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��K�1!59K�Aa��K�3659K�1�
 MB0�K�v!K=�!,#> �r,
?_0�M6M6AÀL®DE1FITK�0oK�0.1!K�3QMkK�v93«190�K(573B0.:~K�1��!36K(�$8!K�19� 
 1wDEv!K�DEL�{}J�K�0�ukv!MBA63624L��k�wDE8wukv_¨ � ���wDEJ.J 
 +�570��
36K(urA}u�893B36K�1$A.- �À:~K�1wDE191$A �«891!5�K�0.1!K�3}M6K�v93Qv!24v!K�1@570�K�M6ukv!K�0.1$IwDE36K�1 MB�TK��(0�ÇwM6ukv!K�1 �±0�59K�36MBAkªE1!59K

�



� � � � � � ��� � ��� ��� ��� � � � ��� � � ������

ρω→0
I9�(�<,

ρω→∞
�!M62�P4DE191_L®DE1 �9ITK�3S570�K=36K�JhDEAB0.C*K�¨}0 	ÃK�36K�19�|59K�1_Mk24:~K�1wDE191$A6K�1��!36K(�$8!K�19��K ³ �

³ K�P$Aa59KrÇ!190�K�36K�1J0
FE =

ρω→0 − ρω→∞

ρω→∞


j>7, � �
���«0�M6ukv!K�1ÄRS8��D457IwDE3BP*K�0.A 891!5��!36K(�*8!K�19��K 	ÃK�P$A ITK(MBA6K�v$A K�0.1!K±K�19:~K ²ÀK��(0�K�v$8919:!, �±0.365�59K�3
/H0.1!MkukvwDEJ.ABC~243B:*DE19: 
 /H0.1!M6ukvwDEJ.A6K�1�59K(M±O$AB3624LK(M

IP
��8!3±�TK�0.A

t = 0
��ITK�AB3kD4ukv$A6K�A�� M62 0�MBA

limt→∞ V (t) ∝ ρω→0
891!5

limt→0 V (t) ∝ ρω→∞

 M�,#D7,�� �@(� � ?�*oH (�U 9� 4Vh�T+��-�-�/. �r,9/�1$A6MB�936K(ukv!K�1!5

:-0.J.A 
 MB0�K�v!K�DE8!ukv_RSI9I90.J�578919:¢>7,.+�

m =
VS

VP
=

limt→∞ V (t) − limt→0 V (t)

limt→∞ V (t)
=

ρω→0 − ρω→∞

ρω→0
=

FE

FE + 1


j>7,#y �
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0
I90�M ∞ M6ukv!241 DE1!59K�89A6K�A�, �Q893 ³ �93�891!K�1!57J.0�ukv!K�I936K�0.A6K_O$�TK�P$AB36K�1 8!1!5�TK�0.AB36K�0.v!K�1Jhª4MkMBA�MB0�ukv

C*241�K�0�1wKrL�²ÀK�36K�0�ukv@Kr�9DEP[AQ0.1�59K�1@DE1!59K�36K�1�AB3kDE1!M ³ 243BL�0�K�36K�1�,�°p1_59K�3}GH3kD��[0�MQJ.0�K�:-A}2 ³ Aa1$893SK�0.1!K
¨UK�P-D459KU�(�«0�Mkukv!K�1_59K�1FITK�1$89AB�(A6K�1��!36K(�$8!K�19��K�1�,

FE
190.L�L|A��(89LK�0�MBA P[J�K�0.1!K�� K�3BA6K}DE1��*��24L�0.A

FE ≈ m
:-0.J.A�,$¨}0�K(M 0�MBA�DE8wukv¢59K�3À{U3B891!5®5wD ³ �93��

5!D4M6M|vwªE87Ç!: 59K�3��93624��K�1$AB8wDEJ�K��!36K(�$8!K�19��K 	\K�P[A �9ITK�3
PFE = 100 · FE

ITK�1$89AB�(A��«0.365Ã, � K�0��
A6K�3Bv90.1�Kr�[0�M6AB0�K�3BA 1!2$ukv�59K�3�M624:~K�1wDE191$A6K +�?�K�AkDEJ.J ³ DEP$A6243.- 
 K�0.19:~K ³ �9v93BAÀC*241xD 9�*GF)�19� 6 �9�>@HlD 9IHIH!(�>
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MF = 2π · 105 FE

ρω→0
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?@K(M6MB8919:!, �SK�ITK�1 K�0.1!K�L;O$�TK�P$AB3B89L ³ �93570�K�²ÀK�AB3kªE:~KF59K(M �±0�59K�36MBAkDE1!59K(M��K�3659K�11$891 DE8!ukv
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I0
�r�-L|89J��
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�~59K�3 MB0�ukv DE8!M 59K�3 ?@K(M6MB:~K(24LK�AB3B0�KQK�3B:-0.I9A 
jDE1wDEJ�24:
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|ρa| = K
U0

I0


j>7,&¬ �

¨}0�KSGHvwD4MkKSK�3B:-0.I9AÀMB0�ukv�DE8!MÀ59K�3 ��K�0.ABJ.0�ukv!K�1�©�K�36M6ukv!0.K�I98!19:
∆t

59K(M«O$�wDE191$8919:~MY��:~K�:~K�1 �9ITK�3«59K�L
O$AB3624LM60.:-1wDEJe, /H0.1!KF© Kr3kM6ukv90�K�I98919:m89L¯K�0.1!K¸C*24J.J�K¸G�K�3B0�2$59K
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L®DEA6K�3B0hDEJ LK�AkDEJ ³ D4u�A6243 ? 
eO"%Eu�L �
�!3kD4u�AB8936Kr�jÇ!J.J.0.19:¢MB89J�Çw59K(M +��-�-� � +��-�-�-�

G�243B�9v$z$3Bz¸u(24�9�TK�3 N-� � +�y-�-�
O$vwDEJ�K�MB89J�Çw59K(M N � N-�-�

� JhD�z[M + � N-�-�
Åo8	\M + � +��-�

{}3kDE�9v90.AB0�u�MkDE1!59MBA6241!K�DE1!5¸J.0.LK(MBA6241!K � � �-�
{U3kD�C~K�J � � >-�-�

RQJ.J.89C[0.89L � � >-�-�
{}3kDE190.A6K-�!L2419��24190.A6K-�w570�243B0.A6K � � �-�

© DE3B0�248!Ma© 24J.u�DE190�u(M � � �-�
²«D4MB0�u=362$ukP[M 
 IwDE3B36K�1 � + � +��

{}3624891!57�ÀDEA6K�3 �
ÅcDEITK�J�J�K|>7,#>10!¨}0�K�© DE3B0hDEAB0�241 5!K�M¸?@KrA	DEJ�J ³ DEP[A62436M

MF
ITK�0UC*K�36M6ukv90�K(59K�1!K�1�?@DEA6K�3B0hDEJ.0�K�1��À1wD4ukv

� ��(+ ��?�*�H`(�Ua9� NVh�Ã+��-�-�/.�,

φ = 2π
Kr1[A6MB�936K(ukv!K�1�,w/�MQK�3B:-0.I9AQMB0�ukv ³ 24J.:~K�1!59K�²�K��(0�K�v$8919:C0

φ

2π
=

∆t

1/f
⇒ φ = ω · ∆t


j>7,#� �

?_0.A¢K�0�1wKrL ?@K(M6MB��K�3BA ³ �93 ²ÀK�AB3kDE:�891!5±GHvwD4M6K_0�MBA¢K�M 1wDEv!K�J.0�K�:~K�1!5Ã��ITK�0�59K �mK�3BA6K_�(8 K�0.1!K�L
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MB�TK��(0�ÇwM6ukv!K �±0�59K�36MBAkDE1!5FMBA6K�J.J.AQMB0�ukv_5!DE191_5!DE3SDEJ�M=0

ρ(ω) = <(ρ(ω)) + i · =(ρ(ω))

j>7,#� �

L�0.A |ρ(ω)|2 = <(ρ(ω))2 + =(ρ(ω))2
891!5

φ(ω) = arctan

(=(ρ(ω))

<(ρ(ω))

) ,
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ρω→∞
,
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R0
891!5

R1
MBA6K�v!K�1 ³ �93 570�KS�QK�0.I98919:~MB�

C~K�3BJ.8!MBA6K-�
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R(ω)

ITK�07GHDE3kDEJ.J.K�J���I9�(�<,
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1

R(ω)
=

1

R0
+

1

R1 + (iωX)−c
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R(ω) = R0 −
R2

0

R0 + R1
+

R2
0

(R0 + R1) (1 + (iωX)c(R0 + R1))

, 
j>7,.+�� �

�Q891_K�36M6K�AB�(AaL®DE1

m :=
R0

R0 + R1
und τ := X

(

R0

m

)1/c

891!5FKr36vwªEJ.AQ570�K<M624:~K�1wDE191$A6K ��24J�Kr����24J�K��w243BLK�J�0.1_59K�3a�w243BL

R(ω) = R0

(

1 − m

(

1 − 1

1 + (iωτ)c

)) , 
j>7,.+�y �

m
0�MBA v90�K�3BITK�0��«0�K(59K�3À570�KQRS8��D457IwDE3BP~K�0.A��[570�KaITK�36K�0.A6M 0.1�{UJ�K�0�ukv$8919:�>7,#y�K�0.19:~K ³ �9v93BA��«893659K-,$RQ1

570�K O$A6K�J.J�K 59K�3ÆMB�TK��(0�ÇwM6ukv!K�1 � 0�59K�36M6AkªE1!59K�AB36K�A6K�1�v90�K�3Æ570�K � 0�59K�36M6AkªE1!59K
R0

891!5
R1
,����93

ω → 0�«0.365 59K�3�{UK(MkDEL|Ap�«0�59K�36M6AkDE1!5 �(8
R0
�\5!D¢59K�3UP~241!59K�1!M	DEA6243kDE3BAB0.:~K�RS1$A6K�0.JHMB�TK�3B3BA��\ITK�0

ω → ∞0.M6A|59K�3{UK(MkDEL|Ap�«0�59K�36MBAkDE1w5
(R0 · R1)/(R0 + R1)

�Æ5!D_59K�3|0.L®DE:-0.1wªE36K�RS1$A6K�0.J C*K�36M6ukv$�«0.1!59K�A�,
m
K�1!MB�93B0�ukv$A DEJ�Mk2 DE8!ukvv90�K�3

m = (Rω→0 − Rω→∞)/Rω→0
891!5K�0.1!K¸��K�0.A6K�36K_DEJ.A6K�3B1wDEAB0.C*K

O[ukv936K�0.I$��K�0�M6K ³ �93a59K�1 ³ 36K(�$8!K�19�·DEI9vwªE19:-0.:~K�1g{UK(MkDEL|Ap�«0�59K�36M6AkDE1!5_K�3B:-0.I9AQMB0�ukvJ0

R(ω) = Rω→∞ +
Rω→0 − Rω→∞

1 + (iωτ)c


j>7,.+�� �

°�1m570�K(M6K�3|RQ3BA=Ç!1!59K�A�MB0�ukvm570�K {UJ�K�0�ukv$8919:_�~, ²U,�0�1 �3X�(+ YUZ?�> (�U�9� 4Vh��+��~¬4�C&\.��o0.L�{=K�:~K�1!MkDEAB�®�(893
O[ukv936K�0.I$��K�0�M6KF1wD4ukv KM?� N(u9B>@H KM?� N(`�.+��E�!++.�����2mDE1!MBA6K�J.J�KF59K�3 �±0�59K�36MBAkªE1!59K_¨S0�K�J�K�P[AB3B0.�(0.AkªEA6K�1
C~K�3B��K�1!59K�A|�«893659K�1��o�TK�3��oDE�9JhD4u(K Åo3kDE1!M ³ 243BL®DEAB0�241 DEI9:~K�J�K�0.A6K�A�DE8!M|59K�L �TK�0.ABC*K�3BvwDEJ.A6K�1 K�0.1!K�3
Gc24JhDE3B0�MkDEAB0�241�,9¨=DEL�0.A«MBA6K�J.J.A

τ
570�K=�TK�0.ABP*241!MBAkDE1$A6KU5!DE3��9DEJ�M62�570�K}�SK�JhD��9DEAB0�241!MB��K�0.A«59K(MÀGH3624��K(MkM6K(M

L�0�AQ59K�3Q/H0.19v!K�0.AUO[K�P[891!59K�1�,
RQ8!ukv 5!D4M�MB�TK�P[AB3kDEJ�K ©�K�3BvwDEJ.A6K�159K�3�GHvwD4M6K�1DE8!M�RQI9I90.J�578919: >7,#N_�«0.365 DE19vwDE1!5 59K(M�/H36MkDEAB���
M6ukvwDEJ.ABI90.J�59K(M 
 RQI9I90.J�578919:�>7,#y7�*3kK�ukv[A6M �HP[JhDE3=0*²ÀK�0�190�K(573B0.:~K�1��!36K(�$8!K�19��K�1 P-DE191¢570�KSGc24JhDE3B0�MkDEAB0�241
59K�L�ªE8 �~K�36K�1_�wK�J�5 
 I9�(�<,9570�K�O$�wDE191$8919:®59K�L O$A63624L � ³ 24J.:~K�1�891!5¸K(M«K�1$A6MBA6K�v[A«P~K�0.1!K=GHvwD4M6K�17�
C~K�36M6ukv90�K�I98919:!,\���93}MkK�v93Sv!24v!K��!36K(�$8!K�19��Kr1 I9J�K�0.I9A}P*K�0.1!K��TK�0.A ³ �93}59K�1 RS8 ³ IwDE8@C~241 Gc24JhDE3B0�MkD��
AB0�241!K�1��9�ÀD4MaK�ITK�1 ³ DEJ.J�Ma�(8FP~K�0.1!K�3QGHvwD4M6K�1$C*K�36M6ukv90�K�I98919: ³ �9v93BA�, �S893«�(�«0�M6ukv!K�1_570�K(M6K�1_/��7AB36K�L®D
:-0�I!AQK(M«LK(M6MBIwDE36K<GHvwD4M6K�1!K 	ÃK�P[A6K-,
�w8P[JhªE36K�1I9J�K�0.I9A 570�Ka�!8919P[AB0�241®59K(M�GHDE3kDELK�A6K�36M

c
, ��	\K�1$IwDE3 vwªE19:-A 570�K(MkKr3�L�0.A 59K�3�© K�3BA6K�0.J.8919:

C~K�36M6ukv90�K(59K�1!K�3U�QK�JhD��!DEAB0�241!MB�93624��K(M6MkK���8wMkDEL�LK�1�,����93
c = 1

K�3BvwªEJ.A}L®DE1@Kr0.1!K 
 K�0.19��K�J.1!K�'�=D��
�wDE�(0�A	ªEA�� ³ �93

c = 0
K�3B:-0.I9AÀMB0�ukv�K�0.1¢P~241!M6AkDE1$A6K�3 � 0�59K�36M6AkDE1!5 I9�(�<,[K�0.1�M6K�v93ÀMBAkDE3BPC*K�3BI936K�0.A6K�3BA6K(M

O$�TK�P$AB3B89L�C*241@�QK�JhD��!DEAB0�241!MB��K�0.A6K�1�,Ã���«0�Mkukv!K�1
0
891!5

1
J.0�K�:~K�1gDE8!ukv 570�K�ABv!K(2436K�AB0�Mkukv!K�1 {U36K�17�

�(K�1 ³ �93S570�K(M6K�1@G�DE3kDELK�A6K�3��T59K�1�L®DE1 DEJ�M +��!36K(�*8!K�19��Kr�7�T241!K�1$A6K�1 -�ITK���K�0�ukv91!K�A�,T°p1_5!Kr1 ³ 3 �9v!K�1
²�K(M6ukv93kKr0.I98!19:~K�1 
 �~, ²},[��D 9�*GF)�%9B 6 [9B>@HjDE9IHIH!(+>���+��-y-�/. ���«893659K¢LK�0�MBA

c = 0, 5
:~K(MkK�AB�(A�891!5

5!DEL�0.AaK�0.1!K ��DE3BI9893B:4��°�L��TK(5!DE19��:~K��ÀªEv9J.A��!570�K ³ �93«36K�0.1F570 	T8!M60�241!MBP~241$AB3624J.J.0�K�3BA6K�K�J�K�P$AB362$ukv!K�L�0��
M6ukv!K|GH3624��K(M6M6K�MBA6K�v$A�,�?�0.AS59K�3<�TK�0.AS�«893659K�1gDEITK�3}C~K�3BLK�v93BA �mK�3BA6K ³ �93

c
�(�«0�M6ukv!K�1

0, 25
891!5

0, 35
:~K�LK(M6M6K�1 
 �~, ²U,M�3X�(+ YUZ?�> (�Ud9B 4Vh��+��~¬4�C&\. �}891!5gMkukv9J.0�K �-J�0�ukv 0�M6A ³ K(MBA6��8!vwDEJ.A6K�1��Ã5!D4MkM ³ �93<570�K

LKr0�M6A6K�1_L�0.1!K�3kDEJ.0�MB0�K�3BA6K�1g{=K(MBA6K�0.1!K
c
ITK�0oK�0.1!K�L�?�0.ABA6K�J.��K�3BAQC*241

0, 25
�(�«0�M6ukv!K�1

0, 1
891!5

0, 6J�0�K�:-A�,

+��
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¨}0�K|RSI9vwªE19:-0.:-P~K�0.AU59K(M=O$�TK�P[AB3B89LMSC*241
c
�«0.365�0.1@RQI9I90.J�578919:¸>7,#� 5!DE3B:~K(MBA6K�J.J.A�,T²ÀK�0Æ�ÀD4ukv!M6K�17�

59K�L
c
�«0.365�M62·��24v9JÆ5!D4MS? DE:-190.AB8!59K�17�aDEJ�M}DE8!ukv@5!D4MSGHvwD4M6K�1!MB�TK�P[AB3B89L�M6A6K�0.J�K�3�
 0.1!MBITK(M6241w59K�36K

0.L ²ÀK�36K�0�ukv_59K(MQGHvwD4M6K�19L�0.190.L|89L®M��w5!D4Ma0.1FK�Ap�ÀD�ITK�0��(8
ωmin = 1/τ

J.0�K�:-A �r,

RSI9I90.J�578919:¢>7,#�10!RQI9vwªE19:-0.:-P*K�0.A59K(M�²ÀK�AB3kDE:~MY�=891!5GHvwD4M6K�1!MB�TK�P[AB3B89LM�C*24L ��24J�Kr����24J�KFG�DE3kD��
LKrAkKr3

c
,w�TK�0�ukv91$8919:�DE8!M��3mT(+$T>@9-�w>-�-�-�/.�,

°p1g© K�3BI90.1!578919:_L�0.A�/ ?F���S24�9�9J.8919:~K(1��o0.1!5789P$A60�C*K�1�/
	\K�P[A6K�1m2$59K�3�P4DE�wDE�(0.AB0.C*K�1 �S24�9�9J.8919:~K�1
C*241 �<DEITK�J.1�891$A6K�36K�0.1wDE1!59K�3 2$59K�3HL�0.A�59K�L ²À2$59K�1��4AB36K�A6K�1®DEJ.J�K�36570.19:~M DE8!ukv � K�3BA6K ³ �93

c
1wDEv!K

1DE8 ³ ,E°p1�570�K(M6K�L ��DEJ.J$Ç!1!59K�A�L®DE1DE8!ukv�MkK�v93cP[J.K�0.1!K �mK�3BA6K ³ �93
τ


< 10−4s

��0.Lx© K�3B:-J�Kr0�ukv��(8�59K�1
M6241!M6A��9I9J.0�ukv!K�1 �mK�3BA6K�1 
 �(�«0�M6ukv!K�1

10−3 891!5 104s
�r,�¨S8936ukv 570�K���K�0.AUDE8!M6K�0.1wDE1!59K�3}J.0�K�:~K�1!59K�1

GHvwD4MkK�19L®D��[0.L®D C*241g{UK(MBA6K�0.1�891!5@/�?F���S24�!�9J.8919:�ITK(MBA6K�v$A}590.K�?��4:-J.0�ukv9P*K�0.A��T578936ukv /H3B��K�0.A6Kr�
3B8919:@59K(M ��24J�Kr����24J�K¢?�2$59K�J.J�M�89L �ÀK�0�AkKr3kK4�cM624:~K�1wDE191$A6K ¨}0�MB�TK�36MB0�241$A6K�3BLK-�o1wD4ukv ²ÀK(MBAB0.L�LK�1
59K�3 �U893BC*K�19�wDE3kDELK�A6K�3 570�K �S24�9�9J.8919:~M	DE1$A6K�0.J�Ka36K(ukv91!K�3B0�M6ukv�(8K�1$A ³ K�3B1!K�1 
 5!DE�(8x� ��(+ ��?B*oHT(�Ut9� NV��
+��-�-�/. �r,w¨UK�3 ³ 36K(�*8!K�19�·DEI9v�ªE19:-0.:~K�MB�TK��(0�ÇwMkukv!K � 0�59K�36M6AkDE1!5FMBA6K�J.J.AQMB0�ukvF5!DE191�5!DE3QDEJ�MR0

ρ(ω) = ρ0

(

1 − m1

(

1 − 1

1 + (iωτ1)c1

)

− m2

(

1 − 1

1 + (iωτ2)c2

)

+ · · ·
) , 
j>7,.+·¬ �

¨UK�AkDE0.J�Ma�(8_570�K(M6K�L ÅÀv!K�L®D�Ç!1!5!Kr1�MB0�ukv¸0.1�y7,.+-,

�}K�ITK�1 59K�L ��24J�Kr����24J�K}?�2$59K�J.Je�$5!D4M �(89L´²ÀK(M6ukv936K�0.ITK�1�59K(MÀO$�TK�P$AB3kDEJ.C*K�3BvwDEJ.A6K�1!M�ITK(M6241!59K�36M 0.L
��DEJ.JHK�J�K�P[AB36241!K�19J�K�0.A6K�1!59K(3�?@DEA6K�3B0hDEJ.0�K�1 0.1g59K�3=/H3B��Kr�7�9J�243kDEAB0�241mK�3 ³ 24J.:-36K�0�ukvgC*K�3B��K�1!59K�A=�«893659K-�
:-0.I9A�K(M�DE1!59K�36K¢?@2$59K�J.J�K-�c570�K®0.L ��DEJ�J�C*241 O7K�590�LK�1[AB:~K(MBA6K�0.15!D4M��936K(�$8!K�19�(C*K�3BvwDEJ.A6K�1 ITK(M6M6K�3
DE19�wD4MkM6K�1�,4/H0.1MB�TK�P$AB3kDEJ�K�3H©�K�3BJhDE8 ³ �459K�3�vwªE87Ç!:=ITK(24IwD4ukv$A6K�AH�«89365!K4�4ITK(MBA6K�v$AH0.1�K�0.1!K�3HM6K�v93�JhDE19:4�
MkDELÈL�0.A<59K�3=�!36K(�$8!K�19��C4DE3B0.0�K�36K�1!59K�1�GHvwD4M6K 
 �~, ²U,M��P 5w>�(-,!9�*k9B>@H nT9
	�$k9�>���+��-�E��. �r, � 0�ukv$AB0.:

+·¬
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0.M6A<v90�K�3BITK�0�DEJ.J�K�36570.19:~M�59K�3��!36K(�$8!K�19�(ITK�36K�0�ukv�,Æ²ÀK�36K�0.A6M ³ 3 �9v!K�3 
���PQ?R?�*G�!5 F (�U�9� NV���+��~¬4N/. �U�«893659K
Kr0.1F© K�3BvwDEJ.A6K�1_5!Kr3Q�w243BL

ρ(ω) = k · (iω)−b 
j>7,.+�� �
ITK�Mkukv93B0�K�ITK�1��oL�0.A|59K�3|²�K(Mkukv93kªE19P$8919:@59K�3�{ �9J.AB0.:-P~K�0.A�DE8 ³ 59K�1 +��!36K(�$8!K�19�(ITK�36K�0�ukv�C*241m°p1$A6K�3Y�
K�MkM6K -	,

k
0�MBA¢v90�K�3BITK�0=K�0.1!K �S241!MBAkDE1$A6K-�

b
�T2-MB0.AB0.C 8!1!5 P[J�K�0.1!K�3

1
,�°pL :-J�K�0�ukv!K�1�RS3BAB0.P~K�J}�«0.365

DEJ�J�K�36570.19:~MSITK(M6ukv93B0�K�ITK�1���5!D4M6MQ5!D4Ma:~K(MkDEL|A6K�O$�TK�P[AB3B89L�MB0�ukvF:-89A}DE1_5!D4MQ¨}3kDEP*Kr��?@2*5!KrJ.Jo0.1�59K�3
�!243BL

ρ(ω) = k · (iω + ωl)
−b 
j>7,.+�� �

DE19�wD4M6M6K�1@Jhª4MkMBA�,
ωl
�wITK���K�0�ukv91!K�A�DEJ�M#+eJ�2·�«� ³ 36K(�$8!K�1!u�z_�T24J�K -	�T0�MBAU570�K��936K(�$8!K�19�~�\24ITK�3BvwDEJ.Ig59K�36K�3

59K�3 GHv�D4M6K�1$C~K�3BJhDE8 ³ v90.1936K�0�ukv!K�1!5�DEJ�M�P*241!MBAkDE1$A�DE19:~K(M6K�v!K�1 ��K�3659K�1®P-DE191��-I9�(�<,$>7,.+��=:-0.J.A�, �SITK�3Y�
J.K�:-891!:~Kr1C~241 59K�3|L®DEABv!K�L®DEAB0�Mkukv!K�1 O[K�0.A6K®Ç!1!59K�1 MB0�ukv �~, ²U,o0.1 ���C�!"C( �r9�>@H��%?<�!>QF ?�>w� +��~¬4N/.
ITKr0«59K�1!K�15!D4MO$�TK�P[AB3kDEJ.C~K�3Bv�DEJ�AkKr1 0.1 RSI9vwªE19:-0.:-P~K�0.A59K�3�© K�3BA6K�0.J.8919:g59K�3��QK�JhD��!DEAB0�241!MB��K�0.A6K�1
ITKrA63kD4ukv$A6K�AQ891!5F59K(M6M6K�1�DE1wDEJ.z$AB0�M6ukv!K�²�K(Mkukv936K�0.I98919:~K�1@DE8 ³ :~K(MBA6K�J.J.Aa��K�3659K�1�,
¨UD4M�?�2$59K�J.JT59K�3 P*241!MBAkDE1$A6K�1�GHvwD4M6K-�%��G\R 
�+�u(241!MBAkDE1$A��9vwD4M6K}DE19:-J�K - �r�$ITK(MB0.AB�(A«DEJ�J�K�36570.19:~M�190�ukv$A
1$893«5!D4M«G�vwD4M6K�1$C~K�3BvwDEJ.A6K�1o�!5!D4MÀ0.v9L�M6K�0.1!K�1 �}DELK�1¸:*DEI��9M6241!59K�3B1_DE8!ukvFK�0.1�ITK(MBAB0.L�L|A6K(Ma©�K�3Y�
vwDEJ.A6K�1 0.L;²�K�AB3kDE:!,ÀO[2 :~K�v!2436ukv!K�1±1wD4ukv 2dc�*+>�(+*x�.+��-�7++.U�SK�DEJ���891w5 °�L®DE:-0.1wªE3BAkKr0.J}�93kDEP[AB0�M6ukv
59K�LM6K�J.ITK�1gGc24A6K�19�(:~K(MkK�AB��ITK�� �9:-J.0�ukvg0.v936K�3=�!36K(�*8!K�19�·DEI9vwªE19:-0�:-P~K�0.A·,Ã?�0.A

eiφ = cos φ + i sinφ891!5
i = ei π

2

K�3B:-0.I9AQMB0�ukvF8919L�0.ABA6K�J.IwDE3}DE8!MS>7,.+��

φ(ω) = −π

2
b und |ρ(ω)| = ρn

(ω0

ω

)b , 
j>7,#>-� �

tQ0�K�3BITK�0��«893659K
k
DE8!M�>7,.+��_578936ukv

ρnωb
0

K�36M6K�AB�(A��o89L�59K�3 �S241!MBAkDE1$A6K�1 LK�v93�²ÀK(59K�89AB8919:@�(8
:~KrITK�1�,

ω0
�[5!D4M�8936MB�93 �919:-J.0�ukv¸L�0.A

ωl
DE8!M«>7,.+��|�(8!MkDEL�LK�19vwªE19:-A��90�MBAÀK�0.1!K 
 ITK�J.0�K�I90.:~K-�!DEITK�3«2 ³ A

DE8 ³ +(tS�=:~K(M6K�AB�(A6K�«�QK ³ K�36K�19� ³ 36K(�$8!K�19�~�9ITK�0o59K�3
ρ(ω)

59K�1_²ÀK�AB3kDE:
ρn
DE19190.L�L|A�,

RQ8!ukv �(89L ��GTRa��?@2$59K�J.JQ:-0.I9A®K(M��TK�AB3624J�24:-0�M6ukv!K_?@2$59K�J.J.C~2436MBA6K�J.J.8919:~K�1�� 570�K_DEJ.J�K�36570.19:~M36K(ukv$A
P~24L��9J�Kr�9KS{UK(MBAkDEJ.A DE191!K�v9LK�1�,*¨=D4M ² 0.J�5�ITK(MBAkKrv[A DE8!M�K�0.1!K�3 �=K�ABA6K«C*241 ³ 3kDEP$AkDEJ!:~K(M6ukvwD4ukv$A6K�J.A6K�1
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RQI9I90.J�578919:¢>7,#�10!²ÀK�AB3kDE:�59K(MÀM6ukv!K�0.1$IwDE36K�1¸M6�TK��(0 Ç�M6ukv!K�1 �±0�59K�36MBAkDE1!59K(MÀ891!5¢RS8��D457IwDE3BP*K�0.A
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°p1  S1$A6K�3BP-DE�90.A6K�JS>7,#N �«893659KFITK�36K�0.A6M®LK�v93 ³ D4ukv 59K�3¢��8!MkDEL�LK�19vwDE19:��(�«0�Mkukv!K�1 Gc2436K�193	DE89L��
MBAB3689P$AB893=891!5g° G���/
	ÃK�P$A�DE19:~K(M6�9362$ukv!K�1���M62$5!D4MkMUL®DE1mDE8!ukv K�0.1!K�1 ��8!MkDEL�LK�19vwDE19:_�(�«0�M6ukv!K�1
v$z7573kDE89J.0�M6ukv!K�3Q891!5¸P*24L��9J�Kr�7K�3SKrJ�K�P[AB3B0�M6ukv!K�3S��K�0.A ³ ªEv90.:-P~K�0.AQC*K�3BL|89A6K�1_P4DE191�,!²ÀK�0 �9ITK�3B�«0�K�:~K�1!5
K�J�K�P[AB3624J.z$AB0�Mkukv!K�3���K�0.A ³ ªEv90.:-P~K�0.A�Kr1[A6MB�936K(ukv!K�1 570�K � K�:~K 59K(M�K�J�K�P[AB3B0�M6ukv!K�1 59K�1!K�1 59K(M|v$z[573kDE87�
J.0�M6ukv!K�1±O$AB3624LM�,H SL 570�K(M6K_��8!MkDEL�LK�19vwªE19:*K¸ITK(MkM6K�3��(8C*K�36MBA6K�v!K�1��HM624J.J�K�1�(891wª4ukv!MBA®K�0.190.:~K
G�DE3kDELK�A6K�3UDE8!MQ59K�3atSz7573624:~K(24J�24:-0�K<K�0.19:~K ³ �9v93BAQ��K�3659K�1�,
¨}0�K@v$z[573kDE89J.0�Mkukv!K GcK�3BLK�DEI90.J.0.Akª4A

KH
� L�0.A¸59K�3¸/H0.19v!K�0.A

m2 
 I9�(�<,«DE8!ukv v�ªE87Ç!: 0.1 ¨=DE36u�z
L�0.A

1D = 10−12m2 DE19:~K�:~K�ITK�1���DE8 ³ :-3B891!5 59K�3®2 ³ ABL®DEJ�MP$J�K�0.1!K�1 �mK�3BA6K�r�H0�MBA®K�0�1 ? D � ³ �93570�K@¨}8936ukv9Jhª4M6MB0.:-P*K�0.A�K�0.1!K(M¢�T2436�-M6K�1 ?�K(570.89LM¢:~K�:~K�1 �9ITK�3FK�0.1!K�L �cJ.890�5Ã,����93�K�0.1 K�0.1 ³ D4ukv!K(M
�<DE�90.J.JhDE3B36�4v936K(17��?@2$59K�J.J=M6K�AB�(A 570�K �S24��K�1$z$���ÀDE3BL®DE1�{}J�K�0�ukv$8919: 
��3ml?'�R(+> �-�S+��->~¬R.��d�ZKM9�*+$�9B>w�
+��-y-�/. �r�Æ570�K590.K®GcK�3BLK�DEI90.J.0�AkªEA�L�0.A�59K�3|Gc24362-M60.AkªEA�P*24�9�TK�J.A���0.1 DEI9:~K��ÀDE1!59K�J.A6K�3��w243BL

KH
0.1

²ÀK��(0�K�v$8919: �(89L;K 	ÃK�P[AB0.C~K�1±Gc2436K�193kD4570.8wM
reff

891!5 59K�L �w243BL®DEAB0�241!M ³ DEP$A6243
F


 �~, ²U, �3X79 �C(
(�U[9� NV��Ã+��-�-�/. �+0

KH =
r2
eff

8F


j>7,#>-> �
°p1FK�0.1!K�3a8936MB�93 �919:-J.0�ukv!K�36K(1��w243BL�AB3kDEAQ570�K<²ÀK���0�K�v$8!19:

KH =
1

2FS2
por


j>7,#>-N �

>7+
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DE8 ³ ,otS0�K�3BITK�0 0�M6A
Spor

570�K DE8 ³ 5!D4M�© 24J.89LK�1�1!243BL�0�K�3BA6K®0.191!K�36K �SITK�3 ��ª4ukv!K-,����93|K�0.1!K�(z[J.0.17�
573B0�M6ukv!K �<DE�90.J.JhDE36K<L�0.Aa�}D4570.8!M

reff
891!5¸�ÆªE19:~K

l
0�MBAa5!DE191

Spor = (2πreff l)/(πr2
eff l) = 2/r891!5FK�M ³ 24J.:-AS>7,#>->7,

¨}K�3«�w243BL®DEAB0�241!M ³ DEP$A6243
F
�[59K�3«M6ukv!241�0.1¸>7,.+���K�0.19:~K ³ �9v93BAÀ�«8!3659K-�7MBA6K�J.J.A ³ �93À59K�1¸��DEJ.JÃ59K�3�© 24J.J��

MkªEABAB0.:-8919: 

S = 1

�®59K�1±G�3624�T243BAB0�241wDEJ.0.A	ªEA6M ³ DEP$A6243��(�«0�Mkukv!K�1 MB�TK��(0�ÇwM6ukv!K�L � 0�59K�36M6AkDE1!5±59K(M
{UK(MBA6K�0.1!M®891!5 59K(M¢Gc2436K�1�!890�59M¸5!DE3�� K�0.1!K ³ D4MBA¢DE8!M6Mkukv9J.0�K �-J.0�ukv±K�J�K�P[AB3624J.z[AB0�M6ukv!K��oK�0.A ³ ªEv90.:-P*K�0.A
C~243kDE8!MB:~K(MkK�AB�(A�,
²�K�3 �!ukP7MB0�ukv$AB0.:-A�L®DE1 ��K�0.A6K�3Bv90.1 59K�1 ³ 3kDEP[AkDEJ�K�1#� vwDE3kDEP[A6K�3�59K�3�Gc2436K�193kDE89LMBAB3B89P[AB893���ªE1!59K�3B1
MB0�ukvF570�K<GH3624�T243BAB0�241wD4J.0.AkªEA6K(1_�(�«0�Mkukv!K�1

KH
891!5

Spor
�(8 
��3X79 �Q(�(�Ua9� NVh�Ã+��-�~¬R. �+0

KH ∝ 1

FS
2/(3−D)
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j>7,#>E� �

tQ0�K�3BITK�0w0�MBA
D
570�K ³ 3kDEP[AkDEJ�Ka¨}0.LK�1!MB0�241 59K�3�0.191!K�36K�1 �SITKr3 ��ª4ukv!K-�$570�K ³ �!3�570�K«LK�0�M6A6K�1¢{=K�M6A6K�0.1!K

���a0.Mkukv!K�1
2, 0

891!5
2, 5

C4DE3B0.0�K�3BA 
��3X79 �C(T( Ua9� 4Vh�Ã+��-�-�/. �r,wRQ1�O7DE1!59MBA6K�0.19�93624ITK(1_�«893659K<K�0.1 �mK�3BA
C~241

2, 36
:~K�LK(M6MkK�1�891!5 ³ �9v93BA�5!DEL�0.A DE8 ³ K�0.1!K«Gc24A6K�19�aC*241K�Ap�ÀD

3, 1
³ �93

Spor
0.L  S1$A6K�36M6ukv90�K(5

��8!L K�0.1 ³ D4ukv!K�1�?�2$59K�J.J�1wD4ukv�>7,#>-N7,
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KH
��K�3659K�1 1!2$ukv �mK�3BA6K ³ �93

Spor
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F
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Spor
8!1!5 =(σ)

891!5
DE8!ukv��K�0.A6K�36K¸�(8

F
I9�(�<,�5!DE191

KH
,c© 243kDEI M624J.J«1!2$ukv 59K�3 O[ukv93B0.ABAC*24159K�3GcK�3BLK�DEI90.J.0.A	ªEA

��8!L ¨S8!36ukv9Jhª4M6MB0.:-P*K�0�AkMBITK�0.��K�3BA
kf
:~K�L®D4ukv$AQ��K�3659K�1��!5wD�K�3Q570�K<GH3624�T243BAB0�241wDEJ�0.AkªEA6K(1_v90�K�3a1w2*ukv

891$C~K�3kªE1!59K�3BAQJhª4M6M6A�,
²�K�0Ã59K�3À²ÀK�36K(ukv91$8919:�C*241

kf
��K�3659K�1F570�K}/�0.:~Kr1wM6ukvwD ³ A6K�1F59K(M«Gc2436K�1�!890�59M«ITK�3 �!ukP7MB0�ukv$AB0.:-A��7�«0�K

¨S0�ukv$A6K
ρm,fl

891!5F57z[1wDEL�0�M6ukv!K=©S0�MBP*2-MB0.AkªEA
η
,9RQ8!ukv_570�K�O[ukv$��K�36K�ITK(M6ukv9J�K�8!190.:-891!:

g
�!0�K �-AQKr0.1�,

¨UDEL�0.AaJhª4MkMBAaMB0�ukvF59K�3
kf
� �mK�3BAQM6ukv936K�0.ITK�1@DEJ.MR0

kf =
KH · ρm,fl · g

η

, 
j>7,#>-y �

²�K�0«O$AkDE1!5!DE3657ITK(570�19:-891!:~K�1 

g = 10m

s2

�
ρm,fl = 1000 kg

m3

891!5
η = 10−3Pa · s

�<K�1$A6MB�93B0�ukv$A
5!DEL�0.AoK�0.1�¨=DE36u�zUK�Ap�ÀD

10−5 m
s

,(¨}0�K�/H0.19v!K�0.A
m/s

K�1$A6M6�93B0�ukv$AoK�0.1!K�L�DE8 ³ 570�K �S8!K�36M6ukv9190.ABA6M ��ª4ukv!K
A
1!243BL�0�K�3BA6K�1�© 24J�8!LKr1wMBAB3624L

Q


m/s = m3/s/ · 1/m2 �r�7��24L�0.AQM60�ukv kf

DE8!ukv_0.1F59K�3Q�w243BL

kf =
Q

A
· ∆l

∆h
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j>7,#>-� �
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kf
�(8FITK�36K(ukv91!K�1�,
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kf
��²�K(MBAB0.L�L|8!19: DE8 ³ ��570�K_K�0.190.:~K�1 /H0.17�

M6ukv93kªE19P$8919:~K�1_891$A6K�3B��243 ³ K�1_0�MBA=0

• ¨=D4M'��GTRQ��?@2$59K�J.JoM6K�0ÆDE1$��K�1!57IwDE3 ³ �93a�!36K(�*8!K�19��K�1_891$A6K�3
1kHz

,
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• {}36K�19� ��ª4ukv!K�19J�K�0�A ³ ªEv90.:~P~K�0.A�891!5�0.L®DE:-0.1wªE36K�3�RQ1$A6K�0.J�59K�3���K�0.A ³ ªEv90.:-P*K�0.A�MkK�0�K�1�J.0.1!K�DE3�DEI7�
vwªE19:-0.:®C~241
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,

• Je��5!D4M�ITK�36K�0.A6M�0.L¯��8!MkDEL�LK�19vwDE19: L�0.A>7,.+�>@ITK�1$89AB�(A6K�©�K�3BvwªEJ.AB190�M�C*241 °pL®DE:-0.1wªE3Y�<�(8
�QK�DEJ.A6K�0.J«59K�3®{}36K�19� ��ª4ukv!K�19J�K�0.A ³ ªEv90�:-P~K�0.A���M6K�0�891wDEI9vwªE19:-0.: C~24159K�3��8!MkDEL�LK�1!MkK�AB�(8919:
891!5¸© K�3BA6K�0.J.8919:®59K(MQGc2436K�1�!890�59M�,

���93Q��2$ukP*Kr3kM6K(570.LK�1$A6K 
��U0�K(M���O7DE1!5F891!5_O[0�J.A �À�«0.365F5!DE191_570�K<²�K��(0�K�v$8919:

kf =
1

FSc
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K�0.:~K ³ �9v93BA��ÃL�0.A
2, 8 ≤ c ≤ 4, 6

,T© K�3B:-J.0�ukv!K�1 L�0.A�{}J�K�0�ukv$8919:�>7,#>E�_K�1$A6MB�93B0�ukv$A�570�K(M<K�0.1!K�3 ³ 3kDEP$�
AkDEJ�K�1�¨}0.LK�1!MB0�241

D
���a0.Mkukv!K�1�K�Ap�ÀD
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891!5
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8!1!5|570�K(M6K J.0�K�:-Ac5!DEL�0.Ac0.1�K�0.1!K�LxMB0.191$C*24J.J�K�1

²ÀK�36K�0�ukv��(�«0�Mkukv!K�1
2
891!5

3
�7DE8!ukv���K�191¸L®DE1¢:~K�1wDE8wKr3aK�0.1!K�1 �mK�3BAÀ891$A6K�3

2, 36
59K�3QO[K(570.LK�1$AY�

:~K(MBA6K�0.1!K<891!5F5!DEL�0.A
c < 3, 1

K�3B�ÀDE3BA6K�1_� �93659K-,
¨}0�KQ²�K(M6AB0.L�L|8919:�C*241

F
:~K(Mkukv90�K�v$A �9ITK�3  SLMBA6K�J.J�K�1 59K�3�{UJ�K�0�ukv$8919:�>7,.+-+a891$A6K�3�59K�3 RS191wDEv9LK

C*241¸© 24J.J�MkªEABAB0.:-8919:!,w/H1$A6MB�936K(ukv!K�1!5�K�3B:-0.I9AQMB0�ukv_59K�3Q�!2436L®DEAB0�241!M ³ DEP[A6243Q��8

F =
σw

<(σ0) −=(σ0)/l

(

=
σw

<(σ0) −=(σint)/l
=

σw

<(σ0) −<(σint)

) , 
j>7,#>-� �

tS0�K�3BITK�0Ã0�MBA
σw

�«0�K(59K�3a570�K=�cJ�8!0.59J.K�0.A ³ ªEv90.:-P*K�0.A��
σ0
590.K�{UK(MkDEL|ABJ�K�0.A ³ ªEv90.:-P*K�0.A 
 ITK�0�RSI$��K(M6K�19v!K�0.A

C*241@/HJ�K�P[AB36241!K�19J�K�0.A6K�3B1 �Q891!5
σint

590.K�{}36K�19� ��ª4ukv!K�19J�K�0�A ³ ªEv90�:-P~K�0.A·,\RS8 ³ :-3B891!5@59K�3S36K�0.1@36K(K�J.J�K�1
K�J�K�P[AB3624J.z$AB0�Mkukv!K�1¸��K�0.A ³ ªEv90.:-P*K�0.AÀ0�MBAÀ59K�3«°pL®DE:-0.1wªE3BA6K�0.JÃ5!Kr3Q{UK(M	DEL|ABJ�K�0.A ³ ªEv90.:-P*K�0.A«:-J�Kr0�ukvF59K�L�5!Kr3
{}3kKr1!� �Tª4ukv!K�19J�K�0.A ³ ªEv90.:-P*K�0.A�,

l
C-DE3B0.0�K�3BAQv90�K�3BITK�0Æ�(�«0�M6ukv!K�1

0, 01
891!5

0, 15
�9��24ITK�0 ³ �93Q�o2$ukP~K�36MkK	�

570.LK�1$A6K<LK�0�MBAQK�0.1 � K�3BAaC*241
0, 1

:~K��ÀªEv9J.AQ��K�3659K�1_P4DE191�,
¨}0�KS²ÀK(MBAB0.L�L|8919:�C~241

Spor
MBA6K�J.J.A�M60�ukv�DEJ�M�570.36K�P$A6K}RQI9vwªE1!:-0�:-P*K�0.A�C*241¢59K�3 0.L®DE:-0.1wªE36K�1¸�oK�0�A ³ ª��

v90.:-P*K�0.AU5!DE3�,T¨}0�K(MSL®D4ukv$AU0.1!M62 ³ Kr361gO$0.191��ÃDEJ�M}5!D4M6M}570�K|0.191!K�36K �SITK�3 ��ª4ukv!K�891!5@570�K|0.L®DE:-0.1wªE36K
��K�0.A ³ ªEv90.:-P*K�0.AK�19: �(8!MkDEL�LK�19vwªE19:~K�1o,�²�K�0À190�ukv$AMBAkDE3BP~K�3�© DE3B0hDEAB0�24159K�3®��8!MkDEL�LK�1!MkK�AB�(8919:
59K(MQGc2436K�1$�ÀD4M6M6K�36MQ891!5F59K(Ma�w243BL®DEAB0�241!M ³ DEP[A62436M«Ç!1!59K�1 2dc�*+>�(+*l( Ua9� NVJ�.+��-�-�/.e0

Spor = a · =(σ0)
�7L�0.A

a = 8, 6 · 104

(

S

m

)−1

· 1

µm

, 
j>7,#>-� �

 S1$A6K�3}59K�1@K�3B�ÀªEv91$A6K�1 /H0.1!Mkukv93kªE19P$8919:~K�1 JhD4M6MkKr1@MB0�ukv DEJ�M62 �9ITK�3U�QK�DEJ���891!5�°�L®DE:-0.1wªE3BA6K�0.J�5!Kr3

e{=K�M	DEL|AY� � ��K�0.A ³ ªEv90.:-P~K�0.AÀ�!243BL®DEAB0�241!M ³ DEP[A6243

F

j>7,#>-� �r�*570�KQDE8 ³ 5!D4M�©�24J.89LK�1®1!243BL�0�K�3BA6KQ0.191!K�36K

�SITK�3 ��ª4ukv!K
Spor


j>7,#>-� � 891!5¢M6ukv9J.0�K �-J.0�ukv¸59K�3�¨}8936ukv9Jhª4MkMB0.:-P~K�0.A6MBITK�0.��K�3BA
kf


j>7,#>~¬ � ITK(MBAB0.L�LK�1�,

/H0.1���K�0.A6K�36K(MF?@2$59K�J.J=0�MBA¸5!D4M¸Mk2 :~K�1wDE191$A6K �S243B19:-36���~K�17��?�2$5!K�J.J�1wD4ukv �W 49BUe(+* 9B>@H fg(GF+$'(GF
�#>-�-�->/.�,À/�M �«0.365 DE8!M¢�ÆDEIT243BLK(M6MB8919:~K�1 ³ �93¢��2$ukP*K�36M6K(570.LK�1$A6K DE8 ³ :~K(MBA6K�J.J.A�,�RS1wDEJ�24: �(8±59K�L
ITK�36K�0.A6M�ITK(MB�9362$ukv!K�1!K�1 RQ1!MkDEAB��«0.365gC*K�36MB8!ukv$A�� =(σ0)

0.1m²ÀK��(0�K�v$8919:_�(8
Spor

��8�M6K�AB��K�1�,�¨}0�K
J.0.1!K�DE36Km²�K��(0�K�v$8919: 
j>7,#>-� �¢P-DE191�5!DEITK�0 ³ �93F570�K C*K�3B��K�1!59K�A6K�1�GH3624ITK�1 
eO$0.J.A��SO7DE1!5Ã�aÅÀ0.J.J<0.1
1wDEA �93BJ.0�ukv!K�L¯��8!MBAkDE1!5��«0�K0.1�P �91!MBABJ.0�ukv!K�1 ?�0�M6ukv$8919:~K�1 �<190�ukv$A|ITK(MBAkªEAB0.:-A���K�3659K�1�,cRQ1 570�K(M6K
O$A6K�J.J�K<AB3B0.ABA

Spor ≈ 2000 · (=(σ0(1Hz))p , 
j>7,#N-� �

>-N



��� � ��� � � ������ � ��� ��� � � 	�� ������� ��� ������������	���������� ������� � 	��	���

tQ0�K�3BITK�0�:-0.J.A
p = 0, 5 ± 0, 2

,T/ M}�a0�3k5@v90�K�3UP*K�0.1 O$�TK�P[AB3B89LF�ÃM6241!59K�3B1g1$893=K�0.1 � K�3BA ³ �93
1HzITKr1w�4AB0.:-A�,oRQ8 ³ 59K�L �mK�:¸�(893�²ÀK(MBAB0.L�L|8919:_C*241

kf
�«0.365 
 0.L�{=K�:~K�1!MkDEAB��(8�>7,#>~¬ �U1$893�K�0.1!K

M6K�v93QJ�K�0�ukv$A6K�RQI9v�ªE19:-0.:-P~K�0.A}C~241
F
³ K(MBAB:~K(MBA6K�J.J.A���M62$5!D4M6M

kf
�9ITK�3

Spor

j>7,#N-� �Q570.36K�P$AS0.1@²ÀK���8!:

��8!L °�L®DE:-0.1wªE3BA6K�0.JÆ59K�3Q��K�0.A ³ ªEv90.:-P~K�0.AQ:~K(MkK�AB�(Aa��K�3659K�1FP*�4191$A6K-,
/�M|0�MBA�DEJ.J.K�36590�1!:~M�M629�Æ5!D4M6M�DE8!ukv 570�K ²ÀK��(0�K�v$8919:@�(8

Spor
:~K�L�0�K(59K�1 891!5�5!D ³ �93�570�K MBAkªE3BP*K�36K

�S243B36K�JhDEAB0�241��(�«0�M6ukv!K�1 =(σ0)
891!5

d10
:~K�1$89AB�(AH�«0.365Ã,4?�0.A

d10
�«0.365�570�K �S243B19:-36���~KÀITK���K�0�ukv91!K�A��

ITKr0o59K�3
10
{UK��«0�ukv[A6MB�93624��K�1$AS59K�3QGH3624ITK<P$J�K�0.1!K�3SMB0.1!5Ã,9¨}0�K ³ K(MBAB:~K(M6A6K�J.J�AkK=²ÀK��(0�K�v$8919:®0�MBAa1$891

=(σ0) = 0, 005 · (d10)
−b , 
j>7,#N7+�

?_0.A
d10

0.1
mm

891!5
b = 1, 0 ± 0, 1

K�3B:-0.I9ASMB0�ukv =(σ0)
0.1

µS/cm
,

°�L �mK�0.A6K�36K�1±�«0.365 K�0.1!K@²ÀK��(0�K�v$8919: �(�«0�M6ukv!K�1
kf

891!5
d10

ITK�1$89AB�(A��À570�K�
 I90�M¸DE8 ³ 570�K ³ K�v7�
J.K�1!5!K�ÅÆK�L��TK�3kDEAB893kDEI!vwªE19:~0.:-P*K�0.A �S0.1 59K�3U�!243BLÈ59K�3Ut}DE��K�17� {UJ�Kr0�ukv[8919: 
 �~, ²U,t�3b�c� �U_5w>i,-�c+��-�-�/. �
Kr1[A6MB�93B0�ukv$A�,w/�MaK�3B:-0.I9ASMB0�ukvF570�K<²ÀK��(0�K�v$8919:

kf = 0, 002 · (d10)
d � 
j>7,#N-> �

570�K=�(8!MkDEL�LK�1�L�0.A}>7,#N7+�59K�1_:~K(MB8!ukv$A6K�1�²ÀK��(89:®v!K�36MBA6K�J.J.A�,�tQ0�K�3BITK�0o:-0.J.A
d = 1, 3 ± 0, 2

, �Sv91!K
570.36K�P$A6K(MQ²ÀK�1$89AB��K�1_C~241

Spor
³ 24J.:-AQ570�K|{}J�K�0�ukv$8919:

kf = m · (=(σ0))
−n , 
j>7,#N-N �

/�MÆ0�MBA
m = 0, 0002±0, 00003


 ÅÆ24J�K�3kDE19�ÀP~243B3B0.:-0�K�3BAc1wD4ukv`�3m� �5_U��+F����$�E>-�-�E��. ��891!5
n = 1, 1±0, 2

,
� �93 =(σ0)

0.1
µS/m

K�3B:-0.I9AQM60�ukv
kf
0.1

m/s
,

?@DE1FK�3BvwªEJ.A}DEJ�M62�K�0.1!K<²ÀKr�(0�K�v$891!:!�!570�K=P*K�0.1!K=570.36K�P[A6K=RSI9vwªE19:-0.:-P*K�0.Aa�(89L �QK�DEJ.A6K�0.Jo59K�3Q��K�0.A ³ ª��
v90.:-P~K�0.ASITK�0.19vwDEJ.A6K�A�,T¨}0�K(MQ0�MBAQ0.1!Mk2 ³ K�3B1�ITK�LK�3BP~K�1!M6��K�3BA��\DEJ�MS5!D4M6MS59K�3}�QK�DEJ.A6K�0.JcK�19:~K�3SL�0.A}59K�L
Gc2436K�193kDE89LF�95!Kr3«°pL®DE:-0.1wªE3BA6K�0.JÃL�0.A«59K�3a{U36K�19� ��ª4ukv!KU�(8!MkDEL�LK�19vwªE19:-A�,!¨S0�KUGcK�3BLK�DEI90.J.0.Akª4A«0�MBA
���«DE3=LK�v93=© 24J.89LK�17�eP~243B36K�J.0�K�3BA 
 K�ITK�1!M62��«0�K

d10
�r�ÃDEITK�3<570�K�MBAkDE3BP*K�²ÀK��(0�K�v$8919:�>7,#N7+�K�3BL�4:4�

J�0�ukv[AQK�0.1 �mK�: ³ DEJ.J.K�1�59K(Ma�QK�DEJ�� �(89:-891!MBA6K�1�59K(Ma°pL®DE:-0.1wªE3BA6K�0.J�M�,

�SK�ITK�1�59K�1¢ITK�0�59K�1¢C*243B:~K(MBA6K�J.J.A6K�1¸RQ1!M	ªEAB��K�1¢:-0�I!A�K(M�1!2$ukv�K�0.1!KS©S0�K�J.�·DEv9J\��K�0.A6K�36K�3«KrL��!0�360.Mkukv!K�3
?�2$59K�J.J�K-,[O[2=P*243B36K�J.0�K�36K�1®�~, ²U,Q�@U_"i*+*o?R�+;l( Uq9� NVW�.+��-�-�/.T570�Ka�SK�JhD��9DEAB0�241!M6��Kr0.A

τ
K�0.1!K(M�DE19:~K��wD4M6MBA6K�1

��24J�K	���À24J.K�?@2$59K�J.J�M 
 MB0�K�v!K�>7,#N7,#N ��L�0.Aa59K�3aL�0.ABABJ�K�36K�1 �S243B19:-36���~K-�
c
vwªE19:-AaL�0.AQ59K�3a²�36K�0.A6K<59K�3

©�K�3BA6K�0.J.8919: �(8!MkDEL�LK�1�,�?@K�v93S5!DE�(8FÇ!1!59K�A}MB0�ukvF891[A6K�3}DE1!59K�36K�L�0.1 �3mT(+$T>@9-��>-�-�-�/.c891!5 � �J5 F+S
F (+*���>-�-�-y/.�,Ã°p1g��K�AB�(A6K�36K�L ��K�3659K�1mDE8!ukvm�!K�J�595!DEA6K�1 ITK�1$89AB�(A��Ã0.1!M6ITK(M6241!59K�36KDE8!ukvm¨=DEA6K�1��Ã570�K
0�1_570�K(M6K�3QRQ3BITK�0.Aa891$A6K�3Q59K�L�{UK(MB0�ukv$A6MB�98919P[AQ59K�3a°p1$C~K�36M60�241��(893aP*24L��9J�Kr�7K�1_��K�0.A ³ ªEv90.:-P*K�0�AS59K(M
 Q1$A6K�3B:-3B891!59K(M=ITK�1$89AB�(AU��K�3659K�1�,\/ M}��K�0.:-A6K�MB0�ukv��T5!D4M6M ³ �93U570�K(M6K�¨UDEA6K�1g570�K�RS19�wD4M6MB8919:�1wD4ukv
�^2dc�*+>�(+*T(�Ua9� NVh�Ã+��-�-�/.o: �91!MBAB0.:~K�3Q0�MBAQDEJ�M«1wD4ukv �#�@ Y9BUe(�*:9�>@HTfg(GFG$'(GF��!>-�-�->/.�,
°�1!MB:~K(M	DEL|AÆI9J�K�0.I9A ³ K(MBA6��8!vwDEJ.A6K�1��E5!D4M6MÆITK�0[59K�1�C*K�36M6ukv90�K(59K�1!K�1�?@2$59K�J.J�K�1�2 ³ ABL®DEJ�Mc570�K«{ �9J.AB0.:-P~K�0.A
Kr0.1!K�3a©S0�K�J.�·DEv9JÃC*241¸RS191wDEv9LK�1¸:~K ³ 243659K�3BA«�«0.365�891!5¸570�KURS19�wD4M6MB8919:�1$893 ³ �93ÀITK(MBAB0.L�L|A6K<?@D��
A6K�3B0hDEJ�0�K�1�0.L �oDEIT243�K�3B�93624I9A�0�M6A�,E¨S0�KaO[° G@I90�K�A6K�A��(�ÀDE3�A6v!K(2436K�AB0�M6ukv�K�0.1!K�190�ukv$AB0.1$C-D4MB0.C*KÀ?�K�ABv!2$59K
��8!3

kf
��²ÀK(MBAB0.L�L|8919:!�w570�K=�(8!59K�L P~2-M6A6K�19: �91!MBAB0.:891!5FMkukv91!K�J.J�0�MBA«891!5_DE8wukvFP~K�0.1!K<�oDEIT243BLK(MB�

MB8919:~K�1_K�3 ³ 243659K�3BA���DEITK�3a0.1_59K�3a�SK�DEJ.0.AkªEAa0�MBA«L®DE1FC*241F59K�1_°p5!K(DEJ ³ ªEJ.J�K�1FLK�0�MBAQK�1$A ³ K�3B1$A�,
GH3624I9J�K�LK 0.1�59K�3ÆRS1$��K�1!578919:UMB0.1!5��~, ²},�5!D4MHO$P4DEJ�K�19�93624I9J�K�L 
 �QITK�3BAB3	DE:~Kr1�59K�3c�oDEIT243kKr36:~KrI!190�MY�
M6KQ0.1!M��wK�J�5��r�[5!Kr3À/�0.1�!8!M6MÀ59K�3a��8!MkDEL�LK�1!MkK�AB�(8919:�59K(MÀGc2436K�1�!890�5 
 M�,#D7,7>7, �!,#> �r�7570�KUO9ªEABAB0.:-8919:

>E�
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 0.1j�3mT(+$T>@9k(�Uq9� NVh�~>-�-�E��.��«0.365®M60�KÀ0.1 K�0.1!K�L´RS1!MkDEAB�a0.1!M ²À�43B1!K�3Y��?�2$59K�J.JTK�0.1$ITK���24:~K�1 �r�[570�KaRS17�
��K(M6K�19vwKr0.AQC*241F/HJ�K�P[AB36241!K�19J�K�0.A6K(3B1@2$59K�3SDE8!ukvFv$z7573kDE89J.0�M6ukvF0.1!K 	ÃK�P[AB0.C~K<Gc2436K�193kªE89LK~�w570�K�DEITK�3
K�0.1!K�1�°pG���/ 	\K�P[AaC~K�3B8936MkD4ukv!K�1�,
°p1!MB:~K(MkDEL|AUP-DE191 L®DE1 DEJ�M62¢1!2$ukvg190�ukv$A=K�3B�ÀDE3BAkKr1o�\L�0.A=59K�1gITK(MBA6K�v!K�1!59K�1 /�3BP~K�191$AB190�M6MkK�1 1[893
DE8 ³ :-3B891!5mC*241�°pG���?@K(M6MB8919:~K�1 570.36K�P$A�59K�1

kf
� � K�3BA|�(8mITK(MBAB0.L�LK�1�,c/�M�0�MBA�C*K�3BL|89ABJ.0�ukv DEITK�3

L�4:-J.0�ukv���570�K�RQ19�·DEv9JÆ59K�3Q1!�4AB0.:~K�1�²À24v93B8919:~K�1�891!5@{UK(MBA6K�0.1!MB�93624ITK�1@59K�89ABJ.0�ukv_�(8_36K(5789�(0�K�36K�1�,
RS8!ukvF590.K(Ma�ÀªE36K<K�0.1F:-362��~K�3}O[ukv93B0.ABA·,
RSI!M6ukv9J.0�K �~K�1!5�M6K�0T1!2$ukv¢L�0.A«ÅcDEITK�J.J�K=>7, ��K�0.1 �SITK�3BI9J.0�ukP �9ITK�3�0.1�59K�3ÀG�3kD��[0�M«DE8 ³ AB36K�A6K�1!59K �mK�3Y�
A6K ³ �93

kf
:~K�:~K�ITK�1�, )Qv919J.0�ukv_�«0�K�570�K<K�J�K�P[AB3B0�M6ukv!K���K�0.A ³ ªEv90.:-P~K�0.A��wC4DE360�0�K�3BAS59K�3SG�DE3kDELK�A6K�3 �9ITK�3

C[0�K�J�K�{U36���~K�1!2436571$8919:~K�1�,
? DEA6K�3B0hDEJ

log10(kf ) (m/s)36K�0.1!K�3'�U0�K(M �p> � �k+
:-3624I9P*�43B190.:~K�3UO7DE1!5 ≈ −3L�0.ABA6K�J.P*�43B190.:~K�3UO7DE1!5 �e� � �pN
³ K�0.19P*�43B190.:~K�3}O7DE1!5 �py � �e�

MB0.J.AB0.:~K�3}O7DE1!5 � ¬ � �py
A624190.:~K�3}O$0.J.A �p� � �p�

ÅÆ241 �À�p�
ÅcDEITK�J.J�K�>7, �C0

kf
� � K�3BA6K�DE8!MQ59K�L ²�K�36K�0�ukv�59K�3Q��2$ukP~K�36MkK(570.LK�1$A6K-�!1wD4ukv � �J5 F)F=(+*��w>-�-�-y/.�,

>-y
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/H0.1�DEJ.J.:~K�LK�0.1!K(MH°p1$C~K�36M60�241!M6M6ukv!K�L®DaITK(M6A6K�v$A�DE8!McK�0.1!K�3c�«0�K(59K�3Bv!24J.AH578936ukv9JhDE8 ³ K�1!K�1®O[ukv9J�K�0 ³ K C*241
59K�3®²�K�36K(ukv91$891!:mMBz[1$ABv!K�AB0�M6ukv!K�3®?@K(M6M65!DEA6K�1�(8 K�0.1!K�L :~K�:~K�ITK�1!K�1  Q1$AkKr36:-3B891!57L2$59K�J.Je� 59K�L
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∇× ~E = −∂ ~B

∂t


jN7,#> �

∇ · ~B = 0

jN7,#N �
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∂x(a1∂xu) + ∂y(a2∂yu) + ∂z(a3∂zu) + f · u + g = 0
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vwDE19:��(893U�(8 J��-M6K�1!59K�1 ¨S0 	ÃK�36K�1$AB0hDEJ.:-J�K�0�ukv$8!19:�N7,.+��7�T0.1!59K�L¡L®DE1
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ϕ0(x), . . . , ϕm(x)
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j = 1, . . . , m

����K�3659K�1 �Q89J.Jw:~K(M6K�AB�(A
891!5m0.L ��DEJ.J�KJ.0.1!K�DE36K�3�¨}0 	\K�36K�1$AB0hDEJ.:-J�K�0�ukv[8919:~K(1 K�3BvwªEJ.A|L®DE1 K�0.1mJ.0.1!K�DE36K(M�{}J�K�0�ukv$8919:~M6M6z[MBA6K�L
³ �93a570�K=:~K(MB8!ukv$A6K�1 �S2$K���(0�K�1$A6K�1�,
RS8!ukv�570�K(M6K�3cRQ1!M	DEAB� K�3B��K�0�MBAcM60.ukv�DEJ.J�K�36570.19:~Mc1$893�DEJ�MoITK(570.19:-Ac�93kDEP[AB0.P4DEITK�Je,E¨}0�KÀO[ukv$�ÀD4ukv!MBA6K�J.J�K�1
MB0.1!5 0

• ���93«P*24L��9J�Kr�¸MBAB3B89P[AB893B0�K�3BA6K<�SªE1!59K�3QMB0.1!5¸RS1!MkDEAB� ³ 8!19P$AB0�241!K�1��!570�K<59K�1F�}DE1!57ITK(570.19:-8917�
:~K�1F:~K�1 �9:~K�1��wM6ukv$�«0�K�3B0.:®�(8�Ç!1!59K�1�,

• ¨}0�K=RS1!MkDEAB� ³ 8919P$AB0�241!K�1_P~�4191!K�1F0.L RSJ.J.:~K�LKr0.1!K�1�1$893aMkukv$��K�3a0.1$A6K�:-3B0�K�3BAQ��K�3659K�1�,

• ���93�K�0.1!K v90.1936K�0�ukv!K�1!5 :~K�1wDE8!K �}ªEv!K�3B8919:~MBJ��-M68919: ��K�3659K�1 �(8 C[0�K�J�K¢RQ1wMkDEAB� ³ 8919P[AB0�241!K�1
ITK�1!�4AB0.:-A�,7¨UD4M«{}J�K�0�ukv$8919:~M6M6z[MBA6K�L��«0.365 
 ITK�0T0.L�RSJ.J.:~KrLK�0.1!K�1�C*24J.J.ITK(M6K�AB�(A6K�3 �S2$K���(0�K�17�
A6K�19L®DEAB3B0������(8F:-362��!,

/H1$AkMB�936K(ukv!K�1!5�L|8!M6MÀ59K�3«RQ1!M	DEAB�S�ÀK�0�AkKr3a24�9AB0.L�0�K�3BAÀ�ÀKr3k59K�1�,7¨UK�3ÀRS1!MkDEAB�}C*241F{=DEJ�K�3BP$0.1�I90�K�A6K�A
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∂x(a1 · ∂xu) + ∂y(a2 · ∂yu) + f · u + g = 0
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Ψd(~m) =

N
∑

i=1

( |<(di) −<(fi(~m))|2
|ε<,i|2

+
|=(di) −=(fi(~m))|2

|ε=,i|2
) , 
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Ψm,occ(~m) =

∫

V
|∇~m|2dv
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Ψm,apr(~m) =

∫

V
|~m − ~mapr|2dv
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Ψm,mgs(~m) =

∫

V

|∇~m|2
|∇~m|2 + β2

dv
, 
jN7,#N-� �

tQ0�K�3BITK�0w0�MBA
β
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lim
β→0

|∇~m|2
|∇~m|2 + β2

=

{

0
³ �93 ∇~m = 0

1
³ �93 ∇~m 6= 0
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β
�\M62 :~K�v[A=59K�3=RS1!MkDEAB�
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β
K�0.1K�1$AY�
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�«893659K 
 :~K�3B0.19:~K�36K¸O[K�1!MB0.AB0.C[0.AkªEA|0.1 59K�3|ÅÀ0�K ³ K�r,Æ QL ��8�C*K�3BLK�0�59K�1��Æ5!D4MkM�Mkukv9J�K(ukv$A�DE8 ³ :~K�J��-M6A6K
�QK�:-0�241!K�1 C*24J�J�M6AkªE1!570.:|v!24L24:~K�1¢��K�3659K�1��$M6K�19P[A 59K�3 ©�243 ³ DEP$A6243 0.1¢N7, �*N�59K�1¢?@D��70.L®DEJ.��K�3BA�59K(M
²�K�0.AB3kDE:~M �(893À��0�K�J ³ 8919P[AB0�241�,$RQI9I90.J�578919:�N7, ����K�0.:-A 5!D4M ©�K�3Bv�DEJ�AkKr1¢59K�3 �QK�:-89JhDE3B0�M60�K�3B8919: ³ �93 C~K�3Y�
M6ukv90�K(59K�1!K �mK�3BA6K=C~241

f
,

�UJ�K�0.1!K={}3kD4570�K�1$A6K�1���K�3659K�1�891wDEI9vwªE19:-0.:�C*241
f
:-J�K�0�ukv�ITK�vwDE1!59K�J.A��[:-36���~K�36K}L�0.A �ÀD4ukv!MkK�1!59K�L

f
��K�190.:~K�3�ITK(MBAB3kD ³ A·�o5!DEL�0.A�570�K®²ÀK�36K�0�ukv!K®:~K�3B0.19:~K�36K�3O[K�1!MB0.AB0.C[0.AkªEA|190�ukv$A��(8�MkK�v93�DE1 O[ukvwªE3 ³ K

�*>
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RQI9I90.J�578919:¢N7,#N10
log10

59K�3 DE8 ³ 5!D4M ?@D��70.L|89L¯1!243BL�0�K�3BA6K�1 O[K�1!M60.AB0.C$0.AkªEA ³ �93®K�0.1!K_Apz$�90�M6ukv!K
¨}0.�T24J���¨S0.�T24J�?@K(M6MB8919:¢L�0.AURS8!MBJhDE:~K�1 I90�M

15m
G�M6K�8!5924AB0�K ³ K-,\/ M}�«893659K�:~Kr�

�«0�ukv$A6K�A �9ITK�3 DEJ.J�Ka?@K(M6M65!DEA6K�1:~K�L�0�A6A6K�J�A 891!5�5!D4M ²�K�AB3	DE:~M6�*8wD4573kDEA 59K�3�P~24L��
�9J�Kr�7K�1 O[K�1!MB0.AB0.C[AkªEA}C*K�3B��K�1!59K�A�,\¨S0�K�O$AB3B0�ukv!K|L®DE3BP[0�K�36K�1g570�K|/�J.K�P[AB362$59K�19�T2E�
MB0.AB0�241!K�1�,

C*K�3BJ.0�K�36K�1�,[¨}0�K(M6K�3�RQ1!M	DEAB�QI90.3B:-AÀ2 	ÃK�1!MB0�ukv$ABJ.0�ukv�5!D4M��a0�MB0.P*2�59K�3 �SITK�3B0.1$A6K�3B�936K�AkDEAB0�241o�75!D��w24P$8!MY�
MB0�K�3B8919:�0.1¢�QK�:-0�241!K�1¢C*K�36MB8!ukv$A �«0.365Ã�*�À2�36K�0.1 �9v$z7MB0.P4DEJ.0�Mkukv 5!D4M�RS8�w�-M6K�C*K�3BL�4:~K�1�M6K�v93 :~K�3B0.19:
0�MBA�,!��89L�0.1!59K(MBAQDEITK�3ÀJ�K�0�ukv$A6K}© K�3BITK(M6M6K�3B8919:~K�1¸JhD4M6M6K�1¸MB0�ukv�K�3B�(0�K�J�K�1��7�«0�KUK�0.190.:~KURS1$��K�1!578919:~K�1
DE8 ³ MBz$1$ABv!K�AB0�Mkukv!K®¨=DEA6K�1 
jDEJ�M62FL�0.A|ITK�P4DE191$A6K�L� S1$A6K�3B:-3B891!5��<0.1 �<DE�90.A6K�J �_��Kr0.:~K�1�, �UJhDE3�0�MBA
DEITK�3®DE8!ukv���5!D4M6M�570�K�K�1$A6M6ukv!K�0�59K�1!59K¸©�K�3kªE1!59K�3B8919: 0.1 59K�3�QK�:-89JhDE3B0�MB0�K�3B8919: 570�K�/�0.1 ³ �9v93B8919:
59K(M L�:~M 0�MBA�,*¨UK�3 M6K�1!M60.AB0.C$0.AkªEA6MkDEI9v�ªE19:-0.:~KSRS1$A6K�0.JwI93B0.19:-A�K�0.1!KQ��K�190.:~K�3�59K�89ABJ.0�ukv!KS©�K�3kªE1!59K�3B8919:
:~K�:~K�1 �9ITK�3}K�0�1wKr3QApz$�90�Mkukv!K�1 �}u(u�DEL���°p1$C*K�36MB0�241�,

RS8!ukv ITK�0<²�K�1$89AB��K�1�59K(M�L�:~MY���!8919P[AB0�241wDEJ�M¸:-0.I9A¸K(M¸?@�4:-J.0�ukv9P*K�0�AkKr1o�«570�K 0.1 59K�3¸G�3kD��[0�MF2 ³ A
DE8 ³ AB36K�A6K�1!59K�1 v!243B0.��241$AkDEJ�K�1 O[ukv90�ukv$AB8919:~K�1 �(8 ITK�C*243B�(89:~K�1�,�¨=D4M�?_0.ABA6K�J«0�MBA�K�0.1!KFDE190�Mk24AB3624�TK
{}JhªEABA68919:!,Ã¨UK�3�{U3kD4570�K�1$A=0.1mN7,#N-�¢�«0.365g570�MBP$36K�A=ITK�36K(ukv91!K�A���K�ITK�1!M62��«0�K�5!D4M=°p1$A6K�:-3kDEJH0.1gK�0.1!K
O$89L�LK �9ITK�3B:~K�v$A�,~²�K�AB3kD4ukv$A6K�1�«0.3H�(��K�09ITK�1wD4ukv$IwDE3BA6KS�TK�J.J�K�1��~570�K 
 �«0�K«K(M�0.1�59K�3���/���?�K�ABv!2$59K
L�4:-J.0�ukv_0�MBA ��K�0.1!K=ITK�J.0�K�I90.:~K��oDE:~K=0.L �SDE89L�891!5¸��K�0.A6K�3Bv90.1_C~K�36M6ukv90�K(59K�1!K��w243BLÄvwDEITK�1�,w/H0.1!K
O$P[0.�(��K=v90�K�3B�(8FI90�K�A6K�ASRQI9I90.J�578919:¢N7,#y10
¨UK�3¸{}3kD4570�K�1$A¢I90.J�59K�A¢MB0�ukv 1$891 �TK�3¢¨S0 	ÃK�36K�19��K�1!�$8!24AB0�K�1$A¸DEJ�M

(p(i) − p(j)) /∆c
��L�0.A

p(k)G�DE3kDELK�A6K�36��K�3BASDE1�59K�3QO$A6K�J.J�K
k
,[¨}0�K}G�DE3kDELK�A6K�36590 	\K�36K(19�=0�MBAÀMk24L�0.AÀ570.36K�P[A�:~K�:~K�ITK�1��959K�3ÀRSI7�

MBAkDE1w5��«0.365 �9ITK�3�59K�1 RQI!MBAkDE1!5®59K�3ÀO[ukv$��K�3B�98919P[A6KS59K�3À�TK�J.J�K�1
∆c

ITK(MBAB0.L�L|A�,$���93 570�KQMB�wªEA6K�36K
°p1$A6K�:-3kDEAB0�2410�MBA�1!2$ukv570�K¢G�3624�T243BAB0�241wDEJ.0.A	ªEA��(893��oªE19:~K¸59K�3�©�K�3BI90.1!578919:~MBP-DE1$A6K

∆b
�a0.ukv[AB0.:!,

¨}0�K RS190�M624AB3624�90�K P-DE191 578936ukv ?_89J.AB0.�9J.0.�(0�K�36K�159K(M�²ÀK�0.AB3kDE:~K(M�L�0.A�K�0.1!K�L ��DEP$A6243
αr

K�3B36K�0�ukv$A
��K�3659K�1���59K�3=MB0�ukv �9ITK�3<59K�1 � 0.19P*K�J

φ
59K�3U© K�3BI90.1!578919:~MBJ.0.190�K59K�3|O[ukv$��K�3B�98919P[A6K�L�0�A<59K�3

x
�

Raukv!M6K�891!5@59K�1 {}JhªEABAB8919:~M ³ DEP$A62436K�1 0.1�v!243B0.��241$AkDEJ�K�3=891!5_C*K�3BAB0.P-DEJ�K�3U�a0�ukv$AB8919: 

αx

I9�(�<,
αy
�

ITK�36K(ukv91!K�A=0
αr =

√

(αx cos φ)2 + (αy sin φ)2

jN7, �-� �

�*N
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RQI9I90.J�578919:¢N7, �C0!²ÀK�0.AB3kDE:��(893 ��0�K�J ³ 8919P$AB0�241 0.1 RSI9vwªE19:-0.:-P~K�0.AmC*24L G�DE3kDELK�A6K�3B:~3kD4570�K(1$A6K�1o,
© K�3B:-J�K�0�ukv ³ �93cC*K�36M6ukv90�K(59K�1!K � K�3BA6K�C*241

f
,4�QK(ukv$A6M=0E©�K�3B:-36���~K�3BA6K�3 RQ8!M6Mkukv9190.ABA

³ �93«P$J�K�0.1!K|{}3kD4570�K�1$A6K�1�,

RSI9I90.J�578919:¢N7,#y10�{}36K�19�(ITK�36K�0�ukv_�(�«0�M6ukv!K�1_�(��K�0c�TK�J.J�K�1�,�{U36���~K�1_59K�3SDE190�M624AB3624�TK�1 {}JhªEABAB8919:!,

 QL 0.1_C*K�3BAB0.P4DEJ�K|�a0�ukv$AB8919:¢M6ukv$�Àª4ukv!K�3S�(8_:-JhªEABA6K�1@891!5_M62v!243B0.��241$AkDEJ�K�O[ukv90�ukv$AB8919:~K�1 M6AkªE3BP~K�3
��8F891$A6K�36MBA �9AB��K�1��!L�8!M6M«0.1F570�K(M6K�L ��DEJ.J

αx > αy
:~K��ÀªEv9J.AQ��K�3659K�1�,�{U3B891!59MkªEAB�(J.0�ukv_�ÀªE36K�DE8!ukv

Kr0.1!K<{}JhªEABAB8919:�L�0.A«t}DE89�9AB3B0�ukv$AB891!:~Kr1_59K�19P$IwDE3��7570�KS190�ukv$AÀv!243B0.��241$AkDEJÃ891!5 C*K�3BAB0.P4DEJTC*K�3BJhDE8 ³ K�1�,
¨UD ³ �93�M624J.J.A6KÀ570�K«{=K(24J�24:-0�K«DEJ.J�K�36570.19:~MHL�0�AH59K�1�K�1$A6MB�936K(ukv!K�1!59K�1®/H0.1 ³ DEJ.J�M6�«0.19P~K�J.159K�3�O7ukv90�ukv$A6K�1
ITKrP-DE191$AQMkK�0�1o,

����������� � +��	� � � + � ! � � � � (�
 � � �
�w8!L´¨S893kukv ³ �9v936K�1¢59K�3 °�1$C*K�36MB0�241�«0.365®590.Ka�(8®L�0.190.L�0�K�36K�1!59K=��0�K�J ³ 8919P[AB0�241�DE8!M N7,#N-N=�(891wª4ukv!MBA
DE8 ³ K�0.1!K=1$89LK�3B0�MkukvFvwDE1!57vwDEI9IwDE36K|�w243BL�:~K�I93kD4ukv$A=0

Ψ(~m) =
(

~d − f(~m)
)H

W̄H
d W̄d

(

~d − f(~m)
)

+ λ · ~mHW̄ T
mW̄m ~m

, 
jN7, �*y �
¨S0�KU�w243BL|89J.0�K�3B8919: ³ 24J.:-AÀv90�K�3À��K�0.AB:~K�v!K�1!5¸59K�1¸RQ1!MkªEAB��K�1FDE8!M��3mT(+$T>@9-�9>-�-�-�/.ÃL�0.A«²ÀK�1$89AB�(8919:
59K�3®P*24L��9J�Kr�9Kr1±© DE3B0hDEI9J�K�1 DE8!ukv 0.1 59K�3¢¨=DEA6K�1wDE19�wD4M6MB8919:!,�/H1$AkMB�936K(ukv!K�1!5 ITK(59K�89A6K�A

H
570�K

tSK�3BL�0.A6K(M6ukv!K@59K�3¢? DEAB3B0��Ã��DEJ�M62�570�K_P~24L��9J�Kr�7P*241 � 89:-0�K�3BA6K@Åo3kDE1!M6�T24190�K�3BA6K-,À?_0.A¢°pL®DE:-0.1wªE3BA6K�0.J
�Q89J.J�0�MBA 570�K(M�DE8!ukv¢0�1¢59K�3 36K(K�J.J.��K�3BAB0.:~K�1¸�w243BL|89J.0�K�3B8919:�: �9J.AB0.:!,[¨S0�K(MkKa�«0.365¢DE1¢K�1$A6M6ukv!K�0�59K�1!59K�1
O$A6K�J.J.K�1_�(8!MkªEAB�(J.0�ukv_:~K�1wDE191$A�,

�-�
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¨}0�KÀ¨=DEA6K�1wDE19�wD4M6MB8919:=:~K(M6ukv90�K�v$A �9ITK�3H59K�1�K�36MBA6K�1®O$89L�L®DE1!59K�1�,
Wd

vwDEAH5!DEITK�0!570�K��w243BL K�0.1!K�3
¨}0hDE:~241wDEJ.L®DEAB3B0�� 0

W̄d,C = diag(1/ε1,C , . . . , 1/εN,C)

jN7, �*� �

tS0�K�3BITK�0o0�MBA
εi,C = ∂di

∂ ln |Zi|
∆ ln |Zi| + ∂di

∂ϕi
∆ϕi

59K�3QP~24L��!J.Kr�9K��wK�v9J�K�3��wL�0.A
Zi = Vi

Ii

59K�3S°pL��TKr�
5!DE19�~,
 SL�Kr�7�9J.0.�(0.AQ²ÀK�AB3kDE:x"i>�H¸GHvwD4M6K�DE19�(89�wD4M6MkK�1��90�MBAaK�0.1!K<�w243BL|89J.0�K�3B8919:¢59K�3aRS3BA

W̄d,R = diag(1/ε1,||, . . . , 1/εN,||, 1/ε1,ϕ, . . . , 1/εN,ϕ)

jN7, �$¬ �

L�4:-J.0�ukv�,\tS0�K�3BITK�0�MB0.1!5
εi,||

891!5
εi,ϕ

570�K��wK�v9J�K�3}0.1 ²�K�AB3kDE:�I9�(�<,TGHvwD4M6K-,\/H1$A6MB�936K(ukv!K�1!5 L|8!M6M
~d − f(~m)

DEJ�M (
d1,|| − f1,||(~m), . . . , dN,|| − fN,||(~m), d1,ϕ − f1,ϕ(~m), . . . , dN,ϕ − fN,ϕ(~m)

)T

:~K(M6K�AB�(AÀ��K�3659K�1�,9¨}K�3« Q1$A6K�36Mkukv90�K(5¢ITK�0�59K�3À©�K�36M60�241!K�1¢ITK(MBA6K�v$AÀ0.L�� K(M6K�1$A6J�0�ukv!K�1 
 1!K�ITK�1�:~K�ªE17�
59K�3BA6K�3«?@DEAB3B0��7:-36���~KS891!5 � K�3BAB0.:-P*K�0.AÀ59K�3�© DE3B0hDEI9J�K�1 � 5!DE3B0.1��[5!D4M6M 0.1�59K�3 P*24L��9J�Kr�7K�1¢© DE3B0hDE1$A6K
�SK�DEJ��<891!5 °pL®DE:-0.1wªE3BA6K�0.JS59K�3:-J�K�0�ukv!K_�wK�v9J�K�3�(89:~K(2436571!K�A �«0.365Ã�H0.1 59K�336K(K�J.J�K�1 © DE3B0hDE1$A6K¸0�MBA
570�K(M6K�3 ³ �93«ITK�0�59K<ÅÆK�0.J�K<891$A6K�36M6ukv90�K(57J.0�ukv�,
¨UK�3 �(��K�0.A6KUO$89L�L®DE1!5 M6A6K�J.J�A�59K�1 ÅÆK�0.J�59K�3À��0�K�J ³ 8919P$AB0�241¢5!DE3��$59K�3 ³ �93 570�Ka:~K�� �91!M6ukv[A6KS?�2$59K�J.J��
ukvwDE3kDEP[A6K�3B0�MBAB0.P�M6243B:-A 


Ψm
DE8!M�N7,#N-N �r,~��891wª4ukv!MBA�M624J.J7590.KÀ�!8919P[AB0�241 ³ �93�K�0.1!K �}u(u�DEL���²ÀK(570.19:-891!:

DE8 ³ :~K(MBA6K�J.J.AH��K�3659K�1��-570�KÀ/H3B��K�0.A6K�3B8919:|DE8 ³ K�0.1!KÀL�:~MY���w243BLx0�MBAH5!DE191��93624I9J�K�L�J�2-M�,~� �93H570�Ka{UJhªEAY�
AB8919:~M6ITK(570.19:-8919: M6A6K�J�J.AaL®DE1�DE8 ³ 0

Ψm,occ(~m) =
M
∑

j=1

∑

i=nb(j)

αr,ij

∣

∣

∣

∣

mj − mi

∆cij

∣

∣

∣

∣

2

∆bij∆cij

jN7, �*� �

¨}0�K�²ÀK���K�0�ukv91$8919:~K�1 ³ 24J.:~K�1 59K�1!K�1mDE8!M<N7,#y7�\59K�3<°�1!59Kr� MBA6K�v$A ³ �93U570�K�ITK�A6K�0.J.0.:-A6K�1 �TK�J.J�K�1�,Ã¨}0�K
K�36MBA6KmO$89L�LKgJhªE8 ³ A �9ITK�3_DEJ.J�K

M
�TK�J.J�K�1��a570�K �(��K�0.A6K �9ITK�3_DEJ.J�K �UD4ukv$IwDE3B1�59K(M �BK���K�0.J.0.:~K�1

/HJ�K�LK�1$A6M·,w°�1F59K�3Q? DEAB3B0��7M6ukv936K�0.I$�ÀK�0.MkK=:-0.J.Aa1$891

Wm,occ,ij =







−
√

αr,ij
∆bij

∆cij

³ �93
i 6= j

+ +
√

αr,ij
∆bij

∆cij

³ �93
i = j

, 
jN7, �*� �

RS1g570�K(M6K�3|O$A6K�J.J�K�LK�0.1$A
++

�\5!D4M6M=570�K(M6K�3<ÅÆK�3BLÈ�(8 :-: ³ ,TITK�36K�0.A6M<Kr�70�MBAB0�K�36K�1!59K�1gv90.19�(8wD459570�K�3BA
��K�3659K�1�L|8!MkM�,$¨=D4MÀ²�0.J�59K�1¢C*241

~mHW̄ T
mW̄m ~m

J.0.K ³ K�3BA«5!DE191 
 5!D4MÀ¨U24�9�TK�J.A6K}C*241 �
Ψm,occ

1wD4ukv
N7, �*�7,
RS1wDEJ�24:0�MBAa570�K<�w243BL|89J.0�K�3B8919: ³ �93a570�K<K�3B��K�0.A6K�3BA6K<L�:~MY���w243BL|89J.0�K�3B8919:w,w? DE1FK�36MkKrA6��A

Wm,mgs,ij =

√

αr,ij
∆bij

∆cij
→
√

√

√

√

√

αr,ij
∆bij

∆cij
· 1

f2
ij ·
(

(

|mi−mj |
∆c

)2
+
(

β
fij

)2
)

� 
jN7,#y-� �

DE1wDEJ�24:m�(89L �QITK�3B:*DE19:mC~241 N7,#N~¬ → N7,#N-� → N7, �*N7, {U3B891!59MkªEAB�(J.0�ukv 0�MBA570�K¸1!K�8!KF�!243BL|89J.0�Kr�
3B8919:�1[893UK�0.1!K�DE1!59K�36K®{UK��«0�ukv$AB8919:¸ITK�0H59K�3=²ÀK�36K(ukv91$8919:F59K�3=�}DE890.:-P~K�0.A��ÃDEJ�M62�59K(M}L�0.ABABJ�K�36K�1
G�DE3kDELK�A6K�36:-3kD4570hK�1$A6K(1�,

�*y
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Ψ(~mk + ∆~mk) ≈ Ψ(~mk) +
∂Ψ(~mk)

∂m
∆~mk +

1

2
∆~mH

k

∂

∂ ~mH

∂Ψ(~mk)

∂ ~m
∆~mk
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∂∆mk

=
0

 891$A6K�3Q©�K�3B1wD4ukv9Jhª4M6M60.:-8919:®v!�4v!K�36K�3QRSI9J�K�0.AB8919:~K�1 �«K�3B:-0.I9ASMB0�ukv

B̄k∆~mk = ~bk
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∆~m

L�0.A

B̄k = ĀH
k W̄ h

d W̄dĀk + λW̄ T
mW̄m
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~bk = ĀH
k W̄H

d W̄d(~d − f(~mk)) − λW̄ T
mW̄m ~mk
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Ā
� ITK�1!�4AB0.:-A�,wÅÀv!K(2E�

36K�AB0�M6ukvmP*�4191$A6K �9ITK�3|LK�v93 ³ D4ukv!K®© 243B�ÀªE3BA6MB36K(ukv91[8919:�L�0.A �YK���K�0.J�M�J�K�0�ukv$A|:~K�ªE1!59K�3BA6K�L ?@2$59K�J.J

 0.1¢K�0.1!K�3a�TK�J.J�K� K�0.1�¨S0 	ÃK�36K�19��K�1!�$8!24AB0�K�1$AaDEJ�M �UªEv!K�3B8919: ³ �93�570�KQITK�1!�4AB0.:-A6KURSI9J�K�0.AB8919:�ITK�36K(ukv7�
1!K�A}��K�3659K�1�,\RQ8 ³ :-3B891!5@59K�3}©S0�K�J.�·DEv9J�C~241 �TK�J.J�K�1@0�M6A}570�K(M6K�3URS1!MkDEAB��Mk2¢DEJ.J�K�36570.19:~MU1$89LK�3B0�M6ukv
M6K�v93QDE8 ³ ��K�1!570.:!�9891!5FK�0.1_DE1!59K�36K�3QRS1!MkDEAB�=�«0.365�C*K�3 ³ 24J.:-A�,9¨}0�K(M6K�3«ITK�1$89AB�(AS5!D4M«�SK��(0.�93624�(0.AkªEA6MY�
�93B0.19�(0.���Ã��241wD4ukv L®DE1��\��K�191 O$AB3624L �9ITK�3=�(��K�0 /HJ�K�P$AB362$59K�1m0.1 59K�1 ²À2$59K�1mK�0.19:~K(MB�TK�0�MBA<891!5
570�K�O$�wDE191$8919:_DE1@�(��K�0�DE1!59K�36K�1 /HJ�K�P$AB362$59K�1g:~K�LK(MkM6K�1@�«0.365Ã�\5!D4MkM6K�J.ITK�/H3B:~K�I9190�M<K�3BvwªEJ.A��ÃDEJ�M
��K�191FL®DE1@O$�wDE191$8919:~MY� 891!5_O$AB3624LK�J�K�P[AB362$59K�1�C~K�3BAkDE8wM6ukv$A�,!/H0.1!K��SITK�3B�93 � ³ 8919:L�0.AQ?�K(M6Mk5!D��
A6K�1�Ç!1!59K�ASMB0�ukv¸�~, ²U,90.1r�3b�9!&=&)(+* ��9�$��o+��-�~¬R.�,
²�K�0Ã59K�3«©�K�3B��K�1!578919:®59K(M«GH3B0.19�(0.�!M«�«0.365�0.1FN7,#N-�|1wD4ukvF59K�3ÀP*24L��9J�Kr�7K�1F��K�0.A ³ ªEv90.:-P~K�0.ASDEI9:~K�J�K�0��
A6K�A�891!5�K(MHK�3B:~K�ITK�1®MB0�ukvÅÆK�3BLK«59K�3��w243BL

∂V/∂σ
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f(z = x+ i ·y) = u(x, y)+ i ·v(x, y)
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x
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∂x
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∂x
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∂u

∂y
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∂x
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∂y
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∂v
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∂x
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F (~v) =
1
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(~v, Ā~v) + (~b,~v)
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F
��59K�3cITK�0

~v′
K�3B36K�0�ukv$Ac�«0.365�,
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A6K�DE1_570�K �S0.C*K�DE89J.0.190�K-�!5!Kr3S�QK(MB0�578!K�1$C*K�P[A6243
~r′
243BABv!24:~241wDEJc5!DE�(8�,��TK�0�ukv91$8919:

DE8!M�������� � 9�* �(��+��-�~¬R.�,
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A6K�1 ³ �93QK�0.1@{}J�K�0�ukv$8919:~M6M6z[MBA6K�L L�0.A

m
 S1$ITK�P4DE191$A6K�1_0.1Fv!�$ukv!MBA6K�1!M

m
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�(8 P[J�K�0.1 ��K�3659K�1 
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891!5 59K�LÈITK�36K�0.A6M�DE19:~K(MB�9362$ukv!K�1!K�1
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ρ(ω) = ρ0 (1 − ccIP − ccEM+ − ccEM−)
�7L�0.A

ccIP = mIP

(

1 − 1

1 + (iωτIP )cIP
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c2 = 1
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ρ0 = 118, 4Ωm
�
m1 = 0, 045

�
τ1 = 0, 03s

�
c1 = 0, 35

�
m2 = 0, 01

�
τ2 = 0, 0002s

�
c2 = 0, 99
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Z(ω) =
bn+1(iω)n + bn(iω)n−1 + · · · + b1

(iω)n + an(iω)n−1 + · · · + a1

, 
ey7, � �

/H0.1!KSRQ8�w�-MB8!19:�1wD4ukv 59K�1¢G�DE3kDELK�A6K�3B1 

ai
I9�(�<,

bi
�HK�3B��K�0�MBA MB0�ukv®v90�K�3BITK�0\DEJ�M 190�ukv$A AB3B0.C[0hDEJj�$5!D

59K�3 � K�3BA6K�ITK�36K�0�ukv 190�ukv$A}MB0.191[C~24J.JcK�0.19:~K(M6ukv93kªE19P[A}��K�3659K�1@P4DE191�891!5�MkK�v93}ªEv919J.0�ukv!K��o�-MB8919:~K�1
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E(t) ∼= E0

(

1 −
∑

n

An exp(−αn · t)
)

, 
ey7,#¬ �
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L(exp(−α · t)) = 1/(s + α)

³ �93
E
DE8!M=y7,&¬891!5

L(1, t > 0) = 1/s
³ �93U570�K�O$AB8 ³ K�1 ³ 8919P[AB0�241

��8
I
ITK�1$89AB�(AQ�«0.365 
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s = iω
�+0

Z(s) =
E(s)

I(s)
= Z(0)

(

1 −
∑

n

An · s
s + αn

)
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IP (s) = E0

(

1 −
n
∑

k=1

Ak · s
s + ak

)

, Ak > 0
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ρ0 = 1Ωm

�
m = 0, 81
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τ = 6, 9s
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c = 0, 85

�T3624A �S891!5gK�0.1!K�RQ19�wD4MkMB8919:�0.1g�(��K�0.A6K�3 �S36591$8919: 
 :-3 �91 ��,Ã²ÀK�0�MB�90�K�J
1wD4ukv �^] 5-9�>i,`(�U[9� 4Vh�!>-�-�->/.�,

5!DE3B:~K(MBAkKrJ.J.AQ��K�3659K�1_P4DE191o�959K�3QÅÆK�0.Jo59K�3QK�J�K�P$AB3624L®DE:-1!K�AB0hM6ukv!K�1 �S24�9�9J.8919: 
 �Q�Ã� {}J.0�K(5��«DEJ�M

EM(s) = E0

m
∑

k=1

Bk · s
s + bk

, Bk > 0
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Z(s) =
c0 + c1s + · · · + cnsn

d0 + d1s + · · · + 1 · sn
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82 = 64

/H0.1$AB3	ªE:~K �HP*K�0��
1!K�1�K�1$A6Mkukv!K�0�59K�1!59K�1@1$89LK�3B0�Mkukv!K�1 ?�K�v93kDE8 ³ �ÀDE1!5 
 :~K(MkDEL|A=0

5 · 16 = 80 = 1, 25 · 64 �r,w°p1!MBITKr�M6241!59K�36K«0.1 tQ0.1!MB0�ukv$A�DE8 ³ K�C*K�1$AB8!K�J.J�KQ°�L��9J�K�LK�1$AkDEAB0�241¢C~241®ÅÆ24�T24:-3kD�ÇwKQ0.L ¨}36K�0�570.LK�1!MB0�241wDEJ�K(1��
��K�3659K�1_ÅÆK�AB3kD4K(59K�3}DE1wDEJ�24:®�(8_¨S36K�0�K(ukP*K�1F0.L�����K�0�570.LK�1!MB0�241wDEJhK�1_C*241¸© 243BA6K�0.JoM6K�0.1�,
°�L �!24J.:~K�1!59K�1@M624J.J�K�1F© 243B�ÀªE3BA6M624�TK�3kDEA6243S891!5_°�1$C*K�36MB0�241!MBA6K�0.JÆDE1FC*K�36M6ukv90�K(59K�1!K�1�?@2$59K�J.J�K�1_:~Kr�
A6K(MBA6K�A ��K�3659K�1�,À²ÀKr0UMBz[1$ABv!K�AB0�M6ukv!K�1 ?�2$59K�J.J�K�1±�ÀKr3k59K�1 5!DEITK�0}:~K�L�0�M6ukv$A6K@�}DE1!57ITK(570.19:-8919:~K�1
:~Kr�«ªEv9J.A�ITK�0UK�0.1!K�L  S1$A6K�3B:-3B891!57:~K�I90�K(A¸C*241

21m × 72m × 19m
,�¨S0�K �TK�J.J�K�1 MB0.1!5 � �93 ³ K�J

59K�3 �<DE1$A6K�19JhªE19:~K +�L 
 ÅÆK�AB3kD4K(59K�3�J.0�K ³ K�3B1��93kDEP[AB0�M6ukv�:-J�K�0�ukv!K¢/H3B:~K�I9190�M6M6K�r,HO$0.L|89J.0�K�3BA���K�3659K�1

 ��K�191 190�ukv$A«DE1!59K�36M ITK(Mkukv93B0�K�ITKr1 � y<�wDE3kDEJ.J�K�J�K}GH362EÇ!J�K}L�0�A �YK|+·¬</HJ�K�P$AB362$59K�1�ITK�0��-L�RSI!MBAkDE1!5
���a0.Mkukv!K�1@GH362EÇ!J�K�1 M62·�«0�K|/HJ�K�P[AB362$59K�1�,Ã��893SITK(M6M6K�36K�1@RQ1!M6ukvwDE898919:¢�«0.365�2 ³ ABL®DEJ�M}59K�3S²ÀK�36K�0�ukv
59K�3ÀG�MkK�8!5924�98919P$A6K=K�0.19:~K�AB3kDE:~K�1��9ITK�0\K�0.1!K�L��±0.19P*K�JTC~241

45◦
:~K�:~K�1¸570�KUtS243B0.��241$AkDEJ�KU�(893«ÅÀ0�Kr�

³ K�1$ITK(MBAB0.L�L|8919:!,�RSI9I90.J�578919:_�7,#> ��K�0.:-A<DE19vwDE1!5 C*241@�(��K�0�²ÀK�0.M6�90�K�J�K�1��\�«0�K�MB0�ukvg570�K��oDE:~K�59K�3
G�M6K�8!5924�98919P[A6K�K�3B:-0.I9A�,

+-+��
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RSI9I90.J�578919:¢�7,.+B0���K�3BJ�K�:-8919:¸K�0.1!K(M � �93 ³ K�J�MQ0.1 y®ÅÆK�AB3kD4K(59K�3�,T¨}0�K�© DE3B0hDE1$A6K�1 
Y+-,wI9�(�<,T>7,\�TK�0.J�K�
��K(ukv!M6K�J.1¢MB0�ukv®0.1¢DEJ.J�KS�SDE89L�3B0�ukv$AB8919:~K�1¸DEI��*ITKr0�M6�90�K�J�MB��K�0�M6K}N7,*/HJ�K�LK�1$AÀ24ITK�1��
�!,9/HJ�K�LK�1$AQ891$A6K�1�,

RSJ�M �}ª4ukv!M6A6K(M�«0.365 K�0.1!KF© 243B�ÀªE3BA6MB36K(ukv91$891!: �9ITK�3 K�0.1!K�L v!24L24:~K�1!K�1±tUDEJ.I93kDE89L 578!36ukv9:~Kr�
³ �9v93BA��789L�570�K=MBz[1$ABv!K�AB0�M6ukv!K�1 � K�3BA6KUL�0.ASDE1wDEJ.z$AB0�M6ukv!K�1FC*K�3B:-J�K�0�ukv!K�1F�(8¸P*�4191!K�1�,9/�M«��K�0.:-AQMB0�ukv
�9ITK�3SDEJ.J�K�1_y�GH362EÇ!J�K�1��!570�K<MB0�ukv �BK���K�0.J�M«0.L�RQI!M6AkDE1!5¢�(89L �SDE1!5 
 0.1

x
���a0�ukv[AB8919: � 891$A6K�36Mkukv!K�0��

59K�1�� K�0.1!K_:-J�K�0�ukv!K �S8wDEJ.0.AkªEA�59K(M /H3B:~K�I9190�M6MkK(M�, ²ÀK�0QP[J�K�0�1wKr1±¨}0.�T24JhDEI!MBAkªE1!5!Kr1 
 K�1$A6MB�936K(ukv!K�1!5
G�MkK�8!5924AB0�K ³ K�1 ��MB0.1!5570�KQ�!K�v9J�K�3 0.L´²�K�AB3kDE:�8919:~K�1wDE8!K�3 891!5J.0�K�:~Kr1 0.L�LK�3 891$A6K�3�N

%
�-0.1��K�0.A6K�1

{UK�I90�K�A6K�1�891$A6K�3��7�#y
%
,cO$A6K�J.J.C*K�3BAB36K�A6K�1!5 DE8!ukv ³ �93�570�K DE1!59K�36K�1�G�362EÇ!J�K0�M6A<0.1mRSI9I90.J�578919: �7,#N

59K�3�²ÀK�AB3kDE:~M ³ K�v9J�K�3ÀDEJ�M G M6K�8!592-M6K�P[AB0�241�DE8 ³ :~K�AB3kDE:~K�1�,[¨=D4M 1!K�:*DEAB0.C~KQ© 243B��K�0�ukv!K�1 ITK(59K�89A6K�A��[5!D4M6M
570�K�©�243B�ÀªE3BA6M636K(ukv91$8919:K�0.1!K�1 �(8±:~Kr360�1!:~Kr1 ²ÀK�AB3kDE: 59K(M¢Mkukv!K�0.1$IwDE36K�1 �±0�59K�36MBAkDE1!59K(M¢J.0�K ³ K�3BA�,
© K�3B:-J.0�ukv!K�1_��K�3659K�1_P4DE191_5!D4Ma²�0.J�5¸L�0.Aa�!,#y ³ �93a59K�1�>4¨S����DEJ.J 
 v90�K�3Q²ÀK�AB3kDE:®59K�3QRSI$��K�0�ukv$8919: �r,
°p1!MB:~K(MkDEL|AQ0�MBAQ5!DEL�0.AS570�K�¨=DEA6K�1!�*8wDEJ.0.AkªEA}578936ukvwDE8!MSC~K�3B:-J�K�0�ukv$IwDE3SL�0.AS59K�3}>4¨S���QK(ukv91$8919:!,�¨}0�K
GHvwD4MkK�1F��K�3659K�1F1$89LK�3B0�M6ukv_Kr�!DEP$A 
 I90�MQDE8 ³ DE8 ³ :~K���K�0�ukv91!K�A6K��7, �}D4ukv9P*24L�L®D4MBA6K�J.J�K�À:~K�J.0�K ³ K�3BA�,
°pL �w24J.:~K�1!59K�1�M624J.J�59K�3�°p1$C~K�36MB0�241!M6A6K�0.JH:~K�A6K(MBA6K�A<�ÀKr3k59K�1�,�¨=DEITK�0��«0.365g�(891wª4ukv!MBA|570�K�K�AkDEI9J.0�K�3Y�
A6K �}u(u�DEL���²ÀK(570.19:-891!: DEJ�M��QK�:-89JhDE3B0�M60�K�3B8919: :~K��ÀªEv9J.A�,�¨=D@5!D4M�©�K�3BvwªEJ.AB1!0.MC~241 {}J�K�0�ukv$8919:~K�1
�(8@ Q1$ITK�P-DE191$A6K�1�0.L�¨}36K�0�570.LK�1!MB0�241wDEJ�K�1 1!2$ukv@M6ukv9J�K(ukv$A6K�3S�«0.365Ã��5!D4MU{}J�K�0�ukv$8919:~M6MBz7MBA6K�L¡DEJ�M62
1!2$ukv_MBAkªE3BP*K�3À891[A6K�3BITK(MBAB0.L�L|AQ0�MBA��[P*24L�L|Aa59K�3Q�QK�:-89JhDE3B0�MB0�K�3B8919: K�3B1!K�89AQK�0�1wKU�«0�ukv$AB0.:~K<²ÀK(59K�87�
AB8919:�(8�,9/�M«�«0.365¸v90�K�3«L�0.AQK�0.1!K�3 �}u(u�DEL����SK�:-89JhDE3B0�MB0�K�3B891!:®:~K�DE3BITK�0.A6K�A��w5!D�570�K(M6KU0.1F59K�3Q�QK�:~K�J
�(8mK�0.1!K�3|K�Ap�ÀD4M�M6ukv91!K�J.J�K�36K�1 �S241$C~K�3B:~K�19� ³ �9v93BA�,�¨}0�K(M<�ÀDE3|DE8 ³ :-3B891!5 59K�3�JhDE19:~K�1m�SK(ukv!K�19��K�0.A
5!D4MQK�1$A6M6ukv!K�0�59K�1!59K �U3B0.A6K�3B0.89L ³ �93a570�K ��DEv9Je,
/H36M6A6K�3¢ÅÆK(MBA ³ DEJ.JQ0�MBA¢K�0�1 ����K�0�Mkukv90�ukv$A ³ DEJ.J}L�0.A¢K�0.1!K�3 v!24360���241[AkDEJ�Kr1�{}36K�19� ��ª4ukv!K@0.1±�EL;ÅÀ0�K ³ K-,
�SITK�3BvwDEJ.IITK(M60.AB�(A�5!D4M�? DEA6K�3B0hDEJ«570�K�/H0.:~K�1!M6ukvwD ³ A6K�1

100Ωm
�o�k+��EL�3kD45Ã��891$A6K�3BvwDEJ.I

10Ωm
�o�

>-yEL�3kD45Ã,7¨}0�KS¨=DEA6K�1 ��K�3659K�1�L�0.A}+
%
I9�(�<,7�7�#NEL�3kD45¸{<DE8!M6M6M6ukv!K�L��}DE8!M6ukv!K�1 ³ �93�²�K�AB3kDE:�I9�(�<,

GHvwD4MkK=ITK�J�K�:-A�,
¨}0�K°�1$C*K�36MB0�241 P~241$C*K�3B:-0�K�3BA|DE8 ³ 5!D4M|DE19:~K�:~K�ITK�1!K®�}DE8!M6ukv9190.C*K�DE8��Ã891!5 M62·��24v9J�0.L ²ÀK�AB3kDE:�DEJ�M
DE8!ukvm0.1�59K�3�GHvwD4MkK�0�M6A�59K�3�����K�0�M6ukv90�ukv$A ³ DEJ.J :-89A<�(8�K�3BP~K�191!K�1�,ÆRQI9I90.J�57891!:@�7, �F��K�0.:-A|5!D4M|°�17�
C*K�36MB0�241!M6K�3B:~K�I9190�M=0.1 N4¨S� O[ukv9190.ABA6K�1�,�?@DE1gK�3BP*K�191$AUP[JhDE3U570�K��(��K�0 O[ukv90�ukv$A6K�1��\J�K(570.:-J.0�ukv 0.1 5!Kr1
��K�190.:®M6K�1!MB0.AB0.C*K�1¸�SDE1w57ITK�36K�0.ukvwKr1�59K(M«°p1$C*K�36MB0�241!MB:~K�I90�K�A6K(M«190.L�L|Aa5!Kr3 �S241$A63kD4MBAaMBAkDE3BP�DEI�,9°�L
�TK�1$AB3B89L ��K�3659K�1�²ÀK�AB3kDE:891!5FGHvwD4M6K�DE8!ukv_�$8wDE1$AB0.AkDEAB0.C�36K��9362$5789�(0�K�3BA�,
RSI9I90.J�578919:��7,#y<��K�0.:-AÀ570�KS°p1$C*K�36MB0�241!M6K�3B:~K�I9190�M6M6K ³ �93�K�0.1!K�1FO[ukv9190.ABAÀK�1$ABJhDE19:�59K(M L�0.ABABJ�K�36K�1¸GH362E�
Ç!J�M�,Æ°p1�570�K(M6K�3�¨=DE36MBA6K�J.J.8919:@�«0.365m1!2$ukv 59K�89ABJ.0�ukv!K�3��c�«0�K®891$ITK(K�0.1�!8!M6MBA�570�K �SDE1!57:~K�I90�K�A6K C*241
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RQI9I90.J�578919:¢�7,#>10!¨}0�K�?�K(M6M6P~2417Ç!:-893kDEAB0�241 
 L�0.AH°p1$C~K�36M60.241wMB:~K�I90�K�A ��0.1�5736K�07¨}0.LK�1!MB0�241!K�1�,-/H0.19:~Kr�
AB3kDE:~K�1¢MB0.1!5®570�KSy<GH362EÇ!J�KQC*241®/HJ�K�P[AB362$59K�1�M62·�«0�KQ5!D4MÀ{UK�I90�K�A 59K�3�G�M6K�8!592-M6K�P$�
AB0�241!K�1mL�0.A<�(��K�0 ITK�0�MB�90�K�J.vwD ³ A6K�1 ¨}0.�T24J���¨}0.�T24J RS1!2436571$8919:~K�1�, 
 ²�K(M6AB0.L�L|8919:
59K�3a�(89:~K�v!�43B0.:~K�1�G�MkK�8!5924�98919P$A6K<:~K(M6AB3B0�ukv!K�J.AQM6P$0.�(�(0�K�3BA �

59K�3=°p1$C~K�36M60.241 I9J�K�0.ITK�1�,Æ��8g59K�1�O[K�0.A6K�1���DE8 �~K�3BvwDEJ.Im59K(M=K�0.19:~K���K�0�ukv91!K�A6K(1m²ÀK�36K�0�ukv!M<59K�3=G�MkK�87�
5924�98919P$A6K-�«ªE1!59K�3B1�MB0�ukv ²ÀK�AB3kDE: 891!5±GHvwD4MkK�1$893���K�190.: C~241 59K�1 � K�3BA6K�1 59K(M¢v!24L24:~K�1!K�1
O$AkDE3BABvwDEJ.I93kDE89LM�,
�w8wMkªEAB�(J.0�ukv�K�3BP*K�191$A�L®DE1��45!D4M6Mc8919L�0.ABA6K�J.IwDE3 DE1�59K�3 �SITK�3 ��ª4ukv!K«570�K � K�3BA6KÀK�Ap�ÀD4M�:~K(MBA6�43BAHMB0.1!5Ã,
tQ0�K�3 �«0.365®�(89L�K�0.1!K�1 C~K�36MB8!ukv$A·�*59K�1®C*K�3B3kDE8!M6ukv$A6K�1¢ÅÆK�0.JT59K�3�?�K(M6Mk5!DEA6K�1¢DE19�(89�wD4M6M6K�1��*�(89L�DE17�
59K�36K�1�J�K�0�59K�A«v90�K�3«590.K=RQ8�w�-M68919:DE1¸59K�3ÀC*K�3B:-36���~K�3BA6K�1F¨}0.�T24J.��K�0.A6K 
 0.L�>4¨S����DEJ.J\�«893659K�1FMBA6K�A6M
>EL¡:~K��ÀªEv9J.A �}891!5 59K�3<5!DEL�0.A=C*K�3BI9891!59K�1!K�1g:-36���~K�36K�1mG�M6K�8!5924AB0�K ³ K ³ �93

n = 1
,\RS8!MU�QK(ukv!K�17�

�(K�0.AB:-3 �!1!59K�1 
 M�,#D7,w�7,#> �ÀP~24191$A6K�1_P[J�K�0�1wKr3kK<¨}0.�T24J�K �YK(592$ukv_190�ukv$AQ�(8!MkªEAB�(J.0�ukv_:~K�36K(ukv91!K�AS��K�3659K�1�,
¨UD4M¸1wª4ukv!MBA6Kg891!5�DE8!ukv�J�K�AB�(A6K MBz[1$ABv!K�AB0�M6ukv!Kg?@2$59K�J.Je�«5!D4M¸C*243B:~K(MBA6K�J.J.AF��K�3659K�1�M624J.Je�À0�MBAFK�0��
1!K(M L�0.AÀN4¨���K�0.A ³ ªEv90.:-P~K�0.A6MkMBAB3B89P[AB8936K�1 
eO$AB3B89P[AB8936K�1 �YK���K�0.J�M 0.1 59K�1 �(89:~K�v!�43B0.:~K�1¸RSI9I90.J�578919:~K�1
Kr0.19:~K���K�0�ukv91wK�A �r,\tS0.1$A6K�3B:-3B891!5�0�MBASK�0.1g����K�0�M6ukv90�ukv$A ³ DEJ.Je��ITK�0c59K�L�K�0.1!K�24ITK�36K�O[ukv90�ukv$A 


100Ωm
�

�k+��EL�3kD45�� 0.1 +�yEL�ÅÀ0�K ³ KSC*241¢K�0.1!K�3À891$A6K�36K�1_O[ukv90�ukv$A 

10Ωm

�*�p>-�EL�3kD45��ÀDEI9:~K�:-36K�19�(A«�«0.365Ã,9��87�
MkªEAB�(J.0�ukv@J.0�K�:-AUK�0.1@:-89A}J�K�0.A6K�1!59K�3��\�*8wD459K�3 ³ �43BL�0.:~K�3�O$A6�43BP*�43B�TK�3 


25Ωm
�!�p>-�EL�3kD45��Q0.L¡²ÀK�36K�0�ukv

C~241
x = 18 − 26m

�
y = 8 − 14m

891!5
z = −7

I90�M −12m
, � K�0.A6K�3Bv90.1�ITKrÇ!1!59K�A�M60�ukv�Kr0.1!K

M6ukv9J�K(ukv$A®J�Kr0.A6K�1!5!K �U89:~K�J�

400Ωm

���pyEL�3kD45���L�0.A¢�EL¯�SD4570.8!M891!5 ?_0.ABA6K�J.�98919P[A
x = 38m

�
y = 14m

�
z = −8m

0.1¢59K�3 24ITK�36K�1FO[ukv90�ukv$A�,[¨S0�KS?�K(MkMB��K�3BA6Ka��K�3659K�1¢L�0.A :-J�K�0�ukv!K�L��SDE8!M6ukv9J�Kr�
C~K�JH�«0�K��(89C~243=ITK�J�K�:-A ��570�K �S2417Ç!:-893kDEAB0�241wK�1m��K�3659K�1 ITK�1$89AB�(A��Ã�«0�K�0.1 RQI9I90.J�578919:��7,#>�5!DE3B:~Kr�
MBA6K�J.J.A�,
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RSI9I90.J�578919:¢�7,#N10!¨S0�K��93624��K�1$AB8wDEJ�KFRSI$��K�0�ukv$8919: 59K(M²�K�AB3kDE:~K(M®59K�3�MBz[1$ABv!K�AB0�M6ukv!K�1:~K�:~K�1 �9ITK�3
59K�1_DE1wDEJ.z[AB0�M6ukv!K�1 � K�3BA6K�1 ³ �93a5!D4MSªE8 �~K�36K<GH362EÇ!J

x = 5m
,

¨}0�K °�1[C~K�36MB0�241 K�3B3B36K�0�ukv$Ag0.1 59K�3gRS19�wD4M6MB8919: 5!D4M �}DE8!M6ukv9190.C*K�DE8��U570�K /H3B:~K�I9190�M6MkKDEJ�M N4¨S�
O[ukv9190.ABA6KmMB0.1!5 0.1�RSI9I90.J�578919: �7,#�5!DE3B:~K(MBA6K�J.J.A�,Q°�L ²ÀK�AB3kDE: K�36M6ukv!K�0.1$A_570�KgMkukv9J�K(ukv$AFJ.K�0.A6K�1!59K
�U89:~K�JoP[JhDE3a0.L� QL�3B0�M6Ma891!5�DE8!ukv�59K�3 �mK�3BA 


log10(400) ≈ 2, 6
�À�«0.365¸:-89AQ36K��9362$5789�(0�K�3BA�,TRQ17�

59K�36M®MB0�K�v$A5!D4MITK�0a59K�L :-89AJ�K�0.A6K�1!59K�1 �S8wD459K�3 
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γj = ḡj · Vj
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x + ā2ξ
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)
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(

ā1η
2
x + ā2η

2
y + ā3η

2
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)
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σ33 =
(

ā1ζ
2
x + ā2ζ

2
y + ā3ζ

2
z

)

· Vj

σ12 = (ā1ξxηx + ā2ξyηy + ā3ξzηz) · Vj

σ13 = (ā1ξxζx + ā2ξyζy + ā3ξzζz) · Vj

σ12 = (ā1ηxζx + ā2ηyζy + ā3ηzζz) · Vj P	�d# �3X
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