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Zusammenfassung

Sei @ ein Dynkinkocher vom Typ A mit alternierender Orientierung oder der Kronec-
kerkocher. Wir betrachten die direkte Summe M der unzerlegbaren, injektiven Mo-
duln iiber der Wegealgebra des Kochers und ihrer Auslander-Reiten-Verschiebungen.
Sei g die zu @ assoziierte komplexe Liealgebra. Sie besitzt eine Dreieckszerlegung
g = n_ @ bh & n. Hierbei ist n eine maximal nilpotente Unterliealgebra von g. Zu
M gehort in natiirlicher Weise ein Element w in der Weylgruppe des gleichen Typs.
Die Dimensionsvektoren der unzerlegbaren, injektiven Moduln und ihrer Verschiebun-
gen entsprechen nach dem Satz von Gabriel bzw. nach dem Satz von Kac positiven
Wurzeln im Wurzelsystem der Liealgebra g. Ihre Anordnung erbringt einen reduzierten
Ausdruck fiir das Weylgruppenelement w.

Die vorliegende Arbeit erbringt den Nachweis, dass geschickt gewihlte Erzeuger der
zu w gehorigen Unteralgebra U, ; (w) der quantisierten universellen einhiillenden Alge-
bra U, (n) in sich iiberlappende Mengen, sogenannte Cluster, gruppiert werden konnen,
so dass U, q+ (w) die Struktur einer quantisierten Clusteralgebra erhilt.

Aus der Konstruktion der quantisierten Clusteralgebrenstruktur auf U; (w) und der
Wahl der Erzeuger ergeben sich folgende Eigenschaften:

Erstens: Die quantisierten Clustervariablen stimmen jeweils bis auf eine Potenz des
Deformationsparameters ¢ mit einem Element im Dualen der von Lusztig definierten
kanonischen Basis unter Kashiwaras Bilinearform tiberein.

Zweitens: GeiB3-Leclerc-Schroer haben fiir ein derartiges w eine azyklische Cluster-
algebra konstruiert. Sie wird realisiert als Unteralgbera der graduiert dualen Hopfal-
gebra der universellen einhiillenden Algebra U(n). Unsere quantisierte Clusteralge-
bra degeneriert zu Geil3-Leclerc-Schroers Clusteralgebra im klassischen Limes ¢ =
1. Sowohl die quantisierte als auch die gewohnliche Clusteralgebra hat eingefrorene
sowie mutierbare Clustervariablen.

Drittens: Bestimmte Elemente in der dualen kanonischen Basis erfiillen nennerfreie
Rekursionsgleichungen. Die Rekursionsgleichungen implizieren die Austauschrelatio-
nen fiir quantisierte Clusteralgebren.

Die Arbeit ist in zwei Teile gegliedert. Der erste Teil behandelt den Fall des Dynkinko-
chers vom Typ A mit alternierender Orientierung, der zweite Teil behandelt den Kron-
eckerkocher. Nach einem Satz von Lusztig besitzt die Algebra U, q+ (w) in beiden Fillen
eine Poincaré-Birkhoff-Witt-Basis, die sich aus dem reduzierten Ausdruck fiir w ergibt.
Die duale kanonische Basis kann mit Hilfe der Poincaré-Birkhoff-Witt-Basis iiber eine
Invarianz- und eine Gittereigenschaft charakterisiert werden.

Wir beschreiben zunidchst die Begradigungsrelationen der Erzeuger von U, ;r (w) aus
der Poincaré-Birkhoff-Witt-Basis. Sodann leiten wir nennerfreie Rekursionsgleichun-
gen fiir bestimmte Elemente in der dualen kanonischen Basis her. Die Nennerfreiheit
erlaubt es, die Invarianz- und die Gittereigenschaft nachzuweisen. Es folgen die Aus-
tauschrelationen der quantisierten Clusteralgebra.
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1 Introduction

Cluster algebras are commutative algebras created in 2000 by Fomin-Zelevinsky [14]
in the hope to obtain a combinatorial description of the dual of Lusztig’s canonical
basis of a quantum group.

A cluster algebra of rank n (for some natural number n) is a subalgebra of the field
Q(x1,...,x,) of rational functions in n variables. Its generators are called cluster
variables. Each cluster variable belongs to several overlapping clusters. Every cluster,
and hence every cluster variable, is obtained from an initial cluster by a sequence of
mutations. Every mutation replaces an element in a cluster by an explicitly defined
rational function in the variables of that cluster. A cluster together with the exchange
matrix that describes the mutation rule is called a seed. We refer to Fomin-Zelevinsky
[14] for definitions and to Fomin-Zelevinsky [16] for a good survey about cluster alge-
bras.

A cluster algebra is said to be of finite type if it exhibits only finitely many seeds.
Fomin-Zelevinsky [15] classified cluster algebras of finite type. They are parametrized
by the same Cartan-Killing types as semisimple Lie algebras. The classification of
cluster algebras of finite type indicates a strong connection to Lie theory, and in fact
it quickly turned out that Fomin-Zelevinsky’s theory of cluster algebras has many in-
teresting applications and coheres with various mathematical objects. Let us mention
the representation theory of quivers and finite-dimensional algebras, the representation
theory of preprojective algebras, root systems of Kac-Moody algebras, Calabi-Yau cat-
egories, quantum groups, and Lusztig’s canonical basis of universal enveloping alge-
bras.

A momentous step in the development was the categorification of acyclic clus-
ter algebras by cluster categories. Cluster categories were defined by Buan-Marsh-
Reineke-Reiten-Todorov [4]. The cluster category Cg associated with a quiver Q) is
an orbit category of the bounded derived category of the category of representations
of a quiver. Keller [29] proved that cluster categories are triangulated categories. Key
ingredients for the verification of the categorification of acyclic cluster algebras by
cluster categories are due to Geil3-Leclerc-Schroer [23, 24] and Caldero-Keller [8, 9].
The process of mutation in the cluster algebra resembles tilting in the cluster category.
Hence, we obtain a link between quiver representations and triangulated categories on
one side and a large class of cluster algebras on the other side.

Furthermore, Geifl-Leclerc-Schréer [21] provided a categorification of cluster al-
gebras by Kac-Moody groups und unipotent cells. In this construction the categorified
cluster algebras are not necessarily acyclic. Let g be a Kac-Moody Lie algebra and let
g =n_ @ h @ n be its triangular decomposition. Geifl-Leclerc-Schréer’s construction
is related to preprojective algebras A associated with quivers ). Buan-lyama-Reiten-
Scott [3] attached to every element w in the Weyl group of corresponding type a sub-
category C,, C mod(A). The category C,, is a Frobenius category, so we can construct
its stable category C,,. It is a Calabi-Yau category of dimension two. GeiB3-Leclerc-
Schroer [21] prove that the categories C,, categorify cluster algebras. They endow the
coordinate ring C[N (w)] of the unipotent group N (w) with the structure of a cluster
algebra. Here, N denotes the pro-unipotent pro-group associated with the completion
nand N(w) = NN (w~!N_w). The coordinate ring C[N (w)] is naturally isomorphic
to a subalgebra of the graded dual U (n)},. of the universal enveloping algebra of n. All
cluster monomials lie in the dual semicanonical basis.

In this thesis we transfer to the quantized setup and investigate quantum cluster
algebra structures on subalgebras of the quantized universal enveloping algebra U, (n)



of n attached to Weyl group elements w.

Let us mention that cluster algebras also gained popularity in other branches of
mathematics, for example Poisson geometry, see Gekhtman-Shapiro-Vainshtein, Te-
ichmiiller theory, see Fock-Goncharov [13], combinatorics, see Musiker-Propp [45],
integrable systems, see Fomin-Zelevinsky [18], etc.

Now we give a more detailed description of the structure and the results of the
thesis. Let Q@ = (Qo, Q1) be an acyclic quiver, i.e., a directed graph without oriented
cycles whose set of vertices is denoted by )y and whose set of arrows is denoted by
Q1. The thesis focuses on two examples, namely alternating quivers of type A and the
Kronecker quiver.
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Figure 1: Alternating quivers of type A3 and A and the Kronecker quiver

Let k be a field. A representation M of () is defined to be a collection M =
((Vi)ic@os (Pa)acq, ) of k-vector spaces V; associated with every vertex ¢ and k-linear
maps ¢, : V; — Vj associated with every arrow a: ¢ — jin Q1. A morphism F': M —
N from M to another representation N = ((W;)icq,, (¥a)acq, ) is a collection of k-
linear maps F;: V; — W, such that the diagram
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commutes for every a: ¢ — j in Q). The finite-dimensional representations of ()
together with their morphisms form an abelian category rep, (Q). In particular, there
is adirect sum M @®N for every two representations M and N. The category rep,, (Q) is
equivalent to the category mod(kQ), where kQ is the path algebra of the quiver, given
as follows: As a vector space k@) is generated by all paths in the quiver (including a
path of length zero for every ¢ € @Qy). The product of two paths is the concatenation
of paths if possible and zero otherwise. The vector dim(M) = (dimV;),., € N@o js
called the dimension vector of M.

The quiver @ is called representation-finite if () admits only finitely many (iso-
morphism classes of) indecomposable representations. Gabriel’s theorem [19] asserts
that @) is representation-finite if and only if @) is an orientation of a Dynkin diagram
of type A, D, or E. For example, the alternating quiver of type Az form above is
representation-finite. It admits six (isomorphism classes of) indecomposable represen-
tations. The Auslander-Reiten quiver in Figure 2 epitomizes the category rep,(Q).
Representations are displayed by their dimension vectors.

On the other hand the Kronecker quiver is representation-infinite. But it is a tame
quiver. Albeit there are infinitely many (isomorphism classes of) indecomposable kQ-
modules, the indecomposable k£Q-modules can be classified. The three kinds of inde-
composables are called preprojective, preinjective, and regular. A part of the prein-
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Figure 2: The Auslander-Reiten quiver of type A3

jective component of the Auslander-Reiten quiver of the Kronecker quiver is shown in
Figure 3.

We are interested in the injective modules I; (for ¢ € o) and their Auslander-
Reiten translates 7(1I;) (for i € Q). Put Qo = {1,2,...,n}. Thus, we consider 2n
modules. In the examples of Figures 2 and 3 these are all indecomposable modules
in the Auslander-Reiten quiver of type A3 and the four modules at rightmost position
in the preinjective component of the Auslander-Reiten quiver of the Kronecker quiver.
The direct sum M of the injective modules and their Auslander-Reiten translates is
a terminal kQ-module in the sense of GeiB-Leclerc-Schroer [21]. With the 2n mod-
ules we associate an element w in the Weyl group of the Kac-Moody Lie algebra of
corresponding type together with a reduced expression for it.

Figure 3: A part of the preinjective component of the AR quiver of the Kronecker
quiver

GeiB-Leclerc-Schroer [21] attached to w a cluster algebra A(w) of rank n. For
the terminal module M from above the initial seed of Gei3-Leclerc-Schréer’s cluster
algebra A(w) contains n mutatable and n frozen cluster variables. In the case of A4,
there are only finitely many cluster variables. In the particular example of A3 from
above the exchange graph is a Stasheff polyhedron. The cluster algebra attached to M
in the Kronecker case is generated by two frozen cluster variables pg, p1 and a sequence
(zn)nez of mutatable cluster variables. Starting with an initial cluster (zo, 21, po, p1)
we get all further cluster variables by a sequence of mutations.

(Scoaff 1,100»101 $2,$17P07P1 £C47$3»p0,101)

NN S

x07x17p07p1 1'2,1'3,p0,p1



If we put pg = p; = 1, then the exchange relation which allows to switch between
adjacent clusters becomes z12,—1 = :Ei + 1 for k € Z. If we furthermore specialize
ro =21 = 1, then we get x5 = 2, 3 = 5, x4 = 13, x5 = 34, xg = 89, etc. Every
term in the sequence is a natural number. (In fact, the sequence is every other Fibonacci
number.) The integrality is an instance of the Fomin-Zelevinsky’s Laurent phenomenon
[14]: Every cluster variable is a Laurent polynomial in zy and ;. Caldero-Zelevinsky
[10] gave an explicit formula for the cluster variables in terms of binomial coefficients
by interpreting coefficients as Euler characteristics of quiver Grassmannians arising in
the Caldero-Chapoton map [7].

A monomial in the cluster variable of a single cluster is called cluster monomial.

The representation theory of the path algebra k(@) is closely related to the represen-
tation theory of the corresponding preprojective algebra A. Ringel [48] proved that
the category mod(A) is isomorphic to a category called C(1,7). The objects in the
category C'(1, 7) are pairs (X, f) consisting of a kQ-module X and a kQ-module ho-
momorphism f: X — 7(X) from X to its translate 7(X ); morphisms in C(1, 7) from
a pair (X, f) to a pair (Y, g) are given by a k@Q-module homomorphism h: X — Y
for which the diagram

Xx—" oy

-
~(h)

7(X) —=7(Y)

commutes. The algebra A is finite-dimensional if and only if @ is an orientation of a
Dynkin diagram, see Reiten [47, Theorem 2.2a].

To construct the cluster algebra A(w), Gei-Leclerc-Schréer [21] attached to every
terminal CQ-module M a natural subcategory Cp; C nil(A) of nilpotent A-modules.
The category Cys is a Frobenius category. The stable category C,, is triangulated by a
theorem of Happel [26, Section 2.6]. Gei3-Leclerc-Schroer [21, Theorem 11.1] showed
that if M = I @ 7(I) where [ is the direct sum of all indecomposable injective repre-
sentations, then there is an equivalence of triangulated categories C,; ~ Cq between
C)s and the cluster category C as defined by Buan-Marsh-Reineke-Reiten-Todorov
[4] to be the orbit category D’ (mod (kQ)) /75" o [1].

GeiB-Leclerc-Schroer [21, Section 4] implemented the cluster algebra A(w) as a
subalgebra of the graded dual of the universal enveloping algebra U(n) of the maxi-
mal nilpotent subalgebra n of the symmetric Kac-Moody Lie algebra g attached to the
quiver @, ie., A(Cp) C U (n);r. Moreover, GeiB3-Leclerc-Schréer [21] also proved
that all cluster monomials are in the dual of Lusztig’s semicanonical basis. There is an
isomorphism between U (n) and an algebra M of C-valued functions on A. We refer to
[21] for a precise definition of M. It is generated by functions d; that map a A-module
X to the Euler characteristic of the flag variety of X of type i. Prominent elements
in A(Cyy) are (under the described isomorphism) the J-functions of certain rigid A-
modules. Additionally, there is an isomorphism A(Cjps) ~ C[N(w)] where C[N (w)]
is the coordinate ring of the unipotent subgroup N (w) attached to the adaptable Weyl
group element w of M. Therefore, we may call the Cj; a categorification of the cluster
algebra A(Cypy).

We transfer to the quantized setup. The quantized universal enveloping algebra
Uq(n) is a self-dual Hopf algebra. Following Lusztig [42] we attach to w a subalgebra
U (w) of Uy(n). The subalgebra is generated by 2n elements that satisfy straight-
ening relations; it degenerates to a commutative algebra in the classical limit ¢ = 1.



The generators are constructed via Lusztig’s T-automorphisms. The algebra U;r (w)
possesses four distinguished bases, a Poincaré-Birkhoff-Witt basis, a canonical basis,
and their duals. The thesis concerns the dual of Lusztig’s canonical basis of the subal-
gebra U, ; (w) under Kashiwara’s bilinear form [28]. The dual canonical basis elements
can be described as linear combinations of dual Poincaré-Birkhoff-Witt basis elements
satisfying a lattice property and an invariance property.

It is conjectured (see for example [33]) that the quantized coordinate ring C, [N (w)]
is quantum cluster algebra A,(w) in the sense of Berenstein-Zelevinsky [6] and that
the set M, of all quantum cluster monomials, taken up to powers of g, is a subset of
the dual canonical basis 5*, i.e., the following diagram commutes:

Ag(w) —— Cy[N(w)] € Uq(n)g,

)

M B

The thesis is divided into two parts. The first part concerns alternating quivers
of type A, the second part concerns the Kronecker quiver. In both cases, we prove
recursions for dual canonical basis elements in Uq+ (w). The recursions imply quan-
tum exchange relations so that the integral form of U;r (w) becomes (after extending
coefficients) a quantum cluster algebra A4 (w). It follows that the quantum cluster vari-
ables are, up to a power of ¢, elements in the dual of Lusztig’s canonical basis under
Kashiwara’s bilinear form.

The proof relies on the exact form of the straightening relations. In the case A,,, the
description of the straightening relations features (besides Lusztig’s T-automorphisms)
Leclerc’s embedding [36] of U, (n) in the quantum shuffle algebra. The straightening
relations for the Kronecker case are due to Leclerc [37]. The exact form of the straight-
ening relations enables us to verify that recursively defined variables satisfy the lattice
property and the invariance property of the dual canonical basis.

In the case of the Kronecker quiver, we give explicit formulae for the quantum clus-
ter variables that quantize Caldero-Zelevinsky’s formulae [10] for the ordinary cluster
variables. In this case we also provide formulae for expansions of products of dual
canonical basis elements.

Acknowledgements: I am heartily thankful to my supervisor, Jan Schroer, whose
encouragement, supervision and support from the preliminary to the concluding level
enabled me to develop an understanding of the subject. I am also grateful to Bernard
Leclerc for invaluable discussions. I would like to thank the Bonn International Grad-
uate School in Mathematics (BIGS) for financial support.



2 Quantum cluster algebras of type A

2.1 Introduction

Cluster algebras are commutative rings defined by Fomin-Zelevinsky [14] to inves-
tigate total positivity and canonical bases. The study of cluster algebras promptly
extended over various branches of mathematics. One of the two original motivations,
namely the connection between cluster algebras and canonical bases, has only been
observed in a few cases. The passage from cluster algebras to canonical bases features
Berenstein-Zelevinsky’s quantum cluster algebras [6].

To give a more detailed description of this connection we introduce the following
notations from Lie theory: Let g be a complex Kac-Moody Lie algebra with Cartan
matrix C'. It admits a triangular decomposition g = n_ @& h @ n. There exist quantiza-
tions of the universal enveloping algebras of g and n, called U, (g) and U, (n), respec-
tively. With every Weyl group element w € W Lusztig [42] associates a subalgebra
U (w) C Uy(n). Lusztig’s construction [42] of U} (w) involves the evaluation of 7'-
automorphisms at initial subsequences of a reduced expression i = (i, ..., 1) for w.
According to Lusztig [42] U, (w) possesses several bases: For every reduced expres-
sion ¢ of w there is a Poincaré-Birkhoff-Witt basis. Furthermore, there is the canonical
basis. Tt is conjectured that the integral form of the subalgebra UM (w) C U,(n) is
(after extending coefficients) a quantum cluster algebra.

The conjecture has only been verified in very few cases, see Berenstein-Zelevinsky
[5] for type As and As, and the author [34] for an example of Kronecker type. There-
fore, particular instances are worthwile. In this note we focus on type A,, (for a natural
number n) and a particular Weyl group element w of length 2n. We are going to prove
that U, (w) carries indeed a quantum cluster algebra structure. In this case g = sl 41
is the complex semi-simple Lie algebra of traceless (n + 1) x (n + 1) matrices and n
consists of all strictly upper triangular matrices.

The topic is truely linked with the representation theory of quivers. The case g =
sl,41 is related to Dynkin quivers of type A,,. We choose a particular orientation: Let
Q@ = (Qo, Q1) be a Dynkin quiver of type A,, with an alternating orientation beginning
with a source. We denote the set of vertices by Qg = {1, 2, ...,n}. Figure 4 illustrates
the example n = 13. The choice of the orientation matches the choice of the Weyl
group element w. The reduced expression of w (that is used to construct U,/ (w)) and
its initial subsequences (that are used to construct the generators U, (w)) are related to
the indecomposable injective modules over the path algebra of () and their Auslander-
Reiten translates, respectively.

©
NSNSINSI NSNS NS
©

Figure 4: The quiver @ of type A;3

We denote the resulting quantum cluster algebra by A, (w). It is a deformation of
the cluster algebra A(w) GeiB-Leclerc-Schrder [21] attached to w. In GeiB-Leclerc-
Schréer’s setting, the cluster variables are J-functions of rigid modules over the pre-
projective algebra of (). The cluster algebra A(w), just as the quantum cluster algebra
A, (w), is of type A,. Every cluster contains n frozen and n mutatable cluster vari-

10



ables. Altogether there are n + @ mutatable and n frozen cluster variables. Most
of the cluster variables can be realized as minors of certain matrices, see Section 2.6.
The structure of these minors implies that there is (besides the usual cluster exchange
relation) a recursive way to compute these cluster variables avoiding denominators.
Theorem 2.70, the main theorem, asserts that the recursion can be quantized to a recur-
sion for the corresponding quantum cluster variables. The quantized recursions imply
quantum exchange relations so that the integral form U} (w)z of U, (w) becomes (af-
ter extending coefficients) a quantum cluster algebra.

Furthermore, it follows from our construction that the quantum cluster variables are
(up to a power of v) elements in the dual of Lusztig’s canonical basis under Kashiwara’s

bilinear form [28].

2.2 Representation theory of the quiver of type A and cluster alge-
bras

Let k be a field. In what follows we study the category rep,(Q) of finite-dimensional
k-representations of ) over the field k. (For more detailed information on represen-
tations of quivers see for example Crawley-Boevey [11].) The category rep,(Q) is
equivalent to the category mod (k@) of finite-dimensional modules over the path alge-
bra k(). Gabriel’s theorem [19] asserts that the quiver ) admits (up to isomorphism)
only finitely many indecomposable representations. In fact there are W indecom-
posable representations (up to isomorphism) and they are in bijection with the set of
intervals [i,j] = {¢,i+1,i+2,...j} C Zwith1 < ¢ < j < n. The indecompos-
able representation associated with the interval [, j] is V}; ;1 = ((Vs)seqos (Va)acq:)
defined by k-vector spaces

k, ifi<s<y;
Vs = .
0, otherwise;

associated with vertices s, and k-linear maps

s Eve=Vi=k
‘o 0, otherwise;

associated with arrows a: s — t.

All further considerations will basically depend on the parity of n. For a compact
and effective handling of all cases we make the assumption that n is odd. Denote by
Q' = (Qy, @) to be the quiver obtained from ) by removing the vertex n. The quiver
Q' is of type A,,_1, and the examination of both Q' and ) covers all cases. Note that
every representation of Q' can be viewed as a representation of () supported on the first
n — 1 vertices. An example of the quiver @’ is shown in Figure 5.

)
NSNS NSNS NN
©

Figure 5: The quiver Q' of type A1

If n = 1, i.e., the quiver has one vertex and no arrows, then the category rep, (Q)
can easily be described. In this case modules over the path algebra k(@) are k-vector

11



Figure 6: The Auslander-Reiten quiver for n = 2

spaces, and the k-vector space k of dimension 1 is the only irreducible module. In the
other cases, the most suggestive way to illustrate the category rep, (Q) is given by its
Auslander-Reiten quiver. For an introduction to Auslander-Reiten theory we refer to
Assem-Simson-Skowronski [1, Chapter IV].

The simplest non-trivial example is the Auslander-Reiten quiver of type As which
can be seen in Figure 6. In this case there are (up to isomorphism) three indecom-
posable representations, two of which are injective. The representations are displayed
by their graded dimension vectors. The solid arrows represent irreducible maps; the
dashed arrow represents the Auslander-Reiten translation. Note that the Auslander-
Reiten translate of the injective representation associated with vertex 2 is the zero rep-
resentation.

In what follows we are interested in the indecomposable injective £Q-modules I;
associated with vertices ¢ € () and their Auslander-Reiten translates 7 (;). Sim-
ilarly, we are interested in the indecomposable injective kQ’-modules I/ associated
with vertices ¢ € @ and their Auslander-Reiten translates 75,0 (I}). (For simplicity,
we drop from now on the index attached to 7 whenever it is clear which algebra we are
referring to.) The choice of the alternating orientions of the quivers @ and Q' ensure
that from type As onwards we have 7(I) # 0 for every indecomposable injective kQ-
module. (This would not be true for the linear orientation of the Dynkin diagram A,,.
The Auslander-Reiten translate of the indecomposable injective representation corre-
sponding to the sink would be zero in this case.) The direct sum M = @', I; & 7(I;)
is a terminal k@Q-module in the sense of Geil-Leclerc-Schroer [21, Section 2.2], and
so is the kQ’ module M’ = @7~ I & (I}).

/2\ ............ /
\1/’ \

Figure 7: The Auslander-Reiten quiver for n = 3

The small cases A3 and A4 will have to be treated separately. Figure 7 and Figure 8
display the indecomposable injective modules (red), their Auslander-Reiten translates
(blue), and irreducible maps between them for the case n = 3 and n = 4, respectively.
We visualize the modules by their graded dimension vectors.

If n = 3, then M is the direct sum of all indecomposable k(Q-modules, i.e.,

12



mod(kQ) = add(M).

3 /2 ....... \1 ......... 3/ 1
2 g ~_, 1 3 - 2 \
1 / z < \ 3 /

Figure 8: A part of the Auslander-Reiten quiver for n = 4

From As; onwards a uniform description is possible. For type A,, (remember that
n is assumed to be odd) the indecomposable components of M can be written down
explicitly:

Ii = Vi, ifiisoddand 1 < < n,

Ii = Vii1,i41) ifiiseven and 2 < i < n,
T(I) = V[2,3]7

T(Iz) = ‘/[7;_2,7;_;’_2], if iis odd and 3 <i1<n-— 2,
T(In) = ‘/[n72 n—1]»

7(l2) = Via.5,

7([;) = Vii-3,i+3]s ifiisevenand 4 <i <mn — 3,
T(In—l) = ‘/[n74,n71]-

We display the relevant part of the Auslander-Reiten quiver of A,, in Figure 9 for the
case n = 13. As above, the indecomposable injective modules are colored red, their
Auslander-Reiten translates blue.

There are only a few changes if we restrict Q) to @’. Observe that I/ = I; for
i€{1,2,...,n—3}, and that 7(I]) = 7(I;) fori € {1,2,...,n — 3}. Note that the
latter modules are £(Q)-modules supported on the first n — 1 vertices and may therefore
be viewed as £@Q’-modules. Furthermore, we have

1;171 = V[n—z,n—l]a
(151—3) = V[n—6,n—1],

(I}, _9) = Vin—a,n—1)»

T(I—1) = Vin-an-3-

T

An example of type A;s is illustrated in Figure 10.

2.3 The preprojective algebra and rigid modules

The representation theory of the path algebra k() is closely related to the representation
theory of the corresponding preprojective algebra A defined as follows. For every
arrow a: s — t in @1 introduce an additional arrow a*: t — s in reverse direction and
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Figure 9: A part of the Auslander-Reiten quiver of mod(kQ)
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2 4 ( ................................................. 2
1 3 5 ( .....................................
2 4 /
3 5 7 ( ......................................... 3 5
4 6 4
3 5 7 (..............................\
4 6 /
5 7 9 ( ......................................... 5 7
6 8 6
5 7 9 (..............................\
6 8 /
7 9 11 ( ........................................ 7 9
8 10 8
7 9 11 \
9 11 9 11
10 12 ( ........................................ 10
9 11 \
10 12 D R /
10 (. ...................................................... 12

Figure 10: A part of the Auslander-Reiten quiver of mod(kQ’)
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denote by Q7 = {a”: a € Q1} the set of all reversed arrows. The double quiver of Q
is by defined to be the quiver () = (Q, ();) given by a vertex set ), = (o and an
arrow set (); = Q1 U Q7. The preprojective algebra is defined to be

A= kQ/(¢)

where the ideal (c¢) is the two-sided ideal generated by the element

c= Z (a*a — aa®) € kQ.

ac@Q1

The algebra A is finite- dimensional, since () is an orientation of a Dynkin diagram,
see Reiten [47, Theorem 2.2a]. The category mod(A) of finite-dimensional A-modules
is equivalent to the category rep,,(Q, (c)) of finite-dimensional representations M =
(Ms)seqo, (Ma)qeg,) of @ such that for any two vertices s,t € Qo and any linear
combination Y .-, \;p; € (c) of paths p;: s — ¢ with scalars \; € k the associated
linear map y ;- | \; M, is zero.

There is a restriction functor mg: mod(A) — mod(kQ) given by forgetting the
linear maps associated with a* for all @ € @)1 in the corresponding representation of
the quiver Q. Ringel [48, Theorem B] proved that the category mod(A) is isomorphic
to a category called C'(1,7). The objects in the category C(1,7) are pairs (X, f)
consisting of a £Q-module X and a £Q-module homomorphism f: X — 7(X) from
X to its translate 7(X); morphisms in C(1,7) from a pair (X, f) to a pair (Y, g) are
given by a kQ-module homomorphism h: X — Y for which the diagram

X Y

i, b
~(h)

7(X) ——=7(Y)

commutes.

Using the correspondence from above Geif3-Leclerc-Schroer [21, Section 7.1] con-
structed for every ¢ € Q9 and any natural numbers a, b satisfying 0 < a < b < 1la
A-module T} (4 4} = (1 [a,0), €i,[a,5]) Where I; 45 = @?:a 79(I;) and the map

b+1

eijab): Lijjap) = T (Lifarp) = @ 7 (1;)
j=a-+1

is identity on every 77 (I;) for a + 1 < j < b and zero otherwise. We study A-modules
T ja,p) fori € Qoand 0 < a,b < 1. We display the modules by their graded dimension
vectors in Figures 11, 12, 13.

The modules Tj [q4) for i € Qg and 0 < a,b < 1 are rigid and nilpotent. Recall
that a A-module 7' is said to be rigid if Ext} (7, 7) = 0 and it is said to be nilpotent
if there exists an integer N > 0 such that for each path ajas - - - ax of length N in Q
the associated linear map T, T, - - - Ty is zero. Rigidity follows from GeiB3-Leclerc-
Schroer [21, Lemma 7.1]; nilpotency follows from Lusztig [44, Proposition 14.2].

Similarly, the representation theory of the path algebra kQ’ is closely related to the
representation theory of the corresponding preprojective algebra A’.
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Ti 0,0 =

T =

i ifiisoddand 1 <i<n

—1 =1 PP .
! ifiisevenand 2<i<n-—1

Figure 11: The modules T [o o]

3
2 ifi=1
1
3 5
2 4 .
1 3 ifi=2
2
i=2 ¢ t+2 if 4 is odd and
i—1 i+1 .
i 3<i1<n—-2
71— 1 i+ 1 i+ 3
i—2 i i+2 if 4 is even and
i—1 i+1 4<i<n-3
7
n—4 n—2
n—3 n—1 .
fi=n-1
n—2 n
n—1
n—2
n—1 ifi=2
n

Figure 12: The modules T |9 1
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3 e
9 ifi=1
3 5 .
9 4 ifi=2
i—2 i i+ 2 if 7 is odd and
i—1 14+ 1 3<i<n-—2
Tipna =9 ‘ A . s
i—3 i—1 i+1 i+3 if 7 is even and
i —2 0 i+ 2 4<i<n-3
n—4 n—2 .
n—3 ne1 fi=n—-1
n—2 .
1 ifi=2

Figure 13: The modules T; [ 1

2.4 Notations from Lie theory

The representation theory of the quiver @ is related with Lie theory. Let k = C. The
Lie algebra associated with the Dynkin diagram A,, is g = sl,,41, i.e., the Lie algebra
of (n 4+ 1) x (n + 1) matrices with complex entries and vanishing trace. It admits a
triangular decomposition g = n_ @ h @ n. Here, n and n_ denote the Lie algebras of
strictly upper and strictly lower triangular (n 4 1) x (n + 1) matrices, respectively, and
b denotes the Lie algebra of (n 4 1) x (n + 1) diagonal matrices. The Lie algebra n is
called the positive part of g.

Let C' = (a;j)1<i,j<n be the Cartan matrix associated with the quiver Q; its entries
are:

2, if 1 = j;
Qi = —1, 1f|’L —j| = 1;
0, otherwise.

The Lie algebra g is studied by its roots. The root lattice () is defined to be the free
abelian group generated by oy, g, ..., a,. The elements oy, as,...,q, are called
simple roots. (By an abuse of notation the variable () is double assigned, but it should
be clear from the context whether () denotes the quiver or the root lattice.) By QT C @
we denote the set of all linear combinations Z?Zl c;o; with ¢; € N, There is a sym-
metric bilinear form (-, -): @ x ¢ — R which is on generators given by (a;, ;) = a;;
for1 <4,j < n.By AT C Q we denote the set of positive roots of the corresponding
root system. Then A'T = {a; + a1 + -+ a;: 1 <i < j <n}. Under the bijec-
tion of Gabriel’s theorem, a positive root a;; + ;41 + -+ -+ «a; with1 <7 < j < nis
mapped to the indecomposable representation V|; 5 from Section 2.2.
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The simple reflections s1,52, ..., S,: h* — h* act on the simple roots by
—ai, ifi=j
si(aj) = qai+aj, ifli—jl=1;
oy, otherwise.

The group W generated by the simple reflections is called the Weyl group of type g.
The simple reflection satisfy the following relations

$iS; = 5;8i, if |i — j| > 2; (D
S8i858; = 55854, if ‘Z —]‘ = ]., (2)
si=1, 3)

forall 1 < 4,57 < n. Therefore, the Weyl group W is isomorphic to the symmetric
group S,.

To every terminal £Q-module Gei3-Leclerc-Schréer [21, Section 3.7] attach a QQ°P-
adapted Weyl group element. The Q°P-adapted Weyl group element associated with the
terminal module M from Section 2.2 is

W = 818385 * " * 51525486 " Sp—1518355 " * 51525486 * " Sp—1- “4)

The given expression for w is reduced. Let ji, jo, ..., jan € [1,n] such that for the
reduced expression for w from above we have w = s;, s;, ---5;, . We abbreviate
Bk = $j18jp -S4, () for 1 < k < 2n. Denote by A, = {31, 02,..., P2} C
AT the set of all 8, with 1 < k < 2n. Note that the notation is well-defined. If we
choose another reduced expression w = sjr s, -+ s, for w, then

{Sjisjé"'sj;’c,l(o‘j;’c): 1 §k§2n} Z{ﬂl,ﬁg,...,ﬂgn}.

Furthermore, notice that under the bijection of Gabriel’s theorem, the 2n positive
roots By with 1 < k < 2n, correspond to the dimension vectors of the indecomposable
direct summands of M (compare Figure 4). More precisely, for n > 5,

Al ={a;: isoddand 1 <i < n}
U{aj—1+a; + a1 isevenand 2 < i <n—1}
U {042 + 043} U {an—Q + o‘n—l}
U{aj—a+ -+ a;2: isoddand 3 <i<n—3}
Ufas+as+as+astU{an_a+an_3+an_o+a,_1}
U{aj—s+ -+ aj3: isevenand 4 <i <n —4}.

The universal enveloping algebra U (n) of n is the associative C-algebra generated

by E; (1 <14 < n) subject to the relations
EiEj = EjEZ', for ‘Z —]| > 2, (5)
E?E; — 2E,E;E; + E;E? =0, for [i — j| = 1. (6)
The last relation is called Serre relation.

Similarly, the representation theory of the quiver Q’ of type A,,_1 is linked with the
Lie algebra g’ = sl,, with Weyl group W’. The Lie algebra g’ = sl,, similarly admits a
triangular decomposition g’ = n’_ @ b’ @ n’. The Weyl group element associated with
M’ is w' = 518385 85,_2595456 " Sp—1515355 "+ * 82828486+ - Sp—1 € W',

The universal enveloping algebra U(n’) may be viewed as the subalgebra of U(n)
generated by F; (1 <i<n-—1).
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2.5 The cluster algebra attached to the terminal module

To the terminal CQ-module M from Section 2.2 GeiB3-Leclerc-Schroer ([21, Section
4]) attached a category Cpy C nil(A) of nilpotent A-modules. The projective and
injective objects in Cp; coincide, so Cys is a Frobenius category and there is a stable
category C,,. By a theorem of Happel [26, Section 2.6] the stable category C,, is a
triangulated category. Furthermore, Geil-Leclerc-Schroer [21, Theorem 11.1] showed
that there is an equivalence of triangulated categories C,; ~ Cg between C,, and the
cluster category Cg as defined by Buan-Marsh-Reineke-Reiten-Todorov [4] to be the
orbit category D (mod(kQ)) /75" o [1]. The category Cg is indeed triangulated by a
result of Keller [29].

With every Cps GeiB-Leclerc-Schroer [21, Section 4] associated a cluster algebra
A(Cyr); it is constructed as a subalgebra of the graded dual of the universal enveloping
algebra of the positive part of the corresponding Lie algebra, i.e., A(Crr) C U(n)y,.
For a definition of and a general introduction to cluster algebras see Fomin-Zelevinsky
[17]. The cluster algebra A(Cyy) is also called A(w).

There is an isomorphism between U (n) and an algebra M of C-valued functions on
A. We refer to Gei-Leclerc-Schrier [21] for a precise definition of M. It is generated
by functions d; that map a A-module X to the Euler characteristic of the flag variety
of X of type i. Prominent elements in .4(Cj;) are (under the described isomorphism)
the ¢-functions of the rigid A-modules T; [, ;) withi € Qg and 0 < a < b < 1. For
1 <7< nput

Pi = 6Ti,[0,1];
Y, = {6Tz‘,[o,o]7 if 7 is odd;

0T, 4y» i s even;

7 _ 0T, 1p.0» if 7 is even;
1 T . ..
O, ;y,» i iisodd.

The initial seed of the cluster algebra A(Cyps) for the case n = 9 is shown in Figure
14. The vertices represent the cluster variables in the initial cluster, the arrows describe
the initial exchange matrix. Just as in Keller’s mutation applet [30], the blue vertices
are frozen, the red vertices are mutatable. The frozen variables Py, P», ..., P, may
be viewed as coefficients in the sense of Fomin-Zelevinsky [16]. The cluster algebra
A(Cpy) is of type A,,, and therefore of finite type. Besides the n frozen variables there

are n + w mutatable cluster variables grouped into C,, 11 = n-1+2 (2::12

where C,, ;1 denotes the (n+1)*® Catalan number (see Fomin-Zelevinsky [15, Section
12]). The Catalan number C,, 11 is the number of triangulations of a convex polygon
with n + 3 sides using only diagonals.

The é-functions of P;, Y;, and Z; for i € Qg are not algebraically independent. For
example, the equation

) clusters,

b =YZi — Zi 1Zia )

holds for every ¢ € (Jy. The equations are due to Geifi-Leclerc-Schrder [21, Theo-
rem 18.1] and called determinantal identities. Here and in what follows we use the
convention Zy = Z,4+1 = 1.

Similarly, we can construct a cluster algebra A(Cp;-) associtated with the terminal
CQ’-module M’ from Section 2.2. The initial seed of .A(Cy,+) is obtained from the
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P < P1<>Z2<:Y1
P; = Y-
P, < 3>z4<:3
P; = Y:
B m
P = Y.
Py < 7>Zg<:7
Py = Yy

Figure 14: The initial seed for the case n = 9

initial seed of A(Cyys) by ignoring the vertices Y;, and P,, and all incident arrows. We
denote the corresponding cluster variables of A(Cps/) by P/, Y/, and Z! (for 1 < i <
n—1).

2.6 The description of cluster variables

In this subsection we describe the cluster variables explicitly. Note that our desription
of cluster variables differs from the explicit description of Gei3-Leclerc-Schréer [21,
Section 18.2] due to a different choice of orientation of the quiver. Put ¢; = %
forl <7<n.

i

Definition 2.1. For two natural numbers 4,7 with 1 < ¢ < j < nput A;; =
CiCiy1 " deet(Mij) where Mij = ((Mij)rs)igr,sgj is the (] —14+ 1) X (] —1+ 1)
matrix defined by

Yo if r = s;
C.

r

(M;j)rs = ifs>rorr=s+1;

1,
0, otherwise;

i.e., A; ; is given by the following determinant

Lo 1 1 1 11
1 Y g 1 1 11
Cit+1 v

0o 1 2 o1 1 11
0 1 s 1 11

Ci43
Aij=cicip1¢j . . .
0o - Y—: 11
0 -1 =
0 - 0 1 X
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Remark 2.2. Note that

Y; C; (& C; te & C; (&
Civ1 Yiy1 Cit1 Cig1 cct Cipl Cipl  Cigl

0  ciye Yigo ciy2 oo+ Ciya Cit2 Cig2

0 0  cy3 Yigz -0 CGig3  Ciy3  Cig3

A= ) )

0 0 0 0 tee }/j_g Ci—2 Cj—2

0 0 0 0 e Cj—1 5/}_1 Cj—1

0 0 0 0 e 0 Cj Y;

for 1 < ¢ < j < n. It follows that each A, ; (1 < 4,57 < n) is actually a polynomial
inY; (1 <i<n)and Z; (1 <i < n)ie, Aj; € Z[Yy, Zr: 1 < k < n for all
1 < j. Polynomiality follows from Geil3-Leclerc-Schroer [21, Theorem 3.4], but is also
follows directly from the formula above once we notice that ¢;¢;11---¢; € Z[Zy: 1 <
k <n|foralli, jwithl <i<j<n.

Proposition 2.3. Forall 4,j with 1 <4 < j < nand j — ¢ > 3 the equation A; ; =
ijAi,jfl - ZjJrle,QAi’j,g holds.

Proof. Perform a Laplace expansion of the determinant on the last row. The last row
has only two non-zero entries and it is easy to see that the two occuring summands in
the Laplace expansion are the two summands in the recursion formula. O

For 1 < i < nlet A;;—1, Aj;—2, and A;;_3 be the unique elements from
QY Zy: 1 < k < n) such that the recursion formula from Proposition 2.3 also holds
forj =1i+2,j =4i+1,and j = i. Explicitly, weput A; ;_1 = 1, A; ;2 = ﬁi(%l’
and A; ;_3 = 0. The next lemma follows easily from Proposition 2.3.

Lemma 2.4. For all ¢,j with 1 < ¢ < j < n the equation A; ;Z; = PjA; j_1 +
Z]‘+1Pj_1Ai7j_2 holds.

Proof. Fix i. We prove prove Lemma 2.4 by induction on j. The statement is true
for j = isince Y;Z; = P; + Z;11Z;—1. If the statement is true for j — 1, then by
Proposition 2.3

Di;jZ; =Y;Zi0i ;1 — ZjZiPio A 3
= Pjlij1+ Zjr1 2181 — Zj1ZjPjali i3
=PiA;j1+ Zj P o,

and the statement is true for j. [
Lemma 2.5. The mutatable cluster variables are Z,, Z», Z3, ..., Z, and A; ; for 1 <
i<j<n

Proof. Starting with the initial seed (which is shown in Figure 14 for the case n =
9) perform mutations at the odd vertices 1,3,5,...,n, consecutively. In each step,
because of the equation Y;Z; = P; + Z;_1Z;1, the cluster variable Y; for odd ¢ with
1 <7 < nis replaced by the cluster variable Z;. Therefore, the mutations generate a
seed whose mutatable cluster variables are 21, Z5, Z3, ..., Z,. We refer to that seed
as the base seed. The exchange matrix of the base seed is described by the associated
quiver. By the rules of quiver mutation the mutatable vertices of the base seed form an
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71— P
P2<—Z24/
\Z

3 —— B
\Z

5 «—— B
P6<—Z6/
\Z

7 «——— P
P8<—ZS/
\Z

g «— By

Figure 15: The base seed for the case n = 9

alternating quiver of type A,, isomorphic to (). The only other arrows are the following.
For every ¢ with 1 < ¢ < n there is an arrow between Z; and P; starting in P; if ¢ is
odd and starting in Z; if 7 is even. The quiver of the base seed for the example n = 9
is shown in Figure 15.

We now claim that starting from the base seed the cluster variable obtained by
consecutive mutation at 7,7 + 1,9 4+ 2,...,5is A;j forall 1 <7 < j < n. The
equation A; ;Z; = PjA; j_1 + Z;41Pj_14; j_o from Lemma 2.4 is the exchange
relation. For a proof consider the mutation of the quiver of the base seed. Fix . Wlog
assume that ¢ is odd. (If ¢ is even reverse all arrows in the following argumentation.) We
prove the statement by induction on j. The statement is true for ¢ = j since mutation
at i yields (P; + Z;_1Z;41)/Z; = Y; = A;;. Itis also true for j = i + 1 because
Aijiv1Zit1 = Py D + Zia PiA; i1 = Pi1Ai i + Zigo Py

Now assume that j > 742 and that mutation at¢,7+1,¢+2, . .., j—1 obtains cluster
variables A;;, A j+1,...,4; ;-1. Let us describe the quiver after these mutations;
let us first concentrate on the subquiver given by all mutatable vertices. It is easy
to see that the subquiver supported on vertices (Z1, Za, ..., Z;—1) is the same as in
the base quiver; similarly, the subquiver supported on vertices (Z;, Zj41,...,Zy) is
unchanged. The description of the other remaining part depends on the parity of j. If
Jj is even, then it contains of the two sequences Z;_1 — A;; — A j10 — Ay ipa —

- = Ai,j—l and Aiyj_g — Ai,j—4 — s = Ai,i+3 — Ai,i+1 and a triangle
Zj — Nij—1 — Ajj_o — Z;. If jis odd, then it contains of the two sequences
Zig — Dy = Do — Diiqa— = Ay oand Ay 1 — Ay 3 — - —
Ai,i+3 — Ai,i+1 and atriangle Zj — Ai,j—2 — Ai,j—l — Zj.

Now let us consider frozen vertices. Consider a natural number k£ with ¢ < k < j.
We are interested in the vertices Z; resp. A;; with k& < [ < j — 1 to which Py is
connected. In the base seed the vertex Py is only connected with Z;. Wlog let us
assume that k is even. (If k is odd reverse all arrows in the following argumentation.)
We have an arrow Zj, — P, in the base seed. The adjacency relations for P}, remain
unaffected by mutations at 7,7 + 1 ...,k — 1. After mutation at k the arrows reverses
(and Zj, is replaced by A; ;) and we get an additional arrow Zj4, — F,. Mutation
at k + 1 cancels the arrow P, — A; ; whereas the arrow Z1 — D is replaced by
an arrow P, — A; ;41. Afterwards all adjacency relations for P, with vertices Z; for
k <[ remain unaffected.

The adjacency relations for the vertices together with the induction hypothesis and
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Ai,z Ai,z
Ajit1 Ajit1
A Y A Y
JAVEAS AVEAS
Aiis A;iya
A L 7 A Y
Ajita Ajita
A
Aij—a Ajj-a
A Y
Aij-s Aij-s
A Y
AV AV
Y / A
Ajj-1 A1
v / \
Zj Zj

Figure 16: The mutated seed for even 5 (left) and odd j (right)

24



the mutation rule for cluster variables imply that (P;A; j_1+ Zj41Pj—10; j-2)/Z; is
the cluster variable obtained from consecutive mutation at ¢,7 + 1,...,7. By Lemma
2.4 itis equal to A; ;.

The number of mutatable cluster variables of a cluster algebra of finite type is the
sum of the rank of the cluster algebra and the number of positive roots of the associated
root system. Since the n + % cluster variables Z1, Z>, Z3, ..., Z, and A; ; for
1 <14 < j < nare all distinct these must be all mutatable cluster variables. O

By Lemma 2.5 the recursion provided by Proposition 2.3 allows to compute itera-
tively every cluster variable in terms of the Y; and Z; (1 < i < n).

Example 2.6. Let us look at an example. We put n = 3. The initial cluster contains
three mutatable and three frozen variables. It is (Py, P, P3,Y7, Z5,Y3). One can
check, by hand or by using Keller’s mutation applet [30], that the following figure
describes the exchange graph of the cluster algebra A(Cjy) in the case n = 3. This
particular exchange graph is known as associahedron or Stasheff polytope Ks5. The
mutatable cluster variables are colored red, the frozen cluster variables blue. Beside
the 3 + 3 initial cluster variables there are 6 further cluster variables, namely 77, Y5,
Z3,

Y1 a
c2 Yo
YiI aa a
Ajg=|ca Yo | =Y1YoYs —Y1Z, —Y3Z3+ Z5.
0 C3 Y3

Y, o

Ao =
1,2 cs Vs

=Yy —Z3, Agz= =YoY; - 71,

The cluster variables are grouped into Cy = 14 clusters.

Remark 2.7. Formulae for cluster variables in .A(Cj;/) can be obtained from these
formulae by setting ¥,, = Z,, = P, = 1.

Remark 2.8. The cluster variables correspond to é-functions of indecomposable rigid
objects. The indecomposable rigid objects in Cys for this case have classified by
Rohleder [49, Theorem 7.3]. Besides the 3n objects of the form Ti,[a,b] forl <i<n
and 0 < a < b < 1, these are (when viewed as elements in C(1, 7)) the objects M ;

P ro Pt @ e @ )

i<r<j i<r<j i<rj i<rj

7 odd T even 7 odd T even
for 1 < j < n where f|:8)ﬂ) = 1 for all even 7 and f|¥ = 0 for all other direct

summands X, Y.

2.7 Definition of the quantized enveloping algebra

The quantized universal enveloping algebra U, (g) is a deformation of the ordinary uni-
versal enveloping algebra U (g). To describe this construction we introduce quantized
integers and quantized binomial coefficients.

Definition 2.9. For a natural number k, denote by

ok ok

[F] = ———= €Q(v)

v—ov1
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the quantum integer and by [k]! = [k]|[k — 1] ---[1] the quantized factorial. For two
natural numbers k and [, define the quantum binomial coefficient by

K[k
H = me -7 € 9@

Remark 2.10. Both [k] and [}}] are actually Laurent polynomials in v. If we specialize
v=1,then [k] =k, [}] = (}). and [k]! = k!. Some authors such as Kac-Cheung [27]
use a different convention for quantum integers.

Definition 2.11. The quantized enveloping algebra U, (g) is the Q(v)-algebra gener-
ated by F;, F;, K;, Ki_l fort =1,2,...,n, subject to the following relations

KiKj = K; K, (i #7) 3)
KK '=K 'K, =1, (i=1,2,...,n) )
K,E;K; ' =v"iE;, (1<i,j<n) (10)
K, F;K;' = v i F, (1<i,j<n) (11)
K,—K!
Bl — FyEi = bij— — —7» (1<id,j<n) 12)
B B; — 2|EiE; E; + E; B} =0, li—jl=1, (13)
F}Fj = RIFEF;Fi+ F; Y =0, i—jl=1, (14)
E,E; = E;E;, li —j| > 2, (15)
F,F; = F; F;, li —jl > 2, (16)

where §;; is the Kronecker delta function. Note that [2] = v + v, so we may write
equation (13) as E?E; — (v + v~ ')E;E;E; + E;E? = 0.

Definition 2.12. The subalgebra generated by E; for i« = 1,2,...,n is called the
quantized enveloping algebra U, (n).

The only relations in U, (n) remain (13) and (15). These are called quantized Serre
relations. The algebra U, (n) specializes to U (n) in the limit v = 1.

Remark 2.13. The algebra U, (g) is a graded algebra. 1t is graded by the root lattice
Q if we set deg(E;) = a, deg(F;) = —«;, and deg(K;) = 0 for all 1 < i < n. Note
that deg(A) € Q™ for all A € U,(n). We also use the abbreviation deg(A) = |A| for
A € Uy(n).

Remark 2.14. Put o0(v) = v~ ! and o(E;) = E; for all i with 1 < i < n. By the
symmetry of the relations (13) and (15) in U, (n) the map o extends to an algebra anti-
homomorphism o: U, (n) — U, (n), i.e., a Q-linear map o: U,(n) — U,(n) such that
0(AB) = o(B)o(A) forall A, B € U,(n). By construction ¢ is an antiautomorphism
and an involution, i.e., 0%(A) = A for all A € U, (n). Compare the construction of the
antiautomorphism ¢ with Lusztig’s bar involution [42, Section 1.2.10].

Remark 2.15. In literature the deformation parameter v is sometimes called g. There
are also different sign conventions for the exponent of the deformation parameter. We

adopt Lusztig’s convention [42]. It matches Leclerc’s usage [36] if we set ¢ = v1.

Remark 2.16. The quantized enveloping algebra U, (g’) = U, (sl,) associated with
()’ is defined similarly and may be regarded as the subalgebra of U, (g) = U, (sl,+1)
generated by the elements E;, F;, K;, K i_l forl<i:<n-—1.
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2.8 The subalgebra U, (w) and the Poincaré-Birkhoff-Witt basis

We introduce Lusztig’s T-automorphisms. For 1 < ¢ < j put

~K;'F;, if i = j;
Ti(Ej) = { BB, —v 'E;E;, ifli—j|=1;
Lj if i —j > 2;
—EiK;, if i = j;
Ti(Fy) = { B Fy —oFyFy, i |i — ] = 1;
E; if i —jl > 2;

Ti(K;) = KGR,

Lusztig [42, Chapter 37] shows that every T; can be extended to an Q(v)-algebra ho-
momorphism 7;: U, (g) — Uy, (g). (In Lusztig’s book [42] it is called 7} _;.) In fact,
every T; is an Q(v)-algebra automorphism. The images of the generators of U, (g)
under the inverse Ti—1 are given by

_FK;, if i = j;

T, '(E;) = { BiE; — v E;E;, if li—j| = L;
Ej if i — j| > 2;
~K;'E,, if i =

T, Y(Fy) = { FjF, —oFFj, if|i—j|=1;
E; if i —j| > 2;

T, 1K) = K;K; *7

4 .

Remark 2.17. If g € U,(g) is homogeneous of degree (3, then T;(g) is homogeneous
of degree s;(3).

Remark 2.18. Furthermore, the 7} satisfy braid relations. For brevity we write T;Tj
for T; o T} for all 4, j € QQo. The braid relations are

T,T,T; = T,T,T}, if [i — j| = 1.
Definition 2.19. To w = $15385 - S$,528486 *** Sp_1515385 * * * $,525456 " * * Sp—_1
we attach elements in U, (g). If j1,jo2,...,jon € [1,n] are indices such that for the

reduced expression from above we have w = s; 55, - - - 55,,, then we consider the
elements T;, T}, - - - T, , (Ej,) for 1 < k < 2n. Since

Jk—1
deg(lesz T Tjk—l (Ej )) = 851542 " Sk (ajk) = Bk

for all k, we introduce the shorthand notation E(8y) = 1}, Tj, - -- Tj,_, (E;,) for all
1 <k <2n.
Definition 2.20. For i € Qp and a € N put B{*) = ;B¢ € U,(n). For a natural

la]l 1
number k with 1 < k& < 2n and a € N put E(3;,) = T;,Tj, Tjkfl(E](:)) =
LB,
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The following theorem is due to Lusztig [42, Theorem 40.2.1]. Theorem 2.21 also
contains the definition of the subalgebra U, (w) which is crucial for our further studies;
moreover, it enables us to define the Poincaré-Birkhoff-Witt basis of U, (w). For an
idea of a proof different from Lusztig’s [42] see Bergman’s diamond lemma [2].

Theorem 2.21. The set
P = { B (BB (B2) - B (Ba): (a1, a3, azn) € N*" |

is linearly independent over Q(v). It forms a basis of a Q(v)-subalgebra U,/ (w) C
U,(n). Moreover, U,/ (w) is well-defined in the sense that it is independent of the
choice of the reduced expression for w. If we choose another reduced expression w =
S8y Sy for w, then the set of all
(a1) (a2) (azn)
Ejgl vy (Ej;)"‘Tj{Tjg“‘T" (B

/
1 Jon—1\"75,,

for all sequences (a1,as,...,a2,) € N2 is also a basis of the same subalgebra
Ut (w) C Uy(n).

Remark 2.22. The basis P is called the Poincaré-Birkhoff-Witt basis of U, (w) asso-
ciated with the reduced expression (4). Unlike the canonical basis which we will define
later the Poincaré-Birkhoff-Witt P basis depends on the choice of the reduced expres-
sion for w. Every choice of a reduced expression for w induces a bijection between
N?" and a basis for U, (w). In this sense P is not canonical. The various bijections
are called Lusztig parametrizations.

Remark 2.23. Theorem 2.21 particularly implies that E(8y) € U, (n) for every 1 <
k < 2n which is not abvious from the definition of the 7T-automorphisms.

For any a = (ay, ag, .. ., as,) € N?" we introduce the shorthand notation E[a] for
E(@)(31)E(@2) (By) - - - E(%2n)(3,,,). We also use a different notation for F(/3;,) with
1 < k < 2n; namely we put

U; :T1T3T5"'n_1(Ei), for odd ¢ with 1 < 7 < n,
V; = T1T3T5 s TnT2T4 s Ti_g(Ei), for even i with 2 < ) <n-— 1,
w; = TT1T3T5 tee Tifl(Ei), for odd ¢ with 1 S ) S n,

xTr; = TT1T3T5 s TnT2T4 cee E_Q(Ei), for even ¢ with 2 S ) S n— ].,

where T = Th13T5 - - - T, T5TyTy - - - T,,_1. In what follows we use the convention
T; = idy, (g fori ¢ Qo. Because of the braid relation T;T; = T;T; for |i — j| > 2 and
T;(E;) = E;, T;(F;) = F}, and T;(K;) = K for |i — j| > 2 the formulae simplify to

u; = B, foroddis.t. 1 <i<mn,
v =T, 1T (E), forevenis.t.2<i<n-1,
w; = i_gﬂj—‘i_i_gTi_lﬂ_;'_l(Ei), for odd 7 s.t. 1 S 1 S n,

xi =T 3T 1T 1 TigsTi o2 TiTi 0T 1 Ti1 (E;), forevenist.2<i<n-—1

Note that w; = T'u; for all odd 7 with 1 < ¢ < n and x; = T'v; for all even ¢ with
2<i1<n-—1.

Remark 2.24. The degrees of these variables are the dimension vectors of the inde-
composable direct summands of the terminal module ', compare Figure 9.
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Remark 2.25. Similarly, we can associate elements E(3;;,) € U,(n') C Uy,(n) for1 <
k < 2(n—1) to the reduced expression $15385 -« S,—2825456 * * * Sp—1 515385 * * * Sp—2
-89845¢ -+ - Sp—1 of the Weyl group element w’' € W’. The elements generate an
algebra U,f (w') C U,(n’), and the set of all ordered products of the F(f) is a
Poincaré-Birkhoff-Witt basis of U, (w’) just as above. Elements u, w} (for odd ¢ with
1 <4 < n—2)and v}, (for even ¢ with 2 < ¢ < n — 1) in U,(n’) are defined
analogously. Under the inclusion U, (n’) C U,(n) they are literally the same as the
corresponding elements except for

v, =Tho(En_1),

w; o =TnaTh 0T 3Tn 1(En_2),

3 =Tn ¢Tp-aTpn_oTp 5Tp_3Tn-1Tn_aTph—o(En_3),
1 =TneaTy 0Ty 3Ty 1Th—o(E,_1).

2.9 The quantum shuffle algebra and Euler numbers

In this section we study the quantum shuffle algebra (F,*). The quantum shuffle
algebra is defined in combinatorial terms. Leclerc [36, Section 2.5, 2.6] shows there is
an embedding U, (n) — F. For some calculations it will be useful to view U, (n) as a
subalgebra of F.

Definition 2.26. Let r, s be natural numbers. A permutation m € S, is called a
shuffle of type (r,s)if m(1) < 7(2) < --- <w(r)andw(r+1) < w(r+2)<--- <
w(r+ s).

The following definition is due to Leclerc [36, Section 2.5].

Definition 2.27. For every sequence (i1, ia,...,i.) € Qf of elements in Qg of length
r > 0 define a symbol wliy,is,...,%,]. (Especially, we have a symbol w| | for the
empty sequence.) Let F be the Q(v)-vector space generated by all wliy, s, .. ., 4,] for

all » > 0. Define the quantum shuffle product on two basis elements by

. . . . L e(n . . .
wliy, i, ... dp] % Wlipy1,brg2,. .. 05 = E v )w[lw(l)»lw(z)wu717r(7>+s)],
7 shuffle
of type (r,s)

where the function e: S, — Z is defined as

e(ﬂ—) = Z (aiwmaiﬂ(z))'

k<r<l,m(k)<m(l)

It is easy to see that the product is associative. We extend the product bilinearly to map
x: F x F — F. The algebra (F, *) is called the quantum shuffle algebra.

Remark 2.28. The shuffle product * on the quantum shuffle algebra F is associative,
but it is not commutative. Hence, F is an associative Q(v)-algebra. The quantum
shuffle algebra F degenerates to the classical shuffle algebra when we specialize v = 1.
The quantum shuffle algebra F is graded by the root lattice if we set deg(wli]) = o
foralli € {1,2,...,n}.

Lemma 2.29. The map F; — wli] extends to an embedding of graded algebras
U,(n) — F. In other words, U, (n) is isomorphic to the subalgebra of F generated by
all w(i] for i € Q.
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Proof. See Leclerc [36, Theorem 4]. O

From now on we view U,(n) as a subalgebra of F. In the rest of the section
we expand the generators u;, v;, w;, T; € UvJr (w) in the shuffle basis. The following
elements will be important for the description.

Definition 2.30. For integers ¢, j such that 1 <4 < j < n put

_1)i—1 _1)¢ _1)i—2
Xi,j - Ti( ) ,‘Ti(-l-l) "‘Tj(—1) (EJ)

By definition, X; ; € U,(n) C F.

Example 2.31. Let us give some examples of X; ; expanded in the shuffle basis: First
of all, we have X ; = E/y = wy. Moreover,

X12=T1(Ey) = E2Ey — v 'EL By
— w[2] % wl1] — v~ w[1] * w[2]
= w[1,2] + v w2,1] — v (w[Q, 1] + v~ wll, 2])
=(1—vHw(1,2]
is a second example.

The next lemma shows that we can compute the expansion of X ; for all pairs
(4, 4) in the shuffle basis explicitly.

Lemma 2.32. Let i, j be integers such that 1 <47 < j < n. Then

X, ;=1 —v2)77" Zw[ﬂ(z), m(i+1),...,7()]

s

where the sum runs over all permutations 7 of {i,7 4+ 1,...,5} such that for every
even number k withi < k < j — 1 we have 7~ 1(k) > 7~ !(k + 1) and for every even
number k withi + 1 < k < j we have 7= 1(k) > 7~ 1(k — 1).

Proof. By backwards induction on ¢ we see that the X; ; (for 1 <14 < j < n) satisfy
the following recursion:

X, — E;X;j-1— Uﬁle‘,quj, if 7 is even;
e Xij1Ej — U_lEij;h if 7 is odd.

Now fix ¢. We proceed by induction on j — ¢. The statement is trivial for j = .
Suppose that j > 7 and that

Xij—1= (1- v*2)j717i Zw[’ﬂ'(i),ﬂ'(i +1),---,7w(j —1)],

where sum is taken over all permutations of {i,i + 1,...,7 — 1} such that for every
even number k with i < k < j — 2 we have 7~ 1(k) > 7~ !(k + 1) and for every even
number k withi + 1 < k < j — 1 we have 7= (k) > n=1(k — 1).

We consider two cases. First of all, assume that j is even. Let m be a permuta-
tion of {i,i+1,...,j5 — 1} as above. When shuffling the sequence (j) of length 1
with the sequence (7 (i), 7(i + 1),...,m(j — 1)) of length j — i, we get j — i + 1
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permutations of {i,i+ 1,...,5}. Among these we distinguish two kinds of permuta-
tions. The permutations 7; where j comes after j — 1 satisfy 7] Y(k) > T Yk+1)
and ;' (k) > 7 '(k — 1) for all even numbers k such that i < k < j — 1 or
i+ 1 < k < j, respectively. Conversely, every permutation 7y of {é,4+ 1,...,;} sat-
isfying these conditions is uniquely obtained from shuffling (j) with a such a sequence
(w(@),m(i+1),...,m(j — 1)) such that j comes after j — 1.

We also get permuations 7o where j occurs before 5 — 1. Now we see that

wlj] xwlmr (i), 7(i +1),...,7(j — 1)] Zwm +v” Zwm
wlr(@), (i +1),...,7(j — )] *xwlj] =v 12 wlmy +Zw7r2

It follows by induction hypothesis that X; ; = w[j] * X; j—1 — v ' X, j_1 * w[j] =

(1 —v™2)77" 30 wm].

The other case where j is odd is proved similarly. O

Remark 2.33. The number a(i, j) of permuations of {i,i+1,...,5 — 1} such that
for every even number k with i < k < j — 2 we have 71 (k) > 7~ 1(k + 1) and for
every even number k with i + 1 < k < j — 1 we have 7~ 1(k) > 7~ 1(k — 1) only
depends on j — i. The table displays some values of a(i, 7).

i JO[1][2[3[4][5] 6
ai,) [ L[ 1][2]5]16 |6l 272

The sequence is known as Euler numbers. It is listed as AO00111 in Sloane’s Encyclo-
pedia of Integer Sequences [53]. Its exponential generating function is sec(x)+tan(z).

Lemma 2.34. The following formulae for the generators of U," (w) are valid:

u; = B, for odd i with 1 < i < mn;

v; = Ti,lel(EiH), foreveniwith2 <i<n—2;
=T, '(Es);

w; =Ty 2T, \ T (Eiga), for odd ¢ with 3 < i < n — 3;

Wy = Ty Q(En 1)'

ro = Ty ' I3T; H(EBs);

vi =T 3T, ST AT " Tisi T 5(Eirs), foreveniwithd <i<n—4;

Tn—1 = Tn—4Tn__13Tn—2(En—1)7
Proof. The equation u; = FE; for odd ¢ follows from definition. Note that by definition
of Lusztig’s T-automorphisms we have Tj 11 (E;) = T, *(Eixq) for 1 < i <n—1
and that T;_1(E;) = Ti_l(Ei_l) for 2 < ¢ < n. The first equation is equivalent to
T;T;+1(E;) = F;11, the second one is equivalent to T;T;_1(E;) = E;_1.

Therefore, for even ¢ we have v; = T;_1T;41(E;) = Ti,lel(EHl).
For all further calculations the formula

LT 1 Ti1(By) = T A Ti(Big) = T Ti(Bio) a7
which holds for 2 < ¢ < n — 1 will be crucial. To verify formula (17) note that by the
braid relation we have TiflTiTiflTi+1 (El) = TiTiflTiﬂ+1 (El) = TiTZ‘,1 (Ei+1) =
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T;(E;+1). Application of T[_ll gives the first part of equation (17), the second part is
proved analogously.

Now we compute w; = T1/T3To(Ey) = TsTiTa(Ey) = T3(Es) = Ty '(E3).
Similarly, w, = Tp—o2TpTn—1(Fyn) = Tn_2(E,—_1). Furthermore, for odd i with
3 <1< n— 2 wecompute

wi = T 0T Ti 2T 1 Tipr () = Ti—2 T2 T 1 Ti1 (E)
=T oTioT, \ Ti(Eiv1) = Ti—o T\ TiTi0(Eiy 1)
=T, T, YT (Biya).
MOI‘GOVGI‘, we have Tro = T1T3T5T2T4T1T3(E2) = T1T3T5T4T171T2(E3) =
T3TsTyTo(E3) = T Ty 'T3(Ey) = Ty " T3T5(Ey) = Ty 'T3T, ' (Es), and
Tn—-1 = T71,—4Tn—2TnTn—3Tn—1Tn—2Tn(En—1)
= n74Tn72TnTn73Tn_lTn71(En72)
= n74Tn72Tn73Tn71(En72)
= n74Tn7,13Tn72(En71)~

Finally, for even ¢ with 4 <7 < n — 3, the equation

v; =T 3Ty aTi1 TipsTi o TiTiy o Ty 1 Ti1 ()
=T, 3T, ST oTi ATy Ty 1 Ty 3Ty 2 Ty Ti 1 Ti 1 (E)
= i73T;_12TiflTi72Ti71Ti+1Ti+3Ti+2E:11Ti(EiJrl)
= i7311i:12ﬂ71Ti72ﬂ+1ﬂ+3E+211i(EiJrl)
= i—3Ti__12Tz‘—1Ti—2Ti+37}_1Ti+1(EH-Q)
=T, 3T, ST T, T 0Ty 3Tig 1 (Eiyo)

=TT, 5T 1T ' T T 5 (Eigs).

holds which is the last equation to be checked. O

Remark 2.35. Lemma 2.34 shows all generators u;, v;, w;, z; (for appropriate ¢) of
U,f (w) are of the form X, ; (for appropriate ', j'). Hence, the formula of Lemma
2.32 applies. In each case, V|;» ;1 is the associated k()-module from Figure 4. In other
words, in each case deg(Xy/ /) = o + a1 + ... + .

Remark 2.36. With the same argument we can conclude that v],_; = T,_2(Fpn_1),
W), o = TnaT, 3T 2(En 1), 7,y = Ty _a(En_3), and

x;z—s = Tn—6Tn__15Tn—4Tn__13Tn_2(En_l).

Lol w!, ol (for

1) Y1) 77 7

Hence, Lemma 2.34 and Remark 2.35 also true for the generators u
appropriate i) of U, (w').
2.10 The straightening relations for the generators of U, (w)

The following lemma expands every E(5;)E(B;) with 1 < ¢ < j < 2n in the
Poincaré-Birkhoff-Witt basis P. The relations of Lemma 2.37 are called straighten-
ing relations. Iterative use of the straightening relations from Lemma 2.37 allows us to
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write an arbitrarily ordered monomial in the generators F(5y) with 1 < k < 2n (and
hence every element in U\ (w)) as a linear combination of Poincaré-Birkhoff-Witt ba-
sis elements F[a] with a € N?",

Lemma 2.37. The generators of U5 (w) satisfy the following relations

Vi1l = VUViq1, fori=1,3,--- ,n—2,
Vi1 Ui = VUV;_1, fori=3,5,...,n,
WitoU; = VU;W;t2, fori=1,3,...,n—2,
Wi _oU; = VU;W;_39, fori =3,5,...,n,

-1
wWiUl =V ULW1 + V2,

-1 .
wit; = ww; + (v — V7 ) Vi1V, fori=3,5---,n—2,

.1
WplUp =V UpWp + Un—1,

Tiy3U; = VUTi43, fori=1,3,...,n—4,
Ti_3U; = VU;T;_3, fori=5,7,...,n,

-1 .
TicqU; = Uii—1 + (Vv — v v wi_a, fori=3,5,...,n—2,

-1
Tp—1Up =V " UpTp—1 + Wp_2,

—1
ToUu =V “u1x2 + ws,

-1 .
Tip1U; = UiZip1 + (0 — 07 )v_ W42, fort=3,5,...,n—2,
Wit 1V = VV;Wig1, fori=2,4,...,n—1,
W;—1V; = VV;W;—1, for ¢ :2,4,...,n— 1,
TiyoV; = VVTiya, fori=2,4,...,n—3,
Ti_oV; = VV;Ti—2, fori =4,6,...,n—1,
-1 .

20, = v + (v — 07 ) wi— 1wy, fori=24,...,.n—1,
Tip1W; = VWiTi41, fori=1,3,...,n—2,
T 1W; = VW;Ti_1, fori=3,5,...,n.

For every i, j with 1 < ¢ < j < 2n such that E(3;)E(f3;) is not listed on the left-hand
side above the commutativity relation E(5;)E(3;) = E(5;)E(;) holds.

Proof. Let 1 be an integer with 1 < ¢ < n — 1. We have
T;Tiv2(Eit1) = Ti(Eiy1Eiyo — v ' Ej 0 Figy)
= (Eiy1E; — v 'EiEi11)Eips — v ' Eipo(Eiy1 By — v EiEip)
=FEiy1EiEio —v 'EiE;i 1 Eiyo
~ v B 0B By + v BB 0 Fiyy. (18)

Now let ¢ be an odd integer with 1 < ¢ < n — 2. Then v; = E; and v;4; =
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T;T;+2(E;+1). By equation (18) the following relations hold:
Vig1U; = (Ei+1E¢2 — U_lEiEi+1Ei) Eiio+ Eifo (v_2EiEi+1Ei - U_lEiHEiz) )
UiVi+1 = (EiEi+1Ei — ’UflEiQEH_l) EH_Q + Ei+2 (’U72Ei2Ei+1 — ’UflEiEH_lEi) .

By equation (36) we get v;y1u; — vu;v;41 = 0. The equation v;_ju; = vu;v;—1,
for odd 7 with 3 < 7 < n, is proved analogously. Application of 7' to the last two
equations yields z;11w; = vw;x;41, for odd integers ¢ with 1 < ¢ < n — 2, and
Ti—1Ww; = vw;x;—1, for odd integers ¢ with 3 < i < n.

Now let ¢ be an even integer with 2 < ¢ < n — 1. Then v; = T;_1T;4+1(F;)
and wir1 = T 3T 1Tiy1Tiv3TiTiro(Fir1). With he same argument as above
we have T;T;1o(Fi11)F; = vE;T;T;12(E;11). Let us apply the the automorphism
T;_3T;_1T;4+1T;+35 to the last equation. Using the equation T;_37;_1T;41 T 43(E;) =
Ti*lT‘i+1(Ei) = v; We get Wi4+1V; = VUV Wi41- Slmllarly, the equation W;—1V; =
vv;w;—1 holds.

Let ¢ be an integer with 1 <7 < n — 1. We have

~Ti41(Biy2)FK; = —v Y (Eiy2Eiv1 — v 'Eiy1 B0 FK;
= —FKi(Ei12Fiy1 — v 'Ei1Eiy) = —FK;Tiq (Eipo).
Application of the composition of automorphisms 7;7; 2747} 3 yields
TiTipoTipaTi1 Tiys(Big2) By = vE T Ty o Ty 4 Ti 1 Ty 3(Eiy2). (19)

Now let ¢ be more specifically an odd integer with 1 < ¢+ < n—2. The previous equation

(19) asserts that w;ou; = vu;w;42. The equation w;_ou; = vu;w;_s, for odd ¢ with

3 <1 < n, is proved analogously. Now let ¢ be an even integer with 2 < ¢ < n — 3.

From (19) we see after application of T;_1T;1T;43T; 45 that ;4 2v; = vv;x;42. The

equation x; _2v; = vv;T;—2, for even ¢ with 4 < ¢ < n — 1, is proved analogously.
Furthermore, there holds:

— FlKl(ElEQ — ’UflEgEl)
= —’UFlElEQKl + F1E2E1K1

K, — Kt K - K
- (S mn) e (s - SR )

= (B Ey —v BB P K + (ByKi — v2Fy — By K + Fy)

v—ol

== —U(E1E2 - U_lEQEl)FlKl — ’UEQ.

Application of the map 71753 yields to uyw; = vwjiu; — vve which is equivalent to
w1ty = v 'ugwy + ve. The next equation wyu, = v 'upw, + v,_q is proved
analogously.

Letibe aninteger with2 <i<n—1.PutS =T, 1T;11(F;) = E;E; 1E; 11 —

’UflEiflEiEiJrl — UilEi+1EiEi71 + UﬁinflEiJrlEi. We have K;S = SK;, so:
~F,K;S = (—F,E;E;_1E;is1 +v 'E;_1F,E;F; 4
+ v B FiE B — v *E B FE)K;

= -SFK; + [(Ki— K YEi 1Eis

v—ov1

— v B (K — K7 YE o — v B (K — K7 Y E
+U_2Ei,1Ei+1(Ki — K:l)]
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1

= —SFZKZ + 1 [(U72 — ’Uf2 v 2 +v 2)E¢_1E1‘+1K,L-2
v —
+(—’U2 + 2 — U_2)Ei,1Ei+1]
= - SEK; + (v ' —0)Ei 1By (20)

Now let ¢ be more specifically an odd integer with 3 < ¢ < n — 2. After applica-
tion of T;_»T;T; o the previous equation (20) asserts that u;w; = w;u; + (v_l —
v)v;+1v;—1. If i is an even integer with 2 < ¢ < n — 1, then application of the com-
position T; _3T; _1T;117T;+3T;_2T;T; 15 to equation (20) yields v;x; = x;v; + (vil —
U)wi+1 Wi—1.-

Let ¢ be an odd integer with 1 < i < n — 4. Since T;41T;+2T;+4(E;+3) is a linear
combination of monomials in E; 1, E;49, E;43, and E; 4 with each factor appearing

once, we see that
—Ti1TipoTipa(Ei3) K, = —vF KTy 1 TipoTipa(Eigs). 21

Applying T; T4 0T+ 4T 6T 3T 45 to (21) yields z;43u; = vu;z;43. The equation
Ti_3u; = vu;x;—3, for odd ¢ with 5 < i < n, is proved analogously.

Consider the three elements Ty, ' (—Fy K;), T1T3(E>), and E3. We abbreviate
X =Ty, Y (~FK,) = (WFyFy — Fi Fy) K, K5. We have

(’UFQFl - FlFQ)El

K, — Kt K, — Kt
= vF, <E1F1—1 L )—(E1F1—1 -1 >F2
v —0 v —v

= El(’UFQFl — FlFQ) +

— [~vF(Ky — K[ + (K, — K[ R

= B\ (v Fy — FLFy) + R Kt

Therefore, X By = vE; X +vFy Ky, Similarly, X By = vE, X +vFy Ky K2. Further-
more, X E5 = v~ E3X. Hence
X(ByEy — v B\ Ey)
(VE2 X + v K1 K2)Ey — (B1X + FoKy) By
v(wEL X + vFyKy) + vP LK B — By (vEy X +vF K K2) — Fy Ko By
=03 (EoE) — v 'E By X + 0¥ (EyFy — FoFo)Ky +v(F1 By — By F) K K3

Abbreviate Y = EsE; — v 1E; E5 and

R = v*(EyFy — FoFy)Ky +v(F By — By Fy)K K3
1
= [’UQKQQ—UQ—UK%KQQ-FUKQQ] .

v—ov1

Then RE3 — v~ 2E3R = —vE3. Note that Ty T3(E») = Y E3 — v~ 'E3Y isequal to a
v-commutator. Hence
XT\T3(Ey) = X(Y B3 — v 'E3Y)
= (WYX + R)E3 — v 2F3(v*Yz + R)
=u(YE3 —v 'E3Y) — REs — v ?E3R
= vI1T5(Fy) — vEs. (22)
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Application of 7175375751} to equation (22) yields to ujxs = vzou; — vws which is
equivalent to zou; = v~ uyxs + ws. The equation =, 11y, = v upTyp_1 + Wy _o is
proved analogously.

Now let ¢ be an odd integer with 3 < ¢ < n — 2. Let us consider the four elements
T;ll(fEK,) T;1T;Tiv2(Fit1), Eiyo, and F;_1. Now denote by X the element
T;rll(—FlKl) Similarly as above, we have XE; = vE; X + vF; 1K1, XFEip1 =
’UEiJrlX + UFiKiKi2+1, XEZ‘JFQ = U_lEi+2X. Furthermore, we have X F;, | =
(UFi—i-lFi — FiFi+1)KiKi+1Ei—1 = U_lEi_lX. Note that

T, 1 TiTiv2(Eig1)
=T, 1(Ei1EiEivo — v 'E;Eiy1Eivo — v 'EjyoEi 1 By + v 2Ei B0 Fiyq)
=T Tiy2(Bit1)Ei1 — v "By 1 TyTi2(Eig1).
With the same argument as above one can prove that
XTiTio(Eig1) = vVTiTipo(Biy1) X — vEiye.
From this equation it follows that
XT; 1 TiTiro(Eiy 1)
= (VI Ti2(Eit1)X —vEi2)Eiy — v 2B (Wi Tis0(Eiy1) X — vEi42)
= (TTi42(EBiy1)Eicy —v ' By 1 TiTi42(Eig1))X + (v —v)Ei 2B 1. (23)

Application of the automorphism T;_oT;T; T4 4T;41T;+3 to equation (23) gives

wiTiy1 = Tip1u; + (V1 — v)w;1ov;_1. The equation u;x; 1 = x;_ju; + (v —
v)w;_ov;41 is proved analogously.
After multiplying with appropriate T-automorphisms, all others pairs E(3;) and

E(5;) of generators become Q(v)-linear combinations of momomials E; E;, - - - E;,

and E; Ejp - -+ E% ,» respectively, where the two occuring sequences (i1, 12,. .., x)
and (47,15, ...,14},) of indices come from two intervals of distance at least two. Hence
they commute. O

Remark 2.38. In the straightening relations of Lemma 2.37, for all 7, j with 1 <4 <
J < 2n, the coefficient in front of E(3;)FE((;) in the expansion of E(3;)E(3;) in the
Poincaré-Birkhoff-Witt basis is v(%7%),

Remark 2.39. Similarly, there are straightening relations for the generators u/, v}, w},
«, (for appropriate i) of U, (w’) that enable us to expand every element of U, (w')
in the Poincaré-Birkhoff-Witt basis. Let us describe them. First of all, note that
vl =T vp_1), w1 = T w1, 2,5 = T, x,_3, and that T, ! leaves all
generators invariant except for v/, _,, w), 1, x},_5, and z,_,. Therefore, the straighten-
ing relations of U, (w’) are the same as the ones for U,} (w) except for the straightening
relations involving x!, .

Calculations similar to those in Lemma 2.37 show that the straightening relations

involving z/, _, are commutativity relations except for:

Ty

Ty 1Up_g = VU, 3Ty, 1,

Ty (U =0 0 ga, g+ wy oy,
Ty Uy g =0 Uy o, U],
Ty g Uy g = VU, 4T,y



Note that Remark 2.38 is also true in this case.

Remark 2.40. The commutation exponent of Remark 2.38 and a weaker (non-explicit)
form the straightening relations of Lemma 2.37 is given by the Lemma of Levendorkii-
Soibelman [41, Proposition 5.5.2]. See also Kimura [33, Theorem 4.24].

2.11 The dual Poincaré-Birkhoff-Witt basis

Kashiwara [28] introduced operators E! € End(U,(n)) for 1 < ¢ < n such that the
following two properties hold: First of all, E/(E;) = 9§, ; for all 4,j. Secondly, the
Leibniz rule E!(zy) = E!(z)y + v(@:|*D 2 E!(y) holds for all i and all homogeneous
elements x,y € U,(n). Furthermore, Kashiwara [28] introduced a non-degenerate
symmetric bilinear form

() : Up(n) x Uy(n) — Q(v).

It is characterized by the assumption that the endomorphism E! of U, (n) is adjoint to
the left multiplication with E;, i.e., (E/(z),v) = (z, E;y) for all z,y € U,(n) and
i€{1,2,...,n}

The algebra U, (n) is a Hopf algebra. The E! may be viewed as elements in the
graded dual Hopf algbera Uq,(n);r. We refer to Berenstein-Zelevinsky [5, Appendix]
for details.

Lusztig [42, Section 1.2] defined a different non-degenerate symmetric bilinear
form (-,-), : Uy(n) x Uy(n) — Q(v). Both bilinear resemble each other. In this paper
we use Kashiwara’s form. Both forms can be compared, see Leclerc [36, Section 2.2].

According to Lusztig [42, Proposition 38.2.3] the Poincaré-Birkhoff-Witt basis is
orthogonal with respect to Lusztig’s bilinear form. The comparison between both forms
shows that it is also orthogonal with respect to Kashiwara’s bilinear form. More pre-
cisely, for all 3,7 € A%, we have (see Leclerc [36, Equation 21] where the author uses
the variable ¢! intead of v)

(E(B), E(v)) =0, if B # v
n _ ,Uf(ai,ai) ¢ n
(B(3) B(3)) = L= C 200 g e withey <X

Compare also with Kimura [33, Proposition 4.18].

Remark 2.41. Every 8 € AT fulfills (8,3) = 2; every a; with i € Q fulfills
(a,a;) = 2. Hence, if 8 = a; + a1 + -+ + o € AT, then (E(8), E(3)) =
(1—ov=2)i—¢

Definition 2.42. The dual Poincaré-Birkhoff-Witt basis P* of U} (w) is defined to be
the basis adjoint to the Poincaré-Birkhoff-Witt basis with respect to Kashiwara’s form.
For every natural number & with 1 < k < 2n we denote by E*(3;) € P* the dual of
E(Bx) € P, i.e., the unique scalar multiple of F(3x) such that (E(8x), E*(8k)) = 1.

Remark 2.43. Assume that k is an integer with 1 < k < 2n. Let 4, j be the integers
with 1 < ¢ < j < n such that we can write 8, € AT as B = a; + @41 + ... + ;.
By Lemma 2.32 we have

E*(B) = (1—v )X =Y wln(i),n(i+1),...,7(j)]
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where the sum runs over all permutations 7 of {i,i+ 1,...,5} such that for every
even number k with i < k < j — 1 we have 7~ 1(k) > 7~ !(k + 1) and for every even
number k withi + 1 < k < j we have 7= (k) > 7~ 1(k — 1).

Definition 2.44. We also introduce a shorthand notation for E*(3;) with 1 < k < 2n.
To reflect similarities with the cluster algebra from Section 2.5 we put

yi:Uf>
zi = vy,
Zi = ;(7
yi:x;,

for odd 7 with 1 < i <mn,
foreven i with2 <i<mn-—1,
for odd ¢ with 1 < i <mn,

for even i with 2 <i¢ <n —1.

Remark 2.45. The straightening relations of Lemma 2.37 now become

Ri+1Yi = VYiZi+1,

Ri—1Yi = VYizZi—1,

Zi42Yi = VYiZit2,
Ri—2Yi = VYizi—2,

ziy1 = v iz 4 (1 — v 2)20,

1
2y = Yizi + (V=07 )zim12i41,

foriodd with1 <i<n — 2,
for i odd with 3 < i < n,

forioddwithl <i<n-—2,
for i odd with 3 < i < n,

for i odd with 3 <i <n — 2,

ZnYn = U_lynzn + (1 - U_Q)Zn—h

Yi+3Yi = VYilYit3,
Yi—3Yi = VYilYi-3,

foriodd withl <i<n—4,
for i odd with 5 < i < mn,

Yic1Yi = YiYio1 + (v —v )z 120, foriodd with3 <i<n —2,
Yn-1Yn =0 Yntn1 + (1 — v 2)z, 9,

Yarr = v 12 + (1 — v ?%)zs,

Yirryi = yivirr + (0 — vz 12140, for i odd with 3 <7 <n —2,

Zi41%i = VRiZit1,

Ri—1%i = VZiZi—1,

Yit+2zi = V2iYi+2,

Yi—2Zi = VZ;Y;i—2,

-1
Yizi = 2i% + (v =07 )zim12i41,

Yi+12i = VZiYi+1,

Yi—1%; = VZYi—1,

Definition 2.46. Consider U,M (w)z = @

forieven with2 <i<n —1,

forieven with 2 <i <n —1,

for i even with 2 < i <n — 3,
forieven with4 <i<n —1,

forieven with2 <i<n —1,
foriodd with1 <i<n—2,
for ¢ odd with 3 < i < n.

acnen Z[v, v~ Ea]*, the integral form of

U,f (w). Furthermore, put A(w); = Q ®z(y,»-1) U," (w)z; we call the algebra A(w),
the classical limit of U’ (w) or the specialization of U,/ (w) at v = 1. Furthermore,

39



the Z[v*2]-algebra A, (w) = D.cnen Z[vE2]E[a]* is the integral form of the algebra
(@[vi%] ®z[v,0-1] A(w) and will be useful in further considerations.

Remark 2.47. Note that, by the form of the straightening relations for the dual vari-
ables from above, A(w); is a commutative algebra.

Definition 2.48. Define a function b: N> — Z by b(a) = > o, () for a sequence
a—= ((11, ag, ..., agn) e N2,

Proposition 2.49. For every sequence a = (ay,as, . .., az,) € N*" we have E[a]* =
U (5, B ()2 - B (B ).

Proof. Follows from Lusztig’s evaluation [42, Proposition 38.2.3] for of the bilin-
ear form at Poincaré-Birkhoff-Witt basis elements together with Leclerc’s conversion
formula [36, Section 2.2]. (Compare with the argument from Leclerc [36, Section
5.5.3]) O

2.12 The dual canonical basis

In this section we present the dual canonical basis of U, (w). It is the dual of Lusztig’s
canonical basis from Lusztig [42, Theorem 14.2.3]. We need some auxiliary notations.
Compare the following definitions with Leclerc [36, Section 2.7].

Definition 2.50. Fora = (a1, as, ..., as,) € N?" write deg(E[a]*) = Zi’;l arfk €
Q" as a N-linear combination in the simple roots, i.e., deg(E[a]*) = Ziil arfr =
i ¢y with ¢; € Z. Put

N(a) = %(deg(E[a]*), deg(Elal")) - Y i

We call N the norm of the sequence a € N2, We also use the convention

N(i ciag) = %(iqai’icim) -
i=1 i=1 i=1

i=1 1= %

n
(&

for elements in the root lattice.

Proposition 2.51. For every natural number k£ with 1 < k < 2n the following equation
holds

o(E*(Br)) = v E*(B).

Proof. Leclerc [36, Lemma 7] proves that a homogeneous element f € F satisfies
o(f) = oV (IFD) £ if and only if all coefficients in the expansion of f in the basis of
shuffles are invariant under o. By Remark 2.43 all coefficients are O or 1 in the case of

E*(Bk)- H

Definition 2.52. We define a partial order < on the parametrizing set N2 of dual
Poincaré-Birkhoff-Witt basis elements. For every k with 1 < k < 2n lete € N2»
be the vector satisfying (ey); = dj, for all I. For every integer ¢ with 1 < ¢ < n
let ki, l;,mi,n; € {1,2,...,2n} be the indices for which |y;| = Bk,, |zi—1] = Bi,»
|Zit1| = Bms» |2i| = Bn;. (Note that k; and n,, are not defined. We pute,, = e, =
0.) Putv; = e, —e;, —e,,, +e,,. Now we say thata,b € N2 satisfy a <t b if and
only if b —a =@, Nv,.

40



Remark 2.53. The straightening relations of Lemma 2.37 imply the following fact:
If a € N?" and we expand E*(fB2,)%" E*(B2n—1)%"~1 -+« E*($1)® in the dual
Poincaré-Birkhoff-Witt basis, then we get a Q(g)-linear combination of E[b]* with
b € S(a) U {a}.

Definition 2.54. Fora € N*" put S(a) = {b € N*": a<b,a #b}.

Theorem 2.55. There exist elements Bla]* € U’ (w) parametrized by sequences a €
N2" such that the set B* = {Bla]*: a € N?"} is a basis of U, (w) and the following
two properties hold.

(1) Forevery a € N** we have Bla]* — Ela]* € @ycg,) v "Zv~ '] E[b]".
(2) For every a € N2 we have o(B[a]*) = vV (® B[a]*.
The elements Bla]* € U’ (w) are uniquely determined by these two properties.

Proof. Note that if a <t b, then |E[a]*| = S°" axfr = S o, biBr = |E[b]*| since
the straightening relations are relations in a J-graded algebra. For v € (@ in the root
lattice, consider the (finite) set S, C N2" of all a = (a;)1<i<2n With Ziil axfr =
7. We extend the partial order <1 on .S, to a total order <. Leta; < ap < ... <
a,, be the elements of S, written in increasing order. Now we prove by backward

induction that for every £ = m,m — 1,...,2, 1 there exist linearly indpendent B[ay],
Blag,1], ..., Bla,,] satisfying (1) and (2).
Put Bla,,| = Ela,,]. It clearly satisfies property (1). Let a,, = (a1, as,...,a2,).

Since there are no b € S, such that a,;, < b, the dual Poincaré-Birkhoff-Witt element
Ela,,]* cannot be straightened, i.e., all E*(0)) for with a; # 0 are v-commutative.
Therefore, by Remark 2.38 we have

o(Blam]") = o ("B ()" B (82)*2 - E* (B2n) ")
= bl ZRL kN (B) B (B,,)92n . .. B*(By) 2 E*(B1)™
_ bl Bak(BroBr)— 020 arlBell

TR ) B () B ()" - B (G
— 3 (TR B, o0 B) =25 akllﬁkllE[am]*

=N Bla, ]*.

Here ||8|| denotes the sum of the coefficients of §; when expanded as a Z-linear
combination of simple roots as in Definition 2.50. Hence, the variable El[a,,] also
satisfies property (2).

Now let 1 < k < m and assume that properties (1) and (2) hold for a1,
ag19,...,8a,. We expand o(Fla]*) in the dual Poincaré-Birkhoff-Witt basis. Note
that by the same argument as above (and ignoring terms of lower order) we see that the
coefficient of the leading term Ela,]* is v @), Thus, we have

o(Elar]") = vV Ela] + Y fiBla)*
k<l<m

for some f; € Z[v,v~!]. By induction hypothesis every B[a;]* with [ > k is a
Z[v,v~1]-linear combination of E[aj]* with I’ > [. By solving an upper triangular
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linear system of equations we see that every E[a;]* with [ > k is a Z[v,v~!]-linear
combination of Blaj]* with I’ > [. Hence, we may write

o(Elay)") = oV B+ Y giBla)”

k<i<m

for some g; € Z[v,v~1]. We apply the antiinvolution ¢ to the last equation:

Elay]* = v V™o (Elag]") + > o¥®™o(g)Bla]".
k<l<m

Note that N(ay,) = N (a;) for all . Comparing coefficients yields v*N @) (g;) = —g;.
It follows that J(U*N(“l)gl) = —v~N@) g Thus, we my write v~ N @) g, = p, —o(hy)
for some h; € v~Z[v~1]. Now put

Blag]" = E[a]* + Y hBla]".

k<i<m

It is easy to see that properties (1) and (2) are true for Bla|* and that Blay|*, Blag41]*,
..., Bla,,]* are linearly independent.

For the uniqueness, suppose that k is some index such that there are variables
Blag]; and Blay)5 fulfilling the two properties of the theorem. Then their differ-
ence Blag]i — Blay]s € @, v 'Z[v"'|Bla]*. Application of o and multipli-
cation with v=N@) afterwards yields Blay]; — Blag]; € @,., vZ[v]B[a]*, so
Blay]1 = Blax]s.

Remark 2.56. It is known that the dual of Lusztig’s canonical basis under Kashiwara’s
bilinear form obeys the two properties of Theorem 2.55, compare Leclerc [36, Propo-
sition 39]. By uniqueness, the set B* = {B[a}*: ac Nzn} is the dual of Lusztig’s
canonical basis, or the dual canonical basis for short.

We call E[a]* (for a € N?") the leading term in the expansion of Bla]* in the
Poincaré-Birkhoff-Witt basis. In what follows we use the convention 2y = 2,41 = 1.
Prominent elements in 3* are

pi = yizi —v ' Zil1zig1, for i odd with 1 <14 <mn,

Di = 2Yi — ’Uﬁlzl'_lzi+17 forievenwith2 <i<n—1.
The first property of Theorem 2.55 is obvious and the second follows easily from a
calculation using the straightening relations. The variables are v-deformations of the
d-functions of the Cj;-projective rigid A-modules from Section 2.3. The non-deformed

o-function associated with these modules are frozen cluster variables in GeiB-Leclerc-
Schréer’s cluster algebra A(Cps), compare Section 2.5.

Lemma 2.57. For every pair (¢, k) of natural numbers such that 1 < ¢ < n and
1 < k < 2n the elements p;, E*(Bx) € U, (w) are v-commutative, i.e., there is an
integer a such that p; E*(8x) = v*E*(Bk)pi-

Proof. Let 1 be an odd integer such that 1 < ¢ < n. Note that

_ -1 _ o —(zils|yi
pi =iz — v 21z = v D g vz 2
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by property (2) of Theorem 2.55. From the straightening relations of Lemma 2.37 it is
clear that p; commutes with every y; with |j —i| > 4 and with every z; with [j —i| > 3.
If i > 5, then y;_3p; = Yi—3¥izi — U Yim3%i-12i41 = VYiZiYi—3 — Zi—1%i+1Yi—3 =
UP;Yi—3. NOw assume that 7 > 3. We have Yi—o2Pi = Yi—2YiZi — U_lyi_gzi_12i+1 =
’Uflyiziyi_g — 1)7221'_121‘+1y1'_2 = ’Uflpiyi_g. Furthermore, the equation Zi—oP; =
ZiooViZi — VT 1Zi_0zi_12i41 = VYiZiZi—2 — Zi—1%i41%i—2 = UP;zi—2 holds. The
calculation

—1
Yi—1Pi = Yi—1Yizi —V Yi—1Zi—1%i41
i—1],|yi -1
= pllvi=abluD (yiyi—l +w—-v )Zi+1zi—2)zi
-1 —1
—v (zHyH +(v—w )zizi72)zi+1
i—1]5|Yi _ 1 i—1],|Yi
— pUyi-ally I)(Uyz.ziyi_1 — Zi1Zi41Vio1) = U +(lyi-1lly l)piyi—l
shows that p; also v-commutes with y;_1. It also v-commutes with z;_; as the calcu-
lation shows: z;_1p; = 2;—1Yi%; — U_12$712i+1 = YiZiZi—1 — v_lzi_1zi+1zi_1 =
pizi—1. Now assume that ¢ > 1.The following equation is true:
_ .2 -1
YiDi = Y; 2 —V YiZi—1Zi41
—(lyilslza -1 -1
=y (v (il 12D 2595 4 (01 = v)szm) — v 'izic1zin
= U7(|9i|7‘zi‘)yizizi — VY% 1%i1
—(lyilslza -1 — o~ Uwilslz
= o~ (illz D(yizi — VT 2i-12i41)Yi = U (il 2D py;.
Finally we see that z;p; = zyizi — v 2i2i_12i1 = vl (p=UviblziD 2, —
VZi—12i41)% = plwillzil) piz;. The v-commutativity relations of p; is elements with

index j > ¢ are proved in the same way.
The case of even 7 can be handled with similar arguments. O

Remark 2.58. 1. The v-commutativity relations of Lemma 2.57 will crucial for
the construction of the initial quantum seed of .A(w),. Another verification of
v-commutativity relations for the initial seed is due to Kimura [33, Section 6].

2. Multiplicative properties of (dual) canonical basis elements have also been stud-
ied by Reineke [46].

3. As observed by Leclerc, the v-deformations of the J-functions of Cj;-projective
rigid A-modules also v-commutate with the generators of U, (w) in the Kro-
necker cases for w of length 4, see the author [34, Section 4.1].

4. A consideration of the leading terms of the two occuring variables in Lemma
2.57 is sufficient to determine the integer a.

Remark 2.59. The techniques in this section work with the same proofs for the case
U (w') as well. We use a similar notation y., 2/ € U,"(w’) for the elements dual to
u}, v, wh, b € U (w) (for appropriate indices 7). The straightening relations for the
dual variables can be computed using the same methods.
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2.13 The quantum cluster algebra structure induced by the dual
canonical basis

In this section we are going to prove that the integral form &, _2. ZlvE2|Efa]* is a

quantum cluster algebra in the sense of Bereinstein-Zelevinsky [6]. The corresponding

non-quantized cluster algebra is GeiB-Leclerc-Schroer’s [21] cluster algebra A(w).

Natural Quantum cluster algebra structures have only been observed in very few
cases, see for example Grabowski-Launois [20], Rupel [50], and the author [34]. For a

study of bases of quantum cluster algebras of type [1§” see Ding-Xu [12].
Definition 2.60. For 1 < i < j < n define Aﬁ ; € B* to be the dual canonical basis
element with leading term [ [, o, < . oaa ¥r [Licr<;. reven Yr-

Remark 2.61. We provide some examples of elements in the dual canonical basis B*
of the form A} ; with 1 <4 < j < n. We focus on examples where the interval [, j]
is small, i.e., j < i + 2. First of all, we clearly have A7, = y; for all 7. Furthermore,
an elementary calculation using the straightening relations shows that: Ay =11y2 —
v zg = vyayr — 23, AL 1, = YnUn-1 — UV Zn_2 = UYn—1Yn — VZn_2, and that
for2<i<n-—2

—1 _ e _

v ) YiYirl — U Zic1Zid2 = Yip1Yi — VZigezio1, if iis odd;
pitl = 1 B e

Yir1¥i — V7 ZigoZio1 = YiYir1 — VZi-1Ziye, if iiseven.

Recall the convention zp = 2,41 = 1. The formulae simplify to Az i1 = Yilit1 —
v 1212, for odd i and Ai)i+1 = Yit1Yi — VU Zi+22’i_1 for even 7. With the same
convention we can compute:
Ay o — -1 -1 -2
1,3 = Y1YsY2 — UV "Y12421 —V Y323 TV “2224

2 2
= VY2Y1Y3 — V23Ys — V" 2124Y1 + V" 2224,

—1 —1 -2
AH*Q,H = YnYn—2Yn—1 — UV YnZn-3%n —V Yn—2Zn-2F+V “Zn_12n-3

2 2
= VYn—1YnYn—2 — VZp—2Yn—2 — UV ZpnZn—3Yn + V" Zn_12n_3.
For odd 7 such that 3 <7 < n — 4 we have:
Ao = Ut s oyl ) ) -2, ) )
ii+2 = Yilir2lYi+l —V YiZi432; — U Yi42Zi—1%i42 T U “Zi-12i4+1%i+3
2
= Yit1Yi+2Yi — VZiZi43Yi — VZi42%i-1Yi+2 + UV 2i-12i41%i+3-
For odd 7 such that 3 < 7 < n — 4 we have:
-1 -1 2
Ai,i+2 = Yi+1YilYit2 — U 2Zi43Yi — UV Zi42Zi—1Yi+2 T VT Z—12i+1%i+3
2
= YiYit2Vi+1 — VYiZi+3%i — VYi+22i+2%i—1 + UV 2i—12i41%i+3-

Remark 2.62. In what follows we prove recursions for the A7, with 1 < < j <
n. The formulae turn out to be quantized versions of the forrnulae for the A; ; from
Section 2.6. The quantized recursions will be crucial for the verification of the quantum
cluster algebra struture on U, (w) in the next section.

To formulate the recursion effectively the following definitions are helpful. First
of all we introduce the convention A7, ; = 1 for all 5. Furthermore, we give the
following two definitions.
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Definition 2.63. For 1 <i,5 < n put

Si,j = Z lysl; 0ij = Z lysl; eij = Z |Ys|-

i<s<j i<s<j i<s<j
- = s odd s even

Definition 2.64. For all 7, j with 1 <4, 5 <nand j — ¢ > 2 define

Aij = b ?f‘]:izig?);
’ -2, ifj—i>4.

Proposition 2.65. For all pairs (¢, 7) of integers such that 1 < ¢ < j < n the following
equation is true:

(lyjl,0i5-1), if jiseven;
N(s; )= N(s;.i_1)— N(ly;|) = ;
(i) = Nlsiga) = Mol {(ijl,ei,jl), if j is odd.

Proof. The proposition follows easily from the observation %(si,j, sij) = %(61"]' +
0ij€ij +0i3) = (j =i+ 1)+ (€iy,0i;) O
Proposition 2.66. Let i, j be integers suchthat 1 < ¢ < j <nandj > i+ 2. The
following equation holds:

N(sij) = N(sij—3)=N(pj-2|) = N(zj+1]) =

(lyjl + lyj—2l,065-3) + (lyj—1l, €ij—a), if jiseven;
(lyjl + lyj—2l,eij-3) + (|yj-1l, 05 j-4), if jisodd.

Proof. The elements y;,y;_1, 2j+1, 2j—2 € Q7 satisfy the equation |y;| + |y;_1| =
|zj+1| + |zj—2|, compare Figure 18. With this fact the proposition follows just as
above from the observation % (s; j, si ;) = 3(ei; + 0ij,€i; +0i;) = (j—i+ 1)+
(€i,3,0i,5)-

Remark 2.67. By definition, the leading term of A;?’ j (where 1 <7 < 7 < n)is
[Licr<jir oad Yr [licr<. reven Yr- Therefore, A? . is a Z[v,v™"]-linear combination
of terms of the form

H yi—aT H Z?T+1+ar_1—ar H Zﬁr+1+a7‘—1_a7‘ H yi—ar

i<r<j i—1<r<j+1 i—1<r<j+1 i<r<j
r odd T even r odd 7 even
for some a = (ay,as,...,a,) € {0,1}" such thata; = az = ... = a;_1 = 0,
aj+1 = Aj41 = ... = ap = 0, and a,41 + a1 — a, > 0 for all r. We denote this
v
term by A7 ;[a].

We know that p; 1 commutes, up to a power of v, with every A} j [a]. The fol-
lowing proposition shows that much more is true: The commutation exponent only
depends on the pair (i, j), but notona € {0,1}".

Proposition 2.68. Let ¢, 5 be integers such that 1 < ¢ < 5 < n — 1. The variables
A} ;[a] and p; 1 are v-commutative. More precisely: If j is even, then A} ;[a]p; 1 =
/U(‘yj+1|7ei,j)+(|z3+1|75i.j)_(‘zj+1|7Oi,j—1)pj+1A;)7j [a], and if j is odd, then AV, [alpji1 =
Uf(‘y-ﬂ'l|’O’7=-7')+(|zf+1"eivf)7(|zj+1"’Oi‘-f—l)pj+1A$’j [a].
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Proof. Assume that j be even. By Lemma 2.57 we know that p;,; commutes, up to a
power of v, with every A}, [a]. To determine the appropriate power of v, we compare
the leading terms. The leading term of p;1 is ¥;412;4+1. By Remark 2.38 we see that

AY S [alpj —p® (i1l |zl +]z5 -1 =1y [—1==2;])
cp%i—1(yiahlz 1z -2l =1z5-10)
cp%—2(yirllzi—1l=lz-20)
% (Zitilslys=1z;1)
cpi—1(zi+illyj—1l=1z51+z5-20)
. U('le+1‘761,,J)+(‘Zj+1|7ei‘j)_(‘zj+1|70i,j—1)pj+1A;)7j [a].
Note that (|yxl, [yr—2() = (Iyx], [yx—al) = 0 for all k, (|yxl, [v:]) = 0 for |k — 1] >
4, (lyxl,|z1|) = 0 for [k — 1] > 3, and that |y;| + |z;| = |2j41| + |2j—1] for all
k. Furthermore, notice that (|zx11], |yx|) = (|zk+1,|2x|) for all k. Hence, we have
A lalpjy1 = U(|y1+1‘7e1w.7)+(‘zj+1|7ei‘j)_(‘z.7'+1|70i7j—1)pj+1A;)7j [a].
By a similar argument we can show that for odd j the equation Ay j [alpj+1 =
U_(‘yj+1|7Oi,j)+(|zj+1‘ae'i,j)_(lzj+1‘aoi,jfl)pj+1A/1L}7j [a] holds. m

The independence of the commutation exponent of a € {0, 1}" implies the corol-
lary.

Corollary 2.69. Let i, j be integers as above. Then the variables AY
v-commutative. More precisely: If j is even, then

; and pjiq are

v i _ y 1 ’e.’. + 2 1 eA’. — 2 1 7().7.71 . v
Ai,ij-H —’U(‘ j+1lsei,5)+t(zi+1l.ei,5) = (241,005 )p]"rlAi,j’

and if j is odd, then

v . _ —_— y 1 O..’. + 2 1 78.’. — Za 1 D.’Ail i v
Ai,jp]+1 = (lyj+1ls06,5)+(z5411s€4,5) = (25411504, )pJ+1Ai,j'

Having established these conventions, definitions and proposistions, we are now
able to formulate a theorem that provides a recursion for the A} and a quantized
version of the exchange relation. These are the parts (a) and (b) of Theorem 2.70. For
a proof of the theorem, we proceed by induction. For a functioning induction step we
include also the v-commutator relations in part (c) and (d).

Theorem 2.70. Let ¢, j be integers suchthat 1 < i, <nandj—i> 2.

(a) The dual canonical basis element Afy ; can be computed recursively from ele-

ments A;), j» with j' < j. More precisely, if j is even, then we have:
AV, =AYy — v AV p oz
i,j i,5—197 4,j—3F] Jj+1
:U_(‘yj‘voi,j—l)yj ﬁj—l
— U*Az‘,j*(\yj\+|yj—2|,0i,j—3)*(\yj—1|v€i,j—4)zj+1pj72AZj_3.
If j is odd, the we have:

v, AV oA . v
Ai,j—ygAi,jq v JZJJrlpJ*?Ai,jfB

— o= (yjleij—1) AV )
= 5 15€4,5 Ai,j—ly]

_A,‘,_ |y — €; i_a3)— . 0; i_ v
— i —(yil+lyi—2leij—3)—(yi—1l,0i5 4)Ai,j73pj*2’zj+1'
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(b) Furthermore, the following quantum cluster exchange relation holds:

A? A;)j—lpj"‘vl (lyj—1l.ei - 2)A ¥ i—aDi—12j+1, ifjiseven;
U—(\yj\vei,j—l)AZj_lpj 4y~ t=ysleis- 1)Ai,j_2pj712’j+1, if jis odd.

(c) If j + 1 < n, then the following v-commutator relation holds. If j is even, then
yirAy ;= vi(lyj+1|’ei’j)Ai7jyj+1 4o~ mialeis—2) (=1 V)AL _opj-1Zj42.
If 5 is odd, then
YA = vAY jyj + ot T bes ) (0 — 0 THAY L opi 2540
(d) If j+2 < n, then A} ; and y;» are v-commutative. More precisely, if j is even,
then AY ;y; 12 = vilijrgAﬁj, and if j is odd, then AY ;y;12 = vy 1247 ;.

Proof. We proceed by induction on 5 — i. Using the explicit formulae provided by
Remark 2.61 it is easy to see that Theorem 2.70 is true for j —2 = 2. Now let j —¢ > 3
and assume that Theorem 2.70 is true for all smaller values of 7 — ¢. We distinguish
two cases.

Assume that j is even. It follows that 4 < 7 < n — 1. Put

v Aj, v
A=Ay =0T AL apj-2Zjt1

We have to prove that A = A} /. i.e., we have to show that A satisfies properties (1) and
(2) of Theorem 2.55. First of all, we verify property (1). We expand the dual canonical
basis elements AY A7 ;_5 according to Remark 2.67. We see that

1,7—1
ar+1+a7 1— ar
1—a Qryi1+ar—1—ar,
1] 1= E fa H Y. " H Zr'+ T r
i<r<j—3 i—1<r<j
r odd r even
H ar+1+ar 1—ar H yl ar
i—1<r<j i<r<j-—1
r odd T even
where the sum is taken over all the admissible sequences a = (a1,as9,...,a,) €

{0,1}" as in Remark 2.67 and f, € v~'Z[v™1] except for fo = 1. Here, we have

used that —(1_2‘“) = 0 for all terms a, in such a sequence. It is clear that A} ;_,y; —

A7 1[0ly; € @pes@) v 'Zlv']E[b]* and that AY;_,;[0]y; is the dual Poincaré-

Birkhoff-Witt basis element from Definition 2.60 that serves as leading term.
Furthermore, we have

7,] J_Zga

117 +l+a7‘ 1— ar

H yl ar H ZgT+1+ar71—aT

i<r<j-—3 i—1<r<j—2
r odd 7 even
H ar+1+ar 1—ar H yl ar
i—1<r<j—3 i<r<j—4
r odd r even
where the sum is taken over all the admissible sequences a = (a1, as9,...,a,) €

{0,1}" as in Remark 2.67 and g, € v~ 'Z[v™!] except for gy = 1. Now we consider
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vAii A} _spj—2zj+1. Note that the generator z;11 commutes with all occuring terms
in this expansion. For p;_», by Lemma 2.57 the v-commutativity relation

H yTllfar pj_2:U(l*ﬂj—4)(‘zj—2‘!ly]‘—4|)pj_2 H y71_7ar

i<r<j—4 i<r<j—4

holds. Hence, in each summand we can transfer p;_» to the left of the product. We
get a factor v(1=%-4) since (|z;_2|,|yj_4|) = 1 for all j. We concentrate on a single
summand. Write p;_o = 2j_2y;_2 — v *2;_3z;_1. This decomposition splits the sum
into two parts. Consider the summand coming from z;_oy;_o. To write this term in
the dual PBW basis we have to tranfer z;_» to the left of the product of the odd z,. We
get a factor v*—4~% -3 Now all the monomials are in the right order. The generators
zj+1 and y;_2 do not occur in the expansion of A} ;5 in the dual PBW basis, but z;_»
may. In the summands where z;_» occurs, we have increased the exponent from 1 to
2. So all coefficients in the dual PBW expansion of these summands have the form

1+aj; 3
gav i vlfaj*‘*vaj*‘l*aj*“”v( 2 ) .

Note that 4; ; < —1 and that ('T% %) —a;_3 = 0 for a;_3 € {0,1}. Hence, all
coefficients are in v~ 'Z[v~!]. Now consider the summand coming from z;_32;_1.
The monomials are already in the right order. We may have increased the exponent of
zj—3 from 1 to 2. It is easy to see that all coefficients are in v~ 'Z[v"!]. This shows
that A satisfies property (1).

To conclude to A = A7, we have to verify property (2) of Theorem 2.70. We use
parts (c) and (d) of the induction hypothesis for the for the pair (i, — 1) to obtain the
following equation. Note that if j —i < 3, then (|y;_1], |€; j—4]) = 0, and if j —¢ > 4,
then (|y;—1],|ei,;j—4|) = 1, therefore

_ v Aij AV ) .
A=A7 Yy —vIA _spjezit
A —(lyj—1l,lei,j—al) (,,—1 v . )
= yJAm-,l + v~ (yi—1blei;—al (v —v)Ai’j;Bpj,gsz
Ai i v
— v AG G 3Pj-2%j41

—1 2 1— (i i
=0ty Ay ot Wmblem DAY, s oz
It is easy to see that z;11 commutes with p;_». Furthermore, it commutes with A} ;5
since it commutes with every E*([)) in every summand in the dual PBW expansion
of A} ;4 according to Remark 2.67. Lemma 2.57 implies

v ) _ o —(lyj—2l,0i,—3)—(|zj—2],0i,5—3)+(|zj—2|,€i,— ) v
Ai’j,3PJ72—'U (lyj—21,0i,5-3)—(1zj—2|,04,j—3)+(|zj—2|,ei; 4)pj*2Ai,j73'

The assumptions j — ¢ > 3 and j < n imply (|y;],0i-1) = (|y;],0i-3) = 1
and (|zj—2],0;j—3) = 1. The observation (|z;_2|,e;;—4) = 0 for j —¢ < 3, and
(lefgl, 62‘73‘,4) =1forj—i>14 yields (le,Q‘, ei,j,4) = —Ai,j — 1. It follows that

A= U*(\y]’\,ol-,jfl)yj Vi
_ U_Ai,j_(lyj‘+|yj72‘7011,j73)_(|yj71|7ei‘jf4)zj+1pj72Ag)j73_
By Propositions 2.65 and 2.66 the last equation is equivalent to property (2). Thus
A = A} ;. Incidentally, we have verified part (a) for the pair (3, j).

48



Now we prove that the new defined A7 ; satisfies the quantized cluster recursion
(b) of Theorem 2.70 using the induction hypothesis for part (b):

v AW Aij AV ) . .
Ai,jzj = Ai,j—l(pj +vzj_1zj41) —v IA] j_3Pj—2%j4+1%;
_ AV . v ) 1+Ai 5 AV ) .
= Ai,jflp] + (UA’i,jflzjfl — v i ]Ai’j—Spjfzzj)szrl
— AV . v . _ o= (lyj—1l,eij—2) AV . . .
= Ai,j—lpj + ('UAi,j—lzj—l v J J Am._gpj_Qz] Zj+1

_Av o i=(gtheni ) A o
=Aj;_pjtv IR AL oD 1% 41

Now we prove that the new defined A} ; satisfies property (c) of Theorem 2.70.
By induction hypothesis we know that part (c) is true for the pair (i, j — 1). Note that
(lyj+1ls1z541]) = (Y], lyj41]) = —65,n—1. The following calculation verifies part (c)
of the theorem:

i A = g1 A1y — oy AL i ozin
= oAy, (U—<|yj|,|yj+1\>yjyj+1 Fl - U)Zmzjil)
— vAi’jflAl-vyj_?)pj,Q (v*(lywl\xlzﬁl|)Zj+1yj+1 + (vt = U)Zij+2)
- U—(|yg+1\7€¢,g)Ai)jyj+1
+o (v —v) (A;),jflzjfl - vAi’jAg,j73pj*22j>Zj+2

= (lyj+1lie '])Ai,jyj-‘rl + (U _ U)’U (lyj—1l.ei; Q)A})j_ij—lzj—i-l-

2,

It remains to verify part (d). Note that in each monomial of the dual PBW ex-
pansion of AY_; either y;_1 or z; occurs (depending on whether a;_1 in Remark
2.67 is zero or one). The variable y;,2 commutes with all other terms. Thus, we
have A;),j—lyj-i-Q = U_lyj-l-?A;),j—l It follows that Ai,jyj+2 = yjA;),j—lyj+2 —
vAi’ij+1pj72A;‘j7j73yj+2 = UﬁlyjijLZAQ{jfl — pi+A
vy 42l

Now assume that j is odd. Put A = y; A7, — vAia Zj+1pj—2A7 ;_3. We prove
that A = A7 ;. By the same arguments as above A fulfills property (1) of the theorem.
To conclude to A = A} ;» we have to verify property (2) of Theorem 2.70. We use parts
(c) and (d) of the induction hypothesis for the pair (i,j — 1) to obtain the following
equation:

BIYjy22i1Pj—2A7 g =

A=y;AY i — v zipjo A 5
= v_(‘yjl’Ei'jil)A;)’jflyj + v—l—(lyj—z\xei,j—S)(v—l —V)AY;_sPj—22j41
— UAi,jU*(Iy]‘—z|7€7:,.7’—3)*(|Zj—2lyei,_7—3)+(\?1—2\,07:,.7’—4)A;~27j_3pj_zzj+1.
Note that (|z;_2|,e;j—3) = 1, and that (|zj_2],0;j—4) = 0 for j — ¢ < 3 and
(Izj-2l,0i,j—4) = 1for j—i > 4. Hence, A; ; — (|2j-2/, 0ij-4)(|2j-2] 0i 1) = =2
yielding
A= U—(\yj\,ei,_f—l)Azj_lyj — U—(ij—z|7€7:,.7‘—3)A?j_3pj_2zj+1.

17

The equation —A; ; — (|y;|, €i,j—3) — (|yj—1],0i,j—4) finishes the proof the second
equation of part (a). By Propositions 2.65 and 2.66 the last equation is equivalent to
property (2). Hence, A = A} ..
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Now we prove that the new defined A7 ; satisfies property (b) of Theorem 2.70.
First of all assume that 7 < n. We obtain:

Ajjz = ”7(|yj|’ei’j71)A§),j—1(Pj +o7 zjm12541)

- U_(‘yJ_Q"ei’j_S)Af,j—3pj—2zj+12j—1-

= vi(lyj|7ei,j71)AZj71pj

+ (Ufl*(lyjl’ei’jfl)Af,j—lzj—l - Uﬁl*(‘y’”"ei’j*)Aﬁj—spj—sz—l)Zj+1
= U—(ijlvei.j—l)AZjilpj + ’U_l_(‘yj‘7e’i’j71)A;‘)’j72pj712j+1.

Here we used he fact that (|y;|,e; ;—1) = 1 to adopt the induction hypothesis. For j =
n we have (|y;/, e; j—1) = 0, but this defect is compensated by the relation z;_1 241 =
Zj+1%5-1 (due to Zj41 = 1) instead of Zj—1%j4+1 = U_12j+12:j,1.

Now we prove that the new defined AQ ; satisfies property (c) of Theorem 2.70.
By induction hypothesis we know that part (b) is true for the pair (i, — 1). Note
that (|yj|, ei,j—S) = (|yj|a 61‘7]‘_1) and that 1 = *Ai,j — (|yj—1|a 0i,j—4)- We also use
the fact that z;.+1 commutes with Ay ;5 since it commutes with every factor of every
monomial in the PBW expansion of A7 ;5. The following equation is true:

) v o—(yileii—1),,. v .
Y1, =v (yjlei Yi+1A7_1Y;
— A j—(yjl+lyj—2l.ei—3)—(lyj—1l,0i,5-4) . v ) )
— 3J K j 3J j J yj+1Ai7j—3p]—22]+l

= v~ (lsheii-s)H { ij-1 (yjyj+1 + (v — U_l)zj—12j+2)

— ot lvimzbenis Ay, p; (Zj+1yj+1 +(v— W_I)ijﬂz)]
= vAf,jyjH + U*(ijl’ei,jfs)ﬂ(v o 071) [Aﬁj_lzj—l
_ Ul—(\yj—2\761,J—3)A;)7j_3pj_22j} Zjyo
= UAf,jyjH 4 v*(|?/j|7€i,173)+1(,u _ vfl)Af_j_gquzﬁz-
Part (d) is proved similarly as in the case where j is even. [

Remark 2.71. By symmetry there is also a recursion for every Af’ ; (with j —4 > 2)
in terms of various A}, ; with i’ > 1.

Now we conclude to the quantum cluster algebra structure on the Z[vi%]-algebra
1
Ay (w) = @aeN’zn Z[UiﬂE[a]*

Theorem 2.72. The Z[v*2]-algebra A, (w) = @, p2n Z[vF7|E[a]* is a quantum
cluster algebra in the sense of Berenstein-Zelevinsky [6]. The mutatable quantum clus-
ter variables are v%zi for1 <3 < n, and vi(swvsi‘i)AE”j for1 <7 < j5 < n. The
frozen quantum cluster variables are v (yil+lzillyil+z0) piforl < <n.

Note that %(Si’j, Si’j) =j—1+1+ (ei’jfl, Oi’jfl) €.

Proof. We quantize the proof of Lemma 2.5. We construct a seed of a quantum clus-
ter algebra similar to the base seed in Figure (15). The cluster variables Z;, P; (for
1 <4 < n) are replaced by the quantum cluster variables v%zi, vi(‘y’?‘ﬂzi‘*‘-’“'HZ’?Dpi
(for 1 <7 < n). Notably, every pair of quantum cluster variables in the base seed forms
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a quantum torus, i.e., it satisfies a v-commutativity relation. (The v-commutativity
relations among the z; follow from the straigthening relations; the v-commutativity
relations between the P; and the z; follow from Lemma 2.57; the v-commutativity re-
lations among the P; can be checked using the straightening relations.) These relations
are strict commutativity relations except for the following v-commutativity relations:

zizy = v~ (illzal g, i even, j odd,
2oy = oIz i, oven,
Zipj = v_(‘z'il’lyjl)pjzi, i, odd,
pips = v CsblsDH ey D+ D+ LsD o even, j odd.
pipy = v CEblm Dz, i, even,
pips = ozl D=1z Dy, i odd.

Now it is easy to see that the B-matrix induced from the quiver in Figure 15 and the A-
matrix induced from the v-commutativity relations form a compatible pair in the sense
of Berenstein-Zelevinsky [6, Definition 3.1]. Hence, the base seed is a valid initial
quantum cluster.

Now fix an integer % such that 1 < 7 < n. Beginning with the base we perform
mutations at vertices ¢,¢ + 1, ..., 7, consecutively, as in the proof of Lemma 2.5. We
prove by induction on j that the new quantum cluster variable X that occurs after the
sequence of mutations from above is equal to A7 ;. The case i = j is trivial. Note that
part (c) of Theorem 2.70 makes also sense for j = 7 + 1. We distinguish two cases.
First of all, assume that j is even. By Berenstein-Zelevinsky [6, Proposition 4.9] we
have

X — M/ + MI/
where definition of M’ and M" involves v-commutativity relations among the quantum

cluster variables in the previous seed. To describe M’ we compute

v =1 o —(yil0i5-1) =1 Av
A joapjzy s =0 T ALy

Therefore, the summand M’ is given by the following equation:

’ 1(‘y,|70.y.71) l(j_i)+1(evY,v72,Ovyyv71) v ) 1 7
M _/UQ J K2V .rU2 2 1,7 K3V Ai,j*l.vp].v 2Zj
1(j—i Lie: o _
_ J—i+1)+35(ei,5,0i,5-1) AV 1
=2 2 7:94,5 Ai,j—lpjzj .
Furthermore, to describe M we obtain:
v ) ool =z hlzie D=z Lz D25 v -1 D=z =1L lyi - 1))
Ai}j—Qp]—lzj-l-lzj = FANES] ib1%Z5 ib1Y5 J J
pteii-2:lyi—1l+lz— 1l =120

0ij—3,—lyj—1l=lzj—1l+]z;]) , =1, ) v
'1)( ij lyj—1l—lz;-11+]z;] z; ZjJrlpJ*lAi,jfZ

— p—2+(eij—2,lyj—1)—(0ij-3,ly;l) , =1, ) v
=v e P 2z P18 j o

Therefore, the summand M’ is given by the following equation:
1 P
M = pl=z(eii—2lyi—1D+5(0i-3v;5]) | 3 (—i—1)+5(ei;j-2,0i5-3) P
— L]l 1 S
'Ul z(lyjlvlyjfl‘).vzzj_,’_l.v 22j1

— ol=(yj—1lseii—2) 3 (G—i+1)+3(€i,5,0i5-1) AV ) Tl
= J ] V2 2 2,792%,9 Ai)],72p]_lz‘7+1zj .
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A comparison with the formula in part (c) of Theorem 2.70 shows that X = Ay ; which
completes the induction step.
The case with odd j is treated similarly. O

Remark 2.73. By adjusting the forms we similarly equip U," (w) with a quantum
cluster algebra structure.

Remark 2.74. Note that deg(AiJ) = diim(Mi’j) = Si;j forall 1 < i < j < n.
Thus, the object M, ; from Remark 2.8 is the indecomposable rigid object in A(Cas)
corresponding to the cluster variable A; ;. The corresponding quantum cluster variable
is the dual canonical basis A;’J scaled by a factor vi(sigisig), By [22, Lemma 3.12] the
exponent can be interpreted as 1 (s; ;, s;,;) = 2dim(End(}; ;)). The same relation is
true for the other (mutatable and frozen) quantum cluster variables.
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3 A quantum cluster algebra of Kronecker type

3.1 Representation theory of the Kronecker quiver

The quiver @ = (Qo, Q1) with vertex set Qo = {0,1} and arrow set Q1 = {a1,a2}
with a1, as: 0 — 1 is called the Kronecker quiver (see Figure 17).

Figure 17: The Kronecker quiver

Let k be a field. The category rep,(Q) of finite-dimensional representations of
@ can be identified with the category mod(kQ) of finite-dimensional modules over
the path algebra k(Q). (For more information on representations of quivers, see, for
example Crawley-Boevey [11].)

The Kronecker quiver is a tame quiver. There are infinitely many indecomposable
k@-modules which are classified as preprojective, preinjective or regular. A part of
the preinjective component of the Auslander-Reiten quiver of mod(kQ) is shown in
Figure 18. The modules are represented by their dimension vectors. For example, the
dimension vector

k2

admits a representation (10) <, > (01)

k

The maps are given by 1 x 2 matrices, if we choose a basis of the vector spaces.
The solid arrows display the space of irreducible maps; the dotted arrows display the
Auslander-Reiten translation .

We consider the direct sum M = Iy © Iy @ 7(Iy) @ 7(I1) of the four gray mod-
ules. These four modules are the two indecomposable injective modules Iy and Iy
asssociated with the vertices 0 and 1 and their Auslander-Reiten translates, 7(Ip) and

Figure 18: A part of the preinjective component of mod(kQ)
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7(I1). The module M is a terminal kQ-module in the sense of GeiB-Leclerc-Schroer
[21, Section 2.2]. According to Gei3-Leclerc-Schroer [21, Theorem 3.3] the terminal
k@Q-module M gives rise to a cluster algebra structure. To explain this theorem, let us
introduce some notation.

3.2 The preprojective algebra

Let A be the preprojective algebra; it is defined as A = kQ/(c). Here, Q) denotes
double quiver of ), which is by definition given by a vertex set Q, = Qo and an arrow
set Q; = Q1 U{aj, a3} with two additional arrows a},a}: 1 — 0. The ideal (c) is the
two-sided ideal generated by the element

c= Z (a*a — aa®) € kQ.

ac@Q1

The algebra A is infinite-dimensional, because () is not an orientation of a Dynkin
diagram. There is a restriction functor wg : mod(A) — mod(kQ) given by forgetting
the linear maps associated with a] and a3 in a A-module, i.e., a representation of
@ such that the linear maps satisfy relations corresponding to the ideal (c). Ringel
[48, Theorem B] proved that the category mod(A) is isomorphic to a category called
C(1,7). The objects in the category C(1,7) are pairs (X, f) consisting of a kQ-
module X and a kQ-module homomorphism f: X — 7(X) from X to its translate
7(X); morphisms in C(1,7) from a pair (X, f) to a pair (Y, g) are given by a kQ-
module homomorphism h: X — Y for which the diagram

Xx—"r oy

i, b
~(h)

7(X) —=7(Y)

commutes. Using this correspondence, Geil3-Leclerc-Schréer [21, Section 7.1] con-
structed, for every 7 = 0,1, and any natural numbers a < b a A-module T; |4 5] =

(Ima,b] ) ei7[a7b]), where I; 5] = @?:a 77(1;), and the map

b+1

eifab): Lijjap) = T (Lifap) = @ (L)
Jj=a-+1

is identity on every 7J (I;) for a + 1 < j < b and zero otherwise. We are interested in
the six A-modules T; [, ) fori = 0,1 and 0 < a,b < 1. We display the modules by
their graded dimension vectors.

All six modules are rigid and nilpotent.

3.3 The /-functions and the cluster algebra structure

In this section, let k = C. The J-functions of the modules T} |, 1) satisfy generalized de-
terminantal identities, see Geill-Leclerc-Schroer [21, Theorem 18.1]. Let Uy, Uy, Us,
and U3 be the d-functions of T (0,01, 71,(0,0]> Z0,[1,1) and 11 [1,1) Tespectively; let P and
Py be the ¢-functions of Tj 0,1 and T7 [g,1], respectively. The determinantal identities
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0 0
TO,[O,O] =0 Tl.,[O.,O] = 1
0 0 0 0 0 0
To1,1 = 1 1 Ty = 1 1 1
0 0 0 ’ 1 ’ 1 ’ 1 ’
To.[0,1] = 1 1 Ty 0,1 = 0 0
0 1
Figure 19: The modules T (4 5]
in this case read as follows:
Py = UUy — UT, 24)
Py =UsUy — Us. (25)

These relations may be regarded as first exchange relations of a cluster algebra, called
A(Cpr) in GeiB-Leclerc-Schrder [21], with initial cluster (Uy, Uy, Py, Py), initial ex-
change matrix visualized by the the quiver in Figure 20 and the frozen variables Fy
and P;. The frozen variables Py and P; may be regarded as coefficients of the cluster
algebra, see Fomin-Zelevinsky [16].

AVZAN

Figure 20: Initial cluster

Consecutive mutations at U, and U; yield to the new cluster variables U, and Us,

namely Uz = UEULOP“ and Us = %tpl. The associated quiver encodes the exchange
relation; it also gets mutated. The mutated quivers are shown in Figure 21.

If we specialize the coefficients Py = P, = 1, then we obtain a coefficient-free
cluster algebra of rank 2 with initial exchange matrix B = (g _02 ); the specialized
cluster variables U, (n € Z) satisfy the recursion U, 1U,—1 = U2 + 1 for every

n € Z. Caldero-Zelevinsky [10, Theorem 4.1] proved that

1 n—k\(mn+1-10\ o1 o
U, = U™U, 26
n+2 UangL—i-l%l:( l >< k ) 1 0 ( )

where the sum is taken over all k,! € N such that either k+! < nor (k,1) = (n+1,0).
Musiker and Propp [45] gave nice combinatorial descriptions of the coeffcients. The
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P1<—U1 P1—>U3

NN N

P0—>U2 P0—>U2

Figure 21: The cluster after mutation at Uy and U7, consecutively

author [35] gives a different formula for the coefficients. Szant6 [54] shows that a
quantized version of the formula is related to the number of points in a Grassmannian
over a finite field IF, in the context of Hall algebras.

Equation (26) illustrates the Fomin-Zelevinsky’s Laurent phenomenon [14]: every
cluster variable U, (n € Z) is a Laurent polynomial in U; and Uj.

Caldero-Zelevinsky [10] derive formula (26) using the Caldero-Chapoton map [7]
and computing Euler characteristics of Grassmannians of quiver representations. Later
Zelevinsky [55] gave a simpler proof for formula (26). He observed that the expression

14U+ U2,
B UnU7L+1

is invariant of n. Thus, the non-linear exchange relation U,,+1U,,_1 = Ufl + 1 may be
replaced by a linear three-term recursion U,,+1 = TU,, — U,_1, (n € Z), when we
define

1+ U+ U3

T =
U,U,

Note that T' = UsUy — U U;.

Recently, Keller-Scherotzke [32] observed that linear exchange relations exist for
cluster variables of affine quivers in general.

In analogy to these formulae, the cluster variables U,, of the cluster algebra with
initial exchange matrix

0 2
-2 0

B= 0o -1}’
1 0

initial seed (Uy, Us, Py, P1), and frozen variables P, and P; satisfy the exchange re-
lation Uy, 1U,,—1 = U? + P} ' P?~* for n > 4. The cluster variables are explicitly
given by

1 n—Fk\(n+1—=1\ 501 krorr,20 pnoi
Unss = Gy ; ( l ) < N >P1 vFuEeyl, @)
where the sum is taken over the same index set as above. For reasons that will become
clear later on we have switched our initial seed from (Uy, Uy) to (U1, Us).
GeiBR-Leclerc-Schroer realized the cluster algebra A(Cjy) as a subalgebra of the
graded dual U(n ) of the positive part n of the universal enveloping algebra of the

1
Kac-Moody Lie algebra of type A(1 ),
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NN\

Figure 22: The quiver of T'

A striking feature is polynomiality: every U, is actually a polynomial in Us, Uy, Uy,
Up. For example, one may check that Uy = U2Uy—2U3U,U; +Us. A priori the cluster
variables U,, are only rational functions in Us, Us, Uy, Uy. If we plug Py = UsUy —U?
and P, = UsU; — U22 in equation (27) and use the binomial theorem we see that

Unis =Y CnapUsUy 27200y =1 =20kagh (28)
a,b

with coefficients

_ \ktidatbir (MR (n+1=0\(n+1—Fk\ n—1
Cn,a,b_Z( 1) ( l )( k )( a b . (29)

k.l

Polynomiality implies the combinatorially non-trivial binomial identity ¢, 5 = O if
eithern+2—-2a+b<0orn—1—-2b+a <0.

3.4 Mutations of rigid modules

In the following subsection we describe the mutation of rigid A-modules. We use the
abbreviations Ty = T 0,01, 71 = T1,10,0;» Po = To,j0,1> and P1 = T [, 1]; recall that
the A-modules on the right hand sides are displayed in Figure 19.

The A-module T' = Ty, & Ty & Py @ P; is rigid. Moreover, T' is maximal rigid, i.e.,
every indecomposable A-module T for which 7' & T is rigid is isomorphic to a direct
summand of 7T'. The quiver of 7' is given in Figure 22. Note the similarity with Figure
20.

The dimension of the 16 homomorphism spaces between the direct summands of
T are put in a matrix Cr called Cartan matrix. In our example we have

4
Cr =

O = O =
=N =N
N =D W

3
6|’
4

where rows and columns are ordered in accordance with the order 1y, T4, Py, P;. For
example dim (Hom(Tp,Tp)) = 1, dim (Hom(T4, Tp)) = 2, dim (Hom(Fy, Tp)) = 3,
etc.

There is a mutation process for maximal rigid A-modules analogous to the muta-
tion process for cluster algebras. We refer to Geif3-Leclerc-Schrer [22] for a detailed
exposition. (GeiB3-Leclerc-Schrer [22] work with Dynkin quivers (), but same pro-
cedures apply to the general setup as well.) The modules P, and P; are projective-
injective and cannot be mutated; they correspond to frozen variables in the cluster
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algebra. Both Ty and 7} can be mutated. Let us describe the mutation for 7. There
is a (unique up to isomorphism) A-module 75 such that 75 2 T, and the module
TooT/Ty =T ® Ty @ Py @ Py is again maximal rigid; two short exact sequences

0 T P T 0

characterize T>. The appearence of Py and T & T3 as middle terms is an incarnation
of the fact that there is one arrow form 7§ to F in the quiver of 7" and two arrows form
Ty to Tp. We see that To = Tg [ 13

Denote the mutated module by 77 = ur, (T) = To & T1 ® Py @ P;. The Cartan
matrix and the quiver of 7" are shown in Figure 23. The quiver of 7" is obtained
from the previous quiver by quiver mutation. A combinatorial recursion for the Cartan
matrices is given in [22, Proposition 7.5].

@)

N N

—>

CT/ ==

N W N~
—= N = O
N = DN
= Oy W N

Figure 23: The Cartan matrix and the quiver of T’

Mutation of rigid modules is involutive just as mutation of cluster algebras, i.e.,
wur, (T") = T. Since Py and P; are not mutatable, the only non-trivial further mutation
is T" = pr, (T"). Using short exact sequences we see that 7" = T, & T3 & Py & Py
with T3 = Tj 1 4). lteration of the mutation process gives rise to a sequence of A-
modules (7},),en. Similarly to cluster variables, one obtains a sequence (75, ),en- Of
A-modules by starting with mutation of 7" at 77.

& ———@)

N WO
W = =N
N s O =
= O =N

Figure 24: The Cartan matrix and the quiver of 7"

Using [22, Proposition 7.5] and one proves by mathematical induction that for n >
3 the Cartan matrix of 7,, ® T, 11 & Py & Py is
(2n—-5)? (2n—4)%?—-2 3n—-9 5n—14
(2n—4)2 (2n-3)> 3n-6 5n-—9
5n —11 5n —6 4 6
3n—6 3n—3 2 4

Especially, we have dim (End(7},)) = (2n — 5)2.
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3.5 Bases of the cluster algebra A(C,,)

Several authors studied various bases of the cluster algebra A(Cy;). In this subsection
we describe the semicanonical basis of Caldero-Zelevinsky [10], the canonical basis
of Sherman-Zelevinsky [51], and the dual semicanonical basis of Geil3-Leclerc-Schrer
[21]. To define these bases, we introduce the normalized Chebyshev polynomials of the
first and second kinds.

Definition 3.1. Define a sequence (7}),- , of polynomials T}, € Z[X] recursively by
To = 2,71 = X, and Ty41 = XTy, — Ty—1 for k > 1; another sequence (Sk)zozo
of polynomials Sy € Z[X] is defined recursively by Sop = 1, 51 = X, and S41 =
XS, — Sp_q1fork > 1.

[k Jo[1] 2 3 | 4 |
T 2]zl 22=212° =3z | ¥ —422+2
Se 1]z a®—1]23-22 | 2*—322+1

Figure 25: Normalized Chebyshev polynomials of the first and second kind

The polynomial T, is called the k** normalized Chebyshev polynomial of the first
kind; the polynomial Sy, is called the k*" normalized Chebyshev polynomial of the
second kind. Figure 25 displays the Chebyshev polynomials with lowest indices.

A monomial U} U2 P Py* (with ay,az,a3,as4 € N) in the cluster variables
of a single cluster is called a cluster monomial. Let Mono be the set of all cluster

Py Py+PU24+PyU2
W Po+P1UT+FPo 2 and

monomials. Put z = UsUy — UU; = o

o B=MonoU {(PiR) Tk (2(PiRo) ™) k= 1},
o S =Monou {(PiP)ES, (2(P1Ro) %) k> 1},
e X = MonoU {z*|k > 1}.
The elements s, = (PlPo)%Sk(z(PlPO)_%) € S obey the relation si41 = 2zs —

Py Pysy—1 for k > 2 which resembles the relation Uy = 22Uy — Py PyU,_; for
k > 4 for cluster variables.

Theorem 3.2 ([10, 51, 21]). Each of B, S, and X is a Q-basis of A(Cxy).

The basis B is known as the canonical basis of A(Cyyr), S is the semicanonical
basis of A(Cpr), and X is the dual semicanonical basis of A(Cyy).

3.6 The quantized universal enveloping algebra U,(g) of type Agl)

Let C' = (aij)1<i,j<2 be the Cartan matrix associated with the Kronecker quiver @),

ie.,
2 =2
- (% 3)
Furthermore, let g be the Kac-Moody Lie algebra of type C'; it admits a triangular

decomposition g = n_ & h & n. The Lie algebra n is called the positive part of g.
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The Lie algebra g is studied by its root lattice. There are two simple roots, o
and as. By AT we denote the set of positive roots. There are two kinds of pos-
itive roots called real and imaginary roots, i.e., At = A}l U A with real roots
Af = {(n+1)ay + naz: n € N} U {naj + (n + 1)nas: n € N} and imaginary
roots A?‘m = {nay + naz: n € NT}. Note that the real positive roots correspond to
dimension vectors which admit a unique irreducible kQ-module. Examples are dis-
played in Figure 18. They are also the g-vectors of the cluster algebra of type Agl)
introduced above, see [16].

Let W be the Weyl group of type g; it is generated by two simple reflections s1, so €
W which act on the simple roots by s1(a1) = —a1, s1(a) = s + 2a1, sa(a1) =
a1 + 2a, and 82(042) = —Qo.

In Section 3 we mentioned the universal enveloping algebra U(n) of n. It is the
C-algebra generated by F; and F subject to the Serre relations

E3Ey — 3E?EL By + 3B, By E? — By B3 =0,
E3E, — 3E3E\Ey + 3E,E E3 — EyE3 = 0.

It is known that U (n) can be endowed with a comultiplication A: U(n) — U(n) ®
U(n) defined by A(z) =1 ® x + x ® 1 for all z € n (using the canonical embedding
t:n — U(n)) and an antipode so that U (n) becomes a cocommutative Hopf algebra.
It is graded by the root lattice. The graded dual of U(n), the Hopf algebra U(n),., is a
commutative C-algebra.

By introducing a deformation parameter ¢ one can construct a series of Hopf al-
gebras Uy (n) that are not cocommutative but specialize to U(n) if we set ¢ = 1. To
describe this construction we introduce quantized integers and quantized binomial co-
efficients.

Remarkably, U, (n) = U, (n);, is a self-dual Hopf algebra whereas U (n) 2 U(n)*.

Definition 3.3. For two integers n, k, let

€Q(g 30

k n]:[n][n—l]---[n—kz—i—l]
q9—q9

¢ —q”
R el I e =

denote the quantum integer and the quantum binomial coefficient. Furthermore, for a
natural number k, let [k]! = [k][k — 1] - - - [1] denote the quantized factorial.

Both [k] and {Z] are actually Laurent polynomials in ¢. Note that [k] = k, [Z} =

(Z , and [k]! = k! if we specialize ¢ = 1. Examples of quantum integers include
] = =

0=0,[1]=1,[2l=q¢+q¢ Yand 3] =¢> +1+¢ %
Note that some authors, for example [27], use a different notation for quantum
integers. Note also that quantum binomial coefficients, just as ordinary binomial coef-

-2
ficients, are defined for negative integers n, k as well. For example, [ 1 } =—q— qil,
but m = 0ifk < 0.

Quantized integers are related with the normalized Chebyshev polynomials Sy, for
k > 0, of the second kind from Subsection 3.5. More precisely, there holds [k] =
Sk—1([2]) = Sk—1(q + ¢ 1) for k > 1.
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Definition 3.4. The quantized enveloping algebra U, (g)
by Ei, (i = 1,2), Fj, (i = 1,2), and K;, K; %, (i = 1
relations

KiK; = K; K, (i #J)
KK '=K 'K, =1, (i=1,2)
K,E;K; ' = ¢"7 Ej, (1<4,j<2)
K,F;K; ' =q "9 F}, (1<4,j<2)
K, — K;* .
E;Fj — FjE; = §;;———4—, (1<i,j<2)

—4q

EYE; — [3|EY B2 By + [3|E1ER EY — EREY =0,
E3E, — [3|E3E\Ey + 3| E2 B B3 — E\E3 = 0,
FYFy — BIFE Py + BIF R FY — By FY =0,
F3F, — BIF3F\Fy + 8| Fy Fy — Py F3S =0,

where d;; is the Kronecker delta function.

is a Q(g)-algebra generated
,2) subject to the following

€2y
(32)
(33)
(34)

(35)

(36)
(37
(38)
(39)

The subalgebra generated by F/; and Ej is called the quantized enveloping algebra
U, (n). The only relations in U,(n) remain (36) and (37). These are called quantized

Serre relations. The algebra U, (n) specializes to U (n) in the limit ¢ = 1.

3.7 The Poincaré-Birkhoff-Witt basis

To construct a basis of U, (n) Lusztig [42, Chapter 37] defines T-automorphisms. We

(k)

i

will use the notation E
every ¢ = 1, 2 define

e Ti(E) = —K;'F,
o Ti(F;) = —E;K;,

Ti(E)) = Y, amn(—1)"q "BV B B for j £,

T(Fy) = X0t oma (1) FOFFD for j # 1,

o Ti(K;) = K,;K; “ fori=1,2.

= EF/[K]! for i = 1,2 and the similar notation for F;. For

Lusztig shows that T; can be extended to an algebra homomorphism T;: U,(g) —
Uy(g). (Itis denoted 7] _, in Lusztig’s book [42, Chapter 37] where the variable ¢
is called v instead.) Furthermore, 7T; is an algebra automorphism. The images of the

generators under the inverse Ti_1 are given by (see Lusztig [42, Chapter 37])

e T7YE;) = —F;K;,

(2

. T7(F)

(2

~-K;'E,,

(2

TN E) = Yy omo(~1)"q "B BB for j # i,

T E) =3, 4o (~ 1) ¢ FFFS) for j # 1,

K2
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o T7(K;) = K;K; * fori=1,2.

The automorphisms 7; are sometimes called braid operators. This terminology
comes from the fact that the operators 7} can be defined for abitrary quivers () and that
they satisfy braid group relations. In this particular case it means that 7775 has infinite
order because s159 € W has infinite order.

For every reduced expression w = s;, 85, - - - 53, of a Weyl group element w € W
Lusztig [42, Proposition 40.2.1] constructs a Poincaré-Birkhoff-Witt basis.

Theorem 3.5 (Lusztig). Let w € W and let s;, s;, - - - 5;, be a reduced expression for
w. Then all elements

pi(e) = (T}, 0 Ty 0 -~ 0 Ty )(EXM) - (Ty, 0 T, ) (BSC)T, (B ELY

k—1
parametrized by sequences ¢ = (¢, -+ ,c;) € N¥, form a Q(q)-basis of a subalgebra
called U,f (w) of U,(n) which does only depend on w but not on the choice of the
reduced expression for w.

Let us make some remarks.
1. The basis {p;(c): ¢ € N*} is called a PBW-type basis of U, (w).

2. The basis is not canonical in the sense that it depends on the choice of the reduced
expression for w. Every choice of a reduced expression gives a bijection between
N* and a basis of U, o (w). The bijections are known as Lusztig parametrizations.

3. The same theorem holds for other quivers. For a Dynkin quiver () there is a
unique longest element wo € W. In this case U (wo) = Uy(n). Thus, in the
Dynkin case we get a PBW basis of the whole algebra U,(n) whereas in the
present case we have to restrict ourselves to an appropriate subalgebra.

4. Tt is not obvious that (T}, 0 T;, 0--- o T,»lfl)(Ei(f’)) e€Uymn)foralll <[ <k
since the T-automorphisms are maps T : Uy (g) — U,(g).

5. The algebra U,(n) is graded by the root lattice R if we set deg(E;) = «; for
i = 1,2. Then deg((T;, © Tr, © -+ 0 Ty J(E™M)) = siysia -+ s, () for
alll <l <k.

Let us consider the reduced expression s;s25152 associated with the terminal kQ-
module M defined in Section 3. It is an Q°P-adapted reduced expression for the
given orientation. Note that under the bijection between positive roots and dimen-
sion vectors of indecomposable modules given by Kac’s theorem, the positive roots
a1, s1(aa) = 2a1 + g, s152(@1) = 3aq + 2, and s18251(ae) = 4ag + 3as cor-
respond to the dimension vectors of the four preinjective modules Iy, I1, 7(Ip), 7(11)
that are the direct summands of the terminal k£()-module M from Section 3. Therefore
we introduce the notation

vo=FE1, v =Ti(E), wvo=(TioTa)(E), wv3=(T10Ty0T1)(Es).

Monomials of the form v[a] = v{**v{*)0{*){*) with a = (as, a2, a1,a0) € N*
form a basis of the subalgebra U, (515251 52). Call the basis P = {v[a]: a € N*}. We

call the basis P the PBW basis of U(j(sl 525182).
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3.8 The derivation of the straightening relations

The aim of this subsection is to write arbitrary monomials in the elements vs, v, v1, Vg,

for example v v3, as a Q( )-linear combination of basis elements v[a]. Clearly, vjv3 €

U+(31 595152) but vJv3 is not in P since vy and vy are multiplied in a different order.
First of all let us compute v;. We have

vy =T1(Es) = E2E§2) —q¢ 'E\E>Ey + q72E§2)E2

1
- B (EQEf — (¢ +1)E\EyEy + q2EfE2> }

It follows that

1 : _ _
V1V — q2U0’U1 = m (EQEf — (q 2 -+ I)ElEQE% + q 2E%E2E1

— *E\EyE? + (1 + ¢A)EIEEy — E§E2> =0

by the quantum Serre relation. Thus we know that vov; = ¢~ 2v;vo. Applying the com-

position T, o T to this equation we get vov3 = ¢~ 2v3v2. By an analogous argument
with interchanged role of E; and E» we get v1vy = g 2vov1.
Note that we my write v; as a commutator v, = ﬁ(EgEl — q ?E\Ey)E, —

Elﬁ(EgEl — ¢ 2E1E») of E; and an element which we will abbreviate as A =
[71](E2E1 — ¢ 2E, E5). For symmetry let us introduce an element B = ﬁ(ElEg —

g 2F, E). The next lemma is useful for further computations.
Lemma 3.6. The equation 77 (A) = B holds. Similarly, T»(B) = A.
Proof. We only prove the first statement. The second is similar. Note that
T(E\By — ¢ *BaFy) = — K 'y (B2 B — (g2 + 1)EABS By + g 2 B3 )
+q 2 (BB2 — (a2 + VBB By +  2ER B ) KRy
- K{'R (E2Ef (¢ 2+ 1)E B + q”EfEQ)

+ K7 (BB} — (072 + DBV Bs By + g 2 BR ) Fu.
(40)

because oK, ' = ¢ 2K, 'Ey and B, K| ' = ¢ K| ' E; by relation (33). Now we
use (35) to deduce that

K, — Ky K, — KT
EoE2F, = F\EE? + E217E1 + E2E1¥a (41)
q—q q—q
K, — Ky K, — Kt
E1E2E1F1 = F1E1E2E1 + ﬁEbEl + E1E2ﬁ7 (42)
K, - Ky K, — K1
E2E,Fy = I E2E, + ;_7qE1E2 + ElﬁEm 43)
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The first terms on the RHS of equations (41),(42), and (43) cancel out with correspond-
ing terms if we substitute in equation (40). We sum up the appropriate linear combina-
tions of the remaining terms on the RHS of equations (41),(42) and (43). Using again
relation (33) we get

T\ (E1By — ¢ 2 E2Ey)
K'K
= qiiq_i <q2E2E1 + E2E1 — (q72 + 1)E2E1

— (¢ *+ 1)E1FBy 4+ q ?E1Ey + q4E1E2>

K—lK—l
_ # (q_2E2E1 + E2E1 — (q_2 + 1)E2E1

— (¢ 2+ 1)E1Ey + ¢ °E1Ey + E1E2>
= EyEy — q 2Ey Bs.

Multiplying with ﬁ gives T1(A) = B. O

We know that v1 = Avg — vgA. Similarly, T»(E,) = BE; — E2B. Applying
T yields to v = Av; — v1 A. Applying T3 o T5 to the first equation yields to vy =
AUQ — U2A.

Thus, every v;, for 1 <4 < 3, satifies the commutator relation v; = Av;_1—v;_1 A.

Lemma 3.7. The equation v;v;1 = q_%iﬂvi holds for 0 < ¢ < 2, the equation
ViVite = ¢ 2vit2v; + (¢72 — 1)v?,; holds for 0 < i < 1, and the equation v;v; 13 =
q_2vi+3vi + (q_4 — 1)’[}1‘4_21}1‘4_1 holds for z = 0.

Proof. The equations in the first line have already been checked. Now

vov2 = voAvy — vov1 A = (Avg — v1)v1 — q v (Avg — v1)

2

= q 2 Avivg — v} — ¢ 2v1Avg + ¢ %v] = ¢ 2vavg + (g% — 1)vf.

By interchanging the role of F; and F and applying T we also get vivs = ¢~ 2v3v; +
(¢=2 — 1)v3. These are the equations in the second line of the Lemma. Furthermore
VoU3 = Vo Avs — VoU2 A = (Avg — v1)va — (¢ 2vavo + (¢T3 — 1)v?)A

= Avguy — v1V2 — ¢ 2vav0 A + (q_2 — I)U%A

= A(q %vov0 4 (¢72 — D)vd) — ¢ 2vavy — ¢ 2vaupA — (72 — 102 A

= q 2(Avy — v A)vg + (72 — 1) Av? — (¢72 — 1)v? A.
Now the rest of the lemma follows from Avi — v A = (v A+v2)vy —v1 (Avy —v2) =
Vo1 + V19 = (¢72 4 1)vguy. O

These relations are called straightening relations; they enable us to write every
element in U (s1525152) as a Q(g)-linear combination of basis elements in P, i.e.

elements of the form véag)vé@)vgal)véa“) with a3, as,a1,a¢9 € N and coefficients in

Q(g)-
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The straightening relations tell us that U, (;r (s1525182) becomes a commutative sub-
algebra of U(n) if we specialize ¢ = 1. This is remarkable because U(n) is a non-
commutative algebra. (For instance, E1Es # FF; in U(n).) The specialization
q = 1 is sometimes called the classical limit.

3.9 The dual canonical basis

The definitions, results, and proofs from Subsection 3.9 and Lemma 3.9 from Subsec-
tion 3.10 are due to Leclerc ([37]). Since [37] is not published we give a brief sketch.
To study the algebra Uq+ (81828152) Lusztig [42] and Kashiwara [28] introduced
(slightly different) non-degenerate bilinear forms (.,.) : Uy(n) x Uy(n) — Q(q). We
work with Kashiwara’s form. As described in [36] the dual PBW basis is defined to be
the basis adjoint to P with respect to the bilinear form. The generators v;, for 0 < ¢ <
3, satisfy (compare [36, Section 4.7] and note the difference in sign conventions)
o —2)\2i41
(i, Vi) = (E(i+1)ar+ics» Blit1)on+ias) = (113(1)2 =(1-q ™.

Therefore, the duals are given by u; = ﬁvi. We see that the u;, 0 < 7 < 3,
satisfy the same straightening relations,

Uitlif1 = Uip1t, (0<i<2),
Uitlive = ¢ “uipoui + (7% — Duiyy, (0<i<1),
wittiys = ¢ uipsu + (71 = Duipauiy, (i=0).

It is also possible to derive the straightening relations using Leclerc’s algorithm from
[36] which features quantum shuffles.

To study the algebra U(j (s1825182) Leclerc [37] introduced the following struc-
tures:

e a ring anti-automorphism o : U;r(slsgslsg) — Uq+(81$2$1$2) by o(q) = ¢!

and o (u;) = ¢*'u; fori € {0,1,2,3},

e anorm N: N* — Zby N(as,az,a1,a9) = (a3 +as+aj +ag)? —Taz — Sas —
3a1 — ag,

e a partial order < on N* by saying that a,b € N* satisfy a < b if and only if
b—aeN(-1,2,-1,00 PN (0,-1,2,-1),

e aset S(a) ={beN*:agbanda#b},

o afunction b: N* — Z by b(as, as, a1,a0) = (a23> + <a22> + <a21> + (C;O).

Using these definitions one can describe the dual PBW basis and construct another
basis of U;r (w), the dual canonical basis. Both bases are parametrized by N*. For
every a = (ag,az,ar, ap) € N* the dual PBW basis element corresponding to a, F[a],
is given by Efa] = ¢*@ug3usulul®, see [36, Section 5.5]. It is a rescaling of the
PBW basis and for every a € N* we have (E[a], v[a]) = 1. In what follows we often
use the fact that N(a) = N(b) if b < a.

Theorem 3.8 (Leclerc, [37]). There is a basis { B[a]: a € N*} of U,F (w) such that for
every a € N* the following two conditions hold
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e Bla] — Fa] € @bes(a) qZlq)Eb],
e o(Bla]) = ¢ V@ Blal.

Proof. For every k € N consider the set W, = {a € N*: ag+ax + a1 +ag = k}.
Extend the partial order <1 on W}, to a total order < so that a1, a., ..., a; are the ele-
ments of W}, written in increasing order.

We induct backwards. We can start with Bla;] = E[a;|. For the induction step,
suppose that a,,41,a,,42, - .., a; satisfy the two conditions of Theorem 3.8. Expand
o (E[a,,]) in the dual PBW basis using the straightening relations. We get a Z[q, ¢~ 1]-
linear combination of basis elements E[b] with b € {a,,, a1, 11, ...,a;}, so that

l
o (Elan)) = 3 ciBlay]

i=m

with ¢; € Z[g,q~"]. A short calculation shows that ¢,,, = ¢~ V®; to get Ela,,] you
always have to choose the first summand when straightening a monomial.

By induction hypothesis we know that each Bla;], form +1 < ¢ < [, is a
Z[q,q~']-linear combination in the elements Fla;], E[a;11],..., Ela;]. The vector
(Blam+1], Blam+2], ..., Blaj]) is obtained from (E[a,,11], ..., E[a;]) by multiplica-
tion with an upper triangular matrix with diagonal entries 1. By inverting we may
write each Bla;], for m +1 < i < [, as a Z|q, ¢~ !]-linear combination of Bla;],
Bla;y1], ..., Bla;]. Thus,

l
o (Elan)) = ¢ V@ Efa,]+ > d;Blaj]
i=m-+1

for some d; € Z[q,q']. Apply o, an involution, to get

l
Elay) = ¢"®o (Elam)) + Y o(di)g N Bla,].
i=m-+1

The Bla;], for m + 1 < i <, are linearly independent. Multiply the first equation
with ¢V@) (and remember that N (a;) = N(a,,)) to get ¢V @) d; = —¢~N@ig(d;) =
—0(qN@)d;). Therefore, there are polynomials ¢; € qZ[q] such that ¢V@)d; =
#i(q)—¢i(¢~1). Now Bla,,] = E[a,] —I—Zﬁ:mﬂ ¢; Bla;] satisfies the two conditions
of Theorem 3.8. U

The two conditions of Theorem 3.8 imply that the basis {B[a] rac N4} is adjoint
to a basis {b[a} rac€ N4} with respect to the bilinear form from above that satisfies the
following two properties. On one hand we have (b[a], b[a]) € 1 + ¢Z][g]] for every
a € N%. On the other hand we have b[a] = b[a] for every a € N%. Here, the symbol

~ denotes the bar involution from [36, Proposition 6]. It follows from [42, Theorem
14.2.3] that {b[a]: a € N*} is Lusztig’s canonical basis. Therefore, { B[a]: a € N*}
is the dual of the canonical basis, or the dual canonical basis to put it shortly.

The two conditions of Theorem 3.8 uniquely determine the dual canonical basis.

The simplest elements in the dual canonical basis are given by B[1,0,0,0] = us,
B[0,1,0,0] = us, B[0,0,1,0] = uy, and B[0, 0,0, 1] = ug. Further examples include

e B[1,0,1,0] = ugus — q*u2,
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e B[0,1,0,1] = ugug — ¢*u?,
e B[1,0,0,1
2,
Bl1,

]
| = usup — ¢*usus,
o B[2,0,0,1] = qulug — (q + ¢*)uzuouy + ¢°ud,
| =
| =

1,0,0,2] = quzud — (¢ + ¢*)uguiug + ¢°u3,

B[2,0,0,2] = ¢*uud — (2¢° + ¢*)uzuguiuo — ¢Sudug — ¢®usu? + ¢Sudul.

Note that B[1,0,1,0] and B[0, 1,0, 1] are g-deformations of the elements P; and P,.
We introduce the abbreviations p; = uzu; —q?u3 and pg = usug — q?u?. As observed
by Leclerc, the elements pg and p; have the remarkable property that they g-commute
with each other and with each of the generators ug, us, u; and ug. More precisely, there
holds pop1 = ¢~ *p1po and poug = ¢*uopo, pour = u1po, Pouz = ¢ “Uspo, Pouz =

g~ *upo, pruo = q*uop1, prur = q*uipr, prug = ugpy, prug = ¢ up1. These
relations can be checked by elementary calculations using the straightening relations.

3.10 A recursion for dual canonical basis elements

Let us introduce the convention that B[a] = 0 for some a = (a3, as,a1,a9) € Z* if
there is an 7 € {0, 1, 2, 3} such that a; < 0. Note that B[0,0,0,0] = 1.

Lemma 3.9 (Leclerc, [37]). For every a = (a3, as,a;,ag) € N* the equations
B[ag,az + 1, ai,ao + 1] _ qa2+2a1+3a03[a}p0 — q4as+3az+2a1JraopOB[a]7
B[a3 + 1’a2’a1 + LGO] _ q3a3+2a2+a1p1B[a] _ qa3+2a2+3a1+4aOB[a]p1

hold.

Proof. We only prove the equation Blas + 1,a2,a1 + 1,aq] = ¢3*+2%21a1p, Bla.
The other equations are similar. We prove that ¢3®+222+e1p, B|a] satisfies the two
conditions of Theorem 3.8. Let us expand Bla] in the dual PBW basis, i.e. Bla] =
57 g g by by @02 0201 00) 534,524,814, 50 where the sum is taken over all vectors b =
(b3, ba,b1,bp) € N* such that b <ta and ¢y, € Z[g l Ifb 7é a, then ¢y, € ¢Z]q].
Next, u§3u§2 u?lugop = q2b3_2b1_4b°p1ub3u2 u1 uoo If b < a, then 2b3 — 2b; —

4by = 2a3 — 2a; — 4ag. Therefore, we can conclude that p; B[a] is invariant under o
up to a power of g. More precisely, we have

o (q3a3+2a2+a1plB[a}) — q73a372a27a1qu(l,O,l,O)qu(a)B[a]pl

=q
_ qu(angl;az;a1+1,a0)q3a3+2a2+a1p13[a}.

—3a3—2a2—a1q—N(l,O,l,O)q—N(a)qQag—2a1—4a0plB[a]

Recall that p; = ugu; — q?u3. Thus, ¢33 T2e2+a1p, B[a] is equal to
Zcbqb(b)q3a3+2a2+a1 (ugulugsu?ul{lugo _ qZUSugs.ugzullnugo)
One can check by induction that for every positive integer [ there holds uju} =
q 2ubuy + (q*“+2 — q72l+2) ué_lug. The sum above simplifies to
Zcbqb(b)q3a3+2ag+a1 (q_Qb?’uZSHulug?ul{l 8“ _ q—2b3+2ugg b2+2uzl>1ugo)

_ E qub(b3+17b27b1+1>bo)ubs+1ub2ub1+1u80

_ZC g3t gblbs ba2,61,b0) bd b2+2u?1u80.
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The coefficients ¢, are in ¢Z[q] except for ¢, = 1. O

The preceding lemma enables us two write every dual canonical basis element
Blas, as, a1, ap] as a product of powers of dual canonical basis elements py, po, a
power of the parameter ¢ and an element of the form Blas, as,0,0], B[O, as, a1, 0],
B[O, 07 ap, ao] or B[ag, 0, 07 ao].

We have Blas,as,0,0] = FElas,as,0,0], B[0,as,a1,0] = E[0,as2,a;,0] and
B[0,0,a1,a9] = E[0,0,a,aq], because these sequences are maximal elements with
respect to the partial order <I. Therefore, dual canonical basis elements of the form
Blas, 0,0, ag] are particularly interesting. The elements B[as, 0, 0, ag] with |ag—ag| <
1 can be computed recursively.

Theorem 3.10. For every n > 1 the following recursions
B[n,0,0,n —1] = ¢" 'uzB[n —1,0,0,n — 1] — ¢*"*uyB[n —1,0,1,n — 2]
=¢"3B[n—1,0,0,n—1us — ¢*"3B[n—1,0,1,n — 2] us,

Bln—1,0,0,n] =¢" 'B[n—1,0,0,n —1]ug — ¢*" 'Bn—2,1,0,n — 1] uy
=¢*"BuyBn—1,0,0,n —1] — ¢*" 3w B[n—2,1,0,n — 1],

Bin,0,0,n] =q¢""'Bn,0,0,n — 1Jug — ¢*"Bn—1,1,0,n — 1] u,
=" 'uyBn,0,0,n —1] — ¢*" 2wy Bn—1,1,0,n — 1]
=¢" tuzB[n —1,0,0,n] — ¢*"usB[n —1,0,1,n — 1]
=¢*"'B[n—1,0,0,n]us — ¢*" 2B [n —1,0,1,n] uy,
for the dual canonical basis elements parametrized by (n,0,0,n — 1), (n — 1,0,0,n),
and (n, 0,0, n) hold.

The recursions allow us to compute the dual canonical basis elements B[n, 0,0, n—
1], B[n — 1,0,0,n], and B[n, 0, 0, n] from the likewise elements with lower indices.

Proof. We prove the three statements simultaneously by mathematical induction on n.
For n = 1 the equations become B[1,0,0,0] = uz = us, B[0,0,0,1] = up = uo,
and B[1,0,0, 1] = uzup — q*usu; = q*uous — uyus. Using the explicit formulae for
B[2,0,0,1], B[1,0,0,2] and B[2,0,0,2] from above and the straightening relations
one can check that the equations are true for n = 2. Suppose that n > 3 and that the
three statements are true for all smaller n. Define f = ¢" luzB[n — 1,0,0,n — 1] —
" tusB[n —1,0,1,n — 2]. We claim that

(i) f— E[n,0,0,n—1] € EBbeS((n,o,O,n—l)) qZEb],

(i1) O'(f) — q—N(n,0,0,n—l)f.

The two claims imply that f = B[n,0,0,n — 1].

Let us expand B[n — 1,0,0,n — 1] in the dual PBW basis, i.e. B[n —1,0,0,n —
1] = 3 Caguan.ay.a0q (@ %2:01:90) 83524 430 where the sum is taken over all a =
(a3, az,a1,a0) € N*such that (n—1,0,0,n—1) <1a. This implies that az < n—1. By
definition of the dual canonical basis all coefficients obey cqy.a5,01.00 € 9Z[q] except
for Cpn—1,0,0,n—1 = 1. Then

q" tuzB[n —1,0,0,n — 1]

_ (a3t ag _ .
:E :Caq ( S )+(2)+n lqb(a3+1,a2,a1,ao)ugs-i-lugzutlllugo.
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But q_(a32+1)+(a23)+"_1 = ¢"" 7% € Zlq, s0 caq" 7% € qZ|q) except for the
coefficient ¢" 1=V, 01 = 1.

Now let us expand B[n—1,0, 1, n—2] in the dual PBW basis, i.e. B[n—1,0,1,n—
2] = N dag.an.ay.a0q" @ 20190y 2332 u ul® where the sum is taken over all a =
(a3, az,a1,a0) € N* such that (n — 1,0, 1,n — 2) < a. This implies that a3 < n — 1.
By definition of the dual canonical basis all coefficients obey dy, a5 .a1,00 € Z[g]- Then

¢ tuyBn —1,0,1,n — 2|
_ Z daq7a2+2n7172a3 qb(a3,a2+1,a1,ao)u§3u<212+1u1111u80 .
Since (n — 1,0, 1,n — 2) < a, there exists non-negative integers r, s such that

(as,a2,a1,a9) = (n—1,0,1,n —2) +s(—1,2,-1,0) + r(0,—1,2, —1).

Thus, ap = 2s —randas =n—1—ssothat —as +2n —1 —2a3 = r + 1. So
daq™ 221 =172a3 ¢ ¢71q]. So the first claim is satisfied.

Note that N(n,0,0,n — 1) = 4n? — 12n + 2. Put N = 4n? — 12n + 2. We
apply the anti-automorphism o to f and use the fact that B[n — 1,0,0,n — 1] and
Bln —1,0,1,n — 2] are, up to a power of ¢, invariant under o to get

o(f) =
= ¢*"3B[n —1,0,0,n — uz — ¢*"*Bln — 1,0,1,n — 1uy
— q3n—38[n _ 170’ 0’ n— 1}“3 _ q5n—9plB[n — 2, 0,077’), — 2]”2

= ¢33 (q”_zugB[n —2,0,0,n — 1] — ¢*" " 2uyB[n — 2,0,1,n — 2]) us

— ¢ (q"_3U3B[n —3,0,0,n—2] — q2"_4u2B[n -3,0,1,n — 3]) U9

= ¢*"PuzB[n —2,0,0,n — 1uz — ¢°" PusB[n —2,0,1,n — 2Jus
— ¢ 2piusBln — 3,0,0,n — 2] — ¢"" BprusBln — 3,0,1, n — 3us.

The first and the third summand in the last expression add up to

" tus <q3"4B[n —2,0,0,n — 1Jus — ¢ p; Bln — 3,0,0,n — 2]1@)

= qnilufﬁ <q3n4B[n - 23 0’ 07 n— 1]“3 - q2n74p1B[n - 27 Oa 13 n— 2}”2)

=q¢" tuzBn —1,0,0,n — 1];
whereas the second and the fourth summand add up to

""" PuyBn —2,0,1,n — 2Juz — ¢ piusBln — 3,0,1,1n — 3Jug
= ¢ MuypBln —3,0,0,n — 2Jus — ¢ BprusBn — 3,0,1,n — 3luy

=" Tuspy <q3”_7B[n —3,0,0,n — 1Juz — ¢*" °Bln —3,0,1,n — 3]u2>

= q5n_7UQplB[’]’L — 270, 0,'rl — 2} = q2n_1u2B[n - ]-707 17n - 2]
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Altogether we get ¢V o (f) = ¢" tusB[n—1,0,0,n—1] —¢**tusBn—1,0,1,n—
2] = f. We see that f = B[n,0,0,n — 1] and that the equations of Theorem 3.10 hold.

By the same argument one can show that

B[n—1,0,0,n] = ¢" 'B[n—1,0,0,n — 1ug — ¢*" 'Bn—2,1,0,n — 1]u,
= ¢ B3upBn—1,0,0,n — 1] — ¢*"Bu1B[n—2,1,0,n —1].

By a very similar argument with the established recursion for B[n — 1,0, 0, n] and
by the inductively known recursion for B[n — 2,0, 0, n — 1] one can show just as above
that an element g = ¢" uzB [n —1,0,0,n] — ¢*"usB[n — 1,0,1,n — 1] is indeed
the dual canonical basis element B[n, 0, 0, n| and derive the equations

B[n,0,0,n] = ¢" uzB[n —1,0,0,n] — ¢*"usB[n —1,0,1,n — 1]
=¢*"'B[n—1,0,0,n]us — ¢*" 2B [n —1,0,1,n] uy;

with the same technique one can derive the other equations

B[n,0,0,n] = ¢" uzB[n —1,0,0,n] — ¢*"usB[n —1,0,1,n — 1]
=¢*" 'B[n—1,0,0,n]us — ¢*" 2B [n —1,0,1,n] us.

From the previous lemma we get a corollary.

Corollary 3.11. The following equations

B[n,0,0,n —1]B[1,0,0,1] = ¢ **B[n + 1,0,0,n] + ¢*~*"B[n,1,1,n — 1],
B[1,0,0,1]B[n,0,0,n — 1] = ¢"*"B[n +1,0,0,n] + ¢ " B[n,1,1,n — 1],
B[n,0,0,n]B[1,0,0,1] = ¢ *"B[n +1,0,0,n 4+ 1] + ¢ *"B[n, 1,1, n],
B[1,0,0,1]B[n,0,0,n] = ¢ *"Bln+1,0,0,n 4+ 1] + ¢ *"B[n,1,1,n].

hold for every integer n > 1.
The last two equations were conjectured by Leclerc.

Proof. We prove the statement by mathematical induction. The case n = 1 can be
checked in a short calculation using the straightening relations. Note also that the last
two equations in Corollary 3.11 make sense and are true for n = 0. Suppose that the
equations hold for n and all smaller numbers. Let us write down the first equation of
Theorem (3.10) for three consecutive integers n + 1, n, and n — 1,

B[n +1,0,0,n] = ¢"u3B[n,0,0,n] — ¢*" " tuyB[n,0,1,n — 1], (44)

B[n,0,0,n — 1] = ¢" 'usB[n —1,0,0,n — 1] — ¢*" 'uyB[n — 1,0,1,n — 2],
(45)

B[n—1,0,0,n — 2] = ¢" *u3B[n — 2,0,0,n — 2] — ¢*" 3uyB[n — 2,0,1,n — 3].
(46)

Multiply (46) from the right by ¢*"~5pgp;to get

¢* " Bn,1,1,n—1] = ¢ " PBusBn—1,1,1,n—1]—¢"  ugp1 B[n—2,1,1,n—2],

70



multiply (45) from the right by BJ[1,0, 0, 1] to get

B[n,0,0,n — 1]B[1,0,0,1]
= ¢" usB[n —1,0,0,n — 1]B[1,0,0, 1] (47)
7q5n73u2plB[n72’070’n*Q]B[l;oyoa 1]7 (48)

multiply (44) by ¢>~4" to get

¢~ B[n +1,0,0,n] = ¢* 3" u3B[n,0,0,n] — ¢"usp1 Bln — 1,0,0,n — 1].
Using the induction hypothesis for n — 1 and n we see that

B[n,0,0,n — 1]B[1,0,0,1] = ¢* " B[n + 1,0,0,n] + ¢*~*"B[n,1,1,n — 1].
The other equations in Corollary 3.11 can be proved in a similar way. O

The last two equations in Corollary 3.11 imply that the dual canonical basis ele-
ment B[1, 0,0, 1] commutes with every B[n,0,0,n] (n € Z). A conjecture by Beren-
stein and Zelevinsky (see [5]) says that the product of two dual canonical basis ele-
ments b; and b, is, up to a power of ¢, again a dual canonical basis element if and
only if b; and by g-commute, that is b1by = ¢°byb; for some s € Z. The conjec-
ture turns out to be wrong. Using his quantum shuffle algorithm from [36], in [38]
Leclerc constructs five counterexamples. The last two equations of Corollary 3.11 give
infinitely many counterexamples to Berenstein and Zelevinsky’s conjecture. The com-
mutativity of B[1,0,0,1] and B|n,0,0,n| implies g-commutativity, but the product
B[n,0,0,n]B[1,0,0,1] is a linear combination of two dual canonical basis elements.

Several authors, e.g. Reineke in [46], emphasized the importance of multiplica-
tive properties of dual canoncial basis elements. Corollary 3.11 gives four series of
expansions of products of dual canonical basis elements in the dual canonical basis.

3.11 The quantized version of the explicit formula for cluster vari-
ables

We may view Corollary 3.11 as a quantization of linear exchange relation for clus-
ter variables from Section 3.5. Define the integral form Az of U;r (w) as Az =
@Dacni Zlg, g ]ulal; define an algebra A; to be Ay = Q ®z(yq-1] Az. Then A; =
Q[Uoy, U1, Us, Us] with U; = 1 @ u; fori = 0,1, 2, 3. We see that A1 = A(Cpy).

Note that B[1,0,0, 1] = uzug — ¢*ugu; € Az becomes 1® B[1,0,0,1] = z € A;
in the specialization ¢ = 1. The elements p; = uzu; — q?u3 and py = usug — q>u?
specialize to P, = UsU; — U2 and Py = UyUy — UZ. Corollary 3.11 means that the
elements B[n, 0,0, n — 1] are quantized cluster variables, because B[n,1,1,n — 1] is
equal to B[n — 1,0,0,n — 2]p1po up to a power of ¢g. Similarly, the specialization
of B[n,0,0,n] at ¢ = 1 is an element in Caldero-Zelevinsky’s semicanonical basis of
A(Cpr), because Corollary 3.11 provides a quantized version of the Chebyshev recur-
sion sg11 = 28, — P1Pysi—1 for k > 2.

In the rest of this section we want to study the quantized cluster algebra structure of
U, ; (w). We will work with quantum binomial coefficients instead of ordinary binomial
coefficients as in Section 3.
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Proposition 3.12. The following quantized version of the addition rule in Pascal’s

triangle
n|  gin-—1 ken|n—1]  _gln—1 nk|n—1
R R i [ P
Proof. See [27], p. 17-18. O

for quantum binomial coefficients holds.

Definition 3.13. Define two functions f, g: Z> — Zby f(n, k,1) = n(n—2)+k(n+
2)+1l(n+1)—2kl,and g(n, k, 1) =nn—3)+ k(n+1) +l(n+ 1) — 2kl

Theorem 3.14. For every natural number n > 0 we have
—k 1-1
n+1,0,0,n] ! = qu(nkl)|: } {”‘i’k :|p;1+1 a2kq 2,
(49)

n—~kl[n—-1| ,_ .
uy B [mO,O,n]U?qu(””“’”{ l H L }pl Fustudlpy . (50)
k.l

The summation in the first case runs over all pairs (k,1) € N2 such that k + [ < n or
(k,1) = (n + 1,0); the summation in the second case runs over all pairs (k,!) € N?
such that k + 1 < n.

Proof. We prove the theorem by mathematical induction. One can check that both
equations hold for n = 0 and n = 1. Let n > 2 and suppose that the equations hold
for all smaller values of n. By Theorem 3.10 we have

B[n,0,0,n] = ¢" " 'B[n,0,0,n — 1Jug — ¢*"Bln — 1,1,0,n — 1]u;

=q¢""'B[n,0,0,n — 1Jug — ¢°" " °Bln — 1,0,0,n — 2]pou; .

In the following calculations we intensively use the fact that the four variables p1, po,
ug, U1 g-commute with each other, see Subsection 3.9. By induction hypothesis we
can assume that

u3q" ' B[n,0,0,n — 1uou?

=q " ulB[n,0,0,n — 1|ufug

- et |n=1=k|[n—1I - e
:qu(n 1,k,0) 1[ l H . } usp” kugkuflpo Iy

_ e n—1—k|[n—1 n—
:qu(n 1,k,0)+ 3+2l{ l ]{ B ]p? kugkumpo 1— ZU2U0~ (51)
k,l

Now we use the identity usug = po + ¢>u3. The sum (51) splits into two summmands,
namely

_ e n—1—k||n—-1] ,_ —
> st P
k.l
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and

—1—k —1
Zq,f(n—l,k,z)+n—1+2z [n l ] [nk }p?kugku§1+2p31z
kol

(i e n—1—-k|[n+1-1] ,_ e
- qu( Lk, + 3+2z[ L } [ . ]pl kugku%lpo L (53)
Kl

In the last step we shifted the index from [ to [ — 1. Again by induction hypothesis we
have

ugq5n76B[n - 1; 0, 07 n— 1]]9071?

— Z gf (n=2:h1)+5n—6 [n —2- /‘1 [n -1- l] p?flfkugkmuiungqu

l k
k.l
9 k—1l— neg|lm—1—Fk|[n-=1| ,_ _
:qu(n 2,k—1,1—1)+5 6[ L }[k_l]pgb kugku%ng L (54)
k.l

A calculation shows that f(n —1,k,1) —g(n, k1) = —n+3—1, f(n—1,k,1—1)—
g(n,k,l)=—-2n+3—1land f(n—2,k—1,1—1) —g(n,k,1) = —5n+ 7+ k. Thus,
by comparing coefficients in (52), (53) and (54) it is enough to show that

0 ) G Y e g ey

| —1-kjn—1
¢ -1 ||k-1]
But, by Proposition 3.12,

e i e S (SR )

 iken|n =l n—k-1
— 1 k -1 )

q_an—l—k n+1-1 ! n—1—-k][n—-1
-1 k -1 kE—1

oagn—k-1 n+1—1  ppgr|n—1

— 1 {1—1 }({ k 1 k—1

 kalm|n—1-Fk||n—I

—1 -1 || k]

This proves (49). Once we have established equation (49), equation (50) is proved sim-
ilarly using a recursion for B[n 4 1,0, 0, n] from Theorem 3.10 involving B[n, 0, 0, n]
and B[n,0,1,n — 1]. O

and

Theorem 3.14 is a quantized version of the formula (27) for the cluster variables in
Section 3. There is an analogous formula for B[n,0,0,n + 1].

It is possible to give an explicit expansion of dual canonical elements of the form
Bln,0,0,n — 1] in the (dual) PBW basis. Therefore we have to write powers of p; and
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po in the (dual) PBW basis. The following relations can be proved by induction. For
every natural number k the relations

k
E__ i 2i2—ik—kZ4it+k K| w—i i ki
= -1
P E (=1)'q [J% Uy Uy (55)
1=0
k ) > k
k _ i 2i2—ik—k>+it+k k—i, 20 k—i
= -1 U ‘UTU, 56
Po ;_0( )'q L] 2 1 Up (56)

hold. Substituting (55) and (56) in (49) yields to

Bln+1,0,0,n] = )  (~1)FFretrt {n - k:} [n +k1 - z] [n+ 1- k:] [n - z}

S r
k,l,rs

_q—l—2kl+2n+kn+ln—3r—lr—r2+s—ks+2rs—52

Els,n+2—-2s+rn—1-2r+s,r],

here the sum is taken over all k,[,7,s € Nsuchthat 0 < s <n+1—-k0<r<n-1I
and either k + ! < nor (k,l) = (n + 1,0). The formula is an g-analogue of (29).

3.12 The quasi-commutativity of adjacent quantized cluster vari-
ables and the quantum exchange relation

We prove that adjacent quantized cluster quasi-commute, i.e., they are commutative up
to a power of q.

Lemma 3.15. For every n > 1 the elements B[n + 1,0,0,n] and B[n,0,0,n — 1]
are g-commutative. More precisely, B[n,0,0,n — 1]B[n + 1,0,0,n] = ¢*B[n +
1,0,0,n]B[n,0,0,n — 1].

Proof. We prove the theorem by mathematical induction. We can verify the statement

for n = 1 in a short calculation using the straightening relations. Suppose that the
statement holds for n — 1. Combine Lemma 3.9 with Corollary 3.11 to get

B[n+1,0,0,n] = ¢"*"*B[1,0,0,1]B[n,0,0,n — 1]
—¢® MBn—1,0,0,n — 2]p1po
= ¢ 3B[n,0,0,n — 1)B[1,0,0, 1]
—¢*2Bn —1,0,0,n — 2]p1po.
Multiply the first expression for B[n + 1,0, 0, ] from the left and the second from the
right with B[n, 0,0, n — 1]. It remains to show that B[n,0,0,n — 1]B[n —1,0,0,n —
2p1po = ¢*B[n—1,0,0,n—2]p1poB[n, 0,0, n— 1], which follows from the induction

hypothesis and the relation B[n,0,0,n — 1]pipo = ¢°p1poB[n,0,0,n — 1], which
follows from Lemma 3.9. [

Lemma 3.15 says that two adjacent quantized cluster variables Bln + 1,0, 0, n]
and B[n,0,0,n — 1] form a quantum torus. If we specialize ¢ = 1, the elements
B[n+1,0,0,n] and B[n,0,0,n — 1] become cluster variables in the same cluster of

A(Chr).
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Lemma 3.16. For n > 2 we have
B[n+1,0,0,n]Bln —1,0,0,n — 2] = ¢*B[n,0,0,n — 1]2 4 g2 ~6nt8pn+ipn=2

Proof. The statement is true in the case n = 2. We use mathematical induction. Con-
sider the product p = B[n,0,0,n — 1]B[1,0,0,1)B[n — 1,0,0,n — 2]. We evaluate p
according to Corollary 3.11 in two different ways. On one hand we get

p = Bn,0,0,n—1] (¢ *"B[n,0,0,n — 1] + ¢*~*"B[n — 1,0,0,n — 2])
= ¢ B[n,0,0,n — 1)> + ¢*""'"B[n,0,0,n — 1)B[n — 2,0,0,n — 3]p1po
=¢""*"B[n,0,0,n — 1)?

2
+q (qu[n —1,0,0,n— 2> + ¢*" *10”“619%8_3) P1po.

In the above equations we have used Lemma 3.9 and the induction hypothesis. On the
other hand

= (¢**"B[n+1,0,0,n] +¢* *"Bln,1,1,n — 1]) B[n — 1,0,0,n — 2]
=¢> " Bn+1,0,0,n]B[n —1,0,0,n — 2] + ¢ Bln — 1,0,0,n — 2]*p1po.

Comparing both expressions for p gives Bln + 1,0,0,n]B[n — 1,0,0,n — 2] =
¢®B[n,0,0,n — 1] 4 g2 —6n+8pntlpn=2, O

Lemma 3.16 is a quantized version of the exchange relation for the cluster algebra.

3.13 Conclusion

In the last subsection we draw the conclusion that U ; (s1525182) carries a quantum
cluster algebra structure as defined by Berenstein-Zelevinsky in [6].

To be in accord with [6] we rescale our quantized cluster variables. Recall that the
generators ug, U1, Uz, and ug of U, ; (s1828182) correspond to the A-modules Tp, T4,
T5, and T3 of Subsection 3.4, the dual canonical basis elements B[n — 2,0,0,n — 3]
corresponds to the A-module 7T;,, and pg and p; correspond to the A-modules P; and
Py. We rescale each of the above elements by a power of g; the exponent is —%
times the dimension of the endomorphism algebra of the associated A-module. More
precisely, introduce elements

o Xy = q_%uo, X, = q_%uh Xy = q_%uz, X3 = q_%u&
o Yo =q %po. Y1 =q ?p1,
o X, =q 225 Bln—-20,0,n—3 forn >3

in the the algebra Q[¢*?] ®2z(¢,¢-1] U, (w) and analogous elements X, for n < 0.
Here we have enlarged the field of coefficients Q(q) of U, (w) to contain a square root
of q.

Note that in the above examples, the dimension of the endomorphism algebra of
the A-module corresponding to Blag, az, a1, ag) is equal to (a3 + az + a1 + ap)?. The
exact form of the rescaling exponent was suggested by Leclerc.

For n > 3 consider four variables (X,,, X,+1, Yo, Y1) which we group into a
cluster. By Lemma 3.9 and Lemma 3.15 the variables ¢g-commute; more precisely,

we have XanJrl = q2Xn+1an XYy = q2n_2Y0an XY, = q_2n+8Y71an

75



Xpi1Yo = ¢*"YoXni1, Xnt1V1 = ¢ 2"T0Y1 X 41, and Yo7 = ¢ *Y1Yy. The
matrix

0 2 2n—2 —2n-+8
I -2 0 2n —2n+6
—2n+2 —2n 0 —4
2n—8 2n—06 4 0

describes the exponents that occur in the commutation relations. The matrix L, the
exchange matrix

0 2
-2 0

B= n—3 —n+4]’
n —n+1

(which is the same as the exchange matrix for the ordinary cluster algebra A(Cpy))
and the cluster (X,,, X,,11, Yo, Y1) form a quantum seed (compare [6, Definition 4.5]).
With every a = (aq4, as,as,a1) € z* Berenstein-Zelevinsky (see [6, Equation 4.19])
associate an expression

_ 1 . .aia>Li- a az as a4
M(al,az,as,%)—q?ZDJ P XX A YR Y

n+1
_ 71—§:i caja;L;ivaiy a3 vaz a1
=q 2ae MWRIY YR X 2 X
We have %Zi>j a;ajLi; = —a1as — (n — L)ajas + (n — 4)ar1a4 — nagas + (n —

3)asay + 2azay. Lemma 3.16, written in terms of X,,, X, 1, Yy, and Y7, says that
XpaXp = ¢ X2, +q 2 O Sypyp e
Thus, we get an equation for the quantized cluster variable X, ;2. There holds

Xn+2 = quX,Z_i_lX;l + q72n2+6n73Y1n}/6n_3X;1
= M(-1,2,0,0) + M(—1,0,n — 3,n). 57)

Equation (57) is equal to the exchange relation [6, Equation 4.23] of Berenstein and
Zelevinsky.

The direct sum P, s ZlgF2]ula] is a Z[q,q *]-algebra, since the straighten-
ing relations involve only polynomials in ¢q. It is an integral form of the algebra
Q[g*3] ®2(q,q-1] Uy (w) defined above. It is generated by Xo, X1, Xo, and X3 and
furthermore contains each X, for n € Z. Therefore, it coincides with the Z[q, ¢~ !]-
algebra generated by all X,, with n € Z which is by definition equal to the quantum
cluster algebra as defined in [6].

We conclude with the theorem.

Theorem 3.17. The Z[q*2]-algebra

D zla**Jufa] € Ql**] ©ziqq-1 Uf (w)
acN4

is a quantum cluster algebra.
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