deterministic or random times. They were
first introduced as Hybrid Monte Carlo [89, 141] in the statistical physics community in
the context of numerical simulation of lattice field theories, and later popularised in
the statistics community by Neal [202, 204]. Today, sampling methods based on HMC
such as the No-U-turn Sampler (NUTS) [136] are implemented as the default algorithm
in modern statistical programming languages such as Stan [62] and PyMC [2] that are
widely used in statistics to perform efficient Bayesian inference.

Here we consider randomised Hamiltonian Monte Carlo (RHMC) [47], where the
Hamiltonian dynamics (1.30) is integrated exactly and the velocity is fully resampled
from κ after successive integration times with exponential distribution Exp(γ) with para-
meter γ > 0. In applications, discretisation schemes such as the leapfrog integrator and
the potentially introduced bias play an important role, see [204], while we focus on the
idealised dynamics and do not consider these here. The result is a time-homogeneous
piecewise-deterministic Markov process (Xt, Vt)t≥0 with state space Rd × Rd, invariant
probability measure µ̂ given by (1.32) and generator

L̂(γ)f = L̂hamf + γ(Π− I)f , (1.33)

where the velocity average

Πf(x, v) =

ˆ
Rd

f(x,w)κ(dw) (1.34)

corresponds to a full resampling of the velocity, and again {f ∈ H1,2
loc (R

d ×Rd) ∩ L2(µ̂) :

L̂hamf ∈ L2(µ̂)} ⊆ Dom(L̂(γ)). We refer to Section 1.3.4 below and [75] for background
on piecewise-deterministic Markov processes (PDMPs), and to [47] for details on and a
construction of randomised Hamiltonian Monte Carlo. The associated equation ∂tf =
(L̂(γ))∗f , where the adjoint is with respect to µ̂, models the motion of a particle under
the influence of an external potential U and random collisions with other particles with
Gaussian velocities [198] and is known as the linear Boltzmann equation in physics, see
e.g. [64, 128].

Langevin dynamics

Instead of fully resampling the velocity according to the Gaussian distribution κ with rate
γ > 0, the deterministic Hamiltonian dynamics (1.30) can be stochastically perturbed by
an Ornstein-Uhlenbeck process acting only on the velocity component leaving κ invariant.
This yields the Langevin dynamics (Xt, Vt)t≥0 solving the stochastic differential equation

dXt = Vt dt ,

dVt = −∇U(Xt) dt − γVt dt +
√

2γ dBt ,
(1.35)

where γ ∈ (0,∞) is interpreted as a friction parameter and (Bt)t≥0 is a standard Brown-
ian motion. Such a process describing the movement of a particle subjected to a potential
U , damping with rate γ, and random collisions was first studied by Langevin in 1908
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1.3. Acceleration through non-reversibility

[162], following works of Einstein [102]. If U ∈ C1(Rd) such that U(x) → ∞ as |x| → ∞
and |∇U(x)| grows at most polynomially at infinity, a unique global strong solution ex-
ists, see e.g. [220, Chapter IX.2] and [148], and µ̂ is the unique invariant probability
measure [215, Proposition 6.1]. The action of the generator of the associated transition
semigroup on L2(µ̂) is given by

L̂(γ)f = L̂hamf + γ(−v · ∇v +∆v)f for f ∈ C∞
c (Rd × Rd) , (1.36)

and the domain of L̂(γ) is given by Dom(L̂(γ)) = {f ∈ L2(µ̂) : L̂(γ) ∈ L2(µ̂)} [131].
Langevin dynamics is a paradigmatic example of a non-reversible diffusion process with
degenerate noise, and will serve as a useful example in demonstrating how to obtain
upper bounds on the relaxation time by proving that it is hypocoercive in Section 2.2. In
analogy, the Kolmogorov forward equation associated to Langevin dynamics is known as
the kinetic Fokker-Planck equation and is an example of a hypoelliptic equation [140]. It
was first studied by Kramers [156] in the context of chemical reactions, following works
of Kolmogorov [152]. In practice, various numerically implementable discretisation and
splitting schemes for Langevin dynamics can been considered, see e.g. [74, 90, 171, 199,
231], which we will not further elaborate on here.

Remark 1.4 (Overdamped limit). The reason for the terminology “overdamped” Lange-
vin diffusion for the process given by (1.19) is that it arises from (1.35) in the limit γ → ∞
of infinite damping coefficient, also known as the Smoluchowski-Kramers limit. More pre-
cisely, the position component (Xγt)t≥0 of Langevin dynamics with friction γ sped up by
a factor γ converges to a solution (Zt)t≥0 of (1.19) in probability uniformly on compact
time intervals, see [215, Section 6.5.1] for an intuitive derivation and [109, 205] for precise
statements. To avoid confusion, the Langevin diffusion (1.35) is sometimes referred to
as the underdamped or kinetic Langevin diffusion. We prefer to avoid the terminology
“underdamped”, as the Langevin dynamics (1.35) is defined for any value of the damping
parameter γ ∈ (0,∞).

Example 1.5. In the one-dimensional Gaussian case µ = N (0,m−1) on R with m ∈
(0,∞), i.e. U(x) = m

2 x
2, the overdamped Langevin diffusion has relaxation time trel(P ) =

2
m . The Langevin dynamics with friction γ ∈ (0,∞) can be written as

d

(
Xt

Vt

)
= A

(
Xt

Vt

)
dt+

(
0√

2γ dBt

)
with A =

(
0 1

−m −γ

)
.

By [17], the corresponding transition semigroup satisfies

∥P̂t∥B(L2
0(µ̂))

= ∥exp(tÃ)∥ with Ã =

(
0

√
m

−
√
m −γ

)
.

The asymptotic decay rate is hence given by

− lim
t→∞

1

t
log∥exp(tA)∥ = inf{−Re(λ) : λ ∈ spec(A)} =

{
γ
2 for γ ≤ 2

√
m

γ
2 −

√
γ2

4 −m for γ > 2
√
m

,
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Figure 1.1.: Asymptotic decay rate of Langevin dynamics for µ = N (0, 1).

which is maximised for the critical choice γ = 2
√
m, see Figure 1.1. To obtain non-

asymptotic bounds and thereby a bound on the relaxation time, an explicit calculation
shows that

exp(tA) = e−
γ
2
t

(
c(ωt)I +

1

ω
s(ωt)B

)
with B =

( γ
2

√
m

−
√
m −γ

2

)
,

where

ω =

√∣∣∣∣γ24 −m

∣∣∣∣ , c(x) =

{
cos(x) for γ ≤ 2

√
m

cosh(x) for γ > 2
√
m
, s(x) =

{
sin(x) for γ ≤ 2

√
m

sinh(x) for γ > 2
√
m
.

Computing the operator norm of exp(tA) therefore yields

∥P̂t∥B(L2
0(µ̂))

= e−
γ
2
t

(
γ

2ω
|s(ωt)|+

√
1 +

γ2

4ω2
s(ωt)2

)
,

with the understanding that s(ωt)/ω = t in the critically damped case γ = 2
√
m, where

ω = 0. In this case, we obtain

∥P̂t∥B(L2
0(µ̂))

= e−
√
mt(

√
mt+

√
1 +mt2) for γ = 2

√
m,

so that a numerical calculation yields trel(P̂ ) ≈ 2.73m−1/2, i.e. the relaxation time of
critically damped Langevin dynamics is of the order m−1/2.

A factorisation argument, see Example A.14, shows that for arbitrary Gaussian meas-
ures on Rd, critically damped Langevin dynamics with γ = 2

√
m, where m is the smallest

eigenvalue of the inverse covariance matrix, also satisfies trel(P̂ ) ≈ 2.73m−1/2.
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1.3. Acceleration through non-reversibility

In applications, due to issues such as high-dimensionality, multimodality or non-
convexity, the regime of large Poincaré constant, and hence small m ∈ (0, 1), is of
particular interest. At least in the Gaussian case, Example 1.5 shows that convergence
to equilibrium as measured by the relaxation time can be accelerated from order m−1

to m−1/2 by considering the non-reversible, degenerate Langevin dynamics with critical
friction instead of the reversible overdamped Langevin diffusion. We will see that this
significant improvement can be observed much more generally beyond the Gaussian case:
A lower bound of order m−1/2 for the relaxation time holds for a large class of processes,
namely second-order lifts, and Langevin dynamics and randomised HMC can achieve this
lower bound on a class of mildly non-convex potentials by choosing γ appropriately. The
proof of these lower and upper bounds is the content of Section 2.1.3 and Section 2.2.3,
respectively.

1.3.4. Piecewise-deterministic Markov processes

Piecewise-deterministic Markov processes (PDMPs), introduced by Davis [75, 76], are a
class of continuous-time Markov processes that evolve according to a deterministic dy-
namics between random times at which they perform random jumps. They can easily be
designed to leave a given probability measure invariant, are typically non-reversible, and
can often be simulated in a straightforward way, all of which has led to their popularity
as a basis for MCMC algorithms [108, 245].

We restrict ourselves to PDMPs on a state space S whose deterministic dynamics are
given by the flow of a continuously differentiable vector field b ∈ C1(S, S). A PDMP is
then defined by the flow ξ : R× S → S satisfying the ordinary differential equation

d

dt
ξt(x) = b(ξt(x)) , ξ0(x) = x ,

a continuous jump rate λ ∈ C(S, [0,∞)), and a probability kernel Q on (S,B(S)). The
resulting process (Xt)t≥0 evolves according to the flow ξ between jumps with transition
kernel Q occurring with rate λ. A construction of these processes is given in [92]. This
defines a time-homogeneous and right-continuous Markov process that solves the mar-
tingale problem for (L,C1

c (S)), where

Lf = b · ∇f + λ(Q− I)f for f ∈ C1
c (S) .

The domains of the extended and Feller generator can in fact be fully characterised, see
[75, Theorem 5.5] and [96, Theorem 5.6].

For a probability measure µ on S, we say that an operator (L,Dom(L)) on L2(S, µ)
satisfies the generalised detailed balance condition with respect to an involution Θ: S →
S if ˆ

S
fLg dµ =

ˆ
S
L(f ◦Θ)g ◦Θdµ for all f, g ∈ Dom(L) . (1.37)

Typically, S = Rd × Rd and Θ(x, v) = (x,−v). Note that the usual detailed balance
condition (1.17) is obtained by choosing Θ to be the identity. Using the generalised
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detailed balance condition, one can show that, in case S = Rd × Rd, a probability
measure µ̂(dx dv) ∝ exp(−H(x, v)) dx dv with H : S → R is infinitesimally invariant for
the PDMP with characteristics b, λ and Q as soon as the flow satisfies ξ−t ◦Θ = Θ ◦ ξt,
the jump intensity satisfies

λ ◦Θ− λ = exp(H) div(exp(−H)b) , (1.38)

and the operator (λQ,C1
c (S)) satisfies the generalised detailed balance condition (1.37),

see [45, Lemma 7.6]. Comparing with (1.25), the deterministic flow associated to the
vector field b alone need not preserve µ̂, since div(exp(−H)b) may not vanish; however
(1.38) states that this divergence must exactly be compensated by the jumps. Typically,
H is the Hamiltonian given by (1.31), so that µ̂ is the Boltzmann-Gibbs measure (1.32).
Invariance of µ̂ can then be established by checking (1.38) and showing that C1

c (S) forms
a core for the generator, and sufficient conditions for this to hold true are given in [92,
137].

Example 1.6. In the following, we present some PDMPs that have been introduced in
the sampling literature and are relevant to this thesis.

(i) Randomised Hamiltonian Monte Carlo (RHMC) with refresh rate γ ∈ (0,∞), see
[47], introduced above as a stochastic perturbation of the Hamiltonian flow as-
sociated to H(x, v) = U(x) + 1

2 |v|
2, is also a PDMP with state space Rd × Rd

corresponding to the choice

b(x, v) = (v, −∇U(x))⊤ , λ(x, v) = γ , Q = Π

for all (x, v) ∈ Rd × Rd, where Π is given by (1.34). One easily verifies that in this
case, div(exp(−H)b) = λ ◦Θ− λ = 0, and RHMC indeed leaves µ̂ invariant.

(ii) The bouncy particle sampler (BPS), introduced by [48] and based on [216], runs in
straight lines until it “bounces”, when the velocity is reflected at a level set of the
potential. To ensure ergodicity, a velocity refreshment with constant rate γ ∈ (0,∞)
from κ = N (0, Id) is added [77, 91]. The resulting PDMP corresponds to the choice
b(x, v) = (v, 0)⊤, the jump rate λ(x, v) = (v · ∇U(x))+ + γ, and the jump kernel

Qf(x, v) =
(v · ∇U(x))+

λ(x, v)
Bf(x, v) +

γ

λ(x, v)
Πf(x, v) , f ∈ C1

c (S) .

Here Bf(x, v) = f(x, v − 2n(x)n(x)⊤v), where n(x) = ∇U(x)
|∇U(x)| if ∇U(x) ̸= 0 and

n(x) = 0 otherwise, denotes the specular reflection at a level set of ∇U and Π is
again given by (1.34).

Variants of the BPS are obtained by considering randomised or partial reflections,
or restricting to normalised velocities [252]. For example, the forward event chain
process introduced in [196] is obtained by replacing the reflection operator B by
the operator

B−f(x, v) =
1

Zx

ˆ
Rd

(w · ∇U(x))−f(x,w)κ(dw) , Zx =
1√
2π

|∇U(x)| .
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1.3. Acceleration through non-reversibility

This corresponds to fully resampling of the velocity component in direction ∇U(x)
instead of simply performing reflections.

(iii) The zig-zag process [34, 35] is closely related to the bouncy particle sampler, and is
obtained by replacing the continuous velocities by velocities drawn from the uniform
distribution κ on the discrete hypercube {−1,+1}d and splitting the gradient of the
potential into its components. For functions f ∈ C1

c (Rd×{−1,+1}d), its generator
takes the form

Lf(x, v) = v · ∇xf(x, v) +

d∑
i=1

(vi∂iU(x))+(f(x, v − 2eivi)− f(x, v))

+ γ

 1

2d

∑
w∈{±1}d

f(x,w)− f(x, v)

 .

We refer to Section C.5.2 for details. It is particularly suited to high-dimensional
models with an underlying product structure that, for instance, arise in big data or
Bayesian models with priors in product form [34].

(iv) Event Chain Monte Carlo (ECMC) algorithms are based on piecewise-deterministic
Markov processes that only move one particle or coordinate at a time on a straight
line between “events” at which a new particle becomes active. They were originally
introduced in the context of systems of hard spheres [30] and have since been
generalised to many other models [129, 169, 196, 197]. For more details, we refer
to Section E.2.

Rates of convergence to stationarity for RHMC are studied in Chapter A, and for
RHMC and Langevin dynamics on Riemannian manifolds with specular reflection at the
boundary in Chapter B. The forward event chain process as well as variants of the zig-
zag process are studied in Chapter C together with a PDMP with non-trivial boundary
behaviour describing a pair of run-and-tumble particles with jamming. Finally, an ECMC
algorithm for a chain of harmonic oscillators is studied in Chapter E.
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Chapter 2.

Second-order lifts and hypocoercivity

In this chapter, we present the approach to hypocoercivity—the study of convergence
to equilibrium of stochastic processes with degenerate noise—based on the concept of
second-order lifts and a flow Poincaré inequality. The development of this theory in full
generality is the main content of Chapters A, B and C. We present the core ideas of this
approach, using the overdamped Langevin diffusion and Langevin dynamics as the main
example, which should allow the reader to easily consult the relevant chapters for further
details and more general statements where desired. We further point out connections to
Chapters D, E and F where they arise.

2.1. Second-order lifts of reversible diffusions

Motivated by accelerated convergence observed in non-reversible sampling methods, such
as Hamiltonian Monte Carlo [141] or a guided walk Metropolis algorithm [124], Diaconis,
Holmes and Neal [79] introduced and analysed a model non-reversible Markov chain based
on a one-dimensional random walk. They show theoretically and numerically that the
mixing and relaxation time is improved by non-reversibility. This led to the development
of the concept of lifts of Markov chains, introduced by Chen, Lovász and Pak [66], that
provides a systematic approach to non-reversible Markov chains on an enlarged state
space that is obtained by splitting each state into several copies. We summarise this
concept of lifts and the example of Diaconis, Holmes and Neal in Section 2.1.1. The
definition given by Chen, Lovász and Pak relies on a first-order identity between the
transition kernels or generators of the processes. In continuous time and space, it turns
out that higher-order terms must be considered, leading to the definition of second-
order lifts of reversible diffusions in Section 2.1.2. These provide a continuous-time and
-space counterpart to lifts of Markov chains that is conceptually linked but analytically
very different. A lower bound on the relaxation time achievable using second-order lifts is
presented in Section 2.1.3, generalising a related lower bound in [66]. This section mainly
presents the content of Chapter A in a summarised way with some further context.

2.1.1. First-order lifts

Let S and Ŝ be Polish state spaces and let π : Ŝ → S be a measurable surjection.
Let I = N or I = [0,∞). Consider a time-homogeneous Markov process (Xt)t∈I with
invariant probability measure µ on S, and a time-homogeneous Markov process (Ẑt)t∈I
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with invariant probability measure µ̂ satisfying µ̂ ◦ π−1 = µ. The associated transition
semigroups and generators on L2(µ) and L2(µ̂), respectively, are denoted by (Pt)t≥0 and
(L,Dom(L)), as well as (P̂t)t≥0 and (L̂,Dom(L̂)), respectively. Typically, Ŝ = S × V is
a product space, π(x, v) = x, and (Ẑt)t∈I = (X̂t, V̂t)t∈I . Recall that

E(f, g) = −
ˆ
S
(Lf)g dµ

denotes the Dirichlet form associated to L.

Definition 2.1 (First-order lifts). The Markov process (Ẑt)t∈I is a first-order lift of
(Xt)t∈I if

Dom(L) ⊆
{
f ∈ L2(µ) : f ◦ π ∈ Dom(L̂)

}
(2.1)

and for all f, g ∈ Dom(L) we have

−
ˆ
Ŝ
L̂(f ◦ π)(g ◦ π) dµ̂ = E(f, g) . (2.2)

Conversely, we refer to the underlying process (Xt)t≥0 as the first-order collapse of
(Ẑt)t≥0.

It is in fact sufficient to verify (2.1) and (2.2) for a core C of L in place of Dom(L).
Definition 2.1 of first-order lifts was first given by [66] in the case of discrete-time Markov
chains on finite state spaces, where they are simply referred to as lifts. We employ the
term ‘first-order’ to distinguish them from the second-order lifts introduced below.

Remark 2.2. In the case I = N of discrete-time Markov chains, the generators are
L = p − I and L̂ = p̂ − I with transition kernels p and p̂, respectively. If Ŝ = S × V is
a product space, π(x, v) = x, and µ̂(dx dv) = µ(dx)κ(x, dv) for some probability kernel
κ from S to V , the domain condition (2.1) is automatically satisfied, and (2.2) simplifies
to ˆ

V
p̂((x, v), A× V )κ(x, dv) = p(x,A) (2.3)

for all x ∈ S and A ∈ B(S), which is the form in which the definition of first-order lifts
was first given in [66]. It is important to note that, even in this case, corresponding
identities for the n-step transition kernels p̂n and pn do not hold, so that Definition 2.1
is indeed an infinitesimal property.

The following example is a slight variation of the construction by Diaconis, Holmes and
Neal [79] that originally motivated the definition of first-order lifts, obtained by replacing
reflecting with periodic boundaries.

Example 2.3. Consider a symmetric simple random walk (Xn)n∈N on the discrete circle
ZN = Z/NZ with N ∈ N odd. As a lift, consider a Markov chain (X̂n, V̂n)n∈N on
the product space ZN × {−1,+1} that moves deterministically in the x-coordinate with
velocity v ∈ {−1,+1}. After each step, it flips its velocity with probability γ ∈ [0, 1]. The
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2.1. Second-order lifts of reversible diffusions

corresponding transition kernels of (Xn)n∈N and (X̂n, V̂n)n∈N are p(x, ·) = 1
2δx−1+

1
2δx+1

and

p̂((x, v), (x+ v, v)) = γ ,

p̂((x, v), (x+ v,−v)) = 1− γ ,

respectively. A graphical representation of the lifted random walk (X̂n, V̂n)n∈N is given
in Figure 2.1.

1− γ 1− γ 1− γ 1− γ

1− γ 1− γ 1− γ 1− γ

γ γ γ γ

γ γ γ γ

· · · · · ·

· · · · · ·

ZN × {+1}

ZN × {−1}

Figure 2.1.: The lifted random walk on ZN × {−1,+1}.

The invariant probability measure of (Xn)n∈N is the uniform distribution µ on ZN ,
and the product µ̂ = µ⊗Unif({−1,+1}) is invariant for (X̂n, V̂n)n∈N. One immediately
verifies that for any A ⊆ ZN and x ∈ ZN ,

1

2

∑
v∈{±1}

p̂((x, v), A× {±1}) = 1

2

∑
v∈{±1}

δx+v(A) = p(x,A) ,

so that (X̂n, V̂n)n∈N is indeed a first-order lift of the symmetric simple random walk. It
is shown in [79] that the mixing and relaxation time of order Θ(N2) for the random walk
on ZN can be reduced to Θ(N) if the probability of flipping the velocity is chosen as
γ = 1

N .

Example 2.4. Consider an overdamped Langevin diffusion on Rd with invariant prob-
ability measure µ with potential U ∈ C1(Rd), perturbed by a divergence-free vector field
b ∈ C1(Rd,Rd), as in (1.26), and flip the sign of the vector field with some rate γ ∈ [0,∞).
That is, consider

dXt = −1

2
∇U(Xt) dt + ξt b(Xt) dt + dBt , (2.4)

where (ξt)t≥0 is a continuous-time Markov chain on {−1,+1} that flips its state with
rate γ, independent of (Bt)t≥0. The process (Xt, ξt)t≥0 then admits µ̂ = µ ⊗ κ with
κ = Unif({−1,+1}) as invariant probability measure, and the corresponding generator
on functions f ∈ C∞

c (Rd × {−1,+1}) is given by

L̂f(x, ξ) = −1

2
∇∗

x∇xf(x, ξ) + ξb(x) · ∇xf(x, ξ) + γ(Πf − f)(x, ξ) ,
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where Πf(x, ξ) = 1
2(f(x,−1) + f(x, 1)). Letting π(x, ξ) = x, functions f ◦ π with

f ∈ C∞
c (Rd) are contained in the domain of L̂, and

−
ˆ
Rd×{±1}

L̂(f ◦ π)(g ◦ π) dµ̂ =
1

4

∑
ξ∈{±1}

ˆ
Rd

(
∇∗∇f + ξb · ∇f

)
g dµ

= −
ˆ
Rd

(Lf)g dµ ,

with L = −1
2∇

∗∇. Hence (Xt, ξt)t≥0 is a first-order lift of the overdamped Langevin
diffusion (1.19).

2.1.2. Second-order lifts

Natural counterparts to Example 2.3 in continuous time and space are a Brownian motion
on the circle Ta = R/aZ of circumference a, replacing the symmetric simple random
walk, and deterministic motion on Ta with velocity v ∈ V = {−1,+1} between velocity
flips occurring at rate γ ∈ [0,∞), replacing the lifted random walk. In this case, the
corresponding generators of the processes on Ta and Ta × {−1,+1} are

Lf(x) =
1

2
f ′′(x) and L̂f(x, v) = v∂xf(x, v) + γ(Πf − f)(x, v) ,

where Πf(x, v) = 1
2(f(x,−1) + f(x, 1)). In analogy to the discrete case, the probability

measures µ = Unif(Ta) and µ̂ = µ ⊗ κ with κ = Unif{−1,+1} are invariant for these
processes. One then immediately realises that with π(x, v) = x,
ˆ
V
L̂(f ◦ π)(x, v)κ(dv) =

1

2

∑
v∈{±1}

vf ′(x) = 0 for all f ∈ C1(Ta) and x ∈ Ta ,

so that a first-order condition analogous to (2.2) cannot be satisfied. The corresponding
transition semigroups (Pt)t≥0 and (P̂t)t≥0 however satisfy the relation

ˆ
V
P̂t(f ◦ π)(x, v)κ(x, dv) = (Pt2f)(x) + o(t2) as t ↓ 0 (2.5)

for all f ∈ Dom(L). Indeed, this is a direct computation in case γ = 0, and can be
verified by conditioning on the jump times if γ > 0, or by checking that the first two
time derivatives of the left- and right-hand sides coincide. An analogous relation holds
for the transition semigroups (Pt)t≥0 of an overdamped Langevin diffusion (1.19) and
(P̂t)t≥0 of Langevin dynamics (1.35) or randomised Hamiltonian Monte Carlo (1.33).
The relation (2.5) is analogous to (2.3) in the sense that it is an infinitesimal property,
yet differs in the linear and quadratic time scaling on the left- and right-hand side. When
trying to phrase (2.5) in terms of the infinitesimal generators L̂ and L, this necessitates
considering an expansion of the left-hand side up to second-order terms, see Section A.1,
which motivates the following definition of second-order lifts.
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Consider the same setup as in Section 2.1.1, where we now restrict ourselves to the case
I = [0,∞) and assume that (Xt)t≥0 is a reversible diffusion. Again, typically Ŝ = S × V
is a product space but could also be the tangent bundle of a Riemannian manifold S, and
the components of (Ẑt)t≥0 can be interpreted as position and velocity or momentum.

Definition 2.5 (Second-order lifts). The process (Ẑt)t≥0 is a second-order lift of (Xt)t≥0,
if

Dom(L) ⊆
{
f ∈ L2(µ) : f ◦ π ∈ Dom(L̂)

}
(2.6)

and for all f, g ∈ Dom(L) we have
ˆ
Ŝ
L̂(f ◦ π)(g ◦ π) dµ̂ = 0 (2.7)

and
1

2

ˆ
Ŝ
L̂(f ◦ π)L̂(g ◦ π) dµ̂ = E(f, g) . (2.8)

Conversely, we refer to the underlying reversible diffusion (Xt)t≥0 as the second-order
collapse of (Ẑt)t≥0.

Example 2.6. (i) Many of the processes introduced in Section 1.3.3 and Section 1.3.4
are lifts of an overdamped Langevin diffusion, see Example A.3. In particular, this
includes the deterministic Hamiltonian dynamics (1.30), randomised Hamiltonian
Monte Carlo (1.33) and Langevin dynamics (1.35) for any choice of γ ∈ (0,∞), as
well as the bouncy particle sampler, the forward event chain and the zig-zag process.
These all have in common that L̂(f ◦ π)(x, v) = v · ∇f(x) for all functions f in the
domain of the generator of the overdamped Langevin diffusion, which immediately
leads to (2.7) and (2.8).

(ii) Hamiltonian dynamics naturally extend to Riemannian manifolds, and the ana-
logues to RHMC and Langevin dynamics on Riemannian manifolds are second-order
lifts of a Riemannian overdamped Langevin diffusion. In presence of a boundary,
equipping them with specular reflections at the boundary, they are second-order
lifts of a Riemannian overdamped Langevin diffusion with instantaneous reflection
at the boundary. These processes are treated in Chapter B.

(iii) Run-and-tumble particles with jamming are a model from non-equilibrium stat-
istical mechanics that can also be used to model bacterial movement [230]. They
are a second-order lift of a sticky Brownian motion on an interval, as shown in
Chapter C. Their non-trivial boundary behaviour highlights the importance of the
domain condition (2.6).

(iv) Self-repelling random walks and self-repelling diffusions are treated in Chapter E
and Chapter F. These are classes of processes that interact with their history
through their local time profiles, encountering a drift that repels them from pre-
viously explored regions, so that they are no longer Markovian. However, jointly
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considering the local time profile, termed the environment, and the position pro-
cess yields a Markov process, which is a second-order lift of an Ornstein-Uhlenbeck
process with invariant measure corresponding to that of the environment process.

(v) More examples, such as adaptive or generalised Langevin dynamics, or Langevin
dynamics with velocities constrained to the unit sphere, are presented in Chapter D.

2.1.3. Lower bound for second-order lifts

An important consequence of the second-order lift property is that it allows to relate the
spectrum of the generator of a reversible diffusion to the singular values of an arbitrary
second-order lift. In the notation of Section 2.1.2, let (Pt)t≥0 and (P̂t)t≥0 be the transition
semigroups on L2(µ) and L2(µ̂) of a reversible diffusion process and an arbitrary second-
order lift, respectively. The second-order lift property (2.8) yields a bound for the singular
value gap (1.13) of L̂, namely

s(L̂) = inf

{
∥L̂f∥L2(µ̂)

∥f∥L2(µ̂)
: f ∈ L2

0(µ̂) ∩Dom(L̂) \ {0}

}

≤ inf

{
∥L̂(g ◦ π)∥L2(µ̂)

∥g∥L2(µ)
: g ∈ L2

0(µ) ∩Dom(L) \ {0}

}

= inf

{√
2E(g)

∥g∥L2(µ)
: g ∈ L2

0(µ) ∩Dom(L) \ {0}

}
=
√

2 gap(L) .

(2.9)

Therefore, Lemma 1.1 immediately yields the following lower bound on the relaxation
time trel(P̂ , ε). A similar result with a slightly worse constant is proved in Theorem A.11.

Theorem 2.7. For any ε ∈ (0, 1), we have

trel(P̂ , ε) ≥ 1− ε√
2 gap(L)

.

In particular, trel(P̂ ) ≥ 1−e−1
√
2

√
trel(P ).

Recall that, for a probability measure µ on Rd satisfying a Poincaré inequality (1.21)
with constant 1

m , the reversible overdamped Langevin diffusion (1.19) has relaxation
time trel(P ) = 2

m . Theorem 2.7 hence shows that in this case, any second-order lift of an
overdamped Langevin diffusion satisfies

trel(P̂ ) ≥ (1− e−1)m−1/2 . (2.10)

In particular, this yields a lower bound on the relaxation times of Langevin dynamics,
randomised Hamiltonian Monte Carlo, as well as the piecewise-deterministic Markov
processes mentioned in Example 2.6(i).
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Example 2.8. Recall that for arbitrary Gaussian potentials in Rd, critically damped
Langevin dynamics with γ = 2

√
m, where m is the smallest eigenvalue of the inverse

covariance matrix, satisfies trel(P̂ ) ≤ 2.73m−1/2, see Example 1.5. It hence achieves
the lower bound of Theorem 2.7 up to a factor of approximately 4.32. We will see in
Section 2.2.3 below that, more generally, for probability measures satisfying a Poincaré
inequality with constant 1

m with potentials satisfying ∇2U ≥ −cm, where c ∈ [0,∞) is a
constant, both Langevin dynamics and RHMC with the critical choice of γ still achieve
this lower bound up to a constant factor. In this sense, they are optimal lifts of an
overdamped Langevin diffusion.

Remark 2.9. A related lower bound for first-order lifts of Markov chains is proved in [66,
Theorem 3.1] in terms of the more obscure set-time, which is the worst-case expected
time of reaching a set started from stationarity weighted by its stationary measure.
Remark 2.11 below shows that the lower bound Theorem 2.7 also holds for first-order
lifts of Markov chains, providing a more easily interpretable one than the one in [66].

Remark 2.10 (Asymptotic variance of ergodic averages). When using ergodic averages
At(f) = 1

t

´ t
0 f(Xs) ds of a Markov process (Xt)t≥0 with invariant probability measure

µ to approximate integrals µ(f) of square-integrable functions, it is desirable to be able
to quantify the fluctuations of At(f) around µ(f). In stationarity, Eµ[At(f)] = µ(f),
and the variances of ergodic averages can be bounded using the potential operator G.
Assuming that the transition semigroup satisfies

´∞
0 ∥Psf∥L2(µ) ds <∞ for all f ∈ L2

0(µ),
it is the bounded linear inverse of −L : L2

0(µ) ∩Dom(L) → L2
0(µ) given by

Gf =

ˆ ∞

0
Psf ds for f ∈ L2

0(µ) .

For f ∈ L2(µ), the asymptotic variance is then

σ2f = lim
t→∞

tVarPµ [Atf ] = 2
〈
f − µ(f), G(f − µ(f))

〉
L2(µ)

,

and one even has the central limit theorem

1√
t

ˆ t

0

(
f(Xs)− µ(f)

)
ds

D−→ N (0, σ2f ) under Pµ ,

see e.g. [32, 153]. Since G = (−L|L2
0(µ)

)−1, we have ∥G∥B(L2
0(µ))

= 1
s(L) , so that

sup
{
σ2f : f ∈ L2(µ), Varµ[f ] = 1

}
=

2

s(L)

and the singular value gap controls the worst-case asymptotic variance in stationarity.
Since for a second-order lift, s(L̂)−1 ≥ (2 gap(L))−1/2 = (2 s(L))−1/2 by (2.9), the worst-
case asymptotic variance can at most be decreased by a square root through lifting,
i.e.

sup
{
σ̂2f : f ∈ L2(µ̂), Varµ̂[f ] = 1

}
≥
(
sup

{
σ2f : f ∈ L2(µ), Varµ[f ] = 1

})1/2
, (2.11)

where σ̂2f denotes the asymptotic variance of ergodic averages of a second-order lift.
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Remark 2.11 (Lower bounds for first-order lifts). If p̂ is the transition kernel of a
Markov chain in discrete or continuous time that is a first-order lift of a Markov chain
with transition kernel p, then the associated generators L̂ = p̂− I and L = p− I satisfy

∥L̂(f ◦ π)∥2L2(µ̂) = ∥f ◦ π∥2L2(µ̂) − 2⟨f ◦ π, p̂(f ◦ π)⟩L2(µ̂) + ∥p̂(f ◦ π)∥2L2(µ̂)

≤ 2∥f∥L2(µ̂) − 2⟨f, pf⟩L2(µ) = 2⟨f,−Lf⟩L2(µ) ,

since p̂ is a contraction in L2(µ̂). Therefore, one can conclude that s(L̂) ≤
√
2 gap(L) as

above, and obtain bounds analogous to Theorem 2.7 and Remark 2.10.

2.2. Hypocoercivity and flow Poincaré inequality

Convergence to equilibrium of degenerate stochastic dynamics, where the noise only
acts on a subset of variables, cannot be obtained using a direct argument based on
a differential inequality such as (1.6), since the associated generators do not satisfy a
Poincaré inequality (1.5), i.e. they are not coercive in the L2 space with respect to the
invariant measure. For example, letting (P̂t)t≥0 denote the transition semigroup on L2(µ̂)
of Langevin dynamics (1.35) with invariant measure µ̂ = µ⊗ κ, we have

d

dt
∥P̂tf∥2L2(µ̂) = 2

〈
P̂tf, L̂P̂tf

〉
L2(µ̂)

= −2γ∥∇vP̂tf∥2L2(µ̂) (2.12)

for all f ∈ L2
0(µ̂), which cannot be upper bounded by −C∥P̂tf∥2L2(µ̂) for some constant

C > 0 since the velocity gradient may vanish even when P̂tf does not. Nonetheless,
exponential convergence to equilibrium still holds, as already shown in Example 1.5 in
the Gaussian case.

This behaviour is observed much more generally, beyond the Gaussian case and for
various non-reversible, degenerate dynamics, and is facilitated by the interplay between
the dissipation provided by the degenerate noise and an antisymmetric transport term.
In analogy to the theory of hypoellipticity, where smoothness of solutions to degenerate
partial differential equations in the absence of ellipticity can be shown using Hörmander’s
bracket condition [140], the study of exponential convergence to equilibrium of degenerate
stochastic dynamics in the absence of coercivity was termed hypocoercivity by Villani
and Gallay [248].

The idea underlying most works in the area of hypocoercivity is to define a new norm
or metric equivalent to the one of interest that is well-behaved along the dynamics, so
that an exponential decay can be established. Building on work of Hérau and Nier
[134] and inspired by [123, 238], Villani achieved this by considering a carefully chosen
H1-type Sobolev norm involving terms with mixed derivatives [248]. Under commutator
conditions resembling those of Hörmander’s hypoellipticity theorem, this allowed to unify
previous works and to show exponential convergence to equilibrium for many hypocoer-
cive processes. Based on ideas of Hérau [132], Dolbeault, Mouhot and Schmeiser [86, 87]
developed an alternative approach based on an L2-norm that is again modified by a cross-
term. This approach is simpler and widely applicable, and has even been generalised to
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2.2. Hypocoercivity and flow Poincaré inequality

various MCMC methods [12]. Nonetheless, while it yields more quantitative bounds,
it still fails to capture the optimal dependence on parameters of the invariant measure
such as its Poincaré inequality in the case of Langevin dynamics. While probabilistic
approaches using coupling techniques do not rely on reversibility, they are challenging in
the case of degenerate noise. In some cases, they have successfully been developed using
model-specific couplings and carefully designed distance functions, see e.g. [21, 40, 46,
74, 98]. For example, for Langevin dynamics, Eberle, Guillin and Zimmer prove Wasser-
stein contractivity in a twisted metric using a combination of reflection and synchronous
coupling [98]. However, such constructions are model-dependent and typically require
strong assumptions on the underlying potential or parameter regimes.

The approaches outlined above have in common that the change in norm or metric
relies on a trick, such as twisting or perturbing the norm by some quantity, that is not
necessarily intrinsic or natural to the dynamics at hand. Intuitively, the process needs
some time for the dissipation present in a subset of variables such as the velocity to
pass to the other variables, such as the position. This observation leads to considering
time-averages of the L2-norm and the Dirichlet form along trajectories of the semigroup.
Exponential decay of such time-averages can then be established by a Poincaré-type
inequality, termed a flow Poincaré inequality. This approach was initiated by the work of
Albritton, Armstrong, Mourrat and Novack [6] for the kinetic Fokker-Planck equation,
the Kolmogorov forward equation associated to Langevin dynamics, and later refined
more quantitatively and applied to Langevin dynamics by Cao, Lu and Wang in [61].

We present this functional inequality in the following Section 2.2.1. For second-order
lifts, such a flow Poincaré inequality can be established using the so-called divergence
lemma, a space-time replacement for the Poisson equation that only involves the gener-
ator of the underlying reversible diffusion. We present this divergence lemma for over-
damped Langevin diffusions on Rd in Section 2.2.2, while a more general statement on
Riemannian manifolds with boundary is the subject of Chapter B. In Section 2.2.3, we
demonstrate how to deduce a flow Poincaré inequality from this divergence lemma for
Langevin dynamics, serving as a useful base case, while the development of these ideas
into a general framework is the content of Chapter C.

2.2.1. Flow Poincaré inequality

Consider a time-homogeneous, right-continuous Markov process with invariant prob-
ability measure µ, associated transition semigroup (Pt)t≥0 on L2(µ) with generator
(L,Dom(L)), and associated Dirichlet form E .

Definition 2.12 (Flow Poincaré inequality). The semigroup (Pt)t≥0 satisfies a flow Poin-
caré inequality with constant 1

ν ∈ (0,∞) and duration T ∈ (0,∞) if

ˆ T

0
∥Ptf∥2L2(µ) dt ≤ 1

ν

ˆ T

0
E(Ptf) dt (2.13)

for all f ∈ L2
0(µ) ∩Dom(L).
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Chapter 2. Second-order lifts and hypocoercivity

Note that if L satisfies a Poincaré inequality (1.5) with constant 1
ν , then (2.13) is

satisfied for any T ∈ (0,∞), so that the flow Poincaré inequality generalises the usual
Poincaré inequality. The flow Poincaré inequality can also be written as

⟨f, f⟩T ≤ 1

ν
⟨f,−Lf⟩T for all f ∈ L2

0(µ) ∩Dom(L) ,

where ⟨f, g⟩T =
´ T
0 ⟨Ptf, Ptg⟩L2(µ) dt for f, g ∈ L2(µ) defines an inner product on L2(µ).

It is thus equivalent to coercivity of the generator with respect to this new inner product,
and therefore equivalent to the exponential decay

ˆ t+T

t
∥Psf∥2L2(µ) ds ≤ e−2νt

ˆ T

0
∥Psf∥2L2(µ) ds for all t ≥ 0 and f ∈ L2

0(µ)

of time-averaged L2-norms, see Theorem C.9. This in turn implies

∥Ptf∥L2(µ) ≤ e−ν(t−T )∥f∥L2(µ) for all t ≥ 0 and f ∈ L2
0(µ) ,

and thereby the relaxation time bound

trel(P, ε) ≤ log(ε−1)

ν
+ T . (2.14)

Remark 2.13. A related functional inequality, termed a space-time Poincaré inequal-
ity, was first proved by Albritton, Armstrong, Mourrat and Novack [6] for the kinetic
Fokker-Planck equation, and generalised successfully by Cao, Lu and Wang to Langevin
dynamics and some piecewise deterministic Markov processes [61, 186], see Remark 2.19
below. It involves a natural norm in the kinetic solution space, and reduces to the flow
Poincaré inequality when applied to solutions of the kinetic Fokker-Planck equation. The
formulation (2.13) using time-averages is weaker in this case, yet generalises well to other
dynamics.

2.2.2. The divergence lemma

The key tool in proving a flow Poincaré inequality for second-order lifts is a space-time
divergence lemma. It is a statement solely on the generator of the underlying reversible
diffusion. A general statement and proof on Riemannian manifolds with boundary is
presented in Chapter B, while, in the following, we focus on the Euclidean case without
boundary for the sake of exposition, pointing out which modifications are to be made in
the general case.

Let (L,Dom(L)) denote the generator in L2(µ) of the overdamped Langevin diffu-
sion (1.19) with invariant probability measure µ ∈ P(Rd) with density proportional to
exp(−U(x)).

Assumption 2.1.

(i) Lower curvature bound. The potential U satisfies U ∈ C2(Rd) and there is a
constant ρ ∈ [0,∞) such that

v⊤∇2U(x)v ≥ −ρ|v|2 for all x, v ∈ Rd .
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2.2. Hypocoercivity and flow Poincaré inequality

(ii) Poincaré inequality. The probability measure µ satisfies a Poincaré inequality
with constant m−1, i.e.

ˆ
Rd

f2 dµ ≤ 1

m

ˆ
Rd

|∇f |2 dµ for all f ∈ H1,2(µ) with
ˆ
Rd

f dµ = 0 .

(iii) Discrete spectrum. The spectrum of the operator (L,Dom(L)) on L2(µ) is dis-
crete.

Let T ∈ (0,∞) be fixed, λ denote the Lebesgue measure on [0, T ], and ∇ = (∂t,∇)
denote the space-time gradient in [0, T ] × Rd. For m ∈ {1, 2}, the Sobolev space with
Dirichlet boundary conditions in time Hm,2

D (λ⊗ µ) is the closure of{
u ∈ C∞([0, T ]× Rd) ∩ L2(λ⊗ µ) : u(0, ·) = u(T, ·) = 0

}
in L2(λ⊗ µ) with respect to the norm given by

∥u∥2Hm,2(λ⊗µ) =

m∑
k=0

∥∇k
u∥2L2(λ⊗µ) .

Theorem 2.14 (Quantitative divergence lemma). Let Assumption 2.1 be satisfied. Then
for any T ∈ (0,∞), there exist constants c0(T ), c1(T ) ∈ (0,∞) such that for any f ∈
L2
0(λ⊗ µ) there are functions

h ∈ H1,2
D (λ⊗ µ) and g ∈ H1,2

D (λ⊗ µ) (2.15)

satisfying
g(t, ·) ∈ Dom(L) for λ-almost all t ∈ [0, T ]

such that
f = ∂th− 2Lg , (2.16)

and the functions h and g satisfy

∥h∥2L2(λ⊗µ) + ∥∇g∥2L2(λ⊗µ) ≤ c0(T )∥f∥2L2(λ⊗µ) ,

∥∇h∥2L2(λ⊗µ) + ∥∇∇g∥2L2(λ⊗µ) ≤ c1(T )∥f∥2L2(λ⊗µ) ,
(2.17)

where

c0(T ) = 2T 2 + 43
1

m
and

c1(T ) = 290 +
991

mT 2
+ 43max

(
1

m
,
T 2

π2

)
ρ .

(2.18)

Remark 2.15. Let us comment on Assumption 2.1 and Theorem 2.14.
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Chapter 2. Second-order lifts and hypocoercivity

(i) An analogous divergence lemma holds for the generator of an overdamped Langevin
diffusion on Riemannian manifolds, equipped with Neumann boundary conditions
in case of a boundary, see Theorem B.5. In this context, the lower bound on the
Hessian of the potential in Assumption 2.1(i) is to be replaced by a lower bound on
the generalised curvature tensor, namely Ric+∇2U ≥ −ρ. This condition is also
known as the curvature-dimension condition CD(−ρ,∞), see [20, Definition 1.16.1].
In case of a boundary, an additional assumption on the second fundamental form
ensuring local convexity must be made, see Assumption B.1(i).

(ii) Assumption 2.1(ii) of a Poincaré inequality for the measure µ yields a spectral
gap and thus exponential decay for the associated overdamped Langevin diffusion,
and allows us to conveniently compare the convergence rate to that obtained for
Langevin dynamics in the following section. In the absence of a spectral gap, this
assumption can however be relaxed to a weak or weighted Poincaré inequality to
obtain algebraic convergence to equilibrium, see [56, 223].

(iii) Assumption 2.1(iii) of a purely discrete spectrum yields a spectral decomposition
that allows for simple calculations in the proof of Theorem 2.14. While this as-
sumption was also considered in previous works [61, 99], it is of technical nature
and can be relaxed, see [55].

(iv) The terminology “divergence lemma” stems from the fact that (2.16) can be written
in divergence form as

f = ∇∗
X with X =

(
−h
∇g

)
,

where the adjoint is in L2(λ ⊗ µ). In the classical Lions’ divergence lemma [10,
94] that is of fundamental importance in fluid mechanics [184], the spatial domain
is typically bounded and Dirichlet boundary conditions for the vector field are
assumed both in time and space. Here, however, in case of bounded domains, the
vector field is only assumed to vanish in the direction normal to the boundary, see
Theorem B.5, but an additional gradient structure is obtained.

(v) A key tool in the proof of Theorem 2.14 is the generalised Bochner-Lichnerowicz-
Weitzenböck formula

L|∇u|2 = |∇2u|2 + 2⟨∇u,∇Lu⟩+ (Ric+∇2U)(∇u,∇u) (2.19)

for all u ∈ C∞(M) that holds for the weighted Laplace-Beltrami operator Lu =
1
2∆u−

1
2⟨∇U,∇u⟩ on Riemannian manifolds M with Ricci curvature tensor Ric, see

[19, Proposition 3] and Section B.2. In caseM = Rd, the operator L is the generator
of an overdamped Langevin diffusion with invariant measure µ with potential U ,
and (Ric+∇2U)(∇u,∇u) = ∇u⊤∇2U∇u. Integrating (2.19) by parts with respect
to µ yields the identityˆ

Rd

|∇2u|2 dµ =

ˆ
Rd

(2Lu)2 dµ−
ˆ
Rd

∇u⊤∇2U∇u dµ , (2.20)
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2.2. Hypocoercivity and flow Poincaré inequality

which, together with the lower bound Assumption 2.1(i) on the curvature of U , can
be used to upper bound the L2(µ)-norm of the Hessian of functions by the norm of
the generator applied to them, leading to the term involving ρ in the constant c1(T ).
On Riemannian manifolds with boundary, an analogous integration-by-parts and
careful treatment of the boundary terms leads to the generalised Reilly formula, see
[187] and Lemma B.1.

(vi) For right-hand sides f ∈ L2
0(λ⊗µ) that are orthogonal to the space-time harmonic

functions for ∂2t +2L, a solution to (2.16) can be obtained by solving (∂2t +2L)u = f
and setting h = ∂tu and g = −u. The bounds (2.17) can then be established in a
straightforward way using a Poincaré inequality for the measure λ⊗µ. However, for
space-time harmonic right-hand sides, these solutions will not satisfy the Dirichlet
boundary conditions in time required in (2.15). Therefore, the harmonic functions
are considered separately and expanded in the orthogonal spectral basis provided
by Assumption 2.1(iii). A careful splitting into high and low modes as well as into
symmetric and antisymmetric functions then allows for explicit constructions of
solutions on these subspaces. For more intuition on the proof, see the discussion
before the proof of Theorem B.5.

2.2.3. Flow Poincaré inequality for second-order lifts

The divergence lemma allows to prove a flow Poincaré inequality for second-order lifts.
In this section, we demonstrate the argument for Langevin dynamics (1.35). Let (P̂t)t≥0

denote the transition semigroup on L2(µ̂) of Langevin dynamics with friction γ ∈ (0,∞),
where µ̂ = µ⊗ κ. Recall that its generator is given by the sum

L̂f = L̂hamf + γ(−v · ∇v +∆v)f

of the antisymmetric generator of the Hamiltonian flow and the symmetric generator of
an Ornstein-Uhlenbeck process in the velocity, see (1.36). The associated Dirichlet form
is

Ê(f) = γ∥∇vf∥2L2(µ̂) .

Remark 2.16 (Poisson equation). For the overdamped Langevin diffusion with gen-
erator L = −1

2∇
∗∇, a Poincaré inequality can be established by solving the Poisson

equation
−2Lg = f

for all f ∈ L2
0(µ) with a quantitative bound ∥∇g∥2L2(µ) ≤ C∥f∥2L2(µ). Then an integration

by parts and the Cauchy-Schwarz inequality yield

∥f∥2L2(µ) = ⟨f,−2Lg⟩L2(µ) = ⟨∇f,∇g⟩L2(µ) ≤ ∥∇f∥L2(µ)∥∇g∥L2(µ)

≤ C∥∇f∥L2(µ)∥f∥L2(µ)

(2.21)

for all f ∈ L2
0(µ) ∩Dom(L), and the Poincaré inequalityˆ

Rd

f2 dµ ≤ C2

ˆ
Rd

|∇f |2 dµ = −2C2

ˆ
Rd

fLf dµ for all f ∈ L2
0(µ) ∩Dom(L)
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Chapter 2. Second-order lifts and hypocoercivity

follows. The divergence lemma should be seen as a replacement for the Poisson equa-
tion within the framework of second-order lifts, since it allows to prove a flow Poincaré
inequality for second-order lifts in a manner mirroring (2.21). Indeed, in the proof of
Theorem 2.17, after projecting out the velocity variable, the divergence lemma takes on
the role of the Poisson equation, and the integration-by-parts is replaced by the second-
order lift property. The resulting terms are then bounded using moments of the standard
normal distribution and the estimates (2.17) on the functions provided by the divergence
lemma.

Theorem 2.17 (Flow Poincaré inequality for Langevin dynamics). For any T ∈ (0,∞),
the transition semigroup (P̂t)t≥0 of Langevin dynamics with friction γ ∈ (0,∞) satisfies
the flow Poincaré inequality

ˆ T

0
∥P̂tf0∥2L2(µ̂) dt ≤ 1

ν

ˆ T

0
Ê(P̂tf0) dt for all f0 ∈ L2

0(µ̂) ∩Dom(L̂) (2.22)

with
ν =

γ

2 + 4c1(T ) + 2γ2c0(T )
, (2.23)

where c0(T ) and c1(T ) are the constants from Theorem 2.14.

Proof. For f0 ∈ L2
0(µ̂) ∩ Dom(L̂), letting f(t, x, v) = (P̂tf0)(x, v) yields f ∈ L2

0(λ ⊗ µ̂),
and the flow Poincaré inequality (2.22) can be written as

∥f∥2L2(λ⊗µ̂) ≤ γ

ν
∥∇vf∥2L2(λ⊗µ̂) .

Recall the velocity average operator Π given in (1.34), which we extend naturally to
L2(λ⊗ µ̂). Let f̃ ∈ L2

0(λ⊗ µ) such that f̃ ◦ π = Πf . An orthogonal decomposition and
the Gaussian Poincaré inequality then yield

∥f∥2L2(λ⊗µ̂) = ∥Πf∥2L2(λ⊗µ̂) + ∥f −Πf∥2L2(λ⊗µ̂)

≤ ∥f̃∥2L2(λ⊗µ) + ∥∇vf∥2L2(λ⊗µ̂) .
(2.24)

It thus remains to bound the first term. Let h and g be as in Theorem 2.14 such that
f̃ = ∂th− 2Lg. By the second-order lift properties (2.7) and (2.8) and an integration by
parts in the time variable, we see that

∥f̃∥2L2(λ⊗µ) =
〈
f̃ , ∂th− 2Lg

〉
L2(λ⊗µ)

=
〈
(−∂t + L̂)(f̃ ◦ π), h ◦ π + L̂(g ◦ π)

〉
L2(λ⊗µ̂)

=
〈
(−∂t + L̂)(f̃ ◦ π − f), h ◦ π + L̂(g ◦ π)

〉
L2(λ⊗µ̂)

,

where we used that ∂tf = L̂f in the last step. The boundary conditions imposed on
h and g in Theorem 2.14 ensure that h ◦ π + L̂(g ◦ π) ∈ Dom((−∂t + L̂)∗), and the
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2.2. Hypocoercivity and flow Poincaré inequality

Cauchy-Schwarz inequality yields

∥f̃∥2L2(λ⊗µ) =
〈
(−∂t + L̂)(f̃ ◦ π − f), h ◦ π + L̂(g ◦ π)

〉
L2(λ⊗µ̂)

=
〈
f̃ ◦ π − f, (−∂t + L̂)∗(h ◦ π + L̂(g ◦ π))

〉
L2(λ⊗µ̂)

≤ ∥f −Πvf∥L2(λ⊗µ̂)∥(−∂t + L̂)∗(h ◦ π + L̂(g ◦ π))∥L2(λ⊗µ̂) .

(2.25)

The first factor can again be bounded by the Gaussian Poincaré inequality, while the
second can be bounded using the estimates (2.17), since only first-order derivatives of h
as well as first- and second-order derivatives of g appear. Indeed,

(−∂t + L̂)∗(h ◦ π + L̂(g ◦ π)) = ∂th− v · ∇h+ v · ∂t∇g − v · ∇2gv +∇U · ∇g − γv · ∇g,

and therefore, by orthogonality and since ∂th− 2Lg = f̃ ,

∥(−∂t + L̂)∗(h ◦ π + L̂(g ◦ π))∥2L2(λ⊗µ̂)

= ∥∂th− v · ∇2gv +∇U · ∇g∥2L2(λ⊗µ̂) + ∥v · (−∇h+ ∂t∇g − γ∇g)∥2L2(λ⊗µ̂)

= ∥f̃ +∆g − v · ∇2gv∥2L2(λ⊗µ̂) + ∥−∇h+ ∂t∇g − γ∇g∥2L2(λ⊗µ) .

The first summand satisfies

∥f̃ +∆g − v · ∇2gv∥2L2(λ⊗µ̂) = ∥f̃∥2L2(λ⊗µ) + 2∥∇2g∥2L2(λ⊗µ)

while the second can be bounded as

∥−∇h+ ∂t∇g − γ∇g∥2L2(λ⊗µ) ≤ 4∥∇h∥2L2(λ⊗µ) + 4∥∂t∇g∥2L2(λ⊗µ) + 2γ2∥∇g∥2L2(λ⊗µ) ,

so that

∥(−∂t + L̂)∗(h ◦ π + L̂(g ◦ π))∥2L2(λ⊗µ̂) ≤ (1 + 4c1(T ) + 2γ2c0(T ))∥f̃∥2L2(λ⊗µ) .

Inserting this into (2.25) and ultimately (2.24) yields

∥f∥2L2(λ⊗µ̂) ≤ (2 + 4c1(T ) + 2γ2c0(T ))∥∇vf∥2L2(λ⊗µ̂) ,

and thus the claim.

The proof of Theorem 2.17 works almost word-for-word for randomised HMC. It further
translates well to arbitrary second-order lifts, and a general framework along these lines
is developed in Chapter C, see also the corresponding summary in Section 3.3 and the
main result Theorem 3.1. The key quantity to bound for arbitrary second-order lifts with
generator L̂ is the term ∥L̂∗L̂(g◦π)∥L2(λ⊗µ̂) that appears in (2.25), see Assumption (C1).

Example 2.18. To obtain quantitative upper bounds on the relaxation time for Langevin
dynamics, a value for T must be chosen in (2.23). With T = 3/

√
m, we have

c0(T ) =
51

m
and c1(T ) =

3601

9
+ 43

ρ

m
,

and the bound (2.14) yields

trel(P̂ ) ≤ 1

ν
+ T =

102

m
γ +

(
14422

9
+ 172

ρ

m

)
γ−1 +

3√
m
.
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(i) For convex potentials, one has ρ = 0, and the upper bound on the relaxation time
is minimised by taking γ∗ =

√
14422m/918 ≈ 3.96

√
m, yielding

trel(P̂ ) ≤ 811.58√
m

for Langevin dynamics with friction γ∗ .

This is larger than the lower bound trel(P̂ ) ≥ 1−e−1
√
m

obtained from Theorem 2.7 by a
factor of approximately 1283.9, so that, on the class of convex potentials, critically
damped Langevin dynamics achieves the optimal acceleration of any second-order
lift, up to this constant factor. In particular, the relaxation time is of the order
m−1/2, as opposed to the order m−1 for the corresponding overdamped Langevin
diffusion.

(ii) More generally, for the class of potentials satisfying Assumption 2.1 with ρ ≤ cm
for some constant c > 0, choosing the friction γ of the order of the optimal value
γ∗ from the convex case yields the bound

trel(P̂ ) ≤ (404.29 + 43.4c)A+ 407.29√
m

for
1

A
≤ γ

γ∗
≤ A , A ∈ [1,∞) .

Thus an optimal acceleration of critically damped Langevin dynamics compared
to the overdamped Langevin diffusion can be observed beyond the convex case, as
long as the non-convexity measured by the lower bound −ρ on the Hessian of the
potential is of the same order as the inverse Poincaré constant.

Remark 2.19. A Poincaré-type inequality in a suitable extended space-time sense was
first introduced in [6] and [61] to obtain exponential decay for the kinetic Fokker-Planck
equation and Langevin dynamics. They prove that there exists a constant C > 0 such
that

∥f∥L2(λ⊗µ̂) ≤ C(∥∇vf∥L2(λ⊗µ̂) + ∥(∂t − L̂ham)f∥L2(λ⊗µ)H−1(κ)) (2.26)

for a class of functions f ∈ L2
0(λ⊗ µ̂) in a suitable kinetic solution space. This functional

inequality is termed a space-time Poincaré inequality. Applying it to f(t, ·) = P̂tf0 for
some f0 ∈ L2

0(µ̂) as above and using that (∂t − L̂ham)f = −γ∇∗
v∇vf then yields the

flow Poincaré inequality as stated here. While the flow Poincaré inequality therefore
differs from the space-time Poincaré inequality, as it is only valid along trajectories of
the semigroup, this makes it simpler to prove and much more general. Indeed, while the
space-time Poincaré inequality is applicable to several kinetic dynamics, as demonstrated
in the study of convergence rate of some piecewise deterministic Markov processes [186],
the flow Poincaré inequality can be proved in a unified way for second-order lifts, as
shown in Chapter C. We demonstrate the versatility of this approach by applying it
to a variety of processes in the projects constituting this thesis: After beginning with
Langevin dynamics and RHMC, we study piecewise-deterministic Markov processes used
in sampling applications, run-and-tumble particles with jamming, self-repellent random
walks on the discrete torus, and self-repelling diffusions on Riemannian manifolds. Quant-
itative bounds on the relaxation time can be derived in all of these cases by applying
Theorem C.12.
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Chapter 3.

Conclusion

Building on the context provided by Chapters 1 and 2, we begin this chapter by including
a summary of the contributions of the individual projects constituting this thesis. We
remain brief where most of the material has already been covered in Chapter 2 and
provide more details where necessary. Finally, we conclude by discussing some open
questions and directions for further research suggested by this thesis.

3.1. Outline of project A

This project is joint work with Andreas Eberle and included as Chapter A. It has been
published as

A. Eberle and F. Lörler. ‘Non-reversible lifts of reversible diffusion pro-
cesses and relaxation times’. In: Probab. Theory Relat. Fields 194 (Aug.
2024). doi: 10.1007/s00440-024-01308-x.

The concept of lifts of Markov chains in discrete time introduced in [66, 79], see
Section 2.1.1, is crucial to the understanding of accelerated convergence to stationarity of
Markov chains due to non-reversibility. A systematic understanding of this phenomenon
in continuous time and space was, however, still missing. This project addresses this
issue by introducing the concept of second-order lifts of reversible diffusions. The key
observation is that, in continuous time and in the notation of Section 2.1, the transition
semigroups (Pt)t≥0 and (P̂t)t≥0 of a reversible diffusion and a second-order lift should
satisfy ˆ

V
P̂t(f ◦ π)(x, v)κ(x, dv) = (Pt2f)(x) + o(t2) as t ↓ 0

for all f ∈ Dom(L). In contrast, in discrete time, the transition kernels satisfy a similar
identity, yet the timescales t and t2 are not present. A formulation using the associated
generators leads to the formal definition of second-order lifts in Definition A.1. Several
non-reversible dynamics used in sampling applications are shown to be second-order lifts
of an overdamped Langevin diffusion in Example A.3

A crucial consequence is that the non-asymptotic relaxation time can at most be
reduced by a square root through lifting, i.e.

trel(P̂ ) ≥ 1− e−1

√
2

√
trel(P )
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for any second-order lift (P̂t)t≥0 of (Pt)t≥0. This result relies on the singular value gap,
and has been shown in Theorem 2.7 above, albeit with a slightly better constant than
the one shown in in Theorem A.11.

Finally, with this lower bound on the relaxation time at hand, we demonstrate in
Section A.5 how the variational approach to hypocoercivity introduced by Albritton,
Armstrong, Mourrat and Novack [6] can be reformulated and simplified in the language
of second-order lifts, leading to quantitative upper bounds on the relaxation time. In
particular, we show that, for target measures satisfying a Poincaré inequality with mildly
non-convex potential, randomised Hamiltonian Monte Carlo with critically chosen refresh
rate achieves the lower bound up to a universal factor, see Corollary A.27. The proof
is based on the divergence lemma and the space-time Poincaré inequality and essen-
tially follows [61]. It is, however, significantly simplified by the language of second-order
lifts, and opens the door to the various applications and generalisations studied in the
subsequent projects.

Contribution of the author. The idea of trying to systematically understand and gen-
eralise the space-time approach introduced by [6] was given to me by my advisor Andreas
Eberle. Independently, I realised that for defining lifts of diffusions in continuous time,
a second-order expansion must be considered, and that terms occurring in this expan-
sion coincide with those arising in [6]. This led to the collaborative development of the
concept of second-order lifts and the phrasing of the proof of upper bounds in this lan-
guage. Technical details and writing were mostly carried out by me with advice and
assistance from Andreas Eberle.

3.2. Outline of project B

This project is joint work with Andreas Eberle and included as Chapter B. It has been
published as

A. Eberle and F. Lörler. ‘Space-time divergence lemmas and optimal non-
reversible lifts of diffusions on Riemannian manifolds with boundary’. In: J.
Funct. Anal. 291.9 (2026). doi: 10.1016/j.jfa.2026.111605.

This project extends the study of second-order lifts to the setting of Riemannian man-
ifolds with boundary and provides a proof of the divergence lemma introduced in Sec-
tion 2.2.2 in this geometric context. On a complete connected and oriented Riemannian
manifold (M, g) with smooth, potentially empty, boundary ∂M , we consider an over-
damped Langevin diffusion with generator

Lf = −1

2

〈
∇U,∇f

〉
+

1

2
∆f

and invariant probability measure

µ(dx) = exp(−U(x))νM (dx) ,
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where U ∈ C2(M), νM denotes the Riemannian volume measure on M , and ∇ and ∆
are the Riemannian gradient and Laplace-Beltrami operator on M . In case ∂M ̸= ∅,
the generator L is equipped with Neumann boundary conditions, corresponding to an
instantaneous reflection at the boundary.

Arising from the generalised Bochner-Lichnerowicz-Weitzenböck formula

L|∇u|2 = |∇2u|2 + 2⟨∇u,∇Lu⟩+ (Ric+∇2U)(∇u,∇u)

by an integration-by-parts, we prove the generalised Reilly formula
ˆ
M

(
|∇2u|2 − (2Lu)2 + (Ric+∇2U)(∇u,∇u)

)
dµ =

ˆ
∂M

B(u) dµ∂M . (3.1)

Here µ∂M is the measure with density exp(−U) with respect to the induced boundary
measure, and the boundary term B(u) is non-positive for functions u satisfying Neu-
mann boundary conditions on manifolds that are locally convex in the sense that the
second fundamental form on the boundary is negative semi-definite. In case M ⊆ Rd

with the Euclidean metric, this condition simply means that M is convex. Together
with Assumption 2.1, where condition (i) is replaced with the lower curvature bound
Ric+∇2U ≥ −ρg on the Bakry-Émery tensor, (3.1) shows that

∥∇2u∥2L2(µ) ≤ ∥2Lu∥2L2(µ) + ρ∥∇u∥2L2(µ) for all u ∈ Dom(L) .

This regularity estimate allows us to prove the space-time divergence lemma on Riemann-
ian manifolds with boundary in Theorem B.5 under the assumption that (L,Dom(L))
has discrete spectrum on L2(µ), in analogy to Theorem 2.14 above.

Second-order lifts are then given by randomised Hamiltonian Monte Carlo and Lange-
vin dynamics based on the Hamiltonian dynamics with Hamiltonian H(x, v) = U(x) +
1
2 |v|

2
x on the tangent bundle TM , undergoing specular reflection at the boundary ∂M

corresponding to the involution

(x, v) 7→ (x, v − 2N(x)⟨N(x), v⟩) , x ∈ ∂M , v ∈ TxM ,

where N(x) denotes the outward-facing normal, see Section B.4.1. We finally show that,
as in the unconstrained Euclidean case, upper bounds on the relaxation time can be
obtained for these processes using a space-time Poincaré inequality and the framework
of second-order lifts. In particular, under Assumptions B.1 and B.2, and assuming that
the lower curvature bound ρ is of the same order as the inverse Poincaré constant of µ,
both Riemannian Langevin dynamics and Riemannian randomised Hamiltonian Monte
Carlo with reflection at the boundary and critical choice of γ achieve the lower bound
up to a universal factor, see Corollary B.17.

Contribution of the author. Closely examining the proof of the divergence lemma
in [61], I realised that there were some gaps and that the order of dependence of the
constants on the parameters was not optimal. I had the idea of splitting right-hand
sides into symmetric and antisymmetric functions, while Andreas Eberle had the idea
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of additionally splitting the right-hand side into high and low modes. The role of the
Reilly formula in possibly extending to Riemannian manifolds was pointed out to me
by Andreas Eberle. The technical details, writing and generalisation to the case with
specular reflection at the boundary using the generalised Reilly formula were then carried
out by me with advice from my supervisor Andreas Eberle.

3.3. Outline of project C

This project is joint work with Arnaud Guillin, Leo Hahn, Andreas Eberle and Manon
Michel and included as Chapter C. It is available as the preprint

A. Eberle, A. Guillin, L. Hahn, F. Lörler and M. Michel. Convergence
of non-reversible Markov processes via lifting and flow Poincaré inequality.
Mar. 2025. arXiv: 2503.04238 [math.AP].

This project develops the ideas presented in Chapters A and B into a general frame-
work for quantitative convergence analysis of second-order lifts of reversible diffusions by
providing conditions on the generator of a second-order lift that allow to derive a flow
Poincaré inequality. We present the main result Theorem C.12 in the following.

Assume that for any γ ∈ [0,∞), the transition semigroup (P̂t)t≥0 on L2(µ̂) with
µ̂ = µ⊗ κ is a second-order lift of (Pt)t≥0 with generator

L̂(γ)f = L̂f + γRf for all f ∈ Dom(L̂(γ)) , (3.2)

where L̂ and R are typically interpreted as a transport and refreshment term, respectively.
Let (L,Dom(L)) denote the generator of (Pt)t≥0 in L2(µ), and let Π be given by (1.34).
Such a splitting is natural in many cases, including the second-order lifts of overdamped
Langevin given in Example 2.6. For instance, in the case of Langevin dynamics or
randomised Hamiltonian Monte Carlo, L̂ = L̂ham is the generator of the Hamiltonian
flow and R = −∇∗

v∇v is the generator of an Ornstein-Uhlenbeck process in the velocity
or R = Π− I corresponds to a full velocity refreshment, respectively.

Assumption (A). The operator (L̂,Dom(L̂)) is weakly antisymmetric, i.e.

f ◦ π ∈ Dom(L̂∗) and L̂∗(f ◦ π) = −L̂(f ◦ π)

for all f ∈ Dom(L).

Assumption (B). The operator (L,Dom(L)) has purely discrete spectrum on L2(µ)
and satisfies a Poincaré inequality (1.5) with constant 1

m .

Assumption (C). (i) There exist constants C1, C2 > 0 such that∣∣〈L̂(g ◦ π), L̂(f −Πf)
〉
L2(µ̂)

∣∣ ≤ C1∥Lg∥L2(µ)⟨f,−Rf⟩
1/2
L2(µ̂)

, (3.3)

and ∣∣〈L̂(g ◦ π), Rf〉
L2(µ̂)

∣∣ ≤ C2∥Lg∥L2(µ)⟨f,−Rf⟩
1/2
L2(µ̂)

, (3.4)

for all f ∈ Dom(L̂(γ)) and g ∈ Dom(L).
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(ii) The operator R leaves κ invariant and there exists a constant mv such that
ˆ T

0
∥P̂tf −ΠP̂tf∥2L2(µ̂) dt ≤ 1

mv

ˆ t

0
⟨P̂tf,−RP̂tf⟩L2(µ̂) dt (3.5)

for all f ∈ Dom(L̂).

The main result of this chapter is Theorem C.12 which can be formulated as the
following.

Theorem 3.1. Let Assumptions (A)–(C) be satisfied. Then there exists a universal
constant C > 0 such that, for any T ∈ (0,∞) and γ ∈ (0,∞), the transition semigroup
(P̂t)t≥0 satisfies the flow Poincaré inequality

ˆ T

0
∥P̂tf∥2L2(µ̂) dt ≤ 1

ν

ˆ T

0
Ê(P̂tf) dt for all f ∈ Dom(L̂(γ)) ∩ L2

0(µ̂) ,

where
ν = C

γ

γ2C2
2 + C2

1 + 1
mv

(
1 + 1

mT 2

) .
The exponential decay

∥P̂tf∥L2(µ̂) ≤ e−ν(t−T )∥f∥L2(µ̂) for all f ∈ L2
0(µ̂)

then immediately follows by Theorem C.9.
In applications, (3.4) and (3.5) are often directly satisfied if R is the generator of

a Markov chain and thus bounded. For instance, if R = Π − I corresponding to a
full velocity refreshment, one can choose C2 = 1√

2m
and mv = 1. Furthermore, if

L̂(g ◦π) ∈ Dom(L̂∗) for all g ∈ Dom(L), then condition (3.3) can be verified by checking
that

∥L̂∗L̂(g ◦ π)∥L2(µ̂) ≤ C1m
1/2
v ∥Lg∥L2(µ) ,

as already noted in Section 2.2.3. Note also that (3.5) resembles a flow Poincaré in-
equality, where the left-hand side is only centred in the velocity, and the right-hand side
only uses the Dirichlet form associated to R. Therefore, (3.5) is of course satisfied if R
satisfies a Poincaré inequality, yet the weaker time-integrated version may be of use in
applications where the refreshment term is again degenerate.

The proof of this result is based on the divergence lemma, as for Langevin dynamics
and randomised Hamiltonian Monte Carlo in Chapters A and B. In Lemma C.16, it is
formulated slightly differently than in Theorem B.5, enabling the treatment of processes
with more general boundary behaviour by bounding the Dirichlet form E instead of the
gradient.

Finally, we apply this result to some piecewise-deterministic Markov processes: the
forward event chain process and the zig-zag process, see Example 1.6, that are second-
order lifts of an overdamped Langevin diffusion, and a pair of run-and-tumble particles
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(RTPs) with jamming. The latter is a model for the movement of bacteria such as E. coli
[28, 230] that alternate between straight runs and reorientations (‘tumbles’). Here, in
the two-particle case, it consists of two point particles on the one-dimensional circle
of circumference L with velocities in {−1,+1}. The velocities are independent jump
processes that switch between the states +1 and −1 with rate ω ∈ (0,∞). Between
velocity switches, the particles move with their respective velocity, until they collide,
causing them to jam and stop moving until a velocity flip allows them to separate.
We show that the piecewise-deterministic Markov process corresponding to the distance
between the two particles is a second-order lift of a sticky Brownian motion on [0, L]
with stickiness 1/ω. This observation allows us to deduce exponential convergence to
equilibrium of this process with rate of the order ω

1+(ωL)2
via a flow Poincaré inequality,

see Corollary C.20.

Contribution of the author. We developed the main ideas of the general framework col-
laboratively with my supervisor Andreas Eberle and co-authors Arnaud Guillin, Manon
Michel and Leo Hahn during several research visits in Clermont-Ferrand and Bonn. The
core mathematics and presentation of the results as well as the examples were then writ-
ten by Leo Hahn and myself under the supervision of our advisors Andreas Eberle (FL)
and Arnaud Guillin and Manon Michel (LH).

3.4. Outline of project D

This project is joint work with Giovanni Brigati and Lihan Wang and included as
Chapter D. It has been published as

G. Brigati, F. Lörler and L. Wang. ‘Hypocoercivity meets lifts’. In: Kinet.
Relat. Models 20.0 (2026), pp. 34–55. doi: 10.3934/krm.2025020.

The main goal of this project is to present the approach to hypocoercivity based on
second-order lifts developed in Chapters A to C in the context of kinetic equations and
in a language more akin to that of the approach by Dolbeault, Mouhot and Schmeiser
[86, 87] by focusing on the formulation at the level of the associated Kolmogorov forward
equations. Recall that the approach of [87] is based on an L2-norm that is perturbed
by a cross-term, while the approach using a flow Poincaré inequality and the divergence
lemma is based on time-averages.

A key observation is that the assumptions (H2) and (H3) in [87] are equivalent to the
second-order lift condition and the existence of a spectral gap of the collapse. While this
shows that the two approaches apply to structurally similar models, the new approach
yields sharper convergence rates in many examples. Furthermore, the assumption (H1)
in [87] corresponds to the assumption of a spectral gap for the refreshment term, as
also present in Theorem C.12. Finally, assumption (H4) in [87] concerns the relative
boundedness of some auxiliary operators. It is used to bound error terms that occur
when differentiating the modified L2-norm along solutions. In a similar fashion, bounds
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on the solution to the divergence equation and estimates such as those in Assumption (C)
are used to bound the terms directly arising from the second-order lift structure.

We present a further application of this framework, namely adaptive Langevin dynam-
ics, introduced by [145]. Inspired by the Nosé–Hoover method [210], it views the friction
in classical Langevin dynamics as an additional dynamic variable by incorporating a neg-
ative feedback loop that encourages the norm of the velocity to be close to

√
d, as is the

case in stationarity. Given a potential U ∈ C1(Rd), it is the solution (Xt, Vt, Zt)t≥0 on
Rd × Rd × R to the SDE

dXt = Vt dt ,

dVt =

(
∇U(Xt)−

(
γ +

Zt

ε

)
Vt

)
dt+

√
2γ dBt ,

dZt =
1

ε

(
|Vt|2 − d

)
dt ,

where (Bt)t≥0 is a d-dimensional Brownian motion, γ ∈ (0,∞) is the friction and ε ∈
(0,∞) determines the strength of the feedback loop. The use of adaptive Langevin
dynamics is motivated by situations in which the computation of the gradient ∇U may be
corrupted due to noise or approximation errors, see [172] for more details. The invariant
probability measure of adaptive Langevin dynamics is

µ̂(dx dv dz) = µ(dxdz)κ(dv) ,

where µ(dx dz) ∝ exp(−U(x) − 1
2 |z|

2) and κ = N (0, Id). By observing that adaptive
Langevin dynamics is a second-order lift of an overdamped Langevin diffusion on Rd×R
with invariant probability measure µ, we obtain quantitative rates of convergence to
stationarity using our framework, see Section D.3. These improve upon those of [172]
obtained using the framework of Dolbeauot, Mouhot and Schmeiser by weakening the
assumptions on U and making the dependence on the parameters explicit.

Finally, we consider generalised Langevin dynamics, which, instead of adding noise
in the velocity component as in Langevin dynamics, considers a position, velocity, and
acceleration, and only adds noise in the acceleration. Again given a potential U ∈ C1(Rd),
it is the solution (Xt, Vt, Zt)t≥0 on Rd × Rd × Rd to the SDE

dXt = Vt dt ,

dVt = −∇U(Xt) dt+ λZt dt ,

dZt = −λVt dt− γZt dt+
√
2γ dBt ,

where (Bt)t≥0 is a d-dimensional Brownian motion and λ, γ ∈ (0,∞). It arises as a
Markovian approximation of a more general model for the motion of a particle interacting
with a heat bath at equilibrium originating in molecular dynamics, see [214], and was also
considered independently as a third-order Langevin dynamics in the sampling community
[200], with the hope that the increased smoothness of trajectories yields better control
of discretisation errors. Its invariant probability measure is µ̂ = µ ⊗ κ with µ(dx) ∝
exp(−U(x)) dx and κ = N (0, I2d).
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A key observation is that the generalised Langevin dynamics is still a second-order lift
of an overdamped Langevin diffusion on Rd with invariant probability measure µ, just
as the usual Langevin dynamics is. In particular, if µ satisfies a Poincaré inequality with
constant 1

m , the lower bound from Theorem 2.7 applies, and the relaxation time can-
not improve beyond the order m−1/2. Since this order is already obtained by Langevin
dynamics for a large class of potentials, as discussed in Example 2.18, no substantial
further acceleration is possible by passing to the generalised counterpart. Of course,
from a numerical viewpoint, the increased smoothness of trajectories is desirable and
may still lead to discretisation benefits, see [200]. We demonstrate the observation of
the lower bound through an explicit computation in the Gaussian case by showing that
generalised Langevin dynamics with critical choices of the parameters λ and γ achieves
the relaxation time trel ≈ 0.964m−1/2, where m is the smallest eigenvalue of the inverse
covariance matrix. In comparison, the critically damped Langevin dynamics achieves the
relaxation time 2.73m−1/2, see Example 1.5, reflecting an improvement in the polynomial
prefactor in front of the exponential term in the operator norms of the respective trans-
ition semigroups. Let us finally note that general upper bounds on the relaxation time
of generalised Langevin dynamics can currently not be obtained using this framework,
due to the additional level of degeneracy in the noise compared to the usual Langevin
dynamics.

Contribution of the author. The similarities between the definition of second-order lifts
and the assumptions in the approach of Dolbeault, Mouhot and Schmeiser were originally
pointed out by Lihan Wang. A precise comparison was then carried out collaboratively
during a research visit of Giovanni Brigati and Lihan Wang to Bonn. The proof of
hypocoercivity for adaptive Langevin dynamics was mainly done and written down by
Giovanni Brigati and Lihan Wang, with assistance from myself. We observed together
that generalised Langevin dynamics is a second-order lift of overdamped Langevin, while
the explicit computations of the relaxation time in a Gaussian potential were done by
me.

3.5. Outline of project E

This project is joint work with Andreas Eberle and included as Chapter E. It is available
as the preprint

A. Eberle and F. Lörler. Convergence rates of self-repellent random walks,
their local time and Event Chain Monte Carlo. Nov. 2025. arXiv: 2511.23453
[math.PR].

The continuous-time self-repellent random walk is a continuous-time stochastic pro-
cess (X(t))t≥0 on the discrete circle Zn = Z/nZ. Its jump rates are determined by its
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projected local time process L(t) = (Li(t))i∈Zn , where

Li(t) =

ˆ t

0
1{i}(X(s)) ds− t

n
, t ∈ [0,∞) ,

and are given as the nearest-neighbour jumps

i→ i+ 1 with rate q+(ℓ, i) = (ℓi+1 − ℓi)− , and
i→ i− 1 with rate q−(ℓ, i) = (ℓi−1 − ℓi)− ,

where ℓ is the current value of L(t). The jump rates are chosen such that the process
prefers to jump towards neighbouring states at which it has spent less time. The sub-
traction of t

n from the local time process corresponds to a projection onto the subspace
S = {ℓ ∈ Rn :

∑n
i=1 ℓi = 0} of mean-zero vectors and allows to identify a process

that converges to stationarity. Indeed, while (X(t))t≥0 is clearly non-Markovian, the
joint process (L(t), X(t))t≥0 is a piecewise-deterministic Markov process on S ×Zn that
admits

µ̂ = µ⊗ κ with µ = N (0,−∆−1
n ) and κ = Unif(Zn)

as an invariant probability measure, where ∆n is the periodic discrete Laplacian on
Zn, and the inverse is well-defined on the subspace of mean-zero vectors S on which
µ is supported. In particular, µ has a density proportional to exp(−U) with U(ℓ) =
1
2

∑
i∈Zn

(ℓi+1 − ℓi)
2 with respect to the (n − 1)-dimensional Haar measure on S. Such

self-repellent random walks were first introduced as a model for polymer growth by Amit,
Parisi and Peliti [9] in discrete time. The continuous-time dynamics was introduced by
Tóth and Vető in [242, Section 1.2] on Z and termed the continuous-time ‘true’ self-
avoiding random walk. In continuous space and time, the true self-repellent motion was
constructed by Tóth and Werner [243] as a continuous space counterpart arising as a
scaling limit of such self-repellent random walks.

In this project, we study quantitative convergence to equilibrium of (L(t), X(t))t≥0,
i.e. the self-repellent random walk jointly with its local time process. The key insight is
the identification of this joint process as a second-order lift of a discrete stochastic heat
equation

dZ(t) =
1

2n
∆nZ(t) dt +

1√
n
dW (t) ,

where W is a Brownian motion on S. The reversible diffusion (Z(t))t≥0 has µ as invariant
probability measure, and the spectral gap of the associated generator in L2(µ) is of the
order Θ(n−3). As a direct consequence of the lower bound on the L2-relaxation time of
second-order lifts, see Theorem 2.7, we obtain a lower bound of order Ω(n−3/2) for the
relaxation time of (L(t), X(t))t≥0, see Theorem E.4.

In order to obtain upper bounds on the relaxation time using the framework of second-
order lifts, we consider a modified dynamics that includes additional particle moves
occurring with exponential rate γ ∈ (0,∞). If these additional moves correspond to a
full resampling of the position of X(t) from the uniform distribution on Zn, we obtain
an upper bound of order O(γn3 + γ−1n) for the modified dynamics. Choosing γ ∝ n−1
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then yields a relaxation time of the order O(n2). Based on numerical and heuristic
evidence [106, 158, 192] and a Bethe ansatz calculation [105] for related models, it has
been conjectured in the physics literature that the relaxation time is of order O(n2) even
for γ = 0. Our bound unfortunately degenerates in the limit γ → 0, yet provides one
of the first mathematically rigorous results on convergence rates of self-repellent random
walks.

Beyond self-repellent random walks, our analysis has implications for non-reversible
Markov chain Monte Carlo methods, which have become popular due to their accelerated
convergence behaviour. As has recently been observed, the self-repellent random walk
and its local time process coincide with a specific non-reversible MCMC method, an Event
chain Monte Carlo (ECMC) algorithm applied to a harmonic chain, where n particles on
a ring interact harmonically with their two neighbours. In this context, the local time
process corresponds to the particle configuration, and the position of the self-repellent
random walk corresponds to the index of an ‘active’ particle. The characteristic property
of ECMC methods, namely that only one coordinate or particle changes its position at
a time, is reflected by the configuration or local time only increasing in the coordinate
corresponding to the active particle.

The derived relaxation time bounds allow to compare the computational complexity
of ECMC and more standard MCMC methods such as randomised Hamiltonian Monte
Carlo on this toy model. While randomised Hamiltonian Monte Carlo is an optimal lift in
the sense that it achieves the lower bound on the relaxation time for second-order lifts, see
Section 2.2.3, practical implementations require discretisations of the Hamiltonian flow,
leading to a computational complexity of the order Ω(n9/4) for this model. The ECMC
algorithm with refresh rate γ ∝ n−1, on the contrary, has computational complexity of
order Θ(1) per time unit, and thus yields an overall computational complexity of order
O(n2). Our results thus rigorously demonstrate a computational advantage of an Event
chain Monte Carlo algorithm over randomised Hamiltonian Monte Carlo in this setting.
Similar gains have been observed empirically for chains of oscillators with Lennard-Jones
interactions [170] and hard sphere models [169], so that this behaviour is conjectured to
hold more generally [158].

Contribution of the author. The idea of studying rates of convergence for an Event
chain Monte Carlo algorithm for the harmonic chain was conceived by Andreas Eberle
and myself after attending a talk of Werner Krauth as the Isaac Newton Institute in
Cambridge. The precise connection to self-repelling random walks, the details of the
proofs and the writing were then carried out collaboratively by Andreas Eberle and
myself.

3.6. Outline of project F

This project is included as Chapter F and is available as the preprint

F. Lörler. Convergence rates of self-repelling diffusions on Riemannian
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manifolds. Nov. 2025. arXiv: 2511.23333 [math.PR].

We study a class of self-interacting diffusions (Xt)t≥0 on compact, connected and
oriented smooth Riemannian manifoldsM . They solve the stochastic differential equation

dXt = −∇MVt(Xt) dt + σ ◦ dBt , (3.6)

where σ ≥ 0 is the diffusivity, V : M ×M → R is a smooth and symmetric interaction
potential, (Bt)t≥0 is a Brownian motion on M and ∇M denotes the Riemannian gradient
on M . The drift is the negative gradient of the interaction potential accumulated along
the trajectory up to time t, i.e.

Vt(x) =

ˆ t

0
V (Xs, x) ds =

ˆ
M
V (y, x)µt(dy) , where µt =

ˆ t

0
δXs ds .

We assume that V takes the form

V (x, y) =
n∑

k=1

akek(x)ek(y) , (3.7)

where e1, . . . , en is a system of eigenfunctions of the Laplace-Beltrami operator ∆M that is
orthonormal with respect to the Riemannian volume measure ν, and a1, . . . , an ∈ [0,∞).
This assumption ensures that V is a positive semi-definite kernel, so that (Xt)t≥0 is
self-repelling.

Such self-repelling processes were originally introduced as models for polymer growth,
notably by Norris, Rogers and Williams [208, 209], where the asymptotic growth of the
polymer is of particular interest. In case M = Rd, the asymptotic behaviour in the form
of strong laws of large numbers has been studied in the works [72, 93, 201]. In case that
M is compact, as considered here, one expects the law of Xt to converge to an invariant
probability measure. Indeed, under a variety of different assumptions, such a convergence
has been shown using the normalised occupation time measure 1

tµt in place of µt in the
series of works [25, 26, 27], and with the non-normalised occupation time measure in [23,
24].

In the special case that M = Td is the d-dimensional torus, if µt has a density Lt with
respect to the Lebesgue measure and V (x, y) =W (x−y) for some W : Td → R, the SDE
(3.6) simplifies to

dXt = −∇(W ∗ Lt)(Xt) + σ dBt ,

a diffusion with drift given by the mollified negative gradient of its own local time density.
In this case, it resembles a continuous counterpart to the self-repellent random walk
introduced in Chapter E, suggesting a similar analysis, which motivated the approach
taken in this project.

The decomposition (3.7) of V into finitely many modes allows to reduce the self-
repelling diffusion (Xt)t≥0 and its so-called environment process (∇MVt)t≥0 to a finite-
dimensional process (Ut, Xt)t≥0 on Rd ×M satisfying a stochastic differential equation
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in Rd ×M , as originally observed by Benaïm and Gauthier [24]. It admits an invariant
probability measure µ̂ = µ ⊗ κ with a Gaussian measure µ on Rn whose covariance
is determined by V and the uniform distribution κ on M . Even though the invariant
probability measure admits such a simple and explicit expression, obtaining rates of
convergence of the process to stationarity is challenging, due to the high degeneracy of
(Ut, Xt)t≥0, where the noise only acts directly on the M -valued component Xt.

We show that (Ut, Xt)t≥0 is a second-order lift of an Ornstein-Uhlenbeck process with
invariant measure µ, corresponding to that of the environment process, which is to be
seen as the analogue to the discrete stochastic heat equation considered in Chapter E.
Using the framework of second-order lifts, we obtain an immediate lower bound on the
L2-relaxation time by Theorem 2.7, see Theorem F.6. Similarly, upper bounds on the
relaxation time are then developed using the framework of Chapter C, see Theorem F.7.
While hypocoercivity of such self-repelling diffusions was already proved in [24] using the
approach [87] of Dolbeault, Mouhot and Schmeiser, our approach is simpler and provides
sharper convergence rates. Indeed, we demonstrate in the periodic case M = TL =
R/(2πLZ), that our upper bounds improve on those of [24], and even match the order of
the lower bound in some cases.

3.7. Outlook and open questions

Let us conclude by mentioning some natural questions motivated by the work presented
in this thesis that may lead to interesting directions for further research.

First-order lifts. While the theory of first-order lifts significantly predates that of second-
order lifts, there is currently no general framework comparable to that presented here
that allows to prove quantitative rates of convergence for first-order lifts. Existing res-
ults on such convergence rates typically rely on explicit spectral calculations that are
only possible in simple models. A development of such a framework would be significant,
since discretisations of second-order lifts employed in algorithms typically lead to Markov
chains that can be seen as either first-order lifts or mixed first- and second-order lifts.

Acceleration of discretised schemes. We have shown in Section 2.2.3 that for strongly
convex potentials U with ∇2U(x) ≥ m > 0 for all x ∈ Rd, Langevin dynamics and
randomised HMC are optimal lifts in the sense that they achieve a relaxation time of
the order m−1/2. Discretisations typically necessitate a step size to be chosen depending
on an upper bound L on the Hessian of the potential, i.e. ∇2U(x) ≤ L for all x ∈ Rd.
For instance, an explicit Euler discretisation of the overdamped Langevin dynamics,
leading to the unadjusted Langevin algorithm, requires the step size to be chosen of
order 1/L, leading to an overall L2-relaxation time of order L/m. This ratio is known
as the generalised condition number and is typically very large in applications, as the
eigenvalues of ∇2U can lie over different orders of magnitude. A natural question is
hence whether discretisations of second-order lifts such as randomised HMC or Langevin
dynamics can achieve a reduction of the relaxation time to order (L/m)1/2, which would
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present a significant speed-up compared to the reversible case. This question has not yet
been answered, with the first sublinear dependence of order (L/m)5/6 on the generalised
condition number for a discretisation of Langevin dynamics proved only recently [8].

Weak confinement. The work [56] shows how to prove convergence to stationarity
for Langevin dynamics in the case of so-called weak confinement, where the invariant
probability measure does not satisfy a Poincaré inequality. The approach is similar to
the one presented here and applies when the position component of the invariant measure
satisfies a weak Poincaré inequality, in which case algebraic convergence to equilibrium
for bounded observables can be established. Under the same condition, the overdamped
Langevin diffusion relaxes bounded observables to equilibrium algebraically. A natural
question is hence if there is a bound on the optimal algebraic convergence achievable by
any second-order lift, in analogy to Theorem 2.7.

Infinite-dimensional settings. The framework developed in this thesis has currently
been applied to finite-dimensional Markov processes. An important future development
will be the extension to infinite-dimensional models, for instance governed by stochastic
partial differential equations, where aspects such as singularity and renormalisation may
play an important role. An alternative direct approach based on works such as [115] to
Brownian polymers akin to Chapter F without assuming a finite spectral decomposition
of the interaction kernel could provide a first step in this direction.

Upper bounds for generalised Langevin dynamics. As noted in Chapter D, the frame-
work developed in this thesis cannot currently be applied to obtain upper bounds on the
relaxation time of generalised Langevin dynamics, due to the additional level of degener-
acy in the noise. However, in Assumption (C) (ii), the Poincaré inequality in the velocity
variables is not assumed to hold pointwise in time but only in average over a time interval.
This resembles a flow Poincaré inequality in the velocity variable, where the Dirichlet
form appearing on the right-hand side however only corresponds to the generator of the
refreshment term and not the full semigroup, and the left-hand side is only centred in the
velocity variable. Since the noise in the velocity in the generalised Langevin dynamics
is itself an integrated Ornstein-Uhlenbeck process, it is plausible that an inequality such
as (3.5) should hold, yet it is currently unclear how to prove it and if such an argument
can potentially be iterated.

Hypocoercivity in relative entropy. The results of this thesis concern the L2-relaxation
time. An important but challenging step would be the development of analogous bounds
for the relative entropy relaxation time, in analogy to moving from the Poincaré inequality
to the logarithmic Sobolev inequality for reversible diffusions. While hypocoercivity in
relative entropy has been proved by Villani [248], the developed bounds are not sharp. A
natural question is thus whether the idea of time-averaging employed in the L2-case can
be of use for the relative entropy, and whether a space-time or flow logarithmic Sobolev
inequality can be obtained.
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Appendix A.

Non-reversible lifts of reversible diffusion
processes and relaxation times

A. Eberle and F. Lörler. ‘Non-reversible lifts of reversible diffusion processes and relax-
ation times’. In: Probab. Theory Relat. Fields 194 (Aug. 2024). doi: 10.1007/s00440-
024-01308-x.

Abstract: We propose a new concept of lifts of reversible diffusion processes and
show that various well-known non-reversible Markov processes arising in applications are
lifts in this sense of simple reversible diffusions. Furthermore, we introduce a concept
of non-asymptotic relaxation times and show that these can at most be reduced by a
square root through lifting, generalising a related result in discrete time. Finally, we
demonstrate how the recently developed approach to quantitative hypocoercivity based
on space-time Poincaré inequalities can be rephrased and simplified in the language of
lifts and how it can be applied to find optimal lifts.

Keywords: Lift; non-reversible Markov process; diffusion process; relaxation time; hy-
pocoercivity; Langevin dynamics; Hamiltonian Monte Carlo.
MSC Subject Classification: 60J25, 60J60, 60J35, 60H10, 65C40.

A.1. Introduction

Recently, there has been growing interest in accelerated convergence to stationarity of
Markov processes due to non-reversibility [66, 67, 79, 98, 122, 142, 143, 175, 203]. In
parallel, Markov chain Monte Carlo methods based on non-reversible Markov processes
have become popular in applications [34, 35, 48, 74, 157, 169, 199, 204]. Despite various
important results on convergence of non-reversible Markov processes and diffusive-to-
ballistic speed-ups in specific models [46, 61, 98, 122, 175, 186], a systematic understand-
ing of these phenomena is still missing. Indeed, it is not even clear how crucial concepts
such as lifts and relaxation times should be adequately defined for general Markov pro-
cesses in continuous time. The goal of this paper is to propose a concept of non-reversible
lifts for reversible diffusion processes and to show that many non-reversible processes con-
sidered recently in applications are actually lifts in this sense of very simple reversible
diffusions. Moreover, we will introduce a concept of non-asymptotic relaxation times and
show how lower and upper bounds on relaxation times of lifts can be derived.
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Let us first recall facts from the discrete time case. Here a concept of lifts of Markov
chains has been developed by [79] and [66], and a definition of asymptotic relaxation
times of non-reversible Markov chains has very recently been given by [65]. Suppose that
S and V are measurable state spaces (usually interpreted as position and velocity), µ
is a probability measure on S and µ̂(dx dv) = µ(dx)κ(x,dv) for some Markov kernel κ
from S to V. In [66], a Markov chain on S × V with transition kernel p̂ is called a lift of
a Markov chain on S with transition kernel p and invariant measure µ if for any x ∈ S
and any measurable subset A ⊆ Sˆ

V
p̂((x, v), A× V)κ(x, dv) = p(x,A) .

Equivalently, if π : S ×V, (x, v) 7→ x denotes the projection on the first coordinate, then
for any bounded measurable function f : S → R and x ∈ Sˆ

V
p̂(f ◦ π)(x, v)κ(x,dv) = (pf)(x) .

Conversely, associating a reduced Markov kernel p to a Markov kernel p̂ in this way is
a special case of a procedure known as lumping [58, 147]. Note that the definition of a
lift depends only on the one-step transition kernel, i.e. on the instantaneous change, and
that corresponding identities do not hold for the n-step transition kernels. Similarly, in
the continuous time case introduced below, corresponding identities will only hold in the
infinitesimal limit.

For example, a lift of the symmetric random walk on the discrete circle S = Z/(nZ) is
given by a Markov chain on the product space S×{+1,−1} that moves deterministically
in the x-coordinate with velocity v = +1 or v = −1, respectively, and at each step flips
its velocity with a given probability ε ∈ [0, 1]. For ε of order Θ( 1n), the mixing time of
the lifted process is of order Θ(n) whereas the mixing time of the random walk is of order
Θ(n2) if n is odd and infinite if n is even [79]. This corresponds to a diffusive to ballistic
speed-up of convergence to equilibrium. In general, based on a conductance argument,
[66] have shown a lower bound on mixing times of lifted Markov chains, and for reversible
Markov chains on finite graphs, they have shown the existence of “optimal” lifts with a
mixing time that is at most a constant factor away from the lower bound. However, this
construction relies on adding many edges corresponding to non-local interactions to the
underlying graph. Such a construction is not very natural and it is not clear how this
approach can be extended to the continuous time setting.

As a motivating example for the continuous time case, let us consider Brownian motion
on a circle Ta = R/(aZ) with circumference a > 0. This is a reversible diffusion process,
and natural candidates for lifts are piecewise deterministic Markov processes (Xt, Vt)
with state space Ta × R = {(x, v) : x ∈ Ta, v ∈ R} that move deterministically with
velocity v in the first coordinate and possibly update the velocity in the second coordinate
after independent exponentially distributed waiting times to new values drawn from
κ = N (0, 1). These processes have invariant measure µ̂ = µ⊗ κ where µ = Unif(Ta).

Let (Pt)t≥0 and (P̂t)t≥0 denote the transition semigroups of Brownian motion and the
lifted Markov process on L2(Ta, µ) and L2(Ta×R, µ⊗κ), respectively, and suppose that
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(L,Dom(L)) and (L̂,Dom(L̂)) are the corresponding generators. Explicitly, Lf(x) =
1
2f

′′(x) and L̂f(x, v) = v∂xf(x, v) + λ(
´
R f(x,w)κ(dw) − f(x, v)). It can be shown in

various ways that for any function f ∈ Dom(L) and x ∈ Ta, in the limit t→ 0,
ˆ
R
P̂t(f ◦ π)(x, v)κ(dv) = (Pt2f)(x) + o(t2) , (A.1)

or equivalently

lim
t→0

1

t2

ˆ
R
(P̂t(f ◦ π)− f ◦ π)(·, v)κ(dv) = lim

t→0

1

t2
(Pt2f − f) = Lf . (A.2)

The quadratic and linear scalings in (A.1) are characteristic of diffusive and ballistic
motion and play a central role for the second order lifts we consider. To verify (A.1) and
(A.2), note that if the jump intensity λ is zero, then Xt = x + vt mod a, where x and
v are the initial position and velocity. If v is drawn from κ, then Xt has law N (x, t2)
and (A.1) holds without the o(t2) error term. For λ > 0, (A.1) can also be verified by
an explicit computation of P̂t by conditioning on the jump times. Alternatively, (A.1)
follows by verifying that the time derivatives up to order two at t = 0 agree on both
sides. Indeed, f ∈ Dom(L) implies f ◦ π ∈ Dom(L̂),

ˆ
R
L̂(f ◦ π)(x, v)κ(dv) =

ˆ
R
vf ′(x)κ(dv) = 0 , and

ˆ
R
L̂2(f ◦ π)(x, v)κ(dv) =

ˆ
R
(v2f ′′(x)− λvf ′(x))κ(dv) = f ′′(x) = 2Lf(x) .

For the applications we are interested in, it will be useful to rephrase (A.1) and (A.2) in
terms of the infinitesimal generators. To this end, we observe that for f ∈ L2(S, µ),

ˆ
Ta×R

(P̂t(f ◦ π))2 dµ̂ =

ˆ
Ta×R

(f ◦ π)2 dµ̂+ o(t2) . (A.3)

Indeed, this follows from a computation of the first two derivatives, noting that the noise
acts only on the velocity and the generator of the deterministic part of the motion is
antisymmetric. Therefore, (A.2) implies that for any f ∈ Dom(L) and g ∈ L2(S, µ),

ˆ
Ta×R

L̂(f ◦ π)(g ◦ π) dµ̂ = lim
t→0

1

t

ˆ
Ta×R

(P̂t(f ◦ π)− f ◦ π)(g ◦ π) dµ̂ = 0 , (A.4)

andˆ
Ta×R

L̂(f ◦ π)2 dµ̂ = lim
t→0

1

t2

ˆ
Ta×R

(P̂t(f ◦ π)− f ◦ π)2 dµ̂

= lim
t→0

2

t2

ˆ
Ta×R

(f ◦ π)(f ◦ π − P̂t(f ◦ π)) dµ̂ = −2

ˆ
Ta

fLf dµ .

(A.5)

53



Appendix A. Non-reversible lifts of reversible diffusion processes and relaxation times

The identities (A.4) and (A.5) motivate the general definition of second-order lifts in
Definition A.1 below.

In the following section we will give a formal definition of a second-order lift of a
reversible diffusion process. We will then consider examples and show in particular that
various well-known non-reversible Markov processes are second-order lifts of overdamped
Langevin dynamics. In Section A.3 we introduce a concept of non-asymptotic relaxation
times for non-reversible Markov processes in continuous time, and we show that relaxation
times in this sense are lower bounded by the inverse of the singular value gap of the
generator. Our concept turns out to be related but not identical to the definition of
relaxation times for ergodic averages of discrete Markov chains given by Chatterjee in
a preprint that appeared during the preparation of this paper [65]. In Section A.4 we
show that relaxation times of second-order lifts in our sense are always lower bounded
by the square root of the relaxation times of the underlying reversible diffusion process.
This generalises a related result in [66] to the continuous time case. Similarly to the
discrete time case, we introduce a concept of optimal lifts which achieve the lower bound
on the relaxation time up to a constant factor, and we show that in the Gaussian case,
both critical Langevin dynamics and critical randomised Hamiltonian Monte Carlo are
optimal lifts in this sense. Finally, we show in Section A.5 that the recently developed
approach to quantitative hypocoercivity based on space-time Poincaré inequalities [6,
61, 186] can be rephrased and simplified in the language of lifts and be applied to find
optimal lifts in more general scenarios.

A.2. Lifts of reversible diffusions

In the following, we consider a reversible diffusion process with state space S and a
time-homogenous Markov process with state space Ŝ = S × V and invariant probability
measures µ(dx) and µ̂(dx dv) = µ(dx)κ(x, dv), respectively. We frequently think of
the components of the latter as a position and a velocity or momentum variable. The
associated Markov semigroups acting on L2(µ) and L2(µ̂) are (Pt)t≥0 and (P̂t)t≥0, and
their infinitesimal generators are denoted by (L,Dom(L)) and (L̂,Dom(L̂)), respectively.
While the underlying diffusion is assumed to be reversible, the second process will not be
reversible in general, as an improvement in convergence rate is usually achieved through
non-reversibility. The Dirichlet form associated to (L,Dom(L)) is the extension of

E(f, g) = −
ˆ
S
fLg dµ.

to a closed symmetric bilinear form with domain Dom(E) given by the closure of Dom(L)
with respect to the norm ∥f∥L2(µ) + E(f, f)1/2.

Motivated by the introductory example, we define second-order lifts of reversible dif-
fusions in the following way.
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Definition A.1 (Second-order lift).

(i) The semigroup (P̂t)t≥0 is a second-order lift of (Pt)t≥0 if

Dom(L) ⊆ {f ∈ L2(µ) : f ◦ π ∈ Dom(L̂)} (A.6)

and for all f, g ∈ Dom(L) we have
ˆ
Ŝ
L̂(f ◦ π)(g ◦ π) dµ̂ = 0 (A.7)

and
1

2

ˆ
Ŝ
L̂(f ◦ π)L̂(g ◦ π) dµ̂ = E(f, g) . (A.8)

(ii) The semigroup (P̂t)t≥0 is a strong second-order lift of (Pt)t≥0 if

Dom(E) = {f ∈ L2(µ) : f ◦ π ∈ Dom(L̂)} (A.9)

and (A.7) and (A.8) are satisfied for all f, g ∈ Dom(E).

We also say that (L̂,Dom(L̂)) is a (strong) second-order lift of (L,Dom(L)). Since we
only consider second-order lifts, we may also simply refer to second-order lifts as lifts. In
Theorem A.11 below, we will give a lower bound on the relaxation time that holds for
arbitrary second-order lifts.

Remark A.2. (i) In general, a non-reversible Markov process can be a lift in the
sense of Definition A.1 (i) of several reversible diffusion processes (for example with
different boundary behaviours). On the other hand, if (P̂t)t≥0 is a strong lift of
(Pt)t≥0, then the Dirichlet form (E ,Dom(E)) and, correspondingly, the semigroup
(Pt)t≥0 are uniquely determined by (P̂t)t≥0 through the conditions (A.8) and (A.9).
In this case, the semigroup (Pt)t≥0 is called the collapse of (P̂t)t≥0.

(ii) In Definition A.1, it is sufficient to verify conditions (A.7) and (A.8) for functions
f and g from a core of the generator (L,Dom(L)) or from a core of the associated
Dirichlet form. Similarly, it is sufficient to check thatˆ

V
L̂(f ◦ π)(x, v)κ(x, dv) = 0

and
1

2

ˆ
Ŝ

(
L̂(f ◦ π)

)2
dµ̂ = E(f, f)

by restricting to the diagonal.

(iii) In direct generalisation of the notion of lifts in discrete time, the semigroup (P̂t)t≥0

may be called a first-order lift of (Pt)t≥0 if the associated generators satisfy the
conditions Dom(L) ◦ π ⊆ Dom(L̂) and

ˆ
Ŝ
(f ◦ π)L̂(g ◦ π) dµ̂ =

ˆ
S
fLg dµ (A.10)

55



Appendix A. Non-reversible lifts of reversible diffusion processes and relaxation times

for all f, g ∈ Dom(L). This is for instance the case if the underlying discrete-time
Markov chain corresponding to a pure Markov jump process is a lift in the sense of
[66] of another.

(iv) In practice, it is often convenient to split the generator L̂ into a part that acts
only on the velocity variable and a part that acts on both variables, usually the
deterministic term in the generator. If the part acting only on the velocity leaves
µ̂ invariant, it is sufficient to check the conditions of Definition A.1 for the latter
part of the generator, since L̂ is only applied to functions of the position variable
in Definition A.1.

(v) Assume that the lift (P̂t)t≥0 of (Pt)t≥0 satisfies

∥P̂t(f ◦ π)∥2L2(µ̂) = ∥f ◦ π∥2L2(µ̂) + o(t2) (A.11)

as t→ 0 and
(P̂t(f ◦ π), g ◦ π)L2(µ̂) = (f ◦ π, P̂t(g ◦ π))L2(µ̂) (A.12)

for all f, g ∈ Dom(L). The first condition (A.11) is true if L̂ is antisymmetric and,
more generally, if the symmetric part acts only on the velocity, as can be verified by
computing the first two time derivatives. The second condition (A.12) is true under
a generalised detailed balance condition, i.e. that there is a measurable involution
Θ: Ŝ → Ŝ leaving µ̂ invariant such that π ◦Θ = π and

ˆ
Ŝ
(f ◦Θ)L̂(g ◦Θ)dµ̂ =

ˆ
Ŝ
L̂fg dµ̂

for all f, g ∈ Dom(L̂). Typically Θ(x, v) = (x,−v) is the velocity flip, in which case
the associated process with initial distribution µ̂ is invariant under time reversal up
to a flip of the velocity [96]. Then

lim
t→0

1

t2
(
f, g − Pt2g)L2(µ) = E(f, g) = 1

2

(
L̂(f ◦ π), L̂(g ◦ π)

)
L2(µ̂)

= lim
t→0

1

2t2
(
P̂t(f ◦ π)− f ◦ π, P̂t(g ◦ π)− g ◦ π

)
L2(µ̂)

= lim
t→0

1

t2
(
f ◦ π, g ◦ π − P̂t(g ◦ π)

)
L2(µ̂)

.

In particular,

lim
t→0

1

t2
(
f, Pt2g)L2(µ) = lim

t→0

1

t2
(
f ◦ π, P̂t(g ◦ π)

)
L2(µ̂)

(A.13)

for all f, g ∈ Dom(L). Hence under the above assumptions (A.11) and (A.12),
ˆ
V
P̂t(g ◦ π)(x, v)κ(x,dv) = (Pt2g)(x) + o(t2) in L2(µ) as t→ 0 ,
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is equivalent to the lift conditions (A.7) and (A.8). If (P̂t)t≥0 and (Pt)t≥0 are
the transition semigroups of stationary Markov processes (X̂t, V̂t)t≥0 and (Xt)t≥0,
respectively, then, in view of (A.13), this is also equivalent to

E[f(X̂0)g(X̂t)] = E[f(X0)g(Xt2)] + o(t2)

for all f, g ∈ Dom(L) as t→ 0.

Example A.3 (Lifts of overdamped Langevin diffusions). Our main running example
is provided by lifts of overdamped Langevin diffusions. Given a potential U ∈ C1(Rd)
such that U(x) → ∞ as |x| → ∞ and

´
exp(−U(x)) dx <∞, the overdamped Langevin

diffusion is the process with state space S = Rd given by the SDE

dZt = −1

2
∇U(Zt) dt+ dBt ,

where (Bt)t≥0 is a d-dimensional standard Brownian motion. One can show that a unique
non-explosive strong solution exists for any initial distribution, its invariant measure is
the Boltzmann-Gibbs measure

µ(dx) ∝ exp(−U(x)) dx ,

and the generator on L2(µ) is given by

Lg = −1

2
∇U · ∇g + 1

2
∆g = −1

2
∇∗∇g

for all g ∈ C∞
0 (Rd), which is a core of the generator [234, 236, 251]. Here ∇∗ denotes

the adjoint of ∇ in L2(µ). The following Markov processes are all lifts of overdamped
Langevin diffusions:

(i) Deterministic Hamiltonian dynamics associated to the Hamiltonian H(x, v) =
U(x) + 1

2 |v|
2 is the Markov process (X,V ) with state space Ŝ = Rd × Rd given

by the ordinary differential equation

dXt = Vt dt ,

dVt = −∇U(Xt) dt ,

together with an initial distribution for (X0, V0). As Hamiltonian dynamics pre-
serves both the volume on Ŝ and the total energy H(x, v), the process is non-
explosive and the probability measure

µ̂(dx dv) = µ(dx)κ(x,dv) ∝ exp(−H(x, v)) dx dv with κ = N (0, Id)

is invariant. The generator on L2(µ̂) is

L̂f(x, v) = v · ∇xf(x, v)−∇U(x) · ∇vf(x, v)
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with domain Dom(L̂) ⊇ {f ∈ H1,2
loc (R

d × Rd) ∩ L2(µ̂) : L̂f ∈ L2(µ̂)}. Clearly we
have C∞

0 (Rd) ◦ π ⊆ Dom(L̂) and for f ∈ C∞
0 (Rd),

ˆ
Rd

L̂(f ◦ π) dκ =

ˆ
Rd

v · ∇f κ(dv) = 0

as well as

1

2

ˆ
R2d

(L̂(f ◦ π))2 dµ̂ =
1

2

ˆ
R2d

(v · ∇f)2 dµ̂ =
1

2

ˆ
Rd

∇f⊤
ˆ
Rd

vv⊤κ(dv)∇f dµ

=
1

2

ˆ
Rd

∇f · ∇f dµ =
1

2

ˆ
Rd

f∇∗∇f dµ = −
ˆ
Rd

fLf dµ .

Hence Hamiltonian dynamics is a second-order lift of the overdamped Langevin
diffusion.

(ii) Langevin dynamics is the diffusion process (X,V ) solving the SDE

dXt = Vt dt ,

dVt = −∇U(Xt) dt− γVt dt+
√
2γ dBt ,

where (Bt)t≥0 is a d-dimensional Brownian motion and the friction parameter γ
is a non-negative constant, see e.g. [215]. Its invariant measure is µ̂ = µ ⊗ κ. Its
generator is given by L̂(γ) = L̂+ γLOU where LOU = −v · ∇v +∆v is the generator
of an Ornstein-Uhlenbeck process in the velocity variable which again leaves µ̂
invariant. Since LOU(f ◦ π) = 0 for all f ∈ Dom(L), Langevin dynamics is a lift of
the overdamped Langevin diffusion for any choice of the friction parameter γ ≥ 0.

(iii) Randomised Hamiltonian Monte Carlo (RHMC) runs the Hamiltonian dynamics
for an exponentially distributed time T ∼ Exp(γ) and then performs a complete
velocity refreshment according to κ = N (0, Id), see [47]. It leaves invariant the
probability measure µ̂ = µ⊗κ, and its generator on L2(µ̂) is given by L̂(γ) = L̂+R
where R = γ(Πv − I) with refresh rate γ ≥ 0 and

(Πvf)(x, v) =

ˆ
Rd

f(x,w)κ(dw) .

The associated equation ∂tf =
(
L̂(γ)

)∗
f , where the adjoint is with respect to µ̂,

modelling the motion of a particle influenced by an external potential U and by
random collisions with other particles with Gaussian velocities [198], is also known
as the linear Boltzmann equation in statistical physics, see e.g. [128, 132]. Clearly
R leaves µ̂ invariant. Again we see that R(f ◦ π) = 0 for all f ∈ Dom(L), so that
RHMC is a lift of the overdamped Langevin diffusion for any refresh rate γ ≥ 0.

(iv) The Bouncy Particle Sampler (BPS), see e.g. [48], runs in a straight line until its
velocity is reflected at a level set of the potential U . To ensure ergodicity, one adds
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velocity refreshments according to κ = N (0, Id) with rate γ as for RHMC. Under
additional assumptions, see [92], C∞

0 (Rd ×Rd) is a core for the resulting generator

L̂(γ)f = v · ∇xf + (v · ∇U(x))+(B − I)f + γ(Πv − I)f .

Here Bf(x, v) = f(x, v − 2n(x)n(x)⊤v) where n(x) = ∇U(x)
|∇U(x)| if ∇U(x) ̸= 0 and

n(x) = 0 otherwise. The probability measure µ̂ = µ⊗κ is invariant for this process.
Since L̂(γ)(f ◦ π) = v · (∇f) ◦ π, one again immediately sees that the BPS is a lift
of the overdamped Langevin diffusion.

Similarly, other piecewise deterministic Markov processes introduced recently in the
MCMC literature are also lifts of an overdamped Langevin diffusion, for example Event
Chain Monte Carlo [30, 157, 197] and the Zig-zag process [34, 35, 186].

Example A.4 (Lifts of overdamped Riemannian Langevin diffusions). We equip Rd with
a Riemannian metric g : Rd → Rd×d which for any x ∈ Rd defines the inner product

⟨v, w⟩x = v · g(x)w

for all v, w ∈ Rd. We write

grad f = g−1∇f ,

divF = ∇ · F +
1

2

d∑
j=1

tr
(
g−1∂jg

)
Fj ,

for the gradient of a smooth function f and the divergence of a smooth vector field F
on the Riemannian manifold (Rd, g). By Jacobi’s formula, these operators satisfy the
integration by parts identity

ˆ
Rd

⟨gradh, F ⟩ dνg =

ˆ
Rd

∇h · F dνg = −
ˆ
Rd

h divF dνg

for all h ∈ C∞
0 (Rd) and F ∈ C∞

0 (Rd,Rd), where νg(dx) =
√
det g(x) dx is the associated

Riemannian volume measure.
Considering probability measures µ(dx) ∝ exp(−U(x))νg(dx) for some continuously

differentiable potential U : Rd → R leads to the adjoint

grad∗(F ) = − exp(U) div(F exp(−U)) = − divF + ⟨gradU,F ⟩

of grad with respect to µ. The overdamped Riemannian Langevin diffusion is the solution
to the SDE

dXt =
1

2

(
−(gradU)(Xt) + (div g−1)(Xt)

)
dt+

√
g−1(Xt) dBt , (A.14)

where (Bt)t≥0 is a d-dimensional standard Brownian motion and the divergence is applied
row-wise to g−1. Under appropriate assumptions on U and g, the process is non-explosive
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and reversible with respect to its invariant measure µ, see [20, 113]. On smooth compactly
supported functions, the generator of the corresponding transition semigroup on L2(µ)
is given by

Lf =
1

2

〈
− gradU + div g−1, grad f

〉
+

1

2
g−1 :∇2f

=
1

2
div grad f − 1

2
⟨gradU, grad f⟩ = −1

2
grad∗(grad f) .

Interpreting g as a position-dependent mass matrix leads to a Hamiltonian dynamics
associated to the Hamiltonian

H(x, v) = U(x) +
1

2
v⊤g−1(x)v

on Rd × Rd, where (x, v) are position and momentum. It reads(
ẋ
v̇

)
=

(
0 Id

−Id 0

)
∇H(x, v) =

(
g−1(x)v

−∇U(x)− 1
2∇x

(
v⊤g−1(x)v

)) . (A.15)

By construction it leaves the measure µ̂(dx dv) = µ(dx)N
(
0, g(x)

)
(dv) invariant. For

f ∈ C∞
0 (Rd × Rd), its generator on L2(µ̂) is given by

L̂f(x, v) = v⊤g−1(x)∇xf(x, v)−∇U(x)⊤∇vf(x, v)−
1

2

(
∇x

(
v⊤g−1(x)v

))⊤
∇vf(x, v) .

Denoting κ(x, ·) = N
(
0, g(x)

)
we have L̂(f ◦ π)(x, v) = v⊤ grad f(x) and thus

ˆ
Rd

L̂(f ◦ π)(x, v)κ(x, dv) = 0 ,

and
1

2

ˆ
Rd×Rd

(L̂(f ◦ π))2 dµ̂ =
1

2

ˆ
Rd

ˆ
Rd

grad f(x)⊤vv⊤ grad f(x)κ(x, dp)µ(dx)

=
1

2

ˆ
Rd

⟨grad f, grad g⟩dµ = −
ˆ
Rd

fLf dµ

for all f ∈ C∞
0 (Rd) and x ∈ Rd. Hence the Hamiltonian dynamics (A.15) is a lift of the

overdamped Riemannian Langevin diffusion (A.14).
As in Example A.3, the Hamiltonian dynamics can be modified by passing to the

generator L̂ + γR, where γ ≥ 0 and R acts only the momentum and leaves κ(x, dv)
invariant. The choice R = −∇∗

v∇v = ∆v − g−1∇v, where the adjoint is with respect to
µ̂, leads to Riemannian Langevin dynamics given by the solution (Xt, Vt) to the SDE

dXt = g−1(Xt)Vt dt ,

dVt =

(
−∇U(Xt)−

1

2
∇x

(
V ⊤
t g

−1(Xt)Vt

))
dt− γg−1(Xt)Vt dt+

√
2γ dBt .

By the same argument as above, this is again a lift of the underlying overdamped Rie-
mannian Langevin diffusion.
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A.3. Relaxation times of non-reversible Markov processes

Let L2
0(µ) = {f ∈ L2(µ) :

´
f dµ = 0} be the orthogonal complement of the constant

functions. The transition semigroup (Ptf)(x) =
´
f(y)pt(x, dy) of a reversible Markov

process with invariant measure µ satisfies

∥Pt∥L2
0(µ)→L2

0(µ)
= sup

f∈L2
0(µ)\{0}

∥Ptf∥L2(µ)

∥f∥L2(µ)
= e−λt , (A.16)

with the decay rate λ given by the spectral gap

gap(L) = inf{Re(α) : α ∈ spec(−L|L2
0(µ)

)} (A.17)

of the generator (L,Dom(L)) of (Pt)t≥0 in the Hilbert space L2(µ). Equivalently, the
χ2-divergence χ2(ηpt | µ) between the law ηpt of the process at time t with initial law η
and the invariant measure µ decays exponentially with rate λ if the initial χ2-divergence
χ2(η | µ) is finite. Therefore, in this reversible case, decay by a factor of ε > 0 has taken
place after time 1

λ log(ε−1), so that it is natural to define the L2-relaxation time trel as
the inverse of the spectral gap [179, 227].

In contrast, for non-reversible Markov processes, the operator norm ∥Pt∥L2
0(µ)→L2

0(µ)
is

no longer a pure exponential, and one can only expect bounds of the form

∥Pt∥L2
0(µ)→L2

0(µ)
≤ Ce−νt (A.18)

with constants C ∈ [1,∞) and ν ≤ gap(L), see e.g. [104]. This motivates the following
definition of an ε-relaxation time.

Definition A.5 (Non-asymptotic relaxation time). Let ε ∈ (0, 1). The ε-relaxation time
trel(ε) of (Pt)t≥0 is

trel(ε) = inf{t ≥ 0: ∥Ptf∥L2(µ) ≤ ε∥f∥L2(µ) for all f ∈ L2
0(µ)}

and the relaxation time is trel = trel(e
−1).

Remark A.6 (Asymptotic decay rate and relaxation times).

(i) If ∥Pt∥L2
0(µ)→L2

0(µ)
∈ (0, 1) for all t > 0, then the ε-relaxation time as a function

ε 7→ trel(ε) is the inverse function of t 7→ ∥Pt∥L2
0(µ)→L2

0(µ)
. Therefore, the asymptotic

decay rate

ω = − lim
t→∞

1

t
log ∥Pt∥L2

0(µ)→L2
0(µ)

of the semigroup restricted to L2
0(µ) can be expressed as

1

ω
= lim

ε→0

trel(ε)

log(ε−1)
, (A.19)

where the limit exists since t 7→ log ∥Pt∥L2
0(µ)→L2

0(µ)
is non-increasing and sub-

additive, see [104, Proposition IV.2.2]. Hence ω−1 can also be interpreted as an
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asymptotic relaxation time. The relation gap(L) = ω only holds true under addi-
tional assumptions ensuring a spectral mapping theorem relating the spectrum of
Pt to that of L, see [104]. In general, only gap(L) ≥ ω is true. More importantly,
the spectral gap cannot be used to bound the constant C in (A.18) and can hence
only provide asymptotic estimates, whereas trel(ε) is a non-asymptotic quantity.

(ii) For reversible processes, (A.16) shows trel(ε) = log(ε−1)/gap(L) and trel hence
coincides with the usual definition of the relaxation time as the inverse of the
spectral gap. For non-reversible processes, the semigroup property only yields the
upper bounds

trel(δ) ≤ trel(ε) ·
log(δ−1)

log(ε−1)
for δ ≤ ε .

In particular, the limit in (A.19) is monotone, and thus

1

ω
≤ trel(ε)

log(ε−1)
for any ε ∈ (0, 1) .

To obtain quantitative upper bounds on the relaxation time, it will be convenient to
reformulate (A.18) in the following way.

Definition A.7 (Delayed exponential contractivity). Let T, ν ∈ (0,∞) and let (Pt)t≥0

be a Markov semigroup with invariant probability measure µ.

(i) The semigroup (Pt)t≥0 is called T -delayed exponentially contractive with rate ν if

∥Ptf∥L2(µ) ≤ e−ν(t−T )∥f∥L2(µ) (A.20)

for all f ∈ L2
0(µ) and t ≥ 0.

(ii) The semigroup (Pt)t≥0 is called exponentially contractive in T -average with rate ν
if

1

T

ˆ t+T

t
∥Psf∥L2(µ) ds ≤ e−νt∥f∥L2(µ) (A.21)

for all f ∈ L2
0(µ) and t ≥ 0.

If (Pt)t≥0 is exponentially contractive in T -average with rate ν, then for t ≥ T ,

∥Ptf∥L2(µ) ≤
1

T

ˆ t

t−T
∥Psf∥L2(µ) ds ≤ e−ν(t−T )∥f∥L2(µ) .

For t < T one has e−ν(t−T ) > 1 so that exponential contractivity in T -average implies
T -delayed exponential contractivity with the same rate. For ε ∈ (0, 1) let

t0(ε) := inf

{
1

ν
log(ε−1) + T : ν, T ∈ [0,∞) such that (A.20) holds

}
.

We can compare the ε-relaxation time to the time t0(ε).
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Lemma A.8. For any ε ∈ (0, 1),

trel(ε) ≤ t0(ε) ≤ 2trel(ε) .

Proof. On the one hand, if (A.20) holds, then the L2-norm has decayed by a factor ε
after time T + 1

ν log(ε
−1). This yields the bound trel(ε) ≤ t0(ε). On the other hand, for

any t ≥ 0 and f ∈ L2
0(µ),

∥Ptf∥L2(µ) ≤ ∥P ⌊t/trel(ε)⌋
trel(ε)

f∥L2(µ) ≤ ε⌊t/trel(ε)⌋∥f∥L2(µ)

≤ e− log(ε−1)trel(ε)
−1(t−trel(ε))∥f∥L2(µ) ,

so that (A.20) holds with ν = log(ε−1)trel(ε) and T = trel(ε). This shows that t0(ε) ≤
2trel(ε).

In the non-reversible case, the spectral gap does not provide a lower bound on the
non-asymptotic relaxation times introduced above. However, we will show that lower
bounds on trel are given by the inverse of the singular value gap

s(L) = inf

{
∥Lf∥L2(µ)

∥f∥L2(µ)
: f ∈ L2

0(µ) ∩Dom(L), f ̸= 0

}
. (A.22)

The singular value gap is the infimum of the singular spectrum of the generator L re-
stricted to the complement of the constant functions, i.e. it is the square root of the
spectral gap of L∗L. In the reversible case, s(L) = gap(L). In the non-reversible case,
one only knows that |λ| ≥ s(L) for any λ ∈ spec(L) \ {0}, but this does not imply a
relation between s(L) and gap(L).

If the operator −L : L2
0(µ) ∩ Dom(L) → L2

0(µ) is invertible, then its inverse G is the
potential operator and s(L) is the inverse of the operator norm of G, i.e.

1

s(L)
= sup

{
∥Gf∥L2(µ)

∥f∥L2(µ)
: f ∈ L2

0(µ), f ̸= 0

}
. (A.23)

In this case, Gf =
´∞
0 Ptf dt for any f ∈ L2

0(µ), and in stationarity, the variance of
ergodic averages 1

t

´ t
0 f(Xs) ds is bounded from above by 2

t s(L)∥f∥
2
L2(µ), see e.g. [153] or

[96].

Remark A.9 (Chatterjee’s concept of relaxation times). In discrete time and on a finite
state space, Chatterjee [65] recently defined the relaxation time for the ergodic averages
of a non-reversible Markov chain as the inverse of the singular value gap. Our definition
of the relaxation time trel is different and more closely related to mixing times. The
inverse of the singular value gap only provides a lower bound for trel in the non-reversible
case.

Lemma A.10. Assume (Pt)t≥0 is T -delayed exponentially contractive with rate ν or
exponentially contractive in 2T -average with rate ν. Then

1

ν
≥ gap(L)−1 and

1

ν
+ T ≥ s(L)−1 .

In particular, trel ≥ 1
2 s(L)

−1.
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Proof. Let α ∈ C with Re(α) < ν. For f ∈ L2
0(µ), both the T -delayed exponential

contractivity and exponential contractivity in 2T -average with rate ν imply
ˆ ∞

0
|eαt|∥Ptf∥L2(µ) dt ≤ C(α)∥f∥L2(µ) ,

where C(α) is a finite constant depending only on α. Therefore, the resolvent (−αI −
L)−1f =

´∞
0 eαtPtf dt exists in L2(µ) and defines a bounded linear operator on L2

0(µ),
i.e. α ̸∈ spec(−L|L2

0(µ)
) and hence gap(L) ≥ ν, showing the first assertion.

For f ∈ L2
0(µ) the exponential contractivity in 2T -average with rate ν yields

ˆ ∞

0
∥Ptf∥L2(µ) dt =

ˆ ∞

0

1

2T

ˆ t+2T

t
∥Psf∥L2(µ) ds dt+

1

2T

ˆ 2T

0
(2T − t)∥Ptf∥L2(µ) dt

≤
(ˆ ∞

0
e−νt dt+

1

2T

ˆ 2T

0
(2T − t) dt

)
∥f∥L2(µ)

=

(
1

ν
+ T

)
∥f∥L2(µ) .

This yields convergence of the potential operator Gf =
´∞
0 Ptf dt in L2(µ) for all f ∈

L2
0(µ), which is the inverse of the operator −L : L2

0(µ) ∩ Dom(L) → L2
0(µ), see [229],

together with the estimate

∥Gf∥L2(µ) ≤
(
1

ν
+ T

)
∥f∥L2(µ) .

For g ∈ Dom(L) ∩ L2
0(µ), we may set f = Lg and obtain the bound

∥g∥L2(µ) ≤
(
1

ν
+ T

)
∥Lg∥L2(µ)

for all g ∈ Dom(L) ∩ L2
0(µ), which yields the claim.

In the case of T -delayed exponential contractivity with rate ν, we have that

ˆ ∞

0
∥Ptf∥L2(µ) dt ≤

ˆ ∞

T
e−ν(t−T )∥f∥L2(µ) dt+

ˆ T

0
∥f∥L2(µ) dt

=

(
1

ν
+ T

)
∥f∥L2(µ)

for all f ∈ L2
0(µ), and we conclude analogously.

In contrast to lower bounds, upper bounds on trel of the correct order are much harder
to obtain in the degenerate non-reversible case and require quantitative hypocoercivity
results [6, 53, 55, 61, 186], see Section A.5 below.

64



A.4. Lower bounds for relaxation times of lifts

A.4. Lower bounds for relaxation times of lifts

Suppose that (Pt)t≥0 with generator (L,Dom(L)) is the transition semigroup on L2(S, µ)
of a reversible Markov process and that (P̂t)t≥0 with generator (L̂,Dom(L̂)) is the trans-
ition semigroup on L2(S×V, µ̂) of an arbitrary second-order lift. The next theorem shows
that relaxation to equilibrium, measured by the relaxation times trel(P ) and trel(P̂ ) of
the reversible Markov process and its lift, can at most be accelerated by a square root
through lifting.

Theorem A.11. If (P̂t)t≥0 is T -delayed exponentially contractive with rate ν or expo-
nentially contractive in 2T -average with rate ν, then

1

ν
+ T ≥ 1√

2 gap(L)
.

In particular,

trel(P̂ ) ≥
1

2
√
2

√
trel(P ) .

Proof. Let λ > gap(L). By the variational characterisation of the spectral gap, there
exists f ∈ Dom(L) ∩ L2

0(µ) such that (f,−Lf)L2(µ) ≤ λ∥f∥2L2(µ). By Definition A.1,

f ◦ π ∈ Dom(L̂) ∩ L2
0(µ̂) and

∥L̂(f ◦ π)∥2L2(µ̂) = 2(f,−Lf)L2(µ) ≤ 2λ∥f∥2L2(µ) = 2λ∥f ◦ π∥2L2(µ̂) . (A.24)

By considering the limit λ → gap(L), we see that s(L̂) ≤
√
2 gap(L), which implies the

assertion by Lemma A.10.

Remark A.12. (i) Consider a Markov chain in discrete or continuous time with state
space Ŝ, transition kernel p̂ and invariant measure µ̂ that is a first-order lift (in the
sense of [66], or equivalently, (A.10)) of a reversible Markov chain with state space
S, transition kernel p and invariant measure µ. That is,

(f ◦ π, p̂(g ◦ π))L2(µ̂) = (f, pg)L2(µ)

for all bounded measurable functions f, g : S → R. Then the associated generators
L̂ = p̂− I and L = p− I satisfy

∥L̂(f ◦ π)∥2L2(µ̂) = ∥(p̂− I)(f ◦ π)∥2L2(µ̂)

= ∥f ◦ π∥2L2(µ̂) − 2(f ◦ π, p̂(f ◦ π))L2(µ̂) + ∥p̂(f ◦ π)∥2L2(µ̂)

≤ 2∥f∥2L2(µ) − 2(f, pf)L2(µ) = 2(f,−Lf)L2(µ) ,

since p̂ is a contraction. Hence the second-order lift condition (A.8) holds with
an inequality, so that we can conclude s(L̂) ≤

√
2 gap(L) similarly as in (A.24).

Lemma A.10 can then be used to obtain a lower bound on the relaxation time of
the lifted Markov chain in terms of the spectral gap of L as in Theorem A.11.

65



Appendix A. Non-reversible lifts of reversible diffusion processes and relaxation times

(ii) It is an open problem whether also 1
ν can be lower bounded in terms of 1/

√
gap(L).

This would follow from an upper bound on gap(L̂) by a multiple of
√

gap(L). We
have not managed to prove such a bound. This is similar to the discrete time case,
where a lower bound for the mixing time is available but an upper bound for the
spectral gap of lifts is not known [66].

(iii) In discrete time, Diaconis and Miclo [81] consider second-order Markov chains on
finite state spaces whose transition probabilities depend not only on the current
state but also the previous one, thereby adding a notion of discrete-time velocity.
The authors conjecture that by adding such a velocity to a random walk on a
finite Abelian group, the spectral gap cannot be increased by more than a square
root, and that this improvement can always be achieved by considering a particular
choice of second order Markov chain. This corresponds to the square-root lower
bound Theorem A.11 on the relaxation time of a lift and the notion of C-optimality
introduced in Definition A.13 below.

An acceleration of the relaxation time from 1/gap(L) to a multiple of 1/
√

gap(L)
corresponds to a diffusive to ballistic speed-up. Theorem A.11 motivates the following
definition.

Definition A.13 (C-optimal lift). For a fixed constant C ∈ [1,∞), a lift as above is
called C-optimal, if

trel(P̂ ) ≤ C
1

2
√
2

√
trel(P ) .

Example A.14 (Gaussian case). Suppose that µ = N (0, 1) is the standard normal
distribution on R. The overdamped Langevin process solving the SDE

dZt = −1

2
Zt dt+ dBt

driven by a one-dimensional Brownian motion (Bt)t≥0 is reversible, has invariant measure
µ and spectral gap 1/2. The critically damped Langevin dynamics solving

dXt = Vt dt ,

dVt = −Xt dt− γVt dt+
√
2γ dBt with γ = 2

is a second-order lift of this process with invariant measure µ̂ = µ⊗N (0, 1). The choice
γ = 2 maximises the spectral gap of the generator, see Figure A.1.

Denoting A =

(
0 −1
1 2

)
, an explicit computation [17] gives

∥P̂t∥L2
0(µ̂)→L2

0(µ̂)
= ∥exp (−tA)∥ =

√
1 + 2t2 + 2t(1 + t2)1/2 · e−t

for any t ≥ 0, which yields trel(P̂ ) ≤ 2.73. Thus in this case, critical Langevin dynamics
is a 5.46-optimal lift of the overdamped Langevin diffusion. Note that the asymptotic
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Figure A.1.: Spectral gap for Langevin dynamics.

decay rate of the critically damped Langevin dynamics is exactly 1, the square root of
twice the spectral gap of the corresponding reversible diffusion.

More generally, for any m > 0, the critically damped Langevin dynamics (X(m), V (m))
for the potential Um(x) = mx2/2 with invariant measure µ̂m = N (0,m−1)⊗N (0, 1) and
friction γ = 2

√
m is a second-order lift of the corresponding overdamped Langevin process

with spectral gap m/2. A scaling argument shows that the distributions of (X(m)
t , V

(m)
t )

and (m−1/2X√
mt, V

√
mt) coincide for all t ≥ 0, so that the transition semigroup (P̂

(m)
t )t≥0

satisfies
∥P̂ (m)

t ∥L2
0(µ̂m)→L2

0(µ̂m) = ∥P̂√
mt∥L2

0(µ̂)→L2
0(µ̂)

and hence trel(P̂ (m)) = m−1/2trel(P̂ ). This shows that also in this case, critical Langevin
dynamics is a 5.46-optimal lift of the corresponding overdamped Langevin process.

Finally, a factorisation argument shows that the same results hold true for arbitrary
quadratic potentials on Rd, i.e., in the Gaussian case, critical Langevin dynamics is always
a 5.46-optimal lift of the corresponding overdamped Langevin diffusion.

A.5. Upper bounds for relaxation times of lifts

Based on the approach of Albritton, Armstrong, Mourrat and Novack [6] relying on space-
time Poincaré inequalities, Cao, Lu and Wang [61, 186] have derived quantitative upper
bounds for relaxation times of various non-reversible Markov processes. The framework
of second-order lifts developed above allows us to rephrase and simplify their results.

For any γ ≥ 0, we consider a Markov process with state space Rd × Rd and invariant
probability measure µ̂ = µ⊗κ, where µ is a probability measure on Rd and κ = N (0, Id).
The associated transition semigroups acting on L2(µ̂) are denoted by (P̂

(γ)
t )t≥0 and their

generators by (L̂(γ),Dom(L̂(γ))). Recall that (Πvf)(x, v) =
´
Rd f(x,w)κ(dw). We as-

sume the following decomposition of the generators.

67



Appendix A. Non-reversible lifts of reversible diffusion processes and relaxation times

Assumption A.1. There is an operator (L̂,Dom(L̂)) on L2(µ̂) such that the following
holds:

(i) For all γ ≥ 0 we have Dom(L̂(γ)) ⊆ Dom(L̂) and

L̂(γ)f = L̂f + γ(Πv − I)f for all f ∈ Dom(L̂(γ)) .

(ii) The operator (L̂,Dom(L̂)) is negative semi-definite, i.e. (f, L̂f)L2(µ̂) ≤ 0 for all
f ∈ Dom(L̂).

Assumption A.1 is for instance satisfied by the generators of Randomised Hamiltonian
Monte Carlo or the Bouncy Particle Sampler with refresh rate γ by choosing

L̂f = v · ∇xf −∇U(x) · ∇vf (A.25)

to be the generator of the deterministic Hamiltonian flow, or

L̂f = v · ∇xf + (v · ∇U(x))+(R− I)f (A.26)

to be the generator of the Bouncy Particle Sampler without refreshment, respectively,
see Example A.3. Indeed, in the former case, L̂ is antisymmetric, and in the latter case,
the adjoint of L̂ in L2(µ̂) is

L̂∗f = −v · ∇xf + (v · ∇U(x))−(R− I)f

so that a direct calculation shows

(f, L̂f)L2(µ̂) =
1

2
(f, (L̂+ L̂∗)f)L2(µ̂) = −1

4

ˆ
Rd

|v · ∇U(x)|(Rf − f)2 dµ̂ .

Hence L̂ is negative definite in both cases.

A.5.1. Space-time Poincaré inequalities and contractivity

Exponential contractivity in T -average, and thereby upper bounds on the relaxation
times of the transition semigroups (P̂

(γ)
t )t≥0, can be established using a Poincaré-type

inequality in space and time, as introduced by [6]. To this end, we fix a finite time T > 0.
It will then be convenient to consider space and time together, and we hence set

µ = λ|[0,T ] ⊗ µ

where λ|[0,T ] is the Lebesgue measure on [0, T ]. Furthermore, we consider the operator
(A,Dom(A)) on L2([0, T ]× Rd × Rd, µ⊗ κ) defined by

Af = −∂tf + L̂f (A.27)

with domain consisting of all functions f ∈ L2(µ ⊗ κ) such that f(·, x, v) is absolutely
continuous for µ ⊗ κ-a.e. (x, v) ∈ Rd × Rd with ∂tf ∈ L2(µ ⊗ κ), and f(t, ·) ∈ Dom(L̂)
for λ-a.e. t ∈ [0, T ] with L̂f ∈ L2(µ⊗ κ).
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Definition A.15 (Space-time Poincaré inequality). A space-time Poincaré inequality
with constants C0(T ) and C1(T ) holds for L̂, if for all functions f ∈ Dom(A)

∥f −
ˆ
f d(µ⊗ κ)∥2L2(µ⊗κ) ≤ C0(T )∥Af∥2L2(µ⊗κ) + C1(T )∥f −Πvf∥2L2(µ⊗κ) .

We also say that L̂ satisfies STPI(T,C0(T ), C1(T )).

Remark A.16. By continuity, it suffices to verify the inequality in Definition A.15 for
functions f from a core of A, i.e. a subset that is dense in the domain of A with respect
to the graph norm ∥f∥L2(µ⊗κ) + ∥Af∥L2(µ⊗κ). For example, if µ(dx) ∝ exp(−U(x)) dx

for some function U ∈ C1(Rd) such that U(x) → ∞ as |x| → ∞, and L̂ is the generator
of the Hamiltonian flow given by (A.25) associated to the Hamiltonian H(x, v) = U(x)+
1
2 |v|

2, then the space C∞
0 ([0, T ] × Rd × Rd) of smooth compactly supported functions

on [0, T ] × Rd × Rd is a core. Indeed, a function f ∈ Dom(A) can be approximated in
the graph norm by the compactly supported functions fn(t, x, v) = gn(H(x, v))f(t, x, v)
where gn : [0,∞) → [0, 1] is an increasing sequence of smooth compactly supported
functions such that gn(s) → 1 for all s ∈ [0,∞), because L̂H = 0 implies (Afn)(t, x, v) =
gn(H(x, v))(Af)(t, x, v). It thus follows by a standard mollification that C∞

0 ([0, T ] ×
Rd × Rd) is a core for A.

As observed in [6, 61, 186], a space-time Poincaré inequality for L̂ yields the following
quantitative hypocoercivity estimate for the semigroups (P̂

(γ)
t )t≥0.

Theorem A.17 (STPI implies exponential contractivity in T -average). Assume that
L̂ satisfies STPI(T,C0(T ), C1(T )). Then for any γ > 0, the semigroup (P̂

(γ)
t )t≥0 is

exponentially contractive in T -average with rate

ν =
γ

γ2C0(T ) + C1(T )
.

The choice γ =
√

C1(T )
C0(T ) maximises the rate and gives ν = 1

2
√

C0(T )C1(T )
. For this choice,

trel(ε) ≤ T + 2
√
C0(T )C1(T ) log(ε

−1) .

For the reader’s convenience we recall the short proof of the theorem.

Proof. Let f ∈ L2
0(µ̂). Then by Assumption A.1,

d

dt

ˆ t+T

t
∥P̂ (γ)

s f∥2L2(µ̂) ds = ∥P̂ (γ)
t+T f∥

2
L2(µ̂) − ∥P̂ (γ)

t f∥2L2(µ̂)

=

ˆ t+T

t

d

ds
∥P̂ (γ)

s f∥2L2(µ̂) ds

= 2

ˆ t+T

t

(
P̂ (γ)
s f, (L̂+ γ(Πv − I))P̂ (γ)

s f
)
L2(µ̂)

ds
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≤ −2γ

ˆ t+T

t

(
P̂ (γ)
s f, (I −Πv)P̂

(γ)
s f

)
L2(µ̂)

ds

= −2γ

ˆ t+T

t
∥(Πv − I)P̂ (γ)

s f∥2L2(µ̂) ds

= −2γ∥(Πv − I)P̂
(γ)
t+·f∥2L2(µ⊗κ) .

Since P̂ (γ)
· f ∈ Dom(A) and AP̂

(γ)
· f = −γ(Πv − I)P̂

(γ)
· f , the space-time Poincaré in-

equality yields

∥P̂ (γ)
t+·f∥2L2(µ⊗κ) ≤ (γ2C0(T ) + C1(T ))∥(Πv − I)P̂

(γ)
t+·f∥2L2(µ⊗κ) ,

so that

d

dt

ˆ t+T

t
∥P̂ (γ)

s f∥2L2(µ̂) ds ≤
−2γ

γ2C0(T ) + C1(T )

ˆ t+T

t
∥P̂ (γ)

s f∥2L2(µ̂) ds .

Grönwall’s inequality yields

1

T

ˆ t+T

t
∥P̂ (γ)

s f∥2L2(µ̂) ds ≤ exp

(
−2γ

γ2C0(T ) + C1(T )
t

)
1

T

ˆ T

0
∥P̂ (γ)

s f∥2L2(µ̂) ds

≤ e−2νt∥f∥2L2(µ̂) .

Finally, the Cauchy-Schwarz inequality yields

1

T

ˆ t+T

t
∥P̂ (γ)

s f∥L2(µ̂) ds ≤
(
1

T

ˆ t+T

t
∥P̂ (γ)

s f∥2L2(µ̂) ds

) 1
2

≤ e−νt∥f∥L2(µ̂)

and thus the ν-exponential contractivity in T -average. The upper bound on trel(ε) follows
by Lemma A.8.

In the following we demonstrate how the framework of second-order lifts can be used
to simplify the approach in [61, 186] to proving space-time Poincaré inequalities leading
to quantitative hypocoercivity bounds. The main tools are a space-time property of lifts
and a quantitative version of the divergence lemma.

A.5.2. Space-time property of lifts

For (t, x, v) ∈ [0,∞)× Rd × Rd we set π(t, x, v) = (t, x), whereas π(x, v) = x.

Lemma A.18 (Space-time property of lifts). Let (L̂,Dom(L̂)) be a lift of (L,Dom(L)).
Then for any f, g, h ∈ L2(µ) such that f ◦ π ∈ Dom(A) and g(t, ·) ∈ Dom(L) for a.e.
t ∈ [0, T ] with Lg ∈ L2(µ), we have

1

2

(
A(f ◦ π), h ◦ π + L̂(g ◦ π)

)
L2(µ⊗κ)

= −1

2
(∂tf, h)L2(µ) + ET (f, g) ,

where ET (f, g) =
´ T
0 E(f(t, ·), g(t, ·)) dt is the time-integrated Dirichlet form.
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Proof. By Properties (A.6), (A.7) and (A.8) in Definition A.1,(
L̂(f ◦ π), h ◦ π

)
L2(µ⊗κ)

= 0 ,
(
−∂t(f ◦ π), L̂(g ◦ π)

)
L2(µ⊗κ)

= 0 , and(
L̂(f ◦ π), L̂(g ◦ π)

)
L2(µ⊗κ)

=

ˆ T

0

(
L̂(f(t, ·) ◦ π), L̂(g(t, ·) ◦ π)

)
L2(µ⊗κ)

dt

= 2ET (f, g) .

Moreover, (−∂t(f ◦ π), h ◦ π)L2(µ⊗κ) = (−∂tf, h)L2(µ).

Remark A.19. If we set h = −∂tg, the space-time property reads

1

2

(
A(f ◦ π), A(g ◦ π)

)
L2(µ⊗κ)

=
1

2

(
∂tf, ∂tg

)
L2(µ)

+ ET (f, g) .

For functions satisfying either periodic or Neumann boundary conditions on [0, T ], the
right hand side is the Dirichlet form of the reversible Markov process with state space
[0, T ]×Rd given by Brownian motion in the first component and an independent process
with generator L in the other components. The space-time property generalises the
observation that the process with generator A describing deterministic motion with speed
−1 in the first (time) component and motion described by L̂ in the other (space and
velocity) components is a lift of this reversible process.

A.5.3. Divergence lemma

We now assume that for any γ ≥ 0, the semigroup (P̂
(γ)
t )t≥0 is a second-order lift of the

transition semigroup (Pt)t≥0 acting on L2(µ) of an overdamped Langevin diffusion with
invariant probability measure µ(dx) ∝ exp(−U(x)) dx, see Example A.3. Recall that the
generator of (Pt)t≥0 is given by

Lf = −1

2
∇∗∇f = −1

2
∇U · ∇f +

1

2
∆f

for f ∈ Dom(L), where the adjoint is in L2(µ). In particular,

E(f, g) = 1

2
(∇f,∇g)L2(µ) .

Assumption A.2.

(i) The potential satisfies U ∈ C2(Rd) and there exists a constant κ− ∈ [0,∞) such
that ∇2U(x) ⪰ −κ−Id for all x ∈ Rd.

(ii) The probability measure µ satisfies a Poincaré inequality with constant m, i.e.
ˆ
Rd

f2 dµ ≤ 1

m

ˆ
Rd

|∇f |2 dµ for all f ∈ H1(µ) with
ˆ
Rd

f dµ = 0 .

(iii) The spectrum of (L,Dom(L)) on L2(µ) is discrete.
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Assumption A.2(iii) is for instance satisfied if lim|x|→∞
U(x)
|x|α = ∞ for some α > 1, cf.

[139].
The next statement is a quantitative version of the divergence lemma for the domain

(0, T ) × Rd. The divergence lemma is equivalent to Lions’ lemma, estimating the L2-
norm by the H−1-norm of the gradient, see [10]. Let ∇f denote the gradient in both
time and space variables of a function f defined on (0, T ) × Rd, and let ∇∗

X denote
the adjoint divergence operator with respect to the measure µ applied to a vector field
X : (0, T )× Rd → Rd+1.

Lemma A.20 (Quantitative divergence lemma). Suppose that Assumption A.2 is satis-
fied. Then for any T ∈ (0,∞), there exist constants c0(T ), c1(T ) ∈ (0,∞) such that for
any f ∈ L2

0([0, T ]× Rd, µ) there is a vector field X ∈ H1,2
0 ((0, T )× Rd → Rd+1, µ) with

∥X∥2L2(µ) =
d∑

i=0

∥Xi∥2L2(µ) ≤ c0(T )∥f∥2L2(µ) , (A.28)

∥∇X∥2L2(µ) =

d∑
i,j=0

∥∂iXj∥2L2(µ) ≤ c1(T )∥f∥2L2(µ) , (A.29)

such that
f = ∇∗

X . (A.30)

The constants can be chosen as

c0(T ) = 19T 2 + 70
1

m
, (A.31)

c1(T ) = 328 + 75κ−max

(
1√
m
,
T

π

)2

+
1821

mT 2
, (A.32)

and the vector field can be represented as

X =

(
−h
∇xg

)
with functions h ∈ H1,2

0 ((0, T )× Rd, µ) and g ∈ H2,2
0 ((0, T )× Rd, µ) .

A corresponding result has first been proven in [61] with constants that are not of
the optimal order, see also [55]. An improved bound with constants of the order stated
above has been conjectured in [61]. Based on a careful extension of the arguments in this
paper, the precise result above is proven in a work in preparation [101].

Remark A.21. The bounds resulting from the divergence lemma considered below are
optimised when choosing T proportional to 1/

√
m. For T = 3/

√
m, (A.31) and (A.32)

yield

c0(T ) =
241

m
and c1(T ) = 530 +

1

3
+ 75

κ−
m

. (A.33)
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A.5.4. Space-time Poincaré inequalities via lifts

For simplicity and clarity of the exposition we now assume as in Example A.3 that L̂ is
the generator of the deterministic Hamiltonian flow. We stress, however, that with appro-
priate modifications, the approach is much more generally applicable, see, for example,
[101] for applications to processes with reflection at the boundary of a convex domain and
[97] for further applications to sampling algorithms and processes with different bound-
ary behaviours. Our goal is to show how the space-time property of lifts combined with
the divergence lemma can be used to prove the space-time Poincaré inequality stated in
Theorem A.23 below.

We consider the adjoint (A∗,Dom(A∗)) in L2([0, T ]× Rd × Rd, µ⊗ κ) of the operator
(A,Dom(A)) defined in (A.27). By integration by parts and the antisymmetry of L̂,

(Af, g)L2(µ⊗κ) = (f,−Ag)L2(µ⊗κ) +

ˆ
R2d

(f(T, ·)g(T, ·)− f(0, ·)g(0, ·)) dµ̂

for all f, g ∈ Dom(A). Thus functions g ∈ Dom(A) satisfying g(0, ·) = g(T, ·) = 0 are
contained in the domain of A∗, and

A∗g = −Ag = ∂tg − L̂g . (A.34)

For v ∈ Rd we set v = (−1, v) ∈ Rd+1, so that A = v · ∇ −∇U(x) · ∇v.
The space-time property of lifts yields the following.

Lemma A.22. Let X =

(
−h
∇g

)
with h ∈ H1,2

0 (µ) and g ∈ H2,2
0 (µ). Then

ˆ
Rd

A∗(v ·X ◦ π)κ(dv) = ∇∗
X ◦ π , and (A.35)

∥A∗(v ·X ◦ π)−∇∗
X ◦ π∥L2(µ⊗κ) ≤

√
2∥∇X∥L2(µ) . (A.36)

Proof. The Dirichlet boundary values in time of X give v ·X ◦π ∈ Dom(A∗). Therefore,
by Lemma A.18, for any function φ ∈ C∞

0 ((0, T )× Rd),(
φ ◦ π,∇∗

X ◦ π
)
L2(µ⊗κ)

=
(
φ,∇∗

X
)
L2(µ)

= (∇φ,X)L2(µ)

= −(∂tφ, h)L2(µ) + 2ET (φ, g) =
(
A(φ ◦ π), h ◦ π + L̂(g ◦ π)

)
L2(µ⊗κ)

= (A(φ ◦ π), v ·X ◦ π)L2(µ⊗κ) = (φ ◦ π,A∗(v ·X ◦ π))L2(µ⊗κ) .

This proves (A.35). For the proof of (A.36) note that since A∗ = −v · ∇+∇U(x) · ∇v,

∥A∗(v ·X ◦ π)−∇∗
X ◦ π∥L2(µ⊗κ) = ∥v · ∇(v ·X ◦ π)−∇ ·X ◦ π∥L2(µ⊗κ) . (A.37)

Moreover, noting that
´
Rd v

2
i v

2
k dκ =

{
3 if i = k > 0,

1 otherwise,
we obtain

∥v · ∇(v ·X ◦ π)∥2L2(µ⊗κ) =
d∑

i,j,k,l=0

(∂iXj , ∂kXl)L2(µ)

ˆ
Rd

vivjvkvl dκ
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=
d∑

i,k=0

(∂iXi, ∂kXk)L2(µ)

ˆ
v2i v

2
k dκ+

d∑
i,j=0
i̸=j

(
(∂iXj , ∂iXj)L2(µ) + (∂iXj , ∂jXi)L2(µ)

)

=

d∑
i,j=0

(
(∂iXi, ∂jXj)L2(µ) + (∂iXj , ∂iXj)L2(µ) + (∂iXj , ∂jXi)L2(µ)

)
− 2∥∂0X0∥2L2(µ)

≤ ∥∇ ·X∥2L2(µ) + 2∥∇X∥2L2(µ) .

Since
´
Rd v · ∇(v ·X ◦ π) dκ = ∇ ·X ◦ π we conclude that

∥v ·∇(v ·X◦π)−∇·X◦π∥2L2(µ⊗κ) = ∥v ·∇(v ·X◦π)∥2L2(µ⊗κ)−∥∇·X∥2L2(µ) ≤ 2∥∇X∥2L2(µ) .

By (A.37), this implies (A.36).

Theorem A.23 (Space-time Poincaré inequality). Suppose that µ satisfies Assump-
tion A.2. Then for any T ∈ (0,∞), the generator L̂ of the Hamiltonian flow satisfies the
inequality STPI (T, 2c0(T ), 3 + 4c1(T )) with the constants c0(T ) and c1(T ) from Lemma
A.20.

The following proof is an adapted, optimised, and partially simplified version of the
proof of [186, Theorem 2.1].

Proof. By Remark A.16, it is sufficient to verify the space-time Poincaré inequality for
functions f0 ∈ C∞

0 ([0, T ]×Rd×Rd). Hence fix such a function, let f = f0−
´
f0 d(µ⊗κ),

and let f̃ : [0, T ]× Rd → R be such that Πvf = f̃ ◦ π. First note that

∥f∥2L2(µ⊗κ) = ∥f −Πvf∥2L2(µ⊗κ) + ∥f̃∥2L2(µ) , (A.38)

so that it suffices to bound ∥f̃∥2L2(µ) by the quantities ∥f−Πvf∥2L2(µ⊗κ) and ∥Af∥2L2(µ⊗κ).

By Lemma A.20 applied to f̃ , there exist functions h ∈ H1,2
0 ((0, T ) × Rd, µ) and g ∈

H2,2
0 ((0, T ) × Rd, µ) such that the vector field X =

(
−h
∇g

)
satisfies (A.28), (A.29) and

(A.30) with respect to f̃ . In particular,

∥f̃∥2L2(µ) = (f̃ , f̃)L2(µ) = (f̃ ,∇∗
X)L2(µ) = (∇f̃ , X)L2(µ). (A.39)

Using the space-time property of lifts (Lemma A.18), we see that

(∇f̃ , X)L2(µ) =
(
−∂tf̃ , h

)
L2(µ)

+ 2ET (f̃ , g)

=
(
A(f̃ ◦ π), h ◦ π + L̂(g ◦ π)

)
L2(µ⊗κ)

=
(
A(f̃ ◦ π), v ·X ◦ π

)
L2(µ⊗κ)

=
(
Af, v ·X ◦ π

)
L2(µ⊗κ)

+
(
A(Πvf − f), v ·X ◦ π

)
L2(µ⊗κ)

.
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Let us consider the two summands separately.
The first summand can be estimated as

(Af, v ·X ◦ π)L2(µ⊗κ) ≤ ∥Af∥L2(µ⊗κ)∥v ·X ◦ π∥L2(µ⊗κ) = ∥Af∥L2(µ⊗κ)∥X∥L2(µ)

≤ c0(T )
1
2 ∥Af∥L2(µ⊗κ)∥f̃∥L2(µ) ,

where we used
´
Rd vivj dκ = δij and c0(T ) is the constant from Lemma A.20.

The second summand satisfies

(A(Πvf − f), v ·X ◦ π)L2(µ⊗κ) = (Πvf − f,A∗(v ·X ◦ π))L2(µ⊗κ) ,

where A∗ is the adjoint of A in L2(µ⊗ κ). Here we have used that by the conditions on
h and g, v ·X ◦ π = h ◦ π + L̂(g ◦ π) is in the domain of A, and hence by (A.34) in the
domain of A∗. Since f̃ = ∇∗

X, Lemma A.22 and Lemma A.20 yield

∥A∗(v ·X ◦ π)∥2L2(µ⊗κ) = ∥f̃∥2L2(µ) + ∥A∗(v ·X ◦ π)−∇∗
X ◦ π∥2L2(µ⊗κ)

≤ ∥f̃∥2L2(µ) + 2∥∇X∥2L2(µ) ≤ (1 + 2c1(T ))∥f̃∥2L2(µ) ,

so that the second summand can be estimated as

(A(Πvf − f), v ·X ◦ π)L2(µ⊗κ) ≤ (1 + 2c1(T ))
1
2 ∥f −Πvf∥L2(µ⊗κ)∥f̃∥L2(µ⊗κ) .

Putting things together, we hence obtain by (A.39),

∥f̃∥L2(µ) ≤ c0(T )
1
2 ∥Af∥L2(µ⊗κ) + (1 + 2c1(T ))

1
2 ∥f −Πvf∥L2(µ⊗κ) ,

so that by (A.38),

∥f∥2L2(µ⊗κ) ≤ 2c0(T )∥Af∥2L2(µ⊗κ) + (3 + 4c1(T ))∥f −Πvf∥2L2(µ⊗κ) .

Remark A.24. In order to generalise the above proof technique to other second-order
lifts of an overdamped Langevin diffusion, the key step is bounding ∥A∗(v ·X ◦π)∥L2(µ⊗κ)

by ∥f̃∥L2(µ). Further care regarding the domain of the operator A∗ must also be taken
in more general settings.

A.5.5. Optimality of randomised Hamiltonian Monte Carlo

By Theorem A.17, the space-time Poincaré inequality for the generator L̂ of the Hamilto-
nian flow immediately gives the following quantitative hypocoercivity result for the trans-
ition semigroup (P̂

(γ)
t )t≥0 of randomised Hamiltonian Monte Carlo with generator

L̂(γ) = L̂+ γ(Πv − I) .

Corollary A.25 (Exponential contractivity of randomised HMC). For any γ, T ∈ (0,∞),
the semigroup (P̂

(γ)
t )t≥0 is exponentially contractive in T -average with rate

ν =
γ

2c0(T )γ2 + 3 + 4c1(T )
, (A.40)

where c0(T ) and c1(T ) are the constants from Lemma A.20.
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Proof. The expression for ν follows immediately from Theorems A.17 and A.23.

Remark A.26 (Optimal refresh rate). For fixed T ∈ (0,∞), the rate ν in (A.40) is
maximal when γ is chosen such that the two summands in the denominator coincide, i.e.
for γ =

√
(3 + 4c1(T ))/(2c0(T )). In this case,

1

ν
=
√
8c0(T )(3 + 4c1(T )) . (A.41)

To obtain explicit bounds, we set T = 3/
√
m. By (A.40) and Remark A.21, this yields

1

ν
=

482√
m

(
γ√
m

+
(
2124 + 1

3 + 300
κ−
m

) √
m

482γ

)
<

482√
m

(
γ√
m

+ 5
(
1 +

κ−
7m

) √
m

γ

)
.

(A.42)
The decay rate ν is maximal for

γ =
√
((2124 + 1

3)m+ 300κ−)/482 , (A.43)

and in this case,
1

ν
= 2 · 482γ

m
<

2024√
m

·
√
1 +

κ−
7m

. (A.44)

Corollary A.27 (C-optimality of randomised HMC). Let c ∈ [0,∞). On the class of
all potentials satisfying Assumption A.2 with κ− ≤ cm, randomised Hamiltonian Monte
Carlo with γ given by (A.43) is a C-optimal lift of the corresponding overdamped Langevin
diffusion with

C = 2
√
2(2024

√
1 + c/7 + 3) .

More generally, for A ∈ [1,∞), randomised HMC is a C(A)-optimal lift with

C(A) = 2
√
2 (482 · (6 + 5c/7)A+ 3)

for any γ satisfying 1/A ≤ γ√
m

≤ A.

Proof. For γ given by (A.43), the bound in (A.44) yields

trel(P̂
(γ)) ≤ T + ν−1 ≤ 1√

m
(2024

√
1 + c/7 + 3) ,

whereas the relaxation time of the underlying overdamped Langevin diffusion is trel(P ) =
1
m . This proves the first claim, and the second claim follows similarly from (A.42).

Remark A.28 (Optimal lifts with and without convexity). The explicit values of the
constants in Corollary A.27 are certainly not optimal. In particular, we expect that the
constants (A.33) in the quantitative divergence lemma can still be improved substantially.
Therefore, Corollary A.27 seems to indicate that in the convex or mildly non-convex case,
randomised HMC with optimised choice of γ is not too far from being an optimal lift of
overdamped Langevin. On the other hand, a corresponding statement cannot be true in
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very non-convex cases. For example, for a double well-potential U(x) = β(x2−1)2, by the
Arrhenius law, the relaxation times of overdamped Langevin and randomised HMC are
both expected to be asymptotically of exponential order exp(β(U(0)−U(1))) as β → ∞.
Therefore, a square root acceleration cannot take place for large β, and the dependence
of the bounds on the non-convexity parameter c is natural.

Remark A.29 (Hypocoercivity approaches). Based on the work of Hérau [132], Dol-
beault, Mouhot and Schmeiser [86, 87] developed a method for proving hypocoercivity
for a general class of linear kinetic equations, covering the kinetic Fokker-Planck and
the linear Boltzmann equations and thereby Langevin dynamics and randomised HMC.
Their method is based on a modification of the L2(µ⊗κ)-norm by a suitable perturbation
which allows to recover dissipation in all variables. As pointed out to us by Lihan Wang,
if L̂ is the generator of the Hamiltonian flow, then Assumption H3 in [87] resembles our
first-order condition (A.7) for a second-order lift, while Assumption H2 in [87] is implied
by the second-order condition (A.8) together with Assumption A.2(ii) on the spectral gap
of the underlying diffusion. Since the entropy functional in [87] does not directly capture
the dynamics of the process, one cannot expect optimal bounds on the convergence rate.
Indeed, as calculated in [61, Appendix B], assuming a lower bound on the Hessian of the
potential and in the case that γ is proportional to

√
m, the approach in [87] seems to

yield a rate of order m5/2 in the limit as m→ 0 instead of the optimal order m1/2.
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Appendix B.

Space-time divergence lemmas and
optimal non-reversible lifts of diffusions
on Riemannian manifolds with boundary

A. Eberle and F. Lörler. ‘Space-time divergence lemmas and optimal non-reversible lifts
of diffusions on Riemannian manifolds with boundary’. In: J. Funct. Anal. 291.9 (2026).
doi: 10.1016/j.jfa.2026.111605

Abstract: Non-reversible lifts reduce the relaxation time of reversible diffusions at
most by a square root. For reversible diffusions on domains in Euclidean space, or, more
generally, on a Riemannian manifold with boundary, non-reversible lifts are in particular
given by the Hamiltonian flow on the tangent bundle, interspersed with random velocity
refreshments, or perturbed by Ornstein-Uhlenbeck noise, and reflected at the boundary.
In order to prove that for certain choices of parameters, these lifts achieve the optimal
square-root reduction up to a constant factor, precise upper bounds on relaxation times
are required. A key tool for deriving such bounds by space-time Poincaré inequalities is
a quantitative space-time divergence lemma. Extending previous work of Cao, Lu and
Wang, we establish such a divergence lemma with explicit constants for general locally
convex domains with smooth boundary in Riemannian manifolds satisfying a lower, not
necessarily positive, curvature bound. As a consequence, we prove optimality of the lifts
described above up to a constant factor, provided the deterministic transport part of
the dynamics and the noise are adequately balanced. Our results show for example that
an integrated Ornstein-Uhlenbeck process on a locally convex domain with diameter d
achieves a relaxation time of the order d, whereas, in general, the Poincaré constant of
the domain is of the order d2.

Keywords: Lift; divergence lemma; Riemannian manifold; hypocoercivity; Langevin
dynamics; Hamiltonian Monte Carlo; convex domain; reflection.
MSC Subject Classification: 60J25, 60J35, 58J65, 58J05, 35H10.

B.1. Introduction

Long-time convergence to equilibrium of strongly continuous contraction semigroups
plays an important role in many areas of probability and analysis, ranging from con-
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vergence of Markov processes with applications in sampling to kinetic equations, ergodic
theory, and non-equilibrium statistical physics. The degenerate case in which the gener-
ator of the semigroup is not an elliptic but only hypoelliptic operator has attracted much
attention in the past years, and the study of convergence of such dynamics is known
as hypocoercivity [248]. Recently, a variational approach based on space-time Poincaré
inequalities pioneered by Albritton, Armstrong, Mourrat and Novack [6] has proved suc-
cessful in obtaining sharp and quantitative bounds on the rates of convergence. This
approach has further been developed and applied in various scenarios by Cao, Lu and
Wang [61, 186]. Furthermore, by casting it in a framework of second-order lifts [99], the
authors have simplified the approach, and an associated lower bound on the relaxation
time of lifts has raised the question of existence of optimal lifts achieving this lower
bound.

The goal of this paper is to prove upper bounds of the optimal order on the relaxation
time of Langevin dynamics and randomised Hamiltonian Monte Carlo with appropriately
chosen parameters on locally convex Riemannian manifolds with boundary that satisfy
a lower curvature bound. To this end, we provide a quantitative space-time divergence
lemma, which is the key ingredient in the proof of space-time Poincaré inequalities. By
considering Riemannian manifolds with boundary as spatial domains, our result allows
for the treatment of non-reversible, degenerate dynamics on Riemannian manifolds, as
well as dynamics with reflective boundary behaviour. In particular, it shows that, up
to a constant factor, the processes described above are optimal lifts of an overdamped
Langevin diffusion with reflection at the boundary, provided the deterministic transport
part of the dynamics and the noise are adequately balanced.

Probability distributions supported on Riemannian manifolds arise in many applica-
tions; through constrained dynamics in physics [174, 176], as natural parameter spaces
in statistics [70], in Bayesian inference [80, 181], through introduction of an artificial Rie-
mannian geometry on Rn [167], or in volume computation of convex bodies [112, 166],
to name a few. Sampling from such distributions is a challenging task, and theoretical
convergence bounds for many proposed algorithms [4, 59, 69, 116, 154] are still lacking.
Our quantitative convergence bounds provide a first step towards the theoretical under-
standing of sampling algorithms based on discretisations of continuous-time processes
on Riemannian manifolds. Similarly, dynamics constrained to a convex domain arise in
sampling problems with restrictions [5, 161]. The relaxation time of reflected Brownian
motion on a convex domain with diameter d is the Poincaré constant of the uniform
distribution on this domain, which is of the order d2 in general [180]. Our result shows
that critically damped Langevin dynamics, which reduces to an integrated Ornstein-
Uhlenbeck process reflected at the boundary, and randomised Hamiltonian Monte Carlo
with appropriately chosen refresh rate, which reduces to a billiards process with velocity
refreshment, achieve a relaxation time of order d.

Let us first give a brief review of the concept of second-order lifts of reversible diffu-
sions introduced in [99]. Consider a time-homogeneous Markov process (Xt, Vt)t≥0 with
invariant probability measure µ̂ on the tangent bundle TM of a Riemannian manifold
(M, g) with boundary and let π : TM → M be the natural projection. Furthermore,
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B.1. Introduction

let (Zt)t≥0 be a reversible diffusion process on M with invariant probability measure
µ = µ̂ ◦ π−1. Their associated transition semigroups acting on L2(µ̂) and L2(µ) are
(P̂t)t≥0 and (Pt)t≥0, and their infinitesimal generators are denoted by (L̂,Dom(L̂)) and
(L,Dom(L)), respectively. Then (P̂t)t≥0 is a second-order lift of (Pt)t≥0 if

Dom(L) ⊆ {f ∈ L2(µ) : f ◦ π ∈ Dom(L̂)} , (B.1)

and for all f, g ∈ Dom(L) we have
ˆ
TM

L̂(f ◦ π)(g ◦ π) dµ̂ = 0 (B.2)

and
1

2

ˆ
TM

L̂(f ◦ π)L̂(g ◦ π) dµ̂ = E(f, g) , (B.3)

where E(f, g) = −
´
M fLg dµ is the Dirichlet form associated to (L,Dom(L)).

Since the process (Zt)t≥0 is assumed to be reversible, its generator is self-adjoint, and
the associated semigroup satisfies

∥Pt∥L2
0(µ)→L2

0(µ)
= exp(−λt) (B.4)

with the decay rate λ given by the spectral gap

gap(L) = inf{Re(α) : α ∈ spec(−L|L2
0(µ)

)} (B.5)

of (L,Dom(L)) in the Hilbert space L2(µ). Here L2
0(µ) = {f ∈ L2(µ) :

´
M f dµ = 0}

denotes the subspace of L2(µ) of mean-zero functions. In contrast, the strong generator
of a non-reversible Markov process is no longer self-adjoint and the operator norm of the
associated semigroup is no longer a pure exponential. In particular, the spectral gap only
coincides with the asymptotic decay rate of the semigroup under additional assumptions
ensuring a spectral mapping theorem relating the spectrum of Pt to that of L, see [104].
This motivates the introduction of the non-asymptotic relaxation time

trel(P̂ ) = inf{t ≥ 0: ∥P̂tf∥L2(µ) ≤ e−1∥f∥L2(µ) for all f ∈ L2
0(µ)}

of (P̂t)t≥0. For reversible processes, (B.4) shows that the relaxation time coincides with
the usual definition as the inverse of the spectral gap. A crucial consequence of the lift
property is the lower bound

trel(P̂ ) ≥
1

2
√
2

√
trel(P )

on the relaxation time of an arbitrary lift, see [99, Theorem 11], which shows that con-
vergence measured by the relaxation time can at most be accelerated by a square root
through lifting. A lift (P̂t)t≥0 is hence called C-optimal if

trel(P̂ ) ≤
C

2
√
2

√
trel(P ) , (B.6)
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i.e. if it achieves this lower bound up to a constant factor C > 0.

Proving C-optimality of a lift requires precise upper bounds on the relaxation time.
The approach recently introduced by Albritton, Armstrong, Mourrat and Novack [6]
relies on space-time Poincaré inequalities in order to obtain exponential decay

1

T

ˆ t+T

t
∥P̂sf∥2L2(µ̂) ds ≤ e−νt 1

T

ˆ T

0
∥P̂sf∥2L2(µ̂) ds for all f ∈ L2

0(µ̂) and t ≥ 0

with rate ν of time-averages over some fixed length T > 0, which yields trel(P̂ ) ≤ 1
ν + T .

The key tool in proving a space-time Poincaré inequality is a space-time divergence lemma
which can be formulated in terms of the generator (L,Dom(L)) of the reversible process
alone. Namely, letting λ denote the Lebesgue measure on [0, T ], any f ∈ L2

0(λ⊗ µ) can
be written as

f = ∂th− Lg

with functions h ∈ H1,2(λ ⊗ µ) and g ∈ H2,2(λ ⊗ µ) satisfying Dirichlet boundary
conditions in time, as well as g(t, ·) ∈ Dom(L) for λ-almost every t ∈ [0, T ], together
with the regularity estimates

∥h∥2L2(µ) + ∥∇g∥2L2(µ) ≤ c0(T ) ∥f∥2L2(µ) ,

∥∇h∥2L2(µ) + ∥∇∇g∥2L2(µ) ≤ c1(T ) ∥f∥2L2(µ)

on h and g, where ∇ = (∂t, ∇) denotes the space-time gradient. One goal of this
work is to provide solutions to these space-time divergence equations with quantitative
expressions for c0(T ) and c1(T ) in the case where µ has a density exp(−U) with respect
to the Riemannian volume measure and (Zt)t≥0 is a Riemannian overdamped Langevin
diffusion with generator

L = ∆− ⟨∇U,∇⟩

with Neumann boundary conditions. In this case, f can be written as the space-time
divergence of the vector field with components −h and ∇g, which motivated the term
‘divergence lemma’ in the literature. This allows for the treatment of second-order lifts
of Riemannian overdamped Langevin dynamics, which include Riemannian randomised
Hamiltonian Monte Carlo and Langevin dynamics with reflective boundary behaviour.

We begin in the following section by formally introducing the setting and summarising
the Riemannian geometry involved. In particular, we provide an extension of the Reilly
formula which arises through an integration-by-parts of the Bochner formula for L and
a careful treatment of the boundary terms. Together with a lower curvature bound, it
allows to upper bound the Hessian of smooth functions on M . In Section B.3, we prove
the divergence lemma with explicit quantitative bounds on the constructed functions.
By considering a splitting of L2(µ) into high and low modes associated to a spectral
decomposition of L, as well as into symmetric and antisymmetric functions, we obtain
constants of the optimal order conjectured in [61]. We demonstrate an application of
the divergence lemma in Section B.4 by showing that, with critical choice of parameters,
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Langevin dynamics and randomised Hamiltonian Monte Carlo on a Riemannian manifold
with boundary satisfying a lower curvature bound are optimal lifts of the corresponding
overdamped Langevin diffusion. A brief overview of Riemannian geometry on manifolds
with boundary is given in Section B.5.

B.2. Preliminaries and the generalised Reilly formula

Consider a complete connected and oriented Riemannian manifold (M, g) with (possibly
empty) boundary. In particular, the boundary ∂M of M is a Riemannian submanifold
without boundary, and for simplicity we again denote the induced metric on ∂M by g.
We equip the boundary with the outward unit-normal vector field N , and for x ∈ M
and v, w ∈ TxM we write ⟨v, w⟩x for gx(v, w). For a short overview over manifolds
with boundary, see Section B.5.1. We equip M with a probability measure µ absolutely
continuous with respect to the Riemannian volume measure νM , i.e.

µ(dx) = exp(−U(x)) νM (dx)

for some function U ∈ C2(M) with
´
M exp(−U) dνM = 1.

Let ∆: C∞(M) → C∞(M), u 7→ div(∇u), where ∇ is the Riemannian gradient and
div the Riemannian divergence, be the Laplace-Beltrami operator. Then the weighted
Laplace-Beltrami operator L is defined as

Lu = ∆u− ⟨∇U,∇u⟩ for all u ∈ C∞(M) .

The operator L satisfies the generalised Bochner-Lichnerowicz-Weitzenböck formula

1

2
L|∇u|2 = |∇2u|2 + ⟨∇u,∇Lu⟩+ (Ric+∇2U)(∇u,∇u) (B.7)

for all u ∈ C∞(M), see [19, Proposition 3], where ∇2u is the Hessian, or second covariant
derivative, of u, and Ric is the Ricci curvature tensor of M . Letting ∂i denote the i-th
coordinate vector field, |∇2u|2 =

∑d
i,j=1(∇2

∂i,∂j
u)2 is the squared Frobenius norm of the

tensor ∇2u. Note that (B.7) reduces to the usual Bochner identity in case U is constant
and thus L = ∆, see e.g. [146]. Let

C∞
c (M) = {u ∈ C∞(M) : supp(u) is compact in M}

denote the set of smooth, compactly supported functions on M , where elements of
C∞

c (M) are not required to vanish at the boundary ∂M . Integrating the Bochner identity
by parts with respect to the Riemannian volume νM yields the Reilly formula [218]

ˆ
M

(
|∇2u|2 − (∆u)2 +Ric(∇u,∇u)

)
dνM

=

ˆ
∂M

(
H (∂Nu)

2 − 2(∂Nu)∆
∂Mu+ h

(
∇∂Mu,∇∂Mu

))
dν∂M ,
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for all u ∈ C∞
c (M), see also [71, Lemma 7.10] for a proof. Here h is the scalar second

fundamental form, H is the mean curvature of the boundary, see Section B.5.2, and
∂Nu = ⟨∇u,N⟩. We use the notation ∇∂M and ∆∂M for the Riemannian gradient and
the Laplace-Beltrami operator on the boundary manifold (∂M, g), respectively, and the
induced Riemannian volume measure on ∂M is denoted by ν∂M . Denoting the induced
measure on the boundary by

µ∂M (dx) = exp(−U(x)) ν∂M (dx) ,

the operator L satisfies the integration-by-parts identity
ˆ
M
φLψ dµ =

ˆ
∂M

φ⟨∇ψ,N⟩dµ∂M −
ˆ
M
⟨∇φ,∇ψ⟩dµ (B.8)

for all smooth, compactly supported functions φ,ψ ∈ C∞
c (M). Note that µ∂M is not

necessarily a probability measure. Now integrating (B.7) by parts with respect to µ yields
the following generalisation of the Reilly formula due to Ma and Du [187], which reduces
to the usual Reilly formula in case U is constant. For completeness and the convenience
of the reader, we include a proof in Section B.5.4.

Lemma B.1 (Generalised Reilly formula). For any u ∈ C∞
c (M),

ˆ
M

(
|∇2u|2 − (Lu)2 + (Ric+∇2U)(∇u,∇u)

)
dµ

=

ˆ
∂M

(
(H + ∂NU) (∂Nu)

2 − 2(∂Nu)L
∂Mu+ h

(
∇∂Mu,∇∂Mu

))
dµ∂M ,

where L∂M = ∆∂M − ⟨∇∂MU,∇∂M ⟩.

Lemma B.1 has been applied by Kolesnikov and Milman [149, 150, 151] to obtain
Brascamp-Lieb-type and log-Sobolev functional inequalities on weighted Riemannian
manifolds with boundary.

Remark B.2. The set of corner points C of a Riemannian manifold M with corners,
see Section B.5.1, forms a set of measure 0 with respect to the Riemannian volume
measure νM , and M \ C is a Riemannian manifold with boundary. Hence Lemma B.1
holds analogously for Riemannian manifolds with corners when replacing the domain of
integration on the right-hand side with the boundary ∂(M \ C) of M \ C.

The Sobolev space H1,2(M,µ) on M is defined as the closure of C∞(M) ∩ L2(µ) in
L2(µ) with respect to the norm

∥u∥2H1,2(µ) = ∥u∥2L2(µ) + ∥∇u∥2L2(µ) . (B.9)

Similarly, one defines the second-order Sobolev space H2,2(M,µ) on M as the closure of
C∞(M) ∩ L2(µ) with respect to the norm

∥u∥2H2,2(µ) = ∥u∥2L2(µ) + ∥∇u∥2L2(µ) + ∥∇2u∥2L2(µ) , (B.10)
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where ∥∇2u∥L2(µ) is the L2(µ)-norm of |∇2u|.
We make the following assumptions on (M, g) and the probability measure µ.

Assumption B.1.

(i) Local convexity. The scalar second fundamental form h on ∂M is negative semi-
definite, i.e.

h(v, v) ≤ 0 for all x ∈ ∂M and v ∈ Tx∂M .

(ii) Lower curvature bound. There is a constant ρ ∈ [0,∞) such that Ric+∇2U ≥
−ρ on M , i.e.

Ric(v, v) +∇2U(v, v) ≥ −ρ|v|2 for all x ∈M and v ∈ TxM .

(iii) Poincaré inequality. The probability measure µ satisfies a Poincaré inequality
with constant m−1, i.e.

ˆ
M
f2 dµ ≤ 1

m

ˆ
M

|∇f |2 dµ for all f ∈ H1,2(M,µ) with
ˆ
M
f dµ = 0 .

The local convexity assumption (i) is implied by geodesic convexity of the manifold,
i.e. the existence of a minimising geodesic between any two interior points that lies in the
interior, while the converse is not true in general [7, 38, 39]. Note that the lower bound
(ii) on the generalised curvature tensor Ric+∇2U is also known as the Bakry-Émery
curvature-dimension condition CD(−ρ,∞) [20].

Remark B.3. Let M be a closed, connected subset of Rd with smooth boundary. Then
M is a Riemannian manifold with boundary when equipped with the Euclidean metric
and Assumption B.1(i) is equivalent to convexity of M . Since the Euclidean metric is
flat, Assumption B.1(ii) simplifies to ∇2U ≥ −ρ on M . Hence Assumption B.1 is satis-
fied by probability measures on convex subsets of Euclidean space satisfying a Poincaré
inequality and a lower curvature bound on their potential.

By the integration-by-parts identity (B.8), when equipped with the Neumann boundary
conditions

D = {u ∈ C∞
c (M) : ∂Nu = 0 on ∂M} , (B.11)

we have Lu = −∇∗∇u for all u ∈ D, where the adjoint is in L2(µ). Therefore, the
densely defined linear operator (L,D) on L2(µ) is symmetric and negative semi-definite.

Corollary B.4. Let Assumption B.1 hold.

(i) For all u ∈ D,
∥∇2u∥2L2(µ) ≤ ∥Lu∥2L2(µ) + ρ∥∇u∥2L2(µ) . (B.12)

(ii) The operator (L,D) is essentially self-adjoint. Its unique self-adjoint extension
(L,Dom(L)) satisfies Dom(L) ⊆ H2,2(M,µ) and (B.12) holds for all u ∈ Dom(L).
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Proof. (i) The estimate (B.12) follows directly from the generalised Reilly formula
stated in Lemma B.1, using Assumption B.1(i) and (ii) and the vanishing normal
derivative at the boundary.

(ii) In the case of constant potential, the essential self-adjointness of the Laplace-
Beltrami operator (∆,D) with Neumann boundary conditions is classical and e.g.
shown in [240, Prop. 8.2.5]. Another proof following an approach by Chernoff [68]
is given in [33]. Due to the integration-by-parts identity (B.8) and the regularity
estimate (B.12) guaranteed by the lower bound on the curvature of U , the general
case L = ∆− ⟨∇U,∇⟩ can be treated analogously.

Finally, since ∥∇u∥2L2(µ) ≤ ∥u∥L2(µ)∥Lu∥L2(µ) for all u ∈ D, (B.12) yields

∥∇2u∥2L2(µ) ≤ (1 + ρ)(∥u∥L2(µ) + ∥Lu∥L2(µ))
2

for all u ∈ D. In particular, this implies Dom(L) ⊆ H2,2(M,µ) and (B.12) holds
for all u ∈ Dom(L) by an approximation argument.

We make the following technical assumption which allows us to work with a spectral
decomposition of L. It can surely be relaxed, see [55], yet is satisfied in many cases, for
instance if M is compact.

Assumption B.2. The spectrum of (L,Dom(L)) on L2(µ) is discrete.

Let L2
0(µ) = {f ∈ L2(µ) :

´
M f dµ = 0} denote the subspace of L2(µ) of mean-zero

functions. By the Poincaré inequality Assumption B.1(iii),

−L|L2
0(µ)

: Dom(L) ∩ L2
0(µ) → L2

0(µ)

has a spectral gap and hence admits a bounded linear inverse

G : L2
0(µ) → Dom(L) ∩ L2

0(µ) (B.13)

with operator norm bounded by 1
m . Assumption B.2 allows us to consider an orthonormal

basis {ek : k ∈ N0} of L2(µ) consisting of eigenfunctions of L with eigenvalues −α2
k,

where e0 = 1 and α0 = 0. In particular, inf{α2
k : k ∈ N} ≥ m and ek ∈ Dom(L) implies

∂Nek = 0 on ∂M . The operator G = (−L|L2
0(µ)

)−1 satisfies

Gek =
1

α2
k

ek for all k ∈ N .

B.3. The space-time divergence lemma

We adjoin a time component to the spatial component and hence consider time-space
domains M = [0, T ]×M , where T ∈ (0,∞) is fixed and, as before, (M, g) is a Riemann-
ian manifold with boundary such that Assumption B.1 is satisfied. Note that M is a
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Riemannian manifold with corners with metric g given by the product of the Euclidean
metric and g. Its corner points are {0, T}× ∂M . The tangent bundle TM is canonically
isomorphic to ([0, T ]× R)⊕ TM , and we identify elements V ∈ TM of the former with
tuples (V0, V1) with V0 ∈ [0, T ]× R and V1 ∈ TM .

On M we consider the measure
µ = λ⊗ µ ,

where λ is the Lebesgue measure restricted to [0, T ]. We use the notation L2(µ) =
L2(M,µ) and L2

0(µ) = {f ∈ L2(µ) :
´
M f dµ = 0} for the subspace of L2(µ) of mean-zero

functions. The Riemannian gradient on M is denoted by ∇ and its formal L2(µ)-adjoint
by ∇∗. The latter acts on a vector field X ∈ ΓC1(TM) by

∇∗
X = −∂tX0 +∇∗X1

= −∂tX0 − div(X1) + ⟨∇U,X1⟩ .

For m ∈ {1, 2}, the Sobolev spaces Hm,2(µ) are defined in analogy to (B.9) and (B.10).
Similarly, the Sobolev space Hm,2

D (µ) with Dirichlet boundary conditions in time is the
closure of

{u ∈ C∞(M) ∩ L2(µ) : u(0, ·) = u(T, ·) = 0}

in L2(µ) with respect to ∥·∥Hm,2(µ).

Theorem B.5 (Quantitative divergence lemma). Suppose that Assumptions B.1 and B.2
are satisfied. Then for any T ∈ (0,∞), there exist constants c0(T ), c1(T ) ∈ (0,∞) such
that for any f ∈ L2

0(µ) there are functions

h ∈ H1,2
D (µ) and g ∈ H2,2

D (µ) (B.14)

satisfying
g(t, ·) ∈ Dom(L) for λ-almost all t ∈ [0, T ] (B.15)

such that
f = ∂th− Lg (B.16)

and the functions h and g satisfy

∥h∥2L2(µ) + ∥∇g∥2L2(µ) ≤ c0(T ) ∥f∥2L2(µ) , (B.17)

∥∇h∥2L2(µ) + ∥∇∇g∥2L2(µ) ≤ c1(T ) ∥f∥2L2(µ) , (B.18)

where
c0(T ) = 2T 2 + 43

1

m
and

c1(T ) = 290 +
991

mT 2
+ 43max

(
1

m
,
T 2

π2

)
ρ .

(B.19)

Remark B.6 (Relation to the classical divergence lemma). In Theorem B.5, writing

X =

(
X0

X1

)
with X0 = −h and X1 = ∇g
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yields the divergence equation
f = ∇∗

X (B.20)

together with the bounds

∥X∥2L2(µ) ≤ c0(T ) ∥f∥2L2(µ) , (B.21)

∥∇X∥2L2(µ) ≤ c1(T ) ∥f∥2L2(µ) . (B.22)

The vector field X satisfies Dirichlet boundary conditions on the time boundary, i.e. it
vanishes on {0, T}×M , and it vanishes in the direction normal to the spatial boundary,
i.e. ⟨X1, N⟩ = 0 on [0, T ]× ∂M . In comparison, in the classical Lions’ divergence lemma
as in [10], one imposes Dirichlet boundary conditions on the solution to (B.20) on the
whole boundary. While Theorem B.5 only requires the vector field to vanish in the
direction normal to the spatial boundary, we obtain the additional gradient structure of
X1.

Remark B.7 (Related works). In the unbounded Euclidean caseM = Rd, a quantitative
divergence lemma has been proved by Cao, Lu and Wang [61, Lemma 2.6]. We obtain the
order of the constant c1(T ) as conjectured in [61, Remark 2.7] by more closely considering
the case of space-time harmonic right-hand sides and splitting these into high and low
modes, as well as into symmetric and antisymmetric functions. Again on Rd, the recent
preprint [168] takes a variational approach to the divergence lemma, yet obtains an
additional term of the order mT 2 in the constant c1(T ) in (B.19) due to the estimate of
∥∇h∥2L2(µ). We avoid this, at the cost of the estimate of ∥∂t∇g∥2L2(µ) being of the order
1 + 1

mT 2 instead of 1
mT 2 as in [168]. Brigati and Stoltz [53, 55] prove a related averaging

lemma, eliminating the need of discrete spectrum of L, at the cost of worse scaling in
T . Finally, [97] uses a variation of our proof by formulating the divergence lemma in
terms of the associated Dirichlet form, allowing for the treatment of lifts of diffusions
with different boundary behaviour.

Let us first give a sketch of the proof of Theorem B.5. A first idea would be to solve
the equation

(∂2t + L)u = f (B.23)

with Neumann boundary conditions and to set X = −∇u, or, equivalently, h = ∂tu and
g = −u. However, by definition, Neumann boundary conditions only lead to h and ∂tg
vanishing on the time boundary and not g as required by (B.14). More precisely, let

D =
{
u ∈ C∞(M) ∩ L2(µ) : ∂Nu = 0 on [0, T ]× ∂M, ∂tu = 0 on {0, T} ×M

}
,

Lu = (∂2t + L)u = −∇∗∇u for u ∈ D .

Then, as in Corollary B.4, the operator (L,D) on L2(µ) is essentially self-adjoint and
its unique self-adjoint extension (L,Dom(L)) satisfies Dom(L) ⊆ H2,2(µ). In particular,
Dom(L) contains functions u ∈ L2(µ) such that u(t, ·) ∈ Dom(L) for λ-a.e. t ∈ [0, T ]
and u(·, x) ∈ H2,2([0, T ]) for µ-a.e. x ∈M satisfying the Neumann boundary conditions
∂tu(0, ·) = ∂tu(T, ·) = 0 and (∂2t + L)u ∈ L2(µ).
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The operator (L,Dom(L)) has discrete spectrum on L2(µ) and satisfies a Poincaré
inequality with constant m = min(m, π

2

T 2 ). Therefore, the restriction

−L|L2
0(µ)

: Dom(L) ∩ L2
0(µ) → L2

0(µ)

admits a bounded linear inverse

G : L2
0(µ) → Dom(L) ∩ L2

0(µ)

whose operator norm is bounded from above by m−1 = max( 1
m ,

T 2

π2 ).
Hence u = Gf is a solution of (B.23) and bounds as in (B.17) and (B.18) can be

derived for h = −∂tu and g = u in a straightforward way. However, in general u
does not satisfy Dirichlet boundary conditions in time as required in (B.14). Indeed,
an integration by parts shows that Dirichlet boundary conditions in time hold for u if
and only if f is orthogonal to the space H of space-time harmonic functions, that is H
consists of all functions u ∈ L2(µ) such that u(t, ·) ∈ Dom(L) for λ-a.e. t ∈ [0, T ] and
u(·, x) ∈ H2,2([0, T ]) for µ-a.e. x ∈M and (∂2t + L)u = 0.

Therefore, in the proof of Theorem B.5, we treat right-hand sides in H0 = H ∩ L2
0(µ)

and its orthogonal complement H⊥
0 in L2

0(µ) separately. For functions f ∈ H⊥
0 , we can

set u = Gf ∈ H2,2(µ) and X = ∇u, or equivalently h = −∂tu and g = u, to obtain
∇∗
X = ∂th − Lg = f . The orthogonality of f to the space of harmonic functions H0

then yields the boundary conditions (B.14), and the bounds (B.17) and (B.18) follow by
the Poincaré inequality and the Reilly formula. Indeed, by Remark B.2, we can apply
Lemma B.1 on the Riemannian manifold M with corners, so that we obtain the estimate

∥∇2
u∥2L2(µ) ≤ ∥Lu∥2L2(µ) + ρ∥∇u∥2L2(µ) (B.24)

for any function u ∈ Dom(L) in analogy to Corollary B.4.
In order to treat functions f ∈ H0, we decompose H0 using an orthogonal basis of L2(µ)

consisting of eigenfunctions of L. We then consider the antisymmetric and symmetric
parts as well as the high and low modes separately. In the case of antisymmetric functions
in the low modes, h and g can simply be chosen as the time-integral of f and zero. The
tricky case is that of symmetric functions in the low modes: this is where the estimates
degenerate for T → 0. Finally, the high modes are not expected to effect the results.
This can indeed be verified by a technical computation.

Proof of Theorem B.5. Let H0 = H ∩ L2
0(µ) as defined above and decompose

L2
0(µ) = H0 ⊕H⊥

0 .

At first consider f ∈ H⊥
0 . Then setting h = −∂tu and g = u with u = Gf yields

u ∈ Dom(L) and
f = ∂th− Lg .

Furthermore, for any v ∈ H0, an integration by parts yields

0 = (f, v)L2(µ) = (Lu, v)L2(µ)
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= (u, (∂2t + L)v)L2(µ) +

ˆ
(0,T )

ˆ
∂M

v∂Nu− u∂Nv dµ∂M dλ

+

ˆ
M

(
u(T, ·)∂tv(T, ·)− u(0, ·)∂tv(0, ·)

)
dµ

=

ˆ
M

(
u(T, ·)∂tv(T, ·)− u(0, ·)∂tv(0, ·)

)
dµ .

Hence u = 0 on {0, T} ×M since v ∈ H0 is arbitrary. Since by definition u also satisfies
Neumann boundary conditions, h and g and the boundary conditions (B.14) and (B.15).
We obtain the estimates

∥h∥2L2(µ) + ∥∇g∥2L2(µ) = ∥∇u∥2L2(µ) = (u, f)L2(µ) ≤ max

(
1

m
,
T 2

π2

)
∥f∥2L2(µ)

and

∥∂th∥2L2(µ) + ∥∂t∇g∥2L2(µ) + ∥∇h∥2L2(µ) + ∥∇2g∥2L2(µ)

= ∥∇2
u∥2L2(µ) ≤ ∥Lu∥2L2(µ) + ρ∥∇u∥2L2(µ)

≤
(
1 + max

(
1

m
,
T 2

π2

)
ρ

)
∥f∥2L2(µ)

by (B.24) and ∥u∥L2(µ) ≤ max( 1
m ,

T 2

π2 )∥f∥L2(µ). Therefore, for functions f ∈ H⊥
0 , the

bounds (B.17) and (B.18) are satisfied with the constants

c⊥0 = max

(
1

m
,
T 2

π2

)
and c⊥1 = 1 +max

(
1

m
,
T 2

π2

)
ρ .

Now consider f ∈ H0. In terms of the orthonormal basis (ek)k∈N0 of eigenfunctions of
L, any function f ∈ H0 can be represented as

f(t, x) =
∑
k∈N0

fk(t)ek(x) ,

where fk = (f, ek)L2(µ). This yields

0 = (∂2t f + Lf)(t, x) = f ′′0 (t) +
∑
k∈N

(f ′′k (t)− α2
kfk(t))ek(x) ,

so that the coefficients fk satisfy the ordinary differential equations f ′′k = α2
kfk. Hence

for any k ∈ N, the function fk can be expressed as a linear combination of e−αkt and
e−αk(T−t), and the functions

Ha
0 (t, x) = (t− (T − t))e0(x) ,

Ha
k (t, x) = (e−αkt − e−αk(T−t))ek(x) for k ∈ N ,

Hs
k(t, x) = (e−αkt + e−αk(T−t))ek(x) for k ∈ N
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define an orthogonal basis {Ha
k : k ∈ N0} ∪ {Hs

k : k ∈ N} of H0. The functions Ha
k and

Hs
k are in H2,2(µ) since ek ∈ Dom(L) ⊆ H2,2(µ) for all k ∈ N0. We decompose H0 into

the symmetric and antisymmetric functions as well as into the high and low modes, i.e.

H0 = Hl,a ⊕Hl,s ⊕Hh,a ⊕Hh,s ,

where

Hl,a = span{Ha
k : k ∈ N0 with αk ≤ β

T
} ,

Hl,s = span{Hs
k : k ∈ N with αk ≤ β

T
} ,

Hh,a = span{Ha
k : k ∈ N with αk >

β

T
} ,

Hh,s = span{Hs
k : k ∈ N with αk >

β

T
} ,

and consider these four subspaces separately. Here β ≥ 2 is the cutoff between high and
low modes. For f ∈ Hl,a∪Hl,s we have (f,−Lf)L2(µ) ≤

β2

T 2 ∥f∥2L2(µ). We will later choose
β = 2.

Case 1: Let f ∈ Hl,a. Set h(t, x) =
´ t
0 f(s, x) ds and g(t, x) = 0. Then h ∈ H1,2

D (µ)
due to the antisymmetry of f , so that (B.14) and (B.15) are satisfied. Since ∂th = f ,
the Poincaré inequality on [0, T ] yields

∥h∥2L2(µ) ≤
T 2

π2
∥∂th∥2L2(µ) =

T 2

π2
∥f∥2L2(µ) ,

∥∇h∥2L2(µ) ≤
T 2

π2
∥∇f∥2L2(µ) =

T 2

π2

ˆ T

0

(
f(t, ·),−Lf(t, ·)

)
L2(µ)

dt

≤ T 2

π2

ˆ T

0

β2

T 2
∥f(t, ·)∥2L2(µ) dt =

β2

π2
∥f∥L2(µ) .

Hence for f ∈ Hl,a we obtain (B.17) and (B.18) with the constants

cl,a0 =
T 2

π2
and cl,a1 = 1 +

β2

π2
.

Case 2: Let f ∈ Hl,s. Since f is symmetric, it does not necessarily integrate to 0 in
time and we cannot argue as in the previous case. Instead, we consider the decomposition
f = f0 + f1,

f0(t, x) = f(0, x) · cos
(
2πt

T

)
,

f1(t, x) = f(t, x)− f0(t, x)
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of f into a part f0 that integrates to 0 in time and a part f1 with Dirichlet boundary values
in time. Note that f(t, ·), f0(t, ·), f1(t, ·) are contained in span{ek : k ∈ N with αk ≤ β

T }
for all t ∈ [0, T ]. We now set

h(t, x) =

ˆ t

0
f0(s, x) ds and g(t, x) = Gf1(t, ·)(x) ,

so that f0 = ∂th and f1 = −Lg. The boundary conditions (B.14) are satisfied due to the
boundary conditions of f0 and f1, and (B.15) is satisfied by the definition (B.13) of G.
In order to obtain the required estimates, we bound ∥f0∥L2(µ) by ∥f∥L2(µ). First note
that

∥f0∥2L2(µ) = ∥f(0, ·)∥2L2(µ)

ˆ T

0
cos

(
2πt

T

)2

dt =
T

2
∥f(0, ·)∥2L2(µ) .

Expanding f(t, x) =
∑

αk≤ β
T
bkH

s
k(t, x) yields

∥f(0, ·)∥2L2(µ) =
∑

αk≤ β
T

b2k(1 + e−αkT )2 ≤ 4
∑

αk≤ β
T

b2k

and

∥f∥2L2(µ) =
∑

αk≤ β
T

b2k

ˆ T

0

(
e−αkt + e−αk(T−t)

)2
dt

≥
∑

αk≤ β
T

T min
t∈[0,T ]

(
e−αkt + e−αk(T−t)

)2
b2k

=
∑

αk≤ β
T

4Te−αkT b2k ≥ 4Te−β
∑

αk≤ β
T

b2k ,

so that
∥f0∥2L2(µ) ≤

T

2
∥f(0, ·)∥2L2(µ) ≤

1

2
eβ∥f∥2L2(µ) (B.25)

and

∥f1∥2L2(µ) ≤
(
∥f∥L2(µ) + ∥f0∥L2(µ)

)2 ≤ (1 + 1√
2
eβ/2

)2∥f∥2L2(µ) ≤ (2 + eβ)∥f∥2L2(µ) .

Similarly to the previous case, this gives the estimates

∥h∥2L2(µ) ≤
T 2

π2
∥f0∥2L2(µ) ≤

T 2

2π2
eβ∥f∥2L2(µ) ,

∥∂th∥2L2(µ) = ∥f0∥2L2(µ) ≤
1

2
eβ∥f∥2L2(µ) ,

∥∇h∥2L2(µ) ≤
β2

π2
∥f0∥2L2(µ) ≤

β2

2π2
eβ∥f∥2L2(µ) .
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For the bounds on g we use the fact that

∥∇Gu∥2L2(µ) = (u,Gu)L2(µ) ≤
1

m
∥u∥2L2(µ)

for any u ∈ L2
0(µ). Then

∥∇g∥2L2(µ) =

ˆ T

0
∥∇Gf1(t, ·)∥2L2(µ) dt ≤

1

m
∥f1∥2L2(µ) ≤

1

m

(
1 +

1√
2
eβ/2

)2∥f∥2L2(µ) .

Similarly, commuting the derivatives,

∥∂t∇g∥2L2(µ) = ∥∇∂tg∥2L2(µ) ≤
1

m
∥∂tf1∥2L2(µ) ≤

1

m

(
∥∂tf∥L2(µ) + ∥∂tf0∥L2(µ)

)2
. (B.26)

Again using the expansion f(t, x) =
∑

αk≤ β
T
bkh

s
k(t, x) we obtain

∥∂tf∥2L2(µ) =
∑

αk≤ β
T

α2
kb

2
k

ˆ T

0

(
−e−αkt + e−αk(T−t)

)2
dt

≤ β2

T 2

∑
αk≤ β

T

b2k

ˆ T

0

(
e−αkt + e−αk(T−t)

)2
dt =

β2

T 2
∥f∥2L2(µ)

as well as

∥∂tf0∥2L2(µ) =
2π2

T
∥f(0, ·)∥2L2(µ) ≤

2π2

T 2
eβ∥f∥2L2(µ)

by (B.25). Hence (B.26) yields

∥∂t∇g∥2L2(µ) ≤
(β +

√
2πeβ/2)2

mT 2
∥f∥2L2(µ).

Finally, Corollary B.4 yields

∥∇2g∥2L2(µ) ≤ ∥Lg∥2L2(µ) + ρ∥∇g∥2L2(µ) ≤
(
1 +

ρ

m

)
∥f1∥2L2(µ)

≤
(
1 +

ρ

m

)(
1 +

1√
2
eβ/2

)2

∥f∥L2(µ) .

For f ∈ Hl,s we therefore obtain (B.17) and (B.18) with the constants

cl,s0 =
T 2

2π2
eβ +

1

m

(
1 +

1√
2
eβ/2

)2

and

cl,s1 =

(
1

2
+

β2

2π2

)
eβ +

(β +
√
2πeβ/2)2

mT 2
+
(
1 +

ρ

m

)(
1 +

1√
2
eβ/2

)2

.
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Case 3: Let f ∈ Hh,a. We will use the expansion f(t, x) =
∑

αk>
β
T
bkH

a
k (t, x). As we

will show below, it is sufficient to derive a representation

Ha
k = ∂thk − Lgk

for each of the basis functions Ha
k with k ∈ N fixed. To this end, we write uk(t) =

e−αkt − e−αk(T−t), so that Ha
k (t, x) = uk(t)ek(x). We employ the ansatz

uk = v̇k + wk with vk(0) = vk(T ) = wk(0) = wk(T ) = 0 . (B.27)

Then setting

hk(t, x) = vk(t)ek(x) and gk(t, x) =
1

α2
k

wk(t)ek(x)

yields Ha
k = ∂thk − Lgk.

We now construct such functions vk and wk for a fixed k ∈ N. Let

φk(t) = (αkt− 1)21[0,α−1
k ](t) .

This function is in C1([0, T ]) and piecewise C2([0, T ]). Moreover, since αk >
2
T , it satisfies

φk(
T
2 ) = 0. For t ∈ [0, T2 ] we set

vk(t) = φk(t)

ˆ t

0
uk(s) ds and

wk(t) = uk(t)− v̇k(t) = (1− φk(t))uk(t)− φ̇k(t)

ˆ t

0
uk(s) ds .

Analogously, for t ∈ [T2 , T ] we set

vk(t) = −φk(T − t)

ˆ T

t
uk(s) ds and

wk(t) = uk(t)− v̇k(t) = (1− φk(T − t))uk(t)− φ̇k(T − t)

ˆ T

t
uk(s) ds .

Then vk, wk are in C0([0, T ]) and piecewise C1([0, T ]) with vk(0) = vk(T ) = 0, vk(T2 ) =
v̇k(

T
2 ) = 0, and

v̇k(0) = φk(0)uk(0) = uk(0) ,

wk(0) = uk(0)− v̇k(0) = 0 ,

v̇k(T ) = φk(0)uk(T ) = uk(T ) ,

wk(T ) = uk(t)− v̇k(T ) = 0 ,

so that (B.27) is satisfied. To obtain the required bounds, notice that ∥Ha
k∥2L2(µ) =´ T

0 uk(t)
2 dt and

∥hk∥2L2(µ) =

ˆ T

0
vk(t)

2 dt ,

∥∂thk∥2L2(µ) =

ˆ T

0
v̇k(t)

2 dt ,

∥∇hk∥2L2(µ) = α2
k

ˆ T

0
vk(t)

2 dt ,

∥∇gk∥2L2(µ) =
1

α2
k

ˆ T

0
wk(t)

2 dt ,

∥∂t∇gk∥2L2(µ) =
1

α2
k

ˆ T

0
ẇk(t)

2 dt ,

∥Lgk∥2L2(µ) =

ˆ T

0
wk(t)

2 dt ,
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where we used that ∥∇gk∥2L2(µ) = (gk,−Lgk)L2(µ) and ∥∂t∇gk∥2L2(µ) = (∂tgk,−L∂tgk)L2(µ).
One estimates

ˆ T
2

0
vk(t)

2 dt =

ˆ 1
αk

0
φk(t)

2

(ˆ t

0
uk(s) ds

)2

dt ≤
ˆ 1

αk

0
(αkt− 1)4t dt

ˆ T
2

0
uk(t)

2 dt

=
1

30α2
k

ˆ T
2

0
uk(t)

2 dt ,

and analogously on [T2 , T ], so that
ˆ T

0
vk(t)

2 dt ≤ 1

30α2
k

ˆ T

0
uk(t)

2 dt .

For v̇k = φ̇k

´ ·
0 uk(s) ds+ φkuk we similarly estimate

ˆ T
2

0
v̇k(t)

2 dt ≤

(ˆ 1
αk

0
φ̇k(t)

2

(ˆ t

0
uk(s) ds

)2

dt

) 1
2

+

(ˆ T
2

0
uk(t)

2 dt

) 1
2

2

≤

1 +

(ˆ 1
αk

0
(2αk(αkt− 1))2t dt

) 1
2

2 ˆ T
2

0
uk(t)

2 dt

=

(
1 +

1√
3

)2 ˆ T
2

0
uk(t)

2 dt <
5

2

ˆ T
2

0
uk(t)

2 dt ,

so that ˆ T

0
v̇k(t)

2 dt ≤
(
1 +

1√
3

)2 ˆ T

0
uk(t)

2 dt .

Similarly, since wk = −φ̇k

´ ·
0 uk(s) ds+(1−φk)uk on [0, T2 ] and correspondingly on [T2 , T ],

one obtains ˆ T

0
wk(t)

2 dt ≤
(
1 +

1√
3

)2 ˆ T

0
uk(t)

2 dt .

For ẇk = (1−φk)u̇k−2φ̇kuk−φ̈k

´ ·
0 uk(s) ds we first estimate

´ T
0 u̇k(t)

2 dt by
´ T
0 uk(t)

2 dt.
A direct computation yields

ˆ T
2

0
u̇k(t)

2 dt = α2
k

ˆ T
2

0

(
e−αkt + e−αk(T−t)

)2
dt

= αke
−αkT (sinh(αkT ) + αkT )

and similarly ˆ T
2

0
uk(t)

2 dt = α−1
k e−αkT (sinh(αkT )− αkT ) ,

so that ˆ T
2

0
u̇k(t)

2 dt ≤ α2
k

sinh(β) + β

sinh(β)− β

ˆ T
2

0
uk(t)

2 dt
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by monotonicity of x 7→ sinh(x)+x
sinh(x)−x on [0,∞). Therefore, by similar arguments as before,

ˆ T
2

0
ẇk(t)

2 dt ≤

4αk + αk

(
sinh(β) + β

sinh(β)− β

) 1
2

+

(ˆ 1
αk

0
4α4

kt dt

) 1
2

2 ˆ T
2

0
uk(t)

2 dt

= α2
k

(
4 +

√
2 +

(
sinh(β) + β

sinh(β)− β

) 1
2

)2 ˆ T
2

0
uk(t)

2 dt ,

and analogously on [T2 , T ], yielding

ˆ T

0
ẇk(t)

2 dt ≤ α2
k

(
4 +

√
2 +

(
sinh(β) + β

sinh(β)− β

) 1
2

)2 ˆ T

0
uk(t)

2 dt .

Noting that α2
k ≥ max(m, β

2

T 2 ), we hence obtain the bounds

∥hk∥2L2(µ) ≤
1

30
min

(
1

m
,
T 2

β2

)
∥Ha

k∥2L2(µ) ,

∥∂thk∥2L2(µ) ≤
(
1 +

1√
3

)2

∥Ha
k∥2L2(µ) ,

∥∇hk∥2L2(µ) ≤
1

30
∥Ha

k∥2L2(µ) ,

∥∇gk∥2L2(µ) ≤ min

(
1

m
,
T 2

β2

)(
1 +

1√
3

)2

∥Ha
k∥2L2(µ) ,

∥∂t∇gk∥2L2(µ) ≤

(
4 +

√
2 +

(
sinh(β) + β

sinh(β)− β

) 1
2

)2

∥Ha
k∥2L2(µ) ,

∥Lgk∥2L2(µ) ≤
(
1 +

1√
3

)2

∥Ha
k∥2L2(µ) .

and thus also

∥∇2gk∥2L2(µ) ≤
(
1 +

1√
3

)2(
1 + min

(
1

m
,
T 2

β2

)
ρ

)
∥Ha

k∥2L2(µ) .

For a general function f =
∑

αk>
β
T
bkH

a
k in Hh,a, we set

h =
∑

αk>β/T

bkhk and g =
∑

αk>β/T

bkgk

to obtain f = ∂th−Lg. By orthogonality of the functions ek, the functions hk and ∂thk
are also orthogonal systems. Hence

∥h∥2L2(µ) =
∑

αk>β/T

∥hk∥2, ∥∂th∥2L2(µ) =
∑

αk>β/T

∥∂thk∥2
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and

∥∇h∥2L2(µ) = −(h,Lh)L2(µ) =
∑

αk>β/T

α2
k∥hk∥2

=
∑

αk>β/T

(hk, Lhk)L2(µ) =
∑

αk>β/T

∥∇hk∥2L2(µ) .

The same is true for the functions ∇gk, ∂t∇gk and Lgk, so that analogous identities hold.
Since ∥f∥2L2(µ) =

∑
αk≥ β

T
b2k∥Ha

k∥2L2(µ), this yields (B.17) and (B.18) with constants

ch,a0 =

(
1

30
+

(
1 +

1√
3

)2
)
min

(
1

m
,
T 2

β2

)
and

ch,a1 =

(
1 +

1√
3

)2(
2 + min

(
1

m
,
T 2

β2

)
ρ

)
+

(
4 +

√
2 +

(
sinh(β) + β

sinh(β)− β

) 1
2

)2

+
1

30
.

Case 4: Let f ∈ Hl,s. Similarly to the previous case, we now set uk(t) = e−αkt +
e−αk(T−t), so that Hs

k(t, x) = uk(t)ek(x). We again derive a representation

Hs
k = ∂thk − Lgk

for each of the basis functions Hs
k with k ∈ N fixed by employing the ansatz

uk = v̇k + wk with vk(0) = vk(T ) = wk(0) = wk(T ) = 0 . (B.28)

Then setting

hk(t, x) = vk(t)ek(x) and gk(t, x) =
1

α2
k

wk(t)ek(x)

yields Hs
k = ∂thk − Lgk. The only thing that changes compared to the previous case is

the bound on
´ T
0 u̇k(t)

2 dt. In this case, one has

ˆ T
2

0
u̇k(t)

2 dt = α2
k

ˆ T

0

(
−e−αkt + e−αk(T−t)

)2
dt

= αke
−αkT (sinh(αkT )− αkT ) ,

whereas ˆ T
2

0
uk(t)

2 dt = α−1
k e−αkT (sinh(αkT ) + αkT ) .

Hence
ˆ T

0
u̇k(t)

2 dt = α2
k

sinh(αkT )− αkT

sinh(αkT ) + αkT

ˆ T

0
uk(t)

2 dt ≤ α2
k

ˆ T

0
uk(t)

2 dt .
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Again setting
h =

∑
αk>β/T

bkhk and g =
∑

αk>β/T

bkgk

yields f = ∂th− Lg. As in the previous case, the bounds (B.17) and (B.18) follow with
the constants

ch,s0 =

(
1

30
+

(
1 +

1√
3

)2
)
min

(
1

m
,
T 2

β2

)
and

ch,s1 =

(
1 +

1√
3

)2(
2 + min

(
1

m
,
T 2

β2

)
ρ

)
+
(
5 +

√
2
)2

+
1

30
.

For any f ∈ L2
0(µ), combining the results on each of the subspaces using linearity, we

can hence write f = ∂th−Lg with h and g satisfying (B.14) and (B.15). Choosing β = 2,
the bounds (B.17) and (B.18) then follow with

c0(T ) = 5max
(
cl,a0 , cl,s0 , c

h,a
0 , ch,s0 , c⊥0

)
= 5cl,s0

≤ 2T 2 + 43
1

m

and

c1(T ) = 5max
(
cl,a1 , cl,s1 , c

h,a
1 , ch,s1 , c⊥1

)
= 5max

(
cl,s1 , c

h,a
1 , c⊥1

)
≤ 290 +

991

mT 2
+ 43max

(
1

m
,
T 2

π2

)
ρ .

B.4. Optimal lifts on Riemannian manifolds with boundary

In the following, let (M, g) be a complete connected and oriented Riemannian manifold
with boundary and let

µ(dx) = exp(−U(x)) νM (dx)

with U ∈ C2(M) be a probability measure on M such that Assumptions B.1 and B.2 are
satisfied.

The operator (12L,Dom(L)) defined by Corollary B.4 is the generator in L2(µ) of an
overdamped Langevin diffusion on M with reflection at the boundary ∂M and invariant
probability measure µ. Explicitly, the set of compactly supported smooth functions

D = {u ∈ C∞
c (M) : ∂Nu = 0 on ∂M}

with Neumann boundary conditions is a core for the self-adjoint operator (12L,Dom(L))
and

Lf = −⟨∇U,∇f⟩+∆f for f ∈ D .
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The corresponding diffusion process solves the Stratonovich stochastic differential equa-
tion

dZt = −1

2
∇U(Zt) dt+ ◦ dBt −N(Zt) dLt ,

where (Bt)t≥0 is a Brownian motion on M and (Lt)t≥0 is the local time of (Zt)t≥0 at the
boundary ∂M , see [144, 250]. By Corollary B.4, the associated Dirichlet form is

E(f, g) = 1

2

ˆ
M
⟨∇f,∇g⟩dµ

with domain Dom(E) = H1,2(M,µ).

B.4.1. Lifts based on Hamiltonian dynamics on Riemannian manifolds

At first assume that ∂M = ∅. We denote elements of the tangent bundle TM by (x, v)
with x ∈M and v ∈ TxM . Defining the Hamiltonian

H(x, v) = U(x) +
1

2
⟨v, v⟩x

on TM yields the associated Hamiltonian flow (Xt, Vt)t≥0 on TM , see [1, Section 3.7].
It preserves the Hamiltonian H and satisfies the equations

d

dt
Xt = Vt ,

∇
dt
Vt = −∇U(Xt) .

Using horizontal and vertical lifts of vector fields, the tangent space T(x,v)TM of TM in
(x, v) ∈ TM can be canonically identified with the direct sum

T(x,v)TM = TxM ⊕ TxM , (B.29)

see [226, Section II.4]. Using this identification, the vector field generating the Hamilto-
nian flow is (x, v) 7→ (v,−∇U(x)). Furthermore, the Sasaki metric

g̃(x,v)
(
(ζ, ξ), (ζ ′, ξ′)

)
= gx(ζ, ζ

′) + gx(ξ, ξ
′) for (x, v) ∈ TM, (ζ, ξ), (ζ ′, ξ′) ∈ T(x,v)TM

on TM turns the tangent bundle (TM, g̃) into a Riemannian manifold [226, 228]. By
Liouville’s theorem, the Hamiltonian flow leaves the associated Riemannian volume form
dνg̃ on TM invariant. Therefore, the Hamiltonian flow preserves the probability measure
µ̂ on TM with density proportional to exp(−H) with respect to the volume dνg̃, which
can be disintegrated as

µ̂(dx dv) = µ(dx)κ(x, dv)

with κ(x, ·) = N (0, g−1
x ). The generator of the associated transition semigroup on L2(µ̂)

is then given by

L̂f(x, v) = ⟨v,∇xf(x, v)⟩ − ⟨∇U(x),∇vf(x, v)⟩ , (B.30)

and its domain satisfies

Dom(L̂) ⊇ {f ∈ C∞(TM) ∩ L2(µ̂) : ⟨v,∇xf⟩ − ⟨∇U,∇vf⟩ ∈ L2(µ̂)} .
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Lemma B.8. The Hamiltonian dynamics (Xt, Vt)t≥0 is a second-order lift of the over-
damped Langevin diffusion (Zt)t≥0.

Proof. Note that it suffices to verify (B.1)–(B.3) on the core D for (12L,Dom(L)) defined
in (B.11). Hence let f, g ∈ D. Then ⟨v,∇x(f ◦ π)⟩ = ⟨v,∇f ◦ π⟩ ∈ L2(µ̂), so that
f ◦ π ∈ Dom(L̂) and (B.1) is satisfied. Furthermore,

ˆ
TM

L̂(f ◦ π)(g ◦ π) dµ̂ =

ˆ
M

ˆ
TxM

⟨v,∇f(x)⟩κ(x, dv) g(x)µ(dx) = 0 ,

so that (B.2) is satisfied. Finally, (B.3) is satisfied by

1

2

ˆ
TM

(L̂(f ◦ π))2 dµ̂ =
1

2

ˆ
M

ˆ
TxM

⟨v,∇f(x)⟩2κ(x, dv)µ(dx)

=
1

2

ˆ
M
⟨∇f,∇f⟩ dµ = E(f, f) .

Now let us consider a complete Riemannian manifold (M, g) with boundary ∂M ̸= ∅.
For x ∈ ∂M and v ∈ TxM let

Rxv = v − 2N(x)⟨N(x), v⟩x

be the specular reflection at the boundary. Note that, if v is outward-pointing, then Rxv
is inward-pointing, and Rxv preserves κ(x,dv). The generator of Hamiltonian dynamics
with reflection at the boundary is then given by the closure (L̂,Dom(L̂)) of (L̂,R) in
L2(µ̂) with

R = {f ∈ C∞(TM) ∩ L2(µ̂) : ⟨v,∇xf⟩ − ⟨∇U,∇vf⟩ ∈ L2(µ̂) and
f(x,Rxv) = f(x, v) for all x ∈ ∂M and v ∈ TxM} ,

and L̂ given by (B.30). This definition clearly coincides with the definition above in case
∂M = ∅. The associated process (Xt, Vt)t≥0 follows the Hamiltonian flow on the interior
of M , and the normal component of the velocity is reflected when hitting the boundary.

Lemma B.9. The Hamiltonian dynamics (Xt, Vt)t≥0 with reflection at the boundary is
a second-order lift of the overdamped Langevin diffusion (Zt)t≥0 with reflection at the
boundary.

Proof. Since f ∈ D implies f ◦ π ∈ R, the domain condition (B.1) is satisfied. The
remaining conditions (B.2) and (B.3) follow as in Lemma B.8.

Lemma B.10 (Adjoint of L̂). The adjoint of (L̂,Dom(L̂)) in L2(µ̂) satisfies Dom(L̂) ⊆
Dom(L̂∗) and L̂∗g = −L̂g for all g ∈ Dom(L̂).

Proof. Let f, g ∈ R. Integration by parts gives
ˆ
TM

L̂fg dµ̂ = −
ˆ
TM

fL̂g dµ̂+

ˆ
∂M

ˆ
TxM

fg⟨v,N(x)⟩κ(x,dv)µ(dx) .
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Denoting h(x, v) = f(x, v)⟨v,N(x)⟩ gives h(x,Rxv) = −h(x, v), so that
ˆ
TxM

h(x, v)g(x, v)κ(x,dv) =

ˆ
TxM

h(x,Rxv)g(x,Rxv)κ(x,dv)

= −
ˆ
TxM

h(x, v)g(x, v)κ(x, dv)

since Rx leaves κ(x, ·) invariant, so that the boundary terms vanish. Hence the operator
(−L̂∗,Dom(L̂∗)) extends (L̂,R) and thus also (L̂,Dom(L̂)).

Randomised Riemannian Hamiltonian Monte Carlo with refresh rate γ > 0 is obtained
by interspersing Hamiltonian dynamics with complete velocity refreshments according to
κ(x, dv) after random times with exponential distribution Exp(γ). By successively condi-
tioning on the refreshment times, one can show that randomised Riemannian Hamiltonian
Monte Carlo again leaves µ̂ invariant [47], and its generator in L2(µ̂) is given by

L̂
(γ)
RHMC = L̂+ γ(Π− I) and Dom

(
L̂
(γ)
RHMC

)
= Dom(L̂) ,

where
(Πf)(x, v) =

ˆ
Rd

f(x,w)κ(x, dw) .

Riemannian Langevin dynamics is obtained by adding Ornstein-Uhlenbeck noise in-
stead of discrete jumps in the velocity, i.e. it is the solution (Xt, Vt)t≥0 to the stochastic
differential equation

dXt = Vt dt ,

dVt = −∇U(Xt) dt− γVt dt+
√
2γ ◦ dBt + dKt ,

where
Kt = −2

∑
0<s≤t

⟨N(Xs), Vs−⟩N(Xs) · 1∂M (Xs)

is a confinement process modelling specular reflections the boundary. Well-posedness
of this equation and existence of solutions, in particular non-accumulation of boundary
hits, is considered in [43, 44] in the Euclidean case, and the associated kinetic Fokker-
Planck equation with specular boundary conditions is considered in [88]. The invariant
probability measure of (Xt, Vt)t≥0 is µ̂, see [119]. We denote the associated generator in
L2(µ̂) by (L̂

(γ)
LD,Dom(L̂

(γ)
LD)). Let

Lvf = −⟨v,∇vf⟩+∆vf , (B.31)

where ∆ = ∆x+∆v is the splitting of the Laplace-Beltrami operator ∆ on TM associated
to the decomposition (B.29), i.e. ∆v = divv ∇v is the Laplace-Beltrami operator in v.
Then, for functions f ∈ R with Lvf ∈ L2(µ̂), the generator is given by

L̂
(γ)
LDf = L̂f + γLvf . (B.32)
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Lemma B.11. Both (L̂
(γ)
RHMC,Dom(L̂

(γ)
RHMC)) and (L̂

(γ)
LD,Dom(L̂

(γ)
LD)) are second-order

lifts of (12L,Dom(L)) for any choice of γ > 0.

Proof. Firstly, since D forms a core for (L,Dom(L)), the condition (B.1) is satisfied for
both L̂(γ)

RHMC and L̂(γ). Secondly, both generators are obtained from L̂ by adding a term
that only acts on the velocity and leaves κ(x, ·) invariant. This means that

L̂
(γ)
RHMC(f ◦ π) = L̂

(γ)
LD(f ◦ π) = L̂(f ◦ π)

for any f ∈ D, so that (B.2) and (B.3) are immediately satisfied.

Remark B.12. Suppose that M ⊆ Rd is closed and convex with smooth boundary, so
that M is a Riemannian manifold with boundary when equipped with the flat Euclidean
metric, as in Remark B.3. The construction of RHMC and Langevin dynamics on M
then reduces to the usual processes on Rd constrained to M via a specular reflection at
the boundary. In case U is constant, the invariant probability measure µ̂ is the product
of the uniform distribution on M and a standard normal distribution in the velocity. In
this case, the Hamiltonian dynamics on M reduces to billiards in a convex set, see [237].

B.4.2. Space-time Poincaré inequality on Riemannian manifolds

Albritton, Armstrong, Mourrat and Novack [6] developed an approach to proving expo-
nential decay for the kinetic Fokker-Planck equation using space-time Poincaré inequal-
ities. Quantitative upper bounds for various non-reversible Markov processes were then
obtained by Cao, Lu and Wang [61, 186] by proving such space-time Poincaré inequal-
ities for the Kolmogorov backward equations associated to these processes. In [99], the
authors show how the framework of second-order lifts together with a divergence lemma
as proved in Section B.3 can be used to prove such space-time Poincaré inequalities
and thereby obtain quantitative bounds on the relaxation time of non-reversible Markov
processes. In this section, we prove a space-time Poincaré inequality for RHMC and
Langevin dynamics on a Riemannian manifold M with reflection at the boundary.

In the following, we fix T ∈ (0,∞) and write L2(µ⊗ κ) = L2([0, T ]×TM,µ⊗ κ). We
consider the operator (A,Dom(A)) on L2(µ⊗ κ) defined by

Af = −∂tf + L̂f (B.33)

with domain consisting of all functions f ∈ L2(µ ⊗ κ) such that f(·, x, v) is absolutely
continuous for µ̂-a.e. (x, v) ∈ TM with ∂tf ∈ L2(µ ⊗ κ), and f(t, ·) ∈ Dom(L̂) for
λ-a.e. t ∈ [0, T ] with L̂f ∈ L2(µ⊗ κ). Here L̂ is the generator (B.30) of the Hamiltonian
flow.

We consider the adjoint (A∗,Dom(A∗)) in L2(µ⊗κ) of the operator (A,Dom(A)). An
integration by parts and Lemma B.10 yield

(Af, g)L2(µ⊗κ) = (f,−Ag)L2(µ⊗κ) +

ˆ
TM

(f(T, ·)g(T, ·)− f(0, ·)g(0, ·)) dµ̂
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for all f, g ∈ Dom(A). Thus functions g ∈ Dom(A) satisfying g(0, ·) = g(T, ·) = 0 are
contained in the domain of A∗, and

A∗g = −Ag = ∂tg − L̂g . (B.34)

In the following, for (t, x, v) ∈ [0,∞)×TM we set π(t, x, v) = (t, x), whereas π(x, v) = x.

Remark B.13. For h and g as in Theorem B.5 and (x, v) ∈ TM with x ∈ ∂M , we have

(h ◦ π + L̂(g ◦ π))(·, x,Rxv) = h(·, x) +
〈
v − 2N(x)⟨N(x), v⟩),∇xg(·, x)

〉
= (h ◦ π + L̂(g ◦ π))(·, x, v) ,

since ⟨N,∇xg⟩ = ∂Ng = 0 on ∂M , and

(h ◦ π + L̂(g ◦ π))(0, ·) = (h ◦ π + L̂(g ◦ π))(T, ·) = 0 .

so that h ◦ π + L̂(g ◦ π) ∈ Dom(A∗).

Lemma B.14. Let X =

(
−h
∇xg

)
as in Theorem B.5 and x ∈M . Then

ˆ
TxM

A∗(h ◦ π + L̂(g ◦ π))κ(x, dv) = ∇∗
X ◦ π , and (B.35)

∥A∗(h ◦ π + L̂(g ◦ π))−∇∗
X ◦ π∥L2(µ⊗κ) ≤

√
2∥∇X∥L2(µ) . (B.36)

Proof. The proof in the Riemannian setting works as in [99, Lemma 22].

We are now ready to state and prove the space-time Poincaré inequality that is the
key ingredient for deriving the relaxation time of lifts.

For any x ∈ M we let H−1(κx) denote the dual of the Gaussian Sobolev space
H1,2(κx) = H1,2(TxM,κ(x, ·)). Note that

∥f∥2H1,2(κx)
= ∥f∥2L2(κx)

+ ∥∇f∥2L2(κx)
=
(
f, (I − Lv)f

)
L2(κx)

,

where Lv is given by (B.31). For f ∈ L2(κx), the H−1(κx)-norm is then

∥f∥2H−1(κx)
=
(
f, (I − Lv)

−1f
)
L2(κx)

,

where the inverse exists by the spectral decomposition. In particular, a spectral decom-
position shows that for f ∈ H2,2(κx),

∥Lvf∥2H−1(κx)
=
(
Lvf, (I − Lv)

−1Lvf
)
L2(κx)

≤ (f,−Lvf)L2(κx) (B.37)

and
∥Lvf∥2H−1(κx)

≥ 1

2
(f,−Lvf)L2(κx) . (B.38)
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Let L2(λ⊗µ;H1,2(κ)) denote the subspace of functions f ∈ L2(µ⊗κ) such that f(t, x, ·) ∈
H1,2(κx) for λ⊗ µ-a.e. (t, x) ∈ [0, T ]×M and

∥f∥2L2(λ⊗µ;H1,2(κ)) =

ˆ
[0,T ]×M

∥f(t, x, ·)∥2H1,2(κx)
µ(dx)λ(dt) <∞ .

Its dual is the similarly defined L2(λ ⊗ µ;H−1(κ)). In particular, for f ∈ L2(λ ⊗
µ;H−1(κ)) and g ∈ L2(λ⊗ µ,H1,2(κ)),

(f, g)L2(µ⊗κ) ≤ ∥f∥L2(λ⊗µ;H−1(κ))∥g∥L2(λ⊗µ;H1,2(κ)) .

Theorem B.15 (Space-time Poincaré inequality). For any T > 0, there exist constants
C0(T ), C1(T ) > 0 such that for all functions f ∈ Dom(A),

∥f −
ˆ
f d(µ⊗ κ)∥2L2(µ⊗κ) ≤ C0(T )∥Af∥2L2(µ⊗κ) + C1(T )∥(Π− I)f∥2L2(µ⊗κ) (B.39)

and

∥f −
ˆ
f d(µ⊗ κ)∥2L2(µ⊗κ) ≤ 2C0(T )∥Af∥2L2(λ⊗µ,H−1(κ)) + C1(T )∥(Π− I)f∥2L2(µ⊗κ) ,

(B.40)
where

C0(T ) = 2c0(T ) = 4T 2 + 86
1

m
,

C1(T ) = 3 + 4c1(T ) = 1163 +
3964

mT 2
+ 172max

(
1

m
,
T 2

π2

)
ρ .

The proof of (B.39) is an adaptation of [99, Theorem 23] to the Riemannian setting
with boundary. An expression similar to (B.40) has first been shown in the Euclidean
setting in [61] but with non-optimal constants. The treatment of Langevin dynamics
requires the L2(λ⊗ µ;H−1(κ))-norm of Af in (B.40).

In the proof we apply the following space-time property of lifts, see [99, Lemma 18]. It
states that for any f, g, h ∈ L2(λ ⊗ µ) such that f ◦ π ∈ Dom(A) and g(t, ·) ∈ Dom(L)
for a.e. t ∈ [0, T ] with Lg ∈ L2(λ⊗ µ), we have

1

2

(
A(f ◦ π), h ◦ π + L̂(g ◦ π)

)
L2(µ⊗κ)

= −1

2
(∂tf, h)L2(λ⊗µ) + ET (f, g) , (B.41)

where ET (f, g) =
´ T
0 E(f(t, ·), g(t, ·)) dt is the time-integrated Dirichlet form associated

to (12L,Dom(L)).

Proof of Theorem B.15. Fix a function f0 ∈ Dom(A), let f = f0 −
´
f0 d(µ⊗ κ), and let

f̃ : [0, T ]× Rd → R be such that Πf = f̃ ◦ π. First note that

∥f∥2L2(µ⊗κ) = ∥f −Πf∥2L2(µ⊗κ) + ∥f̃∥2L2(µ) , (B.42)
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so that it suffices to bound ∥f̃∥2L2(µ) by ∥f − Πf∥2L2(µ⊗κ) and ∥Af∥2L2(µ⊗κ) to obtain
(B.39), and by ∥f −Πf∥2L2(µ⊗κ) and ∥Af∥2L2(µ,H−1(κ)) to obtain (B.40).

By Theorem B.5 applied to f̃ , there exist functions h ∈ H1,2
D (µ) and g ∈ H2,2

D (µ)
satisfying (B.15) such that

f̃ = ∂th− Lg .

In particular,
∥f̃∥2L2(µ) = (f̃ , f̃)L2(µ) = (f̃ , ∂th− Lg)L2(µ) . (B.43)

Using the space-time property of lifts (B.41), we see that

(f̃ , ∂th− Lg)L2(µ) =
(
−∂tf̃ , h

)
L2(µ)

+ 2ET (f̃ , g)

=
(
A(f̃ ◦ π), h ◦ π + L̂(g ◦ π)

)
L2(µ⊗κ)

=
(
Af, h ◦ π + L̂(g ◦ π)

)
L2(µ⊗κ)

+
(
A(Πf − f), h ◦ π + L̂(g ◦ π)

)
L2(µ⊗κ)

.

Let us consider the two summands separately.
Since h ◦ π + L̂(g ◦ π) ∈ L2(λ⊗ µ;H1,2(κ)), the first summand can be estimated as(

Af, h ◦ π + L̂(g ◦ π)
)
L2(µ⊗κ)

≤ ∥Af∥L2(µ⊗κ)∥h ◦ π + L̂(g ◦ π)∥L2(µ⊗κ)

≤ c0(T )
1
2 ∥Af∥L2(µ⊗κ)∥f̃∥L2(µ) ,

where we used that

∥h ◦ π + L̂(g ◦ π)∥2L2(µ⊗κ) = ∥h∥2L2(µ) + ∥∇g∥2L2(µ) ≤ c0(T )∥f̃∥2L2(µ)

by (B.17).
By Remark B.13, h ◦ π + L̂(g ◦ π) ∈ Dom(A∗), so that the second summand satisfies(

A(Πf − f), h ◦ π + L̂(g ◦ π)
)
L2(µ⊗κ)

=
(
Πf − f,A∗(h ◦ π + L̂(g ◦ π))

)
L2(µ⊗κ)

,

Since f̃ = ∇∗
X, Lemma B.14 and Theorem B.5 yield

∥A∗(h ◦ π + L̂(g ◦ π))∥2L2(µ⊗κ) = ∥f̃∥2L2(µ) + ∥A∗(h ◦ π + L̂(g ◦ π))−∇∗
X ◦ π∥2L2(µ⊗κ)

≤ ∥f̃∥2L2(µ) + 2∥∇X∥2L2(µ) ≤ (1 + 2c1(T ))∥f̃∥2L2(µ) ,

so that the second summand can be estimated as(
A(Πf − f), h ◦ π + L̂(g ◦ π)

)
L2(µ⊗κ)

≤ (1 + 2c1(T ))
1
2 ∥f −Πf∥L2(µ⊗κ)∥f̃∥L2(µ⊗κ) .

Putting things together, we hence obtain by (B.43),

∥f̃∥L2(µ) ≤ c0(T )
1
2 ∥Af∥L2(µ⊗κ) + (1 + 2c1(T ))

1
2 ∥f −Πf∥L2(µ⊗κ)
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so that by (B.42),

∥f∥2L2(µ⊗κ) ≤ 2c0(T )∥Af∥2L2(µ⊗κ) + (3 + 4c1(T ))∥f −Πf∥2L2(µ⊗κ)

which proves (B.39).
Similarly, to obtain (B.40), the first summand can be estimated as(

Af, h ◦ π + L̂(g ◦ π)
)
L2(µ⊗κ)

≤ ∥Af∥L2(µ,H−1(κ))∥h ◦ π + L̂(g ◦ π)∥L2(µ,H1,2(κ))

≤ (2c0(T ))
1
2 ∥Af∥L2(µ),H−1(κ))∥f̃∥L2(µ) ,

where we used that

∥h ◦ π + L̂(g ◦ π)∥2L2(µ,H1,2(κ))

= ∥h ◦ π + L̂(g ◦ π)∥2L2(µ⊗κ) + ∥∇v(h ◦ π + L̂(g ◦ π))∥2L2(µ⊗κ)

= ∥h∥2L2(µ) + ∥∇g∥2L2(µ) + ∥v · ∇g∥2L2(µ⊗κ)

≤ 2c0(T )∥f̃∥2L2(µ)

and c0(T ) is the constant from (B.17). One then concludes analogously.

As demonstrated in [99], such a space-time Poincaré inequality yields the following
exponential decay in T -average of the associated semigroup.

Theorem B.16 (Exponential Decay). Let γ > 0 and T > 0 and set

ν =
γ

γ2C0(T ) + C1(T )
.

(i) The transition semigroup (P̂
(γ)
t )t≥0 of Riemannian RHMC with reflection at the

boundary and refresh rate γ satisfies

1

T

ˆ t+T

t
∥P̂ (γ)

s f∥L2(µ̂) ds ≤ e−νt∥f∥L2(µ̂)

for all f ∈ L2
0(µ̂).

(ii) The transition semigroup (P̂
(γ)
t )t≥0 of Riemannian Langevin dynamics with reflec-

tion at the boundary and friction γ satisfies

1

T

ˆ t+T

t
∥P̂ (γ)

s f∥L2(µ̂) ds ≤ e−
1
2
νt∥f∥L2(µ̂)

for all f ∈ L2
0(µ̂).

Proof. (i) The proof in this case uses (B.39) and is identical to that of [99, Theorem
17].
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(ii) Let f ∈ L2
0(µ̂). Then by (B.32) and the antisymmetry of L̂,

d

dt

ˆ t+T

t
∥P̂ (γ)

s f∥2L2(µ̂) ds = ∥P̂ (γ)
t+T f∥

2
L2(µ̂) − ∥P̂ (γ)

t f∥2L2(µ̂)

=

ˆ t+T

t

d

ds
∥P̂ (γ)

s f∥2L2(µ̂) ds = 2

ˆ t+T

t

(
P̂ (γ)
s f, (L̂+ γLv)P̂

(γ)
s f

)
L2(µ̂)

ds

= −2γ

ˆ t+T

t

(
P̂ (γ)
s f,−LvP̂

(γ)
s f

)
L2(µ̂)

ds ≤ −2γ∥LvP̂
(γ)
t+·f∥2L2(λ⊗µ,H−1(κ)) ,

where we used (B.37) in the last step. Since P̂
(γ)
t+·f ∈ Dom(A) and AP̂

(γ)
t+·f =

γLvP̂
(γ)
t+·f , the space-time Poincaré inequality (B.40) yields

∥P̂ (γ)
t+·f∥2L2(µ⊗κ) ≤ 2γ2C0(T )∥LvP̂

(γ)
t+·f∥2L2(λ⊗µ,H−1(κ))+C1(T )∥(Π−I)P̂ (γ)

t+·f∥2L2(µ⊗κ) .

The Gaussian Poincaré inequality and (B.38) yield

∥(Π− I)P̂
(γ)
t+·f∥2L2(µ⊗κ) ≤ 2∥LvP̂

(γ)
t+·f∥2L2(µ,H−1(κ)) ,

so that

∥P̂ (γ)
t+·f∥2L2(µ⊗κ) ≤ (2γ2C0(T ) + 2C1(T ))∥LvP̂

(γ)
t+·f∥2L2(λ⊗µ,H−1(κ)) .

Therefore, Grönwall’s inequality yields

1

T

ˆ t+T

t
∥P̂ (γ)

s f∥2L2(µ̂) ds ≤ e−νt 1

T

ˆ T

0
∥P̂ (γ)

s f∥2L2(µ̂) ds ≤ e−νt∥f∥2L2(µ̂) ,

and we obtain the exponential contractivity in T -average with rate 1
2ν by the

Cauchy-Schwarz inequality.

B.4.3. Optimality of randomised Hamiltonian Monte Carlo and Langevin
dynamics on Riemannian manifolds with boundary

The exponential decay of T -averages in Theorem B.16 immediately yields the bounds

trel(P̂
(γ)) ≤ 1

ν
+ T or trel(P̂

(γ)) ≤ 2

ν
+ T

for the relaxation times of Riemannian RHMC with reflection at the boundary and refresh
rate γ, as well as Riemannian Langevin dynamics with reflection at the boundary and
friction γ, respectively, see [99, Lemma 8]. For a fixed T > 0, the rate ν is maximised by
choosing γ =

√
C1(T )/C0(T ), and this choice yields the upper bounds

trel(P̂
(γ)) ≤ 2

√
C0(T )C1(T ) + T and trel(P̂

(γ)) ≤ 4
√
C0(T )C1(T ) + T ,

respectively. To obtain explicit bounds, we set T = π√
m

, which yields

C0(T ) = (4π2 + 86)
1

m
and C1(T ) = 1163 +

3964

π2
+ 172

ρ

m
. (B.44)
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Corollary B.17 (C-optimality of RHMC and Langevin dynamics). Let c ≥ 0. On
the class of potentials satisfying Assumption B.1 with ρ ≤ cm and Assumption B.2,
Riemannian randomised Hamiltonian Monte Carlo with reflection at the boundary with
refresh rate

γ =

√
(1163 + 3964

π2 )m+ 172ρ

4π2 + 86
(B.45)

is a C-optimal lift of the corresponding overdamped Langevin diffusion with reflection at
the boundary with

C = 2
(
887
√
1 + c/9 + π

)
.

Similarly, on the same class of potentials, Langevin dynamics with reflection at the
boundary with friction γ given by (B.45) is a C-optimal lift of the same process with

C = 2
(
1773

√
1 + c/9 + π

)
.

More generally, for A ∈ [1,∞), Riemannian RHMC is a C(A)-optimal lift with

C(A) = (3381 + 344c)A+ 2π

for any γ satisfying 1/A ≤ γ√
m

≤ A. Similarly, for the same choices of γ, Riemannian
Langevin dynamics is a C(A)-optimal lift with

C(A) = (6761 + 344c)A+ 2π .

Proof. The relaxation time of the corresponding overdamped Langevin diffusion with re-
flection at the boundary is 2

m . Choosing T = π√
m

and plugging (B.44) into the expression
for ν gives

1

ν
= 2

√
(4π2 + 86)

(
1163 +

3964

π2

)
1√
m

√
1 +

172

1163 + 3964
π2

ρ

m
,

so that

trel(P̂
(γ)) ≤ 1√

m

(
887

√
1 +

ρ

9m
+ π

)
and trel(P̂

(γ)) ≤ 1√
m

(
1773

√
1 +

ρ

9m
+ π

)
for RHMC and Langevin dynamics, respectively. The final two statements follow simil-
arly from the expression

1

ν
= γC0(T ) +

1

γ
C1(T ) ≤

√
mAC0(T ) +

A√
m
C1(T ) .

Remark B.18. The explicit values of the constants in the divergence lemma The-
orem B.5 are surely not optimal, so that we expect Corollary B.17 to hold with better
constants. Nonetheless, in the case of mildly negative Bakry-Émery curvature Ric+∇2U ,
i.e. if the lower bound ρ in Assumption B.1 (ii) is of the same order as the inverse Poin-
caré constant m, the result shows that Riemannian RHMC and Riemannian Langevin
dynamics with reflection at the boundary are close to being optimal lifts.
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B.5. Appendix

In this appendix, for the convenience of the reader, we recall some concepts from Rie-
mannian geometry and fix notation. Particular emphasis is placed on manifolds with
boundary and curvature properties of the boundary, measured in terms of the second
fundamental form. We finally provide a self-contained proof for the generalisation of the
Reilly formula stated in Lemma B.1.

We mainly follow [164] and [165] as well as [111], and point to these sources for a more
comprehensive overview of the topic.

B.5.1. Manifolds with boundary and manifolds with corners

A d-dimensional topological manifold with boundary is a second-countable Hausdorff
space such that every point has a neighbourhood that is homeomorphic to an open
subset of Rn or a relatively open subset of Rd

+ = {(x1, . . . , xd) ∈ Rd : xd ≥ 0}. A chart
(U,φ) is an open subset U ⊂M together with a map φ : U → Rd that is a homeomorph-
ism onto an open subset of Rd or Rd

+. It is called a boundary chart if φ(U) is an open
subset of Rd

+ such that φ(U) ∩ ∂Rd
+ ̸= ∅ and an interior chart otherwise. The boundary

∂M of M is the set of all p ∈ M that are in the domain of some boundary chart (U,φ)
with φ(p) ∈ ∂Rd

+. In case ∂M = ∅, M is just a conventional d-dimensional topological
manifold (without boundary). The interior M̊ = M \ ∂M of M is an open subset of
M and a d-dimensional topological manifold without boundary, whereas ∂M is a closed
subset of M and a d− 1-dimensional topological manifold without boundary.

A d-dimensional smooth manifold with boundary is a d-dimensional topological mani-
fold with boundary such that any two charts (U,φ) and (V, ψ) are smoothly compatible,
i.e.

φ ◦ ψ−1 : ψ(U ∩ V ) → φ(U ∩ V )

is a smooth diffeomorphism. Here smoothness of a function f defined on a subset A of
Rn that may not be open means that it is the restriction to A of some smooth function
f̃ defined on an open set Ã ⊂ Rn containing A. A map f between two smooth manifolds
M and N is called smooth if for any charts (U,φ) in M and (V, ψ) in N with f(U) ⊂ V ,
the composition

ψ ◦ f ◦ φ−1 : φ(U) → ψ(V )

is smooth. The set of smooth functions from M to N is denoted C∞(M,N), and we
set C∞(M) = C∞(M,R). The boundary ∂M together with the smooth structure given
by the restrictions of the charts of M to ∂M is a (d − 1)-dimensional smooth manifold
(without boundary).

In the following, let M be a d-dimensional smooth manifold with boundary. As in
the case of smooth manifolds without boundary, for any point p ∈M , the tangent space
TpM is the vector space of derivations at p, i.e. linear maps v : C∞(M) → R such that

v(fg) = f(p)v(g) + g(p)v(f) for all f, g ∈ C∞(M).
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Note that TpM is a d-dimensional vector space, regardless of whether p ∈ ∂M or p ∈ M̊ .
As usual, the tangent bundle TM is the disjoint union

TM =
∐
p∈M

TpM

of the tangent spaces and is again a smooth manifold. A vector field on M is a Borel-
measurable section of TM , and the space of vector fields on M is denoted by Γ(TM).
For k ∈ N0 ∪ {∞}, a Ck-vector field on M is a Ck-section of TM . The space of Ck-
vector fields is denoted by ΓCk(TM), and we denote the space of smooth vector fields by
X(M) = ΓC∞(TM).

As in the case without boundary, a Riemannian metric g on M is a smooth covariant
2-tensor field on M that is symmetric and positive definite. This is nothing else than
an inner product gp on each tangent space TpM that varies smoothly in p. Such a
pair (M, g) is called a d-dimensional Riemannian manifold with boundary. The smooth
submanifold ∂M of M can be endowed with a Riemannian metric induced by g in the
following way. Letting ι : ∂M →M denote the inclusion map and dιp : Tp∂M → Tι(p)M
its differential at p ∈ ∂M , the smooth submanifold ∂M of M can be endowed with the
induced Riemannian metric

g̃p(v, w) = gι(p)(dιp(v), dιp(w)) .

Unwinding the definition, dιp(v) is simply the derivation that acts as dιp(v)(f) = v(f |∂M )
for all f ∈ C∞(M). For sake of simplicity, we usually identify Tp∂M with its image
dιp(Tp∂M) in Tι(p)M = TpM and again denote g̃ by g. Thus the induced metric is just
the restriction of g to vectors tangent to ∂M . Once a Riemannian metric g is fixed, for
any p ∈ M and v, w ∈ TpM we also write ⟨v, w⟩ = g(v, w) and |v| = ⟨v, v⟩1/2 for the
inner product and norm on TpM given by g.

In the following, let (M, g) be a d-dimensional Riemannian manifold with boundary.
The normal space Np∂M at p ∈ ∂M is the orthogonal complement of Tp∂M in TpM
with respect to the inner product ⟨·, ·⟩, and the normal bundle is the disjoint union

N∂M =
∐

p∈∂M
Np∂M

of the normal spaces. The space of smooth sections of N∂M is denoted by N(∂M). There
exists a unique smooth outward-pointing unit normal vector field N ∈ N(∂M) along all
of ∂M , see [165, Prop. 2.17].

Since the product of two smooth manifolds with boundary is not necessarily again
a smooth manifold with boundary, it is necessary to introduce smooth manifolds with
corners, see [164, Chapter 16]. They are defined analogously to smooth manifolds with
boundaries, with the difference being that every point has a neighbourhood that is homeo-
morphic to a subset of Rd

+ = {(x1, . . . , xd) ∈ Rd : x1 ≥ 0, . . . , xd ≥ 0}. In particular, any
smooth manifold with boundary is a smooth manifold with corners. The corner points of
Rd
+ are all the points at which more than one coordinate vanishes, and the corner points

110



B.5. Appendix

of a smooth manifold with corners are all the points p that are in the domain of some
corner chart mapping p to a corner point of Rd

+. The tangent bundle, vector fields and
Riemannian metrics are defined analogously to the case with boundary. The product
of a finite number of smooth manifolds with corners is again a smooth manifold with
corners, and removing the corner points from a smooth manifold with corners yields a
smooth manifold with boundary.

B.5.2. The Hessian and the second fundamental form

Let (M, g) be a d-dimensional Riemannian manifold with boundary. The Riemannian
gradient of a smooth function f ∈ C∞(M) is the smooth vector field ∇f defined by

⟨∇f, v⟩ = df(v) for all v ∈ TM ,

where df is the differential of f .
The Levi-Civita connection

∇ : X(M)× X(M) → X(M), (X,Y ) 7→ ∇XY

defines the covariant derivative of a vector field Y in direction of the vector field X. Since
∇XY |p only depends on X through the value of X at p, the derivative ∇vY of Y at p in
direction v is defined for any v ∈ TpM . Furthermore, ∇ uniquely determines a connection
in each tensor bundle Tk,lTM that agrees with the usual Levi-Civita connection on
T1,0TM = TM and the Riemannian gradient on T0,0 =M ×R in the sense that ∇Xf =
⟨∇f,X⟩ for all f ∈ C∞(M) and X ∈ X(M), see [165, Prop. 4.15].

The Hessian of a smooth function f ∈ C∞(M) is the symmetric 2-tensor ∇2f . Its
action on vector fields X,Y ∈ X(M) is given by

∇2f(X,Y ) = ∇2
X,Y f = ∇X(∇Y f)−∇∇XY f .

For any p ∈ ∂M and Z ∈ TpM denote by Z⊤
p and Z⊥

p the projections of Zp onto
Tp∂M and Np∂M , respectively. Extending vector fields X and Y on ∂M arbitrarily to
vector fields on M , we can decompose

∇XY = (∇XY )⊤ + (∇XY )⊥ .

The Gauß formula, see [165, Theorem 8.2], identifies (∇XY )⊤ as the covariant derivative
∇∂M

X Y with respect to the Levi-Civita connection ∇∂M on T∂M of the induced metric
g on ∂M . This leads to the second fundamental form II : X(∂M) × X(∂M) → N(∂M)
defined by

II(X,Y ) = (∇XY )⊥ = ∇XY −∇∂M
X Y . (B.46)

The scalar second fundamental form h : X(∂M)×X(∂M) → C∞(∂M) is then defined by

h(X,Y ) = ⟨II(X,Y ), N⟩ = ⟨∇XY,N⟩ .
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Both II and h are bilinear over C∞(M) and symmetric, and the values of h(X,Y ) and
II(X,Y ) at p ∈ ∂M only depend on the values of X and Y at p. The mean curvature H
is

H = tr(h) ,

where tr is the trace operator.

B.5.3. The Laplace-Beltrami operator

Let (M, g) be a d-dimensional Riemannian manifold with corners. The Riemannian
volume measure νM is the Borel measure on M given by

dνM =
√
det g |dx1 ∧ · · · ∧ dxd|

in any local coordinates (x1, . . . , xd). The divergence of a vector field X ∈ ΓC1(TM) is
div(X) = tr(∇X). In local coordinates X =

∑d
i=1X

i ∂
∂xi it takes the form

div(X) =
1√
det g

d∑
i=1

∂

∂xi

(
Xi
√
det g

)
.

It satisfies the integration-by-parts identity
ˆ
M
⟨∇f,X⟩ dνM =

ˆ
∂M

f⟨X,N⟩ dν∂M −
ˆ
M
(f divX) dνM ,

where ν∂M is the Riemannian volume measure on (∂M, g). The Laplace-Beltrami operator
is the linear operator ∆: C∞(M) → C∞(M) defined by

∆u = div(∇u) = tr(∇2u) .

In coordinates it takes the form

∆u =
1√
det g

d∑
i,j=1

∂

∂xi

(
(g−1)ij

√
det g

∂u

∂xj

)
.

If M ⊂ Rd with the Euclidean metric, these definitions reduce to the usual divergence
and Laplacian. The definition of the Laplace-Beltrami operator ∆ immediately implies
the integration-by-parts identity

ˆ
M
φ∆ψ dνM =

ˆ
∂M

φ⟨∇ψ,N⟩dν∂M −
ˆ
M
⟨∇φ,∇ψ⟩dνM

for all smooth functions φ,ψ ∈ C∞(M).

112



B.5. Appendix

B.5.4. A generalisation of the Reilly formula

Let (M, g) be a d-dimensional Riemannian manifold with boundary. In this section, we
prove Lemma B.1.

Lemma B.1 (Generalised Reilly formula). For any u ∈ C∞
c (M),

ˆ
M

(
|∇2u|2 − (Lu)2 + (Ric+∇2U)(∇u,∇u)

)
dµ

=

ˆ
∂M

(
(H + ∂NU) (∂Nu)

2 − 2(∂Nu)L
∂Mu+ h

(
∇∂Mu,∇∂Mu

))
dµ∂M ,

where L∂M = ∆∂M − ⟨∇∂MU,∇∂M ⟩.

Proof. Let u ∈ C∞(M). The integration-by-parts identity (B.8) yields

1

2

ˆ
M
L|∇u|2 dµ =

1

2

ˆ
∂M

⟨∇|∇u|2, N⟩dµ∂M

and ˆ
M
⟨∇u,∇Lu⟩dµ = −

ˆ
M
(Lu)2 dµ+

ˆ
∂M

Lu⟨∇u,N⟩dµ∂M .

Thus integrating the Bochner identity (B.7) shows
ˆ
M

(
|∇2u|2 − (Lu)2 + (Ric+∇2U)(∇u,∇u)

)
dµ =

ˆ
∂M

〈
1

2
∇|∇u|2 −∆u∇u,N

〉
dµ∂M .

By splitting ∇u = ∇∂Mu+ (∇u)⊥, one sees that

1

2
⟨∇|∇u|2, N⟩ = ⟨∇∇u∇u,N⟩

= ⟨∇∇∂Mu∇∂Mu,N⟩+ ⟨∇∇∂Mu(∇u)⊥, N⟩+ ⟨∇(∇u)⊥∇u,N⟩ .

The first summand is just the scalar second fundamental form h(∇∂Mu,∇∂Mu). For the
second summand, note that any vector field X defined on the boundary ∂M satisfies

∇X⊤X⊥ = ⟨X,N⟩∇X⊤N + ⟨X⊤,∇⟨X,N⟩⟩N ,

so that
⟨∇X⊤X⊥, N⟩ = ⟨X⊤,∇⟨X,N⟩⟩ = ⟨X⊤,∇∂M ⟨X,N⟩⟩ .

This yields
⟨∇∇∂Mu(∇u)⊥, N⟩ = ⟨∇∂Mu,∇∂M ⟨∇u,N⟩⟩

and thus

1

2
⟨∇|∇u|2, N⟩ = h(∇∂Mu,∇∂Mu) + ⟨∇∂Mu,∇∂M ⟨∇u,N⟩⟩+ ⟨∇(∇u)⊥∇u,N⟩ .
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Furthermore, in an orthonormal boundary frame (E1, . . . , Ed−1, N), one has

∆u = tr(∇2u) = ⟨∇N∇u,N⟩+
d−1∑
i=1

⟨∇Ei∇u,Ei⟩

= ⟨∇N∇u,N⟩+
d−1∑
i=1

(
⟨∇Ei∇∂Mu,Ei⟩+ ⟨∇Ei(∇u)⊥, Ei⟩

)
= ⟨∇N∇u,N⟩+∆∂Mu+

d−1∑
i=1

⟨∇Ei(∇u)⊥, Ei⟩

on ∂M . For any tangential vector field X defined on the boundary ∂M , one has

0 = X⟨N,X⟩ = ⟨∇XN,X⟩+ ⟨N,∇XX⟩
= ⟨∇XN,X⟩+ ⟨N, II(X,X) +∇∂M

X X⟩
= ⟨∇XN,X⟩+ h(X,X) .

Hence ⟨∇Ei(∇u)⊥, Ei⟩ = −⟨∇u,N⟩h(Ei, Ei) and thus

Lu = ∆u− ⟨∇U,∇u⟩
= ⟨∇N∇u,N⟩+∆∂Mu− ⟨∇u,N⟩H − ⟨∇∂MU,∇∂Mu⟩ − ⟨(∇U)⊥, (∇u)⊥⟩
= ⟨∇N∇u,N⟩+ L∂Mu− (H + ⟨∇U,N⟩)⟨∇u,N⟩

on the boundary ∂M .
Putting things together and integrating by parts on ∂M finally yields
ˆ
∂M

〈
1

2
∇|∇u|2 − Lu∇u,N

〉
dµ∂M

=

ˆ
∂M

(
h(∇∂Mu,∇∂Mu) + ⟨∇∂Mu,∇∂M ⟨∇u,N⟩⟩+ ⟨∇(∇u)⊥∇u,N⟩

)
dµ∂M

−
ˆ
∂M

(
⟨∇N∇u,N⟩+ L∂Mu− (H + ∂NU)⟨∇u,N⟩

)
⟨∇u,N⟩dµ∂M

=

ˆ
∂M

(
h(∇∂Mu,∇∂Mu)− 2(∂Nu)L

∂Mu+ (H + ∂NU)(∂Nu)
2
)
dµ∂M ,

completing the proof.
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Appendix C.

Convergence of non-reversible Markov
processes via lifting and flow Poincaré
inequality

A. Eberle, A. Guillin, L. Hahn, F. Lörler and M. Michel. Convergence of non-reversible
Markov processes via lifting and flow Poincaré inequality. Mar. 2025. arXiv: 2503.04238
[math.AP]

Abstract: We propose a general approach for quantitative convergence analysis of
non-reversible Markov processes, based on the concept of second-order lifts and a vari-
ational approach to hypocoercivity. To this end, we introduce the flow Poincaré inequal-
ity, a space-time Poincaré inequality along trajectories of the semigroup, and a general
divergence lemma based only on the Dirichlet form of an underlying reversible diffusion.
We demonstrate the versatility of our approach by applying it to a pair of run-and-tumble
particles with jamming, a model from non-equilibrium statistical mechanics, and several
piecewise deterministic Markov processes used in sampling applications. Our framework
in particular includes processes with general stochastic jump kernels.

Keywords: Lift; non-reversible Markov process; run-and-tumble particles; piecewise
deterministic Markov process.

C.1. Introduction

For reversible Markov processes, the inverse Poincaré constant or spectral gap is a power-
ful tool for deriving quantitative convergence bounds, as it coincides with the rate of
convergence and the asymptotic decorrelation time. For non-reversible processes, how-
ever, the inverse Poincaré constant can be much lower than the convergence rate, and
the process may not even satisfy a Poincaré inequality but still converge rapidly. In fact,
acceleration of convergence stemming from non-reversibility has been shown in different
models [66, 67, 79, 98, 122, 142, 143, 175] and observed in many more [34, 141, 197, 204,
207]. The design of fast non-reversible processes often relies on the lifting procedure,
which introduces an enlarged position-velocity state space to incorporate persistence, as
introduced in [79] for discrete chains. In the continuous-time and -space setting, this
approach has led to the use of piecewise deterministic Markov processes (PDMPs) [75].
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Appendix C. Convergence of Markov processes via lifting and flow Poincaré inequality

These processes combine deterministic motion with discrete velocity jumps at event times,
along with velocity refreshments typically occurring after exponentially distributed wait-
ing times [34, 48, 197]. Despite their impressive numerical performance, the analytical
understanding of these processes remains limited, posing challenges for rigorous theor-
etical analysis. Therefore, obtaining quantitative bounds on the rate of convergence of
non-reversible processes has attracted a lot of attention, while being much more involved
than in the reversible case. For degenerate diffusions, this active area of research has
become known as hypocoercivity [87, 133, 248]. Recently, a variational approach to hy-
pocoercivity pioneered by Albritton, Armstrong, Mourrat and Novack [6] was applied by
Cao, Lu and Wang [61] for Langevin dynamics, for the first time obtaining rates of con-
vergence of the correct order. This approach has further been applied to discretisations
of Langevin dynamics [168] and to show that some PDMPs exhibit sharp dimensional
dependence [186].

Inspired by the notion of lifts of discrete Markov chains [66, 79], second-order lifts
of reversible diffusions [99] were introduced as their counterpart in continuous time and
space. This enables the analysis of the convergence rate of non-reversible Markov pro-
cesses by yielding an upper bound in terms of the spectral gap of an associated reversible
collapsed process, generalising the related result for discrete Markov chains [66] by show-
ing that the relaxation time can at most be improved by a square root through lifting.
Furthermore, the variational approach to hypocoercivity [6, 61, 186] can be simplified
by phrasing it in the language of second-order lifts, allowing for a systematic deriva-
tion of lower bounds on the convergence rates. The second-order lift property enables
the exploitation of properties of the simpler collapsed process to obtain bounds on the
convergence rate of the lifted process.

The principle of energy dissipation, i.e. differentiating the L2-norm along the semi-
group and controlling this dissipation by the original L2-norm, is often used to get an
exponential decay in L2. In the elliptic setting, where (Pt)t≥0 is the transition semigroup
of a reversible Markov process with invariant probability measure µ and generator L,
this can be achieved through the Poincaré inequality

∥f∥2L2(µ) ≤ 1

ν

〈
f,−Lf

〉
L2(µ)

for all f ∈ L2(µ) with mean zero, as it implies that ∥Ptf∥L2(µ) ≤ e−νt∥f∥L2(µ) for all
t ≥ 0. However, such a Poincaré inequality is no longer valid in the hypoelliptic, non-
reversible setting. Instead, to obtain exponential decay of the transition semigroup of a
possibly non-reversible Markov process, we introduce the flow Poincaré inequalityˆ T

0
∥Ptf∥2L2(µ) dt ≤ 1

ν

ˆ T

0

〈
Ptf,−LPtf

〉
L2(µ)

dt

for all f ∈ L2(µ) with mean zero, where T > 0 is a fixed time length. Such a flow
Poincaré inequality amounts to a time-integrated Poincaré inequality along trajectories of
the semigroup, and is equivalent to dissipation of time-averaged L2-norms, as considered
in [6, 61, 99]. In particular, it implies the existence of a constant C > 0 such that

∥Ptf∥L2(µ) ≤ Ce−νt∥f∥L2(µ) for all t ≥ 0
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and all mean-zero square-integrable observables f . In [87, 248], a modified L2-norm based
on an additional mixing term is introduced to ensure coercivity and hence control of the
dissipation. The strength of an approach based on the flow Poincaré inequality lies in
the more intrinsic nature of the time-averaged L2-norm as opposed to adding an artificial
mixing term to the norm, allowing for sharper rates. By exploiting the second-order lift
property implicitly considered in [6, 61, 186], we prove such a flow Poincaré inequality in
Theorem C.12. The proof is based on a divergence lemma that only relies on the Dirichlet
form of the underlying collapsed process, see Lemma C.16. Previously, such divergence
lemmas were only considered for the overdamped Langevin diffusion. Our result is more
general and enables the treatment of non-reversible processes whose collapse is not an
overdamped Langevin process. This is the case when incorporating non-trivial boundary
conditions, as is often the case in non-equilibrium statistical mechanics. Finally, our
framework allows for a simple treatment of PDMPs with more general refreshment and
jump mechanisms.

We demonstrate the versatility of our approach by applying it to two first examples.
Firstly, we consider a pair of jamming run-and-tumble particles (RTPs), a model of
active particles which maintain persistent movement, lying at the interface of out-of-
equilibrium statistical mechanics and biology. Their speed of convergence to equilibrium
is physically relevant, as it is linked to the time scale of the onset of out-of-equilibrium
phenomena [103, 246], such as motility-induced phase separation [63]. The prevailing
method in the statistical physics literature to address this question is the spectral ap-
proach [13, 190, 191], leading to convergence speeds which are only valid asymptotically
due to non-reversibility. Hence the value of the non-asymptotic total variation mixing
time results [121, 125], extended to the L2 relaxation time framework in the present art-
icle. Secondly, we consider piecewise deterministic Markov processes (PDMPs) used in
sampling applications [34, 196]. Due to the degeneracy introduced through their defin-
ition on an enlarged position-velocity state space, the analysis of their convergence is
delicate [36, 37, 91, 186].

The paper is divided into four more sections. In Section C.2, we begin by summarising
and illustrating the concept of second-order lifts using overdamped Langevin diffusions
as a simple example. We then focus on the more intricate case of a pair of jamming
RTPs, demonstrating how this system can be understood as a lift of sticky Brownian
motion. Then Section C.3 presents the main results on convergence to equilibrium of
lifts via the flow Poincaré inequality. Section C.4 applies our framework to a pair of
RTPs with jamming. Finally, Section C.5 presents applications to PDMPs for sampling,
namely the Forward process and variants of the Zig-Zag process.

C.2. Second-order lifts

We begin by summarising the definition of second-order lifts and the related upper bound
on the convergence rate and then illustrate the concept through lifts of overdamped
Langevin diffusions. These include Langevin dynamics, randomised Hamiltonian Monte
Carlo and many PDMPs introduced in sampling applications. We subsequently intro-
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duce the system formed by a pair of jamming RTPs on the torus and show how it can be
understood as a lift of a sticky Brownian motion. Such a system presents unique chal-
lenges within the second-order lift framework. Specifically, the presence of boundaries
at which the process spends a non-zero amount of time complicates the identification of
the underlying collapsed process. Additionally, the RTP velocity dynamics differ from
previously considered mechanisms, requiring distinct proof techniques. The convergence
of such systems will be explored in greater detail in Section C.4.

C.2.1. Definition and examples

Consider a time-homogenous Markov process (Ẑt) with invariant probability measure µ̂
on a Polish space Ŝ. Let π : Ŝ → S be a measurable surjection onto another Polish
space, and let (Zt) be a reversible diffusion process with state space S whose invariant
probability measure is the pushforward µ = µ̂ ◦ π−1 of µ̂ under π. We denote their
associated transition semigroups on L2(µ̂) and L2(µ) by (P̂t) and (Pt), and the associated
generators by (L̂,Dom(L̂)) and (L,Dom(L)), respectively. The Dirichlet form associated
to (Zt) is the extension of

E(f, g) = −
ˆ
S
fLg dµ

to a closed symmetric bilinear form with domain Dom(E) given by the closure of Dom(L)
with respect to the norm ∥f∥L2(µ) + E(f, f)1/2.

Definition C.1 (Second-order lifts [99]). The process (Ẑt) is a second-order lift of (Zt)
if there exists a core C of (L,Dom(L)) such that

f ◦ π ∈ Dom(L̂) for all f ∈ C (C.1)

and for all f, g ∈ C we have 〈
L̂(f ◦ π), g ◦ π

〉
L2(µ̂)

= 0, (C.2)

and
1

2

〈
L̂(f ◦ π), L̂(g ◦ π)

〉
L2(µ̂)

= −⟨f,Lg⟩L2(µ) = E(f, g). (C.3)

If in addition

{f ∈ L2(µ) : f ◦ π ∈ Dom(L̂)} = Dom(E),

then (Ẑt) is called a strong second-order lift of (Zt). Conversely, we refer to the process
(Zt) as the collapse of (Ẑt).

We also say that (L̂,Dom(L̂)) or (P̂t) is a second-order lift of (L,Dom(L)) or (Pt),
respectively. In the rest of this paper, we simply refer to second-order lifts as lifts.
Usually, Ŝ = S × V will be a product space, π(x, v) = x is the projection on S, and we
think of (x, v) ∈ Ŝ as a position and a velocity. More generally, S could for example be
a Riemannian manifold and Ŝ the tangent bundle, see [101].
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To get a better understanding of the definition of lifts, disintegrate the measure µ̂ as

µ̂(A) =

ˆ
S
κx(A)µ(dx) for all measurable A ⊆ Ŝ,

i.e. µ̂(dx dv) = µ(dx)κx(dv) in case Ŝ = S × V. Then, under minor technical assump-
tions, see [99, Remark 2 (v)], the first- and second-order conditions (C.2) and (C.3) are
equivalent to the limit

ˆ
V
P̂t(g ◦ π)(x, v)κx(dv) = (Pt2g)(x) + o(t2)

in L2(µ) as t goes to 0. Hence, for small values of t, the transition semigroup (Pt2) of the
collapse behaves approximately as an averaged version of the transition semigroup (P̂t).
Compared to lifts of Markov chains as introduced in [66, 79], the interplay between the
quadratic and linear timescales can be directly obtained in the continuous-time case.

By the spectral theorem, the rate of convergence to equilibrium in L2(µ) of the revers-
ible process (Zt) is accurately measured by the inverse of the spectral gap

Gap(L) = inf
{
Re(α) : α ∈ spec(−L|L2

0(µ)
)
}

of its generator L, where L2
0(µ) = {f ∈ L2(µ) :

´
f dµ = 0} denotes the subspace of

mean-zero functions. This is no longer true for non-reversible Markov processes since their
generators are not self-adjoint. Even in the exponentially ergodic case, the associated
transition semigroup only satisfies

∥P̂tf∥L2(µ̂) ≤ Ce−νt∥f∥L2(µ̂) for all f ∈ L2
0(µ̂) (C.4)

with ν ∈ [0,∞) and some constant C ∈ [1,∞). However, the rate of convergence to
equilibrium of a lift can be bounded above by the square root of that of the collapsed
process in the following way.

Theorem C.2 ([99, Theorem 11]). Suppose that (P̂t) is a second-order lift of (Pt). As-
sume that there exist constants C ∈ [1,∞) and ν ∈ [0,∞) such that (C.4) is satisfied.
Then

ν ≤ (1 + logC)
√

2Gap(L). (C.5)

Theorem C.2 provides a bound on the rate of convergence achievable through lifting
in terms of the spectral gap of the collapsed process, generalising a related result [66,
Theorem 3.1] in discrete time and space. This motivates the search for optimal lifts,
in the sense that they satisfy (C.4) with ν of order

√
Gap(L) when Gap(L) is small.

Proving such a statement requires quantitative lower bounds on the rate of convergence
of non-reversible Markov processes. We show in Section C.3 how to obtain such bounds
using the framework of lifts under general assumptions on the collapsed process and the
structure of the lift. The result is demonstrated in several applications in Sections C.4
and C.5.
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Example C.3 (Lifts of overdamped Langevin diffusions). Prototypical examples of
second-order lifts are given by lifts of overdamped Langevin diffusions. Let S = Rd

and consider a potential U ∈ C1(Rd) such that U(x) → +∞ when |x| → +∞ and´
e−U(x) dx < +∞.
The overdamped Langevin diffusion is the process (Zt) with state space S given by the

stochastic differential equation

dZt = −1

2
∇U(Zt) dt+ dBt,

where (Bt)t≥0 is a standard d-dimensional Brownian motion. Its unique invariant prob-
ability measure is the Boltzmann-Gibbs measure

µ(dx) ∝ e−U(x) dx,

and the associated generator in L2(µ) is

Lf = −1

2
∇U · ∇f +

1

2
∆f = −1

2
∇∗∇f

for all f ∈ C∞
c (Rd), which is a core of the generator [251, Theorem 3.1]. Here ∇∗ is the

adjoint of ∇ in L2(µ).
Lifts of overdamped Langevin diffusions are now given by Markov processes on Ŝ =

S ×V = Rd×Rd, see [99, Example 3]. They include processes based on Hamiltonian dy-
namics, such as the Langevin diffusion or randomised Hamiltonian Monte Carlo (RHMC),
but also other piecewise deterministic Markov processes (PDMPs) used in sampling ap-
plications, that we will treat in Section C.5. These processes have in common that their
invariant probability measure is a product measure µ̂ = µ⊗κ, where κ is for example the
d-dimensional standard normal distribution, the uniform distribution on the hypercube
{−1,+1}d, or the uniform distribution on the coordinate directions {±ei : i = 1, . . . , n}.
For functions f ∈ Dom(L), their generators take the form L̂(f ◦ π)(x, v) = v · ∇f(x), so
that (C.2) and (C.3) can immediately be verified.

C.2.2. Jamming run-and-tumble particles as a lift of sticky Brownian
motion

Run-and-tumble particles (RTPs), a close approximation for the movement of bacteria
such as E. coli [28, 230], alternate between long straight runs and rapid reorientations.
In addition to their use in biological modelling, they are a topic of investigation in
statistical mechanics as they break time reversibility at the particle level and achieve
persistent motion. This can drive them out of thermodynamic equilibrium and lead
to interesting phenomena not found in passive systems, such as motility-induced phase
separation [63] where the particles form clusters. Even a single RTP displays rich long-
term behaviour not observed in passive systems, such as accumulation at boundaries [14,
78, 190]. From a mathematical perspective, systems of RTPs can be framed as piecewise
deterministic Markov processes [121, 126], for which many fundamental questions, such
as the regularity of invariant measures, remain open.
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Figure C.1.: Two run-and-tumble particles on the 1D torus

Here, we focus on the two-particle case and start with an informal description of
the model. Consider two point particles on the 1D torus of length L described by their
positions x1, x2 ∈ R/LZ and their velocities v1, v2 ∈ {±1} (see Figure C.1). The velocities
are independent Markov jump processes switching between +1 and −1 with rate ω > 0,
corresponding to the instantaneous tumble mechanism. Between two velocity switches,
each particle xi moves around the 1D torus with constant velocity vi until the two
particles collide. Colliding particles jam and stop moving until a velocity flip allows
them to separate.

A discrete version of this process was introduced in [232] where jammed configurations
were found to have increased mass under the invariant measure. This is a form of cluster-
ing hinting at motility-induced phase separation. A continuous-space version was later
considered in [126] for velocities following an arbitrary Markov jump process, revealing
two universality classes for the invariant measure.

Figure C.2.: Jump rates of the relative velocity v = v2 − v1

When modelling the two-particle system as a Markov process, it suffices to keep track
of the separation from the first to the second particle x ∈ S = [0, L] (see Figure C.1) and
the relative velocity v = v2 − v1 ∈ V = {−2, 0, 2} (see Figure C.2). Figure C.3 shows a
realisation of the process.

Definition C.4 (Jamming RTP process [121]). Let (x0, v0) ∈ [0, L] × {−2, 0,+2} and
ω ∈ (0,∞) be given. Let the relative velocity v(t) be a Markov jump process with initial
state v0 and the jump rates of Figure C.2. Denote 0 = T0 < T1 < · · · its jump times,
i.e. v(t) = v(Tn) for t ∈ [Tn, Tn+1). Recursively define the particle separation x(t) by
x(0) = x0 and

x(t) = max [0,min [L, x(Tn) + v(Tn)(t− Tn)]] for t ∈ [Tn, Tn+1).

We call X(t) = (x(t), v(t)) the jamming RTP process on [0, L] with parameter ω.
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Figure C.3.: Realisation of the jamming RTP process

Henceforth, for conciseness, and when no confusion arises, we will occasionally refer to
the jamming RTP process simply as the RTP process. The following theorem gives the
invariant measure and the generator of the jamming RTP process. Its proof is relegated
to Section C.4.2.

Theorem C.5 (Invariant measure and generator of the jamming RTP process). Let
ω,L ∈ (0,∞).

(i) ([126]) The jamming RTP process on [0, L] with parameter ω takes its values in
Ŝ = S × V = [0, L]× {−2, 0,+2} and its unique invariant probability is given by

µ̂ =
∑
v∈V

(
d0vδ0 + av dx+ dLv δL

)
⊗ δv, where

d02 = 0, a2 =
ω/4

2 + ωL
, dL2 =

1/2

2 + ωL
,

d00 =
1/2

2 + ωL
, a0 =

ω/2

2 + ωL
, dL0 =

1/2

2 + ωL
,

d0−2 =
1/2

2 + ωL
, a−2 =

ω/4

2 + ωL
, dL−2 = 0.

(ii) The domain Dom(L̂) of its L2(µ̂)-generator L̂ is the set of functions f ∈ L2(µ̂) s.t.

f(x,±2) ∈ H1(0, L), lim
x→L

f(x, 2) = f(L, 2), lim
x→0

f(x,−2) = f(0,−2).

For f ∈ Dom(L̂) one has

L̂f(x, v) = v1{0<x<L}∂xf(x, v) +
∑
ṽ∈V

λvṽf(x, ṽ), (C.6)

where λ+2,+2 λ+2,0 λ+2,−2

λ0,+2 λ0,0 λ0,−2

λ−2,+2 λ−2,0 λ−2,−2

 =

−2ω 2ω 0
ω −2ω ω
0 2ω −2ω


is the discrete generator of the relative velocity (see Figure C.2).
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Regarding the second-order lift framework, this process differs from previously studied
PDMPs and is interesting for two reasons. Firstly, the state space has boundaries and
the process spends a non-zero amount of time on them. This is particularly interesting as
the behaviour at boundaries usually manifests itself not in the formula for the generator
but rather in its domain. Because second-order lifts are defined in terms of generators,
even identifying the associated collapsed process becomes delicate. Secondly, different
velocity processes necessitate different proofs, as was previously done when the velocity is
an Ornstein–Uhlenbeck process [61, 101] and when the velocity is completely resampled
at Poisson times [99, 186]. The jamming RTP process’s velocity, however, is a Markov
jump process with the rates of Figure C.2, requiring a new approach.

In [126], this particular jamming RTP process is shown to belong to a class of near-
equilibrium systems, whose steady states differ from those of equilibrium diffusive particles
only by the presence of positive mass on the boundaries. This suggests that the jamming
RTP process can be understood as the lift of a sticky diffusion, whose invariant measure
is the image measure

µ = µ̂ ◦ π−1 =
1

2 + ωL
δ0 +

ω

2 + ωL
dx+

1

2 + ωL
δL

under the projection π(x, v) = x. An integration by parts argument further supports
this interpretation by pointing to a diffusion, as

ˆ
L̂(f ◦ π)L̂(g ◦ π) dµ̂ = − 2ω

2 + ωL

ˆ L

0
f ′′g dx

for all f, g ∈ C∞([0, L]) with supp(f), supp(g) ⊂ (0, L). These heuristic arguments are
made rigorous in Theorem C.7.

Definition C.6 (Sticky Brownian motion). For ω ∈ (0,∞), sticky Brownian motion on
[0, L] with parameter ω is the [0, L]-valued Feller process with generator

LC0f = f ′′, Dom(LC0) = {f ∈ C2([0, L]) : f ′′(0) = ωf ′(0) and f ′′(L) = −ωf ′(L)}.

Conventionally, sticky Brownian motion is defined with LC0f = 1
2f

′′, see [182, Section
3.5.2]. The process defined in Definition C.6 would be a sticky Brownian motion acceler-
ated by a factor 2. However, leaving out the factor 1

2 is more convenient for our purpose.
In this setting, the tumble rate ω quantifies the stickiness at the boundaries. The lim-
its ω → 0 and ω → +∞ describe the asymptotic persistent and diffusive dynamical
regimes [121, 126] and correspond here to absorption and reflection at the boundaries,
respectively.

Theorem C.7 (Jamming RTP is a lift of sticky Brownian motion). Let ω,L ∈ (0,∞).

(i) Sticky Brownian motion on [0, L] with parameter ω has a unique invariant probab-
ility measure given by

µ =
1

2 + ωL
δ0 +

ω

2 + ωL
dx+

1

2 + ωL
δL.
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Appendix C. Convergence of Markov processes via lifting and flow Poincaré inequality

(ii) Its C0-generator (LC0 ,Dom(LC0)) is a core of its L2(µ)-generator (L,Dom(L)).

(iii) The jamming RTP process on [0, L] with parameter ω is a lift of sticky Brownian
motion on [0, L] with parameter ω.

Proof. (i) Follows from the generator characterisation of invariance [182, Theorem 3.37].
(ii) The set Dom(LC0) is dense in L2(µ) and invariant by the L2-semigroup. Hence

the claim follows from [104, Proposition II.1.7].
(iii) For f ∈ Dom(LC0) one has f ◦ π ∈ Dom(L̂) and

L̂(f ◦ π)(x, v) = v1{0<x<L}f
′(x).

Hence, for f, g ∈ Dom(LC0), integrating first with respect to v and then with respect to
x yields〈
L̂(f ◦ π), g ◦ π

〉
L2(µ̂)

=
ω

2 + ωL

ˆ L

0
g(x)

(
1

4
(2f ′(x)) +

1

2
(0f ′(x)) +

1

4
(−2f ′(x))

)
dx = 0.

Again integrating first with respect to v and then x yields

1

2

〈
L̂(f ◦ π), L̂(g ◦ π)

〉
L2(µ̂)

=
ω

2 + ωL

ˆ L

0
f ′(x)g′(x) dx

=
ω

2 + ωL

(
f ′(L)g(L)− f ′(0)g(0)−

ˆ L

0
f ′′g dx

)
=

ω

2 + ωL

(
− 1

ω
f ′′(L)g(L)− 1

ω
f ′′(0)g(0)−

ˆ L

0
f ′′g dx

)
=

ˆ
[0,L]

(−Lf)g dµ.

C.3. Convergence to equilibrium

This section presents the variational approach to hypocoercivity using a flow Poincaré
inequality and second-order lifts, extending the results in [6, 61, 99, 186] and unifying
a broad class of processes, including several examples from the sampling and statistical
mechanics literature. The key idea is to characterise the collapsed process solely through
its Dirichlet form.

C.3.1. Convergence via flow Poincaré inequality

For the transition semigroup (Pt)t≥0 of a potentially non-reversible Markov process with
invariant probability measure µ and generator (L,Dom(L)) in L2(µ), as explained in
Section C.2, the spectral gap or Poincaré inequality does not suffice in general to charac-
terise the rate of convergence to equilibrium. In particular, the process may not satisfy
a Poincaré inequality at all yet still converge exponentially fast. However, the following
flow Poincaré inequality, amounting to a Poincaré inequality time-integrated over a fixed
time length T ∈ (0,∞) along trajectories of the semigroup, is equivalent to exponential
decay of the L2(µ)-norm averaged over time T along trajectories of the semigroup.
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C.3. Convergence to equilibrium

Definition C.8 (Flow Poincaré inequality). The semigroup (Pt)t≥0 satisfies a flow Poin-
caré inequality with constant ν−1 ∈ (0,∞) and duration T ∈ (0,∞) if

ˆ T

0
∥Ptf∥2L2(µ) dt ≤ 1

ν

ˆ T

0
⟨Ptf,−LPtf⟩L2(µ) dt (C.7)

for all f ∈ L2
0(µ) ∩Dom(L).

In fact, defining the inner product ⟨f, g⟩T =
´ T
0 ⟨Ptf, Ptg⟩L2(µ) dt on L2(µ), the flow

Poincaré inequality is equivalent to

⟨f,−Lf⟩T ≥ ν⟨f, f⟩T for all f ∈ L2
0(µ) ∩Dom(L).

Similarly to the reversible case, in which the Poincaré inequality is equivalent to the decay
of the L2-norm, the flow Poincaré inequality is equivalent to decay of time-averaged L2-
norms.

Theorem C.9 (Exponential decay). The following assertions are equivalent:

(i) The semigroup (Pt)t≥0 satisfies a flow Poincaré inequality with constant ν−1 and
duration T .

(ii) For all f ∈ L2
0(µ) and t ≥ 0 one has

ˆ t+T

t
∥Psf∥2L2(µ) ds ≤ e−2νt

ˆ T

0
∥Psf∥2L2(µ) ds. (C.8)

Furthermore, both (i) and (ii) imply

∥Ptf∥L2(µ) ≤ Ce−νt∥f∥L2(µ) with C = eνT

for all f ∈ L2
0(µ) and t ≥ 0.

The proof of the decay estimate in Theorem C.9 using variants of a Poincaré-type
inequality in time and space is well-established, see e.g. [6, 61, 99], whereas the converse
relies on our formulation of the flow Poincaré inequality.

Proof of Theorem C.9. Assume that a flow Poincaré inequality with constant ν−1 and
duration T holds and let f ∈ L2

0(µ) ∩Dom(L). Then

d

dt

ˆ t+T

t
∥Psf∥2L2(µ) ds = ∥Pt+T f∥2L2(µ) − ∥Ptf∥2L2(µ)

=

ˆ t+T

t

d

ds
∥Psf∥2L2(µ) ds = 2

ˆ t+T

t

〈
Psf,LPsf

〉
L2(µ)

ds.

By the semigroup property, the flow Poincaré inequality implies
ˆ T

0
⟨Pt+sf,LPt+sf⟩L2(µ) ds ≤ −ν

ˆ T

0
∥Pt+sf∥2L2(µ) ds
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Appendix C. Convergence of Markov processes via lifting and flow Poincaré inequality

so that
d

dt

ˆ t+T

t
∥Psf∥2L2(µ) ds ≤ −2ν

ˆ t+T

t
∥Psf∥2L2(µ) ds.

Grönwall’s inequality yields

ˆ t+T

t
∥Psf∥2L2(µ) ds ≤ e−2νt

ˆ T

0
∥Psf∥2L2(µ) ds.

The claim then follows since Dom(L) is dense in L2(µ).
Conversely, assume that (C.8) holds and let f ∈ L2

0(µ) ∩Dom(L). Then

ˆ T

0
⟨Ptf,−LPtf⟩L2(µ) dt = lim

h→0

1

h

ˆ T

0
⟨Ptf, Ptf − Pt+hf⟩L2(µ) dt

≥ lim
h→0

1

h
(1− e−νh)

ˆ T

0
∥Ptf∥2L2(µ) dt = ν

ˆ T

0
∥Ptf∥2L2(µ) dt,

which yields the claim.
Finally, if (C.8) holds, then for t ≥ T ,

∥Ptf∥2L2(µ) ≤
1

T

ˆ t

t−T
∥Psf∥2L2(µ) ds ≤ e−2ν(t−T ) 1

T

ˆ T

0
∥Psf∥2L2(µ) ds ≤ e−2ν(t−T )∥f∥2L2(µ),

which yields the claim. For t < T , the claim is trivially satisfied since e−ν(t−T ) ≥ 1.

Remark C.10. A Poincaré inequality in a suitable extended space-time sense was first
introduced in [6] to obtain exponential decay for the kinetic Fokker-Planck equation, and
later applied to study the convergence rate of Langevin dynamics [61] and some piecewise
deterministic Markov processes [186]. The flow Poincaré inequality in Definition C.8
differs from the space-time Poincaré inequality as in [6, 61, 186], as it is only valid
along trajectories t 7→ Ptf of the semigroup. However, this is not a restriction, since
it is specifically intended for application to solutions of the corresponding Kolmogorov
backward equation, as in the proof of Theorem C.9. More importantly, this formulation
allows for its extension to a broad class of refreshment mechanism, which we will make
use of in Section C.4, and avoids the use of the H−1-norm in the velocity that is present
in the formulation of a space-time Poincaré inequality as in [6, 61].

C.3.2. Flow Poincaré inequality for second-order lifts

We now demonstrate how to prove flow Poincaré inequalities for non-reversible Markov
processes using the framework of second-order lifts. As in Section C.2, we consider a time-
homogenous Markov process with state space Ŝ = S × V, where S ⊆ Rd, and invariant
probability measure µ̂ and a reversible diffusion on S with invariant measure µ = µ̂◦π−1,
where π(x, v) = x is the projection from Ŝ to S. The associated transition semigroups
acting on L2(µ̂) and L2(µ) and their generators are denoted by (P̂t) and (Pt), as well
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C.3. Convergence to equilibrium

as (L̂,Dom(L̂)) and (L,Dom(L)), respectively. Disintegrating µ̂(dxdv) = µ(dx)κx(dv)
yields the conditional expectation

Πvf(x, v) =

ˆ
V
f(x,w)κx(dw).

We split the generator of (P̂t) into

L̂f = L̂trf + γL̂vf for all f ∈ Dom(L̂), (C.9)

where γ > 0, and (L̂tr,Dom(L̂tr)) and (L̂v,Dom(L̂v)) are two linear operators on L2(µ̂)
such that Dom(L̂) ⊆ Dom(L̂tr) ∩ Dom(L̂v). The operators L̂tr and L̂v are usually
interpreted as transport and refreshment terms, respectively. We denote by

Ev(f, g) = ⟨f,−L̂vg⟩L2(µ̂)

the velocity Dirichlet form and set Ev(f) = Ev(f, f).

Assumption (A). The operator (L̂tr,Dom(L̂tr)) is a lift of (L,Dom(L)) that is weakly
antisymmetric, i.e. there exists a core C of L such that

f ◦ π ∈ Dom(L̂∗
tr) and L̂∗

tr(f ◦ π) = −L̂tr(f ◦ π)

for all f ∈ C.

Assumption (B). The operator (L,Dom(L)) has purely discrete spectrum on L2(µ)
and satisfies a Poincaré inequality with constant 1

m , i.e.

∥f − µ(f)∥2L2(µ) ≤ 1

m
E(f) (C.10)

for all f ∈ Dom(E).

Assumption (C). (i) There exist constants C1, C2 > 0 such that∣∣〈L̂tr(g ◦ π), L̂tr(f −Πvf)
〉
L2(µ̂)

∣∣ ≤ C1 ∥2Lg∥L2(µ)(Ev(f))1/2, (C1)

and ∣∣〈L̂tr(g ◦ π), L̂vf
〉
L2(µ̂)

∣∣ ≤ C2 ∥2Lg∥L2(µ)(Ev(f))1/2, (C2)

for all functions f ∈ Dom(L̂) with Πvf ∈ Dom(L̂tr) and g in a core of L.

(ii) The operator L̂v leaves κx invariant, i.e.ˆ
V
L̂vf(x, v) dκx(v) = 0 for all x ∈ S and f ∈ Dom(L̂),

and there exists a constant mv > 0 such that
ˆ T

0
∥P̂tf −ΠvP̂tf∥2L2(µ̂) dt ≤ 1

mv

ˆ T

0
Ev(P̂tf) dt (C.11)

for all f ∈ Dom(L̂).
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Appendix C. Convergence of Markov processes via lifting and flow Poincaré inequality

Let us comment on these assumptions before turning to the main result in The-
orem C.12.

Remark C.11. (i) A splitting as in (C.9) into two distinct dynamics, interpreted as
a transport and velocity refreshment, is natural in many examples. For instance,
in the case of Langevin dynamics or randomised Hamiltonian Monte Carlo, one
chooses the transport operator

L̂trf(x, v) = v · ∇xf(x, v)−∇U(x) · ∇vf(x, v)

to be the generator of the Hamiltonian flow associated to the HamiltonianH(x, v) =
U(x) + 1

2 |v|
2. The velocity refreshment operator L̂v could be the full refreshment

L̂v = Πv − I with respect to the conditional distribution κx but much more general
mechanisms are possible, as discussed in Section C.4. Regarding the jamming
RTP process, the transport and velocity refreshments terms correspond to the run-
and-tumble mechanisms, respectively, with the latter differing from a complete
refreshment.

(ii) In Assumption (A), if L̂v only acts on v in the sense that there exists a core C of
L such that L̂v(f ◦ π) = 0 for all f ∈ C, then L̂ is a lift of L if and only if L̂tr is a
lift of L.

(iii) The Assumption (B) of a purely discrete spectrum, which was also considered in
[61, 99], allows for simple calculations using a spectral decomposition that enables
us to prove a divergence lemma not limited to the generator of an overdamped
Langevin diffusion. This technical assumption can be relaxed, see [55]. The Poin-
caré inequality (C.10) is equivalent to existence of a spectral gap m = Gap(L) and
to exponential decay of the semigroup (Pt) generated by L with rate m. It thus
allows us to directly compare the decay of (P̂t) to that of (Pt). In the absence of
a spectral gap, Assumption (A) can however also be relaxed to a weak Poincaré
inequality, yielding subexponential convergence to equilibrium, see [56].

(iv) Assumption (C1) can often be verified in the following way in applications. If
L̂tr(g ◦ π) ∈ Dom(L̂∗

tr) for all g in a core of L, the second order lift condition
becomes

ΠvL̂∗
trL̂tr(g ◦ π) = −(2Lg) ◦ π, and thus∣∣〈L̂tr(g ◦ π), L̂tr(f −Πvf)

〉
L2(µ̂)

∣∣ ≤ ∥(I −Πv)L̂∗
trL̂tr(g ◦ π)∥L2(µ̂)∥f −Πvf∥L2(µ̂)

≤ m−1/2
v ∥L̂∗

trL̂tr(g ◦ π) + (2Lg) ◦ π∥L2(µ̂)(Ev(f))1/2

Hence (C1) is satisfied if

∥L̂∗
trL̂tr(g ◦ π) + (2Lg) ◦ π∥L2(µ̂) ≤ C1m

1/2
v ∥2Lg∥L2(µ),

i.e. if the L2(µ)-norm of the standard deviation of L̂∗
trL̂tr(g ◦ π) with respect to κx

is bounded by the L2(µ)-norm of its expectation −2Lg.
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C.3. Convergence to equilibrium

(v) Assumption (C2) can be verified immediately if L̂v is a bounded operator, since
then there exists a constant c > 0 such that ∥L̂vf∥L2(µ̂) ≤ c(Ev(f))1/2. By the
Cauchy-Schwarz inequality and the second-order lift condition (C.3),∣∣〈L̂tr(g ◦ π), L̂vf

〉
L2(µ̂)

∣∣ ≤ c(2E(g))1/2(Ev(f))1/2 ≤
c√
2m

∥2Lg∥L2(µ)(Ev(f))1/2,

so that (C2) holds with C2 = c√
2m

. In particular, if L̂v = Πv − I is the full
refreshment with respect to the conditional distribution κx(dv), Assumptions (C2)
and (C.11) hold with C2 =

1√
2m

and mv = 1.

(vi) In Assumption (C), (C.11) resembles a flow Poincaré inequality where the left-hand
side is only centred in the velocity variable, and the right-hand side uses the velocity
Dirichlet form. The inequality in particular holds if the refreshment term satisfies
a Poincaré inequality in v, i.e. if

∥f −Πvf∥2L2(µ̂) ≤
1

mv
Ev(f)

for all f ∈ Dom(L̂). This is usually the case, as, in line with the general principles
of hypocoercivity, the dynamics in v has strong relaxation properties that are then
propagated to the variable x by the rest of the dynamics. Nonetheless, the weaker
time-integrated version (C.11) may be of use in applications where the refreshment
term is degenerate.

(vii) Assumptions (A), (B) and (C)(ii) are closely related to Assumptions (H1), (H2), and
(H3) in the seminal work [87], while Assumption (C)(i) ensuring good interaction
between L̂tr and L̂v is reminiscent of Assumption (H4). The connection between
second-order lifts and the approach to hypocoercivity in [87] is detailed in [54].

We can now establish the following flow Poincaré inequality.

Theorem C.12 (Flow Poincaré inequality for lifts). Let Assumptions (A), (B) and (C)
hold. Then there exists a universal constant C > 0 such that for any T ∈ (0,∞) and
f ∈ Dom(L̂) ∩ L2

0(µ̂),

ˆ T

0
∥P̂tf∥2L2(µ̂) dt ≤ C

(
γ2C2

2 + C2
1 +

1

mv

(
1 +

1

mT 2

)) ˆ T

0
Ev(P̂tf) dt.

In particular, (P̂t)t≥0 satisfies a flow Poincaré inequality with duration T and constant

1

ν
= Cγ−1

(
γ2C2

2 + C2
1 +

1

mv

(
1 +

1

mT 2

))
. (C.12)

We defer the proof to Section C.3.4. The constant C in Theorem C.12 does not depend
on any parameters and can easily be made explicit. By Theorem C.9, Theorem C.12
immediately yields the following corresponding decay estimate.
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Appendix C. Convergence of Markov processes via lifting and flow Poincaré inequality

Corollary C.13. Let Assumptions (A), (B) and (C) hold. Then the semigroup (P̂t)
generated by (L̂,Dom(L̂)) satisfies

∥P̂tf∥L2(µ̂) ≤ Ce−νt∥f∥L2(µ̂) for all t ≥ 0

and f ∈ L2
0(µ̂), where the rate ν is given by (C.12) and C = eνT .

One of the main tools in the proof of a flow Poincaré inequality using the framework
of second-order lifts is a so-called divergence lemma, see Section C.3.3. There are now
several different works [6, 55, 61, 101] which aim at providing such a divergence lemma
under general hypotheses. The Dirichlet form approach taken here enables general as-
sumptions on the collapsed process, imposing only the Assumption (B) of a spectral gap
and discrete spectrum.

Remark C.14. To obtain an explicit rate in Corollary C.13 from the expression (C.12),
one can choose T = m−1/2. If m−1

v = O(1) and C2 = O(m−1/2), as is the case if
L̂v = Πv − I is the full refreshment with respect to κx by Remark C.11(v), this yields

ν = Ω

(
γm

γ2 +
(
1 + C2

1

)
m

)
.

Optimising by choosing γ = (1+C1)
√
m yields ν = Ω

(√
m/(1+C1)

)
. For many examples,

including Langevin dynamics, randomised HMC, and the RTP process considered here,
one can choose C1 of order 1, see Section C.4. The expression then further simplifies to

ν = Ω

(
γm

γ2 +m

)
,

and if γ = Θ(
√
m) then ν = Ω(

√
m), i.e. we obtain a square-root speed-up with the

optimal choice of γ.

The usual example of Langevin dynamics (e.g. [61, 99]) serves as a useful base case in
showcasing the arguments involved in applying Theorem C.12.

Example C.15 (Langevin dynamics). Consider a probability measure µ on Rd with
density proportional to exp(−U), where U : Rd → R is such that

´
Rd e

−U(x) dx < ∞
and lim|x|→+∞ U(x) = +∞. Let us assume that µ satisfies a Poincaré inequality with
constant 1

m , and that the generator (L,Dom(L)) of the associated overdamped Langevin
diffusion, see Example C.3, has discrete spectrum. Furthermore, let the potential U
satisfy the lower curvature bound

∇2U(x) ≥ −Km · Id for all x ∈ Rd (C.13)

for some K ≥ 0. Langevin dynamics is the Rd × Rd-valued diffusion process (Xt, Vt)
solving the stochastic differential equation

dXt = Vt dt ,
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C.3. Convergence to equilibrium

dVt = −∇U(Xt) dt− γVt dt+
√

2γ dBt ,

where (Bt)t≥0 is a d-dimensional Brownian motion and γ ≥ 0 is the friction parameter,
see e.g. [215]. Its invariant measure is µ̂ = µ⊗ κ with the standard normal distribution
κ = N (0, Id), and its generator in L2(µ̂) is given by L̂f = L̂trf + γL̂vf , where

L̂trf(x, v) = v · ∇xf(x, v)−∇U(x) · ∇vf(x, v),

L̂vf(x, v) = −v · ∇vf(x, v) + ∆vf(x, v),

are the generators of the Hamiltonian flow associated to the Hamiltonian H(x, v) =
U(x) + 1

2 |v|
2, and of an Ornstein-Uhlenbeck process in the velocity, respectively. Let us

check Assumptions (A)–(C). The generator (L̂tr,Dom(L̂tr)) of the Hamiltonian flow is
antisymmetric in L2(µ̂) and is a lift of an overdamped Langevin diffusion with gen-
erator (L,Dom(L)) by [99, Example 3(i)]. This can be checked immediately since
L̂tr(f ◦ π)(x, v) = v · ∇f(x) for all f ∈ C∞

c (Rd), so that Assumption (A) is satisfied.
Assumption (B) is satisfied by our assumptions on the potential. It remains to check As-
sumption (C). For (C1), since the Ornstein-Uhlenbeck process with generator L̂v leaves
κ invariant and has spectral gap mv = 1, see for example [20], by Remark C.11(iv), it is
enough to prove

∥L̂∗
trL̂tr(g ◦ π) + (2Lg) ◦ π∥L2(µ̂) ≤ C1∥2Lg∥L2(µ).

We have

L̂∗
trL̂tr(g ◦ π)(x, v) = −v⊤∇2g(x)v −∇U(x) · ∇g(x)

and 2Lg = ∆g +∇U · ∇g, so that
ˆ
Rd

(
L̂∗
trL̂tr(g ◦ π)(·, v) + 2Lg

)2
dκ(v) =

ˆ
Rd

(
v⊤∇2gv −∆g

)2
dκ(v),

=

ˆ
Rd

(
v⊤∇2gv

)2
dκ(v)− (∆g)2 ,

using the fact that
´
v⊤∇2gv dκ(v) = ∆g. Furthermore, since vi, vj , vk, vl are independ-

ent standard Gaussians,

ˆ
Rd

(
v⊤∇2gv

)2
dκ(v) =

d∑
i,j,k,l=1

(∂ijg)(∂klg)

ˆ
Rd

vivjvkvl dκ(v)

= (∆g)2 + 2∥∇2g∥2F ,

where ∥∇2g∥2F =
∑d

i,j=1(∂ijg)
2 is the squared Frobenius norm of ∇2g. By Bochner’s

formula, using the lower curvature bound (C.13), we have∥∥∥∇2g∥F
∥∥2
L2(µ)

= ∥2Lg∥2L2(µ) −
ˆ
Rd

∇g⊤∇2U∇g dµ ≤ ∥2Lg∥2L2(µ) + 2Km E(g),
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Since E(g) ≤ 1
m∥Lg∥2L2(µ), overall we obtain

∥L̂∗
trL̂tr(g ◦ π) + (2Lg) ◦ π∥2L2(µ̂) = 2

∥∥∥∇2g∥F
∥∥2
L2(µ)

≤ (2 +K)∥2Lg∥2L2(µ)

and (C1) holds with C1 =
√
2 +K. Finally, Assumption (C2) is satisfied with C2 =

1√
2m

since 〈
L̂tr(g ◦ π), L̂vf

〉
L2(µ̂)

= ⟨v · ∇xg,−∇∗
v∇vf⟩L2(µ̂) = ⟨∇xg,−∇vf⟩L2(µ̂) .

Hence, by Corollary C.13, when choosing T = m−1/2, the transition semigroup (P̂t)
associated to Langevin dynamics is exponentially contractive in T -average with rate

ν = Ω

(
γm

γ2 + (1 +K)m

)
.

Choosing γ =
√
(1 +K)m yields the rate ν = Ω(

√
m/

√
1 +K). We thus recover the

result of [61, Theorem 1].

C.3.3. Divergence lemma and space-time property of lifts

In the classical elliptical setting, a Poincaré inequality can be established by solving the
Poisson equation −Lg = f with explicit bounds on g. Similarly, in the hypoelliptic
setting, a generalised time-dependent Poisson equation may be used to obtain a flow
Poincaré inequality. The divergence Lemma C.16 provides solutions to such an equation
with explicit bounds on the solution and is at the heart of the proof of the flow Poin-
caré inequality Theorem C.12. Different versions of this divergence lemma have been
studied recently by [55, 61, 101, 168], and a related divergence equation with different
boundary conditions is of fundamental importance in fluid mechanics [110]. We take
an approach using Dirichlet forms, adapting the proof of [101] and enabling minimal
structural assumptions on L.

Let us assume that S ⊆ Rd and that C∞(S) ∩ L2(µ) ⊆ Dom(L). For g ∈ L2(λ ⊗ µ)
such that g(t, ·) ∈ Dom(E) for λ-almost every t ∈ [0, T ], denote by

ET (g) =
ˆ T

0
E(g(t, ·)) dt

the time-integrated Dirichlet form. Let the Sobolev space H1,2
D (λ ⊗ µ) with Dirichlet

boundary conditions in time be the closure of

{u ∈ C∞([0, T ]× S) ∩ L2(λ⊗ µ) : u(0, ·) = u(T, ·) = 0}

with respect to the norm given by

∥u∥1,2 = ∥u∥L2(λ⊗µ) + ET (u)1/2 + ∥∂tu∥L2(λ⊗µ) ,

and similarly let H2,2
D (λ⊗ µ) be the closure of the same set with respect to

∥u∥2,2 = ∥u∥L2(λ⊗µ)+ET (u)1/2+∥∂tu∥L2(λ⊗µ)+∥Lu∥L2(λ⊗µ)+∥∂ttu∥L2(λ⊗µ)+ET (∂tu)1/2.
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In particular, if u ∈ H2,2
D (λ ⊗ µ), then u(t, ·) ∈ Dom(L) for λ-a.e. t ∈ [0, T ] since

(L,Dom(L)) is closed. The assumption that S ⊆ Rd can be relaxed to S being a Rie-
mannian manifold with boundary, see [101].

Lemma C.16 (Divergence lemma). Suppose that Assumption (B) is satisfied. Then for
any T ∈ (0,∞), there exists a constant C ∈ (0,∞) such that for any f ∈ L2

0(λ⊗µ) there
are functions

h ∈ H1,2
D (λ⊗ µ) and g ∈ H2,2

D (λ⊗ µ)

such that
∂th− 2Lg = f,

and the functions h and g satisfy

∥2Lg∥L2(λ⊗µ) ≤ C∥f∥L2(λ⊗µ),√
2ET (h) ≤ C∥f∥L2(λ⊗µ),√

2ET (∂tg) ≤ C(1 + T−1m−1/2)∥f∥L2(λ⊗µ).

The proof of Lemma C.16 is delayed until Section C.3.5. The final ingredient for the
proof of the flow Poincaré inequality is the following space-time property of lifts. We
consider the operator (A,Dom(A)) on L2([0, T ]× Ŝ, λ⊗ µ̂) defined by

Af = −∂tf + L̂trf (C.14)

with domain consisting of all functions f ∈ L2(λ ⊗ µ̂) such that f(·, x, v) is absolutely
continuous for µ̂-a.e. (x, v) ∈ Ŝ with ∂tf ∈ L2(λ ⊗ µ̂), and f(t, ·) ∈ Dom(L̂tr) for
λ-a.e. t ∈ [0, T ] with L̂trf ∈ L2(λ⊗ µ̂).

Lemma C.17 (Space-time property of lifts). Let (L̂tr,Dom(L̂tr)) be a lift of (L,Dom(L)).
Then, for any f, g, h ∈ L2(λ ⊗ µ) such that f ◦ π ∈ Dom(A) and g(t, ·) ∈ Dom(L) for
a.e. t ∈ [0, T ] with Lg ∈ L2(λ⊗ µ), we have〈

A(f ◦ π), h ◦ π + L̂tr(g ◦ π)
〉
L2(λ⊗µ̂)

= −⟨h, ∂tf⟩L2(λ⊗µ) + 2ET (f, g).

Proof. This follows directly from the defining properties (C.2) and (C.3) of second-order
lifts, see [99, Lemma 18].

C.3.4. Proof of the flow Poincaré inequality for second-order lifts

We now prove Theorem C.12. The proof is similar to that of [99, Theorem 23]. How-
ever, bounding

´ T
0 ∥P̂tf∥2L2(µ̂) dt directly by the time-integrated velocity Dirichlet form´ T

0 Ev(P̂tf) dt in this general setting requires more refined estimates.

Proof of Theorem C.12. Let f0 ∈ L2
0(µ̂) and let f ∈ L2(λ⊗ µ̂) be defined by

f(t, x, v) = (P̂tf0)(x, v).
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Further let f̃ ∈ L2(λ⊗ µ) be such that Πvf = f̃ ◦ π. Let f̃ = ∂th− 2Lg with h and g as
in Lemma C.16. Because Πv is an orthogonal projection, we have

∥f∥2L2(λ⊗µ̂) = ∥f̃∥2L2(λ⊗µ) + ∥f −Πvf∥2L2(λ⊗µ̂) .

Furthermore, by an integration by parts and the space-time property of lifts Lemma C.17,

∥f̃∥2L2(λ⊗µ) =
〈
∂th− 2Lg, f̃

〉
L2(λ⊗µ)

= −
〈
h, ∂tf̃

〉
L2(λ⊗µ)

+ 2ET (f̃ , g)

=
〈
h ◦ π + L̂tr(g ◦ π), A(f̃ ◦ π)

〉
L2(λ⊗µ̂)

(C.15)

=
〈
h ◦ π + L̂tr(g ◦ π), Af

〉
L2(λ⊗µ̂)

+
〈
h ◦ π + L̂tr(g ◦ π), A(Πvf − f)

〉
L2(λ⊗µ̂)

The two summands on the right-hand side of (C.15) can be bounded separately.
Firstly, we have Af = −∂tf + L̂trf = −γL̂vf , so that ⟨h ◦π,Af⟩L2(λ⊗µ̂) = 0, and thus〈

h ◦ π + L̂tr(g ◦ π), Af
〉
L2(λ⊗µ̂)

= −γ
〈
L̂tr(g ◦ π), L̂vf

〉
L2(λ⊗µ̂)

≤ γC2

ˆ T

0
∥2Lg∥L2(µ)(Ev(f))1/2 dt ≤ γC · C2

ˆ T

0
∥f̃∥L2(µ)(Ev(f))1/2 dt

≤ γC · C2∥f̃∥L2(λ⊗µ)

( ˆ T

0
Ev(f) dt

)1/2
,

using Assumption (C2) for the first inequality and Lemma C.16 for the second.
The second summand in (C.15) can be estimated using (C.14). The Dirichlet boundary

conditions in time of h and g give〈
h ◦ π + L̂tr(g ◦ π),−∂t(Πvf − f)

〉
L2(λ⊗µ̂)

=
〈
∂th ◦ π + ∂tL̂tr(g ◦ π),Πvf − f

〉
L2(λ⊗µ̂)

=
〈
∂tL̂tr(g ◦ π),Πvf − f

〉
L2(λ⊗µ̂)

≤ ∥∂tL̂tr(g ◦ π)∥L2(λ⊗µ) ∥f −Πvf∥L2(λ⊗µ̂) .

Furthermore, using the fact that ∂t commutes with L̂tr(· ◦ π) and the second-order lift
property, we get

∥∂tL̂tr(g ◦ π)∥L2(λ⊗µ̂) = (2ET (∂tg))1/2 ≤ C
(
1 +

1√
mT

)
∥f̃∥L2(λ⊗µ).

We deduce that 〈
h ◦ π + L̂tr(g ◦ π),−∂t(Πvf − f)

〉
L2(λ⊗µ̂)

≤ C
√
mv

(
1 +

1√
mT

)(ˆ T

0
Ev(f) dt

)1/2
∥f̃∥2L2(λ⊗µ).

Finally,〈
h ◦ π + L̂tr(g ◦ π), L̂tr(f −Πvf)

〉
L2(λ⊗µ̂)

= −
〈
L̂tr(h ◦ π), f −Πvf

〉
L2(λ⊗µ̂)

+
〈
L̂tr(g ◦ π), L̂tr(f −Πvf)

〉
L2(λ⊗µ̂)

134



C.3. Convergence to equilibrium

≤ ∥L̂tr(h ◦ π)∥L2(λ⊗µ̂) ∥f −Πvf∥L2(λ⊗µ̂) + C1

ˆ T

0
∥2Lg∥L2(µ)(Ev(f))1/2 dt

≤
( 1
√
mv

(
2ET (h)

)1/2
+ C1∥2Lg∥L2(λ⊗µ)

)(ˆ T

0
Ev(f) dt

)1/2
≤ C

( 1
√
mv

+ C1

)
∥f̃∥L2(λ⊗µ)

( ˆ T

0
Ev(f) dt

)1/2
using the weak antisymmetry of L̂tr, Assumption (C1) and Lemma C.16.

Combining everything finally leads to

∥f∥2L2(λ⊗µ̂) ≤ ∥Πvf − f∥2L2(λ⊗µ̂)

+ C2
(
γC2 +

1
√
mv

(
1 +

1√
mT

)
+
( 1
√
mv

+ C1

))2 ˆ T

0
Ev(f) dt

≤ C̃
(
γ2C2

2 + C2
1 +

1

mv

(
1 +

1

mT 2

)) ˆ T

0
Ev(f) dt,

where C̃ denotes an absolute constant, as claimed.

C.3.5. Proof of the divergence lemma

We now prove Lemma C.16. While some differences arise due to the fact that we estimate
slightly different quantities, the proof closely follows that of [101, Theorem 5], which is
a careful refinement of [61, Lemma 2.6]. For the convenience of the reader, we provide
an overview of the proof, omitting the details where they are identical to [101].

Proof of Lemma C.16. Consider an orthonormal basis {ek : k ≥ 0} of eigenfunctions of
L with eigenvalues −α2

k, where e0 is constant and α0 = 0. In particular, inf{α2
k : k >

0} = m is the spectral gap of L. Then {Ha
k : k ≥ 0} ∪ {Hs

k : k > 0} given by

Ha
0 (t, x) = (t− (T − t))e0(x),

Ha
k (t, x) =

(
e−αkt − e−αk(T−t)

)
ek(x) for k > 0,

Hs
k(t, x) =

(
e−αkt + e−αk(T−t)

)
ek(x) for k > 0,

defines an orthogonal basis of the space

H =
{
u ∈ L2

0(λ⊗ µ) : u(·, x) ∈ H2((0, T )) for µ-a.e. x, u(t, ·) ∈ Dom(L) for λ-a.e. t, and
∂ttu+ 2Lu = 0

}
of mean-zero harmonic functions for ∂tt+2L. We consider a simultaneous decomposition
of H into high and low modes and symmetric and antisymmetric functions, i.e.

L2
0(λ⊗ µ) = H⊕H⊥ = Hl,a ⊕Hl,s ⊕Hh,a ⊕Hh,s ⊕H⊥,
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where

Hl,a = span
{
Ha

k : αk ≤ 2

T

}
, Hl,s = span

{
Hs

k : αk ≤ 2

T

}
,

Hh,a = span
{
Ha

k : αk >
2

T

}
, Hh,s = span

{
Hs

k : αk >
2

T

}
.

Due to linearity, it suffices to prove the statement separately for right-hand sides f in
these subspaces and in H⊥.

Case 1: Let f ∈ H⊥. Consider the operator (L̄,Dom(L̄)) on L2(λ ⊗ µ) given by
L̄f = ∂ttf + 2Lf with Neumann boundary conditions in time, i.e.

Dom(L̄) =
{
f ∈ L2(λ⊗ µ) : f(t, ·) ∈ Dom(L) for λ-a.e. t ∈ (0, T ),

f(·, x) ∈ H2,2((0, T )) for µ-a.e. x ∈ S and ∂tf = 0 on {0, T} × S,
∂ttf + Lf ∈ L2(λ⊗ µ)

}
.

By tensorisation, L̄ satisfies a Poincaré inequality with constant min(2m, π
2

T ). Hence L̄
has a spectral gap, so that

−L̄|L2
0(λ⊗µ) : Dom(L̄) ∩ L2

0(λ⊗ µ) → L2
0(λ⊗ µ)

admits a bounded linear inverse

Ḡ : L2
0(λ⊗ µ) → L2

0(λ⊗ µ) ∩Dom(L̄)

whose operator norm is bounded above by max( 1
2m ,

T 2

π2 ). We hence set g = Ḡf and
h = −∂tg. The Dirichlet boundary conditions in time for h are satisfied by construction,
and the Dirichlet boundary conditions for g follow from an integration by parts as in
[101]. On L2

0(λ⊗ µ)∩Dom(L̄), the operators −∂tt and −2L commute and have discrete
spectrum, so that the operators norms of

2LḠ = 2L(−∂tt − 2L)−1 and ∂ttḠ = ∂tt(−∂tt − 2L)−1

are bounded by one. Since

2ET (h) = 2ET (∂tg) = ⟨−∂ttḠf,−2LḠf⟩L2(λ⊗µ) ≤ ∥f∥2L2(λ⊗µ),

for right-hand sides f ∈ H⊥, we obtain the claim with the estimates

∥2Lg∥L2(λ⊗µ) ≤ ∥f∥L2(λ⊗µ) and
√
2ET (h) =

√
2ET (∂tg) ≤ ∥f∥L2(λ⊗µ).

Case 2: Let f ∈ Hl,a. Here, as in [101], we set h(t, x) =
´ t
0 f(s, x) ds and g(t, x) = 0.

Then the boundary conditions are satisfied due to the antisymmetry of f and we obtain

∥h∥2L2(λ⊗µ) ≤ T 2

2
∥f∥2L2(λ⊗µ),

∥Lh∥2L2(λ⊗µ) ≤
ˆ T

0
t

ˆ t

0

16

T 4
∥f(s, ·)∥2L2(λ⊗µ) ds dt ≤

8

T 2
∥f∥2L2(λ⊗µ) ,
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where we used that ∥Lf(s, ·)∥L2(λ⊗µ) ≤
4
T 2 ∥f(s, ·)∥L2(λ⊗µ) since f ∈ Hl,a. By Cauchy-

Schwarz, this yields ET (h) ≤ 2 ∥f∥L2(λ⊗µ), so that, for right-hand sides f ∈ Hl,a, we
obtain the statement with the estimates

∥2Lg∥L2(λ⊗µ) =
√
2ET (∂tg) = 0 and

√
2ET (h) ≤ 2∥f∥L2(λ⊗µ).

Case 3: Let f ∈ Hl,s. Since f is symmetric, it no longer necessarily integrates to 0
in time and we cannot argue as previously. We consider the decomposition f = f0 + f1
with

f0(t, x) = f(0, x) cos

(
2πt

T

)
and f1(t, x) = f(t, x)− f0(t, x)

into a part f0 that integrates to 0 in time and a part f1 with Dirichlet boundary values.
We then set h(t, x) =

´ t
0 f0(s, x) ds and g(x) = Gf1(t, ·)(x), where G = −(2L)−1 on

span{ek : αk ≤ 2
T }, i.e. Gek = 1

2α2
k
ek, so that indeed f = ∂th − 2Lg. As in [101], one

shows that

∥f0∥2L2(λ⊗µ) ≤ e2 ∥f∥2L2(λ⊗µ) and ∥2Lg∥2L2(λ⊗µ) = ∥f1∥2L2(λ⊗µ) ≤ (1 + e)2 ∥f∥2L2(λ⊗µ) ,

and the same estimate as previously yields 2ET (h) ≤ 2 ∥f0∥2L2(λ⊗µ) ≤ 4e2 ∥f∥2L2(λ⊗µ).
The term 2ET (∂tg) can be bounded as in [101], giving

2ET (∂tg) ≤
(2 +

√
2πe)2

2mT 2
∥∂tf1∥2L2(λ⊗µ) .

Hence, for right-hand sides f ∈ Hl,s, the statement is satisfied with the estimates

∥2Lg∥L2(λ⊗µ) ≤ (1 + e)∥f∥L2(λ⊗µ),
√

2ET (h) ≤ 2e∥f∥L2(λ⊗µ),√
2ET (∂tg) ≤

10√
mT

∥f∥L2(λ⊗µ).

Case 4: Let f ∈ Hh,a. As in [101], we use the expansion f(t, x) =
∑

αk>
β
T
bkH

a
k (t, x),

and it is sufficient to derive a representation

Ha
k = ∂thk − 2Lgk

for each of the basis functions Ha
k with k ≥ 1 fixed. We write uk(t) = e−αkt − e−αk(T−t),

so that Ha
k (t, x) = uk(t)ek(x) and employ the ansatz

uk = v̇k + wk with vk(0) = vk(T ) = wk(0) = wk(T ) = 0 . (C.16)

Then setting hk(t, x) = vk(t)ek(x) and gk(t, x) = 1
2α2

k
wk(t)ek(x) yields Ha

k = ∂thk−2Lgk
as desired. The construction of such vk and wk and the associated bounds follow as in
[101], we finally obtain the claim for right-hand sides f ∈ Hh,a with the estimates

∥2Lg∥L2(λ⊗µ) ≤
(
1 +

1√
3

)
∥f∥L2(λ⊗µ),

√
2ET (h) ≤

1√
15

∥f∥L2(λ⊗µ),

137



Appendix C. Convergence of Markov processes via lifting and flow Poincaré inequality

√
2ET (∂tg) ≤ 8∥f∥L2(λ⊗µ).

Case 5: Let f ∈ Hh,s. This can be treated as in the previous case, the bounds even
improve slightly, see [101]. We obtain the claim for f ∈ Hh,s with the estimates

∥2Lg∥L2(λ⊗µ) ≤
(
1 +

1√
3

)
∥f∥L2(λ⊗µ),

√
2ET (h) ≤

1√
15

∥f∥L2(λ⊗µ),√
2ET (∂tg) ≤ (5 +

√
2)∥f∥L2(λ⊗µ).

Finally, the statement follows with constants given by 5 times the maximum of the
constants on the five subspaces.

C.4. Convergence of the jamming RTP process

The challenges posed by the RTP process are twofold, namely the non-trivial boundary
behaviour with positive time spent on the boundary, and the intricate refreshment mech-
anism described by the velocity jumps. Addressing the first difficulty, we have already
seen in Section C.2.2 that the RTP process on [0, L] with parameter ω is a lift of a
time-changed sticky Brownian motion on [0, L] with parameter ω. We now begin by
proving the main result of convergence to equilibrium in Section C.4.1 and continue in
Section C.4.2 by completing the proof of Theorem C.5 which is necessary to characterise
the L2-generator of the RTP process.

C.4.1. Convergence to equilibrium

We have to verify Assumptions (A)–(C) for the RTP process. To do so, the first step is
splitting the generator

L̂f(x, v) = v1{0<x<L}∂xf(x, v) +
∑
ṽ∈V

λvṽf(x, ṽ),

of the RTP process, see (C.6), into L̂ = L̂tr+ γL̂v. By analogy with Langevin dynamics,
it would be tempting to choose

L̂trf(x, v) = v1{0<x<L}∂xf(x, v) and γL̂vf(x, v) =
∑
ṽ∈V

λvṽf(x, ṽ)

to be the deterministic part of the dynamics and the random jumps, respectively. Un-
fortunately, that splitting does not take into account the interplay with the boundaries
properly and µ̂ is invariant for neither L̂tr nor L̂v. Indeed, γL̂v should leave

κx =


1
2δ0 +

1
2δ−2 if x = 0,

1
4δ2 +

1
2δ0 +

1
4δ−2 if x ∈ (0, L),

1
2δ2 +

1
2δ0 if x = L,
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invariant. Therefore, γL̂v is taken to be jumps in v with the rates of Figure C.2 when
x ∈ (0, L), the rates of Figure C.4a when x = 0 and the rates of Figure C.4b when x = L.

(a) x = 0 (b) x = L

Figure C.4.: Transition rates of v under γL̂v.

Choosing γ = ω leads to

L̂vf(x,+2) = 1{x<L}2(f(x, 0)− f(x,+2)) + 1{x=L}(f(x, 0)− f(x,+2)),

L̂vf(x, 0) = 1{x>0}(f(x,+2)− f(x, 0)) + 1{x<L}(f(x,−2)− f(x, 0)),

L̂vf(x,−2) = 1{x>0}2(f(x, 0)− f(x,−2)) + 1{x=0}(f(x, 0)− f(x,−2)),

and

L̂trf(x,+2) = 1{x<L}(+2)∂xf(x,+2) + 1{x=L}ω(f(x, 0)− f(x,+2)),

L̂trf(x, 0) = 1{x=0}ω(f(x,+2)− f(x, 0)) + 1{x=L}ω(f(x,−2)− f(x, 0)),

L̂trf(x,−2) = 1{x>0}(−2)∂xf(x,−2) + 1{x=0}ω(f(x, 0)− f(x,−2)).

The transport term L̂tr hence describes motion with constant velocity v in the interior
(0, L) combined with velocity jumps with rate ω on the boundary.

Since the RTP process on [0, L] with parameter ω is a lift of a sticky Brownian motion
with parameter ω by Theorem C.7, we begin by showing that the generator of sticky
Brownian motion satisfies a Poincaré inequality and has discrete spectrum.

Lemma C.18 (Poincaré inequality for sticky Brownian motion). There exists C > 0
such that

∥f − µ(f)∥2L2(µ) ≤ C
ωL+ (ωL)2

ω2
⟨f,−Lf⟩L2(µ)

for all f ∈ Dom(L).

Proof. Note that

⟨f, (−Lf)⟩L2(µ) =
ω

2 + ωL

ˆ L

0
(f ′)2 dx

hence the goal is to establish an inequality of the form

Varµ(f) ≤
1

m

ω

2 + ωL

ˆ L

0
(f ′)2 dx.

Recall that if µp =
´
Πθ dp(θ) with probability measures Πθ and p then

Varµp(f) =

ˆ
VarΠθ

(f)p(dθ) + Varp
(ˆ

f dΠθ

)
.
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Recall also that

Var 1
2
δ0+

1
2
δL
(g) =

1

4
(g(0)− g(L))2 =

1

4

(ˆ L

0
g′(x) dx

)2

.

Rather than applying this to the triple mixture we have, we apply it twice on a mixture
of two components by rewriting

µ =
ωL

2 + ωL
U[0,L] +

2

2 + ωL

(
1

2
δ0 +

1

2
δL

)
,

where U[0,L] is the uniform distribution on [0, L]. Then

Varµ(f) =
ωL

2 + ωL
VarU[0,L]

(f) +
2

2 + ωL
Var 1

2
δ0+

1
2
δL
(f)

+
2ωL

(2 + ωL)2

(
1

L

ˆ L

0
f(x) dx− 1

2
f(0)− 1

2
f(L)

)2

=
ωL

2 + ωL
VarU[0,L]

(f) +
1/2

2 + ωL

(ˆ L

0
f ′(x) dx

)2

+
2ωL

(2 + ωL)2

(ˆ L

0
f ′(x)

x− L/2

L
dx

)2

.

We apply the Poincaré inequality for the uniform measure and Cauchy-Schwarz to get

Varµ(f) ≤
(
L

π2
ωL

2 + ωL
+

L

2(2 + ωL)
+

2ωL

(2 + ωL)2
· L
12

) ˆ L

0
(f ′(x))2 dx

using
´ L
0 (x−L/2

L )2 dx = L
12 . The claim follows since(

L

π2
ωL

2 + ωL
+

L

2(2 + ωL)
+

2ωL

(2 + ωL)2
· L
12

)
2 + ωL

ω
=
L2

π2
+

L

2ω
+

L2

6(2 + ωL)
.

Let us now prove that the generator of sticky Brownian motion has a discrete spectrum.
While this result is surely known, we were unable to find a suitable reference.

Lemma C.19. The generator (L,Dom(L)) of sticky Brownian motion has discrete spec-
trum.

Proof. We will prove a Nash inequality for the Dirichlet form associated to the sticky
Brownian motion and invariant measure µ. Starting from [52, Chap. 8 Eq. (42)], a Nash
inequality holds for any interval in dimension 1 for the Lebesgue measure, i.e. there exists
c > 0 such that(ˆ L

0
f2 dx

)1/2

≤ c

(ˆ L

0
|f |dx

)2/3
((ˆ L

0
f2 dx

)1/2

+

(ˆ L

0
(f ′)2 dx

)1/2
)1/3

.
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By [249] or [52, Chap. 8 Eq. (43)], this Nash inequality is equivalent to a super Poincaré
inequality: For all s > 0

ˆ L

0
f2 dx ≤ s

ˆ L

0
(f ′)2 dx+ β(s)

(ˆ L

0
|f |dx

)2

,

with β(s) going to infinity of order ∼ s−2 when s goes to 0, so that we may assume
β(s) > 1. Now, let us prove that it implies the same type of super Poincaré inequality
for the Dirichlet form associated to sticky Brownian motion. Denoting a0 = 1

2+ωL and
b0 = ωa0, for all s > 0 we have

ˆ
f2 dµ = a0(f(0)

2 + f(L)2) + b0

ˆ L

0
f2 dx,

≤ a0(f(0)
2 + f(L)2) + b0s

ˆ L

0
(f ′)2 dx+ b0β(s)

(ˆ L

0
|f |dx

)2

,

≤ b0s

ˆ L

0
(f ′)2 dx+ b0max(b−2

0 , a−1
0 )β(s)

(ˆ
|f |dµ

)2

.

Therefore, the sticky Brownian satisfies a super Poincaré inequality. Then by [249,
Th. 5.1], it has an empty essential spectrum. Now, by [20, Th. A.6.4], the resolvent is
compact and thus the generator has discrete spectrum.

Corollary C.20. There exists a universal constant K > 0 s.t. for all ω,L > 0 there
exists C = C(ω,L) > 0 such that the transition semigroup (P̂t) of the RTP process on
[0, L] with parameter ω satisfies

∥P̂tf∥L2(µ̂) ≤ Ce
− Kω

1+(ωL)2
t∥f∥L2(µ̂)

for all t ≥ 0 and f ∈ L2
0(µ̂).

Note that the relaxation time corresponding to this decay rate is of the same order
as the mixing time obtained in [121]. It reveals the existence of two regimes controlled
by the parameter ωL. In the ballistic regime ωL ≪ 1, velocity flips are rare, leading to
a fast exploration of the position space S and a comparatively slow exploration of the
velocity space V. This results in the scaling ν ∝ ω. On the contrary, in the diffusive
regime ωL ≫ 1, the high frequency of velocity flips makes the exploration of V faster
than the exploration of S. This leads to the scaling ν ∝ ω−1L−2.

Proof. It suffices to check Assumptions (A), (B) and (C) and apply Corollary C.13.
Assumption (A): Recall that Dom(LC0) is a core of L by Theorem C.7. For all f ∈

Dom(LC0) we have L̂v(f◦π) = 0 hence L̂tr is a lift of L by Remark C.11(ii). Furthermore,
for f ∈ Dom(LC0) one has

L̂∗
tr(f ◦ π)(x, v) = −v1{0<x<L}f

′(x) = −L̂tr(f ◦ π)(x, v).

Assumption (B): Follows from Lemmas C.18 and C.19.
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Assumptions (C) (ii): A straightforward computation yields
ˆ
V
L̂vf(x, v) dκx(v) = 0 for all x ∈ S and f ∈ Dom(L̂).

Let us we prove
´ T
0 ∥Ptf − ΠvPtf∥2L2(µ̂) dt ≤

1
mv

´ T
0 Ev(Ptf) dt with mv = 2. Define the

matrices

S =

1/4 0 0
0 1/2 0
0 0 1/4

 , Q =

−2 2 0
1 −2 1
0 2 −2

 ,

as well as the scalar product ⟨x, y⟩S = x⊤Sy and let Π be the orthogonal projection
on the kernel of Q with respect to ⟨·, ·⟩S . The matrix Q is symmetric w.r.t. the scalar
product ⟨·, ·⟩S (i.e. Q = S−1Q⊤S) so it admits an orthonormal basis of eigenvectors. Its
eigenvalues are 0,−2,−4 and thus

∥ξ −Πξ∥2S ≤ 1

2
⟨ξ, (−Q)ξ⟩S for all ξ ∈ R3.

For f ∈ Dom(L̂), taking ξ = (Ptf(x, 2), Ptf(x, 0), Ptf(x,−2))⊤ in the inequality above
yields

κx(Ptf(x, ·)2)− κx(Ptf(x, ·))2 ≤
1

2

ˆ
V
Ptf(x, v)(−L̂vPtf)(x, v) dκx(v) (C.17)

for x ∈ (0, L). A similar argument leads to the same inequality for x = 0 and x = L.
Hence
ˆ T

0
∥Ptf −ΠvPtf∥2L2(µ̂) dt =

ˆ T

0

ˆ
[0,L]

[
κx(Ptf(x, ·)2)− κx(Ptf(x, ·))2

]
dµ(x) dt

≤ 1

2

ˆ T

0

ˆ
[0,L]

ˆ
V
Ptf(x, v)(−L̂vPtf)(x, v) dκx(v) dµ(x) dt.

Therefore, (C.11) holds with mv = 2.
Assumption (C) (i): Let f ∈ Dom(L̂tr) and g ∈ Dom(LC0). We have that u = f−Πvf

satisfies Πvu = 0, so, in particular,

u(x, 2) + u(x,−2) = −2u(x, 0) for all x ∈ (0, L).

Therefore 〈
L̂tr(g ◦ π), L̂tr(f −Πvf)

〉
L2(µ̂)

=
ω/4

2 + ωL

ˆ L

0
(+2)∂xg(x)(+2)∂xu(x,+2) dx

+
ω/4

2 + ωL

ˆ L

0
(−2)∂xg(x)(−2)∂xu(x,−2) dx
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=
ω

2 + ωL

ˆ L

0
∂xg(x)(∂xu(x,+2) + ∂xu(x,−2)) dx

=
−2ω

2 + ωL

ˆ L

0
∂xg(x)∂xu(x, 0) dt,∣∣〈L̂tr(g ◦ π), L̂tr(f −Πvf)

〉
L2(µ̂)

∣∣
=
∣∣〈2Lg, u(·, 0)〉

L2(µ)

∣∣ ≤ ∥2Lg∥L2(µ)∥u(·, 0)∥L2(µ).

Finally,

∥u(·, 0)∥2L2(µ) =
1

2 + ωL
u(0, 0)2 +

ω

2 + ωL

ˆ L

0
u(x, 0)2 dx+

1

2 + ωL
u(L, 0)2

≤ 2

[
1

2 + ωL

(
1

2
u(0,−2)2 +

1

2
u(0, 0)2

)
+

ω

2 + ωL

ˆ L

0

(
1

4
u(x,−2)2 +

1

2
u(x, 0)2 +

1

4
u(x,+2)2

)
dx

+
1

2 + ωL

(
1

2
u(L,+2)2 +

1

2
u(L, 0)2

)]
≤ 2∥u∥2L2(µ̂),

and hence∣∣〈L̂tr(g ◦ π), L̂tr(f −Πvf)
〉
L2(µ̂)

∣∣ ≤ √
2∥2Lg∥L2(µ)∥f −Πvf∥L2(µ̂) ≤ ∥2Lg∥L2(µ)

√
Ev(f)

using (C.17) for the last inequality. Therefore, (C1) is satisfied with C1 = 1. The
arguments used to check (C.11) show that L̂v is a bounded operator and hence (C2) is
satisfied with C2 = O(m−1/2) by Remark C.11(v).

Remark C.14 thus yields the desired decay rate.

C.4.2. Proof of Theorem C.5

The following lemma is surely known, or at least folklore, but we did not find a reference,
so the proof is included.

Lemma C.21. Let (Lext,Dom(Lext)) (resp. (LC0 ,Dom(LC0))) be the extended (resp. C0)
generator of a Feller process X(t) taking its values in the compact state space S. Then
Dom(LC0) = {f ∈ C0(S) : f ∈ Dom(Lext) and Lextf ∈ C0(S)} and

LC0f = Lextf for all f ∈ Dom(LC0).

Proof. It follows from [182, Theorem 3.32] that the extended generator is an extension
of the C0-generator.

Let f ∈ C0(S) be such that f ∈ Dom(Lext) and Lextf ∈ C0(S). Then

M(t) = f(X(t))− f(X(0))−
ˆ t

0
Lextf(X(s)) ds
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is a local martingale. Hence

E
[
sup
0≤s≤t

∣∣∣∣f(X(t))− f(X(0))−
ˆ t

0
Lextf(X(s)) ds

∣∣∣∣] ≤ 2∥f∥∞ + t∥Lextf∥∞ < +∞

implies that M(t) is a martingale and thus

Ptf(x)− f(x) = Ex [f(X(t))− f(X(0))] = Ex

[ˆ t

0
Lextf(X(s)) ds

]
=

ˆ t

0
PsLextf(x) ds.

The function s 7→ PsLextf is continuous from R+ to C0(S) hence the integral
´ t
0 PsLextf ds

is well-defined in C0 and the pointwise equality above implies

Ptf − f

t
=

1

t

ˆ t

0
PsLextf ds→ Lextf as t→ 0,

using the continuity of s 7→ PsLextf to obtain a ∥ · ∥∞-limit.

Lemma C.22 (C0-generator of the RTP process).

(i) The RTP process is Feller.

(ii) Its C0-generator is given by

L̂C0f(x, 2) = 2∂xf(x, 2) + 2ω (f(x, 0)− f(x, 2)) ,

L̂C0f(x, 0) = ωf(x, 2) + ωf(x,−2)− 2ωf(x, 0),

L̂C0f(x,−2) = −2∂xf(x,−2) + 2ω (f(x, 0)− f(x,−2)) ,

and its domain Dom(L̂C0) consists of all f ∈ C0(Ŝ) such that

f(·,±2) ∈ C1([0, L]) and ∂xf(L, 2) = ∂xf(0,−2) = 0.

Proof. (i) It is enough to show that P(x̃0,v0) converges weakly to P(x0,v0) when x̃0 → x0.
Following arguments in [121], we consider the coupling of P(x̃0,v0) and P(x0,v0) obtained
by taking the same relative velocity process v(t). Since y 7→ min(L,max(0, y+ v(0)t)) is
1-Lipschitz, we have

|x(t)− x̃(t)| = |min(L,max(0, x0 + v(0)t))−min(L,max(0, x̃0 + v(0)t))| ≤ |x0 − x̃0|

for t ≤ T1. In particular, |x(T1)− x̃(T1)| ≤ |x0 − x̃0|. So, by induction, |x(t)− x̃(t)| ≤
|x0 − x̃0| for all t ≥ 0, and the Feller property follows.

(ii) The claim follows from the derivation of the extended generator in [121] and
Lemma C.21.

The invariance of µ̂ (Theorem C.5 (i)) is already proven in [126] and can be directly
checked here using the generator [182, Theorem 3.37]. We now provide the proof for the
L2(µ̂) generator and its domain.
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Proof of Theorem C.5 (ii). The L2(µ̂) generator is the closure of (L̂C0 ,Dom(L̂C0)) in
L2(µ̂) by [104, Proposition II.1.7]. We concentrate on the case v = 2 as cases v = 0 and
v = −2 follow from the same arguments. Denote (L̂,Dom(L̂)) the operator defined in
Theorem C.5 (ii).

We first show (L̂C0 ,Dom(L̂C0)) ⊆ (L̂,Dom(L̂)): Let fn ∈ Dom(L̂C0) be such that

fn −→ f and L̂C0fn −→ g in L2(µ̂).

We need to show that f ∈ Dom(L̂) and L̂f = g. On (0, L) one has

∂xfn(·, 2) =
1

2

(
L̂C0fn(·, 2)− 2ω [fn(·, 0)− fn(·, 2)]

)
hence ∂xfn(·, 2) converges in L2((0, L),dx) to h = 1

2 (g(·, 2)− 2ω (f(·, 0)− f(·, 2))). For
φ ∈ C∞

c ((0, L)) we have

−
ˆ L

0
f(·, 2)φ′ dx = − lim

n→∞

ˆ L

0
fn(·, 2)φ′ dx = lim

n→∞

ˆ L

0
∂xfn(·, 2)φdx =

ˆ L

0
hφ dx.

Hence f(·, 2) ∈ H1((0, L)), fn(·, 2) → f(·, 2) in H1((0, L)), and g(x, 2) = 2∂xf(x, 2) +
2ω (f(x, 0)− f(x, 2)) for x ∈ (0, L). Since function evaluations at (L, 2) and (L, 0) are
well-defined and continuous from L2(µ̂) to R, we obtain g(L, 2) = ω (f(L, 0)− f(L, 2)).
Furthermore, F 7→ F (L−, 2) is the trace operator which is continuous on H1((0, L)), so
that

fn(L−, 2) = fn(L, 2) for all n ≥ 0 =⇒ f(L−, 2) = f(L, 2),

which yields f ∈ Dom(L̂) and L̂f = g.
It remains to show (L̂,Dom(L̂)) ⊆ (L̂C0 ,Dom(L̂C0)): Let f ∈ Dom(L̂) be given. We

now construct a sequence fn ∈ Dom(L̂C0) such that fn −→ f and L̂C0fn −→ L̂f in
L2(µ̂).

Let hn ∈ C∞((0, L)) be a sequence converging to f(·, 2) in H1((0, L)). Define

χn(x) =


0 if x ≤ L(1− 1/n),

x−L(1−1/n)
L(1−1/(2n))−L(1−1/n) if x ∈ (L(1− 1/n), L(1− 1/(2n))),

1 if x ≥ L(1− 1/(2n)).

which is in C0([0, L]). Set gn(x) = hn(x)−
´ x
0 h

′
n(y)χn(y) dy. One has gn ∈ C1([0, L]) as

well as
g′n(L) = h′n(L)− h′n(L)χn(L) = 0.

Furthermore,(ˆ x

0
h′nχn dy

)2

≤
(ˆ L

0
(h′n)

2 dy

)(ˆ L

0
χ2
n dy

)
≤
(ˆ L

0
(h′n)

2 dy

)
· L
n

so that x 7→
´ x
0 h

′
n(y)χn(y) dy converges to 0 uniformly and thus in L2((0, L),dx). For

all a ∈ (0, L) we have

lim
n→∞

ˆ L

0
(h′nχn)

2 dy ≤ lim
n→∞

ˆ L

a
(h′n)

2 dy =

ˆ L

a
(∂xf(·,+2))2 dy,
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so taking a→ L yields

lim
n→∞

ˆ L

0
(h′nχn)

2 dy = 0.

Hence x 7→
´ x
0 h

′
n(y)χn(y) dy converges to 0 in H1((0, L)). We deduce that gn converges

to f(·, 2) in H1((0, L)). Because the trace F 7→ F (L−, 2) is continuous from H1((0, L))
to R and f(L−, 2) = f(L, 2) we have that gn → f(·, 2) in L2([0, L], λ[0,L]+δL) as required.
Thus taking fn(x,+2) = gn(x) yields convergence of (L̂C0fn)(·,+2) to L̂f(·,+2) in
L2(λ[0,L] + δL). The cases v = 0 and v = −2 can be treated similarly to obtain an
approximating sequence for f ∈ Dom(L̂) that converges in L2(µ̂).

C.5. PDMPs for sampling

In this section, we consider a probability measure µ on Rd with density proportional
to exp(−U), where U : Rd → R is such that

´
Rd e

−U(x) dx < ∞. We assume that µ
satisfies a Poincaré inequality with constant 1

m and that the generator (L,Dom(L)) of the
overdamped Langevin diffusion with invariant probability measure µ, see Example C.3,
has discrete spectrum. The latter is for instance satisfied if there exists β > 1 such that

lim inf
|x|→∞

∇U(x) · x
|x|β

> 0,

see [41, Theorem 5]. As in Example C.15, we assume the lower curvature bound

∇2U(x) ≥ −Km · Id for all x ∈ Rd (C.18)

for some K ≥ 0.
Piecewise deterministic Markov processes (PDMPs) have recently been studied as

highly efficient non-reversible samplers in physics and statistics, where proving expo-
nential ergodicity is crucial. Depending on communities or the specific choice of dy-
namics, these processes appear under different algorithmic names, including (Forward)
Event Chain Monte Carlo [196, 197], the Zig-Zag sampler [36] and the Bouncy Particle
sampler [91]. Very recently, using the Dolbeault-Mouhot-Schmeiser approach [87], res-
ults with well-controlled dimensional dependence were established in [12]. These results
were refined in [186] using the variational approach by Albritton, Armstrong, Mourrat
and Novack for the Zig-Zag process and the Bouncy Particle sampler. Here, we extend
these results using our method, treating in particular two previously unaddressed cases:
the true Zig-Zag process, without the condition of Gaussian velocities, and the Forward
generalisation that incorporates stochastic jumps at events.

C.5.1. Forward process

The forward Event Chain process introduced in [196] is a PDMP (Xt, Vt) with state space
Ŝ = Rd ×Rd and invariant probability measure µ̂ = µ⊗ κ, where κ is the d-dimensional
standard Gaussian. It extends previously developed algorithms, as the Bouncy Particle
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Sampler and the Zig-Zag process, as the velocity update at an event is now governed
more generally by a Markov kernel. We consider the full-orthogonal refresh variant whose
generator is given by

L̂f(x, v) = v · ∇xf(x, v) + (v · ∇U(x))+(B−f − f)(x, v) + γ(Πvf − f)(x, v)

for f ∈ C1
c (R2d) and (x, v) ∈ Rd × Rd, where

B±f(x, v) =
1

Zx

ˆ
Rd

(w · ∇U(x))±f(x,w)κ(dw)

and Zx =
´
Rd(w · ∇U(x))+κ(dw) =

1√
2π
|∇U(x)|. It moves along straight lines between

events occurring with rate (v ·∇U)+. At an event, the velocity Vt is resampled according
to the distribution Z−1

Xt
(v · ∇U(Xt))−κ(dv), corresponding to the distribution for the

reflection of the new direction to trigger an event. This corresponds to a resampling of
the whole vector Vt, including its component along the direction ∇U(Xt), as opposed
to a simple reflection or flip as respectively for the Bouncy Particle Sampler or Zig-Zag
process. The forward Event Chain process admits a natural splitting of its generator.
For f ∈ C1

c (R2d), we set

L̂trf(x, v) = v · ∇xf(x, v) + (v · ∇U(x))+(B−f − f)(x, v) and

L̂vf(x, v) =

ˆ
Rd

f(x,w)κ(dw)− f(x, v) = Πvf(x, v)− f(x, v),

so that L̂f = L̂trf + γL̂vf .

Assumption C.1. There exist a ∈ [0, 1) and b ≥ 0 such that

∆U(x) ≤ a|∇U(x)|2 + b for all x ∈ Rd. (C.19)

For example, Assumption C.1 is satisfied with a = 0 and b = dL if ∇2U(x) ≤ L · Id
for all x ∈ Rd.

Corollary C.23. Let Assumption C.1 be satisfied. Then, choosing T = m−1/2, the
transition semigroup of the Forward process is exponentially contractive in T -average
with rate

ν = Ω

 γm

γ2 + m(1+K)+b
(1−a)2

 .

In particular, if γ = Θ

(√
m(1+K)+b

1−a

)
then ν = Ω

(√
m(1− a)

/√
1 +K + b/m

)
.

Remark C.24. In case m · Id ≤ ∇2U ≤ L · Id, and with γ = Θ
(√
m+ dL

)
, we obtain

ν = Ω
(√

m
/√

dL/m)
)
. We thus recover the same dimension dependence as for the

Bouncy Particle sampler in [186] but an additional dependence on the condition number.
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Proof of Corollary C.23. Assumptions (A) and (B) can be verified as for the Langevin
dynamics in Example C.15. Indeed, the forward Event Chain process is a lift of an
overdamped diffusion with generator (L,Dom(L)), and Assumption (C)(ii) is satisfied
with mv = 1. Assumption (C2) holds with C2 = 1√

2m
by Remark C.11(v), we hence

focus on Assumption (C1).
It is enough to estimate ∥L̂∗

trL̂tr(g ◦ π) + (Lg) ◦ π∥L2(µ̂) by Remark C.11(iv). Noticing

L̂tr(g ◦ π) = v · ∇xg and L̂∗
trf = −v · ∇xf(x, v) + (v · ∇U(x))−(B+f − f)(x, v)

for f ∈ C1
c (R2d), one has

L̂∗
trL̂tr(g ◦ π)(x, v) = −v⊤∇2g(x)v +

1

Zx
(v · ∇U(x))−

(
1

2
∇U(x) · ∇g(x)− Zxv · ∇g(x)

)
.

By Cauchy-Schwarz,
ˆ
(L̂∗

tr(v · ∇xg))
2κ(dv) ≤ 2

ˆ
(v · ∇2gv)2κ(dv)

+
2

Z2

ˆ
(v · ∇U)2−

(
1

2
∇U · ∇g − Zv · ∇g

)2

κ(dv)

= 4∥∇2g∥2F + 2(∆g)2

+ 2(3 +
π

4
)(∇U · ∇g)2 + |∇U |2|∇g|2.

where ∥ · ∥F is the Frobenius norm. Using (C.19) we estimate
ˆ
Rd

|∇U |2|∇g|2 dµ =

ˆ
Rd

∆U |∇g|2 dµ+ 2

ˆ
Rd

∇U⊤∇2g∇g dµ

≤ a

ˆ
Rd

|∇U |2|∇g|2 dµ+ b

ˆ
Rd

|∇g|2 dµ+ 2

ˆ
Rd

∇U⊤∇2g∇g dµ.

Now using 2∇U⊤∇2g∇g ≤ 2|∇U ||∇g|∥∇2g∥F ≤ p|∇U |2|∇g|2+ 1
p∥∇

2g∥2F for any p > 0,
choosing p = 1−a

2 and rearranging yields
ˆ
Rd

|∇U |2|∇g|2 dµ ≤ 2b

1− a

ˆ
Rd

|∇g|2 dµ+
4

(1− a)2

ˆ
Rd

∥∇2g∥2F dµ

≤
(

2b

1− a
+

4Km

(1− a)2

)ˆ
Rd

|∇g|2 dµ+
4

(1− a)2
∥2Lg∥2L2(µ).

(C.20)

Finally, the bounds (∆g)2 ≤ 2(2Lg)2+(∇U ·∇g)2 and (∇U ·∇g)2 ≤ |∇U |2|∇g|2 as well
as Bochner’s identity yield

∥L̂∗
trL̂tr(g ◦ π)∥2L2(µ̂)

≤ C
(∥∥∥∇2g∥F

∥∥2
L2(µ)

+ ∥∆g∥2L2(µ) + ∥∇U · ∇g∥2L2(µ) +
∥∥|∇U ||∇g|

∥∥2
L2(µ)

)
≤ C

(
∥2Lg∥2L2(µ) + 2KmE(g) + ∥|∇U ||∇g|∥2L2(µ)

)
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≤ C

(
1

(1− a)2
∥2Lg∥2L2(µ) +

b(1− a) +Km

(1− a)2
(2E(g))

)
≤ C

(
b(1− a) + (1 +K)m

m(1− a)2

)
∥2Lg∥2L2(µ)

where C > 0 denotes an absolute constant changing from line to line. Therefore, overall,
one can choose C2

1 = C
(
b+(1+K)m
m(1−a)2

)
and the claim follows by Remark C.14.

C.5.2. Zig-Zag process

The convergence to equilibrium for the Zig-Zag process with Gaussian velocities is con-
sidered in [186]. In practice, one usually considers velocities chosen uniformly among the
(scaled) coordinate directions {±

√
dei : i = 1, . . . , n} or from the hypercube {−1,+1}d

[36]. We consider any of these dynamics, i.e. let V be Rd, {±
√
dei : i = 1, . . . , n}, or

{−1,+1}d, and consider κ = N (0, Id) or κ = Unif(V), correspondingly.
The Zig-Zag process (Xt, Vt) is a PDMP with state space Ŝ = Rd × V that, between

events, moves with constant velocity v ∈ V. The k-th component vk of the velocity is then
flipped with rate (vk∂kU(x))+. Additionally, with rate γ > 0, a new velocity is chosen
from V according to the distribution κ. Note that this velocity refreshment mechanism
may not be needed for ergodicity in the hypercube case [36], but it is essential in our
approach. This process has µ̂ = µ⊗ κ as its invariant probability measure [36], and the
generator of the associated transition semigroup in L2(µ̂) is given by

L̂f(x, v) = v · ∇xf(x, v) +
d∑

i=1

(vi∂iU(x))+(f(x, v − 2eivi)− f(x, v))

+ γ

(ˆ
f(x,w)κ(dw)− f(x, v)

)
for compactly supported functions f ∈ C1

c (R2d) and (x, v) ∈ Rd × V. Under additional
assumptions, see [92], C1

c (Rd) forms a core for L̂. For f ∈ Dom(L̂), we set

L̂trf(x, v) = v · ∇xf(x, v) +
d∑

i=1

(vi∂iU(x))+(f(x, v − 2eivi)− f(x, v)) and

L̂vf(x, v) =

ˆ
V
f(x,w)κ(dw)− f(x, v) = (Πvf)(x, v)− f(x, v),

so that L̂f = L̂trf + γL̂vf .

Assumption C.2. There exists L ≥ 0 such that ∂kkU(x) ≤ L for all k ∈ {1, . . . , d} and
x ∈ Rd.

In particular, Assumption C.2 holds if ∇2U(x) ≤ L · Id for all x ∈ Rd.

Corollary C.25. Let Assumption C.2 be satisfied.
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(i) Let κ = N (0, Id) or κ = Unif({−1,+1}d). Then, choosing T = m−1/2, the trans-
ition semigroup (P̂t) of the Zig-Zag process is exponentially contractive in T -average
with rate

ν = Ω

(
γm

γ2 +m(1 +K) + L

)
.

If γ = Θ
(√

m(1 +K) + L
)

then ν = Ω
(√

m
/√

(1 +K) + L/m
)
.

(ii) Let κ = Unif({±
√
dei : i = 1, . . . , n}). Then, choosing T = m−1/2, the transition

semigroup (P̂t) of the Zig-Zag process is exponentially contractive in T -average with
rate

ν = Ω

(
γm

γ2 +md(1 +K) + Ld

)
.

If γ = Θ
(√

(m(1 +K) + L)d
)

then ν = Ω
(√

m
/√

((1 +K) + L/m)d
)
.

In [186], quantitative convergence rates for the Zig-Zag process with Gaussian velocities
are shown. Corollary C.25 recovers the same scaling in m, d and L under slightly weaker
assumptions in the practically relevant case of velocities chosen from the hypercube [34].

Proof of Corollary C.25. Assumptions (A) and (B) can be verified as for the Langevin
dynamics in Example C.15. Indeed, the Zig-Zag process satisfies L̂(f◦π)(x, v) = v·∇f(x)
for all f ∈ C∞

c (Rd). Since the distributions κ we consider are centred and have identity
covariance matrix, the Zig-Zag process is a lift of the overdamped Langevin diffusion
with invariant measure µ and generator L = −1

2∇
∗∇ in L2(µ) and core C∞

c (Rd) for
any of these choices of velocity distribution, and Assumption (C)(ii) is satisfied with
mv = 1. Assumption (C2) holds with C2 = 1 by Remark C.11(v), we hence focus on
Assumption (C1).

We have

L̂∗
trf(x, v) = −v · ∇xf +

d∑
k=1

(vk∂kU(x))−(f(x, v − 2ekvk)− f(x, v))

for all f ∈ C1
c (R2d) and thus

L̂∗
trL̂tr(g ◦ π) = −v · ∇2g(x)v − 2

d∑
k=1

(vk∂kU(x))−vk∂kg(x).

for all g ∈ C∞
c (Rd). This gives

Varκ(L̂∗
trL̂tr(g ◦ π)) ≤ 2Varκ

(
v · ∇2gv

)
+ 8Varκ

(
d∑

k=1

(vk∂kU)−vk∂kg

)
.

This can be bounded using the moments of κ in the following way.
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(i) If κ = N (0, Id) or κ = Unif({−1,+1}d), then

Varκ
(
v · ∇2gv

)
=

d∑
i=1

Eκ(v
4
i )(∂iig)

2 +
∑
i̸=j

Eκ(v
2
i v

2
j )(2(∂ijg)

2 + ∂iig∂jjg)− (∆g)2

≤ 2∥∇2g∥2F , and

Varκ

(
d∑

k=1

(vk∂kU)−vk∂kg

)
=

d∑
k=1

Varκ
(
(vk∂kU)−vk∂kg

)
=

d∑
k=1

Eκ

(
(vk∂kU)2−(vk∂kg)

2
)
− (Eκ ((vk∂kU)−vk∂kg))

2

=
d∑

k=1

∂kU
2∂kg

2

(
1

2
Eκ(v

4
k)−

(
1

2
Eκ(v

2
k)

)2
)

= Cκ

d∑
k=1

(∂kU)2(∂kg)
2

with Cκ = 5
4 in the Gaussian case, and Cκ = 1

4 in the hypercube case. Hence

∥L̂∗
trL̂tr(g ◦ π) + 2(Lg) ◦ π∥2L2(µ̂) ≤ 4

∥∥∥∇2g∥F
∥∥2
L2(µ)

+ 8Cκ

d∑
k=1

ˆ
Rd

(∂kU)2(∂kg)
2 dµ.

(ii) If κ = Unif({±
√
dei : i = 1, . . . , n}) is the uniform distribution on the scaled co-

ordinate directions, then

Varκ
(
v · ∇2gv

)
= d

d∑
k=1

(∂kkg)
2 − (∆g)2 ≤ d∥∇2g∥2F , and

Varκ

(
d∑

k=1

(vk∂kU)−vk∂kg

)

= Eκ

(
d∑

k=1

(vk∂kU)2−(vk∂kg)
2

)
−

(
Eκ

(
d∑

k=1

(vk∂kU)−vk∂kg

))2

=
d

2

d∑
k=1

(∂kU)2(∂kg)
2 − 1

4
(∇U · ∇g)2 ≤ d

2

d∑
k=1

(∂kU)2(∂kg)
2

This gives

∥L̂∗
trL̂tr(g ◦ π) + 2(Lg) ◦ π∥2L2(µ̂) ≤ 2d

∥∥∥∇2g∥F
∥∥2
L2(µ)

+ 4d

d∑
k=1

ˆ
Rd

(∂kU)2(∂kg)
2 dµ.
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It thus remains to bound
∑d

k=1

´
Rd(∂kU)2(∂kg)

2 dµ in all three cases. An integration by
parts and 2ab ≤ 1

2a
2 + 2b2 gives

d∑
k=1

ˆ
Rd

(∂kU)2(∂kg)
2 dµ =

d∑
k=1

ˆ
Rd

(∂kg)
2∂kkU dµ+ 2

d∑
k=1

ˆ
Rd

∂kU∂kkg∂kg dµ

≤
d∑

k=1

ˆ
Rd

(∂kg)
2∂kkU dµ+

d∑
k=1

ˆ
Rd

(
1

2
(∂kU)2(∂kg)

2 + 2(∂kkg)
2

)
dµ,

so that rearranging yields

d∑
k=1

ˆ
Rd

(∂kU)2(∂kg)
2 dµ ≤ 2

d∑
k=1

ˆ
Rd

∂kkU(∂kg)
2 dµ+ 4

d∑
k=1

ˆ
Rd

(∂kkg)
2 dµ.

Therefore, by Assumption C.2,

d∑
k=1

ˆ
Rd

(∂kU)2(∂kg)
2 dµ ≤ 2L∥|∇g|∥2L2(µ) + 4

∥∥∥∇2g∥F
∥∥2
L2(µ)

. (C.21)

Hence, using Bochner’s identity, (C.18) and ∥|∇g|∥2L2(µ) ≤ 1
m∥2Lg∥2L2(µ), Assumption

(C1) is satisfied with

C2
1 = 4 + 32Cκ +

16LCκ + (4 + 32Cκ)Km

m
≤ 44(1 +K) + 20

L

m

in the Gaussian and hypercube case, and with

C2
1 = 18d+

8dL+ 18dKm

m
= 18d(1 +K) + 8d

L

m

in the case of uniform distribution on the scaled coordinate directions. One then con-
cludes by Remark C.14.

If instead of Assumption C.2 we assume the weaker Assumption C.1, we obtain the
same rate as for the Forward process in Corollary C.23, at least for Gaussian or uniform
on the hypercube velocities.

Corollary C.26. Let Assumption C.1 be satisfied.

(i) Let κ = N (0, Id) or κ = Unif({−1,+1}d). Then, choosing T = m−1/2, the trans-
ition semigroup (P̂t) of the Zig-Zag process is exponentially contractive in T -average
with rate

ν = Ω

 γm

γ2 + m(1+K)+b
(1−a)2

 .

If γ = Θ

(√
m(1+K)+b

1−a

)
then ν = Ω

(
(1− a)

√
m
/√

(1 +K) + b/m
)
.
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(ii) Let κ = Unif({±
√
dei : i = 1, . . . , n}). Then, choosing T = m−1/2, the transition

semigroup (P̂t) of the Zig-Zag process is exponentially contractive in T -average with
rate

ν = Ω

 γm

γ2 + md(1+K)+bd
(1−a)2

 .

If γ = Θ

(√
md(1+K)+bd

(1−a)2

)
then ν = Ω

(
(1− a)

√
m
/√

((1 +K) + b/m)d
)
.

Proof. The only difference to the proof of Corollary C.25 is the treatment of the term∑d
k=1

´
Rd(∂kU)2(∂kg)

2 dµ in the verification of Assumption (C1). We can use (C.20) to
get

d∑
k=1

ˆ
Rd

(∂kU)2(∂kg)
2 dµ ≤

∥∥|∇U ||∇g|
∥∥2
L2(µ)

≤ 2b(1− a) + 4Km

(1− a)2
2E(g) + 4

(1− a)2
∥2Lg∥2L2(µ)

≤ 1

(1− a)2

(
4(1 +K) +

2b(1− a)

m

)
∥2Lg∥2L2(µ) .

Assumption (C1) then follows with

C2
1 = 4 + 4K +

8Cκ

(1− a)2

(
4(1 +K) +

2b(1− a)

m

)
≤ 44(1 +K)

(1− a)2
+

20b

(1− a)m
≤ 44(1 +K)m+ 20b

(1− a)2m

in the Gaussian and hypercube case, and with

C2
1 = 2d+ 2dK +

4d

(1− a)2

(
4(1 +K) +

2b(1− a)

m

)
≤ 18d(1 +K)m+ 8db

(1− a)2m

in the case of uniform distribution on the scaled coordinate directions. One then con-
cludes by Remark C.14.
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Appendix D.

Hypocoercivity meets lifts

G. Brigati, F. Lörler and L. Wang. ‘Hypocoercivity meets lifts’. In: Kinet. Relat. Models
20.0 (2026), pp. 34–55. doi: 10.3934/krm.2025020.

Abstract: We unify the variational hypocoercivity framework established by D. Al-
britton, S. Armstrong, J.-C. Mourrat, and M. Novack [6], with the notion of second-order
lifts of reversible diffusion processes, recently introduced by A. Eberle and the second
author [99]. We give an abstract, yet fully constructive, presentation of the theory, so
that it can be applied to a large class of linear kinetic equations. As this hypocoer-
civity technique does not twist the reference norm, we can recover accurate and sharp
convergence rates in various models. Among those, adaptive Langevin dynamics (ALD)
is discussed in full detail and we show that for near-quadratic potentials, with suitable
choices of parameters, it is a near-optimal second-order lift of the overdamped Langevin
dynamics. As a further consequence, we observe that the Generalised Langevin Equa-
tion (GLE) is a also a second-order lift, as the standard (kinetic) Langevin dynamics
are, of the overdamped Langevin dynamics. Then, convergence of (GLE) cannot exceed
ballistic speed, i.e. the square root of the rate of the overdamped regime. We illustrate
this phenomenon with explicit computations in a benchmark Gaussian case.

D.1. Introduction

D.1.1. Setting and main goal

In this note, we obtain long-time convergence results for a large class of linear kinetic
equations that can be written as

∂tf + T f = Lvf, f = f(t, x, v), (t, x, v) ∈ R+ ×X × V. (D.1)

Here T is the transport operator, and the operator Lv describes the energy dissipation
in the v-variable, with precise assumptions and examples stated below. Usually x and
v are interpreted as position and velocity variables, respectively, although the situations
we consider are general, and X and V denote general measurable state spaces that may
have different dimensions.

We focus in particular on scenarios where (D.1) has a unique normalised steady state
of the form

µ̂(dx dv) = µ(dx)κ(x,dv), (D.2)
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where µ̂ is a probability distribution, µ is the marginal distribution of µ̂ on X , and κ
denotes a Markov kernel. In many examples, µ̂ is a product measure µ̂ = µ ⊗ κ where
κ is independent of x, but this framework does not require µ̂ to be a product measure;
in fact it can also be applied to nonequilibrium dynamics, where only the existence but
not the expression of µ̂ is known [82]. The primary goal of this note is to highlight the
link between variational hypocoercivity and non-reversible lifts, in a unified language,
which is extensively explained in Sections D.1.2-D.1.3. Then, we state our main result
Theorem D.5 in Section D.1.4, which yields a hypocoercive estimate in the form

∥f(t, ·, ·)∥L2(µ̂) ≤ Ce−λt∥f(t = 0, ·, ·)∥L2(µ̂), (D.3)

for all solutions f to (D.1) with zero average initial data. We construct a fully explicit,
accurate decay rate λ > 0, and an explicit constant C > 1. In Section D.1.5, we list a
few important examples which are covered by our analysis.

D.1.2. From hypocoercivity to non-reversible lifts

In many cases of interest, the operator Lv is degenerate dissipative, i.e. Lv ≤ 0, but
ker(Lv) is larger than ker(Lv−T ). In other words, equation (D.1) admits local equilibria
which are not global ones. Convergence to global equilibrium still holds, as long as
the conservative operator T is able to force the solution to (D.1) outside KerLv. This
is the heart of hypocoercivity, stemming from [140, 152], and C. Villani’s monograph
[248]. To counter the degeneracy of Lv, a modified H1-norm Ẽ is built in [248], such that
Ẽ ≈ ∥·∥H1(dx dv), and Ẽ acts as a strict entropy functional for (D.1), i.e. for all solutions f ,
and a suitable global equilibrium f∞, we have d

dt Ẽ(f(t, ·, ·)− f∞) ≤ −λ Ẽ(f(t, ·, ·)− f∞),
for some λ > 0. Thus, for a constant C > 1,

∥f(t, ·, ·)− f∞∥H1(dx dv) ≤ C e−λ t∥f(0, ·, ·)− f∞∥H1(dx dv). (D.4)

This scheme has been fruitfully exploited in many works, including [22], where a twisted
Γ2 calculus, a combination of [19] and [248], is established. We refer the reader to [29] for
a review of the literature. Later on, an L2-hypocoercivity approach, inspired by diffusion
limits, was outlined by Dolbeault, Mouhot, and Schmeiser in [87], with ideas from earlier
works [86, 132]. In this influential work, an abstract framework is laid out with several
assumptions that can be directly verified for a large class of kinetic equations (even in
presence of non-regularising effects, such as scattering), with a wide range of applications.
Inequalities in the form (D.4), and extension of those in case of weak confinement [49,
50, 51], are obtained in the L2-norm.

As the L2-framework of hypocoercivity provides explicit estimates for the constants
C > 1, λ > 0, the problem of finding optimal values is posed. This can be done via mode-
by-mode Fourier analysis in special situations [16]. In general, providing good estimates
for the rate λ is delicate on its own, optimising λ and C at the same time is problematic,
and the two constants can even compete [3].

This motivates a new variational approach to L2-hypocoercivity, where the L2-norm
is not twisted, first established by Albritton, Armstrong, Mourrat and Novack in [6] and
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later developed in [53, 55, 56, 61, 82, 83, 186]. The method relies on the time-averaged
L2-energy,

H(t) =

 t+T

t
∥f(s, ·, ·)∥2L2(µ̂) ds,

which can be related to its dissipation along (D.1)

I(t) := − d

dt
H(t) = −

 t+T

t

d

ds
∥f(s, ·, ·)∥2L2(µ̂) ds,

via an adapted Poincaré inequality

I(t) ≥ λT H(t). (D.5)

As in the classical parabolic case, exponential decay for H(t) is recovered. This directly
implies a hypocoercivity estimate (D.4), see Theorem D.5, with the same rate λT . The
leading idea is that the time average allows the transport operator to carry relaxation
from the v to the x variables, which is a non-instantaneous effect, as witnessed also in
the kinetic De Giorgi theory [11]. The parameter T can be tuned to optimise the rate
λT , without enlarging any other constant.

The adapted Poincaré inequality (D.5) is usually proved in two steps, namely a (t, x)-
Poincaré–Lions inequality for the velocity average Πf defined in (D.6), and an averaging
lemma (variants of which can be traced back to at least [118]), relating weak norms of Πf
to the dissipation term I(t). It was unclear whether this was the only reasonable path
leading to (D.5), until the results of [99]. In that contribution, a new structure of non-
reversible lifts of reversible diffusion processes is formulated, of which (D.1) is a particular
case under our assumptions below. The abstract theory of [99], once rewritten for (D.1),
is reminiscent of [6]. A novelty is that the intermediate steps for (D.5) (i.e. the Poincaré–
Lions inequality and the averaging lemma) are endowed with a clear interpretation and
identified by the lift structure, as highlighted by the proof of Theorem D.5. As an
additional result, the work [99] allows to derive both upper and lower abstract bounds
for the rate λT , which match well with the concrete computations of [53, 61].

D.1.3. Assumptions and discussion

Following the lift structure, we provide a general framework for the variational approach
[6], adapting the notation and the style of presentation of the DMS (Dolbeault–Mouhot–
Schmeiser) framework [87].

For any function f(t, x, v), we define its projection

Πf(t, x) :=

ˆ
V
f(t, x, v)κ(x,dv), (D.6)

which yields a self-adjoint operator on L2(µ̂), where µ̂ is given by (D.2). We assume
that the operator L = Lv − T is the generator of some Markov process with transition
semigroup (P̂t)t≥0, so that the dynamics (D.1) is mass-preserving. Moreover, we impose
the following assumptions on T .
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Assumption D.1. ΠT Π = 0.

Assumption D.2. The operator Lx := −(T Π)∗(T Π) = −ΠT ∗T Π is self-adjoint with
respect to L2(µ̂) and corresponds to the generator of some reversible diffusion process
on X with transition semigroup (Pt)t≥0. Moreover, we have the Poincaré inequality
(macroscopic coercivity)

Px := inf
f∈L2

0(µ̂)\{0}

∥T Πf∥2L2(µ̂)

∥Πf∥2
L2(µ)

> 0, (D.7)

or, equivalently, Lx has spectral gap Px.

It is straightforward from the expression Lx = −(T Π)∗(T Π) that Lx is self-adjoint
with respect to L2(µ̂). Note that µ is the x-marginal of µ̂, and Lx does not involve the
v-variable, thus it makes sense to regard Lx as a self-adjoint operator on L2(µ).

Definition D.1 ([99, Definition 1]). The semigroup (P̂t)t≥0 is a second-order lift of
(Pt/2)t≥0 if Assumptions D.1-D.2 are satisfied.

Let us comment on this definition. It was observed by [79] that, in discrete time
and space, enlarging the state space of a reversible Markov chain by adding a velocity
component and moving to a suitable non-reversible kinetic dynamics can accelerate con-
vergence to equilibrium and reduce the relaxation time by a square root. Motivated by
this acceleration, a concept of lifts of Markov chains in discrete time was introduced by
[79] and later formalised by [66]. Intuitively, a non-reversible Markov chain with trans-
ition kernel p̂ on a product space X ×V with invariant probability measure µ̂ = µ⊗ κ is
a lift of a Markov kernel p on X that is reversible with respect to µ if

ˆ
V
p̂((x, v), A× V)κ(x, dv) = p(x,A)

for all measurable subsets A ⊆ X .
A related yet distinct concept of second-order lifts in continuous time and space was

introduced in [99], providing a suitable framework for the study of many non-reversible
Markov processes by viewing them as second-order lifts of simpler reversible diffusions.
Intuitively, the process on X ×V with transition semigroup (P̂t)t≥0 is a second-order lift
of the process on X with transition semigroup (Pt/2)t≥0 if, as t ↓ 0,

ˆ
V
P̂t(Πf)(x, v)κ(x, dv) = P(t/2)2Πf(x) + o(t2) for all f ∈ L2(µ̂). (D.8)

The different linear and quadratic timescales appearing on the left- and right-hand side
are due to the kinetic versus diffusive behaviour of (P̂t)t≥0 and (Pt)t≥0, respectively.
This difference leads to the property (D.8) carrying second-order information about the
infinitesimal behaviour of (P̂t)t≥0, which is formalised in Assumptions D.1–D.2. Indeed,
a short-time Taylor expansion of (D.8) and a comparison of the first- and second-order
terms leads to the first order condition ΠT Π = 0 of Assumption D.1 and the expression
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for Lx given in Assumption D.2. Precise conditions under which this property is equival-
ent to Definition D.1 are given in [99, Remark 2 (v)]. However, since this property is only
infinitesimal, a reversible diffusion and its lift may behave completely differently for long
times. Strikingly, the lift property can still be used to relate convergence to equilibrium
of the lift (P̂t)t≥0 to spectral properties of the generator Lx of (Pt)t≥0, as the following
Remark shows.

Remark D.2 (Lower bounds for lifts). Using the framework of lifts, under Assumptions
D.1-D.2 only, we can recover a general lower bound for the convergence rate of (D.1).
Denoting the relaxation time of (P̂t)t≥0 as

trel(P̂ ) = inf{t ≥ 0: ∥P̂tf∥L2(µ̂) ≤ e−1∥f∥L2(µ̂) for all f ∈ L2
0(µ̂)},

and the singular value gap of the generator of (P̂t)t≥0 as

s(L) = inf
f∈L2

0(µ̂)\{0}

∥Lf∥L2(µ̂)

∥f∥L2(µ̂)
,

we can make use of the general bound trel(P̂ ) ≥ 1
2s(L)

−1, see [99, Lemma 10]. Using
Assumption D.2, the singular value gap s(L) can be bounded from above as

s(L) ≤ inf
f∈L2

0(µ̂)\{0}

∥LΠf∥L2(µ̂)

∥Πf∥L2(µ̂)
=
√
Px,

which yields the lower bound

trel(P̂ ) ≥
1

2
P−1/2
x

for the relaxation time of the lift. Since the inverse spectral gap P−1
x of Lx is exactly the

relaxation time of the reversible transition semigroup (Pt)t≥0, this shows that convergence
to equilibrium as measured by the relaxation time cannot be accelerated by more than a
square root through lifting. In particular, if (D.4) is satisfied for some C ≥ 1 and λ > 0,
then the asymptotic decay rate λ can be bounded as

λ ≤ (1 + logC)
√

Px.

Intuitively, one should think of −T as being a square root of −Lx on an extended state
space, so that a square-root lower bound on the relaxation time of the semigroup gener-
ated by L = Lv − T is immediately plausible.

The following Assumptions D.3-D.5 are not needed for (P̂t) to be a second-order lift
of (Pt), and therefore only affect the upper bound of the convergence analysis.

Assumption D.3 ([99, Assumption 1 (ii)]). The operator T is non-negative in the sense
that for any f ∈ Dom(T ),

¨
X×V

f(x, v)T f(x, v) dµ̂(x, v) ≥ 0. (D.9)
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Assumption D.3 holds automatically with equality when T is antisymmetric, but fol-
lows from a direct calculation in some other examples. We define

∥f∥2L2(µ;H1(κ)) :=

¨
X×V

(|f |2 + |∇vf |2) dµ̂(x, v),

and ∥f∥L2(µ;H−1(κ)) by L2-duality

∥f∥L2(µ;H−1(κ)) := sup
∥g∥L2(µ;H1(κ))=1

¨
X×V

fg dµ̂(x, v).

Assumption D.4. The operator Lv is self-adjoint in L2(µ̂). In addition, its nullspace
ker(Lv) is spanned by functions that only depend on the x-variable, i.e.

ker(Lv) = Im(Π).

Moreover, there exists a constant Pv > 0 such that we have microscopic coercivity [87,
Assumption (H1)]:

−⟨f,Lvf⟩L2(µ̂) ≥ Pv∥(Id−Π)f∥2L2(µ̂). (D.10)

Finally, there exists a constant R > 0 such that

∥Lvf∥2L2(µ;H−1(κ)) ≤ −R⟨f,Lvf⟩L2(µ̂). (D.11)

Remark D.3 (DMS Hypocoercivity and lifts). Assumptions D.1-D.2 correspond to as-
sumptions (H3) and (H2) of the DMS method [87] respectively. At the same time,
Assumptions D.1 and D.2 are precisely the two assumptions in [99] which indicate that
(P̂t)t≥0 is a second-order lift of (Pt/2)t≥0 as defined in [99, Definition 1], aside a from a
domain condition. If we disregard (D.11), Assumption D.4 is precisely [87, Assumption
(H1)]. The inequality (D.11) holds true with R = γ, under the most common choices
Lv = γ(Π− Id) or Lv = −γ∇∗

v∇v. The coercivity assumptions (D.7) and (D.10) can be
weakened into some weak or weighted version of the Poincaré inequality, see [53, 55, 56,
82].

As for our final assumption, readers familiar with the works [53, 61, 99] will recognise
that it resembles the solution of the divergence equation, which is in duality with the
aforementioned Poincaré–Lions inequality. There are various ways in the literature to
construct such solutions with required regularity estimates, see also [97, 101] and [168].

Assumption D.5. Let T > 0, λ(dt) := 1
T 1[0,T ] dt denote the normalised Lebesgue meas-

ure on [0, T ], and denote µ̄ := λ⊗µ. Then for any g(t, x) ∈ L2(µ̄) with
˜
g(t, x) dµ̄(t, x) =

0, there exist functions φ0, φ1 with boundary conditions

φ0(0, ·) = φ0(T, ·) = 0, T φ1(0, ·) = T φ1(T, ·) = 0

such that
−∂tφ0 − Lxφ1 = g. (D.12)
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Moreover, there exist constants C0,T , C1,T depending on T such that φ0, φ1 satisfy the
regularity estimates

∥φ0 + T φ1∥L2(µ̄;H1(κ)) ≤ C0,T ∥g∥L2(µ̄), (D.13)

and
∥(∂t − T ∗)(φ0 + T φ1)∥L2(λ⊗µ̂) ≤ C1,T ∥g∥L2(µ̄). (D.14)

The equation (D.12) is a time-dependent generalisation of the Poisson equation, which
in the classical elliptic setting would be a direct consequence of the Poincaré inequality.
Here, due to the moving time window, we need to allow functions to depend on time and
impose Dirichlet boundary conditions.

In practice, for most of the examples we consider, κ only depends on v and is standard
Gaussian, thus Assumption D.5 can be verified since any finite moments of v are bounded,
and the estimates (D.13), (D.14) boil down to

∥φ0∥H1(µ̄) + ∥∂tφ1∥H1(µ̄) + ∥∇xφ1∥H1(µ̄) ≲ ∥g∥L2(µ̄). (D.15)

In previous works [53, 61, 99, 168], this can be achieved if µ satisfies a Poincaré inequality
(D.7), and for dµ(x) ∝ exp(−U(x)) dx, the Hessian of U satisfies a (not necessarily
positive) lower bound. In fact, since (D.12) only depends on Lx, any lift of Lx shares the
same estimate (D.15). Then only the terms in (D.13) and (D.14) need to be computed
for a specific T . Additionally, one may notice from previous works that the verification
of Assumption D.5 is the only place where macroscopic coercivity (D.7) is used. We
nevertheless write the two assumptions separately as (D.7) is crucial for the definition of
lifts and obtaining convergence lower bounds.

Remark D.4 (Variational hypocoercivity and DMS). In light of Remark D.3, it is
natural to compare Assumption D.5 with [87, Assumption (H4)]. In [87, Section 2], the
authors show that [87, Assumption (H4)] is related to elliptic regularity theory. On the
other side, Assumption D.5 requires regularity for a divergence equation, which can be
completed to an elliptic one [53, 61]. The two assumptions differ in their spirit, though,
since [87, Assumption (H4)] is used to control error terms arising from a modified L2-
norm, whereas the bounds (D.13)-(D.14) arise from the lift structure via an integration
by parts.

D.1.4. Main result

Under the Assumptions D.1–D.5, we can prove exponential convergence of the solutions
of (D.1) to equilibrium.

Theorem D.5. Let f(t, x, v) be the solution of (D.1) with initial condition f(t =
0, x, v) = f0(x, v) ∈ L2(µ̂). Then as t → ∞, ft converges exponentially fast to (f0) :=´
f0(x, v) dµ̂(x, v). More precisely, there exist constants C > 1, λ > 0, depending on

constants in Assumptions D.1-D.5, such that

∥f(t, ·, ·)− (f0)∥L2(µ̂) ≤ Ce−λt∥f0 − (f0)∥L2(µ̂).
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In particular, suppose there exists some T∗ > 0 such that

T∗ = argmin
T>0

{C1,T + C0,T

√
RPv},

then we have C = exp(T∗λT∗), with the optimised choice of convergence rate

λT∗ =
2Pv

1 + (C1,T∗ + C0,T∗

√
RPv)2

. (D.16)

A major strength of our framework is that it yields sharp convergence rates for a large
number of models. In Example (i) below, we discuss why our framework yields sharp
convergence rate for Langevin dynamics that is optimal up to a universal constant.

D.1.5. Examples

Our main running examples of this work are second-order lifts of overdamped Langevin
diffusions on X = Rd, given by the solution (Xt)t≥0 to the stochastic differential equation

dXt = −∇U(Xt) dt+
√
2 dBt. (D.17)

Here (Bt)t≥0 is a standard d-dimensional Brownian motion. The invariant probability
measure of (D.17) is the Boltzmann-Gibbs measure dµ(x) ∝ exp(−U(x)) dx, and the
generator of (Pt) in L2(µ) can be written as Lx = ∆x −∇U · ∇x = −∇∗

x∇x. Therefore,
(D.7) essentially amounts to a (super)linear growth of U at infinity, see [20, Proposition
4.4.2]. Below are some of the dynamics that are covered in this work, which are all
second-order lifts of overdamped Langevin dynamics. For examples (i)–(iii) below, we
know from [61, 186] that the variational hypocoercivity approach is applicable.

(i) Langevin dynamics is the solution (Xt, Vt)t≥0 to the stochastic differential equation{
dXt = Vt dt

dVt = −∇U(Xt) dt− γVt dt+
√
2γ dWt,

(D.18)

with a standard d-dimensional Brownian motion (Wt)t≥0. Here γ > 0 is the friction
parameter, the state spaces are X = V = Rd, and the corresponding operators write
T = −v · ∇x +∇U · ∇v and Lv = −γ∇∗

v∇v. In this case, κ = κ(dv) = N (0, Id) is
independent of x and µ̂ = µ ⊗ κ is the product measure. Langevin dynamics can
also be seen as a perturbation of the deterministic Hamiltonian dynamics dXt

dt =

Vt,
dVt
dt = −∇U(Xt) by an Ornstein-Uhlenbeck process with intensity γ in the

velocity component.

Langevin dynamics should serve as the primary example for readers to understand
the framework of hypocoercivity and lifts, and for readers’ convenience, let us use
this example to illustrate how the framework could be applied to the Langevin
dynamics, which was already achieved in [61]. To verify Assumption D.1, since Πf
is independent of v, we have

T Πf = v · ∇xΠf
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and the assumption is true since
´
Rd v dκ(v) = 0. Additionally, using the fact that´

Rd vivj dκ(v) = δij , one may compute

⟨T Πf, T Πg⟩L2(µ̂) = ⟨v · ∇xΠf, v · ∇xΠg⟩L2(µ̂) = ⟨∇xΠf,∇xΠg⟩L2(µ).

Since such equality holds for arbitrary f, g, we obtain −Lx = (T Π)∗(T Π) =
∇∗

x∇xΠ, which means Assumption D.2 is also satisfied as long as µ satisfies a
Poincaré inequality. Assumption D.3 is satisfied automatically since T is antisym-
metric. For this example Lv = −γ∇∗

v∇v, the condition ker(Lv) = Im(Π) holds
since both consist precisely of functions that depend only on x, and Assumption
D.4 then holds with R = Pv = γ. Finally, as we discussed after Assumption D.5,
Assumption D.5 can be proved, and we refer the readers to [53, 61, 101, 168] for
different proofs. Hence, Theorem D.5 as well as the lower bound in Remark D.2
can be directly applied.

To verify the optimality of the convergence rate in Theorem D.5, if U is convex and
has Poincaré constant Px, then the proof in [101] gives C0,T = C0(T + 1√

Px
) and

C1,T = C1(1 +
1

T
√
Px

) where C0, C1 denote absolute constants which can be made
explicit. Substituting these into (D.16), we get

λ ∼ 2γ

infT>0

(
1 + 1

T
√
Px

+ Tγ + γ√
Px

)2 .
Optimising first in T∗ ∼ P

−1/4
x γ−1/2 and then in γ ∼

√
Px, we have λT∗ ∼

√
Px

which recovers the result in [61, 99], and thanks to Remark D.2, the convergence rate
is optimal up to an absolute constant. The constant C = exp(λT∗T∗) is bounded
above by an absolute constant.

(ii) Randomised Hamiltonian Monte Carlo (RHMC) [47] is obtained by interspersing
the Hamiltonian dynamics dXt

dt = Vt,
dVt
dt = −∇U(Xt) with complete velocity re-

freshments according to κ = N (0, Id) after exponentially distributed waiting times.
Here the choice of X , V and T is identical to case (i) but Lv = γ(Π − Id). The
corresponding backward Kolmogorov equation (D.1) is also known as the linear
Boltzmann equation.

(iii) The Zig-Zag process [34] runs in straight lines, interspersed with flips of one of the
components of the velocity at random times. Ergodicity of the Zig-Zag process is
known without velocity refreshment [36] but refreshment as in the case of RHMC
can still be added to obtain quantitative convergence upper bounds. The operators
have the form T = −v · ∇x −

∑d
k=1(vk∂xk

U)+(Bk − Id) where the Bk are reflection
operators Bkf(x, v) = f

(
x, v − 2vkek

)
with ek being the k-th cartesian coordinate,

and Lv = γ(Π−Id). The notable feature in this example is that, unlike the previous
two examples, T is not antisymmetric in L2(µ̂). Nevertheless, Assumptions D.1–
D.4 can all be verified. Various other piecewise deterministic Markov processes
introduced in the MCMC literature [48, 197] also fit into the scope of this framework.
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(iv) One example, which this hypocoercivity framework has not yet been applied to, is
the adaptive Langevin dynamics [84, 145]

dQt = Vt dt,

dVt = −∇U(Qt) dt−
Zt

ε
Vt dt− γVt dt+

√
2γ dWt,

dZt =
1

ε
(|Vt|2 − d) dt,

(D.19)

where (Wt)t≥0 is a standard d-dimensional Brownian motion. The motivation for
such dynamics is that in practice, the computation of ∇U is challenging and may be
effectively corrupted, which may lead to a significant bias in the invariant measure
when using the Langevin dynamics (D.18). Hence we define Zt to be the friction
correction variable which is defined by a negative feedback loop control law (as
in the Nosé–Hoover method [210]), so that |Vt|2 is encouraged to stay around d,
and the true friction Zt

ε + γ may adjust with different noise levels of the gradient
without knowing the strength of the gradient noise. We refer to [172] for a more
comprehensive motivation of adaptive Langevin dynamics.

The correct way to view this example is that it is a second-order lift of the over-
damped Langevin dynamics jointly in (q, z). In particular, let x = (q, z) ∈ Rd×R =
X and v ∈ Rd = V, the invariant measure of (D.19) writes

dµ(q, z)∝ e−U(q)− |z|2
2 dq dz, dκ(v) =

1

(2π)d/2
e−

|v|2
2 dv,

dµ̂(q, v, z) = dµ(q, z)⊗ dκ(v).

The corresponding operators of (D.19) write [172, (2.5)]

−T = ∇∗
v∇q −∇∗

q∇v +
1

ε
LNH, Lv = −γ∇∗

v∇v (D.20)

with the LNH part resembling the Nosé–Hoover feedback control

LNH = (|v|2 − d)∂z − zv · ∇v = (∂z − ∂∗z )∇∗
v∇v +∆∗

v∂z −∆v∂
∗
z (D.21)

with ∂∗z = −∂z + z, so that LNH, and therefore T , is antisymmetric. A straightfor-
ward computation yields

−Lx = (T Π)∗(T Π) = ∇∗
q∇q +

2d

ε2
∂∗z∂z,

which, by a rescaling, is the generator of an overdamped Langevin diffusion in (q, z)
variables

d

(
Qt

Zt

)
= −

(
∇U(Qt)
Zt

)
dt+

√
2 dBt,

where (Bt)t≥0 is a standard (d + 1)-dimensional Brownian motion. In particular,
by tensorisation, the Poincaré inequality (D.7) holds true as long as ∇∗

q∇q has
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a spectral gap. Although exponential convergence has been shown in [135, 172],
in Section D.3 we will apply this framework to obtain sharper convergence upper
bounds. Furthermore, we will determine the choice of the parameters ε, γ that
optimises the convergence rate.

(v) The generalised Langevin dynamics is the Markov process (Xt, Vt, Zt)t≥0 on X ×V
with X = Rd and V = Rd × Rd given by the solution to the stochastic differential
equation 

dXt = Vt dt

dVt = −∇U(Xt) dt+ λZt dt,

dZt = −λVt dt− γZt dt+
√
2γ dWt,

(D.22)

where (Wt)t≥0 is a standard d-dimensional Brownian motion and λ, γ > 0. It
arises as a quasi-Markovian approximation of a more general model for the motion
of a particle interacting with a heat bath at equilibrium originating in molecular
dynamics [214]. It was also considered independently by computer scientists in [200]
as a third-order Langevin dynamics. Equation (D.22) is known as the generalised
Langevin equation (GLE), and hypocoercivity for this dynamics has been shown in
[212, 214]. Its invariant probability measure is

µ̂(dx dv dz) = µ(dx)κ(dv dz) (D.23)

with dµ(x)∝e−U(x) dx and κ = N (0, Id)⊗N (0, Id). The generator of the associated
transition semigroup on L2(µ̂) is L = Lv − T with the transport and dissipation
operators

−T = v · ∇x −∇U · ∇v + λ(z · ∇v − v · ∇z)

and
Lv = γ(−z · ∇z +∆z) = −γ∇∗

z∇z,

respectively, where the adjoint is with respect to κ. In this example, the role of v is
played by (v, z), and Lv in fact only acts on z, so that we have an additional level
of degeneracy.

The work of [61] finds that, despite the degeneracy in ellipticity, Langevin dynamics
(D.18) accelerates the convergence rate by (up to a universal constant) a square root
if the potential is convex, which is particularly relevant in case Px is very small.
This raises the question of whether generalised Langevin dynamics, which adds
another level of elliptic degeneracy, can converge with even more acceleration than
a square root. In Section D.4, we will give a negative answer to this question by
showing the rather surprising observation that GLE is also a second-order lift of an
overdamped Langevin diffusion. Meanwhile, due to the extra degeneracy in terms
of ellipticity compared to examples (i)–(iv), GLE violates Assumption D.4, since Lv

is only coercive in the z-variable. Hence, establishing a sharp upper bound for its
convergence rate using the framework covered in this work is much more involved.
This is an ongoing work of the authors.
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(vi) Boundary conditions can also be incorporated into this framework. For example,
an application to run-and-tumble particles confined by hard walls is given in [97].
In this case, the domain of T incorporates boundary conditions, and the stochastic
process associated to Lx is a sticky Brownian motion. This necessitates a careful
treatment of the associated domains in the divergence equation in Assumption D.5,
which we will not cover here.

(vii) The equilibrium distribution µ̂ need not be separable, i.e. a product measure. Such
situations can for example arise naturally in case (X , g) is a Riemannian manifold.
Choosing κ(x, ·) = N (0, g(x)) allows one to study generalisations of many of the
dynamics introduced above to Riemannian manifolds and to interpret them as lifts
of an overdamped Riemannian Langevin diffusion, see [99, Example 4] and [101].
Such processes include, for example, Riemannian Hamiltonian Monte Carlo [116]
or Riemannian Langevin dynamics [101]. Non-separable Hamiltonians may also
appear due to physical or numerical purposes, see for example [127, Section XIII.10],
[107] and [177].

(viii) Finally, let us consider an example, inspired by mathematical physics, where the
velocity of x lies on a Riemannian manifold with non-zero curvature. Here we
follow [85] and consider a lay-down process for flexible fibres. Let x ∈ X = R2,
and denote τ(v) = (sin v, cos v) for v ∈ V = T := R/(2πZ) to be the velocity of x.
Here note that v is the angular variable of the fibre velocity. The random process
of creation for a fibre t 7→ xt on a stationary conveyor belt is given by{

dxt = τ(vt) dt,

dvt = −τ(vt)⊥ · ∇xU(xt) dt+ dWt,
(D.24)

where the second equation encodes the interplay between a deterministic force,
driving the lay-down point to equilibrium, and turbulence, corresponding to the
Brownian motion (Wt)t on T. Despite x and v having different dimensions, the
analysis is almost identical to Examples (i)-(iii); whenever µ(dx) = e−U(x) dx sat-
isfies the Poincaré inequality, the Assumptions D.1–D.5 are verified. Thus, we get
exponential convergence to the equilibrium µ̂(dx, dv) = µ(dx) dv, as it was done
first—via the technique of [87]—in [85].

We outline how the rest of the paper is organised: In Section D.2 we present the proof of
Theorem D.5 under the general framework using Assumptions D.1–D.5. In Section D.3,
we provide a new application of the framework to adaptive Langevin dynamics and obtain
sharper convergence results compared to [135, 172]. Finally, in Section D.4, we present
the observation that GLE is also a second-order lift of (D.17) and illustrate the resulting
lower bound in a benchmark Gaussian case.

D.2. The general convergence proof

The key intermediate step that follows the solution of the divergence equation is the
space-time-velocity Poincaré-type inequality, which is also known as the averaging lemma.
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Despite µ̂ potentially being non-separable, it is still convenient to write µ̂ = µ ⊗ κ or
λ⊗ µ̂ = µ̄⊗κ, since we are treating the time and space variables together, and functions
may have different regularities in the space-time and velocity variables.

Lemma D.6. Under Assumptions D.1, D.2, D.5, for any f(t, x, v) ∈ L2(µ̄ ⊗ κ) with˜
f d(µ̄⊗ κ) = 0, we have the functional inequality

∥Πf∥L2(µ̄) ≤ C1,T ∥(Id−Π)f∥L2(µ̄⊗κ) + C0,T ∥(∂t + T )f∥L2(µ̄;H−1(κ)). (D.25)

Here C0,T , C1,T are the same constants that appear in Assumption D.5.

Proof. By assumption, we can find φ0, φ1 depending only on t, x which satisfy the diver-
gence equation (D.12) with Πf playing the role of g. The key calculation is the following,
which, in addition to [61, 99], can also be found in [29, Proposition A.1]:

∥Πf∥2L2(µ̄)

(D.12)
=

〈
Πf,−∂tφ0 − Lxφ1

〉
L2(µ̄)

=
〈
Πf,−∂tφ0 + (T Π)∗(T Π)φ1

〉
L2(µ̄)

=
〈
Πf, (−∂t + (T Π)∗)(φ0 + T φ1)

〉
L2(µ̄⊗κ)

=
〈
(∂t + T )Πf, φ0 + T φ1

〉
L2(µ̄⊗κ)

=
〈
(∂t + T )f, φ0 + T φ1

〉
L2(µ̄⊗κ)

−
〈
(∂t + T )(Id−Π)f, φ0 + T φ1

〉
L2(µ̄⊗κ)

, (D.26)

where the second and third equalities are due to Assumption D.2 and D.1 respectively.
The first term on the right-hand side can be controlled using the Cauchy-Schwarz in-
equality〈

(∂t + T )f, φ0 + T φ1

〉
L2(µ̄⊗κ)

≤ ∥(∂t + T )f∥L2(µ̄;H−1(κ))∥φ0 + T φ1∥L2(µ̄;H1(κ))

(D.13)
≤ C0,T ∥(∂t + T )f∥L2(µ̄;H−1(κ))∥Πf∥L2(µ̄). (D.27)

The second term of (D.26) can controlled by

−
〈
(∂t + T )(Id−Π)f, φ0 + T φ1

〉
L2(µ̄⊗κ)

=
〈
(Id−Π)f, (∂t − T ∗)(φ0 + T φ1)

〉
L2(µ̄⊗κ)

≤ ∥(Id−Π)f∥L2(µ̄⊗κ)∥(∂t − T ∗)(φ0 + T φ1)∥L2(µ̄⊗κ)

(D.14)
≤ C1,T ∥(Id−Π)f∥L2(µ̄⊗κ)∥Πf∥L2(µ̄). (D.28)

We finish the proof by combining (D.26), (D.27) and (D.28).

We are now ready to obtain exponential convergence for solutions of (D.1). The proof
of Theorem D.5 using Lemma D.6 is well-established by now, see e.g. [6, 53, 61, 99]. We
include a proof for completeness and the convenience of the reader.
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Proof of Theorem D.5. Without loss of generality, we assume (f0) = 0, which implies
(ft) = 0 for any t > 0 as the equation (D.1) preserves mass. Define the time-averaged
L2-energy

H(t) =

 t+T

t
∥f(s, ·, ·)∥2L2(µ̂) ds. (D.29)

By a direct energy estimate, using (D.9)

dH(t)

dt
= 2

 t+T

t

¨
X×V

f(Lv − T )f dµ̂(x, v) ds

(D.9)
≤ 2

 t+T

t

¨
X×V

fLvf dµ̂(x, v) ds ≤ 0.

(D.30)

Meanwhile, applying Lemma D.6 on f between time t and t+ T yields
 t+T

t
∥Πf∥2L2(µ̂) ds

(D.25)
≤

(
C1,T ∥(Id−Π)f∥L2(µ̄⊗κ) + C0,T ∥(∂t + T )f∥L2(µ̄;H−1(κ))

)2
(D.1),(D.10),(D.11)

≤ −
(C1,T√

Pv
+ C0,T

√
R
)2  t+T

t

¨
X×V

fLvf dµ̂(x, v) ds,

which by an L2 orthogonal decomposition leads to
 t+T

t
∥f∥2L2(µ̂) ds =

 t+T

t
∥(Id−Π)f∥2L2(µ̂) ds+

 t+T

t
∥Πf∥2L2(µ̂) ds

(D.10)
≤ −

(
1

Pv
+
(C1,T√

Pv
+ C0,T

√
R
)2)  t+T

t

¨
X×V

fLvf dµ̂(x, v) ds.

Substituting this into (D.30), and we obtain

dH(t)

dt
≤ −2

1
Pv

+
(
C1,T√
Pv

+ C0,T

√
R
)2H(t),

which directly gives H(t) ≤ e−λtH(0) with λ given in (D.16). We finish the proof as

∥f(t)∥2L2(µ̂) ≤ H(t− T ) ≤ e−λ(t−T )H(0) ≤ e−λ(t−T )∥f0∥2L2(µ̂).

D.3. Example: Hypocoercivity of adaptive Langevin
dynamics

From our discussions in Section D.1, it suffices to verify Assumption D.5, since other
assumptions are straightforward to check. Furthermore, from [53, 61], it is already clear
that the divergence equation (D.12) has a solution (φ0, φ1) that satisfies the desired
boundary conditions as well as φ0, ∂tφ1,∇xφ1 ∈ H1(µ̄). Hence the estimates (D.13) and
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(D.14) must hold since their left-hand sides only involve at most first derivatives of φ0,
first and second derivatives of φ1, and up to eighth moments of v against the standard
Gaussian. Hence the bulk of the section is dedicated to computing the constants C0,T

and C1,T explicitly.

Assumption D.6. Henceforth, the potential U(q) is assumed to be such that

(1) ∇2U ≥ −M Id, for some M ≥ 0,

(2) ∆U(q) ≤ Ld+ a|∇U |2, for some L > 0 and a ∈ (0, 12),

(3) the spectrum of the operator ∇∗
q∇q is discrete, with positive spectral gap Pq > 0.

Assumption D.6, in particular the assumption of discrete spectrum, can be relaxed, as
in [53, 55]. The second part of the assumption can be found in various aforementioned
works, for example [61, Assumption 2] and [29, (3.5)], and is needed for the second
inequality of (D.34).

Solving the divergence equation

In view of Assumption D.5, we need to solve

−∂tφ0 +

(
∇∗

q∇q +
2d

ε2
∂∗z∂z

)
φ1 = g,

for g ∈ L2(µ̄) with
˜
g(t, x) dµ̄(t, x) = 0. We adapt the strategy of [101], after [53, 61].

Let z̃ = cz, for a constant c to be adjusted, then the original generator reads

2d

ε2
(−∂zz + z∂z) = −2dc2

ε2
∂z̃z̃ +

2d

ε2
z̃∂z̃.

Since the rescaled equilibrium in z̃ is e−
|z̃|2

2c2 , we know that1 ∂†z̃∂z̃ = −∂z̃z̃ + 1
c2
z̃∂z̃, so

choosing c = ε√
2d

leads to 2d
ε2
(−∂zz + z∂z) = ∂†z̃∂z̃. We therefore recover the equations as

stated in [101, Theorem 5] and the following estimates by a simple change of variables.

Proposition D.7. In the context of (D.19), for all g ∈ L2(µ̄) with
˜
g(t, x) dµ̄ = 0,

equation (D.12) admits a solution (φ0, φ1) with

∥φ0∥2L2(µ̄) + ∥∂tφ1∥2L2(µ̄) + ∥∇qφ1∥2L2(µ̄) +
2d

ε2
∥∂zφ1∥2L2(µ̄) ≤ c0 ∥g∥2L2(µ̄) (D.31)

∥∇t,qφ0∥2L2(µ̄) + ∥∇t,q∇qφ1∥2L2(µ̄)

+
2d

ε2

(
∥∂zφ0∥2L2(µ̄) + ∥∇t,q∂zφ1∥2L2(µ̄) +

2d

ε2
∥∂2zzφ1∥2L2(µ̄)

)
≤ c1∥g∥2L2(µ̄) (D.32)

with

Px = min

(
Pq,

2d

ε2

)
,

c0 = (2T 2 + 43P−1
x ), c1 =

(
290 +

991

T 2
P−1
x + 43 max

(
P−1
x ,

T 2

π2

)
M

)
.

(D.33)

1Here ∂†
z̃ denotes the L2-adjoint of ∂z̃ with respect to the tilted measure e

− |z̃|2

2c2 in the z̃ variable.
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Estimates on the convergence rates

We start with the moment computations on κ which will be used multiple times in the
calculations. Since

´
|v|2k dκ(v) = Πk−1

i=0 (d+2i) = d(d+2) · · · (d+2k−2) for any positive
integer k, we have

ˆ
v21 dκ(v) = 1,

ˆ
v41 dκ(v) = 3,

ˆ
v61 dκ(v) = 15,

ˆ
v81 dκ(v) = 105,

ˆ
(|v|2 − d)2 dκ(v) = 2d,

ˆ
(|v|2 − d)3 dκ(v) = 8d,

ˆ
(|v|2 − d)4 dκ(v) = 12d2 + 48d.

Let us first estimate C0,T from the expression in (D.13):

∥φ0 + T φ1∥2L2(µ̄,H1(κ)) = ∥φ0 + T φ1∥2L2(µ̄,L2(κ)) + ∥∇v(φ0 + T φ1)∥2L2(µ̄,L2(κ))

= ∥φ0 + v · ∇qφ1 + ε−1 (|v|2 − d)∂zφ1∥2L2(µ̄,L2(κ)) + ∥∇qφ1 + 2ε−1v∂zφ1∥2L2(µ̄,L2(κ))

= ∥φ0∥2L2(µ̄,L2(κ)) + ∥v · ∇qφ1∥2L2(µ̄,L2(κ)) +
1

ε2
∥(|v|2 − d)∂zφ1∥2L2(µ̄,L2(κ))

+ ∥∇qφ1∥2L2(µ̄,L2(κ)) +
4

ε2
∥v∂zφ1∥2L2(µ̄,L2(κ))

= ∥φ0∥2L2(µ̄) + ∥∇qφ1∥2L2(µ̄) +
2d

ε2
∥∂zφ1∥2L2(µ̄) + ∥∇qφ1∥2L2(µ̄) +

4d

ε2
∥∂zφ1∥2L2(µ̄)

≤ 2c0∥g∥2L2(µ̄).

Here ∇vφ0 = 0 as φ0, φ1 depend only on q, z, and referring to the explicit expression of
the generator (D.20), we have ∇v(T φ1) = −(∇qφ1 + 2ε−1v∂zφ1). In the same way, for
C1,T using (D.14), we have to bound ∥(∂t+T )(φ0+T φ1)∥2L2(µ̄⊗κ) as T is antisymmetric.
Note that

(∂t + T )(φ0 + T φ1) = I + II + III + IV

with

I = ∂tφ0 + v⊤(∇2
qφ1)v −∇U · ∇qφ1 −

2d

ε2
z∂zφ1 + ε−2(|v|2 − d)2∂2zzφ1,

II = v · ∇q(∂tφ1 + φ0)−
2

ε
∇U · v∂zφ1 −

1

ε
zv · ∇qφ1,

III = ε−1 (|v|2 − d)(∂z∂tφ1 + ∂zφ0)−
2

ε2
(|v|2 − d)z∂zφ1,

IV = 2ε−1v(|v|2 − d) · ∇q∂zφ1.

Since II + IV is orthogonal to both I and III in L2(µ̄), we have

∥(∂t + T )(φ0 + T φ1)∥2L2(µ̄⊗κ)

≤ 2
(
∥I∥2L2(µ̄⊗κ) + ∥II∥2L2(µ̄⊗κ) + ∥III∥2L2(µ̄⊗κ) + ∥IV∥2L2(µ̄⊗κ)

)
.
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Using [61, Lemma 2.2], we have that

∥zf∥2L2(µ̄) ≤ 4∥∂zf∥2L2(µ̄) + 2∥f∥2L2(µ̄),

∥f∇U∥2L2(µ̄) ≤ 16∥∇qf∥2L2(µ̄) + 4Ld∥f∥2L2(µ̄).
(D.34)

These allow us to estimate directly

∥IV∥2L2(µ̄⊗κ) =
4

ε2
∥∇q∂zφ1∥2L2(µ̄)

ˆ
v21(|v|2 − d)2 dκ(v) =

8(d+ 4)

ε2
∥∇q∂zφ1∥2L2(µ̄),

∥III∥2L2(µ̄⊗κ) =
2d

ε2
∥∂z∂tφ1 + ∂zφ0 −

2

ε
z∂zφ1∥2L2(µ̄)

≤ 6d

ε2
(∥∂z∂tφ1∥2L2(µ̄) + ∥∂zφ0∥2L2(µ̄) +

4

ε2
∥z∂zφ1∥2L2(µ̄))

(D.34)
≤ 6d

ε2

(
∥∂z∂tφ1∥2L2(µ̄) + ∥∂zφ0∥2L2(µ̄)

+
8

ε2
∥∂zφ1∥2L2(µ̄) +

16

ε2
∥∂2zzφ1∥2L2(µ̄)

)
,

∥I∥2L2(µ̄) = ∥∂tφ0 −∇U · ∇qφ1 −
2d

ε2
z∂zφ1∥2L2(µ̄) + ∥v⊤∇2

qφ1v∥2L2(µ̄)

+
1

ε4
∥(|v|2 − d)2∂2zzφ1∥2L2(µ̄)

+ 2
〈
∂tφ0 −∇U · ∇qφ1 −

2d

ε2
z∂zφ1, v

⊤∇2
qφ1v +

1

ε2
(|v|2 − d)2∂2zzφ1

〉
+ 2
〈
v⊤∇2

qφ1v,
1

ε2
(|v|2 − d)2∂2zzφ1

〉
= ∥∂tφ0 −∇U · ∇qφ1 −

2d

ε2
z∂zφ1∥2L2(µ̄) + 2∥∇2

qφ1∥2L2(µ̄) + ∥∆qφ1∥2L2(µ̄)

+
12d(d+ 4)

ε4
∥∂2zzφ1∥2L2(µ̄) +

4(d+ 4)

ε2

〈
∆qφ1, ∂

2
zzφ1

〉
+ 2
〈
∂tφ0 −∇U · ∇qφ1 −

2d

ε2
z∂zφ1,∆qφ1 +

2d

ε2
∂2zzφ1

〉
= ∥∂tφ0 −∇U · ∇qφ1 −

2d

ε2
z∂zφ1 +∆qφ1 +

2d

ε2
∂2zzφ1∥2L2(µ̄)

+ 2∥∇2
qφ1∥2L2(µ̄) +

16

ε2

〈
∆qφ1, ∂

2
zzφ1

〉
+

8d(d+ 6)

ε4
∥∂2zzφ1∥2L2(µ̄)

≤ ∥g∥2L2(µ̄) + 10∥∇2
qφ1∥2L2(µ̄) +

8d(d+ 7)

ε4
∥∂2zzφ1∥2L2(µ̄),

as well as

∥II∥2L2(µ̄) = ∥∇q(∂tφ1 + φ0)−
2

ε
∇U∂zφ1 −

1

ε
z∇qφ1∥2L2(µ̄)

≤ 4

(
∥∇q∂tφ1∥2L2(µ̄) + ∥∇qφ0∥2L2(µ̄)

+
4

ε2
∥∇U∂zφ1∥2L2(µ̄) +

1

ε2
∥z∇qφ1∥2L2(µ̄)

)
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(D.34)
≤ 4

(
∥∇q∂tφ1∥2L2(µ̄) + ∥∇qφ0∥2L2(µ̄) +

68

ε2
∥∇q∂zφ1∥2L2(µ̄)

+
16Ld

ε2
∥∂zφ1∥2L2(µ̄) +

2

ε2
∥∇qφ1∥2L2(µ̄)

)
.

To combine everything above, using d ≥ 1, we arrive at

∥(∂t+T )(φ0 + T φ1)∥2L2(µ̄⊗κ)

≤ 16(d+ 38)

ε2
∥∇q∂zφ1∥2L2(µ̄) +

12d

ε2

(
∥∂z∂tφ1∥2L2(µ̄) + ∥∂zφ0∥2L2(µ̄)

)
+ 2∥g∥2L2(µ̄) + 20∥∇2

qφ1∥2L2(µ̄)

+
32d

ε4
(3 + 4ε2L)∥∂zφ1∥2L2(µ̄) +

16d(d+ 19)

ε4
∥∂2zzφ1∥2L2(µ̄)

+ 8
(
∥∇q∂tφ1∥2L2(µ̄) + ∥∇qφ0∥2L2(µ̄) +

2

ε2
∥∇qφ1∥2L2(µ̄)

)
(D.31),(D.32)

≤ 314
(
c1 + (

1

ε2
+ L)c0

)
∥g∥2L2(µ̄).

Optimisation of the parameters

Now that we have C2
0,T = 2c0 and C2

1,T = 314(c1+( 1
ε2
+L)c0) with c0, c1 given in (D.33),

and notice that Assumption D.4 holds with R = Pv = γ in our example, we can directly
apply Theorem D.5 and see that the convergence rate

λ ≥ 2γ

1 + (C1,T + C0,Tγ)2

holds for any T . From the expressions in (D.33), it is advantageous to pick T 2 ∼ P−1
x ,

since the scaling of the rate will worsen in either regime T 2 ≫ P−1
x or T 2 ≪ P−1

x . For
simplicity we pick T 2 = π2P−1

x , which yields

c0 ≤ 63P−1
x , c1 ≤ 391 + 43P−1

x M, C2
0,T ≤ 126P−1

x ,

C2
1,T ≤ 314

(
391 + 43P−1

x M + 63(
1

ε2
+ L)P−1

x

)
,

and consequently, writing P−1
x = max{P−1

q , ε
2

2d} ≤ P−1
q + ε2

2d , we obtain

λ ≥ 2γ

1 + 3
2C

2
1,T + 3C2

0,Tγ
2

≥ 2γ

61388 + (P−1
q + ε2

2d)
(
378γ2 + 6751M + 9891( 1

ε2
+ L)

) .
From here, we already recover the scaling2

λ ≥ λ̄min

{
1

γ
,

1

γε2
, γε2,

γ

ε2

}
2The scaling in the published version [172, (2.12)] was incorrect. It was corrected later in the third

arXiv version of their work [173, (2.12)].
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in [173] for fixed M , d, L and Pq. For optimal scaling of λ, we pick ε2 =
√

d
Pq(M+L+γ2)

and then γ =
√
Pq +M + L, and obtain the rate

λ ≥ Pq

66334
√
Pq +M + L

,

which is dimension independent. For convex potentials that are not far from quadratic,
we have M = 0 and L ∼ Pq, and therefore λ ∼

√
Pq, which means up to a universal con-

stant, adaptive Langevin dynamics is also an optimal second-order lift of the overdamped
Langevin dynamics.

Remark D.8. We are unable to completely recover the result in [61] for Langevin dy-
namics (D.18) in the sense that the rates in [61] do not depend on L that appears in
Assumption D.6 (2). The bottleneck is the estimate of ∥II∥L2(µ̄), especially the contri-
bution from ∇U∂zφ1, where a factor of L arises after using (D.34), while for the case of
(D.18), any term with ∇U only appears in a term similar to (I), which can be simplified
using the divergence equation (D.12). It is unclear to us whether this is only an artifact
of our proof techniques.

D.4. Lower bounds for the generalised Langevin equation

Recall the generalised Langevin dynamics (Xt, Vt, Zt)t≥0 on X × V with X = Rd and
V = Rd×Rd, which is the solution to the GLE (D.22). Its invariant probability measure
is

µ̂(dx dv dz) = µ(dx)κ(dv dz)

with µ(dx) ∝ e−U(x) dx and κ = N (0, Id) ⊗ N (0, Id). The generator of the associated
transition semigroup on L2(µ̂) is L = Lv − T with the antisymmetric part

−T = v · ∇x −∇U · ∇v + λ(z · ∇v − v · ∇z)

and the symmetric part

Lv = γ(−z · ∇z +∆z) = −γ∇∗
z∇z,

which are the transport and dissipation operators, respectively. We correspondingly set
Πf(x) =

´
Rd×Rd f(x, v, z) dκ(v, z). Note that Lv acts only on the z-component and not

on v.
A key observation is that the generalised Langevin dynamics is a second-order lift of

an overdamped Langevin diffusion. This may seem counterintuitive at first, since the
degeneracy is of higher order in terms of the number of Lie brackets needed to span the
whole space. This corresponds to the noise being more degenerate than, e.g., in the case
of Langevin dynamics, since it is only present in the second derivative Z of the spatial
component X. The main difficulty in the treatment of this generalised case is precisely
the fact that the ellipticity of Lv is only present in z, whereas the lifting variables are
(v, z). In particular, Assumption D.4 is violated, since ker(Lv) ̸= Im(Π).
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Lemma D.9. Assume that µ satisfies a Poincaré inequality with optimal constant P−1
x ,

i.e.

Px = inf
f∈L2

0(µ)\{0}

∥∇xf∥2L2(µ)

∥f∥2
L2(µ)

.

Then Assumptions D.1 and D.2 are satisfied with exactly the constant Px. In particular,
generalised Langevin dynamics is a second-order lift of the overdamped Langevin diffusion
with generator 1

2Lx = −1
2∇U · ∇x +

1
2∆x.

Proof. It is immediate that

ΠT Πf = −
ˆ
Rd×Rd

v · ∇xΠf(x) dκ(v, z) = 0,

so that Assumption D.1 is satisfied. Furthermore,

−(T Π)∗(T Π)f =

ˆ
Rd×Rd

v⊤(∇2
xΠf)v −∇U · ∇xΠf dκ(v, z) = LxΠf,

which, together with the Poincaré inequality for µ, yields Assumption D.2.

The following lower bound is now an immediate consequence of the general lower bound
for second-order lifts in Assumption D.2.

Corollary D.10 (Lower bound on the relaxation time). The relaxation time trel(P̂ ) of
the generalised Langevin dynamics satisfies

trel(P̂ ) ≥
1

2
P−1/2
x .

In particular, compared to the overdamped Langevin diffusion, the convergence to
equilibrium of the generalised Langevin dynamics as measured by the relaxation time is
not accelerated by more than a square root. The square-root speed-up to a relaxation
time of the order P−1/2

x compared to the order P−1
x for the overdamped Langevin diffusion

is already achieved by the (second-order) Langevin dynamics [61].

Example D.11 (Gaussian case). In order to see how sharp the lower bound is, let us
consider the simple case where µ = N (0,m−1) is a centred normal distribution on R with
variance m−1. In this case, Assumption D.2 is satisfied with Px = m. The GLE (D.22)
then becomes an Ornstein-Uhlenbeck process

d

Xt

Vt
Zt

 = A

Xt

Vt
Zt

 dt+ΣdWt

with

A =

 0 1 0
−m 0 λ
0 −λ −γ

 and Σ =

 0
0√
2γ

 .
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The asymptotic decay rate of the associated transition semigroup (P̂t)t≥0 is given by the
spectral gap of its generator in L2(µ̂), which by [193] coincides with the spectral gap

gap(A) = inf{−Re(λ) : λ ∈ spec(A)}

of A. When fixing the scaling λ = a
√
m and γ = b

√
m for some a, b > 0, an explicit

computation of the zeros of the characteristic polynomial shows that the spectrum of A
is given by

µ1 =
√
m

− b
3
− β(√

α2 + β3 − α
)1/3 +

(√
α2 + β3 − α

)1/3 ,

µ2 =
√
m

− b
3
+

(1− i
√
3)β

2
(√

α2 + β3 − α
)1/3 −

(1 + i
√
3)
(√

α2 + β3 − α
)1/3

2

 ,

µ3 =
√
m

− b
3
+

(1 + i
√
3)β

2
(√

α2 + β3 − α
)1/3 −

(1− i
√
3)
(√

α2 + β3 − α
)1/3

2

 ,

where

α =
b

2
+
b3

27
−
b
(
a2 + 1

)
6

,

β =
a2

3
− b2

9
+

1

3
.

The spectral gap is maximised when all three eigenvalues coincide, which is the case
for α = β = 0, or equivalently a = 2

√
2 and b = 3

√
3. Correspondingly, the choice

λ = 2
√
2m and γ = 3

√
3m yields the optimal spectral gap

√
3m.

To obtain non-asymptotic bounds, the spectral gap does not suffice, and we consider
the relaxation time. By [17], the transition semigroup (P̂t)t≥0 satisfies

∥P̂t∥L2
0(µ̂)→L2

0(µ̂)
= ∥exp(tÃ)∥ for all t ≥ 0

with

Ã =

 0
√
m 0

−
√
m 0 λ

0 −λ −γ

 =
√
m

 0 1 0

−1 0 2
√
2

0 −2
√
2 −3

√
3


with the choices of λ and γ given above. Since spec(Ã) = {−

√
3m} and dimker(Ã +√

3mI) = 1, we obtain

exp(tÃ) = e−
√
3mtS−1

1
√
mt 1

2mt
2

0 1
√
mt

0 0 1

S .
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with S ∈ GL(3,R). An explicit calculation of the singular values then shows that

∥P̂t∥L2
0(µ̂)→L2

0(µ̂)
= e−

√
3mtp(

√
mt)1/2

with p(s) = 1 + s2 +
1

8
s4 +

(
2s+

1

2
s3
)√

s2

16
+

1

2
.

A numerical calculation yields the relaxation time

trel(P̂ ) = inf{t ≥ 0: ∥P̂t∥L2
0(µ̂)→L2

0(µ̂)
≤ e−1} ≈ 0.964m−1/2

of the generalised Langevin dynamics. By a factorisation argument, the same holds true
for arbitrary Gaussian probability measures on Rd. Comparing this to the lower bound
0.5m−1/2 from Theorem D.10, this shows that, in the terminology of [99], on the class
of quadratic potentials on Rd, the generalised Langevin dynamics with optimal choice of
λ and γ is a 1.93-optimal lift of the corresponding overdamped Langevin diffusion. As
a comparison, on the same class of potentials, Langevin dynamics (D.18) with optimal
choice of friction γ achieves a relaxation time of approximately 2.73m−1/2 and is thus
only a 5.46-optimal lift, see [99, Example 14].
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Appendix E.

Convergence rates of self-repellent
random walks and event chain Monte
Carlo

A. Eberle and F. Lörler. Convergence rates of self-repellent random walks, their local
time and Event Chain Monte Carlo. Nov. 2025. arXiv: 2511.23453 [math.PR].

Abstract: We study the rate of convergence to equilibrium of the self-repellent ran-
dom walk and its local time process on the discrete circle Zn. While the self-repellent
random walk alone is non-Markovian since the jump rates depend on its history via its
local time, jointly considering the evolution of the local time profile and the position
yields a piecewise deterministic, non-reversible Markov process. We show that this joint
process can be interpreted as a second-order lift of a reversible diffusion process, the dis-
crete stochastic heat equation with Gaussian invariant measure. In particular, we obtain
a lower bound on the relaxation time of order Ω(n3/2). Using a flow Poincaré inequality,
we prove an upper bound for a slightly modified dynamics of order O(n2), matching
recent conjectures in the physics literature. Furthermore, since the self-repellent random
walk and its local time process coincide with the Event Chain Monte Carlo algorithm
for the harmonic chain, a non-reversible MCMC method, we demonstrate that the re-
laxation time bound confirms the recent empirical observation that Event Chain Monte
Carlo algorithms can outperform traditional MCMC methods such as Hamiltonian Monte
Carlo.

Keywords: Self-repellent random walk; local time; Event Chain Monte Carlo; lift;
convergence rate.
MSC Subject Classification: 60J25, 60K50, 82C41, 60J22.

E.1. Introduction

In this paper, we study the rate of convergence to stationarity for the joint process of
a self-repellent random walk on a discrete circle and its local time process. This is a
stronger statement than convergence to stationarity for the self-repellent random walk
on its own. The key new ingredient is the identification of the joint process of local time
and the self-repellent random walk as a second order lift of a discrete stochastic heat
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equation in the sense of [99]. This will allow us to apply a recently developed approach
to quantitative bounds for convergence to equilibrium of non-reversible lifts of Markov
processes to self-repellent random walks.

E.1.1. Self-repellent random walks

We consider the self-repellent random walk as a continuous-time stochastic process X(t)
with state space given by the discrete circle Zn = Z/nZ, and defined on some probability
space (Ω,A,P). For t ∈ [0,∞) let L(t) = (Li(t))i∈Zn , where

Li(t) =

ˆ t

0
1{i}(X(s)) ds

is the time the process has spent at position i up to time t. The self-repellent random
walk performs nearest neighbour jumps

i→ i+ 1 with rate q+(l, i) = (l′i)− , and
i→ i− 1 with rate q−(l, i) = (l′i−1)+ ,

where l is the current value of the local time process L(t) and

l′i = li+1 − li .

Here and in the following, indices are to be understood periodically in Zn. The pro-
cess X(t) on its own has memory and is hence not a Markov process, but the process
(L(t), X(t))t≥0 is a piecewise-deterministic Markov process with state space Rn × Zn.
The jump rates q+ and q− are chosen such that the walker prefers to jump towards
neighbouring states at which the random walk has spent less time. Such self-repellent
random walks were first introduced by Amit, Parisi and Peliti [9] in discrete time as a
model for polymer growth. The continuous-time dynamics was introduced in [242, Sec-
tion 1.2] on the infinite grid RZ × Z and termed the continuous-time ‘true’ self-avoiding
random walk. Note that for any t ∈ [0,∞),

n∑
i=1

Li(t) = t . (E.1)

In order to obtain a process that converges to stationarity, we project the local time l
onto the subspace

S =
{
ℓ ∈ Rn :

n∑
i=1

ℓi = 0
}

of mean-zero vectors by subtracting the average, i.e. we consider the process L(t) with
state space S and components

Li(t) = Li(t)−
1

n

n∑
j=1

Lj(t) = Li(t)−
t

n
for i ∈ Zn . (E.2)
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Note that functions f : S → R can be extended to Rn by setting f̂(l) = f(l − l · n n),
where n = n−1/21 with 1 = (1, . . . , 1)⊤ ∈ Rn is the unit normal vector to S. In this
sense, we define

∂ℓif(ℓ) = ∂ℓi f̂(ℓ) = ∂ei−n−11f(ℓ) . (E.3)

The corresponding vector fields ∂ℓi are the projections of the canonical basis vector fields
ei ∈ Rn to S. Since the jump rates q+ and q− only depend on the increments of l which
coincide with those of ℓ, the process (L(t), X(t))t≥0 is also a piecewise-deterministic
Markov process with state space S × Zn. On functions f ∈ C1

b (S × Zn), its generator is

L̂f(ℓ, i) = Tf(ℓ, i) + J+f(ℓ, i) + J−f(ℓ, i), where
Tf(ℓ, i) = ∂ℓif(ℓ, i) ,

J±f(ℓ, i) = q±(ℓ, i)
(
f(ℓ, i± 1)− f(ℓ, i)

)
.

Next we identify the stationary distribution. Consider the Laplacian on Zn given by

∆n =


−2 1 0 · · · 1
1 −2 1 · · · 0
0 1 −2 · · · 0
...

...
...

. . .
...

1 0 0 · · · −2

 ∈ Rn×n , (E.4)

that is (∆nl)i = li+1 − 2li + li−1 = l′i − l′i−1 . Since ker∆n = ⟨1⟩ ⊂ Rn, ∆n : S → S is a
bijection. Hence the probability measure

µ = N (0,−∆−1
n )

is well-defined and supported on S. Note that µ has a density proportional to exp(−U)
with respect to the (n− 1)-dimensional Haar measure on S, where

U(ℓ) = −1

2
ℓ⊤∆nℓ =

1

2

n∑
i=1

(ℓi+1 − ℓi)
2.

Lemma E.1. (i) The probability measure µ̂ = µ⊗Unif(Zn) is invariant for the Markov
process (L(t), X(t))t≥0.

(ii) Functions f ∈ C1
b (S × Zn) are contained in the domains of the adjoints of the

operators T, J+, J− and L̂ in L2(µ̂), and

T∗f(ℓ, i) = −Tf(ℓ, i)− (∆nℓ)if(ℓ, i) ,

J∗±f(ℓ, i) = q±(ℓ, i∓ 1)f(ℓ, i∓ 1)− q±(ℓ, i)f(ℓ, i) ,

L̂∗f(ℓ, i) = −Tf(ℓ, i) + (ℓ′i)+
(
f(ℓ, i+ 1)− f(ℓ, i)

)
+ (ℓ′i−1)−

(
f(ℓ, i− 1)− f(ℓ, i)

)
.
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Proof. By an elementary computation based on integration and summation by parts, one
verifies that for any f, g ∈ C1

b (S × Zn) and for A ∈ {T, J+, J−},

n∑
i=1

ˆ
f(ℓ, i) (Ag)(ℓ, i)µ(dℓ) =

n∑
i=1

ˆ
(A∗f)(ℓ, i) g(ℓ, i)µ(dℓ), (E.5)

where T∗, J∗+ and J∗− are given by the expressions in the statement of the lemma. Con-
sequently, a corresponding identity holds for A = L̂ with

L̂∗f(ℓ, i) = T∗f(ℓ, i) + J∗+f(ℓ, i) + J∗−f(ℓ, i)

= −Tf(ℓ, i)− (ℓ′i − ℓ′i−1)f(ℓ, i) + (ℓ′i)+f(ℓ, i+ 1)− (ℓ′i)−f(ℓ, i)

+ (ℓ′i−1)−f(ℓ, i− 1)− (ℓi−1)+f(ℓ, i)

= −Tf(ℓ, i) + (ℓ′i)+
(
f(ℓ, i+ 1)− f(ℓ, i)

)
+ (ℓ′i−1)−

(
f(ℓ, i− 1)− f(ℓ, i)

)
.

In particular, since L̂∗1 = 0,
ˆ

L̂f dµ̂ =
1

n

n∑
i=1

ˆ
L̂f(ℓ, i)µ(dℓ) = 0

holds for all f ∈ C1
b (S × Zn). This implies invariance of µ̂ by [92, Theorem 21]. The

second part of the claim now follows directly from (E.5).

By Lemma E.1, the transition function of the Markov process (L(t), X(t))t≥0 induces
a strongly continuous contraction semigroup on L2(S×Zn, µ̂) that we denote by (P̂t)t≥0.
The generator of this semigroup and its domain are denoted by (L̂,Dom(L̂)), it extends
the operator (L̂, C1

b (S × Zn)) introduced above.

Remark E.2. Lemma E.1 shows that for f ∈ C1
b (S ×Zn), the symmetric and antisym-

metric part of the generator L̂ are given by

1

2
(L̂+ L̂∗)f(ℓ, i) = |ℓ′i|

(
f(ℓ, i+ 1)− f(ℓ, i)

)
+ |ℓ′i−1|

(
f(ℓ, i− 1)− f(ℓ, i)

)
,

1

2
(L̂− L̂∗)f(ℓ, i) = Tf(ℓ, i)− ℓ′i

(
f(ℓ, i+ 1)− f(ℓ, i)

)
+ ℓ′i−1

(
f(ℓ, i− 1)− f(ℓ, i)

)
.

Thus the symmetric part is the generator of a jump process on the second component
with rates depending on the first component, whereas the antisymmetric part is not the
generator of a Markov process.

E.1.2. The self-repellent random walk as a second-order lift

Inspired by the notion of lifts of Markov chains in discrete time [66, 79], second-order
lifts were introduced as a counterpart in continuous time and space in [99]. They provide
a suitable framework for the study of convergence to equilibrium of many non-reversible
dynamics by viewing them as lifts of reversible diffusions. Intuitively, a Markov process
on a product space S ×V with invariant probability measure µ⊗ κ is a second-order lift
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of a Markov process with state space S and invariant measure µ if in the limit as t ↓ 0,
the transition semigroups (P̂t)t≥0 and (Pt)t≥0 satisfyˆ

V
P̂t(f ◦ π)(ℓ, x)κ(dx) = (Pt2f)(x) + o(t2) (E.6)

for functions f in the domain of the generator L of (Pt)t≥0, where π : S × V → S is the
canonical projection π(ℓ, x) = ℓ. A precise formal definition is given below.

Although a Markov process and its lift can behave very differently for long times, the
lift property (E.6) can be used to study convergence to equilibrium of the lifted process
based on spectral properties of L [97, 99, 101].

We will show that the self-repellent random walk considered above is a second-order
lift of the reversible diffusion process (Z(t))t≥0 with state space S that solves the discrete
stochastic heat equation

dZ(t) =
1

2n
∆nZ(t) dt +

1√
n
dW (t) . (E.7)

Here W is a Brownian motion on S, i.e. W (t) = B(t) − n−1B(t) · 11 is the ortho-
gonal projection of a Brownian motion B in Rn to the linear subspace S. The process
(Z(t))t≥0 is a reversible diffusion process with invariant measure µ, and its L2(µ) gener-
ator (L,Dom(L)) is given by

Lg(ℓ) =
1

2n

n∑
i=1

(
∂2ℓig(ℓ) + (∆nℓ)i∂ℓig(ℓ)

)
= − 1

2n
grad∗ grad g(ℓ), (E.8)

where grad is the gradient on S, the adjoint is in L2(µ), and Dom(L) = H2,2(S, µ). Note
that this is an Ornstein-Uhlenbeck process slowed down by a factor 1/(2n). In particular,
the spectral gap of the generator coincides with that of 1

2n∆n, see [193]. The eigenvectors
of ∆n are αk = (cos(2πkn i))i∈Zn , k ∈ {0, . . . , n − 1} with ∆nαk = 2(1 − cos(2πkn ))αk.
Therefore,

gap(L) =
1

2n
gap(∆n) =

1

n
(1− cos (2π/n)) ∈ Θ(n−3) . (E.9)

We now state the formal definition of a second-order lift that is motivated by a
Taylor expansion of (E.6), see [99] for further motivation and examples. The pro-
cess (L(t), X(t))t≥0 with L2(µ̂) generator (L̂,Dom(L̂)) is called a second-order lift of
(Z(t))t≥0, if there exists a core C of (L,Dom(L)) such that

f ◦ π ∈ Dom(L̂) for all f ∈ C (E.10)

and for all f, g ∈ C we have 〈
L̂(f ◦ π), g ◦ π

〉
L2(µ̂)

= 0 , (E.11)

and
1

2

〈
L̂(f ◦ π), L̂(g ◦ π)

〉
L2(µ̂)

= −⟨f,Lg⟩L2(µ) . (E.12)

Conversely, we refer to the process (Z(t))t≥0 as the collapse of (L(t), X(t))t≥0.
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Theorem E.3. The self-repellent random walk (L(t), X(t)) is a second-order lift of
(Z(t)).

Proof. The smooth compactly supported functions C∞
c (S) form a core for (L,Dom(L))

[251]. For f ∈ C∞
c (S) we have f ◦ π ∈ Dom(L̂) and L̂(f ◦ π)(ℓ, x) = ∂ℓxf(ℓ), so that

〈
L̂(f ◦ π), g ◦ π

〉
L2(µ̂)

=
1

n

n∑
i=1

ˆ
∂ℓif(ℓ) g(ℓ)µ(dℓ) = 0 ,

which implies (E.11). Here we have used that ∂ℓi is the directional derivative in direction
ei − n−11, and these vectors sum to 0. Furthermore,

1

n

n∑
i=1

(
L̂(g ◦ π)(ℓ, i)

)2
=

1

n

n∑
i=1

(∂ℓig(ℓ))
2 =

1

n
|grad g(ℓ)|2 ,

so that 1
2

´
(L̂(g ◦ π))2 dµ̂ = −

´
gLg dµ, which implies (E.12) by polarisation.

E.1.3. Bounds for relaxation times

Although the invariant measure is a product of a Gaussian and a uniform distribution,
sharp bounds on the exponential rate of convergence to equilibrium are not known for the
Markov process (L(t), X(t)). Even the order of the dependence of the convergence rate
on n is unknown. The reason is that on the one hand, the process is non-reversible so that
standard tools do not apply, and on the other hand, the combined dynamics consisting
of jumps in the second component and deterministic moves in the first component does
not reflect the special structure of the Gaussian measure in an obvious way.

We first note that the representation of the self-repellent random walk as a lift of the
stochastic heat equation enables us to give a lower bound on the L2-relaxation time

trel(P̂ ) = inf
{
t ≥ 0 : ∥P̂tf∥L2(µ̂) ≤ e−1∥f∥L2(µ̂) for all f ∈ L2

0(µ̂)
}
.

Here L2
0(µ̂) denotes the orthogonal complements of the constant functions in L2(µ̂).

Theorem 11 in [99] provides a lower bound on the relaxation time of arbitrary second-
order lifts in terms of the square root of the spectral gap of the collapse. We give a
slight improvement in terms of the constant prefactor with a short self-contained proof
in Theorem E.4.

Theorem E.4 (Lower bound on relaxation time). Let (Pt)t≥0 be the transition semigroup
of a reversible Markov process and (P̂t)t≥0 an arbitrary second-order lift. Then

trel(P̂ ) ≥ 1− e−1

√
2

√
trel(P ) .

In particular, for the self-repellent random walk,

trel(P̂ ) ≥ 1− e−1

2π
n3/2 .
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Proof. For any f ∈ Dom(L̂) ∩ L2
0(µ̂) and t ≥ 0, we have

∥P̂tf − f∥L2(µ̂) ≤
ˆ t

0
∥P̂sL̂f∥L2(µ̂) ds ≤ t∥L̂f∥L2(µ̂) ,

so that

∥P̂tf∥L2(µ̂) ≥ ∥f∥L2(µ̂) − ∥P̂tf − f∥L2(µ̂) ≥ ∥f∥L2(µ̂) − t∥L̂f∥L2(µ̂) .

For any g ∈ L2
0(µ) and λ > 0 such that ⟨g,−Lg⟩L2(µ) = λ∥g∥2L2(µ), we have ∥L̂(g ◦ π)∥ =

√
2λ∥g ◦ π∥L2(µ̂) by the second-order lift property (E.12), so that

∥P̂t(g ◦ π)∥L2(µ̂) ≥ (1−
√
2λt)∥g ◦ π∥L2(µ̂) for all t ≥ 0 .

In particular, we obtain trel(P̂ ) ≥ 1−e−1
√
2
λ−1/2. Considering the limit λ → gap(L) yields

the claim since trel(P ) = gap(L)−1 by reversibility. The lower bound for the self-repellent
random walk follows from (E.9) and 1− cos(x) ≤ x2

2 .

Remark E.5. Based on numerical and heuristic evidence [158, 192] and a Bethe ansatz
calculation [105] for related models, it has been conjectured in the physics literature that
the relaxation time is of order Θ(n2). Mathematically rigorous proofs for quantitative
upper and lower bounds on the relaxation time of this order are missing. Physics inspired
arguments mostly concern different discrete models such as the lifted totally antisymmet-
ric simple exclusion process [106]. Here the special combinatorial structure may allow
for other approaches for bounding the relaxation time. Even if this were possible, the
development of a more generally applicable analytic approach is important.

Next, as a first step in the direction of a rigorous proof of upper bounds on relaxation
times, we consider a modified dynamics where we include additional particle moves that
occur with an exponential rate γ > 0, i.e., we consider the piecewise deterministic Markov
process with generator

L̂(γ)f = L̂f + γ (Qf − f) , Dom(L̂(γ)) = Dom(L̂) , (E.13)

where Q is the transition matrix of a Markov chain on Zn which only acts on the second
component of a function f : S × Zn → R. We denote the associated transition semi-
group acting on L2(µ̂) by (P̂

(γ)
t )t≥0. Since Q only acts on the second component, as in

Theorem E.3, this modified dynamics is still a lift of the process (Z(t))t≥0 solving the
discrete stochastic heat equation (E.7). In particular, the lower bound on the relaxation
time in Theorem E.4 still applies to the modified dynamics. If Q = Π, where

Πf(ℓ, x) =
1

n

n∑
i=1

f(ℓ, i) ,

then the second component is resampled from the uniform distribution on Zn after in-
dependent Exp(γ)-distributed waiting times. In this case, we can derive the following
bound on convergence to equilibrium.
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Theorem E.6. If Q = Π, then the transition semigroup (P̂
(γ)
t )t≥0 satisfies

∥P̂ (γ)
t f∥L2(µ̂) ≤ e−ν(t−T )∥f∥L2(µ̂) for all f ∈ L2

0(µ̂) and t ≥ 0 (E.14)

with T ∈ O(n) and inverse convergence rate

ν−1 ∈ O
(
γn3 + γ−1n

)
.

In particular, for γ ∝ n−1, the L2-relaxation time is of order O(n2).

We defer the proof of Theorem E.6 to Section E.3.1. The point is that not only the
process (X(γ)(t)) but the joint process (L(γ)(t), X(γ)(t)) converges to equilibrium with
rate ν.

In the physics literature, it has been conjectured that even for γ = 0, the L2-relaxation
time of the self-repellent random walk is of order O(n2), see the remark above. Unfortu-
nately, the upper bound in Theorem E.6 degenerates in the limit γ → 0.

A dynamics that is somehow closer to the self-repellent random walk is obtained if
Q is the transition matrix of a simple random walk on Zn, i.e. Q(i, i ± 1) = 1/2 for all
i ∈ Zn.

Theorem E.7. If Q is the transition matrix of a simple random walk, then the corres-
ponding transition semigroup (P̂

(γ)
t )t≥0 satisfies

∥P̂ (γ)
t f∥L2(µ̂) ≤ e−ν(t−T )∥f∥L2(µ̂) for all f ∈ L2

0(µ̂) and t ≥ 0

with T ∈ O(n3/2) and inverse convergence rate

ν−1 ∈ O
(
γn3 + γ−1n2

)
.

In particular, for γ ∝ n−1/2, the L2-relaxation time is of order O(n5/2).

Theorem E.7 is proved in a similar way as Theorem E.6, taking into account the
spectral gap of Q, see the proof given in Section E.3.1.

Remark E.8 (Self-repellent motion). The true self-repellent motion was introduced by
Tóth and Werner [243] as a locally self-repelling stochastic process in continuous space
and time, providing a continuous space counterpart to self-repellent random walks [9,
241, 242]. Heuristically, it can be described as a process (X(t))t≥0 with drift given by
the negative spacial derivative of its own local time density L(t) at X(t), even though
the local time profile x 7→ L(t, x) is not differentiable. Precise invariance principles,
i.e. convergence in distribution of rescaled self-repellent random walks to the true self-
repellent motion, have been shown in [155, 206]. In the following, we give an informal
presentation of how the self-repellent motion arises as a formal scaling limit of the process
(L(t), X(t))t≥0 considered above, and show consequences for the relaxation time of the
self-repellent motion on the torus.

184



E.1. Introduction

Consider the above dynamics on a discretisation of the one-dimensional torus TN =
R/(NZ) of length N with spacing h > 0, where we assume that n = N/h ∈ N. More
precisely, consider the dynamics (L(t), X(t))t≥0 on S × Zn with generator

L̂h =
1

h
T +

1

h2
J . (E.15)

The invariant probability measure is µ̂h = µh ⊗Unif(Zn) with

µh(dℓ) ∝ exp(−Uh(ℓ)) dℓ , where Uh(ℓ) =
h

2

N/h∑
i=1

(
ℓi+1 − ℓi

h

)2

=
h

2

n∑
i=1

(ℓ′i)
2

and ℓ′i =
1
h(ℓi+1 − ℓi). By Lemma E.1, the symmetric and antisymmetric parts of L̂h are

1

2
(L̂+ L̂∗)f(ℓ, i) =

1

2h

(
|ℓ′i−1|

(
f(ℓ, i− 1)− f(ℓ, i)

)
+ |ℓ′i|

(
f(ℓ, i+ 1)− f(ℓ, i)

))
and

1

2
(L̂− L̂∗)f(ℓ, i) =

1

2h

(
ℓ′i−1

(
f(ℓ, i− 1)− f(ℓ, i)

)
− ℓ′i

(
f(ℓ, i+ 1)− f(ℓ, i)

)
+ Tf(ℓ, i)

)
.

Viewing the dynamics (L(t), X(t))t≥0 on S × Zn as a discretisation of a process on
C0(TN ) × TN , where C0(TN ) denotes the space of continuous functions on TN with
mean zero, the above decomposition formally suggests that, in the limit h ↓ 0, the
process should behave like the solution to the SDE

dLt = δXt dt

dXt = −L′
t(Xt) dt+

√
hL′

t(Xt) dBt ,

where (Bt)t≥0 is a one-dimensional Brownian motion. In the formal continuum limit
h ↓ 0, the diffusion coefficient vanishes, and the result is reminiscent of the true-self
repellent motion. In this case, since Uh(ℓ) is a discretisation of U(ℓ) =

´
TN

(ℓ′t)
2 dt, the

probability measures µh are expected to converge to the law of a zero-mean Brownian
bridge on TN . More rigorously, in the limit h ↓ 0, the rescaled process

(L̃(t), X̃(t))t≥0 = (h1/2L(th−3/2), hX(th−3/2))t≥0

converges in law to the self-repellent motion on TN and its local time process, see [155,
206, 241, 243]. The generator of the rescaled process arises from (E.15) as h−3/2(T+J) =

h−3/2L̂ via this change of variables. In particular, suppose that (P̂
(h)
t ) is the transition

semigroup of the self-repellent random walk and its local time on S ×Zn with n = N/h.
Then one would expect that

tSRM
rel = lim

h→0
h3/2 trel(P̂

(h))

is the relaxation time of the self-repellent motion on TN and its local time process,
provided the limit exists. Therefore, a relaxation time of the order trel(P̂ (h)) ∈ Θ(n3/2)
would yield tSRM

rel ∈ Θ(N3/2). Such a bound on the relaxation time is consistent with
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the lower bound in Theorem E.4, yet out of reach of the upper bound of order O(n2) in
Theorem E.6. While a relaxation time of the order N3/2 for the self-repellent motion on
TN is plausible from the superdiffusive scaling E[|Xt|] = t2/3E[|X1|] of the self-repellent
motion on R, we stress that a bound on the joint relaxation time of the self-repellent
motion and its local time is a stronger statement.

E.2. Application to Markov Chain Monte Carlo methods

It has recently been noted in the physics literature that the self-repellent random walk
can be seen as a special instance of an Event Chain Monte Carlo method [188, 189].
In Markov chain Monte Carlo (MCMC) methods, one constructs Markov processes with
a given invariant probability measure to generate approximate samples from a target
distribution. A standard approach is Hamiltonian Monte Carlo (HMC) which combines
Hamiltonian dynamics with velocity resamplings [47]. MCMC methods based on variants
of HMC are widely used across many applications ranging from statistics [62] to molecular
dynamics [60]. Event Chain Monte Carlo (ECMC) is a more recently introduced class of
MCMC methods based on non-reversible piecewise deterministic Markov processes that
can be simulated in a rejection-free way by a thinning procedure [157]. It was originally
introduced in the context of hard disks [30] where it enabled the discovery of a previously
unknown phase transition. Since then, it has been generalised to many other models [129,
169, 196, 197]. The Markov processes underlying ECMC are characterised by moving
one particle or coordinate at a time on a straight line, and ensuring invariance of the
target probability measure by adding “events” at which the active particle or coordinate
changes with some state-dependent rate.

For MCMC methods, the rate of convergence of the law of the process at time t towards
its invariant distribution determines the efficiency of the scheme and is hence of crucial
importance. Classical methods are mostly based on reversible Markov processes. Com-
bined with local moves, reversibility limits the process to diffusive behaviour, prohibiting
efficient exploration of the state space and hence impeding rapid convergence to station-
arity. Non-reversible Markov processes such as ECMC possibly mitigate this issue. They
can be constructed by lifting [66, 79, 99] a reversible dynamics through introduction of
additional variables and thereby enlarging the state space. Mathematically, the analysis
of these processes is challenging due to their non-reversibility and non-gradient nature,
and rigorous results remain scarce or out of reach in situations of practical interest. For
this reason, one is interested in studying toy models that enable a benchmark comparison
of different sampling schemes [108, 158, 203].

E.2.1. Sampling chains of oscillators

One class of such toy models are chains of oscillators where n particles are placed on a
ring and each particle interacts only with its two neighbours. At inverse temperature
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β ∈ (0,∞), the corresponding Gibbs measure is

µβ(dy) ∝ exp(−βU(y)) dy, where U(y) =

n∑
i=1

W (yi+1 − yi) .

Here W : R → [0,∞) is a continuously differentiable and symmetric interaction potential
such that exp(−βW ) is integrable. Without confinement, the Gibbs measure is not
normalisable. This can be fixed by pinning the measure, for example by restricting to
the subspace S ⊂ Rn of configurations with mean zero.

We consider a version of the Event Chain Monte Carlo algorithm which, when ap-
plied to a Gibbs measure as above, simulates a piecewise deterministic Markov process
(Y (t), X(t))t≥0 with state space Rn×Zn, where the position vector Y (t) increases in the
component corresponding to the active particle X(t), i.e.,

d

dt
Y (t) = eX(t) ,

and X(t) is resampled from the uniform distribution on Zn with rate γ ∈ [0,∞) and
performs nearest-neighbour jumps i → i ± 1 with rates β · (W ′(yi±1 − yi))− where y
is the current value of Y (t). The process Y(t) with invariant distribution given by the
Gibbs measure on S is again obtained by projection, i.e.,

Yi(t) = Yi(t)− n−1t .

It can be verified similarly as in the proof of Lemma E.1 that (Y(t), X(t)) is a piecewise de-
terministic Markov process with state space S×Zn and invariant measure µβ⊗Unif(Zn).
Defining the directional derivatives ∂yi as in (E.3), the generator and its adjoint are given
on functions f ∈ C1

b (S × Zn) by

L̂f(y, i) = ∂yif(y, i) + β
(
W ′(yi+1 − yi)

)
−
(
f(y, i+ 1)− f(y, i)

)
+β

(
W ′(yi − yi−1)

)
+

(
f(y, i− 1)− f(y, i)

)
+
γ

n

n∑
j=1

(
f(y, j)− f(y, i)

)
,

L̂∗f(y, i) = −∂yif(y, i) + β
(
W ′(yi+1 − yi)

)
+

(
f(y, i+ 1)− f(y, i)

)
+β

(
W ′(yi − yi−1)

)
−
(
f(y, i− 1)− f(y, i)

)
+
γ

n

n∑
j=1

(
f(y, j)− f(y, i)

)
,

In contrast, randomised Hamiltonian Monte Carlo methods [47, 204] with exponen-
tially distributed integration times are related to piecewise deterministic Markov pro-
cesses (Q(t), V (t)) where the deterministic motion is given by Hamiltonian dynamics,
and the velocity component V (t) is resampled from a normal distribution after independ-
ent waiting times that are exponentially distributed with a fixed parameter γ ∈ (0,∞).
For the chain of oscillators, we consider randomised HMC based on the Hamiltonian
H(q, v) = U(q) + 1

2 |v|
2. The corresponding Hamiltonian dynamics

d

dt
qi(t) = vi(t),

d

dt
vi(t) = W ′(qi+1(t)− qi(t)

)
−W ′(qi(t)− qi−1(t)

)
, i ∈ Zn, (E.16)
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preserves the Boltzmann-Gibbs distribution

µ̂β(dq dv) = µβ(dq)N (0, β−1IS)(dv) ∝ exp(−βH(q, v)) dq dv on S × S.

Therefore, the continuous time Markov process with generator

Hf(q, v) =
n∑

i=1

(
vi∂qif(q, v) +

(
W ′(qi+1 − qi)−W ′(qi − qi−1)

)
∂vif(q, v)

)
+ γ

ˆ
(f(q, w)− f(q, v))N (0, β−1IS)(dw)

has invariant measure µ̂β . Different versions of randomised Hamiltonian Monte Carlo
algorithms are obtained by replacing the Hamiltonian dynamics in (E.16) by a time
discretisation, usually based on a symplectic integrator, and, possibly, including a Met-
ropolis filter to adjust for the discretisation bias.

Note that since in Event Chain Monte Carlo, only one particle is moving at a time,
the complexity for simulating the corresponding Markov process over a time unit can be
assumed to be of order Θ(1). In contrast, for Hamiltonian Monte Carlo, the complexity
for simulating the process over one time unit is at least of order n. More precisely, it is
known that for the standard discretisation based on the Verlet scheme, the discretisation
step size has to be chosen of order O(n−1/4) to adjust for the discretisation bias, resulting
in an overall complexity of order Ω(n5/4) per time unit [15, 31].

E.2.2. The harmonic chain: Event Chain vs. Hamiltonian Monte Carlo

In order to compare the relaxation times for the continuous time Markov processes cor-
responding to ECMC and HMC, we consider the case of a harmonic chain of oscillators
where W (y) = y2 and β = 1. In this case, the ECMC algorithm exactly recovers the
local time process of the self-repellent random walk considered above. On the other hand,
randomised HMC is a second-order lift of the discrete stochastic heat equation

dZ(t) =
1

2
∆nZ(t) dt + dB(t) (E.17)

with a Brownian motion B on S, see [99, Example 3]. Recall that the local time process
of the self-repellent walk is a second-order lift of (E.7) which describes the same Markov
process as (E.17) but slowed down by a factor n. Due to this factor, the spectral gap m
of the generator of (E.17) is of the order Θ(n2), see (E.9). Based on the second order
lift property, it has been shown in [99, 101, 186] that the L2 rate of convergence to
stationarity of the Markov process with generator H is of the order Θ

(
min(γ,mγ−1)

)
.

This result holds generally for convex potentials, and in the quadratic case it also follows
by an explicit computation. In particular, for any choice of γ, the L2 relaxation time is
at least of order Ω(m−1/2) = Ω(n), and the optimal order is achieved for γ ∝ 1/n.

Corollary E.9. For the harmonic chain of n particles, the computational complexity of
the Event Chain Monte Carlo algorithm with particle refreshment at rate γ ∝ n−1 is of
the order O(n2). On the same model, the computational complexity of randomised HMC
is of the order Ω(n9/4) for any choice of γ.
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Proof. The complexity of the ECMC algorithm coincides with its relaxation time since
the computational complexity per time unit is of order Θ(1), so that the complexity
bound follows from the relaxation time bound in Theorem E.6. Randomised HMC,
on the other hand, has an overall complexity of order Ω(n5/4) per time unit, see the
discussion above. The relaxation time of order Ω(n) thus yields a complexity of order
Ω(n9/4).

For the harmonic chain, ECMC thus exhibits an efficiency gain compared to more
standard MCMC methods such as HMC, and a substantial gain in comparison to tradi-
tional MCMC methods based on reversible Markov processes. While similar gains have
been observed empirically for chains of oscillators with Lennard-Jones interactions [170]
and hard sphere models [169], so that this behaviour is conjectured to hold more gener-
ally [158], our result gives the first rigorous proof that ECMC methods can outperform
HMC on specific models.

E.3. Convergence to equilibrium

Convergence to equilibrium of non-reversible Markov processes can be quantified using
a flow Poincaré inequality, which can be established for second-order lifts using the
framework of [97, 101]. For the modified dynamics with generator

L̂(γ)f = L̂f + γ (Qf − f) , Dom(L̂(γ)) = Dom(L̂)

introduced in (E.13) above, the general framework simplifies and reduces to Theorem E.10.
Denote by (E ,Dom(E)) the Dirichlet form associated to (L,Dom(L)), which is the ex-
tension of

E(f, g) = ⟨f,−Lg⟩L2(µ)

to a closed symmetric bilinear form with domain Dom(E) given by the closure of Dom(L)
with respect to the norm ∥f∥L2(µ) + E(f, f)1/2. Recall that the probability measure
µ̂ = µ⊗Unif(Zn) is invariant for the Markov process generated by L̂(γ).

Theorem E.10. Assume that

(i) the operator (L̂,Dom(L̂)) is a second-order lift of (L,Dom(L)) such that g ◦ π ∈
Dom(L̂∗) and L̂∗(g ◦ π) = −L̂(g ◦ π) for all g ∈ Dom(L);

(ii) the operator (L,Dom(L)) has purely discrete spectrum on L2(µ) and a spectral gap
m > 0, i.e.

∥g − µ(g)∥2L2(µ) ≤ 1

m
E(g)

for all f ∈ Dom(E);

(iii) there exists a constant C1 > 0 such that〈
L̂(g ◦ π), L̂(f −Πf)

〉
L2(µ̂)

≤ C1∥Lg∥L2(µ)∥f −Qf∥L2(µ̂)

for all f ∈ Dom(L̂) and g ∈ Dom(L);
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(iv) the transition matrix Q has a spectral gap mQ, i.e.

x⊤Qx ≤ (1−mQ)|x|2

for all x ∈ Rn with
∑n

i=1 xi = 0.

Then there exists a universal constant C > 0 such that, for any T > 0 and γ > 0, the
semigroup (P̂

(γ)
t ) generated by (L̂(γ),Dom(L̂(γ))) satisfies

∥P̂ (γ)
t f∥L2(µ̂) ≤ e−ν(t−T )∥f∥L2(µ̂) for all t ≥ 0 and f ∈ L2

0(µ̂),

where the rate ν is given by

ν = C
γ

γ2/m+ C2
1 + 1

mQ
(1 + 1

mT 2 )
. (E.18)

Proof. The statement is a direct consequence of [97, Theorem 12], simplified by the
fact that we consider a refreshment of the active particle determined by the transition
matrix Q.

Choosing T = m−1/2 in (E.18) yields the inverse convergence rate

ν−1 ∈ O
(
γm−1 + γ−1(m−1

Q + C2
1 )
)
,

and optimising by choosing γ ∝
√
m(m−1

Q + C2
1 ) yields

ν−1 ∈ O
(
m−1/2

(
m

−1/2
Q + C1

))
.

If Q = Π, we can choose mQ = 1 and obtain ν−1 ∈ O(m−1/2C1) for the choice
γ ∝ m1/2C1.

E.3.1. Upper bounds on relaxation times of self-repellent random walks

We turn to the proof of the upper bounds on the L2-relaxation time of the modified
self-repellent random walks given in Theorem E.6 and Theorem E.7.

Lemma E.11. We have

1

n2

ˆ
∥∇2g∥2F dµ+

1

n2

n∑
i=1

ˆ
((∂ℓi − ∂ℓi−1

)g)2 dµ =

ˆ
(2Lg)2 dµ

where ∥∇2g∥2F denotes the squared Frobenius norm of ∇2g.

Proof. Since µ(dℓ) ∝ exp(12ℓ
⊤∆nℓ) dℓ, where dℓ denotes the Haar measure on S, Boch-

ner’s identity yieldsˆ
(2Lg)2 dµ =

1

n2

ˆ
(∇∗∇g)2 dµ =

1

n2

ˆ
∥∇2g∥2F dµ+

1

n2

ˆ
∇g⊤∆n∇g dµ .

The claim then follows from the relation
n∑

i=1

((∂ℓi − ∂ℓi−1
)g)2 = ∇g⊤∆n∇g .
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Lemma E.12. For any v, w ∈ S and g ∈ C2
b (S), we have

ˆ
(v⊤ℓ)2(∂wg)

2 µ(dℓ) ≤ 2v⊤(−∆n)
−1v

ˆ
(∂wg)

2 dµ+ 4

ˆ
(∂2

∆−1
n v,w

g)2 dµ

where ∆n is the discrete Laplacian given by (E.4).

Proof. An integration by parts with respect to the Gaussian measure µ gives

−
ˆ
v⊤∇f dµ =

ˆ
v⊤∆nℓ f(ℓ)µ(dℓ)

for all f ∈ C1
b (S). Applying this with f(ℓ) = v⊤∆nℓ(∂wg)

2 and the inequality 2ab ≤
1
2a

2 + 2b2 yields
ˆ

(v⊤∆nℓ)
2(∂wg)

2 µ(dℓ) = −
ˆ
v⊤∇(v⊤∆nℓ(∂wg)

2)µ(dℓ)

= v⊤(−∆n)v

ˆ
(∂2wg) dµ− 2

ˆ
v⊤∆nℓ∂

2
vwg(ℓ)∂wg(ℓ)µ(dℓ)

≤ v⊤(−∆n)v

ˆ
(∂2wg) dµ+

1

2

ˆ
(v⊤∆nℓ)

2(∂wg)
2 µ(dℓ) + 2

ˆ
(∂2v,wg)

2 dµ .

Rearranging and replacing v by ∆−1
n v yields the claim.

Proof of Theorem E.6. The claim follows from Theorem E.10 if we can show that condi-
tions (i)–(iv) are satisfied with m ∈ Θ(n−3), C2

1 ∈ O(n), and mQ = 1.
To this end, condition (i) is satisfied by Lemma E.1 and Theorem E.3. The operator

(L,Dom(L)) has discrete spectrum on L2(µ) and a spectral gap m ∈ Θ(n−3) by (E.9),
so that condition (ii) is satisfied. Condition (iv) is immediately satisfied with mQ = 1 in
case Q = Π. It remains to verify condition (iii). By the Cauchy-Schwarz inequality, it
suffices to bound

∥L̂∗L̂(g ◦ π)∥L2(µ̂) ≤ C1∥Lg∥L2(µ) .

By Lemma E.1,

L̂∗L̂(g ◦ π)(ℓ, x) = −∂2ℓxg(ℓ)− (ℓx − ℓx−1)−
(
∂ℓxg(ℓ)− ∂ℓx−1g(ℓ)

)
+ (ℓx+1 − ℓx)+

(
∂ℓx+1g(ℓ)− ∂ℓxg(ℓ)

)
.

Hence

∥L̂∗L̂(g ◦ π)∥2L2(µ̂) =
1

n

n∑
i=1

ˆ ((
L̂∗L̂(g ◦ π)

)
(ℓ, i)

)2
µ(dℓ)

≤ 3

n

n∑
i=1

ˆ
(∂2ℓig(ℓ))

2µ(dℓ) +
3

n

n∑
i=1

ˆ
(ℓi − ℓi−1)

2
(
∂ℓig(ℓ)− ∂ℓi−1

g(ℓ)
)2
µ(dℓ) .

For the second summand, we apply Lemma E.12 with vi = wi = ei − ei−1 to obtain

3

n

n∑
i=1

ˆ
(ℓi − ℓi−1)

2
(
∂ℓig(ℓ)− ∂ℓi−1

g(ℓ)
)2
µ(dℓ)
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≤ 6

n

n∑
i=1

v⊤i (−∆n)
−1vi

ˆ
((∂ℓi − ∂ℓi−1

)g)2 dµ+
12

n

n∑
i=1

ˆ (
∂2
∆−1

n vi,vi
g
)2

dµ .

Note that ui = ∆−1
n vi is given by

(ui)j =

(
1− 1

n

)
·


1
2 if j = i− 1,

−1
2 if j = i,

−1
2 + k

n−1 if j = i+ k, 1 ≤ k ≤ n− 2 .

In particular, ui+1 − ui = ei − 1
n1 = ẽi is the projection of the i-th basis vector in Rn

onto S,

v⊤i (−∆n)
−1vi = −v⊤i ui = (ui)i − (ui)i−1 = 1− 1

n
,

and, since ui =
∑n

j=1(ui)jej =
∑n

j=1(ui)j ẽj and vi = ẽi − ẽi−1,

∂2ui,vig =
n∑

j=1

(ui)j∂
2
ẽi,ẽjg −

n∑
j=1

(ui)j∂
2
ẽi−1,ẽjg =

n∑
j=1

(ui − ui+1)j∂
2
ẽi,ẽjg = −∂2ẽi,ẽig .

In the final equality we used that ui − ui+1 = −ẽi and
∑n

j=1(ẽi)j ẽj =
∑n

j=1(ẽi)jej = ẽi.
Therefore,

∥L̂∗L̂(g ◦ π)∥2L2(µ̂) ≤
6

n

n∑
i=1

ˆ
((∂ℓi − ∂ℓi−1

)g)2 dµ+
15

n

n∑
i=1

ˆ
(∂2ℓig)

2 dµ

≤ 60n

ˆ
(Lg)2 dµ

by Lemma E.11, so that assumption (iii) of Theorem E.10 is satisfied with C1 =
√
60n.

Proof of Theorem E.7. As in the case of Theorem E.6, the claim follows from The-
orem E.10 with mQ ∈ O(n−2).
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Convergence rates of self-repelling
diffusions on Riemannian manifolds

F. Lörler. Convergence rates of self-repelling diffusions on Riemannian manifolds. Nov.
2025. arXiv: 2511.23333 [math.PR].

Abstract: We study a class of self-repelling diffusions on compact Riemannian mani-
folds whose drift is the gradient of a potential accumulated along their trajectory. When
the interaction potential admits a suitable spectral decomposition, the dynamics and its
environment are equivalent to a finite-dimensional degenerate diffusion. We show that
this diffusion is a second-order lift of an Ornstein-Uhlenbeck process whose invariant
law corresponds to the Gaussian invariant measure of the environment, and immediately
obtain a general upper bound on the rate of convergence to stationarity using the frame-
work of second-order lifts. Furthermore, using a flow Poincaré inequality, we develop
lower bounds on the convergence rate. We show that, in the periodic case, these lower
bounds improve upon those of Benaïm and Gauthier [24], and even match the order of
the upper bound in some cases.

Keywords: Self-repelling diffusions; hypocoercivity; lift; convergence rate.
MSC Subject Classification: 58J65, 60J60, 60J55, 60H10, 37A30.

F.1. Introduction

We consider a class of self-interacting diffusions (Xt)t≥0 on compact, connected and
oriented smooth Riemannian manifolds M . Given a smooth and symmetric interaction
potential V : M×M → R, the process (Xt)t≥0 solves the M -valued stochastic differential
equation

dXt = −∇MVt(Xt) dt + σ ◦ dBt , X0 ∼ µ0 , (F.1)

where σ ≥ 0 is the diffusivity, (Bt)t≥0 is a Brownian motion on M , and ∇M denotes the
Riemannian gradient on M . The drift is the gradient of the accumulated potential along
the trajectory up to time t, i.e.

Vt(x) =

ˆ t

0
V (Xs, x) ds =

ˆ
M
V (y, x)µt(dy) , where µt =

ˆ t

0
δXs ds , (F.2)
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and the initial law µ0 is a probability measure on M . The process (∇MVt)t≥0 is also
known as the environment process.

Such self-repelling processes were originally motivated by and introduced as models for
polymer growth, notably by Norris, Rogers and Williams [208, 209], where the asymptotic
growth of the polymer is of particular interest. In caseM = Rd, the asymptotic behaviour
in the form of strong laws of large numbers has been studied in the works [72, 93, 201].
In case that M is compact, as considered here, one expects the law of Xt to converge
to an invariant probability measure. Indeed, under a variety of different assumptions,
such a convergence has been shown using the normalised occupation time measure 1

tµt
in place of µt in the series of works [25, 26, 27], and with the non-normalised occupation
time measure in [23, 24].

Self-interacting processes such as the process (Xt)t≥0 are not Markovian since they
depend on their own history through their occupation measure, rendering their study
notoriously difficult. However, the joint process (Vt, Xt)t≥0 is a Markov process, and
it has been shown by Tarrès, Tóth and Valkó [239] that, under suitable assumptions
on the interaction potential V , the combined process (x 7→ ∇MVt(Xt + x))t≥0, known
as the environment as seen from the particle, admits an ergodic invariant Gaussian
measure. Following on this work, Benaïm and Gauthier [24] considered the case that the
interaction potential admits a finite diagonal decomposition in terms of eigenfunctions
of the Laplace-Beltrami operator ∆M , see Assumption F.1 below. In this case, the
process is self-repelling, and (F.1) is equivalent to a finite-dimensional system of stochastic
differential equations whose solution is a degenerate, non-reversible diffusion process on
Rn ×M , with invariant probability measure given by the product of a Gaussian and the
uniform measure on M , as shown by [24].

Even though the invariant probability measure admits a simple and explicit description,
obtaining rates of convergence of the law of the process to stationarity is challenging
due to its non-reversibility and degeneracy. Classical analytical techniques based on
Poincaré inequalities and spectral estimates cannot be applied in the non-reversible,
degenerate setting, necessitating the development of completely new techniques in this
area of research that has become known as hypocoercivity [248]. In the seminal work
[87], Dolbeault, Mouhot and Schmeiser introduced a framework for the study of a large
class of hypocoercive kinetic equations. This framework was further developed by [120]
and then applied to self-repelling diffusions on Riemannian manifolds by Benaïm and
Gauthier [24]. The DMS approach of [87], however, fails to provide rates of convergence
to stationarity that are sharp in terms of the model parameters in many settings. Indeed,
for Langevin dynamics (or the associated kinetic Fokker-Planck equation), a prototypical
non-reversible degenerate dynamics, sharp rates of convergence have only recently been
established in [61] using a variational approach to hypocoercivity based on space-time
Poincaré inequalities, introduced by Albritton, Armstrong, Mourrat and Novack [6]. This
approach was further developed and made broadly applicable using the framework of
second-order lifts [97, 99] that allows to prove such space-time Poincaré inequalities by
relating the non-reversible dynamics to simpler, reversible diffusions.

In this work, we identify the self-repelling diffusion and its environment as a second-
order lift of an Ornstein-Uhlenbeck process with invariant law corresponding to the Gaus-
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sian measure that is the invariant law of the environment process. This provides a new
perspective on these processes and allows us to apply the framework of non-reversible
lifts of Markov processes [97, 99] to obtain upper and lower bounds on their rate of con-
vergence to equilibrium. Our upper bounds improve on those of [24] obtained using the
DMS approach, as demonstrated by an example on the torus, and are even sharp in some
settings.

We begin by introducing self-interacting diffusions and the equivalent finite-dimensional
system in Section F.2 and show in Section F.3 that, under Assumption F.1, self-repelling
diffusions on Riemannian manifolds are second-order lifts of an Ornstein-Uhlenbeck pro-
cess on Rn with Gaussian invariant probability measure. The resulting upper and lower
bounds on the L2-relaxation time of the associated transition semigroups are given in
Section F.3.3. We compare our upper bounds to those of [24] in the periodic case in
Section F.3.4. Finally, we conclude by giving the proof of the upper bounds on the
relaxation time in Section F.4.

F.2. Self-interacting diffusions on Riemannian manifolds

Consider a compact, connected and oriented smooth Riemannian manifold (M, g) without
boundary and a smooth, symmetric function V : M×M → R. A self-interacting diffusion
with potential V is the M -valued continuous-time stochastic process (Xt)t≥0 on some
probability space (Ω,A,P) that solves the stochastic differential equation

dXt = −∇MVt(Xt) dt + σ ◦ dBt , X0 ∼ µ0 ,

Here σ ≥ 0 is the diffusivity and (Bt)t≥0 is a Brownian motion on M , the drift is
the gradient of the accumulated potential as given in (F.2), and the initial law µ0 is a
probability measure on M . In the following, we let ν denote the Riemannian volume
measure on M . We will work under the following assumption.

Assumption F.1. V takes the form

V (x, y) =
n∑

k=1

akek(x)ek(y), (F.3)

where (e1, . . . , en) is a system of L2(M,ν)-orthonormal eigenfunctions of the Laplace-
Beltrami operator ∆M on M , with associated non-positive eigenvalues λ1, . . . , λn, and
a1, . . . , an ∈ [0,∞).

Assumption F.1 ensures that V is a symmetric and positive semi-definite kernel, i.e.ˆ
M

ˆ
M
V (x, y)f(x)f(y) ν(dx)ν(dy) ≥ 0

for all f ∈ L2(M,ν), so that the process (Xt)t≥0 is self-repelling. Moreover, as shown in
[24], the process (∇MVt, Xt)t≥0 admits an explicit invariant probability measure suppor-
ted on

span
{
∇Mek : k ∈ {1, . . . , n}

}
×M ⊆ X(M)×M ,
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where X(M) denotes the set of all smooth vector fields on M , see Section F.2.1 below.

Remark F.1. If M = Td, µt has a density Lt with respect to the volume measure and
V (x, y) =W (x−y) for some symmetric function W : Td → R, the accumulated potential
simplifies to

Vt(x) =

ˆ
Td

W (y − x)Lt(y) ν(dy) = (W ∗ Lt)(x).

In this case, (Xt) is a diffusion driven by the mollified negative gradient of its own local
time density Lt. In the non-compact case M = Rd, corresponding processes are known
as self-repelling Brownian polymers [93], which have recently been constructed even in
the singular case W = δ0 [115]. They are phenomenologically closely related to the true
self-repelling motion introduced by Tóth and Werner [243].

F.2.1. Reduction to a finite-dimensional system

In this section, we follow the construction in [24, Section 2] that shows how the struc-
ture of V given in Assumption F.1 allows to reduce the self-repelling diffusion and its
environment to a system of stochastic differential equations in Rn ×M .

Assumption F.1 allows us to decompose

∇MVt(x) =
n∑

k=1

ak∇Mek(x)U
(k)
t with U

(k)
t =

ˆ t

0
ek(Xs) ds .

The self-repelling diffusion (F.1) and its environment are hence equivalent to the system

dU
(k)
t = ek(Xt) dt , k = 1, . . . , n

dXt = −
n∑

k=1

ak∇Mek(Xt)U
(k)
t dt + σ ◦ dBt

of stochastic differential equations on Rn ×M , where ◦ dBt denotes Stratonovich integ-
ration. Let Ut = (U

(k)
t )k=1,...,n and e(x) = (ek(x))k=1,...,n, and introduce the potential

Φ(u) =
1

2

n∑
k=1

ak|λk|u2k , u ∈ Rn.

Then this system can equivalently be written as

dUt = e(Xt) dt

dXt = −∇Φ(Ut)
⊤Λ−1∇Me(Xt) dt + σ ◦ dBt ,

(F.4)

where Λ = diag(|λ1|, . . . , |λn|) ∈ Rn×n and ∇Me(x) = (∇Mek(x))k=1,...,n. The drift is
thus to be understood as

∇Φ(Ut)
⊤Λ−1∇Me(Xt) =

n∑
k=1

∂kΦ(Ut)|λk|−1∇Mek(Xt) .
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Note that, to avoid confusion, we use ∇ for the Euclidean gradient in Rn and ∇M for
the gradient on M .

We summarise some properties of the system (F.4) that are given in [24] in the following
lemma.

Lemma F.2. (i) There exists a unique global strong solution (Ut, Xt)t≥0 to (F.4) for
any initial condition (U0, X0) = (u, x) ∈ Rd ×M .

(ii) The probability measure
µ̂ = µ⊗ κ

with
µ(du) =

1

Z
exp(−Φ(u)) du and κ(dx) =

1

ν(M)
ν(dx),

where Z is a normalising constant, is invariant for this process. If σ > 0, it is the
unique invariant probability measure.

Proof. This is the content of [24, Proposition 1] and [24, Theorem 5].

Note that Φ is quadratic, so that

µ =

n⊗
k=1

N
(
0, 1

ak|λk|
)

is a Gaussian distribution. If σ = 0 the invariant probability measure is possibly not
unique, as there may exist infinitely many ergodic probability measures; see [24, Theorem
3] for an explicit example on the torus.

By Lemma F.2, the process (Ut, Xt) induces a strongly continuous contraction semi-
group (P̂

(σ)
t )t≥0 on L2(µ̂), and we denote its generator by (L̂(σ),Dom(L̂(σ))). By [24,

Propositions 2 and 3], the set C2
c (Rn ×M) of compactly supported, twice differentiable

functions on Rn ×M is a core for the generator, and on these functions it acts as

L̂(σ)f(u, x) =
n∑

k=1

(
ek(x)∂uk

f(u, x)− akuk⟨∇Mek(x),∇Mf(u, x)⟩
)
+
σ2

2
∆Mf(u, x)

= e(x)⊤∇f(u, x)−
〈
∇Φ(u)⊤Λ−1∇Me(x),∇Mf(u, x)

〉
+
σ2

2
∆Mf(u, x) .

(F.5)

Example F.3. Consider M = TL = R/(2πLZ) the circle with circumference 2πL and

W (z) =
1

πL

n∑
k=1

ak cos(kz/L) , z ∈ TL ,

where a1, . . . , an ∈ [0,∞). Then setting V (x, y) =W (x− y) yields

V (x, y) =
1

πL

n∑
k=1

ak cos(kx/L) cos(ky/L) + ak sin(kx/L) sin(ky/L) ,
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which is of the form (F.3) with the orthonormal functions ek(x) = (πL)−1/2 cos(kx/L)

and fk(x) = (πL)−1/2 sin(kx/L). The associated eigenvalues are λk = − k2

L2 . The poten-
tial Φ then becomes

Φ(u, v) =
1

2L2

n∑
k=1

akk
2(u2k + v2k) , u, v ∈ Rn ,

where uk and vk correspond to the eigenfunctions ek and fk. We will return to this
example in Section F.3.4.

F.3. Relaxation times of self-interacting diffusions

The process (Ut, Xt)t≥0 is non-reversible and subject to degenerate noise acting only on
Xt. Therefore, studying the rate of convergence of the law of (Ut, Vt) to its invariant
distribution µ̂ is a challenging task and falls within the field of hypocoercivity. In this
section, we will apply the recently developed framework of second-order lifts and flow
Poincaré inequalities to obtain upper and lower bounds on this rate of convergence in
the form of bounds on the L2-relaxation time.

We begin by recalling the concept of second-order lifts in Section F.3.1, and show
how self-repelling diffusions and their environment can be seen as lifts of an Ornstein-
Uhlenbeck process with invariant measure µ in Section F.3.2. We then apply the frame-
work of [97] to obtain upper and lower bounds on the L2-relaxation time of the transition
semigroups associated to the self-repelling diffusions in Section F.3.3. These are com-
pared to those obtained by [24] in the periodic case in Section F.3.4.

F.3.1. Second-order lifts

Inspired by the notion of lifts of Markov chains in discrete time [66, 79], second-order
lifts of reversible diffusions were introduced in [99] as a related counterpart in continuous
time and space. They provide a broadly applicable and systematic approach developed
in [97, 99, 101] to proving convergence to equilibrium for many non-reversible dynamics
by relating them to simpler, reversible diffusions.

Intuitively, a time-homogeneous Markov process (Ẑt)t≥0 on a product space S × V
with invariant probability measure µ̂ = µ ⊗ κ is a second-order lift of another Markov
process (Zt)t≥0 with state space S and invariant probability measure µ if their associated
transition semigroups (P̂t) and (Pt) in L2(µ̂) and L2(µ), respectively, satisfy

ˆ
V
P̂t(f ◦ π)(x, v)κ(dv) = (Pt2f)(x) + o(t2) as t ↓ 0

for functions f : S → R in the domain of the generator L of (Pt). Here π : S × V →
S denotes the canonical projection π(x, v) = x. Considering a second-order Taylor
expansion around t = 0 leads to the precise definition below, see [99] for more intuition
behind this property and some examples. Let (L,Dom(L)) and (L̂,Dom(L̂)) denote the
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generators of (Pt) and (P̂t) in L2(µ) and L2(µ̂), respectively. We denote the Dirichlet
form associated to L by E , it is the extension of

E(f, g) = −
ˆ
S
fLg dµ (F.6)

to a closed symmetric bilinear form with domain Dom(E) given by the closure of Dom(L)
with respect to the norm ∥f∥L2(µ) + E(f, f)1/2.

Definition F.4 (Second-order lifts [99]). The process (Ẑt) is a second-order lift of (Zt)
if there exists a core C of (L,Dom(L)) such that

f ◦ π ∈ Dom(L̂) for all f ∈ C (F.7)

and for all f, g ∈ C we have 〈
L̂(f ◦ π), g ◦ π

〉
L2(µ̂)

= 0, (F.8)

and
1

2

〈
L̂(f ◦ π), L̂(g ◦ π)

〉
L2(µ̂)

= −⟨f,Lg⟩L2(µ) = E(f, g). (F.9)

Conversely, we refer to the process (Zt) as the collapse of (Ẑt).

We also say that (L̂,Dom(L̂)) or (P̂t) is a second-order lift of (L,Dom(L)) or (Pt),
respectively. In the rest of this paper, we simply refer to second-order lifts as lifts.

F.3.2. Self-interacting diffusions as second-order lifts

In this section, we show that the process (Ut, Xt)t≥0 that is equivalent to the self-repelling
diffusion and its environment is a second-order lift of an Ornstein-Uhlenbeck process
on Rn for any choice of diffusivity. To this end, we consider the transition semigroup
(P̂

(σ)
t )t≥0 of (Ut, Xt)t≥0 with diffusivity σ on L2(µ̂), and recall that, for compactly sup-

ported functions f ∈ C2
c (Rn ×M), the associated generator is given by

L̂(σ)f(u, x) =
n∑

k=1

(
ek(x)∂uk

f(u, x)− akuk⟨∇Mek(x),∇Mf(u, x)⟩
)
+
σ2

2
∆Mf(u, x)

= e(x)⊤∇f(u, x)−
〈
∇Φ(u)⊤Λ−1⟨∇Me(x),∇Mf(u, x)

〉
+
σ2

2
∆Mf(u, x) ,

where Λ = diag(|λ1|, . . . , |λn|). In the following, we let π(u, x) = u,

(L̂,Dom(L̂)) = (L̂(0),Dom(L̂(0)) and (P̂t)t≥0 = (P̂
(0)
t )t≥0 .

We will show that the self-repelling diffusion (Ut, Xt)t≥0 is a second-order lift of the
reversible diffusion process (Zt)t≥0 on Rn that solves the stochastic differential equation

dZt = − 1

2ν(M)
∇Φ(Zt) dt+

1√
ν(M)

dWt , (F.10)
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where (Wt)t≥0 is an n-dimensional standard Brownian motion. We denote the transition
semigroup of (Zt)t≥0 on L2(µ) by (Pt)t≥0. Its generator (L,Dom(L)) is given by

Lf = − 1

2ν(M)
∇∗∇f = − 1

2ν(M)
∇Φ · ∇f +

1

2ν(M)
∆f, (F.11)

where the adjoint is in L2(µ), and Dom(L̂) = H2,2(Rn, µ). Note that (F.10) is an
Ornstein-Uhlenbeck process on Rn with invariant probability measure µ, slowed down by
a factor 1

2ν(M) . In particular, the spectral gap of the generator in L2(µ) is

gap(L) = 1

2ν(M)
min

{
ak|λk| : k ∈ {1, . . . , n}

}
, (F.12)

see [193].

Theorem F.5. The semigroup (P̂
(σ)
t )t≥0 is a second-order lift of (Pt)t≥0 for any choice

of diffusivity σ ≥ 0.

Proof. It suffices to prove the claim for σ = 0. Firstly, C∞
c (Rn) forms a core for

(L,Dom(L)) [251]. Hence let g ∈ C∞
c (Rn). This implies g ◦ π ∈ Dom(L̂) and

ˆ
M

L̂(g ◦ π)(u, x)κ(dx) =
ˆ
M
e(x)⊤∇f(u)κ(dx) = 0

since M has no boundary. Furthermore, since the ek are orthonormal with respect to ν,

1

2

ˆ
M
(L̂(g ◦ π)(u, x))2κ(dx) = 1

2

ˆ
M
e(x)⊤∇g(u)∇g(u)⊤e(x)κ(dx) = 1

2ν(M)
|∇g(u)|2,

so that
1

2

ˆ
Rn×M

(L̂(g ◦ π))2 dµ̂ =
1

2ν(M)

ˆ
Rn

|∇g|2 dµ = −
ˆ
Rn

gLg dµ ,

and (F.9) follows by polarisation.

F.3.3. Bounds for relaxation times

We first note that the representation of the self-repelling diffusions as a second-order lift of
the Ornstein-Uhlenbeck process (F.10) directly yields a lower bound on the L2-relaxation
time

trel(P̂ ) = inf
{
t ≥ 0 : ∥P̂tf∥L2(µ̂) ≤ e−1∥f∥L2(µ̂) for all f ∈ L2

0(µ̂)
}

of the semigroup (P̂t). Here L2
0(µ̂) denotes the orthogonal complements of the constant

functions in L2(µ̂). Let us stress that, since (P̂
(σ)
t )t≥0 are the transition semigroups of

the processes (Ut, Xt)t≥0 with diffusivity σ, all relaxation time bounds concern the joint
relaxation time of the environment parametrised by Ut and the self-repelling diffusion Xt

itself.
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Theorem F.6 (Lower bound on relaxation time). For the transition semigroup (P̂
(σ)
t )t≥0

associated to the self-repelling diffusion with diffusivity σ ≥ 0,

trel(P̂
(σ)) ≥

(
ν(M)

4min
{
ak|λk| : k ∈ {1, . . . , n}

})1/2

.

Proof. This is a consequence of Theorem F.5 above and [99, Theorem 11] which states
that trel(P̂ ) ≥

√
trel(P )/(2

√
2) holds whenever P = (Pt)t≥0 and P̂ = (P̂t)t≥0 are the

transition semigroups of a Markov process and an arbitrary second order lift. By revers-
ibility, the relaxation time of the Ornstein-Uhlenbeck process (F.10) is the inverse of the
spectral gap of its generator L. Therefore, (F.12) yields the claim.

Obtaining quantitative upper bounds on the relaxation time is a lot more involved.
Second-order lifts provide a framework developed in [97, 99, 101] for a systematic ap-
proach to this problem, based on a variational approach to hypocoercivity first introduced
in [6, 61]. Quantitative rates of convergence are established using a flow Poincaré inequal-
ity relating the time-averaged L2-norm to the time-averaged energy or Dirichlet form.
Previous approaches to proving convergence for non-reversible dynamics relied on tricks
such as considering Sobolev norms [248], adding a mixing term to create an equivalent
norm in which dissipation takes place [87], or specifically tailored couplings and twisted
metrics [98]. The strength of the approach using second-order lifts lies in the more in-
trinsic nature of the time-averaged L2-norms as opposed to such artificially introduced
terms [54]. We summarise the resulting bounds for the convergence of self-repelling
diffusions in the following, and defer their proofs and an overview of the framework to
Section F.4. Since the approach [87] developed by Dolbeault, Mouhot and Schmeiser was
already applied to self-repelling diffusions by Benaïm and Gauthier in [24], we compare
the result of Theorem F.7 to theirs in Section F.3.4.

We let

χijkl =

ˆ
M
eiejekel dν and χ̃ijkl =

ˆ
M
⟨∇Mei,∇Mej⟩⟨∇Mek,∇Mel⟩|λi|−1|λk|−1 dν ,

as well as

χ =
( n∑

i,j,k,l=1

χ2
ijkl

)1/2
and χ̃ =

( n∑
i,j,k,l=1

χ̃2
ijkl

)1/2
.

Theorem F.7 (Upper bound on the relaxation time). The transition semigroup (P̂
(σ)
t )t≥0

satisfies

∥P̂ (σ)
t ∥L2(µ̂) ≤ e−ν(t−T )∥f∥L2(µ̂) for all t ≥ 0 and f ∈ L2

0(µ̂) (F.13)

with T ∈ O(m−1/2) and inverse convergence rate

ν−1 ∈ O

(
σ2C2

2 + σ−2
(
C2
1 +

1

η

))
,
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where

C2
1 = 8ν(M)

(
χ+ 4χ̃+

2χ̃
∑n

k=1 ak|λk|
min

{
ak|λk| : k ∈ {1, . . . , n}

}) ,

C2
2 =

4ν(M)

min
{
ak : k ∈ {1, . . . , n}

} ,
η = inf spec(−∆M ) \ {0} ,

m =
min

{
ak|λk| : k ∈ {1, . . . , n}

}
2ν(M)

.

In particular, there exists a universal constant C > 0 such that

trel(P̂
(σ)) ≤ C

(
σ2C2

2 + σ−2
(
C2
1 +

1

η

))
for any choice of diffusivity σ > 0.

Note that compactness of M ensures η > 0. Furthermore, if the Ricci curvature of M
is non-negative, the spectral gap satisfies η ≥ π2

diam(M)2
, see [180, Theorem 5.5].

F.3.4. The periodic case

As a concrete example, we return to the setting of Example F.3 where M = TL =
R/(2πLZ) is the circle with circumference 2πL and choose

W (z) =
1

πL

n∑
k=1

ak cos(kz/L) , z ∈ TL . (F.14)

Recall that setting V (x, y) =W (x− y) yields

V (x, y) =
1

πL

n∑
k=1

ak cos(kx/L) cos(ky/L) + ak sin(kx/L) sin(ky/L),

which is of the form (F.3) with the orthonormal functions ek(x) = (πL)−1/2 cos(kx/L)

and fk(x) = (πL)−1/2 sin(kx/L). The associated eigenvalues are λk = − k2

L2 and the
potential Φ becomes

Φ(u, v) =
1

2L2

n∑
k=1

akk
2(u2k + v2k) , u, v ∈ Rn ,

where uk and vk correspond to the eigenfunctions ek and fk. We then have

ν(M) = 2πL and η =
1

L2
.
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The lower bound in Theorem F.6 yields

trel(P̂
(σ)) ≥

(
πL3

2min
{
akk2 : k ∈ {1, . . . , n}

})1/2

. (F.15)

The dependence of the relaxation time on the size parameter L in the limit L→ ∞ is of
particular interest, as it gives information on the rate at which the process explores its
ambient space.

Remark F.8. As explained in Remark F.1, in this setting Vt(x) = (W ∗Lt)(x), where Lt

is the local time density of (Xt) at time t. The finite-dimensional system (F.4) introduced
above is hence obtained as the gradient of an approximation of the local time in Fourier
domain. Instead considering spatial discretisations of the local time leads to self-repelling
random walks on the discrete circle. These can be treated using the framework of second-
order lifts in a similar fashion, see [100].

Example F.9. As a first simple case, consider

V (x, y) = a cos(k(x− y)/L) =
1

πL

(
a cos(kx/L) cos(ky/L) + a sin(kx/L) sin(ky/L)

)
with k ∈ N and a > 0. Theorem F.6 then yields the lower bound

trel(P̂
(σ)) ≥

( πL3

2ak2

)1/2
. (F.16)

on the relaxation time. Regarding the upper bound on the relaxation time, a direct
computation shows that

1

(πL)2

ˆ 2πL

0
cos(kx/L)j sin(kx/L)4−j dx =


1

4πL if j = 2 ,
3

4πL if j ∈ {0, 4} ,
0 if j ∈ {1, 3} ,

so that χ̃ = χ =
√

2 · ( 3
4πL)

2 + 8 · ( 1
4πL)

2 =
√
26

4πL . This yields

C2
1 = 16πL · 7

√
26

4πL
= 28

√
26 < 143 and C2

2 =
8πL

a
,

so that Theorem F.7 yields

trel(P̂
(σ)) ≤ C

(
σ2
L

a
+ σ−2(1 + L2)

)
. (F.17)

Choosing a diffusivity minimising this upper bound yields

trel(P̂
(σ∗)) ≤ C

√
(L+ L3)/a with σ2∗ ∝

√
a/L+ aL .

Comparing this to the lower bound (F.16), we see that, for this choice of σ, the upper
bound is sharp up to a factor of a constant times k in case L ≥ 1.
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In comparison, [24, Theorem 6] yields the upper bound1

trel(P̂
(σ)) ≤ C L2 (1 + aλ)2

a2λ2

(
σ2λ2 + λ

(
1 +

√
1 + aλ

L

)
+ σ−2

(
1 +

√
1 + aλ

L

)2)
,

where λ = k2

L2 . This upper bound is much weaker than the one in (F.17) obtained here,
both in the limiting regimes L → 0 and L → ∞, as well as when choosing a minimising
diffusivity. In particular, it cannot achieve the lower bound (F.16), since when choosing
a minimising diffusivity, we have

trel(P̂
(σ)) ≤ C L2 (1 + aλ)2

a2λ2
λ
(
1 +

√
1 + aλ

L

)
with σ2∗ ∝ λ−1

(
1 +

√
1 + aλ

L

)
.

Fixing a and k, this yields a relaxation time of the order O(L4) as L→ ∞ and the order
O(L−2) as L→ 0.

Example F.10. Let us further investigate how the bounds on the relaxation time depend
on the parameter n in (F.14). Note that we have χijkl ̸= 0 if and only if (i, j, k, l) admits
a partition into two tuples (not necessarily of the same size) of equal sum, and the same
holds for χ̃ijkl. Therefore, there exists a universal constant C such that

χ ≤ Cn3/2/L and χ̃ ≤ Cn3/L .

This yields

C2
1 ≤ C

n3
∑n

k=1 akk
2

min
{
akk2 : k ∈ {1, . . . , n}

} and C2
2 ≤ C

L

min
{
ak : k ∈ {1, . . . , n}

} ,
and we observe that the dependence on L does not change compared to the simpler case
of Example F.9. In particular, if we choose ak = 1 for all k ∈ {1, . . . , n}, we obtain an
upper bound

trel(P̂
(σ)) ≤ C

(
σ2L+ σ−2(n6 + L2)

)
on the relaxation time. Similarly, with ak = 1

k2
for all k ∈ {1, . . . , n}, we have

trel(P̂
(σ)) ≤ C

(
σ2Ln2 + σ−2(n4 + L2)

)
.

Again, in comparison [24, Theorem 6] yields the upper bound

trel(P̂
(σ)) ≤ C L2 (1 + Λ0)

2

Λ2
0

(
σ2Λ2

1 + Λ1

(
n+

n3
√
1 + Λ1

L

)
+ σ−2

(
n+

n3
√
1 + Λ1

L

)2)
,

where Λ0 = min
{
ak

k2

L2 : k ∈ {1, . . . , n}
}

and Λ1 =
∑n

k=1 ak
k2

L2 . In the two cases
mentioned above, we have

Λ0 =
1

L2
, Λ1 ≤ C

n3

L2
if ak = 1 for all k ∈ {1, . . . , n} ,

Λ0 =
1

L2
, Λ1 =

n

L2
if ak =

1

k2
for all k ∈ {1, . . . , n} ,

yielding worse dependence on n in both cases.
1The statement of [24, Theorem 6] contains an error in the claimed rate λ. A factor of η (the spectral

gap, or η1 in the notation of that paper) is missing in K1. Note that it is still present in the proof,
specifically Proposition 5.
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F.4. Convergence to equilibrium

We consider the family (P̂
(σ)
t )t≥0 of semigroups on L2(µ̂) associated to the self-repelling

diffusion (F.4) with diffusivity σ ≥ 0. Recall that their generators admit the decomposi-
tion

L̂(σ)f = L̂f +
σ2

2
∆Mf for all f ∈ Dom(L̂(σ))

given in (F.5). Convergence to equilibrium of these semigroups can be shown using a flow
Poincaré inequality, which can be established for second-order lifts using the framework
of [97, 99]. In our setting, the general framework reduces to Theorem F.11. Recall that
(E ,Dom(E)) denotes the Dirichlet form (F.6) associated to L, and let

Πf(u, x) =
1

ν(M)

ˆ
M
f(u, y)ν(dy) =

ˆ
M
f(u, y)κ(dy) .

Theorem F.11. Assume that

(i) the operator (L̂,Dom(L̂)) is a second-order lift of (L,Dom(L)) such that g ◦ π ∈
Dom(L̂∗) and L̂∗(g ◦ π) = −L̂(g ◦ π) for all g ∈ Dom(L);

(ii) the operator (L,Dom(L)) has purely discrete spectrum on L2(µ) and a spectral gap
m > 0, i.e.

∥g − µ(g)∥2L2(µ) ≤ 1

m
E(g)

for all f ∈ Dom(E);

(iii) there exist constants C1, C2 > 0 such that〈
L̂(g ◦ π), L̂(f −Πf)

〉
L2(µ̂)

≤ C1∥Lg∥L2(µ)∥∇Mf∥L2(µ̂) , (F.18)〈
L̂(g ◦ π),∆Mf

〉
L2(µ̂)

≤ C2∥Lg∥L2(µ)∥∇Mf∥L2(µ̂) (F.19)

for all f ∈ Dom(L̂) with Πf ∈ Dom(L̂) and g in a core of L;

(iv) the Laplace-Beltrami operator ∆M on M has a spectral gap

η = inf spec(−∆M ) \ {0} > 0 .

Then there exists a universal constant C > 0 such that, for any T > 0 and σ > 0, the
semigroup (P̂

(σ)
t ) generated by (L̂(σ),Dom(L̂(σ))) satisfies

∥P̂ (σ)
t f∥L2(µ̂) ≤ e−ν(t−T )∥f∥L2(µ̂) for all t ≥ 0 and f ∈ L2

0(µ̂),

where the rate ν is given by

ν = C
σ2

σ4C2
2 + C2

1 + 1
η (1 +

1
mT 2 )

. (F.20)
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Proof. The statement is a direct consequence of [97, Theorem 12].

We will now apply this result to prove the upper bound in Theorem F.7 on the relax-
ation time of self-repelling diffusions.

Lemma F.12. For any g ∈ C∞
c (Rn),

ˆ
Rn

|∇Φ|2|∇g|2 dµ ≤ 2

(
n∑

k=1

ak|λk|

)ˆ
Rn

|∇g|2 dµ + 4

ˆ
Rn

∥∇2g∥2F dµ ,

where ∥∇2g∥F denotes the Frobenius norm of ∇2g.

Proof. Using integration by parts, we estimate
ˆ
Rn

|∇Φ|2|∇g|2 dµ =

ˆ
Rn

∆Φ|∇g|2 dµ+ 2

ˆ
Rd

∇Φ⊤∇2g∇g dµ .

Now,

2∇Φ⊤∇2g∇g ≤ 2|∇Φ| |∇g| ∥∇2g∥F ≤ p|∇Φ|2|∇g|2 + 1

p
∥∇2g∥2F

for any p > 0 by Young’s inequality. Choosing p = 1
2 and rearranging finishes the

proof.

The inequality in Lemma F.12 can in fact immediately be sharpened by replacing the
Frobenius norm with the spectral norm of ∇2g. The Frobenius norm is, however, more
conveniently bounded by Bochner’s identity which we will use below.

Lemma F.13. The operator (L̂, C∞
c (Rn ×M)) is antisymmetric, i.e.

ˆ
Rn×M

f · L̂g dµ̂ = −
ˆ
Rn×M

L̂f · g dµ

for any f, g ∈ C∞
c (Rn ×M).

Proof. Note that the adjoint of ∂uk
with respect to µ is given by ∂∗uk

f(u) = −∂uk
f(u) +

ak|λk|ukf(u). An integration by parts thus yields

ˆ
Rn×M

f · L̂g dµ̂ =

ˆ
Rn×M

f(u, x)
n∑

k=1

(
ek(x)∂uk

g(u, x)− akuk⟨∇Mek(x),∇Mg(u, x)⟩
)
dµ̂

=
n∑

k=1

ˆ
Rn×M

(
−∂uk

f(u, k)ek(x) + ak|λk|ukf(u, x)g(u, x)
)
dµ̂

+
n∑

k=1

ˆ
Rn×M

akukg(u, x)∇M · (∇Mek(x)f(u, x)) dµ̂

=
n∑

k=1

ˆ
Rn×M

(
−∂uk

f(u, k)ek(x) + ak|λk|ukf(u, x)g(u, x)
)
dµ̂
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+
n∑

k=1

ˆ
Rn×M

akukg(u, x)
(
∆Mek(x)f(u, x) + ⟨∇Mek(x),∇Mf(u, x)⟩

)
dµ̂

= −
ˆ
Rn×M

L̂f · g dµ̂ .

Proof of Theorem F.7. The claim follows from Theorem F.11 if we can show that condi-
tions (i)–(iv) are satisfied with m, C1, and C2 as claimed. To this end, condition (i) is
satisfied by Theorem F.5 and Lemma F.13, and condition (ii) is satisfied with

m =
min

{
ak|λk| : k ∈ {1, . . . , n}

}
2ν(M)

by (F.12). We turn to condition (iii) and the constant C1. For g ∈ C∞
c (Rn) we have

L̂(g ◦ π) ∈ Dom(L̂∗) and

L̂∗L̂(g ◦ π)(u, x) = −e(x)⊤∇2g(u)e(x) +∇Φ(u)⊤Λ−1⟨∇Me(x),∇Me(x)
⊤⟩∇g(u) ,

where the term ⟨∇Me(x),∇Me(x)
⊤⟩ is to be understood as

⟨∇Me(x),∇Me(x)
⊤⟩ = (⟨∇Mek(x),∇Mel(x)⟩)nk,l=1 ∈ Rn×n .

Then
ˆ
M
(L̂∗L̂(g ◦ π)(u, x))2κ(dx)

≤ 2

ˆ
M

(
e(x)⊤∇2g(u)e(x)

)2
+
(
∇Φ(u)⊤Λ−1⟨∇Me(x),∇Me(x)

⊤⟩∇g(u)
)2
κ(dx)

=
2

ν(M)

n∑
i,j,k,l=1

∂ijg(u)∂klg(x)χijkl +
2

ν(M)

n∑
i,j,k,l=1

∂iΦ(u)∂jg(u)∂kΦ(u)∂lg(u)χ̃ijkl

≤ 2

ν(M)

(
∥∇2g(u)∥2Fχ+ |∇Φ(u)|2|∇g(u)|2χ̃

)
By Lemma F.12, we thus obtain

ˆ
Rn×M

(L̂∗L̂(g ◦ π))2 dµ̂ ≤ 2χ

ν(M)

ˆ
Rn

∥∇2g∥2F dµ+
2χ̃

ν(M)

ˆ
Rn

|∇Φ|2|∇g|2 dµ

≤ 2χ+ 8χ̃

ν(M)

ˆ
Rn

∥∇2g∥2F dµ+
4χ̃
∑n

k=1 ak|λk|
ν(M)

ˆ
Rn

|∇g|2 dµ .

Bochner’s identity yields

ˆ
Rn

(∇∗∇g)2 dµ =

ˆ
Rn

∥∇2g∥2F dµ+

ˆ
Rn

n∑
k=1

ak|λk|(∂uk
g)2 dµ , (F.21)
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so that, since L = − 1
2ν(M)∇

∗∇ by (F.11),

ˆ
Rn×M

(L̂∗L̂(g ◦ π))2 dµ̂ ≤ C2
1

ˆ
Rn

(Lg)2 dµ

with

C2
1 = 8ν(M)

(
χ+ 4χ̃+

2χ̃
∑n

k=1 ak|λk|
min

{
ak|λk| : k ∈ {1, . . . , n}

}) .

Therefore, (F.18) is satisfied with this choice of C1 by the Cauchy-Schwarz inequality.
Turning to the constant C2, integration by parts, the Cauchy-Schwarz inequality and

orthonormality of the ek yields

⟨L̂(g ◦ π),∆Mf⟩L2(µ̂) =

ˆ
Rn×M

n∑
k=1

ek(x)∂uk
g(u)∆Mf(u, x) µ̂(du dx)

=

ˆ
Rn×M

〈 n∑
k=1

∂uk
g(u)∇Mek(x),∇Mf(u, x)

〉
µ̂(du dx)

≤
(ˆ

Rn×M

∣∣∣ n∑
k=1

∂uk
g(u)∇Mek(x)

∣∣∣2µ̂(du dx))1/2( ˆ
Rn×M

|∇Mf |2 dµ̂
)1/2

=
1√
ν(M)

(ˆ
Rn

n∑
k=1

|λk|(∂uk
g)2 dµ

)1/2
∥∇Mf∥L2(µ̂) .

By Bochner’s identity (F.21) we thus obtain

⟨L̂(g ◦ π),∆Mf⟩L2(µ̂) ≤ C2∥Lg∥L2(µ)∥∇Mf∥L2(µ̂)

with
C2
2 =

4ν(M)

min
{
ak : k ∈ {1, . . . , n}

} .
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