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Abstract

In this thesis we study a spatial population model based on a class of interacting locally
regulated branching processes. The results consist of three parts which are independent
of each other. The first part, which is the main part of this thesis as presented in
Chapter 2 and 3, is concerned with a three-time-scale analysis of a spatially structured
population specified with adaptive fitness landscape. More precisely, we obtain a new
model, the so-called trait substitution tree (T'ST), in the limiting system by taking a rare
mutation limit against a slow migration limit. These limits can be either simultaneous
with a large population limit from a microscopic point of view (Chapter 3), or based
on a deterministic approximation (Chapter 2). The TST process is a measure-valued
Markov jump process with a well-described branching tree structure. The novelty of our
work is that every phenotype, which may nearly die out on the migration time scale,
has a chance to recover and further to be stabilized on the mutation time scale because
of a change in the fitness landscape due to a new-entering mutant.

The second part (Chapter 4) deals with the neutral mutation case, i.e., the fixation
probability of an advantageous mutant is of order Zx (0 < A < 1) in terms of a large
population size K. We proceed by two cases. For 0 < A < 1 we consider the rescal-
ing limit on a time scale of accumulated mutations and extend the trait substitution
sequence model. For A = 1 we obtain a rescaling limit in a weak sense, i.e., under
conditioning on non-extinction up to observation time.

In the last part (Chapter 5) we study the fluctuation limit of the locally regulated
population, and we obtain a limiting process as the solution both of a martingale problem
and of a generalized Langevin equation. Under appropriate conditions we prove that
the fluctuation limit and the long term limit are interchangeable.
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1 Introduction

1.1 Biological background

One of the main purposes in the study of various population models (such as popula-
tion genetics and branching population models) is to understand the complex pattern
whereby the distribution of phenotype or genotype in a population changes over time.
Moreover, it is of particular interest to understand what is the relative importance of
mutation, selection, migration and population subdivision for the genetic diversity ob-
served today. This origins can be traced back to Charles Darwin’s pioneer work On the
Origin of Species [14] published in 1859.

Apart from the discussions it brought about on a non-scientific level, there were also
controversial debates where both biologists and mathematicians were involved. One of
the points at issue was the claim that the driving force of evolution was natural selection,
and among selectionists, there was disagreement about the nature of selectively induced
evolutionary changes. Darwin adhered to the gradualist point of view, that changes in
the nature of organisms in populations were gradual and incremental. Other biologists,
like T. H. Huxley and F. Galton, were saltationists, believing that evolutionary changes
usually occur in the form of jumps with considerable height. The main difference is that
according to Darwin the evolution of well-adapted organisms depends on selection acting
on a large number of slight variants of the same trait, whereas much of Mendel’s work
focuses on discontinuous changes in traits due to a mutation of a single gene. However,
as we will see later, these two arguments do not contradict each other since they can be
interpreted respectively on different time scales. Depending on the time scale which is
chosen to measure the evolutionary changes, one can get different interpretation of the
picture.

Up to the rediscovery of Mendelian genetics by Fisher, Haldane and Wright et al.
around 1900, Darwin’s theory of evolution driven by natural selection was finally rec-
onciled with Mendelism, which was of course appealing to the saltationists. Indeed,
the former relies crucially on the latter, and further it would be difficult to conceive
a Mendelian system without any consideration of natural selection associated with it.
To see why this should be the case, it is necessary to turn to some rigorous mathemat-
ical justification showing that natural selection can act extremely fast. In a series of
papers starting from 1922, Wright introduced the conception of adaptive landscape, in
which natural selection would drive a population towards a local maximum (in terms of
fitness optimization), but a genetic drift could push the population away from such a
peak paving the way for natural selection to push it towards another peak. During the
last twenty years, due to further developments of mathematical tools, there has raised
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particular interest in reconsidering the consistency between natural selection and dra-
matically discontinuous changes in traits. We now give a short overview of the biological
literature dealing with this question.

In 1997 Coyne et al. [13] published a perspective that questioned the validity and im-
portance of Wright’s shifting balance theory, which allows selection to act on alternative
adaptive peaks, corresponding to different deterministic equilibria. Natural selection
pushes populations towards one or another peak, which may then spread by various
kinds of group selection. It is consistent with Darwin’s theory of evolution that the
main engine of adaption is natural selection. An obvious question from a mathemati-
cal point of view is whether we can interpret the shifting balance theory on the level of
individual-based models? To discuss this issue, we first have to identify the evolutionary
mechanisms that contribute to natural selection, such as reproduction, mortality, com-
petition, migration and mutation, and how they fit into the spatial structure constraints
of a population.

Back to one decade earlier, Newman et al. [41] investigated an evolutionary phe-
nomenon called punctuated equilibria in a well-written biological paper that also caters
mathematicians’ taste. They emphasize random variation and natural selection as the
two central elements of neo-Darwinian evolution. In Wright’s view, these lead to random
drift of mean population characters in fixed multiply peaked adaptive landscape with
long periods spent near fitness peaks. They show that the transitions between peaks are
rapid and undirectional even though random variation is small and transitions initially
require movement against selection. They thus claim that punctuated equilibrium, the
palaecontological pattern of rapid transitions between morphological equilibria, is a natu-
ral manifestation of standard Wrightian evolutionary theory. In their paper they employ
a dynamical system with small random perturbations to illustrate a population with a
random genetic variation. However, they mention the idea of different time scales only
verbally without giving explicit mathematical justification.

Recently a so-called trait substitution sequence (T'SS) model, proposed by Metz et
al. [39] and justified by Champagnat [8], aims to describe the evolution as a Markov
jump process at the population level in the space of phenotypic traits characterizing
individuals. In this model, the population is monomorphic at any time (i.e., composed
of individuals holding the same trait value). The evolution proceeds by a sequence of
appearance of new mutant traits, which invade the population and replace, after a selec-
tive competition on a shorter time scale, the previous dominant trait. The TSS model
belongs to the recent biological theory of evolution called adaptive dynamics. The the-
ory of adaptive dynamics investigates the effects of the ecological aspects of population
dynamics on the evolutionary process, and thus describes the population on the pheno-
typic level instead of genotypic level. The T'SS model is one of the fundamental models
for adaptive dynamics and it turns out to be a powerful tool for understanding various
evolutionary phenomena, such as polymorphism (stable coexistence of different traits)
and evolutionary branching (evolution from monomorphic population to a polymorphic
one that may lead to speciation).
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1.2 Motivation

The heuristics leading to the T'SS model is based on the biological assumptions of large
population and rare mutation, and on another assumption that no two different types
of individuals can coexist on a long time scale: the selective competition eliminates one
of them. Therefore, coexistence and diversity after entering of new mutants are not
allowed due to the deficient spatial structure. On the other hand, natural selection is
not only limited to competition mechanism but also is often combined with a survival
strategy-migration mechanism. In spite of this heuristics, this model is still lack of a
rigorous mathematical basis.

The adaptive-dynamics approach is controversially debated since it was criticized only
feasible in the context of phenotypic approach. However, the link with its corresponding
genetic picture is rarely developed (see Eshel [17]). As far as the natural selection
is concerned, the population-genetics approach has dominated for many years mostly
because it is proved powerful to model the sexual reproduction of diploid populations
on the genetic level. For a fixed finite gene pool, most evolutionary mechanisms like
recombination, selection, and inheritance are theoretically tractable even they can take
a role in a very complicated way after recombination gets involved. In particular, the
effect of recombination is far more complicated to characterize the long-term evolution
since random shuffling of genes may create many genotypes for natural selection (e.g.,
see [12] for a three-genotype (combined by two genes) case). In contrast, adaptive-
dynamics approach is mainly concerned with the long-term evolutionary property but
usually ignoring the genetic complications. Is there one way to embody the features
such as sexual production and the recombination mechanism arising from the genetic
level but at the same time one can still analyze it on the quantitative trait level, i.e.,
taking advantage of adaptive-dynamics approach on a phenotypic level? This is the
biological motivation of the main part of this thesis. In this thesis we propose a new
model to justify the above arguments. We introduce a spatial migration mechanism
among possible phenotypes, which can be viewed as the results of recombination in a
fixed finite gene pool of a sexual population. After natural selection on a short-term
evolution time scale, the population can attain an equilibrium configuration according
to the fitness landscape. Every time there comes a new mutant gene into the gene
pool, the phenotype (trait) space is enlarged due to recombination mechanism, and
the spatial migration can be used to characterize the reshuffling procedure on the way
to a new equilibrium configuration. Loosely speaking, the spatial movement is used
to compensate the simplicity of genetic recombination in adaptive-dynamics approach.
The critical point we need to take care is to distinguish these different time scales after
introducing fitness spatial structure in the model.

The approach of this model differs from previous models in three key aspects. Firstly,
no genetic information is lost on any time scale. Some phenotype containing a specific
deleterious gene may be invisible due to its temporary low fitness on the migration time
scale, but it can recover based on the reshuffling due to a new mutant gene on the longer
mutation time scale. For example, some epidemic virus may become popular again
periodically because of a change of its mutated genetic structure or a genetic change
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of its potential carrier. Secondly, thanks to the fitness spatial structure endowed on
finite phenotype space, coexistence is allowed under the assumption of nearest-neighbor
competition and migration. This distinguishes our model from the classical adaptive-
dynamics system, which usually converges to a monomorphic equilibrium. What is more,
we derive a well-defined branching tree structure in the limiting system, which is like
a spatial version of the Galton-Watson branching process. Last but not least, the idea
to introduce the spatial movement to interpret population genetics can build a bridge
between adaptive-dynamics and its genetics counterpart. In particular, we believe that
more can be done to quantify our model from the genetic side by mapping migration
among phenotypes to recombination among genotypes.

As a reminder, we want to mention a genetic counterpart of the interacting branching
population model described in next section, namely an interacting probability measure-
valued population studied by Evans et al. [11, 21]. They study a continuous time
dynamical system that models the evolving distribution of genotypes in an infinite-
many or even a continuum of loci population where recombination acts on a faster
time scale than mutation and selection. The intuition behind their asymptotic result is
that the mutation preserves the Poisson property whereas selection and recombination
respectively drive the population distribution away from and toward Poisson. If all three
processes are operating together, we expect that the resulting system will preserve the
Poisson property, and in the limit the detailed features of the recombination mechanism
disappear. They call it mutation-selection balance model.

1.3 Mathematical framework

Most of the current research in biological mathematics is concerned with either phe-
notypic or genetic models, both of which trace back to the well-known Galton-Watson
branching process or the Wright-Fisher model. Since the 1970s it has become very pop-
ular for mathematicians to study measure-valued stochastic processes (superprocesses)
[15, 18, 37]. On the one hand, this research shows abundant spatial structures beyond
the one-dimensional processes. On the other hand, it builds a beautiful bridge between
probability theory and infinite-dimensional analysis. There are mainly two classes of
superprocesses, Dawson-Watanabe superprocess and Fleming-Viot superprocess, which
are essentially generalizations of resp. the Galton-Watson process and the Wright-Fisher
process enriched by various spatial structures. From the biological point of view, they
can be interpreted as resp. infinite-many type and infinite-many allele models endowed
with spatial motions. We now start with a short survey on a recent framework proposed
for spatially structured phenotypic models.

Since individuals can reproduce, mutate and die in varying rates according to their
different spatial characteristics (phenotypes), one reasonable improvement one can make
is to add spatial components to both branching and dispersal parameters. However, the
spatial-dependent components destroy the independent relationship between branching
and dispersal while bringing us abundant information from the biological point of view.
Even though, the model is still deficient: such as in the finite-dimensional branching
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process model, a population either dies out or escapes to infinity, depending on the
mean matrix of the offspring distribution. The model thus can not predict a non-trivial
equilibrium which actually happens quite often in the biological world. Bolker and
Pacala [4] propose a locally regulated model which attains the above two improved
features. By employing the mechanism of the logistic branching random walks, they
introduce a quadratic competition term in the density-dependent populations, which
can help us to build some equilibria within subdivided populations. However, the loss
of the branching property can also cause some new technical difficulties for the analysis
of the model.

Law and Dieckmann [35] study this model in parallel with Bolker and Pacala [4]. We
simply call it BPDL model. In recent years, this model has been extensively studied by
Etheridge [19], Fournier and Méléard [22], Champagnat [8], Lambert [33], Dawson and
Greven [16]. Etheridge [19] studies two diffusion limits, one is a stepping stone version
of the BPDL model (interacting diffusions indexed by Z¢) and another is a superpro-
cess verston of it. Also sufficient conditions are given for survival and local extinction.
Fournier and Méléard [22] formulate a pathwise construction of the BPDL process in
terms of a Poisson point process. Under a finiteness of third moment condition, they
rigorously obtain a deterministic approximation (law of large numbers) of the BPDL
processes. Our work is based on the formalization of Fournier and Méléard [22]. Cham-
pagnat [8], Champagnat and Méléard [10], Dawson and Greven [16] investigate long
term behavior by the method of multiple time scale analysis in respective populations.

In this thesis a main goal is to to understand how the mechanisms of reproduction,
competition, migration and mutation determine the manner in which the distribution
of a spatial population changes over time. In particular, we prescribe relative strengths
of these evolutionary mechanisms by constraints on corresponding parameters in order
to study their relative importance on different time scales. In the first two chapters
we study how the population starting from one single trait eventually colonizes the
whole trait space comprised of finite/infinite-many traits as time evolves, meaning that
a positive spatial density is reached and a local equilibrium situation arises where locally
the process neither becomes extinct nor grows and becomes infinitely large as t — oo.
This is in contrast to the behavior of classical branching models with their survival
versus extinction dichotomy in a finite-many trait space and reflects limited resources
in a given colony.

More precisely, the scaled population is characterized by a sequence of finite measure-
valued processes with the following infinitesimal generator

LEF(v) = /X {F(V—F %) — F(u)] b(x)Kv(dx)
+/X [F(V—%) —F(u)} <d<x)+La(x,y)u(dy)) Kv(dz)  (1.3.1)

dy O
+e / |:F(I/ +2L-=)- F(V)] m(x, dy)lycoupppy K v(dz),
v Jx K K

where we denote by b(z) the birth rate of an individual with trait x, and resp. d(x) its
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death rate, a(x,y) the competition pressure felt by one with trait x from another with
trait y, m(x,y) the migration kernel from x to y. Parameter € is used to govern the
migration strength in the population.

In Chapter 2 we firstly attain the large population approximation by letting K — oco.
Then we identify the right time scale O (ln %) for fixation and describe the equilibrium
configuration on a finite-many trait space X. By adding rare mutation events driven by
Poisson point processes, we enlarge the trait space every time there enters a new mutant
and push the process to evolve as a well-defined trait substitution tree (TST) process, a
measure-valued Markov jump process, on the mutation time scale.

In Chapter 3 we aim to justify the TST process by constraining migration and mu-
tation strength to be sufficiently small simultaneously in terms of large population size.
For the case on a finite geographic trait space without any mutation, under the condition

1< Ke< K, (1.3.2)

we prove the right time scale for fixation is O(In %), and provide some specific paths on
the way to their equilibria (see Fig. 1.1).

output.N/scale. K
output.N/scale.K

- - | ~J

T T T T T 1 T T T T T
0 5 10 15 20 25 0 10 20 30 40

output.T output.T

Figure 1.1: Simulations of TST on the migration time scale O (In 1)

For the population on an infinite-many trait space with mutations, we specify the
process with its infinitesimal generator

LEeo p(y) =LE<F(v)

+ J/X/Rd [F(V + 5x+h) — F)| w@)ple, dh)Kv(dr), (1.3.3)

K

where the last term represents mutant transition parameterized by o, and the operator
L% is a modification of L€ with migration kernel’s domain of integration supp{v}
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rather than X'. Combining with the constraint (1.3.2) for the migration rate, we impose
one more constraint on the mutation rate

1 1
In- <« — KC. 1.34
n- K g <o ( )

By taking the large population limit, we attain the TST process (see Fig. 1.3), which is
defined in Chapter 2 on the mutation time scale O(%) Note that the effect of migration
and competition is indistinguishable in the limiting system, where at any time it takes
a value as the equilibrium configuration on a corresponding finite-many trait space.

long-term evolution
(generations)

short-term evolution > ——» @

T - STE | = (finess maximizaton
e > |

departure from an
unstable system

short-term evolution > ——» @
STE : L
T+1 - of the relabeled system |~
— 1
j
|

Figure 1.2: Long-term evolution from one STE at generation T to another at generation T+1

In all, we identify that there are three time scales which are related with different
evolutionary mechanisms. The shortest one is of course the life cycle time scale of a
single individual with no direct concern when studying the evolutionary processes. A
middle level time scale is concerned with changes and interactions in a population from
one generation to the next due to reproduction, competition and migration. We call
it migration time scale. This is usually the topic of classical population dynamics or
genetics, and we call it short-term evolution. On the longest one-a mutation time scale,
we study the rapid transition from one equilibrium on the short-term scale to another
due to the invasion of a new mutant type. More precisely, from one time step to the
next on the long-term scale, we switch between three systems: one at the old short-term
equilibrium (STE), one during short-term evolution (by one-mutant extension), and one
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at the new STE. We borrow a nice picture from Schneider [42] to illustrate the idea (see
Fig. 1.2).

In Chapter 4 the goal is to consider the case when the fixation probability of the
new mutant is nearly neutral (slightly advantageous). This idea can be realized by
accelerating the branching rate (birth rate and death rate) in a suitable way, i.e., take
individual birth rate by = K*r + b and death rate dx = K*r +d for 0 < A < 1, where
the parameter K is proportional to the initial population size. This procedure is highly
reminiscent of the scaling method from branching particle systems to superprocesses
(see [15, 37]). To prevent the population from rapid extinction, one either needs to
make the assumption of large population, or to condition the process on not attaining
0 before the time of observation. We will show that, on a single mutation time scale,
the fixation probability of the advantageous type is of order %, which converges to 0
under the large population limit. Obviously, it is not the proper time scale to rescale
the population process.

For 0 < A < 1 the large population limit of the population process (branching random
walks system) is a deterministic measure-valued process. In particular, it satisfies an
ODE which has a stable equilibrium (carrying capacity) for a one-type population with-
out mutation. In order to find the suitable time scale to separate successively arising
mutations, our argument proceeds by the way of an intermediate approximation, based
on the trait substitute sequence approximation obtained in Champagnat [8]. Eventually,
we justify the T'SS model on an accumulation time scale of mutations. In other words,
the invasion is not due to a single absolutely advantageous mutant, but due to relatively
often occurring mutations.

For A = 1 the large population limit is a superprocess with a quadratic competition
term. The randomness is generated by the accelerating birth and death events and is
usually called “demographic stochasticity”. In particular, as for the one dimensional
case, the rescaled logistic branching process converges to a so called logistic Feller diffu-
sion. As shown in [33], the diffusion will be absorbed at 0 with probability 1. Thus, to
capture the long time behavior in some sense, we study the process conditioned on never
attaining 0. This conditioned process , named Q-process, is studied in [7, 36]. It can be
realized by compensating proper immigration to the system (see [34]). As for the fixation
period, we use a classical result about the extinction probability for branching processes
in random environments (see Kaplan [29]) to build up the non-coexistence condition,
and further to give an implicit expression for the fixation probability of the advanta-
geous type. Nevertheless, we can formulate the limiting processes both for 0 < A < 1
and A = 1 in an unified regime in the context of random environments (see Remark
4.2.3).

In Chapter 5 based on the deterministic approximation of the BPDL processes studied
by Fournier and Méléard [22], a fluctuation theorem is proved under a second order mo-
ment condition. The limiting process is justified to be an infinite-dimensional Gaussian
process solving an inhomogeneous generalized Langevin equation. As an application, we
study its properties in the one dimensional case. Finally, under some specific conditions
we consider the stationary behavior of the BPDL processes and its fluctuation limit. We
prove that the fluctuation limit and the long time limit are interchangeable.
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Figure 1.3: Simulations of TST on the mutation time scale O(%5)

Fungi Gram-positives
Chlamydiae

Animals
Slime moulds
Plants

Green nonsulfur bacteria

Algae Actinobacteria
Planctomycetes
Protozoa Spirochaetes
Fusobacteria
Crenarchaeota
Cyanobacteria
Nanoarchaeota (blue-green algae)
Euryarchaeota Thermophilic

sulfate-reducers

Acidobacteria

Protoeobacteria

Figure 1.4: Evolution tree of all (from Wikipedia)
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2 Trait substitution tree model based
on a deterministic system

In this chapter we consider two continuous-mass population models as analogues of
spatially structured branching random walks, one is supported on finite-many trait space
and the other one is supported on infinite-many trait space. For the first model with
nearest-neighbor competition and migration, we justify a well-described evolutionary
path to the short-term equilibrium on a slow migration time scale. For the second
one with an additional evolutionary mechanism-mutation, a Markov jump process-trait
substitution tree model is established under a combination of rare mutation and slow
migration limits. The transition rule of the tree highly depends on the relabeled trait
sequence determined by the fitness landscape.

2.1 Introduction

In recent years a spatially structured population with migration (namely mutation in [8])
and local regulation proposed by Bolker and Pacala [4], Dieckmann and Law [35] (BPDL
process) has attracted particular interest both from biologists and mathematicians. It
has several advantages over the traditional branching processes, which make it more
natural as population models: the quadratic competition term is used to prevent the
population size from escaping to infinity and the migration term is used to transport
the population mass from one colony to unoccupied colonies for survival, and further
to get colonized. There are mainly two highlights of related papers. Etheridge [19],
Fournier and Méléard [22], Hutzenthaler [26] , and Hutzenthaler and Wakolbinger [27]
study the extinction and survival problems. Champagnat [8], Champagnat and Lambert
9], Méléard and Tran [38], Dawson and Greven [16] focus more on its long time behavior
by multiscale analysis methods.

This paper is motivated partially by the time scales separation procedure used in [8, 9]
and partially by the idea of virgin island model introduced in [26]. In [8], a so-called
trait substitution sequence model is derived from an individual-based branching particle
system under a combination of large population and rare migration (namely mutation
there) limits. More precisely, rare migration rate is constrained by the large population
parameter to guarantee that the fixation period is not visible on the migration time
scale. Under a non-coexistence assumption, the unfit subpopulation can be killed off on
the migration time scale since it evolves in the form of discrete-mass population, which
is actually a subcritical branching process.

In this paper we will focus on an extreme case where we firstly let population size tend
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to infinity, and further consider a slow migration rescaling limit based on the continuous-
mass population model. Thus, some subpopulations with unfit traits get a chance to
recover due to the fact that the competition is only between nearest neighbors. For
a finite-many trait space, some specific conditions can be imposed on the fitness and
demographic parameters, and a well-described evolutionary path to the short-term equi-
librium can be obtained on the slow migration time scale. We call it a trait substitution
tree (TST) on the finite trait space. For any given sequence of traits, the equilibrium
configuration is determined by their labeled order according to their fitness landscape.

Mutation, a key ingredient to determine the direction of evolution, always takes
a significant role in the consideration of population dynamics. In the framework of
continuous-mass populations, we want to characterize how the population starting with
one single trait type spreads and eventually colonizes over the entire trait space. This
leads to speciation and further diversity of population configurations. It can be realized
by adding some Poisson-driven mutations to the finite TST. Then the trait space is
enlarged every time when there enters a new mutant. Meanwhile, the trait sequence
is relabeled according to their fitness values. By constraining a relative strength be-
tween mutation rate and migration rate, on the rare mutation time scale one obtains a
jump-type TST process as time moves on. We call it a trait substitution tree on the
infinite-many trait space.

Notice that here the term “rare” means phenomenon in the sense of stochastic whereas
“slow” can be interpreted in the sense of deterministic dynamics.

The remainder of the paper is structured as follows. In Section 2.2, we briefly de-
scribe the model and give some preliminary results. In particular, we recall the law
of large numbers of the BPDL processes. In Section 2.3, in a slow migration limit,
for a finite-many trait space we retrieve a well-defined short-term evolution path to its
TST configuration on the migration time scale O (ln %) In Section 2.4, under the rare
mutation constraint we obtain a jump-type TST process on a longer evolutionary time
scale-the mutation time scale. In Section 2.5, we provide proofs of the results in Section
2.3 and Section 2.4. Finally, for better understanding the TST process we provide a
simulation algorithm in Section 2.6.

2.2 Microscopic model

2.2.1 Notations and description of the processes

Following [4], we assume the population at time ¢ is composed of a finite number I(t) of
individuals characterized by their phenotypic traits z1(t),-- -,z (t) taking values in a
compact subset X of R%.

We denote by Mp(X) the set of non-negative finite measures on X. Let M,(X) C
Mp(X) be the set of atomic measures on X

M (X) = {Z(Sx DTy, ,:z:ne)(,nEN}.
i=1
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Then the population process can be represented as:

I(¢)

vy = Z 5Xi(t)-
1=1

Let B(X) denote the totality of functions on X that are bounded measurable. For
v € Mp(X) and ¢ € Mp(X), denote by (v, ¢) = [ pdv.

Let’s specify the population processes (1}");~¢ by introducing a sequence of biological
parameters, for ne N:

e b,(z) is the rate of birth from an individual with trait z.
e d,(x) is the rate of death of an individual with trait z because of “aging”.

e «,(x,y) is the competition kernel felt by some individual with trait = from another
individual with trait .

e D, (x,dy) is the children’s dispersion law from its mother with trait z. In partic-
ular, it can be decomposed into two parts-local birth at location x and a small
portion of migration based on birth, i.e.

D, (z,dy) = (1 — €)1,y + emy,(z, dy) 1,4, (2.2.1)

Here, m,(x,dy) is the transition density of migration, which satisfies

/ my,(z,dy) = 1.
yeX

We will omit the superscript € in D,, in the sequel when this leads no ambiguity.

Fournier and Méléard [22] has formulated a pathwise construction of the BPDL process
{(v})t>0;n € N} in terms of Poisson random measures and justified its infinitesimal
generator defined for any ® € B(M,(X)):

L) = [ i) [ |80+ 6,) = )] b0 Dol )

(2.2.2)
[ vldn) (9~ 8 - 2] [dn(a) + [ aute vt
X X
The first term is used to model birth events, while the second term which is nonlinear
is interpreted as natural death and competing death.
Instead of studying the original BPDL processes defined by (2.2.2), our goal is to
study the rescaled processes
v

Xi = t>0 (2.2.3)

n
since it provides us a macroscopic approximation when we take the large population
limits (we will see later, the initial population is proportional to n in some sense). The
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infinitesimal generator of the rescaled BPDL process has the following form, for any

® € B(Mp(X)):

D) = /X n(dz) /R d {cb(u+ %) _ @(y)} by () Do (1, dy)

+/Xny(dx) [(I)(V— 5—””) —@(y)] [dn(x) +/Xoan(w,y)W(dy)} :

n

(2.2.4)

2.2.2 Preliminary results

Let’s denote by (A) the following assumptions:
(A1) There exist b(z), d(z), m(z) € B(X), a(x,y) € B(X x X) with m(x) a probability
density for x,y € X, n € N, such that
0 < by(z) = b(x), 0 <d,(z) =d(x), mn(z,y) < m(y),

oz, y)

0 < ap(z,y) =

(A2) b(x) —d(z) > 0.

The first assumption implies that there exist constants b, d, @ such that b(z) <
b, d(x) < d, a(z,y) < a. Furthermore, it guarantees the existence of the BPDL process
(see [22]).

By neglecting the high order moment, Bolker and Pacala [4] use the “moment closure”
procedure to approximate the stochastic population processes. As we can see from the
generator formula (2.2.4), it should be enough to “close” the second order moment due
to the quadratic nonlinear term. Actually, we indeed can improve the result of Fournier

and Méléard [22] by giving a second moment condition sup E(X(, 1)? < oo rather than
n>1
the finiteness of the third moment condition. Since there is no essential difficulty in the

improved proof, we only list the result here without repeating the proof.

Theorem 2.2.1 (Fournier and Méléard [22], convergence to an integrodifferenial equa-
tion). Under the assumption (Al), consider a sequence of processes (X[')i>o defined
n (2.2.3). Suppose that (X[') converges in law to some deterministic finite measure

Xo € Mp(X) as n — oo and satisfies supE(X[,1)?> < oo. Then the sequence of
n>1

processes (X}")i>o converges in law as n — oo, on D([0,00), Mp(X)), to a determin-
istic measure-valued process (Xi)i>o0 € C([0,00), Mp(X)), where (Xi)i>o is an unique
solution satisfying
sup (X, 1) < o0, (2.2.5)
te[0,77]

and for any ¢ € B(X),

(X, 6) =(Xo, ) / ds / X.(dr)o(a) | o(y)Dla,dy)

_/O ds/XXs(dx)gb(:L‘) {d(x)Jr/on(w,y)Xs(dy)}-

(2.2.6)
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2.3 TST on finite trait space: without mutation

The trait substitution sequence (in short TSS) model is a powerful tool in understanding
various evolutionary phenomena, such as evolutionary branching which may lead to
speciation (see Bovier and Champagnat [5]). More precisely, it says that the population
follows the “hill climbing” process on the fitness increasing landscape and always keeps
monomorphic trait on a long time scale. This model is proposed by Metz [39] and
mathematically studied in [8, 9, 38].

Notice that the dispersal kernel D(z,dz) implicitly depends on a parameter € (see
(2.2.1)). Rather than taking large population and rare migration limits simultaneously
as in [8], we justify a so-called trait substitution tree (in short TST) here from a macro-
scopic point of view. More precisely, we first consider the large population limit to at-
tain the macroscopic approximation of the individual-based model (see Theorem 2.2.1).
Then, we consider the slow migration limit by a rescaling procedure based on the macro-
scopic limit. In contrast to the model in Champagnat [8], the migration rate here doesn’t
need to be restricted by the demographic parameter (population size) in the microscopic
model.

Here, the so-called TST process arises under the slow migration limit when we assume
the nearest-neighbor competition. Note that a variety of short-term evolution paths can
be attained by specifying different competition strengths. In other words, the order of
invasion and recovery has no special significance even here we restrict the picture by
forward invasion into the fitter direction and backward recovery into the unfit direction
along the fitness landscape. However, these different paths are indistinguishable on a
longer scale-the mutation time scale in next section. Nevertheless, besides the interesting
tree structure TST model also brings us some insights into speciation phenomena -
evolution from a monomorphic ancestor to diverse species.

Denote by (C) the following assumptions:

Ng law

(C1) Monomorphic initial trait: X = %5%, and =& = £(xg),

n

(C2) Nearest-neighbor competition and migration: a(z;, z;) = m(x;, x;) = 0 for |[i—j| >
1, and non-coexistence condition: f;;—1 > 0, fi_1; < 0 for any 1 < i < L, where
fitness function f; ; := b(x;) — d(x;) — o, 2;)E (), and () = 2l =d),

a(z;,z;)
(C3) For any i > 2,
i > L + ! + + L (2 3 1)
b(x;) —d(x;i) ~ fiic1 fi—1i-2 fio o
. | fi,iv1l
(C4) For any i > 0, FJ:—H < 1, and
i 1 i1,
’f, +1| > |f+1, +2| (232)

fz’+2,i+1(b(95z‘) - d(%)) N f¢+3,7;+2 fz’+3,¢+2(b($z‘+1) - d(iCz‘Jrl))

which implies that the recovery time of trait z; is later than that of type x;;.
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Notice that (C3-C4) are just technical assumption for results in this section but not
necessary for results in next section.

Firstly, we consider the macroscopic limit (2.2.6) which involves parameter ¢ and
rewrite it in another form, for any ¢ € B(X),

(X5 6) =(X0.0) + ¢ / s / X¢(dr)b(z) / 6(y) — 6(a)] m(x, dy)
0 Jx i (2.3.3)

t
+ [as [ Xstanoto) o) - dta) - [ atog)xitan)|
0 X X
Suppose that the current measure is supported on a finite-many trait space

X = {x07$17”' 7-77[/}7

and it only has nearest-neighbor range competition and migration as in assumption
(C2). From the above generator form, it leads to a system which satisfies the following
equations

&e(;) =Co(2) + /Ot

b(x:) —d(z;) — Y @(%‘a%)ﬁs(%)] &s(x)ds

j=idl,i

. (2.3.4)
e [ 3 lewmizy) - wmln,a)ds,  1Zi<L
0 j=it1
The existence and uniqueness of the processes is implied straightforwardly from The-
orem 2.2.1. The quadratic regulation term prevents the population from escaping to
infinity.
In the following theorem, we build a trait substitution tree model based on the above

macroscopic approximation by rescaling on another time scale as migration rate e tends
to 0.

Theorem 2.3.1. Admit assumptions (A) and (C), consider the deterministic measure-

valued processes (X )i>o defined by (2.3.4) on the trait space X = {xg, x1, 29, -+ , 2L},

for any L € N. Then the sequence of rescaled processes (Xte_l 1) converges, as € — 0,
ne />0

to (Ut)t20 which has the following forms depending on the integer L is even or odd.

(1) When L =2l for somel € NUDO,

( {j(mo)émo for0 <t < I,
§(2k) 0, for I, <t < Iy, k=1,--- L —1,
£(xr)0s, for Ip <t <Ip+Sp_o,
Ui = Zg<x22)6$2 for Ipjio 4+ Soj <t < Iyj+ Syjg, j=1—-1,---,1,
i=j
L _
Z 6(1’21)(51«21 fOTt > [2 + So.
\ =0
(2.3.5)
k
_ 1 _ | freet1l
where I, = 3 5=, and Sy = g G0 S =iy
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(ii) When L =21+ 1 for some l € NUO,

,

HQw
S

for0 <t <1,
fOT]k<t§Ik+1, k:17"'aL_17

8
o

IO Y
—~
8
=
S — —
=9
8
=

2r)0z, forIp <t < I+ Sp_s,
Ut = sl g .
Y &(22i-1)00y; for Injyqr 4+ Sojo1 <t < Iyjq + Sgj—3, j=1,---2,
o
5(1‘21 1) 21 fO?“t > I3+ Si.
\ =1
(2.3.6)
50 100 150 200 250 300 50 100 150 200

trait

z3

z2

20 || : |

Figure 2.1: Numerical simulations of evolution of a dynamical system with monomorphic initial type
and finite trait space (the upper left one has X = {xg,z1,z2} while the upper right
one has X = {xg,x1,z2,23}). Curves describing & (xo), & (x1), &e(2), & (z3) are colored
black, blue, red, green, resp.. The equilibrium configuration for the first case is 65, + 394,
and is 20,, + 46,, for the second one. The lower panel gives their corresponding “trait
substitution tree” structure.

Remark 2.3.2. (1) As time passes on, in the beginning the limiting process Uy keeps
monomorphic substitution up to the domination of the fittest trait. Afterwards, the
relatively unfit traits start to recover along the fitness decreasing direction. From the
fittest trait back to the initial one every second one appears in the limit. For in-
stance, when X = {xg, 1,22}, the stable configuration has support {xo, x2}; when
X = {xg, 1,29, 23}, the stable configuration has support {xy,x3} (refer to Figure 2.1).
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This happens because the competition is only between the nearest neighbors and the trait
on the RHS is always fitter than the traits on the LHS.

(2) The TST process indexed by L+2 can be constructed from the TST process indezed
by L by adding a three-type subtree on top of it. For instance, in Figure 2.2, it is showed
that the TST (L = 4) can be constructed from a smaller TST (L = 2) by connecting
another excursion consisting of traits {xa, x3, x4}

trait

T4

T

1

zo

trait trait

T2

T A
T 4

x3
o zo

I Iz I2+So time Is Is 1448, time

Figure 2.2: Trait substitution tree constructed by embedding excursions.

We postpone the proof of the above result in Section 2.5.1.

2.4 TST on infinite trait space: with mutation

In Section 2.3 we analyze a continuous-mass population on a finite-many trait space
defined by equation (2.3.4). On the way to approach its equilibrium configuration,
under some specific conditions, a deterministic evolutionary picture is obtained on the
slow migration time scale O (ln %) An extension to an infinite trait space is natural for
our further consideration to complete the whole picture.

In order to enlarge the finite trait space, we introduce another evolutionary mechanism-
mutation with a mutant variation density p(x,dh). More precisely, we specify the new
model with the following infinitesimal generator, for any ¢, > 0 and proper testing
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functions F' and ¢,
LY F(v) :/X [b(m) —d(z) — /Xa(@y)y(dy)} &’;’x)
+€/ A(M)V(dx) (2.4.1)

o [ [P+ 8e) = PO pt)pte. dijois),

v(dx)

where the differentiation of I is defined by

OF(viw) _ . Flv+ed) — F(v) (2.4.2)
57/ e—0+ g

and the operator A coincides with the migration term in (2.3.4)

Ad(z) = /X [6(y) — 6(2)] Lycomppioy (e dy). (2.4.3)

The first term of the generator describes the local regulation of the population dynamics.
The second term describes the migration among support sites. Notice that migration
here is not based on birth anymore as in (2.3.4) since it doesn’t make any difference
if we view on a longer time scale. The last term brings new mutant trait in the form
of discontinuous mass to current population dynamics. Non-negative function p(z)
describes the mutation rate from the resident trait x. Parameters ¢ and o are used to
rescale the strength of migration and mutation of the population. For more discussion
on discontinuous superprocesses with a general branching mechanism, one can refer to
137].

We list the following assumptions to guarantee that the limiting process is well-defined.

(D1) For given distinct traits {xg,z1,--- ,2,} C X,n € N, there exists a total order
relation
Tig <Xy <0 <, <X, (2.4.4)

where z < y means that the fitness functions satisfy f(z,y) := b(z) — d(z) —

a(z,y)€(y) <0, and f(y,z) := b(y) — d(y) — a(y, z){(z) > 0.

(n) (n)

For simplicity of notation, we always assume z;, " < ;' < --- < 2\ with xgn) =

x;. Every time there enters a new trait x whose fitness is between xg-n) and xgi)l
for some 0 < j < n, we relabel new traits by order as following
o g g g ) (2.4.5)

where xE"H) = J:Z(") for 0 <1 < j, xyr{l) =z and xz("ﬂ) = x§ﬁ>1 for j+2 <i < n+1.

(D2) Competition and migration only occurs between nearest neighbors, i.e., for totally

ordered traits in (D1), we have m(xE”),x§")) = a(xl(n),xgn)) =0for |i—7j|> 1.
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Notice that assumption (C3-C4) is not necessary for the following results, where we
will give the rescaling limit on a longer time scale than O (ln %) On the migration time
scale, there are a variety of different paths to approach the equilibrium configuration
by giving different parameters. Under the restrictive condition (C3-C4), it can provide
us one specific clear-described evolutionary path on the migration time scale. However,
the equilibrium configuration of system (2.3.4) is always the same up to the ordered

sequence determined as in assumption (D1) and the convergence time scale is always of
order O(In 1).

Definition 2.4.1. A Markov jump process {I'; : t > 0} characterized as following is
called a trait substitution tree with the ancestor I'g = ¢ (330)5930.

i) For any nonnegative integer [, it jumps from = ¢ (! 22 10
) F ve integer 1, it ren L @S [+
with transition rate f(xéil))u(xéil))p(x%), dh) for any 0 < k <1, where
- T =33 §($zi_1)5x;2.91 + &5y + h)d,en ) + Y f_(fﬂ‘gl))ﬁgw
if there exists 0 < j <1 s.t. xgj) < xgj) +h < xé?lil,

B F(2l+1) = J 6(3:2@ 1)5 (21> + Z’L ]6(':1:2@ )5 (21)
if there exists 0 < j <1 st azgj)l =< gk + h < (21).

Then, we relabel the trait squence according to the total order relation as in (D1):

R IR g R (2.4.6)
where in associate with the first case
x§25+1) = ml(.zl) for 0 <1 <27, mgljll) = atgf) + h,

o =) for2jr2<i<2A+,

)

and 1n associate with the second case

2D @ 0 << 95— 1, xglﬂ) #2 4,
x?lﬂ) 5211 for2j4+1<i<2l+1.
(ii) For nonnegative integer [, it jumps from T@HD .= S+ g(z@2HD )(5xgz_+11> to D2+2)

with transition rate £($2il+11))u(x§iljll))p( SCHID, dh) for any 1 < k <Il+1, where

(21 l c l
= DO = S € )0, ey +E (g ) e, +300E  E )0 e

if there exists 1 < 7 <1+ 1 s.t. x(é-ljll) < gg“rll +h =< (%Ll),
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= TOHD = 537 (el vy + 2055 € (2 0))0 an

if there exists 1 < j <1+ 1 s.t. :L‘%l_zl) < éi”ll +h < 23”11).

Then, we relabel the trait sequence according to the total order relation as in (D1):

xéQHQ) (20+2)

< (20+2) (20+2)

< ... < :L‘21+1 < $21+2 , (247)
where in associate with the first case

L2 (21+1) for0<i<2j—1, x§§l+2) = q;%lfll) + h,

(2

L22) (QHI) for2j+1<i<2l+2,

(2

and in associate with the second case

37@('2[+2) — x§2l+1) for0<i<2j—2, a:é?-ljf) = :Eéiljf) + h,

2D :L',(zlfrl) for 25 <i <20+ 2.

7

Theorem 2.4.2. Admit assumption (A) and (D), consider processes {X;?,t > 0} de-
scribed by the generator (2.4.1). Suppose that Xy° = £(x0)0z, and £ (xo) — &(xo) in

law, as € — 0. If it holds that

1 1
—>In—, (2.4.8)
o €

(X97)e>0 converges to the trait substitution tree (I't);>o defined in Definition 2.4.1 in the
sense of f.d.d. as € tends to 0.

We postpone the proof of the above result in Section 2.5.2.

2.5 Outline of proofs
2.5.1 Proof of Theorem 2.3.1

In this section, we provide rigorous proofs of results in Section 2.3. The main idea
behind the proof is that the migration spreads linearly and the nearest neighbor com-
petitive growth is in exponential speed. Before proving Theorem 2.3.1, let’s give some
preliminary results which are key ingredients for the proof of Theorem 2.3.1.

The following lemma provides the non-coexistence condition for a dimorphic Lotka-
Volterra system. We will include the proof in Appendix A.

Lemma 2.5.1. Consider a dimorphic system

Glw) = (bla) = d() — alw, 2)6(@:) - ale, 2i1)6(w141) ) & @)

&(Iiﬂ) = (b(‘ri+1> — d(ig1) — a(Tipr, 73)6 (i) — (@i, Iz‘+1)ft($z‘+1)>§t(%+l)
(2.5.1)

with some positive initial value. If fii11 < 0, fiy1, > 0, then (0,§(xi+1)) is the only
stable equilibrium.
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The following two propositions will be used as basic ingredients to prove Theorem
2.3.1.

Proposition 2.5.2. Admit the same conditions as in Theorem 2.53.1. Consider the case
when L =2, i.e. X = {xg,x1,22}. Then, the limit process (U;)i>o has the form

§($0)5x0 for0 <t < I,

_ ) &(x1)0s, for I <t < Iy,
V=N f)en, for I <t < I, + Sy, (2.5.2)

6(.%0)(51«0 + 6(1’2)(51«2 fOTt > Iy + So.

Proof. (a) Firstly, suppose that the population comprises of only two types, i.e. X =
{zg,z1}. We proceed our proof by dividing the entire invasion period into four steps as
in Figure 2.3.

density €t€ (xo)
€(=o) /
&(z1) [ ——— ﬁ—;

& (1)

T ) e

el ™1 Tl Te0 time
O(l){ —1 n R
fioln g O(1) ;
p1ln <

Figure 2.3: Four-step invasion analysis for a dimorphic system

Let & (wo) = (X}, Ligey) and & (z1) := (X[, 15,3), from (2.3.4), one obtains

& (20) =(b(xo) — d() — awo, 20)&f (0) — aulzo, )& (1)) & (o)

— €&, (x0)b(xo)m(zo, 1) + €& (z1)b(x1)m (21, o), (2.5.3)

and

& (1) =(b(x1) — d(21) — a1, 20)& (20) — al@r, 21)& (21)) & (21)

— &5 (z1)b(x1)m (21, 20) + €£5 (20)b(w0)m (20, 1), (2.5.4)

where £§(x) = £(z0) and &§(zq) = 0.
Step 1. For any fixed n > 0, VO < € < 7, let T<! be the time when dynamics
(& (20), & (1)) leaves the e—neighborhood of (£(x),0), i.e. T =inf {t > 0: & (1) >
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€, & (o) < (o) — €}. From (2.5.4), for t < T°', the dynamics & () satisfies the
following differential inequality

5;(331) z(b(xl) —d(x1) — a2y, 20)€(10) — ea(xy, 21) — eb(xy)m(zy, xo))é’f(xl)
+ €(&(wo) — €)b(xo)m(wo, 1)
=(fr0 — e(a(zy, z1) + blz1)m(z1, 20)) )& (21) + €(E(w0) — €)b(a0)m(xo, 21).
(2.5.5)
Since f19 = b(x1) —d(z1) — a(x1, 70)€(10) > 0, we can choose € sufficiently small such
that the first term on the right hand side of above inequality is positive. By omitting the
positive term, one obtains f(z;) can be controlled at least by & (z1), i.e. &(z1) < &f(z1),
where &y(z1) = 0, and

&(1) = €(&(zo) — €)b(zo)m (o, 21). (2.5.6)
Thus, 7! can be bounded from above by T = ((£(x) — €)b(zo)m(zo, xl))_l, which
is the time length for & (z;) reaching e—level. So, T is of order O(1).

Step 2. Since time 7', we consider the evolution of the population (&(zo), & (21))

until the time (mark by 7"1!) when it leaves n—neighborhood of (£(x),0). From (2.5.4),
by omitting the term €& (zo)b(zo)m(xg, 1), we get

&

—~

1‘1)

> (b(w1) — d(x1) — alwy, m0)&f (w0) — e, m1)Ef (1)) &5 (1) — €& (1) b(wr)m(a1, o)

> (b(x1) — d(21) — a1, 20)€(20) — oy, 1)) (1) — n€f (1)b(1)m (1, xo)
=

f1 0— TZC) ff )
(2.5.7)
where C' = a(x1, 1) + b(x1)m(z1, 20). On the other hand, by omitting some negative
terms in (2.5.4), we get

1) — d(x1) — o1, 20)&f (0)) & (1) + €5 (w0)b(20)m(o, 1)
1) — d(w1) — ey, m0)(€(w0) — 1)) &5 (21) + €€(20)b(o)m(wo, 1)  (2.5.8)

where C' = a(xy, x9) + &(20)b(x0)m(zo, 71).

By applying Gronwall’s inequality to (2.5.7) and (2.5.8), the flow & (z1), starting with
£5.1(z1) = €, can be bounded from below by & (z;) and from above by & (x1), which
satisfy the following equations

(1) = (fro — Cn)&y(zn), (2.5.9)

and

~

(1) = (fro + OT})&(%), (2.5.10)
with e (1) = Epen (1) = €
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The time length needed for & (z;) and ét(:rl) to reach n—level can be solved explicitly
and has the form 77! — Te! = (fio0 — C‘n)_llng and Tt — Tet = (fio+ én)_llng
respectively. Because T < T < T for any n > 0, T™! — T4 is of order fiolni.

Step 3. After time 7!, dynamic flow (& (zo),&f(21)) comprising of populations g
and x; can be approximated by the following equations as € tends to 0:

&) = (b(zo) — d(zo) — (w1, m0)&(w0) — a(wy, 21)& (1)) & (20)
{ (1) = (b(w1) — d(z1) — a1, 30)&(w0) — alwr, 21)& (1)) & (21), (2.5.11)

which has a stable equilibrium (0, £(z;)) under assumption f; o > 0, fo; < 0 (see Lemma
2.5.1). Let T™! be the time until when (&5(x0), &5 (1)) reaches np-neighborhood of the
equilibrium (0, &(z1)), i.e. &zy1(w0) = n. Thus, T — T is of order O(1).

Step 4. Since time T’%l, we consider the time length needed for z; getting fixed (i.e.
xo gets absorbed by 0). From (2.5.3), one obtains the lower bound differential inequality

3

S+
—

Io)

(b(xo) — d(wo) — (o, 20)&f (w0) — (o, 21)&f (1)) & (w0) — €& (w0)b(wo)m (2o, 1)
(b(xo) — d(xo) — nawo, xo) — (o, 21)E(w1)) & (x0) — mb(wo)m(wo, x1)&f (20)

= (fo1 —nC)& (o),

vV 1V

(2.5.12)
where C' = a(z0, 7o) + b(xo)m(zq, 21). As for the upper bound, we observe that

& (w0) < (b(xo) — d(wo) — alzo, 71)& (1)) & (w0) + €& (x1)b(21)m(21, 20)
< (b(zo) — d(wo) — alwo, 21)(E(w1) — 1)) &5 (w0) + €€ (x1)b(z1)m(1,7) (2.5.13)
<

(fro +n0)& (1),

where C' = a(xg, x1) + &(x1) bz )m (21, ).

By applying Gronwall’s inequality to (2.5.12) and (2.5.13), we get that {;(z), starting
with &% | (z9) = 7, can be bounded from below by & (z0) and from above by & (zo), which
satisfy the following equations

&(xo) = (for — Cn)&i(xo), (2.5.14)

and

A

&(z0) = (fo1 + Cn)&i(xo), (2.5.15)

with gf“ml (x0> = éfnwl(x()) =1.

Since fo1 = b(zg) —d(xo) — (o, xl)g(xl) < 0, we can choose 7 small enough such that
fo, 1+Cn < 0. Therefore, both & (20) and & (o) decay exponentially. For any p; > 0, the
process &(xo), in time length of order p;In?, gets into the € —p1(foa+nC) _ —neighborhood
of 0 while & () gets into the e=r1(fo1=1¢) _peighborhood of 0. Let 740 := T +p1Int.
Hence, ll_r% Ereo(®o) = 11_{% e~P1fo1 . O(n) = 0, then type x; eventually gets fixed.
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In all, by combining the above four-step analysis, one concludes that the right time
scale for the more fit population x; getting fixed is

_ 1
(fio +pr)ln - (2.5.16)

(b) (See Figure 2.4) Furthermore, we consider the case when there are three pheno-
types X = {xo,x1, 22} supporting the system (2.3.4). At the same time as the mass
on trait site xy migrates towards new trait site z; as showed in (1), the mass on trait
site z; can also migrate to another site xy. Let &(x2) = (Xf, 1)) In the follow-
ing, we reanalyze the evolution process by adding one more trait x5 into the original
trait space {xg,x1}. There will be two kinds of resource to contribute the growth of
population on x5. One of them is indirect migration from trait site xy. More precisely,
£§(9) = €€5(x1) = €2£(x0). Thus, starting with mass of order €2, the time length needed
for & (z2) to reach some n-level is of order WQd(m) Ini.

As observed in Figure 2.4, because of assumption (C3): 2

b(z2)—d(z2)
Ty is still negligible before time T "1 when dynamics z; reaches the n—level. Since

77! — 771 = O(1), population x5, starting with &5, (22) = €+ O(1), evolves under the
competition from its resident population z; as follows

& () =(b(w2) — d(22) — (w2, 21)& (11) — (@, 12)& (22)) & (w2)
— €& (z2)b(wa)m (22, 21) + €§5(w1)b(21)m (21, 22),

where 5 (1) € (£(z1) —n,&(z1) +n). On the other hand, populations zy and z; still

behaves as in Step 1-Step 4 before time T, Thus, we embed Figure 2.3 into Figure
2.4 and continue the proof based on the four-step analysis in (a).

1 i
> ho population

(2.5.17)

density

&(x)

l} ‘[

Te 1 ™1 T2 2 70

time

rebirth of z(

Figure 2.4: Three-type phase evolution

Let T™?% be the entrance time of the dynamics £ (x5) into the n—level above 0. By
similar arguments as used in Step 2, one can control & (z5) by way of &(z2) < & (z2) <
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&(3) described as follows, for T™! < t < T2,

&(w2) = (fan — C)&i(2), (2.5.18)
and .
Ei(xs) = (for + Cn)&i(w2), (2.5.19)

where constants C', C' change from line to line and &z, , (22) = éfn,l (x2) = €-O(1). Then,
it follows

1 1 ~ 1 1
— - <TP? -7 < —— —In-. (2.5.20)
fo1+Cn € fo1—Cn €
In all, from the comparison assumption (C3): m f1 st we conclude that
1 1 1 1 1 1
— 4+ ——90 ln—<T”’2<<—+—+6)ln—. 2.5.21
(f10 Ja ) € Jio  Jf2a € ( )

During time interval [T” L2, population &; (x0) still decays exponentially as in Step
4 with estimates & (z¢) < & (:r:o) < & () described by inequality (2.5.12) and (2.5.13)

£1(0) = &g (o) e Pon=CME=T"1) (2.5.22)

and A A ) -
&(0) = & (o) e o TEME=T™) (2.5.23)

with &z, (70) = &g (0) = 1.
Combining with (2.5.20), one obtains

_Jo,1— Cn _Jo, 1+Cn

ne Cf21-Cn < gT,YQ(g;O) < ngQ(xO) < ngQ(fL'O) < ne  faa+Cn (2524)

Taking the migration from neighbor site x; into account, the mass on zy should be of
|fo,1! |fo,1! [fo,11

order € 21V e. Due to assumption (C4) : ‘;0 1l < 1, one obtains that € 21 Ve = ¢ 21 .

Short after T2, as € tends to 0, £f(z;) and & (z2) can be approximated by Lotka-
Volterra system as in Step 3. Mark by 772 the time when (£5(zy), & (x2)) enters the
n—neighborhood of the equilibrium (0, £(z3)), i.e. €5, (x1) = n. Also, T2 — T2 ig of
order O(1). Thus, one obtains

f0,1—Cn fo,1+Cn

I O() < 5, a(20) = Ea(w0) - O(1) < € 277 - O(s). (2.5.25)

Let T™° denote the time when &f () reaches n—level after time T2, For T"% < t <
Tm0, & () is governed approximately by a logistic equation

&(20) = (b(x0) — d(wo) — oo, m0)&(20))&i (w0)- (2.5.26)

Then, we have the differential inequality

(b(wo) — d(zo) — a(x0, T0)N)&i(T0) < ft(ﬂfo) < (b(zo) — d(x0))&t(20), (2.5.27)
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with &5, 2(x0) satisfying (2.5.25). Then, by Gronwall’s inequality, one obtains

C 1 ~
- Joa +C In= < 770 — T2

(fo1 + Cn)(b(xo) — d(zo)) €

< — ] foa—Cn 2.
(fa1 — Cn)(b(wo) — d(wo) — o, z0)n) €
(2.5.28)

After T™0, £¢(xq) approaches &(zg) in time of order 1.
By combining analysis in Step 2, and estimates in (2.5.20) and (2.5.28) together,
because 7 is arbitrary, it follows that

lim ———— = — 5.
0 In < fo1’ (25.29)
0 — T2 —Jou
lim T = : i
n—0 In < f271<b($0) - d(l‘g))
Therefore, the dynamics X, rescaled on time scale of order In %, converges to the TST
U; (L = 2) with the form (2.5.2). O

Proposition 2.5.3. Admit the same conditions as in Theorem 2.3.1. Consider the case
when L =3, i.e. X = {wxg,x1,x9,x3}. Then, the limit process (U;)i>o has the form

£(10)0z, for0<t< I,
5@1)5931 fO’I" L <t< ]2,
U, = é(xg)c?m fOT’ I <t< Ig, (2530)
£(3)0a, Jor Iy <t < I3+ 5y,
E(21)0y, + &E(13)6,, fort > I3+ 5.

Proof. (See Figure 2.5) From assumption (C3): m > ﬁ + f%,l’ it implies that
population on trait site x5 is negligible before 772 and therefore it can not influence the
evolution picture until T2, Notice that we inherit the analysis and notations such as
Tl Tt T2 T2 from the proof of Proposition 2.5.2.

Let & (23) = (X[, 1{z,)). Because {(x3) accounts for e proportion of &(xs), it is

negligible until 772. Then, we have
& (w3) =(b(ws) — d(ws) — alws, 22)&f (v2) — aulws, 13)&5 (23)) &5 (3) (25.31)
— €& (x3)b(xg)m(xs, xa) + €& (x2)b(x2)m (2, x3), o

with initial value &5, ,(x3) =€~ O(1).
Let T"% and T"3 be the first time (resp.) for & (xg) and &£ (x3) to reach n—Ilevel after
T2, By similar analysis to derive (2.5.20), we get

~ 1
T — T ~ fodln— (2.5.32)
’ €
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density

¢ AN H}H‘ L1 [1]

- ~ 1,1 time
T2 T3 .3 -

rebirth of x4

Figure 2.5: Four-type phase evolution

where relation f(€) ~ g(e) means lin% f(e)/g(e) = 1.
From (2.5.28), recall that

- 1
Jos In =~ (2.5.33)

fa1(b(x0) — d(z0)) €

From assumption (C4), one obtains that

—fo1 e - —fi2
f21(b(20) — d(w0))  fa2 = faa(b(z1) — d(x1))

which implies 773 < T"°. Then, for ¢t € [T™2,T"3], £&(xo) stays in some e—dependent
infinitesimal neighborhood of 0. Furthermore, by some comparison results as in previous

argument, & (z;) is mainly influenced from competition of (), one obtains, at time
T3,

Tn70 _ T7772 ~

>0, (2.5.34)

3_7m,2
55“77,3(-T1) = 5%7]’2(x1)€f1,2(T’7 Tm:2)

= nef1’2f3i21 ln% (2535)

)

~ne 132,
Similarly as in Step 3, short after T3, £ (z2) and & (z3) exchange rapidly in time of
order 1 and &{(xy) decreases into the n—neighborhood of 0 at time 7"3. After time

T”’B, & (x1) evolves approximately as logistic growth curve since there is only negligible
competition from neighbors x, zs, i.e.

& (1) = (b(x1) — d(z1) — alar, 21)& (21))&5 (1), (2.5.36)

f1,2
with initial value £, (z1) ~ ne 2.



2.5. Outline of proofs

29

Denote by T™%! the second time for x; to reach n—level again after the first one 77!
Because of the exponential growth of logistic curve in the beginning period, in a similar

method to deduce (2.5.33), one gets
fi2

7oLl 3

1

In - (2.5.37)

 fr2(b(zy) —d(a)) e

Again from (2.5.34), one observes that T < 770 that is, £ (x1) recovers to reach
n—Ilevel earlier than & (xg). Consequently, & (zo) will drift to 0 due to competition from

fitter type ;.

Combining (2.5.32), (2.5.37) and the first two equations in (2.5.29) together, we con-

clude the TST limit for L = 3 on a new time scale.

O

Lemma 2.5.4. Assumption (C4) implies the following inequalities, for any 4 < L € N

o R
f2,1(b($0) - d(-’ﬂo)) ~ f3,2 * * fL,Lfl’
_f1’2 > L _l_ e _|_ 1
fa2(b(z1) —d(z1)) ~ fas fri—1’ (2.5.38)
—fL—3,L—2 > 1
fL—1,L—2(b($L—3) - d(ﬁL—S)) fL,L—1

and

—fr—a,1-3 _ 1 N -
fL—2,L—3(5($L—4) - d(xL—4)) fL—1,L—2

fr.n—1

—fr—2,0-1
fro-1(b(zp—2) — d(wr_2))

(2.5.39)
and so on.

The proof of this Lemma follows straightforward iterations from assumption (C4).
Roughly speaking, from (2.5.38), it says that, when it passes to the limit process Uy,
all dynamics except £ (zp) stay in e—dependent infinitesimal neighborhoods of 0 at
time 7" which denotes the dominating time for type z;. It leads to monomorphic
transportation of the mass from initial trait xo to the fittest trait x; in the first half
period. On the other hand, from (2.5.39), it guarantees that the fitter one recovers
earlier than the unfit traits alternatively backwards to the most unfit one. .

Proof of Theorem 2.3.1. After proving the first two cases in previous propositions, we
proceed our proof along two lines, one line is the case when L is an even integer while
the other one is when L is an odd integer. Due to the similar fashion, we just do the
recursive procedure from L = 2 to L = 4 (see Figure 2.2). Here, X = {x¢, 1, T2, T3, T4}

Based on the analysis in Proposition 2.5.3, after time 773, we move forward by intro-
ducing T, which is defined as the first hitting time of n—level for £f(xy). As before,
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we can show that 77 is far more longer than T3 from assumption (C3). One observes

that . )
T4 — T3 ~ T In - (2.5.40)

It follows mass exchange between trait site z3 and 24 until 7 when €, 4 (x3) = . Then,

&5 (x2) begins to recover due to the lack of competition from &f(x3). The time length
needed for ££(x5) to reach n—level again (mark by 77%*?) can be computed explicitly

_ — 1
22 _ A fas In=. 2.5.41
Fis(b(@s) — d(z) € (25.41)

Then, it will approach equilibrium &(z,) according to logistic growth. Consequently,
&5 (xq) will drift to 0 due to competition from the more fitter neighbor z5. Recall from
(2.5.33), one obtains

- 1 17. 1
fos — — —|In-. (2.5.42)

f2.1(b(x0) — d(20)) - f32  fas €

Combining the above two estimates with assumption (2.5.39), one observes that

TTI,O _ T77,4 ~

Tn,2,2 o j:'n,4 < T’VLO _ j:‘7774‘ (2543)
Furthermore, we have
™22 1 1 1 1 | fo3
lim =—+——+—+—+ -
7—0 ln% o far o fa2 faz o fas(b(w2) — d(z9)) (2.5.44)
= Iy + S,
and
0
n—0 In 2

We thus get the explicit form of (2.3.5) when L = 4. Recursively, we get another TST
process (L = 6) by connecting the TST process (L = 4) with a subtree consisting traits
{24, 5,26} defined as in Proposition 2.5.2. So on and so forth, it follows (2.3.5) for all
even integers L. O

2.5.2 Proof of Theorem 2.4.2

The proof of Theorem 2.4.2 should consist of two parts, firstly the convergence of expo-
nential jump times on a proper time scale and secondly the transition rule from current
configuration to the new one. To show the idea of proof, we’ll just prove the first case in
Definition 2.4.1. The proof of the second case is in a same fashion. We use the induction
method to prove it. We list the following lemmas which are key to the proof of Theorem
2.4.2.
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For nonnegatlve 1nteger [, denote by I'®) the atomic measure with finite support, i.e.,
re) = s gl ), (2. Similarly, set T2+ = S £ @AY )d, ey, Whose form is

described as in Deﬁmtlon 2.4.1. From T'® to T'W, it is trivial to prove the theorem
as done in Proposition 2.5.2 (a). To the end, we will deduce it still holds from I'?)
to I'?*1 Denote by Prey the law of the process X7 with initial configuration '),
Denote by 7¢ the first time after 0 when there occurs a new mutant trait.

Lemma 2.5.5. Admit the same conditions as in Theorem 2.4.2.
. . t
lli%PF(m) (T > ) =exp ( - tZS CBZZ )) (2.5.46)

ey __ Sam ) s

S €S (28D

The proof of this lemma can be deduced from the expression of its construction as
done in [8, Lemma 2 (c)]. We will not show the details here.

llm Pren (at time 7, mutant comes from traitx

Lemma 2.5.6. Assume X;7 = I'?) + 5x(21)+h. Then, for any € > 0, there exists a
2k
constant C' > 0 such that

ImP( sup || X7 —TE|<e)=1 (2.5.48)
“ te(Cln %775)
where T+ s defined as in Definition 2.4.1 (i) and || - || is the total variation distance.

Proof. From Lemma 2.5.5, one concludes that, for any C' > 0,
1
limIP’(Te > (C'ln —) =1
e—0 €

According to the fitness landscape, there will be one and only one ordered position for

the new trait ng) +hin T®D. Suppose there exists a:;?-l) such that :L’éil) + h fits between

mgl and QJJ)rl Then, one has the local fitness order

ey <) <2l +h <28 (2.5.49)

Since it is unpopulated for both traits xglzl and xglll in T we consider (xg-l), .itgf) +
h) as an isolated pair without competition from others. As the same analysis as being
done in Proposition 2.5.2, the two-type system will converge to (O {(:p%) +h)d (21)+h) in
time O (ln ;). On the right hand side of the pair, nothing changes due to their isolation.
Whereas on the left hand side of the pair, trait xgl) , increases exponentially due to the
decay of its fitter neighbor x . So on and so forth, the mass occupation switches on

the left hand side of a:le). The entire rearrangement process can be completed in time
of order O(In 1) as the same arguments in the finite trait case (see Section 2.5.1).



32 Chapter 2. Trait substitution tree model based on a deterministic system

We can prove the other case when the fitness location of xgcl) + h is on the left hand
side of mg-l), that is
2 21 2l 2l
xgjll < xék) + h < xgj) =< xgjll,

in a similar method. In all, we give the new configuration I'?*1 by relabeling the traits

as done in Definition 2.4.1 (i). O

From Lemma 2.5.5, it shows us the mutation occurs on the time scale O(2). Recall
from Section 2.3 in the finite trait case that the fixation time scale is O (ln %) Combining
them with the time scale separation constraint % > In %, thanks to the characterization
of the rate of exponentially distributed waiting time and transition rule of configurations
proved in previous lemmas, the proof of Theorem 2.4.2 will be straightforward by the
general construction of a Markov jump process.

2.6 Simulation algorithm

The pathwise construction of the TST process defined in Definition 2.4.1 leads to the
following numerical algorithm for simulation of the TST process.

Step 0. Specify with initial condition: T'g = I'©) = £(2)d,,.

Step 1. Simulate 7 exponential distributed with parameter &(xq) (o). Sample a new trait
(xo+h) with density p(xo, dh). If f(zo+h, xo) > 0, relabel :c(()l) = X, mgl) = x0+h.
Otherwise, relabel xél) = 1x9+ h, mll = x.

Set TV = g(xgl))éx(ln, and Ty =T© for t € [0, 7).

(1)

D).

Step 2. Simulate 7, exponential distributed with parameter &(x

Set T, =TW for t € (11,71 + T2).
Sample a new trait (xgl) + h) with density p(ziV, dn).
Choose one from the following to carry out:

— if f(xﬁ” + h,xgl)) > 0, relabel m((f) = m(()l), x?) = xgl), xéQ) = xgl) + h;

—if f@M 4+ h M)y <0, £V + h,x(()l)) > 0, relabel xé2) = xél), 2P =

SN )
— if f(:cgl) + h,az(()l)) < 0, relabel .21:(()2) =V 4 h, 2P = ;E(()l)7 2 =2V,

Set T =€), + E(25”)3, .
0 2

L
Step 21+1. Generate I+ from I'?) = Y g(ng”)ém(zl) forl=1,2,--.
i=0 2

Lo
Simulate 791 exponential distributed with parameter ) ¢ (azgfl)) u(:cgl)).
i=0
2 2041 .
Set ', = I'®) for ¢ € [Zn, > Ti). Select one trait z.,’, for any 0 < k < [,
=1 =1
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£ uESY)

S € el
probability density p(:z:%) ,dh). Choose one from the following three cases to carry

to mutate with probability Sample a new trait (xgil) + h) with

out:
— if f(x;f +h, le ) > 0, relabel a:;fll) =2 Qk '+ b,z QZH) 2(21) for 0 <@ <
21;
— if f(:r;f + h,x 2l) < 0, relabel :U(QZH) = xﬁl{ for 1 < i < 20+ 1, and
(20+1) (25
x, + h;

— otherwise, there exists 0 < 7 <[ s.t. f(x;if) + h, xéfl)) <0forj <i<lI, and
f(:vgil) +h :17(2”) > (. Furthermore,
* if f(:vgf) +h, :)sglll) < 0, relabel :B(-2l+l) = 21 ) for 0 < i <27, a:z@l“) =
(2“ for 2] +2<i<2[+1, and xgl:f) =z 2l) + h;
* 1f f(ka + h,x 2]+1) > 0, relabel x2l+1) : Jfor 0 < i < 2j+1,

Z(21+1) . (21) for 2/ +3<i<2+1, and 9523?21) = xéi;l) + h.

141 _
Set T+ = S f(xgl_tl))(;w(zm).
=1 2i—1

Step 21+2. To generate I'?+2) from [+ = Z E(aY )6 ey for I =1,2,---
2i—1

This can be done as similar as the mductlon from I'?) to T+ So forth.
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3 Microscopic interpretation of the
trait substitution tree model

We consider a structured population model with competition and migration between
nearest neighbors. We are particularly interested in the asymptotic behavior of the total
population partition on supporting trait sites, under combination of large population
and rare migration. For the population without mutation on a finite-many trait space,
we give the equilibrium configuration and characterize the right time scale for fixation.
For the model with mutation on an infinite-many trait space, a Markov jump process-
trait substitution tree model is established on the rarer mutation time scale against the
rare migration constraint in terms of a large population limit.

3.1 Introduction

In recent years a spatially structured population with migration (dispersion) and local
regulation, proposed by Bolker and Pacala [4], Dieckmann and Law [35] (in short BPDL
process), has attracted particular interest both from biologists and mathematicians. It
has several advantages over general branching processes, which make it more natural as
population models: the quadratic competition term is used to prevent the population size
from escaping to infinity and migration term is used to transport the population mass
from one colony to unoccupied colonies for survival, and to further get colonized. There
are mainly two highlights of related papers. Etheridge [19], Fournier and Méléard [22],
Hutzenthaler and Wakolbinger [27], and Hutzenthaler [26] have studied the extinction
and survival problems. Champagnat [8], Champagnat and Lambert [9], Méléard and
Tran [38], Dawson and Greven [16] focus more on its long time behavior by multiscale
analysis methods.

The main ingredient behind this model is logistic branching random walks, that is, a
combination of logistic branching populations with spatial random walks (or migration)
on trait sites. In [8], a so-called trait substitution sequence model (in short TSS) is
derived under a combination of a large population and rare migration (namely mutation
there) limit. More precisely, rare migration rate is constrained by the large population
parameter so that the fixation period is not visible on the migration time scale. It
is guaranteed that a single migrant arises in the resident population and no further
migrants occur until the fate of the first migrant population is known. In other words,
the migration time scale and branching time scale can be separated clearly.

In this paper we are interested in the case when the migrant event is still rare with
respect to branching events but not that rare as in [8] (see Figure 3.1). In contrast, we
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assume that there are infinite migrants from a resident population on the natural time
scale. Let a parameter ¢ be the migration rate and K be proportional to the initial
population size. We will impose the rare migration constraint 1 < Ke < K on the
population (see parameter region II in Figure 3.1). As far as a finite-trait dynamic
system is concerned, to find out the exact fixation time scale expressed in terms of the
migration rate and population size is of particular interest for us. Since the original
model is not easy for us to study due to the complicated interactions, we present here a
slightly modified model of the one in [8] but retaining the essential machinery founded
in the original model. This paper is restricted with nearest-neighbor competitions and
migrations along the monotone fitness landscape. What is more, in order to study the
long time behavior, we introduce mutations to drive the population to move towards
more fitter configuration on a rare mutation time scale, which is longer than the fixation
time scale. Note that the limit theorem arising in [8] can be applied consistently in the
model developed in this paper.

The purpose of this paper and the accompanying one [6] is to justify a trait substitu-
tion tree process (in short TST) to illustrate the coexistence phenomenon with spatial
structure in evolution theory, which is a purely atomic finite measure-valued process.
The present one is derived from the microscopic point of view while the other one in [6]
is from the macroscopic point of view. Combined these two papers together with [8],
the entire framework on (rare) migration against (large) population limit can be fully
characterized and it generates different rescaling limits-T'SS and TST respectively on
different time scales. In summary, the entire framework is as follows:

e Take large population and rare migration simultaneously by Ke < ﬁ, it leads
to a T'SS limit in [8].

e Firstly let K — oo, then add rare mutation by ln% < % as € — 0, it leads to a
TST limit in [6].

e Take large population, rare migration and even rarer mutation all simultaneously
constrained by 1 < Ke < K, ln% < % That is our goal in this paper.

The remainder of the paper is structured as follows. In Section 3.2, we present a
description of the individual-based model. In Section 3.3, we consider the case without
mutation but on a finite-trait space, and characterize the rare migration limit against the
large population limit. In Section 3.4, concerning a modified population supported on
an infinite-trait space by introducing mutations, we justify a so-called trait substitution
tree process in the rare mutation limit, which already appeared in [6]. In the last section,
related proofs for results in previous sections are provided.

3.2 Microscopic model

We begin with an individual-based model. Assume that the population at time t is
composed of a finite number [, individuals characterized by their phenotypic traits
x1(t),..., 77, (t) belonging a compact subset X of R?. We denote by Mp(X) the set
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e=¢(K)

e—0

K—oo

Figure 3.1: Parameter region separation: migration rate e against population size K

of non-negative finite measures on X. Let M,(X) C Mp(X) be the set of counting
measures on X'

M, (X) = {25% DXy, Ty GX,nEN}.
i=1

Then, the population process at time ¢ can be represented as:

It
by = Z 5Xi(t)'
i=1

Let B(X) denote the totality of functions on X which are bounded and measurable. For
any f € B(X), v € Mp(X), we use notation (v, f) = [ fdv.

Let’s specify the population process (14);~0 by introducing a sequence of biological
parameters:

e b(z) is the birth rate from an individual with trait x.
e d(x) is the death rate of an individual with trait x because of “aging”.

e a(x,y) is the competition kernel felt by some individual with trait  from another
individual with trait y.

e m(z,dy) is the migration law of an individual from trait site = to site y.
e 4 (x) is the mutation rate of an individual with trait z.

e p(x,dh) is the law of mutant variation h = y — = between a mutant y and its
resident trait x. Since the mutant trait y = x + h should belong to X, this law
has its support in X —z :={y—x:y € X} C R%.
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To specify the model without mutation mechanism, the infinitesimal generator of the
M, (X)-valued process is given as follows, for any F' € B(M,(X)):

1

LFEw) =) [F(v+6,) = F(v)]b(z:)

+ v - 6,) - F)] <d<xi> 3 al, m) (3.2.1)
i=1 G

3 3[R0+ 0 0a) - FO] ).

=1 x;#£x;

The first term above describes the clonal reproduction at the mother’s site. The second
term describes death of an individual x; either due to aging or competition from another
individual z;. And the last term describes the migration of an individual from trait site
x; to site z;.

By introducing a parameter K € N, we rescale the population size and competition
kernel by K. We will show later, as K tends to infinity, one can get different large
population limits by well-chosen rescaling procedure. Furthermore, the population pro-
cess can be parameterized by another parameter ¢ governing the rate of migration law
m(z;,x;) in terms of population size scaling parameter K.

For any K € N, instead of studying the above process (vX);>, it is more convenient
to consider a sequence of rescaled measure-valued processes:

1

IK

1 t

X5 .= E”ﬁK == > Ga, (3.2.2)
=1

where X¥ is a Mp(X)—valued process with the following infinitesimal generator:

LEF(v) = /X {F(u + 5—[;) - F(l/)] b(z)Kv(dx)

+ /X [F(y—%’”)—F(u)} (d(a:)+ /X a(:l:,y)l/(dy)) Ku(de) — (3.2.3)

+e X/X [F(y + 5—[3 - %) - F(u)} m(z, dy) Kv(dz).

Notice that we actually rescale the competition kernel a by K so that the system
mathematically makes sense when we take a large population limit. From the biological
point of view, K can be interpreted as scaling the resource or area available.

Let us denote by (A) the following assumptions.

(A1) 3 b, d, a ,a, such that 0 < b(x) < b, 0 < d(x) < d, 0 < a < alr,y) <
a,and b(z) —d(z) >0, Vo € X.
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(A2) Va,y € X, f(x,y) - f(y,r) <0, where the fitness functions
T, ) = b(y) — d(y) — aly, 2)a(x) and a(z) = M4,

F(z,y) = b(z) — d(z) — alz,y)7(y) and Ay) = LL=4W

Notice that assumption (Al) guarantees that the process with infinitesimal genera-
tor (3.2.3) is well defined (refer to [22]). Assumptions (A2) gives the non-coexistence
condition for any pair of competing populations.

3.3 Early time window on finite trait space as K — oo

We firstly review some already known results. Champagnat [8, Theorem 1] proved the
following result by the time scales separation technique, which can be extended to a
more general case in accelerated population dynamics [45].

Theorem 3.3.1. Admit assumptions (A1) and (A2). Suppose that X[ = N—Ié(ém such

law

thatNYOK—>n0>OasK—>+oo, and ¥V C >0,

1
—CK K —_—. 3.3.1
exp{ < Kek e ( )

Then, (Xf/(KUt > 0) converges in the sense of f.d.d to

. noéw, t=20
Y; B { ﬁ(nt)dnta t>0

where the Markov jump process (n;,t > 0) satisfies g = x with an infinitesimal genera-

tor:
_ Uy
apte) = [ (ol = ptopate i ay). (332
x b(y)
Remark 3.3.2. o The migration time scale is of order % whereas the fization time

scale starting from one migrant is of order In K. The population is kept monomor-
phic on the rare migration time scale. The rare migration parameter region imposed
by (3.3.1) is denoted by the region I in Figure 3.1.

o As showed in Figure 3.2, it simulates a TSS model with trait space comprising
of three types in the left one while in the right one it simulates a four-type case.
We mark the population density of trait xq, x1, T2, x3 by red, blue, green and black
colored curve respectively. Take b(xg) = 3, b(z1) = 6, b(z2) = 8, b(z3) = 10 and
death rates d(x;) = 0,1 = 0,1,2,3. Take competition kernel o = 1, migration
kernel m = 0.5, and migration parameter e = K2, where initial population size
K =100.
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Figure 3.2: Simulations of the trait substitution sequence model arising in Theorem 3.3.1.

In [6], we firstly let K tend to infinity in (3.2.3) and get a deterministic limit. Then,
we consider the rescaling limit of the deterministic system supported on a finite trait
space under a slow migration limit. This is actually an extreme case where it attains the
limiting process (trait substitution tree) by taking sequence limits along the marginal
path (see dashed line in Figure 3.1). In terms of the individual-based population, it is of
particular interest for us to give a microscopic interpretation of the T'ST process under
some suitable conditions. Prior to the following theorem, we give assumption (B) to
assist the following results.

(B1) For any finite number of types L € N, it has a monotonously increasing fitness
landscape: zg < o7 < ... < xp, where xy < x1 denotes f(xg,z1) < 0, f(z1,x0) >
0.

(B2) Nearest neighbor migration and competition, i.e. m(z;,z;) = a(z;, x;) = 0 for any
|i—j|> 1.

(B3) For any i > 2,

l 1 1 1
b(xl) - d(xl) = fT(aTz, xi—l) - ‘]?(l’i_l, xi_g) Tt m (333)

Note that assumption (B3) is not necessary for us to obtain the following theorem.
There actually exist a variety of different possible paths to converge to the equilibrium
configuration determined up to the ordered sequence of traits as in assumption (B1).
However, thanks to assumption (B3), it brings us a lot convenience to prove the theorem
without losing intrinsic content.

!
We inherit some notations from [6], denote configurations by I'®) := 37 ()6, if
i=0
I+1
L =2l and > n(r2i-1)0s,, , if L =21+1 for any I € NUO.

=1
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Theorem 3.3.3. Admit assumptions (A1) and B. Consider the processes (XK )i>o on

the trait space X = {xg, x1,...,xr}. Suppose that Xl = N%:éxo such that MKf oy ng >0
as K — +o00, and
1 < Ke < K. (3.3.4)
(d)

Then there exists a constant t;, > 0, such that for any t > t, I}im thfnl = T ynder

the total variation norm.

10

output.N/scale.K
output.N/scale.K

T T T T T T I T T T T
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output.T output.T

Figure 3.3: Simulations of a trait substitution tree model arising in Theorem 3.3.3 on a three- and
four-type trait space.

Remark 3.3.4. o We illustrate the theorem by simulations (see Figure 3.3). We
take all the same parameters as in Figure 3.2 except replacing e = K5 in the

3 . L. . .
three-type case and e = K~ 1 in the four-type case, initial population size K = 1000.

Obviously, they both satisfy conditions (3.3.4).

'

e The rare migration parameter region constrained by (3.3.4) is denoted by the upper
right area II in Figure 3.1. As analyzed in Theorem 3.3.3, the fixation time scale
15 of order In % The stable configuration for the three-type case is I'?) = 38,, +86,,
and it is T®) = 60,, +108,, for the four-type case. We will show in Theorem 3.4.2
that the TST process jumps from T'® to T®) on an even rarer mutation time scale
of order K%,— (see Figure 3.4).

3.4 Late time window with mutation as K — oo

Following the framework we build up in [6], in order to study the asymptotic behavior
on an even longer time scale, we introduce another mutation mechanism into the popu-
lation generated by (3.2.3). We now study the model with mutations formulated by the
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following generator supported on a compact set X

LR F(v) = /X [F(y + %”) - F(u)} b(x)Kv(dx)

o [ =2 rw] (a0 + [ ateomian) o) .
+ E/X/X |:F(]/ + 2= ?) — F(y)} m(z, dy)1 yesuppivyy Kv(d) B

+o / /R ) {F(y + ‘5“;’1) - F@)} w(z)p(z, dh) Kv(dz).

Here we denote the process by X%<? with one more superscript o, distinguishing
from the one without mutation in previous section.

Notice that the mutation kernel p(z,dh) is used to introduce a new trait site to
previous finite trait space and enlarge the supporting trait space by one each time there
enters a mutant, whereas the migration kernel only acts on current support sites of the
population. Later we will see, under some rare mutation constraint (with respect to
migration rate), the dominating power for fixation is mainly from exponential growth of
migration particles. Before proceeding towards the main theorem, we briefly give some
assumptions and the definition of the trait substitution tree, which already appeared in
6].

Assumption (C).

(C1) For given distinct traits {zo,x1, -+ ,z,} C X,n € N, there exists a total order
relation

Tig =< iy <o =Ty, < Ty, (3.4.2)

where # < y means that the fitness functions satisfy f(z,y) = b(z) — d(z) —

(n) (n)

For simplicity of notation, we always assume z; ’ < x; ()

_< e < In
for 0 <17 < n. By adding a new trait z whose fitness is between m§-n) and :1351)1 for
some 0 < j < n, we relabel new traits as following

with xgn) =

A B e B (S R (3.4.3)

where mEnH) = ml(-") for0 <1 <, :Eg-Tgl) =z and xgnH) = %@1 for j+2 <i <n+1.

(C2) Competition and migration only occurs among nearest neighbors, i.e. for totally

ordered traits in (C1), we have m(z\", z\") = a(2\", xgn)) =0for|i—j|>1

i 1Yy
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Under above assumptions we can rewrite the generator (3.4.1) as following

LK P() = /X [F(V + 5—[;) - F(u)] b(z) Kv(dx)
+/X |:F(l/ — %) — F(y)} (d(m) + /Xa(x,y)l{x,z,ﬁ}u(dy)) Kv(dr)
be /X /X {F(u +2-2) - F(y)} L orym(z, dy) K v(dz)

to / /R d {F(V + 5”}?) _ F@)} (@)l dh) K v(dz)

(3.4.4)
where ~ and x, specified by the total order relation in assumption (C1), are elements
in supp{r} C X satisfying

o~ = sup{y € supp{v} : f(y,x) < 0}
and
= inf{y € supp{v} : f(y,z) > 0}.
On the migration time scale, there are a variety of different paths to approach the
equilibrium configuration by giving different coefficient. However, the equilibrium config-
uration of a finite trait system is always the same up to the ordered sequence determined

as in assumption (C1) and the time scale for convergence is always of order O(In 1) as
showed in Theorem 3.3.3.

Definition 3.4.1. A Markov jump process {I'y : t > 0} characterized as following is
called a trait substitution tree (in short TST) with the ancestor I'y = n(xg)0dy, -

(i) For any nonnegative integer 1, it jumps from I'?) = Zl ﬁ(xgl))é e to THD

1=0
with transition rate ﬁ(:ﬁ%))u(xﬁl)) (ng), dh) for any 0 < k <1, where

i (2 ! _
— T = > i ”(fﬁéi—)l)fswggl + n(x(%) + hﬁxﬁj%h + Zi:j—f—l ”(Izi )515221,1)

if there exists 0 < j <1 s.t. x(gl) < :Eéil) +h =< mg-ﬁ)rl,

- F(21+1) = g:l ﬁ(xQ'L 1)5 (21) +Zz =j (‘IQZ )6 (21)

if there exists 0 < j < s.t. x(él)l < x(;f) +h < :r%l).

Then, we relabel the traits according to the total order relation as in (C1):

(2141) (20+1) (21+1)

20+1
g <y <<y (21+1)

< Ty, (3.4.5)

where in associate with the first case

22D @ o < i < 9, v =2l + b,
o = ) for2j +2 < i< 2+1,
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and in associate with the second case

21) (21+1)

f Jor0<i<2j—1, (2l)+h
—x§2llf0r2j+1<z<2l+1

(ii) For nonnegative integer , it jumps from T+ .= S+ ﬁ(xgltl))é ) 10 [@+2)

with transition rate ﬁ(xéilfll))u(xéilfll))p( QiHll ,dh) forany 1 <k <141, where

— TeH2) - Z 1 n(ng(iJrB)(s 2l+1)+n($gil+11)+h)5 2l+1)+h+25+;+1 ﬁ(.ﬁlﬁgl 11 )(5 (2t+1)

if there exists 1 < j <[+ 1 s.t. :r;g-ljll) < g‘;’ﬂl +h=<z QZH),

— T+ = $™ 1ﬁ($(2(i+1)) ey + ZIH n(x ngl))(s (@)

if there exists 1 < j <1+ 1 s.t. xglj;) =< gfﬂl +h < xﬁ”ll).

Then, we relabel the traits according to the total order relation as in (C1):

2042 2042 2042 2042
R e IR e R A (3.4.6)
where in associate with the first case
$§21+2) = EQZH for0<i<2j—1, xglw) xéiljll) + h,
x§2l+2) = xfﬂ A for2j+1<i<2l+2,

2+1) for 0<i<25—2, :vé?”f) : :ngjll) + h,

2
QI for2j < i < 21+ 2.

=X

Theorem 3.4.2. Admit assumption (A1) and (C). Consider the process {XK” t >0}

described by the generator (3.4.4). Suppose that Xj %7 = Mg 0z and Y= — n(x) in
law as K — oo. In addition to the condition (3.3.4), suppose zt also holds that

1 1
In- < — < ¢ for any C' > 0. (3.4.7)
€ Ko

Then (th/(}(;_>t>0 converges as K — oo to the trait substitution tree (I'y);>0 defined in
Definition 3.4.1 in the sense of f.d.d. on Mp(X) equipped with the topology induced by

mappings v +— (v, f) with f a bounded measurable function on X.
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Figure 3.4: Simulations of a trait substitution tree on the mutation time scale arising in Theorem
3.4.2 on four- and five-type trait space.

Remark 3.4.3. e There are two time scales for the individual-based population,
which can be observed from Theorem 3.3.3 and the generator (3.4.4). One is the
fixation time scale of order ln% while the other one is the mutation time scale of
order %, which are constrained on LHS of the inequality (3.4.7). By adopting the
time scales separation technique used in [8], we can get a nice limiting structure-
TST in the large population limit. The RHS of the inequality (3.4.7) is used to
guarantee that system can not drift away from the TST equilibrium configuration

on the mutation time scale (see Freidlin and Wentzell [23]).

o As showed in Figure 3.4, we simulate the trait substitution tree processes by in-
troducing a mutation mechanism. Note that the simulation shows a special case
where the population always reproduces a mutant which is more fitter than any of
already existing traits. The birth rate of red-colored population is 3, while the blue
one, the green one, the black one and the yellow one have birth rates 6, 8, 10, 12
resp.. Their death rates are constant 0. We take e = K78 and 0 = K%, where
initial scaling parameter K = 400. On a longer mutation time scale, the fixation
process due to migration is not visible any more. However, if we zoom into the
infinitesimal fixation period, we get the picture as in Figure 3.3.

3.5 Outline of proofs

In order to illustrate the basis idea of proof, we start with a three-type toy model. But
notice that our analysis is not reduced only to the three-trait case. All the machinery is
still available for any finite-trait space, which will be shown later. However, the explicit
proof are more difficult to write down without some restrictive conditions. That is why
we impose assumption (B3) in Theorem 3.3.3.



46 Chapter 3. Microscopic interpretation of the trait substitution tree model

Proposition 3.5.1. Admit the same condition as in Theorem 3.3.3. Consider a se-
quence of processes on a trait space X = {xg,x1,x2}. Then, there exists a constant
to > 0, such that for any t > ty

lim x5, 2

K—o0 tlnz

r®@ (3.5.1)

under the total variation norm.

Proof. (see Figure 3.5).

K . NE K NS K .
Let &; (x(J) = and §&; (Iz) = = (Xt ,1{xi}> fori=1,2.
density
ni(zo) ni(z1) fi(x2) (zo)
' ’ " a@s)
n
€ [ \ \ \ \ [
S 5’17 51’ S;’ §;z Sg time

t
growth of x4 .
growth of xq recovery of zg

Figure 3.5: Phase evolution of mass bars in early time window on the three-trait site space

Step 1. Firstly, consider the emergence and growth of population at trait site x;.
Set S¢ = inf{t > 0: &&(z;) > €}. Thanks to N—IgK — ng > 0 in law as K — oo and by
applying the law of large numbers of random processes (see Chap.11, Ethier and Kurtz
1986), one obtains from the last term in generator (3.2.3) that, for any § > 0, 7' > 0,

K
lim P ( sup & (1) —ng(x1)| < 5) =1
K—oo  \o<t<T €
where n;(zq) is governed by equation n(x;) = m(zg,x1)ne with initial ng(z;) = 0.
Therefore,
1 1
lim P(——5<S§<—+5):1, (3.5.2)
Koo m(xg, r1)ng m(xg, £1)ng

that is, Sf is of order 1.
For any n > 0, set S} = inf{t : t > S, (z1) > n}. Consider a sequence of rescaled

K,1 K
N[ ith ng . 555(“)

processes | —¢ with —=

€ tZSf €

— 1 as K — oo. As before, by law of large
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numbers of random processes (see Chap.11 Ethier and Kurtz 1986), one obtains, for any

0>0,T >0,
K1

lim P ( sup —my

K—oo 0<t<T

6 < 5) =1, (3.5.3)
where m;, is governed by equation i = f(x1, 2¢)m = (b(z1) — d(z1) — (21, 20)R(20)) M
with mg = 1.

K1
Set T = inf{t — S¢ : t > S¢, N > /e, and 7 = inf{t > 0 : m; > n/e}. Then,

for any 0 > 0, there exists §' > 0 such that

1 1 1 1
lim P ) 1n—<Sn—SE<(——+5)ln—)
K—oo ((f(xl,l‘o) > € ! ! f(xl,l'()) €
1 1 1 1
—mp( (s 1n—<T”/€<<_—+5>ln—>
K—o0 ((f(l‘hxo) ) € ! f(z1, 20) €

1 ) 1 1 ) 1
— lim P <_———) In= < 7 < (_—+_) i (3.5.4)
K—o0 f(x1,20) 2 € flzy, ) 2 €
N1 /
sup | ;{ —my |< 5)
o<t<t?/ €
=1

where the last equal sign is due to (3.5.3).

After population of trait x; reaches some 7 threshold, the dynamics ({’tK (mg), &K (:1:1))
can be approximated by the solution of a two-dimensional Lotka-Volterra equations.
Then, it takes time of order 1 (mark this time coordinator by S7) for the two subpopu-
lations switching their mass distribution and gets attracted into n—neighborhood of the
stable equilibrium (0, 2 (xy)).

Step 2. Now consider the emerging and growth of population & (x2) := (X{, 1(5,})
at trait site zp. Set S§ = inf{t : t > SV, ¢&(x5) > €¢}. Similarly as is done for S¢ in
(3.5.2), one can get that [;1_{1(1)0 P(S5 — S7 = O(1)) = 1. On a longer time scale, we will
not distinguish S§ from S7.

Set S = inf{t : t > S5, £&(x5) > n}. One follows the same procedure to derive
(3.5.4) and asserts that for any § > 0,

lim P (=t —& hql<S;7—§17<(_;+5)1n1 =1 (3.5.5)
(Coenails )

K—oo Xo,T1 <x27x1> €

Note that assumption (B3) b(w)fd(m) > f(xll,xo) + f(x;xl) guarantees that £& (x3) can not

grow so fast in exponential rate b(zy) — d(xs) such that it reaches some n-level before
S

During time period (g? ,S9), population at site xy, on one hand, decreases due to the
competition from more fitter trait 7. On the other hand, it can not go below ¢ level due
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to the successive migration in a portion of € from site xy. More precisely, by neglecting
migrant contribution, £ (z) converges n;(xo) in probability as K tends to oo, where

ne(wo) = (b(wo) — d(w0) — (o, 11)7(21)) ne(z0) = f(0, 21)046 (T0) (3.5.6)

with ng(z¢) = 1. Let AST = 87 — 57, Then, for any 6 > 0,

lim [P (fgg(%) € (nasy(zo) — 6, nasy(zo) + 5))

K—oo
_ . fT(IEO,IEl)Asg _ K f(zo7zl)AST27 )
I}IEIOOP (ne 0 < &gy (x0) < me +46 (35.7)
= I}ilnoop (7]€|f(wo,w1)|/f(zz,zl) _5< 5?;(960) < pelf@oenl/f@zan) | 5)
=1

where the second equality is due to (3.5.5). Taking the migration from site z; into
account, we thus have

lim P <€§(g(w0> — O(e\f(;to,xl)\/f(:vz,:vl) v 6)) = 1. (3.5.8)

K—o0

We proceed as before for gf in step 1. After time S3, the mass bars on dimorphic system
(&K (1), &8 (22)) can be approximated by ODEs and will be switched again in time of
order 1 (marked by 53 as in Figure 3.5), and they are attracted into n— neighborhood
of (0,7n(x2)). As for the population density on site zy, one obtains from (3.5.8)

1m1@%@@:0@%):1 (3.5.9)

K—oo

whereclz%—’ii;‘/\lgl.

Step 3. We now consider the recovery of subpopulation at trait site zy. Recovery
arises because of the lack of effective competitions from its neighbor site x;, or under

negligible competitions since the local population density on x; is very low under the

control of its fitter neighbor x,. Without lose of generality, we suppose ¢; := ‘;Eig—ii;‘ <1
in (3.5.8).

Set S§ = inf{t : t > S, £&(xg) > n}. We proceed as before in step 1. From (3.5.8),
fgn (zo0)

—2;— converges to some positive constant (say my) in probability as K — oo. Thus, by

applying law of large numbers to the sequence of processes I](VT{;, for any 6 > 0, T > 0,

& (o)

€€l

lim P ( sup

K—o0 0<t<T

<5>:1 (3.5.10)

where m; is governed by logistic equation m = (b(zg) — d(zo)) m starting with a positive
initial my.
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Following the same way to obtain (3.5.4), time length S{ — §;7 can be approximated by
time needed for dynamics m to approach 1/ level, which is of order (b(xo)c_—ld(m)) In %,
i.e. for any 0 > 0,

. C1 1 ~ C1 1
lim P ——————90]In- J— S — 46| In—-) =1
i P (s 2y ) e <=3 < (s 2y 7))
(3.5.11)
At the same time, £K(x1) converges in probability to v; which satisfies equation ¢ =

f(xy, z9)1p with wgg = 1. Then, we can justify the following estimate for population
density at site xq,

Jlim P (553(331) — O(e2 v e)) —1 (3.5.12)
_ alf(z1,a2)]
where Cy = m
We now combine all these estimates (3.5.4),(3.5.5), (3.5.11) together, and conclude
that
Jlim P (||XK ~ T < 5) —1 (3.5.13)

tlni
€

o 1 1 c .. )
E)rt >t = o T Fman T G dgy wnder the total variation norm ||l on Mp(X).

Proof of Theorem 3.3.3. We proceed the proof by the induction method over the super-
script L € N of trait space X5 = {zg,21,..., 2.}

(1). When L = 2, it is already proved in Proposition 3.5.1 that there exists a constant
to > 0 such that for any t > ¢,

Jim X 9 (3.5.14)
—00 €
under the total variation norm.

(2). Without loss of generality, suppose it holds that for any L = 2[ there exists a
constant ty such that for any t > fy

. d
lim X[, =10, (3.5.15)
We need to prove the same relation also holds for the case L = 21 + 1.
We firstly consider the invasion time scale of population at site xo; .
Denote by & (2a4+1) = (X[, Lizy.ay)- If K™ < 1, it follows a similar proof as in
Proposition 3.5.1. So, now we only need to consider the case when Ke*+! > 1, that

K
is, the mass at site w91 is large in the very beginning. In fact, since N% — ng in
law as K — oo and the nearest-neighbor mass migrates from site x( to site xo 11 by
passing through x4, ..., z9, one applies the law of large numbers for random processes

and obtains that

lim P( sup |§tK($21+1) - nt(f2z+1){ < 5) =1 (3.5.16)

K—oo 0<t<T
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: Lo 20+1 :
where n; (19, 1) satisfies the equation 7y (wg 1) = €21 H]jl m(x;,xj_1)ng. So, it takes

time of order 1 for £ (z41) to reach e?*! level (mark the time coordinator by Sg_ ;).
Set Sg,y = inf{t : t > S5 1, & (wa141) > n}. For t € (55,41, S9.1), again by law of

K
large numbers, % converges to ¢, which satisfies ¢y = 1 and

¢ = (b(zo+1) — d(22141)) 0. (3.5.17)

Thus, AS),, = S5, — S5, can be approximated by the time length (say Atgyq)
needed for dynamics ¢ to reach n/e?*! level, i.e.

20+ 1 1 20+ 1 1
lim P -4 |In- < AS] <( +(5>ln—)
K—o0 ((b(fﬂml) — d(@2141) ) € 2T \b(warg) — d(waga) €

20+1 1 204+1 1
lim P -0 ) In= < At < +6 ) In-
K—o0 ((b($2l+1) — d(w241) ) € A (b(l‘ml) — d(w2141) ) 6)
=1.

(3.5.18)
We inherit the notation S7, as the hitting time of 7-level for the population at site .
Due to the hypothesis for L = 2 case, we know that S}, is of order

_ _ _ - 1
([f(l‘gl, I’Ql,l)] ! + ...+ [f(l‘l, .T())] 1) In E (3519)
Thanks to assumption (B3), i.e.
20+ 1 1 1
> = + .. =, 3.5.20
b(l’mﬂ) - d(leﬂ) f(l"zl, 3521—1) f($1, fBo) ( )

it implies that before time S7,, population at site zo41 is still under negligible level (of
order €° for some positive constant ¢) and can not influence the invasion process up to
xToj.

Following a similar procedure as deriving (3.5.19) (see Figure 3.5) to analyze the
colonization of population at site x9,1 due to migration from site x9 with exponential
rate ‘]F(J/’Ql—i-l, Tg;), one obtains that Sng should be of order

([f(me, w)] " ot [Fla, xo)]”) 2 (3.5.21)

€

Comparing two time scale estimates (3.5.18) and (3.5.21) for Sj,, | under assumption
(B3), one gets (3.5.21) is the right one for the fixation of population at site xg1.

Now we consider the total recovery time by summing up recovery time of all sub-
population on every second site backwards from x9,1 to xg, one can do calculations
repeatedly as in Step 3 of the proof for Proposition 3.5.1. More precisely, for 1 < i </,
the initial population &% (z9;_1) on site x9;_; which is prepared for recovering is no less
than e-level due to the consistent migration from its fitter neighbor site x5;. On the other
hand, it grows exponentially at least with a rate f(z;_1, Z2i—2) = b(x9i_1) — d(T2i—1) —
a(x9i—1, Tai—2)N(x9_o) due to the possibly strongest competition from its unfit neighbor
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T9i—2. In all, the recovery time (mark by Sgﬁl) for the population £ (zy;_1) to reach
n-level can be bounded from above

1 1
lim P (S22, < (_— +5) In —) ~ 1. 3.5.22
K—00 < o f(@2i-1, 79i-2) € ( )
We now combine both time estimates (3.5.21) and (3.5.22). Let

Bt =2 ([Flaan, )] 4o+ [flan )] ). (3.5.23)

Then, one can conclude that for any ¢ > t9, 1, for any § > 0 and 0 <7 </,

I}Im P (’(thl(nla 1{121'4-1}) - ﬁ($2i+1) < 5) = 17
—oo o (3.5.24)
Jlim P ((Xﬂn%, Laa) < 5) ~1.
It follows the conclusion for any ¢ > g1,
lim XX, L e+, (3.5.25)
K—oo ne
U

Proof of Theorem 3.4.2. The proof of this result is similar to the proof of [8, Theorem
1]. We will not repeat all the details and only focus more on supporting lemmas which
are cornerstones of the proof.

For any ¢ > 0,¢t > 0, L € N, B C X measurable, take the integer part L, := L%J
and denote by

Al (et L, B) ::{Supp(X

K%Y has L + 1 elements, and Ly out of them, say {z,...

Ko

x1,} C B, satisfy [(X°7, Lizy) —n(xi)| <e, 1 <i < Ly,
Ko

and the other L + 1 — L; traits, say y1,...,Yr—1,, satisfy

<ngv",1{yj}> <el1<j<L+1 —Ll}.

(3.5.26)
To the end, it is enough to establish that

I}im P (A%“?(e,t, L, B)) = P (Supp(I';) C B and has L; elements ) (3.5.27)
where (I't);>0 is defined in Definition 3.4.1.
The first key ingredient of the proof is the characterization of exponentially distributed
waiting time of every mutation event. It can be proved from the expression of the
generator (3.4.4).
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Lemma 3.5.2. Assume that Xé(’e’a =TI, w.o.l, take L = 2l. Let T be the first
mutation time after 0. Then,

l
. t (2 21
I}l_rgoIP’ (T > K_a> = exp <—t E (xS (a2l ))> . (3.5.28)

2 GG
lim P (at time T, mutant comes from trait xék)> = 2k 2k . (3.5.29)

Ko LIRS

The second ingredient can been seen as a corollary of Theorem 3.3.3. It demonstrates
that fixation of new configuration takes time of order ln%, which is invisible on the
mutation time scale.

Lemma 3.5.3. Assume that ng’e"’ =@ 4 %5:0(2;)% for some 0 < k < 1. Then there
2k
ezists a constant C > 0, for any 6 > 0, such that

1
lim P|7>Cln=, sup [X T <s]|=1 (3.5.30)
K—o0 € tE(C’ln%J)
where T®*Y s defined as in Definition 3.4.2 (i) and || -|| is the total variation distance.

The proof of this lemma is similar to the one of Lemma 2.5.6.
Thus we conclude the proof of the Theorem. Il



4 Trait substitution sequence with
nearly neutral mutations

We consider a spatial population model with mutation and competition undergoing
an acceleration of branching rates by K*, A € (0,1], where K is proportional to the
initial population size. By time scales separation constraints, we obtain pure jump
processes in the large population and rare mutation limit for both 0 < A <1 and A =1
cases. The novelty here is that the fixation probability of the advantageous mutant is
nearly neutral and proportional to % Therefore, we rescale the population process
on an accumulation of the mutation time scale. For 0 < A < 1 it generalizes the trait
substitution sequence (TSS) studied in [8] (A = 0), where the population density jumps
from one stable equilibrium of some ODE to another. For A = 1 we need some results on
branching processes in random environment to analyze the fixation period, and employ
quasi-stationary theory to predict the equilibrium density of the fixed type.

4.1 Introduction

In recent years a locally regulated population model proposed by Bolker and Pacala
[4] has attracted particular interest both from biologists and mathematicians. To our
knowledge, Fournier and Méléard [22], using the idea of interacting branching random
walks, formulated a pathwise construction of the model in terms of Poisson random
measures. In parallel, Etheridge [19] studied the extinction and survival problem of
this model and considered the coexistence problem of derivative models in the following
papers (see [2]). In particular, for the one dimensional version (without mutation),
Lambert formulated it as logistic branching processes and studied the probabilistic and
analytic properties in both discrete and continuous setting (see [7, 33]).

In this paper we are interested in the long time behavior of the locally regulated
(density-dependent) populations. In particular, to figure out how the mutation strength
influences the evolutionary fixation makes more sense. Mutations that occur in the
resident population usually can be classified into three categories (w.r.t. resident pop-
ulation): advantageous, neutral, and deleterious. Respectively, they correspond to the
supercritical, critical and subcritical cases in the branching process setting. The advan-
tageous mutation makes the subpopulation with its trait fixed in a positive probability
while the subpopulation from deleterious mutation dies out with probability 1; the fate
of the neutral mutants is still unclear for us. It is of particular interest for us to con-
sider the fate of neutral mutants. Now we explain by a few more words how different
mutations influence the fixation of populations in a specific way.
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Heuristically, it is usually guaranteed that a single mutant arises in the resident popu-
lation and no further mutations occur until the fate of that mutant population is known.
So it is enough to just consider a two-type system. On the one hand, competition for
limited resource can eliminate one type under some non-coexistence assumption. On
the other hand, the logistic growth term may impede the fixed type to be stabilized near
its equilibrium on a long time scale. The biologically motivated assumption of rare mu-
tations guarantees that, on the mutation time scale, the width of time intervals during
which the population is polymorphic vanishes, so that the population appears monomor-
phic at each time. This is the so called “trait substitution sequence model” proposed
by Metz et al. [39] and mathematically justified by Champagnat [8], Champagnat and
Lambert [9]. In their arguments, the fixation probability of a selective mutation is a
strictly positive constant (independent of the population size K). More precisely, the
fixed type is strictly advantageous in [8] while the deleterious one can also be fixed but
with a random density in [9].

The purpose of this paper is to consider the case when the fixation probability of
the new mutant is nearly neutral (slightly advantageous). This idea can be realized by
accelerating the branching rate (birth rate and death rate) in a suitable way, i.e., take
individual birth rate bx = K*r + b and death rate dx = K*r + d for 0 < X\ < 1, where
the parameter K is proportional to the initial population size. This procedure is highly
reminiscent of the scaling method from branching particle systems to superprocesses
(see [15, 37]). To prevent the population from rapid extinction, one also has to rescale
the population size, so that making assumption of large population. We will show that,
on a single mutation time scale, the fixation probability of the advantageous type is of
order %, which converges to 0 under the large population limit. Obviously, it is not
the proper time scale to rescale the population process.

For 0 < A < 1 the large population limit of the population process (branching particle
system) is a deterministic measure-valued process. In particular, it satisfies an ODE
which has a stable equilibrium (carrying capacity) for one-type population without mu-
tation. To find the suitable time scale to separate successively arising mutations, our
argument proceeds by a way of intermediate approximations based on the trait sub-
stitute sequence model obtained in Champagnat [8]. Eventually, we rejustify the TSS
model on an accumulation of the mutation time scale. In other words, the invasion is
not due to the absolute advantage of a mutant type, but due to the relatively often
coming neutral mutants.

For A = 1 the large population limit is a superprocess with a quadratic competition
term. The randomness is generated due to the accelerating birth and death events and
usually called “demographic stochasticity”. In particular, as for the one dimensional
case, the rescaled logistic branching process converges to the so called logistic Feller dif-
fusion. As shown in [33], the diffusion will be absorbed at 0 with probability 1. Thus, to
capture the long time behavior in some sense, we study the process conditioned on never
attaining 0. This conditioned process , named Q-process, is studied in [7, 36], which can
be realized by compensating proper immigration onto the system (see [34]). As for the
fixation period, we use a classical result about the extinction probability for branching
processes in random environments (see Kaplan [29]) to build up the non-coexistence
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condition, and further to give an implicit expression for the fixation probability. Never-
theless, we can formulate the rescaling limit processes for both 0 < A <1 and A =1 in
an unified regime in the context of random environments (see Remark 4.2.3).

The remainder of the paper is structured as follows. In Section 4.2, we present the
description of the models and state the main results. In Section 4.3, we get the large
population limit of the interacting branching particle system for both 0 < A < 1 and A =
1, and study some properties for one and two dimensional cases. In Section 4.4, we derive
the trait substitution sequence based an intermediate-approximation result for the case
0 < A < 1. In Section 4.5, for A = 1 the conditioned trait substitution sequence is proved
by employing the Q-process theory and branching processes in random environments,
which are used to characterize the long time behavior and provide the non-coexistence
criterion.

4.2 Model and main results

4.2.1 Locally regulated spatial population model

We assume the population at time ¢ is composed of a finite number [; of individuals
characterized by their phenotypic traits x;(f),...,z(t) belonging a compact subset
X of R We denote by Mp(X) the set of non-negative finite measures on X. Let
M(X) C Mp(X) be the set of counting measures on X

M(X) = {Zéx ST, ..., Ty € X,nGN}.
i=1

Then, the population process at time ¢ can be represented as:

I
by = Z 5Xz‘(t)'
i=1

Let B(X) denote the totality of functions on X that are bounded measurable. For any
[ € B(X), v e Mp(X), we use notation (v, f) = [ fdv.

Let’s specify the population process (14);~0 by introducing a sequence of biological
parameters:

e b(z) is the birth rate from an individual with trait x.
e d(x) is the death rate of an individual with trait x because of “aging”.

e a(z,y) is the competition kernel felt by some individual with trait z from another
individual with trait y.

e 4 (x) is the mutation probability of an individual with trait x.
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e m(x,dh) is the law of trait difference h = y — x between a mutant individual with
trait y born from an individual with trait x. Since the mutant trait y = = + h
must belong to X, this law has its support in X —z := {y —z:y € X} C RY We
assume that m(x,dh) has a density on R? which is uniformly bounded in x € X
by some integrable function m(h).

To specify the model, the infinitesimal generator of the M(X')-valued process is given
as follows, for any ¢ € B(M(X)):

Lo() = Y [6ly -+ 6,) = (0] (1 = )bl
£30 [ [0+ Guan) = 9 byl d)
D180 — 82) = 0] dlas) + Yl ).

i=1 j#i

The first term above describes the clonal reproduction without mutation. The second
term describes the mutant offspring with trait x; + A from mother with trait x;. And
the last term describes death of an individual x; either due to aging or competition from
another individual z;.

By introducing a parameter K € N, we rescale the population size by K. We will show
later, as K tends to infinity, we can get different large population limits by well-chosen
renormalization. Furthermore, the population process can be parametrized by another
parameter ux governing the strength of mutation probability u(-) w.r.t. population size
scaling parameter K.

Given a sequence of processes denoted by (v/);>o with an accelerating exponent
A € (0,1], assume the corresponding parameters have the following form, for K € N:

o by(x) = K*r(z) + b(x).
o di(x) = K*(x) + d(z).
o ax(x,y) =a(z,y)/K.

Notice that, we rescale the competition kernel by K as above, so that the system math-
ematically makes sense when we take large population limit. Biologically, K can be
interpreted as scaling the resource or area available.

Instead of studying the above processes (v/*);>, it is more convenient to consider a
sequence of rescaled measure-valued processes:

IK
1 t

Xf = = > 6, (4.2.1)
=1

where XX is in the space Mp(R?) comprising of finite measures.
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The infinitesimal generator of the Markov process (X );>¢ can be expressed as follows:

Lo) = [ o+ 52 - 60)] (1 = et vtan

/ /Rd\{o}[ ”h) cb(V)} ugc ()b (x)m(x, dh)Kv(dz)  (4.2.2)

# [ ot 52 = 00| (o) + [ ateppwtan ) wvian)

Let us denote by (A) the following assumptions.

7, a @, such that 0 < b(x) <b, 0<d(x)<d, 0<r(x) <7, 0<a<
a(w,y)gd,and b(x) —d(x) >0, Vo € X.

(A2) Va,y € X, f(z,y)- f(y,z) <0, where
fy,z) =bly) —d(y) — a(y, »)n(x) and n(x) = b(z)(;i()“’)’
Fz,y) = b(x) — d(z) — a(z,y)a(y) and 7(y) = -2,

(A?’) v T,y € X7 Ef(l',y) ’ Ef(y,il?) < 07 where €.g. f(yVI) = b(y) - d<y) - Oz(y,x)n(x),
and random variable n(x) has the distribution 7(®) as in Remark 4.3.11. Fitness
function f(z,y) takes the symmetric form.

For fixed K € N, assumption (A1) guarantees that the process with the infinitesimal
generator (4.2.2) is well defined (refer to [22]). Assumptions (A2) and (A3) give the
non-coexistence condition for 0 < A < 1 and A = 1, resp..

4.2.2 Statement of main results

Theorem 4.2.1 (0 < A < 1). Admit assumptions (A1) and (A2). Suppose that X[ =

NE  law

5 and are such that == % ng > 0, as K — +o00, and exp{—CK'™} < ug <

1
KR VY C > 0. Then, (Xf/(Ku ,t > 0) converges in the sense of f.d.d to
n

. noéx, t=20
Y; B { ﬁ(nt)énta t>0

where the Markov jump process (n;,t > 0) satisfies ng = x with an infinitesimal genera-
tor:

Ap(r) = /Rd (o(z + h) —p(x)) M(x)n(x)%[f(w + h,x)lym(z,dh). (4.2.3)

Definition 4.2.2 (A = 1). For anyt > 0, define a measure-valued Markov jump process
Vi = n(n)6,, with singular support as following
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(i)  (m,t > 0) is a Markov jump process on X with initial value ny = x and the
transition density from x to x + h given by

g(z,dh) = 7(z)E [%} m(z, dh), (4.2.4)
where
V() = p(z)r(2)E [n(2)g.(n(z))] (4.2.5)
and @y
P(§(e) € d2) = = ﬁj: éﬂ))gx (n((x)))] (4.2.6)
and
02) = [ gl Byma,dh) (12.7)
with

9z(2,h) = 1{Ef(w+h,a:)>0}/ Qg’”)(dw)
C([0,+00),R% )

(r(x ) /0 T exp {— (tb(a: CR)—td(x+h) — /0 oo+, :U)wT(x)dT) } dt)

i.e. the infinitesimal generator of (n,t > 0) has the form:

-1

As@) = [ ()~ ) atrdn),

where Q% is a law on path space C([0, 00), R ) such that wy(z) = z and 7@ is
the law of random variable n(x) on R*.. They are both defined in Remark 4.5.11.

(1) Conditioned on (M, ..., My,) = (T1,...,2,) for any 0 < t; < ... <t,,, all n(n,)
are independent and distributed as m®) | respectively.

Observe that y(z) can be seen as the mean successful mutant production rate of a
stationary (in some sense) z-type population and that E [W] is the proba-

bility density of fixation of a successful mutant x + h-type population entering a pure
(resident) a-type population with a biased stationary size &(z).

Remark 4.2.3. (1) When 0 < X\ < 1, the TSS limit is a measure-valued Markov jump
process with singular support and the corresponding density is determined (non-
random) by its trait. When A\ = 1, which will be shown, the TSS limit is still a
Markov jump process as in Definition 4.2.2 but with some random density.
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(2) In fact, the above two TSS limits are consistent. The first result can be embedded
into the second one by taking 7 = = On(z) and Q,(f)(dw) = Op(e) tn the formula
of transition rate q(x,dh). In this degenemte case, wi(r) = n(x),t > 0 and
n(x) = n(x). Thus, we can compute the transition rate explicitly,

oz, dh) = M(x)r(i)(i{if;j;h,xpo}ﬁ(x)

i (/Ooo exp {-(tb(m + h) —td(z + h) — /Ota(x b 2)(2)dr) } dt) 1

xrl‘ﬁl‘l*x+hx>0 > n -
:,u( Jal L(;l% 2) }(/0 exp{—tf(:c—l—h,:z:)}dt) m(z, dh)

_ plz)r(z)n(@) -
= W[f(x + h,x)]ym(z, dh).

(4.2.8)

4.3 Auxiliary results on convergence

4.3.1 Convergence to a deterministic flow for 0 < \ < 1

Firstly, we give the following martingale properties for (XX )¢, which will take a key role
in the proof of weak convergence results. As a convention, we inherit all the notations
and parameters in Section 4.2.

Proposition 4.3.1. Admit assumption (A1) and for some p > 2, sup E[(XE, 1)]P < oc.
K

Then, for any bounded measurable function f, the process

M
= (X[, f) = (XE ) / /R - /Rdoz(:v,y)XSK(dy) ) F(2) X (dz)ds
_/0 /Rd up(x) (K r(x) +b(z) ) ( /Rd\{o} f(x + h)ym(z,dh) — f(z) ) XK (dv)ds

(4.3.1)

s a square integrable martingale with quadratic variation

o

(QK’\ () + b(z) + d(z) + /Rd a(x, y)XSK(dy)) fA(2) X (dr)ds

K
(]
o [ e (30 w060 ([P i) = () ) ¥y |

(4.3.2)
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Remark 4.3.2. By choosing different range of the exponent A and studying the explicit
representation of semi-martingale (X%, f), one can have either a deterministic or a
stochastic large population limit depending on whether the asymptotic limit of quadratic
variation of the martingale part vanishes or not.

Proof. By martingale problem theory, for any bounded measurable functional ¢ on
Mp(X), one knows that the process

oXE) — o(xt) — [ DR p(xtas (433)

0

is a cadlag martingale. Let ¢(v) = (v, f) , Vf € B(X), we obtain that
M
= [0 —d) [ ateXE ) X nis
_ /0 /R k() (Kr(@) + () ( /R o T P d) — (2)) X (s

is a square integrable martingale.
By applying Ito formula to (X[, f)? w.r.t. semimartingale (XX, f), one obtains

oy =y =2 [ {0 - a0 - [ )

)0+ 00) ([ e mmGadn) - ) | X, DX )
- <M.K’f>t

is a martingale.
On the other hand, let ¢(v) = (v, f)? in (4.3.3), we get the following martingale

(XE 2 —(XE £)? = /t LE(XE | £)2ds
0
=(X[ ) = (X5 )?

1 ([ . . o
-w { [ LR s+ [ atxtan) ot e
+/O /Rd UKM(x) ( KA*/‘(.T) + b(m) )( f2(x + h)Tﬂ(JI,dh) . fZ(x) ) Xf(dx)ds }

R4\0

_/Ot/Rd {(b(m)—d(a:)—/Rda(%y)Xf(dy))f(x)

+ ugep(x) (K r(z) 4 () ( / f(z +h)m(x,dh) — f(x) )} 2XE XK (dx)ds.
R4\ {0}
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By uniqueness of a semimartingale decomposition, the quadratic variation would be

(MKf
{/ /Rd (2KA ) +b(z) +d(z) + / (x,y)Xf(dy)) () XK (dx)ds

T / / en(e) (Kr(z) + b(w)) ( / g L Hmedn) f2<x>) XK (d)ds }

which concludes the proof. 0

More precisely, we obtain the following convergence results for both 0 < A < 1 and
A =1 in the subsequent subsection.

Proposition 4.3.3. Assume X € (0,1), uxg = 0, and X converges in law to X, under
the weak topology on Mp(X) as K — 400, and sup, E({(XE,1)3) < co.

Then, YT > 0, a sequence of processes (X t € [0,T]) € D([0,T], Mr(X)) converges
in law to an unique process (X, t € [0,T]) € C([0,T], Mp(X)), satisfying the following:

sup E((X;,1)%) < oo, (4.3.4)
t€[0,T7]

and for any bounded measurable function f,
(X, ) = (Xo, f / /d - /d a(z,y) Xs(dy)) f(x)Xs(dx)ds.  (4.3.5)
R R

Remark 4.3.4. (a) For the one-dimensional case, if XI* = N—Ié(ém and N—Ig( — ng n law,

then (%,t € [0,T]) converges to (n:,t € [0, T]) which satisfies logistic equation
(b)Similarly, for the dimorphic case, we have the following limit

{ ne = (b(z) — d(z) — a(z, x)ny — alx,y)m)n,

Ty = (b(y) - d(y) - a(y, l’)nt — Oé(y,y)mt>mt ’ (437>

This Proposition and the next one can be deduced from Proposition 4.3.1 by the
classical uniqueness-compactness argument. Please refer to [22] for similar proofs.

4.3.2 Convergence to a superprocess with competition for \ = 1

(Classical Lotka-Volterra model is described by a set of ordinary differential equations as
in last subsection. By stability analysis, we can determine the domain of attraction for
coexistence or competitive exclusion according to the relative strengths of competitions
within and between the species. In this section, we justify a stochastic version of Lotka-
Volterra models in the settings of one-type and two-type system.

Firstly, we give a general form of stochastic Lotka-Volterra systems by a superprocess
characterization. We always assume A =1 and ug = 0 in this section.
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Proposition 4.3.5. Assume X converges in law to Xy under the weak topology on
Mp(X) as K — +00, and that sup, E((X{ 1)?) < oo.

Then, YT > 0, the sequence of processes (XK t € [0,]) € D([0,T], Mp(X)) con-
verges in law to an unique process (Xt € [0,T]) € C([0,T]), Mp(X)), satisfying the
following:

sup E((X;,1)*) < oo, (4.3.8)
t€[0,T]

and for any bounded measurable function f,

M = (X, ) — (Xo. f / /R d _ /R alry)X,(dy) ) f@)X,(de)ds

(4.3.9)
s a continuous martingale with quadratic variation

(M7, = 2/0 /Rd r(x) f2(z) X (dx)ds. (4.3.10)

Remark 4.3.6. The process X above can be rewritten in a weak form

8. X,(z) =( b(z) — d(z) — /R afa,y)Xudy) ) Xo(a) + M, (4.3.11)

Proof. We need to prove uniqueness of the solution of the martingale problem by Daw-
son’s Girsanov transform. Tightness of process sequence (XXt € [0,T]) can be proved
by Aldous-Rebolledo criterion. Convergence limit of the martingale sequence can be
deduced by Proposition 4.3.1. O

Logistic type Feller diffusion and its Q-process

When there is only one type without mutation, it is called logistic branching process
(jump case) or logistic Feller diffusion (diffusion case) studied by Lambert [33] and
Etheridge [19], respectively.

Definition 4.3.7 (Logistic branching process). For any fized K € N, an integer-valued
process N is called a (binary) logistic branching process if the transition rates have the
following form.:

bit ifj=1+1,
it ifj=i—1,
I —(bg +dx + a*Z2)i, ifj =1,

0 otherwise.

Corollary 4.3.8 (Logistic Feller diffusion). Consider the process (ZK)io defined by
ZE .= NE/K. Suppose ZEF Y 70 as K — oo. For all T > 0, (ZE t € [0,T]) converges
in law to a logistic Feller diffusion (Zi,t € [0,T]) which satisfies the solution of the
following stochastic differential equation:

dZ; = (b(z) — d(z) — oz, x) Z) Zydt + /21 (x) Z:d By, t>0. (4.3.12)
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Proof. According to Proposition 4.3.5, we know (ZF,0 <t < T) converges to (Z;,0 <
t < T') which is a solution of the following equation

0,2 = (b(x) — d(x) — oz, 2) Zy) Zy + M, (4.3.13)

where M, is a continuous martingale satisfying

(M), = 2r(z) /0 s

Since the continuous martingale can be represented by Ito integral, we have

t
Mt:/ \/ 2r(x)ZsdBs,
0

where B is one dimensional standard Brownian motion. Then (4.3.13) can be rewritten
as

dZ; = (b(x) — d(z) — alx, x) Zy) Zedt + /21 () Zd By, t>0,
which concludes the proof. 0

Further more, as proved in [33], the diffusion limit defined by (4.3.12) will get extinct
in finite time a.s. provided there is no immigration from outside. The point 0 is thus
an absorbing state for the process. Nevertheless, the time for extinction can be large
compared to human time scale and it may fluctuate for a long time before extinction
actually occurs. On the other hand, the long time behavior of an absorbed Markov
process can be well described by the distribution of the trajectories which never attains 0.
When it exists, we define a new conditioned process and study its stationary distribution.

Definition 4.3.9 (Q-process). The distribution Q, is the law of a process issued from
z > 0 and conditioned to never attain 0. When it exists, it is defined as follows: for
s >0 and for any Borel set B C C(([0, s],R%),

Q.(Z € B) = lim P.(Z € BJt < Ty), (4.3.14)

where Ty = inf{t > 0, Z, = 0}. This limiting procedure defines the law of a diffusion pro-
cess that never reaches 0 called its corresponding QQ-process. Denote the new conditional
process of Z. by Z!.

By spectral theory arguments, one can get the quasi-stationary distribution of a diffu-
sion process. What is more, one can express the law of the ()-process and its stationary
distribution in terms of the quasi-stationary measure. Concerning the existence and
uniqueness of a quasi-stationary measure for the process defined by (4.3.12), we can
refer to [7]. Since it can not be written down in an explicit form, Villemonais [43] pro-
vides an approximation method to simulate the quasi-stationary distribution based on
a Fleming-Viot system. Concerning the ()-process, one can view it as a modification
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of the original process by adding some immigration structure on it (see [34]). For fixed
x € X, consider the logistic Feller diffusion

dZy = (b(x) — d(x) — oz, x) Zy) Zydt + /21 (x) Z:d By, t>0. (4.3.15)
By letting Z, = %, one obtains a drifted Brownian motion on (0, co)
dZ, = dB, — q(Z,)dt. (4.3.16)

Lemma 4.3.10 ([7]). (i) For all z > 0, s > 0, the law of the Q-process of the pro-
cess (7)o evists as a probability measure QY on path space C([0,00),R%) with
transition probability given by

q(s,z,y) = ekls%p(s,z,y)e_my), (4.3.17)

where

Qy) =2 / d(2)dz,

and & is the corresponding eigenfunction of the first (positive) spectrum Ay of the

operator:
1
Lg=39"—ag’
where q(z) _ 2%3 - (b(z)—;l(x))z + a(m,xZ‘(;r)zS .

(ii) For any Borel set A C R% and any z > 0,

lim Q) (Z, € A) = / 2 (y)e Wdy = 7@ (A). (4.3.18)
S—00 A

Remark 4.3.11. The Q-process distribution for Z and Z are related by an immediate
change of wvariables, so that above results for Z can be stratghtforward translated to
results on Z. We denote by ng)() the distribution of the QQ-process of Z issued from
z > 0 indeved with a phenotype x € X. Furthermore, we denote by 7\ (-) the invariant
measure of the QQ-process.

Lotka-Volterra type Feller diffusion

Concerning another example-a binary branching system with competition, we can obtain
a set of Feller diffusions with Lotka-Volterra drift in a time-space scaling limit. Firstly,
we define the following binary branching process with density dependent competition as
a N2-valued process (N, M[).

Suppose that the transition rates of (N, M) are

bre ()1, | (4,5) = (i +1,7)
oF — (di(x) + oz, 2) 2 + alz, y)£)i,  (5,5) — (i—1,7)
br (), (4,5) — (4,5 +1)
(dr(y) + aly, z) % + aly, ) 52)5,  (i,5) — (i,j — 1)
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. NE  MF
Consider a sequence of rescaled processes (5, =& ):>0-

Corollary 4.3.12 (Lotka-Volterra type Feller diffusion). Suppose (]\;( , ]VI[?K) converges
in distribution to (Z3, Z2) (maybe random) as K — oo. Then for any T > 0, (Z1 K Zf’K)
= ((]\E{, J‘f( ) € [0,T]) converges to ((Z},Z}),t € [0,T]) in distribution as K — oo,

where (Z}, Z})i>o satisfies the following SDEs

dz! = (b(z) — d(z) — a(z,2)Z} — a(z,y)Z2) Z}dt + \/2r(x) Z}dB}
dz? = (b(y) — d(y) — a(y,z)Z} — a(y,y)Z2) ZEdt + \/2r(y) ZEdB?.

Here, (B})i>0 and (B?);>o are two independent standard Brownian motion.

(4.3.19)

Remark 4.3.13. By using some comparison argument, we can easily get that (Z}, Z2) o
will be absorbed by (0,0) in finite time with probability 1. In fact, assume that (Z3, Z})>o
(without interspecific competition) satisfies the following equations:

{ dZ3 = (b(z) — d(z) — a(z, 1) Z3) Z3dt + \/2r(2) Z3d B} (£3.20)
dZ} = (b(y) — d(y) — aly,y)Z}) Z}dt + \/2r(y) Z}d B} .

Obviously, (Z}, Z2)i>o can be dominated by (Z3, Z})>0 a.s.. Since it is already known
that (Z}, Z}) >0 can be absorbed by (0,0) in finite time with probability 1, so does
(Z}, Z%)1>0. Hence, we will study its long time behavior by the stationary distribution of
its Q-process (see Proposition 4.5.4).

Proof. Let XE = t 0 + t d, in Proposition 4.3.5 and suppose the limiting process
(X¢)e>0 has the form X, = Z15 + Z76,. If we take f = 1g,, then

t
M =2}~ 23~ [ 0fe) - dw) - o) 2} - ale.) Z2) Zds
0
is a continuous martingale with quadratic variation
t
(M7T)y, = / r(z)Zlds.
0
So, we get process (Z}); > 0 satisfying the equation

dZ} = (b(z) — d(z) — a(z,2)Z} — a(x,y)Z2) Z} dt + +/2r(x) Z}dB}

for some standard Brownian motion (B} ). By taking f = 1,3, we can prove (Z7);>0
satisfying the equation

dZf = (b(y) — d(y) — oy, )2} — a(y,y) Z7) Z}dt + ) 2r(y) Z2d B},

where (B?);>¢ is a standard Brownian motion independent from (B} );>o. O
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4.4 TSSlimitfor0 < )\ <1

In this section we will attain the trait substitute sequence model for accelerating expo-
nent A € (0,1) by taking a rare mutation limit. Since the fixation probability of the
selectively neutral mutation approaches 0 under the large population limit, the succes-
sive substitutions are not visible any more on a single mutation time scale. Therefore,
we choose the accumulation of mutation time scale as a proper renormalization scale.
Our result proceeds by the way of an intermediate approximation based on the result
in Champagnat [8].

4.4.1 Intermediate-scaling approximation on the mutation time
scale

For any K € N, define

K . n()éw, t - 0
n'_{Mﬁﬁ#t>O (4.4.1)

where € is a Markov jump process starting from z and with an infinitesimal generator:

Ao(a) = [ (ola+) - w(@)u(%)ﬂ@%[ﬂx T hya)ym(e,dh). (44.2)

The next Lemma is used to give an intermediate approximation of X* on the mutation
time scale 1/ K u.

Proposition 4.4.1. Admit assumptions (A1) and (A2). Suppose that XX = %Iﬁéz and

K low

are such that NTO — ng > 0 as K — +o0o. Further suppose that exp{—CKl_’\} Lug K

1
Konr 070

Then (XfleHuK,t > 0) can be approzimated by (YX)i>o in the sense of f.d.d., i.e. for

anyn > 1,6 > 0,0 <t <ty <..<t, <oo,and for any measurable sets 'y, ....,I",, C X,

i PVl <i<n,3z; €T;: SUPP(XS/KHAUK) = {x;}, \(Xf/KHMK, 1) —n(x;)| <e)
K—o0 P(V1 <i<n,nff ely)
=1
(4.4.3)

Remark 4.4.2. (a) Since the individual growth rate bx(x) — di(x) = b(x) — d(z) is
preserved independently from K, the selectively advantageous type evolves like a super-
critical branching process with exponential growth. Thus, the fization time is of order
In K. On the other hand, the large population limit of a monomorphic population with-
out mutation is deterministic as the solution of a logistic differential equation (4.3.6).
Thus, it has a locally stable equilibrium density.
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(b) The fixation probability of the slightly advantageous mutant is the surviving prob-
ability of the asymptotic critical branching process:

b(x + h) —dg(z+ h) — a(z + h,x)n(z) VO [f(x+h,z)s
br(x + h) K> (x4 h) +b(z+ h)

while the transition rate is p(z)n(x)r(x) on the mutation time scale O(1/ K™ u).

The proof of this proposition is similar to the proof in [8, Theorem 1] by just replacing
the auxiliary lemmas with the following ones. Instead of proving the proposition itself,
we list the following results which are crucial for the detailed proof.

Denote by 7, the first mutation time after 7,,_1, n > 1. Denote by 6, the first time
after 7, when the population gets monomorphic again and +, be the corresponding
survival type. Set 79 = 0. Inductively, we can define 7,,,0,,v,,n > 2. Obviously, we
have the relation: 6,_; < 7, < 0,,,n > 2.

We list the following Lemmas to furnish the proof of the Proposition. The first Lemma
gives the characterization of the exponentially distributed waiting time of mutation
occurrence.

Lemma 4.4.3. Under the same condition as in Proposition 4.4.1,

t
lim Pyx (14 > ———
K—+00 NTO&C( K1 g

) = exp{—n(z)u(x)r(z)t}. (4.4.4)
Lemma 4.4.3 and its counterpart Lemma 4.5.9 for A = 1 case, can be proved by a

similar approach used in [8, Lemma 2|. The next Lemma characterizes the fixation

probability of the selectively advantageous population in a dimorphic system.

Lemma 4.4.4. Under the same condition as in Proposition 4.4.1, and further assume
K Jaw _

NTO loy n(x). Then,

[f(x + h,2)]+

li K- P = =
im NE (vo=z+h) o

K—+o00 TO(SQE"_%ézJ,—h

Rather than proving this lemma, we will prove its counterpart Lemma 4.5.8 in next
section. The arguments are nearly the same by taking A in different ranges.

As for the time needed for the process to drift out of the stable equilibrium, we give
the following estimation.

Lemma 4.4.5. Assume the same condition as in Remark 4.3.4 (a). Obviously, n = %l
is the stable equilibrium. ¥V 0 < § < n, define ox = inf{t > 0 : N%{ € [n—6,n+ 9.
For any subset U C [0 — §,n + 0], there exists a constant V > 0, s.t.

lim inf Py(ox > V) =1. (4.4.5)
K—+4o00 xeU
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Proof. The infinitesimal generator of ( ,t > 0) can be written, for g(-) € CZ(R),

L¥g(2) = (g(= + =) — g()(Kr + D)
Fo(z = 22) — g +d + az)K
= @0 d—az)z + Kk Ly () - Lo eIK
SRR VO S e )y S (146)

Concerning the problem of exit from the domain on the above equation perturbed by
random small noise, we can handle it in the same approach as the following diffusion

[ 1
dZF = (b—d—az)ZFat + = 2rZKdB,. (4.4.7)

From the well known Freidlin-Wentzell theory (see [23]), there exists a constant V > 0,
s.t. Vo > 0,

KliIJIrl in[fijx(eKlﬂ(‘_/_‘s) <og <V 1. (4.4.8)
—+00 TE

So we can conclude the results.
O

4.4.2 Rescaling on an accumulation of mutations time scale

Theorem 4.4.6 (0 < A\ < 1). Admit assumptions (A1) and (A2). Suppose that X[ =

law

0 0, and are such that —K g >0, as K — +o0, and exp{—CK'™} < ug <

1
KoK VY C > 0. Then, (th/(Ku ,t > 0) converges in the sense of f.d.d to
n

o noéx, t=20
Y. = { )8y, >0 (4.4.9)

where the Markov jump process (n;,t > 0) satisfies no = x with an infinitesimal genera-
tor:

r(z)

Ap(x) = / (el h) = @)@l s

[f(z + h,2)]ym(z,dh).  (4.4.10)
Remark 4.4.7. For large K, we can see the mutant type evolves as an asymptotic crit-

ical branching process with (K-dependent) fization probability K/\r[(:iﬁj:;fg(x—i-h while the
K1+)\

“ek. Therefore, the total transition
UK

accumulation rate of mutants is of order K* =

rate is approximated by T(H)h) [f(x + h,2)]. In other words, the phase transition is not

because the new mutant has absolute preferability than the resident one but because the
mutations occur more intensively.




4.5. Conditioned TSS limit for A =1 69

Proof. Because of Proposition 4.4.1, in order to prove the convergence from (Xt[/( KuK)tZO

to (Y;)i>0, it is sufficient to prove (3/;5@)7520 converges to (Y;)i>o.

From (4.4.3), one obtains the following by replacing t; = s;K*,
- PVl <i<mn,dz; €[} Supp(XS[f/KUK) {z;}, (XE 51/ K 1) —na(z)| <e)
K—o0 PVl <i < n,ns_KA ely)
=1.

(4.4.11)

Furthermore, it is not hard to prove (Ufo)szo converges to (1s)s>o from the conver-

gence of generators K*AX to A as K — oo. Meanwhile, the convergence from ﬁ(anA)
to 7i(ns) is implied. As K — oo, the limit of P(V1 <4 <n,nl ., € T;) exists and

lim P(V1<i<nnlmely)=PVL<i<nn, €ly), (4.4.12)

K—oo

where 7 is defined as in (4.4.10). By combining (4.4.11) and (4.4.12), one obtains

lim P(V1 < ¢ <n,3z; € I'; : Supp( S/KuK) {z;}, (XE 5/ Kuge 1) —n(x;)| <e)

K—o0
= ]P)(\V/l <1< n,ns, € Fz),
(4.4.13)
which yields the f.d.d. convergence. ([l

4.5 Conditioned TSS limit for A =1

4.5.1 Birth and death processes in random environments

Kaplan (see [29]) formulated a continuous time branching model in random environments
and gave a sufficient and necessary condition for extinction. In our regime, it is of
particular interest to consider the binary branching case, that is, with linear birth and
death rates. More precisely, one is given a stationary ergodic process (wi);>o taking
values in R? with the initial distribution 7. It amounts to assuming that for process
(X¢)t>0 both birth rate b(¢,w) and death rate d(¢,w) per individual at time ¢ are specified
by an environmental process w. For a realization of environmental process w, we can
get a continuous time non-homogeneous birth and death process as in [25, Chapter 5].
Notice that there are two different sense of probability measures in our framework. One
is probability measure P“(-) called “quenched” and its corresponding expectation E¢ if
the environment w is specified in advance. Another one is P, which is defined on the
environment space 2 = {(w¢)i>0 : w € C([0, +00),R%)}. We denote by P = P ® P“ the
product of measures.

Firstly, we give sufficient and necessary conditions for a.s. extinction as well as the
probability for non-extinction case.

Lemma 4.5.1. Let p(w) = b(0,w) — d(0,w). Assume P(Xo = 1) =1 and 0 is an
absorbing state. Then
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(i) P‘”(tlim X =0)+ P“’(tlim Xy =00) = 1.

(ii) P*(lim X, = 0) = 1 a.c., iff

Ep(w) = /(b(O,w) —d(0,w))dr < 0. (4.5.1)

(111) If Ep(w) > 0, then the quenched extinction probability
Qo = P“’(tlim X;=0)
[ d(t, w)elo (drw)=brw)dr gy (4.5.2)

— 0
1+ [ d(t, w)elo @) —brw)dr gy

Proof. We can refer to [29] for the proof of (i) and (ii).
From related results of non-homogeneous branching process (Page 104, [25]), we get
the quenched extinction probability with one ancestor initially

¢o := P“(lim X; =0) = tlim P o(t)

t—o00
ft d(S w)efos (d(T,w)—b(T,w))deS
= lm 0 7 ’ S .
t—oo ] 4 fO d(S, w)efo (d(T,w)—b(T,w))deS

This concludes the proof of (iii). O

Define Tx = inf{t > 0 : X; = K} and T} is the extinction time. The following
lemma will give estimation of order of time needed to exceed some given level provided
non-extinction.

Lemma 4.5.2. Assume Ep(w) > 0, Ep(w)? < oo. Then,
(i) ast — oo,

(X, exp(—tEp))t " — WeV (4.5.3)
in distribution, where W and V' are independent, P(W =0) =1 -P(W =1) =
P(tlim X;=0)= Ep(q,) =: q and V has a normal distribution N'(0,5?).

(i)
I%im P(Tk <To)=1—¢q (4.5.4)
Vig>hnkK, I;lm P(TK < tg | T < T0> =1 (455)
Visg < IHK, Khm ]P)(TK>SK|TK<T0):1 (456)
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Remark 4.5.3. Actually, (i) is deduced by the central limit theorem for In X, (see [30,
31]). Heuristically, it can be written as

X, ~ WetBptt!2Vio(t!/?) for large t. (4.5.7)

We see that, provided non-eztinction (W = 1), the process (Xi)i>o0 behaves almost like
an exponential growth model.

(4.5.5) and (4.5.6) together give a sharp estimation of order of the hitting time Tk,
which is O(In K).

Proof. Proof of (ii).

lim P(Tx < Tp) = P(Ty = o0) = P(lim X; = o0)

K—oo t—o0

Now we prove (4.5.5). Vtx > In K,

lim P(TK <ty ’ Ty < To) = lim P<XtK > K | Tk < To)

K—oo K—oo

= lim P(We's"" > K | W =1)

K—oxo

=1

where the second equal sign is due to (4.5.3).
The proof of (4.5.6) is similar. O

4.5.2 Fixation and extinction analysis

According to Lemma 4.3.10, each equation in (4.3.20) defines its Q-process and the
Q-processes have stationary distributions as random variables n(z) and n(y) defined
in Remark 4.3.11. The following results provide us a non-coexistence condition for a
dimorphic system based on the results in Section 4.5.1. In contrast to the deterministic
fitness function defined in [8], the fitness function here will be random.

Proposition 4.5.4 (non-coexistence condition). Consider Lotka-Volterra type Feller
diffusion (Z}, Z2)i>0 (see (4.3.19)) conditioned to be never attaining (0,0) (Z}+Z% > 0),
starting with some positive initial state (2}, 22). Assume

Ef(z,y)f(y,x) <0, (4.5.8)

where
f(@,y) = b(z) = d(z) - a(z,y)n(y),
[y, 2) = b(y) - d(y) - aly,2)n(z). (4.5.9)

Then, the Q-process (Z}, ZE)IZO of (Z}, Z2) >0 has stationary distribution as (0,n(y))
or (n(x),0), depending on whether Ef(y,z) >0 or Ef(z,y) > 0 resp. More precisely,
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i

v P((z}, 23 5 (n(x),0) or (0,n(y))) = 1. (4.5.10)
(i)
(0,7(9))) = Lzs@y<o)
(n(2),0)) = 1{psa)<0)-
Proof. (i) Because of the stochastic domination in (4.3.20), for the double variables
system (Z}, Z2);>o conditioned on never absorbed by (0, 0), the union of axes R* x 0 U

0 x R7 is accessible and absorbing. And its complementary set is transient.
(ii)According to the definition of Q-process, we have

(4.5.11)

L L
Therefore, it is sufficient to prove

c
]P(<Zt17 thT) - (Ovn(y))) = l{Ef@y)<0}- (4.5.13)
Obviously, by neglecting some terms in (4.3.19), we get the following stochastic domi-

nation relation:

(21,22 < (2. 2)), (4.5.14)
where
Az = (b(z) — d(x) — a(x,y) Z}) Z}dt + \/2r(v) Z}dB} (4.5.15)
dz} = (b(y) — d(y) — aly, y)Z}) Z}dt + \/2r(y) Z{dB}. B
Then, it implies
(Ztl,ZET) < (Zf’,ZfT), (4.5.16)

where Z? is the updated solution by substituting coefficient Z* with Z3', i.e.

Az} = (b(z) — d(z) — ala, y) ZM) Z0dt + \/2r(z) Z3dB}. (4.5.17)

By Lemma 4.3.10, we get Zt4T converges in distribution to a random variable n(y) gov-
erned by measure 7). So, we can view Z as a continuous state branching process
in random environments. If the drift coefficient satisfies Ef(x,y) < 0, it means Z} is
subcritical and further implies

P(Zy — 0) = (4.5.18)

Then, by (4.5.16), we have I[”(Zt1 O) = 1. Finally, it follows

Ty L
B((Z1.22") £ (0.0(1))) = Ligsea<or- (45.19)

The other formula can be proved similarly. O
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Let’s denote by Assumption (B) the following: for any x € X,
b(x) =0, d(x) =d, a(z,z) = a, r(z) =1

This assumption guarantees that the killing rate of logistic Feller diffusion (its minimal
positive spectrum) is independent of the traits (refer to [7]). Unfortunately, this condi-
tion is very restrictive. However, the interspecific competition parameter is still free of
choice.

Under the above assumptions, we can get the main result of this section.

Theorem 4.5.5 (A = 1). Admit assumptions (A1), (A3) and (B). Denote by &, ..., pE
the occurrence times of the first | successful mutations of X.KKUK and B, ..., 0 of the
first I jump times of the process V' defined in Definition 4.2.2. Let P be the distribution
of the process V.

K NK NE  law
Suppose that Xyt = =%0, and are such that =% — ny > 0 as K — +o0, and

Kup < ﬁ Then, for any | € N, and 0 = tg < t; < ... < t; = t, and for any
measurable subsets Ay,..., A; of RY, By, Bs,...,B; of X,

lim ]P’(there exist merely | successful mutations before time t, such that V1 < i </,

K—oo

= P(there exist merely | successful mutations before time t, such that V1 <1 </,

61' € (t2—17t1)7 N, € Bz7 n(ntz) S Al)
(4.5.20)

Remark 4.5.6. We divide the entire invasion process into three steps:

(a) Quasi-stationary behavior of resident type before the first mutation.
Suppose there is a single type x initially. Conditioned on non-extinction, its long
time behavior can be characterized by the stationary distribution of its QQ-process,
which is governed by the invariant measure =) (-) as in Remark 4.3.11. By ergodic
theorem, we will see that the first mutation happens asymptotically in exponentially
distributed time with a parameter vy(x). Since 1/K?ux > In K, one obtains that

Xffkf , 1), conditioned on non-extinction, converges a random variable with a
KluK
biased distribution of stationary size n(x).

(b) Population arising from new mutant evolves in stationary random
environments constituted by the resident type. Short after there comes
a mutant, we can view mutant population (x + h) evolving in stationary random
environments constituted by resident type x. The environmental process has initial
distribution 7@ . According to Lemma 4.5.1, either the mutant type is subcritical,
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(c)

" Ep(w) = E(b(0,w) — d(0,w))
= E(b(z + h) — (d(z + k) + oz + h,z)n(z))) (4.5.21)
=Ef(x+h,x) <0,

then it dies out with probability 1, or the mutant type is supercritical (Ep(w) =
Ef(x+h,z) > 0), then we get the quenched probability for the population (x + h)
to reach some given e—level is (1 —gq,,). As for the latter case, according to Lemma
4.5.2, the time needed for population (z+ h) to exceed the e—level is of order In K.

Extinction of disadvantageous type. Suppose that we have condition E f(x+
h,x) > 0,Ef(x,z + h) < 0. Once mutant type population reaches e—level,
according to Proposition 4.5.4, the two-type population process conditioned on
never absorbed by (0,0) would converge in distribution to a stationary distribution
(0,n(xz + h)) with probability 1. That is the so-called “invasion implies fization”
principle. In all, the entire invasion period takes time of order In K.

As in Section 4.4.1, we endow (7, 0, Y )n>0 With the same explanation. In parallel,
we list the following Lemmas to furnish the proof of the main theorem. Lemma 4.5.8
gives the fixation probability which is of order 1/K. Lemma 4.5.9 gives the right time
scale of the mutation occurrence governed by exponential distribution.

Lemma 4.5.7. Consider the processes ZX and Z. given in Corollary 4.3.8 and Corollary

4.3.12. Then it implies that zZK! converges weakly Z.! as K — .

Proof. Due to similarity, we just prove the case in Corollary 4.3.8. For any Borel B €
C([0, +00),RY),

lim P(ZX' € B)

K—oo

= lim lim P(ZK € B| T > )

K—o00 s—o0

P(ZK € B, T >
= lim lim ( G(K’)O s)
Keoos=oo  P(TEE) > )
. P(Z €B, Ty >s)
= lim
5—00 P(Ty > s)
=P(Z' € B)

(4.5.22)

where TO(K) denotes the hitting time of 0 by Z% and T} denotes the one by Z.. O

Lemma 4.5.8. Under the same condition as in Theorem 4.5.5, consider the processes
defined in Corollary 4.3.12.

(i) If Ef(x+ h,z) <0, then for any z > 0,

. L
T Pl (255,225 A (), 0)) = 1. (4.5.23)
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(i) If Ef(x+ h,x) > 0, then for any z > 0,

lim KCP g (205, 205) 5 (0,n(x + 1))
-/ Q) ()

C([0,+50),R?)

(r(x + h) /0 exp { — (tb(z + h) — td(z + h) — /Ot alx + h, z)w,(x)dT) }dt) -
=: g.(2,h).

Proof. As analyzed in Remark 4.5.6, after there comes a mutant type (z + h), the
population of type (x 4+ h) can be approximated by a birth and death process evolving
in random environments constituted by resident population x. The proof of (i) is simply
implied in Remark 4.5.6 (b). We only need to prove (ii). Obviously, one has

c
]P)zd;c-‘r%&g_‘_h((ztlj{a ZE’K)T = (0,n(x + h)))

(4.5.24)
(2, 2) 5 (0,n(x + ) |.

- w
= ]EQ(I) |:P35x+%éz+h

By a similar arguments as in [8], as analyzed in Remark 4.5.6, the fixation probability
of population (x4 h) issued from a single mutant is the probability for it to exceed some
given e—level. Denote by T ) the hitting time of level k& by population of type z. By
Markov property, for given environment w, one obtains

IEI_IQOK Py o Loy h((Ztl’KaZtQ’K)T LA (0,n(z + h)))

— ;}EnooK P& Kéﬂh((ZtI’K?ZtQ’K) (0, n(z+h)) | T j) < T(x—i—h))
Py L5 (TL(:;J}Z) < T(:c+h))

= Jim K Pases, (20,20 = On(o +0)) - P, (T < T3

w z+h (z+h
= Lpr@atn<oy - I K- P 1 6z+h<Tf€KJ) < T

_ v (e+h) _ p(a+h)
= lim K-P5 o, (T < T37)

(4.5.25)
where the second equality is due to Lemma 4.5.7 and the third equality is due to Propo-
sition 4.5.4 (ii). By substituting back into (4.5.24), the proof ends up.

For Lemma 4.5.1 (iii), one gets b(t,w) = Kr(x + h) + b(x + h) and d(t,w) = Kr(z +
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h) 4+ d(x + h) + a(x + h,z)w,(z). From Lemma 4.5.2 (ii), one obtains, for Q) — a.s.,

w (z+h) (z+h)

Zglg})OK(l—qw)

(1 f d(t, w)efo )=b(rw))dr gy )
1+ [d t,w)efo ) =blr))dr it

= lim K

K—o00

= lim K(1 n / (Kr(x +h) +d(a +h) + a(z + h,2)w,)
— 00 0

x exp { — (tb(z + h) — td(z + h) — /Ot a(x + h, x)w, (x)dr) }dt>_1

-1

= (r(m + h) /0 exp{ — (tb(z + h) — td(z + h) — /Ot a(z + h, z)w(x)dr) }dt>

It eventually follows the conclusion by substituting above equation back into (4.5.25).
O

Lemma 4.5.9. Under the same condition as in Theorem 4.5.5, <ﬁ1 , < BK’1>>

Kupgr

conditioned on event XI;K ,1) >0 converges to a couple of independent random
1

Kups
variables (1, £(x)), where (1 is exponentially distributed with parameter v(x) defined in
(4.2.5), and &(x) is obtained as a biased distribution of n(x):

2g.(2)7 ) (dz)
E [n(z)g.(n(x))]

P&(x) edz) = (4.5.26)

Proof. Denote by ZX, = <XKt ,1{x}> for t < BK. For any bounded measurable
Ku

K Kug

¢<<X6K , >) g <t‘ <XBK,1>>0]

¢<ZBK At) 61 <t‘ZﬁK At Ay >0]

Kup Kupgr Kup

— lim () )/OtdsE[gb (Z%T) zE g ! (ZKuKT>

K—oo

exp ( — Kugp(z)r(x) /OS/KUK Zngx(ZfT)duﬂ

function ¢ on R,

lim E

K—oo

= lim lim E
K—o00 At—0

(4.5.27)
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= p(x)r(z) /0 dsE [p(n(x))n(x)g.(n(z))] exp (=sp(z)r(z)E [n(z)g.(n(z))])

E [n(x)g.(n(z))] 0
where the second equality above is due to definition of Q-process. The third equality is

due to Lemma 4.5.7, and one obtains Kug fOS/KuK ZE 4 (ZK1Y = Eln(z) g (n(2))] ass.
as K — oo by applying ergodic theorem on the Q-process. 0

(4.5.28)

Proof of Theorem 4.5.5. Let P, denote the law of V; as defined in Definition 4.2.2 with
Supp(Vy) = nmo = x. For any ¢ > 1, any fixed ¢ > 0, measurable subset A C R* and
B C X, applying the strong Markov property at (3,

P, (B <t<pBit1,3y € B:V,=n(y)d,,n(y) € A)
t
= / v(x)e_”(x)ds/ Pon(Bioi <t—s<f,3y e B:Vi=n(y)d,ny) € A)
0 Rd

(&), n]
XE{ 9:(&(2)) ] (=, dh)
(4.5.29)

In particular,
P,(0<t<p,3y e B,n(y) € A)=lgepe 7 x P(n(x) € A). (4.5.30)

A finite dimensional distribution of the process V' can be fully characterized by the two
relations above. The idea to prove the Theorem is to show that the same relations
hold for process X ,IfKUK, conditioned on some event, when we replace 3; by 35 and the
support of V; by the support of X.]fKUK in the limit K — oo. More precisely, we have
the following claim, which will be proved later.

Claim 4.5.10. Admit same conditions as in Theorem 4.5.5, and B3 = 0. For any
1> 0,

pz(tv A7 Bv [L’) d:ef Kl.lm ]P)Ng(

K

<XKt,1>eA’ X% 1 >0)
Kug ﬁi

exists and satisfies the following relation, for i > 1,

U Kup

5x<ﬁ{{<t<ﬁ£1,3y€B:Xft:<XKt ,1>5y,

) ) = ! T e—'y(x)s s ) — s T gaz(g(‘r)’h) m(x
pitAB.2) = [ 2@ s [ poate 5. 4.8 18 £ ETD (<i>h;1>

po(t, A, B,z) = lzepye” ) x P(n(z) € A). (4.5.32)
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By comparing chain relations (4.5.29), (4.5.30) with (4.5.31) and (4.5.32), one obtains
that

pi(t, A, B,z) =P, (8 <t < Bit1,3y € B:V, =n(y)d,,n(y) € A), i>0. (4.5.33)

For any measurable subsets A;,..., A4; of R%, By, By,...,B; of X,

I}lm ]P’(there exist merely [ successful mutations before time ¢, such that V1 < <[,
— 0

BE € [ti_1,t;); Fz; € B; : Supp( t/KUK) = 2 (thf/KUK, € A; } Xt/KUK,l) > O)

— lim P(VOgigl—l,@K <t; <5,

K—oo
dz; € B; : Supp( t/KUK) X <X5/Kuk, € A; | Xt/KUK,l) > O)
-1

I%l_r)noo OIP’(ﬁK <t; < pE; 31, € B; : Supp( t/KUK) = xy; (Xé(/KUK, 1) € A;;

(X e 1) > 0 (X 1) > 0) ) P ((XE,,01) > 0)
-1
= lim [P(ﬁzK <t < ﬁfm dz; € B; SUPP<X5/K1LK) = Ti; <X5/KUK7 1) € A;

K—o0
=0

’ <X%1/K“K7 1> - O) PXK <<X z+1/K“K’ 1> - O) }

5K/KUK
Py gK/K (<Xt/KUK’ 1> > O) / P (<Xt/Ku 71) > O)
l
-1
- Py (X 1) >0)
. i=0 BE /Kup H—l/ UK
= P<5i <t; < Bit1; i, € Bis nmy,) € AZ-) - lim
i=0 K—o0 P <<th/<Ku 1) > O)

]P) K (<Xt/KuK71> >O)

BK/K
= P<V0 <i<l-1, 0 <t; < Bis1;m; € Bis n(ny,) € Ai>

=P (there exist merely [ successful mutations before time ¢, such that V1 <17 </,

Bi € [tio1, t); m, € Bis nm,) € A;).

In above arguments, the third equal sign is due to strong Markov property at 3%/ Kug
for any 1 < ¢ <, the fourth one can be deduced from (4.5.33), and the fifth equal sign
arises from the following argument.

In fact, conditioned on Supp(Xff/KUK) =g, for0<i<l—1,

Pos. (X5 iue 1) > 0)

BK/KUK



4.5. Conditioned TSS limit for A =1 79

can be expressed in terms of the killing rate x(x;) which is determined by spectral
analysis developed in [7], i.e.

K _ K
Bit1—hi

K ~ o R(@)
IP’XéiK/KuK <<Xﬁﬁ1/KUK’ 1) > 0) ~e Kug— for large K, (4.5.34)
P (X ur 1) > 0) = T for large K (4.5.35)
o (Kl 1 >0) = e K g
Due to assumption (B), one can conclude that the killing rate of any type is the same
constant k. For instance, as in previous approximation, x(z;) = k for 1 < i < [.
Furthermore,
0 -1
P <(X§t, 1) > O) ~ Zml exp (—Zﬁ(xgl))( fil - ﬁJK)/KuK)
K =1 =0
0]
exp (=n(al") (¢ = 51/ Kux) (4.5.36)
= Zml exp (—kt/Kug)
=1
_ e—nt/KuK

where {m;},cy denotes the probability in which the number of successful mutations
0]

before time ¢/ Ku is [, and z;’, 1 < j <, denote the [ successful mutant traits. Thus,

one can conclude
-1
[Py ((Xf; e 1) > 0)

o VKK A
lim

Pyx (X kug- 1) > 0)

K=o P ((Xfyuyr 1) > 0) o ok
lI:[l e_n(xi)ﬁf;(lujf{ _e—ﬂ(ﬂﬂz);fi (4.5.37)
- I}Enoo = o—rt/Kug
=1
U

To close the proof of the Theorem, we just need to prove the Claim stated in above
proof by induction methods over i > 0.

Proof of Claim 4.5.10. We first prove an easy result.
Po (t7 Aa B7 l’)

dof i Py, <O<t<ﬁ{(,3yeB:XKt:<XKt ,1>5y, <XKt ,1>€A

K—oo 4 Kup
| (X5 1) >0
Rk
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= Jim 1.en)B

1{<XK >6A} exp (—u(m)r(m)KuK /Ot/KUK (XE 1)g. (XK, 1>)ds>

| <X . > > 0]
= LwenyP(n(z) € A) exp (—tpu(x)r(z)E [n(x)g.(n())])

in the last line where it holds due to the ergodic theorem .
Let

pE(t, A, B,v) =P <6K<t<ﬁ+1,5|yEB:X2:<XKt ,1>5y,

K

<XfiK, > €A ) <XZK,1> >0>.

Suppose that p;,_1(t, A, B,z) = [}im pE (t, A, B,nd,) exists. To the end, we need
prove I}im pE(t, A, B,nd,) exists.
By applying strong Markov property two times,we have

1
1{6{<<t} 'pilil ( ﬁ1 VA, B, < 5K >5x+ §5x+h>
Kug
g:t <<Xf3(1K_71> ah>
. R (i, dh) | <XBK , >>0]
Kug

1{5K<t} pl 1 (t—ﬁl — Kugpo, A, B, (X ,1>5z+h)

pf(t Aa B7 n(sx) = / End,;
R4

Kup

= / En6
R4

(5.9
) Kuk ‘ <XﬁK ,1> > 0] m(x,dh),
()

Kupgr

(4.5.38)
where pg is the fixation time of type = + h.
Applying Lemma 4.5.9 to terms on RHS of the above equation, we obtain
t
I}lm pE(t, A, B,nd,) = / dsy(x)e 7@
> 0 (4.5.39)

./dez‘—l(t—S,A,B,J}—|—h)E [M

)
0.(€(x) ] m{z, dh).



5 Fluctuation limit of a locally
regulated population

We consider a locally regulated spatial population model introduced by Bolker and
Pacala. Based on the deterministic approximation obtained by Fournier and Méléard,
a fluctuation theorem is proved under a second order moment condition. The limiting
process is justified to be an infinite-dimensional Gaussian process solving a generalized
Langevin equation. In particular, we further study its properties in the one dimensional
setting. Finally, we consider the stationary behavior of the Bolker-Pacala processes and
its fluctuation limit under some specific conditions. We prove that the fluctuation limit
and the long term limit are interchangeable.

5.1 Introduction

It is well known that branching processes have been widely used to model the evolu-
tion in biological populations. If, in addition, the individuals are assumed to follow
some independent motions (like Brownian motion or random walks), the system can be
approximated by the so-called Dawson-Watanabe superprocess (refer to [15, 18, 37]).
The most common feature of these processes is that branching and spatial motion are
independent.

Since individuals can reproduce, mutate and die in varying rates according to their
different quantitative characteristics (phenotypes), one reasonable improvement we can
make is to add spatial components to both branching and dispersal parameters. Nev-
ertheless, the spatial-dependent components destroy the independent relationship be-
tween branching and dispersal while bringing us abundant information from the phe-
notypic point of view, and even though, the model is still deficient: such as in the
finite-dimensional branching process model, a population either dies out or escapes to
infinity, depending on the mean matrix of its offspring distribution. The model thus can
not predict a non-trivial equilibrium which actually happens quite often in the biological
world. Bolker and Pacala [4] propose a self-regulated model which attains the above
two improved features. By employing the idea of the ordinary logistic growth equation,
they introduce a competition term in the density-dependent population, which can help
us to build some equilibria under specific conditions. However, the loss of branching
property can also cause some new technical difficulties when we study some properties
such as weak convergence from branching particle systems to a continuum limit.

Law and Dieckmann [35] study this model in parallel with Bolker and Pacala [4]. We
simply call it BPDL model. In recent years, this model has been extensively studied by
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Etheridge [19], Fournier and Méléard [22], Champagnat [8], Lambert [33], Dawson and
Greven [16]. Etheridge [19] studies two diffusion limits, one is a stepping stone version
of the BPDL model (interacting diffusions indexed by Z¢) and another is a superpro-
cess version of it. In that paper, sufficient conditions are given for survival and local
extinction. Fournier and Méléard [22] formulate a pathwise construction of the BPDL
process in terms of Poisson point processes. Under the finiteness of third moment con-
dition, they rigorously obtain a deterministic approximation (law of large numbers) of
the BPDL processes from a macroscopic perspective. Our work originates from Bolker
and Pacala [4] and is based on the formalization of Fournier and Méléard [22]. In the
papers Champagnat [8], Champagnat and Méléard [10], Dawson and Greven [16], they
investigate long term behaviors by the method of multiple time scale analysis in respec-
tive populations.

In this paper we aim to present and prove the fluctuation limits in an unified gen-
eral framework, which covers the cases mentioned above, including applications in the
derivative models studied by referred authors. As for a sequence of density-dependent
population processes with only finite-many types of individuals, Kurtz [32] proves its
central limit theorem, which is characterized by some finite-dimensional diffusion pro-
cess. As for infinite-dimensional population models, Gorostiza and Li [24] prove the
high-density fluctuations of a branching particle system with immigration, where they
use the classical Laplace transform method owing to the branching property. In our
setting, this approach doesn’t work anymore due to the loss of branching property.

The remainder of the paper is structured as follows. In Section 5.2, we list some
preliminary results on the model and give the fluctuation theorem. We recall the law of
large numbers of the BPDL processes under a finite second moment rather than a third
moment condition as in Fournier and Méléard [22]. In Section 5.3, in order to better un-
derstand the limiting process, we justify it to be the solution of an infinite-dimensional
inhomogeneous Langevin equation, which can be viewed as living in a deterministic
medium. Concerning applications, we will explore them in two directions as follow-
ing. In Section 5.3.2, we consider a degenerate case, the one dimensional version of the
fluctuation limit. A precise characterization of the fluctuating diffusion is given as a
time-inhomogeneous Ornstein-Uhlenbeck process. We study its stationary distribution
as well. In Section 5.4, we consider the stationary behavior in a specific setting. The so-
lution of the above Langevin equation turns out to have a well-defined stationary limit.
We show that this limit coincides with the one obtained by first letting time tending to
infinity in the original BPDL processes and then attaining its fluctuation limit. In some
sense, this interchangeability of limits also extends our fluctuation theorem from time
interval [0, 00) to time interval [0, oo]. In Section 5.5, we provide the proofs on the tight-
ness and the finite-dimensional convergence based on moment estimates in subsequent
sections.
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5.2 Model and main results

5.2.1 Notations and description of the processes

Following [4], we assume the population at time ¢ is composed of a finite number () of
individuals characterized by their phenotypic traits z1(t),- - -,z (t) taking values in a
compact subset X' of RY.

We denote by Mp(X) the set of finite measures on X’ (including negative measures).
Let M,(X) C Mp(X) be the set of counting measures on X

M, (X) = {25% ST, Ty € X,nEN}.
i=1

Then, the population process can be represented as:

I(¢)

Vy = Z 5Xi(t) .
i=1

Let B(X),C>(X) denote the totality of functions on X’ that are bounded measurable,
and infinitely differentiable, respectively. Let S(&X') denote the Schwartz space of (in-
finitely differentiable, rapidly decreasing) testing functions on X whose topological dual
space is §'(X), and (-, -) the canonical bilinear form on §'(X') x S(X). When u € §'(X)
is a (signed) measure, then (i, ¢) = [ ¢du, ¢ € S(X).

Let’s specify the population processes (});~0 by introducing a sequence of biological
parameters, for ne N:

e b,(x) is the rate of birth from an individual with trait x.
e d,(x) is the rate of death of an individual with trait = because of “aging”.

e o, (z,y) is the competition kernel felt by some individual with trait x from another
individual with trait y.

e D, (x,dz) is the children’s dispersion law from the mother with trait z. In partic-
ular, it can be decomposed into two parts-a majority of clonal copies and a small
portion of mutants based on birth, i.e.

D, (z,dz) = (1 — €)1,—0 + emy,(x, dz)1,4. (5.2.1)

Here, m,(x,dz) is the probability density of mutation, which satisfies

/ my(z,dz) = 1.
2€RY x+2€X

We will omit the superscript € in D,, in the sequel when this leads no ambiguity.
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Fournier and Méléard [22] has formulated a pathwise construction of the BPDL process
{(}")t>0;n € N} in terms of Poisson random measures and justified its infinitesimal
generator defined for any ® € B(M,(X)):

Lrd(v) = /X v(dz) /R (@04 8012) — 20 ) bul@) Dy, d)

(5.2.2)
+ [ vtan) (00— 6~ 00) (4 + [ antovian).
X X
The first term is used to model birth events, while the second term which is nonlinear
is interpreted as natural death and competing death.
Instead of studying the original BPDL processes defined by (5.2.2), our goal is to study
the rescaled processes
Xr="2t >0 (5.2.3)
n
since it provides us a macroscopic approximation when we take the large population
limits (we will see later, the initial population is proportional to n in some sense).
The infinitesimal generator of the rescaled BPDL process has the form, for any ¢ €

B(MEg(X)):

170 (y) = /X men / (@00 222) — 0(40)) ) D, )
Oy

[t (000~ 2) = 00) (@) + [ antompnntan). o

5.2.2 Preliminary results

Let’s denote by (A) the following assumptions:
(A1) There exist b(z), d(z), m(z,dy), a(z,y) € C°(X) such that, for z, y € X, n €
N,
0 < bp(z) = b(x), 0 <d,(z) =d(x), mp(x,dz) = m(x,dz),
a(z,y)
—

0 < ap(z,y) =
(A2) b(x) — d(z) > 0.

The first assumption implies that there exist constants b, d, @ such that b(z) <
b, d(z) < d, a(z,y) < a.

By neglecting the high order moment, Bolker and Pacala [4] use the “moment closure”
procedure to approximate the stochastic population processes. As we can see from the
generator formula (5.2.4), it should be enough to “close” the second order moment due
to the quadratic nonlinear term. Actually, we indeed can improve the result of Fournier

and Méléard by giving a second moment condition supE(X[,1)? < oo rather than
n>1
the finiteness of the third moment condition. Since there is no essential difficulty in the

improved proof, we only list the result here without giving the detailed proof repeatedly.
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Theorem 5.2.1 (Fournier and Méléard [22], convergence to an integrodifferenial equa-
tion). Under the assumption (A1), and consider the sequence of processes (X[')i>o de-
fined in (5.2.3). Suppose that (X[') converges in law to some deterministic finite measure

Xo € Mp(X) as n — oo and satisfies sup E(X7,1)> < co. Then, a sequence of pro-
n>1

cesses (X[)i>o converges in law as n — oo, on D(]0,00), Mp(X)), to a deterministic
measure-valued process (Xi)i>o € C([0,00), Mp(X)), where (X;)i>o is an unique solu-
tion satisfying

sup (Xy, 1) < o0, (5.2.5)
te[0,7)
and for any ¢ € B(X),
(Xy, d) =(Xo, ¢ / ds/ X (dz)b gb(.r + 2)D(x,dz)

(5.2.6)
- /0 ds /X X, (dz)p(x) d(x)+ /X a(rv,y)Xs(dw)-

Finally, it turns out a natural question: how does (X}'):>o fluctuate around the macro-
scopic limit (X;);>0 given above? A natural candidate to investigate is the centralized
processes sequence:

v —nXy

Vn
In the following proposition, we will give some martingale properties of the processes
(Y;")>0, which will play a key role in the proof of the main theorem.

Y = = Vn(XI' — X,). (5.2.7)

Proposition 5.2.2. Admit the same assumptions as in Theorem 5.2.1. For fixed n € N
and ¢ € B(X), the process

M (@) = (Y, 6) — (Y, &) / ds / V2(da)b(a) [ o +2)Die.dz)

/ds/¢ 2)Y"(dz)

+¢aéw£xmwmwﬁwawmww

—ﬁf@é&@W@AW@&@)

1s a cadlag square integrable martingale with quadratic variation

(5.2.8)

(M"(¢))r = /0 ds /X X3 (dz)b(@) Rd #@+2)D(z,dz) (5.2.9)

+ /0 s /X X;(dg;)¢2(a:)(d(g;)+ /X a(w,y>X§(dy))-
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Proof. Recall the generator (5.2.4), for bounded measurable functional ® on Mp(X),
the process

O(X)) — P(XY) — /Ot L"®(X)ds

is a cadlag square integrable martingale. If we take ®(u) = (u,¢), V¢ € B(X), one
obtains that

N2@) =(37.0) = (3.0 = [ s [ Xp@oita) [ ota+2)D(aaz)

n /0 s /X Xg(dx)¢(x)(d(x)+ /X a(x,y)X§<dy>)

is a cadlag martingale. By applying It6’s formula to (X7, )%, we have

(5.2.10)

(XT )2 — (XD )% — 2/ ds(X™, / X2 (d)] [ oo+ 2Dl )
—ota)(dla) + [ ale)X3d) } - B,
is a martingale. On the other hand, if we take ® (1) = (i, ¢)?, it follows
g0 = g0 = [ Lreenas
=(X7", ¢)* — (X{, 0)* — 2/ ds(X", ¢ / X dm ¢(:c + 2)D(x, dz)

~ ota)(dla) + [ alw)X2(d) )

- %/Ot ds/XX;‘(dx)b(m) » ®*(z + 2)D(x, dz)

— 2 [as [ xetanso) () + [ ot Xzian)

(5.2.11)

is a martingale. By comparing the above two decompositions of semimartingale (X", ¢)?,
one obtains

(N"(¢) / ds / X"(dx)b ¢2(x+z)D(x,dz)

+ /0 ds /X Xg(da:)qb?(x)(d(xH /X a(af,y)X?(dy))-

Owing to (5.2.10) and (5.2.6), do the operation ((X",¢) — (X;,#)) and let M*(¢) :=
VRN (¢), we conclude the proof by the definition of (Y;") in (5.2.7).

(5.2.12)

O
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5.2.3 Fluctuation theorem

In this section, our aim is to study the asymptotic behavior of (Y;");>0 as n — oo. The
following theorem, the main result of the paper, shows that (Y,");>¢ indeed converges to
an unique solution of a martingale problem.

In the following sections, we will use the notations given in Section 5.2 without dec-
laration. We always assume assumption (A1) holds.

Theorem 5.2.3. Admit assumption (A1) and suppose there exists a deterministic finite
nonnegative measure Xg € Mp(X) such that Yj* = \/n(X} — Xo), for any ¢ € B(X),
satisfying

sup sup E(YJ, ¢)? < oc. (5.2.13)

nzl |[¢]l <1

Suppose that (Yy") converges in law to a finite (maybe random) measure 7y as n — 0.
Then, the process (Y;")i>o converges in law asn — oo on D([0,00),S'(X)) to a process
(Yi)iso0 € C([0, +00),S'(X)) where (Yy)i>o satisfies, for any ¢ € S(X),

o) = (oo + [ ds (¥ 00 [ o0+ 2D( d2))

-0
/ds< s’/ e )Xs(d:v)> (5.2.14)
(Y, o

~ [as (v 00) [ Xt

+ My(9).
Here, (X})i>0 is the solution of the deterministic nonlinear equation (5.2.6), while M;(¢)
18 a continuous martingale with quadratic variation

gb))t:/ ds/XXs(dx)b(x) » ®*(z + 2)D(x, dz)

+/0tds/XXs(dx)¢2(x)<d(x)+/Xa($ay)Xs(dy)>~

Remark 5.2.4. The argument above makes essentially use of the initial moment (5.2.13)
condition and initial convergence condition. These conditions fulfil the assumptions
needed in Theorem 5.2.1. Therefore, the large number limit (X;)i>o is well defined (see
Lemma 5.5.1).

(5.2.15)

Proving the theorem is the content of the last section.

Corollary 5.2.5. Given a deterministic nonnegative finite measure Xo in Mp(X), for
any n > 1, suppose the original BPDL process has initial state v € M(X) which is
a Poisson random measure with intensity measure (nXy). Then, the same conclusion
holds as in Theorem 5.2.3.
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It is easy to verify the conditions in Theorem 5.2.3. In fact,

sup sup EQYP,8)° = sup sup ~E((f ) — n(Xo, )

nzl ||¢]|, <1 n21 ||¢fl <1 T

1
=sup sup — x n{Xo, ¢)
n>1 gl <17

= Sup <X07¢>
6]l 0o <1
= <X0, 1> < Q.
n
—nX, : : .
Furthermore, Y' = 2 \/% ¢ converges in law as n — oo to an isonormal Gaussian random

measure with variance intensity measure X, on X, i.e., N'(0, Xo(dz)).

5.3 Links with a generalized Langevin equation

5.3.1 Statement of the result

A criterion for an infinite-dimensional Gaussian process (distribution-valued process)
to satisfy a generalized Langevin equation is given in [3], where both of the evolution
term and the white noise term are time-inhomogeneous. In this section, we apply the
criterion to our fluctuation limit obtained in previous section.

Definition 5.3.1. An S'(X)-valued process {Wy;t € R} is called (centered) Gaussian
if {{(Wy,¢);t € RT ¢ € S(X)} is a (centered) Gaussian system.

Definition 5.3.2. A centered Gaussian S'(X)-valued process W = {W;;t € Rt} s
called a generalized Wiener process if it has continuous path and its covariance functional
C(s,d;t,1) == E[(Wy, ¢) (Wi, )] has the form

C(s,¢;t,0) = /0 (Quo, V)du, s,t e RY, 9,0 € S(X), (5.3.1)

where the operators @, : S(X) — S'(X) have the following properties:

1. Q, s linear, continuous, symmetric and positive for each u € R,

2. the function u — (Qu¢, V) is right continuous with left limit for each ¢, € S(X).
We then say that W is associated to Q.

Let’s remind that we inherit the same notations as in Section 5.2.
Define Q;¢ € S§'(X) for any ¢ € S(X) and ¢t € RT by

b(z) | o(x+ 2)Y(x+ 2)D(z, dz)

]Rd

+ o)) (o) + [

X

(Qub ) = /X X, (dx)

a(a:,y)Xt(dy)>] : for ¢ € S(X).
(5.3.2)



5.8. Links with a generalized Langevin equation 89

Recall the quadratic variation form of M;(¢) in (5.2.15). It follows a direct fact that
(M (¢))r = f;(Quqﬁ, ¢)du. Then, we have

Theorem 5.3.3. The fluctuation limit process (Yi)i>0 obtained in Theorem 5.2.3 is an
unique solution of a time inhomogeneous Langevin equation

{ dY, = ArY,dt + dW,, t>0 (533)
Yo =7 ’ o
where A denotes the adjoint operator of A, defined by
A(@) =b(2) [ ola+2)D(r.d) — o) (o) + [ ale)Xi(ay)
Re x (5.3.4)
- [ atwapoty)Xitdy).
X
and (Wy)i>o is an 8'(X)-valued Wiener process with covariance
SAL
B[ o)Wt = [ (@o.0du, 2060 S@®).  (539)
0

Remark 5.3.4. 1. An S8'(X)-valued process (Yy)i>o is said to be a solution of (5.3.3)
if for each ¢ € S(X),

(0) = (100 + [ (Vo Audhdu+ Werg), fort R (536)

2. (Wi)eso has independent increments but not stationary property since covariance
functional Q) depends on time.

Proof. Existence. According to Theorem 5.2.3, the covariance functional of continuous
martingale M; on testing functions is deterministic, which implies (M;):>o is a S'(X)-
valued mean zero Gaussian process (see Walsh[44, Proposition 2.10]). Hence, (Y}):>o is

also an &'(X)-valued Gaussian process.
Set K (s, ¢;t,v) = E[(Y;, 0)(Y;,¥)]. To the end, one needs eventually to show that

G000t 0) = K (8 Ait.w) = K (6 658, A) = (Qu0.0). (5.37)

By using (5.2.14), we have

0 0
S 0:L.0) = SEI(Y, )%, )

= E{ (i) 2 (¥ 6) + (,0)

< ot
= E{(¥i, ) ((¥i, A0) + N:(6)) + (¥i, &) (Ve A + DE(0)) |
E[(Y;, ) (Y, Ai9)] + EI(Y;, 6) (Y, A)]
+ E[M: () M,(0)] + EIM (6) (0

0
K(t, At ¢) + K(tv o;t, At@D) + aE[Mt(w)Mt(Qﬁ)]

= K(t, A t,0) + K(t, ¢ t, Aw)) + (Qu, ),

QJ|Q>

(Y, 0) }

~—

(5.3.8)
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where the last equality is due to (5.2.15) and (5.3.2).
On the other hand, it is not hard to check that (Q;):>o satisfies the conditions required
in Definition 5.3.2. Finally, by the results of [3, Theorem 2], there exists an S&'(X)-valued
Wiener process (W;):>o associated to the covariance functional (Q):>0 such that (Y;):>o
satisfying the generalized Langevin equation (5.3.3) driven by the generalized Wiener
process (W})>o.

Uniqueness. Since all coefficients are bounded, the linear operator A; on S(X) is
uniformly bounded for ¢ € [0,T] for any 7" > 0. Therefore, the equation (5.3.3) has an
unique S§’(X)-valued solution given by the mild form:

t
Y, =Tg,y +/ 17 dW,, (5.3.9)
0

where {7}, : 0 < r <t < +o0o} is an unique reversed evolution system generated by
(A¢)i=0 and T, is its adjoint operator of 7,.;. We refer the reader to [28, Theorem 2.1]
for more details on evolution systems. U

5.3.2 One dimensional case: inhomogeneous OU process

In this subsection, we will study a simple case as an example of Theorem 5.3.3. Consider
the case when there is no spatial dispersal and all the individuals stay at the same
position, i.e., e = 0 in dispersal kernel (5.2.1).

Proposition 5.3.5. Suppose that the same assumptions hold as in Theorem 5.2.3. In
particular, assume X' = &6, and € = 0 in (5.2.1). Then, (&',n}")i>0 converge in law
to (&, mt)e>0 as m — oo which satisfies the following equations:

dé = (b(z) — d(z) — oz, 2)&) &dt
dn; = (b(x) —d(z) — 2a(z, a:)ft)ntdt + \/(b(m) +d(x) + oz, x)ft)ftdBt,

(5.3.10)

where 1 = /n(&' = &).

Remark 5.3.6. We can regard the above system as an inhomogeneous Ornstein- Uhlenbeck
(OU) process living in a deterministic environment. We refer the reader to [20, Theo-
rem 11.2.3] for a general form defined in an one-dimensional inhomogeneous Langevin
equation.

Proof. Due to D(x,dz) = 1{,—¢}, by taking ¢ = 1 in (5.2.6), we can easily show that
there exists a process (&;):>o defined by & := (X}, 1) solving the first equation in (5.3.10).
Taking ¢ = 1, from (5.3.4), we have

(Y, Ay = (b(z) — d(z) — 2a(z, 2)&) (Y, 1). (5.3.11)
From (5.3.2) and (5.3.5), we have

(W, 1), :/0 (b(z) + d(z) + oz, z)&) Eds. (5.3.12)
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Define . )
B, = / [(boe) + () + alw, 2)€)&] OV, 1), (5.3.13)
0
Then, its quadratic variation (B); = t. Thus, (B;):>o is a standard Brownian motion.
Furthermore, we have

AW, 1) =/ (b() + d(z) + alx, 2)&)€ - dB;. (5.3.14)

Let n; := (Y%, 1), by plugging (5.3.11) and (5.3.14) back to (5.3.6) when ¢ = 1, the
second equation in (5.3.10) follows. O

In the next result, we give the stationary distribution of equations (5.3.10).

Proposition 5.3.7. Suppose the process (n:)i>o is defined as in equations (5.3.10).

Then, it has a stationary distribution which is Gaussian N (0, alz;mi))

Remark 5.3.8. The result is somewhat surprising. As long as d(x) < b(x), in a long
term, it always has the same fluctuation no matter which value death rate takes.

Proof. Let

0 (z) — d(x) — 20(z, 7)&),

= —(b
oy = \/(b(:v) + d(z) + a(z, ©)&)&.
From (5.3.10), it follows that

dnt = _Qtntdt + O'tdBt. (5315)

The characteristic function of (7)o has the form
: ¢ 1 t t
By, [€77] = exp {ize’ Jo Oudiigy 522/ o2e 2l evd”du}. (5.3.16)
0

Since & in (5.3.10) has steady equilibrium %, it follows tlggo 0; = b(zx) —d(z) >0
and tlg(r)lo o} = 2b(z) (b(z) — d(z)) /a(z, x).
hen, t 5262 [o budv g
Lim log Iy, "] = = m %Zz e JZze JE Budu -
_ a9 (5.3.17)
2 t—oo 20,
15 b(z)

2° alz,x)

Finally, we conclude that (1;);>¢ has stationary distribution N (0 b(z) ). 0

’ a(z,z)
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5.4 Interchangeability of the long term and the
fluctuation limits

In this section, we will discuss the stationary behavior and fluctuation limits of a se-
quence of particular BPDL processes under some specific conditions. Furthermore, we
can show that the stationary limits and fluctuation limits are interchangeable. This sec-
tion is in parallel with previous section both as applications of Section 5.2.3 and Section
5.3.1.
Denote the following assumptions by (B).
(B1) Trait-independent parameters: b(z) =0, d(x
alz,y) = a(r — ) and symmetric property: «(z)

) 0, D(ZE,Z):D(Z),
= a(=2), D(z) = D(-=2).

(B2) Suppose A(z f y oz, y)dy exists and A(x) = A is trait-independent. Set
ax,y) = a(my then [y a(2)dz = 1.

(B3) Detalled balanced Condltlon. &(z) = D(z) and &(0) = 0.
In this section, we will only consider a sequence of BPDL processes {(v})i>0;n € N}
defined by (5.2.2) which satisfy the assumptions in (A1) and (B). Let’s rewrite its

generator under above assumptions:
Lyow) = [ via) [ (0+ 6. - 209 o002
+ /X () (B~ 5,) — 2()) % /X &z, y)v(dy).

Lemma 5.4.1 (Long time behavior of v}"). For fited n € N, let v be a Poisson

random measure with intensity ”dex. Then, (vf)i>o0 starting from v is a stationary
BPDL process, i.e. E[Ly®(v2)] = 0, for & € B(M(X)).

«

(5.4.1)

The proof of this Lemma can be deduced directly from [22, Proposition 7.9]. In
the following Proposition, we would consider the fluctuation limits based on long term
behavior limits of v/}

Proposition 5.4.2 (Fluctuation limit of v2). Let A™(dx) X "dx be a sequence of

. n _An .
biased Lebesque measures on X. Then, VWT converges in law as n — oo to a mean

zero 1sonormal Gaussian random measure Wo, with variance intensity bdw

The above Proposition can be easily proved by martingale central limit theorem. In

some sense, the fluctuation limit here extend the convergence result in Theorem 5.2.3
from [0, 00) to [0, oc.
In the next Proposition, we would firstly apply the fluctuation theorem 5.2.3 and then
take the long time limit. By taking ¢ = 14 for any Borel set A C X and doing some
easy calculations, we write down the differential form of equations (5.2.6) and (5.3.6) as
following;:

dX;iA) _b/dflf/ Xi(dy)D(x —y /Xt (dx) /Xt dy)a(z — y), (5.4.2)
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and

avi(A) =b [ do [ ViD= gyt =1 [ Xigan) [ vitamte -y

— A /A Y (dx) /X Xi(dy)a(x — y)dt + dW,(A),
(5.4.3)

where

jt<W.( t—b/dx/Xtdy (x—y +)\/Xtda:/Xtdy —y). (5.4.4)

Proposition 5.4.3. Assume condition (B) and the same conditions as in Theorem 5.2.3
hold. Then, (Yi)i>0 converges in law ast — oo to a Gaussian random measure Wy, with
mean zero and variance intensity %dx.

Proof. For any fixed Borel set A in X', due to the assumption &(x —y) = D(z — y), we
rewrite (5.4.2) as

dXOthEA) = /A (bdz — AXy(dx)) /X X(dy)a(z —y). (5.4.5)

Let A be the Lebesgue measure on X'. Then X;(A) converges to 2A(A) as t — oo. Since
A is arbitrary, X; converges to %A as t — o0o. In the following, we will approximate
deterministic measure X; by 2A in (5.4.3) and (5.4.4) when considering the stationary
behavior of the process (Y})i>o.

Therefore, the first two terms on RHS of (5.4.3) can cancel with each other when we
take a long time limit. Meanwhile, the third term can be approximated by

b .
/\/A}/;(d:p)/xxdya(m—y) = bY;(A). (5.4.6)

And the quadratic variation (5.4.4) can be approximated by

/da:/ “dyD(z —y +)\/ dx/ —dyé(z — y) .

- ZXA(A).

Concerned the stationary distribution of Y;(A) given by (5.4.3) and (5.4.4), due to the
above approximations it is equivalent to consider the following real-valued Ornstein-
Uhlenbeck process:

2

dY,;(A) = —b-Y,(A)dt + Q%A(A)th. (5.4.8)

Obviously, the stationary distribution of (f/t(A)) 1> 15 Gaussian N (0, bA(A)) .
Hence, (Y;):>o converges in law as t — oo to an isonormal Gaussian random measure
Ws on X with mean zero and variance intensity %dm. U
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Remark 5.4.4. Comparing with Proposition 5.3.7 without a zero death rate assumption,
we may hope that a similar result still holds here but without so restrictive assumption
(B1). In other words, the natural death term may not take essential role concerning the
long term behavior.

In all, the results in this section suggest us that under a weak interspecific competition,
not only the macroscopic limit has equilibrium measure but also its fluctuation limit has
a stationary distribution. Moreover, both of the above equilibria are independent for
disjoint spatial area.

5.5 Outline of proofs

5.5.1 Moment estimates and tightness

The tightness criterion is established for semimartingales based on the moment estimates
(see [18]). Our first two lemmas give the uniform second order moment estimates for a
sequence of processes over finite time intervals.

Lemma 5.5.1. Suppose that a sequence of random variables (Yy") in Mp(X) satisfies

the same condition as in Theorem 5.2.3. Then, X{ i Xo asn — oo and

sup E(X[', 1)? < oo. (5.5.1)

n>1

Hence, Theorem 5.2.1 holds.
In particular, for any T < oo, there exists a constant C’;l) > 0 such that

supE[ sup (X', 1)%] < C’;l). (5.5.2)

n>1  0<t<T

Proof. In fact, the convergence from (X{') to X in law can be implied by the convergence
from (Yy") to .
On the other hand, because of the definition of (Y{") as in (5.2.7),

1
sup E(X{', 1)% < 2(X, 1)? + 2sup —E(Yy", 1)? < oc.

n>1 n>1 N

Now concern the proof of the moment estimate (5.5.2).

For fixed n € N, the rescaled total population {(X}*,1);t > 0} is a N/n-valued process.
It can be bounded by a N/n-valued pure birth process with birth rate nb. In other
words, take ®(u) = (i, 1)% in (5.2.4) and neglect the death terms, one obtains

(702 =24 (0] 4 2)7 = (X217 (X2 1) N )

(5.5.3)

=(Xg, 1)2+2 /Ot ds((Xs_, 1) /n+2(X" 1>2)BN(ds)
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where N (ds) is a standard Poisson point process, and the term sup E[ sup (X7, 1)] can
n>1 0<s<T

also be proved to be bounded by some constant C’;O) in a similar argument.
By taking expectations of supremums over time interval [0, 7] on both sides , we get

t
E[ sup (X", 1)%] < sup E(X[, 1) + C’;O) + QBE[ sup / (X7, 1>2ds}
0

0<t<T n>1 ;gth (5.5.4)
<supE(XJ,1)* + C’}O) + 21_)/ E[ sup (X[, 1)%]ds
n>1 0 0<u<s
where C’;O) changes from line to line but independent of n.
According to Gronwall’s inequality, one eventually obtains
E[ sup (X]",1)%] < (sup E(X[, 1)% + C&O))em Leh.
0<t<T n>1

Finally, the independence of C:(Fl) w.r.t. n implies (5.5.2). O

Lemma 5.5.2. Suppose that a sequence of random variables Yj* € Mp(X) satisfies
(5.2.13). Then, for any T < oo, there exists a constant C’;Q) > 0 such that

sup sup E[sup (Y, ¢)?] < 0;2). (5.5.5)

n>1 ¢l <1 OSt<T

Proof. From Proposition 5.2.2, by Holder inequality, one obtains

70 < 2{<m¢>2 v [ venpe) [ o+ 2ie.de) os

i /0 t ( /X y;n(dx)d(x)qs(x))st
vt [ ([ X2t [ ot (5.5
- /X X, (dz)o(x) /X a($,y)Xs(dy)>2d3

]

Rd
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< 28 (Y, ¢)? —|—t/0t (/XYS"(dx)b(x) » o(x + z)D(x,dz))zds

+2t/0t (/Xyg(dg;)qs(x)/Xa(x,y)xg(dy))st (5.5.7)

For fixed T' < oo, firstly take the supremum over time interval [0, 7], then take expec-
tation on both sides. It follows that, for any ¢ € B(&X) satisfying ||¢]|« < 1,

E[ sup (Y/",¢)’]

0<t<T

< 2E(YY", ¢)? +2TI_92/ E sup / Y. (d / o(x + z)D(z, dz))zd

0<u<s

0<u<s

+ T /OT]E sup (/)(Yu"(da:)T)d)(x)) ds

+4Ta /0 TE@?;( /X Y™ (dz)é() /X (Z’ y)Xg(dy))st (5.5.8)
+ 4T &2 /OT]Eoi?LEs</XXU(dx)¢(x)/Xa(Z y)yu”(dy)>2d3

+2E{ sup M7 (0]}

0<t<T

LRV, ) + T+ 1+ T+ IV+V.

To the end, we give estimate of every term in above equation separately.
As for term V, by Doob’s maximal inequality and (5.2.9), we have

V <2 x 4E [M;(qs)?]
< 8E[(M"(1))7]

T T
<8(b+ CZ)E{/ sup (X, 1>ds} + 8aIE/ sup (X" 1)%ds
0 0

0<u<s 0<u<s

(5.5.9)

<8(b+d+a)T- (¥ +ch),
where the last inequality is due to (5.5.2).
Since H%x) Jga @(x + 2)D(x,dz2)|| < 1, H@M&c)\]w < 1, one obtains

T
I+1I <270 + d°) / sup E[ sup (Y)", ¢)?|ds. (5.5.10)
0

[fllc<1  O<u<s
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Similarly, IIT and IV can be bounded by 472&%C fOT sup E[ sup (Y", ¢)?|ds with

[#llo<l  O0<u<s
some constant C' determined by bounded moment estimates in Lemma 5.5.1.

Let G*(T) := sup E[sup (Y*, ¢)?], by combining the above estimates and (5.5.8),
lPllc<1  0<t<T

one obtains

G™(T) <2sup sup E(YJ, )% +8(b+d+a)T - (C + i)

n21 [|¢]lo<1

T (5.5.11)
+ <2T2(52 +d?) + 4T20720> / G"(s)ds
0
By Gronwall’s lemma, we have
G(T) <(2sup sup E(Vy',0)* + 80+ d+a)T - (CF + CP))

n21 [|¢]lo<1

-exp{<2T2(62 + @) +4T% 20) } (5.5.12)

def C;(rQ)-

Since Cg) is a m-independent constant, the lemma follows by taking supremum over
n € N on both sides of the last inequality. O

Proposition 5.5.3. Consider a sequence of processes (Y;*)i>o in D([0, 00), Mp(X)) and
Yy satisfying (5.2.13). Then, for any ¢ € S(X), the sequence of laws of the processes
{(Y", ¢);n > 1} is tight in D([0, 00), R).

Proof. Since {(Y",¢);n > 1} is a sequence of semimartingale, we verify the tightness
criteria given by Aldous [1] and Rebolledo (see, e.g., Etheridge[18, Theorem 1.17]).
For any fixed ¢t > 0, {(Y,",¢);n > 1} is tight due to Lemma 5.5.2.

To the end, we will prove the tightness criterion of finite variation part (say A}') and
quadratic variation of martingale part M*(¢) of {(Y*, ¢);n > 1}, respectively.

For any € > 0 and T" > 0, given a sequence of stopping time 7,, bounded by T. W.O.L.G.,
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assume ||¢]| < 1. As for the finite variation part A} of (5.2.8), we have

sup sup IF’HA&")JFQ—ASZ)
n>1 6€0,6] "

>€]

1 n 2
< — sup sup IE(A(T )+9 - Ag:))
€7 n>1 0€(0,0) "

Holder § nt+0 .
< —sup sup}/ ]E{/XYS (dx)b(z) » o(r + z)D(z,dz)

€2 1>1 005
- /X Y7 (dx)d(x)é(x)
_A}g”(dx)¢(x)/)(a($>y)Xg(dy)

_ /X X,(dz)p(x) /X a(x,y)Ys”(dy)}zdS

200 r . b(:
= T2 'SupA E sup <Yu77_A¢< +Z)D(,dz)>2d8

g2 > 0<u<T b

252 T .
+ 55 'Sup/ E sup <Yu”7—d )¢(-)>2d8
0

€4 n>1 0<u<T d

200°C T -
+ O; -sup/ E sup (Y, ¢)*ds
S n>1J0 0<u<lT
< éTc?e,
) (5.5.13)
where C' changes from line to line and ||¢||cc < 1. On the other hand, from (5.2.9), we
have

sup sup B||(M(9))s, ro—(M"(9))-,

n>1 0€0,0]

]
o(b+d) -supE sup (X, 1)ds
€ n>1  0<u<T (5.5.14)

5a
4+ 2. supE sup (X, 1)%ds
€ n>1 0<u<T

<s(c + M.

According to moment estimates results in Lemma 5.5.1 and Lemma 5.5.2, both in-
equalities (5.5.13) and (5.5.14) can be less than ¢ if we take § (which only depends on
T,¢e,||¢]|s) small enough, i.e.,

sup sup IPHASR)JFG—A(T") > 6] <&,

n>1 0€[0,9) " "
sup sup P || (M7 (6))s, 10— (M (0))s, | > 2| < e,
n>10€[0,0]

which fulfils the Aldous-Rebolledo tightness condition. U
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5.5.2 Convergence in the f.d.d. sense

In this section, we prove a weak limit of {(Y;"):>0;n > 1} in the sense of f.d.d. conver-
gence is a solution of some martingale problem.

Proposition 5.5.4. Under the conditions given in Theorem 5.2.3, the finite dimensional
distributions of (Y;*)i>o converge as n — oo to those of an S8’ (X')-valued Markov process
(Yi)i>0 satisfying that for ¢ € S(X), the process

M) i=0%10) = 0.6) = [ (Veb0) [ o+ 21DC o) s

# [ (v o)
+/t (v, /on(x,-)gb(x)Xs(dx)>ds (55.15)

# [ (00 [ et Xitan)as

1 a continuous martingale with quadratic variation

(M (), = / ds /X X,(dn)b(x) | ¢+ 2D, dz)

. (5.5.16)

+ [ as [ Xane ) (i) + [ aw)Xiid).
0 X X

Proof. By Proposition 5.5.3, we already proved {(Y", ¢);n > 1} is tight in D([0, c0), R)

for any ¢ € S(X). Following Mitoma [40] (see e.g., Ethier and Kurtz [20, Theorem

3.9.1)), we conclude that the sequence {(Y;")i>0;n > 1} is tight in D([0, 00), S’ (X)).

Hence, we can assume there exists a weak limit (Y;);>o of a subsequence of {(Y;*)¢>0;n >

1}.

Firstly, we check that (Y;):>o is a.s. continuous. By the construction of (Y;*), we have

sup sup [(V/", f) — (Y%, /)l < sup sup vn{ (X7, f) = (X0, )] + [(Xi = Xo, )]}
te[0,T] || flI<1 te[o,T) || f|I<1
1
<vVn—+0
n
1

o
(5.5.17)

By letting n — oo, it implies the continuity of (Y;)i>0, i.e. (Y;)i>0 € C([0, +00),S'(X)).
To prove (M(¢))i>0 is a martingale, it suffices to prove

E[M;(¢)] = 0. (5.5.18)
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Let
M) =(Y", ¢) — (Y, &) / ds/ Y (dxz)b gb z + 2)D(x, dz)
/ ds/ z)Y](dx)
(5.5.19)
/ ds/ Xs(dx)op / alz,y) Y (dy)
/ ds/XYS” (dz)op(x /Xa z,y) Xs(dy).
Then, for fixed t > 0 and any n € N, we have
E[M,(6)]] < [E[M](6) — M[(@)]| + [E[M(¢) — My(9)]| + |E[M ()] (5.5.20)

According to Proposition 5.2.2, we have E[M}*(¢)] = 0.
Since {(Y;")i>0;n > 1} converges in law to (Y;)0 as n — oo and (M (@) — My(¢)) is
homogeneous w.r.t. (Y;" — Yt), we get

lim [E[M;(¢) — Mi(¢)]] = 0. (5.5.21)

As for the first term on RHS of (5.5.20),

B (8) ~ M2(0)]
{f/ s [ (4 o) [ aten) (2 4 X (a)

—\/ﬁ/ ds/X (dz)é(a /a(x,y)Xs(dy)

/ds/X (dz)¢ alz,y) Y (dy)

@) o
—/ ds/ K”(dx)qﬁ(:v)/ Oé(x,y)Xs(dy)H

Y” dx)o / alz,y)Y(dy)

| /\

ds

2
=aT|¢]|wCy o

3\

n—od
— 0,

(5.5.22)
where C’,;(Q) is determined as in Lemma 5.5.2.
By combining the above estimates together, we conclude |E[M;(¢)]| = 0.
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In the remainder we will justify the quadratic variation of M;(¢) has the form (5.5.16).
By applying Ito’s formula to (Y;, ¢)?, according to the semimartingale decomposition
(5.5.15) of (Y;, ¢), we have

(Vi 6% = (7,0)2 + 2 / (Yo 8)d[(Yar )] + (M (8)),
= (7.90)*> + (M.(¢)),
/ /XYS gb x+z)D(x,dz) — / Ys(dz)d(z)o(x)

AL /X“y ) ~ [ Xo(azyots >/Xa?x,ym<dy>}

+ martingale.
(5.5.23)

On the other hand, according to the definition of (Y,*), we have

(Y7, 0)% = (Va(X] - X.), 0)*
) . ) (5.5.24)
— n[(X}',0)2 = 2(X}, 6)(Xi, 0) + (X0, 0.

To simplify the computations, let us introduce new notations:

:/ X, (dz) bx qb(:v—i—z)D(x,dz)—¢(:c)(d(x)+/ oz(x,y)Xs(dy))},

X

/ X2(dx)| | 0+ 2)D(a,dz) — () (dlw) + /X oz, y) X! (dy)]
(5.5.25)
From (5.2.10), (5.2.11) and (5.2.6), respectively, it follows

t
(Xi,0) =(Xy, 9) +/ B"(s)ds + martingale,
0

(Xt 0) = (Xo,0) + /tA(s)ds.
0 (5.5.26)
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By substituting every term above into (5.5.24), we have

", 0)? = n(XJ, ¢) / ds/ X dx d¢2(:1:+z)D(x,dz)
+ ¢*(z) (d(m) + /on(x,y)X;‘(dy))} +2n /Ot<X;‘,¢>B”(s)ds

, : (5.5.27)
—zn[<Xg;,¢)+ /0 B"(s)ds} [<X0,¢>+ /0 A(s)ds}

t 2
+n [(Xo, ¢) + / A(s)ds} + martingale.
0

Set

Dt = /0 tds /X X"(dx) [b(a:) 5 ¢*(x+2)D(z,dz)+¢*(x)(d(z)+ /

| ae.y)X2 )]

(5.5.28)
By combining all the quadratic term at time 0 in (5.5.27) together, it follows

(5.5.27) =n(X} — Xo, ¢)* + D'"?
+2n /;(Xg, ¢)B"(s)ds — 2n{ Xy, ¢) /Ot B"(s)ds
t t 5.5.29
—2n(X¢, gb)/o A(s)ds + 2n<X0,¢>/0 A(s)ds ( )

t 2
+ n[/ A(s)ds} + martingale
0

:<y0n’ ¢>2 + ptmil

+on /;6; VB (s)ds — 2n(X,, ) /Ot B(s)ds 52530
— 2/n(Y", ) /Ot A(s)ds + n[/ﬂt A(s)ds} ’ + martingale

:<Ybn7¢>2 + Dt,n,l

vava (Y2, 6) B (s)ds

+2n /0t<Xs, ¢)B"(s)ds — 2n{ Xy, ¢) /Ot B"(s)ds (5.5.31)

t

—2v/n{Yy", ¢) /Ot A(s)ds +n [/ A(s)ds] i + martingale

0
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nogsation bty 12 L P
ravi [ 0B )i
—on /0 CdsA(s) /0 B (r)dr — 2R (Y, ) /0 ass 0
+n [ /0 t A(s)ds] " 4 martingale
(470" + D'
+2/0t<yn ¢>ds{/ Y dx / é(x + 2)D(x, dz) — p(z )(d(m)
/ /X (da)o / a(z yY”(dy)}

+2f/ (Y], 0)A(s)ds
0

s /0 CdsA(s) /O B () — 2R (Y, ) /0 ' A(s)ds
+n [ /Ot A(s)ds] i + martingale.

(5.5.33)
Set

D2 ::Q/Ot@/;”,(ﬁ)ds{/ Y( dﬂc / é(x + 2)D(x,dz) — d(z)o(x) -
~olo) [ aten )] - [ Xanoto) [ atea)vim}

Replace (Y[",¢) and B"(r) by (5.2.8) and (5.5.25) respectively, one obtains
(5.5.33) :<Y0n’¢>2 + ptml 4 ptn?

+2\/_/tdsA /Sdr/ vy ()| / o(x + 2)D(x, dz) — d(z)é(x)
~om / dsA(s / dr / X" (dz)o / oz, y) X" (dy)
+2n /0 dsA(s / dr / X, (da) / X, (dy)

—2n OdsA /dr/X”da: /qusﬂz D(x,dz)

— ¢(z)(d(z) + / (m,y)Xf(dy))} —Fn[/tA(s)ds}2 + martingale
’ (5.5.35)

Replace B" (s) by(5.5.25)
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=(Yg',9)" + D" 4 DA
N /0 tdsA(s) /0 dr /X Y™ (dz) [b(x) [ 6 +2)D(.dz) —d(x)gb(x)}
+om /0 dsA(s) /O Cdr /X X, (dz)(z) /X oz, )X (dy)

(5.5.36)
t s
™ / dsA(s) / dr / X"(da) [b(:c) é(x + 2)D(x, dz) —d(a;)(ﬁ(x)}
0 0 X R
t 2
+n[/ A(s)ds] + martingale.
0
Combine X', X, and Y,", it thus follows
<Y;n’¢>2 :<Y0n’¢>2 + Dt,n,l + Dt,n,2
t s
—Qn/ dsA(s)/ A(r)dr
’ ’ (5.5.37)

t 2
+n [/ A(s)ds] + martingale
0
Integration by parts<

Yy, @) + D™+ D% 4 martingale.

Obviously, both D¥™! and D%™2 converge as n — oo.
Finally, we get

(Y, ) = (, ¢>2+/ ds/XXs(dx)b(a:) 5 ¢*(x + 2)D(z,dz)

+ /0 s /X X, (dz)¢*(z) (d(a:)—l— /X a(x,y)Xs(dy)>
+2/0t<3{9,¢>d5{/XY;(d:v) [b(m) | 0+ 2) Dz, d2) = d2)o(x)
~ota) [ atepXitan)] - [ Xetdz)ota) [ ate)Yiian)

+ martingale.

(5.5.38)
By comparing the representations of (5.5.23) and (5.5.38), we conclude

@)= [ s [ Xdabio) [ #2002

/ (5.5.39)
i /0 ds /X Xs(dx)¢2(x)<d(x)+ /X a(rc,y)Xs(dy))-



A Stability of a Lotka-Volterra system

Consider a Lotka-Volterra system (n(z),n(y)) satisfying the following equations.

ny(z) = (b(z) — d(z) — a(z, z)ni(x) — alx, y)n(y)) ny(x)
{ ne(y) = (b(y) — d(y) — a(y, z)ne(z) — aly, y)n(y)) ne(y)- (A.0.1)

Suppose that ng(z),no(y) > 0 and f(y,z) := b(y) — d(y) — a(y, z)n(x) > 0, n(z) =
%, and its symmetric form f(x,y) < 0. Then we conclude that (0,7(y)) is the

only stable point.
In fact, there are four fixed points of above system, namely, (0,0), (n(z),0), (0,7(y)),
and (n*(x),n*(y)), where (n*(x),n*(y)) is such that

{ b(x) —d(z) — a(x,x)n(x)
b(y) — d(y) — aly, x)ni(z)

By simple calculation, we obtain that

{ n*(z) = a(y,w) f(z,y)

a(z,y)n(y) =0
oy, y)n(y) = 0.

a(x,m)a(y,y)7a(a:,y)a(y,x)
alz,r f Y,z

n (ZL’) = a(z,x)a(y,y)—o(z,y)a(y,z)

To make sense of the solution as a population density (which must be non-negative),
one needs f(z,y) - f(y,x) > 0. It contradicts the assumption f(z,y) < 0, f(y,z) > 0.
We thus exclude the solution (n*(z),n*(y)).

The Jacobian matrix for the system (A.0.1) at point (0,0) is

< b(z) 6 d(x) bo) E i) ) '

Obviously its eigenvalues are both positive. Thus (0, 0) is unstable.
The Jacobian matric at point (2(z),0) is

( — (b(z) — d(x)) —a(z,y)n(r) )
0 b(y) — d(y) — aly, r)n(z)
_ ( — (b(z) —d(x)) —a(z,y)n(z) )
0 f(y, ) '

Since one of its eigenvalue — (b(z) — d(z)) is negative whereas the other one is f(y, z) >
0, the equilibrium (n(z),0) is unstable.
The Jacobian matric of system (A.0.1) at point (0,7(y)) is
(

( b(z) — d(z) — a(z,y)n(y) 0 )
—a(y, z)n(y) — (b(y) —d(y))
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whose eigenvalues are both negative because of the condition f(z,y) < 0. Thus (0, 7(y))
is the only stable equilibrium of the system (A.0.1).



B R-programming for TST

Figure 3.4 is generated by the following R-programming functions:

output<- TST-4(4%10°7, 1073, 2x10°2, 2.5, <(3,6,8,10), <(0,0,0,0), 1, 0.8, 1.5)
output<- TST-5(4%10"7, 10°3, 4%10°2, 2.5, <(3,6,8,10,12), <(0,0,0,0,0), 1, 0.8,
1.5).

Take the second line as an example, the output for the last stored vector output[1001]

is as follows:

> output[1001,6]
[1] 11.5825
> output[1001,5]
[1] 0.2475
> output[1001,4]
[1] 7.5675
> output[1001,3]
[1] 0.1025
> output[1001,2]
[1] 3.0775

We enclose the code of the function TST-5 as follows.

sim.BDCM125type <- function(iter, plot.points, scale.K, init.density=2.5,
B=c(3,6,8,10,12), D=c(0,0,0,0,0), c=1, alpha=.5, beta=1.5)

{

# The function sim.BDCM simulates a birth-death process with competition

# and mutation between the two species.

#

# Input:

# dter - number of tterations

# plot.points - number of points stored in the wector N and M

# scale.K - scaling parameter

# init.density - inttial density

# B - wvector of birth rates

# D - vector of death rates

# c - scalar of competition kernel

# alpha - exponent of mutation given in the form scale.Ksim~(-alpha)

#

# Output:

# data. frame - containing the history of N and M

# Initializing ne

eded arrays

output.T <- vector (length=plot.points);
output .N <- vector (length=plot.points);
output .M <- vector(length=plot.points);
output.Q <- vector (length=plot.points);
output.R <- vector (length=plot.points);
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27 output .S <- vector(length=plot.points);

28

29 # Set initial wvalues

30 store.dist <- floor(iter/plot.points);

31 store.break <- store.dist;

32

33 N <- scale.K * init.density;

34 M <- 0;

35 Q <- 0;

36 R <- 0;

37 S <- 0;

38

39 t <- 0;

40 j <= 2;

41

42 output .N[1] <- N;

43 output .M[1] <- M;

44 output.Q[1] <- Q;

45 output .R[1] <- R;

46 output.S[1] <- S;

47

48 output .T[1] <- t;

49

50 # Set migation probability of a birth

51 p <- scale.K"(-alpha);

52 # Set mutation probability of a birth

53 q <- scale.K"(-beta);

54 # Simulation loop

55 for (i in seq(l,iter))

56 {

57 # Computation of the corresponding rates

58 frakN <- (B[1] + D[1] + ¢ * N/scale.K + c * M/scale.K );
59 frakM <- (B[2] + D[2] + ¢ * M/scale.K + c * N/scale.K + c * Q/scale.K);
60 frakQ <- (B[3] + D[3] + ¢ * Q/scale.K + c * M/scale.K + ¢ * R/scale.K );
61 frakR <- (B[4] + D[4] + ¢ * R/scale.K + c * Q/scale.K + c * S/scale.K );
62 frakS <- (B[5] + D[56] + ¢ * S/scale.K + c * R/scale.XK );
63

64 # Simulate the length of the timestep

65 t <- t + rexp(l, rate= N * frakN + M * frakM +
66 Q * frakQ + R * frakR + S x frakS );
67

68 # Generate random events

69 vl <- rbinom(1, 1, N/(N + M + Q + R + S));

70 v2 <- rbinom(1, 1, M/(N + M + Q + R + 8));

71 v3 <- rbinom(1, 1, Q/(N + M + Q + R + S));

72 v4 <- rbinom(1, 1, R/(N + M + Q + R + S));

73 v5 <- rbinom(1l, 1, S/(N + M + Q + R + S));

74

75 ul <- rbinom (1, 1, B[1]/frakN);

76 u2 <- rbinom(1, 1, B[2]/frakM);

77 u3 <- rbinom (1, 1, B[3]/frakQ);

78 u4 <- rbinom(1, 1, B[4]/frakR);

79 u5 <- rbinom(1, 1, B[5]/frakS);

80

81 wl <- rbinom(1l, 1, q);

82 w2 <- rbinom(1l, 1, q);

83 w3 <- rbinom(1l, 1, q);

84 w4 <- rbinom(1l, 1, q);

85

86 # Update rules#

87

88 if (vi==1&&ul==1&&wli==1)

89 {

90 ##mutation from typel to typel##

91 M <- M+1;

92 }
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else if (v1==1&&ul==1&&w1==0)

{
##birth from typel non-mutation##
m = rbinom(1, 1, p);
if (m==1&&M>0)
{
### migration birth ###
M <- M+1;
}
else
{
### copy birth ###
N <- N+1;
}
}
else if (vi==1&&ul==0)
{
##death of typel##
N <- N-1;
}
else if (v2==1&&u2==1&&w2==1)
{
##mutation from type2 to typel3##
Q <- Q+1;
}
else if (v2==1&&u2==1&&w2==0)
{
####DITEh from type2 non-mutation####
m <- rbinom(1, 1, p);
ml <- rbinom(1, 1, 1/2);
if (m==1&&Q==0)
{
###migation birth to left-truncate right###
N <- N+1;
}
else if (m==1&&Q>0&&mi1==1)
{
###migration birth to left###
N <- N+1;
}
else if (m==1&&Q>0&&m1==0)
{
###migration birth to right###
Q <- Q+1;
}
else
{
###copy birth###
M <- M+1;
}
}
else if (v2==1&&u2==0)
{
##death of typel##
M <- M-1;
}
else if (v3==1&&u3==1&&w3==1)
{
##mutation from type3 to type4##
R<- R+1;
}

else if (v3==1&&u3==1&&w3==0)
{
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##birth from type3 non-mutation##
m <- rbinom(1l, 1, p);
ml <- rbinom (1, 1, 1/2);

if (m==1&&R==0)
{
###migation birth to left-truncate
M <- M+1;
}
else if (m==1&&R>0&&ml==1)
{
###migration birth to
M <- M+1;
}
else if (m==1&&R>0&&m1==0)
{
###migration birth to right###
R <- R+1;
}
else
{
###copy birth###
Q <= Q+1;
}
}
else if (v3==1&&u3==0)
{
##death of type3##
Q <- Q-1;
}
else if (v4==1&&ud==1&&wd==1)
{
##mutation from type4 to typeb##
S<- S+1;

right ###

Left ###

+

else if (v4==1&&ud==1&&w4==0)

{
##birth from type4 non-mutation##
m <- rbinom(1l, 1, p);
ml <- rbinom(1l, 1, 1/2);

if (m==1&&S==0)
{
###migation birth to left-truncate
Q <- Q+1;
}
else if (m==1&&S>0&&mi==1)
{
###migration birth to
Q <= Q+1;
}
else if (m==1&&S>0&&m1==0)
{
###migration birth to right###
S <- S+1;
}
else
{
###copy birth###
R <- R+1;
}
}
else if (v4==1&&u4==0)
{
##death of type4##
R <- R-1;

right ###

Left###
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225

248

252

262

272
273 }

e

{

e

}
lse if (v5==1&&ub5==1)

##birth of typeb##
m <- rbinom(1l, 1, p);
if (m==1)
{
###migration birth to left###
R <- R+1;
}
else
{
###copy birth###
S <- S+1;
}
}
lse if (v5==1&&u5==0)
{
##death of typeb##
S <- S-1;
};

# Store output

i

{

}
}

f (i == store.break)

output.T[j] <-
output .N[j] <-
output .M[j] <-
output.Q[j] <-
output.R[j] <-
output.S[j] <-
j <- j+1;

noo ==

store.break <- store.break + store

# Graphical output

plot (output.T, output.N/scale.K, type="s"

output .M/scale.K, type="s"
output.Q/scale.K, type="s",
output .R/scale.K, type="s"
output.S/scale.K, type="s"

lines (output.
lines (output.
lines (output.

lin

e B B |

es (output.

# Output
a.frame(time=output.T, N=output.N/scale.K, M=output.M/scale.K,

dat

Q=output.Q/scale.K, R=output.R/scale.K,

col="red", ylim=range (0,13))

col="blue", ylim=range (0,13))
col="green", ylim=range (0,13))
col="black", ylim=range (0,13))
col="yellow", ylim=range (0,13))

S=output.S/scale.K)
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