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Rigidity in
equivariant stable homotopy theory

Irakli Patchkoria

For any finite group G, we show that the 2-local G-equivariant stable

homotopy category, indexed on a complete G-universe, has a unique equiv-
ariant model in the sense of Quillen model categories. This means that the
suspension functor, homotopy cofiber sequences and the stable Burnside cat-
egory determine all “higher order structure” of the 2-local G-equivariant sta-
ble homotopy category, such as the equivariant homotopy types of function
G-spaces. The theorem can be seen as an equivariant version of Schwede’s
rigidity theorem at the prime 2.
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1 Introduction

The homotopy theory of topological spaces has been developed since the beginning of
the last century and is a significant tool in various fields of mathematics. There are
notions in the classical homotopy theory that are very important in applications, like,
for example, weak homotopy equivalences, fibrations or CW-complexes. There are also
key facts that relate these concepts and make them very useful, like the Whitehead
theorem or the long exact homotopy sequences. Since the 1950’s people started to
observe that there are also other categories beside the category of topological spaces
with similar homotopical notions and where it is possible to develop homotopy theory.
Examples of such categories include the category of simplicial sets and the category of
chain complexes of modules over a ring. This led to an axiomatization of homotopy
theory.

In [Qui67], Quillen introduced model categories which are an abstract framework
for doing homotopy theory. (See Subsection for a brief introduction to model
categories.) The key notions and facts from homotopy theory of topological spaces
are axiomatically encoded in the notion of a model category. Basic examples of a
model category are the category of topological spaces and the category of simplicial
sets with weak homotopy equivalences and the category of chain complexes with quasi-
isomorphisms. The language of model categories also provides a unified and more
conceptual treatment of derived functors that generalizes the classical theory of derived
functors which is very useful in algebraic topology and algebraic geometry [Qui67].

The framework of model categories makes precise what it means to consider objects
up to a given notion of weak equivalence. More precisely, for any model category %,
one defines its homotopy category Ho(%) which is the localization of € at the class
of weak equivalences. The objects which were weakly equivalent in % now become
isomorphic in Ho(%). For example, if € is the model category of topological spaces or
simplicial sets, then Ho(%) is the classical homotopy category of CW-complexes. If €
is the category of chain complexes of modules over a ring R, then Ho(%) is the derived
category of R.

Generally, when passing from a model category % to its homotopy category Ho(%),
one looses “higher homotopical information” such as homotopy types of mapping spaces
in ¥ or the algebraic K-theory of . In particular, an existence of a triangulated
equivalence of homotopy categories does not necessarily imply that two given models are
Quillen equivalent to each other. Here is an easy example of such a loss of information.
Let Mod-K(n) denote the model category of right modules over the n-th Morava
K-theory K(n) and let dgMod-m,K(n) denote the model category of differential
graded modules over the graded homotopy ring 7. K (n). Then the homotopy categories
Ho(Mod-K(n)) and Ho(dgMod-7.K(n)) are triangulated equivalent, whereas the
model categories Mod-K (n) and dg Mod-7.K(n) are not Quillen equivalent. The
reason is that the homotopy types of function spaces in dg Mod-m.K (n) are products
of Eilenberg-MacLane spaces which is not the case for Mod-K (n) (see e.g. [Patl2]
A.1.10)).

Another important example which we would like to recall is due to Schlichting. It



is easy to see that for any prime p, the homotopy categories Ho(Mod-Z/p?) and
Ho(Mod-F,[t]/(t?)) are triangulated equivalent. In [Sch02] Schlichting shows that
the algebraic K-theories of the subcategories of compact objects of Mod-Z/p? and
Mod-F,[t]/(t?) are different for p > 5. It then follows from [DS04, Corollary 3.10]
that the model categories Mod-Z/p* and Mod-F,[t]/(t?) are not Quillen equivalent.
Note that there is also a reinterpretation of this example in terms of differential graded
alegbras [DS09].

There are cases when one can recover the “higher homotopical information” from
the triangulated structure of the homotopy category. An important example for such a
recovery is provided by Schwede’s rigidity theorem [Sch01}[Sch07] about the uniqueness
of models for the stable homotopy category. Before stating this theorem precisely we
review some historical background.

One of the most difficult problems of algebraic topology is to calculate the stable
homotopy groups of spheres. There has been an extensive research in this direction
establishing some remarkable results. A very important object used to do these kind of
computations is the classical stable homotopy category SHC'. This category was first
defined in [Kan63| by Kan. Boardmann in his thesis [Boa64] constructed the (derived)
smash product on SHC whose monoids represent multiplicative cohomology theories.
In [BF78], Bousfield and Friedlander introduced a stable model category Sp of spectra
with Ho(Sp) triangulated equivalent to SHC. The category Sp enjoys several nice
point-set level properties. However, it does not possess a symmetric monoidal product
that descends to Boardmann’s smash product on SHC. This initiated the search for
new models for SHC that possess symmetric monoidal products. In the 1990’s several
such models appeared: S-modules [EKMM97|, symmetric spectra [HSS00|, simplicial
(continuous) functors |[Lyd98] and orthogonal spectra [MMSSO01]. All these models
turned out to be Quillen equivalent to Sp (and hence, to each other) and this naturally
motivated the following

Question. How many models does SHC admit up to Quillen equivalence?

In [Sch07], Schwede answered this question. He proved that the stable homotopy cat-
egory is rigid, i.e., if % is a stable model category with Ho(%') triangulated equivalent
to SHC, then the model categories ¥ and Sp are Quillen equivalent. In other words,
up to Quillen equivalence, there is a unique stable model category whose homotopy
category is triangulated equivalent to the stable homotopy category. This theorem im-
plies that all “higher order structure” of the stable homotopy theory, like, for example,
homotopy types of function spaces, is determined by the suspension functor and the
class of homotopy cofiber sequences.

Initiated by Schwede’s result, in recent years much research has been done on es-
tablishing essential uniqueness of models for certain homotopy categories. In |[Roi07],
Roitzheim shows that the K'(3)-local stable homotopy category has a unique model. For
other theorems of this type see [BR12| and [Hut12].

The present work establishes a new uniqueness result. It proves an equivariant version
of Schwede’s rigidity theorem at the prime 2. Before formulating our main result, we
would like to say a few words on equivariant stable homotopy theory.



The G-equivariant stable homotopy category (indexed on a complete G-universe), for
any compact Lie group G, was introduced in the book [LMSMS&6|. Roughly speak-
ing, the objects of this category are G-spectra indexed on finite dimensional G-repre-
sentations. In this thesis we will work with the stable model category Spg of G-
equivariant orthogonal spectra indexed on a complete G-universe [MMO02]. The homo-
topy category of Spg is the G-equivariant stable homotopy category. The advantage
of this model is that it possesses a symmetric monoidal product compatible with the
model structure. As in the non-equivariant case, the G-equivariant stable homotopy
category has some other monoidal models, like, for example, the category of orthogonal
G-spectra equipped with the S-model structure (flat model structure) [Stol1l, Theorem
2.3.27], the model category of Sg-modules [MMO02, IV.2] and the model category of
G-equivariant continuous functors [Blu06|. For a finite group G, the model categories
of G-equivariant topological symmetric spectra in the sense of [Man(04] and [Haul3| are
also monoidal models for the G-equivariant stable homotopy category. Note that all
these model categories are known to be G -Top,-Quillen equivalent to each other (see
[MMO2], IV.1.1], [Blu06, 1.3], [Stoll} 2.3.31], [Man04] and [Haul3]).

Now we return to the actual content of this thesis. Suppose G is a finite group and
H a subgroup of G. For any g € G, let 9H denote the conjugate subgroup gHg™!.
Then the map

9: XFG/H — XG/H

in the homotopy category Ho(Sp%), given by [z] — [zg] on the point-set level, is called
the conjugation map associated to g and H. Further, if K is another subgroup of G
such that K < H, then we have the restriction map

resil: °G/K — YFG/H

which is just the obvious projection on the point-set level. Moreover, there is also a
map backwards, called the transfer map

tril: XPG/H — SG/K,

given by the Pontryagin-Thom construction (see e.g. [LMSMS&6, IV.3] or [tD87, I1.8]).
These morphisms generate the stable Burnside (orbit) category which is the full preaddi-
tive subcategory of Ho(Spg) with objects the stable orbits X°G/H, H < G |[LMSMS86,
V.9] (see also [Lew98]).

Let G be a finite group. We say that a model category € is a G-equivariant stable
model category if it is enriched, tensored and cotensored over the category G -Top, of
pointed G-spaces in a compatible way (i.e., the pushout-product axiom holds) and if
the adjunction

SVA—1g=—=%:QV(-).

is a Quillen equivalence for any finite dimensional orthogonal G-representation V.
All the models for the G-equivariant stable homotopy category mentioned above are
G-equivariant stable model categories. Different kinds of equivariant spectra indexed



on incomplete universes provide examples of G -Top,-model categories which are not
G-equivariant stable model categories but are stable as underlying model categories.

Here is the main result of this thesis:

Theorem 1.1.1. Let G be a finite group, € a cofibrantly generated, proper, G-equi-
variant stable model category, and let Spg,(g) denote the 2-localization of Spg. Suppose
that

v HO(Spg,(Q) ) —— HO(%)

is an equivalence of triangulated categories such that
U(NPG/H) = G/Hy NYU(S),

for any H < G. Suppose further that the latter isomorphisms are natural with respect to
the restrictions, conjugations and transfers. Then there is a zigzag of G -Top,-Quillen
equivalences between € and Spg,(g).

In fact, we strongly believe that the following integral version of Theorem[I.1.1]should
be true:

Conjecture 1.1.2. Let G be a finite group and let ¥ be a cofibrantly generated,
proper, G-equivariant stable model category. Suppose that

T Ho(SpQ) —= Ho(%)
is an equivalence of triangulated categories such that
U(ZXG/H) = G/Hy A" U(S),

for any H < (G. Suppose further that the latter isomorphisms are natural with respect
to the restrictions, conjugations and transfers. Then there is a zigzag of G -Top,-
Quillen equivalences between € and Spg.

Note that if G is trivial, then the statement of Conjecture [1.1.2]is true. This is
Schwede’s rigidity theorem [Sch07]. (Or, more precisely, a special case of it, as the
model category in Schwede’s theorem need not be cofibrantly generated, topological or
proper.) The solution of Conjecture would in particular imply that all “higher
order structure” of the G-equivariant stable homotopy theory such as, for example,
equivariant homotopy types of function G-spaces, is determined by the suspension func-
tor, the class of homotopy cofiber sequences and the basic mp-information of Ho(Spg),
i.e., the stable Burnside (orbit) category.

The proof of Theorem is divided into two main parts: The first is categorical
and the second is computational. The categorical part of the proof is mainly discussed
in Section [3] and essentially reduces the proof of Conjecture to showing that a
certain exact endofunctor

F: Ho(Spg) — Ho(Spg)



is an equivalence of categories. The computational part shows that 2-locally the
endofunctor is indeed an equivalence of categories. The proof starts by generalizing
Schwede’s arguments from [Sch01] to free (naive) G-spectra. From this point on, clas-
sical techniques of equivariant stable homotopy theory enter the proof. These include
the Wirthmiiller isomorphism, geometric fixed points, isotropy separation and the tom
Dieck splitting. The central idea is to do induction on the order of subgroups and use
the case of free G-spectra as the induction basis.

The only part of the proof of Theorem which uses that we are working 2-locally
is the part about free G-spectra in Section [4l The essential fact one needs here is that
the self map 2 -id: M(2) — M (2) of the mod 2 Moore spectrum is not zero in the
stable homotopy category. For p an odd prime, the map p-id: M(p) — M(p) is equal
to zero and this makes a big difference between the 2-primary and odd primary cases.
Observe that the nontriviality of 2-id: M (2) — M (2) amounts to the fact that M (2)
does not possess an As-structure with respect to the canonical unit map S — M(2). In
fact, for any prime p, the mod p Moore spectrum M (p) has an A,_;-structure but does
not admit an Ap-structure. The obstruction for the latter is the element o € ma;3S().
This is used by Schwede to obtain the integral rigidity result for the stable homotopy
category in [Sch07]. It seems to be rather nontrivial to generalize Schwede’s obstruction
theory arguments about coherent actions of Moore spaces [Sch07] to the equivariant
case.

This thesis is organized as follows. Section [2] contains some basic facts about model
categories and G-equivariant orthogonal spectra. We also review the level and stable
model structures on the category of orthogonal G-spectra. In Section [3| we discuss the
categorical part of the proof. Here we introduce the category of orthogonal G-spectra
Sp&(%) internal to an equivariant model category € and show that if € is stable in
an equivariant sense and additionally satisfies certain technical conditions, then % and
Sp&(%) are Quillen equivalent. This allows us to reduce the proof of Theorem
to showing that a certain exact endofunctor F' of Ho(Spg,(Q)) is an equivalence of
categories. In Section [4| we show that F' becomes an equivalence when restricted to the
full subcategory of free G-spectra.

In Section [5| we prove that it is sufficient to check that the induced map

F: [S¥G/H,SG/HIS — [F(SYG/H), F(SXG/H)S

is an isomorphism for any subgroup H of G. This is then verified inductively in Sec-
tion[7] The results of Section[d]are used for the induction basis. The induction step uses
geometric fixed points and a certain short exact sequence which we review in Section [6]
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2 Preliminaries

2.1 Model categories

A model category is a bicomplete category % equipped with three classes of morphisms
called weak equivalences, fibrations and cofibrations, satisfying certain axioms. We
will not list these axioms here. The point of this structure is that it allows one to “do
homotopy theory” in €. Good references for model categories include [DS95], [Hov99]
and |Qui67].

The fundamental example of a model category is the category of topological spaces
(|Qui67], [Hov99, 2.4.19]). Further important examples are the category of simplicial
sets ([Qui67], [GJ99, 1.11.3]) and the category of chain complexes of modules over a
ring [Hov99, 2.3.11].

For any model category %, one has the associated homotopy category Ho(%) which
is defined as the localization of € with respect to the class of weak equivalences (see
e.g., [Hov99, 1.2] or [DS95]). The model structure guarantees that we do not face set
theoretic problems when passing to localization, i.e., Ho(%) has Hom-sets.

A Quillen adjunction between two model categories ¥ and & is a pair of adjoint
functors

F:¢—2%:F,

where the left adjoint F' preserves cofibrations and acyclic cofibrations (or, equivalently,
E preserves fibrations and acyclic fibrations). We refer to F' as a left Quillen functor and
to F as aright Quillen functor. Quillen’s total derived functor theorem (see e.g., [Qui67]
or [GJ99, I1.8.7]) says that any such pair of adjoint functors induces an adjunction

LF: Ho(¢) —=Ho(2) :RE .

The functor LF is called the left derived functor of F' and RE the right derived functor
of E. If LF is an equivalence of categories (or, equivalently, RE is an equivalence),
then the Quillen adjunction is called a Quillen equivalence.

Next, recall ([Qui67], [Hov99, 6.1.1]) that the homotopy category Ho(%’) of a pointed
model category € supports a suspension functor

¥: Ho(¥) — Ho(%)
with a right adjoint loop functor
Q: Ho(¥¢) — Ho(%).

If the functors % and ) are inverse equivalences, then the pointed model category %
is called a stable model category. For any stable model category %, the homotopy
category Ho(%) is naturally triangulated [Hov99, 7.1]. The suspension functor is the
shift and the distinguished triangles come from the cofiber sequences. (We do not recall
triangulated categories here and refer to [GMO3|, Chapter IV] or [Wei94, 10.2] for the
necessary background.)
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Examples of stable model categories are the model category of chain complexes and
also various model categories of spectra (S-modules [EKMM97], orthogonal spectra
[MMSSO01], symmetric spectra [HSS00], sequential spectra [BET78|).

For any stable model category € and objects X,Y € €, we will denote the abelian
group of morphisms from X to Y in Ho(%) by [X, Y]He(¢),

Next, let us quickly review cofibrantly generated model categories. Here we mainly
follow [Hov99l Section 2.1]. Let I be a set of morphisms in an arbitrary cocomplete
category. A relative I-cell complez is a morphism that is a (possibly transfinite) com-
position of coproducts of pushouts of maps in I. A map is called I-injective if it has the
right lifting property with respect to I. An I-cofibration is map that has the left lifting
property with respect to I-injective maps. The class of I-cell complexes will be denoted
by I-cell. Next, I-inj will stand for the class of I-injective maps and I-cof for the class
of I-cofibrations. It is easy to see that I-cell C I-cof. Finally, let us recall the notion of
smallness. An object K of a cocomplete category is small with respect to a given class
2 of morphisms if the representable functor associated to K commutes with colimits of
large enough transfinite sequences of morphisms from 2. See [Hov99, Definition 2.13]
for more details.

Definition 2.1.1 ([Hov99, Definition 2.1.17]). Let ¢ be a model category. We say
that & is cofibrantly generated, if there are sets I and J of maps in % such that the
following hold:

(i) The domains of I and J are small relative to I-cell and J-cell, respectively.

(ii) The class of fibrations is J-inj.

(iii) The class of acyclic fibrations is I-inj.

Here is a general result that will be used in this thesis:

Proposition 2.1.2 (see e.g. [Hov99, Theorem 2.1.19]). Let € be a category with small
limits and colimits. Suppose W is a subcategory of € and I and J are sets of morphisms
of €. Assume that the following conditions are satisfied:

(i) The subcategory W satisfies the two out of three property and is closed under
retracts.

(ii) The domains of I and J are small relative to I-cell and J-cell, respectively.

(iii) J-cell C # N I-cof.

(iv) I-inj = W N J-inj.

Then € is a cofibrantly generated model category with W the class of weak equiva-
lences, J-inj the class fibrations and I-cof the class of cofibrations.

Note that the set I is usually referred to as a set of generating cofibrations and J as
a set of generating acyclic cofibrations.

Further, we recall the definitions of monoidal model categories and enriched model
categories.

12



Definition 2.1.3 (see e.g. [Hov99, Definition 4.2.6]). A monoidal model category is a
closed symmetric monoidal category ¥ together with a model structure such that the
following conditions hold:

(i) (The pushout-product axiom) Let i: K — L and j: A — B be cofibrations in
the model category #". Then the induced map

inj:KAB\/ LAA—LAB
KAA

is a cofibration in #". Furthermore, if either ¢ or j is an acyclic cofibration, then so is
i0dy.
(ii) Let g: QI — I be a cofibrant replacement for the unit /. Then the maps

gN1: QINX — ITAX and 1Aqg: X AQI — X AT

are weak equivalences for any cofibrant X.

Definition 2.1.4 (see e.g. [Hov99, Definition 4.2.18]). Let ¥ be a monoidal model
category. A ¥ -model category is a model category ¥ with the following data and
properties:

(i) The category € is enriched, tensored and cotensored over ¥ (see [Kel05|, Section
1.2 and Section 3.7]). This means that we have tensors K A X and cotensors X and
mapping objects Hom(X,Y) € ¥ for K € ¥ and X,Y € ¢ and all these functors are
related by ¥ -enriched adjunctions

Hom(K A X,Y) = Hom(X,Y™) = Hom(K, Hom(X,Y)).

(ii) (The pushout-product axiom) Let i: K — L be a cofibration in the model
category ¥ and j: A — B a cofibration in the model category %. Then the induced
map

i0j:KAB\/ LAA— LAB
KAA

is a cofibration in €. Furthermore, if either ¢ or j is an acyclic cofibration, then so is
i0dy.

(iii) If ¢: QI — I is a cofibrant replacement for the unit I in ¥/, then the induced
map gA1: QI N X — I A X is a weak equivalence in % for any cofibrant X.

Finally, let us recall the definition of a proper model category.
Definition 2.1.5. A model category is called left proper if weak equivalences are
preserved by pushouts along cofibrations. Dually, a model category is called right proper

if weak equivalences are preserved by pullbacks along fibrations. A model category
which is left proper and right proper is said to be proper.

13



2.2 G-equivariant spaces

Convention 2.2.1. In this thesis G will always denote a finite group.

Convention 2.2.2. By a topological space we will always mean a compactly generated
weak Hausdorff space.

The category G -Top, of pointed topological G-spaces admits a proper and cofi-
brantly generated model structure such that f: X — Y is a weak equivalence (resp.
fibration) if the induced map on H-fixed points

. x" L yH

is a weak homotopy equivalence (resp. Serre fibration) for any subgroup H < G (see
e.g. [MMO02, III.1]). The set

(G/H xS Y, — (G/HxD"),, n>0 ,H<G

of G-maps generates cofibrations in this model structure. The acyclic cofibrations are
generated by the maps

incly: (G/H x D"y — (G/Hx D" xI)y, n>0 ,H<G.

The model category G -Top, is a closed symmetric monoidal model category [MMO02,
IT1.1]. The monoidal product on G -Top, is given by the smash product X AY', with the
diagonal G-action, for any X,Y € G -Top,, and the mapping object is the nonequiv-
ariant pointed mapping space Map(X,Y') with the conjugation G-action.

2.3 G-equivariant orthogonal spectra

We start by reminding the reader about the definition of an orthogonal spectrum
[MMSS01]:

Definition 2.3.1. An orthogonal spectrum X consists of the following data:
e a sequence of pointed spaces X, for n > 0;
e a base-point preserving continuous action of the orthogonal group O(n) on X,
for each n > 0;
e continuous based maps o, : X, A ST — X1
This data is subject to the following condition: For all n, m > 0, the iterated structure
map X, A S™ — X4 is O(n) x O(m)-equivariant.

Next, let us recall the definition of G-equivariant orthogonal spectra (here we mainly
follow [Schl13|. See also [MMO02] which is the original source for G-equivariant orthog-
onal spectra):

Definition 2.3.2. An orthogonal G-spectrum (G-equivariant orthogonal spectrum) is
an orthogonal spectrum X equipped with a categorical G-action, i.e., with a group
homomorphism G — Aut(X).

14



The category of orthogonal G-spectra is denoted by Spg. Any orthogonal G-spectrum
X can be evaluated on an arbitrary finite dimensional orthogonal G-representation V.

The G-space X (V') is defined by
X(V)=LER" V)4 NO(n) Xn,

where the number n is the dimension of V', the vector space R™ is equipped with the
standard scalar product and L(R", V) is the space of (not necessarily equivariant) linear
isometries from R™ to V. The G-action on X (V') is given diagonally:

g-le,x] =[g9p,97], g€ G, p e LR, V), z€X,.

For the trivial G-representation R", the pointed G-space X (R™) is canonically iso-
morphic to the pointed G-space X,,. Next, let SV denote the representation sphere
of V, i.e., the one-point compactification of V. Using the iterated structure maps of
X, for any finite dimensional orthogonal G-representations V and W, one can define
G-equivariant generalized structure maps

ovw: X(MIASY — X(Vaw).
These are then used to define G-equivariant homotopy groups
¢ X = colim,, [SFTPe, X(n,og)]G, ke Z,

where pg denotes the regular representation of . Furthermore, for any subgroup
H < G, one defines ﬁf X, k € Z, to be the k-th H-equivariant homotopy group of X
considered as an H-spectrum.

Definition 2.3.3. A map f: X — Y of G-equivariant orthogonal spectra is called a
stable equivalence if the induced map

i (f): 7l X — nfly

is an isomorphism for any integer k£ and any subgroup H < G.

2.4 Comparison of different definitions

Before continuing the recollection, let us explain the relation of Definition [2.3.2] with
the orginal definition of G-equivariant orthogonal spectra due to Mandell and May. For
this we first recall G-universes:

Definition 2.4.1 (see e.g. [MMO02, Definition II.1.1]). Let % be a countable dimen-
sional real inner product space with an invariant G-action. Then % is said to be a
G-universe if it satisfies the following conditions

(i) The trivial representation R embeds into % ;

(ii) If an orthogonal G-representation V (equivariantly) embeds into %/, then the
countable sum of copies of V' also embeds into % .

A G-universe is called complete if all irreducible G-representations embed into %
and is called trivial if only trivial representations embed into % .
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The sum ocopg of countable copies of the regular representation p¢g is an example of a
complete G-universe. The euclidean space R* with the trivial G-action is an example
of a trivial universe.

In [MMO2, I1.2], Mandell and May define G-equivariant orthogonal spectra indexed
on a universe %. Such a G-spectrum is a collection of G-spaces indexed on those
representations that embed into % together with certain equivariant structure maps.
It follows from [MMO2] II.4.3] that the category of G-equivariant orthogonal spectra
indexed on a universe % is equivalent to a certain equivariant diagram category. We will
now compare these diagram categories with the category Spg. For this we have to recall
the definition of the indexing G -Top,-category Og,9 . Note that this category will be
also important in Section [3| for defining orthogonal G-spectra in equivariant model
categories. The objects of Og,s are finite dimensional orthogonal G-representations
that embed into the universe %. For any such orthogonal G-representations V and W,
the pointed morphism G-space Og,s (V, W) is defined to be the Thom complex of the
G-equivariant vector bundle

§V, W) — L(V, W),
where L(V, W) is the space of linear isometric embeddings from V to W and
VW) ={(f,2z) e L(V,W) x Wz L f(V)}.

For more details about this category see [MMO02, II.4]. (Note that in [MMO02]|, the
category Og,# is denoted by Zg.)

Remark 2.4.2. If % is a complete universe, then we will denote the category Og,%
just by Og. Further, since the Thom spaces Og,4 (V, W) do not really depend on
Z , the subscript %7 will be omitted in the sequel and we will denote these spaces by
Oc(V,W).

Theorem 11.4.3 of [MMO02] tells us that the category of O¢,4-spaces (which is the
category of G -Top,-enriched functors from Og,s to G -Top,) is equivalent to the
category of G-equivariant orthogonal spectra indexed on a universe %/. Next, consider
any trivial G-universe, for example R*. Then for an arbitrary G-universe %, there is
an obvious fully faithful inclusion

OG)R“’C—> OG)% .

This embedding is in fact a G -Top,-enriched embedding and hence induces a G -Top,.-
enriched adjunction between the categories of Og,4-spaces and O¢,gre-spaces. The
right adjoint is the precomposition with the inclusion and the left adjoint is given by
a G -Top,-enriched left Kan extension [Kel05, Section 4.1]. In fact, [MMO02, Theo-
rem V.1.5] (see also [HHR09, Proposition A.18]) implies that this G -Top,-enriched
adjunction is a G -Top,-enriched equivalence of categories. On the other hand, one can
immediately see that the category of Og,r-spaces is equivalent to the category Spg
(Definition . Hence, for any G-universe %, the category of orthogonal G-spectra

16



indexed on %, the category of O¢,9-spaces and the category Spg are equivalent. This
shows that universes are not really relevant for the point-set level definition of an or-
thogonal G-spectrum. However, they become really important when one considers the
homotopy theory of orthogonal G-spectra (see Subsection .

Next, the category Spg is a closed symmetric monoidal category. The symmetric
monoidal structure on Spg is given by the smash product of underlying orthogonal
spectra [MMSS01] with the diagonal G-action. Similarly, for any universe %, the
category of G-equivariant orthogonal spectra indexed on a universe % as well as the
category of Og,4-spaces are closed symmetric monoidal categories (see Subsection
for the detailed construction of the smash product). It follows from [MMO02, Theorem
I1.4.3, Theorem V.1.5] (see also [HHR09, Proposition A.18]) that all the equivalences
discussed above are in fact equivalences of closed symmetric monoidal categories.

From this point on we will freely use all the results of [MMO02] for the category Spg
having the above equivalences in mind.

2.5 The level model structures on Sp%

In this subsection we closely follow [MMO02, III.2].

Let % be a G-universe. For any finite dimensional orthogonal G-representation V,
the evaluation functor Evy : Spg — G -Top,, given by X — X (V'), has a left adjoint
G -Top,-functor

Fy: Spg — G -Top,

which is defined by (see [MMO02, I1.4])
FyA(W) = Og(V,W) A A.

We fix (once and for all) a small skeleton sk Og,s of the category Og,s. Let IS’%
denote the set of morphisms

{Fy(G/H x S" 1)) — Fy((G/H x D"),) |V €skOg,%, n>0, H<G}
and JS % Jenote the set of morphisms
{Fv((G/H x D");) — Fy((G/H x D" x I)4) |V € skOg,%, n>0, H<G}.

In other words, the sets IS “ and JS’% are obtained by applying the functors Fy,
V € skOgqg,#, to the generating cofibrations and generating acyclic cofibrations of
G -Top,, respectively. Further, we recall

Definition 2.5.1. Let f: X — Y be a morphism in Spg. The map f is called a
U -level equivalence if f(V): X(V) — Y (V) is a weak equivalence in G -Top, for any
V € skOg,. It is called a %-level fibration if f(V): X(V) — Y(V) is a fibration
in G -Top, for any V € skOg,%. A map in Spg is called a % -cofibration if it has the
left lifting property with respect to all maps that are %/ -level fibrations and % -level
equivalences (i.e., Z-level acyclic fibrations).
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Proposition 2.5.2 ([MMO02, 111.2.4]). Let % be a G-universe. The category Spd

together with % -level equivalences, % -level fibrations and % -cofibrations forms a cofi-
a,u .

brantly generated, proper model category. The set I,’" serves as a set of generating

cofibrations and the set JS’% serves as a set of generating acyclic cofibrations.

2.6 The stable model structures on Sp?,

The reference for this subsection is [MMO02, IIL.4].
Recall that for any G-equivariant orthogonal spectrum X we have the generalized
structure maps

ovw: X(V)ASY — X(VaWw).
Let gy : X(V) — QY X(V @ W) denote the adjoint of oy .

Definition 2.6.1. Suppose % is a G-universe. An orthogonal G-spectrum X is called
a G- -Sl-spectrum if the maps oy are weak equivalences in G -Top, for any V and
W in sk Og,9 -

Further, for any G-universe %/ and any orthogonal G-spectrum X, Mandell and May
define H-equivariant homotopy groups Wf’g//(X), k€ Z, H< G [MMO02, Definition
I11.3.2]. We do not give the details here. A map f: X — Y of orthogonal G-spectra
is called a % -stable equivalence, if wf’% (f) is an isomorphism for any k € Z, H < G.
Note that if the universe % is complete, then [MMO02, Definition II1.3.2] recovers the
definition of H-equivariant homotopy groups we gave in Subsection and a % -stable
equivalence is the same as a stable equivalence (see Definition .

Before formulating the theorem about the % -stable model structure on Spg7 let
us introduce certain sets of morphisms in Spg that will serve as generating sets for
cofibrations and acyclic cofibrations for this model structures. Let VW € skOg,s
and

>\V,W: FV@WSW — FVSO
denote the map of G-equivariant orthogonal spectra that is adjoint to the map
SV — Evyew (FvS°) = Oc(V,V & W)

1,0 .
that sends z € W to (V C(—)>V DWW ,z) (see [MMO2, I11.4.3, I11.4.5]). Using the

mapping cylinder construction, the map Ay, factors as a composite

KV,W TVew
FV@WSW —— MAVEBW I FVSO,

where rvgw is a G-equivariant homotopy equivalence and xy,r a cofibration and a
stable equivalence [MMO02, II1.4.5-4.6]. Now consider any generating cofibration

i: (G/H x S Y, — (G/H x D"),.
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Let ¢ O ky,w denote the pushout-product induced from the commutative square:

(G/H X Snil)Jr A FV@WSW I (G/H X Sn—1)+ A M)\V@W

| |

(G/H x D)y A FygwSV —— (G/H x D™) ¢ A MAvaw.

Define
K% ={igkyw |H<G, n>0, V,IW €skOg,z }.

Let Jg " stand for the union JS’% U K% . For convenience, we will also introduce
the notation Isct;’% = IICVW/.
Finally, before formulating the main theorem of this subsection we need the following

definition:

Definition 2.6.2. A map f: X — Y of orthogonal G-spectra is called a % -stable
fibration, if it has the right lifting property with respect to the maps that are % -
cofibrations and % -stable equivalences.

Theorem 2.6.3 ([MMO02, I11.4.2]). The category Spg, together with % -cofibrations, % -
stable equivalences and % -stable fibrations forms a proper, cofibrantly generated, stable
model category. The set Ig’% generates cofibrations and the set Jg’% generates acyclic
cofibrations. Furthermore, the fibrant objects are precisely the G- -Q)-spectra.

The category Spg together with the latter model structure is referred to as the model
category of orthogonal G-spectra indexed on the universe % .

Remark 2.6.4. Since in this thesis we will mostly consider complete universes, let us
introduce some notational conventions which will simplify the exposition. From this
point on the notation Spg will stand for the model category of orthogonal G-spectra
indexed on the complete universe copg (pg is the regular representation of G) and this
model structure will be referred to as the stable model structure on Spg. Next, we will
mostly omit the symbol % from all subscripts and superscripts if % is complete. In
particular, the sets IS’OO'DG, JS’OOpG, KGoora ISGt’OO'DG, JSC:’OO”G will be denoted by IS,
JS, KC IG, JG, respectively. Similarly, G-copg-Q-spectra will be referred to as G-Q-
spectra. A cofibration in Spg will mean an copg-cofibration, a stable fibration in Spg
stands for an copg-fibration and as we already observed an oopg-stable equivalence is

exactly a stable equivalence in the sense of Definition [2.3.3]

Finally, we recall that the stable model category Spg together with the smash product
forms a closed symmetric monoidal model category [MMO02, II1.7]. In particular, the
following holds:

Proposition 2.6.5. Suppose thati: K — L and j: A — B are cofibrations in Spg.
Then the pushout-product

inj:KAB\/ LAA—LAB
KAA
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is a cofibration in Spg. The map i 0 j s also a stable equivalence if in addition ¢ or j
s a stable equivalence.
2.7 The equivariant stable homotopy category

In this subsection we list some well known properties of the homotopy category Ho(Spg).
Note that the category Ho(Spg) is equivalent to the Lewis-May G-equivariant stable
homotopy category of genuine G-spectra (see [MMO02, IV.1]) introduced in [LMSMS86].
As noted in the previous subsection, the model category Spg is stable and hence the
homotopy category Ho(Spg) is naturally triangulated. Further, since the maps

)\V = )\o,vi FVSV — FOSO
are stable equivalences [MMO02, Lemma II1.4.5], it follows that the functor
SV A —: Ho(Sp%) — Ho(SpQ)

is an equivalence of categories for any finite dimensional orthogonal G-representation
V.

Next, before continuing, let us introduce the following notational convention. For
any G-equivariant orthogonal spectra X and Y, the abelian group [X, Y}HO(Spg) of
morphisms from X to Y in Ho(SpQ) will be denoted by [X,Y]¢.

An adjunction argument immediately implies that for any subgroup H < G and an
orthogonal G-spectrum X, there is a natural isomorphism

[X°G/H, XS = rHX.
As a consequence, we see that the set
(SYG/H | H < G)

is a set of compact generators for the triangulated category Ho(Spg). Note that since
G is finite, for * > 0 and any subgroups H, H' < G, the abelian group

SYC/H, 526 HS

is finite (see e.g. [GM95, Proposition A.3]).
Finally, we recall the stable Burnside category. For any g € G, let YH denote the
conjugate subgroup gHg~'. Then the map

g: LG/ H — ¥°G/H

in Ho(SpQ), given by [z] — [xg] on the point-set level, is called the conjugation map
associated to g and H. Further, if K is another subgroup of G such that K < H, then
we have the restriction map

resii: S°G/K — YFG/H
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which is just the obvious projection on the point-set level. Moreover, there is also a
map backwards, called the transfer map

triy: S°G/H — STG/K,

given by the Pontryagin-Thom construction (see e.g. [LMSMS86, IV.3] or [tD87, I1.8]).
These morphisms generate the stable Burnside (orbit) category which is a full preaddi-
tive subcategory of HO(Spg) with objects the stable orbits ¥°G/H, H < G [LMSMS86),
V.9] (see also [Lew9g]).

The stable Burnside category plays an important role in equivariant stable homotopy
theory as well as in representation theory. Indeed, the contravariant functors from this
category to abelian groups are exactly Mackey functors. Note that the stable Burnside
category shows up in the formulation and proof of Theorem [1.1.1
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3 Categorical Input

3.1 Qutline

Recall that G is a finite group. We start with

Definition 3.1.1. A a G -Top,-model category € (see Definition and Subsection
is said to be a G-equivariant stable model category if the adjunction

SYA—:€=—=%:QV(~) = (-)5"
is a Quillen equivalence for any finite dimensional orthogonal G-representation V.

Examples of G-equivariant stable model categories are the model category Spg of
G-equivariant orthogonal spectra [MMO02, II-III], the model category of G-equivariant
orthogonal spectra equipped with the S-model structure [Stoll], the model category
of Sg-modules [MMO02, IV.2], the model category of G-equivariant continuous func-
tors [Blu06] and the model categories of G-equivariant topological symmetric spectra
(Man04], [Haul3]).

The following proposition is an equivariant version of [SS03, 3.8].

Proposition 3.1.2. Let € be a cofibrantly generated (Definition , proper, G-
equivariant stable model category. Then the category Spg((ﬁ) of internal orthogonal
G-spectra in € (Deﬁmjtionm possesses a G-equivariant stable model structure and
the G -Top,-adjunction

2% ¢ —=Sp(%) : Evg
15 a Quillen equivalence.

The proof of this proposition is a straightforward equivariant generalization of the
arguments in [SS03, 3.8]. However, we still decided to provide details here as they
don’t seem to appear in the literature. The proof of Proposition will occupy a
significant part of this section.

The point of Proposition is that one can replace (under some technical assump-
tions) any G-equivariant stable model category by a G-spectral one (Definition ,
i.e., by an Spg-model category. This in particular implies that Ho(%) is tensored over
the G-equivariant stable homotopy category Ho(Spg).

To stress the importance of Proposition [3.1.2] we will now sketch a general strategy
how one should try to prove Conjecture Recall that we are given a triangulated
equivalence

W: Ho(Sp%) —— Ho(%)

with certain properties. By Proposition there is a G -Top,-Quillen equivalence

Y —= Spg(%) : Evg.
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Let X be a cofibrant replacement of (LY o ¥)(S). Since SpZ(%) is G-spectral (Defi-
nition [3.5.1)), there is a G -Top,-Quillen adjunction

— A X: Sp2 —=Sp% (%) : Hom(X, —).

Hence, in order to prove Conjecture it suffices to show that the latter Quillen
adjunction is a Quillen equivalence. Next, it follows from the properties of ¥ that we
have isomorphisms

U(S°G/H) 2 REv(EYG/H AV X)

which are natural with respect to transfers, conjugations, and restrictions. Using these
isomorphisms, we can choose an inverse of ¥

UL Ho(€) — Ho(Sp&)

such that U~ (REvo(EXG/H AV X)) = £°G/H. Moreover, since the isomorphisms
above are natural with respect to the stable Burnside category (Subsection, we get
the identities

U LREvi(gA\VX)) =g, UH(REvg(rest ALX)) =resl, U YR Ev(trf ALX)) = trfl,
where g € G and K < H < . Now let us consider the composite

L
—N"X 1o

REv y—1
F: Ho(Sp2) —= Ho(Sp&(%)) — 9

Ho(%) — Ho(Spg).

Since the functors R Evy and U~ are equivalences, to prove that (— A X, Hom(X, —))
is a Quillen equivalence is equivalent to showing that the endofunctor

F: Ho(SpZ) — Ho(Sp%)
is an equivalence of categories. By the assumptions of Conjecture [1.1.2| and the prop-
erties of ¥, we see that F enjoys the following properties:
(i) F(¥YG/H) =XG/H, H < G

(ii) F preserves transfers, conjugations, and restrictions (and hence the stable Burn-
side category);

(iii) F'is an exact functor of triangulated categories and preserves infinite coproducts.

Similarly, if we start with the 2-localized genuine G-equivariant stable homotopy
category Ho(Spg,(g)) and an equivalence Ho(Spg,(g)) ~ Ho(%) as in the formulation

of Theorem [1.1.1} we obtain an endofunctor Ho(Spg,(g) ) —— Ho(Spg,@) ) which also

satisfies the properties (i), (ii) and (iii) above (see Subsection for more details).
The following proposition which is one of the central results of this thesis, immediately
implies Theorem [1.1.1
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Theorem 3.1.3. Let G be a finite group and F': Ho(Spg,(Q) ) HHO(Spg,(Q)) an
exact functor of triangulated categories that preserves arbitrary coproducts and such
that

F(XYG/H)=%¥YG/H, H <G,

and
F(g9) =g, Frest) =restl, Fitrl)=trfl, g G, K<H<G.

Then F' is an equivalence of categories.

The proof of this proposition will be completed at the very end of this thesis. In this
section we will concentrate on the proof of Proposition and on the p-localization
of the stable model structure of [MMO02] on the category of G-equivariant orthogonal
spectra.

Before starting the preparation for the proof of Proposition let us outline the
plan that will lead to the proof of Proposition [3.1.2l We first define the category
Spg(%) of orthogonal G-spectra internal to a G -Top,-model category % and discuss
its categorical properties. Next, for any cofibrantly generated G -Top,-model category
% we construct the level model structure on Spg(% ). Finally, using the same strategy
as in [SS03], we establish the G-equivariant stable model structure on Sp& (%) for any
proper, cofibrantly generated, G -Top,-model category % that is stable as an underlying
model category.

3.2 Orthogonal G-spectra in equivariant model categories

Recall from Subsection the G -Top,-category Og. The objects of Og are finite
dimensional orthogonal G-representations. For any finite dimensional orthogonal G-
representations V' and W, the pointed morphism G-space from V to W is the Thom
space Og(V,W). Recall also that the category Spg is equivalent to the category of
Og-spaces (which is the category of G -Top,-enriched functors from Og to G -Top,).

Now suppose that € is a G -Top,-model category (in particular, € is pointed). We
remind the reader that this means that we have tensors K A X, cotensors XX and
pointed mapping G-spaces Map(X,Y) for K € G -Top, and X,Y € €, which are re-
lated by adjunctions and satisfy certain properties (Definition . In particular, the
pushout-product axiom holds: Let i: K — L be a cofibration in the model category
G -Top, and j: A — B a cofibration in the model category ¥. Then the induced map

i0j:KAB\/ LAA— LAB
KAA

is a cofibration in ¥’. Furthermore, if either ¢ or j is an acyclic cofibration, then so is
13djy.

Definition 3.2.1. Let € be a G -Top,-model category. An orthogonal G-spectrum in
% is a G -Top,-enriched functor (|[Kel05, 1.2]) from the category O¢ to €.
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The category of orthogonal G-spectra in € will be denoted by Sp@(%). Note that
by [MMO02, I1.4.3] (see also Subsection , the category Spg(G -Top, ) is equivalent
to Spg. Next, since ¥ is complete and cocomplete, so is the category Spg(%) (see
[Kel05, 3.3]) and limits and colimits are constructed levelwise.

Remark 3.2.2. The category Og¢ is skeletally small. We can fix once and for all a
small skeleton of Og. In particular, when talking about ends and coends over O¢g and
using the notations f;, co,, and S V€06 e will always implicitly mean that the indexing
category is the chosen small skeleton of Og.

Next, we want to check that Spg(%) is enriched, tensored and cotensored over Spg.
For this we first review the closed symmetric monoidal structure on Sp&. The main
reference here is [MMO02, II]. Recall, that the category Og has a symmetric monoidal
product 6@ given by the direct sum of orthogonal representations on objects and by the
continuous G-map

Oc(V.W)ANOg(V',W') — Ocg(Va V' WaeW'), (aqw)A(B,w)— (ad b, (w,w))
on morphisms. In fact, the product & can be interpreted as a G -Top,-functor
@: Og ANOg — Og.

Here the category Og A Og has pairs of finite dimensional orthogonal G-representations
as its objects. The morphisms in Og A Og are given by

Oc N Og((V, V/), (W, WI)) =O0g(V,IW) A Og(V/, W’).

The product @ on O¢g together with the smash product on G -Top, gives a symmetric
monoidal product on Spg(G -Top,). This construction is a special case of the Day
convolution product [Day70]. More precisely, let X and Y be objects of Spg(G -Top,).
Then we have the external smash product

XAY:0qANOg — G -Top,,

defined by (X AY)(V, W) = X(V) AY(W). The G -Top,-enriched left Kan extension
[Kel05, Section 4.1, Proposition 4.33] of X A Y along &

XAY
O A Og —2°- G Top,

_ 7
o
~ “Lang (XAY)
O¢
is called the smash product of X and Y and is denoted by X AY. This is a symmetric

monoidal product [Day70| (see also [MMO02, 11.3.7-3.8]). It follows from [Kel05} Section
4.2, (4.25)] that one can describe this smash product as a G -Top,-enriched coend (see

Remark [3.2.2))

V.WeOa
X/\Y§/ Oc(V & W, =) A X(V) AY (W),
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In fact, Spg(G -Top,.) is a closed symmetric monoidal category and the internal Hom-
objects are given by the G -Top,-enriched end construction

Hom(X, Y)(V) = /WGO Map(X (W), Y (W & V).

Note that the equivalence of [MMO02, I1.4.3] is an equivalence of closed symmetric
monoidal categories and in particular, the latter Day convolution product corresponds
to the smash product of [MMO02, II.3]. As noted in Subsection we will once and
for all identify the symmetric monoidal category Spg(G -Top,) with the symmetric
monoidal category Spg having [MMO02, Theorem I1.4.3] in mind.

The generality of constructions we recalled here allows us to prove the following
Proposition:

Proposition 3.2.3. Let ¥ be a G -Top,-model category. The category Spg(%) 18
enriched, tensored and cotensored over the symmetric monoidal category Spg of equiv-
ariant orthogonal G-spectra.

Proof. Let K be an object of SpQ(G -Top,) and X an object of Sp&(%). Mimicking
the construction of the smash product on Spg(G -Top, ), we define an object in Spg(ﬁaﬂ)

V.WeOg
K/\X:/ Oc(V & W, =) AK(V) A X(W).

This product is unital and coherently associative. The proof uses the enriched Yoneda
Lemma [Kel05, Section 3.10, (3.71)] and the Fubini theorem [Kel05, Section 3.10,
(3.63)]. We do not provide the details here as they are standard and well-known.
Next, one defines cotensors by a G -Top,-enriched end

xKw) :/ X(W g V)EW),
WeOgqg

Finally, for any X,Y € Spg(%), one can define Hom-G-spectra by a G -Top,-enriched
end

Hom(X,Y)(V) = /Weo Map(X (W), Y(W & V)).

It is an immediate consequence of [Kel05, Section 3.10, (3.71)] that these functors
satisfy all the necessary adjointness properties:

Hom(K A X,Y) = Hom(X,Y*X) = Hom(K, Hom(X,Y)). O

3.3 The level model structure on Sp& (%)

We start with the following well-known lemma which is an important technical ingre-
dient for establishing the level model structure on Spg(%). The author was unable to
find a reference for this lemma and decided to provide a proof.

26



Lemma 3.3.1. Let G be a finite group and V and W finite dimensional orthogonal
G-representations. Then the pointed G-space Og(V, W) admits a structure of a pointed
G-CW complex.

Proof. Assume that L(V,W) # (. Nonequivariantly the space L(V,W) is a Stiefel
manifold and the trivial vector bundle

L(V,W)x W — L(V,W)

is smooth. Moreover, this bundle has a structure of a smooth Euclidean vector bundle
induced from the scalar product on W. Let ((V,W) C L(V,W) x W denote the
subbundle defined by

CV,W) ={(a,w) e L(V,W) x W | w € Ima}.

In fact, {(V,W) is a smooth trivial subbundle of L(V,W) x W. This follows from
the fact that any fixed basis of V' gives us a set of everywhere linearly independent
smooth sections of ((V,W) that fiberwise span ((V, W) (see [Leel3, Lemma 10.32]).
The bundle

VW) ={(f,2) e L(V,W) x W |z L f(V)}

is the orthogonal complement of {(V, ). Since the metric on L(V, W) x W is smooth
it follows that &£(V, W) is a smooth Euclidean vector bundle. Next, O(V) and O(W)
act smoothly on L(V, W) and this implies that the action of G on L(V, W) and hence
on &(V, W) is smooth. Consequently, the disc bundle DE(V, W) is a smooth G-manifold
with boundary the sphere bundle S¢(V, W). Now Illman’s results [I1183, Theorem 7.1,
Corollary 7.2] imply that (D&(V, W), SE(V,W)) is a G-CW pair and hence

Oc(V,W) = DE(V, W) /SE(V, W)

admits a structure of a pointed G-CW complex. O

In order to establish the stable model structure on Spg(%), one needs an additional
assumtion on . We have to assume that % is a cofibrantly generated G -Top,-model
category.

Definition 3.3.2. Let ¥ be a G -Top,-model category. We say that & is a cofibrantly
generated G -Top,-model category, if there are sets I and J of maps in € such that the
following hold:

(i) Let A be the domain or codomain of a morphism from I. Then for any subgroup
H < G and any n > 0, the object

(G/H x D)4 A A

is small relative to I-cell (and hence relative to I-cof by [Hov99, 2.1.16]).
(ii) Domains of morphisms in J are small relative to J-cell and I-cell.
(iii) The class of fibrations is J-inj.

(iv) The class of acyclic fibrations is I-inj.
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The model category G -Top, is a cofibrantly generated G -Top,-model category
IMMO2, Theorem III.1.8]. Other important examples of cofibrantly generated G -Top,-
model categories are the model category Spg of G-equivariant orthogonal spectra
IMMO02, Theorem II1.4.2], the model category of G-equivariant orthogonal spectra
equipped with the S-model structure [Stoll, Theorem 2.3.27], the model category of
Sg-modules [MMO02, Theorem IV.2.8], the model category of G-equivariant continuous
functors [Blu06, Theorem 1.3] and the model categories of G-equivariant topological
symmetric spectra ([Man04], [Haul3]).

Remark 3.3.3. If a G -Top,-model category % is cofibrantly generated as an under-
lying model category (Definition , then it doesn’t necessarily follow that & is a
cofibrantly generated G -Top,-model category in the sense of Definition [3.3.2]

The conditions in Definition [3.3.2] are essentially needed at the end of the proof of
Proposition In fact, all the claims in this section that come before Proposition
do not really use that € satisfies all the conditions of Definition They still
hold if we only assume that € is a G -Top,-model category and cofibrantly generated
as an underlying model category. However, for the rest of the thesis, we decided to
concentrate only on cofibrantly generated G -Top,-model categories in the sense of
Definition since more general model categories are irrelevant here.

Remark 3.3.4. Note that some conditions are redundant in Definition B.3.2] if the
group G is finite. Indeed, Condition (i) of Definition can be simplified. If we
assume that for any A which is the domain or codomain of a morphism from I, the
object D! A A is small relative to I-cell, then Condition (i) automatically holds. This
follows by adjunction and from the fact that fixed point functors commute with se-
quential colimits for finite groups. Since Condition (i) is essentially used in the proof
of Proposition for convenience, we decided to put it in the definition.

Now suppose that & is a cofibrantly generated G -Top,-model category with I and
J generating cofibrations and acyclic cofibrations

Definition 3.3.5. Let f: X — Y be a morphism in Spg(%). The map f is called a
level equivalence if f(V): X(V) — Y (V) is a weak equivalence in & for any V' € Og.
It is called a level fibration if f(V): X(V) — Y (V) is a fibration in € for any V' € Og.
A map in Spg(%) is called a cofibration if it has the left lifting property with respect
to all maps that are level fibrations and level equivalences (i.e., level acyclic fibrations).

The level model structure on Spg(%) which we will construct now is a cofibrantly
generated model structure. Before stating the main proposition of this subsection we
would like to introduce the set of morphisms that will serve as generators of (acyclic)
cofibrations in the level model structure on Sp&(%).

The evaluation functor Evy : Spg(%) — €, given by X — X (V), has a left adjoint
G -Top,-functor

Fy: € — Spl(%)

which is defined by
FyA= Og(‘/, —) N A.
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For any finite dimensional orthogonal G-representation V', consider the following sets
of morphisms

Fyl={Fyi|iel} and FyJ={Fyj|jeJ}.
Next, fix (once and for all) a small skeleton sk O¢ of the category Og. We finally define

FI = U FyI and FJ= U FyJ.
Vesk Og Vesk Og

The following proposition is a special case of [GM11, Theorem 2.12]. For the sake of
completeness, we provide a proof.

Proposition 3.3.6. Suppose € is a cofibrantly generated G -Top,-model category.
Then the category Spg(%) of orthogonal G-spectra in € together with the level equiva-
lences, cofibrations and level fibrations described in Definition[3.3.5 forms a cofibrantly
generated model category. The set F I generates cofibrations and the set F'J generates
acyclic cofibrations.

Proof. The strategy is to apply Proposition If f(V): X(V) — Y(V) is a weak
equivalence (resp. fibration) for any V € skOg, then f is a level equivalence (resp.
fibration) (see Definition [3.3.5). Hence, by adjunction, the class F'.J-inj coincides with
the class of level fibrations and the class F'I-inj with the class of level acyclic fibrations.
In particular, if we let #'V denote the class of level equivalences, then F.J-inj N # W=
F'I-inj. Further, recall that for any finite dimensional orthogonal G-representations V'
and W and any object A in €,

Fy A(W) = 0a(V, W) A A.

Since the evaluation functors preserve colimits, Lemma[3.3.1] together with the pushout-
product axiom implies that any morphism in FI-cell is a levelwise cofibration and any
morphism in F'J-cell is a levelwise acyclic cofibration. By [Hov99, Proposition 2.1.16],
the domains of maps in I are small relative to the class of cofibrations in 4. Hence, by
adjunction, the domains of morphisms in F'I are small relative to F'I-cell. The same
argument also applies to F'J. It remains to check that

FJ-cell C #" N FI-cof.

We have already verified that F.J-cell C #'. To see the second inclusion, note that
J C I-cell. Since Fy is a left adjoint for any V € Og, one gets the inclusion

FyJ C Fyl-cell

which implies that F'J C FI-cof. As FI-cof is closed under coproducts, pushouts and
transfinite compositions, we conclude that the class F'J-cell is included in F'I-cof. By
Proposition this completes the proof. O
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Recall that Proposition tells us that Spco;(‘g) is enriched, tensored and coten-
sored over the category Sp. We conclude this section with the following compatibility
result:

Proposition 3.3.7. Let € be a cofibrantly generated G -Top,-model category. Suppose
that i: K — L is a cofibration in Spg and j: A — B a cofibration in Spg(%). Then
the pushout-product
i0j:KAB\/ LAA— LAB
KAA

is a cofibration in Spg(%). Moreover, if in addition i or j is a level equivalence, then
so4s40j.

Proof. By [Hov99, Corollary 4.2.5], it suffices to prove the claim for generating cofi-
brations and generating acyclic cofibrations. For any finite dimensional orthogonal
G-representations V' and W, there is a natural isomorphism

FyKNANFyA= FV@W(K VAN A)

which follows from the Fubini theorem and the enriched Yoneda lemma [Kel05, Sec-
tion 3.10, (3.63), (3.71)]. Now the functors Fy preserve colimits and cofibrations.
Furthermore, they send acyclic cofibrations to cofibrations which are additionally level
equivalences. Combined with the latter isomorphism this implies the desired result. [

Proposition together with Proposition yields

Corollary 3.3.8. Let € be a cofibrantly generated G -Top,-model category. Suppose
that i: K — L is a cofibration in Spg and p: X — Y a level fibration in Spg(‘ﬁ).
Then the following hold:

(i) The induced map

Hom(L, X)) — Hom(K, X) Xgom(x,y) Hom(L,Y)

s a level fibration of G-equivariant orthogonal spectra. Moreover, this map is also a
level equivalence if in addition i or p is a level equivalence.
(ii) The induced map
Xt XE xyx YL

is a level fibration in Sp(o;(%). Moreover, this map is also a level equivalence if in
addition © or p is a level equivalence.
3.4 The stable model structure on Sp9 (%)

This subsection establishes the stable model structure on Spg(%). For this one needs
more assumptions than in Proposition[3.3.6] More precisely, we have to assume that the
cofibrantly generated G -Top,-model category % is proper and stable as an underlying
model category. The strategy is to generalize the arguments given in [SS03, 3.8].
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Let W be a finite dimensional orthogonal G-representation and
M = dow: FwSW — RS =S

denote the stable equivalence of G-equivariant orthogonal spectra that is adjoint to the
identity map
id: SV — BEvy(S) = SV

(see [MMO02, 1I1.4.3, I11.4.5] or Subsection [2.6)).

Definition 3.4.1. Let % be a G -Top,-model category. An object Z of Spg(‘ﬁ) is
called an Q-spectrum if it is level fibrant and for any finite dimensional orthogonal
G-representation W, the induced map

0 14%
¥ 7oy ZFOS ZFWS
is a level equivalence.

Since ZFwS" =~ Z(W & —)5", this definition recovers the definition of a G-Q-
spectrum in the sense of [MMO02, Definition II1.3.1] when ¢ = G -Top,, (see also Defi-

nition [2.6.1)).

Now suppose again that 4 is a cofibrantly generated G -Top,-model category. By
Proposition m the level model structure on Spg (%) is cofibrantly generated. Hence
we can choose (and fix once and for all) a cofibrant replacement functor

(=)°: Spg(?) — Spg(%).

Definition 3.4.2. A morphism f: A — B in Sp&(%) is a stable equivalence if for
any 2-spectrum Z, the map

Hom(f¢ Z): Hom(B¢, Z) — Hom(A¢, Z)
is a level equivalence of G-equivariant orthogonal spectra.

Lemma 3.4.3. Let K be a cofibrant G-equivariant orthogonal spectrum, A a cofibrant
object in Sp(€) and Z an Q-spectrum in SpQ(€). Then Hom(A, Z) is a G-Q-spectrum
and Z¥ is an Q-spectrum in Spg(%).

Proof. Corollary (i) implies that Hom(A, Z) is level fibrant. Next, it follows from
Proposition that there is a natural isomorphism

Hom(A, Z)* = Hom(A4, Z1)
of G-equivariant orthogonal spectra. Hence, the map
s+ Hom(A, Z)F5" — Hom(4, Z)Fws"
is isomorphic to the map

Hom(A, Ajy): Hom(A, ZFOSO) — Hom(A4, ZFWSW).
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By Corollary |3.3.8| (ii), the objects ZF05% and ZFwS™ are level fibrant as Z is. Since
Z is an 2-spectrum, the morphism

0 w
Ny : Z =2 2505 — zFws

is a level equivalence. Consequently, the latter morphism is a level equivalence between
level fibrant objects. Now using Corollary (i), Ken Brown’s Lemma (see e.g.
[Hov99, Lemma 1.1.12]) and that A is cofibrant, we conclude that Hom(A, \j;,) and
hence . w

v Hom(A, 2)15" — Hom(4, 2)Fw*

is a level equivalence. This implies that Hom(A, Z) is an Q-spectrum.
The proof for Z¥ is similar. We use the natural isomorphism (Z1)& = (ZK)L
Corollary (ii) and Ken Brown’s Lemma. O

Lemma 3.4.4. Let € be a left proper and cofibrantly generated G -Top,-model cat-
egory. Then a cofibration i: A — B is a stable equivalence if and only if for any
Q-spectrum Z in Sp2(€), the orthogonal G-spectrum Hom(B/A, Z) is level weakly G-
contractible.

Proof. Recall that (—)° denotes the cofibrant replacement functor on Sp&(%). By
Proposition the map i¢: A° — B¢ admits a factorization into a cofibration
j: A¢ — B followed by a level acyclic fibration p: B — B¢. The morphism p is a
level equivalence between cofibrant objects. Therefore, by Corollary (i) and Ken
Brown’s Lemma, the map Hom(p, Z) is a level equivalence of G-equivariant orthogonal
spectra. Hence, i: A — B is stable equivalence if and only if the map

Hom(j, Z): Hom(B, Z) — Hom(A¢, Z)
is a level equivalence for any (2-spectrum Z. Next, for every {2-spectrum Z, the cofiber
sequence
Ae—> B ——=BJA°
induces a level fiber sequence

Hom(j,Z)

Hom(B/A¢, Z) — Hom(B, Z) Hom(A¢, Z),

where all G-spectra are G-Q2-spectra by Lemma Consequently, i: A — B is
a stable equivalence if and only if the G-spectrum Hom(B/A¢, Z) is level weakly G-
contractible. Thus, to complete the proof it suffices to check that Hom(B/A¢, Z) and
Hom(B/A, Z) are level equivalent. Since % is left proper and the maps A — A and
B — B are level equivalences, the induced map on the cofibers

B/A° — B/A

is a level equivalence. The objects B/A°® and B/A are cofibrant in SpZ(%) and therefore,
Corollary (i) and Ken Brown’s Lemma imply that the latter morphism induces
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a level equivalence between Hom(B/A¢, Z) and Hom(B/A,Z). Hence i is a stable
equivalence if and only if the G-spectrum Hom(B/A, Z) is level weakly G-contractible
for any 2-spectrum Z. O

Corollary 3.4.5. Let € be a left proper and cofibrantly generated G -Top,-model cat-
egory. Then a cofibration i: A — B is a stable equivalence if and only if for any Q-
spectrum Z in SpQ(€), the G-spectrum Hom(B/A,QZ) is level weakly G-contractible.

Proof. By Lemma for any Q-spectrum Z in Sp& (%), the object
0z =75 =z

is an 2-spectrum. Hence, Lemma [3.4.4] implies that if the cofibration i: A — B is a
stable equivalence, then the G-spectrum Hom(B /A, Q2 7) is level weakly G-contractible.

Conversely, suppose that for any Q-spectrum Z, the G-spectrum Hom(B/A,QZ) is
level weakly G-contractible. By Lemma @7 the cotensor ZF15” is an Q-spectrum and
Definition tells us that the map

Z — Q(z15%) =z

is a level equivalence between level fibrant objects. Since B/A is cofibrant, Corollary
(i) and Ken Brown’s Lemma imply that Hom(B/A, Z) and Hom(B/A, Q(Zt15°%))
are level equivalent. According to the assumption, Hom(B/A, Q(ZF15%)) is level weakly
G-contractible and by Lemma, this finishes the proof. O

The next proposition is very important. After showing that under certain assump-
tions the category Spg(%) has a stable model structure, the proposition will imply that
Sp& (%) is an Sp&-model category (i.c., a G-spectral category see Definition [3.5.1]).

Proposition 3.4.6. Let € be a left proper and cofibrantly generated G -Top,-model
category. Suppose that i: K — L s a cofibration in Spg and j: A — B a cofibration
mn Spg(%). Then the pushout-product

inj:KAB\/ LAA—LAB
KAA

s a cofibration in Spg(%). The map i O j is also a stable equivalence if in addition 1
or j s a stable equivalence.

Proof. The morphism ¢ O j is a cofibration by Proposition [3.3.7] The cofiber of i O j
is isomorphic to
(L/K) N (B/A).

Hence, by Lemma it suffices to show that the G-equivariant orthogonal spectrum

Hom((L/K) A (B/A), Z)
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is level weakly G-contractible for any 2-spectrum Z if i or j is a stable equivalence. First
suppose that the morphism j: A — B is a stable equivalence in Spg(%). According
to Proposition [3.2.3], we have an isomorphism

Hom((L/K) A (B/A), Z) = Hom(B/A, ZW/5)).

By Lemma for any Q-spectrum Z, the spectrum Z(/K) is an Q-spectrum as
L/K is cofibrant. Since j: A — B is a stable equivalence, it follows from Lemma
that Hom(B/A, Z(L/K)) is level weakly G-contractible for any Q-spectrum Z.
This completes the proof of the first case.

Now suppose that ¢: K — L is a stable equivalence in Spg. Propositionyields
an isomorphism

Hom((L/K) AN (A/B),Z) = Hom(L/K,Hom(A/B, Z)).

Lemma implies that Hom(A/B, Z) is a G-Q-spectrum. On the other hand, since
i: K — L is a stable equivalence and the model category Spg is left proper [MMO02,
I11.4.2], the orthogonal G-spectrum L/K is G-stably contractible (i.e., 7 (L/K) = 0,
H < @). Hence, by [MMO02, Proposition III1.7.5], the G-spectrum

Hom(L/K, Hom(A/B, Z))

is a G-stably contractible G-Q2-spectrum. Since any G-stably contractible G-{2-spectrum
is level weakly G-contractible [MMO02, Lemma II1.9.1], it follows that the orthogonal
G-spectrum Hom(L/K,Hom(A/B, Z) is level weakly G-contractible and this completes
the proof. O

Next, we introduce the set Jg which will serve as a set of generating acyclic cofibra-
tions for the stable model structure on Sp& (%) that we are going to establish. Let W
be a finite dimensional orthogonal G-representation. Consider the levelwise mapping
cylinder M\ of the map A\ : Fiy SV — FyS°. The map Ay factors as a composite

Fy SV fw MA\w _w F,S°,

where ryy is a G-equivariant homotopy equivalence and sy a cofibration and a stable
equivalence [MMO02| I11.4.5-4.6] (see also Subsection [2.6]). Define

K = {/iwl]Fvi | 1 €1, V;WGSkOg},
where O is the pushout-product, I is the fixed set of generating cofibrations in € (see
Definition [3.3.2) and sk Og the fixed small skeleton of Og as in Subsection Next,

recall from Proposition that we have sets F'I and F'J, generating cofibrations and
acyclic cofibrations, respectively, in the level model structure. Define

Jst = FJ UK.
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For the convenience we will denote the set F'I by Is. The cofibrations in the stable
model structure on Spg(%) will be the same as in the level model structure and thus
I = FI will serve as a set of generating cofibrations for the stable model structure.

The following proposition is an important technical statement used to establish the
stable model structure on Sp&(%).

Proposition 3.4.7. Let € be a left proper and cofibrantly generated G -Top,-model
category. Then any morphism in Jg-cell is an Iy-cofibration (i.e., a cofibration) and
a stable equivalence.

Proof. By Proposition [3.3.7], the morphisms in K are cofibrations. Next, Proposition
implies that F'J C FI-cof. Hence, one has

Jgi = FJUK C Fl-cof = I-cof.
Since Ig-cof is closed under coproducts, pushouts and transfinite compositions, we get
Jst-cell C Igi-cof.

It remains to check that all maps in Jg-cell are stable equivalences in Spg (¢). We
claim that for any Jg-cofibration A — B and any {2-spectrum Z, the induced map

Hom(B,Z) — Hom(A,QZ)

is a level acyclic fibration of orthogonal G-spectra. Before proving the claim, let us
show how it completes the proof. Indeed, if the latter map is a level acyclic fibration,
then its fiber Hom(B/A,QZ) is level weakly G-contractible by the long exact sequence
of homotopy groups of a fibration. Hence, Corollary applies and we conclude that
A — B is a stable equivalence.

We will now show that the above claim holds. The property of inducing a level acyclic
fibration after applying Hom(—, Q27) is obviously closed under coproducts, pushouts,
transfinite compositions and retracts. Thus, it suffices to show that for any Q-spectrum
Z, the functor Hom(—,QZ) gives level acyclic fibrations when applied to morphisms
from Jy = FJUK. For morphisms from F'J this follows immediately from Proposition
and Corollary (i). For K we proceed as follows. By Proposition for
any V,W € skOqg and ¢ € I, the morphism sy O Fyi is a stable equivalence and a
cofibration in Sp&(%). Hence, Corollary (i) implies that Hom(kw O Fyi, Z) is
a level fibration and Lemma implies that the fiber of Hom(xkw O Fy i, Z) is level
weakly G-contractible. Together with the long exact sequence of homotopy groups of a
fibration this allows us to conclude that Q Hom(xw O Fyi, Z) is a level acyclic fibration.
The desired result now follows from the isomorphism

QHom(kw O Fyi, Z) = Hom(kw O Fyi, Q7). dJ

The next Lemma provides a lifting property characterization of {2-spectra in Spg(%).
After establishing the stable model structure on Sp&(%), this lemma will describe the
fibrant objects in the stable model structure.
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Lemma 3.4.8. Let € be a cofibrantly generated G -Top,-model category and X an
object of Spg(%). Then the map X — % is Jg-injective if and only if X is an Q-
spectrum.

Proof. By Proposition the morphism X — * is F'J-injective if and only if
X is level fibrant. Now we assume that X is level fibrant and show that X — %
is K-injective if and only if X is an Q-spectrum. By adjunction the map X —
is K-injective if and only if for any W, the map X" : XMiw XFwS" has the
right lifting property with respect to FI, i.e., if and only if it is a level acyclic fibra-
tion. Since the map X"W is always a level fibration for any W and a level fibrant
X (according to Corollary |3.3.8| (ii)), it follows that X — x is K-injective if and
only if X*w . XMAw __ XFwS" s a level equivalence in Spg(%). Further, the map
rw: My — FpSY =S is a G-equivariant homotopy equivalence [MMO02, I11.4.6] and
hence the induced map X" : X — XMW is a level equivalence. On the other hand,
we have the equality A\yy = ry o Kk and thus, for a level fibrant X, the map X — *
is K-injective if and only if X W : X — XF wS™ s a level equivalence. That is, for a
level fibrant X, the map X — x is K-injective if and only if X is an Q-spectrum. [J

The following proposition is the last major technical statement used for constructing
the stable model structure. Here we have to assume that our cofibrantly generated
G -Top,-model category % is right proper and stable as an underlying model category.

Proposition 3.4.9. Let € be a right proper and cofibrantly generated G -Top,-model
category which is stable as an underlying model category. Then a map in Spg((ﬁ) 18
Jst-injective and a stable equivalence if and only if it is a level acyclic fibration.

Proof. By Corollary (i), every level equivalence in Spg(%ﬂ) is a stable equivalence.
Hence, every level acyclic fibration is a stable equivalence. Further, the class Jg is
contained in Ig-cof and hence,

I-inj C Jg¢-inj.

The class Ig-inj = F'I-inj coincides with the class of level acyclic fibrations (Proposition
. Thus, every level acyclic fibration is Jg-injective and a stable equivalence. The
converse statement needs much more work.

Suppose a morphism £ — B in Spg(%) is Jgt-injective and a stable equivalence.
Since F'J C Jg, it follows from Proposition that the map £ — B is a level
fibration. Next, let F' denote the fiber of E — B. Choose a cofibrant replacement

Jreof =, F in the level model category and factor the composite peof P E
in the level model structure

Fcof

. A4

Ecof
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as a cofibration followed by a level equivalence. We get a commutative diagram

Fcof Ecof Ecof/Fcof
izlv i:lv l
F E B.

The upper sequence in this diagram is a homotopy cofiber sequence. Since the model
category % is right proper, the lower sequence is a levelwise homotopy fiber sequence.
The stability of ¢ implies that homotopy cartesian and cocartesian squares are the same
in ¢ (see e.g. [Hov99, Remark 7.1.12]). Therefore, the induced map Ef/F«f — B
is a level equivalence. As the morphism E — B is a stable equivalence, it follows
that the map E®f — Ef/Feof i a stable equivalence as well. Now let Z be any
Q-spectrum in Spg(%) and consider the sequence

Hom(E®!/Ft 7) — Hom(E*!, Z) — Hom(F<!, 7).

Corollary (i) implies that the second map in this sequence is a level fibration and
hence this sequence is a level fiber sequence of orthogonal G-{-spectra. Further, the
first map in this fiber sequence is a level equivalence since Ef — Ecf /Feof is a
stable equivalence. This implies that Hom(F cof 7 ) is level weakly G-contractible for
any {2-spectrum Z. Since F' — x is a pullback of £ — B along the map x — B, we
see that the morphism F' — x is Jg-injective and thus F' is an 2-spectrum according
to Lemma Consequently, one concludes that the G-Q-spectrum Hom(F!, F) is
level weakly G-contractible. This in particular implies that 7§ (Hom(F<f, F)(0)) = 0.
But the set 7§ (Hom(F!, F')(0)) is isomorphic to the set of endomorphisms of F in
the homotopy category of the level model structure on Spg(%), yielding that F' is level
equivalent to a point. Thus we conclude that £ — B is a level equivalence and this
completes the proof. O

Finally, we are ready to establish the stable model structure. The following propo-
sition constructs the desired model structure. The proof of the fact that this model
structure is stable is postponed to the next subsection.

Proposition 3.4.10. Let € be a proper and cofibrantly generated G -Top,-model cate-
gory which is stable as an underlying model category. Then the category Spg(%ﬂ) admits
a cofibrantly generated model structure with stable equivalences as weak equivalences.
Moreover, the sets Igy and Jg generate cofibrations and acyclic cofibrations, respectively.

Proof. The strategy of the proof is to verify the conditions of Proposition Let
#5¢ denote the class of stable equivalences in Sp2(%). It immediately follows from
Definition that the class ¥ satisfies the two out of three property and is closed
under retracts. Next, Proposition [3.4.7| implies that we have an inclusion

Jy-cell € #5Y N Iy-cof
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(this uses that € is left proper) and Proposition tells us that the following holds
(here we use that % is right proper and stable as an underlying model category):

Jsg-inj N #5 = Ig-inj.

Hence, the only things that still have to be checked are the smallness conditions. That
the domains of morphisms from I are small relative to Ig-cell follows from the equality
It = FI and Proposition [3.3.6] Next, recall that Jy4 = F.J U K. We will now verify
that the domains of morphisms from Jg are small relative to levelwise cofibrations.
This will immediately imply that the domains of morphisms in Jg are small relative to
Jst-cell since

Jet-cell C Igi-cof

by Proposition [3.4.7] and any morphism in Ig-cof is a levelwise cofibration as we saw in
the proof of Proposition[3.3.6] That the domains of morphisms in F'J are small relative
to levelwise cofibrations follows from an adjunction argument, Definition m (ii) and
[Hov99, 2.1.16]. It remains to show that the domains of morphisms from K are small
relative to levelwise cofibrations. Any morphism in K is a pushout-product of the form

kw O Fvi: (MAw AFvA) \/  (FwS" AFvB) — MAw A FyB.
Fy SWAFy A
where the morphism i: A — B is from the set I and V and W are finite dimensional
orthogonal G-representations. For any finite G-CW complex L and any object D which

is the domain or codomain of a map from I, the spectrum Fy L A Fyy D is small relative
to levelwise cofibrations. Indeed, we have an isomorphism

Hom(Fy L A FyD, X) = Map(L A D, X(V & W)).

Since a pushout of small objects is small, Definition m (i) implies that L A D is small
with respect to I-cof and hence Fy L A Fyy D is small relative to levelwise cofibrations.
Now we use twice that pushouts of small objects are small. First we conclude that
MAw N Fy A is small relative to levelwise cofibrations and then we also see that

(MAw A Fy A) \/ (FwSY A FyB)
FywSWAFy, A

is small relative to levelwise cofibrations. O

3.5 (G-equivariant stable model categories and the proof of Proposition
3.1.2

We start with the following

Definition 3.5.1. An Spg—model category is called G-spectral. In other words, a model
@ category is G-spectral if it is enriched, tensored and cotensored over the model cat-
egory Spg and the pushout-out product axiom for tensors holds (see Definition .
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shows that the model structure of Proposition [3.4.10 on Spg(%) is G-spectral.
Recall from Definition that a G-equivariant stable model category is a G -Top,-
model category such that the Quillen adjunction

By Proposition m the model category Spoi is G-spectral. Next, Proposition

SYAN—1¢—%:QY(-)

is a Quillen equivalence for any finite dimensional orthogonal G-representation V. Be-
fore stating the next proposition, note that every G-spectral model category is obviously
a G -Top,-model category.

Proposition 3.5.2. Let € be a G-spectral model category. Then € is a G-equivariant
stable model category.

Proof. Consider the left Quillen functors
SYN=:C —% and FyS°A—: ¢ — €
and their derived functors
SV AL —: Ho(€¢) — Ho(%) and FyS° Al —: Ho(€¢) — Ho(%).
Since the map Ay : FyySY — S is a stable equivalence [MMO02, II1.4.5], for every

cofibrant X in %, one has the following weak equivalences

Ay AL
SYAFySOAX = RSV A X DS X

and
Ay AL

FySOANSYAX 2 FySY AN X —/— X.

This implies that the functors SV AL — and Fy, SOAY — are mutually inverse equivalences
of categories. O

Corollary 3.5.3. Let € be a proper and cofibrantly generated G -Top, -model category
which is stable as an underlying model category. Then the category Spg(‘f) together
with the model structure of Proposition[3.4.10 is a G-equivariant stable model category.

From this point on, the model structure of Proposition will be referred to as
the stable model structure on Sp&(%).

Finally, we are ready to prove Proposition [3.1.2
Proof of Proposition We want to show that the G -Top,-adjunction
Fy=%%:4—=8p?(¥) : Evg

is a Quillen equivalence for every cofibrantly generated (in the sense of Definition (3.3.2)
and proper G-equivariant stable model category . This adjunction is a Quillen ad-
junction since Fyl C FI = Iy and FyJ C FJ C Jg. By [Hov99, 1.3.16], in order to
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show that this Quillen adjunction is a Quillen equivalence, it suffices to check that the
functor Evg reflects stable equivalences between stably fibrant objects (i.e., between
Q-spectra according to Lemma |3.4.8)) and that for any cofibrant A in €, the composite

A — Evg(X®A) — Evo(R(X*°A)),

is a weak equivalence. Here R is a fibrant replacement in the stable model structure
on Spg(%), the first map is the adjunction unit and the second map is induced by
the stable equivalence XA — R(X*°A). So suppose that f: X — Y is a map of
Q-spectra in Spg(%) with fo: Xo — Yy a weak equivalence in €. Since X and Y are
Q-spectra, it follows that for any finite dimensional orthogonal G-representation V', the
map

Q) QVX (V) — QYY (V)

is a weak equivalence in ¥ and X (V) and Y (V) are fibrant in ¥. The G-equivariant
stability of € implies that the functor QV: ¢ — % induces a self-equivalence of
the homotopy category Ho(%). Hence, the map f(V): X(V) — Y (V) is a weak
equivalence for any finite dimensional orthogonal G-representation V. In other words,
f: X — Y is a level equivalence. As every level equivalence is a stable equivalence we
conclude that f is a stable equivalence.

We now check the second condition. Let A be a cofibrant object of 4 and g7 A
denote a fibrant replacement of >*°A in the level model structure. For any finite
dimensional orthogonal G-representation V', we have

YRA(V) = FpA(V) = 0g(0,V)AA =SV A A.

Therefore, 322 A(V) = (SV A A)iP where (—)f" is a fibrant replacement in %. The
fibrant replacement X7 A comes with a morphism of spectra g: ¥°°A — ¥} A which
is a level equivalence. Therefore, for V and W finite dimensional orthogonal G-
representations, we get a commutative diagram

SV AA AV (S ASY A A)
g(V)J/ iQW(g(VEBW))

(SV A AP —= QW (SW A SV A A)fib,

where the left vertical map is a weak equivalence and horizontal maps are the adjoint
structure maps. By the G-equivariant stability of %, the adjunction (S A — QW (-))
is a Quillen equivalence. Since the map

QY (gvew)
- - 5

SV AA—=QV(SW ASY A A) QY (SW A SV A A)fP

is the evaluation of the derived unit of this adjunction on SY A A, it follows that it is
a weak equivalence [Hov99, 1.3.13]. Hence, this together with the latter commutative
square tells us that the composite

SV A AL (SV A AP —= QW (SW A SV A AP
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is a weak equivalence. Now as the map gy is a weak equivalence, by the two out of
three property, the morphism

(SV A A)P —= QW (SW A SV A A)fD

is a weak equivalence for any finite dimensional orthogonal G-representations V' and
W. This means that ¥g} A is an Q-spectrum and that the map g: ¥°A — X Ais a
model for the stably fibrant replacement 3¥*°A — R(X°°A). This completes the proof,
since g is a level equivalence and hence the map

A——> Evo(E%A4) —2+ Evo (S A)

is a weak equivalence. U

Remark 3.5.4. The Quillen equivalence
$°: ¢ —=Sp? (%) : Evg

is in fact a G -Top,-Quillen equivalence. Indeed, (X°°,Ev() is a G -Top,-enriched
adjunction and an enriched adjunction which is an underlying Quillen equivalence is an
enriched Quillen equivalence by definition. Next, since enriched left adjoints preserve
tensors [Kel05, Sections 3.2 and 3.7], the functor ¥°° preserves tensors. Similarly, the
right adjoint Ev( preserves cotensors. Further, the equivalence

LX>: Ho(%) ——=Ho(Sp®(¥)) :R Evg

is a Ho(G -Top, )-enriched equivalence. Finally, we note that the functor LY preserves
derived tensors and since R Evg is an inverse of LYX*°, it is also compatible with derived
tensors.

3.6 The p-local model structure on G-equivariant orthogonal spectra

This subsection discusses the p-localization of the stable model structure on Spg for
any prime p. Although this model structure is well-known, we give a detailed proof
here since we were unable to find a reference. Note that one can construct the p-local
model structure on Spg by using general localization techniques of [Hir03] or [Bou01].
We will not use any of these machineries here and give a direct proof by generalizing
the arguments of [SS02, Section 4] to the equivariant context.

Definition 3.6.1. (i) A map f: X — Y of orthogonal G-spectra is called a p-local
equivalence if the induced map

() @ Zipy: 7 X @ Ly — 7Y @ Zy)

is an isomorphism for any subgroup H of G.

(ii) A map p: X — Y of orthogonal G-spectra is called a p-local fibration if it has
the right lifting property with respect to all maps that are cofibrations and p-local
equivalences.
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Proposition 3.6.2. Let G be a finite group and p a prime. Then the category Spg
of G-equivariant orthogonal spectra together with p-local equivalences, cofibrations and
p-local fibrations forms a cofibrantly generated model category.

We need some technical preparation before proving this proposition.

Recall from Section that the stable model structure on Spg is cofibrantly generated
with I§ = IS and J§ = K¢ U Jl(v; generating cofibrations and acyclic cofibrations,
respectively. Further, we also recall that the mod I Moore space M (1) is defined by the

following pushout

Sl—'l>51

|
CSt —— M(I).

(C(—=) = (I,0) A — is the pointed cone functor.) Let ¢: M(l) — CM(l) denote the
inclusion of M(l) into the cone C'M (1). Define J(Gp) to be the set of maps of orthogonal
G-spectra

Fo(G/Hy ANS™): Fo(G/Hy AS™M(L)) — Fo(G/Hy AS™CM(1)),

where n,m > 0, H < G and [ is prime to p, i.e., invertible in Z,. We let ch denote
the union JG U J(Gp). This set will serve as a set of generating acyclic cofibrations for

the p-local model structure on Spg.

Lemma 3.6.3. Let X be a G-equivariant orthogonal spectrum. Then the map X — %
18 ch-injective if and only if X is a G-Q-spectrum and the H -equivariant homotopy
groups T X are p-local for any H < G.

Proof. By definition, X — x* is Jlgc—injective if and only if X — x is Jg—injective
and J(Gp)—injective. It follows from [MMO02, I11.4.10] that the map X — x is JC -
injective if and only if X is a G-(Q2-spectrum and X — * is J(Gp)-injective. Now for a
G-Q-spectrum X, having the right lifting property with respect to J((;) means that

[Fa(G/H: AX™M(1)), X]¢ =0,
for any m,n > 0, H < G and any [ which is prime to p. The distinguished triangles
Fo(G/Hy A S™Y) —> B (G/Hy A S™) —— Fo(G/Hy AS™M(1) — SF,(G/Hy A S™Y)
in Ho(Spg) imply that the latter amounts to the fact that the maps

[Fa(G/Hy A S™), X]9 —1= [F,(G/Hy A ST, X9

are isomorphisms for any m,n > 0, H < G and any [ which is prime to p. Since
[Fo(G/Hy AS™), X9 2l X the desired result follows. O
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Lemma 3.6.4. Let f: X — Y be a morphism of orthogonal G-spectra which is ch—
injective and a p-local equivalence. Then f is a stable equivalence and a stable fibration.

Proof. Since f is ch—injective, it is in particular JG-injective and hence a stable
fibration in Spg. Let F' denote the fiber of f. Since any stable fibration is a level
fibration, the level fiber sequence

FHX—f>Y

induces a long exact sequence of equivariant stable homotopy groups

H Hy ™1 _n
e ——m F i X Y )

for any H < G. The Z-module Z, is flat over Z. Hence if we tensor the latter long
exact sequence with Z,), we get a long exact sequence of p-local homotopy groups. By
the assumptions, the morphism f induces an isomorphism on 7 (—) ® Zpy and thus
it follows that

WfF@Z(p):O

for any subgroup H < G. On the other hand, the map F — x is Jlfc—injective as a
pullback of f: X — Y and hence, by Lemma the G-spectrum F' has p-local H-
equivariant homotopy groups for all H < G. Combining the last two facts, we conclude
that 7 F = 0, for any subgroup H of G. Finally, using the above long exact sequence
of integral equivariant homotopy groups, one sees that the maps

Wff:WfX—HTfY, H<G

are isomorphisms, i.e., f is a stable equivalence. O

The following lemma is the main technical statement needed for establishing the
p-local model structure:

Lemma 3.6.5. Every morphism of G-equivariant orthogonal spectra can be factored as
a composite qot, where q is ch—mjectwe and i is a cofibration and a p-local equivalence.

Proof. Since compact topological spaces are sequentially small with respect to closed
T1-inclusions, it follows that the domains of morphisms from JSC are sequentially small
relative to levelwise cofibrations. By definition, every map in ch is a cofibration in Spg.
This implies that every map in Jlgc—cell is a cofibration. On the other hand, by Lemma
every cofibration in Spg is a levelwise cofibration. Consequently, the domains
of morphisms from ch are sequentially small with respect to Jlgc—cell. Hence we can
use the countable version of Quillen’s small object argument (see e.g. [Qui67, I1.3]
or [Hov99, Theorem 2.1.14]) to factor a given map as a composite g o i, where ¢ is
ch-injective and 7 is a possibly countable composition of pushouts of coproducts of
morphisms from JSC. In particular, the morphism ¢ is in ch—cell and thus a cofibration.
It remains to show that 7 is a p-local equivalence. We first check that the morphisms
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in Jlfc are p-local equivalences. Recall that Jlfc = Jg U J(Gp . The morphisms in Jg are
stable equivalences and thus p-local equivalences. Further, for any [ which is prime to

p, the map
T (Fo(G/Hp A S™) @ Zyy — L L(F(G/Hy A S™)) ® Ly, n,m >0, H L<G
is an isomorphism. The distinguished triangle

Fo(G/Hy A S™Y) —L> F,(G/Hs A S™Y) —— Fo(G/Hy ANS™M(l)) — SF,(G/Hy A S™1)

then implies that
TH(Fo(G/HL NS M(1) ® Zgyy =0, n,m >0, H,L <G.

This tells us that the maps from J(Gp) are p-local equivalences. Now since equivari-

ant homotopy groups commute with coproducts, the coproducts of maps from Jlgc
are p-local equivalences as well. Next, using that any cofibration induces a long ex-
act sequence of equivariant homotopy groups and that Z, is flat, we see that the
pushouts of coproducts of maps from Jﬁc are p-local equivalences. Hence every map in
the countable composite defining the map ¢ is a p-local equivalence. Equivariant sta-
ble homotopy groups commute with sequential colimits of cofibrations and the tensor
product preserves colimits. Since every morphism in the latter countable composite
is a cofibration and a p-local equivalence, we conclude that their composite ¢ is also a
p-local equivalence. This finishes the proof. O

The next lemma provides a lifting property characterization of p-local fibrations.

Lemma 3.6.6. A map of G-equivariant orthogonal spectra is a p-local fibration if and
only if it has the right lifting property with respect to ch (i.e., if and only if it is
JG -injective).

Proof. Every map in Jlgc is a cofibration and a p-local equivalence according to proof
of the previous lemma. Hence, by definition, every p-local fibration has the right lifting
property with respect to ch. To show the converse statement it suffices to check that
every morphism j which is a cofibration and a p-local equivalence is contained in ch—
cof. For this we use the retract argument (see e.g. [Hov99, 1.1.9]). Factor j = goi as
in the proof of Lemma The map ¢ is in ch—cell and a p-local equivalence and ¢
is Jlgc—injective. Since i and j are both p-local equivalences, so is q. Hence, by Lemma
[3:6.4] the morphism ¢ is stable equivalence and a stable fibration and thus has the right
lifting property with respect to any cofibration. In particular, it has the right lifting
property with respect to j. This implies that j is a retract of ¢ which is in ch—cell.
Consequently, j is a ch-coﬁbration. O

Finally, we are ready to prove Proposition [3.6.2
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Proof of Proposition We check that all the properties from [DS95, Definition
3.3] are satisfied. In addition, we verify that the conditions from Definition are
also fulfilled to see that the p-local model structure is cofibrantly generated.

The category of G-equivariant orthogonal spectra has all small limits and colimits.
The p-local equivalences satisfy the two out of three property and the classes of cofi-
brations, p-local equivalences and p-local fibrations are closed under retracts. Further,
Lemma [3.6.4] and Lemma [3.6.6] imply that every map that is a p-local fibration and
a p-local equivalence is a stable equivalence and a stable fibration and thus has the
right lifting property with respect to cofibrations. The second lifting axiom is just the
definition of p-local fibrations. Next, the stable model structure provides a factoriza-
tion of every map into a cofibration followed by a map which is a stable equivalence
and a stable fibration, i.e., stably acyclic fibration. Stably acyclic fibrations are p-local
equivalences and p-local fibrations (they have the right lifting property with respect to
any cofibration and in particular, with respect to Jlgc). Hence we obtain one of the
desired factorizations in the factorization axiom. The second part of the factorization
axiom immediately follows from Lemma [3.6.5| and Lemma [3.6.6] This completes the
construction of the p-local model structure for orthogonal G-spectra.

Now we prove that the established p-local model structure is cofibrantly generated.
The set IS will serve as a set of generating cofibrations and the set Jlgc will be the set of
generating acyclic cofibrations. The smallness conditions from Definition for the
set 1§ follow from [MMO02, I11.4.2] and the smallness conditions for J&_ were discussed
in the proof of Lemma m Further, the class ch—inj coincides with the class of p-
local fibrations according to Lemma [3.6.6] Finally, the class of p-local fibrations which
are additionally p-local equivalences coincides with the class of stably acyclic fibrations
and hence with the class I$-inj. (]

From this point on we will denote the category of orthogonal G-spectra equipped with
the p-local model structure of Proposition by Spg,(p). The following proposition
shows that the model category Spg,(p) is a monoidal model category:

Proposition 3.6.7. Suppose that i: K — L and j: A — B are cofibrations in
Spg,(p). Then the pushout-product

i0j:KAB\/ LAA— LAB
KAA

s a cofibration in Spg,(p). Moreover, if in addition i or j is a p-local equivalence (i.e.,
a weak equivalence in Spg,(p)), then so isi07].

Proof. The fact that 07 is a cofibration follows from the monoidality of Spg IMMO02,
I11.7.5] (see also Proposition [2.6.5). Next, by [Hov99, Corollary 4.2.5] it suffices to
prove the statement for generating cofibrations and acyclic cofibrations. So suppose
that 7 is a generating cofibration and j is a generating acyclic cofibration. Recall that

the set ch = ((; y U JG is a set of generating acyclic cofibrations for Spg,(p). If j is in
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Jg , then ¢ O j is a stable equivalence and hence, in particular, a p-local equivalence.
Now let j be a map

F.(G/HL NYX"M(l)) — Fo(G/Hy ANX™CM(1))
from J(% and ¢ a map
Fy(G/K+ NS — Fy(G/K4 A DY)
from Ig . Then the target of the pushout-product ¢ O j
Fy(G/K4 ADL)AF,(G/HLANE™CM (1)) = C(Fygrn (G/ K+ ADYAG/HL AS™M(1)))

is zero in Ho(Spg) and thus has trivial equivariant stable homotopy groups. Conse-
quently, in order to show that ¢ 0 j is a p-local equivalence, it suffices to check that the
equivariant stable homotopy groups of the source of the pushout-product ¢ 0 j become
trivial after tensoring with Z,). Since the pushout square defining the source of i O j
is a homotopy pushout square in Spg and

Fy(G/Ky ANSTY A F(G/Hy ANS™CM(1))

is stably contractible, it follows that the source of ¢ O j is stably equivalent to the
orthogonal G-spectrum

Fy(G/Ky ANSYAF(G/Hy ANX™M(1)).

This spectrum is a mapping cone in Ho(Spg) of the map
Fv(G/KL ASY) A Fo(G/Hy A ST —Ls By (G/K 4 A SY) A Fo(G/Hy A S™H)

which induces an isomorphism on 7.(—) ® Z, (by definition of J((;), the integer [ is

prime to p). Using the long exact sequence of equivariant stable homotopy groups and
flatness of Z,) we conclude that

TPV (G/Ky NS ANFo(G/HL NS M(1))) @ Zyy = 0

for any subgroup L of GG. Hence the p-localized equivariant stable homotopy groups of
the source of ¢ O j are trivial and this completes the proof. O
Since every stable equivalence of G-equivariant orthogonal spectra is a p-local equiv-

alence, one obtains the following corollary:

Corollary 3.6.8. The model category Spg,
(see Definition .

In view of Proposition [3.5.2] we also obtain

(p) 18 G-spectral, i.e., an Spg—model category
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Corollary 3.6.9. The model category Spg,(p) is a G-equivariant stable model category

(see Definition .

We end this subsection with some useful comments and remarks about the homo-
topy category Ho(Spg,(p) ). Since the model category Spg,(p) is stable, the homotopy
category Ho(Spg,(p) ) is naturally triangulated. Further, the set

{(¥¥G/H | H <G}

is a set of compact generators for Ho(Spg,(p) ). Indeed, let X be an orthogonal G-
spectrum and let X/ denote a fibrant replacement of X in Spg,(p). Then, by Lemma
the spectrum X/ is a G-Q-spectrum and has p-local equivariant homotopy groups.
This gives us the following chain of natural isomorphisms:

o(Sp2 o(Sp2 o
G/ H, X)) = [5Gy, X = gy, x 1O =
(X=X ez, 2rfXx ez,

Hence, the object X°G/H in Ho(Spg,(p) ) represents the p-localized H-equivariant
homotopy group functor and therefore, the set {3°G/H|H < G} is a set of of compact
generators for Ho(Spg,(p) ).

Finally, we note that for any G-equivariant orthogonal spectra X and Y, the abelian
group of morphisms [X, Y]HO(SP8’<P>) in Ho(Spg,(p)) is p-local. This follows from the
fact that for any integer [ which is prime to p, the map [-id: X — X is an isomorphism
in Ho(Spg,(p) )

3.7 Reduction to Theorem 3.1.3

In this subsection we will explain precisely how the proof of Theorem reduces
to the proof of Theorem [3.1.3] The main idea was already indicated in Subsection
[B:1] The arguments in this subsection work at any prime p. So there is no point in
restricting ourselves to prime 2 here.

Let € be a cofibrantly generated (in the sense of Definition , proper, G-
equivariant stable model category. Suppose that

¥: Ho(SpZ,(p) ) —= Ho(%)

p)
is an equivalence of triangulated categories such that

U(SCG/H) = G/Hy A" U(S),

for any H < G. Suppose further that the latter isomorphisms are natural with respect
to the restrictions, conjugations and transfers. Then by Proposition there is a
G -Top,-Quillen equivalence

2% ¢ —=Sp? (%) : Evg.
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Next, as in Subsection let X be a cofibrant replacement of (LX* o ¥)(S). Since
Spg(%) is G-spectral (Proposition [3.4.6)), there is a G -Top,-Quillen adjunction

— A X: Sp2 =—=Sp%(%) : Hom(X, —).

We will now show that this Quillen adjunction passes through the p-localization Spg,(p).

Proposition 3.7.1. The adjunction
—NX: Spg,(p) —=SpZ(¥) : Hom(X, —).

is a G -Top,-Quillen adjunction.

Proof. The adjunction is a G -Top,-adjunction and hence it suffices to verify that it
is an underlying Quillen adjunction. The functor — A X preserves cofibrations, since
the cofibrations in Spg,(p) and Spg coincide. Now suppose i: K — L is a cofibration
and a p-local equivalence. We want to show that the cofibration iA1: KAX — LA X
is a stable equivalence. By Lemma [3.4.4] it suffices to check that for any 2-spectrum
Z, the orthogonal G-spectrum Hom(L/K A X, Z) is level weakly G-contractible. By
adjunction, there is an isomorphism

Hom(L/K A X, Z) = Hom(L/K, Hom(X, Z))

and we will now verify that the G-spectrum Hom(L/K,Hom(X, 7)) is level weakly
G-contractible.

The spectrum Hom(X, Z) is a G-Q2-spectrum according to Lemma m Further-
more, for any subgroup H < G, the H-equivariant homotopy of Hom(X, Z) is isomor-
phic to

[S°G/H A X, 2)1oPe @),

The latter groups are p-local since Ho(Sp& (%)) is equivalent to Ho(Spg,(p)) by the
assumptions and Proposition m and the Hom-groups in Ho(Spg,(p) ) are p-local by
the last remark in the previous subsection. Hence, Lemma3.6.3|tells us that Hom(X, Z)
is fibrant in Spg,(p). Next, Proposition implies that the orthogonal G-spectrum
Hom(L/K,Hom(X, 7)) is fibrant in Sp,(p). Therefore, Hom(L/K,Hom(X, 7)) is a
G-Q-spectrum and the H-equivariant homotopy of it is isomorphic to

o o
[S¥G/H A L/K, Hom(X, Z)]. " Pe®)

On the other hand, by the assumptions, the cofibration i: K — L is a p-local
equivalence and therefore, L/K is zero in Ho(Spg,(p) ). Hence, the equivariant ho-
motopy groups of the G-Q-spectrum Hom(L/K,Hom(X, Z)) vanish, i.e., it is stably
contractible. Any stably contractible G-{2 spectrum is level weakly G-contractible
(IMMO02, Lemma II1.9.1]), implying that Hom(L/K,Hom(X, 7)) is level weakly G-
contractible. This finishes the proof. O
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Now we continue as in Subsection In order to prove the p-local version of
Conjecture [1.1.2] it suffices to show that the Quillen adjunction of Proposition [3.7.1
is a Quillen equivalence. Next, by the properties of ¥ and Remark we have the
following chain of isomorphisms

U(SCG/H) = G/Hy A" U(S) = G/Hi A" REvy X 2 REvo(X°G/H AV X)

which is natural with respect to transfers, conjugations, and restrictions. Using these
isomorphisms, we can choose an inverse of ¥

U~ Ho(%) — Ho(SpZ.(y))

such that U~ (REvo(EG/H AV X)) = £°G/H. Moreover, since the isomorphisms
above are natural with respect to the stable Burnside category (Subsection, we get
the identities

U HREvo(gAVX)) = g, VYR Evo(res?Z ALX)) =rest], U YR Evq(trfl AbX)) = trlL,
where g € G and K < H < G. Now let us consider the composite

AL X R Ev -1
F: Ho(Spg,(p) ) = Ho(Sp3 (%)) — Ho(%¥) - Ho(Spg,(p) ).

Since the functors R Evg and U~! are equivalences, to prove that (— A X, Hom(X, —))
is a Quillen equivalence is equivalent to showing that the endofunctor

F: Ho(SpZ,(p) ) —= Ho(Sp&, () )

is an equivalence of categories. By the assumptions and the properties of ¥~!, we see
that F' enjoys the following properties:

(i) F(X*G/H) =XG/H, H <G,

(ii) F(g) =g, F(restl) =restl, F(tril)=trll, g€ G, K< H < G;

(iii) F'is an exact functor of triangulated categories and preserves infinite coproducts.

So finally, we see that in order to prove Theorem [1.1.1] it suffices to prove Theorem
Note that we do not expect that an odd primary version of Theorem [3.1.3|is true.
However, we still think that Conjecture holds. Schwede’s paper [Sch07] suggests
that the proof in the odd primary case should use the explicit construction and the
whole content behind the endofunctor F', whereas in the 2-local case certain axiomatic
properties of I are enough to get the desired result as Theorem shows. This is a
generic difference between the 2-local case and the p-local case for p an odd prime.
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4 Free G-spectra

Since the set {¥°G/H | H < G} is a set of compact generators for the triangulated
category Ho(Spg,(2) ), to prove Theorem it suffices to show that for any subgroups
H and K of G, the map

F: [S¥G/H,$*G/K|¢ —— [F(SPG/H), F(EPG/K)|S = [EPG/H, 5¥G/ K]

induced by F' is an isomorphism.
In this section we show that under the assumptions of the map

F: [27G,YYG)¢ — [F(ETG6), F(5T6)¢ = 276, 27°G6)¢

is an isomorphism. Note that the graded endomorphism ring [X°G, EfG]f is isomor-
phic to the graded group algebra 7,S[G] and the localizing subcategory generated by
Y°G in Ho(Sp?) is equivalent to Ho(Mod-X°G), where ¥XG is considered as the
group ring spectrum of G.

We say that an object X € Ho(Spg) is a free G-spectrum if it is contained in the
localizing subcategory generated by X°G.

In what follows, everything will be 2-localized and hence we will mostly omit the
subscript 2. The arguments here are just equivariant generalizations of those in [Sch01].

4.1 Cellular structures

We start with the following

Definition 4.1.1. Let R be an orthogonal ring spectrum, X an R-module and n and
m integers such that n < m. We say that X admits a finite (n,m)-cell structure if
there are sequences of distinguished triangles

Vi SF IR ——=sk 1 X sk X Vi SR

in Ho(Mod-R), k = n,...,m, such that the sets I} are finite and sk, X = % and
sk, X = X.

In other words, an R-module X admits a finite (n, m)-cell structure if and only if
it admits a structure of a finite R-cell complex with all possible cells in dimensions
between n and m.

Recall that there is a Quillen adjunction

GiA: Mod-S —= Mod-X°G :U

and that [EFG,S°G)¢ = m,S[G]. The following proposition can be considered as a
2-local naive equivariant version of [Sch01, Lemma 4.1] (cf. [Coh68, 4.2]).
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S o
Proposition 4.1.2. Any o € [EG, E_OfG]EO( pG’(z)), n > 8, factors over an X°G-
module that admits a finite (1,n — 1)-cell structure.

Proof. We will omit the subscript 2. Under the derived adjunction
G4 AP —: Ho(Mod-S) == Ho(Mod-XG) :RU,

the element o corresponds to some map a: S" — RU(XPG) = |/ S. By the proof
of [Sch01, Lemma 4.1], for any g € G, we have a factorization

a . proj
" —*=RU(SXG) = /S —%
Zg

in the stable homotopy category, where Z; has S-cells in dimensions between 1 and
n — 1. This uses essentially that n > 8. Indeed, since n > 8, for any g € G, the mor-
phism proj, o has Fo-Adams filtration at least 2 by the Hopf invariant one Theorem
[Ada60] and hence, one of the implications of [Sch01, Lemma 4.1] applies to proj, oa.
Assembling these factorizations together, we get a commutative diagram

N

Finally, by adjunction, one obtains the desired factorization

U(S2G)

nyed de

\ /

Next, we use Proposition to prove the following important
Lemma 4.1.3. Suppose that the map of graded rings
F: 226G, XFG)Y — [F(E2G), F(22G0))¢ = 226G, 22G)¢

s an isomorphism below and including dimension n for some n > 0.
(i) Let K and L be X G-modules that admit finite (Br,Tr) and (Br,Tr)-cell struc-
tures, respectively, and assume that Tx — By, < n. Then the map

F: K, L) — [F(K), F(L)®
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18 an isomorphism.

(ii) Let K be an X°G-module admitting a finite (Br, Ti)-cell structure with T —
Bx < n+ 1. Then there is an X G-module K' with a finite (Bx, Ti+)-cell structure
such that Bx < Bgr, Tk < 7 and F(K') 2 K.

(iii) If n +1 > 8, then the map

F: 226G, XG5, — [5G, 5265,
18 an isomorphism.

Proof. (i) When K and L are both finite wedges of type \/ Z0X°G (Ip is fixed), then
the claim holds.

We start with the case when L is a finite wedge of copies of EIOZfG, for some
integer lg, and proceed by induction on 7 — Bi. As already noted, the claim holds
when 7 — B = 0. Now suppose we are given K with 7 — 8 = r, 7 > 1, and assume
that the claim holds for all 3X°G-modules M that have a finite (8ar, Tar)-cell structure
with 7y — By < r. Consider the distinguished triangle

Vi, STIEY6 sk 1 K ——> K —> V, YEFG

The X3°G-module sky, 1 K has a finite (8x, 7k — 1)-cell structure. For convenience,
let P denote the wedge \/ Ly TK _1ETG. The latter distinguished triangle induces a
commutative diagram

[Sskyp 1 K, LG [P, L]C (K, L) [skrpe —1 K, L]¢ ———— [P, L%

| lp ) | iF

[F(Zskrp -1 K), F(D)]? —— [F(SP), F(L)]® — [F(K), F(L)]® —— [F(skrp 1 K), F(L)]9 —— [F(P), F(L)]

with exact rows (The functor F' is exact.). By the induction basis, the second and
the last vertical morphisms in this diagram are isomorphisms. The fourth morphism
is an isomorphism by the induction assumption. Finally, since ¥ sk, _; K has a finite
(Br+1, Tx)-cell structure, the first vertical map is also an isomorphism by the induction
assumption. Hence, the claim follows by the Five lemma.

Next, we do a similar induction with respect to 77, — 8. The case 71, — 81, = 0 is the
previous paragraph. For the inductive step we choose a distinguished triangle

SkﬁL L L L ESkﬁL L.

The ¥°G-module L' admits a finite (81, + 1, 77)-cell structure. To see this one uses
the octahedral axiom. Define sk; L’ by the distinguished triangle

Sk/gL L Ski L Ski L, — = SkﬁL L.

Then skg, L' = * and sk,, L' = L’. By the octahedral axiom, for any ¢ € {fz,--- , 7},
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there is a commutative diagram

skg,, L sk; L sk; L/ ——— Xskg, L

SkIBL L—— > Ski+1 L

!
'
v

skiy1 L' ————Xiskg, L

’ |

\
\V,, SHIERG ——V/, SHEPE —— Sk L
S sk [ ——— Ssk; L,

where the triangle
sk; L' —skip L' — \/ ;, 2 8PG —— Ssk; I/

is distinguished. Now, as in the previous case, a five lemma argument finishes the proof.

(ii) We do induction on 7 — g If T —Bx = 0, then K is stably equivalent to a finite
wedge \/ EIOZTG, for a fixed integer Iy, and the claim holds since F(XFG) = £PG.
For the induction step, choose a distinguished triangle

Vi, SETIEY6E sk K ——> K —> Vi, SFEFG

as above. By the induction assumption, there is an X3°G-module M with a finite
(Bars Tar)-cell structure such that Sx < By, v < 7 — 1 and F(M) = sk, 1 K.
Consider the composite

F(V, E™'S76) = Vi, ZFTIEYG sk 1 K —=- F(M).
Since T — 1 — By < 7 — 1 — Br < n, part (i) yields that there exists

o €[\ ZEraE, M|©
Iy

such that F(a’) equals the latter composition. Next, choose a distinguished triangle

Vi, EIErG M K Vi, EEEPG.

The X°G-module K’ has a finite (8ar, 7i )-cell structure. On the other hand, since F
is exact, one of the axioms for triangulated categories implies that there is a morphism
K — F(K') which makes the diagram

Vi, EETISPE sk 1 K K Vy, SEERG

i% F(a) lw l l%

F(Vp,, ETIEE6) —— F(M)
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commute. Now another five lemma argument shows that in fact the map K — F(K’)
is an isomorphism in Ho(Mod-X%G) and thus the proof of part (ii) is completed.

(iii) By Proposition any morphism a € [S"TIE®G, £°G]C factors over some
Y¥G-module K which has a finite (1,n)-cell structure. By part (ii), there exists an
¥G-module K’ admitting a finite (Bx/, 7x7)-cell structure and such that 1 < fSg,
T <nand F(K') 2 K. Hence we get a commutative diagram

F(En+lzioG) o EnJrlEioG o Zﬁ_oG = F(Ei_oG)

\/

F(K").

Sincen+1— g <n+1—1=nand 7 — 0 = 7» < n, part (i) implies that both
maps in the latter factorization are in the image of F'. Hence, the map « is also in the
image of the functor F' yielding that

F: 276G, S7CS,, — [5G, 22619,

is surjective. As the source and target of this morphism are finite of the same cardinality,
we conclude that it is an isomorphism. O

Corollary 4.1.4. Let F' be as in[3.1.3 If the morphism
F: [2G,22G)Y — 237G, 22G)¢

18 an isomorphism for x < 7, then the functor F restricts to an equivalence on the full
subcategory of free G-spectra.

Proof. It suffices to show that the map
F: [EFG,27G)Y — [27G, 22G)¢

is an isomorphism of graded rings. Suppose this is not the case. Then we choose the
minimal n for which

F: [2G,22G)Y — 276, 2208

is not an isomorphism. Now since by the assumption n — 1+ 1 =n > 8, we get a
contradiction by Lemma [4.1.3] (iii). O

4.2 Taking care of the dimensions < 7

In this subsection we show that the map
F: [27G,27G)¢ — [F(ETG6), F(5260)]¢ = 276, 27°G6)¢

is an isomorphism for x < 7. By Corollary this will imply that the functor F
restricts to an equivalence on the full subcategory of free G-spectra.
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Recall that we have a preferred isomorphism [2°G, XPG]¢ = 7,S[G]. Next, since
the functor F' is compatible with the stable Burnside (orbit) category, F'(g) = g for any
g € G. On the other hand, the map F': 7,.S[G] — 7.S[G] is a ring homomorphism
and thus we conclude that it is an isomorphism for x = 0. Note that 7, S[G] is finite
for * > 0 and the Hopf maps 1, v and o multiplicatively generate m,<7S. Hence, it
remains to show that the Hopf maps (considered as elements of m,S[G] via the unit
map S — X°G) are in the image of F.

We start by showing that F'(n) = 7. Recall that the mod 2 Moore spectrum M (2)
in the 2-localized (non-equivariant) stable homotopy category is defined by the distin-

guished triangle

8*2>S*L>M(2)i>81

and the map 2: M (2) — M (2) factors as a composite

0

M(2) Sl —1s>§—“> M(2).

Applying the functor G4 A¥ —: Ho(Mod-S) — Ho(Mod-XG) to the distinguished
triangle gives a distinguished triangle

NP6 25326 2 G, A M(2) 2% BERG
in Ho(Mod-X%G). Further, the map 2: G4 A M(2) — G A M(2) factors as
Gy AM(2) 2% v5ea 1o vea P g, A M(2).
One of the axioms for triangulated categories implies that we can choose an isomorphism
F(GL ANM(2)) =Gy ANM(2)
so that the diagram

NPG —2 NG gy A M(©2) —2Y s SReG

L l 0 l_
F(376) 2= F(526) " pa, n M2) "2 F(sxrq).
commutes. We fix the latter isomorphism once and for all and identify F(G+ A M (2))
with G AM (2). Note that under this identification the morphisms F'(1A¢) and F(1A0)
correspond to 1 A and 1 A0, respectively. Next, since F'(2) =2 and 2 = (1 A¢)n(1A0),

one gets the identity
(LA)F(n)(1A0) =2,

It is well known that the map 2: M (2) — M(2) is non-zero (In fact, [M(2), M (2)] =
Z/4)(see e.g. [Schl0, Proposition 4]). Hence, 2: G4 A M (2) — G4 A M(2) is non-zero
as there is a preferred ring isomorphism

(G AM(2), G4 AM@)C = [M(2), M(2)]. © ZIG).
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Now it follows that F'(n) # 0. Suppose F(n) = > c,ng, where A is a non-empty
subset of G. We want to show that A = {1}. The identity (1 A¢)F(n)(1A0) = 2 yields

2=(1A)(D_ng)(1Ad) =D (IA)n(lAd)g=2g.

geA geA geA

Once again using the isomorphism [G4 A M(2), Gy A M(2)]¢ = [M(2), M(2)]. ® Z[G]
and the fact that 2 # 0, we conclude that A = {1} and hence, F'(n) = 7.
Next, we show that v is in the image of F'. Let

Fv)=mv+ Z nggv.
geG\{1}
Recall that 2-locally we have an identity (see e.g. [Tod62, 14.1 (i)])
n® = 4v.

Since F'(n) = n, after applying F' to this identity one obtains

v =1 = F(n®) = F(4v) = dmv + Z Anggu.

geG\{1}
As the element v is a generator of the group m3S9) = Z/8, we conclude that m = 2k+1,
for some k € Z, and for any g € G \ {1}, ng = 214, l; € Z. Hence
F(v)=(2k+1)v+ Y 2lggv.
geG\{1}
Using that F'(g) = g, we also deduce that
F(gov) = (2k+ Dgov+ Y 2lyg09v,
geG\{1}

for any fixed go € G'\ {1}. Thus the image of F' in 73S9)[G] = P Z/8 is additively
generated by the rows a G x G-matrix of the form

2k + 1
2k+1 even
even - ’
2k +1
2k + 1

where each diagonal entry is equal to 2k + 1 and all the other entries are even. Since
the determinant of this matrix is odd and hence a unit in Z/8, the homomorphism
F: w38 9)[G] — m3S(9)[G] is an isomorphism and hence the element v is in the image
of F.
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Finally, it remains to show that o € n7S C 77S[G] is in the image of F. In order
to do so, we will need certain Toda bracket relations in m.S[G]. First, we recall the
definition of a Toda bracket.

Suppose that

a b c

X Y A w

is a sequence in a triangulated category such that ba = 0 and ¢b = 0. Choose a
distinguished triangle

X 2>y —“>Cla) 2> 35X,

Since ba = 0, there exists A\: C(a) — Z such that \v = b. Further, the identity
cAt = cb = 0 implies that there exists ¢t: XX — W such that the diagram

X Y A w

commutes. The set of all morphisms ¢: XX — W obtained in this way is called the
Toda bracket of the sequence above and is denoted by (a, b, ¢). In fact, (a, b, ¢) coincides
with a well-defined coset from

Hom(XX,W)/(c, Hom(XX, Z) + a* Hom (XY, W)).
The abelian group
¢ Hom(XX, Z) 4+ o® Hom(XY, W)
is called the indeterminacy of the Toda bracket (a, b, c).

Next, let us recall the following technical

Lemma 4.2.1. Suppose we are given a diagram

X Y VA w

i a triangulated category.
(i) If ba = 0 and ¢b = b =0, then

{a,b,c+ ) C {a,b,c) + {a,b, ).
(as subsets of [ X, W]).
(ii) If ba=ba =0 and cb=ct/ =0, then

{a,b+ b, c) = {a,b,c) + {a,,c).
(iii) If ba = ba’ = 0 and cb = 0, then
{a+d b,c) C{a,b,c)+ {a',b,c)
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Proof. (i) Take any t € (a,b,c + ¢/). By definition of a Toda bracket, there is a
commutative diagram

X2yt oz Ty
A
)

LA
8%

X,

where
a

X

Y —>C(a) 2> ¥vx
is a distinguished triangle. Since cAt = ¢b = 0, we can choose 7: XX — W, such that
70 = c\. Then 7 € (a, b, c). One has

(t—7)0=(c+ )\ —eX =\
Hence, t — 7 € (a,b, ) and we conclude that
t=7+(t—7)€ {a,bec)+ (a,b, ).

(i) Take any t € (a,b,c) and t’ € (a,b,c). By definition of a Toda bracket, we can
choose maps A\, \': C(a) — Z such that

AL=10b, t0=cA
Ne=V, 19=c\.
These identities imply that (A + X)e =b+ b and (¢t +t')0 = ¢(A + \'). Hence, we see
that ¢t +t' € (a,b+ V', ¢).

_ Conversely, suppose s € (a,b+ b',c). Choose any t € (a,b,c). Then there are maps
A A C(a) — Z such that

XN=b+b s0=ch
AL=1b, t0=cA.
It follows that (A — A = b+ b —b =1 and (s — ) = cA — cA = ¢(A — A). Hence

s=t+s—te(a,b,c)+ (a,b,c).
(iii) The proof of this claim is dual to that of (i). O

Next we prove the following simple lemma about Toda brackets in 7,S[G]:

Lemma 4.2.2. Let a € m,S, b € m,S and ¢ € mS and suppose ba = 0 and c¢b = 0.
Further, assume that mpmin+1S = 0 and m,4141S = 0 (i.e., the Toda bracket (a,b,c) has
no indeterminacy). Then

{(ag,bh,cu) = (a,b,c)uhg

in mS[G|, for any g,h,u € G.
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Proof. Let t = (a,b,c). Then there is a commutative diagram

a

Sm+n+l

Sm+n+l+1

in the stable homotopy category, where the triangle

a

gmAn+l gn+i v C(a) 9 gmn+i+1

is distinguished. (Here we slightly abuse notation by writing a and b, instead of their
shifts ©"!a and 'b, respectively.) By applying the functor G A¥ — to the commuta-
tive diagram, we see that ¢t = (a, b, ¢) in m,S[G]. Next, for any g € G, the isomorphism
of triangles

Em+n+lEfG ag Zn+l23_oG 1AL G+/\C g‘l(lAB)

+ +

gmintiyeeq 4o sty M ¢y A Cfa) — 20— smintitiyeg

m—+n-+l+1y00
5 el

in Ho(Mod-X5°G) implies that the triangle

L —1(1A0
sty 2 sty W G A C(a) L2

m—+n-+l+1y00
) el

is distinguished in Ho(Mod-X%°G). Finally, the commutative diagram

pmintiyeed ErHyeE YR E = XTG
MLl R(1AN)
G+ VAN C(CL)

1(1/\8)l
Zm+n+l+123roG
in Ho(Mod-X5°G) completes the proof. O

Now we are ready to show that the last Hopf element o € 77S C 77S[G] is in the
image of F'. Recall that o is a generator of m7S(y) = Z/16. We use the Toda bracket
relation

80 = (1,8,v)
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see e.g. [Tod62, 5.13-14])) in 7S that holds without indeterminacy as m4S = 0.
)
This implies that
80 = (v,8,v)

in m.S[G]. Now since F' is a triangulated functor, one obtains
8F(0) = (F(v),8, F(v)).

Recall that
Fv)=2k+1)v+ Z 2lggv.
geG\{1}

Let F(0) =mo + 3.1} Nggo- By Lemma and Lemma and the relation
160 = 0, we get

8(mo+ Z nggo) = ((2k+1)v+ Z 249V, 8, (2k+1)v+ Z 2l,gv) = 8(2k+1)%0.
9eG\{1} 9eG\{1} 9eG\{1}

Hence we see that m is odd and the numbers n, are even. Now a similar argument as
in the case of v implies that F': m;S[G] — 77S[G] is surjective and hence o is in the
image of F.

By combining the results of this subsection with Corollary we conclude that
under the assumptions of the functor F': Ho(Spg@)) — Ho(Spgy(z)) becomes
an equivalence when restricted to the full subcategory of free G-spectra, or equivalently,
when restricted to Ho((Mod-¥5°G)(9)). In fact, we have proved the following more
general

Proposition 4.2.3. Let G be any finite group and
F: Ho((Mod-X¥G)(2)) — Ho((Mod-X°G)9))
an ezxact endofunctor which preserves arbitrary coproducts and such that
F(XTG) = 70,

and F(g) =g for any g € G. Then F is an equivalence of categories.
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5 Reduction to endomorphisms

In this section we will show that in order to prove Theorem (and hence Theorem
1.1.1]), it suffices to check that for any subgroup L < G, the map of graded endomor-
phism rings

F: [SFG/L,5TG/LIY — [F(STG/L), F(STG/L)S = [£TG/L,5TC/L)S

is an isomorphism.

5.1 Formulation

Let G be a finite group and H and K subgroups of GG. For the rest of this section we
fix once and for all a set {g} of double coset representatives for K \ G/H. Recall that
for any g € G, the conjugated subgroup gHg ! is denoted by 9H. Further,

kg [SXG/H,STG/KIS — [5G/ (HNK), 5XG/(H N K)|Y

will stand for the map which is defined by the following commutative diagram:

SXG/H,SPG/K]¢ —=[2XG/(9H N K),SFG/(PH N K)|¢

g*i T(reSmeK)*
tric %
SXG/7H,SFG/KIE T [5G0, 56 (0 H 1 KIS

(see Subsection . The aim of this section is to prove
Proposition 5.1.1. The map

(Kg)[g]eK\G/H

[SXG/H, 52G/K) B\ nlEXG/(CH N K), SXG/(H N K]S

is a split monomorphism.

The author thinks that this statement should be known to experts. However, since
we were unable to find a reference, we decided to provide a detailed proof here. The
proof is mainly based on the equivariant Spanier-Whitehead duality ([LMSMS86, I11.2,
V.9], [May96, XVI.7]) and on a combinatorial analysis of certain pointed G-sets.

Before starting to prove Proposition [5.1.1] we explain how it reduces the proof of
Theorem to endomorphisms. Indeed, there is a commutative diagram
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F

[X*G/H, G/ K¢ [X®G/H,*G/K¢

g* g*
[XG/9H, G/ K¢ a [E°G/9H, SFG /K¢
(tré(HmK)* (tr{?{HmK)*
F

[S°G/H, 52 G/ (OH N KIS [SFG/H, SXG/(CH N K|S

®

g 9
(resgng) (YQSQgﬂK)*

[BXG/(CHNK),SXG/(H N K)|S —— [S2G/(PH N K), 52G/(9H N K)|<.

for any g € G, which implies that the diagram

(“g)[g]eK\G/H

[X*G/H,5¥G/ K¢
Fl leB[g]eK\G/H F
(rg) - .
[SXG/H, 572G/ /KIS 0@y iy BXG/(PH N K), SXG/(OH N K))E

B er\e/uEXG/VHNEK),STG/(PH N K)|¢

commutes. If we now assume that for any subgroup L < G, the map
F: [¥XG/L,YYG/L)¢ — [EXG/L,XTG/L)¢

is an isomorphism, then the right vertical map in the latter commutative square is
an isomorphism. Proposition [5.1.1] implies that the upper horizontal map is injective.
Hence, by a simple diagram chase, it follows that the left vertical morphism is injective
as well. But now we know that for * = 0 the morphism

F: [¥YG/H,5G/K|¢ — [BFG/H, TG/ K¢

is the identity and for % > 0 it has the same finite source and target (Subsection [2.7)).
Combining this with the latter injectivity result allows us to conclude that the map

F: [XG/H,5FG/K]¢ — [SG/H, TG/ K¢
is indeed an isomorphism for any integer *.
The rest of this section is devoted to the proof of Proposition [5.1.1

5.2 Induction and coinduction

Let H be a subgroup of G and i: H — G denote the inclusion. The class of all finite
dimensional orthogonal H-representations of the form ¢*V, where V is a finite dimen-
sional orthogonal G-representation, contains the trivial representation and is closed
under direct sums. Hence, according to [MMO02], 11.2.2, 111.4.2], there is a stable model
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category Sp2<G of H-equivariant orthogonal spectra indexed on the class of such repre-
sentations (cf. Subsection . Since finite dimensional orthogonal H-representations
which come from G-representations are cofinal in the class of all finite dimensional
orthogonal H-representations, [MMO02, V.1.10] implies that the Quillen adjunction

id: SpgSG a— Sp?] :id
is a Quillen equivalence. Next, recall that there is a Quillen adjunction
G Xy —: SpgSG —=SpZ : Res$,

where (G x g X)(V) = G4 Ag X(i*V), for any X € Sp% . and any finite dimensional
orthogonal G-representation V. The functor Resg is just the restriction along the map
1: H — G. In fact, the functor Resg preserves weak equivalences and moreover, it is
also a left Quillen functor as we see from the Quillen adjunction

Res%: Spd —= SpggG : Mapy (G4, —).

The right adjoint Mapg (G4, —) is defined by Mapy (G4, X)(V) = Mapg (G4, X (i*V)).
Now since the functor id: SpgSG — Spg is a left Quillen functor, we also get a Quillen
adjunction

Res%: Spd =—=Sp% : Mapy (G, —).
These Quillen adjunctions induce corresponding adjunctions on the derived level:
G xp —: Ho(Sp%) ~ Ho(Sp?ISG) ~——=Ho(Sp?) : Res%,
and
Res% : Ho(Sp%) =—— Ho(Sp¥) : Mapy (G4, —).
Here we slightly abuse notation by denoting point-set level functors and their associated
derived functors with same symbols. Next, note that the equivalence
Ho(Sp) ~ Ho(Spf<c)

is a preferred one and is induced from the Quillen equivalence at the very beginning of
this subsection.

The adjunctions recalled here are in fact special instances of the “change of groups”
and “change of universe” functors of [MMO02, V]. The functor G x i — is usually called
the induction and the functor Mapy (G4, —) is called the coinduction.

Let now G x 7 X denote the balanced product G4 Ay X for any pointed G-set (space)
X. Consider the the following natural point-set level map:

wg: Gxg X — Mapy (G4, X)
given by

_ Jgr ifyge H
wHug,x])(v)—{* e

We remind the reader of the following result due to Wirthmdiller:
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Proposition 5.2.1 (Wirthmiiller Isomorphism, see e.g. |[May03|). The map wg in-
duces a natural isomorphism between the derived functors

G % —: Ho(Sp%) — Ho(Sp%)

and
Mapy; (G, —): Ho(Spf;) — Ho(Sp2).

That is, the left and right adjoint functors of
Res%: Ho(Sp%) — Ho(Sp%)
are naturally isomorphic.

As a consequence of the Wirthmiiller isomorphism, one gets that for any subgroup
L < G, the equivariant spectrum X5°G/L is self-dual. Indeed, the map

YNXG/L 2 G xS —>Map,(G+,S) = Map(XPG/L,S) = D(XPG/L)

is an isomorphism in Ho(Spg), where D is the equivariant Spanier-Whitehead duality
functor ([CMSMSG6, 116, I11.2, V.9], [May96, XVI.7).

We conclude the subsection with the following well-known lemma and its corollaries.

Lemma 5.2.2. Suppose G is a finite group and H and K arbitrary subgroups of G.
Let cg: YH — H denote the map cy(z) = g txg, g € G. Then for any pointed H-set
X, the K-equivariant maps

K Xopgnk ReszgﬁK(c;X) — Res@ (G xyg X), [k z] — [kg, ],
induce a natural splitting

\/ K xomnx Resofing(c;X) = Resf (G xyr X).
WleK\G/H

Corollary 5.2.3. Suppose G is a finite group and H and K subgroups of G. Then for
any Y € Ho(Sp%)), there is a natural splitting

\/ K Xopgnk Resing(c;Y) ~ Res% (G xy Y).
l9leK\G/H

Note that if X is a pointed G-set, then there is a natural isomorphism
GxyResG X =2G/H NX

given by [g,z] — ([g] A g).
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Corollary 5.2.4. The maps
G/UHNK)y — G/H NG/Ky,  [a] > [ag] A [o]
of pointed G-sets induce a natural splitting
\/[g]GK\G/H G/(gH N K)-i— H% G/H+ A G/K+

Proof. By the last observation and Lemma we have a chain of isomorphisms of
pointed G-sets:

\/ G/PHNK),= \/ Gxg(K/(HNK)) =

l9]e K\G/H [9leK\G/H
Gug (\/ K/HNK))=2Gxkx( \/ KwxopngS°) =
g€ K\G/H 9 €K\G/H

G xx Res$ (G xpy S°) = G g Res(G/HL) = G/Ky NG/H, = G/H. NG/K,.
Here the last isomorphism is the twist. Going through these explicit isomorphisms we

see that any [z] € G/(YH N K)4 is sent to [xg] A [z] € G/H+ NG/ K. O

5.3 Proof of Proposition [5.1.1]
As we already mentioned after Proposition [5.2.1] we have the isomorphisms
D(X°G/L) = ¥PG/L, L <G,

in Ho(Spg), where D is the equivariant Spanier-Whitehead duality. It follows from
[LMSMS6, I1.6, I11.2, V.9] (see also [Lew98|) that under these isomorphisms the transfer
maps correspond to restrictions. In particular, for any g € G, the diagram

D(tryng)

D(S%G/(9H N K) D(S¥G/K)

%T ) Tg

SRG/(IHNK) — 0K S /K,

commutes. Combining this with the Spanier-Whitehead duality, for any g € G, one
gets the following commutative diagram with all vertical maps isomorphisms:

tric *
SG/TH, $2G /K|S —— 0 [5G /o, 56 (0 H 1K)

oY o

Ie (1/\D(trs§(HmK))*
*

[XXG/9H A D(SG/K), S| [XXG/9H A D(SG/(PH N K)),S|¢

[a) o)

(lAresffHﬂK)*

[SXG/7H N STG/K, SIS [SXG/9H ASXG/(OH N K),SI¢

o) o

(lAresé(HmK)*

[2(G/9H 4 NG/KL),S|¢ [E°(G/9H+ ANG/(PH N K)+),SI¢
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Using again the Spanier-Whitehead duality and that X°G/L, L < G, is self-dual, we
also have commutative diagrams for every g € G:

*

[XXG/H, G/ K]C 2

[X*G/9H, G/ K¢

[S2G/H AD(EFG/K),SIE — "~ [526/9H A D(EFG/K),SI¢
S0G/H A S2G/K, S — oG aH A vRG/K,S|C
+ + + +
S(G/H, AGIK ), S| — 2 [5o(G 9, A GJK L), SO
and
(rengmK)*

(BFG/IH, XXG/(H N K|S

(E¥G/(VH N K), S¥G/(PH N KIS

[~23 [~23

res) H 1)*
SXG/9H A D(EFGC/(7H 1 K)), 86 08 (520G (00 1 K) A D(ETG/(@H N K)), I

o o

(resgng A1)*

[EXG/IH ASFG/(9H N K),S]¢

[EXG/(VHNK)AEPG/(VH N K),S|C

o) [~23

(resggm}( A1)*

[S(G/7Hy AG/(OH N K)4), SIS [S(G/(WH N K)1 A G/(@H N K)-), SIS,
Hence by definition, for any g € G, the morphism
kg [B°G/H,S°G/K)S — [EG/(PHNK),2°G/(PHNK)|¢

is isomorphic to the morphism induced by the composite

G/UHNK)y ANG/(OHNK)4

G/H, NG/K,

resgng All Tg/\l
1/\res§<HmK

G/9H+ /\G/(gHﬁK)Jr —>G/9H+ /\G/K+
after applying the functor [¥°°(—),S]¢. To simplify notations let us denote this compos-
ite of maps of pointed G-sets by wy: G/(HNK)+ NAG/(HNK)y — G/H NG/K .

Thus, in order to prove Proposition [5.1.1] it suffices to check that the map of pointed
G-sets

(wg)
Vigerau(G/OHNK)  AG/(CHNK) ) 0 /g A GK,
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has a G-equivariant section. This follows from the commutative diagram of pointed
G-sets

(wg)
Vigema/u(G/CHNK) L AG/(YHNK)4) Cllem et G/Hi NG/K,

Viglex\a/a Dg T

Vigex\e/u G/OH N K)+4,
where the vertical map is the isomorphism from Corollary and
Ay G/OHNEK)y — G/OHNK)y ANG/(OHNE),

is the diagonal defined by [z] — [z] A [z] for any g. O
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6 Geometric fixed points and inflation

This section is devoted to a review of the geometric fixed point functor ®% : Sp(o; — Sp?
for any extension of finite groups

L 3

E:1 N

G J 1.

The main reference here is [MMO02, V.4]. The eventual goal of this section is to establish
(recall) several useful statements needed for the proof of Theorem The first half
of this section shows that the composite

* N

&N o c*: Ho(SpF) ——= Ho(Sp) ——= Ho(Sp?),

where £*: Ho(Sp9) — Ho(Sp@) is the inflation (pull-back of scalars) functor, is natu-
rally isomorphic to the identity functor. This result goes back to the classical reference
[LMSMS86| 11.9.10]. Here we provide the details of the proof based on the more recent
language of [MMO02].

The second half of this section constructs a split short exact sequence that will play
a fundamental role in the inductive proof of Theorem

6.1 Geometric fixed points: Definition and basic properties

We start by briefly reviewing the definitions of some indexing categories needed in the
construction of the geometric fixed point functor.

Recall from Subsection the G -Top,-category Og. The objects of Og are finite
dimensional orthogonal G-representations. For any finite dimensional orthogonal G-
representations V' and W, the pointed morphism G-space from V to W is the Thom
space Og(V,W). We also remind the reader that the category Spg is equivalent to the
category of Og-spaces (which is the category of G -Top,-enriched functors from Og to
G -Top, ). Further, let

L

FE:1 N G

£

J 1

be an extension of finite groups. The next category we need is Og which is a J -Top, -
category. The objects of O are again finite dimensional orthogonal G-representations.
The pointed J-space O (V, W) is defined to be Og(V, W), for any V,W € Og. Note
that Og(V, W)™ has a natural J-action induced from the extension E. See more details
in [MMO02, V.4].

Next, we define two functors

¢:OE—>OJ, V:OJ—>OE.

The functor ¢ sends an orthogonal G-representation V' to an orthogonal J-representation
VY and a morphism (f,z) € Og(V,W) = Og(V,W)N to (fV,z) € O;(VN, W¥). The
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functor v maps a J-representation V to the G-representation £*V. On morphisms, v
is given by the identity

id: O;(V,W) — O4(V,W) = Oq(c*V,e*W)N = Op(*V,e*W).

To simplify the exposition, we introduce the following notation. For any finite group I'
and any I' -Top,-categories ./ and 4, let Funr (7, %) denote the category of I" -Top,-
enriched functors. As already noted, we have a preferred equivalence of categories

Sp@ ~ Fung(Og, G -Top,)

for any finite group G [MMO02] 11.4.3] (Subsection [2.4)).
Now we are finally ready to recall the definition of the geometric fixed point functor.
The functors ¢ and v induce adjunctions

P,: Fun;(Og, J -Top,): ——=Fun;(O,, J -Top,) :Us.

and
P,: Fun;(Oy,J -Top,): — Fun;(Og,J -Top,) :U,,

where the right adjoints Uy and U, are precompositions with ¢ and v, respectively, and
P, and P, are J -Top,-enriched left Kan extensions [Kel05, Sections 4.1-2]. Further,
we have a fixed point functor

FiXN: Fun(;(Og, G —TOp*) — FunJ(OE, J —TOp*).

It is defined by Fix" X (V) = X (V)" on objects. On morphisms Fix" is given by the
adjoint of
XY A OV, W)Y — X(W)Y

which is the N-fixed point of the structure map
X(V)ANOg(V,W) — X (W)

of the spectrum X.

Definition 6.1.1 (see [MMO02, V.4.3]). The composite

Pyo Fix? : Fung(Og, G -Top,,) i Fun;(Og, J -Top,) i Fun;(Oy, J -Top,)
is called the geometric fized point functor and is denoted by
®Y: Fung(Og, G -Top,) — Fun;(Oy, J -Top,).
Having the preferred equivalences
Sp& ~ Fung(Og, G -Top,) and SpG ~ Fun;(Oy,J -Top,)

in mind we see that one also gets a functor ®V: Sp9 — Sp?.
The geometric fixed point functor enjoys the following important properties:
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Proposition 6.1.2 ([MMO02, V.4.5]). Let V be a finite dimensional orthogonal G-
representation and A a pointed G-space. Then there is a natural isomorphism of J-

spectra
N (FyA) =2 Fyn AV,

Furthermore, the functor ® : Spg — Sp? preserves cofibrations and acyclic cofibra-
tions.

Corollary 6.1.3. For any based G-space A, there is a natural isomorphism of J-spectra

PN (8 A) = noo(AN).

6.2 The inflation functor

As in the previous subsection we start with an extension of groups

L

E:1 N G

£

J 1.

The homomorphism ¢: G — J induces a Quillen adjunction
[ O
e*: Sp§ === SP& N-fixed (4,

where SpgyN_ﬁxed is the stable model category of equivariant orthogonal G-spectra in-
dexed on the N-fixed universe. The left adjoint £* is defined by

(EX)(V) ="(X(V))

for any G-representation V which is N-fixed and hence can be regarded as a J-
representation by means of e. The right adjoint (—) is just the point-set level (cate-
gorical) fixed point functor. The fact that ¢* is a left Quillen functor follows from the
following isomorphisms

X (FyA) 2 Foye*A,  *(J/K) =G/ (K).
Next, we have the change of universe Quillen adjunction
id: SpZ N_gxed =—= SpY :id.
Combining this Quillen adjunction with the previous one gives a Quillen adjunction
e*: Sp§ —=Sp% : ().

The left Quillen functor *: Spf]) — Spg is referred to as the inflation functor.

The rest of this subsection is devoted to study the relation between the inflation
functor and the geometric fixed point functor. By Proposition and Ken Brown’s
Lemma one can derive the functor ®V and get the functor

®V: Ho(Sp%) — Ho(Sp9).
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We can also derive the left Quillen functor €* and obtain the derived inflation
£*: Ho(Sp?) — Ho(Sp?).

Our aim in this subsection is to show that the composite

* N
dN o e*: Ho(Sp9) —— Ho(Sp2) 2 Ho(Sp9)
is isomorphic to the identity functor. We start by defining a point-set level natural
transformation
id — oNer.
We follow [MMO02, V.4]. By definition of the functor
Fix": Fung(Og, G -Top,) — Fun;(Og, J -Top,),
one gets
(=Y = U, Fix"V: Fung(Og, G -Top,) — Fun;(0;, J -Top,).

Next, since ¢v = id, we see that U,Uy = id holds. Now the unit n: id — Uy Py of the
adjunction (Py, Uy) induces a natural transformation

U,nFixN

XN =0, FixV X U, UyPy Fix™ X = Py Fix"V X = oV X.

As there is an evident point-set level natural isomorphism (£*X)™ = X (which does

not necessarily hold on the derived level!), we get a natural transformation

. . UynFix® e*
w: id 2 U, FixN e* ———— @Ne*,

If we precompose this natural transformation with the functor
Fy = ¥*: J -Top, — Sp9
we get a chain of isomorphisms of natural transformations:

wky
Fy

(I)NE*F()

U,n FixN e*F,

U, Fix"¥ ¢* Fy U, Uy Py Fix™ e* F

o o

U,n FixN Fye*
_—

U, Fix"¥ Fpe* U, Uy Py FixY Fye*

~ ~

U,nFo(—)Ne*
UVFo(—)N{—:* n 0( )

UVU¢P¢F0(—)N€*

~ ~

U, F Uunko U,U,PsFo,
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where the functor Fy: J -Top, — Fun;(Op, J -Top,) is defined by
FoA(V) = 0p(0,V) A A=S"" AA.

(Here we decided to abuse notations by denoting two different functors by Fy in order
not to make the notations even more complicated.) We want to deduce that the upper
horizontal map in this diagram is an isomorphism of functors. For this we will now
show that the map
F
Fy 2% UyPyFy
is an isomorphism. The following lemma from enriched category theory will help us:

Lemma 6.2.1. Suppose ¥ is a closed symmetric monoidal category, </ and % skele-
tally small ¥ -categories, € a bicomplete ¥ -category and K: o/ — B a V -functor.
Let FuC: of — € denote the ¥V -functor

(A -)RC: o —C
for Ae o and C € €. The evaluation at FAC of the unit
1d — K* Lang
of the adjunction
Lang : Funy (o/,¢) ——=Funy (#,%) : K*
s isomorphic to the natural transformation

(A, )2 C S B(K(A),K(-) ®C.

Proof. By the enriched Yoneda lemma [Kel05, (3.71)], for any #-functor G: & — €,
there is a natural isomorphism

Aled
GA" =~ / (A, A" @ GA'.

It follows from [Kel05, (3.71), (4.25)] and the proof of [Kel05, Proposition 4.23] that
the unit
G — Lang Go K

is given by

Aleds fAleLQ{ K®GA’ Alcof
G| A, -)QGA —— B(KA,K(-)) @ GA' 2 Lang Go K.
The latter morphism specializes to

[4€7 K@ u(A,4)&C

[ (A, —) @ o (A, A) @ C [V BK(A),K(-)) ® (A, A) & C
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if G = F4C. But now again the enriched Yoneda lemma [Kel05, (3.71)] implies that
this map is isomorphic to

(A, ) C KL B(K(A),K(-) @ C. O

Corollary 6.2.2. The natural transformation
F
Fy g U¢P¢F0

s an isomorphism of functors.

Proof. Since FpA = Og(0,—) A A, it follows from Lemma that the evaluation of
nky at A € J -Top, is isomorphic to

¢ NA: Op(0,—) NA — O;(6(0),6(—)) N A
which is an isomorphism by definition of ¢. O
Corollary 6.2.3. The natural transformation
wFy: Fy — @Vl
is an isomorphism of functors.

The natural transformation w: id — ®Ne* descends to a natural transformation
on the homotopy level. Further, note that the functor ®V: Ho(Sp&) — Ho(Sp9) is
triangulated. This follows either by an explicit verification or by [MMO02, V.4.17]. Next,
the general description of the unit G — K*(Lang G) in the proof of implies that
the diagram

S1An

SYA(-) SYAU4P,

m\ i:
UsPy(S* A (=)
commutes. Hence the diagram

1
Sl/\(—)%sl/\@]\f&:*

w(STA(-) lN
PNe*(ST A (-))

commutes, yielding that the derived natural transformation id — ®Ve&* of endofunc-
tors on Ho(Sp?) is triangulated.
Theorem 6.2.4 (cf. [LMSMS86, 11.9.10]). The derived natural transformation

w: id — dNe*

of endofunctors on Ho(Sp(J)) is an isomorphism.
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Proof. By Corollary the derived natural transformation w: id — ®Ve* is an
isomorphism when evaluated on X5°.J/K for any subgroup K < J. Next, note that N
commutes with infinite coproducts. Since the set of compact objects {£°J/K | K < J}
generates the triangulated category Ho(Sp?) and w: id — ®Ne* is triangulated, the
desired result follows. O

Now we start the preparation for the construction of the short exact sequence that
we advertised at the beginning of this section.

6.3 Weyl groups

Let G be a finite group and H a subgroup of G. Then H is a normal subgroup of its
normalizer N(H) = {g € G | gH = Hg} and the quotient group W(H) = N(H)/H
is called the Weyl group of H. According to the previous subsection, the short exact
sequence

1 H—>NH)—==W(H)—1

gives us the geometric fixed point functor

o' HO(Sp](\)f(H)) — HO(SPQV(H))
and the inflation functor

e*: Ho(Spiy(sr)) — Ho(SPR (1))
By slightly abusing notations, we will denote the composite functor

o o Res%(H): Ho(Spg) — Ho(Sp?V(H))
also by ®F. It then follows from Corollary that there is an isomorphism
o (2°G/H) = X (G/H)H

in Ho(SpI?V(H)). (This holds already on the point-set level.) Since (G/H)? = W (H)
as W (H )-sets, one in fact gets an isomorphism

M (2°G/H) 2 STW(H)

in HO(SpI(/)V(H))' Further, by definition, one has £*(X°W(H)) = X°N(H)/H in
Ho(Sp%(H)) and hence we get

G %) €5 (EXW(H)) = £°G/H.

Having in mind these identifications, we are now ready to prove the main technical
result of this subsection:
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Proposition 6.3.1. The composite

Cv‘l><1\7(].1><‘-:’k

[(SeW (H), sew (H)]." [S2°G/H, 532G/ H|S = [s2oW (), 5w (H)]Y

is an isomorphism.

Proof. By Theorem we have the natural isomorphism
w:id — pHer

which is a triangulated transformation. Since (G X n(g) —,Res%( H)) is a Quillen ad-
junction (Subsection , the derived unit map

is a triangulated transformation as well. Hence, the composite

w cI>H * *
@Hng* ow: id —= (I)Hg* i— @H(RGS%(H) (G [XN(H) g ))

is a triangulated transformation. Moreover, it follows from Theorem and the
identifications we did before Proposition that this natural transformation is an
isomorphism in Ho(SpI?V( H)) when applied to X°W (H). Consequently, the restriction
of the functor @H(Res]%(H)(G X n(a) €7)) to the localizing subcategory of Ho(SpI(/)V(H))
generated by YW (H) is isomorphic to the identity functor and thus an equivalence
of categories. This implies the desired result. O

6.4 The short exact sequence

Suppose G is a finite group and .% a set of subgroups of GG. The set % is said to be a
family of subgroups of G if it is closed under conjugation and taking subgroups.

Recall that for any finite group G and any family .%, there is a classifying space
(G-CW complex) E.# characterized up to G-homotopy equivalence by the property
that EZ ! is contractible if H € .# and EZH = if H ¢ .F (see e.g. [EIm83)).

Let & denote the family of proper subgroups of G. Consider the equivariant map

EZ, Do S0 which sends the elements of £ to the non-base point of S°. The
mapping cone sequence of this map (called the isotropy separation sequence) combined
with the tom Dieck splitting [tD87|, I1.7.7] gives the following well-known:

Proposition 6.4.1. Suppose G is a finite group. Then there is a split short exact
sequence

0—=[S, P EZ|S 2% 5,51 2%~ [s, 5], 0.
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Now suppose H is a subgroup of G. Then for any X € Ho(Spg), there is a natural
isomorphism
G xpgResh X =2 G/Hy AV X

given on the point-set level by [g, 2] — ([g] A gx). In particular,
GxgS=XFG/H.

Having in mind this preferred isomorphism, we will once and for all identify G xz S
with ¥°G/H. Next, let &[H] denote the family of proper subgroups of H. Note that
this is a family with respect to H and not necessarily with respect to the whole group
(. Here is the main result of this section which is an important tool in the proof of

Theorem [B.1.3}
Proposition 6.4.2. Let G be a finite group and H its subgroup. Then there is a split
short exact sequence

SXG/H, G xy S EPH|G5 (5206 H, 220G HIE 2 [soew (1), soow (1)) Y ),
where the morphism proj: G x g S EP[H] — X°G/H is defined as the composite

G X gproj

G xy SFPEZP[H] G %y S=YPG/H.

Before proving this proposition we have to recall some important technical facts.

6.5 Technical preparation

It immediately follows from the definition that for any K € 2[H|, the set of H-fixed
points of G/ K is empty. Together with Corollarythis implies that & (XPG/K) =
% in Ho(Sp?V( H)). Since the classifying space EZ?[H] is built out of H-cells of orbit
type H/K with K < H and K # H one obtains:

Proposition 6.5.1. Let G be a finite group. For any subgroup H < G, the G-CW
complex G xg EP[H]| is built out of G-cells of orbit type G/K with K < H and
K # H. Furthermore, ®(G x gy S EP[H]) = * in Ho(Sp%(H)).

Next, we recall that the functor Map (G4, —): Ho(Sp%) — Ho(Sp?) is right ad-
joint to Res$. Recall also the map wy: G xp (—) — Mapy (G4, —) inducing the
Wirthmiiller isomorphism (Proposition [5.2.1)). The following proposition is an imme-
diate consequence of the Wirthmiiller isomorphism.

Proposition 6.5.2. For any Y in Ho(Sp%9), the natural map

[S,G % Y] —[S,Mapy (G, Y)]¢ = [Res(S), Y] = [8, Y]

18 an isomorphism.
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Corollary 6.5.3. Let G be a finite group and H and K subgroups of G. Then for any
spectrum Y € Ho(Spg), there is a natural isomorphism

EFG/K,.GxpYli= D IS Resghon(c ().
loleR\G/H

Proof. By adjunction, Corollary and Proposition one has the following
chain of isomorphisms:
[EPG/K,Gxpg Y]¢ 2 [GxkS,Gxp V]S =[S ResE (G wpy V)K=
S,V K xgron Resglon(cgME 2 @[S, K xinom Resylhop (5 (Y))]F
[gleK\G/H lgleK\G/H

D s Resilo (V).
loleK\G/H

12

6.6 Proof of Proposition [6.4.2]
It follows from Proposition that
o [SXG/H, G HIG — [S°W(H), 52w (H)|Y
is a retraction and thus in particular surjective. Further, Proposition implies that
® o proj, = 0.
Hence, it remains to show that the map
proj,: [EXG/H,G xy XX EP[H|S — [2°G/H, TG/ H|¢

is injective and Ker ® < Im(proj,). For this we choose a set {g} of double coset
representatives for H \ G/H. By Corollary there is a commutative diagram with
all vertical arrows isomorphisms

Proj,

[£°G/H,S¥G/H|¢

[N¥G/H,G xy STEP[H)|S

:i ig

[EXG/H,G xy SPEP[H||¢ [X*G/H,G xy S)¢

:i S (proj). l:

~ . loleH\G/H
D gemc/ulS ES Resjg%gg(cg(Eﬂ[H]))]fmgH = @[g]eH\G/H[S,S]EmgH.

(GX Hproj)«

We will now identify the summands of the lower horizontal map. For this one has to
consider two cases:
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Case 1. HNYH = H: In this case Resy, (¢ cg(EZ[H])) = cy(EZ[H]) is a model
for classifying space of Z[H| (and hence G-homotopy equivalent to EZ?[H])). By
Proposition we get a short exact sequence

ro n9
o [S, 5% ResyiL, y (cE (B [H]) N H 2205 (g quorn @™ ) 0.

Case 2. HNYH is a proper subgroup of H: In this case Res?{%gH(c;(E@[H]))
is an (H N9H)-contractible cofibrant (H N9H )-space and hence the map

S, 55 Resifho ey (B2 [H)|HH 22 (s, )10 H

is an isomorphism.
Altogether, after combining the latter diagram with Case 1. and Case 2., we see that
the map

proj,: [BCG/H,G xy XY EZ[H|S — [2°G/H, G /H|¢

is injective. It still remains to check that Ker ® C Im(proj,). For this, first note that
HNY9H = H if and only if g € N(H). Further, if g € N(H), then the double coset class
HgH is equal to gH. Hence, the set of those double cosets [g] € H\ G/H for which the
equality H N9H = H holds is in bijection with the Weyl group W (H). Consequently,
using the latter diagram and Case 1. and Case 2., one gets an isomorphism

[SFG/H,2XG/H|E /Im(proj,) = @D [S,S]. = [sFwW (H), 52w (1)),
W (H)

On the other hand, we have already checked that
O [SXG/H, SFG/HIE — [STW (H), 52w (H))
is surjective and this yields an isomorphism
[22°G/H,S°G/HIC | Ker ©F = [52W (H), W (H)]Y ).

Combining this with the previous isomorphism implies that the graded abelian group
[X¥G/H,2¥G/H|¢ / Im(proj,) is isomorphic to [E¥G/H,X¥G/H]S/Ker ®. Now
if the grading * > 0, then [X*G/H,YG/H|¢ is finite and it follows that Im(proj,)
and Ker ®' are finite groups of the same cardinality (Subsection E Since we already
know that Im(proj,) C Ker ® (We have already observed that this is a consequence
of Proposition [6.5.11), one finally gets the equality Im(proj,) = Ker ®. For x = 0 a
Five lemma argument completes the proof. We do not give here the details of the case
* = 0 as it is irrelevant for our proof of Theorem [3.1.3] O
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7 Proof of the main theorem

In this section we complete the proof of Theorem and hence of Theorem [I.1.1]

We start by recalling from [MMO02, IV.6] the .#-model structure on the category of
G-equivariant orthogonal spectra, where % is a family of subgroups of a finite group

G.

7.1 The .#-model structure and localizing subcategory determined by .7
Let G be a finite group and .% a family of subgroups of G.

Definition 7.1.1. A morphism f: X — Y of G-equivariant orthogonal spectra is
called an % -equivalence if it induces isomorphisms

fo:mHX ——aHy

on H-equivariant homotopy groups for any H € .%. Similarly, a morphism g: X — Y
in Ho(Spg) is called an .Z-equivalence if it induces an isomorphism on 7 for any
HeZ.

The category of G-equivariant orthogonal spectra has a stable model structure with
weak equivalences the .#-equivalences and with cofibrations the .% -cofibrations [MMO02,
IV.6.5]. By restricting our attention to those orbits G/H which satisfy H € %, we can
obtain the generating .%-cofibrations and acyclic % -cofibrations in a similar way as for
the absolute case of Spg [MMO02, 1I1.4] (see Subsection and Subsection . We
will denote this model category by Spg 7

Any % -equivalence can be detected in terms of geometric fixed points. To see this we
need the following proposition which relates the classifying space E.# with the concept
of an .Z-equivalence:

Proposition 7.1.2 ([MMO02, IV.6.7]). A morphism f: X — Y of G-equivariant or-
thogonal spectra is an % -equivalence if and only if 1N f: EZ . ANX — EZ, AY isa
G-equivalence, i.e., a stable equivalence of orthogonal G-spectra.

Corollary 7.1.3. A morphism f: X — Y of G-equivariant orthogonal spectra is an
F -equivalence if and only if for any H € F, the induced map

®(Resi(f)): @ (Resf (X)) — @ (Resfj(Y))
on H-geometric fized points is a stable equivalence of (non-equivariant) spectra.
Proof. By Proposition f: X — Y is an F-equivalence if and only if
INfiEF,NX — EZL NY
is a stable equivalence of orthogonal G-spectra. But the latter is the case if and only if

T (ResG (1A f): @7 (ResS(EF4 A X)) — T (Res$ (EF, NY))
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is a stable equivalence of spectra for any subgroup H < G (|May96, XVI.6.4]). Now
using that the restriction and geometric fixed points commute with smash products as
well as the defining properties of F.%, we obtain the desired result. ]

By definition of .#-equivalences and .#-cofibrations we get a Quillen adjunction
i . o — > :
id: Spg o <—= Sp& :id.
After deriving this Quillen adjunction one obtains an adjunction
L: Ho(SpZ, ») =—=Ho(Sp2) :R

on the homotopy level. We now examine the essential image of the left adjoint functor
L. Since a weak equivalence in Spg is also a weak equivalence in Spgvgz, the unit

id — RL
of the adjunction (L,R) is an isomorphism of functors. Hence the functor
L: Ho(Spg, ») — Ho(Spg)
is fully faithful.

Proposition 7.1.4. For any X € Spgg, there are natural isomorphisms
LX) EZ N"X=EZ, AX.

Proof. Let A\x: X¢ — X be a (functorial) cofibrant replacement of X in Spgﬁ' By
[MMO2], Theorem IV.6.10], the projection map E.Z#, A X¢ — X° is a weak equivalence
in Spg. On the other hand, Proposition implies that the morphism of G-spectra
INAx: EZ4 N X¢ — EZ, N X is a weak equivalence in Spg. This completes the
proof. O

Next, note that the triangulated category Ho(Spg? #) is compactly generated with
{¥FG/H | H € 7}
as a set of compact generators. Indeed, this follows from the following chain of isomor-
phisms:
Ho(Sp&
m2e/H, X)) = [B7, Asec/H EF, A X]C =
X°G/H,EZ . ANX )¢ =rl(EF AX) 2l X.

The first isomorphism in this chain follows from Proposition and from the fact
that L is fully faithful. The second isomorphism holds since H € .%. Finally, the last
isomorphism is an immediate consequence of Corollary
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Proposition 7.1.5. The essential image of the functor L: Ho(Spgj) — Ho(Sp%)
is exactly the localizing subcategory generated by {X°G/H | H € F}.

Proof. The functor L is exact and as we already noted, Ho(Spgf) is generated by
the set {¥°G/H | H € #}. Next, by Proposition for any H € .7,

L(XG/H) = EF L NYTG/H.
The projection map EF, AN XPG/H — G/ H is a weak equivalence in Spg. The

rest follows from the fact that L is full. O

Next, we need the following simple lemma from category theory.

Lemma 7.1.6. Let
L:9—¢& :R.

be an adjunction and assume that the unit
id— RL

is an isomorphism (or, equivalently, L is fully faithful). Further, suppose we are given
morphisms

x—2sz<"y
in & such that X and Y are in the essential image of L and R(a) and R(S3) are

isomorphisms in &. Then there is an isomorphism ~v: X =, Y in & such that the
diagram

X L Y
Z
commutes.
Proof. One has the commutative diagram
LR(« LR
LR(X) "L LR(2) S22 LR(Y)

= i counit lcounit = \L counit
a B
X 7 Y,

where the left and right vertical arrows are isomorphisms since X and Y are in the

essential image of L and the functor L is fully faithful. We can choose ~v: X .y
to be the composite

LR(a) (LR(B))~"

X —mit L pR(X) LR(Z) LR(Y) 2wt .y O
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Corollary 7.1.7. Let F be a family of subgroups of G and suppose X and Y are in
the essential image of L: Ho(Spgy) — Ho(Spg) (which is the localizing subcategory
generated by {S°G/H | H € F} according to [7.1.5). Further assume that we have
maps

X2z y
such that 7o and w3 are isomorphisms for any H € .F (Or, in other words, o and

B are F-equivalences.). Then there is an isomorphism ~y: X —=-v such that the

diagram

Z

commutes.

Proof. We apply the previous lemma to the adjunction
L: Ho(Sp2, ») = Ho(Sp2) :R
and use the isomorphism 77 R(T) = 7T, H ¢ Z. O

7.2 Inductive strategy and preservation of induced classifying spaces

Recall that we are given an exact functor of triangulated categories
F: HO(Spga@) ) HHO(Spg,(Q))

that preserves arbitrary coproducts and such that
F(XTYG/H)=XYG/H, H <G,

and
F(g9) =g, F(restt) =restl, Pt =trl, gy G, K<H<G.
We want to show that F'is an equivalence of categories. Proposition [5.1.1]implies that

in order to prove that F' is an equivalence, it suffices to check that for any subgroup
H < @, the map between graded endomorphism rings

F: [SYG/H,S¥G/HIE — [F(SYG/H), F(SXG/H)S = [SXG/H,5T6/HC

is an isomorphism. The strategy is to do this inductively. We proceed by induction on
the cardinality of H. The induction starts with the case H = e. Proposition tells
us that the map

F: [EFG,27G)Y — [27G, 22G)¢

is an isomorphism and hence the basis step is proved. The induction step follows from
the next proposition which is one of the main technical results of this thesis:
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Proposition 7.2.1. Let G be a finite group and H a subgroup of G. Assume that for
any subgroup K of G which is proper subconjugate to H, the map

F: [SYG/K.SYG/KIS — [FSTG/K), FETG/K)|S = [S¥G/K, 57G/KIS
is an isomorphism. Then the map

Fi [SG/H,S2G/HIS — [F(SEG/H), F(SEG/H)E = [SXG/H, 52/ H|S
is an isomorphism.

Before starting to prove this proposition, one has to show that under its assumptions
the functor F' preserves a certain induced classifying space. More precisely, let Z?[H|
denote the family of proper subgroups of H. This is a family with respect to H and
not necessarily with respect to the whole group G. Next, let

proj: G xy XY EPX[H|] — XTG/H
be the projection (as in Subsection . The following is valid:

Lemma 7.2.2. Suppose G is a finite group and H a subgroup of G. Assume that for
any subgroup K of G which is proper subconjugate to H, the map

F: [EG/K,5G/K|¢ — [STG/K, TG/ K¢
is an isomorphism. Then there is an isomorphism
v: F(G xy SPEP[H]) —> G xy Y°EP[H]
such that the diagram

F(G xp SPEP[H]) — G xy SXEP[H]
F (prOJ')l lpmj
F(X¥G/H) =————=¥7G/H,
commutes.

Proof. Let Z[H|G]| denote the family of subgroups of G which are proper subconjugate
to H. By Proposition the essential image of the fully faithful embedding

L: Ho(Spg sm) — Ho(Spg).

is the localizing subcategory generated by the set {¥°G/K | K € Z[H|G]}. Ob-
viously, the spectrum G x g X°EZ[H] is an object of this localizing subcategory as
the H-CW complex EZ?[H] is built out of H-cells of orbit type H/K with K < H
and K # H. Next, since the endofunctor F: Ho(Sp&) — Ho(Sp%) is triangulated
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and F(X¥G/L) = ¥°G/L for any L < G, the spectrum F(G x g X°EZ[H]) is con-
tained in the essential image of L: Ho(Sp% BZ[H|G}) — Ho(Sp?) as well. Hence by
Corollary it suffices to show the maps in the zigzag

F(G x g SPE2[H) "2 ps26/H) = 206/ H 0 6wy 2 EP[H]

are Z|H|G)-equivalences (which means that they induce isomorphisms on 7 (—) for
any subgroup K € Z[H|G].). It is easy to see that the map

proj: G xy XY EX[H] — XTG/H

is Z[H|G]-equivalence. Indeed, by Corollary for any K € Z[H|G], one has a

commutative diagram

Proj,

5(G xy TP EZ[H))

%l lg

[EXG/K,G xy SCEP[H||S [E*G/K,G xy S|¢

Nl S (proi). lN

- \ leR\G/H
Bc\cyulS, ST Resplhy g (3 (B2 [H))) KN H = Dpgerra/ulS, SIETH.

K (S°C/H)

proj,

If L is a subgroup of K N9H, then g~ 'Lg is a subgroup of H. In fact, g~ 'Lg is
a proper subgroup of H since K € Z[H|G|. This implies that for any subgroup
L < KN9YH the space (ResigﬁgH(c;(E@[H])))L = (E2[H])9 'L is contractible.
Hence, Res%%gH(c;(E@[H])) is a (K NY9H)-contractible cofibrant (K NYH)-space and
we see that the map

proj: X7° Res}%gH(c;(E@[H])) —S

is a (K NY9H)-equivalence. This allows us to conclude that the lower horizontal map in
the latter commutative diagram is an isomorphism. Hence, the upper horizontal map
is an isomorphism for any subgroup K € &[H|G| and one concludes that the map

proj: G xy XY EZ[H] — LTG/H
is Z[H|G]-equivalence.
It remains to show that the morphism F'(proj): F(Gx g X EZ[H]) — F(XG/H)
is a Z[H|GJ-equivalence as well. We first note that the assumptions imply that for any
K € Z[H|G] and any (not necessarily proper) subgroup L < H, the map

F: [S¥G/K,S¥G/LIS — [F(EYG/K), F(SYG/L)S = [S¥G/K,57G/1)°
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is an isomorphism. Indeed, this follows from Proposition [5.1.1] as well as from the
commutative diagram

(Fa)a]

[SYG/K,STG/L)S
Fl \L@[A]GK\G/LF
(FA)[A] 0 *
R B peranEXG/CLNK), 5RG/ LN K))¢

L B e EXG/ LN K), 2XG/ LN K)E

[E¥G/K,5FG/LIY

where the right vertical map is an isomorphism since *L N K is proper subconjugate to
H for any A. In particular, the map

F: [EYG/K,5PG/HIS — [5°G/K, 2YG/H|¢

is an isomorphism. Next, using a standard argument on triangulated categories, we
see that for any K € Z[H|G] and any X from the localizing subcategory of Ho(Spg)
generated by {¥°G/L | L < H}, the map

F: [SYG/K,X]¢ — [F(SYG/K), F(X)|¢

is an isomorphism (recall F(X°G/L) = X¥G/L for any L < G). As a consequence,
we see that the morphism

F: [¥G/K,G xy SPEZ[H|¢ — [F(XYG/K), F(G x g SEZ2[H])|¢
is an isomorphism. Finally, for any K € &[H|G], consider the commutative diagram

proj,

[EXG/K,G xy SPEZ[H||¢ [E*G/K,2*G/H)¢

glF glp

[F(SXG/K), F(G wg S2EP[H)E — 2V (P56 K), F(S2G/H))S

[EXG/K,F(G xg SXEZ[H])Y

F(proj)« [Efg/K,F(EfG/H)]*G'

As we already explained, the upper horizontal map is an isomorphism. Thus the lower
horizontal map in this diagram is an isomorphism as well and therefore, the map

F(proj): F(Gxyg XFXEZ[H]) — F(X3XG/H)
is a Z[H|GJ-equivalence. O

7.3 Completing the proof of Theorem [3.1.3

In this subsection we continue the induction started in the previous subsection and
prove Proposition [7.2.1] Finally, at the end, we complete the proof of Theorem [3.1.3
and hence prove the main Theorem [1.1.1
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Proof of Proposition Recall (Section [6) that the extension

£

1—=H —>N(H)—==W(H) —1.
determines the inflation functor
g¥: Ho(Sp%(H)) — Ho(Sp%(H))
and the geometric fixed point functor

Let F: Ho(Sp%(H)) — Ho(Spg,(H)) denote the composite

e G N ()~ F Res (1) oH
Ho(Sp?V(H)) — Ho(Sp%(H)) — Ho(Spg) — Ho(Spg) — Ho(Sp%H)) — Ho(Sp?V(H)).

It follows from the identifications we did in Subsection and from the properties of F’
that the functor F' is triangulated, preserves infinite coproducts and sends X5°W (H)
to itself. Moreover, it also follows that the restriction

Flto(Mod-zw () : Ho(Mod-SFW (H)) — Ho(Mod-SW (H))

of F on the localizing subcategory of Ho(Sp%( H)) generated by X°W (H) satisfies the
assumptions of Proposition Hence, the map

P mxwH), sewE) D — mew ), sew @)l

is an isomorphism Next, by the assumptions and Proposition 1| (like in the proof
of Lemma |7 , we see that for any proper subgroup L of H, the map

F: [S¥G/H,STG/L)S — [S°G/H, x¥G/L)¢

is an isomorphism. This, using a standard argument on triangulated categories, implies
that for any X which is contained in the localizing subcategory of Ho(Spg) generated
by {X°G/L | L € Z[H]}, the map

F:[S¥G/H XIS — [F(STG/H), F(X)|S
is an isomorphism and hence, in particular, so is the morphism
F: [YFG/H,G xyg SPEZ[H)S — [F(XFG/H), F(G xg SPEP[H])Y.
Finally, we have the following important commutative diagram

proj, GX N ()™

[SXG/H,G wp 2T EP[H||S ———— [SXG/H,25G/H)S (SEW(H), 23w (H)

H

[F(STG/H), F(G % STEPH)S 5 [F(S2G/H), F(STG/H)S —2 [F(STW(H)), PERW ()Y
[SXG/H,G wn SFEPH|| S o [S2G/H, SFG/HIS —— s [520W (H), 520w ().
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Lemma implies that the lower left square commutes and the lower left vertical
map is an isomorphism. Other squares commute by definitions. Further, according to
Proposition the lower row in this diagram is a short exact sequence and hence so
is the middle one.

Now a simple diagram chase shows that the map

F: [SYG/H,SYG/HIS — [F(STG/H), FEXG/H)C = [SG/H, 56/

is an isomorphism. Indeed, assume that * > 0 (the case * = 0 is obvious by the assump-
tions on F'). Then the latter map has the same finite source and target and hence it suf-
fices to show that it is surjective. Fix + > 0 and take any o € [F(SG/H), F(£°G/H)]¢.
Since the map

P sxwHE), sew(E) s [BEewH), FEew(H)

is an isomorphism, there exists g € [EW (H), EfW(H)]ZV(H) such that

N

F(8) = 0¥ ().
By definition of the functor £, the element
F(G % €(8)) — a € [F(SEG/H), F(SXG/H)|¢
is in the kernel of
O [F(STG/H), F(SYG/H)S — [F(STW (H)), F(s2w (1)1,
But the kernel of this map is contained in the image of
Fi [SEG/H,SEG/HIS — [F(SEG/H), F(EYG/H)C

since the middle row in the commutative diagram above is exact and the upper left
vertical map is an isomorphism. Consequently, F(G' X x(gy €*(8)) — « is in the image
of I’ and this completes the proof. [l

Proof of Theorem Now we continue with the induction. Recall, that our aim
is to show that for any subgroup H € (G, the map

F: [¥°G/H,2°G/H¢ — [¥YG/H,2CG/H|C

is an isomorphism. The strategy that was indicated at the beginning of Subsection [7.2]
is to proceed by induction on the cardinality of H. The induction basis follows from
Proposition 4.2.3| as we already explained. Now suppose n > 1, and assume that the
claim holds for all subgroups of G with cardinality less than or equal to n—1. Let H be
any subgroup of GG that has cardinality equal to n. Then, by the induction assumption,
for any subgroup K which is proper subconjugate to H, the map

F: [E¥G/K,5G/K|¢ — [5TG/K, TG/ K¢

87



is an isomorphism. Proposition [7.2.1| now implies that
F: [EXG/H,X°G/HIS — [SG/H, XX G/H|¢

is an isomorphism and this completes the proof of the claim.
The rest follows from Proposition [5.1.1] as already explained in Section U
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Summary

This thesis establishes a uniqueness result about the models for the 2-local G-equivariant
stable homotopy category for a finite group G. Let Sp87(2) denote the 2-local stable
model category of G-equivariant orthogonal spectra indexed on a complete G-universe
in the sense of Mandell and May. Further, suppose that % is a cofibrantly gener-
ated, proper, G-equivariant stable model category. We show that if we are given a
triangulated equivalence

Ho (%) ~ Ho(Spg, (»))

which respects the stable Burnside (orbit) category, then the model categories ¥ and
Sp87(2) are G-Quillen equivalent. In other words, the model category Sp87(2) has a
unique equivariant model up to G-Quillen equivalence. This means that the suspension
functor, homotopy cofiber sequences and the basic mg-information of Ho(Sp(O;) (the
stable Burnside (orbit) category) determine all “higher order structure” of the 2-local
G-equivariant stable homotopy category, such as the equivariant homotopy types of
function G-spaces.

There are several other models for the G-equivariant stable homotopy category which
are equivalent to the model category of G-equivariant orthogonal spectra. These include
the S-model structure of Stolz, the model category of Sg-modules of Mandell and
May, the model category of G-equivariant continuous functors of Blumberg and the
model categories of G-equivariant topological symmetric spectra due to Mandell and
Hausmann. All these models are cofibrantly generated, proper, G-equivariant stable
model categories.

Our theorem can be seen as an equivariant version of Schwede’s rigidity theorem at
the prime 2. Schwede’s theorem asserts that the classical stable homotopy category has
a unique model up to Quillen equivalence.

The proof of the main theorem is divided into two main parts: The first is categorical
and the second is computational. In the categorical part, for any cofibrantly generated,
proper, G-equivariant stable model category %, we construct a stable model structure
on the category Spg(%) of internal orthogonal G-spectra in 4. We also show that
the model categories € and Spg(%) are (G-Quillen equivalent and using this reduce the
proof of the main result to showing that a certain exact endofunctor F' of the homotopy
category Ho(Spg (2)) is an equivalence of categories. The computational part shows that
this endofunctor is indeed an equivalence of categories. The proof starts by generalizing
Schwede’s arguments to free (naive) G-spectra. From this point on, classical techniques
of equivariant stable homotopy theory enter the proof. These include the Wirthmiiller
isomorphism, geometric fixed points, isotropy separation and the tom Dieck splitting.
The central idea is to do induction on the order of subgroups and use the case of free
G-spectra as the induction basis.

We believe that the integral version of our main theorem should also be true. We
formulate this as a conjecture in this thesis. In fact, most of the arguments here work
integrally. The only part of the proof of the main result which uses that we are working
2-locally is the part about free G-spectra. The essential fact one needs here is that the



self map 2 -id: M(2) — M (2) of the mod 2 Moore spectrum is not zero in the stable
homotopy category. For p an odd prime, the map p-id: M(p) — M (p) is equal to
zero and this makes a big difference between the 2-primary and odd primary cases.
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