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Abstract

In this thesis we examine the counting of BPS states using wall-crossing, holomorphic anomalies and
modularity. We count BPS states that arise in two setups: multiple M5-branes wrapping P x T2, where
P denotes a divisor inside a Calabi-Yau threefold and topological string theory on elliptic Calabi-Yau
threefolds. The first setup has a dual description as type IIA string theory via a D4-D2-D0 brane system.
Furthermore it leads to two descriptions depending on the size of P and 77 relative to each other. For the
case of a small divisor P this setup is described by the (0, 4) Maldacena-Strominger-Witten conformal
field theory of a black hole in M-theory and for the case of small 72 the setup can by described by N = 4
topological Yang-Mills theory on P. The BPS states are counted by the modified elliptic genus, which
can be decomposed into a vector-valued modular form that provides the generating function for the BPS
invariants and a Siegel-Narain theta function. In the first part we discuss the holomorphic anomaly of
the modified elliptic genus for the case of two M5-branes and divisors with b7(P) = 1. Due to the
wall-crossing effect the change in the generating function is captured by an indefinite theta function,
which is a mock modular form. We use the Kontsevich-Soibelman wall-crossing formula to determine
the jumps in the modified elliptic genus. Using the regularisation procedure for mock modular forms of
Zwegers, modularity can be restored at the cost of holomorphicity. We show that the non-holomorphic
completion is due to bound states of single M5-branes. At the attractor point in the moduli space we
prove the holomorphic anomaly equation, which is compatible with the holomorphic anomaly equations
observed in the context of N = 4 Yang-Mills theory on P? and E-strings on a del Pezzo surface. We
calculate the generating functions of BPS invariants for the divisors P2, Fy, F; and the del Pezzo surface
dPg and dPy (1K3).

In the second part we study the quantum geometry of elliptic Calabi-Yau threefolds and examine
topological string theory on these spaces. We find a holomorphic anomaly equation for the topological
amplitudes with respect to the base that is recursive in the genus and in the base class. The topological
amplitudes with respect to the base can be expressed in terms of quasi-modular forms, which resembles
the holomorphic anomaly. In particular this generalises a holomorphic anomaly discovered for the
%K 3. For genus zero and base FF; we prove the holomorphic anomaly by using mirror symmetry and we
motivate our holomorphic anomaly equation by establishing the connection to the holomorphic anomaly
equations of Bershadsky-Cecotti-Ooguri-Vafa. Using T-duality allows us to relate this anomaly to the
anomaly for the case of D4-D2-D0 BPS state counting. We calculate the generating function of BPS
invariants of %K 3 for higher rank branes in topological string theory and by using algebraic-geometric
techniques that were developed in the context of stability of sheaves.
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cHAPTER 1

Introduction and Motivation

The aim of this thesis is to present the progress [[IL[2]] in counting BPS states and to demonstrate their
relation to (mock) modular forms via the wall-crossing effect which gives rise to holomorphic and
modular anomalies. At the beginning of this thesis we want to give a general introduction to the topic
and in particular emphasize the bigger picture these results fit in. We start by reviewing the current state
of theoretical physics. In particular we outline why we live in exciting times for questions regarding
fundamental physics. In the next section we present some open questions which so far lack an answer.
A theory that answers all these questions needs in particular to include a quantum theory of gravity.
String theory is a candidate for a theory of quantum gravity, that provides answers and insights to
these questions and deepens our fundamental understanding of nature also beyond our current mostly
perturbative description of physics. Besides this, it has also brought new ideas to mathematics and
lead to an intensive exchange between the two fields. We give an outline of some of these astonishing
results. The results of this thesis are of interest both from a physics and from a mathematical perspective.
The physics question is connected to black holes and a microscopic resolution of the entropy problem.
These microstates are provided by [Bogomol ' nyi—Prasad—Sommerfield (BPS)| states that are protected,
non-perturbative objects in the context of supersymmetry and can be counted in the framework of string
theory by calculating certain partition functions. These partition functions are the generating functions
of BPS invariants and provide information about their microscopic degeneracy. From the mathematical
point of view these partition functions allow to calculate topological invariants of instanton moduli
spaces and furthermore some duality symmetries from physics can be described by using modularity. In
the setups we consider modularity is restored at the cost of holomorphy and leads to the expansion of the
partition function in terms of quasi modular and mock modular forms. In particular this is studied via
the stability of [BPS|states. The change in the partition function can be calculated by using wall-crossing
formulae and using techniques from algebraic geometry.

The current state of theoretical physics

Theoretical physics in the 21st century is build on two strong pillars of 20th century physics: quantum
field theory and general relativity [3]]. Together they prove the success of the reduction approach to
our description of nature. General relativity unifies Newton’s theory of gravity with Einstein’s theory
of special relativity and provides the beautiful idea of geometrisation of physics. Quantum field the-
ory provides the basic building block of our nature in form of the standard model of particle physics.



1 Introduction and Motivation

Again, nature shows its beautiful structure as the standard model can be formulated in terms of gauge
theory which is the mathematical formulation of certain symmetries in physics. We will discuss both
theories and their experimental implications, starting with quantum field theory and the standard model
of particle physics in particular.

The standard model of particle physics

The standard model of particle physics [4][5] is described as a gauge theory with gauge group SU(3)¢ X
SU(2).xU(1)y and describes the fundamental building blocks of nature and their interactions. It consists
out of three families of quarks and leptons. Additionally the bosons play the role of the mediator for the
corresponding interactions. For the electro-magnetic force we have the photon. The weak interaction is
mediated by the W* and the Z° bosons and the strong interaction by the gluons. The tremendous success
of the standard model is the observation of all these particles and the measurement of their properties [[]].
However, until recently one building block was missing — the Higgs boson, which is responsible for the
masses in the standard model by spontaneous symmetry breaking via the Higgs mechanism [[7HI(]]. The
associated Higgs boson seems to be discovered recently at the LHC, though a complete verification and
measurement of its properties is still ongoing [[IT}[T2]]. This would complete the success of the standard
model of particle physics.

The standard model of cosmology

Einstein’s theory of general relativity geometrises physics in the sense that gravity is understood as the
curvature of space and time and hence gravity becomes a mathematical property. The theory predicted
for example the precision of mercury, the effect of gravitational lensing and gravitational time dilation,
which allows a more precise usage of GPS.

In recent years a second standard model has been established in cosmology, the so called ACDM
model. Starting with Hubble’s observation that the universe is expanding [[I3]l, Einstein’s theory of
general relativity provides us with a framework to ask and answer questions about the past, present and
future of the universe. These models use the cosmological principle, which states that the universe is
statistically homogeneous and isotropic, which fits with observations on large scales as can be seen for
example from the Sloan Digital Sky survey and the cosmic microwave background. The corresponding
geometries of these models are the so called Friedmann-Lemaitre-Robertson-Walker geometries, see for
a review [14]. It contains various parameters that have to be measured like the mass density Q,,, the
radiation density QQ,, the dark energy density Qx and the curvature. It turns out e.g. by observation of
the cosmic microwave background, that our universe is flat and dark energy dominated. In particular the
latest results by the Planck satellite provide new precise values of these parameters [15]].

Open questions

It seems that we have two successful descriptions of nature, one at the small scale and another one at
larger scales. However, both theories have open questions that we want to present here. We start with
the standard model of particle physics. Since the discovery of the Higgs boson it seems to be complete.
It depends on many parameters, that have to be measured and plugged into the standard model and of
course one would like to know if there is a deeper reason for these values. We can also ask the question
why our space-time is four dimensional? Why do we have three families of quarks and leptons etc.?
Also the question of hierarchy within the standard model is an interesting question. This question is
based on the large difference between the electroweak symmetry breaking scale at ~100 GeV and the



Planck scale at 1.22 x 10'° GeV, where all four forces are relevant. It is possible to solve this problem
by a lot of fine tuning. However one would expect to find a deeper reason why this should be the case.

From the observational data of cosmology we know that the matter density is measured to be around
0.3 and the baryonic part is around 0.04 and this implies, that most of the contribution to the matter
density is due to so-called dark matter. This also has been first observed in the rotational curves of
galaxies, which do not follow Kepler’s law. However, since it does not have a particle explanation within
the standard model, this raises the question what this dark matter is. Furthermore dark energy constitutes
around 70% of our universe and there exists no explanation from particle physics what this mysterious
dark energy is. Another interesting problem in cosmology is related to the horizon and flatness problem,
which are also in the context of fine tuning problems. These two problems deal with the question why
the universe is so homogeneous and isotropic even though the corresponding regions have not been in
causal contact with each other and why the current density of the universe is so close to the critical
density. In order to overcome such problems the concept of inflation was introduced, which states
that for a short period of time at the beginning of the universe, it is subject to an exponential expansion.
Also for inflation a complete particle physics understanding is still lacking. Another problem in general
relativity is the so called black hole entropy problem. Hawking and Bekenstein [[I7,[I8] showed, that
black holes can be considered as thermodynamic objects. In particular the horizon area of the black
hole is proportional to its entropy. From Boltzmann’s law it is known that a macroscopic entropy has a
microscopic origin in terms of degeneracies of microstates. Due to the singular structure of a black hole
the classical theories break down and demand a new theory.

Furthermore there is an additional tempting task for theoretical physics. The idea of unification has
proven to be very successful and of course it is tempting to try to find a unified description of nature,
which combines quantum field theory and general relativity in a unified framework. It turns out that
general relativity is non-renormalisable and this makes a ad hoc unification difficult and requires new
ideas to construct a theory of quantum gravity.

String theory as a theory of quantum gravity

A promising attempt to overcome the quest for a unified theory is string theory [T9H26]. In some sense
string theory is the crown of reductionism, as it states that the fundamental building block of nature is
not a point particle but instead a one dimensional object — the string. With this approach one introduces
a minimal length, the string length /; which provides a Lorentz covariant UV cut-off. We give a short
review on the history of string theory. String theory first entered the physics stage within the S-matrix
approach of QCD and the Veneziano amplitude [27]], which was soon realised to be based on strings
instead of particles [28434]]. The incorporation of fermions into string theory included a new symmetry
between bosons and fermions — supersymmetry [35H37]. We discuss some of the so far theoretical
implications of supersymmetry.

Supersymmetry is a theory that relates bosons to fermions and vice versa [38442]]. It was shown by
Coleman and Mandula that the symmetry group of a meaningful physical theory is the direct product
of the Poincaré group and some internal symmetry group [43]]. Though at first supersymmetry seems to
permitted by the Coleman-Mandula theorem, it was shown in [44]] that supersymmetry is the only pos-
sible extension of the Poincaré symmetry as it is subject to a graded Lie algebra, i.e. a Lie superalgebra
which is not subject to the Coleman-Mandula theorem. Supersymmetry itself provides an answer to the
hierarchy problem as it cancels quadratic divergences in the one loop corrections to the Higgs mass, see
e.g. [45]]. Furthermore it also provides candidates for the dark matter particle. This of course would
in principle raise the question, if a supersymmetric extension might just be enough to answer some of
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the problems, we outlined before. However, gravity is still missing in our unified picture. This can
be achieved by considering local supersymmetry which gives rise to supergravity, that contains a spin
two particle: the graviton. Nevertheless, it can be shown that supergravity does not provide a complete
solution as it is non-renormalisable and does not provide chiral fermions and hence a new theory — like
string theory — has to be studied. Though string theory was proposed as a theory of quantum gravity
quite early it took until 1981 when superstring theory was invented [48H51]]. In 1984 the first
superstring revolution started, when it was shown that the superstring can be formulated anomaly free in
ten dimensions and the gauge group is either SO(32) or Eg x Eg which is realised as the heterotic string
theory and furthermore Calabi-Yau manifolds can be used to compactify the extra dimensions [52H55]].
The idea of compactification dates back to the work of Kaluza and Klein who tried to unify
gravity with electromagnetism. It turns out that Calabi-Yau manifolds provide good compactification
backgrounds as supersymmetry is ensured by the Calabi-Yau condition [59}[60]]. The idea of geomet-
risation of physics and electric-magnetic duality was used in 1994 by Seiberg and Witten to calculate
instanton corrections in N = 2 gauge theory [61}[62]]. By the time more and more formulations of string
theory were discovered and in 1995 it was shown by Witten, that they can all be understood as the limit
of one theory, the so called M-theory [[63]]. Today’s picture of string theory consists of five different
theories: type I, type IIA, type IIB, heterotic Eg X Eg and heterotic SO(32). The various theories are
related to each other by a new kind of symmetry, duality symmetries [64H67]], which provides a differ-
ent description of the same theory. This includes for example S-duality which allows to map a strongly
coupled theory to a weakly coupled theory. Though classical examples of dualities have already been
observed for example in the Ising model, string theory provided insights into the quantum nature of
these dualities.

Together with Polchinski’s discovery of D-branes the second superstring revolution started [6§]]. D-
branes provide non-perturbative objects and in particular they provide a new perspective on gauge the-
ories in the context of string theory. In 1997 Maldacena discovered the AdS/CFT duality [69], which
has lead to interactions with condensed matter physics and provide a theoretical prediction which might
be experimentally measured [[70]].

There are two possible directions in the study of string theory. On the one hand, one can study string
phenomenology and try to construct supersymmetric extensions of the standard model or cosmological
models from first principles of string theory. On the other hand one might be interested in understanding
string theory on a more conceptual level and also to study its mathematical implications. We want to
give a short account on these two approaches to study string theory, starting with string phenomenology.

String phenomology

As already mentioned, the aim of string phenomenology is to make contact with the known results
from the standard model of elementary particle physics. Of course, a large gap between the Planck
scale at 1.22 x 10! GeV to energies accessible via particle accelerators like the LHC at 14 TeV has
to be addressed correctly. Nevertheless, to test string theory one should be able to make predictions of
model building beyond the standard model that hopefully will be discovered within the LHC data or
cosmological data. One such hint would be the discovery of supersymmetry. Within supersymmetry
unification of the gauge couplings is possible and the study of a [grand unified theory (GUT)| has been
of interested since the first[GUT] with SU(5) symmetry [[7I]]. To obtain supersymmetric extensions of
the standard model various methods within string theory have been developed. We want to comment on
three of these, namely intersecting D-branes, F-theory and heterotic orbifolds.

Model building via intersecting D-branes is based on the observation, that the intersection of two D-
branes supports chiral fermions [[72]]. The corresponding backgrounds for these kinds of constructions




are orientifolds which are Calabi-Yau manifolds modded out by a discrete symmetry. Due to the use
of D-branes supporting gauge fields it is possible to construct gauge groups and in particular physical
quantities like the Yukawa couplings can be understood in terms of geometry. Hence these models
provide an interesting background for phenomenological questions [[73H75].

F-theory has been proposed as a non-perturbative version of type IIB string theory [[76]]. In particular
the SL(2,Z) symmetry of type IIB is geometrised to an elliptic curve/torus such that F-theory becomes
twelve dimensional. To make contact with the four-dimensional world the compactification space is now
a complex four dimensional Calabi-Yau manifold, where locally at each point of the three dimensional
base manifold there is a torus. However, this torus can degenerate and this notes the presence of D7-
branes. At the singularities of the elliptic curve one can use an A-D-E classification and therefore the
construction of [GUT] gauge groups is possible [77H82]..

The idea of heterotic orbifold model building relies on the fact that the Eg x Eg heterotic string theory
already provides a gauge group. Via the inclusion

SUB)c x SUR), x U(1)y c SUS) € SO(10) c Eg C Eg, (1.1)

one can see how the gauge group of the standard model is included in one the Eg gauge groups. This
breaking pattern is achieved by first compactifying the heterotic string on a 7° and then modding out
the so called point group Z,, or Z, X Z,, on the torus. Due to modular invariance this symmetry has to be
embedded in the gauge degrees of freedom and this results into a breaking of the gauge group [83H88].
In recent years by using methods of toric geometry and blow ups, the orbifold singularities have been
smoothened.

Mathematics and string theory

Though it’s experimental verification is still on the way, string theory provides many interesting insights
into mathematics and vice versa. We want to present three examples for this fruitful partnership: mirror
symmetry, Chern-Simons theory and knot theory as well as modular forms as a third example.

We start with mirror symmetry. As we already mentioned, to make contact with the four dimensional
world the ten dimensional theory must be compactified on a Calabi-Yau threefold, i.e. a six real di-
mensional manifold. The statement of mirror symmetry is, that type IIA string theory compactified on
a Calabi-Yau threefold M gives the same theory as type IIB string theory on a Calabi-Yau threefold
W [89,[90]. The two manifolds M and W form a mirror pair and in particular the Hodge numbers get
exchanged, i.e. K> (M) = h"1(W) and h"-'(M) = h>'(W). Mirror symmetry allows to perform calcula-
tions in a simpler setup and then via mirror symmetry to obtain the result on the other side of the duality.
In particular the use of mirror symmetry allowed to calculate the number of rational curves in the quintic
Calabi-Yau threefold [91}[92]]. These results were proven to be mathematical correct by Giventhal and
Lian, Liu and Yau [93][94]]. It turns out that [Gromov-Witten (GW)] invariants can be calculated in the
framework of topological string theory [95][96]|, where the [GW]invariants appear in the free energy of
the A-model. Topological string theory calculates the free energy F(gy, ?) of a Riemann surface X, of
genus g and / holes corresponding to open topological string theory or a compact Riemann surface X,
corresponding to closed topological string theory and its embedding into the Calabi-Yau target space.
We denote by g, the string coupling and by ¢ background moduli. The free energy is subject to a genus
expansion of the form

Flgo) = ) g/ FO), (1.2)
g=0
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where the F9)(¢) are called topological amplitudes. Topological string theory comes in two versions, the
A- and the B-model [97]]. The calculation of the free energy of the A-model is performed by doing the
calculation on the B-model side, and then using mirror symmetry to map back to the A-model. In physics
itis conjectured in the[Strominger- Yau-Zaslow (SYZ)|conjecture, that mirror symmetry is a special kind
of T-duality [98]]. From a mathematics point of view a full understanding of mirror symmetry is still
lacking, though in the context of homological mirror symmetry the idea of equivalent categories is
formulated [99] and has been checked for various classes. The calculation of the topological amplitudes
F9(f) has been performed up to genus 52 which is possible due to the fact, that the topological
amplitudes are subject to a holomorphic anomaly equation [I0T]] which provides a recursive structure in
the genus

g—1
9:F9 (1) = %C’k ZD FO(ODF9™ () + DD F9 V() | (1.3)
n=1
This recursive structure can be understood as the degeneration of a genus g surface via splitting and
pinching. In this context the background independence of topological string theory has also been ob-
served [[102]].

Furthermore topological string theory is by a chain of dualities connected to Chern-Simons theory.
Chern-Simons theory itself can be used to calculate knot invariants, like for example the Jones polyno-
mial. It was Edward Witten, who won the fields medal in 1990 for his work on the Jones polynomial
and its relation to Chern Simons theory [[T03]].

In the last example we wish to address modular forms. The definition of a modular form is that of a
function f : H — C that transforms in a covariant way under transformations of I' ¢ SL(2,Z)

ar+b\ X a b
f(CT+d)—(CT+d) f@), (C d)efgsL(LZ). (1.4)

In particular a modular form is periodic and can be expanded in a Fourier series

@ =) ad", q=e, (1.5)

n

which is a useful property for counting problems to express certain generating functions. In the context
of topological string theory, the topological amplitudes turn out to be either modular, quasi-modular or
almost-holomorphic modular forms under a subgroup of Sp(b3(X),Z) of the target space Calabi-Yau
manifold [104]]. Monstrous moonshine is another example for the interplay of modular forms between
mathematics and string theory. It was noted that the Fourier coefficients of the j-function

1
J(T) = = + 744 + 196884 + 214937604 + . .. (1.6)
q

carry information about the dimensions of representations of the Monster group. This was proved by
using the language of vertex operator algebras and an explicit representation is given by the bosonic
string compactified on the Leech lattice [I05HI07]]. In a nutshell we see that the impact of mathematics
on string theory and vice versa is very strong.

Black holes in string theory

We have explained that string theory is capable to provide a solution to the problems of the standard
model of particle physics and those of cosmology. One very important intrinsic test of string theory as a



theory of quantum gravity is its ability to solve the black hole entropy problem, which combines macro-
scopic and microscopic questions. In fact, for extremal supersymmetric Reissner-Nordstrom black holes
Strominger and Vafa showed that string theory provides a microscopic explanation of the macroscopic
entropy [[I08]]. An extremal Reissner-Nordstrom black hole has the property, that its mass is determined
by the charges of the black hole. The setup of Strominger and Vafa is that of type II string theory on
K3 x §'! giving rise to a black hole with axionic charge p and electric charge g. From the low energy
action it is possible to identify this setup with an Reissner-Nordstrom black hole in five dimensions and
the macroscopic area is given by

2
S macro = 27 % (1.7)

The key idea in their solution is to realise that the microstates of an extremal supersymmetric black
hole are in one to one correspondence with [BPS]states, whose mass is determined by the magnitude of
the central charge. For the class of [BPS] states some operators of the supersymmetry algebra become
trivial, which makes [BPS]states interesting as they represent a protected quantity in case variations of
the parameter space of the setup considered. It is possible to perform a precise counting of these [BPS]
states as they correspond to D-brane charges . Taking the limit of small K3 compared to S' leads
to a description as a supersymmetric sigma model where the target space is the symmetric product of
1(¢* + 1) K3s [[110]. By [conformal field theory (CFT)|arguments it is now possible to calculate the

microscopic entropy which reads
1
S micro = 27T 4 /p(zqz + 1), (1.8)

and is equal to the macroscopic value for the case of large charges.

With this remarkable result the study of microstates and black holes is continued. In particular the task
to write down a generating function which counts the microstates is of particular interest. For the case of
N = 4 extremal black holes arising from compactifications of type IT on K3 x T2 the generating function
is given as a Siegel modular form ®((€2) , where Q can be understood as the period matrix of a
genus two surface. It can be shown, that in the case of a degeneration of the genus two surface into two
genus one surfaces the heterotic result is recovered, which is given for either the magnetic or the electric

charges by
1 1

This is again an impressive example where modular forms and string theory meet. In particular the
mathematical origin as the Hilbert scheme of K3 was proven by Géttsche [T12]].

Another way to calculate the microscopic degeneracies is by using topological string theory, where
the ideas have been first applied for black holes in M-theory. Here one considers an M-theory compac-
tification on a Calabi-Yau threefold such that the corresponding [BPS| black hole is in five dimensions.
The corresponding [BPS] states carry charge due to the reduction of the M-theory 3-form. Furthermore
the [BPS] states also carry spin (jz, jg) due to the little group SO(4) = SU(2)r. x SU(2)r but the [BPS]
condition forces one of them to vanish. The counting of states is then achieved by the so called
elliptic genus Z i

Z = Tr (-1)Frgtogho, (1.10)

where Fg denotes the right moving fermion number and L, Ly the zero modes of the Virasoro algebra.
The image of holomorphic maps provide cycles that can be wrapped by branes to give a [BPY] state
and these holomorphic maps are counted by the A-model. The topological amplitude F% represents
in the four-dimensional effective action of type IIA on a Calabi-Yau manifold the coefficient of the
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gravitational correction to the scattering of 2g — 2 graviphotons
f d*x FORZF72, (1.11)

Using a Schwinger loop computation and integrating out the [BPS]states it can be shown, that the elliptic
genus exactly captures these R2 corrections and hence topological string theory can be used in five
dimensions to count black hole microstates [I13[[TT4]. It is also possible to count black hole microstates
in four dimensions. The entropy is simply determined by the volume of the Calabi-Yau manifold,

S(Q)=%£Q/\Q, (1.12)

with Q the holomorphic (3,0) form. By using the attractor mechanism it is possible to show that the
moduli, i.e. vector multiplet scalars, of the compactification at the horizon are locally independent
of the moduli at infinity and therefore only depend on the charges of the black hole, which allows to
fix Q [IT5HTT9]. An interesting observation between the partition function of the black hole and the
topological string partition function was made as the entropy of the black hole almost looks like
the imaginary part of the B-model prepotential and in fact by applying a Legendre transform of Im F(®
it is possible to state the [Ooguri-Strominger-Vafa (OSV)| conjecture

ZpH = [ Ziopl (1.13)

Stability of BPS states

Having outlined the bigger picture, we want make contact with the topic of this thesis which deals with
the stability of [BPS]states and provide further details. Since the [BPS]states depend on the background
moduli of the theory, one might wonder how they change if the moduli are varied. Denef studied the
correspondence between low-energy effective supergravity solutions and [BPS|states from type II string
theory on a Calabi-Yau manifold [I21]]. Multi-centred black holes solutions exists, e.g. two-centred
solutions with central charge

Z{T, ) =Z(T, 1) + Z(T, 1). (1.14)

When moving in the moduli space, there might happen a decay in the charges of the form I' — I’y +
I'; at the wall of marginal stability. By looking at the binding energy, it is possible to calculate the
position, where the two-centred solution becomes marginal stable. Of course the question is, if it is
possible to calculate the microscopic degeneracy when crossing a wall of marginal stability. The related
phenomenon is the so called wall-crossing effect, which from a physics point of view describes the
decay of a[BPS]state. This decay happens if the central charges of the decay products align, i.e. charge
and energy conservation hold. The change in the degeneracy is calculated by wall-crossing formulas
which were discussed in physics and in mathematics [I22H135]).

In mathematics it has been observed that for surfaces with b; (P) = 1 the Donaldson-Thomas invari-
ants change [[136]]. The generating function of black hole microstates can often be expressed in terms of
modular forms. However, if we encounter a decay then of course the question is how this is resembled
by the generating function. In particular this implies holomorphic anomalies in the generating function.
For example these have been observed in the context of multiple M5 branes and the modified elliptic
genus, where the M5 branes wrap a diVismﬂP inside a Calabi-Yau threefold . This setup has a
description for one M5 brane [[I38]]. For the case of » M5 branes it was shown to be dual to N' = 4 U(r)

! We will use the expression divisor and surface interchangeable.



topological [super Yang-Mills (SYM)]theory [[139][T40].. In particular the non-holomorphic contributions
arise from reducible connections

U(r) » Um)U(r — m), (1.15)

which corresponds to an anomaly in the context of E-strings [I41]]. In the gauge theory setup the
generating functions of Euler numbers of instanton moduli spaces are calculated, which were also stud-
ied in mathematics [142HI44]]. In this thesis we study the relation between wall-crossing and non-
holomorphicity and relate them to each other. In particular we use the wall-crossing formula by Gott-
sche, where the moduli dependence of the [BPS] generating function is captured by an indefinite theta
function. It turns out that for the case b;(P) = 1 and r = 2 the different sectors of the partition func-
tion need a non-holomorphic completion to assure invariance under S-duality. These functions were
established in [I45]]. The origin of the holomorphic anomaly is due to the formation of bound states.
These non-holomorphic completions can be described by mock modular forms that were developed by
Zwegers [146HI48]l. Gottsche’s indefinite theta function is also an example of these functions. Mock
modularity was also used in a physical context studying the wall-crossing of degeneracies of N = 4 dy-
ons [[T49]]150]]. Also for theories with N’ = 2 supersymmetry mock modularity was discussed [I5THI60].

For studying D4 brane charges greater than two, we want to study the relation to topological string
theory in the context of elliptically fibred Calabi-Yau threefolds. Topological string theory on local
Calabi- Yau manifolds has been a remarkable success story. It counts the open and closed instantons cor-
rections to topological numbers, which can be seen as an extension from classical geometry to quantum
geometry. By now we can solve it in very different ways, namely by localisation, by direct integration
of the holomorphic anomaly equations, by the topological vertex or by the matrix model tech-
niques in the remodelled B-model [162]]. Topological string theory on local Calabi-Yau manifolds gives
deep insights in the interplay between large N gauge theory/string theory duality, mirror duality, the
theory of modular forms and knot theory and is by geometric engineering [163]] intimately related to the
construction of effective N = 2 and N = 1 rigid supersymmetric theories in four dimensions.

On global, i.e. compact, Calabi-Yau manifolds, which give rise to N' = 2 and N = 1 effective
supergravity theories in four dimensions, the situation is less understood. Direct integration extends
the theory of modular objects to the Calabi-Yau spaces and establishes that closed topological string
amplitudes can be written as a polynomial in modular objects, but the boundary conditions for the
integration are in contrast to the local case not completely known.

In [[T64]] mirror symmetry was made local in the decompactification limit of fibred Calabi-Yau threefolds.
Here we want to do the opposite and study how the quantum geometry extends from the local to the
global case, when a class of local Calabi-Yau geometries is canonically compactified by an elliptic
Calabi-Yau fibration with projection 7 : M — B. This easy class of local to global pairs, will be de-
scribed to a large extend by complete intersections in explicit toric realizations. If the elliptic fibration
has only /; fibres the classical cohomology of M is completely determined by the classical intersection
of the base B and the number of sections, which depends on the Mordell Weyl group of the elliptic
family.

The decisive question to which extend this holds for the quantum geometry is addressed in this thesis
using mirror symmetry. The instanton numbers are counted by (quasi)-modular forms of congruence
subgroups of SL(2, Z) capturing curves with a fixed degree in the base for all degrees in the fibre. The
weights of the forms depend on the genus and the base class. This structure has been discovered for
elliptically fibred surfaces in [[I65]] and for elliptically fibred threefolds in [166]]. We establish here a
holomorphic anomaly equation based on the non-holomorphic modular completion of the quasi-modular
forms which is iterative in the genus, as in [101]], and also in the base classes generalising [[I39[I67]].

Our construction can be viewed also as a step to a better understanding of periods and instanton



1 Introduction and Motivation

corrections in F-theory compactifications and a preliminary study using the data of reveals
that the structure at the relevant genera g = 0, 1 extends.

On elliptic Calabi-Yau fibrations, double 7-duality on the elliptic fibre (Fourier-Mukai transform)
[T39[I7THI73]] transforms D2 branes wrapped on base classes into D4 branes which also wrap the
elliptic fibre and vice versa. The D4 brane holomorphic anomaly is therefore related to the one of
[GW] theory for these geometries. Moreover, the mirror periods provide predictions for D4 brane [BPS]
invariants which correspond to those of (small) black holes in supergravity.

Outline of this thesis

In chapter [2] we present an overview on various methods to count [BPS]states in string theory. We start
by introducing the [BPS] property for N' = 2 supersymmetry and present two classes of N' = 2 SUSY
theories: gauge theories, where we discuss the Seiberg-Witten solution and supergravity with black
holes. The next section is devoted to stability conditions of [BPS] states. We review the Kontsevich-
Soibelmann wall-crossing formula and give a brief account on the mathematical notion of stability
conditions. We also summarise some implications of wall-crossing from the literature. For the example
of SU(2) Seiberg-Witten theory we illustrate some of the aspects discussed before. Modular forms and
their properties are addressed in the following section. This is followed by a review of topological string
theory, mirror symmetry and the holomorphic anomaly equations of [Bershadsky-Cecotti-Ooguri-Vafal
[(BCOV)] We finish this chapter with a review of the setup that allows us to count D4-D2-DO0 states and
we review the effective description of multiple M5 branes.

In chapter 3] we discuss the construction of Calabi-Yau manifolds via toric geometry. As we will
deal with complex surfaces that appear as a divisor embedded in our Calabi-Yau manifold, we give a
short review of their classification. A review on elliptic curves stating Kodaira’s classification and some
properties of elliptically fibred Calabi-Yau threefolds finish this chapter.

In chapter [d we discuss our results on the wall-crossing holomorphic anomaly of multiple M5 branes
and their mock modularity. We use the Kontsevich-Soibelmann wall-crossing formula to derive the wall-
crossing formula for the D4-D2-D0 system and state the relation to Géttsche’s wall-crossing formula
that is captured by an indefinite theta function, i.e. a mock modular form. Using the regularisation
procedure of Zwegers restores the modular invariance of the theory but lacks holomorphy. For the
case of two M5 branes we proof the holomorphic anomaly at the attractor point. We calculate the
generating function of D4-D2-D0 states with at most two D4 branes for various surfaces at the end of
this chapter. We speculate on possible extensions to higher D4 brane charge. The results of this chapter
were published in [[I]].

In chapter 5] we discuss the quantum geometry of elliptic fibrations. We start by reviewing the B-
model approach to these compactification spaces and present our finding of a new holomorphic anomaly
equation. Then we discuss the origin of modularity by a study of the monodromy group. We derive our
holomorphic anomaly equation by using mirror symmetry for the example of the base F; at genus
zero. A second derivation of the holomorphic anomaly equation is based on a derivation of the BCOV]
holomorphic anomaly equations. Then we use T-duality to relate the D4 brane charge to D2 brane charge
in order to establish the relation between the anomaly for D4-D2-D0 systems and the topological string
anomaly. We discuss higher rank branes on elliptic Calabi-Yau fibrations and compare the predictions
from the periods for D4-brane[BPS]invariants with existing methods in the literature for the computation
of small charge BPS]invariants. The predictions of the periods are in many cases compatible with these
methods. We specialise to the elliptic fibration over the Hirzebruch surface F;. The periods of its mirror
geometry provide the invariants of D4-branes on the rational elliptic surface (also known as %K3)

10



as proposed originally in [139]]. We revisit and extend the verification of this proposal for < 3 D4 branes
using algebraic-geometric techniques. The results of this chapter were published in [2].
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CHAPTER 2

Counting BPS states in string theory

In this chapter we want to give some preliminary background material for the central results about[BPS]
states and their invariants in this thesis. We want to study the dependence of background parameters,
like moduli fields and coupling constants, of theories. Moduli fields arise for example in the compac-
tification of string theory on a Calabi-Yau manifold as vector or hyper multiplets. The understanding
how correlators of the theory change if the background parameters change helps us to understand and
maybe solve the theory. An example of such an understanding is in the case of topological field the-
ories [97]]. More generally supersymmetric field theories allow for an intensive study of this question.
This is because they imply for example duality symmetries, like electric magnetic or strong to weak
coupling symmetries and we have a holomorphic structure that helps us to apply ideas from complex
analysis [[I74]. In particular theories with N = 2 supersymmetry in four dimensions are at the border
between being solvable and trivial as its features can be captured by a holomorphic quantity: the pre-
potential F. As such, it is between the self-dual N = 4 theory and N = 1 theories where only at some
regions it is possible to apply the powerful tools of complex analysis. [BPS]|states are well-defined all
over moduli space and provide a powerful tool into non-perturbative physics. However, a variation of the
moduli of the theory might lead to certain decays of these states and are captured by the wall-crossing
effect. We give an introduction to the condition in the case of N' = 2 supersymmetry. Next we
show the application of [BPS]in the context of two N = 2 theories: gauge theories and extremal black
holes. In particular the counting of black hole microstates unifies ideas from these two examples. Then
we discuss the stability of [BPS]states and the formulas that allow to describe the change of the [BPS]
degeneracies. In the case of N' = 2SU(2) Seiberg Witten theory some of these ideas can be illustrated.
The generating function of [BPS] states is expressed by modular forms, which are discussed in section
2.6 A powerful method to count [BPS|states is topological string theory. We review the construction
and the holomorphic anomaly equations. The chapter ends with a discussion of D4-D2-D0 [BPS]states,
which are the central object of our study. The corresponding setup with multiple M5 branes giving rise
to D4-D2-D0 [BPS] states has two interesting limits: the [Maldacena-Strominger-Witten (MSW)][CET] of

a black hole and as a N = 4 U(r) topological [SYM] theory [[T40].
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2 Counting BPS states in string theory

2.1 BPS states and the supersymmetry algebra

In the following we consider N’ = 2|supersymmetry (SUSYﬂ in four dimensions and discuss the repres-
entation theory of the[SUSY]algebra g. We mainly follow and further useful references about

supersymmetry include [45][I77HI80]]. The[SUSY]algebra g splits into a bosonic part g and a fermionic
SUSY

part g;. The fermionic part consists out of the |[SUSY|charges which are denoted by Q4, where a = 1,2

a’

and ¢ = 1,2 denote the spinor indices and A = 1,2 the number of supersymmetries. Since the [SUSY]
charge is a fermionic operator it squares to zero. The conjugated SUSY]charge is denoted by

@' = Qan. @.1)

21

In addition we raise and lower indices by €45 with €2 = -2 = ¢, = —¢5 = 1, such that

Qun = €ap0b. (2.2)

We denote the four-momentum by P, = (E, AT and the Pauli-matrices by O'Z 5 The Pauli matrices are

10 0 1
0 _ I _
<o 1) =)

given as follows

(2.3)
2 _ 0 —i 3 _ 1 0
A T A (VI
Since we have extended [SUSY]we also have a central charge Z € C and we often write
Z =|Z)e". 24)
We summarise the building blocks of the N’ = 2[SUSY]algebra in table 2.1}
Name ‘ comment
|SUS §|algebra g ‘ g=goDy.
bosonic algebra gg ‘ go = poin(3, 1) ®suQ)g ®@u(l)g ®C
poin(3, 1) ‘ four-dimensional Poincaré algebra
su(2)r R-symmetry rotates the SUSY|charges. This is often not present in the case
of supergravity.
u(r ‘ 0% has charge +1 and Q% has charge —1. The u(1)g can be broken
C ‘ central charge Z

fermionic algebra g ‘ generated by Q% and Qé

Table 2.1: The N = 2[SUSY|algebra g and its components.

! For N > 2 the discussions follows a similar pattern as we will get % central charges Z; that arise from the antisymmetric
central charge matrix Z". For brevity we focus on N = 2.
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2.1 BPS states and the supersymmetry algebra

The supersymmetry generators Q are subject to the following anti-commutation relations

{Qﬁ’ QBB} - ZO'ZBP;!‘SA’
{04, 08} = 26,56 Z, 2.5)
{Q(m, QBB} = —2€,3€ABZ.

We want to derive the [BPS]bound satisfied by [SUSY] states, i.e. their mass is bounded from below by
the magnitude of the central charge Z of the supersymmetry algebra

M >|Z|. (2.6)

For this we discuss the representation theory of the [SUSY] algebra. Within the representation theory
we distinguish between massive and massless representations. Since we are interested in massive rep-
resentations, i.e. representations satisfying P> = M?, we can always choose a rest frame such that the
only non-trivial component of the four-momentum is P°. For deriving thebound we define the fol-
lowing set of operators R4 and T[’; which will lead to a split of the fermionic part of the algebra
g1 = g;r ® g, . They are defined as follows

A _ -1 0 ABA
RlI—K Q?{+K(TQB )

A -1 0 ABA 2.7)

T, =« Qg — ko SO
In the above equations we have introduced a phase « that is related to the action of the R-symmetry
s1(2)r, which rotates the supersymmetry charges among each other with rotation R = 2. In the fol-
lowing we set R = —e™'@ as this will give us the the bound (2.6). This is also the sharpest bound as
otherwise we would obtain Re (%) as a bound instead of |Z|. Obviously this is not the lowest possible
bound and we can use the R-symmetry appropriately. In a next step, we evaluate the anti-commutators
of R4 and T¢ by using (2.3) and we obtain

(R}, REY = 4(M — |Z])eqpe’”,

2.8
(T2, TE) = —4(M + 1Z))eope®®. 29

A short calculation shows that
(R} + RDN? = 4(M - |2)), (2.9)

and hence since the left-hand side of (2.9) is the square of a hermitian operator, this implies that the
right-hand side is bounded to be non-negative. This implies the [BPS| bound (2.6)), that we wanted to
show.

With the [BPS] bound at hand, the representation theory of the massive representation can be further
distinguished into two classes. If the bound is satisfied, i.e. M = |Z|, we consider so called short or[BPS]
representations and for the case that M > |Z| we have long representatiomﬂ

2 In the case of N > 2 extended supersymmetry we have more central charges which allow a similar classification of the
representation theory. Depending on how many of the operators become trivial, the multiplets are shortened accordingly.
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2 Counting BPS states in string theory

Long representations

We first give a brief discussion on the long representations. In this case R? and T4 form two seperate
Clifford algebras g7 and g;. We comment on the representation theory of g} since the representation
theory for g is similiar. For gT it is possible to construct a four dimensional representation oy, with
a heighest weight state |€2) such that Ri‘lQ) = 0. Then it is possible to act with each of the remaining
operators on [Q) cf. table@for details.

level ‘ state

0 |19 withR{|Q) =0
1 | RIQ),RIQ)
2 | RIRY)

Table 2.2: The states of the four dimensional representation ppy, for the case that Ri annihilates the ground state
1€2).

Therefore, the general representation theory for the long representations is of the form

Plong = P ® Pri @ b, (2.10)

where Iy denotes a representation of the bosonic little group so0(3) & su(2)g.

Short representations

In the case that the [BPS|bound (2.6)) is satisfied we obtain the [BPS]or short representations. Note, that
in this case from (2.8)) the relation between the Rﬁ becomes trivial, which leads to a shortening of the
corresponding multiplets. This shortening is the decisive property of [BPS] states, since the mass now
equals the central charge, which is a conserved property all over moduli space. Hence, the R? are called
preserved supersymmetries and the 7/ are broken supersymmetries. The non-trivial part of the short
representation follows from the representation theory of the broken supersymmetries 74 and has the
following form

Pshort = P ® D, (2.11)

where again b is a representation of sn(3) @ su(2)g. We summarise some of the choices for ) and
the resulting representations in table 23] At this point we end our discussion of the supersymmetry
multiplets and refer the reader to [45][I73]] for more details on supersymmetry.

2.2 BPS states and gauge theories

We want to study [BPS] states in the context of N' = 2 gauge theory with a gauge group G of rank r.
The moduli space can be distinguished between the Higgs branch where the gauge group is completely
broken, and the Coulomb branch 8 of the vector multiplets, were the gauge group G breaks down to
U(1)". We focus in the following on the Coulomb branch where we can distinguish between electric
charges g and magnetic charges p which are combined in a charge vector I' = (p,g)’. The Coulomb
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2.2 BPS states and gauge theories

long representations

half-hypermultiplet ‘ Phh = (0; %) ) (%, 0)

h=(0,0) | Prong =2(0:0) & (1:0) & (0: ) ©2(4: )

short representations

h=(0.0 om
h= (%;0) vector multiplet ‘ pym = (0;0) @ (%, %) ® (1,0)

Table 2.3: Representations for different choices of the algebra b.

branch has the structure of a special Kihler manifold [[I81}[I82]. The Dirac quantisation condition
([T83][184] states that the symplectic charge product has to be an integer number

_rT.
<r19r2> - Fl (_]l 0

0 1
)'F2=P1'Q2—P2'Q1 = (I, I'1) € Z. (2.12)

This leads to the fact that the charges I" belong to a charge lattice A. We introduce a Darboux basis for
this charge lattice {a, 8’} with I = 1, ..., r with the only non-trivial symplectic product being

(ar,B’y = 6. (2.13)

In order to determine the @l spectrum, we have to determine the central charge Z = Z(I, ¢), which
depends on the charges I" and the position on the Coulomb branch ¢ € 8. It was shown that the central
charge Z is holomorphic on 8 [[174]], which allows for an explicit determination of the central charge Z.

We introduce the corresponding one-particle Hilbert space H; of charges I" at 7 in 8 by

H, = P Hir. (2.14)

The corresponding central charge function can then be understood as
ZI,t)y: Hir - C (2.15)
and it is linear in the charges, i.e.
ZI + T, 0) =Z(T1,0) + Z(X2, 1). (2.16)

Since the charges I" = p’a;—q;! are elements of a lattice A, it is sufficient to evaluate the central charge
Z(T', 1) on the basis elements {a;y, ,81 } of this lattice

Zapty=d', ZPB'.0=apy, (2.17)
which allows us to express the central charge as follows

Z(T, 1) = qia’ + plap. (2.18)
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2 Counting BPS states in string theory

Seiberg and Witten showed [[61}[62] that the low-energy abelian gauge theory consists out of a self-dual
gauge theory, where the self-dual two-form field strength F has the following form, where

F=aF -G e P®R")®Ar, Ar =A®R, (2.19)

and it is subject to
dF =0. (2.20)

Given a Darboux basis, it is possible to split the charge lattice A into two components, which upon
complexification are spanned by f; and f;, which can be expressed as follows

fi=ar+tf’, fi=ar+7p’', 11 =Re(ry) +ilm(ry) = Xpy +iYyy. (2.21)

The symplectic charge product of the f;’s implies that 7;; = 7;;. By use of N' = 2 supersymmetry it is
possible to determine 7;; as derivatives of the holomorphic prepotential 7 (a) with respect to a’

PF  dap;

A 222
dalda’  da’ (2.22)

TL
where we have used the supersymmetry constrained ap; = %. Hence, the bosonic low-energy effective
action is given as

1

- ( f —Im7y, (da’ xda’ + F' % Ff) + Rer; JF’FJ), (2.23)
47T M4

where we denote by M* the four-dimensional space-time. We will discuss these results for the explicit
example of N' = 2 SU(2) Seiberg-Witten theory in section 2.5}

Type II string theory on a Calabi-Yau threefold

We finish this chapter with some general remarks about the compactification of type II on a Calabi-Yau
threefold and its moduli. This theory has N = 2 supersymmetry in four dimensions due to the SU(3)
holonomy of X so that from the original 32 supercharges only eight remain. Depending on whether we
take type IIA or type IIB we find the following number of hyper and vector multiplets in table [2:4]

theory # hyper multiplets # vector multiplets # gravity multiplets
IIA (X)) + 1 hH(X) 1
1B R (X) + 1 h>1(X) 1

Table 2.4: The N = 2 super multiplets of type II string theory compactified on a Calabi-Yau threefold X.

For the case of type IIA we get h!"! vector multiplets where the bosonic content is given by vectors
from the RR threeform C,;5, scalars from the reduction of the metric G;; and the B-field B;;. The bosonic
content of the 4! + 1 hyper multiplets arise from C; ;% and G;;j and the complex scalar given by the axion
dilaton S = a + ie~®. The bosonic content of the 4!*! + 1 vector multiplets is due to the RR 4 form C ik
and the metric G;; and the axion dilaton. In the h>! hyper multiplets we find contributions from the RR

4-form C,,,;;, the metric G5, the B-field B;; and the RR 2-form C;.

18



2.3 BPS states and black holes

Locally the moduli space M splits into the vector multiplet moduli space Myector and the hyper
multiplet moduli space Mpyper-

Geometric engineering

It is possible to construct N' = 2 gauge theories via so called geometric engineering of type II string
theory compactified on a local Calabi-Yau threefold X with gravity decoupled [163][185]. Let Q be
the holomorphic (3, 0) form on the Calabi-Yau manifold, then the central charge Z(I', f) is expressed as
follows

ZI.0) = e* f o, (2.24)
C

with the three-cycle given as C = p’a; — ¢;8" and K denoting the Kihler potential see appendix
In such a compactification setup we have the following identifications of table 2.3 for the charge lattice
and the rank r of the gauge group.

string theory ‘ rank ‘ charge lattice
A | r=h"'X) | A=HY"(X,2)
1B | r=m'X) | A=HYX,Z)

Table 2.5: The rank of the charge lattice and the identification of the charge lattice with the corresponding co-
homology groups of the Calabi-Yau manifold.

In this geometric setup the charges are the Poincaré duals to the cycles C. For further details about
geometric engineering, we refer to the literature mentioned above.

2.3 BPS states and black holes

states provide a significant test of string theory within the context of black hole physics and the
resolution of the entropy problem. It was shown by Bekenstein and Hawking that black holes behave
like thermodynamical systems and therefore are subject to three laws of black hole thermodynamics
[T7[I8][I86]]. The second law of black hole thermodynamics states that the area of the event horizon of
a black hole is an increasing function with respect to time. Therefore it is possible to associate to the
area of the event horizon the black hole entropy, which follows the Hawking area law

A
SBH x 7 (2.25)

This provides a significant test of string theory as a theory of quantum gravity, as Boltzmann’s law asks
for a microscopic interpretation of the macroscopic entropy in (2.23)). So the task is to identify black
hole microstates with degeneracies (I, ) such that

SBH = S micro = kB log Q.(F, t)- (2-26)

[BPS]states provide a microscopic realisation of black hole microstates and it was first shown by Strominger
and Vafa that in the large charge limit using Cardy’s formula the microscopic and the macroscopic
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2 Counting BPS states in string theory

results agree [T08]. We want to give a short recap of general aspects of [BPS] black holes. For further
details we refer to the literature [24][T2T}[T23][T88HIOT].

Reissner-Nordstrom black holes

Reissner-Nordstrom black holes are black holes with charges. The corresponding action of Einstein-
Maxwell theory reads

1
S = f d*x \/—_g(R - ZFWFW), (2.27)

and electric charges ¢ and magnetic charges p can be obtained as surface integrals of the field strength
and its dual

1 1
= — *F’ = — F 228
K 4 p 47195 ( )

Birkhoft’s theorem states the existence of a unique spherically symmetric solution of the corresponding
Einstein field equations, the Reissner-Nordstrom solution with

M G* + p?
P .

ds? = -2 D g2 4 o720 g2 4 rdeZ, s
r r

, (2.29)

with M the mass of the black hole. A Reissner-Nordstrom black hole has two horizons r, and r_ as can

be seen by rewriting
ezf(’):(l—ri)(l—r—_), re=Mx M- —p? . (2.30)
r r

Depending on the square root one can distinguish between three cases, where the extremal case is
M? = p? + 4%, i.e. the mass is determined by the charges of the black hole. This can be embedded into
the construction of extremal supersymmetric Reissner-Nordstrom black holes, where one dimensionally
reduces p-branes, i.e. supersymmetric solutions of supergravity that are the higher dimensional analogue
to Reissner-Nordstrom black holes. Using then the language of D-branes it is possible to calculate black
hole microstates, for a review see [[188][189].

The attractor equations

Next we discuss [BPS] black holes in terms of N' = 2 supergravity and the question of stability which
will lead to the attractor equations which state that the moduli fields at the horizon are only fixed by
the charges of the black hole [TI5HITOI[I21]]. We follow the exposition in [24]]. Black holes in N = 2
supergravity can be constructed by compactifying type II string theory on a Calabi-Yau threefold, where
the entropy can be determined from the vector multiplets.

The metric for a multi-centred black hole takes the following form

ds? = —PVOUR + ) + UG, (231)

with w = w;(x)dx' and U, w vanish at spatial infinity r = |x| — oo. We denote the center of the black
holes by x; and the corresponding charges by I';. We first consider the case, that we have a single centre
and w = 0. Demanding that supersymmetry is unbroken in this setup, i.e. the variations with respect to
the gravitino ¢, and the gauginos A vanish

S, = 617 = 0. (2.32)
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2.3 BPS states and black holes

This leads to the attractor equations for U(7) Wit}ﬂ‘r = % and the moduli

Xa

1 = 0 (2.33)
with
1 K K
X :eZIQ, F1:e2fQ, (2.34)
Al By
where (A, By) form a symplectic basis of three cycles. They read [[121}{123]
dZ(T) _ —eU(T)|Z|,
chza (2.35)
— = -2¢Y091z].
dr

From this it can be shown, that |Z| is a monotonically decreasing function of 7 with a minimum. In the
near horizon limit we assume that the central charge Z = Z, # 0 and the attractor equations imply that
the near horizon geometry is given by AdS, X S 2 and the horizon area Apo, equals

Anor = 47| Zporl. (2.36)

Independent of the value of the initial conditions the system will evolve to the horizon. This is sometimes
refered to as the attractor flow. If the charge is given as

r=pF—qX (2.37)
then the attractor equations imply for the charges near the horizon
pl=-2ImZXx", q;=-2Im(ZF)). (2.38)

Also in the context of counting microstates for N' = 4 black holes there are interesting results form
the attractor flow and Borcherds-Kac-Moody algebras, see e.g. [192]]. For the multi centred metric the
attractor equations read

H= Ze_UIm(e_iaeg Q),

(2.39)
*dw = de A H.
X
At r = oo the factor H is given by the following expression
5T K
H=-) — +2Im(e Q) (2.40)
— |x = xil .

Denef showed, that BPS|particles can form a bound state via the attractor mechanism. The non-singular

solution reads in this case
(T, T5) ia
———— = 2Ime " Z(T';, tt)|;=co- (2.41)

pre i = xj

3 7 is the flow parameter of the attractor flow towards the horizon. For the case of multi-centred black holes it reads 7 =

1
Zi
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2 Counting BPS states in string theory

For the special case of a two-centred solution with charges I';,i = 1,2 and corresponding central charges
Z(T';,t) and a the phase of the total central charge Z(I'y; 1) + Z(I'2; ), Denef showed the distance between

the two centres to be )

Ime=@Z(T'y;1)

By demanding charge and energy conservation we obtain two conditions for a decay of the bound state
with associated central charge Z(I'y + I'5, 1)

1
R =|x1 —x2| = §<F1,F2> (2.42)

charge conservation: Z([I'; +1%,1) =Z({[T'(,1) + Z(I, 1), (2.43)
energy consveration: |Z(I'y + I, 0| = |Z(, 0| + |Z(T2, 1)|. )

In this case the central charges Z(I';, 7) and Z(I';, 1) align see figure [2.1] This implies by using Denef’s
bound state formula that we have the folllowing condition as the distance has to be a positive number

Ty, THIM(Z(T1, )Z([T2, )] r=c0 > 0. (2.44)

A A

Z(Fl + FZa t)

A Z(Fl + Fg, tms)

Z(Fl,t) Z(F27t)

Figure 2.1: The alignment of central charges at a wall of marginal stability.

Therefore we can conclude that in the case of a decay the distance between the two centres tends to
infinity giving rise to two single-centred black holes, just as expected.

2.4 Stability of BPS states

The mass of a[BPS] particle depends on the central charge. However, the central charge Z(I', ¢) itself
depends on various background moduli, which so far we have denoted by ¢. The variation of these
moduli can cause a decay of the bounded@l state, which is the wall-crossing effect. There exists a
precise formula, the [Kontsevich-Soibelman wall-crossing formula (KSWCF)| that allows to calculate
the change in the[BPS|spectrum. Before we can discuss the[KSWCE| we have to define an index Q(T', 7),
that we use to count states. We present various indices that are used in the literature. However,
we will mainly be interested in counting D4-D2-D0 bound states and therefore most of our discussion
will focus on indices, that are appropriate to count these [BPS|states. The change in the index can then
be calculated by the [KSWCH which we discuss in detail and present some examples. Furthermore we
present various stability conditions, which are generalisations of the decay picture of the central charge
we introduced in the previous section. This is done by introducing the language of sheaves which allow
to give a mathematical description of [BPS]states.
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2.4 Stability of BPS states

2.4.1 Walls of marginal stability and BPS indices

The point in moduli space where a decay as described in [2.43) appears, is characterised by an align-
ment of the central charges. This happens at a co-dimension one object, the wall of marginal stability
MS(I'y,I2) which is given by the following points in moduli space

Z(I'1, 1) o 0}
Z(I,1) '

(2.45)

MST',In) = {t‘

00 05 15 20

Figure 2.2: An example for the wall structure of the moduli space for the surface P' x P!. The coordinate axes are
with respect to the two P'’s.

In order to count[BPS]states we have to define an index Q(I', #) which counts the BPS]states. Remem-
bering that our [BPS| Hilbert space is graded with respect to the charges I'. We define the [BPS]index of
interests as follows

QT 1) = %Trq.m(Zh)z(—l)%. (2.46)

This index is referred to as the second helicity supertrace, with J3 being the generator of the spatial
rotations so(3). This index has the advantage, that it does vanish on fake, i.e. long representations.
By this, we describe a long representation such that M(¢) > |Z(T, 7)| but for certain values of ¢ it might
happen, that M(¢) = |Z(¢)| which leads to a fakerepresentation of the form

Plong = PrakeBES = Pri @ Y = pin ® ppn ® . (2.47)

In the following we elaborate on the index to clarify the issue of fake{BPS]states. The character
x(p) of a representation p with respect to the Cartan elements J3 of so(3) and I3 of su(2)g would take
the following form

x(p) = Tr, q%h qih. (2.48)

We can see from table [2.6] that the character (2.48)) is not a good quantity to distinguish between fake
and true [BPS] states, as the characters of the long and short representations only differ by one factor.
So if we consider a fake-representation of the form (2.47) then this index does not distinguish between
fake and [BPS]states. This issue is resolved by taking derivatives and setting ¢; = —¢» = y leading to
a character that vanishes on long representations. Taking one time a derivative w.r.t. g9, gives the
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2 Counting BPS states in string theory

representation ‘ character y (o)

Plong | (g1 + 47" + g2+ 45" x(D)
Pshort ‘ (g1 + (’III +q2+ QEl)X(b)

Table 2.6: The characters of the long and short representations.

protected spin character Q(I', u, y) which is given as [[123][193][194]
QT u,y) = Try(- >3 (- 5. (2.49)

Of course it is also possible to take two derivatives and set parameters accordingly such that we obtain
the second helicity supertrace in (2.46)). In section 2.8] we introduce the modified elliptic genus, which
has similar properties and provides the correct index.

2.4.2 The Kontsevich-Soibelmann wall-crossing formula

If we cross a wall of marginal stability, the BPS]index (2.46) will change due to the decay of the [BPS]
states. We denote the moduli on the two sides of the wall by ¢, and 7~ However, the change AQ(I') is
given by

AQI) = QT ,ty) - QT 1) (2.50)

Z(T,t4) A Z(T,t_)

A

Z(Ty,ty) Z(To,ty) | 2(Tat- 2T t-)

Z(Fl + Fz, tms)

Figure 2.3: Crossing a wall of marginal stability and the central charges at ., f,,s and 7_.

The [KSWCH calculates the change in the index [[126]]. We first state the result of the formula, before
we discuss some more formal issues. The KSWCHreads as follows

N ~
QI5ty) _ Qo)
[ "= ] 7", 2.51)

I:Z(;Hev I:Z( eV

where V is a region in R? that is bounded by two rays starting at the origin and ~ denotes clockwise

24



2.4 Stability of BPS states

ordering of the factors in the product with resect to the central charges Z(I', ) where the symplecto-

morphisms 7T are given as
Tr = exp (— > en—;] (2.52)

n=1

and the er satisfy the following Lie algebra commutation relation
[ers er,] = (DTN Toder, i, (2.53)

We want to comment on the fact that 7T represent symplectomorphisms. We denote the charge lattice
by A and the dual lattice by A*. Complexification of the dual lattice gives a r-dimensional torus

T =A"®C". (2.54)
Now one defines functions Xr on T” such that it acts on a basis {I';}; via

Xr:T"—->C
Dal; o exp ) ali(D), (2.55)

1

From the definition it can be easily seen that
XI*IXI“Z = XF1+F2- (256)
The complex torus T" can be equipped with a symplectic structure w

dx.  dXr.
an 220 (2.57)
Xt Xr.

! J

1 -1
w = (I L))

Now it is possible to state the action of the symplectomorphisms 7T as follows
Tr:T - T

, (2.58)
Xr = Xp (1 - (X)),

with o(I') = (-D)Tel'm with T = T, + I,. The er can then be interpreted as infinitesimal symplecto-
morphisms of the Hamiltonian o(I') Xr.

We illustrate the KSWCH|for the cases of a two-particle bound state I' — I'y + I', which leads to the
primitive wall-crossing formula [[123]]. We have the following elements in the Lie algebra: er,, er, and
er,+r, and we assume all other elements to be zero. Using the Kontsevich-Soibelmann wall-crossing
formula we have the following identity

Q(Fl,t ) Q(F1+F2,I ) Q(Fz,t ) _ Q(FQ,I_) Q(F1+r2,t_) Q(F],I_)
Tl"l : TF1+1“2 : Trz U= Trz TF1+F2 Tl“l (259)

Using the Lie-Algebra relations and permuting the symplectomorphisms we arrive at the following
formula for the change in the indices AQI"; + I'):

AQ(T| + Ty, tins) = (=D 27T THy(T)Q(). (2.60)

From the perspective of Denef’s bound state formula, we can interpret the primitive wall-crossing for-
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2 Counting BPS states in string theory

mula in terms of the two dyons for each center. First of all the change in the index can be expressed
as
AQTy + T2, 1) = £xr, oy Q1L NI, 1), (2.61)

and the associated electromagnetic field of the dyon is subject to a representation of so(3) with dimension
|(I'1, )| that has spin %(I(Fl, I2)] — 1), where the subtraction of —1 is due to quantum corrections. The
index then resembles the decay of the two centres.

2.4.3 Stability conditions

We give short review on stability conditions of D-brane bound states and a short overview of the more
general results in the field of mathematics and follow [[195]]. The theory of stability conditions for tri-
angulated categories was developed in [125]]. The connection between D-branes and derived categories

can be found in [[T96H203]]. For more details on the relation to the KSWCH see [126]].

Mathematics of stability conditions

The strategy to define a stability condition is to generalise the central charge function to a stability
function and then define the notion of a stability condition. We denote by ‘A an abelian category and the
Grothendieck group by K(A).
Definition: A stability function on an abelian category A is a linear map Z : K(A) — C such that for
all non-trivial & € A we have Z(E) € HU Roy. o
From this two observations can be made. First of all, it is possible to express the stability function
Z(E) as
Z(E) = m(E) exp(ingd(E)), with m(E) € Ry, ¢(E) € (0, 1], (2.62)

where we refer to ¢(E) as the phase, which can be determined from [2.62). Secondly, the linearity
condition used in ([2.16) generalises in the sense that for a short exact sequence

0—&E —>E—DE —0 (2.63)

the stability condition is linear
Z(E) = Z(&Ey) + Z(Ey). (2.64)

We state the definition of a stability condition.
Definition: A stability condition on an abelian category (A consists out of a stability function Z and
a slicing P = {P(¢)} with the subcategories of semistable objects P(¢) C A and ¢ € (0, 1] such that

i) Hom(P(¢1), P(¢2)) = 0if ¢1 > ¢ and

i1) for all non-trivial & € A there exists a [Harder-Narasimhan (HN)| filtration, i.e. there exists a
filtration

0=86c& c---c&, =86 (2.65)
and the semistable factors A; = &;/E;—1 € P(¢;) of Eand ¢; > -+ - > ¢,
o
It is possible to extend the definition to triangulated categories, but we refer to the literature for more
details [123]]. Furthermore note that in the case of extended [HN] filtration the condition on the ¢; is

extended to ¢; < ¢;. We continue our discussion with stability conditions of surfaces and their relation
to D-branes such that we can proceed with our discussion of the necessary tools for D4-D2-D0 [BPS]
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2.4 Stability of BPS states

states. However, we will switch to a perspective, that is more physical and we will see explicit notions
of stability that are used in physics. For a precise mathematical discussion of stability conditions on
surfaces we refer to [[195]).

Stability conditions on surfaces — D-branes and sheaves

In order to clarify our notation we collect some facts about D-brane charges and the stability conditions
for a bound-state system of D4-D2-D0 branes, wrapped around a divisor i : P < X inside a Calabi—Yau
three-fold X. We start by presenting the relation between D-brane charges and mathematical properties
of sheaves. Then we present three stability conditions, namely Il-stability, u-stability and Gieseker
stability, see e.g. [202H204] for a review. The D4-D2-DO0 brane-system is specified by a (coherent)
sheaf & on P. The image of the K-theory charge of the sheaf & in H**"(X, Q) is given by the Mukai
vector [[198][205}[206]

I' = ch(i.8) VTd(X), (2.66)

where i.& denotes the extension-sheaf to X. Using the Grothendieck-Riemann-Roch-theorem
i.(ch(&) Td(P)) = ch(i,.&) Td(X), (2.67)
and the expressions

(Ba? — a)c1(Y)? + 2acy(Y)

a_1,9¢
Td(Y)" = 1+ Ze1(V) + o (2.68)
3
ch(Y) = Z chi(Y) = tk(Y) + c1(Y) + %cl(Y)z — e (Y), (2.69)
i=0
3 1
ch(Y*) = Z chi(Y*) = tk(Y) — ¢1(Y) + Ecl(Y)2 — e (Y), (2.70)
i=0
where Y* denotes the dual sheaf, one obtains [207]:
T =r[P] +ri. (01(8) + cl(P))
2 2.71
[ c1(P)? + c2(P) . 1e1(P)c1(8) + c1(&)) = 2(8) _aX)-[P] @71
: 12 r 24 7

where r is the rank of the sheaf & and one has to note, that ¢;(X) = 0 as X is a Calabi-Yau manifold.
Using the adjunction formula we arrive at

T'=(Qs. Q4. 0s. Qo)=r(0, Pl i*F,[/@+le2—AD. 2.72)
24 T )2

Here we introduced

ci(&  c(P)
r * 2’

1
A= (2re2® - (r= D er(&)). (2.74)

F =

(2.73)

The quantity A is called the discriminant.
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[1-stability

Given the K-theory charges in (2.72) the expression for the central charge is subject to instanton correc-
tions. Those can be obtained from mirror symmetry on the A-model side see section[2.7]

Z&) =~ f e~ B (&) + (instanton — corrections)

[P 2 + t(i,c1(E) + gi*q(P)) — chy(&) (2.75)

—_ NN

- 3c1@ci(P) - §c1<P>2 - écm +0(e™),

where J is the Kihler form of X and 7 = B + iJ. As we have seen in the general discussion in [2.4.3]in
(2.62) We now denote the phase of Z(E) by

1 1
#(E) = — ArgZ(E) = —Imlog Z(8). (2.76)
T T
A sheaf & is called I1-(semi)-stable [208L[209]] iff for every (well-behaved) subsheaf 7

¢(F) < $(O), (2.77)

where the strict inequality amounts to stability. If the inequality is strictly fulfilled (a stable sheaf) a
decay is impossible by charge and energy conservation.

u-stability

In a large volume phase (t — oo) of the Calabi-Yau manifold the instanton-corrections are suppressed
by O(e™") and the classical expressions become exact. In this limit we are left with [[124]:

1 r J-f 1
= 2 Iml ——2-P) 2 —. 2.
©(&E) - m og( 2J [P]) + 7P +O(]2) (2.78)
[1-stability now amounts to the definition
@*J)- % < (")) Crl(g) for any nice subsheaf F C &, (2.79)

where i*J denotes the pullback of the Kéhler form of the Calabi-Yau to P and all expressions are un-
derstood on P. The quantity appearing in the above definition is called slope and denoted by u(E),
ie.

c1(&)
&)
The above condition is called u-(semi-)stability and the classical notion of the stringy I1-stability. Note
also, that u-stability is not sensitive to how the lower dimensional charges are distributed among decay
products. This is in contrast to I1-stability, where quantum corrections change this insensitivity.

w&) :=@"J)- (2.80)
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Gieseker stability

_ x(&aJs"

© and reads

Gieseker stability uses the Hilbert polynomials p;(&E, n)

J
ps(&,n) =

(@@ (P 1 (@ (Pl-a®)
2 (&) 2 r&) 2

- 62(8)) +x(Os)  (2.81)

We can give a interpretation from physics. Recall, that the central charge Z(T', ¢) is the object of interests
concerning stability issues. The Hilbert polynomial resembles the terms in the central charge. A sheaf
is Gieseker stable, if for every subsheaf & C & the Hilbert polynomial satisfies

pi(E&,n) < py(&,n), (2.82)

where we denote by < the lexicographic ordering, i.e. one compares in decreasing power of n the
coefficients in the corresponding Hilbert polynomials. We list the procedure for p;(E’,n) < p;(E,n) in
table[2.7] This procedure terminates, if the corresponding coefficient for & is smaller than the coefficient
for &. Note, that the coefficient of n? is always the same for both sheaves as J is the same for both Hilbert
polynomials.

degn term
ca@&)J _ [P c(®J _ [P1J
1 ( &) " T) < ( &) T)
1(E)* = [P-c1 (& 1(8)*=[P-c1(E
0 ﬁ(cl( P{Pr©) _62(&)) < %(W _62(5))

Table 2.7: The lexicographic ordering of Gieseker stability p,(&’, n) < p;(&E, n).

In order to describe possible decays we will use the [HN|filtration, as we already described in (2.63).

Dimension of moduli space

On general grounds the moduli space of a D-brane modelled by a sheaf & is given by Ext!(&,&). The
elements of this group count the number of marginal open string operators in the spectrum of the BCFT
describing the B-brane. We assume, that P is a rational surface and further that the sheaf & is u-stable
and that (i*J) - [P] < 0. Under these assumptions the moduli space is smooth and the following formula
for its dimension holds [210]

dimExt'(&,8) = 1 + r*(2A - 1). (2.83)

A consequence is that for a slope-stable sheaf one has

A>0, (2.84)

which is a condition on the stable bundle’s Chern classes.

2.4.4 Verification of the Kontsevich-Soibelman wall-crossing formula from physics

In this section we want to give a short review of some implications of wall-crossing that have been
discussed in the recent literature. However, this selection is far from being complete and concerning
issues of modularity we refer to the following sections of this thesis. We already discussed in section
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[2:2)[BPS] states in the context of wall-crossing. We will give an explicit example for SU(2) Seiberg-
Witten theory in section 23] but we give a short review of the idea to prove wall-crossing from physical

arguments [[128]].

KSWCF from three dimensional field theory

We already discussed the effective, four dimensional action of Seiberg-Witten theories. The idea of [128]]
is to explain the from a three dimensional reduction of the four dimensional theory to R® x S 11?.
It can be shown, that the low energy theory on R? corresponds to a sigma model description, where the
target space is given by a 2r torus fibration M, where one obtains over any point of the Coulomb branch
$ a 2r torus, obtained from the electric and magnetic gauge fields in the fourth dimension. The three
dimensional version of the Lagrangian (2.23)) has the following form in the limit of R — oo and after
dualising the gauge field

R 1 _
L9 = ~ZIm 7ldaf’ - TR (Im(@) HdzP, (2.85)

from which it is possible to read off locally the semi-flat metric g*f of the sigma model
1
¢*" = RIm7ldal* + ——(Im(1))"!|dz|. (2.86)
472R

This is referred to as the semi-flat metric, since the fibres of M are flat. However, one would like
to determine the metric g which is valid all over the moduli space B. For ¢*' this is problematic at its
singularities. However, this issue is resolved by corrections obtained from 4d[BPS]instanton corrections.
To determine the corrected g, the authors of use Stokes’ phenomena of asymptotic series and
provide a method to construct g by applying twistorial methods, which for brevity we do not review
here. The instanton corrections can also change, as the degeneracies Q(I', 7) of the [BPS]states change
in the moduli space due to the wall-crossing effect. It turns out, that the smoothness of the metric g is
correlated to the fact that the[KSWCHis valid. Therefore the KSWCEF can be interpreted as a consistency
condition. This is shown, by constructing an appropriate Riemann-Hilbert problem and determination
of the asymptotic behaviour of certain objects XT, that are holomorphic Darboux coordinates on M,
which is understood then as a symplectic manifold [[I29]]. Of course, this finding is a powerful physics
consistency check of the[KSWCH Note furthermore that in this case the Stokes’ phenomenon plays an
important role and the product of the symplectomorphisms Tlg_) D can be interpreted as Stokes’ factor

e
st = ]r2", (2.87)
r

such that a transition between a stokes line seperating X and X[ is given schematically as
X =8""Xp, (2.88)

which reveals the connection between the wall-crossing effect and the Stokes’ phenomenon. For more
details on Stokes’ phenomena we refer to [211)[212]. In subsequent work the authors provide
additional verifications of the KSWCF in the case of (2,0) SCFIk on Riemann surfaces, where the
asymptotic behaviour is obtained by using a WKB approximation. In the relation to[BPS]halos and
line operators is clarified and it is shown, that the KSWCEF follows from properties of these. However,
there has also been an interesting development in the context of 2d-4d systems [[132][T33][135]].
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2.5 An example: SU(2) Seiberg-Witten theory

In this section we want to explore some of the aspects about stability conditions of [BPS] states in the
context of Seiberg-Witten theory for the gauge group SU(2) [[61}[62]]. This section first gives a short
overview of the ingredients of SU(2) Seiberg-Witten theory and then states the explicit results for this
theory and therefore giving an example of the gauge theories, that we discussed in[2.2] We also give
a short overview of some recent results using quivers and their mutations [213|[214], that use ideas
of wall-crossing. Useful reviews on Seiberg-Witten theory are [I85][215/[216]. This section is based

on [T83,2T3).

2.5.1 The setup and the solution

Let the gauge group be SU(2) and we consider N' = 2 [SYM]theory. In the adjoint of SU(2) we have
an N = 2 vector multiplet or called chiral multiplet. It has the structure in table 2-8]and contains gauge
fields A!,, two Weyl fermions A}, and ¢ and scalars ¢'. Furthermore, we might have a hyper multiplet,

which is depicted in the table|2.9|and contains two Weyl fermions ¢, lﬁ; and two complex bosons ¢, §'.
For our discussion we do not incorporate hyper multiplets at this point. In N = 1 language we have a

Table 2.8: The components of the N = 2 vector multiplet

g
q q
vy

T

Table 2.9: The components of the N = 2 hyper multiplet

vector multiplet W}, = (A}, 4;,) and a chiral multiplet &' = (¢', ). The classical potential is caused by

the scalar field ¢ = ¢'c and reads
1 N
V(g) = ;Trw,(/ﬁ‘]z- (2.89)

As we discussed earlier, we want to study these theories at the Coulomb branch 8. The flat directions
with V(¢) = 0 of (2.89) can be parametrised by

1
4= 5a0’, (2.90)

where the complex number a labels the different vacua of our theory. Due to the Weyl group of SU(2)
there exists a Z, symmetry that maps a — —a. A gauge invariant formulation is given by u(a)

u(a) = %az. (2.91)
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Indeed, this parameterises the Coulomb branclﬂ of our theory because for non-trivial u the gauge group
breaks from SU(2) to U(1). As u can be any complex number we see that the Coulomb branch 8 = C. It
can be shown [217], that the region u = oo corresponds to the weak coupling region and for the case that
u = 0 we have the strongly coupled region and the full gauge symmetry of SU(2) is restored giving rise
to two massless gauge bosons W*. As we discussed in sectionthe low-energy effective Lagrangian
is determined by the prepotential #. Classically it reads

1
F = E‘roaz, (2.92)
with the effective gauge coupling 7y given as
6  4mi
=—+—. 2.93
o=+ 7 (2.93)

However, the prepotential is subject to quantum corrections from one loop corrections and instanton
corrections [218]] and takes the following form

F = Lroa + L10g L s Zisf AN (2.94)
= —Toa" + —a — +a - . .
20 T PR T LM G

Since we can determine 7(a) by deriving  we obtain
(u) o+ 2og L4 (2.95)
T(u) = const. + —log— +.... .
7 CEA

If we now consider the moduli space at u = oo, from (2.93)) it can be deduced by looping around u = oo
that we have 7 — 7 — 4. One of the key insights of Seiberg and Witten was that the quantum moduli
space has only two singularities at

u=+A> (2.96)

instead of the strong coupling singularity at u = 0. At u = 0 we had the massless W* bosons and for
the singularity at u = A? the excitation can be obtained from a study of states. The central charge
reads

Z =qa+ pap (2.97)

with electric charges ¢ and magnetic charges p. At the singularity at u = A®> we have a # 0 and ap = 0
which implies that at this singularity the magnetic monopole (p,q) = (£1,0) is massless. So whereas
the weak coupling region is best described by @ at u = co, and near the singularity at u = A” one uses the
dual description by ap, which has a dual ¥ with a in (2.94) replaced by ap and F; by F p. This implies
that in the variable ap the originally strongly coupled theory in a becomes weakly coupled. The second
singularity u = —A? contains similar information due to the Z, symmetry in u and reads Fp(ap — 2a).
At this point a dyon (1, —2) becomes massless. Patching the three different regions together and using in
each the weak coupling description allows for a solution of the instanton corrections. The 1-loop term
comes with a logarithmic term which can be determined by monodromy arguments. The corresponding
monodromy matrices act on (ap, a)T and can be determined as

-1 4 1 0 -1 4
R NTO  RR C o)

* Here we change our notation from ¢ € B to u, which is used in this context in the literature.
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These also satisfy the global consistency condition
MAZM_AZ = Moo, (299)

which must hold, since the monodromy around infinity includes the two poles. It turns out, that two

of the matrices in (2.98)) generate the modular subgroup I'g(4) and hence the quantum moduli space is

given by H/T'¢(4). Note in particular, that in the quantum version the S-duality transformation 7 —%

is not part of the symmetries. Conjugation by M, leads to a change in the charges as

(p,q) = (=p,—q —4p) (2.100)

and hence the electric charge of the dyon is not uniquely defined leading to the conjugated dyons +(1, 2).
The modular group gives rise to an elliptic curve which encodes the information about the quantum
moduli space. It turns out that the moduli space of the gauge theory corresponds to the moduli space of
the elliptic curve, which itself takes the following form

v (x,u) = (X — u)* — AY, (2.101)

and the gauge coupling 7 is given by the relation of the periods wp and w as

=YD (2.102)
w

It is possible to collect the information about the periods in the Seiberg-Witten differential A
1= 1 2 dx
Var o yx,u)

and via period integrals it is possible to determine a and ap

ap(u) = 95/1, a(u) = ﬁ/l. (2.104)
B a

The spectrum can be separated into two regions: the strong coupling region Mgong and the weak
coupling region Myeax. These two regions consist of the following states starting with Mgong

(2.103)

e the magnetic monopole with charge (p, g) = £(1,0),

e a dyon with charge (p, q) = (1, —2) in the lower u plane, and +(1, 2) in the upper u plane.
In the weak coupling region Myeax the spectrum has the following components

o dyons with charge +(1,2k),k € Z

e and the W* gauge bosons with charge (0, £2).

These two regions are separated by a line of marginal stability which is given by
MS = {t: D e R} (2.105)
a
and when crossing it one can observe a possible decay, see also fig 2.4} Note, that this definition of

a wall of marginal stability is of course equivalent to the definition stated above. In particular when
crossing the wall of marginal stability the W* can decay into the monopole-dyon pair.
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M weak MS

M strong

Figure 2.4: The moduli space of SU(2) Seiberg-Witten theory in the u-plane. The strong coupling region Mirong
is separated from the weak coupling region My..x by a line of marginal stability MS.

The periods can be evaluated by determining the Picard-Fuchs equations and with that at hand it is
possible to calculate ¥ and Fp. We refer to the literature for details [[219]] and for a general overview

and other gauge groups [[185]..

2.5.2 Quiver description of SU(2) Seiberg-Witten theory

As we have just seen, the[BPS]states can be obtained from monodromy considerations. It is also possible
to apply newly developed tools in [213|[214]], which we want to review here as they make use of stability
conditions. For more technical details we refer to the literature. The mutation of the gauge theory quiver
generates the complete [BPS]spectrum. Given an N = 2 gauge theory with a rank r gauge group G and
flavor group Gy, at the Coulomb branch, the charge lattice A of electric, magnetic and flavour charges
is of rank 2r + f. It is possible to find a positive integral basis {Fi}l.zjf of the hypermultiplets.
Each basis element I'; gives rise to a node of the quiver. The different nodes are connected by arrows,
if (I';, ;) > 0 and the number of arrows corresponds to the value of the symplectic charge product and
the direction is from the node for I'; to the node for I';. For the case of SU(2) Seiberg-Witten theory the
basis elements are the monopole I'; = (1, 0) and the dyon I'; = (-1, 2) with charge product (I';, ) = 2
which leads to the following quiver

Q::Q
(1,0) (-1,2)

Figure 2.5: The quiver for SU(2) Seiberg-Witten theory.

The idea of quivers is to know the spectrum at one point ¢ € B and then via mutations
of the quiver to construct the spectrum at other positions in the moduli space. A quiver representation
R associates to each node a vector space C" and for each arrow a linear maps Bf, : C" — C". A
subrepresentation S C R consists out of vector spaces C™ c C* and maps bf’]. : C™ — C™i such that the
resulting diagram of embedding S into R commutes. A mutation of a fixed I'; has the following action
on the nodes

Fi [ d _Fi
L+, TG, dGLT 2.106
Fj'_) ]+<17 j> <1 ]>>0’ ]il ( )
l"j, (l",-,I}) <0.
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Furthermore the mutation transformation rotates the associated central charges out of the corresponding
upper half plane. The stability condition for quivers is II-stability with respect to arguments of the
central charges of the representation and the subrepresentations. The representation R is stable against
all subrepresentations S, if

arg Z,(I's) < arg Z,(T'g). (2.107)

When we perform the mutation in the strong coupling region, we have for the phases of the central
charges arg Z; < arg Z, with Z; = Z(I'y). Therefore the sequence of mutations starts with I';. After two
mutations one arrives at the anti-particle quiver, thus as we have discussed before, only the monopole and
the dyon survive. In contrast to the weak coupling region, where we have arg Z; > arg Z,. Therefore the
first mutation is with I'; and then followed by the second node. Note, that this leads to dyons of charge
+(1,2n) as well as the W*-boson (0, +£2) which is the composite of I'; and I',. We have summarised the
mutations in figure[2.6] So using the language of quivers and mutations, we have a nice way to calculate
the [BPS]spectrum of the N = 2 SU(2) gauge theory.

Mstrong
O—=0 CO=——0 C——=0
(1,0) (-1,2) (1,0 -(-1,2) —(1,0) -(-1,2)
Mweak
(-1,2) —(1,0) (1,2) (1,4 (-1 —2) (1 2k) ( 1,-2(k-1))

Figure 2.6: The mutations of the Seiberg-Witten quiver in the strong and weak coupling region.

2.6 Modular forms

Modularity plays an important role in mathematics and physics. In mathematics modular forms have
applications in number theory, representation theory and algebraic geometry for example. In string
theory, the 1-loop partition function of the closed string can be expressed via modular forms, due to the
invariance of the torus under transformations of the modular group. In the context of S-duality, which
makes it possible to relate a strongly coupled theory to a weekly coupled theory, modularity is one of
the key aspects. In addition, the counting of black hole microstates can be expressed via the Fourier
coefficients of modular forms. We give a brief introduction to elliptic, Siegel and mock modular forms

following [220].

2.6.1 Elliptic and Siegel modular forms

The complex upper half plane H is the set of all complex numbers with positive imaginary part
H = {r € C|Im(7) > 0}. (2.108)

We look at the action of the special linear group SL(2,R) consisting out of matrices of the following

form
SL(2,R) = {(‘C’ Z)

a,b,c,d € R, ad — bc = 1}. (2.109)
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On an element 7 € H of the upper half plane it acts freely and transitively as the Mobius transformation

ar+b
ct+d’

T YT =

v € SL(2,R). (2.110)

This transformation is only unique up to an overall factor of +1. Therefore it is sufficient to work with
the group
PSL(2,R) = SL(2,R)/Z,. (2.111)

The upper half plane H can also be characterised as

_ SL(,R)

H= ) (2.112)

Consider the construction of the torus 72 by means of two periods w; and w»,, w; € C*,i = 1,2 spanning
a lattice A
A = {aw) + bwy |a,b € Z}. (2.113)

Furthermore we assume that w, # 0 and Imz—; > 0. Then the torus 7?2 is given by taking the quotient of
C with the lattice A
T? = C/A. (2.114)

This is simply the identification of the opposite sides of the parallelogram spanned by w; and w;, see
also figure[2.7] The lattice is invariant under transformations of the modular group I'y = SL(2, Z)

(w}):(a b)(wl), a,b,c,d €Z,ad —bc=1. (2.115)
w) c d]\w

Due to the assumptions about w; and w;, this allows us to transform to a lattice spanned by
A ={at + b1, a,b € Z}. (2.116)

The parameter 7 is called modular parameter and it is given by the ratio of w; and w». It is a parameter

Im(z)4

/ 1 'Re(z)

Figure 2.7: The construction of a torus 72 = C/A, with modular parameter 7.

of the moduli space of complex structures of the torus 72. The torus 72 is a genus one Riemann surface
and for a more general treatment of Riemann surfaces see for example [221].
We can identify the generators of the modular group I'; as the transformation —1, and the so called 7-
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and S -transformations. They are explicitly given by

T:7 —>1+1, T =((1) i) (2.117)
S:t »-1 % =(_(1) (1)) (2.118)

These two operations can also be understood from the geometry of the torus by looking at the corres-
ponding lattice A;. The T-transformation simply changes the basis vectors of the lattice from which
the torus is constructed, but they still span the same lattice and therefore we obtain the same torus. The
S -transformation exchanges the two cycles under a rescaling of 1 and 7. The moduli space of complex
structures is the fundamental domain ¥ = H/I'; of the modular group SL(2, Z)

1 1
TZ{ZEH |z|>1,—§SRezS§}. (2.119)

Different points in the fundamental domain ¥ are not equivalent under the action of I';. We visualize ¥
in figure[2.8] For a proof that the fundamental domain ¥ is given by (Z.119) see for example [220].

Imz Ar

T T —» Re:z

Figure 2.8: The fundamental domain # = H/I'; represented by the grey shaded area.

Under 7 — 7 + 1 the fundamental domain ¥ gets translated to the right. Under 7 — —% the funda-
mental domain ¥ is mapped to the interior of the circle and under the action of the full modular group
I') we obtain a tessellation of the upper half plane H. We now give the definition of a modular function
followed by the definition of a modular form, which provides a different transformation behaviour, that
is more suitable for applications.

Definition: A modular function is a holomorphic function f : H — C that is invariant under the
action of the modular group I'} = SL(2,7Z)

flyr) = f(@), Vyel|,teH. (2.120)

i

Definition: A modular form of weight k is a holomorphic function f : H — C such that under
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Y= (Lcl Z) € I'| the function f transforms as

f(‘”+ b) = (et + dF (). 2.121)

ct+d

In addition a modular form has subexponential growth at infinity, i.e. it has polynomial growth f(7) =
O(1)as 7, = oo and f(1) = O(Tgk) as tp —» O with T = 71 + itp. o

We denote by M (') the space of all holomorphic modular forms of weight k on the discrete subgroup
I' of SL(2, R). The weight k can take values either in Z or in Z+ % Every modular form can be expanded
in a Fourier series as it is periodic under f(7) = f(r + 1) given by a T-transformation,

[ee)

@)=Y anq". q=é"". (2.122)

n=0

For the case that ay = 0 the modular form f(7) is called a cusp form.
We are now going to discuss a few examples.

Definition: The Eisenstein series Ej of weight k is given by

1 1
ED)=5 ) —— (2.123)

-
= (ct+d)
(c,d)=1

o

The weight k has to be even as otherwise it can be shown that the only modular form with odd weight
is zero. For the case that kK > 2 and even the Eisenstein series are modular forms. Let us consider the
case of k = 2. Under a modular transformation y € I'; the Eisenstein series E»(7) transforms as

Ex(y7) = (cT + A Ex(1) — %e(er +d). (2.124)

From this we see that we get an additional term which spoils the demanded transformation behaviour.
This problem can be solved by including an additional term containing 7, which turns E,(7) into a
non-holomorphic modular form of weight two by

A 3
Ex(1,7) = Ex(1) - e (2.125)

Note that E;(7) falls in the class of quasi-modular forms and more generally almost holomorphic mod-
ular forms.

Definition: A function f : H — C is called an almost holomorphic modular form of weight & on
I' € SL(2,Z) if it transforms modular covariant under I" and is subject to the same growth condition as
modular forms but can be expanded as

N
fan=> fingt Nzo. (2.126)
k=0
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A quasi-modular form is given by fy(7) which itself can be expanded in terms of E»(7) as

N
fo@) = )" @ED, (2.127)

k=0
with A (7) a modular form.

The ring of modular forms M.(I';) = @ « Mi(I'y) is generated by E4 and Eg

M.('y) = C[E}, E¢l,
f(r) = Z CijEiEé, (2.128)

4i+6j=k

where f(7) is any modular form of even weight k and c;; are expansion coeflicients. For this it is crucial
to note that Eﬁ and Eé are algebraically independent and therefore E4 and E¢ as well.
The Fourier expansion of the Eisenstein series is given by

2k _
B0 = 1= 2 ) onatg’s oieim = ) d (2.129)
n=1 din

where By denotes the k-th Bernoulli number. The complex dimensions of the the corresponding space
of modular forms can be shown to be

0 k <0, kodd,
dimMy(T)) = [gj k=2 mod 12, (2.130)
[%J+1 k=2 mod12.

—_

From this we see that there are no modular forms for I'y with negative weight.

Definition: The discrimant function A(t) is a modular form of weight 12 and we can write it in terms
of E4 and E¢ as

A@ =q] [ -g", (2.131)
n=1
1
Ar) = m@i(r) — E¢(1)). (2.132)
o

Moreover the discriminant function A(7) is related to the Dedekind 7(7) function which appears quite
often as its Fourier coefficient a, is equal to the partitions p(n) of n

nm) = A% = g% [ |- ¢
n=1

1 1= n
s =q ;P(’?)q

(2.133)

L

=q24(1+q+2q2+3q3+5q4+...).
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It has the following transformation properties under S - and 7 -transformation

() ot + 1) = et (1),

1 (2.134)
n(7) Hn( )= V=it (1)

T
Theta Series

We now present the notion of theta series. In particular they appear in the context of lattices see [222].
Definition: A theta series @p(7) is a modular form of weight 5 associated to a positive-definite
integer valued quadratic form

0:72"->12Z, (2.135)
and is given by
Oo(m) = )" 4%V = 3 Ro(n)g". (2.136)
xezZm n=0

The n-th Fourier coefficient Rp(n) with n > 0 of a theta series ®¢ denotes the number of vectors x € Z"
such that Q(x) = n. o
If m is even we can write the quadratic form as

O(x) = %xAx, (2.137)

where A = (a;)), i, j = 1,...,mis a symmetric matrix. The entries a;; are integers as Q is integer valued
and for the diagonal elements we have a;; € 2Z. Furthermore, as A should be positive definite we have
det A > 0 and for all of its minors. The transformation under a general modular transformation is given
by a theorem of Hecke and Schoenberg, stating that

b
0, (Z X d) = xa@)(et + ) Og(x). (2.138)

We denote by A the discriminant of Q and by ya(p) the character with

A
A= (-1)"detA, xalp)= (—) (2.139)
p
We have introduced the Legendre symbol (- ) defined as

0 a=0 mod p,
(%): | a2 modp,IxeZ:x=a mod p, (2.140)

—1 otherwise.

We can also understand the notion of a theta series in terms of lattices A. The length |p| of a lattice
vector p € A can be calculated by the quadratic form Q(p) = % pAp. For the case that detA = 1 we
have a unimodular lattice and furthermore from the above properties one can show that the quadratic
form Q is positive-definite, even and unimodular with rank m = 0 mod 8 . An example for an even,
unimodular latticeﬂ A8 of rank eight is given by the root lattice of the Lie algebra Eg. It is spanned by

5 In fact it is also self-dual, i.e. A® = A%
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the following set of simple roots

a1 =(0,1,1,0,0,0,0,0),
a =(0,0,-1,1,0,0,0,0),
a3 =(0,0,0,-1,1,0,0,0),
a4 =(0,0,0,0,-1,1,0,0),
as =(0,0,0,0,0,-1,-1,0), (2.141)
a6 =(0,0,0,0,0,0,1, 1),
1 11111 1 1
‘5"5’5’5’5’5"5"5)’
ag =(0,0,0,0,0,0,1,-1).

a7 =

We can check that this choice of simple root has the following properties
a;-aj :Aij, (2142)

where A;; denotes the entries the Cartan matrix (A;;) of Eg

2 -1 0 0 0 0 0 0
-1 2 -1 0 0 0 0 O
0 -1 2 -1 0 0 0 0
0 0 -1 2 -1 0 0 0
A=lo 0 0 -1 2 -1 0 -1| (2.143)
0 0 0 0 -1 2 -1 0
0 0 0 0 0 -1 2 0
0 0 0 0 -1 0 0 2

The corresponding theta series is of weight % = 4 and as the first Fourier coefficient is one the corres-
ponding theta series @ 4z, is
Oprs = E4. (2.144)

For an even, self-dual and unimodular lattice of rank 16 we have two possibilities. On the one hand we
can construct the direct sum A'® = AFs @ AFs on the other hand there is a non decomposable lattice
A6 which is related to the group Spin(32)/Z,. The associated theta series however are the same as the
Fourier series always starts with 1 and hence we get

Opis = (Op5)%. (2.145)

After having discussed the relation of theta series to lattices we can focus on three examples in one
dimension giving rise to the Jacobi theta series. The Jacobi theta series ¢3(7) is the associated series to
the quadratic form Q : x > x?

By = q". (2.146)

nez

A function in one variable and of weight % is called a unary theta series. For the case of U3(7) this can
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be checked by looking at the transformation properties under modular transformations

Da(r + 1) = D3(7),

- 1 - (2.147)
03(—;) = V=2it3(2).

Additional unary theta series can be easily constructed by slightly modifying 73 and are given by

In() = Y (=1)"q",

nez

2 2.148
9= > q". (2159

nez+}
These three theta functions fulfill the Jacobi identity
95—y, - 97 = 0. (2.149)

The theta functions that we will make use of in our calculation of partition functions are i, #3 and ¥4.
They are related to the theta series above by changing the argument 7 to 7/2

T

s (%) =), I (%) =4(1), Uy (2

) = (7). (2.150)

We will also make use of theta functions with rational characteristics a and b [223]]. These are given by

ﬁ[ﬂ (t.2) = Z g} b0, (2.151)

nez

Note that there are different conventions in the literature on how the characteristics enter in the above
definition. In the context of Z, orbifolds for example one uses 5 and g instead of a and b as this gives
integer values. The theta functions with rational characteristics are examples of Jacobi forms, which
satisfy a certain transformation behavior in z and 7.

Definition: A Jacobi form ¢,,(t, z) of weight k and index m has the following properties:

ar+b z imez? . )
" (CT +d ct+ d) = (ct + dfe T ¢(1,2), q =€,y =¥,

_ = 2mim(PT+212)

$m(T, 2+ AT+ p) = € $n(t,2), ALu€z, (2.152)
bn(r. =D > clnr) .
n=0 rez,
r<4mn

<

The Fourier expansion of a Jacobi form is given by
Om(T,2) = Z c(n, l)q”yl, c(n,l) =0, for 4mn- P >o0. (2.153)

n,leZ

If we set z to zero we see, that we obtain the usual transformation behaviour of a modular form. A
weak Jacobi form fulfils ¢(n, [) = 0 for n > 0. For more details on Jacobi forms see [224].
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2.6 Modular forms

The relation to the Jacobi theta functions above is given by the following identification:

(@ =9[3|@0 =0, ()= ﬂ[l (/)2](7, 0), (2.154)
0
93(1) = 9[g] =, 0), 94(7) = 1?[ Ny 2](7, 0). (2.155)

If z = 0 we simply write ﬂ[g](O, T) = ﬂ[Z]. Under modular transformations the theta functions with
characteristics (a, b) transform as

a : a
9 1 — zna(l—a)ﬂ
[b (t+lz)=e a+b—1/2}(T’Z)’
1 2 b (2.156)
ﬂ[a} (__’ E) — '/—iT elmabﬂﬂ“? ﬂ|: :|(T, 2).
b|\ 71 -a

Instead of using the sum representation of the theta functions, they also admit a representation by
products, which turns out to be useful in applications

_ 1/2 _ . = n n 2miz n —2miz
th(r,2) = 19[1/2_(7,2) = 2g? sin(nz) B(l g)1 =g e )l —q'e™™),
172 Ak = n n 2niz n ~2nmiz
th(r,z2) =9 0 (T,z)—quCos(nz)l_l(l—q Y1+ g ™) +q"e™™™),
Oj N "= (2.157)
93(1,2) = ﬁ[ (r.2) = [ Ja =g+ g2 e 1 + g2,
0* n=1
— 0 | _ = n n+i 2riz n+d iz
94(1,2) = 19[1/2_(7,2) = g(l —qg )1 —qg"2e7) 1 —qg 2.

Hecke theory

We want to give short review on Hecke theory, since it will appear in the context of E-strings when
determining the modified elliptic genus. We start by introducing the notion of the Hecke operator T,.

Definition: The Hecke operator T,, : My(I';) — My(I'}) with an integer m > 1 acts on a modular
form f(1) € My(I'y) as follows

k=1 _ko[aT+ b
T,f(t) =m > er+d) f(—CT . d) : (2.158)
(l: Z) € 1"1 \Mn
with M,, = {(Mat(2,2) : det M = n}. o
The summation runs over I';\ M,, and this can be reformulated to matrices of the form
a b .
(0 d) withad =m,0 < b < d. (2.159)
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2 Counting BPS states in string theory

such that the action of the Hecke operator becomes

_ 1 ar+b
T f() = mh! Z ¥ Z f( - ) (2.160)
Zd;:(l) b mod d

It can in fact be shown, that all the Hecke operators commute. As we have seen before, an important
property of modular forms is that they are subject to a Fourier expansion and since the Hecke operator
maps modular forms again to modular forms, we can ask for the Fourier expansion. It reads as follows

Tnf@ =) >, am|q" (2.161)

n>0 \ rltmn)
r>0

Siegel Modular Forms

Siegel modular forms provide a generalisation of the concept of modular forms for the modular group
SL(2,Z) to the symplectic group Sp(2g,Z). This also includes replacing the upper half plane H by the
so called Siegel upper half plane H,,. Siegel modular forms appear in the context of physics for example
in black hole microstate counting, where the Fourier coefficients of the corresponding Siegel modular
form give the number of states see section[2.6.2} A good introduction to Siegel modular forms can be
found in the article by van der Geer in [220].

Definition: The Siegel upper half plane H, is defined as the set of g X g complex symmetric matrices
with positive imaginary part (i.e. every entry has a positive imaginary part)

Hy = {Q € Mat(g x 9,C)| Q" =Q, ImQ > 0}, (2.162)

For the case g = 1 we obtain the complex upper half plane H with Q = 7. For the case that g = 2 we
obtain the period matrix of a genus two Riemann surface

Q:(T V). (2.163)
v op

We consider the lattice Z%¢ with the symplectic form
Y= (_0 ]lg). (2.164)
The group Sp(2g, Z) is the automorphism group with respect to this symplectic form

Sp(2g,7Z) = {y € GL(2g, Z)ly' =y = Z}. (2.165)

If we write for y € Sp(2¢g, Z) a matrix representation

A B
V= (C D)’ (2.166)

where A, B,C, D are g X g matrices, then we can rewrite the definition (2Z.163) into conditions on the
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2.6 Modular forms

matrices A, B,C, D
AD" - BC" =1,, AB" =BA", D" =DC". (2.167)

On an element Q of the Siegel upper half plane H, the symplectic group Sp(2g, Z) acts similarly as the
modular group SL(2,Z) via

Q- yQ=AQ+B(CQ+D)!, ye Sp(2g,Z). (2.168)
Denote a subgroup I'y(N) of Sp(2g, Z) via
[y(N) ={y € Sp(29,Z)|y = 1ymod N}. (2.169)

This subgroup acts freely for the case that N > 3. Now we have all the notions we need in order to
define a scalar valued/classical Siegel modular form.

Definition: A scalar valued/classical Siegel modular form of weight k is a holomorphic function

f:H, > C, (2.170)

such that for all Q € H, and y € Sp(2g, Z):
fOrQ) = det(CQ + D) f(). 2.171)
o

This does not include the fact that the modular form is holomorphic at infinity which is only true for
g > 2 due to the Koecher principle, see [220] which states that Siegel modular forms with the above
conditions are bounded on subsets of the Siegel upper half plane H,,. This ensures holomorphicity and
allows for a Fourier expansion.

Denote by p : GL(g,C) — GL(V) a representation where V denotes a finite-dimensional complex
vector space.

Definition: A Siegel modular form of weight p is a holomorphic function f : H, — V if
Q) = p(CQ+D)f(Q), Yy € Sp(29,Z),Q € H,, 2.172)

and in the case of g = 1 the function is holomorphic at infinity. o

The next step is to expand a Siegel modular form in a Fourier series, which can be performed as
f(Q+N) = f(Q) where N is an integral symmetric g X g matrix. Then we can write for f(Q2) : H, — C

f(Q) = Z a(s)e¥ 6D ghalf integral g X g matrix, a(s) € V. (2.173)

N

A matrix s is called half integral if s € GL(g, Q) and 2s is an integral matrix with even diagonal entries.
The trace in (2.173) can be evaluated

Tr(sQ) =

1

SiiQii+2 Z I’LijQ,'j. (2174)

9
=1 I<i<j<g
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Let u € GL(g,Z) be a g X g matrix. Then the Fourier coeflicients satisfy the following equation
TN T
a(u’ su) = p(u’)a(s), (2.175)

and from this one concludes that a scalar valued Siegel modular form of weight k with kg = 1 mod?2
vanishes and furthermore due to the Koecher principle a Siegel modular form of negative weight van-
ishes. We want to discuss the Fourier expansion and the notion of theta series for Siegel modular forms.
Before we can do this, we have to introduce some notions.

Definition: We define the Siegel operator ® : M, (I'y) — M;(Fg_l) on M,(T'y) for f € M,(I'y) via

@f:limf(g 2) Q €H, ,t€R. (2.176)

o0’ \ 0

The Fourier expansion of @ f reads
" _ n" 0\ orimiorr)
(DF)Q) = Z a(o O)e . (2.177)
n’>0
A Siegel modular form f is called cusp form, if ® f = 0 and we denote the corresponding set by

S,(T,) = {f € M,T )OS = 0}. (2.178)

For the construction of scalar valued Siegel forms one can introduce the Klingen Eisenstein series

Eg,r,k(f)-

Definition: Let 0 < r < g, f € Si(T,), A = (Z Z) and for Q = (TZI TZ) ) € H,and 1, € H,_, we
, :

write 7 = 71 and then the Klingen Eisenstein series E, ,; is defined as

Egri(f) = Z f ((aQ - b) )det(cQ +d)™. (2.179)

AP, cQ+d

The subgroup P, is given by

a 0 b =«
* U % * a b

P, = ¢ 0 d el (C' d’) el,ueGL(g—n2) ;. (2.180)
0 0 0 u"

This reduces to the known Eisenstein series for r = 0 and f = 1.
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Theta series

A theta series of weight % on I"24(2) € Sp(2g, Z) is given by the following expression

7 ’ T ’ ’ T 1
0[e] = Z e2m[(m+%e) ‘r(m+%e )+%(m+%e) € ]’ (2181)
mezZ9

’
€
77

where € = (e ) denotes the theta-constants and €’, €” € {0, 1}9. We call € odd if €’€”7 is odd.

For the case that g = 2 one can construct the so called Igusa cusp form ®g of weight ten on Sp(4, Z)
D = -2 ]—[ o[e)?. (2.182)
ecven

In contrast to the Fourier expansion of a Siegel modular form, there exists the Fourier-Jacobi develop-
ment, which relates a scalar valued Siegel modular form to a Jacobi form. This expansion will be used
in the context of mock modular forms. Let Q € H, and let it be explicitly given as

Q= (TT TZ;,), v eHy,zeC 1" e Hyy, (2.183)

Then one uses the invariance under v’ + 7’ + b with b € Z and that a modular form f can be expanded
by a Fourier-Jacobi expansion as

Q=D pu(@”, e (2.184)
m=0

and ¢,, is holomorphic. For the case that g = 2 one finds that ¢,,(7”’, z) is a Jacobi form of weight k and
index m and the corresponding set is denoted by Ji ;.

We finish this section on Siegel modular forms by stating the theorem by Igusa [225]] telling us:

Theorem: The graded ring M = &;M;(I';) of scalar valued modular forms of genus 2 is generated
by E4, Eg, @19, @12, P35 where one mods out CD§5 =R

M = C[E4, Es, @10, P12, ©35]/{D35 = R) (2.185)

In this context R is a polynomial in Ey4, Eg, @19 and @1, which can be found in the original paper by
Igusa [225]. Note furthermore that @, denotes the weight 12 Siegel modular form.

2.6.2 Mock modularity

This section reviews the definition and some basic properties of mock modular forms. The remarkable
fact about mock modular forms, besides their mathematical beauty, is the fact that 17 examples were
discovered in Ramanujan’s last letter to Hardy in 1920. However, it took till 2002 when a definition was
given by Sander Zwegers. Various applications were discovered in the following [226/[227]]. Starting
with the general definition of a mock modular form, we give an overview of the three possible realisa-
tions of mock modular forms: Appell-Lerch sums, indefinite theta series and as Fourier coefficients of
meromorphic Jacobi forms. For more details on mock modular forms we refer to [T46H148][228].
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Mock modular forms

Following [[147]], we denote the space of mock modular forms of weight k by My and the space of
modular forms by M. Mock modular forms are holomorphic functions of 7 € H, but do not transform
in a modular covariant way. However, to every mock modular form / of weight & there exists a shadow
g € M>_ such that the function A, given by

h(t) = h(t) + g* (1) (2.186)

transforms as of weight k. Denoting by ¢g°(z) = g(—Z), the completion g*(7) is defined by
g*(r) = -2 f (z+ 1) *g(2) dz. (2.187)
-1

Thus, / is modular but has a non-holomorphic dependence. The corresponding space containing forms
of type ([2:186)) is denoted by M. Given g as the expansion ¢g(7) = Y50 bnq", the completion g*(7) can
also be written as

g'(x) = > 1 'by Bldnta) g, (2.188)
n>0
with 75 = Im (1) and By defined by
Bi(t) = f uke ™ du. (2.189)
t

Conversely, given &, one determines the shadow g by taking the derivative of / with respect to 7. One
easily sees that
oh _ og*
P
This viewpoint opens another characterisation of My as the set of real-analytic functions F that fulfil
a certain differential equation. To be precise, let us define the space 9i; as the space of real-analytic
functions F in the upper half-plane H transforming as a modular form under I' € SL(2, Z), i.e.

= 1,5g(1). (2.190)

F(yt) = p(y)(ct + A F (),

where p(y) denotes some character of I' and we demand exponential growth at the cusps. Hence, the
space of completed mock modular forms My can now be characterised by

— d ( ,OF
My = {Fewzk|g(r’;§) =0}. (2.191)

This definition induces the following mapsﬁ

‘rg[)f 727kg

My = Mo — Mook — Mo = My, (2.192)

so that the composition can be converted to the Laplace operator in weight k. Hence, mock modular
forms in M have the special eigenvalue ’5‘ (1 - ’%) and are sometimes also called harmonic weak Maass
forms.

6 A function f € 9y, transforms under modular transformations y € " with bi-weight (k, ) and character p, i.e. f(y7) =
p)(et + d)(cT + d) (7).
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2.6 Modular forms

Example: E, as a mock modular form

In the following a simple example of a mock modular form is presented. The modular completion of
the holomorphic Eisenstein series E has the form

— 3
E>(1) = Ex(7) - pn

From 8;2?\2 =T, 2% we getg = %, a constant shadow. Doing the integral indeed yields
« 3i 6i| -1 |7 3
g'(r) = —(2i)2f @+ 2 dz=—— =——. (2.193)
5 2w T|zZ+T| - Ty

Further, there is a notion of mixed mock modular forms, which are functions that transform in the tensor
space of mock modular forms and modular forms. However, we will call them simply mock modular
forms as well.

Appell-Lerch sums

We define a Appell-Lerch sum u(u, v, 7) via the following expression

a% (_b)nq%n(m—l)

2miu 2riv
, a=e"" b=e"" (2.194)
(T, v) e 1 —aq"

u(u,v,7) =

We summarise the modular properties under the generators S and T of the modular group

T: uwovt+1)= e_%,u(u, v,T)

) 1 1 (2.195)
S (I) ’ e%y (E, B, ——) = —u(u,v,7) + h(u —v,7),
i TT T 2
with the Mordell integral h(z, ) given as
00 enix27—27rxz
h(z,7) = f ———dx (2.196)
—s Cosh(mx)

From (2.193)) we can see that the Appell-Lerch sum fails to transform covariantly under modular trans-
formations, though it almost transforms like a Jacobi form of weight % The Appell-Lerch series can be
turned into a modular object i by using the modular completion R(z, T)

R —
i v57) = v, 1)~ ST, (2.197)
which is given as
2
Rz = Y (-1 (Sgn(v) -k ((” = ‘E)) e g (2.198)
™

1
VEZ+5
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2 Counting BPS states in string theory

The idea here is that the failure in modularity is compensated by the shadow in fi. For the proof we refer
the reader to the literature [I46]]. The modular properties of i(u, v, 7) read as follows

au,o,t+1) = e_%ﬂ(u, v,7T),
uv -1 T\S  miw? (2.199)
al—= -, — 2—(—,) e p(u,v,1).

9
T T T l

This concludes our discussion about Appell-Lerch sums.

Indefinite theta-series

We already discussed ordinary theta series as vector valued modular forms in section[2.6.1} A general
theta function @, ;(7) is defined as follows

Oup(r) = ) &XiPmgl®, (2.200)
neA+a

with A a lattice and Q a quadratic form. Now we assume, that the quadratic form Q has a signature
(r — 1, 1). With this quadratic form Q we have to take care of the convergence of the theta series, which
is spoiled by v € A that have a negative quadratic form. To restore convergence, we remove the vectors
with negative quadratic form by introducing a cone C via

C={xeR : Q(x) <0} (2.201)

This leads to the indefinite theta series ®Z’g which is defined via

Q% (1) = Z (sgn({c,n)) — sgn((c’,n))) P gl™ ¢, ¢ e C. (2.202)

neA+a

Figure 2.9: An indefinite theta function for a lattice of signature (1, 1). The choice of ¢, ¢’ and the region the
indefinite theta function sums over is coloured in grey.

However, the indefinite theta function in (2.202)) does not transform modular covariant. In this case

50



2.6 Modular forms

the modular completion is achieved by the following procedure:

Acc {c,m) \/T_Z) (<C"”>\/T_2)) 2ridbny Q(n)
o - El Y 2 gLV : 2.203
a {7 ;( ( V=000 Voo ). =

where E(x) = sgn(x)(1 - 1 (x%)) and this allows to write the modular completion of the indefinite theta

function as
O (1) = 55 (1) — (1) — B, (7). (2.204)

1.0

05/

o ‘ ‘ o —  sgn(x)
-4 -2 i 4
_ 5, — EX
1.0l

Figure 2.10: The sign and the error function

Note that we basically replaced the sgn function by the smooth error function.

Fourier coefficients of meromorphic Jacobi forms

The last representation of mock modular forms is via Fourier coefficients of meromorphic Jacobi forms.
We give a brief overview of this and especially we give a short overview of this in the context of N =4
black hole microstates [146}[I50]. Given a Jacobi-form ¢(x, z) it is subject to a Fourier expansion

$r) = > h®ON(T.2), (2.205)

Imod N

where /() is the Fourier coefficient of the Jacobi form ¢(, z)

Z0+1 )
(1) =e" ¥ f e ly(r,2)dz, 70 € C. (2.206)

20

We assume the Jacobi form ¢(7, z) to be meromorphic with respect to z. However, this raises the question
on how to take care of the poles of ¢(t, z) when calculating /;(t) via a Fourier integral. Due to the pole
structure the evaluation of /;(7) now depends on the choice of zg and ¢(, z) is not modular and also not
periodic in /. In the following it is assumed, that 7y is not a pole of ¢(t, z) and the integral is calculated
along the line that connects zg and zo + 1 without crossing a pole. Concerning the periodicity in /, it can
be shown that

B () = B, (7) (2.207)
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which implies that the /-th Fourier coefficient is given by the expansion of the finite part of ¢ denoted
by ¢"
I
o'@= Y P (@Ou(r2). (2.208)
l€Z/2mZ

For the case that ¢ is holomorphic we have ¢ = ¢. It was shown in [[150] that for a meromorphic
Jacobi-form ¢(t, z) with simple poles z = z; = at + 83, (@, 8) € S © Q* we capture the information about
the poles in Dy(T) _

Dy(1) = 2mie*™ ™% Res, . ¢(1, 2). (2.209)

Then the Jacobi form ¢(t, 7) is subject to the following decomposition into a finite part ¢’ (r,z) and a
polar part ¢7'(7, 7)
$(r.2) = ¢"(1.2) + ¢" (1, 2), (2.210)

where the polar part ¢7' (7, z) is given as

¢’ = ), DDA, (2.211)

seS/Z?

with A; (7, z) being the universal Appell-Lerch sum. If ¢(, z) is an ordinary Jacobi form, then ¢(t,z) =
¢(t,z)F. The universal Appell-Lerch sum is given by

i e27riz
A (1,2) = e Trimazs pym [R_gma (E)] . (2.212)
We define the components of the universal Appell-Lerch sum. First, we introduce the averaging operator
Av"(F(y)) as

AFEW) = Y 4" " F ('), (2.213)

AEZ

which maps any polynomial in y to a function in z with a transformation behaviour like a Jacobi form
of index m. Furthermore we introduce the rational function R.(y)

1 yLCJ+1 + ym

R.(y) = 2 o1 (2.214)

and it can be shown, that each 4;(7) is a mixed mock modular form of weight k — %Ik — 1 which has a
modular completion /;(t) given by

R . . 2rimaf3 .
@) =@ = Y D@8, (@), O M=—2— 3 s "EQUIVamrg "
seS /7?2 A€Z+a+1/2m
(2.215)
where @;:l is known as the Eichler integral. The completion ¢ then takes the following form
> @iz 2). (2.216)

Imod 2m

For a further discussion we refer to the literature [I50]. Instead we want to review the appearance
of mock Jacobi-forms in the context of ' = 4 black hole microstate counting. The idea that the
counting function is described by a Siegel-Modular form goes back to [IT1]] and has been developed
futher in [229]. The moduli space and the wall-crossing phenomena are discussed in [149][230][231]].
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The relation to mock modular forms is first discussed in [I50]]. In general useful reviews can be found
in [232].

The underlying physical setup is that of [Cadhuri-Hockney-Lykken (CHL)| compactifications. In the
type II picture we compactify on (K3 x T2)/Z, which is dual to a compactification of the heterotic string
on T°/Z,, where the Z, action is the orbifold. The orbifold acts in such a way that we obtain
N = 4 supersymmetry and for n > 1 the gauge group is reduced. For more details on the action of
these orbifolds see [233[234]]. We focus on the case that we have a trivial orbifold action and for [CHL]
orbifolds the results can be generalized The S-duality group is in this setulﬂ SL(2,2Z)
and the T-duality group is O(22, 6, Z). We have charges living in a lattice A>*® where we have a charge
vector I' = (p!,¢') with I = 1, ...,28. It is possible to count states and in fact they can be captured
by the unique Igusa cusp form @;o(Q) [TTT[230[240,241]]. The degeneracies Q(I') are usually expressed
in terms of T-duality invariant

1 1
Q) = Q(EPZ, qu,q . p). 2.217)

These are encoded in the Fourier coefficients of d)f(;

1 _ 2ni(mt+np+1v)
o mZ e Q(m, n, ). (2.218)

v

-1
-1
1

v

The Igusa cusp form has several representations and we collect some of them in table 2.10]

name ‘ representation

product representation D1o(Q) = gyp 1—[(1 - 4"y pm)‘“(4m”_lz),
n,lm
c(4mn — %) are determined form the elliptic genus of K3

Ba(1, 7)? N D3(1,2) N 4(1, Z)z)
P (1)? #3(1)? a(1)?
= Z c(4n — rz)q”yr.

n=0
reZ

Zx3(t,2) = 8(
(2.219)

Determinant representation | ©o(Q2) = 2712 l_[ ﬁ[g](Q)

a,b
4a-be2Z

2
Maass lift of ¢y $10(0,v) = 7**(p) _ﬁ,;s(f;‘),)-

Table 2.10: Representations of the Igusa cusp form ®@j.

7 For the otherorbifolds, we get a congruence subgroup I';(n)
8 Note that in here we denote the charges by (p, g) as well as the formal variables g = e
be clear from the context.

27 and p = e¥. The meaning should
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Formula (2.218) can be inverted such, that it is possible to calculate the Q(T') via

. 1
Q) = f BQe T ___ (2.220)
c ()

where C denotes the contour || However, the contour depends on the pole structure of <I>I(} which is
reflected in its wall-crossing behaviour. Also note that we can study the limit, where the period v — 0,
which is the limit in which the genus two surface splits into two genus one surfaces. In this limit the
dyon partition function behaves in the following way

1 1 1

lim — = s
=0 Do Ay P (0 (p)

(2.221)

which reproduces the expected result for a K3 surface as 77¥%3). To make contact with our previous
discussion about meromorphic Jacobi forms, we consider the following Fourier-Jacobi expansion

1 - ,
o D m@wp”, p =, (2.222)
10 m=—1

where i,,(T, z) becomes a meromorphic Jacobi form of weight 2 with a double pole at v = 0. The polar
part of Y, (7, v) has the following structure

A Coeffn(A~1 (1)) qmn2+sy2mn+l
P q
T,v) = ————— Ao n(T,v), An(t,v) = _—, 2.223
b (T, v) e 2T V), Ap(T,V) % T=ap (2.223)
The modular completion in this case is due to two-centred black holes, and is subject to wall-crossing.
The anti-holomorphic derivative of the mock modular form calculates the shadow. We will encounter
this phenomenon also in this thesis, when we discuss holomorphic anomalies.

Mathieu Moonshine

Another place, where mock modular forms lead to an interesting new phenomenon is in the context
of Mathieu moonshine and the elliptic genus of K3. Monstrous moonshine leads to an interesting
relation between the Monster group, modular forms and conformal field theory. Mathieu moonshine
seems to follow a similar pattern for mock modular forms and the Mathieu group M24. If course it is
very tempting to perform an analysis similar to the case of Monstrous moonshine. This also represents
another example where ideas from physics and mathematics lead to new and interesting results as well
as a new understanding. The observation was made in [I57,[T58|242-25T].
The elliptic genus of K3 is defined as

Zk3(1,2) = Trpp(—1)FHF glo~i gho= i g2riclo (2.224)

where the trace is taken over the RR sector of the theory and due to spectral flow symmetry the elliptic
genus does not depend on g. We denote by Jy the zero mode of the su(2) algebra. Futhermore, spectral
¢

flow symmetry implies that Zg3(7,z) is a Jacobi form of weight zero and index m = ¢ = 0. The
corresponding space of Jacobi forms is one-dimensional and therefore takes the following form

9(7, 2) 2+ 93(7, 2) 2+ 94(1,2)\
(1, 0) ¥3(1, 0) P4(1, 0) ’

ZK3(T, Z) =8 l( (2225)
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2.6 Modular forms

This also satisfies some consistency conditions, like y(K3) = Zg3(t,z = 0) = 24 and the signature
Zis(t,z = 2) 16 + O(g). The above result can be rewritten in terms of characters for the short
representations of the Ramond sector ygpg = x* (7, 2) and the non{BPS|characters ypnon{EP3}

h=11=0

Zk3(7,2) = 24BPg + Z(T)XnoniBP3

%ﬁlmﬁ@+x)lY? (2:220
with
Yooy = 22
n(r)}
= 1?1]((;’)13)2#(7, 2),
M= Z (-1 )”qzn(n:):j:z, (2.227)

1 l+7 T
X(r)=-8 [ﬂ(T,Z = §)+M(T,Z = > +u(r,z = 5))

= —2q_% (1 - ZAnqn) .
n=1

Again, we encounter the Appell-Lerch sum in the character of the[BPS|states, which is the link to mock
modular forms. The coefficients A, have the following asymptotic behaviour, as was shown by use of
the Rademacher expansion [[I5T}[153]]

(2.228)

The first few numbers are collected in table 2.11]

n| 1] 23] 4] 5 6 7 8 9
A, | 45| 231|770 | 2277 | 5769 | 13915 | 30843 | 65550 | 132825

Table 2.11: The coefficients A, that can be decomposed into dimensions of irreducible representations of the
Mathieu group.

The crucial observation is that the first five coeflicients are equal to the dimension of representations
of M4 and Ag and A7 can be decomposed into the sum of irreducible representations, for higher n this
is still possible but not unique. In the following section we collect some facts about the Mathieu group
My,

The Mathieu group My,

In this section we collect some facts about the Mathieu group My4. It can be thought of as a subgroup of
the permutation group S,4 and it contains 244823040 elements. It contains 26 conjugacy classes and 26
irreducible representations. However, M»4 can also be understood in terms of a rank 24 even self-dual
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2 Counting BPS states in string theory

lattice. The Mathieu group M»4 is the subgroup of permutations S,4 of the coordinates of Zg“ which
preserve G, where G = N, /A%“, N being an even-self dual lattice, such that

A C N c A, (2.229)

where A%“ is the rank 24 lattice obtained from the root lattice of A; and A%“* the corresponding dual

lattice and Z%“ o~ A%‘** /A%“. Furthermore G has to satisfy other properties as well, which fix it uniquely:
e An element of G is represented by 24 entries being either 0 or 1 as it is a subgroup of Z%“.
e As N is even self-dual, G is 12-dimensional and the weighlﬂ of every element of G is 4.
o Identifying those elements of N with length squared equal to two are the roots of A%“.

Recall, that the cohomology lattice H*(K3,7Z) of K3 is also a 24-dimensional even, self-dual lattice. In
physics notation this is sometimes called the quantum lattice

H*(K3,Z) = H'(K3,Z)® H*(K3,Z) ® H'(K3,Z) = AB o AB e A e AV e AV @ AV (2.230)

It was shown by Nikulin and others, that the symmetry group preserving the holomorphic two-form is a
strict subgroup of My4.

Twisted characters and relation to N = 4 dyons

As we saw, X(7) contains informations about the dimensions of the irreducible representations of Mp4.
These are graded with respect to the zero mode of the Virasoro algebra Ly and therefore we have [I5§]]

R(May) = P Ru(Ma4)
"= (2.231)
(1) = ) dim(R,)q"
n=1

However, this result may be generalised to twisted K3/Z, surfaces, where the twist is generated by a Z,
action with p = 2,3,5,7 and the associated twisted character reads

2y(1) = Z Trr,m0)(9)q", g € M. (2.232)

n=1

These quotients have been classified in Nikuhlin’s list [252]]. There is a version of moonshine for
M>4, which works as follows. Let g be an element of M54 than the corresponding partition function

reads [[158]]
g with cycle shape 1722+ /" 1 1,(7) = ]—[ n(lT)t. (2.233)
=1

These two versions of the Monstrous moonshine for My4 are related by a generalised Borcherds-Kac
Moody algebra, i.e. an infinite dimensional algebra, with non-positive definite Cartan matrix which in

® which is defined by the number 1’s in the representation of an element
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2.7 Topological string theory

addition contains imaginary roots. The character of such an algebra is subject to the so-called denomin-
ator identity

& [ [ -emH™@ =" ewu(e,x) (2.234)

aeA, weW

where we denote by p the Weyl vector, A, the set of positive roots and £ a combination of imaginary
roots. The Weyl group controls actually the wall-crossing phenomena [231]] as can be seen by using
the product representation of the generating function @, of the compactification (K3 x T2) 1Z,
and hence this provides a link to N' = 4 black hole results. It is possible to interpret the subalgebra
of positive roots as an infinite-dimensional representation of M»4. The 1, products are recovered by
making use of the behaviour at the pole v — 0.

2.7 Topological string theory

Topological string theory can be described by a two dimensional non-linear sigma model with target
space being a Calabi-Yau manifold. We start with a short review of the N = 2 superconformal algebra
and then we switch to N = (2,2) theories. We review the construction of the A and the B model and
how they are related by mirror symmetry. We finish this section with a discussion of the holomorphic
anomaly equations, their interpretation and how they can be used to solve for the higher genus topolo-

gical amplitudes. Reviews on topological string theory include [89}[05][06][194][253H257] and we mainly
follow [96][257]).

2.7.1 The chiral ring structure of topological string theory

The N = 2 superconformal algebra consists of the energy-momentum tensor 7(z), two currents G*(z)
and a U(1) current J(z). We collect their properties in table The currents G*(z) are fermionic and
are therefore subject to periodic or antiperiodic boundary conditions

Gi(eQR'iZ) — —€¢2ﬂiaGi(Z). (2235)

From the operator product expansion one shows the following relations for the modes

(Lo La) = (= )L + =m0 = D,
Uns ] = 5MOmsn0:
(Lo J] = =i, (2.236)
[Lns Grpeal = (g —(m+ a)) Grintar
(G G} = 2Ln + (1 = 10+ 20) T + g ((n +a)? - %) Smtn.

From these relations we recognise the Virasoro algebra of the energy-momentum modes. Note, that
for different values of a the algebras are isomorphic to each other due to the existence of a spectral
flow symmetry. The representation theory of this algebra is as follows: a highest weight state |¢) is an
eigenstate under the Cartan elements Ly and G and is annihilated by the positive modes

Lolg) = hglp),  Jold) = qyld)

. (2.237)
L)¢y =0, Gilg)=0, Julé)=0, Yn,m,r > 0.
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2 Counting BPS states in string theory

In order to construct chiral rings, we define a chiral field to be a primary field, i.e. a field ¢ such that

name ‘ conformal weight / ‘ expansion
L
energy-momentum tensor 7(z) | 2 T(z) = Z n-:—12
nez
+ 3 + G:ia
currents G*(2) 5 G = Z —
pyer Znia+§
In
U(1) current J(z) 1 J(2) = Z —
nez

Table 2.12: Operators of the N = 2 their conformal weight and their expansion.

#l0) = |¢) that in addition is annihilated by G

[NT]

G*,l¢) = 0. (2.238)

The notion of anti-chiral fields relates to the fact, that these chiral fields are annihilated by G, . If one

(Sl

furthermore includes the anti-holomorphic generators G*, then one can construct several pairs of rings
that are collected in table[2.13] The ring structure is ensured by the following relation, where we denote

Ring ‘ annihilation operators

(c,¢) (G*,.G*)
(a,c) (G~,.G*)
(c.a) <Gi1 G’I;
(a,a) (G:Z, G:Z)

Table 2.13: The ring structure of chiral primary fields and the corresponding annihilation operators of |¢).

the set of chiral primaries by ¢;
ibj = Ciiis (2.239)

with C' lkj being the three-point function on the sphere C;jx = (¢;¢;¢;) and the indices are raised with
respect to the topological metric g;; = (¢;¢;). By using the relations in (Z.230) it is possible to show the
following relation between the weights /4, g4 and the central charge ¢

q¢

/’l¢2—, h¢2

> . (2.240)

Ao
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2.7 Topological string theory

2.7.2 Deformations

In a next step, we discuss deformations of the underlying theory, i.e. we add marginal operators having
weight & + h = 2 to the original action. Thus, this allows us to consider a flow from oneto another
and these deformation operators span the moduli space of the@ We denote by %, the world sheet of

the CFT
68 =7 f ¢ +7 f ¢ (2.241)
29 29 '

These operators can be created as follows, where we first start with the (c, ¢) ring. We start with the
following set of operator ¢l(.0) and deform it to ¢§1) using the commutator

" =G4 (w.m)| = 95 dz G~ (2) p(w, 0). (2.242)
In a second step we construct ¢§2) as follows
07 ={G(2). 4} (w.m)}. (2.243)

In table we summarise the corresponding weights and charges and we can see, that ¢>§2) is a marginal
operator.

field | (h,h) | (g.9)
¢ | D]
" | .hH | o
¢ | (.1 | 0,0

Table 2.14: The deformation fields and their weights.

For the (a, ) ring the construction of fields follows a similar way but by using first G~ followed by
G*.

2.7.3 Non-linear sigma model realisation

Next, we consider the interpretation of the N’ = (2, 2)[CFT]as a non-linear sigma model from the genus g
Riemann surface X, into the target space X. The action of the non-linear sigma model includes bosonic
fields ¢ : £, — X and fermionic fields ¢ € F(K% R ¢*TIOX), v € F([_(% ® ¢*T1-0X) and in a similar
fashion for the anti-holomorphic fields. In total the action reads

1 i = i = — i = i ; - l- . R
S = f dzz(zgij3z¢ 0:¢’ + B;5(0.¢'0:¢' — 9:¢'0.¢") + Egiﬁ/’ Dyl + _ Doy
Zg (2.244)

+Ril‘cj1‘9-//i'/’k/\,/j)(l)

10°again we only concentrate on the holomorphic part. The anti-holomorphic part can be obtained in a similar fashion
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2 Counting BPS states in string theory

It turns out that the target space X is subject to the Calabi-Yau conditiorﬂ Conformal invariance
is ensured, if the beta function vanishes. It can be shown, that the beta function is proportional to the
Ricci tensor and hence the Calabi-Yau condition is satisfied. Furthermore it is possible to determine
the supersymmetry variation of the various fields in (2.244) and the operators of the N = 2 We
collect the operators in table 2.15]

name ‘ expression

energy momentum tensor ‘ T(z) = —gijaz¢i81¢j + %gijtﬁiﬁzzﬂ + %g,.;zpfazw

currents G'(2) = %giﬁl’i_azﬁﬁj
G™(2) = 39;'0:¢'
U(1) current ‘ J(2) = %gzjwl/’j

Table 2.15: The operators of the chiral ring of the N' = 2 SCFT| For the anti-holomorphic operators similar
expressions hold.

2.7.4 Topological field theories

We distinguish between two types of models: the A-model corresponding to the (a, ¢) ring and the B-
model, which is the (c, ¢) ring. However, to get these theories one has to perform a topological twist in
the algebra. To understand this, we first review some general facts about topological theories. In general,
one can distinguish between two types of topological field theories, namely those of the Schwarz type
[258]] and those of the Witten type [97]], where the later will be of interest for our discussion. For a
general overview see [259]. A topological theory is characterised by the fact, that there exists a scalar
symmetry Q which is nilpotent, i.e.

Q =0, (2.245)

and the action § is Q exact, i.e. introducing the gauge fermion V the action can be written as
S ={Q,V} (2.246)
and the energy-momentum tensor is also Q exact
T ={Q. Gy} (2.247)

with G, = %. The topological property of these field theories is that the correlation functions of some

operators {O;}; do not depend on the metric, i.e.

0

597@,-10,-2 ...0;»)=0. (2.248)

However, the Q exactness also implies that for any operator O we have

{0} =0. (2.249)

From the previous discussion it is clear, that the operator Q is a BRST operator and the corresponding
physical states of the theory are in one-to-one correspondence with the cohomology classes of Q.

' in this case we refer to the notion of Ricci-flatness
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2.7 Topological string theory

The topological twist and the A- and the B-model

As we have already introduced, we have the (a, c) ring giving rise to the A-model and the (c, ¢) ring
giving rise to the B—modeﬂ We state the corresponding topological charges for the corresponding
chiral states, which get annihilated by the corresponding currents G*(z) and their corresponding anti-
holomorphic counterparts. The A- and B- model Q4,5 look as follows

Q=G ,+G",, Qg=G" +G"*, (2.250)
2 2 2 2

which can be checked to square to zero. In addition one has to perform a topological twist of the energy
momentum tensors as presented in table 2.16] The topological twist allows for a globally well defined
topological charge, such that Q4,5 become Grassmann valued scalars and due to the shift in the energy
momentum tensor the conformal weight is modified as well as the energy-momentum tensor becomes
Qa/p exact. In the A-model the cohomology of the operators corresponds to the de Rahm cohomology

A model twist ‘ B model twist

T>T+30] | T>T-34]
T—T-10T | T—T-14]

Table 2.16: The topological twist for the A- and the B-model

of the target space X. The corresponding moduli space is given by the Kihler moduli space. Note,
that in the A-Model one has instanton corrections. These instanton corrections are not present in the
B-model and the corresponding moduli space is the complex structure moduli space of the underlying
Calabi- Yau manifold.

If we couple the A- or the B-model to 2d gravity, we obtain topological string theory. The coupling to
gravity is achieved like in the bosonic string by integrating correlation functions over the moduli space
of the Riemann surface X,. The aim of topological string theory is to calculate the free energy F(z, g;)
which depends on the background moduli # and the string coupling g;. We perform a genus expansion
of the free energy in terms of the string coupling constant

F(t,g5) = ) g FO0). (2.251)
g=0

For reasons of convergence it is sometimes useful to study the partition function Z = exp(F’) instead of
the free energy, since it is subject to an asymptotic expansion in the string coupling constant. From the
point of view of deformations in the B-model, the topological amplitudes F9 are defined as follows for

g>1
3g-3

F(g):fz[dmdm]“—[(fg ﬂaG_)(L /,zaC_;_]> , (2.252)
g a=1 g g

%

where we denote by p, € H*! (24, TZ,) the Beltrami differentials which described the 3g—3 dimensional
moduli space of X, and dm, din are the corresponding duals to the Beltrami differentials.

12 The other rings correspond to conjugated models.
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2 Counting BPS states in string theory

2.7.5 Mirror symmetry

In this section we give a brief overview on mirror symmetry. Mirror symmetry provides a duality
between the A- and the B-model. The origin of this duality is the U(1) symmetry flip J & —J. We
summarise some facts about the different models in table 2.7} Mirror symmetry now exchanges these

Model ‘ A ‘ B

Calabi-Yau manifold ‘ X ‘ Y

counted objects ‘ holomorphic maps ‘ constant maps

deformations ‘ Kihler deformations #/ ‘ Complex structure deformations z’
moduli space | dim My = hM'(X) | dim Mg = h*!(Y)

Table 2.17: Comparison of the A- and the B-model.

two and in particular the free energies in the A-model can be related to those in the B-model via the so
called mirror map, which relates the coordinates on the two sides of the duality i.e. r = #(z). We give a
more detailed discussion of the variations in the A- and in the B-model.

A-Model

In the A-model we study deformations of the Kéhler form. Let B denote the B-field, J the Kéhler class
on X and 8 € Hy(X,Z), since the path integral localises to holomorphic maps which depend on the
homology classes in H>(X, Z). The Kéhler parameters ¢* are given as

= f (B+1iJ). (2.253)
Btl
To this we associate the parameters
qp = €xp (27ri f(B + iJ)). (2.254)
B

The topological twist also changes the fermions, which are elements of the following sections

W eT(@TOX), ¢ eT(K®¢'T"'X),

. _ . (2.255)

Y eT(R@ ¢ T'OX), x' eT(¢*'T™'X).
Determining the supersymmetry variation implies, that the operators in the A-model are equivalent to
the de Rham cohomology of the Calabi-Yau manifold X. In addition it is shown, that the path integral
localises to holomorphic maps. Therefore, the F9)(f) count on the A-model side holomorphic curves of
genus g and class 8 € Hy(X, Z). These are the[GW]invariants N,z

FOm =3 Nygd'. (2.256)

BEH(X,Z)
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In the A-model the path integral is obtained by summing over all instanton sectors and therefore we
no longer deal with ordinary geometry but with so called quantum geometry, where corrections to
the classical geometry are taken into account. In the A-model the deformation is given by the even
cohomology which is related via the connection V4

H(X, C) =4 H(X, C) —4 H*(X,C) ALN HS(X, 0). (2.257)
In the defintion of the connection on the elements of D; € H*(X,Z),i = 1, ...,h" (X) we have
hl 1 d
VD = Z CiiC; ® ﬁ (2.258)

with C; € H*(X,Z) being the dual to D;. The three point function reads in this case
Cijt = (0i0,0r) = DinD; N Dy + Z Noﬁi, (2.259)
1 __qﬁ
BeH(X,Z)

where No g are the genus zero[GW)]invariants.

B-Model

In the B-model the moduli space of the SCFT|corresponds to the moduli space of complex structures on
Y. Good coordinates are now provided by periods of the holomorphic three-form Q and o € H3(Y)

z“:fQ, a=1,...,k”"\(Y). (2.260)

In the B-model the fermions are elements of the following spaces

W eT(K®$*TOY), ¢ eT(¢TY),

, _ - (2.261)

Y eT(R@ ¢ T'Y), ¥ eD(¢*T*'Y).
Studying the supersymmetry variation implies that the operators are identified with (0, p) forms in
APTY. The path integral localises to constant maps and in particular the B-model is not subject to
instanton corrections. So all the calculations can be done in the classical setting, which is one of the
advantages, to perform the calculation in the B-model first and then map it via mirror symmetry to the
A-model. The variations in the B-model correspond to variations of the complex structure of Y. We
therefore study the cohomology H>(Y,Z) and split it such that we have a holomorphic variation of the
complex structure, which is given by the Hodge filtration {F7(Y)},

FP(Y) = @ H™3(Y). (2.262)

nzp

In this context Griffith transversality applies, which states that the Gauss-Manin connection VgF? C
FP~! which gives rise to the following variation [260,1261]

3 g2 Yo Y o (2.263)
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Denote by 6; = 7'8.i,i = 1,...,h*1(Y). Using (2.263), we consider the following spaces
(F?,F*|F°,F'|F* F°[F"). (2.264)

Elements of these spaces are obtained by taking derivatives of the holomorphic (3, 0) form Q*° and can
be collected in the vector w(z) of dimension 24%! + 2 with the derivatives chosen accordingly

Q*(z)

6:02%9(z)
0,6, |’

0:0,6,:0%0(z)

w(z) = (2.265)

Choosing C* € H3(Y) we can define the period matrix [1(z) via
In° = f w(2). (2.266)

In order to make progress, we introduce a symplectic bases (a;, ") for H*(Y, C) such that
Q@) = X'(@ar + F(2)B'. (2.267)

Now we can state the coordinates (X’, F), which form the period vector IT as

Fq
- (3

f Q (2.268)
= By .

Q
Al
The period vector is subject to the Picard-Fuchs differential equations with respect to the differential

operator £,
LJII=0, a=1,....h*(Y), (2.269)

which can be obtained e.g. by the Griffith-Dwork reduction method or by using symmetries of the

ambient space. We will often make use of homogeneous coordinates 7' which are given as follows

' .
=15 i= L....h"\(¥). (2.270)
In terms of these coordinates the prepotential F¥)(z) is calculated as

h=1(Y)

1
FOz) = TR IZ(; X'F;. (2.271)

The structure of the moduli space, i.e. the space of complex structure deformations, turns out to be a
special Kihler manifold M with line bundle being the Hodge bundle £ and the free energies F¥ ¢
I'(£2729). Since we have a Kihler manifold, the metric G;; can be computed from a Kihler potential K
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which is given in terms of the top-form as
K = —log (i f QA Q) = —log IT"2I1. (2.272)
Y

To determine the Yukawa couplings and the curvature tensor, we observe that there is a induced connec-
tion (D,-)’; on T* M ® L" which reads

(D)} = 853, + ndiK) = T, (2.273)

This allows to write the Yukawa couplings C; i as derivatives of the prepotential F ©

Cijx = DiD;DF©, (2.274)
which are subject to
DiCji = DiCiu. (2.275)
The curvature tensor Rfj_.k is given as
_ i - - _ _ _ R
R, = =35 Di], = Gi6, + G967 = CunC', C" = Cu GG, (2.276)

With the help of the mirror map it is possible to introduce coordinates # on the A-model side as

~ X'(z)
t'(z) = 2.277
@ =35 (2.277)
and the relation between the period vectors reads
Fy 2Fy — tiatiFo
AFil _wo 0,iFg
B i (2.278)
digtititt o . .
S+ it — ix gk +2/(9) ~ 19, f(q)
= XO —dijgt!”]‘ + Aijlj +c; + at,-f(q)
1
fi

where d; i denotes the triple intersection number, ¢; = 21—4 fxchi and J; are elements of the Kihler
cone. We will use these results for a B-model approach to elliptic Calabi-Yau manifolds in section5.2]
From this we see why mirror symmetry is such a powerful tool, since it allows to perform a geometrical
calculation on the B-model side and then via the mirror map to obtain results on the A-model side.
However, in the next section we discuss a useful tool in calculating the topological amplitudes, namely
the holomorphic anomaly equations.
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2.7.6 Holomorphic anomaly equations

The topological amplitudes F¥ are subject to the so called holomorphic anomaly equations
[101]], which provide a recursion in the genus of the F9. They take the following form for g > 1

-1

, 1. ¢

GF9 = Ecg" (D Dy F9TD 4 Z D jF(S)DkF(g_S)], (2.279)
s=1

and for g = 1 we obtain the following equation

_ 1_
8:0,F) = =CHC - G,-‘;(;‘—4 - 1). (2.280)

2

This can be derived by starting with the definition of the topological amplitudes (2.252) in terms of
deformations and taking the # derivative and realising that this leads to the insertion of an anti-chiral
field ¢;.

3g-3
5, F9 = f [dm din) f d21<56 G+9§ G+q_§(.2)(z)l—l f wiG f G > (2.281)
M, & : / i=1

by commuting G*,G* with G~ and G~ we obtain by using the §CFT|algebra a term which is propor-
tional to the energy-momentum tensor, which itself is obtained as a variation with respect to the metric
and therefore it is possible to rewrite the expression as

3g-3 3g-3
55 F© = fM [dmdm]z - a- <¢(2’(z)]—[ f wG f G > (2.282)

This integral vanishes expect for possible boundary terms of the moduli space of Riemann surfaces M,.
The moduli space M, can degenerate in two ways:

e cither the genus g can split into two components such that g = g; + g2,
o the genus g moduli space can degenerate to a genus g — 1 moduli space.

The holomorphic anomaly equation reflects these degenerations in its two terms.

Figure 2.11: Graphical interpretation of the holomorphic anomaly. The figure to the left shows the pinching of
the genus g moduli space leading to genus g — 1. The figure to the right shows the split of the genus g into g; and
g». Furthermore both figures show punctures which are due to insertions by taking derivatives of the topological
amplitudes Cgﬁ?.in =D, ...D; F9

Also for the case of n-point functions C;?')"i an anomaly equation was discovered, where Cz(iq.)..i are
given as covariant derivatives of the topological amplitudes F% for g > 1

cY =p,..D;F? (2.283)

i]...0p
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and for the case that g = 0 we have that the number of insertions n > 4. Furthermore it is also possible
to define them as follows with g > 1 and forallnorn > 0ifg>1andn > 3if g = 0.

3g-3

w0 f [dmdm]<n f ¢<2>n( f ][ fz g ﬂac‘—ng, (2.284)

The holomorphic anomaly equation reads in this case

g
@ _Laik| o0 ) (g-7)
&Cn +in _2C [ i+ ZZ S!(n_ s)! Z Cji(r<1>---irr<x>Ckia<s+1)--~ia<n>]

~Qg- 2+n—1)ZG— cY

X YR PN PO I
s=1

(2.285)

We observe that this also provides a recursive structure in the genus as before as well as that the in-
sertions are permuted and the last term corresponds to insertions that meet. The holomorphic anomaly
equations provide a recursive structure in the topological amplitudes, which allows to calculate them.
Since most of the time we just deal with genus zero and one in this thesis we just want to give a small
recap on these solution techniques and refer to the literature for further details. In general topological
string theory can be solved by direct integration of the holomorphic anomaly equations [262[263], by
localisation, by the topological vertex [I61]] or by the matrix model techniques in the remodelled B-

model [[162]).

Direct integration of the holomorphic anomaly equations

The general idea is to re-express both sides of the holomorphic anomaly equation in terms of anti-
holomorphic derivates, such that the expressions the derivative acts on only differ by a holomorphic
term, the so called holomorphic ambiguity f,(z). This is achieved in several steps, which we outline in

the following [264][265].
1. Introduce the propagators
(5,818 e (L2, L2RT* M, L2 @ Sym*(T* M)). (2.286)
The correlation functions are then interpreted as vertices.
2. Note, the following relations for (S, .S )
Cip = e XDiD;3S, 987 =CY, 987 =GzSY, 8;8 =GyS'. (2.287)
3. Rewrite the holomorphic anomaly equations, provide the data for lower genus and boundary
conditions for fixing the holomorphic ambiguity.

Though this procedure works, it depends on a large number of iterations and therefore becomes un-
favourable. Instead it is more effective to use modularity and express the topological amplitudes as a
polynomial in a ring of non-holomorphic generators, which are given by

(K; = ;K,S"7,8,8) (2.288)
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2 Counting BPS states in string theory

with weights (1, 1,2, 3) and the F¥ are of weight 3g — 3. We modify the generators in order to rewrite
the anti-holomorphic derivative of the F) in terms of derivatives w.r.t. the generators, i.e.

5;F(g) = C_‘-Jk

1

OF9  10F9 . 10F9 . 10F9 , OF9
—— ———Ki—-=———K; + ————KiKy | + G;——. 2.289
(asfk 208k 27981 T 2798 ) oKk, (2:289)
In order to derive this expression, we introduced the new generators (K;, $%/, %, 8) which are defined

via [264]
. o L S . . 1 ..
K=K, SY=8§Y, §'=§' —S”Kj, S=5-SK;,+ ES”K,KJ. (2.290)

This allows to rewrite the connection term Ffj as

I = 6K+ 6'Ki — CijeS* + 51, (2.291)
with sfj being an unfixed holomorphic function. An important reason why this method works is due to
the fact, that the generators close under the anti-holomorphic derivative as can be checked explicitly

: A A HPN A s i oA — ik
387 = CipnS™S™ + 6I8% + 6587 — 57 Sk — sk ™M+ B,

8i87 = CippS™S" + 2678 — 53,8™ — huS* + h!,
1 (2.292)

(9,'5‘ = CimnSvavn —hij§j+h,',

[\

c%f(j = K,'Kj - Cl‘jnﬁmn[{m + S?}km - Cl_ijvk + hija

where again hljk, h{ , hi, h;j are holomorphic functions, which can be determined. By going to a certain
point in moduli space, where the Yukawa coupling becomes invertible, it is is possible to determine
S%,8%and S and with this at hand it is possible to determine the F¢’ [[166]. For example for the case of
genus one the topological amplitude F(! reads as follows

hl,l(x)
1 1
FO =2 (3 + M) - %)K +5logdetG™ + ) silogz+ ) rlogAj, (2.293)
i=1 7

where the last summation is over the number of discriminant components. It is still an open question
how to fix the coefficients s; and r; via boundary conditions. The singular behaviour of F () is given by
the following behaviour

1
F(l)N_ﬂZIngi f ca . (2.294)
- X
l

In particular if we encounter a conifold singularity for the discriminant A we have

1
FO < — 3 logA. (2.295)

In table@we collect some boundary conditions that can be used to fix the holomorphic ambiguity f,
for which in general the following ansatz near a singularity A is used

p(Zi)
fo ~ A20-2°

(2.296)

With this it is possible to fix the holomorphic ambiguity and integrate the holomorphic anomaly.
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point in moduli space ‘ behaviour of F9)

X __|BayBogs|

2 29(2g-2)(2g-2)!"
. By 2-2

conifold locus FY(t,) = bzg(z—;"_z)tc +01)), g>1.

t. = An%, for a conifold we have b = 1,m = 1.

large complex structure limit ‘ F9|gazg = (—1)¢ g>1

Table 2.18: The behaviour of the topological amplitudes F9 at various points in moduli space.

Background independence

The holomorphic anomaly equation of has also been investigated in the context of background
independence [102]]. Given a reference point in the moduli space of a theory, background independence
refers to the dependence of correlators on the chosen reference point. The holomorphic anomaly equa-
tions refer to this dependence but it turns out that they ensure background independence in topological
string theory [[102]]. The idea is to interpret the full topological string partition function

Z(gs, 1) = exp [Z gf-’"zF@(z)] (2.297)

9=0

as a wave function living in a Hilbert space that is constructed by geometric quantisation of H>(X, R).
Note that the holomorphic anomaly equation for Z(gj, t) takes the following form

S T
(81' - ZQEC{ijDk) Z(gs,1) = 0. (2.298)

For the geometric quantisation H>(X, Z) is interpreted as a symplectic phase space ‘W with symplectic
structure w and its quantisation requires the choice of a polarisation. Let J denote a complex structure of
X, then the complex structure on ‘W also depends on J and the Hilbert space H; is build from sections
of a holomorphic line bundle over the symplectic phase space ‘W. The wave functions y(f', z') depend
on #, which are coordinates on the moduli space M and hence parameterise J, and complex coordinates
7' of W. Background independence now makes a statement on the dependence of the wave function
W(t', 7') via the following equation

o 1o " D D
——-=|= —— ¥ =0, 2.299
((%’ 4 [&’w ] D7k D7 ]lﬁ ( )

which is equivalent to (2.298). The idea behind this equation is to identify the different H; by using
a flat connection V such that a variation of J induces a change of ¥ by a Bogoliubov transformation.
Background independence is then reformulated to demanding invariance of ¢ under parallel transport
with respect to V.

2.7.7 Stable pairs and enumerative invariants

We finish our discussion of topological string theory by giving a short summary of enumerative invari-
ants, since these were calculated by methods of topological string theory, see e.g. [266]]. We have already
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discussed the [GW] invariants. In this section we discuss the Pandharipande-Thomas and Gopakumar-
Vafa invariants. In Pandharipande-Thomas theory one counts D6-D2-D0 bound states via the method of
stable pairs.

Definition: A stable pair on a Calabi-Yau threefold consists of sheaf # on X and a section
s € H°(F) such that

i) ¥ is pure of dimension 1 and
ii) s generates ¥ outside a finite set of points.

o

The moduli space of stable pairs is denoted by M,,(X,8) with n = y(F) and 8 = chy(F). We denote
the degree of the virtual fundamental class of M, (X, ) by P,z and introduce the generating function
for Pandharipande-Thomas invariants Zpt by

Zpr = Z Popq' Q" (2.300)
np

It is conjectured, that Zpr is equal to the generating function for disconnected [GW]invariants by a change
of variables, i.e. if we write

Zow = exp(Fow(, Q) = exp ) > Ny, (2.301)
B#0 g
then the identification is achieved by ¢ = —e™™*.
Another set of invariants of Calabi-Yau threefolds are the Gopakumar-Vafa invariants ng, || They

are related by the following expression to the [GW]invariants

1 KA\
Z N, pA*972 QP = Z ng% (2 sin —) ok, (2.302)
B.g

B.g:k 2
B#0
For more details about the relations and applications of these invariants, we refer to the literature

270H273].

2.8 Counting D4-D2-DO BPS states

In this section we want to provide some background on the main counting objective of this thesis,
namely D4-D2-D0 [BPS]states. These are obtained by wrapping multiple M5 branes on a divisor in a
Calabi-Yau manifold. Depending on the size of the divisor different descriptions are available. For the
case of a small divisor this gives the which provides a microscopic description in the case,
that one M5 brane is present. We start this section by a discussion of this [CFI]and in particular we
introduce the modified elliptic genus, which allows for a counting of the [BPS] states. The counting of
D4-D2-DO0 can also be performed by geometric and split attractor flow methods. The method we will
make extensive use of is via sheaves and stability conditions. We finish our discussion with another
limit of the setup such that the description becomes an N = 4 U(n) topological theory, with n the
number of M5 branes. In this setup a holomorphic anomaly of the generating function was observed.
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2.8 Counting D4-D2-D0 BPS states

2.8.1 The Maldacena-Strominger-Witten conformal field theory

Let X be a Calabi-Yau threefold and we study M-theory compactifications, that give rise to extremal
black holes. We choose r M5 branes that wrap

PxS},, (2.303)

where P = pAY, is a four cycle in the Calabi-Yau manifold X with X4 € H4(X,Z) and S /lw denotes the
M-theory cycle. For the case that the divisor P is small relative to S 11\/1 the setup can be described by a

0,4) '3] which is called theMSWJ|ICFT] ﬂ138|]. The[MSWJICFT]is understood for the case of one M5

brane. We give short review on the MSW][CFT] and follow [277,[278]|. Before starting our discussion,
we compactify the time direction to a circle S} such that together with the M-theory circle they form a

torus 72 and in total the world-volume theory of the M5-brane is given as [[139]

Px T2 (2.304)

It can be shown that form a type IIA string theory point of view this corresponds to a D4-D2-D0 brane
configuration. In particular we introduce the charge vector I

T = (Qs, Q4, 02, Qo) = (0, p*, qa, q0)s (2.305)

where the Q) are the Dp-brane charges and r is the number of coincident M5-branes wrapping the
divisor specified by pA. The induced M2/D2 brane charge from the M5 brane flux is denoted by g4 and
by go the Kaluza-Klein momentum or DO brane charge along the Szlvr Note, that the first entry in the
charge vector I' equals zero and corresponds to the D6 brane charge.

This on T2 has (0,4) supersymmetry as it is inherited from the (0,2) theory of the M5 world
volume theory. We obtain the field content of this [CFT]| by dimensional reducing the M5 brane on P in
the following. The starting point is the (0, 2) supersymmetric theory. There are 3 scalars X“ describing
the position of the brane in space time. Then there is a two form field b, such that we get a self-dual
field strength i via h = db. We decompose the 4 field as follows

h=d¢* Aas, auc H*(PZ), (2.306)

and see that this gives rise to self- and anti-self-dual fields on the divisor P because of the self-duality
of h. We denote their corresponding numbers b3 and b;. Fermions are constructed in a similar way by
first reducing the six-dimensional fermions ¢ into fermionic zero modes W[D

y=> vyl (2.307)
1

In total we have 44>° right-moving fermions as the zero modes on the divisor correspond to the harmonic
(0,2) forms. In addition we have the N’ = 4 centre of mass multiplet, which we summarise in table[2.19]
Before we can state the central charges of the[MSW]CFT] we need to introduce some further notion from

13 The target space sigma model description of which was given in ref. [276]], for more details see ref. [277] and references
therein. In the following we will be concerned with the natural extension of the analysis of the degrees of freedom to r
MS5-branes.
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field description

X,i=1,2,3 massless scalars for motion of black hole in space

Q0= pA¢A unique self-dual two-form on P

g goldstinos from the broken supersymmetries

Table 2.19: The content of the centre of mass multiplet.

geometry. We introduce the triple intersection number Dgpc by

Djpc = fJA ANJp A Jc, (2.308)
b'¢
and construct the following objects

Dap = —Dapcp®©
D*®Dpc = &' (2.309)
6D = Dapcp”pPp© = P

The Euler characteristic y(P) and signature o(P) of P are given by

X(P)= P+ c(X)- P,

1, 2 (2.310)
oP)=—=P - -cr(X) - P.
3 3
They can be expressed in terms of b5 by
+ 1 5 1
by = §P + gP'cz(X)— 1,
> 5 (2.311)
b; ==P*+ZP-cy(X)- 1.
) 3 + 6 c2(X)
The central charges of the are given by
1
L = 6D + P, cr= 6D + ECZ -P. (2.312)
The entropy of the black hole with D4-D2-DO0 charges reads
Su = 21+ Dqo, (2.313)

where we introduced the induced charge go. The induced charge §g arises, when adding D2 charge to
the system. This itself contributes to the momentum along the S ' and implies the shift

. 1
qo = §o = qo + EDABquB. (2.314)

This matches the macroscopic entropy of the corresponding black hole. Note, that for a general D6-D4-
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2.8 Counting D4-D2-D0 BPS states

D2-DO black hole with charge vector " = (p°, p#, g4, qo) and with corresponding prepotential [279)

_ DapcX*XBX€

F 0

) (2.315)

the entropy is given by

P3 A
S =214 03p° — J2(pY), J:—%+—2+%. (2.316)
0 2p

where one determines Q by solving the following set of equations for y4

3D B, C
3Dascy™y® = qa + %pp, 2.317)
and then determines Q via
3
02 = Dapcy™y®y°. (2.318)

Note, that not necessarily there exists a solution for all possible charges.

The modified elliptic genus

We now return to our discussion of the charge vector. A priori the set of all possible induced D2-brane
charges, or equivalently of U(1) fluxes of the world-volume of the M5-brane would be in one-to-one
correspondence with Ap = H?(P,7) which is generically a larger lattice than A = i* H*(X, Z), where
i : P — X. The physical [BPS|states are always labeled by the smaller lattice A. The metric dap on A is
given by

dap = —fCYA A ag, (2.319)
P

where a4 is a basis of two-forms in A, which is the dual basis to X4 of H4(X,Z). In order to obtain a
generating series of the degeneracies of thosestates one has to sum over directions along A+ which
is the orthogonal complement to A in Ap w.r.t. dyp [[137]. El

The partition function of the MSW][CFT] counting the [BPS] states is given by the modified elliptic

genuy"]

Z)"(1,2) = Trpgey (1)1 F2 gHo73 gl 202 (2.320)

where the trace is taken over the RR Hilbert space. Furthermore, vectors are contracted w.r.t. the metric
dap, ie. x-y = xys = dspx*y®. For a single M5-brane it was shown in ref. that Z}(l)(r, 2)
transforms like a SL(2, Z) Jacobi form of bi-weight (0, 2) due to the insertion of F’ 2 we demand that the
same is true for all 7.

Following ref. [278] the center of mass momentum pp, for the system of r M5-branes can be integ-

14 In general, the lattice A @ A* is only a sublattice of H*(P,Z), because detd,z # 1 in general, see for example ref.
and ref. for a more recent exposition. However, we will only be concerned with divisors P with b3 (P) = 1, such that
detdap = 1.

15 We follow the mathematics convention of not writing out explicitly the dependence on T which will be clear in the context.
Moreover, we denote g = ¥ and T = 1, + it,. To avoid confusion without introducing new notation we will denote the
charge vector of D2-brane charges by ¢, its components by g,.
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2 Counting BPS states in string theory

rated out. In this way L; and I_{) can be written in the form

/7 1 g T/’ 1 g T
Ly= Epfm +Ly, Lj= Epfm + L. (2.321)

This allows one to split up the center of mass contribution and rewrite formula (2:320) as

’ —\1p2
29x.2) f & pem(q@) P20z, 2)

(1) 2 20 (1, 2), (2.322)

i

where Zg)(r, 7) is now a Jacobi form of weight (—%, %) which we simply call elliptic genus for short in
the following. For more details on the modular properties see [C.2} We comment a bit on the counting
of the elliptic genus from the perspective of the MSW][CFT] which resembles our discussion of the
supersymmetric indices. The ordinary Witten index vanishes because the field content is that of a small
N =4 plus the center of mass multiplet, which gives a vanishing Witten index as the bosonic
fields cancel the fermionic ones. In the R sector we have the following commutation relations with the
N = 4 supercurrents G** and the bosonic currents J%,i = 1,...,3 and J% = d¢.

{Gga”z/gb} — GaﬁGang’ {Gga’jg} — J’ga (2.323)

The highest weight state [QQ) satisfies
Jp19) = 0. (2.324)

It is easy to see, that the multiplet {|Q), J$*|Q), ¥ "y 7IQ)} gives a non-trivial contribution to the mod-
ified elliptic genus as can be seen from table [2.20] [277].

Q) Q) @itiTIQ)  index contribution

Witten index 1 2x-1 1 0

elliptic genus 0 -1 2 1

Table 2.20: Contributions of the multiplet {|Q), Ji*|Q), ¥t * i 7IQ)} to the Witten index and the elliptic genus.

Given a state with charge g4 the following identity holds
(G3* - p aalis*)lg) = 0, (2.325)

from which it can be inferred that supersymmetries are preserved non-linearly.

The decomposition of the elliptic genus

The elliptic genus Zg)(r, z) and equivalently the generating function of D4-D2-D0 degeneracies
is subject to a theta-function decomposition, which has been studied in many places, see for example
refs. [123][1371[193][278l[281]]. This is ensured by two features of the superconformal algebra of the (0,4)
One of these is that the T contribution entirely comes from states |g) satisfying

— C r
(Lo R _qu) ) =0, (2.326)
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the other one is the spectral flow isomorphism of the N = (0, 4) superconformal algebra, which we want
to recall for r M5-branes here, building on refs. [278][282]], see also [I93]]. Proposition 2.9 of ref. [282]]
describes the spectral flow symmetry by an isomorphism between moduli spaces of vector bundles
on complex surfaces. The complex surface here is the divisor P and the vector bundle configuration
describes the bound-states of D4-D2-DO0 branes. Within this setup the result of [282] translates for
arbitrary r to a symmetry under the transformations

q g+k, (2.327)

where k € A. Physically these transformations correspond to monodromies around the large radius point
in the moduli-space of the Calabi-Yau manifold [[I193]]. Denote by A* the dual lattice of A with respect
to the metric rdsp. Keeping only the holomorphic degrees of freedom one can write

7P = Y. d(Q,Qp)e ¥ i
00;04

= ), d(rg,—qo)e 0 M, (2.328)

qo;geA*+@

where d(r, 4, —qo) are the degeneracies and the shif w % originates from an anomaly |, .
Now, spectral flow symmetry predicts [278]]

k2
d(r,q,—qo) = (—l)rp'kd(r,g +k,—qo+k-gq+ 5). (2.329)
Making use of this symmetry and the following definition
_ [P] '
g—k+y+7, ueN /A, keA, (2.330)

one is led to the conclusion that the elliptic genus can be decomposed in the form

2@ = ) [, (2.331)
HEN*IA

@ = > d@oe™ ™, (2.332)
r@oz—%

(r) rp-(k+p) 2nii’r@ 2711"1'1’M 27irz-(k+p)

A I S O D (2.333)
keA+@

where J € C(P) and C(P) denotes the Kéhler cone of P restricted to AQR and g9 = —qo— %qz 1s invariant
under the spectral flow symmetry. The subscript + refers to projection onto the sublattice generated by
the Kdhler form J and — is the projection to its orthogonal complement, i.e.

(k- J)?

o K =k - k2. (2.334)

K =

16 In components, [P] is given by dszp”.
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The modular weight of f r) S@)is(-1- bZ(X) ,0) and the weight of ®(r J(1,2) s (bZ(X) 1 1) There are two
issues here for the case of rigid divisors w1th lfr (P) = 1 on which we want to comment as this class of
divisors is the focus of our work. First of all note that go contains a contribution of the forrr. 1 fP FAF
where F' € Ap. Now, F can be decomposed into F = 9+4q, with q, € A*, which allows us to write

1 7
do=qo+ 3 74, (2.335)
ForbJ(P)=1landr =1, the degenera01es d(r, u, §o) are independent of the choice of q, and moreover
it was shown by Goéttsche [[112]] that

~ 2ritgo _
24030 7 = (2.336)
40
Then, for r = 1 (2Z.332) becomes
Oas :
£ r]X/(\P)((:'))’ Ias(T) = Z &Y (2.337)
QLEAi

The second subtlety is concerned with the dependence on a Kihler class J. Due to wall-crossing
phenomena we will find that f ") ;(7) also depends on J. We expect that it has the following expansion

Go=42-%
FO = DY T ) g (2.338)

d>0

Here, the factor (—1)"7* is inserted to cancel its counterpart in the definition of 6}(;) , which was only
included to make the theta-functions transform well under modular transformations. The invariants
Q(T'; J) are rational invariants first introduced by Joyce [284,285]] and are defined as follows

arn=y Q/m h (2.339)

2
m|lC m
where Q(T, J) is an integer-valued index of degeneracies, given by [286]]
1
I, J) = 5Tr(213)2(—1)213, (2.340)

where J3 is a generator of the rotation group Spin(3). Note, that for a single M5-brane Q and Q become
identical and independent of J. Note, that the multi-cover contributions come here with a factor m =2,

whereas the generating functlon F (0)(t“) of genus zerommvarlants ﬁ(O) weights the Gopakumar-

)

Vafa invariants n yim by m-

Al = Z O 3, (2.341)

7/m
mly,m>1

17 See appendix for details.
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2.8.2 Counting BPS states a la Gaiotto-Strominger-Yin and using split attractor
flows

[Gaiotto-Strominger-Yin (GSY )| proposed a geometric counting method for the modified elliptic genus
of the M5 brane , i.e. the charge vector takes the following form

I'=(0,1,91,90)- (2.342)

The idea of [GSY]is to describe the moduli space of the D4-D2-DO0[BPS]setup by first fixing the number
of DO branes and then add D2 brane charge Ag; as well as DO brane charge Agg. For these setups, one
considers the moduli space of D4 branes, such that they pass through the DO branes. We state the results
for the following pairs Agy and Ag;. For the case of this section[GSY] we modify the definition of gy a
bit by the change in the DO brane charge

R 1
4o = qo,ind + Ago — EQZ, (2.343)

where go ing 1 the induced DO charge due to the pure D4-brane

C p3
Goind = =57 = & (2.344)

and in addition one has to take into account the induced DO charge due to flux F that is admitted by the

D4 branes X 2 pd
Bao = =5 fP(F + 5) + (2.345)
Additional D2-brane charge Ag; due to the flux is given by
Ag1q = fPF AJg. (2.346)

There are different possibilities how we can realise the corresponding fluxes. For the case that we realise
the flux by F = [C] — [C’] we obtain for the change in the charges

Aq=d-d,
’ ’ ’ (2347)
Ago=[C]-[CT]=(g+g)+2-d.
For the case that F = J — [C] we obtain
Agy = J* —d,
n=n (2.348)
Ago=-J"+2d—-g+1.
Realizing the flux by a curve F = [C] of degree d and genus g we obtain
Agq) =d,
o (2.349)
Ago=1-g¢.

Results of this counting method for 1-parameter models are presented in appendix [D.2]
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D4-D2-DO0 degeneracies using split flows

Besides the geometric counting method it is also possible to perform the counting by using split flows
[T91][288]]. The D4-D2-DO0 system has the following charges

p’=0
p=1
P 2.350
g= | (F+>)AJ (2.350)
b2
1 P, x(P)
=_ F+— AN
q0 pr( +2)+24 N,

where N denotes the number of DO-instantons. Assuming that the flux F takes the following form:
F=J+C-C, (2.351)

where the intersection number between the curves is C - C’ = 0, the charge vector I', decaying into
I' =Ty + I'; we can write [[123]]

P P » ~ P P
Tran, PS*+8(B—p1)—ny - B2+ m = Zh (2.352)

- -~ 1

The following identifications hold:

3 P
P=Ppi=[CLp=[CLS =S =7+, (2.353)

ny = —xn(C") — Ni,ny = xp(C) + Ny, N = Ny + N,.

D4-D2-DO states are counted by using D6/D6 tachyon condensation picture.

Figure 2.12: The split of the attractor flow at a wall of marginal stability.

The corresponding index is then just given by using the primitive wall-crossing formula
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QMpa) =y (=DT7HE, T)QI)Q),
-l +I (2.354)

= (=)Tee T~ 1(T ) T2)Npr(B1, n1)Npr(B2, 12),

where we denote by Npt(B3, n) the Donaldson-Thomas invariants. The Donaldson-Thomas invariants
for the considered one-parameter models can be obtained from [[100].

2.8.3 N = 4 Super Yang-Mills, E-strings and bound-states

In the following we recall the relation [139] of the elliptic genus of M5-branes to the N = 4 topological
[SYM]theory of Vafa and Witten [[T40]]. Our goal is to relate the holomorphic anomaly equation which
we will derive from wall-crossing in the next section to the anomalies appearing in the N' = 4 context.
We review moreover the connection of the anomaly to the formation of bound-states given in ref. [T39].

The N = 4 topological SYM]arises by taking a different perspective on the world-volume theory of
n M5-branes on P x T considering the theory living on P which is the N = 4 topologicaltheory
described in ref. [T40]]. The gauge coupling of this theory is given by

T= % + %, (2.355)
and is geometrically realised by the complex structure modulus of the 72. The partition function of this
theory counts instanton configurations by computing the generating functions of the Euler numbers of
moduli spaces of gauge instantons [I40]. S-duality translates to the modular transformation properties
of the partition function. The analogues of D4-D2-D0 charges are the rank of the gauge group, different
flux sectors and the instanton number.

In ref. the relation is made between this theory and the geometrical counting of states of
exceptional strings obtained by wrapping M5-branes around a del Pezzo surface dPy, also called %K&
This string is dual to the heterotic string with an Eg instanton of zero size and is therefore
called E-string. In F-theory this corresponds to a P! shrinking to zero size [292H294]. The geometrical
study of the [BPS] states of this non-critical string was initiated in ref. and further pursued in
refs. [T41][2951[296]]. In ref. [I39]] the counting of [BPS]states of the exceptional string with increasing
winding n was related to the N’ = 4 U(n) SYM] partition functions.

In the following we will use the geometry of ref. which is an elliptic fibration over the Hirzebruch
surface IFy, which in turn is a P! fibration over P! [')| We will denote by tg,tr and tp the Kihler para-
meters of the elliptic fiber, the fiber and the base of IF'|, respectively and enumerate these by 1,2,3 in
this order. We further introduce §, = ¢ , a = 1,2,3 the exponentiated Kihler parameters appearing
in the instanton expansion of the A-model at large radius, which are also the counting parameters of the
states.

Within this geometry we will be interested in the elliptic genus of M5-branes wrapping two different
surfaces, one is a K3 corresponding to wrapping the elliptic fibre and the fibre of I, the resulting
string is the heterotic string. The other possibility is to wrap the base of ['; and the elliptic fibre
corresponding to %K3 and leading to the E-string studied in refs. |]139|,|141|,|165H295|, |296|]. The two
possibilities are realised by taking the limits tp,tr — ioo, respectively. The resulting surface in both
cases is still elliptically fibered which allows one to identify the D4-DO0 charges n and p with counting

18 The toric data of this geometry is summarized in appendix
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2 Counting BPS states in string theory

curves wrapping n-times the base and p-times the fibre of the elliptic fibration [139]]. The multiple
wrapping is hence encoded in the expansion of the prepotential FV(g;,3,,§3) of the geometry. In
order to get a parameterisation inside the Kéhler cone of the K3 in which the corresponding curves in
H,(K3,Z) intersect with the standard metric of the hyperbolic lattice I''!, we define t; = 71,1, = > — 7
and t3 = 73 as well as the corresponding ¢1 = §1, g2 = §2/¢1 and g3 = §3. Taking ¢, or g3 — 0, the
multiple wrapping of the base is expressed by

FO®, 1) = Z ZP)g, a=2 or 3. (2.356)

n>1

The Z™ can be identified with the elliptic genus of n M5-branes wrapping the corresponding surface

after taking a small elliptic fibre limit [I39]. In this limit the contribution coming from the theta-
2 |h

functions (2.333) reduce to 7'53/ 2 (T; 1/ 2) for the K3(%K3) cases, these are the contributions of 3(1)

copies of the lattice I''"! appearing in the decomposition of the lattices of K3(%K3). Omitting these
factors gives the Z" of weight (=2,0) in both cases. The elliptic genera of wrapping n M5-branes
corresponding to n strings are in both cases related recursively to the lower wrapping. The nature of the
recursion depends crucially on the ability of the strings to form bound-states.

The heterotic string, no bound-states

The heterotic string is obtained from wrapping an M5-brane on the K3 by taking the g3 — 0 limit. The
heterotic string does not form bound-states and the recursion giving the higher wrappings in this case is
the Hecke transformation of Z") as proposed in ref. [[139]]. The formula for the Hecke transformation in
this case is given by
Z0@) = nt " gz (M) : (2.357)
a,b,d d

with ad = nand b < d and a,b,d > 0. Which specialises for w, = =2 and n = p, where p is prime to

i ~1
D) (1) ) (£ N 1_9) I () (i N I’T)] , (2.358)

1 1
Z(p)(t) — _32(1)(])[) + =
p p p p p

For example the partition functions for n = 1,2 obtained from the instanton part of the prepotential of
the geometry read
2EiEs ) _ E4Eq (17E3 + TE2)

o T 9618 ’
and are related by the Hecke transformation. Further examples of higher wrapping are given in the ap-
pendix [D.T] The fact that the partition functions of higher wrappings of the M5-brane on the K3, which
correspond to multiple heterotic strings, are given by the Hecke transformation was interpreted
by the absence of bound-states. Geometrically, multiple M5-branes on a K3 can be holomorphically
deformed off one another. This argument fails for surfaces with b7 = 1 and in particular for %K3.

7 =

(2.359)

One reason that the higher Z" can be determined in such a simple way from Z") can be understood
in topological string theory from the fact that the [BPS|numbers on K3 depend only on the intersection
of a curve C? = 2g -2 , and not on their class in H>(K3,2Z). This allows to prove to all
orders in the limit of the topological string partition function under consideration by slightly modifying
the proof in [298]]. Using the Picard-Fuchs system of the elliptic fibration one shows in the limit g3 — 0
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the first equality in the identity

l(if FOL o= E4(t1)Es(11)E4(12)
q3—

2\0n  n)* ) = j2) (2.360)
=y R - Y Pelkigliq?
EARN S AL k>0
where j = Ei/ 7?4 and c(n) are defined as
1
__7M _ n
520 = D e, (2.361)

n

This equations shows two things. The [BPS| numbers inside the Kihler cone of K3 depend only on
C? = kl and all Z™ are given by one modular form. The second fact can be used as in || to establish
that

1( (9 )3 0 0
(=] FOly-0 = § Fu(t)d5, (2.362)
2\ ot =

where F, is the Hecke transform of Fy, i.e. n’F, = F|T,. Using Bol’s identity and restoring the n

factors yields [2.357).

E-strings and bound-states

The recursion relating the higher windings of the E-strings to lower winding, developed in [[139}[141]
[296] in contrast reads

azm 1 i
=— ) s(n-s5)ZW 7z (2.363)
OE, ~ 24 4

which becomes an anomaly equation, when E; is completed into a modular object E» by introducing a
non-holomorphic part (see appendix [2.6.2). The anomaly reads:

n—1

. I _2
8; 2" = % Z s(n — $)ZOZ"9 (2.364)

s=1

and was given the interpretation of taking into account the contributions from bound-states. Start-
ing from [[163]]
Ey4
Z() _ ‘/5, (2.365)
712

and using the vanishing of states of certain charges one obtains recursively all Z [[139}[141,[296].
E.g. the n = 2 the contribution reads:

E,Eq qE2E?
A I e (2.366)
12,724 24,724
— 2
where the second summand has the form E» (Z(l)) and takes into account the contribution from bound-
states of singly wrapped M5-branes.
A relation to the anomaly equations appearing in topological string theory [[101]] was pointed out
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2 Counting BPS states in string theory

in ref. and proposed for arbitrary genus in refs. [167,[299]. The higher genus generalization

reads [167,[299]:
oz

0E>

1
- 2 > Zs(n—s)Z(s) Zo= 4 1t D o (2.367)

g-1~
gi+92=9g s= 24

where the instanton part of the A-model free energies at genus g is denoted by F9(qy, g2, ¢3), and
F9®q1,q2 = 0,43) = Y1 ;")qg‘ The Z;") have the form ||

n/2

20" = PYN(Es, E4, Eg)— (2.368)

12’

where P;") denotes a quasi-modular form of weight 2g + 6n — 2. We will explore this relation on more
general grounds in the context of elliptic Calabi-Yau manifolds in chapter [5]

2.8.4 Counting BPS states via wall-crossing and sheaves

In this section we want to give a short review on counting[BPS|states by using the techniques of sheaves.
We have already discussed the connection between D-brane charges and sheaves as well as stability
conditions. Of course the question arises, how this can be helpful for calculating [BPS|invariants. This
section provides the necessary notions and techniques to answer this question. These techniques have
been discussed and developed in different places in the literature [[152][155][300]. We follow [301]).

In the following we denote the moduli space by M, (I') of the sheaf & with charge vector I at J. For
the case, that the charge vector reads
I'=(,qq,n), (2.369)

it is possible to show, that M (") corresponds to the Hilbert scheme of points P on P. The generating
function for the topological Euler number has been proven to be [T12}[T40]

1 x(P)
D x(shg" —]_[( q) . (2.370)

n=0

We introduce the y, genus of a smooth, projective complex d-dimensional variety X via

dimeX
Xy (X0 = > (DY RPX), (2.371)
P-q=0

with #74(X) = dimH?(X, Z). If the only non-trivial cohomology of the moduli space is of type (p, p),
then the y, becomes the Poincaré polynomial which is the generating function for the Betti numbers

bi(X) = Xgip=1 1(X)
2dimcX

pXy)= Y by (2.372)
i=0

So far we have only been interested in calculating the [BPS] numbers, which correspond to the Euler-
numbers of moduli spaces. However, it is possible to perform a refinement in the following way

w- dim M; )
QT,w,J) = ———x,2(M;D)), w=e"™ (2.373)
w—-w
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Defintions for Q(T", w, J) are given by

~ QT /m,—(—w)™;, J
ar.w =) @fm, ~Cwy%d) (2.374)
m|[C m
The corresponding general generating function f/fr}(‘r, z) is defined by
@2 =) 0w, w, 1g™ 7%, (2.375)
n

We will be interested to calculate the [BPS]invariants for divisors, that are rational surfaces, i.e. either
we have P? or a Hirzebruch surface F,.. Note, that P? is the blow down of F; and can therefore we can
concentrate on the case of [, since we can use blow-up formulas for the generating function. In order
to calculate the generating function fc(lr) ;(7,2) we choose the parameter J to be a suitable polarization J..
In the following we denote the fibre of these surfaces by F.

Definition: A suitable polarisation J, for the charge vector I' = (r, chy, chy) is subject to the following
conditions

1) J. does not lie on a wall for I" and

ii) for a semi-stable subsheaf & c & one of the two conditions holds either

&) -w&)-F=0 (2.376)

or
&) -—w@&)-F  and &) —-w&)-J. (2.377)
have the same sign. o

The suitable polarisation we will use for the mentioned surface is close to the fibre and denoted by
Je.1. For the case that ¢; - F = 0 mod r the generating function fg)lf ] (1, z) is given by formula (5.9)
in [301] '

= _ )
0, @) =He@n =) Y QNhw, Jeg™ O, (2.378)

c
chy, Tj+.I=Li>1
pyTimzpyTiLy.n)

where we have introduced

i=1)" ()3

H,.(z,1,F)= 2.379
D Y P N P R N (G Py e X N P (2379)
and the invariants [302}303]]

_ 1 noo

QUL w, J) = —————w~ Zi<i i) Ke | LT, w, J). (2.380)

Aut({T3}, J)| L
In here we denote by
|Aut({[;}, J)| = ]_[ my,! (2.381)

the product over all quotients E; with equal reduced Hilbert polynomial p;(E;, n). It is possible to carry
out the discussion more generally using the language of motivic invariants [30T]].
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CHAPTER 3

Geometries and their construction

In this chapter we want to give a short review on geometries and constructions that appear frequently
in this thesis. In particular we give a short review on the construction of Calabi-Yau manifolds as
hypersurfaces and complete intersections where we use in particular methods from toric geometry. For
some generalities of complex geometry and Calabi- Yau manifolds we refer to the appendix [A] Then we
present the classification of complex surfaces by Enriques and Kodaira and Kodaira’s classification of
singular elliptic fibres. This allows us to bring these topics together in the discussion of the classical
geometry of elliptically fibred Calabi-Yau spaces.

3.1 Calabi-Yau manifolds as hypersurfaces and complete
intersections in weighted projective space

In this section we give a short recap of toric geometry in order to obtain Calabi-Yau manifolds. We fol-
low [89][304][305]|. We start with a weighted projective space P"(wi, ..., w,+1). A Calabi-Yau manifold
Xay....dy[W1, - . ., wy41] can be obtained by the zero locus of polynomials {P;}7" | with degree degP; = d;;,

Xapdp Wi, ool = {215+, 2] € PP (Wi, ., )|

) 3.1
Yief{l,...,m}: Piz1,...,2041) = O},

if the following condition is satisfied

m n+l

Zd,‘ = Zwi. (32)

i=1 i=1

It can be easily checked, that (3.2) ensures the Calabi-Yau condition, e.g. that the first Chern class
c1(Xq,...da,[wi, ..., wyr1]) = 0. We can distinguish between two types of singularities, namely singular
points which are locally of the form C*/Z, and singular curves which locally can be described as C?/Z,,
which are subject to means of toric geometry [[89}[306/[307].

Recall that a toric variety X is a complex algebraic variety containing as an open subset an algebraic
torus T C X, which is accompanied with an action of T” on X such that the restriction of this action to
T" is the usual multiplication on T". In physics this can be easily realised by gauge linear sigma models.
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3 Geometries and their construction

Explicitly, we study a U(1)* gauge theory with n chiral super fields X; that are charged under U(1)® with

charge vector Q; = {Q; 1, ..., Qi}. The potential energy of the gauge theory now reads
s 62 n
Y = _k P =
UGx) = ; 5 (ZI] Qi alxi rk], (33)

where the ¢; denote gauge couplings, x; the scalar components of X; and r; correspond to the
Iliopoulos (FI)| parameters. The classical ground states M can now be obtained by looking at the zero
locus of (3.3) modulo gauge equivalent configurations

M= {x eC' > Quudnil® = rk} JuQLy. (34)
i=1

For given FI-parameters that allow a solution of the condition in (3.4)) and corresponding charges, M can
be described as a (n — s) dimensional toric variety with a fan with n edges. We present the mathematical
approach to this setup.

We denote by A a rank r lattice and we denote Ag = A ® R. For building a fan £ we first define a
strongly convex rational polyhedral cone.

Definition: A strongly convex polyhedral cone oo C Ag is generated by the set of vectors vy, ..., v
such that

k
1) o= {Z avilVi: a; > O} and

i=1
i) oN(-o) ={0}.

<
Definition: X is called a fan, if it is a collection of strongly convex rational polyhedral cones in Ag
such that

1) each face of a cone in X is also a cone in X and

ii) the intersection of two cones o- and ¢~ in X is a face of each of the two cones.

A toric variety Xs from the fan X is obtained by the following quotient
Xy =(C"-Z(2))/G, (3.5)

with the torus T" given by C"/G. We explain this construction in the following by clarifying Z(X) and
G. We denote by X(1) the set of one-dimensional cones, i.e. the edges of the fan and set n = |X(1)|. In
a next step we associate to each edge a'l(.l) € 2(1) a coordinate x, m. Let S be the subset S € X(1) that
does not span a cone of ¥ and denote by l

V(S) = {xtr@ =0,vo'" e S}. (3.6)

Then consider the union of all these sets

(%) = U V(S). (3.7)

geS
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The only thing that is left to clarify is the group G, which is given as the kernel of the map

¢ : Hom(X(1), C*) - Hom(M, C"), (3.8)
where M = Hom(A, Z). In a convenient basis ¢ can be expressed

¢:(C) - (C)

noo noo 3.9
(tl,...,tn)H[l_[tj”',...,ntj/”]. (39)
j=1 j=1

This completes the construction of a toric variety Xs.
The charges introduce relation between the edges v; € (1)

D Qiavi=0. (3.10)
i=1

This argument can also be turned around, i.e. given a set of edges, it is possible to determine the
corresponding charges. In table we collect some data for the fans of P? and F,. The charges Q;,

geometry ‘ edges X(1) ‘ charges
P? | (=1,-1),(1,0),(0, 1) | D=(,1,1
IF:I’l (190),(_1’_n)9(091),(05_1) l(l) :(1’19’1’0)

1 =(0,0,1,1)

Table 3.1: The toric data for P? and F,,

correspond to the intersection numbers of divisors {D;}!_,, that are invariant under the torus action, with
curves {Ck}z:] that span H*(X,Z)
Qi,a =D;-Cq. (311)

Usually the curves C, form a generating set of the Mori cone. In particular it can be shown, that the
Mori cone is spanned by curves that correspond to » — 1 dimensional cones. The corresponding Mori
vectors are denoted by /.

Blow ups

We give a short introduction to the blow-up procedure by using toric geometry. We will use these
methods for calculation the generating functions of D4-D2-DO0 states for various surfaces embedded
into the Calabi-Yau manifold, that are related to each other by blow ups. The easiest example is that F;
is the blow up of P2, see ﬁgure The blow up procedure involves the following steps:

1. Given a fan X. We say that another fan ¥’ subdivides X if the edges of (1) are contained in the
set of edges of £’(1) and if each cone o’ € ¥’ is contained in a cone o € X.

2. Given a point p € Xy that we want to blow up, we first find the corresponding cone o € X with
primitive generators {vi, ..., v,}.

87



3 Geometries and their construction

(0,1)
2 (0,1)
P F,
(1,0) (1,0)
(-1,-1) (0,-1)
blow-up (-1,-n)
(0,1)
Fq
(1,0)
(1-1) (0,-1)

Figure 3.1: The fans for P> and F,.. Furthermore the blow up of P? is equivalent to F;.

3. We introduce a new edge v, that is obtained by adding the primitive generators of o

r

Voul = Z Vi, (3.12)

i=1

4. A subdivision of o~ and combining the cones of £ with the new cones leads a subdividing fan ¥’,
that is the blow up of X in p.

Itis easy to see from (]EI) that the blow-up procedure introduces a new charge vector 1" = (1,...,1,-1,0,..

Given an toric algebraic variety Xy it is always possible to find a resolution of its singularities by finding
a subdividing fan £ such that X is the resolved toric algebraic variety.

Toric varieties and polyhedrons

In order to describe projective toric varieties P, we give a short discussion on polyhedra A C R” that is

based on Batyrev’s construction [308][309], we follow [304}[305]..

Definition: An integral polyhedron A is a polyhedron with integral vertices. o
We denote the integral points of A in the following by v;.
Definition: An integral polyhedron A is called reflexive, if the dual polyhedron A*

n

A ={(x1,...,x,) : Zx,-y,- >-1,V(y1,...,yn) € A}, (3.13)
i=1
is also an integral polyhedron. o
In order to proceed in our construction of the toric variety Py, we define a the complete rational fan
2(A) and the toric variety will be realised with respect to this fan.
Definition: The complete rational fan £(A) is the collection of all n-I-dimensional dual cones o™ (F;)
with [ = 0,...,n, where for each /-dimensional face F; C A the n-dimensional cone o (F;) is defined via

o(F)={Ap-p): A€R, peAp €F} (3.14)
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For constructing Calabi-Yau hypersurfaces it is necessary to look at the vanishing locus Z, C (C*)" C
P, of the Laurent polynomial with coefficients {a;} € C**!

S
p(a,X) = ZaiXV" eCIXE, .. X, X =X] X, (3.15)
i=0

In the following we denote by p = pa the Laurent polynomial from [3.15] with respect to the integral
points in A.

Definition: The pair (p,Z,) is called A-regular if for all faces F; C A the two quantities pr, and
X;0x, pr, do not vanish simultaneously. o

If A is reflexiv, it is possible to resolve the closure Z, to a Calabi-Yau manifold Z and a variation
of the moduli {al} leads to a family of Calabi-Yau manlfolds According to Batyrev [[308] it is then
possible to calculate the Hodge numbers of the two reflexive polyhedra (A, A*) correspondmg to mirror
Calabi-Yau manifolds. We denote by /(F) the number of integral points on a face F' C A and by I'(F)
the number of points in the interior of the face. Then the Hodge numbers can be calculated asEl

W) =1 Zpa) = 1A =+ = > T(FY+ Y LENF),

codim F*=1 codim F*=2 (3 16)
W Zpa) =W Zpa) = 1A =+ D)= Y IF)+ Y TR(F).
codim F=1 codim F=2

For Calabi-Yau manifolds realised as complete complete intersection, we consider / hypersurfaces in
k projective spaces and we want to collect some useful formulae for the calculation of topological data

following [305]]

Prfwl’,. o 1] a, . d

ny+1
: : (3.17)
eui®, o || dY,..d®
Again, the Calabi-Yau condition is satisfied, if c’I" =0, 1.e.
ny+1
= Z w™ — Zd(’") Vm=1,...,k (3.18)

We denote the i-th Kihler form with respect to the i-th projective space by J; and define the map

Al M A+ w0 ) (T2, i, 40
Im) = l_[ g 1(1+Z 1 407 1—[ Hn,+1 0
J= i= J Ji) i

r=1 ]

, (3.19)

Jy=-=J;=0

which for the case that the Calabi-Yau manifold has no singularities allows to determine the topological
data as

XX = TI(D), f ¢ Ay = 1), D = f T ). (3.20)
X X

! We restrict ourselves to the case of Calabi-Yau threefolds.
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3.2 Complex surfaces

As we want to determine D4-D2-DO0 states that arise from wrapping a complex surface in a Calabi-Yau
manifold, we give a give a short review on complex surfaces P following [310].

Definition: A rational surface is a surface (i.e. complex two-dimensional) such that it is birationally
isomorphic to P2. o

This statement is by Noether’s lemma equivalent to the fact, that P contains an irreducible rational
curve C with dim |C| > 1. In the following we denote by C; a curve in P.

Definition: A rational ruled surface is a surface 7 : P — P such that the curves 71(C;) form a pencil
of irreducible disjoint rational curves. o

The class of rational ruled surface is equivalent to P(E) with E a holomorphic vector bundle of rank
two over P!. The Hirzebruch surface F, represents the unique P' bundle over P! with an irreducible
curve of self-intersection —n. These surfaces can be obtained as blow-ups from the rational surfaces
Fo = P! x P! or Fy see also A general rational surface can be obtained as the blow-up of either P?
or F,,. For a detailed proof of this theorem, we refer to [310].

There exists a classification theorem by Enriques and Kodaira [310]], which allows for a classification
according to the Kodaira number x(P) which depends on the so called plurigenera P, (P) = ho(s, O(K}))
with n > 0, that are invariant under the blow-up procedure. The Kodaira number «(S) can then be
obtained as presented in table 3.2}

K ‘ P, ‘ Enriques-Kodaira classification

-1 ‘ Vn:P,(S)=0 ‘ minimal surfaces are either P? or a ruled surface

0 | AM :VP,(S)<M:P,(S)<{0,1}

1. B0 =0, n*Y = 1: K3 surface
2. h'9 =0, n*% = 0: Enriques surface
3. h''0 = 1: hyperelliptic surfaces

4. B9 = 2: abelian surface

1 ‘ dc : VYnP,(S) < nc ‘ elliptic surfaces

2 ‘ @ unbounded ‘ surfaces of general type

Table 3.2: The Enriques-Kodaira classification of complex surfaces.

3.3 Classical geometry of elliptically fibred Calabi-Yau spaces

In this section we study the classical geometry of elliptically fibered Calabi-Yau threefolds M with
base B and projection map 7 : M — B. We provide expressions for the Chern classes as well as the
construction of such Calabi-Yau three manifolds by means of toric geometry. Elliptic fibrations are
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locally described by a Weierstrass form

3

y? = 4% — xwtga(u) — g3(wu®,

where u are coordinates on the base B. The j(u) function can be obtained from

3

](Lt) = 172829—22,
g, — 2793
which in turn can be used to calculate j(r) via
E4(1)?

A ey e

(3.21)

(3.22)

(3.23)

as jis an invariant of the corresponding elliptic curve. Let us return to (3.2T). A global description can be

fibre ‘ ord(gz) ‘ ord(gs) ‘ ord(A) ‘ j() ‘ group ‘ monodromy

Iy >0 >0 0 R - ((1) (1))
I 0 0 1 %) u() ((1) i)
1 n
In 0 0 n>1 0 An—l (0 1)
w0
I 1 > 2 3 1| A _(1) (1))
| =22 2 4 0 | 4 (_(1) _i)
. -1 -b
I 12,22)|(=23,3)| n+6 | oo | Dy 0 -1
. -1 -1
1A% >3 4 8 0 Eg ( | O)
* 0 -1
117 3 >5 9 1 E (1 O)
Ir >4 5 10 0 Eg (? _i)

Table 3.3: Kodaira’s classification of singular fibres

defined by an embedding as a hypersurface or complete intersection in an ambient space W. Explicitly
we consider cases, which allow a representation as a hypersurface or complete intersection in a toric
ambient space. We restrict our attention to the case where the fiber degenerations are only of Kodaira
type /1, which means that the discriminant A = g3 — 273 of (3.21)) has only simple zeros on B, which
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are not simultaneously zeros of g, and g3, see also table [33] It was observed in that such tame
fibrations can be constructed torically over toric bases, which are given themselves defined by reflexive
polyhedra. These tame fibrations are not enough to address immediately phenomenological interesting
models in F-theory, due to the lack of non-abelian gauge symmetry in the effective four-dimensional
physics, which come precisely from more singular fibres in the Kodaira classification. However, we
note that the examples discussed here have a particular large number of complex moduli. Adjusting the
latter and blowing up the singularities, not necessarily torically, is a more local operation, at least of
co-dimension one in the base, which can be addressed in a second step.

3.3.1 The classical geometrical data of elliptic fibrations

Let W — B be a fibre bundle whose fibre is an r— 1 dimensional weighted projective space P(wy, ..., w;,)
and B an almost toric Fano surface. We define elliptically fibred Calabi-Yau threefolds M — B as
hypersurfaces or complete intersections in W. We consider the following choices of weights

(wi,...,w) =1{(1,2,3),(1,1,2),(1,1, 1), (1, 1, 1, 1)} . (3.24)

In particular the elliptic fibres are degree 6, 4, 3 hypersurfaces and a bidegree (2, 2) complete intersection
in the coordinates of the given weighted projective space. In the case of rational elliptic surfaces these
fibres lead to Eg, E7, Eg, and D5 del Pezzo surfaces, named so as the integers cohomology lattice of the
surface contains the intersection form of the Cartan-matrix of the corresponding Lie algebras. In the
following we keep these names for the fibration types.

Let us discuss the first case. This leads canonically to an embedding with a single section, however
most of the discussion below applies to the other cases with minor modifications. Denote by @ =
¢1(0(1)) with O(1) the line bundle on W induced by the hyperplane class of the projective fibre and
K = —c; the canonical bundle of the base.

The coordinates w, x, y are sections of O(1), O(1)>® K~2 and O(1)° ® K3 while g» and g3 are sections
of K~* and K~° respectively so that (3.21)) is a section of O(1)® ® K°. The corresponding divisors
w = 0,x =0,y = 0 have no intersection, i.e. a(a + c1)(a + c1) = 0 in the cohomology ring of W and

al@+c)=0 (3.25)

in the cohomology ring of M. Let us assume that the discriminant A vanishes for generic complex
moduli only to first order in the coordinates of B at loci, which are not simultaneously zeros of g, and
g3. In this case its class must satisfy

[A] =c1(B) = -K (3.26)

to obey the Calabi-Yau condition and the fibre over the vanishing locus of the discriminant is of Kodaira
type I;. For this generic fibration, the properties of M depend only on the properties of B.

For example using the adjunction formula and the relation (3.23) to reduce to linear terms in « allows
to write the total Chern class ad]

(3.27)

ol +"§‘ ] A @+ waa b s+ wsa - unen)
1 +da +dc

i=1

The Chern forms Cy of M are the coefficients in the formal expansion of (3.27) of the degree k in terms

2 In the D5 complete intersection case d; = d, = 2. One has to add a factor (1 + @ + ¢;) in the numerator and a factor
(1 + 2a + 2c¢;) in the denominator.
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3.3 Classical geometry of elliptically fibred Calabi-Yau spaces

Fibre Cz C3 C4
E8 | 12ac; + (11c3 +¢3)  —60ac? — (60c + cac1 —¢3)  12ac;(30¢% + ¢3)
ET7 bac + (SC% +¢2) _1805% - (185? + c2c1 —€3) 60’C1(12cf +¢7)
E6 dac; + (30% +¢9) —8(10% - (80? + o — €3) 4a'c1(6c% +¢y)
D5 | 3aci+Q2ci+c)  —Aaci - (et ) 3aci(3ef + o)

Table 3.4: Chern classes C; of regular elliptic Calabi-Yau manifolds. Integrating « over the fibre yields a factor
a= % i.e. the number of sections 1, 2, 3, 4 for the three fibrations in turn.

of a and the monomials of the Chern forms ¢; of base B. The formulas (3.25) and (3.27) apply for all
projectivisations.

In the following the results for various dimensions djs are presented. For djs = 2 one gets from
Tableby integrating over the fibre in all cases y(M) = 12 fB c1 and P! is the only admissible base.
Similar for dy; = 3 one gets for the different projectivisations y(M) = —60 ch%, x(M) = =36 fB c%,
x(M) = =24 [, c} and (M) = -16 [, 3.

The following discussion extends to all dimensions but for the sake of brevity we specialise to Calabi-
Yau threefolds. Let K;, i = 1,..., by(B), span the Kihler (or ample) cone of B with intersection numbers
KiK; = c;j. Moreover, let C ! be a basis for the dual Kihler cone. We expand the canonical class of B in
terms of K; and C as:

K=—c=— ZaiK,- = ZaiCi : (3.28)

1

with @; and ¢’ in Z. We denote by Kp,a=1,..., hl’l(M), the divisors of the total space of the elliptic
fibration and distinguish between K, the divisor dual to the elliptic fibre curve and K;, i = 1,...,b =
b>(B), which are 7*(C")

‘KS =a fB c%,
K2K; = aa;, (3.29)
«eq(i(](j = ac,'j .

Here a denotes the number of sections, see table 3.4} The intersection with the second Chern class of
the total space can be calculated using table [3.4] for the elliptic and other fibres as

[;(11c + ) Es,
;- 2fB(5c% + ) E7,
w2 T 363+ Es,
4 [L2c + ) Ds, (3.30)
f Cz],' = 12a,-.
M

Here we denoted by J; the basis of harmonic (1, 1) forms dual to the %K.
Let us note two properties about the intersection numbers. These properties can be established using
the properties of the toric almost Fano bases B and (3.29), which follows from the construction of the
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elliptic fibration summarised in (3:42). To start, define the matrix

j;g C% ay ... ap
ay
Ce=| . ; (3.31)
. cij
dap

then we can conclude from properties of the intersection numbers and the canonical class that
det(C,) = 0. (3.32)

A further property concerns a decoupling limit between base and fibre in the Kihler moduli space.
Generally we can make a linear change in the basis of Mori vectors /;, which results in corresponding
linear change of the basis in dual spaces of the Kihler moduli # and the divisors D;

I = Zm,-jlj, r= Z(’”T)iﬂj : (3.33)
7

To realise a decoupling between the base and the fibre we want to find a not necessarily integer basis
change, which eliminates the couplings KZ%; and leaves the couplings KKK invariant. It follows
from (3.28] [3.29) and the obvious transformation of the triple intersections that there is a unique solution

1 b

1 4 i
2 2
0O 1 0... O
m=| . : (3.34)
0 O 0 1
such that . ) o
) 7(; = a(fB C% - %aia’ + %cija’af),
7(52% =0, (3.35)
(]<e(]<i7(j = acij .

As we have seen the classical topological data of the total space of the elliptic fibration follows from
simple properties of the fibre and the topology of the base. We want to extend these results in the next
section to the quantum cohomology of the elliptic fibration. We focus again on the Calabi-Yau threefold
case, where the instanton contributions to the quantum cohomology is richest. To actually calculate
quantum cohomology we need an explicit realisation of a class of examples, which we discuss in the
next subsection.

3.3.2 Realisations in toric ambient spaces

In this subsection we discuss the toric bases B leading to the above described tame elliptically fibered
Calabi-Yau dy-folds with only /; fibre singularities. It was observed in examples in [169]], that they can
be defined over toric bases defined themselves by reflexive polyhedra [308]] Ag in dy; — 1 dimensions.
Here we explore a class of elliptic Calabi-Yau fibrations, which are defined from a reflexive polyhedra
Ap as the canonical hypersurface in the toric ambient space defined by the reflexive polyhedra (3.42)
following Batyrev’s work [308]]. Note that for each Ap, one has the choice of the elliptic fibre as
discussed in the previous section. We provide the toric data, including a basis for the Mori cone for this
class of elliptic Calabi-Yau fibrations. The construction of the Mori cone from the star triangulation and
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3.3 Classical geometry of elliptically fibred Calabi-Yau spaces

the associated secondary fan follows the discussion in [304}311]|. Throughout the subsection we assume
some familarity with the construction of the toric ambient spaces from polyhedra as described in section

BTJand in [306,309).
For the threefold case one has the following possibilities of 2-dimensional reflexive base polyhedra

in[3.2] [308] .

L O e LD DM
NN

Figure 3.2: These are the 16 reflexive polyhedra Ag in two dimensions, which build 11 dual pairs (Ap, Ay).
Polyhedron £ is dual to polyhedron 17 — k for k = 1,...,5. The polyhedra 6, ..., 11 are selfdual.

The toric ambient spaces, which allow for smooth Calabi-Yau hypersurfaces of complex dimension
dy as section of the canonical bundle, can be described by pairs of reflexive polyhedra (A, A*) of real
dimension dj; — 1. Together with a complete star triangulation of A, they define a complex family of
Calabi-Yau threefolds. The mirror family is given by exchanging the role of A and A*. A complete
triangulation divides A in simplices of volume 1. In a star triangulation all simplices contain the unique
interior lattice point of the reflexive polyhedron. Let us give first two examples for toric smooth am-
bient spaces in which the canonical hypersurface leads to the Eg elliptic fibration over P? and over the
Hirzebruch surface F;. The polyhedron A for the Eg elliptic fibration over P? with y(M) = —540 is
given by the following data

Dy, 1 0 0 0 0|-6 0
D, 1 1 0 -2 3| 0 1
D> 1 0 1 -2 -3| 0 1
Dy 1 -1 -1 -2 -3| 0 1 (3.36)
D. 1 0 0 -2 =3| 1 -3
D, 1 0 0 1 0| 2 o0
D, 1 0 0 0 1| 3 0

Here we give the relevant points v; of the four dimensional convex reflexive polyhedron A embedded
into a hyperplane in a five dimensional space and the linear relations I spanning the Mori cone. This
model has an unique star triangulation, given in (3.44). We calculate the intersection ring as follows

from (3:29) witha = 1

R =9J3 + 3J2J1 + JJ? . (3.37)

The evaluation of ¢, on the basis of the Kihler cone follows from 1b as fM cJ, = 102 and fM cJ) =
36.
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3 Geometries and their construction

The polyhedron A for the Eg elliptic fibration over Fy with y = —480 reads

Vi O (SO (€3] Ly (R (CORIY (CONN, ()
Dy 1 0 0 0 0] -6 0 0 -6 0 0
D, 1 1 0o -2 -3 0 0 1 1 1 -1
D, 1 0 1 -2 -3 0 1 0 0 1 0
D; 1 -1 -1 =2 =3 0 0 1 1 1 -1 . (3.38)
D, 1 o -1 -2 -3 0 1 -1 -1 0 1
D, 1 0 0o -2 -3 1 -2 -1 0 -3 1
D, 1 0 0 1 0 2 0 0 2 0 0
D, 1 0 0 0 1 3 0 0 3 0 0

This example shows that there are two Calabi-Yau phases possible over Fy, which are related by flopping
a P! represented by . This transforms the half K3 to a del Pezzo eight surface, which can be shrunken
to a point. In the first phase, the triangulation is described by li the intersection ring and fM i

follows by (3.29} B.30) as

R =82 +3J2J1 + JoJ7 + 20202 + J1 a5 . (3.39)

and fM cJ, =92, fM cJ1 =36and fM cpJ3 = 24. For the second phase we flop the P! that corresponds
to the Mori cone element /¥ Generally, if we flop the curve C this changes the triple intersection of the
divisors KKK by

Ajjk = —(C - K)(C - KN(C - Ki) - (3.40)

Now the intersection of the curves C; which correspond to the Mori cone vector /) with the toric
divisors Dy is given by (C; - Dy) = l](j). On the other hand the K} are combinations of Dy restricted to
the hypersurface so that (K* - C;) = 5?.

In addition one has to change the basis in order to maintain positive intersection numbersﬂ & =
1© 4@ [ = [ 4 ]2 apd [P = - For the (1, 1) forms J;, which transform dual to the curves, we
get then the intersection ring in the new basis of the Kéihler cone

R = 8J2 + 37201 + JJ7 + 9T2 0y + 30,01 Jo + T3 Jo + 9T, T3 + 30,103 + 973 . (3.41)

The intersections with ¢; are not affected by the flop, only the basis change has to be taken into account.
In the second phase the triangulation of the base is given in the the middle of figure 2 and the triangula-
tion of A is specified by (3.43). In this phase a Eg del Pezzo surface can be shrunken to get to the elliptic
fibration over P2. This identifies the classes of the latter example as J, = Jo, J, = J;, while the divisor

dual to J3 is shrunken.
flop
S
F

blowdown

1 2

P

Figure 3.3: The base triangulation for the flop in second example and the blowdown of an Eg del Pezzo surface.

3 This is one criterion that holds in a simplicial Kéhler cone. The full specification is that fc J >0, fz) JAJ > 0and

fM J AJ A J >0 for Jin the Kihler cone and C, D curves and divisors. If the latter is simplicial and generated by J; then
J= Zd,’.],‘ with d,‘ > 0.
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3.3 Classical geometry of elliptically fibred Calabi-Yau spaces

We denote by Ag the toric polyhedron for the base and specifying by

{(e1,e2)} = {(=2,-3),(=1,-2),(=1,-D)}

the toric data for the Eg, E7, E¢ fibre respectively. It is easy to see that all toric hypersurfaces with the
required fibration have the following general form of the polyhedron A

Vi 1@ .. ®

Dy 1 00 0 Of%e-1 0 ... 0
Dl 1 e () 0 * *
: 1 A : : : ® L. * . (3.42)
Dr 1 (4] () 0 * *
D, 1 0 0 ¢ e 1 =2 ... =X=
D, 1 00 1 O —e 0 ... 0
D, 1 0 0 1 —e; 0 ... 0

We note that the fibre elliptic curve is realized in a two dimensional toric variety, which can be defined
also by a reflexive 2 dimensional polyhedron Ar. It is embedded into A so that the inner of Ar is also
the origin of A. Its corners are given by

{(0,0,e1,€2),(0,0,1,0),(0,0,0, 1)} .

The E¢, E7 and Eg fibre types correspond to the polyhedra in Figure 1 with numbers 1,4 and 10. To
check the latter equivalence requires an change of coordinates in SL(2, Z). The dual reflexive polyhedron
A* contains A}, embedding likewise in the coordinate plane spanned by the 3rd and 4th axis.

A triangulation of Ag as in Figure 1 or 2 lifts in a universal way to a star triangulation of A as follows.
To set the conventions denote by (vf ,e1, e2) the points of the embedded base polyhedron Ap and label
them as the points of Ap starting with the positive x-axis, which points to the right in the figures, and
label points of Ag counter clockwise from 1, ..., r. The inner point in Ag, (0,0, e1, e2) is labelled z. The
two remaining points of A; (0,0, 1,0) and (0, 0,0, 1) are labelled by x and y.

Denote the k-th d-dimensional simplex in Ag by the labels of its vertices, i.e.
simgfb = (/lk, .. ’/lfl+1)
and in particular denote the outer edges of Ag by
fedelk = 1,...,r} :={(1,2),...,(r, 1)}.

Any triangulation of Ap is lifted to a star triangulation of A, which is spanned by the simplices containing
besides the inner point (0, 0, 0, 0) of A the points with the labels

Tra = {(sim{”, %), Gim”, plk = 1,..., p} U {(ed, x,p)lk = 1,...7} . (3.43)
In particular for star triangulations of Ap one has
Trp = {(edg, 2, x), (edg, 2, y), (edi, x, Pk = 1, ... 1} (3.44)

and generators of the Mori cone for the elliptic phase contain the Mori cone generators IV, ..., [?)
which correspond to a star triangulation of the base polyhedron, which is the one in Figure 1. We list
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here the Mori cones of the first seven cases,

Ag | 1(1) 2(2) 3(2) 4(3) 5(3) 6(3) 7(4)

y? D I8 l(2) D 1(2) I3 1(2) D 1(2) 1(3) I3 1(2) 1(3) D 1(2) l(3) 1(4) 1S 1(6)
z -3 -2 -2|-2 -1 O -2|-1 -1 —-1|-1 -1 o|{-1 -1 -1 -1 -1 -1
1 1 1 0 1 0 0 1| -1 1 0 1 0 0| -1 1 0 0 0 1
2 1 0 1 0 1 1 0 1 -1 1] -1 1 0 1 -1 1 0 0 0
3 1 1 0 1 -1|-=2 1 0 1 -1 1 -1 1 0 1 -1 1 0 0
4 0 1 0 1 1 0 0 0 1 0 1 -2 0 0 1 -1 1 0
5 1 0 0 0 0 1 0 0 0 1 -1 1
6 1 0 0 0 1 -1

ex - - 1 - 4 3 17

the remaining 9 cases are given in the appendix [E] We indicate in the brackets behind the model the
number of Kéhler moduli. If the latter is smaller then the number of Mori cone generators and the dual
Kihler cone are non-simplicial. This is the case for the models 7,9 and for 11-16. In the last column we
list the number of extra triangulations. The corresponding phases involve non-star triangulations of A
and can be reached by flops. By the rules discussed above we can find the intersection ring and the Mori
cone in phases related by flops. We understand also the blowing down of one model. Non reflexivity
posses a slight technical difficulty in providing the data for the calculation of the instantons. The fastest
way to get the data for all cases is to provide for the models 15 and 16 a simplicial Kihler cone and
reach all other cases by flops and blowdowns. We will do this in appendix [E}
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CHAPTER 4

Wall-crossing holomorphic anomaly and mock
modularity of multiple M5-branes

In section [2.8] we reviewed the effective descriptions of M5-branes wrapping a complex surface P as
well as previous appearances of the holomorphic anomaly. In the topological N = 4 U(r) theory it
was observed that a non-holomorphicity had to be introduced in order to restore S -dualtiy,
the resulting holomorphic anomaly that was related in ref. [I39] to an anomaly [I41]] appearing in the
context of E-strings. The anomaly was conjectured to take into account contributions coming from
reducible connections in N = 4[SYM]theory. We will show that the contributions from bound-states as
a cause for non-holomorphicity will persist more generally for the class of surfaces we will be studying.
The goal of this chapter is to show that wall-crossing in D4-D2-D0 systems leads to an anomaly equation
which coincides with the anomalies found before and hence this work complements in some sense this
circle of ideas.

4.1 Generating functions from wall-crossing

In section [2.8.3] we have argued that the partition function of N' = 4 U(r) theory suffers from a
holomorphic anomaly for divisors with b3 (P) = 1. In fact there exists another way to see the anomaly
which is also intimately related to the computation of [BPS] degeneracies encoded in the elliptic genus
and will be the subject of this section. This method relies on wall-crossing formulas and originally goes
back to Gottsche and Zagier [I36/[312]]. In the physics context it has also been employed in [I54[I55].
It will be used in section.2]to derive the elliptic genus for[BPS|states and their anomaly rigorously. In
the following presentation we will be very sketchy as we merely want to stress the main ideas. We refer
to section 4.2 for details.

The starting point is the Kontsevich-Soibelman formula which describes the wall-crossing of
bound-states of D-branes. Specifying to the case of two MS5-branes and taking the equivalent D4-D2-D0
point of view the Kontsevich-Soibelman formula reduces to the primitive wall-crossing formula

AQT; T — J') = Q) — Q3 J) = (D274 ) Q) Q(), (4.1)

which describes the change of [BPS|degeneracies of a bound-state with charge vector I' = 'y + I', once
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4 Wall-crossing holomorphic anomaly and mock modularity of multiple M5-branes

a wall of marginal stability specified by Jy is crossed. The symplectic charge product (-, -) is defined by
L) = -0°07 + 04 - 09 - 05 - 0 + 0 0. (4.2)

Hence, for D4-D2-D0 brane configurations (I'j,I;) is independent of the DO-brane charge. Further, in
eq. (@I) I'; and I'; are primitive charge vectors such that Q(I';) do not depend on the moduli. Thus, the
I'; can be thought of as charge vectors with r = 1 whereas I" corresponds to a charge vector with r = 2.
Assuming, that the wall of marginal stablhty does not depend on the DO-brane charge, formula @.I]) can
be translated into a generating series A f T defined by

_ , )
AL = Y MBS = I g (4.3)
d>0

Assuming that there exists a reference chamber J’ such that Q(I'; J) = 0, this gives us directly an
expression for f @

As it will turn out in the next section, A f N is given in terms of an indefinite theta-function ®”};,
which contains the information about the decays due to wall- crossmg as one moves from J to J’. Indef-
inite theta-functions were analysed by Zwegers in his thesis [I46]]. One of their major properties is that
they are not modular as one only sums over a bounded domain of the lattice A specified by J and J’.
However, Zwegers showed that by adding a non-holomorphic completion the indefinite theta-functions
have modular transformation behaviour and fall into the class of mock modular forms]T]

As described in sections 2.8.1] and 2.8.3] the (MSW]))[CFT] and the N = 4 U(r) partition func-

tions should behave covariantly under modular transformations of the SL(2,Z) acting on 7. Thus, the
modular completion outlined above will effect the generating functions flﬁzj) through their relation to

the indefinite theta-function ®/J\,J;;’ which needs a modular completion to transform covariantly under
modular transformations, i.e.
L
0 P 0 A 4.4)

and consequently f;EZJ) is replaced by flfzj) Due to (2.186)) the counting function of [BPS|invariants fzzj)

and thus the elliptic genus vaz) are going to suffer from a holomorphic anomaly, to which we turn next.

4.2 Wall-crossing and mock modularity

In this section we derive an anomaly equation for two M5-branes wound on a rigid surface/divisor P
with b (P) = 1, inside a Calabi-Yau manifold X. We begin by reviewing D4-D2-D0 bound-states in the
type IIA picture and their wall-crossing in the context of the Kontsevich-Soibelman formula. Then we
proceed by deriving a generating function for rank two sheaves from the Kontsevich-Soibelman formula
which is equivalent to Gottsche’s formula [312]]. This generating function is an indefinite theta-function,
which fails to be modular. As a next step we apply ideas of Zwegers to remedy this failure of modularity
by introducing a non-holomorphic completion. This leads to a holomorphic anomaly equation of the
elliptic genus of two M5-branes that we prove for rigid divisors P.

! We review some notions in appendixm
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4.2.1 D4-D2-D0 wall-crossing

In the following we take on the equivalent type IIA point of view, adapting the discussion of refs.
[124][T54,[T55] to describe the relation to the Kontsevich-Soibelman wall-crossing formula [126]. We
restrict our attention to the D4-D2-D0 system on the complex surface P and work in the large volume
limit with vanishing B-field.

Let us recall that a generic charge vector with D4-brane charge r is given by (see section [2.4.3] for
details)

P
F=&thQLQ®=r@JHJJQ%¥52+L£F®Y—A@ﬁ, (4.5)
where & is a sheaf on the divisor P. Further, we define
B L B ré&) -1 2 (&) 3 @
AE) = &) (62(8) ) c1(6) ) &) = FOR F(&) = u&) + 7 (4.6)

We recall that in the large volume regime the notion of D-brane stability is equivalent to u-stability,
see and sectionm Given a choice of J € C(P), a sheaf & is called u-semi-stable if for every
sub-sheaf &

wE - J <pu&)-J. 4.7)

Moreover, a wall of marginal stability is a co-dimension one subspace of the Kéhler cone C(P) where
the following condition is satisfied
(&) — (&) - J =0, (4.8)

but is non-zero away from the wall. Across such a wall of marginal stability the configuration ([#.3)
splits into two configurations with charge vectors

I = n (0, [P], ixFy, X0 + f 1F? —A(Sl)),
% ",
rz=14QWLM¢4Q+f}@—M&J (4.9)
24 P

where r; = rk(&;) and w; = u(&;). By making use of the identity

m@D_M&T

rir
rA = riAL+ A+ —
2r r )

(4.10)

one can show that I = 'y + I',. Therefore, charge-vectors as defined in (@.3]) form a vector-space which
will be essential for the application of the Kontsevich-Soibelman formula.

Before we proceed, let us note, that the BPS|numbers and the Euler numbers of the moduli space of
sheaves are related as follows. Denote by M;(I') the moduli space of semi-stable sheaves characterised
by I'. Its dimension reads [210]

dime My (D) = 217 — Py(Op) + 1. (4.11)
The relation between [BPS]invariants and the Euler numbers of the moduli spaces M, (I') is then given

by _
Q, J) = (-DHImeM Oy ), 7). (4.12)

Moreover, for the system of charges we have specified to, the symplectic pairing of charges simplifies
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to [124]

(', T2) = rira(ua — ) - [P1. (4.13)
The holomorphic function f;r; (7) appearing in eq. (2.331) can now be identified with the generating

function of BPS]invariants of moduli spaces of semi-stable sheaves. Its wall crossing will be described
in the following.

Kontsevich-Soibelman wall-crossing formula

Kontsevich and Soibelman [I26] have proposed a formula which determines the jumping behaviour
of BPS}invariants Q(I'; J) across walls of marginal stability. The Kontsevich-Soibelman wall-crossing
formula states that across a wall of marginal stability the following formula holds

8% 8%
QI _ QIT5J-)
|| T: = ]—[ T, (4.14)
I:ZI5J)ev I:Z{;J)ev

Restricting to the case r = 2 and r; = r, = 1, (#@.14) can be truncated to

Q') QI3J4) Q) _ Q) QI3J-) Q)
[z [rer oo - [Tree [reeo ], s
Qo Qo

Qo1 Qo2 Qo2 Qo1

where Q is the DO-brane charge of I" and the Qo ; are the DO-brane charges belonging to I';, respectively.
The above formula has been derived by setting all Lie algebra elements with D4-brane charge greater
than two to zero. Therefore, the element er is central, using the Baker-Campbell-Hausdorft formula
eXe? = e'el®Y1eX and the fact that the symplectic product is independent of the DO-brane charge, one

finds the following change of [BPS|numbers across a wall of marginal stability [128][T54]

AQM) = (-DTTHCL ) Y Q) Q). (4.16)
Q0,1+Q02=00

Moreover, one can deduce that the rank one degeneracies Q(I'1) and €(I';) do not depend on the modulus
J.

4.2.2 Relation of Kontsevich-Soibelman to Géttsche’s wall-crossing formula

Gottsche has found a wall-crossing formula for the Euler numbers of moduli spaces of rank two sheaves
in terms of an indefinite theta-function in ref. [312]). In this section we want to derive a modified version
of this formula from the Kontsevich-Soibelman wall-crossing formula associated to D4-D2-D0 bound-
states with D4-brane charge equal to two.

We use the short notation I' = (r, u, A) to denote a rank r sheaf with the specified Chern classes that
is associated to the D4-D2-DO0 states. For rank one sheaves the generating function has no chamber
dependence and we have already seen that it is given by (Z.337). Following the discussion of our
last section, higher rank sheaves do exhibit wall-crossing phenomena and therefore do depend on the
chamber in moduli space, i.e. on J € C(P).

Our aim now is to determine the generating function of the D4-D2-D0 system using the primitive wall-
crossing formula derived from the KS wall-crossing formula. From now on we restrict our attention to
rank two sheaves &. They can split across walls of marginal stability into rank one sheaves &; and &; as
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outlined in section .21} Using relation (#.10) we can write
d=di +dy+ -, 4.17)

where & = p; — up and d = 2A. Further, a wall is given by (@8], i.e. the set of walls given a split of
charges ¢ reads
Wé={JeCP)|&-J=0}. (4.18)

Now, consider a single wall Jyy € W¢ determined by a set of vectors & € A + u. Let J, approach Jy
infinitesimally close from one side and J_ infinitesimally close from the other side. Thus, in our context
the primitive wall-crossing formula @.16) becomes

AT -Q )= Y DXP2E (P ar) o), (4.19)
Q0,1+002=00

where we have used the identity (@.13). Note, that Qp; and Qy are determined in terms of I and T;
through @-3) and @.9). Now, we can sum over the DO-brane charges to obtain a generating series. This
yields

3@ g, - QI L))

d>0
= D) CIEPIE (PRt e
di,dy>0,¢
J
= (=Pl (A)Z(;()P) Z(f (P ¢ 4.20)

where for the first equality use has been made of the identities (#.17] [F.19), and for the second equality
the identity (2.337) has been used. The last line can be rewritten as

Rk IO e oty (@2 (T, [PIy)), @.21)

(=1
where we have introduced the indefinite theta-function

Ox% (%) = Z (sgn(J; €) — sgn(J’,£)) e g0, (4.22)
§GA+/J

with the inner productEl defined by (x,y) = 2dapx"y® and the quadratic form Q(¢) = (¢, &). As these
theta-functions obey the cocycle condition [136]]

F.G GH _ ~FH
@A’ﬂ + G)A,,, = @A’#, (4.23)

we finally arrive at the beautiful relation between the BPS|numbers in an arbitrary chamber J and those
in a chamber J’ first found by Géttsche in the case A = H*(P,Z):

1 Ips(r)?

3 Py Coea (O, (. [P (4.24)

@ - £ =

s

2 Note, that this is not the symplectic product of D-brane charges defined before.
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4 Wall-crossing holomorphic anomaly and mock modularity of multiple M5-branes

4.2.3 Holomorphic anomaly at rank two

In this subsection we discuss the appearance of a holomorphic anomaly at rank two and give a proof of
it by combing our previous results with results of Zwegers [146].

Elliptic genus at rank two and modularity

An important datum in #.24) is the choice of chambers J,J’ € C(P), which are any points in the
Kéhler cone of P. As a consequence, the indefinite theta-series does not transform well under SL(2, Z)

in general. However, from the discussion of sect. [2.8.1| we expect, that the generating series f;r}(r)
r(A)+2 ’
2

transforms with weight — in a vector-representation under the full modular group, where r(A)
denotes the rank of the lattice A. Hence, there is a need to restore modularity. The idea is as follows.

Following Zwegers [[I46]], it turns out that the indeﬁnite theta-function can be made modular at the
cost of losing its holomorphicity. From the definition (4.22) Zwegers smoothes out the sign-functions
and introduces a modified function as

(c,& + lm(x)>\/—) [(C lm(x)>\/—]] _
@CC ( )= E 27i(€,x) Q(f), (4.25)
YT fezw H V=00 voo )¢ 1

where E denotes the incomplete error function

E(x) =2 f " e g (4.26)
0

Note, that if ¢ or ¢’ lie on the boundary of the Kihler cone, one does not have to smooth out the
sign-function. Zwegers shows, that the non-holomorphic function ®C < (T X) satisfies the correct trans-

formation properties of a Jacobi form of weight %r(A). Due to the non-holomorphic pieces it contains
mock modular forms, that we want to identify in the following. In order to separate the holomorphic
part of ®f\";l (7, x) from its shadow we recall the following property of the incomplete error function

E(x) = sgn(x)(1 - B1(x*)). (4.27)

which enables us to split up ®C < (T x) into pieces. Here, B is defined by

Br() = f ke, (4.28)
,
Hence, one can write eq. (@.23) as
0557, x) = O5° (1, x) — T (1, 1) + D (7, ), (4.29)
with 1 .t - (x)> /& |
(1, x) = Egezw lsgn(f, ¢y - E[ e ]] PTIEN) O©), (4.30)

If ¢ belongs to C(P) N Q"™ we may write

(7, x) = R(7, )0(7, x), 4.31)
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4.2 Wall-crossing and mock modularity

where we decomposed the lattice sum into contributions along the direction of ¢ and perpendicular to ¢
given by R and 6, respectively. Hence, 6 is a usual theta-series associated to the quadratic form Qc)*,
i.e. of weight (r(A)—1)/2. R is the part which carries the non-holomorphicity. It transforms with a weight
% factor and therefore Coeffy.;, (R(7, [Ply)) is of weight % Following the general idea of Zagier
that we recapitulate in appendix [2.6.2] we should encounter the ,8% function in the 2riy-coefficient of @.
Indeed one can prove the following identity

. L (e, [P) 5(e, )
Coeflry i(r [Pl = =320 37 eIy [Ho )42 (432)
m {60 G, c
Taking the derivative with respect to 7 in order to obtain the shadow and setting ¢ = —[P] corresponds

to the attractor poinﬂ we arrive at the following final expression

I\)\L.J

c [P ]( 1y’ 9@)[ (@0 , (4.33)

8TCOeﬂ2niy‘I);(T’ [Ply) = — 87rl \/_ z
_C 2 .

c=—[P]

where we define the Siegel-Narain theta-function QL}Z)C(T, z) as in eq. (2.333). For more details on the
transformation properties of the indefinite theta-functions we refer the reader to section[2.6.2] Note, that
Now, these results can be used to compute the elliptic genus for two M5-branes wrapping the divisor P.

Consider )
19a4(7)
£ @) = fur (1) = 5= 55 Coeftanyy O (. [PIy) (4.34)

where f, y(7) is a holomorphic ambiguity given by the generating series in a reference chamber J’,
which we choose to lie at the boundary of the Kahler cone J/ € AC(P). In explicit computations it
may be possible to choose J’ such that the BPS|numbers vanish. In general, however, such a vanishing
chamber might not always exist, but since J’ is at the boundary of the Kéhler cone, f, y(7) has no
influence on the modular transformation properties, nor on the holomorphic anomaly. We write the full
M5-brane elliptic genus as

0@y = Yy [0 ), (4.35)

HeA /A

where f(z) denotes the modular completion as outlined above. We can show using Zwegers’ results

, that the M5-brane elliptic genus transforms like a Jacobi form of bi-weight (—3, 5) Again, we
refer the reader to section 2.6.2] for further details.

Proof of holomorphic anomaly at rank two

Now, we are in position to prove the holomorphic anomaly at rank two for general surfaces P with
b3 (P) = 1. The holomorphic anomaly takes the following form

p 1 TP 2
DyZP(1,2) = 77— (2 (x.2)

4.3
2 Teni Nay ’ (4.36)

J=—[P]

3 For the case that ¢ # —[P] the holomorphic anomaly does not hold in the desired form since the derivative would give rise
to extra terms, see [300].
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4 Wall-crossing holomorphic anomaly and mock modularity of multiple M5-branes

where the derivative Dy is given as

Dy =+ fﬂkai, (4.37)

and z; refers to the projection of z along a direction J € C(P). For the proof, Z)ZZE,Z) can be computed
explicitly. Using @.33) we obtain directly

S 1T [P]OA (1) 2
0 A > 67 @006, : (4.38)
2

D720, =1 :
P 2 l6rmi \JZj2 nn)* oy

J=—[P]
Since the following identity among the theta-functions 6, ; holds
2 2
(o) = 2, 167y @06, 439

uEA*IA 2

we have proven the holomorphic anomaly equation at rank two for general surfaces P.

4.3 Applications and extensions

In the following we want to apply the previous results to several selected examples. Before doing so,
we explain two mathematical facts which will help to fix the ambiguity f, ;- (7), which are the blow-up
formula and the vanishing lemma. After discussing the examples, we turn our attention to a possible
extension to higher rank. This leads us to speculations about mock modularity of higher depth and
wall-crossing having its origin in a meromorphic Jacobi form.

4.3.1 Blow-up formulae and vanishing chambers

There is a universal relation between the generating functions of stable sheaves on a surface P and on its
blow-up P [[140L143]/144]312l[313]]. Let P be a smooth projective surface and rr : P — P the blow-up at a
non-singular point with E the exceptional divisor of . Let J € C(P), r and u such that ged(r, re- J) = 1.
Then, the generating series f:}(r; P) and flir}(r; P) are related by the blow-up formula

i@ P = BT P (4.40)
with B, given by
Bi(7) = s Z gisi®idj, (4.41)
aez1+%

The second fact states that for a class of semi-stable sheaves on certain surfaces the moduli space of
the sheaves is empty. We refer to this fact as the vanishing lemma [312]]. For this let P be a rational
ruled surface 7 : P — P! and J be the pullback of the class of a fibre of 7. Picking a Chern class u with
ru - J odd, we have

M((r,u,A),J) =0 (4.42)

for all d and r > 2.
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4.3 Applications and extensions

4.3.2 Applications to surfaces with b =1

The surfaces we are going to consider are P2, the Hirzebruch surfaces Fy and Fy, the del Pezzo surfaces
dPg and dPy (3K3).

Projective plane P?

The projective plane P? has been discussed quite exhaustively in the literature. The rank one result was
obtained by Géttsche [I12]]
a _ N(-7,-2)
2P
The generating functions of the moduli space of rank two sheaves or SO(3) instantons of [SYM] theory
on P? were written down by and are given by

(4.43)

- a1 3ho(7)
for) = > x(M((2,0,n), ))g" "+ = ﬁ
0 . (4.44)
-l (7)
A@ =) (M@, 1,0), D)g" ™ = =
=~ 1n°(7)
Here, hj(t) are mock modular forms given by summing over Hurwitz class numbers H(n)
hi@ = H@n+3)g™ %, (j=0.1). (4.45)

n=0

Their modular completion is denoted by / (1), where the shadows are given by #5_;(27) || Expli-
citly, we have

0z h (1) = 193 j(=27). (4.46)

I\)\u)

Note, that these results are valid for all Kéhler classes J € H2(P2,Z) as there is no wall crossing in
the Kihler moduli space of P2, This leads directly to the following elliptic genus of two MS5-branes
wrapping the P? divisor

z< D(1,2) = fo(0)92(=27%, =22) — fL(1)3(=2%, —22). (4.47)

Denoting by D, = 0z + #(’)3 one finds the expected holomorphic anomaly equation at rank two, given
byff

D,280(1,2) = —% X (20 2) (4.48)

which can be derived directly from the simple fact that
91(7,2)* = 92(21)03(27, 22) — 93(27)02(27, 22). (4.49)

Further note, that the g-expansion of fj, eq. (#.44), has non-integer coefficients. It was explained
in [[154] that this is due to the fact that the generating series involves the fractional invariants Q(I),
which we encountered before.

# This result has already been derived in ||
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4 Wall-crossing holomorphic anomaly and mock modularity of multiple M5-branes

Hirzebruch surface Fy

Our next example is the Hirzebruch surface P = Fy. We denote by F and B the fibre and the base P!’s
respectively. For an embedding into a Calabi-Yau manifold one may consult app. Let us choose
J =F + B,J’ = B and Chern class ¢ = F/2. The choice u = B/2 can be treated analogously and leads
to the same results. The other sectors corresponding to u = 0 and u = (F + B)/2 require a knowledge of
the holomorphic ambiguity at the boundary and will not be treated here. One obtains

(2) _ F+B,B
S = 555 Coeltaniy (04 77 (x. [PIy) w50)

= 75 (2q+ 2247 + 146¢° + 7424 + ..,

where we denote by u either B/2 or F/2. This exactly reproduces the numbers obtained in [314]].

We want to compute the shadow of the completion given by adding ®/ % and ®f to the indefinite
theta-series ®F+B B Since Bis chosen at the boundary, (DB vanishes for u = F/2, B/2. The only relevant
contribution has a shadow proportional to (7). Premsely, we obtain

32 1 ha(n)dhi(7) F B
2,2)- 4.51)

@ __ =
Ol =702 4riv2 - () v

Hirzebruch surface F

The next example is the Hirzebruch surface F;, which is a blow-up of P?. Again we denote by F and B
the fibre and base P!’s. The P? hyperplane is given by the pullback of F + B and B is the exceptional
divisor. This example is particularly nice, since we can check our results against the blow-up formula
(#A0) or use the results known from P? to write generating functions in sectors which are not accessible
through the vanishing lemma. Notice, that the holomorphic expansions have been already discussed in

ref. [[I55]]. From the general discussion one sees that there are four different choices for the Chern class

pe(s, 52 5.0

First, we choose J = F' + B, J' = F and Chern class u = B/2. We then obtain

1
O 2 Coctlany (OF 3 (7. [P1y)
| s (4.52)
= q_ﬁ (—5 -q+ 7qz+91q3 +558q4+...).
A check of this result against the blow-up formula (#40) applied to P? yields
3ho() $hh(2r) (1 15 , 3 4 @)
SO g s — g+ =P + 914 +558¢% + ... : 4.53
prym gl ( 5 "at 54 q q = L+ (4.53)
Further, we calculate the shadow by differentiating f with respect to T
3 302101 (27)
efypen(®) = Rt ey (4.54)

1677 2 78(7)

which also is in accord with the blow-up formula. Note, that #.52) has half-integer expansion coeffi-
cients, since J = B + F lies on a wall for the Chern class u = B/2.
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As a second case we choose J = F + B, J' = F and Chern class u = (F + B)/2 and obtain

B ™) = 50z Coeflany (O (x. [P1) wss)

=7 (g + 134> +93¢° +4964* +...).

which we again can check against the blow-up formula @40)) for P?

3hi(7) ¥3(27)
n%(t) n?(7)

Calculating the shadow yields

= ¢ (q+ 134> +93¢> +496¢* + ... ) = £ (D). (4.56)

3 3 0a20)93(27)
A2) _ 3202
L T 7(7)

, (4.57)
which is also in accord with the blow-up formula.

The last two sectors i = F/2,0 are not accessible via the vanishing lemma. However, using a blow-
down to P? we observe, that the above two cases reproduce correctly the two Chern classes in the cases
of rank two sheaves on P?. Using the blow-up formulas once more we finally arrive at

O _ 3ho(7) 95(27)
COS () ()
7 _ 3hi(7) 92(27)
007 ) ) (458)
f(z) _ 3ho(®) 92(27) )
00T C @ P
3hi(1) 932
O ()= 1(1) ¥3( T)’
GO b )
where J = F + Band u = (a,b) = aF + bB. Note, that in the cases f(z) and f(z) the blow-up

(0,0),J (0 LW
formula is not valid since we violate the gcd-condition, as m.u = 0 in these cases. However, for rank
two sheaves on F; the blow-up formula seems to work anyway, since the generating series using the
blow-up procedure and the indefinite theta-function description coincide for the Chern class u = (0, %).

Del Pezzo surface dPg

Asin we embed the surface dPg in a certain free Zs quotienﬂ of the Fermat quintic X = {Zle xf =
0} in P*. The action of the group G = Zs on the projective coordinates of the ambient space is given
by x; ~ w'x;, where w = €™/, For the hyperplane section, denoted P, we observe that P3 = 1, as for
the Fermat quintic the five points of intersection of three hyperplanes {x; = x; = x; = 0} are identified
under the action of the group G. The Euler character of the hyperplane is given by y(P) = 11. It can be
shown that the divisor P is rigid and has b7 = 1. We observe that H*(P,Z) = Z & (~Ej) as is explained

3 The only freely acting group actions for the quintic are a Z and the above Zs.
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4 Wall-crossing holomorphic anomaly and mock modularity of multiple M5-branes

in [[137]]. The elliptic genus of a single M5-brane is then fixed by the modular weights

E4(1)
n'(7)

ZY(r,2) = 91(-T, —2). (4.59)

The form of Zl(,,z) can now be calculated as for P? and is given by

By )?
n(r)*

Z3(1,2) (ho() 92(=27, =22) — Iy (1) 93(-27F, -22)). (4.60)

The holomorphic anomaly equation fulfilled by Zg) (1,7) can be obtained as in the P? case

7, 2
D2 ZP(1,2) ~ e (z))x.2) " (4.61)

[SI[%)

Del Pezzo surface dPy, the %KJ”

We end our examples by returning and commenting on %K?a or dPy which was the example of section
(2:83), as M5-branes wrapping on it give rise to the multiple E-strings. The dPg surface can be under-
stood as a P? blown up at nine points (see appendix@for details) or a rational elliptic surface. This case
is interesting as one can map via T-duality along the elliptic fibration the computation of the modified
elliptic genus to the computation of the partition function of topological string theory on the same sur-
face [[I39]], which we explore further in section[5.5] The middle dimensional cohomology lattice of dPqg
is given by H*(dP9,Z) = A" ® Eg and the Euler number can be computed to y(dPo) = 12. Modularity
then fixes the form of the elliptic genus at rank one to

E.
_ E4(7) o

(1)
Zypy(T:2) = a2 07

dPy

(1,2), (4.62)

where 0(()1}(7', 7) is the theta-function associated to the lattice Al-! with standard intersection form

0 1
(=dap) = (1 0)- (4.63)
Choosing the Kéhler form J = (R‘z, DT, where (1,0)7 is the class of the elliptic fibre, one can show
that

R
6y)(1.0) - = & ko (4.64)

In this limit of small elliptic fibre one recovers the results of sect. [2.8:3] The factor E4(7) is precisely
the theta-function of the Eg lattice. The results obtained from the anomaly for higher wrappings of
refs. [139][141]] were proven mathematically for double wrapping in ref. [315]). In this analysis the Weyl
group of the Eg lattice was used to perform the theta-function decomposition.

4.3.3 Extensions to higher rank and speculations

In the following sections we want to discuss the extension of our results to higher rank. Partial results
for rank three can be found already in the literature [I55][282][314,[3161[317]]. Thereafter, we discuss a
possible generalisation of mock modularity and speculate about a contour description which stems from
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a relation to a meromorphic Jacobi form.

Higher rank anomaly and mock modularity of higher depth

We want to focus on the holomorphic anomaly equation at general rank as conjectured in [I39]. We
recall that its form is given by

r—1
D,Z)(0.2) ~ Y n(r =z (.25 "(x.2). 4.65)

n=1

where Zg) (7, z) can be decomposed into Siegel-Narain theta-functions as described in section One

may thus ask the question what it implies for the functions ji(r}(r) for general r. In order to extract this
information we want to compare the coefficients in the theta-decomposition on both sides of ([#.65]). For
this we need a generalisation of the identity (#.39). A computation shows that

@06 wa= > @, (4.66)
HEN /A

where c’j , are Siegel-Narain theta-functions themselves given by

_m(r=n) »2  r(r=n) &2
242 §+ 242 &

d@=8w >,

EeA+p+d(v-2)

q (4.67)

with g = ged(n, r—n) and 6,4(u) yields one if ru is divisible by g and vanishes otherwise. With this input

one finds
r—1

FfO@ ~ Y nr=m) > fO@f @@, (4.68)
n=1 VAEAT/A
which sheds some light into the question about the modular properties of generating functions at higher
rank as follows.

The structure of eq. (4.68) indicates, that an appropriate description of the generating function f;(r}
needs a generalisation of the usual notion of mock modularity. This results from the fact, that on the
right hand side of the anomaly equation (#.68)), mock modular forms appear, such that the shadow of
f(r; is a mock modular form itself. Therefore, it is also subject to a holomorphic anomaly equation.
This would lead to the notion of mock modularity of higher depth [@], similar to the case of almost
holomorphic modular forms of higher depth. These are functions like E,(7) and powers thereof, which
can be written as a polynomial in 75 ! with coefficients being holomorphic functions.

A further motivation for this comes from the observation that the generating functions fzr} could be
obtained from an indefinite theta-function as in the case of two M5-branes. The lattice, however, that is
summed over in these higher rank indefinite theta-functions will be of higher signature. In the case of
r M5-branes one would expect a signature (r — 1, (r — 1)(r(A) — 1)) due to the r — 1 relative D2-brane
charges of the possible r decay products of D4-D2-D0 bound-states [152}[I54].

The contour description

The elliptic genus of r M5-branes wrapping P is denoted by Zg)(‘r, z), where we don’t indicate any
dependence of Zg) on a Kihler class/ chamber J € C(P). The basic assumption is that the elliptic genus
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4 Wall-crossing holomorphic anomaly and mock modularity of multiple M5-branes

does not depend on such a choice. We simply think about Z;,’) as being a meromorphic Jacobi form,
which has poles as a function of the elliptic variable z. We assume, that it is of bi-weight (—%, %). In the
following we want to exploit the implications of this statement.

It is known that a Jacobi form has an expansion into theta-functions with coefficients being modular
forms. Since Zwegers [[146]], we also know that a meromorphic Jacobi form with one elliptic variable
has a similar expansion, where the coefficients are mock modular see also section [2.6.2] Using our
Siegel-Narain theta-function Qflr")](‘l', 2), €q. (2.333)), we conjecture the following expansion

20wy = ), fO@60 T2 +Res, (4.69)
HEN*IA

with J a point in the K#hler cone which is related to a point z; € A¢c where the decomposition is carried
out. Note, that in eq. the term “Res” should be given as a finite sum over the residues of Zg) (t,2)
in the fundamental domain z; + et + e with e = [0, 1],

Let’s see how the dependence on J comes about. Doing a Fourier transform we can write

f/ﬁf}(r) = (1Y RIPIgEE i fc 20 (r, e 2 g, 4.70)
J

where C; is a contour which has to be specified since Zl(f) is meromorphic. Due to the periodicity in the
elliptic variable C; can be given as z; + e for some point z;. Now, suppose we have a parallelogram
P = z; + ezy + e and that there is a single pole of Zg) inside P, say at z = zo. Then, we obtain by
integrating over the boundary of

£ = 00,0) = 2 r) Res (247 . g2 50<), @71)
where we abbreviate ) )
(1) = (- 1) PIga g=am= (4.72)

That is, the coefficients of the Laurent expansion of the elliptic genus encode the jumping of the [BPS]
numbers across walls of marginal stability and the walls are in one-to-one correspondence with the
positions of the poles of Zg). An analogous dependence on a contour of integration for wall-crossing of
N =4 dyons was introduced in refs. [1491[230].

Moreover, the shadow of f;r} should be determined in terms of the residues of Zg), since a general-
izations of the ideas of should show, that it is contained in the factor “Res” of eq. (.69). Thus,
combining this result with the interpretation of eq. {#.71)) one expects, that the shadow not only renders
f;r} modular, but also encodes the decay of bound-states and hence knows about the jumping of [BPS
invariants across walls of marginal stability.

It is tempting to speculate even further. When comparing our results to the case of dyon state counting
in N' = 4 theories one might suspect that there is an analog of the Igusa cusp form ®;¢ in
our setup. In the N' = 4 dyon case there are meromorphic Jacobi forms, often denoted ,,, which are
summed up to give ®jo [[I50]. In analogy, it may be useful to introduce another parameter p € H and
to study the object

o (T.p,2) = ) 7 (@ ). (4.73)

rx1
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CHAPTER 5

Quantum geometry of elliptic fibrations

The aim of this chapter is to describe the quantum geometry of elliptic fibrations. For this we introduce
the needed notions from topological string theory and discuss two examples with base P? and F;. One
of our key findings is the holomorphic anomaly (5.13). The first section finishes with a discussion of
the modular properties due to the monodromy group.

From the data provided in section [3.3] namely the Mori cone and the intersection numbers, follow
differential equations as well as particular solutions, which allow to calculate the instanton numbers as
established mathematically for genus zero by Givental, Lian, Liu and Yau [93[94]]. These can be cal-
culated very efficiently using the program described in [303]]. In the cases at hand one can evaluate the
genus one data using the genus zero results, the holomorphic anomaly equation for the Ray Singer Tor-
sion, boundary conditions provided by the evaluation of fM J4c> and the behaviour of the discriminant
at the conifold to evaluate the instantons of the elliptic fibrations.

The higher genus curves are less systematically studied on compact threefolds. However, if the total
space of the elliptic fibration over a base class is a contractable rational surface, one can shrink the
latter and obtain a local model on which the modular structure of higher genus amplitudes has been
intensively studied. The explicit data suggest that that this structure is maintained for all classes in the
base.

We summarise in the next subsection the strategy to obtain the instanton data and based on the results
we propose a general form of the instanton corrected amplitude in terms of modular forms coming from
the elliptic geometry of the fibre and a simple and general holomorphic anomaly formula, which governs
the all genus instanton corrected amplitudes for the above discussed class of models.

In the following subsection we use the B-model to prove some aspects of the proposed statements.
This can establish the A-model results for genus zero and one, since mirror symmetry is proven and
the B-model techniques apply. Higher genus B-model calculations have been first extended to compact
multi-moduli Calabi-Yau manifolds in [319]] and for the case of elliptic Calabi-Yau manifolds [320].

5.1 Quantum cohomology, modularity and the anomaly equations

The basic object, the instanton corrected triple intersections C,p.(t) are due to special geometry all
derivable from the holomorphic prepotential F(O), which also fixes the Kihler potential K(r%, 7) for the
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5 Quantum geometry of elliptic fibrations

metric on the vector moduli space. At the point of maximal unipotent monodromy [91}[303]]

3
t M) (3
F”@S:@%2—§+Awﬂﬁ+%ﬂ+%§£%z > ) Lis(exp@rivat®)| (5.1)
) (27i) yeHy(M.Z)
where
£ = dget“°1 (5.2)
with d. the triple intersection numbers,
1
Cq = o 2y (5.3)
M

and y(M) is the Euler number of M. By J,,a=1,..., 1 (M), we denote harmonic (1, 1) forms, which
form a basis of the Kihler cone and the complexified Kihler parameter

= | (iw+b), (5.4)

where C, is a curve class in the Mori cone dual to the Kéhler cone and b is the Neveu-Schwarz (1, 1)-
form b—field. The real coefficients A, are not completely fixed. They are unphysical in the sense that
the Kihler potential K(¢4,#) and Cp-(t*) do not depend on them. The upper index (0) on the F ©
indicates the genus of the instanton contributions. The triple couplings receive only contributions from
genus 0. At the point of maximal unipotent monodromy, the classical topological data provide us with

the B-model period integrals
Fi f ! Q
II= ( [) = ( ) (5.5)
X =], o

over an integral symplectic basis of 3-cycles of the mirror geometry M: (A;,BD, I =0,...,h>'(M).
This is achieved by matching the b3(M) solutions to the Picard-Fuchs equation with various powers of
log(z,) ~ t¢, with the expected form of the A-model period vector

3 .
270 — 10 5+ cat” = WSS + 26 (p) = 00 (p)
m=Xx° a’“f =x° — el Lt Agpt” + cq + O f() , (5.6)
1
1 1
where the lower case indices run from a = 1,..., k' (M). In the following we will set X° = 1.

One can define a generating function for the free energy in terms of a genus expansion in the coupling
9gs

F(ge,t) = ) g/ FO), (5.7)
g=0

where the upper index F¢(¢%) indicates as before the genus.

According to the split of the homology H,(M, Z) into the base and the fibre homology, we define

by(B) by(B)

ﬁ:[ImmmIW+m:mﬁmzyﬂ, (5.8)
k=1 B i=1
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5.1 Quantum cohomology, modularity and the anomaly equations

where 8 € Hy(M, Z) lies in the image of the map o : H(B,Z) — H>(M,Z) induced by the embedding
o : B — M; and we define

q = exp(2mi f iw + b) = exp(2miT), 5.9
e
where e € Hy(M, Z) is the curve representing the fibre. Now we define the following objects
F;W(T) = Coeff(FY (1), pP) . (5.10)

We have the following universal sectors

0) _ r £(3) ST
Fy(n) = (fB C%) 30 +X(M)m —)((M);Lu(q ), (5.11)
(1 _ & . @Dy _ ¢ 19 XM) |B2g Bag-2|
Fy'(r) = [ 7 ]Lll(q), Fy o (r) = (=1)! 3 2909 -22g )1 (5.12)
We note that it follows from the expression for F 60)(q) that
Cror = [ @+ X3 - Y e-3)E00 (5.13)
B

The F (g)(T) have distinguished modular properties. The Fg’)(r) can be written in the following general
form (166 167):

qﬂ
1(7)

1 123 aip
FJ() = ( ] Pagi6s, api—2(E2(D), E4(7), E¢(7)), (5.14)
where 7(7) is the Dedekind eta function 2.133) and P65, 4,5-2(E2, E4, E¢) are (quasi)-modular forms
[321]] of weight 2g + 6 3;a;8' — 2, where Ey(t) are the Eisenstein series of weight 2k (Z.123). The
functions P,, are quasi-modular forms since, besides being a function of the true modular forms E4 and
Eys, they are also a function of E, which does not transform as a true modular form. For the sectors 5 > 0,
which describe non-trivial dependence on the Kihler class of the base, the E; dependence satisfies the
following recursive condition

OF)(7) 1
OE; 24

g
3 S BB @ B B K F . (519
h=0 p'+p"=p

We derive the above relations in section 5.4} For the other types of elliptic fibrations E7, Eg, & Ds,
the right-hand side is divided by a = 2,3,4 respectively. Eq. (5.13) generalizes the similar equation
(1.2) in [[167]], to arbitrary classes in the base and types of fibres. In particular, if one restricts to elliptic
fibrations over the blow up of P? and the Hirzebruch surface F the rational fibre class in the base
becomes the equation of counting curves of higher genus on the Eg, E7, E¢, & Ds del Pezzo
surfaces. The form (3.14)) and its relation to has been observed in for the Hirzebruch surface
Fo as base. A derivation of the equation (5.13) is given in section[5.4]
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5 Quantum geometry of elliptic fibrations

5.2 The B-model approach to elliptically fibred Calabi-Yau spaces

We continue the discussion with some B-model aspects of elliptically fibred Calabi-Yau manifolds. We
assume some familiarity with the formalism developed in [304]305]] and concentrate on features relevant
and common to the B-model geometry of elliptic fibrations and how they emerge from the topological
data of the A-model discussed in section 3.3

The vectors [ are the generators of the Mori cone, i.e. the cone dual to the Kihler cone. As such
they reflect classical properties of the Kdhler moduli space and the classical intersection numbers, like
the Euler number and the evaluation of f [y €2Wa ON the basis of Kihler forms on the elliptic fibration.

On the other hand the differential operators

[1eh-[Ta! |n=0 (5.16)

1750 <0

annihilate the periods IT = %H of the mirror M. Here the a; are the coefficients of the monomials in the
equation defining M. They are related to the natural large complex structure variables of M by

&= D0 g . (5.17)

l

Note that IT is well defined on M, while IT is not an invariant definition of periods on M. However by
commuting out a;' one can rewrite the equations (5.16) so that they annihilate IT. Further they can be
expressed in the independent complex variables z, using the gauge condition

O = ) 10, (5.18)

where 0, = x%{ denotes the logarithmic derivative. Equations reflect symmetries of the holo-
morphic (3,0) form and every positive / in the Mori cone (5.16) leads to a differential operator anni-
hilating II. The operators obtained in this way are contained in the left differential ideal annihilating
I1, but they do not generate this ideal. There is however a factorisation procedure, basically factoring
polynomials P(6) to the left, that leads in our examples to a finite set of generators which determines
linear combinations of periods as their solutions. It is referred to as a complete set of Picard-Fuchs
operators. In this way properties of the instanton corrected moduli space of M, often called the quantum
Kihler moduli space are intimately related to the /) and below we will relate some of it properties to
the topology of M.

In particular the Mori generator [ determines to a large extend the geometry of the elliptic fibre
modulus. As one sees from (3.42)) the mixing between the base and the fibre is encoded in the z row of
1D i=1,...,h"(B) and I'®. Let us call this the z-component of /) and the corresponding variable a..

Following the procedure described above, one obtains after factorizing from /) a second order gen-
erator Picard-Fuchs operator. For the fibrations types introduced before it is given by

LE= 0,0, - ) ') - DF (5.19)

1
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5.2 The B-model approach to elliptically fibred Calabi-Yau spaces

where k = E8, E7, E6, D5 refers to the fibration type and DX contains the dependence on the type

DE = 12(66, — 1)(66, — 5)z., D =4(46, — 1)(46, — 3)z,,

DES =336, - DB, —2)z., DP5 =420, - 1)z, . (5.20)

Formally setting §; = O corresponds to the large base limit. Then the equation (5.19) becomes the
Picard-Fuchs operator, which annihilates the periods over the standard holomorphic differential on the
corresponding family of elliptic curves.

In the limit of large fibre one gets as local model the total space of the canonical line bundle
O(Kp) — B (5.21)

over the Fano base B. Local mirror symmetry associates to such non-compact Calabi-Yau manifolds
a genus one curve with a meromorphic 1-form A that is the limit of the holomorphic (3, 0)-form. The
local Picard-Fuchs system .Ef annihilating the periods I1;,. of A can be obtained as a limit of the compact
Picard-Fuchs system for [, i = 1,..., h’!(B) by formally setting 6, = 0. It follows directly from ,
since the Mori generators of the base have vanishing first entry and commuting out a;, ! becomes trivial.
Differently then for the elliptic curve of the fibre, these Picard-Fuchs operators do not annihilate the
periods over holomorphic differential one form of the elliptic curve, which are alzl'lloc. Given the local
Picard-Fuchs system the dependence on 6, can be restored by replacing 6, by 6. — >, a;0; instead of
— 3. a;6;. Since IV is negative 6, appears in L}; only multiplied by at least one explicit zl.b factor.

There are important conclusions that follow already from the general form of the Picard-Fuchs sys-
tem. To see them it is convenient to rescale x, = ciz., where

CEg = 432,CE7 = 64,

(5.22)
CE6 = 27,CD5 = 16.

It is often useful to also rescale the z; in a similar fashion and call them x;. The effect of this is that the
symbols of the Picard-Fuchs system become the same for all fibre types. From this we can conclude that
for all fibre types the Yukawa-couplings and the discriminants are identical in the rescaled variables.

The second conclusion is that the Picard-Fuchs equation of the compact Calabi- Yau is invariant under
the Z, variable transformation

i

Xe = (1 = x,), xi—>(—1xe ) X . (5.23)

_xe

This means that there is always a Z, involution acting on the moduli space parametrized by (x,, x;),
which must be divided out to obtain the truly independent values of the parameters.

Another consequence of this statement is that the discriminants A;(x;) of the base Picard-Fuchs system
determine the discriminant locus of the global system apart from the fibre related A(x,) components.
The former contains always a conifold component A.(x;) and only that one, if there are no points on
the edges of the 2d polyhedron. Points on the edges correspond to SU(2) or SU(3) gauge symmetry
enhancement discriminants which contain only x; variables dual to Kihler classes, whose a' = 0. They
are therefore invariant under (5.23). Moreover the lowest order term in the conifold discriminant is a
constant and highest terms are weighted monomials of degree y(B) with weights for the x; a’ or 1 if
a' = 0. It follows by that the transformed conifold discriminant

AL(xj) ~ (1= x, B 1+ O(x)). (5.24)

117



5 Quantum geometry of elliptic fibrations

Examples: elliptic fibrations over P? and F,

Let us demonstrate the above general statements with a couple of examples. We discuss the E8 elliptic
fibration with base P? and with base F;.
For the first example the Mori vectors are given as

1© = (=6,3,2, 1,0,0,0),

(5.25)
M =(0,0,0,-3,1,1,1).
Form this we can derive the following set of Picard Fuchs equations, where we denote 6; = z;0;,.
Le = ge(ge - 392) - 12Z€(69€ + 5)(696 + 1)’ (526)

L1 =6 - 26, —362)(0. — 362 — 1)(B, — 36, - 2).

The Yukawa couplings for this example read as follows, where we use z, = 4%, 71 = % and the dis-

criminants A, = 1 — 3x, + 3x£ - xg - x?xl and Ay =1+ x;
9
Ceooe = ,
eee nge
3(—1 + x,)
Ceel = —2—6
xexlAl
(_1 +X€)2 (527)
Cetl = ———
XeX7Ae
1 - 3x, +3x2
Cin=—5—"
3x1AeA1

The second example over F; has the following three generators of the Mori cone

[9=(-6.3, 2, 1, 0, 0, 0, 0),
M=(0,0, 0.-1,-1, 0, 1, 1), (5.28)
®=(0,0, 0,2, 1, 1, 0, 0),

and gives rise to the following Picard-Fuchs equations

Le = Qe(ee - 2‘92 - 91) - 122e(69e + 5)(693 + 1)>
Ly =6 — 2161 — 62)20: + 61 = 6o), (5.29)
.Ez = 82(92 - 91) - 22(292 + 91 - 96)(202 + 91 - 9,3 + 1).

This example contains the rational elliptic surface, which we discuss in detail in section[5.6] Furthermore
we focus on this example to give a proof of the holomorphic anomaly at genus zero by using mirror
symmetry in Section[5.4.1]

5.3 Modular subgroup of monodromy group

The deeper origin of the appearance of modular forms is the monodromy group of the Calabi-Yau
threefold. Ref. [322]] explains that in the large volume limit of X;3[1,1,1,6,9], which corresponds to
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5.3 Modular subgroup of monodromy group

the elliptic fibration over P2, the monodromy group reduces to an SL(2,Z) monodromy group. This
section recalls the appearance of this modular group and how it generalises to other elliptic fibrations.
The moduli space of X;5[1, 1, 1,6, 9] with the degeneration loci is portrayed in Fig. 5.1}

(©.0)

,0) &—1)

= T
N

— N

g

S |

S

o

T

Figure 5.1: The moduli space for the elliptic Calabi-Yau fibration over P? X5[1,1,1,6,9].

We continue by recalling the monodromy for the model in [322]] adapted to our discussion. The

fundamental solution is given by

wo(Ze, 21)

(18n + 6m)!

, On+3m)!(6n + 2m)! (n!)3m!

k! (2k)! (3k)! (3k)’

2 g (5.30)

119



5 Quantum geometry of elliptic fibrations

with

U) = 2y 4 ~3n (5.31)

Zi )T —3n+1) !
_ i IGn-v) _3,

LTy (!

b

which is a finite polynomial for positive integers v, since I'(v — 3n + 1) = oo for sufficiently large n.
The translation to the parameters in 18 (Z¢,21) = ((18¢)‘6, —3¢). The natural coordinates obtained
from toric methods are 7, = z.z; and Z; = zﬁ. Note that the second line makes manifest the
presence of the elliptic curve in the geometry. For this regime of the parameters one can easily find
logarithmic solutions by taking derivates to k and n

2miw(ze,21) = log(zez)wo + ..., (5.32)
2ﬂiw(11)(ze,zl) = 3logzppwo+....

2mit

The periods are defined by 7 = wgl)/ wo and t; = w(ll)/ wo and g = e, q1 = €2 The two monodrom-

ies which generate the modular group are

Mo: (ze,21) = (€*"z,21), zo small, z; large,

27i

Mo : (20,21) = (67'2¢,21), zo large, z; large.

The monodromy around z, = 0 follows directly from (5.32)), it acts as

11
My :( 0 1 ) (5.33)

on (wgl), wo)T. To determine the action on the periods of M., we need to analytically continue wg and
w(ll) to large z.. To this end, we write wg as a Barnes integral

f 4o TET6s + 1)
C

s 25 Ud(z1), 5.34
F2s+ DIGs+ 1) ¢ e Us@) (5:34)

1
wo(Ze,21) = %

where C is the vertical line from —ico — & to ico — &. For small |z.| the contour can be deformed to the
right giving back the expression in (5.30). For large |z.| one instead obtains the expansion

1 - ,
w0(er21) = ;5 sin(nr/s)é ar(k) (=ze) 78 U_s_ry6(21), (5.35)

with

Jk+r/6)(2k +r/3)' Bk +1/2)

@) =1 T(6k + )
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5.3 Modular subgroup of monodromy group

The logarithmic solution wgl) is given similarly by

s J ['(=s5)?T(6s+ DHI(s+ 1)
i Jo T T@2s+ DIGs+ 1)
= S e cos(ur/6) Y an(h) (20t Uk (e,

2 .
6n%i S =0

wt zer21) ¥ 2 U(zy), (5.36)

To determine the action of M., we define the basis

(o)

Filzenz) = ) @) (=208 Uk pyelan) (537)

n=0

for r = 1, 5, and the matrix A which relates the two bases

e, wiT = A(fi, 5. (5.38)
Clearly, M., acts diagonally on the f,: T = diag(a™", @) with & = €**/®, which gives for M,
-1 0 -1
M., =ATA™ = 11 € SLa(Z). (5.39)
This gives for the monodromy around the conifold locus
M, = MoM_! = ( i ? ) (5.40)

0 1
-1 0
u=¢q*p — 0. We see that My and M, map small « to small «. The monodromies act on u by [322]

The generator S = ( ) of SL,(Z) corresponds to MoM_!. The large volume limit is such that

Mou = —u, Mou=1u 5.41)

Thus we have established an action of SL,(Z) on the boundary of the moduli space. The above analysis
can be extended straightforwardly to the other types of fibrations using the expansions (E.9). The matrix
My is for all fibre types the same. We find that

M., :( 1;“ _11 )ero(a) (5.42)

for a = 2,3 and 4 corresponding to the fibre types E7, Eg and Ds. Note that M, has order 4 and 3 for
a = 2 and 3 respectively, while the order is infinite for a = 4. Generalisation to other base surfaces B
is also straightforward. In case of multiple 2-cycles in the base, it is natural to define parameters for
each base class: u; = q‘”/zp,-, with p; = exp(2ni ), i =1,...,by(B). This is precisely the change of
parameters given by (3.34)). These transform under the action of My and M, as:

1‘401/[,~ = (—)”"ui, Mooui = U;. (5.43)
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5 Quantum geometry of elliptic fibrations

5.4 Derivation of the holomorphic anomaly equation

In this section we discuss the holomorphic anomaly equation that arises for elliptically fibred Calabi-
Yau threefolds. By using mirror symmetry the anomaly for genus 0 is proven for the base being F;. We
further establish a derivation from the[BCOV]holomorphic anomaly equations.

5.4.1 The elliptic fibration over F,

We start by deriving the holomorphic anomaly equation at genus zero by adapting the proof which
appeared in Ref. for a similar geometry. For this we determine the solution to the Picard-Fuchs
equation and express the solution in terms of modular forms. After determining the mirror map we find
a recursive relation in the functions c,,(x.), which are related to the genus zero topological amplitude.
This can be used to prove the holomorphic anomaly equation for genus zero. Furthermore the genus zero
topological amplitude can be expressed in terms of standard Eisenstein series of the elliptic parameter.
We start by studying the Picard-Fuchs operator associated to the elliptic fibre Xg[1, 2, 3] only. Denoting
by 6. = z.0, the Picard-Fuchs operator can be written as

L= 0% —122,(60, + 5)(60, + 1). (5.44)

One can immediately write down two solutions as power series expansions around z, = 0. They are
given by

020) = ) andls  Pze) =10g@)d(z) + ) butl, (5.45)
n>0 n>0
with
___on)! _ 2(1 +2 4
a, = W, bn = Cln(6lﬁ(1 + 61’1) — 3lﬂ(l + 31’1) - lﬁ(l + I’l) — lﬂ(l + I’l)), (5 6)

where /(z) denotes the digamma function. The mirror map is thus given by

omir = 2% (5.47)

- #(ze) '

Using standard techniques from the Gauss-Schwarz theory for the Picard-Fuchs equation (cf. [94]]) one
observes

1
(1) = ——————, 5.48
0= 04322 649
which can be inverted to yield
1
2(1) = g (1 - V1 =1728/j() = g - 312¢* + O(g*). (5.49)
Further, the polynomial solution ¢(x,) can be expressed in terms of modular forms as
51 4
$ze) = 2F1| o 2. 114322 | = VE4(7), (5.50)
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5.4 Derivation of the holomorphic anomaly equation

from which one can conclude that

E4() = ¢*(2.),
Eg(1) = ¢°(z.)(1 — 864z,),

A1) = ¢'2(z)z.(1 — 432z,), (5.51)
1 dz, 2 ~
%E = ¢ (ze)ze(1 — 432z,).

Let us now examine the periods of the mirror geometry M in the limit that the fibre f over the Hirzebruch
surface F; becomes small. At z, = z; = z» we have a point of maximal unipotent monodromy. In
particular this implies that one has among the eight periods one holomorphic one, wy(z., z1,22), one that
starts with log(z,.), wg)(ze,zl,m), and one that starts with log(z;), w(ll)(Ze,Zl,Zz). In the limit of small
fibre f, i.e. zo = 0, one obtains for these periods [167]

wo(Ze, 21, 0) = P(ze),

wgl)(zea 71,0) = {b(ze), (5.52)
(2,21, 0) = log(@)g(ze) + €Ge) + ) (L@,
m>1
with
£G) = ) a1 +n) - y(1)2, (5.53)
n>0
and
LR P
L= oy g(e)&, k+1). (5.54)

This can be obtained by applying the Frobenius method to derive the period integrals, see e.g. [|305].
The mirror map reads
0\ (ze,21,0)

, i=e,1. 5.55
wo(2Ze,21,0) / (5:55)

2mit =
Comparing this with our previous discussion about the Picard-Fuchs operator of the elliptic fibre we see
that for 7, = 7 there is nothing left to discuss. Hence, let’s study the mirror map associated to ¢; = ¢.
We observe that by formally inverting, the inverse mirror map can be determined iteratively through the

relation [[167]]

21(g, p) = pLe” Tt T, (5.56)
where ¢ = e_%, p = exp(2nit) and
Lnd(z,)
cm(Ze) = ————. (5.57)
d(ze)
Using eq. (3.31) ci(z.) is given by
1 Er(t
c1(ze) = —E(fl -2)- {—12 22( 2
¢ (Ze) (5 58)
L fi '
=——"—(EyE4— E
o 15 (E2E4 — Eo),

123



5 Quantum geometry of elliptic fibrations

where we introduced f; = (1 — 432z,)~". In order to obtain the other c,,(z.) one uses

O f1 = fi(fi = 1),

E 1
ee( 2) = —ﬁ(E§E4 ~2EEq + E3).

@) 12 (5.59)
E6 _ 1 fl 3 2
6, (ﬁ) =-50 1 (6E3 - 6E3),
and finds the following kind of structure. One can show inductively that
_ L (ay
cm(ze) = 5o \ 12 Qom(E2, Ey, Ee), (5.60)

where Qg s a quasi-homogeneous polynomial of degree 6m and type (2,4, 6), i.e.

Oom(Aze, 121, 2°22) = 2 Qem(ze» 21, 22).

Also by induction, it follows from (5.38) and (5.59) that Qg is linear in E,. This allows to write a
second structure which is analogous to the one appearing in ref. [167]] and given by

E
em(ze) = Bm¢—§ + Dy, (5.61)

where the coefficients B,,, D,, obey the following recursion relation

m
By = T v [(Qze - m)By, + DBy, — Ble] s
m+1)
m (5.62)
Dy = _(m+—1)2 [(Hze - m)D,, — D1 D, + Ble],
with B; = —{—‘2 and Dy = —ﬁ( /1 —2). A formal solution to the recursion relation (5.62)) can be given by
Bm = _%7
(5.63)
1 [(m+1)? 1
Dm = E —fm+l + (ee —-—m—- E(fl - 2))fm] ,
where we define f,, to be
Jm(ze) = ¢(Ze)-£m¢(ze) - ¢(Ze)-£m¢(ze)- (5.64)

Due to the relations (5.59) we conclude, that the f,, as well as B,, and D,, are polynomials in f;. Since
f1 is a rational function of z,, it transforms well under modular transformations. Therefore modular
invariance is broken only by the E, term in c,,. We express this via the partial derivative of ¢,

Ocm(z,) _ _i Jm(Ze)
0E; — 12¢%(z.)

(5.65)

In order to prove the holomorphic anomaly equation (5.13) one first shows using the general results
about the period integrals in [305] that the instanton part of the prepotential can be expressed by the
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5.4 Derivation of the holomorphic anomaly equation

functions f;,(z.). A tedious calculation reveals

FO fm(Ze)
Zm (9t (1,1) = Z (5.66)

2 1
m>1¢ 6)

Using the inverse function theorem and egs. (5.63), (5.56) yields

dzy 1 (1 dz\( 1 oF® (5.67)
OE, 12\2ni o1 J\2ni or ) '
Now, we have
o (1 0FO\ 1 (0 FO\(1 oF®
— = = — — , 5.68
0E, (27ri ot ) 12 (8(2ﬂit)2)(27ri ot ) (5.68)
which implies that up to a constant term in p one arrives at
oF© 1 (1 gFOV 6
=—|—= 5.69
0E, 24 (27ri ot ) (5.69)

By definition of F ,(10), Eq. (5.10), we have 2 F O, t)=Y,s1mF in) p"" and hence obtain by resum-

mation
n—1

©)
oF, 0) 12(0)
oE, =% E stn—s)FgF, . (5.70)

This almost completes the derivation of 5. 15). We still need to determine the explicit form of F; ,(10). To
achieve this we proceed inductively. Using (5.51)), (5.66) and (5.56) one obtains

FO = {;;1 :q;%, (5.71)
Employing the structure one can evaluate (3.66) and calculate that
FY = “1 Pgn-2(E2, Es, Eg),
(ij;l ) i —n Pen-2(E2, Ey, Eg), (5.72)

%
= —5, Pon-2(E2, E4, E¢),

where Pg,_7 is of weight 6n—2 and is decomposed out of (parts of) Q,,’s. This establishes a derivation of
the holomorphic anomaly equation (5.13)) at genus zero for the elliptic fibration over Hirzebruch surface
I, with large fibre class. We collect some results for the other fibre types in Appendix [E.T}

5.4.2 Derivation from BCOV

The last section provided a derivation of the anomaly equation (5.13) for genus zero from the mirror
geometry. More fundamental is a derivation purely within the context of moduli spaces of maps from
Riemann surfaces to a Calabi-Yau manifold. This is the approach taken [BCOV] [101]] to derive holo-
morphic anomaly equations for genus g n-point correlation function with 2g—2+n > 0. The correlation
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5 Quantum geometry of elliptic fibrations

functions are given by covariant derivatives to the free energies F9):
Cils..ay = Day - Da, F, (5.73)

with D, covariant derivatives of for sections of the bunde £2>729 ® Sym” T, with T the tangent bundle of
the coupling constant moduli space, and £ a line bundle over this space whose Chern class corresponds
to G ;- The holomorphic anomaly equation reads for the n-point functions

- 1_
aacfzgl)__.an =—-C. ZKbeGccc(g 1) +

2 abc® bca, ...a,
2 -_ ZKbeGcc Z Z Z FO cly
== S'(n — o1 2t Fhacuragy Cetn-aon (5.74)

- (Zg -2+4+n- 1) Z GaZlXCg{)...as,laﬁl...a,,'

s=1
This equation can be summarised in terms of the generating function

o NN 2021 9 o (XD
F(gs,z,x)_;);ogs —C) +( o l)loggs. (5.75)

Contrary to [[101]], we take the terms with 2g — 2 + n < 0 as given by Dy ... D,F instead of setting
them to 0. Eq. (5.74) implies that F satisfies

2 2
_ 0 0
B exp(F) = [g—s e K GG —— — Gy (gs

. 0
> Fa Er )] exp(F). (5.76)

09, 0x¢

To relate (5.76) to the holomorphic anomaly Eq. (5.I5) for this geometry, we split again the Kéhler
parameters ¢ into the fibre parameter T and base parameters 7. Then we write F(gy, 7, #'; x') as a Fourier
expansion instead of a Taylor expansion in x'

(o0

i - i i 2miBex (M)
Fgontix) =) > g/ F@ £, 1) P pﬁ+("z4 —l)loggs, (5.77)

g=0 BeH,(B,Z)

with as before p# = exp(2ni #'8;), ¢ = exp(2mi 7). Moreover, the functions ]‘ﬂ(g)(xi, t) satisfy
DiF|y=0 = ax,-FI)c:O (5.78)

and fﬂ(g)(O, t') = 1. In the large volume limit, the covariant derivatives D; become flat derivatives 57 and
thus fﬁg (x',#) — 1. Therefore, to deduce (5.15) from li we can set x' = 0 and replace the by 57
Eq. 1) follows now by considering ﬁ(% exp(F) on the right hand side of (5 - As dlscussed
earlier, all T dependence arises from completing the weight 2 Eisenstein series Ex(7) = Ex(1) — ﬂ%,
which gives
0 47127'% 0
0E, 3 2midr
We first discuss how the right-hand side of (5.13)) can be derived from Eq. (5.76) for the geometry
Xi3[1, 1, 1,6,9]. We use the basis (3.29) and choose as parameters the “base” parameter 1 = B + iJ and

(5.79)
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5.5 T-duality on the fibre

the fibre parameter 7 = 71 + iTp. We are interested in the large volume limit 7 — ioco, ¢ — oo in such a
way that J > 7. In this limit, the Kéhler potential is well approximated by the polynomial form

K ~ —log(3 ducJ*JPJ) = —log(3(ati + 312J%)), (5.80)
with @ = K3 (3.29). This gives for the metric
1
( G G ) ~ Q %
G Gif 0% # ’

which gives for the matrix eX G

1 2a‘r§
LKt~ 2, 3| (5.81)
_en 1
3J3 21,

Thus in the limit J — oo, one finds that only KGT ~ i does not Vanish Therefore,

C ZKGbBGCZ’ 62 1 1 82 (5 82)
“5c€ —_— . .
e dxboxc  An? 477 Ox'Ox!
Using (5.79), this shows that (5.76) reduces to:
3 g2 0\
— F)==—=|p— F). 5.83
oF, exp(F) Y Pap exp(F) (5.83)

Expansion of both sides in p and taking the p" coefficient gives a holomorphic anomaly equation as
(5.13)) for g = 0. It also gives the correct (5.13)) for g > 0 except for the appearance of Kz. We belief
that a more thorough analysis of the covariant derivatives will explain this term. Assuming the form

0 > 1+ 28 Kp+... (5.84)

would give the shift in (5.13). The derivation is very similar for the other types of fibres discussed in
Section[3.3] The right hand side of Eq. (5.83) is simply divided by a, in agreement with [167]).

5.5 T-duality on the fibre

In this section we discuss properties of T-duality on the elliptic fibre in order to relate the result from
our period calculations to D4-brane counting. One can perform two T-dualities around the circles of
the elliptic fibre. Due to the freedom in choosing the circles, this leads to an SL(2,Z) (or a congruence
subgroup) group of dualities mapping ITA branes to IIA branes. This duality group is equal to the
modular subgroup of the monodromy group which leave invariant the Fg’)’s discussed in section
Let D2,/ be a D2-brane wrapped either on the elliptic fibre e or on a class 3 in the base. Moreover,
we denote by D4, a D4-brane wrapped around the base and by D4 a D4-brane wrapped around the
cycle B in the base and the elliptic fibre e. The double T-duality on both circles of the elliptic fibre

! The factor # appears due to a factor —27xi between the moduli in || and ours.

127



5 Quantum geometry of elliptic fibrations

transforms pairs of D-brane charges heuristically in the following way:
D6 \ (D6
D4, | =7\ D4, )0
D4\ ([ D4g
( D2y )_ 7( D2 ) 8
D2, \ (D2
po |7\ Do )

with y in SL(2,Z) or a congruence subgroup. See for more a more formal treatment of T-duality on
Calabi-Yau manifolds [[T7T}[I72]. In the following sections, we will always consider the element

y:( (1) _(1) ) (5.86)

T-duality is not valid for every choice of the Kihler parameter. One way to see this is that the [BPS]
invariants of D2 branes do not depend on the choice of the Kéhler moduli but those of D4 and D6
branes do through wall-crossing. The choice where the two are related by T-duality is sufficiently close
to the class of the elliptic fibre, this is called a suitable polarisation in the literature [323]]. Sufficiently
close means that no wall is crossed between the fibre class and the suitable polarisation.

The equality of invariants of DO branes and D2 branes wrapping the fibre can be easily verified. The
[BPS]invariant of an arbitrary number n > 0 of DO branes is known to be equal to the Euler number of
the Calabi-Yau manifold X [[126]:

Q((0,0,0,n), X) = —x(X). (5.87)

One can verify that these equal the BPS]invariants of n D2 branes wrapping the Eg elliptic fibre of M.
See for example [304]]. If the modular group is a congruence subgroup of level k then only the
invariant corresponding to n = 0 mod k D2 branes wrapping the fibre equals (5.87).

Our interest is in the D4 branes which can be obtained from D2, with y = 8 + ne by T-duality. These
D4 branes wrap classes in the base times the fibre, and have DO brane charge n. D4 branes on Calabi-
Yau manifolds correspond to black holes in 4-dimensional space-time and are well studied [I38]], in
particular M-theory relates the degrees of freedom of D4 brane black holes to those of a N' = (0,4)
[CFT] which we discussed in [2.8.1] To make a comparison we denote by P the four-cycle wrapped by
the D4 brane in this setup and the generating function is denotes accordingly with respect to the D4
brane charge.

We continue by specialising to the elliptic Calabi-Yau fibrations. We denote the four-cycle obtained
by T-duality from a curve §3; in the base by 8’ or simply 8. Whether 8 denotes a two- or four-cycle should
be clear from the context. One derives from the triple intersection numbers (3.33)) that these four-cycles
B, have a vanishing triple intersection number (8)° = 0. These D4 branes correspond therefore not
to large black holes, but to “small” black holes [I93]]. This means that only after addition of higher
derivative corrections to the supergravity effective action one finds a non-vanishing area of the horizon.
It is very intriguing that we can obtain detailed knowledge about the spectrum of these black holes using
mirror symmetry.

Let ¢ : B — M be the embedding of the divisor 8 into M, which provides a pull back map on the
second cohomology ¢* : H*(M,Z) — H?(3,Z). Since the divisors 3 are not positive, this map is not
injective. One deduces from li that the rank of the quadratic form D, = dg jﬂj is 2 independent of
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5.5 T-duality on the fibre

M. Therefore, the image of the map ¢* is two-dimensional, and we find consequently that the modular
weight of fﬂ(ﬁ)(r) is equal to —2. More details of the modular properties of fﬂ(ﬁ)(r) can be derived. If 8
is primitive, i.e. 8/n ¢ H4(M,Z) for n > 2, one can find another divisor 8 such that K - -5 = 1. The
quadratic form D, then takes the form:

( (1) W?BZ ) (5.88)

With this information one can precisely determine the modular transformation properties of the vector-
valued modular form fy(ﬁ)(‘r). See Eq. (4.17) of || The elements of the modular vector are modular
forms of a congruence subgroup I'(m).

The genus 0O free energies F O (5.14 give a prediction f, (B)’pr(‘r) for fﬂ(ﬂ )(T). Correcting the power by

B 0
which non-primitive charges are weighted, we find for féﬂ P "(7) in terms of F',g,o)(r)
o=y = 2 O FO) (e (5.89)
0 B m2 | n B/m ’ :
m nim

where u(m) is the Mobius function, which is defined for m > 1 by

() = {(—1)5 mis the product of £ distinct primes > 2, (5.90)

u(m) =0 otherwise.

The modular properties of fép) (1) defined this way are precisely consistent with the structure found for
the genus 0 amplitudes obtained from the mirror periods, see Eq. (5.14) combined with Eq. (3:30).
As explained in section the free energy Fg)) is a modular form of weight —2, in agreement with the

weight of f,fﬁ)(r). Due to contributions to féﬂ )P(7) (5.89) of F[(;O)(mr) withm > 1, féﬁ "P'(7) is in general
an element of the congruence subgroup I'(m) in agreement with the analysis of the modular properties
of the supergravity partition function. Generically, one cannot determine uniquely from f(;ﬁ )’pr(T) the

other elements of the modular vector, but in simple examples this can be done.

Besides verifying that the modular properties of féﬂ )’pr(T) agree with féﬁ ) (1), it is also possible to verify
the agreement for the first few coefficients, for small DO and D4-brane charge, the[BPS]invariants can be
computed either from the microscopic D-brane perspective or the supergravity context [[123][137][287]
2891303\ [3251326]]. For example from the microscopic point of view, the moduli space of a single D4-
brane is given by projective space P"*. Using index theorems one can compute that n = %P3 + %CQ -P—-1

|| Therefore, the first coefficient of féP )(T) is expected to be

QP(_2_14CL) = %P3 + %CQ -P. (5.91)

The second coefficient corresponds to adding a unit of (anti) DO-brane charge. Now the linear system for
the divisor of the D4-brane is constrained to pass through the DO-brane. This gives with Eq. (5.87)) [137]

Qp(1 = Fep) = x(M)(5ez - P - 1. (5.92)

Here we have written a “=” instead of “=" since if 1 — ﬁcL > 0 the formula for the horizon area gives a
positive value, such that the [BPS] states might correspond to black holes with intrinsically gravitational
degrees of freedom which are less well understood.

129



5 Quantum geometry of elliptic fibrations

Continuing with two units of DO charge, one finds
Qp(2 - ) = (M) + 5)(her - P-2). (5.93)

One can in principle continue along these lines, which becomes increasingly elaborate for three reasons.
First effects of D2-branes become important, second single center black holes contribute for gy > 0 and
third the index might depend on the background moduli ¢.

We now briefly explain which bound states appear in the supergravity picture for small D0O/4-brane
charge. The first terms in the g-expansion cannot correspond to single center black holes since gy < 0.
The first terms correspond to bound states of D6 and D6-branes . If P is an irreducible cycle (i.e.
it cannot be written as P = Py + P, with P| and P, effective classes) then the charges I'y and I'; of the
constituents are

I =LPPP -2 1P+ 2l I =(-1,0,£,0), (5.94)

The index of a 2-center bound state is given by:
(', ) Q(I') QI),

with (I'1, ) = —P(l) Qo2+P1-0r—Ps- o'+ Png,l the symplectic inner product. Since the constituents
are single D6-branes with a non-zero flux, their index is Q(I';; ) = 1. Therefore, QP(—ZI—4CL) =(I',In) =
%P3 + %cz - P, which reproduces Eq. .

One can continue in a similar fashion with adding other constituents to compute indices with higher
charge. For example, states with charge I' = (0,2P,0, %P3 + Ci—'zp) corresponds to I'; as in
and

= L4 P+ 50 595

One obtains then sz(—zl—4cL) = %P3 + %cz - P. Similarly, one could also add DO charges, and find the
right hand sides of Eqs. (3.91) to (5.93) with P replaced by 2P.

Example: X3[1,1,1,6,9]

We now consider the periods for X;g[1,1,1,6,9], i.e. a elliptic fibration over P2 and compare with the
above discussion. This Calabi-Yau has a 2-dimensional Kihler cone, and lends it self well to studies of
D4 branes. We consider D4 branes wrapping the divisor whose Poincaré dual is the hyperplane class H
of the base surface P2. The number of wrappings is denoted by r.

As explained in section [5] the genus zero [GW]invariants are well-studied [304}[322]]. Using (5.89),
the F;;O) (1) provide the following predictions for fér) (1):

4 2
31E} + 113E,E2

(1),pr —
b e
= ¢ 323 -1080g + 1437704 + 204071184 ¢> + ...),
5 4 3 7
[Or —~196319E4E} — 1559064 E} — 208991 E]Es 1 £y [P 1 rOT.
0 221184 n(1)7 24700 870

1
= g7 (6427009 - 5456047 + ) + 1 f3 72,
1
RIT@ = qPQT - 172809 + 5051970 +--) + 5 [ G,

We want to compare this to the expressions derived above from the point of view of D4 branes. For
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5.6 BPS invariants of the rational elliptic surface

r =1, we have .
QI J) = ECQ -H =3, (5.96)

in agreement with the first coeficient of f((7). The second term in the g-expansion corresponds to
Q(1,1H,-1) = y(M)(Lcr - P - 1) = 1080, (5.97)

which is also in agreement with the periods. For two D0 branes we find a small discrepancy, one finds:
L(Eea - P=2(M) (x(M) + 5) = 144450, (5.98)

This is an excess of 1080 = —2y(M) states compared to the 3rd coeflicient in f(l)(‘l'). This number
is very suggestive of a bound state picture, possibly involving D2 branes. Since §o > 0 one could
argue that these states are due to intrinsic gravitational degrees of freedom, but it seems actually a rather
generic feature if we consider other elliptic fibrations (e.g. over Fy).

For r = 2, also the first two coefficients of the spectrum match with the D4 brane indices, and the
3rd differs by —6y(M). Something non-trivial happens for r = 3. We leave an interpretation of these
indices from multi-center solutions for a future work, and continue with the example of the local elliptic

surface [[139].

5.6 BPS invariants of the rational elliptic surface

This section continues with the comparison of the D4 and D2 brane spectra for the Eg elliptic fibration
over the Hirzebruch surface F; which was first addressed by refs. [I39,[313]]. Let o : F; — M be the
embedding of F; into the Calabi-Yau threefold. The surface F; is itself a fibration 7 : F| — C = P! with
fibre f = P!, with intersections C> = —1, C- f = 1 and f? = 0. The Kihler cone of M is spanned by the
elliptic fibre class Ji, and the classes J, = 0.(C + f) and J3 = 0.(f). The Calabi-Yau intersections and
Chern classes are given by (3.39).

A few predictions from the periods for the D4-brane partition functions are

E
fool@ = Lzzq—”z(1+252q+...), (5.99)
n(r)
f(”Pr( ) = 2E4(MEe(T)
n(r)*
= —2¢7' +480 +282888¢g + - -
E>(T)E4(7)* + 2E4(7)E
f2pr(T) 2(T)E4(7)” + 244(7') 6(7') (l)pr(2)
24n(7)
= —9252¢-673760¢> +--- + 1 fc(2r),
213 2 4 2
f@)m _ SAESE} +216E;EfEe + 109E] + 197E4Eg (1)pr(3)
1555236 277€0

848628 ¢*/2 + 115243155 ¢/ + - f(l) Pr(37).

Since c2(M)- f = 24, explicit expressions in terms of modular forms for the divisors fc,, () become
rather lengthy. Interestingly, one finds that for this class the first coefficients (checked up to n = 12),
are given by 1 + 2n in agreement with Eq. (3.91). Moreover, the second and third coefficients are
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5 Quantum geometry of elliptic fibrations

respectively given by
1
X(M)(Ecz P - 1) (5.100)

and
W +9 (He-P-2) (5.101)

as long as the corresponding g < 0.

Another interesting class are r D4 branes wrapped on the divisor C, which is however not an ample
divisor since C = J, — J3. The Euler number of this divisor is ¢, - C = 12, it is in fact the rational
elliptic surface d Py, which is the 9-point blow-up of the projective plane P2, or equivalently, the 8-point
blow-up of Fy. For r D4 branes we have P = rC. Eq. (3.39) shows that the quadratic form Dy P*
restricted to J and J3 is

r( b ) (5.102)

1 0

The other 8 independent classes of H2(P, Z) are not “visible” to the computation based on periods, since
these 2-cycles of P do not pull back to 2-cycles of M. We continue by confirming the expressions found
from the periods with a computation of the Euler numbers of the moduli spaces of semi-stable sheaves
as in Refs. [I391[313]]. The algebraic computations are more naturally performed in terms of Poincaré
polynomials, and thus give more refined information about the moduli space [301]]. Moreover, the eight
independent classes which are not visible from the Calabi-Yau point of view, can be distinguished from
this perspective.

One might wonder whether the extra parameter appearing with the Poincaré polynomial is related
to the higher genus expansion of topological strings. However, the refined information of the genus
expansion is different. Roughly speaking, the D2-brane moduli space is a torus fibration over a base
manifold [114]]. The genus expansion captures the cohomology of the torus, whereas the D4 brane
moduli space gives naturally the cohomology of the total moduli space. For r = 1, Ref. [I67] argues
that the torus fibration is also present for moduli spaces of rank 1 sheaves on d P9, but it is non-trivial to
continue this to higher rank. Another approach to verify the Fourier-Mukai transform at a refined level
is consider the refined topological string partition function with parameters €] and €, and then take the
Nekrasov-Shatashvili limit €; = 0, e, < 1 instead of the topological string limit €; = —e, = g;.

The structure described in section [5.5] for D4 brane partition functions simplifies when one special-
izes to a (local) surface. The charge vector I' becomes (r, chy, chy) with r the rank and ch; the Chern
characters of the sheaf and recall A = %(cz - %c?), and u = c1/r € H*(S, Q).

This section verifies the agreement of the[BPS]invariants obtained from the periods and vector bundles
of dPy for fc(lr) Jon (t,z) for r < 3. The results for r < 2 are due to Gottsche [[112]] and Yoshioka [315]]. The
computations apply notions and techniques from algebraic geometry as Gieseker stability,[HN|filtrations
and the blow-up formula. We refer to [I55[301]] for further references and details. The most crucial
difference between the computations for dPy and those for Hirzebruch surfaces in [155[301] is that the
lattice arising from H?(dPy,Z) is now 10 dimensional. We continue therefore with giving a detailed
description of different bases of H*(dPy, Z), gluing vectors and theta functions.

5.6.1 The lattice H*(dPy,Z)

The second cohomology H*(dPy,Z) gives naturally rise to a unimodular basis, it is in fact isomorphic
to the unique unimodular lattice with signature (1,9), which we denote in the following by A; 9. Three
different bases (C, D and E) of A are useful. The first basis is the geometric basis C, which keeps
manifest that dPg is the 9-point blow-up of the projective plane P2. The basis vectors of C are H
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5.6 BPS invariants of the rational elliptic surface

(the hyperplane class of P?) and ¢; (the exceptional divisors of the blow—upﬂ The quadratic form is

diag(1,—1,...,—1). The canonical class Kg of dPg is given in terms of this basis by
9
Ko ==3H+ > ¢ (5.103)
i=1

One can easily verify that K92 = 0. Note that — Ky is numerically effective but not ample.
The second basis D parametrizes Aj g as a gluing of the two non-unimodular lattices A and D. The
basis D is given in terms of C by

a; = —Ko, a, = H — ¢y,
d=c¢ —ci;1, 1<i<7, (5.104)
dg = —H + ¢7 + ¢g + ¢co.

The a; are basis elements of A and d; of D. Since A and D are not unimodular, integral lattice elements
of C do not correspond to integral elements of D. For example, ¢g is given by
6

1
Cy = 3 (al +ap + id; + 3d; + 4dg). (5.105)

i=1

The other ¢; are easily determined using ¢y. The quadratic form Q4 of the lattice A is

Qa =( (2) (2) ), (5.106)

and Qp of the lattice D is minus the Dg Cartan matrix

2 -1 0 0 0 0 0 0
1 2 -1 0 0 0 0 0
0 -1 2 -1.0 0 0 0
Qv = ~Qpy = - 8 8 o1 —21 21 —01 8 8 (5.107)
0 0 0 0 -1 2 -1 -1
0 0 0 0 0 -1 2 0
0 0 0 0 0 -1 0 2

Gluing of A and D to obtain Ajg corresponds to an isomorphism between A*/A and D*/D. This
isomorphism is given by 4 gluing vectors g;, since the discriminants of A and D are equal to 4. We
choose them to be

go = 0,

g, = 3(1,0,1,0,1,0,1,0,0,1),
g, = 1(0,1,0,0,0,0,0,0,1,1),
g; = 3(1,1,1,0,1,0,1,0,1,0).

Theta functions which sum over D will play an essential role later in this section. The theta functions

2 We will use in general boldface to parametrize vectors.
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0,y u(7) are defined by

2
Opyum = > g7 (5.108)

k=p¢ mod rZ

Such sums converge rather slowly. Therefore, we also give their expression in terms of unary theta
functions 6;(7) = 6;(0, 7). For r = 1 and the glue vectors g; one has

Opyg, () = 3(6:(0)° +6am?),
Opyg, (1) = 3620,
Opyg, (1) = (60 —u(1)®),

Opyg, (1) = 160t

For r = 2, the y in the ®yp, ,(7) take values in D/2D. The 28 elements are naturally grouped in
6 classes with multiplicities 1, 56, 140, 1, 56 and 2 depending on the corresponding theta function
®2p, (7). We choose as representative for each class

dy
d;
d;
d;
dy
ds

= 0,

= (1,0,0,0,0,0,0,0),
= (1,0,1,0,0,0,0,0),
= (0,0,0,0,0,0,1, 1),
= (1,0,1,0,1,0,0,0),
= (1,0,1,0,1,0,1,0).

Elements u € g, + D/2D fall similarly in conjugacy classes corresponding to their theta functions. We
let m; ; denote the number of elements in the class represented by g; + d;. The non-vanishing m; ; are
given in table[5.1] The corresponding theta functions are given by
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I’l’li’j 0 1 2 3 4 5
0 1 56 140 1 5 2
1 128 128

2 16 112 112 16

3 128 128

Table 5.1: The number of elements m; ; in g; + D/2D with equal theta functions ®p, 4,+d,(7).

O2p5.d, (T)
O2py.4,(T)
O2py.4,(T)
O2p4.45(7)

®2D3,d4 (T)
O2pg.a5(7)

16208 + 042)° ),

15 (6308 = 040 ) - 30,(21)°03(27)?, (5.109)
50,(1)8,

(620 - 0u20)*),

16:(27)%603(27)?,

16,21)8,



5.6 BPS invariants of the rational elliptic surface

For g,
Oy, (1) = 00" (6:27)* - §0420)%),
®2D8901+d3 (T) = ®2Dg,d2 (T)a
for g,
O2py.g,(7) = 160,(1)* 63(27)°,
O2pggy+d, (1) = 02(1)°03(27)%, (5.110)
Oy gy+d>(T) = 0r(1)° (83(27)2 — O4(1)? )
@2y g,+d,(1) = 36221)°02(1),
and for g5:
®2D3,g3 (T) = ®2D8,g| (T)’
O2pg.g,+d5(T) = Oopgg,+d, (7).

The third basis is basis E corresponding to the representation of A g as the direct sum of the two
lattices B and E, whose basis vectors b; and e; are

by = —Ko, bs = ¢,
€ =¢C —Ci+1, 1<i<7, (5.111)

eg = —H +c¢g + ¢y +cg.

The element H of basis C is in terms of this basis: H = (3,3,3,6,9,12, 15,10, 5, 2). The intersection
numbers for b; are b% =0, b% = —1 and b; - b, = 1. The quadratic form Qg for E is minus the Eg Cartan
matrix, which is given by

2 -1 0 0 O O O O
-1 2 -1 0 0 O O O
o -1 2 -1 0 0 0 O
o 0 -1 2 -1 0 O O
o 0o 0 -1 2 -1 0 -1V (5.112)
o o0 o0 o0 -1 2 -1 0
o o o0 o0 o0 -1 2 O
o 0 o0 o0 -1 0 0 2

The 256 elements in E/2E fall in 3 inequivalent Weil orbits with vectors of length 0, 2 and 4, which
have multiplicities mg = 1, m; = 120 and m, = 135 respectively. We choose as representatives

eg = 0,
(1,0,0,0,0,0,0,0),
(],0’ 170,0’070,0)'

€|

€
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5 Quantum geometry of elliptic fibrations

The corresponding theta functions ©, g, ¢, are for r = 1, 2:
®E3,80(T) = E4(T)a
®2E3,80(T) = E4(2T)a

1
O263.01(7) = 575 (Ea(7/2) = Ea(7/2+ 1/2)),

1
©283.6,(7) = 75 (Ea(7) — E4(27)).

5.6.2 BPS invariants forr < 3

Rank 1

The results from the periods for fg&’pr(r) is (5.99

E4(7)
n?

This can easily be verified with the results for sheaves on surfaces. The result for » = 1 and a complex,
simply connected surface S is [[112]

fooP @) = (5.113)

i
912z, T)n(r)>2E)"1

P8 = (5.114)

The dependence on J can be omitted for » = 1 since all rank 1 sheaves are stable. If we specialize to
S = dPy, take the limit w — —1, and sum over all ¢; € E = H*(dPo,Z)/.* H*(M, Z) one obtains

Ey(7)

o - 240

(5.115)

in agreement with Eq. (3.113).

Rank 2
The prediction by the periods for r = 2 is given by

féz(;’Pr(T) in (5.99). This is a sum over all [BPS

invariants for ¢; -a; = 0, i = 1,2. In order to verify this result, it is useful to decompose féz(;’pr(r)
according to the three conjugacy classes of E/2E € Hy(dPy)/(t*Hy(M,Z)). One obtains

@ = Zz]ml- Sl (7) O ¢,(7) (5.116)
i=0
with [139]:
D@ = S [0 Oar 0+ (050040 = 420 (0200 + 04
+%hﬁ’feo(2r),
v (1) = g B2 Oarn (1) = §Ea(n) 02(0) ] (5.117)
a0 = S [Ba0Oape(0) = 0208 (950 + 00
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Verification of the expressions (5.117) is much more elaborate then for r = 1. We will use the ap-
proach of [T42][T43|[315]|. The main issues are the determination of the BPS]invariants for a polarisation
close to the class a, (a suitable polarisation) and wall-crossing from the suitable polarisation to

J=—K9=31. (5.118)

These issues are dealt with for the Hirzebruch surfaces [[142}[143]], and for dPy in [315]]. The main
difficulty for dPy compared to the Hirzebruch surfaces is that that the class f and K9 span the lattice
A, which is related to Ajg by a non-trivial gluing with the lattice D. Before turning to the explicit
expressions, we briefly outline the computation; we refer for more details about the used techniques
to [301]. The polarisation J is parametrized by

Jon = may +na. (5.119)

In order to determine the invariants for the suitable polarisation J 1, view dPg as the 8-point
blow-up of the Hirzebruch surface F;: ¢ : dPy — F;. We choose to perform this blow-up for the
polarisation Jg, = f, with f the fibre class of the Hirzebruch surface. The pull back of this class to dPgy
is ¢*f = Jo.1. The generating function of the invariants for this choice takes a relatively simple
form: it either vanishes or equals a product of eta and theta functions depending on the
Chern classes. This function represents the sheaves whose restriction to the rational curve a; is semi-
stable. The generating function f, (]r) Jo, (1, 2) is therefore this product formula multiplied by the factors
due to blowing-up the 8 points. To obtain the [BPS] invariants from this function, one has to change
Jo.1 to J.1 and subtract the contribution due to sheaves which became (Gieseker) unstable due to this
change [301]]. Consequently, we can determine the BPS]invariants for any other choice of J by the wall-
crossing formula [[126}[144][285].. In particular, we determine the invariants for J; o = —Ko and change
to the basis E in order to compare with the expression from the periods. We continue with determining
the [BPS]invariants for J = Jo 1. The BPSinvariants vanish for ¢ - a; = 1 mod 2

P (z1)=0, cirap=1 mod 2. (5.120)

Clv’s,l

Since@linvariants depend on ¢; mod 2A; 9, we distinguish further ¢c;-a; =0 mod 4 and ¢;-a; =2
mod 4. For these cases, we continue as in using the (extended)ﬁltration. A sheaf F which is
unstable for J,; but semi-stable for Jy 1, can be described as a HN-filtration of length 2 whose quotients
we denote by E;, i = 1,2. If we parametrize the first Chern class of E; by k = (ky4,kp), then the
discriminant A(F) is given by

1 1
2A(F) = A(EY) + A(E) = 7(Zka - cila)’ - 7(%kp - cilp)’. (5.121)
The choice of kp does not have any effect on the stability of F" as long as J is spanned by Jy 1 and J; 0.
Therefore (5.12T) shows that the sum over kp gives rise to the theta functions ®,py (7). The condition

for semi-stability for Jy ; but unstable for J.; implies (c1(E1) — ¢1(E2)) - a2 = 0. This combined with
c1-ay = 0 mod 4 gives for ¢1(E;) = 0 mod 2, which shows that c|(E;) = g; mod 2A 9 only for

137



5 Quantum geometry of elliptic fibrations

Jj = 0,2. One obtains after a detailed analysis for ¢; - a, =0 mod 4

fc<12>1 @ —in(7)

912z, 7)2 91 (42, 7)

(w4{(290—4cl)'al]
+ —_—

1 —wt

1—w*

]__[ Bas(z,7)

(5.122)

1

(1) 2
B 560»{(%90—101)'31}] ®2D8’C1_2g0(7) fO (z7)

1

4{(3g,-Fc1)ar)
w* 29271 (1) 2
+ (— - 550,{(%92_i01).31} ®2D8,01—2.¢12(T) fO @07

where {1} = A— 4] and £; = c; - ¢;. The right hand side on the first line correspond to the sheaves whose
restriction to a, are semi-stable. The functions

Bz = Y. ¢ w'in) (5.123)

neZ+t/2

are due to the blow-up formula [[136}[T144,301L[313]]. The second and third line are the subtractions due
to sheaves which are unstable for J, ;.

Similarly one obtains for ¢; - a =2 mod 4

—in(7) 3

Bz, T

912272 91 (42.7) 1—1[ 200
w4{(%91—%01)'all 1

+ ———— e - —
1-uwt 2

H(zg5-jeDarl
we s (1) 2
+( I — o - 550,{(%93_%“).31} ®2Dg,c1—2g3(7) f() (z, 7).

@)
Jeru, ' (z,7)

(5.124)

(1) 2
50,{<;q1—ic1)~a1}] O2p4.6,-29, () fy (2 7)

What remains is to change the polarisation J from J. ; to J; o and determine the change of the invari-
ants using wall-crossing formulas. For J = (m, n,0) € A & D, we obtain the following expression

—in(7)
912z, 7)2 914z, T) U By (2, 7)

2).A
+ Z fCl =293 m,

.....

£ @) (5.125)

(2, T) O2p ¢y 24,(7),

with

% (sgn(ain + apm) — sgn(a; + axe))

2),A 2),A 1
f.;l ’)Jm,n (Z, T) = fgl )J I(Z’ T) + E Z

(a1 ,a2)€A+Cl

x (w4a2 _ w—4a2) q—4a1a2f(§1)(z’ T)2.

The functions f(z)A (z,7) are rational functions in w multiplied by fol)(z, 7)> which can easily be read
off from Eq. . For J = J; o the functions can be expressed in terms of modular functions.

Table [5.2) presents the [BPS] invariants for J = J;o. As expected, the Euler numbers are indeed in
agreement with the predictions (3.IT7). One can also verify that for increasing c,, the Betti numbers
asymptote to those of » = 1 or equivalently the Hilbert scheme of points of dPy.
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5.6 BPS invariants of the rational elliptic surface

cp ¢ by by by bg bs by by b4 D16 X
ey 2 1 10 55 132
3 1 11 76 396 1356 3680
4 1 11 78 428 1969 7449 20124 60120
5 1 11 78 430 2012 8316 30506 95498 221132 715968
(3] 1 1 9 20
2 1 11 75 309 792
3 1 11 78 426 1843 5525 15768
4 1 11 78 430 2010 8150 27777 68967 214848
e 1 1 2
2 1 11 60 144
3 1 11 78 404 1386 3760
4 1 11 78 430 1981 7495 20244 60480

Table 5.2: The Betti numbers b,, (with n < dime M) and Euler numbers y of the moduli spaces of semi-stable
sheaves on dPy withr =2, ¢; =e;,and 1 < ¢y <4 for J = Jjp.

We define the functions f}lz)’A(z, T) := ff)}?o(z, 7), which only depend on c|4 = @ a; + @ a; with

ay,an €0, %, 1, % One finds for ap, =0 mod 4

(2).A
o (@D 11 ﬁln(ﬁ (47,47 + 201) D1 (47,47 — 2a1)) (5.126)
[l 1)? -~ 82nidz e A v '

and for ap # 0 mod 4

c(lz)’A(Z, ) ig M p4n)} (w29 (4, 42+ 2 — a2)T) w9 (4r, -4z + 2(e) — @)7)
fél)(Z, )2 2 91(47,2007) P1(41,4z + 2a17) 141,47 + 2a17)
(5.127)
To prove the agreement of the Euler numbers with the periods, we specialise to w = —1. Let
1 0 k
= 12F 5.128
= mioe 12020 (5.128)

be the differential operator which maps weight kK modular forms to modular forms of weight k + 2. Then
one can write fc(12)11 O(T) as

1 1
fetn @ = W(Eécl.az,oD4<ﬂa<2r)’"ﬂz<2r)8—'"> (5.129)

A
+ fC] —Zgj (T) ®2D,Cl—2gj (T) )
i=0,...,3
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5 Quantum geometry of elliptic fibrations

with | ]
f(fO(T) = 320" + L Ex(7),
A @ =190208:021)°,
2°2

4@ =10,2039:21),

2’

0@ = 50220 - 559:20)* + 55 Ex(D),
@ = 5720 - 59:20)°,
@ = —gheot

If ¢1]p = 0, this reproduces the functions in [I39}[3T5]] depending on whether the classes in lattice E are
even or odd.

Modularity
Electric-magnetic duality of N =4 U(r) theory implies modular properties for its partition func-
tion [140]. Determination of the modular properties gives therefore insight about the realisation of
electric-magnetic duality at the quantum level.

The expression in equation (5.123) does not transform as a modular form for generic choices of
J. However, using the theory of indefinite theta functions [146]], the functions can be completed to

a function lez)J(z, 7) by addition of a non-holomorphic term, such that EIZ)J(Z’ 7) does transform as a

modular form [[300]. Interestingly, equation (5.129) shows that f;z)l(z, 7) becomes a quasi-modular
form for
)
Jim 7@, (5.130)

i.e. it can be expressed in terms of modular forms and Eisenstein series of weight 2. In some cases it
becomes even a true modular form. This is due to the special form of Q4.

The transition from mock modular to quasi-modular can be made precise. Due to the gluing vectors,
the function

@) =20/ e’ (5.131)

takes the form

f2,c1 @1 dmn) = Z f(2)7A (z,7) ®2D,(2ﬂ—61)D ()

(c1 _2/1)A :Jm,n

M

6,200 Mm(zn 229,27, 22)87K, (5.132)
T 94 (1, 42)

where k is the number of c;-¢; =1 mod 2 for 1 < i < 8. The completed generating function Ecl (z,T5J)
is a slight generalisation of the equations in Section 3.2 in Ref [300]:

Frei (@) = foe (T3 0) + (5.133)

Ky-J 1
e - Ky - esgn(e - ) By (] ) | (-1 g,

cEch 4r~J2 1) 4

+H2(29.,2Z)

where 7, = Im(7) and B, (x) = fx Cue ™du. We parametrize J by by + vb, and carefully study the
limit v — O (this corresponds to the limit R — oo in [[I39])). In this limit, J approaches —Kjy. Moreover,
J-Kg = —vand J? = v(2 —v). If one parametrizes ¢ by (ng, ny, ¢, ), only terms with n; = 0 contribute to
the sum in the limit v — 0. Therefore the term with 8 1 (€2 13) does not contribute to the anomaly. After
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5.6 BPS invariants of the rational elliptic surface

a Poisson resummation on ng, one finds that the limit is finite and given by

Fra(TJ10) = foe, (T3 J10) — Oeran alo Z g, (5.134)

ce—c|lg
+2E
This is in good agreement with equation (5.117) if ¢; - a; = 0. The lattice sum over ¢ gives precisely
the theta functions ®258 ¢;(7). Recalling the modular completion of the weight 2 Eisenstein series:
EQ(T) = E)1) - 7 We see that the non-holomorphic term implies that in the holomorphic part of
fz,c. (15 J1,0), E2(7) is multiplied by the @, ¢,(7)/24 as in equation 1i We have thus verified that
the non-holomorphic dependence of D4 brane partition functions is indeed consistent with (5.117) and
therefore with (5.13) for topological strings as implied by T-duality. Note that for ¢;-a; = 1 mod 2, the
non-holomorphic dependence of f> ., (r; J) vanishes in the limit J/ — J; o, in agreement with (5.129).

Rank 3
Similarly as for r = 2, Ref. || also decomposes f( Pt (7) into different Weyl orbits. We will restrict
in the following to the ey = 0 orbit in E/3E since the expressions become rather lengthy. In order to
present fe(o )af’ (1), define
m?+n*+mn
b3 (1) = Z q . (5.135)
m,neZ+€/3

Then fe((? ).‘,Il)r(r) is given by ||

3),
()pr( )

€0,a]

51 b;?o -~ 184 bg,obg, | +336 bg’,obg’l +288 bgyobg,l +32 b;zl)

2592 136 [(

+Eabsg (363 — 11255,0b3 | + 3255 b3 | — 6453 ) (5.136)
2 6 3 13 6

+E3b3 (905, — 163 4b3 | + 16 b5 ).

In order to verify this expression, we extend the analysis for r =2 tor = 3. Forc; -a = £1 mod 3
the BPS]invariants vanish for a suitable polarization

£, @=0. (5.137)

The @]—ﬁltratlons for the sheaves which are unstable for J, | but semi-stable for Jy ; have length 2 or

3. From those of length 2, one obtains rational functions in w multiplied by fol)(z, T) fliz)(z, 7) O2pg (1),

with g = 0, ay, d; and d; + a,. The theta function arising from the sum over the Dg lattice is more

involved for filtrations of length 3. Instead of a direct sum, a “twisted” sum of 2 Dg-lattices appears; we
will denote this lattice by Dj

Orgn = ), g (5.138)
ki€D3+ﬂ,-,i=l,2
= Z 1M @2y +p1y+d,(T) @20y —puy+;(37) (5.139)
where m; are the multiplicities of the theta characteristics p; +u, +d;, thus forp, +u, € D,i=1,...,6,
and for u; + p, € D/2,i =1, ...,4. For numerical computations the second line is considerably faster
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5 Quantum geometry of elliptic fibrations

than the first line. We obtain after a careful analysis

3) in(t)}
Joa @D = G e 1R 06 1)

1 1
+2(1 A E)fél)(z’ D D Fotdyy @ DO (37
v i=0,3 '

Bio(z,7)® (5.140)

w
+2 12)f5”<z, D Fordp., @ DO20,4,(37)

( 6
l-w =03
1
+2(
1-w

3
w 1 2
)fg @) D, mifi . @70y, (3T)

1Y a 2
: —E)fg @) D moi £y ap., @O (37)
i=1,2,4,5

+2

—ub
I-w i=0.12.4
1+ w12 1 1 (1) 3
_((1 (1 —w?) T-w? E)fo @ 7)" O20:00(7)

w’ w’ M, 33
_2 (1 —uwh(l-w2) 1-w? fo @) Oapyg,0(T)

4, 16
- ((1 _u;s;lw_ wlz))fél)(z, 7’ ©214,0,0(7)-

The functions due to the blowing-up of 8 points are now given by

24,2

m-+n-+mn,, 4dm+2n
w

q

B3i(z,7) = 3
mneZ+k/3 (1)

(5.141)

We have used in (5.140) that fc(lz)Jmn(z, 7) only depends on the conjugacy class of ¢y in D/2D, and
moreover that ’

£, @0=12) @ (5.142)

I’Jm,n

if ¢; = (0,0,d;) and c; =(0,1,d;) fori = 1,2,4,5 (but not for i = 0,3) and ¢; = (0,0,d;) + g, and
¢, =(0,1,d) +g,.

Having determined fé? l(Z, 7), what rests is to perform the wall-crossing from J, 1 to Ji o. To this end
we define ’

fc(i)}A(Z’ o = Z % (sgn(ain + aym) — sgn(a; + a¢))
a:Cl|A mod 2A
6 -6 -3 (2) (1)
(w vow az) q e f(a,C’1|D),]Ia1|,Ia2|(Z’ T) fO (Z’ T)’ (5143)

with a = (a1, a). Then f§)(z,7) is given by [154][155]

3 3
fé,])(z,r; J) = hg}&l(z,r)+ Z mi,jf£a+gi+dj(z,r; J) O2pg g,+a,(37).
ac2A/A

The Betti numbers for J = J; o and small ¢, are presented in Table@ and indeed agree with the Euler
numbers computed from the periods.
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5.6 BPS invariants of the rational elliptic surface

2 by by by bs bs bio b1y b bis big by b X
3 1 10 65 320 1025 1226 4068
4 1 11 77 417 1902 7372 23962 57452 68847 251235
5 1 11 78 429 2002 8260 30710 103867 316586 836221 1706023 2029416 8037792

Table 5.3: The Betti numbers b,, (with n < dimc M) and the Euler number y of the moduli spaces of semi-stable
sheaves on dPg withr =3, ¢y =0,and 3 < ¢; <5 forJ = Jy,.

One might wonder how to derive the modular properties fé?l) (z, 7). The completion takes in general
a very complicated form due to the quadratic condition on the lattice points [I55]. One can show
however that for J = J;o the quadratic condition disappears from the generating function due to a
special symmetry of the lattice A, and therefore one again obtains quasi-modular forms at this pointEl

3 We thank S. Zwegers for providing this argument.
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CHAPTER 6

Conclusions and Outlook

In this thesis we investigated the wall-crossing holomorphic and modular anomaly of generating func-
tions of BPS invariants in string theory. These results are obtained by studying multiple M5 branes
that wrap a divisor P inside a Calabi-Yau threefold and using methods from topological string theory,
algebraic geometry and the theory of modular forms. In particular it is possible to perform explicit
calculations of the generating function for higher rank using stability conditions. For the case of el-
liptically fibred Calabi-Yau threefolds we established a new holomorphic anomaly equation, which is
recursive in the genus and the base within the framework of topological string theory generalising earlier
observations by Hosono. By using T-duality a relation to the holomorphic anomaly of D4-D2-D0[BPS]
invariants is established. This recursive structure allows to determine the generating function for higher
rank and genus.

We first investigated » M5 branes on divisors P with b7 = 1 and focused on the case r = 2. In the type
ITA language this corresponds to a system with D4-D2-D0 [BPS] states. Upon further compactification
on P x T? the setup can be described in two limits depending on the size of the compactification spaces.
For the case that P is small compared to T2 we obtain a (0,4) description which for the case of
r = 1 is known to be the In the case that 72 is small compared to P the resulting theory
corresponds to a topological N' = 4U(r) theory. The main object of our studies is the modified
elliptic genus Zg) and its properties. This modified elliptic genus can be decomposed into a vector-

valued modular form f;r}(r), which contains the information about the [BPS|states, and a Siegel-Narain
theta function. We used the Kontsevich-Soibelmann wall-crossing formula to calculate the change in

f/ﬁr}(r) when moving from J to J’ inside the Kéhler cone. Using earlier results of Gottsche, we express

this change in terms of an indefinite theta function G)/J\’i;(r, 7). However, though holomorphy is still
guaranteed at this point, modularity is spoiled due to the indefinite theta function and would hence
spoil S-duality invariance. It is restored at the cost of holomorphy by regularising the indefinite theta
function as prescribed by Zwegers in his work on mock modular forms. The basic idea is to replace
the discontinuous sign function by the continuous error function. With this insight we use the language
of mock modular forms to prove the holomorphic anomaly for two M5 branes if one sets one of the
Kéhler parameters to —[P] which corresponds to the attractor point. The holomorphic anomaly can be
interpreted in terms of bound states of the M5 branes.

We checked the holomorphic anomaly and calculated the modified elliptic genus explicitly for the
divisor being P2,Fy,Fy,dPg and dPy = %K3. Other surfaces are obtained from these by the blow up
procedure and the blow up formulae for the generating functions. For r > 2 one would need the theory
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6 Conclusions and Outlook

of mock modular forms of higher depth to discover a similar connection between wall-crossing and
modularity. However, such a theory is not developed and using insights from physics by using wall-
crossing techniques helps to construct generating functions. First attempts of this were made in [I55]].
The lattice of such an indefinite theta function would be of signature (r — 1)(b, b3).

For the case of dPy = %K3 we obtained the higher rank results by calculating coefficients of the
prepotential F(O. In particular in this case the holomorphic anomaly is with respect to quasi-modular
forms and the anomaly is captured by the second Eisenstein series E;. We investigated this anomaly
further and generalised it to the case of elliptically fibred Calabi-Yau threefolds.

We provide the possible geometric constructions of elliptically fibred Calabi-Yau manifolds by means
of toric geometry and discuss various properties of these geometries. The quantum geometry is explored
by means of the A-model of topological string theory. In particular we find a holomorphic anomaly in
the topological amplitudes with respect to the base Fg]) which is recursive both in the genus g and in

the base 8. Furthermore the Fg’) can be expressed in terms of quasi-modular forms. Using B-model

techniques we discuss the elliptic fibrations over P? and F;. For the explicit case of the elliptic fibration
over P? we trace the appearance of modular forms back to the modular subgroup of the monodromy
group. For the other fibrations similar results hold. We proof the holomorphic anomaly by using mirror
symmetry for the explicit example of the base F;. Using insights from BCOV on the holomorphic
anomaly equations for n-point functions we derive the discovered holomorphic anomaly equation.

The results for elliptically fibred Calabi-Yau threefolds obtained via topological string calculations
are related to those of multiple M5 branes via double T-duality/ the Fourier-Mukai transform on the
elliptic fibre. We check this explicitly for the case of dPy = %K?» by calculating the generating functions
for r < 3 by using techniques from the study of stability of sheaves.

The new discovered holomorphic anomaly has been checked in the base degree and for genus zero and
one. However, due to a symmetry in the moduli space of the elliptically fibred Calabi-Yau threefolds
it should be possible to determine the higher genus contributions as this symmetry allows to fix the
holomorphic ambiguity in the determination of the F@. This would provide an interesting check of our
anomaly and furthermore it might be possible to have an integrable model. First higher genus checks
were performed in [320].

Though we have been mainly concerned with the obtained results in the field theory limit of our
setup, it is also an interesting question if our results can be used to gain new ideas of the MSW]|[CFT] for
multiple M5 branes. These results could be used to gain a better understanding of multiple M5 branes
and on the microsc?pic description of the black hole entropy. In particular the physics of the anomaly

and the factor of T? could represent a boson separating the two M5 branes.

New insights might also be within reach for the[OSV]conjecture, which states that the black partition
function is proportional to the square of the topological string partition function. Our results for the
topological string theory on elliptically fibred Calabi-Yau threefolds can be related via T-duality to our
setups with D4-D2-D0 branes and hence provide a new check for the OSV conjecture.

One possible realisation of mock modular forms is that of meromorphic Jacobi forms. Such a mero-
morphic Jacobi form is known to count the black hole microstates in the case of N' = 4 compac-
tifications. Of course it would be interesting to have such an object as well for D4-D2-D0 bound states
and the mock modular form would appear in the Fourier-Jacobi development of that meromorphic form.
The generating function could then be expressed as the Fourier coefficient of such a meromorphic Jacobi
form and information about the wall structure would be encoded in the path of integration. However, at
the present point this is purely speculative.

Another direction of future research that is more mathematically oriented concerns the study of mock
modular forms of higher depth. Using the techniques presented in this thesis it is possible to consider
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examples of mock modular forms of higher depth. However, the general structure is still unclear and it
would be very interesting to give a general definition as well as applications.

In a nutshell, the interplay between wall-crossing, holomorphic anomalies and modularity provides a
fruitful testing ground of string theory and its interaction with mathematics with many discoveries still
to be made.
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APPENDIX A

Complex Geometry

In this section we provide some basic notions from complex geometry which are important for studying
string theory. We start with the definition of a complex manifold and focus on the case of Calabi-
Yau manifolds which appear in the context of compactifications of string theory. K3 surfaces and its
properties are also introduced as they provide a Calabi-Yau twofold which is used for compactifications
and orbifolds thereof. We follow [327]], other standard texts are [89}[3284330].

A.1 Complex manifolds

In the following we assume that M is a real manifold of dimension 2m. From this we obtain a complex
manifold by the following definition:

Definition: Let {U;} be an open covering of the manifold M and let ¢; : U; — C™ be a homeo-
morphism to an open subset of C"'. Now (M, {U;, ¢;}) is a complex manifold if for all U; N U; # O the
transition function

$ij = ¢io ¢}1 19 (UinUj) — ¢:(U; N U) (A.D)

is holomorphic. o
So the transition functions have to fullfill

- P
Oy = 6—Z,<¢§j =0 VK1, (A2)

where we denote by z¥ = x* + iy* complex coordinates and (A.2) is just the Cauchy-Riemann equation.
The complex dimension of the complex manifold M is m.

Examples:
1. The simplest complex manifold is C™.
2. The torus T2 is a complex manifold.

3. The complex projective space CP" = P™. This is constructed in the following way. We take

points (z%,z',2%,...,2™) € C™! and perform the following identification

2,252 2 ~ a0 A7), e (A.3)
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A Complex Geometry

For all coordinates (z,z!, ..., 7") obeying (A3) we introduce homogeneous coordinates by writ-
ing
[z (A4

From the definition it follows that every complex manifold is also a real manifold. The converse is in
general not true as it is not clear how one should assign complex coordinates. Therefore one needs the
notion of a complex structure.

Definition: An almost complex structure J on a 2m real dimensional manifold M is a smooth tensor
field J e I'(TM ® T M*) such that

Jegb = 5. (A.5)

<

An almost complex structure is the generalisation of multiplication with i known from complex ana-
lysis in C. This can be seen from (A.3) leading to J? = —17y.
A 2m dimensional real manifold M with an almost complex structure J is also called an almost complex
manifold.

Definition: The Nijenhuis tensor N, (v, w) of two vector fields v, w with respect to the almost complex
structure J is defined by

N;(,w) = [Jv, Jw] — J[v, Jw] = J[Jv,w] — [v, w], (A.6)

where [-, -] denotes the Lie bracket between two vector fields. o
In local coordinates the Nijenhuis tensor is given by

Ng. = JE@4J = 8:JS) = JH(Bady — 0pJS). (A7)

Definition: An almost complex manifold M with almost complex structure J is a complex manifold,
if and only if the Nijenhuis tensor vanishes N; = 0. Then J is called complex structure. o

The two definitions of a complex manifold are equivalent as can be shown by using a theorem by
Newlander and Nirenberg. The theorem states that our first definition of a complex manifold holds, if
and only if the complex structure J satisfies an integrability condition. This integrability condition is
stating that the Lie bracket of two holomorphic vector fields is always holomorphic.

In order to understand this, we consider the complexified tangent space
T,M®C =T, M, (A8)

at each point p of the 2m-dimensional real manifold M. The eigenvalues of the complex structure J
are +i as J127 = —1Ir,u. The corresponding eigenspaces are T};OM for i and Tg’lM for —i. This gives a
decomposition into holomorphic and antiholomorphic tangent spaces of the complexified tangent space
at every point of the manifold

TMQRC=TcM=T""'MeT"" M. (A.9)

T'9M is called the holomorphic tangent bundle and 7%! M the anti-holomorphic tangent bundle.
The vanishing of the Nijenhuis tensor is equivalent to an integrability condition. Denoting by P = 1‘7’]
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the projection on 7'M and by P = % the projection on 7%! M, the integrability condition reads

P[Pv, Pw] = 0. (A.10)

The complexified cotangent bundle also splits into holomorphic and anti-holomorphic bundles.
T"M®C=T:M=T""Me T M. (A.11)

Form this it is possible to construct tensor fields as sections of tensor products of the tangent bundle
with the the cotangent bundle.

A.2 Homology and cohomology

We consider k-forms on a m-dimensional real manifold M given by smooth sections of the k-th exterior
power of the cotangent bundle A*T*M, i.e. they are totally antisymmetric tensors of type (0, k). If m is

the dimension of the underlying manifold M, then the dimension of A*T*M is (’Z)

The space of k forms is denoted as Q¥(M). The wedge product between a k- and a I-form leads to a k + [
form. In coordinates this can be written as follows

a= ail,._ikdxi’ AdxX? A A dx, B = /B’jl_,_j,dxj’ Adx? A Adx,

) . . . (A.12)
@ AL =y iy i dXT AN dXE N XN A dX
The exterior derivative d : QX(M) — Q1 (M) of a k-form « is in local coordinates given by
(9 i i k1
da = @aiz_“ikﬂdx Adx? A Adx™, (A.13)
An important property is that the total derivative squares to zero,
d(da) =0, VYae QM). (A.14)
A k-form « is closed if
da =0, (A.15)
and it is called exact if there exists a (k — 1) form $ such that
a=dB, PBeQ'(M). (A.16)

It follows that every exact form is closed.
The fact that d> = 0 leads to a very important notion - the notion of cohomology. Let us first give the
general definition.

Definition: Let Ag,Ay,... be abelian groups connected by homomorphisms d,, : A, — A, such
that d,,+1 o d,, = 0, V¥n. The cochain complex is given by

do di dy
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The cohomology groups H¥ are defined as

i _ Ker(dy : Ay = Ags1)
Im(dy-1 : Ak-1 — Ag)

(A.18)

The k-forms on a real manifold M together with the properties of the exterior derivative d can be used
to construct the so called de Rahm complex.

0-% o) -5 ol -5 - L v S o, (A.19)
with the de Rahm cohomology groups H* (M, R)

Ker(d : QX(M) — QF (M)
Im(d : Q< 1(M) > QK(M))

Hi (M, R) = (A.20)

So within the the cohomology HgR(M, R) two k-forms « and 8 are equal if they only differ by an exact
form dy, with y € Q1 (M).
a=F+dy (A.21)

Therefore we have cohomology classes [a]. In the following we will simply write a for the correspond-
ing cohomology class.

Definition: The dimension of the de Rahm cohomology group HSR(M’ R) is called the k-th Betti
number b
b* = dimHY (M, R). (A.22)

<

Definition: The Euler characteristic y is given by

X = Z(—l)"bk. (A.23)
k=0

Now we want to discuss the case of complex manifolds. For complex manifolds we have to take
care of holomorphic and anti-holomorphic pieces and we will have (p,q) forms given as sections
CAPT* 100 @ AIT*O1M). The space of k-forms QK(M) can be decomposed as

k
kM) = EB Q=i . (A.24)
j=0
We have introduced the space of so called (p, g)-forms Q7 defined as

QP = APT*1001 @ AIT*O1 0. (A.25)

So a (p, g)-form consists of p holomorphic forms and ¢ anti-holomorphic forms. The exterior derivative
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A.3 Kihler manifolds

d also has to be decomposed with respect to holomorphic and anti-holomorphic parts.

d=9d+0,
d: QPI(M) — QPHL(M), (A.26)
3 : QPIM) — QPITY (M),

By using d> = 0 the holomorphic 0 and anti-holomorphic d exterior derivatives fulfill
8*=0,0"=0,00+30 = 0. (A.27)
The Dolbeault cohomology is given by the following complex
0% QPO (M) 9, QP L (M) 9,0, QP™(M) A 0, (A.28)
and the Dolbeault cohomology groups are given by

Ker(d : QP4(M) — QP17 (M))
Im(@ : QPa-1(M) — QPa(M))

Hg,q( M) = (A.29)

Instead of using 0 we also could have used 9. Furthermore the Dolbeault cohomology depends on the
choice of complex structure.

Definition: The Hodge numbers 779 are the complex dimensions of the Dolbeault cohomology
groups Hg 4,
hP1 = dimg Hg’q. (A.30)

<

The Hodge numbers can be organised in the so called Hodge diamond.
hm,m

Jmm= 1 W 1,m
hm,O e Ce hO,m (A31)

hl,O . hO,l
h0,0

In order to study the dependence of the Hodge numbers we first need to define a metric on a complex
manifold leading to the notion of a Kéihler manifold.

A.3 Kahler manifolds

Definition: Let M be a complex manifold with dimcM = m equipped with complex structure J. A
Hermitian metric is a positive-definite inner product g : 7'M ® T%'M — C at every point of the
manifold M. ©
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This is equivalent to saying that g is viewed as Riemannian metric on M fulfilling
g(Ju, Jw) = g(v,w), Yov,weT(TM). (A.32)
The Hermitian (1,1) form w is defined via
w(v, w) = g(v, Jw), (A.33)
and reads in local coordinates

w = iguydd' N dZ. (A.34)

Definition: Let M be a complex manifold with complex structure J and g a Hermitian metric with
the Hermitian form w. The hermitian metric g is called a Kéhler metric if

dw = 0. (A.35)
Then w is called Kéhler form and the manifold (M, J, G) is called Kihler manifold. o
The Kihler condition can be rewritten in coordinates as

?,ugvc_t = ?vgy& (A36)
aﬁgu@ = a&gup

From the Kéhler condition one concludes that locally it is always possible to give a function K, called
the Kihler potential, such that
Jop = 5a53K. (A.37)

As dw = 0, w is an element of Hg’l(M) and in the de Rahm cohomology we have w € H;R(M, R), also
called Kéhler class. Taking the m-th power of w this is proportional to the volume form.

f " = iVO](M) (A.38)

As for compact manifolds the volume is positive, the cohomology class w is non-zero and therefore
A™™ > 1. Furthermore one can ask the question which classes in H 5,1 lead to valid Kéhler forms. The
metric should be positive definite

f W>0, cpeHp(MR),k=0,...,m, (A.39)

Ck

and if w fulfills this condition, so does Aw with A a positive number. Hence these classes form a cone,
the so called Kihler cone. Furthermore one concludes that there are A'! deformations of the Kihler
form.

Next we want to study some properties of forms on K#hler manifolds. First we give the definition of
the Hodge star x on complex manifolds.

Definition: Let o and 8 be complex k-forms on a complex Kéhler manifold M of real dimension 2m
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with Kédhler metric g. Define pointwise an inner produclﬂ by
(@B) = @y piBrr.md"” . g, @, e QUM (A40)
The Hodge star x on Kihler manifolds is an isomorphism
* : AFTEM — AP FTEM, (A41)

such that for a complex k-form 8 we have that xf is the unique (2m — k)-form such that for every k-form

a
a A *B = (a,)dV. (A.42)

<

Therefore the action of the Hodge star is
* 1 QPIM) — QPMTI(M). (A.43)

By using the Hodge star and complex conjugation we get the following relations for the Hodge numbers
on Kédhler manifolds

d — Jm—p,m—
WP = pnpam=q

§Pa (A.44)

Of course with the help of a metric one can calculate now the curvature tensor, the Ricci-tensor and
Ricci scalar. The Ricci tensor R,; is a tensor of type (1, 1) and to this one associates the Ricci form R
given in local coordinates by

R = iRypd7 A dZ’
i _ (A.45)
= zd(a —0)logdetg.

Now we introduce the notion of homology. Denote by d the boundary operator mapping a compact
k-dimensional submanifold 8 of a manifold M triangulated in simplices to its boundary dB8. Then the
statement d8 = 0 means that 8 has no boundary and if 8 = da, then it is the boundary of the submanifold
a. This of course also implies that 3> = 0. This can be generalized to the following notion of homology.
Denote the space of k- dimensional submanifolds by C,(M) called a k-chain. Then consider the sequence
of k-chains with the boundary operators 9y : Cy(M) — Cy—1(M) and dy © O+ = 0.

v

L con s o om 25 2 cvon 25 coty = 0 (A.46)

Definition: The k-th homology group Hi(M) is given by

HM) = Ker(dx : Cr(M) — Cr_1(M)) (A47)
k C Im(Bgs1 : Cre1 (M) — Cr(M)) .

Note that k-chains S satisfying 98 = 0 are called k-cycles.
The connection to cohomology is given by de Rahms theorem stating that Hy(M) and H*(M) are iso-

! here we consider the forms as forms on the 2m dimensional manifold M
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morphic to each other. This can be seen by using the following pairing

Hy(M) x H*(M) - C
(A.48)
B, a) — fa/
B

By using Stokes’ theorem it can be shown that this pairing does not depend on the choice of represent-
atives for a and S.

Taking a k-form @ € H*(M) and a n — k-form 8 € H"*(M) we define an inner product by using the
n-form a A 8.

HYM) x H" *(M) - C

(@.B) > f @B (A.49)
M

As the pairing is non degenerate we conclude that H' k(M) and H" *(M) are isomorphic to each other, a
result known as Poincaré duality
HY (M) ~ H*(M). (A.50)

This can also be used to state that a cycle 8 € Hy(M) is dual to a n — k-form a € H"  (M).

A.4 Chern classes

In the following we consider a fibre bundle E =5 M with structure group G. Then the total Chern
character is given by the following definition:

Definition: Let E —> M be a complex vector bundle, and let F = dA + A A A be the curvature two
form of a connection A on E. The total Chern class c(E) is given by

o(E) = det(l + éF) (AS1)

The Chern classes ci(E) € H*(M,R) are given by the expansion of ¢(E) in forms of even degrees
cEY=14ci(E)+c(E)+.... (A.52)

b

Note that different two forms F and F’ only differ by an exact form, so in the cohomology class they
are equal. For a m-dimensional manifold the Chern class cx(E) with 2k > m vanishes and c;(E) = 0 for
k > r with r being the rank of the bundle E. Explicit formula for the Chern classes are given by

co(E) =1,
]
ci(E) = %TrF’ (A.53)
.2
1

1
2B = 5 (Zr) (TtF A'TtF — TeF A F).
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Consider a short exact sequence of complex vector bundles
0O0—FE—>V—5F—O0. (A.54)
From this we get V = E @ F and the total Chern class is given by Whitney’s product formula
c(V)=c(E®F) =c(E) A c(F). (A.55)

Write the total Chern class of a complex rank r vector bundle E as
r
o(B) = [ Ja+x, (A.56)
i=1

with x; being the eigenvalues of % Then the Chern character ch(E) is given by
r
ch(E) =) e", (A.57)
i=1
which can be expanded as

ch(E) =r+ci(E)+ %(cl(E)2 - 2c(E)) + é(cl(E)3 = 3c1(E)c2(E) +3c3(E) + ... (A.58)

The Chern character has the following properties

ch(E® F) = ch(E) + ch(F),

(A.59)
ch(E ® F) = ch(E)ch(F).

A.5 Line bundles

We give the definition of a holomorphic vector bundle and then we discuss line bundles.

Definition: A holomorphic vector bundle consists of complex vector spaces E), at every point p of a
complex manifold M. These form the complex manifold E which is equipped with a natural projection

ES M. (A.60)

E is a holomorphic vector bundle with fiber C¥ if 7 : E — M is a holomorphic map and for all p € M
there exists an open neighborhood U € M and a biholomorphic map

dy : ' (U) - U xCk, (A.61)

such that for u € U we have an isomorphism between E, and C*

oy : E, — {u) x Ck. (A.62)

We call k the rank of the bundle. o
Definition: A holomorphic line bundle is a holomorphic vector bundle where the fibre is C and hence
the rank is 1. o
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Consider the holomorphic line bundle A"™M. Sections of it are holomorphic (11, 0) - forms. This line
bundle is also referred to as the canonical bundle Kj,;. This concept can be generalised to any vector
bundle E.

For any holomorphic vector bundle E of rank k one can construct the determinant line bundle A*M with
transition functions given by the determinant of the transition functions of E.

The tensor product L ® L’ of two line bundles L and L’ is again a line bundle. This can be proven
by dimensional analysis of the fibres which leads to the result, that the dimension of the corresponding
fibre of U ® V is 1. This makes it possible to construct a lot of line bundles. The set of complex line
bundles of a complex manifold M has the structure of a group with multiplication given by the tensor
product. The inverse element is given by the dual line bundle L™! and the neutral element is L ® L—1.
This group is called the Picard group.

In the case of P” we have the tautological line bundle L~ where a point / € P" is represented as a line
in Cn+l
L =0p(-1)={(Lz) ePxC"|z e ). (A.63)

The dual of this line bundle L' is the hyperplane line bundle L = O(1). By using these two line bundles,
we can construct line bundles L¥, k € Z by building tensor products. Instead of writing L* one writes
O(k). The notion O(n) is used for the bundle as well and Ox(E) denotes the sheaf of sections. The
canonical bundle Kp» is isomorphic to O(—m — 1).

We want to calculate the Chern class for the complex projective space P". This is done by using the
short exact Euler sequence

0 — C — Op(1)2™D — 710p" 0, (A.64)
We then have

c(P") = c(Opn (1™ g C)
= ¢(Opn(1))"*! (A.65)

= (1 +x)"1,

where we have defined x = ¢;(Op(1)).

A.6 Holonomy

If we parallel transport a vector in the tangent space T, M around a loop then this gives rise to the so
called holonomy group Hol,(M). Let us formulate this in more detail.

Definition: Let M be a m-dimensional Riemannian manifold with metric g and affine connection V.
Let p € M and consider the set of loops around p, loopp ={c®|0 <t < 1,c(0) = c(1) = p}. Take a
vector v € T, M and parallel transport it around ¢(7) by using the metric connection V. This induces a
linear, invertible transformation P, : T,M — T,M. The holonomy group Hol,(M) is the set of all these
transformations

Hol,(M) ={P. : TyM — T,M]c € loop,,} (A.66)

o
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The maximal possible holonomy group is of course GL(n,R). Furthermore the holonomy group is
independent of the choice of the base point p for a connected manifold, as Hol,(M) =~ Hol,(M). This
can be seen by using a curve connecting p and ¢ inducing a map A : T,M — T,M, under which the
holonomy groups are related by

Hol,(M) = A""Hol(M),A. (A.67)

Therefore one simply writes Hol(M).

For a 2m-real dimensional K#hler manifold with metric g the holonomy group is a subgroup of U(m).
This follows form the fact, that a holomorphic vector gets mapped into another holomorphic vector and
furthermore the length is preserved under parallel transport with a metric connection, i.e. V. g = 0. .

A.7 Calabi-Yau manifolds

Now we can give the definition of a Calabi-Yau manifold. From a mathematical point of view the start-
ing point is given by Yau’s theorem stating that for a Kéhler manifold with vanishing first Chern Class
c1(M) = 0 there exists a Kéhler metric with zero Ricci-form. From a physics point of view Calabi-Yau
manifolds are important in the context of compactifications of superstring theories in order to ensure a
supersymmetric vacuum. Standard references on Calabi-Yau manifolds are [253|[33T]).

Definition: A Calabi-Yau manifold X is a 2m-real dimensional compact Kihler manifold (X, J, g)
such that the first Chern class ¢; vanishes ¢y = 0. o

Of course there are also different but equivalent definitions. Instead of demanding, that the first Chern
class vanishes, on can also require that

X is Ricci flat, i.e. R =0,

the holonomy group is Hol(X) = SU(m),

the canonical bundle is trivial,

there exists a nowhere vanishing holomorphic m-form Q"9

We are not going to show that these are equivalent and refer to the detailed discussion in [89][327]].

Example: The two torus 72 is a compact Calabi-Yau onefold. The Hodge diamond is given by

1
1 1. (A.68)

The only one form is given by dz and its conjugate. o
We focus on Calabi-Yau threefolds, which are Calabi-Yau manifolds of complex dimension 3. These
have six real dimensions and will allow for 4-dimensional Minkowski space-time in the compactification
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of 10-dimensional superstring theories. The Hodge diamond is

1
0 0
0 h! 0
1 K>l h*! 1. (A.69)
0 ht 0
0 0

In here we have used the properties of the Hodge numbers (A:44). In order for ensure the existence of a
unique holomorphic three form Q3 we have #*° = 1. From this we can conclude that /%0 = 433 = 1
because given a (0, p)-form a there is a (0,3 — p)-form 8 and by using Poincaré duality we have h%? =
hP3=P. Furthermore one can show that 4" = 0. Therefore the only two independent Hodge numbers
are h! and h>! and the Euler characteristic reads

x = 2(h" = 1. (A.70)

A.8 Moduli space of Calabi-Yau manifolds

A Calabi-Yau manifold is specified by naming the topology, the complex structure and the Kdhler class.
The space of all possible Calabi-Yau manifolds with a given topology, called the moduli space, depends
only on the complex structure and the Kéhler class. More details can be found in [89][332]]. The Calabi-
Yau condition states, that R(g) = 0 which is of course dependent on the metric g. If we vary the metric

Gmn = Jmn + 0Gmn, (A.71)
the Calabi-Yau condition should still be fulfilled, in order for dg to be a modulus we have
R(g + 6g) = 0. (A.72)

This gives rise to the so called Lichnerowitz equation. As we do not want to consider ordinary coordinate
transformations we choose the gauge

1
V" 8Gun = 5Vug"" SGmp, (A.73)
and the Lichnerowicz equation reads.
VEVSGn + 2R ? 1 96g,pg = 0. (A.74)

This can now be studied independently for variations with mixed index structure dg,; and for variations
with equal index structure dg,,,. For the mixed structure one associates a variation of the Kéhler form,
i.e. a harmonic (1, 1) form given by

6J = idg,ydz'd7’. (A.75)

Therefore h'! counts the possible complex structure deformations.
For the equal index structure one associates variations of the complex structure by associating the har-
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monic (2, 1) form y“, where Q denotes the (3, 0) form.
62%a = Qg 6g15d A dz A dZ. (A.76)

Therefore the complex structure deformations are associated to H 21(X) and their dimension is #>'.
In order to describe the moduli space of a Calabi-Yau one needs so called special geometry, which we
are not going to introduce here. For more details see e.g. [24,[332].

A.9 K3 surfaces

The subject of this section are K3 surfaces. These are Calabi-Yau twofolds, which play an important
role in the context of compactifications to six dimensions and heterotic-type II duality. A good reference
on the various aspects of K3 and its relation to string theory is [333].

Definition: A K3 surface X is a compact, complex Kéhler manifold of complex dimension two with

n(x) =0,

A.
c1(TX) = 0. (&7

The second statement comes from the fact, that for a K3 surface the canonical bundle K is trivial.
The Hodge diamond of K3 is given by

1
0 0
1 20 1. (A.78)
0 0
1

Therefore the Euler characteristic can be computed to be
x(K3) =24. (A.79)
In order to understand the Hodge diamond we will look at a realisation of K3 as a hypersurface of degree
n in P3
Xo+ X +x;+x5=0. (A.80)

If we embed K3 into P? the tangent bundle of TP3|g3 splits into the tangent bundle and the normal
bundle

TP3|x3 = TK3 ® NK3

X (A.81)
«(TP)\k3 = o(TK3)e(NK3)

The total Chern class for P3 is given by

(TP = (1 + x)*, (A.82)
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as follows from (A.63) and ¢ (Ng3) = 1 + ¢;(NK3) = 1 + nx. Therefore we conclude that

TP3
c(Tk3) = cC((N K3))
_(1+x? (A.83)
1+ nx
=1+ @ —nx+(6—dn+n*)x*.

For ¢;(TK3) to vanish we see from (A-83) one has n = 4. Therefore the Euler number is
X(K3) = f c2(TK3)
K3

= fp _a(TK3)ei(NK3) (A.84)

= 6x°4x
=24,

Giving the result from (A-79) and using 4 = 0 the Hodge diamond of K3 is given by (A73).

Now we want to study the moduli space of complex structures. First we notice that b,(K3) = 22 and
therefore the Homology group is isomorphic to Z*2. We understand H»(K3,Z) as a lattice A™" with
signature (m, n) by defining an inner product of elements «; € H»(K3, Z) by the intersection number of
the cycles

a;.aj = #(a; N a/.,-). (A.85)

Note that m denotes the negative eigenvalues and n the positive ones. In order to determine the signa-
ture of the lattice A™" we use the Hirzebruch signature complex. Given a lattice A™" the Hirzebruch
signature 7 is defined by

T=m-n. (A.86)

Furthermore it can be calculated via an index theorem as

2
T= —5C
fm 37 (A.87)
= —16.

Therefore H,(K3,Z) is a lattice of signature (19, 3) and we write Hy(K3,Z) ~ A193, By Poincaré
duality, we can find a dual basis e’; to a basis ¢; € Hy(K3, Z) such that

eﬂf . ej = 5ij' (A88)

1

As the e are also a basis of H(K3,Z) the lattice is self-dual A3 = A193 and by introducing the
metric g;; by
gij = e;.e;j (A.89)

we see that the lattice is unimodular, i.e. +/|detg| = 1.
Furthermore the lattice A7 is even, that is for all v € A

v €27, (A.90)
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which follows from the fact that ¢, (7 K3) = 0. For an even self-dual lattice one also has the requirement
m—n=0modS8, (A91)

and than for m, n > 0 the lattice is unique up to isometries.
For H,(K3,Z) we can write

Hy(K3,Z) = AB o Ao A @ Al o Al (A.92)

where AF$ = —(Eg) with Eg the Cartan matrix of the Eg group and

11 _ (01
A —(1 0). (A.93)

Now we can take Q € H*(K3,C) and write Q = x + iy, x,y € H*(K3,R). The two Vectorﬂx and y are
linearly independent and span a space-like two plane Q as can be seen by looking at

f QAQ=0,
K3
f QAQ>0.
K3

Therefore the choice of a complex structure corresponds to choosing a lattice of signature A'%3 ¢ R1%3
and a two-plane Q. Changing the complex structure will rotate the plane Q in the lattice A3,
Therefore the moduli space of complex structures is given by

(A.94)

M, = OH(AH\0*(19,3R)/(0O(2,R) x O(19, 1, R))*. (A.95)
The space moduli space of Einstein metrics is given by
M = O(A)N\0(19,3)/(0(19,R) x O(3,R)). (A.96)

This can be seen from Yau’s theorem, implying that the choice of a two plane Q and of the Kéhler form
w spanning a 3-plane X in H>(K3,Z) specifies a unique Ricci-flat or Einstein metric.

An algebraic K3 surface is a K3 surface described by an embeddingﬂ into P". The Picard group is
defined by
Pic(K3) = HX(K3,Z) n H"'(K3). (A.97)

The rank of this group is called the Picard number p. The moduli space is given by

M . _ A.98
algebraic K3 020 — p,R) X O(2,R) ( )

Now we want to study orbifolds. In the moduli space it can happen that we are dealing with K3 surfaces
that are given at their orbifold point. In this context the following definition of an orbifold will hold:

2 viewed as elements of R!%3

3 We could also embed into a weighted projective space or into a toric space
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Definition: Let M be a manifold and G a discrete group. Then an orbifold O of M by G is given by
0=M|G. (A.99)

<
In the moduli space of K3 there exists the so called orbifold point, where

K3 ~T*/Z,. (A.100)

Consider the T* as a two dimensional complex manifold with coordinates (z', 7%) then the action of Z
is given by _ _
7 =7i=12. (A.101)

This gives rise to 16 fix points. Note that the holomorphic two-form Q = dz' A dz? is left invariant and
also the Kihler form this we conlcude that this is a K3 surface. We want to understand the fact that
T*/Z, ~ K3 by giving its Hodge diamond. On T* we have the following (1, 0) and (0, 1) forms

dZ,d7 i=1,2. (A.102)
These transform under the action of the orbifold group as
d7' v —d7, d7' — —d7, (A.103)

Therefore the Hodge diamond of the 7% /Z, in the untwisted sector is given by

1
0 0
1 4 1. (A.104)
0 0
1

In the twisted sector we note that we have 16 fixed points due to the orbifold action. This are singular
points which can be removed by blowing them up. For singularities on K3 there exists an ADE clas-
sification. For more details see [333][334]]. Each of these singularities contributes one (1, 1) form and
therefore we have

B

twist

So we find that the Hodge diamond in total is the one of K3

= 16. (A.105)

1
0 0
1 20 1. (A.106)
0 0
1
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APPENDIX B

Divisors in Calabi-Yau spaces

Let us recapitulate here some facts of the geometry of smooth divisors P in a Calabi-Yau three-fold X.

B.1 General facts about rigid divisors

We start with some facts about complex surfaces. The Riemann Roch formula relates the signature o
and arithmetic genus y( to Chern class integrals

1 : 1
=) B5-b =3 fp (=22, xo= ) (-Dhio= f (c} +ca). (B.1)

Regarding the embedding one has the distinction whether P is very ample or not, i.e. if the line bundle
Lp is generated by its global sections or not. In the former case P has h%(X, Lp) — 1 deformations
and there exists an embedding j : X — P} so that Lp = j*(O(1)), i.e. P can be described by some
polynomial. This situation has been considered in [138]], where the deformations and b*, b~ have been
given. Generically one has />°(P) = %(b; — 1), which is positive in the very ample case.

In this work we consider mainly rigid smooth divisors. In this case one has no deformations and
locally the Calabi-Yau manifold can be written as the total space of the canonical line bundle O(Kp) — P
and the latter can be globalised to a elliptic fibration over P, see section [B.2] for P = F,. In this case
Ap = A, compare section 2.8.T}

As X is a Calabi- Yau manifold and to allow no section, P has to have a positive D> > 0 anti-canonical
divisor class D = —Kp, which is also required to be nef, i.e. D.C > 0 for any irreducible curve C. This
defines a weak del Pezzo surface. If D.C > 0, then D is ample and P is a del Pezzo surface [[335]]. Del
Pezzo surfaces are either dP,,, which are blow-ups of P? in n < 8 points or P! x P!. We can also allow
the Hirzebruch surface F, which is weak del Pezzo.

As h1p = hap = 0 one has yo(dP,) = 1 for all surfaces under consideration. As the Euler number
x(dP,) = 3 + n one has by @) that fP c% = 9 — n, which implies that n = 9 is the critical case for
positive anti-canonical class, and (b, by) = (1,n). The case n = 9 is called %K3 and we also denote it
as dPy. We include this semi-rigid situation.

In more detail the homology of dP,, is generated by the hyperplane class H of P? and the exceptional
divisors of the blow-ups e;, with the non-vanishing intersections H> = 1 = —e?. The anti-canonical
class is given by —Kyp, = 3H — 3" e;. Defining the lattice generated by this element in Hy(P,Z) as
Zg,p, and E; = (Zg, dpn)L one sees that E7 is trivial and Ej, are the lattices of the Lie algebras (Aj, Ay X
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B Divisors in Calabi-Yau spaces

As,A4,Ds,Eg, E7,Eg) for n = 2,...,8. The corresponding basis in terms of (H,e;) is worked out
in and used in section The homology lattice for dPg is A'! @ Eg, where A'! is the hyperbolic
lattice with standard metric.

In order to study topological string theory in Calabi-Yau backgrounds realised in simple toric ambient
spaces, one has to consider situations in which A c Ap, which is the case for the %KS realised in the
toric ambient space discussed in the next section.

B.2 Toric data of Calabi-Yau manifolds containing Hirzebruch
surfaces I,

Let X be an elliptic fibration over F, for n = 0, 1,2 given by a generic section of the anti-canonical
bundle of the ambient spaces specified by the following vertices

DO = (Oa O, 07 O)a Dl = (O’ 07 Oa 1)’ D2 = (0, 09 1a0)a D3 = (Oa O, _29 _3)
D4 = (07_1’_29 _3)’ DS = (0’ 17_2’ _3)9 D6 = (1’07 _2’ _3)9 D7 = (_1,_7’1, _2$ _3)

One finds large volume phases with the following Mori-vectors

| Dy | Dy D, Ds Dy Ds Ds Dy |
'=1-6]3 2 1 0 0 0 o0 ]C!
P=/0|0 0 -2 1 1 0 0]c?
P=10]0 0 n-2 -n 0 1 1]|C.

We choose a basis {C4, A = 1,2, 3} of Hy(X,Z). Let K4 be a Poincaré dual basis of the Chow group of
linearly independent divisors of X, i.e. ch Kp = 62. The divisors D; = Z?KA have intersections with the
cycles C4 given by D;.C4 = l‘i“. We have the following non-vanishing intersections of the divisors given
by

Ki-Ky-K3y=1, Ki-K3=n, Ki-Kx=n+2, Ki-K3=2, K =8. (B.2)

The divisor giving the Hirzebruch surface inside the Calabi-Yau manifold corresponds to
[F,] = D3 = K| - 2K, — (2 - n)Ks. (B.3)
Thus, the metric on H*(F,, Z) coming from the intersections in the Calabi-Yau manifold is
0 0O
(Ka-Kp-[F,)=[0 n 1]. (B.4)
010

Projecting out the direction corresponding to the elliptic fibre we reduce the problem to the Hirzebruch
surface itself. We denote by F' = K3 and B = K, —nK3 the class of the fibre and base, respectively. Thus,
the canonical class reduces to [F,] = —(2 + n)F — 2B. The intersection numbers are given as follows

F-F F-By_(0 1
(B-F B-B):(l —n)‘ ®-5)

Hence, the Kéhler cone is spanned by the two vectors F and 2B + nF, i.e.

C(F,) ={J € H*(F,,R)|J = t1F + t2(2B + nF), 1,1, > 0}. (B.6)
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B.2 Toric data of Calabi- Yau manifolds containing Hirzebruch surfaces IF,,

For n = 1 the geometry admits also an embedding of a K3 and a dPy surface.
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apPenpix C

Modular forms

C.1 Notation and conventions

Let us collect the definitions of various modular forms appearing in the main body text. We denote the
following standard theta-functions by

oy (T, V) — Z (_l)nq%rﬁeZm’nv,
nez+1
192(‘1', V) — Z q%nze%rinv’
nEZ+%l 2 (Cl)
93(r,v) = Y g e,
nez
194(7., V) — Z(_l)nq%nzehﬁnv.

nez

In the case that v = 0 we simply denote J;(t) = ¥;(7,0) (notice that () = 0). Under modular
transformations the theta functions (1) behave as vector-valued modular forms of weight % They
transform as

Da(=1/7) = \/;94(7), Ot + 1) = e$95(7), (C.2)
B3(=1/7) = \/;93(7), B3(7 + 1) = 9u(7), (C.3)
D4(-1/7) = \Eﬁz(r), Pu(r + 1) = 93(1). (C4)

Further, the eta-function is defined by

o =q7 [ |a-gm, (C.5)
n=1
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C Modular forms

and transforms according to

in 1 T
n+1) = efino), n(—;) = \ﬁ ) (C6)
The Eisenstein series are defined by
2k n*lgn
Ex(m)=1- B 2T qn, (C.7)
n=1 q

where By denotes the k-th Bernoulli number. Ej is a modular form of weight k for £ > 2 and even.

Poisson Resummation

The technique of Poisson resummation is very useful and it is applied at several places in this thesis,
for example when we check modularity. We want to present it in detail here. The Poisson resummation
formula which is used is the following

(o9

P 1 = m=b?
Z emm2+2mbn - Z e (C.8)
Va

n=—0o m=—o0

We give a proof of the more general Poisson resummation formula

ngwf(nT) ) %p:imf (7) (C.9)

where f denotes the Fourier transform of f. We introduce an auxiliary, periodic function F(x) with
period T':

Fx)= ) f(x+nT). (C.10)

n=-—0o

The Fourier expansion of F(x) is given in equation (C.11))

o= 5, (2.

p==ee (C.11)

. 17 :
Fp)= = f dz P F(2).
T Jo

We plug the second equation of (C.IT)) into the first one and comparing with (C.I0) leads to the Poisson
resummation formula for the case of x = 0

if(nT):% i f(%). (C.12)

p:—OO

This can also be generalised to functions of the form

fay= Y eman, (C.13)

mezZm
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C.2 Modular properties of the elliptic genus

with A a positive-definite, symmetric matrix. Then the Poisson resummation formula generalises to

(C.14)

1 .
fA) =
Vdet A
This is the expression one uses for a lattice A with associated quadratic form A in order to perform
checks of modularity.

C.2 Modular properties of the elliptic genus

We denote by Z(r)(’l' z) the elliptic genus of » M5-branes wrapping P as deﬁned previously in sect. m

The elliptic genus should transform like a Jacobi form of bi-weight ( 5 2) and bi-index ( (dap —
JAJB) r JA-ZIB
bl 2 J

) under the full modular group. In particular, we impose

Z(% +1,2) = &(T) Z(z, 2),

(C.15)
zﬁ,’)(— =y —) _ o(§)r 3T Z0r, ),
where € are certain phases [324]].
Siegel-Narain theta-function and its properties
Let us start by recalling the definition of the Siegel-Narain theta-function of equation (2.333)
9(’J(r 2= Z (=) EH P G=5 €403 o5 (402 2rir(Ena) s (C.16)
el
where we define )
-
=" £=£-£ (C.17)
Note, that &2 < 0 if J lies in the Kihler cone.
If we denote by Dy = 0z + 77 63 , the theta-function fulfils the heat equation
D, 6(7,2) = (C.18)

Further, we denote by A* the dual lattice to A w.r.t. the metric rdsp. For u € A*/A, we can deduce the
following set of transformation rules

60, +1,2) = (=1 #2790 (7. 2),

() 1 T+ Z ( 1)"ﬂ r(,\)] ( ) Z DirS olr) (Clg)
0 (—= T+ D) = e (—in) T (D)2 e HO0S (1, 2).

v o,J

BT Tt VIAYA SERTIA

Rank one
At rank one we have the universal answer

(1) Iar(t ).
Tt = Sy

(C.20)
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C Modular forms

The transformation rules are simply given by for the eta-function and for #5. we obtain (assuming A+
even and self-dual)
Iar(t+ 1) = 97 (1),

| ) (C.21)
Ins(——) = (3) Ine(0).
T l

Rank two

Using Zwegers’ theta-function with characteristics 19;’2/ (1) given in def. 2.1 of his thesis || we can
write

®CC (T x) _ q 2<a a) 2m<a b)ﬂCi’u b( ) (C.22)
where x = ar + b, i.e.
_ Im(x), _ Im(XT). (C.23)
Im(t) Im(7)
Following Corollary 2.9 of Zwegers [146]], we can deduce the following set of transformations
05+ 1,x) = (-D*PEL (7, 0),
@c ,C (_l )_C) — l(_lT):(A)/z em‘“—f) Z 27,1 ®cc (T x). (C24)
IA* /Al SERTIA
This input enables us to write down the transformation rules for f;zj) They read
X 2
fO@+1) =D fOm),
(i~ % ity "3 (C.25)

- )— oK f2(z),
VIA*/A| 5;/A

This gives the conjectured transformation properties (C.13).

The blow-up factor

For completeness we elaborate on the transformation properties of the blow-up factor. We define

Bi(1) =n(1)”" Z gZisisr=1 4, (C.26)

a;eZ+t

We can deduce the following set of transformation rules

By(r+1)=(- 1)12 o rk(T)
] (C.27

rk(__) = 7(1) ’ Z (—l)wBr,z(T).

0O<i<r-1
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APPENDIX D

Results on elliptic genera

D.1 Elliptic genera of K3 and ;K3

In the following we give some further examples of elliptic genera of multiple M5-branes wrapping the
K3 and %K3 surfaces within the geometry of ref. || The expressions for the elliptic genera can be
read off from the instanton part of the prepotential of the geometry (see section[2.8.3) and were given in

ref. || the %K3 expressions were known previously in refs. 139|, 141]].

Elliptic genera of multiply wrapping the K3

These are obtained by setting g» — 0 and can all be obtained from Z() by the Hecke transformation.

2E4E
) _ 4L£6
Z7 =
n
3 2
L0 | EEo(17E] + 7Ey)
967748
7 4 13 5
S _ _(9349E4E6+ 16630E4E2 + 1669E,E3 )
3732487
@ E4Eq (11422873E] + 46339341 ESE? + 21978651 E3E] + 880703E¢)
VALE
25798901761%
- E4Eq (27411222535E}2 + 198761115620} E2 + 2228861952425 E¢ )
z¥ = -
309586821120007'2°
E4Eq (45368414180E3ES + 911966215ES )
- 309586821120007'20

Elliptic genera of %KS, E-string bound-states

These are obtained by setting g3 — 0, the polynomials containing E; represent the part coming from
bound-states. The polynomial appearance of E, at higher wrapping is an example of the appearance of
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D Results on elliptic genera

mock modular forms of higher depth at higher wrapping.

7O _ Esva
7712
70 _ E4(E2Eq + 2E6)q
2424
22 3 2\ ,3/2
o B (S4EE3 + 109E3 + 216 E2E4Eq + 197E2) ¢/
15552%
33 4 2 2 3 2 3\ 2
S _ B (4E3E] + 109E, E} + 144E3E3 E + 272E3 Eq + 269E2E4E2 + 154E3)
622087*8
4 4 33 2 5 22 5/2
2 E4 (18750E3E} + 150000E3 E3 Eg + 1250E2 (109E5 + 341E3E2)) ¢°/
37324800075
E4(1000E, (653E{E + SOSE4E2) + 116769ES + T72460E3 E2 + 207505 E¢) ¢°/°
+
37324800075

D.2 One-parameter models

Here we collect details on the computation of the modified elliptic genus for the hyperplane sections in
a number of 1-parameter examples along the lines of [I37,[287]. In most cases we were able to write
down a basis for the modular representations. However, we could not reliable check our results for
the non-polar terms of the elliptic genus with the for these geometries available counting arguments, i.e.
geometric, AdS 3/CFT, and attractor flow tree (see [123}[137287H289] for a discussion of the subtleties
involved). The modified elliptic genus can be decomposed as

2@ty = Y L@ TY) (D.1)

UENT/A

where f,(7) are the components of a vector valued modular form. For the 1-parameter examples con-
sidered here the components enjoy a g-expansion of the form

Fu@® = aun g™ (D.2)

n>0

where A, = 2% - 5(& + D, u € {0,... [%D]} denotes the M2-brane charge and 6D = P the triple
intersection of the hyperplane section. To fix the vector valued modular form one has to specify the
polar terms with n — A, < 0. In the following table we collect the topological data of the models, which
are needed for the computation of the modified elliptic genus and the polar terms one has to fix. In the
table ]Pd,wdn[wf" ] denotes the degree (dy,...d,) complete intersection in a weighted projective space,
where the weight w; appears A;-times.

We will restrict to one-parameter models in the following and determine the modified elliptic genus
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D.2 One-parameter models

Model

‘ hLl‘ hll‘ X(X)

6D‘C2-P‘b;‘bg‘q‘c;e

‘ polar terms

Pesl12,22,3%]

1 61 | —120

1 22 3 [ 18|23 12

ao,o

Pyal1%,27]

1 73 | 144

4 40 7 13544 |24

aop,0, 4do,1, 4o,2
apo,ai,l

Py222[1°%]

1 65 | —128

16 64 | 15| 63 | 80 | 48

ao,0, do,1, 40,2, 40,3
ao4,ao,5

a0, a1,1,41,2,a13
az,0,d2,1,422,a23
as3,0

P4,[1°]

-176

11 | 51 | 64 | 36

ao,0, 4o,1, 40,2, 40,3
aro, a1, a2
az0,az,1

as o

P30[17]

-144

12 60 13 |57 |72 | 42

ao,0, 40,1, 4,2, 40,3
aoa

a0, ain,ai2, a3
a0, a1

aso

Py3[1°,2]

-156

43 | 54 | 30

aop,0, 4o,1,4o,2
ao
azo

Ps2[1°, 3]

1 129 | -256

45 | 56 | 30

aop,0, 4do,1,4o,2
apo,ai,l
azo

Peal1°,2%,3]

-156

27 | 34| 18

ao,0, 4o,1
ao

Table D.1: Geometric data of the considered one-parameter models and the polar terms, that have to be determined.

by determining the polar terms in the expansion (2.331)). The relevant ®-functions that appear are [287]

o=y, (gt

omy = ),

1,k
ne€Z+z+,,
m 2
qzn Zmn
k

m

neZ+i+

Oy = Y g¥rm

nez+k
m

CHCTERDYNCEVEEES

nez+k
m

For a modular form / of weight w we define the modular derivative ; by

Drh() =

1
— (1) 0 (n(1) > h(1))

2mi

(D.3)

D.4)
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D Results on elliptic genera

As seeding functions we use

_m=1
T 2 938O () + 94O (1) + 92(0F O (1), m odd
= _ ' D.5)
A 2 9yP el () + (< 0aF O () + r(0F O (D), m even,
Note the following properties under modular transformations
U s @M s 0, m odd
(D.6)

®(2m) — @gm) — *0™, m even.

An example: the bisextic

As an example, which is restricted to the single wrapping M5-brane in a Calabi-Yau manifold, we con-
sider the one-parameter manifold given by the bi-sextic Xg ¢ in P(12,22,3%). We fix the first coefficient
via the Euler number of the moduli space of the divisor, which is y(P') = 2 and obtain the modified
elliptic genus via modular invariance as

- 6X0 -
20,79 = f@ONEp) = - EX0D @ 4 = 25 B E B, ), (D.7)
with »
fot) = ¢ 5 (=2 + 482g + 282410¢% + 16775192¢° + ...). (D.8)
Countingﬂ
Aqo ‘ Aq, ‘ geometry ‘ configuration ‘ split flow
Polar state:
0| 0 | —x@®H=-2| - | (=1)-2-Nog-Nog = -2
Non-polar states:
1 0 —x(X) =120 DO (=1%-1-Ngy - Nog = 120
ni = 360 F=J- CLl <F1,F2> =0
2 0 77 2D0 T, T)=0

We note, that the total contribution of 480 does not exactly match the factor of 482. The difference is
just 2 which is remarkably two times the number of (d = 1, g = 2) curves in the manifold.

The Quintic Xs[1°]
We discuss the example of the quintic Calabi-Yau. It has the following geometric data

RO | WX | xX) | PP e P | b5 | by | L | cr
1 | 101 |[-200] 5] 50 | 9 |44]55]30

! We denote by n,, and N;, the GV and DT invariants, respectively.
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D.2 One-parameter models

The modified elliptic genus reads

4
2y = ), fiOu(@,2)
k=0
1

= 2985984755
—~1816200E4 E¢ — 1294200E4Egi1 + 379800037, + 2422800E; Egis)

5 (66895ESY0 + 541110E; Egio + 20987Egx

fo(t) =g % (5 - 800g + 585004° + 58171254° + 754740601004 + 28096675153255¢° + ... )
fi(t) = ¢ (8625q — 11385004 + 37774740004> + 3102750380125¢" + 577727215123000¢° + . ...
fo(r) = g 10 (—1218500q +4419692504° + 953712511250¢° + 2175712500237504* + . . )

(D.9)
with
@k(q’ Z) Z(_1)n+kq%5(n+§+%)2Z5n+k+% (DlO)
nez
Counting:
Ago ‘ Aq, ‘ geometry configuration ‘ split flow
Polar state:
0 0 —x(P*) =5 - (=D*-5-Noo-Nog=5
1 0 —x(P*)x(X) = =800 DO (=1)%4-200-1 = -800
2 0 XPHx(Sym?) + y(P)yX 2D0 (-1?-3
0 1 n, =0
1 1 —xP*)n; o = —8625 F=C (=1)?3Npr(1, DNp1(0,0) = 8625
1 2 nio= 0 0
Non-polar states:
3 0 | X' (Sym’ (X)) + ¥ (B* W (X)* + x(B¥)x(X) 3D0
nyo = 2875,2875 - 2874 C-C]
Xy4[14,22]
Consider the bi-quartic in P(14,22).
3
— 4) -
2ty = ) h@OHE Y
k=0
_ oty 3 43 3 43 40y 43 (D.11)
= -3 > (1895E3Eex, > + 625Eqx,* — 3504E{ Doy,
k=0

5 5
~ TT28E4E2Dox,* +20736E2Es Dy, )0\ (%, y)

179



D Results on elliptic genera

fo(T) = g~ 6 (=4 + 432 — 100324> + 1486114564° + ...
fi(r) = g~ 8 T§(=T7424q + 748825647 + 71495137284 + ...) (D.12)
fo(1) = g~ 5 T3(=2816 + 2167680g + 3503031296¢% + ....)

Counting:

Aqo ‘ Aqy ‘ geometry configuration ‘ split flow

Polar states:

0 0 X(P3)=4 — (—1)3 '4'N(),0'N(),0 = -4
0 1 n, = 0 Cl,l (—1)2 . 3 . Nl,O . NO,O = 0
1 0 y Py (X) = —432 1 DO (=102 -3+ Ny - Nog = 432
] 1 X(Pl)l’ll’o = 7424 CL() (—1)1 . 2 . Nl,l . N(),() = —7424
0 2 X(Pl)nziyl = 2816 CZ,I (—1)] . 2 . NZ,O . N0,0 = —2816
Non-polar states:

2 0 | x(@HXELID 4 ¥ (B (F2)r(X) = 20016 2 D0 (=D)'-2- Ny, - Nog = 20016

ni =0 Cio-C11 (=1)°-1-Nyji-Nip=0

? Coi = Coy (T, T2) =0
2 1 ? Cip+ D0 (=121 Ny, Nog = 527104
1 2 ? Cz’() (—1)0 -1- N2,1 . N()’() = 1185216
3 0 ? ? ?
X2222[1%]

Consider the quadri-conic in P”.

Agy | Agy | geometry configuration | split flow

Polar states:

0] o0 x(®) =8 - (=1)7 -8 Nog - Nop = -8

1 0 x POy (X) = —896 1 DO (1) -7 Ny, - Noy = 896

2 0 | x(BSXEUDD 4y (BS)p(P?)y(X) = 47232 2 D0 (=1)° - 6- Noy - Nog = —47232

3 0 3 D0 (=1)* -5 Ny3 - Noo = 1544960
Cl,() - CIlO (—1)3 -4 - Nl,l . Nl,l = —1048576

0 1 ny =0 Cia (—1)6'7'N1,0'N0,0=0

1 1 x(P>ny o = -3072 Cio (=1)°-6- Ny - Ny = —3072

1 2 )((P4)n2’0 = 48640 Cz,o (— 1)4 -5 Nz.l . N().O = 48640

0 2 ny; =0 Cay (-1°-6- Napo - Nop =0

2 1 nl())((X))((P4) = —327680 CI,O + D0 (—1)4 -5 N1,2 . NO,O = 322560

2 2

0 3 n3; =0 Gz (-D*-5- Nip - Noo =0

1 3

2 3

0 4 )((P3)n411 = 59008 Cy, (-1 -4. Nap - Nop = —59008

0 5 xP?ns, = 26348544 Cs, (=1)?-3- Nsg - Nooy = 26348544

Non-polar states:
0 6 xP'ng,; = 53440009216 Ce.1 (=D'-2 - Ngg - Noy = —5715280896
0 7 C71 (=1)° - 1 Ngg - Noy = 934638858240
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D.2 One-parameter models

X4[1°]

Consider the degree (4,2) complete intersection in P>,

Counting:
Aqo ‘ Ag, ‘ geometry configuration ‘ split flow
Polar states:
0 0 )((PS) =6 - (—1)5 -6- N(),O . N()A’() =-6
1 0 xPHy(X) = -880 1 D0 (=1)*-5- Ny - Noo = 880
2 0 | y(EHXOUOD 4 (B3 )Py (X) = 60192 2D0 (=1)*-4- Ny, - Noy = —60192
3 0 3D0 (=1)?-3- Nys - Nogy = 276864
Cio=Ciy
0 1 ni1 :0 Cl,l (—1)4'5‘N1,0‘N0,0 =0
0 2 nyp = 0 C24’| (1)4 . NZ,O . N()‘() =0
1 1 X(]Pﬁ)}’lly() =5120 CI,O (—1)3 -4 . Nl,l . Noy() =-5120
2 1 nio - x(X)x(P?) = —675840 Cio+ DO (=1)? -3+ N1 ,Ngo = 668160
1 2 X(Pz)nz’o = 276864 C24,() (—1)2 -3 N2$| . N()’() = 276864
0 3 X(Pz) ‘N3 = 7680 C371 (—1)2 -3 N3,() . N(),() = 7680
7
X322[17]

Consider the degree (3,2, 2) complete intersection in P%. Counting:

Aqo ‘ Aq, ‘ geometry configuration ‘ split flow

Polar states:
0 0 xP% =7 - (=1)°-6-Nyo-Noo=7
1 0 xPHx(X) = -864 DO (=1)> - 6- Ny - Noo = —864
2 0 | x(PHYRWOD 4y (P (F2)y(X) = 50040 2D0 (=D*-5- Nys - Ny = 50040
0 1 ni :0 Cl,l (—])5 '6'N1’()N(),0 :0
O 2 npy = 0 CZ,I (—1)4 . 5 . NZ,O . N0,0 = 0
1 1 X(]P4) N = 3600 C|'() (—1)4 -5 N|'1N0‘0 = 3600
2 1 n1ox Py (X) = —414720 Cio+ DO (=1)?-4- Ny, - Ny = —408960
1 2 r) Cz,o (—1)3 M 4 N N2.1N0,0 = —89712
0 3 ‘7 C3,1 (_1)% . 4 . N3,0N(),0 = —256
1 3 ? Csp (=1)% -3 N3 Ny = 4862160
0 4 ? Ca, (=1)? - 3+ NyoNoo = 795339

X45(1°,2]

Consider the degree (4, 3) complete intersection in P(1°,2).
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D Results on elliptic genera

4
2%y = ) A0 y)
k=0

1
154828854
—233581E¢ o — 39604804 Ec¥1 — 1983840E,4E; 1)

+9176832E}¢, + 140474883 Egvs — 40089600E; Egys — 39536640E,73)

(114695 ES70 + 1069286 E3 E¢io (D.13)

fo(t)=q 3 (5 — 624q + 353344° + 307744504° + 751884792004" + 23750896418568q5+)

fit)=q73 (9720q + 2872264 + 39720888544° + 25076260668244" + 426841073597520q5+)

folr) = g~ 1V12 (81 — 673515¢ + 3973931284 + 5888606238454° + 127692745959339q4+)

£(7) = q(~532610 + 1232740564 + 3558180348004 + 845381168683084° + 87896731556735044"+)

(D.14)
Counting:
Aqo \ Aq1 \ geometry configuration \ split flow
0 0 Y®PH =5 - (-1)*-5Ngo-Noo =5
0 1 nii =0 C171 (—1)3-4'N1,0'N0,0=0
1 0 YPHy(X) = -624 1 DO (=1)°-4- Ny - Nop = —624
0 2 xPnyg = 81 Cio (=1)?-3-Ny1-Noo =81
1 1 ? (-1)*-5- Ny 1Noo = 9720
2 | 0 y(P2) AR 2 D0 (-=1)2-3 - Noya - Noo = 35334
+Y (PP (PP)y(X) = 35334
5
Xep[1°, 3]
Consider the degree (6, 2) complete intersection in P(1°, 3).
3
2%y = ) @O E ) (D.15)
k=0

fo@) = g3(5 + 1024g + 96384¢> + 1725245124 +...)
fi(r) = ¢73F8(14976g + 96760644° + 115949775684 + ...) (D.16)
£(1) = ¢33 (—4608 — 22282844 + 42651612804> + ... .).

Counting:
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D.2 One-parameter models

Aqo ‘ Agq ‘ geometry configuration ‘ split flow
0 0 xPH =5 - (-D*-5-Nog-Nop =5
0 1 nip =0 Ci (=1)*-4-Nig-Noo=0
1 0 Y PHy(X) = -1024 1 DO (=1)%-4- Ny - Noo = 1024
0 2 no = —504 Ca1 (=1)?-3-Nyg - Noo = —4608
1 1 x(P)n o = 14976 Cio (=1)?-3 - Ny 1Noo = 14976
2 0 X(PZ)X(X)(XQ(X)_I) 2 D0
+x P2y (P (X) = 96384 (=1)? -3+ Noa - Noo = 96384

1 2 x(PYnyo = 4777536 Ca (=1) -2+ Ny N = —4258360
2 1 100 (X) = x(O)x (P") Cio+ DO

+n1,0x (C)y (PP (P?) = —2535936 (=1)-2- N12Noo = 2535936

Xeal13,22,3]

Consider the degree (6,4) complete intersection in P(13,22,3).

1
2ty = ), O )
k=0

(D.17)
_ 62335E4%y + 295673E6%y + 1196352E4E6y
B 6048734
fo(@) = ¢ 12(3 — 156 + 212569594 + 10284594924 + 286409116944 D.18)
filr) = g 12*3 (16784 — 6242560q — 353820224¢% — 38969419524° + 119356094048q4) . '
Counting:
Aqo ‘ Agqy ‘ geometry configuration ‘ split flow
0 0 xP?) =3 - (=1)?-3-Noo - Noo =3
0 1| npx(PY+n34+n10=15520? | Ci0,Cio | (=D'-2-NigNoo+ (=1 1Ny Noo= 16784
1] 0 XXOx(PY) +nyp = —184 7 1 DO (=D -2 Ny - Noo = —156
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APPENDIX E

Toric data for the elliptic hypersurfaces

Here we collect the toric data necessary to treat all models discussed. We list the Mori cones in the star
triangulation for the bases of model 8-15 of figure 1

< B>
BCR ]

~ >

0NN AW =N

Q
=

>
=

=<
~ >

AN AW =N

1

SO =N

@

8(4)
l(2) l(3> l(4)
-1 0 -1
0 0 1
0 0 0
1 0 0
-1 1 0
1 -2 1
0o 1 -1
7
12(5)
1(3) 1(4) l(5)
-1 0 -1
0 0 0
1 0 0
-1 1 0
1 -2 1
0 1 -1
0 0 1
0 0 0

o
-1
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0
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0
1
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1@

0
1

S OO OO~

1@
-1
0
1
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3
-1
0
1
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11(5)
1(3) 1(4) 1(5) 1(6)
0 0 -1 -1
0 0 0 1
0 0 0 0
1 0 0 0

2 1 0 0
1 2 1 0
0 1 -1 1
0 0 1 -1

16
14(6)

1(4) 1(5) 1(6) l(7) 1(8)
0 0 -1 0 -1
0 0 0 0 1
0 0 0 0 0
1 0 0 0 0

2 1 0 0 0
1 -1 1 0 0
0 1 -1 1 0
0 0 1 -2 1
0 0 0 1 -1
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E Toric data for the elliptic hypersurfaces

Ap

Vf D
z 0
1 |-2
2 1
3 0
4 0
5 0
6 0
7 0
8 1
9

ex

The simplicial mori cone for the model 15 and 16 occur e.g. for the triangulation depicted here
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®

0
0

S OO O =N =

15(5)

S (S (O}

-1 0 -1
0 0 O
0O 0 O
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-1 1 0
1 -2 1
0 1 -1
0o 0 1
0 0 O

15

D [®

0 -1
0 1
0 0
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0 0
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1 0
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1 -1
53

M
0
-2
1

—_ 0 OO o oo

@
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SO OO OO~ N

16
3

&
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SO OO O ==

16(7)
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o 0 -1 0 0 -1
o 0 0 o0 o0 1
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-2 1 0 0 0 O
1 -2 1 o 0 O
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o o0 1 -2 1 0
0o 0 O 1 -2 1
o 0 o0 0 1 -1
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Figure E.1: Nonstar triangulations of the basis of model 15 and 16, which lead to simplicial Kéhler cone for the

Calabi-Yau space

For the model 15 the moricone reads

1©) = (-6,0,0,0,0,1,-1,1,0,0,2,3),
1 =(0,1,-1,1,0,0,0,0,0,-1,0,0),
I =(0,0,0,1,-1,1,0,0,0,-1,0,0),
1 =,0,0,0,0,0,0,1,-2,1,0,0,0)

This yields the intersection numbers

R =4J2 +2J205 + 4J2T5 + JoJads + 2J0J5 + 3J20s + Jodods + 20 J3Jy + Jo I3+
20205 + Jodods + 200 J30s + J,Juads + 620 + 20 Jads + 40 T3 + JoJ3 T+
20306 + 3Joduds + Jadade + 20304de + J3de + 200 J5de + JadsJe + 20356+
JuJsJe + 6o Jg + 2005 + 4J3J% + 3JaJ% + 20502 + 677 + SI2T7 + 20, Jod7+
40, J3J7 + Jod3d7 + 20307 + 3Jedadq + Jadadq + 2030407 + J3d7 + 20 JsJ7+
JadsJr + 2030507 + JadsJr + 6J,Jed7 + 20adeJ7 + 4J3J6 7 + 3Jaded7 + 2Js5Js )7+

1 =(0,-2,1,0,0,0,0,0,1,0,0,0)
1(3) = (Oa O’ 13 _2’ 170’ O’ 07 0’ O’ 07 0)’

1(5) = (Oa O’ 0’ O$ O’ _1’0’ 17_1’ 1907 O)a

6J2J7 + 5JoJ3 + 20003 + 40303 + 30403 + 2053 + 6J6J3 + 573

and the evaluation of ¢, on the basis J;

186

Czje = 52,
C2J4 = 24,

CzJ] = 24,
CzJ5 = 72,

Csz = 48,
CzJ(, = 62.

02J3 = 36,

(E.1)

(E.2)

(E.3)



E.1 Results for the other fibre types with F| base

The same data for the model 16

1) = (-6,0,0,0,0,1,-1,1,0,0,0,2,3), 1V =(0,-2,1,0,0,0,0,0,0,1,0,0,0),
1®=(0,1,-2,1,0,0,0,0,0,0,0,0,0), I® =(0,0,0,-1,1,0,0,-1,0,0,1,0,0),
I =(0,0,0,1,-2,1,0,0,0,0,0,0,0), ® =(0,0,0,0,1,-2,1,0,0,0,0,0,0),

1 =(0,0,0,0,0,0,0,1,-2,1,0,0,0), 17 =(0,1,0,0,0,0,0,0,1,-1,-1,0,0),

(E4)

and the intersection by

R =3J2 + 4J203 + 2005 + 20205 + JoJoJs + 6020y + 4J o Jads + 20504 + 2 J3J 4+
JaJ3Js + 6405 + 42 J; + 20305 + 65 + 5J2Js + ddoJads + 20505 + 20, J3J5+
JoJ3Js + 6JoJads + 402 Jads + 2J3Jads + 6035 + 5J.J% + 400 J% + 20302 + 64 T3+ (E.5)
SJ3 + 40206 + 4. Jads + 20506 + 200 J3d6 + JaJ3 s + 6. dads + 42 dads + 2J3ade+
6J2J6 + 5JoJsJs + dJadsJs + 2J3J5d6 + 6JaJsJ + 52 J6 + Ao J2 + daJs + 203+

6JuJz + 5J5J2 + 4T3 + 30207 + 20, Jod7 + JoJ3d7 + 3JoJad7 + 202 dad7 + J3Jad7+

30307 + 3JedsJr + 20adsJ7 + J3JsJq + 3Jadsd7 + 30207 + 3JoJeJ7 + 2J2JeJ7 + J3JeJr+
3Jadod7 + 3JsJed7 + 3J207 + JoJ3 + Jad3 + JsJ3 + JoJ3 + 6J2 05 + 4J,Jo g+ (E.6)
20 J3Js + 6JoJads + dJaJads + 20304 ds + 6025 + 6J.JsJs + 4JaJsTg + 20355+

6J4Js5Js + 6J2J5 + 6J.J6Js + 4J2JeJs + 2J3J6Js + 6J4J6Js + 6J5J6Js + 6J2J5 + 3

JoeJ7Js + 3Jad7Js + 3JsJ7Js + 3J6J7Js + 6J.J5 + 6J4J; + 6J5J3 + 6J6J3

and the evaluation on ¢ is

cJ. =42, cJ1 =48, cadr =24, cpJz =72,

(E.7)
CJy =62, Js =52, cpJg =36, crJ7=T2.

E.1 Results for the other fibre types with F; base

We give some results of the periods for the different fibre types with base F;. The corresponding Picard-
Fuchs operators read [[295]]

Lp7 = 60% —4z(40 + 3)(40 + 1),
Lre=60>-3230+2)30+ 1) (E.8)
Lps = 6> —4z(20 + 1)?
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E Toric data for the elliptic hypersurfaces

The solutions read as follows

[ee)

(4n)! 31
=) — = RS, -, 1,64
bE7 ;)(n!)z(Zn)!Z 2Fi(3, 7 1,642),
— (3n)! 21
= ——— "= F(=,=,1,272),
PE6 ;)(n!)3z 2F1(3:3 2)
— (2n)!2 11
=Yy = LRSS, 1,16
$ps Z(; i = 2501162,
with:
- l’lbl’l "
2F1(a,b,c; x) = Mx—,
(O n!

where (a), = a(a+1)...(a + n — 1) denotes the Pochhammer symbol.
The j-functions read for these read

1 +1927)3
1728 g7 = u
72(1 — 64z)?
) (1 +216z)
1728 jp = ————
JES = 1 =272

1 + 2447 + 2567%

1728 jps = (1+ z + 256z°)

2(—=1 + 162)*

We collect the expressions for the solutions in terms of modular forms

dE7(2(@)? =1+ 24q + 2447 + 964° + - - = —Ex(1) + 2E2(27)
GE6(@@) = 146g+6> +--= > "M = 0y(1)0y(37) + B3(1)03(37)
m,nez

¢ps(2(q) = 1 +4q +4q> + -+ = 63(27)°

Following analogous steps presented in section [5.2] one can again proof the holomorphic
equation for genus 0.
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