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Abstract

In this thesis we present an analysis of several aspects of four-dimensional, non-perturbative
N =1 compactifications of string theory. Our focus is on the study of brane dynamics and
their effective physics as encoded in the holomorphic couplings of the low-energy N = 1 effec-
tive action, most prominently the superpotential W. The thesis is divided into three parts.
In part one we derive the effective action of a spacetime-filling D5-brane in generic Type
IIB Calabi-Yau orientifold compactifications. In the second part we invoke tools from string
dualities, namely from F-theory, heterotic/F-theory duality and mirror symmetry, for a more
elaborate study of the dynamics of (p, ¢) 7-branes and heterotic five-branes. In this context we
demonstrate exact computations of the complete perturbative effective superpotential, both
due to branes and background fluxes. Finally, in the third part we present a novel geometric
description of five-branes in Type IIB and heterotic M-theory Calabi-Yau compactifications
via a non-Calabi-Yau threefold 23, that is canonically constructed from the original five-brane
and Calabi-Yau threefold Zs via a blow-up. We exploit the use of the blow-up threefold Zs
as a tool to derive open-closed Picard-Fuchs differential equations, that govern the complete
effective brane and flux superpotential. In addition, we present first evidence to interpret Zs
as a flux compactification dual to the original five-brane by defining an SU(3)-structure on

Zs, that is generated dynamically by the five-brane backreaction.
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Chapter 1

Introduction

It is “The Unreasonable Effectiveness of Mathematics in the Natural Sciences”, to say it in
the words of Wigner’s famous article [1], that explains the tremendous success of the current
mathematical description of the laws of nature in today’s theories. It expresses the astonishing
and countlessly verified observation that these laws can be consistently mapped to the clear
and elegant structures of mathematics. This in particular applies to theoretical physics,
founded by the works of Galileo and Newton. Contemporary theoretical physics nowadays
provides an extremely accurate description of almost all processes in nature and has led to
countless predictions that already have been verified or will hopefully be verified in the (near)
future. This huge success of the synthesis of physics and mathematics has led to the rise of
a new branch in science, denoted mathematical physics. It appreciates the strengths of both
fields and exploits the synergies of their combined study. One especially interesting topic in
mathematical physics is String Theory, which is at the final frontier of our understanding of
fundamental physics, aiming at the unification of all matter and forces in a single theory -
a theory of everything. Some aspects of this enormously rich theory are the content of this

work, which addresses naturally both physical but mathematical questions.

1.1 String Theory and its Implications

The foundation of contemporary physics consists of two fundamental theories, Quantum The-
ory, governing the physics on subatomic scales, and General Relativity, that determines the

large scale structure of our universe.

Quantum Theory is applied and verified in almost all areas of physics and is widely
accepted without any doubt. Its most advanced formulation is relativistic quantum field
theory being a combination of special relativity, classical field and gauge theory as well as
quantum mechanics. It provides the appropriate framework to analyze interactions at high
energies and has led to the formulation of a theory of what is currently known as elementary
particles and their interactions, the Standard Model (SM) of elementary particle physics. The
SM describes all dynamics of the fundamental particles, the six leptons and six quarks, that
are governed by strong, weak and electro-magnetic interactions, mathematically encoded by

the SM gauge group SU(3) x SU(2) x Uy (1). The origin of particle masses is explained by the
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Higgs mechanism exploiting vacuum degeneracy and broken gauge symmetry which implies
the existence of the Higgs particle. Except for the Higgs particle the SM has been tested and
verified to high precession in modern experiments, with the Large Hadron Collider in Geneva
currently at the frontier, which is also designed to discover the Higgs within the next years.
However, the SM suffers from several experimental as well as conceptual drawbacks that to
our current knowledge seem to rule it out as a fundamental theory of nature. First of all it is
an experimental and conceptual drawback that the SM does not explain the existence of dark
matter, which is required to explain the rotational curves of galaxies. Since dark matter has
not been directly observed it has to consist of weakly interacting particles, that might not be
covered by the SM particle content. In addition it is conceptually unsatisfying that the SM
contains a number of 19 free parameters that are not predicted by the theory itself and have
to be fixed by experiment. Furthermore the SM suffers from a hierarchy problem addressing
the question of its naturalness, namely why the electroweak breaking scale My = 246GeV
is so much smaller than the cutoff-scale A of the quantum field theory. This is a particularly
crucial problem if one assumes that no new physics happens up to the Planck scale Mp; where
gravitational interactions, which are not covered in the SM, become relevant and invalidate
the SM description and prediction. Then A = Mp; and since for example the corrections
to the Higgs mass at one loop are proportional to A%, an enormous fine-tuning would be

necessary in order to reproduce the theoretically favored Higgs mass around about 120 GeV.

A compelling solution to some of these problems is supersymmetry at the TeV scale. By
the introduction of superpartners to every SM-particle, dark matter candidates can be pro-
vided and the quadratic divergence in the Higgs mass is traded by a logarithmic one. In
addition the cut-off A is then at the TeV-scale making a fine-tuning obsolete. For more con-
ceptual reasons a supersymmetric extension of the SM, the simplest one being the Minimal
Supersymmetric Standard Model (MSSM), is furthermore favored since it supports the idea
of a Grand Unified Theory (GUT) that unifies all SM-interactions into a bigger, more fun-
damental gauge theoryl. However, even the MSSM suffers from theoretical problems like a
small hierarchy or u-problem of the Higgs mass parameter ;1 and an even bigger number of
free parameters. More conceptually, also the MSSM is a quantum field theory which does not
include gravity and thus can not be, even if one accepts the concept of renormalization in a

microscopic theory, a fundamental and complete theory.

In this light it is an even more unfortunate fact, that canonically quantized Einstein
gravity is non—renormalizableﬁ and thus fails to be a predictive quantum field theory by the
requirement of introducing infinitely many free parameters to absorb all divergences. One
way out is to view the MSSM as well as gravity as an effective theory that is valid up to a
scale A. This cuts off all momenta above A and thus trivially regularizes all quantum loops

n order to avoid the singularity of o due to the Landau-pole of QED the idea to replace the SM gauge
theory by an asymptotically free GUT gauge theory at a high scale ~ 10'°GeV is also favorable.

2We note the asymptotic safety program which pursues the formulation of Einstein gravity as a valid
quantum theory with a UV fixed point.
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restoring the predictive power of the quantum field theory. This, however, is equivalent to
the statement that the MSSM and Einstein gravity are not valid above the cut-off scale and
that new physics applies that is not yet discovered. Another argument for this conclusion
can be provided within classical General Relativity (GR). On the one hand also classical
GR is at least as predictive as the SM. It has strong experimental verifications mainly in an
astrophysical and cosmological context like its early checks by light deflection, time dilatation,
gravitational lensing, gravitational red shifting, its more sophisticated implication of Hubble’s
expanding universe and the Big Bang Theory. On the other hand, however, also GR seems
to be incomplete as a fundamental theory in the sense that it predicts its own breakdown
due to spacetime singularities. Starting with a massive object of radius smaller than its
Schwarzschild radius, a gravitational collaps occurs yielding a black hole as the final state of
the evolution. This is a formal spacetime singularity that exceeds the description in terms
of classical differential geometry. Also physically this poses a severe problem that is known
as the information loss paradox. Since the interior of the black hole is screened from an
exterior observer by a horizon, all information about its initial state and the matter falling
into the black hole is lost. Furthermore the black hole is known, following the semi-classical
description of Bekenstein and Hawking, to be a thermodynamical object emitting thermal
radiation, denoted Hawking radiation. Consequently the formation of a black hole violates
unitarity as it describes the evolution of a pure state into a mixed state which yields a further
tension between GR and quantum mechanics. This implies the necessity to obtain a more
fundamental and microscopic understanding of black holes. It requires, even from the point
of view of pure gravity, the introduction of quantum gravity in which the evolution of an
initial state, for example a star, into a black hole state is described in a unitary theory which
allows to determine the statistical origin of black hole thermodynamics. Together with the
drawbacks of our description of particle physics this inevitably requires the invention of novel

physical and mathematical ideas and concepts.

In summary we have collected known arguments for the observation that the SM as a
quantum field theory and GR both as a classical geometrical theory and as a quantum theory
can not be fundamental. They have to be replaced at a fundamental high scale A, which is at
most the Planck scale Mpi, by a microscopic, fundamental theory of nature that UV-completes
their incomplete physical description. The basic requirement of this theory is of course to

contain, in a well-defined limit, both theories at low-energies/large lengths compared to A.

It is the ultimate goal of String Theory to overcome all these obstacles of nowadays theories
in one unique mathematical formulation of nature that is valid on the most fundamental scales
[2-5]. The basic idea of String Theory to simultaneously avoid the inconsistencies both due to
infinities in quantum loops and due to a lack of a quantum gravity description is comparatively
simple. String Theory just introduces a new, fundamental length scale v/o/ in a way that
the concepts of Quantum Theory and general covariance are maintained. This is achieved by
replacing the common point-particle description of elementary particles by a description via
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one-dimensional strings of characteristic size v/o/. This in a certain way minimal length scale
smooths the interaction vertices in quantum field theory as well as the black hole and big
bang singularities in spacetime in a general covariant way. Thus both infinities in quantum
loops and in spacetime itself are naturally regularized. Stated differently String Theory
introduces a new paradigm: Not the spacetime physics is at the core of any physical question
but the physics on the two-dimensional world-sheet that the string sweeps out in spacetime.
Indeed, as long as this microscopic description of String Theory makes sense, all emerging
spacetime physics is consistent as well, even if the spacetime contains singularities. More
conceptually String Theory provides a novel way to probe geometries, that fundamentally
differs from the way point-particles probe geometries. This in particular alters the concepts
of classical differential and algebraic geometry to what is usually referred to as quantum or
stringy geometry. Consistency of microscopic quantum strings and their interactions then
naturally leads to a unified description of gauge fields and gravity. This happens in the
sense, that whenever a massless gauge field is present, which is an element in the Fock space
of quantized open strings or dual closed heterotic strings, also a massless spin two particle
or graviton has to be present as well, which is always a closed string stateﬁ. Moreover,
consistency of the quantum string, which means vanishing Weyl anomaly of the underlying
two-dimensional conformal field theory, implies the spacetime physics of gauge theory and
general relativity. However, the minimal Maxwell and Einstein equations are reproduced
only in the point-particle limit o/ — 0 of the full string equations of motion. Higher o’-
corrections indicate hints how String Theory changes both conventional gauge theory and
gravity that allows for a reconciliation of them at quantum level. Furthermore, consistency
at one-loop, in more detail modular invariance, or equivalently the absence of spacetime
tachyons requires spacetime supersymmetry. A milestone of the quantum gravity description
via String Theory for example is the explanation of the Bekenstein-Hawking entropy of specific
supersymmetric black holes [6]. This all is a first demonstration of the appealing feature of
String Theory, namely its strong predictive power, which has almost all of the mentioned

concepts of contemporary physics as a consequence of consistency, not an ambiguous choice.

However, it happens that String Theory is not quite as predictive as it seems at first
glance due to the choice of a compactification geometry. The string equations of motion
require a ten-dimensional spacetime, at least in the formulation of what is called critical
string theory. In order to make contact with the real, four-dimensional world requires to
“hide” the additional six dimensions in a certain way. One very prominent and old idea first
proposed by Kaluza and Klein is the concept of compactification]. Here the unwanted extra
dimensions are hidden in a tiny, compact six-dimensional “internal” manifold of size scale /.,

which has to be chosen sufficiently small in order to be consistent with today’s experiments.

3Here we omit more sophisticated versions of quantum gravity via the description in terms of quantum
gauge theories in the context of AdS/CFT duality.

4 An alternative to compactification is given by realizing our four-dimensional spacetime as a slice in a higher
dimensional space [7], so called brane-world scenarios. This idea can be further used to solve the hierarchy
problem [8] which is naturally realized in string theory on the deformed conifold [9].

4
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Indeed such a spacetime configuration can arise as a vacuum state of String Theory and the
allowed compactification geometries maintaining four-dimensional supersymmetry, to address
problems like the hierarchy problem, have been determined [10] to be Calabi-Yau manifolds
[2,11]. In this course the heavy String and Kaluza-Klein modes of masses of order 1/¢, 1/¢,
can be consistently integrated out yielding a four-dimensional Wilsonian effective action which
is then viewed as the Lagrangian from that one builds up a four-dimensional effective quantum
field theory. Furthermore, in this dimensional reduction process from ten to four dimensions
the four-dimensional physics is encoded by key geometrical quantities of the internal Calabi-
Yau manifold, which is denoted as geometrization of physics. The laws of classical geometry
that mathematically encode these quantities have however in general to be replaced by their
stringy geometry counterparts, like in the context of mirror symmetry discussed below, and are
often constraint from strong string theoretic consistency conditions like for example tadpoles.

However, this complete geometrization of four-dimensional physics has also one immediate
and very serious drawback. In general a topologically fixed internal compactification geometry
can undergo shape and size deformations without a cost of energy. This reflects in the effective
four-dimensional theory by the existence of massless scalar fields, so called moduli [2,12,13],
whose VEV determines the shape and size of the compactification geometry. Since no massless
scalar field has yet been observed in nature and since the same fields also determine the four-
dimensional couplings like the fine-structure constant, that would then be allowed to slowly
vary - another contradiction with experiment, in particular cosmology - the moduli have to
be fixed by a potential, generated for example by fluxes as noted first in [14] and thoroughly
reviewed in [15-17]. It is thus one crucial task of every attempt for predictive string model
building to give a mechanism that dynamically generates such a potential. Once this concep-
tual problem is solved, one can try to search a four-dimensional string vacuum reproducing
all aspects of the MSSM, for example. However, although remarkably good models are known
a single model meeting all criteria to be accepted as a valid theory of particle physics has not
been found yet. Luckily there is, at least to our current understanding of string dynamics,
a vast landscape [18,19] of string Vacuaﬁ. It is the goal of String Phenomenology to single
out the most promising string vacua to reproduce the observable particles and interaction.
Prominent corners in the landscape for performing explicit searches are the heterotic string,
both on smooth Calabi-Yau manifolds as pioneered in [10,22], see e.g. for more elaborate
SM models [23], and on orbifolds starting with [24,25], cf. [26] for a review, Type II setups
with D-branes [16,17,27,28] and most recently also F-theory compactifications [29-31]. It is
furthermore expected that a more elaborate understanding of string dynamics, in particular
in a non-perturbative formulation of string theory by M-theory or using string dualities, sheds
further light on the phenomenologically appealing corners in the string landscape or even dy-
namically selects MSSM string models, probably when non-perturbative effects are taken into

®A first counting of flux vacua led to the prominent finite result of the order of 10°°° string vacua [20]. The
search of a realistic model out of these seems to be theoretical impossible without a better understanding of
the dynamics or without an intelligent searching strategy [21].
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account. Indeed there are prominent examples how non-perturbative string and field theory
physics naturally reproduces aspects of four-dimensional physics like de Sitter vacua [32] and
confinement [33]. In particular the inclusion of non-perturbative physics drastically affects

even qualitative features of physicsﬁ.

Conceptually, all these approaches of string phenomenology have in common that they first
appreciate the reduction of the complexity of the full string dynamics to a comparably trivial
subsector of light modes and then exploit the translation of the four-dimensional physics to
the structure of the internal geometry. This reduction of the complicated string dynamics
giving us back a four-dimensional effective theory is one principle we follow. Concretely there
are two central aims of this work. One aim is the detailed study of a wide class of compacti-
fication geometries and the second aim is to analyze the dynamics of additional fundamental
objects in string theory, the dynamics of branes. Branes often have to be included in a string
compactification for consistency and crucially influence string dynamics and phenomenology.
The results of this analysis provide on the one hand a better conceptual understanding of the
background geometries in string theory and on the other hand, however up to now only in

toy models, exact potentials to make quantitative statements about moduli stabilization.

Finally we note that issues addressed in the context of studying a particular physical prob-
lem in string theory are often related to deep mathematical questions and structures. Both
fields, mathematics and string theory, influence each other severely, and underlying math-
ematical structures often even make it possible to perform specific physical calculations, as
demonstrated on the basis of selected examples in this thesis. Conversely, physical motivation
can be very successful in making mathematical predictions as in enumerative geometry where
specific symplectic invariants, the Gromov-Witten invariants that are related to the counting
of holomorphic curves, are calculated using mirror symmetry [35]. A further example for
the interplay of mathematics and physics is the question of finding supersymmetric vacua in
string theory. This translates, for example, to the mathematical problem solved by Yau of
finding a Ricci-flat metric, which is a solution to the closed string equations of motion, on
a given manifold with vanishing first Chern class and fixed Kéahler class. For supporting a
supersymmetric open string sector this question corresponds to the task of finding calibrated
cycles of minimal area in their homology class [36]. In this context the key physical coupling
functions of effective field theories are geometrized by key geometrical quantities. The N =1
superpotential, for example, is related to period integrals in the closed string case or to chain
integrals, more generally to the holomorphic Chern-Simons functional, in the open string case.
Finally string theory sometimes even guides interesting ways to extend the notion of classical
geometry for example. Directions include generalized geometry, special structure manifolds,
like SU(3)-structure manifolds, and mirror symmetry, that relates classical complex geometry
with a quantum deformation of symplectic geometry in the closed string case or classical
deformation theory and quantum deformation theory in the open string case.

6See also the reasoning of Dine, Seiberg that the string vacuum of our universe is likely strongly coupled [34].

6
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1.2 D-Branes

The relevance of D-branes for a fundamental formulation of String Theory has been discovered
during the second superstring revolution in 1995 starting with the seminal work of [37], see
e.g. [38,39] for a review. They were noted to be dynamical objects of String Theory carrying
R—R-charge that are as fundamental as the string itself. However D-branes are intrinsically
non-perturbative and thus not visible as a perturbative string state, which explains their rela-
tively late discovery. This can be directly seen by their tension 1" ~ gls = é identifying them
as open string solitond]. BPS D-branes provide precisely those BPS-states that are necessary
for a complete understanding of string dualities [41]. D-branes yield new particle states [41,42]
in an effective theory and contribute as non-perturbative effects, so-called D-instantons, to
correlation functions, see e.g. [43] for a review. Prominent examples in string dualities are the
rise of non-perturbatively enhanced gauge symmetry in the Type ITA string due to massless
D-branes wrapping vanishing cycles in the geometry that matches the enhanced gauge sym-
metry of a dual heterotic string [41] or Type I/heterotic duality [41], where the fundamental
heterotic string at small coupling has to be viewed as the Type I D1-brane at strong coupling.
The study of D-branes has further led to the famous AdS/CFT-correspondence [44-46] that
is the first explicit realization of a holographic description of gravity in terms of a supersym-
metric gauge theory. From a very conceptual point of view the discovery of D-branes even
gives rise to the question, what the fundamental formulation of string theory really is - a
theory of fundamental strings and branes, of branes only, like in M-theory [41,47], or a more
abstract theory e.g. of matrices [48,49].

In general D-branes have often to be included in a given string compactification for con-
sistency. Either they are required to cancel tadpoles due to orientifold planes and fluxes or
they are produced dynamically via a conifold transition turning flux into D-branes and vice
versa [50,51]. Most important for direct model building applications however is the case of
spacetime-filling D-branes in a background yielding an N' = 1 supersymmetric effective the-
ory in four dimensions. Then an effective action description of the D-brane dynamics can be
invoked to analyze their light modes. These are described by a supersymmetric gauge theory
that is localized to the D-brane world-volume [52] and further reduced to four dimensions.
The most obvious case to consider are D-branes in flat space, so called brane world scenarios,
where the real four-dimensional world is located on intersections of branes with the standard
model gauge symmetry and particle content, see [17,27,28, 53, 54] for a review. Generally
these setups are defined by a Calabi-Yau background geometry Z5 with orientifold planes in
order to cancel unphysical tadpoles, so called Calabi-Yau orientifolds, in which the D-branes
wrap specific calibrated submanifolds to preserve supersymmetry [36]. In this context the
realization of the standard model gauge group or a sensible GUT-sector with the correct
spectrum of charged matter is of most immediate relevance. Recently substantial progress

"There are also closed string solitons with tension 7' ~ g%, the so-called NS5-brane, cf. the discussion in [40].

7
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has been made by the formulation of realistic GUT models with enhanced gauge symmetry
to exceptional gauge groupdl in the non-perturbative formulation of Type IIB via F-theory,
see [30, 31] for reviews. These setups exploit the localization of the brane gauge dynam-
ics to cycles inside the Calabi-Yau, which may allow to consistently decouple the complex
physics of gravity in a compact geometryﬁ and to work entirely in an (ultra)local model, to
address more model independent and detailed phenomenological questions [55-57]. In addi-
tion model building with branes in Type IIB has on the one hand side led to a realization of
hierarchies in warped compactifications with deep throats [9] which provides an embedding
of RS-scenarios [8] into String Theory. On the other hand scenarios for controlled supersym-
metry breaking via anti-D3-branes to a metastable de Sitter vacuum with fixed moduli [32]
as well as string embeddings of cosmological models including inflation have been realized,
see e.g. [58] for a review.

For all these phenomenological applications an adequate description of D-brane dynamics
is essential. However, in general the complete dynamics of quantum D-brane can only be
indirectly described via string dualities or in specific parameter regions where for example a
perturbative string theory description in terms of Dirichlet-branes or a supergravity descrip-
tion in terms of p-branes is valid. The thorough analysis of brane dynamics is the central
aim of this work, where we focus mostly on the dynamics of spacetime-filling D5-branes,
NS5-branes and seven-brane. For this analysis methods from basically three different fields
are applied, that are methods from the study of Effective Actions, from String Dualities
like F-theory, heterotic/F-theory and mirror symmetry and finally from purely geometrical
consideration, namely Blow-Up Geometries and SU (3)-structure Manifolds.

1.3 Effective Actions

A very direct way to analyze and to make quantitative statements about the dynamics of a D-
brane in a given string background is the determination of the general D-brane effective action.
Generically a consistent and controllable string compactification has to be supersymmetric.
The setups we initially study are defined by a Calabi-Yau threefold Z3 with supersymmetric
D-branes and orientifold planes or heterotic bundles. Since these backgrounds respect a

minimal account of supersymmetry we are dealing with four-dimensional ' = 1 string vacua.

In general every effective four-dimensional N = 1 supergravity theory contains one su-
pergravity multiplet, a number of vector and of chiral multiplets [59]. The complete action
is determined by three coupling function@ of the chiral superfields ®, the Kéahler potential

8Before exceptional gauge groups have only been accessible in the heterotic string or in M-theory with
ADE-singularities.

9Although appealing due to the obvious simplifications of decoupled gravity, global questions like the
embedding of the local setup into a global string vacuum or the moduli problem can not be addressed.

1%We neglect Fayet-Iliopoulos terms for our discussion.
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K(®,®), the gauge kinetic function f(®) and the superpotential W (®) [59]. In this thesis
the derivation of the full effective action, i.e. of the three coupling functions K, f, and W, is
performed for the case of a spacetime-filling D5-brane [60]. This completes the list of N’ =1
effective actions for compactifications with D-branes, see [61] for the D3-brane, [62,63] for the
D7-brane and finally [64] for the D6-brane action.

Besides the immediate application of the effective action for a detailed analysis of a specific
D5-brane model of particle physics, one can address more model-independent questions. One
natural such direction is to focus on an universal sector of the brane theory, that is given by a
number of chiral multiplets corresponding to the position modes of the D5-brane. The scalars
from this geometrical sector of the D5-brane effective action can remain as massless fields
in the four-dimensional effective action and yield a serious moduli problem, that potentially
spoils every D-brane model right at the beginning. Thus, it is of essential importance to
ask the question whether these fields remain massless at any order in the fields and in «'.
Out of the three coupling functions of the NV = 1 effective theory, the perturbative brane
superpotential depending on these moduli is of central importance for this question [65—
67]. Thus, together with the flux superpotential a complete understanding of the Type IIB
superpotential allows to systematically study moduli stabilization in the Type IIB string with
D5-branes, that are complex structure moduli and the dilaton in the closed string and the
brane moduli in the open string secto. We refer to [15-17,29] for a review of moduli
stabilization in flux compactifications.

Furthermore, the superpotential is in general, due to its holomorphy, a controllable cou-
pling since it is preserved by a non-renormalization theorem of N' = 1 supersymmetry from
perturbative and non-perturbative corrections, see e.g. [68]. Thus we can trust our expressions
for it obtained for example by the dimensional reduction of the tree-level D5-brane effective
action. Having realized this conceptual importance of the superpotential, we will in the re-
mainder of the thesis calculate explicitly the flux and brane superpotential using techniques
from string dualities. This way, we obtain ezxact string theoretic results for a coupling function
in the four-dimensional effective theory. In the context of string dualities we will also view the
superpotential as a test field for the more elaborate formulations of non-perturbative string

and brane dynamics like F-theory, heterotic/F-theory duality and the blow-up geometry.

1.4 String Dualities

In order to understand string theory more thoroughly beyond perturbation theory includ-
ing non-perturbative effects, string dualities can be applied, see [69-71] for a selection of
review articles. Dualities in general rely on the observation that identical physics can come

in two or more seemingly different disguises like for example in the mentioned AdS/CFT-

HThe Kihler moduli are fixed by non-perturbative effects, cf. the pioneering paper [32].
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correspondence relating gauge with a gravity theory. An important class of dualities are
S-dualities that relate strong coupling physics in one theory to weak coupling physics in an-
other or even the same theory. Examples are S-duality between the Type I and the heterotic
SO(32) string or of the Type IIB string with itself, which is exploited for the formulation of
F-theory [72].

Besides S-duality F-theory also incorporates a second concept, namely geometrization.
This term is in general used to express that a given theory is mapped to a complete geometric
description, so that the underlying geometrical structures are exploited to study the dynam-
ical processes in the theory. In F-theory both the description of a varying coupling constant
and the physics of non-perturbative seven-branes in the Type IIB theory are geometrized
by an elliptic curve, a two-torus, fibered over the spacetime manifold [72]. This provides on
the one hand one of the few known duality invariant description of physics, in this case of
S-duality in Type IIB, and on the other hand allows to study non-perturbative seven-brane dy-
namics. Furthermore an F-theory compactifications on elliptic Calabi-Yau manifolds [72-74]
correspond to fully consistent supersymmetric Type IIB compactifications with automatically
canceled tadpoles due to a consistent inclusion of orientifold planes [75,76] and even allows
for background R-R, NS-NS and brane ﬂuxe. Thus F-theory provides the ideal setup
to study many aspects of Type IIB compactifications and to answer questions about non-
perturbative brane dynamics and about moduli stabilization, cf. [29]. For the latter issue one
in particular exploits the calculability of the F-theory superpotential in compactifications to
four dimensions which unifies the Type IIB flux and brane superpotential of the geometrized
seven—brane. This is a major strategy we follow in this thesis and in [79].

A second example of geometrization is heterotic/M-theory duality [41], which implies, us-
ing further string dualities, heterotic/Type II duality [41,80] and its close cousin, heterotic/F-
theory duality [72-74]. Focusing on the latter we observe a geometrization of the data of a
heterotic compactification in terms of the purely geometrical data defining an F-theory com-
pactification. In particular heterotic gauge dynamics as well as the dynamics of distinguished
heterotic five-branes, so called horizontal five-branes, are completely geometrized in F-theory.
This provides yet another route to analyze five-brane dynamics and to calculate brane super-

potentials via string dualities that is of essential use for this thesis [79,81].

One of the oldest string dualities is mirror symmetry, see e.g. [82] for a review. Con-
ceptually it can be understood as a consequence of probing the spacetime geometry with
one-dimensional strings instead of point-particles [83], which changes the notions of classical
geometry to string geometry, a special form of quantum geometry. A toy version of mirror

symmetry is T—dualit that is well-known for the closed bosonic string where it relates the

2The only additional consistency condition is the M-theory tadpole [77]. Furthermore fluxes induce a
warping, however, the internal metric is still conformally Calabi-Yau [78].

13We note that the seven-brane superpotential is formally a five-brane superpotential.

1Gee [84,85] for a detailed review of T-duality.
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1.4. STRING DUALITIES 11

compactification on a circle of radius R to a different compactification on a circle of radius
1/R by exchanging windings and momenta [2-5]. Mirror symmetry for Calabi-Yau threefold
compactifications of Type II string theory was noted first from a CFT point of view [86,87]
and is indeed conjectured to be a generalization of T-duality [88]. It is most thoroughly formu-
lated for the topological versions of Type II string theory, the A- and B-model, on Calabi-Yau
manifolds [89], where it states the equivalence of the A-model on a given Calabi-Yau threefold
Z3 with the B-model on its mirror Calabi-Yau threefold Zs. Geometrically it identifies the
classical complex geometry of Z3, i.e. the complex structure moduli space, with the quantum
corrected symplectic geometr of Zs, i.e. the Kéhler structure on Zs. The equivalence of
the full Type IIA theory on Z3 with the Type IIB theory on Zs is only conjectured, first by
Kontsevich and then by [36,88,92], since it requires the equivalence of all perturbative but
most notably non-perturbative effects like BPS-particles and D-instantons. Physically mirror
symmetry allows the calculation of the world-sheet instanton CorrectedE holomorphic N' = 2
prepotential in the Type IIA vector multiplet sector of the effective four-dimensional theory

by matching with the classical Type IIB prepotential [35].

Mirror symmetry can be extended in two directions. One direction is the extension to
higher-dimensional Calabi-Yau manifolds like Calabi-Yau fourfolds [93-95] and the other di-
rection is to open string mirror symmetry defined by the inclusion of D-branes and a corre-
sponding open string sector. The latter was formulated first by Kontsevich as the homological
mirror symmetry conjecture and was interpreted in more physical terms in [96]. In physical
setups both extensions yield effective theories with four supercharges. Closed mirror sym-
metry for fourfolds naturally occurs in two-dimensional Type 11, three-dimensional M-theory
and four-dimensional F-theory compactifications with an V' = 1 effective theory, which is the
case of primary interest in this thesis [79]. Open mirror symmetry as used in Type II theories
breaks N' = 2 supersymmetry of closed string mirror symmetry to A’ = 1 by the inclusion of
D-branes. It extends the purely geometrical closed mirror symmetry to D-branes identifying
BPS D6-branes wrapping special Lagrangian three-manifolds in Z3 in Type IIA with BPS
D3-, D5-, D7- and D9-branes in Type 11 3. Both generalizations of mirror symmetry allow
to calculate exact holomorphic couplings in the N' = 1 effective theory. For mirror symmetry
on fourfolds this is the effective flux superpotential, e.g. of the F-theory compactification,
which is classical in one theory and receives instanton corrections in the dual theory [97]. In
the open string case mirror symmetry also relates the corresponding brane superpotentials on
both sides, which allows as in the closed string case to compute the disk instanton corrected
superpotential on the ITA side by the classical superpotential in Type IIB [98]. Furthermore it
can be physically motivated in F-theory, that under certain circumstances, i.e. for specific flux
choices, the fourfold flux superpotential agrees with the brane superpotential in a dual Type

5This is defined by a certain deformation quantization of the classical intersection theory on Zs due to
world-sheet instantons [90,91], where 7 is identified with the string scale o'.

%There are no perturbative nor non-perturbative gs-corrections, since gs resides in a hypermultiplet [42].

17See [64] for a detailed discussion of open mirror symmetry at the classical level.
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IT or heterotic compactification [79,81,99]. Detailed discussions and explicit calculations in

favor of this observation are the core of the technical part of this thesis following [79,81,100].

1.5 Blow-Up Geometries and SU(3)-Structure Manifolds

As we have just discussed, string dualities often unexpectedly relate two different physical
descriptions. It is the essential goal of the last part of this work to collect hints for a novel
duality between a compactification with a five-brane supported on a curve X and a dual blow-
up threefold geometry carrying an SU(3)-structure, on which the five-brane has dissolved into
flux and a canonical non-Kéhler form [100]. This duality should apply equally to Type IIB
Calabi-Yau orientifold compactifications with D5-branes [60, 100] as well as to heterotic or
M-theory Calabi-Yau threefold compactifications with M5-branes [79, 81].

This dual description was first noted in [60] in the context of the study of the D5-brane
superpotential as a tool to analyze its in general complicated dependence on both complex
structure moduli of Z3 and on the deformations of . It is argued that the natural setup
for this study is provided by a different threefold Zs, that is obtained by blowing up along
Y in Z3, since the deformations of the curve ¥ in Z3 are unified with the complex structure
moduli of Z3 as pure complex structure deformations of Zg@ It is crucial for this unification
that there are no branes present on Zs hinting to a complete geometrization of the D5-brane.
Indeed it could be argued [60] that the geometry of Zs can at least be used to calculate the
D5-brane and flux superpotential of the original Type IIB compactification on Zs.

It was later realized in [81] that this blow-up procedure is also applicable to five-branes
on curves Y in the heterotic string, for which the brane superpotential is formally identical
to that of a D5-brane and should also be calculable from Zs. In the context of heterotic JF-
theory duality the description of the five-brane dynamics via Zs is further confirmed by the
agreement with the usual geometrization of a horizontal five-brane as a blow-up in the dual
F-theory fourfold X4 [73,101-105]. This is shown and exploited for concrete calculations
in [81] which are cross-checked by the calculations of F-theory flux superpotentials in [79] in

combination with mirror symmetry for Calabi-Yau fourfolds and branes.

Finally the blow-up Z3 is used in [100] for direct calculations of both the five-brane and
flux superpotential, that are again cross-checked via open mirror symmetry and shown to
be in agreement with the available results in the literature [99,106-127] that they partially
extend. Furthermore, first arguments are provided for the blow-up threefold 73 to define
a consistent Type IIB or heterotic compactification by defining an SU(3)-structure on Zs.
Most remarkably, a canonical non-Kéhler form is defined that seems to naturally encode the

five-brane in the original setup. This together with the performed calculational checks should

18We thank D. Huybrechts for pointing us in that direction and for patient explanation of mathematical
details of this mapping.
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1.6. OUTLINE 13

be viewed as a first step to consistently treat the backreaction of five-branes and to establish
a physical duality between the pure closed string compactification on the blow-up threefold
Zs5 and the original string compactification with five-branes. Although complete evidence is
still lacking it is tempting and will hopefully be justified further by some future publication
to view the blow-up geometry Zs as a full dual description, that can probably be interpreted
as a compact version of the geometric transition of [50,51]. In this regard the aim of this
thesis is to provide a self-contained presentation of the idea, calculational use and the current
physical interpretation of the blow-up threefold Zs.

1.6 Outline

The thesis is split into three logically different and self-contained parts, part I on Effective
Actions, part IT on String Dualities and part III on Blow-Up Geometries and SU(3)-Structure
Manifolds. The three parts are mainly independent, however, the explicit calculations of part
I1I partially rely on mirror symmetry and enumerative geometry as discussed in part II.

We start in this work with the discussion of effective actions in part I. In order to prepare
for our presentation we begin with a review of orientifold compactifications of Type II string
theory in chapter B We start with a brief discussion of the classification of possible Type
IT orientifolds in section EXJl Then we proceed with a review of the N = 1 effective action
of generic Type IIB Calabi-Yau orientifold compactifications Z3/O in section Z2 that are
03/07- and O5/09-orientifold compactifications, where the latter is of particular relevance
for this work. The chapter is concluded by determining the N’ = 1 characteristic data.

In chapter Bl we begin the analysis of brane dynamics by the computation of the effective
action of a spacetime-filling D5-brane in generic O5/09-Calabi-Yau orientifolds following [60].
In section Bl we present a general review of supersymmetric D-branes in Calabi-Yau manifolds
focusing on their low-energy effective dynamics and on the geometric calibration conditions on
BPS D-branes. The calculation of the D5-brane effective action is performed in section by
a purely bosonic reduction. We put special emphasis on the universal sector of the D5-brane
action that is given by the open-closed geometric moduli as well as on the the determination
of the scalar potential. The calculation of the scalar potential reveals the ad-hoc surprising
relevance of four-dimensional non-dynamical three-forms in order to recover the complete
F-term potential in a purely bosonic reduction. In section we work out the influence of
the presence of the D5-brane on the N' = 1 characteristic data, in particular in comparison
with the pure O5/09-orientifold compactification of chapter I The D5-brane induces a brane
superpotential, that is given by a chain integral, as well as in an additional gauging of a chiral
field of the bulk by the U(1)-gauge boson of the D5-brane and the corresponding D-term.
The discussion of the effective action is concluded in section B4l where the scalar potential is

determined on the space of all geometric deformations of the D5-brane, including also massive
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14 CHAPTER 1. INTRODUCTION

deformations. This is, as we will further discuss in chapter [, of conceptual importance.

Part II is dedicated to a more sophisticated treatment of brane dynamics via string duali-
ties. We start our discussion in chapter ll by a detailed presentation of heterotic/F-theory du-
ality and its use to analyze non-perturbative seven-branes in F-theory respectively five-branes
in the heterotic string. Firstly, in section Bl we review heterotic string compactification in
their most complete formulation via heterotic M-theory. We begin with a general presentation
of heterotic M-theory and its use to calculate corrections to heterotic string compactifications.
Special emphasis is put on the effect of five-branes influencing e.g. the heterotic B-field and
the tadpole condition. In particular we note, following [81], the interpretation of heterotic
five-branes as a singular bundle effect, a so-called small instanton, and its use to formally
obtain a chain-integral superpotential for the five-brane when evaluating the holomorphic
Chern-Simons functional on the small instanton. A brief review of the essentialities of the
spectral cover construction of heterotic vector bundles concludes the heterotic string section.
Then in section we turn to F-theory. We review Vafa’s basic idea of F-theory, readily turn
to the construction of F-theory compactifications via elliptic Calabi-Yau manifolds and finally
comment on the F-theory flux superpotential in Calabi-Yau fourfold compactifications. There
we emphasize that this flux superpotential contains both the Type IIB flux and geometrized
seven-brane superpotential and can consequently be used, as we explicitly demonstrate in this
thesis, to calculate open-closed superpotentials in a unified framework. Finally we present
a discussion of heterotic/F-theory duality, first of the fundamental eight-dimensional duality
and then in lower dimensions. Of most conceptual importance for our study of brane dynam-
ics is the duality map of heterotic five-branes, some of which are geometrized in F-theory by
blow-ups in the F-theory fourfold, which is of particular use for concrete calculations.

The actual tools for many calculations performed in this thesis are provided in chapter
Bl Here the basic geometric techniques of mirror symmetry are introduced. We begin by
reviewing toric geometry in section 0] which is the main tool to generate concrete examples
of Calabi-Yau manifolds, their mirrors and also branes. Then in section we present a
basic account on Calabi-Yau threefold mirror symmetry in order to prepare for its higher-
dimensional analogue for Calabi-Yau fourfolds in section For both sections the study of
the complex structure moduli space via Picard-Fuchs differential equations is essential. In
particular the existence of these differential equations allows the study of global properties
of the complex structure moduli space as performed, following [79], for Calabi-Yau fourfolds
yielding a novel behavior of the fourfold periods at the universal conifold. The chapter is
concluded in section |24l by reviewing the enumerative meaning of mirror symmetry for the
A-model. In particular the interpretation of the flux and brane superpotentials as generating
functions for world-sheet- and disk-instantons is emphasized, since these, but also the classical
terms, are used as cross-checks for our results obtained in the B-model calculations.

Finally in chapter Bl the methods from heterotic/F-theory duality, F-theory and mirror
symmetry are applied for calculations of effective superpotentials. Firstly in section the
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F-theory flux superpotential is calculated for selected Calabi-Yau fourfold geometries that
possess a clear Type IIB interpretation and a canonical heterotic dual, cf. [79]. Both the
Type 1IB flux and seven-brane superpotentials are determined and a first interpretation in
terms of the heterotic dual is given. A more systematic study of the application of mirror
symmetry for heterotic/F-theory duality with five-branes is presented in section The
central strategy there is to calculate the heterotic flux and five-brane superpotential from the
F-theory dual geometry. Two examples emphasizing different aspects of heterotic/F-theory
duality with five-branes are discussed.

In part III of this thesis, the novel prescription of the dynamics of five-branes on curves X
via blow-up threefolds Zs is discussed and applied for calculations [60]. Chapter [ begins with
a conceptual discussion of five-brane dynamics in section [LI There the formal treatment
of the backreaction of five-branes naturally leads to the consideration of the open manifold
Z5—2%, which is replaced by the blow-up Zs—F in section [L2 where E denotes the exceptional
divisor of the blow-up of ¥. The unification of closed and open deformations of (Z3,X) is
discussed in detail and probed via the pullback Q) of the Calabi-Yau three-form © from Z3 to
Zs in section Finally, the flux and five-brane superpotentials are lifted to Zs in section

[C4] and shown to obey Picard-Fuchs equations for the complex structure moduli of Zs.

Then in chapter [ the blow-up Zs is exploited to perform calculations of the effective
superpotentials. This calculations are performed for two examples, branes in the quintic in
section and branes in an elliptic fibration over IP? in section In both cases the existence
of a toric GKZ-system, in general constructed in section B2, is used to derive open-closed
Picard-Fuchs equations, that both contain the flux and the five-brane superpotential as solu-
tions. Finally in section the geometrization of five-branes via the blow-up Z3 is compared
to the geometrization of five-branes in heterotic/F-theory duality. This comparison is applied
for an explicit matching of the geometric structures and the five-brane superpotentials.

In the concluding chapter [ first steps to view the threefold Zs as the background of a
string compactification are provided. For this purpose an SU(3)-structure, as reviewed in
section @], is constructed on Zg, that can be interpreted to be generated by the five-brane
backreaction. Firstly the classical Kéhler geometry on Zs is discussed in section Then,
a minimal non-Kéahler deformation of the Kéahler structure on 23 is presented in section B3]
which can be physically viewed as a dissolution of the original five-brane on . into conventional

three-flux localized around the divisor £ and into additional geometrical flux.

Finally in part IV, we present in chapter [0 our conclusions and an outlook on future
work. In addition this thesis has three appendices. Appendix [Al contains further background
material on the calculation of the effective action, appendix [Bl summarizes a basic account
of geometrical properties of elliptic Calabi-Yau manifolds, ruled threefolds and the blow-up
threefold Z3 and finally appendix [ provides further details of the calculations performed in
section B0l and in chapter B, as well as two further fourfold examples.
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Chapter 2

Orientifold Compactifications

In this chapter we review compactifications of Type II string theory on Calabi-Yau threefold
orientifolds Z3/0O. Our main focus is on Type IIB string theory and the corresponding four-
dimensional effective action, where we closely follow the detailed discussion in the original
works [128-130]. This provides the necessary background for our computation of the D5-brane

effective action in chapter Bl

We start our presentation in section ELT with a brief review of the classification of possible
Type II orientifolds, first from the perspective of the two-dimensional string sigma-model,
then from the spacetime point of view of Type II string theory, where we readily focus on
the geometry of orientifold planes. Then we proceed with a review of the NV = 1 effective
action of generic Type IIB Calabi-Yau orientifold compactifications Z3 /O in section 2222 that
are 03/07- and the O5/09-orientifold compactifications where the latter are of particular
relevance for this work. We first discuss the expected massless spectrum in four dimensions,
then present the actual Kaluza-Klein reduction to obtain the effective action and conclude

with the organization of the fields and couplings into the A/ = 1 characteristic data.

2.1 Classification of Orientifolds

In order to emphasize the concept of orientifolds we start in section ZTTl with a brief summary
of the construction of an orientifold theory from the point of view of an N' = (2, 2) supersym-
metric field theory in two-dimensions. Then in a second step we specialize to sigma-models
with a Calabi-Yau target space X and understand the orientifolded SCF'T as part of a Type II
string theory compactified on X in section We conclude in section with an analysis
of the geometry of orientifold planes as calibrated submanifolds in a Calabi-Yau threefold Zs.

2.1.1 Orientifolds in N = (2,2) Two-dimensional Field Theories

In general an orientifold theory of a given two-dimensional ' = (2,2) field theory is defined
by dividing out a symmetry group of the theory, the orientifold action. This is an involutive

parity symmetry P of the N' = (2,2) theory where P is a combination P = 7 o2 of the parity

19



20 CHAPTER 2. ORIENTIFOLD COMPACTIFICATIONS

action Q of the N' = (2,2) superspace with a canonically induced action on the superfields
and an internal action 7 on the superfields so that the A/ = (2,2) Lagrangian is invariant.
There are two different parity operations on N’ = (2, 2) superspace, denoted A- and B-parity
Q4, Qp [131], that both contain world-sheet parity €, exchanging left- and right-movers but
act differently on the N' = (2,2)-Gramann variables. Both parities break half but different
supersymmetries and are interchanged by mirror symmetryl. In the case of a single chiral
superfield ®(x,#) with canonical kinetic term ®® the internal action on the superfields is

trivial, i.e. ® is transformed as a function on superspace
Py: O(z,0) — P(Qa(z,0)), Pg: ®(z,0) — &(Qp(x,0)). (2.1)

For non-linear sigma-models on a Kahler target manifold X, in particular for Calabi-Yau
backgrounds, the two possible parities have to be combined with a non-trivial internal trans-
formation on the chiral superfields [131]. From invariance of the Kéhler potential K on X,
which determines the kinetic term of the ® as K (®, ®), it follows that the internal symmetry
acts as an (anti-)holomorphic and isometric diffeomorpismﬁ f on the coordinates z* of X,

which are the chiral superfields in the language of the sigma-model, for (A-) B-parities,

Py :  ®Uz,0) — hi(®(Qa(x,0)), Pp: ®x,0) — f(2(Qp(z,0))). (2.2)

Here, f : 2z — fi(2) and h : 2* — h%(z) are holomorphic functions with K(f(z), f(z)) =
K(z,%) and K(h(z),h(z)) = K(z,%) up to Kahler transformations. In the case of an orien-
tifold the map f is involutive f = o so that P takes the form P = o o Q with P2 = 1. The
geometrical fix-point locus of ¢ is the orientifold plane. Exploiting further the consistency
of the Sigma-model at quantum level, in particular ensuring anomaly freedom of the parity

symmetry P, one concludes in general that [131]
[ [B2] = —[B] (2.3)

for the cohomology class [Bs] of the B-field.

2.1.2 Orientifolds of Type II Superstring Theory

When we consider this orientifolded N' = (2,2) as part of full string theory we are more
interested in spacetime physics. In the following we consider compactifications of Type II
string theory on (R'3 x Z3)/0 with o acting trivially on Minkowski space R'3 and as [Z32)
on the Calabi-Yau threefold Z3. Thus, the orientifold planes are space-time filling. In this
context the quotient by the orientifold, denoted by O in the physical string, can be understood

as a consequence of the inclusion of unoriented strings. Moreover, consistency of the full string

n the two-dimensional field theory mirror symmetry is just the exchange of supercharges Q_ and Q_.
?For Kihler manifolds with Kahler form J an (anti-)holomorphic and isometric diffeomorphism is charac-
terized by f*J =J (f*J = —J).
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theory, most importantly cancellation of tadpoles, and spacetime supersymmetry are more

restrictive than preserving N’ = 2 world-sheet supersymmetry.

Firstly, the requirement of N’ = 1 supersymmetry in four dimensions puts no additional
restriction on a possible B-parity orientifolds. However A-parity preserves spacetime super-
symmetry only if ¢ acts on the holomorphic three-form 2 on Z3 by complex conjugation
modulo a phase. This is a consequence of the condition J? =2 Q A Q. Thus, we arrive at the

following transformation properties of the key geometrical objects on Zs,
Pyr: o' Q=€e*Q, o*J=-J, Pg: o Q=xQ, o'J=J, (2.4)

where we followed the convention of [128-130]. The sign in the transformation Pp will cor-
respond to the two possible orientifolds with a plus sign for O5/09-planes and a minus sign
for O3/OT7-planes, respectively.

Secondly, in Type II string theory orientifold planes are charged with respect to the
R—R-fields with possible negative charge. The cancellation of tadpoles requires net charge
zero which can be achieved without breaking supersymmetry by the inclusion of calibrated D-
branes. The maintenance of supersymmetry can already be seen in the N' = (2, 2) theory since
the linear combinations of the AN/ = (2,2) world-sheet supercharges preserved by A- and B-
parity are also preserved by A- and B-branes, respectively. Thus, for a stable compactification
with spacetime supersymmetry of Type IIA respectively Type IIB string theory only A-parity
respectively B-parity can be used. However, we ignore the effect of D-branes, which will be
discussed in chapter Bl for the moment and focus here exclusively on the closed strings. For
the two parities in [ZZ) the orientifold action O, lifted to the Type II theory, reads

ITA: O=o0o(-1)frQ,, IIB: (03/07) O =o00(-1)tQ,, (05/09) O =0c0Q,

(2.5)
which makes it more convenient to infer the action on all spacetime fields in the theory. Here
F, is the spacetime fermion number of the left moving sector, see e.g. [132] for a review.

The action of the orientifold (H) on the massless bosonic fields in the Type II theory is
determined by first noting that [4,132,133]

Qp : +1: ¢, g, C1, Cs, —1: Cy, By, C3, Cy, (26)
(=D +1: ¢, g, B, ~1: Cy, C1, Gy, Cs, Cy, (27

where we denoted the eigenvalue +1 under corresponding transformation. Then, from this
together with (23) we obtain the results of table Xl where one can further use [3)) and that
o is isometric. Dividing out the orientifold symmetry projects on the O-invariant states of the
theory, O(®) = £o*® - ®, where the sign is fixed in table Bl Thus, table 2T determines
also the parity with respect to ¢* of the remaining massless fields by the requirement of
invariance, as summarized below in table On the level of the four-dimensional effective
action this is reflected in an N’ = 1 theory truncated from the N' = 2 theory obtained from
Type II string theory compactified on R x Z3, as demonstrated below.
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O-image

06 oc*¢,—0*By,0%g,—0c*C1,0%C}s
03/07 | o*¢,—0"By,0%g,0%Cy,—0*Co,0"Cy
05/09 | 6*¢,—0*By,0*g,—0*Cy,0*Cy,—0*Cy

Table 2.1: Transformation of massless bulk fields.

2.1.3 The Geometry of Orientifold Planes

As mentioned above the fixed-point set of the involution o determines the orientifold planes.
In both Type II theories the geometry of orientifold planes is specified by the calibration
of their volume and the vanishing of characteristic differential forms of R x Z3. In type
ITA the fixed point set of o is a real three-cycle L in Z3 times R'3 and the corresponding
orientifold planes are O6-planes. This follows in local coordinates z' from () since Q =
g(2)dzt A dz? A dz® which identifies the action of ¢ as the real involution o(z!) = 2. In
Type IIB the involution o respects the complex structure on Z3 and the fixed point set are
holomorphic cycles Cp,, in Z3 times R, Again we check in local coordinates that the two
possible phases for the transformation of © in ) allow either (minus sign) for fixed points
Cos and fixed divisors Co7 in Z3, which are O3/O7-planes, or (plus-sign) for fixed curves Cos
and the entire Calabi-Yau fixed, Cog = R'3 x Z3, which are O5/09-planes. Equivalently, the
orientifold planes can be specified by the geometric conditions

4 . det(g + B
06 : (J+iBs)|p =0, Im(e?Q),=0, Re(e Q)= Y= lg+ Bs) volz,
det(g)
; \/ det(g + Bg)
Op : Q|p=0, /TP =Y 2 _"Z ol , =3,5,7,9, 2.8
p L ICop 0 Cop p (2.8)

where we included a background B-field [134] and denoted the pullback to the fixed point loci
L, respectively Cop, by |1, respectively |c,,. The volume forms on the corresponding cycles
are denoted volr, volg,,. In general, cycles obeying [ZH) are of minimal volume in their
homology class. This directly identifies L as a special Lagrangian submanifold and the cycles
Cop as holomorphic submanifolds of Z3. They are calibrated with respect to the calibration
forms Re(e=%Q), (J + iBg)pra, respectively. This is very similar to the BPS-bound obeyed
by massive particles in a theory with enhanced supersymmetry with a saturation of the BPS-
bound for BPS-particles. Indeed, the calibration conditions (Z) are indeed derived as the
condition for BPS stable D-branes in background B-fields with trivial worldvolume gauge
flux [134].

We conclude with a qualitative argument to infer the existence of the various D-branes
and O-planes in Type II theory. For the case of O9-planes the geometric involution ¢ in the

orientifold in ([ZH) acts trivially on ten-dimensional spacetime and only world-sheet parity
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is divided out. Thus, orientifolds with O9-planes just add unoriented strings to Type 1IB
theory in ten dimensions. However, it is well-known that this theory is inconsistent due
to tadpoles that have to be canceled by the inclusion of 32 D9-branes. This introduces
an open string sector and the theory is identified with Type I string theory [39,132]. By
compactifying this theory on tori 7" and by application of T-duality consistent toroidal
string theory compactifications are obtained. Moreover, T-duality interchanges Dirichlet and
Neumann boundary conditions and furthermore world-sheet and spacetime parity [38,39,132].
This way D-branes of all possible dimension and O-planes sitting at the edge of a hypercube
T™/(Z2)™ are obtained.

2.2 Effective Action of Type IIB Calabi-Yau Orientifolds

In this section we review the N' = 1 effective action of Type IIB orientifold compactifications,
that are O3/07- and O5/09-orientifolds, where we closely follow [128,130]. We demonstrate
a purely bosonic reduction and infer the fermionic action and fields by spacetime supersym-
metry. In section 2] we summarize the massless four-dimensional spectrum as obtained
from a Kaluza-Klein ansatz of the ten-dimensional Type IIB supergravity fields. Then in
section we present the bosonic Lagrangian of the full effective action, that we recast into
the standard A/ = 1 form in section There we extract the AV = 1 chiral coordinates
and the three coupling functions, the Kéahler potential, the gauge kinetic function and the

superpotential, which is trivial due to the absence of fluxes.

Since the main focus of this thesis is on Type IIB string compactifications we omit a
complete discussion of the mirror dual Type ITA orientifolds and their effective actions and
refer the interested reader to the literature [129,130].

2.2.1 The Spectrum in Four Dimensions

We determine the massless fluctuations of Type IIB theory around the ANV = 1 supersym-
metric background (RY3 x Z3)/0. Since a ten-dimensional massive field remains massive in
four-dimensions we only consider the massless fields in ten dimensions, which agrees with
the field content of ten-dimensional Type IIB supergravity truncated by the orientifold O.
Dimensional reduction yields the field content of the four-dimensional effective theory that
will be assembled to N = 1 superfields. These N/ = 1 fields are obtained by demanding
invariance under the orientifold action yielding a consistent truncation from the A" = 2 fields
of Type IIB on RY3 x Z3. The requirement of invariance immediately fixes the parity under
o* of the ten-dimensional massless fields. From table EXIl and (Z3]) we infer the action as
given in table The fields C}, denote the form-fields comprising the R-R-sector. In the
democratic formulation of Type IIB supergravity these are Cy, Co, Cy Cg and Cs with field
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R-R NS-NS
03/07 | o*(Cp) = (-1P2C, | o*¢p=¢, 09 =g,
05/09 | o*(Cp) = (-1)P+2/2C, | "By = — By

Table 2.2: The required o*-parity of the O-invariant states.

strengths [135]

dC _ 1,
G =" b (2.9)
de_1 —dBy A Cp_g else .

In addition the duality constraints G = (—) [5) %10 G107 are imposed, which read [135]

GV = 4,0G9, GO = —5,G®, GO = _x,GD, GW =4%,GO, GO =4,,GO) |

(2.10)
where %19 denotes the ten-dimensional Hodge star and L%J the integer part of §. These
conditions are necessary in order to drop the redundant degrees of freedom in the democratic

formulation of Type IIB supergravity [135].

Having identified the invariant fields in ten-dimensions we perform the Kaluza-Klein re-
duction. As a first step in the dimensional reduction process we specify the background values
of the fields in the theory. Since the standard Kaluza-Klein ansatz for the metric field of a
direct product form is not a solution to the supergravity equations of motion in the presence
of source terms induced by branes or fluxes [9,78,136,137] a warped product with warp factor
A(z) has to be considered,

ds3y = eZA(Z)nEde“dx” + 26_2A(Z)gij(z)dzid25. (2.11)

Here we choose the string frame (SF) and the Calabi-Yau metric g;; on Zs. However, we
neglect the effect of the warp factor in this work which might be argued for in the large radius
limit of Z3 where A approaches unity [9,138,139]. In addition we exclude any background
fluxes for the moment and refer to section BZZA and to [128,130] for a complete discussion.

Next we make a reduction ansatz for the fluctuations of the ten-dimensional fields of
Type IIB theory around their background vacuum expectation values (VEV). For this pur-
pose we expand by harmonic forms HP(Z3,g) on Z3 that are in the kernel of the Laplacian
on Zz and thus correspond to massless modes in four-dimensions. Fortunately the num-
ber of harmonic forms is topological, i.e. does not depend on the metric g, and is counted
by the cohomology groupsﬁ HP(Zs) = HP(Zs,g). According to Hodge theory on compact
Kaéhler manifolds these groups admit a decomposition into Dolbeault cohomology groups,
HP(Z3,C) = > -, H(%’j(Zg) for d = 0 + 0, which is independent of the Kihler structure.

3More precisely, this isomorphism can be characterized by saying that for every cohomology class [a] there
exists a unique representative ay with Aajp = 0 or equivalently with ||04h||2 = [ an A *ay minimal in its class.
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In order to accommodate for the transformation properties of table we have to introduce
the +1-eigenspaces HE_LZ’J) of o* in H(ivj),

H) (Z5) = H (Z5) @ HY (7y) . (2.12)

This is possible since the action of ¢ is closed on the Dolbeault cohomology as a holomorphic
map and since (6*)? = 1. For a Calabi-Yau threefold the only non-vanishing Hodge numbers
are h(0:0) = p33) = p3.0) = p03) — 1 ALY = 422 and KD = B2 In terms of these
numbers the Euler characteristic reads x(Z3) = 2(h(bY) —h(21D), We introduce a basis (wq, wq)
of Hg_l’l), HYY with dual basis (@™, &%) of Hf’z), H®? such that

/ wa NP =68, / wa N =088, (2.13)
Zg ZS

(171) (171) 3 M
where o, 8 =1,...,hy"" and a,b =1,...,h2""’. These vector spaces can still be dual since
o commutes with the Hodge star *, which implies h(il D hf 2), Moreover, we denote by

(ax, %), (a i 6[( ) a real symplectic basis of H _3; and H?3, respectively. This basis is chosen
such that the intersection pairings take the form

/ozK/\ﬁLzélL(, /akAﬁizég, (2.14)
Z3 ZS

and vanish otherwise. Note that the holomorphic three-form € is contained in H ?r(Zg),
hence, K =0, ..., hf’l) but K =1,... ,h(f’l) for O5/09 orientifolds. Conversely for O3/07-
orientifolds 2 is an element of H~(Z3), thus K =0,... ,h(f’l), but K =1,..., hi’l. Thus, to
indicate the difference of the dimensionality we introduce different labels of the cohomology
basis of H? in the O5/09 and 03/O7 case. Furthermore, we introduced a basis y,, xx of
H f ’1), respectively. We summarize our conventions in table We note that b3 is always

even dimensional as in the Calabi-Yau case.

Type (+1)-Eigenspace Basis Dimension
03/07 | H3(Zs) | H3(Zs) || am B | ag, R || 202D | 20V 49
05/09 | H3(Z3) | H3(Zs) || ag. B | app® || 202V 42| 2n®Y

HY(Zy) | BOY(Z) || wa | wa |oBY | 0

Both | 50z | H®D(z) | . - P20 JXEEY

H* (z3) | HPP(25) || o~ o 2 h?

Table 2.3: Basis of the cohomology groups.

To determine the four-dimensional bulk spectrum we use this cohomology basis and expand
the NS-NS as well as the R-R fields. We start with the NS-NS sector which is universal for
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both the O3/07- and O5/09-orientifold. According to table ] the ten-dimensional dilaton
¢ is expanded by harmonic, o-invariant functions on Z3. For a compact manifold Z3 only
the constant function is harmonic and we obtain one massless mode, the four-dimensional
dilaton ¢(z). The ten-dimensional B-field is odd under o for both orientifolds. Consequently

its zero-modes b, (x) enter the expansion by forms H(_l’l)(Zg) as
By = b (2)wq - (2.15)

The reduction of the metric tensor ¢ is most efficiently organized by the number of spacetime
indices p, v. For two spacetime indices p, v we obtain the four-dimensional metric tensor,
which is proportional to the flat Minkowski metric 7,,,. Since a Calabi-Yau threefold does not
admit continuous isometries, i.e. there are no Killing vector fields, no four-dimensional mass-
less vector fields are obtained from g;,. Finally, variations of the internal metric yield four-
dimensional scalars. These scalars take values in the Calabi-Yau orientifold moduli spacdl.
This moduli space splits into two parts related to deformations of the complex structure and
of the Kahler structure, that are encoded by variations of the holomorphic three-form € and
the Kéhler class [J], respectively, as we discuss next.

The three-form € is expanded in accord with [ZZ) as

03/07 : Q=XK(ap — Fp(2)85,  05/09 : Q=XX(2)ak — Fi(2)85, (2.16)

where the z denote the complex structure moduli of Z3/o. In the effective four-dimensional
theory the z(z) are complex scalar fields taking values in the complex structure moduli space
M. We note that due to Z2) there are only hg D allowed complex structure deformations
for O5/09- respectively O3/OT-orientifolds. The coefficient functions (X, F) are the periods
of . They can be expressed as period integrals over the symplectic homology basis (Ax, BX)

dual to (ag, 8%) as fAL ax =0k = — [5x BL,

XK:/ Q, ]—“K:/ Q (2.17)
Ax BE

for O5/09- and analogously for O3/O7-orientifolds. Then the first order variation of  under

a change of complex structure reads
0.+ = o — K82, (2.18)

for O5/09-orientifolds and with x — k also for O3/OT7-orientifolds where K, is the first
derivative of the Kéahler potential on M. The periods may still be used to define special
coordinates as t* = X*¥/X0 for O3/OT7-orientifolds respectively t* = X*/X9 for O5/09-

orientifolds. Similarly we expand the Kéhler form as

J = v¥(2)wa (2.19)

Tt was argued in [131] that the Calabi-Yau orientifold moduli space forms a smooth submanifold of the
Calabi-Yau moduli space.
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where the v¥(z) are real fields taking values in the Kihler moduli space MX of Z3. At
classical level M¥ is a cone specified by positivity conditions on the v. We emphasize that
the Kéhler form is not complexified by the B-field on Z3/c due to the different parity under

o*.

The infinitesimal variations of the internal Calabi-Yau metric of mixed respectively of
purely holomorphic type similarly describe variations of the Kéhler and complex structure.

They are related to the variations of the forms J, €2 as

8gi7 = —i(wa)izdv® , a=1,..., hﬁf’l) , (2.20)
Vo .
O30T = 09 = fana Q7 (Xp) 02", k= 1., h®Y,
Vo |
05/09 09 = gy 7 (w027 g=1,.. WY,

where we introduced the string-frame volume V = |, Zs d6y\/§ of Zs.

Let us now turn to the R-R sector. The various R—R-fields are expanded according to
table For O5/09-orientifolds the expansion into invariant fields reads

Co = Al Nag+ AP AFE+ED NG+ hmg (2.21)
Cy = VFNap+ Uk AS*+ ply Awa + pad®
Cy = C(2)+Cawa,

where mg = QA Q/ st QAQis a top form on Z3 normalized such that st me = 1. Similarly
for O3/O7-orientifolds we obtain

Cy = E(g) A mg, (2.22)
Co = Af /\af(+21(f§) ABE + 2 Ao

Cy, = V“AaH+UHAﬂ”+ﬁ?‘2)Awa+pa®a,
Cy = c"w,, Co=1.

Here the fields (A(g),A(B)) are three-forms, (§(2>,g(2),c(2),£(2)) are two-forms, (V,U) are
vectors and (h, p, ¢, 1) are scalars in spacetime R'3. We note that h and Cy are projected out
in O3/O7-orientifolds since Cy, Cg are odd under o, whereas the scalar [ and its dual L) are
projected out in O5/09-orientifolds as Cy, Cs are odd. The scalar [ can be arranged as the
four-dimensional axio-dilaton

T=1+ie? (2.23)

which is of convenience in the study of the non-perturbative SL(2,Z)-symmetry in setups
with O3/O7-planes and F-theory. This non-perturbative symmetry is inherited from the
ten-dimensional non-perturbative SL(2,Z)-invariance of Type IIB string theory. It is of

particular importance for the understanding of F-theory discussed in chapter Hlsince it requires
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new objects, (p,q)-strings and (p,q) 7-branes. For the effective action derived for O3/07-
orientifolds we expect invariance of the /' = 1 data under this duality grouptd which is
explicitly checked in [128].

Let us comment on the expansions (ZZ1]), Z2Z2). Note that due to the duality constraints
EId) not all degrees of freedom of the R-R-forms are physical. On the level of the four-
dimensional effective action one can eliminate half of the degrees of freedom in ZZ1I), ([Z22)
by introducing Lagrange multiplier terms. For example the duality of the gauge potentials
V, U amounts to standard N = 1 electric-magnetic duality in four dimensions. However, in
order to couple the bulk fields to the D-brane sector as demonstrated in chapter Bl it turns
out to be useful to work with the democratic formulation. Only at the end of our analysis we
choose a set of physical degrees of freedom and eliminate the remaining fields using (2I0).

In addition, we note that the expansions [Z21), ZZZ) also contain massless three-form
fields (A(g),A(B)) that are clearly non-dynamical in four space-time dimensions. However,
we show in section B.Z4 that the inclusion of these three-forms is crucial to determine the
scalar potential of compactifications with background fluxes and D-branes in a purely bosonic
reduction. In case these are omitted a fermionic reduction has to be applied to derive the
induced brane and flux superpotential as done, for example, for D5- and D7-branes in [63,140].

2.2.2 The Orientifold Effective Action

In this section we determine the effective action for Type IIB O3/07- and O5/09-orientifold
compactifications. It is obtained from the Type IIB supergravity theory in a bosonic Kaluza-
Klein reduction on Z3/0. Here we mainly follow the steps and conventions used in [128,130].

The string-frame Type IIB action is used in its democratic form [135]

SoE = / 1e P Ruig 1 — e (8dgp Axaode — H AxagH) + 3 Y GP .GV (2.24)

p odd
where H = dBs denotes the NS-NS field strength, GV .GP) = +GP) A GP) H and the R-R
field strengths have been introduced in (). The corresponding action in ten-dimensional
Einstein-frame with canonically normalized Einstein-Hilbert term is obtained by the Weyl
rescaling g§f = e%g{%F [4]. We can use the duality constraints [I0) imposed on the level of
the equations of motion and the conventions from [135] like (¥109)? = (—1)**! on k-forms to

obtain the common Type IIB action from (Z24]).

Clearly the effective action is expected to differ in the R—R-sector for the O3/07- and
the O5/09-setup. The NS-NS-sector will be qualitatively identical for both orientifolds. In

5Since the effective action will be derived from classical supergravity we obtain an even bigger duality group

SL(2,R). This is broken to the modular group by D(—1)-instantons.
According to the conventions in [135] a sign has to be included for a non-vanishing kinetic term of the
R-R form fields upon application the duality constraint I). It is +1, for p < 5, and —1 for p > 4.
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particular, the dilaton is invariant in both cases as well as the expansion of the B-field (Z3))
and the Kahler form J (ZI9) are identical whereas the complex structure variations (Z20)
of the metric are mapped onto each other by the exchange H_(f’l) — H (_2’1). We first present

the complete actions in both cases, then comment on their derivation and the differences.

We begin with the O5/09-setup. We readily insert the expansions of the fields in the
NS-NS and in the R-R sector in (ZZI) into the bulk action [ZZ) to obtain the action in

four-dimensional Einstein-frame as

5(0452/09 = /—%R x1— G5 dz" A *dz* + 1Im My FF A «F' + 1Re My F¥ A F! (2.25)

—Gap dv® A xdv® — Gy db® A xdb® — dD A *dD
— 2P (dh + L(dpab™ — padb®)) A #(dh + L(dpab® — padb®)) — €*PVGog dc™ A xdc”
—a5e*P G (dpy — Kacac®db®) A *(dpy — Kpagc’db?) .

Here we have introduced the four-dimensional dilaton
el = efp1/2, (2.26)

Similarly for O3/O7-orientifolds we use the same expansions of the fields in the NS-NS sector
and the expansion ([(Z22) of the R-R-fields to obtain

@

03/01 = /—%R*l—ledzk/\*dzl—i—%ImMR,\F“/\*F)‘—i—%ReMMF“/\F)‘

—Glag dv® A xdv® — Gy db® A xdb® — dD A +dD — 1PV dl A xdl

— PV Gy, (dc® — 1db%) A * (dcb - ldbb)

— 2P ged (dpa - ICaabc“dbb> A <dp5 - /cﬁcchdbd> . (2.27)
There are several remarks in order.

In both cases the four-dimensional two-forms in ZII) respectively ([ZZ2) are traded for
their dual scalars to express the action only in terms of chiral multiplets instead of linear

multiplets. In technical terms this is achieved by adding Lagrange multipliers [141]

a 1 ~Qa, ~ (0}

Sowos = 3 (dvk N AUy + dCipy A dh + dplyy A dpa + de) A de ) : (2.28)
a 1 K ~ ~ a

Stor = 1 (V" AdUL+ Loy Nl + dpy A dpe+dED Ndet) , (2.29)

which add an irrelevant total derivative to the action. Then the equations of motion of
the four-dimensional tensor fields consistently reproduce the duality constraints [ZI0) after
dimensional reduction. We refer to appendix for a more detailed presentation of the

dualization between the associated linear and chiral multiplets in a different context.

To further discuss the actions ([Z2H), [ZZ10) it is convenient to organize the various terms
according to their origin in the reduction from the four-dimensional A/ = 2 theory obtained
by the reduction of Type IIB on R'3 x Z5 to the N = 1 orientifold theory.
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The first term is the standard Einstein-Hilbert action in four-dimensions that is obtained
by a Weyl rescaling V™1n"Fe=2¢ = S between the four-dimensional String-frame (SF) and
Einstein-frame (EF) metric. Note that Cy is even (odd) for O3/07 (O5/09) setups but
hf’o) =0 (h(_3’0) = 0). Thus, the four-dimensional graviphoton V? which is obtained from
the reduction of C; D VY A ag in the N = 2 theory is projected out in both orientifolds. The
second to fourth term are the reduction of kinetic and instanton action of the N' = 2 vector
multiplets to N/ = 1 chiral and vector multiplets. However, the A" = 2 vector multiplets do
not simply split into an equal number of N' = 1 chiral and vector multiplets. Of each N = 2
vector multiplet either the chiral multiplet or the vector multiplet are projected out. Since
the vector fields in the A/ = 2 vector multiplet are obtained from the reduction of C; whereas
the complex scalars are the zero-modes in the complex structure variation of the internal
metric captured by €2, the parity of Cy and ) with respect to the orientifold O will determine
the remaining fields in the N' = 1 orientifold theory. For O5/0O9-orientifolds hf’l) chiral
multiplets with complex scalars z* remain from the A1) = hf’l) + h(}’l) vector multiplets
of the N' = 2 theory while the corresponding N/ = 1 vectors are projected out. Conversely
h(_2’1) vector multiplets remain while the corresponding N/ = 1 chiral multiplets are projected
out. For O3/OT-orientifolds the opposite N' = 1 multiplets survive. The scalar metric G
and the gauge kinetic and instanton couplings, encoded in the complex matrix M [142,143],
are intimately related to the geometry of the complex structure moduli space M of the
orientifold Z3/o. The scalar metric G is a restriction of the A/ = 2 metric on the complex

structure moduli space of Z3. It is obtained from the Kéhler potential K. as

0 0 B , -1 K = — K
Gus = 5y Koo Ke=—In [—Z/ZSQ/\Q] - —lnz[Z Fre — ZEKFe| | (2.30)
for O5/09-orientifolds and with (k,\) — (k,1) and K — K for O3/O7-orientifolds where we
used the expansions ([ZI0). We note that the periods (X Fr) of Z3 have to be evaluated
on the subvariety z¥ = 0 (2 = 0) for 05/09 (03/07) setups. The definition of the complex

matrix M and its relation with the periods is summarized in appendix [Al

Similarly the remaining terms are related to reduction of the AN/ = 2 double-tensor
[144-146] or its dual chiral multiplet containing the dilaton ¢ and of the quaternionic Kéhler
manifold of the hypermultiplets. The double-tensor multiplet is composed of the four-
dimensional two-forms and scalars (Bs,Ca,¢,Cy). For O5/09-orientifolds By and Cj are
projected out whereas By and Cy do not survive in O3/O7-orientifolds. In the quaternionic
sector the parity of the corresponding R—R-forms determines which one of the two N = 1
chiral multiplets contained in the A" = 2 hypermultiplet remains. This and the complete
orientifold spectrum are summarized in table EZ4l The coupling functions for the remaining
terms in the actions ([Z2H), (Z2Z1) are encoded by the Kéhler sector of Z3/o, which are the
classical intersection numbers KC;j of three divisors in Z3 or their duals in H®V(Z3) and
the metric on the Kihler moduli space MX. The restriction imposed by the orientifold are
universal for both setups since 0*J = J and 0* By = —Bsy do hold for all B-parities, c.f. ([Z3)
and ([Z4)). The decomposition HOD = H_(Fl’l) &) H(_l’l) results in a decomposition of the
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N =2 Type IIB N=1 03/07 05/09
multiplet multiplet
gravity 1 (9, V) gravity 1 I 1 G
(2,1) A (2,1) k
vector nen | K, 25 vector hy Vv h' Vv
chiral h(}l) 2¥ hf’l) 2

i ; LY | 4o _ )« (1,1) o (ra
hyper B (L) (Wi, b, &, pi) chiral/linear | hj t* = (v, pa) || hZ P = (b, pa)

chiral pID | Ga = (0%, ¢*) hil’l) te = (v, )

double- 1 T =(¢,1)

1 (B2, Ca, ¢,1) || chiral /linear
tensor 1 S =(¢,C2)

Table 2.4: The N = 1 spectrum of the Type IIB orientifold compactifications.
The split of the A/ = 2 multiplet to N’ = 1 multiplets is indicated.
The labels of the N' = 2 hypermultiplets correspond to a basis w? of
H®Y(Z3).

intersection numbers KC;;x. In the basis of table only K3y and Ky can be non-zero while
’Caﬁc = ICabc = ’Cozb = ’Ca =0 5 (231)

is imposed by the orientifold projection. Here we used the definition I, = vﬁlCagb, Ko =
v*? Kopa- In general the Kéhler metric on Z3 is in general given by [12,147]

4 - 16V27

Gij = wi N\ *wj = — (2.32)

)y,

where * denotes the Hodge-star on Z3 and w; a basis of H(11(Z3). It can be derived from
the Kahler potential KX given by

KX = _1m(8V)=-In (%/cijk(t F I+ (E+ D)), (2.33)
where the t* = v’ +ib* denote the complexified coordinates on the Kihler moduli space of Zs.

The metric on the Kihler moduli space M of the orientifold is then obtained as

B Kag  KoKp B Kab B B
Gaﬁ—— v + 602 Gab__4V , Gop = Gaﬁ =0, (2.34)

where we introduced the intersections
Kag =Kapy 07, Kap = Kapy v, Ko = Kagy 007, K =Kagy v . (2.35)
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Its inverse is given by
af 2 a3 o, 3 ab 2 ab
G = —§/C/C + 20%"7 | GY = —glCIC , (2.36)

where K*? and K% are the formal inverses of Kap and Kgp, respectively.

Having defined the couplings of the reduced quaternionic sector we note that the corre-
sponding orientifold actions ([Z2H), [Z2Z7) for the O5/09- and the O3/O7-setup differ since the
massless spectrum from the R—R-sector differs, which in particular yields different couplings
of the B-field zero modes b*.

2.2.3 The N =1 Couplings and Coordinates

In this section we rewrite the four-dimensional effective action of the orientifold theory into
the standard N' = 1 supergravity form. We first determine the complex coordinates M
forming the bosonic part of the A/ = 1 chiral multiplets. Their kinetic terms are expressed
by a Kihler potential K (M, M), while their F-term scalar potential is encoded by a holomor-
phic superpotential W (M). The couplings of the N/ = 1 vector multiplets are encoded by
holomorphic gauge-kinetic coupling functions f(M). Possible gaugings of the scalars M’ will
induce a D-term potential. The general form of the bosonic ' = 1 action is given by [59, 148]

SW = — / LR+ 1+ K s DM AxDMY + IRefur FEAFA+3Imfoy FEAF 4V 1, (2.37)
where the scalar potential reads
V = (K DWD;W = 3|W|?) + L (Re f)~' **D,.Dy, . (2.38)

Here we set the four-dimensional gravitational coupling x4 = 1 for simplicity. We denote
by K;; and K! 7 the Kihler metric and its inverse, where the former is locally given as
K;; = 0;0;K(M,M). The scalar potential is expressed in terms of the Kihler-covariant
derivative DiW = 0;W + (0;K)W which promotes d;K to a connection one-form on the
scalar manifold.

Before we begin our discussion we note that in case that the action Z31) is deduced from
a higher-dimensional theory the formal expression for the Kéhler potential can in general

K in front of the

already be inferred from Weyl rescaling arguments, e.g. from the factor e
N =1 F-term potential in ([Z38). However, the explicit form as a function of the NV = 1
chiral superfields depends on the setup under consideration and is in general not analytically
computable. We also note that we will not obtain, for the case of orientifold compactifications
of Type IIB, the most general NV = 1 effective action since we did not include fluxes and thus
do not obtain an F-term scalar potential, i.e. we find W = 0. We will include fluxes and a

non-trivial superpotential in section
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The Kihler potential and A = 1 coordinates

As a first step to identify the NV = 1 characteristic data we have to find the appropriate
complex coordinates for which the scalar metrics are manifestly Kéhler. First, we note that
the complex structure moduli 2*, respectively z¥, already define Kihler coordinates for both
orientifolds since the scalar metric in the actions (Z2H), [Z2Z10) is already Kéhler with Kéhler
potential (Z30). The other Kéhler coordinates are different for the two setups and are dis-

cussed next.
For O5/09-orientifolds the additional complex fields in the chiral multiplets read [128,130]
Y = e % —ic® P, =04,4b" +ip, , S=eV+tih— i(Re@)“bPa(P +P)y , (2.39)

where v®,b%, ¢, p, and h = h — 2pab? are given in ([Z1H), @Id) and @ZI). The complex
symmetric tensor © appearing in ([Z39) is given by Q. = Kupat® and (Re®)® denotes the
inverse of Re®,,. More conceptually, the coordinates [Z39) can be obtained by probing the
cycles in Z3/o by D-branes and are then formally extracted from [128,130,149-151]

Im () — 1A = t%w, — P — Smg . (2.40)
Here we introduced the polyforms of even forms ¢, A in the NS-NS- respectively R—R-sector,

—¢_—BatiJ -B
O = e P BetiS A=e"72N Z Cy , (2.41)
q=0,2,4,6,8

which have to be interpreted, as ([Z40), as formal polynomials of forms in the even cohomology
H*®(Z3) of different degrees. Then the reduction ansitze [ZIH), [(ZI9) and ZZI) have to
be inserted to obtain the coordinates ([Z39) as the coefficients of a basis expansion of (ZZ0).
Roughly, the forms ¢® and A are the Dirac-Born-Infeld and Chern-Simons actions of Dp-
instantons, p = 1, 3,5, wrapping the even-dimensional cycles and the coordinates [Z39) are

the complexified volumes of the corresponding cycles in the Type IIB O5/09-background.

For O3/O7-orientifolds besides the complex structure moduli z* the additional Kihler
coordinates read [128,130],

T=l4ie?, GU=ct-Th, T, = z‘(pa—%icaabc%bwée‘%wﬁ’cabca%a—éf ,
T—T
(2.42)
where K, is introduced in Z30). This data is again summarized as
Re(¢®) —iA = —iT —iG%w, — T, (2.43)

which is interpreted as the complexified volume of even dimensional cycles wrapped by Dp-
instantons, p = —1, 1, 3, in the Type IIB O3/O7-background.

The definition of the appropriate N'= 1 coordinates prepares us for the determination of

the NV = 1 coupling functions. As mentioned before, we do not obtain superpotential a W
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due to the absence of fluxes and D-branes, W = 0. We first determine the Kéhler potential
K. In general, the full V' = 1 Kéahler potential is determined by integrating the kinetic terms

of the complex scalars M.

For O5/09-orientifolds it takes the form [128,130]
K = Ke(2,2) + KYS,t,P), Ks=—In [—i/Q/\Q] (2.44)

where we introduce the Kahler potential

K1 = —In [%Kam(t FOt+ DO+ Z)V] ~In [s + 5+ 1P+ P)y(Re®@1)®(P + P)b]
= —2In[vV2e V] . (2.45)

We note that the scalar metric corresponding to K is block-diagonal in the fields z and
(S, P,t). Thus, we infer that the scalar manifold of the O5/09-orientifold effective theory is
locally a direct product M x MY, The first factor is the special Kédhler manifold with local
coordinates z". It is realized as a submanifold of the complex structure moduli space of Zs,
which itself is special Kdhler. The second factor MY is a Kéahler submanifold of dimension
R(LD 1 in the quaternionic manifold of the N = 2 hypermultiplets. Locally it is a fibration
of the scalar manifold of P, S over the Ké&hler moduli space of the orientifold Z3/o.

For O3/O7-orientifolds the Kéhler potential reads [128,130]
K = Ku(2,2) + KA1, T,G), Ke= —ln[—i/Q/\Q] (2.46)

where we introduce the Kéahler potential

K9 = —In [— i(T — 7")} —2In [ée*%%amv%ﬁm] =—2In [\/5672(1))/] . (247)

We note that the scalar manifold of the O3/OT7-orientifold effective theory is again locally a
direct product M x M4. However, the first factor is a different special Kéhler submanifold
with local coordinates z* of the complex structure moduli space of Z3 than in the 05/09
case. The second factor M% is a Kéhler submanifold of the quaternionic manifold of the
N = 2 hypermultiplets. Locally it is a fibration of the scalar manifold of T, G over the
dilaton moduli space. We note that the full Kéhler potential K is invariant, up to a Kahler
transformation, under the action of SL(2,R) on 7 as required by SL(2,R)-duality of the
ten-dimensional Type IIB theory.

In general a first check of the consistency of the Kéhler coordinates (239), (39) with the
corresponding Kéahler potentials (2244), ([Z44) is provided by a comparison with the expected

result from Weyl rescaling,
K = —2In [V2e 2V / QnQj. (2.48)
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This is in perfect agreement with the above results. However, we emphasize that the real
difficulty in the determination of the N' = 1 characteristic data is to express the general
expression ([Z48) as a function of appropriate coordinates so that all scalar kinetic terms, as

well as some mixing terms, in the action are reproduced.

We conclude by rephrasing the N' = 1 Kahler potential in a more formal and compact
form for both orientifolds. We note that both Kéhler potentials (225), ZZ1) can be written
in a unified way as [128,130]

KY = 2Indp bp =1 <(pevj@ev> (249)

up to a Kéhler transformation where we introduced the pairing [152]
()= [ 1" e A o (2.50
73

on the space of polyforms. The only difference between the two orientifold setups then reduces
to the choice of variables on which (ZZ49) depends. For the case of O5/09-orientifolds K9 is
a function of Im(¢°") only, in particular the real part has to be understood as a function of
Im(¢®). For O3/OT-orientifolds, however, (Z49) is a function of Re(¢®¥) and the imaginary
parts is determined by Re(¢°").

The Gauge Kinetic Function

We conclude with the determination of the gauge kinetic coupling f,) which is a holomorphic
function of the chiral superfields. By comparison of the actions ([Z20), [Z21) with the general
N =1 action [Z31) we obtain [128,130]

05/09 : fru=—4%Mpy ) . 03/07 @ for=—5% Mg ) (2.51)

k=0=z! K=0=2z

where M is introduced in appendix [AJ] and a submatrix of the N' = 2 gauge kinetic coupling
matrix. It has to be evaluated on the submanifold zF = 2! = 0 or 2% = 2 = 0, respectively,
in the complex structure moduli space of Z3. Its holomorphicity in the complex structure
deformations 2%, z* follows since f can be rewritten for both orientifolds in terms of the
holomorphic N' = 2 prepotential F(z) evaluated on the submanifold M [128,130],

05/09 : fkl(z“):—%fklz , 03/07 : fur(2") = -1 W . (252)

k=0=z! K=0=z
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Chapter 3

The D5-Brane Effective Action

In this chapter we begin with the analysis of brane dynamics for the example of D5-branes
in generic O5/09-Calabi-Yau orientifolds. We present a detailed computation of the N/ =1
effective action of a spacetime-filling D5-brane wrapping a curve ¥, mainly following the
original work [60]. First in section Bl we start with a general review of supersymmetric
D-branes in Calabi-Yau manifolds, where we focus on their low-energy effective dynamics as
encoded by the Dirac-Born-Infeld and Chern-Simons action and on the geometric calibration
conditions on the internal cycles supporting a BPS D-brane. Then the actual calculation
of the D5-brane effective action is performed in section by a purely bosonic reduction.
This is divided into four parts, in which we first count the bosonic four-dimensional massless
spectrum both of the closed and open string sector, then present some special identities on the
space of open-closed geometric moduli before we actually derive the D5-brane effective action,
where we put special emphasis on the determination of the scalar potential. The calculation
of the scalar potential reveals the ad-hoc surprising relevance of keeping non-dynamical three-
forms in the four-dimensional action in order to recover the complete F-term potential in a
purely bosonic reduction. Next in section B3 we work out the N' = 1 characteristic data of the
D5-brane action, in particular in comparison with O5/09-orientifold result of chapter Bl We
determine new A = 1 chiral coordinates and the Kahler potential that is derived explicitly
at large volume of Z3. Then the effective superpotential is read off, which is a projection
of the familiar Type IIB flux superpotential and the D5-brane superpotential, that is given
as a chain integral. The N = 1 data is completed by the determination of the D5-brane
gauge kinetic function, the gaugings of chiral fields and the corresponding D-terms. Finally
in section B4l we extend, following [100], the reduction of [60] to the full geometric deformation
space of the D5-brane which is infinite dimensional and does include massive fields. This is
proposed to be the natural domain of the D5-brane superpotential which encodes the general
deformation theory of the curve 3 in Calabi-Yau threefold Z3. We concluded by a calculation
of the corresponding F-term scalar potential as a functional of the infinite dimensional space
of massive modes. Further details on some calculations performed in the context of the

derivation of the D5-brane action can be found in appendix [Al
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3.1 BPS D-Branes in Calabi-Yau Manifolds

In general the existence of D-branes as dynamical objects in string theory can be inferred from
first principles, namely the spectrum of BPS-particles and string dualities. It is a basic fact
found in textbooks, see e.g. [5], that the fundamental string state with two oscillator modes,
winding number m and no momentum along a compact spacetime direction, here an S*, has
a mass proportional to m. The winding number m is the quantized charge with respect to
the NS-NS B-field and indeed this state is identified as a BPS-state in the theory [132]. In
combination with the non-perturbative SL(2,Z)-symmetry of Type IIB theory, that acts on
the B-field By and the R—R-form C5 as a doublet, this predicts a whole family of BPS-states
with charge (p,q) under (Bg,C5) for any pair of relative primes p, ¢ [52]. In particular one
expects fundamental states with charge (0,1) that are charged under Cs. Since C3 couples
electrically to string-like objects the fundamental object corresponding to these states is called
a D-string. Analogously, the strings associated to BPS-states with charge (p, ¢) are denoted
(p, q)-strings. Then by T-duality one expects BPS-states charged under all R-R-forms C,,
in the theory which correspond to quantized p 4+ 1-dimensional membranes. However, these
states do not have a perturbative description in terms of quantized fundamental string exci-
tations since all perturbative states do not couple to the R—R-forms but their field strengths.
Consequently, these states are invisible in the spectrum of the perturbative string. However,
they have convenient descriptions in various limits of string theory.

On the one hand, at low-energies membranes with non-zero electric R—R-charge are found
in the effective supergravity theory as solitons, i.e. stable finite energy solutions of the classical
equations of motions with a conserved (topological) charge called p-branes, see e.g. [5] for a
summary. Also the fundamental string occurs on an equal footing as a solitonic solution
with non-zero NS—-NS-charge. It can further be shown that these solutions indeed obey a
BPS-bound. On the other hand, membranes are visible at small coupling in the perturbative

string as 9 — p Dirichlet boundary conditions on the string endpoints, denoted by Dp-branes.

Both descriptions of membranes have different regimes of validity, however. The require-
ment of the supergravity description is low curvature, which in more technical terms means,
that the Schwarzschild radius rg of the p-brane solution is big compared to the string scale
V. This requirement yields [40]

npgs >> 1 (3.1)

where n,, is the integral number of fundamental p-brane charge of the solution. The require-
ment for the validity of the perturbative string is of course small string coupling gg so that

we obtain

npgs << 1, (3.2)

which is the opposite to (Bl). Despite their different validity, however, it is believed that both

the p-brane and the Dp-brane describe one and the same fundamental object simply denoted
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as a Dp-brane. This conjecture is well established by various checks invoking techniques
from different corners of string theory starting with the CFT analysis in the groundbreaking
work [37], see [16,17,28,29] for reviews.

For our purposes we treat spacetime-filling D-branes and their dynamics as a BPS-
background state in Type IIB string theory with small fluctuations around it. Here we will
mainly be restricted to low energies which means that we are working with Type IIB super-
gravity and to scales larger than the thickness of the D-brane where the description in terms
of the D-brane effective action is valid. Then the BPS condition on the D-brane is translated
into BPS calibration conditions [36] on the embedding of the D-brane worldvolume W,
and the D-brane worldvolume fields into the Type IIB background under consideration. By
additional consistency conditions of the setup imposed on the one hand by N' = 1 supersym-
metry in extended four-dimensional Minkowski space and on the other hand by cancellations
of tadpoles we will consider Calabi-Yau threefolds Z3 with O5/09-orientifolds.

Following this program we start by introducing the effective action of a single D-brane.
The spectrum of light fields on the D-brane can in general be thought of as a reduction of the
N =1 Super-Yang-Mills theory in ten dimensions to the worldvolume W,y [52]. It consists
of an N = 1 supersymmetric U(1)-gauge theory on the submanifold W, ;. In addition there
are adjoint-valued scalars corresponding to fluctuations d¢ of the embedding ¢ : W11 — Mg
into ten-dimensional spacetime. The effective action of these fields consists of two parts, one
part being the Dirac-Born-Infeld action [4,38,39]

SEE, = —Tp/ e~ ?\/det1*(g + By) — (F (3.3)
Wh+1

in string-frame units, where 7, denotes the Dp-brane tension and ¢ = 27a’. The second part
of the effective action is the Chern-Simons action encoding the coupling of the D-brane to
the R-R-sector,
Scs = —Hp / > ConetP (3.4)
Wpt1 4
where p,, denotes the D-brane charge. The formal sum over all R-R-potentials indicates a
coupling of the D-brane to forms of degree lower than Cp4; in a background of worldvolume
flux/instantons [153]. We note that the presence of the B-field By in the combination B :=
By — £F can be understood from gauge invariance in the bulk. The string sigma-model action
for world-sheets W, with boundary contains the terms
Sso~ [ B+ [ a, (3.5)
CJw, s
where A denotes the gauge field on the D-brane. Since this is not invariant under the gauge
transformation 6By = dA alone, one has to demand JA = %A. Thus, B is the only gauge

invariant combination [52].

Next we formulate the BPS conditions a D-brane in a Calabi-Yau manifold has to meet

to define a supersymmetric background [36,134]. The most immediate condition is of course
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tp = T}, which is enforced by the SUSY algebra for every BPS state. For vanishing background
fields the BPS-conditions further imply for a spacetime-filling D6-brane in Type ITA to wrap
a special Lagrangian submanifold L, which can roughly be thought of as a real locus of
real dimensions d in a complex manifold of complex dimension d. In terms of the complex
structure I on Z3 this is expressed by I(T'L) C NL. A trivial example is a special Lagrangian
L in C which is just e.g. the real axis, where [ is the usual multiplication by i. Equivalently
L is defined as the volume-minimizing representative within its homology class such that the
volume form voly, on L is calibrated as [134]

VOIL . (3.6)

The constant angle 0p, is a priori free and determines the covariantly constant spinor corre-
sponding to the supercharge conserved by the BPS D-brane. More precisely 6p, determines
the linear combination of the two covariantly constant spinors of the Type II compactifica-
tion on Z3 [36] that is unbroken by the D-brane background and thus yields a supercharge in
four dimensions generating N’ = 1 spacetime supersymmetry. All additional D-branes in the
setup have to be calibrated with respect to the same calibration form e~ *P» (*(92) in order to
preserve the same covariantly constant spinor and thus preserve N’ = 1 spacetime supersym-
metry. The identical argumentation applies to orientifold planes, which are O6-planes in the
Type ITA case, that have to be included for tadpole cancellation discussed at the end of this
section. Then, the free angle 6p, has to equal the angle 6 in the orientifold calibration ().

In Type IIB a spacetime-filling BPS D-brane is supported along holomorphic submanifolds
in Z3 [36]. This in particular yields a natural choice of complex structure on 3 by aligning it
with the ambient complex structure using the embedding ¢ which then defines a holomorphic
map obeying 0z'(u®)/0u = 0z (u*)/0u = 0, where we introduced complex coordinates u on
the worldvolume W,11. In other words, D-branes in Type IIB test the even dimensional
homology of Zs, that are D3-branes on points , D5-branes on holomorphic curves >, D7-
branes on holomorphic divisors D or D9-branes on the entire Calabi-Yau threefold Z3. A
holomorphic submanifold is volume minimizing since its volume form is just proportional to
(powers of) the pullback of J, a well-known mathematical fact for complex submanifolds of
Kéhler manifolds [154]. In the presence of background fields this is replaced by the more
general calibration conditions [134]

() =0, e~ ¥np L*€J+iB|Dp = volp, , p=3,5,7,9. (3.7)

where volp, denotes the volume form on the analytic cycle wrapped by the Dp-brane. Again
we note that in the presence of Op-orientifold planes, a necessary ingredient to cancel tadpoles,
the angle 6p, has to equal the angle in the orientifold calibration (), which is #p, = 0.

Then the calibrations [B) are even more restrictive. Explicitly, we evaluate the real and
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imaginary part of the calibration conditions to obtain

D5 du*y/—det (t* (gio + B)) = *J, *B=0, (3.8)
D7 du*y/—det (¢* (g10 + B)) = 14 (J* - B?), F(BAJ)=0,
D9 i duS+/—det (1* (gio + B)) = 25 (J* — T AB?), F(BAJP =B =0.

Once again, these formulas are given in the string frame and can be translated to the Einstein
frame by multiplying the first column of equation in [EX) by e?.

Clearly, the calibration conditions (B8, (BX) only hold in the supersymmetric background
configuration or vacuum. Consequently, in order to understand the dynamics of D-branes we
have to allow for small variations of the fields about this vacuum that explicitly violate the
conditions ([BH), (B). This, however, is part of the derivation of a low-energy effective action
as performed in section for D5-branes.

We conclude this section by a brief discussion of tadpoles. Dp-branes couple electrically
via the Chern-Simons-action (B4 to Cp11. This yields localized source terms in the equation

of motion of Cy; of the form

dFgy_p, = Zupégg_p) + induced charges (3.9)

)

for each Dp-brane on the support of 5Z-(97p ), that is a (9 — p)—formEI on the normal space to
the cycle wrapped by the D-brane. Here we also included possible charges induced from
higher-dimensional Dg-branes, ¢ > p, due to worldvolume fluxes [153]. Since the left-hand-
side of (BH) is exact, the sum on the right has to vanish in cohomology, which goes by
the name of tadpole cancellation. This implies that we have to include negatively charged
orientifolds planes in the same homology class as the D-branes to meet the requirement of
tadpole cancellation in a supersymmetric fashion.

3.2 Dynamics of D5-Branes in Calabi-Yau Orientifolds

In this section we derive the effective action of a spacetime-filling D5-brane wrapped on a
curve Y. We turn on bulk and brane fluctuations around the vacuum defined in section Bl
yielding fields in the four-dimensional action. We discuss this spectrum of fields in detail in
section B2l where we put special emphasis on the universal sector of D5-brane fluctuations
associated to geometric deformations of the curve Y. As a first step to understand the
structure of the combined geometrical open-closed deformation modes we derive some special
identities between light open-closed fields in section Then, in section B2ZZ3 we perform
the actual reduction of the D5-brane action, where we restrict to bosonic fields only and infer
the fermionic action from supersymmetry. We conclude the dimensional reduction in B2Z4]

!The analogue of delta-function as a k-form is properly called a delta-current, as introduced in chapter [

41



42 CHAPTER 3. THE D5-BRANE EFFECTIVE ACTION

by a detailed derivation of the scalar potential, for which the couplings of non-dynamical

four-dimensional three-forms are essential.

3.2.1 The Four-dimensional Spectrum

Here we discuss the four-dimensional spectrum emerging from compactification of Type I1B
theory with Db5-branes. We start our discussion by fixing the background geometry of our
setup. As before in section we consider the direct product of a compact Calabi-Yau
orientifold Z3 /o and flat Minkowski space R for which the metric in the string frame reads

ds?y = nEde“dw” + 2gi;dz"d7 . (3.10)

Since we are interested in compactifications which allow the inclusion of space-time filling
D5-branes we have to add O5-planes to preserve N' = 1 supersymmetry in four dimensions.
This fixes the orientifold projection to the O5/09 case in ([ZH) with the central properties

O =Q,0", o'J=1J, N =Q, (3.11)

for an isometric, holomorphic involution o. The spectrum consists of two classes of fields.
Firstly, there are zero modes arising from the expansion of the ten-dimensional closed string
fields into harmonics on Z3. Secondly, one finds zero modes arising from the D5-brane effective
actions B3) and [B). In the following we discuss both sets of fields in turn, where we only
briefly summarize the closed string content and refer to section 2] for a more detailed

discussion.

Closed String Spectrum

We start by recalling the following transformation behavior of the bulk fields under the
orientifold from table of section 22211

O'*glo = dJ10 , O'*BQ = —BQ s U*(b = (b s O'*Cp = (_1)(p+2)/20p . (3.12)

This yields the following reduction ansatz for the massless four-dimensional fields in terms of
the cohomology groups of table 23],

. a 1,1 i 7 /- _R 2,1
5gij: _Z(wa)ij(sv (Oé = 1,>h3- ))’ 59@] = fﬂlj\ﬁ Qj](Xﬁ)iﬁ 0% (K: 1aahg— ))a
J= 0 (@wa,  Br=b(@wa, é=olz), (3.13)
in the NS-NS-sector and accordingly in the R—R-sector
Cs = Ag)AaK+A§)AﬁK+é§3)Aaf“+hm6, (3.14)
Cy = VENap+UiAB" + gy Awa + pad®

Cy = C(2) +cwy .

Here the fields (A, A(s)) are three-forms, (&%), é(z)

and (h, p,c,v,2,b,¢) are scalars in four-dimensional Minkowski space RS,

,C(2)) are two-forms, (V,U) are vectors
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Open String Spectrum

Let us now include space-time filling D5-branes into our setup. In general, they can be
arranged in a complicated way as long as the consistency constraints for the compactification
are met. We consider a stack of N D5-branes on a curve X in Zs. If ¥ is in the fix-point
set of the involution o, the D5-branes lie on top of an orientifold five-plane and X is its own
image with respect to o. More generally ¥ can be mapped to a curve ¥/ = ¢(X) which is not
pointwise identical to X.

In this work we will mostly focus on the simplest situation, for which N =1, X N¥' =)
and 3, are in different homology classes. Hence, we consider one D5-brane on ¥ and its
image brane on Y. For this situation the pair of the D5-brane and its image D5-brane is
merely an auxiliary description of a single smooth D5-brane wrapping a cycle in the orientifold
Z3/O. On Zs it is natural to define the curves

S, =24, Y. =x-Y%, (3.15)

where ¥, is the union of ¥ and Y’ while ¥_ contains the orientation reversed cycle Y.
Clearly, one finds that o(Xy) = £X .

We first discuss the degrees of freedom from the gauge theory on the D5-brane due to U(1)
Wilson lines ar(z). They arise from non-trivial one-cycles on the six-dimensional D5-brane

world-volume. These enter the expansion of the U(1) gauge boson A(£) on the D5-brane as

Az, u) = Ay(z)d2" P-(u) + ar(z) A" (uw) + ap(z) A (u) (3.16)

where A, (z) denotes the four-dimensional gauge-field. Here we introduce real coordinates
¢ on the world-volume of the D5-brane where we distinguish coordinates { = (z,u) for the
Minkowski space and the two-cycle 3, respectively. We denote complex coordinates for
>+ by w, @ in the complex structure induced by the ambient space Z3. The one-forms
Al = Aldu, AT = Aldu denote a basis of the Dolbeault cohomology H>'(X,) and H%(%,),
respectively, and P_ is the step function equaling 1 on ¥ and —1 on Y. Note that generally
the U(1) field strength F' = dA can admit a background flux (F) = f. Since F' is negative
under o, it enjoys the expansion

f=r%w, = f("wa)uadu A du (3.17)

where (*w, denotes the pullback of the basis elements w, of H(_l’l)(Zg) introduced in Table
As we already recalled in section Bl F' naturally combines with the NS-NS B-field into
the combination B = +*(Bg) — (F with ¢ = 2wa’. Thus it is convenient to consider variations
of B around the background value ([B8) in the calibrated vacuum. We denote them by

B(z) = b*(z) — £f*,  B¥ = B“/ VW s (3.18)
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multiplet closed open
hg_l’l) o — (Uoz’ Ca) N
h(l’l) P — (ba ) h9|—(2+7 NE-F) ¢
chiral - a=\9,Pa
1 S = ()
’ 10 (%) ar
hfvl) Zli +
vector h(_2’1) VK 1 A

Table 3.1: The N = 1 spectrum of the D5-brane effective theory.

where we singled out the combination B> of that four-dimensional field which corresponds to
the class of the cycle ¥_.

There is a universal sector in the worldvolume theory governing the dynamics of the D5-
brane. It contains the geometric fluctuations of the embedding map ¢ : X < Z3. These fluc-
tuations are described by sections f of the normal bundle to >,. To first order massless fields
((x) correspond to holomorphic sections of the holomorphic normal bundle H°(X,, Nz, %)

of ¥, and their conjugates ¢. This gives rise to the expansion

C=CHC=CMa)sa+ )5y =(Péa, (3.19)

where we introduced a basis 84 of real sections ¢ on HO(Xy, Nz, %) ® HO(S,, Nz, ) for
convenience. We note that the group of holomorphic sections H%(X |, Nz, ¥, ) is finite due
to the strong requirement of holomorphicity. This is in contrast to the fact that a real vector
bundle E has in general infinitely many real sections in C*°(FE). However, a real section of
Np>; in general corresponds to a massive mode and is therefore neglected in our description
of the effective action. However, as we will see in chapter [l the question for the appropriate
truncation of C°°(NrX; ) is mathematically sophisticated. On the one hand side there is in
general a brane superpotential for the modes ¢ that may obstruct them at a higher order.
On the other hand, when varying the complex structure on Z3 a non-holomorphic section in
C*>®(NrX+) may become massless at some point in the complex structure moduli space and
contribute to the effective action. Due to this complications we restrict our considerations
in this chapter, with the exception of section B4 to the finite group H°(Xy, Nz ¥,) to
count first order massless fields and postpone the more difficult question of a global open-
closed moduli space. The discussion of the complete open-closed moduli space and the brane

superpotential will be of central importance in this work though, in particular in chapter [

We conclude by summarizing the N' = 1 field content in four dimensions emerging from
the bulk and the brane sector in Table Bl The precise organization of these fields into N’ = 1

complex coordinates is performed in section
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3.2.2 Special Relations on the /' = 1 Moduli Space

In this section we discuss a subtlety in the decomposition (BI9). The notion of (4 being
a complex scalar field depends on the background complex structure chosen on the ambient
Calabi-Yau Z3, i.e. on the split @Id), N¥2,X, ® C = Nz X, & Nz, X4, into holomorphic
and anti-holomorphic parts. To explore this dependence further it is natural to consider the
contractions of the s4 with the holomorphic (3,0)-form €, the (2,1)-forms x, introduced in
(ET3) and their complex conjugates. In the background complex structure defined at zp we
find, in the cohomology of Z3 as well as in the cohomology of ¥, that

SAJQ(ZO) =0, SAJ)Z,Q(ZQ) =0, SAJQ(ZO) =0. (3.20)

These contractions vanish on Z3 since there are no non-trivial (2, 0)-forms in H?(Z3). More-
over, they also vanish on ¥ for a supersymmetrically embedded D5-brane. In addition, since
every two-form pulled back to ¥ has to be proportional to the (1,1)-Ké&hler form J, only
SAJXx can be a non-trivial (1, 1)-form on . Note, however, that also s4.x, is trivial in the
cohomology of Z3 due to the primitivity of H*1(Z3).

However, in the four-dimensional effective theory we also have to allow for possible fluctua-
tions around the supersymmetric background configuration, including those corresponding to
complex structure deformations of Z3. The holomorphic three-form €2 as well as the complex
scalars ¢ are then functions of the complex structure parameters 2. In a different complex
structure on Z3, the notion of holomorphic and anti-holomorphic coordinates on Z3, encoded
by the type of Q(z), has not to be aligned with the splitting into complex scalars (BI9)
in general. To measure this discrepancy, we consider the pullback ¢*(s4.0Q(z)) on X. For

z = 29 + 0z near a background complex structure zy we expand €2(z) to linear order in §z as
(*(5400(2)) = (1 — Ki02")0" (s 402(20)) + " (s40xk(20))02" = 1" (saaxk(20))02",  (3.21)

where we used ([ZI8) and (B2Z0). In other words, the form s4.Q is a (2,0)-form on ¥ in the
complex structure z but a (1, 1)-form on ¥ in the complex structure zy to linear order in the

complex structure variation §z. However, a similar argument shows that
(SAJQ)(Z) = (SAJX)(ZK) =0, (3.22)

even to linear order in §z". These forms only appear at higher order in the complex structure

variations.

The above considerations allow us to describe the metric deformations of the induced
metric t*g on the two-cycle ;. In general, both the complex structure deformations of
Z3 and the fluctuations of the embedding map ¢ contribute. Here, we discuss only those
variations §(:*g) originating from complex structure deformations and postpone the analysis

of all possible metric variations to section Analogously to [BI3)) the complex structure
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deformations on ¥ are encoded in the purely holomorphic metric variation

2iv>

= mﬁ(SAJQ)UU(L*Q)MZL*(§BJXF;)@UQAB 52E . (3.23)

U (09) uu

Here we have introduced the volume of the holomorphic two-cycle ¥, as

v :/ d*u/g = T (3.24)
DI

IS
and a natural hermitian metric G,z given by

gAB = L SAJ§BJ(J)L*J. (3.25)

Vs,
We will show later on that G, 5 can be obtained by dimensional reduction, cf. section
It is identified with the metric for the moduli ¢ on the open string moduli space and is

independent of the coordinates u,u on .

The metric variation (B2Z3) can be explained by application of some useful formulas for the
open string moduli space. First, we use the fact that H(l’l)(2+) is spanned by the pullback
¢*J. This is exploited to rewrite the pullback of any closed (1, 1)-form w to ¥, in cohomology,
cf. BZ3). In particular we obtain

* L*J *
L (SAJXK) = UZ /E L (SAJXK) s (3.26)
+

which can be written after multiplication with V"1G4Bg(s¢,55) and by using (EZH) as

’UZ

/ (saaxk) = - g(sA,EB)QBCL*(sCJXK). (3.27)
D D

We evaluate this for every choice of s4 and compare the coefficients on both sides to relate
the metric on the normal bundle Nz, Y and the metric GAP.

Thus, the identity [B27) allows us to infer the metric variations [B2Z3)) from the complex
structure deformations on Z3. First, we consider the pullback to ¥ of the metric variations
dgij in BI3) of the ambient Calabi-Yau Z3

Vg (Xr)gu 2" (3.28)

(6 U T A D

Then we replace, motivated by ([B217), the inverse metric g”/ occurring in the contraction of
X& and Q by S%S%QAB to obtain our ansatz for the induced metric deformation on ¥, given
in (BZ3).

However, there are some remarks in order. Since there are no (2,0)-forms on ¥ in the

background complex structure zg, the form t*(s4.€) should vanish identically. Thus, in order

to make sense of the metric variation [B2Z3) we have to evaluate it, following the logic of (BZI),
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in the complex structure z = zy+dz. Applying this to BZ3) we expand 6(¢*g) to linear order
in 0z, i.e. t*(09)uu(2) = t*(09)wu(20) + t*(09)ua(20) - 9z, to obtain

* 2ivz * * \NUU k(= — AB K SR

L (09)ua(20) = mb (saaXw)au(t*9)“  (550XR)aug "7 02702" . (3.29)
Here we emphasize the change in type from purely holomorphic indices dg,, at z to mixed
type dgua at zg. It is important to note that there are neither any metric deformations linear

in the complex structure parameter §z nor any of pure type.

These calculations stress that the analysis of the open string moduli space crucially de-
pends on the chosen background complex structure encoded by the moduli z*. It is hence
natural that the complex structure parameters 2 of Z3 and the open string moduli ¢* should
be treated on an equal footing to characterize the structure of the N' = 1 field space. This has
let to the the introduction of the blow-up proposal in [60] that was further exploited in [81]
and ultimately in [100]. It will be used in chapter [ to unify the open-closed fields and to
understand and derive the effective brane superpotential. In the next sections we derive the
general four-dimensional effective D5-brane action and show that the brane superpotential
is naturally encoded by the forms s4.€ and s4ux, that are sensible both to the complex

structure on Z3 and the open string deformations.

We conclude by noting that the analysis of §(¢*¢g) and the induced variation [BZJ) can
also be derived in two alternative ways, one based on the consideration of all vector fields in
C®(X, Nz,X) and a different by analyzing the variation of vol(X) under a change of complex
structure. For the first way we introduce a basis s, of the infinite dimensional Hilbert space
of all sections in C*°(3, Nz,X). The natural metric G ; on these sections is formally identical
to the integral in (B2H). Then we introduce holomorphic vielbeins e,, of the normal bundle

Nz,% obeying the elementary relation
Gt = N, 97 =n""eheh, (3.30)

where g;; denotes the hermitian metric on Nz, 3 and 7,7 the flat hermitian metric. We readily
expand the holomorphic vielbeins with respect to the basis of sections s, as e}, = > c%st.

Upon integrating the first relation in (B30) over ¥, we obtain

1 » 1 . LV 5
Mam = — | Namt"(J) = _/ gizenen " (J) = i— G pchen, (3.31)
Uy PN Us pIEE oz

which is readily inserted into the second equation in ([B30) to obtain

Uy

_ b on
g7 = v Gsysp" (3.32)
This is then again used in ([B28) to replace, to quadratic order in s,, the metric g”7. By
expanding in the complex structures to second order, we reproduce (BZ9) as before, however,

with the basis of sections s, of C*°(X, Nz,X) instead of s4. Nonetheless, the relation (B29)
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is still a good approximation for the purpose of deriving the effective action since most of the
modes associated to the s, are massive, cf. section B4l and are consistently integrated out in
the effective Lagrangian maintaining only the light fields, that are precisely counted by the
finite number of sections s4 in H%(X, Nz, X).

For brevity, we describe the second method only in words. Since a variation (:*g) violates
the calibrations (B) and thus the volume minimization property of ¥, the volume of ¥ will
increase by ¢ vol(X). Analyzing this variation to appropriate order in the fields it is possible
to extract (B2Zd) or to directly obtain the corresponding potential term in the dimensional
reduction of Dirac-Born-Infeld action (BZ0). Indeed we follow a similar logic in section B4 to
determine the potential on the infinite dimensional field space of massive deformations of 3.

3.2.3 Reduction of the D5-Brane Action

Now we are prepared to derive the four-dimensional effective action of the D5-brane in a
Calabi-Yau orientifold with O5/09-planes, where we mainly follow [60]. The action is ob-
tained by reducing the bulk supergravity action Spp as in section and the effective
D-brane actions using a Kaluza-Klein reduction ansatz. The string-frame Type IIB action
is used in its democratic form ([Z2Z4]). In addition, one includes the string-frame D5-brane

action

Sbs = —#is /W d®¢e™?\/—det (v* (g10 + B2) — (F) + s /W S (O et B (3.33)

q even

which is the specialization of the general DBI-action ([B3) and the general CS-action (B4)
to BPS Db5-branes. For convenience we put W = Wy. The Kaluza-Klein reduction of the
bulk action [ZZ]) on the orientifold background has been carried out in [128] and and is
reviewed in chapter Bl Thus we mainly concentrate in the following on the reduction of the
D5-brane action ([B33) and later include the contributions entirely due to bulk fields in the
determination of the N' =1 characteristic functions.

Dirac-Born-Infeld Action & Tadpole Cancellation

In the following we perform the Kaluza-Klein reduction of the Dirac-Born-Infeld action given
in (B33). Firstly, we expand the determinant using

Vet A+ B) = Vet [1+ 3T~ s + L (e 's)” 21 (@7'9)%) +..| . (3.39)

The matrix 2 contains the fields in the calibrated background configuration of Z3 /o x RY3 for
which the conditions (X)) are obeyed. Additionally, 8 contains the fluctuation fields around
this background and is small compared to 2. These fluctuations are precisely the variations
of the embedding ¢ of the two-cycle ¥, parametrized by the fields ¢ of (BI9), the Wilson
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lines @ introduced in BI0) as well as the perturbations BIH) about the calibrated NS—
NS B-field defined in (B8) and about the background complex structure. The fluctuations
of all fields involve the variation d: of the embedding ¢ since they have to be pulled back
to worldvolume W of the D5-brane. These pullbacks are treated in the normal coordinate
expansions [62, 155, 156], which is a standard technique in differential geometry to analyze
families of diffeomorphisms and embeddings using the Riemann normal coordinates. In the
case at hand the family of embeddings ¢ is parametrized by the sections ¢ of the normal
bundle. Applying the normal coordinate expansion to the metric (B2I0) and the NS-NS B-
field BI3) on the D5-brane world-volume as well as taking the metric variation 6(¢*g)yqs of
B29) into account we obtain

“g10 = V_le%n,wdm“ ~dx” 4 (Vg + (" g))uadu - du + g(0,¢, 9,¢)dz" - dx"
V'By —UF = B%W'w, —LF + B *we(0,¢, 0,C)dxt N dx” (3.35)

where - is the symmetric product and V, g,z are the string frame volume and the induced
hermitian metric on 3. Note that the Minkowski metric 7 is rescaled to the four-dimensional
Einstein frameﬁ. In the expansions ([B3H) we readily identify the background fields and

variations as

V7162¢77W 0 0

0 Gua 0
(29 + Bwa) (04, 0,0) — LFy  —L0pa5A] —0d,a1 AL
B = —Lo,azA;] 0 (6g + %B“wa)m; , (3.37)
—00,ar AL (69 — 3B Wq)ua 0

where we omitted the pullback ¢* for notational convenience. Only the terms
TTr A8 — 1Tr ((A18)?) (3.38)

of the Taylor expansion (B33 contribute to the effective action up to quadratic order in the
fields. We insert the result into the first part of [B33)) and use the calibrations ([B) to obtain

the four-dimensional action
SEE = —,u5/ [@UEF A *xF + @Cljdaf A xday + %e¢QABdCA A *dCB + Vi * 1] (3.39)

in the four-dimensional Einstein frame. The potential term in (B39) is of the form

3¢ 2) 'gAB
e i
Vbei = <UZ

P + —/ SAJX/ SJxéz“52“+(Bz)2). (3.40)
2V2 fQ/\Q b " b B " 8’[)E

In the following we will successively discuss the separate terms appearing in the action Sppy.

2Recall that the four-dimensional metric in the Einstein frame 7 is related to the string frame metric 1"
via n = e 22V pSF,
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The first term in (B39) is the kinetic term for the U(1) gauge boson A on the D5-brane.
The gauge coupling is thus given by 1/91235 = %,U,5€26_¢’UE, where v> is the volume of the
two-cycle ¥ evaluated via the calibration ([B8). The second term is the kinetic term for the

Wilson line moduli a’. The corresponding metric takes the form

- 1 o ; =
= | Al pasdl =1 [ AlAAT, (3.41)
2 /s, 2 /s,
where we have used %9 A7 = iA7 on the basis of (1,0)-forms introduced in ([BIH). The third
term in (B39) contains the field space metric for the deformations ¢4 which is of the form
7: _ ICCV o o . = ~ QO
Guap = —=—— SAJSBJ(J/\J):—EAB , [,AB:—Z SAISgIwWT (3.42)
2V Js, 2V oy
where we have used Ko = [wo AJ A J and J A J = Ko0°.

Finally, let us comment on the potential terms Vppr. In fact, the first of the three terms
represents an NS-NS tadpole and takes the form of a D-term. As mentioned in section Bl
a consistent compactification with D-branes requires cancellation of R—R as well as NS-NS
tadpoles. Hence the two-cycle X wrapped by the D5-brane has to lie in the same homology
class as an O5-plane arising from the fix-points of 0. Consequently, we have to add the
contribution of the orientifold plane

e3?

Sg’g = ,u5/ d6§e*¢\/—det (¢*(g10+ B)) — S(Ii}f = us / sz x1, (3.43)
W,

orie

to the action ([B3J). Here we applied the calibration condition () for orientifold planes to
obtain the two-cycle volume v*. Having rescaled to the Einstein frame one compares Sg’fl
with (B39) to observe a precise cancellation of the D-term potential of the D5-brane. This
cancellation in Vppr again confirms, from a low-energy effective action point of view, that

both the O5-plane and the D5-brane have to wrap volume minimizing cycles.

The last two terms in Vpp describe deviations from the calibration conditions (B). The
first potential term accounts for the metric deformations [B29) induced by the change of the
ambient complex structure and the second term describes the field fluctuation B of the NS—
NS B-field defined in (BIS). Later on, we will show that this term is actually a D-term which
is consistent with the analysis of [157]. Clearly, both terms vanish at the supersymmetric
ground state defined by the calibration conditions [B8). Let us comment on the dimensional
reduction yielding these two terms. The evaluation of Tr2l~'%B in the expansion (B34) of the
DBI-action yields a term given by

,L'63¢UZQAB . B B - -
0Lsg = 7(52'“52“/2 (saxk)aun(*g) ()" (SpaXa)au T - (3.44)
+

originating from the variation §(¢*g). Indeed, this is the only contribution to the four-

dimensional effective action originating from the metric variation ([B29) that is relevant at
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our low order analysis in the fields. As discussed before, cf. section BEZZZ, the (1,1)-form *J
is essentially the only non-trivial element in the cohomology H (171)(E+). Thus, we rewrite

the pullback of any closed (1,1)-form w to ¥ as

* o0 ‘[E-Fw
e

fw= T (3.45)

in cohomology, where we used again the calibration f2+ *J = v*. In particular, we can apply
this to the closed (1,1)-forms s4.x, in [BZ4) to obtain the second term of Vppr given in
40). Considering the fluctuation B%, the only contribution arises from the term Tr(2(~195)?
in 34). Restricting to the relevant quadratic term in B¢, this yields

3

T2

lf*u’alf*a’b/Z (Fwa)ua (CFwp)ua " g" " T . (3.46)
+

Again we use [FZH) to expand P_ B%*w, = B> 1*.J /v* in the cohomology HM (%), where
P_ again denotes the sign function introduced in BI0), to obtain the geometrical dependence
of the volume v* of the cycle as given in (40). Later on in section B3, we show explicitly
that the above results of the dimensional reduction are necessary to match the F- and D-term
potential arising from a brane superpotential Wy .ne and a gauging of a shift symmetry by
the U(1) vector A from the D5-brane gauge theory, respectively.

Chern-Simons Action

Let us now turn to the dimensional reduction of the Chern-Simons part of the D5-brane
action. For this purpose we need the normal coordinate expansion of the pullback of all R-R
fields (BI4) to the world-volume of the D5-brane. Here we only display the relevant terms
for the reduction of the Chern-Simons action which read

(" Cplir.ip = LCil z‘fﬂ%("a Ciy iy —
VlenCma Cmg dp T

1Vir (" Chis iy + 55¢" 00 (C"OmCiy ) (3.47)
Vugnvzzgmcnng dp + & 2R] Cngmcjzzzp )

2p! “'niim

;
(p—

-1 1 2(p 2)!

where the indices i, label the coordinates £ on the D5-brane world volume. Inserting this
expansion into the Chern-Simons part of [B33), one obtains up to second order

Sos = s / [%EF NF = Ld(pgy) — Co)B™) N A+ £ £55deD) A (d¢ACP — acPc?)
— 50T dCpyy A (dagag — dagar) — $Loa5 (B plyy) A (dCACE — dCP )
+ LW Ay + NI AD) A deA — LEAN 4w dVF + N dU) A F] (3.48)

where B>, B% are introduced in ([BI8) and we similarly define ,6(22) =[x C4 as well as =

f2+ C5. In the Scg we further used the abbreviations

Nak = / SAJOK Nk = / 548", Nak = / Sasay Ni= / SaB”
b Sy - s
(3.49)
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where the forms and their orientifold parity are given in table We emphasize that de-
pending on the parity of the integrand under the involution ¢ in general both combinations
¥+ and X _ occur in ([BZ9). However, terms involving ¥ can be translated to ¥, via the

sign function P_. In addition we evaluated the coupling
[’abAB = —i/ SAJggj(wa A wb) = ﬁzglcaab , (3_50)
2

where £ 5 was introduced in BZ22) and Kuup = fY wWa A wg N wy are the only non-vanishing
triple intersection numbers involving the negative (1, 1)-forms w, of Table We note that
both in the action ZR) and in the definitions [BZJ) we used the expansion ¢ = (454 into
a real basis §4 introduced in [BIJ). Clearly, the expressions involving fA, 54 are readily

rewritten into complex coordinates ¢4, (4.

Let us now discuss the interpretation of the different terms appearing in the action ([B24F).
The first term in Scg corresponds to the theta-angle term of the gauge theory on the D5-brane.
Thus it is identified with the imaginary part of the gauge-kinetic function. The second term
is a Green-Schwarz term which indicates the gauging of the scalar fields dual to the two-forms
2(2) and C(y) by the D5-brane vector field A. In fact, we show explicitly in section that
this term indeed induces a gauging of one chiral multiplet in the four-dimensional spectrum
and that the corresponding D-term is precisely the one encountered in the reduction of the
DBI action in section

The interpretation of the remaining terms in ([BZ8) is of more technical nature. The third,
fourth and fifth terms are mixing terms which contribute in the kinetic terms of the scalars
¢, h and p dual to the two-forms E((f), C(2) and E(Q). In section they help us to identify
the correct complex coordinates which cast the kinetic term into the standard ANV = 1 form.
The sixth term contains the four-dimensional three-forms A(?)) and A(?’). We show in the next
section B2 that these terms are crucial in the calculation of the complete scalar potential
of the D5-brane effective action. Finally, the last term in Scg indicates a mixing of the field
strength on the D5-brane with the U(1) bulk vector fields V,U. The precise form of the
redefined gauge-couplings is discussed in appendix [A2

3.2.4 The Scalar Potential

In this section we compute the scalar potential of the four-dimensional effective theory. We
find two types of potentials according to their origin in the N/ = 1 language, i.e. an F-term
potential Vg and D-term potential Vp. In the context of the D5-brane effective action the
first one arises from the coupling of the three-forms A(g), A(g) in the Chern-Simons action and
their kinetic terms from the bulk as well as from a completion term from the potential Vpgy
in (B40). The second potential arises entirely from the bulk and the potential Vpgr. We note
that the potential due to background R-R and NS-NS fluxes I3 = (dC2) and Hz = (dBs)
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has already been studied in [128]. Thus, we emphasize here the additional contributions in

the presence of the space-time filling D5-branes.

A first contribution to the scalar potential is induced by the couplings of the three-forms
Az and A(g) in the Chern-Simons action ([BF). Here it is crucial to keep these forms in the
spectrum despite the fact that a massless three-form has no propagating degrees of freedom
in four dimensions. Moreover, if the degrees of freedom in these forms as well as the induced
potential are treated quantum mechanically, as described in [158], one is able to account for
the possible R-R three-form flux

Fy=mfag —exp? | (3.51)

K e k) are interpreted as labeling the discrete excited states of the

where the flux quanta (m
system and (ax, %) is the real symplectic basis introduced in [ZI4)). This is in accord with
the fact that the duality condition G®) = (=1) %19 G\7) given in [ZII) relates the three-form

containing Fj3 to the seven-form F% containing (dAg), dﬁg)).

iG3)

Let us collect the terms involving the non-dynamical three-forms A(g) and A" . The first

contribution arises from the effective bulk supergravity action containing the kinetic term
1 f dCg N %dC for the R—R-form field CGE Together with the contribution from the effective
Chern-Simons action ([BZ8) we obtain

Saw = / [je " OV2dA ) A =B dAgg) + Jus NTdA )] (3.52)

where the factor e~*?V? arises due to the rescaling to the four-dimensional Einstein frame.
Note that we have introduced a vector notation to keep the following equations more trans-
parent. More precisely, we define the matrix F, the vector-valued forms g(g) and the vector

N, of. @Z9), as

[ax Axap [ ar A*pE - Ag ~  oq [ Nak
E— R R 0 I v . (353
(f ﬁK A *kap, fﬂK A *ﬁL (3) A(?’g C Nj( ( )
Our aim is to integrate out the forms dAg) and dflg)
discrete excited states labeled by the background fluxes (er,m’) in ([BE1). In fact, we can
treat these as formally dualizing the three-forms A(3) and 121(3) into constants (ex,m) [159].

We thus add to Sa,, the Lagrange multiplier term 3 (e KdA(3) +mk dflg)) such that

similar to [158] by allowing for the

Saw = Sy, = / [Le19V2dA 5 A *EdA ) + L(us N +m)TdAg)] (3.54)

where we abbreviated m = (ex, m’*)?. Formally replacing ﬁ(4) = d/f(g) by its equations of

motion, one finds the scalar potential

4¢ T
& —. = -1 . =
Sl /VA(S) Vaw = 13 (M5N+ m> E (M5N+ m> . (3.55)
3The factor % arises due to the fact that we can eliminate dC> contributions in this analysis by the duality
condition (EZI0).
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Here we used the results of appendix [AJ] to determine the inverse matrix given by

[ B8R At = [BE Axay
E _<—faK/\*BL [ak Axap | (3:56)

It is convenient to rewrite the potential Vy, in BX20) in a more compact form

et?

Vi = o /Z3 G A *G, G = F3 + pusCt (NKag — NagBX) | (3.57)

where we identified F3 as given in ([BHI). We note that the scalar potential contains the
familiar contribution from the R-R fluxes Fj. In addition, there are terms linear and quadratic

in the D5-brane deformations é .

In order to prepare for the derivation of Vags, from this superpotential, it is necessary to
introduce the holomorphic and anti-holomorphic variables ¢4 and (4. Therefore we expand
the three-form G in a complex basis (2, x4, Y&, ) of H3 (V) = HG0) @Hf’l) GBH_(FI’Q) @ H03),
Explicitly, we find the expansion

G=([OAD) T [IQ+ G x — G L 3 — 19)] (3.58)
where the coefficient functions are given by

I:/ QNG= | QANFs—ps [ CQ, In:/xwg: XKAFs—us/ CaXk -
Z3 Z3 Z3 Z3 b

DIES
(3.59)
Here we have used the relations (B2l) and (B2Z2) as well as the familiar metric Gxz on the
space of complex structure moduli space of Z3/o. Using its explicit form

J X N Xz

Cor=Tana

(3.60)
the expansion ([B5Y) together with ([Bh9) is readily checked. Finally, we insert ([B5S) into
BE7) and use xQ = —if), *x, = ixx to cast the complete potential V¢ into the form

ie’? BT T 2 AB
Vi (G 4 1P 4 25 GAPe /

e o | 5axed20EF] . (3.61
N2 [QAQ g, A /&SBJX - z] (3.61)

Here we have added the potential term in (BZ0) originating from the reduction of the Dirac-
Born-Infeld action. Once we have computed the AN/ = 1 Kéhler metric of the effective theory
in appendix [A3 we will derive in section the potential V& from a from a flux and brane
superpotential depending on the complex structure and the D5-brane deformations. This will
show that Vf is indeed an F-term potential as indicated by the notation.

Let us now turn to the remaining potential terms arising from the DBI action (B39) and
the NS-NS fluxes Hs. For simplicity, we only discuss electric NS-NS flux such that Hs admits
the expansion

Hs = —éx 35 . (3.62)
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It was shown in [128] that the electric fluxes éx result in a gauging of the scalar h dual to
C(2) in @Id). The effect of magnetic fluxes M ax is more involved since they directly gauge
the two-from C(y) as demonstrated in [128]. In order to be able to work with the scalar h, we
do not allow for the additional complication and set M’ = 0. Together with the last term in

B39) we find the potential
30 (BE)2 (20
VE 1605 | D2

b = us / Hs A xHj | (3.63)
Y

which turns out to be a D-term potential due to the gauging of two chiral multipleta@ as
demonstrated in section

3.3 D5-Brane NV = 1 Effective Couplings and Coordinates

In this section we bring the four-dimensional effective action of the D5-brane and bulk fields
into the standard N' = 1 supergravity form of ([Z31). First in section B3] we determine the
N =1 chiral coordinates and the large volume expression for the Kéahler potential. Then in
section we read off the effective superpotential by matching the F-term scalar potential
in BZ4 cf. also appendix We conclude in section with a determination of the
D5-brane gauge kinetic coupling function, the gaugings of chiral multiplets and the D-term
potential, that is again in perfect agreement with the results directly obtained in the reduction.
The kinetic mixing between bulk and brane gauge fields can be found in appendix We
note that the A/ = 1 characteristic data of the D5-brane agrees with the results of chapter
if the D5-brane fields are frozen out.

3.3.1 The Kahler Potential and N =1 Coordinates

We first define the A/ = 1 complex coordinates M’ which are the bosonic components of
the chiral multiplets. They define those complex coordinates for which the scalar metric is
Kihler. We note that the M7 consist of the D5-brane deformations ¢4 and Wilson lines ay
introduced in section BZZJl In addition there are the complex structure deformations z" as

well as the complex fields
¢ = e % — ™+ %ug, EjBCAg:B ,
P, = OuB’+ip,, (3.64)
S = eV +4ih—L(Re®)PP,(P+ P)y, + s *Casay

where v,0, ¢, p as well as B are given in ([B13), (E14) and [BIY) as well as h=h-— %paBa.
The complex symmetric tensor appearing in (B64) is given by Qg = Kapat® and (Re®)

“Recall that the first potential term in the DBI action (A1) is canceled by the contribution [EZJ) of the
O5-planes.
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56 CHAPTER 3. THE D5-BRANE EFFECTIVE ACTION

denotes the inverse of Re©gy. The function L9 5 is defined in ([E42). Note that we recover
the N' = 1 coordinates [Z39) of the bulk O5/09 setup discussed in section if we set
¢ =a = 0. The completion [EE) by the open string fields is inferred from the couplings in

the D5-brane action (B39) and BZF).

The full ' = 1 Kahler potential is determined by integrating the kinetic terms of the
complex scalars M! = (S,t, P, z, ¢,a). It takes the form

K = —1n[—i/Q/\Q} + K, , K,=—-2In [\/56*245);} , (3.65)

where K, has to be evaluated in terms of the coordinates ([BG4). In contrast to general
compactifications with O3/O7-orientifold planes, cf. section 22233 this can be done explicitly
for O5-orientifolds yielding

Ky = —In 5K, Z0 2P 2] ~In [S+5+L(Re©)® (P+P)o(P+P)y—2u5 1> C araz] , (3.66)

where we write
B =t 1 — s L9 5¢4CP (3.67)

Note that the expression ([BEH) for K can already be inferred from general Weyl rescaling
arguments, e.g. from the factor e/ in front of the A" = 1 potential (Z38). However, the explicit
form (B60) displaying the field dependence of K has to be derived by taking derivatives of K
and comparing the result with the bulk and D5-brane effective action. Let us also note that
the expression (BG0) reduces to the results found in [160,161] in the orbifold limit.

3.3.2 The Superpotential

Having defined the A/ = 1 chiral coordinates as well as the Kéhler potential we are prepared
to deduce the effective superpotential W. Using the general supergravity formula (238) for
the scalar potential expressed in terms of W we are able, as presented below, to deduce the
superpotential W entirely by comparison to the scalar potential V¢ in (BEI) as derived from
dimensional reduction. This indeed identifies Vi as an F-term potential of the N’ = 1 effective

theory as indicated by the notation.

The superpotential W yielding V& consists of two parts, a truncation of the familiar flux
superpotential for the closed string moduli [14] and a contribution encoding the dependence

on the open string moduli of the wrapped D5-brane,

W = F3ANQ+ ps ¢, (3.68)
Zs s

where we introduced the R-R-flux F3. Now, it is a straightforward but lengthy calculation
summarized in appendix [A3 to obtain the F-term contribution of the scalar potential (Z35).
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The detailed calculations yield the positive definite F-term potential
iel? [

V:2v2fQAQ

nmhibwwﬁwam+%gﬂaf/sAm/ %jﬂ. (3.69)
bl bl
Here the covariant derivatives with respect to the complex structure coordinates z" and the

open string moduli ¢ read

Dan:/Fg/\XR+/L5/<JXR, D<AW:,U,5/SA_IQ—|—K<AW. (3.70)

Furthermore, we have to use the first order expansion of s4 discussed in ([BZI]) to obtain a

form of type (1, 1) that can be integrated over ¥ yielding a potentially non-vanishing result,

/ 540 = / SAIXK0Z". (3.71)
s s

Inserting this into (L), the F-term potential perfectly matches the scalar potential Vg of
(BXT) obtained by dimensional reduction of the D5-brane as well as the bulk supergravity

action.

The superpotential ([B6Y) is the perturbative superpotential of the Type IIB compactifi-
cation. However, in the form (B6Y) it is just the leading term in the expansion of the chain
integraﬁ [65,67,106,107]

Wbrane = / Q7 (372)
I

where I is a three-chain with boundary given as 0I' = ¥ — ¥y, where Y, is a fixed refer-
ence curve in the same homology class as . Whiane depends on the closed string complex
structure moduli through the holomorphic three-form €2 and on the open string fields through
the deformation parameters of the curve ¥. Using the general power series expansion of a
functional about a reference function, we recover our result for the superpotential ([BG8) to
linear orderE It is one central aim of this thesis to study and exactly calculate this brane

superpotential in various setups and invoking different physical and mathematical techniques.

We conclude with a discussion of the derivation and the special structure of the F-term
potential. We first note that the potential [BGJ) is positive definite unlike the generic F-term
potential of supergravity. This is due to the no-scale structure [162-164] of the underlying
N =1 data. Indeed, the superpotential (BEH) only depends on z and ¢ and is independent
of the chiral fields S, P, a and t. Consequently, the N' = 1 covariant derivative D ;W of the
superpotential simplifies to K ;:WW when applied with respect to the fields M! = (S,P,a,t).
The Kéhler potential (B60) for these fields has the schematic form

K=-mh(t+t+f(C0))—nln(S+S+g(P+P,t+1)+ h(a,a)) (3.73)

5Tn this section we set s = 1.

PR
5g(zl)...5gg(zk) _s 69(1'1) e 59(5”16)'
For W as a functional of the embedding ¢ and §¢ = { as well as § = ¢ we to first order derive the second term

of ([EED).

The general Taylor expansion is given by Flg] = > 7% [ dx1---dak
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o8 CHAPTER 3. THE D5-BRANE EFFECTIVE ACTION

with m = 3 and n = 1, where we concentrate on the one-modulus case for each chiral multiplet
in order to clarify our exposition. The generalization to an arbitrary number of moduli is
straightforward, cf. appendix [A-3] where also the functions f, g and h can be found. Then
the contributions of the fields M! = (S, P, a,t,() to the scalar potential V are found to take

the characteristic form given by
K'Y Dy WD W = [0:WPKS + (n + m)|[W|? (3.74)

as familiar from the basic no-scale type models of supergravityﬂ Consequently, this turns
the negative term —3|W|? in ([Z38) into the positive definite term |W|? of [EHJ) for the case
n =1 and m = 3. A similar structure for the underlying ' = 1 data has been found for D3-
and D7-branes as shown in [61-63, 1657167]E In particular, this form for the scalar potential
V on the complex structure and D-brane deformation space implies that a generic vacuum is
de Sitter, i.e. has a positive cosmological constant, while in a supersymmetric vacuum both V'
and W vanish. However, the potential depends on the Kahler moduli only through an overall

factor of the volume and thus drives the internal space to decompactify.

3.3.3 The Gauge-Kinetic Function, Gaugings and D-term Potential

In the following we discuss the terms of the four-dimensional effective action arising due to
the U(1) vector multiplets in the spectrum. Firstly, there are the kinetic terms of the D5-
brane vector A and the vectors V arising from the expansion ([BI4]) of the R-R form Cy. The
gauge-kinetic function is determined from the actions [B39) and (B4Y) and reads

fos(t™) = Susl®t fr(2%) = =5 My = =5 Fua| _yr » (3.75)

where the complex matrix M is defined in appendix [AJl Here fyy is the gauge-coupling
function for the D5-brane vector A and f; is the gauge-coupling function for the bulk vectors
V discussed in [Z2I]). As reviewed in section EZZ3 we note that the latter can be expressed
via Fy; = 0.0, F as the second derivative of the N' = 2 prepotential F with respect to the
N = 2 coordinates z¥ which have then to be set to zero in the orientifold set-up. This ensures
that the gauge-coupling function is holomorphic in the coordinates 2" which would not be
the case for the full A" = 2 matrix Mg, given in (A2).

There are some remarks in order. Firstly, we note that the gauge-kinetic function encod-
ing the mixing between the D5-brane vector and the bulk vectors is discussed in appendix
Secondly, we observe that the quadratic dependence of fyy, on the open string moduli
¢ through the coordinate ¢ in (BG4 is not visible on the level of the effective action. These

"This no-scale structure will be clarified further, extending the example of [128], in appendix A3 using the
dual description of S + S in terms of a linear multiplet L.
8See [168] for a similar discussion in heterotic M-theory.
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corrections as well as further mixing with the open string moduli are due to one-loop correc-
tions of the sigma model and thus not covered by our bulk supergravity approximation nor

the Dirac-Born-Infeld or Chern-Simons actions of the D5-brane.

Let us now turn to the terms in the scalar potential induced by the gauging of global
shift symmetries and compare to the potential Vp in ([BG3). There are two sources for such
gaugings. The first gauging arises due to the source term proportional to d(p> — C(z)BZ) NA
in (ZZ8). It enforces a gauging of the scalars dual to the two-forms j* and Crz)- In fact,
eliminating dp> and dC 2y by their equations of motion, the kinetic terms of the dual scalars
pe and h contain the covariant derivatives

Dpa = dpa + psls> A Dh = dh + us(B*A | (3.76)

where A is the U(1) vector on the D5-brane. Rearranging this into A/ = 1 coordinates we
observe that the signs in the covariant derivative of h and p arrangﬂ to ensure that the
complex scalar S defined in ([BG) remains neutral under A. However, the gaugings (B70)
imply a charge for the chiral field Pyx. It is gauged by the D5-brane vector A. Its covariant
derivative is given by

DPs, = dPs +iuslA . (3.77)

The second gauging arises in the presence of electric NS-NS three-form flux éx introduced
in B62). It was shown in [128], that the scalar h is gauged by the bulk U(1) vectors V arising
in the expansion ([BI4) of Cy. This forces us to introduce the covariant derivative

DS =dS — i VE . (3.78)

The introduction of magnetic NS-NS three-form flux is more involved and leads to a gauged
linear multiplet (¢, C(2)) as described in [128].

Having determined the covariant derivatives [BZ1) and [BZF) it is straightforward to
evaluate the D-term potential. Recall the general formula for the D-term [59]

K;;X{ =i0;Dy | (3.79)

where X7 is the Killing vector of the U(1) transformations defined as 6M! = A§ X9, M.
For the gaugings (E77) and [ETX) we find the Killing vectors X = ius¢ and X}% = —iép
which are both constant. Integrating (BZJ) one evaluates the D-terms using Kp, = Kp,, and
Kg given in ([AT4) respectively above [(AI3) in appendix [AJ as

D= —Luste®B>y1 Dp=1tépeVv . (3.80)

Inserting these D-terms into the N' = 1 scalar potential ([Z38) and using the gauge-kinetic
functions BH), we precisely recover the D-term potential Vp in (B563) found by dimensional
reduction.

9The plus sign in the covariant derivative of h arises due to the minus sign in the duality conditions @I0).
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3.4 Extension to Infinite Degrees of Freedom

In this concluding section we slightly extend, following [100], our discussion of the D5-brane
effective action to the full geometric deformation space of the D5-brane on Y, that is given
by the Hilbert space of all sections in C*°(%, Nz, X). It contains both the light fields ¢4 in
HY(%, Nz, %) discussed before but also an infinite tower of massive moded!Y. Tt is the content
of the following discussion to show that the massive modes already receive a mass at leading
order and consequently decouple consistently from the effective action. We note a similar and

mathematically more self-contained discussion in section [Z11

In words we exploit for our effective action analysis the mathematical result of [169,170]
that the volume of a holomorphic curve X, Vol(X), for any deformation of ¥ by an infinitesimal
displacement es, for s € C*°(X, Nz,X), increases quadratically as

d2

1 _
] = 2 vol 81
o Vol(z, 2/2”03” volg | (3.81)

where ¥; denotes the deformed curve. Here ||0s]|? denotes a contraction of all indices, i.e. the
tangential directions and the directions normal to ¥, via the metric. We prove the statement
that this second variation of the volume (B&I]) is a part of the F-term potential of the D5-
brane effective action. We first obtain this potential by dimensional reduction of the the
Dirac-Born-Infeld action of the D5-brane. Then we use the D5-brane superpotential Wi ane
in B12) and a generalization of the Kéhler metric of (BEH) [60] to the infinite dimensional
space C®(X, Nz, X) to deduce the same potential as an F-term potential when gravity is
decoupled.

We start again from the Dirac-Born-Infeld action B33) of a single D5-brane in Z3. We
perform the dimensional reduction for the background of a D5-brane wrapping a holomorphic
curve . In a background with vanishing B-field and gauge flux F' the action B33) is just
the volume of the wrapped curve. Thus, the variation of S 25y under a deformation along s

is captured, up to second order in the variation parameter ¢, by [BXI]) and reads

M563¢ d?
V2 de

Vst O L o) = / 1352 vols; - (3.82)

2

Here we used the formula (B1]) and further a Weyl-rescaling to the four-dimensional Einstein-
frame to obtain the right factors of the dilaton ¢ and the compactification volume V.

In the following we deduce this potential from the N = 1 formulation of the D5-brane
effective action. Indeed, the term (B2 is an F-term potential of the form

VF - eK Kal;aua Wbraneaﬂl; Wbrane (383)

This is in contrast to the usual lore of dimensional reduction, however, we refer to section for a math-
ematical explanation of the fact, that the natural domain of the brane superpotential Whrane is C*° (X, Nz, X).
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for the fields u®(z) associated to the expansion s = u®s, in a basis of C*°(X, Nz,X). In order
to evaluate Ve we need the Kahler metric for the modes u® as well as a more tractable form of
the brane superpotential Wy ane. The Kéahler metric for the u® as deformations in the infinite
dimensional space C*°(3, Nz,X) is a straightforward generalization of the Ké&hler metric of
E51) originally considered for the modes counted by H?(X, Nz, X). It reads

ipse?

_ ®
1u5€ — O_\17  *
o = ™, g SaJSBJ(J A J) = f ang /E(Qa)ij(Qb) Ty (J) , (3.84)

where we used the abbreviation €, = s,.). For details of this equality we refer to appendix
[A4 Firstly, we Taylor expand Wy ane to second order in the brane deformations u® around

the holomorphic curve ¥ = ¥,

1

Whrane = / Q+ —u“ub/ Squdsy ) + (’)(ug) (3.85)
I 2 b

where s denotes the interior product with s and s, denotes a section of Nz, that is not

required to be holomorphic. T'j, is a chain ending on the holomorphic curve 3, 9Ty, = ¥j —X.

Secondly, introducing the abbreviation Q, = s, the variation of ([B8H) with respect to u,

reads

Ouy Whrane = — 5 / 05, . (3.86)
%

In addition we rescaled the superpotential Wyane — 15 Whrane to restore physical units as
before [60]. In order to evaluate the contraction ([BX3) we have to exploit that the Q, form a
basis of sections of a specific bundle on ¥. Indeed, the isomorphism of K Z3|s, = T*X @ N*%
which is a consequence of the normal bundle sequence of ¥ tells us that the €, form a basis
of sections of Q10 (X, N*X) with the property that s,00Q, = 0. We can use this basis to
represent any other section. In particular, the contraction ds_.J is a section of Q(Ovl)(z, N*Y)

that we can expand in the basis Qg as

iuse® .
3 tpse a Ve O
dsad = TanG O, K% /E D510 . (3.87)

Again we refer to appendix [A4] for the details of this calculation. Finally, we calculate the
F-term potential ([BX3)) as

_ . _ 3¢ _
Ve = eK 2 / Ds2(QuK™ / 05.0y,) = B° / 110s| |2 voly; . (3.88)
by by 2v2 s
Here we used in the second equality the identity ([B87) as well as e = 21/;?743/\!3’ cf. appendix
A4 The norm || - ||? denotes as before the contraction of all indices using the metric.

This F-term potential is in perfect agreement with contribution ([B82) to the scalar po-
tential Vppy that we obtain from the reduction of the DBI-action [B33) using the variation
BXT) of the calibrated volume.
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Chapter 4

Heterotic/F-Theory Duality and
Five-Brane Dynamics

In this chapter we introduce heterotic/F-theory duality and its application to analyze non-
perturbative heterotic string compactifications. In general, the strength of F-theory is the ge-
ometrization of physics, for the analysis of both non-perturbative Type IIB compactifications
with seven-branes and of dual heterotic string compactifications with five-branes. We will
mostly be interested in four-dimensional N' = 1 compactification, for which this geometriza-
tion provides strong geometrical tools to study the coupling functions of the four-dimensional
effective actions. We will put particular emphasis on the geometrization of branes in F-theory,
both for the Type IIB theory and for the dual heterotic string, which we will exploit explicitly

in chapter [ for concrete calculations of the corresponding effective superpotentials.

In section Bl we start with a discussion of the heterotic string, its strongly coupled
formulation as heterotic M-theory and its compactifications. We first review heterotic M-
theory compactifications on a Calabi-Yau threefold Z3 x S'/Zs to four-dimensions in the
presence of spacetime-filling five-branes wrapped on a curve . Then we briefly comment on
the massless spectrum including the geometric moduli and discuss in some detail the small
instanton transition of a smooth bundle into a heterotic five-brane. Then we present the full
heterotic superpotential and briefly review the essential steps of the spectral cover construction
of heterotic vector bundles E on elliptic Calabi-Yau threefolds Z3. Next in section we
review the basics of F-theory. We start with a brief discussion of Vafa’s original motivation
for F-theory before we proceed to a more elaborate construction of F-theory vacua from
elliptic Calabi-Yau manifolds. There we readily focus on four-dimensional compactifications
on Calabi-Yau fourfolds and the induced effective Gukov-Vafa-Witten flux superpotential.
Finally we study heterotic/F-theory duality in section After reviewing the underlying
cight-dimensional duality between F-theory on an elliptic K3 and the heterotic string on 772,
we use the adiabatic argument to construct pairs of dual lower-dimensional N/ = 1 theories,
in particular in four dimensions. We emphasize the duality map for the heterotic bundle E
and the heterotic five-branes, that are mapped, as we discuss in detail, either to three-branes

or to blow-ups in F-theory.
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4.1 Heterotic String Compactifications with Five-Branes

In this section we review the construction of heterotic M-theory compactifications to four-
dimensions. As detailed in section EELTl an N/ = 1 compactification is determined, in the
absence of fluxes, by a choice of a Calabi-Yau threefold Z3, a holomorphic stable vector bundle
FE and a number of five-branes wrapped on curves ¥ in Z3 that are located at points in the
M-theory interval S'/Zsy. We note that heterotic M-theory can be used to systematically
calculate corrections to these backgrounds. Furthermore, we emphasize the importance of a
cancellation of tadpoles that restricts the second Chern class of E and the choice of five-brane
curves . Then in section we present a brief account on the determination of the massless
spectrum, including the geometrical and bundle moduli. We emphasize the relation of the
bundle moduli and five-brane moduli via a small instanton transition of the smooth heterotic
bundle F to a singular configuration, that is more appropriately described as a heterotic
five-brane. Next in section we discuss the perturbative heterotic superpotential, that is
a sum of the heterotic flux superpotential, the holomorphic Chern-Simons functional of the
bundle E and a superpotential for heterotic five-branes, that takes the form of a chain integral.
The existence of the latter is inferred from the effect of the small instanton transition on the
holomorphic Chern-Simons functional. We conclude in section EET4l with a presentation of
the essential steps in the spectral cover construction of heterotic vector bundles on elliptically
fibered Calabi-Yau manifolds. There we summarize also some results for Fg-bundles, that

have to be constructed by different means.

4.1.1 Heterotic M-Theory Compactification

The formulation of the ten-dimensional Eg x Fg heterotic string theory at strong coupling
gs is given by eleven-dimensional supergravity, which is an effective description of the low-
energy interactions of the light modes of M-theory, on RYY x S'/Zy [171]. The heterotic
string coupling is related to the radius R of S' in the same way the string coupling of Type
ITA is related to R,

gs = R?, (4.1)

which is deduced in [41] by the equivalence of the corresponding effective actions. We note that
at small R compared to the eleven-dimensional Planck length x2/9, the eleven-dimensional
supergravity description breaks down due to large curvature effects and the perturbative
heterotic string description applies. However, in order to treat non-perturbative solitonic
string effects in the heterotic theory, like NS5-branes, it is appropriate to consider the M-

theory formulation which is denoted heterotic M-theory.

We begin by giving a definition of M-theory on the orbifold S'/Zy x R, Heterotic M-
theory in eleven dimensions is known by its effective action. Its Lagrangian is systematically

constructed in [172] as an expansion in the gravitational coupling k2/3 from eleven-dimensional
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supergravity in the bulk of S!/Zs coupled to two ten-dimensional Super-Yang-Mills theories
on the boundaries of S'/Zs. Here x and the gauge coupling A are related as

A2 = 27 (4mk?)?/3 . (4.2)

In this expansion the kinetic terms of the gauge bosons, proportional to %, appear at order
k%/3 relative to the gravitational term, that scales as H% Furthermore, a consistent and
gauge invariant effective theory requires the inclusion of Green-Schwarz terms [172] even in
the minimal Lagrangian. This is in contrast to the weakly coupled heterotic string where the
Green-Schwarz term is not present in the minimal supergravity and Super-Yang-Mills theory
and only appears when quantum loops are taken into account, where it guarantees cancellation
of gauge and gravitational anomalies. Thus, only to zeroth order in x2/3, i.e. without the
boundary theory, heterotic M-theory exists as a consistent classical theory and at any higher
order in k2/% quantum effects, that are one-loop effects like anomalies at first order, have to be
included to guarantee consistency, which is consequently gauge invariance at first order [172].
The use of k%/3 as an expansion parameter is further exploited in [173], where a strong
coupling expansion is applied to calculate corrections to the perturbative heterotic string
backgrounds with N/ = 1 spacetime supersymmetry found in [10]. These are defined by
a Calabi-Yau threefold Z3 and a stable holomorphic vector bundle E and appear as lowest
order backgrounds in the M-theory context as reviewed belowEI. The correction terms to these

backgrounds are organized in a double expansion in dimensionless parameters [177,178]

Kk \2/327R Pi/6
€s = (E) R R="m (4.3)
which are roughly the compactification scale V/¢ and the interval size R. This expansion
is valid for all types of embeddings and in particular in the presence of M5-branes. Besides
its conceptual relevance the crucial point of the M-theory description and the strong cou-
pling expansion is the supersymmetric treatment of a non-trivial Bianchi identity of the field
strength G4 of the three-form Cj in eleven-dimensional supergravity. This is in general non-
trivial, in particular in the presence of five-branes [173] that appear as singular sources of the
Bianchi identity. In addition, the heterotic M-theory formalism allows to treat the backreac-
tion of five-branes on the geometry and the background fields, in particular Gy, cf. [178] for

an analysis to first order in €.

Let us review the construction of heterotic compactifications to four dimensions with
N = 1 supersymmetry in the M-theory context. This means that we consider the back-
ground geometry S'/Zsy x Z3 x RY3. In order to obtain a supersymmetric background the
supersymmetry variations of all fermionic fields in the theory have to vanish identically in
the background. To lowest order in €4 this yields a Killing spinor equation from the eleven-
dimensional gravitino which is solved by vanishing background flux G4 = 0 and by Z3 being

'We note that one already obtains corrections within the heterotic string at weak coupling for non-standard
embeddings [2, 22, 174], see e.g. [175] for a review. See [176] for a detailed discussion of phenomenological
applications.
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a Calabi-Yau threefold [10]. Although a first order effect in €5, one usually also includes the
two Fg gauge theories on the boundary in the construction of the heterotic backgroundE. The
supersymmetry variation of the ten-dimensional gauginos yields the condition on the VEV of
the gauge-fields on Z3, which can be non-vanishing without breaking four-dimensional Lorentz
invariance. The gauge-fields have to define a vector bundle £ = E; ® F, with structure group
being a subgroup of Fg x Fjg such that the curvature F obeys

Fij=F;=0, ¢9F;=0. (4.4)

The first two conditions turn £ into a holomorphic vector bundle and the second condition
is the Donaldson-Uhlenbeck-Yau equation. The latter condition requires the class of the
field strength F to be primitive, i.e. gijFZ-j ~ FA*J ~ F AJ? =0, which is a restrictive
condition rendering a direct construction of a bundle E obeying it technically challenging.
A construction is possible only under particular circumstances, one of which is when Z3 is
elliptically fibered as will be discussed below in section LAl However, the existence of E
obeying () was proven by Donaldson for the rank two case in [179] and by Uhlenbeck and
Yau in [180] for arbitrary rank in the context of finding solutions to the Hermitian Yang-Mills

equation,
27 1

JPNF = V,u(E)volZSl, w(E) = @/za ci(E) A J2, (4.5)

where rk(E) and p(F) denote the rank and the slope of E, respectively. Then the second
condition in (@), F A J? = 0, implies the special case of zero slope u(E) = 0. In general,
(E3) has a unique solution if E is slope-(semi-)stable with respect to J, i.e. for any subbundle
V' C E the condition

u(V) < u(E) (4.6)
holds, or if E is a direct sum of (semi-)stable bundlesﬁ.
This setup is further constrained by the cancellation of tadpoles in heterotic M-theory.

This condition is derived from the Bianchi identity of the field strength G4 that takes the
form [171,173,178]

win

N
Gy = mw(g) [J@’é(x“) + JNVHS (@ — 7R) + 4> 0w, (32" — @) + 6(z" + @)
n=1

(4.7)
where §(z!! — ), 0y, denote delta-functions on S'/Zy, with coordinate x'1, respectively in
Zs3, that are supported on curves 3; wrapped by five-branes. We note that a supersymmetric
five-brane preserving four-dimensional Minkowski invariance localizes to a point x,, in S'/Zs
and to a holomorphic curve in Z3 [36]. The sources J(©, JON+1 contribute boundary terms

2In the weakly coupled heterotic string the Fs x Fg gauge symmetry is inferred from the requirement of
modular invariance implying anomaly cancellation in the low-energy effective theory [10].

%We note that a stable bundle requires H%(Z3, E) = H*(Z3,E) = 0 to guarantee the absence of maps
O — E [181].
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from the two ten-dimensional gauge theories on the boundary,

1

0) — _
J 1672

(tr]—"2 — %trRz) JWNFD) — b (tr]—"2 — %trRz)

211—0 167T2

zll=rR ’
(4.8)
where R denotes the eleven-dimensional curvature. The symbol “tr” denotes the trace in the
vector representation of O(1,9) for R and the % of the trace in the adjoint of FEg for the
gauge field F, respectively. Whereas (7)) determines the actual form G4 pointwise it can be

evaluated in the cohomology of Z3 yielding the tadpole condition,

AE1) 4+ MEa) + Y [54] = ea(Zs) (4.9)

where A\(E) is the fundamental characteristic class of the vector bundle E, which, for example,
is co(E) for SU(N) bundles and c2(F)/30 for Eg bundlesE. This tadpole requires the inclusion
of gauge background bundles E over Z3 with structure group contained in the ten-dimensional
heterotic gauge group [10]. Note that in many heterotic compactifications the inclusion of
five-branes is not a choice, but rather a requirement for tadpole cancellation as demonstrated
explicitly in the case of elliptic threefolds Z3 in [182]. The condition ) then dictates
consistent choices of the cohomology classes [%;] of the curve ¥; in the presence of a non-
trivial vector bundle F to match the curvature of the threefold Z3 as measured by the second
Chern class c¢2(Z3). In particular, it implies that ¥; corresponds to an effective class in
Hy(Z3,7) [183]. We note that the sources in () are of order €;. Thus the solution G4 = 0
above () is consistent at zeroth order. However, since the inclusion of five-branes and their
backreaction is the central point in this work, an appropriate treatment of the non-trivial
Bianchi identity with localized sources will be essential as demonstrated in chapter [

There is one further condition on the first Chern-class of F, sometimes denoted as the
K-theory constraint. It can be derived from the requirement of anomaly cancellation in the

sigma-model world-sheet theory [184,185] and reads
a(E)=0 mod2 <« ¢ (E)e H*(Z3,27). (4.10)

Geometrically this conditions guarantees that the bundle E admits spinors, since [I0) is
equivalent to a trivial second Stiefel-Whitney class we € H?(Z3,Zs) for holomorphic bundles.

4.1.2 Charged Matter, Moduli and Small Instanton Transitions

The low-energy effective theory obtained by compactification of the heterotic string or het-
erotic M-theory is very roughly an A" = 1 gauge theory with additional chiral multiplets [10].
In the perturbative string all four-dimensional fields arise from the ten-dimensional gauge

“Here we used the Chern characters as cha(Z3) = —c2(Z3), che(E) = —c2(E) for a compactification on
Calabi-Yau threefolds Z3 assuming c¢;(E) = 0. In addition we ignore the numerical coefficients in ([ET]).
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theory and the moduli of the background geometry. The four-dimensional gauge symmetry G
arises from the ten-dimensional gauge symmetry as the commutant of the background bundle
FE with structure group H within Fg x Fg. In the group-theoretical decomposition of the

adjoint of one Fg into representations of G x H,

248 — (adj(G),1) & (1,adj(H)) P(R:; Qi) (4.11)
7
this corresponds to the fields in the adjoint of G, adj(G). Then charged chiral multiplets
occur in the representations R; under the four-dimensional gauge symmetry G. Their chirality
n(R;) in the four-dimensional theory is calculated by an index theorem for the Dirac-operator
of the gauginos on Z3 that take values in Q; [2,175,181],

n(R) = x(EBi) = > (~1)"W"(Z3, ;) = /

1
- 2 Td(Zg)Ch(Ez) = 5 /23 Cg(EZ‘) . (412)

Here we assumed ¢ (E;) = 0, which will be the case in the examples constructed later on, and
introduced the bundle E; associated to the representation Q;. To the index only h?(Z3, E}) =
h'(Zs, E;) by Serre duality contribute since h®(Z3, E;) = h%(Z3, E;) = 0 for stable bundles.
Indeed, the zero modes of the ten-dimensional gauginos are given by the cohomology groups
HY(Z3,E;), H(Z3, E}) [2]. We note that the charged fields are interpreted as matter fields
in more phenomenological applications. In addition there are neutral chiral multiplets. They
correspond to the moduli of the gauge bundle E, that are related to the adjoint adj(H) in
([EIT) and are counted by H'(Z3, End(E)), and to the moduli of Z3, counted by H @) (Z3)
and H (171)(23). In phenomenological applications it is the issue of moduli stabilization to fix

these fields in order to avoid neutral massless scalars in four dimension.

In the non-perturbative heterotic string, there are additional fields in the low-energy ef-
fective theory due to spacetime-filling five-branes. Assuming a single five-brane wrapping a
holomorphic curve ¥; of genus g in Z3 one obtains an additional gauge group U(1)Y, a univer-
sal sector of a chiral multiplet with bosonic fields (z'!,a) and a number of chiral multiplets
for the deformations of ¥; inside Z3. Here the gauge theory as well as the scalar a arise from
the reduction of the self-dual two-form by the 2g one-forms respectively the harmonic volume
form on the curve ¥; wrapped by the five-brane [186,187], whereas z'! denotes the position
of the five-brane in the interval S!'/Zs. In the following we neglect additional massless states
from intersections of five-branes as well as the gauge enhancement to U(N)? in the case of
multiple M5-branes, see e.g. [175,178] for a detailed discussion.

In summary, the analysis of the moduli space of the heterotic string on Z3 requires the
study of three a priori very different pieces. Firstly, we have the geometric moduli spaces of the
threefold Z3 consisting of the complex structure as well as the Kéahler moduli space. Secondly,
there are the moduli of the bundle E which parametrize different gauge-field backgrounds
on Z3. Finally, if five-branes are wrapped on non-rigid curves Y;, the deformations of 3;

within Z3 of the various five-branes have to be taken into account. Thus, the global moduli
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space is in general very complicated since it is a fibration of the three different individual
moduli spaces. This problem, however, becomes more tractable if one focuses Calabi-Yau
threefolds Z3 admitting additional structure, like e.g. an elliptic fibration. In this case it was
shown in [182] that there exist elegant constructions of stable holomorphic vector bundles
E, as we review in section EET.4l Moreover, the moduli space of five-branes on elliptically
fibered Z3 has been discussed in great detail in [188]. Qualitatively it is generically true,
however, that the heterotic moduli space on a fixed Calabi-Yau threefold Z3 admits several
different branches corresponding to the number and type of five-branes present as well as to the
topology of the bundle E. There are distinguished points in this moduli space corresponding
to enhanced gauge symmetry [189,190] of the heterotic string that allow for a clear physical
interpretation and that we now discuss in more detail. It will turn out that at these points
an interesting transition happens where a five-brane completely dissolves into a finite size
instanton of the bundle E and vice versa. Thus, this transition connects different branches
of the heterotic moduli space with a different number of five-branes and in particular with
different topological type of the vector bundle E as the second Chern-class co(FE) will jump
in this process. Consequently this can be viewed as a heterotic extension of the familiar
topology changes in Type II string compactifications that connect Calabi-Yau threefolds Zs
of different Euler characteristic and Hodge numbers [191], see e.g. [82,192] for a review.

Let us discuss, following [81], this small instanton transition by starting with a Calabi-Yau
threefold Z3 with c3(Z3) # 0 and no five-branes. Thus, the anomaly condition () forces
us to turn on a background bundle E with non-trivial second Chern class cp(E) in order
to cancel cg(Z3). Then the bundle is topologically non-trivial and carries bundle instantons

characterized by the topological second Chern number [22]
[cQ]:—/ JAFAF, (4.13)
Z3

where J denotes the Kéhler form on Zs and F the field strength of the background bun-
dle. The heterotic gauge group G in four dimensions is generically broken and given by the
commutant of the holonomy group of F in Fg x Eg. Varying the moduli of E one can ask
whether it is possible to restore parts or all of the broken gauge symmetry by flattening out
the bundle as much as possible [70]. To show how this can be achieved, one first decom-
poses co(FE) into its irreducible components each of which being dual to an irreducible curve
[¥;] in Z3 modulo chains. Since the invariant [c2] has to be kept fixed, the best we can do
is to consecutively split off the components of co(E) and to localize the curvature form of
FE on the corresponding curves ¥;, i.e. the curvature becomes singular with support in ;.
This should be contrasted with the generic situation, where the curvature form is smooth
on Zs and meets the condition [¥;] C ¢o(FE) only in cohomology, i.e. up to exact forms. In
this localization limit the holonomy of E around each individual curve ¥; becomes trivialﬁ

and the gauge group G enhances accordingly. Having reached this so-called small instanton

5The curvature is flat away from 3; and only monodromy effects persist.
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configuration at the boundary of the moduli space of the bundle, the dynamics of (this part
of) the gauge bundle can be effectively described by a five-brane on 3; [189]. In particular
since FE is holomorphic, the corresponding curves ¥; are holomorphic in Z3 and the wrapped

five-brane is supersymmetric.

Small instanton configurations thus allow for supersymmetric transitions between branches
of the moduli space with different numbers of five-branes and topologies of F, that conse-
quently map bundle moduli to five-brane moduli and vice versa [193]. Note that this transition
is completely consistent with (EJ) since we have just shifted irreducible components between
the two summands c3(F) and [¥;]. Thus, we are in the following allowed to think about the
small instanton configuration of E as a five-brane. In particular, doing this transition for all
components of co(FE) the full perturbative heterotic gauge group Eg x Eg can be restored.
Turning this argument around, a heterotic string with full perturbative Eg x Fg gauge symme-
try on a threefold Z3 with non-trivial ca(Z3) has to contain five-branes to cancel the anomaly
according to (Ed). We mention that the small instanton transition will be of particular im-
portance once we are working in the framework of heterotic/F-theory duality, cf. chapter@ In
particular in our concrete examples of section we will precisely encounter a situation with
full perturbative Fg x Eg gauge symmetry, where the complete heterotic anomaly is canceled
by five-branes, which will guide us to the interpretation of the F-theory flux superpotential

in terms of a five-brane superpotential for a particular class of heterotic five-branes.

4.1.3 The Heterotic Superpotential

In the following we discuss the perturbative superpotential for the heterotic string. It consists
of three parts, the heterotic flux-superpotential induced by a possible flux H3 of the B-field, the
holomorphic Chern-Simons superpotential for the bundle £ and the superpotential induced by
five-branes, which will be of particular importance for this work. The three superpotentials
can formally be unified as follows. We reduce the identity (E7) on the interval S*/Zs to
obtain the Bianchi identity for Hs on Z3 x RY3 a;

dHs = Tr (R*) — Tr (F2) + ) 0y, . (4.14)
i
Then the superpotential can be expressed in terms of Hs and reads, motivated by [194, 195],
Whet = / QA H3 = Wﬂux + WCS + Wbrane ) (415)
Z3

where the different terms are associated to the various contributions in Hj in (M)ﬁ Since
a more rigorous treatment to obtain the superpotentials on the right in ([{IH) will be demon-

strated in section [LJ] using the notion of currents, we will just list them in the following.

In addition we set the numerical constants as well as s to unity in (ET).
"According to the heterotic Bianchi identity, a term involving the Chern-Simons form wf(R) should be
present. However, to our knowledge such a term is not discussed in the literature.
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The superpotential Wy, is due to background fluxes Hs. In general a non-trivial back-
ground flux H3 has to be in H3(Z3,7) due to the flux quantization condition. It is expanded
as H3 = NXayx — M;" in the integral basis af, 8% of H3(Z3,7) with integer flux numbers
N, M;. Then the flux superpotential [14] takes the form

Wiux = / QANHy = MgXE - NEFg | (4.16)
Z3

where we used the period expansion Q = XX oy — F 85, cf. @I8). The superpotential Wiy
is in general a complicated function on the complex structure moduli of Z3. Its complete
moduli dependence is encoded in the periods (X, F). In order to analyze their dependence
one benefits from the techniques of algebraic geometry that are applicable for a wide range of
examples, see [196] and [16,29] for reviews. This is due to the fact that (X, F) obey differential
equations, the so-called Picard-Fuchs equations, that can be determined and solved explicitly
and thus allow to fix the complete moduli dependence of Wy once the flux numbers are
given. We will review these techniques in section To end our discussion of the flux
superpotential, let us stress that strictly speaking we have excluded background fluxes in
section LTIl Indeed, there is a back-reaction of Hs which renders Z3 to be non-Kéhler [197].
Since our main focus will be on the five-brane superpotential, we will not be concerned with
this back-reaction for the moment. However, we will come back to this point in chapter @
and present a more rigorously treatment of the flux Hs in the context of a compactification

on a manifold with SU(3)-structure.
The second term in ([EZTH) denotes the heterotic holomorphic Chern-Simons functional [ZQ]H
= 2
WCS:/ Q/\(A/\(?A+§A/\A/\A) (4.17)
Z3

by inserting the Chern-Simons form ng for Hs in (@EIH). The functional Wcg depends on
both the complex structure moduli of Z3 and the bundle moduli of £ through the connection
A. As can be readily shown its extremal points are the holomorphic vector bundles E over

Z3 of the same topological type, cf. [199].

Finally the third term comprises the five-brane superpotential. The brane superpotential
has the following properties. It depends holomorphically on the complex structure moduli
of Z3, as well as on the (obstructed) deformations corresponding to holomorphic sections of
Nz, 21 Furthermore, the F-term supersymmetry conditions of Wh;ane, i.€. its critical points,
correspond to holomorphic curves. This determines Wy, ane uniquely up to a constant as done
in [65] for M-theory on a Calabi-Yau threefold Z3 with a spacetime-filling M5-brane wrapped

on a curve 3,

Wbrane = / Q(é) . (418)
I'(w)

8The same functional was derived in [198] as the superpotential for B-branes wrapping the entire Calabi-Yau
threefold Zs.

9More precisely, denoting by u an open string deformation we expect a superpotential Whyrane = vl ! if the
deformation along the direction s® is obstructed at order n [66,67].
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Here I'(u) denotes a three-chain bounded by the deformed curve X, and a reference curve
Yo that is in the same homology class, i.e. I'(u) = ¥, — Xo. It depends on both the
deformation u of the five-brane on ¥ as well as the complex structure moduli z of Z3 due to
the holomorphic three-form Q2. We note that the superpotential [ZI8) is formally identical to
the result obtained by dimensional reduction of the D5-brane action [60], as demonstrated in
section B3 and can directly be obtained from the Type IIB result via dualities. A third and
more rigorous way to obtain and treat the chain integral [EIX) will be presented in section
using the language of currents.

We conclude by investigating the consequences of the small instanton transition of sec-
tion for the heterotic superpotentials (EIH). The small instanton transition implies a
transition between bundle and five-brane moduli [193]. However, also away from the super-
symmetric configuration of a holomorphic vector bundle and a five-brane on a holomorphic
curve, the transition applies. Then the corresponding obstructed deformation fields of the
non-holomorphic vector bundle and curve should be identified. Since both types of deforma-
tions are generally obstructed by a superpotential, cf. section [T, also the superpotentials
for bundle and five-brane have to be connected by the transition. To see how the two su-
perpotentials ([EI7) and [IS) are mapped onto each other in the transition, let us assume
a single instanton solution F with F A F dual to an irreducible curve 3. Displaying the
explicit moduli dependence of the configuration F [200], in the small instanton limit F A F
reduces to the delta function dy of four real scalar parameters. They describe the position
moduli of the instanton normal to the curve in the class [X] on which it is localized. Inserting
the gauge configuration F into Wcg, the holomorphic Chern-Simons functional is effectively
dimensionally reduced to the curve X, see [106] for a similar argumentation in the B-model.
In the vicinity of ¥ we may write the holomorphic three-form as €2 = dw which we insert into
(EID) in the background F A F to obtain, after a partial integration,

WCSZ/zw. (4.19)

Adding a constant given by the integral of w over the reference curve ¥y this precisely matches
the chain integral @IX). Applying the above discussion, we can think about the M5-brane
deformations in Wys as the bundle deformations describing the position of the instanton
configuration F.

We will verify this matching explicitly from the perspective of the F-theory dual setup
later on. There we will on the one hand identify some of the fourfold complex structure moduli
with the heterotic bundle moduli, on the other hand, however, show that part of the F-theory
flux superpotential depending on the same complex structure moduli really calculates the
superpotential of a five-brane on a curve. This way, employing heterotic/F-theory duality, we

show in the case of an example the equivalence of the small instanton /five-brane picture.
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4.1.4 Spectral Cover Construction

In this section we present a basic account on the construction of vector bundles on elliptic
Calabi-Yau manifolds. Although the constructions we discuss are valid in any complex di-
mension, we directly focus to the most relevant case of Calabi-Yau threefolds. Instead of
delving into the mathematical details of the construction of [182,201,202], we will just focus
on the general idea of the spectral cover approach and on giving the formulas of the Chern
classes of E. These are essential for the calculations performed in section 2. We will however
restrict to the case of SU(N) bundles and Eg-bundles, where the construction of the latter
using either parabolics or by embedding into dPy [182] will not be discussed for brevity@, see

e.g. [181] for a review.

The basic strategy of the spectral cover is to obtain stable holomorphic bundles £ on an
elliptic threefold Z3 roughly speaking by fibering the stable bundles on the fiber torus so that
they globally fit into a stable bundle on the threefold Z3 [182,201]. This way, the topological
data of the bundle E can be determined in terms of the cohomology of the two-dimensional
base Bs and the section of the elliptic fibration. More precisely one first defines a stable
bundle on each elliptic fiber of Z3, which is, if we focus to the case of an SU(N)-bundle,
specified by N line bundles on T2, or, in the dual picture, N points @; on the dual torus [182]
obeying >, Q; = . Fibering these N points over Bs specifies a divisor in Z3 that is an
N-fold ramified cover of the base Bs, called the spectral cover divisor or spectral cover for
short. Concret for an elliptic Calabi-Yau threefold Z3 — By with base manifold By the

1

Weierstrass formltq reads

Py = y2 + 23+ fxz4 + ng (4.20)

in an ambient space P(Op, ® L2 ® L3) for L = K 32. The data of the N points on each
elliptic fiber is specified by the zeros of the section [103,182]
bNCCN/Q

(N9 (4.21)

C: p+ :bOzN—l—ngzN2—i—b3yzN3—|—...—i—{

where one distinguishes the cases N even and N odd. Here the coefficients in p; are chosen
such that it defines a section of O(c)N @ M, where o : By — Z3 denotes the section of the
elliptic fibration and M an arbitrary line bundle on By with first Chern class ¢;(M) = n.
Here and in the following we furthermore use the notation o = ¢;(O(¢)) which is the Poincaré
dual to the section . The coefficients b; are sections of a line bundle on Bsy. In general, they
depend on moduli fields u; which encode the deformations of the spectral cover and, hence,
the bundle F.

The method of embedding into del Pezzo surfaces allows the construction of bundles with exceptional
structure group FEg, 7,3, whereas the construction via parabolics applies to ADE-bundles [182].

HStrictly speaking, 0 should be replaced by p which is the marked point on 7°2.

12This projectivization of the affine Weierstrass equation corresponds to P?(1,2, 3)[6].

13We refer to appendix [B for details on elliptic Calabi-Yau manifolds.
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Having defined the spectral cover divisor C the vector bundle E is obtained by a sequence
of formal steps, that we only mention and refer to [181,182] for details and a review. One
constructs the so-called Poincare line bundle Pp over the fiber product Zs x g, Z3, in which
the subspace Y = C xp, Z3 is canonically embedded and on which Pp is trivially defined by
restriction. Roughly speaking the first factor Z3 contains the moduli space of E whereas the

second factor Zs is the space over which E will be constructed. Concretely, F is given by
E = (m2)«(miN ® Pp) (4.22)

where N is a for the moment arbitrary line bundleon C and my : ¥ — Caswellasmg : Y — Z3
denote the two canonical projections. We note that the push-forward 73 maps a line bundle on
Y at a generic point on Z3 to a rank N vector bundle F, that degenerates on the ramification
divisor of the spectral cover m : C — Bsy. The requirement of vanishing first Chern class ¢ (E)
then fixes the line bundle N as

aW\N) = —%(Cl(c) — 71" (c1(B2))) +7 = %(NU +n+ci(B2)) +7, (4.23)

where 7 is a class in H1D(C,Z) obeying m,(y) = 0. Thus A is not completely fixed and
the freedom in its definition is encoded by the clas ~. The most important achievement of
this construction for our purposes is that it allows the determination of the Chern classes of
E. One readily calculates the second Chern class co(E) using the Hirzebruch-Grothendieck-
Riemann-Roch theorem to obtain [182]

2(B) =1 — Szer(LP(N® = N) = Tonfn = Nea(£) = 2ma(), (4.24)

where we recall from appendix [Bl that ¢;(Bs) = ¢1(L£). We note that nothing prevents us
from setting N = 1, which as a bundle with structure group SU(1) seems not to make sense.
However, as we will discuss and exploit in section a bundle with SU(1) structure group
has to be interpreted as a horizontal five-brane in the heterotic theory [103,182].

Another case of interest is an Eg-bundle. We omit its construction and just state its
second Chern-class that reads

e (E)
60

ME) = = ;0 — 151 + 135nc1 (Ba) — 310¢1 (B2)?, (4.25)

where the notation of the SU(N) case still applies. Thus, we conceptually summarize the
second Chern class co(E) of the two bundles F under consideration schematically as

AME) =no + 7% (w), (4.26)

where 77 and w are classes in H2(Bsg, Z) respectively o - H?(Bs, 7). The meaning of the class 7
will be physically clarified in heterotic/F-theory duality, where it can be constructed entirely
from the fibration data of the base B3 — Bs of the dual F-theory, see section

1n the approach via parabolics, the class 7 is set to zero by construction [181,182].
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4.2 F-Theory Compactifications

Here we present a basic account on F-theory. We start in section ELZT] by reviewing the
original idea underlying F-theory which is the geometrization of the axio-dilaton and the
SL(2,7Z)-invariance of Type IIB via an auxiliary two-torus, that is allowed to vary over
spacetime defining an elliptic fibration. The dynamics of seven-branes is then encoded in the
degeneration loci and type of this elliptic fibration. In section we proceed to construct
F-theory compactifications to lower dimension by specifying an elliptic Calabi-Yau manifold.
We readily focus on four-dimensional compactifications on Calabi-Yau fourfolds and comment
on consistency conditions from tadpole cancellation. Furthermore we discuss flux quantization
on fourfolds and the form of allowed four-flux G4 in F-theory. In addition we present a brief
identification of the geometric F-theory moduli with the Type IIB fields and moduli. Finally
in section we discuss in some detail the structure of the F-theory flux superpotential as
encoded, for a fixed four-flux G4, by the fourfold periods and comment on its splitting into

flux and seven-brane superpotential of the underlying Type IIB theory.

4.2.1 Basics of F-theory Constructions

F-theory provides a geometrization of N'=1 Type IIB backgrounds with backreacted seven-
branes and a holomorphically varying axio-dilaton [72]

T=0Cy+ Lo Co +ie® (4.27)

gs
Due to the genuine description of non-perturbative effects like (p, ¢)-strings and string junc-
tions rich gauge dynamics can be obtained allowing even for exceptional groups Fj for
k > 6 [203,204], that have been accessible before only in the heterotic theory.

Starting with the simplest setup of a backreacted D7-brane in flat space it is the basic
question of F-theory to find a compact geometry, which is a solution to the equations of
motion of Type IIB string theory, in particular the Einstein equations, and that extends the
local solution of a single D7-brane. This compact solution is found in [205] in the context
of stringy cosmic strings and applied to D7-branes in the seminal work [72]. The D7-brane
is a magnetic source of the axio-dilaton 7 through the R—R-form Cj and a source of gravity.
Consequently a solution to the Type IIB effective action is determined by a solution of 7 and
the metric ¢, which for symmetry reasons is of the form of a direct product RV x By where
the space Bj transverse to the D7-brane worldvolume is determined in the following. The

solution of 7 is given in complex coordinates on By by

1
T(2) ~ 9 log(z) (4.28)
which is consistent with the monodromy Cy +— Cpy + 1 due to the Cy-charge of the D7-

brane. The holomorphicity of 7 is a consequence of a BPS-condition implying that half of
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the supersymmetries are preserved [72]. The metric g is found to describe a conical space
centered at z = 0 with a deficit angle of 7/6 [72,205]. It is crucial to note that the SL(2,7Z)-
symmetry of Type IIB acting on 7 renders the energy of the solution [EZ2J) ﬁnit. The
SL(2,7Z)-action in particular implies, that 7(z) is not a well-defined function on Bj, but a
section of an SL(2,7Z)-bundle over B;. More invariantly, 7 can be described by the modular
parameter of an elliptic curve &, i.e. a two-torus, that is fibered holomorphically over Bj.
To obtain a space B; of finite volume one considers a multicenter solution of 24 D7-branes
yielding a deficit angle of 4, i.e. B; curls itself up to form the compact space of S? = P!,
Physically this is consistent since the metric is well-defined around 1/z and the net D7-charge
on the S? is zero since a loop encircling all 24 D7-branes is contractible to a point yielding a
trivial monodromy for Cy. Furthermore, this already indicates that we are no more allowed to
think of 24 D7-branes since the total monodromy and charge are zero. The resolution of this
paradox is again the SL(2,Z)-invariance of the solution that allows for more general seven-
branes, denoted (p, q) 7—branesl@, having a different monodromy and charge. In particular
a seven-brane is only specified up to its conjugacy class under SL(2,7). We note that 7(z)
varies holomorphically over P! where g, is not necessarily small and diverges, 7 — ico, at the
location of a seven-brane. This and the presence of non-perturbative seven-branes indicates
that this eight-dimensional Type IIB vacuum is non-perturbative. It is denoted as an F-theory

compactification to eight dimensions.

Geometrically the F-theory setup is described by a fibration of an elliptic curve over
B; = P! where the generic elliptic fiber £ degenerates at the 24 loci of the seven-branes.
However, the total space of the fibration remains smooth. A smooth complex surface which is
an elliptic fibration over P! is a two-dimensional Calabi-Yau manifold, which is K3. This can
be seen as follows. First we note that every two-torus 72 is algebraic. Indeed by means of the
Weierstrass p-function, every point u on the lattice quotient 7?2 = C/L is mapped bijectively
to the projective plane curve & = {y? = 423 — gox — g3} via u — (p(u),p’(v)) = (z,y), due
to the algebraic differential equation obeyed by p [206]. In a fibration, the curve &£, depends
on the point z in P!. Then the discriminant A = g3 — 27g§ of £, has to vanish to first order
at 24 points, which fixes the degree of gs, g3 as polynomials in the local coordinate z on
P! to be eight and twelve so that the total space of the fibration, denoted as Xs, obeys the
Calabi-Yau condition. Thus, we see that an F-theory vacuum in eight dimensions is in one-
to-one correspondence with an elliptic K 3-surface. Analogously, lower-dimensional F-theory
vacua are obtained using the adiabatic argument [207] by compactifying on n-dimensional
elliptically fibered Calabi-Yau manifolds X,,, where the base Bj is replaced by a complex
n—1-dimensional Fano variety B,,_1 [72-74]. This explains the relevance of elliptically fibered
Calabi-Yau manifolds as discussed next in section In all these cases, the relation of the
F-theory setup specified by the elliptic Calabi-Yau manifold X, to the Type IIB physics is
made precise in [75,76] by identifying the Type IIB manifold as the double cover of the base

15The domain of integration is reduced from the complex plane to F, the fundamental domain of the torus.
1A (p,q)7-brane is an object on which a (p, ¢)-string can end, cf. sections EZZI] and Bl
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By, —1 branched over the divisor wrapped by the O7-plane.

We conclude this general discussion by noting the M-theory description of F-theory, see [29]
for a detailed derivation. Using the adiabatic argument [207] for M-theory on an elliptically
fibered Calabi-Yau n-fold X, and for the application of fiberwise T-duality, F-theory is iden-
tified with M-theory on X, in the limit vol(7?) — 0, where T denotes the class of the generic
elliptic fiber. This M-theory description in particular yields an alternative and independent
explanation why F-theory vacua have N’ = 1 spacetime supersymmetry.

4.2.2 Elliptic Calabi-Yau Manifolds and Seven-Branes in F-theory

As we have seen in an F-theory compactification on a Calabi-Yau n-fold X, to (11 — 2n,1)-
dimensional Minkowski space the axio-dilaton 7 is described as the complex structure modulus
of an elliptic curve fibered over the Type IIB target manifold B, _; that is a Kahler manifold

with positive curvature,
F-theory on X,, = TypellB on B,,_; . (4.29)

The Calabi-Yau X,, geometrizes non-perturbative seven-branes by non-trivial monodromies
of 7 around degeneration loci of the elliptic curve, which includes D7-branes and O7-branes
as special cases. Here we systematically discuss compactifications of F-theory with a focus on
four dimensional vacua and on the consistency condition imposed by tadpoles inherited from
the M-theory description of F-theory [29].

Let us study the F-theory geometry of an elliptically fibered Calabi-Yau n-fold X,, — B,
with a section. This section can be used to express X, as an analytic hypersurface in the
projective bundle W = P(Op, _, ® £L?® L3) with coordinates (z,x,y), which is a fiber-bundle
over B, 1 with generic fiber P?(1,2,3). The hypersurface constraint can be brought to the
Weierstrass form

y? =2 + go(u)zz + g3(u)2® . (4.30)

Here £ = KB?ifl for X,, being Calabi-Yau and go(u), g3(u) are sections of £* and LY for
[E3T) to be a well-defined constraint equation. Locally on the base B, _1 they are functions

in local coordinates u on B,,_1. We refer to appendix [B] for details.

F-theory defined on X,, automatically takes care of a consistent inclusion of spacetime-
filling seven-branes, as we have seen in section EE2ZJl These are supported on the in general
reducible divisor A in the base B,,_1 determined by the degeneration loci of ([30) given by
the discriminant

A = {A:=27g5 +4g5 = 0}. (4.31)

The degeneration type of the fibration specified by the order of vanishing of ¢gs, g3 and A
along the irreducible components A; of the discriminant have an ADE-type classification

that physically specifies the four-dimensional gauge group G. It can be determined explicitly
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using generalizations of the Tate formalism [101]. For the order of vanishing of A at most
one the Calabi-Yau manifold X, is smooth corresponding to a single seven-brane on A. This
is the I7 locus of the elliptic fibration [101]. However, this is not the generic and interesting
situation in F-theory in general and in this work. Indeed in all our examples we will consider

a singular X,, with a rich gauge symmetry generated.

The weak string coupling limit of F-theory is given by Im 7 — oo and yields a consistent
orientifold setup with D7-branes and O7-planes on a Calabi-Yau manifold [75,76]. In general,
as the axio-dilaton of Type IIB string theory 7 corresponds to the complex structure of the
elliptic fiber, it can be specified by the value of the classical SL(2,Z)-modular invariant
j-function which is expressed through the functions g, and g3 in 30) as

. 4(24 g2)?
jlr) = % , A =27g3+4g5 . (4.32)

The function j(7) admits a large Im 7 expansion j(7) = e~2™7 4 744 + O(e*™") from which

we can directly read off the monodromy [28) of 7 around a D7-brane, for example.

There are further building blocks necessary to specify a consistent F-theory setup. This
is due to the fact that a four-dimensional compactification generically has a tadpole of the

form [77,78,208]

X(‘(4) 1
7 + — 4.
ns , G4 AN G4 5 ( 33)

which can be deduced by considering the dual M-theory formulation. There a tadpole of the
the three-form Cj is induced due to the Green-Schwarz term [ Cs A Xg, the coupling to the
M2-brane and the Chern-Simons term [ C3 A (dC3)?. In the case that the Euler characteristic
X(X4) of Xy is non-zero a given number ng of spacetime-filling three-branes on points in Bs
and a specific amount of quantized four-form flux G4 have to be added in order to fulfill

E33). In addition, non-trivial fluxes on the seven-brane worldvolume contribute as [102]
x(X4) 1 / /
= = Gy NG E E; 4.34
24 n3+2 » 4 4+ i A2.62( i) s (4.34)

where F; denotes the corresponding gauge bundl localized on the discriminant component
A;. The cancellation of tadpoles in F-theory compactifications on Calabi-Yau fourfolds thus
is restrictive for global model building since the total amount of allowed flux is bounded by

the Euler characteristic of X4 that is, in known explicit constructions, at most 1820448 [95].

The choice of G4 is further constrained by the F-theory consistency conditions on allowed
background fluxes. The first constraint comes from the quantization condition for GG4, which
depends on the second Chern class of X, as [209]

G+ @ € HY(X,,Z) (4.35)

1Tt has been argued in [29] that also the brane fluxes should be describable by transcendental flux Gi.
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and has been deduced from anomaly freedom of the M2-brane theory. More restrictive is
the condition that G4 has to be primitive, i.e. orthogonal to the Kéahler form of X4. In the
F-theory limit of vanishing elliptic fiber this yields the constraints

GaNI;NT;=0. (4.36)
X4

for every generator J;, i =1,..., h(lvl)(X4) of the Kéahler cone. There is one caveat in order
when working in the Kahler sector of X4 and when evaluating topological constraints like
E33), @30) and @3G). In the case that X4 is singular, which happens for enhanced gauge
symmetry, it is not possible to directly work with the singular space since the topological
quantities such as the Euler characteristic and intersection numbers are not well-defined.
Thus the above constraints can be naively evaluated only in the case of a smooth X4, which
corresponds to the physically simplest situation with single D7—brane@. To remedy the
problems when working with singular X; we systematically blow up the singularitie@ to
obtain a smooth geometry [101] for which the constraints ([33), [3H) and E30) are valid.
The resulting smooth geometry still contains the information about the gauge-groups on the

seven-branes and allows to analyze the compactification in detail.

Let us comment on the effect of three-branes and fluxes on the F-theory gauge group.
For a generic setup with three-branes and fluxes, the four-dimensional gauge symmetry as
determined by the seven-brane content is not affected. However, if the three-brane happens to
collide with a seven-brane, it can dissolve, by a similar transition as discussed in section EET.2,
into a finite-size instanton on the seven-brane worldvolume that breaks the four-dimensional
gauge group G. During this transition the number ng of three-branes jumps and a bundle E;
over the seven-brane worldvolume is generated describing the gauge instanton [29]. However,
we will not encounter this since we restrict our discussion to the case that the gauge bundle
on the seven-branes is trivial and no three-branes sit on top of their worldvolumes.

We conclude by a discussion of the complex structure moduli space of elliptic fourfolds
Xy, that is of central importance in this work, and the interpretation in terms of the Type
IIB moduli. Consider a smooth elliptic Calabi-Yau fourfold X, with a number of h(*1(X,)
complex structure moduli, that may be obtained from a singular fourfold by multiple blow-
ups€l. In order to compare to the Type IIB weak coupling picture the complex structure

moduli can be split into three classes [29]:

(1) One complex modulus that physically corresponds to the complex axio-dilaton 7 and

that geometrically parametrizes the complex structure of the elliptic fiber.

80ur examples in chapter [l are significantly more complicated and admit seven-branes with rather large
gauge groups. Technically this is a consequence of working with fourfolds X4 with few complex structure
moduli, which typically have in the order of thousand elements of H (1’1)(X4) of which many correspond to
blow-ups of singular elliptic fibres signaling the presence of enhanced gauge groups.

9Tn the cases considered in this work this is done using the methods of toric geometry [101,210,211].

20This affects only the number of K&hler moduli, which we will not discuss in the following.
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(2) A number of ", h29(A;) complex structure moduli corresponding to the deformations

of the seven-branes wrapped on the discriminant loci in Bs.

(3) (21 (Z3) complex structure moduli corresponding to the deformations of the basis and

its double covering Calabi-Yau threefold Z3 obtained in the orientifold limit.

For a more detailed analysis of this and the organization in terms of the low-energy effective
action of F-theory we refer to [212].

4.2.3 The Flux Superpotential

Next we discuss the perturbative F-theory superpotential, which is given by a flux superpo-
tential. We emphasize only the physical and qualitative aspects of the superpotential and
refer to chapter [l for a presentation of the expected mathematical structure and of the tools
to calculate it efficiently.

The F-theory flux superpotential is generated upon switching on four-form flux G4 in
the M-theory perspective of F-theory [29,150]. In an M-theory compactification on X4 one
encounters the famous Gukov-Vafa-Witten superpotential [14]

Wa,(2) = | GaAQy=NT°(2) e,  a,b=1,...0%(Xy), (4.37)

which directly applies to the F-theory setup, once the condition [36) is met. Here €y is
the holomorphic (4,0) form on X, that depends on the complex structure moduli z of X4
counted by h(®1)(X,). For even second Chern class c3(Xy), cf. (E3H), we expanded the flux
G4 = N%, into a cohomology basis 4, of the horizontal cohomology H# (X4, Z), which is a
subgroup of H*(Xy,7) taking [@30) into account. We define a dual basis v of the integral
homology group H (X4,7) in order to define the flux quantum numbers N¢ = f% G4 that
are integral. Then the whole complex structure dependence of W, is encoded by the complex
structure dependence of the fourfold periods

Q) =25, T9(z) = / (), (4.38)

as in the Calabi-Yau threefold case. We introduce the topological metric [93-95]

Tlab = / ’A)/a A ’AYb ) / ’AYb = 5g ) (439)
Xy Ya

that parametrizes the intersection of four-cycles in X4. We note that in contrast to H?(Z3, Z.)
of Calabi-Yau threefolds the fourth cohomology group of Xy does not carry a symplectic
structure which necessitates the introduction of 74. This technically complicates mirror

symmetry on fourfolds compared to the threefold case, as we will review in section Bl
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One goal of this work is to explicitly compute [E31) for specific elliptically fibered Calabi-
Yau fourfolds, see section Exploiting the geometrization of both bulk and brane dynamics
in the complex geometry of X4 we match the results of this calculation with the superpoten-
tials in the language of Type IIB theory, which are the flux superpotential and the seven-brane
superpotential. Thus, let us present a brief review of the Type IIB superpotential in setups
with seven-branes and O7-planes. The superpotential is induced by three-from fluxes F3 and
Hj of the R—R and NS-NS sectors, as well as by two-form fluxes F5 for the field strength
of the U(1) gauge-potential A on the internal part of the seven-brane worldvolume. Thus
Fy defines an element of H2(D,Z), where D denotes the complex surface wrapped by the
seven-brane. The respective superpotentials are then given by [9, 14,29, 199]

Wﬂux(é) = / (F3 - T-H3) A Q3 P Wbrane('za C) = / F2 A Q3 ) (440)
Zg FS

where 7 is the axio-dilaton and €2 is the holomorphic three-form on the Calabi-Yau three-
fold Zs. These are well-defined e.g. for the weak coupling limit with D7-branes in O3/07-
orientifolds since both 2 and the fluxes F3, Hs have negative parity with respect to the
orientifold involution o and thus the integrals in ([E40) can be non-zero, see section We
emphasize that Wy., only depends on the complex structure deformations of Z3 due to the
appearance of 3, while Wy,ane will also depend on the deformation moduli ¢ of the seven-
brane. To see the latter, one notes that I'5 is a five-chain which ends on the divisor D, i.e. one
has D C JI's, and thus carries the information about the embedding of the seven-brane into
Zs. We note that the seven-brane superpotential is related to a localized five-brane charge on
the worldvolume of the seven—bran&é

encountered in ([B72) in Type IIB and in [IF) in heterotic string theory upon taking the

Poincare dual of F5 in I's. Thus, we can interpret the seven-brane superpotential as a special

and thus has the form of the five-brane superpotential

case of the five-brane superpotential, where a description of the five-brane curve ¥ in terms
of seven-brane flux [Fy] = ¥ is applicable [79], see also [99,119,120,122,125-127] for a similar
use of the seven-brane superpotential.

It is the great advantage of the F-theory formulation, that the calculation of the superpo-
tential (E20) can be performed in a fully consistent string vacuum including the backreaction
of seven-branes and orientifold planes. Indeed, one expects, as we will demonstrate explic-
itly in chapter @, a match of the F-theory superpotential with the superpotentials [EZ0) for
specific flux choices G4 and seven-branes,

GaNQ — (Fg—THg)/\Qg—l—Z FQm/\Qg . (441)
m JT

X4 Z3 gn

where m labels all seven-branes on divisors A, carrying two-form fluxes F3".

211t is important to emphasize that the five-brane charge is only locally non-trivial, i.e. the class of Fy is
trivial in Zs. This is necessary in a setup with O7-planes since the five-brane charge in the quotient geometry
Zs /o is projected out [29].
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Let us conclude by emphasizing once more that it is crucial in the context of this naive
matching to consider fluxes in H}‘fI(X4, Z). We note that already by a pure counting of the
flux quanta in H*(Xy,Z), as well as in F3, H3 € H3(Z3,7) and in Fi* € H*(A,,,Z) one will
generically encounter a mismatch. This can be traced back to the fact that not all fluxes Gy
are actually allowed in an F-theory compactification, since in the duality between M-theory
on X4 and F-theory on X4 the Kahler class of the elliptic fiber is sent to infinity turning one
of the dimensions of the elliptic fiber into a space-time dimension [29,100].

4.3 Heterotic/F-Theory Duality

Let us now come to a more systematic discussion of heterotic/F-theory duality. Since the
fundamental duality that underlies heterotic/F-theory duality in any dimensions is the eight-
dimensional equivalence of the heterotic string compactified on 7?2 and F-theory on elliptic
K3 we begin with a summary of this duality in section EE31l In this most simple setup,
the duality can be readily checked by comparison of the moduli space on both sides of the
duality. Then we apply the adiabatic argument in section to obtain heterotic/F-theory
dual setups in lower dimensions, with particular emphasis on four-dimensional setups. We
present a detailed and explicit discussion of the unified description of both the heterotic
Calabi-Yau threefold Z3 and the bundle F in terms of the complex geometry of the F-theory
fourfold X,. In this context we put special emphasis on the split of the F-theory fourfold
constraint in the stable degeneration limit, that gives back the heterotic threefold Z3 as well
as the spectral cover data of E. We conclude in section by considering the duality map
between F-theory and heterotic moduli and of heterotic five-branes on curves . We review
that a horizontal five-brane maps to a blow-up in X4 along the five-brane curve 3, where
we explicitly construct the blow-up both locally and globally as a complete intersection. We
end our discussion with the details of the duality map for the moduli in both theories. It is
important to note that the F-theory complex structure moduli also have to account for the

deformation modes of the curve ¥ for consistency if a horizontal five-brane on ¥ is included.

4.3.1 Heterotic/F-theory in Eight Dimensions

The fundamental duality underlying heterotic/F-theory duality in any dimension is the eight-
dimensional duality of the heterotic string on 7% and F-theory on an elliptic K3 [72]. It can be
checked by matching the moduli and the gauge symmetry on both sides of the duality [72,74].
In addition heterotic/F-theory duality agrees with the duality of M-theory on K3 and the
heterotic string on 7% [41], when K3 is taken to be elliptic and one further compactifies the
eight-dimensional heterotic/F-theory setup on an additional S?.

On the heterotic side the torus 72 is defined by the Weierstrass equation (E30) in
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P2(1,2,3). A gauge background on T? obeying % is defined by a flat connection Fy3
for complex coordinates u on T2, since guz = % fo
solved by switching on 16 Wilson lines A = Cf

7

79 = Im(7) and v its volume. This is
1=1,2and a =1,...,16, that are defined
up tiéeriodicity on T2 [193]. This is an U(1)'% gauge bundle £ on T? with bundle moduli

spacdf] parametrized by the real parameters Cf', up to permutations by Sis,

M(E)=T%/S15 x T? =P x 72, (4.42)

For this gauge background, the eight-dimensional gauge symmetry contributed from the ten-
dimensional gauge bosons of the heterotic string is U (1)'6. We note that more general bundles
E on T? with different structure groups have to be described by other means like an embedding
of T? into dPy for Eg-bundles [182].

From the CFT-point of view the heterotic string on 72 can be analyzed directly and
the global moduli space of the heterotic string on 72 is identified as the moduli space of
(complexified) metrics on the Narain-lattice T''®2 of signature (18,2) [213,214],

Mue = 0(18,2,Z)\O(18,2)/(O(18) x O(2)) x Ry (4.43)

that takes into account the complex structure 7, the Kéhler structure p of 72 and the heterotic
dilaton, that corresponds to R. Here the homogeneous space counts the number of metrics

on the lattice T'18:2

, whereas the discrete group SO(18,2,7) is the physical T-duality group.
Taking the reduction of the ten-dimensional metric and the B-field into account, the heterotic
gauge symmetry in eight dimensions has a maximal rank of 20, which at a generic point in
Myt is U(1)%°. Tt enhances to non-abelian gauge groups for special symmetric points in
the moduli space My, yielding up to G = Eg x Eg x G’ for G' = SU(2) x U(1)3, SU(3) x
U(1)3, SU(2)*, SU(3)? gauge symmetry@ in eight dimensions [5, 80]. Geometrically this
means that we have a trivial gauge background on 72, which we are allowed to have since the
heterotic tadpole ([EH) is trivial on 72, and the moduli 7 and p of T? take special symmetric

values.

On the F-theory side, the geometry of the elliptic K 3-surface is obtained by fibering the
heterotic two-torus T2 over the base B; = P! as in section B2l Then, a first step to check
the duality is to match the moduli and gauge symmetry of the heterotic string from the F-
theory perspective. It is already very promising that the complex structure moduli space of

a generic, elliptic K3-surface is given by the complex 18-dimensional manifold

Mes = 0(18,2,7)\0(18,2)/(0(18) x O(2)), (4.44)

221f we construct T2 as the lattice quotient by L = Z & 77 with coordinates (z1,22) on C, we define

Q
z = 22 + 7x1. The connection with the algebraic representation ([E3W) is established via 7 = ;72 Qi ,
Y1

denote the A- and B-cycle and Q1 the holomorphic (1, 0)-form on T2, Locally it is 1 = dz.
Z3We note that in the construction of SU (n)-bundles on elliptic Calabi-Yau manifolds Z,, this moduli space

where v;

occurs as the fiber of the moduli space of bundles on Z,,, cf. the spectral cover construction in section EEL A
24 Only the first two gauge groups G’ appear in [80].
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which is the moduli space of an algebraic K 3-surface with Picard-number p = 2 for the elliptic
fiber and the base. This manifold is identical with the first factor in (EZ3). In addition we have
a factor R, for the real Kihler volume of the base P! that is identified with the heterotic
dilaton. Since the volume of the elliptic fiber is physically irrelevant and formally sent to
zero/infinity, it does not contribute a Kéahler class. In addition, it is important to note that
in F-theory Kéhler moduli are in general not complexified which is consistent with the N' =1
coordinates (ZZ2) for OT-orientifolds where the v®, measuring volumes of curves, are not
complexified, but the quadratic combination /C,.

The heterotic gauge symmetry is matched by the singularity type of the elliptic fibration
of K3. For a smooth K3 there is an U(1)?° gauge theory originating from 18 elements in
HOD(K3), since both the class of the elliptic fiber and the class of the base P! do not
contribute vector fields [212]@, and from H®9(K3) @ H®?(K3). In the case of enhanced
gauge symmetry G the type of the degeneration of the elliptic fibration of K3 in F-theory
has to match the heterotic gauge group G. For the example of G = FEg x Eg x U(1)* the
corresponding singular F-theory geometry is given in the affine patch z = 1 by [74]

y? = 23 + axst + (s> 4+ B35 + 57), a, e, (4.45)

which is obtained by specializing the complex structure deformations in go, g3 in (E30)
accordingly. We note that [EZH) has an Eg singularity at s = 0,00 on the P!'-base. Indeed
for s — 0 we obtain the constraint y?> = 23 + s° of an Fg singularity, where we ignored
6 57, xs*. Similarly the Eg singularity at infinity is visible in
coordinates § = 1/s. For the case of the singular K3 ([ZH) the Picard lattice is at least

18-dimensional, of which 16 are the vanishing cycles of the Fg x Eg-singularity and of which

the irrelevant deformations s

two are the class of the base and the elliptic fiber, that is sent to zero/infinity. Further
enhancement to Eg x Eg x G’ for G' = SU(2) x U(1)3, SU(3) x U(1)3, SU(2)*, SU(3)? are
possibl@.

4.3.2 Heterotic/F-theory Duality in Lower Dimensions

After establishing heterotic/F-theory duality in eight dimensions, lower dimensional versions
of the duality can be constructed using the adiabatic argument [207]. The general idea is to
consider a family of dual eight-dimensional theories parameterized by a manifold B,,_s. Upon
a slow variation of the parameters, the pairs of dual theories at every point p € B,,_o should

glue together to form globally consistent duality between the heterotic string and F-theory in

#In the notation of [212] the 18 elements on H ") (K3) are blow-up modes. In the lift from M- to F-theory
the class of the elliptic fiber lifts to the eighth dimension in Minkowski space, R»*® — R, and the Kihler

class of the base P! yields a Kihler coordinate T, of the Type IIB theory.
ZHowever it is not clear to the author how to realize the enhancement of more than two U(1) factors

of Es x Es x U(1)* since only 18 of the generators of H""(K3) are allowed to correspond to the Cartan
generators of non-abelian gauge groups [212].

86



4.3. HETEROTIC/F-THEORY DUALITY 87

lower dimensions [72]. Geometrically we obtain pairs of smooth dual geometries X,, and Z,,_1
on the F-theory, respectively, heterotic side with generic fiber of an elliptic K3, respectively,
an elliptic curve. For technical reasons B,,_o is chosen to be a complex Kéahler manifold and
in order to preserve N' = 1 supersymmetry, X,, and also Z, 1 obey the Calabi-Yau condition.

We summarize the fibration structure of the heterotic/F-theory dual geometries schematically

as 72
T2 — l K;
IPl
Heterotic 7, 1 | | X,  F-theory (4.46)
Bn72 Bn72

This fibration structure implies that the base of X,, with respect to the elliptic fibration
on the F-theory side is a holomorphic P!-fibration over B,,_, forming a manifold B,_1.
In other words B,_; is the total space of the projective bundle P(Op, , ® L) where the
line bundle L = Op, ,(—T") is associated to an effective divisor I' in B,,_s. There are two
distinguished classes in H 2(Bn_1,Z), namely the class of the hyperplane of the P!-fiber
denoted by r = ¢1(O(1)) and of the line bundle L with ¢;(L) = t. We note that, in contrast
to the K3-fibration of X,,, the P!-fibration of B,_; in ([EZ4) is not fixed by the geometrical
data of the heterotic Calabi-Yau Z,,_1. As we see below, it is fixed by the topology of the

heterotic vector bundle E.

In order to make connection to the heterotic gauge bundle £ we define two holomorphic
sections denoted Cy, (s of the fibration p : Bn,l — B,,_o corresponding to the first and
second coordinate of P(Op, , & L) set to zero,

Coo = Cy—p'T. (4.47)

In terms of these divisors the perturbative gauge group G = G x G2, where we denote the
group factors from the first Eg as G and from the second FEg as Ga, is realized by seven-
branes over Cjy and Cy with singularity type G1 and Go, respectively [73,74,102]. These
sections are simply the higher dimensional analog of the points u = 0,00 on P!, cf. [EZH),
where the singularities of K3 dual to the heterotic gauge symmetry are located in the eight-
dimensional duality of section EE31l Conversely, singularities that do not descend from the
eight-dimensional theory have to correspond to new physics in the lower-dimensional theory.
In particular, components of the discriminant on which A vanishes of order greater than one
that project onto codimension two subvarieties ¥; in B,,_o correspond to heterotic five-branes
on the same subvarieties in Z,, [73,101,102]. Consequently, the corresponding seven-branes
induce a gauge symmetry that maps to a non-perturbative effect due to the five-branes on
the heterotic side.

Applying the duality map for the case n = 3 with base B; = IP? we obtain the duality of
the heterotic string on Zs = K3 and F-theory on an elliptic K 3-fibered Calabi-Yau threefold
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X3 [73,74]. The base By on the F-theory side is given by a Hirzebruch surfac@ Fp =
P(Op1 @ Opi1 (k)), which is a P!-bundle over P!. Then the F-theory Calabi-Yau threefold X3
is constructed as a Weierstrass form of the elliptic fibration over IFy. The complex structure
moduli of X3 encode both the complex structure moduli of K3 and the bundle moduli of E
on the heterotic side [74]. Introducing the Kéhler classes ky, k; of the base and the fiber of

IF;, one has the matching
1 ky

2 = k:_f (4.48)
of the heterotic dilaton ¢ forming a six-dimensional tensor multiplet and of kyky that is
related to the overall volume ky(ks — nky) of IF), yielding a universal hypermultiplet in six
dimensions [72, 181]. Finally, the integer k specifying the base Iy is determined from the
topology of the heterotic vector bundle E. We note that in a heterotic compactification
on K3 the tadpole condition () evaluated on the single four-cycle K3 itself implies the
condition

ny +ng +ns = 24, (449)

where the right hand side denotes the Euler characteristic 24 = [ 3 2(K3). The integers n,
ng denote the instanton numbers in the heterotic gauge-bundle F over K3, where we split
F into E = E; & F», and the integer ns takes into account possible five-branes. From the
analysis of phase transitions in the heterotic string as well as in the Kéhler moduli space of
IFy. it is possible to infer the relation ny/, = 12 £ k for ns = 0 [73]. Thus, once the topology
of F is fixed (as well as the number of five-branes is put to zero) the complete F-theory
geometry is determined and vice versa. For a more refined analysis one applies the spectral
cover construction of F reviewed in section EET4l

We conclude by noting that a more detailed matching of the F-theory and heterotic fields
can be inferred by working out the number and type of multiplets in the ' = 2 theory in six
dimensions on both sides of the duality. This analysis can be performed e.g. by compactifying
on an additional T2 for which F-theory becomes dual to Type IIA string theory on X3 and
heterotic/F-theory duality becomes the duality of the heterotic string on K3 x T2 and Type
ITA on X3, cf. [70,215] for a review.

Next we construct a pair of dual heterotic/F-theory setups yielding a four-dimensional
theory [102]. Then heterotic/F-theory duality states the equivalence of the heterotic string
on an elliptic Calabi-Yau threefold Z3 and F-theory on an elliptic K3-fibered Calabi-Yau
fourfold X4. According to [@ZH) the three-dimensional base Bs of the elliptic fibration of X,
is ruled over the base By of the heterotic threefold Z3. As we will make more precise below
the complex structure moduli of X4 map to the complex structure moduli of Z3 as well as
the bundle moduli of £. The Kéhler sector of X4 in general contains the class of the elliptic
fiber, several Kéahler blow-ups in the elliptic fibration of X4, corresponding to non-abelian

2THere we do assume that there are now heterotic five-branes present. A five-brane at a point in B
corresponds to a blow-up of the same point in IF; yielding new Ké&hler moduli and tensor multiplets in six
dimensions [72-74].
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gauge symmetry, and the classes of H(D (B3), which are h('D (By) Kéhler classes of By, one
additional Clasé of the generic P!-fiber in B; as well as several blow-ups in Bj corresponding
to heterotic five-branes. We note that these qualitatively different Kéhler classes have also
qualitatively different meaning for the heterotic theory. On the one hand, singularities within
the elliptic fibration of the K 3-fiber correspond to the heterotic perturbative gauge symmetry
with h('D(K3) — 2 Cartan elements, which is consistent with the statement below EZT). On
the other hand, gauge symmetry that is not already visible in eight dimensions, i.e. in the
K 3-fiber, has to correspond to non-perturbative effects on the heterotic side. Analogously to

[EZY), the heterotic dilaton ¢ is obtained as

e 20 — M , (4.50)
ky
where k; denotes the Kihler class of the P'-fiber in By and vol(By) the volume of Ba, see [149]

for a similar analysis in heterotic/M-theory duality.

It turns out that again the fibration data of Bs is crucial for the construction of the
stable vector bundle £ on Z3 in the dual heterotic theory. To analyze this issue in a more
refined way it is necessary to use the methods developed in [182], in particular the spectral
cover. For example, consider the heterotic string with an Eg x Eg-bundle on Z3. Besides the
required singularities of the elliptic fibration of X, at the divisors Cy and C's, matching the
perturbative heterotic gauge group G only the base Bs of the K 3-fibration is fixed by duality.
The threefold By = P(Op, ® L) can be freely specified by choosing the P!-fibration over B
that is fixed by a line bundle L on Bg, whose Chern-class we denote by ¢;(L) = ¢, cf. the
discussion above ([Z7). Then, the heterotic bundle E = E; @ Fj is given in terms of the
cohomology of By as [182]

n(Ey) = 6c1 +t, n(E2)=6c —t, (4.51)

which uniquely determines the n-classes, cf. section EEL4, of the two bundles by the choice
of P!-fibration. In particular, we note that the heterotic anomaly @) is trivially fulfilled
without the inclusion of any horizontal five-branes, i.e. five-branes wrapping curves in Bs.
However, a number of five-branes wrapping the elliptic fiber have to be included as deduced
in [182]. We note that the duality map ([EL]l) remains valid also for SU(n)-bundles where Xy
is singular as concluded in [216]. Also in this case five-branes on the elliptic fiber are required
by the heterotic anomaly cancellation ().

Again we refer to the literature for a more detailed analysis of the four-dimensional N' = 1
spectrum and the translation to the heterotic side, see [181,217-219] and [212] for a detailed
derivation of the F-theory effective action in a dimensional reduction on Xy4. Upon a further
compactification on T2 heterotic/F-theory duality becomes heterotic/Type II duality in two
dimensions which can alternatively be used for an discussion of the massless spectrum and
effective action [149,220].

28 This provides a universal tensor multiplet containing the dilaton [73,74,101,102], see ER0).
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Finally, since we are in this work mainly interested in the complex structure moduli of X4
and their map to the heterotic moduli, let us conclude with a more detailed discussion of this
aspect of heterotic/F-theory duality. As mentioned above, in the absence of five-branes the
complex structure moduli of X, split into complex structure moduli as well as bundle moduli
of the heterotic compactification. This splitting can be made directly visible by investigation
of the Weierstrass equation defining the F-theory Calabi-Yau geometry. In eight dimensions,
for simplicity, an Eg x Eg-bundle over 72 on the heterotic side yields the Weierstrass equation
for the elliptic K3 on the F-theory side as [74]

4 6
vt =2+ Z fa—pst Mt 2t 4 Z gﬁ_ns(f_"sg+"26 (4.52)
n=—4 n=—06
which contains two deformed FEjg singularities at s; = 0, so = 0 in projective coordinates on
the Pl-base of K3, cf. (@ZH). Based on the observation that the heterotic geometry T2 is
encoded only by the terms

po = —y* + 2% + forzt + go3°, (4.53)

upon identifying the projective coordinate Z of T2 as Z = 555+ 1t was concluded in [74] that
the information about the heterotic bundle E is encoded in the terms in ([E02) with different
powers in s1, so. This reflects the fact that precisely these terms contain the information about
the singularities of the elliptic fibration, cf. ([EZH) for the case of an Eg x Eg singularity. This

observation was made rigorous and adapted to the case of toric hypersurfaces in [103], which

allows a systematic application to compactifications to lower dimensions .

More precisely in the duality between the heterotic string on Z3 with bundle F = E| ® Es
and F-theory on X, the constraint P of X, is shown to split as [103]

P=po+py+p-=0, (4.54)

where pg = 0 specifies the threefold Z3 as in [ER3), p4+ := >, p.iv’ = 0 the bundle Ey, and
P— =i p,,ivi = 0 the bundle F5. This is also referred to as the stable degeneration limit
of X4, cf. [182]. Here the coordinate v is the coordinate on the P1-base in the K 3-fibers, that is
related to the projective coordinates (s; : s3) on P! as v = s/t. We note that the description
of the heterotic bundle E via (ER4) agrees with the spectral cover construction of [182] if
applicable, so that p, is for example given by the spectral cover divisor ([EZI]) in the case of
an SU(N)-bundle. However, the split ([L54]) applies even for bundles not describable in the
spectral cover approach like bundles with exceptional structure group. Another advantage of
(R4 is the fact that the map of the complex structure moduli of X4 to the heterotic bundle

moduli can be directly studied.

In fact, this will allow us in our concrete examples of section to show that some complex
structure moduli of X4, that are also the moduli of seven-branes are precisely mapped to the

coefficients of the spectral cover p, of an SU(1)-bundle or heterotic five-brane. Consequently,
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switching on appropriate four-form fluxes G4 in F-theory generates a superpotential for these
fields which we will determine explicitly and which in the dual heterotic theory corresponds
to the five-brane superpotential ([{LI).

4.3.3 Five-Branes in Heterotic/F-Theory Duality: Blowing Up in F-Theory

In this section we will discuss the F-theory dual of five-branes, in particular horizontal five-
branes, in very much detail following [81]. This is of particular importance on the one hand
side for conceptual reasons since it turns out that the F-theory dual to the heterotic string
with maximal perturbative gauge symmetry G = Fg x Eg has to be analyzed more thoroughly
and then naturally yields a description of the F-theory dual of horizontal five-branes. On the
other hand a complete understanding of the heterotic string requires the inclusion of five-brane
dynamics, in particular in the light of the small instanton transition reviewed in section
Furthermore, as we will see, it will be precisely the horizontal five-branes introduced in this
section that are geometrized by blow-ups into exceptional divisors E in Bs for which our
analysis and calculation of the superpotential will be performed in sections and

In general there are two qualitatively different types of five-branes on curves ¥ in an
elliptically fibered Calabi-Yau threefold. This is reflected in the decomposition of the class
[X] of the five-brane curve as

YX=nyF+Xp, (4.55)

where ¥ denotes a curve in the base By of the elliptic fibration, F' = 7*([p]) denotes the
elliptic fiber over a point p in By, and ny is a positive integer. This is a split into five-branes
vertical to the projection 7 : Z3 — Bj, where the integer ny counts the number of five-
branes wrapping the elliptic fiber, and into horizontal five-branes on ¥ in the base Bs. Both
cases lead to different effects in the F-theory dual theory. Vertical five-branes correspond to
spacetime filling three-branes at a point in the base B3 of the F-theory fourfold X, [182,216].
Conversely, horizontal five-branes on the curve X5 map completely to the geometry of the F-
theory side. They map to seven-branes supported on a component A; of the discriminan@ in
the fourfold base Bg which projects under p : Bg — By onto the curve ¥p in By [73,101,102]
and that has to be blown-up in Bs into a divisor E [103-105]. Consequently, they correspond
to seven-branes that induce a non-perturbative gauge symmetry.

This duality map for branes is in particular consistent with the small instanton transition
of a brane, i.e. a coherent sheaf, into a smooth bundle on both sides of the duality. Indeed, the
three-branes undergoing a three-brane/instanton transition in F-theory are precisely the dual
of the transition of a vertical five-brane into a finite size instanton breaking the gauge group on
the F-theory and the heterotic side accordingly. However, this transition is not of relevance
for our considerations since our analysis does not depend on the specific four-dimensional

gauge symietry.

29 As we see in the following A vanishes of order greater than one on A; [73,101,102].
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Let us now perform a detailed analysis of the F-theory geometry dual to a horizontal
five-brane. For simplicity we consider the enhanced symmetry point with G = Fg x Eg
due to small instantons/five-branes such that the heterotic bundle is trivial. For this setup
the following considerations are the most comprehensible. For general vector bundles £ on
the heterotic side, an analysis of the local F-theory geometry near the five-brane curve Xp
is possible [105] applying the method of stable degeneration [182,221]. However, since the
essential point in this analysis is the locally trivial heterotic gauge bundle, the results of [105]

carry immediately over to our situation with a globally trivial gauge bundle.

As follows in general, using the adjunction formula, the canonical bundle of the ruled
bas@ Bs = P(Op, ® L) can be determined from the general formula for the total Chern
class of a projective P!-bundle as c;(Bs) = c1(Bs) + 2r + t, cf. appendix Bl Then we use

EZD) to obtain
KBS = _2C0 +p*(KBQ - F) = _CO - COO +p*(KBz) . (456)

From this we deduce the classes F', G and A of the divisors defined by@ f, gand A as sections
of Kg?, Kgf and Kggu, respectively. To match the heterotic gauge symmetry G = Eg x Eg,
there have to be IT* fibers over the divisors Cj, Co, in Bs. Since IT* fibers require that f, g
and A vanish to order 4, 5 and 10 over Cyy and Co, [101], their divisor classes split accordingly

with remaining parts

) F—4(CQ+COO):—4]D*(KBQ),
G = G- 5(00 + Coo) =Cop+Cqx — 6p*(KBQ) , (4.57)
A" = A—-10(Cy+ Cx) =2C) +2Cs — 12p*(Kp,) .

This generic splitting implies that the component A’ can locally be described as a quadratic
constraint in a local normal coordinate s to Cy or C., respectively. Thus, A’ can be un-
derstood locally as a double cover over Cy respectively C, branching over each irreducible
curve X; of A’-Cp and A’ - Cy. In fact, near one irreducible curve ¥; intersecting say Cp the
splitting (EEA8) implies that the sections f, g take the form

f=s'f", g=25"(g5+sg5) =s°¢ (4.58)

with f’ denoting a section of KB§4 and g5, g¢ sections of KB?:6 ® L, KB§6, respectively.
The discriminant then takes the form A = kA’ where A’ is calculated from f’ and ¢'.
Thus, the intersection curve is given by g5 = 0 and the degree of the discriminant A rises
by two over ; with f’ and ¢’ vanishing of order zero and one. Precisely the singular curves
Y; in X, that appear in g as above are the locations of the small instantons/horizontal five-
branes in Z3 [104,105] on the heterotic side. In the fourfold X4 the collision of an IT* and

30If we are working entirely with fourfolds X4 we drop the superscript Bj and denote the base of the elliptic
fibration by Bs.
31Here we follow the common convention to denote (g2,93) by (f,g) in the standard Weierstrass form E30
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an I; singularity over Y; induces a singularity of X, exceeding Kodaira’s classification of
singularities. Thus, it requires a blow-up 7 : Bs — Bj in the three-dimensional base of the
curves Y; into divisors FE;. This blow-up can be performed without violating the Calabi-
Yau condition since the shift in the canonical class of the base, K By = 7 Kp, + E;, can
be absorbed into a redefinition of the line bundle £’ = 7*L£ — E; entering ([E30) such that
Kx, =p*(Kp, + L) :p*(KB3 + L") =0.

To describe this blow-up explicitly let us restrict to the local neighborhood of one irre-
ducible curve Y; of the intersection of A and Cy. We note that the curve 3; in By is given
by the two constraints

1i=vs=0, hh:=g5=0, (4.59)

for s and g5 being sections of the normal bundle Np,Cy and of K B 6® L, respectively. Then
if X, is given as a hypersurface P = 0 we obtain the blow-up as the complete intersection [154]

P=0, Q=ULhy—Lh =0, (4.60)

where we have introduced coordinates (I1,l2) parameterizing the P!-fiber of the exceptional

divisor. For a detailed discussion of the blow-up construction we refer to section [L211

However, at least in a local description, we can introduce a local normal coordinate ¢ to X;
in By such that g5 = tg for a section g5 which is non-vanishing at ¢t = 0. Then by choosing a
local coordinate ¢ of the P!-fiber of the exceptional divisor we can solve the blow-up relation Q
of (D) to obtain s = ¢¢. This coordinate transformation can be inserted into the constraint
/

P =0 of X4 to obtain the blown-up fourfold X, as a hypersurfac@. The polynomials f/, g
of this hypersurface are given by

fl=0f, ¢ =0gs+ltgs+...) (4.61)

In particular, calculating the discriminant A’ of X, it can be demonstrated that the Iy
singularity no longer hits the I7* singularity over Cy [105]. This way we have one description of
X as the complete intersection (EX0) and another as a hypersurface. Both are of importance
for the explicit examples discussed in sections 222, and in particular section B2

To draw our conclusions of the blow-up in F-theory, we summarize what we just discussed.
The F-theory counterpart of a heterotic string with full perturbative gauge group is given
by a fourfold with IT* fibers over the sections Cy, Cy, in Bs. The component A’ of the
discriminant enhances the degree of A on each intersection curve ¥; such that a blow-up in
Bs becomes necessary. On the other hand, each blow-up corresponds to a small instanton
in the heterotic bundle [70, 73], that we previously identified in section as a horizontal
five-brane on the curve ¥; in the heterotic threefold Z3 or as an SU(1)-bundle in section BT

Indeed, this agrees also with the observation mentioned above that a vertical component of

32By abuse of notation since we directly construct the blown-up fourfold X, as the F-theory dual of a
heterotic setup with five-branes, cf. section B2, we denote X simply by Xa.
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the discriminant with degree greater than one corresponds to a horizontal five-brane [102] as

the degree of A’ on Cy and C, is two, as we saw explicitly.

We finish this discussion by a briefly looking at the moduli map between F-theory and its
heterotic dual, where we focus on the fate of the five-brane moduli in the just mentioned blow-
up process. We note that only now where we have discussed all degrees of freedom on both
sides of the duality, in particular five-branes, we can expect a complete and consistent moduli
map. Indeed if five-branes were excluded a possible mismatch can occur as pointed out in [104].
The first step in establishing the moduli analysis is to relate the dimensions of the various
moduli spaces in both theories with each other. Then, as is argued in [104], the relation of
the fourfold Hodge numbers h(31) (X,) and ("D (X,) counting complex structure and Kéhler
deformations, respectively, to h(*>1)(Z3), h:1)(Z3) and the bundle moduli and characteristic
data has to be modified in the presence of five-branes compared to the results in [216,222]
obtained before without five-branes. The extra contributions are due to deformation moduli
of the curve ¥; supporting the five-brane, counted by h(¥;, Nz, %), as well as the ngor
blow-ups in Bs that increase A1 (Bs). Consequently, one obtains [104]

hU(Xy) = hPV(Z3) + I(By) + I(Bp) + APV (Xy) + 14> hO(8i, Nz %)

K2V (X)) = n,
WED(Xy) = 1+ R0 (Z5) +1k(G) + 03, (4.62)

where now X, is the fourfold including the blow-ups in the base Bs. Here the sum index
i runs over all irreducible curves ¥;, rk(G) denotes the rank of the four-dimensional non-
abelian gauge group and n, is the number of chiral multiplets odd with respect to 7, which
denotes the involution on Z3 promoted from 72 mapping y — —vy. The index I(E; 2) counts
a topological invariant of the bundle moduli and is given by [182,223]

B>
In general it counts the difference n. — n, of even and off chiral multiplets with respect to 7.

It reads, by application of an index theorem,

3
I==) (~1)'h'(Z3,ad(E))e = ne — no, (4.64)
0

where we note that the usual index Zg(—l)ihi(Zg, ad(F)) vanishes by Serre duality [181,182].

The map for h(3’1)(X4) reflects the fact that the four-dimensional gauge symmetry G is
on the heterotic side determined by the gauge bundle E whereas on the F-theory side G is
due to the seven-brane content defined by the discriminant A that is sensitive to a change
of complex structure. For an explicit demonstration of this map exploiting the techniques
of [103] we refer to sections and and our works [79,81].
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Let us now discuss how ([EG2) changes during the blow-up procedure. To actually perform
the blow-up along the curve YJ; it is necessary to first degenerate the constraint of X, such that
X, develops the singularity over ¥; described above. This requires a tuning of the coefficients
entering the fourfold constraint thus restricting the complex structure of X4 accordingly
which means h(g’l)(X4) is lowered. Then, we perform the actual blow-up by introducing
the new Kahler class associated to the exceptional divisor F;. Thus, we end up with a new
fourfold with decreased A3 and with h(1Y)(Bs) increased by one. This is also clear from
the general argument [102] that, enforcing a given gauge group G in four dimensions in F-
theory, the allowed complex structure moduli of Xy, which is then singular according to G,
have to respect the form of A dictated by the singularity type G. Since the blow-up which is
dual to the heterotic small instanton/five-brane transition enhances the gauge symmetry G,
the form of the discriminant becomes more restrictive, thus fixing more complex structures.
Conversely, the blow-down can be understood as allowing for new complex structure moduli

to be switched on that decrease the singularity type of the elliptic fibration.

Similarly, we can understand ([62) from the heterotic side. For every small instanton
transition between a smooth bundle E and a five-brane, the bundle looses parts of its moduli
since the small instanton is on the boundary of the bundle moduli space. Consequently, the

index I reduces accordingly. In the same process, the five-brane in general gains position

moduli counted by h°(X;, Nz,%;), that have to be added to (EGZ).

We close the discussion of moduli by making a more refined and illustrative statement
about the heterotic meaning of the Kéhler modulus of the exceptional divisor E;. To do so,
we have to consider heterotic M-theory on Z3 x S1/Zs, see section LIl In this picture the
instanton/five-brane transition can be understood [224] as a spacetime-filling five-brane wrap-
ping ¥; and moving onto on of the end-of-the-world branes of S*/Zs where one perturbative
FE3 gauge group is located. There, it dissolves into a finite size instanton of the heterotic
bundle E. With this in mind the distance of the five-brane z!! on the interval S!/Zy away
from the end-of-world brane complexified by the axion a of the self-dual two-form, cf. section
ET2 precisely maps to the Kdhler modulus of the divisor E; resolving ¥; in Bs.
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Chapter 5

Mirror Symmetry and Five-Branes

This chapter is devoted to the study of mirror symmetry for Calabi-Yau manifolds, in par-
ticular for Calabi-Yau three- and fourfolds, and to mirror symmetry with D-branes. Since
essentially all calculations of N' = 1 coupling functions performed in this thesis involve the
use of mirror symmetry and the geometrical tools related to its study, this chapter provides
the technical core of this work.

In its weak formulation mirror symmetry states the equivalence of the complex structure
moduli space of X and the (instanton corrected) Kahler moduli space of its mirror X. As
was pointed out in [89] this equivalence can be formulated in physical terms by considering
topological field theories called the A- and B-model with target spaces (X' , X), respectively.
These theories are consistent cohomological truncations of some particular N' = (2,2) super-
conformal field theories. Their physical observables are the vertical subspace of the de Rham
groupsﬂ H®P)(X), 0 < p < n, and the horizontal subspace of H?(X, \’TX), p+ q = n,
respectively. In particular their marginal deformations coincide with the cohomology groups
HOLD(X) for the A-model and H'(X,TX) for the B-model that are, in geometrical terms,
precisely the infinitesimal directions on the Kihler and complex structure moduli space of X
and X, respectively. Therefore, the physical statement of mirror symmetry is the equivalence
of the A-model constructed from X and the B-model constructed from X. We note that
for our purposes there is a favored point in the moduli space of marginal deformations to
perform the matching between the A- and B-model. This is the large radius point in the
Kahler moduli space of the A-model, which is identified with a point of maximal unipotent

monodromy in the complex structure moduli space of the B-model.

Our final goal is the calculation of the periods of X and special holomorphic quantities
FY and F°(y) for Calabi-Yau three- and fourfolds, respectively. They are identified with the
holomorphic superpotential of N/ = 1 effective actions, the flux superpotential [EZ0) of a
Type 1IB compactification on X in the threefold case and the Gukov-Vafa-Witten superpo-
tential ([E37) arising in M- and F-theory compactifications. At the same time F° and F°(v)
are generating functions of the genus zero Gromov-Witten invariants of the mirror three-

respectively fourfold. In the case of F-theory on elliptic fourfolds the superpotential ([31) is

"We keep our discussion as general as possible. For concreteness set n = 3,4 for Calabi-Yau three- and
fourfolds.
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further identified with the flux and seven-brane superpotential in the limit (A1) to Type IIB
for particular Gy-flux choices. Thus some of the functions F9(y) can be further interpreted
as generating functions of disk instantons in a dual type IIA theory. However, although the
A-model perspective is essential for a complete understanding of mirror symmetry, we will
be rather brief and use, at large volume, the enumerative interpretation of the A-model side

rather as a technical tool and for cross-checks of our B-model calculation&ﬁ.

Following mainly the guideline of [79] and [81] we begin in section Bl with the introduction
of toric geometry which provides the central geometrical tools in order to construct a broad
class of examples of Calabi-Yau manifolds realized as toric hypersurfaces. There we also
present the toric realization of mirror symmetry both in the closed string case as well as in
the open string or brane case. In section we provide a basic account on mirror symmetry
for Calabi-Yau threefolds. There we focus almost exclusively on the B-model side by reviewing
the complex geometry of Z3 as encoded mathematically by the variations of Hodge structures.
This yields the concepts of special geometry and the Picard-Fuchs equations from which the
Calabi-Yau threefold periods can be obtained. In this context we put special emphasis on the
use of the toric GKZ-system and the structure of the periods at large volume as fixed by the
A-model classical intersection data. Then we proceed to the higher dimensional case of mirror
symmetry for Calabi-Yau fourfolds in section £33 This involves a more systematic review of
the B-model observables and the Frobenius algebra underlying both the A- and B-model
operator algebra. Finally we use this structure to establish the mirror map for Calabi-Yau
fourfolds. There we present, following [79], novel results from analytic continuation and global
monodromy analysis of the periods of the Calabi-Yau fourfold that allow us to fix the integral
basis of H#(X4,7) and the classical terms in the periods at large volume/large complex
structure. We conclude with section B4 where we present a basic account of the A-model
perspective on the prepotentials F°, the disk amplitude and the generating functions F°(v).
In this context we emphasize the enumerative interpretation of the three- and fourfold flux

superpotential and of the brane superpotential.

5.1 Toric Calabi-Yau Hypersurfaces and Toric Branes

In this section we briefly introduce a basic account on toric geometry that is an inevitable tool
for the rest of this work. We review the construction of mirror pairs (X, X) of toric Calabi-Yau
hypersurfaces in section LTIl where we introduce basic notions of toric geometry. We review
the general formulas to obtain the Hodge numbers of (X , X). In section we extend our
discussion to toric branes, mainly following [106, 107,229]. We discuss the relevance of the
symplectic quotient construction to conveniently visualize toric branes in toric Calabi-Yau

threefolds and present the classical open mirror map to obtain a mirror pair of toric branes.

2We refer to [225-228] for a detailed discussion of the topological string on Calabi-Yau threefolds and [93-95]
for an extension to higher dimensions.
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5.1.1 Toric Mirror Symmetry

A powerful tool to construct Calabi-Yau manifolds X and their mirrors X for an arbitrary
complex dimension n is by realizing them as hypersurfaces in toric ambient spaces. These
hypersurfaces are specified by reflexive polyhedra [230] that encode all information necessary
to define the hypersurface. Since the cases of most interest for us are Calabi-Yau three- and
fourfolds we will restrict to these cases, but note, that all formulas given below apply for a

general complex dimensionﬁ n. Threefold mirror pairs are in the following denoted as (23, Z3).

We start our considerations for a Calabi-Yau threefoldE Zs in Type IIA which is mirror
dual to Type IIB on the mirror Calabi-Yau threefold Z3. We realize the compact Calabi-Yau
Zs as a hypersurface in a toric ambient variety P A- The toric ambient space is constructed
from a reflexive polyhedron A42 that is encoded by a set of k vectors £(!) forming a basis of
relations among the m = k + 4 vertices v; in Af . Then the construction of the Calabi-Yau
constraint for Zs involves the pair of reflexive polyhedra A42 and AZ in lattices N, M, that
are dual, i.e. Af = (A%)*. In general, the dual polyhedron A* of a given polyhedron A in a
lattice M is defined as the set of points p in the real span Ng = N ® R of the dual lattice N
of M such that

A" ={p e Nr|(q,p) > —1 for all g € A}. (5.1)

P can be represented as the quotient (C™ — SR)//G defined by dividing out the isometry

or gauge group G = (U(1))*¥ and by imposing vanishing D-terms or moment maps,

k+4
G, . )
e A T I ML (5.2)
j=1

Here, the 7' denote the real volumes of distinguished, effective curves in P A- They form
the basis of the Mori cone of curves C; each of which is associated to one charge vector £().
The basis of charge vectors, thus the generators of the Mori cone, are determined by the
triangulation of A42 that correspond to the different phases of P5 [231]. This then fixes the
form of the D-term constraints in (B2) from which the Stanley-Reisner ideal SR can be read
off [29]. Geometrically the toric variety can be viewed as follows. Upon solving the second
condition in (BZ) and using coordinates p; = |#;|* and angles 6; the toric variety Pz can
be visualized as a T *-fibration over a real (m — k)-dimensional base B,,  [106,232]. The
degeneration loci of the 7™~ *-fibration where one or more S' shrink are on the boundary of
B,,,—x which is determined by p; = 0 or intersections thereof since p; > 0.

$We give the caveat that mirror symmetry in even dimension relates the Type ITA/B with itself while it
interchanges Type ITA and IIB with each other in odd dimensions.

4For convenience we denote quantities in Type ITA always with ‘~’

in order to omit them for their mirror

quantities on the Type IIB side where we will mainly work.
i)
5The symplectic quotient description is equivalent to the homogeneous coordinate description Z; )\Z oz

for A; € C of the toric variety P3x.
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The action of G on the coordinates is generated infinitesimally by &k vector fields
v =3 i 9 (5.3)
— 1 0%

Using these vector fields it is straight forward to construct forms on Pz from invariant forms
of C**4. Of particular importance is the holomorphic top-form Ap; on Pz that is constructed
from the holomorphic top-form Ag = d# A ... A dZjq on CFH as

A]pA =y, .JV(k)J(AC) , (5.4)

where J denotes the interior product defined by contracting a form with a vector. For the
example of projective space P this yield the unique holomorphic section of Q. (n + 1) :=
Qpn ® O(n + 1) given by

Apn = Z (1) taydry A d/x\l .. Ndxzy,, (5.5)
i=1,n+1

where the x; denote the homogeneous coordinates on P™ and c@ indicates, that dx; is omitted.

The Calabi-Yau threefold Z3 is then given as the hypersurface {P = 0} in Pz where P is
given as the polynomial [230]

PEa)= Y. a]z""" (5.6)

geAINM @

in the m projective coordinates & of IP 5 associated to each vertex v;. This formula provides
a direct way to count the number of complex structure parameters a (up to automorphisms
of P5) by counting the integral points ¢ € A%. Furthermore, Zs is Calabi-Yau since (5%&)
contains the monomial #1 ..., corresponding to the origin in A7 so that P is a section of
the anti-canonical bundle K]’SA = O(>_, D), where D; = {Z; = 0} denotes a toric divisor.

For the case of hypersurfaces in toric varieties, (closed string) mirror symmetry [230] is
realized in a very elegant way. The mirror threefold Z3 on the Type IIB side is obtained by
simply interchanging the roles of Af and AZ so that (&8 describes Z3 as the hypersurface
in the toric variety Pa associated to the polyhedron A7,

P(z,a)= > ap[[al""" (5.7)

z 7
pEATNN

Here, we again associated the projective coordinates x; to each vertex v; of Af . In general
there can be a discrete orbifold symmetry group I' such that Z3 is an orbifolded hypersur-
face. Indeed, the necessary requirements for mirror symmetry, h(11)(Z3) = A2 (Z3) and
R (Z3) = KD (Z3), are fulfilled for this construction. This is obvious from Batyrev’s for-

mula for the Hodge numbers [230] of a given n-fold X in a toric ambient space specified by
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an n + 1-dimensional polyhedron A ; and its dual Af 1

pr=LU(x,) = AY(X) (5.8)
= M) —(+2)— Y VO + Y U6,
dim 6=n codimé¢:2
KX, = hBU(X,) (5.9)
— A -2 - Y e+ S L) .
dim 6=n codim6; =2

In this expression 6 () denote faces of AX (AnX_H), while the sum is over pairs (6;,6;) of
dual faces. The [(6) and I'(f) count the total number of integral points of a face § and the
number inside the face 6, respectively. Finally, I[(A) is the total number of integral points
in the polyhedron A. Using these formulas one notes that polyhedra with a small number
of points will correspond to Calabi-Yau manifolds with few Kéahler moduli, i.e. small A1),
and many complex structure moduli ALY Since A1) and A1) are exchanged by

(n—1,1)

mirror symmetry Calabi-Yau manifolds with small A are obtained as mirror manifolds

of hypersurfaces specified by a small number of lattice points in the polyhedron.

For the case of Calabi-Yau fourfolds ()2'4, X4) the complete list of model dependent Hodge
numbers is AV (Xy), hGD(Xy), KV (X,) and h(>?)(X,), However only three of these are
independent due to the Hirzebruch-Riemann-Roch index theorem implying [95]

W2 (Xy) = 2(22 + 200D (Xy) + 208D (Xy) — D (X)) . (5.10)

Therefore, only h(21) (X4) has to be calculated in addition to fix the basic topological data of
(X4, X4). Analogously to (R) it is readily given by the mirror symmetric expression

WD) =D (X = 30 UE)6). (5.11)
codimé¢:3

This finally enables us to calculate the Euler number of fourfolds by

(Xy) = x(Xy) = 6(8 + hGY 4 pLh — a1y (5.12)

5.1.2 Toric Branes

Now we are prepared to add an open string sector to the Calabi-Yau threefold mirror pair
(Zs3,Z3). We will consider supersymmetric branes and their deformations. In local toric
Calabi-Yau threefolds mirror symmetry with calibrated branes, so-called Harvey-Lawson
branes, has been studied intensively in [106, 107]. In this case the toric variety Py itself
defines a non-compact Calabi-Yau threefold. To fix our notation to include this case we will
work in the following with a toric space of dimension m — k denoted by Pz, where m —k =3

in the non-compact case, and m — k = 4 in the compact case.
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In the type ITA theory supersymmetric branes wrap special Lagrangian cycles L. In the
toric ambient space IP; one describes such a three-cycle L by r additional, so-called brane

charge vectors /() restricting the |7j|? and their angles 0; as [106]

k+4

Sl =e, =Y 1Y, (5.13)
j=1 a=1

for angular parameters ¢,. To fulfill the ‘special’ condition of L, which is equivalent to
>.;0i =0, one demands ) j @§a) = 0. Wrapping a brane on such a cycle we obtain a so-called
toric brane, in this case a toric D6-brane, a specific brane type well studied in the context of
toric mirror symmetry in non-compact Calabi-Yau manifolds [106,107]. The great advantage
of the description of toric branes in terms of toric data similar to the charge vectors 7 g

the technically straightforward construction of the mirror branes, as presented below.

However, before discussing the mirror side we comment on the non-compact case. For
non-compact Calabi-Yau threefolds Z3 = C*3//G the Calabi-Yau condition y Eg»i) = 0 has
to hold. Then A-branes introduced by (I3]) are graphically represented as real codimension r
subspaces of the toric base B3. The case which was considered for the non-compact examples
in [106,107] is r = 2 where the non-compact three-cycle L is represented by a straight line
ending on a point when projected onto the base Bs. The generic fiber is a T2 so that the
topology of L is just R x S! x S'. However, upon tuning the moduli ¢? it is most convenient
to move the L, to the boundary of B3 where two {p; = 0}-planes intersect. Then one of
the two moduli is frozen, and one S' pinches such that the topology becomes C x S!. These
D6-branes are mirror dual to non-compact D5-branes which intersect a Riemann surface at a
point. We note, that this is the local geometry we encounter in section

Let us now turn to the mirror Type IIB description [106,229]. To include also non-
compact Calabi-Yau threefolds and D-branes into the setup it is convenient to use another

representation of the mirror Calabi-Yau Z3,

m m .
P=> ajy;, H(ajyj)fﬁ') =2, i=1,...,k, (5.14)
j=0 j=0
Here the 2’ denote the complex structure moduli of Zs that are related to the complex
numbers a by the second relation in (EI4). Classical mirror symmetry is established by the
relation 2! = 2" to the (complexified) Kihler moduli #* of Z3. We note that we introduced
a further coordinate yg in ([I4)) for which we also have to include a zeroth component of the
charge vectors as E((]i) = — Z;ﬂzl 4@')‘ The relation to the constraint (1) is established by
identifying the y; with monomials m;(z) in the coordinates z, y; — m;(z), also known as the
etalé map, that are associated to the integral points v; in Af by the mirror construction of
Batyrev [230,233]. Then the two representations (B7) and ([EI4) for Zs agree for the case of

compact Calabi-Yau mirror pairs (23, Z3). In the non-compact case, Z3 is similarly given as
xz = P(x), (5.15)
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where we emphasize the use affine coordinates z, z of C and x; € C*, respectively.

Finally, toric holomorphic submanifolds ¥ in IPa, that support calibrated B-branes mirror
dual to the A-branes in ([2I3), are specified by the constraints

m

j(a)
H(ajyj)zi =u", a=1,...,r. (5.16)
=0

The classical open mirror map takes the form u® = €%, where the phases €* are dual
to the Wilson line background of the flat U(1)-connection on the special Lagrangian L and
complexify the moduli ¢* in (ZI3)) to the open moduli u® [88]. This can also be re-expressed
in terms of the coordinates x using again the etalé map y; — m;(x;). Intersected with
the Calabi-Yau constraint P = 0 the constraint (BI0) describes families of submanifolds of
codimension 7 in Z3. For the configuration r» = 2, ¥ is a curve in Z3 that we call a toric curve
and which is precisely the geometry we are interested in for the study of five-branes. Other
cases can be considered as well leading to mirrors given by D7-branes on divisors (r = 1) or

D3-branes on points (r = 3).

5.2 Mirror Symmetry for Calabi-Yau Threefolds

In this section we discuss, in the light of mirror symmetry, the geometric structure underlying
the complex structure moduli space of a Calabi-Yau threefold Z3. Here we restrict almost
entirely to the B-model side which is the main focus in this work in general. We refer for
example to [225-228] for a more detailed discussion including the A-model and symplectic
geometry side. We begin in section BZT] by reviewing the description of deformations of
complex structures as found in standard textbooks like [13,234] or in the original works
[235,236]. Then in section we discuss how this analysis is captured by variations of Hodge
structures applied to the Calabi-Yau case. This yields differential relations among the periods
of a Calabi-Yau threefold, that lead to special geometry, reviewed in section BZ3, and finally
to Picard-Fuchs equations that govern the complex structure dependence of the periods. We
present the basic techniques in order to obtain the Picard-Fuchs equations both in the generic
hypersurface case as well as in the toric case in section ZZ4l We conclude with the structure of
the solutions to the Picard-Fuchs system at the point of maximal unipotent monodromy [237]
and the identification of those linear combinations of solutions that correspond to the periods
of Q with respect to an integral symplectic basis of H3(Z3,7). As we demonstrate this is the

only occasion where the comparison with the A-model is needed.

5.2.1 Deformations of Complex Structures

We consider a complex manifold Z3 as a real manifold equipped with a background com-
plex structure I : TZ3 — TZ3 with I? = —1 for which the Nijenhuis-tensor N vanishes
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ensuring integrabilityﬁ [T(O’l)Zg, T(O’l)Zg] c 71 75 The complex structure determines the
Dolbeault operator d and vice versa. Finite deformations of I are described by elements A(t)
in QO (Z3,T73) that are (0,1)-forms taking values in TZ3 and depend on parameters ¢
denoting coordinates on a parameter manifold] M. In fact, if we perturb 0 by A and demand
(0 + A)? = 0, the deformation A has to obey the Maurer-Cartan equation

OA+ %[A,A] =0. (5.17)

If we write A as a formal power series in ¢, A = Ay (t) + A2(t) + ... we obtain
B B 1 n—1
dA1 =0, DA, + 3 Zl[A"’A”i] =0,n>1, (5.18)

where A,,(t) denotes a homogeneous polynomial in ¢ of degree n. Taking coordinate transfor-
mations into account that trivially change the complex structure I, we learn that first order or
infinitesimal deformations of I for which ¢ ~ 0 are in one-to-one correspondence with classes
[v] = [A;] in the cohomology group H'(Z3,TZ3), called the Kodaira-Spencer class of Aj.
However, deformation classes A; lift to finite deformations only if we can recursively solve
(BEIX) for the A, at every finite order in n. We immediately identify the necessary condition
for [A1] = [v] being integrable with the integrability condition

BA; — —%[Al,Al], (5.19)

which means that [A, A;] has to be d-exact in order to find a solution. Thus, one associates
to every class v in H'(Z3,TZ3) the class [v,v] in H?(Z3,TZ3) on the right hand side of
(BET9) called the obstruction class. It necessarily has to vanish in order to define a finite
A(t) obeying [EIX) with [A;] = [v]. This is in particular the case if H?(Z3,TZ3) = 0.
However, this is not a necessary condition for the existence of A(t) since the obstruction
classes for integrating an infinitesimal A; can be zero even for H?(Z3,TZ3) # 0. Indeed,
this is the generic case for Calabi-Yau manifolds, where h%(Z3, TZ3) = h(bD(Z3). Tt is the
content of the classical theorem by Tian and Todorov that for every Calabi-Yau manifold all
commutators y .[A;, Ap—;] in the recursive equations (BIF) are exact so that a finite A(t)
exists for every infinitesimal deformation [A1] = [v]. Thus, complex structure deformations of
a Calabi-Yau manifold are generically unobstructed such that there is a global moduli space
of complex structures of complex dimensionE RV In physics, this is reflected by the fact
that, as long as background fluxes are absent, there is no scalar potential in the effective
theory of a Calabi-Yau compactification for the fields #(z) associated to complex structure

deformations.

SIn the following we denote the (anti-)holomorphic tangent bundle just by (T'Z3) T'Zs.
"We choose M so that the Kodaira-Spencer map ToM — Hl(Zg,7 TZ3) is bijective at a point 0 € M.
8Here we use the isomorphism H'(Z3,TZ3) = H®"(Z3) by contraction with the (3,0)-form Q.
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5.2.2 Hodge Structures for Picard-Fuchs Equations

For Calabi-Yau manifolds the infinitesimal study of the complex structure moduli space can
be carried out by the study of the variation of the Hodge structure on its cohomology groupsl.
This analysis is particularly convenient since there is an unique non-vanishing holomorphic
three-form  on a Calabi-Yau manifold. On the one hand, this enables us to map the in-
finitesimal deformations in H'(Z3, T Z3) simply to forms in H?Y(Z3) which are identified
with distinguished periods X*. On the other hand, the change of the Hodge type of Q under
a complex structure deformation allows us to study the variation of the Hodge structure ex-
plicitly. We note that we will later apply the variations of Hodge structures in section to
also study the complex structure deformations of projective Kéhler threefolds with A3 = 1,

that are a blow-up of a Calabi-Yau threefold along a curve X.

If we consider H3(Z3) over every point of the complex structure moduli space M, we
obtain a holomorphic vector bundle over M which we denote by H?(Z3). It is endowed with
a locally constant frame given by H?(Z3,7Z). We define a decreasing filtration on H?(Z3),
the Hodge filtration, which equips H3(Z3) with a (pure) Hodge structure

FH(Z5) = H®0(Zy) ,

F’H3(Z3) = H®9(Z3) e H®Y(Z3) ,

F'H3(Z3) = HO®Y(Z3) e H®Y(Z3) e HV?(Zs)

FOHY(Z3) = H®9(Z3) e H®V(Zs) @ H'?)(Z5) @ HOY(Z5) = HY(Z3) , (5.20)

where we recover the familiar decomposition of the de Rham group H3(Z3) into (p, q)-forms for
Kihler manifolds. This filtration is decreasing since F™H3(Z3) is contained in F™ 1 H3(Z3)
for all m. It is convenient to study the filtration F™H?3(Z3) instead of the individual groups
H®9(Z3) because the F"H?3(Z3) form a holomorphic subbundle F™ of H3(Z3) [241-244],
but H®%9(Z3) do not. The bundle H3(Z3) has a flat connection V which is called the GauB-
Manin connection [238]. It has the so-called Griffiths transversality property [241,242]

VF"C F™" 1@ Qe (5.21)

This together with A(3%) = 1 is one of the main ingredients for the formulation of the A = 2
special geometry for Calabi-Yau manifolds, as we will see below. Starting in F3H3(Z3) =
H®.9) Zs generated by 2, we can study the variation of the complex structure by analyzing
how €2 changes under complex structure deformations §z in the diagram

HBO(z) =73 Y 2 N p1 Y 0 = f3(75). (5.22)

This diagram encodes the variations of Hodge structures [240] with respect to complex struc-
ture deformations §z. The form  and its derivatives V¥, k < 3, span the spaces F3H37*(Z3)

9See e.g. [238-240] for a review and a discussion of the local Torelli theorem underlying this statement.
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and thus the complete space H3(Z3) = FCH?3(Z3). Consequently a fourth order derivative of
any element of H3(Z3) is expressible as a linear combination of V¥ for k& < 3. These linear
relations between the derivatives of Q up to fourth order yield the Picard-Fuchs equations
which are for this very reason of maximal order four, see e.g. [237] for a mathematically

thorough presentation of one-modulus Calabi-Yau hypersurfaces.

5.2.3 Calabi-Yau Threefold Special Geometry

Next we exploit the special geometrical properties of M.s which reflect the structure of
the variations of Hodge structures in terms of differential relations among the periods of the
Calabi-Yau threefold Z3. In particular it is special to the threefold case [12] that there exists a
holomorphic prepotential F¥ governing the structure of all periods. This is denoted as special
geometry or special Kahler geometry. From the physics point of view this is a consequence
of N'= 2 supersymmetry in the four dimensional effective theory, since in general the vector

multiplet moduli space of any N’ = 2 theory is encoded by a prepotential [245-247].

We start by exploiting Griffiths transversality (BZI) to obtain %Q = ¢;(2)Q + x; for a

function ¢;(z) of the complex structure moduli and a basis y; of H®)(Z3). This implies

0:/ an2a. (5.23)
Zs 0z

Recalling the period expansion Q = X®ax — FxB% we note that the basis (ax, 3%) of
H3(Z3,7) can be chosen such that the X K form projective coordinates on M.s, where we use
that € is only defined up to multiplication with e/ for a function f on the complex structure
moduli space]. Mathematically the existence of these coordinates reflects the isomorphism
HY(Z3,TZ3) = H®Y(Z3) and the local Torelli theorem. Then since the dimension of M. is
h(21) the periods F have to be functions of the X and can be written, again by using Griffiths

transversality (B23]), as derivatives of a single function
FL= - (XE8Fg) = =+ F. (5.24)

This is the projective prepotential F which is a homogeneous (local) function of degree two
in the X and consequently a section of the square of the vacuum line bundle £? over ./\/lc.
We divide by one coordinate, say X, to define affine coordinates t* = X%/X° a # 0, and
introduce the prepotential

FOt) = (XO) 2 F(X). (5.25)

It will be the special coordinates t that are relevant in the context of mirror symmetry as we
will discuss below and more generally in section B3l According to (EZ) the first non-trivial

O\ ore precisely  is a section of the vacuum line bundle £ over M., see [82].
1 The integrability condition OxFr, — O Frx = 0 follows from the special structure of the Riemann tensor
that is characteristic for special Kéhler geometry, see e.g. [227].
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pairing are the Yukawa couplings [2,4], that take in the normalization Q — %Q the form

Cf»(t)——j/ QA ¥ FO(1)
GRS L ddiaviork T atiotiorkT

(5.26)

for i,j,k =1,... 3V that form sections of the bundle Sym3T M ® L2

Next we study the hermitian geometry of M and £, emphasizing aspects of special
geometry. Firstly, we note that there is a natural hermitian metric on the vacuum line bundle
L spanned by € [82],

h:i/Q/\Q. (5.27)

Here we used a standard construction in mathematics to obtain the hermitian metric of a line
bundle £ once sections s; generating £ everywhere are specified, cf. [13, p. 166]. As we have
noted before in (Z30) the metric h also defines the Kéhler potential on the complex structure
moduli space Mg itself, that reads

Ko = —log(i/Q/\Q) = —logi(X® Fre — XTFr) = —logi|| X°|?((t — )" (F 4+ F); + 2F — 2F),
(5.28)
where we used the period expansion of 2. Similarly A is used to construct the hermi-

tian/Chern connection and the Chern curvature form R on the holomorphic line bundle
L, cf. [13, p. 177,p. 186], that takes the form

A; = 9 log(h) = —0;Kes = %(XK@]-“K —F), Ry=(0log(h))i; = 0i0;Kes.  (5.29)

The existence of the bundle £, whose curvature form is simultaneously the Kéahler form on
its base manifold is one central property of N' = 2 special geometr. With these definitions
at hand we can determine the constant ¢;(z) in %Q as
0 0
0X* 0X*

KCSQ, C; = —(%KCS . (530)

We conclude by presenting the consequences of the existence of the prepotential F° for
the structure of the period vector II := (X, F). Upon normalizing €2 by Xy the period vector

can be expressed as
1

ti
O; F°
2F0 _ ¢ip, FO

m=x° (5.31)

We note that the period vector is only defined up to symplectic transformations in the fun-
damental representation of Sp(b®, Z) that leave the pairing ([EZ7) invariant. Geometrically

12A very simple example is projective space P™ with the Fubini-Study metric that is simultaneously the
curvature tensor on Opn (1).
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this corresponds to the freedom in the choice of symplectic basis of H3(Z3, 7). Thus II forms
a section of a symplectic vector bundle over Mg of rank b3. Since this bundle is flat the
remaining gauge freedom will lead to a monodromy action II +— MII, M € Sp(b3,Z) around
singularities in Mg, which are the regular singular points of the Picard-Fuchs equations [238]

introduced next.

5.2.4 Picard-Fuchs Equations, Toric GKZ-Systems and the Mirror Map

In the context of toric hypersurface the structure implied by the variations of Hodge structures
(EZ2) can be explicitly studied. In fact in the case of an algebraic representation P(z;a) =0
of a family of Calabi-Yau hypersurfaces residue integral expressions for the three-form 2 and
its periods are known. These can be used to find Picard-Fuchs equations governing their
complex structure dependence. We start by presenting a very brief review of the general
techniques.

The explicit analysis of the holomorphic three-form € is based on the algebraic represen-
tation of  and its periods IT*¥ by the residue integral expressions [154, 238,243, 244]

02) = /S e N /P e A (5.32)

1, Pz, 2) rxsy Pz, z)

where Z3 is given as the zero locus of a polynomial constraint P(z, z) in coordinates z in a
toric ambient space Pa and the holomorphic top-form Ap, was introduced in (E4). Here
% k=1,...,bs with b3 = 23D + 2, denote a basis of H3(Z3,7) and SL denotes a small
S1 surrounding the zero locus of P(z,z) in the normal direction. The z are the complex
structure moduli of Z3. Then one performs the so-called Griffiths-Dwork reduction metho,

also referred to as reduction of pole order [243], to obtain differential operators D, obeying
Da(2)2(2) = dag (5.33)

for a two-form ag,. Integration over I'* yields homogeneous linear differential equations for
the periods I1¥(z), the Picard-Fuchs equations, that directly reflect the diagram ([E23).

In the toric context the determination of the Picard-Fuchs equation simplifies signif-
icantly due to the toric symmetries of Po and the requirement of invariance of the residue
integrals (32). For this analysis it is necessary to use instead of the coordinates z on Mg
first the redundant parameterization of the complex structure variables of Z3 by the coeffi-
cients a on which the toric symmetries of IPA act canonically. The infinitesimal version of
theses symmetries acting on the a give rise to very simple differential operators £;(a) and
Zi(a) called the Gelfand-Kapranov-Zelevinski or short GKZ differential system of the toric

13See e.q. [237,248] for a review and [249] for an extension and algorithm for complete intersections.
MThere is one caveat in order since the toric means, in contrast to the Griffiths-Dwork reduction method,
not necessarily yield differential equations of minimal order.
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complete intersection [250,251]. The operators either annihilate €(a) or, if the toric sym-
metries are broken in a specific way, annihilate (a) up to an exact form as in (E33). The
latter operators, the Zi(a), express the fact that Q(a) depends only on specific combinations
of the a, which are the genuine complex structure deformations z defined in (BI4]). From the
operators L (a) it is possible in simple situations to obtain a complete system of Picard-Fuchs
operators D, (z) [233].

Let us give the explicit representation of the operators forming the GKZ-system. Both
the operators £;(a) and Zi(a) are completely determined by the toric data encoded in the
points ¥; and relations 0@ of AZ I The first set of operators is given by

. G I AN P=1. .k (5.34)
1= aaj aaj , =1,...,kK. .

(%) (%)
Zj >0 Zj <0

These operators annihilate Q(a) in (32) and its periods IT¥(a) identically as can be checked
as a simple consequence of the second relation in (EI4]). In other words, the differential
operators L£; express the trivial algebraic relations between the monomials entering P(z;a).

The second differential system of operators encoding the automorphisms of P is given by

Zi=> ()00 -8, j=0,....4. (5.35)

n

Here = (—1,0,0,0,0) is the so-called exponent of the GKZ-system and ¥,, = an% denote
logarithmic derivatives. We have embedded the points 7,, into a hypersurface at distance 1
away from the origin by defining ©,, = (1,%,) so that all zeroth components are (v,)° = 1.
The operators Z; simply represent the torus symmetries of PA on the periods 1% (a) that are
functions of the parameters a. In detail, the operator Zj expresses the effect of a rescaling
of the constraint P +— AP by the homogeneity property II¥(\a) = MI¥(a). It is often
convenient to absorb this scaling freedom by performing the redefinition Q(a) — aop€2(a) and
1% (a) — agll*(a) so that the periods become invariant functions under the overall rescaling
a +— Aa. Accordingly, we obtain a shift ¢¥g — g — 1 in all the above operators, such
that the Zy = ) ¥, in particular. The operators Z;, j # 0, express rescalings of the
coordinates like e. g. Zym, — A&, Tn — A"z, that can be compensated by rescalings of the
monomial coefficients a. In particular these coordinate rescalings leave the measure Ap, on
PA invariant. Examples for the operators Z; and the corresponding action on the coordinates

x;j are given in section Bl and chapter B

The coordinates z introduced in (Il are solutions to the Zj-system and generally read

k+d 4

e
CLj N
j=0

. (3)
2t = (=)% i=1,... k. (5.36)

15We note that the following discussion applies to any Calabi-Yau manifold of complex dimensions n by
replacing A7 — A,ZL_H.
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They indeed turn out to be appropriate coordinates at the point of maximally unipotent
monodromy in the complex structure moduli space of Z3, which is centered at z = 0. Indeed
the Picard-Fuchs operators D, extracted from the GKZ-system in the coordinates z is solved
explicitly using the Frobenius method [233,252], cf. section for more details. The ob-
tained solutions have the well-known log-grading in terms of powers of (log(z%))*, k=0,...,3
with a unique holomorphic power series solution X°. This is expected by the known shift
symmetry of the NS-NS B-field, b — b’ + 1, in the Type IIA theory, which implies on the
B-model side a maximal logarithmic degeneration of periods near the point z; = 0 [35,233].

In order to relate these solutions with the geometrical periods IT in (B31) of € it is
convenient to exploit mirror symmetry. It relates the complex geometry of Z3 and H3(Z3) to
the symplectic geometry of Z3 and H®¥(Z3) = @?:0 H(Z3). In particular an integral basis
of H3(Z3,7) is determined by the integral basis of H eV(Zg, Z) upon demanding a matching
of the A- and B-model operator algebra. This fixes the leading structure of the periods of
Q in the expansion by an integral basis of H3(Zs,Z) that is mirror dual to H®"(Z3,Z), see
e.g. (E60) for the general matching at large volume. It is special for the threefold case that
there is a canonical basis of H eV(Zg, 7)) given by products of the Kéhler cone generators J;
on Zs, (1, Ji,azm Jiy Jis %J?’). The constant coefficients afﬁm are determined by demanding
duality between H(1)(Z3) and H22)(Z3), which just involves the calculation of the classical
intersections on Zs. For the marginal deformations the mirror map is then established at
large volume as A

A== 5 = (og(2) 4 p(2) (5.37)

X0 27 =

which identifies, in geometrical terms, the Kéhler moduli tf4 on Z3 with the affine complex
structure moduli ¢* of Z3. On the level of the cohomology basis or in other words on the
level of the A- and B-model operators this corresponds to J; < ﬂi(l) = 0,0 = ;2" — 'K,
cf. the general mirror map (EBH). We note that this maps H®P)(Z3) to F3PH3(Z3) in
order to appreciate the holomorphicity of the vector bundles F™. In order to extract the
more intuitive matching of H3~PP)(Z3) = FPH?P(Z3) N FPH3(Z3) we have to perform an
anholomorphic projection map.

Thus, we have seen that the knowledge of the classical terms fixes the coefficients of the
leading order in log(z%). The subleading terms are restricted further by demanding integral
monodromy in Sp(b3,7Z) under the Peccei-Quinn symmetry ¢4, — ¢ + 1. This allows to
unambiguously identify the solutions to the Picard-Fuchs system with the periods with respect
to the integral basis of H3(Z3,7Z). We refer to section for a more systematic derivation
of the structure of the periods and conclude by summarizing the periods at large complex

structure. The prepotential is given by [227]

FO = = 3y t9tF — 3K £ + It + §K0 + > ni Lis(¢”) (5.38)
5

where ¢ = €24t for a class 8 = d;3 with entries d; € Z>, cf. section B4l The last term

110



5.3. MIRROR SYMMETRY FOR CALABI-YAU FOURFOLDS 111

contains the quantum corrections by string world-sheet instantons to the A-model and will

further be discussed in section B4 on enumerative geometry. Here

1
ICijk = / Ji NJj N Ty, ICZ‘J‘ = = / Z*(Cl(Jj)) A J; (5.39)
Z 2)z
L ) . _ <6 / i
Ki =53 /23 ca(Ty,) N Jj Ko = Gmiy J, c3(Tz,)

are determined by the classical intersections of the mirror Calabi-Yau threefold Zs of Zs.
Note that ¢;(J;) denotes the first Chern class of the divisor line bundle associated to J; and
e = Pégi*PJ_jl is the Gysin homomorphism where Py (P jj) is the Poincaré-duality map on
Zs (Jj) and i, is the push-forward on the homology. Thus, u.(c1(J;)) is a four-form. We
insert the prepotential F* into the general expression of the period vector ([E31]) to obtain all
integral periods of Z3 as

1
ti
— 5K 18 — Kij t7 + Ki + Y- 5 n%d; Lia(¢7)
S Kk t1ttF 4+ Kit? + Ko + 3 50 (2Lis(¢”) — dit'Lia(¢”))

M= X" (5.40)

Ultimately the quantum corrected Yukawa couplings Cj;x(t) are evaluated from ([ZH) as

B
Ciji(t) = 0:0;00FO(t) = —Kyj + Y n%didjdklg—qﬁ , (5.41)
where we used the elementary identity Lig(x) = $%=. We immediately observe that the sub-
leading terms do not affect the quantum corrections to the A-model intersections. However,
the subleading terms are essential in the determination of the A/ = 2 Kahler potential K. in
(E2Y) for the vector multiplet moduli and for the flux and brane superpotentials, as we will
discuss in sections and

We conclude by noting that it is the aim of chapter [d to extend the use of the Picard-
Fuchs equations, in particular the GKZ-system, the coordinates at large volume as well as the
concept of periods to the open string sector of a five-brane. This is achieved by formulating
a GKZ-system for a threefold Z3 obtained as a blow-up of the curve ¥ wrapped by the brane
and by analyzing its solutions.

5.3 Mirror Symmetry for Calabi-Yau Fourfolds

In this section we describe mirror symmetry for Calabi-Yau fourfolds (X, X). The key quan-
tities we analyze are holomorphic functions F°(v), that are the fourfold analogue of the
holomorphic prepotential FO ([Z5) on Calabi-Yau threefolds in the sense, that the (covari-
ant) double derivatives of F°(v) with respect to the moduli * yield the three-point correlators
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0(1,172)

aby of the underlying topological field theory. These three-point correlators together with

the two-point correlation functions are the fundamental couplings of the topological A- re-
spectively B-model that encode all other correlators in the theory. Whereas the classical
two-point coupling is exact, the three-point couplings encode, as in the Yukawa couplings
(B0 in the threefold case, to leading order the classical intersections of two divisors with
an element of Hy(X) on the A-model side, that receive quantum corrections due to world-
sheet instantons. As in the threefold case it is the power of mirror symmetry for Calabi-Yau
fourfolds to calculate these couplings exactly by relating the classical geometric calculations

in the B-model on X4 to the quantum cohomology ring of A-model on Xj.

We begin in section B3 by introducing the B-model operator ring, that is formed by the
operators representing elements of HP(X, A\?TX), together with their two-point and three-
point correlators, that are given by period integrals. In the large radius limit the A-model is
defined by another ring, namely the vertical part of the classical cohomology ring H**) (X).
To prepare the analysis of mirror symmetry we note in section that both rings with the
two- and three-point correlators just mentioned carry a natural Frobenius structure. Mirror
symmetry then identifies the quantum cohomology ring of the A-model away from the large
volume limit with the B-model ring. For the precise identification one has to specify matching
points in the moduli spaces. The natural candidate for our present purposes is the large radius
point/large complex structure point in the A- respectively B-model. We describe in section
the details of this matching, namely the use of the mirror map, properties of the Picard-
Fuchs system near the point of maximal unipotent monodromy and the classical intersection
ring of X. We then exploit the precise matching to obtain enumerative predictions for the
A-model and to construct an integral basis of the horizontal cohomology of H (”’")(X ). For
the latter it is a particularly important step to determine the classical terms in the leading
logarithms of the fourfold periods. We conclude our discussion in section B34 by fixing these
classical terms by means of analytic continuation to other points on the fourfold complex
structure moduli space, namely the universal conifold, and a monodromy analysis. Our
presentation follows mainly [93-95] and [79].

Since our discussion can at several points be generalized to arbitrary complex dimensional
Calabi-Yau n-folds [93] we denote a mirror pair of Calabi-Yau n-folds by (X, X) and identify
with the fourfold case by putting n = 4 and writing (X4, X4) instead.

5.3.1 States and Correlation Function of the B-model

In the B-model one considers a fami{éof n-folds X, fibered over the complex structure moduli

space Mg, X, — M. The stated in the B-model are elements B,gj ) of the cohomology

We use in the following the same symbol for states and operators.
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groups H7(X,, N’ T'). Their cubic forms are defined as

c(BY, BY, B®) = / Q. (BY A B9 ABW)AQ (5.42)
X

and vanish unless ¢ + 7 + k = n. Here Q, is the unique holomorphic (n,0)-form and
Qn(Bc(f) A Béj) A Béj)) is the contraction of the n upper indices of Ba(f) A Béj) A Béj) €
H"(X,,\"TX.) with Q,, which produces an anti-holomorphic (0,n)-form on X,. Note
that this is the standard isomorphism H*(X., A\’ TX,) = Hg%j ) (X.) obtained by contrac-
tion with €,,. It is important to emphasize that not all elements of H"(X,) can be reached as
variations of €2, with respect to the complex structure, in contrast to the Calabi-Yau three-
fold case, which makes it necessary to introduce the primary horizontal subspace H;(X.) of
H™(X,). Its complement is the vertical subspac. HY(X,), that is generated by powers of
the Kéhler cone generators in H(:D (X, ) [93]. We denote the image of B() in H}?—i’i)(Xz)
by bg) =B B )) and the 1nvers@ by B (bl(;)) . We define the hermitian metric

G(BY,BY)) = / b ABS) (5.43)
X

The image b((f) of the states B(S) lies in the horizontal subspace H; (n—=3, Z)(X ») and the elements
b((f) form a basis of this space. For Bé ) ¢ HY(X.,TX.) the image spans all of H"~ 11 (X,)
and (BZ3) is the Weil-Petersson metric on M.

The integrals (B42) and (BZ3) are calculable by period integrals of the holomorphic n-
form €,. It is in general hard to integrate the periods directly. They encode however, as in the
Calabi-Yau threefold case in section BZ2 the variations of Hodge structures of the family
X, — Mg, which leads to the Picard-Fuchs differential equations on M. The periods
are therefore determined as solutions of the latter up to linear combination. The precise
identification as addressed in section is an important problem, in particular for physical

applications like the determination of the flux superpotential [Z31) on the fourfold X.

For a given base point z = 2y in the complex structure moduli space M with fiber

~(P)

X,, one fixes a graded topological basis 44~ of the primary horizontal subspace H}, (X, Z).

Here a = 1,.. .,hg PP) Jabels the basis %(Lp) for fixed p = 0,...,n of each graded piece

H®=PP)(X ). In addition, these forms can be chosen to satisf

/ AR = 08, (5.44)
X4

/&fﬁ AT =0 for i+ >4
X4

" This is completely analogous to the two-dimensional case of K3, where H ‘(,1 1 spans the Picard group.
HQHQQ‘H an—ibebi(piy 5, such that (2)% = 1.
Formally it is the multiplication with the inverse £~! of the Kéhler line bundle £ = (Q), see e.g. [82].

¥The generalization from fourfolds to n-folds is the obvious one.

8The inversion is just the contraction (b( ))
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Later on in section we will identify this grading by p with the natural grading on the
observables of the A-model which are given by the vertical subspaces H‘(f P )(X ) of the mirror

cohomology.

Note that the %(Lp ) basis serves as a local frame of the vector bundle HY(X) — Mg over
the moduli space whose fiber at the point z € Mg is Hp;(X,). Thus, the bundle H}, (X)
is flat and admits a flat connection V denoted the Gauss-Manin connection. However, the
individual cohomology groups H(™"—7) (X.) form no holomorphic vector bundles over M.
since holomorphic and anti-holomorphic coordinates are mixed under a change of complex
structure z. Analogously to the threefold case, cf. section BEZZ, only the horizontal parts of
Fk = EB’;:OH (n=p.P)(X ) form holomorphic vector bundles for which we introduce frames B((lk)

specified by the basis expansion

foe

3 43 TPk e5P) (5.45)
p>k
In special coordinates t* at the point of maximal unipotent monodromy, cf. ([EZ9), this can
be written as {3 = Qn,ﬁél) = 0,0, ...}. We note that for this basis choice we fixed the
overall normalization of each B((lk) such that the coefficient of ’y((lk) is unity. This is needed to
obtain the right inhomogeneous flat coordinates on Mg and to make contact with enumerative
predictions for the A-model, see section For grade k = 0 it corresponds to the familiar
gauge choice in the vacuum line bundle £ generated by £2,,, cf. section for the threefold
case and (49) for fourfolds. We also introduce a basis of integral homology cycles %(Lp ) dual

to %(Lp ) obeying

/ A = 595, . (5.46)
AP

Then, by construction of the basis (BZH), the period matrix P defined by period integrals
takes an upper triangular form in this basis,

Hl()p’k)a, p>k,

k
P:/@) é): dab p==Fk, (5.47)
Ya
0, p<k,

) ~(p)

where (p, k) is the bi-grade of the non-trivial periods Hl()p ke Since e~ are topological and
thus are locally constant on Mg, the moduli dependence of ([EZH) is captured by the moduli
dependence of the period matrix P = P(z)E]. For Calabi-Yau fourfolds we summarize the
basis choices and the periods in Table Bl The (n,0)-form £2,, can always be expanded over

the topological basis 'Ay(gp) of HY(X.,Z) as

Q, = ng,O)a ,%(Lp) = H(p)a fya(tp) , (5.48)
where we introduced a simplified notation II%P) ¢ for the periods ng D@ of the holomorphic

n-form already given in (BZH) for & = 0. For an arbitrarily normalized n-form €,,, the periods

20By means of Vaﬁ{f = VaHl(,kH’k) cﬁ£k+1) [94] the periods of Q,, fix the periods P.
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Dimension | 1 3 (Xy) 22)(Xy) (X)) | 1
Basis of %2) (Sl) (2) (53) A(%‘)
Hy (X, 2) | 60 | Y ﬁg : 5 o

Table 5.1: Topological 4 and moduli-dependent 3 basis of H; (X4, Z)

(X0, x2) = (MO T ) with a = 1,..., R (X,,) at the fixed reference point zy form for
all Calabi-Yau n-folds homogeneous projective coordinates of the complex moduli space M.
The choice of inhomogeneous coordinates set by

xo_[p@

4= —
XO f(o)Q,
T

(5.49)

which agrees with the basis choice in (), corresponds to a gauge in the Kéhler line bundle
(Q,). At the point of maximal unipotent monodromy X" and X¢ are distinguished by their
monodromy, as X° is holomorphic and single-valued and X* ~ log(z%) has monodromy
X% X%+ 1. Below the t* in (49) are identified with the complexified Kéhler parameters

of the mirror X.

The t* defined in (BZ9) are flat coordinates for the Gauss-Manin connection V,, i.e. the
latter becomes just the ordinary differential % This can be seen from the gauge choice
reflecting in the basis (45) combined with the Griffiths transversality constraint V,(F*)
FFHL/FF which together imply [93] V,t? = 6%, i.e V, = 0,. In these coordinates the three-

point coupling becomes
CLEED = (B2, (B2, (B Ry = /X Bk A 9,68 (5.50)

Here we use (), (E417) and the fact that (ﬁ(sl))g/\ (Bék))Q can be replaced by (Vaﬁék))g [93]
under the integral ([Z2) to obtain ([EXM). This triple coupling is a particularly important
example of (EZZ). Furthermore, one can show from the properties of the Frobenius algebra
that all other triple couplings in (42) can be expressed in terms of (2hd), see section

The holomorphic topological two-point couplings of (BZ4) in this basis trivially read
k n—k
) = /X B A g (5.51)

since only the lowest 4%®) for p = k in the upper-triangular basis transformation EZ3) con-
tributes to the integral due to the second property of (Z4l). In particular ngz) is moduli
independent. From the above it is easy to see the basis expansion at grade k + 1,
k Lkn—k—1) ed k-+1
Bt = CGI T yed L pY (5.52)

abc

(»)

where nfg) is the inverse of 7, .
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Let us finish this section with some comments on general properties of the periods and
their implications on the N' = 1 effective action. The period integrals (E41) obey differential
and algebraic relations, which are different from the special geometry relations of Calabi-Yau
threefold periods in section The differential relations have however exactly the same
origin namely the Griffiths transversality constraints fX Qu N0y ...0;,Qy = 0 for k < n.
However since a A b = (—1)"b A a for a,b real n-forms one has additional algebraic relations
from [ + 0 A Q, = 0 between the periods I® e for n even like n = 4, which are absent for
n odd, in particular the threefold case. N = 2 compactifications of Type II on Calabi-Yau
threefolds to four dimensions inherit the special geometry structure induced by the above
differential relations in the vector moduli space. In contrast for a generic N’ = 1 supergravity
theory in 4d there is no special structure beyond Kéhler geometry.

5.3.2 The Frobenius Algebras

As was mentioned above the B-model operators form a Frobenius algebra. Since also the
A-model classical cohomology operators as well as its quantum cohomology operators form
such an algebra it is worthwhile to describe the general structure before discussing the precise

matching via mirror symmetry in the next section.

A Frobenius algebra has the following structures. It is a graded vector space A = 69?:1./40)

with A©) = C equipped with a non-degenerate symmetric bilinear form 7 and a cubic form
CWIkR) . A @ AU @ AR — C | (5.53)

1,7,k > 0 and the following properties:

(F1) Degree: C3F) =0 unless i+ j+k=mn

(F2) Unit: Cgf’j) = 77,5?

(F3) Nondegeneracy: C' (14:9) is non-degenerate in the second slot

(F4) Symmetry: C,; < ’j k)~ ngéé’cj)’k)) under any permutation of the indices.

(F5) Associativity: Cab’;" - j)npg i) quJrj),k,(n—z‘—j—k)) Cc(ble(?n i— ’9)77211119 - k)q()é}-k,]n i—j—k)

where the sum over common indices is over a basis of the corresponding spaces.

The product

0. 0( ) _ Cézg Ji+3), q (Zﬂ)o(zﬂ) (5.54)
(2)

defines now the Frobenius algebra for a basis of elements O, of A® which is easily seen using
(F4) to be commutative. Note that the associativity implies that n-point correlators can be

factorized in various ways in the three-point functions. Also the three-point correlators are
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not independent and by associativity, non-degeneracy and symmetry it can be shown@ that

all three-correlators can be expressed in terms of the Cmm="=1 correlators defined in (E50).

It is easy to see that the B(®) operators of the B-model with the correlators defined by
(EZ2) or equivalently (h0) and (R fulfill the axioms of a Frobenius algebra.

Let us consider the A-model operators. As already mentioned such an operator corre-
sponds to an element in the vertical subspace H‘(,* %) (X' ). It is generated by the Kéhler cone
generators J;, i = 1,..., (D (X) and is naturally graded,

AP = N AT, € HPP(X). (5.55)
For the classical A-model the correlation functions are simply the intersections

COb(i,j,k) _ C(Agi)A,gj)Agk)) _ /~ AD A AI(;j) A AR (5.56)
X

aoc

They vanish unless 7 + j + k£ = n. The topological metric is similarly defined by

ny = / AP A AP (5.57)
X

and together with (E56) this defines a Frobenius algebra. Clearly the A,(gp ) are not freely
generated by the J;. The products J;; A...AJ;, are set to zero if their pairings (&31) with all
other cohomology elements vanish. This is easily calculated using toric techniques and reflects
geometrical properties of X like for instance fibration structures. Likewise we calculate the

quartic intersections, i.e. the intersection numbers, on a fourfold X, as
1 1 0(1,1,2 0(1,1,2
Kbea = /X A A Az(, A AD A AEl) = Cab(a )néﬁ)Ccd(ﬁ ) (5.58)
4

using the algebra relation ([h4]). Thus, we see that the four-point couplings are bilinears in

the triple intersections.

The classical intersections are extended using mirror symmetry to the quantum cohomo-
logical intersection

C(AS’A,S”AE’“) = Cob(ci’j’k) + instanton corrections , (5.59)

a

where the instanton corrections due to holomorphic curves with meeting conditions on the
homology cycles dual to the A;cp ). Again the correlators (E2Dd) vanish unless i + j + k =
n. Note that the C(A((f)Al()j )Agk)) depend via the instantons on the complexified Kéahler
parameters of X, while ngz) =[5 A((Ik) A Al()n_k) is still purely topological. There are no
instanton corrections present because in the moduli space for the two-pointed sphere not all

zero modes are saturated due to the one remaining conformal Killing field on the sphere.

21See [95] for an explicit inductive proof.

22We denote both the operators of the classical algebra and of quantum cohomology algebra by A;f ).
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5.3.3 Matching of the A-model and B-model Frobenius Algebra

We now describe the matching of the B-model Frobenius algebra with the A model quantum
Frobenius algebra. At the large radius point of the Kéahler structure, the correlation functions
of the classical A-model can be calculated using toric intersection theory. We will match
this information with the leading logarithmic behavior of the periods at the corresponding
point in the complex structure moduli space, the point of large complex structure, which is
characterized by its maximal logarithmic degeneration, which leads to a maximal unipotent

monodromy.

Let us now discuss the Picard-Fuchs differential operators associated to the mirror Calabi-
Yau X at the large complex structure point. In general the Picard-Fuchs system can be
obtained also in the fourfold case by applying the method of reduction of pole order to the
residue integral for {2y, that reads

s (k)
_ ]
94_/"'/H?kA’ (5.60)
€1 €s k:1
for Calabi-Yau fourfold hypersurfaces and complete intersections {P; = ... = Ps = 0} with

dPy N ... NdP; # 0 in a toric variety Pa of dimensions s + 4. Here ¢; are paths in P, which
encircle P; = 0 and A is a measure invariant under the torus actions in Pao. The parameter
a(()k) denotes a distinguished coefficient in the defining constraint Py, cf. section L2l for the
analogous Calabi-Yau threefold expression. Since we are dealing throughout our paper with
mirror pairs (X' ,X) that are given torically, the derivation of the Picard-Fuchs operators
simplifies significantly, since they are completely encoded by the toric data. To the Mori cone
generators £(%) on the A-model side one associates the canonical GKZ-system of differential
operators L, on the B-model side given in (B34, where the derivative is taken with respect to
the coefficients a; of monomials in the constraint f = 0 defining X. By the methods described
in [233] we obtain linear Picard-Fuchs operators D, (6, z), which are written in terms of the
logarithmic derivatives 0, = z“a%a with respect to the algebraic complex variables z, defined

by (B36]) that vanish at the large complex structure point.

We extract the leading term in 6, of the differential operators as the formal limit D}™(g) =

lim, ,oD;(8,z), i =1,...,r and consider the algebraic ring
R = ClO/(T = (D™, D)) (5.61)

This ring is graded by the degree k in 6 and we denote the ring at grade k by R*) which is
generated a number hgfkk)(X) = h&,k) (X) of elements for k = 0,...,n. We note that for
kE = 0,1,n — 1,n there is no difference between the vertical (horizontal) homology and the
full homology groups. Let us explain in more detail how this ring connects the A- and the

B-model structure at large radius:
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(A) The construction of the ring R is up to a normalization equivalent to the calcula-
tion of the intersection numbers of the A-model. In particular the n-point intersec-

tions appear as coefficients of the up to a normalization unique ring element of max-

imal degree, R = di<. <in (o 0;i,...0

U1,in

Rgfk) = Zz‘lg...gik ag,...,ikeil i, a = 1,,,,,h&,k)()~(), where the coeflicients obey
Zal’.“ﬂk’%ih..., g CO Cf. [94]

U J1y-In—k L1 T

and similar the R*) are generated by

in

a,

(B) The ring R™ is in one-to-one correspondence to the solutions to the Picard-Fuchs
equations at large radius. As discussed before the solutions are characterized by their
monodromies around this point, i.e. they are graded by their leading logarithmic struc-
ture. To a given ring element R((lk) = Z\g|=k (%r;i)kmagﬁf“ ...07" in R®*) we associate
a solution of the form

1% = Xo(2) [ LY + Oflog(2)* )] | (5.62)

with leading logarithmic piece of order k,

1 . a a
L = 37 e log™ (1) - Jog® (1), (563)
laf=k

by assigning mg([[; @;!) = mg. In particular we map the unique element 1 of RO to
the unique holomorphic solution Xo(z) = 1 + O(z). The above map follows from the
fact that all D%im in the ideal 7 annihilate the leading logarithmic term Lgk) for Hgk) to

be a solution. But this is just the same conditions as for the element R*) to be normal

to J in (BG).

The two facts (A) and (B) imply mirror symmetry at the level of the classical couplings.
Furthermore, mirror symmetry can be proven for toric hypersurfaces by matching the toric
intersection calculation with the toric derivation of the Picard-Fuchs operators as it was
argued in the threefold case in [252] and in [93-95] in the fourfold case. The identification

0; < J; (5.64)

provides a map between ng) and the classical A-model operators Aé’“) defined in (B5H). This

provides also the matching of the A- and B-model Frobenius algebra at the large radius limit

by identifying the periods of €2,, and the solutions of the Picard-Fuchs system as follows.
(k) (k)

To a given element R’ we can associate an A-model operator A, ’ by the replacement
(E64). Similarly we can construct the dual B-model operators @(Lk) in F*¥ by applying the
elements of the ring R"* as differentials in the coordinates z to the holomorphic form €,,.

We obtain the mirror map
AP 88| o = RP Q|0 - (5.65)
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This determines the Frobenius algebra of the B-model completely as we show now. However,
to relate the two- and three-point functions to the period integrals of the ﬂa(tk) along the lines

of section 3Tl we have to specify the topological basis %(Lk), which simultaneously fixes the

k)b (k)

structure of the periods Hg , in terms of the A-model operator Ay’ as well.

First we select a basis of solutions denoted II*)(2) of the Picard-Fuchs system with
leading logarithm L®*) @ that is dual to the A((Ik) at large radius as

M e(z) = LWe(2) + O((log(2))FY), RPWLWE =4, (5.66)

in the limit z — 0 [94]. Then, the basis 'y((lk) is fixed by identifying the periods in the expansion
B2Y) of Q,, = H(k)“(g)’y(gk) with the solutions as Hgk,o) * = 11M) ¢(2) that associates the L(*)@
to the 4, 5% With these definitions the requirements (E47) on the upper triangular form of the
basis 45" are trivially fulfilled since 8\ = R{VQ, = R (M@ 57 ) = 57 4 ... where
the dots indicate forms %(Lk) at grade k > ¢ with higher logarithms. For concrete calculations
it is convenient to present the solution to (BGH) [94],

Abpt1...bn
k)b Z IL‘akl) baklal o ak ? ng) Qg = ,Cal...akbk+1...bnabk+l (567)

where we used the abbreviation log(z%) = [,, and introduced the operator that is Poincare
dual to A((;k), A((;n_k) = &Iél"'b"_'“ Jpy - Jp, _, obeying fX k) A A(n k)
the solution L(¥)? is the Poincare dual to AIE ) under the map log(z%) +— J,,. For Calabi-Yau
fourfolds we express ([Gd) on the grade two operators k = 2, using the definition of the

operator algebra relation ([E54) in terms of the three-point function C' (1’1’2), as

= 04e- In other words,

N 1,1,2 0(1,1,2
Lg)ag = Ka1a2a3a4ag‘3a4 - /)”( Jay Jas Ja3 Jay = a1a25 / A(2 A A(2 Cal(tmﬁ : (620){'
4
(5.68)

Thus, the coefficients of L) @ are given by the classical intersections (BE58) and the topological
metric (A7) of the A-model, which is essential for the matching of intersections of X, at
large complex structure of Xy. We will also make extensive use of this relation in our explicit

examples in chapter B

After this technical preparations we present explicitly that the matching (B6H) of the
A- and B-model operators as implies of the complete Frobenius algebra. This is checked

easily by matching by the fundamental coupling C(g,lj’cl’"_Q)

on both sides, which determines,
as mentioned above, all other correlators. We restrict our attention to the fourfold case for
which we evaluate ([ER0) as

0511)%172) a H(2 1) 77((57) 8taath(2)5 (2) = ataatngZO(’y) ) (569)

where a,b=1,...,h3Y and vy =1,...,h! ) Here we used the upper triangular form (2Z5)

(2,2
of Bc(Lk) and the intersection properties (EZZI) of the 4; for the first equality. Then we replaced
o, B0 = ﬂél) for general dimension n as follows from (2h2) and used the property (F2) in
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flat coordinates. If we now let z — 0 and use the flat coordinates (49), which are given
by E52) as t' ~ log(z') + hol. — log(2?), we see using (EG]) that in this limit the classical
intersection Cgb(«} 12 of (BE50) are reproduced. Once the matching is established in this large
radius limit we can define the full quantum cohomological Frobenius structure by (E6d) in
the coordinates (B4d). The latter can then be viewed as the classical topological intersections

deformed by instanton corrections.

For the Calabi-Yau fourfold case at hand the intersections are obtained from the second
derivative of the holomorphic quantities F°(v) introduced in (E69) for each basis element Bg),
y=1,... hg’Q) (X4). These are the analogues of the holomorphic prepotential F¥ familiar from
the threefold case and they are obtained as the special case k = 1 from the general generating
functional@ (X)) in section B4l The relation ([E69) tells us that we obtain the F(v) simply
from the Picard-Fuchs equation as double-logarithmic solutions, that we will identify below.

However as mentioned above the identification using the ring structure fixes the solutions
of the Picard-Fuchs system so far only up to normalizations. The normalization of the unique
holomorphic solution is determined by the fact that the leading term in Xo(z) = 1+ O(z)
has to be one. Also the dual period can be uniquely normalized by the classical n-point
intersections. The single logarithmic solutions are normalized to reproduce the effect of a
shift of the NS-background B-field on ¢ = [,(B + i.J), where C is a generator of Hy (X4,7)
and J is the Kahler form. The shift is then t* — ¢* + 1 which corresponds to the monodromy
around z; = 0 and implies according to (B49) that m,, = 1 for || =1 in (BGA). All other
t-dependent quantities are restricted further by the monodromy of the period vector II of
the holomorphic (4, 0)-form, IT = (I, ITM* 113)* 1G)* TI®)T around z = 0. Let X be the
matrix representing the intersection K = fX4 Q4 A Qy = IXIIT. Using (B28), 2 it is
easy to see that the anti-diagonal of ¥ is given by the blocks (1, (™M) 73 n(M 1). The
monodromies act by IT — M;II, where M; is a (4 x hi) matrix. The monodromy invariance
of K and ’?(Sp) € H}(Xy,Z) implies

MIYSM; =% (5.70)

with M; an integer matrix. However the monodromy at z — 0 is not enough to fix the
integral basis completely and the monodromy at other points in the moduli space and analytic
continuation have to be applied to fix undetermined constants in the solutions to the Picard-

Fuchs system. This analysis is performed in the next section.

We conclude with some remarks about the enumerative geometry of the prepotentials
FO(y) of (@Ed). As in the threefold case there is an enumerative geometry or counting
interpretation of mirror symmetry in higher dimensions for the A-model [97]. The results and
formulas necessary for our analysis are summarized in section .4l to which we refer at several

points. As will be discussed there, the label 7 is associated to a flux choice that is necessary to

2We note that the terms bgﬂ,7 a9, are irrelevant for the quantum cohomology, but important for the large
radius limit of the superpotential [E3T).
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reduce to a counting of curves with the prepotential F'(7y) as a generating function, cf. (285).
The prepotentials furthermore have a Lis-structure and it is possible to calculate the genus
zero BPS invariants n%(w) of section B4 for a suitable basis of H‘(/?’Q) (X4) and class § in
Hy(X, 7). This is in particular part of the calculations performed in chapter B

5.3.4 Fourfold Conifold: Monodromies and Classical Terms

In general the analysis of the global properties of the complex structure moduli space of X4 is
tedious since it requires analytic continuation of the periods which is numerically challenging.
In general one expects due to the flatness of the Hodge bundle only monodromy effects
that occur at the singular points in the moduli space. Upon demanding integrality of the
corresponding monodromy matrix M; around these points the integral basis is fixed. In this
section we explicitly present such an analytic continuation to the universal conifold of the one
modulus example of the sextic Calabi-Yau fourfold.

Before delving into these technicalities of this analysis we note that useful information
about some of the irrational constants that appear for example in the leading logarithmic solu-
tion follow already from the Frobenius method [252,253]. By this method the leading logarith-
mic solution can be obtained by applying the operator D) = mlcimi?,u@pil@% BpiS aﬂu

on the fundamental solution

wo(z,p) = ) e(n,p)""2 (5.71)

with
c(n, p) = L(=>, l(()a)(na + pa) + 1)
T T LI P (e + pa) + 1)

and setting p = 0. The general leading logarithmic solution, i.e. with all possible admixtures

(5.72)

of lower logarithmic solutions, for X := wg(z2)| p=0 reads

IW = XO(LK ittt + Lagt'tth + Lait't + a;t’ + ap) (5.73)
where as in the threefold case IC;ji; is the classical top intersection. It was observed in [252]
for the threefold case that the Frobenius method reproduces some of the topological constants
(E3Y) in the leading and subleading logarithmic terms of F°. In particular we deduce the
relations st coNJ; = %/cijkapj 9p,, (0, p) p=0 and fz} c3 = ﬁ(g)ﬁljk@pi@w 9p,, (0, p) p=0, where
we denote by ¢; the i-th Chern class of the Calabi-Yau threefold Zs, cf. (39). If we generalize

these to fourfolds, we obtain

3 1
/)24 ch +c = —4!C(4) Kijk10p,0p;0p;, 0p,c(0, p) p=0 - (5.74)

These constants are expected to appear as coefficients of the subleading logarithms in (&73).
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Similar as in the threefold case one can also use the induced K-theory charge formula [254,

255] in combination with central charge formula

G.1i— - / eI ch(A)/td(Xy) = Z(A) (5.75)

X

for A denoting the bundle on the brane wrapping X4 and mirror symmetry to obtain infor-

mation about the subleading logarithmic terms in the periods.

Let us apply, however, a more direct argument and use properties of the simplest Calabi-

Yau fourfold, the sextic in P°. The mirror sextic has the Picard-Fuchs equation, see e.g. [97],

5
6° — 6z [ [ (60 + k) . (5.76)
k=1

We can easily construct solutions at z = 0 using the Frobenius method, but let us first give

a different basis of logarithmic solutions namely

. 1 [k
I, = i ; <l> log(2)!sp_i(2) , (5.77)

where
X0 = 50 =14 72024 74844022 + ... | s = 62462 + 719944222 + ... |
sy = 20160z + 32700153622 + ..., s3 = —60480z — 111585600z% + ...
sq = —27346636802% — 577979268249602° + ... . (5.78)

The point is that under the mirror map one obtains I, =tk + O(q), so that these solutions
correspond to the leading volume term of branes of real dimension 2k. The “conifold” locus of
the sextic is at A = 1 — 6%z = 0. Near that point the Picard-Fuchs equation has the indicials
(O, 1,2,3, %) It is easy to construct solutions and we choose a basis in which the solution to
indicial k € Z has the next power z*. The only unique solution posses a branch cut and reads

1
y:A%+1—;A%+—A%+.... (5.79)

The situation at the universal conifold is crucial for mirror symmetry in various dimensions
n. At this point the non-trivial monodromy affects a cycle of topology T"™ that corresponds
to the solution X, i.e. the zero-dimensional brane in the A-model, which is uniquely defined
at z = 0, and a cycle of topology S" that corresponds to the solution II(™, i.e. the top
dimensional brane in the A-model. The topological intersection between these cycles is 1 and
their classes in homology are the fiber and the base of the SYZ-fibration respectively [88]. In
odd dimensional Calabi-Yau manifolds, like threefolds Z3, the conifold monodromy acts on
the vector Il eq = (H(3),X0)T by a matrix as

My = G g) . (5.80)
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This corresponds to the Lefschetz formula with vanishing II®), i.e. the quantum volume of

Z3 vanishes.

In four dimensions we have a monodromy of order two and the only way to obtain an

integral idempotent monodromy compatible with the intersection (70) is

0 1
Mo = <1 0) : (5.81)

It is noticeable that the zero- and the highest dimensional brane get exchanged by the conifold
monodromy in even dimensions. This implies the identification X% = 1 — cv an o®w =
1+ cv. Here 1 is a combination of solutions at A = 0 without branch cut. We can determine
the latter by analytic continuation of X to the conifold. While the precise combination is

easily obtained, the only constant that matters below is ¢, which turns out to be ¢ = ﬁ
Now we can determine the combination which corresponds to the correct integral choice
of the geometric period II¥) as

% = 2cv 4+ Xx° (5.82)

from the uniquely defined periods (X", v) at 2 = 0 and A = 0. The analytic continuation
of v to z = 0 fits nicely with our expectation from above and fixes most of the numerical
coefficients in (B3) universally. We obtain

ap = Lzl), / 5¢3 (5.83)

24(2mi)% J%,
and
_ 4(3)/ S ) / N A_~/ . .
a; = (27”,)3 s c3 N\ J; Qij = 2(27”.)2 2 co N J; /\Jja Qi = C < Z*(Cl(‘]l)) /\J] Nk,

(5.84)
where as before ¢; = ¢;(T’;,) and ¢1(J;) denotes the first Chern class of the divisor associated
to J; which is mapped to a four-form via the Gysin homomorphism 2, of the embedding map
of this divisor into X,. This is the generalization of ([E39) to the case of Calabi-Yau fourfolds.
To be precise, the coefficients a;;; are not fixed by the sextic example, because it turns out
to be zero in this case, and for the canonical choice of 1Y) [EXZ). This does not mean that
it is absent in general. Rather it implies that it is physically irrelevant for the sextic because
the divisibility of the correctly normalized solution, which is cubic in the logarithms, allows
an integral symplectic choice of the periods in which this term can be set to zero. This might
not be in general the case and other hypersurface in weighted projective space indicate that
¢ = 1. It is similarly possible to use the orbifold monodromy to fix the exact integral choice
of the other periods. The principal form of the terms should again follow from the Frobenius
method.

24The sign is chosen so that the t* term in II® has a positive sign.
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5.4 Basics of Enumerative GGeometry

In this section we describe the relevant enumerative quantities for the A-model, which are
calculated in this work in the B-model using mirror symmetry. We start with a discussion of
the genus zero and genus one closed string Gromov-Witten invariants in section 4] before
we review the open string Gromov-Witten invariants in section Then we apply the def-
initions and structures of sections B.Z1] and to the Calabi-Yau threefold superpotentials
Wiaux and Wipane in section Similarly we proceed with the flux superpotential on four-
folds in section A4l Tt will be this enumerative meaning of the B-model calculations for the
A-model that will provide important cross-checks for the computations of the superpotentials

in chapter B

5.4.1 Closed Gromov-Witten Invariants

First we review the theory of closed Gromov-Witten invariants, i.e. the theory of holomorphic
maps

¢:%g— X (5.85)

from an oriented closed curve ¥, into a Calabi-Yau manifold X, where we do not consider
marked points for simplicity. It can be defined mathematically rigorously in general and
explicitly calculated using localization techniques if X is represented for example by a hy-
persurface in a toric variety. Here g is the genus of the domain curve Y, and we denote
by 5 € H2(X , 7)) the homology class of the image curve. The multi-degrees of the lat-
ter are measured with respect to an ample polarization L of X, ie. 8 = Z?:in d;3; for
deg(p) = fﬁ (L) = Z?:{U d;t; with d; € Z . In string theory and in the context of the mir-
ror symmetry the volume of the curve 3; is complexified by an integral over the antisymmetric
two-form field B. Thus, one defines the complexified closed Kiihler moduli ¢* = [ 5 (B+ici(L)).

For smooth X the virtual (complex) dimension of the moduli space of these maps ¢ is

computed by an index theorem and reads

vir dim My (X, 3) = / c1(X) + (dimX — 3)(1 —g) . (5.86)
B
In particular for Calabi-Yau fourfolds one obtains vir dim ./\/lg(X'4, ) =1—g. Thus in order
to define genus zero Gromov-Witten invariants one requires an incidence relation of the image
curve with k = (dim(X ) — 3) surfaces to reduce the dimension to zero in order to arrive at
a well-defined counting problem. For fourfolds one thus needs one incidence surface and we
denote the dual cycle of the surface by v € H(22) (X'4). Note that for dim X > 4 and ¢ > 2 the
dimension of the moduli space is negative and no holomorphic maps exist. The Calabi-Yau
threefolds are critical in the sense that the dimension of the moduli space for all genera is

zero. Thus, in general invariants associated to the maps are non-zero for all values of g.
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We define a generating function for each genus g Gromov-Witten invariant as follows:

Foy) =Y 5w’ (5.87)

/BEHQ(sz)

They are labeled by g, 8 and for dim X > 4 also by cycles ; dual to the incidence surfaces.
Here ¢” is a shorthand notation for ¢® = Hhi Y g2mitid; We note that this is not just a formal
power serle@ but rather has finite region of convergence for large volumes of the curves f;,
i.e. for Im(#') > 0. This puts a bound on the growth of the Gromov-Witten invariants 3 9(71)-
The contributions of the maps is divided by their automorphism groups and the associated
Gromov-Witten invariants r%(’yl, ...,7k) are in general rational.

Although the discussion of (8f)) indicates that the Gromov-Witten theory on higher
dimensional Calabi-Yau manifolds is less rich than in the threefold case, one has a remarkable
integrality structure associated to the invariants. In particular at genus zero one can define
integer invariants n%('yl, ... ) € Z for arbitrary dim(X) = k + 3 dimensional manifolds as

1,1,n—2 .
Foyp, .. ome) = 1C’ b(% :k Jpagd 4 b?m 2 agﬂ_% + Z n%(wl, o) Lis_k(d?) , (5.88)
£5>0

where Liy(¢) = > 0o, dp and C bgl’l’: 2 are the classical triple intersections. For threefolds
an analogous formula, see (E00) below, was found in [35] and the multicovering was explained
n [256]. Note that b?m _y agﬂ__% are irrelevant for the quantum cohomology, as the latter

is defined by the second derivative of FO(vy1,...,7), cf. (EG9).

Genus one Gromov-Witten invariants exist on Calabi-Yau manifold of all dimensions with
the need of incidence conditions as discussed above. For fourfolds the authors of [97] define
the following integrality condition

Zn g% + 24 Z”ﬁ (c2 X4))10g( 6 - ﬁ Z mg, g, log(1 — qﬁ1+62). (5.89)
B>0 B>0 B1,82
Here the mg, g, are so called meeting invariants, which are likewise integers as the n%() and
the function o is defined by o(d) = >_; ;1.

For Calabi-Yau threefolds there is also the general counting formula for BPS-states that
is obtained by evaluating a one-loop Schwinger computation for M2-branes in the M-theory
lift of Type ITA [257]

Z)\Qg 2Fg—z: Z %% (2sin k)‘)zg 2qkﬁ (5.90)

k=1 >0,g>0

Here g not only corresponds to genus of the curve wrapped by the M2-branes but also to the
left spin of the M2-brane in the five-dimensional theory in a fixed basis of the representation
of the little group for massive particles, SO(4) = SU(2) x SU(2).

ZThis is important for the interpretation of such terms in the effective action. In fact, analyticity allows to
define such terms beyond the large radius limit in terms of period integrals on the mirror geometry.
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5.4.2 Open Gromov-Witten Invariants

Let us come now to the open Gromov-Witten invariants on Calabi-Yau threefolds Zs. They
arise in the open topological A-model on Zs. We consider a Calabi-Yau threefold Z together
with a special Lagrangian submanifold L and consider a map from an oriented open Riemann
surface, i.e. a Riemann surface with boundary,

U Sy — (Z3, L) (5.91)

into the Calabi-Yau threefold Zs;. Here the Riemann surface is mapped with a given winding
number into L such that the A boundary circles B; of ¥, j, are mapped on non-trivial elements
a = (ay,...,ay) € HY(L,Z)®". As in the closed case we do not consider marked points.
For threefolds the moduli space /\/lg7h(23,L,ﬁ, a, ) with the Maslov index p has virtual
dimension zero [258]. If H'(L, Z) is non-trivial, the special Lagrangian has classical geometric
deformation moduli. The open string moduli u are complexifications of the geometric moduli

by the Wilson-Loop integrals of the flat U(1) gauge connection on the brane.

The open BPS-state counting formula analogous to (90) is derived in [98] by counting
degeneracies of open M2-branes ending on an M5-brane wrapping L or of D4-branes wrapping
L in the Type ITA picture. It reads

ho bNL)
F(tu) = Y A2 p(t ) Z Z zo=2h poen ) [Tt Q) U
g,h 9=0,h=1 o}, =0 n=1 i=1

, bi(L)

ST @ o

n=1 R B>0,rcZ/2 i=1

Here o' = (ad,...,at) € HY(L,Z)®" and gy = €?™*. The instanton numbers counting BPS-
particles of the M2-brane ending on the Mb5-branes in the representation R and of spin g
are given by the integers n%7R. The class 3 corresponds to the bulk charge as in the closed
string formula. The holonomies of the gauge field on the D4-brane along non-trivial one-cycles
in Hy(L) are given by trU;, i = 1,...,b1(L), where the trace is taken in the fundamental
representation. The integers af, are the winding numbers of the n-th boundary along the i-th
element of H'(L,Z). The open string moduli u enter the definition of the matrices U;. In

particular the disk amplitude, which gives rise to the superpotential, is given by

Wbrane - F]?:l — Z ngLLiQ(qﬁQm) (593)
ﬁ?m

with Q™ = e2mimiu’, Comparison with (B8E) suggest that the counting problem of specific
disks amplitudes can be mapped to the counting of rational curves in fourfolds since the

integrality structure is the same given by the Lis-double-covering.
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5.4.3 Closed and Open Superpotentials on Calabi-Yau Threefolds

Let us first discuss the flux superpotential Wy, as it occurs in Type IIB and heterotic
compactifications, cf. sections respectively LT3l and its meaning for mirror symmetry.
As noted before it takes in both setups the same form and can be evaluated in terms of the
periods (X, Fr) of the holomorphic three-form 2 as

Wi = N X5 (2) - MEFr(z), X5 = / Q,  Fx- / Q. (5.94)
Ag BK

where (Mg, N¥) = (Mg — 1My, NX — N¥) are complex numbers in an N = 2 Type
IIB theory formed from the flux quantum numbers (Mg, N¥) of F3 and (Mg, N¥) of Hs.
Whereas in the O3/OT-orientifold setup both F3 and Hj3 fluxes contribute to Wy, in the
05/09-orientifold setup of section there are only fluxes F3 due to the orientifold pro-
jection O. Similarly in the heterotic setup of only NS-NS fluxes are present. As before
we have introduced the symplectic basis (A, B) of three-cycles in H3(Z3, 7).

As we have reviewed in section the complete complex structure moduli dependence
of Whux is determined, once the flux is specified, from the periods obeying the Picard-Fuchs
differential system. The use of the Picard-Fuchs system makes it even possible to evaluate
the flux superpotential deep inside the complex structure moduli space, where conventional
supergravity breaks down due to strong curvature effects for example from singularities in
Zs5 like the conifold. Thus, Wayy in general inherits the characteristic properties of special
geometry, in particular the existence of the prepotential. In other words, even in N = 1

effective actions, the flux superpotential enjoys remnants of an underlying N’ = 2 structure.

In the context of mirror symmetry and the enumerative interpretation of the A-model
a few further general observations can be made. Although the concrete form of the flux
superpotential Wy, will highly depend on the point at which it is evaluated on the complex
structure moduli space, we can make statements about its structure at particular points in th
moduli space. One particularly distinguished point is the large complex structure point which
by mirror symmetry corresponds to a large volume compactification of Type ITA string theory.
As we have seen in section the solutions at this point have a characteristic grading by
powers of log(z). Mirror symmetry then maps the logarithmic terms to classical large-volume
contributions on the Type IIA side while the regular terms in the periods (X,F) encode
the closed string world-sheet instantons correctlon@ Inserting the form of the prepotential
(E38) into the flux superpotential [34]) one finds the characteristic structure

Waux = X0 [NO + MO Ko — MZK: + (N M],CU + MK )tl M’ICW ¢k + %MOK:U]C It

+ (M= M) " din§ Lis(¢”) + Oznﬁng . (5.95)
B

26Recall that the mirror map takes the form z° = e2mit! + ..., where t = X?/X° on the IIB side which is
identified with the world-sheet volume complexified with the NS-NS B-field on the Type IIA side.
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This expression directly shows that in addition to a cubic polynomial of classical terms, also
instanton correction terms proportional to Lig(z) = > 7, 2—2 for k£ = 2,3 are induced by
non-vanishing fluxes M, MO°. Thus, we can directly read off the Gromov-Witten invariants
n% of (E90) from the flux superpotential Whyy for particular flux choices. Conversely, given
a few invariants n%, we can determine the flux numbers for any given superpotential Wy, or
compare to superpotentials obtained from different setups, like e.g. Calabi-Yau fourfolds, or
different string theories using string dualities. Indeed, this will be our strategy to explicitly
relate Calabi-Yau fourfold superpotentials to dual Type IIB or heterotic superpotentials in

sections and

Let us now turn to the superpotential for the open string sector that is given, for a curve
Y, by the chain integral

Wbrcme = / Q(é) ) ar(ﬂ) D) EU7 (596)
I'(u)

which we encountered in the Type IIB context in section as a D5-brane superpotential,
in section in the heterotic context as a small instanton/five-brane superpotential and in
F-theory setups in section as a seven-brane superpotential.

Ideally one would like to explicitly compute the functional dependence of Wh,.qne on the
brane deformations u of the curve X, and the complex structure moduli z e.g. by evaluating,
as in the closed string case, a set of open-closed Picard-Fuchs equations. Indeed, one way
to achieve this is to lift the setup to an F-theory compactification on a Calabi-Yau fourfold,
as we will demonstrate in section Another, more direct and mathematically canonical
procedure is discussed in part IIT of this work [60,100]. There a constructive method is used
to directly compute the superpotential Whyane for five-branes on a curve X, on the complex
geometry side by mapping the deformation problem of the curve ¥, in Z3 to the deformation
problem of complex structures on a non-Calabi-Yau threefold Zs, that is canonically obtained
by blowing up Z3 along the curve »,,.

Before performing any calculations we infer some crucial properties of Wy,.qne by applying
mirror symmetry at the large complex structure/large volume point. Recall that under mirror
symmetry, a Type IIB compactification with D5- or D7-branes is mapped to a Type IIA
compactification with D6-branes wrapping special Lagrangian cycles L in the mirror Calabi-
Yau space Zs, cf. section -1l Thus, in order for mirror symmetry with branes to hold [96]
the superpotentials have to agree on both sides. However, on the A-model side the moduli of
L are counted by elements in H'(L,Z) and are generically unobstructed [170]. In contrast,
the deformations of the curve ¥, are in general obstructed, which is a basic fact in classical
geometry [259], and reflected in physics by the non-trivial superpotential Wh,qne [66, 67].
Consequently, the superpotential in the A-model has to be induced entirely by quantum

correctiong?], which are string world-sheet discs ending on L. As was reviewed in detail in

2TIn mathematical terms this equivalence can be formulated as a matching of classical obstruction theory of
¥ on the B-model side with quantum obstructions L in the A-model.
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section B.Z42] this superpotential induced by the open string world-sheets reads

Whrane = Cit'f + Cyjt't! + C2 + 3 nff Lia(¢"Q™) , Q™ = e¥m’ (5.97)
ﬁ7 m
with constants C,C;, C;; and the Gromov-Witten invariants ngL determined by the brane
geometry and Zs, as well as the flux F5 in the seven-brane context.

5.4.4 Flux Superpotentials on Calabi-Yau Fourfolds

In this section we discuss the F-theory flux superpotential and recall how mirror symmetry
for Calabi-Yau fourfolds [79, 93-95] allows to relate it to the enumerative geometry of the
A-model. In this route we demonstrate some general features of the flux superpotential.

Recall, that the F-theory superpotential is induced by four-form flux G4 and given by [14]

We,(2) =Y N®en®bz)nl) = Ny, (5.98)
k

where z collectively denote the h(371)(X4) complex structure deformations of Xy, H((lk) the
periods and the integers N (k) a the flux quanta. Both periods and flux quanta are summamzed
in vectors N, II, where ¥ denotes a h4 X h4 -matrix containing the topological metrlc@ n b
in (BZ4)). Here we further used the expansions into an integral basis ’y(g ) of HY,(X4,7) as

_ k)az(k)a k)a _ _ k)a z/(k) k)a _
Q4_ZH( y 8, 0 _/yoe)Q‘l’ G4_ZN() . NB= ,y(k)G4'
k a k a

(5.99)
We refer to section and in particular (ZH) for more details on the notation.

In F-theory setups the flux Gy is restricted by the two conditions [3H) and 3d). The
latter condition implies that G4 is an element in the primary horizontal subgroup

H®D(x,) = HPY(X,) @ H2Y (X,) . (5.100)

A corollary of this statement is that the Chern classes are in the vertical subspace, so that
half integral flux quantum numbers are not allowed if condition (30 is met. In general,
it is an important open problem to have a description of four-flux G4 on a generic Calabi-
Yau fourfold. Formally, this can be solved by mirror symmetry established via the map
(E63). This implies that one can think of the integral basis 4, in terms of their corresponding
differential operators ng) acting on 4. In particular, this formalism allows us to express the

flux G4 in an integral basis in the form

Gy = Z S N R, e (5.101)

k=0 pr

#Recall that in contrast to H?(Z3, Z) of Calabi-Yau threefolds the fourth cohomology group of X4 does not

carry a symplectic structure which necessitates the introduction of 7]( )
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The representation of the integral basis as differential operators will be particularly useful in
the identification of the heterotic and F-theory superpotential, cf. chapter [l and section

Once the flux G4 is fixed, also in the fourfold case the flux superpotential ([E08) is com-
pletely determined in terms of the periods II. As we have discussed in section the
periods II can in principle be determined from the Picard-Fuchs differential system which
allows for an analytic continuation of W, deep into the complex structure moduli space of
X,4. However, it is the most important task on the B-model side to find the fourfold periods
which are evaluated with respect to an integral basis of H f (X4,7). Moreover, an intrinsic
definition of the integral basis ’y((lk) seems to be technically impossible, due to the absence of a
symplectic basis as in the threefold case, and mirror symmetry and analytic continuation, like
the monodromy analysis at the conifold in section B34 have to be used in order to construct

an integral basis.

In the context of mirror symmetry it is meaningful to comment on the structure of (E0J)
at distinguished points in the complex structure moduli space. Again the large complex
structure/large volume point is of particular importance since an interpretation as classical

volumes and quantum instantons on the A-model side is possible.

For a toric hypersurface X4 the point of maximal unipotent monodromy is the origin
in the Mori cone coordinate system 2z introduced in section B2Z4l as in the threefold case.
Geometrically at the point z = 0 several cycles %(Lk) hierarchically vanish which is encoded in
the grading of the solutions to the Picard-Fuchs system by powers in (log(z*))*, k = 0,4, see
(E53). According to the map (B6H) and the condition (LG0) there is one analytic solution
X0z) = f% Q4 corresponding to the fundamental period, h(*1)(X}) logarithmic periods
X% z) = f% Qy ~ X%2)log(z,), hg’2)(X4) double logarithmic solutions, h(®1)(Xy) triple
logarithms and one quartic logarithms. Noting that t* ~ log(z®) at this point we can use

these flat coordinates to write the leading logarithmic structure of the period vector as

i’ = < / o e / N Q4> ~ XO(1, 7, 1000140, LODatbierd, L, tother?) | (5.102)
Y Y4

Yy

Here we have introduced the constant coefficients Cg,f = 5“’6’2{)(; ’1’2), Co0 — (1) edlcgbcd

abc
that are related to the classical three-point function %12

aby and the intersection numbers

ICgbcd, cf. (E68). These couplings can be calculated in the classical cohomology ring of X,
in the basis ([23) via the integrals (h0) and (E5S). In particular, the grading ({k}) =
(0,1,2,3,4) in powers of t* corresponds to a grading of 7, € H4(X4) which matches the
grading of the dual cohomology group H# (X4, 7) in the fixed complex structure given by the
point z. We note that the periods (BI0Z) contain instanton corrections that we suppressed

for convenience, that are however crucial for the A-model.

For applications of fourfolds for example to F-theory the instanton corrections in particular

help to identify the physical meaning of the periods, like e.g. the interpretation in terms of the
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flux or brane superpotential of the underlying Type IIB theory in the limit ([Z1]). Indeed the
comparison of the enumerative data of the double logarithmic periods F°(y) with the Ooguri-
Vafa double-covering (B97) will allow us in section [E] to identify periods corresponding to
Whrane for specific flux choices Gjy.
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Chapter 6

Constructions and Calculations in
String Dualities

In this chapter we present explicit calculations of the effective superpotentials in F-theory
and in heterotic/F-theory dual setups, where we mainly follow [79] and [81]. First in sec-
tion Bl we explicitly calculate the F-theory flux superpotential for four-dimensional F-theory
compactifications on elliptic Calabi-Yau fourfolds and extract the Type IIB flux and seven-
brane superpotential along the lines of the discussion in section Before delving into
the details of the calculations we first present a general strategy to obtain elliptic Calabi-Yau
fourfolds X4 with a little number of complex structure moduli. This is necessary in order
to work with a technically controllable complex structure moduli space of X4, which we will
mainly study using Picard-Fuchs equations and cross-checks from mirror symmetry. We put
particular emphasis on the toric realization of examples with few moduli and the toric means
to analyze possible fibration structures. Then we start with the construction of a concrete
Calabi-Yau fourfold, that we realize as a toric Calabi-Yau hypersurface. We focus on one main
example and refer to appendix for two further examples. For this example we perform a
detailed analysis of the seven-brane dynamics as encoded by the discriminant of the elliptic
fibration, comment on the Calabi-Yau threefold geometry of its heterotic dual and finally
calculate, using fourfold mirror symmetry, the Type IIB flux and seven-brane superpotential.
This is technically achieved by specifying appropriate four-flux G4, that singles out linear
combination of fourfold periods, that are then identified with the Type IIB Calabi-Yau three-
fold periods upon matching the classical terms and the instanton corrections on the fourfold
with the Calabi-Yau threefold results. The Type IIB seven-brane superpotential is similarly
identified by a matching of the brane disk instanton invariants with the fourfold instanton

invariants.

Then in section we compute the heterotic superpotential for a Calabi-Yau threefold
compactification on Zsz from its F-theory dual setup. Before dealing with concrete examples
we comment on the general matching strategy of the F-theory flux superpotential with the
heterotic superpotential. We emphasize the duality map for heterotic five-branes and their
superpotential to the F-theory side. Then we study in detail two explicit examples of heterotic
string compactifications. Here we essentially take the same threefold geometries that we used

in section in order to obtain Calabi-Yau fourfolds X, with a small number of complex
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structure moduli. This surprising coincidence goes back to the rich fibration structure of Xy
and its mirror Xy, which is, on the one hand, a consequence of the requirement of a little
number of moduli but, on the other hand, also natural for heterotic/F-theory dual setups,
see the schematic diagram (E1]) and [103].

The first example of a heterotic threefold we consider, denoted by Zs, has a small number
of Kéhler moduli, which allows to explicitly calculate intersection numbers and topological
indices as necessary to e.g. concretely construct heterotic bundles E via the methods of section
LT We equip Z3 with an Egx Eg bundle and explicitly construct the F-theory dual geometry
X4, once in the absence and once in the presence of horizontal heterotic five-branes. Indeed
we are able to check the duality map [EG2) between F-theory and heterotic moduli explicitly
for both cases. The corresponding heterotic superpotentials can however not be computed
due to a huge amount of complex structure moduli of Zg and X4. The converse situation
applies in the second example, which is basically a heterotic compactification on the mirror
threefold Zs of Zs. For this example we are not able to explicitly demonstrate the matching
of moduli, but directly study the complex geometry of Z3 and its F-theory dual fourfold Xy .
This allows both to extract the heterotic bundle and five-brane moduli and to calculate the
heterotic flux and five-brane superpotential explicitly. Finally, we specify the corresponding
flux G4 that, together with the knowledge of the periods from section [E1l, determines the

dual heterotic superpotential completely.

Before we start let us for future reference summarize the fibration structures of the Calabi-
Yau three- and fourfolds we consider in the following, both in sections and

MS
Zs3 M’ Zs . (6.1)
- [ ]
Bf B% P!

Here we used the abbreviations M S and Het/F for the action of mirror symmetry respectively
heterotic/F-theory duality. In words, starting from a heterotic string compactification on an
elliptic threefold 7z : Z3 — B% with generic elliptic fiber £ we obtain the F-theory dual
elliptic K 3-fibered fourfold 7y : X4 — Bzz as the fourfold mirror to the Calabi-Yau threefold
fibered fourfold 7 3 : X, — P! with generic fiber Z3, which in turn is the mirror of Zs.

6.1 F-theory, Mirror Symmetry and Superpotentials

In this section we explicitly perform the computation of the F-theory flux superpotential
(E3]). The class of Calabi-Yau fourfolds X4 that we consider here have to have, for technical

reasons, a low number of complex structure moduli. We outline in section a strategy,
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cf. [94,95], to construct such examples of fourfolds X, as in (EJ]) as the mirror dual to
a fourfold X, with a small number of Kihler moduli, that itself is realized as a Calabi-Yau
threefold fibration Z3 over a P!-base. In addition we discuss toric means to identify interesting
fibration structures like an elliptic or K3-fibration, which is of particular importance both for

constructions of F-theory and heterotic/F-theory dual geometries.

Then in section we fix a concrete Calabi-Yau fourfold X, by specifying the threefold
fiber Z3, that is given for the example at hand as an elliptic fibration over P2, This guarantees
a small number of only four complex structure moduli in the mirror X4. We emphasize that
Z3 can be viewed as a compactification of the local geometry Kp2 — P2 which was studied
in [107] in the context of mirror symmetry with D5-branes on the local mirror geometry given
by a Riemann surface Y. We exploit this fact in our analysis of the seven-brane content
of the F-theory compactification on Xy, where the local brane geometry of ¥ can be made
visible as an additional deformation modulus of the discriminant of the elliptic fibration of
X4. Finally in section we determine the solutions of the Picard-Fuchs system for X4
and obtain the linear combination of solutions F°(v), which depends on this distinguished
deformation modulus and which we thus identify as the Type IIB seven-brane superpotential.
In addition, we check this assertion further by mirror symmetry, namely a comparison of the
fourfold instanton invariants of F9(v) with the disk instantonsﬁr in the limit of the local brane
geometry considered in [107]. Analogously we determine the Type IIB flux superpotential by
a matching of the classical terms and the world-sheet instanton corrections from the fourfold
periods. This explicitly demonstrates the split of the F-theory flux superpotential into the
Type IIB flux and brane superpotential as required in ([ZI]) and thus confirms the unified
description of Type IIB open-closed deformations and obstructions in F-theory. We conclude
with an independent check via the heterotic dual on Z3, compare to the diagram in (G1I).

6.1.1 Constructing Elliptic Fourfolds: Strategy

In the following we discuss the construction of elliptically fibered Calabi-Yau fourfolds X, for
which we are able to compute the F-theory flux superpotential (E08) explicitly. As outlined
before our strategy is to find examples of elliptic fourfolds X, that are constructed as toric
hypersurfaces and that admit a small number of complex structure moduli, such that the
Picard-Fuchs equations and the fourfold periods can be explicitly determined. Omne main

aim of the following discussion is to understand the various arrows and fibrations in the the
diagram (@&1I).

The Calabi-Yau fourfolds X, studied in this paper are be obtained, according to (G1I),
as mirror duals to a Calabi-Yau threefold fibration X, over P!. Denoting by Z3 the generic

Tt is already the required matching of the integral structure of closed fourfold invariants in We, and the
open disk instanton invariants in Whyane, which has a Lis-structure, that necessarily identifies the appropriate
linear combination of fourfold periods with a specific prepotential F°(), cf. section 4
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Calabi-Yau threefold fiber we summarize this structure in a schematic diagram of the form

fiber —— total space , Zy— Xy . (6.2)
base P!l

It can now be shown using toric means, see the discussion below or the original literature
[103,260], that the mirror Calabi-Yau fourfold X} is elliptically fibered given that the mirror
Calabi-Yau threefold Z3 is elliptically fibered. Then, upon taking a threefold Z3 with a little
number of complex structure moduli, its mirror Z3 has a small number of Kéihler moduli,
which is inherited by X,. In addition, it is also guaranteed that the mirror fourfold X4 has
a small number of complex structure moduli, as required in order to be able to concretely
work on the complex structure moduli space of X4. Thus the examples we consider have the

following structure,

5—>Z3 s 5—)X4 s (63)
B By

where € denotes again the generic elliptic fiber and B and Bg( are the two- and three-
dimensional base manifolds of the elliptic fibrations, respectively.

In the concrete examples we construct in this section we in addition consider Calabi-Yau
threefolds Z5 which themselves admit an elliptic fibration and are obtained as compactifica-

tions of local Calabi-Yau threefolds K ;7 — B#. For these geometries the requirement of a
2

small number h(11)(Z3) of Kihler moduli can readily be realized by the choice of a trivial
base BQZ like P2 or IF,,, as we choose in the main example of section and in appendix
We also restrict to elliptic fibrations with generic fiber & = P?(1,2,3)[6], which has only
one section o [95] and which is both the generic elliptic ﬁberﬁ of Z3 and X4 in (E3). The
general recipe to describe such an elliptic fibration by appropriate toric data is described in
detail in [95]. We apply this to construct the Calabi-Yau fourfold X, which by construction
has a small number of Kéhler moduli. Then, we invoke toric mirror symmetry, as reviewed
in section Bl to readily obtain the desired elliptic fourfold Xj.

Before we conclude we recall a general theorem of [260] to analyze the fibration structure of
a given Calabi-Yau manifold. This is of particular use if we are interested in quickly checking
a desired fibration structure of a given mirror pair of Calabi-Yau manifolds, like e.g. the pair of
Calabi-Yau fourfolds (X4, X4) just constructed, and in particular in order to understand the
relations in (E]) more thoroughly in concrete examples. The main statement of this theorem
is the observation that it suffices to analyze the reflexive polyhedra polyhedra (Ag( , Aé( ) of
either X, or its mirror X, without explicitly computing the intersection numbers [260]. In

fact, this is essential if the considered Calabi-Yau manifolds have a huge number of Kahler

2We note that the polyhedron of P?(1,2, 3) is self-dual.
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moduli, as in our examples of the Calabi-Yau fourfolds X4, which makes a determination of

the intersection numbers technically challenging.

The basic theorem can now be formulated as follows, where we restrict to the Calabi-Yau
fourfold case for simplicity. Suppose (X'4, X4) are given as hypersurfaces in the toric varieties
constructed from the reflexive pair (Ag, Ag( ) in the pair of dual lattices (M, N). Then, [260]
gives two equivalent conditions for the existence of a Calabi-Yau fibration structure of the
given fourfold X4 once in terms of A2 and another time in terms of its dual Ag( . Assume there
exists a (n—k)-dimensional lattice hyperplane in N through the origin such that A" := HNAZX
is a k-dimensional reflexive polyhedron. Then this is equivalent with the existence of a
projection P to a k-dimensional sublattice of M such that PAg( is a k-dimensional reflexive
polyhedron Akp which is the dual of Ag . If these conditions are satisfied, then the Calabi-Yau
manifold X, which is obtained as a hypersurface of AX has a Calabi-Yau fibration whose
(k — 1)-dimensional fiber F_; is encoded by Af . The crucial point of these two equivalent
criteria is that we can turn things around and analyze X4 by not looking at hyperplanes H in
the complicated polyhedron Ag( , but at projections P in Ag( which is simple by construction.
In both cases the base of the fibration can be found by considering the quotient polyhedron
AZ /AT [211]. Here this quotient polyhedron is obtained by first determining the quotient
lattice in M D Aé( by dividing out the lattice generated by the integral points of AkF . Then
the integral points of Ag( / AkF are the equivalence classes of integral points in Ag( in this
quotient lattice. Schematically the analysis of the fibration structure can be summarized as

Fibration structure (Ag( . X4) — (A, Xy)
X, admits Injection — Projection

CYpo1 — fiber fopo1 | | AL, = AN AX Al = PAX (6.4)
X, admits Projection — Injection

CY_q — fiber Fy_; AF = pAY AP = HnAY

where the arrow ‘=’ indicates the action of mirror symmetry interchanging projection and
injection. Clearly, this analysis can be also used to determine Calabi-Yau fibers f,,_1 of the
mirror X4. In general, it is not the case that mirror symmetry preserves fibration structures.
However, in the constructions which we will analyze in the section T2 we will find that
both X, and X, admit an intriguingly rich fibration structure

We conclude by mentioning two appealing byproducts of the geometric structure of the
discussed Calabi-Yau manifolds. One interesting consequence of the fibration structure indi-
cated in (B)) is the simultaneous use also for heterotic/F-theory duality, where the Calabi-Yau
fourfold X, defines the F-theory setup of a dual heterotic compactification on Zs [103], see
chapter B for more details on heterotic/F-theory duality. Indeed it can be shown explicitly
using the simple rules (G4 that X, also admits a K3-fibration with a heterotic dual on the
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elliptic threefold Z5. We will exploit this briefly in section and come to more systematic
computations in heterotic/F-theory duality in section

Secondly, for X, obtained from an elliptic Calabi-Yau threefold Zs according to 1) it
is possible to take the local limit of (Zg,Zg), which is then also promoted to the fourfold
mirror pahﬁ (X4,X4). We probe the local geometry of Zs, being a conic over a Riemann
surface X as reviewed in section B, by placing a heterotic five-brane on the non-compact
fiber that hits ¥ in one point. Then the F-theory compactification on Xy in this local limit
reproduces, in an appropriate further limit, precisely the setup of the local brane geometry
of [107], where the same geometry and the brane superpotential were studied in the B-model.
Thus, by invoking the results of [107] from local mirror symmetry, this serves as a cross-check
for our computation of the brane superpotential in section and In particular the
compact fourfold X4 will provide a canonical extension of the local results to the compact
Calabi-Yau mirror pair (Z3, Z3). Alternatively, we can directly take the limit of (Z3, Z3) to
the non-compact geometry in a Type II description where similar results can be obtained,
cf. also [119,122].

6.1.2 Constructing Elliptic Fourfolds: Concrete Examples

In the following we exemplify in detail our construction for a main example of an elliptic
fourfold Xy4. It is specified by the choice of the base manifold BQZ of the elliptic fibration of
Zs3 that we here take to be the most simple one, namely BZ = P2. We refer to appendix [C2
for further examples.

We start with the discussion of the non-compact Calabi-Yau threefold Op2(—3) and its
mirror ¥ and discuss in some detail mirror pairs of toric branes. Then we compactify the
non-compact fiber to an elliptic curve € to obtain the compact threefold Zs and its mirror
Zs3, that is elliptically fibered as well. We put strong emphasis on the Weierstrass model of
Zs and check that, in the limit of large elliptic fiber, we recover the local B-model geometry,
a conic over Y. Finally we obtain X4 by fibering Z; over P! and determine the elliptic
mirror fourfold X, as in diagram (@Jl). We study the geometry of X, in great detail and
identify dynamical seven-branes by analyzing the discriminant of the elliptic fibration of Xj.
These can be understood as a lift of the brane in the non-compact geometry 3. This allows
us to single out those complex structure moduli of X4 that map to seven-brane moduli in
Type IIB. Then, we briefly exploit the existence of a heterotic dual compactification on Z3 to
determine, following section EE3.2, the splitting of the Weierstrass constraint of X4 into the
heterotic threefold constraint pg and the bundle data py. This allows an explicit identification
of the complex structure moduli of X4 with complex structure moduli and brane respectively
bundle moduli in the heterotic string. A more thorough discussion of the heterotic dual and

3We note that in our explicit example in this section, also X4 is a Zs-fibration over P!, that makes the
lifting of the local limit to the fourfolds even more obvious.
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the dual heterotic five-brane is given in section B2

A toric Calabi-Yau threefold with D-branes

In the following we discuss the local Calabi-Yau threefold over BZ = P2 ie. O(=3) — P2 in
the presence of toric branes. Then, as a next step, we consider the elliptically fibered Calabi-
Yau threefold in the weighted projective space IP4(1, 1,1,6,9) that contains the non-compact
geometry in the limit of large elliptic fiber.

In [107] the non-compact O(—3) — P? Calabi-Yau threefold with non-compact Harvey-
Lawson branes was considered. The local Calabi-Yau is defined as the toric variety PPz
characterized by the polyhedron

[ Ay [eD]
vp| 0 0 1|-3|Xp
111 x|, (6.5)
vy | -1 0 1 Xy
w8 0 —1 1 X3

where the superscript ® denotes the two-dimensional basis P? and the X; denote homogeneous

coordinates. The D-term constraint (22) for this geometry reads
= 3[Xo? + [X0” + [Xof? + [ X5 =1 (6.6)

where 7 denotes the Kéhler modulus of P? and P & can be viewed as a (S D)3_fibration over a
three-dimensional base Bs. The degeneration loci of the fiber, | X;| = 0, are shown in figure

BT The brane is defined torically by the brane charge vectors

M =(1,0,-1,0), I/ =(1,0,0,-1) . (6.7)
This leads to the two constraints

[Xol? = [Xa? =", |1 Xo]? = [ Xs? = ¢, (6.8)

where the ¢ denote the open string moduli. The brane geometry is C x S' and can be
described by a one dimensional half line in the three real dimensional toric base geometry
Bs ending on a line where two of the three C*-fibers degenerate. The A-brane has two
inequivalent brane phases I and II as indicated in Figure

Mirror symmetry for this geometry was analyzed in [107] where the disk instantons of
the A-model were calculated exploiting the fact that the mirror geometry of O(—3) — P2
effectively reduces to the Riemann surface ¥ defined by P(z1,2z2) = 0 in (EIH). The D6-brane

“Note that our phase II is precisely phase IIT of [107]. The phase IT of [107] has been omitted since it is
equivalent to phase I by symmetry of P2.
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Figure 6.1: Toric base Bs and Harvey-Lawson Lagrangians for non-compact P2

is mapped under mirror symmetry to a D5-brane which intersects 3 in a point. It will be
this D5-brane picture which can be reformulated as a seven-brane with flux and embedded
into an F-theory compactification below.

The compact elliptic Calabi-Yau threefold

This local Calabi-Yau threefold can easily be embedded into a compact Calabi-Yau threefold
Zs. The compactification can be understood as a replacement of the non-compact C-fiber in
O(—3) — P2, that is dual to the divisor associated to vy in Ag, by an elliptic fiber. Here
we choose the generic fiber to be the elliptic curve in P?(1,2,3) which we fiber over the P2-
base the same way as the non-compact C-fiber before. Thus, the polyhedron of this compact
threefold Zs, its charge vectors, the homogeneous coordinates #; as well as the corresponding

monomials for the mirror geometry Zs, cf. (GI1), are given b

AZ (D @)
v | O 0 0 0 0 —6 |2y | zxyuiusus
vp | 0 0 2 3 |-3 1 |7 25uSulu§
L1 1 2 3|1 0 |&| 2%uld (6.9)
Wbl -1 0 2 3|1 0 |&3| 20uld '
w8l 0 -1 2 3| 1 0 |&g| 258
vl 0 0 -1 0|0 2 |75 3
vs| 0O 0 0 —1] 0 3 |z y?

Here the points vy, v9, vg carry the information of the elliptic fiber where we added the inner
point v1 in order to recover P?(1,2,3), in particular its homogeneous coordinate #; with

®Besides the chosen (2, 3), which leads to an elliptic fibration with one section, the values (1,2) and (1, 1) are
also admissible in the sense that these choices lead to reflexive polyhedra. The corresponding elliptic fibration
has two and three sections, respectively [95].
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weight one under the new C*-action ¢(2). Furthermore, applying the insights of ©E3), the
elliptic fibration structure of Zs is obvious from the fact, that the polyhedron of P%(1,2,3)
occurs in the hyperplane H = {(0,0,a,b)}, but also as a projection P on the (3-4)-plane is

found that indicates an elliptic fibration of the mirror Z3, too.

The polyhedron ([E3) describes the degree 18 hypersurface in the weighted projective space
P4(1,1,1,6,9) considered in [261] that is blown up along the singular curve Zo = 3 = 4 = 0
with exceptional divisor v1. Its Euler number is x = —540 whereas h(tD) = 2, p(21) = 272,
Denoting the toric divisors z; = 0 by D;, the two Kéahler classes J; = Dy and Jy = 3Do + Dy
correspond to the Mori vectors /() and ¢ in ({E3). They represent a curve in the hyperplane
class of the IP? base and a curve in the elliptic fiber, respectively. The triple intersections of
the (eiﬁal divisors and the intersections with the second Chern class are respectively computed
to b

Co = 9J3+3J3Jy + JoJ} (6.10)
Co = 102J5+4 36, .

In this notation the coefficients of the top intersection ring Cy are the cubic intersection
numbers J; N J; N Jg, while the coefficients of Cy are [CQ(TZS)] N J;.

Mirror symmetry for this example has been studied in [233,261]. In order to construct
the mirror pair (Z3, Z3) as well as their constraints (&8), (54) we need the dual polyhedron

Af
vy 0 0 1 1]z
=12 6 1 1 |
vil 6 —12 1 1 |ugl, (6.11)
vy | 6 6 1 1 |us
vw| 0 0 -2 1
v3| 0 0 1 ~—1

where again the basis was indicated by a superscript ?. Again we added the inner point v;
to recover the polyhedron of P2(1,2,3) as the injection with H = {0,0, a, b}, thus confirming
the elliptic fibration of the mirror Z3. Here we distinguish between the two-dimensional basis
BQZ = P2 and the elliptic fiber by denoting the homogeneous coordinates of P?(1,2,3) by
(z,2,y) and of B by (u1,us,u3). The elliptic fibration structure reflects in particular in the
constraint of Z3 which takes a Weierstrass for

po = agy® + azz® + apzryuiusus + 28 (azul® + aqud® 4+ apubuSud + apuld) =0.  (6.12)

The generic elliptic fiber can be seen by setting the coordinates u of the basis Bf to some
reference point, such that py takes the form of a degree six hypersurface in P?(1,2,3). The
base itself is obtained as the section z = 0 of the elliptic fibration over B2Z .

5In performing these toric computations we have used the Maple package Schubert.
"In order to prepare for a heterotic/F-theory duality analysis, we renamed the constraint P in (&) to po.
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The complex structure dependence of Z3 is evident from the dependence of py on the
parameters a which are coordinates on PS. However, they redundantly parameterize the
complex structure of Z3 due to the symmetries of P4(1,1,1,6,9). Indeed there is a (C*)5/(C*)?
rescaling symmetry of the coordinates that enables us to eliminate four of the a recovering the
two complex structure parameters that match A1V (Z3) = h(21(Z3) = 2. The appropriate
coordinates z obeying z = 0 at the large complex structure/large volume point are completely
determined by the phase of the A-model, i.e. the choice of charge vectors £() of Af . They
are given in general by (B230)) which we readily apply for the situation at hand to obtai

2.3
asa3a a1asa
g= 2ot gy =0 (6.13)
a7y a
Thus, we can use the (C*)* action and the overall scaling to set a; = 1,7 = 2,...,6 for five
parameters to obtain
po = y* 4+ 23 + zzymy (u) + 2%mg(u) , (6.14)
where we have abbreviated
mi(u) = 2, 02 s | me(w) = ul® +ul® +ul® + 27 Pufulul . (6.15)

Alternatively, this result can be obtained more directly by the mirror construction (BI4]).

In this case one needs the following assignment of coordinates y; to points of Af and mono-

mials
Yo | Yo | Go 2XYUIU2UZ
Y1 | U1 al zGu?ugug
Y2 Ui’ as ZGU%)S
ys | 05 az 2%uf® . (6.16)
Y4 Ug aq ZGU%S
Ys | V2 as z®
Yo | U3 ag y*

This defines the etalé-map that solves the constraints of ([EId]) automatically when (EI3)
holds. By setting ag = zg_l/Gzl_l/lS, a; = z1—1/3 and a; = 1,7 =2,...,6, we solve (EI3) and

P =3, y; immediately reproduces py in (EId).

Next we show that (EId) indeed gives back the local geometry which is a conic over a
genus one Riemann surface ¥ [107]. The local limit in the A-model geometry is given as a
double scaling limit in which the elliptic fiber decompactifies. This corresponds to zo — 0 in
the B-model geometry. Indeed we parameterize zo by € = 29 such that the local limit is given
by € — 0. At the end we should obtain an affine equation, thus, using the two C*-action we
set the coordinates z and ug to one. By redefining the coordinates « and y as follows [262]

y— e Py+ k2 oz e By k2P, (6.17)

8Compared to the general definition (B34l we changed a superscript to a subscript for convenience.
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the hypersurface equation pg = 0 becomes
_lo e g0 _
Po = 61904']‘314‘/74524‘7716—0 (6.18)

where we set z = 1 and uz = 1. Now we split this equation as

po=¢ , Kk 4+ki+mg=—1. (6.19)
If we now take the € — 0 limit we obtain, after appropriately redefining the k;, the equation

for the local geometry of the form

3
uv:H(x,y):x—i—l—(bx——i—y. (6.20)
Y

We observe that the Riemann surface defined by H(z,y) = 0 is isomorphic to the surface
mg = 0 up to isogeny, i.e. the homology lattice differs only by integral multiples.

As discussed in section considering heterotic string theory on the elliptically fibered
Calabi-Yau threefold Z3 is expected to be dual to F-theory on X4 if the fourfold admits a
K3 fibration. This is automatic in the construction in (E2) by fibering the mirror Z3 over
P! [103]. We have shown that Z3 is indeed an elliptic fibration, and will confirm in the next
section that X, is a K3 fibration. However, it is crucial to point out that there will be a
large heterotic non-perturbative gauge group from the blown-up singularities of the elliptic
fibration of Z3. Indeed by calculation of the discriminant of (EI4]) one notes that the elliptic
fibration not only degenerates over the curves mg = 0 and 432mg +m$ = 0 in the base of
Zs3, but also over many curves described by the additional coordinates corresponding to the
inner points in A7. Let us point out that we will similarly find a large gauge group in the
F-theory compactification on X,. However, the identification of the moduli of the heterotic
gauge bundle ¥ with the complex structure moduli of X4 can still be performed by focusing
on the heterotic perturbative gauge symmetry. This is technically achieved by extracting the
spectral cover constraint p, of [Z]) in the splitting 24 of the constraint P of the fourfold
X4, as demonstrated in section

Before continuing with the construction of the Calabi-Yau fourfold, let us close with
another comment on the use of the vectors /() and ¢ given in ). On the compact
threefold they translate to

/M =(0,1,0,-1,0,0,0) ,  ¢® =(0,1,0,0,—1,0,0) , (6.21)

due to the new origin in the polyhedron ([EX). In fact, applying (BI0) and using (EIG), they
define the divisors

-1/3.6,6 6 _ 5 18 ~1/3 6,6, 6 _ 5 18
2 /u1u2u3:z1u1 , 2 /u1u2u3:22u2 , (6.22)

in the compact Z3. Here we introduced the moduli Z, corresponding to the charge vector i@,
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Note that in our F-theory compactification of the next section we will find seven-branes,
that are localized on components of the discriminant of the elliptic fibration, which pos-
sess additional moduli. These additional fields correspond precisely to either Z; or Z and
parametrize deformations of the seven-brane constraint by the terms in ([22). Hence, Z; can
be interpreted as deformations of the seven-brane divisors in Xy, or as spectral cover moduli
in the heterotic dual theory as we will see in section Upon turning on a brane-flux
F, on these divisors, the moduli Z can get obstructed by the brane superpotential (EZ0).
Upon lifting the brane flux F» to a G4-flux on Xy, see e.g. [29], this is mapped to the flux
superpotential (E08) on X4 matching the brane superpotential in the limit ZT]).

The elliptically fibered Calabi-Yau fourfold

Having discussed the threefold geometry (Z3, Zg), we are now in the position to construct
and analyze the elliptically fibered Calabi-Yau fourfold X, which is used as an F-theory

compactification.

We start by constructing the mirror X, first. According to [E2) it is obtained by fibering
the Calabi-Yau threefold Zs over a P'. The fibration data can be specified in such a way
that one of the D-brane vectors £() of the local model (63) appears as a new charge vector
of the polyhedron defining X;. As we demonstrate later on, this new charge vector dictates
the location of the moving seven-brane, while a second additional vector not used in the
construction of the fourfold controls the volume of the Pl-basis of the dual fourfold X, in
{E3). The flux superpotential and the corresponding four-flux are determined in section T3
In the following we exemplify our constructions in detail and list all toric and geometrical
data necessary to reproduce our results.

The Calabi-Yau fourfolds (X4, X4) are realized as hypersurfaces in a toric ambient space
described by a dual pair of reflexive polyhedra (AX,AZX). The reflexive polyhedron A

describes a fibration of the toric variety constructed from Af over P! and is specified as

A o

aX_| 1023 (6.29)
002 3|-1
002 3|1

By construction, one finds A42 by intersecting the hyperplane H = (p1, P2, P3, P4, 0) with Ag( .
Following (E4)) this indeed identifies X, as a Zs-fibration, and by performing the quotient
A?/Ag the base is readily shown to be the toric variety ((—1),(1)), i.e. a rational curve
P!. The additional points which do not lic on H determine the fibration structure of the Zs-
fibration. Firstly, they are chosen such that the mirror Xy is elliptically ﬁberedﬁ which means,
that using the projection to the third and fourth coordinate one finds the polyhedron of a

9The fact that X4 is also elliptically fibered in the example at hand is not crucial in the construction,
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torus in P2(1,2,3) just as in the threefold case in [EX). Secondly, they can be arranged such
that one charge vector of the Calabi-Yau fourfold is of the form (f(l), —,—,—), i.e. contains
the brane charge vector /M. As we see below this will imply a lift of the toric brane of (G.22)
to F-theory on the mirror fourfold Xj.

Before proceeding with the concrete example let us note an alternative perspective on the
construction of Ag( . In fact, Ag( can be understood more thoroughly from the perspective of
the GKZ-system obtained using the blow-up procedure [60,100] presented in chapter [ In
this context the connection of the fourfold geometry Ag( with the brane charge vectors can
be understood as a consequence of heterotic/F-theory duality [81]. We note that adding this
vector to form a higher-dimensional non-reflexive polyhedron was first proposed in [108,119,
263] in the context of the B-model and then extended to the compact case in [99,126], where
a connection with heterotic/F-theory duality was exploited.

We begin by choosing the open string vector M to construct@ the P!-fibration in (E23).
The Calabi-Yau fourfold X, is then realized as a hypersurface in the toric space described by
the polyhedron Ag( . Its topological numbers are computed to be

3D =2796 , R =4, pZD =0, A®? =11244, = 16848. (6.24)
Here we first used (), (E9) as well as (EI1l) and next applied (I0), (E12).

Next, we note that Ag( has three triangulations, which correspond to non-singular Calabi-
Yau phases which are connected by flop transitions. In the following we consider two of these
phases in detail. These phases match, as we will show explicitly, the two brane phases in
figure in the local Calabi-Yau threefold geometry.

To summarize the topological data of the Calabi—Yau fourfold for the two phases of interest,
we specify the generators of the Mori cone K(Il) and K(IZI) fori=1,...4,

A G S il W T T A 7
w|{0O 0 0O o0 O|0 -6 0 0|0 -6 0 0
wlo o 2 3 0|-2 1 -1 —-1]-3 0 1 =2
v 1 1 2 3 o1 0O O O|1 0 0 0
vy|-1 0 2 3 o0 0O 1 1|1 1 -1 0
w40 -1 2 3 o1 0O O O|1 0 0 0 (6.25)
nw|0 0 -1 0 OO0 2 0 0|0 2 0 0
w|{0 0 0O -1 0|0 3 0 OO0 3 0 0
n|-1 0 2 3 —-1|1 0 -1 1|0 -1 1 0
|0 0 2 3 —-1|-1 0 1 0|0 1 -1 1
%[0 0 2 3 1,0 0 0O 1|0 0 0 1

The charge vectors are best identified in the phase II. Here Egll) and 421) are the extensions of

the threefold charge vectors £, ¢(2) in @3) to the fourfold. The brane vector (M) is visible

cf. (@J). In particular, the construction also applies e.g. for the quintic hypersurface fibered over P!, since the
mirror quintic admits an elliptic fibration with generic elliptic fiber being a torus in P2.
OWe could have used also é(Q), reproducing the same local D5-brane limit.
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in phases II as a subvector of Eg). The remaining vector 6(;? arises since we had to complete

the polyhedron such that it becomes reflexive implying that X, is a Calabi-Yau manifold.
It is the class of the P! in the base of the Calabi-Yau threefold fibration of X4. Phase I is
3)

related to phase II by a flop transition of the curve associated to ¢;”. Hence, in phase I the

3)

brane vector is identified with —/¢;”. Furthermore, in the flop transition we identify
A R A N A s A (P

Note that the charge vectors Egi) and 421) are chosen to be generators of the Mori cone of Xy,
that is dual to Kéahler cone. The generators of the latter for phase I are then given by

Ji=Dy, Jo=D{+4+2Dy+ D3+2Dg, J3=Ds+ Dg, Jy= Dy, (627)

where D; := {z; = 0} are the nine toric divisors associated to the points Ag( which differ
from the origin. In phase II we find analogously

J =Dy, Jo=D1+2Ds+ D3+2Dg, J3=D1+3Ds+2Dg, Jy=Dyg. (628)

The generators J; provide a distinguished integral basis of H (171)(5(4) since in the expansion
of the Kahler form J in terms of the J; all coefficients are positive and parameterize physical
volumes of cycles in X,. The J; are also canonically used as a basis in which one determines the
topological data of X,. The complete set of topological data of X, including the intersection

ring as well as the non-trivial Chern classes are summarized in appendix

The polyhedron Ag( has only few Kéahler classes which makes it possible to identify part
of the fibration structures directly from the intersection numbers. However, an analogous
analysis is not possible for the mirror manifold X, since the dual polyhedron Ag( has 2796
Kahler classes. Therefore, we apply the methods reviewed in section BTl for analyzing both
X, and X4. As already mentioned above, Ag( intersected with the two hyperplanes

Hl = (O’Oap3ap4’0) 3 H2 = (plap2’p3’p4’0) (629)

yields two reflexive polyhedra corresponding to a generic elliptic fiber and the generic three-
dimensional Calabi-Yau fiber Zs. The fibration structure of the mirror Xy is studied by
identifying appropriate projections to A’% C Ag(. Three relevant projections P; are

Pi(p) = (p3,p4) Py(p) = (p1,p2,p3,p4) » P3(p) = (p3,p4,D5) , (6.30)

where p = (p1,...,ps) denote the columns in the polyhedron Ag( . Invoking the theorem of
section BTl we see from P; that X4 is also elliptically fibered and since the polyhedron of
P2(1,2,3) is self-dual, the fibration is of P2(1,2, 3)-type. In addition, it is clear from P that
X, is Calabi-Yau threefold fibered. The fiber threefold is Zs, the mirror to Z3. The fact, that
the threefold fibers of X4 and X4 are mirror manifolds is special to this example since the
subpolyhedra obtained by Hs and P, are identical. Finally, we note that X4 is K3 fibered
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as inferred from the projection P3. This ensures the existence of a heterotic dual theory by
fiberwise applying the duality of F-theory on K3 to heterotic strings on T2, as reviewed in
section

The hypersurface constraint for X4 depends on four complex structure moduli z. This
dependence is already captured by only introducing 12 out of the many coordinates needed
to specify a non-singular X4. This subset of points in Ag( is given by

vy 0 0 1 1 0]z
vy | —12 6 1 1 0w
v3 6 —12 1 1 0] u
V4 6 6 1 1 0 us
vs 0 0 -2 1 0
0 0 1 -1 0]y
AXS | 6.31
° vb | —12 6 1 1 —6|x (6:31)
vy | —12 6 1 1 6|
v} 6 —12 1 1 —6 |3
vl 6 6 1 1 —6|x4
vg 0 -6 1 1 6]axs
vg 0 6 1 1 6|z

where we have omitted the origin. Note that we have listed in ([E31]) the vertices of AZ and
added the inner points vy and vy to list all points necessary to identify the polyhedron AZ
with vertices ([EI]) in the hyperplane orthogonal to (0,0,0,0,1). Thus we directly observe
the Calabi-Yau fibration with generic fiber Z3. The base of this fibration is given by the points
labeled by a superscript *. Note that v; is also needed to display the elliptic fibration. The
base of the elliptic fibration is obtained by performing the quotient Ab»¢ = AX/ (PlAg( )
which amounts to simply dropping the third and fourth entry in the points of A? .

In addition, one can also see the elliptic fibration directly on the defining polynomial P
of X4 which can be written in a Weierstrass form. Indeed if we apply (&) for the points
displayed in (E31) of AX and all points p of Ag( that are not on codimension one faces we
obtain a hypersurface of the for

P = agy® + asz® 4+ my (z, w)zyz + me(z,u)2° = 0. (6.32)

Here x,u are the homogeneous coordinates on the base of the elliptic fibration, while z, ¥,
and z are the homogeneous coordinates of the P2(1,2, 3)-fiber. The polynomials 7y and 7

are given by

mi(z,u) = aouiuaU3TToTsTiT5T6 (6.33)
me(z,u) = ul® (ara?tei?aSed + azei®2i®a828) + aqul® 21821 + agud® x¥2l?
1212 12 12 1212
—|—u(fugug (alx(fxgxgxgxgmg + agry ws wg” + agriCrsxg”) (6.34)

"The polynomial P can be easily brought to the standard Weierstrass form by completing the square and

Coa 1~ ~ 1,~2 2
the cube, ie. y =y + gmizz and & = o — ;Mmi2".

147



148 CHAPTER 6. CONSTRUCTIONS AND CALCULATIONS IN STRING DUALITIES

where the coefficients a encode the complex structure deformations of X4. However, since
3D (X,) = KD (Xy) = 4 there are only four complex structure parameters rendering six
of the a redundant. It is also straightforward to recover from my, mg of the fourfold X, the
corresponding threefold data mi, mg in (EI4]) and ([EIH), upon fixing the coordinates of the
P!-base of the Zs-fibration as z = 1.

For the different phases we identify the complex structure moduli in the hypersurface
constraint P by using the charge vectors () in (EZH) and by applying the general formula
(B34). For phase I one finds

2.3
asaqar ajaxag aszas a7ag
I 1 I I

Zl = 3 N Z2 = 6 N 23 = ), Z4 = s (635)

ajas Qg ajay ajas

while for the phase IT one finds in accord with (E20]) that
11 I 1 11 I_1 1T 1\—1 1T I_1

21 = 2123, Zg =223, 23 =(23) , Zi = 2423 . (6.36)

In order to prepare for a comparison with the constraint py in (EI4)) of the threefold Z3 we
chose the gauge a; = 1,7 =2,...,6 and ag = 1, such that

1 1 1y, 1\1/3 ZZILI
e — | = ———— a7 = za (2 ag = .
@ T Es e T RET e

al = (6.37)
It is straightforward to find the similar expression for phase I by inserting (E36) into this

expression for ag, a1 and a7, ag.

Having determined the defining equation P for the Calabi-Yau fourfold we readily evaluate
the discriminant A(X4) of the elliptic fibration. Using ([@32) for a Calabi-Yau fourfold with
constraint in the Weierstrass form [30) we find

A(Xy) = —ing(432img + m8) . (6.38)

We conclude that there are seven-branes on the divisors g = 0 and 43216 + m$ = 0 in the
base Bg( . The key observation is that in addition to a moduli independent part mg the full

mg is shifted as

e = MY + ay (uuousm Toxszaxsee)® + aruitriied?a8al + agubuSulei?2l?zi? . (6.39)
The moduli dependent part is best interpreted in the phase II with ai,a7 and ag given in
@E3D). In fact, when setting the fourth modulus to zj' = 0, one notes that the deformation
of the seven-brane locus mg = 0 is precisely parameterized by z5'. By setting z; = 1 one
fixes a point in the base of Xy viewed as fibration with generic fiber Z3. One is then in the
position to compare the shift in [E39) with the first constraint in (f22) finding agreement if

; ; 5. — LI, I1\1/3
one identifies 2; = z4'(21")"/3.

In the next section we will exploit this further by showing that the open string BPS
numbers of the local model with D5-branes of (G.H) are recovered in the z4'-direction. The shift
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of the naive open modulus 2; by the closed complex structure modulus z{' fits then nicely with
a similar redefinition made for the local models in [107]. This leaves us with the interpretation
that indeed 23 deforms the seven-brane locus and matches an open string modulus in the
local picture. As we will show in the next section, a zj§-dependent superpotential is induced
upon switching on fluxes on the seven-brane or equivalently by specifying four-flux G4. The
superpotential can be computed explicitly and is matched with the results for a D5-brane in
the local Calabi-Yau.

A second interpretation of the shifts in the discriminant (E3d) by the monomials propor-
tional to 23, zj' is given by the heterotic dual theory on Z3 and the encoding of the spectral
cover data of the heterotic bundle E by the fourfold constraint of X, as discussed in section
To see this, we bring P into the form (EE54]) by an appropriate coordinate redefinition.
Setting v = x?x%xﬁx?, U] = UIT1x2, U2 = Ux3, U3 = uzr4, and picking the local patch
x5 = x¢ = 1 one rewrites (B32) as

P=po+uvpy+v 'p, (6.40)

where pg(y, z, z, U1, U2, a3) = 0 is the threefold constraint (EI2) of Z3, and

Py = (a7i;® + as@fu5as)2" . p_ = agifu§ugz®, (6.41)
describe the two heterotic bundles E; ® F5 in Eg x Eg. Hence, in the local mirror limit in which
p— — 0 [103], it is natural to interpret the modulus 24 as a bundle modulus of an E; = SU(1)
in the heterotic dual theory. One might be surprised that an SU(1)-bundle carries any bundle
moduli due to the trivial structure group. Indeed the adequate physical interpretation of this
configuration is in terms of heterotic five-branes, cf. section EET4 and [103], as discussed in
detail in section and in [81].

Finally, as a side remark, let us note again that [E38) with (E33) and (E34) is not the
full answer for the discriminant since we have set many of the blow-up coordinates in X4 to
unity. However, one can use the toric methods of [101,210,211] to determine the full minimal

gauge group in the absence of fluxes to be
Gx, = E?® x FY x G} x SU(2)* . (6.42)

Groups of such large rank are typical for elliptically fibered Calabi-Yau geometries with many

Kéhler moduli corresponding to blow-ups of singular fibers [211].
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6.1.3 Mirror Symmetry Applications to F-Theory

In this section we calculate the flux and brane superpotentials ([Z40) of the Type IIB theory
from the perspective of F-theory on the fourfold X, with fluxes G4 in the limit ([@ZI). We
perform this analysis by applying the methods of section to the example discussed in
section We use the following strategy.

First we identify the periods of the threefold fiber Z3 of X4 among the fourfold periods.
This implies a matching of all instanton numbers as well as the classical intersections of the
mirror Z5. Then we explicitly identify fourfold periods that reproduce the physics of branes
on the local geometry of Z3 discussed in section B2 namely all disk instantons calculated in
[107]. This is equivalent to the statement that we calculate the flux superpotential (B95) and
the seven-brane superpotential ([07) for a specific brane flux from the fourfold perspective
of F-theory. For the mirror fourfold X, the closed BPS-states are encoded in F°(v) so that
this matching implies, in mathematical terms, a map of the integral structure of F°(v) to
the integral structure in (207) encoded by the Ooguri-Vafa invariants. Thus, we explicitly
show that there is an element 4 € ng)(Zg) such that the complete enumerative geometry
of the threefold mirror pair (23, Z3) with and without branes is reproduced. We already note
that the results presented below are of further importance since they provide a concrete check
of heterotic/F-theory duality along the lines of section as the Calabi-Yau threefold Z3
can also be promoted to the background geometry a heterotic string compactification. The
details of this analysis are found in section

Let us now perform the concrete calculations. The Calabi-Yau fourfold X, introduced in
(E3T) has four complex moduli. We find that the moduli dependence of its periods is deter-
mined by a complete set of six Picard-Fuchs operators which are linear differential operators
Dy, o =1,...,6 of order (3,2,2,2,3,2). These are obtained from the GKZ-system (B34) as-
sociated to the charge vectors E(Il) , E(IZ) , 6(13) , 44) , E(Il) —|—€§3), 6(13) +€(I4), by the methods described
in [233]. We use logarithmic derivatives 6, = za% in the canonical complex variables (.30])

and present only the leading piece of the differential equations ng = lim,, .0 Da(04, za),

a=1,...,4. For the case at hand we obtain
D™ = 03(05 — 01 — 0a), Dy™ = 6(62 — 201 — 03 — 0a),
Dim = (01— 005 —0), DI = 0u(61— 05+ 0u), (6.43)
D}t}im _ 9%(94 _ 93), D161m = 94(91 — 93) .

For the complete Picard-Fuchs system as well as the cohomology basis we extract from it by
calculating the ring R in (&G1l) we refer to appendix [C}

The calculation of R is readily performed yielding (1,4,6,4,1) generators of the ring R
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at grade (0,1,2,3,4), which are

RY 01, 02, 03, 0Oy,

REY | 02, (61 4605)05, (61 +03)05, (01 +205)05, (63 +04)0, (6s + 03)05

(6.44)
R (03 + 04) (0% + 0105 + 03) , 03 (02 + 30205 + 503 + 0 (62 + 03)) ,
02 (91 (92 + 94) + 0, (93 + 392) + 605 (93 + 692)) , Oy (9% + 2601605 + 49%)

R 04(02602 + 36103 + 903 + 010505 + 30203 + 6262)
+05 (4603 + 150305 + 40203 + 03 + 07 (202 + 03) + 01 (1163 + 460205 + 63)) .

These elements can be associated to solutions of the Picard-Fuchs equations and to a choice
of basis elements of the Chow ring as explained in section At grade k = 2 the leading
solutions L) @ of the full Picard-Fuchs system [C3), that obey the normalization ng)L(k) B =
85 of (BDH), are then given by

L@ =1 LO2=1l(+13), LB% =131 +13),
L4 = %ZQ (Bli —2(ls+ 14— 12)) L5 = %ZQ (=201 +la + 61y — I3) ,

L@ = L1y (<20 + 1y + 6l3 — Iy) (6.45)

where we used the abbreviation log(zx) = I and omitted the prefactor Xy. In comparison
to the complete solutions I ® of the Picard-Fuchs equations we focused on the leading
terms only and omitted terms of order O(l). The full solutions with the leading logarithms
EZ3) directly occur in the periods expansion of the holomorphic four-form 4. Since we are
calculating the holomorphic potentials F9(v) of (E6d) and the corresponding BPS-invariants
we have to change the basis of solutions such that to any operator R((XQ) in (B4 we associate

a solution with leading logarithm determined by the classical intersection Csbg’l’Q) of the
A-model defined in (B50) as
L@ = X000 laly - (6.46)

As we have already proven in (GH) these solutions are related to the leading logarithms
L@ a9 Lg) =L®#8 77&2[3 Thus, we readily obtain the leading terms Lg) from the classical
intersection data ([EZ4) in R™.

As in the discussion below (EBH) the choice of periods II? @ with leading terms L)«
corresponds to a particular choice of a basis ’y((f) of H‘(,2 2) (X4). In fact, by construction one

identifies the flux basis at grade two as

A2 = REIQy).—o - (6.47)

o

However, this choice of basis for H. ‘(/2 2) (X4) is not necessarily a basis of integral cohomology.

An integral basis can, however, be determined by an appropriate basis change. We next
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identify some basis elements of the integral cohomology of Xy4. First we note that the Kéhler
generator Jy is identified as the class of the Calabi-Yau threefold fiber Zs, where we refer to
appendix [CJl for more details on this identification from the intersection numbers. Moreover,

we identify the fourfold Kéhler generators J; with the threefold generators Jk(Zg) as
J1+J3 — Jl(Zg), J2 — JQ(Zg) N (648)

by comparing the coefficient of J4 in the intersection form CO(X4), given in ([C2) in appendix
[C, with the threefold intersections Co(Z3) in ([BI0). A subset of the basis elements of the
fourfold integral basis are now naturally induced from the threefold integral basis. In order
do so we identify the threefold periods 3@'Fz37 with derivatives in the directions Jl(Zg) and
JQ(Zg), with an appropriate linear combination of the fourfold periods II(®) [94]. In other

. (2
words we determine a new basis ’yi( )

such that one fourfold prepotential equals 0; F R

0iFz, = FO(3) zim0 = 1|0 - (6.49)

7
In this matching both the classical part of the periods as well as the threefold BPS-invariants
N, d, and the fourfold BPS-invariants ng, 4, 4,,0(7) have to match in the limit of large Pl-base.

The match (EZ9) is most easily performed by first comparing the classical parts of the
periods. In fact, using the classical intersections of Zs in (EI0) one deduces that the leading
parts of the threefold periods are

L1(Z3) = 3 Xola (20 +3l)  La(Zs) = 1 X0 (I + 312)°, (6.50)

where [; = log %; correspond to the two threefold directions Ji(Z3) in (6AX). Using (E2R)
and (E49) one then finds the appropriately normalized leading fourfold periods as

LY = LXoly (20 + 31y + 215)  LE = 10 (1) + 31y + 13)2 . (6.51)

A direct computation also shows that the threefold BPS invariants d;ng, 4, and fourfold BPS
invariants ng, 4, 4, 0(9) match in the large P-base limit, such that ([EZJ) is established on
the classical as well as quantum level. This match then fixes corresponding integral basis

elements of H‘(,Q’z) (X4) as follows.

First we determine those two ring elements 7@&2), a = 2,5, such that we obtain (EX]l) from

the new three-point couplings using ([G46) . Then we complete them into a new basis of ring

)

elements 7%&2 by choosing

RP =07, RY =10,(01+063), RY = 165(61+065),
REY =10, (301 — 2(03 + 04— 02)) . R = 105 (=201 + 03 + 6605 — 03) ,
RE) = 105 (—201 + 02 + 605 — 64) . (6.52)

Consequently, these operators fix the two integral basis elements
W =RP Um0, A = RPQul (6.53)

152



6.1. F-THEORY, MIRROR SYMMETRY AND SUPERPOTENTIALS 153

which reproduce the corresponding part of the flux superpotential (B9H) on Z3 for N; =

MO = 0 when turning on four-form flux G4 on X4 in these directions,

Wi = M FO(32) + M2FO(38?)) = / Oy A Gy = MY + M2l (6.54)
X4
for the flux
Gy = M'5P + M2 (6.55)

For the choices M* = §% we extract the threefold invariants d;jng, 4, from this superpotential,

i.e. from the prepotentials Fo(ﬁf)) and FO(%(?))

. We note that the above grade two basis
elements ([E52) map under 0; < [; exactly to the leading solutions of the Picard-Fuchs system
BZT). Using the same identification we find L2 = Xq(I; + I3)ly and L®)5 = Xo(ly + Iy)lo
as the leading behavior of corresponding periods fvi Q = 11 @ of the holomorphic four-form.
This agrees with the naive expectation from the large base limit that a partial factorization

of the periods occurs as ty4 - tl-ZS where tl-ZS, i = 1,2, denoted the two classes in Z3 [94].

It is one crucial point of our whole analysis that we can extend this matching of threefold
invariants even to disk invariants counting curves with boundaries on Lagrangian cycles L in
Zs, cf. section Having explained the F-theory origin of this fact via an analysis of the
discriminant in (G39%) we now explicitly find the flux choice in Hg’Q) (X4) for which the flux
superpotential (L98) on X, reproduces the brane superpotential ([E97).

By construction the fourfold X, inherits information of the fiber Z3 and in particular the
local limit geometry O(—3) — P2 for which the disk invariants have been computed in [107].
As noted earlier the brane data is translated to the F-theory picture of the fourfold X, by
the Mori cone generator £(3) and its dual divisor J3. Therefore, we expect to reproduce all
classical terms as well as to extract the disk instantons of [107] from the Gromov-Witten
invariants ng o 4+%0(93) of a fourfold period, that we construct via EZG) from operators of
EZ3) of the form RSQ) = 05(61 + 03) + .... However, the geometry is more complicated and

the ring element R(f) with this property is not unique. It takes the form
RP = R 4 IR 4 R = —02 + 103(01 + 63) + 16461 + 63) (6.56)

that is the most convenient choice by setting the arbitrary coefficients of Rg), a=4,5,6, to
zero. We note that only the coefficient in front of 7?,%2) was fixed to unity by the requirement
of reproducing the disk instanton invariants. The two further coefficients (—1, %) were fixed
by the requirement of reproducing the Gromov-Witten invariants ng of local P? [264] by the
fourfold invariants ng04,0 = nq, i.e. for m = 0, as explained below. The relation between
R(f) and the corresponding solution is established as 4 = R,Q4|,—0 and o@r = fy Qy,
ie. RE,Q)H(Q)“/ =1, so that

L& = —Xol% R L,(YQ) = %XOZQ (8l1 + 91y + 2l3) . (657)
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In other words, this implies that we have explicitly calculated the seven-brane superpotential
(E307) from the fourfold superpotential (E08) by turning on the flux G4 = 4,

Wbrane = Fo(ﬁ/) = /Q4 A ﬁ/ = H»(YQ) . (658)

By listing the numbers ng, o.4,0(%) extracted from F°(%) we obtain the results of table
BTl The BPS invariants of the holomorphic disks depend only on the relative homology class

di|d3=0 d3=1 d3=2 d3=3 ds=4 dy=5 dy=6
0 0 1 0 0 0 0

1 1 n 1 -1 -1 1 -1
P 1 2 op 5 7 9 12
3 1 4 12 3ny  —40 61 —93
4 2 10 —32 104  4ny 399 648
5 5 28 102 326 1085 5ns  —4524
6| —13 -84 —344 —1160 —3708 —12660  6ng

Table 6.1: BPS invariants ng, o,4,,0(%) for the disks. With the identification ds —
di = m (winding) and d; = d (PP? degree) this agrees with Tab. 5
in [107).

of the latter. In the table d3 — d; = m labels the winding number of the disks and d; = d
the degree with respect to canonical class of P2, i.e. if the open string disk superpotential is
2mit

defined in terms of the closed string parameter g = e and the open string string parameter

Q) = e>™ for the outer brane as

[e.e] o0
Whrane = agit® + agtt + agt* + agt + a;t + ag + Z Z namLiz(¢?Q™), (6.59)
d=1m=—d
then ng, 0,d;,0 = Nd; ds—d,- Note that the numbers ng, o are not calculated in the framework
of [107]. However it is natural and calculable in the topological vertex formalism [265] that
they should be identified with dng, where ng is the closed string genus zero BPS invariant,
defined via the prepotential as FO = > 5° ngLiz(¢?). The factor of d stems from the fact
that we identify %FO C Whirane- This interpretation as ng0.40 = dng could be consistently
imposed and yields two further conditions as mentioned above.

To obtain the open BPS invariants of phase III of [107], we use the phase II in (GZ3).
In this phase the fiber class is not realized as a generator of the Kéhler cone. However we

readily recover the classes of Z3 as
J1 « Jl(Zg) Jo+ J3 J2(Z3) (6.60)

by comparison of the Mori cone [EZH) with the Mori cone ([EX) of Z3. Then we fix a basis
Rg) of the ring at grade two as

02, 205 (01 4 363), 03(61 +3603), 60104, 03, (0o +03) (205 +6,) , (6.61)
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from which we obtain a basis of dual solutions L) ¢ to the Picard-Fuchs system (C3)
LAt =12 LO2 = 25 (13 (16l + 93) + 3 (I2 (613 — 5la) — I3 (I3 + 514))) ,
L@3 = L (1 (9 + 16l3) — 3 (I3 (=613 + 5la) + lo (I3 + 5ls))), L4 =11y,  (6.62)
L®5 =12, L@ =L (ly413) (=301 + I3+ 5l4),
Next we construct two solutions with leading logarithms matching the two threefold periods

in (E30) for which we are able to match the threefold invariants djng, 4, in the large base
limit as well. The leading logarithms of the corresponding fourfold periods read

L512) — %XO (ll + 3 (ZZ + l3)) 27
LY = 1Xo(a+15)(2h +3 (2 +13)). (069

which is in perfect agreement with (EL0) under the identification ([@60). We fix the corre-
sponding operators 7?,512), 7?,((52) by matching the above two leading logarithms with the classical

intersections Cg o Via (EZ4d). We complete them to a basis of R as
R =02, RY = 11 (61 (1605 + 9603) + 3 (02 (605 — 504) — 05 (03 + 564))) ,
RE) = L (61 (905 + 1603) — 3 (65 (=603 + 504) + 02 (63 + 564))), R = 0164,
R =02, R = L (62 + 63) (=361 + 63 + 564) ,

where again this basis relates to the leading periods [EG2) by 0; < ;. The corresponding
integral basis elements of H}?’Q) (X4) read

W =RP Um0, A = RO UL (6.64)

)

Furthermore, we determine the ring element RS,Q that matches the open superpotential

by turning on four-form flux in the direction 4 = R,(YQ)QM 2=0- Again we fix

R = aRY — (1 4 6a2)RY” + RY + asRY + aRY (6.65)
by extracting the disk invariants from the solution associated to it via (E46) which reads
L@ = C(al)X()lQ (ll +3l3) R

Lg2> = L(la+13) (24 +3(la+13) — 15 (L + 3 (la + I3)) (311 + 2915 + 2913 + 101y) .

Here we explicitly displayed the dependence on the three free parameters a; for L&~ by
clar) = m and evaluated }LSQ) for the convenient choice a = 0. The associated disk

instantons are listed in table

6.2 Heterotic/F-Theory Duality: Moduli and Superpotentials

In this section we present calculations in heterotic/F-theory duality for two concrete four-
dimensional compactifications. These calculations serve as a direct check of heterotic/F-
theory duality on the level of matching the moduli as well as the holomorphic superpotentials
on both sides.
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d| k=0 k=1 k=2 k=3 k=4 k=5 k=6
0 0 n1 2n9 3ns 4dny ons 6n¢
1 -1 2 -5 32 —286 3038 —35870
2 0 1 —4 21 —180 1885 —21952
3 0 1 -3 18 —153 1560 —-17910
4 0 1 —4 20 —160 1595 —17976
5 0 1 -5 26 —196 1875 —20644
6 0 1 -7 36 —260 2403 —25812

Table 6.2: BPS invariants ng,,,0(7) for the disks of the second triangulation.

Before delving into the details of the calculations we summarize in section 21l from a
conceptual point of view, the matchings we perform in order to finally compute the heterotic
superpotential, in particular the heterotic flux and five-brane superpotential, from its F-
theory dual flux superpotential. Then in in section we consider an F-theory Calabi-Yau
fourfold geometry, that will have few Kéahler moduli and many complex structure moduli. It
is constructed directly using the techniques of section from its heterotic dual, which is
an elliptic Calabi-Yau threefold with base P? and an Fg x Eg bundle with no perturbative
heterotic gauge symmetry in four dimensions. In this case we can use toric geometry to
compute explicitly in the K&hler sector, which allows us to evaluate both sides of the moduli
map (E6Z). From this we can read off the number of deformations of the five-brane curve,
if present, and check the anomaly formula (), from which we determine the number of
vertical five-branes as well as the class of possible horizontal five-branes. A direct calculation
of the superpotential is however not possible due to a large dimension of the complex structure
moduli space of X4. The second Calabi-Yau fourfold example, introduced in section [B23], will
admit few complex structure moduli and many Kéhler moduli. It will basically be the mirror
geometry of section This allows us to identify the bundle moduli and five-brane moduli
under duality by studying the Weierstrass constraint. The analysis of the Kéhler sector is
technically challenging and omitted. We exploit the calculations of section to identify
the heterotic superpotential for a horizontal five-brane as the F-theory flux superpotential for
a specific four-flux, that we determine.

6.2.1 Heterotic Superpotentials from Compact Calabi-Yau Fourfolds

In this section we are mainly interested in the map of the complex structure moduli of X4 to
the moduli of the heterotic compactification. In fact, not only the moduli on both sides map
according to (EGZA) but also their obstructions expressed by the superpotentials ({LIH) on the
heterotic side and ([E31) on the F-theory side. In particular we perform calculations in the
complex structure moduli space of X4 in section to derive the heterotic superpotentials

explicitly for a specific four-form flux G4, that we determine.
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Let us prepare for the following explicit calculations by a more formal study of the map

of the dual superpotentials. Let us recall, that the heterotic superpotential ([IH), is given by
Whet (EC, £g7£o) - Wﬂux(tc) + WCS (tc7£g) + Wbrane(£c7£0) 5 (666)

where t¢,t9 and t° denote the complex structure, bundle and five-brane moduli respectivel.
As we have discussed in section the last two terms are not inequivalent, since by tuning
the moduli 9 or t° one can condense or evaporate five-branes and explore different branches
of the heterotic moduli space. Clearly also the moduli spaces parametrized by ¢ and t¢ do not
factorize globally in complex structure and bundle moduli since the notion of a holomorphic
gauge bundle on Z3 depends on the complex structure of Zs. Similarly, t¢ and t° do not
factorize as well as the notion of a holomorphic curve in Z3 does depend on the complex

structure of Z3.

The key point of heterotic/F-theory duality is then that we can map as in ([G2) the
heterotic moduli (¢, t9,1°) to the complex structure moduli ¢ of X4, which are encoded in
the fourfold period integrals. This matching involves at least an explicit counting on both
sides, as performed in section B2, and involves calculations in the Ké&hler moduli space of
Zs. Then, to make precise also the extension of the equivalence to the obstructions as

Whet(ﬁcaﬁg,f) = WG4 (I) ) (667)

we need to establish a dictionary between the topological data on the heterotic side, which
consist of the heterotic flux quanta, the topological classes of gauge bundles and the class of
the curves ¥ wrapped by five-branes, and the F-theory flux quanta.

The identification (E67) implies then as a minimal check, that the periods of Q and
complex structure moduli of Z3 arise as a subset of the periods and complex structure moduli
of 4 in specific directions, cf. also section and [79,94]. In order to study the duality map
(EX7) further, one can include additional parts of the heterotic superpotential like the five-
brane moduli and superpotential. One strategy to study this explicitly in concrete examples,
as in section 23 is by restricting the heterotic gauge bundle E to be of trivial SU (1) x SU (1)
type, which automatically implies the inclusion of heterotic five-branes to satisfy the anomaly
cancellation condition (). Then, it remains to single out the four-flux in F-theory that is

dual to the curve X supporting the heterotic five-brane.

In general, it is the challenging part of (G67) to determine the integral F-theory flux that
is dual to a particular heterotic effect. One immediate strategy to determine Gy is to calculate
either the classical terms or some of the instanton corrections in Wi and then to match with
the fourfold periods. Then, the G4-flux is automatically integral and we can use the full
periods of the fourfold and the map (E&7) to determine the instanton corrections and vice
versa. Formally, the flux G4 can always be expressed via differential operators acting on §24

12Here we denote the moduli by ¢ in order to indicate a choice of appropriate flat A" = 1 coordinates, which
have to be chosen for A/ = 1 mirror symmetry and for the matching of the heterotic with the F-theory side.

157



158 CHAPTER 6. CONSTRUCTIONS AND CALCULATIONS IN STRING DUALITIES

as discussed in section (B33)). In particular, for the five-brane superpotential Wi ane (£, t€),

which is the case of most interest for us, one finds that the dual flux G}!® can be expressed as

GYP => NP RPQ, L (6.68)
. z

In addition, we note that for fluxes G4 generated by operators R(?) the superpotential yields
an integral structure of the fourfold symplectic invariants at large volume of the mirror X4 of
X4 in terms of the double-covering formula (-88) for & = 1 where the co-dimension two cycle
v = 7(Gy) is specified by the flux [79]. Thus, by the matching (EE7) a similar integrality
structure is predicted for the heterotic superpotentials in geometric phases of their parameter
spaces. For superpotentials from five-branes wrapped on a curve ¥ this matches naturally the
disk multi-covering formula ([33) of [98], that encodes the disk instantons ending on special
Lagrangians L mirror dual to X. It would be interesting to explore a generalization of this
integral structure to the vector bundle sector of the holomorphic Chern-Simons functional of
the heterotic theory.

Finally, we conclude by a geometric way to identify the flux G} which corresponds to the
five-brane superpotential given by the chain integral fr Q. The three-chain I" can be mapped
to a three-chain I' in the F-theory base B3 whose boundary two-cycles ¥ lie in the worldvolume
of a seven-brane over which the cycles of the F-theory elliptic fiber degenerate. By fibering
the one-cycle of the elliptic fiber which vanishes at the seven-brane locus over I', one obtains
a transcendental cycle in Hy(X4,Z). Its dual form lies then in the horizontal part H7 (X4, Z)
and therefore yields the sought-after flux Gy, see [29] for a review on such constructions. For
a recent very explicit construction of these cycles in F-theory compactifications on elliptic K3
surfaces and Calabi-Yau threefolds see refs. [266].

6.2.2 Example 1: Horizontal Five-Branes in P*(1,1,1,6,9)[18]

We begin the discussion of a first example of heterotic/F-theory dual four-dimensional theo-
ries. First we construct the setup on the heterotic side and then infer the F-theory fourfold
by duality.

Following section EETT] the heterotic theory is specified by an elliptic Calabi-Yau three-
fold with a stable holomorphic vector bundle £ = FE; @& FEs obeying the heterotic anomaly
constraint ). We choose the threefold Z3 as the elliptic fibration over the base By = P?
with_generic torus fiber Py 3 3[6], which is precisely the example (GEX) considered in section

. However, since we are studying Zs in the context of heterotic/F-theory duality where
we explicitly analyze the duality relation ([G2) of the moduli on both sides, in particular
including heterotic horizontal five-branes, we directly study the Kéhler geometry of Zs.

131n order to ensure consistency of our notation we thus denote the heterotic threefold by Zs.
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We recall that Zs is given as the hypersurface pg = 0 in the toric ambient space given in
@) with the class of the hypersurface Z3 given by

[Zs] =Y  D; = 6B+ 18H . (6.69)

Here we denoted the two independent toric divisor classes D; by H = Dy and B = Dy, that
are the pullback of the hyperplane class of the IP? base respectively the class of the base itself.
They are identified with the Kéahler cone generators Ji, Jo in section as J; = H and
Jo = 3H + B so that the intersections of H and B can be readily read off from (EI0). From
the toric data the basic topological numbers of Z3 are obtained as

X(Z3) =540, hD(Zg) =2, h®V(Zs) =272 (6.70)

We note that this little amount of Kéhler classes allows for direct calculations in the Kéhler
sector, whereas a direct calculation in the complex structure sector seems technically im-
possible. The second Chern-class of Zs is in general given in terms of the Chern classes
c1(By), ca(Bs) and the section ¢ : By — Z3 of the elliptic fibration by the formula co(Z3) =
12¢; (Ba)o + 11¢1(Bg)? + co(Bs). To see this we refer to section LAl and recall that the toric
variety (B3) is in the case at hand is the projective bundle Pz = P(O @ Kgf ) ng) We
further identify ¢ = B, By = P? and thus obtain, using Kp2> = Op2(—3H) and cy(P?) = 3H?,

co(Z3) = 36H - B + 102H> . (6.71)

Next, in order to satisfy the heterotic anomaly formula (), we have to construct the
heterotic vector bundle Fy @ Es and to compute the characteristic classes A(E;). Since 23
is elliptically fibered the classes A(E;) can be constructed using the basic methods of [182]
that were briefly reviewed in section EET 4. We restrict Ey @ Es to be an Eg x Eg bundle over
Z3 and choose the classes 11,72 € H?(By,7) in [EZ0) as 11 = 1o = 6¢1(Bz). Then, we use
formula [EZH) for the second Chern class of Eg-bundles to obtain

M E1) = \(E;) = 18H - B — 360H? . (6.72)

The anomaly condition ([E9) then leads to conditions on the coefficients of the independent
classes in H*(Z3). For the class H - B contributed by the base via o - H2(IP?, Z) the anomaly
is trivially satisfied by the A\(E;) in (EZZ). This implies that no horizontal five-branes are
present. For the class of the fiber F' the anomaly forces the inclusion of vertical five-branes

in the class
5] = c2(Ba) + 91c1 (Ba)? = 822H? = nF . (6.73)

Since F'is dual to the base By the number ny of vertical branes is determined by integrating

Y over P2 as

nf:/]PQz:E-B:ngz. (6.74)
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To conclude the heterotic side we compute the index I(F;) since it appears in the identification
of moduli (@62) and thus is crucial for the analysis of heterotic/F-theory duality. We readily
use the formula ([E63)) to obtain that I(E,) = I(E2) = 8 +4-360 + 18 - 3 = 1502.

Next we include horizontal five-branes to the setup by shifting the classes 7; appropriately
[104]. We achieve this by putting 2 = 6¢;(B) — H. The class of the five-brane ¥ can then be
determined analogous to the above discussion by evaluating ([{L2H) and imposing the anomaly

E3). It takes the form
[¥] = 91c1 (B2)? 4 co(By) — 45¢y(By) - H + 15H> + H-B = 702H> + H - B, (6.75)

which means that we have to include five-branes in the base on a curve ¥ in the class H of
the hyperplane of P?. Additionally the number of five-branes on the fiber F is altered to
ny = 702. Accordingly, the shifting of 72 changes the second index to Iy = 1019, whereas
I; = 1502 remains unchanged.

Let us now turn to the dual F-theory description. We first construct the fourfold X4 dual
to the heterotic setup with no five-branes. In this case the base Bj of the elliptic fibration
of the fourfold Xy is B3 = P! x P2. This can be seen from the relation (R of the classes
n; and the fibration structure of B3 = P(Op, & L) for Eg-bundles. Since both classes n;
equal 6¢1(B2) we have ¢ = 0 and thus the bundle L = Op: is trivial as well as the projective
bundle By = P(Op2 & Op2). Then the fourfold X4 is constructed as the elliptic fibration
over Bs with generic fiber given by PP 23[6]. Again X4 is described as a hypersurface in a
five-dimensional toric ambient space IP‘L—’A as described by the toric data in ([E73) if one drops
the point (3,2, —1,0,1) and sets the divisor D to zero. The class of X is then given by

[X4] =) D;=6B+18H + 12K |, (6.76)

7

where the independent divisors are the base Bs denoted B, the pullback of the hyperplane H
in P? and of the hyperplane K in P!. Then, the basic topological data reads

x(Xy) =19728 , hWY(xy) =3 , hBYX)=3217 , V(X4 =0.  (6.77)
Now we have everything at hand to discuss heterotic/F-theory duality along the lines of
section 33 in particular the map of moduli (ZG2A). As discussed there, the complex structure
moduli of the F-theory fourfold are expected to contain the complex structure moduli of Z3

on the heterotic side as well as the bundle and brane moduli of possible horizontal five-branes.
Indeed we obtain a complete matching by adding up all contributions in (62]),

hB3D(X,) = 3277 = 272 + 1502 + 1502 + 1, (6.78)
where it is crucial that no horizontal five-branes with possible brane moduli are are present.

Finally, to obtain the F-theory dual of the heterotic theory with horizontal five-branes,
we apply the recipe discussed in section We have to perform the described geometric
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transition of first tuning the complex structure moduli of the fourfold X, such that it becomes
singular over the five-brane curve ¥ which we then blow up into a divisor E. This way we
obtain a new smooth Calabi-Yau fourfold denoted by X4. The toric data of this fourfold are
given by

-1 0 0 0 0 |3D+3B+9H +6K | D,

0 -1 0 0 0 |2D+2B+6H+4K | D,

3 2 0 0 0 B D

) 32 1 1 0 H D,
A= 3 2 -1 0 o0 H-E Ds |, (6.79)

3 2 0 -1 0 H Ds

3 2 0 0 1 K D7

3 2 0 0 -1 K+ E Dy

3 2 -1 0 1 E Dy

which agrees with (E2ZH) up to a similarity transformation. Here we included the last point
(3,2,—1,0,1) and a corresponding divisor Dg = E to perform the blow-up along the curve 3.

To demonstrate that ) indeed describes a blow-up of X4 can be seen as follows. Since
the curve X in the heterotic theory is in the class H we have to blow-up over the hyperplane
class of By = IP? in Bs. First we project the polyhedron Ag( to the base B3 which is done
just by omitting the first and second column in (7). Then the last point maps to the point
(—1,0,1) that subdivides the two-dimensional cone spanned by (—1,0,0) and (0,0,1) in the
polyhedron of B3. This two-dimensional cone, however, corresponds precisely to the curve
Y = H. Thus, upon adding the point (—1,0,1) the curve ¥ in By is removed from Bz and
replaced by the divisor F corresponding to the new point. Thus, we see that the toric data
E3) contain the blow-up of ¥ in the base Bs in the last three columns.

The fourfold X is then realized as a generic constraint P = 0 in the class
[X4] = 6B+ 18H + 12K + 6E . (6.80)

Note that this fourfold has now three different triangulations which correspond to the various
five-brane phases on the dual heterotic side. The topological data for the new fourfold X, is
given by

x(Xy) =16848,  AID(X) =4, wBCYXy) =279, AV(XH) =0, (6.81)

where the number of complex structure moduli has reduced in the transition as expected.

If we now analyze the map [G2) of moduli in heterotic/F-theory duality we observe that
we have to put h°(X, Nz, ¥) = 2 in order to obtain a matching. This implies, from the point
of view of heterotic/F-theory duality, that the horizontal five-brane wrapped on ¥ has to
have two deformation moduli. Indeed, this precisely matches the fact that the hyperplane

class of IP? has two deformations since a general hyperplane is given by the linear constraint

161



162 CHAPTER 6. CONSTRUCTIONS AND CALCULATIONS IN STRING DUALITIES

a1z1 + asxs + azzrs = 0 in the three homogeneous coordinates z of P2. Upon the overall

scaling it thus has two moduli parameterized a IP? with homogeneous coordinates a.

This way we have found an explicit construction of an F-theory fourfold X, with complex
structure moduli encoding the dynamics of a horizontal heterotic five-brane. Unfortunately,
we are not able to check this matching further for example by calculation of a brane super-
potential from F-theory as done in section for different examples. However, this is not
a conceptual problem but merely a technical difficulty due to the large number of complex
structure moduli of the fourfold X, which makes the determination of the solutions to the
Picard-Fuchs equations very hard. It would be interesting, however, to extract the F-theory
superpotential for a subsector of the moduli including the two brane deformations In the
next section we take a different route and consider an example with only a few complex
structure moduli that is constructed by using mirror symmetry. However in these cases the
calculation of the indices I(E;) becomes very hard due to a big number of Kéhler moduli.

We conclude by noting that we will provide further evidence for the identification of the
complex structure moduli space of X, with the brane moduli space in section Indeed,
we will show there that one can also construct X, as a complete intersection starting with
a heterotic non-Calabi-Yau threefold obtained by blowing up along the curve ¥ in Zs. This
exploits already on the heterotic side the map of deformations of ¥ to complex structure

moduli of the blow-up threefold under the blow-up procedure discussed in chapter [d

6.2.3 Example 2: Five-Brane Superpotential in Heterotic/F-Theory

Let us now discuss a second example for which the F-theory flux superpotential can be
computed explicitly since the F-theory fourfold admits only few complex structure moduli.
Clearly, using mirror symmetry such fourfolds can be obtained as mirror manifolds of examples
with few Kéahler moduli.

To start with, let us consider heterotic string theory on the mirror of the Calabi-Yau
threefold Z3 which we studied in the last section B2 This mirror is the heterotic manifold
Z3 that we studied already in section in the context of mirror symmetry on fourfolds.
As we noted there using the methods of [260] Z3 is also elliptically fibered, such that it
has an F-theory dual description and that bundles can at least in principle be constructed
explicitly using the spectral cover construction of section ET 4l The polyhedron of Z3 is the
dual polyhedron to [E3) presented in (EI]) and we recall its Weierstrass form,

po = 2%+ 42 + xyZaguiuguz + 2% (arul® + agud® + azul® + agubuul). (6.82)

The coordinates u are the homogeneous coordinates of the twofold base By and (x, ¥, Z) denote

M1f one considers exactly the mirror of X4, as we will in fact do in section it might be possible to
embed this reduced deformation problem into the complicated deformation problem of X, constructed in this
section.
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the homogeneous coordinate of P?(1,2, 3). Note that one finds that the elliptic fibration of Z3

is highly degenerate over Bs. The threefold is nevertheless non-singular since the singularities

are blown up by many divisors in the toric ambient space of Z3. However, in writing (
many of the coordinates parameterizing these additional divisors have been set to ond.
Turning to the perturbative gauge bundle Fq @ F> we restrict in the following to the simplest
bundle SU(1) x SU(1) which thus preserves the full perturbative Eg x Eg gauge symmetry

in four dimensions.

To nevertheless satisfy the anomaly condition [X) one has to include five-branes. In
particular, we consider a five-brane in Z3 given by the equations

hy = biui® + bpuluSul =0,  hy:=2=0. (6.83)
The curve X wrapped by the five-brane is thus in the base By of Z3 and horizontal. Unfortu-
nately, it is hard to check the heterotic anomaly () explicitly as in the example of section
since there are too many Kéhler classes in Zs.

However, one can proceed to construct the associated Calabi-Yau fourfold X4 which en-
codes a consistent completion of the setup by duality. The associated fourfold X4 cannot be
constructed as it was done in section However, one can follow the strategy of [103]
summarized in diagram (B1I) to construct heterotic/F-theory dual geometries by employing
mirror symmetry to first obtain the mirror fourfold X, of X, as the Calabi-Yau threefold
fibration with generic fiber Z3 being the mirror of the heterotic threefold Z3. This then natu-
rally leads us to identify X as the mirror to the fourfold ([EZJ) in section This fourfold
is also the main example discussed in detail in section and in [79].

In the following we check that this is indeed the correct identification by using the formal-
ism of [103,105]. The Weierstrass form of X, can be computed using the polyhedron (G31)
that is dual to [EZ9) yielding

P =y* + 2% + my(u, w, k)ryz +me(u,w, k)z° = 0, (6.84)

where we abbreviated

mi(w,u, k) = aguiuguzwiwrwswswsweki ks , (6.85)
me(w, u,k) = ar(kika) uiPwitwdwlwg + ag(kiks) ustwi®ws?
+a3(k1k2)6u§8wi8w6 +a4(k1/<:2) (ulugu;»,w1w2w3w4w5w6)6

1218 24 12 6 12
+by ka2 ulBwitwi 2w ws + bakd? (urugus)® (wiwswy)

+erki? (urugus ) (wawswe) 2

The coordinates u are the coordinates of the twofold base By as before and w, kq, ko are
the additional coordinates of the threefold base Bg@. Again, note that we have set many

5The blow-down of these divisors induces a large non-perturbative gauge group in the heterotic string.
We note that we slightly changed our labeling of the coordinates compared to (B3, B33).
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coordinates to one to display P. The chosen coordinates correspond to divisors which include
the vertices of Aé( and hence determine the polyhedron completely. In particular, one finds
that (k1, ko) are the homogeneous coordinates of the P!-fiber over By. The coefficients a, b, ¢;
encode the complex structure deformations of X4. However, since h(g’l)(X4) = 4, there are

only four complex structure parameters rendering six of them redundant.

As the first check that X, is indeed the correct dual Calabi-Yau fourfold, we follow the
discussion of section and use the stable degeneration limit [182] and write P in a local
patch with appropriate coordinate redefinition as [103]

P=po+p++p-, (6.86)
where
po = 2 +y*+ wyZaguiuguz + 2° (a1ui® + aous® + azul® + a4u?ugug) , (6.87)
Py = 030 (blu%8 + bgu?ugug) ,
p— = 07126clu?ugug .

The coordinate v is the affine coordinate of the fiber P'. In the stable degeneration limit
{po = 0} describes the Calabi-Yau threefold of the heterotic string. In this case py coincides
with the constraint {EI2) of the threefold geometry Z3 as discussed in section which
directly identifies it as the dual heterotic Calabi-Yau threefold to X4. This shows in particular
that the geometric moduli of the heterotic compactification on Z3 are correctly embedded in
X4. The polynomials py encode the perturbative bundles, and the explicit form ([EXT7) shows
that we are dealing with a trivial SU(1) x SU(1) bundle, which is also directly checked by
analyzing the polyhedron of X4 using the methods of [101,210]. Indeed, one shows explicitly
that over each divisor k; = 0 in B3 a full Eg gauge group is realized. Since the full Fg x Eg
gauge symmetry is preserved we are precisely in the situation of section B33 where we
recalled from [105] that a smooth X, has to contain a blow-up corresponding to a horizontal
heterotic five-brane. We now check that this allows us to identify the heterotic five-brane and
its moduli explicitly in the duality to F-theory.

Let us begin by making contact to the formalism of section First, to make the
perturbative Eg x Eg gauge group visible in the Weierstrass equation (£84l), we have to include
new coordinates (/;:1, INfg) replacing (k1,k2). This can be again understood by analyzing the
toric data using the methods of [101,210]. We denote by (3,2, ) the toric coordinates of
the divisor correspondino k1 in the Weierstrass model. Then the resolved Eg singularity

1

corresponds to the pointg
(3,2,nfi), n=1,....6 ., (2,1,nfi), n=1,...,4, (6.88)
(1717nﬁ)7n:17273 ) (17O7nﬁ)7 n:172 b (0707/’_[:)

"Note that we have chosen the vertices in the P12 3[6] to be (—1,0), (0, —1), (3,2) to match the discussion
in refs. [101,210]. However, if one explicitly analyses the polyhedron of X4 one finds that one has to apply a

Gl(2,7Z) transformation to find a perfect match. This is due to the fact that X4, in comparison to its mirror
)2'4, actually contains the dual torus as elliptic fiber.
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While (3,2,6/) corresponding to k; is a vertex of the polyhedron, (3,2, fi) corresponding to
k1 is an inner point. Using the inner point for ki, the Weierstrass form P changes slightly,
while the polynomials pg, p+ and p_ can still be identified in the stable degeneration limit.

Next, to determine g5 in ([DS), we compute g of the Weierstrass form in a local patch
where 1252 =1
g=kK <b1u%8 + boufuSu§ + ki (arui® + aguy® + . .. )> . (6.89)

The dots contain only terms of order zero or higher in k;. Comparing this with EXT), we
note that the Calabi-Yau fourfold X4 can be understood as a blow—up@ along the curve
k1 = g5 = 0 in the base of X4, where g5 is given by

g5 = biut® + byuSuSul. (6.90)

This identifies {g5 = 0} with the curve of the five-brane ¥ in the base By of Z3, which is in
perfect accord with (E83). Thus, one concludes that X, is indeed a correct fourfold associated
to Z3 with the given horizontal five-brane. As we can see from (90), the five-brane has one
modulus. If we compare g5 with p., we see that py = v3%gs. This nicely fits with the bundle
description of a five-brane as a small instanton. In fact, in our configuration, py and p_
should describe SU(1)-bundle since we have the full unbroken perturbative Eg x Eg-bundle
as described above. The SU(1)-bundles do not have any moduli, such that the moduli space
corresponds to just one point [182]. In the explicit discussion of the Weierstrass form in our
setting, p4 has one modulus which corresponds to the modulus of the five-brane.

Finally, we consider the computation of the F-theory flux superpotential that has been
carried out already in but in a different context, see also [79]. Here, we do not need to
recall all the details. As was discussed there, the different triangulations of X, correspond
to different five-brane phases. It was proposed that the four-form flux, for the two possible
five-brane phases, is given by the basis element

A = (=02 + L05(01 + 03) + 104(01 + 63)) o . (6.91)

and the element (E63) for the other phase, where the 6; = Zidizi are the logarithmic derivatives
as introduced in ([EGH). The moduli z1, 22 could be identified as the deformations of the
complex structure of the heterotic threefold Z3, while z3 corresponded to the deformation of
the heterotic ﬁve—brane Indeed, a non-trivial check of this identification was provided in
section and in [79], where it was shown that the F-theory flux superpotential (E08) in
the directions (G91]) matches with the superpotential for a five-brane configuration in a local
Calabi-Yau threefold Kp2 — P? obtained by decompactifying Z3, where the non-compact
five-brane is described as a point on a Riemann surface in the base By of Z3 as discussed in
section Using heterotic F-theory duality as in section then implies that the flux
31 actually describes a compact heterotic five-brane setup.

8 This blow-up can be equivalently described as a complete intersection as we will discuss in sections A
simple example of such a construction will be presented in section
Y The deformation z4 describes the change in p_.
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Chapter 7

Five-Branes and Blow-Up Geometries

In this chapter we provide, following [60,81,100], a novel geometric description of the dynamics
of five-branes via a dual non-Calabi-Yau threefold Zs. Starting with a spacetime-filling five-
brane on a curve Y in a Calabi-Yau threefold Zs, as it may occur in Type IIB and heterotic M-
theory compactifications, the basic motivation of [60] was to find a natural description, where
both the bulk and brane fields associated to deformations of Z3 respectively X are treated
equally in an unified framework. To obtain such a description a very canonical procedure was
proposed in [60], where the pair (Z3, ) is replaced by a new threefold 75 with a distinguished
divisor F, that is obtained by blowing up along ¥ in Z3. It was further argued, that both the
geometric deformations of (Z3, X)) are canonically unified as complex structure deformations of
Z4 and it was suggested to use Picard-Fuchs equations for the complex structure deformations
of Z3 to a study the open-closed deformations of (Z3, ). Ultimately, both the flux and five-

brane superpotential should be given as solutions to these Picard-Fuchs equations.

Indeed the details of this proposal and concrete examples of five-branes in Calabi-Yau
threefolds Z3, their open-closed Picard-Fuchs equations and the superpotentials have been
worked out in [100]. Furthermore it has been argued to view the geometry of the blow-up
Zs5 not only as a tool for calculations but as being dynamically generated by the five-brane
backreaction. Evidence for its use to define a flux compactification of the Type IIB and
heterotic string that is dual to the original five-brane setup was provided by the definition
of an SU(3)-structure on Zs. It is the purpose of this chapter to introduce the physical and
mathematical ideas that lead to the blow-up threefold Z3 as the natural geometry to analyze
five-brane dynamics. Simultaneously this serves as a preparation both for the calculations of
the Picard-Fuchs system on Zs as well as for the physical interpretation of the blow-up. The
details of the calculations of the open-closed superpotential for two concrete examples and

the definition of the SU(3)-structure are presented in chapter B respectively in chapter @

We begin our discussion of five-brane dynamics in N’ = 1 Calabi-Yau compactifications
in section [LJ We emphasize that the presence of five-brane sources for the flux is more
thoroughly treated using the notion of currents and naturally leads to the consideration of

the open manifold Z3 — ¥. In addition we discuss geometric deformations of the five-brane
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curve X, where we distinguish between deformations leading, even at first order, to massive or
light fields in the four dimensional effective action. We comment on the use of the five-brane
superpotential for determining higher order obstructions of the light fields. Next in section
we are naturally led to the blow-up 23, that we construct explicitly both locally and
globally as a complete intersection. We give a detailed explanation for the unification of the
bulk and brane geometrical deformations of Z3 respectively % and their obstructions as pure
complex structure deformations on Zs and a specific flux element. Then in section we
analyze the open-closed deformation space by studying the variation of the pullback Q of the
Calabi-Yau three-form Q of Z3 to Z3 under a change of complex structure on Zs. There we
also discuss the general structure of the open-closed Picard-Fuchs equations as obtained from
a residue integral for (). Finally in section 4 we present the lift of the flux and five-brane
superpotential of (Z3, %) to the blow-up Z4 and argue that both are obtained as solutions to

the same open-closed Picard-Fuchs equations on Zs.

7.1 Five-Brane N = 1 Effective Dynamics

In this section we discuss basic aspects of five-brane dynamics. Our point of view will be
geometrical and appropriate to formulate the blow-up proposal in section We begin our
discussion in section [LTT] with a brief summary of heterotic and Type IIB string compact-
ifications with five-branes focusing on global consistency conditions and the use of currents
to describe the localized brane sources. We are naturally led to work on the open manifold
Z3 — X, where all fields in the theory are well-behaved, even in the presence of the singular
brane source. The geometrical deformations of the five-brane around the supersymmetric con-
figuration specified by a holomorphic curve ¥ are discussed in section [ T2 where we present
a physically motivated discussion of both light and massive fields and their behavior under
complex structure deformations of Z3. A purely mathematical analysis of analytic families
of holomorphic curves provides the necessary background to appreciate the use of the brane

superpotential to determine higher order obstructions, as discussed in section

7.1.1 Five-Branes, Currents and Open Manifolds

In the following we consider four-dimensional N = 1 compactifications of Type IIB string
theory and the heterotic string, where we are particularly interested in including spacetime-
filling five-branes. The Type IIB setups are orientifold compactifications with D5-branes
and Ob5-planes on a three-dimensional Calabi-Yau manifold Z3 that is modded out by the
orientifold involution, cf. chapter Bl In the heterotic string we consider NS5-branes and
vector bundles on a smooth Calabi-Yau threefold Z3 as reviewed in section EEIl In both
compactifications global consistency conditions restrict the choice of valid configurations and

link the discrete data counting branes and fluxes via tadpole cancellation conditions.
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We briefly recall how tadpole cancellation arises both in the Type IIB string and the
heterotic string. In the presence of magnetic sources like smooth heterotic bundles or localized
branes, the Bianchi identity of the R—R-form F3 and the NS-NS B-field take the form

dFy = (524—2521. —2252@, (7.1)
dH; = 0x+tRAR— STrFAF (7.2)

Note that the O5-planes carry —2 times the charge of a D5-brane. In both theories these
equations imply, on the level of cohomology, global tadpole cancellation conditions. Read as
equations for actual forms they imply in both theories that the wavefunction of the five-brane
is sharply peakedﬂ at the curve X which is reflected by the delta-function Jx; in the Bianchi
identity. In contrast to the global tadpole condition that fixes only the cohomology classes,
the Bianchi identity fixes, up to gauge transformations, the actual forms F3 and Hs pointwise
and implies that globally defined forms C5 and Bs with F3 and Hs do not existﬁ. However,
in a local patch we can solve the Bianchi identity for the field strength and the potential
explicitly as we present in the following. Let us note here that one crucial point that leads to
the blow-up proposal below is the appropriate mathematical treatment of the actual forms

Hj or F3 that become singular near the brane.
In the vicinity of a single brane source the Bianchi identity reads
dos = oy, (7.3)

where o3 is identified with the singular part in the field strength Hj3, F3 in both theories.
For the setups we will consider the other localized sources do not interfere with the following
local analysis and can be treated similarly. Furthermore, we will ignore the smooth part of
the heterotic bundle co(E). Then equation ([Z3)) is best treated in the theory of currents,
see e.g. [154]. In this context o3 can be understood as the Poincaré dual of a chain I' in
the following way. First we associate a functional Tt to every three-chain I" with boundary

OI' = ¥ by two defining properties. For any smooth three- and two-form 73, @2 we have

Tr(ns) = / s, dTo(pa) = / dpy = / 2 = Ts(2). (7.4)

Such a map from smooth forms to complex numbers is usually denoted as a current and is a
generalization of distributions to forms. In this language (L) is usually written as d11 = T%.
This is precisely the dual of the expression ([Z3) on the level of currents. Indeed we can use
o3 to define a current T}, that also enjoys dT,, = 1% as follows

Tos(ns) = /203/\773, (7.5)
3

dTos(p2) = /Z03/\d802=/z52/\9022/2%02=T2(902)-
3 3

!The delta-form s is the wavefunction of a brane in eigenstate of the position space operator.
2For a discussion of the global structure of C>, B> in terms of Cech de Rham complexes we refer to [267].
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Thus we identify o3 and dx. as the Poincare dual of I" and ¥ respectively. However, both o3
and Jx are not forms in the usual sense. Jx: fails to be a form similar to the fact that the
delta-function fails to be a function. o3 is not a form on Z3. Though, it is a smooth form on
the open space Z3 — 3. This can be seen directly in a local analysis in the fiber of the normal

bundle Nz, ¥, that is isomorphic to C2. Let us summarize the essential results.

On Nz,X|, = R* the form o3 is the unique rotationally invariant form on R* — {0} that is
orthogonal to dr and integrates to 1 over a three-sphere S? of any radius r. In hyperspherical

coordinates we obtain 1

03 =55 volgs , /573 volgs = 1. (7.6)

Thus, o3 is ill-defined at » = 0 where the three-sphere S? degenerates. Consequently, we can
deal with o3 rigorously by working on the open manifold R* — {0} where o3 is a smooth form
and by taking boundary contributions into account in the following way.

Whenever we have a bulk integral over Zs we replace it by an integral over the open

manifold Z3 — ¥ as [267]
/ L := lim L. (7.7)
Z3 =0 z5-u (%)

where we substract a tubular neighborhood U6(4)(E) of radius € over 3. All integrands are
regular when evaluated on this open manifold, even those including the singular form o3 in
Hs, F3. One has to consider two cases, either £ is well-behaved in ¥ and thus the limit ¢ — 0
in (IZ70) just gives back the integral over Zs. In the other case £ contains the form o3 and a
boundary term is produced by partial integration as follows

lim 03 A\ dpsy = lim o3 N\ 2 = / ¥2, (7.8)
e=0Jz;—uM(x) =0 /s3(x) b

where we used in the second equality that o3 is locally exact, o3 = # volgs, and integrates

o3 to 1 in each S3-fiber of the sphere bundle S3(¥) = (92/16(4)(2) over X.

We conclude by discussing the global structure of this construction. Since the normal
bundle Nz, ¥ is in general non-trivial, we have to take into account the effects of a non-trivial
connection. As worked out in [267] the adequate globalization of o3 is related to the Thom-
class e3/2 of the normal bundle, see e.g. [268] for a reference. The Thom class is the unique
closed form des = 0, that is gauge invariant under the SO(4) structure on Nz, ¥ and that
integrates to 1 over any fiber S2. The basic idea is to smooth out the localized source of
the five-brane ([Z3)) using a smooth bump form dp normalized to integral 1 with p(r) = —1
around r ~ 0 and p(r) = 0 for r > 2¢ such that the support supp(dp) Cle,2¢[. Then

dos = dp/\€3/2 (7.9)

approaches dy, when taking the limit ¢ — 0. Thus, we identify the contribution of the five-

brane as o3 = —dp A ego)/2 with es = dego) locally, where a possible term pes has been
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discarded since e3 is not well-defined at the position » = 0 of the brane. We note further that
(0)

e, is not a global form since it is not gauge invariant under the SO(4) action on the normal

bundle. Then, we obtain the global expressions for the field strength F3 and Hj as

Fy=(F) +dCy—dpAel’ /2, Hy= (Hs)+dBy—dp A el /2 +ws, (7.10)

where w3 = Wl — w§ denotes the Chern-Simons form for trR? — 3—10T1rF2 and (F3), (Hs) are

background fluxes in H3(Z3,7). With these formulas at hand we immediately check that the
reasoning of (7)) and the localization ([C§) to the boundary of the open manifold Z5 — X
applies globally. Furthermore, the expansion ([ZI) formally unifies the superpotentials as we
will discuss in detail below in section

Finally, we note that ([ZI0) implies that Co respectively Bs have an anomalous transfor-
mation under the SO(4) gauge transformations of Nz, 3. This is necessary to compensate
the anomalous transformation 56&0) so that F3 respectively Hs are gauge invariant. This
anomalous transformation plays a crucial role for anomaly cancellation in the presence of

five-branes [267].

7.1.2 Deformations and Supersymmetry Conditions

In this section we discuss the massive and light fields associated to geometric deformations
of a five-brane. In many situations there is a superpotential for the light fields that obstructs
deforming the brane at higher order. As a preparation of the following discussion, we refer
the reader to the unobstructed case of the complex structure moduli of Calabi-Yau threefolds
Z3 as reviewed in section This serves as an introduction to the necessary concepts
that similarly apply in the more complicated case of brane deformations and superpotentials

presented here.

Brane Deformations I: Infinitesimal Deformations of Holomorphic Curves

In the following we consider a five-brane wrapped on a curve X in a given Calabi-Yau back-
ground Z3. The five-brane preserves N' = 1 supersymmetry if 3 is a holomorphic curve,
cf. section Bl for the Type II analysis. A holomorphic curve can be specified as curve of

minimal volume in its homology class. In the language of calibrations this condition reads
voly, = J|x (7.11)

using the calibration by the Kéhler form J on Z3. In the effective four-dimensional theory the
volume of the wrapped curve contributes terms to the scalar potential. However, the leading
term for holomorphic curves is canceled, in a consistent compactification obeying ([Z1l) or ([Z2),
by contributions from the supersymmetric O5-planes in Type I1B, as demonstrated explicitly

for the example of a D5-brane in section B2 or by bundle and curvature contributions in the
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heterotic string. Thus, this part of the vacuum energy cancels which is a necessary condition
for supersymmetry. Indeed, this is easily seen, for example, in orientifold setups. As we
have seen in chapter Bl the orientifold compactification preserve N/ = 1 supersymmetry in
the effective theory if the geometric part of the orientifold projection is a holomorphic and
isometric involution ¢ acting on Z3. Hence, the O5-planes, being the fix-point set of o, wrap
holomorphic curves inside Z3 and are also calibrated with respect to J. Thus, they contribute
the same potential in the vacuum but with opposite sign as argued in section [60].

Let us now consider a general fluctuation of the supersymmetric ¥ = ¥y to a nearby
curve Y,. From the above one expects the generation of a positive potential when deforming
> non-holomorphically. A deformation is described by a complex section s of the normal
bundle Nz, ¥ = N é’BOE. The split of the complexified normal bundle has been performed in a
background complex structure of Z3. Clearly, the space of such sections is infinite dimensional
as is the space of all 35. To make the identification between 4 and s more explicit, one recalls
that in a sufficiently small neighborhood of ¥ the exponential map exp; is a diffeomorphism
of 3y onto 5. Roughly speaking, one has to consider geodesics through each point p on 3
with tangent s(p) and move this point along the geodesic for a distance of ||s|| to obtain the

nearby curve X as depicted in figure[ZJl That the holomorphic curve Xg is of minimal volume

Figure 7.1: Deformations of ¥y along geodesics in Z3. The tangent
vector s(p) along the geodesic passing p is a normal vec-
tor of X at p.

can now be seen infinitesimally. For any normal deformation Y.; to X, i.e. a deformation

with infinitesimal displacement es, the volume increases quadratically [169,170] as

2

d
@VOI(EQ)

1 _
- /zHaSH2 voly;, (7.12)
e=0

where ||0s||? denotes the contraction of indices, both on the curve as well as on its normal bun-
dle Nz, via the metric. In the effective action, ([LI2) is the leading F-term potential when
deforming the D5-brane curve non-holomorphically as we derived explicitly in section B4l A
quadratic term of the form ([ZIZ) in the scalar potential implies that the four-dimensional
fields corresponding to these non-holomorphic deformations s acquire masses given by the
value of the integral ([Z:[?])E When integrating out the massive deformations with ds # 0 the

3The first variation of vol(X,) vanishes by the First Cousin Principle [170].
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remaining sections are elements of
H(S,Nz,%) = HY(S,N,°%) € C®(Ng,Y) . (7.13)

Reversely only holomorphic sections s € HY(X, Nz, ¥) deforming ¥ into a nearby curve Y
can lead to massless or light fields in the effective theory. It is crucial to note that even for an
s € HY(X, Nz, X)) the deformation might be obstructed at higher order and hence not yield a
massless deformation. The higher order mass terms for these deformations can be studied by
computing the superpotential as we will discuss throughout the next sections.

Before delving into the discussion of these holomorphic deformations, let us conclude with
a discussion of the effect of complex structure deformations on the F-term potential ([ZI2) and
the hierarchy of masses of fields associated to brane deformations. Deformations generated
by non-holomorphic vector fields s do not obey the classical equations of motionE. The main
complication is that there are infinitely many such off-shell deformations and it would be very
hard to compute their full scalar potential. In contrast to C>°(Nyz, ), the space H(X, Nz, X)
is finite dimensional. However, there is a distinguished finite dimensional subset of C*°(Nz,>)
that should not be integrated out in the effective action. This is related to the fact that
the dimension of H?(X, Nz, X)) is not a topological quantity and will generically jump when
varying the complex structure of Z3. For example, this can lift some of the holomorphic
deformations s € HY(3, Nz,¥) since the notion of a holomorphic section is changed. Indeed,
by deforming 0 by A in H'(Z3,TZ3) we obtain
2

@VOI(E&;)

1 1
— §/HASH2VOIE = §|t|2/\|A15H2volg —|—(9(7§4), (7.14)
e=0 % >

where A7 is the first order complex structure deformation of Z3 as introduced above. Here
we used that the complex structure on ¥ is induced from Z3 and s is in H*(Nz,Y) in the
unperturbed complex structure on Zz, Os = 0. This result is clear from the point of view of
the new complex structure &' = 9 + A, since d's = As # 0. Thus s is a section in C®(Nz,X)
in the new complex structure unless s is in the kernel of A. Similarly, the corresponding
field acquires a mass given by the integral ([LI4). However, the main difference to a generic
massive mode in C>°(Ng,X) with mass at the compactification scale, cf. eq. (LI2) and B=XJ),
is the proportionality to the square of the VEV of . Consequently the mass of this field can
be made parametrically small tuning the value of ¢. Thus, we can summarize our approach
to identify the light fields as follows: (1) drop an infinite set of deformations s which are
massive via ([LI2) at each point in the complex structure moduli space, (2) include any
brane deformation that has vanishing (ZIZ) at some point in the closed string moduli space.
These remaining deformations are not necessarily massless at higher orders in the complex
structure deformations, or at higher € order when expanding Vol(X.,). This induces a five-
brane superpotential W which can be computed using the blow-up proposal as we will show

for a number of examples in section

4This can be seen readily by varying ([ZIZ) with respect to s.
®The critical locus of W will either set the VEV ¢ back to zero promoting s to a unobstructed deformation
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Brane Deformations II: Analytic Families of Holomorphic Curves

Let us now present the standard account on deformations of holomorphic curves [259]. The
basic question in this context is, as in the case of complex structure deformations, whether
a given infinitesimal deformation can be integrated. Mathematically, finite deformations are
described by the existence of an analytic family of compact submanifolds, in our context of
curves. An analytic family of curves is a fiber bundle over a complex base or parameter

manifold M with fibers of holomorphic curves ¥, in Z3 over each point u € M.

Given a single curve Y in Z3 one can ask the reverse question, namely under which condi-
tions does an analytic family of curves exist? The answer to this question was formulated by
Kodaira [259]. In general an analytic family of holomorphic Curveh exists if the obstructions
1, that are elements in H'(X, Nz, X)), vanish at every order m, which is of course trivially the
case if H'(X, Nz, %) = 0. Then u are coordinates of points u in M and a basis of holomorphic
sections in H°(X,, Nz, 3,) is given by the tangent space of T M, via the isomorphis

.0 oGt

at every point u in M. Here, ¢’, i = 1,2, are local normal coordinates to ¥, cf. eqn. ([ZI5).
In other words, in this case every deformation HY(3, Nz, ¥) corresponds to a finite direction

u® in the complex parameter manifold M of the analytic family of curves.

This theorem can be understood locally [259] but is somewhat technical. Starting with
the single holomorphic curve ¥ we introduce patches U; on Z3 covering 3 with coordinates
yi, yb, 2'. Then X is described as yi = yb = 0 and 2° is tangential to ¥. A deformation Dy
of ¥ = ¥ is described by finding functions go%(zi;g), [ = 1,2, with the boundary condition
©i(2%;0) = 0 such that ¥, reads

yi =l (z5hu),  yh = oh(2u) (7.16)

upon introducing parameters u for convenience chosen in polycylinders ||u|| < e. Furthermore,
the first derivatives a%agoﬂg:o should form a basis s of H’(X, Nz, X). In addition, these
functions have to obey specific consistency conditions, that we now discuss. As in the complex

structure case, these functions are explicitly constructed as a power series
P'(2'w) = ¢'(0) + 9 (w) + ph(w) + ... lull <e, (7.17)

where we suppress the dependence on 2’ and further denote a homogeneous polynomial in u
of degree n by ¢! (u). The first order deformation is defined as

pi(u) =) utsP(2), (7.18)

or will leave a discrete set of holomorphic curves.
5Kodaira considered the general case of a compact complex submanifold in an arbitrary complex manifold.
"This map is called the infinitesimal displacement of ¥, along % [259].
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where a = 1,...,h°(NY) in the basis s, of H(3, Nz ¥) so that (ZIH) is obviously an

isomorphism.

Then the m™ obstructions ¥ (z¥; ) are homogeneous polynomials of order m + 1 taking
values in Cech 1-cocycles on the intersection U; N U; N Uy of the open covering of X with
coefficients in Nz, Y. This means that the collection of local section ¢ (2¥;u) defines an
element in the Cech-cohomology H' (3, N, 7,%). It expresses the possible mismatch in gluing
together the '(2%;u) defined on open patches U; N'Y,, consistently to a global section on 3,
at order m + 1 in u. In other words if the obstruction at m™ order is trivial and we consider

([C18) on U; and Uy,
Ui:yi =oi(z5u), Uy =¢f(z5u), (1=1,2), (7.19)

then there exist functions f%* and ¢** with yi = flik(gk, 2F), 2t = gik(gk, 2F) so that

Y= P2 =@ (g™ () w) = o' (0 (" (R w), 2M) )
yi _ flk(gk,zk) _ fik(gok(zk;y),zk)
= @' (g™ (" (2" ), 2M)u) = RO (2 w), 2F) (7.20)

holds at order m + 1 in u. Here we suppressed the index [ labeling the coordinates yi, 5.
Then ¢ (2z;u) is the homogeneous polynomial of degree m + 1

() = [0 (g™ (0" (R w), 2M)sw) — PR (R ), M) (7.21)
where we expand ¢’, ¢* to order m in u. It can be shown to have the transformation
(R w) = Y (s w) + FY () -7 () (7.22)

where F(z7) is the complex 2 x 2 transition matrices on Nz X at a point 27 in ¥, that
acts on the two-component vector /¥ = (¢{k, %k) This equation identifies the 1** as
elements in H'(Nz,Y) which can be identified by the Dolbeault theorem with d-closed (0,1)-
forms taking values in Nz, %, H'(NzY) = H(%O’l)(NZg). Assuming that all ¢ are trivial
in cohomology and further proving the convergence of the power series (LI7), the analytic

family of holomorphic curves is constructed.

In principle one can calculate the obstructions ¢** according to this construction at any
order m. However, the obstructions are precisely encoded in the superpotential of the effective
theory of a five-brane on ¥. This superpotential is in general a complicated function of both
the brane and bulk deformations. Thus, determining the superpotential is equivalent to
solving the deformation theory of a pair given by the curve ¥ and the Calabi-Yau threefold
Zs3 containing it. It is this physical ansatz that we will take in the following.

7.1.3 Formalizing Five-Brane Superpotentials

In this section we discuss, in the light of currents and brane deformations, the perturbative

superpotentials both in the type IIB as well as in the heterotic theory. Using the expansion
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([CIO) the superpotential can conveniently be written as
Wis = / QA F3 Whet = / QN Hg, (7.23)
Zg ZS

where both F3 and Hjs have to be considered appropriately as currents obeying ([Zl). Ac-
cording to the expansion ([ZI) this contains now both the conventional flux superpotential,
the heterotic Chern-Simons functional and the five-brane superpotential. Let us put special
emphasis on the part contributed by the brane Wy ane.

The brane superpotential has the following properties. It depends holomorphically on the
complex structure moduli of Z3, as well as on the first order deformations corresponding to
holomorphic sections of Nz, 3. More precisely, we expect a superpotential Wiane = (u®)"**
if the deformation along the direction s, is obstructed at order n [66,67]. Furthermore, the
F-term supersymmetry conditions or critical values of Wy ane in mathematical terms precisely
correspond to holomorphic curves. Demanding these basic properties of Wyane was sufficient
to determine the brane superpotentiaﬁ in [65] in the context of M-theory on a Calabi-Yau
threefold Z3 with a spacetime-filling M5-brane supported on a curve 3,

Wbrane:/ Q(z). (7.24)
I'(u)

Here I'(u) denotes a three-chain bounded by the deformed curve ¥, and the reference curve
Yo that is in the same homology class. Indeed, Wy ane depends on both the deformations u of
the five-brane on X as well as the complex structure moduli z of Z3 due to the holomorphic
three-form . In the language of currents the chain integral can be rewritten in the form

[CZ3) using the expansion ([ZI0) as
Whrane = / QA pes. (7.25)
Zs—UM (x)

We note that this is gauge invariant under SO(4) gauge transformations on Nz, 3 and has
only support on a small neighborhood of ¥ so that it localizes on ¥ as expected.

In the next section we present the lift of the superpotential ([LZZJ) to the blow-up
threefold Zg, with a focus on the flux and brane superpotential. We employ the geometrization
of bulk-brane deformations on Z3 and the extension of the geometrical tools familiar from the
study of the complex structure moduli space of Calabi-Yau threefolds, cf. section B2 to the
non-Calabi-Yau threefold Z3 to determine the superpotential explicitly. Finally in chapter B
we even understand both the closed superpotential Wy, as well as the brane superpotential

Whrane as part of the generalized flux superpotential on the SU(3)-structure manifold Zs.

8 Alternatively, Whrane can be directly deduced by dimensional reduction of the D5-brane action as presented
in section [60].
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7.2 Five-Brane Blow-Ups and Unification of Deformations

In section [CTT] we started from the Bianchi identities for F3 and Hg and explained how five-
brane sources on curves X are properly described by delta-currents. Using the language of
currents it was further explained, how to relate period and chain integrals on Z3 to regularized
integrals on the open manifold Z3—3. The crucial point of the blow-up proposal [60] presented
in this section is to replace the open manifold Z3 — ¥ by a physically equivalent geometry Zs
with a distinguished divisor E. In addition the blow-up proposal naturally yields a flux F» =
[¥] on E which can be understood as the partially dissolved five-brane charge. Furthermore,
this implies an embedding of the open and closed deformations of the geometry Z3 and the

brane on Y into pure complex structure deformations on Zs.

In the first part of this section, section [[Z]l, we construct the manifold Zs by blowing up
a P!-bundle along ¥. This introduces a new divisor F in Zs, the exceptional divisor, that is
by construction a ruled surface over ¥. Away from the exceptional divisor the open manifolds
Zs— % and Zs — E are biholomorphic. Using this fact and the formalism of section [LT1l we
can evaluate the open integrals on Z3 — E. Furthermore it becomes possible to extend all
open integrals, in particular the brane superpotential Wy ane, the forms Hs and Fj as well
as the closed periodd] IT* (z) from Z3 — ¥ = 23 — FE to Zg by constructing local completions
of these quantities in the vicinity of the divisor F. As explained in section for the case
that X is given as a complete intersection, the blow-up proposal unifies the description of the
closed and open deformations of (Z3, ), which both become complex structure deformations
on Zs. Of particular importance for the superpotential [CZ3) and deformation theory on Zs
is the pullback Q) of the Calabi-Yau three-form € of Z3 to 23, which we construct in section
In section [ we describe how the superpotentials concretely map to the blow-up Zs.

Ultimately as explained in chapter @ the flux and the brane superpotentials on Zs of
section are unified to a flux superpotential on Zs. The latter structure requires in
addition to the extension of {2 also the extension of the Kéhler form J and the flux H3 from
Zs to Zs. Our formalism as presented in this section can be understood as the first step in
the full geometrization of the five-brane and prepares the approach of chapter [ to consider

the flux-geometry Zs, F» as a string background with SU(3)-structure.

7.2.1 Geometric Properties of the Blow-Up along X

Given a k-dimensional complex submanifold Yj in an n-dimensional complex manifold Z,,,
it is a standard technology in algebraic geometry [154] to blow-up along ¥ to obtain a new
n-dimensional complex manifold Z,,. This directly applies to a supersymmetric five-brane on
a holomorphic curve@ > = 3 inside a Calabi-Yau threefold Z3.

9See section for a review of the definition of periods on a Calabi-Yau threefold Z3.
OFor the use of the blow-up proposal to analyze non-holomorphic deformations of ¥ cf. section
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Figure 7.2: Blow up of the curve ¥ to the ruled surface F

Since the blow-up is a local operation, it can be described near the complex submanifold
within neighborhoods U,, with the topology of a disk, which cover ¥. Let y, 4,7 =1,...,3 be
local coordinate on U, in which ¥ is specified by the intersection of two divisors D, 1N Dg, 2
ie. by Yo,i =0,1=1,2.

The local blow-up can be described as a hypersurface constraint [154]

(704 = {(yoz,17yoz,27ya,37 (la,l : la,Q)) C U, X ]Pl : yoz,Zla,l - yoz,lloz,Z = 0} . (726)
Here (ln,1 : la2) are projective coordinates of the P! over the local patch U,. We define a
projection map 7 : Uy — U, by discarding the direction of the P!,

Wa(ya,la Ya,25 Y35 (la,l : la,?)) = (?/a,l, Ya,25 ya,3) . (727)

Obviously, U, — 7, 1(X) is biholomorphic to U, — X, as we can eliminate the lo,i in the

(6%
hypersurface [ZZ0) outside of the locus yo1 = ya,2 = 0 that defines ¥. Conversely, the set
Ey = 7,10,0,903) = 7,1 (2) is described as follows. Over a point (0,0,ya3) € X in U,
the fibres of the projection 7, are canonically, i.e. independently of the coordinate system,
identified with lines in the projectivized normal bundle P(Ny, X) = P(O(Dq,1) @ O(Da,2)),

0
(07 07 Ya,3, (la,l : la,2)) = la,l + la,Z (728)

ayml 5%,2 .

This allows to glue the open sets ﬁa to obtain Zg and the FE,, to obtain a divisor ¥ = 77*1(2)
which is identified with

E =P(Ng>X). (7.29)

Similarly we obtain a unique global projection map 7 that is trivially extended to all open sets
U, and thus to Z3 as the identity map on Zs— E = Z5— Y. The divisor E is the exceptional
divisor and it is a P'-ruled surface over ¥ by ([ZZ9).

" Given the submanifold locally by hi(z) = 0, i = 1,2 in generic 1, ..., xs coordinates of U, this choice is
fixed by the inverse function theorem stating that for every point zo € C? with (Oxh101tha — O1h10kh2)|e, £ 0
for k,1 # j, there exists a local parameterization of C near xg as a graph over x;. In particular, the blow-up is
independent of the coordinates used, cf. p. 603 [154].
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Essential facts that are intensively used in this paper are the biholomorphism
7 (23— E) — (Z3 — %) (7.30)

and the statement, that all relevant aspects of the blow-up can be analyzed locally in patches

near X, except for the non-triviality of Nz,X, which is captured by the Thom class .

The relation between the local and global construction is particularly easy if Z3 is given
by a family hypersurface P(z,z) = 0 and X is constructed as a complete intersection of
P(z,z) = 0 and divisors D; given by h;(z,u) = 0,7 = 1,2 in Pao. Here the ambient space is in
general a toric variety Pa with homogeneous coordinates z and the variables z, u parameterize
the complex structure and brane moduli respectively. Then we can choose in any patch U,
coordinates so that yo1 = h1(2)|v,, Ya,2 = h2(2)v, and yq 3 is a coordinate along 3. Now
NyeX is globally given as the sum of two line bundles, Nz, % = O(D;) & O(Dy), and Z3 is
given globally as the complete intersection in the total space of the projective bundle

W = P(O(D;) ® O(Ds)). (7.31)

Indeed, using the projective coordinates (I1,lz) ~ A(l1,l2) on the P!-fiber of the blow-up, Zs

can be written as
P(z,z)=0,  Q=liho(z,u) — lahi(z,u) =0, (7.32)

in the projective bundle W.

We conclude by mentioning selected geometrical properties of the blow-up threefold Zs
and refer to appendix B for details. First of all we note that Z5 does not meet the Calabi-Yau
condition. This is a consequence of the general formula for the Chern classes of the blow-up
of a complex manifold along a curve [154], ¢;(Z3) = —K, =7"(c1(Z3)) — [E] = —[E] # 0
where we used that Z3 is a Calabi-Yau manifold in the last equality. In addition, Z3 is not a
Fano variety. One important consequence from this is that complex structure deformations in
H 1(23, TZg) are not necessarily isomorphic to H (1) (23), since the holomorphic three-form 2
vanishes along E. Secondly, it is crucial to emphasize that the blow-up is the minimal descrip-
tion of the deformations of the pair (Z3, X)) in the sense that in the blow-up procedure no new
degrees of freedom associated to deformations of E are introduced. Indeed by construction
the normal bundle to F in Zs is the tautological bundle T' [154], see appendix [B3 for details,
which is a negative bundle on E. Thus E has no deformations, H°(E, NZg,E) =0, ie Eis
isolated. Furthermore, it can be shown mathematically rigorously that all deformations of Z3
and the curve X, that are deformations of complex structures of Z3 and deformations of X in
Zs3, map to complex structure deformations of 23 The Kahler sector of Z3 maps to that of
75 that contains one additional class of the exceptional divisor F.

12We thank Daniel Huybrechts for a detailed explanation of the equivalence of the two deformation theories.
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7.2.2 Unification of Open and Closed Deformations on Blow-Up Threefolds

In the first part of this section we present the key points of the blow-up proposal suggested
in [60], namely the unification of open and closed deformations, and its use to analyze the
geometrical dynamics of five-branes. Then, in a second part we study the deformation space
of branes wrapping rational curves via the complete intersection curves (32) and the blow-up
of the latter.

Matching Deformations and Obstructions: a Mathematical Proposal

We have described in section that the infinitesimal elements gpi(a—i) = Oy, p(7;u) span
the tangent space to the open deformations space and live in H°(X, Nz, X)), while it was
reviewed in section that deformation of the closed complex structure deformations of a
manifold M liv in H'(M,Ty). Up to global automorphisms of the toric ambient space
Pa, which are compatible with the torus action, this cohomology can be represented by the
infinitesimal deformations ¢, of the parameters z multiplying monomials in P(z,z) = 0 of
the hypersurface. Likewise for the complete intersection ([Z32) elements in H!(M,Tys) can
be represented by infinitesimal deformations 4, ,,) =: dz of the parameters in (Z32), modulo
global automorphisms of W. Using these facts, it is easy to check for the complete intersections
description ([Z32) that the moduli u of ¥ described by the coefficients of the monomials in
hi(z,u), i = 1,2 turn into complex structure moduli Z of 74 since hi(z,u), i = 1,2 enter the
defining equations of Z3 via Q in 32).

As noted below ([B28), the divisor E is isolated in Zg, i.e. on Z3 there are no deformations
associated to E. From this follows more illustratively, that blowing up along ¥ for different
values of u yields diffeomorphic blow-ups Z5 which just differ by a choice of complex structure.
The situation is visualized in figure Mathematically, the equivalence even of the full
deformation theory of (Z3, %) and Zs are expected in general. This means that not only the
deformations of (Z3,Y), counted by elements in H'(Z3,TZ3) and H(3, Nz X), agree with
the complex structure deformations of 23, that are in H 1(23, TZ?,), but also the obstruction
problems of both geometries. In particular, this implies an order-by-order match of the

obstructions on both sides of the correspondence.

As detailed in the section and possible obstructions to the closed deformation
space live in H?(M,Ty;) while possible obstructions to the open deformations space live in
H' (X2, NzY). While one can conclude from the vanishing of these homology groups that the
corresponding deformations are unobstructed, it is not necessarily true that the deformation
problems are obstructed, if these homology groups do not vanish. In particular the complex
structure deformations of Calabi-Yau spaces, such as Z3, are unobstructed despite the fact

13Most statements about the complex structure deformations apply to Zz and Zs3. We denote both complex
manifolds by M in the following.
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Figure 7.3: Map of brane to complex structure deformations. A dis-
placement X5, of a holomorphic curve ¥ yields a new
blow-up ZAgé with induced complex structure deforma-
tion 62 and divisor Fs:. The divisor Ey, which is holo-
morphic in Zg , is not holomorphic in ZAgé.

that H?(Z3,Tz,) # 0. However the deformations of the curve ¥ can in general be obstructed
by elements H'(X, Nz, ¥) at some order. Given the equivalence of the obstruction problems we
expect that these are precisely matched by the obstructions to complex structure deformations
on Zs in H 2(23, TZ?,). In physical terms, the obstruction problem is in general expressed by
a superpotential, which in the case of the obstruction problem of (Z3,%) is given by the
superpotential ([L2Z3)). Our strategy to investigate the possible obstructions of (Z3, %) will be
to match the calculation of the superpotential (CZZ3) before and after the blow-up. Here it will
be crucial to understand the lift of the brane superpotential Wyyane of ([LZ4) under the blow-
up, that will be replaced by a specific flux superpotential on Zs. This flux superpotential
induces obstructions to complex structure deformations on Zs that are equivalent to the
original obstructions on moving the brane on ¥ expressed by Whiane. We will discuss the
match of the superpotentials in a two step procedure in section [Z4 and in chapter @ In
particular the blow-up Zs will yield an easy calculational scheme of the superpotential as

explained and applied to specific examples in section B

Matching Deformations and Obstructions: Concrete Examples

Before we proceed we have to explain how we use the blow-up Z5 constructed as the complete
intersection (Z32) to calculate the superpotentials Wi apne for five-branes on rational curves.

This is crucial since the families of holomorphic curves themselves defined by the complete
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intersection of complex equations hy = hy = 0 are unobstructed. Similarly on Zs the corre-
sponding complex structure deformations are unobstructed and the deformation problem and

the corresponding superpotentials are trivial.

The general statement for the moduli space of holomorphic Curve on Calabi-Yau three-
folds is that its virtual deformation space is zero-dimensional [66,67,82,269]. Naively this
could be interpreted as the statement, that generically holomorphic curves in a Calabi-Yau
threefold never occur in families. However, this conclusion is not true as one can learn already
from the case of rational curve in the quintic as explained in [269]. Rational curves in a
generic Calabi-Yau manifold Zs, like the quintic with a constraint P = 0 including 101 com-
plex structure parameters z at generic values, are isolated and have a moduli space consisting
of points, which we denote by MZ2(P!) = pts. However, at special loci 2, in the complex struc-
ture moduli space, which correspond to specially symmetric Calabi-Yau constraints P = 0
like the Fermat point

P=a}4 a5+ a3+ a5 + (7.33)

of the quintic, a family of curves parametrized by a finite dimensional moduli space MZo(P!)
can appear. Physically this means that the open superpotential becomes a constant of the
brane moduli and the scalar potential has a flat direction along M=o (P!). However it can be
generally argued [66] that in the vicinity of the special loci in the closed string deformation
space z, a superpotential develops for the rational curves. In agreement with ([ZId) the
superpotential starts linear in the closed string deformation ¢ oc 6, away from z, and is of
arbitrary order in the open string moduli so that it has (—1)3mM=0FD)y (Af20 (1)) minima@.
We note that this is precisely the most interesting physical situation, as ¢ can be made
parametrically small against the compactification scale, as explained below equation ([ZI4I).

There is one important caveat in order when working with concrete algebraical curves.
A given family of holomorphic curves in a specific algebraic representation P = 0 of Z3
can become obstructed due to the presence of non-algebraic complex structure deformations,
i.e. those z that are not contained in P = 0. For example, this situation occurs in the Calabi-
Yau hypersurfaces Z3 of degree 2 + 2(ny + ny + n3) in weighted projective spaces of the type
P4(1,1,2n1,2n9,2n3) with n; € Z as discussed in [66]. This realization of the Calabi-Yau
manifold Z3 contains always a ruled surface, i.e. an P! fibered over a (higher genus) Riemann
surfac. The embedding of Z3 in this particular ambient space is such that the generic
obstructed situation, which corresponds to a non-vanishing superpotential, is not accessible
using the algebraic deformations, i.e. upon tuning the parameters in the Calabi-Yau constraint
P = 0. The absence of these deformations as algebraic deformations in P = 0 happens since

M1n the following we will use the term of a 'moduli space’ of holomorphic curves in Z3 to denote an analytic
family of holomorphic curves as introduced in section

15 A rational curve is birationally equivalent to a line i.e. a curve of genus zero which is a P!,

6 This formula follows from complex deformation invariance of the BPS numbers associated to holomorphic
curves [270].

'"The same Riemann surface is identified with the moduli space MZo(P') in this case.
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the corresponding monomials are not compatible with the symmetries of the ambient space.

Let us next describe the obstructed deformation problem of rational curves and the re-
lation to the complete intersection curves and the blow-up ([Z32). The basic idea is to map
the obstructed deformations of the rational curves to the algebraic moduli space of the com-
plete intersection in the following way. As mentioned in ([Z32) the algebraic deformations
parametrized by the closed moduli z and the open moduli u are unobstructed. Let us denote
the corresponding open and closed moduli space of the complete intersection 3, defined by
P(z) =0 and hi(z,u) =0, i = 1,2, by M(X) and the open moduli space of ¥ for fixed closed
moduli z by M?(X). The generic dimension of this open moduli space h’(NYX) is positive.
The idea is to consider a representation of Z3 which is compatible with a discrete symmetry
group G. This symmetry group allows us to identify lower degree and genus curves with
the complete intersection ¥ at a special sublocus of the moduli space M(X). In our main
examples in section and these are rational curves, i.e. curves of degree one. Let us
denote this sublocus by Mpi(X). This sublocus is determined by the requirement that the
algebraic constraints P, h; degenerate so that they can be trivially factorized as powers of

linear constraints,

Mu(D): P)=hw=0 & [[Dafu=0 s=123, (7.34)
k l

where the different linear factors Ll(f) = > al(z)xl are identified by the discrete group G,
Ll(i) — Lé‘?. Then the right hand side of this identification describes rational curves

L =1 =1 =0 (7.35)

modulo G in the ambient space and in Z3 since P = 0 is trivially fulfilled. For a concrete
situation we refer to section In particular this identification embeds the moduli space

MZ0(P) into MZ0(X) and more trivially the (discrete) MZ(P!) into M2(X).

More generally, i.e. away from the sublocus Mp1 (%) defined by ([Z34), this embedding
implies that the obstructed deformation space of the rational curves (L3H) is identified with
the unobstructed moduli space M(X). This can be compared to the method presented in [114,
119,120,122] where the obstructed deformations of a curve are identified with the unobstructed
moduli of an appropriate divisor. For the curves we consider we depict the embedding of the
deformation spaces of the rational curves into the moduli space M(X) of complete intersection
¥ in figure 4 where we introduce new open moduli 2!, 22 that are functions of the u’. The
point is that away from Mpi(3) the identification ([Z34) of the complete intersection curve %
with the holomorphic rational curves in the locus P = 0 fails. We can understand this failure
in two different ways emphasizing different aspects of the identification of the deformation
space of rational curves with the true moduli space M(X). If we analyze the identification of
¥ with holomorphic rational curves infinitesimally close to Mp1(X) one can either keep the

linear constraints ([L34) and relax the condition that these rational curves lie identically on
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open
2,4 open 7.

= closec
W

Figure 7.4: Picture of the moduli space of M(X) given by the quintic
modulo Z3 and the loci Mp:1(X) where 3 degenerates to
(holomorphic) rational curves. All lines in the Z; = 0
plane correspond to the embedding of the moduli space
of rational curves Mp1(X) C M(X), cf. @d). At ¥ =0
the 2; direction opens up as a modulus of a family of P!’s
over the genus 6 curve MY=(P!). For generic values
of ¥ only (fl)dim(szo(Pl))x(M‘I’zo(Pl)) = 10 points
belong to MY (P1). Away from Mp: (2) the holomorphic
configuration in Z3 is an irreducible higher genus curve,
which corresponds to non-holomorphic S?’s in Zs.

the P = 0 locus or we linearize the equations P = h; = 0 such that the rational curves keep
lying in the P = 0 locus. However, since the trivial factorization (L34 and the identification
of the linear factors Lés) modulo G fails, the latter possibility introduces non-holomorphic
equations with nontrivial branching. This implies that the rational curve away from Mp:(X)
inside M(X) is not holomorphic in Z3. In particular, the process of turning on ¢ = ¢, around
2y for values of the open moduli, that are only close to MZ201%(P1), can be understood as
deforming the analytic family M2o(P1) of rational curves inside the P = 0 locus to rational
curves, which are non-holomorphic. For concreteness, for the later example (&) of the
quintic, we identify 6z = ¥ with the complex structure of the mirror quintic deforming the
Fermat locus (Z33) as

P =} 4+ a5 4+ 25 + 23 + 22 — 5Vz wox32475 . (7.36)

Then, 6z # 0 deforms away from the one-dimensional moduli space of rational curves MZo(P!)
in P = 0, that exists at the Fermat locus z; = 0.

As noted before, a brane on a non-holomorphic curve is not supersymmetric and thus
violates the F-term supersymmetry condition that is expressed by the superpotential Wi ape.-
In the following, in particular in the examples of sections and B33, we will consider five-

branes on rational curves in a given Calabi-Yau threefold Z3 and their excitation about
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the supersymmetric minimum that correspond, in geometric terms, to possibly obstructed
deformations about holomorphic curves. The brane excitations we consider correspond on
the one hand to light fields that are generically obstructed and that become, as discussed in
section [LT2 massless at some point in the complex structure moduli space. On the other
hand we include fields that parameterize non-holomorphic deformations for all values of the
closed moduli. In figure [4 the first type of fields corresponds to 21, which becomes massless
at ¥ = 0, and the second type of fields corresponds to Zo. However, the crucial point for
the consideration of this deformation space, as noted above, is the identification with the
moduli space M(X) of complete intersection curves X. This identification and the unification
of the open-closed moduli space of (Z3,%) in the blow-up (L32) of the complete intersection
curve Y will enable us to calculate the superpotential Wh,ane for branes wrapping rational
curves. We determine the periods on the complex structure moduli space of the blow-up
Zs that physically describe the closed and open superpotential Wi ane upon turning on an
appropriate flux on Zs. For this purpose we will describe Wiane explicitly by chain and flux
integrals on the blow-up Zs respectively in section [C4] and chapter @ Finally, we note that
the periods on Z3 can equivalently be understood as a definition of the concept of periods
on the brane moduli space M(X), extending the familiar notion of periods on the complex

structure moduli space of a Calabi-Yau manifold.

7.3 Probing the Open-Closed Deformation Space

The key in describing the deformations of complex structures on Zs are the construction
and the properties of the pull-back Q= () of the holomorphic three-form 2 from the
Calabi-Yau threefold Z3 to Zs. Since the blow-up is a local procedure Q := () will first
be constructed in the local patches U, and then be globalized as a residue integral for the
complete intersection (L32). From this we obtain differential equations, the Picard-Fuchs
equations, which determine the full complex structure dependence of Q and its periods.

Let us summarize the results of the actual calculation, which is done in appendix B2 As
in section [LZJl we assume that ¥ is represented as a complete intersection of divisors D,
i = 1,2, in Z3 given by constraints h;(x,u) = 0 for coordinates z. If we consider a patch U,
on Zsz near X, then the holomorphic three-form §2 is locally given by

Q = duy Adag Adrg = det T dya1 A dyas A dyas (7.37)

where J is the Jacobian matrix for choosing coordinates vy, ; = hi(x), i = 1,2, and yo 3 = 3,
starting with generic coordinates z. This expression is pulled back via the projection map
T : Z3 — Z3 to the patch U, defined in [CZZd). We introduce coordinates

l
B0 2] =yar, =1 =222, 2 =g (7.38)
1 Ya,1
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on Ua for [1 # 0 to obtain

O =7"(02) = 2] det J 1=z} A dz{!) A2l (7.39)
Here the subscript #, and the superscript *(1) label the patches U, on Zs as well as the patch
I1 # 0 on the exceptional P! with projective coordinates (I1 : lo)!. We obtain a similar
expression on the second patch Iy # 0 of P! using local coordinates & )1 g 2(2% = Ya,2 and

2
Zg{,;)j) = ya73'

Now one can show that the pull-back map 7* on €2 can be written as the residue

o A
Q:/ hiBet o o1, (7.40)
syl @

On can easily check that this is globally well-defined on both patches I; # 0, i = 1, 2, covering
the P! using to the blow-up constraint @ in (ZZ8) respectively (Z3J). Here we insert the
local expression ([[L30) for © and

Ap = lydly — ldly (7.41)

which is the invariant top-form on P!. In fact, the residuum (Z40) specializes correctly to
the local expressions ([Z39) of ) in every chart. This ensures that the residuum expression
on U, can be globalized to Zs. We use the standard residuum expression for the holomorphic
three-form €2 given in (B32) to replace the local expression ([ZBII) by

/51 /51 1, PQ /51 /51 5 PO (7.42)

where P, are the two constraints of ([L32). The five-form A denotes an invariant holomor-
phic top-form on the five-dimensional ambient space W defined in (Z31) and S}, Ség are small
loops around {P = 0}, {Q = 0} encircling only the corresponding poles. The measure A is
given explicitly in section BJl For the example of a trivial fibration it takes the schematic
form

A= Ap, AApr . (7.43)

where Ap, denotes the invariant top-form on the toric basis Pa.

Let us now discuss the essential properties of Q) and of the residue integral expression
[CZ2). By construction of Zs, in particular by the isomorphism H(3’0)(23) >~ HG0)(Z3), Q
is the unique generator of H (3’0)(23) [60]. In general Q) varies under a deformation of the
complex structure on Zs. This is due to the fact that the notion of holomorphic and anti-
holomorphic coordinates changes when changing the complex structure. More rigorously, this

is described by the variation of Hodge structures, where the split

3
(Zs) = P H® ) (Zs) (7.44)
=0

B We drop the label o on the coordinates /; in order to shorten our formulas.
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by the Hodge type (p,q) is analyzed over the complex structure moduli space M(Zg) of Zs.
Then €2 is a holomorphic section of the locally constant vector bundle H 3(23) over M(Z3) and
is of type (3,0) at a fixed point 2, in M(Zg) When moving away from Z, by an infinitesimal
displacement J, the Hodge type of Q changes according to the diagram

HOO(Z5) = 7% 2= 72 2= Fl 25 70— H3(Zy) (7.45)
where we define the holomorphic vector bundles F? over £ in M(Zg) by

- @H(i,s—i)(zg)

i>p

FP

(7.46)

IS8

Most importantly, this implies the existence of differential equations, the Picard-Fuchs equa-
tions, on M(Z3) since the diagram (ZZH) terminates at fourth order in d,. These can be
explicitly obtained from the residue integral representation ([[LZ2) of Q by applying the
Griffiths-Dwork reduction method. The Picard-Fuchs system in turn determines the full
moduli dependence of Q) and its periods.

Our general strategy will be to calculate all integrals relevant for the evaluation of the
superpotential, discussed in section [LT3 on Zs using this Picard-Fuchs system. In fact, in
the toric examples of sections Bl B3 we obtain a GKZ-system whose solutions are the periods
of €2 and the brane superpotential Wh,.ne. This, as explained in [[Z2Z2 unifies the closed and
open deformations of (Z3,X), but, as we will see later in more detail, also the expression for
individual pieces of the superpotential into a flux superpotential on Zs. Indeed, the unification
of open-closed deformations, as mentioned before, as complex structure deformations on Zs
guarantees, that the study of variations of pure Hodge structures (CZH) is sufficient [60]. This
is true despite the fact that Vanishe@ as a section of K Z3 = E along the exceptional divisor
E. Consequently € naturally defines an element in open cohomology H?(Z3—E) = H3(Zs, E),
which in general carries a mixed Hodge structure [240]. However, the analysis of variations
of this mixed Hodge structure reduces to the variation of the pure Hodge structure ((ZZH) on
the graded weight Gry H3(Z3 — E) = H?(Z3) since E has no deformation@. To derive the
superpotential as a solution of the Picard-Fuchs equations we also have to use an appropriate

chain integral or current as explained below.

We conclude by discussing the expected structure of the Picard-Fuchs equations on M(Z3)
from the residue ([LA2). For a detailed discussion along the lines of concrete examples we refer
to sections andR3 In general all periods of Q) over closed three-cycles in Z5 are solutions to
this Picard-Fuchs system. First, we note that the Calabi-Yau constraint P(x,a) appears both
in the residues ([ZZJ) on Z3 as in well as in [E32). The parameters ¢ multiplying monomials

in P are identified, modulo the symmetries of the toric ambient space Pa, with complex

9This can be directly seen, using the fact that E is given in local coordinates by z(l)l = 0 respectively

zf)g = 0, from the local expression ([ZA0) and its global counterpart ([CZ2).
20In the diagram of variations of mixed Hodge structures, the downward arrows corresponding to deforming

E do not exist, cf. equation (4.40) of [60].
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structure moduli z. Since monomials in Q(z,b) are multiplied by independent parameters b,
the Picard-Fuchs operators Li(a) annihilating €2, expressed by derivatives w.r.t. a, annihilate
Q) as well. Second, since Pa is the basis of the P!-fibration W the toric symmetries of Pa are
contained in those of W. They act on P(z,a) in the same way in W as in Pa, but also act
on the parameters b in the constraint (). Therefore, the operators Z;(a), expressing the toric

symmetries of PA on Zs, are lifted to 73 as
Zi(a,b) = Zi(a) + Z{(b), (7.47)

where the first operator is as before on Z3 and the second operator just contains differentials
of the b. Then, (A7) is easily solved by choosing the coordinates z as on Z3. The new torus
symmetries of W, that correspond to its P'-fiber, do not involve the a, but only the b. They
merely fix the variables u in terms of the parameters g and b. Consequently, dividing out all

toric symmetries of W, the form ) depends on 2 = (z,u) only,
a,b) = Q(z,u) = Q(2) (7.48)

and the differential operators L (a) take, possibly after a factorization to operators Dy (2) of
lower degree, the schematic form

Dy(2) = D (2) + Di(z, u) (7.49)

in these coordinates. Here DkZ?’ (z) are the Picard-Fuchs operators of Z3 in the coordinates z
and D,;(g, w) are at least linear in derivatives w.r.t. u. It follows immediately that the Picard-
Fuchs system for Q(g) contains the Picard-Fuchs system for 2(z), as determined by the Dy (Z),
as a closed subsystem. Consequently the periods I1'(z) of Z3 over closed three-cycles, that
fulfill the differential equations Efg (z), are also solutions to ([ZZ9). We note that there are
new operators L,,(2) due to the constraint ) that do not have a counterpart on Zs. They
form, together with (ZZd), a complete differential system on M (Z3). However, the £,,(%)
are again at least linear in differentials of u, thus act trivially on functions independent of w,
such as II'(2).

Geometrically the lift of the periods of £ to Zs is a consequence of the isomorphism of
T Z3—Y — Zs—E and the fact that € vanishes on E. The analog lift of the more interesting
open periods on Z3, in particular Wiane is discussed in the next section, section [£4, where

we provide the corresponding expressions for the lifted superpotential on Zs.

We conclude by mentioning that the structure ([Z49) allows to directly determine the
inhomogeneous Picard-Fuchs equations obeyed by the domain wall tension 7 (z) between two

five-branes,

D/ ()T (2) = fil2). (7.50)

The tension 7 is obtained as 7 (2) = Wirane(2, ") — Whrane (2, u{™¢) and the inhomogeneity
f(z) upon evaluating fi(z) = D} (2, u)Whrane(2, u)|uc, where u®, uf are critical points of

Whrane- This inhomogeneous system was obtained from residues in [111,113,115,121].
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7.4 Lift of the Superpotentials

We have seen at the end of the previous section from the discussion of the Picard-Fuchs
equations on Z5 that the periods IT' (z) over closed three-cycles lift from Z3 to Zs. Illustratively
this is clear because these integrals depend only on the geometry of Z3 with the five-brane
removed, cf. section [Tl Thus, in order to lift the flux superpotential in @Id), (ZZ3), which
is just a linear combination of the periods I1'(z), we just need to lift the flux data. This is
straightforward as the third cohomology of Z3 is given by [60], cf. appendix [B3,

H3(Z3) = n*H3(Z3) ® H(E) (7.51)

so that any flux G3 on Z3 has a counterpart G3 = 7G5 on Z3. Thus we readily obtain the
lift of the flux superpotential to Zs as

Wiax = / QAGs. (7.52)
Z3

Again the precise integral basis of cycles on Zs for which this integral can be expanded in
terms of periods of ) with integral coefficients has to be obtained by matching the classical
terms at large radius and by assuring that the monodromy acts by integral transformations.
Obviously, on Zs flux configurations associated to the new three-cycles in E, which are not

promoted from fluxes on Z3 can be considered.

In order to lift the five-brane superpotential Wi ,ane let us first make a local heuristic
analysis, which casts already much of the general structure. Locally on a patch U, we
can write 2 = dw and evaluate the integral over the chain I'(u) leading to the five brane

superpotential localized to the boundary oT'(u) = ¥ — X,

Whrane = / W . (753)
by

Here we suppress the integral over the fixed reference curve ¥y in the same homology class
as Y, as it gives only rise to an irrelevant constant in Wy ane. Then we use the fact that the
original curve Y is contained in the second cohomology H?(FE) by its Poincare dual class [60].

Thus we can write

Wbrane = / " (w) N Fy (754)
E
where [Fb] is the class of ¥ in the exceptional divisor E, i.e.
[B]=% in B (7.55)

We note that at the supersymmetric minimum F5 is equal to the Kahler form of the Fubini

study metric on the P!, i.e. Fy = wpg. Locally ([C3) can be written as an integral on Zs
Wbrane = / Q N Fy (756)
I's
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over a five-chain I's with 0I's = E— Ey on which we extend Fy. Eg denotes a reference divisor

in the same homology as F, e.g. the blow-up of ¥, to match the constant contributions.

To prove this more rigorously it is instructive to consider the lift of the Bianchi identity
to Zs. The formalism is equal for the three-form R-R field strength F3 in type IIB and the
three-form NS-NS field strength Hs in the heterotic string. For the following analysis of the
Bianchi identities, which is local along the curve X, one can focus on the source term dy, of
one five-brane neglecting the other terms in ([Zl) respectively (). The only aspect of the
geometry which cannot be seen locally in a patch near a point in 3 is the non triviality of
the bundle N 23E7 which is captured by its Thom class 5. As can be calculated explicitly by
evaluating the pull-back 7* to the blow-up Z3, the form Hs in (1) is replaced b

dﬁgzéEAFQdeAZ—lAFQ, (7.57)
where the limit ¢ — 0 is implicit and we used
. e1
limdp AN — =g . (7.58)
e—0 2

Formally (CH7) can be integrated in the language of currents to

(0)
Hs =dp A %FQ +dB, , (7.59)

where e; = de(()o) and a possible term p%- A Fy is neglected by the requirement of regularity

of Hs. Thus, by pulling back both H3 and €2 to Zs we lift the superpotential ([CZ3) as

Whrane = lim [ QA Hz =lim [ QA Fy A pey (7.60)
e—0 /7, =0 /7,

where we restrict to the singular part [Z59) of H3 only. By ([38) and the identity ([Z59) for
Hj we see that this is equivalent to () and hence to (ZBH). We note that we can easily
switch between the open manifold Z3— E and Z3 in ([Z80) since Q| = 0. Mathematically, this
match of (ZB0) and the original superpotential Wy ane in (C2H) follows more geometrically
by the canonical identification Q] by B = Q| z,—x under the biholomorphism Z3 — ¥ Zs—E,
by Q| = 0 and the lift of the Thom classes, pes = pe; A Fy.

Finally, we conclude by arguing that Wi, ane is a solution to the Picard-Fuchs system on
Zs. In fact, this is confirmed for the examples of sections B, using the corresponding
open-closed GKZ-system on Zs. All we have to ensure is that integration of Q) over Hj given
in (IZ29), which is not a closed form, commutes with the application of the Picard-Fuchs
operators, that annihilate Q. In addition, the whole integral has to be annihilated as well.
Since Hj does not depend on the complex structure on Zs, all differential operators indeed

commute with integration. Furthermore, for the GKZ-system of the form discussed below

*'Note that mathematically g A Fo = T (Fb) is given by the Thom isomorphism 7 : H*(E) — H*"2(Y)epe
of the normal bundle NZSE in Zs. T maps cohomology classes on F to compactly supported classes in Zs.
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D), @), the operators Li(2), L,,(2) annihilate Q identically and consequently also
Whrane in ([CE0). However, the operators Z; (a,b) expressing the toric symmetries of WW obey
in general [230, 248]

Zi(a,)a,b) = da (7.61)

for a two-form &. This can potentially lead to a non-zero result in Wy, by partial integration

since dHs3 # 0. In fact we exploit (A7) to rewrite this as in integral over E,
2i(@a b)Wbrane = _/ . (d) A F2 5 (762)
B

where ¢ : E < Z3 denotes the embedding of E. Fortunately, the pull-back +*(&) vanishes on
E by the fact that we are dealing with variations of pure Hodge structures ([ZZH) and thus
can not reach the cohomology of £ @ Thus we have argued that Wy ane is a solution of the
GKZ-system on Zs. This will be further confirmed for the examples in section B

2 As noted below (ZZH), the cohomology of F is included in the variations of mixed Hodge structures on
H 3(23 — E) and can only be reached by deformations of E. These do not exist in our case since F is rigid.
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Chapter 8

Superpotentials from Brane Blow-Ups

In this chapter we apply the blow-up proposal to a selection of examples of five-branes in
compact Calabi-Yau threefolds. We consider two different Calabi-Yau threefolds, the one
parameter example of the quintic and the two parameter Calabi-Yau in P4(1,1,1,6,9), where
the latter was the main example in chapter B [79]. The type of branes we consider have the
geometric interpretation of five-branes on rational curves, i.e. holomorphic curves ¥ = P!,
at special loci in the open-closed deformation space. The number of open deformations is
two. It is the common feature of both geometries that there is for generic values of the closed
string moduli only a discrete number of such lines [269], however, for special values of the
moduli, at the Fermat point, an one parameter family of holomorphic curves.

We start, mainly following [100], our discussion in section for the case of the quintic
Calabi-Yau threefold. We show that five-branes on rational curves in the quintic can be
described as toric branes ¥ at a special sublocus M(IP') of their moduli space M(X). This
establishes the mapping of the moduli space M(X) with the obstructed deformations space
of rational curves P! as discussed in section This is crucial since it enables us to work
with a well-defined complex moduli space of (Z3,3) to describe the space of anholomorphic,
obstructed deformations of P!. From this description of the rational curve as a toric brane ¥
we readily construct the blow-up Zs5. We study the complex structure moduli space of Zs in
section by exploiting that Zs is also governed by new toric data that is canonically related
to the toric data of (Z3, ). First we construct the pull-back form Q) on Zs along the lines of
section Then we read of a toric GKZ-system that is associated to the underlying toric data
of the blow-up Z3. From the GKZ-system we derive a complete Picard-Fuchs-system that we
solve in section at various loci in the moduli space. These are the large radius point of
Zs and the five-brane and selected discriminant loci of the Picard-Fuchs system for Zs. Since
the periods of Q) are also understood as periods on M(X), cf. section [[ZZA we finally obtain
the brane superpotential Wiane for the line P! as a linear combination of solutions fixed by
an appropriate flux on Zs that encodes the information about the five-brane. In particular
we use open mirror symmetry to obtain predictions for the disk invariants at large volume,
that match and extend independent results in the literature. Similarly, the disk instantons
are obtained for a different brane phase in section B4l These are the first available results

for branes with two open string deformations.
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In section we discuss the toric structure of Z3 obtained by blowing up toric curves
>.. We give a general recipe in section to obtain a toric polyhedron A7Z from the charge
vectors of the geometry Z3 and the curve Y, that can be efficiently used to obtain the open-
closed GKZ-system for the brane deformation problem associated to arbitrary toric curves X..
We comment on a connection to Calabi-Yau fourfolds which applies to special choices of toric
branes, but not in general. Next in section we consider another two parameter example
of the elliptically fibered Calabi-Yau threefold in P(1,1,1,6,9) with a five-brane supported
on a rational curve. There we make similar use of the toric GKZ-system on Zs that we solve
completely and from which we construct the five-brane superpotential. Under toric mirror
symmetry we obtain the disk instanton invariants of the dual A-model geometry, cf. appendix
In addition, we comment on the connection to heterotic/F-theory duality.

Finally in section we connect, following [81], the construction of the blow-up threefold
with heterotic/F-theory duality as reviewed in section and applied in section We
demonstrate that the blow-up Zs for a horizontal five-brane on a curve ¥ in the heterotic
theory can be understood as the heterotic dual to the blow-up in the F-theory fourfold Xy
due to the presence of the horizontal heterotic five-brane. More concretely we start in section
by blowing up the heterotic threefold Z3 along the five-brane curve 3 into Zs [60] which
we realize as a complete intersection. Then, according to the discussion of section [L2, the
non-Calabi-Yau threefold Z5 contains the five-brane moduli as a subsector of its complex
structure moduli. We propose, and explicitly demonstrate for examples, that the F-theory
geometry X4 can in turn be entirely constructed from Zs. In particular, this identification
becomes apparent when also realizing X, as a complete intersection. Moreover, in this way the
complex structure moduli of Zs naturally form a subsector of the complex structure moduli
of X4. Finally in section we exploit the matching of the geometrical data of Z3 and
Xy, together with the lift of the heterotic superpotential to the blow-up Zs as in section 4
to match the heterotic superpotential with the F-theory flux superpotential. We conclude
with a formal matching of the fluxes. In summary, the general idea of this discussion is to

reformulate and slightly extend the heterotic/F-theory duality map schematically as:

Heterotic string on CY threefold Z3, F-theory on CY fourfold X4
—
vector bundle F, five-brane on X blown up along 3, G4-flux

T

non-Calabi-Yau Z3 blown up along 3,
vector bundle E, flux F = [Y]g

where the horizontal arrow indicates the action of heterotic/F-theory duality.

Before we start, let us summarize some other approaches to find open-closed Picard-Fuchs
equations for the brane superpotential. The most thoroughly studied cases are non-compact
toric Calabi-Yau manifolds with Harvey-Lawson type branes [106,107]. It was first proposed
and demonstrated for non-compact toric Calabi-Yau threefolds in [108-110,263] to use open-
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closed Picard-Fuchs systems to obtain the brane superpotential. For D5-branes in compact
geometries the superpotential was calculated in [111,113,115-117,121] by deriving and solving
inhomogeneous Picard-Fuchs equations. Finally the methods of [109,110] have been extended
to compact geometries in [114] and further applied in [119,120,122-127].

8.1 Open-Closed Picard-Fuchs Systems on the Quintic

We now apply the blow-up proposal of section to the case of toric curvesﬂ > on the one
parameter quintic. As explained in section the moduli space M(X) of ¥ is identified
with the obstructed deformation space of rational curves P!, on which we wrap a five-brane.
The holomorphic P! is directly visible from the complete intersection description of ¥ at
a special sublocus M(PP!) of M(X) where ¥ degenerates appropriately modulo the action
of the quintic orbifold G = (Zs)3. This way, we understand the five-brane on a rational
curve P! as a special case of a toric brane and consequently apply open mirror symmetry
along the lines of section LIl Thus, we start in section with the toric curve X, then
determine the sublocus M(P') and identify the wrapped rational curve P! that we represent
via the standard Veronese embedding in P%. After this definition of the deformation problem,
we determine the Picard-Fuchs system on the deformation space of the rational curves P?
from the GKZ-system on the complex structure moduli space of the blow-up Zs along X
in section The solutions of this system including the large volume expressions for
the flux and brane superpotential, the open-closed mirror map and the disk instantons are
summarized in section Furthermore, we find the solutions of the Picard-Fuchs system
at its discriminant loci, namely in the vicinity of the sublocus M(PP!) and at the involution
brane, where we also identify the superpotential Wy ,ne. Finally in section we obtain

the disk invariants for a different brane geometry at large volume.

8.1.1 Branes on Lines in the Quintic and the Blow-Up

The quintic Calabi-Yau Zs is given as the general quintic hypersurface P in P%. It has 101
complex structure moduli corresponding to the independent coefficients of the monomials
entering P. Its Kahler moduli space is one-dimensional generated by the unique Kihler class
of the ambient P*. Toric Lagrangian submanifolds of this geometry were discussed in [106]

along the lines of section Bl

The mirror quintic threefold Z3 is given as the hypersurface

Zy: P=uab+a5+ Cﬂg + 25 + xg — 5V wow3TaTs (8.1)

We emphasize that the five-brane does not wrap ¥ for generic values of the closed and open moduli.
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where W denotes its complex structure modulus. It is obtained via (BI4]) from the toric data

(W= (=5, 1, 1, 1, 1, 1)

Yo Y1 Y2 Y3 Y4 Ys (8.2)

T1X2L3TATS CC? CCS xg xi CCg

m

the projective coordinates x; constructed using the formula (B7). In addition we divide by

where the y; corresponding to the entries £;”’ of the charge vector are given as monomials in
an orbifold group G = (Zs)? that acts on the coordinates so that xyzex3z475 is invariant. A
convenient basis of generators ¢(¥) is given by v() = (1,—1,0,0,0) mod 5 and all permutations
of its entries where we use

(@)

gDy 2T gy (8.3)

We note that the Fermat point ¥ = 0 is a point of enhanced symmetry where G enhances to
(Zs)*. As required by mirror symmetry we have h(>1)(Z3) = 1, RV (Z3) = 101.

Next we introduce an open string sector by putting a five-brane on a line P! in the quintic
Z3. Following the above logic we first construct a toric curve ¥ to define the deformation
space P! of the rational curve. The holomorphic P! is then obtained at the sublocus M (IP1)
where ¥ degenerates accordingly. Up to a relabeling of the projective coordinates x; of P*
we consider the toric curves 3 given by

Y : P=0, h =p2-a’2;=0, hy=72] -’12 =0, (8.4)
/%) =1(0,0,0,1,-1,0), ¢® =(0,0,0,1,0,-1),

where the brane charge vectors /@ correspond to the constraints h; using (I0) and the
toric data ([BZ). The complete intersection (4] describes for all values of the parameters
«, 3 and v, that take values in P2, an analytic family of holomorphic curves in the quintic.
Consequently, «, 8 and ~ pz:rameterize t5he unobstructed moduli space of ¥ on which we
1_8 0l

@

introduce coordinates u - and u? = 5

The obstructed deformation problem is defined by the definition of a non-holomorphic
family P! and the identification of the locus M(IP'). As discussed before in section the
obstructed deformation space of lines is identified with the moduli space M(X). For generic
values of the moduli in [8Zl) the curve ¥ is an irreducible higher genus Riemann surface.
However, we can always linearize 82l for generic values of the moduli,

P': may + y/ad + adm(zy, g, 23) =0, mpfas—amy =0, myzs—oxs =0, (8.5)
Here we inserted hy and ho into P, introduced fifths roots of unity 7725 = 1 and the polynomial

5 5 5
mxg _ 5\11&x1x2. (8.6)

m($1,$2,$3) = Ck2

5
o
This equation ([B3) is evidently non-holomorphic due to the non-trivial branching of the fifth

root, in other word P! is a non-holomorphic family of rational curves in the quintic. However

198



8.1. OPEN-CLOSED PICARD-FUCHS SYSTEMS ON THE QUINTIC 199

at special loci ¥ degenerates as follows. We rewrite ([B4) as
Yoo a4 ad +adm(ey, xe,x3) =0, oPxf— 23 =0, o’z —~%23=0. (8.7)

Whereas hy, hy can be linearized for generic values of the moduli, m(xy,z9,x3) forbids a
holomorphic linearization of (Bl and accordingly to take the fifths root in ([BH). However,
at the sublocus

Mpi(Z): 4+ ++°=0, Tafy=0 (8.8)

the polynomial m vanishes identically and the Riemann surface ¥ in ([84]) degenerates to
Y: ho=at+a5, hy =2 —a’1i =0, hy=r23 o 2i=0. (8.9)

This can be trivially factorized as in the general discussion ([Z3) in linear factors that differ
only by fifths roots of unity n;, that are the 125 solutions to ). In other words, at the
locus M(PP!) the curve ¥ degenerates to 125 lines corresponding to each choice of 7; in the
three constraints h;. However, in contrast to (84 which is invariant under the orbifold G, the
linearized equations do transform under G. In fact, all the 125 different lines are identified
modulo the action of G' = (Zs5)? so that () describes a single line on the quotient by G,

MPY: pzy+a=0, ary—PBr3=0, ars—yr3=0. (8.10)

Equivalently, these lines are given parametrically in P* in terms of homogeneous coordinates
U,V on P! as the Veronese mapping

(U V) = (U,—nU,aV,BV,A4V), 7°=1. (8.11)

This way, the family ¥ contains the holomorphic lines (I at the sublocus M(P!) of ([BX)
defined by the vanishing of m(z1,z2,x3). In summary this shows that a five-brane wrapping
the line (BIT) falls in the class of toric branes at the sublocus M(IP') of their moduli space.
We emphasize again that (8II]) is not invariant under the orbifold group G and that the
identification of the 125 distinct solutions to (BX) under G is essential to match an in general

higher genus Riemann surface ¥ with a rational curve of genus g = 0.

This picture is further confirmed from the perspective of the rational curve ([8I1) since the
constraint ([§X) defining M(PP!) is precisely the condition for the line (&I to lie holomor-
phically in the quintic constraint P. Thus, the sublocus M(P!) defined in (&) is precisely
the moduli space of the five-brane wrapping the holomorphic lines in the quintic. For generic
W £ 0 this moduli space is only a number of discrete points whereas at the Fermat point
VU = 0 there is a one-dimensional moduli space of lines in the quintic parametrized by a
Riemann surfaceﬁ of genus g = 6, cf. figure 4l In the language of superpotentials, we un-
derstand M(PP!) as the critical locus of Wiyane at which the five-brane on the rational curve
is supersymmetric. Conversely, deforming away from the critical locus M(P!) in M(X) is

2The first constraint in ) is a quintic constraint in IP? describing a Riemann surface of genus g = 6.
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obstructed, inducing a non-trivial superpotential. Thus, we consider in the following the
deformation space defined by P!, more precisely by the coefficients of m,
5 5 5
gDy, 2 ST e (8.12)
o

which agrees with the choice of variables used in figure[£4l As noted before, we can canonically
identify this deformation space with the moduli space M(X) of ¥ in Z3 by dividing out the
orbifold group G and working with the holomorphic constraint ([8Zl) instead of ([&3).

Most importantly for the blow-up procedure, the description of the toric curve X of (&) is
precisely in the form used in section [LZT] to construct the blow-up geometry Zs. In particular,
we can easily read off the normal bundle Nz, ¥ of ¥ in the quintic which is Nz, > = O(5)®O(5)
by simply noting the degree of the divisors h; = 0, ho = 0. Then the blow-up Zs is given by
the complete intersection (Z3J), which in the case at hand reads

Zs: P=0, Q=] —a2)—lu'z—25)=0. (8.13)

Since both the closed modulus ¥ as well as the open moduli u', u? enter I3, we formally
obtain the embedding of the open-closed moduli space of (Z3,%), and equivalently the ob-
structed deformation space of (Zg,Pl), into the complex structure moduli space of Zs. In
particular this trivially embeds the moduli space of the rational curves (BIII) by restricting
to the critical locus ([BS).

On the blow-up Z3 this embedding as well as the obstructions can be understood purely
geometrically. First of all we note that the action of the quintic orbifold G directly lifts to
Zs. Then by deforming away from the critical values [BX) we change the topology of the
blow-up divisor E from a ruled surface over P! to a ruled surface E over a Riemann-surface
> of higher genus. The one-cycles of the Riemann-surface in the base lift to new three-cycles
on the blow-up Zs that correspond to new non-algebraic complex structure deformationsﬁ,
compare to the similar discussion of [66,67]. Upon switching on flux on these three-cycles
turns on higher order obstructions for the complex structure of Zs destroying the ruled surface
E and thus driving us back to the critical locus where 3 degenerates to IP'. This way the
flux obstructs the complex structure in (8I3]) which is expressed by a flux superpotential on

23 that is the sought for superpotential Wy ane.

In the following we will use the complete intersection ([BIJ) to analyze the open-closed
deformation space (Zg,ﬁ)l). The crucial point is that we are working with a well-defined
complex moduli space of (Z3, ¥) respectively of complex structures on Zs to describe the space
of anholomorphic deformations P1. In this context this is another reason for the effectiveness
of the blow-up Z3 for the description of the obstructed brane deformations P!.

3Although related these new complex structure deformations should not be confused with the parameters
entering @ since these are algebraic by definition.

200



8.1. OPEN-CLOSED PICARD-FUCHS SYSTEMS ON THE QUINTIC 201

8.1.2 Toric Branes on the Quintic: the Open-Closed GKZ-System

In the following we analyze the open-closed deformation space of (I~P1, Z3) embedded in the
complex structure moduli of Zs augmented by appropriate flux data. We perform this analysis
by toric means, i.e. the GKZ-system. Thus we supplement the polyhedron Af and the charge
vectors (1), /() {2) of the quintic Calabi-Yau &) and the toric brane (&),

AZ ¢ O Ae)
9| O 0 0 0 | =5 | yo = z1T22374T5 0 0
-1 -1 -1 —1| 1 |y =2} 0 0
B 1 0 0 0| 1 |yp=2a} 0o 0 |. (8.14)
9300 1 0 0| 1 |y3=a} 11
90 0 1 0| 1 |yw=x} -1 0
o510 0 0 1|1 |ys=a3 0 -1

The points of the dual polyhedron AZ are given by v; = (—1, -1, -1, —1), vo = (4,1, -1, —1),
vy = (=1,4,—1,—-1), vg = (—1,-1,4,—1) and vs = (—1,—1,—1,4). These monomials both
enter the constraints P and h; according to (B7) and (BI6) yielding

5
Z3 . P= Z @z} + agr ToT3TATS, X i hy = aﬁxg +arzl, hy= agazg —|—(Z9£Cg , (8.15)
=1
where we introduced free complex-valued coefficients QE From the polyhedron (BI4l) we
readily obtain the standard toric GKZ-system for Z3 along the lines of eqs. (B34)) and (B30),

20225:0192“"1, Zi=0ip—% (i=1,...,4),

5
0 P
El_il_[la_cﬁ_a—‘%’ (8.16)

where we use the logarithmic derivative ¢; = aia%i. The Z; express the coordinate rescalings
leaving the measure A and the monomial zjzex3zsrs in ([3A) invariant. They express
infinitesimal rescalings of the parameters a and the coordinates x entering P. For example
the rescaling (z1,22) — (A/%z1, \™/525) combined with (a1, as) — (A 'ai, Aay) leaves P
invariant and consequently the periods have the symmetry Hk(ao,)\_10,1,)\612,&3,0,4,0,5) =
1% (a). The corresponding generator of this symmetry is Z;. These homogeneity properties
of the I1¥(a;) imply that they are functions of only a specific combination of the a, which in

the case of the quintic takes the form

a102a3a405
== (8.17)
g

This is perfectly consistent with (E36) and the charge vector £(1),

4Conversely to the conventions in (A7), we denote the parameters b; by as4; for convenience.
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The analysis of the combined system of the quintic and the curve ([BIH) is performed
by replacing (Z3, %) by the blow-up (23, E) given by the family of complete intersections in
W=POG5)s0O5) =P(Oa0),

Zy: P=0, Q=/(agzr)+ agwd) — laagx3 + arzy). (8.18)

Then the holomorphic three-form €2 is constructed using the residue ([LZ2). Using this explicit
residue integral expression, it is straightforward to find the Picard-Fuchs system on the blow-
up 73 that encodes the complex structure dependence of Q. As it can be directly checked the
GKZ-system is given by £ as in (BI0) complemented to the system

2= oV%i+1l, Z1=Y0 0, Za=v2—01, Z3=1vs—0++0s,

Zy=9y -1 +97, Zs=15—-101+1vy, Zg=1vg+U9—1s—17, (8.19)
encoding the torus symmetries of VW and the actual Picard-Fuchs operators

5
0 o° 0? 0? 0? 0?
ﬁl N 21;[1 (9_6% B 8—6187 £2 - 6@38@7 B 8@46@6 ’ £3 - 6a38a9 B 8&56&8 ’

(8.20)

We emphasize that there are two new second order differential operators Lo, £3 that annihilate
Q identically and that incorporate the deformations a;, i« = 6,7, 8,9 associated to the curve
Y. It is clear from the appearance of the P!-coordinates (I1,l2) in the constraint @ that
there are no further operators £, on Zs of minimal degree. Let us briefly explain the origin
of the operators Z;. The first two are simply associated to an overall rescaling of the two
constraints P — AP, Q — XQ which acts on Q(a) as Q(\ao, ..., g, az, . ..,a10) = AQ(a)
and Q(ao, coagNar, ..o, Nagg) = Q(g). For the rescaling of ) the factor \ is compensated
by the non-trivial prefactor h;/¢; in [(LZA). The third to sixth operators are associated to
the torus symmetries of the P4 as before, (z1,2;) — (A1, )\j_lxj), j=2,...,5, and the last
operator Zg is related to the torus symmetry (I1,ls) — (M1, A" tl3) of the exceptional P!.
It is important to note that the operators Z; of the P4 are altered due to the blow-up 23,
i. e. due to the presence of the five-brane, as compared to the closed string case of (BIf).

Before delving into the determination of the solutions to this differential system let us
reconsider the operators we just found from a slightly different perspective. This will in
particular allow for a straightforward systematization of the constructions of GKZ-system.
Comparing ([BT9) to the closed GKZ-system (BI0) associated to Zs we recover a very similar
structure. Indeed the above differential system governing the complex structure on 75 defines

a new GKZ-system with exponent 3. To obtain the set of integral points 0; associated to this
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GKZ-system we apply the general definition of the Z; in (3H) backwards to obtain

AZ i i@ i3

@0 1 0 0 0 0 0 0 -5 0 0 @0:.%'1.%'21'31'4.%'5
(10 -1 -1 -1 =1 0|1 0 0 |g=a}

|1 0 1 0 0 0 0|1 0 0 |fg=2a}
%3010 0 1 0 0 0] 3 -1 —1]|g3=a3
410 0 0 1 0 0[O0 1 0 |gs=2] : (8.21)
%1 0 0 0O O 1 0[]0 0 1 |g5=a

%0 1 0 1 0 0 —1[-1 1 0 |96=1nhis
%7001 0 0 1 0 —=1[1 =1 0 |§r=U4i

%0 1 0 1 0 0 -1 0 1 |g8=1ls

0 1 0 0 0 1 10 —1/|gy=1s

Here we have displayed the points 9;, the corresponding monomials g; and a basis of relations
@(i), that we obtain as a Mori cone of a triangulation of the polyhedron A7Z . We emphasize
that besides the closed string charge vectors of Zs embedded as (V) = /D 4@ 4 é(3), the
brane charge vectors 7@ are among the charge vectors 09) of A7Z as well. Furthermore, for
the above triangulation of A7Z we immediately obtain the full GKZ differential system L, Z;
of BIY) by the standard formulas for the standard GKZ-system in (B34, (B30) using the
points 9; and relations /) from A7Z with exponent 5 = (—1,0,0,0,0,0,0).

This GKZ-system defines coordinates zZ% on the complex structure moduli space of Zs as
before. We apply the closed string formula (30)) for the charge vectors 0@ of A? to obtain

the three coordinates

3
A aia2a3a7ag - a40e . asasg
pl=—23 "2 2= , 2= . (8.22)
apaeag asay aszag

We obtain a complete system of differential operators D,, the Picard-Fuchs operators, by
adding to (BI9) further operators L, associated to scaling symmetries specified by integer
positive linear combinations of the charge vectors /(%) in (&ZI]). By factorizing these operators
L, expressed in the coordinates (B22) we obtain the differential system generated by

4
Dy = 010505 (301—0,—05) — 5] [ (561 i) £'5%2%,
=1
D, = (91—Hi)9i+(1+91—92)(1+391—92—03)2i, 1=2,3, (823)

ad
REL
Each of these three operator D, corresponds to a linear combination of the charge vectors

where we introduced 6; = 2 and further rescaled the holomorphic three-form € by ag.
I whose integer coefficients can be read off from the powers of % in the last term of D,,.
Obviously the deformation problem is symmetric under exchange of 22 and 23. While D; is

symmetric under that symmetry, Dy and D3 map onto each other under 2% « 23.

203



204 CHAPTER 8. SUPERPOTENTIALS FROM BRANE BLOW-UPS

This Picard-Fuchs system is perfectly consistent with the expected structure from section
([CZ9), that in particular implies that the periods of Q directly lift to the blow-up Zs. Upon

the identification of the coordinate z' = 212223 on the complex structure moduli space of the

3

quinticﬁ, and keeping 22, 23 unchanged, we rewrite the operators (823) as

Dy = D& 4 [01(01 + 03) (01 — 02 — 03)05 + (62 — 03)],
D = —[01+0;i — 20 — 02— 03)] - 0;, (8.24)

where we write 61 = 21% by abuse of notation. The first operator D splits into the well-
known fourth order quintic operator D75 = g% — 5 H?:1 (501 —1i) z! and a term linear in the
derivatives 6o, 03. The other operators Dy, D3 are proportional to 5, 3. Consequently, it is
ensured that the solutions to (§Z3) contain the closed string periods IT¥(z') of the quintic as

the unique solutions independent of the open string parameters 22, 23.

Thus, we summarize by emphasizing that the complete information for the study of com-
plex structure variations in the family Zs of complete intersection threefolds P = @) = 0 just

reduces to the determination of the toric data A? and the associated GKZ-system.

8.1.3 Superpotentials from Blow-Up Threefolds

The complex structure moduli space of the blown up quintic orbifold Z5 described above is the
model for our open/closed deformation space and [B23)) is the Picard-Fuchs system annihilat-
ing its periods. We will analyze and interpret the global properties of the deformations space
and the solutions at special points in the deformation space. First we analyze the solutions at
the locus Z; = 0. Different than for systems that can be embedded in a Calabi-Yau fourfold,
as the one in sections B3, we find at Z; = 0 no maximal unipotent monodromy. Rather
the indicial equations of the system (BZ3) have the solutions (0,0, 0)'2, (%,0,0), (%,0,0,0),
(3,1,0),(3,0,3). So in total we find 16 solutions. The twelve-times degenerate solution
((0,0,0)'2 gives rise to one power series solution

X = 141202 + 11340022 + 168168000z° + O(z*) (8.25)

where z = 212923 is the quintic complex structure parameter near the point of maximal
unipotent monodromy in its moduli space. This solution is identified with the fundamental

period X of the quintic. Denoting l; == log(z;) we get additional eleven logarithmic solutions

Xz‘(l) : I, by, Is, (8.26)
x® 12, bkl + 1), skl +12), by
Xés) : %Z:f , %Zg’ + %Z%ZQ + %Z%Zl , %Zg’ + %Z%Zg + %lgil , %lgig + %Zglg + Zligig .

5This is perfectly consistent with the embedding of the quintic charge vector as 0D = 4 ) 4§,
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The single logarithmic solutions are

Xfl) = XOlog(21) — 6021 (22 + 23) + 7702 + 945027 (25 + 23) + 6021 (2353 + £223) + O(2°),
XD = XOlog(5y) + 602125 — 94505253 — 6051 2325 + O(2%), (8.27)
X?()l) — X( )log(zg) + 602’122 — 94502’1 22 — 60z A12322 + O( )

It is easy to check that the single logarithmic period of the mirror quintic is obtained as
> Xi(l). Similarly we have chosen the normalization of ([&28) so that x and >pX gg)
are double and triple logarithmic solutions of the Picard-Fuchs equation of the mirror quintic
Zs. Using the information about the classical terms of the mirror quintic [35,252] one can
identify the precise combination of periods corresponding to a basis of Hs(Z3,Z).

Notable are the four fractional power series solutions to the remaining indices,

11 1. 6545, I
x© - zf’—{— (50 + 5+ o) + O(EF), (8.28)
. 2 86944 7

X?E ) = zl + 2 (420 + 423 + 1012521) +0(25),
_ 5005, . s .

X = g+ 15 — - (2122)2 + O(2Y) |
5005, . .5 .

Xéo) = VZi1%3+ V21232 — W(lei%)g +0(2h).

Let us discuss now the global properties of the moduli space of the branes on the quintic
orbifold defined by ([B4)). As discussed in section there are critical points, where the
unobstructed deformation problem of the complete intersection (B4l gives rise to superpoten-
tials associated to obstructed deformation problems such as the lines in the quintic orbifold.
Clearly these loci must occur at the discriminant of the Picard-Fuchs equation determined by
D1,Ds, D3 described in the last section. We find

A = (14 2)(1 — 5)(1+ 23)(1 — 25)(1 — 25 — 23)(1 + 25 — 53)(1 + 225 — 29) (8.29)
X(4 + 55,2122(1 — 23) )(4 + 552123(1 — 22) )(1 — 55212223)(27 + 5521(1 — 29 — 23)3) .

We expect to get a degeneration of the holomorphic curve ¥ of (B2l at the discriminate
locus and thus obstructed deformation problems that can be characterized by appropriate

flux quantum numbers. Let us consider two discriminant loci of particular interest.

At the locus 2o = —1 and 23 = —lﬁ the complete intersection becomes holomorphic in the
quintic and in fact the toric A-brane, which is mirror to the holomorphic constraint, becomes

compatible with the involution brane, i.e. the fixpoint locus of the involution
(21,29, 23, T4, 75) — (T1, T2, T3, T4, T5) - (8.30)

More precisely the toric A-branes is given by the constraints (BI3) defined by the charge
vectors ((®) in (BIH) with vanishing relative Kihler/Wilson line parameters ¢* = 0. Com-

paring the solutions at that locus we obtain a two open parameter deformation of the brane

5We note that 2o = 23 = —1 agrees with u' = 4% = 1 in the notation of EI8) since 2, = —u®.
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206 CHAPTER 8. SUPERPOTENTIALS FROM BRANE BLOW-UPS

discussed in [111]. The relevant periods at the involution brane point are trivially obtained
from the solutions at the large complex structure point by analytic continuation. In particular
the solutions at large complex structure, which are at most linear in the logarithms of the Z,
converge in the variables (v1 = z1,v9 = (1 + 23),v3 = (14 23)). The solutions with the square
root cuts X io) and XE()O) are expected to specialize to the superpotential for the involution
brane, if the open moduli v9 and vs are set to zero. Indeed, if we symmetrize in the two
square root solutions, we find up to a normalization worked out in [111] the series

30 5005 52055003 1

Wauent — 2 <vi/2 + vaﬂ + Tviﬂ + 01/2(5(212 +v3) — E(v% — 4v1vy +13))
5005
Tvi’ﬂ(vg +v3) + (’)(27/2)> : (8.31)

In particular we note that for v = vy = 0 this superpotential is exactly the one for the
involution brane obtained in [111]. Using the mirror map of the quintic it is possible to
obtain from B3I at vy = v3 = 0 the disk instantons for the involution brane. We expect
that the scalar potential induced by ([B3I)) has a minimum along the vo = v3 = 0 direction.
However to see this minimalization explicitly requires the construction of the Kéahler potential,
a choice of flat coordinates and a choice of the gauging of the superpotential as a section in
the Kahler line bundle. We note that the above discussion of the involution brane is similar
to the one of [119] in the context of a one open parameter family of a toric brane on the
quintic.

A similarly interesting locus is the (1—29—23) = 0 and Z—ll = 0. According to the discussion
in section this is the locus Mp1(X) of [BF), Wtﬁjﬂ = 0 and wa—@ = 0, where the
constraints ([84) factorize and the holomorphic lines occur. We expect the superpotential to
vanish at this locus. Indeed if we expand in (w; = %, wy = (1—29—23), w3 = Z2—23) we find 16
solutions having the indicials (%, i,7), Wthre k=1,...,4 ancll (1,7) = (0,0),(1,0),(0,1), (1,1).

_1 _2 4 _1
Thus, the solutions vanish with 2, °, 2, °, 2, °, 2, ® for 2, ® = % This is compatible with

[S3[5)

the vanishing of the superpotential at the locus of the holomorphic lines. Again one would
need the flat coordinates and the gauge choice in order to to perform a detailed local analysis

of the orbifold superpotential.

In summary, from the two examples above it is clear that the discriminant of the Picard-
Fuchs equation contains the expected information about the degeneration of the two open
parameter brane system are special loci, where the problem can be related to obstructed
deformation problems. We expect this also to be true at the other loci of the discriminant,
where a brane interpretation is not yet available.

8.1.4 Brane Superpotential at Large Volume: Disk Instantons

In this section we apply the blow-up Z5 to a different five-brane on the quintic. The following

analysis is focused on the determination of the disk instanton invariants at large radius of the
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A-model and thus brief at several points for the sake of brevity.

The Calabi-Yau geometry of the B-model is given by the one parameter mirror quintic
with the constraint P as in ([8I0). We add an open string sector of a five-brane, that we
describe as before under the identification of the moduli space M(X) with the deformation

space P!, by the toric curve ¥ specified by brane charge vectors 0@ as
> : P=0, hi=agrix0030475 + am? =0, hy= agxi’ + agxg =0,
/M = (-1,1,0,0,0,0), @ =(0,-1,1,0,0,0). (8.32)
For this geometry we readily construct the blow-up Zs as the complete intersection in the
toric variety W = P(O(5) @ O(5)) = P(O ® O),
Zg : P=0, Q= ll(ag.%"? + ag.%'g) — lg(a6x1m2x3x4x5 + awvi’) . (8.33)

From these constraints we construct the holomorphic three-form Q as the residue ([ZZ2) from
which we read off the GKZ-system for Z3 as

Zo=2000i+1,  Z1=Yg0, Za=vy— v —vr— s+,
Zi=v; =V — U7 -0, i=3,4,5, Zg = g + Vg — Vg — V7,

5
0 o 0? 0? 0? 0?
! 11;11 da;  Oa}’ 27 da10ag  Oagdar’ 37 Dagdas  Daidag’ (8.34)
for the logarithmic derivative 1¥; = aia%i' Again there are two second order differential

operators Lo, L3 that include the curve moduli a;, i = 6,7,8,9, and one fifth order operator
L1 which is lifted from the quintic Calabi-Yau to the blow-up. There are no further operators
of minimal degree. We obtain the GKZ-system (B34 from the following toric data of Zs

AZ ) j@ je)

|1 0 O 0 0 0 0| -3 —1 0 |go==x122T3T475
|10 -1 -1 -1 =1 0|0 1 -1|g=a}

(1 0 1 0 0 0 0[]0 0 1 |g=1
%3110 0 1 0 0 O 1 0 0 |g3=13

%1 0 0 O 1 0 0|1 0 0 |g=2 . (8.35)
%110 0 0 0 1 0] 1 0 0 |g=a

%0 1 0 1 0 0 —-1[-2 1 0 |g=Mhio
%01 0 0 1 0 =12 =1 0 |gr=Uhin

%10 1 0 1 0 0 1 |-=1 0 1 |gg=Ilin

%90 1 0 0 0 1 1|1 0 =1|3=Ii

We note that the second and third charge vector realize the brane charge vectors (B32) and
the closed string charge vector of the quintic is embedded as ¢(1) = ¢ 4 20 4 73) Here

the generators of the Mori cone /(@) are obtained as a triangulation of the polyhedron A7Z .
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208 CHAPTER 8. SUPERPOTENTIALS FROM BRANE BLOW-UPS

The GKZ-system (B34) defines three local coordinates 2% on the complex structure moduli
space of 23, that are chosen according to the basis of charge vectors in ([§3H),

2
~ a3a40a50709 2 a10a6 o a20asg
Zl = —3727, Z2 == 5 23 = . (836)
apagag apay ajag

The complete system of differential operators D, constituting the Picard-Fuchs system are
found by linear combinations of the charge vectors /(@ in (B3H). They are obtained by factor-
izing the corresponding operators L,, that are directly associated to the scaling symmetries

of the charge vectors. We obtain the system

=2
Dy = 67(201—02) (61— 03) + (201 — 02 — 2) (61 — 05— 1) [ (361 + 62 —4) 2", (8.37)

=0
Dy = (291 — 92) (92 — 93) + (291 — 0y + 1) (391 + 92) 32 ,
D3 = ((91 —63)93— ((91 —63+1)(—62+93— 1)23,

3
D, = —9% (291 — 92) 03 — (291 — 0y — 1) H (391 + 6y — ’L) Z 2223
=0

4
D5 = 67 (01 —03) (—02+03) (1— 02+ 03) + (—1+ 0 — 0) [ [ (361 + 02 — i) 2" (27)°,
=0

4
Dg = 9% (—92 + 93) 03 + H (391 + 0y — Z) 21(22)223 ,
=0

where the corresponding linear combination of the £(*) can be read off from the powers of the
@, 'We note that this system has the structure advertised in eq. ([ZZ9) and thus the periods
1% (2') of the quintic Zz with 2! = £1(3%)223 are solutions to it.

Indeed, we identify 12 solutions of the following form at 2* — 0. There is one solution X (©)

(1)

with a power series expansion, three single logarithmic solutions X;

2) ®3)

solutions X(g{ and four triple logarithmic solutions X P

, four double logarithmic
. The unique power series solution

starts with a constant, that we normalize to 1,
X© =1 4+1202" + 113400(2")? + 168168000(2")* + 305540235000(z")* + O((21)%), (8.38)

where we set z! = 21(22)223. Thus, we identify this as the fundamental period I1°(z!) of the
quintic. We recover the three other quintic periods by first noting that the leading logarithms

of the solutions are given by

xM i, dy, s, (8.39)
Xa2) : %l? , ig(il — Qig) Zg(il + 2Z2 + lig) ig(lig + Zg)
X 103 1720y — Lj3 ol Iyl — 31205 — bal2,

%Z%Zg + 2Z1Z2Z3 + 2Z%Z3 %lll?) + l2l3 llg’, 2l1l2 ll% + l1l2Z3 + %Z%Zg + %Zglg ,
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8.2. OPEN-CLOSED GKZ-SYSTEMS FROM BLOW-UP THREEFOLDS 209

where we used the abbreviation log(2?) = l;. We immediately observe that all quintic periods
Hk(zl) with leading logarithms [, %l% and %l:{’ for l; = il +2ZQ —|—l}, are indeed contained in the
leading logarithms ([B39) of the solutions on Z5. We readily check that the complete z'-series

of the quintic periods IT¥(z!) are reproduced as well on the blow-up.

The remaining six logarithmic solutions are related to the open string sector. In particular,
we can cross-check this statement by finding the brane superpotential Wy ane by its A-model
interpretation at large volume as a generating functional for disk instantons. First we interpret
the single logarithms in (B39) as the mirror map of the open-closed system at z — 0 defining
the flat coordinates via #; = XZ.(l) /X0,

(1) (0) . . ) A 22 223 251 223 s 5 a -6
X, = XWlog(z1) + 22, — 25 — 602125 + ENE) + - 48212923 + 46221 + O(2°),
22 23 24 25
XU = XOlog(zy) — 2 + %2 - %2 + %2 - %2 245 5055 + 15421 — 360212325 + O(2°),
= og(z3) + 0602125 — 2129 + 212923 — 00212525 + O(27). .
x{M X log(23) 4+ 60122 — 945052 22 + 75600522425 — 602,522 + O(z° 8.40

Here we omit a factor of 2%” in front of the logarithms for brevityﬁ. This is perfectly consistent
with the mirror map of the quintic that is obtained as t = t1 + 2ty + t3 or as Hl(zl) =
Xfl) + 2X2(1) + X?El) = X log(z1) + 77021 + ... as required by the charge vectors /() in
(B3H). Upon inversion of the mirror map, we obtain the 2% as a series of ¢, = 62“5‘1, that
we readily insert into the double logarithmic solutions in (83d). Then we construct a linear
combination of the double logarithmic solutions in ([B39) as

Whrane = (X2 +4X7 4+ ax{) +4x2)/x© (8.41)
in which we insert the inverse mirror map to obtain

Wiane = 262 + 203 + (4 = a)ff — thy — (4~ )ty — — 3 ma .t Lin(a a5, (342
n;

where a denotes a free complex parameter. This has the expected integrality properties of
the Ooguri-Vafa Lis-double cover formula, such that we obtain the disk instantons ng, 4, ds-
Selected invariants n;,4;; are summarized in table Bl where the rows and columns are
labeled by i and j, respectively. We note that the parameter a does not affect these instantons,
however, it does affect the classical termﬁ. It should be fixed by the determination of the
symplectic basis on the blow-up Zs.

8.2 Open-Closed GKZ-Systems from Blow-Up Threefolds

In the following section we present a general recipe to easily obtain the toric GKZ-system of

an arbitrary toric brane ¥ in an arbitrary toric Calabi-Yau hypersurface Z3.

"We also label the variables 2; by a subscript instead of a superscript in order to shorten the expressions.
8The classical term 4t> — 2t3 of [122] can not be reproduced by tuning the parameter a. The “closest”

match is 2(t — 1?2)2 for a = 4, for which the only non-vanishing disk instantons are those in table
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210 CHAPTER 8. SUPERPOTENTIALS FROM BRANE BLOW-UPS
1] = j=1 Jj=2 j=3 j=4 j=5
0 0 =320 13280 —1088960 119783040 —15440622400
1 20 1600 —116560 12805120 —1766329640 274446919680
2 0 2040 679600 —85115360 13829775520 —2525156504560
3 0 —1460 1064180 530848000 —83363259240 16655092486480
4 0 520 —1497840 887761280 541074408000 —95968626498800
) 0 —80 1561100 —1582620980 931836819440 639660032468000
6 0 0 —1152600 2396807000 —1864913831600 1118938442641400
7 0 0 580500 —2923203580 3412016521660  —2393966418927980
8 0 0 —190760 2799233200 —5381605498560 4899971282565360
9 0 0 37180 —2078012020 7127102031000  —9026682030832180
10 0 0 —3280 1179935280 —7837064629760 14557931269209000
11 0 0 0 —502743680 7104809591780 —20307910970428360
12 0 0 0 155860160 —5277064316000  24340277955510560
13 0 0 0 —33298600 3187587322380 —24957649473175420
14 0 0 0 4400680 —1549998228000  21814546476229120
15 0 0 0 —272240 097782974040 —16191876966658500
16 0 0 0 0 —178806134240 10157784412551120
17 0 0 0 0 40049955420  —5351974901676280
18 0 0 0 0 —6332490480 2348019778753280

Table 8.1: Disk instanton invariants n; ;4;,; on the quintic at large volume. These
results agree with [122].

Motivated by the above example it is possible in a simple manner to construct the toric
data A7Z right from the original polyhedron Ag and the toric curve X as specified by the
charge vectors ¢ {2 We denote the vertices of A;SZ by v;, i =1,...,n, with 99 the origin,
its charge vectors by £, i = 1,...,n — 4 and the two brane vectors by (W, /) a5 before.

We define n + 5 points 9; spanning a seven-dimensional polyhedron A? as
Z3 . @z =
i
i@

(1,0,7,0), i=0,...
®n+1 = (07 17 U(_)a _1) ) ®n+2 = (07 17 U§+)7 _1) ’
(0,1,057,1), Bpea=(0,1,057,1),

’n’

Upt3 = (843)

where we use the abbreviations

WP = 3 5, o0 - Y W5, o = 3 i@,

Z§1)>0 Z§1)<0 Z§2)>0

W - 3 i,
P <o
1 (8.44)
The first line of (8Z43)) simply embeds the original toric data associated to Z3 into 23, whereas
the second and third line translate the brane data into geometric data of Zs. The structure

of the points 9; is quite generic for the description of a toric complete intersection, cf. [252]
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8.2. OPEN-CLOSED GKZ-SYSTEMS FROM BLOW-UP THREEFOLDS 211

for the Calabi-Yau case.

In our context this structure in addition reflects the distinction between the closed and
open string sector. It is encoded by the two canonical hyperplanes in the first and second
row of the ¢;. Points in the hyperplane H; = {(1,0, w1, ws, ws, wq,ws)} correspond to the
closed string sector, i.e. the geometry of the Calabi-Yau encoded in the constraint P, whereas
points in the hyperplane Hy = {(0, 1, w1, wa, w3, w4, ws)} contribute to the open string sector
as encoded in the constraints hq, hy of 3. On the blow-up Zg, that we construct as a complete
intersection ([Z3J), this translates to the rule, which monomial y;(z) contributes to which of
the constraints P, ). Points ©; in H; contribute to P, whereas those in Hy contribute to Q).
We summarize this in the following table

A? e =4 | j(n=3) j(n-2) monomials

o v 0 | \ \ ’ Yo = Yo

N A (= | g @ | P

b |10 B O | ... | | | Un—4 = Yn—4

N (-) . —0)
Upg1 |0 1 vy -1 0o ... 0 1 0 Un—3 =11 Hé(1)<0 Yy, "
N (+) . o
bpy2 [0 1T o7 10 .00 -1 0 |Q: Fn2=0lln_,u

A - * Z 75(2)
Upgs |0 1 vé T 0o ... 0 0 1 Un—1 = la Hé(1)<0 Y "
; (+) N o)
Oppa |0 1 v 1|0 ... 0 0 -1 In =10,y

(8.45)
Here we displayed besides the points v; of ([BZ3) also a natural choice of basis 7@ of the
lattice of relations of A7Z . In this basis the first n — 4 charge vectors are identical to those
of Af up to the extension by four further entries 0. More importantly the last two charge
vectors naturally contain the two original brane vectors 7@ extended by four further entries
with £1, 0. As before their entries sum up to zero. In the last row we associated monomials
y; to the points v; where the y;(z;) merely denote the polynomials on the original geometry of
Af computed by the Batyrev formula (7). The coordinates [, ls denote the homogeneous
coordinates on P'. We note that the form of the polynomials ¢J; associated to the four new
., Un44 reflects the definition of the brane constraints hy, hy defined via (BIH).
As mentioned before and indicated in ([BZH) the constraints P and @ are given by

points Uy, ..

n
Q= > aii,

i=n—3

n—4 n—4
Zy: P=Y agi=) ayi, (8.46)
=0 =0

where the a denote free complex parameters. As can be easily checked the general toric data
in (8Z3) immediately reproduce the toric data of the blow-up ([BZII) of the curve ¥ in the
quintic Z3. Similarly we obtain the toric data ([B6H) of our second example in section

To the general form of the toric data ([&ZH) of Z3 we associate a GKZ-system on the
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212 CHAPTER 8. SUPERPOTENTIALS FROM BRANE BLOW-UPS

complex structure moduli space of Zs by the standard formulas

9 l?ga) P _éga)
Lo = ] (aa,) - 11 <8ai> . a=1,...n-2, (8.47)

i4>0 i <0

Zp = ) (@00 —B,  j=1,...,7.

i

This immediately yields a natural choice of complex coordinates given by

i@ g
=) J[a » a=1,..n-2 (8.48)
=0

We readily apply these formulas to reproduce the GKZ-system (BI9) and the coordinates
(BZQ) for the choice of charge vectors /(@) as in (8ZI). The same applies for the GKZ-system

in the second example discussed in section

Let us conclude by mentioning some remarkable properties of the geometry of Zs5 as
encoded by A7Z . First, the last row in ([8ZH) is associated to the toric symmetries of the
exceptional P! in the blow-up divisor E. In fact, this P! can be made directly visible in
A7Z by projecAtion on the ray (0,0,0,0,0,0,w;). Second, one might be tempted to map the
toric data AZ of the complete intersection [BZH) to toric data of a hypersurface defined
by six-dimensional vectors obtained by adding the first and second row, ((9;)!, (9;)2,...)
((5:) 4 (9:)2,...) = (1,0}), where we note that (9;)!+(9;)? = 1. This defines a five-dimensional
polyhedron As with points v}. Clearly, this polyhedron has one further charge vector f(n=1)
so that the dimension of a corresponding toric variety is five-dimensional. Furthermore, for
special choices of the brane charge vectors é(a), but by far not for all choicesﬁ, this toric
data defines a mirror pair of compact Calabi-Yau fourfolds X, X, with the hypersurface
constraint given by the standard Batyrev formalism (7). In combination with the first
observation about the universal presence of the P! in A7Z , the geometry of X, will contain
this very P! as the basis of a Calabi-Yau threefold fibration with generic fiber Z3. This is
precisely the geometric structure we encountered in the Calabi-Yau geometries used in [79]
and in the context of heterotic/F-theory duality in [81]. In fact, the Calabi-Yau fourfold X4
we obtain from A7Z for the example of the next section precisely agrees with the F-theory
dual fourfold of a heterotic setup with horizontal five-branes as predicted by heterotic/F-
theory. We suspect that heterotic/F-theory duality for horizontal five-branes is in general
the reason for the occurrence of a Calabi-Yau fourfold geometry associated to some blow-
up threefolds Zs. This nicely completes the discussion of the application of the blow-up
proposal for heterotic five-branes and heterotic/F-theory duality in [81]. Let us conclude by
emphasizing that only parts of the fourfold geometry Xy, if present, are intrinsically related
to the original five-brane as e.g. signaled by the additional charge vector g(”_l) However,

9The polyhedron As defined by the v] is not generically reflexive. This is the case in section BIZ]
90n the heterotic side, the additional data of X4 is related to the heterotic bundle.
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the toric data A7Z of the blow-up Z3 should by construction always carry the minimal amount
of information in order to study the open-closed system of the five-brane in Zs3.

A technical similar but differently motivated method to obtain toric data and a GKZ-
system governing the deformations of toric D5-branes was presented in [108,114,119,120,122,
263] and formulated mathematically rigorously in [124].

8.3 Open-Closed Picard-Fuchs Systems on P4(1,1,1,6,9)[18]

As a second demonstration of the application of the blow-up proposal we consider a two-
parameter Calabi-Yau threefold Z3. Since the discussion are similar to the case of the quintic
we keep it as brief as possible. First in section we consider branes on lines in Z3 =
P4(1,1,1,6,9)[18] and identify the toric curve ¥, that degenerates appropriately at the critical
locus M(P'). We construct the blow-up Z3 along ¥ as a complete intersection and construct
the Picard-Fuchs system in section Finally in section we determine the solutions
at large volume and identify the brane superpotentials from which we extract compact disk
instanton invariants, cf. appendix [C3 that match the local results of [107].

8.3.1 Branes on Lines in P%4(1,1,1,6,9)[18] and the Blow-Up

The Calabi-Yau threefold Z is defined as the mirror of the Calabi-Yau hypersurface Z3
in P4(1,1,1,6,9) which admits h(>1)(Z3) = 2 complex structure moduli and is an elliptic
fibration over P2, In the conventions of [261] the two complex structures denoted ¥y, Wy

enter the constraint P as
P =192+ 23 +ul® 4+ uld +ul® — 30 (uyugusz)® — 18Wsayuiugus, (8.49)

where we introduce the homogeneous coordinates (u;, z,y, z), i = 1,2,3, for the P2-base and
the elliptic fiber P?(1,2, [?i respectively. Note however that we are working in an affine patch
z =1 of the elliptic fibe 14, This is reflected in the toric data used to obtain P,

(M =( o, -3, 1, 1, 1, 0 0

(2 = (-6, 1, 0, 0, 0, 2 3)
(8.50)

Yo Y1 Y2 Y3 Y4 Ys Y6

6 .6,18 6,18 6,18 .3 2
zouy y

zxyujugus  (zuiugus) 2Pus®  2Puz® x

)

where the y; corresponding to the entries €§j of the charge vectors are monomials in the ho-

mogeneous coordinates on P4(1,1,1,6,9). This hypersurface data is augmented by the action

1We will abbreviate this simply by Zs.
12Strictly speaking one has to include the divisor z to resolve a curve of Zs-singularity in P*(1, 1, 1,6, 9) [261].
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of a discrete orbifold group G which is G = Zg x Z1g generated by v(®) = (0,1,3,2,0) mod 6,
v'9) = (1,-1,0,0,0) mod 18 acting on the coordinates as

1) . 2miv)?) /18

)
2miv,” /6 D ap e

g9 zp e Tk, ¢ Tk - (8.51)

To this setup we add five-brane wrapping a rational curve P! in Z3 that will be of similar
type as the lines ([BII]) considered in the quintic. As before we use the moduli space M(X)
as a model for the deformation space P! of this line, where we specify the analytic family of

curves Y in the form of toric branes

X o P=0, hi=08%(unuguy)’ —a®fuy’ =0, hy =4 (urugus)® - a®8%u3® =0,
(M =(0,-1,0,1,0,0,0),  ¢® =(0,-1,0,0,1,0,0). (8.52)
The brane charge vectors /() are used to construct the constraint k; via (). This basis

of constraints and parameters might look inconvenient, is however justified by noting the

convenient, equivalent form

Y. P=0, ~Bul®-pBuld =0, 8y -aBu® =0 (8.53)
upon a trivial algebraic manipulation. We introduce affine coordinates parameterizing this
18
analytic family of curves in Z3 that we choose to be u! = ng and u? = f;—i:

Next we proceed by linearizing ([B53) to describe a non-holomorphic deformation Pl of

rational curves given by

P mz+ Y2+ mlus,z,y) =0, noyus — PBuz =0, n3yu; —auz =0. (8.54)

Here we inserted h; and hy into P and introduced the third and eighteenth roots of unity 7,

respectively 72, 13 as well as the polynomial

18 18 18 6
m(us, z,y) = a +518 Ll 3v, (j—f) ui® — 18\1’25—33311@8. (8.55)

At the critical locus of the parameter space «, 3, v where the polynomial m vanishes identi-

cally, the generically higher genus Riemann surface ¥ degenerates. This locus reads
Mpi(Z) 0 B+ 88 4418 _30,0%350 =0, WyaBy=0. (8.56)
At this locus the Riemann surface ¥ in (853) degenerates to
Y o ho=yt 42, ABu® -l =0, ABul® —aBu®=0. (8.57)

Modulo the action of G identifying the different solutions in ([B54]) we can solve (§324]) holo-
morphically and consistent with the weights of P?(1,2, 3) at the locus Mp1 (%) by the Veronese
embedding of a line in P*(1,1,1,6,9),

(U, V) = (aU,BUAU,—m?*Ve, V), ni=1. (8.58)
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From the perspective of this line, the constraint ([856) on the parameters («, 3,7) is precisely
the condition for it to lie holomorphically in the Calabi-Yau constraint P of Zs. This implies
that at the point W4 = 0 there is an analytic family of lines in Z3 and otherwise, for Wy # 0,

only a discrete number of lines.

To study the open-closed system defined by the five-brane in Z3 we construct the blow-up
threefold Z5. As explained above, cf. section [[LZ2, we use the holomorphic description by the
toric curve 3 of the anholomorphic brane deformations P! in order to construct the blow-up.
Before we construct Zs, we switch to a full toric description.

8.3.2 Toric Branes on P*(1,1,1,6,9)[18]: the Open-Closed GKZ-System

We begin the analysis of the open-closed moduli space using the toric means. First of all let
us recall the toric construction of the Calabi-Yau Z3 by giving its constraint as well as the
curve >,

Zy: P =agy®+ asz® + ayuSuSul + asui® + azul® + aqui® + apryuiusus (8.59)
X hi = azufubul + agud®,  ho = aguuSul + ajould.

The coefficients a redundantly parameterize the complex structure of Z3 respectively the
moduli of the curve ¥ in Z3. The information in (851 is directly encoded in the toric data
specifying (Z3,Y) via the polyhedron A7 and the two brane-vectors /(1) @ reading

AZ /D) p2) S ie))
v9 | O 0 0 0 0 —6|yo=zryuiusus 0 0
01 0 2 3 |-3 1 |y=z2%%u5uf || -1 -1
122 1 1 2 3|1 0 |yp=25d® 0 0 (8.60)
o3—-1 0 2 3|1 0 |yz=25d8 1 0
9 0 -1 2 3|1 0 |ys=2z5d8 0 1
%510 0 -1 0|0 2 |ys=2a° 0 0
%l 0 0 0 —=1]0 3 |ys=0v 0 0

The points of the dual polyhedron A are given by v; = (—=12,6,1,1), vo = (6,—12,1,1),
vs = (6,6,1,1), v4 = (0,0,—2,1) and v5 = (0,0,1, —1), where the point (0,0, 1, 1) corresponds
to the z-coordinate on the elliptic fiber that we set to 1. The Calabi-Yau as well as the two
brane constraints of ([BHJ) are then associated to this data via (BI4]) and (&I0), respectively.

Accordingly, the variational problem of complex structures on Z3 can be studied by ex-
ploiting the existence of the GKZ-system (34, ([E30) associated to A7. For the example at
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hand it reads

4 4
Zo=Y0 g%+ 1, Zi=¥y—Via (i=1,2) Z3=2> 0;—V5, Z4=3» 0i—s,
i=1 i=1
4
0 3 b ox
Ly = — L L= - 8.61
! g da;  Oa3’ 2 da10a20ay  0a§’ (8.61)

for 9; = ai% as before. The differential system Z; then determines two algebraic coordinates

2!, 2% on the complex structure moduli space that are given in terms of the Mori generators

() according to (B3E) as

2.3
a20a304 alaza
T=—, 22=—1F, (8.62)
a7y Qg

To analyze the open-closed system (Z3, ) described by (EXd) we now apply the blow-up
proposal, i.e. construct the geometry (Zg,E) given as the family of complete intersections
L32) in W =TP(O(18H) & O(18H)) = P(O & O) which now reads

Zz: P=0, Q=li(aruSulul+ agul®) — la(aguSuSul + a1ould). (8.63)

We define the three-form by the residue expression ([ZZ2) and determine a system of
differential operators, the Picard-Fuchs operators, for the family Zs. First we determine
the GKZ-system on the complex structure moduli space of the blow-up Z3. We check that
QO is identically annihilated by the two differential operators £ and Ly of ([BEI) that are

complemented to the system
6 10
Zozzﬁri-l’ 3122191‘7 Zy =1y =103 —0s, Zz3=12—19s4— "0,
=0 =7

4 10 4 10
24:2(Z+Z)79i—195, Z5:3<Z+Z)19i—196, 25 = Do + 010 — D7 — Vg
=1 =7 i=1 =7

o2 92 9? 0
Ly, Lz, Ls = dasdar  daydag’ La= dasdag  Haydarg

(8.64)

There are two additional second order differential operators L£3 and L4 that annihilate Q
and incorporate the parameters ar,...ajo that are associated to the moduli of . Clearly,
there are no further operators of low minimal degree. The operators Zj are related to the
symmetries of WW. The first two operators are associated to an overall rescaling of the two
constraints P — AP, Q — XN Q. The third and fourth operator describe the torus symmetries
of the P?-base, (u1,u;) — (\jui, A;luj), j = 2,3, the fifth and sixth operator are due to the
P2(1,2,3)-fiber symmetries, (z,y,2) — (\z,v, )\’1_12), (x,y,2) — (z,\y, )\’2_12) and the
last operator Zg is related to the torus symmetry (I1,l2) — (M1, A™tls) of the exceptional P!,
All operators Z; of the original system (BG1I) are altered due to the lift to the blow-up Zs.
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As discussed in detail in section the constructed GKZ-system can be obtained as a
GKZ-system associated to toric data of the blow-up Zs. The set of integral points 0; reads

AZ ORI NI
9 |1 0 0 0 0 0 0 0 -6 0 0 | 9o = zxyuijugus
9|10 2 3 01]-2 0 -1 1 [¢ =2%ufulu§
|10 1 1 2 3 0|1 0 0 0 |fg=2z:50I8
%310 -1 0 2 3 0]0 0 1 0 |g=2%
|10 0 -1 2 3 0|1 1 0 —1]|9=2:5d" (8.65)
%110 0 O —-1 0 OO0 2 0 0 |g5=2°
%1 0 0 O O —-1 0|0 3 0 0 |gp=v°
%7101 0 0 2 3 —1|-1 0 1 0 |gr=hin
%10 1 =1 0 2 3 1|1 0 =1 0 |g="nhis
%101 0 0 2 3 1 1 0 —1/|g9=1Ilin
b0 1 0 -1 2 3 1|0 =1 0 1 |§i0=1Isin

Here we have displayed the points v;, the basis of relations /@ and the corresponding mono-
mials ;. We emphasize that besides the closed string charge vectors of Z3 embedded as
(D = ¢ 4 3 ¢@) = §2) 4 /(4 the brane charge vectors /@ are among the 0 of A7Z as
well. We note that this toric data is completely consistent with the general formula (BZ3)
to obtain A7Z . Similarly the associated GKZ-system precisely reproduces (BG4]) upon using
the general formula of the GKZ-system ([&Z1). We confirm as mentioned in section that
this polyhedron can be mapped to the five-dimensional polyhedron with an associate compact
Calabi-Yau fourfold by adding the first and second row. This agrees with the heterotic/F-
theory dual fourfold when considering the elliptic Z3 as a heterotic compactification [81].
Furthermore, the GKZ-system (B64]) is a closed and more restrictive subsystem of GKZ-
system for the Calabi-Yau fourfold.

The GKZ-system (864l defines four coordinates 2 on the complex structure moduli space
of Zs that we calculate, according to the triangulation ([BGH) of A? , as

2.3

A a2a40g8 A 4050609 A asarw A ai1aio

l=—=r—, 2= 765 62 B2 o . (8.66)
ajar anaio ajasg ajsag

We obtain a complete system of linear differential operators D,, the Picard-Fuchs system, by
considering operators L, associated to linear combinations of the charge vectors i@ forming

the lattice of relations of A7Z . By factorizing these operators as expressed in the algebraic
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coordinates (B60) we obtain the differential system

2

D = 91(91—93)(91—|—92—94) 91—93—1 H 291+93—94—i)21, (867)
i=1

Dy = 09 (92 — 94) (91 + 6y — 94) + 12 (692 — 5) (692 — 1) (92 — 04 — 1) 32

Dy = (01—03)03— (1+ 01 —03) (201 + 03 — 0, — 1) 2°,

Dy = (92—94)(—291—93+64)+(1+62—94)(14-914-(92—64)24,
3

Dy = 9193(91+92—94)+H(291+93—94—i)2123,
=1

Dy = 91(91—93)(92—94)+(91—93—1)(1—}—92—94)(291—|—93—94—1)22
D; = 92(291+93—94)+12(692—5)(692—1) A2A4

2
Ds = 6105 (92 — 94) — (—92 + 04 — 1 H 291 + 603 — 64 — Z) sls834
i=1

The linear combination of charge vectors corresponding to each of these operators can be
read off from the powers of the z% in the last term of the D,. We note that this system
has the expected structure advertised in eq. ([ZZ9) of section [ Consequently the periods

117 (2", 22) lift to the blow-up Z3 upon the identification z' = 2123, 22 = 2254,

8.3.3 Brane Superpotential at Large Volume: Disk Instantons

In this section we solve the Picard-Fuchs system (B68) at the point of maximal unipotent
monodromy 2% — 0 in the complex structure moduli space of Z5. In addition we exploit
the local limit Kp2 = Op2(—3) of Z3, which is given by a decompactification of the elliptic
fiber t9 — i00, to determine the compact brane superpotential Wi ane and the compact disk

instanton invariants.

We find 16 solutions at large volume, that split into one power series solution X, four

single logarithmic solutions XZ-(l), seven double logarithmic solutions XC(YQ)

and four triple
logarithmic solutions X g’). As already expected from the observation made below ([B6H), that
Zs3 connects to a compact Calabi-Yau fourfold, these are the only solutions. In particular,
there are now square root and third root at large volume. The unique power series solution

reads in the chosen normalization as
XO =1 4602 + 1386022 + 408408023 + 245044802z 25 + 133855722024 + O(2'0), (8.68)

where we identify z1 = 2123 and 29 = 2924 as the complex structure moduli of Z3 corre-
sponding to /), ¢(2) in ®EW). Thus, X© is precisely the fundamental period I1°(z1, z5) of
Z3, cf. [233,261]. In addition we recover the other five periods of P4(1,1,1,6,9)[18] as linear
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combinations of the solutions of the GKZ-system on 75 with leading logarithms

Xz‘(l) : i, Iy, I3, Uy (8.69)
~ 2 A A ~ 72 A A ~ A A 7

x® . B b+ 20, bl +5), b +1), 3, b+, Lis+54)

Xég) : %Z%ZQ + %lgig, + %Z%izl + 2lA1lAQlA4 + %lglll + Zlii + Qiglz 2l4 l1[2 lgigg + 1[2[4,

lAllAQZg + lgigg + %iglg + ilZQZ4 + Z%Z4 + Z1Z3i4 + 3lAglA3lA4 + %lglll + %l1l4 + glglz 3l3l4 5é4 R
73 NN -
Loy 1i2)y + L2,

where we used the abbreviation [; = log(%;). Indeed the threefold periods [; = L+ Zg,
ly = ig + lA4, l%, l1lo + %l% and lg(%l% + %lllz + %l%) are linear combinations of the solutions in
(B59). Furthermore, we readily check that the complete (21, 22)-series of the periods agree
with the solutions on the blow-up.

Next we obtain the disk instanton invariants of the A-model dual to the five-brane on Z3

from the local limit geometry Kp2. First we use the single logarithms of ([B6Y) as the mirror
(1)
map t; = ?(O) at large volume, where we have the series expansions

xW = x© log(21) — 42125 + 1202924 + 60222324 + 30 (2123 + 431595354 + 13862%22) +0O(z%),
XM = X O 1og(25) — 6055 — 308052 (44225 + 954) + 65 (115535 + 6224) + O(2Y)

xM = x© log(23) — 22123 4+ 602224 — 60292324 + 15 (z1 25 + 421202324 + 1386:2%272) + 0O

X = X O log(24) + 6055 — 693022 + 22, 55 — 602024 + 308052 (4422 + 924) + O(2%) . (8 70)

Here we omit a factor 27¢ for brevity. This confirms the consistency with the mirror of the
threefold Zs, t1 = t; + t3 and to = 5 + t4, since the periods agree as H(l)(g) = Xfl) + X?El) =
X0 log(zy) — 621 + 4527 + ... and I?)(z) = Xfl) + Xél) = X0 log(zy) 4+ 221 + 31220 + .. ..
Upon inversion of the mirror map, we obtain the 2 as a series of §, = 627”'5@, that we readily
insert into the double logarithmic solutions in (869). Then we construct a linear combination
of these solutions to match the disk instantons in [106, 107] of the local geometries. Since
g2 = €?™*2 — ( in the local limit this means that we match, as a first step, only the part of
the g-series, that is independent of gs. Morally speaking, this procedure fixes part of the flux
on Zs specifying the five-brane. Indeed we obtain a perfect match of the disk instantons for
both brane phases I /11, I11 considered in [107] for the choices of superpotential

7
Wole = <(%(a4 —ar)+a3— HXP + > aiXi(Q))/X(O) , (8.71)
i=2
7
ngne = <a1X£2) + %(1 + a4 + a5 — 2a¢g + a7)X£2) + Z aiXZ(Q))/X(O) . (8.72)
i=3

where we in addition fix the parameters a3 = a7 = 0 to switch off the contribution of the

closed instantons of Z3 through its double logarithmic periods. We note that the two choices
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corresponding to ([BZIl) are compatible with each other so that we can also find a single
superpotential matching both phases of [107] simultaneously, corresponding to the parameters
ap=—1+ %(ZQ + a3 — %a5 4+ ag — ar,a4 = —1+ 3as — a5 + 2a¢ — a7. Most notably, this match
and the match in ([BT7]]) of the disk instantons of the local geometry already predicts the parts
of the disk instantons in the compact threefold Z3. The compact disk instantons according

to the Ooguri-Vafa multi-covering formula are listed in the tables in appendix

8.4 Heterotic/F-Theory Duality and Blow-Up Threefolds

In this section we apply the blow-up procedure of section in the context of heterotic/F-
theory duality. This allows us to relate the geometry of the blow-up Zs of an elliptic Calabi-
Yau threefold Z3 as well as the heterotic superpotential, in particular the superpotential
induced by fluxes and horizontal five-branes, to the dual F-theory fourfold X4 and flux su-
perpotential. Following [81] we demonstrate explicitly in section that the geometry
of the blow-up Zg, constructed as a complete intersection, can be used to obtain the dual
Calabi-Yau fourfold X4 on the F-theory side, which is also given as a complete intersection.
In particular we recover the toric data defining the F-theory fourfold. Then in section
we use the the blow-up description Zs of the heterotic string with horizontal five-branes for
a direct geometric map of the heterotic flux and five-brane superpotential to the F-theory
dual flux superpotential. In particular we show how to formally identify the four-form flux
G4 dual to the five-brane from the perspective of the blow-up Zs. This all agrees with the
observations of section B3l where it was noted that the GKZ-system of 23 is related to the
toric data of the dual F-theory fourfold Xj.

8.4.1 F-theory Fourfolds from Heterotic Blow-Up Threefolds

In this section we discuss the example of section employing the blow-up procedure of
chapter [ We find that the geometry of the F-theory Calabi-Yau fourfold X, is naturally
obtained from Z3 by an additional P'-fibration and in particular identical to the fourfold X,
considered in section B2 despite the fact that it is now realized as a complete intersection.

As in section the starting point is the elliptic fibration Z3 over By = P? with a five-
brane wrapping the hyperplane class of the base. Let us describe the explicit construction of
Zs. Recall that Z3 is a hypersurface {pg = 0} in a toric variety IP 5 and assume that the curve
¥ is given as a complete intersection of two hypersurfaces in Zs that takes for a horizontal

curve the form

hq

220, hQEg5:0. (873)

Here {Z = 0} restricts to the base By and g5 specifies ¥ within Bs, cf. section Assume
further that the charge vectors of Pz are given by {f(i)} with ¢ = 1,..., k. We are aiming
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to torically construct a five-dimensional toric variety which is given by P A= IP(N]pAE) and
in which the blow-up Zs is given by the complete intersection ([Z3Z). Let us denote the
divisor classes defined by h; as H; and the charges of h; by u; = (ugl), . ,u(k)). Then, the

7
Z(m) under the k scaling relations. Since we
(k+1)
P

coordinates [; of NPAHZ- transform with charge p

have to projectivize Np X, we have to include another C*-action with charge vector ¢
A

acting non-trivially only on the new coordinates ;. The new charge vectors of P A are thus
given by the following table:

coordinates of IP 5 1 lo
&) (® e
o o HeRNTS
L
(k+1)
EI@A 0 1 1

Then the blown-up threefold Zs is given by the complete intersection ([L32) with P = pg in

this toric space.

To apply this to the elliptic fibration over P? with the polyhedron (E3), one picks the
curve X given by hy := and g5 := x1. X is a genus zero curve and we readily infer that the
exceptional divisor F is the first del Pezzo surface dP; in accord with the general formulas
for the topology of E in appendix We construct the five-dimensional ambient manifold
P A as explained above,

-1 0 0 0 0 |3B+4+3D+9H

0 -1 0 0 0 |2B+4+2D+6H

3 2 0 0 O B

A5Z _ 3 2 1 1 1 H (8.74)

3 2 -1 0 0 H

3 2 0 -1 0 H

3 2 0 0 -1 E

0o 0 0 0 -1 H-F

Note that one has to include the inner point (3,2,0,0,0) which corresponds to the base of the
elliptic fibration Zs. Furthermore, one readily shows that the point (0,0,0,0, 1), required for
the above scalings, can be omitted since the associated divisor does not intersect the complete
intersection Zs. Explicitly the complete intersection Zs is given by a generic constraint in the
class

Zs: (6B+6E-+18H)NH , (8.75)

where H, B, E are the divisor classes of the ambient space ([8Z4l). The first divisor in (B7H)

is the sum of the first seven divisors in (BZ4]) and corresponds to the original Calabi-Yau
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constraint pg = 0 of Z3. The second divisor in (BZH) is the sum of the last two divisors and
is the class of the second constraint @ in ([Z32). This complete intersection threefold has
x(Z3) = —538 = x(Z3) — x(P') + x(dP1), and one checks that the exceptional divisor E has
the characteristic data of a del Pezzo surface dP;. This means that we have replaced the
hyperplane which is isomorphic to P! in the base by the exceptional divisor which is dP;. It
can be readily checked that the first Chern class of Z3 is non-vanishing and equals —F.

Having described the blow-up geometry Z3, we now turn to the construction of the fourfold
X, for F-theory. This fourfold will also be constructed as complete intersection, but it will be
the same manifold as the fourfold described in section by equation (7). Geometrically
we fiber an additional P! over P A Wwhich is only non-trivially fibered along the exceptional
divisor. This is analogous to the construction of the dual fourfold in heterotic/F-theory
duality where one also fibers a P! over the base By of the Calabi-Yau threefold to obtain
the base Bjs of the F-theory fourfold. Here we proceed in a similar fashion but construct
a PPl-fibration over the base of the non-Calabi-Yau manifold Z3. This base is a complete
intersection and thus leads to a realization of X4 as a complete intersection. Concretely, we

have the following polyhedron

-1 0 0 0 0 0 |3D+3B+9H +6K | D,

0O -1 0 0 0 0 |2D+2B+6H +4K | Dy

3 2 0 0 0 0 B D3

3 2 1 1 1 0 H Dy

o 3 2 -1 0 0 0 H D

AY = ° (8.76)

3 2 0O -1 0 0 H Dg

3 2 0 0 0 1 K Dy

3 2 0 0 0 -1 K+ F Dg

0 0 0 0o -1 1 FE Dy

0 0 0 0o -1 0 H-F Dy

The fourfold X4 is then given as the complete intersection in the class

Xy: (6B+6E+18H +12K)NH . (8.77)

Note that this fourfold indeed obeys Calabi-Yau condition as can be checked explicitly
by analyzing the toric data ([BZH). For complete intersections the Calabi-Yau constraint
is realized via the two partitions, so-called nef partitions, in &Z6) as in [271]. The first
nef partition yields the sum of the first eight divisors Z§:1 D; in BTH) and gives the first
constraint in ([BXZ7). The second nef partition yields the sum of the last two divisors Dy + D1g
in (B70) and determines the second constraint in (8Z1). The divisors D7 and Dg correspond
to the P!-fiber in the base of X4 obtained by dropping the first two columns in ([876). This
fibration is only non-trivial over the exceptional divisors Dy = FE in the second nef partition of

([B1M). Note that if one simply drops K from the expression (81) one formally recovers the
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constraint (87H) of Zs. To check that the complete intersection X, is precisely the fourfold
constructed in section 22, one has to compute the intersection ring and Chern classes. In
particular, it is not hard to show that also (B70]) has three triangulations matching the result
of section

In summary, we have found that there is a natural construction of X, as complete inter-
section with the base obtained from the heterotic non-Calabi-Yau threefold 23. Let us stress
that this construction will straightforwardly generalize to dual heterotic/F-theory setups with
other toric base spaces By and different types of bundles. For example, to study the bundle
configurations on Z3 of section with 719 = 6¢1(B2) £ kH, k= 0,1,2 one has to replace

Dy — (3,2,1,1,k) , Dy — (3,2,1,1,1,k) , (8.78)

in the polyhedra (E79) and (BZH), respectively. Moreover, also bundles which are not of
the type Eg x Eg can be included by generalizing the form of the P!-fibration just as in the
standard construction of dual F-theory fourfolds.

8.4.2 Superpotentials and G4-fluxes from Heterotic Blow-Ups

In this concluding section we show how the geometric matching of section B4l can be used
to map the heterotic flux and brane superpotential to the F-theory side. In particular we use

the geometry of Zs to specify the corresponding G4-flux on Xy.

For concreteness, let us again consider an elliptic Calabi-Yau threefold Zs described as
the hypersurface {pg = 0} in a projective or toric ambient space IPa. Then, the blown-up
threefold Z; is given by the complete intersection ([32) in the projective bundle W. Next we
use the lift of both the flux as well as the brane superpotential discussed in section [Z4 where
its complete moduli dependence is entirely encoded in the complex structure dependence of
the lifted three-form Q. On Z5 the combined heterotic superpotential can be written as

Wﬂux + Wbrane = /. ﬁ?; A Q (879)
Z3

where Hj contains the current [ZXD) and also a smooth flux part encoding Wyyx.

Now we can in principle proceed as in section and derive Picard-Fuchs differential
equations for () by studying its complex structure dependence explicitly. Then the closed
periods of Z3 as well as the superpotential Wiy, are expected to be among the solutions
to this system as argued in sections and [C4. However, instead of performing a direct
analysis on the heterotic side we follow the route of heterotic/F-theory duality to calculate

the superpotential.

In accord with the discussion of section the dual fourfold X4 can in general be realized

as a complete intersection blown up along the five-brane curves, cf. also section for the
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general construction. We want to match this description with the heterotic theory on Zs.
Indeed, one can now identify the blow-up constraints on the heterotic and on the F-theory
side as

Qnet = l195(1) — l2Z2—— Qr = l1g5(u) — 2k ik, (8.80)

where u denote coordinates on the base By, (2 = 0) defines the base By in Z3, which is
realized in Xy as (z =0)N (k = O) The map (BZ0) is possible since both Z3 and X4 share
the twofold base By with the curve X. The identification of Z with k£ corresponds to the fact
that in heterotic/F-theory duality the elliptic fibration of Z3 is mapped to the P!-fibration
of Bj, see section Clearly, the map (B80) identifies the deformations of ¥ realized
as coefficients in the constraint QQye; of 23 with the complex structure deformations of X,

realized as coefficient in Qp.

We also have to match the remaining constraints pg and P of Z5 and X4, respectively.
Clearly, there will not be a general match. However, as was argued in [103] for Calabi-Yau

fourfold hypersurfaces, one can split P = pg + Vg yielding a map
po+Vgr——P (8.81)

where Vg describes the spectral cover of the dual heterotic bundles £ = Ey & F,. Again,
this requires an identification of Z and k. For SU(1)-bundles this map was given in ([&Z0),
but can be generalized for non-trivial bundles. Note that the maps ([BR0) and &XI) can
also be formulated in terms of the(()}KZ—systems of the complete intersections Z3 and Xj.
a

It implies that the charge vectors ¢, of X, contain charge vectors of Z3 and the five-brane
charge vectors f(“), which is precisely the situation encountered for the blow-up GKZ-system

constructed in section and in [79,119,122-124].

To match the superpotentials Whe and W, as in (G61) one finally has to identify the
flux quanta on the blow-up Zs including the five-brane Superpotentia with elements of
H*(X4,7) and show that the periods of Q as well as Whrane can be identified with a subset
of the fourfold periods of 4. In order to do that, one compares the residue integrals ([LZ2)
and (EB0) for both € and € in the case of complete intersections. Using the maps (BX0)
and (BXT) one then shows that each Picard-Fuchs operator annihilating € also annihilates
Q4. Hence, also a subset of the solutions to the Picard-Fuchs equations can be matched
accordingly. As a minimal check, one finds employing the arguments of section that the
periods of © on Z3 before the blow-up arise as a subset of the periods of 4 [79]. The map
between the cohomologies H3(Zs — E,7) — H*(X4,7) is then best formulated in terms of

operators Rl(f) applied to the forms Q) and Qy,

RO Q522,10 —  RYU() . (8.82)

te=to=0 2=0

13Note that the P'-fibration B3 — Bs has actually two sections, one of which is an isolated section and the
other comes in a family of sections. As in section k = 0 is one of the two sections, say, the zero section.

“Formally these integrals are defined by the cohomology of currents [154] or its dual the relative homology
group H3(Zs, E) = H3(Z3 — E) [108-110].
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Here we used a notation from the context of mirror symmetry on fourfolds, where horizontal
fluxes are described by derivatives of €4, see section B3 also for the blow-up Zs. The map
([BR2) implies the assumption that the heterotic flux Hj can be represented by Rﬁ,i)ﬁg. We
conclude by noting that the preimage of this map will in general contain derivatives with
respect to the closed and open string variables t¢, t°. One then finds that by identifying the
heterotic and F-theory moduli at the large complex structure point z = 0, one obtains an
embedding map of the integral basis on Zs.
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Chapter 9

SU(3)-Structure on Brane Blow-Ups

In the previous chapters we have argued that five-brane deformations can be equivalently
described on Zs with a two-form flux localized on the blow-up divisor E. The aim of this
section is to delocalize the flux further to three-form flux and propose an SU(3)-structure
on the open manifold Zs — E and on Zs. Let us note that this chapter is independent of
any explicit toric construction and the reader only interested in the enumerative aspects of
the superpotential can safely skip this section. We hope to provide concrete proposals which
should only be viewed as first steps to identify a complete back-reacted vacuum.

We begin our discussion, following [100], in section by recalling some basic facts about
SU (3)-structure manifolds and the generalized flux superpotential. As an intermediate step,
we show next how the blow-up threefold 73 can be endowed with a Kihler structure in section
However, it is well-known that a supersymmetric vacuum with background three-form
fluxes requires that the internal space is non-Kéhler (section [@Jl). Furthermore, there exists no
globally defined, nowhere vanishing holomorphic three-form on Zs5. We propose a resolution
to these issues in two steps in section In a first step we argue that there is a natural
non-Kihler structure J on the open manifold Zs — E which, in a supersymmetric vacuum,
matches the flux via i(d — ) Hs = d.J. While (J, €, H3) are well-defined forms on the open
manifold, they have poles, as it is the case for J and ﬁg, and zeros, as we have seen for Q,
when extended to all of Zs. Hence, in a second step, we argue that the poles and zeros can be
removed by an appropriate local logarithmic transformation yielding new differential forms
(J', Q' Hf) on Zs . In fact, the new global forms are defined such that the zeros and poles
precisely cancel in the superpotential which can then be evaluated on Zs.

9.1 Brief Review on SU(3)-Structures and the Superpotential

To begin with, let us recall some basic facts about compactifications on non-Calabi-Yau mani-
folds Z3. In order that the four-dimensional effective theory obtained in such compactifications
has N = 1 supersymmetry one demands that Z3 has SU(3)-structure [272]. SU(3)-structure
manifolds can be characterized by the existence of two no-where vanishing forms, a real two-
form J" and a real three-form p’. Following [273] one demands that J’ and p’ are stable forms,

i.e. are elements of open orbits under the action of general linear transformations GL(6,R)
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at every point of the tangent bundle TZ3;. Then one can set p' = xp' and show that p is a
function of p’ only [273]. These forms define a reduction of the structure group from GL(6,R)
to SU(3) if they satisfy J A Q' = 0, with a nowhere vanishing three-form Q' = p' 4+ iy’ and J'.

By setting I} = J,’npgp" one defines an almost complex structure with respect to which
the metric gy, is hermitian. The almost complex structure allows to introduce a (p, q) grading
of forms. Within this decomposition the form J' is of type (1,1) while Q" is of type (3,0).
In general, neither J’ nor Q' are closed. The non-closedness is parameterized by five torsion

classes W; which transform as SU(3) irreducible representations [274,275]. One has

dJj = %Im(wlﬁ/)+W4/\Jl+W3
d¥ = WIJ AT +Wo AT + W5 A, (9.1)

with constraints J' A J AWs = J AWs3 = Q' AN Ws = 0. The pattern of vanishing torsion
classes defines the properties of the manifold Z3. In a supersymmetric vacuum the pattern of
torsion classes is constraint by the superpotential.

Let us first discuss the pure flux superpotential for heterotic and Type IIB orientifolds
with O5-planes. Recall from section that the pure flux superpotential of these theories
is of the form Wayx = [Q A Hs and Wy = [Q A F3. It is easy to check that there
are no supersymmetric flux vacua for Calabi-Yau compactifications. In fact, in the absence
of branes Wy is the only perturbative superpotential for a Calabi-Yau background. The

supersymmetry conditions are
D iWqux =0, Waux =0, (9.2)

where the latter condition arises from the fact that DgWgy = KsWhux = 0, for other moduli
S which do not appear in Wyyy. One easily checks that the first condition in ([@Z) implies
that Hs cannot be of type (2,1) + (1,2), while the second condition implies that it cannot be
of type (3,0) + (0,3). This implies that H3 has to vanish and there are no flux vacua in a
Calabi-Yau compactification.

The situation changes for non-Calabi-Yau compactifications since the superpotential in
this case is of more general form. More precisely, denoting by Zs a generic SU (3)-structure
manifold it takes the form [195,276,277]

W= [ QA(H;+id]) . (9.3)

Z3
It is straightforward to evaluate the supersymmetry conditions for this superpotential. Firstly,
we note that in a supersymmetric background the compact manifold Zs is complex, thus the
torsion classes vanish, W; = Wy = 0. Second the superpotential W is independent of the
dilaton superfield and hence one evaluates in the vacuum that W = 0, which implies that
the (0, 3) part of Hf + id.J’ has to vanish. However, since the (3,0) + (0,3) component of d.J’

vanishes for a vanishing W, one concludes that also Hj + id.J" has no (3,0) component, and
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hence can be non-zero in the (2,1) and (1,2) directions. The Kahler covariant derivative of
QY yields the condition that H% + idJ’ has only components along the (2,1) direction. Hence,
using the fact that J' is of type (1,1) one finally concludes

Hy=i(0—0)J . (9.4)

This matches the long-known relation found in [197] for a supersymmetric vacuum of the
heterotic string with background three-form flux. It should be stressed that there will be
additional conditions which have to be respected by the heterotic vacuum. These involve a
non-constant dilaton and cannot be captured by a superpotential.

9.2 The Blow-Up Space as a Kahler Manifold

Before introducing an SU(3)-structure on 23, it is necessary to recall that every variety Zs
obtained by blowing up a holomorphic curve naturally admits a Kéhler structure [154, 240].
We ‘twist’ this Kéhler structure to obtain a non-Kéhler SU(3)-structure in section It is
crucial, however, to look first at the geometry of Z3 near E more closely, and introduce the
Kéahler structure very explicitly. As a preparation we consider in section [@21] the blow-up of
the origin in C? and construct its canonical Kihler form. This can be viewed as the normal
bundle Nz, 3 at a point in ¥ and thus as local version of the blow-up of Z3 along . Indeed
the Kahler structure on Z3 is defined in section in a formally very similar way.

9.2.1 Kahler Geometry on the Blow-Up: Warm-Up in Two Dimensions

To warm up for the more general discussion, let us first consider a simpler example and blow
up a point in a complex surface. In a small patch U, around this point this looks like blowing
up the the origin in C? into an exceptional divisor £ = P!. Let us denote by Bg2 the space
obtained after blowing up as in section [ZZI Our aim is to explicitly define a Kéahler form J
on Bg: following ref. [154].

To define J the key object we will study is the line bundle £ = Op_, (E), or rather
L7l = Op_,(—E). To get a clearer picture of this bundlei we give a representation of £ near
E. As in subsection [ZZ1] we first introduce the patch U, = 7= 1(U.). One can embed the
fibers of £ into Uy, = {Use x Pt : yoly — y1lo = 0} as

L(y,l) = {>‘ ’ (lla l2)a Ae (C} ) (95)

where (I1,13) are the projective coordinates of P! and % collectively denote the coordinates
on Uc. This implies that holomorphic sections o of £ are locally specified by o = A(y,1). To

explicitly display the expressions we introduce local coordinates on patches Uz(i) and Uz(f),
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which cover the P! such that I; # 0 on (72(? We set

. l . !
Uz(gl) Dow=y, b= 2(3) Doug =1y, lr= é ; (9.6)

Using the blow-up relation one finds the following coordinate transformation on the overlap
03 U (Ca,u2) = (1)1, ) (9.7)

which shows that Bee is identified with Opi1(—1). Let us point out that this matches the
local description presented in appendix if we interpret Bg2 as a local model of (N Zgz)p
at a point p on EEI

One now can introduce a metric ||o|| for sections o of the line bundle £ as follows. Since
L is non-trivial one cannot simply specify ||o|| by using a single global holomorphic section o.
Each such global holomorphic section will have either poles of zeros. However, we can specify
|| - || on local holomorphic sections patchwise and glue these local expressions together. Let
us define the local expression on Bgz2 — E by evaluation on a global holomorphic section o g)
with zeros along F. One defines

Be2 — E: llowll==1. (9.8)

On the patches Us covering E one needs to use other sections which are non-vanishing also
along E. Using the explicit realization of £ as in ([IH) with sections o = A one can specify
|- []2 in Use setting

Use: loll2:= AL (U + [12])!2 . (9.9)

Note that the section o) is also defined in U. — E and can be given in the representation
(Z3) of £. In the same representation we can also define local sections o(;) near E, such that

o Yy A i) 1
U26 . O'(O) == E == E s 2% -+ U(Z) == E 5 (910)

Recall that the y;, as also introduced in subsection [L2Z1], specify the point which is blown up
as y1 = y2 = 0. The metric ([II) for these sections is simply given by

T8 lowlle = @+ 1652, oo llz = Ju| - (1+ [€*)2, (9.11)

where we have used the local coordinates ([IH). To give the global metric one next splits B
into patches (Bgz — Uy, Use), and introduces a partition of unity (p1, p2). The local expressions

@X) and ([@J) are glued together as

- 1F= pall - 1l =+ pall - [l2 - (9.12)

To avoid cluttering of indices we introduce the new notation for zgl) = ug, zél) = /1 and z§2) = ug,

ZéQ) = ZQ .
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Using this metric one can now determine the Chern curvature form %@ of the line bundle
L. Locally one has to evaluate

i1 )
5@——47T6810g||0|| , (9.13)

for holomorphic sections o which have no poles or zeros in the considered patch. Using (@)
and (@I0) one finds that £ is trivial on Bg2 — Use, but non-trivial in the patches (A]E(Z):

Bez—Us: © = 0, (9.14)
v, o = —iaélog(1+|€i|2):—wps,

where wpg is the Fubini-Study metric. One notes that the form © is strictly negative on F,
since it is given by minus the pull-back of the Fubini-Study metric under the restriction map
to P1. Hence, one finds that —© > 0 on E, and —© > 0 on U,. In the region Use — U, the
form © interpolates in a continuous way. Finally, we can give the Kihler form J on Be2.
Since —© > 0 on U, and © = 0 on Be2 — Us. continuity implies that —© is bounded from
below. This fact can be used to define a Kahler form on B2 by setting

J=n*J —up© , (9.15)

where 7*J is the pull-back of the Kahler form on C2. .J is a closed (1,1)-form, and positive
for a sufficiently small blow-up volume vy,,. In other words, one finds that the manifold B¢
is naturally endowed with a Kahler structure. Since the blow-up is a local operation, one uses
this construction to blow up a point in any Kéhler surface identifying J in (IIH) with the
Kaéhler form before the blow-up.

9.2.2 Blow-Up Threefolds as Kahler Manifolds

Having discussed the Kéahler structure on the blow-up of a point in a Kahler surface, we
can now generalize this construction to blowing up curves in Zs. This is again textbook
knowledge [240] and we can be brief.

As in subsection 2Tl we study the line bundles £ = O, _(E) and L7t = Op, (—E). One
3
proceeds as in the two-dimensional example and first examines the bundle near E. One shows
that restricted to E one obtains

L7 = N, E = Op(1), (9.16)

where N7 E is the co-normal bundle to E in Z3. The bundle E = P}(Ny,%) — ¥ admits
a natural closed (1,1)-form which is positive on the fibers. This form can be obtained from
a hermitian metric induced from Nz, ¥ and is obtained from the Chern curvature of Og(1).
As in the previous section this curvature can be extended to £~! by a partition of unity as in
([@IZ). Let us denote the Chern curvature of £ again by 20. The Kihler form on Zs3 is then
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given by J = 7*J — 1, O, for sufficiently small blow-up volume vt,,. While the construction of
© depends on the explicit metric ||-|| on £ one can also evaluate the corresponding cohomology
classes which are topological in nature. Clearly, one has

a(l) = %[@] ) ci(L)|lg =ca(Ny, E) = [Elg, (9.17)

where we have also displayed the restriction to the exceptional divisor.

The above discussion identifies Z3 as a Kéhler manifold. If one directly uses this Kéhler
structure, however, one finds that 75 cannot arise as an actual supersymmetric flux back-
ground. Recall that, for example, in heterotic compactifications with background fluxes Hg
the internal manifold has to be non-Kéhler to satisfy (@2l as shown in [197]. In the following
we will show that there actually exists a natural SU(3)-structure on Zs which renders it to
be non-Kéahler and allows to identify a supersymmetric flux vacuum on Zs.

9.3 Defining the SU(3)-Structure: the Non-Kéhler Twist

In the following we propose an SU (3)-structure on the open manifold 75— E and the blow-up
space Zs in sections and @33, respectively. Before turning to the three-dimensional

case we first discuss the complex two-dimensional case Bz in section @3]

9.3.1 The Non-Kahler Twist: Warm-Up in two complex Dimensions

To warm up for the more general discussion, let us first introduce a non-Kéhler structure on
the simpler two-dimensional example Bgz. Recall from (@) that B2 is the total space of the
universal line bundle Op1(—1) over P!. There are two geometries related to Be2 which admit
a non-trivial non-Kahler structure. Firstly, to render B2 into a compact space E’Cz one can
replace each fiber C of the line bundle B¢z by a two-torus C*/ZH Secondly, one can consider
the open manifold Be2 — F/, where one simply removes the origin and the attached exceptional
blow-up divisor £ = P!. On the geometries Bz and Bge on can introduce coordinates (¢;, ;)
as in ([@H). The new geometries have been modified from B2 such that, in particular, one has
u; # 0. For the compact space B(CQ one further has a periodicity since u; € C*/Z. Note that
one inherits from the blow-up the coordinate transformation () on the overlaps vOno®
covering the north and south pole of the P

One observes that with the transformations (@) the surface B(C? can be identified as
the Hopf surface S' x S3. This surface does not admit a K&hler structure since A1) = 0,
while A(00) = p1.0) = 21 = {(22) = 1. Note however, that B@ admits a natural globally
defined no-where vanishing (1,1)-form .J. The construction of .J was given in ref. [278]. In

0

2More precisely, parameterizing a fiber by A = re‘® one removes the origin r = 0 and identifies r = r + 1.
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fact, one can also introduce a three-form flux Hjz such that i(d — 8)J = Hs, just as in the
supersymmetry conditions (2.

Keeping this connection with the Hopf surface in mind, we aim to introduce J and H; on
Be2 — E. Firstly, we introduce on Ue(z) the B-field

U —FE: B = £ (0log(1+6|*) Adlogu; +dlog(l + |6:|*) Adloga;) , (9.18)
= %Re(@log“a(i)wA@logﬂa(o)HZ) .

Here we have inserted the definitions LI0) of the sections o), o(; and the norm || - || given
in (@I). One realizes that these B; are of type (2,0) + (0,2). They extend continuously to
Be2 — E and one checks that B; = 0 on B2 — Us,, since lloo)|| = 1 outside Use. However,
note that the B; do not patch together on the overlap Ue(l) N (75(2) as a form, but rather satisfy

(75(1) N UG(Q) : BQ — Bl = F21 y (919)
where one identifies
Fy = —%Re(dlog 1 N\ dlog ul) , (920)

The (2,0) + (0,2) form F5; on U NP can be used to define a Hermitian line bundle on
this overlap. In mathematical terms Fy; and B; define a gerbe with curvature

ﬁg = dBZ = —%wpg VAN (5 — 3) log ]u,]Q s (9.21)

where we have introduced the Fubini-Study metric wps = 5=00log ||J(,~)||2 on P!. One can
now check that indeed on the Hopf surface B(C? =~ S1 x S3 one has a non-vanishing integral
of Hy over the S5. Similarly, one can evaluate the integral on the open manifold Br2 — E,
where the integral of Hs is performed on P! and the S* encircling the zero section which has

been removed.

It is now straightforward to read off the non-Kéhler (1, 1)-form J, satisfying the super-
symmetry condition i(d — 8)J = Hz. There are two immediate choices. One could set

TO —E: J =g 1m(9logllog)|* A dlogun) (9-22)

which is the choice used on the Hopf surface in [278]. To evaluate J in the second patch
U one uses the coordinate transformation (@7) and transforms J like a standard differential

form. However, the second choice
v —g. J= —2log |lu1)? wrs (9.23)

is more appropriate to the blow-up case. The reason is that [IZ3) can be extended to Be2 — F
by replacing wpg — —©, where © is proportional to the Chern curvature of the line bundle
L = O(F) introduced in subsection @ZIl As noted in (@Id]) the Chern curvature of L is
localized near E and vanishes outside Us.. It will be the expression (LZ3) which we will
extend to the three-dimensional case in the next subsection.

233



234 CHAPTER 9. SU(3)-STRUCTURE ON BRANE BLOW-UPS

Note that for the expressions in ([II)-[@Z3) to define well-behaved differential forms, one
has to exclude the origin u; = 0 in ﬁg(l) This is precisely the reason why we considered the
restriction of the blow-up space Bg2 to the open manifold Bg2 — E. The extension of this
structure to Bg2 will be discussed in subsection below. However, one can extend the
above constructions to C? and B¢z by including currents as in sections [Tl and [L4 Note
that on C? the delta-current droy = 5T5 localizing on the origin is defined using the Cauchy

kernel
B =—g0log(|z1|* + |z2]*) A 09 log(|z1|* + |22f?) | (9.24)

where x; are the coordinates on C2. Here one has to use the same formalism as in section
[CLTT The Cauchy kernel 3 can be lifted to the blow-up space B2 using the blow-down map
7 : B2 — C? as

[ =i0logu; Nwps , (9.25)

where u; is identified with the coordinate on the fiber of B2 viewed as a line bundle over
P!, and wrg is the Fubini-Study metric on P! defined below {IZI). Hence, we see that Hy
as defined in ([IZI)) is not a form on the full space Bgz. Rather the (2,1)-part of Hs is seen
to be the pull-back of the Cauchy kernel (@ZZ4), ﬁ?(,Q’l) = —idJ = 7. One readily evaluates

dI:IS = W*dﬁ = W*(S{O} =wps Ng , (9.26)

where 0p is the delta-current localizing on the exceptional divisor E as in section [ There-
fore, we can reduce the integrals involving the so-defined Hs to chain integrals over a one-chain
ending on {0} in C? since

/ /@wﬁ / oy A HM = %/B Ty A (Hz 4 idJ) (9.27)

2

for a compactly supported (1,0)-form ~. Note that this is the analog of the computation
performed in section [l where we have shown how the five-brane superpotential is translated
to a superpotential on the blow-up space Zs. We are now in the position to introduce an
SU (3)-structure on the open manifold Z3 — E.

9.3.2 The SU(3)-Structure on the Open Manifold Z; — E

We are now in the position to discuss the SU(3)-structure on the open manifold Zs — E by
introducing forms €, .J of type (3,0) and (1, 1), respectively. We show that these forms satisfy

dA=0, dJ=WiAJ+Ws, (9.28)

for non-trivial Wy and Ws. Note that Q2 = 7*Q has been already discussed in detail in section
It was noted that 2 has a zero along E, but is a well-defined, nowhere vanishing form on
the open manifold Z3 — E. The basic idea to introduce J is to extend the definition @=23) to
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73— F by using the sections and metric on Z3 defined in section It is further illuminating
to view the construction of subsection B3] as a local model for N,X.

Let us recall that on patches Use one can introduce the holomorphic sections o) and
o), 0(2) of L= 0y (E) as in [@I0). One recalls that o(g) is a global section which has zeros
along F just as the form €. We therefore work on Z3 — E. Moreover, we first consider a
situation where a supersymmetric five-brane curve has been blown up, and hence the flux Hy
on Zs is supersymmetric and satisfies (0 — a)j = H;. Following the steps of subsection .31
we first introduce the B-fields

U —E B; = LRe(0log |loy|2 A dlog |lo?) (9.29)
(i)

where U}i are the patches which cover ¥ and the blow-up P!’s such that o(;) is well-defined.

Note that this implies that we have to refine the cover (72(2',@) as in section [LZTl For simplicity

we will drop these additional indices in the following. Evaluating Hs = dB; this implies
) —E:  Hy = —30A(0—0)log (|low]/llow|?) (9.30)
= —%@ A (0 — 0)log ]21@\2 ,

where %@ is the Chern curvature of £ as introduced in section L2 and we inserted the sections
(4)

as given in (II0) using local coordinates z;’ = y; in UQ(? Note that E is given in (72(? as

zi(l) = 0 and has been excluded from (72(? One can further evaluate By — By = Fb; on the

overlap Ue(z) N Ue(z) and show in local coordinates that dFy; = 0.

With this preparation one next defines J using the above supersymmetric flux. One finds
the natural extension of ([@I23)) given by

UV -E: J=rJ-(1-logn>)O (9.31)

where J is the Kéahler form on Z3 and m is the blow-down map. In order to transform this J
into the other patches UQ(S) covering P! one transforms J as a differential form. Note that ©
vanishes outside UUQE and one finds

Zs — UUy : J=7"J. (9.32)
In other words, the departure from the original Kahler structure only arises in a small neigh-
borhood around E. Using the explicit form of J one checks that dJ has non-trivial torsion
classes W3, Wy in [@25). In conclusion one finds that near E we introduced a non-Kéhler
geometry on the open manifold.

Let us close this section by noting that the constructed structure (j , Q) and Hy are only
well-defined differential forms on the open manifold Zs—E. Furthermore, one finds on Zs—E
that dH3 = 2i00.J = 0, which implies that there is no source term for the blown-up five-brane.
To include such a source one has to work on the whole manifold Z3 using currents as in section
[C4 One then finds

dHs = 2i90J =65 N O | (9.33)
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in accord with (7). Analog to [@Z0) one also rewrites the chain integral on Z3 to Z3 as
/ X = / X A (Hs +idJ) | (9.34)
r Z3

where I is a three-chain ending on 3. Here we have used Hs = i(g—(?)j for a supersymmetric
configuration. Clearly, upon varying the complex structure of Z5 this relation will no longer
hold, since (Q,@j) are still forms of type (3,0) and (2,1) in the new complex structure,
respectively. The flux ﬁg, however, is fixed as a form but changes its type under a complex
structure variation. Thus in the supersymmetric configuration the complex structure on Zs
is adjusted so that Hj is of type (2,1) + (1,2).

Note that the described structure is not yet satisfying, since (Q, J, H'g) are no well-defined
differential forms on all of Zs. In the next subsection we resolve this issue by proposing a
redefinition which allows us to work with differential forms on the full space Zs.

9.3.3 The SU(3)-Structure on the Manifold Z;

In this subsection we will finally completely resolve the five-brane into a non-Kéhler geometry.
Recall that so far we had to work on the open manifold if we wanted to use forms, while on Z
we had to use currents due to the singularities of Hs and J along the exceptional divisor F.
In the following we will introduce an SU (3)-structure on Zs by specifying a new (1,1)-form

J', a non-singular three-form flux H4 and a non-where vanishing (3, 0)-form ¢’

To begin with we note that there exists no holomorphic no-where vanishing (3,0) form
on Z since K Z5 is non-trivial. Hence, €' has to be non-holomorphic and we will find non-

vanishing torsion classes W5, Wy, W5 such that
a =Ws A Q' dJ =WinNJ +Ws . (9.35)

The basic idea to define " and J’ is rather simple. We first note that Hj and dJ have a pole
of order one along F, while Q) has a first order zero along E. Then we want to cancel the zero

against the pole and introduce (J', Q') such that
/ (Hz +idJ) A Q = / (H, +idJ )y AN QY| (9.36)
Z3—FE Z3

which is essential in the matching of the superpotentials.

In order to implement this cancellation we note that d.J is proportional to d|yi|/|y1| in

Ue(l). We thus define

T = ﬁg , (9.37)
1

3Recent constructions of non-Kéhler geometries can be found in ref. [279,280]. The constructions of [279,280]
share sensible similarities with our approach. We hope to come back to this issue in future works.
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and transform Q' to the other patches like a differential form. Note that €’ no longer admits
a zero along FE, but also is no longer holomorphic. Evaluating d€2’ one finds a non-vanishing

real W5 = —dlog |yi1| in Ue(l). Let us stress, however, that by construction of Zs,
Z5 — Ul QO =7"Q, Ws;=0. (9.38)

This implies that we need to ‘glue in’ the non-holomorphic dependence of €’ using a partition
of unity for (23 —uU., U2e).

Let us comment on a more global approach to define € on the blow-up Z5 realized as in
[C32). Instead of starting with Q we begin with a globally defined and no-where vanishing
Q. However, this 2 is not a differential from, but rather a section of £~ ® K Z5 given by the

- :/51 /QPAQ (9.39)

Comparing this expression with € given in ([ZZJ) one immediately sees that €2 does not vanish

residue expression

along E. This Q captures the complex structure dependence of the Zs. Tt also satisfies the
same Picard-Fuchs equations as €, and hence can be given in terms of the same periods. By
the blow-up construction it depends on the complex structure deformations of Z3 and the
five-brane deformations. However, Q transforms under £~ since the scaling-weight of A is
not entirely canceled. In other words, if one insists on holomorphicity in the coordinates of
23 one can either work with Q which has zeros along FE, or with Q which transforms also
under £7! and thus is not a three-form. A natural global definition of the non-holomorphic

Q) is then given by the residue integral

= [ ] 7ot

Note that this expression is invariant under phase transformations of the global projective

(9.40)

coordinates (l1,l) and xj, entering the constraints h; as in (Z32). In contrast ' would scale
under real scalings of the global coordinates. However, these are fixed by the conditions
defining the Kéahler volumes. For example, the blow-up volume vy, fixes the real scalings of
the (Iy,13)

111)% + |l2]* = vpy - (9.41)

Similarly, the real scalings of the h;(x) are fixed by the definitions of the Kéhler moduli of
Zs3. It would be very interesting to check if the conjecture ([@IZ0) for a global ' can be used
to derive Picard-Fuchs equations for Zg, probably including anti-holomorphic derivatives.

Finally, let us turn to the definition of the non-Kéhler form J'. In a patch Ue(l)

it is natural
to identify

UW o J =7T —op(1 — |y1])© (9.42)

which agrees with .J given in @310 up to the logarithmic singularity along E. The non-trivial
torsion classes from d.J’ are again W3, Wj. Since we expect the non-Kahlerness to be localized
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near F one has to have
Z3 — Ul J =" . (9.43)

This condition is indeed satisfied for any ansatz for J’ which involves the curvature © of
L, since © vanishes outside a patch covering E. For a blow-up of a curve wrapped by a
holomorphic five-brane one infers the flux H} using H} = i(0 — 0)J'. H} is a differential form

on all of 23, and appears in the superpotential

W= [ (Hy+idJ)AQ, (9.44)
Z3
which is now valid also for complex structure variation yielding a setup departing from a
supersymmetric configuration. Clearly, by construction one can use ([I30) to equate the
superpotential on the open manifold Z5 — F with the expression Eza).

Let us close this section by noting that the above construction should be considered as
a first step in finding a fully back-reacted solution of the theory which dissolves the five-
brane into flux. It will be interesting to extend these considerations to include the remaining
supersymmetry conditions of [197] which are not encoded by a superpotential. In particular,
this requires a careful treatment of the dilaton ¢ and the warp factor already in Z3, where e?

becomes infinite near the five-brane.
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Chapter 10

Conclusions and Outlook

In this work we have studied non-perturbative four-dimensional A/ = 1 string compactifica-
tions with spacetime-filling branes. As a starting point of this analysis we have derived the
effective action of a D5-brane in a generic Type 11B Calabi-Yau orientifold compactification.
Then we have continued with a more involved study of non-perturbative string compactifica-
tions, namely heterotic string or heterotic M-theory Calabi-Yau threefold compactifications
with five-branes and F-theory Calabi-Yau fourfold compactifications. We used techniques
from mirror symmetry and heterotic/F-theory duality to calculate the exact flux and brane
superpotentials for these compactifications. Furthermore we have presented a novel geo-
metric description of five-brane dynamics by a dual blow-up threefold Z;. We provided, by
constructing an SU (3)-structure on Zs, first evidence for an interpretation of Z3 as a valid flux
compactification of the Type IIB and heterotic string with flux due to the dissolved five-brane.
We have verified this duality on the level of the effective flux and five-brane superpotentials,
that we calculated from open-closed Picard-Fuchs equations on Zs.

In chapter Bl we started with a systematic review of Calabi-Yau orientifold compactifica-
tions of Type II string theory. We readily focused on Type IIB orientifolds, that are O3/07-
and O5/09-orientifolds, for which we reviewed the full N’ = 1 effective action. This served
as a preparation for our actual derivation of the full effective action of a spacetime-filling D5-
brane wrapping an internal curve ¥ in chapter B, which contains the bulk O5/09-orientifold
action in the case that all brane degrees of freedom are frozen out. After a brief discussion of
D-branes in Calabi-Yau manifolds in section B, we performed in section B2 the Kaluza-Klein
reduction of the six-dimensional Dirac-Born-Infeld and Chern-Simons actions of the D5-brane
coupled to the ten-dimensional bulk supergravity action in the most generic situations allow-
ing background and brane fluxes. Then we read off the entire N' = 1 characteristic data in
section Most notably we derived the explicit corrections of the D5-brane fields to the bulk
05/09-fields to form new A = 1 chiral coordinates, the D5-brane superpotential, a gauging
of a bulk chiral multiplet by the D5-brane gauge field inducing a new D-term and the kinetic
mixing of the bulk and D5-brane gauge fields, cf. appendix [A] for the combined bulk-brane
gauge kinetic function. Of particular conceptual interest was the derivation of the N = 1
scalar potential which was shown to consist of both F- and D-term contributions. One D-term
needed to be canceled by the tension of the O5-planes in order for the setup to be stable which

reflects, on the level of the effective action, tadpole cancellation. The two further terms were
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induced by gaugings of chiral fields, one of which encodes the BPS-calibration condition of
equality of the NS-NS B-field with the D5-brane gauge flux and the other forbids non-trivial
NS-NS three-form flux. In order to calculate the complete F-term potential in our purely
bosonic reduction, we had to consider the couplings of four-dimensional non-dynamical three-
forms. After performing a formal dualization of these fields into Constantaﬂ we were able to
derive the complete scalar potential in the presence of the D5-brane and of background R-R
three-form flux F3. Furthermore we extended in section B4l the considerations of [60] to the
full geometric deformation modes of the D5-brane, including an infinite set of massive modes.
This led to a more complete study of the geometric N' = 1 open-closed deformation modes
and to the derivation of some special relations between its light modes. In addition we showed
that the massive modes are generically obstructed by a quadratic potential.

In the second part of this work on string dualities we have studied and calculated the
holomorphic flux superpotential in F-theory compactifications on Calabi-Yau fourfolds using
techniques from mirror symmetry and string dualities. This was used to deduce both the flux
and seven-brane superpotential of the associated 1IB theory as well as the superpotential of
a dual heterotic compactification. More concretely we started with a systematic discussion of
heterotic/F-theory duality in chapter Bl In our presentation of heterotic string and heterotic
M-theory compactifications in section EEJl we readily included non-perturbative five-branes on
curves . We put special emphasis on the small instanton transition of a smooth heterotic
gauge bundles FE to a singular, maximally localized limit, which is more appropriately de-
scribed by a five-brane. This led in particular to the deduction of the heterotic five-brane
superpotential from the holomorphic Chern-Simons functional, which localizes in the singu-
lar small instanton limit of F to a chain-integral over the Calabi-Yau form 2. Then, after
the introduction of the basic concepts and constructions of F-theory in section EE2 we dis-
cussed in detail in section B3l that in the duality between the heterotic string on an elliptic
Calabi-Yau threefold Z3 and F-theory on a K3-fibered elliptic fourfold X4 horizontal het-
erotic five-branes are completely geometrized in F-theory via a blow-up along Y. As argued
further this implied a map of heterotic five-brane moduli and superpotentials, being a sum
of the flux, Chern-Simons and five-brane superpotential, to complex structure moduli respec-
tively the flux superpotential in F-theory. Computing the F-theory flux superpotential and
counting F-theory complex structure moduli in comparison with the heterotic superpotentials
and moduli thus served, on the one hand, as an ideal testing ground for heterotic/F-theory
duality. On the other hand, the controllable geometric setup of the F-theory fourfold allowed
to compute the heterotic superpotentials explicitly, as demonstrated in chapter Bl for the flux

and five-brane superpotential.

The essential geometrical tools for this analysis are toric geometry, briefly reviewed in

section B.Jl and mirror symmetry in combination with enumerative geometry as presented in

n fact, the correct interpretation of these constants being the flux quantum numbers of F3 was given
in [158] as labeling quantum mechanical states of the system.
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chapter @l Mirror symmetry on fourfolds (section B3 is in general less studied and understood
as in the Calabi-Yau threefold case (section [i2), which goes mainly back to the less restrictive
N = 1 structure of the fourfold complex structure moduli space, like e.g. the absence of N' = 2
special geometry, and an incomplete understanding of its global structure and monodromies.
Essential progress in this direction was presented in section B3 where the analytic continuation
to the universal conifold was performed for the example of the sextic fourfold. A novel Zo-
monodromy around the conifold divisor was observed that in turn allowed, by the requirement
of integral monodromy, to determine the classical terms in the periods at the large complex
structure/large volume point. This was essential for fixing an integral basis that is for example
needed to specify a quantized four-flux which in turn induces the effective flux superpotential.
Furthermore, we made use of the unified description of open and closed moduli in F-theory to
explicitly compute in chapter Bl section Bl the flux and seven-brane superpotentials of the
underlying Type IIB compactification from the F-theory flux superpotential for a selection
of Calabi-Yau fourfold geometries, cf. also appendix [ For this matching, the enumerative
meaning, both of the flux superpotentials on Calabi-Yau three- and fourfolds and of the brane
superpotential, for the A-model was essential, as discussed in section BE4l In particular we
calculated both closed and open Gromov-Witten invariants of compact Calabi-Yau threefolds
and compact branes that extend the well established results from local branes consistently. In
addition we used in section the physically independent explanation of heterotic/F-theory
duality for the fact that the periods of the threefold Z3 as well as the five-brane superpotential

are contained in the fourfold periods on Xjy.

In the third part of this work we studied directly the dynamics of five-brane wrapped
on curves Y in a compact Calabi-Yau threefold Z3, where we focused on NS5-branes and
D5-branes in N’ = 1 heterotic and orientifold compactifications. We analyzed the geometric
deformations of the five-brane curve ¥ in Z3 by replacing the geometry by a new threefold
Z5 which is no longer Calabi-Yau and canonically obtained by blowing up along ¥ in Zj3.
It was shown that this replacement naturally unifies the open-closed deformations of (X, Z3)
as pure complex structure deformations of Zs. We used this description explicitly to derive
open-closed Picard-Fuchs differential equations that are precisely solved by the effective flux
and five-brane superpotential of the original compactification. In particular we showed that
the blow-up threefold Zs is in agreement with the familiar blow-up in F-theory, which is the
dual of a heterotic five-brane in heterotic/F-theory duality. We concluded by constructing an
SU (3)-structure on 23, which provides first evidence to use 23 as a consistent flux background,

that naturally takes into account the five-brane backreaction.

In more detail we started in chapter [d with a systematic and formal analysis of five-
brane dynamics. We emphasized in section [[1] that a rigorous treatment of the five-brane
backreaction in the Bianchi identity for Cs respectively Bs naturally requires to work on
the open manifold Z3 — ¥ and also that the five-brane superpotential has to be treated more

rigorously in the language of currents. Equipped with this mathematical observations we were
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naturally led to the replacement of the original setup by the blow-up threefold Zs in chapter
There we also presented an explicit construction of Zs for Calabi-Yau hypersurfaces and
the geometrization of closed and open deformations of (Z3,3) on Z5 was explained, first in
general and then via a concrete example of the quintic threefold with a curve ¥ realized as a
complete intersection. Finally in sections 3l and [ we used the pullback ) of the Calabi-Yau
form €2 on Z3 to probe the complex structure of Zs. This readily yielded open-closed Picard-
Fuchs equations on Z5 that are precisely solved by both the flux superpotential as encoded
by the closed periods of €2, and the five-brane superpotential Wy ane. In this context it was
essential to note the general structure of the expected Picard-Fuchs differential equations and

to rigorously formulate the lift of the five-brane superpotential from Z3 to Zs using currents.

While the proposal to study deformations of a holomorphic curve ¥ in a complex variety
Zs via the blown up manifold Z3 is very general, we concretely obtained in chapter [ the
corresponding open-closed Picard-Fuchs equations for the deformation problem in some gen-
erality for hypersurfaces in toric varieties in the presence of toric branes (section B2). We
focused on two examples, namely branes in the mirror quintic in section and in the mirror
of the degree-18 hypersurface in P4(1,1,1,6,9) in section We noted that there exist maps
from the unobstructed deformation problem of a complex higher genus curve ¥ in Zs, which is
realized as a complete intersection with the Calabi-Yau threefold Z3, to generically obstructed
configurations of branes on rational curves or the involution brane studied in [111]. This map
was defined around a critical locus in the moduli space of ¥ where it degenerates holomorphi-
cally to e.g. the rational curves. Away from this locus one has to identify the rational curves
using a non-holomorphic map which has branch cuts and the corresponding obstructions are
encoded, upon wrapping these cycles by a five-brane, in a superpotential that we calculate
from Zs. This picture was further confirmed by noting that the discriminant components of
the Picard-Fuchs system for Zs factorizes into several components, each of which correspond-
ing to the critical locus of an underlying deformation problem of a five-brane on an in general
obstructed curve. We checked our results for the superpotential by extraction of integral disk
instanton invariants at large volume that agreed with the available results in the literature or
partially extend them. We concluded our calculations by a different cross-check in section B4l
namely the application of the blow-up proposal to heterotic Calabi-Yau threefolds Z3 that
in addition admit an F-theory dual description. Indeed we were able to construct the dual
F-theory fourfold X, as a toric complete intersection directly from the blow-up threefold Zs
of the heterotic string with five-branes, that was also realized as a toric complete intersection.
Furthermore, we established a map of the heterotic flux and five-brane superpotential to the

flux superpotential on Xy by formally constructing the dual four-flux G4 directly from Zs.

In the final chapter [ of this thesis we presented a proposal for formulating an SU(3)-
structure on the blow-up threefold 23, in order to view Z3 as a dual physical description of the
backreacted five-brane. The basic idea was to first construct a no-where vanishing (3, 0)-form

), which was roughly obtained by canceling the first order zero of € along the exceptional
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divisor E and the first order pole of the exterior derivative of the three-form flux Hj along
E with each other. This could only be achieved by introducing a non-holomorphic form €/,
which is no longer closed near E. In addition to a local construction in sections B and
we proposed a global residuum representation for Q' in the case that Zs is given as a toric
hypersurface in section Simultaneously, this procedure yielded a smooth three-form flux
H. In addition we defined a new (1,1) non-Kéhler-form J’ by smoothing out a logarithmic
singularity in the pullback Kahler form J , which is dictated by the supersymmetry condition
id¢J = Hs. Finally, employing these definitions the complete effective superpotential takes the
form [ 2, (H3+idJ") AQY as familiar from flux compactifications on SU(3)-structure manifolds.

We end our conclusion by mentioning some directions for future research. First, we note
that the derived generic D5-brane effective action allows for various phenomenological applica-
tions. Examples include the study of D5-branes for mechanism of inflation, e.g. via D5-branes
on the vanishing P! of the conifold [281] or via the D5-brane Wilson line moduli [282], or for
dynamical supersymmetry breaking, e.g. by extending the non-compact setups of [283] to D5-
branes on vanishing two-cycles in compact Calabi-Yau orientifolds. A different application is
provided by explicit GUT model building in Type IIB compactifications, where it would be of
particular importance to include matter from intersecting D5-branes using similar techniques
as developed for intersecting D7-branes [284, 285]. Furthermore, the effective action allows
also some general conclusions about moduli stabilization. From the independence of the Type
1B ﬂmﬁ and brane superpotential on the dilaton multiplet S as well as from the positive
definite induced F-term scalar potential due to the no-scale structure of the A/ = 1 data we
deduce that the dilaton can not be stabilized perturbatively. It might be interesting to break
the no-scale structure due to non-perturbative corrections our by treating the backreaction
of the fluxes and the D5-brane on the geometry more thoroughly, which naturally leads to
more general non-Calabi-Yau backgrounds or strong warp effects.

Possible applications of the knowledge of the full F-theory flux superpotential are provided
by the use to systematically calculate gg-corrections to the underlying type IIB compactifica-
tion or to directly stabilize complex structure moduli in F-theory. In the light of GUT model
building in F-theory this might allow to analyze whether phenomenologically preferred set-
tings, e.g. like in the study of local geometries initiated in [286-288], can indeed be stabilized
by fluxes in a global setup. Furthermore, one can use the explicit knowledge of the F-theory
flux superpotential to analyze the question of moduli stabilization in the dual heterotic string.
This is of particular interest since in F-theory all complex structure moduli can generically be
stabilized by fluxes which in the heterotic dual would correspond to a stabilization of complex
structure, bundle and five-brane moduli. In addition one might wonder about extracting, like

n [99], the heterotic Chern-Simons functional for non-trivial bundles E, e.g. to analyze its
integral structure, or to deduce Kéhler corrections from the elliptic fiber of Z3 to the het-

erotic superpotential. Furthermore it would be very interesting to extend the calculations to

2The usual dilaton-depended flux combination G5 = F3 — 7Hs reduces to F3 in O5/09-orientifolds.
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the heterotic Kéhler potential, which might be a tractable task in heterotic/F-theory duality
since the F-theory Kéhler potential is computable as a function of the fourfold periods. More
conceptually on might analyze the structure of the fourfold periods at other points of the
moduli space including a general analysis of monodromies. Physical interpretations of their
different structure compared to the threefold case might shed some light on additional mass-
less states that are tightly related to singularities in the moduli space. Furthermore it would
be challenging to identify and calculate the geometric quantity in F-theory that encodes the
second holomorphic N' = 1 coupling, namely the seven-brane gauge kinetic function. This
would be of particular interest in the context of open mirror symmetry by extending the
local results of [289] and probably the use of the Bergmann kernel to compact Calabi-Yau
compactifications.

Finally it would be very interesting to improve the understanding of the blow-up threefold
Zs as defining a string background of a backreacted five-brane. This includes a more thorough
treatment of the dilaton and the warp factor, that both might no more be constant, and a
better understanding of the size modulus of the blow-up P!. This is essential in order to
establish a physical duality, where in particular all new fields need to be identified with new
quantum degrees of freedom. In the heterotic compactifications, for example, it is natural to
identify the Kéhler modulus of the P! with the positions of the heterotic five-branes in the
interval of heterotic M-theory. It would be interesting to make this map explicit and clarify
the interpretation of the blow-up mode in the Type II setups. Moreover, the computation
of disk instanton numbers via the superpotential is only the simplest check of this duality.
One can attempt to compute amplitudes of higher genus and with more boundaries like the
annulus. It would be of interest to investigate if these can be derived on the blow-up space
Zs as well. From a more technical point of view it would further be essential to gain a more
complete picture of the open-closed field space as encoded by the complex structure moduli
space of Zs. This might require to find a general method to fix the integral symplectic basis
of the third cohomology on Z5 which might allow an identification of the open-closed mirror
map similar to the Calabi-Yau threefold case. The knowledge of the flat open coordinates
is for example particularly relevant to determine critical values of the superpotential in the
open-closed moduli space.
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Effective Actions

A.1 The N =2 Gauge-Kinetic Coupling Function

In this appendix we collect some useful formulas applied in the derivation of the N' = 1
scalar potential and the N’ = 1 gauge-kinetic function for the bulk vectors. Both quantities
depend on the complex structure deformations of the internal Calabi-Yau manifold Z5. In
the underlying N/ = 2 theory the complex structure deformations are in vector multiplets
together with vectors V in the expansion Cy = VEag +... where K =0,. .., h(ZY labels the
symplectic basis of H3(Z3,7) and V' is identified with the graviphoton in the N = 2 gravity
multiplet, cf. table Z4l The four-dimensional A/ = 2 action for the vectors V is of the form

Sy = / AImMyerdVE AxdVE + iReM g dVE A dvt] . (A1)

The complex matrix M, can be expressed in terms of the periods (XX, F &) in the expansion
Q= XFag — Fi X as

(ImF) g, XM (ImF) v XN

=F 2i
Mg, =Frr +2i XN (I ) g XM ;

(A.2)

where Fr 1, = OxxFr. To derive this expression one uses the natural scalar product on the

cohomology H?(Z3). This can be encoded in the following matrix [290]

— Jax Axay fozK/\*ﬁL B —(A+BA™'B) —BA™!
E_<f G5 nxap [BEAxBE) _4-1p R (A.3)

where A = ImM and B = ReM. A matrix of this form can be easily inverted where the

inverse matrix reads

. <—A1 A-'B ) _ < [ BE A xBE —fﬁK/\*aL> | (Ad)

BA™! —(A+BA'B) —faK/\*ﬁL [ ak A xar,

These matrices will be used in the derivation of the A/ = 1 scalar potential in section BZ4]
where the indices K = 0,...,hf’1) are in the positive eigenspace H ?r(Zg). The complex
matrix M will also appear in the N/ = 1 gauge-kinetic coupling function in section

Y

where now the indices k =1,..., are in the negative eigenspace H? (Z3).
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A.2 Kinetic Mixing of Bulk and Brane Gauge Fields

The reduction of the Chern-Simons action to the effective Lagrangian ([BZ8) contains mixing
terms between the bulk vector fields V, U and the D5-brane U(1)-field F'. Since the vectors U
are the magnetic duals to the vector V, a dualization procedure has to be performed in order
to reveal the effective action for the propagating fields. Here, we will present this dualization
in detail and demonstrate how it affects the kinetic term of the D5-brane vector F' such that
a further intertwining between open and closed moduli appears.

First, we have to collect all terms of the effective action that are relevant for the dualization
procedure. These are the kinetic terms from the bulk vectors V., U of the bulk supergravity
action, the kinetic as well as instanton term of the D5-brane vector F' given in the Dirac-
Born-Infeld action (B39) and the Chern-Simons action ([BZ8), respectively, and mixing terms
between bulk and brane vectors of ([BZS). Thus, the starting point of the dualization is the

action
Syec = — / [LaVT A+EdV + Susl? (v e P F AxF — PF AF) + 2ustNTdV A F|, (A5)

where we again used the matrix F introduced in (B53)) and the convenient shorthand notation

) el

Next we have to add the Lagrange multiplier term idV’l‘C A Fy to the Lagrangian (A1) in order
to integrate out the magnetic field strength Fj = dUy. However, the equations of motion for
the vectors V and their duals U are not compatible with each other after the naive addition
of this term. In order to restore consistency of the equations of motion, we have to shift the

field strengths dV*, dUj, in the kinetic terms appropriately by
dvF — FF .= avk —2ustNFF | dU; — = dU; — 2ustN;F. (A7)
Now, we can integrate out the magnetic dual £} consistently and obtain
Svee = / [LIm My F* A «F! 4+ 1Re My F* A F
— Susl((v¥e™? + 2usImMyy (N* + N*) (N + NY)F A «F

+ (¥ +ipsImM (NFN' — N*NY)F A F)
+ psl(ImMyy * F + ReMyF) A FF(N' + NY)]. (A.8)

Here we introduced the complex fields

NF = /Z_ Cupk, NF = /2_ Cop". (A.9)

The crucial point of this dualization is the change of the gauge-kinetic term in (AZ8) compared
to the form in ([(AZH) before dualization.
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A.3 Derivation of the F-term Potential: Massless Modes

The calculation of the F-term contribution of the scalar potential (Z38) using the superpo-
tential (B68) and Kahler potential [BGH) is straightforward but tedious. To simplify this
computation it is convenient to exploit one of the shift symmetries of the Kéahler potential
S — S +41iA and dualize the chiral multiplet with bosonic scalar S into a linear multiplet with
bosonic components (L, Cs). Here L is a real scalar associated to ReS while C5 is a two-form
dual to ImS. In the context of O5-orientifolds without D5-brane moduli this dualization has
been carried out in refs. [128,130], and we refer the reader to these references for more details
on the linear multiplet formalism and references. Here we will be mainly interested in the
scalar potential in the new scalar variables L and M! = (P, a,t, ¢). First we express the
Kihler potential [H) in terms of the new variables L = —Kg = $e*V~! and M! such that

K = —ln[—i/Q/\Q} —In [%Kas,E*EP 2] + In[L] , (A.10)

where 2 is given in ([B61). The kinetic terms in the effective action with a linear multiplet

are then obtained as derivatives of the kinetic potential
KL, M M=K+ (S+8)-L, (A.11)

where S + S = (S + S)(L, M) is now a function of (L, M'). In fact, this is just a Legendre
transformation of the function K with respect to S + S to obtain the Legendre transformed

K as a function of L. In terms of this data the scalar potential takes the general form
V =e&(KYDWD;W — (3 - LKL)|W), (A.12)

where D;W = 9;W + K;W and K = ;K. Note that in front of |[W|? as well as in D;W
only the derivatives of the Kéahler potential ([(AI0) appear.

With this formalism at hand we evaluate the scalar potential. We first take derivatives of

(AI0) and [(ATI) such that
e? 1 é B
Kta == —@’Ca 5 KP =0 5 Ka1 =0 s KCA == 5,[1456 gABC s (A13)
when K = K(L, M) is viewed as a function of L instead of S + S'EI Similarly we obtain
e®
4y

where we made use of the solution

N ¢ N 2,0 - ~
(KaapBB® — Ko), Kp, = —— B, K, = “"f}e CYay, Kea=Koa(A14)

K, =
ta 2V

_ 1 1 _ _ 7
§+58 =7 = 1 (Re®)(P + P)o(P + P)y + 2u5(°C"ara; . (A.15)

Tt is a basic fact that a Legendre transformation leaves the derivatives with respect to the untransformed
variables invariant, i.e. 9,1 K = 81\/,112' where both sided have to be evaluated in the same variables after

differentiation.
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250 APPENDIX A. EFFECTIVE ACTIONS

From this we can easily determine the metric K for the remaining fields which is block-
diagonal with one block f(afaj = psl2e®V=1C1Y for the Wilson lines and another block of the
following type

A+B'GB  -BiG 0
K ;= -GB G+ Dfcbh DfC (A.16)
0 CD c

for the moduli (¢, ¢, P). Its inverse K17 is then given by

Al A1t —A-IBIDT
K7 —| pBat G-!4+ BA-1Bt —(G~'+BA-'BNHDt . (A7)
—~DBA™' —D(G™'+BA"'BY) C7'+D(G' +BA'BND!

Here, we abbreviated the various matrices as follows,
- ®
- e
A=5eusGap, G=c*Gas, B=psLip(”, C=-5ReO), D= jKanl,
(A.18)

where the matrix G is defined in [BZ2) and we introduced the K&hler metric on the Kéhler
moduli space in (234),

1 ’Ca’Cg
== - . Al
Gop 4v< 4y Kaﬁ) (8.19)

Now we use this to compute the F-term scalar potential. First we note the no-scale structure
of K and W. The superpotential does not depend on the moduli (S,a,P) as well as on
t such that the covariant derivative D; = 0 + K reduces just to Kj. Moreover, for the
dual linear multiplet to S we find a contribution 1 - |W|? to the scalar potential V which is
an immediate consequence of K7L = 1 in (AT2). The block matrix for the Wilson lines a
does not contribute to V' since K,, = 0. However, the block for the moduli (¢,%, P) yields a

contribution of the form

- = 57 B Ko(Gis)PK ~ 5

D yWD s pyWECHPICHP) — ol ks)2 52 42 ( / 610 / ‘§B—’Q> 0GAB,
” (4V) Ty Yy

(A.20)

Using the various intersection matrices v® = [ J A @%, Kq, Kop and its formal inverse Kcos

as well as the inverse metric
GeP = 2p%0f — 4V (A.21)

we deduce the useful relation
Ka(Gis)™P K5 = (8V)20*(Gis)ag?” = 3(4V)%. (A.22)

Finally, we obtain the F-term contribution to the scalar potential V' of the form
iet?

V = —— ||WP+ DsWD WG + 2use? AB/ Q/ 55.0(A.23
e rana VT : R SRty S
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A.4 Derivation of the F-term Potential: Massive Modes

This section provides the necessary background to perform the calculation of the F-term
potential (B8J). The following calculation extends the analysis made in chapter B [60] for
deformations associated to holomorphic sections HY(3, Nz, ¥) to the case of the infinite di-
mensional space of deformations C*°(X, Nz,X). In particular, the Kéhler metric for the open

string deformations is accordingly generalized.

First we need the general form of the Kéahler potential of the D5-brane action that is given
by [60]
K:—ln[—z’/QAQ}JFKq, Kq:_gln[\/ie*wv} , (A.24)
that immediately implies that
iet?
S22 [QAQ

In order to evaluate the Kéahler metric the potential K has to to be expressed as a function

e}(

(A.25)

of the N’ = 1 complex coordinates. For the purpose of our discussion in section B4l we only
need the part of the Kahler metric for the open string deformations u®.

We straight forwardly extend the Kéhler metric deduced in section B3l for the fields
associated to H°(X, Nz, %) to the infinite dimensional space C*°(3, Nz, ¥). This is possible
since the condition of holomorphicity of sections does not enter the calculations of section
Thus, we obtain the inverse Kdhler metric

K% = 2pz e ¢Ggeb (A.26)

cf. appendix for the process of inversion of the full Kéhler metric, where the matrix Gab

is the inverse of

—q -
G = v /2 SqaSp(J N JT). (A.27)

Here we introduce a basis s, of C*°(X, Nz, X)) so that a generic section s enjoys the expansion
s = u%s,. Next we Taylor expand the superpotential (BZZ2) in the open string deformations

u® around the supersymmetric vacuum of the holomorphic curve X = ¥, as

S+, 1
Whrane = / 0= 0= / Q +/ uJf) + —u“ub/ S5qadsy Q) + O(®) . (A.28)
u Z0 Fh 2 2 b))

oF
Okuo
dsqa + Sqad acts on the integrand €2, where we further denote the interior product with a

Whrane lu=0 we use that for every 82@ the Lie-derivative £;, =

To evaluate the derivatives

vector sq by squ. In addition we use that on the holomorphic curve ¥ there are no (2,0)-
forms such that the linear term in u® in the Taylor expansion vanishes identically. Then the

derivative with respect to u® is obtained as
Ouy Whrane = —,u5/ GEREIY) (A.29)
b
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252 APPENDIX A. EFFECTIVE ACTIONS

where we perform a partial integration on . In addition, we rescale the superpotential by the

D5-brane charge, Whrane — 65 Whrane, as in [60]. Now we can calculate the F-term potential
2 _ 7 _
V=K [ Bs.s,00 g% [ 05.5,.0. (A.30)
To further evaluate this we have to rewrite the matrix G ; as follows. Consider the integral

13 ::/2(Sa_:Q) (Sb_:Q)U (J). (A.31)

The contracted indices 7, j denote the coordinates on Z3, one of which is tangential and two

Jan
6V

are normal to . Then using 550 = 0, QAQ = J3 where V denotes the compactification

volume and the rule s,(a A B) = (sq00) A B+ (—1)Pa A (s4208) for a p-form o we can rewrite
this as
Yk QAQ ij o«
Loy = - /2 (s (A Q)0 () = — L= /E (sazsp (1) 20 ()

= —fg]/;\ﬂ/z[3(SaJSbJJ)J2—6(SbJJ)/\(SaJJ)AJ]:jL*(J)

— ISLZ—QQ/ZSG—‘Sb—'JQ = ifg/\ﬁgal;. (A.32)

Consequently, introducing the abbreviation €2, = 5,1 we can write the matrix G as

G = 2_—; /2 sus5 o (J N JT) = ﬁ /E (Qu)is ()90 (]) (A.33)

Next we use the basis Q4 of Q19)(3, N, %) to expand the section
0s.J = CBQB. (A.34)

The coefficients ¢® are determined by contraction of ([A3d) with QF, where we have raised
the form indices using the hermitian metric on Z3. This way we obtain a function on ¥ that

we can integrate over ¥ using the volume form voly, = ¢*(J) to determine the ? so that

s =

f Q gab Q; / D51, . (A.35)

With this expansion we immediately obtain the desired form of the F-term superpotential

_ 3¢
_ 2t e / 5(Q2,G / 05.0%) = “56 / s.05.] = “56 / 110s][2%(J) . (A.36)

This perfectly matches the potential ([BX2) obtained from the reduction of the DBI-action of
the D5-brane on X
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Appendix B

Geometrical Background

B.1 Topology of Elliptic Calabi-Yau’s and Ruled Threefolds

In this section we summarize useful relation when working with elliptically fibered Calabi-Yau

manifolds X,, given by a Weierstrass constraint
y? = 2 + go(u)zz* + g3(u)2® (B.1)

in homogeneous coordinates (z,z,y) of a projective bundle P(Op, , ® £?® £3) as in sections
ETA and Here £ denotes an a priori undetermined line bundle on B, _; and go(u),
g3(u) are sections of £* and L for ([E3M) to be a well-defined constraint equation. Locally

on the base B,,_1 they are functions in local coordinates u on B, _1.

Next, we determine the line bundle £ by the requirement of X,, being Calabi-Yau. First,
we note that the total Chern classes of the projective bundle W and of X,, read [181,182,202]

cW) = e(Buo1)(1+7)(1+2r +20)(1+ 3r +30), (B.2)

(14 7)(1+2r + 20)(1 + 3r + 31)

o(Xn) = (Bn) 1+ 6r + 6l

; (B.3)

where we used that the class of X, is [X,,] = 6r 4 6] as well as the adjunction formula [154]
for X, in W. Here we used ¢1(£) = [ and r = ¢1(Op2(;23)(1)) to denote the first Chern
class of the hyperplane in the fiber IP2(1,2,3). Then the Calabi-Yau condition on X,, implies
l = ¢1(B) or equivalently £ = Kggl. Alternatively we draw the same conclusion by noting
that the normal bundle to o in Z3 is given by £~! = Nz which implies by adjunction
Kzl = K, ® L the condition ¢;(Bz) = [ as well.

In order to calculate the second Chern-class of X,, we first note that r(2r+20)(3r+31) =0
and since the class of X, is given as 67 + 6¢1 (L) = 0 we obtain in the intersection ring of X,

the relation

o? = —ci1(L)o, (B.4)

which is generally valid for projective bundles [154]. Here we identified r = ¢1(O(0)) = (2 = 0)
where o denotes the section of 7 : X,, — B,,_1. The second Chern class of X,, is determined
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254 APPENDIX B. GEOMETRICAL BACKGROUND

by expanding ([B3)) to second order using (B4l to obtain

CQ(XQ) = 1201(32)0‘, (B5)
CQ(Xg) = 1201(32)0’ + 11cy (B2)2 + CQ(BQ)
CQ(X4) = 1261(32)0‘ + 11¢y (B2)2 + CQ(BQ) .

We conclude by a discussion of the Chern class of the projective bundle B = P(Op, & L)
for some arbitrary line bundle L over By with ¢;(L) =t that reads

c(P(Op, ® L)) =c(Ba)(1 +r)(1+7r+1t). (B.6)

This implies ¢1(B3) = ¢1(Bg) + 2r +t and co(B3) = ca(B2) + ¢1(Ba)(t + 2r).

B.2 A Local Study of the Blow-Up Threefold Z;

In this appendix we study the geometry of the blow-up Z3 in more detail in a local analysis.
The obtained results provide insights in the blow-up process that immediately apply for the
global discussion of section and allow for a derivation of the expressions used for Z3 as a
complete intersection and in particular Q) as a residue integral.

The following discussion bases on the general lore in algebraic geometry that the process
of blowing up is local in nature, i.e. just affects the geometry near the subvariety > which is
blown-up leaving the rest of the ambient space invariant. Thus the geometrical properties of
the blow up geometry can be studied in a completely local analysis in an open neighborhood
around Y. In particular, this applies for the case at hand, the blow-up of the curve ¥ in the
compact Calabi-Yau threefold Z3 into a divisor £ in the threefold 23.

Starting from a given open covering of Z3 by local patches Uy, = C? we choose a neighbor-
hood U centered around the curve 3. Thus, this local patch can be modeled by considering
just €3 on which we introduce local coordinates 1,z2, 3. The holomorphic three-form
on Zj3 takes then simply the local form Q = dx; A dze A dxs. The curve X is accordingly
described as the complete intersection

D1 N Dy = {hi1(z;) = 0} N {ho(x;) = 0}, (B.7)
for two given polynomials h; with corresponding divisor classes D; in C3.

To construct the blow-up along 3., denoted by (3, we have to consider the new ambient
space of the projective bundle W = P(O(D;) @ O(Ds)). This is locally of the form “C? x P1”
as necessary for the blow-up procedure described in standard textbooks, see e.g. p. 182 and
602 of [154]. Next we introduce homogeneous coordinates (I1,l2) on the P! to obtain the
blow-up €3 as the hypersurface

Q =1liho —loh1 =0 (B.8)
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B.2. A LOCAL STUDY OF THE BLOW-UP THREEFOLD Zs3 255

in W as before in (Z32).

In the following we construct and study the pullback form € = 7*(Q) that is a section of
the canonical bundle KC?, cf. p. 187 of [154]. To simplify the calculations we first perform
a coordinate transformation to coordinates y; such that y1 = hy(x;), y2 = ho(x;) and y3 = x;
for appropriatdl j. For notational convenience we relabel the coordinates such that y3 = x3.
Thus, we obtain

Q = lhy2 — by, Q = det J ' dyy A dya A dys (B.9)

in the coordinates y;, where J = gg? denotes the Jacobian of the coordinate transformation
J

that is generically non-zero by assumption of a complete intersection Y.

Now we perform the blow-up on the two local patches on the P!-fiber of W that are
defined as usual by U; = {l; # 0} for i = 1,2. In the patch Uj, for example, we introduce

coordinates zgl), zél) on O as
I
O I _5_2 =2 Dy, (B.10)
10N

which allows us to evaluate the pullback map as

Q) = detJ '7*(dys A dys A dys) = det Jﬁldzg) A d(zél)zg)) A dz?()l)
= z%l) det J_ldzgl) A dzél) A dzél) . (B.11)

From this expression we can read off the canonical bundle K C3, of. p. 608 of [154], by
determining the zero-locus of 7*(£2). Indeed we obtain K C? = E as mentioned in section
[CZT] and in [60] since zgl) = 0 describes the exceptional divisor E in U; and det J is non-

zero by assumption. Analogously, we obtain a similar expression in the patch Us for local

coordinates ;
z§2) = é = %, ,252) =1y, z§2) =3 (B.12)
that reads
Q) = 252) det Jﬁldzf) A dz§2) A dz?EQ) , (B.13)

which as well vanishes on E since E = {z§2) = 0} in Us. Thus we extract the transition
functions g;; of O(E) on U; N Uy to be given as

j i b
gy == =2 L (B.14)

yi

which reflects the fact that E = P(O(D;) @ O(Dz)) over ¥ with fiber P!. Additionally, the
transition functions g;;, when restricted to E, are just those of Op1(—1) on the P! fiber in F
and thus we obtain O(E)|g = O(—1) as used in chapter @ and in [60,79,81].

!This choice is fixed by the inverse function theorem stating that for every point xo € €3 with (9xh10he —
Oh10kh2) |z, # 0 for k,l # j, there exists a local parameterization of C near zo as a graph over z;. In
particular, the blow-up is not independent of the coordinates used, cf. p. 603 of [154].
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256 APPENDIX B. GEOMETRICAL BACKGROUND

Let us now take a different perspective on the pullback-form 7*(Q2) of the blow-up O3 that
is more adapted for the global geometry of Zs as a complete intersection P = Q = 0 in =32).
The key point will be the description of the blow-up (3 as the hypersurface ([B8) in W that
will allow for a residue integral representation of 7*(€2). In particular, the advantage of this
residue expression in contrast to the local expressions (BIIl), (BI3) is the fact that it can
straight forwardly be extended to a global expression on Zs as used in ).

Let us start with an ansatz Q for 7*(Q),

A dry Adry Ndrz AN A
Q:Al A(I‘Z,lj) a 2 Q 3 IPI, (B15)

where Ap1 = l1dly — lodly is the measure on P! obtained from (E3) and Sé denotes a loop
in W centered around ) = 0. The function A(x;,1;) of the coordinates x;, l; is fixed by its
scaling behavior w.r.t. the C*-action (I1,ls) +— A(I1,l2). Since @ — AQ and Ap1 — A\2Ap:
we demand A(x;, Alj) = A A(2;,1;), i.e. it is a section of O(E). Thus we make the ansatz

h h h h
A(Cﬂi,lj) = al—l + a2—2 = —ali + ((ZQ + al)—2 = agi + (a1 + ag)—l R (B16)
ly la lila la lilo ly
which we insert in Q of ([BIH) to obtain
i hi dzy A dag A das A A
Q:mﬁwg/)—:“Axﬂ\“A PLi=1,2. (B.17)
sy l; Q

Now we show that this precisely reproduces the local expressions (BI1l), (BI3), this way

fixing the free parameters a;.

Let us perform the calculations in the local patch U;. Then the measure on P! reduces

to Ap1 = (ll)deél) with zél) = l3/l; and we obtain, after a change of coordinates to y;,

. 1y dyy A dys A dys A dzs

O = (a+ az)/ det J‘ly; L yfl) Ys 1 0% (B.18)
84 L —Z5 "Y1 T Y2
= —(a1 + az)(det Jflyi—lldyl A dys A dz(l))] . - (B.19)
li 2 Y2=z29 "Y1

In the last line we indicated that the residue localizes on the locus Q = 0. This implies that
zél) = Z—f = % as before in (BI0) and we put z%l) =, zél) = y3 as well. Next, we evaluate
Q) for i = 1 for which the prefactor reduces to yll—lll = zgl), and for ¢ = 2, for which we get

yf—;l = zgl). Thus, the two expressions in ([BI7) for i = 1,2 yield one unique form € after

evaluating the residue integral,
Q = (a1 + ag) det J_lz§1)dz§1) A dzél) A dzél) , (B.20)

which agrees with 7*(€2) on U; for a; +ag = 1. Thus, we propose the global residue expression

Q:W*(Q):/ ELAPI:/ ha QN Apt (B.21)
B sy @ syl @ '
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The transition from the local chart U = C3 on Z3 to the global threefold Z3 is then effectively
performed by replacing the three-form ©Q = dx; A dxa A daxg on C3 by the residue integral
2 = Res p(A};A) of (&32) on Z3 in ([BZI)). This way the local analysis motivates and proves
the global expression of ([ZZJ) for the pullback form Q = 7*(Q) of the holomorphic three-form
Q) to Z3 and its properties mentioned there.

We conclude this analysis by briefly checking that this residue also reproduces 7*(2) on
Us as evaluated in ([BI3). We set z§2) = % for which the measure reduces as Ap1 = —l%dz?)

which we readily insert into (B2l to obtain
S

Li Y1 — 29)2/2

(B.22)
Q
il _
L yl 2dys ndys N d=D)| | e = det ST Ve A de A de? (B.23)
=z

7

= (detJ™

Here we again use zf) = Z—; = % on ) = 0 and introduce the local 252) = Yo, z§2) = y3 as in

(BI2). The result is in perfect agreement with the local expression (BI3) on Us.

B.3 Topology of the Blow-Up Threefold Zs

In this appendix we summarize the basic topological data of the blow-up threefold Zs of the
Calabi-Yau threefold Z3 along the curve . For more details we refer to [60] as well as a
standard reference [154]. See also [291].

We start with the cohomology of E. The cohomology ring of E is generated by n = ¢1(T),
the first Chern-class of the tautological bundleﬁ on E, as an H®(X)-algebra, i.e. H*(F) =
H*(X)(n). Thus, for a single smooth curve ¥ of genus g the non-vanishing Hodge numbers of

FE are determined to be
h(0,0) — h(272) =1 , h(l’o) =g, h(l’l) =2 (B24)

as usual for a ruled surface E over a genus g curve. This is due to the fact the P!-fibration of E
does not degenerate and thus the Hodge numbers of E are equal to those of P! x ¥. Thus the
elements in H(19)(E) are precisely the holomorphic Wilson lines a; of ¥ and the three-forms
in H(z’l)(E) take the form a; An. Since, by construction, the normal bundle to F in Zs is the
tautological bundle T' the class 7, being one of the two classes in H (1’1)(E), is induced from
the ambient space Z3 and given by n = Cl(NZgE)' The second element spanning H'D (E)
is given by the Poincaré dual [X]g of the curve ¥ in E, [X]p = ¢1(NgX). It is related to the
first Chern class ¢;(X) and thus to the genus as

C1 (NEE) = —01(2) - 277, (B25)

2The tautological bundle can be defined on any projectivization of a vector bundle, like E = P(Nz,X),
by the defining property that 7" restricted to each fiber agrees with the universal bundle O(1) on projective
space [154].
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by using the adjunction formula in Zs. Note that as an exceptional divisor, F is rigid in Zs.
This is a crucial feature of the blow-up procedure, that guarantees that no new degrees of
freedom associated to deformations of E are introduced. By construction the normal bundle
to F in Zs is T, which is a negative bundle on E. Thus we have

H°(E,N, E) =10. (B.26)

Next we note that the cohomology of the blow-up Z5 takes the form
H*(Z3) = n*H*(Z3) ® H*(E)/m*H* (%), (B.27)

where m : Z3 — Z3 denotes the blow-down map. This in particular implies H (3’0)(23) =
7 HG9) (Z3) since H0(X) = HGO(E) for dimensional reasons. Thus, h(30(Zs) =1 as in
the Calabi-Yau case. Then, the intersection ring on 75 has the following relations on the level

of intersection curves
E’= 1Y —x(X)F, E-m"D=(Z-D)F, (B.28)

where D is any divisor in Z3, F is the class of the P!-fiber of E, and () is the Euler number
of the blow-up curve . The intersection numbers read

E3=x(®), F-E=-1, F-7*D=0, E-m"'2=F-m"%=0, (B.29)

where ¥ is any curve in Zs. We conclude with the first and second Chern class of 23, that

are in general affected by the blow-up as

01(23) = 7'('*(01(23)) — Cl(NZ” E) s (B.30)
ex(Z3) = w(ca(Zs) + [S]) - 7 (e1(Z))E - (B.31)

Clearly, if Z3 is a Calabi-Yau manifold one can use ¢;(Z3) = 0 to find

A A

c(Zs) =-n,  clZs)=7"(c2(Z3) + [X]) , (B.32)

in particular that Zs is no more Calabi-Yau. This implies that the lift of the holomorphic
three-form () vanishes as
Q=7r%(Q), Qp=0. (B.33)
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Appendix C

Details, Examples and Tables

C.1 Topological Data of the Main Example

Here we supply the topological data of the fourfold X, that was omitted in the main text for
convenience. Besides the intersection rings we will also present the full Picard-Fuchs system
at the large radius/large complex structure point. These determine as explained in section
the primary vertical subspace H‘(f P )(X4) of the A-model.

As was mentioned before there are four triangulations whereas only three yield non-
singular varieties. Again we restrict our exposition to the two triangulations mentioned in
section For the following we label the points in the polyhedron Ag( given in (E2H)
consecutively by v;, ¢ = 0,...,9 and associated coordinates x; to each v;. Then the toric

divisors are given by D; := {z; = 0}.

Phase I: In phase I of the toric variety defined by the polyhedron Ag( in (E2H) one has
the following Stanley-Reisner ideal

SR = {D3Ds, D7 D9, Ds D9, D1 D5Dg, Dy D3 Dy, Do Dy D7} . (C.1)
From this we compute by standard methods of toric geometry the intersection numbers

Co = Ju(Ji Tz + J1J3Jo + J5Jo + 3J1J5 + 3J3J3 + 9J3) + JiJsJo + J1J3 o + J5.J
+ 2J2J2 + Ay T3 J2 + AJ2JZ + 110, T3 + 150305 + 465,
Co = 24J% + 36J1Jy + 48J1J3 + 36J4J3 + 48J3 + 128.J1 Jo + 102.J5.J4 (C.2)
+172.J5.J3 + 530J3 |
C3 = —660.J; — 540J4 — 900J35 — 2776.J5 .
Here we denoted generators of the Kéhler cone of (G21) dual to the Mori cone by J; as
before. The notation for the Cj is as follows. Denoting the dual two-forms to J; by w; the
coefficients of the top intersection ring Cg are the quartic intersection numbers J;NJ;NJpNJ; =
fX4 w; Awj Awg Awy, while the coefficients of Co and Cs are [co(Xy)]NJ;NJ; = fX4 co ANwi Aw
and [c3(X4)] N J; = [, c3 A w; respectively.
As reviewed in section BEZ4] in the threefold case, that readily applies to the fourfold case
as well, the Picard-Fuchs operators of the mirror fourfold X at the large complex structure
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point are calculated by the methods described in [233]. In the appropriate coordinates z;
defined by ([E30) and evaluated in ([B3H) we obtain the full Picard-Fuchs system on X given
by

DI = —0%(6, + 64— 65)
—(—1 +6; — 93)(—2 + 201 + 04 + 63 — 92)(—1 + 2601 + 04 + 03 — 92)2’1 ,
'Dé = 92(—261 — 04 — 03 + (92) — 12(—5 + 662)(—1 + 692)2’2 , (03)

D?I) = (91 — 93)(—94 + 93) — (1 + 91 + 94 — 93)(—1 + 291 + 94 + 93 — 92)23,
'Di = 94(61 + 04 — (93) — (—1 + 604 — 63)(—1 + 201 + 04 + 63 — 92)24 .

Now we calculate the ring R given by the orthogonal complement of the ideal of Picard-Fuchs
operators defined in (BB1). Using the isomorphism 6; — J; discussed in section we
obtain the topological basis of H‘(f P )(X4) by identification with the graded ring R®). Since
J; form the trivial basis of H(M1(Xy) and H®3)(Xy) is fixed by duality to H(Xy), the
non-trivial part is the cohomology group H‘(,2 2) (X4). We calculate the ring R by choosing
the basis

R =02, RE = 0401 +03), RY =0301+65), RY =62(00 +265),
R = 05(04 + 62), RE = 0,005+ 6,). (C.4)

Then we can use the intersection ring Cy to determine the topological metric n® of (&)
given by

0 0 0 4 3 3
0 0 0 14 6 8
2 0 0 0 18 10 10
) = (C.5)
4 14 18 230 124 137
3 6 10 124 64 73
3 8 10 137 73 80
The entries are just the values of the integrals
RORY = [ (RORD ) ()
4

where we think of it in terms of the Poincaré duals and the quartic intersections are given as

®3)

the coefficients of monomials in Cy. The basis R;™ at grade p = 3 is determined by requiring

77((1‘2) = 0,4 p(1.1)_py1 Where h(b1) = 4 for the case at hand. Then the basis reads

Rg?’) = 01(—6104 — 6204 + 0203), Rgs) = 01(—=0104 + 0102 + 6204 — 0263),
RS = 030s, R = 01(—20105 — 0102 + 6203) (C.7)
Finally, we choose a basis of R(Y) by R4 = Wl?’Co\ J;—0; such that n((li)bo =1 for RO =1.
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Phase II: Turning to the phase II of (E2Zd) the Stanley-Reisner ideal and the intersection

numbers read

SR = {DyD7, D;Dy, DgDy, D1 D5Dg, Do D3 Dy, DyDyD7, D3DsDgDg},
Co = JiIuJs+2J2T3 + 31 J4J3 + 120105 + 9J4J3 + 5405 + J2JoJy + 2J3 T3
431 Jo 3y + 1201 T30 4 9Jo J2 Ty + 54T35 Ty + 2J2 T3 4 30104 J5 + 1201 T35
+9J4 I35 + 54J2 T3 + 111 J3 + 9J4J3 + 51305 + 46.J3
Co = 24J7 4+ 36J1J4 + 138J1J3 + 102J4J3 + 618J2 + 128.J1 Jo + 102.J5.J4
+588.J3.J4 + 5307, (C.8)
Cs = 660.J; — 540.J4 — 3078.J5 — 2776.J5

where the Kédhler cone generators were given in (G25]).

The complete Picard-Fuchs system consists of four operators given by

DI = —02 (0, + 6, — 03)

—(=3+301 — 03 +204) (—2+ 3601 — O3+ 204) (—1 + 3601 — O3 + 204) 21,
DI = —0y () + 0y — 03) (B — O3+ 04) — 12(=5 + 665) (—1 + 662) (—1 + Oy — 63) 23,
DI = (0 —03) (=301 +05—20,) — (1460, +6;—03) (1 +62—03+6,) 23, (C.9)

’Dil = 0O, ((92 — 03 + (94) — (—2 + 3601 — 03 + 294) (—1 + 3607 — 03 + 264) 24 .

This enables us to calculate H‘(f P )(X4) as before. The basis at grade p = 2 reads

RO =02, RY = 0,020, +665), RE =05(6, +305), RE =06,
R =03, RE) = 03(202 + 205 + 04) + 6204 , (C.10)

for which the topological metric n® is given by

0 12 6 0 2 10
12 2240 1120 20 328 1512
6 1120 560 10 174 756
0 20 10 0 3 12
2 328 174 3 46 228

10 1512 756 12 228 1008

Again the basis of H(®3) (X4) is fixed by 77((1‘2) =0, p(1.1)_py1 0 be

R\ = — L (18262 + 2562 + 6, (—22505 + 8563)) (61 + 02 + 03 + 64) ,
R = L (9162 + 1002 + 602 — 5763)) (61 + 02 + 03+ 04) , (C.12)
Ré?’) = —01(02 — 63)(61 + 02+ 65 + 04),
R{Y = — L (27362 + 2363 + 6, (—2070, + 6063)) (61 + O3 + O3 + 64) .

We conclude with the basis of H*4(Xy) fixed by RO =1 as RW = L-Col .0,
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C.2 Further Examples of Fourfolds

Here we consider a broader class of Calabi-Yau fourfolds (X4, X4) that are constructed as
described in section by fibering Calabi-Yau threefolds Z5 over P!, The threefolds we
consider here are itself elliptically fibered over the two-dimensional base of the Hirzebruch
surfaces IF,, for n = 0,1,
F, — 23

] (C.13)

P!
Therefore, we will distinguish the constructed mirror pairs (X'4, X4) by the two-dimensional
base IF,, we used to construct the threefold Zs.

In the following we will present the toric data of the threefolds Zs and fourfolds X,
including some of their topological quantities. Then we will determine the complete system
of Picard-Fuchs differential operators at the large complex structure point of the mirror
Calabi-Yau fourfold and calculate the holomorphic prepotential F°. From this we extract the
invariants n% which are integer in all considered cases. Furthermore we show that there exists
a subsector for these invariants that reproduces the closed and open Gromov-Witten invariants
of the local Calabi-Yau threefolds obtained by a suitably decompactifying the elliptic fiber of
the original compact threefold. This matching allows us to determine the four-form flux G4
for the F-theory compactification on these fourfolds such that the F-theory flux superpotential
(E3]) admits the split (0] into flux and brane superpotential of the Type IIB theory.

C.2.1 Fourfold with I,

We start with an elliptically fibered Calabi-Yau threefold Zs with base given by the toric
Fano basis of the zeroth Hirzebruch surface IFy = P! x P!. Its polyhedron and charge vectors

read _
A% () p2) p3)
w|[0 0 0 0|-6 0 0
wl0o 0 2 3|1 -2 -2
v5 0 2 3]0 1 0
vbl-1 0 2 3]0 1 0], (C.14)
vylo 12 3]0 0 1
vl 0 -1 2 3|0 0 1
o'0 0 -1 0|2 0 0
vl 0O 0 0 -1/ 3 0 0

where points in the base are again labeled by a superscript . There is one triangulation for
which the Stanley-Reisner ideal in terms of the toric divisors D; = {z; = 0} takes the form

SR = {DyD3, D4Ds, Dy DD} (C.15)
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This threefold Zg has Euler number x = —480, hy; = 3 and hy 1 = 243, where the three Kahler
classes correspond to the elliptic fiber and the two P!’s of the base IFy. The intersection ring
for this Calabi-phase in terms of the Kéhler cone generators

Ji=D1+42Dy 42Dy, Jo=Do, J3=Dy (016)
reads Co = 8J3 + 2J2J3 + 2J2J5 + J1JoJ3 and Co = 92.J; + 245 + 24.J5.

In the local limit Ky, — o Harvey-Lawson type branes described by the brane charge
vectors /() = (=1,0,1,0,0) and /() = (—1,0,0,1,0) were studied in [107]. To construct
the Calabi-Yau fourfold X4 we use the construction of section with the brane vector
/M and expand Af to the polyhedron Ag( and determine the Mori cone generators £ with
1 =1,...5 for the four different triangulations of the corresponding Calabi-Yau phases. Here

we display one of the four triangulations on which we focus our following analysis:

A¥ (D @) gB) p@) )

v | O 0 0 0 0]—-6 0 0 0 0

vp | 0 0 2 3 0 1 -1 -2 -1 -1

vo | 1 0 2 3 0 0 1 0 0 0

vs | =1 0 2 3 0 0 0 0 1 -1
vg | 0 1 2 3 0 0 0 1 0 0 (C.17)

vs | 0 =1 2 3 0 0 0 1 0 0

v | 0O 0 -1 0 0 2 0 0 0 0

vy | 0O 0 0 -1 0 3 0 0 0 0

vg | =1 0 2 3 =110 1 0o -1 1

vg | O 0 2 3 -1 0 -1 0 1 0

vip| 0 0 2 3 1 0 0 0 0 1

In this triangulation the Stanley-Reisner ideal takes the form

SR = {DyDs, DyDs, D3Dg, DyD5, DsDyg, Dg9D1y, D1DsDr}. (C.18)

The generators of the Kéhler cone of the fourfold X, in the given triangulation are
Ji = D1+2Dg+Dy+D3+2Dy, Jo= Dyg, J3=Ds, Jy=Dio+D3, Js= Dy, (C.19)
for which the intersections are determined to be

Co = 42J} + 8T Ty + TT3 I3 + 2J2 JoJs + 12J3 Jy + 2J2 Jody + 3T T3 Jy + Jy JoJ3Jy

+ 2722 + T J3J? 4 8T} Ts 4 2T Tods + 202 J3Js + JiJodsJs + 202 4 ds + Ji T3y s,
(C.20)

Co =92J1J5 + 486J12 + 24J5J3 4+ 82J1J3 + 24J3J5 + 92J1 J5 + 24J5 5
+ 240 J4 + 13801 J4 + 36J3Jy + 2404 J5 + 243, (C.21)
C3 = —2534J7 — 480J5 — 420J3 — 720J4 — 480.J5.
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We calculate the core topological quantities to be

X = 15408 s h371 = 2555 s h271 =0 5 h171 =5. (C.22)

Furthermore, we note that these intersections reveal the fibration structure of X;. We
recognize the Euler number of the threefold Zs as the coefficient of Jo and J; in C3 and the
fact that both Jy and J5 appear at most linear in Cy, Co. This is consistent with the fact that
the fiber F of a fibration has intersection number 0 with itself which implies c3(F) = c3(X4)
using the adjunction formula as well as ¢1 (F) +¢1(Ng, F) = ¢1(Ng, F) = 0 for X4 Calabi-Yau.
Thus we observe a fibration of Z3 represented by the classes Jo and J5 over the base curves
corresponding to £(2), ¢®) respectively.

The Picard-Fuchs operators are determined as before and read

Dy = 601(01 —0y—203—04—05)—12(=5+66;) (=14 661) 21,
Dy = 92(62 —94+65) — (—1+92 —94)(—1—61 +92+293+94+65)2’2,
Dy = 03— (1+46)—0;—205—0,—05) (24601 — 0y — 203 — 04 — 05) 23, (C.23)
Dy = (62 —64)(64—(95) — (1—|—(92 —94+65)(—1—(914—624—2(934—644—95)24,
Ds = 95(92—94—|—95) —(1+91—92—293—94—95)(1—|—94—95)Z5 .
Then we can proceed with fixing the basis of H‘(f P )(X4) at each grade p by determining the
ring R of ([&G1l). We choose a basis at grade p = 2 as
RY =0, (6, +65), R =0,(00+062), RY =6,(200+65), RY =016 +064),
R = 0005, R = (03404) 04+05), RY =005, RY =0505. (C.24)

The basis of solution dual to this basis choice is given by

L =4 (=l =205 =l +Tls) , LY = 3 (h+ 7l — 205 — i —15)
Lgf) =i (L —la+23— 1l —15) , Lf) =3l (=l =25+ Tly—15) , LéQ) = bal3
LY =Y+ 1) (la+1s) . LY =13y, LY =105 (C.25)

The topological two-point coupling between the R((f) in the chosen basis reads

58 60 109 64 3 8 4 2
60 58 109 64 2 8 4 3
109 109 196 118 4 20 6 4
?7(2) _ 64 64 118 68 3 8 4 3 (C.26)
3 2 4 3 0 0 00
8 8 20 8 0 0 0O
4 4 6 4 0 0 00
2 3 4 3 0 0 00
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The basis of R®) determining H*3) (X,) that is fixed by Poincaré duality to the Kéhler cone
generators satisfying 77((;2) = 5a’h(1,1)_b+1 is chosen to be

R = 1(96,65 — 20,05 — 02)05 + 0202 — 6,605,
RE) = § (01603 + 203 — 100165)03 — 0263 — 01605, RS = 01(303 — Oa05 — 26265),
(

R = 0.0:05, RS = L05(202 — 30,05 — 100,05 — 46503) — 0:0505 . (C.27)
We choose the basis of H*%(X,) such that the volume is normalized as n((li)bo = 1 for

R(O) = 1, ie. R(4) = %CO’JHQ.

In order to fix the integral basis of H‘(/2 2) (X4) we again match the threefold periods from
the fourfold periods via (EZ™). The first step is to identify the Kihler classes of Z3. As
discussed above Jy represents the class of the Calabi-Yau fiber Z5. The intersections of Zs
are obtained from ([C20) upon the identification

J1 Jl(Zg) Jo+ Jy J2(Z3) N J3(23) . (C.28)
With this in mind we calculate the leading logarithms L, (Z3) on the threefold given by

Li(Zs) = $Xo(2l + 1) (20 +13) , Lo(Zs) = $Xoli(ly +13) , Ls(Zs) = 3 Xola(ly + 1) .
(C.29)
This together with the requirement of matching the instanton numberﬂ Ny dy,ds OF Zg via
Ny do,dz,d2,0 O1L X, fixes unique solutions of the Picard-Fuchs system

LY = LX0(20 +13) 20 +lo+1a) , L = 1Xol(h+1s), LY = X0l (li+la+1), (C.30)

that upon ([C2§) coincide with the threefold solutions. This fixes three ring elements 7%&2),
a =1,6,8, by the map induced from (GZ6) that we complete to a new basis

7%&2) = %91 (91 — 92 — 293 — 94 + 795) s 7%;2) = %91 (91 + 792 - 293 - 94 - 95) )
7@9 = %91 (01 — 02+ 203 — 04 — 05) 7~34(12) = %‘91 (01— 02 — 203 + 704 — 05)
R =005, R =1(02+00)(0a+65) . RY =06,, R =6365. (C.31)

Then the integral basis elements are given by
3P =Rl A7 = R Ulmo . 4D = RP 0, (C.32)

where again the new grade p = 2 basis is obtained by replacing [; < 6; in the dual solutions

of [C2H). We conclude by presenting the leading logarithms of the periods I1()® when

integrating Q4 over the duals ¥®® for o = 1,6,8. They are then as well given by L&) =

Xoly (ll + l5), L(Q)G =Xy (lg + l4) (l4 + l5) and L(2)8 = Xolsls.

'We note here that by just matching the threefold instantons the solution on the fourfold could not be
fixed. The two free parameters could only be determined by matching the classical terms, too.
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Finally we determine a 4 flux in H 5’2) (X4) such that we match the disk invariants of [107]
for both classes of the local geometry Kp, — I with the brane class. Furthermore we
reproduce the closed invariants of [264] for the two P!-classes for zero brane winding m = 0.
First we identify in the polyhedron ([CIT) the vector /) as corresponding to the brane vector.
Then we expect to recover the disk invariants from the fourfold invariants ng g, d,,d;+m,0- Then
the flux 4 deduced this way still contains a freedom of three parameters and takes the form

5= (R + 4R + R + FRY) Ul (C33)

where we choose the free parameters a in front of R?), Rg), Rgf) and REE) to be zero. Note
that a7 = 1 is fixed by the requirement of matching the disk invariants. For this parameter
choice the leading logarithmic structures of the corresponding period f,y Q4 and of the solution

matching the invariants are respectively given by

L®7 = Xo(ls +1a) (s +15) . LY = IXol (4l + 3lo + 203 + ly) . (C.34)

C.2.2 Fourfold with IF;

Here we consider an elliptically fibered Calabi-Yau threefold Zs with base twofold given by
F; = P(O @ O(1)) which is the blow-up of P? at one point. The polyhedron and charge
vectors read

AZ (D @) pB3)
vw|0 0 0 0[]0 —6 0
w0 0 2 3 |-1 0 =2
w511 2 301 0 0
wl-1 0 2 31 0 0 (C.35)
10 1 2 3]-1 0 1
w0 -1 2 3,0 0 1
v'10 0 -1 0|0 2 0
vp| 0O 0 0 -1/ 0 3 0

where the labels by a superscript ® again denote points in the base. There are two Calabi-Yau

phases and for the triangulation given above the Stanley-Reisner ideal reads
SR = {DyDs, D4D5, D1 D¢ Dr}. (C.36)

This threefold has Euler number x = 480, hi 1 = 3 and ha 1 = 243, where the three Kahler
classes correspond to the elliptic fiber and the two P!’s of the base IF;. The intersection ring

for this Calabi-phase in terms of the Kéahler cone generators
Ji=Do, Jo=D1+3Dy+2Dy, J3=Dy+ Dy (037)
reads Cp = 2.J1J5 + 8J3 + JiJoJs + 3J3J3 + JoJF and Cy = 24.J) + 92J5 + 36.J5.
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For the second Calabi-Yau phase we have the following data:

(Ml—6 0 1 1 -1 0 2 3
1 0 -3 1 1 0100 ],
(10 1 -1 -1 100 0
SR ={Dy-Dy,Dy-Ds5,Dy-Dg-D7,Dy-Ds-Ds, Dy - D3 - Dg - Dy}, (C.38)
Ji=Dy+3Dy+2D +4, Jo=Do+ Dy, J3=D;i+3Dy+3Dy,
Co=8J} +3J% s + J1J3 + 9J2J3 + 3J1 023 + J3J3 + 9J1J2 + 3J2J3 + 93,
Co = 92J1 + 36.J3 + 102.J3.

Harvey-Lawson type branes were considered in [107] for the brane charge vectors /D =
(=1,1,0,0,0) and /0 = (—1,0,0,1,0) for the non-compact model Kp, — F;. The Calabi-
Yau fourfold X, is constructed from the brane vector /(1) for which there are eleven triangu-

lations. Again we restrict our attention to one triangulation with the following data

M0 -10-1 0000 1 01
@1 0 -10 1 0000 -1 10
10 01 0 -1000 1 -10 |,
Ml 0 -20 0 1100 0 00
16 10 0 0023 0 00

SR ={Dy-D3, Dy-Dg, D3-Dgy, Dy-Ds, Dg-Dig, Dg-Drg, D1-Dg-Dr},
J1 =Dy, Jy=D1+2D1g+ Dy + D3+ 2Dy, Js = Dy, Jy = Do, J5 = D19+ D3

with intersections

Co = 1 JodyJs + JaJuJs + JiJ3Juds + JoJzJuds + Jy 3 Js + JoJi Js (C.39)
+ 21 o J2 4 20202 + 201302 + 2050302 + 3J1J4J2 + 4Ty JyJ2
+ 23y JE + 2J2J2 + 81 J3 + 12503 4 8J3J2 4+ 110403 + 4272,

Co = 2411 Jo + 24J5 + 2411 J3 + 24J5J3 + 3601 Jy + 4820y + 24.J3.J4 + 2407
+92J1J5 + 138J3J5 + 92J3.J5 + 128.J4.J5 + 486.J2,

Cy = —480.J; — 2705 — 480.J3 — 660.J; — 2534.J5 .

Furthermore, we determine y = 15408, h(31) = 2555 h(>1) =0 and A1V = 5.

Again the Euler number of the threefold Zs appears in Cs in front of .J; and J3 confirming
the fibration structure. By comparing the coefficient polynomial of Ji, J3 with the threefold
intersection rings presented in appendix[C2] [C2ZA we infer that .J; is precisely Z3 = € — Ty,
whereas J3 is Zé = & — Fy. Since we discussed IFy in detail before we will just concentrate
on the fibration structure involving ;.
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The Picard-Fuchs operators of X, read as

Dy = 01(0y — 02+ 03) — (=1 461 — 02)(—1+ 01 + 02 + 204 — 05)21,

Dy = (01 —02)(02—03) — (1 4+ 01 — Oy +03)(—1 4 01 + 02 + 204 — 05)22,

Dy = —03(01 —02+03) — (1402 —03)(—1 + 03 — 04)z3, (C.40)
Dy = 04(—03+04) — (=24 01 + 02 + 204 — 05)(—1 + 01 + 02 + 204 — 05) 24,

D5 = 05(=01— 02— 204+ 05) — 12(=5+ 60;5)(—1 + 605)25 ,

from which we determine the basis of R(? as

Rf) = (01 + 62) (62 + 03), Rg) = 0104, R§2) =05 (01 +05), Rz(f) = 0204,
R =05 02+ 05), RP =0,(05+01), RD =305, RP =05 (0s+205) (CA)

with the two-point coupling

0 0 8 0 8 0 0 20
o 0 3 0 4 0 1 7

8§ 3 58 5 64 6 10 114

77(2) _ 0o 0 5 0 5 0 1 9 (C.42)

8§ 4 64 5 68 6 10 123
0o 0 6 0 6 0 0 8

0 1 10 1 10 0 0 18
20 7 114 9 123 8 18 214

The dual basis of solutions reads

L= 2 + 1) (b +13), LO2=0l, L&3 =156l —1—2+15),
LWt =1y, L®5=Li5(—l +6ly -2l +15), LOC=1LL(l5+1L), LOT=1i1;,
L®8 = Li5(—21; — 205 + 31y + 215) . (C.43)

We determine H®?)(X}) by duality to the canonical basis of H:1)(Xy) by the basis choice
of R) given as

R = 0,0,0,, R = —2010004 + 010505, R = —010205 + 020405 — 050,405,
R = 010205 + 010405 — 020405 + 030405, RE = —01020,5 — 010405 + 020,405 .

Our choice for a basis of H®*%(X}) is given by R®) = ﬁCOI Jirs0; -

Again we fix the integral basis of H(*?)(X,) by the requirement of recovering the threefold
periods from the fourfold ones. We readily identify the Kahler classes of the threefold Zs
among the fourfold classes as

Jo+J3 o Ji(Z3), Js o Jo(Z3), Ji < J3(Z3), (C.44)
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which matches the threefold intersections by identifying J; = Z3 in the fourfold intersections
([C39). Then we calculate the classical terms of the threefold periods to be

Li(Z3) = la(la+13) , La(Z3) = (20 +I3) (20 + 4lo +13) ,  Ls(Zs) = 31a(201 + 312 + 213) .

(C.45)
On the fourfold X, we determine the periods that match this leading logarithmic structure.
They are given by

LY = Xols(la +15) , LY = X0l + 215) (2012 + 1) + s+ 4l5)
LY = 1X4l5(2(1z + I3) + 214 + 3l5) (C.46)

and immediately coincide with the threefold result using ([CZ4). It can be shown explicitly
that the instanton series contained in the corresponding full solution matches the series on
the threefold as well. The threefold invariants ng, 4, 4, are obtained as ng 4, d,,ds.d, from the
fourfold invariants. To these solutions we associate using (£40) ring elements 7?,&2 ,a=1,32

that we complete to a new basis as

R = 10, +02)(02+63) , R =610, , RY = 105(60, — 05 — 204 +65) ,

Rz(f = 60, , 7~3é2) = 105(—01 + 602 — 204 + 05) , ﬁéQ) = 30403 + 04) ,

R = 0305, R = L05(—20, — 205 + 30, + 205) (C.47)

where we again note that the basis of dual solutions and the new ring basis coincide by I; < 0;.

Then the integral basis elements read
A =RP o, A =RPUlco . 4 = RY om0 (C.48)

such that we obtain the full solution with the above leading parts I[J((f) as Hg) = [ Q4 A q.
The leading behavior of the periods I @ is then given as L& = Xo(ly + Ip)(ly + 13),
L322 = Xolly, L®3 = Xyl5(ly + I5), respectively

We conclude by determining the flux element 4 in ng) (X4) that reproduces the disk
invariants in the phase II of [107], where the local geometry Ky, — IF; is considered. First we
identify (2 of the toric data in [C39) as the vector encoding the brane physics. Therefore,
we expect the fourfold invariants ng 44, ,d;,d.,0 to coincide with the disk invariants what can

)

be checked in a direct calculation. The ring element yielding this result reads ¥ = Rf where
the free coefficients in front of the other ring elements were chosen to vanish. The leading
logarithmic parts of the period fy Q4 and of the solution HSQ) = [ Q4 Ay = Whrane respectively
read

L® = Xols(li + b+ 15+ la+2l5) , LO7 = Xoboly. (C.49)
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C.3 Compact Disk Instantons on P*(1,1,1,6,9)[18]

i J= J=1 J= J= J=4 J=95 j=6 j5=7
0 1

1 2 -1 -1 -1 -1 -1 -1 -1
2 —8 9 7 9 12 15 19 23
3 54 —40 —61 —93 —140 —206 —296 —416
4 —512 399 648 1070 1750 2821 4448 6868
9 5650 —4524 —7661 —13257 —22955 —39315 —66213 —109367
6 —68256 55771 97024 173601 312704 559787 989215 1719248
7 879452 —729256 —1293185 —2371088 —4396779 —8136830 * *
8 | —11883520 9961800 17921632 33470172 * * * *
9| 166493394 —140747529 * * * * * *

Table C.1: k£ = 0: Disk instanton invariants n; k. ;+;x on P*(1,1,1,6,9)[18] at
large volume. i, k label the classes t1, to of Z3, where j labels the
brane winding. These results for k = 0 agree with phase I, IT of [107].
Entries % exceed the order of our calculation.

i j=1 ] =2 7=3 j=4 7=25 j=6
0 *k 0 0 0 0

1 300 300 300 300 300 300
2 —2280 —3180 —4380 —5880 —7680 —9780
3 24900 39120 61620 95400 144060 211800
4 —315480 —526740 —892560 —1500900 —2477580 —3996780
5 4340400 7516560 13329060 23641980 41421000 71240400
6 | —62932680 —111651720 —204177600 —375803820 —686849280 *
7 946242960 1707713040 3192621180 * * *

Table C.2: k = 1: Compact disk instanton invariants n; ;4 for brane phase
I, IT on P*(1,1,1,6,9)[18] at large volume. 4, k label the classes t1,
ty of Zs, where j labels the brane winding. The entry #x as well as
the 7 = 0 column could not be fixed by our calculation.
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C.3. COMPACT DISK INSTANTONS ON P%(1,1, 1,6, 9)[18] 271
i j=2 j=3 j=4 j=5 j=6 ji=7
0 *k 0 0 0 0 0
1 —62910 —62910 —62910 —62910 —62910 —62910
2 778560 1146690 1622580 2206530 2898240 3698010
3 —12388860 —20596140 —33454530 —52626780 —80081460 —118092960
4 208471080 368615070 645132360 1103916150 1838367780 2976756210
5 | —3588226470 —6587809920 —12083913000 —21840712470 * *
6 | 62538887280 117754228980 * * * *

Table C.3: k = 2: Compact disk instanton invariants n; j ;5 for brane phase
I, IT on P%(1,1,1,6,9)[18] at large volume. i, k label the classes 1,
ty of Z3, where j labels the brane winding. The entry x as well as

the 7 =0, 1 columns could not be fixed by our calculation.

i[i= j=1 = j=3 j=4 j=5 j=6 j=
0 -1 0 0 0 0 0 0
1 *ok 2 1 1 1 1 1 1
2 *ok -5 —4 -3 —4 -5 -7 -9
3 Kk 32 21 18 20 26 36 52
4 Kk —286 —180 —153 —160 —196 —260 —365
5 Kk 3038 1885 1560 1595 1875 2403 3254
6 Kok —35870 —21952 —17910 —-17976 —20644 —25812 —34089
7 Kok 454880 275481 222588 220371 249120 * *
8 sk —6073311 —3650196 —2926959 * * * *
9 % 84302270 * * * * * *

Table C.4: k£ = 0: Disk instanton invariants n; x; x+; on P*(1,1,1,6,9)[18] at
large volume. i, k label the classes t1, to of Z3, where j labels the

brane winding. These results for k = 0 agree with phase IIT of [107].
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272 APPENDIX C. DETAILS, EXAMPLES AND TABLES

7 7=1 7]=2 71=3 j=4 j=25 71=206 j=1
0 0 0 0 0 0 0 0
1 —540 —300 —300 —300 —300 —300 —300
2 2160 1620 1680 2280 3180 4380 5880
3 —18900 —12960 —12300 —15000 —21060 —31200 —47220
4 216000 140940 126240 142380 185280 261300 386160
5) —2800980 —1775520 —1535160 —1653900 —2046060 —2750280 —3896760
6 39087360 24316200 20544720 21489780 25725600 * *
7 | —572210460 —351319680 —292072920 * * * *
8 | 8663561280 * * * * * *
Table C.5: k = 1: Compact disk instanton invariants n; 1 x4, for brane phase
IIT on P4(1,1,1,6,9)[18] at large volume. i, k label the classes t1, t2
of Z3, where j labels the brane winding. The j = 0 column could not
be fixed by our calculation.
1 7=1 j=2 j=3 7 =4 7=5 7=26
0 0 0 0 0 0 0
1 Kk 62910 62910 62910 62910 62910
2 —430110 —413640 —557010 —836340  —1223730 —1718880
3 5190480 3923100 4415580 6237810 9720180 15561180
4 —76785570 —52941600 —52475850 —65786040 —93752550 —143003760
) 1227227760 806981670 747944550 869842800 1154721060 *
6 | —20387141100 —13027278600 —11592978930 * * *
71 346430247840 * * * * *

Table C.6: k = 2: Compact disk instanton invariants 7, ; 4, for brane phase
IIT on P%4(1,1,1,6,9)[18] at large volume. i, k label the classes t1, to
of Z3, where j labels the brane winding. The entry ** and the j =0
column could not be fixed by our calculation.
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