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Obstruction theory for operadic algebras*

Boryana Dimitrova,

Abstract

We study obstruction theory for formality of chain operadic algebras. We con-
struct a canonical class v4 € HPQ;:l(H*A H.A) for an algebra A over a cofibrant
chain operad P.,. This class takes values in the Gamma cohomology groups of the
homology algebra H,A and depends only on the homotopy type of the algebra. If
the canonical class vanishes then there is a successive obstruction. Further, we give
a criterion for when two Py,-algebras are of the same homotopy type.
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Introduction

The notion of an operad has its origin in Stasheff’s work “Homotopy associativity of H-spaces”
[Sta] which appeared in the early sixties. There Stasheff gives the definition of an A, -structure
and an A,-space. It turns out that a connected space has the weak homotopy type of a loop
space if and only if it is an A,.-space. Only few years later Boardman and Vogt [BoVo| gave the
definition of a “homotopy everything H-space”. They proved that a CW complex X with 7o (X)
a group is weakly equivalent to an infinite loop space if and only if it is a homotopy everything
H-space. In search of a general recognition principle for n-fold loop spaces May [May] gave the
first explicit definition of an operad and an operadic algebra. The notions of an A - and E.-
operad are due to him. His “little cubes operads” €,, meet the requirements of detecting n-fold
loop spaces up to weak equivalence. As a logical generalization of the previous mathematical
problems Boardman and Vogt investigated the question about homotopy invariant algebraic
structures in topology [BV]. Their W-construction assigns to an operad P a new operad W (P)
with nice homotopical properties. Algebras over P are also W (P)-algebras, and if P has for
example a free action of the symmetric groups, then the operad W(P) has the “homotopy
invariance property”. This means that given a weak equivalence of CW complexes

xLy

and a W (P)-algebra structure on Y one can equip X with a W (P)-algebra structure, such that
the map f can be extended to a W (P)-equivalence. The corresponding notion of a W (P)-equi-
valence was also defined by Boardman and Vogt. In summary, W (P)-structures are homotopy
invariant.

Although operads arose in topology, they soon became of interest in other fields of mathema-
tics. The concept of an operad can be applied in every symmetric monoidal category. Actually,
it seems to be the perfect formal framework for encoding different types of algebras - associative,
commutative, Lie, Leibniz, differential graded associative, differential graded commutative, and
many more. For the past twenty-five years algebraists have been exploring the field. Some
names to be mentioned in this context are Fresse, Kadeishvili, Loday, Markl, Vallette. The
question about homotopy invariant structures in the algebraic setting has drawn the attention.
Kadeishvili was the first to manage the breakthrough:

Theorem ([Kad]). Let A be a differential graded algebra with homology free over the ground
ring. There is a transferred A.o-structure on H,A, such that H,A is connected to A via an
Aoo-map that is a weak equivalence.

The homology H,.A together with the transferred A..-structure is called a minimal model
for A. If the structure on H, A can be chosen to be the trivial one, i.e., just graded associative
induced by A, then A is said to be a formal algebra. An A-algebra is in particular the
homotopy invariant generalization of a differential graded associative algebra.

In this context Benson, Krause and Schwede [BKS] defined a canonical class of a differential
graded algebra

va € HH* ' (H, A, H,A)

that takes values in the (3,—1)%* Hochschild cohomology group of H,A and depends only on
the homotopy type of the algebra. It can help to distinguish non-quasi-isomorphic algebras and
it is an obstruction to formality. Another result in this direction is due to Kadeishvili [Kad88].
It states that the vanishing of the total second Hochschild cohomology group of a given graded
algebra H implies that every algebra with homology isomorphic to H is formal.

The goal of this thesis is to develop a general obstruction theory for formality of algebras
over a differential graded operad P with trivial differentials. Our interest is directed mainly at



the commutative operad, since Eo.-algebras arise naturally for example as cochains of spaces,
but the theory we introduce is valid in a more general setting. At first glance the commutative
operad seems to be very similar to the associative one, there is one big difference, though: The
action of the symmetric groups is not free. This fact makes the commutative case in particular
in positive characteristic much more complicated. Beside the obstruction theory for formality
we want to give a criterion that enables one to decide whether two given P.,-algebras have the
same homotopy type.

We proceed similarly to the associative case. We take a particular cofibrant replacement P
of the operad P. The important thing about the replacement is that it has the “homotopy
invariance property”. Given a P- or more generally P, -algebra A over a field k, we equip H,A
with a quasi-isomorphic Py -structure. This structure gives us the necessary information in
order to construct obstructions

%[Z‘f] for t > 2.

A major difficulty in our setting is the fact that the cofibrant replacements we have to deal
with are huge and not that handy. In contrast to the associative setting where Koszul theory
gives a small cofibrant replacement of the associative operad, we are forced to work with the
Cobar-Bar resolution of a 3,-cofibrant replacement of the original operad P. Another question
that appears is, which is the corresponding cohomology theory where the formality obstructions
should live for a given operad P. The answer here is Gamma cohomology. This is the appropriate
generalization of Hochschild cohomology.
Our first main result is the following:

Theorem 4.2. Let P be a graded operad in Ch and A a Py -algebra. There is a canonical class
'V,[f] € Hﬁm (H.A) in the Gamma cohomology of the strict Ps-algebra H, A, such that

(i) if f is a map of Px-algebras from A to B, and we denote by f* respectively f. the induced
maps on cohomology groups as depicted below:

HY (H,A, H.A) > Hl (H,A, H.B)

r]
H (H.B,H.B)

then we have f*('yf]) = f*( g}). In particular, if [ is a weak equivalence then via the

induced isomorphisms f. and f* on operadic cohomology the classes 'y[j] and vg] coincide.

(ii) if g¢ is the map on cofibrant operads
9¢: B°B(Q® EX,) — B°B(P @ EX,)

induced by a map g: Q — P of graded operads then A is also a Qs -algebra, and under the
map induced by g on operadic cohomology groups the canonical class of A as a P -algebra
is mapped to the canonical class of A as a Qo -algebra.

If the first canonical class vanishes then one can construct a higher obstruction. The latter is
not just a single class but a set in the corresponding Gamma cohomology group of the algebra.
We introduce an equivalence relation in order to define a quotient group

I-:T;f;t(H*A) for t>2

where the ¢-th obstruction takes values. We can then restate the theorem for the higher ob-
structions:



Theorem 4.6. Let P be a graded operad in Ch, and A’ and A” two Ps.-algebras. Suppose that
there are transferred Py -structures v and " on H, A’ and H, A", respectively, with the property

Al ="l = 0 for s =2,...,t—1. Then there are successive obstructions ’yk], € ﬁli’ift(H*A’)
and 'V,[i]” € I—ifli’:;t(H*A”) for which the following holds:

(i) if [ is a map of P -algebras from A’ to A”, and we denote by f* respectively f. the
induced maps on the quotients of cohomology groups as depicted below:

Ay (HA HAY) S B (A H A7)

X

Ay N(H A, HA")

then we have f*(fyk],) = f*(’ykl,). In particular, if f is a weak equivalence then via the

induced isomorphisms f. and f* the obstructions %[Zi], and %[i],, coincide.

(i) if g¢ is the map on cofibrant operads
9¢: B°B(Q®EX,) — B°B(P @ EX,)

induced by a map g: Q — P of graded operads then A’ is also a Qo -algebra, and under
the map induced by g¢ on operadic cohomology the obstruction of A’ as a P, -algebra is
mapped to the obstruction of A’ as a Q. -algebra.

In particular, as a corollary of both theorems we can conclude that the vanishing of the
first Gamma cohomology group of H, A implies the formality of A. In other words, if the first
Gamma cohomology group of a given graded algebra V is zero, then there is only one homotopy
type of Py-algebras with homology isomorphic to V.

As we mentioned, the obstruction theory can also help to distinguish algebras of different
homotopy type. However, it can happen that two algebras have the same (non-trivial) canonical
class or more general higher obstruction, but are not quasi-isomorphic. To solve this case we
give a criterion in terms of maps of quasi-cofree coalgebras.

Organization

The first three sections give the prerequisites for the obstruction theory developed in Section 4.
In Section 1 we recall the necessary parts of operadic algebra, in particular operads, cooperads,
tree representations and important constructions. In Section 2 we use the model category
language to state a conceptual version of the “homotopy invariance property”. Then, we pursue
the question of explicit cofibrant replacements of operads as well as of operadic algebras over so
called ¥,-cofibrant operads. We give a short introduction to operadic cohomology and Gamma
cohomology in Section 3. After that, in Section 4.1, we state and prove the main results. In
Section 4.2 we compare these results with the ones that are already in the literature, before we
come to the last section where we illustrate the theory on some examples.
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0 Conventions

Before we start let us fix some notation and conventions.

When nothing else specified we will denote by C a symmetric monoidal category. Usually,
however, we are working in a particular symmetric monoidal category, namely in the category
of unbounded chain complexes over a commutative ring k. We are going to use the notation Ch
for it. In the main part of this thesis, we in addition have the assumption that k is a field (of
possibly positive characteristic). By abuse of notation we also write k for the chain complex
concentrated in degree 0.

Recall that the category of chain complexes has an internal Hom object, which we denote by
Hom(—, —). For two chain complexes A and B, the internal Hom complez in level s consists of
k-linear maps raising the degree by s, i.e., f € Hom(A, B); iff f is k-linear and f(A.) C Biys.
For example the differential of A is an element of degree —1. The differential on Hom(A, B); is
given by §(f) = dpof—(—1)°fods. An element of Hom(A, B) will be called a homomorphism.
The term “morphism” should be reserved for maps commuting with differentials.

For the sake of our needs we remind the reader that the s-fold shift of a chain complex is
given by (X°A), = A,_ with differential (—1)°§4. There is a canonical isomorphism

SICRTIC ~ Y2ACwC)
Yo ®Yey (—1)'01|22(01 & Cz).

Let A be a given chain complex with differential 6. We can alter this “internal” differential by
an element of the internal Hom complex 0 € Hom(A, A)_1, of degree —1. In order to obtain
a new differential § 4+ 9 for A, 0 should satisfy the equality

5(9) + 0% = 0.

A map 0 that fulfills this condition is called a twisting differential or a twisting homomorphism.
We denote “internal” differentials by ¢ and twisting differentials by 9. We hope that the reader
is not going to be confused by the overuse of these letters. It should always be clear from the
context the differential of which particular chain complex is currently meant.

Recall that a symmetric sequence or X.-sequence in a category C is a sequence of objects
X (n) in C with a right action of the symmetric group ¥,, on X (n) for every n > 0. A morphism
of symmetric sequences is a collection of maps { f(n)},>0 commuting with the respective group
actions. We denote the category of symmetric sequences in C by CZ+. If we are in the situation
C = Ch then by “the differential” of a symmetric sequence we mean the collection of differentials
on the individual levels. Similar, by a twisting differential we mean a collection of twisting
differentials.

1 Recollection on operadic algebra

In this first rather long section we want to give the necessary prerequisites about operads,
cooperads, algebras, coalgebras and tree representations of these. Further, we are going to
recall the notions of (co)free and quasi-(co)free (co)operads and (co)algebras, as well as remind
the reader of the Cobar-Bar resolution.

We start with definitions and examples of operads and operadic algebras, followed by a short
presentation of the dual notions. After that we want to make the reader familiar with the
tree representations we are going to use later on in this thesis. In the last section we give
relevant constructions and notions such as quasi-free objects, Cobar-Bar resolution of operads
and operadic twisting morphisms.



1 Recollection on operadic algebra

1.1 Operads

In their present form operads appeared for the first time in the early seventies in the monograph
of May “The Geometry of Iterated Loop Spaces”’ [May]. Similar ideas could be found to that
time also in Boardman and Vogt’s “Homotopy invariant algebraic structures on topological
spaces” [BV] and Stashefl’s “Homotopy associativity of H-spaces” [Sta]. Initially invented for
topological purposes, operads soon became of interest for algebraists since they give a conceptual
way of encoding algebraic structure. A lot of literature can be found on this topic, among others
by Fresse [Fre09b], Markl, Shnider and Stasheff [MSS] and Loday-Vallette [LV].

We concentrate on the parts that are necessary for our further work and give an exposition
of these here. At the beginning we fix a symmetric monoidal category C = (C, ®,[) that has all
small colimits and finite limits and such that the monoidal product preserves colimits in both
variables. First we give the definition of an operad as in [May| but generalized for an arbitrary
C. May'’s original definition was for topological spaces.

Definition 1.1. (Operad) An operad in C is a symmetric sequence P = {P(n)},>¢ in C together
with operadic composition maps

v: P(n) @ P(i1) @ --- @ P(iy,) = P(i1 4 -+ +ip)
for every set of indices i1, 49, ...,%, € N and n € N, and a unit map
t: 1= P(1)
such that the following conditions hold:

(i) (Associativity) The following commutes

(P(r) © @}, P(ir) ) © @7, P() e P(s) ® @i, P(i)
P(t)
1d®(®5—17) T

P(n) ® @ (P(in) © Q1 Plis) ) P(n) ® @, Plar)

for every possible choice of indices n, s, i and j; with i1 + -+ + 4, = s. The left vertical
arrow is obtained from the symmetry isomorphism of the monoidal structure. Further,
p¥ stands for the sum iy + --- 441 + 7 and g for Tk ot

1k

(ii) (Unitality) The following commute

1®P(n) —— P(n) P(n) ® 19" — == P(n)
L®idi / id®b®"l /
P(1) ® P(n) P(n) @ P(1)®"

10



1.1 Operads

(iii) (Equivariance) For every permutation o € ¥, the following commutes

ﬂ) P(n) ® P(ia—l(l)) @ ® P(ia—l(n))

|

o®id P(i0—1(1) + Fig-1(n))

ia

P(iy + - + i)

P(n) ®P(i1) ® -+ ® P(in)

P(n) @ P(i1) ® - -- @ P(iy)

where in the top row ¢ acts on the left on P(i1)®- - -®P(i,,) via the symmetry isomorphism
and in the right column via a block permutation on P(iy—1(1) + -+ 4+ ig-1(s))-
Further, the operadic composition maps

v:Pn)@P@1) @ - @P(>in) = Plis + -+ - + 1)
are X;, X --- X X; -equivariant.

In the literature the operads we have just defined are often called “symmetric”. Since we
are always working with these we are not going to make the distinction. The n-th level of an
operad is sometimes referred to as arity n of the operad.

If we restrict the operadic composition to terms of the form P(n) @ P(i1) ® - - - ® P(4,) where
only one i; for j = 1,...,n is different from 1, then we are going to talk about the partial
composition product.

Remark 1.2. The above definition is the most explicit but not the most compact one. Every
symmetric sequence P = {P(n)},>¢ defines a so called Schur functor S(P): C — C via

S(P)(C) :== PP(n) ®x, C*".

n>0

We can reformulate Definition 1.1 as follows: an operad in C is a triple (S(P),~,t) where P is
a symmetric sequence in C and S(P) the corresponding Schur functor. We are often going to
use the notation P o C for the value of the Schur functor on C. This is justified by the next
remark when regarding C' as a symmetric sequence concentrated in degree zero.

Remark 1.3. Another reformulation uses the composition product in the category of symmetric
sequences. If P and QQ are two symmetric sequences then their composition product is defined
by the formula

PoQ:=PPn) es, Q¥

n>0

where the tensor product of symmetric sequences is given by

Q1@ Q) (k)= P Q) ®Qalq) @5, xz, -

p+q=k

Here we denote by Q1(p) ® Q2(q) ® X, the tensor product of Qi (p) ® Qz2(g) with the set X
given by @Uezk Q1(p) ® Q2(gq), and we coequalize the left action of ¥, x ¥, on ¥j with the
right action on Q1(p) ® Q2(g) in the usual way. If Q; = Q2 = Q we have to say how X9 acts on
Q®2. The generalization for higher n is done in the same manner. If 7 is the transposition in
Y5 then 7 sends the factor Q(p) ® Q(g) ® o to the factor Q(¢) ® Q(p) ® 7o, where 7 denotes the

11



1 Recollection on operadic algebra

corresponding (p, ¢)-block transposition. Note that the left action of X, on, say, V®" is given
by o - (v1,...,0n) = (Vg=1(1)s--,Vs-1(n)), and this is the one we are using on Q®" together
with the left action of X, by block permutations.

This composition product makes the category of symmetric sequences C** into a monoidal
category with unit the sequence I defined by I(1) = [ and the initial object in arity n different
than 1. With this notation, an operad in C is equivalently given by a monoid in (C**,0,1). If
(P, pt,m) is such a monoid then the operadic composition maps ~ are given by the restrictions
of the product p onto factors of the form P(n) ®s, (P(i1) ® -+ - ® P(i,) ® id). The other way
round, note that since p is a X,-equivariant map it is uniquely defined by a given operadic
composition 7.

Let us mention some well-known examples of operads.

Example 1.4. (Endomorphism operad) If X is an object of a closed symmetric monoidal
category C then using the internal Hom functor we define by Endx(n) = Hom(X®", X)) the
endomorphism operad of X.

Example 1.5. (Permutation operad) The symmetric groups form an operad in the category
of sets with n-th level given by the symmetric group ¥, and 0-th level the empty set. The
composition product is uniquely determined by the equivariance conditions and the assignment
~v(id,, xid;, X -+ x id;, ) = id;, 4...44, . More precisely, we have

V(o x o1 X X0op)=0(i1,...,0n) 0 (01 D+ D op),
where o(i1,...,4,) is the permutation on (i; + --- 4 4,) letters, which is built out of o acting
on blocks of size i1, i2,...,0,.

Example 1.6. (Associative operad) Let k be a field. We can transfer the above operad into the
category of k-vector spaces. The operad Ass, given by Ass(n) = k[X,,] for n > 1 and Ass(0) =0
with a free Y¥,-action and structure maps ¢ = id and 7 uniquely determined by the assignment
~v(id, ®id;, ® --- ®id;, ) = id;, ... 44, is the operad of non-unital associative k-algebras.

Example 1.7. (Commutative operad) Again in the context of k-vector spaces, let us set
Com(n) = k for n > 1 and Com(0) = 0 with the trivial X,-actions and obvious structure
maps. This is the operad of non-unital commutative k-algebras.

Remark 1.8. The last two examples can be generalized to the category of chain complexes
over a commutative ring k. Then Ass(n) and Com(n) are chain complexes concentrated in
degree 0. The rest remains the same. Further, if we want to get the operads of unital associative
respectively commutative algebras, then we have to take Ass(0) = k respectively Com(0) = k.
The same holds in the graded case.

Example 1.9. (Barratt-Eccles operad) The simplicial version of this operad was introduced,
as the name indicates, by Barratt and Eccles [BE] for the study of infinite loop spaces. Here
we are interested in the corresponding operad in Ch. The n-th level of the chain Barratt-Eccles
operad EX, is given by N, (FX,,), the normalized chains of the free contractible 3,,-space E,,.
Explicitly, (EX,)q is freely generated as a k-module by elements of the form (oy,...,04) with
00,-..,04 € Xy, and o; different from o, for all i between 0 and d — 1. For n = 0 we set
EX¥y = 0. The symmetric group is acting diagonally by

(J(),...,Ud)'U:(U()'O',...,O'd'o'),

and the differential is given by the alternating sum of the face maps

d

5(00,..,0a) = »_(~1)'(00,--.,Gi,...,04),

=0

12



1.1 Operads

where for 0;_1 = 0,41 one should set
(0’0,...,0?1‘,...,0',1) =0.

The operadic composition is uniquely determined by the partial composites, i.e., evaluation of
~ on factors of the form EX,  EX; ® - - - @ EXy ® - - - ® EX;. Let us write o o; 7 for the element

(00,-..,00) ®id®--- @ (70,...,77) @ ®id € (EXpn)a ® (EX1)0 @ -+ @ (EXy) s ® - - - @ (EX1)o.
The set {0, ...,d} x{0,..., f} has a partial order given by (n1,n2) < (mq1,ms) iff ny < my and
ng < mg. A maximal chain in this poset has the length d + f + 1. We denote by (p«,g«) such
a longest ascending chain ((pmqo), (P, q1)s .- (pdﬂc,qdﬂr)). Now, the partial composition
product is given by

Y(oo;T) = Z (fl)Sign(p*’q*)(opo Oi Tgos+ > Opays Oi quH),
(ps,qx)
where the sum runs over the set of maximal ascending chains in {0, ...,d} x{0,..., f}. Further,

op, 0; Tq; denotes the partial composition product in the permutation operad of Example 1.5
and sign(px, g«) is the signum of the (d+1, f)-shuffle permutation v that permutes the elements
of (p«, g«) such that for v(p;,q;) = (pi, q) holds p; > p;—1 whenever 1 < j < d, and v(po,q0) =
(po, q0)- Respectively, for j = d+1,...,d+ f we have v(p;, ¢;) = (p1, i) with ¢ > ¢;—1. In plain
words, we sort the chain by a shuffle permutation in a way that first exactly those elements
appear that compared to the predecessor element in the chain increase their first coordinate by
one. It is a well-known fact that the Barratt-Eccles operad is a so called E-operad. We are
going to come back to this later. For the moment let us mention that for every n > 0 there
is a quasi-isomorphism EY, = Com(n) that is induced by the classical augmentation map
EX, — k.

Example 1.10. There is a filtration of the chain Barratt-Eccles operad by certain suboperads
E,. Here, we give a description following Fresse [Fre09c|. The original idea for these operads
goes back to Smith [Smi| and a proof of the fact that they are indeed E,-operads can be found
for example in [Ber]. To start with we fix some notation. We can specify a given permutation
o by writing down its values (o(1),0(2),...,0(n)). We want to keep track (of the order) of

the appearance of a fixed pair {7, j} in the value sequence of 0. We write (o(1),...,0(n))i,
for (4,7) or (j,4), depending on the order of appearance. For example (1,3,2); 3 = (1,3) and
(3,2,1)1,3 =(3,1). Now, given a sequence g = (0g,01,...,0q) of permutations we construct for

a pair {i,j} a new sequence out of the order in which {i, j} appears in every single permutation
oy. For example let (0g,01,02) be given by the following table in which the k-th row depicts
the permutation oy:

(173’274)
(1,2,4,3)
(2747371)

Then our new sequence for {i,j} = {1,4}, for which we write (co,01,02)1,4 or g, 4, is given
by ((1,4),(1,4),(4,1)). Denote by p;;(00,...,04) = pij(c) the variation of {i,j} in g, ;, ie.,
how often we swich from (¢, j) to (j,4) or the other way round. In the example above we get
p1,4(00,01,02) = 1.

Now we are ready to define the sequence of suboperads E,,. For every n bigger than 0, E, (r)
is spanned in chain degree d by those permutation sequences o = (oy,...,04) € (EX;)q that
satisfy the property p; ;(g) < n for all possible pairs {7,5} C {1,...,r}. Operadic composition

13



1 Recollection on operadic algebra

is inherited from the one on EX,. We get in particular E; = Ass, and an ascending sequence
of operads

Ass=E; CE; CE3C---CE, C--- CEX%,.

Example 1.11. (Homology operad) If P is a chain operad over a field that in addition sat-
isfies the condition P(0) = 0, then there is a natural isomorphism H,P o H,P = H,(P o P)
(cf.Lemma 1.3.9 of [Fre04]) and therefore, H,P is equipped with the structure of a graded
operad.

Definition 1.12. (Morphism of operads) A morphism of operads is a map of symmetric se-
quences that commutes with the structure maps. In the language of monoids in the category
of symmetric sequences this is simply a morphism of monoids.

We denote the category of operads in C together with the above morphisms by Op(C).

Example 1.13. There is an operadic morphism from the associative operad to the commutative
operad that factors over the chain Barratt-Eccles operad

Ass — EX, — Com.
Further, the inclusions E,, < E,,;1 are of course maps of operads.
Often we are going to deal with so called connected operads.
Definition 1.14. (Connected operad, connected symmetric sequence) An operad P is called
connected if P(0) is the initial object of C. More generally, a symmetric sequence M is called
connected if M(0) is the initial object of C. If C is the category Ch of chain complexes over k

we, in addition, assume that a connected operad satisfies the equality P(1) =I(1) = k.

Observe that the unit symmetric sequence I is canonically equipped with the structure of an
operad. Extending established terminology we set:

Definition 1.15. (Augmented operad, augmentation ideal) An augmented operad is an operad
P together with a map of operads e: P — L. The kernel of the augmentation map is called the
augmentation ideal and is denoted by P.

The notion of an operadic ideal generalizes the well-known notion of a ring ideal. The
augmentation map € is indeed a retraction of the unit map of P since a map of operads is

supposed to preserve units. Thus, we get a splitting P =16 P. If P is a connected operad in
Ch then it is canonically augmented and the augmentation ideal is given by

15 0 for n = O7 1.
P(n) else

We now come to the definition of an operadic algebra:

Definition 1.16. (Operadic algebra) An algebra over an operad P in a category C is an object
A of C together with structure maps

va: P(n) @ A®" —— A

14



1.2 Cooperads

for every n € N, such that the following diagrams commute:

P(n) © P(i1) ® -+ ® P(in) @ At +in) 225 pi o) @ AB (i)

shuffle A
)®

P(n) ® P(i}) ® A®" @ --- @ P(i,) @ A®n d®(®%4) A8
I]®Ai>,4 P(n)®A®”i>A
u@idl / l /
P4 P(n) ®5, A®"

In the lower right diagram, we more precisely ask for such a factorization to exist.

Remark 1.17. In the language of triples, an algebra over an operad is an algebra over the triple
corresponding to the operad.

Example 1.18. An algebra over the operad Ass or Com is precisely a non-unital associative
respectively commutative algebra. In the chain versions of these operads we get differential
graded and differential graded commutative algebras. There are also unital versions of these
operads that yield algebras with units. Algebras over the operad EX, are so called E,-algebras.

Remark 1.19. In the situation of Example 1.11, given an algebra A over P, we get an algebra
H, A over the operad H,P.

Definition 1.20. (Morphism of operadic algebras) A morphism f: A — B from a P-algebra
A to a P-algebra B is a map in the underlying category C such that for every n the diagram

i Qn
P(n) ® A®" % P(n) @ B®"
lm lm
A ! B

commutes.

We denote the category of P-algebras with the above morphisms by P-alg.

1.2 Cooperads

In the following we assume that the symmetric monoidal category C is pointed. We denote the
zero object by 0.

This is a short chapter about cooperads and coalgebras over cooperads. The reader should
be aware that we are not using standard terminology. Possibly the most natural way to define
a “co-operad” is as an operad in the opposite category, or equivalently, to reverse all the arrows
in Definition 1.1 and require coassociativity, counitality and the dual equivariance conditions.
This is not what we are going to understand by a cooperad. What we will mean by this term
is the following

15



1 Recollection on operadic algebra

Definition 1.21. (Cooperad) A cooperad in C is a comonoid in the monoidal category of
symmetric sequences (C=+,0,1) with the composition product o defined as in Remark 1.3.

Note that the unit I has a canonical structure of a cooperad.
Definition 1.22. (Morphism of cooperads) A morphism of cooperads is a map of comonoids.
The category of cooperads in C is denoted by CoOp(C).

Definition 1.23. (Connected cooperad) A cooperad T is called connected if T(0) is the zero
object of C. If C is the category of chain complexes we require in addition that T(1) equals k.

We are always going to consider connected cooperads. Dual to the notion of an augmentation
and an augmentation ideal we have

Definition 1.24. (Coaugmented cooperad, coaugmentation coideal) A cooperad T is coaug-
mented if it is equipped with a map of cooperads n: I — T. The cokernel of the coaugmentation
map is called the coaugmentation coideal and is denoted by T.

Every connected chain cooperad is canonically coaugmented and the coaugmentation coideal
is given by
~ 0 f =0,1.
Ti(n) = or n ,
T(n) else
We again have a splitting T =16 T.

Example 1.25. Let P be a connected chain operad such that every level consists of finitely
generated projective k-modules, and let PV denote the (k-linear) dual symmetric sequence.
Then there is a natural map P¥ oPY — (PoP)Y, and it is an isomorphism. A detailed account
of this can be found in [Fre04], Lemma 1.2.19. The short explanation of the fact that the map
is indeed an isomorphism is the presentation of the composition product of a connected operad
in the bottom of p.18. Thus, PV gives us an example of a cooperad.

Definition 1.26. (Coalgebra over a cooperad) A coalgebra A over a cooperad T is an object
A of C, regarded as a symmetric sequence concentrated in degree zero, together with a left
coaction of the comonoid T.

In plain words, we have a coaction

A= PTn) s, A%

n>1
that is coassociative and counital.

Definition 1.27. (Morphism of coalgebras) A morphism of coalgebras is a map in the under-
lying category that commutes with the structure maps.

Later on we are going to see examples of coalgebras and morphisms between them.

1.3 The language of trees

To ease notation in this section we restrict ourselves to C = Ch. We want to introduce a way
to represent elements of an operad by trees as well as to show how the composition product
can be described in this setting. We rely our exposition mainly on the notation introduced by
Fresse in [Fre09] and [Fre04].
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1.3 The language of trees

Symmetric sequences as contravariant functors: First observe that a symmetric sequence in
Ch can be viewed as a contravariant functor from the category of finite sets with bijections to
the category Ch. These functors are also known under the term “linear species” (see for example
[Joy]). Let us denote by Bij the category of finite sets (including the empty set) as objects,
and bijections as morphisms. A symmetric sequence M defines a contravariant functor

M: Bij — Ch
as follows. For the set n = {1,...,n} we have M(n) = M(n) and for an arbitrary set I with n

elements we define
M) = (P M)

f:n—I

where the action of ¥, on an element (f,m) for f: n — I and m € M is given diagonally
by (f,m)-o = (f o o,mo). Conversely, to a contravariant functor as above we associate a
symmetric sequence in Ch by evaluating it on sets of the form n and the empty set. Therefore,
we are often not going to distinguish between a symmetric sequence and its “coordinate-free
representation” as a contravariant functor from Bij to Ch.

An element of M(I) can be represented by a rooted non-planar tree with one vertex, indexed
by an element of M(n), and n number of leaves labeled by the elements of I. By “non-planar”
we mean that for every vertex v of the tree, there is no preferred order on the set J, of those
vertices whose outgoing edge ends in v. In the example above this translates into m € M(I)
being represented by a corolla without an ordering of the leaves.

We prefer to use the following planar tree representation, though. For this we choose an
ordering of the leaves. An element [(f, m)] of M(I) is going to be depicted as a tree in the form

This relation should remind the reader of the first equivariance property for operads. If I is the
standard set with n elements we of course have a preferred choice for f, namely the identity
map.

17



1 Recollection on operadic algebra

Composition product in the setting of contravariant functors: We want to give formulas for
the tensor and composition products of symmetric sequences in the context of functors. If M
and N are two contravariant functors then the tensor product mentioned in Remark 1.3 can be
written as

(M@N)(n)= @ M(J)1) @ N(J2)
(J1,J2)
where the sum ranges over all ordered pairs (Jy,J2) with J; U J; = n. The action of the
symmetric group Yo on N ® N is given by the symmetry isomorphism and the permutation of
factors. For higher tensor powers we get

N®"(n)= € N(h)@---@N(J,)
(J1seesdr)
with (J1,...,J,) ordered tuples that decompose n, i.e., J; U---UJ,. = n. The left action of X,
on N®" ig given by permuting factors: an element n;, ® --- ® n;_is sent up to a sign to

®"'®ni071( .

Mig—10)
The signs come from the symmetry isomorphism and can be calculated via the Koszul sign
rule. The right ¥,,-action on N®"(n) is obtained in the following way: For a given permutation

o € ¥, we can form for every tuple (Ji,...,J,) the restrictions o;: J! — J; with J! := o=1(J;)
and ¢ =1,...,r. These induce a map

1@ @0 NJ1)®@---@N(J,) — N(J]) @ --- @N(J))
with domain the summand labeled by (Ji,...,J.). In this way we get a map from every

summand of N®"(n), and in particular a map on N®"(n) itself, that yields the required group
action.
With the formulas from above we get the following description of the composition product

(MoN)(n)z@M(r)@zr( D N(J1)®---®N(Jr)>

r>0 (J1yeesdr)

where (Ji, ..., J,) runs through all possible ordered decompositions of n. Further, by an obser-
vation of Fresse (Lemma 1.3.9 of [Fre04]) if N is connected (cf. Definition 1.14) we can simplify
the expression to

(Mo N)(n) = PM(r) & ( P Ne-- ®N(Jr))

r=>0 (J1505 7))

with J, non-empty sets of the form Ji, = {jr1 < -+ < Jin,}» £ = 1,...,7r such that
ji1 < jo1 < --- < jr1. The reason for this is that under the assumption Ji,...,J, # 0
the symmetric group acts freely on the set of partitions J; U--- L J. =n.

Composition product representation via trees: Now we are going to represent the composi-
tion of symmetric sequences by trees. For a set I € Bij we define an I-tree with two levels to
be an oriented (non-planar) tree with two levels of vertices, |I| number of leaves labeled by the
elements of I, and one root:

ST
Ny

1\/” 1\y/
S
|

i
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1.3 The language of trees

The structure of an I-tree is fully determined by the set of vertices at level 2, which we denote
by Iy, and a partition of I: I = |_|v€10 Jy- Note that we allow J, to be the empty set. An
isomorphism of I-trees with two levels is a bijection between the sets of vertices at level 2 that
preserves the decomposition of I (sloppy speaking an isomorphism just renames the vertices at
level 2). To a given I-tree 7 and symmetric sequences M and N we associate the chain complex

7(M,N) = M(Ip) ® (® N(J,,)).

vely

There are some explanations about this tensor product to be given. (For a formal description
compare Remark 1.28 below.) By definition an element of M(1y) is represented by a pair (f, m)
where, if k is the cardinality of Iy, f: k — I is a bijection and m € M(k). Thus, a representative
(f,m) gives an order on the set Iy and in this way defines the order of appearance of the single
factors N(.J,). For example

(fym)®@n @---®@ng

with (f,m) € M(Ip) and n; € N(Jf(;)) is an element of 7(M,N). We can represent the same
element also by

+(fo,mo) @ne1) @ - @ Ng(k)

for any permutation o € X. One can think of the elements of 7(M, N) as (sums of) I-trees with
two levels, where the first level is labeled by an element of M(ly), and the second by elements
of N(J,). Since choosing representatives of these elements automatically gives an order on
the edges entering the corresponding vertex, we can use this to think of planar trees instead.
Note that this “treewise tensor product” represents a direct summand of (M o N)(I) up to
isomorphism (cf. the representation in the previous paragraph). In particular, the identification
along the symmetric group action is already encoded. In order to get the “whole” composition
product, we have to take “different” I-trees into account, i.e., we have to take care of different
decompositions of the set I. Thus, a first candidate for (M o N)([) is the direct sum

P N

TEO(I)

that runs over all I-trees with two levels (we neglect for a moment set theoretical inaccuracy).
Here and later on we denote by ©3(I) the category with objects I-trees with two levels and
morphisms, isomorphisms of I-trees. However, we are not quite done yet since this sum contains
too many factors. An isomorphism of I-trees v : 7 — 7’ defines an isomorphism of chain
complexes

ve: T(M,N) — 7/(M,N).
[f»m]®n1®~--®nk — [Vf,m](g)nl@...@nk

One can now verify that

MeN)(D)= P TMN)/~,

TG@Q(I)
where ~ is the equivalence relation induced by the isomorphisms of I-trees.

Remark 1.28. We were not really formally precise about the tensor product

(M, N) = M(lo) & (R N(,)).

vely
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1 Recollection on operadic algebra

The correct way would be to define an “unordered tensor product” first, so that we can make

sense of the term
Q) N(J,).
vely

The unordered tensor product of factors J, for v € Iy is given by the coinvariants

( D NUsa) @ @NUsw))g,
r:kor

where the sum runs over all bijections from k to Iy and the action of ¥j on the right is given
diagonally by precomposition on f and permuting the factors of the tensor product. In this way
we get a tensor product without a distinguished order of the factors. Now 7(M,N) is formally
well-defined. There is a canonical isomorphism from our description of the tensor product to
this formal one. We leave this verification to the reader.

Operadic composition product via trees: With the above description of the composition product
of symmetric sequences and the definition of an operad as a monoid with respect to this com-
position product we see that the operadic product is fully determined by its values on trees of
the form

where the inputs i, are shared out by permutations o € ¥,,, and p,q; ..., qr are elements of
the given operad P. If the operad is connected then we can restrict to shuffle permutations.
Note that in this last case (when dealing with connected symmetric sequences) by choosing
representatives of the isomorphism classes of trees together with an ordering of the set Iy we
can reduce the presentation of the composition product (M o N)(I) from the last paragraph to
a direct sum without identifications.

Operadic algebra structure via trees: As we mentioned earlier, when we consider an object A of

C as a symmetric sequence concentrated in degree 0 then the structure of a P-algebra on A is
given by a map of symmetric sequences

PoA— A

that is associative and unital in the appropriate sense. Using this and the language of trees,
the operadic algebra structure is determined by its values on trees of the form

with p € P(n) and ay,...,a, € A.
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1.4 Constructions

Cooperadic coproduct via trees: Let T be a cooperad and let us denote by v the cooperadic
coproduct of T. Later on we are going to use the following notation for v:

N\ / \ /
o o

TE—.
N/
v 18 = Z \ / ,
| v(9) o
where p € T({i1,...,4n}) is the element whose coproduct we are taking, ¢’ and " are factors

in the coproduct, and the notation i, indicates that there is also a permutation (that we do not
explicitly write down) that shares out the correct indices. We are a bit sloppy in the notation
in the sense that we use the letters ©’ and p” multiple times to denote different factors of the
coproduct. If we wanted to be extremely precise then we should have made the dependence on
the sum factor visible in the notation. Further, we write p! to avoid the overflow of indices.
The so called quadratic coproduct is the projection of the coproduct onto factors of the form

Tn)@T1) @ --- T Tk T1)®---@T(1)
for all possibilities of n and k. We will denote this by v and depict it as follows:

Sometimes we will need a kind of “reduced” quadratic coproducts. By 4 we will denote the
quadratic coproduct where on the right hand side we leave out the factor with ¢’ = g and
" = 1. By v4 we will denote the quadratic coproduct where we omit in addition also the
factor for p’ = p and ¢’ = 1.

Cooperadic coalgebra structure via trees: For a coalgebra A with coproduct p and an element
a € A we write

Of course, p takes again different values and a, represents different elements of A.

1.4 Constructions

In this section we present some constructions on operads, cooperads, algebras and coalgebras.
Many of them can be carried out in more general symmetric monoidal categories, nevertheless
we will focus on the case C = Ch since this is the one important for this thesis, and we need
explicit descriptions of the constructions.

For the rest of this section we are working in the category of chain complexes Ch.
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1 Recollection on operadic algebra

1.4.1 Free operads and free algebras

The forgetful functor from operads to symmetric sequences U: Op(Ch) — Ch™* has a left
adjoint functor, the free functor
F:Ch¥ — Op(Ch).

Let us denote the unit of this adjunction by 7. Because of the adjointness relation we have
that for any symmetric sequence M and any map f: M — P towards an operad P there exists
a unique morphism of operads ¢ making the diagram

f

M——P
F (M)

commute.

Remark 1.29. Another possibility to define an operad is as an algebra over the triple induced
by the above adjunction (F,U) on the category of symmetric sequences.

In the following we want to recall the construction of (M) in the language of trees. For a
detailed treatment of the topic we refer the reader to §1.1.9, §3.1.1 and §3.4 of [Fre04]. The
construction and proof of the properties of the free functor can also be found in §1.4 of [GJ].
Loosely speaking, the free operad is generated by formal compositions of elements of M. These
last ones we are going to organize on the structure of a tree. In order to do that we have to
generalize the approach from Section 1.3. There we used the formalism of an I-tree with two
levels. We need to take care of composites of arbitrary finite length (not just two factors).
Therefore, we define the notion of a (general) I-tree. This is a non-planar oriented tree with
leaves labeled by the set I and one root. The set of vertices of an I-tree 7 is denoted by V(7).

i5 iq i5
1 19 Us

|

Vg

For example in this picture we have I = {i1,...,i5}, V(7) = {v1,...,v5} and the root is denoted
by 0. Note that for the general construction we allow vertices with no incoming edges (as vy
above) since our symmetric sequence is possibly not connected, i.e., M(0) # 0. Later on we are
mainly going to deal with connected objects where such trees do not contribute.
Analogous to the case of I-trees with two levels, the structure of an I-tree is fully determined
by a partition
vinur= || L

ve(V(m)u{o})
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1.4 Constructions

that reflects which vertices or leaves are connected to a given vertex v. An isomorphism of
I-trees is a bijection on the set of vertices that respects the tree structure and fixes the leaves
(i.e.just relabeling the vertices). For a complete formal definition of an I-tree and an I-tree
isomorphism we refer the reader to §1.2.1 of [Fre09]. We proceed as earlier and associate to a
tree 7 and a symmetric sequence M the chain complex given by the tree tensor

(M) = ® M(1,),

veV(T)

which we regard as an unordered tensor product as defined in Remark 1.28. One can think
of the elements of this tensor product as sums of non-planar trees labeled by elements of M
with the corresponding valence. If 7 is the tree with no vertices (one leaf, one edge, one root)
we have 7(M) = k. As before, an isomorphism of I-trees v: 7 — 7’ induces an isomorphism
between the corresponding chain complexes

vi: T(M) — 7/ (M).

Now, the free operad generated by M is defined by

T€O(I)

where ©([) is the groupoid of I-trees and the equivalence relation ~ is induced by the isomor-
phisms of I-trees. A bijection I; — I gives an isomorphism

FM)(I2) = F(M)(1)

that consists of reindexing the leaves of the I5-trees via the inverse bijection. Thus, we indeed
get a symmetric sequence.
The operadic composition for F(M) is given by grafting of trees. The unit map

t:IT— F(M)

identifies I(1) = I = k with the summand of F(M) corresponding to the tree with no vertices.
The construction is obviously functorial. The adjunction unit ny: M — F(M) is defined by the
canonical isomorphism M({i1,...,i,}) = 7(M) where 7 is the I-tree with one vertex:

The unique morphism ¢;: F(M) — P associated to a map f: M — P towards an operad P
is given on generators by first applying f on every single tensor factor, and then performing
operadic composition in P. The projection from F(M) onto the summand indexed by the tree
with no vertices equips the free operad with an augmentation. The augmentation ideal F (M)
is spanned by trees with a non-empty set of vertices. Observe further that the free operad
is connected if and only if M is trivial in arity 0 and 1 (e.g. (co)augmentation (co)ideal of an
(co)augmented (co)operad). The condition M(0) = 0 is equivalent to the free operad being
trivial in level zero, and M(1) = 0 is needed for F(M) to be “not more” than k in arity 1.
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1 Recollection on operadic algebra

Remark 1.30. Later on we are going to represent elements of F(M) for a connected symmetric
sequence M as sums of trees. To legitimate this observe that when M is connected all the trees
that appear in the construction of the free operad are “non-singular”. By this we mean that
every vertex has incoming edges or leaves. Such trees have no non-trivial automorphisms. Thus,
if we choose a representative for every isomorphism class of I-trees together with an order of
the vertices, then we can represent F(M)(I) as a direct sum of trees labeled by elements of M.

We come to the notion of a free algebra. Let P be an operad. We have another adjunction,
this time between the categories of P-algebras and chain complexes

F:Ch — P-alg :U.

Given a chain complex C, the free P-algebra associated to C' is just the Schur functor applied
to C":
F(C)=SP)(C)=PoC

The algebra structure map is induced by the operadic composition of P.

1.4.2 Cofree cooperads and cofree coalgebras

The free functor F generates not only free operads but also cofree cooperads. To be precise: If
we consider F as a functor on the category of symmetric sequences, then F carries the structure
of a cotriple with coproduct A: F — FoF given by “cutting branches” (a tree is sent to the sum
of all possible partitions into smaller trees organized on the structure of a two level tree), and
a counit given by the projection onto the tree with no vertices. Coalgebras over this cotriple
are precisely the cooperads, and we have an adjunction

U: CoOp(Ch) = Ch*™ : F¢

with left adjoint the forgetful functor and right adjoint the functor generating cofree cooperads
that we will denote by F°. More details can be found in §1.7 of [GJ].

The following will be our notion of a cofree coalgebra over a cooperad. Given a cooperad T and
a chain complex C, the cofree T-coalgebra generated by C is the chain complex S(T,C) = ToC
with coaction induced by the comultiplication of T. In the language of trees we use for the
coaction p the representation

Cy Cx Cx Cx
Cp o Cpy \ /// \ ”/
) © = Z \ /
\ v(p) o’
|

(cf. the representation of the comultiplication of a cooperad at the end of Section 1.3).
The gquadratic coaction of the coalgebra is given by
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1.4 Constructions

Further, we are going to use the summation index v/4(p) when we want to leave out the factor
with o’ = p and p” = 1, respectively 14 (p) if we in addition omit the factor with " = p and
¢ =1 (ct.the end of Section 1.3).

1.4.3 Quasi-free operads

Quasi-free operads are a generalization of free operads. The reason why we are interested in
such operads is that they provide “cofibrant” operads under reasonable conditions. We will be
more concrete later when we have discussed the model category context for operads.

In this section we use the letters M and N to denote symmetric sequences or operads. If we
are regarding M or N as an operad then it is explicitly stated.

Definition 1.31. (Quasi-free operad) A quasi-free operad is an operad obtained from a free
operad F(M) by altering its natural internal differential by a twisting differential d,. We will
denote the so resulting quasi-free operad by (F(M), s ).

Note that 9, is a family of twisting differentials on the individual levels of the operad. In
the above definition we tacitly assume that the twisting differential 9, not only provides F (M)
with a new differential but is also compatible with the operadic composition product of F(M).
This precisely means that d, is an operadic derivation:

Definition 1.32. (Operadic derivation) An operadic derivation for an operad M is a family of
homomorphisms f = {f,}n>0
frn € Hom(M(n), M(n))k

for some fixed integer k, that are 3, -equivariant and satisfy the equality
n
Flmo@my @ - @ma)) = ) £Y(mo @+ @ fu(my) @ -+ @ my)
i=0

for all elements my,...,m, € M. Here v denotes the composition product of M and f, takes
the appropriate values, depending on the input. The sign is built out of the degrees of f, and
mg, - .., My by the Koszul sign rule.

Since the elements of a free operad are formal composites of elements of M, we see that an
operadic derivation of the free operad (M) is determined by its restriction to M. In the other
direction, a family of equivariant maps f = {f,}n>0

frn € Hom(M(n), F(M)(n))

defines an operadic derivation f on F(M). We sketch a construction of this derivation. More
details can be found in §1.4.3 of [Fre09]. The evaluation of f on a tree 7 marked by elements
of M is given by a sum indexed over the set of vertices of 7. For every vertex v we apply on the
element m, € M decorating v the map f, and obtain in this way a new tree (respectively sum
of trees) by “blowing up the vertex” into the tree f*(mv). If for example f, (m,) is given by

2 3
N/
ma
¥
mi
]
0
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1 Recollection on operadic algebra

then by blowing up the vertex v in the tree below we get:

1 2 3 4 1 2 3
\/ N/ \\/
n n
/ — /
My, ma
v Ve

my
v

4

0
0

We do this for each vertex of 7. Signs are occurring depending on the degree of f. One can
check that this definition indeed provides an operadic derivation. An explicit calculation shows

Proposition 1.33. An operadic derivation 0, on F(M) with Ou|lm = « is a twisting homo-
morphism if and only if o satisfies the equality

d(a) + 0y 0 =0,
where § denotes the differential of Hom(M, F(M)). O

We want to draw the attention to morphisms of quasi-free operads for a moment. Given two
Y.-sequences M und N and a collection of homomorphisms f,, € Hom(M(n),N(n))o we have
an induced map

F(f): FM) — F(N)

on the free operads generated by M and N. Assuming N is an operad, we get a map of operads

f: FM) =N

by composing F(f) with the evaluation (operadic composition) F(N) — N of the operad N.
On the other hand, given such f we can of course associate a family of maps f = {fn}n>0 of
degree 0 to it by precomposing with M — F(M). This is a kind of extension of the universal
property of the free operad to maps of degree 0 that not necessarily commute with differentials.
The following result is an easy calculation and can also be found in [Fre09] Proposition 1.4.7:

Proposition 1.34. Suppose M is a symmetric sequence and N an operad. There is a bijection
between operad morphisms R
[ (F(M),0a) = N

and families f € Hom(M,N)q such that §(f) = foa. We denote here by & the differential in
Hom(M, N). O

Further we have:

Proposition 1.35. Let f: M — N be a morphism of X,-modules, in particular it commutes
with the differentials. The induced map F(f) yields a map

F(f): (F(M), 8a) = (F(N), I5)

of quasi-free operads if and only if it satisfies the relation Bof = F(f)oc in Hom(M, F(N)). O
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1.4 Constructions

1.4.4 Quasi-free algebras
All we have said about quasi-free operads can be transferred to the setting of algebras.

Definition 1.36. (Quasi-free P-algebra) A quasi-free P-algebra is a P-algebra obtained from
a free algebra P o C by the addition of a twisting homomorphism J,. We use the notation
(PoC,0,) for an algebra produced in this way.

A twisting homomorphism should respect the algebra structure in some sense if we want the
resulting twisted complex to be again an algebra. To be precise, it should be a derivation:

Definition 1.37. (Derivation) A homomorphism f € Hom(A, A); is a derivation of the P-
algebra A if

frap® a1 @ ®ap) =Y  +7a(p®a1 @ @ f(a;) ® -+ @ ay)

i=1
for all p € P(n) and a4, ...,a, € A.

If we now take A to be a free algebra, say P o C, then a derivation f is obviously determined
by its restriction on C

f:C%IOCM)PoCLPOC.

Conversely, given a homomorphism f: C = PoC we define a derivation by the formula

fp@a @ @cn) =Y Epoc(p@e1 @@ flc;) @+ @ cy).

i=1

Proposition 1.38. A derivation 9, on P o C with 0,|c = « is a twisting homomorphism if
and only if « satisfies the equality

d(a) + 0y 0a=0.
Proof. Since 8, should fulfill the twisting differential condition §(9) + 92 = 0, the restriction
on C' translates into the above equation. The other direction is an explicit calculation. O

1.4.5 Quasi-cofree cooperads

Definition 1.39. (Quasi-cofree cooperad) A quasi-cofree cooperad (F¢(M),d,) is a cofree
cooperad altered by a twisting coderivation, i.e., a cooperad arising from a cofree one by the
addition of a twisting homomorphism.

Dually to the case of quasi-free operads one can show that the coderivation 9, is uniquely
determined by

a: Fe(M) 225 o) 25 M,

and conversely, such a morphism « defines a unique coderivation.

1.4.6 Cobar and Bar constructions

In the topological setting Boardman and Vogt [BV] defined the so called W-construction of
a topological operad. This gives a replacement of a given operad by a “homotopically well-
behaved”, or in other words, a cofibrant one. A generalization of the W-construction to cate-
gories with “suitable interval” is done in [BMO06] by Berger and Moerdijk. In the setting of chain
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1 Recollection on operadic algebra

complexes the first functorial cofibrant constructions go back to Ginzburg/Kapranov [GK] and
Getzler /Johnes [GJ], and are known under the name Cobar-Bar resolution. Since we have just
defined what a quasi-free operad and a quasi-cofree cooperad is, we are now able to recall the
Bar functor and the Cobar functor. The composition of these two functors applied to an op-
erad P gives its Cobar-Bar resolution. In Section 2.3 we will come back to the question when
the Cobar-Bar resolution of an operad indeed yields a cofibrant replacement.

We start with the Cobar functor

Be¢: COOp(Ch>con — Op(Ch)Con

where the subscript con indicates that we are in the categories of connected operads and con-
nected cooperads, respectively (cf.Definitions 1.14 and 1.23). The cobar operad associated
to a cooperad T is a quasi-free operad (F(X~'T), O,y ) generated by the desuspension of the
coaugmentation coideal T of T (cf. Definition 1.24). The twisting differential is induced by the
comultiplication of T. More precisely, the derivation is determined by the map

vy 2T — F(27IT)

which up to addition of signs to the individual factors coincides with the reduced quadratic
coproduct 4 of T. The new signs come from the fact that elements are shifted by one degree.
In particular, as needed for a twisting differential, the above map is of degree —1. The Cobar
construction is easily seen to be functorial. More details can be found in §3.6 of [Fre09].

A few words about the dual Bar construction: The Bar functor goes in the opposite direction

B: Op(Ch)eon —> CoOp(Ch)con.

To a connected operad P we associate a quasi-cofree cooperad (F¢(XP), 8,,) where the coderiva-
tion is determined by a map

pa: FO(EP) X F5(2P) £ 5P

that up to signs corresponds to the quadratic product (also known as partial composition) of
the operad P. By F5(XP) we have denoted the part of the cofree cooperad generated by trees
with two vertices. A complete treatment of the topic can be found in §3.5 of [Fre04].

Remark 1.40. The Cobar functor and the Bar functor form an adjoint pair. The first references
on this matter are [GJ] and [GK].

1.4.7 Operadic twisting morphisms

A map f from the Cobar construction B °(T) to an operad P is by Proposition 1.34 determined
by f: T — P of degree —1 such that d(f) = fovy holds. If we write the last condition explicitly
applying the definitions of f and v, we get

Ty Ty
" G ") i
s | e =S|
| vy () f(o)
|
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1.4 Constructions

for every p € T. The sign comes from moving a map of degree —1 past @', and up denotes
the quadratic product of P. We can extend f on T(1) trivially. A map satisfying the above
equality is called an operadic twisting morphism. The set of all these maps from a given
connected cooperad T to an operad P is denoted by Tw(T,P), and, as discussed, there is a
bijection

Op(B°(T),P) = Tw(T,P).

For the sake of completeness let us mention that similarly one can show a bijection between
the set of twisting morphisms and the maps of cooperads CoOp(T, B(P)). All together we get
for a connected operad P and a connected cooperad T’

Op(B°(T),P) = Tw(T,P) = CoOp(T, B(P)).

1.4.8 Quasi-cofree coalgebras

We complete our discussion on quasi-(co)free objects with some definitions and facts about
quasi-cofree coalgebras.

Definition 1.41. (Quasi-cofree coalgebra) A quasi-cofree coalgebra over a cooperad T is a
coalgebra constructed from a free coalgebra T o C' by altering the natural differential by a
twisting differential 9,. We will use the notation (T o C, d,).

In order for a twisting differential 0, to respect the structure map of the cofree coalgebra it
should be a coderivation:

Definition 1.42. (Coderivation) A homomorphism f: A — A of a coalgebra A is a coderivation
if it satisfies

for every a € A.

There is a slight abuse of notation in the above formula. On the right hand side we have
first applied the comultiplication of A, and then we use f on every factor of the coproduct not
only once but we have one summand for every element a, in the factor. We want to keep the
notation as simple as possible and abandon the use of a double sum, hoping that the reader
will not be mislead.

Dually to the case of algebras, a coderivation f on a cofree coalgebra is uniquely determined
by its projection onto cogenerators:

fiToC L5 Too X100 =C

More generally, we have the following result (Proposition 4.1.3 of [Fre09], Proposition 2.14 of
[GJ]):

Proposition 1.43. There is a bijection between coderivations On: T o C — T o C and maps
a € Hom(T o C,C). The map « associated to a coderivation O, is given by the projection onto

29



1 Recollection on operadic algebra

the summand C =2 1®C. The coderivation associated to a given map « is defined by the formula

Co v Cx
AN i e
A4 i NG 4o Cx
Oa, © = + 16 + +
| 2 N

for every p € T and ¢q,...,c, € C. The signs are determined by the commutation of o with
elements of the tree tensor. The summation index v} stands for the quadratic coproduct without
the factor T(n) @ T(1) ® --- ® T(1) (cf. the end of Section 1.4.2).

Proof. The proof is a calculation. O

We need a few more observations about quasi-cofree coalgebras and their morphisms. All of
these can be found in §4.1 of [Fre09]. We list the statements and add a few comments where
we regard this as helpful for the reader. The next proposition describes coderivations of cofree
coalgebras that are at the same time twisting homomorphisms.

Proposition 1.44. Let a: T o C — C be a map of degree —1 such that the restriction o|c is
zero. The induced coderivation O, on the coalgebra T o C is a twisting homomorphism if and
only if the equality

Cie v G
Cp e Cy Oé[ \ / ‘|
N el e
5(a) 1 Y| | | =0
() o
|

holds for all elements of T o C. Here, § denotes the differential of the chain complex
Hom(To C,C).

Proof. The “only if” direction is trivial. The other one is a calculation using the explicit
construction of d, from the previous proposition. O

Note that we can exchange the summation index v} by /4 since « vanishes on C. We call a
map « that satisfies the conditions of the previous proposition a twisting cochain.

Proposition 1.45. The structure of a B°(T)-algebra on a chain complex A is given by a map
a: T oA — A that satisfies the assumptions and the equality of Proposition 1.44.

Proof. A B¢(T)-algebra structure on A is equivalent to an operadic morphism f from B<(T)
into the endomorphism operad of A. Using this equivalence and the assignment

the equation of an operadic twisting morphism (cf. Section 1.4.7) translates into the conditions
of the previous proposition. O
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1.4 Constructions

Therefore, for a B¢(T)-algebra A we have a naturally associated quasi-cofree coalgebra
(T o A,0y). The last statements are concerning maps between B¢(T)-algebras, and more gen-
erally maps between quasi-cofree coalgebras. A calculation shows:

Proposition 1.46. Let A and B be two B¢(T)-algebras and f: A — B a chain map between
them. Then f defines a map of B°(T)-algebras if and only if T(f): To A — T o B defines
a map between the associated (by Proposition 1.45) quasi-cofree coalgebras (T o A,0,) and
(T o B,ds). O

This motivates the study of maps between quasi-cofree coalgebras. Let us first take a look at
maps between cofree coalgebras. A coalgebra map f: To A — T o B of degree 0 is determined
by the projection

f:ToAdsToB P B

on the factor B. The other way round, given a map f of degree 0 we define a coalgebra map
via

I B ol R
|

An easy calculation shows:

Proposition 1.47. In the situation above, f defines a map of quasi-cofree coalgebras
(ToA,0,) and (T o B,90g) if and only if it satisfies the equality

Pu e 4
+ Z B \ / =0
v(p) o
Again, § denotes the differential in the internal Hom complez. OJ

Note that in this last proposition we still assume 9,4 = 0. Else we would have one more
sum term in the equation above.

If we start with B¢(T)-algebras A and B, then not every morphism of the quasi-cofree coal-
gebras (T o A,0,) and (T o B, 03) corresponds to a morphism of B¢(T)-algebras. We are going
to see, however, that when T is X,-cofibrant it corresponds to a morphism in the homotopy
category, or in other words, it is a morphism up to homotopy.
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2 Model structures and homotopy invariance property

In this section we are going to recall the semi-model structures on the categories of operads
and operadic algebras in a monoidal model category. After that we will state a version of
the homotopy invariance property of cofibrant operads, that is going to be needed for the
construction of the canonical class later on. In the last section we give a construction of
particular cofibrant replacements for operads and operadic algebras over X,-cofibrant chain
operads.

2.1 Semi-model structure for operads

A lot of work has been done on model structures for operads. Some of the names to be mentioned
here are Berger and Moerdijk [BM], Fresse [Fre09b], Harper [Har|, Hinich [Hin]|, Markl [Mar96]
and Spitzweck [Spi]. We are going to collect some statements in this context that justify our
approach later on. Our presentation of the results leans heavily on Chapter 12 of Fresse’s book
“Modules over operads and functors” [Fre09b].

For the remainder of this section C is a monoidal model category in the sense of Definition 3.1
of [SS00]. We denote by C®* the category of symmetric sequences in C. If C is cofibrantly
generated and G is a discrete group then the category CS of objects of C with right G action is
again a model category with weak equivalences and fibrations given by these in the underlying
category C. The category C> is a product of categories of the kind C* and inherits a (cofibrantly
generated) model category structure with pointwise fibrations and weak equivalences. The ge-
neral theory says that under some assumptions, using an adjunction

F:AZ2B:U,

one can transfer a cofibrantly generated model category structure from A to 5 such that the
right adjoint U creates fibrations and weak equivalences. Therefore, one can hope to equip the
category of operads with a model structure via the free-forgetful adjunction

F:CZ = 0p(C) :U.

In general, this does not work completely. One only gets a so called semi-model category
structure. However, the latter is good enough for doing homotopical algebra. Most of the usual
working tools for model categories can be adapted to the setting of semi-model categories. For
an overview of the topic the reader may want to take a look at §2 of [Spi] or Chapter 12 of
[Fre09b]. Let us mention the main difference between a model and a semi-model category: A
semi-model category fulfills only weaken versions of the axioms M4 and M5. The factorization
axiom M5 must hold for maps with cofibrant domain and the lifting axiom M4 is restricted
to squares where the cofibration resp. acyclic cofibration has a cofibrant domain. In addition,
complementary properties are required in two new axioms.
Now we come to

Theorem 2.1 (cf. Theorem 3 of [Spi]). The category of operads Op(C) inherits a semi-model
category structure such that the forgetful functor U creates fibrations and weak equivalences.

Note that a fibration and a weak equivalence of operads is given by levelwise fibrations
respectively weak equivalences in the underlying category C. Cofibrations are defined by the left
lifting property. Moreover, U maps cofibrations with domain cofibrant in C** to cofibrations in
C*+. Thus, cofibrant operads are cofibrant as symmetric sequences. For a cofibrant replacement
of an operad P we will often write P,.
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2.1 Semi-model structure for operads

Remark 2.2. Berger and Moerdijk give criteria for obtaining a full model structure on the
subcategory of so called “reduced” operads (Theorem 3.1 of [BM]). These are operads that
in arity zero equal the monoidal unit. Under the conditions of the theorem the semi-model
structure on Op(C) restricts to a full model structure when regarding only reduced operads.
This result can be adapted to the full subcategory of connected operads. Under the assumptions
of the theorem the category Op(C)con inherits a full model structure. In particular, cofibrant
connected operads are also cofibrant in the semi-model structure, and therefore also cofibrant
as symmetric sequences.

We come to the question when the category of algebras over a given operad admits good
homotopical properties. In general, if we fix an operad P that is cofibrant as a symmetric
sequence then we can again use the free-forgetful adjunction between C and P-algebras

F:C=P-alg:U
to prove:

Theorem 2.3 (cf. Theorem 12.3.A of [Fre09b| and Theorem 4.3 of [Spi]). If P is cofibrant as
a symmetric sequence then the category of P-algebras inherits a semi-model category structure
such that the forgetful functor U creates fibrations and weak equivalences. If in addition P
is cofibrant as an operad and C satisfies the monoid aziom (see [SS00]) then the category of
P-algebras inherits a full model structure.

We will use the terminology “¥.-cofibrant” for operads whose underlying symmetric sequence
is cofibrant. A X,-cofibrant replacement of the commutative operad (in the algebraic or in the
topological setting) is called an E.-operad. Such a replacement of the associative operad is
called an A-operad. These notations go back to May [May].

Further, Fresse proves:

Theorem 2.4 (cf. Theorem 12.5.A of [Fre09b] ). If P and Q are operads that are X..-cofibrant
and f: P — Q a map between them then the induced adjoint pair of functors

fi: P-alg = Q-alg : f*

defines a Quillen functor pair of semi-model categories. If f is a weak equivalence then (fi, f*)
is a Quillen equivalence.

The construction of fi is given by a certain reflexive coequalizer in the category of Q-algebras.
For the details we refer to §3.3 of [Fre09b].

We want to apply the above theory in the special case of C being the category of (unbounded)
chain complexes Ch. This category admits a cofibrantly generated monoidal model category
structure with weak equivalences the quasi-isomorphisms of chain complexes and fibrations
the levelwise surjective maps. Details and proofs about this model structure can be found in
Section 2.3 of [Ho]. We describe here the cofibrant chain complexzes: A chain complex C is
cofibrant if there is an exhaustive filtration of C

0=FoCFIC-  CFpC--

such that all quotient complexes Fy11/Fy have trivial differentials and are levelwise projective.
By §3 of [Sch] this gives a cofibrant chain complex in the model structure on Ch. Further, the
category of chain complexes with the above model structure satisfies the conditions of [BM],
Theorem 3.1 (cf.3.3.3 of [BM]), and therefore the category Op(Ch)con inherits a full model
structure.

For the sake of completeness we want to make some remarks on model structures for operads.
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2 Model structures and homotopy invariance property

Remark 2.5. As we already mentioned, Berger and Moerdijk have shown in [BM], that if one
restricts the semi-model structure on Op(C) onto the full subcategory of reduced operads then
one gets a full model structure under mild conditions on C. These conditions are satisfied
for instance when C is the category of simplicial sets, compactly generated spaces or chain
complexes over a commutative ring. Further, Kro [Kro] and Gutiérrez-Vogt [GV] generalize
the theory of Berger and Moerdijk to enriched categories. In this way they prove that also
the categories of orthogonal and symmetric spectra with the positive model structures provide
their categories of reduced operads (resp. all operads in the case of symmetric spectra) with a
model structure. Kro also establishes the existence of a full model structure for the category of
connected operads (in [Kro] referred to as "positive” operads).

2.2 Homotopy invariance property of cofibrant operads

Categories of algebras over cofibrant operads are homotopically well-behaved. They form semi-
model categories so that we can talk about their homotopy categories and do homotopy theory
in a good formal framework. This is, however, not an exclusive property of cofibrant operads.
As we stated in the previous section, there are many other operads that allow a semi-model
structure for their category of algebras - it is enough to have a 3.-cofibrant operad. Most of
the commonly used E.-operads are not cofibrant as operads. For many purposes ¥ ,.-cofibrant
operads are just as good as cofibrant ones.

The homotopy invariance property we are going to state next is a priority of cofibrant operads,
though. It was first formulated by Boardman and Vogt in the seventies. Their work is situated
in the topological context (cf.[BV]). In the eighties Kadeishvili achieved the breakthrough
in the algebraic setting with his homotopy transfer theorem for A-structure (Theorem 1 of
[Kad]). What followed where different versions in various contexts among others by Markl, and
Chuang and Lazarev. More recently, Berger and Moerdijk [BM] as well as Fresse in [Frel0] gave
a model category formulation of the homotopy invariance property that forms a conceptional
generalization of the previous results. We are going to restate the result of Berger and Moerdijk
to the extent of our needs. For the convenience of the reader we will also give a proof.

Theorem 2.6 (Theorem 3.5 [BM]). Let f: A — B be a morphism in a closed monoidal model
category for which the category of connected operads admits a model structure. Assume further
that B is a Py -algebra for some cofibrant operad Py .

(i) If A is cofibrant and f is an acyclic fibration then A can be equipped with the structure of
a Py -algebra in such a way that f is a Py -algebra map.

(ii) If both A and B are cofibrant-fibrant and f is an acyclic cofibration then A can be equipped
with the structure of a Py -algebra in such a way that f preserves the P -algebra structure
up to homotopy.

In particular, if A is cofibrant-fibrant, B is fibrant and f is a weak equivalence then A can be
equipped with a Py -structure such that f preserves the latter up to homotopy.

Proof. We denote by Enda respectively Endg the connected endomorphism operad of A re-
spectively B. We define a symmetric sequence Hom, p in the ground category given by
Hom(A®" B) for every n in N. We can form the following pull back in the category of
symmetric sequences:

End; — 2 > End,

J{iB -l lf*

Endg —— Homy g
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2.2 Homotopy invariance property of cofibrant operads

It is an easy observation that Ends inherits an operad structure from Enda and Endg.

We start with the proof of (7). The map f is an acyclic fibration and A is cofibrant. Thus,
using the adjunction between Hom and ®, and the definition of acyclic fibrations via the right
lifting property, we conclude that f, is an acyclic fibration (levelwise, and thus, of symmetric
sequences). Therefore, ip is an acyclic fibration of symmetric sequences, and hence of operads,
and we have a lift in the diagram

Ends i Endp

7
f/ \LiB | lf*

7 ¢B f
P Endg Hom 4 ,B

where ¢p denotes the P-algebra structure on B and i4 o ¢ gives us the desired Py-structure
on A.

For (ii) note first that for A and B cofibrant-fibrant the endomorphism operads End, and
Endg are fibrant (adjointness and right lifting property). Again by adjointness and push out-
product axiom we conclude that f* is an acyclic fibration whenever f is an acyclic cofibration
and B is fibrant. On the other hand, Ken Brown’s Lemma ([Ho|] Lemma 1.1.12) allows us to
deduce that f, is a weak equivalence not only when f is an acyclic fibration but also when it is
just a weak equivalence between fibrant objects. Hence, in our situation f,, f* and i 4 are weak
equivalences. By the two out of three property so is ig. As we mentioned, the operads Enda
and Endg are fibrant. Since i, is a fibration End; is fibrant, too and ip is a weak equivalence
between fibrant operads. In particular, it induces a bijection on homotopy classes of operadic
maps out of P,,. We have a diagram where the triangle commutes up to homotopy:

Endf —== Endy
6 7
//Oh \LN - \LN

7 ¢B ~
P, Endgp Homy g

The map i4 o ¢ makes A into a Py,-algebra and f becomes a P,.-algebra map from A endowed
with this structure to B endowed with the structure ig o ¢. The last one is homotopic to the
original P.-structure on B given by ¢p. O

Remark 2.7. The original statement and proof of [BM] is about cofibrant operads in the model
category of reduced operads. It can be adapted to the setting of connected operads without
further changes.

We want to apply the above theorem in the case of the category Ch of chain complexes over
a field (of possibly positive characteristic). If A is a chain complex then the homology of A is
a cofibrant chain complex. Indeed, it is very easy to give an exhaustive filtration of H,A by
subcomplexes
O=FyCcF C---CFpC---C HA

such that Fjy1/Fx has trivial differentials and is levelwise projective. Take for example
Fr=(-0—>->50—>HA—>H,_1A— > H 1 A>HA—>50— --—0--).
Further, by choosing cycle representatives we can build a map

H.A— A.
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2 Model structures and homotopy invariance property

The latter is surely a weak equivalence, and since all chain complexes are fibrant we can apply
the above theorem to transfer a P..-structure from A to H.A. Later on in the next section
we are going to specify what it means to have homotopic Py-algebra structures in the chain
setting. Then we will see that this transferred P.,-structure makes H, A weakly equivalent to
A as a Py-algebra.

2.3 Cofibrant replacements

In this section we are working in the category Ch.

Now we have had an overview about model structures for operads and have discussed the
advantages of cofibrant operads, we want to come back to the question about cofibrant replace-
ments of operads. After that we are going to give a construction of a cofibrant replacement of
an algebra over a X,-cofibrant operad.

As mentioned earlier, a candidate for a cofibrant resolution of a chain operad is the Cobar-Bar
resolution. The following result goes back to Ginzburg/Kapranov [GK]:

Proposition 2.8. Let P be a connected chain operad. The natural morphism
B°B(P) — P
adjoint to the identity on B(P) is a weak equivalence of operads. O

Further, Fresse proves:

Theorem 2.9 (cf. Theorem 1.4.12 and §3.14 of [Fre09]). If P is in addition cofibrant as a
symmetric sequence then B¢B(P) is a cofibrant operad.

All together, if P is ¥,-cofibrant and connected then the Cobar-Bar resolution gives us a
cofibrant replacement of P in the semi-model category of operads and in the model category of
connected operads. If P happens not to be X,-cofibrant then we can replace it by its Hadamard
product with the Barratt-Eccles operad (Example 1.9). Explicitly, this means

(P®EX,)(n) :=P(n) ® EX,.

The augmentation e of the Barratt-Eccles operad gives a weak equivalence

P ®EY, 495 P @ Com = P.

The left hand side is ¥,-cofibrant, and therefore for any (connected) chain operad P we get a
cofibrant replacement B°B(P ® EX,) — P.

In the following we are tacitly assuming that our operads and cooperads are connected.

Now let us fix a connected Y,-cofibrant operad P, a X,-cofibrant cooperad T together with a
weak equivalence A: B¢(T) — P, and a P-algebra A. One possibility for this constellation is to
take T = B(P) when P is ¥,-cofibrant. Another one is to see A as a P = B°B(Q ® EX,)-algebra
for some operad Q, and to take A = id. We are looking for a cofibrant replacement of A in
the category of P-algebras. The results we present originate from §4.2 of [Fre09]. Proofs of the
statements can also be found there.

We want to construct a certain quasi-free P-algebra that we denote for the moment by
Rp (To A,0d,) where 0, is the twisting coderivation on the cofree coalgebra T o A given by
Proposition 1.44 and Proposition 1.45 (note that via restriction of structure A is also a B¢(T)-
algebra). The underlying object of Rp (T o A,d,) is the free P-algebra P o T o A, generated
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2.3 Cofibrant replacements

by the quasi-cofree coalgebra (T o A, d,). The twisting derivation on Rp (T o A, d,,), which we
denote by 0, is determined by the map

w: ToA—-PoToA

given by
s s g oo Ol
o N/ N/
N/ Py S
wl v =
| v(e) a(g')
for every p € T and ai,...,a, € A. In the above formula, we denote by & the twisting

morphism from T to P corresponding to the map A (see 1.4.7). The close relation between this
twisting morphism and the coderivation on T o A is uncovered by our choice of notation.

Proposition 2.10 (cf.§4.2.1 of [Fre09]). The map w defines a twisting morphism. O

We want to take a closer look at the quasi-free algebra Rp (T o A, d,,). Its differential consists
of several parts. It is the sum of the “internal differential” with the derivation d,,. Then again the
internal differential decomposes into two parts — the one coming from the internal differentials
of PoT o A, and the other reflecting the twisting coderivation d,. All together, we write
O, + 04 + ¢ for the differential of Rp (T o A4, d,)-

The natural morphism P oT o A — A can be seen to give a map of P-algebras

X: Rp(ToA,0,) — A
(Proposition 4.2.3 of [Fre09]). And we have:

Theorem 2.11 (Theorem 4.2.4 of [Fre09]). Suppose in the above situation that A is in addition
cofibrant as a chain complex. Then

X: Rp(ToA,0,) — A
defines a cofibrant replacement of A in the category of P-algebras. O

Since the construction Rp is functorial not only with respect to P-algebra maps but also with
respect to maps of T-coalgebras, we get the following corollaries of the theorem:

Corollary 2.12 (Proposition 4.2.7 of [Fre09]). Let R4 = Rp(ToA,0,) and Rp = Rp(ToB, d3)
be the cofibrant replacements of the P-algebras A and B given by Theorem 2.11. A map of quasi-

cofree coalgebras
f:(ToA dy)— (ToB,dg)

induces a map on cofibrant replacements, and in particular represents a map in the homotopy
category of P-algebras. ]

Corollary 2.13 (Proposition 4.2.8 of [Fre09]). In the situation of the previous corollary, if we
assume that the composition

A‘—)TOA*f%TOBLB

is a weak equivalence then f induces a weak equivalence of P-algebras R4 — Rp. ]
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2 Model structures and homotopy invariance property

Remark 2.14. Let T be B(P ® EX,) or, if P is X,-cofibrant, just B(P), and A and B two
B¢B(P ® EX,)- or resp. B°B(P)-algebras (in particular, A and B may be P-algebras). The
algebras R4 and Rp constructed from A = id are cofibrant replacements of A and B, provided
A and B are cofibrant chain complexes. Morphisms between these cofibrant replacements
induced by maps of quasi-cofree coalgebras as in Corollary 2.12 are a generalization of the so
called co-morphisms. For P = Ass see for example §3 of [Kel].

In Theorem 2.6 we have used the terminology of “homotopic” algebra structures on an object
A. Let us now come to the question what precisely this means in the context of chain operads.
We again fix a Y,-cofibrant operad P and denote by A; and Ay two P-algebras, both with
underlying chain complex A, and with homotopic algebra structures, i.e., the maps

¢1,¢2: P— EndA

giving the different P-algebra structures on A are homotopic in the model category of connected
operads. In §5 of [Fre09], Fresse defines an explicit cylinder object for the operad B¢(T) so that
he can obtain:

Theorem 2.15 (Theorem 5.2.1 of [Fre09]). Suppose there is a weak equivalence
A: BS(T) =P

of operads with P and T being cofibrant symmetric sequences. Assume further that the chain
complex A is equipped with two different P-algebra structures. We denote the resulting P-algebras
by A1 and As. We can view Ay and As as B¢(T)-algebras via the map A.

In this situation, left homotopies between the B°(T)-algebras A; and Ay correspond bijectively
to morphisms of quasi-cofree coalgebras

f: (T0A1760¢1) — (TOA2780‘2)

which reduce to the identity on A.

Let A be a cofibrant chain complex. By Corollaries 2.12 and 2.13 such a map f of quasi-cofree
coalgebras induces a weak equivalence between the cofibrant replacements Ra, and Ry, , and in
particular, an isomorphism between Ay and As in the homotopy category of P-algebras. O

Therefore, homotopic algebra structures on a cofibrant chain complex indeed give us homo-
topic algebras.
We can now combine the above result with Theorem 2.6 of the previous section to obtain:

Theorem 2.16. Let f: A — B be a weak equivalence of chain complexes, A a cofibrant chain
complex and B a B°B(P ® EX,)-algebra. Then A inherits a B°B(P ® EX.,)-algebra structure
such that f can be extended to a map @5 between the (by Proposition 1.45) corresponding quasi-
cofree coalgebras (B(P @ EX,) 0 A,0,) and (B(P ® EX,) o B,03).

Proof. We factorize f as an acyclic cofibration followed by an acyclic fibration:
f
A~—8B

f1 f2
C

By part (i) of Theorem 2.6 we know that there is a B°B(P ® EX,)-algebra structure v on C
such that the map f; is a map of B°B(P ® EX,)-algebras. In particular by Proposition 1.46

B(P ® E,)(f2): (B(P ® ES,) 0 C,8,) — (B(P © EX,) o B, d3)
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2.3 Cofibrant replacements

gives a map of quasi-cofree coalgebras. By the second part of the same theorem we get a
B¢B(P ® EX,)-algebra structure o on A and a B°B(P ® EX,)-algebra structure 4 on C such
that

BP QEL.)(f1): (B(P®EX,)0A,0,) = (B(P®EX,)oC,0,)

is a map of quasi-cofree coalgebras and the structures v and v’ on C are left homotopic. Further,
Theorem 2.15 provides us with a map of quasi-cofree coalgebras

h: (B(P®EX,)oC,0,) = (B(P®EX,)0C,0,)
that reduces to the identity on C. Composing all three maps yields the required morphism. O

Let us go back to the very special case of a chain complex A over a field, and its homology
H,A. As mentioned in the previous section we can use a cycle choosing map

i: HHA— A

to transport a BB(P ® EX,)-structure from A to H,A. The map ¢ can be then extended to a
map ¢; between quasi-cofree coalgebras.

Remark 2.17. In this light, the statement of the last theorem can be seen as a wide generalization
of the well-known result of Kadeishvili [Kad] that the homology of a differential graded algebra
A can be equipped with an A-structure such that there is an A, .-morphism from H,A to A
extending a given cycle choosing map i: H, A — A.

Our next theorem states that there is also a map of quasi-cofree coalgebras in the opposite
direction, i.e., it induces a map R4 — Rpg.«a, and its restriction from A to H,A is a weak
equivalence. A similar statement for the special case char & = 0 can be found in §10.2 of
[LV]. The methods used there are very explicit, though, and can not be applied in the general
situation.

Theorem 2.18. In the above situation, we can construct a map of quasi-cofree coalgebras
¢p: (B(PR®EX,)0A,0,) = (B(P®EX,) o H.A,0J,)

that reduces to a weak equivalence p: A — H,A. Here, 0, and 0, denote the twisting homo-
morphisms corresponding to the B°B(P ® EX.)-algebra structures on A and H, A.

Proof. Since we are working over a field we can define a map of chain complexes, and in
particular a weak equivalence, p: A — H,A. Obviously, the composition of this map with the
inclusion i: H, A — A is the identity on H,A.

We claim that we can transfer the B¢B(P ® EX,)-algebra structure of A to H,A along p in
a way that the latter extends to a map of the corresponding quasi-cofree coalgebras,

(B(P®EX,)0A,0,) and (B(P®EX,) o H.A 0y).

Note that 4" do not have to coincide with . Nevertheless, considering the claim to be true,
they are seen to be homotopic by Theorem 2.16 and Theorem 2.15. Then, we can postcompose
to get the desired map ¢,. Therefore, it suffices to prove the claim.

As in the proof of Theorem 2.6 we have a pull back diagram of symmetric sequences:

End, — > End,

iiB o ip*

p
EndH*A —_— HOIDAJ{*A
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2 Model structures and homotopy invariance property

The vertical maps are levelwise surjections and thus, fibrations. The lower horizontal map is a
levelwise weak equivalence (explicit calculation, H, A is a deformation retract of A). The same
holds for the upper one by right properness of Ch. Since B¢B(P ® EX,) is a cofibrant operad
and End,, is fibrant (all chain complexes are fibrant), we can therefore conclude that there is a
map

¢: B°B(P @ EX,) — End,

that induces a B°B(P ® EX,)-structure on A homotopic to the original one. Via the map ¢
we can equip H.A with a BB(P ® EX,)-algebra structure, and p can be extended to a map
between the involved quasi-cofree coalgebras by similar arguments as in the previous theorem.
This completes the proof of the claim. O

Finally, we want to mention a non-surprising fact. Assume that P is a graded operad. In
particular, it is (isomorphic to) the homology operad of B¢B(P ® EX,), and is therefore acting
on H,A. We keep the notation « for the B°B(P @ EX,)-algebra structure of A, and v for the
structure on H,A transferred by the map i. Then the P-algebra structures on H,A induced
by a on H,A and v on H,H,A = H,A coincide. To see this, note that the map ¢; given by
Theorem 2.16 induces on homology the map H,(B°B(P @ EX,)(¢;)) = H.(i) = id and this
gives us the isomorphism between H, A with the different actions.

This is the right time to recall the following definition:

Definition 2.19. (Formal algebra) Let A be a P- or more generally a BB(P ® EX,)-algebra.

The homology H, A has an induced P-algebra structure through which we see H, A as a B°B(P @ EX,)-
algebra. The algebra A is called formal, if in the homotopy category of B¢B(P ® EX,)-algebras

it is isomorphic to H, A (with the above B°B(P ® EX,)-structure).
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3 Operadic cohomology

For a Y,-cofibrant operad P and a P-algebra A we can define operadic cohomology groups of
A with coefficients in an A-representation M. For particular operads, such as Ass, Com or Lie
the operadic cohomology has been known for a long time. There we have Hochschild, Harrison
(André-Quillen) and Eilenberg-Chevalley cohomology (the latter two in characteristic 0 since
the operads Com and Lie are not X,-cofibrant in positive characteristic). In the topological
setting we have further examples such as Topological Hochschild and Topological André-Quillen
cohomology for ring spectra respectively commutative ring spectra. First references of the
cohomology groups in the more general, operadic setting, go back to Balavoine and Hinich
(cf.[Bal] and [Hin]). A more recent reference is Fresse’s “Modules over operads and functors”
[Fre09b]. The obstruction theory we will develop in Section 4.1 is taking values in the so called
Gamma cohomology of A. This is the operadic cohomology of A viewed as a P-algebra.

The aim of this section is to define Gamma cohomology. First we collect the necessary
terminology in order to be able to define operadic cohomology, and do so in the second section.
There we also list some examples of operadic cohomology. Finally, we come to the precise
definition of Gamma cohomology.

Unless stated otherwise we are working with operads in the category of chain complexes.

3.1 Representations, derivations and enveloping algebras

In 1.37 we defined what a derivation of a P-algebra is. This definition is just a special case of
a derivation from a P-algebra A to an A-representation M.
Let M be a chain complex. We denote by (A; M),, the chain complex

@A®~'~®]\]€4®~~-®A,
k=1

where in every summand we have n — 1 copies of the algebra A and one copy of the given chain
complex M. The symmetric group ¥, acts from the left by permutation of factors. Further,
write S(P)(A; M) for the expression

o0

@ P(n) ®s, (A;M),.

n=0

Definition 3.1. (Representation) A chain complex M is a representation of a P-algebra A if
it is equipped with a map of chain complexes ppr: S(P)(A; M) — M that makes the following
two diagrams commute:

S(P o P)(A; M) — LD g(py(A; M)
S(P)(P(A); S(P)(4; M)
S(P)(paspar)

S(P)(A; M) o M
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3 Operadic cohomology

S(n)(id;id)

S(I)(A; M) S(P)(A; M)

IR

M

In the literature representations are also known as “operadic modules”. If we take P to be the
operad Com and A a differential graded commutative algebra, then the representations of A
indeed coincide with A-modules. If, however, A is just a differential graded associative algebra
then A-representations are A-bimodules. In general, A-representations are modules over the so
called enveloping algebra of A, which we are going to define below. The simplest example of an
A-representation is A itself.

Now we come back to the definition of a derivation with values in a representation.

Definition 3.2. (Derivation) Let A be a P-algebra and M an A-representation. A map
f € Hom(A, M)

is called a derivation if it satisfies

f(HA(P®a1®"'®an))ZziuM(p@@al®"'®f(ai)®"'®an)

i=1
for all ay,...,a, € A and p € P.

We denote the set of derivations from A to M by Der(A, M). One can check that this set is
actually a subcomplex of Hom (A, M). We are going to view Der(A, M) as a cochain complex
by changing the grading by a sign. Observe that for a free or quasi-free algebra a derivation
is determined by its values on the generators. In the cases of the operads Com and Ass we
recover the standard notion of a derivation. As in the classical theory the functor Der(A, —)
is corepresentable. The module of Kdihler differentials Q5(A) is an A-representation such that
there is a natural isomorphism

Repia (b (A), M) = Der(A, M).

Here Repé denotes the category of representations of A and a map of representations is a map
of chain complexes commuting with the additional structure.
For the sake of completeness we give the definition of the enveloping algebra of a P-algebra

A:

Definition 3.3. (Enveloping algebra) The enveloping algebra of A, denoted A®", is the co-
equalizer
S(P)(P(A);0) = S(P)(A;1) — A"

in the category Ch, where the maps in the coequalizer are induced by u4 and pp, respectively.
Remark 3.4. This object can be provided with an associative unital multiplication
Ael’l ® Ael’l — Aen.

The modules over A®" are precisely the A-representations. For more details and proofs of the
statements, see Section 1 of [GH].

We want to mention that in the case P = Com or Ass we get back the classical definition
of an enveloping algebra. Let A, denote the algebra formed from the (non-unital) algebra A
by the addition of a unit. Then the enveloping algebra of a commutative algebra A is given by
Ay If Ais an associative algebra then A®" is given by A4 @ A%,

42



3.2 Operadic cohomology and Gamma cohomology

3.2 Operadic cohomology and Gamma cohomology

In this section P is a X.-cofibrant operad. We need this assumption in order to ensure that
the category of P-algebras has a structure of a semi-model category (cf. Theorem 2.3). Further,
coCh denotes the category of cochain complexes.

Recall that for a model category M and an A € M the overcategory of objects over A, which
we denote by M 4, inherits a model category structure with fibrations, cofibrations and weak
equivalences created by the forgetful functor to M. It is an easy verification that the same
statement holds if we exchange “model” by “semi-model”. Consequently, if A is a P-algebra
then with P-alg also the category of P-algebras over A is a semi-model category. We denote
this category by P-alg, 4, and write (B, f) for the object given by a P-algebra B together with
amap f to A.

Proposition 3.5 (13.1.2 of [Fre09b|). The functor Der(—, M): P-alg,, — coCh given by
(B, f) — Der(B, M)

preserves weak equivalences between cofibrant objects for every A-representation M. Here, M
is viewed as a B-representation via the map

B-L A
In particular, Der(—, M) induces a functor Der™(—, M) on the homotopy categories.

The operadic cohomology groups of A are defined as the cohomology groups of the derived
functor Der”(—, M) evaluated at the object (A,id).

Definition 3.6. (Operadic cohomology) For a P-algebra A we define the operadic cohomology
groups Hp(A; M) with coefficients in an A-representation M as the cohomology groups of the
cochain complex Der(Q 4, M), where

Qa2 A

is a cofibrant replacement of A in the category of P-algebras, and thus, a cofibrant replacement
of (A,id) in the overcategory.

Remark 3.7. If we have another X,-cofibrant operad Q and a weak equivalence Q =+ P then
A can be seen as a Q-algebra. By Theorem 2.4 the restriction and extension functors induce a
Quillen equivalence between the categories of Q- and P-algebras. In particular, it is not hard to
see that the operadic cohomology groups of A as a Q-algebra are isomorphic to the cohomology
groups of A as a P-algebra.

Definition 3.8. (Gamma cohomology) Let A be an algebra over a not necessarily ¥,-cofibrant
operad Q. The Gamma cohomology groups of A with coefficients in an A-representation M are
defined by

HI™*(A; M) := Hé(A;M),

where Q is some X,-cofibrant replacement of the operad @, and A is viewed as a Q—algebra.

By the above remark this definition gives a well-defined notion of I'-cohomology. We will use
the notation Hp(A) respectively HI'™™(A) to denote the cohomology groups with coefficients in
the A-representation A.

The notion “Gamma (co)homology” was established by Alan Robinson to denote the (co)ho-
mology theory for graded commutative and more generally E..-algebras, developed by him in
the early nineties (cf. [RW] and [Rob]). Robinson defines his (co)homology groups by giving an
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3 Operadic cohomology

explicit chain complex for calculating them. In [Hoff10] it is shown that these chain complexes
indeed calculate the operadic Gamma homology and cohomology for the operad Com. The
definition of operadic homology is not recalled here since we do not need it in this thesis, but
it can be found for example in [Fre09b] §13.1.3.

Remark 3.9. There are other well-known theories for commutative algebras such as André-
Quillen (cf.[And] and [Qui]) and Harrison (cf.[Harr]). One could ask what their relation to
Gamma cohomology is. A result of Whitehouse [Whi| states that Gamma cohomology is iso-
morphic to Harrison and André-Quillen cohomology when k is a commutative ring containing Q.
We should mention that in this case André-Quillen and Harrison cohomology groups coincide
up to a degree shift. In positive characteristic Gamma cohomology is different in general. It
can be seen as the “correct” algebraic version of Topological André-Quillen cohomology. A nice
overview on this topic can be found in [BR].

Let us take a short look at the associative operad. It is X.-cofibrant and therefore we
can associate to a differential graded algebra A and some A-representation M its operadic
cohomology, which coincides by definition with its Gamma cohomology. There is a particular
cofibrant replacement for A arising from its Koszul complex that identifies up to degree shift
Hochschild and operadic cohomology of A. Similarly, when the characteristic of k is zero and
therefore the operads Com and Lie are X,-cofibrant, the operadic cohomology recovers Harrison
respectively Eilenberg-Chevalley cohomology up to degree shift.

At the end we want to mention that the approach of operadic cohomology groups that
we recalled in the dg setting has also been developed in the topological framework. There,
Basterra [Bas] first defined Topological André-Quillen (co)homology for commutative S-algebras
mimicking the definitions in the algebraic setting. For (not necessarily commutative) S-algebras
Lazarev [Laz] shows a close relationship between Topological Hochschild (co)homology and a
version of operadic (co)homology for S-algebras that he calls “topological derivations”. More
recently, Basterra and Mandell [BasMan| gave a general definition for operadic cohomology
of operadic algebras in the category of S-modules (under some appropriate conditions on the
operad).
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4 Universal class for operadic algebras

This is the main part of this thesis. We are going to develop an obstruction theory for formality
of algebras over a cofibrant chain operad over a field (of possibly positive characteristic). In
the first section we state and prove the main theorems as well as give some straightforward
implications of these. Further, we discuss a criterion for detecting if two given operadic algebras
are connected by a zig-zag of weak equivalences. In the second section we compare our results
with earlier ones. In the last section we illustrate the theory on examples and discuss some
applications.

4.1 Obstruction theory

Let k be a field of an arbitrary characteristic and P a differential graded operad with trivial
differentials. This implies that for each algebra A over P, the homology H, A is also an algebra
over P. We are in particular interested in the case of the commutative operad Com but the
theory we develop works also in this higher generality. The first aim of this section is to
construct a canonical class

Ve HMY(H,A; HOA) = HE_(H.A)

for every P-algebra or more generally P -algebra A. The class takes values in the first Gamma
cohomology group of H,A and depends only on the weak equivalence type of the algebra. We
are working with a particular cofibrant replacement of P given by

P.. = B°B(P @ EX.,).

Let A be a Py-algebra. Recall that the Py-structure on A is given by a twisting cochain, i.e.,

a homomorphism
a: BPREX,)oA— A

of degree —1 such that the following equality holds (cf. Propositions 1.44 and 1.45):

(%) d(w) \p/ + Z +a \ / =0
v3(9)

By Theorem 2.6, H. A can also be equipped with a Py-algebra structure given by a twisting
cochain
v: B(P®EX,)o H.A— H.A,

such that H,A together with « is isomorphic to A in the homotopy category of P, -algebras.
The coalgebra B(P ® EX,) o H,A can be written as a direct sum (not respecting the differ-
ential)

B(P ®EX.) o H.A=PBPES.) o H.A
s>0

where B(P ® EX,)l®l o H, A is the part generated by trees with the sum of the number of
vertices and the degrees of the elements of EX, equal to s. For example, B(P ® EX,) o H,A
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4 Universal class for operadic algebras

for s =0, 1,2 is generated by trees of the form

G oo s
a \ /
E(p@ e) , ec (EZ*)O
s=0 ‘
s=1
[/ T Ay

Spee) . N | 7L e (ED), ene e (BS),

respectively. We have a decomposition

=@ EP BRI e A A

s>0

On the other hand, the homology H. A of A is itself a H,P,-algebra, i.e., a P-algebra. Hence,
we have another P, -algebra structure on H, A given by

~ o He(a)
P, = B°B(P® ES,) —> P — = End(H, A),

where the second map H,(«) denotes the P-algebra structure on H, A induced by the twisting
cochain « (cf. Example 1.11 and Remark 1.19). As we know a map from the Cobar construction
is uniquely determined by a map on the generators (that gives us the corresponding twisting
cochain). In the case above, if we review the definition of the weak equivalence we get the
following on generators:

BP®ES,) Y >PoES, 9 pok—=>p U End(#mA)

At the end of Section 2.3 we argued that both P -structures H,(«) and H,(vy) on H,A coincide.
In other words, restricted to P ® (EX., ) the above map equals A, and elsewhere it is 0.

By abuse of notation we are going to denote the twisting cochain corresponding to this
P..-structure on H, A just by v!!. Further, we will refer to it as the “strict” P-structure on the
homology. The reader can keep in mind the example of the commutative operad. The homology
of an E,-algebra is a priori a graded commutative algebra, that of course can be viewed as an
Ec-algebra again. We call this structure the strict one and denote the corresponding twisting
cochain by 4l The E -structure given by Theorem 2.6 is denoted by ~.

Now we are ready to construct the canonical class:
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Construction 4.1. As above, the Py,-algebra structure on A is given as a cochain
a: BPREX,)o0A— A,

and denote the transferred P -algebra structure on H,A by

v=p".

s>0

We claim that [ defines a cohomology class in Hlioo(H*A), the Gamma cohomology of the
strict Py-algebra H, A with coefficients in itself.

Recall that operadic cohomology Hp_ (A; M) is given by the cohomology groups of the cochain
complex Derp_(Q(A), M) where Q(A) is a cofibrant replacement of A in the category of
P..-algebras. As Theorem 2.11 states, we can take

RH*A = Rpoo (B(P X EE*) o H,A, 8,7[1])

as a cofibrant replacement of the homology algebra. Since Ry, 4 is quasi-free, a derivation from
it to H, A is determined by a homomorphism

B(P®EL,)o H. A — H.A.

A priori the domain of 7[2] is BP® EE*)[Z] o H, A but we extend it trivially on the remaining
summands. In the cochain grading v!?! becomes an element of degree 1. It is to verify that the
differential of the cochain complex of derivations sends 2! to zero.

The total differential on Ry, 4 is of the form
8RH*A = 6 + 87[1] + 80.17

where § is induced by the (internal) differentials of P, B(P ® EX.) and H.A, 0,1 comes from
the twisting differential defined by 7!/ on B(P ® EX.) o H,A and 0.,|gpgps.)om. 4 is given by
the coproduct of B(P ® EX,) o H, A followed by the inclusion of B(P ® EX,) into Ps. The
differential of H, A is trivial, and therefore calculating the differential of (2! in the derivation
complex restricts to precomposing with the differential of Ry, 4. Note that we only need to take
care about the restriction of Og, , to B(P ® EX,) o H, A, since the latter defines the resulting
derivation uniquely.

Let us separately look at the three summands of dr,, , applied to 4P and evaluated on an
element of B(P @ EX,) o H. A.

A e Ay (45 EERERBUNIRS an

N S NS
s(v#) 2 =412 a(p) ’

where 9(p) denotes the differential in B(P ® EX,). We do not have further summands since
H, A is a chain complex with trivial differentials.
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4 Universal class for operadic algebras

= Z 12 \ /
v5 ()

A x (47 (47 Q4
ap e On \ l// \ ///
N N o o
| ¥(p) oe)
|

where 52 denotes the derivation induced by 42! and ¢ the inclusion of B(P ® EX,) into P..
To calculate the above term we have to take into account the Ry, 4-representation structure of
H,A. Tt is given by the projection

RH*A — H, A

(2]

and the strict Py-algebra structure on H,A. Combining this with the observation that v! acts

trivially on H,A we see that the sum over v reduces to:

| vy ()

XCCI) B YIS DECTE I
&
|

Note the two additional minus signs on the right hand side. The first one comes from the fact
that ¢ contains a dimension shift on B(P ® EX,), and we have to pass 72! by +(p’). The second
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4.1 Obstruction theory

one is the minus sign occurring in the passage from operadic twisting morphisms to twisting
homomorphisms of coalgebras (cf. the proof of Proposition 1.45).
Let us first assume that p is in B(P @ EX,)[® for some s different from 3. Then we have

%
(5 + 0y + 9u) (417 o =0
\

(2]

since v'“/ vanishes on

d(p) € B(P @ EX.)P~Y
for s — 1 # 2. Further, for the factors

¢ € B(P®EX,)P and " € B(P @ EX,)

in the quadratic coproduct v we have p+q = s. Hence, at least one of 7};) and ) acts trivially
and thus, the whole sum is zero.

For p € B(P ® EX,)B! we get exactly the left hand side of the twisting cochain equality (x)
on p.45 for 7 in place of a. Hence, 12! defines a cohomology class in the operadic cohomology
groups as claimed.

Now we come to the first main result of this section:

Theorem 4.2. Let P be a graded operad in Ch and A a Py -algebra. There is a canonical class
71[3] € H]%OO (H.A) in the Gamma cohomology of the strict Ps-algebra H, A, such that

(i) if f is a map of Ps-algebras from A to B, and we denote by f* respectively f. the induced

maps on cohomology groups as depicted below:

H)_(H.A, H.A)—~ H] (H,A, H.B)

fﬁ
H (H.B,H,.B)

then we have f*(wg]) = f( g}). In particular, if [ is a weak equivalence then via the

induced isomorphisms f. and f* on operadic cohomology the classes 'yf] and Vg] coincide.

(i) if g¢ is the map on cofibrant operads
9¢: B°B(Q @ EX,) — B°B(P ® EX,)

induced by a map g: Q — P of graded operads then A is also a Qx-algebra, and under the
map induced by g° on operadic cohomology groups the canonical class of A as a Py -algebra
is mapped to the canonical class of A as a Q. -algebra.

Proof. We first have to check that the class of Construction 4.1 is well-defined. We keep the
notation used there. Let us suppose that we are given another transferred P,,-algebra structure
on the homology algebra, and let us denote this by

’)// _ @7/[3].

s>0
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4 Universal class for operadic algebras

Since v and ~' are homotopic, by Theorem 2.15 there is a morphism between quasi-cofree
coalgebras

(B(P ® EX,) 0 H,A,d,) — (B(P ® EX,) 0 H,A, /)

induced by a homomorphism

=1 PBEPeES) o H A HA

s>0 s>0

with f% the identity map. As a morphism between quasi-cofree coalgebras, f satisfies the
formula

by Proposition 1.47.

If we write down this equation for elements p € B(P ® EX,)? we get the following, after
rearranging summands and exploiting the facts that f¥ is the identity and [ and 4/[% are
zero:

_(_1)|f|f[1] a(p) _ Z + £ \ | /

R

f[a*\”/a*] f|a\ H/ ]
. Z 7/[1] % \ // * _
£

v(p)
o €B(PREX, )M ‘
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4.1 Obstruction theory

The left hand side is quickly seen to be the differential of fI!l in Derp_(Ry,. 4, H.A) when
extending flU trivially on B(P ® EX,)[*! for s different from 1. Therefore 4 and 712 define
the same class in the operadic cohomology of H, A.

We come to the proof of part (7). Suppose [ is a morphism

ftA—>B

of P-algebras. This means that f is a morphism of chain complexes that commutes with all
the operations of P (cf. Definition 1.20). It induces a map of P-algebras

H.f: HA— H.B.

By abuse of notation we write f, respectively f* for the maps induced by H, f on the derivation
complexes and on the operadic cohomology. We have to compare the homology classes of

Fo(?) = Hof o4 and f*(vP) =yPlo gy g
in the cochain complex of derivations
Derpoc (RH*A7 H*B),

where ¢, ; denotes the map on cofibrant replacements induced by H, f. Here v and +" denote
the transferred P, -structures on H,A and H, B, respectively. By Theorems 2.16 and 2.18, and
Proposition 1.46 we have maps of quasi-cofree coalgebras

¢i: (B(P®EX,)o H,A,0,) = (B(P®EX,) o0 A, 0d,)
¢p: (B(PREX,)oB,03) — (B(P ®EX,) o H.B,0,)
o5 (B(P®EX,)0A,0,) = (B(PREL,) o B,d3).
After composing these maps we get a map of quasi-cofree coalgebras
'+ (B(P®EL,)o HA 0, = (B(P®EX,) o H.B,d,).

The zeroth component f'I% of f’ coincides with H,f. As in the proof of the fact that the
canonical class is well-defined, one can calculate that f'!* defines a derivation of Ry, 4 with
coefficients in H, B that bounds

F oyl —Plo oy = fu(7P) = £ (y/B]).

Clearly, if f is a weak equivalence, f, and f* induce isomorphisms on cohomology groups
through which we can identify the canonical classes of A and B.
For part (i¢) of the theorem we are looking at the map

DeI‘poo (RH*A, H*A) i) DerQw (RC}QI*A7 H*A),

where the upper index of Rg* 4 indicates that we are taking the (chosen) cofibrant replacement
of H,A as a Q-algebra, and ¢g* denotes the precomposition with the map induced by g on
cofibrant replacements. If v denotes the transferred twisting cochain of the homology H. A as
a Py-algebra then

7(B(g ®id) o id)

gives the structure of H, A as a Qy,-algebra and hence, we are done.
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4 Universal class for operadic algebras

A direct consequence of the theorem is that if A is quasi-isomorphic as a P..-algebra to a

P.o-algebra with trivial canonical class then yf] is also trivial.

Remark 4.3. The cochain complex Derp_(Rp, 4, H,A) is in fact a double cochain complex.
First we can introduce a direct sum decomposition

B(P® EX,) o H. A= (B(P ®EL,) o H.A),
tel

by taking into account only the degrees of the elements of H, A and P. For instance a tree of

the form
Aq e Ay

N/
2

where p € B(P ® EX,)l is in the t-th summand if and only if the sum of degrees
jax] 4+ lan| + o] — s

equals t. Recall that the Bar construction contains a shift on cogenerators. Therefore, the
degree of a tree is given by the sum of the degrees of the elements on the tree plus the number
of vertices. In the example, |p| — s gives exactly the sum of the degrees of the elements
of P. We view the above direct sum as a chain complex with trivial differentials. We get a
(chain) grading on the set of derivations given by the degree of maps with respect to the new
decomposition of B(P ® EX.,)o H, A defined above. We switch to cochain grading in order to get
a cochain complex (with trivial differentials). A simple verification shows that the differential
of Derp,_ (Rp, 4, H.A) respects this new grading (the differential coincides with the one on the
Hom complex Hom(Ry, 4, H.A)). In particular, we get a double cochain complex

DG)I‘ZI:),:?J (ffH*A7 H*A)

where p + ¢ gives the total degree of a derivation, and ¢ gives the degree with respect to the
splitting introduced at the beginning of this remark. Since one of the differentials is trivial, we
also get a grading on the cohomology groups:

Hp (H.A) = D Hy ~*(H.A)
seZ

Now we can be more precise about where the canonical class lives: Since it is represented by a
map
BPREL,)P o H A HA

of degree —1, it lives in (chain) degree (2—1) = 1 with respect to the second grading. This means
that in the double cochain complex we end up in degree (2, —1). All together, we conclude

2 2,—1
T e Hp' ~(H.A).
The canonical class of Theorem 4.2 is the first obstruction to formality. If it happens to vanish
then we have a successive obstruction. The latter is a set of cohomology classes rather than

a single class. We are going to define an equivalence relation on the first Gamma cohomology
group. The higher obstructions take values in the resulting quotient group.
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4.1 Obstruction theory

Construction 4.4. Let H (H,A) = P,y HSi_S(H*A) be the splitting of the first Gamma
cohomology group of H,A given by the previous remark. We define an equivalence relation on
every sum factor for s > 2. Roughly speaking, we set classes to be equivalent if they can be
represented by cochains that coincide on a certain type of trees. Precisely, two classes n and n’
in H;ifs(H*A) are equivalent if there exist representatives 7 and 7', respectively,

7,7 : BP®EL,) o H A HA

such that

Ay -ooooeee Qg Ay (2™
o NN/
n "o /!
y o _ Z \ / )
| v(p) o
|

holds: if @’ is an element of B(P ® EX,)!!! then for the corresponding tensor factors g/ we
have ¢ € B(P @ EX,)*~1 or ¢/ € B(P ® EX,)’. In plain words the representing cochains
coincide on trees of the form

where o' € B(P ®EE*)[1], as well as arbitrary trees whose bottom vertex is labeled by an
element ¥(p ® e) with |e] > 0. We obtain an equivalence relation on every group Hlf’;fs(H*A)
for s greater or equal to 2. For s = 2 the condition on g is empty, i.e., the resulting quotient
group is Hg;:l(H*A) itself. For higher s we can not assume this a priori. We write Flpsi_s(H*A)
for the quotient.

Similarly, we use the notation Ffpsifs(H*A, H.B) for the above construction applied to the
direct sum factors of the group HI%OC (H.A, H,B) appearing in Theorem 4.2 (7).

Note that the elements of B(P ® EX,) o H,A on which representing cocycles are supposed
to be equal (cobounded) do not form a subcomplex. Otherwise, we would have been able to
rewrite the above quotient groups as Gamma cohomology groups of a certain P..-algebra.

In the previous theorem we constructed for a given P,,-algebra A a canonical class
Ve BTN (H.A).
Now we want to define inductively for ¢ > 2 higher obstructions

M € )
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4 Universal class for operadic algebras

whenever all lower ones vanish (in a strong sense).

Construction 4.5. We proceed by induction. Again, let

v =P

s>0

denote the transferred P,,-structure on the homology of A. The idea is that the “higher” pieces
of algebra structure 4[*! should correspond to the higher obstructions. They should define
cohomology classes in HS’;*S(H*A). There is going to be some indeterminacy, though, which
is why the actual obstruction lives in
' 75 (HA).

If all classes 'Y,[:] for s less than or equal to some ¢ — 1 have been defined and can be chosen
to be trivial as cohomology classes in H;ifS(H*A) , then we claim that there is a homotopic
P..-algebra structure on H, A, say 4/, with 4/[¥l =0 for s =2,...,t — 1 and we can define the
t-th canonical class of A to be represented by the cohomology class of the cocycle 4/I!].

There are two statements hidden in our claim. First, if the transferred P..-structure has the
property that for every s = 2,...,t — 1 the map 7! is zero (i.e., already trivial as a cocycle),
then v1*! defines a cocycle in Derp_ (R, 4, H.A) (and hence we can indeed define a cohomology
class in Hf,i_t(H*A)). The proof of this is the same as the proof in 4.1 where we constructed
the (first) canonical class of A. Second, assume v!*! is zero for s = 2,...,t—1 and y*! is different
from zero but is a coboundary in the derivation complex, i.e., vanishes in Gamma cohomology.
Then we have to show that there is a homotopic P -structure 7' on H,A with the property
Al =0 for s =2,...,t. We are going to spend some time arguing why this last statement is
true:

We have to give a homomorphism f that induces a map of quasi-cofree coalgebras

(B(P®ES,) 0 H,A,8,) — (B(P @ EX,) 0 H,A,d.),

where 7'l*] equals to zero for s = 2,...,t.
Since 7" is a coboundary in Derp_ (Rg, 4, H.A) there is a map

fBPoES) o H A HA

with

+ oy M \p /a* NN e

Vs o |
o' €B(PREL, )M ‘
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4.1 Obstruction theory

for elements p in B(P ® EX,)[. Set f to be the map given by:

id for s =0
flel = [l fors=t—1
0 else

We want to give H,A a new P-algebra structure, such that f is a map between the corre-
sponding quasi-cofree coalgebras. By induction on d for p € B(P ® EX,)l, using (%) on p.50,
we define an isomorphic P,-structure 7' on H,A. For d = 1 we have

Qe Qn Q1 e Oy Ap oo Oy

o 7 al N/ wl N 7
—id d(p) — 5 o +7 2 =0,

which reads as y!' = 4[] since 9(p) is zero. Because of f[sJ = 0 when s varies from 1 to t — 2,
for d =2,...,t — 1 the equation (x%) simplifies to v/ = ~/l4 (and thus = 0). Now set v'l!) =0
and observe that under this assignment the “border” case d = t reduces to the equality we got
from the condition df = v in Derp_ (R, 4, H.A). For higher d we rewrite (%) so that we
can inductively define 4[4 by:

vy ()

D VR ~N

v(p) /
o' ¢B(PQEX, ) @‘
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4 Universal class for operadic algebras

D DR ~N S

v(p) /
o' ¢B(PRES,)L p‘

We have to argue why + does define a twisting cochain on B(P ® EX.,) o H, A. Remember that
the twisting cochain condition says nothing more than that +’ defines a twisting differential 0./
on B(P ® EX,) o H,A. Since v does so and ¢y is a morphism making the diagram

B(P 9 ES.)o H A —"*~ B(P ® ES.) 0 H.A
/
/ lé_"_aw i6+87,

0-/ B(P ©ES.) o H,A —> B(P @ EX.) 0 H,A

\ lé-ww iéﬂ%l
N or

BP®EY,)o H,A—2+B(P®ES,)o H,A

commute, it suffices to note that ¢, is surjective. To see the surjectivity one uses the construc-
tion of ¢ out of f given after Proposition 1.46, and the fact that fl% is the identity.

Finally, we have to say a few words about the indeterminacy of the cohomology class we
defined. If there are two different (but homotopic) Py.-algebra structures 4/ and +” on H,A
then they are connected by a map f, and respectively by a morphism of quasi-cofree coalgebras
¢ with fI9 = id. If both 4/ and 4 satisfy the condition 7/} = 0 = 4"ls for s =2,...,t -1
the equality (+x) for p € B(P ® EX,)] reduces to the statement that in the derivation complex
fI=1 bounds the difference of 4l and 4"/ on exactly those kind of trees that we used for the
definition of ﬁf,’:;t(H*A). Therefore, we get a well-defined element

W e B )
The reason why we do not know if 7'/ and 4"t/ define the same class in Hli’;_t(H*A) is that

we do not know if we can choose f in a way that fl! =0fors=1,...,t—2.

Theorem 4.6. Let P be a graded operad in Ch, and A’ and A" two P -algebras. Suppose that
there are transferred Py, -structures ' and " on H, A’ and H, A", respectively, with the property

A8l ="l = 0 for s =2,...,t—1. Then there are successive obstructions VE]/ € ﬁlf,’i_t(H*A’)
and ’YE]// € Hli’;_t(H*A”) for which the following holds:
(i) if [ is a map of Py -algebras from A’ to A", and we denote by f* respectively f. the

induced maps on the quotients of cohomology groups as depicted below:

A HA HAY L B (H A H, AT

X

AL (H, A, H,A”)

then we have f*(vgl) = f*(%[i],/). In particular, if f is a weak equivalence then via the
induced isomorphisms f. and f* the obstructions ’ygl, and 7,[:]" coincide.
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4.1 Obstruction theory

(ii) if g¢ is the map on cofibrant operads
9¢: B°B(Q®EX,) — B°B(P @ EX,)

induced by a map g: Q — P of graded operads then A’ is also a Qo -algebra, and under
the map induced by g¢ on operadic cohomology the obstruction of A’ as a P, -algebra is
mapped to the obstruction of A’ as a Q.-algebra.

Proof. Using the definition of Construction 4.5 one only has to adapt the proof of the previous
theorem to this setting. Note, that the passage from Hlf,’olo_t to Hlf,’i_t is compatible with the
maps induced by f and g on cohomology. O

Immediate consequences of both theorems are the following:

Corollary 4.7. Let A be a Py-algebra such that the cohomology group HI%OC (H.A) of the strict
P -algebra H, A vanishes. Then A is quasi-isomorphic as a P -algebra to its homology equipped
with the strict Py -structure. In other words, A is formal.

Corollary 4.8. Let V be a P-algebra with trivial differentials. If the first operadic cohomology
of V viewed as a P -algebra vanishes then there is only one homotopy type of P -algebras with
homology isomorphic to V, i.e., every Py -algebra with homology given by V is isomorphic to
V' in the homotopy category of Py -algebras.

The last two results are mainly of theoretical value. Gamma cohomology groups of graded
algebras are difficult to calculate and usually huge. If one wants to do calculations and compare
explicit obstructions, then it can be reasonable to examine the question if there is a coboundary
between two cochains rather than trying to calculate the corresponding cohomology groups. We
are going to see some examples later on.

We want to note that

Remark 4.9. If the operad P is ¥,-cofibrant then we do not need to take the tensor product of P
with the Barratt-Eccles operad but can also work just with the cofibrant replacement B°B(P).
Then the grading on B(P),

B(P) = P BP)",

s>0

that one should use to define the individual classes, only takes the number of vertices of a
given tree into account. Similar, if we take a X,-cofibrant replacement of P different than
P ® EX, but with non-trivial differentials, then we have to take the degrees of elements of the
replacement into account.

Until now we were concerned with the question about formality of P.,-algebras. Of course
the canonical class and the higher obstructions can help to show that two given (possibly
non-formal) P..-algebras are not isomorphic in the homotopy category of P.-algebras. It is,
however, also possible that two “homotopically different” P.-algebras have the same canonical
class, and we are not able to distinguish them by our obstruction theory. The next result should
help to manage this problem.

57



4 Universal class for operadic algebras

Theorem 4.10. Let A’ and A" be two Py -algebras with isomorphic cohomology. Further, let
~" and v denote the transferred (by Theorem 2.6) Pu.-algebra structures on H, A" and H, A",
respectively. There is a zig-zag of weak equivalences of P -algebras from A’ to A" if and only
if there is a homomorphism

f= @f[s]: @B(P@EE*)[S] o HoA" — H,A"

s>0 s>0

where 1 is an isomorphism and the condition

| vy ()

holds.

Proof. One direction is clear: if such a homomorphism f is given then it induces a weak
equivalence of cofibrant replacements (Corollary 2.12 and 2.13). Therefore, A’ and A” are
isomorphic in the homotopy category of P..-algebras.

If A’ and A” are connected by a zig-zag of weak equivalences then the same holds also for
(H.A',~") and (H.A"”,~"). Since every Py.-algebra is fibrant, there is a map of P, -algebras
between the cofibrant replacements of (H,A’,~v") and (H.A"”,~") that is a weak equivalence:

R(H*A’,'y’) % R(H*A”,'y”)
(A7) (A", 7")

The horizontal map represents an isomorphism between (H,A’,~") and (H,A"”,~") in the homo-
topy category. Therefore it is a weak equivalence. All together we have the following diagram
of Py-algebras and P,,-maps:

(H A7) % Rn.arq) Lj) (H,A",7")
We can transfer the Py-algebra structure of Ry, 4+ ) to H, A" via some cycle choosing map.

Denote the twisting cochain representing the new structure on H, A’ by v'”/. By Theorem 2.16
there is a morphism of quasi-cofree coalgebras

(BP @ ES.) 0 HoA',0,) = (BP @ EL.) 0 Ry vy Dnyar )
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Since p; also induces a map of quasi-cofree coalgebras, we conclude by Theorem 2.15 that
~"" and +' are homotopic. Hence, by the same theorem there is a morphism of quasi-cofree
coalgebras in the other direction. Composing this with the map of quasi-cofree coalgebras

induced by p, we get a map

[+ (B(P®QEX,)oHA, dy) = (BP®EZ,) o H.A", d,).
The projection to H, A" gives the desired map f. O

The above result is based on the fact (which we now implicitly proved) that two P.-structures
on a cofibrant chain complex are isomorphic in the homotopy category if and only if they are
homotopic in the model category of operads. In a simplicial setting a similar statement can be
found in Rezk [Re|, Theorem 1.1.5.

4.2 Comparison to earlier results

We want to put our obstruction theory in the context of known results, and show in which way
it is a generalization of already existing statements.

An obstruction theory in our sense has been developed for differential graded algebras over
a field, or in other words for P the associative operad. As we mentioned earlier Kadeishvili
[Kad] proved a homotopy transfer theorem in this case. He also indicated that the pieces of the
transferred A.o-structure can be successively viewed as Hochschild cohomology classes provided
the lower ones are trivial. He further proved that the vanishing of the second Hochschild
cohomology group of the homology H,A of a given differential graded algebra A implies the
formality of A.

Again in the case P = Ass a canonical class with the properties of Theorem 4.2 and 4.6 have
been considered by Benson, Krause and Schwede in [BKS]. The results of the previous section
can be seen as an extension of their work on the topic to a wider class of operads.

Let us take a closer look at the particular case P = Ass. The methods used in [Kad] and
[BKS] are very explicit. In their sense, an Ao-structure on a chain complex A is given by a
sequence of homogeneous maps

my: A" — A

of degree n — 2 for n larger or equal to 2. These maps should satisfy some relations, see for
example §3 of [Kel] (be aware of the fact that Keller uses cochain notation and denotes the
differential of A by m;). An alternative way of organizing this A, -structure is as a map of
degree —1 from the reduced tensor coalgebra TYA to YA such that the induced coderivation
on TY A defines a twisting differential. Here, T'A is given by

TA=pA®"

n>1

with comultiplication determined by

Alay,...,an) = Z (a1y...,0;) ® (Ait1y.--,an)

1<i<n—1
for every (ai,...,a,) € A®". To be able to switch back and forth between the two definitions
one only has to note that a map ~
TYA — XA

is uniquely defined by its restrictions onto the summands of the form (£A)®". Up to shifts the
latter give the maps m.,.
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Further, given two A -algebras A and B, Kadeishvili defines an A.,-morphism as a collection
of maps
fo: A®™ = B

of degree n — 1 for n > 0 that interact in an appropriate way with the A, -structures on A and
B. Equivalently, an A,.-morphism is given by a map of differential graded coalgebras

f: (TSA,ma) — (TSB,mg),

where m4 and mp are the twisting differentials induced by the A,,-structures on A respectively
B. For proofs and more details on this topic we again refer the reader to §3.6 of [Kel].

Kadeishvili’s proof of the transfer theorem inductively constructs an A..-structure on the
homology H. A together with an A,-quasi-isomorphism to A via explicit calculations based on
the defining equalities of these.

Hidden in the definitions of an A..-structure on a chain complex A and an A..-morphism
between A..-algebras is a particular cofibrant replacement of the associative operad. It arises
as an application of the “operadic Koszul theory”. For a nice introduction to the field and some
of the main results see [LV] and [Fre04]. Koszul theory assigns to a so called quadratic operad
P a Koszul dual cooperad P! together with an operadic twisting morphism

k: Pl — P.
The operad P is called Koszul if the corresponding morphism of operads
BP! — P

is a weak equivalence.

It is well-known that the operads Ass, Com and Lie are Koszul. In characteristic 0 the Koszul
dual cooperads of these form cofibrant X,-sequences. In particular in this situation B°Pi is a
cofibrant replacement in the category of operads. For the associative operad even more is true:
since it has free ¥, -action its Koszul dual cooperad is X ,-cofibrant even in positive characteristic.
One can use the “smaller” resolutions above to obtain an obstruction theory parallel to the one
in the previous section using the methods exploited there. By Proposition 1.45, a B¢Pi-algebra
structure on A is equivalently given by a twisting cochain

PioA — A

Further, there is a cofibrant replacement of A in the category of B¢Pi-algebras of the form
Rpepi (P1o A d,) that allows one to use the same arguments for defining and proving the
existence of a canonical class with the properties of Theorem 4.2. The reason why we did not
follow this approach is that in general it does not work in positive characteristic. Nevertheless,
in the case of the associative operad it enables us to compare “our” class with the class of
Benson, Krause and Schwede in [BKS]:

Proposition 4.11. Consider the morphism of cofibrant operads
g: B¢Asst — B°B(Ass)
and the map induced by it on Gamma cohomology
0" Higin (HoA) > HZL (),

where A is a differential graded associative algebra. Then the canonical class of Theorem 4.2
is sent to the canonical class examined in [BKS]. Further, provided a higher obstruction is
defined, then it is also sent to its analogue on the right hand side.
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Proof. We first describe the Koszul dual cooperad Ass' of the associative operad. It is, up to
shifts and signs, given by the cooperad arising from Ass by taking levelwise the k-linear dual,
as in Example 1.25. More precisely, the following holds (cf. [GK], and [GJ] Theorem 3.1):

Assi(k) = 2F1AssY (k) ® sgny,

where sgn, is the one dimensional representation of X with an action given by multiplication
with the signature of a permutation. As a chain complex Assi(k) is concentrated in degree
k — 1 where it has one generator (as a k[X;]-module) denoted by p)/. The latter is dual to the
generating operation py € Ass(k). The weak equivalence

€: B¢Ass’ = Ass

is determined by the fact that py is mapped to o, and the generators of the form ) for
greater than 2 are sent to zero. Further, the Koszul dual cooperad of a connected operad P is a
subcooperad of the Bar construction B(P) (see Lemma 5.2.4 of [Fre04]). In particular, we have

a map of cooperads
Asst — B(Ass),

such that the cooperad Ass' inherits a grading

Asst = @ (Assi)[s]

s>0

compatible with the one of B(Ass) needed for the construction of our universal class. Spelling
out the definitions in §5.2.3 of [Fre04], we get

(Assi)[s] = Assi(s+1).

An action of the cofibrant operad B¢Ass' on a chain complex A is by Proposition 1.45 given
by a map
G:AsssoAd— A

that satisfies the assumptions and equality of Proposition 1.44, or in other words by a coderiva-
tion that is also a twisting differential. Note that this data is equivalent to a twisting coderiva-
tion on the reduced tensor coalgebra TYA, i.e., to an A-structure on A. Furthermore, an
A -morphism corresponds exactly to a map of coalgebras.

By Theorem 2.6, we have a transferred B¢Assi-algebra structure (A..-structure) on H,A
given by

A @ (Ass‘)[s} oH.,A— H,A.
s>0

Using the cofibrant replacement of the form
RBCASSI (ASSi e} H*A7a,~y[1]) = RH*A

and the methods of the previous section, one can show that 42 defines a cohomology class in
Hé;;;i (H.A). The cochain complex arising from this particular cofibrant replacement “almost”
coincides with the shift of the total cochain complex of the Hochschild cochain bicomplex (as
reviewed in §4 of [BKS|). Let us quickly remind of this notion and say what we mean by
“almost”. In few words, the Hochschild cochain bicomplex is given by the “standard” Hochschild
cochain complex where a second grading comes from the one on Hom(A4®", A). Now, take

the sub-bicomplex that does not contain the factors coming from Hom/(k, A), form the total
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complex and shift it by 1. From the description of the Koszul dual Ass' one easily sees that
Dergepqi (R, 4, H A) is isomorphic as a graded space to the aforesaid complex. One has to
verify that we also get the correct differentials. This can be done by an explicit calculation of
the differential of Ry, 4, where one has to take into account the comultiplication of Ass' as well
as the “strict” B¢Assi-algebra and H, A-representation structures on H,A.

The canonical class of Benson, Krause and Schwede is represented in the Hochschild bicom-
plex by the mg part of the transferred A.-structure of H,A. But the latter corresponds exactly
to 412, Note the shift of gradings: the class in [BKS] is in HH* ! (H, A), this means in total
degree 2, whereas ours lives in Hg;:l(H*A), i.e., in degree 1.

Finally, observe that the inclusion

Asst — B(Ass)

defines a map on Gamma cohomology groups that sends “our” class to the class of [BKS].
The arguments for the higher obstructions are analogous.
O

Remark 4.12. One can generalize the statement of the proposition to 5°B(Ass)-algebras, in the
sense that the two discussed constructions of a canonical class — by the Cobar-Bar resolution
and by the Cobar-Koszul resolution — coincide.

An the end we want to mention that there are other works in the literature considering the
question of transferring P.-structures in the case where the characteristic of the ground ring
is zero, e.g., Loday and Vallette [LV], or Huebschmann [Hue] for Lie algebras. In [Kad8§]
Kadeishvili establishes results corresponding to Corollary 4.7 and Corollary 4.8 for the commu-
tative operad in characteristic 0.

Therefore, our results generalize the already existing ones, and are in particular new in
positive characteristic.

4.3 Examples

In this section we want to illustrate the previously developed theory on some examples. We are
going to examine two different E..-algebras that have the same homology algebra. Our first
goal is to determine the associated (first) canonical classes. Then, we will compare these with
the trivial class in order to conclude that neither of the examples is a formal E-algebra. At
the end, we will use Theorem 4.10 to argue why the two E,-algebras are not isomorphic in the
homotopy category of E..-algebras.

Let us set up the general framework. We are working at the prime p = 2. The ground
field k can be any field of characteristic 2, for instance Fo. We are interested in E,-algebras.
The underlying graded operad is the commutative operad P = Com. Our examples are mo-
tivated by the fact that there is an E..-structure on the normalized cochains of a topological
space (with integer or field coefficients). Independently, McClure-Smith [MS] and Berger-Fresse
[BF] constructed an operad S acting naturally on the cochains of spaces. This operad is a
¥ ,-cofibrant replacement of the commutative operad (in particular, in the notation of May it
is an Eo.-operad). We denote by S.(X) the normalized integer chains of a space X. Further,
S*(X) := Homyz(S.(X), k) are the normalized cochains of X with k coefficients. Since we have
been using chain grading on our algebras so far, we introduce the notation S, (X) := S~*(X).
The homology of the chain complex S, (X) calculates the cohomology of X with coefficients in
k and negative grading.

Before we start with the examples we shortly introduce the surjection operad S. We follow
the notation and presentation of [MS], since it is topologically motivated. More details and
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proofs for the statements can be found there. Note that in their work, McClure and Smith refer
to S as the “sequential operad“.

The surjection operad: Recall that we write n for the set {1,...,n}. A function f: m — n
is called a non-degenerate surjection if it is surjective and in addition f(i) # f(i + 1) for every
1=1,...,m — 1. Explicit surjections are written in the form

fWFR)--- f(m),

e.g., the sequence 1212 gives a non-degenerate surjection f: 4 — 2. The degree of such an f
is defined to be m — n. As a graded abelian group the surjection operad S(n) in arity n is
freely generated (over k) by the set of non-degenerate surjections f: m — n. The differential

on f= f(1)--- f(m) is given by

—

where f(i) means that we leave out the ¢’th entry. Some of the terms in the sum are not
representing surjections onto n any more, or are degenerate. Those terms are set to be zero.
For instance we get

0(13123) = (3123) + (1323) + (1312).

If we are not working over a field of characteristic 2, then there are signs occurring in the
formula for the differential.

Let us first define an action of a non-degenerate surjection on S,(X). For an r-simplex
o: A" = X and ao,...,aq € {0,...,7} we denote by

o(ag,...,aq): AT = X

the g-simplex resulting by precomposing with the map A? — A" that sends the i-th vertex of
A? to the vertex a; of A”. Further, we define an overlapping partition of {0,...,q} with m
pieces as a collection of subsets Ay, ..., A,, of {0,...,q} such that:

(i) For j < j" each element of A; is smaller or equal to each element of Aj.
(ii) For every j smaller than m, A; N A;11 has exactly one element.

One overlapping partition of {0,1,2,...,5} with 7 pieces is given for instance by

{{0}, {01}, {1234}, {4}, {45}, {5}, {5} }-

In particular, an overlapping sequence with m pieces is uniquely defined by the m — 1 overlap
points. In the example above these are 0,1,4,4,5,5. Now we can say how a non-degenerate
surjection f: m — n defines a natural transformation

(f): (X)) = Su(X).

For a g-simplex o: A? — X and elements z1, ..., z, of S,(X) we set
(Na1®-oz)0) =Y ailo( [T A))---zileC [T 4)-zalol [T 45,
A f(G)=1 fQ)=i f(G)=n

where A denotes the set of all overlapping partitions of ¢ with m pieces. For example,

(13132) (21 ® 22 ®@ 3)(0) = Z x1(0 (A H A3)) - x2(0(As)) - z3(0(Ag H Ay)).
A
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4 Universal class for operadic algebras

We remark, that the above formula has to be completed by signs when working in characteristic
different than 2. Even though the formula might look slightly unmanageable at first glance,
it is a generalization of the well-known formulas for U; products on cochains of spaces due to
Steenrod [Ste]. If we take f to be given by the sequence 12 then

(f): Su(X)®? = 8.(X)

is exactly the cup product: for 21 € S_,,,(X), 22 € S_,(X) and o: A™" - X

(12)(z1 ® 22)(0) = ZIl(O'(O,...,Z))'$2(J(l,...,’ﬂl+n))
= 21(c(0,...,m)) - z2(c(m,...,m+n)).

Note that for every [ = 0, ..., m+n we have one partition of {0, ..., m+n} with 2 pieces. There
is, however, only one non-trivial summand — the one for [ = m. If o is a simplex of dimension
other than m+n then there are of course overlapping partitions with 2 pieces, but the evaluation
on z; or x is zero for dimensional reasons. For f = 121, z; € S_,,,(X), 72 € S_,(X) and
o: AT 5 X we get

(121)(x1 @ x2)(0) = Zajl(o(O,...,l,k,...m—Fn— 1) - xa(a(l,... k)
1<k
= mz_9:1(0(0,...,l,lJrn,...,ern—1))'zg(a(l,...,lJrn)),

~

which corresponds exactly to the U; product. Again for dimensional reasons, for o a g-simplex
with ¢ # m +n — 1 the sum is zero.

Finally, we have to say a few words about the operadic structure and the X,-action of S.
They are inherited from another operad, denoted by A, of which § is a suboperad. More
precisely, N'(n) is freely generated as a graded group by the natural transformations

S,(X)®" = §,.(X)

where a degree m transformation raises the chain degree by m. A differential is induced by
the differentials of S.(X)®" and S,(X). The operadic composition and the symmetric action
are the obvious ones. Theorem 2.15 of [MS] states that with the above definitions S becomes
an Eo-operad. We refer the reader to the original (very well-written) reference [MS] for more
details.

We come back to our original goal: giving examples for canonical classes of E..-algebras. The
surjection operad acts on normalized cochains of spaces. We are going to use small simplicial
models for the wedge S*V S? and the mod 4 Moore space M (4), respectively, in order to obtain
an E..-action on the chain complexes S, (S! Vv S?) and S,(M(4)). These are the E..-algebras
we are going to use for our examples.

The canonical class of S.(S' Vv S?): The chain complex S,(S' Vv S?) is an algebra over the
surjection operad. In order to apply the obstruction theory from the last sections we consider
S.(S' Vv §?%) as an algebra over a cofibrant replacement of the commutative operad. Since S is
¥ .-cofibrant we have a cofibrant replacement of Com given by B¢B(S), and via the canonical
map

B°B(S) = S
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4.3 Examples

S (St v S?) becomes a B°B(S)-algebra. We denote the twisting cochain giving the action of
B¢B(S) on S.(S*V S?) by

a: B(S)oS,(S'vS%) = 5,.(S'v S?).

The grading of « takes account of the number of vertices of a tree and the degrees of the
elements of S, i.e., the surjection operad takes the place of the Barratt-Eccles operad in our
original construction. Since S,(S'V S2) is even an S-algebra, the evaluation of a on trees
with more than one vertex is trivial. We refer the reader to the adjunction in Section 1.4.7 to
trace this fact: the map B°B(S) — S corresponds to the identity on B(S) under the Cobar-Bar
adjunction.

The space S* V S? has a small simplicial model with non-degenerate simplices eg, e; and es
in dimensions 0, 1 and 2, respectively. The differential of the normalized chains S, (S* V §?) is
trivial everywhere. After dualizing we obtain for S, (S Vv S?)

0 0
o =>0—=>0—kco > kg > kca—>0—=0—---
~~~ ~~ ~~~
0 —1 -2

where ¢g, ¢; and ¢o denote generators. Since this chain complex already has trivial differentials
the canonical class of S,(S' Vv S?) is given by the class of the map «!?l. Therefore our task
reduces to calculating of?l. As we noticed a is zero on trees with more than one vertex. This
means that in order to determine the canonical class we only have to calculate the action of
elements f € S(k); of degree 1. Before we start with the calculation let us mention that al']
gives a graded commutative structure on S, (S*V S?) that coincides with the cup product on the
cohomology of S'V S2. It is easy to see that the only non-trivial multiplication is by elements
of degree zero. Non-degenerate surjections of degree 1 are maps n+1 — n that raise the degree
by one:
S.(S'v 8H®" - S, (ST v 5%

Hence, for dimensional reasons there could be non-trivial operations only on ¢; ® ¢1, ¢1 ® ca,
o ®cy, 1 ®c1 ®cp as well as combinations including ¢g. Suppose there is a non-degenerate
surjection f that applied to ¢; ® ca, co ® ¢1 or ¢1 ® ¢1 ® ¢1 is non-trivial. For instance, let us
take ¢; ® co. In order for (f)(c; ® ¢2) to be non-zero, its evaluation on the 2-simplex ey should
be non-trivial. However, this is not possible for any f since e3(i,j) is different from e;, and
therefore, for any f and any partition of {0, 1,2} with 3 pieces ¢1(ea(i,7)) is zero. For similar
reasons «!? vanishes on ¥ f®co®c and Xf ® ¢1 ® ¢1 ® ¢;. The short explanation for the
vanishing of the above operations lies in the fact that S* and S? are simplicial subsets of SV .S?
that have only a non-degenerate zero simplex in common.

We now consider the case ¢; ® ¢;. There are two non-degenerate surjections generating S(2);.
These are 121 and 212. It suffices to look at the case 121 since 212 is obtained from 121 by
applying the unique transposition in 5. We have:

C C1

1

~ 7 _
al? $(121) = (121)(c; ® ¢1) € §_1 (S v 5?)
|

There is only one overlapping partition of {0, 1} with 3 pieces for which we have to evaluate ¢;
on non-degenerate simplices. This is the partition {0} U {0,1} U {1}:

(121)(c1 @ e1)(e1) = c1(ea({0} U {1}))er(er({0,1})) =1
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4 Universal class for operadic algebras

Therefore, we conclude
<121>(Cl ® Cl) =cC1.

Remark 4.13. In this way we explicitly calculated that the Steenrod operation Sq° performs the
identity on H'(S* Vv 5?%) since Sq°(c1) = ¢1 Uy ¢1 = ¢;1. The evaluation Sq°(c2) = ca U ca = 2
appears in the B¢B(S)-algebra structure as a part of ol

Note that the element 12 € S(2)¢ acts non-trivially
S.(5' v 52)E2 L2 5 g1y g2

(multiplication with c performs the identity). Hence, partial operadic compositions of 12 with
121 give elements in degree 1 that act non-trivially on S,(S! Vv S?), e.g.,

al? $(1213) =c €5_1(S' Vv S$?).

4

Loosely speaking, the “valuable information of al?l” is concentrated in the evaluation on
Y(121) ® c1 ® €.

The class of a/?! in the derivation complex
DerPoc (RS*(SI\/S2)7 S*(Sl Vv 5'2))

represents the canonical class of S, (S'VS?). Our next goal is to show that it is not cohomologous
to zero. Here P, stands for B°B(S). If we assume that al? is a coboundary then there is a
homomorphism f: B(S)M 0 S, (S v §2) — S,(S* v S?) such that for every p € B(S)!? the
equation

ke A
N amr % ]
A« Ay

+ Y \@ /a* ot N7

vh @)
o eB(PRES, )M ‘

holds. For p = 3(121) (one vertex tree) we are left with

C1 C C1

C
. N
f ax(121) = ol $(121) :
\ \
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which reads as

C1 C1 C1 C1 C1 C1

~N S ~N S ~N S
f %(12) +f %(21) = al? »(121)
| | |

The left hand side of this equation is zero (apply a transposition to one of the trees and use
char k = 2). As we calculated earlier, the right hand side is ¢;. Hence, such an f can not exist
and a[? is not a coboundary in the derivation complex. In particular, by Theorem 4.2 we can
conclude that S, (S Vv S?) is not a formal B°B(S)-algebra.

The canonical class of S.(M(4)): We come to our second example. The cochains of the mod 4
Moore space with k coefficients. M (4) is constructed as the mapping cone of the map “multi-
plication by 4” on S!. First we have to model the map (-4) simplicially. For this we take two
different simplicial models of S?.

01
64/ N
O4- 02
| O
€
0.3

The domain of the map (-4) has a model with four non-degenerate 0-simplices, which we denote
by 01, 02, 03 and 04, and four non-degenerate 1-simplices labeled by e;, es, e3 and ey in the
picture. The codomain is the usual model of S*, namely A'/OA'. The map in between sends
e1, e, e3,e4 to e and 01,02,03,04 to 0. We use as a simplicial model for the mapping cone the
simplicial set depicted in the following way:

We have two non-degenerate 0-simplices 0 and 1, five non-degenerate 1-simplices a,b,c,d, e
and four non-degenerate 2-simplices, denoted in the picture by A, B,C,D. We first have to
determine the normalized chains of M (4). An easy calculation shows that S.(M(4)) is given
by:

(—1—1—1—10)
Z{a,b,c,d, e} 1 1 110 7{0,1} -0

-+-0—>0—2Z{A,B,C,D}
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4 Universal class for operadic algebras

After dualizing we obtain

11001
01101
00111
10011
R

We view this as an unbounded chain complex with 0* and 1* in degree 0. The surjection operad
acts on S,(M(4)). In order to determine the canonical class we have to transport (at least a
piece of) the B¢B(S)-structure of S,(M(4)) to its homology. In the following we denote the
homology just by H,.M. In degrees 0, —1 and —2 it is one dimensional generated by the classes
[0* + 17], [a* + ¢* + €*] and [A*], respectively.

We denote by 3 the B¢B(S)-structure on S, (M (4)), and the transferred structure on H,M by
~. To simplify the notatition, we omit shifts when labeling trees. Again, P, is an abbreviation
for B°B(S). We first need to calculate pieces of the structure 5. We start with non-degenerate
surjections of degree 0. These determine Sl In S(2)o there are two generators: 12 and 21.
Using these, in arity different than 2 the action of the surjection operad is fully defined by the
operadic composition product. There are many non-trivial evaluations of 5! induced by

0 — k{0%, 17} —29%5 k{a*,b%, ", d*, e*} k{A*,B*,C*,D*} =0 —0--- .

(12)(0-cell ® n-cell)

(21)(0-cell ® n-cell)

for appropriate 0- and n-cells, for n € {0,1,2}. This information, however, is not going to be
essential later on. It only covers the fact that [0* 4+ 1*] acts like a unit in the cohomology ring.
The only other possibility for non-trivial evaluations comes from elements of the form

(12)(1-cell ® 1-cell).

For example we get

Bl 12 = (12)(e* ® a*) = D*. (4.1)

To see this, note that the only overlapping partition of {0, 1,2} with two pieces that has to be
considered is {01} U {12}. In particular, the only 2-simplex ¢ on which we get a non-trivial
evaluation (12)(e* ® a*)(0) is the one with ¢(01) = e and o(12) = a. The rest is clear. We
write down the other evaluations of this kind:

(12)(e* @b*) = A* = (21)(b* ®e*) (4.2)
12)(e* @ c*) = B* = (21)(c* @ ¢*) (4.3)
(12)(e* @d*) = C* = (21)(d* ®e*) (4.4)

Remark 4.14. The reader might want to keep in mind that the simplicial set M(4) has an
automorphism & of order 4, i.e., k* = id. This morphism fixes the zero simplices as well as the
one simplex e, and performs a cyclic rotation on a,b,c,d and A, B,C, D in the expected way.
It induces an isomorphism on S, (M (4)) which one can use in order to obtain (4.2), (4.3) and
(4.4) from the evaluation (12)(e* ® a*). In the upcoming calculations x can be used in the same
manner.
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We now come to the action of non-degenerate surjection of degree 1, i.e., the one relevant for
B2 Again, for dimensional reasons there are just three kinds of interesting evaluations:

(1) (f)(1-cell ® 1-cell)
(2) (f)(1-cell ® 1-cell ® 1-cell)
(3) (f)(1-cell @ 2-cell)

Note that evaluations of the form (f)(2-cell ® 1-cell) can be reduced to the third type via the
action of a transposition. Our next assignment is to give the non-trivial evaluations in the
above three cases. We start with (1): We already made this calculation in the first example, so
we just list the results:

(I2)(a* ®a*) = a* (212)(a* ® a*) (4.5)
(121)(b* @ b*) = b (212)(b* @ b*) (4.6)
Qo) o) = ¢ = (212)(c 0 ) (47)
(121)(d* ® d*) = d* =(212)(d" @d*) (4.8)
(121)(e* @) = e =(212)(e* ®€e*) (4.9)

These are all non-zero evaluations in the case (1). We proceed to (2). All the non-degenerate
surjections f: 4 — 3 can be obtained from 1213, 1231 and 2131 by the action of a permutation.
Hence, it is enough to consider f; = 1213, fo = 1231 and f3 = 2131. For every i = 1,2, 3 there
is exactly one overlapping partition Ay, of {0, 1,2} with 4 pieces which is relevant for f;. This
is

A2 = {0} U {01} U{1} U {12}

Aia31 = {0} U {01} U {12} U {2}

A1z = {01} U {1} U {12} U {2}

respectively. Using this one calculates:

(1213)(e* ®e* ®a™) = D* (4.10)
(1213)(e* @ e* @ b*) = A* (4.11)
(1213)(e* ®e* ® ") = B* (4.12)
(1213)(e* @ e* @ d*) = C* (4.13)
(1231)(a* @ e* @ b*) = A* (4.14)
(1231)(b* ®e* ®c") = B~ (4.15)
1231)(c¢* @ e* @ d*) = C* (4.16)
(1231)(d* ® * ® a*) D* (4.17)

2131)(e* ®a* ®a*) = D* (
@2131)(e* @b @ b*) = A* (
2131)(e* @ c* @ c*) = B* (4.20
(2131)(e* ® d* ® d*) ok (

In case (3) we have to consider f; = 121 and f, = 212 as well as the corresponding relevant
overlapping partitions:
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4 Universal class for operadic algebras

Ay = {0} u {012} U {2}

Asip = {0} U {01} U {12}

Agm = {01} U {12} U {2}
We get the following tables:

(121)(a* @ A*) = A* (4.22)
(121)(b* ® B*) = B* (4.23)
(121 (c*oCc*) = C* (4.24)
(121)(d* ® D*) = D* (4.25)
(212)(e* @ A*) = A* (4.26)
(212)(e* ® B*) = B* (4.27)
212)(e* @ C*) = C* (4.28)
(212)(¢* @ D*) = D* (4.29)
212)(b* @ A*) = A* (4.30)
(212)(c*® B*) = B* (4.31)
(212)(d* @ C*) = C* (4.32)
(212)(a* ® D*) = D* (4.33)

Our next goal is to transport the P, -structure to the homology of S,(M(4)). It is an easy
calculation that as a graded commutative ring the chain complex H,M is of the form

0 0
o =>0—=>0—kcg > kg > kca—>0—=0—---
~~ ~~ ~~
0 -1 -2

with co unit in degree 0 and ¢? = 0. We write down the calculation for ¢; - ¢; = 0 explicitly:
Since ¢ is represented by (a* + ¢* + e*) we have to determine the homology class of

(12)((a* + " +e") @ (a" +c* +€¥)) = (12)((e*) ® (a* + ¢*)) = D* + B™. (4.34)
Here we use (4.1) and (4.3) as well as the fact that elsewhere the evaluation is trivial. The sum
D"+ B* =4(c" +d") (4.35)

is a boundary, and therefore trivial in homology. Note that as graded commutative algebras
(and even as unstable algebras over the Steenrod algebra) H,M and S, (S'V S?) are isomorphic.
We want to transport the P -structure to H,M via the cycle choosing map

v HoM — S, (M(4))

that sends ¢o to (0* + 1%), ¢1 to (a* + ¢* + €*) and ¢z to A*. Theorem 2.6 gives a theoretical
proof of the existence of a P,.-structure on H,M. Here we need an explicit construction. Recall
that the new structure v comes together with a homomorphism

F= s PBES)o HM — S.(M(4))

s>0 s>0
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defining a map of quasi-cofree coalgebras from (B(S) o H,M,d,) to (B(S) o S.(M(4)),9s). If
we reformulate the condition on f (Proposition 1.47) for p € B(S)!*l we obtain:

0. (r(ay [ v =2+ \ /

Ay - Ay
o [N
UG \p/ + 3 *\p / )
| vy () o
|
53

N
_ Zﬁ \ / + (—=1)/1 =] A(p)

v(p) p/ ‘

One can use this formula to define f!*! and ~4[*! inductively. Suppose that fl5=1 and ~[s—1
have been successfully defined in a way that the above equation is satisfied for p € B(S) with
t < s—1. Then it is a manageable (though not pretty) calculation that (S5 4+ S5 + S§) defines
a cycle in S.(M(4)). One defines

to be the class represented by this cycle. Hence, (S5 + S5 + S5 + S) is a boundary and one
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can choose
Aq e Qi

N/
f[S] ?

to be an element of its preimage under the differential dg_(p7(4))- It is a similar argument as at
the end of Construction 4.5 why v indeed defines a B°B(S)-structure on H, M.

We come back to our explicit example. We have already defined f% = and the first part of
the transferred structure, y!!, that coincides with the graded commutative structure on H, M.
Before we can calculate /2! we have to determine f!). In the case s = 1 the defining equation
gets a very simple form:

QA1 e Gy aq o Ay f[O] (@y) f[O] (an)
N/ N/
0. iy P o — flol, ] o + gl N o e
\ \ \
st i
Assume first a; # co for every i = 1,...,n. Then S} is zero. For dimensional reasons there

is only one generating tree at which the evaluation of S} can be non-trivial. We made this
calculation in (4.34) and (4.35):

[0](01) a*+ct+e* a*+c* +e*

Bl 19 — gl \12/

Therefore, we set
C1 C1

M \12/ = +d". (4.36)

\
It is an easy generalization that

A oo Qi

[1] \ / _* *
f 12..n =c" +d

when there are two entries a; = ¢; = a; where ¢ # j, and all others are ¢g. The remaining
values of f[lI are easily seen to be zero.

We proceed to v[?l. The big difference to the example of S,(S' Vv S?) is that now there is no
immediate reason why  should vanish on trees with more than one vertex. We first discuss
the values of 712 on one-vertex trees. It suffices to look at the following trees:

Mot Mt YT e T Thil
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We perform the calculation for the first tree and list the results for the rest. In the defining
equation we get S5 = 0 = S7. Thus, 72 evaluated on the first tree is given by the homology
class of

f%ey) % ey) a*+c*+e* a*+c*+e*

32 \121/ _ b \121/ —a*+c e, (4.37)

i.e., by c;. Here we use equalities (4.5), (4.7) and (4.9). Further, the value of f1?/ on the same
tree is zero. Similar, for the other five cases we get

) (5 o 9
A (") e (M) =0 (439
7[2] (C]\lgﬁécl) (4.10),:(4412) 0 f[Q] (01}211601) =+ d* (4.40)
) =0 () o =
L2 (q}?ﬁq) (4.18), (4.20) £12) (Cléi}ﬁcl) = ¢ +d*. (4.42)

We come to trees with 2 vertices. The new information here is concentrated in

a. a. A a a a
\ A2 and \ A2
19 21

By the defining equation the evaluation of 42! on the first tree is given by the homology class
of

C1 C1
(1]
! (\1/> b tet ot d?

f[O](cl) 9 S
3l "/ _ gl \12 (4.3), (4.4

12 \

B* 4+ C*.

7[2] (C\C>{Cl> =0 and f[2] (C\C>{Cl> = c*. (443)
\ \

7[2] (C\C>Zl> —0 and f[2] (C\C>{Cl> -0 (4.44)
\ \

Now we have determined “the information encoded in ~[2” we can compare the canonical class
of S.(M(4)) with both the one of S,(S!V S?) and the trivial one. Using (4.37) and the same

Hence,

Similar, one sees
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argument as in the first example, 5’*(5 1_\/ S?), we see that ~[2! is not representing the trivial
class in Gamma cohomology, and thus, S.(}M(4)) is not formal.
Unfortunately, we can show that
2] _ A2
V5. (stvs2) = V5, (M4

(2l

(2 -
Se(M(4))’

If one compares al?! and v12 the former represents 7[52] (51vs2) and the latter ~ then

one finds out that they differ only on
1gf © and ]E}f 2»

as well as on degenerates of these, i.e., where additional entries ¢y appear (cf. (4.38) and (4.39)).
We define a map
g: BS)Wo H.M — H.M

g (C\i‘{Q) = C2,

and similarly for degenerates of this tree. Elsewhere the map is zero. We claim that in the
derivation complex, g is sent to the difference (7 — a?!). The differential of g in

by

DeI‘poo (RH*Ma H*M) = DerPOQ (Rg*(sl\/s2),§*(51 v S2>)

is given by
goaRH*M :g06+goa'y[1] +903w,

where we keep the notation of Section 2.3, used also in Construction 4.1. Because of

o (M) =00 (M) =0

we get:
cl Co C1 C2
N/ N/
90 O0Ry, u 121 =god 121 =
\ \
C1 C2 Cc1 Co Cc1 Co
NS \ / \ /
g 0(121) =g 12 +g 21 = C2

Similar one calculates that g o Og,_,, has the correct value on 615}562, as well. The rest of the

calculation is verifying that g o g, ,, vanishes on trees with two vertices. We leave this to the
interested reader.

Remark 4.15. Note that the equality
A (M) =P (M)

is the reason why the map g can be constructed. This equality follows by formal arguments not
depending on our particular example M (4). It can be concluded from the fact

5(1212) = 212 + 121.
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4.3 Examples

Comparing S.(S* v S?) and S.(M(4)): We want to use Theorem 4.10 to show that our
two examples have different homotopy type. Therefore, we have to compare the corresponding
transferred P,-structures on homology, and show that there can not be any map of quasi-cofree
coalgebras. The structure map « vanishes on trees with more than one vertex. This does not
have to be the case for v. We are going to determine a non-trivial operation of v on a particular
tree with 3 vertices. This will lead to a contradiction under the assumption of the existence of
a map as in Theorem 4.10.

We proceed in the following way: First we calculate the evaluation of [ on the trees

NGO N Y

We show vBI(T}) = ¢o and vB/(Ty) = vBI(Ty) = 4B1(T3) = 4B1(T5) = 0. After that we analyze
the equation that have to be satisfied if a map of quasi-cofree coalgebras between (S, (S'V.S?), a)
and (H,M,~) exists (Proposition 1.47) for the element (T} + T5 + T35 + Ty + T5). We use the
notation from p.71 for the calculation of 3/, Recall that v13/(T}) is represented by the class of
S3(T;) + S3(T;) + S3(T;). Since v vanishes on

v N\ N

by (4.34), (4.43) and (4.44), the term S3(T;) is trivial for every i = 1,...,5. The term S,
also vanishes for every one of the trees: For dimensional reasons one can set f!? to be zero
on every tree that results from 7T; by the application of the differential (collapsing edges). We
come to the factor S5. The only summands that can survive are the ones where B appears.
We perform the computation for 77 and T5.

2 1\01\ /01 c* a*+c*+e*
f 17 NS
4.43
s3(1y) = B O e |

12 = 12 =0
AN
1‘2 ‘
o a a*+ctte* ¢
\ /
f[Q] \ 19 > \ /
/ 4.43 4.3 «
S3(Ty) = BM | fO(cy) 13 = 12 Y p
~_ 7
12 ‘
All together we conclude
ABlT) = 0 (4.45)
BT = e. (4.46)

For the other trees one similarly computes that

YI(Tp) = 4BU(T5) = 4B (T5) = 0. (4.47)
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4 Universal class for operadic algebras

Suppose now that there is a homomorphism
h: B(S)o H.M — S,(S* v 5?)

inducing a map of quasi-cofree coalgebras. In particular, f satisfies the condition of Theo-
rem 4.10 with « in place of v/, « in place of 4" and

/
o) e {1, 15, T5,Ty, T}

Let us denote the three terms on the left hand side of the equation for h by Uy (T'), U2(T) and
Us(T). They depend on the tree T' on which they are evaluated. Since « is non-trivial on trees
with only one vertex, and since in addition al!! is non-zero only when it performs multiplication
with a unit (which can not be the case for dimensional reasons), we can conclude that

U3(Tl) =0 forie {1,2,...,5}.

There is a priori no reason for Uy (T;) to be trivial but the sum

is zero since
O+ T+ T3+ Ty +T5) =

Q}/ 4 \\<‘/ I \\<‘ i \\\l/ 4 \\\l/ I \l/\/ I \l/\/ I \‘>\/ I \‘>\/ i Q}//
where all vertices are labeled by the identity and all leaves by c;. Further,

5

5
4.45)—(4.47
S Uu(T) = 3 (BT =T
i=1 i=1
Here, we again used the fact that v vanishes on

CH‘Q/CI, p\p?{pl and p\<1/01

All together we get co = 0 which is the desired contradiction.

Remark 4.16. What we effectively did in this last paragraph is to calculate that co is an element
of the 4-fold Massey product
co € {c1,01,C1,C1)

of H,M, and this is the reason why H,M is not quasi-isomorphic to S.(S' V S2?) as an
Eso-algebra. In particular, they are not quasi-isomorphic also as A -algebras.

In conclusion we want to briefly mention the main result of Mandell [Man, Main Theorem]. It
relates the homotopy category of connected p-complete nilpotent spaces of finite p-type to the
homotopy category of E Fp-algebras via a contravariant full inclusion of categories. Mandell’s
Theorem shows the potential to distinguish this particular kind of spaces via the E,.-structure
on their normalized cochains. In particular our theory can be used therefor.
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Notation

C symmetric monoidal category with small colimits and finite limits

k commutative ring, often a field; also chain complex with &k in degree 0
Ch category of unbounded chain complexes over k

Hom(—,—) internal Hom object in Ch

Yin symmetric group on n letters

i refers to the sequence of symmetric groups

Y.-sequence symmetric sequence

] category of finite sets and empty set as objects, morphisms are bijections
{1,2,...,n}

Normalization functor

monoidal unit in C

the symmetric monoidal product in C

denotes a sequence of permutations (o, ...,04)

definition in Example 1.10

= o
== =

HOEh ® =
&,
"

symmetric sequence, usually (connected) operad
symmetric sequence, usually a (connected) cooperad
Op(C) category of operads in C
CoOp(C) category of cooperads in C
M, N symmetric sequence
S(P) Schur functor associated to P
MoN composition product of symmetric sequences
PoC is S(P)(C) if C is an object of C
M(I) symmetric sequence as a contravariant functor evaluated at the set I
S(M) Schur functor applied to M
c=E- category of symmetric sequences in the category C
I monoidal unit in the category of symmetric sequences
Y, TP operadic composition product
M, pp operadic composition product
v comultiplication of a cooperad
2 quadratic coproduct of a cooperad
v “reduced” quadratic coproduct, cf.1.3
vy “reduced” quadratic coproduct, cf. 1.3
L unit map of an operad
n unit map of an operad or coaugmentation of a cooperad
€ augmentation of an operad
YA composition product of an operadic algebra
LA composition product of an operadic algebra
P composition coproduct of a cooperad coalgebra
02 quadratic coaction (composition coproduct) of a coalgebra
Enda endomorphism operad of A
EY, classifying simplicial space of X,
E3, chain Barratt-Eccles operad as defined in Example 1.9
En refers usually to the concrete E,-operad constructed in Example 1.10
Ass non-unital chain associative operad
Com non-unital commutative operad
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P

P-alg, Q-alg
(1)

()

V(r)

(fi, f)
F(M)

F(M)
Fe(M)
M(0)
(F(M),0a)
(F°(M), 9a)
(PoC,04)
BC

B
CoOp(Ch)con
Op (Ch)con
Tw(T,P)
12374

Der(A, M)
Qb (4)
Reph

Aen

P-alg, 4
coCh

H (A5 M)
Hy (4)
HI*(A; M)
“(4)

N
‘ﬂﬁg

Y-cofibrant
Poo, Qoo

H.A

RP (T 9 A7 8a)

'YE], 7[&9]

Hp_(H.A)
HP

Ry, a

o, 0" and "
Hy! ™ (H.A)
H10 (. 4)
Pi

augmentation ideal /coaugmentation coideal of an operad/cooperad P
category of algebras over the operad P resp. Q

category of I-trees with 2 levels, morphisms are isomorphisms of I-trees
category of I-trees and isomorphisms of I-trees as morphisms
vertex set of a tree 7

pair of adjoint functors induced by f

free operad generated by M

augmentation ideal of a free operad

cofree cooperad cogenerated by M

corresponds to M(0)

quasi-free operad with twisting differential J,

quasi-cofree cooperad with twisting differential 9,
quasi-(co)free (co)algebra with twisting (co)differential
Cobar construction

Bar construction

category of connected cooperads

category of connected operads

set of twisting morphisms

structure map of an algebra representation M

set of derivations from A to M

module of Kéhler differentials

category of representations of a P-algebra A

enveloping algebra of A

category of P-algebras over A

category of cochain complexes

operadic cohomology of A

operadic cohomology of A with coefficients in A

Gamma cohomology of A

Gamma cohomology with coefficients in A

discrete group

free functor

forgetful functor

cofibrant symmetric sequence

cofibrant operads; sometimes replacement for given operads P and Q
homology of A

particular quasi-free P-algebra, c.f.§2.3

universal class of the algebra A resp. higher universal classes of A
first Gamma cohomology group of H, A with coefficients in H, A
homology operad associated to P

particular cofibrant replacement of H,A

elements of B(P ® EX.,), or more general - elements of a cooperad
direct sum factor of Hj (H.A)

certain quotient of Hlﬁi_s(H*A)

Koszul dual cooperad of an operad P

reduced tensor coalgebra of A

normalized integer chains

normalized integer cochains

normalized cochains with coefficients in k& and chain grading
natural transformation induced by a non-degenerate surjection
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AT‘

O’(ao,...

M(4)

)

surjection operad

standard r-simplex

see for definition p.63

mapping cone of the map (-4) on S*



