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6 CHAPTER 1. The Kondo effect
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�7D[QJ�7FdM�` �5W � ]"TV_5Mwk Q;D?`aGbTVcdQJI�Q\kZFdQ e GJFU`)Q;`)M+IUTVN�ZWX�;]9T[_7MwN[e GbT[TVM�D[cmI7KPQ �)e�Q;I7L7C7e�TVcmQ;I M+FmM+e�TVD[QJI7N
GJI7L W9�U]�T[_7MoN?e+D?M+M+I5cdI7K QJkPFmQhe+GJF�`)Q;`)M+IUTVN��=M+FdQ�j G T[M+` ��M�DVG\T[C7D[M�N[e+GJFdM TK

cmN TV_7M � & ��6,�I�
& � 7�# %'& 4 �� ����� % �3��� ������� � 8��������C? � �5D[M+N?M+IUTVM�L cdI�T[_7M�k Q;FdFmQ j�cmI7K �7GJDVGJKJDVG��7_ Y

����� ��� ��� ��$����	!9��� � �)$���

� _7MaD?M+N?cdN?TVGJI7e�M `)cdI7cm` C7` j�GJN�Q;�7N?M+D x;M+L�T[QoL5M �=M+I7L�QJI TV_5M cm` �7C5D[cmT�� e+Q;I5e+M+IUT[DVG\T[cdQ;I �#cdI g
L7cde+G\TVcmI7K TV_ZGbT cyT�cdN)GJI�cd` �7C7D[cyT�� �5_7M+I7QJ` M�I7Q;I"Y �{Q�j%M�x;M+D��TV_7M&L7M�5TV_�QJkPT[_7Mo`)cdI5cd` C7`��
` M+GJN[C5D[M+L)D[M�FHG\T[cmxJM�TVQ�TV_7M�x\GJFmC7M�G\T T = 0K �;j%GJNwk QJC7I7L*TVQ��=M{D?Q;C7K;_5F����5D[Q
�=Q;D?T[cdQ;I7GJF T[Q�T[_7M
cd` �7C7D?cmT�� e�Q;I7e�M+IUTVD[G\TVcmQ;I cimp

�	GJI5L cmT[N�DVG\T[cdQ�j�cmTV_ TV_5M D?M+N[cmN?T[cmx cmT�� GbT T = 0K j%GJN�k Q;C7I7L
cdI7L5M �=M+I7L7M�IUT%QJk cimp

Y � _7M+D?M�k Q;D?M{T[_7MR`)cdI5cd` C7` cmN M+N[N?M+IUTVcdGJFdF���G � & ��6,�I�<& � 7�# %'& 4 ��M ��M+e�T �hGJI7L
cdIUTVM�D gtcd` �7C7D[cyT��)M ��M+e�T[NRe�Q;C7FmL&�=M�M��he+FmC7L7M�L G\T GZD?N?T{N[cmK;_UT Y

��Y s YA�PI7L7M�D[N?Q;I �#���{cdIUTVD?QhL5C7e+M�L G ` Q L7M+F TVQ L5M+N[e�D[cm��MoG FmQhe+GJF�`)Q;`)M+IUT)cdI G `)M�TVGJF �
j�_7M+D?M�_7M�cdI7e�FdC7L5M+L G FdQ e GJF �%Q;C7FmQ;` � cmIpT[M+D[GJe�T[cdQ;I U ��M�T j%M�M+I TV_7M�M�FdM+e�TVD?Q;I7N*Q;I G N[cmI7K;FmM
cd` �7C7D?cmT���N[cyTVM\Y � _5cdN `)QhL5M+F#cdN e+GJFdFmM+L N?cdI7KJFdM�cm` �5C7D[cyT����PI7L7M�D[N?Q;I ` Q L7M+F�W � � � ^ ]PGJI5L j�cdFdF
QJklTVM�Io�=M�C7N?M+L cmI�TV_7cmN�TV_7M�N[cdN�Y � T�D[M G\L7N

HSIAM =
∑

σ

εdd
†
σdσ + Ud†↑d↑d

†
↓d↓ +

∑

~kσ

ε~kσ
c†~kσ

c~kσ
+ V

∑

~kσ

(

d†σc~kσ
+ c†~kσ

dσ

) W �;Y��J]

� _7cdN%` Q L7M+F=L7M�N[e+D?cd�=M+N�G N?cdI7K;FmMPcm` �7C5D[cmT���FmM�xJM+FAWlj�_7M+D?M d†σ e+D?M G\T[M+N�G N TfG\T[M j�cmTV_aN �7cmI σ GJI7L
M+I7M�D[K � εd

] �UN[C7��3?M�e�TwTVQ�G �%Q;C7FmQ;` �*D[M�7C7FmN[cdQJI U cmk=L7Q;C7�5F�� Q e+e�C �7cmM+L �pcdI�G�e�Q;I7L7C7e�TVcmQ;I �7GJI7L
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W ��z�]�j�cmT[_ L7cmN �=M+D[N?cdQ;I ε~kσ � Y � _7M cd` �7C7D?cmT��,GJI7L T[_7M ��z G\D[M�e+Q;C �5FdM+L&x cHGaG)_��h�5D[cdL5cdB GbTVcdQJI
V Y � I&Q;D?L7M+D�TVQ�K;M�T{N[Q;`)M�cdI7N?cdK;_UT�cmIpT[Q*TV_7cmN�` Q L7M+F �5Q;I5M�`)cdKJ_pT�e+Q;I7N?cdL7M�D�TV_7M  G\TVQ;`)cdePFdcd`)cmT  
V = 0 �wj�_7M+D?M cm` �7C5D[cmT���GJI7L�e+Q;I7L5C7e�T[cdQ;I��ZGJI7L GJD[M&L7M+e�Q;C �7FmM+L GJI7L�T[_7M&` Q L7M+F�e+GJI �=M
TVD[cyx cHGJFmF��,N?Q;FmxJM+L"Y � _7M+D?M*GJD?M�TV_5D[M+M�TVQJTVGJF�M+I7M�D[K �oe+Q;I2GZK;C7D[G\TVcmQ;I7NRk QJD{T[_7M LhgtN?TfGbTVM+N���W � ]�B+M�D[Q
Qhe�e+C �ZGbTVcdQJI�j�cyTV_oG�T[QJTfG\F9M+I7M�D[K � E0 = 0 � WX�;]�N[cmI7K;FdM�Q e+e�C �ZG\T[cdQ;I����&G N"�7cdI σ j�cyTV_oG�T[QJTfG\F
M+I7M�D[K � E1,σ = εd

j�_7M�D[M σ =↑, ↓ � W'�U] L7Q;C5�7FdM�Q e+e�C �ZG\T[cdQ;I,j�cyTV_,T j Q)N"�7cdI5N�W�Q;I7M�N"�7cdI ↑ GJI7LQ;I7M�N"�7cdI ↓ ]{Q;IoTV_7M�cd` �7C7D[cyT���K;cmx cmI7KaG)TVQJTVGJF�M+I7M�D[K �oQJk E2 = 2εd + U Y � I T[_7cdNRN[cd` �7Fmc GZM�L` Q L7M+F=TV_7M�e�Q;I7L7cyTVcmQ;I,k Q;D�GD FdQ e GJF�` Q;`)M+IUT  9WXG ` GJK;I5M�TVcme `)Q;` M�IUT�G\T�TV_5M�cd` �7C7D[cyT��)N[cmT[M�]%cmN
TV_ZG\T�T[_7M�N[cdI5K;F��aQhe�e+C �7cmM+L&e+Q;I2GZK;C7D[G\TVcmQ;I W n̂ = 1 ]%FmcdM�N�FdQ�j%M�N?T �/j�_5cdef_ D?M �pC7cmD[M+N εd < εF

GJI7L
εd + U > εF

Y � _5ManZM+D?` c	M+I7M�D[K � εF
cdN�C7N?CZGJFdF�� TfG\SJM+I TVQ��=M B�M+D[Q&cdI T[_7cdN�`)QhL7M�FdN�cyk%I7Q\T

N?TfGbTVM+L&QJT[_7M+D j�cdN[M\Y
� _5M�� � � ^ cdN G�`)QhL7M�F7j�_7cdef_acdNw` Q;D?MRKJM+I7M�DVGJF/TV_ZG\I TV_5MPN gtLa`)QhL5M+F � Q;I5L7Q�C7N?M+L,k Q;Dw_7cmN

M�� �7FHG\IZG\TVcmQ;I*QJk�TV_7M�D[M�N[cmN?TfG\I7e+M{` cmI7cd`�C7`oY � k�TV_7M�_�� �7D[cmL7cdB+G\TVcmQ;I V cmNAN[C��)e+cmM+IUTVF��*N[` GJFmF �JT[_7M
T j%Q)` Q L7M�FdN�GJD?M�M �pC7cmx\GJFmM+IUT�TVQ�M+GJef_ QJT[_7M+D�Y

� _5M � � � ^ G\T?TVDVG\e�TVM�L I7M�j G\T?TVM+IUT[cdQ;I�j�_7M+I cmT�j%GJNPD?M GJFmcdB+M�L�TV_ZG\TRcmT�cmN{T[_7M�G�� �7D?Q
�7D[cdG\TVM
M ��M+e�T[cmxJM `)QhL5M+F;cmI�T[_7Mwe+Q;IUTVM�� T	QJk5L�� IZGJ`)cde+GJF;`)M GJIhg GZM+FmL�TV_7M�Q;D�� W�O ^ n � ]AW�N?M+M GJFdN?QRef_7G��5TVM�D
�5Y#"U]�Y

�����	�
� ������ � � ��� ����� ����� ��� � ����	�� � �!� ��" 	 � �#���
� _7M�e+Q;I5I7M+e�TVcdQJI ��M�T j%M�M+I�T[_7M�� � � ^ GJI7L TV_7M�N4g L `)QhL5M+F%e+GJI �=M�L7M+D?cmx;M�L j�cmTV_5cdI�FmQ j M+N T
Q;D[L7M�D �=M+D TVC7D?�ZG\T[cdQ;I)TV_7M�Q;D����5cmk"Q;I7M�TfGJS\M+N n̂ = 1 GJNwTV_7MRK;D[Q;C5I7L,N?TVG\TVMPGJI7L,e�Q;I7N?cdL7M�D[N x cmD?TVC7GJFM��he+cyTfG\T[cdQ;I7N�TVQ TV_7M C5I7Qhe�e+C �5cdM+L G\I7L L7Q;C5�7F��&Q e+e+C �7cdM�L N?TfGbTVM+N�Y E x;M�I T[_7Q;C7KJ_ εd < εF

GJI7L
εd + U > εF

G\I7L�N[` GJFdF%$ cmN�k C7F G7FdFdM�L �5QJD�` Q;D?M �7D[M�e+cmN[M+F��=�
εd � −|∆| � εF � |∆| � εd + U j�cmT[_ ∆ = πV 2ρ(εF ) W �;Y��;]

TV_7M�D[M�cmN G N[` GJFdF �4G7I7cmT[M��7D?Q;�ZGJ�7cmFdcyT���TVQ�_ZG x;M�G L g Q e+e+C �ZG\TVcmQ;I QJk=� QJDA� �;D?M+N �=M+e�TVcyx;M+F��;Y ORC7D[cmI7K
TV_7M x cdD TVCZG\F	M��he�cmTfGbTVcdQJI � TV_5M*cd` �7C7D[cyT��&N �7cmI `)cdKJ_pT*W � ]��7c � cmT[N N �5cdI k D[Q;` C � TVQ�L7Q�j�I � W �J]
�Zc � k D?Q;` L5Q j�I TVQ�C � � W'�U]RD?M+` GJcdI C7I5ef_ZGJI7K;M�L"Y*�PN T[_7M TVQ\TfGJF�N �7cmI cmN�e+Q;I5N[M+D x;M�L �#T[_7M ��z
M+FdM�e�T[D[Q;I�N �5cdI&_ZGJN�TVQ �Zc �&Q�� ��QJN[cmT[M+F��aTVQ*T[_7M�cd` �7C7D[cyT��aN"�7cdI W Q;D�D[M+` GJcmI�C7I7ef_ZGJI5K;M+LocdI�e GJN?M
W9�U]?]�Y � _7M�D[M�k Q;D[M �5TV_7M �PGJ`)cdFyTVQ;I7cdGJI*cdI TV_7M FmQhe+GJF/` QJ` M�IpT D[M�K;cd`)M{N[_7Q;C5FdL,e�Q;IUTfGJcmI�G�TVM�D[` QJk
TV_7M�k Q;D?` ~Sc · ~SI = 1

2
(S+

c S
−
I +S−

c S
+
I )+Sz

cS
z
I
Y ~Sc

D[M�7D[M�N[M�IpT[N%TV_5M{e�Q;I7L7C5e�TVcmQ;I)M+FdM�e�T[D[Q;I)N �7cmI
Q
��M�DVG\T[Q;D+Y �PI M��he+cyTfG\T[cdQ;I�T[Q TV_7M�C7I5Qhe�e+C �7cmM+L W�L7QJC7�7F�� Qhe�e+C �5cdM+LZ]�FdM�xJM+F�FmQ j M+D?N*TV_7M,T[QJTfGJF
M+I7M�D[K ����� ∆E0

W ∆E2
]

∆E0 =
V 2(1 − f(εk))

εk − εd
, W �;Y#"U]

∆E2 =
V 2f(εk)

U + εd − εk
, W �;Y$�J]

& ����� ;J�,��/)�� 54M6-8�/0 "+9 )�$/
ρσ(ε)

698F )��� %O6-�K;J��%' "��6^��s�+9��;�("�,#*+C "�$/b "6Q )���i�,���$( : 4=;J�*/0G��,(H/)��6^��+^/ 8c6^#�#�6Cue/('
ρσ(ε) =

∑

~k
δ(ε − ε~kσ

)
@
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j�_7M+D?M f(εk) = (1 + eβ(εk−εF ))−1 cdN�T[_7M�nZM+D[`)c�k C5I7e�T[cdQ;I"Y
z%M+e+GJC7N[M%QJk E �/Y �;Y#�{QJI7M%e+GJI G�� �7D[Q �hcd` G\TVM T[_7M L5M+I7Q;`)cdI7G\TVQ;D?N�� ��T[_7M+cmD#N?`aG\FdFdM�N?T �=Q;N[N?cd�7FmM

x\GJFdC7M�N�W εk ≈ εF
]�GJI7L�TV_pC7N�T[_7M�xhcmD?T[CZGJF �7D?Qhe�M+N?N[M+NRFdQ�j M+D�TV_7M�M�I7M+D?K �����

J =
V 2

εF − εd

+
V 2

U + εd − εF

W �;Y��;]

�hC7`)` cmI7K�C ��GJFdF ��QJN[N[cm�7FdM{x cdD?T[CZGJF=M��he+cyTfG\T[cdQ;I5N%TVQ FmQ�j%M�N?T�Q;D?L7M+D �=M+D TVC7D?�ZG\T[cdQ;IaT[_7M+QJD�� �hcmM+FmL7N
TV_7M�k Q;FmFdQ�j�cdI5K M ��M+e�TVcmxJM �PGJ`)cdFyTVQ;I7cdGJI k QJD�TV_7M�FdQ e G\F `)Q;` M�IUT�D[M+KJcd`)MJ�

HK =
∑

~kσ

ε~kσ
c†~kσ

c~kσ
+ 2J ~Sc · ~SI

W �;Y$�J]

j�_7cdef_&cdN�G\FdN[Q�e+GJFdFmM+L,TV_5M������������������ � Y
� _7M �7D[Q43?M�e�T[cdQ;I*QJk/T[_7M�� � � ^ QJIpT[Q�TV_7M�FmQhe+GJF ` Q;`)M+IUT N?C7�7N"�ZGJe+M�j%GJN GZD?N?TwGJe�e+Q;` �7FdcmN[_7M�L

���&�hef_7D?cdM ��M+DRGJI7L�s Q;F�� � ��� �ZC7N?cdI7K)G�e GJI5Q;I7cde+GJF T[DVGJI7N k Q;D[` G\T[cdQ;I"Y

����� � ����� � �����4! !�
���������

� _7M�FdQ;K;GJD[cyTV_7`)cde�TVM�D[`)N j�_7cdef_ FdM+GJL TVQ TV_5M��7D[M+GJSpL7Q�j�I QJk ��M�D?T[C7D[�ZGbTVcdQJI�TV_7M�Q;D�� L5M �=M+I7L
Q;I TV_5M*e+Q;I7L5C7e�T[cdQ;I M�FdM+e�TVD?Q;I �ZGJI7Lhj�cdL5T[_ x cdG lnD Y ��Y=s Y"�PI5L7M+D?N[Q;I9�#���	k Q;C5I7L G,` M�TV_7Q L
cdI j�_7cdef_ _7M �7D?Q;K;D?M+N[N?cmxJM+F�� D?M+L7C7e�M+L D GJI7L �=M+D TVC7D?�ZG\TVcyx;M�F�� e G\Fde+C5FHG\T[M+L TV_7M D[M+I5Q;D[` GJFdcmB+M�L
cdIUTVM�DVGJe�TVcmQ;I7NaL5C7M TVQ TV_7M M�Fdcm` cmIZG\TVcmQ;I QJk�x cdD TVCZG\FRM��5e�cmTVG\TVcmQ;I7N T[Q TV_5M �ZGJI7L M+L7K;M�N+Y � _pC7N
_7cdKJ_7M+D�M+I5M+D[K �oM��he+cmTVG\TVcmQ;I7N�GJD?M�TVGJSJM�I cmIpT[QaG\e+e+QJC7IUT GJI5LoTV_5M lnD T[M+D[`)N�M+IUTVM�DPQ;I5F���cmI&T[_7M
�ZGJD[GJ` M�TVM�D[N QJk=TV_7M�M�� M�e�TVcyx;M �PGJ`)cdFyTVQ;I5cHGJI�k Q;D�TV_5M{e+GJFde�C7FHGbTVcdQJI QJk=TV_7M�FdQ�j�F�� cdI5K�FdM�xJM+FmN+Y � _7cmN
N[Q\gte GJFmFdM�L 
 ��Q Q;D�`aG\I! NRN[e+GJFdcmI7KB��`)M�T[_7Q L cdN{cdFmFdC7N TVD[G\TVM�LocmI n	cmK;C7D[M��;Y "7Y{z��&cdIUT[M+K;D[G\TVcmI7K QJC5T
TV_7M�_5cdK;_,M�I7M+D?K �,N TfG\T[M+N�G\T%TV_7M �7GJI7L�M+L5K;M+N�/GJI�M ��M+e�TVcmxJM�` Q L7M�F�Q;I�G FmQ�j%M�D�M+I7M�D[K �aN[e+GJFdM cmN
Q;�5TVGJcdI7M�L W TV_5M��7GJI7L5j�cmL5TV_&cdN�D?M+L7C7e�M+L&k D[Q;` D T[Q D̃ = D − δD ]-Y� _7M �7_�� N[cme GJF �ZGJD[GJ`)M�TVM�D[NRQJk	T[_7M�N �hN TVM�` W cdI&e GJN?M�QJk�T[_7M � Q;I7L7Q ` Q L7M�F �ATV_7M�e+Q;C �7FdcmI7K
J → J̃ ]�_ZG xJM TVQR��M GJLZG �5TVM�L�N[C5ef_�TV_ZGbT�T[_7M N?e G\T?TVM�D[cdI5KP�=M�T j M+M+I ��z M+FmM+e�T[D[Q;I5N�GJI7L�cd` �7C7D?cmT��
cdN*cmIpx\GJD?cHGJIUT+Y � _7cmN��7D[Q e+M�L7C7D[M�FmM GJL7N�TVQ G e+C5T[Q �2L7M��M�I7L7M+IUT
 �7Q j  Q\k J̃(D̃) N?Q T[_ZG\T*T[_7M
L7M+D?cmxJM+L �PG\` cmFmTVQJI7cHGJI L7M�N[e�D[cd�=M+N T[_7MaFmQ�j M+I7M�D[K � ��M�_ZG xhcmQ;D�Q\k�TV_7M,N � N?TVM�` e+QJD[D[M�e�T[F��;Y n/QJD
TV_7M � Q;I7L7Q)` Q L7M�F �pTV_7M �=QhQ;D�` GJI! N�N[e+GJFdcmI7K)G�� �7D?QUGJef_�FdM+GJL7N�TVQ*T[_7M�N[e G\FdcdI5K*M �pCZG\T[cdQ;I

dJ

d lnD
= −2ρ0J

2, W �;Y	�;]

j�_7M+D?M G �/G\T{e+QJI7L7C7e�TVcdQJIo�ZG\I7L W ρ0 = e�Q;I7N?T+Y ]%j%GJN GJN?N[C7`)M+L Y � IUTVM�K;DVG\T[cdI7K E �/Y��;Y ��k D?Q;` DTVQ D̃ K;cmxJM+N
J̃(D̃) =

J

1 + 2ρ0J ln(D̃/D)
W �;Y��;]

j�_7cdef_ T[M+FdFmN�C5N TV_ZG\T cdI T[_7Maj M GJS�e�Q;C �7FmcdI7KoD[M�K;cd`)M W ρ0J � 1 ]�TV_5M,M ��M+e�TVcmxJM�e+Q;C �7FdcmI7K J̃e+Q;IUT[cdIpC7Q;C7N?F�� K;D[Q�j�N�Q;I2D[M�L7C7e�cdI7K TV_5M �ZGJI7L5j�cmL5TV_ Y � k�QJI7M e+Q;IUT[cdIpC7M+N�C7IUT[cdFRT[_7M L7M�N[cdD?M+L
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|  D|δ

|  D|δ ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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` M�TV_7Q L � TVQ �7D?cdI7K�cdI�GJIaM+I7M�D[K �aN[e G\FdM cmIaj�_7cdef_,T[_7MPT[_7M+Q;D �ae+GJI��=MPk Q;D[`�C7FHG\T[M+L"Y � _7M�i r �
cdNRGaD[M�I7Q;D?`aGJFmcdB+G\TVcmQ;I �7D[Q e+M�L7C7D?M�cdIo` QJ` M�IpT[C7` Q;D{M+I7M�D[K �oN �7GJe+M ��TV_pC7NPQ;I7M�N?M �ZG\DVG\T[M+NPT[_7M
j�_7Q;FmM �7D?Q;�7FmM+` cmIpT[Q L5c���M+D[M�IUTPM�I7M+D?K �&N[e G\FdM+N�Y �RQ�j M�x;M�D �=TV_7cmN�T[D[C7I5e G\T[cdQ;I&N[ef_7M�` M,W�S\M+M �5cdI7K
Q;I7F�� TV_7M)M+I7M�D[K;M�TVcme GJFmF�� FmQ j M+N T�F�� cdI7K&N?TVG\TVM�Nf]�L5QhM�N�I7Q\T�j Q;D[S k Q;D�`)QhL7M�FdN j�_7M�D[MaT[_7M)NVGJ`)M
M+I7M�D[K �&N?e GJFmM+NRGJD[M�GJL7L5M+L GbTRM+GJef_ N TVM �oQJk	T[_7M r � �7D[Q e+M�L7C7D?MJY � _7cmNRcmN�TV_7M�e GJN?M�k Q;D�FdG\T[T[cde+M
` Q L7M�FdN �5MJYZK7Y5k QJD�TV_7M�Q;I7M-g L7cm` M�I7N[cmQ;IZGJF �RC7�5�ZGJD[Lo` Q L7M�F Y � _7M�N?Q;FdC5T[cdQ;I�T[Q�T[_7M �7D[QJ�7FdM�` QJk
GZI7L7cmI7K�G T[D[C7I5e G\T[cdQ;I N?ef_7M+`)M*cdIoTV_7cmNPe G\N[M cmNPK;cyx;M+I cmI TV_5M�e+QJIpT[M�� T�QJk T[_7M L7M�I7N[cyT�� ` G\TVD?c��
D[M�I7Q;D[` GJFmcdB GbTVcdQJIaK;D?Q;C � WXO ^or � ]-Y

� _7MPO ^ r � cdNAG�IpC7`)M+D?cde G\F5x\GJD[cdG\TVcmQ;IZGJFpTVM�ef_7I7c��pC7M{cdIUxJM+IUTVM�La��� su_7cyTVM>���\� � �;� �/L7M�x cdN?M+L
TVQ)Q;�5TVGJcdI�TV_7M�FdQ�j M+I7M�D[K � �7_�� N[cme+NRQJk��pCZGJIUT[C7` `aGJI��Ug �=Q L���N�� N TVM+`)NRj�cyTV_&_7cdKJ_ GJe�e+C7D[GJe �JY
� I7M�N?TVGJD?T[N	j�cmT[_*GPIpC7`)M+D?cde G\FdF���` GJIZG\K;M GJ�5FdMwN�� N?T[M+` QJk/QJI7F���GRk M�j�N?cmT[M+N�W � � � 4 � � H��I�3(
	+]#GJI7L
cmT[M+DVGbTVcmxJM+F���M+I7FdGJD[KJM+N�TV_7M N�� N?T[M+` � ��N?C7e+e�M+N[N?cmxJM+F�� GJL7L7cmI7K{N[` GJFdFUe�FdC7N TVM+D?N	QJk7Q;I7MwQ;D�`)Q;D?M N?cmTVM�N
WG� ���3& %.���$��� �$4<H��I�3(
	+]�Y � _5M)KJD[Q;C7I5L N TfG\T[M�QJk T[_7M�e+Q;` �7FmM�TVM*N � N?TVM�` W � #37$� %�H��I�3(
	� � ��� 4 � �
H��I�3(
	�� � ���3& %.���$��� �$4 H��I�3(
	+]wcmN%e+GJFde�C7FHG\T[M+LaGJI7L,TV_5MPD[M�L7C7e�M+L�L7M+I5N[cmT��a`aGbTVD[c ��QJk9T[_7M�� ��� 4 � �
H��I�3(
	�cdN M�x\GJFdC7G\TVM�L ��TV_7D?Q;C7K;_ T[DVGJe�cdI7K Q;C5T,T[_7M � ���3& %.���$��� �$4 H��I�3(
	bY � _7M T[D[C7I5e G\T[cdQ;I I5Q j
_ZG�� �=M+I5N�GJe�e+Q;D?L7cdI5K&T[Q&T[_7M FdGJD[KJM+N?T�M�IpT[D[cmM+N�cdI TV_7M)L7cHG\K;Q;IZGJFmcdB�M+L �"D?M+L7C5e+M+L L7M+I7N?cmT�� ` G\TVD?c��
GJI7L GJFmFwT[_7M,Q
�=M+D[G\TVQJD[N _ZG xJM,TVQ �=MaTVD[GJI7N k Q;D[`)M+L GJe�e+Q;D?L7cdI5K;F��JY � _7M �7D?Qhe�M+L7C7D?M,L7M�N[e+D?cd�=M+L
GJ�=Q xJM�cdN e G\FdFdM�L�& ��� �$& 4 � � ��� 4 � � *,� 6���% & 4 
�� �pGJNAQ;I7M �5D[Q e+M+M�L7NwC7IUTVcdFhTV_7M�L7M�N[cdD?M+L)ef_ZGJcmI FmM+I7KJT[_
cdN9D?M GJef_7M�L �Jj�_7cmef_�cmI �7D[cmI7e+c �7FdM�e+GJI���MwGJI�cdIHG7I7cmT[M+F��RFdQJI7K�N�� N?T[M+`&Y �PTV_7M�D#O ^ r � T[M+ef_7I7c��pC7M+N
FdcmSJM TV_5M�� �$& 4 � � &21�� *,� 6���%'& 4 
�� G\D[M�j%M�FdF9L7M�N[e�D[cd�=M+L&cdI!� � � �XY

� _7M*O ^ r � cmNRQ;I5M�QJk�T[_7M�`)Q;N TPe�Q;` `)Q;I&IpC7` M�D[cme GJF9TVM�ef_7I7c�� C5M+N k Q;D{Q;I7M-g L7cm` M�I7N[cmQ;IZGJF
�pCZGJIUTVC7` N�� N?T[M+`)N+Y z%M+N?cdL7M�N*M��5GJe�T�L5M�TVM�D[`)cdIZGbTVcdQJI QJk{K;D?Q;C7I7L N TfG\T[M,M+I7M�D[K;cmM+N�wL �hI7GJ` cme GJF
e+Q;D?D[M�FHG\T[cdQ;I,k C7I5e�TVcmQ;I7N�e+GJIo�=M�e GJFme+C7FdG\TVM�L�GJe+e�C7DVGbTVM+F��;Y
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�PKUGJcmI ��TV_7MwN?TVGJD?T[cdI7K��=Q;cdIUT�k Q;D�G{N �hN TVM�` L7M+GJFdcmI7K�j�cmT[_ � QJI7L7Q��5_ � N?cde+N�cdN9TV_5M%N[cmI7K;FmM�g cm` �5C7D[cyT��
�PI7L7M�D[N?Q;Io`)Q L7M+F �7GJN{GJFmD[M G\L��,L7M�N[e�D[cd�=M+L&��� E �=YRW �;Y��J]��

HSIAM =
∑

σ

εdd
†
σdσ + Ud†↑d↑d

†
↓d↓ +

∑

~kσ

ε~kσ
c†~kσ

c~kσ
+ V

∑

~kσ

(

d†σc~kσ
+ c†~kσ

dσ

)

�AD?Q�xhcmL7M+L)G�FHG\D[K;M �%Q;C7FdQJ` �*cdIUTVM�DVGJe�TVcmQ;I U GJI5L�T[_7M�cd` �7C7D?cmT���FdM�x;M+F εd
N[C � e�cdM�IpT[F���k�GJD ��M�FdQ�j

EF
� T[_7MPcm` �7C5D[cmT���j�cdFdFZQJI,G x;M�DVGJK;MP��M{Qhe�e+C �5cdM+La� �)Q;I5MRM�FdM+e�TVD?Q;I"Y � _7MRN�� N?T[M+` cdNATV_7M�I,NVGJcmL

TVQ���M�cmI,TV_7M ���������A%.�)6,& ��� �5j�_7M�I G*FdQ e G\F N �5cdI S = 1/2 D[M�N[cmL7M+NRG\T�TV_5M�cm` �5C7D[cyT��;YORC7M*TVQ�TV_7M�_7cmK;_ x\GJFdC7M*Q\k T[_7M�FdQ e GJF��%Q;C7FdQJ` � cdIUTVM�DVGJe�TVcmQ;I G��=M+D TVC7D?�ZG\T[cdQ;I M�� �7GJI7N[cmQ;I
cdI U �=M+e+QJ` M�NRN?M+I7N?M+FdM�N[N���7ChT{k QJD{N?`aG\FdF _�� �7D?cdL7cmB G\T[cdQ;I V e+Q;` �ZGJD?M+L�TVQ*TV_5M�cm` �7C5D[cmT�� FdM�x;M�F
|εd| �/G��=M+D?T[C7D[�7G\TVcmQ;I�TV_7M�Q;D���cmI V N?M+M�` N{D[M+GJN[Q;I7GJ�7FdM �7j�_7cdFmM�GJ�7N?Q;D[�7cmI7K*TV_7M �%Q;C5FdQ;` ��T[M+D[`
cdI TV_7M)C7I �=M+D TVC7D?��M�L �PG\` cmFmTVQJI7cHGJI Y � _7M+D?M,GJD?M)T j Q e�Q;` �5Fdcde+G\TVcmQ;I7NPk QJD�T[_7M �=M+D TVC7�7G\TVcmQ;IZGJF
TVD[M+G\TV`)M+IUT+��W � ]�TV_5M�cd` �7C7D?cmT���cmNPG\I cdIUTVM�DVGJe�TVcmI7K N � N?TVM�` k QJD{j�_7cmef_ �=Q j M+D k C7F	`)M�T[_7Q L7NRFmcdS\M
sucdefS  N�T[_7M+Q;D?M+`���nZM � I7` GJI L7cHGJKJDVGJ`)N�GJI7L D?M+I7Q;D?`aG\FdcdB+G\TVcmQ;I Q\k �5D[Q
�ZG\KUG\TVQJD[N�GJI7L xJM+D?T[cde�M+N
GJD[M*I7Q\T�cd`)` M�L7cHG\T[M+F��&G�� �7Fmcde G\�7FdM � W �;]PFmQ;KUGJD?cmT[_7` cme�L7cmxJM+D[KJcdI7K,T[M+D[`)N)W�FmcdS\M�TV_7M�Q;I5M+N�cdI T[_7M� Q;I7L5Q)M��hef_ZGJI7K;M�e+QJC �7FdcmI7K J ]�GJD?cdN?M�cdI�TV_7M �=M+D TVC7D?�ZG\TVcmQ;I,TV_5M+Q;D ��cdI V Y� D?Q;�7FdM�` W � ]Aj�cmFdF/�=M N[Q;Fyx;M�L&��� TV_7M �5N[M+C5L7Q
�ZGJD TVcme+FdMRD[M�7D[M�N[M+IUTVG\TVcmQ;I�j�_7cdef_�cmN��7D?M+N[M�IUTVM+L
cdI�TV_7M�I7M�� T �7GJDVGJKJDVG��7_ Y � _5M�N[QJFdC5T[cdQ;I�TVQ �7D[Q;�5FdM+` WX�;]����&N[Qbg e G\FdFdM�L 
 e+Q;I5N[M+D x cdI7KaG�� �7D?Q �hc g
`aG\T[cdQ;I5N�RcdN�T[_7M�TVQ
�7cme�QJk#TV_7M�N[C5�7N[M � C5M+IUT�N[M�e�T[cdQ;I"Y

� ���	� � � � � � � � ��	 � � � � � � � � � � � � � ��� 	 � �#��� 	�� � � ���� � � ���#��� ����� � � � �
� � � ��� � 	���� �#� � � � � � ��	�� �

� _7M�L�� IZGJ`)cde+N�QJk G\I M�FdM�e�TVD?Q;I Q;I G FdQ e GJF FdM�xJM+F%j�cmFdF L7M �=M+I7L e+D?C7e+cdGJFdF�� Q;I j�_7M�T[_7M+D�TV_ZGbT
FdM�xJM+F�cdN%N?cdI7KJF���Q;D�L5Q;C7�7F�� Q e+e�C �7cmM+L"Y � _7M�D[M�k Q;D[M cyT�cmN%C7N?M�k C7F T[Q L7cyxhcmL7MPC �,TV_7M �{cdFm��M�D?TwN �ZG\e+M
cdIUTVQ�N[M�e�T[Q;D[NAj�_7cdef_ GJD?M{FdGJ�=M+FdM�L*���*TV_7M�Q e+e+C �ZG\TVcmQ;I�IpC7` �=M+DwQJk�T[_7M �pCZGJIUTVC7` cm` �5C7D[cyT��;Y�n/QJD
M GJef_�nZQ efS*N?TVG\TVMRQ;I7MPL5M0GZI7M�N�G�e�D[M+G\TVcmQ;IaQ
�=M+D[G\TVQJD �Uj�_7cdef_��hj�_7M�I�Q
��M�DVG\T[cdI7K�Q;I)TV_7M{xJG\e+C7C7`
N?TfGbTVM |vac〉 e+D[M+G\TVM�N{T[_7M�e+Q;D?D[M�N �=Q;I7L7cmI7K N TfG\T[MJ�wnZQ;D�G*T j%Q\g k Q;FdL W N �7cmIhg ]4L7M+K;M�I7M+D[G\TVM�cm` �7C5D[cmT��
Q;I7M*L7M GZI7M+N�T j%Q&�=Q;N[Q;I5cde*Q
�=M+D[G\TVQ;D?N a GJI5L b G\I7L T j Q�k M+D[`)cdQJI7cde�Q
��M�DVG\T[Q;D[N fσ

W σ =↑, ↓ ] �j�_7cdef_ e+D[M+G\TVM�TV_5M L7QJC7�7F�� Qhe�e+C �7cmM+L GJI7L M+` �5T�� N?TVG\TVM�N |2〉 = a†|vac〉 � |0〉 = b†|vac〉 GJI7LTV_7M N?cdI7KJF��&Qhe�e+C �5cdM+L N TfG\T[M+N |σ〉 = f †
σ|vac〉 �"D[M�N �=M+e�T[cmxJM+F��JY � I T[M+D[`)N QJk T[_7M �7N?M+C7L7Q��ZGJD?T[cde�FdMQ
��M�DVG\T[Q;D[N�5TV_5M�e�D[M+G\TVcmQ;I�QJk�G\I&M�FdM�e�TVD?Q;I&QJk	N"�7cdI σ cdI&GJI�M+` �5T���FmM�xJM+F9cdN�L5M+N[e�D[cm��M�L GJN

d†σ = f †
σb + σa†f−σ

WX�hY ��]
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� _7M �PGJ`)cdFyTVQ;I7cdGJI�TV_7M�I&TVGJSJM�N{T[_7M�k Q;D[`

H = εd

(
∑

σ

f †
σfσ + 2a†a

)

+ Ua†a +
∑

~kσ

ε~kσ
c†~kσ

c~kσ

+V
∑

~kσ

(

c†~kσ
b†fσ + σc†~kσ

f †
−σa+ h.c.

) WX�hY��J]

� _7M �{cdFd�=M+D T	N"�ZGJe�M�cdN�I7Q�j x\GJN TVF���M�I7FHG\D[K;M�L cdIUTVQPC7I �7_�� N[cme GJFhD[M+KJcdQ;I7N�Y	�RN�TV_5M�cd` �7C7D?cmT���` C7N T
��M�Q e+e�C �7cdM�L � ��M��5GJe�T[F�� QJI7M �7N[M�C7L7Q
�7GJD?T[cde+FmM�G\T)GJI���T[cd`)M W�e�Q;D[D?M+N �=Q;I7L5cdI7K TVQ G L7M GZI7cmT[M
N?TVG\TVM ] �7TV_5M�k QJFdFdQ�j�cmI7K e+QJI7N?T[DVGJcmIpT�QJI&T[_7M �7N[M�C7L7Q
�ZG\D?TVcme+FmM�I C5` ��M�D Q cdN�T[Q)�=M�` M�T �

Q =
∑

σ

f †
σfσ + b†b + a†a = 1 W �hY#�U]

� _7cdN�e+Q;I5N?TVD[GJcdIUT�e GJI �=M T[_7Q;C7K;_UT�QJk{GJN�ef_7GJD[K;M � C7GJIUTVcdB+G\TVcmQ;I j�cyTV_ G\I�cdIUTVM�K;M+D Q GJN�e�Q;Ihg
N[M�D?x;M�L ���pCZGJIUT[cdB+M�L ef_7GJD[K;M\Ya�RN�cmI �pCZG\IpT[C7` GZM�FdL TV_7M�Q;D�����ef_ZG\D[K;M)e+Q;I5N[M+D x\G\TVcmQ;I cmN�D[M�FHG\T[M+L
TVQ)TV_7M�M��hcdN TVM+I5e+M QJk GaFdQ e GJF9K;GJC7K;M�N�� `)` M�TVD����=j�_5cdef_ cdI&Q;C7DRe GJN?M�cmNPGaFmQhe+GJF U(1) N�� `)` M-gTVD � QJkATV_5M*` Q L7M+F#L7M�N[e+D?cd�=M+L ��� �PG\` cmFmTVQJI7cHGJI E �/Y�W � Y��;]-� � _5M)N � N?TVM�` cdNPcdIUx\GJD[cdGJIUT C7I7L5M+D
N[cm` C7FmTVGJI7M�Q;C7N�KUGJC7KJM�T[DVGJI5N?k Q;D?`aG\T[cdQ;I5N fσ → fσe

iφ(τ), b → beiφ(τ), a → aeiφ(τ) �#j�cyTV_
φ(τ) G\I GJD[�7cyTVD[GJD����	TVcm` M-g L7M��M�I7L7M+IUT��7_7GJN[M\Y � _7M�K;GJC7K;M,N � ` `)M�T[D�� I7Q�j K;C7GJDVGJIUT[M+M+N T[_7M
e+Q;I5N[M+D x\G\TVcmQ;I�QJk Q G\T{GJFdF�TVcd`)M+N�Y� I�Q;D[L5M+D�TVQ �5D[Q43?M�e�T QJIpT[QoT[_7M �7_�� N[cme GJFmF�� D?M+FmM�x\GJIUT�N?C7�7N"�ZGJe+M Q = 1 ��QJI7MaN TfGJD TVN�j�cmTV_TV_7MPK;DVGJI5Lhg e+GJI7Q;I7cme GJF=M+I5N[M+`��7FdMPj�cyTV_�D?M+N �=M+e�T�TVQ Q GJI7L,T[_7M�GJN?N[Q e+cHGbTVM+Laef_7M+`)cde+GJF��=QJTVM�IUTVcHG\F
−λ Y � _7M �7D?Q43?M+e�TVcmQ;I�cdN GJef_7cdM�x;M�L ��� TfGJSpcdI5K TV_7MaFdcd`)cmT λ → ∞ Q\kPG\I � K;D[GJI7Lhgte GJI7QJI7cde+GJF
M�� �=M+e�TVG\TVcmQ;I�xJG\FdC7M�QJk	G �7_�� N[cde+GJF9Q
�=M+D[G\TVQ;D Â �

〈

Â
〉

= lim
λ→∞

〈

Â
〉

GC〈

Q̂
〉

GC

, WX�hY#"U]

� _7M�M�� TVDVG�k�GJe�T[Q;D Q cdI�TV_5M�L7M�I7Q;`)cdIZGbTVQ;D�_ZG\NR�=M+M�I cdIUTVD?QhL5C7e+M�L&T[Q �7D?Q43?M+e�T Q;ChT{T[_7M Q = 0N[C7�5N �ZGJe�MJY �hcmI7e+M 〈. . .〉 L7M+I5QJTVM�NwT[_7M�G x;M+D[GJK;M�QJk/TV_5M{KJDVGJI7L*e+GJI7Q;I5cde G\F7M+I7N?M+` �5FdM�j�cmT[_�D[M+N"��M�e�TTVQ Q �%TV_7cmN��7D[Q e+M�L7C7D[MoGJFmFdQ�j�N�Q;I7M�TVQ G�� �7F�� TV_7M�e�Q;` �5FdM�T[M�`aGJef_5cdI7M�D�� QJk �pCZGJIUTVC7` GZM�FdL
TV_7M�Q;D����ZM+N"��M�e+cHG\FdF��aQ;I7M�` G ��C7N[M�sucmefS  N�TV_7M�Q;D[M�`oY

�A_�� N[cme GJFmF��oQ;�7N?M+D?x\GJ�5FdM �pCZGJIUT[cmTVcmM+N�G\D[M*K;cyx;M+I ���oT j%Q �7N?M+C7L7Q��ZGJD?T[cde�FdM e�Q;D[D?M+FHGbTVcdQJIok C7I7e-g
TVcmQ;I7NaW�Q;D�_7cdK;_5M+Df] ��j�_7cmef_ cdI �7D[cmI7e+c �7FdM)D[M � C5cdD[M�N�T[_7M,e G\Fde+C5FHG\T[cdQ;I QJk��=QJTV_ N[M+FykHg M�I7M+D?K � GJI7L
x;M�D?TVM�� e�Q;D[D?M+e�T[cdQ;I5N+Y OPM�TfGJcmFdN�Q;I�TV_7MaM�x\GJFdC7G\TVcmQ;I Q\k�TV_7M �5N[M+C5L7Q
�ZGJD TVcme+FdM L7cHG\K;DVGJ`)N�e GJI �=M
k Q;C7I7L&cdI � �U���XY

E � �7Fmcde�cmTVM�F����hTV_5M�cm`aG\K;cdIZG\D���TVcm` M N?cdI7KJFdM�g �ZGJD TVcde�FdM � D?M+M+I  N�k C7I7e�TVcmQ;I7N

Gfσ(τ1 − τ2) = −
〈

T̂
[
fσ(τ1)f

†
σ(τ2)

]〉

GC

WX�hY$�J]
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j�_7M+D?M T̂ cdNPT[_7M*TVcm` M-g Q;D?L7M+D?cdI7K Q
��M�DVG\T[Q;D ��G\I7L GJIZGJFmQ;K;Q;C7NPM�� �7D[M�N[N?cdQ;I7N�k Q;DPT[_7M���QJN[Q;I7N a, b`aG �,�=M�M�� �7D?M+N[N?M+L cmI�TVM+D?` N�Q\k�T[_7M�N[M+Fyk M+I7M�D[K;cmM+N Σf,b,c(iω) GJN

Gfσ(iω) = [iω − λ− εd − Σfσ(iω)]−1

Gb(iω) = [iω − λ− Σb(iω)]−1 WX�hY��;]
Ga(iω) = [iω − λ− 2εd − U − Σa(iω)]−1

� ���	��� � ��� � � ��� �#� 
 	 � � ��� � �
" 	�� �#��� ����� � �

� Q&TfGJefSpFdM)TV_7M �7D[QJ�7FdM�` Q\k�FdQ;K;GJD[cyTV_7`)cde+GJFdF��oL5cmx;M�D[K;cmI7K�TVM+D?` N�cdI TV_7M ��M�D?TVC5D[�ZG\T[cdQ;I TV_7M�Q;D��
cdI V ��Q;I7M _ZGJN�T[Q �7cdefS T[_7M,M+N?N[M�IpT[cHGJFwTVM�D[`)N�cdI �7N[M�C7L7Q
�ZG\D?TVcme+FmMaD[M�7D[M�N[M�IpTVG\TVcmQ;I"Y � I Q;D[L7M�D
TVQ ��M GJ�5FdM TVQ �=M+D k Q;D[` TV_7M �7D?Q43?M+e�TVcdQJI Q;IUT[Q T[_7M �7_�� N[cde+GJF�N[C7�5N �ZGJe�M���Q;I5M D?M �pC7cmD[M+N�T[_7M
e+Q;I7N?M+D xJGbTVcdQJI QJk�TV_7M{FdQ e G\F7ef_ZGJD?K;M Q Y � GJC7KJM{cmIUxJG\D[cHG\IpTwG � �7D[Q �hcd` G\T[cdQ;I7N e�Q;I7N?M+D?x cmI7K Q ` G �
��M L5M+D[cyx;M�L k D[Q;` G �9C5T[T[cdI7KJM+D g s�G\D[L K;M�I7M+D[G\TVcmI7Kak C7I5e�TVcmQ;IZGJF Φ �#�I� � � ",� Y � _5M*N[M+FykHg M�I7M+D?K;cdM�N
Σx

� x = a, b, fσ, c
GJD?M�QJ�5TfGJcmI7M+L����,TVGJSpcdI7K*TV_5M�k C5I7e�T[cdQ;IZG\F"L7M+D?cmx\G\T[cmx;M�N

Σx =
δΦ

δGx

WX�hY$�J]

GJI7L�GJD?MRT[_ C5N%k C7I7e�TVcdQJIZGJFdNwQJk"T[_7M L7D?M+N?N[M+L Gx
Y nZQ;D%GJI�� ef_5Q;cde�M QJk Φ G�e�FdQ;N?M+L,N?M�T�QJk"cdIUTVM�K;DVGJF

M �pCZG\T[cdQ;I7N�k QJD�TV_7M Gx
 N�cmN�Q;�5TfG\cdI7M�L �5j�_7cmef_o_ZG xJM�T[Q)�=M�N[Q;Fyx;M�LoIpC7`)M+D?cde G\FdF��JY

� _5MPi{Q;Ihg �%D?Q;N[N?cdI7K�� � �7D[Q �hcd` G\T[cdQ;I&W�i��%��]�cmN�TV_7M�FdQ�j M+N T�W N[M+e�Q;I7L Q;D[L7M�D cdI V ]�G�� �7D[Q �pgcd` G\TVcmQ;I,k Q;D Φ Y � TVNRIZGJ`)M�QJD[cdKJcdIZG\T[M+N�k D[QJ` TV_7M�e+Q;D?D[M�N �=Q;I7L7cmI7K,nZM � I7` GJI&L7cHG\K;DVGJ`)N �7j�_5cdef_
L7Q�I7QJT�_ZG x;M�GJI���e+D?Q;N[N?cdI7K�FmcdI7M�N�W�N[M�M�n	cdK7Y �hY��J]�Y

�������B�C	=DE*DE� ".��+ : (H+9���a+C )�*%.()�$G�()�&/0�$�o "+C "��6^�i698� )��� : �,���$("+9 )��� : 8c����%' "��6^��+9# Φ 698B "��� � �FZ @�Ze#*/06
/)��6Cu��h+-()�� )���FGK/0�$��;J6-GK+9() )�*%O��/0�$#38 NA�,���$( : ���&/ +9��;  )����#�6J%,+9# d NA�,#��$%' "()6^��� ("�,�,� � /�8c����%ON )��6-� ;��,("��1^�$; 8c("6-�

Φ
@�" +-/)���&;pd�u�+
124M+-��;n/06^#��*; #������&/]("�,G�("�$/)�,�o 8c�,("����6^�Ed sK6o/06^�

+9�K; %,6-��;���%' "��6^� �$#��&%' )("6-� #������&/,dJ("�$/)G��$%' "��1^�,#�4-@ � � : ��("�. H+ 
^�,� 8c()6^�q< 	�
&?A@

� e�Q;` �7D[M�_7M+I7N?cmxJM�D[M�x cdM�j ��GJFmN[Q)Q;IoT[_7M�QJD[cdKJcdIZGJF=j%QJD[SpN GJI5LoTV_5M�L7M�x;M�FdQ
�7`)M+IUTRQJk�T[_7M�i �%�
e GJIu�=M k Q;C7I7L2cmI �#�;��� Y ^ Q;N?T�Q\k�T[_7M i��%� j Q;D[SpN&GJD?M e+Q;I7e�M+D?I7M+Luj�cmT[_ cmIHGZI7cyTVMoQ;Ihg N?cmT[M
D[M �5C7FdN?cdQ;I U → ∞ �	j�_5M+D[MaL7Q;C7�7FmMaQ e+e�C �ZGJI7e���QJk�T[_7Macm` �5C7D[cyT�� cdN�N TVD?cde�T[F�� M��5e�FdC7L5M+L"Y � I
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TV_7cmN�e GJN?M�TV_5M�N?M+FmkHgte+Q;I5N[cdN TVM�IpTRi �%� M �pCZGbTVcdQJI7N�TVQ;K;M�TV_7M�D{j�cyTV_ E �=Y��hY��)D[M+GJL�W e+Q;` �ZGJD?M�n	cdK7Y
�hY��;]

ΣNCA
fσ (ω) = Γ

∫
dε

π
f(ε)A0

cσ(−ε)Gb(ω + ε) W �hY �U]

ΣNCA
b (ω) = Γ

∑

Σ

∫
dε

π
f(ε)A0

cσ(ε)Gfσ(ω + ε) W �hY �U]

GNCA
dσ =

∫

dεe−βε[Gfσ(ω + ε)Ab(ε) − Afσ(ε)Gb(ε− ω)] WX�hY����U]

j�_7M+D?M Γ = πN0|V |2 j�cmT[_ N0 = 1/2D T[_7M�e+QJI7L7C7e�TVcdQJI*M+FdM�e�T[D[Q;I�OPQU��GbT EF
�JT[_7M�k D[M �pC7M+I7e��

ω cdN ω± i0 k Q;DATV_5MPD[M�TfGJD?L7M+L �JGJL5x\GJI7e�M+L,k C7I5e�TVcmQ;I7N%GJI7L A0
cσ = (1/π)

� ` G0
cσ/N0

cdNATV_7MRFdQ e GJF
e+Q;I5L7C7e�T[cdQ;I M+FmM+e�T[D[Q;I OPQp� ��M�D�N"�7cdI"Y f(ε) = 1/( M�� � (βε) + 1) cdN�TV_7M nZM+D[`)c L7cmN?TVD?cd�7ChTVcdQJIk C7I7e�TVcdQJI"Y

� _7M�i��%� I7cde�M+F�� j Q;D?S N�k Q;D�T[_7M,e+GJFde�C7FHG\T[cdQ;I QJk�L�� IZGJ`)cde G\F �5D[Q
�=M+D TVcdM�N�cmI�Goj�cmL7M �ZG g
DVGJ`)M�T[M+D�D[GJI7K;M\Y � T�D[M�FdcHG\�7F���L7M�N[e�D[cd�=M+N�T[_7M � QJI7L7Q�N[e+GJFdM TK

GJI7L�T[_7M �=Q;N[cyTVcdQJI � T[_7M�N �=M+e�TVD[GJF
j%M�cdK;_UT �/GJI7L�TV_7M�Fmcmk M�T[cd`)MR�5D[QUGJL5M+I7cmI7K�QJk�T[_7M �=M GJSpN{cdI,TV_5M�FmQhe+GJF N"��M�e�T[DVGJF9L7M�I7N[cyT���L7Q�j�I�TVQ
T ≈ 0.1TK

� �;�B�XY��RQ�j M�xJM+D�cmT k�G\cdFdN{k Q;DPxJM+D�� FdQ�j TVM+` �=M+DVGbTVC7D?M+N T � TK
�"j�_7M�D[M�cmT �hcmM+FmL7N

TV_7M�j�D[Q;I5K,cdI5k D[GJD[M�L M�� �=Q;I7M�IUTVN �9cmI e�Q;IUTVDVG\L7cde�TVcdQJI&T[QaTV_7M�M�� �=M+e�T[M+L n ���=M+_ZG x cdQJD+Y � _7M cdI g
e+FmC7N[cmQ;I�QJk"G�FdQ e G\F5` GJK;I7M�TVcde G7M+FdL��7D?QhL5C7e+M�N%G�N �7C5D[cdQJC7NAD[M+N?Q;IZGJI5e+M{cdI*TV_7M�cm` �7C5D[cmT���N �=M+e�TVD[GJF
k C7I7e�TVcdQJI�G\T ω = 0 GJI5L TV_7M�i �%�uGJIZGJF��hN?cdN#TV_7M�I)M�x;M�I)k�GJcmFdN#cdI T[_7M�_7cdKJ_hgtT[M+` ��M�DVG\T[C7D[MwD[M�K;cd`)M
T � TK

Y��RNP���&e+Q;IUT[DVGJN TPTV_5M�i r � cdN{� �&e�Q;I7N?T[D[C7e�TVcmQ;Ioj M+FmF#N?C7cmT[M+L k QJD{FmQ�j TVM�` �=M+D[G\TVC7D?M
N �=M+e�TVDVG\F{cmI5k Q;D?`aG\T[cdQ;I�� M�x;M�I j�cmT[_ G FdQ e G\FdF�� G�� �5FdcdM�L GZM+FmL � j M L7M�e+cmL7M+L TVQ C7N[M�TV_7Moi r �
cdI7N TVM+GJL QJkRT[_7M&i��%� cdI QJC7D�` M+GJIhg G7M+FdL�T[D[M+G\TV`)M+IUT�QJkRM+C7D?Q
�7cmC7` Q �hcdL7M Wlk Q;D*L7M�TfGJcmFdN �AN?M+M
ef_ZG��5T[M+D �5Y "7Y ��]�Y

�	� �	��� � � � 	�� � �	� � � � � � � � � ��� � � � � ��� � � � 	�� � � � � �

nZQ;D GZI7cmT[M �%QJC7FdQ;`�� cmIUTVM+D[GJe�T[cdQ;I U �	e�Q;IUTVD[cm�7C5T[cdQ;I7N�k D?Q;` ��Q\TV_ x cmD?TVC7GJF M��he+cyTfG\T[cdQ;I5N�T[QoT[_7M
M+` �5T�� N TfG\T[M�GJI7L TVQ TV_5M�L7Q;C7�7FmM�Qhe�e+C �5cdM+L cm` �7C5D[cmT�� N?TVG\TVM �5FHG � G D?Q;FdM�cmI�TV_7M�M��5ef_7GJI7K;M
e+Q;C �7FdcmI7K J Yw� cd` �7F���`)QhL5cmk�� cdI7K�TV_5M�i��%� N?C7ef_&T[_ZG\T%N[M+e�Q;I7L&Q;D[L5M+D �=M+D TVC7D?�ZG\TVcmQ;IaT[_7M+Q;D �acmN
GJL7L7M�L�k Q;D��=QJTV_�QJkhTV_7M�N[M �7D[Q e+M�N[N[M�N	k�GJcmFdN"N?cdI7e�M Q;I5Mwe+GJI7I7Q\T	e+G��5TVC5D[MATV_7MwN[cm` C7FmTVGJI7M�Q;C7N9e+QJIpT[D[c g
�7C5T[cdQ;I)QJk9�=QJTV_)ef_ZGJI5I7M+FmN%cdI)M G\ef_,Q;D[L5M+DwQJk"�ZG\D[M���M�D?TVC5D[�ZG\T[cdQ;I�TV_5M+Q;D ��e+Q;D?D[M+e�TVF��;Y �PI cdIHG7IpT[M
N[C7`)` G\TVcmQ;I�QJkZxJM+D TVM��*e+Q;D?D[M+e�TVcmQ;I7N�WlTV_7M�N �h`)`)M�TVD?cdB�M+L GZI5cmTVM-g U i��%�2Q;D��5vPi �%� �#�F���l]#e+C7D?M+N
TV_7cmN �7D[QJ�7FdM�` � �I�B�XY

� QRQ xJM+D?e+Q;`)MwT[_7MAk�GJcdFmC7D[M�N#Q\k5TV_5M%i �%��cmI�T[_7M FmQ�j TVM�` �=M+D[G\TVC5D[MAD[M�K;cd`)M T � TK
� �7D?Q
��M�D

x;M�D?TVM�� e+QJD[D[M�e�T[cdQ;I7N j�_5cdef_ GJe+e�Q;C7IUT�k Q;DPT[_7M*L7Q;`)cdIZG\IpTPN �7cmI GJI7L ef_ZGJD?K;M �ZC7e�TVCZG\T[cdQ;I5N�_ZG x;M
TVQ*�=M TfGJS\M+I�cdIUT[Q*GJe+e�Q;C7IUT Y � _7M�e�Q;I7N?M+D?x cmI7K T gt`aGbTVD[c � G�� �7D?Q �5cm`aGbTVcdQJI W � �{^ ��]�cdN�G\�7FdM{TVQD[M�7D[Q L7C7e�M�T[_7M�e+Q;D?D[M�e�TPn � �=M+_ZG x cdQJD�QJk�T[_7M�� � � ^ N?T[D[Q;I5K e�Q;C �7FmcdI7K G��hM�L �=Q;cdIUT � �I�B�XY
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� ���	��� ���� � � � �!��� " � � � ��� � ��� � � 	�� � � � � ��� ��� �(" � � ��� ��� � �
� I,e+Q;IUT[DVGJN T%TVQ�TV_7MPi r � �pe+Q;I7N?M+D xhcmI7K TVM�ef_7I7c�� C5M+N�e+GJI,�=MPK;M�I7M+D[GJFdcmB+M+LacdI,G�N?T[DVGJcmK;_UT[k Q;D j�GJD?L
j�G � T[Q cdI5e+FdC5L7M,`)Q;D[M)TV_ZGJI QJI7M,FdQ e G\F cm` �7C5D[cmT�� QJD[�7cyTfGJFXY �%Q;I7N?M �pC7M+IUT[F��
�ATV_5M,FdQ�j M+I7M�D[K �
N �=M+e�T[DVG&QJk�TVD[GJI7N?cmTVcmQ;I GJI7L DVGJD?M M+GJD?T[_ `)M�TfG\FwN � N?TVM�` N�e+Q;C5FdL �=M)C7I7L7M�D[N?T[QhQ L�Q;I TV_5MaFdM�x;M�F
QJk�TV_7M i��%� �%N �=M+e+c GZe G\FdF�� M�� �=M+D?cd`)M+IUTfG\F��7_7Q\TVQ M+`)cdN[N?cdQ;I�N �=M+e�TVD[QJN[e+Q�� � W � E �7]aLZG\TVG QJk�G
e+M+D?cdC7` W �%M�]�cd` �7C7D?cmT�� cmI G&` M�TfGJFmFdcme�_7Q;N T�j M+D?MaM�� �5FHGJcmI7M+L cdI �#�
� � Y � _5M+D[M)TV_7M)D[M�N[C7FyTVN�QJk
TV_7M `�C7FmT[cyg QJD[�7cyTfGJF"cm` �5C7D[cyT���` Q L7M+F	GJD[M�cdI N TVD[cmSpcdI7KaGJK;D[M�M+`)M+IUT j�cyTV_ TV_5M � E � LZGbTfG,QJk T[_7M
_7M G x ��k M+D?` cmQ;I�e+Q;` �=Q;C7I7L �%M �%C

2
�hc

2
Y

�%M ��GJN�G;"JkAN � N?TVM�` �9_7GJN N[M�x;M�I N �5cdIhgtL7M+K;M�I7M+D[G\TVM�FdM�xJM+FmN � j�_7cmef_ GJD[M N"�7FdcyTP��� N �7cmIhg Q;D?�7cmT
W �
��]�e+QJC �7FdcmI7K cmIpT[Q G T[QJTfG\F�GJI7KJC7FHGJD�` Q;`)M+IUT[C7` J = 5/2 N?M�� TVM�T GJI7L�GJI M��he+cyTVM+L J =
7/2 Q e�T[M�T ��j�_5cdef_ cdN�cmI TVC7D?I N"�7FdcyT���� e+D �hN TfGJF G7M+FdL�W ��n ]PcdIUTVM�DVGJe�TVcmQ;I cdIUTVQ�T[_7D[M�M G\I7L k Q;C7D� D[GJ`)M+D[N0 �L5M+K;M�I7M+D[G\TVM�L7QJC7�7FdM�TVN� D[M+N"��M�e�T[cmx;M�F��JY � T�cdN SpI7Q�j�I k D[QJ` cmIUx;M+D?N[M �7_5QJTVQ M+`)cdN?N[cdQJI
N �=M+e�T[D[Q;N?e+Q
��� W � � E �7]�TV_ZG\T�T[_7M QJIhg N?cmTVM �%Q;C5FdQ;` � D[M�7C7FmN[cdQJI U �=M�T j M+M�I GJFdF "\k�Q;D?�7cmTVGJFdN�cmN
N[C7�7N TfGJIUT[cHGJFmF��)FHGJD?K;M+DATV_7GJI,TV_7M�N?cdI7KJFdM��7GJD?T[cde+FmMRM�I7M+D?K;cdM�N |εfm| GJI7L,T[_ C5N�TV_7M Q�xJM+DVG\FdF�x\GJFmM+I7e�MQJk�T[_7M�Q;D[�5cmTfG\FdN%cmN�e+FmQ;N[M�TVQ �;Y �{M+I7e�M�k QJD U → ∞ TV_5M�`)Q L7M+F �RGJ`)cdFmT[Q;I7cdGJIaD?M GJL7N

H =
∑

~kσ

ε~kc
†
~kσ
c~kσ

+
∑

mσ

εfmf
†
mσfmσ +

∑

m~kσ

(

V~kmc
†
~kσ
fmσ + h.c.

)

, W � Y �
��]

j�_7M+D?M c†~kσ

L7M�N[e�D[cd�=M+N�e+D[M+G\TVcmQ;I Q���M�DVG\T[Q;D[N�k Q;D�M�FdM+e�TVD?Q;I7N�j�cyTV_�N"�7cdI σ Y εfm < EF , m =
1 . . . 7 G\D[M TV_5M*N[M�xJM+I��
� GJI5L ��n2N"�7FdcyT "Jk N[cdI5K;FdM-g �ZGJD TVcme+FdM�FdM�x;M�FdN j�cmT[_ e+D?M G\T[cdQ;I Q
�=M+D[G\TVQ;D?N
f †

mσ
Y � _7M _�� �7D[cmL7cdB+G\TVcmQ;I2` G\TVD?c��2M�FdM�` M�IpT[N V~km

FmM GJLuTVQ�GJI M ��M+e�T[cmxJM e�Q;C �7FmcdI7K ` G\TVD?c��
Γmm′ = π

∑

~k V
∗
m~k
A~k(ω)V~km′
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n/QJD�G&K;cmxJM+I ∆σ(ε) T[_7M+D?M,GJD?M ` GJI�� j%G � N Q\k�NVGbTVcdN k�� cdI7K E � C7G\TVcmQ;I W'�5Y "p]�Y�nZQ;D�G&N[C��*g
e+cmM+IUTVF��,N[`)Q QJTV_ W�QJD�M�x;M�I e�Q;I7N?TVGJIUT-]�_�� �7D[cmL7cdB+G\TVcmQ;I ∆σ(ε) QJI7M�e GJI&ef_7Q Q;N[M\�

gσ(ε) = ε GJI7L [hσ(ε)]2 =
1

π
∆σ(ε) W'�5Y��;]

nZQ;D�GJI M+I7M�D[K �Ug L5M �=M+I7L7M�IUT _�� �7D[cmL7cdB+G\TVcmQ;I � " � � �P_7Q�j%M�x;M+D��TV_7cmN&ef_5Q;cde�M _7GJN&G e�Q;I7e+M�5TVC7GJF
L7cdN[GJL5x\GJIUTfG\K;M)GJD[cmN[cdI5K�k D?Q;` T[_7M FmQ;KUGJD?cmT[_7` cme�L5cdN[e�D[M�TVcdB+G\TVcmQ;I QJk%T[_7M)e+Q;I7L5C7e�T[cdQ;I �ZGJI7L W�N?M+M
I7M�� T�N?M+e�T[cdQ;I5Nf]�Y � I T[_7cdNRe GJN?M��"TV_5M M+I7M�D[K �UgtL7M �=M+I7L5M+I7e�M)Q\k ∆σ(ε) cdNRTVGJSJM�I cdIUTVQ�G\e+e+QJC7IUT�cdI
TV_7Mw_�� �7D[cmL7cdB+G\TVcmQ;I�� ��L7M GZI7cmI7K [hσ(ε)]2 GJN�G{`)M G\I�x\GJFmC7MAcdI�M GJef_�cdIUTVM�D?x\GJFpQJk5T[_7MwFdQ;KUG\D[cmT[_7`)cdeL7cdN?e+D?M�TVcmB G\T[cdQ;I Y � _5M�D[M�`aGJcmI7cdI5K{M�I7M+D?K ��L7M �=M+I7L5M+I7e�M�j�cdFdFU�=M%cmI7e+QJD �=Q;DVG\T[M+L�cdI�T[_7M%L5cdN �=M+D?N[cmQ;I
gσ(ε) Wlk Q;D�L7M�TfGJcmFdN �hN[M�M�� " � �H]�Y

� �
����� � � 
�	 ��� � � " � � � � ��� � � � �	� 	�� �#���
�PN E �/Y �5Y��)cm` �7FmcdM�N �5T[_7M�cm` �5C7D[cyT��,e+QJC �7FdM�NRx cHG Vσ(ε) T[Q,GJFmF"M+I5M+D[K �oN?e GJFmM+NRcdI�TV_7M �7D[QJ�7FdM�`WXGJN�L7M�7cde�TVM�LocmIon�cdK;C7D?M �5Y�� ]�Y

ρ (ε)σ

Vσ(ε)

���������������������������������������������������������������������
���������������������������������������������������������������������
���������������������������������������������������������������������
���������������������������������������������������������������������
���������������������������������������������������������������������
���������������������������������������������������������������������
���������������������������������������������������������������������
���������������������������������������������������������������������
���������������������������������������������������������������������

�������������������������������������������������������������������
�������������������������������������������������������������������
�������������������������������������������������������������������
�������������������������������������������������������������������
�������������������������������������������������������������������
�������������������������������������������������������������������
�������������������������������������������������������������������
�������������������������������������������������������������������
�������������������������������������������������������������������

band

ε /D

conduction

0 1−1

impurity������������������������������������������

������������������������������

�������B�C	��B����F����� ����G���("�3 54 %O6^��G�#��$/F )6a+-#�#E�$���,( : 4i/"%,+-#��&/

�PN�Q;I7M�cmN�cdIUTVM�D[M+N TVM�Lo` GJcdI5F�� cdI,TV_5M�FmQ�j�gtTVM�` �=M+D[G\TVC5D[M �7D?Q
��M�D?T[cdM+N�Q\k�T[_7M�N�� N?T[M+`��/sucmFdN?Q;I! N
cdI7KJM+I7cmQ;C7NwcdL7M+G�j%GJN%T[Q�FdQJKUGJD[cyTV_7`)cde+GJFdF���L7cdN?e+D?M�TVcmB+M{TV_7MRe+Q;I7L5C7e�T[cdQ;I �ZGJI7Laj�cyTV_aG�L7cmN[e+D?M�T[cdB G g
TVcmQ;I �ZG\DVGJ`)M�T[M+D Λ > 1 �#����W N[M�M*n	cdKJC7D[M �5Y��;]�Y � _7cmNPM+I7GJ�7FdM�L _7cm` TVQaTVGJSJM�GJFdF�M+I5M+D[K � N?e GJFmM+N
cdIUTVQ�GJe�e+Q;C7IUT W j�_7cmef_acmNAT[_7M{e+M+IUT[DVGJF/cdL5M G�QJk"�RI7L7M+D?N[Q;I  N N[e G\FdcdI5K�G � �7D[Q;GJef_/]AGJI7L)D[M+N?Q;FmxJMRT[_7M
FdQ�j�g M�I7M+D?K ��M��he�cmTfGbTVcdQJI7N�j�cmT[_o_7cmK;_oGJe+e�C7DVGJe��;Y � _5M �ZGJD[GJ`)M�TVM�D Λ L7M0GZI5M+N�G�N[M�TPQJk	cdIUTVM�D?x\GJFmN
j�cmT[_&L5cdN[e�D[M�TVcdB+G\TVcmQ;I �=Q;cdIUTVN

xn = Λ−n W'�5Y��;]
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ΛΛΛ−Λ−Λ−Λ ... ...−1 −1−2 −3 −3 −2

ε /D
1−1

���x�K���C	��E Dp���E6 : +9("�� )�����*% ;���/"%O("�O "� �&+C )��6-� 698 +	�K+C e%O6^��;J��%O )��6-�_s�+-��;

GJI7L�j�cdLhTV_ dn = Λ−n(1 − Λ−1) Y sucyTV_7cmI�M GJef_ FmQ;KUGJD?cmTV_5` cme)cmIUTVM+D x\GJF%G nZQ;C5D[cdM�D�N?M+D[cmM+N*cmN
L7M0GZI5M+L"�

ψ±
np(ε) =

{ 1√
dn

M ±iωnpε k Q;D xn+1 < ±ε < xn

0 QJC5TVN?cdL7M�TV_5cdN�cdIUT[M+D?x\GJF W'�5Y$�J]

(p ∈ Z� GJI7L ωn = 2π/dn)
Y n cdN�TV_7M�cdIUT[M+D?x\GJF9cmI7L7M���� p TV_7M�_ZGJD?` QJI7cde�cmI7L7M��&Q\k	TV_5M�nZQ;C7D?cdM�DM�� �ZGJI7N?cdQ;I,GJI7L,TV_5M N[C �=M+D?N[e�D[c �hT + Wlg4]wL7M�I7QJTVM�N�G��ZGJN?cdNwk C7I7e�T[cdQ;IaL7M0GZI5M+L�k Q;D��=Q;N?cmTVcyx;M W�I7M�K\g

G\TVcyx;M�]%M�I7M+D?K;cdM�N+Y
i{Q�j T[_7M�e�Q;IUTVcmI7Q;C7N Q���M�DVG\T[Q;D[N aεσ

G\I7L a†εσ e GJI �=M�M�� �ZGJI7L7M�L cdI T[_7cdNRe+Q;` �7FdM�TVM�N[M�T�QJk
Q;D?T[_7Q;I7Q;D?`aG\F�k C7I7e�TVcmQ;I7N+�

aεσ =
∑

np

[
anpσψ

+
np(ε) + bnpσψ

−
np(ε)

] W'�5Y	�;]

anpσ =

∫ 1

−1

L ε [ψ+
np(ε)

]∗
aεσ,

bnpσ =

∫ 1

−1

L ε [ψ−
np(ε)

]∗
aεσ,

� _7MoQ���M�DVG\T[Q;D[N anpσ
GJI7L bnpσ

k Q;D[` G e+Q;` �7FmM�TVM�N?M�TaQJk cmI7L7M �=M+I5L7M+IUT �>�,& �3( %.� 4 � �%M�FdM+e�TVD?Q;I
Q
��M�DVG\T[Q;D[NwQ;�=M � cdI5K�TV_5M C7N[C7GJF=k M�D[`)cdQ;I5cde�GJIUTVc g e�Q;` `�C5TfG\T[cdQ;I�D?C7FdM�N+Y��%Q;I5N[M �pC7M�IUTVF����7TV_7MRe+Q;I g
TVcdIpC7QJC7N �PGJ`)cdFyTVQ;I5cHGJI W E �/Y �hY��;]%e+GJI&I7Q�j �=M�M�� �7D[M�N[N[M�L cdI�T[M+D[`)N�QJk�L7cdN?e+D?M�TVM�Q
�=M+D[G\TVQ;D?N+Y� I Q;D[L7M�D{T[Q T[DVGJI7N k Q;D[` T[_7M�_�� �7D?cdL7cmB G\T[cdQ;I �ZGJD T �=Q;I7M�TfGJS\M+NPT[_7M�_ � �7D?cdL7cmB G\T[cdQ;I�k C7I7e�TVcmQ;I
hσ(ε)2 G\N�T[_7M�` M+GJI�x\GJFdC7M�cmI�M GJef_&FdQ;K;GJD[cyTV_7`)cde{cdIUTVM�D?x\GJFX�

[
h±nσ

]2
=

1

dn

∫ ±
dε

1

π
∆σ(ε) W'�5Y �U]

j�_7M+D?M�j M�_ZG x;M�L7M0GZI5M+L
∫ +

dε ≡
∫ Λ−n

Λ−n−1

dε

∫ −
dε ≡

∫ −Λ−n−1

−Λ−n

dε W'�5Y � �U]
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�PNAFdQJI7K�GJN hσ(ε)2 cdN e+QJI7N?TVGJIUT cmI�M GJef_)cdIUTVM�D?x\GJF �JTV_7M�cm` �7C5D[cmT���e+QJC �7FdM�N TVQ�TV_7M{G x;M�DVGJKJM{e�Q;`*g
��QJI7M+IUT�W p = 0 ] QJk#TV_7M�e�Q;I7L7C5e�TVcmQ;I�M+FmM+e�T[D[Q;I5N{QJI7F�� W r cdM�`aGJI5Ihg �9M+�=M+N��pC7M �9M+`)`aGU]�� " � � "U�B� �
GJI7L�e+QJI7N[M � C5M+IUTVF�� TV_7M p 6= 0 g N TfG\T[M+N e+GJI���M�I7M�K;FdM�e�T[M+L"Y � _5M�D[M+` GJcmI7cdI7KRM+I7M�D[K � L7M �=M+I7L5M+I7e�Mj�cdFmF"��M�cdI5e+Q;D"��Q;D[G\TVM�L�cdI�TV_7M�L7cdN"��M�D[N?cdQ;I gσ(ε) N?C7ef_ T[_ZG\T�TV_7M�D[M�FHG\T[cdQ;I W'�5Y "p]�N?TVcmFdF"_5Q;FdL7N�Y � I
K;M+I5M+DVG\F �UTV_7MRD[M�N[C7FyTVcdI5K�L7cmN �=M+D?N[cdQJI j�cdFmFZ��M{I7Q;I g FdcmI7M G\D �U�7C5T cdNwFdM+GJL7cmI7K�T[Q G�N[e+GJFdcmI7K��=M+_7G�x cmQ;D
QJkATV_7M*D?M+N?C7FmT[cdI7K,_5Q
� �7cmI7K�`aGbTVD[c �&M+FmM+`)M+IUTVN tnσ ∝ Λ−n/2 W�N?M+M�I7M�� T�ef_ZG �5TVM�Df]�Y � _7M�D[M�7D[M-g
N[M�IpTVG\TVcmQ;I E �/Y)W9�5Y��;]�j Q;C7FmL FdM+GJL TVQ,G,N[e G\FdcdI5Ka�=M+_ZG x cdQ;D{j�cmT[_ GJI M ��M+e�TVcyx;M Λeff

I5QJT M � C7GJF
TVQ Λ j�_7cmef_ `)cdK;_UT{M�xJM+I L7M��M�I7L Q;I&TV_7M�IpC7` �=M+D{QJk cmT[M+D[G\TVcmQ;I7N �7T[_pC7NP` GJSpcdI7K�TV_5M GJIZG\F�� N[cmN
` QJD[M�L7c � e�C7FmT<� " ���XY � _7M{ef_7Q;cme+M�W9�hY��U]	FmM GJL5NAT[Q�G T[DVGJI7N k Q;D[` G\T[cdQ;I*QJk=TV_5MR_�� �7D[cmL7cdB+G\TVcmQ;I �ZGJD T
TVQ*TV_5M�k QJFdFdQ�j�cmI7K�k Q;D?`o�

Hhyb =

√

1

π

∑

σ

[

d†σ
∑

n

(
γ+

nσanσ + γ−nσbnσ

)
+ h.c.

]

W9�hY �
��]

j�cmT[_

γ±nσ =

√
∫ ±

dε∆σ(ε)
W'�5Y ���;]

� k�Q;I5M�I7Q�j L7M0G7I7M+NRG k M+D[`)cdQJI7cdeRQ
��M�DVG\T[Q;D c0σ
QJk�T[_7M�k Q;D[`

c0σ ≡ 1√
ξ0σ

∑

n

(
γ+

nσanσ + γ−nσbnσ

) W9�hY �1�;]

j�cmT[_

ξ0σ =
∑

n

((
γ+

nσ

)2
+
(
γ−nσ

)2
)

=

∫ 1

−1

dε∆σ(ε),
W'�5Y � "p]

TV_7M�_�� �7D[cmL7cdB+G\TVcmQ;I,TVM�D[` G7IZGJFdF�� TVGJSJM�N{T[_7M�k Q;FdFmQ�j�cdI7K � N[cm` �5FdMPk Q;D?`o�

Hhyb =

∫ 1

−1

dεhσ(ε)
(
d†σaεσ + a†εσdσ

)
=
∑

σ

[√

ξ0σ

π
d†σc0σ + h.c.

]

, W9�hY �,�J]

j�_7cdef_�I7cme+M+F�� cmFdFdC5N?TVD[G\TVM�N TV_7G\T�TV_7MAcd` �7C7D?cmT��Re+Q;C �7FdM�N�T[Q{G � & ��6,�I�=k M+D?` cmQ;I7cme�L7M+KJD[M+MAQJk k D[M�M+L7QJ`
Q;I7F��;Y

� _7M�M�� �ZGJI7N?cdQ;I&QJk#TV_7M�e+QJI7L7C7e�TVcdQJI&M�FdM�e�TVD?Q;I��ZGJD?T�j�cyTV_7cmI,TV_7M�I7M�j �ZGJN?cdN�W'�5Y	�;]%D[M G\L7N+�

Hc =
∑

σ

∫ 1

−1

dεgσ(ε)
∑

npp′

[

a†npσ[Ψ
+
np(ε)]

∗anp′σΨ+
np′(ε) + b†npσ[Ψ−

np(ε)]
∗bnp′σΨ−

np′(ε)
]W9�hY ���;]

�PN �=Q;cdIUT[M+L Q;C5T ��j�cmTV_ T[_7M�ef_7Q;cme+M W9�hY��U]�k Q;D�TV_5M�_ � �7D?cdL7cmB G\T[cdQ;I���Q;I7F�� TV_5M (p = 0) gtT[M+D[`)Ne+Q;C �7FdM{L7cdD?M+e�TVF��*T[Q�T[_7MPcm` �7C5D[cmT��JY�z%ChT%TV_5D[Q;C7KJ_acdI5L7cdD?M+e�T e+QJC �7FdcmI7KaW x cHG�TV_7M (p = 0) g `)Q L7M�] �
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GJFdN?Q&T[_7M (p 6= 0) g e�Q;IUTVD?cd�7C5T[cdQ;I5N�` G � ��M�e+Q;`)M)cd` ��Q;D TfGJIUT+Y � _7M+D?M�k Q;D?M��	T[_7M�T j%Q k QJFdFdQ�j�cmI7K�ZGJD?T[N�QJk#TV_7M�N[C5` cdI W9�5Y����U]w_ZG x;M�TVQ���M�e�Q;I7N[cmL7M+D?M+L"�
Hc = H(1)

c + H(2)
c =

∑

p=0,p′

[...] =
∑

p=0,p′=0

[...] +
∑

p=0,p′ 6=0

[...] W9�hY �,�J]

� _7M�e+Q;I7L5cmTVcmQ;I (p = p′ = 0) D[M�L7C7e�M+N�TV_7M �PG\` cmFmTVQJI7cHGJI W9�5Y����U] T[Q*TV_7M�k Q;D?`o�
H(1)

c =
∑

nσ

[
ξ+
nσa

†
nσanσ + ξ−nσb

†
nσbnσ

] W9�hY ���;]

j�cmTV_,T[_7M�N[cmI7K;FmM�g �7GJD?T[cde+FmM�M+I7M�D[K;cmM+N ξ+
nσ

GJI5L ξ−nσ
Q;I7F��aL7M��M�I7L7cmI7K�Q;I,TV_7M�cmIUTVM+KJDVGJF�Q xJM+D gσ(ε)� " �3� � ξ±nσ = 1

dn

∫ ±
dεgσ(ε)

Y � _pC7N�G\I M��5GJe�T S I5Q j�FmM+L7KJM QJk gσ(ε)
W T[_ZG\TPe+Q;C7FmL �=M�Q;�5TVGJcdI5M+L

� �&N?Q;Fmx cdI5K)T[_7M�L5c���M+D[M�IUTVcHG\F#M �pCZG\TVcmQ;I W'�5Y "p][]�cdN{I7QJTRD[M �pC7cdD?M+L"Y � TRcdN{N[_7Q�j�I cdI � " ����TV_ZGbTRT[_7M
L7cdN?e+D[M�TVM�M+I5M+D[KJcdM+N ξ±nσ

e+GJI���M�e G\Fde+C5FHG\T[M+L����

ξ±nσ =

∫ ±
dε∆σ(ε) · ε

∫ ±
dε∆σ(ε)

W9�hY ���;]
� T�e GJI���M N?M+M�I�TV_7G\T#G�FdcdI5M GJD�L7cdN"��M�D[N[cmQ;I W gσ(ε) = ε ] cmN9D[M+e�Q�x;M+D?M+L�k Q;D9e+Q;I5N?TfG\IpT#_�� �7D[cmL7cdB+G\TVcmQ;IW�N[M�M W9�5Y��;][]-Y

� Q k�GJD�T[_7M,` G�� �7cmI7K&QJk�TV_7MaQ;D[cmK;cdIZG\F �PGJ`)cdFyTVQ;I7cdGJI W9�hY � ]�TVQ T[_7MaL5cde+D?M�T[cdB+M�L x;M�D[N?cdQ;I cmN
M��5GJe�T+Y�su_ZG\T�D?M+` GJcdI5NPTVQ��=M*L7cdN?e+C7N?N[M+L cdN T[_7M*N[M�e+Q;I7L �ZGJD T H(2)

c
QJk T[_7M (pp′) gtN[C7` cdI T[_7M

e+Q;I7L5C7e�T[cdQ;I��ZGJI5L �RGJ` cmFmT[Q;I7cHG\I"Y��RN�N[_7Q�j�I&cdI!� ��� �ZcyT�D[M�L7C7e+M�NRT[Q

H(2)
c =

1 − Λ−1

2πi

∑

nσ

∑

p6=p′

[
Λ−n

p′ − p

(
a†npσanpσ − b†npσbnpσ

)
exp

2πi(p− p′)

1 − Λ−1

]

W9�hY��J�;]

� _7M e+QJIpT[D[cm�7C5TVcmQ;I Q\k H(2)
c

x\GJI7cdN?_7M+NPcdI T[_7M Fdcm` cyT Λ → 1 Y �RN�G GZD?N?T�G � �7D[Q �hcd` G\T[cdQ;I � H(2)
ccdN%L5cdN[D?M+KUG\D[L7M�L�GJI7L,TV_5M e+Q;I5L7C7e�T[cdQ;I��7GJI7L�e+QJI7N[cmN?T�Q;I5F�� QJk9TV_7M G7D[N?T%TVM+D?` Q\k#T[_7M (pp′) g N?C7`o�

Hc ≈ H(1)
c

W9�hY�� ��]
sucdFdN?Q;I � �B� N?_7Q�j%M�L cdI _5cdN e+GJFde�C7FHG\T[cdQ;I5NRk Q;D T[_7M � Q;I5L7Q �7D[Q;�5FdM+`���T[_ZG\T�T[_7cdN cmN�G,K;Q QhL G�� g
�7D[Q �hcd` G\TVcmQ;IaM�x;M�Iok Q;D�G*L7cmN[e�D[M�T[cdB+G\TVcmQ;I �ZGJD[GJ`)M�TVM�D Λ GJN�FdGJD[K;M GJN �5Y � I�TV_7cmN�TV_7M�N[cmN �Z`)Q;N?T[F��
Λ = 2 j�G\N{C5N[M+L Yn�cdIZGJFmF����#T[_7M,L7cmN[e+D?M�T[cdB+M�L�x;M�D[N[cmQ;I QJk�T[_7M �PG\` cmFmTVQJI7cHGJI��#L5M �7cme�TVM�L cdI n�cdK;C7D?M+�hY�� ��TfGJS\M+N
TV_7M�k Q;D?`

HSIAM =
∑

σ

εdd
†
σdσ + Ud†↑d↑d

†
↓d↓

W9�hY��;�J]

+
∑

nσ

[
ξ+
nσa

†
nσanσ + ξ−nσb

†
nσbnσ

]

+
∑

σ

[√

ξ0σ

π
d†σc0σ + h.c.

]
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εd , U�������
�������
�������
�������

�������
�������
�������
�������

�������B�C	��B �B� ".��/"%O("�O "� �$�$;_Ze�K;J�,(H/06^���.+9����#3 "6-���*+9�

� �
��� � � 	 � � �#� 
 ��� 	 � � " ��� �#��� � � � � � � 	��(�
� I*TV_7M�L7cmN[e+D?M�T[cdB+M�L*x;M+D?N[cmQ;IoW9�5Y��I�U]	QJk/T[_7M{� � � ^ �PG\` cmFmTVQJI7cHGJI��bT[_7M�cd` �7C7D?cmT���N?T[cdFdFhe+Q;C �7FdM�N�TVQ
GJI cmIHGZI7cyTVMwI C5` ��M�D�QJk��z�M�FdM�e�TVD?Q;I7N�W TV_5Q;C7K;_ QJI7F���TVQRTV_7M%G�xJM+D[GJK;M �ZG\D?T�cmI M G\ef_*FdQ;KUG\D[cmT[_7`)cde
cdIUTVM�D?x\GJFH]�Y � Q&N[QJFmx;M�TV_5M�T[_7M)N�� N?T[M+`�IpC7` M�D[cme GJFmF��
�"T[_7M�e+Q;I5L7C7e�T[cdQ;I �ZGJI5L �ZGJD T�cdN�` G�� �=M+L
Q;IUTVQ*TV_5M�N?M+`)cygtcdIHGZI5cmTVM*W sucdFmN[Q;IZ] ef_ZGJcmI"�

∞∑

n=0,σ

(
ξ+
nσa

†
nσanσ + ξ−nσb

†
nσbnσ

)

︸ ︷︷ ︸

=
∞∑

n=0,σ

[

εnσc
†
nσcnσ + tnσ

(

c†nσcn+1σ + h.c.
)]

︸ ︷︷ ︸

Hcond.band HWilsonchain

W9�hY��I�;]

� _7M+D?M�k Q;D?M�G�TVD?cdL7cdGJK;Q;I7GJFdcmB G\T[cdQ;I��5D[Q e+M+L5C7D[M�L7M�x;M�FdQ
�=M+L���� ���JI5e+B+QJN � ";�B��j�cyTV_,L5cHGJK;QJIZGJF/`aG g
TVD?c��aM+FdM�` M�IUTVN εnσ

GJI7L�Q �/g L7cdGJK;Q;I7GJF/M+FdM�` M�IUTVN tnσ
cdN�C5N[M+L��ZM �pC7cmx\GJFmM+IUT�T[Q�G � DVG\`�g4�hef_7`)cdL5T

Q;D?T[_7Q;I7QJD[` GJFdcmB G\T[cdQ;I"Y�� TVGJD?T[cdI7K,k D?Q;` G\I cmI7cmT[cHGJF#Q;I7M-g �ZG\D?TVcme+FmM N?TVG\TVM |Ψ0〉 = c†0σ |0〉 W j�_7M�D[M
|0〉 L7M+I5QJTVM�N�TV_7M�nZQ efS�xJG\e+C7C7`
	�] �UGRI7M�j�N[cmI7K;FdM-g �ZG\D?TVcme+FmM �ZGJN[cmN�cdN�e+Q;I5N?TVD?C7e�T[M+L�� "U�B�ZG\e+e+QJD[L7cmI7K
TVQ7�

tnσ
︷ ︸︸ ︷

〈Ψn+1σ|HCB|Ψnσ〉 |Ψn+1σ〉 =

HCB |Ψnσ〉− 〈Ψnσ|HCB|Ψnσ〉
︸ ︷︷ ︸

|Ψnσ〉− 〈Ψn−1σ|HCB|Ψnσ〉
︸ ︷︷ ︸

|Ψn−1σ〉
εnσ tn−1σ

W9�hY�� "U]

j�_7M+D?M�T[_7M cnσ
GJD?M�L7M0GZI5M+Lox cdG |Ψn〉 = c†nσ |0〉 , n ∈ i�Y

sucmTV_ GaD[M�e+C7D?N[cdQJI �7D[Q e+M�L7C7D?M��"L7M�N[e�D[cd�=M+L cdI G�� ��M�I7L7c��o� ��TV_5M�e+Q M �)e�cdM+IUT[N tnσ
GJI7L εnσe GJIa��MRL7M�T[M+D[`)cdI5M+L j�cyTV_aGJD[�7D?cmT[DVGJD � �7D[M�e+cmN[cdQJIaD[QJC5TVcmI7M+Nwk Q;D%G�N �7cmIhg�GJI7L,M�I7M+D?K �Ug L7M��M�I7L7M+IUT

_��h�5D[cdL5cdB GbTVcdQJI ∆σ(ε) YiRQJT[M�TV_ZG\T k QJD G �/G\T e�Q;I7L7C7e�TVcmQ;I��ZGJI7L � GJN cmI TV_7M�QJD[cdKJcdIZGJFUj Q;D[S�QJk/sucdFdN?Q;I�� �B� �pG\I7L*k Q;D G
��Q�j M+D4g FHG j L7M+I5N[cmT��,QJk#N?TfGbTVM+N�W cdI �7N?M+C7L7Qbg KUG��onZM+D?` c�N�� N?T[M+`)Nf] � "���� �7GJIZGJF�� T[cde+GJF�M�� �7D[M�N[N[cmQ;I7N

�
|Ψ0〉

��/�%,+-#�#��$;a )���� ��� �����9V V���V ��� �9V ���&XHlb/5 H+C )�^dJ/0����%O�.�3 ��*/��a+ �2���a+9#�#�4a;J�$#�6J%$+9#�� �$�$;a���f��6-���$�^ "���!/)G�+-%,�
+-��;f���,��%,� ��+ �J���a+9#�#�4i#�6J%$+9#�� �$�$; +C � )��� ����G���("�3 54 /0�� )�b���_GK6o/0�� )��6-�_/0GK+-%O�
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k Q;D"TV_7MA_7Q�� �7cdI5K{` G\T[D[c��PM+FmM+`)M+IUTVN tn M��5cmN?T+Y	nZQ;D"T[_7M �/G\T#e+Q;I5L7C7e�T[cdQ;I�M+FmM+e�TVD[QJI�ORQp� W ∆σ(ε) =
∆ ] �UGJN G\FdN[QPe+Q;I7N?cdL7M�D[M�L*cdI � D[cmN[_7I7Gbg ` C5D?TV_�� � 4@*,���  N�j%Q;D?S�� �B� �JTV_5M�_7Q
� �5cdI7K ` G\T[D[c���M�FdM�` M�IpT[N
GJD[M

tnσ =
1

2

(
1 + Λ−1

)
Λ−n/2

ξK
n

︷ ︸︸ ︷

1 − Λ−n−1

√

(1 − Λ−(2n+1))(1 − Λ−(2n+3))

W9�hY��F�J]

W �%Q;` �ZGJD?M TV_5M ξK
n
TVQ E �/Y W �hY��,�;]�QJk>� ����GJI7L TV_7M tnσ

T[Q E �=Y�W $ � � Y#���;]�QJk>� �B�l]-Y � _7M εnσxJG\I7cdN?_�k QJD�N�� ` `)M�T[D[cme _��h�5D[cdL5cdB GbTVcdQJI,k C7I7e�T[cdQ;I5NRG\N{e�Q;I7N?cdL7M�D[M+L&cdI�T[_7M�Q;D[cmK;cdIZG\F �ZG ��M�D[N+Y

� �(��� � 
 � � �
	�� � � � � � 	
���� 	��#�	� 	�� �(���
�RklTVM�D�` G�� �7cmI7K�QJk/TV_7M�e�Q;I7L7C5e�TVcmQ;I�M+FmM+e�T[D[Q;I��ZG\D?T Q;IUT[Q�T[_7M�N[M�` c g cmIHGZI7cyTVM sucmFdN?Q;I ef_ZGJcmIoW E �/Y
�5Y�� �U] Q;I7M GZI7GJFdF���GJD?D[cmxJM+N�G\T�T[_7M k Q;FdFmQ�j�cdI7K �RGJ`)cdFmT[Q;I7cdGJI

HSIAM =
∑

σ

εdd
†
σdσ + Ud†↑d↑d

†
↓d↓

+

∞∑

n=0,σ

[

εnσc
†
nσcnσ + tnσ

(

c†nσcn+1σ + h.c.
)]

+
∑

σ

[√

ξ0σ

π
d†σc0σ + h.c.

]

, W9�hY��J�;]

j�_7cdef_&_ZGJN�TVQ��=M�cmTVM�DVG\T[cmxJM+F�� L7cdGJK;Q;IZG\FdcdB�M+L �$#���� %'&)(+*,� � � �5_7M+I7e�M�KJcmx cdI7K T[_7M�i r � cmTVN�I7GJ` M\Y
� _5M cdIHGZI5cmTVM-g L7cm` M�I7N[cmQ;IZGJF �5D[Q;�7FmM+` W�e�Q;` �7GJD[M E �/Y W9�5Y��I�U]?] cdN e GJN T�cdIUTVQ TV_7M sucmFdN[QJI

ef_ZGJcdI g �PG\` cmFmTVQJI7cHGJI �5Y��J� �5j�_5cdef_&cdN�N[S\M�T[ef_7M+L cmI&n	cdK7Y �5Y#"5Y
� _5M �PGJ`)cdFyTVQ;I5cHGJI��5Y��J� e+GJI �=M�x cdM�j%M�L G\N GaN?M+D[cmM+N Q\k �PGJ`)cdFyTVQ;I7cdGJI7N HN (N ≥ −1) �j�_7M+D?M GJN{TV_7M�Q;D[cmK;cdIZG\F �PGJ`)cdFyTVQ;I5cHGJI HSIAM

cdN{D[M�e+Q�x;M�D[M�L cdIoT[_7M�e GJN?M�QJkAG\I cdI2GZI7cmT[M+F���FdQ;I5K
ef_ZGJcdI W N → ∞ ]-�

HSIAM = lim
N→∞

Λ−(N−1)/2HN
W9�hY��F�J]

j�cmTV_

HN = Λ(N−1)/2

[

Un↑n↓ +
N∑

n=−1,σ

εnσc
†
nσcnσ +

N−1∑

n=−1,σ

tnσ

(

c†nσcn+1σ + c†n+1σcnσ

)
]

W9�hY����;]

n/QJDPTV_7cmN�N[_7QJD?T?gt_ZGJI7L I7Q\TfG\T[cdQ;I cyT j�G\N�L5M0GZI7M�L"� c−1σ ≡ dσ
� ε−1σ ≡ εd

GJI7L t−1σ =
√

ξ0σ

π
Y

�RM+D?M�� H−1
e+Q;D?D[M+N"��QJI7L7N�TVQ�TV_7M�cm` �7C5D[cmT�� GJFmQ;I7M\�

H−1 =
1

Λ

[
∑

σ

εdd
†
σdσ + Ud†↑d↑d

†
↓d↓

]

W9�hY��J�;]
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~∆1/2 ~Λ−(Ν−1)/2~Λ0 ~Λ−1/2

extension
spatial

t0
���������
���������
���������
���������

�������
�������
�������
�������

ε ε0 1 εN

t1 tN−1

ε2

resolution
energy

~Λ1/2 ~Λ ~ΛΝ/2~1

t−1

���x�K���C	��E �B��������� ��#*/06^� %H��+9��� '������]���hG���()�� 54�S5k)XHl,Y.%O6^��G�#��$/� "6f+i/)�,����N ���������� )�h%H��+9���Q698 %,6-�JN
;J��%O )��6-�h�,#��$%O )("6-� � /)���,#�#�/0 "+9 )�$/ ��S)U,V W�X"Y u��3 "��� �JGK6^���,�o "��+-#�#�4 ;J�&%O("�$+-/)��� : ��6-G�G���� : �a+CN
 )("�����,#��,���$�^ H/,@�� 6-��� : +-#�6^� :  )���e%H��+-���Bd9 )�����,���$( : 4 ("�$/)6-#��J )��6-�h���K%O("�$+-/)�$/$dCu�����#��e )���
/0 "+C "�$/�+9("�[/0GK+C )�*+9#�#�4���6-("�[+-��;a��6-("�e� �2 "�,�o $@ ���2��/  )���*/ ��6J;J�$#K�*/ 6-8  )�$�i()�,8c�,("()�&;h )6
+-/��06-����6^� / 
o��� �b�h6J;J�$# S�/)�,� �^@ :  "��� 6-("� : ���K+9# u�6^( 
a6-8�� ��#*/06^� < 	
?cY'@ Z./�6-��#�4f���,� : �JN
s�6-��("��� : /0�� )�&/e+9("�]%O6^��G�#��$;  )6i�&+-%H�_69 "���,(&dJ "����� ��#�/)6-� %H��+-��� �.+9����#� )6^���*+9�Q%,+-�QsK�
�� )�,(H+C "��1^�,#�4i;J�*+ : 6^��+9#�� �,�$;E@

E �=Y W9�5Y����U] GJFdFmQ j�N Q;I7M T[Q N[M�T&C � G�D?M+I7Q;D?`aG\FdcdB+G\TVcmQ;I K;D[Q;C � TVDVG\I7N?k Q;D?`aGbTVcdQJI R ��j�_7cdef_D[M�FHG\T[M+N,T j Q N?C7e+e�M+N?N[cmxJM �RGJ` cmFmT[Q;I7cHG\I7N ��cXY M\Y T j Q�M�� M�e�T[cmx;M �RGJ`)cdFmT[Q;I7cdGJI7N)Q;IuN[C7e�e+M+N?N[cyx;M+F��
FdQ�j M+D�M+I7M�D[K �,N[e G\FdM+N��

HN+1 = R[HN ]

=
√

ΛHN + ΛN/2
∑

σ

εN+1σc
†
N+1σcN+1σ

+ ΛN/2
∑

σ

tNσ

(

c†NσcN+1σ + c†N+1σcNσ

) W9�hY��;�;]

iRQJT[M�T[_ZG\T{TV_7M�D[M�N[e+GJFdcmI7K)k�G\e�TVQJD Λ(N−1)/2 cmN�cdIUTVD?QhL7C5e+M+LocdI E �/Y�W'�5Y�� �U]%TVQaM�I7N[C5D[M�T[_ZG\T HNe+Q;IUTVGJcdI7N�IpC7`)M+D?cde G\FdF��)e�Q;IUx;M+I5cdM+IUTRIpC7` �=M+D[N{QJk O(1) YsucmTV_ TV_7M �7D?M+N?e+D[c �5TVcmQ;I,L7M�N[e�D[cd�=M+L�cmIaTV_5cdN�ef_ZG �5TVM�D%k Q;D T[_7M��PI5L7M+D?N[Q;I�`)QhL5M+F � cmT%cdNwk�GJcdD?F��
N[cm` �7FmM�TVQ)N[Q;Fyx;M G\FdN[Q)QJT[_7M+D{` Q L7M�FdN�FdcmSJM�MJY K7YZTV_7M � Q;I7L5Qa`)QhL7M�F � � _7M�QJI7F��,T[_7cdI5K TV_7G\TP_7GJN
TVQ)��M�GJL43?C5N?TVM�L cmN�T[_7M�cdIUTVcdGJF �PG\` cmFmTVQJI7cHGJI H0

Y �RM�D[M�TV_7M�e+Q;C �7FdcmI7K���M�T j%M�M+I cd` �7C7D?cmT��,GJI7L
0th N?cmT[M�QJk�T[_7M�sucdFmN[Q;I�ef_ZG\cdI&cdN ∼ J Y� _7M�cyTVM�DVG\T[cmx;M�N?Q;FdChTVcdQJI�e GJI&��M�L7M�N[e�D[cd�=M+L&����TV_7M�k Q;FmFdQ�j�cdI5K*GJFdKJQ;D[cyTV_7` W k QJD�L7M�TVGJcdFmN �7N?M+M
G�� �=M+I7L5c���� ]��
W � ] � I7cyTVcHG\FdcdB�MRT[_7M�N?TfG\D?T��PG\` cmFmTVQJI7cHGJI �

�PFmF�M+cdKJM+I7M�I7M+D?K;cdM�N Em
G\I7L M�cdK;M�I7N?TVG\TVM�N |ψm〉 cdI G C7N?M�k C7F�D[M �5D[M+N?M+IUTfGbTVcdQJI _ZG x;M�T[Qa�=Me+QJ` �7ChTVM+L Wlk Q;D�T[_7M&� � � ^ �	TV_5cdN�cmN 3?C7N T TV_7Macd` �7C7D[cyT�� �PGJ`)cdFyTVQ;I7cdGJI H−1

��j�_7cdef_ cmN
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"\gtL7cd`)M+I7N?cdQ;I7GJFl]-Y E x;M�IUTVCZGJFmF����wk Q;D�TV_7M�e G\Fde+C5FHG\T[cdQ;I�Q\kRe�Q;D[D?M+FdG\TVcmQ;I�k C7I7e�TVcdQJI7N �AcdI5cmTVcdGJF
` G\TVD?c��aM+FdM�` M�IUTVN�_ZG x;M�TVQ��=M�N?M�T{C � WXGJN�M\YZK7Y 〈ψm|dσ|ψm′〉 ]-Y

W �;],��� ��M�I7L Q;I7MoGJL7L5cmTVcmQ;IZGJF%N[cmT[MoQ\kPTV_5MosucdFmN[Q;I ef_ZG\cdI W HN → HN+1
] ��G\e+e+QJD[L7cmI7K T[Q

E �/Y@�hY��;� �7C7N[cmI7K*TV_7M�cmI5k Q;D[` G\T[cdQ;I QJk�T[_7M �7D[M�x cdQ;C7N{i r � N?T[M �"Y
W9�U]�OPcdGJK;Q;IZG\FdcdB�M	TV_5M �PGJ`)cdFyTVQ;I7cdGJI*W HN+1 → Hdiag

N+1
]�G\I7L�N?TVQJD[MwGJFdF\M+cmK;M+IUx\GJFdC5M+N#GJI7L�M+cmK;M+I g

x;M�e�T[Q;D[N�Y
W'"p] ��GJFme+C7FdG\TVcmQ;I QJkRGJI M�� ��M�e�TVG\TVcmQ;I�x\GJFdC7MaQJk{GJI���Q
�=M+D[G\TVQJD�D[M �pC7cdD?M+N TV_5M,SpI7Q�j�FdM+L5K;M�QJk

TV_5M�e�Q;D[D?M+N"��Q;I5L7cdI7K)` G\TVD?c��aM+FdM�` M�IUTVN�cdI,T[_7M��ZGJN[cmN�QJk Hdiag
N+1

Y
W �;] �%Q;IUTVcmIpC7M�j�cyTV_�N?T[M � W �;]

�PNRT[_7M �{cdFd�=M+D T{N �ZGJe�M*K;D[Q�j�NRM�� ��QJI7M+IUTVcdGJFdF���k�GJN?TPL7C7D?cdI7KaT[_7M i r � �7D[Q e+M�L7C7D[M �"Q;I7M�_ZGJNPT[Q
C7N[M*GaT[D[C7I5e G\T[cdQ;I N?ef_7M+`)M��"j�_5M+D[M�Q;I7F�� GaN?M�T�QJkAT[_7M FdQ�j M+N T�N?TVG\TVM�N�GJD[M�SJM �hT�G\T�M G\ef_ N?TfG\K;M
W�N[M�M)GJFdN?Q�I7M�� T�N[M+e�TVcmQ;I GJ��QJC5T�N�� `)` M�TVD[cmM+NV]�Y � _pC7N�TVQ�N[C5e+e+M�M+L j�cyTV_ TV_5M�GJFdK;QJD[cmT[_7` FdcmN?TVM�L
GJ��Q�xJM���G\klTVM�D{T[_7M�L7cdGJK;Q;I7GJFdcmB G\T[cdQ;I W N?T[M � W'�U][] �=QJI7M�_ZG\N{T[QaN[QJD?T{TV_7M�N �=M+e�T[D[C7` j�cmT[_oD?M+N"��M�e�T
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N[ef_7M�` M k�GJcmFdN�Y � _7M�FdQ�juM�I7M+D?K ��N �=M+e�TVD?C7` QJk�T[_7M�e+FmC7N?T[M+D%j�cyTV_�Q;I7M�G\L7L7cmT[cdQ;I7GJF/N[cmT[M L7M��M�I7L7N
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(
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j�_7M+D?M TV_7M FmM GJL7cmI7K�L7M�x cHG\T[cdQ;I7N Ol
GJ�=Q;C5T H∗ G\D[M Q;�5TVGJcdI5M+L�����K;M�I7M+D[GJF;N�� `)` M�TVD ��GJD?K;C7`)M+IUTVN�Y

nZQ;D�cdI7N TfGJI5e+M�k Q;D�TV_5M�N � ` `)M�T[D[cde�� � � ^ Q;I7M�_ZGJN�TVQ�e+QJI7N[cmL7M+D�Q
�=M+D[G\TVQ;D?N δH T[_ZG\T{e+Q;I5N[M+D x;M
ef_ZGJD?K;M���N"�7cdI�GJI7L �ZGJD TVcme+FdM-g _7QJFdM,N �h`)`)M�TVD �;Y�iRM+GJD)GJI�� G��hM+L �=Q;cmIpT � QJI7M�G5TVN*TV_7M&M+I5M+D[K �
N �=M+e�TVDVG*TVQ*T[_7M�k Q;FdFmQ j�cmI7K�k Q;D?`

HN,eff = H∗
N + w1Λ

(N−1)/2δH1 + w2Λ
(N−1)/2δH2 + . . . W'�5Y��J�U]

GJI7L�L7M�TVM+D?` cmI7M+N�TV_7M�e�QhM � e�cdM�IpT[N wl
Y	nZQ;D	k C7D TV_7M�D L7M�TVGJcdFmN�j M{D?M�k M�D�TVQ�G L7M�TfGJcmFdM+L*L5M+N[e�D[c �5TVcmQ;I

QJk#TV_7cmN �7D[Q e+M�L7C7D[M�cdI,T[_7M�Q;D[cmK;cdI7GJF"i r � j Q;D[SpN �#� �7�B� Y
� _7M�` GJcmI�D[M+N?C7FmT[N�QJk�T[_7cdN�G\IZGJF��pT[cdePT[D[M GbTV`)M+IUT{GJD[QJC7I7L�TV_7M G��hM+L ��QJcdIUTVN�j M+D?M

W � ] r cdK;_UT�G\T�TV_7M N?T[D[Q;I7K{e+QJC �7FdcmI7K G��hM+L��=Q;cdIUT �bT[_7M cm` �5C7D[cyT�� N �5cdI�cmN�e+Q;` �7FdM�TVM�F���N?e+D[M�M+I7M�L"Y
W �;] � I�G�� �7D?QUGJef_7cmI7K TV_5M G��hM+L���Q;cmIUT �hT[_7M�` GJK;I7M�TVcdeRN[C7N?e+M�5TVcm�7cdFmcmT�� χ(T ) e+QJIpxJM+D?K;M+N�TVQ�Ge+QJI7N?TVGJIUT{x\GJFmC7MPk Q;D T → 0 GJI7L�TV_7M�N"��M�e+c G7e�_7M G\T C = γT cmN�FdcmI7M G\D�cdI T k Q;D T → 0 Y
W9�U] � _7M�DVG\T[cdQ R = χ/γ �/SpI7Q�j�I GJN�TV_7M�� & � �3���!% *,4 &)� �ZTfGJS\M+NRT[_7M�C7I7cmxJM+D?NVGJF9x\GJFdC5M R = 2cdI�T[_7M � Q;I7L5Q)`)Q L7M+FXY

� � �	��� � � 	 � � ��� ��� � � � � � � � � � � � ��" � � � � 	�" � � �
�PN QJI7M e G\Fde+C5FHG\T[M+NRT[_7M�j�_7QJFdM�` GJI��Ug �=QhL �oM�cdK;M�I7N?TVG\TVM�N�GJI7L M�cdK;M�IUxJG\FdC7M�N � QJI7M e G\I cdI �5D[cdI g
e+c �7FdM�e GJFme+C7FdG\TVM�M�xJM+D�� L7M+N?cdD?M+L TV_5M+D[`)Q L�� IZGJ`)cde � C7GJIUTVcmT��JY � kAQ;I7M L5M+I7QJT[M+N T[_7M ` GJI��pgt��Q L��
M+cmK;M+IUx\GJFdC5M+N�QJk#TV_7M �PG\` cmFmTVQJI7cHGJI H j�cyTV_ Em

GJI7L�TV_7M�M+cmK;M+I5N?TfGbTVM+N |m〉 �ZQ;I7M�N[M�M+N{TV_ZG\T�QJC5TQJk
H =

∑

m

Em|m〉〈m| W'�5Y#";�U]

Q;I7M�e G\Ioe+GJFde�C7FHG\T[MPTV_5M �7GJD?T[cmTVcmQ;Iak C7I5e�TVcmQ;I

Z(T ) ≡ Tr e−H/kBT =
∑

m

e−Em/kBT W9�hY#" ��]

GJI7L&_7M+I5e+M�TV_7M�e+QJ` �7FmM�T[MPTV_7M�D[`)QhL �hI7GJ` cme+N�Y� I�T[_7M�i r � �7D?Qhe�M+L7C7D?M j%M�GJD?M Q;I7F��,G\�7FdMPT[Q*e GJFme+C7FdG\TVM �ZGJD TVcmT[cdQ;I)k C7I7e�TVcdQJI7N ZN
k Q;D%T[_7M

N[M � C5M+I7e�M�QJk#TVD?C7I7e GbTVM+L �PGJ`)cdFyTVQ;I5cHGJI7N HN
Y

ZN(T ) ≡ Tr e−HN /kBT =
∑

m

e−EN
m/kBT W9�hY#"p�J]

nZQ;D�G�D[M+GJN[Q;I7GJ�7FdM T[_7M+D?` Q L�� IZGJ`)cde�e GJFme+C7FdG\TVcmQ;I Q;I5M*_ZGJN�TVQ�D[M�TfGJcmI M+I7QJC7K;_ N?TVG\TVM�N�GbT�M GJef_
cmT[M+DVGbTVcdQJI�N[Q TV_ZGbT*TV_7M�e�Q;IUTVD[cm�7C5T[cdQ;I�T[Q T[_7M �ZGJD TVcmT[cdQ;I k C7I7e�T[cdQ;I k D?Q;` M��5e�cmT[M+L N?TfGbTVM+N� I5QJT
e+Q;IUTVGJcdI7M�L cdI ZN

�=cdN{I7M+K;FmcdK;cm�7FdM\Y � _7M�T[D[C7I5e G\T[cdQ;IoM+D[D?Q;DP` GJL7M�cdIoD[M�7FHGJe�cdI7K H ��� HN
j%GJN

M+N TVcd` G\T[M+L�cdI!� �B�"TVQ��=M�G�� �7D?Q �hcm`aG\T[M+F�� Λ−1DN/kBTN
Y

� _ C5N�T[_7M�ef_7Q;cme+M kBT = kBTN ≈ DN
cdN�D?M GJN?Q;IZGJ�5FdM�GJI5L�T[_7M TV_5M+D[`)Q L�� IZGJ`)cde+N e GJI��=M

e GJFme+C7FdG\TVM�L&G\T{G*N[M �pC7M�I7e+M�QJk�L7M+e�D[M G\N[cdI5K)T[M+` ��M�DVG\T[C7D[M�N kBTN ∼ DN = Λ−(N−1)/2D Y
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�RN,M�xJM+D � �7D?Q
��M�D?T���cdN e GJFme+C7FdG\TVM�L2GJN,G\I2cd` �7C7D[cyT�� e+Q;IUT[D[cd�5C5TVcmQ;I ��Q;I5M GJFmj%G � N,_ZGJNaT[Q
N[C7�5T[DVGJe�T�Q;C5T T[_7M�x\GJFdC7M�N�j�_7M�I�I7Q cm` �5C7D[cyT�� cmN �7D[M�N[M�IpT+Y � _7M�L7M GZI7cmT[cdQ;I5N�k Q;D�T[_7M W�B�M+D[Qbg
GZM+FmL/]%N?TVG\TVcme�`aGJKJI7M�T[cde N?C7N[e�M �5T[cd�7cmFdcmT����5TV_5M�k D?M+M�M+I5M+D[K �
�ZM+IUT[D[Q
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Tr (Stot

z,c)
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W9�hY#"��;]
Fimp(T ) = −kBT (lnZ − lnZc)
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Simp(T ) = −∂Fimp(T )
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Cimp(T ) = −T ∂2
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D[M�k M�D[N�TVQ*T[_7M�I7Q;IhgtcdIUTVM�DVGJe�TVcdI5K*e+Q;I7L5C7e�T[cdQ;I&M+FmM+e�T[D[Q;I5N�GJFdQ;I5MJY

sucyTV_�T[_7cdN*L7M GZI7cyTVcdQJI7N ��j M�e GJFme+C7FdG\TVM�L�TV_7M�cm` �7C5D[cmT�� N?C7N[e�M �5T[cd�7cmFdcmT�� k Q;D�T[_7M�NVGJ`)M �ZG g
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K;DVGJL5CZGJF e�D[Q;N?N[Q�x;M�DRQ\k HN
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cmN�Q;�7N[M�D?xJM+L"Yw�PN�j%GJN

N[_7Q�j�I&cdI!� ��� �7T[_7M�D[M �5FHGJe�M+`)M+IUT�QJk HN
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N,SC
cdI E �/Y �5Y#"F��` GJS\M+N kBTχ

xJG\I7cdN?_"Y
s M�I7QJT[M�T[_ZG\T{G �7D?M+e+cmN[M�L7M�TVM+D?` cmIZG\T[cdQ;I�QJk�N[C5N[e+M�5TVcm�7cdFmcmT[cdM+N�GJI7L�N �=M+e�c GZe�_7M GbTVN�D[M � C5cdD[M�N
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TV_ZG\T�M�Fdcd`)cdI7G\TVM�NRTV_5MaGJD TVc GZe+cdGJF	N?C7N[e�M �5T[cd�7cmFdcmT�� Q;N[e�cdFdFdG\TVcmQ;I7NPGJI7L �hcmM+FmL7N�GJe+e�C7DVG\T[M D?M+N?C7FmT[N�k QJD
L7cdN?e+D[M�TVcmB G\T[cdQ;I7N Λ GJN�FHGJD?K;M�GJN ��� j%GJNRL5M�x;M�FdQ
�=M+L&���!���J� �XY
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� _7M K;M�I7M+D[GJFdcmB G\T[cdQ;I�QJk�TV_7M i r � TVQ�TV_5M e GJFme+C7FdG\TVcmQ;I Q\k�L�� IZGJ`)cde G\F �7D?Q
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• �hcmI7K;FmM �ZG\D?TVcme+FmM{M��he+cmTVG\TVcmQ;I7NPW 
 ef_ZGJD[KJM��ZC7e�TVCZGbTVcdQJI �=M GJSpN�4]wQJk j�cdL5T[_ ∼ ∆ I7M GJD εd
GJI7L

εd + U �Ze+Q;D?D[M+N"��QJI7L7cdI5K�T[QaG*N?cdI7K;F��,G\I7LoL5Q;C7�7F��,Q e+e+C �7cdM�Locm` �7C5D[cmT����5D?M+N �=M+e�TVcyx;M+F��;Y

• � _7M*N?_ZGJD"� � Q;I5L7Q,D[M�N[Q;I7GJI7e+M*Q\k�j�cdL5T[_ ∼ TK
G\TPT[_7M*nZM+D?` c�FmM�x;M�F ��L7C7M�T[QaTV_5M N �7cmI

�ZC7e�TVCZGbTVcdQJI7N+Y
� k�QJI7M�` Q�xJM+N�G j�G �,k D?Q;` �7GJD?T[cde+FmM�gt_7Q;FdM{N�� `)` M�TVD � W�GJN�N[_7Q�j�I�k Q;D εd = −3∆ cmI�n	cdK5YH�5Y��
� ] �
TV_7M�N"��M�e�TVD[GJF7k C7I7e�TVcmQ;I�cdN�I7Q\TAN�� ` `)M�T[D[cme�GJI��h`)Q;D?M�GJI7L*TV_7M�N?cdI7K;FmM �ZGJD TVcme+FdM%M��he+cyTfG\T[cdQ;I7N	N[_7cyklT
GJe+e�Q;D[L7cmI7K;F��;Y � _7M*IpC7`)M+D?cde+GJF�GJe�e+C7D[GJe � QJkATV_7M T = 0 N �=M+e�TVD[GJF�L7M�I7N[cyTVcdM�N Q;�5TVGJcdI5M+L ��� T[_7M
i r � e G\Ia�=MRef_7M�efSJM�Lo����TV_7MRnZD[cmM+L7M�F=N?C7` D[C7FmM��hG�nZM+D?` c g Fmc��pC7cdL�D[M+FdG\TVcmQ;I*j�_7cdef_aN?TfGbTVM+NwTV_ZGbT
��� "��

Adσ(ω = 0, T = 0) =
1

π∆
sin2(πnd/2), nd =

∫ 0

−∞
dωAdσ(ω, T = 0), W'�5Y��;�;]

j�_7M+D?M nd
cmN{T[_7M�cm` �5C7D[cyT���Qhe�e+C �7G\TVcmQ;I"Y � _7M�cdIUTVM�K;DVG\T[M+LoN �=M+e�T[DVGJF�j M+cdKJ_pTPC � T[Q TV_5M�nZM+D?` c

FdM�xJM+F �hcmM+FmL7N��5Y �
��� k QJDaTV_7M �7GJD?T[cde+FmM�gt_7Q;FdM�N �h`)`)M�TVD?cdeoe GJN?M cmI2n	cmK7Y �hY �
�JY � Q;KJM�TV_5M+D,j�cmT[_
E �/Y��5Y��;�,TV_7cmN�KJcmx;M�N Adσ(0, 0) = 31.82 Y � _7M�x\GJFdC7M�M��hT[DVGJe�TVM�L�L7cdD?M+e�TVF�� k D[Q;` n�cdK7Y�hY �
�)cdN
Adσ(0, 0) = 31.29 �%D?M+N[C5FmTVcmI7K cmI G �;Y$��� M+D[D?Q;D+Y � _7MoM+D?D[Q;D)k Q;D)T[_7M&N �=M+e�T[DVGJFRL7M+I5N[cmT���G\T
TV_7M�nZM+D?` cwFdM�x;M�F�D[M�`aGJcmI7N N?`aGJFmF cmI�TV_7M,j�_5Q;FdM,D[GJI7K;M�Q\kRcmIUTVM+D[GJe�T[cdQ;I N?TVD?M+I7K\TV_7N 0 ≤ U ≤
∞ Y � _7M�D[M�N[Q;FmC5TVcmQ;I QJkwTV_7M�_7cmK;_hgtk D?M �pC7M�I7e � k M+G\TVC5D[M+N�cmN�Fdcd`)cmT[M+L ��GJN�TV_5M�i r � cdN�L7M�N[cdKJI7M+L
TVQ N[GJ` �5FdM T[_7M,FmQ j k D?M �pC7M+I5e � �=M+_ZG x cdQJD�j�cmT[_ _7cdKJ_ GJe+e�C7DVG\e �;Y � _7M�N?_ZG��=M,QJk�TV_5M,ef_ZGJD?K;M
�ZC7e�T[CZG\T[cdQ;I ��M+GJSpN�cmN�N?TVD?Q;I7K;F���cdI �ZC7M+I5e+M+L�� ��T[_7M �5D[QUGJL5M+I7cmI7K �7D[Q e+M�L7C7D[M\Y�� ` Q L7c GZe G\T[cdQ;I�cmI
TV_7M{e GJFme+C7FdG\TVcmQ;I*QJk"T[_7M{N �=M+e�T[DVGJF/k C7I7e�TVcmQ;I L5C7MRT[Q�z%C5FdFHG�� 4 *,��� �#�F��� �hcmIUx;Q;FyxhcmI7K�TV_7M{�PI5L7M+D?N[Q;I
` Q L7M+F9 NRN[M�FmkHg M�I7M+D?K �
�9T[C7D[I7N�QJC5T�TVQ � cdM�FdL `)Q;D[M*D?M+FmcHGJ�7FmM�G\I7L GJe+e�C7DVG\T[M�D[M+N?C7FmT[N�GJFdN?Q,k Q;DPT[_7M
_7cdK;_ gtk D[M �pC7M+I7e��,k M GbTVC7D?M+N+Y

� N?e GJFmcdI7K GJI7GJF�� N[cmN*QJk{TV_7Mo� � � ^ N[_5Q j�N�TV_7G\T�TV_7M � QJI7L7Q TVM�` �=M+D[G\TVC7D?M TK
L7M��M�I7L7N

M�� ��QJI7M+IUTVcdGJFdF��aQJI�T[_7M�cdIUTVM�DVGJe�TVcmQ;I�N?TVD?M+I7K\TV_ U ��� � �

kBTK ∼ D

(
U∆

|εd||εd + U |

)1/2

e−
π|εd||εd+U|

2U∆ . W9�hY$�I�;]

� Q cmFdFdC5N?TVD[G\TVM)TV_7cmN k�GJe�T � TV_7M�FmQhe+GJF N"��M�e�T[DVGJF�k C7I5e�TVcmQ;I7N�GJD?M�N[_7Q�j�I cdI n	cmK;C7D?MD�5Y�� �ok Q;D�T[_7M
N�� ` `)M�T[D[cme�� � � ^ k Q;D�L7c�� M�D[M�IpT�xJG\FdC7M�N QJk U Y sucmTV_ cdI7e�D[M G\N[cdI5K �%Q;C7FmQ;` ��D?M �7C7FmN[cmQ;I �	T[_7M� Q;I7L5Q�T[M+` ��M�DVG\T[C7D[M�cmN�L7M+e�D[M G\N[M+LoM�� �=Q;I7M+IUT[cHGJFmF��
�5GJN�TV_7M�cmI7N[M�TRQ\k�T[_7M�n	cdK;C5D[M D?M�x;M+GJFdN�Y

� _5M&N"��M�e�T[DVGJF�L5M+I7N?cmT�� cmN�TV_7M�e�M+IUTVD[GJF�N?TVGJD?T[cdI7K �=Q;cmIpT cdI Q;D?L7M+D T[Q ` GJS\M�e+Q;IUTfG\e�T*j�cmT[_
M�� ��M�D[cm` M�IpT[N+Y � _7M)e GJFme+C7FdG\TVcmQ;I QJkwTVD[GJI7N"��Q;D T �7D[Q���M�D?TVcmM+N�D[M �pC7cdD?M+N�TV_7M�SpI7Q�j�FdM�L7K;M)QJk ��QJT[_
k D[M �pC7M�I7e � GJI5L TVM�` �=M+D[G\TVC5D[M�L7M �=M+I5L7M+I7e�MaQJk TV_7M)N �=M+e�TVD[GJFAL7M+I7N?cmT��JY,�PN�L7Q;I7M)cdI � "���� ��QJI7M
e GJI � k Q;DwcdI7N TfGJI7e�M��he GJFme+C7FdG\TVM�TV_7MPD[M+N?cdN TVcmx cyT�� ρ(T ) QJk"e+Q;I7L5C7e�T[cdQ;I,M�FdM�e�TVD?Q;I7N�N?e G\T?TVM�D[cdI5K�k D[Q;`G N[cmI7K;FmM��RI7L7M�D[N[QJI cd` �7C7D[cyT������ ρ(T )−1 = −e2

∫ +∞
−∞ τtr(ω, T ) ∂f

∂ω
dω �Zj�_7M+D?M�TV_5M�TVD[GJI7N"��Q;D T

TVcd`)M τtr(ω, T ) cdN�D[M�FHG\T[M+L TVQ�TV_7M)N �=M+e�TVDVG\FwL5M+I7N?cmT�� ��� τ−1
tr (ω, T ) = ∆Adσ(ω, T ) Y �hcm` cmFHGJDM�� �7D[M�N[N?cdQ;I7N{_7Q;FmL�k Q;D�QJTV_5M+D�TVD[GJI7N"��Q;D T{e+Q M �)e+cmM+IUTVN�W�N?M+MC� "F���H]�Y
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o gU]ds��
gmi | qRY&[�c'Yhs:�&[:]ae�Y&s�q:Yh�
gUSU]a�-i�_�c'Y&q
i1]d_ds�TVS¢q:gUY�cUYh[r]aj1i1q:]dTVS�T1y�qRg'Y�	 � � | [rT��&Yhc b [:Y n

�O/21 � ����� ����
 �)� � � 
�� � 64� �� ���(� 
 !98������
� S�qRgUY�cU]as:�h[rY&q:]d~hY&c�jVYh[rs:]aTVS�� � n l�� � T�yZq:gUY � �G����E i1\p]a_aqRT�SU]Bi�S k q:gUYF]d\ |Ub [r]aqG&Hsrq:]d_d_��hT b'| _dY&s}qRT
i�Sx]aS��mSU]�qRY S b \xe�Y&[}T�y �  �Y&_dY&�&qR[rTVSUs*�2qRg'T bU{ gxT�SU_%&�qRTKqRgUY�i�j�Yh[:i { Y | i1[rq}]aSxY-i1�
g�_dT { i1[:]aq:gU\^]d�
]dS�qRY&[rj1i�_ � n o T¢s:T�_ajVY�qRg'Y�q:gUY^s &�srq:Yh\ S b \pY&[:]a�-i�_a_%& k q:gUY��hTVS'c b �&q:]dTVStemi�S'c | i�[!qH]ds�\pi |U| Yhc
TVS�qRT�qRg'YHsrYh\^]�W�]dS��mS']aqRY�� � ]d_as:TVS � �
gmi�]aS �

∞∑

n=0,σ

(
ξ+
nσa

†
nσanσ + ξ−nσb

†
nσbnσ

)

︸ ︷︷ ︸

=
∞∑

n=0,σ

[

εnσc
†
nσcnσ + tnσ

(

c†nσcn+1σ + h.c.
)]

︸ ︷︷ ︸

Hcond.band HWilsonchain

� ��n�¤ �

o gUYh[rY&y2TV[rY�i�qR[r]dcU]di { TVSUi�_d]a~-i1q:]dTVS | [:T��hYhc b [:Y�cUY�jVY&_dT | Yhcfe & !�� S'�h~hT�s'7 � )98 ��]�qRg�c']Bi { T�Smi�_Z\�i<WqR[r] " Yh_dY&\pY&S�qRs εnσ
i�SUc�T �ZW�cU]di { TVSUi�_ZYh_dY&\pY&S�qRs tnσ

]ds b s:Yhc k Y$# b ]aj1i�_aYhS�q*q:T�ip��[Ri1\�W � �
gU\^]dc'qTV[rq:gUTVSUT�[:\pi�_d]a~-i1q:]dTVS n � qRi�[rq:]dS { y2[rTV\ i1St]aSU]aq:]Bi�_�TVSUY�W | i1[rqR]a�h_aYxsrqRi1qRY |Ψ0〉 = c†0σ |0〉 �2��gUY&[:Y
|0〉 cUYhS'T�qRY&s}qRgUYFXmT��0��j�i1� bUb \�� � k iKSUY&� s:]aS { _dY�W | i1[rqR]a�h_aYvemi�s:]as}]ds)�hTVS'srqR[ b �&q:Yhc�7 � �98 i1�h�hT�[:cU]aS {
qRT �

tnσ
︷ ︸︸ ︷

〈Ψn+1σ|HCB|Ψnσ〉 |Ψn+1σ〉 =

HCB |Ψnσ〉− 〈Ψnσ|HCB|Ψnσ〉
︸ ︷︷ ︸

|Ψnσ〉− 〈Ψn−1σ|HCB|Ψnσ〉
︸ ︷︷ ︸

|Ψn−1σ〉
εnσ tn−1σ

� ��n l �
�
|Ψ0〉
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��gUYh[rY�q:gUY cnσ
i�[rYHc'Y �mSUY&c�j�]Bi |Ψn〉 = c†nσ |0〉 , n ∈ 	 n� S�qRg'Y�y2T�_d_dT���]aS { k ��Y�\pi-��YHi�S¢i�SUs:i1qR~�y2TV[*q:gUY�s:]aS { _dY�W | i1[rqR]a�h_aY T | Yh[:i1qRTV[rs cnσ

�

cnσ =
∞∑

m=0

(unmσamσ + vnmσbmσ) � ��n � �
��gUYh[rYHq:gUY��&T�Y�¥^�h]dY&S�qRs unmσ

i�S'c vnmσ
i�[:Y�cUY�qRYh[r\p]aSUYhc¢[:Y&� b [rs:]�jVYh_ &��2�zYHy2TV_a_dT�� qRgUY��-i1_d� b W

_Bi1q:]dTVSUszT�y 7 � 1 8 � n
� T�\ | i1[:]dS { � # n � � n�¤ � � ��]�qRg�qRgUYpi�SUs:i1qR~ � # n � ��n � � &�]aYh_acUs�qRgUY^srqRi�[rq:]dS { j1i�_ b Yhs u0mσi�SUc v0mσ

T�y)qRgUY�[:Y&� b [rs:]aTVS �
u0mσ =

γ+
mσ√
ξ0σ

, v0mσ =
γ−mσ√
ξ0σ

� ��n � �
� S9j�Yh[rs:]dT�S T�yxq:gUY�i�SUsRi�qR~t_dY-i1cUsfqRT anσ =

∑∞
m=0 unmσcmσ

i�SUc bnσ =
∑∞

m=0 vnmσcmσ

n
� SUs:Y&[rqR]aS { anσ

i�SUc bnσ
]aS�qRgUY�_ n g n s n T1y � # n � ��na¤ � i1SUcp�&TV\ | i�[:]aS { �&TV[:[rYhs | TVSUc']dS { T | Yh[Ri�qRTV[rs

cnσ
TVS�e�T1qRg¢s:]dc'Yhs�T�y�qRgU]asFY$# b i1q:]dTVS &�]dY&_dcUs

∞∑

m=0

(
ξ+
mσunmσa

†
mσ + ξ−mσvnmσb

†
nσ

)
= εnσc

†
nσ + tnσc

†
n+1σ + tn−1σc

†
n−1σ

� ��n � �
� TV\ | i�[:]aS { qRgUY (n = 0) W��&TV\ | TVSUY&S�q�]dS � # n � ��n�� � i�SUc b s:]aS { � # n � ��n � � &�]dYh_acUs

∞∑

m=0

(
ξ+
mσγ

+
mσ√

ξ0σ

a†mσ +
ξ−mσγ

−
mσ√

ξ0σ

b†mσ

)

= ε0σc
†
0σ + t0σc

†
1σ

� ��n � �
� ]dSU�&YHq:gUY cnσ

i1[:Y��5i�S�qR]$W��&TV\p\ b qR]aS { � XmYh[r\p]�T | Y&[Ri1q:TV[:s ({cnσ, c
†
n′σ′} = δnn′δσσ′) k qRgUY�i�S�qR]�W�hTV\^\ b qRi1qRTV[�T�yZqRg'YF[ n g n s n T�y � # n � ��n � � qRT { Y�qRgUY&[���]aq:g c0σ

&�]aYh_acUs {(ε0σc
†
0σ +t0σc

†
1σ), c0σ} =

ε0σ

n X�]aSmi�_a_%& k q:gUY Y "�| [:Y&s:s:]aTVSfy2TV[ ε0σ
�-i1Sfe�YKTVe'q
i1]dSUY&c�e &�Y�j�i1_ b i1q:]dTVS^T�y�q:gUY�i�S�q:]d�hT�\p\ b q
i�W

qRTV[FT�y�qRg'YH_ n g n s n T�y � # n � ��n � � ��]�qRg c0σ
i1s { ]aj�YhS¢]dS�� � n�¤ � ��� �

ε0σ =
∞∑

m=0

(
ξ+
mσu

2
0mσ + ξ−mσv

2
0mσ

) � ��n � �
XZ[rTV\ � # n � ��n � � �zY�i�_dsrT�TVe'q
i1]dS

t0σc
†
1σ =

∞∑

m=0

[(

ξ+
mσ − ε0σ

)

u0mσa
†
mσ +

(

ξ−mσ − ε0σ

)

v0mσb
†
mσ

] � ��n 1V�
��gU]d�
g { ]aj�Yhs�]d\^\^YhcU]di1qRY&_%&

u1mσ =
1

t0σ

(

ξ+
mσ − ε0σ

)

u0mσ

v1mσ =
1

t0σ

(

ξ−mσ − ε0σ

)

v0mσ
� ��n ) �

� ��;< �<4>03�+%3 +�3 ����1 r%3���5�&%30
anσ

��� �
bnσ
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o gUY�]aSU]aq:]Bi�_�gUT |U| ]dS { \�i1q:[:] " Yh_aYh\^YhS�q t0σ
�hi�SwS'T<� e#YH�-i�_a� b _di1qRY&c�e &�q
i-�9]aS { q:gUYxi1S9q:]d�&TV\�W

\ b qRi1qRTV[*��]�qRgfqRg'YH�&TV[:[rYhs | TVS'cU]dS { i�c��rTV]dS�q�T | Yh[:i1qRTV[�TVS�e#T�q:g¢sr]dcUY&s�T�y � # n � ��n 1�� �

t0σ =
1√
ξ0σ

[ ∞∑

m=0

(

ξ+
mσ − ε0σ

)2 (
γ+

mσ

)2
+
(

ξ−mσ − ε0σ

)2 (
γ−mσ

)2

] 1
2 � ��na¤ , �

� # b i1qR]aTVSUs�� ��n � � k � ��n�� � k � ��n ) � i�SUc¢� ��n�¤ , � ]aSU]aq:]Bi�_a]d~&Y}qRgUYF[rYh� b [:s:]aTVS�[:Y&_Bi1q:]dTVS's)y2TV[�q:gUYF�-i1_d� b W_Bi1q:]dTVS�T�y εnσ, tnσ, unmσ
i�SUc vnmσ

n � qRi�[rq:]dS { ��]aq:g � # n � ��n � � i�S'cpy2TV_a_dT���]dS { q:gUYKi�[ {Vb \pY&S9q:si�s)i�e�T�j�Y��£e b ]d_dc']dS { i�S�q:]d�hT�\p\ b q
i1q:TV[:s�Y&q:� n � TVSUY�i�[:[r]aj�Yhs)i1q)q:gUY�s | ]dS�W�cUY | Y&SUcUYhS�q | i�[Ri1\pY�qRYh[rsT�y}q:gUY n W�qRg�s:]�qRY�T1y}qRgUY � ]d_as:TVS¢�
gmi�]aS k SUi�\pY&_%&fq:gUY�TVS�W�s:]�qRY�YhS'Yh[ { ]dYhs εnσ
i�SUcwq:gUY�g'T |U| ]aS {

\�i�qR[:] " Y&_dY&\pY&S9q:s tnσ
�

εnσ =
∞∑

mσ

(
ξ+
mσ (unmσ)

2 + ξ−mσ (vnmσ)2) � ��na¤�¤ �

tnσ =

{ ∞∑

m=0

[(
ξ+
mσ − εnσ

)
unmσ − tn−1σun−1mσ

]2

+
[(
ξ−mσ − εnσ

)
vnmσ − tn−1σvn−1mσ

]2

} 1
2 � ��na¤ l �

��]aq:g�q:gUY��hT�Y&¥^�h]aYhS�qRs�T�y�qRgUY�sr]dS { _aY�W | i�[rq:]d�&_dY�T | Y&[Ri1q:TV[ cn+1σ
k cUY �mS'Yhcw]aS � # n � ��n � �

un+1mσ =
1

tnσ

[(
ξ+
mσ − εnσ

)
unmσ − tn−1σun−1mσ

] � ��na¤ � �
vn+1mσ =

1

tnσ

[(
ξ−mσ − εnσ

)
vnmσ − tn−1σvn−1mσ

] � ��na¤ � �
� _�qRgUT b'{ gwTVS'_%&�q:gUY | i1[Ri�\^Y&q:Yh[:s�T�y}q:gUY � ]a_dsrTVS��
gUi�]dS εnσ

i�SUc tnσ
i�[:Y �mSmi�_a_%& b srYhc�]aS�q:gUY

]aq:Yh[Ri�qR]aj�YwS b \^Yh[r]d�-i1_ cU]di { TVSmi1_d]d~hi1qR]aTVS k i�_dsrT�qRgUYw�hT�Y&¥^�h]aYhS�qRs unmσ
i�S'c vnmσ

gmi-jVY�qRT e#Y
cUY&q:Yh[r\p]aSUYhc�i�sH�zYh_a_ k s:]aSU�hY�qRgUY &�i�[:Y^[:Y+# b ]d[:Y&c�]aStq:gUY�[rYh� b [:s:]�jVYp[:Yh_di1qR]aTVSUs�T�y εnσ

i�SUc tnσ
k

s:Y&Y � #9s n � ��na¤�¤ � i�SUc�� ��na¤ l � n
� ]dSU�&Y�qRgUY�\pi |U| ]aS { T�y�q:gUY��hTVS'c b �&q:]dTVS emi�S'c TVS�q:T q:gUY � ]d_dsrTVS �
gmi�]aS ]as�i b SU]aqRi�[ &

qR[:i�SUsry2T�[:\pi1qR]aTVS��£s:Y&Y � # n � ��n � �r� k ]aq cUT�YhszSUT�qz�
gmi�S { Y | i�[!qR]d�&_dY�W�gUTV_aY*s &�\^\pY�qR[�& n � | i�[rq:]d�&_dY�W
gUTV_aY�s &�\^\pY�qR[:]a��g &�eU[:]acU]d~hi1qR]aTVS ∆σ(ε) qRgUY&[:Y�y2TV[:Y�]a\ | _a]dY&s j1i�SU]as:gU]aS { TVS�W�s:]�qRY�Y&SUYh[ { ]dY&s εnσ

T�y
qRgUY � ]d_dsrTVSH�
gmi�]dSf� ��n�¤ � � εnσ = 0, ∀n ∈ 	

0

n o gU]as��hi�S�i�_as:T e#Y*cUY&c b �&Yhcxy2[:T�\ q:gUY*[rYh� b [:s:]aTVS
[:Y&_Bi1q:]dTVSUs�� XmTV[ | i�[rq:]d�&_dY�W�gUTV_aY�s�&�\^\^Y&qR[�& � ∆σ(ε) = ∆σ(−ε) � qRgUY�[rYh_Bi�qR]dT�SUs ξ+

nσ = ξ−nσ
i�SUc

γ+
nσ = γ−nσ

gUTV_dc k &�]dYh_acU]dS { ε0σ = 0 � � # n � ��n�� �:� n o gUY&S¢q:gUYH�hT�Y&¥^�h]aYhS�qRs u1mσ
i�SUc v1mσ

i�[rY
Y$# b i�_�� � # n � ��n ) �:� k [:Y&s b _�qR]aS { ]aS ε1σ = 0 � � # n � ��n�¤V¤ �:� k _aY-i�cU]aS { q:T u2mσ = v2mσ

� � #�s n
� ��na¤ � � k � ��n�¤ � �r� k Y�qR� n�n

� b Y�qRT�qRgUY�Y "�| TVS'YhS�qR]di�_d_ &�y£i�srq�c'Yh�-i'&�T�yFqRgUY � ]d_dsrTVS��
gUi�]dS | i�[Ri�\^Y&q:Yh[rs εnσ
i�SUc tnσ�£c b Y*qRT�Y "�| TVSUYhS�q:]Bi�_a_%&HcUYh�hi'&�]aS { emi�SUc�YhS'Yh[ { ]dYhs � k [:i1qRgUY&[�i�c'j1i�SU�&Yhc�S b \^Yh[:]a�-i�_�\pY�qRgUT�cUs�i�[rY[:Y+# b ]d[:Y&c n XmTV[�qRgUY^�-i�_a� b _di1qR]aTVSUs�]aStq:gU]ds�qRgUY&s:]as�qRg'Y�� 	 � ��b _�qR] | _dY - [:Y&�h]dsr]dTVS � [r]aqRg'\pY�qR]d�

! ]deU[:i�[ &��3� � - � �*i�s b srYhc n
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� Yhs | ]aqRY�q:gUY �7i�[:eU]�qR[:i�[ & � | [:Y&�h]dsr]dTVS T1yHq:gUYt� � - k qRgUY�s b �h�&Yhs:s!y b _��hTVS�j�Yh[ { YhSU�&Y�T�y�q:gUY
cUYhsr�h[:]ae�Y&c�[:Yh� b [:sr]dTVS | [rT��&Yhc b [rY��hT b _ac�SUT�q�e#Y {Vb i�[:i�S�qRYhY&c^y2T�[vi�S^i�[:e']aqR[:i�[ & � T � T�yZqRg'Y �  n
� s | Y&�h]di�_d_ &xy2TV[zi�[Ri�qRgUY&[zs!qR[ b �&q b [:Yhc �  k q:gUYK[rYhs b _aq:]dS { �
gmi�]dS | i�[:i�\pY�qRY&[:s εnσ

i�SUc tnσ
��Y&[:Y

SUT�q�cUYh�hi@&�]aS { Y "�| TVSUYhS�q:]Bi�_a_%&�y2TV[H_Bi1[ { Y n n o gUYhsrY | [:T�eU_dY&\ps���Y&[:Y�srTV_aj�Yhc���]�qRg�i¢qR[:]a�0��e(&
 b _d_di 7 )V�98 � � ]dSU�&Yw� ��n � � cUY&SUT�qRY&s�i � ��� % '���� q:[Ri�SUs!y2TV[:\pi1q:]dTVS k qRgUY�SUTV[r\ T�yzY&j�Yh[ & � �hTV_ b \^S
jVYh��qRTV[��`T�yvq:gUYx\pi1qR[r]d�&Yhs unmσ

i�SUc vnmσ
]as Y+# b i�_)q:T b SU]�qG& n o g b s�i1y/q:Yh[ Y�jVY&[ &�s!qRY | ]dSwq:gUY

[:Yh� b [:sr]dTVS | [rT��&Yhc b [:Y k Y-i1�
g �&T�Y�¥^�h]dY&S�q unmσ
i�SUc vnmσ

�*i�s�[rY�W�SUTV[:\pi�_a]d~hY&c i��&�hTV[rcU]dS { q:T
]aqRs�SUT�[:\ √∑

m u
2
nmσ

i1SUc √∑
m v

2
nmσ

k [rYhs | Yh��qR]�jVYh_ & n � ]�qRg�qRgU]as�\pT�cU] �U�-i1q:]dTVS k i�srqRi�eU_aY
�-i�_a� b _di1qR]aTVS�T�y�qRgUY � ]a_ds:T�Sf�
gmi�]dS | i1[Ri�\^Y&q:Yh[:s��&T b _dc�e#Y�YhSUs b [:Y&c n

	�T�qRY*q:gmi1q}y2T�[�i�3Zi1q��hT�SUc b ��qR]dT�S^eUi�SUc k i�sv]aSxqRgUYFT�[:] { ]dSmi�_9�zTV[��xT1y � ]a_dsrTVS 7 � 83k i�S'c�y2T�[vi| T��zYh[!W�_Bi-� cUYhSUsr]aqG&�T�y�s!q
i1q:Yhs��£]aS | s:Y b cUT1W { i | XmYh[r\p]�s &�srq:Yh\^s � 7 � � 83k i�Smi�_ &�q:]d�hi�_`Y "'| [:Yhsrs:]aTVSUsy2TV[�qRgUY�gUT |U| ]dS { \pi1q:[:] " Yh_aYh\^YhS�qRs tn Y " ]asrq n XmTV[�q:gUY 3Zi1q��hTVS'c b �&q:]dTVSHYh_aYh��qR[:T�S � T � � ∆σ(ε) =
∆ � k i�svi1_ds:T �hTVSUsr]dcUY&[:Y&c�]dS u [:]as:gUSUi�W�\ b [rqRg & #&% '*),+ �7s)��TV[ � 7 )985k qRg'Y*gUT |U| ]dS { \pi1q:[:] " Y&_dY&\pY&S9q:s
i�[:Y

tnσ =
1

2

(
1 + Λ−1

)
Λ−n/2

ξK
n

︷ ︸︸ ︷

1 − Λ−n−1

√

(1 − Λ−(2n+1))(1 − Λ−(2n+3))

� ��na¤ � �

� � TV\ | i�[rY�qRgUY ξK
n
q:T � # n � l na¤ � � T�y7 )98 i�S'c�q:gUY tnσ

q:T � # n � � �:�
n � � � T�y 7 ��8 � n

�O/ @ � 
�����(��� � � � 8�
 � � ��&	� ��� � ��� �(� 
���'� � �)
 ��� � 
 � � � �(�	��� 6
� �(�)�

� S�TV[:c'Yh[Kq:T�srTV_aj�Y�qRg'Y�s:Y+# b YhSU�&Y�T�y E i1\p]a_aqRT�SU]Bi�S'sH� � # n � � n �-, �:� ]dSwi b s:Y�y b _�[rY | [rYhsrYhS�q
i1q:]dTVS k
TVSUY�]acUYhS�qR] �mYhs�q:gUY b S'cUYh[r_%&�]dS { s�&�\p\^Y&q:[:]dY&s�T�y�qRg'Y | [:TVe'_dYh\ n XmTV[�q:gUY � �G� � k u [:]dsrgUSmi�W
\ b [rq:g & #&% '*),+ 7 )98 b srYhc q:T�q
i�_ | i1[rqR]a�h_aYtS b \�e�Y&[��2�
gmi�[ { Y � Q k qRT1q
i�_�s | ]dS S i�SUc ]�qRs z W�hTV\ | T�SUYhS�q Sz

n o T e#Y�i�eU_aYwqRT ]aSU�h_ b cUY�i�_aT��hi�_�\�i { SUY&q:]d� �mY&_dc k ��gU]a�
g ��T b _dcM_d]�y/qpq:gUY
y b _d_#s | ]aS SU(2) s &�\^\pY�qR[�& k i�S'c�q:T�i-jVTV]ac � _aYheUsr�
g�W!��TV[rcmi�S��hT�Y&¥^�h]aYhS�qRs k ��Y b s:Y Q i�S'c SzTVSU_%&�q:T¢_di�e#Yh_�qRgUY�\pi�S &�W | i�[!qR]a�h_dYHsrqRi1qRY&s n XZT�[ qRgUY�]aSU]aq:]Bi�_�]a\ |'b [:]�qG& E i�\^]d_aq:TVSU]di�S H−1

q:gUY
�hTV[r[:Yhs | T�SUcU]dS { Yh] { YhSUs!q
i1q:Yhsv]dS�qRgUYF[rY | [rYhs:Y&S�q
i1q:]dTVS |Q, Sz, r〉N � r cUYhSUT1qR]dS { qRgUYFc'Y { Y&SUYh[:i��+& �gmi-jVY�qRgUY�y2TV[r\

| − 1, 0, 1〉−1 = |0〉
|0, σ, 1〉−1 = c†−1σ|0〉
|1, 0, 1〉−1 = c†−1↑c

†
−1↓|0〉
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��]aq:g�q:gUY�Yh] { YhSUY&SUYh[ { ]dY&s
E−1(−1, 0, 1) = 0

E−1(0, σ, 1) =
1

Λ
εd

E−1(1, 0, 1) =
1

Λ
(2εd + U)

o T^s:Y�q bU| i { Y&SUYh[:i�_ | [rT��&Yhc b [rY�qRgUY�y2TV_a_dT���]dS { SUT�q
i�qR]dT�Sf]ds b srYhc
|Q, Sz, r; 0〉 = |Q, Sz, r〉N
|Q, Sz, r; ↑〉 = c†N+1↑|Q, Sz, r〉N
|Q, Sz, r; ↓〉 = c†N+1↓|Q, Sz, r〉N

|Q, Sz, r; ↑↓〉 = c†N+1↑c
†
N+1↓|Q, Sz, r〉N

��]aq:g���gU]d�
gp��Y��hi�S k srq
i1[rqR]aS { y2[rTV\ qRg'Y�Yh] { YhSUs!q
i1q:YhszT�y HN
k ��gU]d�
gp��Y ��[r]aq:Y�i�s |Q, Sz, r〉N k�hTVS'srqR[ b �&qKemi�sr]dsFs!q
i1q:Yhs�T�y HN+1

q:gmi1qKi�[rY�i�_dsrT^Y&] { Y&SUsrqRi1qRY&s�T�y QN+1
i�SUc (Sz)N+1

�

|Q, Sz, r; 1〉N+1 = |Q + 1, Sz, r; 0〉

|Q, Sz, r; 2〉N+1 = |Q, Sz −
1

2
, r; ↑〉

|Q, Sz, r; 3〉N+1 = |Q, Sz +
1

2
, r; ↓〉

|Q, Sz, r; 4〉N+1 = |Q− 1, Sz, r; ↑↓〉 � ��n�¤ � �
o gU]dszemi�sr]ds�]as b srYhc�q:Txs:Y�q bU| q:gUY E i1\p]a_aqRT�SU]Bi�S�\pi1q:[:] " T1y HN+1

]dSpY-i��
g (Q, Sz)
W�s b eUs | i��hY �

HQ,Sz(ri, r
′j) = N+1〈Q, Sz, r; i|HN+1|Q, Sz, r

′; j〉N+1
� ��n�¤ � �

=
√

Λ N+1〈Q, Sz, r; i|HN |Q, Sz, r
′; j〉N+1

+ ΛN/2
∑

σ

εN+1σ N+1〈Q, Sz, r; i|c†N+1σcN+1σ|Q, Sz, r
′; j〉N+1

+ ΛN/2
∑

σ

tNσ N+1〈Q, Sz, r; i|
(

c†NσcN+1σ + c†N+1σcNσ

)

|Q, Sz, r
′; j〉N+1

o gUY��m[:s!q�q:Yh[r\ s:]a\ | _ &�c'YhSUT�q:YhsFqRg'YHY&] { Y&SUYhS'Yh[ { ]dYhs�T�y�qRg'Y | [:Yh�&YhcU]aS { 	 � �¡]�qRY&[Ri1q:]dTVS �
N+1〈Q, Sz, r; i|HN |Q, Sz, r

′; j〉N+1

= δrr′







EN(Q+ 1, Sz, r)
y2TV[ i = j = 1

EN(Q, Sz − 1
2
, r) y2TV[ i = j = 2

EN (Q, Sz + 1
2
, r) y2TV[ i = j = 3

EN(Q− 1, Sz, r)
y2TV[ i = j = 4
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� S�i1eUs:Y&SU�hY�T�y | i�[rq:]d�h_aY�W�gUTV_dYKs &�\^\pY�qR[ & k i�_as:T�qRgUY�TVS�W�s:]�qRY�Y&SUYh[ { ]dY&s εNσ
�hTVS�q:[:]de b qRY �

N+1〈Q, Sz, r; i|c†N+1σcN+1σ|Q, Sz, r
′; j〉N+1

=







0 y2TV[ i = j = 1
δrr′δσ↑

y2TV[ i = j = 2
δrr′δσ↓

y2TV[ i = j = 3
δrr′

y2TV[ i = j = 4

X�]dSmi1_d_%& k qRgUY�T �#W�cU]Bi { TVSmi�_vqRY&[:\^s�T�y � # n � ��na¤ � � gmi-jVY�q:T�e#Y��hTV\ |Ub q:Yhc n o g'Yh[:Y�i�[:Y�T�SU_%&
�hYh[!q
i�]aS��hTV\xe']dSmi1q:]dTVS's*T�y (i, j) y2T�[���g']d�
g�qRgUY��hT�[:[:Y&s | TVSUcU]aS { \�i1q:[:] " Y&_dYh\^YhS�q�]dsFS'TVS�W�~&Yh[rT n
��n {Un y2T�[ (i, j) = (1, 2) TVS'Y��USUcUs �

N+1〈Q, Sz, r; 1|c†N↑cN+1↑|Q, Sz, r
′; 2〉N+1

= N 〈Q+ 1, Sz, r|c†N↑ cN+1↑c
†
N+1↑

︸ ︷︷ ︸

=1

|Q, Sz −
1

2
, r′〉N

= N 〈Q+ 1, Sz, r|c†N↑|Q, Sz −
1

2
, r′〉N

� b Y�qRT�y2Y&[:\^]dTVS']d��i1S9q:]�W��hTV\^\ b qRi1qR]aTVS�[ b _dY&sxT�y�qRg'Y cNσ
qRg'Yh[:Y�\pi'&�i�[r]dsrY�s:] { SUs�y2TV[�T�qRgUY&[

�hTV\xe']dSmi1q:]dTVS's (i, j)
n�� _d_`q:gUY�SUTVS�W3j1i�SU]dsrgU]dS { T �#W�cU]Bi { TVSmi�_#qRY&[:\^sFT�y � # n � ��na¤ � � i1[:Y �

N+1〈Q, Sz, r; 1|c†N↑cN+1↑|Q, Sz, r
′; 2〉N+1 = N〈Q+ 1, Sz, r|c†N↑|Q, Sz −

1

2
, r′〉N

N+1〈Q, Sz, r; 3|c†N↑cN+1↑|Q, Sz, r
′; 4〉N+1 = − N〈Q, Sz +

1

2
, r|c†N↑|Q− 1, Sz, r

′〉N

N+1〈Q, Sz, r; 1|c†N↓cN+1↓|Q, Sz, r
′; 3〉N+1 = N〈Q+ 1, Sz, r|c†N↓|Q, Sz +

1

2
, r′〉N

N+1〈Q, Sz, r; 2|c†N↓cN+1↓|Q, Sz, r
′; 4〉N+1 = N〈Q, Sz −

1

2
, r|c†N↓|Q− 1, Sz, r

′〉N
� ]Bi { TVSmi�_a]d~-i�qR]dT�S T�yUq:gUY \�i1q:[:]a�hYhs HQ,Sz(ri, r

′j) &�]dY&_dcUs�qRgUY Yh] { YhS�j1i�_ b Yhs EN+1(Q, Sz, w) i�SUcqRgUY�Yh] { YhS'srq
i�qRYhs
|Q, Sz, w〉N+1 =

∑

ri

UQ,Sz(w, ri)|Q, Sz, r; i〉N+1
� ��na¤ 1V�

o gUY �9SUT���_dY&c { Y�T�y)i�_a_ b S']aq
i1[ &�qR[:i�SUsry2T�[:\pi1qR]aTVS�\pi1qR[r]d�&Yhs UQ,Sz

]aszq:gUYhS�s b ¥p�&]dY&S9qFq:Tx�-i1_d� b W
_Bi1q:Y�q:gUY�\�i1q:[:] " Yh_aYh\^YhS�qRs SUYh�&YhsrsRi�[�&�qRTHs:Y�q bU| qRgUY E i�\^]d_�qRTVS']Bi�Sx\pi1q:[:]d�&Yhs�]dS^qRgUY�y2TV_a_dT���]dS {
srqRY | (N + 2) �

N+1〈Q, Sz, w|c†N+1↑|Q′, S ′
z, w

′〉N+1

=
∑

r

[

UQ,Sz(w, r2)UQ−1,Sz− 1
2
(w′, r1) + UQ,Sz(w, r4)UQ−1,Sz− 1

2
(w′, r3)

]
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N+1〈Q, Sz, w|c†N+1↓|Q′, S ′
z, w

′〉N+1

=
∑

r

[

UQ,Sz(w, r3)UQ−1,Sz+ 1
2
(w′, r1) − UQ,Sz(w, r4)UQ−1,Sz+

1
2
(w′, r2)

]

� jVYh[�& 	 � � ]aq:Yh[Ri�qR]dT�S &�]dYh_acUs�q:gUY�Yh] { YhSUY&SUYh[ { ]dY&s�i�SUcMYh] { YhS'srq
i�qRYhsfT1yHq:gUY��hT�[:[:Y&s | TVSUcU]aS {
E i�\^]d_�qRTVS']Bi�S HN

n o gU]ds �9SUT���_aYhc { Y Y&Smi�eU_aYhs b s�q:T �-i�_a� b _di1qRY | g(&�sr]d�-i1_ | [:T | Y&[rqR]aYhs �£i�s
Y n {Un srqRi1qR]a��s b sr�hY | qR]de']d_d]�qG& k y2[:Y&Y�Y&SUYh[ { & k Y&q:� n � i1q^i�s:�hi�_dY ωN ∼ Λ−(N−1)/2D

n o gUY¢�-i�_$W
� b _di1qR]aTVSMT�y�c�&�Smi�\^]d�-i1_ | [:T | Yh[!qR]aYhs�s b �
g i�sfqRgUYt]d\ |Ub [r]aqG& s | Yh�&q:[Ri�_�y b S'�&qR]aTVS Adσ(ω) =
− 1

π
Im (Gdσ(ω)) [:Y$# b ]a[:Y&s��&TV\ |Ub q
i�qR]dT�SfT�y)q:gUY�]d\ |Ub [r]aqG&p\�i1q:[:] " Y&_dYh\^YhS�q:s

N+1〈Q, Sz, w|c†−1σ|Q′, S ′
z, w

′〉N+1

o gUYh[rY&y2TV[rY k b s:]aS { qRg'Y b SU]�q
i�[�&fqR[:i�SUsry2T�[:\pi1qR]aTVS�� ��n�¤ 1�� k q:gUY�s | Y&�&q:[Ri�_�y b SU��qR]dT�Sw�-i1S�e�Y�[:Y | W
[:Y&s:YhS�q:Yhc�]aS�qRgUY�emi�sr]ds�� ��na¤ � � �

N+1〈Q, Sz, w|c†−1σ|Q′, S ′
z, w

′〉N+1

=
∑

rr′

∑

pp′

UT
Q,Sz

(w, rp)UQ′,S′
z
(w′, r′p′) N+1〈Q, Sz, r; p|c†−1σ|Q′, S ′

z, r
′; p′〉N+1

� j�i1_ b i1q:]dTVSfT1y)q:gUY�\�i1q:[:] " Y&_dYh\^YhS�q:s &�]aYh_dc's �
N+1〈Q, Sz, r; 1|c†−1σ|Q′, S ′

z, r
′; 1〉N+1 = N〈Q+ 1, Sz, r|c†−1σ|Q, Sz − σ, r′〉N

N+1〈Q, Sz, r; 2|c†−1σ|Q′, S ′
z, r

′; 2〉N+1 = − N 〈Q, Sz −
1

2
, r|c†−1σ|Q− 1, Sz −

1

2
− σ, r′〉N

N+1〈Q, Sz, r; 3|c†−1σ|Q′, S ′
z, r

′; 3〉N+1 = − N 〈Q, Sz +
1

2
, r|c†−1σ|Q− 1, Sz +

1

2
− σ, r′〉N

N+1〈Q, Sz, r; 4|c†−1σ|Q′, S ′
z, r

′; 4〉N+1 = N〈Q− 1, Sz, r|c†−1σ|Q− 2, Sz − σ, r′〉N
� _a_�T�qRg'Yh[F\pi1qR[r] " Yh_dY&\pY&S�qRs�i�[:Y�~&Yh[:T no gUY�]aSU]aq:]Bi�_Zj1i�_ b Yhs*y2TV[*q:gUY�\�i1q:[:] " Y&_dYh\^YhS�q:sKi1[:Y

−1〈0,
1

2
, 1|c†−1↑| − 1, 0, 1〉−1 = 1

−1〈1, 0, 1|c†−1↑|0,−
1

2
, 1〉−1 = 1

−1〈0,−
1

2
, 1|c†−1↓| − 1, 0, 1〉−1 = 1
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