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Introduction

Spinors in geometry have been widely studied in the past few decades motivated by
the fundamental role that the Dirac operator plays in many areas at the cross-border
between geometry, global analysis, topology and of course physics, from where the
original motivation came. Previously, the Laplacian operator was the focus of most
of the developments in the study of differential operators and from the profound
knowledge gained about its properties, some guidance has been available in the
search for interesting questions and methods to consider in the case of the Dirac
operator.

One particular example, in which we are interested here, is the existence of
lower and upper bounds on the spectrum of the Dirac operator under different sets
of conditions. Moreover, the explicit spectrum on compact manifolds has been
calculated for particularly “nice” cases where available algebraic or analytical tech-
niques are fruitful, but this is not the most common situation.

On the other hand, the relation of this spectrum with the geometry of the mani-
fold, which is another instance of the problem of “hearing the shape” of a space, is
one of the fundamental questions of the subject. Pinching theorems for the eigen-
values of geometric operators offer some insight into this questions. For the eigen-
values of the Laplace operator many different results have been found in various
contexts.

As an example we recall here the following cases (see [Pet99], [PS99], [PS03]).
Consider the Hodge Laplacian Aw = (d*d + dd*)®, and the connection (Bochner)
Laplacian V*V@ = —tr V2w acting on forms. For the eigenvalues of 1-forms on
compact Riemannian manifolds there are pinching results stating that under cer-
tain conditions, smallness of the first n eigenvalues implies that the manifold is the
quotient of a nilpotent Lie group by a discrete group of isometries i.e. a nilmanifold.

Let us denote by A; the eigenvalues of the Hodge Laplacian and with A; the
eigenvalues of the connection Laplacian.

Theorem. (Petersen-Sprouse 1999). Let M" be a compact manifold with |sec| < K,

diam(M) < d. Then there is an € = £(n,K,d) such that if A, < €, then M is a
nilmanifold.

vil
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Motivated by this and by similar results for the Dirac operator obtained recently
by Ammann and Sprouse, we focused on the study of convergence and regularity
techniques to obtain pinching restrictions for the eigenvalues of the Dirac operator
close to the Friedrich lower bound (A? > n?/4, cf. chapter 5) under appropriate
geometrical conditions.

In this thesis, we introduce spaces and metrics of C1* regularity and employ
the theory of convergence of Riemannian manifolds developed after Gromoyv, to
study spin manifolds converging in the C''*-topology. In particular, we are con-
cerned with the existence of Killing spinors in these limits and the improving of the
regularity of the metric for such cases.

Now we outline briefly the contents. In chapter 1, we review basic but important
results from the theory of partial differential equations in the context of compact
manifolds, and establish some elliptic regularity theorems and estimates needed in
chapters 3 and 4.

In chapter 2, a brief discussion on spin geometry appears, focusing at the end on
the notions of Killing spinors, Einstein manifolds and their relationship on smooth
Riemannian manifolds.

Chapter 3 is devoted to the study of Riemannian manifolds with C'"%-metrics,
making use of the well-known optimal regularity properties of harmonic coordi-
nates. Since curvature is not well-defined without second derivatives of the metric,
we introduce appropriate weak notions of Ricci curvature and the Einstein condi-
tion for C"%*-metrics. Then, it is shown that C:*-metrics satisfying the Einstein
condition weakly in harmonic coordinates are actually smooth and Einstein in the
usual sense.

Then, weak spinorial Riemann curvature is introduced and with that, it is proved
that manifolds with C'"*-metrics carrying a Killing spinor satisfy the weak Einstein
condition and therefore, the smoothness of those metrics is obtained.

The most important results of chapter 3 are:

Theorem 3.3.2. Let M be an n-dimensional manifold with a Riemannian metric g
of class C1%. If the components of g are weak solutions of the Einstein equation
Ric,, = x(n— 1)gup in a harmonic coordinate chart (U,¢), where ¢ : U C M —
V C R" is invertible, then viewed as functions ggyo ¢~ : V — R, they are smooth.
We say in this case that the components of g are smooth with respect to the harmonic
coordinate chart (U, ¢).

Corollary 3.3.3. If g is weakly Einstein with respect to all charts in a harmonic
coordinate atlas o/ = {¢y: Uy — Vy} of M, then <7 is actually a smooth atlas, and
g is a smooth Riemannian metric with respect to it.

Theorem 3.4.2. If M is a compact spin manifold with a CY%*-metric g such that
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there is a non-trivial Killing spinor, then the manifold satisfies weakly the Einstein
condition in any local coordinate chart.

Theorem 3.4.3. If M is a compact spin manifold with a CY"%-metric g such that
there is a non-trivial Killing spinor, then g is smooth with respect to a harmonic
coordinate atlas for M. Furthermore g is Einstein (and hence analytic) in this atlas.

In chapter 4, the identification procedure for spinor fields associated to differ-
ent metrics on the base manifold is reviewed as well as the essential aspects of the
theory of convergence of Riemannian manifolds under appropriate diameter, curva-
ture and volume bounds. Then we study sequences of manifolds carrying “almost
Killing spinors” and consider their convergence in the space of L?-spinors. Exis-
tence of a Killing spinor in the limit, with appropriate regularity, is proved.

The main result here can be summarized as:

Theorem 4.5.2. A sequence of almost Killing spinors (;);>1 where y; € L*(X8M),
has a subsequence, denoted again by (y;);>1, such that (Ajp;)i>1 converge strongly
in L*>(£8M) to a non-trivial Killing spinor y of class C1%.

In chapter 5 all the material presented before is used to find pinching results for
eigenvalues of the Dirac operator close to the Friedrich bound on n-manifolds with
bounded diameter diam < d, volume vol > V and sectional curvature |sec| < K
(whose class is denoted by .# (n,d,K,V)). In particular the existence of a Killing
spinor in such manifolds allows to characterize the sphere for many dimensions.
Additionally, uniform lower bounds on manifolds no diffeomorphic to the sphere
and with the same geometrical restrictions are presented.

Denoting I, := spec(D) N [0,5 + €], and I, := spec(D) N[5 — €,0], we find:

Theorem 5.4.1. Suppose (M,g,y) is a compact n-dimensional Riemannian spin
manifold in M (n,d,K,V) and scalg > n(n—1). For every § > 0 there is an € =
e(n,K,d,8) > 0 such that if any of the following conditions hold:

1. #(IF UI;) > 1 ifnis even and n # 6,

2. #(IF7)>2 or #(I;)>2 ifn==6 or n=1(mod 4),

3H#(I5) > 2 or #(I;) > "2 or #(IF) > 1, #(I;) > 1 ifn=3(mod 4),
with M being simply-connected in the cases 2 and 3 if n > 3, then (M, g) has C'+*-

distance < 8 to the sphere S" with the standard metric of constant sectional curva-
ture sec = 1.

Corollary 5.4.4. Suppose (M,Y) is a simply-connected, n-dimensional, compact
spin manifold not diffeomorphic with the sphere S". Then, among all metrics with



bounded diameter, volume and curvature in # (n,d,K,V) and with scalar curva-
ture scal, > n(n— 1), there exists an € = €(n,K,d,V) > 0 and an integer r € Z*
yielding a uniform lower bound on the r-th eigenvalue of D*:

n2

Ar(DZ)ZZ_f"ga
where
_{3 if n=6 or n=1(mod 4). 0

0 if n=23(mod 4).

When n is even but n # 6 it is known that only spheres carry Killing spinors.

For manifolds with positive scalar curvature, it was shown in [BDO03] that prox-
imity of the first eigenvalue of the Dirac operator to the Friedrich estimate does
not impose topological restrictions on the manifold. Nevertheless, if in addition
the manifolds belong to the class .# (n,d,K,V) our result shows that proximity
of enough eigenvalues to this estimate do impose some restrictions. In particular
for n =6 or n = 1(mod 4), only 3 eigenvalues are needed for the manifold to be
the sphere, which interestingly is independent of n. Even in the remaining case
n = 3(mod 4), the dependance on # is linear.
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Chapter 1

Preliminaries on PDE’s

Here we present a brief summary of important tools from the theory of partial differ-
ential equations which are necessary for the regularity theorems required in chapter
3. Since we are going to work on compact Riemannian manifolds, the theory will
be described in this setting. A good exposition of this material in the context of
manifolds and vector bundles can be found for example in [Kaz93], [Aub98] and
the first chapter of [Joy00].

For what follows, let (M, g) denote an n-dimensional Riemannian manifold. In
this chapter we suppose that M has a smooth differentiable structure and g is a
smooth Riemannian metric defined on it. Later, and specially for the applications in
following chapters, we will weaken this hypothesis as necessary. In particular the
degree of differentiability of g will be considered.

1.1 Holder Spaces

The familiar spaces C¥(M) of continuous, bounded functions on M with k contin-
uous and bounded derivatives do not behave nicely enough to satisfy the kind of
regularity properties that one would like to have in the study of partial differential
equations. For this reason it is customary to introduce additional function spaces.

Recall that the space C¥(M) for k > 0 carries a Banach space structure with the
supremum norm

k
fllek ==Y sup|V/f|, where V/f:=V...Vf
1flle ];)M! |
J—times

denotes the Levi-Civita connection acting j times on f. Here we use by convention
VO£ := f. However, with this norm, the inclusion C¥ — C*~! does not send C* into

1



2 CHAPTER 1. PRELIMINARIES ON PDE’S

a closed subspace of C¥~!. To avoid this problem the so-called C¥-seminorm [-]q
is introduced. For each a € (0, 1), it is given by

_ a F@-10
[f]a._x#ng dg(x7y)a .

Here dg4(x,y) denotes the distance between two points x,y € M calculated using the
metric g. A function f on M is said to be Holder continuous with exponent o if it
has a finite C*-seminorm. With this definition any Holder continuous function with
exponent o € (0,1) is continuous on M.

To define the Holder spaces CK%*(M) for an integer k > 0 and o € (0,1) we
consider first the case k = 0.

Definition 1.1.1. The vector space C%%*(M) is the set of C°(M) functions which are
Holder continuous of exponent ¢, and is endowed with the norm

1Fllcow := Mlf1lco + [fla-

The Holder spaces C*%(M) of functions on manifolds for an arbitrary integer
k will be generalized in section 1.3 to sections of vector bundles. Nevertheless,
the global approach we follow here requires the notion of a connection to define
covariant derivatives of functions and, because of this, it is important to talk about
sections of vector bundles already at this point. Therefore, we extend first the C%*-
seminorm to sections, which will allow to take the norm of covariant derivatives of
a function f, needed in the expression for the total C*%_norm.

Let E — M be a vector bundle over M, with Euclidean metrics in the fibers, and
a connection VZ preserving these metrics. Denote by 1, :=injrad(g) the injectivity
radius of the metric g on M, which we suppose to be positive (as it happens in
particular when M is compact), and for a given section u € I'(E) define

u(x) —u(y)]

o := sup —————,
* x#yeM dg(x7y)a
dg(x,y)<1q

in case the supremum exists. Since the elements «(x) and u(y) lie in different fibers
(i.e. different vector spaces), to make sense of the expression |u(x) —u(y)|, we attach
it to the following prescription. First, given two different points x,y € M for which
the value d,(x,y) < injrad(g), there is a unique geodesic y of length dg(x,y) joining
x and y in M. Then, parallel translation along y using V* identifies E, and Ey, the
fibers of E over x and y respectively, and their corresponding metrics. In this way
the expression is well-defined.
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Definition 1.1.2. The Holder space C%(M) is the set of functions in C*(M) with
finite C%-seminorm for all their covariant derivatives VX f € T'(T*M®) of order k.
To calculate these seminorms [V f], the natural metric and connection inherited
from T*M are required. Hence, for Holder spaces CX%(M) on a manifold M we
define the norm

1 llcke = [1fllex + [V fa

which provides a Banach space structure. Furthermore, for o > 3 there are inclu-
sions C5%(M) — C*P (M) which are compact maps when M itself is compact, i.e.
closed bounded sets are mapped to compact sets. See also section 1.4 below.

1.2 Sobolev Spaces of Integer Order

Recall that the Lebesgue spaces LP (M) for a Riemannian manifold (M,g) and p > 1
are defined as the set of locally integrable functions f on M for which the LP-norm

1/p
£l = (117 avol,

is finite. The expression dvol, denotes the volume form on the manifold associated

with the metric g, i.e. in a local coordinate system (x!,...,x") we have dvol, :=

Vgdx! - dx".
Definition 1.2.1. For every f € C*(M), p > 1 and an integer k > 0, define the
Sobolev H,f -norm as

k ' 1/p
171 = ( /. _Z()|V’f|”dvolg> , L
j=

where |V/ f| is the pointwise norm of the j-th covariant derivative of f. The Sobolev
space H (M) is the completion of C*(M) in this norm.

Alternatively, the Sobolev space H,f can be defined as the set of all f € LP(M)
such that f is k times weakly differentiable and |V/f| € LP(M) for j < k. It is,
of course, an important theorem that these two different descriptions coincide, but
we will use one or the other indistinctly, according to the convenience of the con-
text. Locally, the Sobolev spaces are given by equivalence classes of measurable
functions whose partial (possibly weak) derivatives up to order k are in L”. A parti-
tion of unity argument suffices to paste this local viewpoint into the global one just
explained.

The Sobolev spaces H, ,f (M) are Banach spaces with respect to the Sobolev norm
and are reflexive for 1 < p < oo. For p =2 the spaces H, kz (M) are Hilbert spaces with
the obvious inner product.
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Remark 1.2.1. Under a change of metric g, assuming that the differentiable struc-
ture on the manifold M is fixed, the norms of the spaces C%(M) and H} (M)
change, but if M is compact the new norms are still equivalent and hence the in-
duced topologies are the same. Moreover, the assertion is also true in the compact
case if different connections are used to define the norms of these spaces. This
observation will be fundamental (but implicitly assumed) for our applications in
chapter 4 where we need to work with sequences of metrics (one particular case
appears in the proof of Lemma 4.5.1).

1.3 Function Spaces on Vector Bundles

The previous spaces C**(M), LP (M) and H (M) are vector spaces of real functions
on a manifold M. They can be generalized to vector spaces of sections of a vector
bundle in a straightforward way. Let E — M be a vector bundle on M as before,
endowed with Euclidean metrics on its fibers and a connection V£ (denoted simply
as V if the context is clear) on E preserving these metrics. The generalization of the
Holder spaces CX%(M) on M to the Holder spaces CK%*(E) of sections of E is done,
for example, by replacing the occurrence of functions on M with the corresponding
sections needed in each case. It is important to note that, once again, any substrac-
tion of values of sections u € I'(E) in different points of M is understood using the
parallel transport prescription, as mentioned in section 1.1.

Notation. In reference to an arbitrary section u of a vector bundle E — M we write
u € I'(E), but when we want to emphasize its differentiability we write explicitly,
for example, u € CK(E). In the same manner, we will denote by C%(E)) and H} (E)
the corresponding Holder and Sobolev sections of E.

Definition 1.3.1. For p > 1, we define the Lebesgue space LP(E) to be the set of
locally integrable sections u € I'(E) over M for which the norm

1/p
o = ( [l avol )

is finite. Similarly, the Sobolev space H,f (E) is the completion of the set of smooth
sections u € C*(E) in the corresponding Sobolev norm for this case. It can be
also seen as the set of u € LP(E) such that u is k times weakly differentiable and
|V/u| € LP (M) for j < k.
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1.4 Sobolev Inequalities and Embedding Theorems

Now let us state important results concerning the relations between the Holder
spaces CA%, the Sobolev spaces H,f and the usual spaces of k times differentiable
functions C¥. In addition to standard references as [GT77], a complete exposition of
embedding theorems is found in [Ada75]. For the next statement, recall that given
Banach spaces By, B, a continuous map 7 : By — B5 is compact if for any bounded
set A C By, the closure of its image T (A) C B, is compact.

Theorem 1.4.1 (Sobolev Embedding and Kondrakov Theorems). Suppose M is a
compact Riemannian n-manifold, let k,l € Z with 0 <[ <k and p,q € R such that
p,q > 1. Given a function f € HY (M) we have:

1. Ifk—1<n/p and an integer q satisfies

P noq

1 k-1 1
<

)

then there is a constant ¢ > 0 independent of f such that

IFllgs < cll - (1.2)

Thus there is a continuous inclusion H,f (M) — qu (M). Furthermore, if | <k
and the inequality holds strictly, this inclusion is a compact operator.

2. Ifk—1—1<n/p <k—1, define a:=k—1—n/p so that o € (0,1). Then
there is a constant c independent of f such that

| Allcta < ellfllp-

Thus, there is a continuous inclusion Hf (M) — C"* and a compact inclusion
H,f(M) — CchP forany B withO< B <o =k—1—n/p. Also Ck,a(M) N
CK(M) is compact.

Remark 1.4.1. Some particular and important consequences of the previous theo-
rem are:

1. if f € Hl(M) and p > n, then f € C*-1(M),
2. the inclusion HY (M) — H{(M) is compact,
3. if f € H (M) and k > n/p, then f € CO(M),

4. C* = HJ forany 1 < p < oo,
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5. if f € H}(M), then f € L*/("=2)(M) for n > 3, and there are constants A, B >
0 independent of f such that

1Al 2osin-2 < ANV £l 12+ B[ fl 2

The value ¢ =2n/(n — 2) is the largest value for which (1.2) holds in the case k = 1,
p = 2. In fact, it is a limit case of the Sobolev inequality.

1.5 Elliptic Differential Operators

Let M be an n-dimensional Riemannian manifold, the following definitions extend
the usual notion of partial differential operators on domains in the Euclidean space
to partial differential operators on M.

Definition 1.5.1. A partial differential operator P on M of order k is an operator
taking real functions on M to real functions on M, that depends on u and its first
k derivatives. For a real function u on M whose first k derivatives Vu, ... VFu exist
(even in some weak sense), then Pu as a function on M is written as

Pu(x) :f(x,u(x),Vu(x)...,Vku(x)), (1.3)

where f is a real function of its arguments, generally at least continuous. The
differential operator P is called smooth when f is a smooth function of its arguments
and linear when it is linear in u.

Notation. More explicitly, a linear differential operator of order £ on M, acting on a
function u € C¥(M), is written in a local chart (U, ¢) as an expression of the form:

Ko k
Pu = Z a?"'llvil.._ilu =: Z a;V'u, (1.4)
=0 =0

where the g;’s are symmetric /-tensors called the coefficients of P and in the case
[ = 0, the coefficient ag is understood to be a real function on M. In addition the
leading coefficients af{l“'”‘ are presumed to be non-zero. In this notation, a summa-
tion convention is understood on repeated upper and lower indices, this will appear
in general expressions for differential operators and in the definition of the symbol
below. The right hand side of (1.4) must be understood as an abbreviated (although
a bit abusive) notation just for simplicity.

Remark 1.5.1. When P is smooth of order k and u € C*(M), then Pu € C*(M)
so we have a map P : C*(M) — C*(M). However P is not necessarily required to
be smooth. If, for example, P is linear of order k and the coefficients of P are just
bounded, we have a linear map P : H (M) — H] (M), and if the coefficients of P
are at least "%, then P : C¥+1:® — C1%(M) is again linear.
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Definition 1.5.2. Let P be a partial differential operator of order k. For each point
x € M and each § € T M, define o (P:x) :=a,"*&;, --- ;.. Let us denote by 6(P) :
T*M — R the function & + o (P;x). Then 6(P) is called the symbol (or principal
symbol) of P. It is a homogeneous polynomial of degree k on each cotangent space.

Definition 1.5.3. A linear differential operator P of order k on M is said to be elliptic
if for each x € M and each non-zero § € T,/M, we have o (P;x) # 0.

If follows from the previous definitions that the principal symbol o(P) of an
elliptic operator P must be non-zero on the complement of the zero section of T*M,
i.e. on each 7'M ~\{0}. Using this, one can conclude that every elliptic operator
defined on a manifold M with dimM > 1 has necessarily even degree.

When this is the case, an operator P of degree k = 2m 1is said to be given in
divergence form if we can write Pu in the following way,

_ ) . ey jr--Jy . . il...il . .
Pl/l - Z Vll...l[ (alJl le...jllu) + Z bl Vl]...l[”?
1,I'=0 1=0

where the coefficients a; ; are (I +{")-tensors and b; are [-tensors.

In a local coordinate chart (U, ¢) of M, the condition of ellipticity of the operator
P is equivalent to saying that at a point x € U, there exists A (x) > 1 such that for all
vectors & € R” the following inequalities are satisfied:

IEIFA™" (%) < @ ()& - & < A&

Definition 1.5.4. Let P be a non-linear differential operator of order k defined by
a function f that is at least C! in its arguments u,Vu,... ,VEu, according to the
notation used in (1.3). Also, suppose u is a real function with k derivatives. The
linearization L,P of P at u is defined as the derivative of P(v) with respect to v at u,

that is
L,Pv = lim (P (ut6v) - P(”)> . (1.5)
5—0 o)

This L,P is a linear differential operator of order k. If P is linear then L,P = P,
but note that even if P is smooth, L, P does not need to be smooth if u is not smooth.
For instance, if P is of order k and u € C¥*/(M), then L, P will have C' coefficients
in general, since they depend on the k-th derivatives of u.

Remark 1.5.2. A non-linear differential operator P of degree k on M is elliptic at
a function u (assumed to have k derivatives) if the linearization L,P of P at u is
elliptic. According to this, P may be elliptic at some functions u# and not at others.
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1.5.1 Elliptic Operators on Vector Bundles

The same previous discussion of differential operators on manifolds can be general-
ized to differential operators on vector bundles in a natural way, where functions on
M are replaced by sections of the vector bundle. Let E and F be vector bundles over
M, denote by V a connection on TM and by V£ a connection on E. Given a section
u € T'(E) one can form repeated derivatives of u by coupling the connections V and
VE. Let us denote by Vi, u the k-th derivative of u defined in this manner.

Definition 1.5.5. A differential operator P of order & taking sections of E to sections
of F is explicitly given, for a k times differentiable section u of E by

Pu(x) = f(x,u(x),VEu(x) . ,Vﬁniku(x)) €F,
for x € M. Again P is called smooth, linear or non-linear according to the smooth-
ness of f and the linearity or non-linearity of this expression with respect to u.

For instance, if P is a smooth, linear differential operator of order k from E to
F, then P can act as follows: P : C*(E) — C*(F), P : C**/%(E) — C'*(F) and
P:H,fH(E) —>Hlp(F).
Notation. Let P be a linear differential operator of order k from E to F. In index

notation, we write

kK. k
Pu = Z a" Vi u = Z a;V'u,
1=0 =0

where the quantities a?""’i’ are tensors with values in E* ® F (the subindices for F
and E* are omitted), called the coefficients of P. Again, the summation convention
for repeated indices is used. The right-hand side abbreviation is used for simplicity
as before in case no confusion arises from the context.

The next step is to generalize the notions of the symbol and ellipticity for differ-
ential operators on functions given before. For each point x € M and each & € T*M,
we define a linear map from E, to Fy given by

e (Px) = d)l & &,

Let 6(P): T*M x E — F be the bundle map defined by 6(P)(&,u) = o¢ (P;x)u € Fy
forevery x € M, & € T M and u € Fy. Then o(P) is called the symbol (or principal
symbol) of P, and o(P)(§,u) is homogeneous of degree k in & and linear in u.

Definition 1.5.6. A linear differential operator P of degree k from E to F is called
an elliptic operator if for each x € M and each non-zero & € T,;M, the linear map
O¢ (P;x) : Ex — Fy is invertible, where ¢ (P) is the principal symbol of P.
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In case of ellipticity, o (P;x) determines an isomorphism of vector spaces be-
tween the fibers, so the vector bundles £ and F have the same rank. If P is non-
linear and u is a section of E with k derivatives, then P is said to be elliptic at u if
the linearization L, P of P at u is elliptic.

1.5.2 Formal Adjoint of an Operator

Suppose that E and F are vector bundles endowed with corresponding metrics on
the fibers over a compact Riemannian manifold without boundary (M, g) and let P
be a linear differential operator of order k from E to F, with coefficients at least k
times differentiable. Then there is a unique linear differential operator P* of order
k from F to E, with continuous coefficients, such that

(Pu,v) 2y = (U, P*v) 2

for all sections u € HZ(E) and v € HZ(F). Here, the inner products on the Hilbert
spaces of sections H7(E) and HZ(F) are the natural ones, defined for example in E
by (u,v)2(g) := [y (u,v) dvolg, where (-, -) represents here the metrics on the fibers
of E. This operator P* is called the adjoint or formal adjoint of P. Additionally,
the following properties are satisfied: (P*)* = P for any P and if P is smooth (or
elliptic) then P* is also smooth (or elliptic respectively). When E = F and P = P*
then P is called self-adjoint.

1.6 Weak Solutions on Manifolds

Given a linear differential operator P of order k defined on a Riemannian manifold
(M, g), a solution of the equation Pu = f is a function u € C¥(M) that satisfies the
equation pointwise. Nevertheless, this equation can also be satisfied in a “weak”
sense when u is allowed to be an element of H ,f (M), i.e. a distribution.

Definitions 1.6.1. The following definitions deal with these more general solutions
for different cases (see [Aub98]):

1. If f € L? and if P has locally bounded and measurable coefficients, then an
element u € H (M) is a strong solution of Pu = f in the L? sense if there is
a sequence of smooth functions {u;};>; on M such that u; — u in H} (M) and
Pu; — fin LP(M). In this case, the weak (distributional) derivatives of u up
to order k are functions in L” (M) and the equation Pu = f is satisfied almost
everywhere.
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Suppose Pu = Z;(:o a?"'ilvilmilu. If the tensors a?'"il € C(M), for0< 1<k,
then the formal adjoint of P, acting on a function v € C' (M), is given by

k

Pv=Y (-1)'V; i (va"). (1.6)
=0

We say that an element u € L' (M) satisfies Pu = f in the sense of distributions
(or weak sense), if for all compactly supported test functions 1 € C2°(M):

/ uPn dvol, = / 1 dvol,.
M M

If P has smooth coefficients aél"'i’ € C*(M), we say that a distribution u €
H? (M) satisfies Pu = f if for all § € C>*(M):

(, P )2 = (f,M)12-

Since a distribution u € H>(M) involves a weak derivative of order r of a
locally integrable function, the product (u, P*n);> makes sense even when
the coefficients a;‘ = Cl+’(M ) and not only for smooth ones, as the terms
in the expression (1.6) for P* indicate.

If a differential operator P of degree k = 2m can be written in divergence
form, i.e.

Pu= Z Vil-~-i1 (a;fl.’“lmmjllvjl-~~j//u> + Z bélmllvibuilu?
1,/=0 1=0

then u € Hy,(M) is said to be a weak solution of Pu = f with f € L' (M) if for

alln e C2(M):

m

Y (1) /M ar V' uv'n dvoly+ Y /M nb;V'udvol, = /M fn dvoly,
1,I'=0 1=0

where the only requirement needed is that the coefficients ; y must be mea-
surable and locally bounded for all pairs (/,1’). These definitions depend on
the particular properties of the coefficients and hence the generalized solu-
tions are not equivalent.

More generally, given a non-linear differential operator P of degree k with the
form
k o k
Pu=Y (—1)'Vi A" (x,u,Vu,.. Vi) = Y (=1)'V/4,,
1=0 1=0
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where A; are [-tensors on M, a function u € C¥(M) is said to be a weak solution
of Pu = 0, if for all test functions n € C*(M):

koo
Y, [ A}V im dvolg =0.

! 1]...1 g
A i

Remark 1.6.1. Given that the previous definitions of weak solutions for elliptic
PDE’s are not equivalent and in particular depend strongly on the regularity of the
coefficients of the partial differential operator P, we want to draw attention to the
case 2 in the list of Definitions 1.6.1 where a weak solution is defined for coefficients
of P of class C!(M). When P is the Laplacian operator on manifolds A, and the
metric g is at least C2, this is the natural case to consider (with [ = 2) to define weak
solutions of the Poisson equation. Nevertheless for a metric of less regularity like
C* which we will study in chapter 3, a different definition will be given to deal
with the fact that the coefficients of Ay, which depend on g, cannot be differentiated
twice. This will require the solutions to be at least C! from the beginning (compare
with Definition 3.3.2).

1.7 Regularity for Linear Elliptic Equations

The results in this section, devoted to the general setting of vector bundles, can be
found in [JoyOO], [Bes87] and [Kaz93]. Recommended references for a complete
treatment of the theory of partial differential equations, where proofs of the results
appearing below for domains in R” can be found, are for example [Eva98] and the
classical [GT77].

1.7.1 Existence of Solutions to Elliptic PDE’s

Here we concentrate already on partial elliptic operators with C*% coefficients,
which are required for our applications. It is a slight generalization of the cor-
responding case for smooth coefficients. Existence results for equations Pu = v,
which require a simple condition v | ker P* for u to exist, are known as the Fred-
holm alternative. For more details on this (and the Sobolev spaces case), see [Joy00,
section 1.5].

Theorem 1.7.1. Let k,l € Z with0 < k <1, and a € (0,1). Denote by E and F two
vector bundles over a compact Riemannian manifold (M,g), endowed with corre-
sponding metrics in their fibers, and suppose P is a linear elliptic operator of order
k from E to F with C* coefficients. Then P* is elliptic with C'=%% coefficients, and
the kernels ker P, ker P* are finite-dimensional subspaces of C**%(E) and C"%(F)
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respectively. If v € Ch%(F) then there exists u € C*TH%(E) with Pu = v if and only
if v L ker P*, and if it is required that u | ker P then v is unique.

1.7.2 Global Elliptic Estimates

Let us assume here that (M, g) is a compact Riemannian manifold and let E, F be
vector bundles over M with the same rank. First we state the following regular-
ity result for smooth linear elliptic differential operators in the context of vector
bundles.

Theorem 1.7.2 (Global elliptic estimates). Suppose P:C*(E) — C*(F) is a smooth
linear elliptic differential operator of order k from E to F. Let oo € (0,1), p > 1,
and | > 0 be an integer. Furthermore, assume Pu = v holds weakly with u € L (E)
andv € L'(F).

1. (LP estimates) If v € H} (F) then u € H{ |(E), and

lellzr iy < CUIPull gy + el ) (1.7)

for some C > 0 independent of u and v. In particular, if v € C*(F), then
together with Remark 1.4.1 we get u € C*(E).

2. (Schauder estimates) If v € C1*(F), then u € CK*1%(E), and
[ullceeraggy < C([Pullcrary + lullcoge) ) (1.8)
for some C > 0 independent of u and v.

The previous estimates can be generalized to the case where P has Holder
continuous coefficients instead of smooth ones. In the next theorem the explicit
Schauder estimates for this more general case are presented. They will be useful for
the study of the Einstein condition for C1** metrics that we consider later.

Theorem 1.7.3. Let P be a linear elliptic differential operator of order k from E to
F. Let a € (0,1) and | > 0 be an integer. Suppose that the coefficients of P are in
Cl%(M) and that, Pu = v (almost everywhere) for some u € C¢*(E), v € CH%(F).
Then u € C*H%(E) and

lullceeraggy < C([Pullcrary + llullcoge) ) (1.9)

for some C > 0 independent of u and v.
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1.7.3 Regularity for Weak Solutions

Weak solutions of linear elliptic equations of second order have also useful regular-
ity properties from which we select the following relevant one (taken from [Aub98,
p. 86]), that can be easily applied to the interior of a manifold. It will play an
important role in our regularity results of chapter 3.

Theorem 1.7.4 (Ladyzhenskaya and Uraltseva). Let U be an open set of R" and P a
second order linear elliptic operator, with C~% coefficients for an integer k > 0 and

€ (0,1). If a bounded function u € H3(U) satisfies the relation Pu = f almost
everywhere for a function f € C**(U), then u € C¥*2%(U). The same conclusion
is true when u € HIZ(U ) is a weak solution of Pu = f and the operator P can be
written in divergence form.

As mentioned in the statement, this theorem can be traced back to [LUG6S,
p. 195]. Some related results follow from general theorems for weak solutions
appearing in [Mor66, chapters 5 and 6]. We emphasize here that a second order el-
liptic operator P, acting on functions on a manifold M, is given in local coordinates
(x',...,x") : U C M — R" by a expression of the type

n n
P= Z a’/8i8j+2a’8,-.
i,j=1 i=1

According to the previous theorem, this operator is required to admit a divergence
form (Definition 1.6.1), which in this case is

P= 'i] 8i(aij8j) + ibiai,
i,j= i=

in order to preserve the appropriate regularity for the case of weak solutions. This
forces the coefficients to be at least differentiable, i.e. a'/ € C1(U).



14

CHAPTER 1. PRELIMINARIES ON PDE’S



Chapter 2

Spin Manifolds and Killing Spinors

The aim of this chapter is to introduce the required tools from Riemannian spin
geometry to study the classical Dirac operator and consider its relation to Killing
spinors and the Einstein curvature condition. Good references for these topics are
[LM89], [Fri0O0] and the lecture notes [Hij99]. Additionally, a compendium of
this and related material has recently appeared in [BBC]. Other references will
be provided on the way for particular details. Throughout this chapter, we implic-
itly assume that the Riemannian manifolds considered have a smooth differentiable
structure and the corresponding metrics are either smooth or their degree of differ-
entiability is enough to define all the objects involved in the discussion.

2.1 Maetric and Topological Spin Structures

It is useful for our purposes to discuss about the concept of metric and topological
spin structures separately and consider afterwards their relationship. This notions
will be relevant in chapter 4, in the context of the identification procedure introduced
in [BG92].

Given a Riemannian n-manifold (M,g), let Pz M be the GL(n,R)-principal
frame bundle of M and denote by Pg; +M its reduction to the bundle of positively
oriented frames, for which the structural group has been restricted to orientation
preserving automorphisms GL™ (n,R) C GL(n,R).

__ We know that there exists a unique connected double-covering homomorphism
GL" (n,R) — GL"(n,R), which for n > 3 is in fact a universal covering (i.e.
simply-connected). The restriction of this map to Spin(n) C (/;VLJ“(n,]R) induces
a two-fold homomorphism onto SO(n) C GL™ (n,R), which we will denote by
Ad : Spin(n) — SO(n). In conclusion, we have the following diagram where the

15
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horizontal levels are short exact sequences

{0} —2/22 — GL*(n,R) ——~ GL* (,R) — {1}

|

{0} — Z /27— Spin(n) SO(n) — {1}.

Ad

Definition 2.1.1. A topological spin structure for M is a lifting of Py +M to a

GL* (n,R)-principal bundle Pg; M by means of a double covering ¥
Pg M

X

“n

that respects the fiberwise action of the corresponding structure groups on the bun-
dles. In a similar way, a metric spin structure for (M, g) is a lifting of the SO(n)-
principal bundle of g-orthonormal frames Pso(M, g) to a Spin(n)-principal bundle
Ps,in(M, g), such that the covering application § : Ps,in(M, g) — Pso(M,g) preserve
the actions of the respective groups involved.

Definition 2.1.2. Two topological spin structures given by x; : PéNyM — P+ M
and x> : P(%VL M — Pg+M are equivalent if there is a GL™ (n,R)-equivariant map
Y that completes the diagram

PL M Y . P2
GLt

L M
GL*

X1 X2

Analogously, we say that two metric spin structures ¥ : Pblpm (M,g) — Pso(M,g)
and ¥ : prin (M,g) — Pso(M,g) are equivalent if there is a Spin(n)-equivariant
application T : Py, (M,g) — P¢ . (M, g) which factorizes the coverings as in the
previous diagram, i.e., §1 = f2oT.

Notation. When the metric g is clear from the context we will denote a metric spin
structure Psp;, (M, g) simply by Psp;,M and will refer to it as a g-spin structure.
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Remark 2.1.1. Note that the definition of equivalence between metric spin struc-
tures just given assumes that the base manifold has the same Riemannian metric
g. This assumption will be now improved to include the case of different metrics.
Given a topological spin structure ¥ : Pg; M — Pg;+M on a Riemannian mani-
fold (M,g), the inclusions Psy;,M C Pz M and PsoM C Pg;+M, imply that the
restricted map } := x| PginM * PspinM — PsoM defines a metric spin structure for
(M,g). Conversely, any metric spin structure ¥ can be extended into a topological
one x. In this way, there is an induced Spin(n)-equivariant bijection between equiv-

alence classes of metric and topological spin structures (cf. [Swi93] for details).

Theorem 2.1.1. Let g1, g2 be two Riemannian metrics on a spin manifold M with
fixed metric spin structures } and J, respectively. Assume additionally that there
exists an SO(n)-equivariant map § : Pso(M,g1) — Pso(M,g2). Then, the underly-
ing topological spin structures X1 and X» are equivalent, if and only if the induced
bundle {*}, defines a metric spin structure on (M,g1) equivalent to ;.

Proof. Suppose that the topological spin structures )| and )y, are equivalent. Then,
the SO(n)-equivariant application § : Pso(M,g1) — Pso(M,g2) can be lifted to a
Spin(n)-equivariant map § : Psyin(M,g1) — Pspin(M,g2) such that the following
diagram commutes,

Pspin(M, g1) L. Psyin(M, g2)

A

X1 %)

Pso(M,g1) Pso(M, g2).

4

Recall, with reference to the diagram below, that the induced bundle {* ¥, defined
by the pullback of %, with respect to {, has total space

& Pspin(M, 82) := {(5,B) € Pspin(M, g2) X Pso(M, g1) | X2(s) = E(B)},

with the covering §* % : §*Popin(M,82) — Pso(M,g1) given by the projection pr,
onto the second component. The action of Spin(n) associated to g; on this bundle
is given by

& Pspin(M, g2) x Spin(n) — & Pspin(M, g2)
((s,B),g) — (s5,B)-16:=(s-26,B-1 Ad(g)),

where we denote by -; the corresponding action (of Spin(n) or SO(n) according to
the context), associated to the metric g;. The next diagram ilustrates the construc-
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tion,
C*Pspin(M, g2) Psyin(M, g2)
C* %2 =1y %)
Pso(M, g1) Pso(M, g2).

4
Since Fa2(s26) = Fa(s) 2 Ad(g) and {(B-1 Ad(g)) = {(B) - Ad(g), this action is
well-defined on the induced bundle, and is projected under {*¥; to the action of
SO(n) on Pso(M,g1). In this manner, the induced bundle construction defines a
metric spin structure for (M, g1).

Now, we show explicitly that §; and {*}, yield equivalent metric spin struc-
tures for (M,g;). Let us choose an arbitrary element s € Psy;,(M, g1), then the pair
(C( ) X1(5)) € Ppin(M,g2) X Pso(M,g1), and since fp 0 = { o %, it follows that

(£(5),21(5)) € §*Pspin(M. g2). This means that the map Y(s) := ((s), Z1(s)) de-
fines an application which makes the following diagram commutative

Psyin(M, g1)

C*PSpin(MagZ)

~

b4 %)
Pso(M, g1).

By similar arguments as invoked before, Y is Spin(n)-equivariant and behaves ap-
propriately under the projection to Pso(M,g1). Then it is a bundle morphism that
determines the claimed equivalence.

The converse part of this theorem follows by an analogous procedure, using
that the equivalence of the metric spin structures should come from appropriate
restrictions of the corresponding topological spin structures. [

As a conclusion we have shown that there is a bijection between equivalence
classes of metric and topological spin structures and the use of one or another de-
scription is a matter of convenience according to the context. Moreover, the in-
duced bundle construction provides a natural way to pass from equivalent topolog-
ical spin structures to equivalent metric spin structures when the identification of
metric spinors introduced in [BG92] is possible.

Definition 2.1.3. In case the conditions of Theorem 2.1.1 are satisfied, we say that
for a spin manifold M, the metric spin structures g : Psyin(M,81) — Pso(M,g1)
and %> : Pspin(M,82) — Pso(M,g2) coming from different metrics g1 and g» are
equivalent.
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2.2 The Connection on Spinor Bundles

As a reminder of the construction of spinor fields we collect here some important
facts that are well detailed in the references cited at the beginning of this chapter.

First, recall that for a complex vector space X,, = Cz[j} the complex spin rep-
resentation is given by a map o : Spin(n) — Aut(X,) which is induced by any
irreducible complex finite dimensional representation of the whole Clifford algebra
C/(R™). Tt is important to emphasize here that the metric g appears in the definition
of the Clifford algebra and hence, is implicitly carried in these notions.

Definition 2.2.1. The complex spinor bundle associated to a (metric) spin structure
Pspin(M,g) of a Riemannian spin manifold (M, g) is the complex vector bundle

XM := Pspin(M, 8) X5 L,

endowed with a Hermitian metric (-,-) defined fiberwise as the natural Hermitian
product on X,. A section y € ['(X8M) is called a spinor field over M. When the
metric in question is clear from the context we denote the spinor bundle simply by
M.

In the case n = 2m, there is a splitting X, = X" ® X of the complex spin rep-
resentation, denoted by o=, that induces a splitting of the spinor bundle M =
LM & XM, where 3EM := PopinM X 5+ T

Since the tangent bundle 7'M is a vector bundle associated to the SO(n)-principal
bundle of orthonormal frames PsoM by means of the SO(n)-action on R”" (i.e.,
TM = PsoM X go(,y R"), we can compose this action with the double-covering ho-
momorphism Ad : Spin(n) — SO(n) to obtain an identification

T™ ~ PSpinM X Ad R”.

Seeing TM in this manner we have that Clifford multiplication c : R" ®r X, — ¥,
induces an action
c:TMRLSM — Y5M
which is given by Clifford multiplication on each fiber. Thus, for any X € I'(TM),
Y € T'(XM) and p € M this action is (X - ), := (X, - ¥p).
For all X € I'(TM) and y,¢ € I'(EM) the Clifford multiplication and the Her-
mitian metric on XM satisfy

(X-¢,0) ==X -9). 2.1)

Any connection over the principal bundle PsoM of a spin manifold M has a
natural lifting to a connection over Psy;,M. If M is also a Riemannian manifold, the
Levi-Civita connection lifts to a spinorial Levi-Civita connection over Psp;, M.
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To ilustrate this procedure, first consider a given simply connected open subset
U C M and a local section s € I'y(PspM), so we have a lifting to a section § €
FU (PSpinM), i.e.,
P SpinM

X

“n

ucm

< PsoM.

Let us denote by Ad, : spin(n) — so(n) the Lie algebra homomorphism induced
by the pushforward of the double-covering Ad : Spin(n) — SO(n). The connection
1-form @ € Q! (PsoM,s0(n)) defined on PsoM and taking values in the Lie algebra
s0(n), lifts to a I-form @ € Q! (PspinM ,spin(n)) over Ps,;,M, which means that the
following diagram commutes

T PspinM —2L—+ spin(n)

S X« Ad,

TUCTM

TPsoM

so(n).

Sy (D

On a Riemannian spin manifold (M,g), the spinorial Levi-Civita connection
associated to the Riemannian structure allows us to define a covariant derivative

VE:[(Z8M) — T(T*M @ M)

acting on sections of the spinor bundle ¥8M.

Let (eq,...,e,) be alocal oriented orthonormal frame. The Levi-Civita connec-
tion V* on the spinor bundle £¢M can be expressed locally in terms of the Levi-
Civita connection V on the tangent bundle 7'M by

1 n

ViU =XW)+5 ¥ s(Vxeiejeie; . (22)
i,j=1

where ¢ € I'(EM), X € T'(TM). In the same way, the corresponding Riemann cur-

vature tensors R : A>(TM) — End(T'(X8M)) and R : A>(TM) — End(T’(TM)) of

the spinor and tangent bundles, respectively, are related by the formula

1 n
R*(X,Y )y = 1 Y s(R(X.Y)ei,ej)ei-ej-y. (2.3)
i,j=1
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Finally, we summarize the following compatibility conditions between Clifford
multiplication, the Hermitian metric (-, -) and the spinorial covariant derivative V>:

X(,0) = (V. 9) + (¥, Vi), (2.4)
Vi(Xy) = (VyX) -y +X Vi, 2.5)

for all X,Y € T'(TM) and ¢, € T'(ZM). Equation (2.4) says that V* is metric and
(2.5) establishes an appropriate Leibniz rule for the Clifford product.

2.3 The Spinor Laplacian and the Dirac Operator

Given a Riemannian spin manifold (M, g), denote by V* the Levi-Civita spinorial
covariant derivative with respect to the metric g.

Lemma 2.3.1. The spinorial Levi-Civita connection V* admits a formal adjoint
(VE)* :T(T*M @ M) — T(X8M), which in local normal coordinates (ey,.. . e,)
can be written as

(V=)' V¥ Z ViViy

forall y € T(EM). More generally, this lemma is also true for any metric connec-
tion V' :T'(X8M) — T(T*M @ XM acting on spinor fields.

Definition 2.3.1 (Laplacian on spinors). If ¢ € I'(XM) is a spinor field and we
choose a local orthonormal frame field (ey,...,e,) on an open set U C M, then the
Laplace operator acting on i is defined on U by

n n
Ang - Z Viniw — Z diV(e,-)VeZi:,b,
i=1 i=1

where div(X) is the trace of the homomorphism Y — VyX. Since this definition is
independent on the choice of local frame, the Laplacian is well-defined in this way
everywhere on M.

For two spinor fields i, ¢ over a closed (i.e. compact without boundary) mani-
fold M, the Laplace operator satisfies

/M (A", ) dvol, = /M (VEy, VEg) dvol, = /M (¢, A¢) dvoly,

where (VXy, VE¢) denotes the scalar product on 1-forms. This property is a direct
application of Stokes’ theorem (using that the boundary dM = &) and the compat-
ibility condition (2.4) of VZ with the Hermitian metric.

Now we use Clifford multiplication to define the Dirac operator.
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Definition 2.3.2. The Dirac operator is the composition of covariant differentiation
with Clifford multiplication c:

oM
D:=coVE:[(EM) = I(T*M @ Z8M) — T(Z8M).

With respect to a local orthonormal frame (ey,...,e,) on an open set U C M we
have

Dy = Z e;-Viy, fory e [(IM). (2.6)
i=1

As before, this expression is invariant under change of frame as a straightfor-
ward calculation shows. Let us summarize in the following theorem a few important
properties of the Dirac operator.

Theorem 2.3.2. Let (M,g,)) be an n-dimensional Riemannian spin manifold and
denote by D its corresponding Dirac operator, then

1. D:T'(XM) — I'(EM) is a first order elliptic partial differential operator.

2. If M is a compact manifold, D is formally self-adjoint with respect to the
product in L*>(£8M) and its spectrum is discrete.

3. If n = 2m, the Dirac operator interchange the splitting of the spinor bundle,
iie. D:T(X*M) — [(XTM), and the eigenvalues of D are symmetric with

respect to the origin.

There is a well-known relation between the square of the Dirac operator with
the spinor Laplacian over a spin manifold.

Theorem 2.3.3 (Schrodinger-Lichnerowicz formula). If scal, denotes the scalar
curvature of (M, g), then

D*y = (VE)*VEy + % scalgyy, for all y € T(EM). (2.7)

2.4 Killing Spinors and Einstein Manifolds

Now we concentrate on a special kind of spinor fields known as Killing spinors and
their geometric relation to the Einstein condition for a Riemannian metric on spin
manifolds. Let us recall these notions first and then consider their relationship.
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Definition 2.4.1. An n-dimensional Riemannian manifold (M,g) is said to have
constant Ricci curvature Ricg if for some constant k¥ € R,

Ric, = Kkg. (2.8)

Riemannian metrics (manifolds) having constant Ricci curvature are called Einstein
metrics (manifolds) and the corresponding constant of proportionality k is called
Einstein constant.

It turns out that for n > 3, the manifold (M, g) is Einstein if and only if
1
Ric, = —scalg g, (2.9)
n

where, for a given local orthonormal frame (ey,...,e,),
n
scalg := trRic, = Z sec(ej,e;)
ij=1
is the scalar curvature of the metric g. In dimension n = 2, this condition is always
true, but scal, may not be constant and hence the metric is not necessarily Einstein.

Definition 2.4.2. A spinor field ¢ defined on an n-dimensional Riemannian spin
manifold (M, g) is called a Killing spinor, if there exists a (complex) number u for
which the equation

VIY = uX -y, (2.10)
is satisfied for all X € ['(TM). In that case, u is called the Killing number associated
to Y.

If ¥ is a Killing spinor with Killing number u, then it follows that ¢ is an
eigenspinor of the Dirac operator

Dy =Y ei-Ve =) Wei-ei-y=—piny,

with eigenvalue A = —pn.

Killing spinors were first introduced in the context of general relativity to con-
struct quadratic first integrals of free geodesic motion (see [HPSW] and [PR86]),
but their use has extended to more areas in physics like supergravity and super-
symmetry. In mathematics, Killing spinors were shown in [ACDS] to correspond
to Killing vector fields in Riemannian supergeometry and, on compact manifolds,
they play a fundamental role in the limiting case for the lowest eigenvalue of the
Dirac operator. Is this latter aspect the one we are mostly interested in this thesis.

Let us recall some useful properties of Killing spinors whose proofs can be
found, for example, in [Fri00]. A deeper discussion of Killing spinors in Rieman-
nian geometry appears in [BFGK].



24 CHAPTER 2. SPIN MANIFOLDS AND KILLING SPINORS

Theorem 2.4.1. Let (M,g) be an n-dimensional Riemannian spin manifold which
we suppose to be connected.

1. A non-trivial Killing spinor never vanishes.

2. For a Killing spinor ¥ with Killing constant U, the associated vector field de-
fined by Xy =iYi_ (e ¥)e; is a Killing vector field, i.e. the Lie derivative
of the metric in the direction of Xy, vanishes.

It is worth mentioning that the second property in the theorem is the reason why
Killing spinors deserve that name. Nevertheless the Killing vector field associated
to a Killing spinor can vanish, depending on the Clifford action and the Hermitian
product on the spinor bundle X8M.

In Riemannian spin manifolds, the presence of a Killing spinor is enough to
guarantee the Einstein condition defined above. Although in this section we are
generally concerned about smooth Riemannian metrics, the statement holds for any
metric of class at least C2, for which the curvature tensor and in particular the Ricci
curvature are well-defined. For this and additional closely related results, see [Fri00,
section 5.2].

Theorem 2.4.2. If (M,g) is a connected n-dimensional Riemannian spin manifold
(whose metric g is at least of class C?) with a non-trivial Killing spinor, then the
manifold is Einstein.

Proof. Lety € I'(XM) be a non-trivial Killing spinor with Killing constant u so that
Vi = uX -y for every vector field X € [(TM). Let us calculate for the curvature
tensor of the spinor bundle using a local orthonormal basis (ey,...,e,):

426, (X, ey

<R(X,€i)€j,€k>€l’-€j ey

(R(ex,ej)ei, X)ei-ej-ex-y

wl»—a
M

R(ex,ej)ei+R(ej,ei)ex+R(eiex)ej, X)ei-ej-ex-y
i,j,k= 1

distinct

n

+ Y (R(ex,eiei. X)ei-ei-ex-w
ik=1
n
+ Z <R(€i,€j)€i,X>€i‘ej'ei'w
i,j=1
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n

=— Y Ric(ex,X)er -y — Y Ric(ej,X)ej -y
=1 =

= —2Ric(X) -y,

hence we get the identity
! 1
Y ei-R¥(X ey = 5 Rie(X) -y
i=0

Now we use that ¢ is a Killing spinor to simplify the expression for the spinorial
curvature tensor acting on ¢:

RE(X,Y )y = Vx Vi — Vi Vg — Vi

= VX (1Y -y) = VF(uX -y) — u[X, Y] -y
= 1(VxY —VyX — [X,Y]) v+ u(Y - VEg — X - VEy)
=Y -X—X-Y)-y.

Finally we calculate the Ricci tensor by replacing the action of the spinorial curva-
ture tensor R* on y with the expression above.

n

Ric(X) ¢ =-2Y e R¥(X,e;)y
i=1

=—2u*Y ei-(ei- X —X-e)
i=1

= —4p* Y ei-(ei- X +g(X,e) ¢
i=1
=4p*(n— )X -y.

Since ¢ is a non-trivial Killing spinor, it does not have any zeros, then necessarily
Ric(X) = 4u*(n—1)X. (2.11)
This last expression is coordinate independent, so it holds in all of M. It follows that

Riemannian manifold (M, g) is an Einstein manifold of constant scalar curvature
scaly = 4u’n(n—1). O
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2.4.1 Einstein Condition in Local Coordinates

The Einstein equation (2.8) defines a set of partial differential equations that can
be written in local coordinates, using the formalism of y-matrices commonly em-
ployed in physics. The calculation used for the proof of Theorem 2.4.2, including
a brief introduction to this formalism, can be found in [CGLS] from the local co-
ordinate point of view. Below we sketch the main steps of this procedure needed
to obtain the Einstein condition, but avoiding the algebraic arguments needed for
the simplification. Einstein’s summation convention is used here (and in following
chapters).

Using a vector field frame (ey,...,e,) on an open chart U C M and abbreviating
Vi:=V,, fora=1,...,n, equation (2.10) takes the form,

VI = Uy (2.12)

In index notation, the relation between the curvature tensor of the spinor bundle
(defined by means of the spinorial covariant derivative) and the usual Riemann cur-
vature tensor of the tangent bundle can be written as

1 C
VE(VEw) — Vi (VEy) — T4 Vi = _ZR @ YeYaw,

where R4, denotes the component g(R(eq, ep)ec, eq) of the curvature tensor. On the
other hand Ta‘f) is the torsion tensor for the spin connection, that vanishes in our case
by the Levi-Civita condition. Using twice equation (2.12), the fact that Vy = 0 and
the previous comments, we get after some algebra

1
12 (YYa — Yat) = —ZR%%W-

Finally, using some useful identities from the algebra of y-matrices one finds
the expression for the Ricci curvature of M,

Ricy, = 41’ (n—1)gup. (2.13)

which is exactly the local form of (2.11).



Chapter 3

Holder Metrics and Weak Einstein
Condition

3.1 Regularity of the Riemannian structure

We will be working in this and the following chapters in a Riemannian setting where
the degree of differentiability of the metric is a fundamental aspect. Usually, we
assume that the underlying differentiable manifold M has a smooth structure, but
in fact, for a metric g of class C%* to be well-defined, it is enough to suppose that
M carries a C+1¢ differentiable structure. The reason for this lies in the fact that
from a CKt1:%_atlas for M we can construct C5% local trivializations of the tangent
bundle TM and hence, define a C5%-atlas for it. Thus, sections of TM which are
entries of the metric g under consideration will have well-defined C*% regularity.

Notation. Through this chapter, to calculate in local coordinates we will use freely
Einstein’s summation convention as necessary, over repeated apparitions of upper
and lower indices. Nevertheless, for convenience the indices i, j, k,/ will be left
out of this convention. Instead, other lowercase characters like a, b, r, s will denote
components of tensors and for them the summation applies. The notation d, :=
d/dx* for partial derivatives and coordinate vector fields will be adopted.

Recall briefly that vector fields act as derivations on functions defined over a
manifold. Let &/ = {¢y : Uy — V,} be the underlying atlas of a smooth manifold
M. Then, for an arbitrary coordinate chart ¢ = (x!,...,x") : U € M — R" (not
necessarily part of /) and some function f € C*°(M) (with respect to ') we know

that, at each p = ¢~ ! (x) € M, a coordinate vector field d,,, fora =1,...,n, acts upon
f by
0 _
%u(p)f =55 (fod (). (3.1)

27
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If the coordinate chart ¢ is at least C*T1:% (with respect to .27) it means that all the
compositions ¢ o ¢, Iare at least of class C*1:*, In that case the coordinate vector
fields of the chart ¢ acting on f as in (3.1) will have at least C5% regularity. In
addition, assuming that the metric g is C"*% in this chart, the Christoffel symbols
I'} . of the Riemannian connection associated to g, will be of class Ck—La a5 clearly
follows from the relation,

1
.= Egad(abgcd + 0:8bad — 9a8be)- (3.2)

The next theorem asserts that the converse is also true.

I

Theorem 3.1.1. Let I be the connection of a C' metric g. If in some local coordi-

nates 'y . is of class Ch% for k > 0, then in these coordinates the metric g is of class
Ck+17oc.

Proof. This is a generalization of Theorem 3.4 in [DK81], where the case when g is
C? is considered. The proof is similar and obtained by invoking regularity for weak
solutions (see [Mor66, Theorem 6.4.3.]) instead of the standard elliptic regularity
arguments. 0

3.2 Ricci Curvature and Harmonic Coordinates

Contrary to what one would expect, the most appropriate coordinates to work lo-
cally with partial differential equations on manifolds are not the common geodesic
normal coordinates, specially when regularity of geometrical quantities as the met-
ric or the curvature are involved. Here we introduce a system of harmonic coordi-
nates for which the components of the metric tensor and other related objects have
optimal behavior with respect to regularity, as was shown by DeTurck and Kazdan
in [DK81].

Definition 3.2.1. A harmonic coordinate system on an n-dimensional Riemannian
manifold (M, g) is a system of coordinates (U, ), where ¢ = (x!,...,x") : U — R",
for which the coordinate functions x* are harmonic with respect to the Laplacian on
(M,g),ie. Agx*=0,fora=1,...,n.

Notation. When working with geometric objects it is important for us to keep their
dependence on g in mind, hence we use a subscript g, like A, for the Laplacian,
dvol, for the Riemannian volume form, and so on.

Definition 3.2.2. We say that a tensor field (like a metric tensor g) on a coordinate
chart (U, $) of a manifold M is of class CK¢ if its components (g, : U — R in the
case of the metric) are C&* functions on U. The tensor field will be CK* globally
on M if it is C©% on every chart U C M.
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Recall that the Laplace-Beltrami operator (or simply the Laplacian on func-
tions) A, acting on u € C%(M) in a Riemannian manifold (M,g), depends on the
metric g and can be written locally as

Agi = (8" /g Opu) (3.3)
N/

1
= “b8a8 u-+—a, ab) 9 ,
8" a0+ (v/88") Opu

where |g| := det(ggp). It is possible to write the Laplacian directly in terms of the
Christoffel symbols I';, in the following way. First, using the identity

tr {Al(x) %A(x)} = %lndetA(x)

where A(x) is an arbitrary invertible matrix whose entries are functions of x, we get
for the metric tensor g,

1 . 1
~80gup = — 9:(\/3)- 3.4
28 Oc8ab Nz (v3) (3.4)

This last expression implies immediately from (3.2),

1, L 4 1
FZC = Eg d(aagcd + acgad - adgac) = Eg dacgad = ﬁa‘l(\/g)

Now, let us denote I'* := g"T¥ . Using the relation g*°9,gp. + g»-9-g"” = 0 and the
previos calculation to simplify, we find

= —%&,(\/ggba).

Then, the Laplacian can be rewritten in terms of the Christoffel symbols as
Agu = 8% 0,0pu—T"pu.

Applied to the coordinate functions x“, the Laplacian reads now shortly as:
Agx® = —T'%. We conclude that the coordinate system (x!,...,x") is harmonic if
and only if foreverya =1,...,n,

=0 (3.5)
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and that in such harmonic charts, the Laplacian takes the simpler form
Agu = ¢ 0,0u. (3.6)

The existence of harmonic coordinate systems on any neighborhood of every
point of a Riemannian manifold is guaranteed. See [DK81] and [JK82] for a com-
plete account of harmonic coordinates in this context and the proofs of the following
results.

Theorem 3.2.1 (DeTurck, Kazdan). Let M be a Riemannian manifold endowed with
a Ch%-metric g for k > 1 in a local coordinate chart containing some point p. Then,
there is a neighborhood of p in which harmonic coordinates exist and are CkT1:%
functions of the original coordinates. Furthermore,

1. this harmonic coordinate system can be chosen such that g,;,(x) = & for any
a,bed{l,....n},

2. all harmonic coordinate charts about p have the same C**1% regularity,

3. the metric g is of class C&% in any harmonic coordinate chart about p, while
it is at least of class C*=>% in geodesic normal coordinates.

4. any tensor which in the original coordinates is of class C'B, for | > k and
B > a, is at least of class C*% in harmonic coordinates.

The optimal regularity of the metric in harmonic coordinates follows from the
last property in this theorem. Briefly, the result asserts that in changing from ar-
bitrary coordinates to a harmonic coordinate chart the regularity of the metric is
preserved, while changing to normal coordinates involves always the loss of at least
two derivatives.

Finally, the existence of uniform bounds on the structure of a compact Rieman-
nian manifold is asserted in the next theorem (see [JK82]). In particular they are
useful to prove one version of the compactness theorems for Riemannian manifolds
(cf. [Pts87]).

Theorem 3.2.2 (Jost, Karcher). Let M be a compact Riemannian manifold and
a € (0,1). About any point p € M there exists a ball B,(r) of fixed radius r, on
which harmonic coordinates exist and have the following properties:

1. There exists a uniform C**-Holder bound for the transition functions,

2. a uniform C“%-bound for the metric, and
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3. a uniform C%%-bound for the Christoffel symbols, where the radius and the
Holder bounds depend on the dimension, the injectivity radius and the curva-
ture bounds of M.

In conclusion one can always find a harmonic coordinate system on balls of
a-priori fixed radius about any point of the manifold. In these coordinates, the
transition functions ¢y o ¢y, Uare C%%, the metric g, is C** and the Christoffel
symbols FZC are CO%, In fact, as follows from Theorem 3.1.1, the metric (even
if it is only of class C') has always one degree of differentiability more than the
Christoffel symbols in any local coordinate chart.

For our purposes, the principal reason in using harmonic coordinates comes
from the fact that the local expression for the Ricci curvature has a simpler form,
in which derivatives of the Christoffel symbols do not appear (see [DK81, Lemma
4.1]).

Theorem 3.2.3 (Lanczos, [Lan22]). In an arbitrary system of local coordinates, the
Ricci curvature can be written in terms of the metric g and the Christoffel symbols
= gbcl"z . as

, 1, 1 ) .
Ricy, = —38 °0,0s8ap + 3 (8arOI" + 8pr9uI") + Qup(8,9g), (3.7)

where Q(g,dg) is a quadratic form depending only on g and its first partial deriva-
tives dg. Moreover, in a harmonic coordinate system the Ricci curvature takes the
simpler form,

. 1
Ric,, = _Eg arasgab + Qab(ga ag) (3.8)

Proof. The standard formula for the curvature tensor in terms of the Christoffel
symbols says

Rd = aargc - abrgc + ( Zcrzr - Ii;cr{air)a (39)

abc

Then, replacing (3.2) in the first two terms of the previous expression for the Rie-
mann tensor we get for the Ricci curvature,

) c 1 rs ~
Ric,, = Racb = Eg (ab‘gsgar + aaasgbr - &rasgab - aaabgrs) + Qab(gu ag) (3.10)

where Q,(g,0g) := (I Iy, =TI, I',) is a function depending only on g and its first

co ar
partial derivatives dg. In fact, Q is homogeneous of degree 2 in the first derivatives
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dg. Now, according to the definitions we calculate

1
gacrc = gacgrsrgs = Egacgrsng(argsd + asgrd - adgrs)
1 .
= ig” (8rgsa + asgm - aagrS)
1
= grs(argsa - Eaagrs>-

Taking partial derivative dj, of the previous equality and write it down together with
a similar one where the indices a and b are interchanged,

O(2acT) = hg" (A~ 5002 ) + 2 (DA~ 500021,
0a(8pcI) = dug” <r9sgbr - %«%grs) +g" (8a8sgbr = %aaabgrs>-
Adding the last two expressions and reordering terms we get the relation
8" (9h0s8ar + 0a0s8br — 0adbgrs) = Op(8acT) + Ja(gheI™)
—0b8" O58ar — 9ug" Osgbr + %(f%g”c?agrs + 9ag" pgrs)-
Finally, replacing all this directly in the formula for the Ricci curvature (3.10) yields,
after additional rearrangements

. 1, 1
Ricy, = —Eg Sarasgab + _(gacabrc + gbcaarc)

2
1 .
+ E (abgac + aagbc)rL (abgrsasgar - 3ag”9sgbr)

1
2
1 ~

+ Z(gbgrsaagrs + aagrsabgrs) + Qab(ga ag)

The third, fourth and fifth terms in the right hand side of this equality depend only
on g and its first derivatives, as the function Q,, does. We denote these last four
terms simply by Q,»(g,dg), obtaining in this way the desired expression (3.7) for
the Ricci tensor in a local coordinate system. Since in harmonic coordinates I'“ = 0,
it is a straightforward consequence that Ricci curvature takes the form (3.8) in this
case. O

3.3 Einstein Equation and C''* Metrics

In the previous section we saw that the Laplacian A, adopts the short expression
A, = g"0d,d in any harmonic coordinate chart, therefore the Ricci curvature reads
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shortly as
Ricyp = —3A¢8an + Qun(8,98) (3.11)

in such coordinates. This will be a central point in what follows because in this way
the Ricci curvature is shown to be a quasilinear operator, where Agg,, s elliptic and
the estimates of section 1.7 apply to it.

Concerning regularity, the following theorem asserts that in harmonic coordi-
nates the metric has always two degrees of differentiability more than the Ricci
tensor. This is not true in general as one could naively expect, see [DK81, Theorem
4.5]. In fact, a smooth Ricci tensor can even have a non-smooth metric in arbitrary
coordinates.

Theorem 3.3.1. If in harmonic coordinates g € C? is a Riemannian metric with
Ric, € CKY for some k > 0, then in these coordinates g € CKT2.,

Recall that the Einstein condition for the Ricci curvature in local coordinates, as
it was presented in section 2.4.1, can be written as

Ricas = k(1 —1)gap, (3.12)

where K is some fixed real constant.

Now, to define the Ricci curvature in an appropriate weak sense, we use the
formula (3.7) for the Ricci tensor in local coordinates, rewritten below for conve-
nience:

. 1 r. 1 r r
Rlcab = _Eg Sarasgab + = graabr +grbaar )+ Qab(ga ag)a

(
2
_ pab
where [" = g*T" ;.

Definition 3.3.1. Given a coordinate chart (U, ¢) on a Riemannian manifold M with
a Cl % metric g, we define the weak Ricci curvature componentwise as a functional
Ric,p, acting on a compactly supported test function 1) € Cg, (U) by

<<Rlcab T[ : 2/ asgaba g 77) dvol __/ I ab gran)dVOI
(3.13)

—E/Ul“@a(grbn) dvolg+/UQab1‘[ dvol, .

In this last expression all the terms are well-defined for a C!:*-metric since no sec-
ond derivatives are involved. Furthermore, for X,Y € C1*(TM) on the open chart
U C M and a local frame field (ey,...,e,) such that X = X%, and Y = Y’¢;, we
define

(Ric(X,Y),n), = Y (Ricw,XY'n),.
a,b=1
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Notation. For weak objects like the components of the Ricci curvature just defined
acting on test functions, we introduce the notation << Ricyp,m >> y 1nstead of the pos-
sible but a bit misleading [, Ric,, 7 which does really make sense only when Ric
is defined in the classical way.

The definition just given suffices to introduce weak solutions of the Einstein
equation and although it is not needed here for our arguments, in section A we
will show how this weak Ricci curvature arises from a natural weak notion for the
Riemann tensor of the tangent bundle.

Having the Ricci curvature defined in this weak (distributional) sense, we can
introduce a weak Einstein condition for the metric of a Riemannian manifold.

Definition 3.3.2. A C'"*-metric g of a Riemannian manifold M is weakly Einstein
in a local coordinate chart (U, ¢) if the equality

(Ricap,n )y, = & /U gapM dvoll, (3.14)

holds for any compactly supported test function 1 € Cclfa(U ), an appropriate con-
stant ¥ € R and all a,b € {1,...,n}. In index-free notation, this can be written for
X, Y eI'y(TM) as

(Ric(X,Y),n), = K/Ug(X,Y) 1 dvol,. (3.15)

If this condition is satisfied on any chart of an atlas of M then the manifold is called
weakly Einstein in this atlas.

A generalization of Theorem 3.3.1 for weak solutions of the Einstein equation
is possible as we show now.

Theorem 3.3.2. Let M be an n-dimensional manifold with a Riemannian metric g
of class C1%. If the components of g are weak solutions of (3.12) in a harmonic
coordinate chart (U,$), where ¢ : U C M — V C R”" is invertible, then viewed
as functions gap0¢~' 1V — R, they are smooth. We say in this case that the
components of g are smooth with respect to the harmonic coordinate chart (U, ).

Proof. First we replace the expression (3.8) for the Ricci curvature in harmonic
coordinates into (3.12) to obtain

Aggab = grsarasgab = _2K(n - l)gab + 2Qab(g; ag) (316)

Given that g is C1** we know that Q(g,dg), which does not depend on second or
higher derivatives of g, has to be at least of class C%%. It means that the whole
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right hand side of equation (3.16) is at least a C%* function. Let us denote it by
fap = —2K(n—1)gap +2Qus(g,9g) € C**.

The assumption of the theorem is that g € C1:% is a weak solution to the equation
§7°0,058ap = faup» Which requires that dyg,, € Hi and f,, € L*. In other words,
for any compactly supported test function 1 € C}(U) N H? the following integral
equation in harmonic coordinates is satisfied

(Ag8absM )y = /U 95 (gap) 9(8"°1) dvol, = /U fapT dvolg. (3.17)

Comparing the left hand and right hand sides of (3.17), we conclude that g € C1-¢
admits C%% (and in particular continuous) weak second partial derivatives or Lapla-
cian. Since weak derivatives are unique up to sets of measure zero, and the space
{uccl(u) | ||u||le < oo} is dense in H?, then dyg, has usual partial deriva-
tives d,d;g., almost everywhere. Said briefly, the Laplacian of g, is equal to
fap € CO%(U) N L? except possibly on a set of null measure. Applying the regu-
larity Theorem 1.7.4 we get that g, is actually a C%% function. Hence, from (3.16)
the function f,;, must be C1'% and the process can be iterated again any number of
times in what is known as a bootstrap argument, to obtain the smoothness conclu-
sion claimed by the theorem. 0

Now, let &/ = {¢y: Uy — V,} be an atlas consisting of harmonic coordinate
charts on M. Due to part 1 of Theorem 3.2.2 there are C> transition functions for
this atlas, i.e., &7 is a C>%-atlas for M. Then, we obtain the following.

Corollary 3.3.3. If g is weakly Einstein with respect to all charts in a harmonic
coordinate atlas o/ = {¢y : Uy — Vy} of M, then </ is actually a smooth atlas, and
g is a smooth Riemannian metric with respect to it.

Proof. The C>% differentiable structure given by the atlas .7 define a C' structure
on the tangent bundle TM, associated to the harmonic charts of <7, where coordi-
nate frame fields of class C1'* can be defined. This allows the components g, of
the metric to be well-defined of class C'*% in this atlas. But from Theorem 3.3.2 it
follows that indeed, the functions g © ¢y, I': Vv — R must be smooth for every by,
which necessarily requires that the transition functions be also smooth and hence,
the atlas itself is a smooth one. The smoothness of the components of the metric in
every harmonic chart means that g is smooth with respect to this atlas. [

Remark 3.3.1. If g is a C'"%-metric that is weakly Einstein on M, then the harmonic
coordinate atlas .7 just discussed might define a different differentiable structure on
M. But in case these differentiable structures are compatible, the transition func-
tions between charts of one atlas to charts of the other are smooth and, therefore,
smoothness of g in the harmonic atlas imply also its smoothness in the original atlas
of M.
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Given the ellipticity of the Laplacian A,, the elliptic estimates (1.9) in Theorem
1.7.3

I8l < Cllglcopn + I fllcoaqm))

where C > 0 is independent of g and f, require in fact that g is bounded in C>* and
by a bootstrap, actually in every Holder space CX%. Nevertheless this conclusion
and the relation with the harmonic coordinate atlas is rather obscure without the
previous analysis.

Finally we summarize two additional well-known properties about analyticity
and unique continuation of Einstein metrics, whose proofs appear in [DK81, section
5]

Theorem 3.3.4. Any Einstein metric g of class C* on a connected manifold M with
dimM > 3 is real analytic in harmonic and geodesic normal coordinates.

Theorem 3.3.5. On a simply connected manifold M, any two Einstein metrics g
and g, which coincide locally (on some open set U C M) are globally diffeomorphic,
ie, if gilu = g2|u, there is a diffeomorphism ® : M — M such that g, = *g».

As a consequence of our results, Theorem 3.3.2 implies the following corollary.

Corollary 3.3.6. On a connected manifold M, with dimM > 3, any CY*-metric
which is weakly Einstein in harmonic coordinates (in the sense of Theorem 3.3.2) is
actually real analytic in these coordinates.

3.4 Weak Solutions on the Spinor Bundle

According to item 2 from the list of Definitions 1.6.1, when the coefficients of a
partial differential operator P = ¥, ¢;V' of order k acting on spinors, are at least
of class C¥, the natural way to define weak solutions should be given as follows
(compare also with Remark 1.6.1).

Definition 3.4.1. The equation Py = ¥, holds weakly on a local chart U C M if
and only if for every compactly supported test spinor ¢ € CK(EM), with suppy C U,
holds

/U (Y1, P*¢) dvol, = /U (¥2,¢) dvol,. (3.18)
where P* is the formal adjoint of P on the spinor bundle X8M (see subsection 1.5.2).

This definition is clearly useful when ¥ is not differentiable enough for Py to
be well-defined. In particular, we can try to apply it to the Riemann tensor of X8M.
Since the Levi-Civita spin connection V> : T'(£8M) — ['(T*M ® £8M) is metric,
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the spinorial curvature viewed as a map R* : T'(X8M) — T'(A%(T*M) ® Z8M) has a
formal adjoint (R¥)* : [(A%(T*M) ® X8M) — T'(£8M). It can be shown' that the
identity

(R ((dx A dx?) © 9) = ———R¥ (34, ),

V8

holds for a compactly supported ¢ € C2(XM) and some local coordinate vector
fields d,,d, € C>(TM), i.e. vector fields coming from the coordinate functions
(x!',...,x") : U — R" in the local chart. Thus, we could define for a non-differentiable
spinor ¥ € I'(X8M),

1
/(J(Rz(aa,ab)¢,¢) dvol, ::—/Uﬁ(;z/,zez(aa,ab)‘p) dvoly. (3.19)

Nevertheless, it only makes sense when R* on the right hand side of (3.19) is well-
defined. This requires the existence of two derivatives of the metric, i.e., g must be
at least of class C2, which obviously means that Definition 3.4.1 and relation (3.19)
are not useful to define weak curvatures for C1'%* metrics.

Our primary goal is to generalize in an appropriate weak sense the identity,

n

1.
-3 Ric(X) -y = ; ei-R¥(X, e\, (3.20)

which holds on spin manifolds with smooth metrics, as shown in the proof of The-
orem 2.4.2. To this end, we introduce new definitions below.

First, let ¢ € C!(XM) be a compactly supported test spinor, with supp(¢) C U
for an open chart U C M. Assuming for a moment that the spinorial curvature is
well-defined, we take the Hermitian product of R> acting on a spinor ¢ with ¢,

(R*X. Y)W, ¢) = (Vi Ve — ViV — Vig y¥ )

and integrate both sides locally. Then, partial integration and Stokes’ theorem sim-
plify the result. To establish this last step, local coordinate vector fields, denoted
by 0,0, € C*(TM), are needed as the first two entries of the spinorial curvature
tensor.

For the complete calculation, remember that dvol, = |/gdx, where we ab-

breviate dx = dx'---dx" for coordinate functions (x!,...,x") on the local chart,

"We do not present the proof here but half of the necessary calculation appears in the next page
before the introduction of the weak spinorial curvature.
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Vii= Vgc forany c =1,...,n, and denote ¢ = ,/g¢. Thus, we can write

| (B¥@u,00)u ) dvol, = [ (VEVEY—VEVES—VE, 5 0.0)dx
= /U {aa (Vflﬁ»@) - (VEI/I,VE(;Z?)
— 0 (VEw, @) + (VZu,Vyd) } dx
_ S VEA gy PN SN
—/U(Valﬁ,vbgo) dx /U(Vbl,l/,Vago) dx.

This procedure indicates that the weak definition we need is what comes out
after the integration.

Notation. To simplify, we use from now on (X,Y) := g(X,Y), but the reader should
not confuse the Riemannian metric (-, -) with our notation (-, ) used to distinguish
distributions.

Definition 3.4.2. On a Riemannian spin manifold with a Cl**-metric g we define
the weak spinorial curvature tensor acting on local coordinate vector fields d,;, d), €
I'y(TM) and spinor fields ¢, € C1%(M) by

(R™(30r )6 ) = /U (VEy, Vi) dx — /U (VEy,VEp) dx

with ¢ = /g and dx = dx' - - dx" as before.

By the above calculation is clear that for a Riemannian metric g of class C2, the
weak and the classic expressions coincide

<<Rz(aayab)w790>>(] = /U (Rz(dl,ab)w,go) dVOlg :

Remark 3.4.1. Given a local orthonormal frame (ey,...,e,), let us assume that
we can write each vector in terms of a basis of coordinate vectors (di,...,d,), as
ei =Yy E{’ dp. We point out here, as it was mentioned at the beginning of section
3.1, that the derivations d, act in a C 1 way if the differentiable structure of the
manifold is at least C>%. This is enough for the metric g of class C1* to be well-
defined. Any other local vector field frame can be obtained from (dy,...,d,) by
a orthonormalization process and a rotation on 7,M for each point p € M, i.e., an
action of SO4(n) on each basis. This two steps are linear and depend only on the
metric and not on its derivatives. If the metric is C'* the result is that the new
vector frame will act also as a C1% derivation and, in particular, the coefficients El-b
in the expression for e; in terms of dj, are in fact C1'* functions on the manifold.
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Lemma 3.4.1. In a Riemannian spin manifold M with a CY*-metric g, the relation
1
——RIC )y = Ze, (Qu, €)W (3.21)

is satisfied weakly, for any coordinate vector field d,, and any local orthonormal
frame field (ey,...,e,) on an open chart U C M. This means that the following
equality, which holds for metrics of class at least C* and any test spinor ¢ € Cg (M)
with suppy C U,

1
2/U(Rlc( 1) ¥, ¢) dvol, = Z/ (R* (s )00, Ee; - ) dvol, (3.22)

i,b=1

is well-defined in the weak sense established above for C1* metrics. Here, we

assume e; =Y, _, El-b ) is the expression for the vector field e; in terms of the local
coordinate field basis (01, . ..,0y,).

Proof. First, we prove that indeed (3.22) holds for any C? Riemannian metric g, a
spinor ¢ € C?(XM), and a test spinor ¢ € C! (M) with supp¢ C U. For doing this,
we integrate both sides of (3.21), which holds under the previous assumptions, after
taking Hermitian product with ¢:

%/ (Ric(da) ¥, dvolg—Z/ ei-RE(dy, e, @) dvol,.
U

Passing one e; to the right of the Hermitian product and replacing the other by
ei=Y, Ef’&b we get,

2/ (Ric(da) - ¥, ) dvol, = Z/ > (0, )W, EVe; - ¢) dvoly.

i,b=1

Thus, we get (3.22), which in fact will hold for smooth metrics. To translate this
equation to a weak interpretation for C!**-metrics, we need to consider both of its
sides separately. Beginning from the left, when Ric is defined in the classical sense,
consider the calculation

/ (Ric(da) - ¥, ) dvolg—/ (ZRiC(aa»ei)ei'lﬁAD) dvol,
- Z / Ric(0a i) (ei-r,) dvoly

= /Rlc 8a,ab) (ez v, QD) dVOlg’
zb 1
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where ¢; = Z,Ef’&b. After passing this equality to the weak context, the factor
Eib (ei -, ) play the roll of a test function, dependent on the test spinor ¢, and we
find that the left-hand side of (3.22) should be understood as,

(Ric(9a) v, )y, Z<<R1c (9asei), (ei -0, 0) )y

= Y (Ric(0udh) E e 0)), (3.23)

i,b=1

where the last expression to the right is given according to Definition 3.3.1. Simi-
larly, the right-hand side of (3.22) admits also a weak sense for C1**-metrics using
directly Definition 3.4.2. Summing all this up, the weak version of (3.22) can be
written as

Y ((Ric(0a,0p),Ef (ei @) )y = Y, (R¥(0u,0p),EVei-0)),, (3.24)
i,b=1 i,b=1

although we have not proved yet the validity of this equality. Clearly, the weak
expressions at both sides of (3.24) coincide with the corresponding “classical” ones
when the metric g and the spinors ¢,y are already differentiable enough for (3.22)
to be well-defined.

Let us suppose now that y € C1%(XM) and g € C1%*(TM®?). Then, if the test
spinor ¢ € CS'%(XM), we have that VZy and VZ( := VZ(,/g ) are of class CO%
for every ¢ = 1,...,n. Indeed, equation (3.4) shows that the partial derivatives
2:(\/8) = %@ g“b 8cga;, so they really are C% functions and therefore the spino-
rial covariant derivatives V= also are. From this, Definition 3.4.2 implies that for
any dg, 9, the function (R*(d,,d,)/,¢)),, has C%% regularity on U C M and is, in
particular, continuous.

Similarly, checking all the terms in Definition 3.3.1 we see that << Ric(d,,dp), > 7
is also of class C%% on U in this case. Moreover, we have that the weak Ricci and
weak spinorial curvatures viewed as applications

Wi : CVH(EM) x CH4(IM) x CH¥(T*"M®?) ——  C
(l/’a%g) — <<RZ(3a,8b)w,gp>>U,

and the weak Ricci curvature as

Wric : CH¥(EM) x CH4(EM) x CV¥(T*M®?) ——  C
(l/’a‘pug) — <<R1C(aa)¢»90> U’
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are continuous in the variables i, ¢ and g in the C:*-topology. For a detailed proof
of this, which requires long calculations and identification of spinors that will be
introduced in chapter 4 we refer the reader to Appendix B.

As was explained in Remark 3.4.1, if the vector fields e; are at least CL% the
coefficients El-b have also this regularity and then the expressions El-b(e,- -, ) and
Ef’ e; - ¢ at the left and right-hand sides of (3.24), respectively, can be seen as test
functions of class C1**. Then, replacing ¢ for these expressions in what was just
said concerning Wpr and Wy guarantees that both sides of (3.24) are continuous in
the C'"%-topology.

Since smooth sections i, and g are dense in the domain of #g= and #Ric,
ie., CL%(ZM) x CH*(EM) x CH%(T*M®?), if (3.22) holds in the smooth case, the
corresponding weak version (3.24) will hold when g and ¢, have only C'% regu-
larity. 0

Theorem 3.4.2. If M is a compact spin manifold with a C*-metric g such that
there is a (non-trivial) Killing spinor, then the manifold satisfies weakly the Einstein
condition in any local coordinate chart.

Proof. Let € T'(EM) be a Killing spinor, Vi = uX -y, for any X € I'(TM).
First, given a local basis of coordinate vector fields (d,...,d,) and a spinor field
p e '(EM) we get,

(R @0 d )y = [ (VE0.V56) dx— [ (V30 V5¢) d
= [ (10, .550) dx— | (ud,.V5¢) dx

Now we pass the covariant derivatives from the right-hand side to the left-hand side
of the hermitian products and collect the integrands,

= /U (Va (1) = Vi (14 1), ) dvoly.

Finally, the product formula and the Killing equation once again are used to simplify
the remaining spinorial derivatives,

(U(VkOp = V10a) - Y+ 1(p - Vit — 9u- Vi), p) dvol
(M —T3)Om -+ 17 (9p - Oa— 0u- Op) -1, ) dvol

(U2(Op - Oa — O+ Op) W, p) dvol,.

S~~~
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In the previous result, let us replace now the test spinor ¢ in the right hand side
of the hermitian product by E f’ e; - ¢ and choose a particular d, to find,

Y. (R (30 ) Eler- o),

ib=1

:_Z/ (/.Lz(ei‘ei‘aa_ei‘aa'ei)-!//,90) dvolg.

I
™=
S

12 (0 — (9u-€i+28(du,e1)) - i) - ¥,0) dvol,.

Il
_

1 (205 —28(0a,ei) €i) ¥, p) dvol,.

T
c

I
™=
S

= 2N2/U ((naa —Y.i8(0asei)ei) ¥, 90) dvol,.

Since (ey,...,e,) is orthonormal then d, = }'* | g(d,, e;)e;, so we arrive at
Y. (R(000p)y, Elei- ), = 2u*(n—1) /U (0a -1, ) dvoly . (3.25)
ib=1

With this, the previous lemma implies that the Einstein condition is satisfied locally
in a weak sense, i.e.,

(Ric(d) v, ¢), =4u*(n—1) /U (a-0,) dvol,. (3.26)

Both sides of this equation can be rewritten in the form of Definition 3.3.2, but
since we have not proved any linearity in the entries of Ric(-,-) when working in
the weak sense, we have to stick to Definition 3.3.1 to proceed. Let us use (3.23) at
the left-hand side of (3.26) and the substitution d, = Y ; g(d,, ¢;)e; to introduce the
metric at the right-hand side, then

Z <R1C aa78 ZlEC(el ‘/’ 90>>> 4“2(71— 1)/{}(2;‘8(%&1’)@'%9") dVOlg»

and replace e; inside g(d,,e;) by e; = Y. E{ d. to obtain

=42 =1 Y. [ ¢(0u,90) (TiEfer- v ) dvol,.
c=1"U
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Since this holds for every ¢ € C.(XM), take any test function n € C.(M,R) with

suppn C U and choose for any fixed b € {1,...,n}, atest spinor ¢p := g(0p, ei)%n.
Thus, for each ¢;, we can write (note that }; Efg(dp, ;) = Op),

Y. (Ric(du,0c), L Ef (0, i) st
c=1

=42 =1 Y, [ 8(00,0)LiEfg(3p.e) s dvol,
c=1

Z << Ric(aa;ac)78bcn>>U = 4“2(’1 - 1) Z /Ug(aa;ac)5bcn dVOlga
c=1 c=1

so we finally get the Einstein condition (3.14) for an arbitrary compactly supported
test function n and all a,b =1,... n:

(Ric(3a,3b),1 )y = 4p2(n—1) /U ¢(9a, 9y)1 dvol,.

]

Finally, we arrive to our main result of this chapter taking a global point of view
in the previous theorem.

Theorem 3.4.3. If M is a compact spin manifold with a CY-*-metric g carrying a
non-trivial Killing spinor, then g is smooth with respect to a harmonic coordinate
atlas for M or to any compatible one. Furthermore, g is Einstein (and hence ana-
lytic) in these atlases.

Proof. By Theorem 3.3.2 a spin manifold with a C!**-metric g carrying a non-trivial
Killing spinor satisfies weakly the Einstein equation (3.14) on any coordinate chart,
in particular on any chart of a harmonic coordinate atlas for M. But by Theorem
2.4.2 any C!"%-metric satisfying the Einstein equation in the weak sense on a har-
monic chart is smooth in this chart. This means that g is smooth with respect to a
harmonic coordinate atlas for M and therefore the Einstein equation is satisfied in
the classical sense. Theorem 3.3.4 (or Corollary 3.3.6) implies that the metric is
analytic for this atlas. [
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Chapter 4

Spin Manifolds and Convergence

Now, we want to consider the convergence of sequences of Riemannian spin mani-
folds (with their corresponding metrics) under appropriate geometrical conditions,
and study the behavior of spinor fields and the Dirac operator in the limit. First
we recall the basic machinery from the theory of convergence of manifolds in a
Riemannian setting (see, for instance [Pet97] and [HH97]).

4.1 Convergence of Manifolds and C** Metrics

We begin by defining the notion of C*** convergence of functions with domain in
R and then extend it to the manifold case, which will be needed to formulate the
main result of this chapter.

Definition 4.1.1. Let f; be a sequence of C&* functions defined on an open set
U C R”", then f; converges in Ck’“(U) to a CA% function £, defined also on U, if

iMoo || f; = fll k() = 0.

Alternatively, this kind of convergence is also called convergence in the C*%-
topology for obvious reasons.

Definition 4.1.2. We say that f; converge in ClkO’g(U ) to f, for an open set U C R",
if for every compact set K C U it holds that lim; e || f; — f1| ke (g) = 0.

Remark 4.1.1. Here Clko’g(U ) denote the set of locally C** functions on U. Using
the usual definition of the o-seminorm one can show that for U C R”, a fixed k € N

and a € (0,1), a function f belongs to Clko’g(U) whenever f € C¥(U) and for all

45
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multi-indices B € N” with || = k and all open balls B(xp,r) C U,
071 () =P £(y)]

sup < C(xo,7),
x,yEB(xq,r) |x - y’(x
X#y

for some real bound C(xp,r) depending only on the center xg € U and radius r of
the corresponding ball.

When working on a manifold M there is a natural notion of C¥* convergence of
tensors on M defined below.

Definition 4.1.3. A sequence 7; of tensors on a given manifold M is said to converge
to a tensor T in the C¥%-topology if there is a sub-atlas of the complete atlas of
M whose coordinate charts ¢y : Uy — R" define transition functions of class at
least Ck*1:%  and all the components of the tensors 7; converge in the CX-*-topology
to the components of 7, on any chart of this sub-atlas (viewed as functions on
¢y(Uy) CR™).

The previous definition clearly requires that M carries at least a CK+1:¢ differen-
tiable structure since the components of tensors are computed by evaluating them
on CA% objects as vector fields d, := d/dx“ and forms dx*. However, this notion
is not the same as the next one, with which we want to study the convergence of
metrics in our setting.

Definition 4.1.4. Let (M;,g;) be a sequence of smooth compact Riemannian n-
manifolds, M a smooth compact differentiable n-manifold, and g a C*% Riemannian
metric on M, for an integer k and a real a € (0,1). We say that (M;, g;) converge to
(M, g) in the C5%-topology if there exists jj such that for every i > j, we can find
Ck+1-@ diffeomorphisms 6; : M — M; for which the components of 0, g; converge

in Clko’g(Uy) to the components of g, on any chart Uy of the smooth complete atlas
of M.

This convergence is generally valid in the framework of C¥*1:% manifolds but
we restrict ourselves to the case of smooth manifolds which is enough for our pur-
poses. The general definition is straightforward from what we said for the conver-
gence of tensors.

Remark 4.1.2. Clkog convergence on any chart of the complete atlas of M implies
the existence of a (smooth) sub-atlas for which the components of the metrics 6/ g;
converge in the CH%-topology to the components of g on any of its charts (viewed
again as functions on R").

Definition 4.1.5. A set .# of smooth compact Riemannian n-manifolds is precom-
pact in the C5%-topology if any sequence in .# has a subsequence which is conver-
gent in this topology.
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4.1.1 Compactness Theorems

There are many compactness theorems in Riemannian geometry having their origin
in the seminal work of M. Gromov in 1981, who proved that the space of com-
pact Riemannian n-manifolds with sectional curvature and diameter bounded from
above and with lower bound for the volume, is precompact in the Lipschitz topol-
ogy (cf. [Gro99]). Since then, several extensions have been settled in different
directions. Of particular interest to us is the generalization of this theorem to the
C'%-topology. Related results extend these properties to the case of lower bounds
on the Ricci curvature as it is done in the work of M. Anderson and J. Cheeger (e.g.
[And90], [AC92]) and even further in [HH97].

Definition 4.1.6. Let .# (n,d,K,V) denote the class of compact n-dimensional Rie-
mannian manifolds (M, g) with diameter diam(M) < d, volume vol(M) >V, and
sectional curvature |sec| < K. (Alternatively, the condition vol(M) >V can be re-
placed by a lower bound on the injectivity radius injrad(g) of M, so we could take
injrad(g) > ip for some real constant iy > 0.)

Theorem 4.1.1 (Compactness Theorem). The class .# (n,d,K,V) is precompact
in the C1*-topology for any o € (0, 1), and contains only finitely many diffeomor-
phism types.

The following reformulation of the previous theorem that appears in [Pts87]
summarize very well the convergence and compactness properties we have defined.

Theorem 4.1.2. Let (M;,g;) denote a sequence of Riemannian manifolds in the
class # (n,d,K,V) and o € (0,1). Then, there exists a subsequence denoted also
by (M, g;) with the properties:

1. Each M; is diffeomorphic to a single manifold M.

2. There exist diffeomorphisms 6; : M — M; such that 0;g; converges in the
C1%topology to a CH-%-metric g on M.

3. For the injectivity radius we have limsup;injrad(g;) < injrad(g).

4. Let exp; be the exponential map of M;, exp that of M and €xp; = 0, exp;, then
exp, converges to exp uniformly on compact subsets of T,M, and exp(p) is
Lipschitz.

Theorem 4.1.3 (Nikolaev). In the previous compactness theorem, the components
of the limit metric g, expressed in harmonic coordinates, are contained in the Sobolev
spaces Hf for any p < 1. In particular, all notions of curvature are almost every-
where defined.
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Remark 4.1.3. If a sequence of Riemannian manifolds (M;,g;) converge in the
sense just defined to a limit manifold (M, g), the first property of Theorem 4.1.2 says
that the actual manifolds in question are diffeomorphic, therefore we can choose the
limit one as representative and concentrate in the convergence of the pullbacks of
the corresponding metrics.

4.1.2 Norms and Convergence of Metrics

Let M be a smooth compact spin manifold and denote by % a fixed Riemannian
metric over M with corresponding Levi-Civita connection V", Let

SM= | |{X, e T,M||X,ll,=1} CTM,
PEM

be the sphere bundle of unit vectors on M associated to h. For an operator T €
End(7T M) there are natural norms with respect to the Riemannian metric /:

IT||n := sup [TX|s,
XeSM

IV'T |l := sup [(VXT)(Y)]-
X.YeSM

For a Riemannian metric g we can define, as well, a norm of the covariant
derivative of g with respect to 4 as,

[Vg|p = sujgl{l(V?(g)(Y,Z)lh |X,Y,ZeS,M}. (4.1)
pe

Definition 4.1.7. The C!-distance with respect to & between two Riemannian met-
rics g and g’ is given by

1
dy (8,8):=llg—&ln+IV"(g—&)n

The following two properties related to this distance in the C'-topology can be
found in [Pf403].

Lemma 4.14. Let (g;);>1 denote a sequence of Riemannian metrics and g some
fixed Riemannian metric on a manifold M. The sequence (g;)i>1 converge to g in
the C'-topology if and only if in every chart U C M of local coordinates (x' ..., x"),
the components of the metrics and its derivatives converge uniformly,

(8i)ab . 8ab and 9c(8i)ab — Oc8ab,

foreverya,b,c € {1,...,n}.
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Theorem 4.1.5. If a sequence of Riemannian metrics (g;)i>1 on M converge in the
C'-topology to a Riemannian metric g, then for the C'-distance we have

1
dy(gi) :==dg (g,8)) — 0.

[—00

4.2 Identification of Metric Spinors

Using the procedure introduced in [BG92] (see also [Pfd03] and [ADHO06]) we ex-
plain below how spinors coming from spin structures associated to different metrics
are going to be identified. Specifically, this will give us a way to associate spinors
on a sequence of spin manifolds to spinors in the limit manifold. In fact, given that
the actual manifolds in a convergent sequence are diffeomorphic to the limit one, the
importance of this construction is how it relates different metrics and corresponding
spin structures, providing an identification of vector and spinor fields.

We should point out here that there is another viewpoint to identify spinors
for different metrics given by J. Lott in [Lot00]. As explained there, one obtains
from a topological spin structure on M a Spin(n)-principal bundle Psy,;, (M) without
using explicitly a metric. This Psy;, (M) is well-defined up to gauge transformations
and the spinor bundle is the corresponding associated bundle. In Lott’s approach,
the choice of a metric on M defines a connection-1-form on Fs);,(M) and hence a
connection on spinors.

However, the above mentioned gauge transformations may cause several trou-
bles when one writes down analytical arguments explicitly. In order to be as con-
crete as possible, we have chosen in this thesis not to follow this presentation. From
the viewpoint of J. Lott’s approach what we do is to fix one metric (namely the limit
metric) as a reference metric, and then this gauge ambiguity does no longer exist.

Let (gi)i>1 denote a sequence of Riemannian metrics on an n-dimensional spin
manifold M, converging to a fixed Riemannian metric g. We assume by now that
all these metrics have at least C1* regularity. In addition, we suppose that there
is a fixed (metric) spin structure y for (M, g) which can be pulled-back as shown
in section 2.1 to define compatible metric spin structures ); for the metrics g; in
the sequence. This compatibility amounts to the equivalence of the background
topological spin structures, but the metric aspect is necessary to construct associated
spinor bundles.

We want to relate (and identify) vector and spinor fields coming from the metrics
in the sequence, to the ones coming from the metric in the limit. For this, let us
take any metric g; with the corresponding metric spin structure y; for (M, g;) and
consider the relation to (M,g) with the spin structure y. There exists a unique
positive definite transformation A; € End(7'M), which is symmetric with respect to
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g and such that for every X, Y € TM
g(A,'X,AiY) = g,’(X,Y). (42)

Because of this property, A; sends orthonormal frames for g to orthonormal frames
for g;, and thus induces a map denoted again by A; between the SO(n)-principal
frame bundles associated to g and g;,

Ai: Pso(M,gi) — Pso(M,g)
s=(e1,...,en) — Ai(s) = (Ajer, ..., Ajey).

Given that the spin structures ) and %; are equivalent, as it was mentioned ear-
lier, the endomorphism A; can be lifted to a map A; : Psyin(M,8) — Pspin(M, gi).
Thus, we have the following diagram, where we have included two arbitrary sec-
tions s € I'(Psyin(M, g)) and s € T'(Pso(M, g)),

A.
PSpin(Magi) l PSpin(Mag)

S Xi X

UCM——Pso(M,gi) Pso(M., g).

Aj
The associated spinor bundles inherit from this construction a natural identification

A; : X8M — ¥8M labeled for convenience with the same symbol A; as the one for
vectors,

&M = PSpin<M7gi> Xo Zn — XM = PSpin(Mng) ><O'):fn
=[5, W] — Ay = [Ai(5), ¥
This map is Spin(n)-equivariant and respects Clifford multiplication by vector fields
defined through the identification TM =~ Ps,;,(M,g;) x aa R", so for X € I'(TM) we
can write,
Ai(X i) = (AiX) - (Ai).

Since the metric on the spinor bundles is given by a fixed Hermitian inner product
on X8 M and X8M, the endomorphism A; defines a fiberwise isometry between the
bundles, i.e., the norms of the spinors are preserved.

We will now look at the relation between the canonical covariant derivatives
for (M,g) and (M,g;). Let V and V' be the Levi-Civita connections for g and g;.
To compare V and V' on the frame and spin bundles for g we define a connection

V' :T(TM) — I(T*M ® TM) by

VX = A7 (VA X). (4.3)
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The connection V' is metric with respect to g;, thanks to the metricity of V with
respect to g and the properties of A;,

8i(§izXaY)+gi(X,v;Y)
= gi(A; 'VZ(AX), A7 (AY)) + (A7 (AX), A VZ(AY))
= g(Vz(AX),AY) +g(A; X, Vz(A)Y))
= Zg(AX,AY)
:Zgi(X7Y)a

(4.4)

and has torsion given by

TX,Y): = VY — VyX — [X,Y]
=A7'Vx(AY) —A7'Vy (AX) — [X,Y]
= Vx(A7'A;Y) — Vy(A7'AX) — [X,Y] (4.5)
— ((VxA7 DAY — (VyA;DAX)
= (VyA; HAX — (VxA DAY,

where we have used that V is torsion free.
Writing the covariant derivative in terms of the Lie bracket and the metric we
arrive at the following identity,

26i(VyY — ViV, Z) = i(T(X,Y),Z) — g(T'(X,2),¥) — g(T' (Y, 2),X). (4.6)

Next we compare V', V' when lifted to the spinor bundle X$M. To avoid com-
plicating the notation even more we drop the superscript in V* for the covariant
derivatives on the spinor bundles. Let (ey,...,e,) be a local g-orthonormal frame
on M, and let {¢ } be the corresponding local orthonormal frame of the spinor bun-

dle. Denote by o', ®' the connection one-forms for V', Vl, whose components with
respect to (eq,...,e,) can be written as,

wcizb - gi(viecheb)v
Eilb = gi(vlea,eb).
Using (4.5) and (4.6) we can estimate

@5 — @) (er)llg < ClIAll g, V(A7 D]l
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Thus, the covariant derivatives of ; € I'(X8M) with respect to a vector field X €
['(TM) are

. 1 &
VS{‘/’:’:X(%)"'Z Y, ol (X)eq-ep- i,
a,b=1

n .

0, (X) eaep- i
a,b=1

— 1
Vi =X(i)+
and the difference between v and V' acting on ; is
' i (R S i
Vxi—Vxii= Y @ — o) (X)eaep- i 4.7)
a,b=1

With the previous calculations we can state the following lemma

Lemma 4.2.1. Let X,Y € I'(TM) be vector fields and y; € T'(X8M) a spinor field,
then we have the bounds

|vXY - Vé(Y‘gi < C‘|Ai‘|gi|’V(A;1)‘|gi |X|gi |Y|gi> (4.8)
Vi — Vil < CllAillg, IV (A7) Nlg 1X g, Wil (4.9)
D'y — D'yii| < C|Ailg, ]|V (A7)l Wil (4.10)

where D' and D' denote the Dirac operators associated to the connections V' and

v respectively.

4.3 Spectral Closeness

Now we study the behavior of the eigenvalues of the Dirac operator under changes
of the underlying metric g of the manifold. This will be useful to understand the
consequences arising from the identification of spinors for different C''*-metrics on
the manifold that we will need.

Definition 4.3.1. Let € > 0 and A > 0. Two operators with discrete spectrum are
said to be (A, €)-spectral close if

1. +A are not eigenvalues of either operator.

2. Both operators have the same total number m of eigenvalues in the interval
(_A7A)'
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3. If the eigenvalues in (—A,A) are denoted by 4} <--- <Ay and y < --- <
Un respectively (each eigenvalue repeated according to its multiplicity), then
Aj—uj|l<eforj=1,...,m.

The following theorem states that on a fixed closed spin manifold the conver-
gence of Riemannian metrics in the C'-topology implies the convergence of the
Dirac spectra (see [Bar96b] and [Pfa03] for proofs and careful exposition).

Theorem 4.3.1 (Bir). Let (M, g) be a closed spin manifold and let € > 0 and A > 0
with £A ¢ spec(Dyg). Then, there exists 0 > 0 such that for all Riemannian metrics
g with dy(g') < & the Dirac operators Dy and Dy are (A, €)-spectral close.

Notation. Let P be a self-adjoint operator and r < s be real numbers such that
essspec(P) N [r,s] = @. We denote by E; (P) the eigenspace of P associated to
the eigenvalue A and define

Epg(P)i= €D Ex(P).
r<A<s
Aespec(P)

Corollary 4.3.2. Let S > 0 be a real constant and (M, g) be an n-dimensional com-
pact Riemannian spin manifold (possibly with boundary), with scalar curvature
scaly > —S. For fixed numbers A >0, € > 0 and v > 0 there exists some 6>0

such that for any Riemannian metric g’ on M with dy(g") < 6 and every u € [0,A],
holds:

dimEj_y i (Dy) <AmE[_y_¢ yiveg(Dy)  and

dimE[u—v7u+v] (D;) < dimE[u—v—e7u+v+e} (Dﬁ)‘

4.4 Modified Connections

Let (M,g) be a Riemannian spin manifold with a fixed (metric) spin structure .
Recall that the spinor bundle XM determined by ) depends intrinsically on g and
in particular, the Clifford multiplication on the fibers of XM also does.

Definition 4.4.1. Denote by V> the Levi-Civita connection on the spinor bundle
Y8M and let u € C be fixed. The so-called Friedrich connection on ¥8M corre-
sponding to this u is defined as

Vi = Vg —uX -y,

where X € I'(TM) and y € T'(25M).
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In this way, we regard Killing spinors as parallel sections with respect to Ve,
The following calculation shows that if u is real then the Friedrich connection
V is metric with respect to the hermitian product of X8M.

(Vxt, @) + (0, Vxo) = (Viv. @) — (X -v,0) + (¥, VX@) — (¥, uX - )
= (VX,0) + (0, Vxe) — u(X -,0) + H(X -1, )

This implies that Lemma 2.3.1, which is needed for the proof that follows, holds
also for V for u € R.

Theorem 4.4.1. The Friedrich connection for a Killing constant 1L € R satisfies the
following Weitzenbock formula for ¢ € I'(X8M),
S 1
(D+u)2w:V*V¢+Zsca1g¢—u2(n—1)¢. (4.11)

Proof. As mentioned above, since % is metric for 4 € R, we can use Lemma 2.3.1
and the Schrodinger-Lichnerowicz formula (2.7) to calculate, taking a normal coor-
dinate frame field (ey,...,e,) on alocal chart U C M,

)

4
<]
<

1

|

=

<
<
2
<

(VZ — pei- ) (Vay — pe; )

I
|
= D=

== Y (Ve Vet —2uei- Vi — u*y)

—~
™
~— —

*VE +2uDy + urny

1
= th,// ~1 scalgyr +2uDy + /Jznl,b

= (D+u)2w—iscalgw+u2<n— 1)y
O

Lemma 4.4.2. Let o € (0,1), k > 1 be fixed and assume € L*(X8M) is a Killing
spinor on a spin manifold M with C&%-metric g. Then,  is actually of Holder class

Ck—l,Oc.
Proof. Since y is a Killing spinor we have, for all X € C*%(TM) and certain u € C,

Vi =¥y —uX -y =0.
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So if we choose a Ck*-coordinate frame field (9, ...,d,) and express the connec-
tion using (2.2) we get

~ ~ 1 &
Viw :=Viu=0a+7 Y}, g(Vaen,ec)erec—peq-y
b,c=1

Y Tmyey — pyay =0,
b,c=1

B 1
= 0+ 1
where 7, := p(e,). Since g is a C&% metric, the Christoffel symbols I', are of class
C*=1.%(U) and the Clifford multiplication, that depends intrinsically on g and is rep-
resented componentwise by the y matrices, has also CK% regularity. In conclusion,
we get

~ 1 &

Vg‘/’ = (aa + Z Z ngyb% - .LLYa)'ﬁ =0,

b,c=1

which shows that in coordinates V¥ is given by a first order differential operator (in
parenthesis) whose coefficients are at least C~1**, The equation 65(& =0 is then
an elliptic differential equation whose right-hand side is smooth. Elliptic regularity

theory (see Theorem 1.7.3) guarantees now that i has to be at least of class CH®.
[

From the previous lemma it follows immediately this useful reformulation.

Corollary 4.4.3. For a spin manifold M with a Riemannian metric g of class C%,
the Friedrich connection V8 is well-defined as an application

V8 ChA(58M) — CH(T*M) @ CF 1 (25 M)

and given y € CK=1%(X8M), the covariant derivative %gw is bounded in the CK—1:%-
norm defined before, i.e., for a real K > 0,
IV cr-1.0(5emy < K

4.5 Convergence of Almost Killing Spinors

In this section we denote by T(€;ry,...,r,) a function depending on certain (real)
parameters €,ry,. .., Iy, that goes to zero when € goes to zero for fixed ry,...r,. The
precise form of the function 7 may vary during the steps of a calculation but, when
used, we will be interested only in its vanishing behavior depending on &.

Now, we want to introduce the notion of almost Killing spinors to mean that the
L?-norm of any ¢ € L?(X8M) from a sequence of spinors, on a Riemannian spin
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manifold (M, g), is bounded by a function of type 7(&). Of course a genuine Killing
spinor has || V&y||;2 = 0. We can formalize that notion, in the context of sequences
of spinors for different metrics, in the following way.

Definition 4.5.1. Let u € C be fixed. Let (g;);>1 be a sequence of Riemannian
metrics on a spin manifold M, converging in the C!**-topology to a limit Rieman-
nian metric g, and suppose the manifold carries equivalent (metric) spin structures
i for each g;. We say that a sequence (¥;);>1 of spinors y; € HZ (X8 M), associ-
ated to each (M, g;, i), is an almost Killing spinor solution with constant u if there
exist a vanishing real sequence (& );>1, i.e., lim;_.. & = 0, such that the inequality
V8| r2zsinn) < T(E)Will 2 (zeiar) holds for every i > 1. An almost Killing spinor
solution is L*-normalized if ||| 2(zsipg) = 1 foralli > 1.

Clearly this notion makes sense in the particular case when all the metrics in the
sequence reduce to a fixed one, say g. In this case we speak about an almost Killing
spinor solution on the spinor bundle X8M.

Lemma 4.5.1. Let (4;);>1, with y; € H? (28 M) be an L*-normalized almost Killing
spinor solution associated to a convergent sequence of Riemannian metrics (g;)i>1
whose limit (in the C1%*-topology) is a Riemannian metric g. Then the sequence
(Ah)i>1 is bounded in H? (X8M) and lim; . HA,-lpiHﬁlz(ZgM) =1.

Proof. First we recall that the relevant norms on X8 M for each i > 0 are,

“WIHLZ T8iM) /(Wh‘ﬁz) dvoly,,

H%HHZ ¥8i M) ||‘/’1HL2 Y8iM) + val'v[’lHLZ (Z8iM)*

Similar expressions hold for A;y; in XM, where g appears instead of g;. Notice,
however, that H IZ(ZgM ) refers to the Sobolev space defined through the Friedrich
connection V , while H?(Z8M) refers to the one defined by the usual Levi-Civita
spinorial connection abbreviated for simplicity as V& := VZ°. These two norms

are actually equivalent, i.e., there exist a real constant R > O such that for any ¢ €
['(X8M), they satisfy

~1
Rl g2 geiany < ||¢’Hf112(zgiM) < Rl 2 (zsimn)-
Notation. In what follows, we employ the standard notation o(g;) for refering to

terms going to zero when i — co. We avoid to mix this notation with the 7(g;) of the
almost Killing spinors for the sake of clarity.
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Since the endomorphism A; : £8/M — E8M preserves the norms of the spinors,
e. (Vi,¥i)g = (Aii,Aitli),, We can write:

HAilﬁiHiz(ZgM) = /M(Aiwi,Ailﬁi)g dvolg = /M(lﬁi,lﬁi)g,- dvol,
= (1+0(8)) [ (Witi)g, dvl,
— (14 0E)) Wi g @.12)
Using the almost Killing spinor condition ||§3i ill 2 (zeiney < T(€) Wil 2 (z0iar)» and
defining %ga,l/i = Ai’1§g (Apyi) while vg% := A~ V8 (Au;) we conclude,
IV ) oy = [ (V5(A0). 954 00)) avol,
. / A7IVE (A, A7 VE (M) dvol,
= / ng,//i,ngi)gi dvol,
M
= (1+o(e)) | (Véi, ey, dvol,,
= (1+o(&)) va‘/’iH%Z():giM)'
Estimating further,
vawiH]%Z(zgiM) = vawi - Vglwi + Vgilpi||]%2(28iM)
< 2Hngi - ngiHIZJZ(EgiM) +2‘|Vg'vbi”%42(ggiM)
< 2|V = VUil 2 sngy + 2 VI 72 i)
<20V (AT g Al 11172 geing) + 7€) Wil 2 iany-

The norm ||A,~||§i is bounded and ||V$(A; )||2 actually goes to zero when i — oo,
so we can write simply HngiH%z(Eg[ ) < (&) ||wil|? 12(%8iM)° Summing up these
estimates we have now

A gy = VA szar) + 19 A s
< (1+ o(e) Wil p2gsssnn) + (14 0(€) V40l 22 g

< (L+o(e) { Will 2 (seing) + ||Vgl//z||Lz siad) |
< (1+o(&)) (1+1(&)) Hl/’lHLZ (Z8iM) (4.13)
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Given that the almost Killing spinor solution is L?-normalized, ||¢;]| 2(zsimy = 1
for all i > 1, the sequence (A;y;);>1 is bounded in I-Allz(ZgM) and, in fact, (4.13)
||ﬁ12(2gM) = 1. Since the norms in I-AIIZ(ZgM) and H? (XM are
equivalent we conclude that (A;4;);>1 is indeed bounded in H(X8M), as claimed
by the lemma. 0

implies lim; . ||Aj;

Theorem 4.5.2. Assume the same conditions of the previous lemma. Then, the
sequence of almost Killing spinors (;)i>1 where yr; € L*(X8 M), has a subsequence,
denoted again by (y;);>1, such that (Apb;)i>1 converge strongly in L*(X¢M) to a
non-trivial Killing spinor y of class C"%.

Proof. First, the sequence (A););>1 is bounded in H}(X8M) according to the pre-
ceding lemma, so there exists a subsequence that is weakly convergent to some
spinor € H(X8M). Then, weak convergence in H7(X8M) and the compactness
of the embedding H? — L? implies that there is a further subsequence, which we
can denote again as (A;;);>1, that is strongly convergent in L?(X8M) to the limit
spinor .

Strong convergence means lim; .. |[Aif; — Y| ;2(zep) = 0. By (4.12) and the
normalization of the almost Killing spinors we find

[l 22(zsnr) = lhj}o A — ¥l 2ezemny + 11l 22 (zem)
> lim |Aigi — ¥ + ¥l 12 (zem)

= }Lr?o||Ailﬂi||L2(ZgM) =1,

therefore, ¥ cannot be a trivial spinor. By construction, according to Lemma 4.5.1
and the lower semicontinuity of the weakly convergence in H 12 we know

190 2 (g < Timinf ([ Al o gy = 1.
On the other side,
LIV 2 oany < I qwnn) + V50 2gmenn) = 19 2 e
From these inequalities it follows that H%gWH 2(zsn) = 0, thus Véy = 0 (almost

everywhere). It means ¢ € L?>(£¢M) is a Killing spinor and by Lemma 4.4.2 it has
C'% regularity. O



Chapter 5

Pinching of Dirac Eigenvalues and
Holonomy

5.1 First Dirac Eigenvalues

The following is a classical estimate for the eigenvalues of the Dirac operator, which
is central for our discussion.

Theorem 5.1.1 (Friedrich). On a compact n-dimensional Riemannian spin manifold
(M, g) the eigenvalues A of the Dirac operator D satisfy

1 n .
AT > yp— rrjlvllnscalg

In particular, for the n-dimensional sphere S" of constant scalar curvature scal =
n(n— 1) the theorem says A2 > ’2—2.

Recently Bir and Dahl showed that on compact spin manifolds with positive
scalar curvature, Friedrich’s lower bound estimate for the eigenvalues of the Dirac
operator can be made as sharp as needed making appropriate choice of metrics.

Theorem 5.1.2 (Bér and Dahl, 2003). Let M be a compact n-dimensional Rieman-
nian spin manifold with positive scalar curvature. Then there is a smooth one-
parameter family of Riemannian metrics ge on M, for a real € € (0, &), such that

1. scalg, > n(n—1)
2 2
2. % <M(D;) <% +e,

where A (Dg,g) is the smallest eigenvalue of the square of the Dirac operator Dg,e on
(M7 8e ) .

59
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This interesting result shows that the lower bound cannot be improved with
additional topological conditions on the space. Additionally, this shows that there
is a big difference between actually reaching the bound, which force the manifold
to have a real Killing spinor and therefore be Einstein, and being arbitrarily close to
it, which the theorem shows does not impose additional topological conditions.

5.1.1 Small Eigenvalues of D>

Denote by A; (Dz) the i-th eigenvalue of the square of the Dirac Operator and by
Ai(V*V) the i-th eigenvalue of the connection Laplacian on spinors. Also, define

r(n)=1forn<3and r(n)= 21811 4 1 forn > 4.

Theorem 5.1.3 (Ammann-Sprouse, 2003). Let (M, g, x) be an n-dimensional com-
pact Riemannian spin manifold with sectional curvature |sec| < K and diameter
diam < d. Then there is € = €(n,K,d) > 0, such that if ,(V*V) < €, then M is
diffeomorphic to a nilmanifold. Furthermore, X is the trivial spin structure on M.

Using the Schrodinger-Lichnerowicz formula D> = V*V + % scal it implies

Corollary 5.1.4. Let (M, g, x) be an n-dimensional compact Riemannian spin man-
ifold satisfying |sec| < K and diam < d. There is € = €(n,K,d) > 0, such that if
scal > —¢& and A, (D?) < &, then M is diffeomorphic to a nilmanifold. Furthermore,
X is the trivial spin structure on M.

5.2 Riemannian Holonomies and Spinors

We want to summarize briefly important results as the Berger classification of Rie-
mannian holonomies and its related implications for real Killing spinors, found by
Biér in [Bdr93].

5.2.1 The classification of Riemannian Holonomy Groups

Theorem 5.2.1 (Berger). Suppose M is a simply-connected manifold of dimension
n, and that g is a Riemannian metric on M, that is irreducible and non-symmetric.
Then exactly one of the following seven cases holds.

1. Holg(M) = SO(n),
2. n=2mwithm > 2, and Holg(M) = U(m) in SO(2m),

3. n=2mwithm > 2, and Holg(M) = SU(m) in SO(2m),
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4. n=4m with m > 2, and Holy(M) = Sp(m) in SO(4m),

5. n=4m with m > 2, and Holy(M) = Sp(m) Sp(1) in SO(4m),
6. n="7and Holy,(M) = G, in SO(7), or

7. n=8 and Holy,(M) = Spin(7) in SO(8).

For a proof of the previous theorem and a careful exposition of Riemannian
holonomies, see [Joy00].

5.2.2 Holonomies with Real Killing Spinors

Let M be a compact simply connected Riemannian spin manifold of dimension n
carrying real Killing spinors.

Definition 5.2.1. M is said to be of Killing-type (p,q) if M carries exactly p lin-

early independent Killing spinors with Killing constant y = % and exactly ¢ linear

independent Killing spinors of Killing constant y = —%.

Let M = M X . R be the Euclidean cone constructed over M. The classification
of the possible holonomies admitting Killing spinors is now summarized.

Theorem 5.2.2 (Bir). Let M be a complete simply-connected Riemannian spin

manifold of dimension n carrying a Killing spinor with Killing constant I = % or

H=—3

1. If n > 3 is even and n # 6, then M is isometric to the standard sphere. This
still holds if M is not simply-connected.

2. Ifn=2m—1and m > 3 is odd, then either M = S" or M is of type (1,1) and
M is Kiihler.

3. If n=4m — 1 with m > 3, then there are three possibilities

(@) M ="
(b) M is of type (2,0) and M is a Kéihler manifold, but not hyperkdhler.
(c) M is of type (m+1,0) and M is hyperkiihler.

4. If n = 6 then either M = S® or M is of type (1,1) and M = M x » R* has
holonomy Gj.

5. If n =17 there are four different possibilities
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(a) M=’

(b) M is of type (1,0) and M has holonomy group Spin(7).
(c) M is of type (2,0) and M is Kcihler, but not hyperkdher.
(d) M is of type (3,0) and M is hyperkdihler

In the following table we collect some important facts from the previous classi-
fication that we use for our pinching results below.

n=dimM meZ Hol (M) Killing type

n arbitrary — trivial N
n=2m—1 odd,m>3 SU(m) (1,1)
n=4m—1 any,m>3 SU(2m) (2,0)
n=4m—1 any,m>3 Sp(m) (m+1,0)
n==6 — G (1,1)
n="17 — Spin(7) (1,0)

Table 5.1: Holonomies with real Killing spinors.

This classification can in fact be made more specific, as the detailed study of
each case in [Bdr93] shows, where geometric conditions for the manifold M instead
of those for the cone M are obtained.

It is known (cf. [Bdr96a]) that only spheres (or possibly projective spaces RP")
carry the maximum possible number of linearly independent Killing spinors.

Theorem 5.2.3 (Béir). Let M be a closed connected Riemannian spin manifold of
dimension n > 3, carrying 23] linearly independent Killing spinors with the same
Killing constant 1 = j:%. Then M is isometric to the standard sphere S" or n =
3(mod 4) and M is isometric to RP".

5.3 Almost Killing spinors and convergence

Using the convergence theorem of Riemannian manifolds and the almost Killing
spinors introduced in chapter 4 we prove the following lemma which contains the
core of the proof of our main theorem on pinching of Dirac eigenvalues for the
standard sphere.
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Lemma 5.3.1. Assume we have a sequence (M;, g;)i>1 of compact Riemannian spin
manifolds in A (n,d,K,V), with scaly, > n(n— 1) for every i > 1. In addition,
suppose that each (M;, g;) carries a Dlrac eigenspinor y; € I'(X8iM;) whose eigen-
value satisfy |A;| € [0,5 + ] for a vanishing positive real sequence (&;)i>1. Then
(M, gi)i>1 has a subsequence that converges in the C"-*-topology to a limit Rieman-
nian Einstein manifold (M, g) carrying a non-trivial Killing spinor ¢ € L*>(£M) of
class C1% with Killing constant |1 = j:%.

Proof. Since (Mj,g;);>1 is contained in .# (n,K,d,V), the compactness theorem
guarantees the existence of a subsequence, relabeled again as (M;, g;);>1, that con-
verge in the C1*%-topology to a limit manifold (M, g). Moreover, the convergence
implies that the manifolds M; are diffeomorphic to the limit M, so the sequence can
be regarded as being simply (M, g;);>1. In general, we may choose a fixed topolog-
ical spin structure in the limit and it will be inherited, under these diffeomorphisms,
by the manifolds in the sequence. Then, the identification of spinors described in
section 4.2 provides equivalent metric spin structures for each (M;, g;) to which the
spinors will be attached.

By the Friedrich lower bound on the square of the eigenvalues of the Dirac oper-
ator we actually have, under the conditions of the lemma that the eigenvalues must
satisfy 5 <|4;| <5 +&. Now, if A; > 0,set 4 = —5 Lorif 4; <0, take u = 1. Apply-
ing Weitzenbock formula for the Friedrich connectlon (4.11) with the appropriate
u defined above and invoking the bound scalg, > n(n — 1), we get the following
estimate for the L?>-norm of the Friedrich covarlant derivative of i,

@g"lﬁiﬁg"lﬂihz (i) = ((§gi>*§gi¢ia¢ih2 y_giM)
< <( g T 2) Yi— 4803.1& i+ (l’l— l)llfza%)Lz (X8 M)
< S}‘;P{ + |4l T 3)* — scalg, +5(n— 1)} (Wi i) 2z
< sup {14 = 5)% — g scalg, +5(n— 1) } (i, i) 12wy
S{( n_l +€z> _Zn(n_1)+ }H%HLZ vEM
< {(”_ 1 81+82} ||¢l||L2 (Z8i M)

T( ) H%“LZ (Z8iM)"

IN

Then, (;);>1 is an almost Killing spinor solution. By Theorem 4.5.2, (¢;);>1 has
a subsequence which converge strongly in L?(X8M) to a non-trivial Killing spinor
Y of class C1*% in the limit manifold (M, g). From Theorem 3.4.3 we conclude that
the limit manifold (M, g) is actually an Einstein manifold with smooth metric g in
a harmonic (or compatible) atlas.

O
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5.4 Dirac Eigenvalue Pinching for the Sphere

Let us divide the intersection of the spectrum of the Dirac operator with the interval
[—5 —&,5 + €] in two parts, by defining
I} :=spec(D)N[0,2 +¢],

n
2
I :=spec(D)N[—5 —¢&,0].

Recall that, by the Friedrich bound on the first eigenvalue of the Dirac operator D for
manifolds with positive scalar curvature, any eigenvalue A of D is actually A < —%
or A > 5. Hence, there is a spectral gap in the interval (—5,5) where spec(D) has

no elements.

Theorem 5.4.1. Suppose (M,g,y) is a compact n-dimensional Riemannian spin
manifold in M (n,d,K,V) and scalg > n(n—1). For every § > 0 there is an € =
e(n,K,d,8) > 0 such that if any of the following conditions hold:

1. #(I7 UI;)>1 ifnisevenand n#6,
2. #(IF)>2 or #(I; ) >2 ifn="6 or n=1(mod 4),
3H(IS) > 2 or #(I;) > "2 or #(IF) > 1, #(I;) > 1 ifn=3(mod 4),

with M being simply-connected in the cases 2 and 3 if n > 3, then (M, g) has C'+*-
distance < 8 to the sphere S" with the standard metric of constant sectional curva-
ture sec = 1.

Proof. First, we show that under the assumptions of the theorem (M,g) is C1-*-
close to an Einstein manifold with Killing spinor. Assume, by contradiction, that
this is not the case. Then for any d > 0, conditions 1, 2 and 3 in the theorem guar-
antee that the Dirac operator on M has always at least one eigenvalue A with |A| €
[g, % + €], for some € > 0. Therefore, we can construct a sequence of manifolds
(M;, gi)i>1in A (n,d,K,V) carrying eigenspinors ¢; € I'(X8M) of D,,, with eigen-
value [A;| € [0,5 + g, for each i > 1. Now, Lemma 5.3.1 implies that (M;,g;);>1
converges in the C'**-topology to an Einstein manifold (M’,g’) carrying a real
Killing spinor, contrary to our assumption that prevents any of the manifolds (M;, g;)
to be C!:*-close to such an (M’, g'). In conclusion, (M, g) has indeed C!:*-distance
< 6 to an Einstein manifold with real Killing spinor.

Now, we go to Bir’s list of Riemannian holonomies admitting real Killing
spinors to extract all the cases where enough number of Killling spinors force the
manifold to be the sphere. Recall that a manifold is of Killing-type (p,q) if the
number of linearly independent Killing spinors on M is exactly p for u = % and ¢
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for u = —% or viceversa. Also, note that for € — 0 each eigenvalue in I or I; goes

to +75 and therefore produce a Killing spinor in the limit. Finally, Theorem 5.2.2
implies that if (M, g) admits a Killing spinor, it is isometric to the standard sphere
S" in any of the following cases,

* neven and n # 6: then in this case Killing-type (1,0) is enough.

e n=06o0rn>5with n = 1(mod 4): when M is simply connected and it is not
of Killing-type (1, 1), so type (1,0) or (2,0) is enough.

e n=3: when M is of Killing-type (1,1) or (3,0).

e n="7: when M is simply connected and not of Killing-type (1,0), (2,0) or
(3,0), hence type (1,1) or (4,0) suffices.

e n> 11 with n = 3(mod 4): when M is simply connected and it is not of
Killing-type (2,0) or (%52,0), then type (1,1) or (“+2,0) is enough.

Passing these considerations into conditions on the number of positive and/or neg-
ative eigenvalues yields the result of the theorem. Notice that for n = 3 the types
(1,1) or (3,0) required and for n = 7 the types (1,1) or (4,0), fit into the same
type-condition (1,1) or (%£2,0) forn > 11. O

From Lemma 5.3.1 and the first part of the previous proof, we extract the fol-
lowing corollary.

Corollary 5.4.2. Suppose (M,g,x) is a compact n-dimensional Riemannian spin
manifold in # (n,d,K,V) and scalg > n(n —1). For every 8 > 0 there is an
e = &(n,K,d,8) > 0 such that if the Dirac operator has an eigenvalue A with
IA| €[0,% + €] then (M,g) has C'*-distance < & to an Einstein manifold (M, g)
admitting a Killing spinor.

We can reformulate Theorem 5.4.1 to establish uniform lower bounds for par-
ticular eigenvalues of the Dirac operator on Riemannian spin manifolds not diffeo-
morphic to the standard sphere S".

Corollary 5.4.3. Let n be even and n # 6. Assume (M, )) is an n-dimensional com-
pact spin manifold not diffeomorphic to the standard sphere S" (with spin struc-
ture). Then, among all metrics with bounded diameter, volume and curvature as in
A (n,d,K,V) and with scaly > n(n— 1), there exists an € = €(n,K,d,V) > 0 which
provides a uniform lower bound on the first eigenvalue of D*:

n2

M(D?) =T +e.
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Corollary 5.4.4. Suppose (M,Y) is a simply-connected, n-dimensional, compact
spin manifold not diffeomorphic with the sphere S". Then, among all metrics with
bounded diameter, volume and curvature in # (n,d,K,V) and with scalar curva-
ture scaly > n(n — 1), there exists an € = €(n,K,d,V) > 0 and a number r € Z*
yielding a uniform bound on the r-th eigenvalue of D?:

n2

2'r(D2> 2 Z+87

where

5.1

9 jf p=3(mod 4).

_{3 if n=6 or n=1(mod4).
4

Under the given conditions this r is generally optimal (minimum possible), but
from the list of manifolds with real Killing spinors one can see that with additional
assumptions on M, like being or not Kéhler, hyperkéhler, Sasaki, etc., this r can be
made smaller. Nevertheless this can imply restricting too much the geometry of the
manifold.
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Weak Riemann Curvature

In this section we show how the weak Ricci curvature introduced in 3.3.1 comes
from a very natural weak definition of the Riemann tensor acting on compactly
supported test functions on the manifold M.

To introduce this definition suppose first that we have a smooth (or at least C?)
Riemannian metric g on M and choose four local vector fields X,Y,Z,W € I'(TM).
Then we know that the Riemann tensor is well-defined and we can write,

R(X,Y,Z,W):

g(R(X,Y)Z,W)=(R(X,Y)Z,W)

(VxVyZ,W) —(VyVxZ,W) —(Vx y)Z, W)

X(VyZ,W) — (VyZ,VxW) — Y (VxZ,W)
+<VXZ,VYW> — <V[X7y}Z,W>.

Given a compactly supported test function 1) € C!(M) with suppn C U for an
open chart U C M, we can integrate the product of the components of the Riemann
tensor R with 1) on U. Recall dvolg = /gdx = ,/gdx; - - - dx, and define 7] := , /g7,
so we have

/U<R(X,Y)Z,W> n dvol, = —/U {{(VyZ,VxW) — (VxZ,VyW)} f dx

+/U {(V[ij}Z,W) +X(VyZ,W) — Y(VXZ,W>} N dx

_ /U {(VXZ,VyW) = (VyZ,VxW) + (Vix yiZ, W) } ) dx
+ | AXUWvZW)n) Y (VZW)) }dx

- /U {(VxZ,W)Y?| — (VyZ,W)XT) } dx

67
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This expression can be simplified further if we choose X = d, and Y = d, for some
local coordinate vector field frame (di,...,d,) defined on U. In this case, after
Stokes’ theorem and suppf) C U, the second integral vanishes and [d,,d),] = 0, so
this simplifies to

= /U {{VxZ,VyW) —(VyZ,VxW)} f dx
+ / {(VxZ,W)YT) — (VyZ,W)X1) } dx
U
The remaining terms do not depend on second derivatives of the metric, so we take

this equation as a weak definition for the curvature tensor.

Definition A.1. Let n € Ccl’a(M) be a compactly supported test function with
suppn C U and (d,...,d,) a local basis of coordinate vector fields for a chart
(U,p) of M. We define locally the weak Riemann curvature tensor acting on
0u, Op, Z,W € T(TM) as

<<R(aaaab7Z7W)>n>>U = /U {<VaaZ7V3bW> - <VabZ, V3QW>}ﬁ dx
+ /U (Vo Z W)l — (V5 Z W) Y dx (A1)

Given the definition and the linearity properties of the metric g, the Levi-Civita
connection V and of derivation and integration in general, we see that this weak
definition is linear in X, Y, Z and W with respect to addition of vector fields and
multiplication by constants. Moreover, similarly to the smooth case, this weak def-
inition have some tensorial-like properties as the next theorem asserts.

Theorem A.5. The local weak curvature is C'(M)-linear in the last two entries
(corresponding to Z and W ). Namely, for a function f € C'(M) we have:

1. The Z entry satisfies

<<R<aa7 ab?fZ7W>7 77>>U = <<R(aa7 ab,Z,W),fn >>U (Az)
2. and for the W entry, it holds also
(R(9a, 95, Z, W), ), = (R (9, 0, Z, W), f11 ), (A.3)

Proof. The first property is easily proved using the second one, so we prove 2 first.

(R0 2. W)Yy = [ ((V0.2.55,1W) = (V,2.55,1W)

+ | AVaZgW)30 = (V5,2 fW)3uR } d
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_ /U (V. Z,Vo W) — (V3 2,95 W)} fA dx
+ | {(Vaz.W)00f = (Vo,2.W)auf 11 dx

+/U{<VaaZ,W>f(9bﬁ)—<V8bZ7W>f(a“ﬁ)}dx

_ /U ((V,Z,V3,W) — (V3,Z,V 5 W)} £y dx
+ [ (Vo Z W)+ 5 (357}
- [ (V4 ZW){(@uf)i + £(@A)) dx

= /U{WaaZ,Vabm —(Va,Z, Vo, W)} [T dx

+ | AVaZW)3(/7) = (V4 ZW)au(rR) } dx

- <<R(aa7 abvza W) >f77 >>U
Here we have only used the Leibniz property of the covariant derivative and the

action of vector fields on functions. What remains to proof is the behavior under
multiplication by a function f € C' (M) on the entry W. For this we calculate,

(R(0a,0p, fZ, W), M), = /U {(Va.fZ.VoW) = (Vo fZ.V3, W)} dx

+ /U {(VafZW)pM — (V3,fZ,W)duft } dx

= [ {93, 2.93,W) ~ (V,2.V5,W) i dx
+ [ {23 W)@u)— (2.5 W) @)} dn
+ [ (V8,2 W)1(000) — (V2 W) 12} d

+/{ bA) — (Z, W) (3 f)(3uf) } dx
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= [ {AVaZ.V5,(W)) = (V4. Z.¥5, (W)} d

+ /U {{Z.V3,(AW))0uf — (Z,V5,(AW))dpf } dx

= <<R(aa7ab7Z’nW)vf >U = <<R(aa7ab,Z,W),fn >>U

In the last step we have used the property 1 just proved. Then the C'(M)-
linearity in this weak sense is proved also for the Z entry. 0

Remark A.1. Similar properties to the ones just proved but for the first and second
entries of the weak curvature do not hold, due to the terms containing derivatives of
the test function d,f and 9,7, in (A.1), which are not C' (M)-linear but satisfy the
Leibniz formula.

It can be shown that the weak Riemann curvature verify some analogous ver-
sions of the symmetries of the usual Riemann tensor, but only for local coordinate
vector fields instead of arbitrary ones.

Theorem A.6. For any compactly supported test function 1 € C}(M) the weak
Riemann curvature satisfies the following properties:

1. it is antisymmetric in the first two and last two entries independently, i.e., for
Z,Wel(TM),
<<R(aa» 8;9,Z,W), n >>U = _<<R(ab7 aaazu W) ) T’ > U (A4)
= _<<R(aa7 ab7 W, Z) N >>U

2. Ifthe third and fourth entries are local coordinate vector fields d,,d; € T(TM)
as the first two entries are, then it is symmetric between the first two and last
two entries,

(R(0as 0, 0c,04),m )y = (R(9e,04,0a,9), 1) - (A.5)

3. It satisfies a cyclic permutation property (i.e. Bianchi’s first identity) if the
first three entries correspond to local coordinate vector fields and the fourth
to an arbitrary vector field W € T'(TM),

(R(0a; 0, 0c,W) +R(9p,0c, 00, W) +R(0e, 04,9, W), M ), =0.  (A.6)



71

Proof. Property 1 is obvious from (A.1) and the symmetry of the metric, and since
2 follows from 3 we prove first this last one. The left-hand side of (A.6) should be
understood using linearity. With this and abbreviating V; := V. we get,

(R(0a, 0,0, W)+ R(p, 0c, 04, W) +R(0e,0u, 0p, W), M ), =
<<R athab?ac‘uW >U << abvac‘vachw 77>> +<<R ac‘aatbaba n>>U

_ /U {(VaOe, VyW) — (V0e, VaW) Iy dx
+/ {(Va0e, W) T — (V50:,W)au7 } dx
+ /U {(V59a, VW) — (Vu W, Ved,) 1 dx
+ /U {(Veda, W)Op7) — (Ve W) dufy } dx
+ /U {(Vedy, VaW) — VW, Vady) } 1y dx

+/ {(Vadp, W0t — (Vedp, W)3uT) } d,

_ / (Vade — V0, Vy WA dx+ / (V0 — Vadp, VW) dx
U U
+ / (V9 — Ve, VaW) A dix+ / (V0 — Ve, W) Ouf) dx
U U

+/ <Vcaa_vaaww>abﬁdx+/<Vaab_vbaaaw>acﬁ dx.
U U

Now using that the Riemannian connection is torsion-free, i.e., V;d; — V ;d; = [d;, d}],
we get

=/<[aa,ac],vbw>ﬁdx+/<[aa,ac],vbw>ﬁdx+/<[aa,ac],vbw>ﬁdx

+/ ER andx+/ [8C,8]W>8bndx—|—/ ([0, ), W) L1 dx,

but since local vector fields commute, [d;,d;] = 0 for every i,j = 1,...,n and the
whole expression vanishes. Part 2 of the theorem, as in the smooth case, is just
an algebraic consequence of properties 1 and 2 and holds choosing another local
coordinate vector field as the fourth entry of the weak curvature, instead of the
arbitrary vector W. U
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These properties show that the weak curvature introduced here has similar be-
havior to the classical one, but only for vector fields coming from local coordinates.
The corresponding second Bianchi identity in this context would require a covariant
derivative of the curvature which implicitly needs one more (weak) derivative of the
metric, and we do not consider it here.

From the weak Riemann curvature defined in this appendix, if follows a natural
definition of weak Ricci curvature.

Definition A.2. Let 1 € Ccl’a(M) be a compactly supported test function with
suppn C U and (dy,...,d,) a local basis of coordinate vector fields for a chart
(U,p) of M. We define locally the weak Riemann curvature tensor acting on
0u, Op, Z,W € T(TM) as

(R )Yy = il<<R<aa,ac,ac,ab>7n>>U

It is possible to show that this definition is equivalent to Definition 3.3.1. In
particular it is clear that in the smooth metric case both expressions should coincide.
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Continuity of Weak Curvatures

Recall that for a Riemannian metric g we use the notation /g := /det(g). Given
another metric ¢’ we will denote /g’ := /det(g’).

Theorem B.7. Let M be a differentiable manifold endowed with a C'* Riemannian
metric g on it. For fixed coordinate vector fields d,,0, € C'(TM) on an open chart
U C M, the application

Wic,, : CV*(IM) x CH(T"M®?) —— R
(7778) — <<Ric(aa>ab)7n>>U7
given by Definition 3.3.1 is continuous in the C'-topology.

Proof. The weak Ricci curvature is easily seen to be linear in 1. Then, to show
continuity in this variable we just need to prove that |#g;c_,(1,g)| is bounded by

111 co and [[9n|co.
1 1 rs r
1( Rlc(8a,8b),n>>U| < 5 '/U 58ap0r(g° M) dvolg—/UF Ip(gram) dvol,

_ / I3, (g,57) dvol, +2 / 0wy dvol,
U U
1
= E/U \8sgab(argrsn _f_grs rn) _Fr(abgran +graabn)
—T7(0agrb M + 8rp%aN) +2Qup» M| dvol,

1
< 5 /U ‘asgabargrs _ l—‘r(abgra - aagrb) + 2Qab‘ |1’]| dVOlg

+/U ‘grsasgabarn - Fr(gmabn —grb&m)} dVOlg

< C{|1958av9r&" | co + 1T (Opgra + Fugrb) | co + 12Qabllco } 1 | co
+ ngs sgabarrl - Fr(graabn "’grbaarl)Hco

73
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< C{11058ap0r8" || + 18T g (Op8ra + Oagrw) | + 12Qas |l }Im |
+118" 058ab 0N — 8Tty (8ra M + 8r0am) |

< C{n*)|9gllcolld (g™ "llco +27°lgll ol Tllcol19gllco + 21 Qllco } Il o
+ g™ leo (R [19gllco +20° [Tl co &l co) 197 [l co-

To prove the continuity in g, we calculate:

\Wmc(n,g) - WRic’(nvgl>‘ = |<< Ricg(8a,8b),1‘[>>U - << Ricg/(aa,ab),n»(]‘

1
< 5 /U {asgab8r(grs n) dvolg —Fr(gb(gm T)) — 0, (grb rl)) +20., n} dVOlg

- /U{avgabar(g/rsn)_Fr(ab(g;an)+aa(glrbn))+2ngn} dVOlg/

1
< 5 ‘/U (asgabargrs - Fr<abgm - aagrb) + 2Qab)n\/§ dx
+/U (grs 58ab9rN — " (8ra0pM _grbaan>)\/§dx
- /U (058,p0r8" =T (Opgrq — 0aglpy) +2Q0,) N/ dx

+ [ (&7 008l0m — T (51,9m — 8}39m)) V&' d

< % /U ({JE (058ar0r(8 — &) + 95(g — &)av0r8") + (V& — v/8') 958, 9r8™
— V8L =T")(b8ra— 9agrv) = /8T (95(8 —&')ra — Ialg — & ) 1)
— (V&= V&) (980 — 9ugrp) +2v/8(Q — Q)ap +2(v/8 — 8"y I
+{v&((e—¢)" 08w +8" (g — & )ab) + (2 /2')&" %58l } O
+ /8 (T —=T")(8ra%N — 89an) — T ((g — &')radN — (¢ — &) p0aM)
~ (V&= VBT (80 — grpdum) | dx
< C||77||c0{"2||\/§||c0(||<9g||co||<9(g—g/)_l||ctﬁL 19(g—&)llcolldg ™ o)
+7%)v/&8 = V&' llcol198 [l ol (&)~ llco + 2]l /&l o T = T co | O o
+2n)[v/8llco IT |01 9 (g — &)l co +1ll /& = v/&llco 1T | co (198 | co + (| 9l o)

+2)|VElleoll2 = llco +211vE = V&'l coll lleo |
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+Clldn ||co{n2||\/§|lco (Ile =) colloglco + llg ™ lco 19 (s — &) o)
+1[lv/g = V& lloll (&)~ coll 98 o +2n /8llco IT =Tl co gl co
+2n[lV8llco Il collg = &'llco +7llv/8 = V& llcolIT o (118 llco + 1l o) }
O

Theorem B.8. Let M be a spin manifold and denote by C' (T*M®?) the space of C!
symmetric (2,0)-tensors on it. For fixed coordinate vector fields d,,0, € C'(TM) on
an open chart U C M, the application

Wpe : CH*(IM) x CH¥(EM) x CV*(T*M?) ——  C
ab
(‘/’;9078) — <<Rz(aaa3b)¢790> U’
given by Definition 3.4.2 is continuous in the C'-topology.

Proof. First, let us suppose we have a fixed Riemannian C' metric g, with respect
to which there is a (metric) spin structure Psp;, (M,g) on M and an associated spinor
bundle ¥5M. By definition of the weak spinorial curvature and the properties of
VE, we know that %gh (,,g) is C-linear in ¢ and ¢. Thus, to check continuity in

these first two variables a boundedness argument suffices.

|(RE (s )0, | < ‘ | (Vu.Vip)dx— [ (Viu.VEp)dr
<2 max /U |(Vaw, V59)
T %A
<2 maxsup{ |Vaw|g |Vb()0‘g ‘aa’g|ab|g}/ dx
U

ab v | |dalg  [9lg
Vi¥ls |V§¢|g}

< C maxsup {|9ale || sup {
ab U{ e g}X,YGF(TM) (Xlg Y]

dx

< Cmaxsup(|ails |34l V™6 o) IV oo

Since the coordinate vector fields d, are of class C?, their norms are appropriately
bounded on U, in fact, they are uniformly bounded, so there is a constant K such
that max, , supy |dulg <K,

| (R™(9u,0p)0,0) | < CR W]l 1 1@l o1 oy
< CK*IVEller ) Il ey lellerw)-
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This shows that %= (¥, ¢,g) is bounded by [|y[|c1()[| and [|¢]|c1 ¢y and therefore
continuous in the C!-topology for each of these variables.

Continuity in g is more involved to prove since a change in g affects all the
metric structure of the manifold and relevant bundles. In particular, and assuming
that the new metric spin structure for g’ is equivalent to the one for g, we have to
identify the spinors in the spinor bundles corresponding to each metric to be able
to calculate. Let ¢ := Ay, ¢/ := Ay, and for readability, denote V  := Vgaw,

Vi :=VE (Ay) and V¢ := V5 (,/z'Ag):

Wi (,0,8) — W (W& &) | = |{RF(3a, D), 0 ), — (RE (9L, 9500 ¢ )|

S ’/{J(Valﬁ7vb¢g)gdx_/U(waavcz@g)gdx

_ /U (Vo Vi@l ) o dx+ /U (Vi ViBly) g dx

< ‘/U(Val//avb@g)gdx_/U(A_lvizlf/aA_lvgy‘folg/)gdx

+

/U (Vs Vady)g dx — /U (A, A7V ) g dx

< 2 max
ab

<2max [ (Vb =V, Vb )+ (Vatr Voo — Yoy )| d

/U(Va'ﬁyvb@g)gdx_/l/(vaEZ’a?b‘:Dg’)gdx

<2 nﬁx/u {‘Valﬁ—va‘p’g IViu(V/89)lg
+ Vs [Vo(v/89) = Vo(v/8'0) g } d
< (i rr;ezxsgp{wagb—valﬁ’g IVb(v8¥)lg

+[Vatle Vo (v3'0) = Vi (VE'9)lg
+ |valﬂ|g |Vb(\/§90) - Vb(\/§/€0)|g}

< €1 maxsup {C2|V'(A™) g4l (11 12015 V5 (26

+ |Vatlo 1vE €le 10be ) + [Vatlg [v/E — /&' lo Vil
+ |V, 19 ( /8 — \/§/)|g |‘P|g}
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< €y max sgp{walg [9b ¢ } sup {CIV A IAlls (W1 [V (Ve

+ W‘Mg ’\/§/€0|g) + W‘Mg V8 — \/gllg ’V‘P‘g}
‘f’HC}%XSgP{WHg |Vw|g |ab(\/§_ \/§/)|g |‘P’g}

<GK V' (Al IAllg {1l co IV (VE @) o + IV¥llcoll /8 llco }
+CiK [V ollvE = V& ol Vel o
+CiK[[VYeollellco max |19, (Vg = V& ) cos

where we have used that there is a K such that max, supy; |ds|g < K, since the coor-
dinate vector fields 9, are C%¢.

The spinors ¢ and ¢ are C'%, therefore their norms and the norms of their
covariant derivatives are bounded. We also know, that the norms ||A||g, |V/(A™1)|
and ||,/g — /g’|| are appropriately bounded (see [Pf03, chapter 1]) and

195(v& = V& o < 31v/8(8°“Fbgea — (&))" Fgra) I co
+1(vE = V&N (&) “Dgeallco

< 3I1VEllco (1806 (g = &' )eallco + 118 — &) Dol o)
+ (v —v8") (&) Ogtallco

< 38l (189 (g — &)eallco + 11 (8 — &) pgtallc0)
+ (V&= 8" (&) “Ogtallco

< 377 ||V&lleo (Ilgllco 195 (8 — &)lIco + lg — & llcoll Obg ll o)
+1%(|v/&8 = V&'l collg llcoll 9pg | co-
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Summary

Manifolds with Killing spinors and pinching
of first Dirac Eigenvalues

by Andrés Vargas

In this thesis, we introduce spaces and metrics of Holder class and employ the
theory of convergence of Riemannian manifolds in the C1**-regularity case, to study
spin manifolds converging in the C!**-topology. The regularity of the metric and
the convergence of Killing spinor fields is considered. Pinching results are found
for the first eigenvalues of the Dirac operator using this techniques.

In chapter 1, we review basic but important results from the theory of partial dif-
ferential equations in the context of compact manifolds, and establish some elliptic
regularity theorems and estimates needed in chapters 3 and 4.

In chapter 2, a brief discussion on spin geometry appears, to introduce the no-
tions of Killing spinors, Einstein manifolds and their relationship on smooth Rie-
mannian manifolds.

Chapter 3 is devoted to the study of Riemannian manifolds with C'"%-metrics,
making use of the well-known optimal regularity properties of harmonic coordi-
nates. Since curvature is not well-defined without second derivatives of the metric,
we introduce appropriate weak notions of Ricci curvature and the Einstein condi-
tion for C!**-metrics. Then it is shown that C!**-metrics satisfying the Einstein
condition weakly, in harmonic coordinates, are actually smooth and Einstein in the
usual sense.

Then, weak spinorial curvature is introduced and with that, it is proved that man-
ifolds with C!**-metrics carrying a Killing spinor satisfy the weak Einstein condi-
tion and therefore, the smoothness of those metrics is obtained.

In chapter 4, the identification procedure for spinor fields associated to differ-
ent metrics on the base manifold is reviewed, as well as the essential aspects of the
theory of convergence of Riemannian manifolds under appropriate diameter, curva-
ture and volume bounds. Then we study sequences of manifolds carrying “almost
Killing spinors” and consider their convergence in the space of L>-spinors. Exis-
tence of a Killing spinor in the limit, with appropriate regularity, is proved.

In chapter 5 all the material presented before is used to find pinching results for
the first eigenvalues of the Dirac operator on manifolds with upper bounds on diam-
eter and sectional curvature, and with volume bounded from below. In particular,
the existece of a Killing spinor in such manifolds allows to characterize the sphere
for many dimensions. Additionaly, uniform lower bounds on manifolds no diffeo-
morphic to the sphere and with the same geometrical restrictions are presented.
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For manifolds with positive scalar curvature, it was known that proximity of
the first eigenvalue of the Dirac operator to the Friedrich estimate does not impose
topological restrictions on the manifold. Nevertheless, if in addition the manifolds
have the previously mentioned bounds, our result shows that proximity of enough
eigenvalues to this estimate do impose some restrictions.



