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Summary

In this thesis, we study connections between vector bundles on degenerations of elliptic
curves and the classical, quantum and associative Yang-Baxter equation. Let g = s(,,(C)
and let U denote the universal enveloping algebra of g. The classical Yang-Baxter
equation (CYBE) is given as follows:

(72 (1, 92), 7% (2, y3) | + [P (v, w2), 7 (ya, ys) | + [ (w1, w3), 772 (3o, w3)| = 0,

where 7 : C* — g ® g is a meromorphic function and 77 (y;,y;) : g @ g > U QU QU s
the embedding given by (i, 7). This equation plays an important role in mathematical
physics, representation theory and integrable systems.

In 1982, Belavin and Drinfeld gave a classification of solutions of the CYBE. In par-
ticular, they proved that any solution of the CYBE is either elliptic, trigonometric or
rational. Moreover, they described all elliptic and trigonometric solutions. Their work
has been extended by Stolin, who gave a certain classification of rational solutions.

Result A. Let F = V(wv? — 4u® — gouw? — gzw®) C P? be a Weierstral cubic curve,
0 < d < n a pair of coprime integers and A = Ad(P), where P is a simple vector bundle
of rank n and degree d on E. Consider the map

-1
resyl EVyy

g— Al — H(Aly)) —=A|, — o,
where res,, is the residue map, ev,, is the evaluation map and the first and the last maps
are induced by a certain trivialization of A. Then the tensor r(g,.qa)(y1,%2) € 9 ® g,
obtained from the map above using the Killing form, is a solution of the CYBE.

This result extends an earlier construction given in works of Polishchuk and Burban-
Kreufler. The core of our method is the computation of certain triple Massey products
in the derived category D° (Coh(E)).

Result B. Let £ be a cuspidal cubic curve. Then the solution rg, 4 from above is
rational. We explicitly describe the Stolin triple (L, B, k) (where L is a Lie subalgebra
of g, B is a 2-cocycle of £ and k € N) such that rg ., = 7Bk

Result C. We have found new elliptic solutions of the associative Yang-Baxter equation

of the form
r.y) = Y. Vu(o@y) D ik ® e,

0<k<n—1 1<i<n—1
0<I<n—1 1<j<n—k

where o (v, y) is the Kronecker function and Vy, are certain differential operators. This
leads to new identities for the higher derivatives of the Kronecker function.

Result D. We elaborate a relation between solutions of the associative, classical and
quantum Yang-Baxter equations, generalizing results of Polishchuk.
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1. INTRODUCTION

In this thesis, I incorporate and explain in greater detail the results presented in [12],
[13] and [26]. Although these papers are quite different from each other with respect
to the methods and tools we use - analytical, combinatorial, algebro-geometric and
Lie-theoretic - there still is a common denominator for the studies we pursue. Namely,
we aim for a better understanding of the Yang-Baxter equations and their solutions by
application of the theory of coherent sheaves on degenerations of elliptic curves.

The Yang-Baxter equations — or to be more precise, the classical Yang-Baxter equation
(CYBE), the quantum Yang-Baxter equation (QYBE) and the associative Yang-Baxter
equation (AYBE) — are important objects appearing in mathematical physics, especially
in integrable systems and statistical mechanics. Moreover they are studied in the con-
text of representation theory. There are different versions for each of these equations,
differing from each other with respect to the number of spectral variables involved. The
version of the CYBE that we shall be mostly interested in is of the following form. Let
g =5[,(C) and r : (C?,0) — g ® g be a meromorphic function. Then r is a solution of
the CYBE if it satisfies the equality

23(

(72 (1, y2), 7 (y2, y3) | + [ 2 (s v2), 7™ (ya, ws) | + [ (w1, ys), 7% (y2, y3) | = 0.

Here 77 = 7,5 o r denotes r followed by the obvious inclusions g©* — U (g)®3 with U(g)
denoting the universal enveloping algebra of g, e.g. Ti3(a ® b) = a ® 1 ® b. We shall
focus our studies on solutions r which satisfy two additional assumptions. Firstly, we
will assume that r is unitary:

7"12@1;1/2) = _7"21(?127%)‘
Secondly, r will always be non-degenerate, that is its image under the isomorphism
g®g— End(g), a®br (c— tr(ac)-b)

is an invertible operator for some (and hence, for a generic) value of the spectral pa-
rameters (y;,y2). On the set of solutions of the CYBE there exists a natural action of
the group of holomorphic function germs ¢ : (C,0) — Aut(g) given by the rule

r(y1,y2) — (1, y2) = (6(1) @ d(y2)) 7 (Y1, y2)-

It is easy to see that 7(y1,y2) is again a solution of the CYBE. Moreover, 7(y;,y2)
is unitary respectively non-degenerate provided r(yi,y2) is unitary respectively non-
degenerate. The solutions 7(y;,y2) and 7(y;, y2) related by the equality above are called
gauge equivalent.

It was shown by Belavin and Drinfeld [3| that any non-degenerate solution of the
CYBE is either elliptic (two-periodic), trigonometric (one-periodic) or rational. More-
over, they classified all elliptic and trigonometric solutions completely [3, Proposition
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5.1 and Theorem 6.1]. Especially, explicit formulas for these solutions can be derived,
see for instance [17]|. In this thesis, we are mainly interested in rational solutions. As
we shall explain below, Stolin [42]| derived a quite sophisticated classification of rational
solutions in terms of Lie-algebraic data.

It was shown by Polishchuk [37] that solutions of the CYBE can be obtained from
solutions of the AYBE. We shall study the AYBE mostly in the form

2w Y1, y2) 12 (U + 03 Y2, 43) =
= (u + vy, ys) 1 (—vs g, y2) 2 (032, ps) 7 (us g1, ).
for meromorphic function germs r : (C3,0) — A ® A. Here A = Mat,»,(C) and we

use the notation 7/ = r o p;; for the composition of r with the canonical embedding
pij + A®? — A®3 In order to obtain a solution of the CYBE from r, consider the

canonical projection pr: A — g given by X — X — trTX]I. Then

7(y1,y2) = lim,_o(pr @ pr) r(v; Y1, y2)

-if it exists - is the corresponding solution of the CYBE. Actually Polishchuk [37], who
studied only solutions of the AYBE which satisfy

(1.1) r(viyr,y2) =r(viyn + 2, y2 + ),
proved that any elliptic solution of the CYBE can be obtained from some solution of
the AYBE. But as was shown by Schedler [40], even for trigonometric solutions this
statement can not be generalized.

Polishchuk [38] also established a connection of the AYBE with the QYBE. To this
end, he imposes two further conditions on r. Firstly, he assumes that r has the following
Laurent expansion:

11
(1.2) (v Y1, Ya) = Y +ro(y1,y2) +vri(yr, y2) + v? ro(y1,y2) + . ..

This condition is automatically satisfied in many examples, see [14, 26]. Also note that
in this case, 7o(y1, y2) = (prepr) (ro(y1, y2)) is the corresponding solution of the CYBE.
Secondly, Polishchuk assumes that 7y has no infinitesimal symmetries, i.e. that there is
no non-trivial a € g such that

[fo(yl,yg),a R1+1®a|=0.
We were able to generalize Polishchuk’s results, dropping the assumption (1.1):
Result 1 |26] Let r(v;y1,y2) be a non-degenerate unitary solution of the AYBE of the

form (1.2). If 7o(y1,y2) = (pr & pr) (ro(y1,y2)) has no infinitesimal symmetries, then
the following hold.
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(1) For fized vy € C*, 7#(y1,y2) = r(vo; y1,Y2) is a solution of the QYBE:

2y, y2) T2 (Y1, ys) 722 (Yo, y3) = 72 (Y2, ¥3) 72 (1, y3) 72 (41, Y2).-

(2) Let s(v;y1,y2) be another non-degenerate unitary solution of the AYBE of the
form (1.2) with (pr ® pr) (so) = 7o. Then there exists a meromorphic function
g : C— C such that

(1.3) s(v; Y1, y2) = exp(v (9(y2) — g(yl)))r(v; Y1, Y2)-

Loosely speaking, statement (2) says that solutions of the AYBE with Laurent expan-
sion as above are uniquely determined up to (a weak version of) gauge equivalence by
the corresponding solutions of the CYBE;, as long as the latter do not have infinitesimal
symmetries. For the solutions of the AYBE constructed from stable vector bundles on
Weierstraf cubic curves by Burban and Kreufler [14], see below, the map ¢ appearing
in (1.3) is always holomorphic. Thus in that case, (1.3) is a proper gauge equivalence
between r and s.

The starting point of the papers [12] and [13] was a paper of Burban and Kreufler
[14]. Developing ideas of Polishchuk [37], Burban and Kreufler showed that solutions
of the AYBE can be obtained by the computation of certain triple Massey products
in the bounded derived category of coherent sheaves D°(Coh(FE)) for any Weierstraf
cubic curve E C P2. In homogeneous coordinates such a curve is given by the equation
2y? = 423 + gox2? + g323, where g9, g3 are elements of the algebraically closed field k.
These curves, which are irreducible and of arithmetic genus one, fall under the following
trichotomy. If A(g2,93) = g5 + 27932 # 0, then E is an elliptic curve (especially, E is
smooth). Otherwise F is singular. Unless go = g3 = 0, the singularity is a node
(ordinary double point), whereas in the case go = g3 = 0 the singularity is a cusp.

: 22 =1 + 2%z >y2,za:3

Yz
In particular, Burban and Kreufler used the theory of stable vector bundles on a Weier-
strals cubic curve E in order to make the computation of triple Massey products in
D’(Coh(E)) accessible to explicit computations. In [12], we showed how the construc-
tion of Burban and Kreufsler can be generalized for semi-stable vector bundles on an
elliptic curve:

Result 2 [12] Fiz a complex parameter 7 € C such that Im(7) > 0 and an invertible
matriv B € GL,(C). Let A = Z + 7Z be the corresponding lattice in C and &(B) =
{A1,.. ., A\n} the spectrum of B. We denote by ¥ = X the lattice

{A = X| exp(2mi)), exp(2miX) € 8(B)} + A C C.
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Then we attach to the pair (B,T) a meromorphic tensor-valued function
rg =15(V,y) : C x C — Mat, x,(C) @ Mat, «,(C)

having the following properties:

(1) The function rp is a non-degenerate unitary solution of the AYBE.

(2) Moreover, rg depends analytically on the entries of the matriz B and is holo-
morphic on (C\ X) x (C\ A).

(3) Let S € GL,(C) and A= S™'BS. Then we have:

ra(v,y) = (571 @S rp(v,y)(S® S).
(4) If B = diag(exp(Zm')\l), o ,exp(27ri)\n)) for some Ai,..., N\, € C, then the

corresponding solution rg 1s given by the following formula:

re(v,y) = Z o(v— A, y) e ® ep,
k=1

where Ay = Ay — A\; and o(u, x) is the Kronecker function.
(5) If B = J,(1) is the Jordan block of size n X n with eigenvalue one then

re(v,y) = Z V(o (v, y)) Z Cij+k & €jiti,

0<k<n-—1 1<i<n—l1
0<i<n—1 1<j<n—k

where Vi are certain differential operators.

Interestingly, the solutions we obtain from semi-stable vector bundles do not yield solu-
tions of the CYBE. In particular, they have higher order poles and are not of the form
(1.2). It is worthwhile mentioning that our results include an explicit algorithm for the
construction of the solutions rg, making it possible to compute the solutions presented
in (4) and (5) by hand.

The final aim of our studies was to apply the theory of vector bundles on degenerations
of elliptic curves to solutions of the classical Yang-Baxter equation. Before our own
contributions, to be presented in [13], the state of the art was as follows. As already
mentioned above, the work of Polishchuk [37| respectively Burban and Kreufler [14]
yields a construction of solutions of the CYBE via solutions of the AYBE obtained
from stable vector bundles works for any Weierstrals cubic curve. The input data for
the construction is given by a triple (E, n,d), where E is a prescribed Weierstrafs cubic
curve and n and 0 < d < n are coprime integers corresponding to the rank respec-
tively degree of the stable vector bundles fixed in the construction. Polishchuk proved
that if F is elliptic, then the associated solution of the AYBE respectively CYBE is
elliptic [37]. However, Polishchuk’s approach is rather indirect and uses formulae for
higher multiplications in the Fukaya category of a complex torus as well as homological
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mirror symmetry in dimension one [39]. See also [14, Section 4.3] for a detailed direct
computation in the case (n,d) = (2,1). Nonetheless Polishchuk shows that in this case
one precisely recovers the list of Belavin and Drinfeld of all elliptic solutions of the
CYBE. In particular, if 1 < d # d < n then the solutions rg 4 and rgy,a) are
not gauge equivalent. In the subsequent paper [38], Polishchuk describes the solutions
of the AYBE corresponding to simple vector bundles on Kodaira cycles of projective
lines. See also [14, Section 5.2| for a detailed computation in the case £ when is a
Weierstraf nodal cubic curve and (n,d) = (2,1). Polishchuk’s computation is based
on a classification of simple vector bundles on Kodaira cycles obtained in [11, Theorem
5.3]. In this case, one obtains a certain class of trigonometric solutions of the CYBE.

The final aim of our studies was thus twofold. Firstly, we further developed ideas pro-
posed by Polishchuk [37] concerning the direct construction of solutions of the CYBE
via similar methods as were used for the construction of solutions of the AYBE. The
first main result of [13] can be stated as follows:

Result 3 [13] Let E = V(wv? — 4u® — gouw? — gsw?®) C P? be a Weierstraf§ cubic curve
over C, o € E some fized smooth point and 0 < d < n a pair of coprime integers.
Consider the sheaf of Lie algebras A = Ad(P), where P is a simple vector bundle of
rank n and degree d on E (note that up to automorphism, A does not depend on a
particular choice of P). For any pair of distinct smooth points yy,ys of E, consider the
map A|y1 — A|y2 defined as follows:

-1
resyl EVyoy

Al = HY(A(y)) —2 A|y2

At

where res,, is the residue map and ev,, is the evaluation map. Choosing some isomor-

phism of Lie algebras & : A(U) — sl,, (O(U)) for some small neighborhood U of o, we
get the tensor TfE,n,d) (x,y) € g®g. Then we have:

(1) The tensor r%E’n,d) 1s a non-degenerate unitary solution of the CYBE.

(2) Moreover, TfE,n,d) 1s analytic with respect to the parameters g and gs.

(3) A different choice of trivialization ¢ : A(U) — sl, (O(U)) gives a gauge equiv-
alent solution T?End)'

In the second step, we were interested in studying rational solutions obtained by the
procedure developed in Result 3. Burban and Kreubler [14] already gave some examples
that indicated the validity of the natural conjecture that if E is cuspidal, then the
associated solution of the CYBE will be rational. We prove this conjecture in [13].
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Moreover, we show that the rational solutions obtained are always of the form

(1.4) r(y1,y2) =

where g[y] = g ® C[y], r’ is not constant and 2 denotes the Casimir element. Thus,
the solutions we obtain belong precisely to the class of rational solutions of the CYBE
studied by Stolin [42]. His classification goes as follows. Stolin states that there is a
bijection between rational solutions of the CYBE of the form (1.4) and triples (£, B, k),
where £ C g is a a Lie subalgebra, B : £ x £ — C is a skew-symmetric 2-cocycle and
where 1 < k < n — 1 encodes the following compatibility condition. Let P; denote the
k-th parabolic subalgebra of g, then

(1) £+Pr =g

(2) B is non-degenerate on (£ N Py) x (£NPy).

2 — Y1 +7'(y1,52), 7 (Y1, 92) € 8] ® g (1],

It is natural to ask which triples correspond to the solutions r(g, 4 obtained from
the geometric construction described in Result 3. Since the construction of a rational
solution 7 (g, 4y depends on the choice of two coprime integers 0 < d < n only (£ being
the cuspidal cubic curve), it is natural to assume that one should choose £ = g = s[,,(C).
In that case, a triple (£, B, k) is already determined by choosing a Frobenius functional
F for the Frobenius Lie algebra Py, extending it by zero to g and then choosing B to be
given by the Kirillov form B(x,y) = F([z,y]). Frobenius functionals were studied by
Elashvili [20, 21] and also Dergachev and Kirillov [18]. For our work, the more indirect
approach to this question by Elashvili is essential. In his paper [21]|, Elashvili gives
a recursive procedure that allows to construct a Frobenius functional F' for a given
Frobenius Lie algebra F from the Frobenius functional F” of some smaller Frobenius
Lie algebra F' C F which is the stabilizer under a certain action on F.

It turns out that in the setup we work in, the recursive procedure of Elashvili is
exactly the same as the algorithm for the construction of a universal family of stable
vector bundles of fixed rank and degree on the cuspidal cubic curve as established by
Bodnarchuk [5]. Using the theory of matrix problems developed by Drozd and Greuel
[19], Bodnarchuk showed that this universal family is basically encoded by a certain
matrix J = J(n,n — d), where n is the rank of the vector bundles considered and d
denotes the degree. Interestingly, Bodnarchuk, Drozd and Greuel [5, 8] showed that
these results can also be explained in terms of the representation theory of differential
graded biquivers. The second main result of [13] is as follows:

Result 4 [13]| Let E be the cuspidal Weierstrafs cubic curve and 0 < d < n be a
pair of mutually prime integers. We set By(a,b) = tr(Jt - |a, b]) for a,b € g, where
J € Mat, x,,(C) is a certain matriz uniquely determined by n and d. Let (g, By,n — d)
be the corresponding Stolin triple and r = 14 g, n—ay the corresponding solution of the



14

CYBE. Then the solution r(g,q from Result 3 is gauge equivalent to the solution
T(g,Bsn—d)- Using this result we also show that the solutions r(gna) and 7(Ennp—a) are
gauge equivalent.

Remark 1.1. Let E be an elliptic curve, E’ the cuspidal Weierstrat cubic curve and
0 < d < n be a pair of mutually prime integers. Combining Results 3 and 4, we see
that any elliptic solution 7 (g, 4 has two limits of rational solutions: r(g ,,—q) and
T(E'n,d)- 1t s not easy to give a direct proof of this statement.

To summarize, the main results of this thesis are the following:

e we study an interplay between the associative, quantum and classical Yang-
Baxter equations, generalizing results of Polishchuk [37], see Theorem 6.2 and
Theorem 7.1.

e we have found new elliptic solutions of the AYBE, see Theorem 18.5. This leads
to new identities for (higher derivates of) the Kronecker function o.

e we give a geometric construction of solutions of the CYBE based on the theory
of vector bundles on Weierstraf cubic curves, developing ideas of Polishchuk [37]
and Burban-Kreufler [14], see Theorem 9.1.

e we describe rational solutions of the CYBE arising from simple vector bundles
on a cuspidal cubic curve and express them in terms of Stolin’s classification,
see Theorem 22.1. Via this approach, we establish new results about rational
degenerations of elliptic solutions of the CYBE, see Proposition 22.10. We also
give a concrete recipe to lift these rational solutions of the CYBE to solutions
of the QYBE and AYBE, see Subsections 15.1 and 15.3.

1.1. Organization of the material. This thesis is organized as follows. In Part 1,
we recall standard notions and results for the theory of the classical, quantum and
associative Yang-Baxter equations. The main results of this part are Theorems 6.2 and
7.1, which yield Result 1.

Next we present the construction of solutions of the AYBE respectively the CYBE
via the calculation of triple Massey products in D?(Coh(E)), see Part 2. After recalling
the theory of (semi-) stable vector bundles on an elliptic and cuspidal cubic curve E in
Part 3, we then translate the constructions form Part 2 into explicit algorithms. This
is contained in Part 4. In Part 5, we compute the elliptic solutions of the AYBE given
in Result 2. The main results of Parts 2 to 5 are Theorems 9.1 and 18.5. Together with
the results of (Sub-) Sections 14.3 and 17, these are precisely Results 2 and 3.

Part 6 is devoted to the study of rational solutions of the CYBE. First, we ex-
plain Stolin’s classification [42]. Then we apply the procedure for the construction
of Frobenius functionals by Elashvili [21] in order to construct a certain Stolin triple
(g, Bs,n — d), see Proposition 21.16 and Corollary 21.21. The main result of Part 6,
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presented in Theorem 22.1, establishes a concrete gauge equivalence between the ratio-
nal solution corresponding to the triple (g, B;,n — d) and the rational solution r(g )
obtained via Result 3. Finally, Proposition 22.10 gives a gauge equivalence between the
rational solutions r(g, 4 and 7(gn,—q). Summarizing the most important statements
of Part 6, we obtain Result 4.

Finally, in Part 7 we present Mathematica implementations for the algorithms ob-
tained in Part 4.
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Part 1. Yang-Baxter equations: Interplay

In this part, we recall some standard notions and results for the theory of the classical,
quantum and associative Yang-Baxter equations. Moreover, we will explain our work on
the interconnection between these equations as presented in [26]. All proofs contained
in this part are purely analytical.



17

2. THE CLASSICAL YANG-BAXTER EQUATION

We start by explaining the classical Yang-Baxter equation and the classification re-
sults by Belavin and Drinfeld [3]. Although their theory is established for any finite-
dimensional simple complex Lie algebra, we will concentrate on the case g = sl,(C)
for reasons which will become obvious later. Let r : C> — g ® g be the germ of a
meromorphic function in a neighbourhood of zero. Then r is a solution of the classical
Yang-Baxter equation (CYBE) if it satisfies the following equality

12(“1, U2),7“23(U2,U3)] + [T’IQ(M, U2)7T13(U17U3)] +

+ [P (ug, uz), 7?3 (ug, uz)] = 0.

(2.1) Ir

Here 7/ = 7;; o r denotes r followed by the obvious inclusions g®? — U(g) g
T13(a ® b) = a ® 1 ® b. Throughout this thesis, we shall be interested in solutions r of
(2.1) which satisfy two additional conditions.

Definition 2.1. Let r(u,v) be a solution of the CYBE.

(1) r is called non-degenerate if its image under the isomorphism
g®g— End(g), a®br (c— tr(ac)-b)

is an invertible operator for some (and hence, for a generic) value of the spectral
parameters (u,v).

(2) ris called unitary if r'%(u,v) = —r?(

v, ).
On the set of solutions of (2.1) there exists an equivalence relation called gauge equiv-
alence. This is induced by the action of the group of germs of holomorphic functions
¢ : (C,0) — Aut(g) given by

r(u,v) = (p(u) ®@ e(v)) r(u,v).
The operator ¢(u)@¢(v) is called gauge transformation or gauge equivalence and r(u, v)
is said to be gauge equivalent to (p(u) ® ¢(v))r(u,v).

Proposition 2.2. [2] Up to gauge equivalence, any non-degenerate unitary solution of
the CYBE is equivalent to a solution r(u,v) = r(u—v) depending only on the difference
of the spectral parameters. Denoting this solution by r(x), this means that r satisfies
the equation

(2.2) [P (2), 1 (y)] + [r(2), 7 (@ +y)] + [rP(@ +y),r®(y)] =0.

Let us illustrate the above definitions by some examples. To this end, we let
{eijh<izjen U{iti<icn—

denote the standard basis of g. That is, for any 1 <4, j < n, e, ; denotes the element of

Mat,,«,,(C) whose entry at the position (i, 7) is equal to one and zero everywhere else
and hl =€l — €l41,1+1-
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Example 2.3. The following functions are non-degenerate unitary solutions of (2.2)
for g® g = sk (C) ® sl,(C):

2) 'r(x) % 0 ( )h @ h e sm( ) (61,2 ® €21+ €21 @ €12) + sin(z)ez1 ® €3,
3)r(z) = C h®h+ 1ern) = (€12 ®eg1 +ea1 ®ern)+ 178%{;()36) (e12®e12+ €21 ®eay)

The functions cn,sn,dn in example 3) are Jacobi elliptic functions on a fixed elliptic
curve F.

Remark 2.4. Solution 1) of the above example was historically the first solution found
for (2.2). It is due to Yang. Solution 2) was discovered by Baxter, while solution 3)
was found by Baxter, Belavin and Skylanin.

The above examples illustrate the following results by Belavin and Drinfeld. In order to
formulate them properly, recall that for our choice of a basis of g, the Casimir element

of g ® g is given by
Q= ) e;®ei+ Y, hah
1<iZj<n 1<i<n—1
where A, is the dual of h; with respect to the trace form (x,y) — tr(z - y) (the trace
form is a scalar multiple of the non-degenerate Killing form on sl,(C)).

Theorem 2.5. 3, Proposition 2.1 and 4.1| Let r be a non-constant non-degenerate
solution of (2.2). Then

e r has a simple pole at zero and the residue is given by Res, (r(z)) = af2, a € C.
e 7 is unitary, 7'%(z) = —r?!(—x).
Theorem 2.6. |3, Theorem 1.1| Let r be a non-degenerate solution of (2.2). Then r
extends meromorphically to all of C. Moreover, the poles of r form a discrete subgroup
I c C. Write r(x) = ZlSk’lSnQ_l ag ()l ® I where {Ik}1§k§n2—1 = {eij h<igj<n U
{hihi<icna- If

o tk I' = 2, then all oy are elliptic functions.
o tk I' =1, then all ay; are trigonometric functions.
o tk I' =0, then all ay; are rational functions.

FEspecially, there are three disjoint families of non-degenerate solutions of (2.2): elliptic,
trigonometric and rational.

Remark 2.7. We will see that the definition of elliptic, trigonometric and rational so-
lutions can be extended to solutions of the associative Yang-Baxter equation (to be
introduced in the next section), see Remark 7.2.
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Even though Proposition 2.2 guarantees existence of a gauge equivalence which trans-
forms solutions of (2.1) into solutions of (2.2), we will mostly study solutions of (2.2).
The reason for this is that constructing a gauge transformation which maps r(u,v) to
r'(u,v) = r'(u — v) in practice is highly non-trivial. Moreover, as we shall see later,
from a geometric point of it seems more natural to work with solutions of (2.1).

Clearly the nomenclature for solutions of (2.2) extends to solutions of (2.1). Finally, let
us recall the following notion, which shall play an important role in the next sections:

Definition 2.8. An infinitesimal symmetry of a solution r of (2.1) is given by an
element a € g such that [r(u,v),a® 1+ 1 ®a] = 0 for all u,v. Furthermore we say
that r has no infinitesimal symmetries if the only infinitesimal symmetry of r is given
by a = 0.

3. THE ASSOCIATIVE YANG-BAXTER EQUATION

In this section, we give the definition of the associative Yang-Baxter equation. More-
over, we will recall some results by Polishchuk [37] respectively Burban and Kreufler
[14] on the relationship between this equation and the classical Yang-Baxter equation.
As for the classical Yang-Baxter equation, see (2.1) and (2.2), there are multiple ver-
sions of the associative Yang-Baxter equation, differing with respect to the number
of variables. We start with solutions of the most general version of the associative
Yang-Bazter equation (AYBE):

(3.1) 2 (v, v23 41, Y2) 773 (01, V31 Y2, Y3) =
' = rB(v1,v3; 91, y3) 12 (vs, Va3 Y1, Y2) + 123 (2, V33 Yo, Y3) 13 (1, V23 Y1, Y3)

Here 7 : (C*,0) — A® A is the germ of a meromorphic function in a neighbourhood of
zero and A = Mat,,x,,(C). Similar to the case of the CYBE, for i # j € {1,2,3}, we
use the notation 7 = r o p;; for the composition of r with the canonical embedding
pij : A%? — A®3. However, in this part we will mostly study solutions of (3.1) depending
on the difference of the first pair of spectral parameters

T(v1, 02591, y2) = 7(V1 — V23 Y1, Y2) = (V3 Y1, Y2)-
That is, we study solutions of the associative Yang-Baxter equation in three spectral
variables

(3.2) = 13 i

w; Y1, Y2) T (0 + v y2, ys) =
w4 vy Y1, ys) r2(=vs yr, o) + 7205 yo, y3) 73 (0 1, ys).

for meromorphic function germs r : (C?,0) — A ® A. Similarly to the situation of
the CYBE, we are mainly interested in solutions of the AYBE with the following two
additional properties:

Definition 3.1. Let r(vy, v9;y1,y2) be a solution of (3.1). Then
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(1) r is called non-degenerate if r(v1,ve;y1,y2) € A ® A = End(A) is invertible for

generic (v, Va; Y1, Y2).

(2) ris called unitary if r%(vy, va; y1, y2) = —12(

V2, V1; Y2, Y1)-

Remark 3.2. For solutions of (3.2), the unitarity condition obviously translates to
r2(vs 1, y2) = = (=v; Y2, 41)-

Interestingly, solutions of the AYBE also satisfy a sort of dual version of that equation:

Lemma 3.3. [14, Lemma 2.7] Let r(v1,v2; 41, 42) be a unitary solution of (3.1). Then
writing v (vy,v2) as short-hand for r* (vy, va;y;, y;), T also satisfies
12 (09, v3) 72 (01, v3) = 72 (v1, o) 72 (Va, v3) + 1 (v1, v3) 72 (va, V7).
Corollary 3.4. If r(v;y1,y2) s a unitary solution of (3.2), then we also have
r?(u+ vi Yo, ys) 12w y1, yo) =

3.3
(3:3) = 1r2(=v; 1, y2) 3 (u + vy 1, y3) + 13 (0 v, y3) 122 (05 ya, y3).

The notion of gauge equivalence can also be adapted to the situation of the AYBE:

Definition 3.5. Let ¢ : (C?,0) — GL,(C) be the germ of a holomorphic function and
let r(vq,ve; Y1, y2) be a solution of (3.1). Then the tensor valued function

7' (v1, V2591, Y2) = (cb(vl; Y1) @ ¢(vs; yz)) 7(V1, 2, Y1, Y2) <¢_1(v2; Y1) ® ¢~ (v yz))

is also a solution of (3.1). The solutions r and " are said to be gauge equivalent and ¢
is called a gauge transformation.

In order to show how this notion translates to solutions of (3.2), it is best to have a
look at an example.

Example 3.6. Let r(vy,v2;y1,92) € A® A be a solution of (3.1), ¢ € C and ¢(v,y) =
exp(cvy) - 1 : (C%0) — GL,(C) be a gauge transformation. Then

exp (c (va —v1) (42 — ?/1)) 7(v1,v2; Y1, Yo)

is a solution of (3.1), gauge equivalent to .

Similarly, assume that 7(vi,ve; y1,y2) = 7(v;y1,¥2) is a solution of (3.1) which de-
pends only on v = vy — vg, Y1, y2. Thus 7(v;y1,y2) is a solution of (3.2). Consider the
gauge transformation ¢(v,y) = exp(vg(y))-1 : (C?,0) — GL,(C) for some holomorphic
function g : C — C. Then 7'(v; y1,y2) = exp(v (9(y2) — 9(v1))) 7(v; y1,y2) is a solution
of (3.2) as well.

Finally, there is also the associative Yang-Baxter equation in only two spectral vari-
ables

(34) 2w a)rButvy) = rBut vz +y)r? (v o) +r® () 1B (u o+ y),
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with straightforward adaptions for the definitions of non-degeneracy and unitarity. As
to the definition of gauge equivalence, simply assume g = ¢ € C to be constant in
example 3.6 to get a corresponding example.

The following statement, first discovered by Polishchuk for the AYBE in two variables,
see [37, Lemma 1.2|, gives the decisive relationship between solutions of the AYBE
respectively the CYBE:

Lemma 3.7. |14, lemma 2.11] Let r(v;y1,y2) be a unitary solution of (3.2) and let

pr : Mat,«,(C) — sl,,(C) denote the projection X — X — tITX]I. If (pr @ pr)r(v;yr,ys)
exists, then

7(y1,y2) = lim (pr @ pr) 7(v; 41, y2)
is a unitary solution of (2.1).

An interesting subclass of solutions of (3.2) is given by those solutions that have a
particular kind of Laurent expansion with respect to the variable v:

I1®1
(3.5) (v, Ya) = Y + ro(y1, y2) + vri(yr, yo) + v ra(y1, y2) + - ..

Solutions with Laurent expansion of the form (3.5) behave well with respect to gauge
equivalence:

Proposition 3.8. [14, Proposition 2.12| Let r be a solution of (3.3) of the form (3.5).
For any gauge transformation ¢ such that

' (v1, V25 Y1, Y2) = <¢(U1; Y1) ® d(vy; y2)> 7 (V1,23 Y1, Y2) <¢71(U2;y1> ® ¢~ (vs; y2))

is again a function of v = vy — v, ' (V;y1,y2) is of the form (3.5) as well.
Moreover, if r is unitary, then so is 1’ and the corresponding solutions 7o = (prpr)ry
and 7y = (pr @ pr)ry of (2.1) are gauge equivalent as well.

Finally, note the following result by Polishchuk which we shall generalize in Section 6:

Theorem 3.9. [37, Theorem 6| Let r(v;y) be a unitary solution of (3.4) with Laurent
expansion analogous to (3.5) and such that 7o = (pr ® pr)rg is non-degenerate. Let
s(v;y) be another non-degenerate unitary solution of the AYBE (3.4) with Laurent
expansion analogous to (3.5) and (pr ® pr)sg = ro. Then there ezists o € C such that

s(v;y) = exp <owy>r(v; ).

4. RELATIONSHIP WITH THE QUANTUM YANG-BAXTER EQUATION

The interplay between the AYBE (3.4) and the CYBE (2.2) with the quantum Yang-
Baxter equation is explained by the following theorem of Polishchuk:
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Theorem 4.1. [38, Theorem 1.4] Let r(v;y) be a non-degenerate unitary solution of
(3.4) with Laurent expansion analogous to (3.5) and let 7o = (pr @ pr)ryo.

(1) 7o is a non-degenerate solution of (2.2)
(2) The following are equivalent:
(a) For fixed vy € C*, 7(y) = r(vo; y) is a solution of the quantum Yang-Baxter
equation (QYBE)

P (@) P (@ + y) PP (y) = 7P (y) T+ y) 7 ().
(b) there exits a scalar function (v;y) such that
rviy)r(=viy) = ¢(v;y) (T 1),
(c) there exists a scalar function 1 (y) such that

(% (ro(y) — o)) = b(y) (1 © 1).

(d) we have

(pr@ pr@pr) [7o°(x) 7o (x +y) — 7o (y,) 7o (x) + 7o (z + y) 75 (y)] = 0.

(3) The above conditions are satisfied if either To(y) has no infinitesimal symmetries
or is periodic (elliptic or trigonometric).

One of the main results of [26] is that this statement can be extended to the AYBE
and CYBE in the form (3.2) respectively (2.1) and the QYBE in the form

(4.1) 2 (1, y2) 7P (1, ys) 172 (Y2, ys) = 12 (2, y3) 7 (i, ys) T2 (1, v2).

The precise statement along with all proofs is presented in Section 7.

5. POLES OF SOLUTIONS OF THE AYBE

In this section, we study the poles of solutions of (3.2) along y; = y. We start with
the following easy fact on P =3, ;. € ®¢;; € A® A

Fact 5.1. Any tensor §# € A® A such that 0(z ® 1) = (1®x)0 for all z € A is a scalar
multiple of P. Moreover P(1 ® z) = (x ® 1)P for any = € A.

Lemma 5.2. (see [38, Lemma 1.3|) Let r(u;y1,y2) be a non-degenerate unitary solution
of (3.2). Assume that r(u;y1,y2) has a pole along y, = yo. Then this pole is simple and
limy, .y, (1 — y2) 7(w; 91, 92) = ¢ - P for some c € C.

Proof. Write r(u;y1,y2) = a(u;y1 — y2) + 5(u; Y1, y2) and assume that no summand of

B(u;y1,y2) depends only on u and y = y; — y2. Let a(u;y) = 9;—2) - ;7,5—1,‘)1 + ... be the
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Laurent expansion near y = 0. In order to see that £ < 1, we consider the polar parts
in (3.2) as y3 — y1, which yields

(5.1) 0" (u+v) r?(—v; y1, ) + 12 (v 92, 41) 0% (u) = 0.
Analogously, for y, — 1,
(5.2) 0" (w) ™ (u+ v; 1, y3) — > (u + v; 91, y3) 012 (—v) = 0.

Let V' C A be the minimal subspace such that 6(u) € V ® A for all u where 6(u) is de-
fined. Obviously 7% (u; y1,v2) 0'3(u) € VQA®A hence by (5.1) 013 (u+v) r'?(—v; 41, y2) €
V ® A® A as well. Thus, 7'%(u;y1,12) € Ay ® A, where

A ={a€cAlf(u)(a®1) e V& Afor all u}.

By non-degeneracy A; = A, thus VA C V. Similarly, using (5.2), we get AV C V| so
that V' is a two-sided non-zero ideal in A. Hence V = A.

Let us come back to (3.2). We want to have a look at the coefficient of (y; —y2)* ™" in
the expansion of (3.2) near yo—y; = h equal to zero. The terms contributing to this only
depend on 7' %(u; y1, y1 + h) r®(u+ vy + b, yz) and 73 (u+v; y1, y3) 12 (—v; Y1,y + h).
Thus the coefficient of h'~* consists of two summands, the first one being n'?(u) r?*(u+
v;y1,y3) — r3(u + v;y1,y3) n*2(—v) and second one being 0?(u) times the coefficient
of h in r®(u+ v;y; + h,y3). Note that for this last summand to be non-zero we must
assume k > 1. Now 7?(u + v;y; + h,y3) — r®(u + v;y1,93) equals the summand of
12 (u + v;y1 + h,ys3) divisible by h, hence the coefficient of h'=* is exactly

or?

' (w) 12 (u + vy, ys) — 7 (w + o3 y1, y3) ' (—0) + 07 () 8_yl(u + VY1, Y3)-
Examining the polar parts in the above expression for y; — y3 in a neighborhood of
zero, we deduce that 6'%(u) 6%3(u + v) = 0. Setting v = 0 this amounts to saying that
O(u) ={a®blab = 0}. Since V = A this is a contradiction. Therefore k = 1.

Next, we have a look at the polar parts in (3.3) near y3 = y. We deduce 6% (u +
v) (s g, g2) = 7 (u; 91, 92) 67°(v). Hence 7(u; g1, 2) € A© A(u), where

Alu)y={a € Alf(u+v)(z®1) = (1®@x)0(v) for allv}.

Since A is non-degenerate this implies A(u) = A for generic u, in which case 1 € A(u)
and thus 0(u + v) = 0(u). Hence § = 0(0) is constant. Recalling Fact 5.1 finishes the
proof. O

Corollary 5.3. (see [38, Lemma 1.5|) Let r(u;y1,y2) be a non-degenerate unitary so-
lution of (3.2) of the form (3.5). Then r(u;yi1,y2) has a simple pole along y; = yo with
residue a scalar multiple of P.
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Proof. This is essentially the same proof as that of Lemma 1.5 in [38|, using Lemma
5.2 where Polishchuk refers to Lemma 1.3 of his paper. O

6. UNIQUENESS OF LIFTS FROM CYBE 1O AYBE

In this section, we will extend Theorem 3.9 to solutions of (3.2) respectively (2.1).
Let us start by generalizing one particular part of the original proof of Polishchuk’s
result for later usage:

Lemma 6.1. Let r(v;y1,y2) be a unitary solution of (3.2) of the form (3.5). Then r
15 uniquely determined by ro and ri. Moreover, we have

12 (Y1, y2) + 112 (Y1, y3) + 12 (Yo, y3) =

6.1
(6.1) = 7’(1)2(3/17%) 7“(1)3<Z/1; Y3) — 7’(2)3(9272/3) 7”(1)2(3/171/2) + 7’53(%; Ys3) 7’33(1/273/3)-

Proof. First we show that r is uniquely determined by 7o, 7; and 5. To this end, we
fix k& > 2 and show how to construct 7 from {r;},,,_ ;. Let us insert the Laurent
expansion (3.5) of r into (3.3) and examine the terms of total degree k — 1 in the
variables v and v. We derive the equation

(—v)* o
i (41, 92) {u+v S utw

] + 72 (y1, ys) {%’“ - M} )

B

(6.2) v

u

where the ride-hand side contains terms r; with ¢+ < k only. The polynomials in v and v
on the left-hand side are linearly independent for £ > 2. Indeed, if we place everything
over a common denominator and focus on the coefficients of u* in the respective terms

w(—v)F T — o M (A v) — w(u o) ()0 T — (a4 o)

then these are —vu, u(u + v) — (*11)v? and — (k + 1) v? respectively. This proves our

claim that r is determined by the r; with k£ < 2.
In the next step, we show that ry is already determined by ry and r;. Indeed, for
k = 2 equation (6.2) reads

(v —u) 7“%2(?Jl7y2) — (2u +v) 7"%3(?/1,93) — (u+2v) 7“33(927%) =...
that is
—u- (7”%2(3/17y2) +2r3° (Y1, y3) + 735 (2, y3)) +

+0 - (157 (y1, v2) — 75° (Y1, y3) — 215 (y2,y3)) = - .-
with the the right-hand side depending on 7 and r; only. Let us denote the coefficient

of —u on the left-hand side by a, that of v by b. Since a, b are determined by r¢ and
a+2b

only, so is “£2 = r3%(yy,y2) — 73 (42, y3). Thus, r2(y1,y2) is determined by ry and ry.

Putting £ =1 in (6.2), we obtain (6.1). O
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Now, we can directly head to the main result of this section:

Theorem 6.2. Let r(u;y1,y2) and s(u;y1,y2) be a unitary solutions of (3.2) of the
form (3.5). Assume that the corresponding solution To(y1,y2) = (pr&pr) (ro(y1,vy2)) of
the CYBE (2.1) is non-degenerate, has no infinitesimal symmetries and that So(y1y2) =
To(y1,y2). Then there exists a meromorphic function g : C — C such that s(u;yy,y2) =

exp(u(g(y2) — 9(y1)))r(u; y1, y2).

Proof. First, we show that r is uniquely determined by ry. By Lemma 6.1 r is uniquely
determined by 7y and r; and moreover 77 is a solution of a certain equation in rq which
is given by (6.1). If ] # r; was a solution of (6.1) with the same properties as 71, then
taking the difference we would obtain a meromorphic function « : (C%,0) — A® A with

a® (y2,y1) = alyr, y2) and
(6.3) a2 (y1,y2) + ¥ (y1, y3) + a®(ya, y3) = 0.

Using Lemma 5.2, we also know that the residue of r(u;y1,y2) near y; = yo is inde-
pendent of w. Comparing this to the Laurent expansion (3.5), we derive that 1 (y1, y2)
has no poles along y; = ys, hence the same is true for a(y;,ys). To prove that ry is
determined by rg, we need only show that « is already zero. Choosing y3 = ys and
then applying pr ® id ® id to (6.3) we derive that (pr ® id) (a(y1,y2)) = 0. Similarly,
(id ® pr) (a(y1,y2)) = 0, hence a(y1,y2) = f(y1,y2) 1 ® 1 where f is a meromorphic
function such that f(y1,v2)+ f(y1,y3)+ f(y2,y3) = 0. Since r1(y1, y2) has no pole along
y1 = yo by Lemma 5.2, a(y1,y;) exists. We may deduce that 2f(y;,y2) = —f(y2, y2),
so f depends only on the second variable. But then choosing ys = y; = y3 we read
3f(y1,y1) = 0, thus f = 0.We have proved that r is uniquely determined by (.

It remains to prove that, provided 7y has no infinitesimal symmetries,  can be uniquely
recovered from 7 up to the factor exp (u (g(y2) — g(y1))) for some meromorphic function
g : C — C. Note that this is equivalent to showing that r¢(y1, y2) is uniquely determined

by Fo(y1,y2) = (pr@pr) (ro(y1,y2)) up to a summand of the form (g(y2) — g(y1)) 1R 1.
By assumption (so(y1,¥2), s1(y1,y2)) is another tuple satisfying (6.1) such that
S(Q)l(ymyl) = —So(y17y2)a 3%1(927y1> = 81(y17y2)-
We claim that
so(y1,y2) = 1o(y1,y2) + (9(y2) —g(v1)) 1 ® 1.
Since 3o(y1, y2) = To(y1,y2), we may write
_ 1 2
so(y1,y2) = 1o(y1,¥2) + ¢ (y1,¥2) — & (y2, 1) +¥(y1,y2) 1 ® 1

for a sl,,(C) valued function ¢ and a scalar function . Denoting the left-hand side of
(6.1) by LHS(r), we have

0= (pr@pr®@pr)(LHS(s) — LHS(r)) =75 (y1, y2) [0 (3, y2) — & (3, v1)] +
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+733(Z/273/3) [¢1(91,y3) —¢1(y17y2)} +7(1)3(Z/1,y3) [¢2(y2,y3) - ¢2(y2,y1)] .

If the function ¢ is not constant then contracting this equation with a generic functional
in the third component we derive that 7y is a sum of two decomposable tensors, that
is 7g = a1 ® by + as ® by where all terms depend on yq, yo. But 7y is non-degenerate by
assumption, so spanc ({ay,as}) = g, which is impossible for any n > 2. Thus ¢ € g is
constant. Applying (pr ® pr ® id) to LHS(s) — LHS(r) yields

(pr @ pr ®id) (s1*(y1, y2) — r1*(y1,y2)) = (pr @ pr @ id) (14> (y1, y2)d' —
- ¢27"32(y1, yz)) - ¢1¢2 + (w(yla 3/3) - w(ym ys)) 712(91, yz)-

This implies that ¢ (y1, y3) —1(y2, y3) is actually independent of y3, hence equal to some
function B(y1,y2). Also, we know by unitarity of r that ¢ (y1,y2) = —t¥(ya,y1), thus
B(y1,y2) = Y(y1,y3) +1U(ys, y2). It follows from Lemma 5.2 that ro and sy have the same
pole along y; = ys, hence ¥ (y1, y1) exists and we may deduce that 3(y1,y2) = ¥ (y1, y1)+
¥(y1,92) = ¥(y1,y2). Thus the definition of 3 reads ¥(y1,42) = ¥ (y1,¥3) — ¥ (Y2, y3)-
Therefore, defining g(y) = ¥(y, a) for some fixed a € C, we have ¥ (y1,y2) = g(y1) —
9(y2). Altogether

(6.5) so(y1,y2) = ro(y1,42) + 0" — &> + (9(y1) — 9(y2)) 1 ® 1

Since sg and rg are both meromorphic, so is ¥ and thus also g.
Next, we replace (u;y1,y2) by exp (u(g(y2) — g(y1))) 7(u; Y1, y2) and hence may as-
sume that g = 0 in the above formula for so. Thus (6.4) yields

(pr @ pr) (s1(y1,y2) — r1(y1,%2)) = (pr @ pr) (ro(y1, ¥2)0" — ¢°ro(y1, y2)) — @' &

We exchange the first two components, make the substitutions y; < y2,y> < y; and
use unitarity of r for both sides of the resulting equation. Comparing the result with
the above equation, we derive

(pr ® pr) (To(yl, y2)o' — ¢27"0(y1,y2)) = (pr ® pr) (—7”0(3/1,3/2)¢2 + ¢'ro(yn, yz)) .

By Fact 7.5 a) we deduce that [To(y1,v1), d' + ¢*] = 0. But then ¢ is an infinitesimal
symmetry of 7y, so ¢ = 0. Thus sy = ry. U

(6.4)

Remark 6.3. As we will see in Theorem 7.1 (1), the assumption of Theorem 6.2 on the
non-degeneracy of 7y is automatically satisfied if r itself is non-degenerate. Moreover, we
deduce from the proof of Theorem 6.2 that in that case r is already uniquely determined
by rp.

Corollary 6.4. In the notations of Theorem 6.2, assume that ro(y1,y2) and so(yi1, ya)
have the same poles on ((C2 \ V((y1 — yQ))) Then g is a holomorphic function. Thus,
r and s are gauge equivalent.
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Proof. 1t follows from the assumption and Lemma 5.2 that the poles of ry and s
coincide. By (6.5) this implies that g is holomorphic. The remaining statement follows
from the discussion in example 3.6. O

7. QUANTIZATION OF SOLUTIONS OF CYBE COMING FROM SOLUTIONS OF AYBE
In this section, we generalize Theorem 4.1:

Theorem 7.1. Let r(u;y1,y2) be a non-degenerate unitary solution of (3.2) of the
form (3.5) and let To(y1,y2) = (pr & pr) (ro(y1, y2)).

(1) To(y1,y2) is a non-degenerate unitary solution of the CYBE (2.1).
(2) The following conditions are equivalent:
(a) for fired u € C*, 7(y1,y2) = r(w; y1, yo) satisfies the QYBE
P2 (g1, y2) 72 (g1, ) 72 (g, y3) = 72 (2, 43) 72 (1, 93) 72 (01, 92).-
(b) there exits a scalar function p(u;yy,y2) such that
r(u; y1,y2) (=5 91, 92) = @(us91,2) (1@ 1)
(c) fori € {1,2} there exists a scalar function V;(y1,ys) such that
0 —
0 (ro(y1,¥2) —To(y1,92)) = iy, 52) (1 @ 1).
(d) we have

(pr @ pr @ pr) 7> (y1,y2) To (1, y3)—

~To (Y2, Y3) o™ (Y1, Y2) + o’ (Y1, 43) 7o (Y2, y3)] = 0.
(3) These conditions are satisfied if To(y1,y2) has no infinitesimal symmetries.

Remark 7.2. By Theorem 7.1 1), we can extend the nomenclature of elliptic, trigono-
metric and rational solutions to non-degenerate unitary solutions of the AYBE. That is,
a non-degenerate unitary solution r of (3.2) is called elliptic, trigonometric respectively
rational exactly if the non-degenerate and unitary solution 7y (yi, y2) of the CYBE is.

Before proving the theorem above, we first need to establish some auxiliary results.
The reader might wish to postpone checking them and to go to the proof of Theorem
7.1 at the end of this section immediately.

Lemma 7.3. (see |38, Lemma 1.6]) For any triple of variables uy, us, us set u;; = u;—u,.
Let r(u; y1,y2) be any unitary solution of (3.2) and s(u;y1, y2) = r(u; y1, yo) r(—u; y1, o).
Then
2 (uia; yr, y2) v (uas; yr, ys) 170 (a2 o, ys) —
—7“23(U23; Y2, Y3) 7“13(“12; Y1, Y3) 7’12(U23; Y1, Y2) =
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= 5% (uaz; Y2, Y3) 7> (was; y1, ys) — 72 (Wi 1, ys) 87 (w2t yo, y3) =
= 7“13(”13; 3/1>y3) 512(“32; Y1, y2) - 512(“12; U1, yz) 7“13(U13; yhyz)-

Proof. Let us write r*/(u) as short-hand for 7 (u; y;, y;). Since we may assume u = u12,
v = ug3 and u + v = uy3, (3.2) may be written as

(7.1) 72 (u12) 1% (u13) = 7 (u13) 712 (us) + 123 (ugs) '3 (ups).
Analogously, putting u = ui3 and v = uyy, (3.3) reads
(72) 7"23(11,23) 7“12(11,13) = 7‘12(U12) TlS(U23) —|— Tlg(U13> 7‘23(U21).

Multiplying (7.2) with r?3(u;2) from the right yields
12 (g) 72 (rg) 12 (1) = 12 (110) 73 (uzg) 723 (1) + 11 (uss) 52 (g )
while switching us and ug in (7.1) followed by multiplication with 723(ug3) from the left
yields
72 (ug3) 72 (u13) 77 (u12) = 12 (uaz) 77 (u12) 72 (ug3) + 52 (ugz) 7 (u13).
Subtracting these equations, we end up with
P12 (0) 713 (gg) 12 (wr) — 12 (t9) 3 (1n2) 72 (1ng) =

13( 2

u13) 5% (ugy).

Switching indices 1 and 3 and using unitarity of r yields the other identity. 0

= 5% (ugs) r'3(uy3) — r

For the next statement we need the notion of an infinitesimal symmetry of a solution
r of (3.2), which is simply that of an element a € g such that [r(u;y;,ys),a' +a*] =0,
where a' =a® 1 and a®> =1 ® a.

Lemma 7.4. (see [38, Lemma 1.7]) Let r(u;y1,y2) be a unitary solution of (3.2) of the
form (3.5) and s(u;y1,y2) = r(w;y1,y2) r(—u; y1,y2). Assuming that r(u;y1,y2) has a
simple pole along y; = yo with residue cP for some ¢ € C, we have

s(u;yr,y2) =a@1+1®@a+ (f(u) +9(y,1) 1 @1

where f(u) = f(—u), g(y1,92) = g(y2,9y1) and a € g is an infinitesimal symmetry of
r(u; y1,y2). Moreover, we may write

ro(y1,y2) = To(y1, ¥2) + a(y2) @ 1 =1 @ ayr) + h(y1, 1)1 @ 1
with To(y1,y2) mapping to g ® g, a(y) to g, h(y1,y2) a scalar function and
Y

aly) = a(0) + po
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Yi1—y2
a pole along y; = yo. Let us write r(u;y;;) and 7(u;y;;) as short-hand for r(u; y;, y;)

and 7(u; y;, y;) respectively. Then starting from (3.3) we derive that for v = —u + h:
(7.3)
P (s yis) 1% (—u + hiyes) = 7% (hiyas) 12 (us yi2) — r'?(u — hyyiz) 79 (hs yns) =
= [ (h; yas) 712 (s y12) — 772 (ws y12) 712 (hs ya3)] +
+ [P (w yi2) — 7 (u = hyyo)] 78 (R yas).

Proof. By assumption r(u; y1,y2) = P+7(u; y1, y2) where 7(u; 41, y2) does not have

Let us rewrite the expression in the first bracket on the right-most side as

(7“23(71; Ya3)

C

c
p12 _ P12 13 () y13)) I
Y1 — Y2 Y1 — Y2
17 (h; y23) 72 (u; y12) — 72 (w3 y2) 72 (s yas).-

Using Fact 5.1, we know that P2 r'3(h;y13) = r?3(h;y13) P'?, hence the right-most side
of (7.3) equals

r#(h; yas) — r*(h; y1s)

Y1 — Y2

—f12<u; Y12) Tlg(h; Yi3) + [7:12(“; Yi2) — flz(u — y12)] 7"13(}% Y13)-
Passing to the limit yo — ¥, we see that

or?3 _
lg(u; Y13) 23 (—u+ h; Y13) = —W (h;113) cP1? + ng(h; Y13) r12(u; Y11)—
1

- 7112(“? yn) Tlg(h§ 913) + [7:12(7# yn) - flz(u — h; yn)] Tlg(h§ y13)~

cP 4+ 1 (h; ya3) 72 (u; y12) —

(74)

We want to apply the operator p®id: A® A® A — A® A to this equation, where pu
is the product in A. Observe that

(1 ®id) (a®0*) = ab, (p®id) (a®b" — b"™a®) =0

where a,b € A® A and the notation is best explained by the example a'® = a; ® 1 ® ay
for a = a; ® as. Moreover, using that Zij e;jae;; = tr(a)l for any a € A clearly, we
derive that for try = tr®id: A® A — A we have

(p®id) (a®P'?) = 1 ® try(a).
Hence applying ¢ ® id to (7.4) yields

or

Oy

+ (p ®1id) ([flz(ua Y1) — f12(u =N yll)] 7"13(h5 yld)) .

r(u;yz) r(—u+ hyyis) = —c- 1@ty ( (h§yl3)) +
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Now, take the limit A — 0. The left-hand side of yields s(u;y;,ys). As for the right-
hand side, we invoke our assumption on the existence of a certain Laurent expansion
(3.5) to derive that

or 67"0
}Lli}’(l) 8y1 (h 913) 8?/1 (%JJS) .

Moreover
af12
lim ([flz(%yn) - fu(u - h;yn)] Tlg(h;yw)) = ou (u; y11) (hmr (h;y13) - h)

h—0

Again using (3.5), we see that the second factor of this last term is simply 1 ® 1 ® 1.
Putting all this together, we end up with

0 or
s(uyyr,y3) = —c- T®@try (a_;? (yl,yg)) + 1 (a—z (U;yl,yl)) ® 1.

Hence we may write s(u;y1,%2) = 1 ® B(y1,92) + 7(u,y1) ® 1. Note that 3(y1,y2) =

pr(6(y1,y2)) + w 1. Using the same trick for v(u,7;), we may actually write
s(u;y1,y2) = a(u, y1) @ L+ 1@ b(yr, y2) + (f(u,y1) + 9(y1,92)) L @ 1

where now both

or or
a(% yl) =pru (% (u;yl,y1)> ) b(yhyQ) = —C-Pprtr (8_3/(1] (91792))

map to g. Note that unitarity of r(u; ¥y, y») implies that s?*(—u;ya, v1) = s'2(u; y1, yo).
Applying pr ® 1 to this equation yields a(u,y;) = b(ys, y1). It follows that both a and
b depend on the second variable only and actually coincide, hence

s(u;y1,y2) = a(yy) @ L+ 1@ alyz) + (f(u,y1) + 9(y1,92)) 1 @ 1.

In order to show the statement concerning the form of s, we have to prove that a(y;)
is constant. To this end, we substitute the form of s just calculated into the second
equation of the equality stated in Lemma 7.3. We derive that

[a'(y1) + a®(ys), 7% (wrs; y1, ys)] = 7% (wis; y1, ys)-
- (f(usg, 1) + fluar, y2) — furz, y1) — f(uzs, y2)) -
Let us focus on the left-hand side. This equals
cP®

Y1—Ys3
By Fact 5.1, we may rewrite the first summand as

al(y1) = a'ys) s, @) = a*W1) i

Y1 —Ys Y1 — Y3

(7.5)

a'(y1) + a’(ys), + [a' () + @ (y3), 7% (uas; 1, ys)] -
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thus the limit y3 — y; of the left-hand side of (7.5) is given by
@
dy,

In particular, the limit y3 — y; of the right-hand side of (7.5) exists as well. But
r13(u13; y1, y3) has a pole along y; = y3 and the other factor on the right-hand side is
independent of y3. Hence we conclude that

flusa, y1) + fu2r,y2) — fluz, y1) — f(uas, y2) = 0.
In particular, the left-hand side of (7.5) equals zero. Focusing on the polar part yields
CP13
Y1 —Ys

(a'(y1) — a®(1n)) PP + [a' (1) + @’ (y1), 7" (uas; y1, 1) ] -

a' (1) + a®(ys), =0

which, by the above, implies
d

o ) - @) P = .

But then g—‘y’(y) must be zero, so that a(y) = a € g is constant. Therefore s(u;y;,y2) =
a@T+1®a+ (f(u,y1) + 9(y1,y2)) 1@ 1. By (7.5) we also see that a is an infinitesimal
symmetry of r(u;y1,yz).

Finally, we want to prove the statement concerning ro(y,ys2). Clearly, we may write

ro(y1,y2) = To(y1,y2) + a(ye, 1) ® T — 1 ® a(y1,y2) + h(y1,92)1 @ 1
with o mapping to g. Note that in the discussion above we derived that

0
a=b(y1,y2) = —c- pr tr (a_;? (1, y2)> :

Since both 7y and o map to g, so will their partial derivatives. This implies

0 oh
— —m . - = , + —(y1, 1.
a cn - pr ( <8y1) a(y1, y2) s (Y1, 92) )

Hence 8%104(3/1, y2) = =, which gives the formula for . In particular, a(y1,y2) does not

depend on the second argument. This completes the proof of the formula for r. O

Before we finally prove Theorem 7.1, we need to state one more easy fact:

Fact 7.5. a) For any z,y,¢ € A, 1 € {1,2} and ¢' = ¢ ® 1 respectively ¢* = 1 ® ¢,
we have

(pr@pr) [z@y,¢'] = [(propr) (z@y), ¢
b) Let r be a non-degenerate solution of (3.2), a € g and [r,1 ® a] = 0. Then a = 0.
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Proof. a) is straightforward. As to b), write r =, 7 ® r{ for some index set I and
let p: A® A — End(A) denote the isomorphism given by X @ Y — (Z — X tr (Y 2)).
Then 0 = ¢ ([r, 1@ a]) (b) = X2, ritr ([, a] b) = 3 e ritr (] a, 0]) = ¢(r) ([a, b]) for
all b € A. Now r is non-degenerate, hence o(r) is an isomorphism. This yields [a, b] = 0
for all b € A, especially all b € g. But the Lie bracket is non-degenerate on g, hence we
derive that a = 0. O

Proof of Theorem 7.1.

(1) By Lemma 3.7 7 is a unitary solution of the CYBE (2.1). The rest is immediate
by Lemma 5.3 and the fact that (pr ® pr) (P) is the Casimir element of g ® g with
respect to the trace form (x,y) — tr(z - y).

(2) Setting u; = u, us = 0 and uz = —u in Lemma 7.3, we derive that r(u;y;,ys)
satisfies the QYBE (4.1) for u fixed if and only if

% (w3, y3) 7 (205 Y1, ys) = 1 (2w, ) 87 (=5 Y2, ys).-
Applying Lemma 7.4 this is equivalent to
(7.6) [r(u;y1,92),1®a] =0

which, by Fact 7.5 b) is equivalent to a = 0. By Lemma 7.4 this last condition holds
if and only if either of conditions (b) or (c¢) of the Theorem are satisfied. It remains
to show equivalence with condition (d). To this end, recall (6.1). Denote the right-
hand side of this equation by AY BE[ro|(y1,y2,y3). Then (d) simply reads (pr ® pr ®
pr) AY BE[To|(y1, Y2, y3) = 0. To show the equivalence of this with a = 0, express ry in
terms of 7y as stated in Lemma 7.4. Then

—cn - (pr @ pr @ pr) (AY BE [ro] (y1, y2, ys) — AY BE [Fo] (y1, 42, y3)) =

= (11— y3) 7o (Y1, ys) @ + (Y1 — y2) 7" (Y1, ) @° + (Y3 — 42) 75 (2, y3) .
It is immediate by (6.1) that (pr ® pr ® pr) AY BE [ro] (y1,%2,y3) = 0. Hence if a
is zero, this implies (pr ® pr ® pr) AY BE[Fg] = 0. On the other hand, assuming
(pr ® pr ® pr) AY BE[Fo| = 0 we deduce

(Y1 = ys) 7o (Y1, y) @® + (1 — 92) " (91, 42) @® + (y3 — y2) o (2, ys) @' = 0.
We will show that this implies a = 0. Indeed, by Lemma 5.3 we know that ro(y, y2) =

ylcf » +70(y1, y2) with 7o being defined along y; = y» and similarly for 7y. Hence passing

to the limit yy, 9, y3 — y yields
(pr ® pr & pr) [P13a2 + P23 + P23a1} =0.

Let us write a = > a;j¢;;. Looking at the coefficient of e;; ® ej; ® e;; in the above equa-
tion for ¢ # j, we derive a;; = 0. But then projecting the above equation to e;2® ez ® g,
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we may deduce that a = 0.

(3) As we just saw, the conditions of (2) are satisfied if a = 0. But a is an infinitesimal
symmetry of 7 by Lemma 7.4, hence one of rg. Invoking Fact 7.5 a), we deduce that a
is an infinitesimal symmetry of 7y and so a = 0. U
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Part 2. Triple Massey products and the Yang-Baxter equations

Let E be a reduced projective curve with trivial dualizing sheaf. Recalling the work
of Polishchuk [37] respectively Burban and Kreufler [14], we show how triple Massey
products in D?(E) can be used in order to construct solutions of the associative Yang-
Baxter equation, see Section 8. In [13], we show how to obtain the corresponding
solutions of the CYBE via similar methods directly. Our results are contained in Sec-
tion 9.

We fix the following notations:

e k denotes an algebraically closed field of characteristic zero.

e Given an algebraic variety X, Coh(X) respectively VB(X) denotes the category
of coherent sheaves respectively vector bundles on X.

e By D!, (E) we denote the triangulated category of bounded complexes of Ox-
modules with coherent cohomology, whereas Perf( E') stands for the triangulated
category of perfect complexes i.e. the full subcategory of D% , (E) admitting a
bounded locally free resolution.

e We always write Hom and Ext when working with coherent sheaves whereas Lin
is used when we work with vector spaces. If not explicitly otherwise stated, Ext
always stands for Ext'.

e For a vector bundle F on X and x € X we denote by F |x the fiber of F over
x, whereas k, denotes the skyscraper sheaf of length one supported at z.

o A Weierstraf$ cubic curve is a plane cubic curve given in homogeneous coordi-
nates by an equation zy? = 42+ go22? + g323, where g1, g2 € k. Such a curve is
always irreducible. It is singular if and only if A(gs, g3) = g5 +27g3 = 0. Unless
g2 = g3 = 0, the singularity is a node (ordinary double point), whereas in the
case go = g3 = 0 the singularity is a cusp.

e A Calabi-Yau curve is a reduced projective Gorenstein curve with trivial dual-
izing sheaf. Note that the complete list of such curves is actually known, see for
example [41, Section 3|: E is either

(1) an elliptic curve,
(2) a Kodaira cycle of n > 1 projective lines (for n = 1 it is a nodal Weierstrafs
curve), also called Kodaira fiber of type I,,,
(3) a cuspidal plane cubic curve (Kodaira fiber II), a tachnode cubic curve
(Kodaira fiber III) or a generic configuration of n concurrent lines in P"~!
for n > 3.
The irreducible Calabi-Yau curves are precisely the Weierstrafs curves.

e Next, 2 will denote the sheaf of regular differential one forms on a Calabi-Yau
curve F, which we always view as a dualizing sheaf. Taking a non-zero section
w € H°(Q), we get an isomorphism of O-modules O — (.
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e Let [ be an irreducible component of F and I = I \ Esing. We take a pair of
distinct points xz,y € 1.

e Finally, P is a simple vector bundle on E, i.e. a locally free coherent sheaf
satisfying End(P) = k. Note that we automatically have: Ext(P,P) = k.
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8. TRIPLE MASSEY PRODUCTS AND THE AYBE

8.1. Algebraic Triple Massey products. Let E be a reduced projective curve over
C with trivial dualizing sheaf 2 = 0. Assume we are given two vector bundles F; 2 F»
such that

Hom(]-"l,]:g) =0= EXt(Fl,fg).
Then for any y1,y2 € F, y1 # ya, the following linear map

(8.1) m3 = m? 7> : Hom(F;,C,,) ® Ext(C,,, F) ® Hom(F,, C,,) — Hom(F,C,,),

Y1,Y2

called triple Massey product, is defined as follows. Let
a € Ext(C,,, F2), g € Hom(F;,C,,), f € Hom(F;,C,,)

and0 — F, = A LN C,, — 0 be an extension representing the element a. The vanishing
of Hom(F, F,) and Ext(F;, F2) implies that we can uniquely lift the morphisms g and
f to morphisms § : F; — A and f: A — C,, such that 8§ = ¢g and fa = f. So, we
obtain the following commutative diagram

(CyQ

and the triple Massey product is defined as m3(¢ ® a ® f) = fg.

For any pair of objects F,G € Perf(E) we have the bilinear form
(8.2) (=, =) =(=, )% g : Hom(F,G) x Ext(G,F) — k

defined as the composition

Hom(F, G) x Ext(G, F) — Ext(F, F) 25 HY(0) - H'(Q) -5 K,

where o denotes the composition operation, Trr is the trace map and ¢ is the canonical
morphism described in [14, Subsection 4.3]. The following result is well-known, see for
example [14, Corollary 3.3] for a proof.

Theorem 8.1. For any F,G € Perf(E) the pairing (—, —)% g is non-degenerate. In
particular, we have an isomorphism of vector spaces

(8.3) S=Srg¢: Ext(G,F) — Hom(F,G)",

which is functorial in both arguments.
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Now let
(8.4)  m’v”>: Hom(F,,C,,) ® Hom(F,, C,,) — Hom(F,, C,,) ® Hom(F;,C,,)

91,92

Fi1,F2

be the image of m; '

Lin (Hom(}"l, C,,) ® Ext(C,,, F2) ® Hom(F;, C,,), Hom(F;, Cw)) &~

Lin(Hom(F;, Cy,) ® Hom(F, Cy,), Hom(F>, Cy, ) @ Hom(F, Cy,)).
The following result is due to Polishchuk [37] respectively Burban and Kreufler [14].

under the isomorphism of vector spaces

Theorem 8.2. Let E be a Weierstrass cubic curve. The linear map 771;15;2 satisfies
the following “triangle equation”

~ F3,F2\12 ( ~F1,F3\13 _ ([~ F1,F3\23 (> F1,F2\12 ~ F1,Fo\13 / ~ F2,F3\23 __
(8‘5> ( Y1,Y2 ) <my1,y3 ) ( Y2,Y3 ) (myhyz ) +( Y1,Y3 ) (myz,ys ) =0.

Here both sides of the equality (8.5) are viewed as linear maps
Hom(F;,C,,) ® Hom(F;,C,,) ® Hom(F3,C,,) —
— Hom(F3, C,,) ® Hom(F3, Cy,) ® Hom(F;, Cy,).

Moreover, the tensor ﬁzil’y? 18 non-degenerate and skew-symmetric:
~ F1,.F2\ _ _ ~F2,F1
(8'6) p(myl,yz ) = "My

where p is the 1somorphism
HOH](JTh (Cy1) ® HOIH(FQ, Cy2) - Hom(‘/f% (Cy2) ® Hom(fla Cy1)
given by the rule p(f ® g) =g ® f.

Proof. Let us briefly sketch the main ideas of the proof. Since E is Gorenstein, we have
a commutative diagram

PerffE) —— > Hotl,, (Inj (E))
DY, (E) — Hotgh (Inj (E)).

Here Hotcon (Inj (E)) denotes the subcategory of the homotopy category Hot (Inj (E))
whose objects are complexes such that all cohomologies are coherent sheaves on FE.
Note that for B = Com{ (Inj(E)), we have

Hotéyy, (Inj (E)) = HY(B).

That is, Ho‘caﬁ1 (Inj (E)) is the homology category of the differential graded category
B. Hence homological perturbation theory implies that Perf(F) is an A..-category [29].
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As part of the A-structure, there exists a collection of higher products {m;°}, -, on
Perf(E), where for any given objects X, Xj,...,X,, of Perf(E), we have

Ext” (Xo, X1) @ Ext (X1, X5) ® ... ® Ext™ (X,_1, X,,)

o0
J/mn

Extit-+in=(n=2) (X X))

Moreover, these higher products satisfy the A.-relations. That is, for each n > 2 we
have

(8.7) D (=1 tm (1% @mP @ 1%7) =0,

where the sum is indexed by all decompositions n = r + s + t and where we adopt the
sign convention of [24]. For example, taking n = 5, we derive

0=mMFRII+1eomPl+1loloms)+
(8.8) +mP(mP @1 —1mP 1% +1%2@mP 1 — 19 @ m) +
+mP (mP @1 —-1@mg).

It is known that m3° is just the usual composition of morphisms, but the collection
{m2°}, 55 is not uniquely determined. However, it can be shown, see [34, 37|, that
ms3 = m5° where mg is the triple Massey product in the sense of triangulated categories
as defined in (8.1). Next, consider both sides of equation (8.8) as a linear operator
mapping the tensor product

$ = Hom(F;,C,,) ® Ext'(C,,, F») ® Hom(F,, C,,) ® Ext'(C,,, F3) ® Hom(F3, C,,)

to the vector space Hom(F;, C,,). Using the vanishing of the Hom- and Ext-spaces
between the F; respectively C,, involved, equation (8.8) implies

(8.9) mzo(ms@1@L+1@ms®1+1®1Qms)=0.

For the case where E is an elliptic curve, the last crucial step of Polishchuk’s proof
[37, Theorem 1| goes as follows. The equality (8.6) follows from existence of an A.-
structure on Perf(E) which is cyclic with respect to the pairing (8.2). In particular,
this means that for any a ® a ® b® 3 € $ we have

(810> <m3(a, «, b)a /6> - = <CL, mg(Oé7 b7 ﬁ)> == <m3(b7 67 CL), Oé> :

A proof of the existence of such an A,-structure has been outlined by Polishchuk in
[36, Theorem 1.1|, see also [33, Theorem 10.2.2] for a different approach using non-
commutative symplectic geometry. From this, both (8.5) and (8.6) can be derived.

For the case where F is a cuspidal or nodal cubic curve, we refer to Burban and Kreufler
[14, Section 6|. The crucial idea behind their proof is to use the continuity of Massey
products. O
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Remark 8.3. So far, there is no complete proof that one can always find an A.-structure
on Perf(E) for a singular Calabi-Yau curve F, which is cyclic with respect to the pairing
(8.2). For deeper insights into the theory of dg- and A..-algebras respectively categories,
we recommend [32, 31, 30].

8.2. Geometric Massey Products. Our next aim is to reinterpret the map myfl 1’;;';2 in

another way which is more suitable for explicit computations. We have an isomorphism
O = () given by a nowhere vanishing differential form, e.g. by w = dz. For any x € F
consider the canonical short exact sequence

res

(8.11) 0—-0Q—Qx) —C, —0.

Let F and G be a pair of vector bundles on E. We identify the line bundles 2 and
O using the differential form w, tensor the sequence (8.11) with G and then apply the
functor Hom(F, —). As a result, we obtain a long exact sequence

(8.12) 0 — Hom(F,G) — Hom(F,G(z)) — Hom(F,G ® C,) — Ext(F,G).

Definition 8.4. The linear map res? 9(w) : Hom(F,G(z)) — Lin(]—“|$, Q‘x) is the
composition of the following canonical morphisms

Hom(}",g(x)) — Hom(]—",g ®CI) — Lin(]-"}x, Q‘x),

where the first map comes from the long exact sequence (8.12) and the second one is a

canonical isomorphism. The morphism res? 9 (w) is called residue map.

The following lemma is a straightforward corollary of the definition and the long exact
sequence (8.12).

Lemma 8.5. Let F and G be a pair of vector bundles on E such that Hom(F,G) =
0 = Ext(F,G). Then for any x € E the residue map res’ 9(w) is an isomorphism.

T

Definition 8.6. Let F and G be a pair of vector bundles on F and z,y € E be a
pair of distinct points. Then the linear map ev‘;’g(x) defined as the composition of the
following canonical morphisms

Hom(F,G(z)) — Hom(F ® Cy,G(z) @ C,) = Lin(}"}y, g]y)
is called evaluation map.

Lemma 8.7. Let F and G be a pair of vector bundles on E and x,y € E, be a

pair of distinct points such that Hom(F(y),G(z)) = 0 = Ext(F(y),G(x)). Then the

evaluatlon map eVy s an ZSOmOTphZSm.

Proof. Consider the short exact sequence

ev
(8.13) 0— O(—y) — O —C, — 0.
Y
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It induces a short exact sequence of coherent sheaves
18ev,
0—=G(z —y) G(x) G(r)©Cy—0.
Using the vanishing Hom(f, Gz — y)) =0 = Ext (F,Q(x — y)), we get an isomor-
phism Hom (F,G(z)) — Hom(F,G(z) ® C,). It remains to observe that ev 9 is the
composition of the following canonical isomorphisms:

Hom(F,G(z)) — Hom(F,G(z) ® C,) — Hom(F,G ® C,) — Lin(]:|y, Q|y).

OJ
For F1,F5 and y1, - as at the beginning of this section, consider the linear map
~f F- .
1,72 Lm(]—"l‘ fg’yl) — L1n(.7:1|y2,.7:2‘y2)

yl Y2

defined by the following commutative diagram of vector spaces:

Hom(]i, fz(yﬂ)

resfl }—2( evz;lv}—Q(yl)
(8.14) ~ N
= _F\Fs =

Lin(fl}yl,fg‘m) Tyl 2 Lin(fl‘y2,f2|y2).

The next Theorem relates the map just defined with mf 1 f 2. As we will see in the Part

4, this result is crucial for the development of concrete algorlthms suitable for explicit
computations.

Theorem 8.8. [14, Theorem 4.17| 7 Z;lyf? is the image of m;! yf? under the canonical
1somorphism of vector spaces

Lin(HOm(fla Cy1> ® Hom(F, (Cyz)v Hom(F, (Cy1> ® Hom(}-l’(cy?)) =
Lin(Lin(]ﬂ‘yl;fz‘yl)a Lin(f1|y27f2‘y2>>.

9. TRIPLE MASSEY PRODUCTS AND THE CYBE
In this section we prove the following theorem.

Theorem 9.1. Let E = V(wv? — 4u® — gouw? — gsw®) C P? be a Weierstrass cubic
curve over C, o € E some fixed smooth point and 0 < d < n a pair of coprime integers.
Consider the sheaf of Lie algebras A = Ad(P), where P is a simple vector bundle of
rank n and degree d on E (note that up to automorphism, A does not depend on a
particular choice of P). For any pair of distinct smooth points x,y of E, consider the
map A|x — A!ydeﬁned as follows:

(9.1) Al HO(A(2)) 2% Al
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where res, is the residue map and ev, is the evaluation map. Choosing some isomor-

phism of Lie algebras & : A(U) — s, (O(U)) for some small neighborhood U of o, we
get the tensor T§E7n7d) (x,y) € s1,(C) ® s1,,(C). Then we have:

(1) The tensor rfEnd) 18 a non-degenerate unitary solution of the classical Yang-
Bazter equation (2.1).
2) Moreover, 15 1s analytic with respect to the parameters g and gs.
(En,d)

(3) A different choice of trivialization ¢ : A(U) — sl, (O(U)) gives a gauge equiv-
alent solution r?E nid)”

9.1. Preliminaries from linear algebra. In this short subsection we collect some
basic results from linear algebra which will be used in what follows.

For a finite dimensional vector space V' over k we denote by s[(V') the Lie subalgebra
of End(V') consisting of endomorphisms with zero trace and pgl(V') := End(V)/(1y).
Since the proofs of all statements from this subsection are completely standard and
elementary, they are left to the reader as an exercise.

Lemma 9.2. The non-degenerate bilinear pairing tr : End(V) x End(V) — Kk,
(f.g) — tr(fg) induces another non-degenerate pairing tr : s((V) x pgl(V) — Kk,
(f,g) — tr(fg). In particular, for any finite dimensional vector space U we get a
canonical isomorphism of vector spaces

(9.2) pol(U) @ pgl(V) — Lin(sl(U), pgl(V)).

Lemma 9.3. The Yoneda map Y : End(V) — End(V*), assigning to an endomor-
phism f its adjoint f*, induces an anti-isomorphisms of Lie algebras

(1) Y1 :sl(V) — sl(V*) and B

(2) Ys :sl(V) — pgl(V*), f+— f*, where f* is the equivalence class of f*.

Note that the fist part of the statement is valid for any field k, whereas the second one
is only true if dim (V') is invertible in k.

Lemma 9.4. Let H C V be a linear subspace. Then we have the canonical linear
map rg : End(V) — Lin(H,V/H) sending an endomorphism f to the composition

g—v->Lv_ V/H. Moreover, the following results are true.

(1) We have: rg(ly) = 0. In particular, there is an induced canonical map Ty :
pal(V) — Lin(H, V/H).

(2) Let f € End(V) be such that for any one-dimensional subspace H C'V we have:
ru(f) =0. Then f =0 in pgl(V).
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(3) Let U be a finite dimensional vector space and g1, go : U — pgl(V') be two linear
maps such that for any one-dimensional subspace H C V we have: Ty o g1 =

Ty o ge. Then g1 = gs.

9.2. Triple Massey products revisited. Let £, P and x,y be as at the beginning
of this part. Consider the following vector space

(9.3) K := Ker(Hom(P, k,) ® Ext(k,, P) — Ext(P,P) = k).
Let H C Hom(P, k,) be a one-dimensional linear subspace.

Definition 9.5. The triple Massey product is the linear map

(9.4) My : K — Lin(H,Hom(P, k,)/H)

defined as follows. Let t = Y7  fi®w; € K and h € H. Consider the following
commutative diagram in the triangulated category Perf(E):

(9.5)

The horizontal sequence is a distinguished triangle in Perf(F) determined by the mor-
phism (wi,...,w,). Since ¥ wifi = 0 in Ext(P,P), there exists a morphism f :

P— A Such that p f f. Note that such a morphism is only defined up to a trans-
lation f — f 4 i for some X € k. Since Hom(k,, ky) = 0 = Ext(k,, k), there exists a

unique morphism A : A — Lk, such that hi = h. We set:
(9.6) (MH(t))(h) .= hf.

It is well-known that My is well-defined, i.e. it is independent of a presentation of ¢t € K
as a sum of simple tensors and a choice of the horizontal distinguished triangle, and
that My is a linear map, see for instance |22, Exercise IV.2.3].

Next, note the following easy fact.

Lemma 9.6. Let K be as in (9.3). Then the linear isomorphism
S : Hom(P, k,) ® Ext(k,, P) ~2% Hom(P, k,) ® Hom(P, k,)* = End(Hom(P, k,))
identifies the vector space K from (9.3) with s[(Hom(P, ]kx))
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Consider the linear map
m =m3° : Hom(P,k,) ® Ext(k,, P) ® Hom(P, k,) — Hom(P,k,).

It induces another linear map K — End (Hom(P, lky)) assigning to an element t € K
the functional g — m(t®g). Taking the composition of this map with the canonical pro-
jection End (Hom(P, k,)) — pgl(Hom(P,k,)) and identifying K with s[(Hom(P, k,))
as above, we get the linear map

(9.7) M,y : sl(Hom(P, k,)) — pgl(Hom(P, k,)).
Finally, applying Lemma 9.2, we end up with the tensor
(9.8) Mgy € pgl(Hom(P, k,)) @ pgl(Hom(P,k,)).

Proposition 9.7. The tensor m,, does not depend on a particular choice of an An-
structure on Perf(E).

Proof. First note that for any choice of an A,-structure on Perf(E) and any one-
dimensional linear subspace H C Hom(P, Lk, ), the following diagram

Ma,y

K pg[(Hom(P, ]ky)

09) Iy f

Lin(H, Hom(P, k,)/H)

is commutative. Here, My is the triple Massey product (9.4), my, = m,, oS and 7y is
the canonical linear map from Lemma 9.4. A proof of this statement can for instance
be found in [34]. Let {m! },>3 be another A -structure on Perf(£). From the last part
of Lemma 9.4 it follows that m,, = m/,,. This implies the claim. O

The following result is due to Polishchuk, see [37, Theorem 2].

Theorem 9.8. Let E be an elliptic curve, P be a simple vector bundle on E and
X1, xa, 3 € E be pairwise distinct. Then we have the following equality

(910) [mIQ m13 ] + [mIQ m23 } + |:m12 m13 } — O,

T1,r27 T1,T3 x1,r27 x2,T3 1,227 1,23

where both sides are viewed as elements of g1 ® go ® g3. Here, g; = pg[(Hom(P,]kxi))
fori=1,2,3. Moreover, the tensor my, 5, s unitary:

(9.11) Mgy wy = —T(mm’m)

where T : g1 @ go — g2 @ g1 1S the map permuting both factors.
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Idea of the proof. The proof is very similar to that of Theorem 8.2. The identity
(8.10) applied to Fy = Fy = P leads to the equality (9.11). The fact that m,, ., satisfies
the classical Yang-Baxter equation (9.10) follows from (9.11) and the equality

mo(m®R1IR1+1®m®1+1®1®m)+ other terms = 0
(which is one of the equalities (8.7)) viewed as a linear map
Hom(P, k,,)®Ext(k,,, P)@Hom(P, k,,) @ Ext(k,,, P) @ Hom(P, k,,) — Hom(P, k,,).
0J

Remark 9.9. In order to derive the identities (9.10) and (9.11) for a singular Weierstrafs
cubic curve E, we use a different approach which is similar in spirit to the work [14],
see Remark 8.3. Following [37], we give another description of the tensor m,, and show
some kind of its continuity with respect to the degeneration of the complex structure
on £. This approach will also allow to compute the tensor m, , explicitly.

9.3. On the sheaf of traceless endomorphism of a simple vector bundle. Let
X be a projective algebraic variety over k and F a vector bundle on X. Consider
the morphism of Ox-modules Trz : End(F) — O defined via commutativity of the
following diagram of vector bundles on X:

evr

F'e@F

@
e

End

Definition 9.10. The locally free sheaf Ad(F) of the traceless endomorphisms of F is
the kernel of the canonical morphism Trr. In particular, we have the following short
exact sequence of vector bundles on X:

(9.12) 0 — Ad(F) — &nd(F) 220 — 0.

In the proposition below we collect some basic facts on the vector bundle Ad(F). Here
we essentially use the fact that the characteristic of the base field k is zero.

Proposition 9.11. In the above notation the following statements are true.

(1) The vector bundle Ad(F) is a sheaf of Lie algebras on X.

(2) Neat, we have: H°(Ad(F)) = 0.

(3) For any L € Pic(X) we have the natural isomorphism of sheaves of Lie algebras
Ad(F) — Ad(F ® L) which is induced by the natural isomorphism of sheaves
of algebras End(F) — End(F @ L).
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(4) We have a symmetric bilinear pairing
Ad(F) x Ad(F) — O

given on the level of local sections by the rule (f,g) — tr(fg). This pairing
induces an isomorphism of O-modules Ad(F) — Ad(F)".

As the next step, we shall describe some further properties of the sheaf Ad(P) in the
case P is a simple vector bundle on a Calabi-Yau curve E.

Definition 9.12. Let {E(l), e ,E(p)} be the set of the irreducible components of a
Calabi-Yau curve E. For a vector bundle F on E we denote by

deg(F) = (dy,...,d,) € ZF
its multi-degree, where d; = deg(]—"}Em) for 1 <i<np.
For a given d € Z” we denote Pic"(E) := {L£ € Pic(E) | deg(£) = d}. In particular,

for o = (0,...,0) we set: J(E) = Pic®(E). Then J(E) is an algebraic group called
Jacobian of E.

Proposition 9.13. For k = C we have the following isomorphisms of Lie groups:

C/N if E is elliptic,
(9.13) J(E)= {C* if E isa Kodaira cycle,

C in the remaining cases.

Moreover, for any multi-degree d we have a (non-canonical) isomorphism of algebraic
varieties J(E) — Pic(E).

A proof of this result follows from |25, Exercise 11.6.9] or [6, Theorem 16].
Next, recall the description of simple vector bundles on Calabi-Yau curves.

Theorem 9.14. Let E be a reduced plane cubic curve with p irreducible components
and P be a simple vector bundle on E. Then the following statements are true.

(1) Let n =rk(P) be the rank of P and d = di(P) + - -+ dp(P) = x(P) its degree.
Then n and d are mutually prime.

(2) If E is irreducible then P is stable.

(3) Let n € N and d = (di,...,d,) € ZP be such that ged(n,dy + --- + d,) = 1.
Denote by Mg(n,d) the set of simple vector bundles on E of rank n and multi-
degree d. Then the map det : Mg(n,d) — Pic®(E) is a bijection. Moreover,
for any P % P € Mg(n,d) we have: Hom(P,P’) = 0 = Ext(P,P’).

(4) The group J(E) acts transitively on Mg(n,d). Moreover, given P € Mg(n,d)
and L € J(E), we have: PE=P QL < L =(0.
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Comment on the proof. In the case of elliptic curves all these statements are due
to Atiyah [1]. The case of a nodal Weierstralt cubic curve has been treated by the
first-named author in [9], the corresponding result for a cuspidal cubic curve is due to
Bodnarchuk and Drozd [7]. The remaining cases (Kodaira fibers of type I, I5, IIT and
IV) are due to Bodnarchuk, Drozd and Greuel [8|. Their method actually allows to
prove this theorem for arbitrary Kodaira cycles of projective lines. In that case, one
can also deduce this result from another description of simple vector bundles obtained
in [11, Theorem 5.3]. On the other hand, this result is still open for n concurrent lines
in Pr1if n > 4.

Proposition 9.15. Let E be a reduced plane cubic curve and P be a simple vector
bundle on E of rank n and multi-degree d. Then the following results are true.

(1) The sheaf of Lie algebras A = A, q := Ad(P) does not depend on the choice of
P e ME(TL, d)

(2) We have: H°(A) = 0 = H'(A). Moreover, this result remains true for an
arbitrary Calabi- Yau curve.

(3) For L € J(E)\{O} we have: H'(A® L) # 0 if and only if L& = O. Moreover,
in this case we have: HY(A® L) 2k~ HY(A® L).

Proof. The first part follows from the transitivity of the action of J(E) on Mg(n,d)
(see Theorem 9.14) and the fact that Ad(P) = Ad(P ® L) for any line bundle £ (see
Proposition 9.11). The second statement follows from the long exact sequence

0 — H'(A) — End(P) 202 500y — HY(A) — Ext(P,P) — H'(O) — 0,

the isomorphisms End(P) = k = Ext(P,P), H*(O) = k = H'(O) and the fact that
H0<T1"73>(]1p) = I'k(P)

In order to show the last statement, note that we have the exact sequence
0— H(A® L) — Hom(P,P® L) — H°(L)

and H°(L) = 0. By Theorem 9.14 we know that Hom(P,P ® £) = 0 unless L% = O.
In the latter case, H(A® L) = End(P) = k. Since A® L is a vector bundle of degree
zero, by the Riemann-Roch formula we obtain that H'(A ® £) = k. O

9.4. Residues and traces. Let F, (), w and x be as at the beginning of the section.
First recall that we have the following canonical short exact sequence

(9.14) 0— Q— Qz) == k, — 0.
Choosing a non-zero section w € H°(2), we get the induced short exact sequence

(9.15) 00— 00— 0() — k, — 0.
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Hence, for any vector bundle F we get a short exact sequence of coherent sheaves

F
res;,

(9.16) 0— F - Flz) — Fok, — 0.

Next, recall the following result relating categorical traces with the usual trace of an
endomorphism of a finite dimensional vector space.

Proposition 9.16. In the above notation, the following results are true.

(1) There is an isomorphism of functors 6, : Hom(k,, — ® k,) — Ext(k,, —)
from the category of vector bundles on E to the category of vector spaces over
k, given by the boundary map induced by the short exact sequence (9.16).

(2) For any vector bundle F on E and morphisms b : F — k,,a: k, — F®Lk,,
we have the equality:

(9.17) v (Trf(éx(a) o b)) = tr(aoby),

where Trg : Ext(F,F) — H'(O) is the trace map and t“ is the composition

H(0) =% H(Q) — k of the isomorphism induced by w and the canonical
map t described in [14, Subsection 4.3].

Comment on the proof. The first part of the statement is just [14, Lemma 4.18]. The
content of the second part is explained by the following commutative diagram:

0 F Q F 0
| :

0 F R k., 0
l 2 l res” \La

0 F Flx) —>Fk, —=0

The lowest horizontal sequence of this diagram is (9.16). The middle sequence corre-
sponds to the element 6,(a) € Ext(k,,F) and the top one corresponds to d,(a) ob €
Ext(F, F). The endomorphism a o b, € End(F| ) is the induced map in the fiber of F
over x. The equality (9.17) follows from [14, Lemma 4.20]. O
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Proposition 9.17. The following diagram of vector spaces is commutative.

1®S

Hom(F, k,) ® Ext(k,, F) Hom(F,k,) ® Hom(F,k,)*
1®5{T Tﬂ@can
Hom(F, k,) ® Hom(k,, F ® k,) 1 tr Hom(F, k,) ® Hom(F ® k,, k,)*

Lin(F| , F|.) n End (Lin(F

. K)).

Here, S is given by (8.3), 67 is the isomorphism from Proposition 9.16, o is the com-
position of morphisms composed with taking the induced map in the fiber over x, Y; is
the canonical isomorphism of vector spaces from Lemma 9.2, ev and tr are canonical

isomorphisms of vector spaces and can is the isomorphism induced by res” .

Proof. The commutativity of the top square is given by [14, Lemma 4.21]. The com-
mutativity of the lower square can be easily verified by diagram chasing. 0

As a consequence, we get the following result.

Lemma 9.18. The following diagram of vector spaces is commutative.

Hom(F, k,) ® Ext(k,, F) End (Hom(F, k,))

\ /
l sl Homi(]-" k)

) L>5[(L111(.7: oK)

/ T

End(F]|,) ‘ End (Lin(F]_, k

In this diagram, S is the isomorphism induced by the Serre duality (8.3), Y and Y,
are canonical isomorphisms from Lemma 9.3, K is the subspace of Hom(F, ®k,) ®
Ext(k,, F) defined in (9.3), T is the composition of 1 ® (67)~% from Proposition 9.17
and o, whereas T is the restriction of T. The remaining arrows are canonical morphisms
of vector spaces.

Proof. Commutativity of the big square is given by Proposition 9.17. For the left small
square it follows from the equality (9.17) whereas the commutativity of the remaining
parts of this diagram is obvious. 0
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9.5. Algebraic versus geometric Massey products. Let F, P, x and y be as at
the beginning of this section. In what follows, we shall frequently use the notation
A:=Ad(P) and &€ := End(P).

Lemma 9.19. We have a canonical isomorphism of vector spaces

(9.18) res, := H(res)') :  H°(A(z)) — Al

induced by the short exact sequence (9.16). Moreover, we have the canonical morphism
(9.19) ev, == Ho(ggj‘) . HY(A(z)) — A‘y

obtained by composing the induced map in the fibers with the canonical isomorphism
A(x)‘y — A‘y. When E is a reduced plane cubic curve, ev, is an isomorphism if and

only if n- ([z] — [y]) # 0 in J(E), where n = rk(P).
Proof. The short exact sequence

res

0— A— Alz) =5 Aok, — 0
yields the long exact sequence
0— H°(A) — H°(A(z)) =5 A‘gg — HY(A).
Thus, the first part of the statement follows from the vanishing H°(A) = 0 = H!(A)
given by Proposition 9.15.

In order to show the second part note that we have the canonical short exact sequence

ev

0—O(-y) — 0 —">k,—0
yielding the short exact sequence
0 — Az —y) — A(z) — A(z) ® k, — 0.

Hence, we get the long exact sequence
0 — H(A(z —y)) — H°(A(z)) 2, A|y — H'(A(z — y)).
Since the dimensions of H°(A(xz)) and A‘y are the same, ev, is an isomorphism if and

only if H°(A(z — y)) = 0. By Proposition 9.15 this vanishing is equivalent to the
condition n - ([z] — [y]) # 0 in J(E). O

Now we give a proof of the following key result, stated for the first time in [37, Theorem

4).
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Theorem 9.20. In the notation as at the beginning of this section, the following dia-
gram of vector spaces is commutative:

Y1

sl(Hom(P, k,)) Al
(9.20) T H°(A(x))

pal(Hom(P, k,)) < A .

In this diagram, My, is the linear map (9.7) induced by the triple product in Perf(E),
res, and ev, are the linear maps (9.18) and (9.19), whereas Y, and Yy are obtained by
composing the canonical isomorphisms Y and Y from Lemma 9.3 with the canonical
isomorphisms induced by Hom(P, k,) — Lln(P} ) for z € {z,y}.

We split the proof of this theorem into several logical steps.
Step 1. First note that we have a well-defined linear map
¢ : Hom (P, P(z)) — End(Hom(P, k,))

defined as follows. Let g € Hom(P,P(z)) and h € Hom(P, k,) be arbitrary morphisms.
Then there exists a unique morphism h € Hom(P,k,) such that ¢ o h = h, where

2 : P — P(z) is the canonical inclusion. Then we set: 1'(g)(h) = ho g. It follows from

the definition that +'(z) = IHomp,)- This yields the following result.

Lemma 9.21. We have a well-defined linear map

Hom(P, P(z))
(v

given by the rule: 7(g) = h — g o h.

(9.21) 7

— pg[(Hom(P,]ky))

Lemma 9.22. The canonical morphism of vector spaces
Hom (P, P(z))
(1)

(9.22) 7: HY(A(x)) —

given by the composition
Hom(P, P(z))
(1)

HO(Ad(P)(@“)) — HO(End(P)(x)) — Hom(P,P(m)) -

s an isomorphism.
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Proof. The short exact sequences (9.12) and (9.15) together with the vanishing H°(A) =
0 = H'(A) imply that we have the following commutative diagram

0—= H°(O) —= H°(O(z)) —~ Lk HY(0)
T tr
0—= H&) — H°(&E(x)) £, HY(E)
O 0 HO (A(I‘)) resy A‘x O
The fact that j is an isomorphism follows from a straightforward diagram chase. OJ

Lemma 9.23. The following diagram is commutative.

evy

Hom (P, P(z)) End(P| )

End (Hom(P, k,)) —<"— End(Lin(P

LK),

Proof. The result follows from a straightforward diagram chase. O

Proposition 9.24. The following diagram is commutative.

HO(A(x)) s(P|,)
(9.23) Jl Y2
Hom(P,P(:B)) _®, pg[(Hom(P’ ]ky)) - pg[(Lin('P y,]k)).

In particular, if E is a reduced plane cubic curve then @' is an isomorphism if and only

ifn- (2] = [y]) # 0 in J(E).
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Proof. Note that the following diagram is commutative:

si(P|,)———End(P| )

H(A(z)) > Hom (P, P(x)) —— End (Hom(P, k,)) — End (Lin(P

e | |

Hom(zsp(w)) — pgl(Hom(P, k,)) — pgl(Lin(P| k).
Indeed, the right top square is commutative by Lemma 9.23, the commutativity of the
remaining parts is straightforward. This implies that the diagram (9.23) is commuta-
tive, too.

Next, observe that all maps in the diagram (9.23) but 7 and ev, are isomorphisms.
By Lemma 9.19, the map ev, is an isomorphism if and only if n- ([z] —[y]) # 0 in J(E).
This proves the second part of this Proposition. O

y’]k))

Note that from the exact sequence (9.16) we get the induced map
R := H(res:*™™)) . Hom(P,P(z)) — End(P| )
sending an element g € Hom (P, P(z)) to (res’ o g), € End(P‘x). Clearly, R(z) = 0,
thus we obtain the induced map
7. Hom(P,P(x))
' (@)
Lemma 9.25. In the above notation, the following statements are true.

(1) Im(R) = sl(P] ).

(9.24) — End(P] ).

— H
(2) Moreover, the map R : om(7<72,>73(x)) — sl(P|.) is an isomorphism.

Proof. The result follows from the commutativity of the diagram

H°(Ad(P)(z))

Hom(P, P(z))
()

and the facts that res, and j are isomorphisms. O

resy

——sl(P,)

B, End(P|$)

Step 2. The next result is the key part of the proof of Theorem 9.20.
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Proposition 9.26. The following diagram is commutative.

s(P],) L K

(9.25) R \\\\%i\\\

,>'P(x)) _ pg[(Hom(P, ]ky)) LN Lin(H, Hom(P, ]ky)/H)'

Proof. We show this result by diagram chasing. Recall that the vector space K is
the linear span of the simple tensors f ® w € Hom(P,k,) ® Ext(k,, P) such that
wof=0. Let 0 — P - Q £ k, — 0 be a short exact sequence corresponding
to an element w € Ext(k,,P). Recall that by Proposition 9.16 there exists a unique
a € Hom(k,, P ® k,) such that w = §,(a).

Since Hom(k,,k,) = 0 = Ext(k,,k,), for any h € Hom(P,k,) there exist unique
elements h € Hom(Q,k,) and ' € Hom (P(z),k,) such that the following diagram is
commutative:

P
! f
p
(9.26) 0 \\\ /// k, 0
/ \ res?
0 — Pk, 0.

Although a lift f € Hom(P, Q) is only defined up to a translation f— f+ \r for some

A € k, we have a well-defined element ¢ o f € Hom (Z;P(x)) such that }_%(t o f) = aof,.

By definition, T'(a o f,) = f ® w. It remains to observe that

(Fa o ([tf1)) (h) = [W'tf] = [hf] = (Mu(f © w))(h).

Since R and T are isomorphisms and the vector space K is generated by simple tensors,
this concludes the proof. O
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Step 3. Now we are ready to proceed with the proof of Theorem 9.20. Note that the
following diagram is commutative.

sl(Hom(P, k,)) —— s[(Lin(P

1)

r 5[(73|w)

R
resy

pgl(Hom(P, k,)) evy

TH k‘\
Yo

Lin(H, Hom(P, k,)/H) pal(Lin(P| ,k)) <——sl(P] )

Indeed, by Lemma 9.18 we have the equality Y;0T = can;oS, which gives commutativity
of the top square. Next, the equality 75 o m,, = My just expresses the commutativity
of the diagram (9.9). The equality R o 7 = res, follows from the definition of the map
R, see (9.24).

The equality Y; o ev, = cany 07" o j is given by Proposition 9.24, yielding the com-
mutativity of the right lower part. Finally, by Proposition 9.26 we have the equality
g o7 = My oT o R. Since this equality is true for any one-dimensional subspace
H C Hom(P,k,), Lemma 9.4 implies that m,, o T o R = 7. This finishes the proof of
commutativity of the above diagram.

It remains to conclude that the commutativity of the diagram (9.20) follows as well
and Theorem 9.20 is proven. 0

Corollary 9.27. Let E be an elliptic curve over k, P a simple vector bundle on E,
A = Ad(P) and x,y € R two distinct points. Let ., € A‘I ® A‘y be the image of the
linear map ev,ores,t € Lin(A| , A‘y) under the linear isomorphism Lin(A|x, A|y) —
A|m ® A|y induced by the Killing form A|z X A’m — k, (a,b) — tr(aob). Then ry, is
a solution of the classical Yang-Baxter equation: for any pairwise distinct points xq, xo
and x3 of E we have:

(927) |:7,.12 7"13 ]+ [T12 T‘23 }_|_ [7“12 7“13 } :O,

x1,T27 ° T1,%3 T1,T27  XT2,T3 T1,T27  X1,T3
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where both sides of the above identity are viewed as elements of A‘wl ® ¢4|x2 & A‘xS.
Moreover, the tensor ry, 5, s unitary:

(928) Txg,xl - _T(Tfﬂl,wg)?
where T : A’m ® A|z2 — A‘m ® A|g€1 is the map permuting both factors.

Proof. By Theorem 9.20, the tensor 7, , is the image of the tensor m,, from (9.7) under
the isomorphism

pal(Hom (P, k) ® pgl (Hom(P, ks,)) T2 A| o A|

Since Y, is an anti-isomorphism of Lie algebras, the equality (9.27) is a corollary of
(9.10). In the same way, the equality (9.28) is a consequence of (9.11). O

Our next goal is to generalize Corollary 9.27 to the case of singular Weierstrafs cubic
curves.

9.6. Genus one fibrations and the CYBE. We start with the following geometric
data.

e Let E -2 T be a flat projective morphism of relative dimension one between
algebraic varieties. We denote by E the regular locus of p.

e We assume there exists a section ¢ : 7 — E of .

e Moreover, we assume that for all points t € T the fiber E; is an irreducible
Calabi-Yau curve.

e The fibration £ - T is embeddable into a smooth fibration of projective
surfaces over 1" and Qg7 = Op.

Example 9.28. Let By C P? x A2 — A? =: T be the elliptic fibration given by the
equation zy? = 423 4+ goxz? + g32° and let A(ga, g3) = g5 + 2793 be the discriminant of
this family. This fibration has a section (g2, g3) — ((0:1:0), (g2, g3)) and satisfies the
condition Qg7 = Op.

The following result is well-known.

Lemma 9.29. Consider (n,d) € N x Z such that ged(n,d) = 1. There exists P €
VB(FE) such that for any t € T its restriction P|Et 18 simple of rank n and degree d.

Sketch of the proof. Let ¥ := +(T) C E and Za be the structure sheaf of the diagonal
A C E xp E. Let FMZ2 be the Fourier-Mukai transform with the kernel Za. By
[16, Theorem 2.12], FM*4 is an auto-equivalence of the derived category FM*4. By
[15, Proposition 4.13(iv)| there exists an auto-equivalence F of the derived category
Db, (E), which is a certain composition of the functors FM*4 and — ® O(X) such that
F(Os) = P[0], where P is a vector bundle on E having the required properties. 0



56

Now we fix the following notation. Let P be as in Lemma 9.29 and A = Ad(P).
Next, we set X = E xg7 F xr E and B := E xp E. Let ¢ : X — B be the
canonical projection, A C E xp E the diagonal, B := B \ A and X := ¢ }(B).
The elliptic fibration ¢ : X — B has two canonical sections h;, i = 1,2, given by
hi(y1,v2) = (i, y1,92). Let 3; := h;(B) and A be the pull-back of A on X.

Note that the relative dualizing sheaf Q = 0% 7 is trivial. Similarly to (9.14) one
has the following canonical short exact sequence

(9.29) 0— Q— Q) — O, — 0,

see [14, Subsection 3.1.2| for a precise construction. By the assumptions from the
beginning of this section, there exists an isomorphism Oy — Qx5 induced by a
nowhere vanishing section w € H(Qg/r). It gives the following short exact sequence

resA J—
(9.30) 0— A— A(D) — A, —0.
In a similar way, we have another canonical sequence
(9.31) 0 — A3 = %g) — A(%1) — A(Z)|g, — 0.

Proposition 9.30. In the above notation, the following results are true.

(1) We have the vanishing q.(A) = 0 = Rlq.(A).

(2) The coherent sheaf q.(A(X1)) is locally free.

(3) Moreover, we have the morphism of locally free sheaves on B given by the com-
position q.(A(X1)) — q. (71(21)‘22) — (71}22), which is an isomorphism
outside of the closed subset

(9.32) Ay = {(t,z,y) | n- ([2] = [y]) =0 € J(E)} C B.
Proof. Let z = (t,r,y) € B be an arbitrary point. By the base-change formula we
have: L} (Rg.(A)) = RF(A’ Et) = 0, where the last vanishing is true by Proposition
9.15. This proves the first part of the theorem.

Thus, applying ¢. to the short exact sequence (9.30), we get an isomorphism

(9.33) res; := g, (@g) D (AS) — @ (Z|El).

Fori=1,2, let p; : B := E x E — E be the composition of ¢-th canonical projection
with the cano_nical inclusion £ C E. It is easy to see that we have a cinonical isomor-
phism v : g, (‘A‘z) — p}(A). This shows that the coherent sheaf ¢.(A(3;)) is locally
free on B. -

To prove the last part, consider the canonical morphism of vector bundles g, (A|22) —

s (.7\(21) |22). This is an isomorphism on B. Moreover, by Proposition 9.15, the subset
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A, is precisely the support of the complex Rg, (A(El — 22)). In particular, this shows
that A,, is a proper closed subset of B. Finally, applying ¢, to the short exact sequence
(9.31), we get a morphism of locally free sheaves

(9.34) eva: g (A1) — p5(A),
which is an isomorphism on the complement of A,,. This proves the proposition. [

Theorem 9.31. In the above notation, let r € I'(B, p;(A)®@p3(A)) be the meromorphic
section which is the image of evo ores;* under the canonical isomorphism

Hom (pj(A), p3(A)) — H"(pi(A)" @ p3(A)) — H°(pi(A) @ p3(A)).

The last isomorphism above is induced by the canonical isomorphism A — AV from
Proposition 9.11. Then the following statements are true.

(1) The poles of r lie on the divisor A. In particular, v is holomorphic on B.
(2) Moreover, r is non-degenerate on the complement of the set A,,.
(3) The section r satisfies a version of the classical Yang-Baxter equation:

(9.35) [7“12,7“13} 4 [r12,r23] + [r13,7’23] _0,

where both sides are viewed as elements of H(p}(A) @ p3(A) @ p3(A)).
(4) Moreover, the section r is unitary. This means that

(9.36) o*(r) = —i € H(p3(A) @ pj(A)),

where o is the canonical involution of B = E xr E and 7 is the section corre-
sponding to the morphism ev; ores, .

(5) In particular, the statement of Corollary 9.27 is also true for singular Weierstraf
cubic curves.

Proof. By Proposition 9.30, we have the following morphisms in VB(B):

Pi(A) < ¢ (A(S1) — ¢ (AE)]y,) < a:(Aly,) = p3(A).

Moreover, v is an isomorphism, whereas res; and » become isomorphisms after restricting
on B. This shows that the section r € I'(B, p;(A) @ p5(A)) is indeed meromorphic with
poles lying on the diagonal A. Since ev, o res; ' is an isomorphism on B\ A,,, the section
r is non-degenerate on B\ A,,.

To prove the last two parts of the theorem, assume first that the generic fiber of F
is smooth. Let t € T be such that E; is an elliptic curve. Then in the notation of
Corollary 9.27, for any z = (t,x,y) € B have have:

() = oy € (Al)| @ (Al,)]

)
Y
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where we use the canonical isomorphism

2 (pi(A) © p3(A) — (Al,)| @ (A],)]

)

Iiet Ty, Ty aund x3 be three pairwise distinct points of E; and = = (¢, z1,22,x3) €
E xp E xp E. By Corollary 9.27 we have:

(9.37) z}([rm,rl?’} + [7"12,7“23} + [7‘13,7"23}> = 0.

In a similar way, we have the equality:

(9.38) (o (r)+7) =0.

Since the section r is continuous on B, the equalities (9.37) and (9.38) are true for the
singular fibers of F/ as well. In particular, the statement of Corollary 9.27 is also true for
singular Weierstraft cubic curves. This implies that Theorem 9.31 is true for arbitrary
genus one fibrations satisfying the conditions from the beginning of this section. O

Corollary 9.32. Let E 2 T,1:T — FE and w € H° (QE/T) be as at the beginning
of the section, P be a relatively stable vector bundle on E of rank n and degree d (recall
that we automatically have ged(n,d) = 1) and A = Ad(P). For any closed point of
the base t € T let U be a small neighborhood of the point 1(t) € Ey, V be a small
neighborhood of (t,4(t),4(t)) € E xp E, O =T'(U,0) and M =T(V, M), where M is
the sheaf of meromorphic functions on E X1 E. Taking an isomorphism of Lie algebras
€ AU) — sl1,(0), we get the tensor-valued meromorphic function

(9.39) ré =15 4 € sl (M) @ s, (M),

which is the image of the canonical meromorphic section r € T'(E x1 E, p;(A) @ p5(A))
from Theorem 9.31. Then the following statements are true.
(1) The poles of r* lie on the diagonal A C E X1 E.
(2) Moreover, for a fivzed t € T this function is a unitary solution of the classical
Yang-Bazter equation (2.1) in variables (y1,y2) € {t} x (UNE)x (UNE;) CV C
E xp E. In other words, we get a family of solutions rf(yl,yg) of the classical
Yang-Baxter equation, which is analytic as the function of the parametert € T.
(3) Let & : A(U) — sl,(O) be another isomorphism of Lie algebras and p :=
& o0&t Then we have the following commutative diagram:

A(U)

sl,(0) ! s, (0).




59

Moreover, for any (t,y1,y2) € V' \ A we have:
(9.40) ¥ (y1,10) = (p(y1) ® p(y2)) - (1 92) - (07 (1) @ ™ (12).

In other words, the solutions r¢ and ¢ are gauge equivalent.

Remark 9.33. One possibility to generalize Theorem 9.31 and Corollary 9.32 for an
arbitrary Calabi-Yau curve E can be achieved by showing that any simple vector bundle
on F can be obtained from the structure sheaf O by applying an appropriate auto-
equivalence of the triangulated category Perf(E). Some progress in this direction has
been recently achieved by Herndndez Ruipérez, Lopez Martin, Sanchez Gémez and
Tejero Prieto in [27].
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Part 3. Vector bundles on degenerations of elliptic curves

In this part we study vector bundles on elliptic curves and a cuspidal cubic curve.
To be more precise, Section 10 contains the theory of semi-stable vector bundles on
a one-dimensional complex torus as presented in [12, Subsection 3.1]. The remaining
sections of this part deal with the theory of simple vector bundles on the cuspidal cubic
curve £ = V(zy? — 2?). The techniques employed for this study, i.e. the theory of the
category of triples and the translation to matrix problems, were developed by Drozd
and Greuel [19] and further elaborated by Bodnarchuk and Burban, see for instance [5]
and [10]. As in [8], we present the study of simple vector bundles on E in terms of the
representation theory of differential biquivers.
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10. VECTOR BUNDLES ON A ONE-DIMENSIONAL COMPLEX TORUS

Let T e H, A=Z+ 7Z C C and E = C/A be the corresponding complex torus. In
this section we recall the basic techniques for dealing with holomorphic vector bundles
on F.

Definition 10.1. Let A : C — GL,(C) be a holomorphic function satisfying the
condition A(z + 1) = A(z) for all z € C. Such a function A, called automorphy factor,
defines the following topological space £(A) := C x C"/ ~, where (z,v) ~ (z 4+ 1,v) ~
(z 4+ 7, A(2)v). Note that we have a Cartesian diagram of complex manifolds

CxCr——=£&(A)

S

C———F

and £(A) is a vector bundle of rank n on the torus E.

Remark 10.2. Let m : C — C/A = E be the quotient map. Another way to define the
locally free sheaf £(A) is the following.

The open subsets U C E for which all connected components of 7~(U) map iso-
morphically to U, form a basis of the topology of E. For such U, we let Uy be
a connected component of 7~'(U) and denote U, = v + Uy for all v € A. Then
O (U) = [1,ea OZ(U,) and we define

E(A)(U) = {(Fv(z))m € m(0) (V) ?jﬁi i i)) _ ZV((ZZ))F (2)} |

gl g
In this way we get an embedding my : £(A) C m.OF as well as a trivialization v4 of

T (my)

7*(E(A)) given by the composition m*E(A) — m* 1, Of =5 Op.
The following classical result is due to A. Weil.

Theorem 10.3. Let E = C/A be a one-dimensional complex torus.

(1) For any holomorphic rank n vector bundle € on the torus E there exists an
automorphy factor A : C — GL,(C) such that £ = E(A).
(2) For any automorphy factors A : C — GL,(C) and B : C — GL,,(C) we have:

® is holomorphic
Hom(E(A),E(B)) = Solap := @ : C — Matyx,(C) | (2 + 1) = D(2)
O(z+7)A(2) = B(2)®P(2)

and E(A) @ E(B) = E(A® B).
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Proof. This result is a corollary of the monoidal equivalence of the category of A-
equivariant holomorpic vector bundles on C and holomorphic vector bundles on the
quotient torus £ = C/A. See [4] or [28] for a detailed proof. O

Corollary 10.4. For any pair of automorphy factors A,S : C — GL,(C) we have an
isomorphism of vector bundles E(A) = E(B), where B(z) = S(z + 1) 'A(2)S(2). In
particular, we have an isomorphism E(A) = E(A), where A(z) = exp(2miT)A(z).

In the next step, we need an explicit description of the indecomposable semi-stable
vector bundles on E of degree zero.

Theorem 10.5. Let E = C/A be a complex torus.
(1) The map C — Pic(E) assigning to A € C the line bundle Ly := & (exp(27il))
yields a bijection between the points of E and the isomorphy classes of degree

zero line bundles on E.
(2) For any m > 1 let

11 0 0

01 1 0
Jn=Jdu()=| - o | € GL,(C).

o0 ... 1 1

00 ... 0 1

Then E(Jy,) is isomorphic to the Atiyah bundle A,, defined as follows. For
m =1 we set Ay = O and for m > 2 the vector bundle A,, is recursively defined
by the following property: it is the unique (up to an isomorphism) vector bundle
occurring as the middle term of a non-split short exact sequence

0 — Ap1 — Ay, — O — 0.

(3) Let B € GL,(C) and J = Jp, (1) ® - -+ ® I, (1) be the Jordan normal form
of B with p; = exp(2mwiA;) for some \; € C, 1 <1 <t. Then we have:

E(B) = (Lx, @ Apy) © -+ © (L, @ Ap)-

In particular, E(B) is a semi-stable vector bundle of degree zero on the torus F,
whose Jordan-Holder quotients are Ly,, ..., Ly,. Moreover, for any semi-stable
vector bundle £ of rank n and degree zero on the torus E there exists a matrix

B € GL,(C) such that € = E(B).

Proof. A proof of the first two statements can for instance be found in [14, Section
8.1] or in [28]. To show the third one observe that by Corollary 10.4 we have an
isomorphism £(B) = £(J). Since for any A € C and m € N we have an isomorphism
E(Jn(N) = L1 ® Ay, we have: E(J) = (L, @ Apy) D -+ & (L, @ Ap,). Hence, the
result follows from Atiyah’s classification of vector bundles on F [1]. 0
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Corollary 10.6. Let A € GL,(C) and &(A) = {exp(2mi\y),...,exp(2mi\,)} be its
spectrum, B € GL,,(C) and &(B) = {exp(2mip), ..., exp(2mip,)} be its spectrum.
Assume that Ay — g & A for all1 <k <n and 1 <1 <m. Then we have:
Hom (E(A),E(B)) = 0 = Ext' (E(A),E(B)).
Proof. The assumption on the eigenvalues of A and B implies that the degree zero
semi-stable vector bundles £(A) and £(B) have no common Jordan-Hélder quotients.
From this fact it follows that
Hom(E(A),E(B)) = 0 = Hom(E(B),E(A)) = Ext' (E(A),E(B))",

where the last isomorphism is given by the Serre duality. 0J
Lemma 10.7. Let p(z) = exp(—miT—2miz), x € C and [z] be the corresponding divisor
of degree one on E. Then we have an isomorphism:

T+1

Op([z]) = E(p(z + — z)).

Proof. A proof of this result can be for instance found in [14, Section 8.1]. U

11. THE CATEGORY OF TRIPLES AND MATRIX PROBLEMS

11.1. The category of Triples. In this subsection, we recall a general technique to
describe vector bundles on singular projective curves, see [6] and [14, Section 5.1] as
well as references therein.

Let X be a reduced singular (projective) curve, 7 : X — X its normalisation,
T = Homo(m.(0%),0) = Anno(m.(Ox)/O) the conductor ideal sheaf. Denote by
n:Z =V(Z) — X the closed Artinian subspace defined by Z (its topological support
is precisely the singular locus of X') and by 7 : 7 — X its preimage in X , defined by
the Cartesian diagram

7
E—

Z
(11.1) ﬁl

7 —1s

X
X.
In what follows we shall denote v = nm = 77._

In order to relate vector bundles on X and X we need the following construction.

Definition 11.1. The category Triy is defined as follows.
(1) Its objects are triples (f, V, rT1), where F € VB%, V € VB and
M 7V — i F

is an isomorphism of Oz-modules, called the gluing map.
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(2) The set of morphisms Homrpy;, ((J:El,Vl, mi), (ﬁg,Vg, rﬁg)) consists of all pairs

(f,9), where f: Fy — Fy and ¢ : Vi — V, are morphisms of vector bundles
such that the following diagram is commutative

mi

7~T*V1 ﬁ*ﬁl
7(9) L iﬁ*(f)
7V ———— T,

The main reason to introduce the above Definition is the following result.

Theorem 11.2. Let X be a reduced curve. Then the following results are true.

(1) Let F: VBx — Trix be the functor assigning to a vector bundle F the triple
(m*F,n*F,mg), where mg : 7 (n*F) — 7*(7*F) is the canonical isomorphism.
Then T is an equivalence of categories. N

(2) Let G : Trix — Coh(X) be the functor assigning to a triple (F,V,m) the

coherent sheaf F = ker(ﬂ*f SX/M% m 1/*77*.7?), where ¢ = & is the canon-
tcal morphism wJF — W*ﬁ*ﬁ*f = v,*F and m is the composition n,V RN

NTTY — v 7Y ), V*f]*j-:. Then the coherent sheaf F is locally free.
Moreover, the functor G is quasi-inverse to F.

For a proof of this result, see [10, Theorem 1.3]. O

Lemma 11.3. Let 7, = (ﬁ-,Vi, m;), i = 1,2 be a pair of objects of Trix and F; = G(T;).
Then we have:

(11.2) F(Homx (Fy, ) (Homg(]?l,]f}),HomZ(Vl,Vg),h(ﬁll,r?12)>,

where h(my, M) is the morphism making the following diagram commutative:

h(my,mz2)

FHomz (W1, V) i*Homg (Fy, F)

canl \Lcan

~ % ~ cnj(my,mz) o~ o~
Homz(7* V1, T Vs) i Homz(0* Fi,7* Fa).

In this diagram, cnj(mi, my)(p) = My o pom;?.
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Proof. Since F and G are quasi-inverse equivalences of categories, 7; = (W*E, n*F;, m ]-‘i)
for i = 1,2. Note that we have the following commutative diagram

rT]Hom(]:l ,F2)

ﬁ*n*HomX(J’:l,]-"g) ﬁ*W*HOmx(fl,:FQ)

canl lcan

HOTTLZ(%*U*fI’ 7}*77*}'2) Homg (ﬁ*W*Fl, 77*7_(_*35-2).

an(Fﬁ.Fl 7Fﬁ.7:2)

This implies the claim. 0
Proposition 11.4. Let T = (F,V,m) € Triy and F = G(T). Then we have:

(11.3) F(Ad(F)) = (Ad(F), Ad(V),ad()),

where ad(m) is the morphism making the following diagram commutative:

#*Ad(F) Ad(F)
Ad(m*F) —2 (i F).

Sketch of the proof. Let F be an arbitrary vector bundle on X. Then the following
diagram of coherent sheaves is commutative:

0 0 0

0 — Ad(F) —— mAd(7m*F) & nAd(n*F) —— v, Ad(v*F) —= 0

0 — End(F) — mnd(m*F) @ n.End(n*F) —= v.End(v*F) —= 0

0 OX W*O)? @U*Oz

0 0 0

The middle horizontal sequence in this diagram is exact by Lemma 11.3. It shows that
the first horizontal sequence is exact, too. This proves the formula (11.3). U
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11.2. Reduction to Matrix problems. In this very short subsection, we introduce
the category of Matrix problems.

Definition 11.5. Let MPx be the following Krull-Schmidt category:

e an object of MPx is given by a map m for which there exists a triple (]3 YV, Ih) €
Triy.

e for two objects my, my with corresponding triples <J’El, Vi, Iﬁ1> and (.7:"2, Vs, ﬁlg)
respectively, a morphism from m; to my is given by a pair (7*F, 7* f) such that
n*Fom; =myo @ f, where (F, f) € Homry,, ((.7:"1,]/1,1?11> , (ﬁQ,VQ,IhQ)).

Corollary 11.6. The functor H : Trix — MPx which sends an object (ﬁ,V,ﬁl) to
m and a morphism (F, f) to (*F,7*f) is full and dense.

The reasons for our interest in this category will become obvious in the following sub-
sections.

11.3. Matrix problem for the cuspidal cubic curve. In this subsection, let X = F
be the cuspidal cubic curve given by the equation 2y? = 2® and k = C. Going through
the construction of Trig and MPpg in this specific case, we will see that both objects
and morphisms in MPg can actually be interpreted as matrices over C.

First note that X = FE equals P'. We choose homogeneous coordinates (z : z1) on
P!. Thus the normalization map is given by (2o : z1) = (2221 : 23 : 2}) and the
preimage of the singular point s = (0 : 0 : 1) € Fis 7 !(s) = (0 : 1) = co. Let
U = {(20: 2z1)| 21 # 0} be an affine neighbourhood of co € P! with local coordinate
t = z9/z and set U = w(U’). Then locally 7 is given by C[U] = C[t?t3] — C[t].
Moreover, Z is the reduced point s with structure sheaf Oz = C, . Since the conductor
equals Z =< t?,t* > on U, the structure sheaf O, of the non-reduced point Z = {oo}
is given by R = (C[e]/€?) .. Next, recall the following result:

Theorem 11.7. (Birkhoff-Grothendieck). Any vector bundle & on P! splits into a direct
sum of line bundles, € = @;czOp1(1)™. Moreover, the degree gives an isomorphism

deg: Pic(P') —> 7.
Thus it follows from Theorem 11.2 that if 7 € VBg with rkF = n and F(F) =
(.7-",V,ﬁ1> € Triy, then F 2 @Op: (i)™ with 3, ., n; = n. Moreover, V 2 O%. Next,
we want to use these results in order to show how to interpret m as a matrix.

By the construction of Trig, m : #*V — 7*F is an isomorphism of Oz-modules. We
have 7%V = O% canonically. We also have 7*F = O7F, but there are some choices
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involved. Indeed, we need to choose trivializations O (i) ® Op/Z — Oy for each i,
which we will assume to be given by

(11.4) (@1 pr (Zi)

1

for a local section ¢ of Op(i). Here pr : C[U] — Cle|/€? is the map induced by the
canonical map C[t] — Cle]/€?, t — €. Thus finally, m can indeed be interpreted as an
element p of GL,(R). In other words, m corresponds to

fL = flo + €[l

with g, fte € Mat,,«,,(C). It is easy to see that m being an isomorphism is equivalent
to g € GL,(C).

Let us examine the morphisms in MPg. Since we have chosen coordinates (zp : z1) on
E = P!, any morphism Op:i(i) — Op(j) is given by a homogeneous form Q(z : z;) of
degree j — i, that is

Homgp: (Op1(7), Op1(5)) = C 20, 215, -

Thus for two objects (]:"1,)21,1}11) and (ﬁg,Vg,Iﬁg) of Trig with F; & ®Op:1 (i) and
Fy 22 ®Op1(5)", the first part F of a morphism (F, f) : <f1,V1,ﬁ11> — (.7'12,V2,ﬁ12>

is simply given by a matrix (F;) where Fj; € Matg, x, ((C (20, Zl]j—i)'

Remark 11.8. Note that if F is an endomorphism, then F;; = 0 for any j > 4, so (F};)
is lower triangular. Moreover, F' is an isomorphism if and only if each Fj; is invertible.

Due to the chosen trivializations (11.4), any morphism Op:(i) — Opi(j) given by a
homogeneous form Q(zy, z1) of degree j — ¢ induces a map Op1 (i) ® O — Op1(j) @ O4
given by

pr (Q(zo : zl)/z{_’) =Q0:1)+ 63—2(0 :1).

Hence, identifying the gluing matrices m;, ms with matrices 1, o as above, for a mor-
phism (7*F, 7 f) : 1 — po we have

FE=F0:1)+ ej—im 1) € Mat (C[d] /&) .

Here we identify F' with the induced matrix (£};) from above in order for this to make
sense. Finally, the second component 7* f of a morphism (7*F, 7*f) : 1 — o can be
interpreted as an element of Mat(C) of appropriate size as well.
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11.4. Primary reduction. Using the results from the previous subsections, we show
how to recover families of simple vector bundles of fixed rank and degree on F from the
study of the corresponding matrix problem. As it shall turn out, simple vector bundles
correspond essentially to bricks of a given Matrix problem.

Definition 11.9. A vector bundle F on E is called simple if End(F) = C. By Simpy
we denote the subcategory of simple objects of VBg. Likewise, an object m of MPg is
called a brick if End(m) = C and we denote the subcategory of bricks of MP g by MP7,.

Since we are mostly interested in simple vector bundles on E = V(z® — 4?2), let us
recall the following result:

Lemma 11.10. [14, Lemma 9.6 and 9.7| Let F be a simple vector bundle of rank n on
E and F = n*F. Then

(11.5) F = Opi(c)™ @ Opi(c+ 1)

for certain ¢ € Z and ny + ne = n. Moreover deg(F) = deg(F).

Remark 11.11. Note that if F is a any vector bundle of rank n and degree d on £ such
that F = Op! ® Opi(1)"?, then ny = n — d and ny = d. Especially, n > d.

Definition 11.12. Let VBY, denote the full subcategory of VB satisfying (11.5) for
¢ = 0. Furthermore, by VBg(n,d) we denote the subcategory of VBg whose objects
have rank n and degree d and let VBY(n,d) denote the corresponding subcategory of

VBY,. Moreover, by Simp%, and Simp%(n, d) we denote the subcategory of simple vector
bundles of VBY, and VBY(n, d) respectively.

Recall that the first part of a morphism (7*F,7*f) in MPg derives from a matrix
F = (Fj)i<ij<2- The induced block decomposition of 7*F' can be used to define a
certain subcategory of MPg:

Definition 11.13. For any r = (ry,72) € N2 let MP(r) denote the full subcategory of
MP with objects p having a block decomposition of the form

= A | A T1
Agy | Aga Ty
Here each A;; is a matrix over C[e]/€® and we use the notation above to indicate that
A;j is of size r; x r;. By MP%(r) we denote the subcategory of bricks of MP%(r).
Proposition 11.14. |14, Proposition 9.11| For any n € N and d € Z, the restriction

of the composition VBg L Trig B MPg wyields an equivalence of categories

VBY, (n,d) = MPg(n —d, d),
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where 0 < d < n is determined by d = d mod n. Especially, we have
Simp%, (n, d) = MP%(n — d, d).
It follows from the definitions that in the category MPg(r1,72), the isomorphism class

of an object j = gy + €, is given by all objects of the form #7*F -y - #* f~1. Choosing
F =id and f = pg, we see that yu is isomorphic to 1 + eu! where p! = pcpg'. Next,

write ‘
()11 | (o2 Ty 1 0 ry
e = £ ¢ dlet F'= .
g ( TAAY RS anc e (—pl)or |1 ) 7o

77 = (o1r) * (Eto)

Choosing f = id, we conclude that p is isomorphic to 1 + €f where
0 — X1 Y T1
N 0 X2 T9 '
Definition 11.15. Let MPg(r) denote the subcategory of MPg(r) with objects of the

form p = 1 + €f where
o X1 Y T1
0= ( 0 XQ ) T9 '

Moreover, let pr, denote the projection map on Mat (,, 4r,)x(r +r)(C) given by
X1 Y T s X1 Y T1
M | X, T 0 | Xs ro
It is clear that if we want to preserve the form p = 1 + €6, we have to restrict to those
morphisms (7*F, 7* f) starting in y which satisfy 7*f = (77*F) "
Corollary 11.16. [14, Lemma 9.31| The following hold:

Then

for certain matrices X, X5, Y.

(1) In the category MPg(r), the set of morphisms between objects jp = 1 + €6 and
"=1+ € is given by

HomWE(r)(Mv ILL,) = {S €S \prr (50) = pr, (0/5«) } :

- {(348) 2] conco

(2) The natural inclusion MPg(r) < MPg(r) is an equivalence of categories.

where

Combining the results obtained so far yields:
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Corollary 11.17. There is an equivalence of categories VBY (n,d) = MPg(n — d, d).
Especially, we have Sin&% (n,d) = M_PSE(n — d,d), where the latter category’s objects
consist of all bricks in MPg(n —d,d).

12. DIFFERENTIAL BIQUIVERS

In this and the next section we explain how to classify objects in VB (n,d). The
first step in solving this problem is the translation to the category of bricks of the cor-
responding matrix problem as stated in Corollary 11.17. The next step is to express
the classification of isomorphism classes of objects in MP%(r) in terms of the represen-
tation theory of a certain differential biquiver. Before going into details, we recall some
general notions and results from the theory of differential biquivers.

12.1. Differential biquivers. Recall that a quiver ) is given by a set of vertices [
and for each i, j € I a (possibly empty) set of arrows Q(, j).

Example 12.1. Let I = {1,2,3,4}. An example for a quiver with vertex set I is given

X2

Definition 12.2. The category of representations Repg, of a quiver @ with vertex set
I over a field k is defined as follows:

e an object M consists of a collection of k-vector spaces {M,}, ., together with
k-linear maps M, : M (i) — M(j) for each arrow a € Q(i, 7).

e a morphism f between a representation M and a representation N is given by
a collection of k-linear maps {f;},.,; such that for each arrow a : i — j the

following diagram is commutative

il

MZLNZ

M(a)l lN(a)
fj

To any quiver () we may associate the path algebra k(@ over the field k as follows.
A path is a concatenation of composable arrows, where two arrows a € Q(i,j) and
b € Q(I,m) are called composable if j = [, in which case the concatenation is written
as ba. As a vector space, k() has a basis given by the set of paths in () plus the set of
so called trivial paths {e;};c;, where e; behaves as a loop at the vertex ¢ with respect
to composition. Multiplication of two basis elements of k() is given by concatenation,
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the product being zero if the paths are not composable. It is a standard fact from
the representation theory of quivers that Modyg, the category of modules over k@), is
equivalent to the category Repy,.

Definition 12.3. Recall the notion of a differential biquiver:

e A biquiver @ = (I, Qo, Q1) is given by a vertex set I and two sets of arrows, (g
and @) such that both (I,Qy) and (I, Q1) are quivers. The elements of @)y and
(2, are called solid and dotted arrows respectively.

e Given a biquiver @ = (I, Qo, @1), we equip the path algebra kQ = k(Qy U Q1)
with a grading as follows:

— to any solid arrow and any trivial path e; we assign the degree zero.

— to any dotted arrow we assign the degree one.

— to any path we assign the degree given by the number of dotted arrows it
contains.

e Given a biquiver @ = (I,Qo,Q1), then a k-linear map 0 : kQ — k@ is called
differential for () if it satisfies:

— O raises degree by one and 9% = 0
— 0(e;) = 0 for each trivial path e;
— for any two paths a, b € k@), the Leibniz rule holds

d(zy) = d(z)y + (—1)48= 2 a(y).

e A differential biquiver is a tuple (@, 0) where @ is a biquiver and 0 is a differ-
ential for @.

Next, we will explain the category of representations of a differential biquiver.

Definition 12.4. The category of representations Repg g of a differential biquiver
Q = (1,Qo, Q1) over the field k is defined as follows:

e an object M is given by a representation of the quiver Q).

e in order to explain morphisms in Repq gy, we need to introduce another quiver
['. The quiver I' consists of two copies of @)y, denoted @y and Q) plus some
additional arrows from vertices of @)y to vertices of ()j. Namely, for each i € I,
there is an arrow w; : i — ¢’ and for each dotted arrow v : i --» j in @1, there is a
corresponding arrow v : ¢ — j in I'. Now a morphism S between representations
M and N is a representation of the quiver I' such that the restriction of S to
Qo and Q) are exactly M and N respectively and such that for any solid arrow
a : i — J the following relation holds:

§(9(a)) = N(a')S(w;) — S(w;)M(a).

The composition 7o S of two morphisms S': L — M and T': M — N is defined
as follows:
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— forw; 1 i —di"s (T o8)(w;) =T (w;) - S(w;).
— for a dotted arrow v : j --» 1, let us write

O(v) = Z a prupau'ps,

where p; are paths of solid arrows and u,u’ are dotted arrows such that
prupet’ps is a path from 7 to j and o € k. Then

(T'0S)(v) =T(w;) - S(v) +T(v) - S(w;) + Y aN(pi)- T (w)- M(p2)- S (u)- L(ps).
Finally, let us give the following definitions:
Definition 12.5. Let (Q,0) be a differential biquiver and M € Repg ). Then the

dimension vector dim(M) is defined to be the vector (dimy M;) Moreover, M is
called a brick if End(M) = k.

12.2. Small reduction.

Definition 12.6. Let (Q,0) be a differential biquiver. Then (@, ) is said to be of
BT-type if there exists

i€l”

e a set of distinguished loops ¢ = {x; € Qo(4,4)|i € I}.
e an injective map v : Qp\r — (1 mapping a solid arrow a : i — j to a dotted
arrow v, @ j —-» 1.
such that for each distinguished loop z; € ¢ the following condition holds:
0(x;) = Zc‘vc— Zvd~d.
ci-—1 dii—s-

Example 12.7. The following differential biquiver (@, ) is of BT-type for the obvious
choices of ¢ and v:

P -~ - ~ &

@8  aC1i—2D)m
with differential given by

0(r1) =ya 0(x3) =—ay 9d(a)=0.
The reason why we are interested in differential biquivers of BT-type is the following
property:
Proposition 12.8. |8, Proposition 7.2| Let (Q, ) be a differential biquiver of BT-type,
b € Qo and let M € Repq g) be a brick. Then M(b) has mazimal rank.

As we shall see below, this property of BT-type differential biquivers is essential for the
inductive construction of bricks of a given dimension vector. Moreover, the procedure
will translate to an algorithm for constructing simple vector bundles on a cuspidal cubic
curve.
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12.3. Differential biquiver for the cuspidal cubic curve. Let y = 1 4 €6 €

WE(I'>,
. Xl Y 1
- ( 0 Xg ) T2 ’

Then p is a representation of the differential biquiver given in example 12.7. A straight-
forward comparison of the definitions involved yields the following result:

Lemma 12.9. The procedure described above extends to an equivalence of categories
MPE = Rep(Qﬁ).

Combining this result with Corollary 11.16 yields:
Corollary 12.10. MP3(r1,72) = Rep(g g)(71,72)-

Hence by Proposition 11.14, we can study simple vector bundles on E' via studying the
categories Rep{g (71, 72).

Lemma 12.11. [5, Section 3.2| If 1,72 € N are not coprime, then Rep{g g)(71,72) = 0.
By Proposition 12.8, the following definitions make sense:
Definition 12.12. Let r;, 7, € N? be coprime.

o If ry > 7y, let R : Reprﬁ) (r1,7r9) — Rep g 9) (r1 — re,13) be given by

X, Y |0 Xy
0 010 2

o If ry <7y, let Reayy : Rep‘vaa) (ri,m9) — Rep g 9) (r1,m2 — 1) be given by
0| 1 0 X, |y
0/ X; Y — 0 X .
0/ 0 X, 2

Proposition 12.13. |5, Section 7.1| The following hold true for any coprime integers
1,72 € N2 N

e the assignment Ri2) is an equivalence of categories

Rep(g o) (71, 72) =, Rep{g o) (11 — 12, 72) .

e the assignment Ra1) s an equivalence of categories

Reprﬁ)(rl, r2) - Repf@,a) (ri,rg —711) .
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Clearly, this result indicates a certain reduction procedure. In order to make this precise,
note that any pair of coprime integers a,b € N induces a sequence of pairs of coprime
integers {(a;,b;)} ending with the pair (1,1) as follows. Assuming that (a,b) # (1,1),

we set
. ( b,b), a>b
e(a,b)—{ (a,b—a), a<b.

We put (ag, bo) = (a,b) and, as long as (a;, b;) # (1,1), we set (a;11,bir1) = €(a;, b;). By
Proposition 12.13, the sequence {(a;, b;)} (and hence the tuple (a, b)) induces a sequence
of equivalences

R(a,b) : Rep(g g (a,b) = Rep(g.a)(a1, 1) == Repig.5(1,1)

Remark 12.14. The functor R(a,b) can be interpreted as a path on the graph

(21) C o 3 (12)

where the arrow (ij) corresponds to the functor R ;.

13. VECTOR BUNDLES ON THE CUSPIDAL CUBIC CURVE

Let E C P? be the cuspidal cubic curve given by zy? = 2. In this section we

summarize the results from the previous sections in order to obtain the following special
case of [8, Theorem 1.2]:

Theorem 13.1. For (n,d) € N x Z, let Simpg(n,d) denote the set of isomorphism
classes of Simpg(n,d). If n,d are not coprime, then Simpg(n,d) = (. Otherwise, the
determinant yields a bijection det: Sply(n,d) — Pic(E).

Moreover, we will give a concrete algorithm that, starting only with two coprime inte-
gers 0 < d < n, constructs the family Simp%(n,d) explicitly. Finally, we shall give an
important property regarding homomorphism and extension spaces in Simp%(n, d).

13.1. Classification. We sketch the proof of Theorem 13.1. Combining Proposition
11.14 and Corollary 12.10, there exists an equivalence of categories

Simp3; (n, d) = Rep{g 5 (n — d, d),

where 0 < d < n is determined by d = d mod n. If n and d are not coprime, then
Lemma 12.11 yields that Simp% (n,d) = (. Otherwise, the functor R(n — d,d) :
Rep(g.9)(n —d,d) — Rep(g.9)(1,1) is an equivalence. It can be shown that the induced
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equivalence SimpY, (n,d) — Simp% (1,1) leaves the determinant unchanged. Finally,
Rep(g.)(1,1) is given by matrices of the form

Al
GA:(T‘T>,/\€C,

and the determinant induces a map 6, — A. Since the Picard group Pic(F) is isomorphic
to C as well, this finishes the proof.

13.2. Algorithm for construction of simple vector bundles. Next we present an
algorithm which constructs Simp%(n, d) for two coprime integers 0 < d < n explicitly:

Step 1: construction of the matrix J\(n — d, d).
We introduce the following map defined on all tuples of coprime integers (a,b) # (1,1):

(a—1b,b), a>b
e(a,b):{ (a,b—a), a<b

By assumption (n,d) is a tuple of coprime integers. Hence it induces a finite sequence
of tuples ending with (1, 1), defined as follows. We put (ag, by) = (n —d, d) and, as long
as ((li, bz) 7é (1, ].), we set (ai+17 bi+1> = 6(@1', bz) Next, for fixed \ € C, let

In(1,1) = (%) € Matyyo(C).

j)\(a7b> - ( % gz )

with J7 € Mat,«.(C) and J3 € Matyx,(C) has already been defined and that (a,b) =
€(p, q), we set

Assuming

O|1 O
0 *71 t72 , P=a
010 Js

In(p,q) = 1
Ji T2 |0
0 jg 1 , q = b.
0O 010

\
Hence, to (n,d) we may associate the n x n matrix J\(n — d, d) that is obtained from
the matrix J\(1,1) and the sequence {(n —d,d),...,(1,1)} by applying the recursive
procedure described above.
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Example 13.2. Let (n,d) = (5,2). We obtain an induced sequence {(3,2), (1,2), (1,1)}
and J,(3,2) is constructed as follows

01 0[00

NE 0[1 0 0 A 1|1 0
(%W>—>O)\1—>00001
00 0 00 0[00

00 0[00

Step 2: Translation to Trig.
Let T()\) = (Ji", v, m(A)) € Trig be given by £ = 0% 9@ Op (1)4, Y = C and m()) =

tio + et (N, where jio = 1 and p.(\) = Ji(n — d, d). Setting M = {(f v, m(A))}
we obtain Simp%(n, d) by applying G : Trip — VBg to H.

aec’

Finally, let us note the following result:
Lemma 13.3. |8, Remark 11.2] Let J’\(a,b) = Jo(a,b)+A-1. Then m(\) is isomorphic
to m'(N) = po + €uc(N) given by po =1 and pe(N) = J'A(a,b) in MPg. Especially,

Simpf (n, d) = {G (Of* & Op: (1)4,CL, ' (X))

13.3. Hom and Ext vanishing. Motivated by Lemma 13.3, we introduce the fol-
lowing objects:

Definition 13.4. For any A € C, let £(\) = G (Op;? @ Op1(1)%,C2,1'())) where
m’()) is defined as in Lemma 13.3.

}/\eC ’

The following result shall prove essential for the computation of triple Massey prod-
ucts later on:

Proposition 13.5. [8, Proposition 12.3| Let £(\1), £()\2) € Simp%(n, d) and A\; # As.
Then Hom (E(A1),E(X2)) = 0.
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Part 4. From vector bundles on Weierstrafs cubic curves to solutions of the
Yang-Baxter equations

We use the theory of vector bundles on Weierstraf cubic curves as developed in Part
3 in order to obtain concrete algorithms for the computation of solutions of the Yang-
Baxter equations from the abstract procedures described in Part 2. This will allow us
to prove further results on the solutions obtained.

In Section 14, we present the algorithm for elliptic solutions of the AYBE as developed
in [12, 14], while in Section 15 we discuss the procedure for rational solutions of the
AYBE which was already established by Burban and Kreufler [14]. As we discussed
earlier, such solutions yield solutions of the CYBE under certain conditions. As we
proved in Section 9, there is a direct way to compute these. The corresponding algorithm
is presented in Section 16. The procedure is discussed in detail in [13], while some of
the ideas were already developed by Polishchuk [37].
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14. FROM VECTOR BUNDLES ON THE ELLIPTIC CURVE TO SOLUTIONS OF THE
AYBE

In this section we show how the abstract results from Section 8 can be translated to
a concrete algorithm for the computation of elliptic solutions r : (C?,0) — A ® A of

(14.1)  r2(u,2)rBu+v,y) = rBu+ v,z +y)r?(—v,z) + 3, y)r (u, v + y),

where A = Mat,,«,,(C). First, we present the algorithm, see Subsection 14.1. The proofs
for all statements involved are contained in subsections 14.2 and 14.3. In particular,
we demonstrate how the procedure of Subsection 14.1 is connected to the concepts of
Section 8, especially (8.14).

14.1. Construction of the elliptic solutions 7z of the AYBE. In this subsection
we present an algorithm attaching to a pair (B,7) € GL,(C) x H, where H C C is
the upper half-plane, a non-degenerate unitary solution of the associative Yang-Baxter
equation (14.1) with values in Mat,, ,,(C) ® Mat,,»,,(C). The explanation of this method
as well as proofs will be given in the next subsection.

In what follows, we denote A = Z + 7Z. Let &(B) = {)\1, . ,)\n} be the spectrum of
B and ¥ = S C C be the lattice {\ — X | exp(27mi)), exp(21i)) € &(B)} + A. We
construct the tensor-valued function

rg: (C\X) x (C\A) — Mat,x,(C) @ Mat,,«,(C)

in the following way.

e For any v € C consider the function
e(z) = e(z,v,7) := —exp(—2mi(z + v +7)).
e Let Sol = Solg ,, » be the following complex vector space:
® is holomorphic

Sol = ¢ & : C — Mat,xn(C) | ©(2+1) = D(2)
O(z+7)B =e(2)BP(z2)

e For any y € C\ A consider the evaluation map ev, : Sol — Mat,,«,,(C) given by
the formula ev,(®) = mé(y), where
2

O(y) =0s(ylr) =142 Z 7 cos(2mny)

n=0

is the third Jacobian theta-function with ¢ = exp(mit). Next, consider the
residue map resy : Sol — Mat,,«,,(C) given by the formula resy(®) = ®(0).
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Proposition 14.1. For any v € C and B € GL,(C) the vector space Solg, , . has
dimension n%. Moreover, if v ¢ 3 then the linear map resy : Solg 4 » — Mat,«n(C) is
an isomorphism.

For a proof of this Proposition, see Corollary 14.4, Theorem 14.5 and Remark 14.6.

Next, we continue the construction of the tensor valued function rp.

e For any pair (v,y) € (C\ X) x (C\ A) consider the linear map 75 (v, y) given by
the following commutative diagram:

B (va)

Mat,,«,(C) Mat,,«,,(C)

(14.2) \
res, ev,

SOIB,U,T
~ o —1
In other words, 7g(v,y) := ev, ores; .

e Let rp(v,y) € Mat,»,(C)@Mat,,«,(C) be the tensor corresponding to the linear
map 7 (v,y) via the canonical map of vector spaces

can : Mat, x,(C) ® Mat, «,(C) — Hom¢ (Matnxn((C), Matnxn((C))
sending a simple tensor X ® Y to the linear map Z — Tr(X2)Y.

Theorem 14.2. Let (B, 1) € GL,(C) x H.

(1) The function (C\ X) x (C\ A) — Mat,«x,(C) ® Mat,,«,(C), assigning to a pair
(v,y) the tensor rg(v,y) constructed above, is a mon-degenerate holomorphic
unitary solution of the associative Yang-Baxter equation (14.1). Moreover, this
function is meromorphic on C x C.

(2) Let S € GL,(C) and A = S7'BS. Then for any (v,y) € (C\ X) x (C\ A) we
have the following equality:

ra(v,y) = (ST @S Hre(v,y)(S®S).

In particular, the solutions r4 and rg are gauge-equivalent in the sense of |14,
Definition 2.5].

The proof of this Theorem is given in several steps, see Theorem 14.7, Proposition 14.8
and Proposition 14.10.

14.2. Identification of the geometric method and Algorithm 14.1. In this sub-
section we will prove Theorem 14.2 and Proposition 14.1. The main idea is to connect
the algorithm of the previous subsection with (8.14).
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Lemma 14.3. For B € GL,(C) and v € C we set F, = & (exp(2miv)B) = E(B) @ L,.
Then for any vi,vs € C and y € E we have:

dime (Hom (F,,, Fo,(y))) = n”.
Proof. The vector bundle F,,(y) is semi-stable of slope one. Hence, we have:
Ext (Fy,, Fu,(y)) = Hom(F,, (y), Fo )™ = 0.
Thus, the statement of Lemma is a consequence of the Riemann-Roch formula. 0
Corollary 14.4. For any v,y € C the dimension of the complex vector space

® is holomorphic
(14.3)  Sol=Solg 4,y = @ : C — Mat,x,(C) | P(z+1) = P(2)
O(z+47)B =e(2)BP(2)

is n?, where e(z) = e(z,v,y,7) = —exp(—27i(z + v —y + 7)).

Proof. By Theorem 10.3 and Lemma 10.7, we have an isomorphism of vector spaces
Sol = Hom (.7-"1)1,.?’-"1,2 (y)), where v = v; — v9. Hence, by Lemma 14.3, the dimension of
Sol is n2. Taking y = 0 € E, we also recover the first part of Proposition 14.1. O

Theorem 14.5. Let B € GL,(C) and w = §'(147)dz € H°(Qp). Let U C C be a small
neighborhood of 0. Using the projection map w : C — E, we identify U with a small
neighborhood of w(0) € E. Then for all vy, ve;y1,y2 € U such that y; # ya the following
diagram of vector spaces is commutative:

Fuy» Foy

Foq, F
resyl v v (y1)

(w) EVy,y

Lin(Fo |, Foal ) Hom (Fy,, Fop (41)) Lin(F, |, Foal,,)

PN ..

Matnxn(c) SOlB,v,yl,T z Ma‘tan(C)a

where v = v, — v, the middle vertical arrow is the isomorphism from Theorem 10.3,
whereas the first and the last vertical arrows are isomorphisms induced by trivializations
v from Remark 10.2. The maps res,, and ev,, are given by the formulae:

resy, (P(z)) = @(y1) and evy, (®(2)) = T = y11 n T_H>®(y2),

where O(y) is the third Jacobian theta-function.

Proof. The proof of this Theorem is literally the same as the one given in [14, Section
8.2], see in particular [14, Corollary 8.10]. O
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Remark 14.6. Let vy,vy € C be such that v; — vy does not belong to the lattice ¥. By
Corollary 10.6 we get the vanishing Hom(F,,, F,,) = 0 = Ext(F,,, F,,). Next, Lemma
8.5 implies that the morphism 1resz,ffl’f”2 (w) is an isomorphism. The commutativity of
the left square of the diagram from Theorem 14.5 implies that the linear map res,, is an

isomorphism, too. Setting y; = 0, we obtain a proof of the second part of Proposition
14.1.

Hence we can finally prove Theorem 14.2:

Theorem 14.7. Let B € GL,(C), vy, vy € C such that v =v; — vy ¢ 3 and y;,y2 € C
such that yo —y1 ¢ A. Consider the linear map 7Tp(vi,vo;y1,Yy2) : Mat,x,(C) —
Mat,,«,(C) defined via the commutative diagram

7 (v1,v2; y1,Y2)

Mat,, ., (C) Mat,,«,,(C)
(14.4) \ /
res,, evy,

SOlB: v, Y1, T

where res,, and ev,, are as in Theorem 14.5. Let rp(vi,ve;y1,y2) € Mat,x,(C) ®
Mat,, ., (C) be the tensor corresponding to the linear map 7 (v, ve; y1,yo) via the canon-
vcal isomorphism of vector spaces

Mat,xn(C) @ Mat,xn(C) — Lin(Mat,x,(C), Mat,x,(C)),

which sends a simple tensor X QY to the linear map Z — Tr(XZ)Y . Then the obtained
function of four variables

rg: C‘(lvw?;yl,y?) — Mat,,, (C) ® Mat,, ., (C)
satisfies the following version of the associative Yang-Baxter equation:

)23

(14-5) TB(Ul,U2;y17y2)l27”B(U1,U3§3/2,@/3 :TB(U1,U3;Z/1,Q3)137“B(U3,U23y17y2)12+

+rp(v2, V3; Yo, 3/3)237”3(7)17 V23 Y1, 3/3)13-

Moreover, the tensor-valued function r is unitary, i.e. it satisfies the condition

(14-6) 7“3(01702391,92)12 = —TB(Uzavlsy%yl)m-

Proof. For v € C we set F, = &(exp(2miv)B) = £(B) ® L, and F; = F,, for both

t = 1,2. By Theorems 8.2 we obtain ﬁlﬁ’zf, which satisfies equation 8.5. Via the
canonical isomorphism described in Theorem 8.8, m;!”2 maps to 71”2, which was

Y1,Y2
defined by the diagram 8.14. Theorem 14.5 implies that 75(vy, ve; 41, y2) coincides with

fﬁ%f. The main ideas for the rest of the proof are as follows.
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e Let A be an arbitrary automorphy factor, F = £(A) and y € E. Then we have an
isomorphism of vector spaces

v(4,y) : Hom(F,C,) — Hom(F ® C,,C,) — F

— C",

y
induced by the trivialization v4 from Remark 10.2. For any v € C we denote by (v, y)
the isomorphism Hom(F,,C,) — C™. We obtain a linear map 75(vy, v2; Y1, y2), defined
by the following commutative diagram of vector spaces:

~ F1,Fo
My1,y2

Hom(}—vu(cyl) ® Hom(F,,, Cyz) Hom(F,,, (cy1) ® Hom(F,,, Cyz)

7(017y1)®7(027y2)l lv(vz,y1)®7(v17y2)

7B (v1,v2; y1,92)

CreCn Cr®Cn.
e Using the canonical isomorphism Lin(C"®@C", C"®C") — Mat,,«,(C) ® Mat,,»,(C),

we end up with a tensor-valued meromorphic function

Cly ) X C2 ) —2 Mat, (C) @ Mt (C),

V1,02
satisfying the Yang-Baxter equation (14.5) and the unitarity condition (14.6). More-

over, for any vy, vs;y1,y2 € C such that vy — vy ¢ ¥ and y; — yo ¢ A the tensor

r5(v1,v9; Y1, y2) coincides with the image of f;jlg? under the composition of the canon-
ical isomorphism of vector spaces

Lin(Lin(F], . 5|,,), Lin(F] . 5|,))) — Lin(&|,, A,) @ Lin(A],, 7],))

Y1 Y2 Y2 Y1 Y2 Y2

with the isomorphism Lin (}'1‘ ,f2| )) — Mat, ., (C) ® Mat,,«,,(C) induced by triv-

Y2 Yo
ializations v from Remark 10.2. 0

14.3. Remarks on the solutions rz. In the previous subsections we have seen how
one can attach a unitary solution

C? x C* 2 Mat,,n(C) ® Mat,, ., (C)

of the associative Yang-Baxter equation (14.5) to a matrix B € GL,(C), see diagram
(14.4) from Theorem 14.7.

Proposition 14.8. For general vy, vs, u;y1,y2, x € C we have the equality
rp(v1 +u,v2 +u; Y1 + 7, Y2 + ) = r(V1, Va5 Y1, Y2)-

In other words, the function rg(vi,ve; y1,y2) depends only on the differences v = vy — v
and y = ya — y1. In particular, the function rg(v,y) = rg(vi,ve;y1,y2) satisfies the
associative Yang-Bazter equation (14.1).
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Proof. Since the vector space Solg 4 4,,- from Theorem 14.5 only depends on the differ-
ence v = vy — v1, whereas res,, and ev,, depend only on y; and y», we have the equality
re(vy + u,ve + u;y1,y2) = rp(vi, v2;y1,y2). To show the translation invariance of the
function rp with respect to the second pair of spectral variables note that we have the
following commutative diagram:

Solg vy, +

Mat,,«n to Mat,,«n

I'm 4

SOlB,v,y1+m,T
where t, (@(z)) = ®(z—x). It proves that rg(vy, vo; Y1+, yo+2) = rE(v1,v2; Y1, ¥2). O

Remark 14.9. Proposition 14.8 implies that in order to compute the linear map 5 (v, y)
we can take y; = 0 and y, = y in the commutative diagram (14.4). In particular, the
solution 75 (v, y) can be computed using the diagram (14.2).

Proposition 14.10. Let B,S € GL,(C) and A := S™'BS. Then we have:
ra(v,y) = (STT@ S rp(v,y) (S® ).

Proof. For simplicity of notation we denote Solg = Solg , . - and 75 = rg(v,y). Ob-
serve that we have an isomorphism of vector spaces ¢g : Solg — Soly mapping a
function ® € Solg to S™1® S € Soly. We have a commutative diagram

Mat,syn(C) <o Sol, Y Matyyn(C)
(14.7) l i@s i
Mat,sn(C) <o Sol, . Matyen(C),

where cg(X) = S7'XS. This implies that for any X € Mat,,«,(C) we have:
Fa(STIXS) = ST1Fp(X)S.
The matrix S defines the following linear automorphism
s : Lin(Mat,xn (C), Mat,x,(C)) — Lin(Maty,x,(C), Mat,x,(C))

sending | € Lin(Mat,,x,(C), Mat,x,(C)) to the linear map X Usl), g1 I(SXS™1)S.

Then we have: 1g(7g) = Fa.
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Finally, let can : Mat,, ., (C)®Mat,,»,,(C) — Lin (Matnxn((C), Matnxn(C)) be the canon-
ical isomorphism of vector spaces mapping a simple tensor X ® Y to the linear map
Z — Tr(XZ)Y. Then the following diagram is commutative:

Mat,, %, (C) ® Mat,, x, (C)

Lin(Matnxn C), Matnxn((C))
cs®cgs l s
Mat,, 5 (C) @ Mat,, ., (C) Lin(Mat,x,(C), Mat,x,(C)).

But this implies that r4(v,y) = (S @ S7') rp(v,y) (S® S). O

It still remains to be shown that rp is a meromorphic function in v and y, holomorphic
on (C\ X) x (C\ A) and with an analytic dependence on the matrix B. Although this
fact can be verified by a direct computation, we prefer to give an abstract proof based
on the technique of semi-universal families of semi-stable sheaves.

e Let G = GL,(C) and P € VB(E x G) be defined as follows
P:=CxGxC"/ ~, where (z,9,v)~(z+1,9,0)~(2+7,9,9-v)
for all (z,¢9,v) € C x G x C". Note that we have a Cartesian diagram

(Cx@G)xcCr P
L
CxG—"2~ExG,

where 7 : C — C/A = E is the quotient map. Note that for any g € G we have an iso-
morphism 77‘ Exig) = E(g), where E(g) is the semi-stable degree zero vector bundle on F
determined by the automorphy factor g € GL,(C). Thus, the constructed vector bun-
dle P is a semi-universal family of degree zero semi-stable vector bundle on the torus E.

e Let I = Pic’(E) be the Jacobian of E. One can identify I with the torus E using the
following construction. Consider the line bundle £ on E x E'= C/A x C/A defined as
the quotient space L := (C x C) x C/ ~, where

(z,w,v) ~ (z+ Lw,v) ~ (z,w~+ 1,0) ~ (z,w + T,v) ~ (2 + T,w, exp(2miw)v)

for all (z,w,v) € (C x C) x C. The constructed line bundle £ is a universal family of
degree zero vector bundles on E.
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e Wedenote X = EXIXIXEXEXG T=IxIXxEXxExGandsetq: X — T and
p: X — E X G to be the canonical projection maps. Similarly, for ¢ = 1,2 we define
pi: X — ExIandh; : T — X to be given by the formulae p;(z, vy, v, y1,y2, 9) = (z, v;)
and h;(vy, v, y1,Y2,9) = (Yi, V1,02,%1,Y2,9). Note that hy and hy are sections of the
canonical projection q.

e For i = 1,2 we define F; := p*P®p; L. Obviously, for any point t = (vq, v2, ¥1, Y2, g) €
T we have: E}q_l(t) = 77|Ex{g} ® E’Ex{vi} = 5(eXP(27TUi) '9)-

Lemma 14.11. The coherent sheaf g, Homx(F1,Fa) is supported on a proper closed
analytic subset of T.

Proof. By Grauert’s direct image Theorem, the sheaf g, Homx(Fi,Fy) is coherent,
hence it is supported on a closed analytic subset A of the base T'. Since Homx (Fi, F2)
is a vector bundle on X it is flat over 7" and for any point ¢t = (vq, ve, Y1, y2, g) € T
we have a base-change isomorphism

g Homx (F1, F2) @ C; = Hompg (E(g) ® Loy, E(9) @ Lay).

By Corollary 10.6, we have the vanishing Hompg (€(g) ® L., E(g) ® L,,) = 0 for gener-
ically chosen vy,v9 € J and g € GG. Hence, A is a proper subset of T'. O

The following result can be proved along the same lines as Lemma 14.11.

Lemma 14.12. Let D; := Im(h;) C X. Then the sheaf g, Homx (fl(Dg),fg(Dl)) 18
supported on a proper closed analytic subset A" of T and ¢, Homx (fl,fg(Dl)) s a
vector vector bundle of rank n?.

eLet T := T\ (AUA) and X := ¢ }(T). For the sake of simplicity we denote
the restrictions of F; and F» on X by the same symbols. Let w € H° (QX/T) be the
pull-back of the differential form dz € H°(2g). Note that we are in the situation of
[14, Section 5.3]. In particular, we have the following commutative diagram in Coh(T),
where all arrows are isomorphisms of vector bundles on 7"

q*Homj( (fl, fg(Dl))

f1,f2( F1,Fa(D1)

res w) ev
(14.8) / . \

Homy (W3 Fy, i F) Tt Hom (hFy, hsFs).

Fi1,F2(D1)

f 1, F2 (w) and evy, are induced by the short exact sequences

The morphisms res;, |

res
0= Qg — Qg /p(D1) — Op, =0, 0= Og(~Dy) = Oy — Op, — 0,
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see [14, Section 5.3]. By [14, Theorem 5.17|, after tensoring the diagram (14.8) with
Cy, where t = (v1,v9,Y1,Y2,9) € T , and applying base change isomorphisms, we get the
commutative diagram (8.14). In particular, the function 75(vy, v2;y1,y2) from Theo-
rem 14.7 is just the isomorphism of vector bundles fhfll,i > written with respect of the
trivialization 7y, described in Remark 10.2. This implies that the tensor rg(v,y) is
non-degenerate.

In a similar way, the isomorphism 7p5(vy, v2; Y1, y2) determines a holomorphic section
rabe e HO(T, Homy (hiFa, hiFy) @ Homy (h3Fy, hyFs)). Trivializing F; and F, as
in Remark 10.2, the section rhfll”,i * becomes the tensor-valued function rg(v,y) from
Theorem 14.7. This proves that rg(v,y) is holomorphic on (C\ Xg) x (C\ A) and

as a function of the input matrix B. To show that rz(v,y) is meromorphic on C x C

F1, F F1, Fa(D .

note that res; '”*(w) and ev} 2PV are morphisms of vector bundles of rank n? on the
~F1, F: F1, Fo(D F1, F. -1 P ;

whole base T" and 7, ', * = ev), 2D g (res,"”"?(w))  is a meromorphic isomorphism

of Homy (R Fi, ki Fs) and Homy (hsFy, h3Fs).

15. FROM VECTOR BUNDLES ON THE CUSPIDAL CUBIC CURVE TO SOLUTIONS OF
THE AYBE

Let E be the cuspidal cubic curve given by V(y?z — 23) C P2 In this section
we present an algorithm which takes as input a pair of coprime numbers (n,d) with
0 < d < n and produces a rational solution r(, 4 of the AYBE

(15.1) 2 (u; Y1, y2) 7 (w4 03 Y2, ys) =
= rB(u+ v y1,y3) r'2 (= yr, y2) + 73 (0592, y3) 72 (W Y1, ys).

Here r : (C3,0) — A ® A is the germ of a meromorphic function for A = Mat,,,(C)
with values in A ® A where A = Mat,«,(C). We will first present the algorithm,
see Subsection 15.1. Then we verify the algorithm and all statements involved, see
Subsection 15.2. The main idea is to demonstrate how the procedure of Subsection
15.1 is connected to the concepts of Section 8. Finally, in Subsection 15.3 we give some
examples of solutions of the CYBE (2.1) obtained from solutions of (15.1). We see that
these solutions satisfy the assumptions of Theorem 7.1 and hence yield solutions of the
QYBE (4.1) as well.

15.1. Construction of the rational solutions 7, 4 of the AYBE. Let (n,d) be a
pair of coprime integers such that 0 < d < n. We give an algorithm that constructs a

rational solution 7,4 of the AYBE (15.1).

1. Construct the matrix J = Jo(n — d,d) from Algorithm 13.2.
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2. For the partition of A = Mat,,«,(C) induced by the partition of J as in step 1, we
introduce the following subspace of the polynomial ring A[z]:

~ (WX w0 00
o= 0= (317 ) + (v )+ (i) 2
Next, for F'(z) € W,, 4 we denote
WX W10
e (3212 ) w5 (12

Then for v,y; € C, we define the following subspace of W, 4
Soli = {F(2) € Wha| [Fo. 7]+ (51 =)o + F. = 0.

Proposition 15.1. The vector space Sol;"%! has dimension n* and for y1 # ya € C,
evy, : Sol) — A defined by evy, (F(z)) = y;ylF(yg) is an isomorphism. For v # 0,
resy, : Sol, ' — A given by res,, (F(2)) = F(y1) is an isomorphism as well.

Remark 15.2. The proof of this and the next statement can be found in the following
subsection.

We will assume that v # 0 and y; # y for the rest of this section. Then we get a lin-
ear automorphism 7, 4y of the matrix algebra A given by the formula 7, ) (v; y1,y2) =
evy, o Tes,; L

3. Note that we have a canonical isomorphism of vector spaces
can: A® A — Endc(A), X @Y — (Z — t2(X2)Y).

For fixed v, y1, y2, we set T(n,d)(v; Y1, 3/2) = can! (?:(n,d) (U; Y1, 3/2))'

Theorem 15.3. The tensor-valued function 1, q) : ((C?v;yhyz), 0) — A® A is a rational
solution of (15.1). Moreover r(, a)(v; y1,y2) is holomorphic on (C*\ 'V (v(y1 — v2))).

Example 15.4. Foranyn e N,let P =3, . e;®e; € A® A

i) Let (n,d) = (2,1). Then we have

1
r ViYL, Y2) = —1 Q1+ P+
@21 (Vi y1,y2) 50 —
. - v(v — v+
+W—y1)en @h+ (v+y2) h ®eg — ( y12)( y2>6’21®€21a

where h = diag(3, —3)-
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ii) Let (n,d) = (3,1). Then we have

1
Ty (VYL Yp) = 1@ 1+ P—

3v Y2 — Y1

—e21 @ by + by @ eg1 + €30 ® €12 — €19 ® €30 — Y€z @ hy + Yahy ® ezt
+(U — y1)€31 (%9 €12 + ('U -+ y2)€12 & €31 + Vesn X (611 — 633) + U(en — 633) (%9 €30+

1 1 .
+§U<y1 — 3@)632 X e91 + gv(’yz + 31))621 ® €32 + U(U — y1)€31 &® hl—

. 2 2
—v(v+ ya)hy @ e31 + §U2(3/1 —v)esr ® €9 — 5’02@2 +v)ey ® e+

1 1
—|—§1)2(y2 +v)(3v — y1)ess ® e3; + gvz(yl +0)(3v + ya)e31 @ ezt

2 2,
+§’U621 X €91 + gU (U — yl)(v + y2)631 X €31

1 2
+§v(—6v + 3v(y1 — y2) + 2y1y2)e32 ® eso,

53 5)

where hy = diag(3, —3, —3) and hy = diag(
15.2. Identification of the geometric method and Algorithm 15.1. Similarly to
the case of the elliptic curve, the key observation of this subsection is that (8.14) can
be connected to the algorithm presented in the previous subsection. First recall the
description of the simple vector bundles on the cuspidal Weierstraf cubic curve as in
Section 13.

Let 7 : P! — E be the normalization of E. We choose homogeneous coordinates
(20 : 1) on P! in such a way that 7((0 : 1)) is the singular point of E. In what follows,
we denote oo = (0 : 1) and 0 = (1 : 0). Abusing the notation, for any z € k we also
denote by € E the image of the point # = (1 : z) € P', identifying in such a way E
with A' = P!\ {oo} =: Us. Denote u = 2 then k(U] = klu]. Let R = k[¢]/e* and
k[u] — R, u +— ¢ be the canonical projection. Then in the notation of the previous
subsection we have: Z 2 Spec(k) and Z = Spec(R).

1. By the theorem of Birkhoff-Grothendieck, for any F € VB(P') we have:
(15.2) 7 F = P Opi ().
cEZ

A choice of homogeneous coordinates on P! yields two distinguished sections zy, z1 €
HO° (Oﬂm(l)). In such a way, for any e € N we get a distinguished basis of the space
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Homp: (O]}Dl, Opl(e)) given by the monomials 2§, 2521, ..., 2¢. Next, for any ¢ € Z we
fix the following isomorphism

Opi(c)|; — O3

sending a local section p to 7’| . Thus, for any vector bundle F= P Opi(c)®" of rank
2§ Z cEZL

n on P! we have the induced isomorphism (f a | 57— Og".

2. Given 0 < d < n mutually prime and \ € k, we take the matrix J = Jy(n — d, d)
constructed in Algorithm 13.2 and let

(15.3) M = M,qay=14+e(AL+J) € GL,(R).

Any such matrix defines the morphism m : 7,0z — v,0O5;. Let P = 75n7d = O]?f P
Op1(1)®4. Then we consider the following vector bundle P = P, 4, on E:
(q) P m)

~ B
(15.4) 0— P 2P enoy 00 —o.

Then P is a simple vector bundle of rank n and degree d on the cuspidal Weierstraf
cubic curve E. Moreover, in an appropriate sense (15.4) describes a universal family
of stable vector bundles of rank n and degree d on E, see [14, Theorem 5.1.40|. The
following result shall prove useful later:

Corollary 15.5. Let 0 < d < n be a pair of coprime integers, and J = Jo(n —d,d) €
Mat,, (k) be the matriz constructed in Algorithm 13.2. Consider the vector bundle A
given by the following short exact sequence

(#)

~ Ad(P) cnj(m
(155 0— AL 5 Tw o, (AdOZ) AP entm))

7. (Ad(OZ")) — 0,

where P = Opf ® Op1(1)% and A = Ad(P). Then A= Ad(P), where P is a simple
vector bundle on E of rank n and degree d. Moreover, for any trivialization & : P‘U —
(’)?Zi we get the following isomorphisms of sheaves of Lie algebras

(15.6) Aly =5 7 (Ad(P)) |, — mAd(OF") =5 Ad(09"),
where the second morphism s induced by &.
3. In the above notation, for any = € E =~ A the corresponding line bundle (’)E([x])

is given by the triple (Opl(l),]k7 1—x- 6), see [14, Lemma 5.1.27].

The following theorem finishes the proof of correctness of Algorithm 15.1:



90

Theorem 15.6. [14, Section 10, in particular Algorithm 10.7| Let

= ~ = n
X . P‘ Ereg W*P | Ereg OET‘E!]

denote the trivialization induced by Cﬁ. For A\ # X € C, set F; = Pnan, for both
i =1,2. Then for any y1 # y2 € Ereg and X = Ay — Aoy € C*, the following diagram is
commutative

F1,F2 F1, Fa(y1)
. resyl (w) evy2
Lln(fl‘w;fZ‘ )

" Hom(fl,fg(yl))

| X |

Matan(C) Wn d Matnxn(c)v

res,, ’ eVy,

Lin(}—l‘w,]‘}‘ )

Y2

where all vertical arrows are induced by the trivialization x. Moreover, im ¢ = Solzzfll.

15.3. Obtaining rational solutions of the CYBE from solutions of the AYBE.
Combining Theorem 7.1 1) with example 15.4, we derive that r ) and 731y induce
solutions of the CYBE (2.1). Let us denote these by c(2,1) and c¢(3 1y respectively. Also,
let Q be the Casimir element of sl,(C) ® s[,,(C) with respect to the trace form (z,y) —

tr(z - y)
Q= Z ei,j®ej,i+ Z hl®ill.

1<i#j<n 1<i<n—1

Observing that (pr ® pr) (P) = 2, we derive the following formulae:

1) (Y1, y2) = + y2h ® €91 — yrea1 @ h € 515(C) ® 5l,(C)

Y2 — Y1

and

+ yaho ® €33 — y1e32 @ hy + yae12 ® €31 — Y131 @ €19—

0(371)(%; yz) = —

—e91 ® iLl + iLl X €91 + €32 X €19 — €12 KV €39 € 5[3(@) ®5[3(C)

Moreover, it can be verified that neither c(»;) nor ¢ ;) has any infinitesimal symme-
tries. Thus Theorem 7.1 1) yields that for fixed vy € C*, both r@1)(vo; y1,92) and
7(3,1)(Vo; Y1, 12) satisfy the QYBE (4.1). In the next section, we give a more direct way
to compute the solutions c(, q)
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16. FROM VECTOR BUNDLES ON THE CUSPIDAL CUBIC CURVE TO SOLUTIONS OF
THE CYBE

In this section we describe the recipe to compute the solution ¢, 4 of the CYBE cor-
responding to the triple (E,n,d), where E' is the cuspidal Weierstraf cubic curve and
0 < d < n a pair of coprime integers (c(,,q) was denoted r(gnq in the introduction).
As before, we first present the algorithm, see Subsection 16.1. Then we develop a gen-
eral formula for the solutions ¢, ), see Subsection 16.2. Only then will we verify the
algorithm , see Subsection 16.3. The main idea is identify the algorithm of Subsection
16.1 with the procedure described in Section 9.

16.1. Construction of the rational solutions c(, 4 of the CYBE. Let 0 <d <n
such that ged(n,d) = 1 be given.

(1) We first compute the matrix J = Jo(n — d, d) given by Algorithm 13.2.
(2) Next, for the block decomposition of Mat,x,(k) induced by J, consider the
following subspace of sl,, ® k[z]:

V= {0 = (W) o+ (0 ) = (249 )

Given F(z) € V,, 4, we denote

WX W10
FOI(Y// Z/) andF€:<Y, Z)

For u € C, we determine a basis of the following subspace of V,, 4:

Solt , = {F(z) €V ] (Fy, J] + uFy + F, 0}_

(3) We choose a basis for sl,,(k) and compute the images of the basis vectors under
the map
—1
sh(k) =25 Solt, & g1, (Ik).

Here res,(F(z)) = F(u) and ev,(F(z)) = -~ F(v). For a proof that res, is an

v—Uu

isomorphism, we refer to Subsection 16.3.
(4) Using the trace form, we obtain a canonical isomorphism of vector spaces

can : sl, (k) ® sl,,(k) — Endi(sl,(k)), X ® Y — (Z — tr(X2)Y).
For fixed u,v, we set r(g,.q4)(u,v) = can™' (ev, ores; ') € sl,(k) @ s, (k).

Theorem 16.1. The map c(,q) ts a non-degenerate unitary solution of the classical
Yang-Bazter equation (2.1).
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Remark 16.2. In the introduction, the solution c(, 4y was denoted r(g .4 , Where E is
the cuspidal cubic curve. The proof of the statement above can be found in Subsection
16.3.

16.2. The solution c(,4 for a particular choice of basis. It is convenient to
develop a more concrete formula for ¢, 4. To this end, we fix the standard basis
{eijhi<izicn U{hit1<i<n—1 of sl (k). Since res, : Sol; ; — sl, (k) given by F(z) — F(u)
is an isomorphism, we have

res, ' (ei;) = ei; +Gii(2) 1<i#j<n
res, () =h +Gi(z) 1<I1<n-1,

where G ;(2), G{'(2) € V,, 4 are uniquely determined by the properties

eij + Gii(2), i + Gi(z) € Sol,, 4
(16.1) A

Proposition 16.3. In the notations as above, we have

Q+( > @G ) (Z h ® G (v )

1<i#£j<n 1<i<n-—1

Cn,a) (U, V) = —

where b, denotes the dual of by with respect to the trace form and @ denotes the Casimir
element. Especially, ¢ qy ts rational.

Proof. 1t follows directly from the definitions that

pores, (e ) =
ev, o Tes 1(hl)

L (e + G;fj(v)) 1<i#j<n
o (+Gi(v)  1<i<n-—1,

Since e;; respectively hy is the dual of e; ; respectively h; with respect to the trace form,
applying can™! yields

(i = o= (‘fu +Gi5(v) =€ ®

(hl — L (hy + G“(v)))

o (e”—i—G“()) 1<i#j5<n
%gm+aw» 1<l<n-—1.

v—u

But

Q= Z ei»]'®€j7i+ Z hl®hla

1<i#j<n 1<i<n—1

hence the statement easily follows. O]
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16.3. Identification of the geometric method and Algorithm 16.1. In this sub-
section we prove Theorem 16.1. We fix the following notation.

1. As before, E = V(zy* — %) is the cuspidal Weierstra cubic curve, 7 : P! — FE
the normalization map, (2o : 21) are homogeneous coordinates on P!, oo = (0 : 1) and
0 = (1:0). As in the previous subsection, we assume that 7(00) is the singular point of
E. Forany r € k we set & = (1: ) € PL. Let Uy = P!\ {oo}. Using the normalization
map 7, we identify U, and E. Moreover, for any = € k we also denote by x = (%)
the corresponding smooth point of £. Let z = g—é, then w := dz is the meromorphic
differential form on P! which descends to a regular differential form on F yielding an
isomorphism Qp — Op.

2. For any c € Z we fix the trivialization ¢ : OPI(C)‘UO — Oy, given on the level of

local sections by the rule p — C‘T . Thus, for any vector bundle F= ®O0p1(c)®" we
get the induced trivialization ¢ : F ‘Uo — OF", where n = rk(F).
3. For a pair of coprime integers 0 < d < n, let A be the sheaf of Lie algebras on F

given by the short exact sequence (15.5). Then we automatically have the trivialization
A ‘A|E — Og", given by the formula (15.6) and the trivialization &4 : A‘UO —
o

The main result of this subsection is the following theorem, which yields Theorem 16.1.

Theorem 16.4. In the above notation, the following results are true.

1. Letx #y € E. Then the following diagram is commutative:

Al """ B (A@) — " A,
5[71(]@ - s[n(fk)
Mat,, (k) e H° (5(1)) & Mat,, (k)

where the following notation is used.

(1) res,(w) = res?(w) is the residue map (9.18) at the point x given by the differ-

ential form w = dz and ev, = ev;! is the evaluation map (9.19).
(2) & and {“;4 are isomorphisms given by the trivialization 7.
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(3) € = End(P), where P = Opf @ Op1 (1)®?. Note that we have:

O ... 0 |0=1) ... O=1)

. 0 o | o= O(=1)

(162) £= o) on o 0]
oy .. ow| 0 .. o

where O(c) := Opi(c) for c € {—1,0,1}. The sizes of the diagonal blocks in the
presentation (16.2) are e X e and d X d respectively.
(4) In the above notation we have:

0/ B B 20W 4+ 2 W' ‘ X
(16.3) H°(E(1)) = {F = < P R e L e

where W, W' € Matexe(k), Z, 72" € Matgxq(k), YY" Y" € Matgx.(k) and X €
Matexd(]l{).
(5) For any F € H°(E(1)) as in (16.3) we have:

1
y—x

(16.4) res,(F) = F(l,z) and ev,(F)= F(1,y).

(6) The morphism 7 is defined as follows. We compose the canonical map 7" :
HO (A(x)) — HY (W*A(i")) with the morphism induced by the following mor-
phism of sheaves

T A(F) — T AE) — AF) — E(7) - E(1),
where t, is the isomorphism induced by o = z; — xzg € H*(Op1(1)).

2. Let Sol,, 4 := Im(7*) C H° (g’(l)) Then we have:

(165)  Sol,= {F (W + Z) = 0 = te(W' + Z), [Fy, J] + aFp + F. = o},

where F' is a matriz whose entries are homogeneous forms as in (16.3), whereas

W' X W10
(16.6) Fy = < v 77 ) and F, := ( v 7 ) .

Proof. First note that the following diagram is commutative:
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~  resf(w) 0f T~ esz4 ~
Al == 1 (A(2)) ——A];
a ) ~ A
Jz jy
res;(w) evg ~

\
\
|
|
|

_ Y

res;

sl (I) > Mat,, (k) <= HO(£(1)) —%> Mat, (k) < s, (k).
Let us explain our notation. In the notation used in (15.5), the composition
vya: TA i) A 25 A

is an isomorphism of vector bundles on P'. The morphisms 7} and and 7, are the
induced maps in the fibers, obtained by composing 7* and ~v4. Similarly, 7* is the
induced map of global sections. The commutativity of the first two top squares follows
from the “locality” of the morphisms res (w) and ev,, see [14, Proposition 2.2.8 and
Proposition 2.2.12] as well as [14, Section 5.2] for a detailed proof.

Next, recall that € = Endpi (P) and A = Ad(P), so we have the obvious inclusion
A — £. This morphism induces inclusion of the fibers of A and € over 7 and y as well
as the map of global sections. The commutativity of two middle squares is obvious.

The commutativity of two lower squares is given by [14, Corollary 5.2.1] and [14,

Corollary 5.2.2| respectively. In particular, the explicit formulae (16.4) for the maps 7es,
and ev,, are given there. Finally, see [14, Subsection 5.2.2| for the proof of commutativity
of two side diagrams. This proves the first part of Theorem 16.4.

To prove the second part of the theorem note that Sol, 4 = Sol, 4 N ker(T'), where we

use the following notation.

(16.7) Sol, 4 := Im(HO(S(:L‘)) -, H°(§(1))) c H'(E(1)),
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where 7 = (t, ). o cnj(yp) o m*. Next, the map T is such that the following diagram

-~ (tv')*

H (End(P)()) HO(E(1))
(16.8) HO(Tr,,;(:f))l iT
H°(Op: (7)) o HO(Op: (1))

is commutative. It is not difficult to show that for F € H° (5 (1)) written in the matrix
form (16.3) we actually have:

(16.9) T(F)=tx(W+ Z)zo + tr(W' + Z') 2.
Let P be a simple vector bundle of rank n and degree d on E given by (15.4). Then

& = Endg(P) is given by the triple (Endp: (P), Mat,, ., (O2), cnj(M)), see Lemma 11.3.
The isomorphism cnj(M) : Mat, x,(R) — Mat,x,(R) is given by the formula X +—
Mo X o M~! where M is the matrix given by (15.3) for A = 0. Note that M~! =
1 —¢eJ(ed).

As it was already mentioned above, the line bundle OE([x]) corresponds to the triple

((9]}»1(1), k,1—x- 5). Since the tensor product of vector bundles on E corresponds to

the tensor product in Tri(E), we have the following statement for F' € H°(£(1)):
(16.10) FeSol,g < Fl;=(0-z-¢)-M-A-M" € Mat,,(k)[e]

for some A € Mat, (k), where F|Z = Fy + eF,. and Fy, F; are given by (16.6). See
also [14, Subsection 5.2.5] or a computation in a similar situation. Now, the fact that
Sol,.4 = Sol, 4 N ker(T), combined with the formulae (16.9) and (16.10), proves the
formula (16.5). The theorem is proved. O
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Part 5. Computations of elliptic solutions of the AYBE

In this part we compute the solutions of the associative Yang-Baxter equation (14.1)
attached to a diagonal matrix and to a Jordan block, see sections 17 and 18 respectively.
The general procedure for these computations was described in Subsection 14.1. Since
the computation of solutions attached to a Jordan block involves some rather lengthy
combinatorics, we postpone the most tiresome proofs (those of Proposition 18.3 and
Lemma 18.20) to Section 19. Those are precisely the proofs omitted in [12, Section 4.2].
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17. SOLUTION OBTAINED FROM A DIAGONAL MATRIX
All our computations are based on the following standard fact.
Lemma 17.1. Let ¢(z) = exp(—miT — 2miz). Then the vector space
f is holomorphic

(17.1) f:C—C]| f(z+1) = f(2)
flz+7)=0(2)f(2)

1s one-dimensional and generated by the third Jacobian theta-function

0(z) = 03(z|7) = Zexp(m'nQT + 27minz).

neL

Proof. A proof of this result can for instance be found in |35, Chapter 1]. O

Theorem 17.2. Let B = diag(exp(27m')\1), . ,exp(2m’>\n)) for some A\i,...,\, € C.
Then the corresponding solution of the associative Yang-Baxter equation described in
Theorem 14.7 is given by the following formula:

n

(17.2) re(v,y) = Z (v = M, ) ep @ ey,
k, =1

where Ay = A\p — Ny for all 1 < k1 <n and o(u,x) is the Kronecker function.

Proof. Let ®(z) = (akl(z)) be an element of Sol = Solg 4 0., where v = vy — v9. Then
for all 1 < k,l < n we have:

{akl(z+1) = au(2)

akl(z + T) = eXp(—WiT — 27TZ<Z + v+ TT—H — )\kl))akl(z).
Hence, there exist 34 € C such that ay(z) = Buf(z +v + TTH — Ak)-
If A= (ap) € Mat,«,(C) is such that resg (CID(Z)) = A then Gy = e

ﬁakl. If
C = () = evy(®(z)) then for all 1 < k,I < n we have

§(v+y—Akl+TT“) 1 O(v— A +v)
00— M+ ) 0y + 5) ' dexp(—mi3) (v = Aa)0(y) "
where we have used the well-known relation between the first and the third Jacobian
theta functions 6(z + =) = iexp(—mi(z + 1))0(z). Hence, the linear map 75(v,y) :
Mat,,«n(C) — Mat,»,(C) sends the basis vector ey; to %U(U — A y)ers. Ne-

. i07(0)
glecting the constant %&Z), we end up with the solution rg(v,y) given by (17.2). O

Tkl =
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18. SOLUTION ATTACHED TO A JORDAN BLOCK

In this section we compute the solution of the associative Yang-Baxter equation (14.1)
attached to a Jordan block of size n x n. Fist note the following easy fact.

Lemma 18.1. For any n € N and A € C* the solution rj,\(v,y) constructed in
Theorem 14.7, is gauge equivalent to r;(v,y), where J,(\) is the Jordan block of size
n X n with eigenvalue X and J = J,(1).

Proof. Since the matrices J,,(\) and A - J are conjugate, Proposition 14.10 implies that
the corresponding solutions are gauge equivalent. From the algorithm of the construc-
tion of solutions of (14.1) presented in Theorem 14.7 it is clear that the matrices A - J
and J give the same solutions. 0

Hence, it suffices to describe the solution of the associative Yang-Baxter equation (14.1)
attached to the Jordan block J.

Definition 18.2. Let n € N be fixed. For all 1 <k <n —1 we set a; = (_;)k,
0 - - 0
ai
Ay = ' . and A = —ap - 1,4n.
Ay .. aq 0

Next, consider the following matrix N from Mat,,z2,2(C):

Ay A - A
(18.1) N
. . . Al
0 --- 0 A

Next, we list all statements concerning N necessary for the following discussion. We
recommend that the reader should take only a passing look at them now and postpone
studying each statement and its proof to a later moment when it becomes relevant in
the discussion. The proofs are contained in Section 19.1.

Proposition 18.3. The following hold:

(1) For r € N,
NN - N,

: . N
)
0 0 N



100

(r)

where each N;7, 0 <7 <n —11is an x n matrix given by

r k—1
Nz‘(r) = Z( k) Agik Z H ASZ*SZH

k=0 seSk 1=0

where for k,7 € N

Slk = {<8j)0§j§k € NkJrl

(2) For all 4, j,r € N we have

s0="1
sp=0
5j41<85,0<5<k

62 Ni(r) €1 = Z( lZ) Z ( l)j_l Z k7(1_1>z+

k—1
k=0 teSiZf Hr (tr = tia) scSk [T (st = s141)

(3) N is nilpotent. More precisely N?"~1 = (.

(4) Forall 1 <i,j <nandany reN, ¢l LN o = .,
(5) We have exp(N) = J ® J.

(6)

For any 4, j,x €N, (up), ., € [0,2n —1]¥ and u = 37, uy:

Z Heﬂﬂ 61_€J+1N()

(Oépﬂp)lgpﬁxew(xm) p=1

where

WX,J) {(ap’ ﬁp)lﬁpﬁx € (Nx N)*

(ap ) # (Z %’Z ﬁ,,) _ }

By Proposition 18.3 (3), the following definition makes sense:

Definition 18.4. Consider the differential operator V = —% E acting on the vector

space M of meromorphic functions on C. For all 0 < k,l < n — 1 we define the linear
operator Vi; : M —M given by the following formula:

(18.2) Vil = Cnmot-1)1i+1 XP (VN) €nm-1)41-

Since the matrix N is nilpotent, the operators Vi ; are polynomials in V. Note that
Voo = 6;(n71)+1 exp (VN) ep(n-1)41 is the identity operator.

Now we can state the main result of this section.
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Theorem 18.5. Let J be the Jordan block of size n x n with eigenvalue one. Then the
corresponding solution of the associative Yang-Baxter equation, described in Theorem
14.7, is given by the following formula:

(18.3) ri(v,y) = Z Vi (o (v,y)) Z Cij+k @ €jivi |

0<k<n—1 1<i<n—l1
0<i<n—1 1<j<n—k

where o(v,y) is the Kronecker function and Vi acts on the first spectral variable.

Remark 18.6. Let 1 < a,b,c,d < n. Then the coefficient of the tensor e,;, ® e. 4 in the
expression for r;(v,y) from Equation (18.3) is zero unless d > a and b > ¢. Moreover,
this coefficient depends only on the differences d — a and b — c.

Example 18.7. Let n =2 and J = (} }). Note that

0 010 0 0] 0O

1 -1 0{01 > | 0 0(-2 0

N= 0 00 0}’ N = 0 0] 0O

0 0[-1 O 0 0] 0O

and that all higher powers of N are zero. Hence,

1 0] V 0
V2 N? -V 1]-V* V
exp(VN)=1+VN + 5 = 0o 1T 0
0 0 -V 1

and we derive that

ri(v,y) =o(v, y)(€11 @ €11+ €22 @ €22 + €12 @ €91 + €21 & 612)—|—
VO'(U, ’y) (612 RKh—hQ 612) — V2O'(U, y)€12 & €12,
where h = €11 — €929.

Remark 18.8. From the fact that the function r;(v,y) from example 18.7 satisfies the
associative Yang-Baxter equation (14.1) we obtain the following identity for derivatives
of the Kronecker function with respect to the first spectral variable:

OJ(”? T+ y)U’(U, y) o U/(ua l‘)O’l('LL t v, y) o U/(_Ua m)g/(u +tou,r+ y)
=o(u,z)o"(u+v,y) —o(—v,2)0"(u+v,2 + 7).
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Example 18.9. Forn:3andJ:<éé(£> we have
00 0[1 0O0[-2 00
-1 0 0/0 1 0[0 -5 O
11000 1/0 0 -4
00 0[00O0[1 0 O
N=| 00 0/-1 0 0[0 1 0
00 0[/2-10/0 01
00 0[]0 0 0[O0 0 0
00 0[0O0O0-1 0 O
00 0/00O03 -1 0
Note that
0 -1 1 0 0
0 0 1 -3 0
0 0 -1 0 6
0 1 0 > 0 3 0 4
exp(VN)ez;=| 0 | + 0 | V+ [ -2 V_+ 0 %—i— 0 Z—4
0 0 1 3 0
1 0 0 0 0
0 —1 0 0 0
0 . 1 0 0

and that V;; = eg(%k)ﬂﬂ (exp(v N) 67). Carrying out computations, we end up with
the following solution of the associative Yang-Baxter equation:
ry(v,y) =0 Z ei; ®ej;+ Vo Z (ez’,j+1 ® €5 — € & ei,j+1)+

1<4,j<3 1<i<3
1<5<2

1 1 1 1
<—§V + §V2>a Z €i,3 ® €1, + <§V + §V2>O' Z €14 ® €;.3

1<i<3 1<i<3

1 1 1 1
(—V2 — §v3>0' Z €i3®er41+ <§V2 + §V3)a Z €1,i+1 X €3+

2
1<i<2 1<i<2

1 1
2 2 4
— Vo 1<izj<2 6i,j+1 X 6]'72'4_1 —+ <—Zlv + ZV )0'6173 X €1,3,

where 0 = o(v,y) is the Kronecker function.

Proof of Theorem 18.5. We divide the proof into several steps.
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Computation of a basis of Sol. First, we compute a basis of the vector space

® is holomorphic
(18.4) Solyp.0,r =4 P : C— Maty,x,(C) | @(2+1) = D(2)

O(z+7)J = e(2)J0(2)
where e(z) = e(z,v,7) = — exp(—2mi(z + v + 7)). The proof of the following result is
straightforward.

Lemma 18.10. Let C' : C — GL,(C) and D :— GL,,(C) be a pair of automorphy
factors. Let D := (Dfl)t be the transpose of the inverse matrix of D. Next, we set

cuD ... D
CeD=| : -
cuD ... ConD
(1) In the notations of Theorem 10.3, we have isomorphisms
Hom(&(C), £(D)) — Sole,p = Soly, ¢ — H'(E(C ® D)),

where for ® = (fij)lgi,jgn € Sol¢ p we set a(fb) = (f”(i—1)+j)1§i,jgn'
(2) We have: J® J = exp(N), where N is the matriz from Definition 18.2.

The following result is due to Polishchuk and Zaslow [39, Proposition 2|.

Proposition 18.11. As above, let V = —351 - L and e(z) = —exp(—2mi(z + v +71)).

Then we have an isomorphism of vector spaces:
5:H (5(6(2))> ©C" — H° <S(e(z) . eXp(N)))

given by the rule §(f@u) = (exp(VN)flu =3, %(!f)Nm(u) forany f € H° (5 (e(z)))
and u € (o -
Let 0,(z) = 0(z+v+=EL). Then we have an isomorphism of vector spaces A : c —
Solj .0, mapping a vector u € C™ to the matriz-valued function A(u), where for any
1 <k, I <n we have:
(A(u))k,l(z) = efz(kfl)Jrl (eXp(VN)Q_U(Z))U

Proof. By Lemma 17.1, the vector space H°(&(e(z))) is one-dimensional and 6,(z) =

O(z+v+ TTH) is its basis element. Hence, Proposition 18.11 is a consequence of Lemma
18.10 and Proposition 18.11. O

Definition 18.12. In the notations of Proposition 18.11, let U be the element of
Sol = Sol; 4,0, corresponding to u = €pm-1)41 € C"”. Note that (U(z))n1 =0,(2).
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Proposition 18.13. Let K = J,(0) be the Jordan block of size n x n with eigenvalue
zero. For all 1 <1,j <n we set Ij; = K" UK. Then we have:
(1) All matriz-valued functions F;j : C — Mat,«,(C) belong to Sol.
(2) If 1 < p, g <n are such thati <p <n orl <q<j then we have: (Fij)p,q =0.
Moreover, (FU)” = 0,. In other words, all non-zero entries of Fy; are located
in the rectangle whose lower left corner is (i, j).

(3) Moreover, {Ej}lgi,jgn is a basis of the vector space Sol.

Proof. The statement that Fj; belongs to Sol is equivalent to the equality

(18.5) K" 'U(z+71)K77 ' =e(2)J K" 'U(2) K'71.

Since the matrices K and J commute, Equality (18.5) is equivalent to
K" (U(z+71)J —e(2)JU(2)) K’ =0,

which is true since U belongs to Sol. The second part of the Proposition follows from
the definition of the functions Fj;. From this part also follows that all elements of the
set {E are linearly independent. By Corollary 14.4, the dimension of Sol is

J }1§z’,j§n
is a basis of Sol. L]

n?. Thus, {F,

j}1gi,j§n

Example 18.14. Let n = 2. Similarly to example 18.7, we obtain:
vl, —v34,

FM_U_( o >

Moreover, we have:
0, —Vo, 0 Vo, 0 4,
Fl,lz ( 0 0 )’FZ:QZ (O év ) andFLQ: ( 0 0 >

Computation of res; ! As the next step, we compute the preimages of the elementary
matrices {ea,b}l <o p<r, Under the isomorphism resy : Sol_Mat,, ., (C).
Let X = (2pg);-, —. € Mat,x,(C) be a given matrix and A € Sol be such that

1<p,g<n

resop(A) = X. By Proposition 18.13, we have an expansion A = Zlgz‘ j<n Mij Ly for
certain uniquely determined 7; ; € C. It is clear that for all 1 < p,q < n we get:

(18.6) Tpg = Z mvﬂ'(ﬂﬁj(o))p,q'

p<i<n
1<j<q
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Next, for all 1 < p, g < n we have (Fm(z))pq = 0,(z). This implies that

)

(18.7) Tp,g = 7, (0) Tpg — Z Mi,j (FZJ(O))

p<i<n
1<j<q

(1,9)#(p,q)

Hence 7, , can be expressed as a linear combination of those z;; for which p <1i < n
and 1 < i < q. Moreover, due to the recursive structure of the Equality (18.7), it is
clear that 7, , can be written as a certain linear combination of z; ;, whose structure is
controlled by the set of paths starting at (p,q) and ending at (i,7). In order to make
this more precise, let us make the following definition.

Definition 18.15. For any x € N and (4, j), (p,q) € N x N such that i > p and j < ¢
we denote

(as,ﬁs)7é(a5+1 ,ﬁerl)
(@0,60)=(p:q)
(Oéx 75)( ):(ZJ)

a.s§a5+1u382ﬁ5+1
Woa i) = {(% Bs)ocsey € (N x N)XH }

In other words, Wé D.(i) is the set of all paths of length y on the square lattice N x N
starting at (p, ¢), ending at (7, j) and going in the “south-west” direction.

Applying the recursive formula (18.7), we end up with the following result.

Lemma 18.16. Let X = (:UZ-J-)KZ.K” € Mat,«,(C) and {UM(X be such that

the equality (18.6) is true. Then we have:

) }1§p,q§n

i—pt+q—j x x—1
(188)  mpg(X)= D> mij | Y. Z X+1H Forin601(0)) o, 5, | -
p<i<n x=0 WX 5=0
1<j<q (pq)(w)

; X
where the third sum runs over all elements (O‘S’ﬂs)ogsgx of W(p,q),(z‘,j)'

Corollary 18.17. Let {ea7b}1<a y<n, b€ the standard basis of Mat,x,(C). If a > p and
b < q then we have: -

a—p+q—>b x x—1

Npoq (Cap) = Z Z X+1 H aé“ﬂé“ )as,ﬁs ’

x=0 (%ﬂs)ogsgxewé’q)’(a’b) s=0
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whereas in the remaining cases N,.4(eqp) = 0. Hence, resy’ (eqp) = 7>, where
a—p+q—>b (_1)X x—1
> Bl | D] > O I Foei5n0),,
1<p<a x=0 (as,ﬁs)ogsgxewg;q)’(a’b) v 5=0

b<g<n

Denote the matrix entries of (y**(z))_, by 7?5(2) If c <aord<bthen yfg(z) = 0.
On the other hand, if a > ¢ and d > b then we get:

a—p+q—b x—1

(18.9) ’yZ’ZZ(Z) = Z [ Z Z X+1 H (Fas+1,ﬁs+1 (O))as,ﬂj'
perse W -

Remark 18.18. In the formula (18.9) the function 72’5 depends on one variable z. How-
ever, from its definition it is clear that it also depends on the parameter v € C\ A.
Hence, in what follows, we shall consider it as a function of two variables z and v.

Computation of 7;(v,y) : Mat,y, — Mat, y,. Recall that 75(v,y) : Mat,,»,(C) —
Mat,,,,(C) is the composition ev,ores;'. The tensor rz(v, y) € Mat,x,(C)@Mat,, ., (C)
is the image of 75(v,y) under the canonical isomorphism

Lin (Mat,x,,(C), Mat,x,,(C)) — Mat,xn(C) @ Mat,x,(C).

In the standard basis {ea7b}1 cab<n of Mat,,«,,(C) this map is given as follows:

a,b a,b
€ab ac,d €ed | — ac’d €b,a & €e,d-

1<¢,d<n 1<¢,d<n

Hence, the solution of the associative Yang-Baxter equation (14.1) attached to the
Jordan block J is the following:

(18.10) ryi(v,y) = m Z Z ’Yﬁle V,Y) €ijrk @ €jiti,

0<k<n—1 1<i<n—l
0<i<n—1 1<j<n—k

where 7] :rf/(v, y) are given by (18.9). Our next goal is to simplify this expression.

Definition 18.19. For any 7, 7, x in N, we set

(s, B) # (Z s, Z@) } :

We may think of W(f ;) as the set paths of length x in N x N starting at the point
(0,0), ending in (i,j) and going in the “north-east” direction. Note that any path
{(048763)}%53( from W(’<j+a7i+b)7(j+k’i) corresponds to the element {(as+1 — oy, By —

W(’L,j) {(QS? ﬂ8)1<s<x (N X N>X
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ﬁs+1)3}1 <oy of Wé_a b)- For the sake of simplicity, we shall use the same notation
{(a, ﬁs)}0<s<x for both elements.

In these notations, the formula (18.9) can be rewritten as follows:

k—a+b X
Jtk,i _ E S
/Y] i+l (y) - (F3+a7l+b ]z-I—l Z Z D (N\x+1 H Xs+1) ’05+1 )055763 ’
0<a<k X=0 W5 .4 s=1

0<b<l

where the third sum is taken over all elements (as, 63)1 <s<y of Wéﬂhb). Recall that
(Faﬂ)w =0ify >aor @ >4 Fora>~vandd > 3 we have: (Fop)ys5 =
Utn—(a—v),6—3+1), Where (U(v, z))a”6 = ei(a71)+ﬂ exp(V N)0y(2) en(n—1)+1. Hence,

k—a+b
ijj—f/(” y) Z (U(’l},y))(n—a,l—b+1) ) Z Z X+1 H n as,Bs+1
0<a<k x=0 wx s=1

0<b<l

From Proposition 18.3(1) it follows that for all 0 < a < n, 1 < 8 < n we have:

t 7 - o) Vi (6(2))
(U(U7 Z))n—a,ﬂ = Cp(n—a—1)+8 exp(V N)0 ( ) €n(n—-1)+1 = Z €5 Na €1 T
r=0 ’

Recall that ,(z) = 6(z + v+ 1£7). Note that we have:

VI (0,(2)) = V2 (0,(2)) = (%) g (z P v) |

Therefore, we can rewrite the expression for ;] ﬂfl’(v, y) as follows:

(18.11) Yty = Y ((Z e N e VZ(@;(?J))> .

0<a<k
0<b<l

DI S T ()]

x=0 (as,ﬁs)lgsgxéw(ﬁ_a’b)

Next, we need the following generalization of the Leibniz formula. The proof, consisting
of some lengthy combinatorial argument, is postponed to Subsection 19.2.
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Lemma 18.20. Let f, g be any meromorphic functions on C and V = —ﬁd%. Then
in the notations of Definition 18.4 the following formula is true:
2n—1 k—a+b
f , . V'(f) (—1)x
) S a0 (Y s e
0<a<k r=0 X=0 (as,8s)1<s<x€EWX_. 4
0<b<l (k—a,b)
X 2n—1
vy V(9)
TLX oo N V)]

s=1 rs=0

Applying Lemma 18.20 to equality (18.11), we finally get:

1 j+k,i(v7y) _ (Vk,l)v ( 0y + =5+ +v) ) .

(5 1) i 7 (5 +y) - 022 + )

Recall that the first and third theta functions 6 and 6 are related by the equal-
ity 6 (z+17) = iq(2)6(2), where ¢(2) = exp(—mi(z + )). Thus, up to the con-

e’;‘;ﬁ?gf), the coefficient of the tensor e; ;11 ® e;,4; in the expansion (18.10) is

(Via)v(o(v,y)). This finishes the proof of Theorem 18.5.

stant

Remark 18.21. The algorithm from Subsection 14.1 assigning to a matrix B € GL,(C)
and a complex torus E a solution of the associative Yang-Baxter can be generalized
to the case when F is a singular Weierstrass cubic curve. In this case, one can use a
description of semi-stable vector bundles on E following the approach of [6], see also
[14]. However, all solutions produced in this way turn out to be degenerations of the
constructed elliptic solutions, where we replace the Kronecker function o(u,z) by its

trigonometric or rational degenerations cot(u) + cot(x) or — + —.
u T

19. COMBINATORIAL PROOFS
19.1. Proof of Proposition 18.3.
1) We proceed by induction on r. For r = 0 we have N" = 12,2, hence the statement

i1s correct. So assume the statement is correct for r. Note that for two n x n matrices
of the form

/ / /
co €1 - Cpn—1 Co €1 " Cpa
_ 0 / 0 :
C = ' =17
] Do g
0 0 co 0 0 /
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we have
n j J—t
(19.1) (CCiy =D (CirChy =D cridyy =D ady,
k=1 k=i t=0

Hence N™*! is indeed a n x n upper triangular block matrix with entries n x n matrices
depending on the difference between column and row index. Next the formula above
implies

: AgNy” =
(19.2) NI =N A N =000 o 0
— AN, + AiN Z A tN else

Let us focus on the case i = 0. Since S§ = ) for all k # 0, the statement we have to
show reads

N(v]"—i-l — A6+1'
Combining (19.2) with the inductive assumption settles the case ¢ = 0 immediately.

Hence, for the rest of this proof, assume that ¢ # 0. Applying the inductive assumption
to (19.2) yields

NZ‘(T—H) - Z Z AT—H : Z HAsz —S141 + A AT+Z AT kZAZ t Z HAS’ T

k=1 seskl 0 seSk 1=0

By definition of S¥, the first summand of this equals

) AGA; —1—2 ki) Ay F Z HASl —s141

seskt1 =0
while the last equals

k
DA™ S T A

k=1 seSf“ 1=0

Thus

k
NI = A+ D)+ D (i) + () A4 Y [T 4w
k=1 seshH 1=0
where we use that (,51) = 0. Since (2) + (k1) = (32]) this equals

AgAi(r+1) Zi% AT g Z HASZ Si41

k=1 seghtl 1=0
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r+1
= ASAZ‘(T + 1) Z T+1 ATJFI . Z H Ag- Si41
k=2 sESkl 0
r+1
S A T
k=1 SESkl 0
2) Obviously, nearly the same arguments as in (1) yield that
al” 0 0
Ap=| "
: .0
o) o)
with
r k—1
—k
@’ =3 (1) ap™ > [Tas-s
k=0 sesk =0

where ay = 0. it follows from the definitions that

o, -
’ Z H;:_ol(sl — 5141)

™
sESj

By definition we also have

k-1 (_1)i+k’
Z HASZ*SZJrl = Loxn - Z Hk—l

seSk 1=0 sesk 11i=0 (Sl - Sl+1)

hence by (1) we get

. r 1 i+k
e;Ni()elz (,’;)(e;Ag_ke)Z ( )

k=0 sesk Hl 0 <5l — S141)

<

o~ (—1p! (=1
B (+) Z [T "t —tiya) Z Hfz_ol(sl = S1+1)

k=0 tes; k scSk

3) We use (1) to show that each summand of N?"~! equals zero. Obviously, the k-th
summand in formula (1) is non-zero only if both AZ"™'™* £ 0 and S¥ # . Since
Ap~! = 0 the former implies & > n — 1, while the latter implies & <. Buti <n — 1.
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4) We show that for each 0 < k < i+ j + r, the k-th summand in formula (2) is zero.
Indeed, for fixed 1, j, k, we show that at least one of S;-i”fﬂ_k and SF is empty. Assume
Sk £(). Then k <i,soi+j+r—k>j+r>j—1. Hence S;f]fr_k = () in that case.

5) Note that exp(N) = J @ J if and only if log(J & J) = N. In order to apply the
power series formula for the logarithm, we set M = J ® J — 1,,«,, hence

(19.3) log(J @ J) = i (=1

r=1

M.

r

This makes sense as we will see immediately that M is nilpotent. Copying the proof of
(1) we see that

M M Y,

MT — 0 :
: oM™
0 - 0 M
with
r k—1
(19.4) M7 =30 Bt Y T Baa
k=0 sesk 1=0
where B; = Mél) ie.
j - ]ln><n ?
B;=XJ 1=1
0 else.

Thus we may omit in (19.4) any s = (s;)o<i<r € SF such that s; — s;,1 > 1 for some
0 <[ <k-—1. Since s; — s;41 > 0 anyway, this implies that only the unique element in
S! contributes non trivially, hence

(19.5) M = (%) By B

Since Bj = 0, this implies that M is nilpotent, therefore (19.3) makes sense and is
indeed equivalent to

o —1)1
E:( ) M =A,0<i<n-—1
,
r=1
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Applying (19.3) once more, this means that we have to prove

n—1 (-=1)""! .
(19.6) A= {To S =0
: O 7 n—1 (=nr+i-1 . r
BiY g %( ) By else.

In any of these two cases, we have to compare two lower triangular matrices whose
entries depend only on the difference between row and column index, cf. (19.1). Anal-
ogous to 2), we see that
b0 0
B ="

Lo 0
0, o)
with

T

k—1
bg‘r) = (Z) bgik Z H bsl*31+1'

k=0 565';? =0

But now the situation simplifies considerably in comparison to that of 2): firstly, by = 0
hence

k—1
(19.7) DR || [,

S€ST 1=0
Secondly, for all j, k and s € S}
k—1 k-1
Dsy—s11 = 1_[(_1)81751+1 = (—1).
1=0 1=0
Thus
> kHlbsl_sm _ {1j1 Gk =(0,0)
sesk 1=0 (171) (—=1)7 else.

Combining this with (19.7), we infer that

bm:{l, () = (0,0
/ (JZ1) (=1)7 else.

r—1

(19.8)

Now we can prove (19.6). Let us start with i = 0. We have to show

m—1 (_1>T—1 (7’) )
ajzz . bj,()gjgn—l.
r=1
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For j = 0 the left hand side is zero by definition as is the right hand side by (19.8). For
j # 0, using (19.8) once more, we may rewrite the claim as

which is true if and only if

Now
S () = S () = (1 () + (7)) =

= (=177 + () + (D) (1) = (-1 14 (-1
which proves the claim for 57 > 0.

So assume i # 0 in (19.6). Then the assertion is that

] n—1 (_1)7"+i—1 '
—; - Lpxn = BiZT—H (") By

r=0
or, setting H = J', equivalently

-~ m-l (_1)r+i—1
19.9 —a; - H' =
( ) ¢ Z 41

r=0

Note that analogous to the case of M", the powers of H are of the form

("7") By.

)

0 w0

o= | W
P
B R )
with
(7’)_ r r—i1i __ (T
hi " = (i) by hy = (7).

Thus (19.9) holds if and only if for all 0 < j < n — 1 we can show that

. n—1 .
D" e e DT @
B A DRl
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ie.
n—1
7‘ 'r+z— ("')
J .
r= 0

For j = 0 both sides evaluate to one by (19.8), hence we assume j > 0. Again by (19.8)
we may reformulate the above as

(19.10) — JZ (r+i-1) (371,

r=0

Note the following easy combinatorial fact:

r

(= (H (D)

=1

Applying this to the right-hand side of (19.10) yields

r=1 =1 =1 r=l

We claim that

else

S @ -

Note that this would prove (19.10), hence finally (19.9). Hence, let us proceed to verify
the above claim:

N

(' z]

j—l—t)'t'

/\
~+

:0

1

(G- D! (-1 & (7= D! (=1) =

_ 1—1)
(l—1'j—zlz =gty

which proves the claim. As mentioned above, this implies (19.9), which finishes the

proof of (5).
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6) Let us denote the right-hand side of the statement by R, the left-hand side by L.
By (2) we have

R = Z (%) Z u_k_(l_l)J Z k_(l_l)ZJr

k=0 tesik Lli=0 (tr = ti41) sesk Lli=o (81— s141)

Since we will compare R to L by examining the single summands on each side, we shall
need the notation

Prts = ( e ) . ( o ) |
o 7;01“_1(& —ti41) . H;cz_(Jl(Sl — Si41)

N J/ J/
-~

/ /1
Pk,t,s Pk.t,s

Fixing 0 < k < u, we introduce the following disjoint union:

Ry = |—|(t,s)es;‘*’“xs;c {P(k,t,s)} .
Then clearly

(19.11) R=> (1) p

On the other hand, applying (2) to L, we see that L equals

> f[ i(Z:f)-

(ap,Bp)1<p<x €W ;) P=1 | Fp=0

(1)t

—1)B»
I ) P—

tpesngkp 1=0 ((tp)l - (tp)l+1) spe&liz 1=0 ((Sp)l - (Sp>l+1>

Analogous to above, we denote

. :< ()% )( (Lt )
(et ) =\ T 5 N (b — (1)) o (o) = (sp)ien) )

J/

~~ ~~

N A
(ap,Bpskp,tp,sp) (ap,Bp kp,tp,sp)

We also need, for any 0 < k < u, the following set

i:kp = k}
p=1

U, = {(kp)lépﬁx S ([O’UP])lgpr
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For fixed (kp)i1<p<y € Uk, we let L ) denote the disjoint union

1<p<x

X
U(a”’ﬁp)lgpgxew();,j) {u(tpvsp)l<p<xe(sggkpXS§2)1<p<x {1_11: A(ap:ﬁmkp:tp’sp)} } '
<p< p=

If we keep track of all the notations, it’s easy to see that

(19.12) Lzzu: > [ﬁ(Z;’)LL(Z A

k=0 (kp)1<p<x €Uk Lp=1 kp)i<p<x

We shall prove that, fixing 0 < k < w, for any (k,)i1<p<y € Ux we actually have
Ly, = Rk Once this is verified, the equality L = R immediately follows by
applying the easy combinatorial fact
> G =(E) =
p 2p=1kp
(kp)1<p<u €U P=1

to (19.12) and comparing this to (19.11).

So let us prove L) = Ry, for fixed 0 < k < u and (k,)1<p<y € Ui. We will

construct a bijection

1<p<x

. up—kp kp p—k k
g U(ap,ﬁphgpgxew(xi,j) {(O‘pvﬂp)1<p<x X <S,8p X Sap)l<p<x} - Sj X 5;

such that

X X
/ " —
(1913) (H A(ap,,@p,tp,spﬁ H A(Oép;ﬁpvkpvtpvsp)) o

p=1 p=1

= | P
o ((apzﬂp)lgpgx7(tprsp)1§p§)() o ((ap7ﬁp)lﬁpﬁxv(tpvsp)1§pgx)

Note that we may assume k, < «,, and u,—k, < 3, for 1 < p < x;, else the corresponding
set ng_k” X if, is empty anyway. Clearly, showing existence and bijectivity of o
immediately implies L), .. = Ri.
As to the definition of o, we first need to define an auxiliary map
X

X
IT: (5§;>1<p<x —Sfa=Y ayandb=Y b,
<p< p

p=1
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To any (sp)lgpgx € (S{Z’) repe this map [ [ simply assigns the concatenation of s, ..., s1,

after removing the entry 0 from all s, with 2 < ¢ < y and subsequent addition of the
value Z1gp§q—1 b, to all entries of s,. In short, for any 1 < ¢ < x and any 0 < w < qq,

we let
X

Hsp = (Sq)w + Z bp.

p=1 a=3" <peq Optw 1<p<q—1
Note that this is well defined even though there are two different ways of expressing
c=a— Zl<p<q’ a, for chosen 1 < ¢’ < x: we could choose ¢ = ¢’ and w = 0 or choose
¢g=¢ +1and w=ay.
Now we can define the map o as follows:

X X
0<(ap7ﬁp)1<p<x= (tp, sp) 1<p<x> = (H tp?H ) :
=1 p=1
It follows immediately from the definitions that we have (19.13) if we restrict to ab-

solute values. Indeed, the absolute value of say p” (o) (or51) ) is given by
Qp,Pp)1<p<x:\lp;Sp)1<p<x

the inverse of the product of all differences between two subsequent entries of H _1 Sp-
But each such difference is just the the difference between two subsequent elements

of some s,,1 < p < x. As to signs, observe that for (k,)i<p<, € Uy the sign of
D=1 Ny By ity €AUALS (=1)Xp=iewthe) — (1) Fwhich is exactly the sign of

(0 B )1 emeraltrosn)r cnes) and similarly for the first entry on either side of (19.13).
All that remains is to proof bijectivity of . We do this by constructing an inverse of o.
First, we need to fix the notations. Given an element (c,d) € Sﬁ-’_k x S¥ we determine
a unique element (a,, 5,)1<p<y € W and then a unique element (t,,s,) €

Surhe o g¥ )
( Pp ") 1<p<x

is fixed, determining the o,’s and s,’s from d is independent from determining the
By’s and t,’s from c. Since both tasks are obviously alike, we will only show how,

starting with d € S¥, we determine (ap)1<pey and (8p) ey € (Sléf, such that

(3,9) 1<p<x

such that o ((tp,sp)lgpg) = (¢,d). Note that since (k,)i1<p<y

) 1<p<x
L <p<y Sp = d. Actually, this is pretty easy if we recall the definition of []. The details

are as follows: we let k; = k — ky, a3 = dy, and set (s1), = i, 40 for all 0 < w < k.
Obviously, s; € S¥. Next, we let d® = (dy, — a1)o<ip<t, € Si',. Assuming ki and

d® e Skli have been defined, we set k; = k1 — ki, oy = dkl and (s7)q — q¥

-1
]1.7 k+w

for all 0 < w < k;. We leave it to the reader to check that this construction is inverse

to [
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19.2. Proof of Lemma 18.20.
First, let us manipulate the left-hand side (denoted LH.S), using Proposition 18.3 (1):
n— N(a) a
62(n7k71)+l+1 exp(VN) (%) En(n—1)+1 = Zizol €l eV <§> -
n— N(a) a a a—1i %
= S ey M e Xy (4) VO () V(1)
Recall the Faa di Bruno formulae, which states that

@ oo, 2, e (07w G )

77777

(19.14)

where K, — {(/ﬁ, k) ENT

D k= n} Hence

vy iy BRI ()

(kl ::::: kn)eKn =

—_

Combining this with (19.14), LHS equals

2n—1 t " a . Z_' - ' (Z;:1 /{,‘j)! (_1)2;‘:1161' i <ng)k1
ZelJrlNk €1 Z(z)a!v (f) Z Hg (KD (g)1+z§:1k]- jl_[l 4!

a=0 i=0 (k1,...k:) EK;

Setting r = i — a and introducing K = {(kl, k) € K;
that LHS is equal to

n—12n—1—i T leg !
> % TSR M)
Hj:l(kj!)

=0 r=0 (k1,..., k)eKX

i ki =x }, we deduce

Finally, some further reordering and application of Proposition 18.3 (3) yields the fol-
lowing form of LHS

2n—1 T+Z Hé‘:1 (%)kj
(19.15) > Z e N Z 1+x > BiCR

r=0 1=0 =0 (k1,....k; ) KX
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Next let us work on the right-hand side, which we will denote by RHS. First, note
that

X 2n—1 \ViS VAL
H(Z €541 N(S;S)el rs!g> - Z (H €Ba+1 N(Ts ‘@ Ts!g> .

(rs)1<s<x €[0,2n—1)]X

X 2n—1

Y T danea ) -

(as7ﬁs)1<s<xew(k ab)s 1 Ts=

X Vg X
SHD SR 1 £) BD S | CAEY
) 7 (s

(TS)1§s§X€[U:2n*1 x s=1 1§5§X€W€§cfa,b) s=1

By Proposition 18.3 (6), we moreover have

5 Tl M= b ¥

(k ab)

and therefore

X .
Y (X e ) -

T Vg (ZX rs)
= X (HT> G N e

(r5)1<scy €[0.2n—1)]x \s=1 =%

Next, let us write Y X_, r . Then i < 2n — 1 by Proposition 18.3 (3). Moreover, if
we order the r¢ by their multlphcltles using K, we derive that the expressions above
equal

2n—1 % ; k;

; (4) Vig\™ X!
E €1 N o €1 (l | <_,) ) o
=0 ki)eKX \j=1 J: H j= (k]')

(k1,e5k; J=1

Hence, RHS is equal to
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1 Vig J
2n—1 7 H4:1 (—" ) )
(4) X'( ( J J!
Zeb+1Nk aelz (9) x+1 >

(K1yeoki) €KY H;ZI (kj!>

Note that we did some reordering and also made use of the fact that K = 0 for x > i.
Next, we reorder RH S again and obtain

2n—1 2n—1 1

7‘ ' (
YDRAE 35 SRELS
r=0 =0 x=0
2. <H;:1 <%> J> > (r) (i)
y (e}f—bﬂ Ny 61) (eb+1Nl 61)
(k1 ..... k‘l)EKZX Hj:l (k]‘) 0<a<k

0<b<l

By Proposition 18.3 (6), the sum in the square brackets equals efHN,ETH)el. Comparing
the resulting formula for RHS to the form (19.15) of LHS finishes the proof.
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Part 6. Theory of rational solutions

This part contains the main results on rational solutions of this thesis. In a condensed
form, these results are presented in [13]. We start by recalling the classification of
rational solutions of the classical Yang-Baxter equation by Stolin in Section 20. In
Section 21 we will then show how Stolin’s results can be used to obtain a concrete
algorithm that attaches a rational solution s, ,—q) of the CYBE to any pair of coprime
integers 0 < d < n. Notably, we will employ the matrix J = Jy(n—d, d) occurring in the
classification of simple vector bundles on the cuspidal cubic curve for the construction of
a Frobenius functional for a Stolin triple describing s, ,—q) (hence s, ,—qy was denoted
T(g,B,n—d) in the introduction). This is done by using the work of Elashvili [21] in order
to identify the recursive construction of J (see Subsection 13.2) with the recursive
construction of Frobenius functionals for the parabolic subalgebra 3,4 C sl,,(C).

In Section 22 we will then be able to prove gauge equivalence between the rational
solutions s, ,—q) and the c(, 4). Moreover, we will apply this gauge equivalence in order
to exhibit additional structural results for both s, ,—q) and ¢, 4), see Subsection 22.3.

Finally, in Section 23 we will carry out the algorithm from Section 21 for the tuple
(n,d) = (n,n — 1) explicitly. Thus we will obtain a concrete formula for s(, ) for any
n > 2.
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20. CLASSIFICATION OF RATIONAL SOLUTIONS

In this section, we recall the results of Stolin [42] concerning the classification of rational
solutions of the CYBE

[TIQ(Uh U2)77“23(U27U3)] + [7"12(161, UQ),TB(UMU?,)] +

(20.1) + [ (ug, uz), r?3 (ug, uz)] = 0,

where 7 : C> — g ® g is a meromorphic function. Since we discuss the case g = sl,(C)
only, we would like to mention that [42| contains Theorems 20.2 and 20.4 for the case
where g is any simple finite dimensional Lie algebra.

Definition 20.1. For the remainder of this part, we fix the following notations:

(1) Let g = s0,(C), glu] = g @ Clu], g[[u™]] = g® C[[u™']] and g((u™)) =
g @ C((u™)).

(2) A solution 7 of the CYBE (20.1) is called rational if it is non-degenerate, unitary
and of the form

r(u,v) = — ' (u,v)

where r'(u,v) € glu] ® g[v] is non-constant.
Note that the form (-,-) : g ((u™))x g ((u™")) — C given by (f, g) = Res, tr (f(u)-g(u))

is non-degenerate. Here Res, Y, , a;u’ = a_; for any Y, a;u’ € Mat,«,,(C) ((u™)).

Theorem 20.2. |42, Theorem 1.1| There exists a bijection between rational solutions
of the CYBE (20.1) and Lie subalgebras W C g ((u™1)) satisfying

(1) Weaglu] =g((u™')) as complex vector spaces.
(2) W Cc uNgl[[u"]] for some N € N.
(3) W is a Lagrangian subspace with respect to the form (-,-), i.e. W = W+,

Fact 20.3. It follows from the proof of Theorem 20.2 that given a Lie subalgebra W C
g ((u™!)) satisfying the conditions of Theorem 20.2, the corresponding non-degenerate
rational solution X (u,v) of the CYBE (20.1) is obtained as follows (see also [43, p.
286]). By conditions (1) and (3) we deduce that the form (-,-) is non-degenerate on
g[u] x W. Let {I,,} be an orthonormal basis of g with respect to the trace form and,
for any k € N, let {I,,1(u)} C W be the dual basis elements of {1,,u"} with respect to
(+,-). Then

(20.2) X(uv) =) u (Z_ I, ® fm,k(v)> .

keN

The notion of gauge equivalence for solutions of the CYBE has the following counterpart
in the world of Lie subalgebras of g ((u™')) as above:
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Theorem 20.4. [42, Theorem 1.2| Let X (u,v) and X(u~7 v) be rational solutions of
(20.1) with corresponding Lie subalgebras W respectively W of g~((u*1)). Then for any
polynomial o(u) : C — Aut(g) we have X = (o(u) ® o(v)) (X) if and only if W =
o(u)(W).

Corollary 20.5. In formula (20.2), we may replace the basis {In} <, <,y by any
basis {bm}1gm§n—1 of g if we simultaneously replace {jmk(u)} C W by the dual basis
{bpr} CW of {bnu"} with respect to (a,b) — Res, tr(a - b).

Proof. Let n € Autg be defined by n(Il,,) = b, for all m. Then (n7' @ =) (X (u,v))
is a rational solution X (u,v) = >, yu (Z"m:f I, ® fmk(v)). Here {1, 1(u)} is the
dual basis of {I,,u*} with respect to (a,b) — Res, tr(a - b) in the Lie subalgebra W c

g ((u™)) corresponding to X (u,v). From Theorem 20.4 it follows that n(W) = W,
hence 7(1,,x) € W for all m and k. Also, (a,b) — Res, tr(a-b) is invariant under base

change. Thus X(u,v) = (n®n) (X(u,v)) = > pen uf (Z"m:f by, ® Bmk(v)> indeed.
0

The following statement is crucial for the classification of rational solutions by Stolin.

Theorem 20.6. [42, Section 2| For any rational solution X (u,v) there exists a gauge

equivalent solution X (u,v) such that the corresponding Lie subalgebra W satisfies W C
u) g flut w), where n(u) = diag(1, ..., 1,u,..u) € GL,(C ((uv™1))).

e (w) " g [[u™ ] e (u) e (w) 8( k ) (C((w™)))

Definition 20.7. In the notation of Theorem 20.6, W is said to be of class k.
Proposition 20.8. [42, Corollary 2.3| For any Lie subalgebra W C g((u™')) with

corresponding rational solution X (u,v), there exists a gauge equivalent solution X (u,v)
with corresponding Lie subalgebra W C g ((u™')) of class 1 < k < n/2.

For practical purposes, the above result is much less useful than it might seem, see
Remark 20.11. The next step in Stolin’s classification is to translate Lie subalgebras
W C g((u™)) of a given class k to certain triples of Lie algebraic data which we shall
call Stolin triples. In order to explain these triples, we need the following notion:

Definition 20.9. For any 1 < k < n, let P, denote the parabolic subalgebra of g
corresponding to the k-th simple root, i.e. the Lie subalgebra spanned by all root
spaces of those roots that do not contain the negative k-th simple root as a summand.

That is,
A B
= - .
w {000 D) o)
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Now we can give the definition of Stolin triples:
Definition 20.10. A Stolin triple (£, B, k) is given by the following data

e a Lie subalgebra £ C g.
e a skew symmetric bilinear form B : £ x £ — C which is a 2-cocycle, i.e.

B([z.y],2) + B(ly, 2], =) + B([z,2] .y) = 0.
e an integer 1 < k <n — 1.
satisfying the following conditions

(1) £+Pr=g.
(2) B is non-degenerate on (£ N Py) x (£NPy).

Remark 20.11. a) Condition (2) in the above definition is equivalent to requiring that
£ NPy is a quasi-Frobenius Lie algebra with respect to B.

b) Proposition 20.8 is not useful for practical purposes, because replacing a Stolin
triple (£, B, k) with 1 < k < n by a Stolin triple (£, B, k') satisfying 1 < k' <
n/2 might yield much more complicated data £ and B’. See also fact 20.15, where
we describe the procedure that is applied to obtain a Lie subalgebra W C g ((u™!))
corresponding to the triple (£, B, k).

Theorem 20.12. [42, Theorem 3.1| For any 1 < k < n — 1, let Wy, be the set of Lie
subalgebras W C g ((u™')) of class k and ST, = {(£, B) |(£, B, k) is a Stolin triple}.
Then there is a bijection between Wy, and ST .

We briefly sketch the proof given in [42, section 7] for the procedure that associates a
Stolin triple (£, B, k) to a Lie subalgebra W of class k. Let W’ = ng(u)Wng(u)™! C
g [[u!]] and note that W+ = W by condition (3) of Theorem 20.2. It follows that
uw2g[u]] = (g[[u])" c (W)* =W’ Hence we may consider the image Xy, of W’
under the canonical projection g [[u™!]] — g[[u™!]] /u?g[[u™!]] = g|e].

Proposition 20.13. [42, Proposition 7.2| The assignment W +— Xy C g [€] is bijective.
Moreover, Xy is Lagrangian with respect to the inner product on g €] induced by the
inner product Res, tr on g ((u™)) and Xyw @ (Pr + ¢Pr) = g [e].

Let £ denote the image of Xy~ under the map gle] — g given by a + €b +— a. Then
Xw C £+ eg. Since Xy is Lagrangian, it follows that Xy D(£ + Eg)l = £, where
£+ is the dual of £ with respect to the trace form on g. One shows that £+ eg/eft+ =
£+ eL*, where now £* is the dual space of £. From this it is possible to deduce that
Xy is uniquely determined by a Lagrangian subspace Xy = {I + efe(l)}ce C L+eL%,
where fp: £ — £*is given by fg(z)(y) = B(x,y) for a certain 2-cocycle B on £. Thus
Xw = {l +efp(l) + EEL}ZGS. Here we use the epimorphism g — g/£+ = £* given by
z — tr (z - —) in order to identify { f5(l) U EJ_}le): with a subset of g. Finally, use
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Lemma 20.14. |42, Lemma 7.4| The following conditions are equivalent:

o Xw N (Pr +ePi) = {0}.
o Xy + Py + Py = gle].
o £+ Py =g and B is non-degenerate on £ N Pi.

This finishes the proof for the assignment W — (£, B, k).

Fact 20.15. The proof of Theorem 20.12 implies that for a given Stolin triple (£, B, k)
the corresponding Lie subalgebra W C g ((u™1)) of class k is constructed as follows. Let
X' : £ — £ denote the linear map given by x'()(—=) = B(l,—) and let a C u"'g® £
denote the following pullback:

0——qy1gt a £ 0
A
0 . ’U/_I,QJ‘ U,ilg v £* 0

Here v(u™'z) = tr (z - —) and £+ denotes the dual of £ with respect to the trace form
on g X g. Then we first consider the following subspace of g ((u™!)):

W =u?g|[[u']] ®a

Recalling ny,(u) € GL,(C ((u™'))) from Theorem 20.6, we have W = n(u) "' W g (u).

Note that for £ = g, we have £& = 0 and thus we obtain a well defined map
x=pox : £ — g, where p: g* — g denotes the the isomorphism induced by the trace
map. Hence in that case

W' =u?g[[u""]] & spanc ({l + u_lx(l)}leg> :

Combining Theorems 20.2 and 20.12, we obtain

Corollary 20.16. To any Stolin triple (£, B, k) we may associate a uniquely determined
rational solution of the CYBE (20.1).

Remark 20.17. The above assignment
{Stolin triples} —{ rational solutions of the CYBE}

is surjective, but not injective. This due to the fact that a Lie subalgebra W C g ((u™!))
as in Theorem 20.2 can be gauge equivalent to subalgebras W), # W) of different classes
k#K.
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21. THE RATIONAL SOLUTION 5(;, 5—q)

In this section we discuss an algorithm which attaches to any pair (n,d) of coprime
integers with 1 < d < n a rational solution of the classical Yang-Baxter equation
S(nn—d) (denoted 7(g B, n—q) in the introduction). As we will explain in Subsection 21.3,
this procedure derives from the classification of rational solutions of the CYBE by Stolin
as presented in Section 20. The actual algorithm is presented in Subsection 21.1, while
in Subsection 21.2 we develop a formula for s, ,_q) for a particular choice of basis of g.

21.1. Algorithm: Construction of s, ,_q).
Step 1: construction of the space W.

Let J = Jo(n — d,d) be the matrix constructed in step 1 of Algorithm 13.2. We define
the following C-subspace of g [[u]]:

(21.1) W' =u?g [[u""]] @ span¢ ({x +u ! [T 2] }x€g> :

Moreover, for the block decomposition of Mat,,«,(C) induced by J, let

n(u) = ( ]é ]lgu ) € GLn<C ((u’l))>
Then we obtain the following subspace of g ((u™!)):
(21.2) W =n(w) " Wn(u) C g ((u™)).

Lemma 21.1. Let Res, : C((u™")) — C denote the residue map Y, , a;u’ — a_y. The
bilinear form (-,-) : g [u] x W — C given by (z,y) — Res,tr(x - y) is non-degenerate.

Hence, for any basis {I,,} of g, there exists a dual basis {I,,x(u)} C W of {I,u*} C
g [u] with respect to (-, -).

Step 2: definition of the tensor s, ,_q)(u,v).

Proposition 21.2. In the same notations as above, let

n?—1
S(n,n—d)(u7 U) = Zuk (Z I, ® jm,k(”)) :
m=1

keN

Then Sgmn—a)(u,v) is a rational solution of the classical Yang-Baxter equation.

Remark 21.3. For a different basis {1/, } of g, the resulting rational solution is the same
as the one obtained for {I,,}, see Corollary 20.5.

Correctness of Lemma 21.1 and Proposition 21.2 follow form the discussion in Subsec-
tion 21.3.
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Remark 21.4. In the introduction, the solution s, ,_q) was denoted r(g g, n—a). At this
point however, it is not clear at all which Stolin triple corresponds to s n—q).-

21.2. The solution s(,,_q) for a particular choice of basis.

Choose {{ei,juk}lgiﬂgn U {Bluk}lggn_l}keN as basis of g[u], where h; denotes the dual

of h; with respect to the trace form. The dual basis elements in W with respect to the

non-degenerate form (z, y) Res, tr(x - y) on g [u] x W will be denoted w; ;x)(u) and
w( k) (u) for e u* and hyu® respectively. The following fact follows easily from the

definitions:

Fact 21.5. Consider the canonical projection pr~ : g ((u™!)) — v~ g [[u~!]]. Then
pr (wigm(w) = ™1 1 <izj<n
pr (wop () = hu ™' 1<I<n—1.

k—1

In particular, pr- (w(” k) (w )) € W implies w jry(u) = €;,u™""" and pr~ (w(lyk) (u)) €

W implies w ) (u) = hyu™F
For the block decomposition of Mat,, «, (C) induced by J, let W; denote the following

subspace , 1
W= { (i) el (& 5 ) s
of g((u™')) and let Wy = w?W;. Note that by (21.1) we have u2g[[u~!]] C W’ C
g [[u™']]. Hence from the definition of W, see (21.2), it follows that
(21.3) Wiy Cc W C Ws.
This already yields that

Wi gy (W) = eju 1 1<i#j<n,
(214) W, k) (u) = hu 1 1<I1<n for all £ > 2.

The careful reader will observe that we may extract much more information from (21.3).
We will investigate all relevant implications later, but for now, let us content ourselves
with (21.4). From Proposition 21.2 we deduce that

Stnn—d) (U, V) = - Z (g>k+ Z < Z €ij @ W5k (V) + Z h ® w(z,k)(U)) .

0<k<1 1<i#j<n 1<l<n—1

Next, note that up to permutation of u and v (s(n,n—q) is unitary) we generically have

1 Q
QZU’““_Q (1——):v—u'

keN

At this point, it is convenient to introduce the following notation:
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Definition 21.6. Forany 1 <i#j<nandany 1 <[l <n—1, we let

Wi j(u,v) = (v —u) [w(i,j,O)(U) - Ufleji +u (w(i,j,l)(v) - 07261‘1‘)} )
Wi (u,v) = (v —u) [wee)(v) — v+ u (we(v) — v 2h)] .

Proposition 21.7. In the notations as above

Q"—( Z ei,j®u~1i7j(u,v)> +< Z hl®wl(u,v)>] .

1<i#j<n 1<i<n—1

S(n,n—d) (ua U) = v —u

As already mentioned, we have not yet fully studied all implications of (21.3), which
will be our next task. This is a quite technical business and the reader might wish to
have only a fleeting glance at the results at this moment. However, these implications
turn out to be crucial for the proofs in Section 22. Also, they allow us to develop a
more concrete formula for s, ,_q), see Corollary 21.11, which is well suited for explicit
computations as we will see in Section 23. In order to formulate the results properly, we
fix the block decomposition of Mat,,x, (C) induced by J = Jo(n — d, d), see Algorithm
13.2. This block decomposition induces a partition of the set {i,j}1<; <, into four
quadrants, which we picture enumerated in the following way:

411

312 )°
For convenience, we introduce “Kronecker delta functions” for these quadrants:
Definition 21.8. For any 1 < 1,5 <n let

o 1 1<i<n—d,n—d<j<n
ot ) = 0 else

o 1l n—d<i1<n,n—d<j<n
%(1,) = 0 else

o 1 n—d<i1<n, 1<3<n—d

. 1 1<i<n-—-d,1<j<n-d

54(Z>]> =
0 else

Lemma 21.9. The following hold:

(1) For any 1 <i# j <n and k € N, we may write

- Ay | By, +vDB;
Wiy (v) — v e = ( 0 D k)
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where Ay, B, By, Dy, are uniquely determined complex matrices depending only
on k and (i,j). The analogous statement is true for wg g (v) — v " 1hy for any
1<l<n-1,keN.

(2) If (62 + d4) (i, 5) = 1, then w j0)(v) = n(v) "t (x + v~ [J, 2]) n(v) where

[ Ao | Bj ¢+ 1 (0B
x—( 0 Do) and [J,x]— 0T 0 +€j;.

The analogous statement is true for wg)(v) for any 1 <1 <n—1.

(3) Let 61(i,j) = 1 and k € {0,1}, then wg jx(v) = n(v)™ (z + vt [T z]) n(v)

where
. AQ B(l) + . 0 BO .
xr = (T‘T@) + € and [J ,I] = 0l 0 k=20
. Al Bi t o 0 Bl .
J:—( 0 D1) and [J*, x| = 0T o) TG k=1

(4) For any 1 <1< n—1 we have w;(u,v) = (v — u) (wee)(v) — o). Moreover,
for any 1 <1 # j <n we have

@ (w,v) = {(U — ) (W () = e) 06,7) #1
T 0 03(i, j) = 1.

Proof. By Fact 21.5 we have w(; j ) (u) —u™""te;; € gu]. Since w ;) (u) € W, clearly

(21.3) implies (1). But then (2) and (3) easily follow from (21.1) and (21.2) by examining
the u-grading (replaced by a v-grading in the statements) of the expressions involved.
As to (4), taking a closer look at (21.3), we deduce that v=2h; € W and also v—2¢;; € W
if 61(4,7) # 1, so w1y (v) = v 2hy and w j1y(v) = v™2e;,; for 61(4,5) # 1 respectively
by Fact 21.5. Taking an even closer look at (21.3), we see that actually v™'e;; € W if
d5(i,7) = 1 and thus w; ;0)(v) = v~'e;; by Fact 21.5 in that case as well. O

Remark 21.10. Note that the cases listed in statement 4 of Lemma 21.9 are not mutually
exclusive.

The following formula, though much too technical for theoretical purposes, is important
for explicit calculations.

Corollary 21.11. Let I = {(i,j) € {1,...,n}2‘i7éj} and, for 1 < k < 4, set I}, =
{(.4) € 116c(i.j) = 1}. Then

+u Z €ij @ (Wi (v) —ej07°) +
(i,5)en

+ Z €ij ® (w(i,jyo) (v) — ejﬂ-v_l) + Z 71; ® (w(w) (v) — hlv_l) .

(4,5) €N UIUIL 1<i<n—1

S(n,n—d) (u, U) = v —u
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Proof. The formula is an easy consequence of Proposition 21.7 and Lemma 21.9.  [J

21.3. Verification of the construction of s, ,_4) . In this subsection we construct
a certain Stolin triple and prove that s, ,—_q) is the rational solution determined by this
triple via Algorithm 21.1. In order to do so, we start with some generalities.

Definition 21.12. Let F' be a complex Lie algebra with Lie bracket [—, —]. Then F' is
a quasi Frobenius Lie algebra if there exists a non-degenerate skew-symmetric bilinear
form B : F x F — C which is a 2-cocycle, that is

B([:c,y] ,z) —l—B([y,z],x) +B([z,x],y) = 0.

Moreover, F'is called a Frobenius Lie algebra if there exists a functional f : FF — C
such that F' is quasi-Frobenius with respect to the bilinear form defined by B(z,y) =
f ([:17, y]) In that case, f is called a Frobenius functional for F'.

Remark 21.13. It is was shown by Elashvili [21, 20] that for 1 <k <n —1, B, C g is
a Frobenius Lie algebra if and only if ged(n, k) = 1. Other examples of Frobenius Lie
algebras include the so called Seaweed algebras which were studied by Dergachev and
A. Kirillov [18] and also Gerstenhaber and Giaquinto [23]. Obviously, if any 2-cocyle in
the Koszul complex of a given quasi-Frobenius Lie algebra F' is already a coboundary,
i.e. H*(F) =0, then F is automatically a Frobenius Lie algebra.

The following fact follows easily from the definitions:

Fact 21.14. Let 1 < k < n—1 with gcd(n, k) = 1 and let f be any Frobenius functional
for Px. Extend f to all of g via f(z) = f (prgpk(w)), where pro, : g — Py, denotes the
canonical projection. Let B(z,y) = f([z,y]) for all z,y € g. Then (g, B, k) is a Stolin
triple.

Next, recall the matrix J\(n — d, d) from Algorithm 13.2.

Definition 21.15. For any coprime integers a, b, let J(a,b) = Jy(a,b). Also, we set
J=J(n,n—d).

Proposition 21.16. f : B,,_4 — C defined by f(x) = tr (J'-x) is a Frobenius func-
tional. Moreover, the same formula gives an extension of f to all of g with the property

that f(x) = f <pr%_d(:c)).

In order to prove this result, we need an auxiliary result which goes back to Elashvili
[21, first Lemma| and which was kindly explained to the author by Alexander Stolin.
Recall that for any Lie algebra £ and its dual vector space £*, the coadjoint action

ad” : £ — Endc (£") is defined as
ad*()(m)(I'y =m ([I',1]) ,I' e £ me £*.
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Lemma 21.17. Let £ be any complex Lie algebra, L C £ a Lie subalgebra and N C £

a commutative ideal such that £ = L & N as vector spaces. Assume that there exists
n* € N* such that N* C ad*(L)(n*) and let

S={leLn*(l,-])=0}.

If S is a Frobenius Lie algebra with respect to the Frobenius functional s* € S*, then £
18 a Frobenius Lie algebra with respect to the Frobenius functional n* + s*.

Proof. Assume that there exist [y € L and ny € N such that for all [ € L and all
ne € N we have (n* + s*) ([l1 + n1,l2 + no]) = 0. Since N is a commutative ideal, this
is equivalent to

n® ([l o] + [, b)) + 8™ ([, ]) = 0.

Choosing Iy = 0 we obtain 0 = n* ([l1, ng]) for all ny € N, hence [; € S by definition of
S. But s* is Frobenius functional for S, thus for [; # 0 there exists some s; € S such
that s* ([l1, s1]) # 0. Choosing Iy = s; and ny = 0 it follows that

n* ([n1, s1]) + s* ([l1, s1]) = 0.

But the first term is zero because s; € S and the second is nonzero if [; is unequal to
zero. Therefore [; = 0, which means that

n*([n1,l2]) =0

for all I € L. Since N* C ad*(L)(n*), there exists some [ € £ such that ad(l5)(n*)
equals nj, the dual of ny. But then n* ([n,l5]) # 0 if ny was not already equal to zero,
which would give a contradiction. Therefore ny = 0 as well, which shows that n* + s*
is indeed a Frobenius functional for £. O

Fact 21.18. The following hold:

(1) The trace form is invariant, i.e. for any matrices A, B, C' € Mat,,«,(C), we have
tr(A4, [B,C]) = tr([A, B],C).

(2) In the situation of Lemma 21.17, let £ C g and N* = {n|n € N}. Assume that
the map N'* — N* given by n' — tr (n' - —) is injective. Then N* C ad*(L)(n*)
if and only if N* C [n', L]. Moreover, s € L satisfies ad*(s)(n*) = 0 if and only
if tr ([n',s]-1") =0 for all I' € £.

Proof. (1) is obvious. As to (2), let 7 : g — g* be the isomorphism induced by the
trace map. We claim that for any [ € L we have ad*(l)(n*) = —7 ([n’,]). Indeed, given
' € £, the definition of the coadjoint action and (1) yield ad*({)(n*)(l') = n* ([I',1]) =
tr(n' - [I',1]) = —tr([n',1]-1"). This immediately yields the second statement of (2).
Since n! — tr (n' - —) is injetive by assumption, we have 77}(N*) = N*. O

Applying Fact 21.18, we obtain the following version of Lemma 21.17:
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Corollary 21.19. Let £ C g be a complex Lie algebra, L C £ a Lie subalgebra and
N C £ a commutative ideal with N* — N* given by n' — tr(n' - —) injective such that
£=L&N as vector spaces. Assume that there exists n € N such that N* C [n', L] and
let S C L be the mazimal subalgebra of L such that tr ([n',s]-£) =0 for all s € S. If
S is a Frobenius Lie algebra with respect to the Frobenius functional x — tr(s' - x) for
some s € S, then £ is a Frobenius Lie algebra with respect to the Frobenius functional
z—tr((n'+s')-x).

Before we prove Proposition 21.16, we need one additional combinatorial result:

Lemma 21.20. Let a € N and consider the Lie algebra

X Y
Sa B { ( O(nfa)xa Z )

with Lie bracket given by the commutator. Then there exists a Lie algebra isomorphism
v mapping P, C sl,,(C) to S, which satisfies v(J) = J.

2tr(X)+tr(Z) = 0} C Mat,«,(C)

Proof. First note that a generating set of B, is given by {h;, €;it1,€ir1it1cic, 1 \

{€a+1} while a generating set of S, is given by {ﬁi,eiﬁiﬂ,,eiﬂ,i} \ {eat1a}
1<i<n—1
where
~ h; 1#a
b= 7
hi — €at1a+1 1= a.

We define the C-linear map v : B, — 5, by giving its images on the fixed generators
of B, from above as follows. Let v(e; ;1) = €11, V(€i+1,:) = €41, and

ﬁi ) 7é a
v(hi) = n—ly o
Zj:l tj j = a.

Here {t;}, <j<n1 is a set of complex numbers yet to be defined. Namely, we want to
ensure that v is an isomorphism of Lie algebra. For this it suffices to choose {¢,}, <j<n1
in a way such that v(h,) # 0 and such that the relations

V ([, €ii1]) = [v (hi) v (€5i41)] I<ik<n-—1

v ([hgs€it14)) = [V (h) v (eit1)] 1<ik<n—1i#a

are satisfied. Indeed, since e,41, is not among the generators of ‘B,, the remaining

relations that need to be checked are immediate.
Now, for fixed i, a relation from the first set of conditions of (21.5) reads

(21.5)

a;iv1(hg)eiivr = [V (hi) , €iit1]
where «; ; denotes the root of sl,,(C) corresponding to the root space spanned by e; ;.
This condition is obviously satisfied for all k # a by definition of hy. However, for k = a
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we obtain the following condition on {t;}, ., _;:
n—1

(21-6) ai,i+1(ha)ei,i+l = [Z tjhja ei,i+1] —tq [€a+1,a+17€i,i+1 .
j=1

Since Z;:ll tih;, emﬂ] = Z;:ll tiaiiv1(hy) and

—€a,a+1 1=a
(217) [€a+1,a+17 61'72‘4_1] = €a+1,a+2 Z =aqa+ 1
0 else,

we may rewrite (21.6) as
T; = Z tjaij
j=1

with 7, = a;;4+1(h,) and certain integers 0;;. Indeed,

2 -1
-1 2 -1

(O-ij)1§i7j§n - -2 2 -1

R

-1 2
where the unique entry 3 stands in the (a, a)-th position and correspondingly the unique
entry —2 in the (a + 1, a)-th position. It is easy to see that this matrix has full rank,
thus a (unique) solution {t;},_,, , for (21.6) exists. We fix this choice in order to
complete the definition of the map v. Note that since {c1},,., , is a basis of h*,
not all 7; can be equal to zero, hence there exists a ¢; which is not equal to zero. Since

the elements of {hj are linear independent, this implies v (h,) # 0.

}1§j§n—1
It remains to check the second set of conditions of (21.5), which we rewrite as

ai+1,i(hk)ei+1,i = [V (hk:) 7€i+1,i] .

As above, this condition is immediately satisfied for k # a by definition of hy. As for
k = a, note that

n—1

[V (ha) s €i1,i] = Qig1s (Z tjhj> €it1,; — ta [Cat1at1, €it1,i] -

=1



134

Recall from (21.7) that [eq11,a+1, €ii+1] = Ci€;i41 fOr certain integers ¢;. It is easy to see

that [€441.a+1, €it1:] = —Ci€ir1, in all cases to be considered, i.e. i # a. Hence
n—1
[’/ (ha) >€i+1,i] = | iy, E tjhj + city | €it1,i-
i=1
On the other hand, since a; ; = —a;;, we have

n—1
Qir1i(ha) = —iig1(he) = — (ai,i—i-l <Z tjhj> — Cita) :
=1

Thus all conditions of (21.5) are satisfied. Hence with respect to the choice of {t;},_;,

we made, v is a Lie algebra automorphism. The fact that v(J) = J is immediate from
the definition of v and the fact that all diagonal entries of J are zero. 0J

Now we can prove Proposition 21.16:

Proof. Let a,b be two coprime integers and recall the construction of J = Jy(n — d, d)
from Algorithm 13.2. We will prove that f(z) = tr(J(a,b)" - z) is a Frobenius func-
tional for B, C sl,4,(C), while considered as a functional on sl,.,(C) it satisfies
flx) = f (prgpa (x)) The proof runs by induction along the order of construction
of J(a,b) = Jo(a,b).

0) Start with (a,b) = (1,1). Then

J(1,1) = (%) € Matyyo(C).

and for arbitrary x = x1h + x2€12,y = y1h + yae1 2 in Py we derive
tr (J(L 1)t : [% y]) = tr (62,1 : [I1h + To€1 2, yih + y2€1,2]) =2 (y2$1 - y1x2) .

Hence f(z) — tr(J(1,1)" - x) is a Frobenius functional for P; C sly(C) indeed. More-
over tr(J(1,1)" - e51) = 0 immediately yields f(z) = f (pry, (z))-

1) Assume a < b. Then

s0.0) = (Grrear) = (Trmi=ar) *"

and by the induction hypothesis z — tr (J(a,b— a)' - z) is a Frobenius functional for
PBo C sl,(C). In order to prove the statement for the tuple (a,b), we want to apply
Corollary 21.19. To that end, let us write 3, = L & N with

o (54 v- (348,
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Here, we make use of the block decomposition of Mat,,«,(C) induced by J(a,b). Clearly
L is a Lie subalgebra of B, and N is a commutative ideal with the property that
N' — N* given by n' — tr (n' - —) is injective. Now

00 Lo 0 |0
[, L] = || T]0 ( 01 7 ) = - o
00 ? - 1o

where, for appropriate sizes of the matrices Léi), 1 <1 <4, we use the notation

I Lgl) LgQ)
2 L§3) L;4) :

Hence N' C [n', L] and the stabilizer S is of the form

L]0 0
S=|( olL, LY |
0lo0 LY

Using the isomorphism from Lemma 21.20, we derive that

o= (o) < (vlancer)

Thus the image of S under the first isomorphism is a Frobenius Lie algebra with Frobe-
nius functional x — tr (J(a,b — a)' - ) by the induction hypothesis. Since

0] o
0] 0 t_ _ ¢
(OJ(a,b—a)t)+n_ ]é(](a,b—a)t = J(a,b),

it follows from Corollary 21.19 that = — tr(J(a,b)" - x) is a Frobenius functional for
PBa C sl,15(C). Because pry (J(a,b)’) = 0, the statement concerning the extension of
f easily follows.

2) Assume a > b. Then

0
J(a,b) = J(a—b,b)]l a—bb)8>+n
0 ‘ 0
and by the induction hypothesis x — tr (J(a — b, )" is a Frobenius functional for

PBav C 5l,(C). We proceed exactly as in 1) writing %a » = L & N with the analogous
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definitions for L and N. This time

i1 [0 0]0 Ly|0oN\] (0 0 |0
=) (o)) = (Far—ahs

where, for appropriate sizes of the matrices Lgi), 1 <i <4, we use the notation

L=
1 (ng) L§4)

Hence N* C [/, L] and the stabilizer S is of the form
LV Lo LV Lo AT S(C) | 0
0 0 | L 0 0 [0

Here we use the appropriate analogue of Lemma 21.20 for the second isomorphism.
Thus the image of S under the first isomorphism is a Frobenius algebra with Frobenius
functional z — tr (J(a — b,b)" - x) by the induction hypothesis. Since

(Fe ) o= () = o

it follows from Corollary 21.19 that x +— tr(J(a,b)" - x) is a Frobenius functional for
PBa C sl,15(C). Because pry (J(a,b)’) = 0, the statement concerning the extension of
f easily follows. O

Combining Fact 21.14 and Proposition 21.16 finally yields:

Corollary 21.21. Let By(z,y) = tr (J' - [z,y]) for all z,y € g. Then (g, Bj,n —d) is
a Stolin triple.

Before presenting the main result of this subsection, let us state the following fact on
the map x : g — g defined in Fact 20.15.

Fact 21.22. For any x € g we have x(z) = [J*, z].

Proof. Recall from Fact 20.15 that x(x) = p (tr (J' - [z, —])) where p~! : g — g*, © —
tr (z - —) is the isomorphism induced by the trace form. Moreover

p(tr (J' [z, =])) = p (tr ([T 2] - -))
by Fact 21.18. But p (tr(a - —)) = a for any a € g by definition. O

Proposition 21.23. Given two coprime integers 1 < d < n, let B;(z,y) = tr(J* [z, y])
for any z,y € g. Then (g, Byj,n —d) is a Stolin triple, whose corresponding rational
solution of (20.1) is computed by performing Algorithm 21.1.
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Proof. We have seen in Corollary 21.21 that (g, B;,n — d) is a Stolin triple. As we
have seen in Section 20, the corresponding rational solution is constructed in two steps.
First, Fact 20.15 gives an algorithm to construct the corresponding Lie subalgebra
W C g((u™1)). Due to Fact 21.22, this is exactly the same procedure as described in
step one of Algorithm 21.1. Next, Fact 20.3 shows how to construct the actual solution
from W. By Corollary 20.5, we are free to choose any basis of g while doing so. Hence
step two of Algorithm 21.1 corresponds exactly to this second step of construction. [

22. CONNECTIONS BETWEEN THE SOLUTIONS 5(;, n—q) AND C(y, g

As in the previous section, we let J = Jy(n — d,d), see Algorithm 13.2. This section
is devoted to the main result of this thesis:

Theorem 22.1. The matriz J induces an automorphism of Lie algebras @5 : g — @
such that

(07 ® V1) Cnd) = Snn—d)-

Remark 22.2. In the introduction, the solutions c(, 4) and s, ,—q) were denoted 7 (g q)
(for E the cuspidal cubic curve) and rg g, »—q) respectively.

Furthermore, we will study certain structural consequences for both c(, 4y and s¢,—4.q)
which can be obtained by application of this Theorem, see Subsection 22.3. However,
we first need to properly define the map ¢; occurring in Theorem 22.1.

22.1. The map ;. We start with the following Lie algebraic statement:

Lemma 22.3. Write J = Z;i €i,.jn 0nd let vy, denote the root corresponding to the
root space {e;, j } of the standard Cartan b C g. Then {Vi},<p<,_1 15 a basis of h*
with the property that any root o of g can be written, in a unique way, in the form

o= ZZ: arpye with a; € Z.

Proof. For 1 < i # j < n, let a;; denote the root corresponding to the root space
spang ({e;;}). Since II = {e;;+1}1<i<n—1 is a simple system of the root system of g,
it clearly suffices to prove the second part of the statement for a € II. The proof of
the whole statement runs via a double induction. The first induction is along the order
of construction of J. The induction starts with J(1,1) = e € sl3(C). In that case
71 = a1 and there is nothing left to prove. So let a,b be two coprime integers.

1) Assume a < b. For any 0 < ¢t < a, let [; = (BJ(afg,,a)) + 22:1 €sits. Olnce
I, = J(a,b), it clearly suffices to prove the statement for each 0 < t < a. So we do
another induction, namely via t. However, for ¢t = 0 we have Iy = J(a,b — a). There-
fore the induction hypothesis of the first induction implies correctness of the basis of
induction by t. Thus we may assume that the statement is correct for t — 1 < a. The
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roots {7k}1gk§b+(t—1)—1> originally roots of sl,,, 1(C), are clearly also roots of sl +(C).
But since they derive from a smaller subspace, they are linearly independent from

0 0 . . .
Vott—1 = 1441, Where [; = (0 Iy ) +e1,441. Hence {'Yk}lgkgb+t—1 is a basis of h* indeed.

.. . . bt—1
As to the remaining assertion, we know that we can write yp¢—1 = > .7  brQgit1

with uniquely determined integers by, with |b;| < 1 because II is a simple system of g.
Note that b; # 0 by a similar argument as the one given for the linear independence
of {7k}1§k§b+t—1 above. Hence ajy = by s 1 — ZZJ:Q_I by 'bpy 1. Now this last
sum may be interpreted as a root of sl,,;1(C), thus by the induction hypothesis (of
the induction via ¢) we may deduce — Z:g_l by bpag i1 = 2212_2 ayy, with a, € Z
uniquely determined for all 2 < k < b+t — 1. Setting apis—1 = bl_l, this finishes the

proof of the induction via t.

2) The proof for the case a > b runs exactly parallel to that for a < b. O

Definition 22.4. In the notation of Lemma 22.3, let a = ZZ;% ayyr be any root
of g. Let ht(a) = >3~ |ax| be the height of a. For 1 < i # j < n, denote the root
corresponding to the root space spang ({e;;}) by a; ;. Let z; ; be the image of ht(a; ;)+1
in Fy and set z;; = 1. We define Z; € Mat,,«,,(F3) by (ZJ)M = 2.

Fact 22.5. For all 1 <1,j,k <n we have z;; + 2z, +1 = 23, in Fy and z;; = z;;.

Proof. All computations are in F,. Since a;; = —a;;, the second statement follows
easily from the definitions. As to the first statement, this is obvious at least for i = k
because of the validity of the second statement. So assume ¢ # k. Then [e; j, e; %] = €ix,
which implies o, ; + ajp = g Let a; 5 = > ay, aje = Dby, and i = D 6
as in Lemma 22.3, then that same Lemma yields that a,. + b, = ¢, by uniqueness of
the coefficients ¢,. Hence ht (o ;) + ht (o ;) = ht (). The rest follows from the
definitions. O

Combining Definition 22.4 and Fact 22.5 gives a concrete recipe to construct the
matrix Z;. This recipe is best explained by the following examples:

Example 22.6. By Definition 22.4, z;; = 0 whenever J;; = 1 and z;; = 1 for all
1 <14,j < n. Moreover, z;; = z;; forall 1 <4,5 <n.
e Since for (n,d) = (2,1) we have J = Jo(1,1) = (§}), this implies Z; = (§9).
e For (n,d) = (3,2), we have
010 1 0213
J=T(1,2) = (886) ,and thus Z; = <z§,16 ; ) .

But by Fact 22.5 we have 213 = 212 + 223 + 1 as an element of F,. Hence

101
ZJ:<010>.
101
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Lemma 22.7. The linear map ¢j: g — g induced by

€ij — (-1)zi’j€j,i 1 S 7 7é] S n
hi— (=1)%ih; = —h; 1<i<n-1

is a Lie algebra automorphism of g such that ¢ ;(J) = J'.

Proof. The equality ¢;(J) = J* is a direct consequence of Lemma 22.3 and Definition
22.4.

Hence it suffices to check that ¢ is a Lie algebra homomorphism. Since ¢ ; stabilizes
b, this means that it suffices to check

o1 ([eij erg]) = s (eij),or(en)] 1<i#jk#1<n
@1 ([hiserd]) = [os (hi),ps(ery)] 1<i<n—-1,1<k#[l<n.

As to the first claim, we need to consider the following cases

0 i £ L] Fk 0 i £ L] Fk
€iy 1 £, g =k (—1)%te;, 1#£ 1L, g =k
—en;  i=lLj#k’ (=D e i=Lj#k
e —ej; 1=17j=k, €jj = Cig i=10j=k.

On the other hand

leijer] = s0 @7 ([eij, ern]) =

0 AN
_ (—1)5 g —ei  iALj=k
i — (—1)%itk y — (—1)7it2kt . €l 7 ,
s (eiz)s e (er)l = (=1) [ejir erk] = (=1) €jk i=1Lj#k

€i — €ii Z:l,j = k.

Applying Fact 22.5 yields the equality in all four cases.

As to the second claim, ¢ ([hi, ex]) = ag (h;) (—1)*te ,, while [py (h;), o7 (ex)] =
ayk(hi)(—1)#+*te, . Applying Fact 22.5 once more and recalling ay; = —ay shows
that s is a Lie algebra automorphism indeed. 0

22.2. Gauge equivalence of s, ,_q) and c(, 4. Now that we have defined ¢; prop-
erly, we can finally attack the proof of Theorem 22.1. As it turns out, the essential
parts of the proof are direct consequences of Lemma 21.9.

Theorem 22.8. The following hold:
(1) (¢ @ ¢y) ((fj’i ® Gﬁj(v)) = €i ® W; j(u,v) for any 1 <i# j <n.
(2) (ps@ws) (h®Gi(v) = @wy(u,v) for any 1 <1 <n—1.

In particular (95 ® ©1) Cn,d) = Smn—d)-
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Proof. 1) Using the definition of ¢, the statement reads

0 (G(v)) = (1)1, 4 (u, v).
In order to check this claim, let us recall the defining properties (16.1) of Gi';(z). Since
W; j(u,u) = 0 by Definition 21.6, it follows that the claim is correct if and only if
(—1)Zj’i (ejﬂ- + QIJZ'J (U, Z)) € 25 (SOIZ@) 1.e.
(221) € + wi,j (U, Z) < @J (SOlz,d) .

In order to prove this, we need to go into the definition of Sol;, ;. Recalling the nomen-
clature introduced in Algorithm 21.1, we may write

0; (Vi) = {FJ(Z) = (%) + ( V[(;’ }; ) o1 (%YT”) 22}.

For F;(2) € w5 (Via), we set
W y” Wy’
PO(FJ)Z(X Z,)and Pg(FJ):(O Z)

Lemma 22.7 states that ¢ is a morphism of Lie algebras such that ¢;(J) = J'. To-
gether this implies

wJ@dLOZ{Fye¢AMw)“%(E%Jq+uHﬂEﬂ+PHEﬂ:0}

On the other hand, it follows from Definition 21.6 and Lemma 21.9 (1) that, setting
A(u) = Ag + uAy, B(u) = By + uBy, B'(u) = B, + uBj, D(u) = Dy + uD;, we have

= (R (A0 (Y510

Thus @; ;(u, z) € ¢g (Vua) and hence also w; j(u, z) + €, € w5 (Vy,a). We have

P() (@TJZ'J(U, Z) + ej,i) = < AE)U) g,ézf; ) + 53(63'71')

and
P. (w0 ;(u, 2) + e;;) = < _uﬁ(u) B(@Jplzf)(u) > + (02 + d4)(ej.),

where, by abuse of notation, we let dx(e; ;) = 6x(i,7) - €;; for any 1 < k < 4 and
1<i,j<n.

Summarizing, (22.1) and therefore statement (1) is satisfied if and only if

(222) K A e ) +die) Jt] +( 0B )+(52+54)(ej,i)+u53(ej,i) 0.
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Since d3(e;;) = 61(4, ) - e;;, Lemma 21.9 (4) implies that the left hand-side of (22.2)
equals zero in the case d5(7,j) = 1. So (22.2) is immediate for d3(7,j) = 1. As to the
other cases, further arguments are necessary. From the u-grading of (22.2) we deduce
that (22.2) holds true already if

(22.3) (%) + (024 04)(i,5) - €js = [Jt, ( ’?)0 gg ) +04(i, 7) - em}

and

(22.4) (%) +61(4,7) - eji = [Jt, (%%)} :

Now for (62 + d4) (¢,7) = 1, (22.3) is immediate by Lemma 21.9 (2). Moreover all terms
occurring in (22.4) are zero in that case by Lemma 21.9 (4) and Definition 21.6, because
they correspond to w ;1)(v) — €;,v72 = 0. Finally, for 6;(¢,7) = 1, both (22.3) and
(22.4) are direct consequences of Lemma 21.9 (3) for £ = 0 and k = 1 respectively.

2) This case is treated completely parallel to the case (d; + d4) (i,7) =1 in 1).

3) As to the remaining statement that (¢; ® ¢©s) ¢(n,a) = S(n,n—d), note that the Casimir
element () € g ® g is invariant under base change. Thus, in view of the formulas given
for c(n,q) and 5(,, n—q) in Propositions 16.3 and 21.7 respectively, the statement is a direct
consequence of (1) and (2). O

22.3. Structure results. Let us start with some further notations.

Definition 22.9. Let ¢ : g — g be the Lie algebra automorphism induced by v (e; ;) =
(—1)2” Cnt+l1—jn+l—i-

In this subsection, we prove:

Proposition 22.10. The following hold

(1) We have (¥ @ %) S(nn—d) = S(n,d), (¥ DY) Cnd) = Clnn—d)-
(2) Let pry 1 @ — b denote the projection to the traceless diagonal matrices b C g.
Then

Q
(Pfh ® Pfh) (S(n,n—d)(ua v) —

v—Uu

) =0= o ot - 2.

Vv—1Uu

Remark 22.11. In the introduction, the solutions c(, 4) and s, ,—q) Were denoted 7(g 5 q)
(for E the cuspidal cubic curve) and 7(g g, n—q) respectively.

Let us start with the proof of Proposition 22.10 (1).
Lemma 22.12. We have ¢ (J (d,n —d)) = J (n —d,d).
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Proof. Let a,b be two coprime integers and for any k € N let ¢, € Aut(sl;(C)) be the
map induced by ¢ (e;;) = (=1)"7 egy1-jr+1-:. We prove that ¢ (J(a,b)) = J(b,a).
The proof runs by induction along the order of construction of J(a,b) = Jy(a,b), see
Algorithm 13.2.

0) Start with (a,b) = (1, 1) Then wg(l](l, 1)) = ¢2(6172) = €1,2-
1) Assume a < b. Then

J(a,b) = ( 8 g(a,bga) ) and J(b,a) =

0 |0

Note that we are dealing with two different block decompositions of Mat(44)x (a+6)(C)
here. But

0

d(Jab—a) |
0 |0
because the induction hypothesis guarantees ¢, (J(a,b — a)) = J(a,b — a) and

a a
Y E €iati :E Co—atk btk
=1 k=1

Here we use that z; ; = 0 whenever J; ; # 0. This proves the step of the induction for
a <b.

wa+b (J((Z, b)) = = J(b7 (I),

2) Clearly, the case a > b is treated similarly. O
Proposition 22.13. The following hold:

(1) (¥ ®Y) stn-a —S(nd)
(2) (Y ®Y) cna) = Ctnn—a)-

Proof. 1) Let W(n,n_d) C g((u™')) be the Lie subalgebra given by (21.2), i.e
W(n,nfd) = 77;_1d<u) <u72g [[ H S spalg ({l +u X (n— dd }leg>) Tin— d

Here 1,,_4(u) = diag (1, ..., 1, u, .., u) with n—d many 1’s and x(,—q,a)(!) = [J(n — d,d)", 1],
see Fact 21.22. Analogously, let

Wowy =0y (u) (s [[u]] @ spanc ({140 v (D)}, ) ml®)
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Then W, n—q) corresponds to s, ,—q) while W, 4) corresponds to s, q), cf. Subsection
20. From Theorem 20.4 we deduce that it suffices to show (W(n,n,d)) = Wha- It

is easily verified that ¢ (1, ';(uw) - a-nu—a(w)) = 57" (u) - ¥(a) - na(u) for any a € g
and hence for any a € g((u™')). Moreover 9 (g) = g by definition of 1. Thus, it
suffices to check ¥ (I + ™ X(n-a.a)()) = ¥(1) + v X(@n-a)(¢ (1)) for any | € g. But

Vo xXp-aq(l) = ¥ ([J(n—d,d)"l]) = [ (J(n—d,d)"),»()] = [J(dn—d),¢()] =
X(dn—d) (¥(1)). For this last computation we make use of Fact 21.22, the fact that
commutes with transposition and Lemma 22.12.

2) Combining (1) and Theorem 22.8 immediately yields the claim. O

Let us go on with the following Lemma, which is the crucial step in the proof of
Proposition 22.10 (2).

Lemma 22.14. For any 1 <1 < n — 1, there exists a strictly upper triangular element

x; € Pr_aq C g such that x(x;) = hy + ( 8 ? ) for some Y; € Mat,_q)xa(C).

Proof. Let a,b be two coprime integers. We will prove that for any 1 <[ < n —1 there
exists x; € sl,1(C) strictly upper triangular and X; € Mat,y,(C) such that

(22.5) (21, J(a,b)"] = hy + (%i) .

The statement follows then by Fact 21.22 (after replacing x; by —z;) and the easy fact
that any upper triangular matrix is contained in 3y for any k. The proof runs by
induction along the order of construction of J(a,b) = Jy(a,b), see Algorithm 13.2.

0) Start with (a,b) = (1,1). Then [e19, J*] = [e12,€21] = h1. So 21 = ez and Y; = 0.

1) Assume a < b. Then

I(a,b) = (gﬂ(a,bga)>'

By the induction hypothesis there exists, for any a +1 < [ < a+b — 1, some z] €
( 0] 9 ) C 5lo45(C) strictly upper triangular and Y, € Mat,y(5—q)(C) such that

0 5[[,(@)
0/0 O
, (0] 0 B
{xl’<OJ(a,b—a) )1_}”—’_ 8 8 };

~

~
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The proof of the step of the induction goes as follows. First, we will adjust z; for
a+1<[<a+0b—1in an appropriate way to obtain z; and B; for the corresponding
indices. Then we will construct x; and Y] for 1 <[ < a.

So let us assume a + 1 < [ < a+b— 1. Clearly we may write 27 = >, @ Catp, atq,
for some index set I, coefficients o;; € C and tuples of integers (p;, q;) € {1,...,b}2. Let
I*"={iel|l <p;,q <a}. Then

Z Qi Catpi,atqis J(av b)t] =

iel
0] o0 B
S cvsnasar (-Srai=ar) | =

icl

+

a
= E :ai €a+pi,ata;> E :eaJrj:J'

il j=1

- E O Catpi,gs + (hl + E Br €a+s7~,2a+tr> s

el reR

where the sum in the second bracket corresponds to Y, by definition. We claim that
we may choose z; = x] + Ziela Q;€p, g T+ ZTGR By €s, 2441, Olnce x; is strictly upper
triangular, we need only check existence of the corresponding Y; € Mat,«,(C) such that
(22.5) is satisfied. This is done by the following two simple computations:

[Z @ €p,.q,,J (@, b)t] =
i€]a
, 0] 0 _
S vt (i) -

_I_

a
= E Ofiepi,qiaE €a+j,j
iele

icla j=1

(.

== § :O'/i €a+p;,q;

S

=0

and secondly

[Z 67" esr,Qa-‘,—t,ﬂ, J(a’ b)t] _

reR
a 0 ‘ 0
= Z Br €s, 20+, Z €atj,j Z Pr €spattrs 0] J(a,b—a) -
reR ’

reR 7j=1

0 0
= =D Brearspartt D Br s, ( 0 J(a,b— a) ) '

reR reR

_|_
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0 \ 0
It remains to construct x; and Y; for 1 <[ < a. Start with setting x] = €; 44;. Then

[IE, J(a, b)t} =

n 0\ 0 . B " 0Y/
€la+l; O‘J(a7b_a)t = €11 — €atlatl 01 0

for some Y,/ € Mat,,(C). Note that e;; — €410 = Z;é hisx, hence existence of x;
and Y] follows for 1 < [ < a by reverse induction as follows. Setting x, = xg—zz;} Tatk

we deduce from the computation above that

(45)-E )

Hence the square brackets define Y, in a way such that (22.5) holds. Next, assume
that we have already proved existence of x;,Y; for [ < i < a where 1 < [. Then we
set ¥ = x; — ZZ;} 214 and proceed as for [ = a in order to obtain Y;. Thus, having
constructed all x;,Y; for 1 <! <a+b— 1 such that (22.5) is satisfied, this finishes the
proof in the case a < b.

Since s, < a, the last product is an element of ) This yields Y;.

a
= 6l,a+lu§ €a+j,j

J=1

(24, J(a,b)'] = ha +

2) Assume a > b. Then

J(a,b) =

By the induction hypothesis we know that there exists, for any 1 < [ < a — 1, some
x) € ( 5[a(()(C) 8 ) C sla44(C) strictly upper triangular and Y, € Mat(,—_p)x,(C) such
that

0 Y/'|0

[xE(J(a—b,b)0>]:hl+ R
’ 0 0

0 010

The proof of the step of the induction is similar to that in 1). First, we will adjust
xj for 1 <[ < a—1 in an appropriate way to obtain z; and B, for the corresponding
indices. Then we will construct z; and Y; for a <1 <a-+b—1.

So let us assume 1 < 1 < a — 1. Clearly we may write x; = > .., o e, 4 for some
index set I, coefficients o; € C and tuples of integers (p;, q;) € {1,...,a}* Let I, , =
{iella—b<pi,q <a}andp,=p,—(a—0b)aswellas ¢, = ¢;—(a—>b) foralli € I, 4.
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Then

[Z @ €p,q,, J (@, b)t] =
i€l
J(a —b,b) ‘ 0
Z Qi Cpiqi 0 ‘ 0 =

+

b
= E :ai €p;,qis E :€a+j,a—b+j
el

iel j=1

= - Z (7] ea—i—p;,(h + <hl + Z 67” esr,ab+tr) y
i€l _p reR

where the sum in the second bracket corresponds to Y}’ by definition. We claim that we

may choose x; = z7+ ., , Qi Catplatq) — Y ver Br €spatt,- Since x; is strictly upper

triangular, we need only check existence of the corresponding Y; € Mat,«,(C) such that

(22.5) is satisfied. This is done by the following two simple computations:

t
E Qi Catplat,g)> J(a,b)"| =

iel,_,
b
J(a—0b,b) |0
D SPTUIS ST B b SN LU |
1€lyp Jj=1 1€lyp
=0
= Z a; €a+p;7qi
iGIa+b
and secondly
[_ Z /6T 6Sr1a+t'r7 J(a7 b)t] =
reR
b
J(a—b,b)"|0
- = [Z ﬂr €sy a4t Z ea+j,a—b+j] - [Z ﬂr €srattrs ( 0 0 =
reR 7=1 reR
J(a—0,0) |0
= - Z ﬁr €a+s,,a—b+t, + ( ( 0 ) 0 ) : Z 67" €s,,a+t, -
reR reR
. . Mat, .

Since a + t, > a, the last product is an element of < 8 a gb((c) ) This yields Y;.
It remains to construct z,4; and Y,4; for 0 <1 < b — 1. Start with setting z/, =

Catb+i+1,a+1+1- Then
[xil-‘rl’ J(a, b)t] =



147

b

= ea—b+l+1,a+l+1,§ €a+j,a—b+j
J=1

J(a—1b,b)" |0
+ | €a—bti+1ati+1s 0 ‘0

0|,
= €q—b+i+1,a-b+l+1 — Catitl,atl+l T 00

b
for some Yl/ € Mataxb<(c)- Note that €a—b+i+1,a—b+1+1 — Catli+l,at+l+1 = Zk:l ha—byives
hence existence of x,,; and Y, ; follows for 0 < [ < b — 1 by induction as follows.

Setting z, = !, — 2;11 ZTa_prr We deduce from the computation above that

0y bi 0 | Yocpen
0 0 0 ‘
k=1
Hence the square brackets define Y, in a way such that (22.5) holds. Next, assume that

we have already proved existence of x,.;, Y,1; for 0 < ¢ < [ where | < b — 1. Then
/ b—1

[ma—&-h J(CL, b)t] = ha +

we set Topy = Ty — D p_q Ta—bti+k and proceed as for [ = 0 in order to obtain Y, ;.
Thus, having constructed all z;,Y; for 1 <1 < a+ b — 1 such that (22.5) is satisfied,
this finishes the proof in the case a > b. O

Proposition 22.15. Let pry : g — b denote the projection to the traceless diagonal
matrices h C g. Then

Q

v—1Uu

) =0 = (pr, @ pry) (C("vd)(“’w o ) '

(prh & prh) (S(n,nd)<u> U) - vV — U

Proof. Since (¢ ® @) (c(n,d) (u, U)) = S(nn—d)(u,v) by Theorem 22.8 and ¢, stabilizes
b, cf. Lemma 22.7, it clearly suffices to prove that (prh ® prh) (s(nﬁn_d)(u, v) — %) = 0.
By Proposition 21.7, this is equivalent to showing pry (0;(u, v)) = 0 for each 1 <1 < n—
1. As stated in Lemma 21.9 (4) respectively (2), @(u,v) = (v — u) (wo)(v) — v hy)

and w(0)(v) =7~ (v) (x + v x(x)) n(v) where

= (%%ﬁ) and y(z) = (%%) +h

Now z is uniquely determined by Lemma 21.9 (1), hence z = x;, By = Y; by Lemma
22.14. Since x; is strictly upper triangular, the statement is proved. O

23. EXPLICIT COMPUTATION OF S, 1)

In what follows, we are going to work out the essential steps of the algorithm described
in Subsection 21.1 for the tuple (n,d) = (n,n — 1). Thus, we will make explicit the
formula for s, 1) given in Corollary 21.11.
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It is a easy to see that J = Jo(1,n — 1) = Z;i exrk+1, see the inductive construction
in Algorithm 13.2. Next, we determine

W =7 ) (w2 [[u]] @ spanc ({1+u [7.1]},,) ) nlo)

where n(u) = diag (1,u, ...,u) € GL,(C ((u™'))). The first step is to do so is to deter-
mine [J*, ] on a basis of g:

Lemma 23.1. For any 1 <i+# j <n and

Cit1; —€ij—1 1<n—12<7

? —€; j-1 i=n,2<j
0 1=mn, =1

Moreover, for any 1 <1 <n —1 we have
2e1010 — (€ri-1 +eo41) 2<1<n—2
[T ] = —erm1 + 2e141; l=n-1
—ej12, + 2€141y =1
Proof. For i <n — 1,5 > 2 we have [ZZ: Cht1ks em-} = €41, €ij — €ij-€j_1. Lhe
remaining cases for e; ; follow immediately. Let o;;, 1 <@ # j < n, denote the roots

corresponding to the roots spaces spanc ({e; ;}) of the standard Cartan h C g. Note that
a;; = —a;; and that ay 41 () =0for k <l—1aswell as k > [+ 1. Hence for 2 <1 <

n — 2 we deduce [> 371 eriin hi] = Sh) anrr (h) ersip = S ks (M) eryine
Since ay—1;(hi) = aug142(h) = —1 and oy 41(h;) = 2 the rest is obvious. O

Corollary 23.2. Forany 1 <i# j <mn, let e,41; =0 =e;9. Then
(1) for 1 <i#j <n we have

'U€1,2 —u (4,7) = (1,2)
ue ; + U_1€27j — €151 1= 1, 2 S j
77_1(U) (ez‘,j +u! [Jt, ez‘,jD n(u) = u_lei,l + u_2€i+1,1 2<i4,5=1

eiotultea—uen 2<i,j=2

L€ij T U71(6¢+1,j —eo1) 2<14,3<7
(2) for any 1 <1 <n — lwe have

hi + 2u‘262,1 — U_16372 =1

n ) (b +u ™t [T ) n(u) = Q ho 4+ 2utezo —u 260y —uteys 1 =2

b4+ u™t (2e010 — ey — €rqo041) 3 <1
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According to Corollary 21.11, it remains to determine wy gy(u) for all 1 <1 <n—1, as
well as w(; ;0)(u) for 61(i, j) # 1 and w; j1y(u) for d5(i, j) = 1. This is done in the next
three Lemmata. We shall also need the following fact:

Fact 23.3. Forall 1 <[ <n-—1,

n—1

hl:(1——)21 = j—Z)hj_Z

G=l+1 j=1+1

Lemma 23.4. Let 1 <1 # j < n such that 53(173) = 1. Then

u_2€2,1 + 711 (27]) = (17 2)
w(ivj’l) (u) = —2 n—j s :
utej1 — Dy Cirkkie 1=1,2< 7.
Proof. First, let us prove that both expressions on the right-hand side are elements of
W. To that end, we claim that

n—1 n—2

u_26271 +hy = (h1 + 2u_262,1 — U_1€3’2> + — (hg + 2u_163,2—

n—1
_ _ n—1 _
—u%esq —u less) + g - [ +u™ (2e141) — €1 + €r42441)] -

Indeed, for all [ > 2 the coefﬁciel_lt of e;41, on the right-hand side equals

ul(_n—l—1+2n—l_n—l+1)zo'
n n n

Moreover it is easily checked to be equal to zero for [ = 1 as well. Since hy = Py ;lhl
by Fact (23.3), this proves our claim. But then, all summands on the right-hand side
of this equality are contained in W by Corollary 23.2 2). Thus u™2ey; + hy e W.
Next, we claim that

n—j

-2 —1 -2
u “ej1 — E kit = (—€j2—u e+ u" %)) —
k=0

n—j
- Z (€jrmmra + 7 (€rnrihra = €jnit1)) -

Indeed, the coefficient of e;4;;41 on the right-hand side is — (—u~!) —u™' = 0 for all
[ > 2 and also equals zero for [ = 1. Form the last two cases of Corollary 23.2 1) we
deduce that u™2e;1 — > 13 €jrh k1 € W.

It remains to check that the terms given on the right-hand side of the statement are
the duals of e; ju with respect to (x,y) — Res,tr(z - y) on g[u]] x W. But since the
projection of these terms to u~2g [[u™!]] is exactly u~2e;;, this is clear. O
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Lemma 23.5. Let 1 < i # j <n such that 6,(i,j) # 1. Then

u”lesa + D050 €k 1=1,2<y
wigo) (u) = uT et 3<j=i+1<n
4,7, - — —q i .
’ wlesi = D hlh €jehithtl 4<i4+2<y

-1 Jj—2 : ;
U “ej; Fuei;jio —€1i—j+1 + Zk:1 Cj—ki—k+1 S J+1<0

Proof. The proof is similar to that of the previous Lemma: first we show that all
expressions on the right-hand side are elements of W. Only then do we prove that they
are the actual duals with respect to (z,y) — Res,tr (x - y).

Let us start with the following claim:

n—j
-1 -1 —2 -1 —2
et Y enprn = (e FuTCen) + (o + U e — u e ) +
k=1

n—

<.

+ (€j+k,k+1 +ut (Cjprrr e — eﬂk:’“)) :
2

e
[|

Indeed, the coefficient at e;y;; equals —u '+ ut =0 for all I > 2 and is obvi-
ously zero for [ = 1 as well. By the last three cases of Corollary 23.2 1), this shows

-1 n—j
€t + D k1 €k € W

The second case is the most tedious. We claim that for 3 <i+1 < n:

‘L n—i 2 n Jj
—1 M . - . -
€i+1’iu -+ hl = E ] Zj -+ E 1 Zj
j=1 J=i+1

where z; = hy + 2U_26271 —uteg, 29 = ho+2utez o — u_2€2,1 — u_le4,3 and z; = h; +
ut (2ej41, — €jj-1 — €ja441) for all 3 < j < n — 1. Once this equality is established,
we know that ei+1,iu_1 + h; € W thanks to Corollary 23.2 2). Now, note that by Fact
23.3, the h; on the right-hand side add up to k;. Thus, all that remains is to check that
the coefficient at ey ;_1 is zero if k # ¢+ 1 and u~! else. This is done via a case by case
analysis:
Let 7 + 3 < k. Then the coefficient at ey ;1 is
Z,71—(1{—2) n—(k—1)

(—u™) +1

n n n
while for ¢« + 2 = k it is

n—1 (—u’1)+in_(i+1)(

1 2u’1) +1

n n n
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For i + 1 = k, the coefficient at e;41; is
. i1
(/L o 1) n ? (2u—1) + ZM (_u_l)
n

n
As for the case k < i, we have to distinguish between the two sub cases 3 < k (which
was immediate for i + 1 < k) and k < 3. First, assume that 3 < k, then the coefficient
at ey r—1 equals

n—1 _
=l

() i

(h—2) % (—ut) + (k- 1) % (2u ) £k (—ut) =0

n
The last sub case, k < 3, simply requires to check the coefficient at e;;, which is zero.

The third case of the statement follows a lot easier from the claim that

n—j n—j
-1 . -1
€t~ — E €jtkithtl = — E (ej+k,z'+k+1 + U (€jpht1itht1 — €j+k,i+k)) .
k=0 k=0

To verify this claim, we only need to check that the coefficient at €;,,,,; equals —u~! +
u™t=0. Thus eju™ — > 00 €jinirii1 € W by the last case of Corollary 23.2 1).

As for the last case of the statement, we claim that

j—2
ej,iu_l fueii—ji2 —€1i—j+1+ Z €j—ki—k+1 =
k=1
j—1
= (UG1,z‘—j+2 + U_1€2,i—j+2 - el,i—j—f—l) + (Gk,z‘—j+k+1 +ut (€kt1imjrht1 — 6k,i—j+k)) .
k=2

To see this, check that the coefficient at e, ;4 isu™' —ut=0forall 2<1<j—1,
while at e;; it is just u~*. Moreover, note that Z;;IQ Chyi—jihtl = Zf:_f €;—1,i—1, which
proves the claim, showing ej,iu_l +ueri—jr2 — €1,i—j41 + chjl €j—ki—k+1 € W by com-
bining the second and the last case of Corollary 23.2 1).

Finally, we have to check that the terms given on the right-hand side of the statement
are the duals of e; ; with respect to (z,y) — Res,tr(z - y) on g[[u]] x W. But since the
projection of these terms to u™'g [[u™!]] is exactly u™'e;;, this is obvious. O

Lemma 23.6. For alll <[ <n-—1 we have

(w) —uer o + uwthy =0
w u) =
G —e€r1 + u‘lhl 2 <.
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Proof. Note that both terms on the right-hand side is are W by the first and last case
of Corollary 23.2 1). It remains to check that the terms given on the right-hand side of

the statement are the duals of A;u with respect to (x,y) — Resytr(z-y) on g [[u]] x W.
But since the projection of these terms to u='g[[u™']] is exactly u~1hy, this is clear. [

Proposition 23.7. We have
Q

Vv—1Uu

i n n—j+1
+u |e12 @ hy — Z €1, ® < Z €jtk— 1k:+1> -
L Jj=3
i n n—j+1 7
—v |hy ® 9 — Z ( Z €j+k—1,kz+1> e |+

S,y (U, V) = +

L =3 \ k=1
n—1 n—j n—1
+ (€15 ® i1 — Cjthpr1 D €15) + (i1 @ hy — hi ® €;541) +
=2 k=1 =2
n—2 n—i n—i—k+1
+ E (€ithti—1,+i @ €iitk — Ciith @ €ithtl—11+i) -

=2 k=2 =1

Proof. Let us insert the results obtained in Lemmata 23.4, 23.5 and 23.6 into the formula
for s(,n—1)(u,v) given in Corollary 21.11. Firstly, we deduce from Lemma 23.4 that

u Y e ® (wegn (V) —v %) =

(,5)eh

=u (61,2 ® hy — Z €1,; ® ( Z €j+l—1,l+1>> .
=1

j=3
Also, Lemma 23.6 yields
n—1
Z hl ® 10) ) — U_lhl) = —U]vll ® €12 — Z iLl ® 61’1+1.
1=2
Next, let
J={@,j)e{1,.. n}B<j+1<G
L={(ij) € {l,.,n}*|4<i+2<j}.

Then we derive from Lemma 23.5 that

Z € & (w(i,j,O) (U) - U_lejﬂ) =

(i,j)€I1U]2U[4
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j—2
+ g €ij & 'Uel,z'—j+2_€1,i—j+1+§ €i—ki—k+1 | -

(i.5)e] k=1
Clearly, the sums over L and J require some shift of indices in order to fit into the
formula of the statement. This is done in several steps:

It follows from the definition of J that if we set | = ¢ — j + 2 for (i,j) € J, then
3 <1 <n. Hence, if we let k = 57 — 1, then

n n—Il+1
v E €ijQelijr2 =" E E €ltk—-1k+1 | @ €17,
( k=1

i,j)€J =3

where we use that £k < n — [+ 1 if and only if i < n.

Next, for (i,j) € J,let l=4i—j+ 1. Then 2 <! <n—1. Thus, for k =j — 1,

n—1 n—I
- E €ij @ e1i—jr1 = — E § €tk k+1 | @ €15,

(i,j)e] 1=2 \k=1

where we use that £ < n — [ if and only if 1 < n.

As to the last sum term of the sum over J, let « = j —k and b =i — j + 1. Then
2 < a < n—2 due to the bounds of j and k, and 2 < b < n — a where we use that
b < n — a if and only if i < n. Hence

j—2 n—2 n—a [n—a—>b+1
Z €i,j ® Z Cj—ki—k+1 = Z (Z < Z €a+b+k—1,k+a> ® ea,a—l—b) )
(i,5)€] k=1 a=2 \ b=2 k=1
where we use that k <n —a — b+ 1 if and only if i < n.

Finally, for (i,7) € L, let a = j—i. Then 2 < a < n—1i. Thus, for b = k+ 1, we deduce
that

n—j n—2 n—i n—i—a+1
Z Cij O Z Cithith+l | = = Z Z €ijita & Z Citatb—1b+i | | >
0

(i,5)€L k= i=2 \a=2 b=1

where we use that b <n—i—a+1ifand only if £ <n —j. O
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Part 7. PC Implementations

In this part we present the source code of the implementations in mathematica for
the algorithms producing r(,q4)(v; y1,y2) and ¢ a)(y1, y2) respectively s, ,—a)(u, v).
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23.1. The program for 7,4 and c(,q)-

The implementation of the algorithm for the construction of r, 4)(v;y1,y2) is straight-
forward. The input parameters n and d are defined in the first two lines, which are n = 2
and d = 1 in the form of the source code printed below. Assuming that r(, q)(v; y1,92)
has a Laurent expansion of the form (3.5), the program also computes the correspond-
ing solution c(,a)(y1,y2) of the CYBE. Moreover, it constructs and applies the gauge
equivalence ¢ ; ® @ to c(n.a)(Y1,Y2), yielding s¢,n—a)(y1,y2), see Theorem 22.1.

(K= m mm o e e oo *)
g *)
n=z;

d =1;

Jla_,b_]:=(

If [a==b, Return[{{0,1},{0,0}}11;

If[a>b, (
A= J[a-b,b];
U= Table[0, {i,a+b}, {j,a+b}];

Do[U[[i,j]11= A[[i,j11, {i,a}, {j,a}];
Do[U[[a-b+k,a+k]]=1, {k,b}];
Return[U];

)15

If[a< b, (

A= J[a,b-a];

U= Table[0, {i,a+b}, {j,atb}];
Do[U[[i+a,j+all= A[[i,j]1], {i,v}, {j,b}];
Do[U[[k,a+k]]=1, {k,a}];

Return[U];

)135);

J = J[n_d’d] ;

(€T T construct Sol, ¥ ----------------- x)
F[z0_,z1_]:= Table[ If[(i <= n-d &% j <= n-d) || (i > n-d &% j>n-d),
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£i,j]1%2z0 + £2[i,jl*z1 , If[i>n-d &¢ j <= n -d ,
fli,jl1*z072+£7 [i,jl*z0%z1+£°[1,j1*z1~2,£[i,j]11],{i,n},{j,n}];

FO = Fleps,1] /. eps -> 0;
Feps = Coefficient [Fl[eps,1], eps];

R = Comm[FO0,J]+ Feps+(yl-v)* FO;

(*¥ solve the equations imposed by SolZﬁl on entries

of a general element of W, ; *)

redlist= Complement [Flatten[ Union[ Feps,

Take [Transpose[Take [FO, n-d]], -d]]1],{0}];

V =Transpose[Solve[R==0, redlist]] // FullSimplify;

Vlist =Union[Flatten[V]];

(* impose relations of Solzzl on a general element of W, , and
evaluate at zyp =1 *)

Glz_]=F[1,z] //. Vlist // FullSimplify;

(* compute res;} *)
bluelist=Complement [Flatten[Union[F[1,0], F[0,1],
Coefficient [F[z0,z1], z0%z1]]], Union[redlist, {0}1]1;

T = Solve[G[y1]== Table[ ali,jl, {i,n}, {j,n}], bluelist ];
Transpose[T] // MatrixForm // FullSimplify;

(* compute ev,, ores,' *)
PreAMatrix = (G[y2]/(y2-y1) //. Vlist
//. Flatten[T]) // FullSimplify;

(* compute Zin%ﬁo(evw<3res;f) *)

PreR2Matrix=(((( PreAMatrix - Table[ ali,j] ,{i,n}, {j,n}]/(y2-y1)
-Sum[ali,i],{i,n}]*IdentityMatrix[n]/(n*v))//FullSimplify)

//. v->0)) // FullSimplify;

(¥ ——mmmmmme - processing the output ----------------~——--- *)
Do[ el[i,jl=Normal[SparseArray[{i,j}->1,{n,n}]], {i,n}, {j,n}];
AMatrix=Sum[Outer [Times, el[i,j], Coefficient[PreAMatrix,
alj,i]1],{i,n},{j,n}] // FullSimplify;



Print ["The AMatrix r(n,d)(v;y1,y2)"];
AMatrix // MatrixForm

(xconstruct cia) = U/ (y2 —y1) + R2Matriz as a tensor)
pr[X_]:= X-IdentityMatrix[n]*(Tr[X]/n);

R2Matrix = Sum[Quter[Times, e[i,j], pr[Coefficient[PreR2Matrix,
alj,i1111,{i,n},{j,n}] // FullSimplify;

(¥ note that the above algorithm treats ali,t] as h[i],

which s not correct; hence we have to apply some correctionsx*)
Correction0fDiagonalCoeff={};

Do [

CorrectionOfDiagonalCoeff=Union[Correction0fDiagonalCoeff,
{ali,i]l->ali,i]-1/n*Sumlalj,j],{j,n}]1}],{i,n}];

R2Matrix=R2Matrix //. CorrectionOfDiagonalCoeff// FullSimplify;

®2
Print ["R2Matrix in basis {{eﬁj}k@j<n} of Mat,xn(C) ® Mat, x,(C)"]1;
R2Matrix// MatrixForm

(¥ ——mmmmmme compute ©; ® py(Cpg)---=-----====------- *)

(* first, construct Z; *)

Z=Table[zfake,{i,n},{j,n}];

Z=Z- (J+Transpose [J]) *zfake+IdentityMatrix [n]*(1-zfake) ;
While[Coefficient[Z,zfake] != IdentityMatrix[n]*0,

Dol[ If[Z[[a,c]]== zfake && (Z[[a,bl]/. {zfake->-1})!=-1 &¢
(Z[[b,cll/. A{zfake->-1})!=-1,
Z[[a,c]l]=Mod[Z[[a,b]]1+Z[[b,c]]+1,2];

1,{a,n},{b,n},{c,n}];];

(*next, construct p;*)
ApplyGaugeToentry[X_,Z_]:=( GaugeReturn2 =
Table[ X[[i,jl1*(-1)~Z[[i,j1]1,{i,n},{j,n}];
Return[Transpose [GaugeReturn2]]) ;

ApplyGauge [X_,Z_] :=( Return[
Sum[Outer [Times,ApplyGaugeToentryleli,jl,Z],

157
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ApplyGaugeToentry [X[[1,3j1]1,Z]],{i,n},{j,n}11);

(* apply ;@ p;*)
GaugedR2Matrix =ApplyGauge[R2Matrix,Z];

®2
Print["¢p; ® ¢ (R2Matriz) in basis {{ei,j}1<”<n}

of Mat,un(C) ® Mat,«,(C)"];
GaugedR2Matrix// MatrixForm

Example 23.8. The output of the mathematica program above will consist, along with
some explanatory text, of the following three matrices in the case (n,d) = (2,1):

< % T i O ) ( 0 0 )
v+y2 1 -1 0
(23.1) 2 w /| N T2

(40)
(23.2) 2
(

0 -2 . 0
(23.3) <(08 §)> (0 —%>

These matrices correspond to r(21)(v; Y1, ¥2), c2,1)(¥1,Y2) and (¢ ® v1) ¢21) (Y1, Y2) Te-
spectively. To interpret them correctly, let us agree on the following conventions. First,
we choose {eid}lgi,jgn as a basis of Mat,,x,(C). Hence any tensor A® B € Mat,,»,,(C)®?
may be identified with the matrix (a;; - B),; ;<,,» where A = (a;;)1<ij<n. This explains
the presentation of 7(51)(v;91,%2) in (23.1). Next, we make use of the fact that c,q)
is of the form c(a)(y1,12) = -5 + Cln.ay (Y1, ¥2) (in the source code, ¢, 4 (y1,y2) is
called “R2Matrix”). Note that the canonical embedding s[,(C) — Mat,,(C) allows

to identify any tensor A ® B € sl,,(C)®? with the matrix (a;; - B),<ij<n Where again
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A = (a;;)1<ij<n. Via this identification, (23.2) corresponds exactly to 022’1)(y1,y2).
Analogously, (23.3) corresponds to (¢; ® @) c’(z,l)(yl, Ya).

23.2. The program for s, ,_q)-

The mathematica implementation of the algorithm for s¢, ,—q)(u,v) is based on the
formula given in Proposition 21.7. Thus, only w j ) (u) and wq ) (u) for & < 1 need to
be computed for all 1 < ,5 < n respectively 1 <[ < mn — 1 (in the source code, these
elements are denoted by wl[i, k], where 1 < i < n? —1 and k € {0,1}). This implies
that much of the information contained in W as defined in (21.2) is superflous. Indeed,
V ={w(u) € W| -2 <deg, (w(u)) <1} already contains all w[i, k] for 1 <i<mn—1
and k € {0,1}, see Lemma 21.9. The rest of the implementaion is straightforward.
Note however that the integer n — d is replaced by the symbol p in the sourcecode.

p=1; (#p <-> n-d*)

Do[ el[i,jl=Normal[SparseArray[{i,j}->1,{n,n}]], {i,n}, {j,n}];
Do[h[i] = eli,i]-e[i+1,i+1], {i,n-13}];

Comm[x_,y_]:=x.y-y.x;

Jla_,b_]:=(

If [a==b, Return[{{0,1},{0,0}}11;

If[a>b, (
A= J[a-b,b];
U= Table[0, {i,a+b}, {j,a+b}];

Do[UL[i,jll= A[[i,j1], {i,a}, {j.,a}];
Do[U[[a-b+k,a+k]]=1, {k,b}];
Return[U] ;

)15

If[a< b, (

A= J[a,b-a];

U= Table[0, {i,a+b}, {j,atb}];
Do[U[[i+a,j+all= A[[i,j1], {i,b}, {j,b}];
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Do[U[[k,a+k]]1=1, {k,a}];
Return[U];
0155

(x frob <-> J(p,n—p)" *)
frob =Transpose[J[p,n-pl];

(*¥---- construct V
with —2 < deg(g(u))

(* create list of standard basis of g *)
Basislist= Array[Dummy,n"~2];

Do[ If[i'=j,Basislist[[(i-1)*n+jl]l= eli,j],
If[i<n,Basislist[[(i-1)*n+j]]=h[i],
Basislist[[(i-1)#*n+j]1]1=011,{i,n}, {j,n}];

(*construct conjugation by n(u) *)
eta=Table[If[i!= j,0,If[i>k, 1/u, 111 , {i,n}, {j,n} 1;
Conjuglx_]=eta.x.Inversel[etal;

(*construct list containing basis of n '(u) - (I+ 1/u-[J'1]) - n(u) *)
Do[z’[i]=Basislist[[i]]+1/u *Comm[frob,Basislist[[i]] ], {i,n"2-1}];
Do[z[i]=Conjuglz’[i]], {i,n~2-1}];

(* construct list containing basis of n '(u)- (u=2g)-n(u) *)
Do[z[i+n~2-1]=Conjug[Basislist[[i]]]*1/u~2, {i,n"~2-1}]

(¥ first, create a matriz that contains all values Res,tr(z,y)
where z runs over basis of V and y over bastis of g+ ug *)

T’ = Table[If[i<n~2, Coefficient[z[j].Basislist[[i]]*u,1/u],
Coefficient[z[j].Basislist[[i-(n~2-1)]],1/ul],

{i,2¢(m~2-1D}, {j,2¢x(@"2-1)}];

T = Table[Tr[T’[[i,j]]1], {i,2x(m"2-1)}, {j,2*x(n~2-1)}];

1= LinearSolvel[T];

(*¥the dual basis of the standard basis of g wrt to the trace form*)
Do[f[i,jl=elj,il, {i,n},{j,n}]
Do[dualcoeff[i]l= 1-i/n;
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gli]l= Sum[j*dualcoeff[i]l*h[j], {j,n-1}]
-Sum[(j-i)*h([j],{j,i+1,n-1}],{i,n-1}];
DualBasislist= Array[Dummy,n~2];

Do[ If[i!=j,DualBasislist[[(i-1)#*n+j]1]l= f[i,j],
If[i<n,DualBasislist[[(i-1)*n+j]l]=

glil, DualBasislist[[(i-1)*n+j]11=011,{i,n}, {j,n}];

(*now, determine the w[i,1]; if Basislist[[i]]-u™" is in W

for all k> 1, the program does only know that Basislist[[i]] -u~' is
wn V, so the corresponding row of T is zero,; hence in this case

we have to tell the programm that

w(i, 1] = Basislist[[1]]-u™? explicitely*)

Do [

If [Sum[Abs[T[[i,jl1]1,{j,2*(n"2-1)}]1== 0,
w[i,1]=DualBasislist[[i]]*1/v"~2,

{sol = 1[UnitVector[2*(n~2-1),i]];wli,1]=

sum(z[j1*s01[[j1] /. u->v, {j,2*(n~2-1)}1}], {i,n~2-1}]

(* the w[%,0], corresponding to w( ;o (v), are computed formally+)
Do[{sol = 1[UnitVector[2*(n~2-1),il];
wli-(n~2-1),0]=Sum[z[jl*sol[[j]]

/. u->v, {j, 2x(@~2-D};}, {i,n"2 , 2x(n~2-1)}];

(%---- suum(u,v)::5¥E«+-32Matrim as a tensor ---------- *)

(* determine all y[i] <-> (v—u)- (W;;(u,v)) and (v—u)- (W(u,v) *)
Do[y[i]= u*x(w[i,1]- DualBasislist[[i]]*1/v"2)

+w[i,0]- DualBasislist[[i]]*1/v; ,{i,n"2-1}];
y[n~2]=0*IdentityMatrix[n];

R2Matrix=Sum[Quter[Times,e[i,j], y[(i-1)*n+j] 1, {i,n},{j,n}];

(Fmmmmm e output ------------------- *)

®2
Print ["R2Matrix in basis {{etj}1<ij<n} of Mat,xn(C) ® Mat,«,(C)"1;

Table[If[i!=j, R2Matrix[[i,jl], If[1<i,-R2Matrix[[i-1,i-1]],
IdentityMatrix[n]*0 J+R2Matrix[[i,i]]1],{i,n},{j,n}] // MatrixForm
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Example 23.9. The output of the mathematica program above will consist, along with
some explanatory text, of the following matrix in the case (n,d) = (2,1):

(o0 ) (5 %)
0 0 —
(23.4) 0 0 0 3

0 0 0 0
In order to understand how this matrix represents s(2,1)(u, v), we again have to agree on
some conventions. Similar to the treatment of ¢, 4) above, we use the fact that s, ,_q
is of the form s ,_g)(u,v) = & + Stnn_a)(Ws V). Also, we choose {e;;},_; ., as a

basis of Mat,,«,(C) again and use the canonical embedding sl,,(C) — Mat,,»,,(C). This

allows to identify any tensor A ® B € s[,(C)®? with the matrix (a;; - B)<ij<pn Where
A = (ai;)1<i,j<n- Via this identification, s{, ;) (u,v) corresponds exactly to (23.4). Note

that s’(n . d)(u,v) is denoted “R2Matrix” in the source code. Also, since the program

works with the standard basis {{eidhgi;ﬁjgn U {hl}1gzgn—1} of s1,,(C), some adjustment

N1

o

IS

®2
is needed at the end in order to convert R2Matrix to the basis {{em}l <ij <n} . This

explains the last few lines of the source code.
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