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Abstract

This thesis is devoted to the classification issue of traces on classical pseudo-
differential operators with fixed non positive order on closed manifolds of dimen-
sion n > 1. We describe the space of homogeneous functions on a symplectic
cone in terms of Poisson brackets of appropriate homogeneous functions, and
we use it to find a representation of a pseudo-differential operator as a sum of
commutators. We compute the cohomology groups of certain spaces of classical
symbols on the n—dimensional Euclidean space with constant coefficients, and
we show that any closed linear form on the space of symbols of fixed order can
be written either in terms of a leading symbol linear form and the noncom-
mutative residue, or in terms of a leading symbol linear form and the cut-off
regularized integral. On the operator level, we infer that any trace on the alge-
bra of classical pseudo-differential operators of order a € Z can be written either
as a linear combination of a generalized leading symbol trace and the residual
trace when —n+1 < 2a < 0, or as a linear combination of a generalized leading
symbol trace and any linear map that extends the L?~trace when 2a < —n < a.
In contrast, for odd class pseudo-differential operators in odd dimensions, any
trace can be written as a linear combination of a generalized leading symbol
trace and the canonical trace. We derive from these results the classification
of determinants on the Fréchet Lie group associated to the algebras of classical
pseudo-differential operators with non positive integer order.
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Introduction

This thesis addresses the classification issue of traces on certain classes of clas-
sical pseudo-differential operators on closed manifolds of dimension n > 1.
The classification was already known for the whole algebra of classical pseudo-
differential operators as well as for specific classes such as smoothing operators,
non-integer order operators and odd class operators in odd dimensions. Also the
case of zero order operators was studied in view of a classification of multiplica-
tive determinants. Interestingly, the above mentioned classes fall into two types,
those with traces that vanish on trace-class operators, namely the residual trace
and the leading symbol trace, and those equipped with the canonical trace that
extends the L?—trace. This twofold picture extends to classes of operators with
fixed non positive order considered here. The residual trace and a generalized
leading symbol trace arise when considering operators of integer order a with
—n + 1 < 2a < 0, whereas the canonical trace arises when restricting to non-
integer order, or to odd class operators in odd dimensions.

On the one hand, the noncommutative residue, which falls into the first class

of traces, was introduced about 1978 by Adler and Manin in the one-dimensional
case; they showed that it defines a trace functional on the algebra generated by
one dimensional symbols whose elements are formal Laurent series with a par-
ticular composition law. Seven years later Guillemin ([14]) and Wodzicki ([44])
independently extended this definition to all dimensions. This residue yields the
only trace (up to a constant) on the whole algebra of classical pseudo-differential
operators ([7], [10], [25], [44]), and it has many striking properties, among which
its locality, that is very much related with the fact that it vanishes on smoothing
operators.
On the other hand, the canonical trace which falls into the second class of traces,
was introduced by Kontsevich and Vishik ([23]); they showed that this is actu-
ally a trace (even more unique: see [30]) on certain subsets of operators with
vanishing residue. In contrast to the noncommutative residue, it is highly non
local due to the fact that it extends the L?-trace.

Fixing the order of the operator as we do throughout this thesis, introduces many
technical difficulties, which do not allow a naive and direct implementation of
proofs carried out in the case of operators of any order, and one often needs a
refined version of previously known results. For the classification of traces it is



natural to ask for a representation of a pseudo-differential operator as a sum of
commutators of elements in the algebra one considers. Starting from a general-
ization of a result by Guillemin about the representation of Poisson brackets of
homogeneous functions on a symplectic cone ([14]), we generalize and improve
a result by Lesch ([25]) concerning the representation of a pseudo-differential
operator as a sum of commutators. With this result at hand, in order to classify
traces on algebras of classical pseudo-differential operators of fixed non positive
order, it remained to solve the issue about the existence of a non-trivial exten-
sion of the L?-trace to a trace functional on the class of operators we consider.

All known traces on algebras of pseudo-differential operators are built us-
ing linear forms on symbols which satisfy Stokes’ property, i.e., they vanish on
partial derivatives of symbols ([35]). Two notable examples are the noncommu-
tative residue, which gives rise to the trace which carries the same name, and
the cut-off regularized integral which yields the canonical trace. It is therefore
natural to investigate the cohomology groups of spaces of classical symbols on
the n—dimensional Euclidean space with constant coefficients, and to look at
the dual of those cohomology groups. We compute these cohomology groups,
and show that the top cohomology group of certain spaces of symbols is one-
dimensional. This implies that in the case of fixed real order a, any closed linear
form on the space can be written either in terms of a leading symbol linear form
and the noncommutative residue in the case when a € Z, a > —n + 1, or in
terms of a leading symbol linear form and the cut-off regularized integral in the
case when a ¢ Z N [-n + 1, +00).

An important consequence of the uniqueness of the noncommutative residue
as a linear form which satisfies Stokes’ property in the whole space of classical
symbols, is that any smoothing symbol is a finite sum of derivatives of symbols;
we indeed prove a refined version of this in the case when a € Z, a > —n+1. On
the operator level, we infer that on the algebra of classical pseudo-differential
operators of order a € Z, when —m + 1 < 2a < 0 there is no a non trivial
extension of the L?>~trace, and when 2¢ < —n < a any linear map that extends
the L2-trace is a trace; from this we infer that any trace on this algebra can be
written either as a linear combination of a generalized leading symbol trace and
the residual trace in the first case, generalizing the result of [28] and [45], or
as a linear combination of a generalized leading symbol trace and such a linear
map in the second case. In contrast, for odd class pseudo-differential operators
in odd dimensions, any trace can be written as a linear combination of a gener-
alized leading symbol trace and the canonical trace.

Finally, we derive from these results the classification of determinants on the
Fréchet Lie group associated to those algebras of classical pseudo-differential op-
erators, and we show that any of those determinants can be written either in
terms of a generalized leading symbol determinant and the Wodzicki multiplica-
tive determinant, or in terms of a generalized leading symbol determinant and
the canonical determinant, generalizing the result of [28].



All these results are organized around five chapters. In the first chapter
we study the Poisson bracket representation of homogeneous functions on a
symplectic cone, first by using an appropriate differential operator and then by
using homogeneous differential forms. We are interested in the case when the
symplectic cone is given by the cotangent space of a closed manifold of dimen-
sion greater than 1 without the zero section with its standard symplectic form.
In Chapter 2 we use integration along the fiber to prove an analogue of the
Poincaré Lemma for cohomology with compact support, and we describe the
cohomology groups of the space of classical symbols on R™ with constant coeffi-
cients. Using the top cohomology group of some spaces of classical symbols on
R™ with constant coefficients, in Chapter 3 we classify the closed linear forms
on those spaces of symbols in terms of a leading symbol linear form, the cut-off
regularized integral and the noncommutative residue on symbols.

In Chapter 4 we give a representation of a classical pseudo-differential oper-
ator as a sum of commutators. The main fact to give a complete classification of
traces on algebras of classical pseudo-differential operators of non positive order
is the no existence of a non-trivial extension of the usual trace to the algebra.
In Chapter 5, we prove that there does not exist such a non-trivial extension to
operators of integer order a when 2a is greater than minus the dimension of the
manifold, by using the classification of closed linear forms on the space of sym-
bols and by writing a smoothing operator as a sum of commutators of elements
in the algebra; then, we consider the case of traces on operators acting on sec-
tions of vector bundles over the manifold. In the last part of the chapter we give
the classification of multiplicative determinants on the Fréchet Lie group asso-
ciated to the algebra of non positive integer order classical pseudo-differential
operators.






Chapter 1

Poisson Bracket
Representation of
Homogeneous Functions

In this chapter we study the representation of a homogeneous function in terms
of Poisson brackets. In the first section we recall some basic definitions and
identities related to homogeneous functions on a symplectic cone. In the sec-
ond section we recall the definition of the symplectic residue and in the third
section we equip the space of homogeneous functions with a pre-Hilbert space
structure. In the fourth section we describe the space of homogeneous functions
by constructing an operator whose image is either a linear space generated by
Poisson brackets or the kernel of the symplectic residue (see Theorem 1.4.1);
this construction does not work in the case of Poisson brackets of homogeneous
functions of degree zero, but in the last section, we present another proof of that
description including this case, using homogeneous differential forms and the ho-
mogeneous cohomology of a symplectic cone (see Proposition 1.5.2 — Proposition
1.5.4).

1.1 Homogeneous functions on a symplectic cone

The goal of this section is to provide all the identities needed to define the
Poisson bracket of two homogeneous functions and its properties. We will prove
some identities of symplectic and differential geometry using references [8] and
[32].

Let Y be a symplectic manifold of dimension 2n, and let w be the corresponding
closed, nondegenerate 2-form on Y, so that w™ is a volume form on Y. For
every f € C®°(Y) there exists a unique Hamiltonian vector field X such that
tx,w = —df. The Poisson bracket of two functions f,g € C*°(Y’) is defined by

{fig} == w(Xy, Xy).
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Thus

{f.9} = Lx,(9) = tx, dg = dg(Xy) = X¢]g]
and {f,-} is a derivation (see [4]). Here Lx,(g) is the Lie derivative of g with
respect to the Hamiltonian vector field Xy, tx, represents the inner product by
Xy, and we use the Cartan identity Lx,(g) = dix,(9) + tx, dg.
For any pair of vector fields X, Xo: [X1, X2] = Lx, X2 and we have the identity
Lx1,Xs] = [£x,5tx,]. So, if X1 and X, are Hamiltonian, then [X;, Xs] is also
Hamiltonian with Hamiltonian function w(X7, X3) (see Def. 18.5 in [8]):

L[Xl,Xz]w = Elesz — LXQ,CXIUJ
=dix tx,w+ix,dix,w — tx,dix,w — Lx,lx, dw
= dw(X27X1)
== 7d(.«.)(X1,X2)
= WXy x) %
hence
Xirgr = Xoxs x,) = [Xr Xy (1.1)
and (C*(Y),{,}) is a Poisson algebra (see [4], [8]).
Since tx, (w) = —df, by induction we prove the following identity:
YmeN, ux,(w™)=-mdf Aw™ " (1.2)

Indeed, using the formula tx, (a A 3) = tx, (@) A B+ (=1 a Aux, (8), we see
that if vx, (w™) = —mdf Aw™ !, then

ux, (W) = ux, (w A W™)
=1x; (W) AW FwALx, (W™)
=1x,(W) A" —mwAdf Aw™

—(m+1)df ANw™.

Proposition 1.1.1 (1.2 in [44]). The Poisson bracket of any pair of functions
fyg € C=(Y) satisfies:

{f,g}w™ =ndf Ndg Aw™ ! =d(gix,w"). (1.3)
Proof. Since w™*! = 0, Equation (1.2) implies that
0= LXfLng"H
=—(n+1)x,(dg Aw™)
=—(n+ 1)(LXf(dg) Aw" —dg A ix, (w"))
=—(n+ 1)(LXf(dg) AwW" +ndg A df /\w"il)

= (n—l—1)(ndf/\dg/\w"_1 —{f,g}w").



On the other hand, since d(vx,w) = 0 and dw = 0,
d(gix,w") =dgNix,w" +gd(ix,w") = —ndg ANdf Aw" ™t =ndf Adg Aw™ L
O

Let B be a connected smooth manifold of dimension 2n — 1 > 1.

Definition 1.1.1 ([14]). A cone over B is a principal bundle 7 : Y — B with
structure group the multiplicative group R = (0, +00). Let p; : Y — Y be the
map of Y onto itself associated with ¢ € RT, so that 7(p:(y)) = 7(y), for all
y €Y, t € RT. We say that the cone is smooth if all the above data are smooth.
If Y has a symplectic structure with symplectic form w, Y is a symplectic cone
if for all t € RT: p*(w) = tw, where

P (W) (X1, X2)(y) = wlpr. X1, pr. Xo) (pe(y)), (1.4)

for any y € Y and for any vector fields X7, Xo.

Example 1.1.1. The space Y = R" x (R"\ 0) = {(z,¢) : x € R", £ € (R")*}
is a symplectic cone over $*"~! with symplectic form w = Y"1 | dz; A d; and
pi(,€) = (122, 1/%¢).

Example 1.1.2. Let M be a smooth manifold. The cotangent bundle without
the zero section, Y = T*M \ M, is a symplectic cone over the cosphere bundle
S*M with its standard symplectic form and p;(x, &) = (z, t§).

Definition 1.1.2. Let Y be a symplectic cone of dimension 2n and assume
that Y is connected. Let ¢s = pes, and let X be the vector field generating the
one-parameter group {¢,} (see [32]), i.e. for all y € Y,

d)O = idY?
d(¢s)
dS y = X|¢s(y) '

The map p; preserves X: let y € Y and h € C*°(Y), then

(pt)*(Xy)(m = Xy(h ° pt)
d(pes)

ds pe () (hopt)
_ d(pe=) (h)
ds pt(pe—s(¥))
— d(pes) (h)
ds |y (oetw))



By definition of the Lie derivative with respect to X,

Lyw = limM = 1ime wow = w.
s—0 S 5s—0 S
It follows by induction that for all m € N,
Lxw™)=mw™. (1.5)

Indeed, using the formula Lx(a A B) = Lx(a) A B+ a A Lx(B) (see [32]), we
get

Lr™™)=Lr(wAhw™) =LxW)Aw™ +wALy(w™) = (m+1)w™

The vector field X is not Hamiltonian: if X were a Hamiltonian vector field
corresponding to some h € C*°(Y’), it would imply that

w=Lyw=d(txw) = —d’h =0,
which is a contradiction.
By definition, X is a vertical vector field (see [5]) since for any h € C*°(B),
X[m*h] = X[how]| = 0.

Let a be the one-form
o= Lpw. (1.6)

By Cartan’s identity, since dw = 0, we have
do=d(yw) = Lyw = w. (1.7)
Since p*(w) = tw and p; preserves X we get from (1.4) and (1.6)
ot () =ta. (1.8)
Consider the (2n — 1)—form on Y defined by
poi=a AW (1.9)
From (1.8) we have
pe () = pi (@AW" = p(a) Ap (W) =ta A"l = 1" (1.10)
By (1.6), p is horizontal (see [5]) with respect to the fibration 7: Y — B:
tap = 1x(@ AW ) =1x(@) AW Fixvw A (Lpw™ ) = 0. (1.11)
Equation (1.7) implies that p also satisfies

dp=dlaANw" ) =da) A"t —andw"h) =w" (1.12)



Since w is a 2-form, tyw? = txwAw+wALyw = 2 Lxw Aw, and if we assume

that txw™ = mirw A w™ L, then

Laew™ T = 1w AWM Fw A L™ = (M4 1) Lrw Aw™.

Hence, we have proved by induction

Vm eN, txw™ =miywAw™ (1.13)
In particular, if m = n,
Lxw" =mnp, (1.14)
then (1.11) and (1.12) imply that
Lap=np. (1.15)

Definition 1.1.3. A function f € C*°(Y) is homogeneous of degree a € R if

pi(f)(y) =tf(y) forally € Y, t € RT. Let P, be the space of smooth functions

on Y which are homogeneous of degree a. We will use Euler’s identity:
fE€P,= Lxf =1xdf = X[f] = af, (1.16)

which can be proved using the definition of the Lie derivative of a function with
respect to X': for any y € Y
e fly) — fy)

s—0 S s—0 S

If f € P,, then p;(df) = d(p; f) = d(t*f) = t*df. For t > 0, applying p; to both
sides of identity (1.3), yields that {f, g} lies in P, yp_1, for all f € P,, g € Pp.
Let {P,, Py} be the linear subspace of P,1p—1 spanned by all functions of the
form {f, g} with f € Py, g € Py.

Lemma 1.1.1. If f € P,, then d(fixw™) = (n+ a)fw".
Proof. Let f € P,. From (1.5) and (1.16) we get
d(frxw™) =df Nx(W") +nfw™
=x(df) N +nfu”
=(n+a)fw".

Lemma 1.1.2 (1.7 in [44]). Ifg € Py, [X, X, = (1 — 1) X,.
Proof. For any pair of vector fields X1, X»: ¢x, x,] = [Lx,,tx,] so we have
ta,x,)w = [Lx,tx,|w
=Lx(tx,w) —tx,(Law)
= Lx(—dg) — 1x,w
— —ldg+dg
=—d((l—1)g)
= Li-1)x,W;

and since w is non-degenerate we reach the conclusion. O
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If {41} denotes the one-parameter group corresponding to X, for ally € Y,

/(/)0 = ide
d(t)
dt v - Xg|1/)t(y) ’

Every diffeomorphism v; is a symplectomorphism, i.e. it preserves the symplec-
tic form w: for any t € Rt, ¢fw = w; the reason is that ¢¥jw = w and

d

o Yiw=Lx,w=dix,w+tx,do = —d’g = 0. (1.17)

t=0
Remark 1.1.1. From Lemma 1.1.2 above and Prop. 2.18 in [32] we see that when
I =1 the groups of diffeomorphisms {1} and {¢,} are mutually commutative.

Lemma 1.1.3 (1.11 in [44]). If f € P, g € Pm, then
{frg}n=d(gix,p) = (+m—14n)gdf nw" .
Proof. By the previous identities and some properties of the Lie derivative, we
have
(11a) 1 n (1.3) 1 "
{figtp = H{f’g} Lyw™ = ﬁbxd(g tx w")
1 1
SLx(gex,w”) = —d(gaex,w”)

1.2),(1.13 e
COL g ux, 1) — La(gdf A

O

Remark 1.1.2. Fix a domain & C R™ and let (z1,...,2,,&1,...,&:) be the
corresponding coordinates in the cotangent space T*U = U x R™. For the
symplectic cone T*U \ U — S*U we explicitly have (see 2.1 in [44])

wzzn:dfi/\dmi, Xzzn:gzaa&, azzn:&dﬂ%
=1 =1 =1
n(n—1) n(n—1)

Wwh=(=1)"z nld& A---ANdE Ndxy A+ ANdxy, = (—1) 2 nlddx,

p=(—1)"" (0 —1)! (i(—l)i‘lfid@ Ao NdEA- A d£n> A da

=1
—: (€ A da,

where 71(€) is a volume form on the sphere S™~1.
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We will fix once and for all, a function p € P; such that p is everywhere positive.
By Euler’s identity this implies that dp # 0 everywhere: for y € Y,

p(y) = Lap(y) = dp(X)(y).

Therefore 1 is a regular value for p, and if Z = {y € Y : p(y) = 1} = p~1(1),
by the Preimage Theorem (see [16]), Z is a submanifold of ¥ of dimension
2n — 1. Moreover, 7 [z: Z — B is a diffeomorphism, since Z is identified with
the quotient space Y/RT, and this space is identified with the base space B
(because the fibers of the bundle Y are diffeomorphic to RT).

Proposition 1.1.2 (Sect. 4 in [16]). Let Z be the preimage of a regular value
y € Y under the smooth map p :' Y — R. Then the kernel of the derivative
dp, : T.Y — TyR at any point z € Z is precisely the tangent space to Z, T, Z.

Proof. Since p is constant on Z, dp, is zero on 1,Z. But dp, : T.Y — TR is
surjective, so the dimension of the kernel of dp, must be

dim(T,Y) — dim(TyR) = dim(Y) — dim(R) = dim(Z).

Thus T, Z is a subspace of the kernel that has the same dimension as the com-
plete kernel, hence ker(dp,) =T, Z. O

The previous proposition leads us to consider, for all z € Z, the short exact
sequence

0-T.Z - T.Y % )R — 0.
Let z be any point in Z. Then,
1. a(X) =0, since a := tyw.
2. dp(X,) = —tx,tx,w = 0, then X, € ker(dp), and hence X,| € T.Z.
3. a(Xp) =w(X, X,) = X[p] = p #0, then o(X,)], = 1.
4. dp(X) = X[p| =p # 0, then dp(X)|, = 1.

Hence for every point z € Z, by item 4 and Proposition 1.1.2, X|, ¢ T.Z and
since

dim(7,Y) —dim(7,2) =1, (1.18)
we have the following decomposition:
.Y =T.Z®C- X|,. (1.19)
In general, for any point y € Y we have

T,Y = ker(dpy) C- X[, . (1.20)
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1.2 The symplectic residue

In this section we recall the definition and the properties of the symplectic
residue of a homogeneous function of degree —n defined on a symplectic cone
of dimension 2n, following [14].

Let Y 5 B be a symplectic cone, and we will assume that B is closed unless
we indicate something else. Let f be a homogeneous function of degree —n on
Y, and consider the (2n — 1)—form fu, where p is the (2n — 1)—form defined in
(1.9). The form fu satisfies the following

1. Tt is closed: by (1.12), (1.13), (1.16) and since tx(df) A w™ = df A txw™,
1
d(fp) =df Np+ fdp=—df Neaw" + fu"
1
:ELX(df)/\w"Jrfw”:ffw”Jrfw":0. (1.21)

2. Tt is horizontal: by (1.11),
tx(fp) = frxp =0.
3. Tt is invariant under the action of R*: by (1.10),
p(fr) = p (flp () =t7"ft"u= fp. (1.22)
So there exists a unique (2n — 1)—form p; on B such that
fu=rus. (1.23)

In fact, given a point x € B, take y € Y such that 7(y) = x; because of the
invariance of fu it does not depend on the choice of the point y, so we can
choose y € Z. Since fp is horizontal, by (1.19) we can also choose a basis
Vi,...,Vap—1 of Ty Z, and define the form py by

Nf|a:(7r*vv17 ce. 77T*V2n71) = f(y)/”y(vlv ey V2n71)~

If f is non-vanishing then by (1.23), uy is also non-vanishing, so we will orient B
by requiring the form s to be positively oriented when f is everywhere positive.

Definition 1.2.1 ([14]). Let f be a homogeneous function of degree —n on Y.
We define the symplectic residue of f to be the integral

res(f) ::/B,uf. (1.24)

Since 7 [z: Z — B is a diffeomorphism, we can orient B such that the degree
of mis 1 and by the Degree Formula (see [16])

/Bﬂf:/z(fM)FZ~

The symplectic residue has the following properties (see Prop. 6.1 in [14]):
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Proposition 1.2.1. 1. The map res is linear and continuous (as a distribu-
tion) on the space P_,.

2. Let ® : Y — Y be a symplectomorphism commuting with the action of
RT. Then for f € P_,, res(®* f) = res(f).

3. IfgeP, fE€Pmandl+m=—n+1, thenres({f,g}) =0.
Proof. 1. If f,geP_,,and c€ C,

T hfreg=(fHecgu=fut+cgp="r"pns+cm*pug,
so the linearity holds as a consequence of this and the linearity of the
integral over B. If {fx} is a sequence of functions in P_, such that

fx — 0 as k — oo uniformly in the C*°—topology of Y, then res(fi) — 0
as k — oo.

2. If ® : Y — Y is a diffeomorphism which commutes with the action of
R+, then there exists a diffeomorphism of the base ¥ : B — B, such that
mo® = Vom For x € B, let ¥ € Y be such that n(Z) = x, define
U(z) := 7(P(Z)). ¥ is well-defined: another element in the fiber of x is of
the form py(Z) for some t € RT, so

T(P(pe(7))) = m(pe(P(2))) = m(2(Z)) = V().
If f € P_,,, then, since ® commutes with the action of RT, for any t € RT,

pr(@"f) = B () f) = (D" f), s0 B*f € P_.
® preserves X: For h € C°(Y) and for any y € Y,

(©)(Xy)(h) = Xy(ho @)

_ d(gj) (ho®)
po—s(y)
— d(pe+) (h)
s la(p, ()
_ d(per) (h)
ds Pe—s(®(y))

= Xlay) (h)-

From this, and since ®*w = w, we get ®*u = p. Therefore, the equality
m® = Ur implies that

Ty = Oy = O () = O (Fi = T e s
and hence ¥* s = o« .
Hence, since ¥ is a diffeomorphism on B and its degree is equal to 1 (that

is the degree of ® since ® is a symplectomorphism), we use again the
Degree Formula to conclude

wes(f) = [ ns= [ W= [ oy =rest@ ).
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3. First consider the case I = 1 and m = —n. If {®,} is the one-parameter
group of symplectomorphisms generated by the Hamiltonian vector field
X,, by Remark 1.1.1 every ®; commutes with the action of RT, and
therefore by the previous item, res(®; f) = res(f). So by continuity of res,
we differentiate and evaluate at zero to get:

res(®; f)

t=0
@Q
t=0

B d
—res(dt
— res(Lx, (f)
— —res({f.9}).

The general case follows from Lemma 1.1.3:

wes((f.9) = [ nirar = [ Uabu

:/Z(d(gLXfu)—(Z+m—1+n)gdf/\w”_1).

Hence by Stokes’ Theorem, res({f,g}) =0 when [ +m = —n + 1.

1.3 L?>-structure on P,

Let us now introduce a pre-Hilbert space structure on Ps. Following the notation
of Section 1.1, since B and Z are diffeomorphic, we will consider the symplectic
cone m: Y — Z; we will also assume that Y is connected and Z is compact. We
construct the following maps:

1. The restriction mapping, i.e. the map:
Ry :Ps — C*(2)
feR(f)=1[1z.
2. The extension mapping, i.e. the map:
T, : C*(Z) — Ps
g+ T;(g) such that Vy € Y, Ts(g)(y) :

Il
S
N
T
—~
<
~—
N~—
—
=
—~
<
~—
~—
»

These maps provide an identification
P =2 C>(2), (1.25)

since Rs o Ts = idgeo(z) and Ts o Ry = idp,.
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Let v be the restriction of p to Z. Then v is a volume form on Z: let z € Z;
since T, Z is of dimension 2n —1, if V4,..., V5,1 form a basis of T, Z, by (1.19),
X, Vi,...,Vo,_1 form a basis of T,Y, and hence

va(Vi,.oo Vano1) = w2 (X, Vi, Vo)

does not vanish since w™ is a volume form on Y. Hence, v defines an L?—structure
on C*(Z): for f,g € C>*(Z)

(f,9)z 3:/ZJF'9Va

where f denotes the complex conjugate of the function f : Z — C. The associ-
ated norm is

Ifl = (2",

and by completion we obtain a Hilbert space L?(Z). By means of (1.25), we
have an L2 —structure on P, with the following inner product: for f,g € P, we
define

<f7g>s = <Ré(f)7R3(g)>Z:/Zf FZg rZ V:/Z(fg) fZ v,
and the associated norm is

1f1ls = 1R (-

1.4 A differential operator on P;

In this section we study the representation of a homogeneous function on a
symplectic cone in terms of Poisson brackets, by using a generalization of Sect.
6 of [14] (see also Sect. 2 of [25]) in which the case when [ = 1 is investigated.
We consider homogeneous functions on a symplectic cone Y — B, and as before,
we assume that Y is connected and B is compact. In the following result we
study the case [ # 0; the case [ = 0 will be treated separately right after the
proof of this theorem.

Theorem 1.4.1. Let I, m be real numbers with | # 0.
1. Ifl4+m—1+# —n, then {P;, Pm} = Prym—1-
2. Ifl+m—1= —n, then {P;,Pn} = ker(res) C P_,, and {P;, P} is of

codimension 1 on P_,,.
Proof. We will prove the theorem in several steps:

1. Definition of the operators D,.
Given ¢ € P, let X, be the Hamiltonian vector field associated with
q. Let Dy : Py — Piym—1 be the operator “differentiation by X,”:
Dy(h) = Lx,(h) = {q, h}.
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By (1.20), every vector field on Y can be expressed as a linear combina-
tion of some vector field in ker(dp) and X. In particular, the vector X,
decomposes uniquely as a sum

X, =W, +q4X, (1.26)

where W, is a vector field on Y such that Wy[p] = 0 and ¢ € C>(Y).
From (1.26) and using (1.16) we get X, [p] = W,[p]+q X[p] = p ¢, therefore

d=p "Xy =p {a.p} € Pi_1. (1.27)

By (1.16), if f € Py, X[f] = mf and hence,

Xqlf] = Wqlfl + a XS]
Dq(f) = Wq[f] +mqf.

2. Construction of the transpose of D,.
First of all, by Prop. 6.5.17 in [1], since v is a volume form on Z, for any
h € C*(Z) and for any vector field X on Z we have the identity

d(ux (hv)) = X[h]v + h Div(X)w, (1.28)

where Div(X) represents the divergence of X. Let f € Py, g € Prym-1-
Taking h = f - g and X = W,, we have

(Dot 9)tsm—1 = (Rism 1(Daf), Rism-1(9)) 7 = / (DT -9) 12 v
Z
- [ (TIAFmin o) 1z v
:/Z(W'g) Iz V+/Z(W'9> lz v
~ [ (Wilfl-a) 1z v+ [ (F-mizg) iz v
“ﬁg’—/z(qu[gn B u—/ (F - g Div(W,)) 12 u+/z(7'mag> [z v

== [ - Wila)+ (P (Wy)g —mia)) 12 v
= (Ton(f 12), T ((=Wy = Div(Wy) +m@)(9) 2))m = (f, Dy(9))m-
Hence the transpose of D, is the operator Dé : Piym—1 — Pm given by
Dg(9) = Ton((=Wq — Div(Wy) +mq)(9) 12)- (1.29)
So we must compute Div(W,). We will show that

Div(W,) = (—n+1-10)G. (1.30)
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By Equation (1.21) d(p~"u) = 0, and hence by (1.12)
0=d(p"p)=dp™") Ap+p "dp=—np " tdp Ap+p "W"

and on Z, we get
w" =ndp Av. (1.31)

By definition Ly, v = Div(W,)v (see Def. 6.5.16 in [1]). Therefore, in
view of the fact that W;[p] = 0, we get from (1.31)

Ly,w" = Lw,(ndp \v)
=nd(Lw,(p)) N\v+ndpA Lw,(v)
= ndp A Div(W,)v
= Div(W,) w™. (1.32)

For any function h € C*°(Y) and any vector field W on Y, we have
Div(hW) = hDiv(W) + W{h] (see Prop. 6.5.17 in [1]); therefore,

Cqun (1§6) [,qu" — ,C@X)wn
1D Div(ga) "
=  —Xglw" —gLyw"
(1.15),(1.16)

(I1-1—n)qw™.

Hence, by (1.32) on Z we have Div(W,) = (1 -1 —n)q.

Going back to (1.29) we get for the transpose of Dy, for g € Piym—1

Dy (g) = Trn((=Wy — Div(Wy) + mq)(9) I2)
=Tn((-Wy =1 =1-n)g+mq)(g) |z)
=p* ?(=Dg+(l+m—-1)G—(1—1—n)g+mq)(g),

D} = > (Dy— 2m+2l+n—2)7q). (1.33)

Now, since {q,p"g} = p"({q,9} +rp~Hq,p}g), if r = —(2m+20+n—2),
by (1.27), Equation (1.33) implies that

Di(g) = —p* ' (Dy(9) + 7 9)
=" ({g, 9} +rp H{a,p} 9)
=—p* p " {q.p"g}
= —p*"""{q,p"g}. (1.34)

. Construction of the operator Ay 1.
Choose a system of functions g1, ..., gy in P; whose differentials span the
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cotangent space at every point of Y. By non-degeneracy of w, this implies
that the Hamiltonian vector fields X, generate the tangent space 1,,Y" at
every point y of Y. We denote by D; the operator Dy, .

Consider the linear operator

N
Apym-1 = ZD,-D%. (1.35)

i=1
The theorem is an immediate consequence of the following lemma

Lemma 1.4.1. Whenl+m—1%# —n, Aiym—1 : Piym—1 — Piym—1 is
bijective, and when I +m — 1 = —n, Image(A;4,,—1) = ker(res).

Proof. Clearly, Aj,,—1 is a self-adjoint operator on Pjy,,,—1. To compute
the leading symbol (see [43]) of Ajy,,—1, take y € Y, § € T7Y, and choose
f € Pigm—1 such that f(y) = 0 and df, = ¢, then

op,(§) = Dify, = {givf}y = (df)y(Xg7) = f(Xgi)a

which implies that Aj4.,—1 has leading symbol op2(§) = [£(X,)
Therefore A4 1 is elliptic and following Thm. 5.5 of Chap. III in [24],
we can conclude that Image(A;y,,—1) is closed and hence

2

Prim—1 = ker(Ajpm—1) ® Image(A;1m—1). (1.36)

Let us compute ker(A;4,,—1): for all f € Prypm_1,

N

N
(Avymrf, Pigm—1 =Y ADDLf, Flism—1 =Y | Dif II2,
=1

i=1

so f € ker(Aj4,—1) if and only if f € ker(D?) for all i.

In view of (1.34), for alli =1,..., N, f € ker(D}) if and only if on Y we
have

Xolp"f]1 =Agi,p" f} = 0. (1.37)
Since the X,,’s span the tangent space to Y at every point and Y is con-
nected, p” f must be a constant, p"f =c = f=cp™".

Remember that f € Pjy,—1 and that —r=1l4+m—-1=14+m—-1= —n.
Hence

o If | +m — 1 # —n, the constant ¢ must be 0 and by (1.36), Ajym_1
is bijective, i.e. Image(Aj1m—1) = Pitm—1, and from

Image(Ai+m—1) € {Pi,Pm} C Pitm—1,

we get
Image(AH—m—l) = {Plapm} =Prrm-1- (138)
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eIfil+m—1= —n, f =cp™™; in this case, the space generated by
p~ " coincides with ker(D!) for all i = 1,..., N, i.e. ker(A;1,,—1) has
dimension 1.
If f =p~™ then for all g € P_,,, the L2—inner product of f and g is

<f79>fn=/ZQM=/B,ug=res(g).

By Proposition 1.2.1, we have
Image(Aj+m—1) € {Pi, P} C ker(res), (1.39)
so, with the short exact sequence
0 — ker(res) — P_, — C — 0,

where the first map is the inclusion and the second map is res, the
space ker(res) has codimension 1 on P_,,, and therefore

Image(A;4m—1) = ker(res). (1.40)
O

When [ +m — 1 = —n, the theorem follows from (1.39) and (1.40), other-
wise, it follows from (1.38).

O
The differential operator in degree zero
Let us consider the construction of the operator Ajy,,_1, when [ = 0:
In the proof of Theorem 1.4.1, we needed a system of functions g1, ..., gy in

P, whose differentials span the cotangent space at every point of Y. In the case
I = 0 it is not possible to choose such a system: the dimension of a set gener-
ated by differentials of homogeneous functions of degree zero is at most 2n — 1,
because they will not generate the part in the cotangent space corresponding to
the fiber variable!. Instead, in the proof of Proposition 1.5.4 below, we choose
a system of functions g1, ...,gny in Py = C*°(Z), whose differentials span the
cotangent space of Z at every point, i.e. for all z € Z, span, ;< y{dgi|,} =T} Z.

For any integer m < 0, we denote by D; the operator {g;, -} from P, to
Pm—1. Ifr = —=2m—n+2 = —2(m —1) —n, by (1.34) the transpose D}
corresponds to the operator —p?™*+"{g; p"-}. Define the linear operator

Ap—1:Pm_1 — Pm-1

N
f=Ama(f) = DiDi(f).
=1

11 thank Prof. Jean-Marie Lescure for pointing this out to me.
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We are going to compute ker(A,,_1), i.e. the functions f € P,,—1 such that
Amfl(f) =0:
Ap_1(f)=0& Di(f)=0 Yi=1,...,N
< {9, f}=0Vi=1,....N
& w(Xy, Xprp) =0 Vi=1,....N
& dgi(Xprp) =0 Yi=1,...,N.
Since the differentials of g1, ..., gn span the cotangent space of Z at every

point z, X,r¢|, does not belong to T, Z. Moreover, since g; € Py, Vi =1,..., N,
by (1.16) we also have

dgi(X) = X[gi] = 0.
Therefore, by (1.20) we can pick a function h € C*°(Y’) such that
Xy =hX.
Let A:={geC>®(Y):3heC>®(Y): X, =hX}. Then
ker(Ap—1) =p " (ANP_pmi1-n) - (1.41)
Proposition 1.4.1. Let a be a real number a < 0.
1. If a#0, then ANP, ={0}.
2. Forge Py and f € ANP,, {f, g} =0.
3. If n =1, then {Py, Py} = 0.

Proof. 1. If f € P,, then X[f] = af, and if f € A, there exists a function
h € C*(Y) such that X; = h X. Then

af = X[f] = a(Xf) = —W(X,Xf) = _W(X7hX) = —hOJ(X,X) :07
and since a # 0, we conclude that f = 0.

2. If f € A, there exists a function h € C*°(Y’) such that X; = h X, then by
(1.16), for any g € Py we have

{f,9} = Xslg) =hX[g]=h-0=0.

In particular, {f,g} = 0 whenever g € Py and f € ANPy; when f € ANP,
and a # 0 the statement follows immediately from the first part of the
proposition.

3. By Equation (1.3) with n =1, {f, g} w = df Adg, so if f,g € Py we have

{f.g}=0.
O

Lemma 1.4.2. Ifn > 2, there exists a system of functions g; € Py, 1 <i < N,
such that for some i # j, {gi,g;} € P-1.
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Proof. We prove this locally: consider that the manifold structure on the sym-
plectic cone Y is described by coordinate charts (U, z1,...,2,,&1,...,&,) and
the corresponding symplectic form is the 2-form w = Y  dx; A d§;. For
i=1,...,n, define functions g;(z,&) := x4, and gn44(, &) := &€, which are
homogeneous of degree 0 on Y. Then for ¢,j =1,...,n,

{gl7gj} =0= {gn+iagn+j}a

but
{gi7g7L+i} = |£|71 - gi2|§|737

which is not identically zero when n > 2. O

Definition 1.4.1 (See e.g. [20]). Let M be a smooth manifold of dimension n. A
linear partial differential operator P on C'*°(M) is called hypoelliptic if for every
distribution w on M, the condition Pu € C*°(M) implies that u € C°(M).

Theorem 1.4.2 (Thm. 1.1 in [18)). If X1,...,X, denote first order homoge-
neous differential operators in an open set Q C R™ with smooth coefficients,
such that among the operators

X

Jio [Xqujz]’ [Xj17 [X

J2»

Xj3]]v R [Xju [X

J2»

(Xiare X0l

VER)
where j; = 1,...,r, there exist n which are linearly independent at any given

T
point in ), then the operator Z XiQ 18 hypoelliptic.

i=1

This theorem also holds when considering the composition of X; with its

adjoint X7 X; instead of X?, as we can see in [20] (see also [12], [17]). In our case,
the second order differential operator A,,_1 is constructed from N first order
homogeneous differential operators Xi,..., Xy, which generate a subspace of
TY of dimension 2n — 1. These operators correspond to homogeneous functions
gi,--.,g9n of degree zero.
By Lemma 1.4.2, there exist ¢, j such that the function {g;, g;} is homogeneous
of degree —1, in which case the differentials of the functions g;,{g;, g;} generate
the cotangent space of Y at every point. Hence, by non-degeneracy of w and
by (1.1), the vector fields X,,, Xy, 4.3 = [Xg,, Xy;] generate the tangent space
of Y at every point and hence they satisfy the hypothesis in Theorem 1.4.2. So
A,,_1 is a hypoelliptic operator.

Remark 1.4.1. For any m # 0, the space {Pg, P.,} coincides with the space
{Pm,Po}, so when n > 1 and m — 1 = —n, by Theorem 1.4.1,

{Po, P—n+1} = ker(res).

Therefore, the remaining case is when n > 1 and m = 0, but then —m+1—n # 0,
so by Equation (1.41) and Proposition 1.4.1, we get

ker(A_;) = {0}. (1.42)
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By construction of the operator A_1 : P_1 — P_1, we have
Image(A_1) € {Po, Po} € P-1. (1.43)

Remark 1.4.2. We do not know if it is possible to use the fact that A_; is
hypoelliptic, to argue as in (1.36) and say that

P_1 =ker(A_;) ® Image(A_1), (1.44)

hence, by (1.42),
P_1 =Image(A_y), (1.45)

in which case by (1.43) we could conclude that

P_1={Po,Po}. (1.46)

An explicit description of A in degree 0

Let M be a closed manifold of dimension n > 1. If the manifold structure on
M is described by coordinate charts (U, x1,...,2,) with z; : U — R, then at
any © € U the differentials (dz;), form a basis of T))M. Namely if £ € T} M,
then & = > | &(dw;), for some real coefficients &1, ..., &, (see [8]). The chart
(T*"U,z1,...,Tn,&1,- .., &) is a coordinate chart for 7% M, and the coordinates
(1, .y Tn,&1,...,&n) are the cotangent coordinates associated to (z1,...,z,)
on U. The 2-form w = Y ", dz; A d§; is the canonical symplectic form and we
have the symplectic cone T*M \ M — S*M (see Example 1.1.2).

The function p(x, &) := |£| is a homogeneous function on Y := T*M \ M of
degree 1, everywhere positive. For i = 1,...,n, define functions g;(z,§) := x;,
and gnyi(7,€) = &|€|7t, which are homogeneous of degree 0 on Y. They
satisfy:

dg; = dz; and dgn; = €71 [ =D &&lé|Pde + (1 - €71¢]7%)de;
k#i

The Hamiltonian vector field corresponding to a function g is

- dg 0
X, = .
g im1 <5$Cz afz afz‘ 8501‘)
Therefore, for i = 1,...,n,
0 _
Xoo = g ond X, = —le™ | = D_a&ilél ™5 2— +(1-€2lel 2>8x2

k#i
By (1.34), the operators D! : P,,_1 — P, are given by

Di(h) = —[€l*™ " {g, [€]7*" 7" 2N} for h € Pr.
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Therefore, for i =1,...,n,

= (2m +n — 2)&h — |€[20¢, by

Df(h) _ _|£‘2m+na& (‘E|—2m—n+2h)

D;Di(h) = 0¢,((2m +n — 2)&h — [€[*0¢, h)
= (2m+n—2)h+ (2m+n—4)&0,h — |£[0Z h; (1.47)

Dy, 4i(h)

= lefe (_ D €u&ilél 0., (1€ 72 2h) + (1 - s?|5|-2>ami<|5|-2m-"+2h>)
ki

= ¢l (—Zskasr?azkm (1- §3|5|-2>arih> :

vy
Dy yiD}, ()

= —l¢I™ (— D G&il€l 00, (D i(h) + (1= €1€172)0s, (Di+i(h)))

ki

= gtile™? (—kama?axjamh +(1- £$|£|2)axjamh)

j#i ki
— (U =&LE?) | = D &&ilE 200,00 h + (L= EFlEHD2 R ) . (1.48)
ki
Adding up the terms in (1.47) and (1.48) we obtain

A(h) =n@2m+n—2)h+ (2m+n—4)(m — 1)h — [¢|?Ach
— (Ay,...,A,) Hess,(h)(Ay, ..., An)"
= (2m? +n® + 3mn — 3n — 6m + 4)h — |[¢|*Ach
—(Ay, ..., Ay) Hess, (h)(Aq, ..., A,
where we have used the following:

e since h is homogeneous of degree m — 1, by (1.16) we have

> " &ide,h = (m — 1)h.
i=1
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o Ach =) 0Zh.
i=1

§1&- &
o (A A= (L) - le 2| 2R g )

e Hess, (h) denotes the Hessian matrix in x of h:

821 aﬂnawz U 8.’1;1 azn
8’”2 8371 822 e 83626&671,

Hess, =

Oz, 0z, 0z, Oy - 8§n
In the case when m = 0, the operator reads
A(R) = (n* —=3n+4)h — |€*Ach — (A1, ..., Ay) Hess, () (Ag, ..., Ay)Y,

but we cannot see from this that the operator A is hypoelliptic and then use it
to conclude (1.46). In Proposition 1.5.4 below, we present the proof of (1.46)
by using a different argument.

1.5 Homogeneous differential forms

In this section we study homogeneous differential forms on the symplectic cone
m:Y — Z, in order to give a more explicit representation of a homogeneous
function in terms of Poisson brackets, adding the case | = 0 to Theorem 1.4.1.

Let us consider the set Q%(Y) of a-homogeneous k-differential forms on
Y, that is n € Q%(Y) if and only if for all t € RY,
pen =t

where p;7 is defined as in (1.4). The usual exterior derivation maps

d: QP(Y) — QFFLa(y),
and (Q2%2(Y), d) is a subcomplex of the usual de Rham complex (Q¥(Y),d).
We can compute the cohomology of this complex:

Hba(y) = ker(d : QF2(Y) — QF+La(Y))
~ Image(d : QF—La(Y) — Qka(Y))’

Proposition 1.5.1. The homogeneous cohomology groups of the symplectic
cone Y — Z are given by:

H*Z)® H*=Y(2), ifa=0,

k,a ~
a (Y)_{o, if a # 0.

In particular, H*°(Y) = C.
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Proof. By (1.25), locally any a-homogeneous k-differential form w € Q%*(Y)
can be expressed as

w = p*m*(w1) + p*tdp A T (w2), (1.49)
for some w1 € OF(Z), wy € Q*71(Z), and therefore
dw = p*m*(dwy) + p*~tdp A (—7*(dwy — awy)). (1.50)

If dw = 0 then
dwy = 0 and dwy = awy.

Ifa#0,w = %dwg and hence

1 1
w= gpaw*(dwg) +p" ldp A (w) = d <ap“7r*(w2)> .

Since 1p®m*(wy) € Q*~1(Y), we conclude that if a # 0, then H**(Y) = 0.

If a = 0 we have w = 7*(w1) + p~tdp A 7*(w2) € QFO(Y), and by (1.50),
dw = 0 implies that dw; = 0 and dws = 0, so [w1] € H¥(Z), [wa] € HF=1(2). If
7 =m"(1) +p tdp A7 (m2) € QFLO(Y) is such that w = dr, then w; = dry
and wy = d7e. This gives rise to a map

H*O(Y) - HY(Z)® H*1(2)
[w] = [wr1] & w2,
which is an isomorphism. Indeed, if w; = day, ws = das, then
w=7*(day) + p~tdp A ¥ (da) = d (7T*(Oél) —ptdp A w*(ag)) )

In particular, H?>"°(Y) = H?*"~1(Z), and since Z is an oriented (2n — 1)-
dimensional manifold, we have H?"~1(Z) = C where the isomorphism is given
by integration over Z. O

By definition of a symplectic cone (Definition 1.1.1), the symplectic form
w € Q%Y(Y) is a 1-homogeneous 2-form on Y, and w™ € Q?**"(Y) is a volume
form on Y. By (1.6), a = tyw € Q1Y) satisfies w = da.

Proposition 1.5.2. For any m € R and any | # 0, such thatl+m — 1 # —n,
{Pi, P}t = Prom—1-

Proof. Let f € Piym_1. The differential form fw™ € Q2mn++m=1(Y) is closed
and by Proposition 1.5.1 it is exact; indeed, by Lemma 1.1.1, the differential
form fiyw™ € Q2n—Lntlrm=1(y) gatisfies

d(fixw") = (n+1+m—1)fw". (1.51)

From (1.14)
LW =na AWt (1.52)
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and by (1.7)
W' =d(aAw™?). (1.53)

Choose a system of functions gi,...,gn in P; such that at every point y of
Y, their differentials dgily,...,dgn|, are linearly independent and span the
cotangent space T, Y. Since the linear form fo belongs to QLA™Y there
exist functions fi,..., fy € C°(Y) such that

N
fa:Zfidgi- (1.54)

i=1

Foralli=1,...,N, f; € Py from the homogeneity of fo and g;, for all t € RT,
it follows that

N
pi(fa) =t fa =" pi(fi) dgs.

From this,
N
> (i (fi) =™ fi) dg: = 0
i=1
and from the linear independence of dg1,...,dgn at every point of Y we have

pi(fi) =t"fi,s0 f; € Py foralli=1,..., N. Moreover,

for 2 d(fua (")

(léz)n +1 —fm - 1d(fa A

- ﬁd(d( fa) AaAw'™2)
= ﬁd(m) Ad(a Aw™™2)

(123)771 = fm d(fo) Aw"
- n+l+m—1 (Zfldg’> At
- 7n+l+m del/\dgl/\w
= m Z{fiygi}wn-

=1
Therefore
=) Z{gz,fz} € (P, Pu).
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Proposition 1.5.3. For any l,m € R such thatl+m — 1 = —n,
{Pi, Pp,} = ker(res).

Proof. By Proposition 1.2.1 we already have the inclusion {P;, P,,} C ker(res).
Let f € ker(res) C P_,. Then by (1.21) and (1.22), fu € Q*=10(Y), and
[(fu) 17] € H*»=1(Z) = C. By Definition 1.2.1,

res(f) = /Z 1) 12,

so that res(f) = 0 if and only if [(fu) [z] = 0 in H?>"~1(Z). Then, there exists
B € Q02=2(Z) such that (fu) [z= dj.

The condition I +m — 1 = —n implies that either [ # 0 or m # 0, so we can
assume that [ # 0. Choose a system of functions ¢i,...,gny in P; such that
at every point y of Y, their differentials dg|y,...,dgn|, span the cotangent
space TyY', and such that the differential forms ¢x, p,...,tx, p are linearly

independent and span the space Q2" ~2T*Y at every point. Then there exist
functions fi,....fy € C°°(Z) such that

B) = ZW*(fi)Lxgi,u- (1.55)

For all t € R, by (1.22) we have p}(fu) = fu and

) _ tH—n—l

pi (Lx,, 1 Lx, =10,

Hence, from (1.55), the linear independence of tx, p,...,tx, p implies that
pr(m*(f:)) = t™x*(fi), so #*(fi) € Pm for all ¢ = 1,...,N. Moreover, by
Lemma 1.1.3 we get

N
fu=d(m (@) =3 _dx (fi)ex,, p Z{gz, (fi)kw,  (1.56)

since p [z is a volume form on Z, this implies that

f= Z{g“ (fi) } € {Ph m}

so we have
ker(res) C {P;, P}

Now we present a proof of (1.46) by using homogeneous differential forms:
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Proposition 1.5.4. {Py,Po} = P_1.

Proof. The proof is very similar to the one of Proposition 1.5.2. However,
since we cannot choose a system of homogeneous functions of degree zero whose
differentials generate the cotangent space of Y at every point (see paragraph
after the proof of Theorem 1.4.1), we choose a system of functions ¢1,...,gn
in Py whose differentials d(Ro(g1)), - ..,d(Ro(gn)) are linearly independent and
span the cotangent space at every point of Z. From (1.25), for any g € Py we
have that g = 7*(Ro(g)). Let f € P_1; the differential form fa € QY0(Y) and
fa=m*((fa) I z). Therefore, there exist f{,..., f& € C°°(Z) such that

N

(fa) Tz="Y_ 17 d(Ro(g:)), (1.57)

i=1

which implies that
N
fa=2 = (f)dg:.
i=1
As before, we can prove that the functions 7*(f?) belong to Py. Moreover,

fo = —d(fur(w™)

n—1

o n n—1
= n_ld(fa)/\w

N
n * 0 . n—1
n1d<;” <fi>dgz>w

1 N
= D AT (D) gt

n—1~4

We conclude that

1
n—1

N
f= Z{W*(fio),gz‘} € {Po, Po}-

O

Thus, we have another proof of Theorem 1.4.1 including the case [ = 0. We
see that the method described in this section gives us an explicit expression of
a homogeneous function in terms of Poisson brackets.

To conclude, for any real numbers [, m,
Pl+mfla 1fl+m3é_n+17
P, Pmt = 1.58
{7 ; {ker(res), ifl+m=-n+1. (1.58)



Chapter 2

Cohomology Groups of the
Space of Symbols

We are interested in the classification of closed linear forms on certain spaces of
classical symbols; this classification comes from the dual of the top cohomology
groups of those spaces. For that reason, we want to compute the cohomology
groups of some spaces of classical symbols on R™. An analogue of the Poincaré
Lemma in the classical case of cohomology with compact support ([6]) can be
used to compute the cohomology groups for smoothing symbols as it is usually
done for smooth functions with compact support, via the usual integration map
on R™. For more general classes of symbols, we still use an analogue of the
Poincaré Lemma, but substituting to the ordinary integration map, an inte-
gration map along the fiber as described in the first part of this chapter. We
investigate examples related directly with classical symbols, where the linear
map that gives us integration along the fiber will produce either the noncom-
mutative residue or the cut-off regularized integral. At the end of the chapter we
use a Mayer-Vietoris sequence argument to conclude the computation of those
cohomology groups (see Theorem 2.4.1). This chapter is based on Section 7 of
[26].

2.1 Integration along the fiber

In this section we introduce a map, called integration along the fiber, which will
allow us to compute the cohomology groups of spaces of classical symbols.
Let M be a connected compact manifold of dimension n — 1 > 0 and let

C(RT x M) C C™®(R" x M),

be a set of smooth functions, closed under partial derivatives and such that if
r € Rt denotes the radial coordinate,

VfeCRT x M), 3rg>0: f(r,) =0, Vr < . (2.1)

29
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We will also assume that the set C(R* x M) satisfies the following:
Assumption 2.1.1. There exists a map,

J:C(RT x M) — C>®(M),
such that

1. J is linear in the sense that for all a,b € C, whenever f,g and af +byg
belong to C(RT x M) we have

Jlaf+bg)=aJ(f)+bT(g).

2. Jo0,=0.

3. If f € C(RT x M) is such that J(f) = 0, then for any r € RT the function
(r,-) = F(r,-) == [y f(t,-)dt belongs to C(RT x M).

4. J commutes with partial derivatives on M.

5. J is non-trivial, so there exists e € C(RY x M) such that e(r,-) is constant
on M, and such that J(e) = 1.

Consider the projection map
p: RPxM—>M
(r,m) = 1.

In the following we denote by QF(C(A)), the set of k—differential forms on A with
coefficients in C(A). Every k—differential form w € Q¥(C(R* x M)) is locally a
sum of differential forms:

w = fi(r,m)p"m + fa(r,n)p" 12 A dr,
with f; € C(RY x M), 71 € Q¥(M), 7 € QF—1(M).
Consider local coordinates (71, ...,n,—1) on M. The differential operator
it : QF(C(RT x M)) — QF(C(RT x M)
is defined as follows:

1. If f € QO(C(RT x M)) = C(R*+ x M), then

n—1
dos s (f) = Onfdr + dpr(f) := Opfdr + Y 0y, f dn; € Q' (C(RT x M)).
i=1

2. ffw = fip*m1 + fop*ma A dr € QF(C(RY x M)), then

At xar (W) = O fr drAp*T1+da (frp™ 1) +dar (fop™ r) A drr € QFFH(C(RT x M)).
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The operator dr+y s satisfies dfwx u = 0, and we can see that the complex
{OQF(C(RT x M)), dp+ s} is a subcomplex of the usual de Rham complex
{QF(RY x M), dg+xar}-

Consider the set of closed k—forms on R™ x M with coefficients in C(R™T x M)
ZF(C(RT x M)) = ker (dg+x s : QF(C(RY x M)) — Q" (C(RT x M))),
and the set of exact k—forms on R x M with coefficients in C(R* x M)
B*(C(RY x M)) = Image (dg+xar : Q" HC(RT x M)) — Q¥(C(RT x M))).

The k-th cohomology group of the complex {Q*(C(RT x M)), dg+xar} is given
by the quotient space

H*(C(RT x M)) := Z*(C(RT x M))/B*(C(RT x M)).

Inspired in [6], we define the following map, called integration along the fiber

Py QF(C(RY x M)) — QF (M)
w= fip"T + fop* o A dr — T (f2)Te.

Remark 2.1.1. Ttems (3) and (5) in Assumption 2.1.1 will imply, respectively,
the injectivity and the surjectivity of the map p, in cohomology.

Lemma 2.1.1. dp; o p,e = ps o dp+xs-

Proof. For w = fip*71 + fap*ma A dr € QF(C(RT x M)) we have (we write in
parentheses the number corresponding to the item in Assumption 2.1.1 that we
use):

Puldptx (W) = ps (Or(fr)dr Ap* 11 +dar(f1) Ap* 1+ fip™ (dar(71))
+dr(f2) ANp*12 A dr + fop* (dar(72)) A dr)

n—1

= (=D*T@ (S + D T (O, (f2))dns Az + T (f2)dar (72)

i=1
n—1
CLON™ 0, (T ()i A 72+ T (f2)da (72)
i=1

= dy(T(f2)) A2+ T (f2)dar(72)
= du(T(f2)72)
= dy(ps(w)).
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By Assumption 2.1.1 (5), there exists e € C(R' x M), constant on M, and
such that J(e) = 1. We define the map

e s QFH(M) — QF(C(RT x M)
T ep T A dr.
Lemma 2.1.2. dg+ypr o€ =€, 0dyy.
Proof. Let 7 € Q*=1(M). Then
dr+x a7 (€4(7)) = dr+ xar(ep™T A dr)

=dp(ep*T) A dr
=ep*(dyT) A dr

= ex(dum(7)).
O
Lemma 2.1.3. p.oe, =1 on Q¥ 1(M).
Proof. Let 7 € Q¥~1(M). Then
pi(ex(T)) = pulep™t A dr) = J(e) = .
O

Lemma 2.1.4. e, op, =1 on H*(C(R* x M)).
Proof. Let w = f1p*1 + fop*m A dr € QF(C(RT x M)). The form

w = eu(pu(w)) = fip* 1 + fop™ra A dr —ep™ (T (f2)T2) A dr  (2.2)

satisfies

P+(w = ex(ps(w))) = T (f2)72 = T ()T (f2) 2 = 0.
Since J(f2 —ep*(J(f2))) =0, by Assumption 2.1.1 (3) we have

/07’ <f2(t,77) - e(t,n)p*(J(ﬁ))(t,n)) dt € C(RT x M).

We define an operator K : QF(C(R* x M)) — QF~1(C(R* x M)) in the following
way: let A(r,n) := / e(t,n) dt. For w = fip*m + fap*ma A dr € QF(C(RT x M))
0

we set
= (/ Falt:n) dt = Alr,mp™ (T (£2)) (r n)) T (2.3)
N (/ (fQ(t’”) - e(t,ﬂ)p*(J(fz))(tm)) dt> PTY. (2.4)
0
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Thus we have

i) =a(( [ fena - ammr T en) o)

= (satrmar o ([ pttoma) = cdrs (2 ()
d (Al )y () ) o'
([ (e = et @) ) aaem)

= (Ratromdr+ due ([ fattenyar) = cary (707)
~ Al (das (T(2) ) )
# ([ (e = ctomr @ em) dt) ).

Kd(w) = ( / Ouhi(tm) dt — Alrm)p* (T (@0 12)) (r ))p*ﬁ
(Z/ On, fa(t,m) dt — ZArn T (0, f2)) (r, >>dmAp*r2
( / folt.m) dt — Alrm)p* (T (f2)) (r, >) “(dar)

LD 1)k £y (e m)ptr + </0 (fz(t ) —e(t,n)p* (T (f2))(t, )) dt) p*(du2)

n—1

( /8f2tndt ZArn T (On, f2)) (r, ))dmAp*Tg
Y 0k fa(rm)pr + (/O (fz(tﬂ?) —e(t,n)p” (J(fz))(t,n)) dt) p(drm2)
s ([t a) = Ao (@ (D) (e

Therefore,
(Kd = dK)(w) = (~D* (fi(rmpr + folromp™na A dr = ep™(T (f2)72) A dr).
and by (2.2) we get 1 — e, op, = (—1)*(Kd — dK) on QF(C(R* x M)). O

Proposition 2.1.1. For all k> 1, H*(C(RT x M)) = H*=Y(M).

Proof. By the previous lemmas, the map p, : Q¥ (C(RT x M)) — QF~1(M) yields
the isomorphism and e, : Q*~1(M) — QF(C(RT x M)) yields the corresponding
inverse. N
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C, ifk=1,n,

Corollary 2.1.1. H*(C(Rt x §"1)) = :
0, otherwise.

Proof. For k > 1, this follows from previous proposition and the cohomology
groups of the (n—1)—dimensional sphere. By (2.1), we also have that the zero—th
cohomology group H?(C(R* x S"~1)) vanishes. O

Consider the polar coordinate diffeomorphism

g: R"\0— R x ™!
e (16 5)- (25)

C(R™\ 0) := ¢*(C(R*T x S"1)), (2.6)

¢* induces the following isomorphism in cohomology:

Then, if we set

H*(C(R™\ 0)) = HF(C(RT x §"71)). (2.7)

2.2 Examples

In this section we give examples of sets related directly with classical symbols
on R™, which satisfy Assumption 2.1.1, i.e. they admit a map that produces an
integration along the fiber. This map is related to the usual integral on R", the
cut-off regularized integral or the noncommutative residue, as we explain later
in Chapter 3.

2.2.1 The usual integral

Let C(R* x S"71) be the set of smooth functions o € C*®(R* x S"~1) that
satisfy the following conditions

1. Asr — oo, for all s,m € N, |0Zc(r,")| = O((1 +7)"™"%).

2. If 0 € C(RT x S™~1), then there exists 79 > 0 such that o(r,-) = 0 for all
7 < 19.

The set C(RT x S™~!) satisfies Assumption 2.1.1: for n € S™~! consider the
map

‘ﬂwmw=éwdnmm. (2.8)

1. The usual integral on R, 7, is linear in the set C(R* x S"~1).

2. We want to show that J 09, = 0. Let o € C(RT x S™71); then,

(o)
/ Oro(r,n)dr = lim o(R,n) — lim o(r,n) =0. (2.9)
0 R—o r—0+
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3. Let f € C(RT x $"71) be such that J(f) = 0, i.e. if F(r,-) := [y f(t,-)dt,
then
lim F(r,-) =0.

r— 400
For s = 0 we can use L’Hopital’s rule, and for s > 1 we can use that
OsF = 9571 f to show that for any m € N, as r — oo

|07 (r, )| = O((1 +7)"™7%),
so F € C(RT x S™~1).

4. Foralli=1,...,n—1,0),0J =J 00y,.
By the properties of o one can interchange 9,, with [ and for all n € S*~*
we get

0,(7@N0 =0 ([ atrmar) = [ o, (@)rmir =7, (00
(2.10)

5. Let e € C°(RT x S"~1) be any smooth function with compact support
on Rt constant on S™~! and with total integral 1 on R*. The function
e belongs to C(RT x $"~) and [;~ e(r,n)dr = 1.

2.2.2 Towards the residue map and the cut-off integral

In view of the examples to come, we introduce the following notations:

Let ¢ € C°(R* x S"~1) be a smooth cut-off function which vanishes in a
neighborhood of » = 0 and is identically one for » > 1. For any a € R and for
all j > 0, let 0,—; € C®°(RT x S"71) be a smooth function such that for all
(r,n) € RT x §"~1, }

Oa—j (rym) = 7na_]o—a*j(lv n)-
For all N € N, let g._n € C®(R* x S"~1) be a smooth function that satisfies
the following;:

drg > 0, such that g«_n(r,-) =0, Vr <rg, and (2.11)
dm<—N:asr—oo,VseN, |0:(9<—n(r, )| =0((1+7r)""%). (2.12)

For any a € R, let us define C*(RT x S"~1) as the set of smooth functions
o € C®(RT x §"71) such that for all N € N, there exist kn, ¥, 0q—j, g<—n as
above, such that

kn
0= S o0+ gecn. .13
j=0
We assume that ! is the smallest integer such that a —1 < 0, i.e. I = [a] + 1.

Setting
kn

Te1(o)(rym) i= Y b(rmoa;(r,n) + g<-n(rn),
j=l+1
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then 7._1(o0) satisfies (2.11) and (2.12) with —1 instead of —N. Therefore
(2.13) reads

1
o= Zwoa_j + 7<_1(0). (2.14)
§=0

The set C*(R* x S"~1) is closed under partial derivatives and satisfies (2.1).
In particular, for any o € C*(R* x S™~ 1), the partial derivative with respect
to r, 8,(c) belongs to C*1(R* x S"~1) C C*(RT x S"71), and from (2.14) it
reads

l

Oro = Zwa Oa—j)+ Z@T(w)aa,j + 0p(m<—1(0))

j=0 j=0

l
= Z(a — ) Oasir T+ D0 ()0 + Op(m<_1(0)). (2.15)
j=0 §=0

Remark 2.2.1. Since 9,-(1)) has compact support in the open interval (0, 1), the
expression with this term satisfies (2.12) for all m € N.

For any 0 € C*(RT x S"~!) and for all r € R, the integral [ o(t,-)dt
belongs to C*TH(R* x S7~1). Using integration by parts and the fact that

f 4 1then i =, (- - '=9,(0
Fa— it 1 - _ e -1 _
ifa—j then r T(aj 1>7 T - (In(r)),

from (2.13) we get for any r € RT

I+1

/U—Z/d)%ﬂr/k 2(0)
141
:ZUa —Jj (/ Y(t,n)t"” jdt) / T<-2(0)
I+1
_ L(l»') a—j+1 _ " a—j+1
= JZZ:O a_]j+1<¢r + /Oat(w)t It dt)
a—j#—1

+o_i(1, (1/11n /at ) In(t dt) /7r<_2(0). (2.16)

We also define the following sets

(a) C®RT x 871 i= (Uuer C*(RT x S™71)), the linear space spanned by
all the spaces C(RT x S"~1).

(b) C=®(R* x §7~1) := (), cp C*(RT x S"~1).
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Any k-differential form w € QF(C*(R* xS™~1)) is locally a sum of differential

forms:
w=fp'r+gp T A dr,

where f € C4(RT x S"71), g € C1(RT x §771) C C*R*T x S"71), and
the differential forms 7, € Q*¥(S"™1) and 7 € QF~1(S"~1). In particular,
for any element f € C**(R* x S"~1) we have fr¥ ¢ C*(R* x S"71), and
frE—t e co YR x S™71), so we want to study the following sets of differential
forms:

QF(CURT x 8™ 1)) = {frFp*r + gr p* e Adr: f g € COTR(RT x S™TL),
€ QRS e QP (ST (2.17)

Remark 2.2.2. We can verify that Proposition 2.1.1 and Corollary 2.1.1 also
hold for these sets of differential forms.
Note that the map p, : QF(CH(RT x S"71)) — QF~1(S"~1) acting on the form
w= frEp*r + gr*~1p*m Adr is given by p.(w) = J(gr¥ Hm.

The sets of O—th and top degree differential forms are given by:

o QU(CHRT x S™71)) = CoRT x S 1).

o O"(CYRT x ")) = {fr"Ip*(dvolgn-1) A dr: f € C* (Rt x S"~1)}.

If w= frEp*m + grf=1p*m Adr € QF(CH(RY x S"~1)), then if ds denotes the
differential on S™~1,

dgt xgn—1(w) = dg(fr¥p*m) + (=)0, (f r¥)p 1 A dr + ds(gr*1p*m) Adr,
belongs to Q¥+1(C?(R* x S"~1)), so we see that the exterior derivative maps
dg+xgn-1 2 QF(CHRT x §"71)) — QFFL(CYRT x S771)).
Thus, in the following we consider the complexes {QF (C(R* xS" 1)), dg+ x g1},

where C(RT x S"71) is either C*(RT x S"71) for any a € R, C™°°(R* x §"~1),
C®(RF x §771), U, oy C*(RF x S71) or <Ua¢m71,+m) Co(R* x sn—1)>.

Remark 2.2.3. By Remark 2.2.2, in the space QF(C*(R* x S"~1)) we compute
the map J in elements of C*~}(RT x S"~1). Therefore, condition (3) in As-
sumption 2.1.1 reads: If f € C*~}(R* x M) is such that J(f) = 0, then for any
r e RY, [J f(t,-)dt belongs to C*(R* x M).

C, ifk=1,n,

Corollary 2.2.1. H¥(C~°(R* x S"71)) = _
0, otherwise.

Proof. The space C~*°(RT x S"~1) coincides with the space C(RT x S"~1)
defined in Subsection 2.2.1. Then, the linear map J = fR + satisfies Assumption
2.1.1, and the statement follows by Corollary 2.1.1. [
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Towards the cut-off regularized integral

For the next example, let us define the map J as follows: for any a € R, for
any o € C*(RT x S"~1), we consider the finite part of (2.16) when r — +o0:

R
J(0)() :==cl(o)() := fp /0 o(r,-)dr

R—o0

+1 ] . )
B /]R+ 7T<*2(U) - Jgo M3T(¢)ra—]+1 - 071(17 )81“(77[]) ln(r) dr.
a—j#—1

(2.18)

Let us assume that a ¢ Z N [—1,+00); then o_; =0 and

+1
0as(L) ) () aihn
cf ) = _ ) — ——20, J dr. 2.19

@0 = [ |re-ato)r 3 e o (219)
The map J satisfies Assumption 2.1.1:

1. The linearity of J follows from the vector space structure of the spaces
C*(R* x S"~1) and the definition of J.

2. J 08, = 0: By condition (2.11) on the functions in C*(R* x S"~1),
R
/ Oro(r,n)dr = o(R,n) and since
0

Rhm 7T<71(0-)(R, 77) = Oa

we obtain from (2.14)

R
fp / oro(r,n)dr = fp o(R,n)
0

R—o00

=oo(1,7n), (2.20)

which vanishes whenever a ¢ Z N [—1, +00).

Remark 2.2.4. Even more, whenever a ¢ Z or a < 0, the set C*(R* x "~ 1)
does not admit functions that are constant in r for » > 1, and hence, for
any o € C*(RT x S™~1) we have

cf(0r0)(n) = fp o(r,n) =ao(1,m) = 0.

T™—00
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Remark 2.2.5. From this computation we can also infer that for all
k=1,...,n,and for any o € C*7F(R* x S"n~1),

cf(0p (o) () = o_paa(1, ). (2.21)

. Let 0 € C*(RT x S™71) be as in (2.13) with J(o) = 0, i.e. cf(o) = 0.
Since a ¢ Z N [—1,+00), from (2.16) we get

I+1 o ) r ) T
/ U—Z a“_]] - (WJ“ - /0 atw)t““dt) + /O 7 2(0)

I+1 +1

_ Z Oaq— J ra= j+1 + /T 7T<_2(0') _ Z Za—j.(la ')at(w)ta—j+l dt.
0 _

a—]+1 = j+1

For s = 0 we can use L’Hopital’s rule, and for s > 1 we can use that for
some p < =2, 0%(m<_2(0)) = O((1 4+ r)P~*), to show that as r — oo, by
Remark 2.2.1, there exists m < —1 such that

+1

S " _ O—a*j(lv ) a—j+1 _ m—s
o [ meato) 3. LSO b ) =0+ 1)
(2.22)
Therefore [j o € C*TH(RT x §"71).
Foralli=1,...,n—1,0y, 0 =J 00y,.
By the properties of o we can interchange 9, with f and we get
O, (T (@) (n) = Oy, (ct(o(r,n)))
I+1 o ‘(1 77)
_ a—j\ts a—j+1
=0, /R+ T<—2(0) — jgo mar(@/’(ﬁ n)r*~? dr
1 (1,7)
_ a— ’ a—j+1
—/R+ O, m<—2(0) — On, ;ﬁ&(w(nn))r " dr

= cf(dy, (o) (r,n)).

. If e € C®°(RT x "7 1) is any smooth function with compact support
on RT, constant on S"~! and with total integral 1 on R*, then all the
derivatives of e are of order O((1+r)~"™) for all m € N. Hence, the function
e belongs to C*(RT x "~ 1) for all a ¢ Z N [~1,+00), and J(e) =

Corollary 2.2.2. If the space C(RT x S"~1) is either C*(RT x S™~1) where
a¢ ZN[—1,+00), or <Ua¢Zm[717+oo) CH(RT x S”_1)>, then

C, ifk=1,n,

) (2.23)
0,  otherwise.

H*(C(RT x §"71)) = {
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Proof. The set C(R* x S"~1) satisfies Assumption 2.1.1 with the linear map
J = cf, and the statement follows by Corollary 2.1.1. O

Remark 2.2.6. The isomorphism in (2.23) when k = n is produced by integra-
tion over S"~! composed with integration along the fiber. If fi(n) denotes a
volume form on S™~! as in Remark 1.1.2, then to the n—form or™~'7(n) A dr
it corresponds the complex number

/ (ct(o(r,m)r™=1)) (),
Snfl

which corresponds to the cut-off regularized integral of a symbol with constant
coefficients (see Subsection 3.1.2).
Towards the noncommutative residue

For the next example, let us define the map J as follows: for any a € R, for
any o € C*(RT x S"1), for all n € S™71,

T(0)(n) :=18(0)(n) :== o-1(1,m). (2.24)
From this we can infer that for all k = 1,...,n, and for any o € C*F(RT x S"~1)
rs(or* 1) = o1 (1,-). (2.25)

The map J satisfies Assumption 2.1.1:

1. The linearity of J follows from

o+T)1=0_14+71, Vo,7 € C*RT x S 1.
( )

2. J 0. =0: for any o € C*(RT x S~ 1), the coefficient of =1 in (2.15)
vanishes, so rs(9,0) = 0.

3. Let 0 € C*(R* x S"1) be as in (2.13) with J(¢) = 0, i.e. o_1 = 0; in
particular, this holds whenever a ¢ Z N [—1,+00). Then, from (2.16) we
get

r I+1 r r
0a—j(1,-) < —j+1 / —j+1
o= - Yro7 3T — O ()T dE | + | me_2(0)
/0 ;0 a—j+1 o o

a—j#—1

I+1
_ Z o'a*j(lf)wra—j—i-l

- @ —-J7+1

a—j#—1

r I+1
Oa—i(l,- i
+/ mea(0) = Y a_figrl)at(ip)t I+ dt. (2.26)
0 =0 J

a—j#—1
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Using Remark 2.2.1, the expression in parentheses in the integral is of order
less than —2. Since the function 91 has compact support, all the terms
Jo Or()te=IT 1 dt satisfy (2.11) and (2.12). On the other hand, if 7o > 0
is such that m<_s(0)(r,-) = 0 for all r < rq, then [ m<_2(0)(t,-)dt =0
for all r < rg, satisfying (2.11).

Now, from (2.18)

+1

cf(a)(~)=/]R+ T<_o(c) — ZO m&(z/})r“_jﬂ dr. (2.27)
a—Jjjé—l

Since supp(9y) C (0, 1), when r > 1 Equation (2.26) becomes

+1

/TU: 3 %@fﬂ*jﬂ
o = a—7j+
a—j#—1
- I+1
oa—j(1,") —j+1
+ [ et - Gaa o) [, ()it dy
0 < _]—ZO a—j+1 R+
a-j# -1
k+1 o0
(1. .
— Z %37,(’)7““_”14—&(0)—/ T<—2(0). (2.28)
—~ a—j+1 r
7=0
a—j#—-1

From the properties of m«_5(0), namely, (2.11) and (2.12) with —2 instead
of —N, we find that for r sufficiently large, the integral f:o T<_o(c) is of
order less than —1 up to a constant. So we can conclude that if the set
CotH(RT x S™~1) admits functions which are constant in r for r > 1 (which
is the case when a € Z N [—1,40c0)), the term

r I+1
Oq—i(1,- i
/ Tea(o) = D aji-(Jrl)at(w)t T dt (2:29)
0 =0 J
a—j#—1

is of order —1 up to a constant, and therefore from (2.28) we conclude
that whenever a € Z N [~1,+00), for any o € C*(RT x S™71) such that
rs(o) =0, [y o € C*THRT x S"71).

Foralli=1,...,n—=1,0,0J =J 00,.

T (Op,0)(n) = (On;0) -1 (L, 1) = Oy, (0-1) (1, 1) = By, (T () (n)-

. Let ¢p € C*(R") be any smooth cut-off function which vanishes in a
neighborhood of r = 0 and is identically one for » > 1. Let us consider
the function e(r,n) = ¢ (r)r=t € C*(RT x S~ 1) for all a € ZN[~1,+00).
Then e is constant on S*~! and J(e) = 1.
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Corollary 2.2.3. If the space C(RT x S"71) is either C*(R* x S"~1) where
a€7ZN[-1,+00), C®(RT x S"~1) or |J C*R* x S"71), then
a€EZ

C, ifk=1,n,

] (2.30)
0, otherwise.

H*(C(RT x §"71)) = {

Proof. The sets C*T1(RT x §"~1) where a € ZN[—1,+00), C*®°(R* x S"~1) and

U C*(R* x 8§"~!) admit functions which are constant in r for r > 1, so they
a€Z
satisfy Assumption 2.1.1 with the linear map J = rs, and the statement follows

by Corollary 2.1.1. O

Remark 2.2.7. The isomorphism in (2.30) when k& = n is produced by integra-
tion over S™~! composed with integration along the fiber. If fi(n) denotes a
volume form on S"~! as in Remark 1.1.2, then to the n—form or"~17i(n) A dr
it corresponds the complex number

/ oo (L )A(),
Snfl

which corresponds to the noncommutative residue of a symbol with constant
coefficients (see Subsection 3.1.1).

2.3 Classes of symbols

Let us recall the definition of symbols on an open subset of R™ following [20]
and [39]. We assume that the dimension n is such that n > 1, unless we indicate
something else.

Definition 2.3.1. Let U C R™ be an open set and let a € R. We say that
o(x,€) is a symbol of order ord(c) = a on U, and we write o € S*(U), if:

(a) o(x,&) is smooth in (z,&) € U x R™.

(b) For every compact set K C U and for all (o,3) € N™ x N” there are
constants Cy g such that

02000 (2, )| < Cap(1+[€)* P, V¥(,€) € K x R™ (2:31)

Remark 2.3.1. S%(U) is a Fréchet space with semi-norms given by the smallest
constants which can be used in (2.31) (see Sect. 18.1 in [20]).

The symbol ¢ is smoothing if 0 € ST*°(U) := (\,cg S*(U). Thus, moding
out by smoothing symbols, given o; € S™i(U) where m; — —oo as j — oo,
we write o ~ Z;io o; if for every N € N there is an integer Ky such that
o— Zj{:No o; € S™N(U) and we say that > = 0; is an asymptotic expansion of
the symbol o.
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The symbol o € S*(U) is called a classical symbol of order a if for any
N € N, there is an integer K and there are functions o,—_j, 1 such that

Kn
=Y (&)oaj(@,6) € STVU), V(x,§) €U xR", (2.32)

=0

where o,_; is positively homogeneous in £ € R™ \ 0 of degree a — j, i.e. for all
t >0, 04—j(z,t8) =t o, J(ac §) and v is a smooth cut-off function on R™
such that () = 0 for all [¢] < 1, (&) =1 for all [¢] > 1. In short we write

~ Z¢ Oaq—j 37 f) (233)
7=0

We can compare this definition with the one given in Subsection 2.2.2 of a clas-
sical symbol in polar coordinates. We denote by CS%(U) the set of classical
symbols of order a on U. Given o(z,§) € CS%(U) with asymptotic expansion
as in (2.33), we call o, the leading symbol of o.
By CS%.(R™) we denote the set of classical symbols of order a with constant
coefﬁcients, i.e. its elements do not depend on x but on £ € T;U = R".

By CS¢mp(U) we denote the set of symbols of order a with x—compact support
onU.
If o € CSYU), 7€ CS*(U) and a — b ¢ Z, then o + 7 is not a classical sym-
bol anymore, but we can consider the whole space of classical symbols on U,
CS(U) == (U,er CS*(U)), as the linear space generated by C'S*(U) for all
a € R.
The space of symbols with non integer order or with order less than —n:

<Ua¢Zﬂ[—n,+oo) CS“(U)>'

The space of symbols of order less than —n: CS<~"(U) := cse(U).

a<l—n

The set CS*(U, W) = CS*(U) @ End(W) of symbols of order a on an open
subset U of R™ with values in a Euclidean space W (with norm | - ||) can
be equipped with a Fréchet structure. The following semi-norms labelled by
multiindices «, 8 and integers j > 0, N, give rise to a Fréchet topology on

S (U, W):

sup (L4 |¢) 7 |og 0o (. )| (2:34)
rzeK,E€R”
N-1
sup (14 [¢)) " VN0 [ o(2,8) = Y oay(@,&) |||, (2.35)
rEK,EERN =0
sup _ (x,ﬁ)” . (2.36)
(L‘EK,‘{|:1

where K is a compact set in U. In this topology (C*(U)®CS%(R")) @ End(W)
is dense in C'S*(U, W) (see [35]), where & denotes the completion of the tensor
product in this topology (see Chap. 43 in [42]).
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2.4 A Mayer-Vietoris sequence

In this section we consider a Mayer-Vietoris sequence argument following [6],
to give a description of the cohomology groups of spaces of classical symbols
on R™ with constant coefficients. Let us consider the two open subsets of R™,
U := B(0,1) the open unit ball, and V' := R® \ 0. Then R"® = U UV and
UnV =DB(0,1)\0.

Here we use the notation of Section 2.1 and Subsection 2.2.2. Any function
in C(R™ \ 0), defined in (2.6), can be considered as a function on R" vanishing
at zero, and any function in C2°(U), the set of smooth functions with compact
support in U, can be considered as a function on R™ vanishing outside U.

By C(R™) we denote the subset of C'S..(R™) that corresponds to C(R™ \ 0) ac-
cording to the behavior of its elements outside any neighborhood of 0 and (2.6).
Hence, if C(R* x S™71) is either C*(RT x S"71) with a € R, C™°°(R* x "~ 1),
(R x 5" 1), Uy C* R x 8" 1) 0 (Upgzn(-1,100) CH(RT x S771)), then
C(R™) is respectively either CS% (R™) with a € R, CS_*(R"), CS..(R"),

Uaez CS2(R™) o (Ungzni-1.400) CSe(R™)).

If we consider the space R™ with coordinates (&1,...,&,), any of the sets C(R™)
satisfies CS_>*°(R"™) C C(R™) C CS..(R™) and is stable under partial deriva-
tives, i.e. foralli =1,...,n,

o € C(R") = 0 € C(R™). (2.37)

For the cases when C(R") is either C'S_*°(R"), CScc(R™), U,ez CSe(R™) or
<Ua¢m[_1,+o@) C’Sgc(]R”)>, any k—differential form w on R™ with coefficients in

C(R™) can be written as

w=) ordé € Q*(R",C(R™)),
1

where oy € C(Rn), I = {il,...,ik} - {1,...,11} and dé[ = dle /\/\dgzk We
have the differential operator

d: QF(R™,C(R™)) — QFFL(R", C(R™))

defined as follows:

1. If o € Q°(R",C(R")) = C(R™), then do = 3° 9,0 dé; € QL (R™,C(R™)).
=1

1=

2. Ifw =Yo7 d¢; € QF(R™,C(RM)), then dw = 3 doy dé; € QF+H1(R™, C(R™)).
I I

The operator d satisfies d> = 0, and the complex {QF(R",C(R")), d} is a sub-
complex of the usual de Rham complex {QF(R"), d}. Consider the set of closed
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k—forms on R™ with coefficients in C(R™)
ZH(R",C(R™)) = ker(d : O (R",C(R™)) — QL (R, C(R™))),
and the set of exact k—forms on R™ with coefficients in C(R")
B*(R",C(R™)) = Image(d : Q*~1(R",C(R™)) — QF(R",C(R™))).
The k-th cohomology of the complex {Q*(R™, C(R™)), d} is given by
HE (R, C(R™) 1= ZF(R™,C(R™))/B* (R", C(R™).
Now, for the case C(R") = C'S2 (R™),
o€ CS%(R™) = 9,0 € CSLH(R™) C CSL(R™).
Moreover, like the sets of differential forms in (2.17), for any 0 < k <n

QF(R", CSL(R™)) = span {o7(€) dér : o7 € CSETF(R™)}, (2.38)
|I|=Fk

and the set of exact k—differential forms is given by

B*@R",CS% (R")) = span {Z@gi (o07)dé&NdEy: o5 € CS;;’““(R”)} .
|Tj=k—1 | =
(2.39)
As in Equation (2.7), we have the complex
QMR™\ 0, C(R"\ 0)) = ¢"(Q°(C(RY x §"71))).

Hence, Q*(R™\ 0, C(R™\ 0)) is the subcomplex of Q*(R", C(R™)) consisting of
differential forms whose coefficients vanish in a neighborhood of 0. By Q%(U) we
denote the subcomplex of Q*(R™, C(R™)) consisting of differential forms whose
coefficients have compact support in U.

If we have the inclusion A — B, we denote by ja p : Q¥(A) — QF(B) the
map such that for all w € Q¥(4), ja 5(w) € Q¥(B) is the form which vanishes
outside A and coincides with w in A.

In view of the inclusions

unv=Ul |[v—RY

we use a Mayer-Vietoris sequence argument ([6]). Indeed we have the following
maps

QFUnv)L ok e (v,e(v))

w = Jjunv,u (W) @ junv,v(w); (2.40)

Ok U) @ O (V.C(V)) & QR C(R™))
T@®N = jure (T) — jvre (1) (2.41)
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Lemma 2.4.1. For allk =0,...,n, the sequence
0— QU nV) L akw)e b (v,e(v) S QR C(RY) -0 (2.42)
18 exact.

Proof. By definition of the maps junv,v, junv,v, the map F' is injective:
ker(F) ={w € Q5(UNV) : junve(w) =0 = junvv(w)} = {0}.
Now, the null space of G is given by
ker(G) = {7 & € Q(U) & Q(V,C(V)) : juge(T) = jven ()},

soT=nonUNV, and jur-(7) =0 = jyrn(n) on (UNV)°. Hence, this set
coincides with the image of F'.

In order to verify that G is surjective we consider a partition of unity {py, pv }
subordinate to the open cover {U,V}. Let w € QF(R™ C(R"™)). Since

supp(puw) C supp(pv) € U,

we get ppw € QF(U). By definition of C(R™) and since py = 1 outside U we
have pyw € Q¥(V,C(V)). Then

G(puw & (—pvw)) = jur (puw) + jvre (pyw)
= puw + pyw
= Ww.

O

As a consequence, like in ordinary compact support cohomology (see [6]),
the sequence in (2.42) gives rise to a long exact sequence in cohomology:

HY(UNV)— HY (U)o H (V,C(V)) — H(R",C(R")) - H}(UNV) — ---
. — HY(R",C(R")) - HY(UNV) - HY U)o HX(V,C(V)) —
— HFR™ C(R™)) - H*N(UNV) - ... = H"Y(R",C(R")) —
— HYUNV)— HYU)® H"(V,Cc(V)) — H*(R",C(R")) — 0.

The cohomology groups of Q(U) and Q%(U NV) are given by

C, iftk=n,

0, otherwise,

C, ifk=1n,

H(U) = H;(UNV) = .
0, otherwise.
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For our examples, by Equations (2.7), (2.23), (2.30) and Corollary 2.2.1, we
have

C, ifk=1,n,
0, otherwise.

HE(V,.C(V)) = {
From the long exact sequence in cohomology we infer that:

For n > 2:
1. Forall k =2,...,n—2, H*(R",C(R™)) 0.
2. From
000 — H(R",C(R")) - C — 0®C — H*(R",C(R")) — 0,

we get
H°(R™,C(R™)) = H'(R",C(R")). (2.43)

3. From
0®0— H" {(R",C(R")) — C L CaC — H"[R",C(R")) — 0,

we get
dim(H"*(R",C(R"™))) < 1 and
dim(H™(R",C(R™))) = dim(H" " (R",C(R™))) + 1. (2.44)
For n = 2:
0®0— H'R?,C(R?)) — C — 05 C — H'(R?,C(R?)) — C L CaC — H2(R?,C(R?)) — 0,
hence
dim(H?*(R?,C(R?))) < 2 and
dim(H?(R?,C(R?))) = dim(H"(R? C(R?))) — dim(H°(R?,C(R?))) + 1. (2.45)

For any n > 2 we distinguish the following cases:

(I) C(R™) is either C'S%(R™) with a € ZN[0, +00), CSe.(R™) or |J CS%(R™),
a€Z
this set contains the constant functions and therefore

H°(R",C(R™)) = C.

(I) C(R™) is either CS%(R™) with a ¢ ZNJ[0,+00), CS >(R") or
<Ua¢Zn[_1)+m) CS’?C(R”)>, this set does not contain the constant func-

tions and therefore
H°(R™,C(R™)) 0.
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On the other hand, the linear map f: C — C @ C, which comes from the map
F defined in (2.40) is always injective, hence

H"(R™,C(R™)) = C. (2.46)

Therefore, for n > 2 by (2.44) we have H"~1(R" ,C(R")) = 0.
By (2.43) we also obtain

(I) HY(R",C(R™)) = C.
(I1) HY(R™,C(R™)) =0
For n = 2 by (2.45) we obtain
(I) HO(R% C(R?)) = H*(R%,C(R?)) = H%(R?%,C(R?)) = C.
(I1) H°(R?,C(R?)) = HY(R?,C(R?)) = 0 and H?(R? C(R?)) = C.
Therefore, we have proved the following:

Theorem 2.4.1. For n > 2 the cohomology groups of R™ with coefficients in a
space of classical symbols with constant coefficients are given by:

(I) If C(R™) is either CSZ(R™) with a € ZNJ[0,+00), CSc.(R™) or
U CSE(R™):

a€l
ifk=2,...,n—1
UCINED R S A
C, ifk=0,1n.
(II) If C(R™) is either CSZ(R™) with a ¢ ZN[0,+00), CS *(R™) or

<Ua¢Zﬁ[71,+oo) CS?C(R")>-'

g @) = IR0
C, ifk=n.



Chapter 3

Closed Linear Forms on
Symbols

In this chapter we classify closed linear forms on certain subsets of the space of
symbols by using results of Chapter 2 relative to the top cohomology group of the
corresponding space. In the first section we recall the definition and properties
of the noncommutative residue and the cut-off regularized integral, as closed
linear forms in certain spaces of symbols. In the second section we classify closed
linear forms on spaces of symbols with constant coefficients (see Corollary 3.2.1,
Corollary 3.2.2, Corollary 3.2.3 and Theorem 3.2.1). In the third section, we
use this description to classify closed linear forms on the corresponding subsets
of the whole space of symbols on a connected subset of R”, in terms of a leading
symbol linear form, the noncommutative residue and the cut-off regularized
integral (see Corollary 3.3.1). In the last section, we classify closed linear forms
on the space of odd class symbols on R™ in odd dimensions (see Corollary 3.4.1).
We also assume that n > 2.

3.1 Closed linear forms

In this section we give the definition of a closed linear form in a space of symbols
and its relation with the dual of the top cohomology group of the space.

We consider the space R"™ with coordinates (£1,...,&,). Let A, be a set
CS;>*(R™) C A, C CS.(R™) which is stable under partial derivatives as in
(2.37). We say that a functional A : A,, — C is

1. Linear if for any a,b € C, whenever 0,7 and ao + b7 belong to A, we
have
Mao+b1)=aX(o)+bA(T).

2. Closed, equivalently, it satisfies Stokes’ property on A,,, if A vanishes on

49
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partial derivatives of elements of A,,:

Voe Ay, Vi=1,...,n: Xo0g/( (3.1

o) =0.
Remark 3.1.1. For an open subset U C R", if CS~™>(U) C B, C CS(U), we
say that B, is stable under partial derivatives, if for alli =1,....n

b
o € B, = 0,0, 0,0 € By,

and a functional A : B,, — C is closed on B,,, if A vanishes on partial derivatives
of elements of B,,:

Vo eB,,Yi=1,...,n: Xo0,(c)=0and Ao 0 (c) =0. (3.2)

As in (2.38), in the case when the space C(R™) defined in Section 2.4 is
C(R™) = CS%(R™), the coefficients of the corresponding sets of n—differential
forms belong to the space A,, = CS% "(R™). By (2.38), the set of n—differential
forms on R™ with coefficients in A,, is given by

O'(R™, CSL(R™) =4 > or(§)dé&s A+~ Ad, o7 € CSLT(R™) b (3.3)

[T]<oo

By (2.39), the set of exact n—differential forms on R™ with coefficients in A;,:

B™(R"™,CS% (R")) = {Za&a(g) A&y A Nd&y: o € ng;"+1(R")} .
=1

(3.4)
Thus, the corresponding n—th cohomology group is given by

H"(R", OSC(R™)) := Q" (R™, OS¢ (R"))/B"(R", OSC.(R™)).

Remark 3.1.2. With the notation of Chapter 2, if ¢ represents the polar coor-
dinate diffeomorphism of (2.5),

o€ CSLR™) = q.(0 [gmo)r™ !t € COT"HRT x §"71).

Hence closed linear forms on C'S%(R™) come from the top cohomology group
H™(R™, CS%(R™)), and they are related to linear forms on C*T"~ (Rt x $"~1)
which satisfy Assumption 2.1.1. Therefore the condition given for the choice of
the map J in view of the order of the symbols in Corollary 2.2.2 and Corollary
2.2.3 amounts to choosing a ¢ Z N [—n, +00) for J = cf, and a € ZN [—n, +00)
for J =rs.

In the case when C(R") is either C'SZ*°(R"), CS.c(R™), Jyez CSE(R™) or
<Ua¢m[_n +o0) C’Sgc(]R”)>, the coefficients of the corresponding sets of differ-

ential forms belong to the space A, := C(R™). The set of n—differential forms
on R™ with coefficients in A,,:

Q"R™,C(R™) == Y o7(§)des A+ Ndéy s 07 € Ay 3,

|[I|<oo
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as well as the set of exact n—differential forms on R" with coefficients in A,,:
B"(R",C(R")) = {Z De,0(E)deL N---NdEy, = o € An} .
i=1

Thus, the corresponding n—th cohomology group is given by
H™"(R™,C(R™)) := Q"(R",C(R"™))/B™(R",C(R"™)).

With this notation of the sets C(R™) and .A,,, we prove the following lemma,
which explains the use of the term “closed”in (3.1):

Lemma 3.1.1 (See Lemma 1 in [35]). If A : A,, — C is a closed linear functional
on Ay, then it induces a well-defined linear form A : H"(R™,C(R™)) — C.
Moreover, any linear form A : H*(R™,C(R™)) — C induces a closed linear form

A A, — C.

Proof. Any functional A : A,, — C induces a linear form X : H"(R™,C(R")) — C
in the following way: If w € H"(R™,C(R™)) is represented by the top degree
differential form o (&) d&y A --- A dE, € Q™ (R™,C(R™)), then one can define

Mw) = A(0).

Similarly, any linear form X : H™(R™,C(R")) — C induces a linear functional
A: A, — C as follows: If o € A, consider the cohomology class of the top
degree differential form w = o(§) d&1 A -+ - A dE, € Q*(R™,C(R™)), and define

Mo) = A([w)).
For any 0 € A, and for alli=1,...,n
dlodey A Nd& A+ A d&y) = (—1)/0¢,0dEy A -+ A dEy
— A([d(od&y A+ AdE A=+ A dEy)]) = (1) A(0e,0).

Then X is closed on A, if and only if X is well defined on H"(R",C(R™)). O

3.1.1 The noncommutative residue

Let U be an open subset of R™. In Definition 1.2.1 we defined the symplectic
residue of homogeneous functions of degree —n, then for a symbol o € CS(U)
with asymptotic expansion o ~ Z;io 0a—j the noncommutative residue of o is
the symplectic residue of its homogeneous component of order —n:

res(o) :=res(o_y).

Consider the symplectic cone T*U \ U — S*U as in Remark 1.1.2, so if () is
a volume form on S}U, the noncommutative residue of o is (see [44]):

res(c) = /U /3 ool e N (3.5)

Clearly, res(o) = 0 whenever ord(c) ¢ Z N [—n, +00).
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Proposition 3.1.1. For any o € CS(U), for alli =1,...,n, res(0y,0) = 0
and res(0¢,0) = 0.

Proof. See Sect. 1 in [10], Lemma 2.6 in [25] and Sect. 1.3 in [35]. O

Remark 3.1.3. If o € CS..(R™), its noncommutative residue reads

res(o) = /Sni1 o—n(&) 11(§)-

Using the notation of (2.24) we have the following:
Lemma 3.1.2. For allo € CSe(R™), res(0) = [gu_1 18(qx(0 [rnr0)r™ ) (1) Ti(n).
Proof. Using polar coordinates, by (2.25) and Remark 2.2.7 we have

3.1.2 The cut-off regularized integral

Let k,, € N be the smallest integer such that a — k, < —n+1, i.e. k, = |a] +n.
As in (2.32), a symbol o is classical of order a (¢ € CS%(R™)) if there exist
a cut-off function ¢ which vanishes in a neighborhood of 0 and is identically
1 outside the unit ball, and functions o,_; positively homogeneous of degree
a — j, such that

kn
o= Zz/;aa_j +7%_ (o). (3.6)
=0

For any R > 0, B(0, R) denotes the ball of radius R centered at 0 in R™. The
map R— [ B(O,R) has an asymptotic expansion as R — oo of the form

k

o ~ aoo) + 0q_jRIT" 4 res(o) log R, (3.7)
/B(O,R) R—oo jzz:o o
a—j#—n

Definition 3.1.1 ((5.9) in [25], Sect. 1.4 in [35]). The cut-off regularized integral
(or Hadamard partie finie) of ¢ is the constant term «(o) in (3.7), given by

foowa=n [ o=
R R—o0 JB(0,R)
kn

k
n 1
P
= m._.(0)+ Ca—i — _ Oa_i. (3.8
/Rn <n() j_ZO/B(o,nw ! Z aJJFn/S(O,l) ’ 3.8

Jj=0
a—j#—n
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Lemma 3.1.3. The cut-off integral fRna does not depend on the choice of the
cut-off function in the asymptotic expansion of .

Proof. Let us consider ¥, x smooth cut-off functions, which vanish in a neigh-
borhood of £ = 0 and which are 1 for || > 1. The support of the difference
¥ — x is a compact set contained in B(0,1). If we consider the difference of the
terms in the right hand side of (3.8) with the cut-off functions ¢ and x we get
the expression

kn

,/T"/) g —7TX g - Oaq—j- .
[ o) >>+;0/B(O)D<w s (39

By (3.6),
kn
7l (o) =X (o) ==> (¥ = X)0aj,
=0

J

and since the support of 1) — x is contained in B(0, 1), the expression in (3.9)
vanishes. O

Let us recall the following equivalent version of Stokes’ theorem on Rieman-
nian manifolds:

Lemma 3.1.4 (Cor. 8.2.10 in [1]). Let M be a Riemannian manifold, such that
M and OM carry correspond uniquely determined volume forms ua; and pyps-
If X is a smooth vector field with compact support on M, and if 7 is the unit
outer normal vector field on OM, then

/M Div(X)iar = / (X, ) o

oM

We use this to describe the action of the cut-off regularized integral on partial
derivatives. The following lemma is a particular case of Lemma 5.5 in [27]; we
denote by j5(0,r)(§) a volume form on S(0, R):

Proposition 3.1.2. Let 0 = Z?;Owaa_]— +7%_.(0) € CS(R™) be as in
(3.6). Then, foralli=1,...,n

O, 0(€)dE = / 0 ni1(6) € sion (€).
R» 5(0,1)

Proof. We apply Lemma 3.1.4 to M = B(0, R) := {¢ € R" : |¢| < R} for some
positive number R, with boundary S(0,R) = {{ € R™ : |{] = R}, and to the
vector field X = oe;, where (eq,...,e,) is the canonical orthonormal basis of
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R™. This yields, for i = é:

+ R / 7l (o) (Rn) mi piso,1) (1)
5(0,1)
We reach the statement from

lim R"! / 7% _ (o) (Rn) n; ps(o,1y(n) = O,
5(0,1)

R—o0

and

fp / BRI Gas (1) 13 BT 01y (m) =
5(0,1)

R—o0

{0, ifa—j+n—1%#0,

fS(O,l) Ogq—j (77) i MS(O,I)(T/)7 if a — ] +n—-1=0.

Corollary 3.1.1. Ifa ¢ ZN[—n + 1,+00), the cut-off regularized integral is

closed on CS%,(R™).

Proof. Tt follows from Proposition 3.1.2, since in this case, given o € C'S% (R™),

the homogeneous component o_, 41 vanishes. Compare with (2.21)

Using the notation of (2.19) we have the following, where fi(n) is a volume

form on S™1:

Lemma 3.1.5. For any o € <Ua¢Zm[_n7+m) CS’gC(R")>, he cut-off reqularized

integral of o satisfies f5,0(§)dE = [g1 cf(qu(o TRr\0)r™ 1) () E(n).
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Proof. Using polar coordinates, by Remark 2.2.6 we have

][]R"U(§>d§ - Rf—l?oo/B(O,R) U(€>d§
= [ o o™ (),
O

Remark 3.1.4. Given an open subset U C R™, the cut-off regularized integral of
a symbol o € CS(U) is given by

/U][Rno(x, &)dE dx.

Proposition 3.1.3 (Prop. 5.2 in [25]). Let o € CS(R™) be a symbol with asymp-
totic expansion as in (3.6) and let C € GL(n,R). We have the transformation
rule (we omit the integration on U and the variable x)

][Rna(cf)df = |det(C)| ! (fRno(f)df — o (&) log(C1E) df) .

(3.10)

Sn—1

Remark 3.1.5. This proposition implies that in <Ua¢Zm[7n’+oo) CSG(U)>, the

cut-off regularized integral may be used to define a global density on a manifold.

3.2 Closed linear forms on classes of symbols
with constant coefficients

In this section we classify closed linear forms on classes of symbols with constant
coefficients on R”™ in terms of a leading symbol linear form, the noncommutative
residue and the cut-off regularized integral.

First of all, consider the case when C(R") is either CS; *®(R"™), CS..(R™),
Usez CSE.(R™) or <Ua¢Zﬂ[fn,+oo) C’SSC(R")> (the coefficients of the correspond-

ing sets of differential forms belong to the space A,, := C(R™)). The top coho-
mology group of C(R™) is one-dimensional. Consider the functional Z : A,, — C
that induces the isomorphism H™(R™,C(R™)) = C in (2.46), as in Lemma 3.1.1.

Results in [30], [35] provide conditions under which one can express a classical
symbol as a sum of derivatives, however, this result is up to smoothing symbols
(see Proposition 3.4.2 below). Using the fact that the top cohomology group
is one-dimensional, we can express a complete classical symbol with constant
coefficients as a sum of derivatives under an appropriate condition:
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Lemma 3.2.1. Let 0 € A,, and suppose that Z(c) = 0. Then there exist

symbols T; € A,,, such that o = Z 0¢, Ty

i=1
Proof. Let o(§)dér A --- ANdE, € Q"(R™,C(R™)). If Z(0) = 0, by Lemma 3.1.1,
the isomorphism I : H"(R",C(R™)) — C satisfies I([o(§) dé1 A -+ A dE,]) = 0,
which implies that o(§) d&; A - -+ A d§, € B"(R™,C(R™)), so there exist symbols

7; € A, such that o(&) = Zaﬁﬂi(é)' O
i=1

Proposition 3.2.1. Any closed linear form on A, is a multiple of T.

Proof. Consider a function e € A, such that Z(e) = 1. Then any symbol o € A,
can be expressed as a linear combination of a symbol on which Z vanishes and
the term Z (o) e:

oc=(c—Z(o)e)+Z(o)e.

Hence, by Lemma 3.2.1 there exist functions 7; € A,, such that

o= Z@giTiJrI(o) e. (3.11)
i=1
Let A : A, — C be a closed linear form on 4,,. Applying A to both sides of
(3.11), we get
AMo) =Z(o)A(e). (3.12)
O

In the following we provide examples of sets A,, which admit a unique (up
to a constant) closed linear functional A, as a consequence of (2.46).

Corollary 3.2.1. If A, = CS_>*(R") then for any o € A,

1(0) = [ ole)de.

Thus, any closed linear form \ on A, is proportional to the usual integral on
R™, that is, there exists a constant ¢ € C such that for all 0 € CS_>*(R"),

MNo)=c [gno.

Proof. The linear form fR" is closed on A,,: if 0 € A, then foralli=1,...,n,
by the decreasing condition of the functions in 4,, and by Fubini’s theorem,
with the notation d€ := dé; A --- Ad& A --- A dE,, we have

Og,0(§)d&y N+ Nd& N -+~ NdEy, =
Rn

0t [ ([ouoterde) deineendinne,

- (_1)1—1/]1{”71 ( lim 0(51,...,R,...,§n)—Tgr_nooa(fl,...,r,...,fn)> ¢

R—oo

=0.
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We conclude the statement from Proposition 3.2.1, where the symbol e can be
any smooth function on R™ with compact support and fRn e=1. O

Corollary 3.2.2. If A, = U CS%(R™) ) for any o € Ay,
a¢ZN[—n,+o0)

To) = f (e

Thus, any closed linear form on A, is proportional to the cut-off regularized
integral on R™.

Proof. By Corollary 3.1.1, the cut-off regularized integral is a closed linear form
on A,. We conclude the statement from Proposition 3.2.1, where the symbol e
can be any smooth function on R™ with compact support and fRn e = 1. Notice
that in this case A,, C ker(res). If we restrict to C'S;.*°(R™) the constant in
Corollary 3.2.1is ¢ = 1. O

Corollary 3.2.3. If A, € {C’SCC(R”)7 U CSgC(R”)}, for any o € A,,
a€Z

Z(o) =res(o).

Thus, any closed linear form on A, is proportional to the noncommutative
residue.

Proof. By Proposition 3.1.1 and Remark 3.1.3, the noncommutative residue is
a closed linear form on A,,. We conclude the statement from Proposition 3.2.1,
where the symbol e can be e(§) = Ww(é“)\ﬂ_", for any cut-off function
¢ which vanishes in a small neighborhood of |{| = 0 and is 1 outside the unit
ball. If we restrict to C'S_.>°(R™) the constant in Corollary 3.2.1isc¢=0. [

Let us now fix a real number a. The leading symbol map on S™ '

Lo : CS%(R™) — C>=(S™ 1)

[e.¢]
o~ Zwaa_j — 0g [gn—1,

=0

leads us to consider a linear form, which we call a leading symbol linear form in
the following way: If p is any linear functional on S™~!, then

polL,:CS.L(R") —C
o plog gn-1),

is a linear form on CS% (R™) since the leading symbol map is linear, and it is
closed since for any o € CS%.(R™), foralli=1,...,n, 00 is of order a — 1 and
hence L,(0¢,0) = 0.

In (2.46) we found that the top cohomology group of C'S%F"(R™) is one dimen-
sional. Consider the functional Z : C'S%(R™) — C constructed as in Lemma

3.1.1, that induces the isomorphism H"(R™, C'S%F"(R")) = C. Then we get:
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Theorem 3.2.1. Any closed linear form on CS%(R™) can be written either as
a linear combination of a leading symbol linear form and the cut-off regularized
integral when a ¢ Z N [—n + 1,400), or as a linear combination of a leading
symbol linear form and the noncommutative residue when a € ZN[—n+1,+00).

Proof. From (3.4) and Lemma 3.2.1, for any o € CS%(R™) such that Z(c) =0,

n

there exist symbols 7; € CS%H (R™) such that o = Z O¢, T
For any o ~ Z;‘;Owaa_j € CS%,(R™) we have -
o — o, € CSEHR™).
If as in Proposition 3.2.1, the symbol e € CS% (R") is such that Z(e) = 1, then
0 =0 = (0 =0, —L(0 —¢oa) ) + L(o — ¢oa) e.
Hence, there exist symbols 7; € CS% (R™) such that

o — Yo, = Z O, 7i + (0 — poq) e. (3.13)
i=1

Let A : CS2(R™) — C be a closed linear form on C'S% (R™). Applying A to both
sides of (3.13) we get

Mo —voa) = I(0 — Poa)A(e), (3.14)

which implies that
Ao) = Atpoa) — Z(vaa)A(e) + L(a)Ale). (3.15)
Then there exists a linear functional p on S"~! and a constant ¢ € C such that
Ao) = p(La(0)) + cZ(0). (3.16)

1.Ifa ¢ ZN[—n+ 1,400), Z is the map in Corollary 3.2.2; the symbol
e € CS%(R™) can be any smooth function on R™ with compact support

and [;,e = 1. Thus, any closed linear form on CSZ(R") is a linear
combination of a leading symbol linear form and the cut-off regularized
integral.

2. ffaeZnN[-n+1,4+0), Z is the map in Corollary 3.2.3; for any cut-off
function ¢ which vanishes in a small neighborhood of |{] = 0 and is 1
outside the unit ball, the symbol e(§) = Ww(g)m—” € CS2 (R™).
Thus, any closed linear form on CS%(R™) is a linear combination of a
leading symbol linear form and the noncommutative residue.

O
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Proposition 3.2.2. Ifa € ZN[—n+ 1,400), any smoothing symbol can be
written as a sum of derivatives of elements in C'S% (R™).

Proof. If a € Z N [—n,+00), the functional res : C'S%(R™) — C induces the
isomorphism H™(R™,CS%™(R™)) = C. Since the noncommutative residue
vanishes on smoothing symbols, from Equation (3.4) and Lemma 3.2.1, for
any symbol o € CS_*°(R"), there exist symbols 7; € CS%1(R") such that

a:Z(’)&Ti. O
i=1

3.3 Closed linear forms on classes of symbols on
R™

In this section we study closed linear forms on some subsets of the space

C'Scomp(U) (see Section 2.3) of classical symbols with x—compact support on

a subset U C R”, using the classification of closed linear forms on the corre-
sponding subsets of C'S..(R™).

Let U be a connected subset of R™ with n > 2. Then, by the Poincaré
Lemma (see [6]), the top cohomology group with compact support of U is one—
dimensional, H(U) 2 C and the isomorphism is given by integration over U:

CcrU)—C
fH/Uf(x)dx,

where dz denotes a volume form on R"™. So any closed linear form on C°(U)
is proportional to the integral over U.

Let D(U) be a subset of C'S¢omp(U) stable under partial derivatives 0, , O, ,
k = 1,...,n, as in Remark 3.1.1, and under multiplication by functions in
C°(U). Any element in D(U) can be considered as a function on 7*U = U xR™.
We define

SWU) ={reCS..(R"): feaTeDU) VfeCx{U)}.
The set S(U) is stable under partial differentiation O, , as in (3.1).

For the rest of this section we assume that S(U), D(U) correspond to one
of the following examples, here A : S(U) — C is a closed linear functional as in
Section 3.2.

Example 3.3.1. 1. D(U) = CSeomp(U), S(U) = CSc(R™), X = res.

2. D(U) = CS2 (U), S(U) = CS®(R™), A = [

comp
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3. D) = (Uagznin.soc) Cmp(U) ) SU) = (Uagznin,soo) CSLR™)),
A=y

4.1 a ¢ ZN[-n+1,4+00) and D(U) = CS%,..(U), S(U) = CS%(R),
A=poLs+cty..

5 Ifa € ZN[-n+1,4+00) and D(U) = CS¢,,,(U), S(U) = CSE.(R"),
A=polL,+cres.

Let us assume that U is compact. The space C°(U) has a Fréchet space
structure (see e.g. Sect. 10 in [42]), and in the previous examples the space
C®(U)RS(U) is dense in D(U) for the Fréchet topology of symbols of con-
stant order defined in Section 2.3. From the density of C°(U)®CSL(R™) in
CSéomp(U) we infer that for any o € CSg,,,,(U), for all N € N there exists

comp
Ky € N,such that foralli = 1,..., Ky, there exist f; € C>°(U), ; € CS%(R™)
which in the Fréchet topology of C'S% (R™) satisty

Kn
gfi OTi 2.0 (3.17)

this means that for all o, 5 € N,
KN
fe) €] aqB
;azf ® T — 000 (3.18)

From this density it is also possible to define a linear form on CS% _(U) by

comp

defining it on the tensor product space C°(U) ® CS2 (R™) and then extending
it by continuity.

Proposition 3.3.1. Let A : S(U) — C be a closed linear functional on S(U).
The linear form

A:CR(U) @ S(U) — C

f®TH(/Uf)~A(T),

defines a closed linear form on D(U).
Proof. We have to prove that for any f ® 7 € C*(U) ® S(U) and for all
kE=1,...,n, A0y, (f®7)) =0 and A(d, (f ® 7)) = 0. Indeed,

Mon (o) = ([ 0nf) 20)

=0-X(7)
=0,
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and similarly

A(aﬁk (f ® T)) ’ )‘(a§k T)

1
S/
S~ S~

O

Proposition 3.3.2. Let A : D(U) — C be a continuous closed linear form on
D(U). Then, there exists a closed linear form X\ : S(U) — C such that

Ao) = (/U@) (o) ::/U)\(a(x,-))da:.

Proof. For fixed f € C°(U), we define the linear form
Ap:S(U)—C
T Af®T).
Since A is closed, for all k =1,...,n,
Af(0e,7) = A(f ® g, 7) = A0, (f ® 7)) = 0.
Thus Ay satisfies Stokes’ property so that there is a constant by such that
Ap =bsA,

where A is the closed linear form corresponding to S(U) as in Example 3.3.1.
Similarly, for fixed 7 € S(U), we can define the linear form

A :CFU)—-C
fr=AfeT).

Since A is closed, for all k =1,....n,
Az (0 f) = M(0,. f) @ 7) = A0z, (f @ 7)) = 0.

Thus A, satisfies Stokes’ property so that there is a constant ¢, such that

AT:cT/.
U

(f;im) = A(f @)
is bilinear, by Prop. 50.7 in [42], it follows that there exists a constant C' such

that
Afor) =C (/Uf> ().

Since the map
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From the continuity of A combined with the density of C>°(U)®S(U) in D(U)
we can infer that for any o € D(U),

J):C/)\om
U

Let us conclude the classification of closed linear forms on D(U) for the sets
D(U) in Example 3.3.1:

O

Corollary 3.3.1. Any closed linear form on D(U) is a multiple of the map
indicated below in each of the following cases. Let o € D(U) be a symbol with
x—compact support on U and with asymptotic expansion o ~ Z;io o

1. D(U) = CScomp(U), Alo) =res(o) = [, fS* o_n(x,E)H(&) Ndx.
2. ( ) CScoorr?p( fU f]R" o\r g dfdx

3. D(U) = <Ua¢Zﬂ[—n,+oo) CV‘S’gomp( )>7 A(U) = fU JCR"U(x7£)d§ d.’IJ

4. Ifa ¢ ZN[-n+1,4+00) and D(U) = CSE,,,,(U),
A(o) = po La(o) + ¢ [;; frao(x, &)dE da.

5. Ifa€ZN[-n+1,+00) and D(U) = CSE,,,(U),
A(o) = po L,(0) + cres(o).

3.4 Closed linear forms on odd-class symbols

Let U be an open subset of R™. The space of odd-class symbols C’S(Odd)(U) is
the set of symbols o € CS(U) of integer order and with asymptotic expansion

as in (2.33), o ~ Z 1 04—, such that additionally, for all j > 0, (see Sect. 4 in
[23], [30] and Sect 1 in [35]):

Oa—j(#,=8) = (1) oaj(2,€), Y& ¢ = 1. (3.19)
Lemma 3.4.1. CS©)(U) is closed under partial derivatives.

Proof. Let o ~ 3772 (9o, € CS©d)(T7) be an odd-class symbol of order a,
where

Taj(, 1) = 1"V, ;(x,€), V>0,
O—a—j(xa 76) = (71)a7j0—a—j(x7§)'

Hence, since 0;,% = 0 and Og, v has compact support, 0z, (o) ~ Z;io Y 0z, (0a—j)
is a symbol of order a, 9, () ~ 32721 O¢,(04—;) is a symbol of order a — 1;
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for all j > 0,

“—jaﬁ. (Oa—j)(x,€), V>0,
_l)a_jami (Ua—j)(-r7§)7

O

Let us denote by CS(Odd)’“(U) the set of odd-class symbols of order a € Z on
U.

Lemma 3.4.2. In odd dimensions, the noncommutative residue of any odd-class
symbol vanishes.

Proof. Let o € C'S©©19):2(1) be with asymptotic expansion o ~ Z;io Yo as
in (2.33). Since n is odd, we have o_,,(z,—§) = (=1)"0_p(z,8) = —o_,(x,§).
Therefore, by (3.5) we obtain

r%w>=1;/wcﬂmaomaAdx

= — / / O’,n(l', _f)ﬁ(é-) Adz
UJs:u
:-/ 0 (@, () A dr
UJs:u
= —res(0).
Therefore res(o) = 0. O

Proposition 3.4.1. In odd dimensions, the cut-off reqularized integral is closed
on CS©ID (1),

Proof. See Cor. 2 in [35]. O

Proposition 3.4.2. Let n € Z be odd. For any o € CS©D:(U), there exist
7, in CS©I A+ sych that

o~ 0T (3.20)
i=1
Proof. (See Lemma 1.3 in [10], and [30]). For a cut-off function ¢ as in Section
2.3 consider -
g~ Z w Oa—3j,
§=0

with o,_; a positively homogeneous function of degree a — j in £ which satisfies
(3.19).
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o If a — j # —n, consider the homogeneous function 7; 4—j41 =

. §iga—j(z,8)
. . a—j+n °
By Euler’s identity we have

n
> e (Tiamjr1) (@, €) = 0uj(,€).
i=1
From the definition it is immediate to see that the 7; ,— ;11 satisfy (3.19):
Tiamj1 (2, 8€) = 1777007 s (2,€6), VE> 0,
Tia—jt1(2, =€) = (1) 7 o (2, ).

Let a — j = —n. In polar coordinates (r,w) € RT x S"~! the Laplacian
in £ reads

A== 02 =—r""0,("0,) — r*Aga.
=1

Therefore, for any function f € C°°(S"~1),

A(f(w)r*™) = 17" Agn-1 f ().

Since n is odd and o € C'S(°4V:2(U/), by Lemma 3.4.2, res(c) = 0. There-
fore o_,(x,-) [gn-1 is orthogonal to the constants which form the kernel
ker(Agn-1). Hence there exists a unique function h(z,-) € C*°(S"~1),
orthogonal to the constants, such that Agn-1(h(z,-)) = o_,(z,) [gn-1.
The function h(z,-) is an odd function on S"~1: h(z, —¢) = —h(z, ).

We choose a smooth function y on R which vanishes for small r and is
equal to 1 for r > 1/2. For r = ||, we set

-n £
b €)= (DI (2.5 ).
The function b_,, is smooth on U x R™ and is homogeneous of degree
—n+2in ¢ for [€] > 1. As o_,(z, &) vanishes for x outside a compact set,
so does b_,(x,&). In particular, b_,, is a symbol of order 2 —n on U. Let

us define 7; _p41 := —0¢,b_y,. Since h is odd so is b_,, and therefore,
Ti7_n+1(l‘7 _é) = _(8£lb_n)($, _f)
= _aiibfn ({)37 6)

= (-1 g (2, 8).

Moreover, we have for [£] > 1

Ab_,, = A(r? "h(x, ")) =1 "o _p(x,) [gn-1= 0 _p.



65

oo
Let 7, ~ 3 ¢ T q—j+1, then since Jg, 9 has compact support, the difference
j=0

n
0 — > O¢,7; is smoothing and

=1
z n oo n
o~ Y WOTiajr~ Y O
i=1

i=1 j=0
O

Corollary 3.4.1. In odd dimensions, the cut-off reqularized integral induces an
isomorphism

H™(R", CSQID(R™)) = C.
Therefore, any closed linear form on CS((;gdd) (R™) is proportional to the cut-off

regularized integral.

Proof. By Lemma 3.4.1 and Proposition 3.4.1, 4, yields a well defined function

][ . H™(R", 0S4 (R")) — C.
RTL

Since the cut-off regularized integral coincides with usual integration when re-
stricting to smoothing symbols, we can take any smooth functi%l/ with compact
support in R™ and with total integral 1 to prove that the map f]Rn is surjective.
To prove that this map is injective, let o € 8L (R™) be such that fRna =0.
By Lemma 3.4.2, res(c) = 0 and therefore by Proposition 3.4.2, there exist
7, € €8k (R™) and s € C'S>°(R™) such that

o= 0¢Ti+s. (3.21)
i=1

Then, by Proposition 3.4.1 we have the following

O:][ o= ][ 87.TZ-+][ s:0+/ s:/ s.
Rn ; = & R n n

Hence, by Corollary 3.2.1, there exist smoothing symbols s; € C'S_>°(R") such
that

s=Y_ 0si. (3.22)
i=1

Equations (3.21) and (3.22) imply that o = 3", 9¢,(7; + s;). The rest of the

i

statement follows from Proposition 3.2.1. O

As a consequence of this, as in Section 3.3 we conclude that if U is a compact
subset of R”, any closed linear form on C'S©49 (/) is a multiple of the cut-
off regularized integral; and if we fix the order a, any closed linear form on
C8(edd).a(7) is a linear combination of a leading symbol closed linear form and
the cut-off regularized integral.
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Chapter 4

Commutators and Traces

Our main interest is the classification of traces on algebras of the form CI*(M)
with @ < 0. Since traces vanish on commutators, we devote this chapter to the
study of the representation of a pseudo-differential operator as a sum of commu-
tators. For this, we use the results of Chapter 1 relative to the representation of
a homogeneous function in terms of Poisson brackets of homogeneous functions
of appropriate degree and the fact that the leading symbol of a commutator of
pseudo-differential operators is, up to a constant, the Poisson bracket of the cor-
responding leading symbols. This enables us to extend and refine in the context
of operators with order bounded from above, known results by Lesch [25] (see
our Theorem 4.3.1) on the one hand, and by Ponge [37] (see our Proposition
4.4.1) on the other hand, concerning the representation of a pseudo-differential
operator as a sum of commutators. Throughout the chapter we denote by M
a closed connected smooth manifold of dimension n > 1, unless we indicate
something else.

4.1 Classical pseudo-differential operators

Let us recall the definition and some properties of classical pseudo-differential
operators on a manifold M following [20] and [39]. We use the notation of
Section 2.3 for spaces of symbols on an open subset U C R™.

Definition 4.1.1. For a symbol o € S%(U), the canonical operator P := Op(o)
associated to o is defined by:

1
(2m)"

PO = G [ €Sl ) dedy

U xR
as a linear operator mapping the space of smooth functions with compact sup-
port on U, C*(U), to C*(U), and P is called a pseudo-differential operator
(v DO) of order ord(P) = a. If 0 € CS*(U), P is a classical pseudo-differential
operator of order a over U and we write P € Cl*(U); if 0 € S™°(U), P is a
smoothing operator over U and we write P € Cl=>°(U).
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The yDO P can also be expressed as an integral operator ([39]), namely:

P(f)(x) = /U K(z,y)f(y)dy,

where )
— i(z—y)-§
K(e.y) = s [ e Sate )
is the Schwartz kernel of P, which is a continuous function on U x U whenever
a < —n, and which can be interpreted as a distribution whenever a > —n (see
[9], [41]). By Clg,,,,(U) we denote the space of classical yDOs of order a on U
whose Schwartz kernel has compact support on U x U.

Using the representation in local charts, one defines classical pseudo-differential
operators on manifolds which can be generalized to operators acting on sections
of a vector bundle over a manifold (see [20], [39]): Let M be a smooth n—
dimensional manifold. A linear operator A : C°(M) — C*°(M) is a pseudo-
differential operator of order a on M if for every U local coordinate chart of
M, with diffeomorphism ¢ : U — V, from U to an open set V C R", the
operator p# A : C2°(V) — C>(V) defined by the following diagram is a pseudo-
differential operator of order a on V:

Ce(V) —— C=(V)
| G (4.1)
CrU) —— =)
in the lower row we have the operator ry o Ao iy : C°(U) — C*°(U), where

iy : C°(U) — C°(M) is the natural embedding, and ry : C°(M) — C*(U)

is the natural restriction.

Let E and F' be smooth vector bundles over M of rank k and [ respectively.
By Def. 18.1.32 in [20], a classical ¥'DO of order a from sections of E to sections
of F is a continuous linear map A : C°(M, E) — C° (M, F') such that for every
open set U C M where E and F are trivialized by

¢ Elu— o(U) x C*, ¢p: F ly— o(U) x C.,

there is an ! x k matrix of yDOs A;; € Cl*(¢(U)) such that

(¢r ((Ag) Iv))i = ZAij(¢E (9))j, 9€CZ(UE).

We then write A € C1*(M, E, F), and A € Cl*(M, E) in the case when E = F.

We now equip these infinite dimensional sets of operators by using the
Fréchet topology on constant order symbols defined in Section 2.3. For any
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closed manifold M and for any a € R, the linear space Cl%(M, E) of classical
1 DOs of order a can be equipped with a Fréchet topology. The Fréchet structure
on C'S*(U, W) induces one on C1*(M, E). Indeed, let (U, ¢;)icr be an atlas on

M for some finite set I, with local trivializations ¢, : E [Uii 0i(U;) x W com-
patible with the charts, a partition of unity (x;);c; subordinate to the chosen
atlas and smooth functions (¥;)ic;r on M such that supp(x;) C U; and x; = 1
near the support of y;. We write an operator A € Cl*(M, E) as follows:

A= > A+ R(A),

i€loCI

where A; = y; - ((bi_l 0 Op(o;) 0 ¢;) - Xi € Cl*(M, E) are DOs with compactly
supported symbols in CS*(¢;(U;), W) and R(A) € CI~>°(M, E).

The Fréchet topology on C1%(M, E) is provided by the countable family of semi-
norms built from:

1. A countable family of semi-norms given by the supremum norm of the ker-
nel of R(A) and its derivatives on a countable family of compact subsets.

2. The countable family of semi-norms on Op(c;) induced by the ones on the
symbols o; described in Equations (2.34)—(2.36).

Let us recall a result about the existence of a symbol for a given sequence
of symbols of decreasing order:

Proposition 4.1.1 (Prop. 1.8 in [13]). Let U be an open subset of R™ and let
Oa—j € S*I(U) for all j € N. Then there exists o € S*(U), unique modulo

(i.e. up to some element in) S™>°(U), such that o — <Z koa,j € Sk (U) for
0<j<
all k € N.

Remark 4.1.1. As a consequence of this proposition we find, e.g. in Sect. 18.1 of
[20], that if A; € CI™3(U), and m; | —oo, there exists A € C1"°(U) such that
for all £ € N,
A= A;eci™(U).
i<k
Let us recall a fact about splittings of short exact sequences in certain graded
algebras that we will use in the case of classical 1/DOs of integer oder.

Proposition 4.1.2. Consider a graded algebra { Ay }rez. Suppose that for each
fized k, the sequence

0— Ap—1 — A = A/ A1 — 0

splits. Then, for all j < k there is a canonical way to construct splittings of the
sequences

0—>.Aj—>Ak—>Ak/Aj—>0.
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Proof. Let qi : Ax/Ax—1 — Aj be a splitting of the sequence
0— Ap_1 — Ay LY Ak/Ak,1 — 0, (4.2)
i.e. px o qr =1ida, /4, ,, Or equivalently,

A = ker(pr) ® Image(qx)
= Ar—1 D@ qr(pr(Ar)).

Now, since Ap_1 = Ak_2 ® qx—1(pr—1(Ag_1)), we have

Ap =2 A2 ® qr—1(pr-1(Ar—1)) © qr(pr(Ar))- (4.3)
The sequence (4.2), produces the following split exact sequence:
0— Ap_1/Ak—2 — A/ Ap—2 — Ar/Ar—1 — 0. (4.4)

From this, we consider the exact sequence

0— Ap_o — A ™5 Ay/ Az — 0,
where for £ € A, &€ — qr(pr(§)) € Ax_1

(&) = pr—1(§ — ar(Px(§))) + pr(§)-
For £ € Ay, by (4.3) we can define a map

O+ A/ Ap—o — Ayg
by Ok (7 (€)) = qu-1(Pe-1(§ — @k (P(€)))) + ar(pr(£)). Then
Tk © O o T = T,

i.e. 0 is a well defined right inverse of the projection 7.
The proposition follows by induction on k — j for all j < k with the sequence

0—>Aj—>Ak—>Ak/.Aj—>O.
O

4.2 Known traces on pseudo-differential opera-
tors

Let M be a closed connected manifold of dimension n > 1, and let A C CI(M)
be a subset of the whole algebra of yDOs on M. A trace on A is a map

7: A—C,

linear in the sense that for all a, b € C, whenever A, B and aA + bB belong to

A we have
T(aA+bB)=at1(A)+b7(B),

and such that for any A, B € A, whenever AB, BA € A it satisfies
7([A, B]) =0, or equivalently, 7(AB) = 7(BA).
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4.2.1 The L*>—trace

A pseudo-differential operator A of order ord(A) < —n is a trace-class operator.
The L?trace or usual trace is the functional

Trpz : CI=""(M) — C
A Trp2(A) = / Ka(z,z)dx, (4.5)
M

where K 4 is the Schwartz kernel of the operator A. If o(A) is the symbol of A,
we can also write

Trps(A) = (2%)“ /T ol (4.6)

the last integral is defined using a finite covering of M, a partition of unity
subordinate to it and the local representation of the symbol, but this definition
is independent of such choices. This trace is continuous for the Fréchet topology
on the space of ¥DOs of constant order less than —n.

This is the unique trace on the algebra of smoothing operators C1~>° (M), since
we have the exact sequence (see [15])

0 — [CI=(M), CI=®(M)] — CI==(M) £ C 0.

Equivalently we can say the following

Theorem 4.2.1 (Thm. A.1 in [15]). If R is a smoothing operator then, for
any pseudo-differential idempotent of rank 1, J, there exist smoothing operators
Si,...,8ny, T1,..., TN, such that

N
R =Trr2(R)J + > [S;,T}].

Jj=1

Therefore, any smoothing operator with vanishing L?-trace is a sum of commu-

tators in the space [C1~>°(M),Cl=>°(M)].

Lemma 4.2.1. Given a real number a with 2a < —n, let a : C1*(M) — C be
any linear functional such that a [gi<—nppy= Trpz. Then « is a trace.

Proof. Tf £F denotes the class of operators A such that Trp2(|A]?) < oo, then
1 1
for any T € £F, S € £7 such that — + = = 1, we have Trz2([T,S]) = 0 (see e.g.

p q
Cor. 3.8 in [40]). Let T, S € C1*(M). Since 2a < —n, the operators T, S belong
to £2, and since ord ([T, S]) < 2a—1 < —n — 1, we get

o([T, 5]) = Trp= ([T, 5]) = 0.
O

Proposition 4.2.1 (See e.g. [25] and Prop. 4.4 in [26]). The trace Trp= does
not extend to a trace functional neither on the whole algebra C1(M), nor on the
algebra CI°(M).
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Remark 4.2.1. We postpone one proof of this proposition to Subsection 5.2.1,
where we study traces defined on operators acting on sections of vector bundles
over the manifold. In Corollary 5.1.1 we refine this result to the algebra C1*(M)
when a € Z is such that 2a € [-n + 1,0].

4.2.2 The Wodzicki residue

Considering the symplectic cone T*M \ M — S*M, in Subsection 3.1.1 we
gave the definition of the noncommutative residue at the level of symbols. The
Wodzicki residue (also known as the noncommutative residue or the residual
trace) of an operator A € CI(M) is defined from the noncommutative residue

of the symbol of A (see [44]):

Res(A) :=

1 1

g el ) = o /] oA OO A
where 7i(§) is a volume form on SiM. This is the unique trace on the whole
algebra of pseudo-differential operators CI(M) as we can see in [7], [10], [25],
[44]. By definition, this trace vanishes on trace-class ¥DOs, non-integer order
1¥DOs and differential operators. The continuity of the residual trace for the
Fréchet topology on the space of constant order 1)DOs, follows from the fact that
it is defined in terms of a finite number of homogeneous parts of the symbols of
the operators.

4.2.3 The canonical trace

By Corollary 3.1.1 and Proposition 3.1.3, the cut-off regularized integral (see
Subsection 3.1.2) is closed and covariant on C'S%,(R") for all a ¢ Z N [—n, +00).
As we said in Remark 3.1.5, this allows us to construct the canonical trace on

the space <Ua¢m[7m+w) C’l"(M)>.

Proposition 4.2.1 shows that there is no a non-trivial trace on CI(M) which
extends the L?~trace. However, the L?-trace does extend to non-integer order
operators. Indeed, Kontsevich and Vishik ([23]) constructed a functional, the
canonical trace

TR:< U cza(M)>H<c

a¢ZN[—n,+o0)
1

(2m)" /M de ][T;MU(A)(x,ﬁ)dE,

where the right hand side is interpreted in the same way as (4.6).

A — TR(A) :=

If Ae Cl*(M), B € CI’*(M) and if a,b ¢ Z, then ord(AB) = a + b may be an
integer, so the linear space <UQ¢ZO[_H7+OO) Ol“(M)> is not an algebra. In spite
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of this, the canonical trace has the following properties (see [23] and Sect. 5 in

[25]):

1. For any A,B € <Ua¢m[_n7+m) C’l“(M)> and for any ¢ € C, such that
ord(cA+ B) ¢ ZN [—n,+o0), TR(cA+ B) = ¢cTR(A) + TR(B).

2. For any A € CI(M) such that ord(A) < —n, TR(A) = Try2(A4).

For any elliptic DO P € Cl1}(M) with positive leading symbol, the canonical
trace satisfies (see (5.2) in [25])

TR(A) = LIM Tr 2 (AeF)

t—0+ ’

where LIMf(t) denotes the constant term in f(t) when ¢t — 0.
t—0

Lemma 4.2.2. If A, B € CI(M) are such that ord(A)+ord(B) ¢ ZN[—n, +00),
then TR(AB) = TR(BA).

Proof. (see Sect. 4 in [25]) Let P € CI*(M) be an elliptic yDO whose leading
symbol is positive and let A € C1%(M), B € CI*(M). We put

V%(B) =B, V4'B:=[P,V}B],
and by induction, for all j € N we have
V5B e CI°(M).

Then, for N large enough we have the formula

N— 1
7tPB E
Jj=0

where Trre ((Rn(t)*Rn(t))Y/?) = O(t) as t — 0; therefore

7tP +RN( )

N-1
Ae B = ABe™'F + — 1.B)e P 1+ R (t).
j=1

Thus

N— 1 J )
Try2([A, Ble ") Z TrLz (A(VpB)e *P)y+0(t), t—0.

j=1

Since

TI‘Lz (A(VJ B 7tP Z cr + dk logt tk (atb)—n + Z Ektk

k=0 k=0
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and
TR([A, B]) = LIM Trp2([A, Ble™tP)
t—0
v (1) 4
= -LIM —Trz2(A(V,B)e ), (4.7)
t—0+ = 4!
we obtain
TR([A, B]) =0 whenever a+b ¢ {-n+1,-n+2,—n+3,...}.

In the case that a + b = —n, the canonical trace is not well-defined on AB. [

From the proof of previous lemma we can improve Lemma 4.2.1 in the fol-
lowing way:

Lemma 4.2.3. Given a real number a with 2a —1 < —n, let o : C1*(M) — C
be any linear functional such that o [ci<—n»py= Trp2. Then o is a trace.

Proof. Let A, B € Cl1%(M). Then [A, B] € CI**~Y(M) c CI<~"(M), so [A, B]
is a trace-class operator and TR([A, B]) = Trz2([4, B]). As in the proof of
Lemma 4.2.2, from (4.7) we get

o([A, B]) = Trz2([A, B]) = —LIM v~ (=) Trp2(A(VLB)e ) = 0. (4.8)

t— j!
ot J
O

Remark 4.2.2. From the previous result we conclude that the functional

™’ Cl*(M) — C
A TrP(A) := LIM Tr 2 (Ae™tP),

t—0t

defines a trace on Cl*(M) when 2a < —n < a, since T’ lci<-—n(ny= Trpz. If
we consider another elliptic ¥DO Q € CI'(M) with positive leading symbol,
then (see Prop. 2.2 in [23])

TrP(A) — Tr?(A) = res(A(log Q — log P)).
From this we can deduce that Tr” is independent of P whenever A has order
ord(A) ¢ Z N [—n,+00).

The uniqueness of the canonical trace on its domain is proved in [30] and
[35]. The canonical trace is continuous for the Fréchet topology on the space of
1DOs of constant order where is well defined.
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4.2.4 Leading symbol traces

In [36] the authors describe some traces on certain spaces of ¥)DOs in order
to construct characteristic classes of infinite dimensional vector bundles over a
closed manifold, these are the leading symbol traces, defined for a < 0 by using
the leading symbol map:

trg : ClI*(M) — C(S*™M)
A - Ua(A) rS*Ma

where ¢,(A) denotes the leading symbol of the operator A, whose symbol be-
longs to C'S%(U) for any local chart U of M.

Lemma 4.2.4 (Lemma 3.1 in [36]). The map tr, is linear and for any distri-
bution A € D'(S*M), the map tr’ : Cl%(M) — R given by tr2(A) = A(tr,(A))
18 a trace.

Proof. Taking the a—th component of the symbol is a linear application. If
a = 0, since the leading symbol is multiplicative, we get

04(AB) = 04(A)04(B) = 04(B)o.(A) = 04(BA). (4.9)

When a < 0, for A, B € Cl*(M), the products AB and BA lie in CI12*(M), so
we have

0.(AB) = 0= 0,(BA).
O

Remark 4.2.3. If a < 0, for r € [2a,a), tr,(A) := 0,(A) defines also a trace on
Cl*(M), as tr,.(AB) trivially vanishes for r > 2a, and the proof of the lemma
covers the case r = 2a. In this case if A(¢) = fS*M o(x, &), these traces are
defined only after a choice of coordinates and a partition of unity on M, since
integrals of non-leading symbols depend on such choices.

Leading symbol traces are continuous for the Fréchet topology on the space
of constant order ¥DOs, since they are defined in terms of a finite number of
homogeneous parts of the symbols of the operators.

4.3 Pseudo-differential operators in terms of com-
mutators

In Example 1.1.2 we saw that the cotangent bundle of M without the zero sec-
tion Y :=T*M \ M, is a symplectic cone over the cosphere bundle S*M, and
we can consider that the symbol of a classical YDO on M has an asymptotic
expansion whose components are homogeneous functions on Y. In this section
we use the representation of a homogeneous function in terms of Poisson brack-
ets given in (1.58) in order to write a ¥ DO as a sum of commutators.
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By means of the local representation of the symbol of an operator and the
symplectic form, we can see that the leading symbol of the product of two ¥y DOs
is the product of the corresponding leading symbols as in (4.9), and that the
leading symbol of a commutator is proportional to the Poisson bracket of the
leading symbols of the corresponding operators (see e.g. Sect. 1.5 in [2]). This
leads to the following theorem, inspired by the proof carried out in [25] in the
case Cl(M), we actually improve Prop. 4.7 in [25] for the case Cl(M), in which
the case when m =1 is investigated.

Theorem 4.3.1. Let Q € ClI™"(M) be an operator with Res(Q) = 1. For
any real numbers m,s there exist Py,..., Py € CI™(M), such that for any
A € CI*(M) there exist Q1,...,Qn € CI*"™TY (M) and R € CI=>°(M) such
that
N
A=>"[P;,Qi] +Res(A)Q + R. (4.10)

i=1

Proof. We choose Py,...,Py € CI"™(M) such that either the differentials of
their leading symbols span the cotangent bundle of Y at every point if m # 0,
or such that the differentials of their leading symbols restricted to Z span the
cotangent bundle of Z at every point if m = 0. We consider the leading symbol
0s(A) € Ps(Y) of A. If s # —n, then by the first part of (1.58), there exist

le), ce S\}) € CI5=™*1(M) such that

A=-NT[P, QW] e crr (M),

Mz

o
I
—

If s — 1 # —n, we iterate the procedure: by the first part of (1.58) there
exist B, ... B € Clts=D=m+1(M) such that, if Q¥ := Q" + BV for all
i=1,...,N, then

A=ST1P, QW) e cr2 (M),

Mz

Il
A

7

o If s¢ {l € Z:1> —n}, then by induction we find operators
QZ(-Z) € CI*~™*1(M) such that

z

AV = A3 [P, Q") e 1 (M), (4.11)
=1

e Ifse{leZ:1>—n}, then (4.11) holds for [ < s+ n. After that, since
Res([PZ-,QEZ)D =0foralli=1,...,N and AG*t") € CI="(M), we have

Res (A(””) - Res(A)Q) =0. (4.12)
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By the second part of (1.58) there exist Biﬁn), e B](\?Jrn) € ClI mtH (M)
such that
N
ABT _Res(4)Q — [P, BITM] € cImT (M),
i=1
Using the first part of (1.58) once again, and by induction we find opera-
tors Q'Y € C1*=™+1(M) such that

N
AD = 4 =3[P, Q"] — Res(A)Q € CI>"{(M). (4.13)
=1

-1
Now the operators QEZ) are constructed as: Ql(-l) => Bi(]) where Bi(o) = le)
j=0

and for all j € N, B;j) € CIs=3=m+1(M), so by Remark 4.1.1, we can choose
Qi € CI==™+1 (M) with Q; — QY € Cls=m+1={(M) for all | € N. Then we

K
reach the conclusion. O

Remark 4.3.1. Consider an algebra Cl%(M) with a < 0. In order to apply
Theorem 4.3.1 to express any element in the algebra as a sum of commutators
of operators in this space, we need that the conditions

s<a, m<a, s—m+1<a

be fulfilled, which only holds when s < 2a — 1. The composition of operators
on the space CI(M) is given by a product on classical symbols (see [20]), and
therefore, the space Cl1*(M) is an algebra only when «a is an integer and a < 0.
Remark 4.3.2. A particular case of Proposition 4.1.2 is the graded algebra
{Ak}rez k<o With Ay = CI*¥(M). In this case, the quotient map py, represents
the leading symbol map, so by (1.25), the quotient Ay /Ax_1 can be identified
with P (Y) = C*(S*M), the set of homogeneous functions on Y of degree k.
Given an operator in CI¥(M), its leading symbol is a well-defined function in
Pr(Y), and the splitting ¢ can be constructed after introducing a Riemannian
metric on M, e.g. as in Thm. 3.19 in Chapt. IIT of [24]. Therefore, given a non
positive integer number a, we can consider the projection map 7,:

0 — CI** Y (M) — CI1*(M) ™8 C1*(M)/CI>*~ (M) — 0, (4.14)

with corresponding splitting 6, : CI%(M)/CI?*~*(M) — CI*(M) constructed
as in Proposition 4.1.2.

For any A € Cl*(M), A — 0,(7,(A)) € CI1**=Y(M) and by Theorem 4.3.1,
given an operator Q € CI7™(M) with Res(Q) = 1, there exist operators
Py,....,PN,Q1,...,Qn € Cl1*(M) and R € Cl~>°(M) such that

N
A —04(ma(A)) = > [P, Qi + Res(A — 04 (ma(A)))Q + R. (4.15)

i=1
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4.4 Smoothing operators as sums of commuta-
tors

Theorem 4.2.1 states that if R € C17°°(M) is a smoothing operator then, for
any J pseudo-differential idempotent of rank 1, there exist smoothing operators
S1y...y SN, T1, ..., Tnv, such that

N
R=Trr2(R)J + > _[S;,T)]. (4.16)

j=1

From the Schwartz kernel representation of an operator, it is possible to go fur-
ther and prove that if b € ZN[—n + 1,4+00), then any smoothing operator can
be written as a sum of commutators of [CI°(M), CI°(M)].

In Sect. 4 of [37] there is a proof of the representation of a smoothing DO
as a sum of commutators. Here we present a similar proof, but unlike the proof
in loc. cit., we base our proof in the following lemma:

Lemma 4.4.1. Let g € C®(R™) be a smooth function on R™ and for all
j=1,...,n, let Q; be the operator defined by the kernel

Tj Y

(z,y) — Kq,(z,y) =

Then Q; is a classical pseudo-differential operator on R™ of order —n + 1.

Proof. Consider the function

fy) = ﬁ = 8, (log y]),

that belongs to C°°(R™ \ 0) and is positively homogeneous of degree —1. Since
f is locally integrable in R™\ 0, it defines a distribution homogeneous of degree
—1 (see Def. 3.2.2 in [19]). Then by Thms. 7.1.18 and 7.1.16 in [19], its Fourier
transform f is a homogeneous distribution of degree —n + 1 in R™ which is
smooth in R™ \ 0.

For all u € C°(R™), we understand the following integral as a distribution:

Quta) = | Ko, (ay)utu)dy
= /n g(x) f(z —y)u(y)dy
=g(x) | flz—yuly)dy

Rn

= g(@)(f * u)(z),

where f*u denotes the convolution product between f and u. Therefore, Q; is a
linear operator from C'2°(R™) to C*°(R™). Let ¢ be a cut-off function which is 0
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for €] < i and which is 1 for |{] > % Then @; is a pseudo-differential operator

with symbol g(x)w(§) f (€), and since this function is positively homogeneous of
degree —n+1 outside a neighborhood of 0, Q; is a classical DO of order —n+1
as we claimed. O

In the following, for all j = 1,...,n, Op(z;) denotes the operator multipli-
cation by z; (see Definition 4.1.1).

Lemma 4.4.2 (See Lemma 4.1 in [37]). Any smoothing operator R € C1~°°(R™)
can be written as a finite sum of commutators

ZOp z;),

with B; € CI="+1(R™).

Proof. A smoothing operator R has smooth kernel Kg(z,y), and therefore,
Kgr(z,y) — Kr(z,x) is smooth and vanishes on the diagonal. It follows that
there are smooth functions K7, ..., K, such that (see Thm. 1.1.9 in [19])

Kr(z,y) = Kr(z,2) + Z(ﬂﬂj —yj)Kj(z,y).

Let @ be the operator defined by the kernel
Ko(z,y) = Kg(x,x),
and let R; be the smoothing operators defined by the kernels K;(z,y), then

R=Q+) [Op(x;), R;].

j=1

Set Hj(z,y) := 2K p(z,2) and let @; be the operator with kernel

||2

(z,y) = Hj(z,z —y).

By Lemma 4.4.1, Q); is a classical pseudo-differential operator of order —n + 1.
Since

> (s = ) Hylanr =) = 32 P KinGo.a)
= Kg(z,x)
= Kq(z,y),

it follows that .
Q= _[Op(x;),Q;].
j=1

Since the operators R; are smoothing and (); are of order —n + 1, the result of
the lemma follows with B; := R; + Q; € CI7"T1(R"). O
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Proposition 4.4.1 (See Prop. 4.2 in [37]). Let b € ZN[—n + 1,+00). Any
R € CI=°°(M) belongs to [CI°(M), CI1*(M)].

Proof. Let U C R™ be an open set and let R € Cl:, (U) be a smoothing
operator with compactly supported Schwartz kernel Kr € C°(U x U). Let
¢ € CX(U) be such that 1(x)y(y) = 1 near the support of the kernel of R,
then ¥Ry = R; in fact, for any u € C°(U) we have

Y Ryu(z / Kr(z,y)¥(y)uly)dy
_ / Kn(x, ) @)(y)uly)dy

/Kny y)dy

= Ru(x

By Lemma 4.4.2 there exist P; € C1°(U) such that R =Y., [Op(x;), Pi]. Let
X € C°(U) be such that y = 1 near supp(¢)). Then we have

Y[Op(x;), Piltp = Op(x:)x¥ Py — ¥ Pp Op(a;)x = [Op(z4)x, Y Pitf],

so we get
n

R =" [Op(z:ix), P, (4.17)

i=1

where Op(z;x) denotes the multiplication by the function x;x € C°(U), and
the operator 1Py belongs to C18,,,,(U).

Now let (¢;) C C°°(M) be a partition of unity subordinate to an open covering
(U;) of M by local coordinate charts. For each index j let ¢; € C°(U;) be such
that ¢; = 1 near supp(¢;). Then for any R € CI~°°(M) we have

N N
R=Y ¢;Rp;+ Y ¢;R(1—1). (4.18)

Jj=1 Jj=1

For each index j the operator ¢;Ry; belongs to Cl 2, (U;), so by the previous
argument it can be written as a sum of commutators of the form (4.17). More-
over, the operator S := Z;\;l ¢ R(1—1;) is smoothing and has Schwartz kernel
that vanishes on the diagonal, so its L?-trace vanishes and by Theorem 4.2.1

it can be written as a sum of commutators in [C1~>° (M), Cl~>°(M)]. Hence R
belongs to the space [C1°(M), C1°(M)]. O



Chapter 5

Classification of Traces and
Associated Determinants

In this chapter we use the representation of a pseudo-differential operator as a
sum of commutators given in Chapter 4, to classify the traces on algebras of non
positive order classical pseudo-differential operators on a closed manifold M of
dimension n > 1 (Theorem 5.1.1 and Corollary 5.1.2). From this we deduce a
classification of traces on operators acting on sections of a vector bundle over the
manifold. We also show that any trace on the algebra of odd-class operators of
non positive even order in odd dimensions is a linear combination of a generalized
leading symbol trace and the canonical trace (Theorem 5.1.2). The classification
of traces on algebras of non positive order classical pseudo-differential operators
induces a related classification of multiplicative determinants on the Fréchet-Lie
group of invertible operators corresponding to those algebras, that we describe
at the end of the chapter (Proposition 5.3.3). Along the chapter, M denotes a
closed smooth manifold of dimension n > 1.

5.1 Traces on Cl*(M) for a <0

In [28] (see also [45]), there is a homological proof of the classification of the
traces on the algebra CI1°(M), which shows that any trace on this algebra can
be written as a linear combination of a leading symbol trace and the residual
trace. We address the issue of the classification of traces on Cl1%(M) for a neg-
ative integer a. In Proposition 5.1.1 we prove the key fact that allows us to
conclude that the L?-trace does not extend to a trace functional on C1%(M)
for an integer a such that 2a € [-n + 1,0]. We show that traces on CI%(M)
can be written either as a linear combination of a generalized leading symbol
trace and the residual trace, or as a linear combination of a generalized leading
symbol trace and a linear extension of the L2~trace, depending on the value of a.

81
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5.1.1 No non-trivial extension of the L?>-trace to Cl*(M)

As was shown in Subsection 4.2.1, there is a unique trace on the algebra of
smoothing operators: the L?~trace Try2. Hence, for any a < 0, the restriction
A Toi—s(ary of any trace A : Cl1*(M) — C, is proportional to Trzz, i.e.

JeceC: A(R)=cTr2(R), VR e CI™>°(M). (5.1)
We now address the following problem: for which values of a < 0, does ¢ vanish?.

Certainly this is not the case for a < —n, since an operator of order a < —n
is trace-class, or for a ¢ Z, since the canonical trace satisfies (5.1) with ¢ = 1.
Using the results in Chapter 2, we prove that ¢ vanishes when a € Z is such
that 2a € [-n+ 1,0].

Lemma 5.1.1. For any a € R there exists an inclusion map
[C1°(M), CP*(M)] — [C1°(M), Cl*(M)],

meaning that any commutator in [C1°(M), C1?*(M)] can be written as a sum of
commutators in [C1*(M), Cl*(M)].

Proof. Let A € CI°(M), B € CI?>*(M). Consider a Laplacian operator A
and the second order elliptic operator (1 + A). For any a € R, (1 + A)%/?
and (1 4+ A)~%2 are operators of order a and —a, respectively, and therefore
A1+ A)2 (14 A)2A, (1+A)%2, B+ A)"%/2 (1+A)~%/?B,
AB(14 A)=%/2, (1 + A)~%/2BA are operators in C1%(M). Moreover,

[AQ+A)Y2 (1 +A)" 2Bl = AB— (1+ A)"Y2BA(1 4+ A2, (5.2)
(14 A)Y2A,B(14+A)" Y = (14+A)Y?AB(1+A)~%2 —BA,  (5.3)
[AB(1+A)"%2 (14 A)¥?] = AB — (1+ A)2AB(1 + A)"%2,  (5.4)
[(14+A)"2BA, (1+A)Y = (14+A)"2BA(1 +A)Y? — BA.  (5.5)

Adding up the expressions in (5.2), (5.3), (5.4) and (5.5) yields twice the commu-
tator [A, B], so that the resulting expression belongs to the space of commutators

[Cla(M), Cle(M)). O

We will need the following (we use the notation of Definition 4.1.1):

Lemma 5.1.2 (Thm. 18.1.6 in [20]). For any o € CS(R™) and for all
k=1,...,n

Op(aﬁka) = _i[op@jk)a Op(O’)], (56)

where as before, Op(xy) denotes the operator multiplication by xy.
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Proof. For any f € S(R™) and for any € R"™ we have
Ob(0e,0)(1)(w) = | e Dg,0(w, &) fe)e
— b ix-& £ de — b iz f d
[ o6 (e otw01f(©) de - [ ate.00g, (e+4(0)) de

—A@) i [ (e e (anfle)ds - 2F©) de

= A(e) — i Op(0)(£)(2) + Op(o) (1. )(v)

= A(z) ~ i Op(1) Op(0)()() +7 Op(o) Op() (1) (¢)
= A(x) ~i[Op(a), Op(@))()(a).

The term

Aw)i= [ g, (e*<o(a,0)f() de

vanishes for all z € R™: if we denote by d€ := d&; A ... Adéy A ... Ad&,, then

@< [ | ] oo (¢5ota07©) der| €
)i

= / ( lim
Rn—-1 \B—oo
= 0,
since f lies in S(R™). Then for all k =1,..., n, Op(0¢,0) = —i[Op(zk), Op(o)].
O

o(z,€) f(€)

— lim
R—oo

oz, &) f(€)

§x=R Er=—

In the following we use the notation of Section 2.3 and Section 4.1.
Remember that by CS¢,,,(U) we denote the set of classical symbols of order
a on U with z—compact support, and CIg,,,,(U) denotes the space of classical

1¥DOs of order a on U whose Schwartz kernel has compact support on U x U.

Proposition 5.1.1. Let a € Z be such that 2a € [-n + 1,0]. For any trace A
on Cl%(M) the constant ¢ in (5.1) vanishes.

Proof. Let (U, x1,...,x,) be a local coordinate chart of M. For any symbol
0 € OS¢ (U), the canonical operator Op(o) associated to o is a linear op-
erator that maps the space C°(U) to C°(U). However, we cannot say that
Op(o) € Clg,,,(U), since its Schwartz kernel has z—compact support but not
necessarily y—compact support.

Remark 5.1.1. Any operator in CIg,,,,(U) can be extended by zero to an oper-

ator in C1*(M) (the new operator vanishes outside U), and we have the natural
inclusion CI¢,,, (U) C CI*(M).

Let 7 € CS.>(R™) be a smoothing symbol such that [, 7(£)d§ # 0. By
Proposition 3.2.2 there exist 71, ..., 7, € CS?¢(R") such that

T = Zangk. (5.7)
k=1
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Remark 5.1.2. Since the symbol 7 has non-vanishing integral, one at least of
the symbols 7 does not lie in C'S_*°(R™).

Choose a smooth function f € C2°(U) with compact support on U such that
fU z)dr # 0. Then o := f @7 € CS55,(U), defined by o(z,§) := f(x)7(£),
isa smoothlng symbol with z—compact support on U, and

a*f@T—f@Zangk—Zagk f @)

k=1
is such that
/ o(x,&)dedx # 0. (5.8)
UxR"™
By Lemma 5.1.2,
Op(0) =Y Op(9e,(f @) = =i )_[Op(ax),Op(f @ )].  (5.9)
k=1 k=1

Let ¢ € C°(U) be a function such that ¢ = 1 near the support of f; then
Wf = fonU. Moreover, for all k =1,...,n,

[Op(2k), Op(f ® 1) Op(¥) = [Op(zk), Op(f ® 71) Op(¥)]
= [Op(zx), Op(¢f @ 7%) Op(¢)]
= [Op(zk), Op(¥) Op(f ® 71) Op(¥)]
= Op(zy) Op(¥) Op(f @ 7%) Op(¥) — Op(¢¥) Op(f @ 7%) Op(¢) Op(z)
= Op(zx) Op(¥) Op(f @ 1) Op(¢) — Op( ® 1) Op(¢) Op(x) Op(¢))

+ Op(f ® 7) Op(¥) Op(2x) Op(¥)) — Op(¢) Op(f ® 7x) Op(¥) Op (@)

= [Op(z) Op(¥), Op(f @ 71) Op(¥)] + Ay
= [Op (), Op(f © 7%) Op(Y)] + Ay, (5.10)

where we use that the operator Op(xy) commutes with the operator multipli-
cation by v, Op(¢), and where the operator Ay is defined by

Ay, := Op(f @ 71) Op(¥) Op(zx) Op() — Op(¥) Op(f ® 71) Op(¥) Op(zk)
= Op(f ® i) Op(¥) Op(z1)(Op(¥) — 1). (5.11)

Remark. If o € CSg,,,,,(U) the Schwartz kernel of the operator Op(c) Op(%) is
given by
Kop(e) op) (@,Y) = Kop(o) (2, )Y (y);

so it has compact support on U x U and hence Op(o) Op(¢) lies in Clg,,,,(U).

Since f @ 7 € Cngmp(U) the operator Op(f ® 7x) Op(¢)) lies in nggmp(U);
similarly, Y, € CScomp( ) and the operator multiplication by vzy: Op(vzy)

lies in Clcomp( ).
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Let A be a trace on C1%(M). By Lemma 5.1.1, A vanishes on [CI°(M), CI?¢(M)],
and by Remark 5.1.1, A vanishes on [Cl0,,,,(U), C12%,,(U)]. In particular, for
alk=1,...,n,

A([Op(¥xk), Op(f @ ) Op(¥)]) = 0.

Now, since ¢ = 1 near the support of f, by (5.11) the operator Ay is smoothing
and its Schwartz kernel vanishes on the diagonal. Hence, by (4.5) its L*~trace

vanishes and by Theorem 4.2.1 A; can be written as a sum of commutators in
[CI=°°(M),Cl~°°(M)], and therefore, for all k = 1,...,n, A(A;) = 0.

Thus, for Op(c) Op(v) € CIZ 55 (U), from (5.9) and (5.10) we conclude that,

comp

A(Op(0) Op(¢h)) = =i Y A([Op(xx), Op(f © 7,)] Op(4)))

k=1

(A([Op(vxr), Op(f @ 1) Op()]) + A(Ag))

I

= 0. (5.12)

=~
Il

On the other hand, by (4.6) and (5.1),
A(Op() Op(1)) = ¢ Tr2(Op(e) Op(w)) =¢ [ o(a.dcdn. (313

Therefore, by (5.12) we obtain

¢ Trz2(Op(o) Op(¥)) = A(Op(c) Op(¥)) =0,
which, by (5.8) implies that ¢ = 0. O

Remark 5.1.3. As a consequence of this proposition, by (5.1) whenever a € Z is
such that 2a € [-n+1, 0], any trace on C1%(M) vanishes on smoothing operators
on M.

Corollary 5.1.1. Ifa € Z is such that 2a € [-n+1,0], the trace Try2 does not
extend to a trace functional on the algebra C1%(M).

5.1.2 Generalized leading symbol traces

In Subsection 4.2.4 we studied the leading symbol traces defined on an algebra of
operators Cl*(M) for a < 0; in this section we consider a more general definition
which actually coincides with a leading symbol trace for a = 0. As in Section
4.3, for a non positive integer order a we consider the projection map m,:

0 — CI**"Y(M) — CI1*(M) ™8 C1*(M)/CI>*~ (M) — 0. (5.14)

Lemma 5.1.3. Any continuous linear map X\ on CI1%(M)/CI2*~Y(M) defines a
trace on Cl1®(M) by Ao m, called generalized leading symbol trace.
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Proof. If A, B € C1*(M), their commutator [A, B] belongs to C1?*~!(M), and
since \ o 7, vanishes on CI12¢~1(M), this is a trace on C1%(M). O

By Proposition 4.1.2 and Remark 4.3.2, A is a map on
CIY(M)/CI? Y M) 2 Py(Y) @ ... Pau(Y). (5.15)
By (1.25) it follows that P (Y) = C*°(S*M) for any k =a,a —1,...,2a.

For A € Cl*(M), Mmq(A)) depends on 04(A4),...,02,(A), where o,_;(A) rep-
resents the homogeneous component of degree a — ¢ in the asymptotic expansion
of the symbol of A. Since Ao, is linear in A, it is a linear combination of linear
maps A\,—; on S*M, in the terms o,_;(A4), hence it reads,

lal

Mra(A4)) =D Aami(0a-i(4)).
=0

Generalized leading symbol traces are continuous for the Fréchet topology on
the space of constant order yDOs, since they are defined in terms of a finite
number of homogeneous parts of the symbols of the operators.

5.1.3 Classification of traces on Cl*(M)

Now we can give the classification of traces on the algebra of operators C1%(M)
for a non positive integer a, using the representation of a classical 1) DO given
in Section 4.3. We choose a linear functional Tr, : C1%(M) — C as follows:

T trace on Cl*(M) that extends Trpz, if it exists,
r, =
¢ 0, if such an extension does not exist.

Theorem 5.1.1. Let a € Z be such that a <0 and let T be a trace on Cl1*(M).
There exist constants c1,co € C and a linear map X\ on Cl*(M)/CI1**~1(M)
such that T can be expressed in the form

T=MAom, + c¢1 Res +C2T\I‘;. (5.16)

Proof. For any A € C1*(M), Equation (4.15) reads

N
A —04(ma(A)) =Y [P, Qi] + Res(A — 64 (74(A)))Q + R, (5.17)
i=1
where P;,Q; € Cl*(M), Q € CI7™(M) has Res(Q) =1 and R € Cl~>°(M).
Applying Tr, to both sides of (5.17), for all i =1,..., N, Tr,([P;, @;]) = 0 and
hence

Tra (A — 04 (ma(4))) = Res(A — 0, (14 (4))) Tra (Q) = Tra(R) = Trp2(R). (5.18)
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Therefore, by Theorem 4.2.1 and (5.18), for any pseudo-differential idempotent
of rank 1, J, there exist smoothing operators S1, ..., Sy, 11, ..., TN+, such that
(5.17) becomes

N
A= Oa(ma(A)) = 3 _[Pis Q) + Res(A = 0a(ma(A))Q + Trr2(R)J + 3 _[;,T3),
i N (5.19)
where Trp2(R) = Trq (A — 0,(74.(A))) — Res(A — 0,(7a(A))) Tra(Q).
Applying 7 to both sides of (5.19) we have
T(A) = 7(0a(ma(A))) + Res(A — 04 (ma(A)))7(Q) + Tr2(R)7(J)
= 7(0a(ma(A))) — Res(0a(ma(A4)))7(Q) — Tra(fa(ma(A))(J)
+ Res(0 (74 (4))) Tra(Q)7(J) + Res(4) (7(Q) — Tra(Q)7()))
+ Tro (A)r(J).

If ¢; == 7(Q) — Tra(Q)7(J), and ¢y := 7(.J), denoting by A the linear map on
Cl*(M)/C1?*=Y(M):

A\ = 709a —C1 Resoea _CQEOHQ; (520)

we obtain __
7(A) = A(ma(A)) + 1 Res(A) + coTrg (A). (5.21)
O

Remark 5.1.4. Notice that we can fix the operators P, ..., Py, @ and J from
the beginning. The constants ¢; and ¢ depend on the choice of @ and J. A
priori A depends on the choice of splitting 6,, however, if we choose another
splitting #’, the difference between the expressions in (5.21) for 6, and for €/,
yields

A(ma(4)) = N (ma(A)),
so the expression in (5.16) is independent of the choice of splitting 6,,.

Remark 5.1.5. If the trace 7 is continuous for the Fréchet topology of C1%(M),

we can choose ﬁ; continuous for the same topology so that A\ o 7, is also
continuous as the linear combination in (5.20).

Corollary 5.1.2. Let a € Z be such that a < 0 and let 7 : C1*(M) — C be a
trace. Then

1. If -n+1 < 2a <0, 7 is a linear combination of a generalized leading
symbol trace and the residual trace.

2. If a < —n, 7 is a linear combination of a generalized leading symbol trace
and the L?trace.
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3. If2a < —n < a, 7 is a linear combination of a generalized leading symbol
trace and a linear extension of the L?—trace.

Proof. 1. If —=n 4+ 1 < 2a < 0, we can use Proposition 5.1.1 or Proposition
4.4.1 to show that Tr, = 0. Note that Proposition 4.2.1 yields this result
for a = 0. Therefore, there exists a constant ¢ € C such that (5.16) reads

T=Aomg + cRes.
For a = 0, this confirms the corresponding result in [28] (see also [45]).

2. If a < —n, the residual trace vanishes on C1*(M) and Tr, = Trrz. There-
fore, there exists a constant ¢ € C such that (5.16) reads

T=Aomg +cTrp2.

3. If 2a < —n < a, we consider C1?*~1(M) as a linear subspace of C1%(M).
Let {p,}jen be a countable family of semi-norms on CI*(M). Since Try2
is a linear form on CI?*~1(M), continuous for the Fréchet topology of
CI1?2=1(M), Trp- is also continuous for the Fréchet topology of C1¢(M)
(see Section 4.1, or [13]), that is, for any A € CI1?*~1(M), for all j € N,

| Trr2(A)] < p;(A).

By the Hahn-Banach Theorem (see e.g. Thm. 18.1 in [42]), there exists a
linear form o on Cl1*(M), extending Tryz, i.e. such that

VA € CI** Y (M), a(A) = Trz2(A), and furthermore, |a(A)| < p;(A).

Lemma 4.2.3 states that T\r; is any such a linear form «. Therefore, there
exists a constant ¢ € C such that (5.16) reads

T=Aom, +ca.
O

Remark 5.1.6. If 2a < —n < a, Res is a non-trivial trace on CI*(M); for
any A € Cl*(M), Res(A — 0,(m.(A))) = 0, but Res(A) is not necessarily 0.
Considering 7 = Res in the previous corollary, we get ¢ = Res(J) = 0, and
Res = (Reso6,) o m,.

5.1.4 Classification of traces on C14d¢(Ar)

Associated to the odd-class symbols defined in Section 3.4, we consider the set
C1©ID (M) of odd-class operators on the manifold M. The canonical trace de-
fined in Subsection 4.2.3 is the unique trace on C1(°49) (M) when the dimension
of the manifold is odd (see [30], [35]). In this section we assume that the dimen-
sion n is odd, and we prove that any trace on the algebra of odd-class operators
of negative even order is a linear combination of a generalized leading symbol



89

trace and the canonical trace.

The following lemma implies that C1(°d9 (M) is an algebra (see Sect. 4 in
[23]):

Lemma 5.1.4. Let A € C1©D:2(M) and B € CI©IDY(M), a,b € Z. Then
AB € C1dd).atb(\N) [f besides B is an invertible elliptic operator, then
B~! € Cl1°d):=b(M) and AB~! € Cl10d-a=b(Qr),

We also have Lemma 5.1.1 in the case of odd-class operators:

Lemma 5.1.5. If a € Z is even, then there exists an inclusion map
[Cl(odd),o (M), Cl(odd),2a (M)] M [CZ(Odd)’a(M), Cl(Odd)’a(M)],

meaning that any commutator in [C1CIDO(M), C1(dD2a(N)] can be written
as a sum of commutators in [C1(°4D:2 (M), C1ID - (M1)].

Proof. Differential operators are examples of odd-class operators, then Lemma
5.1.4 implies that integer powers of an invertible Laplacian operator (as the one
used in the proof of Lemma 5.1.1) are odd-class operators. Hence we proceed
as in the proof of Lemma 5.1.1. L]

As in Chapter 4, for a non positive integer a we consider the projection map m,:
CZ(Odd)7a(M) Ta Cl(Odd)’a(M)/Cl(Odd)’2a71 (M), (522)

with corresponding splitting 8, : C1(°dD-e(A1) /C1(edD-2a=1 (1) — C1ledd).a(pr),
and hence for any A € C1©D-2(M), A —0,(7,(A)) € C1eID:2a=1(}f),

We would like to classify traces on C1(©d9:¢()) as we did in the previous
section for the algebra C1%(M); however we cannot apply Theorem 4.3.1 directly
to the operator A — 0,(m,(A)) as in the proof of Theorem 5.1.1, since we do
not know if (1.58) holds in the set of odd functions, but we still can conclude a
classification of traces on C1(°49):2()M) for a € Z even and such that a < 0.

Theorem 5.1.2. If a € Z is even and a < 0, any trace on CZ(Odd)’“(M) can
be written as a linear combination of a generalized leading symbol trace and the
canonical trace.

Proof. Let A € C1©I):a(M). Locally, for a chart U of M, the symbol of
A—0,(m,(A)) belongs to C'S©dd):2a=1(17) then by Proposition 3.4.2 there exist
7; in CS©d):2(17) such that

0(A = 04(74(A))) ~ Za&n.

By Lemma 5.1.2, on U we get

n

A = 0a(ma(A)) ~ > [Op(x;), Op(7:)],

i=1
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where [Op(z;), Op(7;)] € [C1©ID-0(T), C1(°dd)-2a(1))]. Using a partition of unity
subordinate to an open cover of M and multiplying by appropriate cut-off func-
tions as in the proof of Proposition 4.4.1 and Proposition 5.1.1, one proves the
existence of operators B; € C1(°dD-0(Ar), C; € C1°9D:2¢()[), and of a smooth-
ing operator R such that

A= 04(ma(A)) = [Bi,Ci] + R. (5.23)
i=1
By Lemma 5.1.5, there exist operators Dy, ..., Dy, E1, ..., Ey € C1de(pr),

such that
N

A= 0q(ma(A)) = [Dy, Bi] + R. (5.24)
k=1
Applying TR to both sides of (5.24) yields

N
TR(A — 04(7a(A))) = > TR([Dy, E]) + TR(R) = Trp2(R).  (5.25)
k=1
Hence, as in the proof of Theorem 5.1.1, for any J pseudo-differential idempotent

of rank 1, there exist smoothing operators Si,...,Sns, T1,..., TN+, such that
(5.24) becomes

N N’
A= 0a(ma(A)) = > [Dr, Br] + TR(A = ba(ma(A)))J + > _[S;, Tj].  (5.26)
k=1 j=1

Let 7 : C1©d)e(M) — C be a trace on C1©dD-(M). If we apply 7 to both
sides of (5.26) we get

T(A) = 7(04(7m(A))) + TR(A — 0, (7o (A)))7T(J) (5.27)
= 7(0a(ma(A))) — TR(a(ma(A)))7(J) + TR(A)T(J). (5.28)

So, as in the proof of Theorem 5.1.1, we conclude that 7 is a linear combination
of a generalized leading symbol trace and the canonical trace. O

5.2 Traces on operators acting on sections of
vector bundles

An operator acting on sections of a vector bundle over a closed manifold M of
dimension n > 1, can be seen as a matrix of operators on the manifold. In this
section we study traces defined on matrices with coefficients in an algebra A over
C. When the algebra is unital, we obtain a characterization of any trace on that
space of matrices; however, when the algebra is non-unital we cannot conclude a
similar result. We apply this to the case of pseudo-differential operators acting
on sections of a vector bundle, first in the case that the vector bundle is trivial
and then in the general case.
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5.2.1 Trivial vector bundles

Given a closed manifold M, any classical ¥/ DO of order a acting on the sections
of a trivial vector bundle M x C¥ over M, can be seen as an N x N matrix
whose entries are classical ¥DOs of order a on M (see Section 4.1). To give
a classification of the traces on those operators, we study a more general case
of traces on the space My(A) of N x N matrices, whose entries belong to an
algebra A over C.

Consider the space My (C) of N x N matrices with coefficients in C. For
all i,j = 1,..., N, we denote by E;; the elementary matrix in My (C) with 1
in the (4, j)—position and 0 everywhere else. The matrices E;; form a basis of
My (C) and we have

1. E“ — Ejj = [Elj,E]J
2. If 4 7&] then Eij = [Eij,Ejj].

Let us denote by tr the unique trace on the algebra My (C) such that for all
1= 1,...,]\]7 tr(Eii) =1.

Let A be an algebra over C. We will use the following isomorphism that
gives an identification of My (A) with A ® My (C):

¢: My(A) = A® My(C)
N
A= (Aij)w' = ¢(A) = Z Az‘j & Eij7

ij=1

Definition 5.2.1. A trace on My(A) is a linear map ¢ : My(A) — C such
that for any X,Y € My(A) it satisfies

e([X,Y]) = 0.

Lemma 5.2.1. Let A be a unital algebra and let  : A ® My(C) — C be a
bilinear map. The following are equivalent

1. Forallz,ye A, P,Q € My(C), 3([zr® P,y ® Q]) = 0.
2. Forallz,ye A, P,Q € My(C), p([z,y] ® P) =0 and p(z @ [P, Q]) = 0.

Remark 5.2.1. This implies that when the algebra A is unital, any bilinear map
on A ® My (C) that satisfies the second condition, yields a trace on My (A).

Proof. Tt is enough to express the elements on which @ vanishes in the first item
in terms of the elements on which @ vanishes in the second item and vice versa.
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1.= 2. Any element of the form [z,y] ® P or x ® [P, Q] can be written as com-
mutators [a ® A,b® B| for some a,b € A, and A, B € My (C):
Since My (C) is a unital algebra with unit 1, we have

[,y 9 P=2y® P —yz ® P
=zy® Ply —yz @ 1yP
(z@P)(y®1ly)— (y@1n)(z® P)
=[r® Py 1y (5.29)

Note that for this we do not need A to be unital.
Similarly, if A is a unital algebra with unit 14, we have

rR[P,Ql=2®PQ—x®QP
=zl ® PQ — 142 QP
=@®P)(la®Q) - (1a®Q)(z®P)
—[t®P,14®Q) (5.30)

2. = 1. Any commutator [zt ® P,y ® Q] € A® My(C) can be written as a linear
combination of elements of the form [a,b] ® A and a ® [A, B] for a,b € A,
and A, B € My (C): If P = (Py), ;,Q = (Qi5), ; € Mn(C)

t@PyeQl=(r2P)(y2Q) - (y2Q)(z® P)
=2y PQ —yr @ QP

N N
> PuQui(zy @ Ei)+ Y PuQuj(zy ® (B, Bjj))
ik=1 bkt

i#£j

N
Z QikPri(yr @ Ey;) — Z Qi Prj(yr @ [Eij, Ejj))
k=

i,k=1 i,5,k=1
i#]
N N
= > PuQui([z,y] ® Ex) + Y PuQuj(zy @ [Eij, Ejj))
ik=1 i,g,k=1
i#]
N
> QinPri(yr @ [Eij, Ejj)). O
1,4,k=1
i#j

For any f € A*, g € (Mn(C))*, consider the linear map f®g¢g € (A® My(C))*
defined by

A® My(C) —C
v P (f @) e P) = f@)g(P)
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Lemma 5.2.2. Given any trace T on A, the linear map ¢ := (T @ tr) o ¢ is a
trace on My (A).

Proof. The linearity of ¢ holds from its definition and the linearity of 7 and tr.
If A= (Ay);;,B = (Bij); ; € Mn(A), then their commutator
C =[A,B] = (Cyj), ; € Mn(A) is given by the following:

N
= (AwBij — BiAyj), Vij=1,...,N
k=1

and it satisfies

N N N
ZC ZZ ’LkHBk:Z

i—1 i=1 k=1
Then
N
¢([A,B]) = > Ci; ® By
ij=1
N N N
= [Aik, Bri] ® Eyi + Z Ci; ® [Eij, Ejj].
i=1 k=1 i,j=1
i#£]
For any A, B € Mx(A) we have
¢([A, B]) = (r ® tr) o ¢([A, B])
N N N
= ZZT([AikakiDtr(Eii) + Z 7(Cyj) tr([Eij, Ej5])
i1 k=1 ol
i#j

Let us consider the case when A is unital.

Lemma 5.2.3. Given any trace ¢ on A® My(C), there exists a trace T on A
such that ¢ = T ® tr.

Proof. Let ¢ : A® My(C) — C be a trace on A ® My (C). Let us define the
linear maps

pij : A—=C

These linear maps satisfy the following properties:
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1. Foralli,j =1,...,N, ¢;; is a trace on A:
By (5.29), for any x,y in A we have

vij([z,y]) = ¢(z,y] ® Ey;) = 0.
Remember that for this we do not use the assumption that A is unital.

2. Foralli,j=1,...,N,if i # j then p;; = 0:
By (5.30), for any element = in A we have

pij(T) = p(z @ Eij) = p(z @ [Eyy, Ej;]) = 0.

3. For all Z,j = 1,...,N, PYii = Pjj-
By (5.30), for any element = in A we have
pii(x) — pji(2) = p(z ® Ei;) — p(z @ Ejj)
= p(z ® (B — Ejj))
= p(z ® [Eyj, Eji])
0.

Using the last relation we can denote by 7 the common linear map ;; for all
t=1,...,N. Then

N
© Z A @E; | = Z ©ij (Aij)

ij=1 ij=1

N
= (7' ®t1‘) Z Aij X Eij

ij=1
O

Remark 5.2.2. If A= Cl(M) or A =J,c; Cl*(M), then A is unital and any
trace on My (A) = CU(M, M x CN) or My (A) = ,ez C1*(M, M x CN) resp.,
reads (Res®tr) o ¢, and if A = CI1°(M), then A is also unital and with the
notation of Corollary 5.1.2, any trace on My (A) reads ((Aomp+ cRes) ®tr) o ¢.

Using Lemma 5.2.2, we can write the proof of Proposition 4.2.1 for the unital
algebra A = CI(M) or for the unital algebra A = CI°(M) as in [26]:

Proposition 4.2.1. The trace Try2 does not have a continuation as a trace
functional on the whole algebra Cl(M).
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Proof. Assume 7 is a trace on CI(M) such that for any P € Ci*(M), if a < —n,
then 7(P) = Trr2(P). We may choose N big enough and an elliptic oper-
ator A € CI(M,M x C¥) of non-vanishing Fredholm index (In dimensions
greater than 2, the index of any scalar elliptic ¥ DO vanishes (][9], [33]), however
this assumption is valid considering N big enough and A an elliptic DO on
CI(M,M x CN)). Let B € CI(M,M x CV) be a parametrix of A. Then the
L2?—trace on C1=>°(M, M x CV) reads

T(MXC) (Trp2 ®@tr) o ¢.

Hence (see Thm. 18.1.24 in [20])
I—BA, I -AB € CI=™(M,M x C"),
and we get the contradiction (see Prop. 19.1.14 in [20])
0 # ind(A)
=TT - BA) - Y1 - AB)
= (Trp2 ®tr) o (I — BA) — (Trp2 @ tr) o ¢(I — AB)

=(T®tr)ogp(l — BA) — (t®tr) o (I — AB)
(T ® tr) o ¢([A, B])

O

In the case when A is non-unital, we can consider its unitization (see e.g.
[3]) A= A® C, with the product

(a,A) - (b, ) = (ab+ Ab+ pa, Ap),
and with unit element (0,1). We denote by inc the inclusion

inc: A— A
— (a,0).

One can apply Lemma 5.2.3 to A to obtain: B
Given any trace ¢ on A® Mn(C), there exists a trace 7 on A such that

p=TQtr.
In particular, given any A, B € A, P,Q € My (C)
o (inc ®idMN(¢;))([A ® P,B® Q)]) = ¢([inc(4) ® P,inc(B) ® Q]) =

S0 o (inc @idyy, (cy) is a trace on A®@ My(C).
Similarly,
7 oinc([4, B]) = 7([inc(A), inc(B)]) = 0,
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so T oinc is a trace on A, and it is such that
@ o (inc®idyry(c)) = (T oinc) @ tr.

However, we do not know if Lemma 5.2.3 holds in the case that A is a non-unital
algebra, for example A = Cl*(M) with a € Z, a < 0.

5.2.2 General vector bundles

In this section we give a classification of the traces on classical ¥ DOs acting on
the sections of a vector bundle E over M, by using the results of the previous
section and the fact that the space of sections I'(E) of any vector bundle E over
M 1is isomorphic to the image of some power of the space of smooth functions
on M, C*(M), by an idempotent.

We start following the argument given in Lemma 3 of [28]. Let E be any
vector bundle over M. There is a positive integer N, such that E is a direct
summand of M x CV; let e € Myx(C*(M)) be a smooth projection onto E.
There exists an idempotent & € Endeee (ar)(C(M)N) so that the C°°(M)-
module of sections of F satisfies

[(E) = e(C®(M)N).

Since the endomorphism algebra Endcse(an)(C*(M)Y) can be identified with
the matrix algebra My (C°°(M)), the matrix e € My (C*(M)) is such that
e =e* and

D(E) 2 e(C=(M)Y)

as right C*°(M)-modules (see Prop. 2.9 and Prop. 2.22 in [11]). Let & be the
rank of F, then F has a constant pointwise trace equal to k:

N
Ve e M, tr(e(z)) = Zeu‘(l“) =k e N~

i=1

In the following, we take A a unital algebra on CI(M) and denote by
A(M, E) the corresponding subset of operators in CI(M, E).
Let K : T'(E) — e(C>®(M)YN) be a C°°(M)-module isomorphism and let us
denote also by e the Oth—order operator in A(M, M x CV) that is multiplication
by the matrix e. Consider the following maps:
®: AM,E) — AM,M x CV) U AM,M x CN) - A(M, E)

T — eKTK le; S— K leSeK.
Observe that for all T € A(M, E), Wo®(T) = T and for all S € A(M, M xCN),
® o U(S) = eSe, which implies that we have an isomorphism:
A(M,E) — e A(M,M x CN)e
K~ leSeK — eSe.
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We can also prove that
MN(A) = MN(.A) €MN(.A),

where the left hand side denotes the subset of My (A) consisting of finite sums:
>, XieY;, where X;,Y; are arbitrary elements in My (A). In fact, it is sufficient
to check that the identity matrix Iy belongs to My (A)e My (A). As before,
for all 4,5 =1,..., N, we denote by E;; the elementary matrix in My (C) with
1 in the (7, j)—position and 0 everywhere else. We have

N

N
Z ElJeE]z:ZenIN:kIN

i,j=1 i=1

From the isomorphism A(M, M x CV) = My (A), we can conclude that the
algebras A(M, E) and A(M, M x CV) are Morita equivalent and therefore there
are natural isomorphisms between their Hochschild homology groups (see Sect.
1.2 in [29]). Since the space of traces on A(M, E) is isomorphic to the dual of
its zeroth Hochschild homology group, it implies that there is an isomorphism
between the space of traces of the algebra A(M, E) with the space of traces of
the algebra A(M, M x CV).

Lemma 5.2.4. Given a trace 7 on A, the map
5 AM,E) —C
T 1p(T) = (T@tr) o p(eKTK 'e)
is a trace on A(M, E).

Proof. If T € A(M, E), the operator KT K ~'e takes values in e(C*(M)") and
sincee? = e, KTK ‘e = eKTK 'e. As already observed in Lemma 5.2.2, if 7 is
any trace on A, the linear map (7®tr)od is a trace on My (A) = A(M, M xCN).
Therefore by Lemma 5.2.2, for any T1,T» € A(M, E)

5(TiTy) = (1 @ tr) o p(e KT1 T K e)

=(r@tr)op(eKT' K KTy K 'e)
=(r®tr)op(eKT'K €KT2K e)
= (t@tr)op((eKT1 K e)(eKTo K e))
= (t@tr) o p((eKTL K )(eKTlele))
= (T @tr) o p(eKTo K 'eKTi K 'e)

= (1 ®tr) o p(eKToT1 K te)

= 75(TTh).

O

Thus, if trg denotes the trace on E, the following are traces on A(M, E) (as
in Section 4.2):
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1. The Wodzicki residue: For A € {Cl(M, E), U,c, C1*(M, E)},

o [ e o) e A

2. The leading symbol trace: For A € CI°(M, E), A(trg(mo(A))).

Res(4) =

Therefore when A is a unital algebra, the traces given in Remark 5.2.2 define
in this way the only traces on A(M, E).

5.3 Classification of determinants on the group

(Id + Clo(M))*

In [28] the authors give a description of the determinants on the space of in-
vertible operators (Id+ C1°(M))*, namely, every determinant on this space can
be written in a unique way in terms of the residue determinant and a leading
symbol determinant. In this section we consider the case a < 0, and we use the
classification of traces on the Fréchet-Lie algebra Cl*(M) given in Subsection
5.1.3 to describe the determinants in the Fréchet-Lie group (Id + Ci%(M))*.

Definition 5.3.1. Let G be a Fréchet-Lie group and G its subgroup of elements
pathwise connected to the identity 1. A determinant map or multiplicative map
on G is a group morphism Det : G — C, that is

Vg,h € G, Det(g-h) = Det(g) Det(h).

Proposition 5.3.1 (Cor. 5.12 in [21], and [22]). Ifa < 0, the space of invertible
operators
G:=Id+CI*(M))"=({1+A: AeCl*(M)})*

is a Fréchet-Lie group with Fréchet-Lie algebra Cl*(M), which admits an expo-
nential mapping from C1*(M) to (Id + Cl*(M))*.

Explicitly this exponential mapping is given by:
Exp: Cl*(M) — G

A Exp(A) =

WK
==

AF.

~
I

0

This map restricts to a diffeomorphism from some neighborhood of the identity
in Cl%(M) to a neighborhood of the identity in G. The inverse is given by

Log: G — Cl*(M)

e (_1)k+1
1+AHL0g(1—|—A):ZTAk.
k=1
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Remark 5.3.1. Prop. 3 in [28] shows that Proposition 5.3.1 also holds in the
case a = 0.

Definition 5.3.2. If T is a continuous trace on CI*(M) and exp denotes the
exponential function on C, we define a map
Det : Exp(Cl*(M)) — C*
1+ A Det(1+ A) :=exp(T(Log(l + A))).

Proposition 5.3.2. The map Det is multiplicative.

Proof. Consider two elements g1, g2 € Exp(CIl%(M)). By the Campbell-Hausdorff
formula on Exp(C1*(M)) (see [34]), we have

Det (g1 - g2) = exp(T(Log(g1 - g2)))

= exp <T (Log(gl) +Log(g2) + Y C™ (Log(gn), Log(gz))>>

k=1
T'(Log(g1)) + T(Log(g2)))
T(Log(g1))) exp (T'(Log(g2)))
= Det(g1) Det(g2).

Here we have used that 7'(C*) (Log(g1), Log(gz))) = 0 for all k since T is a trace
and C™) (Log(g1), Log(gs)) are commutators on Log(g;), Log(ge) € C1¢(M). O

In Corollary 5.1.2, we gave an explicit description of the traces on the algebra
Cl*(M), and in Section 4.2 (see also Remark 5.1.5), we noticed that those traces
are indeed continuous for the Fréchet topology of Cl%(M). So together with
Proposition 5.3.2, we have an explicit description of the determinant maps on
the Fréchet-Lie group (Id 4+ C1%(M))*, namely:

Proposition 5.3.3. Let a € Z be such that a < 0. Determinant maps on
(Id + Cl*(M))* are given by a two parameter family: for c1,co € C, and for
any linear map X : C1%(M)/CI?*~*(M) — C,

1. If n+1<2a<0,
Dete, e (-) = exp (e1A o ma(Log()) + ez Res(Log()) ).
2. Ifa < —n,

Dete, ¢, (-) = exp (cl)\ o g (Log(+)) + 2 Trpe (Log(~))).

3. If2a —1 < —n < a, for a continuous linear extension o of Trrz as in
Corollary 5.1.2,

Dete, ¢,(-) = exp (cl)\ o ma(Log(+)) + cza(Log(~))).
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These determinants differ from the ones sometimes used by physicists for
operators of the type 1+ Schatten class operator ([31], [40]) which in contrast
to these are not multiplicative but do extend the ordinary determinant for de-
terminant class operators.

Here are some relevant specific cases

e Dety o(-) = exp ()\ o ﬂa(LOg('))) are related to the leading symbol deter-

minants (see [36] for the case a = 0).

e If a € Z and 2a € [-n+1,0], Detg 1(-) = exp (Res(Log(~))) is the Wodz-

icki multiplicative determinant (also called the exotic logarithmic deter-
minant) (see [44]).

o If a < —n, Det1(-) = exp (TrLz (Log(-))) is the Fredholm determinant
(see Lemma 2.1 in [38]).

o If 2a < —n, Dete, .,(-) = exp (cl)\ o ma(Log(+)) + cza(Log('))) is an ex-
tension of the Fredholm determinant (see [38], [40]).
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