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Summary

In this dissertation, we study two von Neumann algebras generated by
reqular representations of infinite-dimensional groups Bg’ and Bg. Regular
representations for general infinite-dimensional groups were defined in 1985
by Alexander Kosyak, in his Ph.D. dissertation ([Kos85]). B and BZ are
the groups of finite, but of infinite order upper triangular matrices with units
on the diagonal. Both groups are direct limits of finite-dimensional nilpotent
groups of upper triangular matrices, corresponding to two different embed-
dings. In [Ko0s92| and [Kos01], Alexander Kosyak studied right and left
regular representations for these groups. These representations act on the
space L?(BY duy) (resp. L?(BZ duy)), where BY (resp. B%) is the space
of arbitrary upper triangular matrices and pp is a quasi-invariant Gaussian
measure, depending on a set of weights b. Kosyak found sufficient (and in
the first case necessary) conditions on the measure p;, for the right repre-
sentations to be irreducible. Moreover, examples of measures that give rise
to both reducible and irreducible regular representations for the two groups
were given.

Next, we consider von Neumann algebras A®%* (and M), generated
by the right (and left) regular representation. If the right representation
is reducible, the corresponding von Neumann algebra 2% is a non-type I
algebra (according to the Murray-von Neumann classification). Kosyak also
studied the conditions on the measure, when A% is the commutant of A%?,
We prove that, in this case, the constant function 1 is cyclic and separating
for these algebras. The corresponding modular operator and conjugation
are well defined, similarly as in the case of locally compact groups. Our
main theorem says that if the condition for the right von Neumann algebra
to be the commutant of the left one holds, both von Neumann algebras are
type I11; factors, according to the classification of Alain Connes. In the case
of BY, we show this by proving the triviality of the fixed point algebra of
ARb wr.t. the modular evolution.

To prove the type III; factor property for the von Neumann algebra
generated by the regular representations of the group Bg, we consider the
crossed product (denoted by A), of A%? with R, w.r.t. the modular group
o. The latter crossed product is an invariant of type III factors, called the
non-commutative flow of weights (its center is called the flow of weights)
and was defined by Connes and Takesaki. Moreover, a theorem of the same
authors implies that, if A/ is a factor, then the algebra A%’ (and hence
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also its commutant A“?) is a type III; factor. In the last chapter of this
dissertation we prove that the center of N is trivial and hence the type III;
factor property of A% and ALt
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CHAPTER 1

Preliminaries

1. Introduction

This dissertation deals with certain analogues of group von Neumann
algebras for two infinite-dimensional groups. A von Neumann group algebra
of a locally compact group is generated by regular representations of this
group. Regular representations play an important role in the representation
theory of locally compact groups. The decomposition of a regular represen-
tation into irreducible ones contains all the irreducible representations for
finite and compact groups and many irreducible representations of locally
compact Lie groups. In the case of locally compact groups a regular repre-
sentation is always reducible, since along with a right regular representation
there exists a left regular representation, commuting with it. Moreover, the
commutant of a right regular representation is generated by operators of
the left regular representation ([Dix69b]). Since the beginning of the six-
ties, regular representation for infinite-dimensional groups have been studied
(see e.g. [AHKTVS3, AHKT7S, Kos92, Kos94, Kos01]). For general
infinite-dimensional groups they were defined in 1985 in the Ph.D. disserta-
tion of Alexander Kosyak. For a review of regular representations of infinite-
dimensional groups we refer to e.g. [Kos94]. In this case, the situation can
be completely different from the locally compact case. The right regular
representations can for example be irreducible.

In this dissertation we shall consider two infinite dimensional groups.
They are the groups of finite, but of infinite order upper triangular matrices
with units on the diagonal. In other words, inductive limits of nilpotent
groups of upper triangular matrices, where by a nilpotent Lie group we
mean a Lie group with a nilpotent Lie algebra. The first limit, denoted
B[I)\I , is obtained by considering the embedding which extends the matrix
with a row and a column in one direction, where as the second limit, Bg,
uses the two-sided embedding, and thus the matrices can also have negative
indices. In [Ko0s92] and [Kos01], Alexander Kosyak studied analogues of
right and left regular representations for these groups. They depend on a
quasi-invariant Gaussian measure. Kosyak found sufficient (and in the first
case necessary) conditions on the measure for the right representations to be
irreducible. Moreover, examples of measures that give rise to both reducible
and irreducible regular representations for the two groups were given.
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Von Neumann group algebras were already studied in the famous papers,
on rings of operators, by Murray and von Neumann ([MvIN36, MvN37,
vIN40, MvIN43|). There, the authors introduced the example of a von
Neumann algebra of a discrete countable i.c.c. group (see later), they proved
that this was a type II; factor, according to their classification. A von
Neumann algebra is called a factor when its center is trivial. The latter
subdivided the class of factors into five types, type I, type I, type Ili,
type Il and type III. The type III case was the most mysterious at that
time and it was not before the early seventies that Alain Connes found a
finer classification of type III factors ([Con73]). In the next section of this
chapter we shall discuss some basics of von Neumann algebra theory and
classification of factors.

In general, a theorem Connes ([Con76]) says that a von Neumann group
algebra of a locally compact connected separable group can be at most of
type Il, and hence cannot be of type III. It is known that for infinite-
dimensional groups von Neumann algebras generated by regular representa-
tions can be of type III. The first example of such a type III von Neumann
algebra was studied in [AHKTV83]. It is the factor generated by the en-
ergy representations of the (infinite-dimensional) group of smooth mapping
from R into SU(2). In this dissertation, we provide other examples of type
IIT factors generated by regular representations.

After defining the regular representations for B)) and BZ, we consider
von Neumann algebras, generated by them. Since the regular representa-
tions depend on the measure, so do the von Neumann algebras. In case of
an irreducible representation, the corresponding von Neumann algebra is a
factor of type I. However, it is certainly not clear which type of von Neu-
mann algebra is generated by a reducible regular representation and when
it is a factor. In this dissertation we give an answer to these questions.
Kosyak found a condition on the measure (E(b) < oo[l) for the left von Neu-
mann algebra to be the commutant of the right. Moreover A. Kosyak and
R. Zekri (JKZ00, KZ01]) found sufficient conditions for the algebras to be
factors. In the current work we prove that if F(b) < oo, then the algebras
are factors. Hence, the conditions of Kosyak and Zekri are not necessary.
Furthermore, these factors are hyperfinite (i.e. generated by a family of ma-
trix algebras) and of type III; according to the classification of A. Connes
([Con73]). This also means that they are all mutually isomorphic (due to
a theorem of Haagerup, [Haa87]).

The structure of this work is as follows. In the first chapter, we introduce
some background. We start by reviewing basic theory of von Neumann
algebras, in particular classification of factors. Then, we discuss some basics
of Gaussian measures on infinite dimensional spaces.

Lsee Chapters 1 and 2 for the definition
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In the second chapter we consider the group B(I)\] together with its regular
representations, and prove the above results. A parallel study of this case
was carried out recently in [Kos].

Finally, the last chapter deals with the group Bg. As mentioned above,
we prove that the von Neumann algebras generated by reducible right and
left regular representations are type III; factors. These results will appear
in [DK]

2. Von Neumann algebras

After their discovery by von Neumann in the thirties, von Neumann
algebras have become a major mathematical area. In what follows we shall
review some basic facts about von Neumann algebras and the classification
of factors. A detailed exposition can be found in among others [KR83,
KR86, [Tak02|, [Tak03a, [Tak03b] and [Con94]. Furthermore, the reader
should be familiar with the basic theory of Hilbert spaces and operators (see
e.g. [KR83]).

Let H be a Hilbert space (in this work we shall only consider the separa-
ble case). We denote by B(H), the algebra of all bounded linear operators
on H.

DEFINITION 1.1. A von Neumann algebra is a *-subalgebra M of B(H)
such that

M =M
where M" := {a € B(H);am = ma, Ym € M} is the commutant of M.
The von Neumann algebra Caq = M N M’ is called the center of M. A
von Neumann algebra with a trivial center, i.e. Cxq = C.1, is called a factor.

With a von Neumann algebra is associated its dual, M*, which is the
set of all continuous linear functionals on M. The predual of M is a Banach
subspace M, of M* of all o-weakly continuous linear functionals (Appendix
[A). The positive functionals in M, are called normal. The following holds:

(M.)" =M
(IKR86], Theorem 7.4.2). Now we define a state.

DEFINITION 1.2. A state on a von Neumann algebra M is a linear func-
tional ¢ € M* such that ¢(aa*) > 0,Va € M (positivity) and ¢(1) =1. A
state ¢ is called normal if ¢ € M,.

A slightly more general notion is that of a weight.

DEFINITION 1.3. A weight on a von Neumann algebra M is a mapping
p: My — [0,00], where M is the set of positive elements of M (i.e.
elements of the form aa*, a € M), such that:

pla+b) = pla)+p(b), abe My
p(Aa) = Ap(a), IeR,;.
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A weight (or a state) is called tracial (or simply a trace) if
p(a*a) = p(aa®), Vae M.
We adopt the notation:

N, = {aeM;pla*a) < oo},
N, = {ae M;p(a*a) =0},
F, = {aeMy;p(a) < oo}

When N, = {0}, we say that p is faithful. We say that p is semi-finite if the
linear span of F), is weakly dense in M. Finally, we say that p is normal if
there exists a family {p;;7 € I} of positive normal functionals on M such
that p(a) = >_,c; pi(a), for each a € M

We also need the following definition.

DEFINITION 1.4. A closed (generally unbounded) densely defined oper-
ator A with domain D(A) is said to be affiliated to a von Neumann algebra
M (write AnM) if for all unitaries u in M’

uD(A) C D(A),
uAu*E = AL, VE € D(A).

Equivalently, AnM if all spectral projections of |A| lie in M. If A is self-
adjoint, then AnM iff the one-parameter group generated by A lies in M
(see [Dix69al). The following theorem states that the operators affiliated
to an abelian von Neumann algebra form a *-algebra.

THEOREM 1.5. [KR83] If M is an abelian von Neumann algebra and
A, B are operators affiliated to M, then:

(1) Each finite set of operators affiliated to M have a common dense
core.

(2) A + B is densely defined and closable and its closure A+B =
A+ BngM,

(3) AB is densely defined and closable and its closure A’B := ABnM,

(4) A°'B = B'A and A*. A= AA* (= ATA¥),

(5) if AC B, then A = B; if A is symmetric, then A is self-adjoint.

One of the big problems in von Neumann algebra theory is their clas-
sification. The decomposition theory of von Neumann algebras (see e.g.
[KR86] Chapter 14) states that a von Neumann algebra can be decom-
posed as a direct integral of factors. In general, an abelian von Neumann
algebra can be seen as the L°(X, du) space for some measure space (X, u).
The decomposition in factors is then the direct integral over (X, u). When
a von Neumann algebra M is non-commutative, one considers a direct in-
tegral of factors M., labeled by =, where = varies within the center of M,
which is an abelian von Neumann algebra. Hence, factors can be regarded
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as building blocks of von Neumann algebras. Unfortunately, a detailed dis-
cussion of this theory would go beyond the scope of this dissertation. Thus,
a classification of factors is sufficient to classify von Neumann algebras.
The first classification was carried out by Murray and von Neumann in
IMvIN36, MvN37, vIN40, MvIN43|. We briefly discuss this theory (the
details can be found in e.g. [KR86]).

Let M be a factor. Then there is a unique (up to a constant) tracial
weight 7 on M. Denote by D the restriction of 7 to the projections in M
(i.e. e € M such that e? = e and e* = ¢). That is,

(1) D = T|ProjM * P’I“OjM — [0,00]
The set of projections can be equipped with an equivalence relation ~:
(2) p1 ~ p2 & Ju € M such that p; = v u, ps = uu’,

where p1, p2 are projections in M and u is a partial isometry. The function
D fulfills the following properties:

p1~p2 & D(p1) = D(p2),
pip2 =0 = D(p1+p2) = D(p1) + D(p2),
pis finite < D(p) < oo.
For a projection p to be finite means that p ~ ¢ and ¢ < p imply p = q.
The function D is called the dimension function and is an invariant of the

factor M. In the table below we list the possible types of factors according
the the range of D (after normalization), together with some examples.

SmD Type Example
{1,..,n} | I, M, (C)
{1,...,00} | Tno B(H)
[0, 1] II; | W*(G), G is countable i.c.c. group
[0, o0] Il W*(G)®B(H)
{0, 00} 11 R

The type I, factors are the only finite dimensional von Neumann algebras.
They are all isomorphic to matrix algebras. The infinite type I factors are
isomorphic to the algebra of all bounded operators on some Hilbert space.
The factors for which D takes only finite values are called finite, whereas
all the other are called infinite. The above example of a type Il factor is
the von Neumann algebra generated by the left regular representation of
an infinite, discrete i.c.c. group. The latter are groups, where all the non-
trivial conjugacy classes C(g) := {hgh™';h € G}, g # e are infinite. One
can obtain an infinite type II factor by just tensoring W*(G) with B(H) (®
means the von Neumann algebra tensor product, see [KR86]). The factor
R is the unique hyperfinite type I11; factor (see later) discovered by Araki
and Woods (JAW69], also see example below). The factors, generated by
regular representations of B(I]\I and Bg in this dissertation, are all isomorphic
to Roo.



6 1. PRELIMINARIES

DEFINITION 1.6. A von Neumann algebra which admits a semi-finite
faithful normal trace is called semi-finite. Otherwise it is called properly-
infinite

Hence, the only properly-infinite factors are the type III factors. The
main tool for the classification of type III factors by Alain Connes ([Con73])
is the modular theory of Tomita and Takesaki, which we introduce below.

3. Tomita-Takesaki Modular Theory

The main theorem of Tomita-Takesaki theory ([Tak70]) proves that,
given a von Neumann algebra together with a faithful normal semi-finite
weight, there is a canonical one-parameter group of automorphisms of the
algebra (which can be regarded as a time evolution). Furthermore, the
theory provides a canonical conjugation, which maps the algebra into its
commutant, by the adjoint action. Here we shall review the Tomita-Takesaki
theory for states, since this is sufficient for the purposes of this dissertation.
For the more general version for weights and left-Hilbert algebras, we refer
to [Tak70, Tak03al.

Recall that to a closed operator T' one can associate a polar decomposi-
tion,

T = J|T),

where J is an anti-unitary operator and || = v/T*T is a positive self-adjoint
operator. This decomposition is unique.

Let M be a von Neumann algebra and ¢ a faithful normal state on
M. The GNS construction ([KR83], Theorem 4.5.2) provides us with a
representation 7 of M on a Hilbert space Hy, and a cyclic and separating
vector g € Hg. The cyclic property means that the set my(M)ng4 is dense
in Hy. We say that 7, is separating for my(M) if it is cyclic for M’ (or
equivalently, if my(a)ns = 0 implies a = 0 for all a« € M). From now on we
assume that M is already in its GNS representation and omit the subscript
¢ in the notation. We define the following operator:

(3) S:Mn— H,an — a*n.

This operator is closable ([JKR86], Lemma 9.2.1) and we denote its closure
by the same symbol. We consider the polar decomposition of S:

(4) S = JAY?,
Now we can state the theorem of Tomita and Takesaki (for states).

THEOREM 1.7. Let M be a von Neumann algebra together with a faithful
normal state ¢. Let S,J and A be the operators defined above. Then

JMJ = M
APMA™® = M, VteR.

Now we define the canonical automorphism group associated to (M, ¢).
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DEFINITION 1.8. The one-parameter automorphism group defined by
(5) oi(a) := A%aA™® Vit e R,
is called the modular automorphism group of associated to (M, ¢).

One of the first consequences of Theorem [1.7]is the modular condition. It
is a special case of the KMEﬂcondition from quantum statistical mechanics
(HHWS6T]). Let (M, o, R) be a W*-dynamical system, i.e. a von Neumann
algebra together with a strongly continuous one-parameter automorphism
group oy of M. Define the following strip in the complex plain.

Dg:={z€C;0 <3z < 3},

where 3 > 0 a positive real number.

DEFINITION 1.9. A normal state ¢ is called a KMSg-state w.r.t. the
one-parameter group oy if for any pair of operators a,b € M there exists a
complex function F, ;, which is analytic in D, and bounded and continuous
in D , such that

(6) Fop(t) = olac(b)),
(7) Fop(t+iB) = ¢(au(b)a),
for all t € R.

An equivalent condition is the following. A normal state ¢ on M is a
KMSg state w.r.t. a time evolution oy, if the following twisted commutation
rule holds for all elements a, b in a norm dense a-invariant subalgebra of M,
(the algebra of analytic elements, see [BR79] section 2.5.3).

(8) ¢(aaip(b)) = ¢(ba)
The theory of KMS states on dynamical systems is a topic on its own and
we refer to [BRO2] for a detailed discussion.

The KMS-condition comes into play in Tomita-Takesaki theory as fol-
lows. Let (M, ¢) be a von Neumann algebra and a faithful normal state
and let J, A be the corresponding modular data. Then ¢ fulfills the KMS-
condition at 8 = 1 for the time evolution oy := o_;. Later we shall use this
condition in the proof that the fixed point algebra of a von Neumann alge-
bra being trivial implies the type III; factor property of the von Neumann
algebra.

4. Connes’ Classification of Type III factors

Although the version of Tomita-Takesaki theorem we presented in the
previous section is in the context of states, there exists a more general theory,
where instead of a state one considers a weight on the algebra (in general one
works with the so-called left Hilbert algebras, see [Tak03al], Chapter VI).
Instead of a faithful normal state one considers a semi-finite faithful normal

2after Kubo, Martin and Schwinger
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weight . Then there is a one-parameter group of automorphisms of the
algebra implemented by the operator Af;, associated to the weight. Now,
to what extend do those groups depend on the weight? The answer to this
question is given by the non-commutative version of the Radon-Nikodym
theorem ([ConT73]).

THEOREM 1.10. Let M be a von Neumann algebra let ¢ be a faith-
ful semi-finite normal weight on M, and let U be the unitary group of M
equipped with the o-weak operator topology. For every faithful semi-finite
normal weight 1 on M there exists a unique continuous mapping u of R
into U such that:

(1)
Uprs = utaf(us), Vt, s € R,
azb(:v) = utaf(x)uf, Vte R,z € M,
Y(r) = ¢(U*—z‘/2mu—z’/2), r e M.
This is expressed by writing uy = (D : D).
(2) Conversely, let t — wu; be a continuous mapping of R into U such
that
Upgs = utaf(us), Vi,s € R
Then there exists a unique faithful normal semi-finite weight ¥ on
M such that (D : Dg) = u.

Hence the class of modular groups does not vary with the weight, modulo
inner automorphisms. Another question is when the modular group is inner.
The following theorem of J. Dixmier and M. Takesaki gives the answer:

THEOREM 1.11 ([Tak03a], Theorem VIII.3.14). For a von Neumann
algebra M, the following are equivalent:
(1) M is semi-finite.
(2) There exists a semi-finite faithful normal weight for which its mod-
ular automorphism group is inner.
(3) The modular automorphism group of every semi-finite normal faith-
ful weight is inner.

In general, Connes defined the following set ([Con73|), which is equal
to R if and only if M is semi-finite:
T(M) = {Ty; U%) is an inner automorphism for some weight ¢}
Let M be a factor. The classification of Connes relies on the following
invariant of M ([Con73]):
9) SM) = ﬂ{SpA¢; ¢ is a semi-finite faithful normal weight on M}
¢

The above set is called the modular spectrum of M. Now we can define the
different type III factors.
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DEFINITION 1.12 ([ConT3]). Let M be a factor of type III. Then M
can be of the following type according the invariant S(M):

S(M) ‘ Type

R 1114
{A"neZu{0},0< A< 1| III)
(0,1} 11,

It seems a lot of work to compute the spectra of all the modular operators
above. However, there is another set which is usually more easy to compute,
called Connes’ spectrum. Let ¢ be a semi-faithful normal weight of M and
we define the centralizer of ¢ as the fixed point algebra of M w.r.t. the
modular group:

My :={ac M;Uf(a) =a,Vt € R}
Then, Connes’ spectrum of ¢® is defined as follows ([Con73]):

(10) (%) := ({Sp(Ag.); € € Proj(My), e # 0},

where ¢, is the reduced weight on the reduced von Neumann algebra M, =
eMe, and ¢.(a) = ¢(a) for all @ € eMe. Then by [Con73|, Théoreme
3.2.1.,

(11) S(M)NR% =T (%) =: T(M),

for some semi-finite faithful normal weight ¢.

5. Crossed Products and Duality

Given a W*-dynamical system (M, «, G) on the Hilbert space H, where
G is a locally compact group and « a continuous homomorphism of G into
Aut(M), one can associate to it a new dynamical system on the Hilbert
space H := L%(G, H), called the crossed product of M with G w.r.t. o. Let
us give the definition. Consider the following two representations, 7, and
A of M and G on H:

(12) (ma(a)€)(s) = asg-1(a)i(s), aeM,seq,
(13) Ac)E)(s) = &(t's), tseG,

where we assume that the Haar measure on G is left invariant. The repre-
sentation {7y, Ag} is covariant, that is it fulfills the following identity:

(14) Talas(a)) = Aa(s)mala)Aa(s)"
Then we define

DEFINITION 1.13. Let (M, a, G) be a W*-dynamical system on H and
o and Ag defined as above. Than the von Neumann algebra

(15) M =M, G = (1a(M)UX(G))"
is called the crossed product of M and G, w.r.t. a.
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We can also define the crossed product for a covariant representation

{p,V,K} of M:

(Pa(@)E)(s) = plas-1(a))s(s), &€ L*(G,K),
(16) Ac®E)(s) = &tls), tseq,
Noge = (pa(M) U A(G))"
The crossed product is, however, independent (up to a cocycle permutation)
of the representation M ([Tak03al, Theorem X.1.7).
The notion of crossed product for algebras is an analogue (or rather
generalization) of the notion of semi-direct product in groups.
Example: Let G and H be two countable discrete groups and o : G —
Aut(H) is a homomorphism. Recall that the semi-direct product, which we
shall denote by H X, G, is a group K whose underlying set is H x GG, where
group-multiplication is given by

(h1,91)(h2, g2) = (hiag, (h2), 9192);

It is not difficult to prove (see e.g. [Sun87]), that the group von Neumann
algebra of H X, G, i.e. the von Neumann algebra W*(H x,, G), generated
by the left regular representation of H X, G, is isomorphic to the crossed
product of W*(H) with G w.r.t. an action & induced by «:

ug€(h) = &lag-1(h)), geG,heH,
ag(a) = ugau, ~1, and hence
W*(H 3, G) = W*(H) x5 G.
Now we state a theorem, which will be important later. It gives a convenient

description of the commutant of the crossed product N of M with G. For
a proof we refer to [Tak03al, Theorem X.1.21.

THEOREM 1.14. Consider a W*-dynamical system (M, G, «) over a lo-
cally compact group G, represented by a covariant representation {p,V,K}.

Define
(WE)(s) = V(s)*€(s), &€ LXG,K).
Then
Nog = (Wp(MYW* URI(G))",
N = (pM)UWR.(G)W*)",
where N, x is defined by @) and Ry (resp. R, ) is the right (resp. left) von
Neumann algebra of G.

The next topic in the theory of crossed product we shall discuss is
the duality theory. It was discovered by Connes ([ConT73]) and Takesaki
([Tak73]). From now on we assume that G is abelian. Let G be the dual
group of G. On the Hilbert space L?(G) we define

)

(Aa(8)E)(r) (r—s), £€L*(@), rseq,
(ha(P)O)(r) = (rpé(r), peG.



5. CROSSED PRODUCTS AND DUALITY 11

It then follows that with U(s) = Ag(s) and V(p) = ug(p), s € G,p € G, U
and V satisfy the following relation:

(17) UV ()U(s)*V(p)" = (s,0)-

DEFINITION 1.15. In general, a pair of unitary representations U of G
and V of G on the same Hilbert space H is said to be covariant if the
commutation relation is satisfied. The commutation relation is
called the Weyl-Heisenberg commutation relation.

The following result will play a crucial role in the poof of our main
theorems.

PropPoOSITION 1.16. [[Tak03al, Proposition 2.2] The covariant represen-
tation {\g, ug} generates the factor B(L*(G)) of all bounded operators. If
{U,V, H} is a covariant representation, there exists a Hilbert space Hy such
that

{)‘G ® 17,UG @ 1> LQ(G) ® HO} = {Ua V7H}
The dimension of Hy is called the multiplicity of H.

PROOF. Due to the importance of this theorem we include the proof of
the first part here, for the second part we refer to [Tak03a], Proposition
2.2. For each f € LY(G), we define

V(f) = /G )V (p)dp.

Then V is a *-representation of Ll(é), so that it can be extended to the
enveloping C*-algebra Cp(G) (the algebra of continuous functions vanishing
at inﬁnityE[). We shall denote the extended representation of Cy(G) by V
again. In the case when V = pu¢, we have that pg(f) is the multiplication
by f on L?(G) (f € Co(G)). Hence the von Neumann algebra A generated
by {uc(f); f € Co(G)} is the multiplication algebra L°°(G) on L?(G). So

it is maximal abelian (i.e. L(G)" = L*°(G)). Now, we have

Aa(s)pa(flra(s)” = pa(Xsf), seG, [feL®(G),

where (Asf)(r) = f(r—s). Hence the operators of A commuting with Ag(G)
are only scalars (the Haar measure dr is ergodic). Therefore,

(@) na(G)} =C,
so that {A\g, ue} is irreducible. O

Now we again consider the W*-dynamical system (M, «, G). Let Ag be
the representation on L%(G,H). Analogously to the previous case we
define

(18) (1a()E)(s) = (s,p)&(s), peC.

3A function f on G is said to vanish at infinity if given any € > 0, there is a compact
subset of G such that |f(z)| < € for « outside this subset
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We define the following action of G on M x, G:
(19) p(z) = pa(p)epc(p)’, e MxaG, ped.

DEFINITION 1.17. The representation p¢ of G on L?(G, H) defined above
is called the dual representation to Ag. The action & of G on the crossed
product M = M x,, G is called the dual action and the resulting dynamical
system (M, a, @), we call the dual system.

The above definition is justified by the following duality theorem.
THEOREM 1.18 ([Con73, [Tak73]). Let (M,a,G) and (M, é,G) be as

above. Then we have
(20) (M x4 G) X4 G = MIB(L*(Q)).

Although we discussed the general case of the above theory, from now on
we will consider only the case G =R = G. For convenience we shall denote
a dynamical system by only the von Neumann algebra and the action of R.

Now we state the main theorem of the structure of type III von Neumann
algebras. Recall that a von Neumann algebra is called properly infinite, if
there is no semi-finite faithful normal trace on it.

THEOREM 1.19 ([Tak73, [CT7T]). (1) Let (N, 0) be a W*-dynamical
system such that
o N admits a faithful semi-finite normal trace 7;
e 0 transforms in such a way that

Toby=¢"°r, seclR.

Then the crossed product M = N xg R is properly infinite and the
center Cpq 1s precisely the fixed point algebra Cﬂ/ of the center of
N under the canonical embedding of N into M (the representa-
tion mg). Furthermore, M is of type III (i.e. all the factors in
the decomposition of M are of type III) if and only if the central
dynamical system (Cpr,0) does not contain an invariant subalgebra
A, such that the subsystem (A, 0) is isomorphic to L>(R) together
with the translation action of R. In the case that M is of type III,
N is necessarily of type Il (i.e. T(1) = o0).

(2) If M is a von Neumann algebra of type III, then there exists a
unique, up to conjugacy, covariant system (N, 0) satisfying the con-

ditions of (1).

An immediate consequence of the above Theorem is that M is a factor
if and only if (N, 0) is centrally ergodic. Also, we see that the system (N, )
is an invariant for the algebraic type of M.

DEFINITION 1.20 ([Con73), [Tak73]). The dynamical system (N, 6) as-
sociated to M is called the non-commutative flow of weights of M, whereas
the central system (Cpr,0) is called the flow of weights of M.
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The flow of weights turns out to be an invariant, which gives us the same
types as the modular spectrum.

THEOREM 1.21 ([CTT77]). Let M be a factor of type III. The the fol-
lowing holds:
(1) M is of type III), 0 < X\ < 1, if and only if the flow of weights has
a period T, with A =e~ T,
(2) M is of type Il if the flow of weights has no period,
(3) M is of type II1; if the flow of weights is trivial, i.e. N is a factor.
(4) p € T(M) if and only if there exists u € U(Cyr) with 05(u) = ePsu.

Although the invariants S(M) and (Cag, ) provide a finer classification
of factors, they are not complete (i.e. classify the factors up to isomorphism).
However, there is an important class of factors which has been classified
completely ([Con76l, Haa87]). These are the hyperfinite or injective factors
(other names are amenable and AFIfI). The definitions of each of the terms
are different, but they were proven to be equivalent ([Con76]).

6. Classification of Hyperfinite Factors

DEFINITION 1.22. A von Neumann algebra with a separable predual
is called hyperfinite if it is generated by an increasing family of finite-
dimensional subalgebras.

Now we shall, very briefly, review the full classification of the hyperfinite
factors, which was carried out by Connes, up to one case, in [Con76]. The
remaining, type III; case was solved by Haagerup ([Haa87]).

The type I case is of course trivial. The type II situation is the following.

THEOREM 1.23 ([ConT6]). (1) Any amenable (hyperfinite) factor
of type Il is isomorphic to the Murray von Neumann hyperfinite
factor R, where R = W*(G), G countable discrete i.c.c. group.

(2) Let F be a type I factor. There exists up to isomorphism, only
one amenable factor of type I, namely Ry1 = RRF.

An important corollary is that von Neumann algebras of connected sep-
arable locally compact groups can have at most type Il factors in their
decomposition.

COROLLARY 1.24 ([ConT6]). Let G be a connected separable locally com-
pact group and let X be the left reqular representation of G in L*(G). Then
WH*(Q) := (MG))" is a direct integral of factors which are either of type I
or isomorphic to Ry 1.

As already mentioned in the introduction, von Neumann algebras gen-
erated by regular representations of infinite-dimensional groups which are
inductive limits of connected locally compact groups, can be of type III.

4Appr0ximately finite dimensional
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In order to explain the type III case we have to mention infinite tensor
products of von Neumann algebras. Let (M,, ¢,), be a sequence of pairs
(matrix algebras, faithful state). Let A be the inductive limit of the C*-
algebras (for the precise definition we refer to [Tak03b], Chapter XIV)

A, =M1 Mo®...Q M,,

where the embedding A, C A,41 is by means of the mapping © — z ® 1.
On A, which is a C*-algebra with unit one defines a state ¢ := @/ ; ¢, by
the equality

(ﬁ(l’l RITIR...Qx, ®1I® ) = ¢1(x1)¢2(:v2)...¢1,(x,,).
Then the infinite tensor product (M, ¢) of (M,, ¢, ) is defined as
(M, ¢) := 7y (A).

Example 1: The following construction was discovered by R. T. Powers in
1967 ([Pow67]). Let (M,,¢,) be a sequence of factors and states, where
M, are all equal to M(C) and the states are given by

¢V((aij)) = aan + (1 — OZ)(IQQ.
Define Ry := @, (M., ¢,), where A = —2—. Then Rj are mutually non-

a—1"

isomorphic factors ([Pow67]). Moreover, Ry is of type III, 0 < A < 1
([Con73)).

THEOREM 1.25 ([ConT6]). For each 0 < X\ < 1, there exists up to
isomorphism only one hyperfinite factor of type Iy, the Powers factor R).

After Powers discovered the above factors, Araki and Woods made a
classification of factors which are infinite tensor products of matrix alge-
bras in the above sense, called ITPFI factors (JAWG69]). They defined two
invariants

(21) Foo(M) = {X€]0,1[; MBR) = M},
(22) p(M) = {\€]0,1[; MBRy = Ry}
Later, Connes proved ([Con73|) that 7o, (M) = S(M) and T(M) = ﬁ%_

The above example can be obtained in a different way, using the so-called
group measure space construction, already introduced in [MvIN36l, vIN40].
We give another example, which shows a procedure to obtain hyperfinite
factors from ergodic theory.

Example 2: Let Xy = {1,2,...N} be a finite set and let ;¢ be a proba-
bility measure defined on the subsets of Xo. such that uo({j}) = p; > 0 for
1<j<Nand Y pj=1 Let X = X' = {w:N— Xg}. Equip X with the
product o-algebra F and the product measure

00
H= ®,unv
n=1
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with u, = po for all n. By a cylinder set in X (see also next section), we
shall mean a set of the form {w € X;(w(1),w(2),...,w(n)) € E,,}, where
FE,, is any subset of
XSL = Xo X ... X Xo,
where this is an n-fold product. Thus F is the o-algebra generated by
cylinder sets. By a elementary cylinder set we shall mean a set of the form
{we X :w(n) =jo} for some n in N and jo € Xp.
For each permutation o of {1,...,N} and k in N, let T, : X — X be
defined by
w(m), if m # k,
(Topw)(m) = Ugw()k)), it m 7: k.

Since p; > 0 for all j, it is clear that each T} is a automorphism of
(X,F,pn). Let G be the group generated by {T, ;0 € Cn,k € N}, where
Cy is the cyclic subgroup of Sy generated by a full cycle, say (12...N).

Now consider the algebra M := L*>(X,F,u) associated to the above
dynamical system. We define the action on M, induced by the action of G
on X, as

ag(f) = fog .

DEFINITION 1.26. We define the von Neumann algebra associated with
(X, F, n, G) by

R(X, F,u,G) = L¥(X,F,u) xq G.

We say that the action of G on (X, F,pu) is free if for any g € G and
for any set E € F, u(E) > 0, there exists a set F' € F such that F' C F,
u(F) >0 and FNgF = (. We say that the action « is ergodic if the only
invariant sets are trivial (measure 0 or full measure). On the algebra level
this is equivalent to the fixed point algebra w.r.t. the induced action « being
trivial. For the following Theorem we refer to [Tak03b], Theorem 1.5 and
Corollary 1.6.

THEOREM 1.27. (1) The action of G on (X,F,u) is free & M =
L>(X, F,p) is mazimal abelian in R(X,F,u, G).
(2) R(X,F,u,G) is a factor < « is ergodic.

For the above example one can prove that the action of G on (X, F, i)
is free and ergodic (see e.g. [Sun87], Ex. 4.3.6, 4.3.7). W. Krieger proved
(IKri70]) that a system such as the one above induces an ITPFI factor in
the sense of Araki and Woods. Moreover, he showed that every ITPFI factor
can be obtained in this way. He introduced an invariant r(M), called the
asymptotic ratio set, which is equivalent to the ro, (M) of Araki-Woods:

r(G) = {A€]0,4+00);Ve >0,VAC X, u(A) >0,
dB C A, u(B) >0, and g € G such that
dp(gx)
p(x)

gBCAand‘ —A‘<e,Vw€B}
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If we set Xo = {1,2} and p1 = 1/(1 + A),p2 = A/(1 + )) in example
2, one can prove that r(R(X,F,u,G)) = {\*;n € Z} U {0} and hence we
obtain the type III, factor Ry defined above. For X, = {1,2,3} and

b1 b2 p3

IS VIS5 VAR S TNED PRVED VL A (N IS Ve

we obtain a hyperfinite type III; factor (for a general proof see e.g. [Sun87|
Lemma 4.3.8). Let us call this factor Re.

THEOREM 1.28 ([Haa87|). There is, up to isomorphism, only one hy-
perfinite type 111 factor, namely the factor Re.

In fact, W. Krieger studied the so-called weak equivalence of dynamical
systems (X, R, u,T), where T is an ergodic transformation and u is quasi-
invariant under 7' and obtained certain factors (of which the above is an
example), which we now call Krieger’s factors. He proved that two trans-
formations are weakly equivalent if and only if the corresponding Krieger
factors are isomorphic. A detailed discussion, however, would go beyond the
scope of this dissertation. We refer to [Kri69, Kri70), Tak03b] for more
details. Krieger also proved that two Krieger’s factors are isomorphic if and
only if their flows if weights are isomorphic ([Kri76]). Moreover, Connes
proved that

THEOREM 1.29 ([ConT6]). Any hyperfinite type 111y factor is a Krieger
factor.

This also concludes the classification of hyperfinite factors. From the
above discussion it follows that there is an equivalence of categories, which
is implied by in the following diagram:
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Hyperfinite Factors

Isomorphisms

Flow of Weight Krieger’s Construction

Ergodic Flows Associated flows

Conjugations Weak Equivalence

Ergodic Transformation Groups

7. Gaussian measures on infinite-dimensional vector spaces

In this last section of this chapter, we shall review some basic facts,
needed in the following chapters, on Gaussian measures. We start by recall-
ing the definition of a Gaussian measure on R!.

DEeFINITION 1.30. (1) A Borel probability measure v on R is called
Gaussian, if it is either the Dirac measure d, at a point or has den-

sity
1 —(t —a)?
PARE
p('vaaa)'t'_)o_ 27Texp< 20.2 )

with respect to the Lebesgue measure. In the latter case the mea-
sure « is called non-degenerate. The measure is called centered if
a = 0 in the above definition.

(2) A Borel measure vy on R” is called Gaussian if for every functional
f on R”, the induced measure v o f~! is Gaussian.

Recall that the Fourier transform i of a finite Borel measure pu on R” is
defined by the formula

AR C iy) = / expliy, 2))dp(x),
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and that measures on R"™ are uniquely determined by their Fourier trans-
forms.

ProprosITION 1.31 ([Bog91], Proposition 1.2.2.). A measure v on R"
is Gaussian if and only if its Fourier transform has the form

) = exo (i) = 5(K0n)).

where a is a vector in R™ and K is a non-negative, matrixz. It has a density
if K is non-degenerate, in which case it is given by

- W exp (-i(Kl@: —a)a— a)>

For a Gaussian measure v, a basis of L?(R", dv) is given by the so-called
Hermite polynomials (see [Bog91] Section 1.3.):

Ha(:cl, LYy eeny .CCn) = Hlekz'”Hkna

where « is a multi index and Hj, is a Hermite polynomial on R!, defined by

o e () e ().

Now we turn to Gaussian measures on infinite-dimensional spaces. The
first thing to do is to define the g-algebra on an infinite dimensional space.
Already in the last section we mentioned the definition of cylindrical sets.
We repeat it in a more general context:

DEFINITION 1.32. Let X be a locally convex space with dual X*. The
sets of the following form are called cylindrical sets:

C={ze X;(li(x),lo(x),...I,(x)) € Co}, ;€ X",
where Cy € B(R™) is called the base of C.

We denote by F(X) the o-algebra generated by cylindrical subsets of
X.

LEMMA 1.33. The sets of the form
{z € R*®; (21,...,2n, € B}, Be€B[R"),neN,
generate B(R>) = F(R>).
Now we define the Gaussian measure.

DEFINITION 1.34. Let X be a locally convex space. A probability mea-
sure on 7 on the o-algebra F(X), is called Gaussian if, for any f € X*,
the induced measure v o f~! on R! is Gaussian. The measure 7 is called
centered if all the measures vy o f~! are centered.
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THEOREM 1.35 ([Bog91|, Theorem 2.2.4). A measure v on a locally
convexr space X 1is Gaussian if and only if its Fourier transform has the
form

) = exp (iL1) - 3BULD)).

where L is a linear function on X* and B is a symmetric bilinear form on
X* such that the quadratic form f v+ B(f, f) is non-negative.

A Gaussian measure is centered if L = 0. If X is a Hilbert space then we
can identify X* with X, by Riesz’ theorem. Then L(x) = (a,x), B(x,z) =
(Kx,x), for some vector a € X and a bounded self-adjoint operator K on
X (|Bog91], Theorem 2.3.1).

Let (X,,, Fn, tn) be a sequence of measure spaces. Than the o-algebra
on II?° , X, is generated by cylindrical sets of the form

C:leBQX...XBnXXn_HX..., B; € F;.
The measure defined by
N(C) =M (Bl)'“un(Bn)

is called the product measure and denoted by

00
H= ® Hn
n=1

This measure is well defined, since it is countably additive and extends to
the product o-algebra. A product of Gaussian measures is also a Gaussian
measure.

Next we turn to the question of singularity or equivalence of two Gauss-
ian measures. Recall that two measures are equivalent (denoted by ~) if
their null sets coincide. A measure p is called quasi-invariant w.r.t. a trans-
formation 7' if the transformed measure u? defined by

T -1
p (A) = p(T™(4))
is equivalent to p. Of course we assume that 7" maps measurable sets into
measurable sets (i.e. a measurable transformation). Two measures are said
to be mutually singular (denoted by L), if they are supported on different

subsets. The following theorem of Hajec and Feldman is important for our
work.

THEOREM 1.36 ([Bog91], Theorem 2.7.2). Any two Gaussian measures
on the same locally convex space are either equivalent or mutually singular.

Let p and v be two probability measures on a measure space (X, F) and
let A be a measure such that p << A and v << A (i.e. the p and v-null sets
are also A-null sets). Then we define the Hellinger integral:

H(u,v) = / \/g\/gd)\.
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It does not depend on the choice of A (|[Bog91], Proposition 2.12.6) and the
following holds:

0<H(p,v) <Ll
Moreover, u ~ v implies H(u,v) > 0 (and the converse is true for Gaussian
measures), H(u,v) = 0 iff p L v and H(p,v) = 1 iff p = v. In fact, the
above Theorem holds in general for product measures.

THEOREM 1.37 (|[Kak48]). For two product-measures = Q52 pu,, and
V= ®p2Vn, where p, ~ vy, for all n, the following alternative holds: either
W~ voru L v, Inaddition, u ~ v precisely when the following product
converges:

?I/Vpndyna
where pn is the density of pn, w.r.t. vy.

The above integral is nothing else than the Hellinger integral H (u,v).

Now we shortly discuss measures on groups. In the theory of locally
compact groups we know that such a group has a Haar measure, which is
unique up to constant. Moreover, the following theorem of Weil holds.

THEOREM 1.38 ([Wei65]). A group admits a left (or right) invariant
measure if and only if it is locally compact.

Moreover, a similar result, by Xia Dao-Xing, holds for quasi-invariance
of measures.

THEOREM 1.39 ([DX72], Corollary 3.1.14). Let G be a topological group
of the second category. Then, the local compactness of G is a necessary and
sufficient condition for the existence of a regular measure space (G,F, )
which is left (and right) quasi-invariant under G.

According to the above theorem it is impossible to find a G-quasi-
invariant measure on an infinite-dimensional group G. However, in certain
cases, one can find a topological group G in which G is dense and con-
struct a measure g on G which is G-quasi-invariant. For non-abelian G a
general framework was proposed in the PhD dissertation of Kosyak in 1985
(I[Kos85]). In the case when G is a Hilbert space and p the standard Gauss-
ian measure, the problem of defining the appropriate G was solved by Gross
in 1965 (JGro65|). In the next Chapters we shall consider the special cases,

where G = BY (resp. BY), G = BN (resp. B%) and y is a Gaussian measure.



CHAPTER 2

Type III; factors generated by regular
representations of the group B

1. Regular representations

Let us consider the group G = BN of all upper-triangular real matrices
of infinite order with units on the diagonal

G=BN={I+z|z= Z Thon Ein }
1<k<n

and its subgroup
G =B ={I+x¢cBY| xis finite},

where E}, is an infinite-dimensional matrix with 1 at the place k,n € N
and zeros elsewhere, * = (Zg,)g<n IS finite means that xg, = 0 for all (k,n)
except for a finite number of indices k,n € N.

1 z12 713 14

0 1 x93 x94

0 O 1 x34

0 0 0 1

Obviously, BY' = lim B (n,R) is the inductive limit of the group B(n,R) of
real upper-triangular matrices with units on the principal diagonal
B(n,R)={I+ > kB |2k € R}
1<k<r<n

with respect to the embedding B(n,R) > 2 — x + Epy1n+1 € B(n+ 1, R).
We define the Gaussian measure i, on the group BY in the following
way

24)  dup(x) = Q) (ban/m)"? exp(—brnaiy,)dzin = R) di,, (Tan),
1<k<n k<n

where b = (bgy)k<n is some set of positive numbers.

Let us denote by R and L the right and the left action of the group
BN on itself: Ry(t) = ts!, Lg(t) = st, s,t € BY and by ® : BY —
BN, ®(I + x) := (I +z)~! the inverse mapping. It is known [Kos92] that

LEMMA 2.1. ;LbRt ~ up Vt € BY for any set b = (bgn)k<n-

21



22 2. TYPE III; FACTORS ASSOCIATED TO B§

LEMMA 2.2. Mft ~ pp Vt € Bl if and only if SE (b) < oo, Vk < n,

where
o

sh= > 2

m=n+1 """
LEMMA 2.3. pit L i ¥Vt € Bi\{e} & SE (b) = 0o Vk < n.

LEmMA 2.4. [Kos00] If E(b) = Y ., SE (b)(bgn) "t < 00, then pug ~
Hb-

LeEMMA 2.5. [Kos00] The measure juy, on BY is BY ergodic with respect
to the right action.

Let @ : G — Aut(X) be a measurable action of a group G on the
measurable space X. We recall that a measure p on the space X is G-
ergodic if f(a:(x)) = f(z) Vt € G implies f(x) = const p a.e. for all
functions f € LY(X, u).

REMARK 2.6. [KZ00] If u ~ ju then p* ~ uy, V¢ € BY.

Proor. This follows from the fact that the inversion ® interchanges the
right and the left action: R, 0o ® = ® o L; Vt € BY. Indeed, if we denote
w () = p(f () we have (u/)9 = p/°9. Hence

)<1> Rio® dol,

R R L
g~ gyt~ (i )® = gt =yt = ()~

O

If ubRt ~ pp and ,ubLt ~ up Yt € B[I?T , one can define in a natural way (see

[K0s92]), an analogue of the right 77 and left T regular representation
of the group B in the Hilbert space H;, = L?(BY, duy)

T 1L BY — U(Hy = Lo(BY, dw)),
(T £)(2) = (dup(t) /dps(@)) /2 f(at),
(TE f) () = (dup(s @) /dpy ()2 f (s ).

2. Von Neumann algebras generated by the regular
representations

Let A% = (T | t € BY)” (resp. ALY = (TP | s € BY)") be the von
Neumann algebras generated by the right T (resp. the left T1%) regular
representation of the group Bgl .

THEOREM 2.7. [Kos00] If E(b) < oo then u ~ py. In this case the left
reqular representation is well defined and the commutation theorem holds:

(25) (QLR’b)/ — Q(L,b.
Moreover, the operator J,, given by

(26) (Jup ) (@) = (dpp(z ™) Jdpp(2)) 2 f(27)
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18 an ntertwining operator:

1} = 1,1, t€ BY and J,2%b7,, =AL0,

b

If ,uft 1wy Vt € BY\{e} one can’t define the left regular representation
of the group B). Moreover the following theorem holds ([K0s92])

THEOREM 2.8. The right reqular representation TR : BY — U(Hy) is
irreducible if and only if ,ufs 1L up Vs € BY\{0}.

COROLLARY 2.9. The von Neumann algebra A% is a type I factor if
e Loy Vs € BY\{0}.

Let us assume now that ,u{;t ~ wp ¥t € Bi\{e}. In this case the right
regular representation and the left regular representation of the group Bg’
are well defined.

In this Chapter we shall prove that if E(b) < oo, the von Neumann
algebras A% and ALY are always factors. This is implied by the triviality
of the centralizer of our algebras w.r.t. the vector 1 € L?*(BY,du), which is
the main step in proving the type III; property.

Until now there existed sufficient conditions on the measure py, for the
factor property ([KZ00]). We give a short review.

Since TtL’b € (ALY vt € BYY, we have L0  (AFL)’ hence

(27) QlR’b N (Q[R’b), C (QlL’b)/ N (mR,b)l — (QLR’b U Q[L’b),,
The last relation shows that A% is factor if the representation
BY x BY 5 (t, s) — TPPTEY € U(Hy)

is irreducible.
Let us denote by 2f%? the the von Neumann algebras generated by the
right 77 and the left 1 regular representations of the group Bg] :

ARLE = (T T | 4,5 € BY)” = (AP uakty.

Let us denote

o0

bm
(28) Sty =Y SLkia)) k<n.

m=n+1 "M
THEOREM 2.10. [KZO00| The representation
BY x BY 3 (t, s) — T/*'TEY c U(Hy)
is irreducible if S,?AL(b) =00, Vk < n.

COROLLARY 2.11. The von Neumann algebra 2A1° is a factor if S,iij(b) =
oo Vk <n.
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3. Modular operator

In this section we review the construction of the modular operator for
locally compact groups and extend it to the case of inductive limits of such
groups. First we establish that the constant function 1 is cyclic and separat-
ing for A®Y and AP (assuming F(b) < oo). We prove this by showing that
set A1 contains all the polynomials, in the variables zj,, k < n € N, which
is dense in Hp. Using the intertwining operator Jp, we show that the same
holds for the commutant of A which implies the separating property.

LEMMA 2.12. Assume that E(b) < co. Then the function 1 € L?(BN, )
is cyclic and separating for AL,

ProOOF. (1) First we prove the cyclic property. Consider the one-
parameter groups in Bg’ ,
(29) Gin(t) := {1 + tEgy, t € R}
The corresponding one parameter groups Tpflb( t) = {TéR ’b;u €

Grn(t)} have generators (see [Kos92|, here for convenience, we
omit the superscript b)

k—1

(30) AkRn = Z«TrkDrn + ka
r=1

where Dpy = Opg — bpgTpg and 0y = 8%(,'

Suppose that f € L2(BN,du;) and

(31) (f, TFb1) = / F(@)TF 1 (x)dpy(z) = 0, Vit € BY.

We want to prove that f = 0, which implies that the linear span
of the set {TtR’bl;t € B} is dense in L?(BY,duy), since we chose
f arbitrarily. We shall prove that implies

(32) (f,P)=0
where P(x) are polynomials of finite order in the variables xg,.
Since the set P of polynomials P is dense in L?(BY, duy) (for exam-
ple by the fact that the Hermite Polynomials span L?(BY, duy)),
this proves that f = 0.
Now we shall prove the above property. First of all from
follows that

tna VAR
fH knz zoc] fHe I= lk knll) 07

for some finite product of Tkn’ (t), where the index o varies ac-
cording to the multiplicity of 7. Since T,gl’b(t) are strongly continu-

ous one-parameter groups with generators A% and P(D {1}) is a
common dense domain of these generators ([Kos01]), we conclude
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(after taking derivatives in all the parameters and setting them to
0) that
P

(f TT(AR)™1) =0,
i=1
for all finite products of different AkRmi'

Now we show that the set (A2 :k < n € N)1, where (Al 1 k <
n € N) is the algebraic linear span generated by the generators
ARn, contains all the polynomials of finite order in the independent
variables zp,,. We make use of multiple nested inductions as follows.
The main induction is the following:
(a) We prove that the span of

{afn, ~xik 51 <k, o; € Nji = 1.k},

where all the indices n; are mutually different, is contained in
(AR -k <neN)lL.
(b) The second step is to prove that the span of

{x2m1 x2mlac1n1 xln 1<k lo;, B €Nji=1.k,j=1.1},

is contained in (AR ik <n € N)1

(¢c) Now comes the induction step. Assume that the span of

B1 B .
{$p 1s1°* p 1s, m277’L1 x2ml$1n1 xlnk7

1<klLrauby,wmeNp=1kv=1.10n=1.r}
is contained in (Af :k < n € N)1 for some p > 2. Then we
prove that the span of
20u B B .
{xps1 psu x2'r1nl x2£nlx1n1 mlnk’

1<k LuoyuBy,op e Nyp=1.kv=1.0n=1.u}

is also contained in (A :k < n € N)1. This implies that any
polynomial of finite order is in the latter set.
We prove the first step. Again we use induction, this time
on the number of factors in the monomials.
o 2l € (A ;k <n e N)l Indeed (again we use induction),

Al’l’Ll _blnlxlnl .

Furthermore, assume that Span{z{}~'} € (Af -k < n € N)1,

Iny

then also the desired property holds, since

a;—1 ar—1 a1 —2 aq
Alnlxlnl Dlnlxlnl - (051 - 1)x1n1 - blnlxlnl‘
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Qp—1 Q-2
g1 Llng_o-
<A§n';k < n € N)1. The following equations show (using in-
duction on ay), that also

e The induction step is as follows. Assume that ~xlh €

« Qf—1 « R . .

R Q1 Q2 o1 _ Q1 Q-2 aq
Alnkxlnk_lxlnk_g‘”xlnl - blnkxlnkxlnk_lxlnk_Q"'xlnl7
R ,ap—1_0p_1  Qp_2 o _ . ap—2 a1
Alnkxlnk Ting_1Ting_oTin, = (ak 1)‘r1nk < L1n,

. g Ok—1 Qg2 a1
blnkxlnkxlnk_lxlnk_g "'mlnl

(1b)) Now we continue with the second step of the main induction.
e Consider the following equation:

R
Agn 1 = (212D1my + Do) 1 = —=b1m, Z12Z1my — b2y Tom, -

Since the first term is in (A% ;k < n € N)1, so is the second
term. It is also easy to see that

B ok, Ok—1  Qk—2 ai R .
Loy T1m, Tl Tiny g Tiny € (Apnik <n €N)1

and
Bi—1 /o« o R .
Tomy 1+ Tom, T, - T1n, € (A k <n € N)1

for some [. This is proved in the same way as the previous
case.
e Now suppose that

o Lahl otk Lt € (AR k<neN)

2m1
Then
AR Bi—1 B1
1

ap a1
2m1x2m 1 "'melmlnk "'$1n1

_ Bi—1 B1 o a1
= xlg(alml — blmlxlml)x%nl,l"‘x2m1x1nk"'x1n1

Bi—1 B1 ok o1
+(02m, — b2mzx2mz)372ml,1'-‘melxlnk"’xlny

The first term in the right hand side contains only monomials
of order lower than 3 in the variable x2,,, and in the second
term we see the monomials

B B1 ok a
Lo, - Lom, T1n, - L1p, -

Finally we turn to the main induction step. So assume that
Yr 61 ﬁl

71 aq Ok .
pels. Lomy Lo, Lin, - Lin,

S’pan{:ﬂpfls1 T

1<k lLraubu,meNp=1kv=1.10n=1.r}
is contained in (A ;k < n € N)1 for some p > 2.
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e Again we see that

R .m Yr 51 B o ag
Apulxpflsl...xpflsT...a:le...melxlm...xlnk
_ p—1 . . ) 71 Yr 51 B o1 ag
= (>0 2ip(Oguy — bmlxwl))xp_ISI...xp_ISr...%ml...melem...mlnk

_ " Ir B1 B ,.0a ak
+(Opus — bpus Tpuy )L 16, T 1, Ty Ty T - Ty -

The summation in the first term gives rise only to monomials
containing xz;, for ¢ < p, which are in <A§n; kE <mn € N)1 by
the induction hypothesis. Thus the latter set also contains the
second term and hence

"1 Yr B1 B .o oy
Tpuy Tp_ 16, Ly 15, Lomy Lo, Ling - L1p, -

The same holds for

B1 B

51 Y1
Xz "$2m1 ""I2ml

,
purFp—1s, ¥

r aq g
x p—1sp" '/“Ulnl"'xlnk'

e Finally suppose that also

Yr B1 B

0y—1 01 Y1
A o152y Lo,

xpuv < Lpuy p—lsf"x

(o %1 g
xlnl "'xlnk

is in (Af ;k <n € N)1. We calculate

R _6,—1 61 M r b1 B .on ag
Apus Ty Lo Tpe1sy - Lp 15, Lomy Lo, Tng - L1n,
_ p—1 . ) Sp—1 81 1 Yr B1 B o Qg
= (22121 Tip(Oiuy — biuy Tiny ))Tpe, Tty TpLqg o) 1 Ty oo Ty Ty o TLN
So—1 .01 M e 51 B

_ a1 o,
+(Opuy — bpuy Tpu, )xpuv T Tyl gy T g e Ty Ty Ty Ty

Again, the summation in the first term gives rise to a polyno-
mial of order smaller than §, in the z,, variable, which by
the last induction hypothesis is contained in our span of gen-
erators acting on 1. So does the first monomial in the second
term (after expanding the brackets). The last monomial gives
us the final statement:

0y :L.(Sl e Pt 51 B

r aq (895 R .
it Lpus Tpe 15y - Tp 15Ty, Lo Tip -2 € (Apnik <n € N)1,

for any of the parameters p, d;,7;, 8i,; € N and v,r, [,k € N.

It follows that the set (AX 'k < n) acting on 1 generates
the set P of all possible polynomials in the independent variables
Trn,. Thus equation holds for the function f. P is dense in
L%(BYN, duy,) and hence f must be equal to 0. Since f € L2(BY, duy)
was arbitrary and the equation holds for all ¢ € Bg’ , the span
of {TtR’bl;t € B’} must be dense in L*(BY,du,) and hence 1 is
cyclic for AL,
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(2) Now we turn to the separating property. In this case we have to
prove that 1 is cyclic for (%) = AL*. Thus, again consider
f € L*(BN,du) and assume

(33) (f,b1) = 0,¥b e AL,

Recall that E(b) < oo implies the existence of the intertwining
operator J, which is anti-unitary. Then the following calculation

holds:
(£, 1) = (JT/1,f)

dpp(e”!) Jdpy((t) 1) Jdpp(z—) 5
/\/ dpup (2 \/ dpp(z~1) \/ dpup () J D dal)

dpp(t e !)

If we replace 27! by x in the above integral we obtain (f, T} Tl bl) =
(f, ) for all t € BY. From |ID we know that (f, TRb 1) =0 for
all t € B) implies that f = 0. Hence (f, TtL’bl) =0 for all t € B
also implies that f = 0 and hence 1 is cyclic for 2A%?, since we chose
f arbitrarily.

O

We recall how to find the modular operator and the operator of canonical
conjugation for the von Neumann algebra Ql’g;, generated by the right regular
representation p of a locally compact Lie group G. Let h be a right invariant
Haar measure on G and

pA: G = U(L*(G,h))
be the right and the left regular representations of the group G defined by
(pef)(@) = f(at), (M) (@) = (dh(t™ w) /dh(z)) 2 £t ).

To define the right Hilbert algebra on G we can proceed as follows. Let M (G)
be algebra of all probability measures on G with convolution determined by

/ Fdp v = / / F(st)du(s)du(t).

We define the homomorphism

M(G) 3 pr—p' = /Gptdu(t) € B(L*(G, h)).

We have p*p¥ = p**¥ indeed

plp” = /G pedp(t) / psdv(s / / Prsdp(t) /G ped(pxv)(t) = p™.
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Let us consider a subalgebra M,(G) := (v € M(G) | v ~ h) of the algebra
M(G) In the case when u € Mp(G) we can associate with the measure p
its Rodon-Nikodim derivative dv(t)/dh(t) = f(t). When f € C§°(G) or

f € LY(G) we can write
o = /G F(t)pudh(t)

hence we can replace the algebra My, (G) by its subalgebra identified with
algebra of functions C$°(G) or L'(G,h) with convolutions. If we replace
the Haar measure h with some measure p € M;(G) we obtain the isomor-
phic image T of the right regular representation p in the space L%(G, p):

TF* = Up,U~! where U : L2(G,h) — L2(G,p) defined by (Uf)(z) =
1/2
(dh(x)> / f(x). We have

R,u _ dﬂ(l’t) 1/2
@) = (B fa),

and

T/ = / FOT dp().

We have (see [Con94], p.462) (we shall write T} instead of TR’“ )

S(T7) = /f T+ dpu(t) /f 1 ))d(1>
dﬂ( )7_
/G oy T Tidur)
Hence 4 t—l)
(s = 4T

To calculate S* we use the fact that S is anti-linear so (Sf,g) = (S*g, f).
We have

N o
(st) = | B TEdute) = [ FeTg@iante ) -

| SENF@dute) = (570,
hence (S*¢)(t) = g(t~1). Finally the modular operator A defined by A =
S*S has the following form (Af)(t) = d;l“t(tl) f(t). Indeed we have
s dp(t™) =5 s du(t)
f(t) = R f(@).
O ey T G
Finally, since J = SA~1/2 (see [Con94] p.462) we get

“12 (du(t) 1/2 du(t—1 d 1/2
10 () 10t GG (Ga) T
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(dp( N\
‘( du(t)> A

Hence

dp(t)

f@E1), and (Af)(t) =

1/2
du(t™ )> 8.

Jf (
e = (B
To prove that JT;%"J = T/ we get

dp(t=1)

e e )

dpt~' )\
(“E0) s = @t

REMARK 2.13. The representation T7? is the inductive limit of the
representations 77" of the group B(m,R) where the measure py' is the
projection of the measure 1, onto subgroup B(m,R). Obviously p* is equiv-
alent with the Haar measure h,, on B(m,R).

Hence, we conclude that the modular operator of (A% 1) is defined by

(34) A(f)@) = 725 fo)

4. Examples

We still need to verify whether the von Neumann algebras 2% and A%?
exist. Here we give an example of a measure pu; for which the conditions
SL (b) < 0o, for all k < n € N and E(b) < oo are fulfilled.

In the example 1 below for the particular case by, = (ax)™ we give some
sufficient conditions on the sequence ay,.

Example 1. Let us take by, = (ag)", k,n € N.

We have
(35)

00 m n+1 oo m n+1
Z ag ay ag ar 1
kn(b) <an> (an) <an> <an> BT
m=n+1 0 an
For E(b) holds:

-3 55 Sk iz(ﬁ;%:

k=1 n=k+1 k=1 n=k+1 an

s> () rrenm D G)

— n=k+1 an ak+1 n=k+1
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00 00 1 n+1 00 1 k+2 1
e Y (on) Xt () -

Q41 ak+1

k=1 ak+1 n=k+1 k=1 ak+1 A1
0o _Ok 1 k+1
2 : Ak41
2 <a > '
k=1 (1 — ai) k+1
A1

Example 2. Let us take by, = (ax)”, k,n € N where a, = s*, k € N
with s > 1.
Conditions hold for aj, = s*. We have

n+1 n+1 n+1
Lo [ 1 (1 1 1
Skn(b) - (%) 1— % <3n—k> 1 - ~ <5n—k <
an sm—

Using the latter equivalence we conclude that F (b) < 00. Indeed we have

=22 o~ Z SR g

k=1n—kt1 kn 1 nektl >

(e 9]

:Zsk Z Sn(n 1) Z Zosn+k+1)(n+k+2)

k=1 n=k+1

k
< kZS SO 1) (42) z;) 1 > o k+1)2+1
=1 n s k=1

5. The type I1I; factors

Let 2A®% and %" be the von Neumann algebras defined in Section
and assume that F(b) < oo. In this section we prove that 2* (and hence
ARP) are type II1; factors, with no further assumptions. The main step is to
prove that the fixed point algebra of A%? w.r.t. the modular group is trivial.
From the last section follows that the state ¢(.) = (1,.1) is a faithful normal
state on ALY (and ARP). Note that in this case, My = M’ where oy is
the modular group of ¢ and M, is the centralizer of M w.r.t. ¢ ([BR02],
Prop. 5.3.28). We want to prove that M, = C.1 implies that M is of type
IT1;.

LEMMA 2.14 ([Bau95]). Let M be a von Neumann algebra on H and n
a cyclic and separating vector for M, with o its associated modular group.
Assume that o is inner, i.e. oi(a) = U(t)aU(t)*, with a one-parameter

group U(t) € M for allt € R. Then U(t) € M for all t € R.

PROOF. The state ¢(a) := (9, an) is invariant w.r.t. o (follows for exam-
ple from the modular condition, see Chapter 1). Thus (n,U(t)aU(—t)n) =
(n,an). Since U(t) € M we can replace a by aU(t) and obtain

(n,U(t)an) = (n,aU(t)n), a € M.

Since My = M?, we have proven the result. O
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Assume now that M? = C.1. First of all we note that Cxq C My = C1,
which follows from the definition. Thus in this case M is a factor. It also
follows that if M is semi-finite and hence o is inner (Theorem from
Chapter 1), that o,(a) = a, since o is implemented by a scaling operator.
Thus C1 = M? = M. Hence a non-trivial von Neumann algebra with an
ergodic modular automorphism group must be type III factor. In fact, by
the following theorem, it is a type III; factor!

THEOREM 2.15. [Bau95| Let M be a von Neumann algebra (M # C.1)
and ¢ a faithful normal state. Assume that the centralizer of ¢ is trivial,
i.e.

My = {a € M;¢(ab) = ¢(ba),¥b € M} = C.1.
Then M is a type III; factor.

PrOOF. The strategy of the proof is to exclude the other cases. Recall
the definition of Connes spectrum I'(M).

(1) We assert that I' = {1} is impossible. If SpA\{0} = {1} then either
SpA = {1} or SpA = {1,0}. SpA = {1} means that A = 1, which
implies M = My = C.1, and this is not the case. SpA = {1,0}
means that 0 is an isolated point of SpA, therefore the eigenpro-
jection of the point 0 does not vanish, hence there is a vector e # 0
with Ae = 0 which is impossible since A is invertible.

(2) We assert that I' = A\*,0 < A < 1 is impossible. On the contrary, let
SpA\{0} = A\Z. This implies, among other things, that 0 < A < 1 is
an isolated point of SpA. Then In A is an isolated point of SpIn A.
Now we use some results from spectral analysis of automorphism
groups (see Appendix . Since Spln A = Spo?, we have In\ €
Spo? and In X is isolated. Now, by Corollary from Appendix
B, there is an 0 # a € M, such that

(36) Ag AT = \itq,

Now we use the KMS condition (see Chapter 1) to obtain a con-
tradiction. Let b € M and define the functions

Fop(t) = ¢(of(a)b) = X"o(ab),
Fop(t+1i) = ¢(bo?(a)) = N (ba).
On the other hand, F,,(t +14) = Nt ¢(ab). Tt follows that
(37) ¢(ab) = Ag(ba).
Now we use , in the adjoint form:
Aftg* A—it — \—it g%
This implies, using the automorphism property,

Azta*aA—zt — CL*CL,
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i.e. a*a € C.1 and even a*a = pu1, > 0, because a # 0. The same
argument holds for aa®, which yields aa* = k1, k > 0. Now, we
can normalize a such that a*a = 1, then aa™ is a projection, hence
aa® = 1 follows and «a is unitary. But if we put b := a™ in equation

, we obtain
¢(aa™) = Ap(a”a),
or A\ = 1 which is a contradiction.
O

From Section [3| we know that the state ¢(.) := (1,.1) (here we consider
it on ALY) is faithful, since 1 is cyclic and separating for A% and 2%* and
that its modular group is defined by

og(a) ;== AdA"(a),a € AXP,

A(f)(@) = 7185 fla). £ € LB dho).

Now we state the first main theorem.

THEOREM 2.16. Consider the von Neumann algebra A% generated by
the left reqular representation TP of B§. Assume that E(b) < oo. Let
¢(a) = (1,al) be the faithful normal state associated to the cyclic and sepa-

rating vector 1 and A the corresponding modular operator. Then Qlé’b =C.1
and hence AL is a type III; factor. The same holds for AP,

We need some intermediate results.

LEMMA 2.17. Let g be a multiplication on L*(BN,duy) by a measurable
function g on BY, then

(T g f) (@) = gat) f(x), Vo€ BNt € BY, f e L2(BY, ).

ProoF. Let f € L?(BY,duy). The following calculation holds:

b TR, _ [dps(at) :
@GTEN@ = gy 9T D)
_ [dm(at) o din() Lo
=V dw@ N @’
= g(zt) f ().

O

PROPOSITION 2.18. Let M be a von Neumann algebra on Hy, = L*(BY, duy).

If es@n ¢ Mk < n, TtR’b € M.Vt € BlY,s € R and the measure p, is
ergodic, then M = C.1.
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ProoOF. From Chapter 1, Proposition [1.16| we know that if H; were
L?(R,dup), then the result would hold. The space L?(BY,du) is isomor-
phic to L?(R*>®, du,) = ®k<neNL2(R1,dubkn). Since the variables xj,, are
independent, the condition e™** € M’, for all k < n and s € R, means
that L (R, dup,,, ) C M’ for all k& < n. This implies that the von Neumann
algebra generated by (L*°(R,dusp,,))k<n is contained in M’. The latter
is isomorphic to L>(BY, dus), which is maximally abelian. Hence, M C
L=(BN duy) = L>®(BN, duy,). Moreover, since we assume that TtR’b e M
for all t € BY, all functions in M are Bgl—right invariant, by Lemma
By the ergodicity of the measure, they are constant py.a.e. O

Let M := Qlé’b. Then
M = (AP N {A"; s e RY) = {T/*", A*;t € B) s e R}
LEMMA 2.19. Let Qpnf () := 2pn f(x), where f € L2(BN, duy). Then
Qnn M, Vk<neN,
which is equivalent to €' € M’ for all s € R (by Chapter 1, Section @)

PROOF. We shall give two possible methods to prove the Lemma. How-
ever, only one of them will lead to a rigorous proof.

Some useful formulas[Kos02]

Let us denote by X ! the inverse matrix to the upper triangular matrix
X=I+z=I+Y,_, CknEk, € BY

X '=T+a)' =1+ aj B BY.

k<n
We have by definition X ' X = XX ! = I hence
(38)
n n
(XX =D XX =0 =Y X' X = (X'X),, ., k<n,
r=k r=k
hence
n—1 n—1
5%} + Z fﬂerfnl + Tpn = 0= zpn, + Z :L‘mx;,} + :c,;}, k <mn,
r=k+1 r=k+1
and
n—1 n—1
(39) a;,;i = —Thp — Z Tprlo) = —Zpp — Z :c,;}afm.
r=k+1 r=k+1
From x,;kl 11 = —Thk+1, by induction follows
(40)
n—k—1
:E];i = —Tkp + Z (—1)T+1 Z Thiy Tiyig-+-Lipn, k<n-—1.
r=1 k<i1<ig<...<ipr<n
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REMARK 2.20. Using we see that :r,;} depends only on z,s with
kE<r<s<n.

We have

n—1 n—1
-1 -1 -1 -1
(41)  x, + Tpn = — E ThyZyy, Tpy — Thp = 2Tk — E T T, -
r=k+1 r=k+1

Let us denote
Wk, := Wi () 1= (Tgn, + w;ﬁ)(mkn — a:,;%)

Using we get

@) A= e | S b () - o)
k,neN, k<n

—InA(x) = Z bin [73, — (750)%] = Z bkn(Thn+T0 ) (Thn—T5,))
kneN k<n kneN k<n

Z bkn@:kn + x];nl)[zxkn - (xkn + .%'];3)] = Z bknwkn(x)
kneN, k<n kneN, k<n

Method 1: Consider the one-parameter groups in Bg’ ,
(43) Gin(t) := {1 + tEgp, t € R}.

Recall that the corresponding one parameter groups 7, ,ﬁ’b(t) = {T f ’b;u €
Gpn(t)} have generators

k—1

(44) Ak;Rn = ZxrkDrn + Dkn;
r=1

where Dy, = %pq —bpgpg- Hence we have two types of generators, affiliated

to M’ at our disposal, namely Afn and iIn A. Using certain commutator
relations involving these operators, we shall obtain the independent variables
Trn. This suggests that these variables are also affiliated to M’, since this
would certainly be true if AkRn and In A were bounded. However, since we
are dealing with unbounded operators, a more rigorous argument is needed
in order to prove the Lemma.

First, we study the commutators of Afn on In A. In order to do this we
need to know the action of D, on ac];nl

LEMMA 2.21. We have
(45)
[D x—l] _ _x];plxq_nl - 5kpxq_n1 - 5qnx];p1 - 6kp5qn7 ifk <p<q<n,
PO kn 0, otherwise.
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PrROOF. We prove by induction in n — k, such that £ < p < g < n.
Since a:;é = —Zgn, when n — k =1,

[quvxkn] = _6pk5qn

in this case. Next we consider the induction step.

Let us suppose that holds for all (p,q) withr <p <gqg<n, k<r.
We prove that then holds also for (p,q), k <p < g < n. Indeed we
have

n—1 n—1

—1 -1 -1 -1

[Dpgs Tpp ] = —[Dpg, Thn+ Z Thr Ty | = —OkpOpn—OkpTy, — Z Ty [Dsgs Try |
r=k+1 r=k+1

By induction, the last term equals to
n—1

Z Tr (2, rp Lyn L+ 5PT"T +5qnx + 5177’5(]”)
r=k+1

Hence, by (39 . Dyq, Tpp-1] =

—OkpOpn — 5kpx/;n - (551;9155(1_71 + $kp$q_n1) + JUkpxq_nl - ‘Tizpl&m — TpOgn + ThpOgn,

which reduces to the desired result. ([
Using we get

(16) .

[qu Tgn + xlzl] = { J;kp qn (Skp.l' 3 5qn$];p17 if = P<gq = n
’ n

0, otherwise .

Using we have [Dypg, (zgn + :r,;%)(a:;m — x,;%)] =

(47)
2$kp s T+ 2 0ppT g xkn + 25qnxkp xkn, ifk<p<qg<n,(pq) # (k,n),
Q(xkn + xkn) if <p7 ) (k n)u
0, otherwise .

Indeed, if k <p < ¢ <mn, (p,q) # (k,n) we have
[qua (xkn + x];r})(xkn - x];q%)] [qua (xk’n + xkn)(2xkn - (xkn + x];y}))]

= [Dpgs (Thn + 23] 22k, — (xlm +x0)) = (@pn + 250 [Dpgs (Tkn + 25,0)] =
—1)] 2 -1 71

1 -1 11 1 -1
=22, [Dpg, (Tpn + T, Ty Tan Ty T 20kpT g Ty, + 25qnw,€p T

LEMMA 2.22. We have

0, if k<n<np,
2T jpThg, if n=q, k<p-1,
0 if 1<k<m-1, m+1<n
R _ , - 7= ' ’
(48)  App Wkl =4 9p1y1. if k=p, n>q+1,
0, if ¢g<k<n.
\ Z(qu+:c;q1), if k=p,qg=n.
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hence
(49) —[AR InA(2)] = QZb,ﬂqu,xmu Z DT T+ 2(Tpg + T,
n=q+1
PROOF. Since
p—1
A= "2 Drg + Dpg
r=1

and wy,, k < n < p does not depend on x4, 1 < r < ¢ we conclude that
[qu,wkn]:Ofork‘<n§pandq§k:<n.
Let n = q, since [Dyq, wig] =0 for 1 <r < k we get

pq? W) = E :%‘p rqs Wkq| + [Dpg, Wiq| =

1,1\ _
2 <xkp(:tkq+:ckq E TrpTi % +:Jckpxkq> =
r=k+1

p—1
-1 1) -1\ 9
2 (xkpxkq + (xkp + E Ty, Trp + xkp> xkq) = 2TppThy-

r=k+1
Similarly, for 1 <k <p-—1, ¢ <n we get

pq7 wkn Zxrp rq) wkn] + [quy wkn] =

p—1
—1,.—1
2 (a:kpan + E xrpxkr an +xkp qn>

r=k+1

p—1
—1 (9
2<xkp+ Z Trpxy,,. —i—a:kp)x =00
r=k+1

If E=pand n > ¢+ 1 we have as before

[Aﬁp Wpn] = [Dpg, Wpn] =

Finally if (p,q) = (k,n),

[qu? Wpq] = 2(Tpg + x;ql)

O

For p = m,q = m + 1 the last term of equation vanishes, and we
obtain the following formula.

m—1

(50) - [Amm+1a lnA =2 Z brm—i—l-frmx’/‘m—i-l +2 Z bmnxmn m+1n
r=1 n=m-+2
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Next, we shall use induction to obtain the independent variables. First, we
want to act with A% | m1 and AR on the above formula From ( .
we conclude that the terms involving components of 2! vanish. The action
of qu on Ty, is easily computed:

m—1m

(51) pq7 xk‘n Z :L'rp rqy :L.kn + [qu, JZ'kn] = (xkp + 5kp)5qn-

We get the following formulas:
[Aﬁzflm+17 [Amerl? In AH

-2 Z;r"n:—f brerlxrmflmrm - 2bm71m+1$mflma
(52)

[AR | [AR InAl] =

m—1m> “*mm+1>

m—2
—2 Z”":l brm+1xrmflxrm+1 - 2bm71m+1xmflm+1

To get 1, we compute

[Alm 1 [Am 1m+1> [Amm+171n A]H = _2b1m+1x1m-

Next we consider the induction step. Suppose that we have obtained all
variables x,,, < p < m —1 for some p. The variables x,,—1y, and Tym—1m+11
are deduced from . To get xpm+1,p < m — 1 we compute

p—1
[Apm 15 [Aﬁfl’n’%l*l? [Amerla InAJl] = -2 Z brmA1TrpTrm—1—20pm+1Tpm41-
r=1
This method looks nice at the first glance, and it would lead to a rigorous
proof if we were to find a common invariant domain for the operators AkRn
and In A. Indeed, suppose that D is such a domain and A and B are two
operators on D, affiliated to M’. Than, by Definition uD CD,ueM
and
ulA, Blu*¢ = (vAu*uBu* — uBu*uAu*)§
= (uAu*B — uBu*A)¢
— 4, BIE,

since A¢, B¢ € D. Hence the closure of [A, B] is also affiliated to M.
A possible candidate for a common invariant domain for Ag and In A
is the set of functions
(AR InA;p < qe NI,

Pg’

where (.) denotes the linear algebraic span (we already know that the above
set contains the set P of polynomials). However, proving that the above
functions are indeed in L?(BY, duy) is a very difficult task and hence another
approach seems to be more plausible. The second method, which we describe
below, will give us the solution.
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Method 2: In this method we circumvent the problem of dealing with
unbounded operators, by directly working with elements in M’. By certain
combinations of elements in M’ we would like to obtain the one-parameter
groups generated by the multiplication operators Qg,, kK < n € N. First
we consider a special case, which leads to a better understanding of the
situation. Consider the restriction of the group BY to the first two lines.
That is, let X2 be the space

) ]
X@ .— {14z = Z TinE1n + Z TonEon}
n=2 n=3

x@ _ (L zi2 73 24 oo
0 1 wo3 xog ---

We restrict the action of B) to X ) and keep the previous notation for

the restricted operators TtR’b. We get the following generators of the groups
R.b

{1,775t € Gra(t) }:

R,2

Aln = Diy =01 — b1nT1n,
R2

A5)" = x19D1y + Doy,

R,2
AL = wpDip + 22 Doy

Define the restriction of the measure y;, on X2 by

2. _
k=1,2;n>k

The formulas for the inverse matrix are the following:

-1
Ty, = —Tin + T12T2p,

-1
QZQn - —Ton.

Furthermore, the modular operator has the following form. Note that the
terms with wqs and wy, for £ > 1 vanish in this case.
(53)

In A(QZ) = Z bln(azl_;—xln)(arl_r}—i-xln) = Z bln((wlg)Z(.CCQn)z—leQCClnxQn).
n=3 n=3
Let Qlé’b be the von Neumann algebra on L2(X(2)7 d,ug) defined by:
ng’b .= (Tt e By}

We remind that also in this case the centralizer of ng’b w.r.t. the vector 1
is given by
_ pRb s, N ’
Mo ={T;"", A%t € By,s € RY}.
Now we want to prove that the one-parameter groups generated by the
multiplication operators Q12, Q13, ... and Q23, Q24, ..., are contained in M.
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First we try to obtain Q2. Let X’ = XGos(s), where X = 1+ z. We
calculate the following expression, where we use Lemma
(54) Ait(m)Tg,b(S)A—it(x)Tg,b(_s) _ Ait<m)A—it(x/) — ¢it(n A(z)—In A(z"))

Note that only z13 and x23 change under the above transformation. We
formally compute In A(z'):

In A(»”U/) = b3 ((15,12)2(33/23)2 - 293/1295/1335,23)

+ Z bin (z12)(%20)* — 2212210220

n=4

= bis{(z12)*(w23)? + 25(x12) w03 + 5% (212)?

—2212713%03 — 28((212)? 223 + T12w23) — 25%(w12)%}

o
+ Z bin (712)(720)* — 2212710220
n=4

= —613(2593123:13 + 82($12)2) + In A(x)
Hence, expression becomes

Ung (s, 1) (x) = eitlbns(2saramiat (@)}

REMARK 2.23. It is important to say that the exponentials of infinite
sums such as the ones above are well defined, since functional calculus in
multiple variables applies to the set of commuting operators {Qxy, }. Indeed,
the above formulas with infinite sums (and all formulas in this dissertation,
involving sums of functions in the variables x,,) consist of terms, which act
as multiplication operators on mutually independent Hilbert spaces in the
decomposition

LA(BY, dy) = Q) L*(R', dpw,,,).
k<n
Hence we do not need to verify any convergence properties.

It follows that the multiplication operator of the function Uas(s,t)(z) is
in M), for all s,t € R. Let now X’ = XG13(s’). To obtain x12 we compute:

TN (8 Uas (1 1) ()T (—') = ePu(oasiat@e)?)

eib13 (2112$13+(112)2+28/112)

Upon multiplying the above expression by Us3(1, —1) we obtain the one pa-
rameter group 2135?12 ¢’ € R. Similarly, we can obtain the one-parameter
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groups generated by the operators Q1,, m > 2. In order to do this we
compute

Upima1(s,t) = A ()T ()AH (@) T (=)

mm-+1 mm+1

instead of Uss. Again only the term of In A(x), with n = m+1 changes
under the above transformation and we extract

(55)

Unm1(8,£)(z) := et bime1@swim@im 1+ @im)?)+oam-41 (2522mwam 41457 (22m)?)}

and hence we obtain x1,, analogously to x12, by transforming the x1,,41
term and subtracting the initial part.

In order to obtain the operators (Qo,,,, we operate in a similar way. Again
consider formula (55)). Now substitute X’ = X Gay,11(s) for X and subtract
the initial part:

( ) Umm+1(17 _1)T2}37;11(3/)Umm+1(17 1)(1‘)T21;2;Lb_~_1(—8/) =
56

e2is/ (b1m+1w1m-’212+b2m+l$2m) .

We already proved that the one-parameter groups generated by the self-
adjoint operators @1, are in M. From Chapter 1 we know that this is
equivalent to Q1, 7 M}. According to Theoremin Chapter 1, this implies
that also closure of products and sums of these operators are affiliated to
the abelian von Neumann algebra generated by ()1,, which is contained in
My, Equation then implies that also Q2, n M). Hence we obtained
Qrn n M for k=1,2,n> k.
Now we generalize the above discussion to the case (B}, BY).

LEMMA 2.24. Fix an m € N and let

Upimi (s, 1) 1= AT (ATHTEL(_g) e M for s,t € R.

mm+1 mm+1
Then (Unm+1(s,t) f)(x) =
exp(it S kst (25Tkm@hmr1 + 52 (T )?)
(57)
+it Z?:m+2 bmn (28‘%771}137;1{5—171 - 52($;1{5—1n)2))f(x)
Furthermore, the following identities hold for all s € R and p < m:
(58)
(Umm+1(1a _1)T1]$n+1(8,)Umm+1(1a 1)T1}72n+1(_5,)f) (:‘C) = eXp(Zislblerlxlm)f(x)’

(Umm-I—l(la _1)T1£n+1 (S/)Umm-I-l(la l)Tzfn-l—l(_S/)f) (x> =
(59)
exp (218/(22;% brm+1TrmTrp + bpm—l—lxpm)) f(z).
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PRrROOF. First of all, we would like to know the right action of G,q(t)
(43) on z € BY and on x~ 1.

(60) @, = (XGpg(t)) = 3 Xni(Oim + t0pi0gn) = Tk + g (t2ip + 1)
i=k

Note that only the gth column of z is affected by this transformation.

1 T12 T13 T14 - Tlg + tl‘lp

0 1 T23 T4 - T2q+ tl’zp
XGp(t)y=1| + : : ; ;

0 0 - 1 - mpytt

From we now can deduce the inverse of ’. In order to do this we
note the following:

x;c;l = (Xqu(t))il = (qu(—t)X_l)lm-

n

e U
Hence we compute: z),~ =

n n

D (Gpg(—tii X500 =) (6ks — t0prdja) (x5, + 6jn) = ) — tkp(gy) + Ogn),
=k =k

where of course x’ depends on t € R.
To prove the formula , we set X' = XGum+t1(s). We note that the
following identity holds:

Unm+1(s,)f) () = A (2) A7 (') f ().

Hence we have to formally compute —In A(z"). From the above discussion
follows that In A can be written as the sum of three different terms:

—InA = Z bknwkn(x)+z bkm+1wkm+l<m/)+ Z bmnwmn(x,)

1<k<m,n>m+1 k<m n>m—+1

Note that the term with £ = m,n = m+ 1 vanishes, because wym+1(x) = 0.
First we consider the second term: >, . Drm41Wkm+1(2') =

(61)
—1 /—1
> k<m bkm+1(x;cm+l - ka+1)(x;cm+1 + ka+1) =

> kem Okma1 (Thma1 + SThm — xl;nlm-yl)(kaﬂ + 8Tkm + ﬂfziﬁm) =

Zk<m bkm—i—lwkm-i-l (.CE) + Zk<m bkm+l (2skaka+l + 52 (:Ekm)Z) .
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The third term is as follows: Y7 1 bynWmn(2') =
(62)
Zn>m+1 bmn('r;nn - m;;%)(mgnn + ‘T;;T%) =

_ —1 — -1
Zn>m+1 bmn(xmn - l’m}’b + Sxm—{—ln)(xmn + xm}z - SIEm—l—ln) =

1 -1 -1
Zn>m+1 bm”wm”l(m) + Zn>m+1 bm”l (2sxm%bxm+1n - SQ(xm—l—ln)Z) :
After adding up the three terms we see formula appear.
In order to get formulas and we note that multiplication from
the right by Gpm41(s’) does not affect the formulas in . Hence only
the first term in is transformed and namely (we set s = 1,t = 1,2" =

' Gims1(8)):

iZk<m bkarl (2xllémwlk/m+1 + (xlklm)2) =

0 pem bhmt1 (20 mTrme1 + (Tkm)?) + 208" bim 412 1m,

and finally setting 2" = xGpm11(s'),1 < p < m, we obtain

i2k<m bkarl (ngmxlklm-i-l + (xlkﬁm)2) =

iZk<m bkm+1 (2kaka+1 =+ (ka)g) + 2is’ (Zf;i brm+1$rm$rp + bperl:Upm) .

By subtracting the first term in each of the above formulas and expo-
nentiating the outcome, we can deduce and , and conclude the
proof. ([

To finish the proof of Lemma [2.19] we use induction. From equation
, we conclude that Qi,,nM’ for any 1 < m. We proceed with the
induction step. Assume that Q,nM’, for 1 < r < p. By Theorem [1.5| we
conclude that also 2¢ Zf: brm+1Qrme,~pnM' (the sum being interpreted
as +). To be more precise, we consider the abelian algebra generated by
spectral projections of the operators Q,.,, which is contained in M’. Hence

M’ contains one parameter groups

p—1

exp (—2@(2 brm+1Qrmerp)> :
r=1

where p < m and hence, by multiplying with , we conclude that (after

rescaling the parameter) also exp(isQpm) € M’ for all s € R. It follows that

QpmnM'’. This proves Lemma m O

Since, TtR’b € M’ for all t € BY' and the measure p, is ergodic, it follows
from Proposition that M is trivial. Finally, Theorem [2.15|implies that
ALY and hence AR are type III; factors. The interesting fact is that this
property does not depend on any further conditions of the measure u; other
than S& (b) < oo for all k < n € N and E(b) < oo. This also shows that
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the previously known sufficient conditions (see Theorem [2.10)), for A0
and ALY to be factors, are not necessary.

6. Uniqueness of the constructed factor

THEOREM 2.25. The von Neumann algebras A™° and AP are hyperfi-

nite type III; factors and hence isomorphic to the factor Reo of Araki and
Woods.

Proor. Let G be a solvable separable locally compact group or a con-
nected locally compact group. Then any representation 7 of GG in a Hilbert
space generates a hyperfinite von Neumann algebra (see Chapter 1, Corol-
lary .

The group BgI is the inductive limit of groups of finite dimensional upper-
triangular matrices (with units on the diagonal), which are of course solvable,
connected locally compact groups. Hence their group algebras are hyperfi-
nite (and by a theorem of Dixmier ([Dix59]) even type I algebras). Thus
the von Neumann algebra 7? is the inductive limit of hyperfinite von Neu-
mann algebras and hence itself hyperfinite. From the theorem of Haagerup
(Chapter 1 Theorem follows that 2% and M are all isomorphic to
the Araki-Woods factor R, (and hence are also Krieger factors). O



CHAPTER 3

Type III; factors generated by regular
representations of the group BZ

The second group that we investigate here is similar to the group B[I)\I ,
with the difference that the matrices can also have negative indices and
their limits go not only into the +oco direction but also to —oco. This causes
additional problems in the proofs, which sometimes have to be solved with
different methods. In this chapter, we shall also prove that the corresponding
von Neumann algebras are type I1I; factors. However, the method from the
previous Chapter, using the centralizer, does not work that well anymore
and we have to come up with another approach. Indeed, since we are dealing
with matrices which can also have negative indices, the sum in the formula
, will go down to k = —oo, instead of k = 1. This implies that the
operators and have infinite sums in the exponentials and can not
be used to extract the independent variables. To circumvent this problem, in
this Chapter rely on another invariant, namely the flow of weights invariant
from Definition[1.20]and prove that it is trivial for the von Neumann algebras
associated to the new group. Theorems and in Chapter 1 then
imply that 2%® and 2A%? are type III; factors.

1. Regular representations

Let us consider the group G = BZ of all upper-triangular real matrices
of infinite order with units on the diagonal

é:BZ:{I—i—mlm: Z ZTinErn}s
kneZk<n

and its subgroup
G =Bl = {I +2 € B?| u is finite},
where Ej, is an infinite-dimensional matrix with 1 at the place k,n € Z

and zeros elsewhere, * = (Zk,)k<n IS finite means that xg, = 0 for all (k,n)

45
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except for a finite number of indices k,n € Z.

1 o1 zo2 Zo3
0 1 12 T13
0 0 1 23
0 O 0 1

Obviously, BY = lim B(2n—1,R) is the inductive limit of the group B(2n—
1,R) of real upper-triangular matrices with units on the principal diagonal
realized in the following form

B(?n—l,R):{I—I— Z Ty By |$k7~€R} néeN
—n+1<k<r<n—1

with respect to the embedding B(2n — 1,R) 3  — x + E_,, _,, + Ep, €
B(2n + 1,R).

We define the Gaussian measure j, on the group B” in the following
way
(63)

dpp(x) = Q) (ben/m™)'? exp(=bnai,)dzin = Q) diny, (wkn),
kne€Z, k<n kn€Z, k<n

where b = (b, )k<n is some set of positive numbers by, > 0, k,n € Z.

Let us denote by R and L the right and the left action of the group
B” on itself: Ry(s) = st™!, Li(s) = ts, s,t € B? and by ® : B?
B%Z, ®(I + ) := (I + z)~! the inverse mapping. It is known [Kos01] that

LEMMA 3.1. ,uft ~ wp Yt € BE if and only if SE (b) < oo, Vk,n €
Z, k < n where

k—1 b
SEb = >

LEMMA 3.2. MbLt ~ wp Yt € BE if and only if SE (b)) < oo, Vk,n €
Z, k < n, where

> bkm
m=n+1 nm

LEMMA 3.3. iy "% 1y Wt € R\{0} & SE (b) = 00, kyn € Z, k <

Let us denote

6  BEo) =Y bL Ea)= S % mez

b b
k<n<r knVYnr knYnr

k<n<r<m
LEMMA 3.4. [KZO00] If E(b) < oo, then u ~ .
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REMARK 3.5. [KZ00] If u ~ pp, then ,ulf’t ~ lp & ,uf’t ~ up Vt € BE.

Proor. This follows from the fact that the inversion ® interchanges the
right and the left action: R, o0 ® = ® o L; V¢t € B%. Indeed, if we denote
# () = u(f71(-)) we have (u/)? = pi/°9. Hence

t )<I> Riod® doLy

o ~ gyt~ () ® = o =yt = ()M~ pyt, Vt € B

REMARK 3.6. We have

(65)  E()=)_ Sia0) _ > Sgl(b), Enb)= Y Sin(0)

b b b
k<n kn k<n kn k<n<m kn
Indeed
oo
bkr bkr
Z b Z Z b b = E(b)
k<n kn k<nr=n+1 kn nr k<n<r kn nr

n—1

Der SE (b
_Zb b _ N Onr(0)

n<r ke —oo bkn n<r bnr

If ubRt ~ up and uft ~ up Vt € Bg , one can define in a natural way (see
[K0s92]), an analogue of the right 7%% and the left 71 regular represen-
tations of the group BZ in the Hilbert space Hj = L?(B%, up)

TRY TLY . BE L U(Hy = Lo(B%, my)),

(T ) (@) = (dpy(at) [dpp(x)) "/ f (t),
(T ) () = (dpy(s™ ) g ()2 f (5™ ).

2. Von Neuman algebras generated by regular representations

Let AR = (T° ZY' (resp. ULb = (TFP | s € BE)") be the von
Neumann algebras generated by the right 77 (resp. the left T?) regular
representation of the group Bg.

THEOREM 3.7. [Kos01] If E(b) < oo then uy ~ wy. In this case the right
and the left reqular representations are well defined and the commutation
theorem holds:

(66) (QlR’b), — QLL’b.
Moreover, the operator J,, given by
(67) (Jp ) (@) = (dpap(z™") /dpap () fF(@=T)

s an intertwining operator:

7/ = 1,17, t € BE and J, 2470, = ALt
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If u?t ~ pp Vt € BE but ,uft L pp Vt € BE\{e} one can’t define the
left regular representation of the group BZ. Moreover the following theorem
holds

THEOREM 3.8. [KosO1] The right reqular representation TR : BZ —
U(Hy) is irreducible if

1) pys Ly Vs € BE\{0},

2) the measure uy, is BY right-ergodic.

3) okn(b) = 00, Vk < n, k,n € Z where

L o
Tkn(b) = m;Jrl [SE (b) + bgm][SE,(b) + bum]

REMARK 3.9. We do not know whether the Ismagilov conjecture holds
in this case, namely, whether conditions 1) and 2) of the theorem are the

criteria of the irreducibility of the representation T of the group Bg; as
holds for example for the group B (see [K0s92]).

REMARK 3.10. We do not know the criterion of the B¥-ergodicity of the

measure y, on the space BZ. Sufficient conditions are FE,,(b) < oo, Vm € Z
([Kos01]).

COROLLARY 3.11. The von Neumann algebra AP is a type I, factor
if the conditions of Theorem [3.§ are valid.

Let us assume now that ,ubLt ~ Ly~ ,ul]:”t vVt € Bg . In this case the right
regular representation and the left regular representation of the group Bg
are well defined.

In the case when the representation T is reducible, we shall prove
in this Chapter that all the corresponding algebras are also factors (in the
case that F(b) < 0o). Until now there existed only sufficient conditions on
the measure for the factor property to hold ([KZ0O0]). Let us review them
briefly.

Since T} € (ARLY vt € BZ, we have ALt < (ARL)| hence

(68) Q[R’b N (QlR’b), C (QlL’b), N (QlR’b), — (QlR’b U QlL’b),.
The last relation shows that 2™ is factor if the representation
BY x BY > (t, s) — TIPPTHY € U(H,)

is irreducible. Let us denote

00 b2
SR,L b — km k .

THEOREM 3.12. [KZO0O0| The representation
BY x B 5 (t, s) — TIP'THY € U(H,)

is trreducible if S,fn’L(b) = 00, Vk < n and the measure u, is BE right-
ergodic.
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COROLLARY 3.13. The von Neumann algebra AT° is a factor ifS,i;L(b) =
oo Vk < n and the measure py is Bg; right-ergodic.

3. Examples

In this section we give an example of a measure py, b = (bgy)g<n for
which the the representations 77" and 77 are reducible and the von Neu-
mann algebras A™? and AL? are well defined.

We show that the set b = (bgy)g<n for which

(69) St (b) < 00, Sji(b) < 00, E(b) < o0, k <n,
where
rn = bkm an(b)
r=-—00 m=n+1 k<n

is not empty.
In the example 1 below for the particular case by, = (aj)™ we give some
sufficient conditions on the sequence a,, implying conditions ([69).
Example 1. Let us take by, = (ag)", k,n € Z.

We have

k— k—1 0
(70) SE (b) Z Z "k < oo if Z a, < 00,

r=— r=—00 r=—00
(71)

00 m n+l o0 n+1

L (p) — U\ (% U L
Skn<b>—m%;1<an> () 2 (@) () e

iff ar < ags1, k € Z. Finally we get

zf:skn zz()

b
k=—oco n=k+1 kn k=—ocon=k+1 an
00 1 n+1
>y =@ < Z > =
a
k=—oc0  n=k+1 ak+1 n=k4+1 > "
1 — Gk a - 1 — % a 1
k=—00 k41 n=k+1 k+1 k=—00 Ak41 k+1 1 Q41

e —oo (1 — —% Ak+1
Ap41

Example 2. Let us take by, = (ax)", k,n € Z where a;, = s*, k € Z
with s > 1.

a k+1
5 ()
) |
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Conditions (69) hold for aj = s*. By and we have

. a\" 1 B Lo\t
Skn(b) = @ 1@ — \ gk 1= L " \g# )
an sn—

k—1 00
k)
SHCED YRR SRUGIED ppe
r=—00 r=—00 r=1-—%k
1—k
1 LR (O S 1( Y
Sn—k 1— 1 ’
snfkr
since
1< L < L
.
S S

Using the latter equivalence we conclude that E(b) < co. Indeed we have

— S 1
Z Z k” Z Z (n— k)(n—i—l) Skn

k=—ocon=k+1 bkn k=—ocon= k+1
= 1
k
S = Y Z TR
k=—oco0  n=k+1 k=—0co n= 0
% 00 %
1 1 1 1
k‘i P P—
< Z 5 S ) (k+2) Z s 11 Z S(k1)241 < co.
k=—00 n=0 S k=—o0

4. The type III; factors

Let A0 (vesp. 2AL?) be the von Neumann algebra generated by the
right regular representation 7% (resp. the left regular representation T%?)
of Bg. Moreover, assume that the conditions (69)) hold. In this section we
want again to prove that 2% and AL are type III; factors.

LEMMA 3.14. Assume E(b) < oo. The constant function 1 € L?>(B?%, duy)
is cyclic and separating for AY and AL,

PRrOOF. First we note that if 1 is cyclic for one of the algebras it is
necessarily cyclic for its commutant, since E(b) < oo (by the same argument
as in Lemma in Chapter 2). Now we prove that 1 is cyclic for A%, We
use a method similar to the one in the proof of the ergodicity of the measure
wp in [Kos01], Lemma 4.

For any m € Z we define the subgroups B™ and B, of the group B”
as follows:
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B™:={l1+zx¢€ B%ix = Z TenFrn },
k<n<m

1 Tm-3m—2 ZTm-3m-1 Tm-3m 0 0
0 1 Tm—2m-1 Tm-2m 0 0
0 0 1 Tm—1m 0 0
0 0 0 1 0 0
0 0 0 0 1 0

B(m) = {1 +xe BZ;LL' = Z xknEkn}
k<n,n>m

1 0 0 Zmomi1 Tm—2m+2 Tm—2m+3
0 1 0 ZTm—im+t1 Tm—-1m+2 Tm—1m+3
0 01 Tmm+1 Tmm+4-2 Tmm+3

0 00 1 Tm+1m+2 Tm+1m+3
0 00 0 1 Tm+2m+3

Obviously, BZ is a semi-direct product of the two groups above (Bem) is a
normal subgroup of B%) for any m:

B* = B,y x B™.
Let gy, (m), iy be the projections of the measure p, on the above groups:

mo.__ N
Ky = ®k<n§m Moy, 5 Mb,(m) T ®k<n,n>m Hbjey, -

Furthermore let By (), By be the intersection of the above groups with Bg.

Now, fix an m € Z and consider a function f € L?(B?%,du). Further,
suppose that

(72) (f,al) =0, Va e AR

First we note that the points of B(,,) are invariant under the right action
R, for all t € Bj*. Indeed, we have for t € B’

n—1

(t)gn, = g Trjtin = Tkp, N >m,
j=k+1

since ty, = 0k, for n > m.
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We have for t € Bj*
R,b
0 = (f, ;1)

= / / Fy) T (y) dpy, oy (y)dp™ ()

= | Fn@T @) dpn (@)
where
Jm (@) == Fyz)dpy, (m) (y)-
Bm)
We have
(73) (s TP 1) = 0, ¥t € BY,

where (., .), denotes the restriction of the inner product (.,.) to L*(B™, dul").
Next, we define a bijection ¥ : B™ +— B,,, where B,, is the group

B, = {1 +x;x = Z xknEkn} = BNa
m<k<n

‘,L‘an = (\Ij(x))kn = T2m—n2m—k-

Note that W are reflections around the axis K = —n + m and if m = 0,
zh, = x_p_j. Now we continue with the equation (73)):
0 = (fu: T D)
dug (at)
= Fn(@) | 2L dpi (2
Bm m( ) d/ﬂbn(fﬂ) b( )

where fY := f,, o ¥ and ugl"lj(l) = pp*(¥(I)) for each Borel set 1. Since
this holds for all ¢ € Bj* and hence all ¢’ € By, and B,,, = BN,

0= [ AT 1) = (1T D,
BN

where more precisely, f is interpreted as its image under the isomorphism
form B,, to BY and (.,.)y is the inner product on L?(BN,du,). It also
follows (after taking the linear span and weak limits) that

(f¥ al)y =0, VYaecqLON

where 5PN are the algebras from the previous Chapter. But 1 is cyclic for
ALSN by Lemma in Chapter 2 and hence fY (') = 0 for all ' € B,y,.
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Since ¥ is a bijection, also f,;, = 0 follows. This holds for all m € Z, because
we chose m arbitrarily.

From the definition of f,, follows that f,, — f, when m — oo in
L?*(B%,du) (see [Kos01], Corollary 1). Thus f,, = 0 for all m € Z im-
plies f = 0. Since f was arbitrary, from equation follows that the set
A1 is dense in L?(B%, duy) and hence 1 is cyclic for 2.

O

Thus we can define the modular operator and conjugation using the
method in Chapter 2, Section

A(f) () = - 2elr)

~ dpy(zT)

(@ = | D)

for f € L?(B%, duy). Now we state the main theorem of this section.

f(=),

THEOREM 3.15. Consider the von Neumann algebra A generated by
the right reqular representation T of Bg. Assume that E(b) < oco. Let
#(a) = (1,al) be the faithful normal state on AP, associated to the cyclic
and separating vector 1, and A the corresponding modular operator. Then
AL s q type III, factor. The same holds for AL,

First we note that we can not, strait forwardly, implement the method
used for the B) case. Of course we can consider the centralizer Qli’b which
will be equal to

{A" T s e Rt € BYY.

However, since we are dealing with matrices which can also have negative
indices, the sum in the formula , will go down to k = —oo, instead of
k = 1. This will imply that the operators (58)) and will have infinite
sums in the exponential and can not be used to extract the independent
variables. Hence we have to find another method in order to prove the
above theorem. Luckily, there is another approach to the classification of
type III factors, namely using the flow of weights invariant introduced in
Chapter 1, definition

We define A to be the crossed product of A%? with R, w.r.t. the mod-
ular evolution o;. Note that it acts on the Hilbert space L?(B%,du;) ®
L*(R,dm) = L*(B% x R,du, ® dm), where m is the Lebesgue measure on
R. Then the non-commutative flow of weights is given by the pair (N, &)
where ¢ is the dual action of the modular group o (Chapter 1, Definition
1.17)).

In what follows, we shall prove that the flow of weights (Car, #) is trivial.
This implies that N is a factor. First of all, since Cyrp = Cf\/, where 0 = &
(Theorem in Chapter 1), the triviality of Cy implies that A% (and
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hence also 2A™?) is a factor. Moreover, by Theorem in Chapter 1, 20
and ALY are of type III;.

REMARK 3.16. To be more precise, the factor property of N implies that
the factor A*@B(L2(R)) is of type I1I;. Indeed, from the definition of A/
above and the duality theorem of Connes and Takesaki stated in Chapter 1
(theorem , follows that NV xg R = AP B(L?(R)). However, the same
must hold for A as well, since a type III factor can not be obtained from
a non-type III by tensoring it with a type I factor.

Let W be the operator defined by
(74) Wf(a,t) = A (@) f(a,1).
Then 7, (AFY) = WARPW* and 7,(p) = W pW*. Therefore
N =20 s, R = (WARPW* U A(R))”.

By Theorem in Chapter 1 (here we set {p,V,K} = {1,A¥ H}), and
since Cyy = N NN = (N'UN)', we have:

(75) Cy = (1o (AP) UA UA(R) U o (p(R)))"

Again, we would like to prove the triviality of Cor by showing that the
independent variables x,, and now also ¢, in the space L?(B% xR, duy®@dm),
are affiliated to C),. This, by Proposition would imply the triviality of

Chnr.
LEMMA 3.17. Let Qg,, and Q; be the multiplication operators
(Qinf)(z,t) = zpaf(z,),
(Qif)(x,t) = tf(x,t), feL*(BY xR, duy,®my).
Then
€ian57 eiQtS c C;\/,’
foralls e R, k<n€Z.

ProoF. From we see that C) contains the following set of elements:
(76) <WTf’bW*, TE M(s), Wp(s)W*;u € BE s € R) .

Now again there are two possible methods to prove the Lemma. As already
discussed in the proof of Lemma from Chapter 2, using generators of
one-parameter groups and their commutators needs extra attention when
it comes to dealing with domains of unbounded operators. Hence we shall
use the second approach for the proof of the Lemma. First, we shall prove
some intermediate results. Denote Tlf]’b(s) = Tkt Tgﬁ’b(s) = T

1+s5Epq? 14+sEpq
__ R.b *
and Vpg(s) := WT Y p W™
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LEMMA 3.18. Let Upn(s) € C), be the operators defined by

Urn()) @.1) = (Tl (DYoot (T (Vi 1 (=5)F ) (),
where f € L*(B? x R, du, @ dm) and s € R. Then
(Upm(8)f) (z,t) = exp (istzrm) f(x,t),Vt, s € R,z € B
Thus, by applying Upm(—s)Adyq) and Urm(—s)AdTﬁ;Lb(l) to Upm(s) one ob-

tains one-parameter groups generated by the independent variables t and
Tpm,T < m € Z, where Adp(X) =TXT™ 1.

- PrOOF. We begin by showing that Uy, (s) only involves transforms of
A%, Fix s € R and define:

= z(1+ sEmm+1),
'v = (1+ Eppa1)x,
"2 = (14 Ermt1)z(1+ sEmm+1)-

We have (Upp(8)f)(x,t) =
(Tf%”ﬂ(—l)WTRJ’ (s)W=TEL  ()ywTRD W f) (x,t)

mm-+1 m

_ duy('T) A —i duy('z’) A dpp (! —i dpp () N
= | J el At () [UBCE Nt (11, [y At (o) [ N () f (1)
= A7) A () AT () A () f (2, 1),
Recall that
—InA(x) = Z b Wi ().

kn€Z,k<n
The formal computation of A~%(2’) is the same as in Lemma in Chapter
2, except that the sums here are also infinite in the negative direction. Hence

Az‘t (x)A_it(x,) —
(77) exp (it 2" b1 (2521 + 5 (5m)?)

. —-1,.-1 -1

+ul Zzo:m—i—? bmn (25177”}”1‘7”_’_1” - 82 (xm-l-ln)Q)
The next step is to compute A~ ("x) A% (’z"). Hence we have to compute the
left action of the one-parameter groups Gpq(s),s € Ron X € BZ X =1+ux.
(78)

n—1

(Gpg()X)py = D (Bt + 50pk0gr) (Trn + 6ym) = Tin + 50k (Tgn + Sqn) -
r=k+1

In order to caculate ("z)~! we note that (qu(S)X)_l = X 1Gpy(—5) (Gpy(s)
are one-parameter groups). Thus

(79) (@) = T — 6qn (), + Okp)
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In order to get A~%('x)A%('2’), we have to substitute 'z for  and —t for
t in formula . According to equation only the row with number r
of x is affected by the left Gyy,41(1)-action. Moreover, (Gpq(s)X)kn = Xkn,
for ¢ > n. Similarly, only the column with number m + 1 of the inverse of
Grm+1(1)X is affected. Hence we obtain

A_it(’a:)Ait(’:z’) —
exp{—it 31 b 41 (25 () ko (2 km1 + 52((2)km)?)
it Y0 0 b (25() () Yy, — 2 1)) =
exp{—it 7" bkt 1(25TkmTrmi1 + 52 (Tm)?)
it Y0 g2 b (25T, — 87 (2 1,)?)

—2i8bpm+1tTrm -
Therefore
(Urm(s)[) (z,1) = e720rmarstemm f (g ¢).
Since the left regular representation of R, A(s), is in Cj, for all s € R
we can translate the operator U,,,(s) by 1 and obtain the variables ;.
Similarly, we can use Ti5C(1) to get the variable ¢:

(80) (Urn (A Uri(=$)M=1) f) (,) = e'Prms1erm f (1),

(8) (UG TE U (~)TE(1)F ) (2,8) = €020 f (a,0).
O

From the equations above we see that (after rescaling the parameter)
the one-parameters groups generated by multiplications with the indepen-
dent variables x,,,r,m € Z,r < m and t are contained in Cj\/. Hence

Qrm, Q¢ 1 Clr, which proves Lemma O

Again, we note that TtL’b eCy forallte BZ and that the measure
is ergodic (this is implied by the condition E(b) < oo, see Remark [3.10).
From Lemma above and Proposition in Chapter 2 follows that
Cy = C.1. Hence A%Y and AL are type III; factors.

5. Uniqueness of the constructed factor

THEOREM 3.19. The von Neumann algebras A™° and AP are hyperfi-
nite type III; factors and hence isomorphic to the factor Reo of Araki and
Woods.

PROOF. See Theorem from Chapter 2 (and replace BY by BZ
there). O



APPENDIX A

Locally convex Topologies on B(H)

In this appendix we give a quick review of different locally convex topolo-
gies on B(H). For more details and proofs we refer to e.g. [BR79]. Recall
that a locally convex topology on a vector space X is defined in terms of a
family of semi-norms, that are real valued functions p on X satisfying

pla+b) < pla)+pb), abeX,
p(Aa) = Ap(a), A>0

Let {p;} be a family of semi-norms. Then the neighborhoods of zero that
define the locally convex topology are give by

N(p1y.ypn;0) :i={x € X;pi(x) < 1,i=1,...,n}.

The existence of continuous functionals in such a topology is guaranteed by
the well-known Hahn-Banach theorem (e.g. [Rud73], Theorem 3.2).

THEOREM A.1 (Hahn-Banach). Let X be a real vector space and p a
semi-norm. Further, let Y be a subspace of X and f a real-valued functional
on'Y satisfying

fla) <pla), a€Y
It follows that f has a real linear extension F' to X such that

F(a) <p(a), a€X.

Now we define a number of locally convex topologies on B(H). They
are the strong, o-strong, weak, o-weak and the uniform topologies. The
uniform topology is of course the norm topology defined by the norm ||a|| =
sup|g=1 |la€l|. We shall discuss these topologies from a practical point of
view needed to study von Neumann algebras. There is a beautiful theory of
locally convex topologies on vector spaces, a treatise of which can be found
in [GroT73].

Strong and o-strong topologies. If £ is in ‘H then p¢ : a — |a&]| is
a semi-norm on B(H). The family of semi-norms {p¢}¢cy defines a locally
convex topology called the strong topology on B(H).

Now consider the function

1/2
(82) P, :a— (Z |ra£n|12> :

57
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where {¢,} € [2(H). The topology defined by {pg,} is called the o-strong
topology. The latter topology is finer than the strong one, but they coincide
on the unit sphere of B(H).

Weak and o-weak topologies. To define the next two topologies we
consider on one hand pairs of vectors (7, ) and on the other hand sequences
({nn},{&n}), where n,& € H and {n,},{¢,} € I2(H). Then we define the

weak and o-weak topologies by the semi-norms:
Weak:  pye(a) = (n,af)
O-_Wea'k: p77n7§n (a) = Z |(77n7 agn)|

Again, the o-weak topology is finer than the weak, but they coincide on
the unit sphere, which is then compact in these topologies. Moreover, the
mappings a — ab, a — ba and a — a* are continuous in the weak topology,
but the multiplication is not jointly continuous (for H infinite-dimensional).

If we consider a locally convex space X, there is a dual space X* as-
sociated to it. We can then introduce a topology on X* coming from the
X topology. In such a way we define the weak™ topology on X* by the
neighborhoods of a point w € X*

N(w,aq,...,an,€) = {w € X*|w'(a;) —w(a;)| < €,i=1,2,....,n},

for a1, as,...,a, € X and € > 0.
One can prove the following duality result:

THEOREM A.2 ([BRT9]). Let T'r be the usual trace on B(H), and let
B(H) be the Banach space of trace-class operators on H equipped with the
norm ||.||7r : t — Tr(|t]). Then it follows that B(H) is the dual B*(H)* of
BY(H) by the duality

axte B(H)x BY(H) — Tr(at).

The weak* topology on B(H) arising from this duality is just the o-weak
topology.

DEFINITION A.3. The space B'(H) is called the predual of B(H) and
is denoted by B(H).. By the above theorem it is the space of all o-weakly
continuous functionals. Moreover, (B(H).)* = B(H).

Although, the definitions of the above topologies are different, they give
rise to the same closures of *-subalgebras of B(H) (except the uniform topol-
ogy). A *-subalgebra of B(H), closed in the uniform topology, is called a
(concrete) C*-algebra. A weakly closed *-subalgebra of B(H) is called a von
Neumann algebra. Moreover the following theorem, also refered to as the
von Neumann bicommutant theorem, holds:

THEOREM A.4. Let M be a *-subalgerba of B(H). Then the following
are equivalent

(1) M" =M,
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(2) M is weakly closed,
(3) M is strongly closed,
(4) M is o-weakly closed,
(5) M is o-strongly closed,
where M := {a € B(H);am = ma,Vm € M} is the commutant of M.
The theorem above allows us to give an algebraic definition of a von

Neumann algebra, namely a *-subalgebra M of B(H) which is closed under
taking the double commutant:

M" =M.






APPENDIX B

Spectral theory of Automorphism Groups

In this Appendix we review some Spectral theory of automorphism
groups, which is needed for this dissertation. A detailed discussion can
be found in e.g. [Tak03a] Chapter XI. The following discussion is mainly
based on [Bau95|, Section 1.8 .

First we define the spectrum of a unitary representation of a locally
compact group, also called the Arveson spectrum. Let G be a locally compact
group, M a von Neumann algebra on H and « an automorphic action of G
on M. Then we define the Arveson spectrum as follows:

Sp(ag) = {¢ € G; if a(f) = 0 then f(x) = 0,Yf € L'(G)},

where

Hence, a(f)(a) = [ f(g)ag(a)dg,a € M and a(f) = 0 means that a(f)(a) =
0 for all a € M.

Assume that « is implemented by unitary operators U(g). Let n € H be
cyclic and separating w.r.t. M and assume U(g)n =7 for all g € G. In this
case the definition of the spectrum above becomes that of the spectrum of
U(G), which is just the support of the spectral measure E(.) of U(G) where

Ul(g) = /GX(Q)E(dX)-

Moreover Sp(a) has also the following properties:

(1) 7 € Sp(ag), where j is the unit character of G, j(g) = 1 for all

9€@G,

(2) Sp(ag) = (Sp(ag)) ™"
Assume now that we are dealing with the group G = R and « is the modular
automorphism group of M w.r.t. a cylic and separating vector n. We
introduce two new concepts, which are important for the study of Arveson
spectrum of ag. They are respectively the spectrum of an element of M
w.r.t. « and that of spectral subspaces in M w.r.t. « and depending on a
Borel set in R:

Spa(m) = {AeRa(f)=0= f(\)=0,fe L R,dt)}, meM
M(a,I) = {me& M;Spo(m)CI}, ICR.

61
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Spa(m) has the following properties:
(1) For each m € M, Spo(m) = supp(mn, E(.)mn),
(2) Sp(a) = {UnemSpa(m)}
(3) One has Spa(m) = Spa(ai(m)) for all t € R,

where E(.) is the projection valued spectral measure of A%,

We recall the concept of spectral subspaces E(I)H of a unitary group
U(R) depending on a Borel set I C R. The spectral subspaces in a von
Neumann algebra defined above are closely related to the latter:

(83) M(a,I) ={m e M;mn € E(I)H}.
Indeed, we have
m € M(a,I) < supp(mn, E(.)mn) € 1
N (mn, dE(A)mn) = 0
R\/
& (1= E@)mn|* = 0.

Thus, E(I)mn = mn and this means mn € E(I)H.
The spectral subspaces of « are related to the spectrum of « as follows:

LEMMA B.1. The following holds: A € Sp(a) if and only if {0} C
M(a, V(X)) for each open neighborhood V(X)) of .

For a set I C R that does not intersect Sp(a), M(«,I) = {0} holds.
Indeed, in the this case E(I) = 0 and hence (mn, E(I)mn) = 0 for all
m € M and hence there is no m # 0 such that supp(mn, E(.)mn) C I.

Moreover, for a single point A in Sp(«), which is isolated {0} € M («, {A})
still holds. This follows from the fact that {A} is the intersection of all the
open sets containing it, equation and the lemma above. Finally we
establish the following corollary.

COROLLARY B.2. If A is an isolated point of Sp(«), there is 0 # m € M
such that

a(m) == A"mAT" =Pm, teR
PRrROOF. By the above considerations we have that {0} C M(«,{\}),

i.e. there is an 0 # m € M such that mn € E({A\})H. But E({\})H is the
subspace of all eigenvectors of In A, w.r.t. A\. Hence

Aithf’itn — Altmn _ eit)‘mn.

Now, A*mA~# ¢ M for all t € R and since 7 is separating for M (which
is equivalent to an = 0 = a = 0), the proof is concluded. U

To conclude this Appendix we mention a sufficient condition for the
additivity of Sp(«) (which is an important fact for the classification of type
I1I factors).
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THEOREM B.3. Let (M, n) be as above and o an automorphic action of
R on M. Assume that « acts ergodically on M, i.e. M* = C.1. Then
Sp(a) is additive, i.e. A1, 2 € Sp(a) implies A1 + A2 € Sp(«).
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