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(iωτ)c MBA6K�v$A ³ �93=570�K�Gc24JhDE3B0�M	DEAB0�241!M6K 	\K�P[A6K�0.1g59K�3 �}ªEv!K�59K(MU?�0.1!Kr�3kDEJ.P~243B1!M�,��TK�0�ukv91$8919:®1wD4ukv �3X�(+ �UZ?B>r( Ua9� NV��Ã+��~¬4�C&
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�UD4ukv�59K�1 �9I9J.0�ukv!K�1®{=K(M6K�AB��K�1��(893�²�0.J�578919:=59K(M�{UK(MkDEL|Ap�a0.5!Kr3kMBAkDE1!59K(M
R(ω)

ITK�07GHDE3kDEJ.J.K�J���I9�(�<,
�SK�0.v!K�1!M6ukvwDEJ.AB8919: K�3B:-0.I9AQM60�ukv ³ 24J.:~K�1!59K��QK�JhDEAB0�241J0

1

R(ω)
=

1

R0
+

1

R1 + (iωX)−c


j>7,.+�N �

+�y
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R(ω) = R0 −
R2

0

R0 + R1
+

R2
0

(R0 + R1) (1 + (iωX)c(R0 + R1))

, 
j>7,.+�� �

�Q891_K�36M6K�AB�(AaL®DE1

m :=
R0

R0 + R1
und τ := X

(

R0

m

)1/c

891!5FKr36vwªEJ.AQ570�K<M624:~K�1wDE191$A6K ��24J�Kr����24J�K��w243BL
K�J�0.1_59K�3a�w243BL

R(ω) = R0

(

1 − m

(

1 − 1

1 + (iωτ)c

)) , 
j>7,.+�y �

m
0�MBA v90�K�3BITK�0��«0�K(59K�3À570�KQRS8
��D457IwDE3BP~K�0.A��[570�KaITK�36K�0.A6M 0.1�{UJ�K�0�ukv$8919:�>7,#y�K�0.19:~K ³ �9v93BA��«893659K-,$RQ1

570�K O$A6K�J.J�K 59K�3ÆMB�TK��(0�ÇwM6ukv!K�1 � 0�59K�36M6AkªE1!59K�AB36K�A6K�1�v90�K�3Æ570�K � 0�59K�36M6AkªE1!59K
R0

891!5
R1
,����93

ω → 0�«0.365 59K�3�{UK(MkDEL|Ap�«0�59K�36M6AkDE1!5 �(8
R0
�\5!D¢59K�3UP~241!59K�1!M	DEA6243kDE3BAB0.:~K�RS1$A6K�0.JHMB�TK�3B3BA��\ITK�0

ω → ∞0.M6A|59K�3
{UK(MkDEL|Ap�«0�59K�36MBAkDE1w5
(R0 · R1)/(R0 + R1)

�Æ5!D_59K�3|0.L®DE:-0.1wªE36K�RS1$A6K�0.J C*K�36M6ukv$�«0.1!59K�A�,
m
K�1!MB�93B0�ukv$A DEJ�Mk2 DE8!ukv­v90�K�3

m = (Rω→0 − Rω→∞)/Rω→0
891!5­K�0.1!K¸��K�0.A6K�36K_DEJ.A6K�3B1wDEAB0.C*K

O[ukv936K�0.I$��K�0�M6K ³ �93a59K�1 ³ 36K(�$8!K�19�·DEI9vwªE19:-0.:~K�1g{UK(MkDEL|Ap�«0�59K�36M6AkDE1!5_K�3B:-0.I9AQMB0�ukvJ0

R(ω) = Rω→∞ +
Rω→0 − Rω→∞

1 + (iωτ)c


j>7,.+�� �

°�1m570�K(M6K�3|RQ3BA=Ç!1!59K�A�MB0�ukvm570�K {UJ�K�0�ukv$8919:_�~, ²U,�0�1 �3X�(+ YUZ?�> (�U�9� 4Vh��+��~¬4�C&\.��o0.L�{=K�:~K�1!MkDEAB�®�(893
O[ukv936K�0.I$��K�0�M6KF1wD4ukv KM?� N(u9B>@H KM?� N(`�.+��E�!++.�����2mDE1!MBA6K�J.J�KF59K�3 �±0�59K�36MBAkªE1!59K_¨S0�K�J�K�P[AB3B0.�(0.AkªEA6K�1
C~K�3B��K�1!59K�A|�«893659K�1��o�TK�3��oDE�9JhD4u(K Åo3kDE1!M ³ 243BL®DEAB0�241 DEI9:~K�J�K�0.A6K�A�DE8!M|59K�L �TK�0.ABC*K�3BvwDEJ.A6K�1 K�0.1!K�3
Gc24JhDE3B0�MkDEAB0�241�,9¨=DEL�0.A«MBA6K�J.J.A

τ
570�K=�TK�0.ABP*241!MBAkDE1$A6KU5!DE3��9DEJ�M62�570�K}�SK�JhD��9DEAB0�241!MB��K�0.A«59K(MÀGH3624��K(MkM6K(M

L�0�AQ59K�3Q/H0.19v!K�0.AUO[K�P[891!59K�1�,
RQ8!ukv 5!D4M�MB�TK�P[AB3kDEJ�K ©�K�3BvwDEJ.A6K�1­59K�3�GHvwD4M6K�1­DE8!M�RQI9I90.J�578919: >7,#N_�«0.365 DE19vwDE1!5 59K(M�/H36MkDEAB���
M6ukvwDEJ.ABI90.J�59K(M 
 RQI9I90.J�578919:�>7,#y7�*3kK�ukv[A6M �HP[JhDE3=0*²ÀK�0�190�K(573B0.:~K�1��!36K(�$8!K�19��K�1 P-DE191¢570�KSGc24JhDE3B0�MkDEAB0�241
59K�L�ªE8 �~K�36K�1_�wK�J�5 
 I9�(�<,9570�K�O$�wDE191$8919:®59K�L O$A63624L � ³ 24J.:~K�1�891!5¸K(M«K�1$A6MBA6K�v[A«P~K�0.1!K=GHvwD4M6K�17�
C~K�36M6ukv90�K�I98919:!,\���93}MkK�v93Sv!24v!K��!36K(�$8!K�19��Kr1 I9J�K�0.I9A}P*K�0.1!K��TK�0.A ³ �93}59K�1 RS8 ³ IwDE8@C~241 Gc24JhDE3B0�MkD��
AB0�241!K�1��9�ÀD4MaK�ITK�1 ³ DEJ.J�Ma�(8FP~K�0.1!K�3QGHvwD4M6K�1$C*K�36M6ukv90�K�I98919: ³ �9v93BA�, �S893«�(�«0�M6ukv!K�1_570�K(M6K�1_/��7AB36K�L®D
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P[JhªE36K�1
I9J�K�0.I9A 570�Ka�!8919P[AB0�241®59K(M�GHDE3kDEL
K�A6K�36M

c
, ��	\K�1$IwDE3 vwªE19:-A 570�K(MkKr3�L�0.A 59K�3�© K�3BA6K�0.J.8919:

C~K�36M6ukv90�K(59K�1!K�3U�QK�JhD��!DEAB0�241!MB�93624��K(M6MkK���8wMkDEL�L
K�1�,����93
c = 1

K�3BvwªEJ.A}L®DE1@Kr0.1!K 
 K�0.19��K�J.1!K
�'�=D��
�wDE�(0�A	ªEA�� ³ �93

c = 0
K�3B:-0.I9AÀMB0�ukv�K�0.1¢P~241!M6AkDE1$A6K�3 � 0�59K�36M6AkDE1!5 I9�(�<,[K�0.1�M6K�v93ÀMBAkDE3BP
C*K�3BI936K�0.A6K�3BA6K(M

O$�TK�P$AB3B89L�C*241@�QK�JhD��!DEAB0�241!MB��K�0.A6K�1�,Ã���«0�Mkukv!K�1
0
891!5

1
J.0�K�:~K�1gDE8!ukv 570�K�ABv!K(2436K�AB0�Mkukv!K�1 {U36K�17�

�(K�1 ³ �93S570�K(M6K�1@G�DE3kDEL
K�A6K�3��T59K�1�L®DE1 DEJ�M +��!36K(�*8!K�19��Kr�7�T241!K�1$A6K�1 -�ITK���K�0�ukv91!K�A�,T°p1_5!Kr1 ³ 3 �9v!K�1
²�K(M6ukv93kKr0.I98!19:~K�1 
 �~, ²},[��D 9�*GF)�%9B 6 [9B>@HjDE9IHIH!(+>���+��-y-�/. ���«893659K¢L
K�0�MBA

c = 0, 5
:~K(MkK�AB�(A�891!5

5!DEL�0.AaK�0.1!K ��DE3BI9893B:4��°�L��TK(5!DE19��:~K��ÀªEv9J.A��!570�K ³ �93«36K�0.1F570 	T8!M60�241!MBP~241$AB3624J.J.0�K�3BA6K�K�J�K�P$AB362$ukv!K�L�0��
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K�v93BA �mK�3BA6K ³ �93

c
�(�«0�M6ukv!K�1

0, 25
891!5

0, 35
:~K�L
K(M6M6K�1 
 �~, ²U,M�3X�(+ YUZ?�> (�Ud9B 4Vh��+��~¬4�C&\. �}891!5gMkukv9J.0�K �-J�0�ukv 0�M6A ³ K(MBA6��8!vwDEJ.A6K�1��Ã5!D4MkM ³ �93<570�K

L
Kr0�M6A6K�1_L�0.1!K�3kDEJ.0�MB0�K�3BA6K�1g{=K(MBA6K�0.1!K
c
ITK�0oK�0.1!K�L�?�0.ABA6K�J.��K�3BAQC*241
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891!5
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¨}0�K|RSI9vwªE19:-0.:-P~K�0.AU59K(M=O$�TK�P[AB3B89L
MSC*241
c
�«0.365�0.1@RQI9I90.J�578919:¸>7,#� 5!DE3B:~K(MBA6K�J.J.A�,T²ÀK�0Æ�ÀD4ukv!M6K�17�

59K�L
c
�«0.365�M62·��24v9JÆ5!D4MS? DE:-190.AB8!59K�17�aDEJ�M}DE8!ukv@5!D4MSGHvwD4M6K�1!MB�TK�P[AB3B89L�M6A6K�0.J�K�3�
 0.1!MBITK(M6241w59K�36K

0.L ²ÀK�36K�0�ukv_59K(MQGHvwD4M6K�19L�0.190.L|89L®M��w5!D4Ma0.1FK�Ap�ÀD�ITK�0��(8
ωmin = 1/τ

J.0�K�:-A �r,

RSI9I90.J�578919:¢>7,#�10!RQI9vwªE19:-0.:-P*K�0.A
59K(M�²ÀK�AB3kDE:~MY�=891!5­GHvwD4M6K�1!MB�TK�P[AB3B89L
M�C*24L ��24J�Kr����24J�KFG�DE3kD��
L
KrAkKr3

c
,w�TK�0�ukv91$8919:�DE8!M��3mT(+$T>@9-�w>-�-�-�/.�,

°p1g© K�3BI90.1!578919:_L�0.A�/ ?F���S24�9�9J.8919:~K(1��o0.1!5789P$A60�C*K�1�/
	\K�P[A6K�1m2$59K�3�P4DE�wDE�(0.AB0.C*K�1 �S24�9�9J.8919:~K�1
C*241 �<DEITK�J.1�891$A6K�36K�0.1wDE1!59K�3 2$59K�3HL�0.A�59K�L ²À2$59K�1��4AB36K�A6K�1®DEJ.J�K�36570.19:~M DE8!ukv � K�3BA6K ³ �93

c
1wDEv!K

1DE8 ³ ,E°p1�570�K(M6K�L ��DEJ.J$Ç!1!59K�A�L®DE1
DE8!ukv�MkK�v93cP[J.K�0.1!K �mK�3BA6K ³ �93
τ


< 10−4s

��0.Lx© K�3B:-J�Kr0�ukv��(8�59K�1
M6241!M6A��9I9J.0�ukv!K�1 �mK�3BA6K�1 
 �(�«0�M6ukv!K�1

10−3 891!5 104s
�r,�¨S8936ukv 570�K���K�0.AUDE8!M6K�0.1wDE1!59K�3}J.0�K�:~K�1!59K�1

GHvwD4MkK�19L®D��[0.L®D C*241g{UK(MBA6K�0.1�891!5@/�?F���S24�!�9J.8919:�ITK(MBA6K�v$A}590.K�?��4:-J.0�ukv9P*K�0.A��T578936ukv /H3B��K�0.A6Kr�
3B8919:@59K(M ��24J�Kr����24J�K¢?�2$59K�J.J�M�89L �ÀK�0�AkKr3kK4�cM624:~K�1wDE191$A6K ¨}0�MB�TK�36MB0�241$A6K�3BL
K-�o1wD4ukv ²ÀK(MBAB0.L�L
K�1
59K�3 �U893BC*K�19�wDE3kDEL
K�A6K�3 570�K �S24�9�9J.8919:~M	DE1$A6K�0.J�Ka36K(ukv91!K�3B0�M6ukv
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K�1$A ³ K�3B1!K�1 
 5!DE�(8x� ��(+ ��?B*oHT(�Ut9� NV��
+��-�-�/. �r,w¨UK�3 ³ 36K(�*8!K�19�·DEI9v�ªE19:-0.:~K�MB�TK��(0�ÇwMkukv!K � 0�59K�36M6AkDE1!5FMBA6K�J.J.AQMB0�ukvF5!DE191�5!DE3QDEJ�MR0

ρ(ω) = ρ0

(

1 − m1

(

1 − 1

1 + (iωτ1)c1

)

− m2

(

1 − 1

1 + (iωτ2)c2

)

+ · · ·
) , 
j>7,.+·¬ �

¨UK�AkDE0.J�Ma�(8_570�K(M6K�L ÅÀv!K�L®D�Ç!1!5!Kr1�MB0�ukv¸0.1�y7,.+-,

�}K�ITK�1 59K�L ��24J�Kr����24J�K}?�2$59K�J.Je�$5!D4M �(89L´²ÀK(M6ukv936K�0.ITK�1�59K(MÀO$�TK�P$AB3kDEJ.C*K�3BvwDEJ.A6K�1!M�ITK(M6241!59K�36M 0.L
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���PQ?R?�*G�!5 F (�U�9� NV���+��~¬4N/. �U�«893659K
Kr0.1F© K�3BvwDEJ.A6K�1_5!Kr3Q�w243BL

ρ(ω) = k · (iω)−b 
j>7,.+�� �
ITK�Mkukv93B0�K�ITK�1��oL�0.A|59K�3|²�K(Mkukv93kªE19P$8919:@59K�3�{ �9J.AB0.:-P~K�0.A�DE8 ³ 59K�1 +��!36K(�$8!K�19�(ITK�36K�0�ukv�C*241m°p1$A6K�3Y�
K�MkM6K -	,

k
0�MBA¢v90�K�3BITK�0=K�0.1!K �S241!MBAkDE1$A6K-�

b
�T2-MB0.AB0.C 8!1!5 P[J�K�0.1!K�3

1
,�°pL :-J�K�0�ukv!K�1�RS3BAB0.P~K�J}�«0.365

DEJ�J�K�36570.19:~MSITK(M6ukv93B0�K�ITK�1���5!D4M6MQ5!D4Ma:~K(MkDEL|A6K�O$�TK�P[AB3B89L�MB0�ukvF:-89A}DE1_5!D4MQ¨}3kDEP*Kr��?@2*5!KrJ.Jo0.1�59K�3
�!243BL

ρ(ω) = k · (iω + ωl)
−b 
j>7,.+�� �

DE19�wD4M6M6K�1@Jhª4MkMBA�,
ωl
�wITK���K�0�ukv91!K�A�DEJ�M#+eJ�2·�«� ³ 36K(�$8!K�1!u�z_�T24J�K -	�T0�MBAU570�K��936K(�$8!K�19�~�\24ITK�3BvwDEJ.Ig59K�36K�3
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eiφ = cos φ + i sinφ891!5
i = ei π

2

K�3B:-0.I9AQMB0�ukvF8919L�0.ABA6K�J.IwDE3}DE8!MS>7,.+��

φ(ω) = −π

2
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�!890�59M�,

���93Q��2$ukP*Kr3kM6K(570.L
K�1$A6K 
��U0�K(M���O7DE1!5F891!5_O[0�J.A �À�«0.365F5!DE191_570�K<²�K��(0�K�v$8919:

kf =
1

FSc
por


j>7,#>~¬ �

K�0.:~K ³ �9v93BA��ÃL�0.A
2, 8 ≤ c ≤ 4, 6

,T© K�3B:-J.0�ukv!K�1 L�0.A�{}J�K�0�ukv$8919:�>7,#>E�_K�1$A6MB�93B0�ukv$A�570�K(M<K�0.1!K�3 ³ 3kDEP$�
AkDEJ�K�1�¨}0.L
K�1!MB0�241

D
���a0.Mkukv!K�1�K�Ap�ÀD

2, 29
891!5

2, 57
8!1!5|570�K(M6K J.0�K�:-Ac5!DEL�0.Ac0.1�K�0.1!K�LxMB0.191$C*24J.J�K�1

²ÀK�36K�0�ukv��(�«0�Mkukv!K�1
2
891!5

3
�7DE8!ukv���K�191¸L®DE1¢:~K�1wDE8wKr3aK�0.1!K�1 �mK�3BAÀ891$A6K�3

2, 36
59K�3QO[K(570.L
K�1$AY�

:~K(MBA6K�0.1!K<891!5F5!DEL�0.A
c < 3, 1

K�3B�ÀDE3BA6K�1_� �93659K-,
¨}0�KQ²�K(M6AB0.L�L|8919:�C*241

F
:~K(Mkukv90�K�v$A �9ITK�3  SL
MBA6K�J.J�K�1 59K�3�{UJ�K�0�ukv$8919:�>7,.+-+a891$A6K�3�59K�3 RS191wDEv9L
K

C*241¸© 24J.J�MkªEABAB0.:-8919:!,w/H1$A6MB�936K(ukv!K�1!5�K�3B:-0.I9AQMB0�ukv_59K�3Q�!2436L®DEAB0�241!M ³ DEP[A6243Q��8

F =
σw

<(σ0) −=(σ0)/l

(

=
σw

<(σ0) −=(σint)/l
=

σw

<(σ0) −<(σint)

) , 
j>7,#>-� �

tS0�K�3BITK�0Ã0�MBA
σw

�«0�K(59K�3a570�K=�cJ�8!0.59J.K�0.A ³ ªEv90.:-P*K�0.A��
σ0
590.K�{UK(MkDEL|ABJ�K�0.A ³ ªEv90.:-P*K�0.A 
 ITK�0�RSI$��K(M6K�19v!K�0.A

C*241@/HJ�K�P[AB36241!K�19J�K�0.A6K�3B1 �Q891!5
σint

590.K�{}36K�19� ��ª4ukv!K�19J�K�0�A ³ ªEv90�:-P~K�0.A·,\RS8 ³ :-3B891!5@59K�3S36K�0.1@36K(K�J.J�K�1
K�J�K�P[AB3624J.z$AB0�Mkukv!K�1¸��K�0.A ³ ªEv90.:-P*K�0.AÀ0�MBAÀ59K�3«°pL®DE:-0.1wªE3BA6K�0.JÃ5!Kr3Q{UK(M	DEL|ABJ�K�0.A ³ ªEv90.:-P*K�0.A«:-J�Kr0�ukvF59K�L�5!Kr3
{}3kKr1!� �Tª4ukv!K�19J�K�0.A ³ ªEv90.:-P*K�0.A�,

l
C-DE3B0.0�K�3BAQv90�K�3BITK�0Æ�(�«0�M6ukv!K�1

0, 01
891!5

0, 15
�9��24ITK�0 ³ �93Q�o2$ukP~K�36MkK	�

570.L
K�1$A6K<L
K�0�MBAQK�0.1 � K�3BAaC*241
0, 1

:~K��ÀªEv9J.AQ��K�3659K�1_P4DE191�,
¨}0�KS²ÀK(MBAB0.L�L|8919:�C~241

Spor
MBA6K�J.J.A�M60�ukv�DEJ�M�570.36K�P$A6K}RQI9vwªE1!:-0�:-P*K�0.A�C*241¢59K�3 0.L®DE:-0.1wªE36K�1¸�oK�0�A ³ ª��

v90.:-P*K�0.AU5!DE3�,T¨}0�K(MSL®D4ukv$AU0.1!M62 ³ Kr361gO$0.191��ÃDEJ�M}5!D4M6M}570�K|0.191!K�36K �SITK�3 ��ª4ukv!K�891!5@570�K|0.L®DE:-0.1wªE36K
��K�0.A ³ ªEv90.:-P*K�0.A
K�19: �(8!MkDEL�L
K�19vwªE19:~K�1o,�²�K�0À190�ukv$A
MBAkDE3BP~K�3�© DE3B0hDEAB0�241­59K�3®��8!MkDEL�L
K�1!MkK�AB�(8919:
59K(MQGc2436K�1$�ÀD4M6M6K�36MQ891!5F59K(Ma�w243BL®DEAB0�241!M ³ DEP[A62436M«Ç!1!59K�1 2dc�*+>�(+*l( Ua9� NVJ�.+��-�-�/.e0

Spor = a · =(σ0)
�7L�0.A

a = 8, 6 · 104

(

S

m

)−1

· 1

µm

, 
j>7,#>-� �

 S1$A6K�3}59K�1@K�3B�ÀªEv91$A6K�1 /H0.1!Mkukv93kªE19P$8919:~K�1 JhD4M6MkKr1@MB0�ukv DEJ�M62 �9ITK�3U�QK�DEJ���891!5�°�L®DE:-0.1wªE3BA6K�0.J�5!Kr3

e{=K�M	DEL|AY� � ��K�0.A ³ ªEv90.:-P~K�0.AÀ�!243BL®DEAB0�241!M ³ DEP[A6243

F

j>7,#>-� �r�*570�KQDE8 ³ 5!D4M�©�24J.89L
K�1®1!243BL�0�K�3BA6KQ0.191!K�36K

�SITK�3 ��ª4ukv!K
Spor


j>7,#>-� � 891!5¢M6ukv9J.0�K �-J.0�ukv¸59K�3�¨}8936ukv9Jhª4MkMB0.:-P~K�0.A6MBITK�0.��K�3BA
kf


j>7,#>~¬ � ITK(MBAB0.L�L
K�1�,

/H0.1���K�0.A6K�36K(MF?@2$59K�J.J=0�MBA¸5!D4M¸Mk2 :~K�1wDE191$A6K �S243B19:-36���~K�17��?�2$5!K�J.J�1wD4ukv �W 49BUe(+* 9B>@H fg(GF+$'(GF
�#>-�-�->/.�,À/�M �«0.365 DE8!M¢�ÆDEIT243BL
K(M6MB8919:~K�1 ³ �93¢��2$ukP*K�36M6K(570.L
K�1$A6K DE8 ³ :~K(MBA6K�J.J.A�,�RS1wDEJ�24: �(8±59K�L
ITK�36K�0.A6M�ITK(MB�9362$ukv!K�1!K�1 RQ1!MkDEAB�
�«0.365gC*K�36MB8!ukv$A�� =(σ0)

0.1m²ÀK��(0�K�v$8919:_�(8
Spor

��8�M6K�AB��K�1�,�¨}0�K
J.0.1!K�DE36Km²�K��(0�K�v$8919: 
j>7,#>-� �¢P-DE191�5!DEITK�0 ³ �93F570�K C*K�3B��K�1!59K�A6K�1�GH3624ITK�1 
eO$0.J.A��SO7DE1!5Ã�aÅÀ0.J.J<0.1
1wDEA �93BJ.0�ukv!K�L¯��8!MBAkDE1!5��«0�K
0.1�P �91!MBABJ.0�ukv!K�1 ?�0�M6ukv$8919:~K�1 �<190�ukv$A|ITK(MBAkªEAB0.:-A���K�3659K�1�,cRQ1 570�K(M6K
O$A6K�J.J�K<AB3B0.ABA

Spor ≈ 2000 · (=(σ0(1Hz))p , 
j>7,#N-� �

>-N



��� � ��� � � �
����� � ��� ��� � � 	�� ������� ��� ������������	���������� ������� � 	��	���

tQ0�K�3BITK�0�:-0.J.A
p = 0, 5 ± 0, 2

,T/ M}�a0�3k5@v90�K�3UP*K�0.1 O$�TK�P[AB3B89LF�ÃM6241!59K�3B1g1$893=K�0.1 � K�3BA ³ �93
1HzITKr1w�4AB0.:-A�,oRQ8 ³ 59K�L �mK�:¸�(893�²ÀK(MBAB0.L�L|8919:_C*241

kf
�«0.365 
 0.L�{=K�:~K�1!MkDEAB�
�(8�>7,#>~¬ �U1$893�K�0.1!K

M6K�v93QJ�K�0�ukv$A6K�RQI9v�ªE19:-0.:-P~K�0.A}C~241
F
³ K(MBAB:~K(MBA6K�J.J.A���M62$5!D4M6M

kf
�9ITK�3

Spor

j>7,#N-� �Q570.36K�P$AS0.1@²ÀK���8!:

��8!L °�L®DE:-0.1wªE3BA6K�0.JÆ59K�3Q��K�0.A ³ ªEv90.:-P~K�0.AQ:~K(MkK�AB�(Aa��K�3659K�1FP*�4191$A6K-,
/�M|0�MBA�DEJ.J.K�36590�1!:~M�M629�Æ5!D4M6M�DE8!ukv 570�K ²ÀK��(0�K�v$8919:@�(8

Spor
:~K�L�0�K(59K�1 891!5�5!D ³ �93�570�K MBAkªE3BP*K�36K

�S243B36K�JhDEAB0�241��(�«0�M6ukv!K�1 =(σ0)
891!5

d10
:~K�1$89AB�(AH�«0.365Ã,4?�0.A

d10
�«0.365�570�K �S243B19:-36���~KÀITK���K�0�ukv91!K�A��

ITKr0o59K�3
10
{UK��«0�ukv[A6MB�93624��K�1$AS59K�3QGH3624ITK<P$J�K�0.1!K�3SMB0.1!5Ã,9¨}0�K ³ K(MBAB:~K(M6A6K�J.J�AkK=²ÀK��(0�K�v$8919:®0�MBAa1$891

=(σ0) = 0, 005 · (d10)
−b , 
j>7,#N7+
�

?_0.A
d10

0.1
mm

891!5
b = 1, 0 ± 0, 1

K�3B:-0.I9ASMB0�ukv =(σ0)
0.1

µS/cm
,

°�L �mK�0.A6K�36K�1±�«0.365 K�0.1!K@²ÀK��(0�K�v$8919: �(�«0�M6ukv!K�1
kf

891!5
d10

ITK�1$89AB�(A��À570�K�
 I90�M¸DE8 ³ 570�K ³ K�v7�
J.K�1!5!K�ÅÆK�L��TK�3kDEAB893kDEI!vwªE19:~0.:-P*K�0.A �S0.1 59K�3U�!243BLÈ59K�3Ut}DE��K�17� {UJ�Kr0�ukv[8919: 
 �~, ²U,t�3b�c� �U_5w>i,-�c+��-�-�/. �
Kr1[A6MB�93B0�ukv$A�,w/�MaK�3B:-0.I9ASMB0�ukvF570�K<²ÀK��(0�K�v$8919:

kf = 0, 002 · (d10)
d � 
j>7,#N-> �

570�K=�(8!MkDEL�L
K�1�L�0.A}>7,#N7+�59K�1_:~K(MB8!ukv$A6K�1�²ÀK��(89:®v!K�36MBA6K�J.J.A�,�tQ0�K�3BITK�0o:-0.J.A
d = 1, 3 ± 0, 2

, �Sv91!K
570.36K�P$A6K(MQ²ÀK�1$89AB��K�1_C~241

Spor
³ 24J.:-AQ570�K|{}J�K�0�ukv$8919:

kf = m · (=(σ0))
−n , 
j>7,#N-N �

/�MÆ0�MBA
m = 0, 0002±0, 00003


 ÅÆ24J�K�3kDE19�ÀP~243B3B0.:-0�K�3BAc1wD4ukv`�3m� �5_U��+F����$�E>-�-�E��. ��891!5
n = 1, 1±0, 2

,
� �93 =(σ0)

0.1
µS/m

K�3B:-0.I9AQM60�ukv
kf
0.1

m/s
,

?@DE1FK�3BvwªEJ.A}DEJ�M62�K�0.1!K<²ÀKr�(0�K�v$891!:!�!570�K=P*K�0.1!K=570.36K�P[A6K=RSI9vwªE19:-0.:-P*K�0.Aa�(89L �QK�DEJ.A6K�0.Jo59K�3Q��K�0.A ³ ª��
v90.:-P~K�0.ASITK�0.19vwDEJ.A6K�A�,T¨}0�K(MQ0�MBAQ0.1!Mk2 ³ K�3B1�ITK�L
K�3BP~K�1!M6��K�3BA��\DEJ�MS5!D4M6MS59K�3}�QK�DEJ.A6K�0.JcK�19:~K�3SL�0.A}59K�L
Gc2436K�193kDE89LF�95!Kr3«°pL®DE:-0.1wªE3BA6K�0.JÃL�0.A«59K�3a{U36K�19� ��ª4ukv!KU�(8!MkDEL�L
K�19vwªE19:-A�,!¨S0�KUGcK�3BL
K�DEI90.J.0.Akª4A«0�MBA
���«DE3=L
K�v93=© 24J.89L
K�17�eP~243B36K�J.0�K�3BA 
 K�ITK�1!M62��«0�K

d10
�r�ÃDEITK�3<570�K�MBAkDE3BP*K�²ÀK��(0�K�v$8919:�>7,#N7+�K�3BL
�4:4�

J�0�ukv[AQK�0.1 �mK�: ³ DEJ.J.K�1�59K(Ma�QK�DEJ�� �(89:-891!MBA6K�1�59K(Ma°pL®DE:-0.1wªE3BA6K�0.J�M�,

�SK�ITK�1�59K�1¢ITK�0�59K�1¢C*243B:~K(MBA6K�J.J.A6K�1¸RQ1!M	ªEAB��K�1¢:-0�I!A�K(M�1!2$ukv�K�0.1!KS©S0�K�J.�·DEv9J\��K�0.A6K�36K�3«KrL��!0�360.Mkukv!K�3
?�2$59K�J.J�K-,[O[2=P*243B36K�J.0�K�36K�1®�~, ²U,Q�@U_"i*+*o?R�+;l( Uq9� NVW�.+��-�-�/.T570�Ka�SK�JhD��9DEAB0�241!M6��Kr0.A

τ
K�0.1!K(M�DE19:~K��wD4M6MBA6K�1

��24J�K	���À24J.K�?@2$59K�J.J�M 
 MB0�K�v!K�>7,#N7,#N ��L�0.Aa59K�3aL�0.ABABJ�K�36K�1 �S243B19:-36���~K-�
c
vwªE19:-AaL�0.AQ59K�3a²�36K�0.A6K<59K�3

©�K�3BA6K�0.J.8919: �(8!MkDEL�L
K�1�,�?@K�v93S5!DE�(8FÇ!1!59K�A}MB0�ukvF891[A6K�3}DE1!59K�36K�L�0.1 �3mT(+$T>@9-��>-�-�-�/.c891!5 � �J5 F+S
F (+*���>-�-�-y/.�,Ã°p1g��K�AB�(A6K�36K�L ��K�3659K�1mDE8!ukvm�!K�J�595!DEA6K�1 ITK�1$89AB�(A��Ã0.1!M6ITK(M6241!59K�36K
DE8!ukvm¨=DEA6K�1��Ã570�K
0�1_570�K(M6K�3QRQ3BITK�0.Aa891$A6K�3Q59K�L�{UK(MB0�ukv$A6MB�98919P[AQ59K�3a°p1$C~K�36M60�241��(893aP*24L��9J�Kr�7K�1_��K�0.A ³ ªEv90.:-P*K�0�AS59K(M
 Q1$A6K�3B:-3B891!59K(M=ITK�1$89AB�(AU��K�3659K�1�,\/ M}��K�0.:-A6K�MB0�ukv��T5!D4M6M ³ �93U570�K(M6K�¨UDEA6K�1g570�K�RS19�wD4M6MB8919:�1wD4ukv
�^2dc�*+>�(+*T(�Ua9� NVh�Ã+��-�-�/.o: �91!MBAB0.:~K�3Q0�MBAQDEJ�M«1wD4ukv �#�@ Y9BUe(�*:9�>@HTfg(GFG$'(GF��!>-�-�->/.�,
°�1!MB:~K(M	DEL|AÆI9J�K�0.I9A ³ K(MBA6��8!vwDEJ.A6K�1��E5!D4M6MÆITK�0[59K�1�C*K�36M6ukv90�K(59K�1!K�1�?@2$59K�J.J�K�1�2 ³ ABL®DEJ�Mc570�K«{ �9J.AB0.:-P~K�0.A
Kr0.1!K�3a©S0�K�J.�·DEv9JÃC*241¸RS191wDEv9L
K�1¸:~K ³ 243659K�3BA«�«0.365�891!5¸570�KURS19�wD4M6MB8919:�1$893 ³ �93ÀITK(MBAB0.L�L|A6K<?@D��
A6K�3B0hDEJ�0�K�1�0.L �oDEIT243�K�3B�93624I9A�0�M6A�,E¨S0�KaO[° G@I90�K�A6K�A��(�ÀDE3�A6v!K(2436K�AB0�M6ukv�K�0.1!K�190�ukv$AB0.1$C-D4MB0.C*KÀ?�K�ABv!2$59K
��8!3

kf
��²ÀK(MBAB0.L�L|8919:!�w570�K=�(8!59K�L P~2-M6A6K�19: �91!MBAB0.:
891!5FMkukv91!K�J.J�0�MBA«891!5_DE8wukvFP~K�0.1!K<�oDEIT243BL
K(MB�

MB8919:~K�1_K�3 ³ 243659K�3BA���DEITK�3a0.1_59K�3a�SK�DEJ.0.AkªEAa0�MBA«L®DE1FC*241F59K�1_°p5!K(DEJ ³ ªEJ.J�K�1FL
K�0�MBAQK�1$A ³ K�3B1$A�,
GH3624I9J�K�L
K 0.1�59K�3ÆRS1$��K�1!578919:UMB0.1!5��~, ²},�5!D4MHO$P4DEJ�K�19�93624I9J�K�L 
 �QITK�3BAB3	DE:~Kr1�59K�3c�oDEIT243kKr36:~KrI!190�MY�
M6KQ0.1!M��wK�J�5��r�[5!Kr3À/�0.1
�!8!M6MÀ59K�3a��8!MkDEL�L
K�1!MkK�AB�(8919:�59K(MÀGc2436K�1
�!890�5 
 M�,#D7,7>7, �!,#> �r�7570�KUO9ªEABAB0.:-8919:

>E�
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 0.1j�3mT(+$T>@9k(�Uq9� NVh�~>-�-�E��.��«0.365®M60�KÀ0.1 K�0.1!K�L´RS1!MkDEAB�a0.1!M ²À�43B1!K�3Y��?�2$59K�J.JTK�0.1$ITK���24:~K�1 �r�[570�KaRS17�
��K(M6K�19vwKr0.AQC*241F/HJ�K�P[AB36241!K�19J�K�0.A6K(3B1@2$59K�3SDE8!ukvFv$z7573kDE89J.0�M6ukvF0.1!K 	ÃK�P[AB0.C~K<Gc2436K�193kªE89L
K~�w570�K�DEITK�3
K�0.1!K�1�°pG���/ 	\K�P[AaC~K�3B8936MkD4ukv!K�1�,
°p1!MB:~K(MkDEL|AUP-DE191 L®DE1 DEJ�M62¢1!2$ukvg190�ukv$A=K�3B�ÀDE3BAkKr1o�\L�0.A=59K�1gITK(MBA6K�v!K�1!59K�1 /�3BP~K�191$AB190�M6MkK�1 1[893
DE8 ³ :-3B891!5mC*241�°pG���?@K(M6MB8919:~K�1 570.36K�P$A�59K�1

kf
� � K�3BA|�(8mITK(MBAB0.L�L
K�1�,c/�M�0�MBA�C*K�3BL|89ABJ.0�ukv DEITK�3

L
�4:-J.0�ukv���570�K�RQ19�·DEv9JÆ59K�3Q1!�4AB0.:~K�1�²À24v93B8919:~K�1�891!5@{UK(MBA6K�0.1!MB�93624ITK�1@59K�89ABJ.0�ukv_�(8_36K(5789�(0�K�36K�1�,
RS8!ukvF590.K(Ma�ÀªE36K<K�0.1F:-362��~K�3}O[ukv93B0.ABA·,
RSI!M6ukv9J.0�K �~K�1!5�M6K�0T1!2$ukv¢L�0.A«ÅcDEITK�J.J�K=>7, ��K�0.1 �SITK�3BI9J.0�ukP �9ITK�3�0.1�59K�3ÀG�3kD��[0�M«DE8 ³ AB36K�A6K�1!59K �mK�3Y�
A6K ³ �93

kf
:~K�:~K�ITK�1�, )Qv919J.0�ukv_�«0�K�570�K<K�J�K�P[AB3B0�M6ukv!K���K�0.A ³ ªEv90.:-P~K�0.A��wC4DE360�0�K�3BAS59K�3SG�DE3kDEL
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∫ ∞
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���������
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∂G = {(x, y, z)t; x = x(s1, s2), y = y(s1, s2), z = z(s1, s2)}$l5_U
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w = h(s1, s2)
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∂G1 ⊂ ∂G
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F (+5 H�5-( � (+>W5Y,!(�� "%>Q;/U_5-?�>`,i(GFG"Q�+�iU
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I(w) =

∫

G

(

1

2
· (a1∂

2
xw + a2∂

2
yw + a3∂

2
zw − fw2) − gw

)

dxdydz

+

∫

∂G
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1

2
b1w

2 − b2w)ds1ds2
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( 	BU_*�(+$k9� � (+*oH!(�>E ���F)F+UeVJ8 5Z( ,!(GFG"Q�+�iUe(���"%>Q;/U_5-?�>
u
,!(+>���,BU7H!9�>C> 5w>

G
H!(�* v�9�>@H � (�*+UZ9B" �o,I9!&)(
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∂x(a1∂xu) + ∂y(a2∂yu) + ∂z(a3∂zu) + f · u + g = 0
"i>@H`H!(+>r&)(+5-H!(+>uv�9�>@H!&)(�H�5w>i,�"%>i,!(+>

u = h(s1, s2)
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∂G1
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a1∂xunx + a2∂yuny + a3∂zunz + b1u − b2
DE8 ³

∂G2 = ∂G\∂G1.
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a1 = a2 = a3 = σ
�
u = U

�
f = 0
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891!5
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L�0.A 59K�L �S8!K�J.J.A6K�3BL 0�59K�1$AB0�Ç!�(0�K�3BA�, °pL¯RQJ.J.:~K�L
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ϕ0(x), . . . , ϕm(x)

�
x ∈ G

�+0

u∗(x) = ϕ0(x) +
m
∑

k=1

αk · ϕk(x)
�
x ∈ G

, 
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∂x(a1 · ∂xu) + ∂y(a2 · ∂yu) + f · u + g = 0
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I(u) =

∫

G

(

1

2
(a1∂
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xu + a2∂
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2 − b2u
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, 
jN7,#N7+
�


 ¨UK�3
δ
��ÅcKr36L ³ ªEJ.J.Aa��K�:�� �r,!¨}0�K=�(89:~K�v!�43B0.:~K�1��}DE1!57ITK(570.19:-8919:~K�1�vwDEITK�1_570�K<�w243BL
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Ψm,L1
(~m) =

∫

V
|∇~m|dv
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³ K
O[ukv90�ukv$AB:-36K�19��K(1�K�3BJhDE89I9A���M6241!59K�3B1mDE8!ukv :-JhDEABA6K�36K �QITK�3B:*ªE19:~K�891!5g5!DEL�0.A�M6K�v93�DEJ.J.:~K�L
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m−mapr
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891!5
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(
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W̄d,C = diag(1/ε1,C , . . . , 1/εN,C)
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)T

:~K(M6K�AB�(AÀ��K�3659K�1�,9¨}K�3« Q1$A6K�36Mkukv90�K(5¢ITK�0�59K�3À©�K�36M60�241!K�1¢ITK(MBA6K�v$AÀ0.L�� K(M6K�1$A6J�0�ukv!K�1 
 1!K�ITK�1�:~K�ªE17�
59K�3BA6K�3«?@DEAB3B0��7:-36���~KS891!5 � K�3BAB0.:-P*K�0.AÀ59K�3�© DE3B0hDEI9J�K�1 � 5!DE3B0.1��[5!D4M6M 0.1�59K�3 P*24L��9J�Kr�7K�1¢© DE3B0hDE1$A6K
�SK�DEJ��<891!5 °pL®DE:-0.1wªE3BA6K�0.JS59K�3
:-J�K�0�ukv!K_�wK�v9J�K�3
�(89:~K(2436571!K�A �«0.365Ã�H0.1 59K�3
36K(K�J.J�K�1 © DE3B0hDE1$A6K¸0�MBA
570�K(M6K�3 ³ �93«ITK�0�59K<ÅÆK�0.J�K<891$A6K�36M6ukv90�K(57J.0�ukv�,
¨UK�3 �(��K�0.A6KUO$89L�L®DE1!5 M6A6K�J.J�A�59K�1 ÅÆK�0.J�59K�3À��0�K�J ³ 8919P$AB0�241¢5!DE3��$59K�3 ³ �93 570�Ka:~K�� �91!M6ukv[A6KS?�2$59K�J.J��
ukvwDE3kDEP[A6K�3B0�MBAB0.P�M6243B:-A 


Ψm
DE8!M�N7,#N-N �r,~��891wª4ukv!MBA�M624J.J7590.KÀ�!8919P[AB0�241 ³ �93�K�0.1!K �}u(u�DEL���²ÀK(570.19:-891!:

DE8 ³ :~K(MBA6K�J.J.AH��K�3659K�1��-570�KÀ/H3B��K�0.A6K�3B8919:|DE8 ³ K�0.1!KÀL�:~MY���w243BLx0�MBAH5!DE191��93624I9J�K�L�J�2-M�,~� �93H570�Ka{UJhªEAY�
AB8919:~M6ITK(570.19:-8919: M6A6K�J�J.AaL®DE1�DE8 ³ 0

Ψm,occ(~m) =
M
∑

j=1

∑

i=nb(j)

αr,ij

∣

∣

∣

∣
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¨}0�K�²ÀK���K�0�ukv91$8919:~K�1 ³ 24J.:~K�1 59K�1!K�1mDE8!M<N7,#y7�\59K�3<°�1!59Kr� MBA6K�v$A ³ �93U570�K�ITK�A6K�0.J.0.:-A6K�1 �TK�J.J�K�1�,Ã¨}0�K
K�36MBA6KmO$89L�L
KgJhªE8 ³ A �9ITK�3_DEJ.J�K

M
�TK�J.J�K�1��a570�K �(��K�0.A6K �9ITK�3_DEJ.J�K �UD4ukv$IwDE3B1�59K(M �BK���K�0.J.0.:~K�1

/HJ�K�L
K�1$A6M·,w°�1F59K�3Q? DEAB3B0��7M6ukv936K�0.I$�ÀK�0.MkK=:-0.J.Aa1$891

Wm,occ,ij =







−
√

αr,ij
∆bij

∆cij

³ �93
i 6= j

+ +
√

αr,ij
∆bij

∆cij

³ �93
i = j

, 
jN7, �*� �

RS1g570�K(M6K�3|O$A6K�J.J�K�L
K�0.1$A
++

�\5!D4M6M=570�K(M6K�3<ÅÆK�3BLÈ�(8 :-: ³ ,TITK�36K�0.A6M<Kr�70�MBAB0�K�36K�1!59K�1gv90.19�(8wD459570�K�3BA
��K�3659K�1�L|8!MkM�,$¨=D4MÀ²�0.J�59K�1¢C*241

~mHW̄ T
mW̄m ~m

J.0.K ³ K�3BA«5!DE191 
 5!D4MÀ¨U24�9�TK�J.A6K}C*241 �
Ψm,occ

1wD4ukv
N7, �*�7,
RS1wDEJ�24:
0�MBAa570�K<�w243BL|89J.0�K�3B8919: ³ �93a570�K<K�3B��K�0.A6K�3BA6K<L�:~MY���w243BL|89J.0�K�3B8919:w,w? DE1FK�36MkKrA6��A

Wm,mgs,ij =

√

αr,ij
∆bij

∆cij
→
√

√

√

√

√

αr,ij
∆bij

∆cij
· 1

f2
ij ·
(

(

|mi−mj |
∆c

)2
+
(

β
fij

)2
)

� 
jN7,#y-� �

DE1wDEJ�24:m�(89L �QITK�3B:*DE19:mC~241 N7,#N~¬ → N7,#N-� → N7, �*N7, {U3B891!59MkªEAB�(J.0�ukv 0�MBA
570�K¸1!K�8!KF�!243BL|89J.0�Kr�
3B8919:�1[893UK�0.1!K�DE1!59K�36K®{UK��«0�ukv$AB8919:¸ITK�0H59K�3=²ÀK�36K(ukv91$8919:F59K�3=�}DE890.:-P~K�0.A��ÃDEJ�M62�59K(M}L�0.ABABJ�K�36K�1
G�DE3kDEL
K�A6K�36:-3kD4570hK�1$A6K(1�,

�*y
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�}D4ukv!59K�L�570�K���0.K�J ³ 8919P[AB0�241�1$891_0.1�? DEAB3B0��9M6ukv936K�0.I$��K�0�M6K 
jN7, �*y �«C*243BJ.0�K�:-A��wP4DE191@MB0�K=L�0.190.L�0�K�3BA
��K�3659K�1�,�¨=D4M �S89J.J�M6K�AB��K�1�59K�3ÆK�36M6A6K�1|RSI9J�K�0.AB8919:~K�1|� �93659K�DE8 ³ K�0.1�O$z7MBA6K�L�C~241

M
190�ukv$ABJ.0.1!K�DE36K�1

{}J�K�0�ukv$8919:~K�1 ³ �9v936K�1�,4¨}0�K(M6K(Mc�«0.365�89L�:*DE19:~K�1��40.1!59K�L 59K�3�©�243B�ÀªE3BA6Mk24�TK�3kDEA6243HJ.0.1!K�DE3B0�MB0�K�3BAHI9�(�<,
570�KU�w0�K�J ³ 8919P[AB0�241 �!ITKr3ÀK�0.1!KSÅcD�z[J�2436K�1$Ap�«0�ukP$J.8919:�0.1¢59K�1¢K�36MBA6K�1 �S36571$8919:~K�1�ITK�1$89AB�(A��«0.365Ã,$¨}0�K
°�1$C*K�36MB0�241@�«0.365 5!DE191 L�0.AUK�0.1!K�L {<DE8!M6MY���}K��«A6241@© K�3 ³ DEv936K�1 
 �~, ²U,t�����+� � 9�* �(��+��-�~¬R. �Q0.A6K�3kDEAB0.C
DE8!MB:~K ³ �9v93BA�,w¨S0�K</H1$Ap�«0�ukP[J.8919:®:~K(M6ukv90�K�v$AQI90�M«�(893a�(��K�0.A6K�1 �S36571$8919:C0

Ψ(~mk + ∆~mk) ≈ Ψ(~mk) +
∂Ψ(~mk)

∂m
∆~mk +

1

2
∆~mH

k

∂

∂ ~mH

∂Ψ(~mk)

∂ ~m
∆~mk

, 
jN7,#y7+
�

tQ0�K�3BITK�0*0�MBA
~mk

5!D4MÆDEP[AB8!K�J.J�K ?�2$59K�J.Je�
∆~mk

570�K ?�2$59K�J.JhªE1!59K�3B8919:w,�?�0.Ao59K�3o²ÀK(570.19:-8919: ∂Ψ
∂∆mk

=
0

 891$A6K�3Q©�K�3B1wD4ukv9Jhª4M6M60.:-8919:®v!�4v!K�36K�3QRSI9J�K�0.AB8919:~K�1 �«K�3B:-0.I9ASMB0�ukv

B̄k∆~mk = ~bk

jN7,#y-> �

DEJ.MaJ.0.1!K�DE36K(M}{}J�K�0�ukv$891!:~M6MBz7MBA6K�L ³ �93
∆~m

L�0.A

B̄k = ĀH
k W̄ h

d W̄dĀk + λW̄ T
mW̄m


jN7,#y-N �
891!5

~bk = ĀH
k W̄H

d W̄d(~d − f(~mk)) − λW̄ T
mW̄m ~mk

, 
jN7,#yE� �
tQ0�K�3QMBA6K�v$A

Āk
³ �93 ∂f

∂m(~mk)
,
B̄k

0�MBAQK�0.1!K=v!K�3BL�0.A6K(Mkukv!K-�!�T2-MB0.AB0.C¸59KrÇ!190.A6K�? DEAB3B0��\,!/H0.1!K�t}K�3BJ�K�0��
AB8919:®59K�3}{}J�K�0�ukv$8919:~K�1FÇ!1!59K�AQMB0�ukvF0.1r�3mT(+$T>�9-�w>-�-�-�/.�,
°�L  Q1$A6K�36M6ukv90�K(5 �(8m570�K(M6K�3 �S8!K�J.J�K
0�MBA

W̄m
1$891mMBAB36K�19:F:~K�1!24L�L
K�1 DEI9vwªE19:-0.:_C~241

~m
,Ã¨}0�K(M6K

RQI9vwªE19:-0.:-P*K�0.A��«0.365 �YK(592$ukvm190�ukv$A���K�0.A6K�3|ITK�3 �!ukP[M60�ukv$AB0.:-A|891!5 590.K �mK�3BA6K ³ �93�59K�1 �BK���K�0.J.0.:~K�1
°�1$C*K�36MB0�241!M6M6ukv93B0.ABA_DEJ�M�P*241!MBAkDE1$AFDE19:~K�1!24L�L
K�1o,«© 243BA6K�0.J=0.M6A��À5!D4M6M¸570�K@0.191wKr3kKr1�RSI9J�K�0.AB8919:~K�1
190�ukv$A�DE8!M6:~K ³ �9v93BA���K�3659K�1 L �!M6M6K�1��Æ8!1!5 578936ukv­570�K(M6K¢ S19:~K�1wDE890.:-P*K�0�A��«0.365 0.L M6ukv9J.0.L�L
MBA6K�1
�wDEJ.JaK�0�1wK¢JhDE19:~MkDEL
K�36K �S241$C~K�3B:~K�19�_K�3B�ÀDE3BA6K�A��H570�KFDEITK�3�0.L © K�3B:-J�K�0�ukv­�(893 �}u(u�DEL���°p1$C*K�36MB0�241
190�ukv$A}ITK(24IwD4ukv$A6K�A=�«0.365Ã,\¨S0�K �S8wDEJ.0.AkªEA<59K(MU/H3B:~K�I9190�M6M6K(MU�«0.365�1!0.ukv[A}ITK(K�0.1
�!8!M6MBA��\5!D 59K�3U©�243Y�
�ÀªE3BA6M624�TK�3kDEA6243FK�1$A6Mkukv!K�0�59K�1!5 ³ �93�570�K ¨=DEA6K�1wDE19�wD4M6MB8919:­0�M6A¢891!5±891$C*K�3kªE1!59K�3BA¸I9J�K�0.I9A�,Q�w8!L
RQ8 ³ MBA6K�J.J�K�1F59K(M}{}J�K�0�ukv$8919:~M6MBz7MBA6K�L
MSN7,#y->��«0.365¸1!2$ukv_570�K��*D4u(24I90���?@DEAB3B0�� 
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36K�AB0�M6ukvmP*�4191$A6K �9ITK�3|L
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K�3B0�M6ukv
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570�K�O$�wDE191$8919:_DE1@�(��K�0�DE1!59K�36K�1 /HJ�K�P$AB362$59K�1g:~K�L
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A6K�A�891!5�K(MHK�3B:~K�ITK�1®MB0�ukv
ÅÆK�3BL
K«59K�3��w243BL

∂V/∂σ
,4¨}0�K«²ÀKr1[89AB�(8919:�59K(MH�QK��(0.�93624�(0.AkªEA6M6�93B0.19�(0.�!M

Ç!1!59K�A«MB0�ukv��~, ²U,[0.1 � �C*G5
�&�r(�U 9� NV��\+��-�E��.�2$59K�3�����9<F�9�;R5 �\+��-�E��.��7J�K�AB�(A6K�36K�3«C*K�3B��K�1!59K�A«0.L�N4¨S����DEJ.J
DEJ.M��}ªEvwKr368919:¢O[K�1!MB0.AB0.C[0.AkªEA6K�1_C~241_K�0.1!K�1_t}DEJ.I93kDE8!L ³ DEJ.Je�!89L���K�0.A6K�36K<�SK(ukv!K�19��K�0.Aa�(8_MB�wDE36K�1�,
/H0.1!K�190�ukv$A<891$�«0�ukv$AB0.:~K
²ÀK�L
K�3BP[8919:¸�(893<²ÀK�36K(ukv91$8919:�59K�3|O[K�1!MB0.AB0.C$0.AkªEA6K�1mL�0�ABAkKrJ�M��QK��(0.�93624�(0��
AkªEA6MB�93B0.19�(0.�!MHÇ!1!59K�A�MB0�ukv�0.1O�����+� � 9�* �R&�9I�+��9�>@H�ml(�$l>�9-�~>-�-�-y/.�,-tS0�K�3��«0.365
5!DE3kDE8 ³ v90.19:~K��«0�K(M6K�1��
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5!D4M6MÆITK�0$© K�3B��K�1!578919:}C*241�:~K�L�0�Mkukv$A6K�1��SDE1!57ITK(570.19:-8919:~K�1o�-DE8 ³ :-3B891!5�59K�3ÆC*241�59K�1�Gc2-MB0.AB0�241!K�1
59K�3UO$AB3624L
�*8!K�J.J�K�1 DEI9vwªE19:-0.:~K�1@�SDE1!59ITK�590�1!:-8919:~K�1���570�K|O$z[L�L
K�AB3B0�K�578936ukv$I93k2*ukvwKr1@�«0.365¸891!5
K�1$A6M6�936K(ukv!K�1!5 5!D4MU�QK��(0.�93624�(0.AkªEA6MB:~K(M6K�AB��190�ukv$AUL
Krv!3}: �9J.AB0.:�0�MBA�,�¨}0�K(M6K�/H3BP*K�191$AB190�MUP~24191[A6K|0.L
�}DEv9L
K�1
570�K(M6K�3HRS3BITK�0.AH190�ukv$AHL
K�v93HC*K�3B��K�1!59K�AH�ÀK�3659K�1�,-¨=D}59K�3H© 243B�ÀªE3BA6M624�TK�3kDEA6243 C~241�570�K(MkKr3
RS8!M6MkDE:~KQDEITK�3 891$ITK�3 �9v93BA I9J�K�0.I9A��~0�MBA 
jDE8!ukv®v90�K�3 �HM6ukv9J�K(ukv$A6K(MBA6K�1 ³ DEJ.J�M K�0.1!KaJhDE19:~MkDEL
K�36K'�S241$C~K�3Y�
:~K�19��DE8 ³ :-3B891!5�59K�3 ³ K�v9J�K�3BvwD ³ A6K�1­O[K�1!MB0.AB0.C[0.AkªEA6K�1��(8�K�3B�ÀDE3BA6K�1�,c Q1$A6K�3|²ÀK�3 �!ukP7MB0�ukv$AB0.:-8919:@5!Kr3
RS8!M6MkDE:~K�1®0.1j����9�F�9<;R5 �w+��-�E��. 
 ©�K�3B�ÀK�1!578919:�59K�3«O[K�1!MB0.AB0.C$0.AkªEA6K�1�K�0.1!K(M v!24L
24:~K�1!K�1�tUDEJ.I93kDE89L
M �
M6ukv!K�0.1$AS570�K�MSDEP[��K��9AkDEITK�Je,
/H3 ³ 24J.:-Aa570�K=²ÀK�36K(ukv91$8919:
0.L �S24L��9J�Kr�9Kr1o�9P~�4191!K�1¸0.1

Ā

jN7,#y-N�891!5FN7,#yE� ��570�KUP~24L��!J.Kr�9K�1�O[K�17�

MB0.AB0.C[0.AkªEA6K�1¸K�0.19:~K(M6K�AB�(A«��K�3659K�1�,7²ÀK�0\59K�3«²�K�36K(ukv91[8919:�0.LÄ�QK(K�J.J�K�1 
 RQ1wMkDEAB�}1wD4ukvFN7, �$¬ � ��K�3659K�1
570�K
RSI9J�Kr0.AB8!19:~K�1 C*241 �SK(DEJ��Q891!5 °�L®DE:-0.1wªE3BA6K�0.J�K�1m:~K�AB36K�191[A<ITK�1!�4AB0.:-A�,otS0�K�3BITK�0�P4DE191 ITK�1$89AB�(A
��K�3659K�1��c5!D4M6M�570�K �ÀDE8!ukv$z*���Q0�K�L®DE191 ²ÀK(570.19:-8919:~K�1 K�3 ³ �9J.J.A�MB0.1!5Ã,Æ¨=DE1wD4ukv�0�MBA�K�0.1!K �!8919P$AB0�241
f(z = x+ i ·y) = u(x, y)+ i ·v(x, y)

:~K�1wDE8 5!DE191®570 	\K�36K�19�(0�K�3BIwDE3·�~��K�191
u
891!5

v
0.1

z
MBA6K�AB0.:~K

�wDE3BAB0�K�J.J�K®RSI9J�K�0.AB8919:~K�1 
 1wD4ukv
x
891!5

y
�}ITK�M60.AB��K�1 891!5

∂u/∂x = ∂v/∂y
�
∂u/∂y = −∂v/∂x:-0.J.A�,!¨}0�K<RQI9J�K�0.AB8919:®C~241

f
1wD4ukv

z
P4DE191_5!DE191_5!DE3B:~K(MBA6K�J.J.AQ��K�3659K�1@DEJ�M

df

dz
=

∂u

∂x
+ i

∂v

∂x
=

∂v

∂y
− i

∂u

∂y
=

∂u

∂x
− i

∂u

∂y
=

∂v

∂y
+ i

∂v

∂x

, 
jN7,#y-y �

?�0.A
59K�3¢�TK�3BJ�K�:-8919: 59K�3
P~24L��9J�Kr�9K�1 RSI9J�K�0.AB8919: 0.1 �SK�DEJ��<891!5 °pL®DE:-0.1wªE3BA6K�0.JQP-DE191 DE8!ukv 570�K
�*D4u(24I90���? DEAB3B0���:~K�AB36K�191$AQDE8 ³ :~K(MBA6K�J.J.AÀ��K�3659K�1��7��24L�0.A«1$891FN7,#y-> ³ �93�ITK�0�59K}© DE3B0hDE1$A6K�1¸C~24J.J�M6AkªE17�
570.:
:~K�:~K�ITK�1_0�MBA�,

¨=D4M|{}J�K�0�ukv$8919:~M6M6z[MBAkKrL 
jN7,#y-> �}�«0.365gL�0.A<5!Kr3�?@K�ABv!2$59K
59K�3=P*241 � 89:-0�K�3BA6K�1 {}3kD4570�K�1$A6K�1 

�«{ �
0.A6K�3kDEAB0.C :~K�J��-MBA 
 v90�K�3B�(8 �3b:(GF+Ue(�>�(GFu9�>@HE�@U_5Z(�� (� �À+��-y->/.S2$59K�3®DEJ�M�MB�wªEA6K�36K(M
��K�v93BI98!ukv ����U_5-(��=(+ ��
+��~¬4�/. �r,w¨=DEITK�0�:-0.J.A��!5!D4M6Ma570�K<���-MB8919:

~x
C~241

Ā~x +~b = 0

jN7,#y-� �



Ā
M6z$L�L
K�AB3B0�M6ukvF891!5¸�T2-MB0.AB0.C�59KrÇ!190.A �«?�0.190.L|89L 59K�3Q�$8wD4573kDEAB0�M6ukv!K�1��w243BL

F (~v) =
1

2
(~v, Ā~v) + (~b,~v)


jN7,#y~¬ �

0�MBA�,E��8!59K�L�0�MBAoK�0.1|?�0.190.L|89L�C~241
F (~v)

�o�-MB8919:S59K(Mc{}J�K�0�ukv$8919:~MkMBz[M6A6K�L
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�«0.365g5!DEL�0.A�DE8 ³ 570�K�?�0.190.L�0�K�3B8919:FC~241 N7,#y~¬ C~K�36Mkukv!24ITK�1�,���8 K�0.1!K�L¡:~K�:~K�ITK�1!K�1 �UªEv!K�3B8919:~MY�
C*K�P$A6243

~v
891!5�K�0.1!K�L�1!2$ukv ³ K(MBAB�(89J�K�:~K�1!59K�1 �Q0�ukv$AB8919:~MBC*K�P$A6243

~p
�«0.365

F
0.1 570�K(M6K�3��a0�ukv$AB8919:

L�0.190.L�0�K�3BA�,o{=K(MB8!ukv$A}�«0.365 K�0.1 A��TM62$5!D4M6M
~v′ := ~v + t~p

59K�1 �mK�3BA ³ �93
F (~v′) = F (~v + t~p)

L�0��
190.L®DEJH��K�3659K�1 Jhª4M6MBA�,T���93 ³ K(MBA6K(M

~v
891!5

~p
Kr36:-0�I!A=MB0�ukv K�0.1!K�²ÀK(570.19:-8919:_DE1

t
�T570�K�5!DE�(8 ³ �9v93BA��

5!D4M6M�0.L�?�0.190.L®DEJ.�98919P$A
~v′
59K�3��(89:~K�v!�43B0.:~K��QK(MB0�578!K�1$C*K�P$A6243

~r′ = Ā~v′ + ~b
243BABv!24:~241wDEJ��(89L

�Q0�ukv$AB8919:~MBC*K�P$A6243
~p
MBA6K�v$A 
 ¨}K�AkDE0.J�M �YK���K�0.J�Ma0.1r������� � 9�* �(��+��-�~¬R. �r,

/H0.1!K�:~K(24L
K�AB3B0�M6ukv!K�°p1$A6K�3B�936K�AkDEAB0�241g0�M6A}0.1 RSI9I90.J�578919:FN7,#�¢5!DE3B:~K(MBA6K�J.J.A�,Ã¨}0�K �Q0.C*K�DE89J.0.190�K�1 C*241
F (~v)

MB0.1!5 P~2419��K�1$AB3B0�M6ukv!KU/HJ.J.0.�!M6K�1 
 ITK�0T:-362��~K�3 �S241!570.AB0�241!MB�·DEv9J�M6K�v93�JhDE19:-:~K(MBAB36K(ukP$A � L�0.AÀ59K�L
?�0.190.L|89L��98919P[A

x
DEJ�Ma?�0.ABA6K�J.�98919P[A�,!RS8!MB:~K�v!K�1!5FC~241

~v
L�0.AQ�a0�ukv$AB8!19:~MBC~K�P[A6243

~p
I90.J�59K�AS5!DE191

~p
0.L 1!K�8!K�1 �S3BA

~v′
570�K®ÅcDE19:~K�1$A6K�DE1�570�K �S0.C~K�DE89J.0.190�K 578936ukv

~v′

 5!D

F (~v′)
L�0.190.L®DEJ�891!5

~r′243BABv!24:~241wDEJ9�(8
~p
0�MBA �r,­/�McL|8!MkMÆ1!2$ukv�K�0.1�:~K(K�0�:-1wKrAkKr3��Q0�ukv$AB8919:~MBC*K�P$A6243�:~K ³ 891!59K�1��ÀKr3k59K�1�,4¨UK�3
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RQI9I90.J�578919:¢N7,#�10�{UK(24L
K�AB3B0�M6ukv!K«°�1$A6K�3B�!36K�AkDEAB0�241
K�0.1!K(MHDEJ.J.:~K�L
K�0.1!K�1®°�A6K�3kDEAB0�241!M6Mkukv93B0.ABA6K(M�0.LxP~2417�
� 89:-0�K�3BA6K�1m{}3kD4570�K�1$A6K�1 ©�K�3 ³ DEv936K�1�,T¨UK�3=O[ukv93B0.ABA=K�3 ³ 24J.:-A}C*241

~v
0.1@�a0�ukv$AB8!19:

~pI90�MÆ�(89L�L�0�1!0�L®DEJ�K�1 � K�3BAÆC*241
F
��59K�3cITK�0

~v′
K�3B36K�0�ukv$Ac�«0.365�,

~p
0�MBAÆv90�K�3�ÅcDE19:~K�17�

A6K�DE1_570�K �S0.C*K�DE89J.0.190�K-�!5!Kr3S�QK(MB0�578!K�1$C*K�P[A6243
~r′
243BABv!24:~241wDEJc5!DE�(8�,��TK�0�ukv91$8919:

DE8!M�������� � 9�* �(��+��-�~¬R.�,

1wDEv!K�J.0.K�:~K�1!5!K«RS1!MkDEAB�
~p = −∇F (~v) = −(Ā~v+~b) = −~r


 ?�K�ABv!2$59KÀ59K(M�M6A6K�0�J�M6A6K�1�RSI!MBAB0�K�:~M ��0�MBA
0�1wMBITK(M6241!59K�36K ³ �93}:-362��~K �S241!570.AB0�241!MB�·DEv9JhK�1g8919:~K(K�0.:-1!K�A��Ã�«0�K�RSI9I90.J�578919:_N7,#¬®��K�0.:-A�,\¨}0�K�1!K�8!K
�a0�ukv$AB8919:@0�M6A�MBA6K�A6M�M6K�19P[36K(ukv$A��(893�DEJ.A6K�1 891!5�L®D4ukv$A�:-: ³ ,cK�0.1!K 89191!�4AB0.:~K�©S0�K�J.�·DEv9JÀC~241 M6K�v93
P$J�K�0.1!K�1gO[ukv93B0.ABA6K�1�,T?@DE1@MB8!ukv$A}DEJ�M62®K�0.1!K�1!K�8!K|�a0�ukv$AB8919:!��570�K|570�K|DEJ.A6K 
 891!5�5!DEL�0.AUDE8!ukv DEJ.J�K
C~243Bv!K�3B0.:~K�1 ��ITK�3 �!ukP7MB0�ukv$AB0.:-A�,!¨}0�K=���-MB8919:�I90�K�A6K�AQ570�K=?�K�ABv!2$59K<59K�3ÀP*241 �Y89:-0�K�3BA6K�1�{}3kD4590.K�1[A6K�1�,
¨S0�K(M6KSITK�1$89AB�(A��[5!D4M6M�570�K �BK�190.:~K}�a0�ukv$AB8919:

~p
�$570�KQC*241

~v
DE8!M�59K�1�?�0.ABA6K�J.�98919P$AÀ59K�3À/HJ.J.0.�!M6K�1 


x
�

AB3B0 	TA��*L�0.A�59K�3�ÅcDE19:~K�1$A6K�193B0�ukv$A68919:�0.1
~v
P*241 �Y89:-0�K�3BA 0�MBA�,*¨=DEITK�0�v!K�0 �~K�1¢�(��K�0�©�K�P[A62436K�1

~p
891!5

~qP~241 �Y89:-0�K�3BA 
 I9�(:-Je,
Ā
2$59K�3

Ā
��243BABv!24:~241wDEJ ³ �93

Ā
�T2-MB0.AB0.C_59KrÇ!190.A �r����K�191

(~p, Ā~q) = 0
:-0.J.A�,T���93

570�K«/HITK�1!KaITK(59K�89A6K�A 570�K(M·�-5!D4M6M
~p
570.36K�P$A DE8 ³ 59K�1®?�0.ABA6K�J.�98919P$A 59K�3 /HJ.J.0.�!M6K«��K�0.:-A�891!5�0.1
K�0.1!K�L

O[ukv93B0.ABA
x
:~K ³ 891!59K�1_�«0.365Ã,

RSJ.J.:~K�L
K�0.1­I90.J.5!Kr1 570�K��SK(MB0�578!K�1$C*K�P$A62436K�1
~r
K�0.1 �S3BABv!24:~241wDEJ�M6z[MBA6K�L L�0.A��wD-DE3B��K�0�M6K�P*241 � 87�

:-0.K�3BAkKr1 �Q0�ukv$AB8919:~MBC*K�P$A62436K�1�,T/H1$A6M6�936K(ukv!K�1!5�J.0�K ³ K�3BA}570�K|?@K�ABv!2$59K�59K�3SP~241 �Y89:-0�K�3BA6K�1 {}3kD4570�K�17�
A6K�1 ³ �93QK�0.1@{}J�K�0�ukv$8919:~M6M6z[MBA6K�L L�0.A

m
 S1$ITK�P4DE191$A6K�1_0.1Fv!�$ukv!MBA6K�1!M

m
O[ukv93B0.ABA6K�1�590.K����-MB8919:!,

¨S0�K
k
,�°�A6K�3B0�K�3BA6K

x(k) L�0.190.L�0�K�3BA 5!DEITK�0Q570�KF�!8919P[AB0�241 F (v)
0.1 ²ÀK��(89:�DE8 ³ 59K�1  S1$A6K�3B3kDE89L

URk := span{p(1), p(2), . . . , p(k)} ,°�1 59K�3FGH3kD��70�M��«0.365 570�K �S241$C*K�3B:~K�19� v90�K�3FDEJ�M¸v90.1936K�0�ukv!K�1!5 ITK�AB3kD4ukv$A6K�A��a��K�191�59K�3F²�K�AB3kDE:
59K(M<�QK(MB0�578!K�1$C*K�P$A62436M=C*24L ²ÀK�:-0.191�DE8 ³

1/10000
:~K ³ DEJ.J�K�1 0�MBA 
 ¨}0�K(M=vwDEA<MB0�ukvmDEJ�M=: �91!M6AB0.:¸0.L

©�K�3BvwªEJ.AB190�M��(�«0�Mkukv!K�1 {UK�1wDE890.:-P*K�0.A�891!5 �QK(ukv!K�19��K�0.A�K�3B�«0�K(MkK�1 �r,c¨UK�1 ��0�K�J.��K�3BA�K�3B36K�0�ukv$A�L®DE1
L
Kr0�M6AÀ0.1�891$A6K�3

m/10
O[ukv93B0.ABA6K�1�,!/H0.1F¨}0hDE:~241wDEJ�MBP4DEJ.0�K�36K�1Fv90.J ³ AÀv90�K�3ÀITK�0�59K�3À©�K�3BITK(MkM6K�3B8919:�59K�3

�S241!570.AB0�241!MB�·DEv9Je,�/H0.1!K<:~K�1wDE8!K�36K �S241$C*K�3B:~K�19��0�MBAa190�ukv$ASK�3 ³ 243659K�3BJ.0�ukv���5!D�1$893SK�0.1!K<?@2$59K�J.J.C~K�3Y�
ITK�MkM6K�3B8919:
0.L�{=DE8!M6MY���}K��«A6241@O[ukv!K�L®D�ITK�36K(ukv91!K�AS�«0.365Ã,
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RQI9I90.J�578919:¢N7,&¬%0 �}D4ukv$AkKr0.J�59K�3=?�K�ABv!2$59K�59K(M=MBA6K�0.J�MBA6K�1gRSI!MBAB0�K�:~M}ITK�0HM6ukv9J�K(ukv$A6K�3 �S241!570.AB0�241!MY�
�·DEv9Je,·/�M���K�3659K�1�89191!�4AB0.:SC$0�K�J�K O[ukv!3B0.ABA6K�ITK�1!�4AB0.:-A 
eD � �r,�¨}0�K��Q0�ukv$AB8919:SªE1!59K�3BA
MB0�ukv�MBA6K�A6M�0.L�36K(ukv$A6K�1 �±0.19P~K�J 
 I � �r,7¨}0�K}?�K�ABv!2$59KU59K�3�P*241 �Y89:-0�K�3BA6K�1_{}3kD4570��
K�1$A6K�1®Ç!1!59K�A�570�KS?_0.ABA6KQv90�K�3 0�1¢K�0.1!K�LÄO[ukv93B0.ABA�,9�TK�0�ukv91$8919:�DE8!Md�3Xa*�(GFGF (�UM9B 4Vh�
+��-�->/.�,

°pL�{UK(MkDEL|AkDEI9JhDE8 ³ 5!Kr3|°p1$C~K�36MB0�241 �«0.365�DEJ�M629�oDE8!MB:~K�v!K�1!5mC~241mK�0.1!K�L O$AkDE3BABL
2$59K�J.Je� 
 C*243B:~K�:~Kr�
ITK�1!K(Ma?@2*5!KrJ.J�2$59K�3atUDEJ�I!3kDE89L DE8!MÀ:~K��«0�ukv$A6K�A6K�L ?�0.ABA6K�J.��K�3BAa59K�3aM6ukv!K�0.1$IwDE36K�1 � 0�59K�36M6AkªE1!59K
�
891!5�K�0.1!K�L O$AkDE3BAp��K�3BA ³ �93

λ

 �SITK�3BJ�K�:-8919:~K�1¸v90�K�3B�(8�0.1E� ��( �M$k9�> 9�>@H 	d #"%$'&o9B"�,<�[�Ã+��-�~¬R.\891!5

�3mT(+$T>@9-��>-�-�-�/. ��K�0.1!K�©�243B�ÀªE3BA6M636K(ukv91$8919: 
 L�0.ABA6K�J�M
��/ ��DE8!MB:~K ³ �9v93BA�891!5­59K�3 � K�3BA�C*241
ΨdITK(MBAB0.L�L|A�,�¨=DE191±��K�3659K�1 ³ �93 C~K�36Mkukv90�K(59K�1!K � K�3BA6K_C*241

λ
1wD4ukv N7,#y->�570�K�?�2$59K�J.J.C*K�3BITK(M6M6Kr�

3B8919:~K�1
∆mk


 L�0.ABA6K�J�M�P*241 � 89:-0�K�3BA6K�3�{}3kD4570�K�1$A6K�1 �=ITK�36K(ukv91!K�A|891!5 ©�243B�ÀªE3BAkMB36K(ukv91$8919:~K�1��(893
²ÀK(MBAB0.L�L|8919:F59K�3=¨=DEA6K�1wDE19�wD4M6MB8!19:_DE8!MB:~K ³ �9v93BA��\I90�MU5!D4MUL®D��70.L®DEJ�K

λ
:~K ³ 891!59K�1 0�MBA·�T5!D4M=570�K

¨=DEA6K�1wDE19�wD4M6M68919:
J�24P-DEJ�L�0.190.L�0�K�3BAQI9�(�<,!59K�1@��0�K�J.��K�3BASK�3B36K�0�ukv$A�,
�UD4ukv!59K�L 5!D4M�24�9A60�L®DEJ�K

λ
³ K(M6A6MBA6K�v$A��c�«0.365 ³ �!3�570�K¢�(89:~K�v!�43B0.:~KF?@2$59K�J.J.C*K�3BITK(M6M6K�3B8919:

Ψ
ITKr�

36K(ukv91!K�A���K�ITK�1!M62 ³ �93 K�0.1!K_© K�3BITK(M6M6K�3B8919:�89L
∆mk/2

, ?_0.A 59K�L ITK�P-DE191$A6K�1 �mK�3BA¢DE8!M 59K�3
C*243Bv!K�3B0.:~K�1 °pA6K�3kDEAB0�241�P-DE191 5!DE191 K�0.1!K¢G�DE3kDEITK�JhDE19�wD4MkMB8919:g578936ukv9:~K ³ �9v93BA���K�3659K�1��c570�K K�0.1!K�1
�mK�3BA ³ �93QM 
 ∈ (0, 1]

��ITK�M6AB0.L�L|A��!Mk2$5!D4M6M
mk+1 = mk + s∆mk

2 ³ ABL®DEJ�MQK�0.1!K�1FITK(M6M6K�36K�1 �mK�3BA
³ �93

Ψ
J.0.K ³ K�3BA��4DEJ�M�5!D4McL�0.A�570.36K�P[A6K�3�²ÀK�1$89AB�(8919:UC*241

∆mk

jDEJ�M62

s = 1
�o59K�3��wDEJ.J[0�M6A�,�¨UK�3�{}3B891!5

0�MBA��!5!D4M6M
Ψ
J�K(570.:-J.0�ukv��$8wD4573kDEAB0�M6ukvF:~K�1wªEv!K�3BAS�«893659K=891!5�DE8 ³ 570�K(M6K � K�0�MkK=570�K|{UK�1wDE890.:-P*K�0.AQ0.1

K�Ap�ÀD®89L�K�0.1!K �S36571$8919:�K�3Bv!�4v$A}�«0.365Ã,�¨}0�K(M6K�3}RS1!MkDEAB���«0.365�vwªE87Ç!: ITK�1$89AB�(A��TMk2 DE8!ukv�ITK�36K�0.A6M
0.1 �3mT(+$T>@9-�w>-�-�-�/.�,
°pLx�!24J.:~K�1!59K�1��«0.365

mk
DEP[AB8wDEJ.0�MB0�K�3BA�891!5�L�0�AH59K�LxJ�K�AB�(A6K�1 �mK�3BA ³ �93

λ
DEJ�Mc1!K�8!K�L K�36M6A6K�1 �mK�3BA

59K�3S1wª4ukv!MBA6K�{=DE8!M6MY���}K��«A6241gO[ukv93B0.ABASC*24J.J.��24:~K�1�,T¨S0�K(MS�«0�K(59K�3Bv!24J.AUM60�ukv��!I90�M}570�K�O[ukv9360�A6ABJhªE19:~K�1
�(8 P[J�K�0.1 ��K�3659K�1 
 ?@2$59K�J.JÀ�93kDEP$AB0�Mkukv P*241!MBAkDE1$A �r�c570�K�RQ19�wD4MkMB8919: MB0�ukv 190�ukv$A�L
K�v93�L
K�3BP[J.0�ukv
C*K�3BITK(M6M6K�3BAS2$59K�3S0.L�°p59K�DEJ ³ DEJ.JÆK�0.1!K|RS19�wD4M6MB8919:®C*241

εRMS = 1
K�3B36K�0�ukv$A}�«0.365Ã, � 0�K�59K�3}RSJ.:~2E�

3B0.ABv9L|8!M<K�1!59K�A��\vwªE19:-A=8�,#D7,\MBAkDE3BP�C~241g59K�1 DE19:~K�1!24L�L
K�1wK�1m�wK�v9J�K�3B1mDEI�,\ SL¡K�0.1!K�M6ukv9J�K(ukv$A6K
RS19�wD4M6MB8919:
DE8 ³ :-3B891!5¢��K�190.:~K�3aRQ8!M636K�0 �~K�3��(8�C~K�3BL
K�0�59K�1��7:-0.I9AÀK(MÀ570�KUM624:~K�1wDE191$A6KU3624I98!MBA6KU°�17�
C*K�36MB0�241�,\¨}0�K(MUL
K�0.1$A��Ã5!D4M6M}ITK�0H5!Kr3<²ÀK�36K(ukv91$8919:F59K�3<¨UDEA6K�1wDE19�wD4MkMB8919:¸1wD4ukvmN7,#NE�¸570�K��wK�v9J�K�3
εi
0.1 59K�3

L1
���S243BLÈM62 89L|C*K�3BA6K�0.J.A=��K�3659K�1 P*�4191!K�1��\5!D4M6MU570�K(MkK�DEJ�M�O$89L�L
K�P*241!MBAkDE1$AUI9J�K�0.I9A��

DEITK�3�59K�1 ��K�190.:~K�1­RQ8!M636K�0 �~K�3B1 K�0.1!K¢59K�89ABJ.0�ukv :-36���~K�36KFO$AkDE1!5!DE365!DEI$��K(0�ukv$891!: �(89:~K�A6K�0.J.A��«0.365
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891!5®59K�L��QK(MBA �YK��ÀKr0.J�M�K�0.1!KSK�Ap�ÀD4M P[J�K�0.1!K�36K-,$°p1!MB:~K(MkDEL|A ³ �9v93BA 5!D4M ITK�0TK�0.1!K�3�²ÀKr3kK�ukv!1$8919:�1wD4ukv
N7, NE�®�(8�K�0.1!K�3QITK(M6M6K�36K�1�¨UDEA6K�1wDE1!�wD4M6MB8919:!, � K�0.A6K�36K�¨UK�AkDE0.J�MQv90�K�3B�(8��!�(893���DEv9Jo59K�3#)Q1!59K�3B8919:
59K�3�O[ukv93B0.ABABJhªE19:~K�ITK�0�59K�3�O$8!ukv!K�1wD4ukv 59K�LÈ24�9AB0.L®DEJ�K�1

λ
891!5 59K�LÈITK�36K�0.A6M�DE19:~K(MB�9362$ukv!K�1!K�1

Ç!1wDEJ��9vwD4M6K=0.L��9362·C~K�L
K�1$AaÇ!1w59K�AQMB0�ukv¸0.1 �3mT(+$T>@9-�w>-�-�-�/.�,
¨S0�KS²ÀK�36K(ukv91$8919:�59K�3«O[K�1!MB0.AB0.C$0.AkªEA6K�1 ³ �93 570�KSRQ19�wD4M6M68919:�DE1¢K�0.1 ��24J�Kr����24J�K}I9�(�<,%��GTR ?@2$59K�J.J
�«0.365¸0.1 �<DE�90.A6K�Jcy�ITK(MB�93k2*ukvwKr1o,

y-�
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¨UK�3 :-3B891!57J�K�:~K�1!5!K RSI9JhDE8 ³ 59K�3�°�1$C*K�36MB0�241�� �(8!MkDEL�L
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+ 1/r25 − 1/r26 − 1/r35 + 1/r36
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2π
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







1 −1 0 0
−1 1 0 0

0 0 0 0
0 0 0 0






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







1 0 −1 0
0 0 0 0

−1 0 1 0
0 0 0 0
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


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




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1 0 0 −1
0 0 0 0
0 0 0 0

−1 0 0 1
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



 k S̄12 =
1

12






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2 −1 −1 0
−1 0 1 0

1 1 0 0
0 0 0 0
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


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
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2 −1 0 −1
−1 0 0 1

0 0 0 0
−1 1 0 0
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


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




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2 0 −1 −1
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−1 0 0 1
−1 0 1 0
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
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
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



4 −4 −2 2 2 −2 −1 1
−4 4 2 −2 −2 2 1 −1
−2 2 4 −4 −1 1 2 −2

2 −2 −4 4 1 −1 −2 2
2 −2 −1 1 4 −4 −2 2

−2 2 1 −1 −4 4 2 −2
−1 1 2 −2 −2 2 4 −4

1 −1 −2 2 2 −2 −4 4






















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2 0 −2 0 1 0 −1 0
0 −2 0 2 0 −1 0 1

−2 0 2 0 −1 0 1 0
0 2 0 −2 0 1 0 −1
1 0 −1 0 2 0 −2 0
0 −1 0 1 0 −2 0 2
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γj = ḡj · Vj
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ξx = ((y3 − y1)(zg − z1) − (z3 − z1)(yg − y1)) /Vj

ηx = ((yg − y1)(z2 − z1) − (zg − z1)(y2 − y1)) /Vj

ζx = ((y2 − y1)(z3 − z1) − (z2 − z1)(y3 − y1)) /Vj

ξx = ((z3 − z1)(xg − x1) − (x3 − x1)(zg − z1)) /Vj

ηx = ((zg − z1)(x2 − x1) − (xg − x1)(z2 − z1)) /Vj

ζx = ((z2 − z1)(x3 − x1) − (x2 − x1)(z3 − z1)) /Vj

ξx = ((x3 − x1)(yg − y1) − (y3 − y1)(xg − x1)) /Vj

ηx = ((xg − x1)(y2 − y1) − (yg − y1)(x2 − x1)) /Vj

ζx = ((x2 − x1)(y3 − y1) − (y2 − y1)(x3 − x1)) /Vj P	�d#WV3X
Z\�+����LN���N���8��.������+5768�
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σj,11
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σ11 k

����54# XYi
σ11 =

(

ā1ξ
2
x + ā2ξ

2
y + ā3ξ

2
z

)

· Vj

σ22 =
(

ā1η
2
x + ā2η

2
y + ā3η

2
z

)

· Vj

σ33 =
(

ā1ζ
2
x + ā2ζ

2
y + ā3ζ

2
z

)

· Vj

σ12 = (ā1ξxηx + ā2ξyηy + ā3ξzηz) · Vj

σ13 = (ā1ξxζx + ā2ξyζy + ā3ξzζz) · Vj

σ12 = (ā1ηxζx + ā2ηyζy + ā3ηzζz) · Vj P	�d# �3X
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