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TWO RESULTS FROM MORITA THEORY
OF STABLE MODEL CATEGORIES

ANDREAS HEIDER

ABSTRACT. We prove two results from Morita theory of stable model categories. Both
can be regarded as topological versions of recent algebraic theorems. One is on rec-
ollements of triangulated categories, which have been studied in the algebraic case by
Jgrgensen. We give a criterion which answers the following question: When is there a
recollement for the derived category of a given symmetric ring spectrum in terms of two
other symmetric ring spectra?

The other result is on well generated triangulated categories in the sense of Neeman.
Porta characterizes the algebraic well generated categories as localizations of derived
categories of DG categories. We prove a topological analogon: a topological triangulated
category is well generated if and only if it is triangulated equivalent to a localization of the
derived category of a symmetric ring spectrum with several objects. Here ‘topological’
means triangulated equivalent to the homotopy category of a spectral model category.
Moreover, we show that every well generated spectral model category is Quillen equiva-
lent to a Bousfield localization of a category of modules via a single Quillen functor.
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INTRODUCTION

In classical Morita theory [Morh8] questions like these are studied: When are two rings
Morita equivalent, that is, when do they have equivalent module categories? When is an
abelian category equivalent to the category of modules over some ring? One result is the
following. An abelian category A with (arbitrary) coproducts is equivalent to a category
of modules if and only if it has a compact projective generator P [Bas68, Chapter II,
Theorem 1.3]. In this case, an equivalence is given by the Hom-functor

Homy(P,—) : A — Mod- End 4(P).

A weaker notion than that of classical Morita equivalence is that of derived equivalence
first considered by Happel: two rings are derived equivalent if their derived categories are
equivalent as triangulated categories. Natural questions are: When are two rings derived
equivalent? When is a triangulated category equivalent to the derived category of a ring?
Here, ordinary rings can more generally be replaced by differential graded rings (DG rings)
or DG algebras over some fixed commutative ring — or ‘several objects versions’ of such
(DG categories). These questions about derived Morita equivalence have been studied
among others by Rickard [Ric89] and Keller [Kel94]. As in the classical case, compact
generators and certain Hom-functors play an important role.

Using the setting of model categories due to Quillen (cf. [Qui67] or [Hov99]), one can
also consider derived categories of other appropriate ring objects (with possibly several
objects), such as symmetric ring spectra, and then study similar questions [SS03D].

Recollements. A recollement of triangulated categories is a diagram of triangulated
categories

i* J
T = T T
\/ \/
;! T

where (i*,1.), (ix,4'), (j1,5*), and (j*, j,) are adjoint pairs of triangulated functors satisfy-

ing some more conditions (see Definition [Z]). This generalizes the notion of triangulated
equivalence in so far as a recollement with 7/ = 0 (resp. 7” = 0) is the same as a trian-
gulated equivalence between 7 and 7" (resp. 7'). In a recollement, the category 7 can
be viewed as glued together by 7’ and 7”. The notion has its origins in the theory of
perverse sheaves in algebraic geometry and appeared first in [BBD82], where the authors
show among other things that a recollement as above together with t-structures on 7’ and
7" induces a t-structure on 7.

Jorgensen [Jor06] studies recollements in the case where the involved triangulated cat-
egories are derived categories of DG algebras over some fixed commutative ground ring.
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He gives a criterion for the existence of DG algebras S and T and a recollement

i* g
(%) D(S) — = D(R) —2—— D(T)
\_/ \_/
it Jx

of derived categories for a given DG algebra R [Jor06l Theorem 3.4].

The derived category of a DG algebra R can be regarded as the homotopy category
of the model category of differential graded R-modules. More generally, the homotopy
category of every stable model category is a triangulated category in a natural way [Hov99l
Chapter 7]. This holds in particular for the category of symmetric spectra in the sense
of [HSS0O0] and for the category of modules over a (symmetric) ring spectrum. For a ring
spectrum R let D(R) denote the homotopy category of modules over R. Given a ring
spectrum R we ask, similar to the differential graded case, for a criterion for the existence
of ring spectra S and 7" and a recollement as ().

One can also study the case where the category of symmetric spectra is more generally
replaced by any ‘reasonable’ monoidal stable model category, including both the case of
symmetric spectra and the case of chain complexes (Z-graded and unbounded, over some
fixed commutative ground ring) — here a monoid is the same as a DG algebra. The main
theorem is Theorem ZT6, which states that a recollement (over a reasonable monoidal
stable model category) of the form (B) exists if and only if there are two objects in D(R)
which satisfy certain finiteness and generating conditions. We will proceed in a way similar
to Jorgensen’s [Jor06]. However, the proofs will sometimes be different and involve the
model structure.

Well generated categories. In his book [Nee(lb], Neeman introduces the notion
of well generated (triangulated) categories, which generalize compactly generated cate-
gories. They satisfy, like the compactly generated categories, Brown representability. One
advantage over the compactly generated ones is that the class of well generated cate-
gories is stable under passing to appropriate localizing subcategories and localizations
(cf. Proposition B3). A classical example of a compactly generated triangulated category
occurring in algebra is the derived category D(A) of a DG algebra, or more generally, of
a DG category A, which is just a ‘several objects version’ of a DG algebra. By Propo-
sition B3], all (appropriate) localizations of D(A) are well generated again. One could
ask whether the converse is also true, that is, whether every well generated triangulated
category 7 is, up to triangulated equivalence, a localization of the derived category D(.A)
for an appropriate DG category A. Porta gives a positive answer if 7 is algebraic [[Por],
[Kel06, Theorem 3.9]. This characterization of algebraic well generated categories can be
regarded as a refinement of [Kel94l Theorem 4.3], where Keller characterizes the algebraic
compactly generated categories with arbitrary coproducts, up to triangulated equivalence,
as the derived categories of DG categories.

A topological version of Keller’s theorem has been proved in [SSO3bl, Theorem 3.9.3(iii)]:
the compactly generated topological categories are characterized, up to triangulated equiv-
alence, as the ‘derived categories of ring spectra with several objects’. This needs some



TWwO RESULTS FROM MORITA THEORY OF STABLE MODEL CATEGORIES 5

explanation. A spectral category is a ring spectrum with several objects, i.e., a small cat-
egory enriched over the symmetric monoidal model category of symmetric spectra in the
sense of [HSSO0]. Generalizing the correspondence between ring spectra and DG algebras,
spectral categories are the topological versions of DG categories. The derived category of
a spectral category £ is the homotopy category of the model category of £-modules. By a
topological triangulated category we mean any triangulated category equivalent to the ho-
motopy category of a spectral model category. This is not the same as (but closely related
with) a topological triangulated category in the sense of [Sch06], where any triangulated
category equivalent to a full triangulated subcategory of the homotopy category of a stable
model category is called topological. By [SS03b, Theorem 3.8.2], the homotopy category
of any simplicial, cofibrantly generated and proper stable model category is topological.

The aim of Part 2 of this paper is to give a characterization of the topological well
generated categories. We will prove that every topological well generated triangulated
category is triangulated equivalent to a localization of the derived category of a small
spectral category such that the acyclics of the localization are generated by a set. On the
other hand, the derived category of a small spectral category is compactly generated by the
free modules [SS03b, Theorem A.1.1(ii)] and the class of well generated categories is stable
under localizations (as long as the acyclics are generated by a set), cf. Proposition
Hence we get the following characterization (Theorem EET): The topological well generated
categories are, up to triangulated equivalence, exactly the localizations (with acyclics
generated by a set) of derived categories of spectral categories.

Finally, we use Hirschhorn’s existence theorem for Bousfield localizations [Hir(3, The-
orem 4.1.1] to give a lift to the level of model categories in the following sense (Theo-
rem B.TT]): Every spectral model category which has a well generated homotopy category
admits a Quillen equivalence to a Bousfield localization of a model category of modules
(over some endomorphism spectral category). While a rough slogan of a main result in
[SS03D] is, ‘Compactly generated stable model categories are categories of modules’, the
corresponding slogan of our result is, ‘Well generated stable model categories are localiza-
tions of categories of modules’.

Terminology and conventions. Our main reference for triangulated category theory
is Neeman’s book [NeeO1b] and thus we use basically his terminology. One exception
concerns the definition of a triangulated category: since we are interested in triangulated
categories arising from topology we allow the suspension functor ¥ : 7 — 7 of a
triangulated category 7 to be a self-equivalence of 7 and do not require it to be an
automorphism. In other words, we take the definition of a triangulated category that can
be found, for example, in [Mar83 Appendix 2].

Another point of difference is that all our categories are supposed to have Hom-sets, not
only Hom-classes. (In the terminology of [NeeOIb], the morphisms between two objects
are allowed to form a class. If, between any two objects, they actually form a set, then the
category is said to have ‘small Hom-sets’ in [Nee(OTb].) Such triangulated ‘meta’-categories
with Hom-classes arise in the context of Verdier quotients (cf. Remark [C%(2)). But it turns
out that all Verdier quotients we need to consider are in fact ‘honest’ categories, that is,
the morphisms between any two objects form a set.
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When we say that a category has (co-)products, we always mean arbitrary set-indexed
(co-)products. Adjoint pairs of functors will arise throughout the paper. We use the
convention according to which in diagrams the left adjoint functor is drawn above the
right adjoint. If we have three functors

such that (F,G) and (G, H) are adjoint pairs we will call (F,G, H) an adjoint triple.
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pleasure to thank Steffen Sagave and Arne Weiner for many comments on an pre-version
of this paper. Thanks for non-mathematical support go to my family in Stréhen and to
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Part 1. Stable model categories and recollements

We start in Section 1 with a recollection of some notions and lemmas from triangulated
category theory which will also be important in Part 2 of this paper. We will then discuss
the definition of recollements and some of their properties. Recollements are closely related
to localizations and colocalizations. We consider this relation in Section 1.2. An example
of a recollement coming from stable homotopy theory is described in Section 1.3.

In Section 2, we introduce ‘reasonable’ stable model categories, that is, closed symmetric
monoidal model categories which are stable and have some other nice properties that
allow us to study Morita theory over such categories. Both symmetric spectra and chain
complexes are examples of reasonable stable model categories. In [SS03b, Theorem 3.9.3],
Schwede and Shipley relate spectral model categories to certain categories of modules via
a Quillen pair. We consider a version thereof over reasonable stable model categories in
Section 2.3. In Section 2.4, we prove our main result, Theorem [ZT6l which gives a criterion
for the existence of a recollement for the derived category D(R), where R is a monoid in
a reasonable stable model category.

1. RECOLLEMENTS

1.1. Definition and formal properties. Let us recall some general notions from trian-
gulated category theory.

By a triangulated subcategory U of T we mean a non-empty full subcategory which is
closed under (de-)suspensions and triangles (if two out of three objects in a triangle are in
U then so is the third). Note that ¢/ is then automatically closed under finite coproducts
and it contains the whole isomorphism class of an object (i.e., U is ‘replete’). One says U
is thick if it is closed under direct summands. If 7 has (arbitrary) coproducts, U is called
localizing whenever it is closed under coproducts. If U is localizing it is automatically
thick (since in this case, idempotents split in ¢ [NeeOIb, Proposition 1.6.8]).

If 7 and 7' are triangulated categories with suspension functors ¥ and ¥’ a triangulated
(or ezxact) functor is a functor F' : T — 7' together with a natural isomorphism F o

> =5 ¥ o F such that for every exact triangle
X —Y — 72— 3¥X
in 7 we get an exact triangle
F(X) — F(Y) — F(Z) — YF(X)

in 7', whose last arrow involves the natural isomorphism. Unless stated otherwise, by a
functor between triangulated categories we always mean a triangulated one. The kernel
of F'is the thick triangulated subcategory of 7 containing the objects which are mapped
to zero in 77,

ker F ={X € T|F(X) = 0}.

If 7 and 7’ have coproducts and F preserves them, then ker F' is localizing. One cannot
expect the image of F' to be a triangulated subcategory of 7’. Even if F is full the image
need not be replete. But the essential image of F,

essimF ={X' € T'| X' = F(X) for some X € T},



8 ANDREAS HEIDER

is a triangulated subcategory if F' is a full (!) triangulated functor. It is localizing if 7°
and 7’ contain coproducts and F preserves them.

If S is a set of objects of a triangulated category 7" with coproducts then (S) denotes
the smallest localizing triangulated subcategory of 7 containing S. (It does exist, it is
just the intersection of all localizing triangulated subcategories containing S.)

Example 1.1. If R is a DG algebra, that is, a monoid in the symmetric monoidal model
category of chain complexes, then R considered as a module over itself is a generator for
D(R), this is a special case of [Kel94), Section 4.2].

Similarly, if R is a symmetric ring spectrum, that is a monoid in the symmetric monoidal

model category of symmetric spectra, then R is a generator for D(R), which is a special
case of [SS03bl Theorem A.1.1(ii)].

For F: T — T’ let F(S) be the set of all F(X) with X € §. We have the following
(probably well-known)

Lemma 1.2. Let F': T — T’ be a coproduct preserving triangulated functor between
triangulated categories with coproducts and S a set of objects in T .

(i) There is an inclusion of (not necessarily triangulated) full subcategories
essim (F|(sy) C (F(S)).

(i) If F is full then
essim (F |(s)) = (F(S))

as triangulated categories

Proof. Those X in 7 for which F(X) is in (F(S)) form a localizing triangulated subcat-
egory containing S and hence containing (S). So the image (and, as a consequence, the
essential image) of F'[s) is contained in (F'(S)), as was claimed in (i). For the other
inclusion note that since F' is full, essim F' ]< s) is a localizing triangulated subcategory of
7' which contains F(S). This shows (ii). O

The following lemma is often useful, too.

Lemma 1.3. Let ', G: T — T’ be coproduct preserving triangulated functors between
triangulated categories with coproducts and n : F — G a natural transformation of
triangulated functors. Then those objects X for which nx is an isomorphism form a
localizing triangulated subcategory of T . O

As a definition for recollements we take Jorgensen’s [Jor06, Definition 3.1].
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Definition 1.4. A recollement of triangulated categories is a diagram of triangulated
categories

* g
T = T — T
\/ \_/
it Jx

such that

(i) both (i*,i4,i") and (ji,*,j.) are adjoint triples, that is, (i*,i.), (ix,4'), (ji,5*), and
(5%, 7«) are adjoint pairs of triangulated functors,

(i) j*i, =0,

(iii) the functors i, ji, and j, are fully faithful,

(iv) for each object X in 7 there are exact triangles
(a) 1j*X — X — i* X — Sjij*X,
(b) i,i' X — X — j,j*X — Ni,i'X,
where the maps to X are counit maps, the maps out of X are unit maps, and X
denotes the suspension.

Sometimes we will drop the structure functors i*, 4., i', ji, j*, and j, from the notation
and simply write (7/,7,7") for a recollement.

Remark 1.5. Here are some formal properties.

(1) Being a left (resp. right) adjoint of j*i, = 0, the composition of the upper (resp. lower)
functors in a recollement is zero:

#ji=0 and i'j, =0.

(2) Provided condition (i) in Definition [[4] holds, condition () is equivalent to the fol-
lowing. For X’ in 7" and X” in 7" the counit and unit maps

i*i*X/ N X,, j*j*X” N X”, X i!i*X/, X" j*j!X”
are natural isomorphisms.
(3) Composing the natural isomorphism i*i, X’ — X’ in (2) with i, we get that the
restriction of i,¢* to the essential image of i, is naturally isomorphic to the identity
functor.

(4) The third arrow in the exact triangles (a) and (b) of Definition [CA(iv) is natural in X
and uniquely determined. To see the naturality consider a diagram

X, X 2 jirex

J i lm*w)

™Y s sy

Nt X >

J’!j*(f)l

Y >

S

~

~
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where the rows are exact triangles as in Definition [[4(iv)(a) and solid arrows are given
such that the left square commutes. The axioms of a triangulated category guarantee
the existence of a dotted arrow f such that the whole diagram commutes.

We claim that there is only one arrow f such that the square in the middle com-
mutes, that is, fnx = ny f. It is enough to consider the case f = 0 and to show
that f is necessarily zero, too. But f = 0 implies fnx = 0 and since the representing
functor 7 (—,4i*Y") is cohomological there exists an arrow g : j17* XX — 4,i*Y such
that givx = f. Now the adjoint map of g with respect to the adjoint pair (ji,5*) is a
map into j*i,i*Y which is zero by Definition [C4(ii). Hence g itself is zero and so is f,
proving our claim.

As the unit 7 is a natural transformation, the map i,7*(f) satisfies i.t*(f)nx = ny f
and consequently f = i,i*(f). Since the right square in the diagram is commutative,
this shows the naturality of 1. Taking f to be the identity arrow on X shows the
uniqueness of the third arrow ¢ x.

Replacing any of 7, 7’/ or 7” in a recollement by an equivalent triangulated category
still gives a recollement.

A recollement with 7/ = 0 is the same as an equivalence 7 ~ 7" of triangulated
categories. Namely i, = 0 implies by Definition [C4(iv)(b) that X = j,j7* X, so j, is
essentially surjective on objects. Since j, is also fully faithful by Definition [CAY(iii) it
is an equivalence of categories with inverses j, and j (which are hence isomorphic).
Similarly, a recollement with 7" = 0 is the same as a triangulated equivalence 7’ ~ 7.
A map of recollements from (7',7,7") to (U',U,U") consists of three triangulated
functors F/: 7" — U, F: T — U, F" : T" — U" which commute (up to natural
isomorphism) with the structure functors. It is a theorem of Parshall and Scott [PS88|,
Theorem 2.5] that a map of recollements is determined (up to natural isomorphism)
by F’ and F (resp. F' and F"). Furthermore, if two of F’, F' and F" are equivalences
then so is the third. This is not true for recollements of abelian categories, see [FFP04],
Section 2.2].

For every recollement one has

. . . . . . . . .
essimi, = ker j*, essim j; = keri*, essim j, = keri'.

Consider, for example, the first equality. The inclusion essimi, C ker j* follows im-
mediately from j*i, = 0. If, on the other hand, j*X = 0, then the third term in the
exact triangle

WX — X — X — Tiid'X

of Definition [[4(iv)(b) vanishes so that the first map is an isomorphism and thus
X € essim iy.

Since i, is fully faithful we have an equivalence of triangulated categories 7' ~
essimi, and hence 7’ ~ ker j*. Hence, due to Remark [[T(5), every recollement is
‘equivalent’ to the recollement

L Ji
kerj* — = s 7 — 1 o g

~__ __—  ~ -

d Jx
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where ¢, is the inclusion with left (resp. right) adjoint +* (resp. ¢').

Example 1.6. The following is the classical example of a recollement arising in algebraic
geometry [BBD82l Section 1.4.1]. Let X be a topological space, U an open subspace and
F the complement of U in X. Given a sheaf Ox of commutative rings on X, we denote
the restricted sheaves of rings on U, resp. F, by Oy, resp. Op, and the three categories
of sheaves of left modules by Ox-Mod, Oy-Mod, and Op-Mod. We have six functors

i* g
Op-Mod ———=—5 Ox-Mod ——>— Op-Mod
\_/ \/
it J

where i* and j* are restriction functors, 7, and j, are direct image functors, and j is
the functor which extends a sheaf on U by 0 outside U to the whole of X, i.e., for every
Op-module F and every open subset V' of X we have jF(V) = F(V) if V C U and
HF(V) =0 else. Finally, i' is defined by

(#G)(VNF) = {s € G(V)| supp(s) C F}

for every Ox-module G and every open subset V of X.

Let D (OF), DT (Ox), and DT(Op) be the corresponding derived categories of left
bounded complexes. The derived functors of i*, iy, 7', ji, j*, and j, exist and yield a
recollement

* Jt
/\ /\
DH(Op) —=—— D+ (Ox) ——— D+(Op).
—— Y~
i I

1.2. Localization and colocalization. It turns out that the data of a recollement is
essentially the same as a triangulated functor j* which admits both a localization functor
41 and a colocalization functor j.. These two notions are defined as follows.

Definition 1.7. If a triangulated functor F' : 7 — U admits a fully faithful right adjoint
G:U — T we call G a localization functor and U a localization of T. The objects in
the kernel of F are called (F-)acyclic and those objects X € T for which the unit of the
adjunction X — GF(X) is an isomorphism (or, equivalently, which are in the essential
image of G) are called (F-)local.

Dually, if F : T — U admits a fully faithful left adjoint H : Y — 7T we call
H a colocalization functor and U a colocalization of 7. The objects in the kernel of F
are called (F'-)acyclic and those objects X € 7 for which the counit of the adjunction
HF(X) — X is an isomorphism (or, equivalently, which are in the essential image of

H) are called (F'-)colocal.
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Since by [Mar83, Appendix 2, Proposition 11] the adjoint of a triangulated functor is
itself triangulated, localization and colocalization functors are always triangulated.

Remark 1.8. If F : T — U admits a localization functor G : Y — T, then U
is triangulated equivalent to essim G. The composition GF : 7 — essimG has the
inclusion essim G «—— 7 as a right adjoint. In other words, the localization U of 7T is
equivalent to the triangulated subcategory of local objects, which can then be regarded as
a localization of 7 with exactly the same acyclics as the original localization of 7.

Remark 1.9. Let us compare our definition of localization with others occurring in the
literature.

(1)

Keller’s definition is slightly different from ours, see [Kel06l Section 3.7]: in addi-
tion to our definition, the kernel of F' : 7 —— U is supposed to be generated by a
set of objects. (The reason for this is that under this additional technical assump-
tion a localization of a well generated triangulated category is again well generated,
cf. Proposition B3)

The definition given in Neeman’s book [Nee(OIbl Definition 9.1.1] is the following.
Given a thick triangulated subcategory S of 7, there always exists a Verdier quo-
tient 7 /S together with a universal functor 7 — 7 /S with kernel S [Nee(OTbl,
Theorem 2.1.8 and Remark 2.1.10]. In Neeman’s terminology, the Hom-‘sets’ of this
triangulated category 7 /S are not necessarily small, that is, they do not form sets
but only classes, and hence 7/S is not an honest category in general. If the Verdier
quotient functor F': 7 — 7 /S admits a fully faithful right adjoint G: 7 /S — T
then 7 /S is called a Bousfield localization and the functor G is called a Bousfield
localization functor. It is a consequence of [NeeOIbl, Theorem 9.1.16] that, if 7/S is a
Bousfield localization, 7 /S is an honest category (i.e., has small Hom-sets).

A Bousfield localization in Neeman’s sense is in particular a localization as in Def-
inition [C7l Namely the right adjoint G, if it exists, is automatically fully faithful.
(To see this, it is enough to show that the counit ¢ of the adjunction (F,G) is an
isomorphism. Since F' is the identity on objects one has only to check that ¢F' is an
isomorphism. But this follows from [NeeOIbl Lemma 9.1.7].) On the other hand, by
part (iii) of Lemma [CTI(b) below, a localization in our sense is always a Bousfield
localization up to triangulated equivalence.

Hence Neeman’s notion of Bousfield localization is essentially equivalent to our

notion of localization as in Definition [
In [HPS97] the authors consider stable homotopy categories, i.e., triangulated cate-
gories endowed with a closed symmetric monoidal product A and with a certain set of
generators — for the complete definition see [HPS97, Definition 1.1.4]. They define a
localization functor [HPS97, Definiton 3.1.1] on a stable homotopy category C to be a
pair (L,i), where L : C — C is a triangulated functor and i : id¢c — L is a natural
transformation such that

(i) the natural transformation Li : L — L? is an isomorphism,

(ii) for all objects X, Y in C the map % : C(LX,LY) — C(X,LY) given by
precomposition with ¢x is an isomorphism,

(iii) if LX =0 then L(X AY) =0 for all Y.
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The L-local objects in C are (by definition in [HPS97]) the objects Y for which iy
is an isomorphism or, equivalently, which are isomorphic to some LX. If Cy is the
full subcategory of L-local objects then L : C — Cy, is left adjoint to the inclusion
Cr, — C. In other words: we have a localization of triangulated categories as in Def-
inition [’ and the two notions of L-local objects (ours and that of [HPS97]) coincide.
Note that we did not use condition (iii), which involves the monoidal structure.

On the other hand, if we are given a functor F': 7 — U admitting a localization
functor G : U — T, the composite GF together with the unit of the adjunction
idy — GVF satisfies the first and the second of the above conditions. In so far, if we
ignore the monoidal structure, our definition and the one in [HPS97] are equivalent.

Dualizing this definition of localization leads to the notion of colocalization of sta-
ble homotopy categories, see [HPS97, Definition 3.1.1]. Each localization L on C
determines a colocalization C' on C and vice versa [HPS97, Lemma 3.1.6]. Two such
correspond if and only if there is an exact triangle

CX — X —>LX—>E(CX)

where first map comes from the natural transformation of the colocalization C' and the
second from natural transformation of the localization L. For each such localization-
colocalization pair (L,C) we have essim L = ker C' and essim C' = ker L. Hence the
L-local objects are exactly the C-acyclics and the C-colocals are exactly the L-acyclics.

Definition 1.10. For a class A of objects in a triangulated category 7, the category
At is defined as the full subcategory of 7 containing those objects which do not receive
non-zero graded maps from A, that is,

AL ={X e T|T(X"A, X) =0 for each n € Z and each A € A}.

In the case where A consists only of one object A, we simply write A+ for AL. Dually,
we define

TA={X eT|T(X,X"A) 20 for each n € Z and each A € A}.

Note that A+ is a thick triangulated subcategory of 7, which is colocalizing (i.e., closed
under products) if 7 has products. It is localizing if 7 has coproducts and all objects
in A are compact, whereas +A is always a localizing triangulated subcategory if 7 has
coproducts.

The reader should be warned that there is not a standardized use of A+ and +A in
the literature. Neeman [NeeOThl, Definitions 9.1.10 and 9.1.11] writes A+ where Jgrgensen
[Jor06), Section 3], for example, uses A and vice versa. Our definition is the same as
Jorgensen’s.

In the next lemma, some facts on colocalizations and localizations are summarized. |
expect them to be well-known but I do not know a reference for the lemma in the form
that will be needed. Hence a complete proof will be given.
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Lemma 1.11. Let j* : T — T" be a triangulated functor and T' = ker j*.
(a) Suppose j* admits a colocalization functor, i.e., a fully faithful left adjoint j,

] —>:]' ] I/_
j*
Then the following statements hold.

(i) The inclusion i. : T' — T has also a left adjoint i*.
(ii) For X in T there are natural exact triangles

X S5 X S X — DX

where € is the counit of (j1,7%) and ' is the unit of (i*,i).

(i) The Verdier quotient T /T’ is triangulated equivalent to T". In particular,
T/T' is an honest category (i.e., the Hom-‘sets’ form actual sets).

(iv) For the subcategory of colocal objects, one has

essim j) = keri* = *(ker j%).

(b) Dually, suppose j* admits a localization functor, i.e., a fully faithful right ad-
joint j,

T ;} T".
J*
Then the following statements hold.
(i) The inclusion i, : T' — T has also a right adjoint i'.
(ii) For X in T there are natural exact triangles

S GREN GULNEIPL) QU /) e

where €' is the counit of (ix,i') and 1 is the unit of (5*, 7).

(i) The Verdier quotient T /T’ is triangulated equivalent to T". In particular,
T /T’ is an honest category (i.e., the Hom-‘sets’ form actual sets).

(iv) For the subcategory of local objects, one has

essim j, = keri' = (ker j*)*.

Proof. Part (b) follows from (a) by considering opposite categories (then left adjoints
become right adjoints and vice versa).

Let us consider part (a) and first prove the statements (i) and (ii) together. Since i, is
triangulated its left adjoint ¢* will automatically be triangulated. Let us first define i* on
objects. Statement (ii) tells us what to do. For X in 7 take the counit of the adjunction
(j1,7%) and complete this to an exact triangle

(1.12) X 25 X X oxX s iteX
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in 7. By assumption, j is fully faithful, hence the unit n of the adjunction (ji,j*) is an
isomorphism. As for all adjoint pairs, the diagram

77'*
X LS X

\ Elj*(sx)

JrX

commutes [MLI8, Chapter IV.1, Theorem 1], so that j*(ex) is an isomorphism. Applying
J* to the triangle (CTZ) shows that ¢ X € ker j*. Therefore we can define i* X by i,i* X =
pX.

Given a map f: X — Y in 7, the axioms of a triangulated category guarantee the
existence of a map f such that we get a map of exact triangles

!
£x Nx

(1.13) X y X Wit X —— §*SX
jlj*(f)J( f f J/jlj*zf
WY sy s ity s jiYY

Using exactly the same arguments as in Remark [CH(4) one can show that there is only
one map f such that the square in the middle commutes, i.e., fng( =1y f. Consequently,
the assignment f — f is additive and compatible with identities and composition. Since
i is fully faithful we get a functor i* : 7 — ker j.. To see that (i*,i,) is an adjunction
it suffices to have a natural transformation (which is then the unit of the adjunction)
X — 4,i* X for X in 7 which is universal from X to the functor i, : ker j, — 7. Our
candidate is the map 7’y defined by the triangle (CT2). It is natural by (CI3). To check
that 7'y is universal from X to iy : kerj, — 7 let X’ € 7 and a map X — i,.X’ be
given. The composition j57*X — X — 4, X’ has zero as an adjoint map with respect
to the adjoint pair (ji,7*) so it is itself zero. This gives us a commutative diagram (of
solid arrows)

MTx

|l e

0 — X — . X ——— 0

which can be completed into a map of exact triangles via a map i.(h) for some map
h:1*X — X’'. As above it follows that h is unique. This shows that n’ is in fact
the unit of an adjoint pair (i*,4,). The exactness of the triangle ([LI2)) ensures that the
statement in (ii) is satisfied.
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For part (iii) let F': T — T /7' be the the canonical functor into the Verdier quotient
and ¢ = F'j1. By the universal property of F there exists a functor v such that ¢ F = j*.

i Ji
T 3 Z s T S : s T
h 0
T/T'

As j is fully faithful the unit of the adjoint pair (ji,j*) is an isomorphism and we can
conclude that ¢ is a left inverse of ¢:

o = YFj = j*ji = idgv

Let us now apply F' to the exact triangle in statement (ii) of part (a) of the lemma so that
we get an exact triangle

Fpi*X — FX — Fi,i* X — FYj7"X.
Since F'i,i*X =2 0 we have isomorphisms

F 2 Fjj* =" = gyF

and thus by the universal property of F' an isomorphism idz 7/ = ¢¢. This shows that ¢
and v are inverse triangulated equivalences.

For part (iv) note that keri* = essim j, can be proved in exactly the same way as in
Remark [CH(8). To see essim j; C *(ker j*) note that a map X — Y with Y € ker j*
corresponds via the adjunction (ji, %) to a map X — j*Y = 0, which has to be the zero
map. Hence the map i X — Y is itself zero.

It now suffices to prove *(ker j*) C keri*. For X € *(ker j*) the unit 7y : X — i,i*X
is zero because i,:* X is in the essential image of 7., which is the same as the kernel of j*
(this is again proved as in Remark [LT(8)). Consider the commutative diagram

] S

7 ) ¥ X W ¥
involving the unit and counit of the adjunction (i*,7,). As we have just seen, i*(nx) is

zero. Since the right adjoint i, is fully faithful, the counit ;= x is an isomorphism. This
implies i* X = 0. U

The next proposition helps us to construct recollements when ‘the right part’ of a rec-
ollement is already given. Together with Remark [[H(8) it implies that, up to equivalence
of triangulated categories, the data of a recollement as in Definition [[4] is equivalent to
the data of Proposition [LT4l
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Proposition 1.14. Let there be given a diagram

Ji

LN

T ]—> T/l

~N_
Jx*
of triangulated categories such that
(i) (41,4%, %) is an adjoint triple of triangulated functors,
(ii) at least one of the functors jy and j. is fully faithful,
and let iy : ker j* — T denote the full inclusion. Then the diagram can be completed
into a recollement

i 7
& LS
ker j* - T ’ 7"
( ..... \/
Z‘ j*

by functors i* and i' which are unique up to isomorphism.

Proof. As left resp. right adjoints of i, the functors i* and ' have to be unique, and we
clearly have j*i, = 0. Let us assume jj is fully faithful (in case j is fully faithful we could
consider opposite categories). By Lemma [[TTa), parts (i) and (ii), we get the upper half
of the recollement,

i J
k % Tx J 17
erj > T > T,

Then, by part (iii) of the same Lemma, 7" is triangulated equivalent to 7 /ker j* and
hence, by Remark [L%(2), j. is automatically fully faithful. Now Lemma [CTT(b), parts (i)
and (ii), applies and gives us also the lower part of the recollement,

. 3
Tx J

ker j* s T s TN

O

1.3. An example. We will now give an example of a recollement arising from finite
localization in stable homotopy theory:

Example 1.15. Throughout this example we will use the notions of stable homotopy
category and localization as in [HPS97], see also Remark [LH3). Let C be a stable ho-
motopy category with smash product A, internal Hom-functor Hom, and unit S. Recall
that a generating set G is part of the data of C. Suppose that A is an essentially small
G-ideal in C, that is, A is a thick subcategory such that G A A € A whenever G € G and
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A € A. Let D denote the localizing ideal (i.e., localizing subcategory with C A D € D
whenever C' € C and D € D) generated by A. If all objects of A are compact, then
there exists a localization functor Li:l on C whose acyclics are precisely the objects of D
[HPSO7, Theorem 3.3.3]. This functor LQ is referred to as finite localization away from
A. Theorem 3.3.3 in [HPS97] also tells us that finite localization is always smashing, that
is, the natural transformation LQS N— — Lf; (which exists for every localization, cf.
[HPS97, Lemma 3.3.1]) is an isomorphism. For the complementary colocalization C' f; one
then has an isomorphism Cf; = Cf;S A —. In particular, L’ , Tesp. c’ , has a right adjoint
Cy = Hom(CflS, —), resp. Lyg = Hom(CflS, -).

Now suppose, in addition, all objects of A are strongly dualizable. This means, the
natural map Hom(A,S) A C — Hom(A,C) is an isomorphism for all A € A and all
C € C. Roughly speaking, an object A is strongly dualizable if mapping out of A is the
same as smashing with the (Spanier-Whitehead) dual of A. Under these assumptions, by
[HPS97, Theorem 3.3.5], the right adjoint functors L 4 and C 4 form also a localization-
colocalization pair such that

ker L4 = essimC 4 = kerC’ﬁ = essimLﬁ = AL,

(Note that the notation, which we have adopted from [HPS97], might be misleading: the
acyclics of L 4 are not the objects of A but those of A+.) We hence get a diagram

L ch
/\ /L\
ker L 4 © C A5 essim Ly
~_ \_/
Ca

consisting of two adjoint triples because a localization functor can be regarded as a left
adjoint for the inclusion of the locals whereas a colocalization can be regarded as a right
adjoint for the inclusion of the colocals. Using Proposition [LT4] we can conclude that this
diagram is in fact a recollement.

2. RECOLLEMENTS OF STABLE MODEL CATEGORIES

In this section, we will use some facts on model categories of modules. These are
summarized in Section A.1 of the Appendix.

2.1. Reasonable stable model categories. Every pointed model category C supports
a suspension functor ¥ : HoC — HoC. This can, for example, be defined on objects
by choosing a cofibrant replacement X °f for X in C and a cone of X °f  that is, a
factorization

Xcof >k

N A
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The suspension ©X is then defined as the cofiber of the cofibration X ®f »— Cycot,
that is, the coequalizer of the diagram

xoof m—= Cycot
0

where 0 denotes the unique map factoring through the zero object *. On the level of
homotopy categories, this construction becomes a well-defined functor. Also note that
> X is cofibrant. This is because the diagram

XCOf — CX cof

Lo

* — ¥ X

is a pushout and cofibrations are preserved by pushouts. The model category is called
stable if 35 is an equivalence. In this case, HoC is a triangulated category with coproducts
where the suspension functor is just X. Instead of HoC(X,Y), we will usually write
[X,Y]H°C or simply [X,Y] for the abelian group of all morphisms from X to Y. A
Quillen functor between stable model categories induces a triangulated functor [Hov99l
Proposition 6.4.1] on the level of homotopy categories, which is a triangulated equivalence
if the Quillen functor is a Quillen equivalence.
Recall the following definition, see [Jor06 Definition 1.2].

Definition 2.1. An object X of a triangulated category 7 is compact if
T(X,—): T — Ab

preserves coproducts and self-compact if the restricted functor 7 (X, —) |<X> preserves
coproducts.

Examples 2.2.

(1) Using a result of Neeman [Nee92 Lemma 2.2], one can show that for a ring R, the
compact objects in D(R) are the perfect complexes, that is, the chain complexes which
are quasi-isomorphic to a bounded complex of finitely generated projective R-modules
[Sch04, Theorem 3.8].

(2) Let FF : T — T’ be a functor between triangulated categories with coproducts.
Suppose F' preserves coproducts and is fully faithful. If C' is a compact object in
7 then F(C) is self-compact in 7’. To see this note that by Lemma [C(ii) any
family (X;)ier in (F(C)) is up to isomorphism of the form (F(Y;))ier for Y; € (C).
This helps to construct self-compact objects which are not necessarily compact. For
example Z[%], the integers with 2 inverted, viewed as an object in D(Z) is self-compact
but not compact [Jor06, Example 1.8].

In the following, we will consider ‘reasonable’ stable model categories.
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Definition 2.3. By a reasonable stable model category we mean a stable closed symmetric
monoidal model category (C, A,S) which satisfies the following conditions:

(i) As a model category, C is cofibrantly generated [Hov99, Definition 2.1.17].

(ii) All objects of C are small in the sense of [SSO0], that is, every object is k-small with
respect to some cardinal k.

(iii) The monoid axiom holds for (C, A,S) [SSO0, Definition 3.3].

(iv) The unit S is cofibrant in C and a compact generator for HoC.

(v) The smashing condition holds [SS00, Section 4], that is, for every monoid R in C
and every cofibrant R-module X the functor — Ar X : Mod-R — C preserves weak
equivalences.

In particular, all statements from Section A.1 (in the Appendix) hold for the case of
reasonable stable model categories.

Examples 2.4. We are mainly interested in symmetric spectra and chain complexes.
Both form reasonable stable model categories:

(1) Hovey, Shipley and Smith [HSSO0] have shown that the category Sp* of symmetric
spectra with the stable model structure has a smash product A with unit the sphere
spectrum S such that (sz, A,S) is a closed symmetric monoidal model category which
is cofibrantly generated, has only small objects and satisfies the monoid axiom and
the smashing condition. The sphere spectrum S is cofibrant and a compact genera-
tor. Hence symmetric spectra form a reasonable stable model category. Monoids in
(sz, A,S) are called symmetric ring spectra.

(2) The category Ch(k) of unbounded chain complexes over some commutative ground
ring k form a model category with weak equivalences the quasi-isomorphisms and
fibrations the level-wise surjections [Hov99, Section 2.3]. Together with the tensor
product and the chain complex k[0] which is k concentrated in dimension 0 this is a
reasonable stable model category (Ch(k), ®, k[0]).

2.2. Model categories enriched over a reasonable stable model category. Let
from now on (C, A, S) be a fixed reasonable stable model category. The goal of this section
is to prove Theorem .10 which gives a necessary and sufficient criterion for the existence of
a recollement with middle term D(R), where R is a given monoid in C. A C-model category
in the sense of [Hov99l, Definition 4.2.18] is a model category M together with a Quillen
bifunctor ® : C x M — M which is associative and unital up to natural and coherent
isomorphism (to be precise, the natural coherent isomorphisms are part of the data of the
C-model category). In other words, M is enriched, tensored, and cotensored over C such
that the tensor functor ® satisfies the pushout product axiom [Hov99, Definition 4.2.1].
We will denote the enriched Hom-functor by Hom 4. Since C is stable, the tensor functor
is usually denoted by A. But to distinguish it from the monoidal product A in C, we will
here use ®. A Sp>-model category is usually called spectral model category.

Lemma 2.5. FEvery C-model category is stable.
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Proof. Let M be a C-model category. Note first that M is pointed since C is pointed.
Namely if 0 denotes the initial and 1 the terminal object of M apply the left adjoint
—®1:C — M tothe mapS — * in C and get a map 1 — 0 in M which has to be
an isomorphism.

We define the l-sphere in C by S! = £S and claim that the suspension functor
¥ : HoM — HoM is isomorphic to S!' ®* — : HoM — HoM. (This left derived
functor exists since S! = ¥S is cofibrant.) Consider the diagram

S 7 X
Cs

in C and apply —® X ¢! | where X € M. This is a left Quillen functor, so it preserves the
cofibration S — C's and the weak equivalence between the cofibrant objects Cs and .
Hence we get a diagram

Xcof %S(X)XCOf *

~ A

CS RX cof

from which we deduce that ¥X = cofiber (S ® X »— Cs® X!) in HoM. Now
— ® X °f preserves cofibers. Thus we have natural isomorphisms

X = cofiber (S »— Cg) @ X 2 ynse X« ~glglx

in Ho M proving our claim. Since C is stable we can choose a cofibrant object S~! in C
such that S' A S~1 =S in HoC. Then S~! ®" — : HoM — HoM is a quasi-inverse for
Y Stel—:HoM — HoM. O

As in Section A.1 of this paper we consider for a monoid R in a reasonable stable model
category the model structure on R-Mod where the fibrations, resp. weak equivalences,
are exactly the fibrations, resp. weak equivalences, of the underlying objects in C, [SS00,
Section 4]. We denote the homotopy category of R-Mod by D(R) and call it the derived
category of R. Just as in the category C itself, one has the notion of modules in a C-category
M over a monoid R in C.

Example 2.6. If T is a monoid in C then the category of right T-modules (in C) is a
C-model category (and hence stable). The Quillen bifunctor is given by the three functors
in (A7) with R = S = S (the first functor is tensor, the second cotensor, and the third
enrichment). Replacing T by T °P shows that left T-modules also form a C-model category.
A left module in the C-model category Mod-T" over another monoid R is the same as an
R-T-bimodule.
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Lemma 2.7. Let R be a monoid in a reasonable stable model category (C,A,S). Then R
is a compact generator for D(R) and for D(R°P).

Proof. It suffices to consider the case of D(R) since R and R°P are the same as modules.
As S is cofibrant in C we have an isomorphism R AYS 22 R in D(R). The Quillen pair
induced by extension and restriction of scalars gives us then an isomorphism

(28) (R, X]PR) = [5, X]HoC
which is natural in X € D(R). Using this we get

@ R, Xi]D(R) ~ @[S’Xi]HoC ~ [S’HXZ}HOC N [R,HX@']

iel iel el iel

D(R)

for any family (X;);er of objects in D(R), which shows the compactness of R.

For compact objects, one has the following characterization of being a generator (see
[SSO3D, Lemma 2.2.1]). A compact object P is a generator for a triangulated category 7
with coproducts if and only if P detects if objects are trivial, that is, X =2 0 in 7 if and
only if T(P,X"X) = 0 for all n € Z. Let [R,X"X]PU) =0 for all n € Z. Using again the
isomorphism (Z8),

0= [R, ZnX]D(R) ~ [S, EnX]HOC
which implies X 22 0 because S is a generator for C. Thus R is a generator.
O

2.3. A Quillen pair. Let M be a C-model category and B a cofibrant and fibrant object
in M. Then E := Homam(B, B) is a monoid in C and there is an action ¥ ® B — B
of E on B given by the adjoint map of the identity £ — Hom (B, B) giving B a left
FE-module structure.

Theorem 2.9. Suppose that M is a C-model category and B a cofibrant and fibrant object
in M.
(i) There is a Quillen pair
—®gB

Mod-F —/———— M.
Homq (B,—)

(ii) If B is self-compact in Ho M the restriction i' \(By of the triangulated functor
i' = RHompy(B, —) : HoM — D(E°P)

preserves coproducts.
(iii) If B is self-compact in Ho M the triangulated functor

iy =—®% B:D(E°®?) — HoM
s fully faithful and has essential image

essimi, = (B).
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Proof. This theorem is a variant of [SSO3bl Theorem 3.9.3], in which spectral categories,
i.e., Sp*-categories are considered, but in the proof only those properties of Sp™ are
required which every reasonable stable model category possesses. Moreover, self-compact
objects have not been considered in [SSO03b]. That is why we have to modify the proof,
especially for part (iii).

Part (i) is simply a ‘one object version’ of [SS03bL Theorem 3.9.3(i)]. For A € M, the
object Homa (B, A) of C has a canonical right action of F = Hom (B, B) so that the
functor Hom(—, B) takes values in Mod-E. If X is a right E-module then X ® g B is
defined as the coequalizer in M of

(X A\E)® B —= X ® B,

where one map is induced by the right action of £ on X and the other by the associativity
isomorphism (X A E) ® B= X ® (E ® B) and the left action of E on B.

For part (ii) one has to check that for any family (A;);e.s of objects in (B) the canonical
map Hj RHom (B, A;) — RHom (B, Hj A;) is an isomorphism, or equivalently, the
induced map

(2.10) [X, [ ] RHomu(B, A;) — [X, RHom (B, [] 4))
jeJ jeJ

]D(EOP) ]D(E"p)

is a natural isomorphism for every X in D(E °P). But those X for which the map (ZI0) is
an isomorphism for all (!) families (A;);cs of objects in (B) form a localizing triangulated
subcategory of D(E°P). The right F-module FE is contained in this subcategory — to see
this, use the compactness of E in D(E°P) (Lemma ), the derived adjunction of the
Quillen pair from part (i), and the self-compactness of B in Ho M Since F is a generator
for D(E°P) it now follows that the map (ZI0) is always an isomorphism.

For part (iii) the proof of [SS03b, Theorem 3.9.3(ii)] must be rearranged. The point is
that our B is only self-compact, not necessarily compact. We will give the details of the
proof, the order is as follows.

(a) essimi, C (B)

(b) iy is fully faithful.

(c) essimi, D (B)

Note that i., as a left adjoint, preserves coproducts. Part (a) follows from Lemma [Z(i)
since F is a generator for D(E°P) and E®% B = B in Ho M. Part (a) implies that i, maps
coproducts in D(E°P) to coproducts in (B). By part (ii) of this theorem, ' |(By preserves
coproducts as well and so does the composition i'i,. A left adjoint is fully faithful if and
only if the unit of the adjunction is an isomorphism. Hence consider for X in Mod-F the
unit

(2.11) X — i'i.X,

which is a natural transformation between coproduct preserving triangulated functors. By
Lemma the unit will be an isomorphism if it is so for X = F. Since B is fibrant by
assumption the unit is in this case the isomorphism

E = Hom (B, B) = RHom (B, B) = RHom (B, E ®% B) = i E.
This shows (b). Now part (c¢) follows from Lemma [[Z (ii) because i, is full by part (b). O
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Let R be a monoid in C and C a cofibrant left R-module which is compact in D(R).
Set F' = Homp(C,C) so that C is a left (F' A R)-module. By Lemma [A-4] we get a Quillen
pair

—ArC

R-Mod :F> Mod-F,
Hompg(C,—)

whose derived adjunction we will denote by

D(R) &———— D(F*P).

-k

J

Our goal is now to show that the right adjoint j* has itself a right adjoint j.. The idea is
to imitate [Jor06, Setup 2.1] where a ‘dual’ module C* of C is defined such that j*, the
right derived of mapping out of C, is the same as the left derived of tensoring with the
dual C*. To carry this out we must make the technical assumption that R is cofibrant in
C. Note that C' being a cofibrant R-module also implies that

C
R-Mod-R £———— Mod-(F A R),
HomR(Cvf)

is a Quillen pair (Lemma [AZ4]). Hence we can define
C* = Homp(C, RP)t in  Mod-(F A R).

Here RfP denotes the fibrant replacement of R in R-Mod-R which comes from the func-
torial factorization, in particular, the weak equivalence R — R is also a cofibration
(we will need this in Proposition EZI2)). Similarly, Homg(C, Rf”) <! is the cofibrant re-
placement of Hompz(C, Rf®) in Mod-(F A R).

Proposition 2.12. Suppose that R is cofibrant and a monoid in C, C is a cofibrant and
fibrant left R-module which is compact in D(R), and let F' and C* be defined as above.
Then there are triangulated functors

given by ji = — AL O, j* = RHompg(C, —), j. = RHomp(C*,—) such that
(i) j* = C* AL —,
(i) (41,7%,J«) s an adjoint triple,
(iii) 71 and j. are fully faithful.

Proof. Note first that we have a Quillen pair
C*ANp—
R-Mod m——————= Mod-F
Homp (C*,—)

since C* is cofibrant as a right (F' A R)-module.
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Ad (i). The compactness of C' implies that j* = RHompg(C, —) preserves coproducts.
(This can be proved in the same manner as Theorem 29(ii).) Hence it suffices to give a
natural transformation between the functors j* and C* /\ﬁ — which is an isomorphism in
D(F °P) for the generator R (Lemma [[3)). For X in R-Mod a map

(2.13) C* Ak X — RHomp(C, X)
in D(F °P) corresponds via adjunction to a map
(2.14) C*AEX)ANEC — X
in D(R). For X “! the cofibrant replacement of X in R-Mod we have isomorphisms
(C*AEX)ANLC =2 (C* AR X ) Ap C = (C* Ap C) Ap X
in D(R). Using the bimodule map C* = Hompg(C, R*)f — Homp(C, R") (which is
a weak equivalence, but we do not need that here) and the evaluation
Hompg(C,R™)Ap ¢ — R
we get a map
(C* Ap C) AR X — REb pp x ool

The functor — Ap X °°f : R-Mod-R — R-Mod is left Quillen because R being cofibrant
in C implies that X °f is cofibrant in C by Corollary Hence smashing with X ¢of
preserves the trivial cofibration R — R and we get

Rﬁb /\RXcof gR/\RXcof chof ~ Y

in D(R). Altogether this defines a natural map (ZI4]) and via adjunction the desired
map ([ZI3). Setting X = R gives us the isomorphism C* AL R 2 C* = RHompg(C, R) in
D(F°P).

Ad (ii). We know already that (ji,7*) and (C’* Ak —.j.) are adjoint pairs. Hence it
follows from part (i) of this proposition that (ji,j* j*) is an adjoint triple.

Ad (iii). In the homotopy category, C' is compact and in particular self-compact. Fur-
thermore, C' is cofibrant and fibrant by assumption. Hence j, is fully faithful by The-
orem The fact that the right adjoint j. of j* is also fully faithful can be deduced
formally from Proposition [LT4l Alternatively, we check that the counit of the adjoint
pair (5%, 7.) is an isomorphism. Let X be a right F-module. We show that X and
j*j«X = RHomp(C,RHomr(C*, X)) represent the same contravariant functor on D(F °P).
For Z € Mod-F we have natural isomorphisms

Z, RHom g, (C, RHom (C*, X))|"°F™ 2 [2 Ak €, RHomp(C*, X)]°
=~ [(C* NG (ZNpO), X

[RHomg(C, Z Nk ), X]
~ [z, X]|PE™)

D(F °P)
]

D(F °P)

The first and second are adjunction isomorphisms, the third uses part (i) of this proposition
and the last is induced by the unit Z — RHompg(C, Z AL C) of the adjoint pair (ji,j*),

which is an isomorphism because j is faithful. This gives an isomorphism j*j, X =X
which is indeed the counit. O
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Lemma 2.15. Suppose we are in the situation of Proposition [Z13. Then
C+ = ker j*.

Proof. Let X € C+. We want to show X € ker j*, that is, RHompg(C, X) = 0 in D(F °P).
Let us again use the characterization for generators of triangulated categories with co-
products given in [SSO03b, Lemma 2.2.1]. Since F' is a generator for D(F °P) it suffices to
show that RHomp(C, X) € F*. One has isomorphisms

4
™
S
&
>
Sl
Q
>

]D(R)

SMF AR C), X
[EnC, X]D(R)
0,

where the last one is because of our assumption, X € C'+. This shows C- C ker j*.
If, on the other hand, X € ker j* we have

[EnC, X]D(R) ~ [C, Ean]D(R)

[="F, RHomp(C, X)]°¢™)
D(R)

1

Il

~ [FARC,E2"X]PHR)
~ [F,RHomp(C,x "X)]P"™
~ [F, %" RHompg(C, X)| """

I

0,

where the last isomorphism is induced by RHomg(C, X) = 0 in D(F°P). Hence X € C*
and the proof is complete.

0

2.4. The main theorem. We are now able to prove the main theorem which gives a
necessary and sufficient criterion for the existence of a certain recollement.

Theorem 2.16. Let R be a monoid in the reasonable stable model category C and let B
and C be left R-modules. Then the following are equivalent.

(i) There is a recollement

i* Ji
D(S) —=—— D(R) ——— D(T)
\_/ \_/
it J

where S and T are monoids in C such that i.(S) = B and j1(T) = C.
(ii) In the derived category D(R), the module B is self-compact, C is compact,
BtnC*+=0, and B e C*.

Proof. (i) = (ii) For this implication, the proof of [Jor06, Theorem 3.4, (i) = (ii)] can be
translated literally. The details are as follows. By definition, the triangulated functor i,
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is fully faithful and, as a left adjoint, preserves coproducts. Since S is compact in D(.S) b
Lemma [Z7] we can conclude that B = i,(S5) is self-compact in D(R) (cf. Example ZZ2(2)).
To see the compactness of C' = j(T') use the adjunction isomorphism

[(T), 1P = [T, j* (—)1PD,

the fact that j* preserves coproducts (as a left adjoint), and the compactness of T"in D(T).
For X € B+ N C* we have

02 [2"B, X]PW =[x, (), X]PH) ~ [xng, i x]PG)

and
0= [2"C, X]PW =[xy (1), X]PH = (s, 5 X]PT)

for each n € Z, and this implies by [SS03B, Lemma 2.2.1] #'X = 0 and j*X = 0. Using
the exact triangle in Definition [Liv)(b) we can conclude that X = 0 and thus we get
Btnct=o.

It remains to show that B € C+. For each n € Z we have

50, BIPY = [57(T),i.(8)]PH) = [T, j7i.(5) PP =0,

where the last equation holds because of j*i, = 0.

(ii) = (i) We want to use Proposition and therefore need a monoid in C which
is cofibrant in C. We can take a cofibrant replacement Rf of our monoid R in the
model category of monoids in C using the model structure of [SS00, Theorem 4.1(3)]. The
same theorem tells us that B! is cofibrant in C. Schwede and Shipley have shown that
whenever the smashing condition is satisfied (see Definition Z3t we need the smashing
condition only for this application) a weak equivalence between monoids (in our case
the weak equivalence R = R ) induces a Quillen equivalence between the module
categories and in particular a triangulated equivalence between the homotopy categories
[SSO00, Theorem 4.3]. The properties ‘compactness’ and ‘self-compactness’ as well as the
‘generating condition’ in part (ii) of our theorem are of course preserved by triangulated
equivalences. Hence we can without loss of generality assume that R is cofibrant in C
(Remark [[H(5)). We can also assume that C' is cofibrant and fibrant in R-Mod (otherwise
we take a cofibrant and fibrant replacement).

Now the proof of [Jgr06, Theorem 3.4, (ii) = (i)] can be imitated. Let F = Hompg (B, B)
and F' = Hompg(C,C). We apply Proposition and get the right part

(2.17) D(R) ——L—— D(F™)

of a recollement. Let ¢ denote the inclusion of C* in D(R). By Lemma EI5, Ct is just
the kernel of j*. Hence we can use Proposition [LT4] to complete the diagram (ZI7) into
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a recollement

IRRSETENE . /*\
(2.18) oL L—> D(R) ——L 5 D(F°P)
LR ' \_/
Jx

Our next claim 1is
(2.19) ct = (B).

Since B € C* by assumption, (B) is contained in the localizing subcategory C+. Now
let X be in C-. We apply Theorem to the case M = R-Mod and consider the counit
ex 1 ixi'X — X of the adjunction
i*
D(EP) ————— D(R)

-1
3!

As for any adjunction, we have a commutative diagram

Nl ;! x g4
X —= i X

\ P(EX)
i'X.

Here the unit n; y is an isomorphism since the left adjoint 4, is fully faithful by Theo-
rem EZA(iii). Hence i'(cx) is also an isomorphism. If we extend £x to an exact triangle

iWiX 5 X Y s Nig' X

and apply the triangulated functor i' we can conclude that RHom r(B,Y) = i'Y = 0. This
implies Y € B because

"B, Y|P ~ [E ok B, Y|P ~ [E, 27" RHompg (B, Y)PF™) = 0.

Moreover, the first term 4,i'X of the exact triangle is in the essential image of i,, which
is by Theorem EZ(iii) equal to (B). But we have already shown that (B) C Ct, so i,i'X
is in C, as the middle term X of the exact triangle is by assumption. It follows that ¥
is also in C and hence in C+ N B+ = 0. But Y = 0 implies that ex : 4,i'X — X is an
isomorphism. Thus X is in essimi,, which is the same as (B) by Theorem E0iii). This
proves equation (ZT19)).

Since iy : D(E°P) — D(R) is fully faithful it restricts to an equivalence of triangulated
categories

iy : D(EP) = essimi, = C*.
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Composing this equivalence with the recollement (EZI8]) yields a recollement

* g
D(E®) —* » D(R) ——2 5 D(F°P)
\\_/ \_/
i Jx

with i, (E) = E®% B~ B and j'(F) = F ®% C = C. This completes the proof.

29
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Example 2.20. Let C be the model category of chain complexes over Z, R =7, B = Z[%]
(i.e., the integers with 2 inverted, cf. Examples ZZ2(2)), and C = Z/2. Then it is verified
in [Jor06, Example 3.5] that B is self-compact, C' is compact, B-NC+ =0, and B € C*+,

so that Theorem applies and yields a recollement for D(Z).

Remark 2.21. Let us consider two special cases.

(1) If C is the model category of chain complexes (over some commutative ground ring)

Theorem is just the same as Jorgensen’s [Jor06, Theorem 3.4].

(2) Assume B = 0 in the theorem. Then statement (i) reads as follows: There is a

triangulated equivalence
Jn
D(R) <= D(T)

-k

J

where T' is a monoid in C such that 5(7) = C. Namely, .(S) = 0 means we are
in the degenerate case where S is zero, which implies that D(S) is zero. Then, by
Remark [CT(6), the recollement in (i) is the same as a triangulated equivalence j* with

inverse ji.

Consider the second statement of Theorem Of course, the trivial module is
self-compact and 0+ is the whole category D(R). Since a compact C' in D(R) is a
generator if and only if C*+ = 0, statement (ii) reads as: C is a compact generator for

the derived category D(R).
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Part 2. Topological well generated categories

We will characterize the topological well generated triangulated categories. Our main
result, Theorem BT, states that a topological triangulated category is well generated if
and only if it is a localization of the derived category of a spectral category (alias ring
spectrum with several objects) such that the acyclics are generated by a set. This is a
topological version of Porta’s characterization of the algebraic well generated categories
[Por], [Kel06, Theorem 3.9], as appropriate localizations of the derived categories of DG
categories, that is, DG algebras with several objects.

In Section 3 we will recall some definitions from triangulated category theory (such
as a-small, a-perfect, a-compact, well generated), which can all be found in [NeeOTh],
although sometimes stated in a different way. We make frequent use of the results in
Neeman’s book and we have decided to use Neeman’s original definition of well generated
categories although it is not as easily stated as Krause’s characterization [KraOl]. It
would be interesting to think about a proof of the classification theorem using Krause’s
characterization (which, as far as I know, Porta takes as a definition when he classifies
the algebraic well generated categories). We will write down a proof for the fact that the
class of well generated triangulated categories is stable under forming subcategories that
are generated by a set of objects and localizations whose acyclics are generated by a set
of objects, cf. Proposition

Section 4 starts with giving the definitions of (symmetric) ring spectra with several
objects (‘spectral categories’) and module spectra over such. The derived category of a
spectral category is the homotopy category of its modules. We describe a Quillen pair
defined by Schwede and Shipley in [SS03h] between a spectral model category K and
the category of modules over some ‘endomorphism’ spectral category £ (depending on
the choice of a set G of certain objects in K). The induced triangulated adjoint functors
(Lemma[T]) form the basis for the proof of the characterization theorem. We will define an
appropriate homology functor from the derived category of £ into the abelian category of
G-modules which reflects isomorphisms, i.e., the isomorphisms in the derived category of £
are exactly the quasi-isomorphisms with respect to this homology functor. In Section 4.2,
we give a brief sketch of the proof for the characterization theorem. The details are
presented in Section 4.3.

The last section gives a lift of one implication of the main theorem from Section 4 to the
level of model categories. Using Hirschhorn’s existence theorem for Bousfield localizations
[Hir03, Theorem 4.1.1], we show that a spectral model category which has a well generated
homotopy category is Quillen equivalent (via a single Quillen functor) to a Bousfield
localization of a model category of modules over some spectral category (Theorem B.ITI).

3. WELL GENERATED CATEGORIES

3.1. Terminology. Throughout this section we let 7 be a triangulated category with (ar-
bitrary set-indexed) coproducts. Let o be an infinite cardinal. An a-localizing subcategory
of 7 is a triangulated subcategory which is closed under a-coproducts, i.e., coproducts
of strictly less than a objects. A triangulated subcategory is localizing if it is closed un-
der all coproducts. For a > Ni, a-localizing subcategories are always thick, i.e., closed
under direct summands [NeeOTbl Remark 3.2.7]. We call a set S of objects in 7 a weak
generating set for 7 if it is, up to isomorphism, closed under (de-)suspensions and any



TWwO RESULTS FROM MORITA THEORY OF STABLE MODEL CATEGORIES 31

object T' € T is zero if and only if 7(S,T) = 0 for all S € S. If S is a weak generating
set for 7, then a map X — Y in 7 is an isomorphism if and only if the induced map
7(S,X) — 7T(S,Y) is an isomorphism for all S € S. To see this, consider the cofiber
Z of X — Y, which is zero if and only if X — Y is an isomorphism, and use that
T(S,—): 7T — Ab is homological, i.e., it maps the triangle X — YV — 7 — ¥X
to a long exact sequence of abelian groups. By (S), resp. a-loc(S), we denote the smallest
localizing, resp. a-localizing, subcategory of 7 which contains a given set of objects S. If
T = (S) then S is called a generating set for 7. A generating set closed under (de-)sus-
pensions is also a weak generating set for 7. (The converse will hold if S is Ry-perfect
[NeeOTbl, Proposition 8.4.1]. For example, any set of compact generators is Xy-perfect. We
will give the definition of a-perfect below.)

Let a be an infinite cardinal. An object T' € 7 is a-small if any map T — [[;c; X;
into an arbitrary coproduct in 7 factors through some sub-coproduct

T—>HXic—> HXi

icl’ el
with |I'| < a, i.e., the cardinality of I’ is strictly smaller than c.
A class S of objects in 7 is called a-perfect (for an infinite cardinal «) if it satisfies the
following.
(i)oes
(i) Any map S — [[,c;Ti in 7 with S € S and |I] < « factors as

() s — IIs =
el iel
with S; € S and maps f; : S; — T;in 7.

(iii) If a composite such as (B) vanishes, every map f; can be factored as S; IR S! G T;
with S € S such that the composite S — [[,c; i — [l;c; S; already vanishes.

We will now give the definitions of ‘a-compactly generated’ and ‘well generated’. The
original definition is from Neeman’s book [Nee(Tbl Definition 8.1.6 and Remark 8.1.7].

Definition 3.1. Let « be an infinite regular cardinal. A set of objects in a triangulated
category with coproducts is called an a-compact generating set if it is a weak generating
set which is a-perfect and contains only a-small objects.

An a-compactly generated category is a triangulated category with coproducts which
admits an a-compact generating set. A triangulated category which is B-compactly gen-
erated for some infinite regular cardinal (5 is called well generated.

Let us recall some basic statements concerning smallness and compactness. The proofs
can be found in [NeeTh], Chapters 3 and 4]. By 7(® we denote the triangulated subcat-
egory of a-small objects in 7. It is a thick triangulated subcategory, which is a-localizing
if o is regular (i.e., @ cannot be written as the sum of less than « cardinals, all strictly
smaller than «). For o < 3, we have 7@ < 7). An object T is Ng-small if and only
if it is compact, that is, if and only if the covariant Hom-functor 7(7,—) : 7 — Ab
commutes with coproducts.
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Every triangulated subcategory S of 7 contains a unique maximal a-perfect class,
denoted by Sy, which is a thick triangulated subcategory. We set 7% = (T(O‘) )a and call the
objects of this thick triangulated subcategory a-compact. Hence a-compact objects are in
particular a-small. If «is regular, the a-compact objects form an a-localizing subcategory.
For a < f3, we have T C T9. Note that any class of objects in a triangulated category
with coproducts is Ng-perfect (use that finite coproducts are also products). Hence Rg-
compact is the same as Ng-small, which is the same as compact.

Remark 3.2. All objects of an a-compact generating set S are a-compact. Such an S is
not only a weak generating set but also a generating set in the sense that 7 = (S). This
is because S is in particular Wi-perfect by [NeeOIb, Lemma 4.2.1]. Note also that 7 is
a-compactly generated if and only if the subcategory 7 ¢ of a-compact objects has a small
skeleton which is a weak generating set [NeeOIb, Remark 8.4.3]. Such a skeleton is then
an a-compact generating set for 7. If 7 is well generated then 77? is essentially small for
all infinite 5.

The following characterization of well generated triangulated categories, which is due to
Krause [Kra(1], is easier stated than Neeman’s original definition. A triangulated category
with coproducts is well generated if and only if there is a weak generating set S consisting
of a-small objects for some cardinal « such that the following holds: given any set-indexed
family of maps X; — Y;, ¢ € I, with the induced maps 7(5,X;) — 7(S5,Y;) being
surjective for all S € S, then the induced map 7 (S,[[,c; Xs) — 7 (S,[1;c;Yi) is also
surjective. Note that « can be chosen to be regular by enlarging it if necessary. One impor-
tant property of well generated categories 7 is that they satisfy Brown representability
(cf. [NeeOIbl Proposition 8.4.2]). This means, every homological functor 7 °° — Ab
which maps coproducts to products is naturally isomorphic to 7 (—, X) for some X.

3.2. Subcategories and localizations of well generated categories. Of course, all
compactly generated (= Ng-compactly generated) triangulated categories are well gener-
ated. An example of a well generated category which is not compactly generated is the
derived category of sheaves on a non-compact, connected manifold of dimension bigger
than 1. This is discussed in [Nee(Ta]. A whole class of examples comes from the following
proposition. For our definition of localization and the comparison to Neeman’s definition
see Definition [ and Remark [C3(2).

Proposition 3.3. Let 7 be a well generated triangulated category and T' a localizing
subcategory which is generated by a set of objects. Then T’ is well generated.

Furthermore, the quotient T /T' is a localization of T (and has in particular honest
Hom-sets), and T /T is also well generated.

This proposition does not appear in Neeman’s book in this general form, so we will give
a proof for it. Using the tools given in [NeeOIb], this will not be hard although somewhat
technical. Recall from Section 1 that the essential image essim F' of a triangulated functor
F : T — T'isthe full subcategory consisting of all objects which are, up to isomorphism,
in the image of F'. It is a triangulated subcategory if F' is full, and a localizing subcategory
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if, in addition, F' is a coproduct preserving functor between triangulated categories with
coproducts.

Proof of Proposition [Z3. Let S8’ be a set with 7/ = (S’). Since 7 is well generated, we
have T = |J, 7, where « runs through all (infinite) regular cardinals [NeeOThl Proposi-

tion 8.4.2]. Hence
I] seT™

S'eS!
for some regular a;. But 7! is thick, so we have S’ C 7%, Since 7 is well generated, there
exists an ap-compact generating set S for some regular ao. If we put a = max(Ry, aq, ag),
we have
Sc7® ScT'nT* T =(5), and T =(S).
That means we are in the situation assumed in [NeeOTb, Theorem 4.4.9]. This theorem
tells us that for all regular 3 > «,
Bloc(S'y = (T)°, B-loc(S) =T,
and the canonical functor 77/(T")? — T /T’ factors over an equivalence
TP /(T = (T/T)°.
(We need o > Ny only for this last equivalence.)

By [NeeOTh, Proposition 3.2.5], 3-loc(S’) is essentially small for all infinite 3. Conse-
quently, (77)? is also essentially small for all infinite 3: namely, for all regular 3 > «
we have (T')? = B-loc(S’) and for an arbitrary infinite 3 there exists a regular 8’ > a
with 3 < £ and hence (77)? < (T')%. Let Sk(7')" denote a skeleton of (77)%. From
S" c p-loc(S) = (T')8 for f > a we can deduce 7' = (S') C (Sk(7")?), hence
T' = (Sk(T")?). This shows 7" is B-compactly generated for § > « (cf. Remark B2)
and thus well generated.

In particular, 7' satisfies Brown representability. By [NeeOTh, Proposition 9.1.19], this
implies that 7 /7" is a localization of 7 (and hence has honest Hom-sets [Nee(OTbh, Re-
mark 9.1.17]).

By Remark B2 since 7 is well generated, 77 is essentially small — and so is the quotient
(T)T")P ~TP/(T")? for any regular 3 > a and hence for all infinite 3. We now want to
show that Sk(7 /T")” generates 7 /7" for 3 > a. Let q: T — T /T’ denote the canonical
triangulated functor into the quotient. Since the functor 7°/(7")% — (7/T')? is an
equivalence, every object of Sk(7/7")? is, up to isomorphism, of the form ¢(X) for some
X € Sk7P, so that we have (Sk(7/7")%) = (q(Sk7?)). Moreover, since 7 /T’ is a
localization, the functor ¢ preserves coproducts and we can apply Lemma Hence we
have (q(Sk77)) D essimg |(sk7sy- Furthermore, (SkTP) = T because T is in particular
(B-compactly generated, and hence essim g |<Sk 78y= essim g |r= T /7T'. Altogether, what
we get is (Sk(7/T")?) D T/T' and thus (Sk(7/T")?) = T/T'. This shows that 7 /7" is
well generated. O

As an immediate consequence of Proposition B3l appropriate localizations of the homo-
topy category of (symmetric) spectra, which is compactly generated, are well generated
and hence satisfy Brown representability. An example of a triangulated category which
is not well generated is the opposite category of a compactly generated category. This
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(and other ‘non-examples’) can be found in [NeeOTb, Appendix E]. The older result of
Boardman [Boa70] which says that the stable homotopy category is not self-dual can be
regarded as a consequence of this fact.

The following lemma will be useful in Section 4.

Lemma 3.4. Let 7 be a well generated triangulated category and W a set of maps in T
which is, up to isomorphism, closed under (de-)suspensions, let S be a set consisting of
one cofiber for each map in W, and let W-loc consist of all X € T for which the induced
map f*:T(B,X) — T(A,X) is an isomorphism for all f : A — B in W.

Then there exists a localization of T with acyclics (S) and locals YWW-loc.

Proof. By Proposition B3 the quotient 7 /(S) is a localization and it has (S) as subcat-
egory of acyclics. It remains to show that W-loc is the subcategory of local objects. By

Lemma [CTT(b)(iv) it suffices to check that (S)* = W-loc. Actually, we will show that
(3.5) St = (S)* = W-loc.

The inclusion S+ D (S)* follows immediately from S C (S). Let us show (S)* D W-loc:
Given X € W-loc and C' € S, there exists an exact triangle

AL B 00— 34
with f € W. We apply 7 (—, X) to the triangle and get a long exact sequence

e TAX) LT X)) — T, X) — TEAX) P T(2B, X) — ...

Since X is in W-loc, the maps (X"f)* are isomorphisms for all integers n. Hence
T(¥"C,X) = 0 and thus S C +(W-loc). Since +(W-loc) is a localizing subcategory,
it follows that (S) C +(W-loc), which is equivalent to (S)*+ > W-loc.

It remains to check W-loc D S*. Given X € St and f € W, we let C be the cofiber of
f: A — B so that we obtain a long exact sequence

C e TR0, X) — T(AX) L T(B,X) — T(C,X) — ---.

Now C and £7'C are in S and X is in S+, hence we have 7(C,X) = T(X71C,X) = 0.
This implies f* is an isomorphism, which shows that X is in W-loc. O

4. CLASSIFICATION OF TOPOLOGICAL WELL GENERATED CATEGORIES

4.1. Spectral model categories versus model categories of modules. In this sec-
tion, we will consider ‘spectral categories’ (or ‘symmetric ring spectra with several objects’)
and modules over such. From now on, when we say ‘(ring) spectrum’ we will always mean
‘symmetric (ring) spectrum’. Spectral categories are C-categories as discussed in Sec-
tion A.2, where C is now the closed symmetric monoidal model category (sz, A,S) of
symmetric spectra. This means, a spectral category R consists of a set of objects and
for any two objects R and R’ in R there is a Hom-spectrum R(R, R’) together with an
identity ‘element’ S — R(R, R) for each R in R and composition morphisms

R(R',R") AR(R,R') — R(R,R")

which are associative and unital with respect to the identity elements [SSO3b, Section 3.3].
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A right module over a spectral category is a spectral functor
X : R — Sp™.
This means, X is a family of spectra X(R), R € R, together with maps of spectra
R(R,R) — Homg = (X(R/),X(R))

which are compatible with composition and identities. By adjunction, these maps corre-
spond to a right action of R on X, i.e., maps of spectra

X(R)AR(R,R) — X(R)

which are associative and unital. The category Mod-R over a spectral category R has as
objects right R-modules, and a morphism X — Y of R-modules is family of maps of
spectra X (R) — Y (R) which are compatible with the action of R. Note that a spectral
category which consists only of one object is the same as a ring spectrum and the modules
are just ordinary modules as considered in Part 1 of this paper.

As in the ‘one object version’, the category Mod-R is a spectral (and then by Lemma
also a stable) model category where maps are weak equivalences (resp. fibrations) if and
only if they are objectwise weak equivalences (resp. fibrations) of symmetric spectra in
the stable model structure [SS03bl Theorem A.1.1]. The homotopy category of Mod-R
will be denoted by D(R°P) and we call it the derived category of R because it is the
topological analog of the derived category of a DG category. The free modules Fp =
R(—,R) : R — Sp”, for R € R, form a set of compact generators for D(R °P) [SS03b]
Theorem A.1.1].

Let K be a spectral model category, that means the model category K is enriched,
tensored and cotensored over Sp™ and the tensor functor satisfies the pushout product
axiom [Hov99, Definition 4.2.1]. Recall that we considered C-model categories for a more
general C in Section 2.2. Let G be a set of cofibrant and fibrant objects in K and let &
be the full spectral subcategory of K with objects G. In [SSO3bl Section 3.9] Schwede and
Shipley define a spectral Quillen adjunction

where for A € K, the value of the right adjoint is given by Hom(G, A) : £® — Sp*,
G — Homg(G,A). The left adjoint is defined by an appropriate coequalizer [SS03D,
Theorem 3.9.3]. (We considered a one object version of this Quillen pair in Section 2.3
over a more general category C.) We have Hom(G,G) = Fg for G € G, which follows
immediately from the definition of Hom(G, —). The counit e : Hom(G,G) Ae G — G is
an isomorphism for each G € G. The reason is, that for A € K the induced map of spectra
€c; : Homy (G, A) — Homy (Hom(G, G) As G, A)
is the composition of the map
Homg (G, A) — Homyjoq.¢ (Hom(G, G), Hom(G, A))
= Homyjog.¢ (Homg(—, G), Homg(—, A)),
which is an isomorphism by the enriched Yoneda lemma, with the adjunction isomorphism
Homyjoq-¢ (Hom(G, G), Hom(G, A)) = Homy (Hom(G, G) Ae G, A) .
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This shows that eg is an isomorphism. In particular, we obtain an isomorphism FgAgG =
G

Let us denote the derived adjunction by
J
Ho K <T>_ D(E°P).

Since both K and Mod-£ are stable, Ho XC and D(€°P) are triangulated categories with
coproducts and J and F' are triangulated functors. Since G € G is cofibrant we have
F(G) = F¢ on the homotopy level.

We want to see that the counit € : JF(G) — G is also an isomorphism for objects G
of G. The following is in general true for Quillen pairs

\%
C—>€(J D.

If C is a fibrant object of C such that U(C') is cofibrant in D and the counit
ec :VU(C) — C

is an isomorphism in C, then the counit ec : (LV)(RU)(C) — C of the derived adjunc-
tion is an isomorphism in HoC. In our case, G is fibrant in I by assumption. Thus, in
order show that the counit ¢ : JF(G) — G is an isomorphism, it suffices to prove that
F(G) = Fg is cofibrant in Mod-£. This can be seen by analyzing the proof of [SSO3b|
Theorem A.1.1]. Alternatively, if we accept that Mod-€ has a model structure with weak
equivalences and fibrations objectwise in Sp™, we can consider the Quillen pair

—NFg
Mod-& % Mod-S = Sp*

where evg(X) = X(G) and Y A Fg is given by (Y AFg)(G') = X ANFg(G') = X NE(G',G)
with the obvious right action of £. Applying the left Quillen functor — A Fg to the
(cofibrant) sphere spectrum S shows that F¢ is a cofibrant module.
The unit np, : Fo — FJ(Fg) is also an isomorphism for every free module Fg. This
follows from Fg = F(G) and F(eg)np(q) = idp(g), which holds in general for adjunctions.
Let us summarize these facts in the following

Lemma 4.1. Let K be a spectral model category, G a set of cofibrant and fibrant objects,
and & the full spectral subcategory of IC with objects G.

Then the derived category D(E°P) of € has the free modules Fg, G € G, as a compact
generating set. There is an adjoint pair of triangulated functors

J
HoK —— D(&®),

under which the objects in G correspond to the free modules, that is, F(G) = Fg and
J(Fg) = G, such that the counit e : JF(G) — G and the unit ng, : Fo — FJ(Fg)
are isomorphisms for G € G.

O
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Remark 4.2. As the counit e¢ : JF(G) — G is an isomorphism for G € G the functor
F is fully faithful when the source is in G, that is, for G € G and arbitrary A € Ho K, the
map

(G, ATk — [F(G),F(A)P¢™),
g = Fg),

is an isomorphism. Namely, if we compose this map with the adjunction isomorphism
[F(G), F(A)IPE™) — [JF(G), A"°X we obtain the map

el 1[G AR — [JF(G), AP0k

induced by the colimit £, which is an isomorphism by Lemma ETl

Schwede and Shipley have shown that the Quillen pair

—NeG
K &—————= Mod-¢,
Hom(G,—)

is in fact a Quillen equivalence if G is a set of compact generators for Ho K. In particular,
F and J are then inverse equivalences. We will study the case where G is not necessarily
a compact generating set for Ho/C but only an appropriate a-compact generating set.
The goal is to show that under this assumption F' is fully faithful and hence Ho K is a
localization of D(E °P).

As a triangulated category, Ho K is in particular an Ab-category (or a ring with several
objects), i.e., enriched over the closed symmetric monoidal category Ab of abelian groups.
Regarding the set G of objects in IC as a full subcategory of Ho K, we get an Ab-category
which we denote for simplicity again by G.

Definition 4.3. The category Mod-G of right G-modules has as objects the Ab-functors
G°P — Ab and as morphisms natural transformations. We define a functor

Hy: D(EP) — Mod-G
by Ho(X) = [Flg(=), X] : G — Ab,

The category Mod-G is abelian and has objectwise defined coproducts and products.
Recall that a functor from a triangulated category to an abelian category is called homo-
logical if it maps exact triangles to (long) exact sequences [NeeOIbl Definition 1.1.7].

Lemma 4.4. The functor Hy : D(E°P) — Mod-G is homological and preserves coprod-
ucts and products. If G is up to isomorphism closed under (de-)suspensions, then H
reflects isomorphisms, i.e., f : X — Y is an isomorphism in D(E°P) if and only if
Ho(f) : Hy(X) — Ho(Y) is an isomorphism in Mod-G.

Proof. Consider an exact triangle X — Y — Z — XX in D(E°P). The induced
sequence
- — Ho(X) — Ho(Y) — Ho(Z) — Ho(XX) — -+~
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is exact if and only if it is objectwise exact, i.e.,
- — [F(G),X] — [F(G),Y] — [F(G), 2] — [F(G),X2X] — -+

is a long exact sequence for each G € G. But this is true since [F(G),—] : D(€°?) — Ab
is homological.

Since products in Mod-G are objectwise, it is clear that Hg preserves them. Now consider
a family (X;);er of objects in D(E°P). Since F(G) is compact, the canonical map

Plr©@). x) — [F(&).]]xi]
iel el
is an isomorphism for every G € G. Hence [[;c; Ho(X;) — Ho (Hiel XZ-) is an isomor-
phism in Mod-G.
Now let G be closed under (de-)suspensions (up to isomorphism). Then the set
F(G) ={F(@)|Geg}
is in particular a weak generating set for D(€ °P) (as a consequence of Lemma E.T). Given
amap f: X — Y in D(E°P) with cofiber Z. We then have the following logical
equivalences:
f is an isomorphism
,Zl=0forall Geg
,X] — [F(G),Y] is an isomorphism for all G € G
Hy(X) — Hy(Y) is an isomorphism in Mod-G,

1o

where the third equivalence uses that [F'(G), —] is homological.
U

4.2. The characterization theorem and the strategy of proof. Let us state the
main result, Theorem 7 fix some notation, and sketch the proof before giving the de-
tails in Section 4.3. Porta considers those well generated triangulated categories which
are algebraic, that is, triangulated equivalent to the stable category of a Frobenius cat-
egory [Kel(6, Section 3.6]. One feature of algebraic categories is that they allow certain
‘derived Hom-functors’ into derived categories of DG categories. In the topological case,
we would like to have such derived Hom-functors into derived categories of spectral cat-
egories. Lemma EJ] provides such a functor F' if the triangulated category in question is
the homotopy category of a spectral model category. This leads us to the following

Definition 4.5. A triangulated category 7 is called topological if it is triangulated equiv-
alent to the homotopy category of a spectral model category.

Examples 4.6. In particular, any stable model category Quillen equivalent to a spectral
model category has a homotopy category which is topological. Here are three classes of
such model categories.

(1) Schwede and Shipley have proved that every simplicial, cofibrantly generated, proper
stable model category is Quillen equivalent to a spectral model category [SS03b, The-
orem 3.8.2].
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(2) By [Hov(1l Theorems 9.1 and 8.11], a simplicial, cellular, left proper stable model
category for which the domains of the generating cofibrations are cofibrant is Quillen
equivalent to a spectral model category.

(3) Another class of examples arises from [Dug06|]. Using [HovO1ll Theorem 8.11] one can
deduce from [Dug06, Propositions 5.5(a) and 5.6(a)] that presentable stable model
categories are Quillen equivalent to spectral model categories.

By [SS03D, Theorem A.1.1], the derived category of a spectral category is compactly
generated. Hence Proposition yields one implication of the following characterization
theorem.

Theorem 4.7. Let T be a topological triangulated category. Then the following are equiv-
alent.

(i) 7 is well generated.
(ii) 7 is triangulated equivalent to a localization of the derived category of a spectral
category where the acyclics are generated by a set.

The implication (i) = (ii) is more involved and the proof is given in Section 4.3. Let us
from now on and for the rest of this paper use the following

Notation 4.8. We assume that I is a spectral model category having a well generated
homotopy category Ho K. Then there exists a regular infinite cardinal o such that the
full subcategory (HoK)® of a-compact objects in Ho K has a small skeleton G which is
an a-compact generating set for HoC (see Remark B2). We fix such a cardinal « and
such a generating set G, which is then, up to isomorphism, closed under (de-)suspen-
sions, triangles, and a-coproducts (that is, coproducts of strictly less than « objects).
Moreover, by choosing cofibrant and fibrant replacements, we can assume all objects in G
are cofibrant and fibrant in K. We let £ be the full spectral subcategory of K with objects
G. As above, by slight abuse of notation, we regard G not only as a set but also as an
Ab-category with objects G. Since G is in particular closed under finite coproducts and
contains a zero object, it is also an additive category.

Consider the following diagram.

Moda-G “—— Mod-G
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Here Mod,-G is a suitable subcategory of Mod-G (see Definition ELI0) and D, (€ °P) is
the corresponding subcategory of D(& °P) of those objects whose homology lies in Mod,-G
(see Definition EETT)). The pair (J, F') is the adjoint pair from Lemma Bl It restricts to
an adjoint pair (J, F).

If we can show that

(1) Da(E°P) is a localization of D(E °P), i.e., there exists a left adjoint L for the inclu-
sion R, and
(2) J and F are inverse equivalences of triangulated categories,

then it follows that Ho K is a localization of D(& °P).
For the proof of (2) we will consider the unit

X — FJ(X) and the counit JF(A) — A

of the adjunction and show that they are isomorphisms for all objects X € D,(£°P) and
A € HoK. This is easy to see for the free modules Fg (which lie in fact in the subcategory
Do (€°P) and form a set of generators for it) and for the generators G' € G of Ho K. Then
it suffices to prove that both J and F preserve coproducts. Of course, in the case of the
left adjoint J this is true. The problem is to show that F also preserves coproducts. In his
paper [Kra0l], Krause defines a functor ® : Ho KX — Mod,-G which preserves coproducts
and is isomorphic to ﬁoﬁ (where j:lo is the restriction of Hy). This helps us to reduce the
question whether F preserves coproducts to the following: Does j:lo preserve coproducts
of objects which are in the essential image of F?

4.3. Proof of the characterization theorem. Recall that K, a, G, and £ are as in
Notation Let us first define the categories Mod,-G and D,(€°P) occurring in the
diagram (3). We will then prove a series of lemmas and finally the remaining part of

Theorem 1

Definition 4.10. The category Mod,-G is defined as the full subcategory of Mod-G with
objects those functors G°? — Ab which send a-coproducts in G to products in Ab. The
functor

®:Ho KX — Mod,-G
is defined by A — [—, A]|g.

Note that ® indeed takes values in Mod,-G: the functor [—, A] maps even arbitrary
coproducts in HoKC to products in Mod,-G. Neeman denotes the category Mod,-G by
Ex(G°P, Ab) [NeeOIb, Defintion 6.1.3], Krause uses Prod,(G°P,Ab) [Kra(l]. It is an
abelian subcategory of Mod-G, which is closed under products [NeeOIb, Lemma 6.1.4
and Lemma 6.1.5], but it is not closed under coproducts in general. Nevertheless, Mod -G
does have coproducts — which cannot be objectwise in general, since they have to be dif-
ferent from those in Mod-G. An explicit description of the coproducts in Mod,-G can
be found in Neeman’s book [NeeOThl Section 6.1] (the definition together with the proof
of the universal property takes twelve and a half pages). Krause shows that Mod,-G is
equivalent to the category of coherent functors (Add G)°? — Ab, where Add G denotes
the closure of G in Ho K under all coproducts and direct summands [Kra0ll, Lemma 2].
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In the category of these coherent functors, coproducts have a nicer description [Kra(2)
Lemma 1]. However, we do not need to know what the coproducts in Mod,-G look like —
the only thing we will need is the fact that the functor ® : HoKX — Mod,-G preserves
coproducts [Kra(ll, Theorem CJ.

Definition 4.11. The category D, (€°P) is the full subcategory of D(€ °P) having as ob-
jects those X for which Hy(X) is in Mod,-G. The functor

Hy : Da(E°P) — Moda-G
is the restriction of Hy.

Remark 4.12. Note that ffo reflects isomorphisms since Hy does. Moreover, ffo is ho-
mological, that is, it sends exact triangles to long exact sequences. The reason is the
following: HoR is homological because R is a triangulated functor and Hy is homological,
SO T‘HO = HoR is homological. Since 7 is exact HO has to be homological. But it is not so
easy to see that Ho preserves coproducts — this will be a consequence of Proposition EE331

Lemma 4.13. The category Do (E°P) is a triangulated subcategory of D(E°P). It is colo-
calizing, i.e., closed under products. If oo = R then Dy (E°P) = D(E°P).

Proof. Let (G;)ier be a family of objects in G with |I| < a. Assume X is in D, (E°P).
Then the canonical map

[F(H GZ-),X] — T[IF @G, x]

el el

is an isomorphism. We want to show that XX is also in D,(£°P). Since both F and
coproducts commute with the desuspension ¥ !, the canonical map

[F(H G,),EX] — [[IF (@), £x]

el el

is isomorphic to

[F (]_[ zfl(Gi)),X} — [[IFs"(@y). X].

iel el

But this map is an isomorphism because G is closed under desuspensions and X is in
D4 (€°P). Similarly, D, (€ °P) is closed under desuspensions.

Consider a triangle X — Y — Z — Y X in D(€°P) such that X and Y are in
D, (£E°P). Since Hy is homological and products of exact sequences in Ab are exact again,
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we get a commutative diagram of abelian groups with long exact columns:

(HOX)<Hi€IGi) — [Lic/ (HoX)(G:)

!

(HoY) (Iies Gi) —— Tlies(HoY)(G)

(Ho2X) (Iies Gi) —— Tlier(HoSX)(G:)

l \,

We can apply the 5-lemma and get and isomorphism

(HoZ) (HQ) — [[(Ho2)(G:).
i€l iel
This shows Z is in Dy (€°P) and thus D, (€°P) is closed under triangles. Since Mod,-G is
closed under products in Mod-G and Hj preserves products, D, (€ °P) is also closed under
products.
Now let @ = Ng. Then Mod,-G contains all additive functors G°°» —— Ab which

map finite coproducts to products. But this is true for all additive functors and thus
Mod,-G = Mod-G and D, (€°P) = D(E°P). O

Lemma 4.14. The functor F': HoKC — D(E°P) factors through D, (E°P). Consequently
we get an adjoint pair of triangulated functors

7
HoK = Da(EP).
F

Moreover, the composition I:Toﬁ is isomorphic to .
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Proof. We have to check that for A € Ho K the functor HoF'(A) sends a-coproducts in G
to products in Ab. Let (G;)icr be a family in G with |I| < . Using the adjunction (J, F)
and the fact that its counit JF(G) — G is an isomorphism for G € G (see Lemma E.TI)
we can conclude that the canonical map

(1) )"

is isomorphic to the map [[[,c; G, Aok — TT..,[G;, A]H°X | which is an isomorphism
by the universal property of the coproduct. Hence HoF'(A) maps a-coproducts to prod-
ucts. This yields a functor F : HoK — Do (€°P) with RF = F, which is left adjoint to
J=JR.
Using Remark EE21 we get an isomorphism
HyF(A)(G) = HoF(A)(G) = [F(G), F(A)P€™) =[G, A]"°K = 0(4)(G)

which is natural in G € G and A € Ho K. O

L IR, FayPE™
el

Proposition 4.15. The category D, (E°P) is a localization of D(E°P), i.e., there exists a
left adjoint L for the inclusion R. Let W denote the set of the canonical maps

IIHGQ—HF<LD%>
i€l el

where (G;)ier Tuns through all families in G with |I| < a.. (Strictly speaking, we allow one
and only one set I for each cardinality smaller than « to ensure all the considered maps
really form a set.) Then the acyclics are generated by the set S containing one cofiber for
each map in W. Moreover, the subcategory W-loc (see Lemma BA) is equal to Dy (E°P).

Proof. Since G is closed under (de-)suspensions so is WW. We know that D(€ °P) is well
generated (even compactly generated by the free modules), so we can apply Lemma B4
and get a localization of D(€°P) with W-loc as the class of local objects and (S) as
the class of acyclics. An object X of D(E°P) is in D,(E°P) by definition if and only if
Hy(X) : G — Ab sends a-coproducts to products, i.e., if and only if the canonical
map

(4.16) HMXNIIGO — [ Ho(X)(Gy)

el el
is an isomorphism. Using the definition of Hy and the fact that [—, X]: D(€°?) — Ab
maps coproducts to products we see that the map (EZI8]) is isomorphic to the map

#(116).x] — [[T#.].

which is an isomorphism if and only if X is in W-loc. This shows D,(€°P) = W-loc.
By Remark [C8 D, (€°P) = W-loc is equivalent to D(€°P)/(S) and thus a localization of
D(£°P) with acyclics (S). Let L be the composition

D(EP) — D(E)/(S) — Da(€).
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The inclusion R : D, (£°P) — D(E°P) is then a fully faithful right adjoint for L. O

As an immediate consequence of Proposition we get the following

Corollary 4.17. The category Do (€ °P) has coproducts, namely [[;c; X; = L (Hiel RXZ-)
for any indezing set I. The canonical map X; — [[, X; is the composition

X; — LR(X;) — L (]_[ RXZ) :
i€l
where the first map is the inverse of the counit (which is an isomorphism since the right
adjoint R is fully faithful) and the second map is L applied to the canonical map of the
coproduct in D(E °P). O

Remark 4.18. The inclusion of abelian categories r : Mod,-G — G has a left adjoint,
too. But since this left adjoint (which is discussed in [NeeOlbl Section 7.5]) is not exact
in general, it will not be useful for us.

Lemma 4.19. The functor F : HoK — Do (E°P) is isomorphic to the composition LF.
Moreover, F' preserves a-coproducts of objects which lie in G.

Proof. Since R is fully faithful we have an isomorphism LR = idpgop), which is given by

the counit of the adjoint pair (L, R). This yields an isomorphism LF = LRF~F.
As a consequence of Proposition ELTH] for any family (G;)ier with G; € G and |I] < «,

- L <H F(Gi)> — LF <H Gi>

iel i€l
is an isomorphism. As a left adjoint, L commutes with coproducts. Using the isomorphism

LF = F, we see that F' preserves a-coproducts of objects in G.
O

Lemma 4.20. The functor L : D(E°P) — D, (E°P) preserves a-compact objects.

Proof. Since D(E°P) is well generated (even compactly generated), every object is (-
compact for some 3 [NeeOIbl Proposition 8.4.2]. By [NeeOlbl Lemma 4.4.4] it suffices
then to show that the acyclics of the localization

L
%
Do (€°P) A D(£°P)
have a generating set containing only a-compact objects. Let C be a cofiber of a map

[[F@G) — F (]_[ GZ-)

i€l iel
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where G; € G and |I| < a. The acyclics are generated by such cofibers C' (Proposi-
tion EETH). Recall that all a-compact objects form an a-localizing triangulated subcate-
gory. As a free module, each F(G;) is compact (Lemma El) and hence a-compact — and
so is the a-coproduct [[;c; F(G;). Since [[;c; Gi is up to isomorphism in G, the object
F ([1;e; Gi) is also a-compact and so is the cofiber C.

O

Lemma 4.21. The functor F : HoK — Do (E°P) is fully faithful when the source is in
G, that is, for G € G and arbitrary A € HoKC, the map

(G, A"K —  [F(G), F(A)]P>E™),
g = Flg),

s an isomorphism.

Proof. We will again use F=LF (Lemma EET9). By Remark EE2 F is fully faithful when
the source is in G. Since R is fully faithful, the left adjoint L is fully faithful on essim R

and in particular on essim F' C essim R.
O

Lemma 4.22. The set F(G) = {F(G)|G € G} is an a-compact generating set (in the
sense of Definition BJl) for D (E°P).

Proof. First of all, F(G) is a weak generating set for Do(€£°P). Recall what this means:
it is closed under (de-)suspensions up to isomorphism, and [F(G), X]P=E*) = 0 for all
G € G implies X = 0. This holds because F(G) is a weak generating set for D(€ °P). More
is true, we have (F(G)) = Do (£°P). Namely, using the Lemmas and [C2, we get

(F(G)) = (LF(G)) D essim L| gy = essim L = Dy (E°P)

and thus (F(G)) = D4 (E°P).

By Lemma 20, each F(G) = LF(G) is a-compact in Do (€ °P). Note that this does not
yet imply that F (G) is an a-compact generating set for D, (€ °P) — we still have to show
it is a-perfect. In fact, we will show that F(G), regarded as a subcategory of Dg (€ P),
is equivalent to the category D, (€°P) of all a-compact objects in D, (€ °P), which is by
definition a-perfect.

The set G is by assumption (cf. Notation EF]), up to isomorphism, closed under
(de-)suspensions, triangles, and a-coproducts. The same holds for the set F(G) in Dy (€ °P)
because F is triangulated, fully faithful on G (Lemma EZZT]), and preserves a-coproducts

of objects in G (Lemma EETJ]). As a consequence, the full subcategory F(G) of D, (€ °P)
consisting of all objects isomorphic to some object in F(G) is an a-localizing triangu-

lated subcategory of Dy (€°P). This implies that the inclusion of F(G) in F(G) gives an
equivalence of categories

(4.23) F(G) ~ F(G) = a-loc(F(G)),
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where a-loc(F(G)) is the smallest a-localizing subcategory containing F(G). We can now
apply [NeeOTH, Lemma 4.4.5] to get an equality a-loc(F(G)) = Dy (E°P)*. Together with
(E23) this implies that the inclusion F(G) — Dq(E°P)® is an equivalence of categories
and in particular F (G) is an a-compact generating set for D, (€ °P). O

Lemma 4.24. The functor F:HoK — Do (E°P) preserves a-coproducts.

Proof. For a family (A;);er of objects in Ho K with |I]| < « let
v:[[F4) — F (HAZ)
icl i€l

denote the canonical map. Since F(G) is a weak generating set for Do(£°P) (see
Lemma B22), it suffices to show that for each G € G the induced map

F(G),F (]_[ Ai>

el

—

F@). J] Fa

el

Vet

is bijective. N N
The surjectivity can be seen as follows. Any given morphism F(G) — F (Hze I Ai) is

by Lemma B2 of the form F(g) for some g : G — []
generating set for Ho /C, this map g factors as

¢ - [Te B ] A

el i€l

il A;. Since G is an a-compact

Consider the following commutative diagram (of solid arrows).

o) . F(Q)
§ g
[Lics ﬁ(Gz‘) - F (Hie[ Gi) F(9)
o~ F
[Tier F(A) ~ » F(ILies A;)

The horizontal arrow in the middle is an isomorphism since we know already by
Lemma ET that F preserves a-coproducts of objects of G. Hence there exists a dot-
ted arrow k such that the whole diagram commutes. If we define f to be the composition
(LT ﬁ(fl))k: then v,(f) = vf = F(g) and hence ~, is surjective.

To prove the injectivity of 7, consider a morphism f : ﬁ(G) — [lier F(AZ) such that
~f = 0. By Lemma BZJ, F (G) is in particular an a-perfect generating set for D, (€ °P).
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This implies that f can be factored as

_ _ F(r, _
P 2 T Fe) 222 1 Fean,
iel el
where we used that F' is full for arrows with source in G (Lemma EZZT). Composing k with
the isomorphism [ [, ; F(G;) = F (I1;e; Gi) yields a map F(@) — F (I1;e; Gs) which
is of the form F(h) for some h: G — [1;c; Gi- We can conclude that F(I1f)F(h) =

~f = 0 and, since F is faithful for morphisms with source in G (Lemma EZI]), this

implies (][] f;) h = 0. But the definition of an a-perfect class allows us then to factor each
fi : Gz - Az‘ as
G 2 i g,

with G € G such that the composition G R 11G: Ls [I G} already vanishes. We
finally have a commutative diagram

F(G) > F(Q)
/ F(h)
Hielﬁ(Gl) — - ﬁ(uielGi)
11 ﬁ(gi)l f F(11 gi)J/ 0
[Lies F(GY) - F (Il G7)
L1 F(hi) 1 ﬁm
Hie[ F(AZ) 5 » F (Hz‘el Ai)

where the two horizontal arrows in the middle are isomorphisms by Lemma We have
just seen that the composition F'(]] g;)F (h) vanishes. As a consequence, the composition
(LT F(g:))k also vanishes and so does f. This shows =, is injective. O

Proposition 4.25. The homological functor Hy : Da(€°P) — Mod,-G preserves co-
products of objects which are in the essential image of F : HoK — D, (E°P).

Proof. Since r : Mod,-G — Mod-G is full}fv faithful, it suffices to show that for any
set-indexed family (X;);er of objects in essim F' the map

r <H flo(Xl-)> — rH, <HX>

iel i€l
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is an isomorphism. This map is the composition of the following isomorphisms, each of
which will be explained below.

(4.26) r (H ]:IO(XZ-)> = rllé:?’llilrlr‘l<a (H ffo(Xz‘)>

el

4.27 o li Hy(X;
(4.27) pLolim v (H of z>>

Il

4.28 lim rH, X;
(1.28 o 0(H )

el
4.29 = lim HoR [ ] X
(4.29) S Ho (H )
(4.30) =~ HyR <HX>
i€l
il

Ad @ZH). It is a general fact from category theory that a coproduct can be expressed
as such a colimit.

Ad [EZD). The inclusion r : Mod,-G — Mod-G preserves a-filtered colimits [NeeOTbl
Lemma A.1.3] and the colimit in question is indeed a-filtered in the sense of [NeeOlbl
Definition A.1.2]: it is a colimit over the category Z with objects the subsets I’ of I which
have cardinality (strictly) less than «. Morphisms are the inclusions between two such
subsets. Let J be a subcategory of Z with less than « morphisms. In particular, J has
less than a objects and we can conclude

U7

JeJ

<IITv

JeJ

=Y l<a

JeJ

where, for the last inequality, we used that « is regular and hence any sum of less than
« cardinals, all smaller than «, is itself smaller than «. Then |J ¢ 7J is an object of 7
admitting an arrow
J— JJ,
JeJg

for every J’ in J. This shows that Z is an a-filtered category.

Ad #Z2¥). By Lemma E24] F preserves a-coproducts. Since ® =2 HoF (Lemma ET4I)
and since ® preserves arbitrary coproducts [Kra(ll, Theorem C], the functor I;To has to
preserve a-coproducts which are in the essential image of F.

Ad @Z9). Here only the the equality HoR = rHy is used.

Ad ([E30). Recall that colimits in Mod-G are formed objectwise. Using the adjunction
isomorphism of the pair (L, R) and the isomorphism LF = F (Lemma FT9), we obtain
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for G € G a natural isomorphism

~ D(&°P)
im HoR| ] X )(G) =  colim (F(G)R|]]X
(L) = e, o (1)

] Da (€ °P)

s colim |F(G , X;

I'Cll<a (@) ZEI—I[, ‘
By Lemma HE22] F (@) is in particular a-small, that is, any map from ﬁ(G) into a co-
product factors through some sub-coproduct of less than « objects. Hence the canonical
monomorphism

colim
I'CII|<a

iel’

—

el

] Da (€ °P) ] Da (£ °P)

is an isomorphism. Using again the adjunction isomorphism and LF = F we get an
isomorphism [ﬁ(G), [icr XZ} =~ HoR ([1;c; Xi) (G) and hence the isomorphism (E30).

Ad [@3T). This is again nothing but HoR = rH.
U

Corollary 4.32. The functor F:HoK — Do (E°P) preserves coproducts.

Proof. Since Hy reflects isomorphisms (Remark EET9), it suffices to check that for any
family (A;)ier of objects in Ho K the map

Hy (]_[ f(A,)) — HyF (]_[ A,)
el el

is an isomorphism. But this follows from Proposition because HoF is isomorphic to ®
(Lemma ET4)) and ® : HoKX — Mod,-G preserves coproducts by [Kra(ll Theorem C].
]

Proposition 4.33. The adjoint functors
J
Ho K = Da(E°P).
F
are inverse equivalences of triangulated categories.

Proof. Consider for X € Do (£°) and A € Ho K the unit nx : X — F.JX and the counit
ea . ﬁ(A) — A of the adjunction. It suffices to show that both are isomorphisms for
all objects A € HoK and X € Dy (E£°P). The counit of the restricted adjunction (J, F)
is the same as the counit of the adjunction (J, F'), which is an isomorphism for A € G
by Lemma BTl Since both J and F preserve coproducts (j as a left adjoint and F by



50 ANDREAS HEIDER

Corollary E32)) and since G generates Ho KC, we can apply Lemma and conclude that
the counit is an isomorphisms for all objects. N
If we apply the inclusion functor R to the unit of an object in F(G) we get a map

F(G) = RF(G) — RFJF(G) = FJF(Q),

which is (up to isomorphism) the unit of the free module Fz with respect to the adjoint
pair (J, F') and hence an isomorphism by Lemma EIl Again, since both J and F preserve
coproducts and F(G) is a generating set for Do (€ °P) by Lemma FEZA we can conclude that
the unit of the adjoint pair (j F ) is an isomorphism for all objects. 0

Note that, in particular, ' = RF is fully faithful. Now we have all what we need to
finish the proof of the characterization theorem.

Proof of Theorem [, (i) = (ii). Let 7 be a topological triangulated category, i.e., T is
triangulated equivalent to the homotopy category of some spectral model category K.
If T is well generated then so is Ho/XC and we can choose a regular cardinal o and a
generating set G as in Notation and let £ (as before) be the full spectral subcategory
of K with objects G. By Proposition B33, Ho K is equivalent to D, (€ °P), which is by
Proposition a localization of D(E °P) with acyclics being generated by a set.

O

Remark 4.34. The proof of Theorem E can also be read as a proof for the characteriza-
tion of the topological compactly generated categories as the derived categories of spectral
categories. Namely, compactly generated means we can choose a = N and in this case

Do (E°P) = D(E°P), see Lemma I3

5. A LIFT TO THE MODEL CATEGORY LEVEL

5.1. Bousfield localizations, properness, and cellularity. Let us recall some notions
from Hirschhorn’s book [Hix(3]. If M is a model category and C is a class of morphisms
in M, then an object W of M is called C-local if it is fibrant and for every element
f+ A — B ofC the induced map f* : map(B,W) — map(A4, W) is a weak equivalence
of simplicial sets [Hir(3, Definition 3.1.4]. Here map(X,Y") denotes a homotopy function
complex between X and Y, which is a simplicial set that can in general be obtained by
(co-)simplicial resolutions [Hir(O3, Section 17.4]. Given a cofibrant object X and a fibrant
object Y in a simplicial model category, map(X,Y’) can be chosen to be the (fibrant)
simplicial set given by the enrichment [Hir(3, Example 17.1.4]. Note that model categories
of modules over a spectral category are spectral and thus simplicial [SS03D, Theorem A.1.1
and Lemma 3.5.2]). A C-local equivalence is amap g : X — Y such that for every C-local
object W of M the induced map g¢* : map(Y, W) — map(X, W) is a weak equivalence
of simplicial sets [Hir(3, Definition 3.1.4]. Every weak equivalence in M is in particular
a C-local equivalence [Hir(3, Proposition 3.1.5]. For us, a Bousfield localization is what
Hirschhorn calls a left Bousfield localization [Hir03l, Definition 3.3.1]:
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Definition 5.1. The Bousfield localization of a model category M with respect to a class
of maps C is a model category L¢eM which has the same underlying category as M such
that

e the weak equivalences in L¢M are the C-local equivalences,

e the cofibrations in Le M are the cofibrations in M,

e and the fibrations in LM are the maps which have the right lifting property with
respect to those maps which are both cofibrations and weak equivalences in L¢e M.

Remark 5.2. Here are some basic properties for a Bousfield localization LM of M.

(1) Since every weak equivalence in M is a C-local equivalence and the cofibrations
in M and LeM are the same, every fibration in LeM is in particular a fibration
in M.

(2) There is a Quillen pair

P
LCM%M

where P and @ are the identity functors on underlying categories. The functor P
has the following universal property. The left derived P : HoM — HoL¢ M
of P maps the images in Ho M of the elements in C to isomorphisms in Ho LM
and P is universal with this property, i.e., if I : M — A is an arbitrary left
Quillen functor whose left derived functor takes the images in Ho M of the elements
in C to isomorphisms in HoL¢N, then there exists a unique left Quillen functor
F:LeM — N such that FP = F [Hir03, Theorem 3.3.19 and Definition 3.1.1].

(3) The right derived Qf : HoLeM — HoM is fully faithful. In particular, if M
and L¢eM are stable, HoLeM is a localization of Ho M in the sense of Defini-
tion [L7 This can be seen as follows. Let X and Y be Le-fibrant objects, so that
QF(X) = X and QF(Y) 2 Y. We can further assume that X is cofibrant. Then
the right derived Q% is on morphisms the map induced by the identity

LeM(X,Y)/) ~— M(X,Y)/ ~

where ~ denotes the equivalence relation given by (left) homotopy. This map is
clearly surjective. Assume we have f ~ g in M via a cylinder object

XITX —— X

X/
in M. But this is also a cylinder object in L¢M and thus f ~ g in Le M.

We want to apply Hirschhorn’s existence theorem for Bousfield localizations [Hir(3]
Theorem 4.1.1]. It states that for any left proper cellular model category M and any
set C of morphisms, the Bousfield localization LeM exists. Recall that a model cate-
gory is called left proper if pushouts along cofibrations preserve weak equivalences [[Hir(3l
Definition 13.1.1].
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Definition 5.3. A spectral category R is called pointwise cofibrant if the symmetric
spectrum R (R, R') is cofibrant for all R, R’ in R.

Lemma 5.4. IfR is a spectral category which is pointwise cofibrant (Definition B3), then
Mod-R is left proper.

Proof. Since weak equivalences in Mod-R are defined objectwise and the stable model cat-
egory Sp™ of symmetric spectra is left proper [HSS00, Theorem 5.5.2], this is an immediate
consequence of Corollary [A.13 O

A cellular model category is a certain kind of cofibrantly generated model category that
allows sets I, resp. J, of generating cofibrations, resp. trivial cofibrations, such that I and
J satisfy some finiteness conditions on the domains and codomains of their elements. The
precise definition of cellular is technical and we will not give it here; the only place we will
use the very definition is the proof of Proposition The reader is referred to Hirschhorn’s
book [Hir03l Definition 12.1.1]. (To be precise, we need a slightly stronger version of the
definition from the book, namely the one Hirschhorn has given in earlier drafts; see the
proof of Proposition Bl ) Examples of cellular model categories are (pointed or unpointed)
simplicial sets, topological spaces, and spectra, as the following lemma states.

Lemma 5.5. The stable model category Sp* of symmetric spectra is cellular.

Proof. Hovey has shown that symmetric spectra with the projective model structure form
a cellular model category [HovOIl Theorem A.9] where the set of generating cofibrations
can be chosen as

I = {Fu(0Al)) — Fu(Al)y) | rin > 0},

Here, 0A[r]+ — Alr]+ denotes the inclusion of the boundary of the simplicial r-simplex
into the simplicial r-simplex (plus additional basepoints, respectively); these simplicial
maps from a set of generating cofibrations for the model category of pointed simplicial sets.
The functor F,, from pointed simplicial sets to symmetric spectra is left adjoint to the n-th
evaluation functor. The category of symmetric spectra with the stable model structure can
be obtained as a Bousfield localization of the projective model structure [Hov(1l, Section 8].
Hence, by [Hir03, Theorem 4.1.1], the stable model category of symmetric spectra is also
cellular and the set of generating cofibrations can still be chosen to be I. O

Proposition 5.6. IfR is a spectral category which is pointwise cofibrant (Definition B3]),
then Mod-R is cellular.

A one object version of this proposition occurs in a paper by Hovey [[Hov98, Propo-
sition 2.9] — but he does not give the proof there because the definition of cellular is
somewhat technical. We will give the proof using ideas of an unpublished pre-version of
Hirschhorn’s book, where enriched diagram categories have been studied.

Proof of Proposition ELA. Let I be a set of generating cofibrations and .J a set of generating
trivial cofibrations which make the category of symmetric spectra into a cellular model
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category. Recall that I can be chosen as
I ={F(0Alr]y) — Fu(A[r]y) [ 7,0 = 0}

By [SS03b, Theorem A.1.1], Mod-R is a cofibrantly generated model category. A set of
generating cofibrations is given by

I'=|JInFg
ReR
where Fp = R(—, R) is the free module with respect to R and I A Fg consists of all maps
of the form f A Fgr: ANFr — B A Fg for some f: A — B in I. Similarly, a set of
generating trivial cofibrations is given by

J = U J N FR.
ReR

We have to show that I and .J satisfy the following three conditions [Hir(3, Defini-
tion 12.1.1].

(i) For every element A — B of I and every object R of R, the modules A A Fg and
B A Fg are compact relative to I in the sense of [Hir03, Definition 10.8.1].
(ii) For every element A — B of J and every object R of R, the module A A Fg is
cofibrant and small relative to I in the sense of [Hit(3, Definition 10.5.12].
(iii) The cofibrations in Mod-R are effective monomorphisms [Hir(3, Definition 10.9.1].

Note that condition (ii) is stronger than in [HirO3, Definition 12.1.1] (where the domains
of the generating trivial cofibrations are not required to be cofibrant). It occurs in this
stronger form in earlier drafts of Hirschhorn’s book, and as Hirschhorn pointed out to
me, the earlier definition of cellular is the right one for the existence theorem of Bousfield
localizations. N

Ad (i). Fix an element A — B of I. Let X — Y be a relative I-cell complex [Hir(3]
Definition 10.5.8]. This means, X — Y is the composition of a A-sequence

X=Xy — X1 — Xo — -+ — Xg — -+ (B<A)

(for some ordinal A) such that Xg; is obtained from X3 by attaching a set of I-cells, i.e.,
there are pushout diagrams

HiAi/\FR; S HiBi/\FR;

! !

Xpg ———— Xpn

for elements A; — B; of I and objects R; of R. Such a relative I-cell complex is
presented if a particular A-sequence and certain gluing maps for the pushout diagrams are
specified so that one can consider subcomplexes of X — Y, see [Hir(3, Section 10.6] for
the details. B
We have to show that there exists a cardinal v such that for every presented I-cell
complex X — Y, every map AA Fg — Y factors through a subcomplex X — Y’ of
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size at most 7y (i.e., the set of cells has cardinality at most ). Via the (Quillen) adjunction

—AFR
(5.7) Mod-R &————

S————— Mod-S =Sp~ ,
evR
amap AN Fr — Y corresponds to a map A — Y (R). Since colimits are preserved
by the evaluation functor (Corollary [AT3)), X(R) — Y (R) is the composition of the
presented A-sequence

X(R) = Xo(R) — Xi(R) — Xp(R) — - — Xp(R) — -+
and Xgy1(R) is obtained from Xg(R) by attaching I’-cells, where

I'= | J INFr(R).
R'eR

But this means that X(R) — Y (R) is a presented I’-cell complex. If we can show that
A is compact relative to I’, we can conclude that there exists a cardinal v (which does
not depend on X — Y and AA Fr — Y) such that A — Y (R) factors through
a subcomplex of size at most v. Via adjunction, this corresponds to a factorization of
AN Fr — Y through a subcomplex of the same size.

It remains to prove that A is compact relative to I’ in Sp”. For that purpose we
want to apply [Hir(3, Proposition 11.4.9]. A stable cofibration of symmetric spectra is in
particular a level cofibration [HSS0O0, Corollary 5.1.5] and hence a monomorphism. Since
Fr/(R) = R(R, R') was assumed to be cofibrant, all elements in I’ are cofibrations in Sp>.
The domains of the elements of I’; which are of the form F,(0A[r]+) A Fr/(R) [HSSO0,
Definition 3.3.2], are cofibrant since Fg/(R) is cofibrant by assumption and every spectrum
of the form F,(K) for a pointed simplicial set K is cofibrant [HSSO0, Proposition 3.4.2].
By [Hix03, Corollary 12.3.4], it follows that the domains of the elements of I’ are compact
(relative to I). Since Sp” is cellular (Lemma ) and A is the domain of an element
of I, the object A is compact (relative to I). Now we have all we need to apply [Hir(3]
Proposition 11.4.9], which tells us that A is also compact relative to I’. Hence we have
shown that AA Fg is compact relative to I. The same proof shows that B A Fp is compact
relative to I.

Ad (ii). Let A — B be an element of J and R an object of R. Since Sp> together
with J as a set of generating trivial cofibrations is cellular, A is cofibrant. Applying the
left Quillen functor — A Fr : Sp” — Mod-R shows that A A Fg is cofibrant. For the
smallness, we need to show that there exists a cardinal x such that for all A > x and all
A-sequences

Xo — X1 — X — -+ — Xg —> -+

in Mod-R where the maps Xz — Xgy; are relative I-cell complexes, the map
colimg<) Mod-R(A A Fr,X3) — Mod-R(A A Fg,colimg.y X3) is an isomorphism of
sets [Hir03, Definition 10.4.1]. Using again the adjunction (B and the fact that evpg
preserves colimits (Corollary [AT3]), we can conclude that it suffices to show A is small
relative to relative I’-cell complexes in Sp”. Since Sp™ is cellular, A (which is the do-
main of an element of J) is small relative to I and thus, by [Hir(3, Proposition 11.2.3],
relative to the class of all cofibrations. But the elements of I’ are cofibrations because
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Fr/(R) = R(R,R’) is cofibrant by assumption. Hence all relative I’-cell complexes are
cofibrations. This shows that A is small relative to relative I’-cell complexes.

Ad (iii). We have to show that every cofibration f : A — B in Mod-R is the equalizer
of the canonical pair of maps B = B 114 B. We can choose an equalizer E of this pair
and get an induced map g.

E —— B —= BIli4B

g
A

A

By Corollary [AT3l evr(f) is a cofibration in Sp* and thus an effective monomorphism by
Lemmal0l Since for every R in R the map ev g preserves limits, evr(g) is an isomorphism
for each R. Hence g is an isomorphism. O

5.2. Well generated stable model categories. By a well generated stable model cat-
egory we mean a stable model category whose homotopy category is well generated as a
triangulated category (Definition BI). One implication of Theorem B says that a topo-
logical well generated triangulated category is equivalent to a localization of the derived
category of a spectral category. Theorem BTl lifts this result to the level of model cat-
egories. Roughly speaking, well generated spectral model categories are localizations of
categories of modules. Recall from Examples that there are, up to Quillen equivalence,
rather large classes of spectral model categories.

Lemma 5.8. Let K be a left proper spectral model category and C a set of maps in K
such that the localization Lok exists. Assume the domains and codomains of the maps
in C are cofibrant and the image W of C in HoK is, up to isomorphism, closed under
(de-)suspensions.

Then the following are equivalent for an object X in K.

(i) X is Le-fibrant (i.e., fibrant in LekKC).

(ii) X is C-local.

(i) X is fibrant (in the original model structure) and, considered as an object in Ho IC,

it lies in W-loc (cf. Lemma B2).

Proof. (i) < (ii) This is [Hir03l Propostion 3.4.1].

(ii) < (iii) By definition, X is C-local if and only if it is fibrant (in the original model
structure) and for every element f: A — B of C the induced map f*: map(B,X) —
map(A, X) is a weak equivalence of simplicial sets. Now the simplicial enrichment of K
is induced by the spectral enrichment, that is, f* : map(B,X) — map(A4,X) is the
level zero map of a map of spectra, which are fibrant (i.e., Q-spectra) since A and B are
cofibrant and X is fibrant. Hence f* is a map of loop spaces and thus a weak equivalence
if and only if for the distinguished basepoint, 7, (f*) : m, map(B,X) — m, map(4, X)
is an isomorphism for all n > 0. Since A and B are cofibrant and X is fibrant, the
map 7, (f*) is naturally isomorphic to the map f*: [¥"B, X] — [X"A, X] of morphism
groups in Ho/C. Since W is closed under (de-)suspensions, the Le-fibrant objects in K
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are exactly the fibrant objects X such that the induced map f* : [B,X]| — [4,X] is
an isomorphism for all f : A — B in W. In other words, the Le-fibrant objects are
precisely the fibrant objects which, considered as objects in Ho I, lie in W-loc. O

Corollary 5.9. If in the situation of Lemma

PL
(%) Ho LK :R Ho K

Q
denotes the derived adjunction, then essim Q® = W-loc, and the model category LelC is
stable, such that Ho L¢K is a localization of Ho KC in the sense of Definition [0 via (&).

Proof. The essential image of Q' contains all objects which are, up to isomorphism in
Ho K, Le-fibrant. By Lemma B8 the Le-fibrant objects are the fibrant objects which are
in W-loc. Since both essim @ and W-loc are replete subcategories of Ho K (i.e., they
contain the whole isomorphism class of any of their objects), it follows that they coincide.

In particular, essim Q% is a (colocalizing) triangulated subcategory of Ho K and hence
closed under (de-)suspensions. This implies that Ho LXK (which is isomorphic to essim Q@
since QF is fully faithful, see Remark [2(3)) is also stable. The details are as follows.
Let X, resp. €2, denote the suspension, resp. desuspension, in Ho K, and X/, resp. €', the
suspension, resp. desuspension, in Ho L M. We have to show that ¥/ and ' are inverse
equivalences. As a left derived, P* commutes with suspension, while Q¥ commutes with
desuspension [Hov99, Proposition 6.4.1]. Let us first check that Q% also commutes with
suspension. Since essim Q% is a triangulated subcategory of Ho IC, there is an isomorphism
YQFEX = QY for some Y in HoL¢K. Using that the counit of the adjunction (P%, Q%)
is an isomorphism (QF is fully faithful) we get an induced isomorphism

Y = pLRy = plyfix =~y prlQix =3/
so that XQ%X is naturally isomorphic to Q%%'X. Now we have isomorphisms
S0 = PLQIEY'Q = PIEQR = PPyt = PR =id
and
Oy = PRQRQ'Y = POQNY = PLORQT = PFQT = id
which show that €’ and Y’ are inverse equivalences. O

Lemma 5.10. Let K be a left proper spectral model category and C a set of maps in IC,
closed under (de-)suspensions in Ho IC (up to isomorphism). If the localization LckC exists,
it 1s a left proper spectral model category.

Proof. Bousfield localizations of left proper model categories are always left proper [Hir(3l
Proposition 3.4.4]. For the proof of the spectral part, we can without loss of generality
assume that the domains and codomains of the maps in C are cofibrant (otherwise we
could cofibrantly replace them, this would, up to isomorphism of model categories, have
no effect on L¢K.) Recall that the underlying categories of L¢/C and K are the same. Since
K is spectral, it has a tensor, a cotensor, and an enriched Hom-functor. We show that
the same functors make L¢K into a spectral category. It suffices to verify the pushout
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product axiom [Hov99, Definition 4.2.1]. Let f : A > B be a cofibration in Sp* and
g: X > Y a cofibration in L¢X. Since K and L¢K have the same cofibrations and
since the pushout product axiom holds for &, the map

fOg: (ANY)Igpx (BAX) — BAY

is a cofibration, which is trivial if f is. Now assume the cofibration g is trivial in L¢/C.
We have to show that f g is also trivial. By Corollary B9 LK is stable. So using the
general fact [Hov99, Theorem 1.2.10(iv)] that a map is a weak equivalence if and only if
its image in the homotopy category is an isomorphism, it suffices to show that the cofiber
of fg is trivial in Ho LK. Let C be the cofiber of f and Z the cofiber of g. As cofibers
of cofibrations both C' and Z are cofibrant; Z is also trivial (in HoL¢K) because g was
assumed to be trivial. The cofiber of f[dg is just C A Z. By what we have already
shown, the left adjoint — A Z : Sp® — L¢KC preserves (trivial) cofibrations, hence it is
a left Quillen functor and the kernel of its left derived — AL Z : HoSp™ — HoL¢K is a
localizing triangulated subcategory of HoSp*. It contains the sphere spectrum S because
Z is trivial in Ho L¢KC. Since the sphere spectrum is a generator for Ho Sp™, the kernel of
— AP Z is the whole stable homotopy category Ho Sp*. In particular, since C' is cofibrant,
we have isomorphisms C A Z = C A Z 22 0 in HoL¢K. This shows that the cofiber of
f Oy is trivial and finishes the proof. O

Theorem 5.11. FEvery well generated spectral model category admits a right Quillen equiv-
alence to a Bousfield localization of the model category of modules over some spectral cat-

egory.

Proof. Let K be a well generated spectral model category, we can thus assume we are in
the situation of Notation EE8, where we fixed a sufficiently nice generating set G for Ho K
and we defined £ to be the full spectral subcategory of K having G as set of objects. Recall
that there is a spectral Quillen adjunction [SSO3bl Section 3.9]

—Neg
K ————= Mod-¢,
Hom(G,—)

which we already considered in Section 4.1. The spectral category £ will not be pointwise
cofibrant (Definition E3)) in general. But by [SS03al, Proposition 6.3], the spectral cate-
gories with a fixed set of objects form a model category with pointwise weak equivalences
and pointwise fibrations and where cofibrant objects are in particular pointwise cofibrant.
So we can chose a cofibrant replacement £ of £ with the same set of objects G, such
that £ is pointwise cofibrant. By [SS03al, Theorem 7.2], the corresponding module cat-
egories are related by a Quillen equivalence (given by extension and restriction of scalars),
which we denote by

1%
Mod-& % Mod-& °f

We define a set C of maps in Mod-£ ¢ by modifying the set W of the maps

[1Fr@) — F(HGZ)

el el
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in D(E°P), which we used in Proposition to get the localization D, (€°P) of D(E°P).
We let C be the set of maps

(([mmis.c0)")" — (e(n(a110)")) "

where (G;)ier runs through all families in G with |I| < a and we allow one and only one
set [ for each cardinality smaller than . The decorations ‘ cof " and ‘ fib’ denote cofibrant
and fibrant replacements. Let W' denote the image in D((€ ®!)°P) of the maps in C. Then
W C D(£°P) and W C D((€")°P) correspond via the inverse triangulated equivalences
VI and UR.

By Lemma B4l and Proposition B8, Mod-£°f is left proper cellular and we can apply
Hirschhorn’s existence theorem for Bousfield localizations [Hir(O3, Theorem 4.1.1], so that
we obtain a Bousfield localization LeMod-£<f (Definition Bl together with a Quillen
functor pair

P
LeMod-€ <o <—T> Mod-& <o

where P and @ are the identity functors on underlying categories and the right derived
QF is fully faithful (Remark E22(3)). Consider the following two diagrams of solid arrows.

Hom(g,—) A Mod-& F. j gop % D gop
a p Y
«— L
LcMOd_gCOf 5 5 Mod-& cof HO(LCMOd_gcof) (P:> D((gCOf)OP)
QR

The left one is a diagram of model categories, the right one a diagram of homotopy
categories, resp. triangulated categories. The right diagram contains all derived functors
from the left one, but there are also functors which are only defined on the triangulated
level since D, (€ °P) has only been defined as a triangulated category (Definition ELTT]) and
not as the homotopy category of any model category. The adjoint pairs (J,F), (L,R)
and (J F ) have been studied in Section 4; J and F are inverse triangulated equivalences
(Proposition E33)).

If we apply the composition JV of left derived functors to a map in C we get the
map J([[;c; F'(Gi)) — JF([I;c; Gi). Since J = JL, this map is an isomorphism by
Proposition ETAl Hence the universal property of the Bousfield localization yields a Quillen
functor pair (— Ag G,Hom(G, —)) such that (—AgG) o P = (— Ag G) o V (and hence
Q o (Hom(ga _)) =Uo Hom(ga _))

Our goal is to show that Hom(G, —) is a Quillen equivalence. It suffices to check that
J is a triangulated equivalence. By Corollary 29, the essential image of QF is the same
as W'-loc. Since D,(E°P) is the same as W-loc (Proposition EEIH) and W C D(E°P)
corresponds to W C D((£f)°P) via the equivalences V¥ and U, we get an induced
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equivalence of categories H : Ho(L¢Mod-£ ) — D((£f)°P) such that RH = VIQFE.
Recall that the right adjoint Q% is fully faithful and the counit is hence an isomorphism
]fLQR = id. Moreover, the equality (— Ag G)o P = (— Ag G) o V gives us an isomorphism
JPL =~ JVI  Using these, we obtain an isomorphism

JH ~ JRH = JVEQR >~ JprQf ~
and thus J is an equivalence since J and H are equivalences. This shows that the Quillen
pair (— Ag G,Hom(G, —)) is indeed a Quillen equivalence.

0

Corollary 5.12. Let K be a model category. Then the following are equivalent.

(i) K is Quillen equivalent to a well generated spectral model category.

(il) K is Quillen equivalent to a Bousfield localization LeMod-R for some pointwise
cofibrant spectral category R and some set C of morphisms in Mod-R whose image
in D(R°P) = HoMod-R is, up to isomorphism, closed under (de-)suspensions.

Proof. (i) = (ii) This is Theorem BTTl Its proof shows that the image of C in the homotopy
category is indeed closed, up to isomorphism, under (de-)suspensions.

(ii) = (i) We may assume that the domains and codomains of the elements of C are
cofibrant (otherwise we could replace them cofibrantly, this would not have any effect on
the localization). Let W denote the image of C in D(R). By Lemma BEI0, LeMod-R is
spectral. Its homotopy category is a localization of the compactly generated triangulated
category D(R°P) = HoMod-R by Corollary Here, the acyclics are generated by the
set containing one cofiber for each map in W (cf. Lemma B4l). Hence, by Theorem ET]
the homotopy category of LeMod-R is well generated.

O
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APPENDIX A. MODULE CATEGORIES

A.1. The one object case. We use the terminology of [Hov99, Chapter 4]. Let C be a
closed symmetric monoidal category with A denoting the monoidal product, S the unit,
and Hom the internal Hom-functor (the set of morphisms from X to Y will be denoted by
C(X,Y)). Let R, S and T be monoids therein. We can then consider module categories,
even bimodule categories like R-Mod-S (which is isomorphic to the category of R A S °P-
modules). There are bifunctors

Ag : R-Mod-S x S-Mod-T' — R-Mod-T,
(A.1) Homp : (R-Mod-S)°® x R-Mod-T' — S-Mod-T,
Homy : (S-Mod-T)°? x R-Mod-T' — R-Mod-S,

where the last one should better be denoted by Hompop instead, but let us allow ourselves
this slight abuse of notation. The object X Ag Y is defined as the coequalizer in C of the
diagram

XASAY —= XAY

where the upper map uses the right action of S on X and the lower the left action of S
on Y. This gives an object in C which has a left action of R via the left action of R on X
and a right action of T via the right action of 7" on Y. Similarly, Homp(X,Y") is defined
as the equalizer in C of the diagram

Hom(X,Y) ——= Hom(R A X,Y).
Here, both maps can be defined via their adjoint maps
RAX ANHom(X,Y) —= Y,

where the upper map is first using the action of R on X and then the evaluation map,
and the lower is first evaluation and then the action of R on Y. The left S-action on
Homp(X,Y') comes from the right S-action on the contravariant variable X, the right 7-
action comes from the right T-action on Y. The three bifunctors ([AJ]) give an adjunction
of two variables in the sense of [Hov99, Definition 4.1.12]. Note that the forgetful functor
and the functor given by smashing with the free module yield an adjunction

RA—
(A.2) R-Mod &= C.

From now on let C be a closed symmetric monoidal model category [Hov99l Defini-
tion 4.2.6] which is cofibrantly generated [Hov99, Definition 2.1.17], has only small objects
(small in the sense of [SS(O0)], i.e., k-small with respect to the whole category for some car-
dinal k), and satisfies the monoid axiom [SS00, Definition 3.3]. There are many examples
of such model categories: simplicial sets, symmetric spectra, stable module categories,
chain complexes (Z-graded, unbounded, over some commutative ground ring), and others
[SSO0, Section 5]. We are mainly interested in symmetric spectra and chain complexes.
Then both the module category over a fixed monoid in C and the category of monoids in C
have a cofibrantly generated model structure where fibrations, resp. weak equivalences, are
just fibrations, resp. weak equivalences, in the underlying category C and cofibrations are
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determined by the lifting property with respect to trivial fibrations [SS00, Theorem 4.1].
In particular, the adjunction ([AZ2J) is a Quillen functor pair (recall that we use the con-
vention according to which the left adjoint arrow is drawn above the right adjoint). If R
is a monoid in C, the homotopy category of R-Mod will be called the derived category of
R and we denote it by D(R).

Lemma A.3. If in (&) S is cofibrant in C then Ag together with Hompg and Homp
is a Quillen bifunctor (in the sense of [Hov99, Definition 4.2.1]) and hence induces an
adjunction of two variables on the level of homotopy categories.

Proof. We have to check the pushout product axiom [Hov99l, Definition 4.2.1]. It suffices
to do this for the generating cofibrations and the generating trivial cofibrations. Such a
generating cofibration in R-Mod-S is of the form RAAAS — RABASwithA ~— B
a cofibration in C, similarly for a generating trivial cofibration. If SAXAT »— SAY AT
is a generating cofibration in S-Mod-T, the pushout product map is isomorphic to the map

RA(ANSAY Hpgpsax BASAX)ANT — RA(BASAY)AT.

This is a cofibration in R-Mod-T since S is cofibrant in C (hence smashing with S preserves
cofibrations), the pushout product axiom holds in C, and RA—AT = preserves cofibrations
(as a left Quillen functor). If one of the above cofibrations is a trivial one the same proof
shows that the pushout product map is a trivial cofibration. O

In particular, if S is cofibrant, smashing over S with a cofibrant bimodule gives a left
Quillen functor between bimodule categories. If we do not assume S to be cofibrant, the
functor Ag in ([AJ) is not a Quillen bifunctor in general. For example, if the unit S is
cofibrant in C, the monoid S is not cofibrant in C, and R = T = S, then S is cofibrant
as a right resp. left S-module (take R = S in the Quillen adjunction (S Ag —, f*) in
Lemma [A5]) whereas S Ag S 22 S is not cofibrant in C by assumption. That is, Ag is not
a Quillen bifunctor in this case.

However, in the case where S is not necessarily assumed to be cofibrant, smashing over
S with an R-S-bimodule can be a left Quillen functor:

Lemma A.4. Suppose that the unit S in C is cofibrant. If moreover X € R-Mod-S is
cofibrant in R-Mod then the adjoint pair

XNs—

S-Mod-T =———— R-Mod-T

1s a Quillen pair.
Recall that we use the convention according to which the left adjoint arrow is drawn
above the right adjoint. The derived adjoint pair will be denoted by
XnE-

D(S AT®P) :S D(RAT®P)
RHompg(X,—)
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Proof. We show that Homp (X, —) is a right Quillen functor. In the diagram

Hompg(X,—)

S-Mod-T" «——  R-Mod-T

I !

Homp (X,—
C < X R Mod

the vertical functors are the forgetful functors. They preserve and reflect fibrations and
trivial fibrations by the definition of the model structure on module categories. As a
consequence of Lemma [A3, Homp(X, —) : R-Mod — C is a right Quillen functor, so it
preserves both fibrations and trivial fibrations. Now it follows that

Hompg(X,—) : R-Mod-T" — S-Mod-T

also preserves them. O

Lemma A.5. Let f : R — S be a map of monoids inC. The induced functor (restriction
of scalars)

f*:58-Mod — R-Mod
has both a left adjoint S N\gr — and a right adjoint Hompg(S, —). Moreover, (S Ag —, f*)
is always a Quillen pair, and (f*,Hompg(S,—)) is a Quillen pair whenever the unit S is
cofibrant in C and S is cofibrant in R-Mod.

Proof. For the definition of the left adjoint (extension of scalars) S Ap — : R-Mod —
S-Mod, the S-S-bimodule S is considered as an S-R-bimodule via restriction of scalars
along the map id A f°P : S A R? — S A S°P. Since (trivial) fibrations are just (trivial)
fibrations in C, they are preserved by the restriction of scalars functor f*.

For the definition of the right adjoint Hompg(S, —) : R-Mod — S-Mod, we consider
S as an R-S-bimodule. Now f* is the same as the functor S Ag — : S-Mod — R-Mod,
which has Hompg(S, —) as a right adjoint. If S is cofibrant in C and S is cofibrant as
an R-module, we can apply Lemma [A] to deduce that (f*,Homp(S,—)) is a Quillen
pair. Il

Consider the special case of the map of monoids ¢ : R — R A S°P. The right adjoint
of the restriction functor is Hompg(R A S, —) = Home(S, —).

Corollary A.6. Suppose that S is cofibrant in C. Let R and S be monoids such that S is
cofibrant in C. Then we have a Quillen pair

*

R-Mod-§ =————— R-Mod.
Hom(S,—)

In particular, a cofibrant R-S-bimodule is then also cofibrant as an R-module. U
Many monoidal model categories have the property that smashing with a cofibrant

module X over some monoid R preserves weak equivalences. The functor — A g X induces
then a functor between the homotopy categories without being a Quillen functor in general.
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Symmetric spectra have this smashing property [HSSO0, Lemma 5.4.4] and there are many
other examples [SSO0, Section 5] including chain complexes.

A.2. The several objects case. Let us now consider the case of monoids with several
objects, which we need for Part 2 of this paper. We use results from [SS03al Sections 6
and 7]; results for the case of spectral categories can also be found in [SS03b, Appendix A].
As in Section A.1, we fix a closed symmetric monoidal model category (C,A,S) which is
cofibrantly generated, has only small objects, and satisfies the monoid axiom. The reader
is encouraged to think of C as the category of symmetric spectra (cf. Example 2Z4(1)).

A C-category or a monoid in C with several objects [Bor94l Definition 6.2.1] is a small
category R that is enriched over C. This means, for any two objects R and R’ of R there
is a Hom-object R(R, R’) in C together with an identity ‘element’ S — R(R, R) for each
R in R and composition morphisms

R(R,R")AR(R,R') — R(R,R")

which are associative and unital with respect to the identity elements. When R has
only one object, it is the same as a monoid in C. A morphism of C-categories is a C-
functor [Bor94l Definition 6.2.3]. If C is the category of symmetric spectra, C-categories
are called spectral categories; if C is the category of chain complexes (Example E41(2)),
then C-categories are called DG categories. We have required the smallness condition (i.e.,
the objects of a C-category form a set) since we want to consider module categories over
C-categories.

A left module over a C-category R is a C-functor X : R — C, i.e., an object X (R) in
C for every R € R and morphisms in C

R(R,R') — Home (X(R), X (R))

which are compatible with composition and identities. By adjunction, these maps corre-
spond to a left action of R on X, i.e., maps in C

R(R,R)AX(R) — X(R)

which are associative and unital. A right module over R is a left R °°~-module. A morphism
X — Y of R-modules is a family X(R) — Y (R) of maps in C compatible with the
action of R. An important point which distinguishes the several objects case from the
one object case is, that there is not just one free R-module but one for each object of R,
namely the free module FJX with respect to R. It is defined by FX(R') = R(R, R') (hence
we have FX*(R') = R(R',R) for the free right modules). We will sometimes omit the
upper index and just write Fr. Note that the enriched Yoneda lemma yields an adjoint
pair
FrA—
(A.7) R-Mod &—/——— C

evR
where evp is the evaluation functor with evg(X) = X(R) and Fr AY is given by
(FRAY)(R')=Fr(R)ANY =R(R,R)NY

with the obvious left action of R.
Schwede and Shipley [SS03al, Theorem 6.1] have shown that the category R-Mod of R-
modules is a cofibrantly generated model category with weak equivalences and fibrations
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defined objectwise. As usual, the cofibrations are determined by the lifting property. A
set of generating (trivial) cofibrations is given by all maps of the form

FrNA — FrAB

for A — B a generating (trivial) cofibration in C. Note that the adjunction (A7) is
indeed a Quillen functor pair. The homotopy category of R-Mod is called the derived
category of R and we denote it by D(R).

The smash product R A'S of two C-categories R and S [SS03b, Section A.2] has as set
of objects the product of the sets of objects of R and S. The morphism objects are given
by

RAS ((R, S), (R, S')) =R(R,R)ANS(S,S).

This allows us to consider bimodule categories as R-Mod-S with objects the R A S °P-
modules. Note that a spectral category R can itself be regarded as an R A R °°-module
in a natural way. For R, S and 7 spectral categories, there are, as in the one object case,
bifunctors

As : R-Mod-§ x S-Mod-7 — R-Mod-T,
(A.8) Homg : (R-Mod-S)°? x R-Mod-7 — S-Mod-T,
Homy : (§-Mod-7)°® x R-Mod-7 — R-Mod-S,

which form an adjunction of two variables [Hov99, Definition 4.1.12]. For example, if
X € R-Mod-§ and Y € §-Mod-7, then (X AsY)(R,T) is the coequalizer of the diagram

I X(RS)ASS,S)AY (S, T) —= [[ X(R,S")AY(S",T)
S,S'eS S"eS

where the upper map uses the right action of § on X and the lower the left action of
S on Y. The left action of R on X and the right action of 7 on Y yield the R A T °P-
module structure. Similarly, Homz and Homy (which should be more precisely denoted
by Homyop) are given by certain equalizers.

To state the next lemma, which is an analog to Lemma [A-3] we need the following

Definition A.9. A C-category is pointwise cofibrant if R(R, R’) is cofibrant in C for all
R,R €R.

Lemma A.10. If in (AR)) S is pointwise cofibrant, then As together with Hompg and
Homy is a Quillen bifunctor (in the sense of [Hov99, Definition 4.2.1]) and hence induces
an adjunction of two variables on the level of homotopy categories.

Proof. The proof is a generalization of the proof of Lemma We have to verify the
pushout product axiom [Hov99l Definition 4.2.1] for generating (trivial) cofibrations. Let
A > Band X »>— Y be cofibrations in C. We have to consider the pushout product
of the maps

FRANANFS™ — FREABAFS™ and FSAXANFEL™ — FSAY ANFET
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for Re R, 5,8 € Sand T € 7. By definition, FgOP NS Fg, is the coequalizer of the
diagram

1T S(S1,S) AS(S2,81) AS(S",Ss) —= T S(Ss,5)AS(S,S5)
5175’263 S3eS

which is just S(5’,5). Moreover, as a left adjoint, F}f A=A FQZ = F(%/\TT) " preserves

colimits. Thus the pushout product map is isomorphic to

FRA (A/\S(S’,S) AY II  BAS(S,S) /\Y) ANEL”
ANS(S',S)ANX

— FRA(BAS(S,S)AY)ANFE™

But since §(S’, S) is cofibrant by assumption and the pushout product axiom holds in C,
this map is just the image of a cofibration in C under the left Quillen functor

FRA—=ANFE™ . C — R-Mod-T

and hence a cofibration. The same arguments show that the pushout product map is a
trivial cofibration whenever one of the cofibrations A — B and X »— Y is trivial.
O

Consequently, if § is pointwise cofibrant, smashing over & with a cofibrant bimodule
gives a left Quillen functor.

We now want to prove an analog of Lemma [AZ4l For this purpose we need a further
notion. If R is C-category, then Sk denotes the ‘discrete’ C-category associated to R,
i.e., Sg has the same objects as R, and Sg (R, R’) is the unit S if R = R’ and the trivial
object * otherwise [SS03bl Section A.1]. An Sg-module is simply a family of objects in
C indexed by the objects of R, and Mod-S carries the product model structure, that is,
weak equivalences, cofibrations and fibrations are defined objectwise. There is a canonical
morphism f : Sg — R of C-functors induced by the unit maps. It induces the restriction
of scalars functor

ff:R-Mod — Sg-Mod, X +— X o f.

Lemma A.11. Suppose that the unit S in C is cofibrant. If moreover X € R-Mod-S§ is
cofibrant in R-Mod-Ss then the adjoint pair

XNs—
S-Mod-7 ———— R-Mod-T
HomR(va)

1s a Quillen pair.

Proof. Note that via restriction of scalars along R ASs — R A S, the module X can
indeed also be considered as an object of R-Mod-Ss. We show that Homp (X, —) is a right
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Quillen functor. In the diagram

Homp (X,—)
S-Mod-7 <——— R-Mod-T

l l

Homgp (X,—)
Ss—MOd—ST — R—MOd—ST

the vertical functors are induced by restriction of scalars. Hence they preserve and reflect
fibrations and trivial fibrations. Since S was assumed to be cofibrant, the discrete C-
category Sg is pointwise cofibrant. Hence we can apply Lemma [AZT0, which implies
that Homg (X, —) : R-Mod-S;y — Ss-Mod-S7 is a right Quillen functor since X is
cofibrant in R-Mod-Sg, so it preserves fibrations and trivial fibrations. Consequently,
Homg (X, —) : R-Mod-7 — S-Mod-7 preserves them as well. O

Lemma A.12. Let f : R — S be a morphism of C-categories. Then the induced functor
(restriction of scalars)

f*:8-Mod — R-Mod, X +— Xof,

has both a left adjoint S Agr — and a right adjoint Homg (S, —). Moreover, (S Ar —, f*)
is always a Quillen pair, and (f*,Homg(S,—)) is a Quillen pair whenever the unit S is
cofibrant in C and S is cofibrant in R-Mod-Sg.

Proof. Note that for the definition of the left adjoint (extension of scalars) S Ag — :
R-Mod — S-Mod, the § A §°P-module S is considered as an S A R°P-module via
restriction of scalars along the map id A fP : SAR®P — SAS. Clearly, f* preserves
fibrations and trivial fibrations and (S Ag —, f*) is thus a Quillen pair.

For the definition of the right adjoint Homg (S, —), we consider S as an RAS °P-module.
Restriction of scalars is the same as the functor SAg— : S-Mod — R-Mod. This functor
has Homg (S, —) : R-Mod — S-Mod as a right adjoint, which is by Lemma [ATT] a right
Quillen functor, whenever S is cofibrant in C and S is cofibrant in R-Mod-Sg. ]

The following corollary is used in Section 5.2. Note that if C is the category of symmetric
spectra, the unit S is indeed cofibrant.

Corollary A.13. For each object R in a C-category R, the evaluation functor
evg : R-Mod — C

with evg(X) = X(R) preserves fibrations, weak equivalences, limits and colimits. More-
over, if the unit S is cofibrant in C and R is pointwise cofibrant (Definition [A9)), evp
preserves cofibrations and trivial cofibrations.

Proof. The assumption that R is pointwise cofibrant implies that R, considered as an
bimodule, is cofibrant in Sg-Mod-S% (in fact, both conditions are equivalent). Hence we
can apply Lemma [A.T2] to the canonical morphism of C-categories f : Sg — R and use
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the fact that in a module category over a discrete C-category everything (limits, colimits,
fibrations, cofibrations, and weak equivalences) is defined objectwise. O



68

[Bas68]
[BBDS2]
[Boa70]
[Bor94]
[Dug06]
[FPOA]
[Hir03]

[Hov9g]
[Hov99]

[HovO01]

[HPS97]

[MLOS]
[Mor58]

[Nee92]

[NeeO1a]
[NeeO1b]

[Por]
[PS8g]

[Qui67]

[Ric89)

ANDREAS HEIDER

REFERENCES

H. Bass. Algebraic K-theory. W. A. Benjamin, Inc., New York-Amsterdam, 1968.

A. A. Beilinson, J. Bernstein, and P. Deligne. Faisceaux pervers. In Analysis and topology on
singular spaces, I (Luminy, 1981), volume 100 of Astérisque, pages 5-171. Soc. Math. France,
Paris, 1982.

J. M. Boardman. Stable homotopy theory is not self-dual. Proc. Amer. Math. Soc., 26:369-370,
1970.

F. Borceux. Handbook of categorical algebra. 2, volume 51 of Encyclopedia of Mathematics and
its Applications. Cambridge University Press, Cambridge, 1994. Categories and structures.

D. Dugger. Spectral enrichments of model categories. Homology, Homotopy Appl., 8(1):1-30
(electronic), 2006.

V. Franjou and T. Pirashvili. Comparison of abelian categories recollements. Doc. Math., 9:41-56
(electronic), 2004.

P. S. Hirschhorn. Model categories and their localizations, volume 99 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence, RI, 2003.

M. Hovey. Monoidal model categories. http://de.arxiv.org/abs/math/9803002, 1998.

M. Hovey. Model categories, volume 63 of Mathematical Surveys and Monographs. American
Mathematical Society, Providence, RI, 1999.

M. Hovey. Spectra and symmetric spectra in general model categories. J. Pure Appl. Algebra,
165(1):63-127, 2001.

M. Hovey, J. H. Palmieri, and N. P. Strickland. Axiomatic stable homotopy theory. Mem. Amer.
Math. Soc., 128(610):x+114, 1997.

M. Hovey, B. Shipley, and J. Smith. Symmetric spectra. J. Amer. Math. Soc., 13(1):149-208,
2000.

P. Jorgensen. Recollement for differential graded algebras. J. Algebra, 299(2):589-601, 2006.

B. Keller. Deriving DG categories. Ann. Sci. Ecole Norm. Sup. (4), 27(1):63-102, 1994.

B. Keller. On differential graded categories. http://de.arxiv.org/abs/math/0601185, 2006.
H. Krause. On Neeman’s well generated triangulated categories. Doc. Math., 6:121-126 (elec-
tronic), 2001.

H. Krause. A Brown representability theorem via coherent functors. Topology, 41(4):853-861,
2002.

H. R. Margolis. Spectra and the Steenrod algebra, volume 29 of North-Holland Mathematical
Library. North-Holland Publishing Co., Amsterdam, 1983. Modules over the Steenrod algebra
and the stable homotopy category.

S. Mac Lane. Categories for the working mathematician, volume 5 of Graduate Texts in Mathe-
matics. Springer-Verlag, New York, second edition, 1998.

K. Morita. Duality for modules and its applications to the theory of rings with minimum condi-
tion. Sci. Rep. Tokyo Kyoiku Daigaku Sect. A, 6:83-142, 1958.

A. Neeman. The connection between the K-theory localization theorem of Thomason, Trobaugh
and Yao and the smashing subcategories of Bousfield and Ravenel. Ann. Sci. Ecole Norm. Sup.
(4), 25(5):547-566, 1992.

A. Neeman. On the derived category of sheaves on a manifold. Doc. Math., 6:483-488 (electronic),
2001.

A. Neeman. Triangulated categories, volume 148 of Annals of Mathematics Studies. Princeton
University Press, Princeton, NJ, 2001.

M. Porta. Ph. D. thesis in preparation.

B. Parshall and L. Scott. Derived categories, quasi-hereditary algebras and algebraic groups.
Carlton University Mathematical notes, 3:1-104, 1988.

D. G. Quillen. Homotopical algebra. Lecture Notes in Mathematics, No. 43. Springer-Verlag,
Berlin, 1967.

J. Rickard. Morita theory for derived categories. J. London Math. Soc. (2), 39(3):436-456, 1989.



TWwO RESULTS FROM MORITA THEORY OF STABLE MODEL CATEGORIES 69

[Sch04] S. Schwede. Morita theory in abelian, derived and stable model categories. In Structured ring
spectra, volume 315 of London Math. Soc. Lecture Note Ser., pages 33-86. Cambridge Univ.
Press, Cambridge, 2004.

[Sch06]  S. Schwede. Algebraic versus topological triangulated categories. http://www.math.uni-bonn.de
/people/schwede/leeds.pdf, 2006.

[SS00]  S. Schwede and B. Shipley. Algebras and modules in monoidal model categories. Proc. London
Math. Soc. (3), 80(2):491-511, 2000.

[SS03a] S. Schwede and B. Shipley. Equivalences of monoidal model categories. Algebr. Geom. Topol.,
3:287-334 (electronic), 2003.

[SS03b] S. Schwede and B. Shipley. Stable model categories are categories of modules. Topology,
42(1):103-153, 2003.
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SUMMARY

Morita theory is the study of equivalences of module categories and related questions.
There are different settings for Morita theory:

e the classical case of ordinary rings (‘monoids in the monoidal category of abelian
groups’), modules, and equivalences of abelian categories (Morita, since the 1950s),

e the differential graded (DG) case, where DG algebras (‘monoids in the monoidal
category category of chain complexes’), DG modules over such and derived equiv-
alences of triangulated categories are considered (Happel, Rickard, Keller, since
the 1980s),

e the context of stable model categories, with symmetric ring spectra (‘monoids in
the monoidal category of symmetric spectra’), module spectra, and equivalences
of their homotopy categories or even Quillen equivalences (Schwede, Shipley, since
the 2000s).

In this paper, we prove two results from Morita theory of stable model categories. They
can be regarded as topological counterparts of Morita theorems which have recently been
proved in the DG context. One is on recollements of triangulated categories, the other on
well generated categories.

Recollements. If R is a symmetric ring spectrum, Schwede’s and Shipley’s work on
Quillen model structures of module categories allow us to define the derived category D(R)
as the homotopy category of R-modules. Motivated by a similar result of Jgrgensen for
the DG case, we give a criterion of when the triangulated category D(R) can be obtained
as ‘glued together’ from two other such derived categories. More precisely, we give a
criterion for the existence of symmetric ring spectra S and 7" and a recollement of the
derived categories, that is, a diagram of triangulated categories and functors

i* Jt
D(§) ——=—— D(R) —~—— D(T)
v \/
it Jx

satisfying among others the condition that each arrow drawn above another in converse
direction is left adjoint to the latter. Our result states, that such a recollement exists if
and only if there are two R-modules B and C satisfying certain finiteness and generating
conditions. If such modules exist, the (opposites of) the endomorphism ring spectra of B
and C will serve as S and T'. In fact, we do not work over the category of symmetric spectra
but over a more general one including chain complexes so that we get a generalization of
the result in the DG context.

Well generated categories. The well generated triangulated categories (due to Nee-
man) generalize the compactly generated triangulated categories and share with them the
important property of Brown representability. But unlike the class of compactly gener-
ated ones, the class of well generated categories is stable under passing to appropriate
localizing subcategories and localizations. While Porta characterizes the well generated
algebraic triangulated categories as localizations of the derived categories of DG algebras
with several objects (alias DG categories), we use the setting of Quillen model categories
to prove that a topological triangulated category is well generated if and only if it is a



TWwO RESULTS FROM MORITA THEORY OF STABLE MODEL CATEGORIES 71

localization of the derived category of a symmetric ring spectrum with several objects
(alias spectral categories). Here, a triangulated category is called topological if it is equiv-
alent to the homotopy category of a spectral model category. We also give a lift to the
level of model categories, that is, we show that any spectral model category which has a
well generated homotopy category is Quillen equivalent (via a single Quillen functor) to a
Bousfield localization of the model category of modules over some spectral category. While
a result of Schwede and Shipley can be summarized by the slogan ‘Compactly generated
stable model categories are categories of modules’, the corresponding slogan of our result
is, ‘Well generated stable model categories are localizations of categories of modules’.
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