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Chapter 1

Introduction

The motion of a fluid undergoing environmental influences is
something we experience in many real life situations. Com-
mon examples include condensing water on the bathroom mir-
ror after taking a hot shower, rain patterns forming on win-
dow panes as well as sweating while doing a workout. It is an
ongoing challenge to translate the observed phenomena into

models that use mathematical concepts and language allowing

for precise treatment of the problem. In this dissertation we

discuss the model problem of a purely surface tension driven
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—
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evolution of a thin film.

Figure 1.1: Pressure-induced evolution of

Thin films of liquid appear in a variety of physical applications
Y Y a liquid interface, taken from l@]

in which a thin layer of fluid is deposited onto a bulk material

(substrate) in order to improve the substrate’s properties. This process is ubiquitous in the manufacture of
optics, where thin films are used to create optical surface modifications such as reflective and anti-reflective
coatings. Further applications may also be found in other branches of physical science, prominent examples
being heat sinks and cooling systems, corrosion and oxidation protection, adhesion, gas/liquid sensors and
diffusion barriers which can only be manufactured using special chemical properties of various liquids.
All of these examples can be described by the interaction between the fluid, the surrounding vapor and the
adjacent solid materials. A prevailing trend in modern material science is to make use of the possibility
to control these interactions and, accordingly, it may come as no surprise that specific surface properties

gain increasing importance to physicists, engineers and chemists.

1.1 On Degenerate Diffusion

Working within a certain physical regime, we will derive (see section below) the following governing

equation from the Navier-Stokes equations:
1 3 3—m zm _
ndsh + v V- (gh +b K™) VyAyh) = 0, (LE)

the so-called lubrication equation. Here, s represents time, y is the n-dimensional space variable and
h = h(s,y) models the thickness of a liquid film on a plain substrate. The constants 7 and ~ stand for the
viscosity and for surface tension, respectively. At the liquid-solid interface we obtain various slip conditions
depending on the slip length b > 0 and the parameter m ranging over all numbers in the interval (0, 3).
The case b = 0 entails a no-slip condition. Equations of this type can be seen as describing the dynamics

of a liquid film that spreads along a solid surface, a phenomenon we refer to as diffusion.
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Diffusion equations are partial differential equations that often serve as the basis for an introduction to the
area of (nonlinear) PDEs. The heat equation 9sh = Ayh is certainly the most important representative in
the classical linear theory. It describes the temperature distribution in a given medium as time progresses.
Before moving on to fourth order problems, it is instructive to take a look at second-order degenerate
diffusion equations first. Here a class of equations that has recently come to be fairly well understood goes

by the name porous medium equation and takes the form
dsh = V,-(h™ Vy, h) in  (0,00) x R", (PME)
where m > 0.

There are a number of striking features known about this equation including the following;:
1. In regions where h is strictly positive and hence the evolution is uniformly parabolic a solution
becomes instantaneously smooth,
2. there exists a comparison principle for (PMEI),
3. compactly supported initial data generate solutions that are compactly supported for any fixed time
(finite speed of propagation), in particular, there exists a moving interface, and
4. the Cauchy problem has a unique solution for a wide range of initial data including L' (R™).

Now we consider the fourth order analogue of (PMEI),
dsh + V- (K™ VyAy h) = 0. (TFE)

In the context of thin films, one can derive this equation from the lubrication equation (LE) as follows.
We may suppose that the film thickness h is small or even h < b. Then the second term in the mobility,
that is b3~™ h™, is the dominant one such that we choose to neglect the term h®. In order to pass to
a parameter-free form of the fourth order diffusion equation, we non-dimensionalize horizontal length y,

b3*m

vertical length h and time s in such a way that n =1 and v = 1, although now one is constrained to

measure the vertical length h in terms of the slip length b > 0.
Assuming h models the height of the liquid film, the wetted region at time s is given by the positivity set
P,(h) = {y € R" | h(s,y) > 0}. The equation (TELE) is parabolic in this region, while the parabolicity

degenerates at points at which h vanishes. From now on we will refer to (TEE) simply as thin-film equation.

First, note that both equations (PME]) and (TFE]) can be written in the form of the conservation law
Bsh + Y, - q(h) = 0, (1.1.1)

where by ¢(h) we denote the vector-valued flux of either an ideal gas in a porous medium or a thin layer

of fluid on a flat surface. In the absence of flows across the boundary of the support of A, that is

q(h)|a{h>0} T =0 (1.1.2)

with 7 being the outer normal to d{h > 0}, we expect conservation of mass:

/ h(s,y)dy = const Vs

1\/[01."60V(EI'7 we assume

hlonsoy = 0- (1.1.3)

Thus, with ¢(h) = h™ VyAy h, we implicitly deal with a free boundary problem for a fourth-oder equation.
Note that solutions to the initial-boundary-value-problem ([LII)-(TI.3]) are not necessarily unique, for a
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counterexample see dﬁ] Accordingly, we need to impose an additional boundary condition at the moving
contact line. Typically, one prescribes either a zero contact angle (complete wetting) or a fixed positive
contact angle 6. (partial wetting). In case of both complete wetting and partial wetting there exists quite
a large variety of literature offering a substantial body of work on existence and qualitative properties of

weak solutions of (TEE]). We will discuss some of the results in the section after next.

vapor

liquid

a) complete wetting b) partial wetting

Figure 1.2: Wetting regimes

Now the question arises which of the above properties (1)—(4) still hold true in the context of the fourth
order equation (TFEl). While the fact that both equations are diffusive guarantees that property (1) is
preserved, a remarkable difference between (PME]) and (TEE) is the lack of a comparison (or maximum)
principle for the fourth order equation. In order to see this we consider the non-degenerate case of m =0
and observe that the fourth order heat kernel has an oscillating tail that changes sign, |7].

At the current state of research it is not entirely clear how to answer the remaining questions (3)—(4). In

this thesis we address some of the issues related to these properties:
e What can be said about the regularity of the moving contact line?

e Which assumptions on the initial data guarantee uniqueness of solutions to the Cauchy problem?

1.2 From Navier-Stokes to Lubrication

The terminology “thin film” originates from the fact that the evolving wetted region is thin and only
slightly sloping. The lubrication approximation uses this separation of vertical and horizontal length scales
to reduce the complexity of the Navier-Stokes equations that describe the motion of liquid substances.
Now, consider a viscous thin film that moves slowly on a horizontal substrate. The film is bounded above
by a boundary layer between the liquid and the encompassing vapor or vacuum. We examine the n-
dimensional case, not only the physically relevant cases n = 2,3, and aim for an equation for the film
thickness h = h(s,y). The complete fluid is described by the set

Foi={(y,2) eR"™ |y e Q A 0<2<h(s,y)}
for some 2 € R", and the free boundary by
Shoi= {(y,2) ER"™ |yeQ A z= h(s,y)}.

We may assume that the ratio between the average horizontal length Y and the typical vertical length Z

is small:
£ = g <1
=7 .

It remains to find an appropriate time scale S for the evolution and, in the limit € — 0, equation (LE)
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appears from the Navier-Stokes equations. The (n + 1)-dimensional Navier-Stokes equations are

(£) ¢ (2)5(E) = ema(?). o

where v € R" is the flow velocity in the plane, w the velocity of the fluid in vertical direction and p stands

for the pressure. We further suppose that the fluid is incompressible, so it satisfies the condition

Vy-v+ 0.w = 0. (1.2.2)

In the model case we only take the highest order derivatives into account meaning that we can ignore the
inertia terms, that is the left hand side of the Navier-Stokes equations (LZI]). Moreover, we assume that
the pressure is constant in the direction perpendicular to the substrate and that its variation in horizontal
direction compensates for the viscosity stress 92v. Altogether, this turns (LZ.1)) into

0= —Vyp+ ndv. (1.2.3)

Denoting the external pressure by p. we have p. — p ~ vk (Laplace’s law), see |21, pp. 6-7], where x is

the mean curvature of the liquid-vapor interface. In the lubrication regime, the pressure becomes
p=pe—7Ayh.
Assuming that p. is constant, (L23]) reads as

ndiv = —yVyAyh. (1.2.4)

As this is a system of second-order PDEs, it requires to impose two conditions on the boundary. We choose
v = k(h)d:v if z=0, (1.2.5)

and
o.v =0 if z=nh. (1.2.6)

Here, the first condition represents a weighted slip condition near the liquid-solid interface. It demands
that the velocity in the horizontal directions behaves proportionally to its vertical derivative. In case of the
classical Navier slip condition the proportionality factor is equal to the slip length b > 0, while otherwise
the velocity depends on the film thickness h.

On the other hand, the second assumption (L2.6]) appears far more natural to us. It states that the shear
stress generated by the normal derivative of the tangential velocity field d.v is continuous near the liquid-
vapor interface. The physical interpretation of this condition is that there are no cross currents vertical to

the fluid’s flow direction v, that is, we have a so-called laminar flow.

Integrating (CZ4]) component-wise over z € (0, h) and using (LZ3)-(LZ4) yields the horizontal profile of
v7

(L2
o= (hz o +hk(h)) V,Ay b (1.2.7)

Since the liquid and the solid are in contact, a condition of no penetration must be specified for the contact
zone. We assume that the vertical velocity w is equal to 0 if z = 0. A kinematic relation for v can then be

obtained by integrating the incompressibility property (LZ2]) along z € (0, h). We arrive at

h
Osh + Vy-(/ vdz) = 0. (1.2.8)
0
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Plugging (I27) in (LZ8) we get

duh + % vy.((% h? + B2 k(h)) V, A, h) = 0.
In particular, for k(h) := b3~™ h™ ™2 this yields equation (CEJ).

Remark: The purpose of this heuristic derivation is to model the evolution of a thin film that is only driven
by surface tension and viscosity. Other external effects such as molecular (Van der Waals) interaction,
gravity, shear forces and rotational forces are neglected. In the thin-film regime, this approach is commonly

refered to as lubrication approzimation. The details appeared in [68].

1.3 Related Previous Works and Open Problems

The underlying problem (LE) or rather (TEE) is to be understood as a subclass of the more general
equation )
n0sh + V- (p(h) F) + yvy((g W2+ b5 R VA, h) = Q(h), (1.3.1)

where 7 denotes the shear stress that might occur at the liquid-vapor interface, and ¢y (h) is to model the
convection that affects the propagation of the fluid. Finally, Q(h) is a source term that models effects
of vaporization or condensation. For a derivation of (3] we refer the reader to [68] and the references

therein. A good review appeared in [7].

In the existing literature, one can typically find only parts of the parameters in this equation considered.
For example, let us take again equation ([L31]) with vanishing surface tension v and constant shear stress
7. Under the classical Navier slip condition (m = 2) we then have ¢,(h) = 3 h* + bh such that the second
term reads as (h + b) 7 -Vyh. Hence, equation (L3)) turns into a nonlinear wave equation of first order
whose solutions describe waves that propagate in direction of the “wind stress” 7; and as there is no surface
tension present, their amplitude increases with the elapse of time. See [63,[72] for more details. But rather
than considering (L3J]), we will completely neglect both intermolecular (¢5) and external forces (7 and
Q), and restrict ourselves to the model problem (LE]) or, as a matter of fact, to (TEE).

The mathematical analysis of the Cauchy problem for (TEE]) on some domain (0,7) x © in the case of
complete wetting started with the paper 3] by Bernis and Friedman. In one space dimension they succeed
to prove existence and positivity of weak solutions for (LE])) for all values m > 1. Aside from conservation

of mass, their findings are essentially built upon the so-called energy identity given by

T T
2, / IVA(S) 200 ds = — / u% V ARSIz e ds

and nonlinear integral estimates, called entropy estimates, which they derive from an identity of the form

o(m) 0, /OT/Qu(s,y)Q_m dyds — /()T||Au(s)||i2(m. (1.3.2)

Integral estimates from a local version of this entropy identity in space dimensions n = 2,3 are derived in
[9]. In this paper, the authors basically follow the ideas presented in |16], where a global version of (32
for arbitrary n is attained. In both papers these results are used to show existence of weak solutions in the
parameter regime m € (% ,3). However, they fail to prove that solutions have a finite speed of propagation
for m > 2. In |38] one can find a different approach in which an interpolation inequality helps to generalize
the energy inequality in such a way that the Cauchy problem for compactly supported nonnegative initial

data can be solved for m € [2,3). Moreover, the new energy estimate is the key to proving other results
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on the qualitative behavior of weak solutions in that regime such as finite speed of propagation. But even
though there has been tremendous progress in the study of equations of the form of (LE) during recent

years, uniqueness of weak solutions still remains an open problem.

The regime of partial wetting has been studied by Bertsch, Giacomelli and Karali ] They reach for a
similar existence result by slightly modifying the notion of solution: When the system of liquid, solid and
vapor comes to rest, the three interfacial energies balance and an equilibrium contact angle 6. appears.

This angle is determined by the well known Young’s law (for a full explanation see M]),

Ysv — Vs
Yiv

cosf. =

Here 7, is the surface energy/tension between the liquid and the vapor, v;s and 7., are the energies

at the liquid-solid interface and the solid-vapor interface, respec- ‘

tively. These three energies tend to concentrate at the triple junc-
4

tion where liquid, solid and vapor meet, which in turn justifies to fix A
vapor S liquid

the dynamic contact angle to be equal to the equilibrium contact y
4

angle f.. In the lubrication regime, this leads to an energy func- ¢ Vv
.

tional Fg_(h) and then to a notion of a weak solution of (LE). It is 6.,

possible to show existence if such a solution satisfies the dissipation

(or entropy) inequality

as/Ege (h(s)) ds < _/”1 /h3 + hm VAh(5)||2LQ(Q) ds. Figure 1.3: Young’s diagram

The theory for classical solutions is restricted to the 1-dimensional case so far. This problem is addressed
in , @], where the authors pursue the problem of obtaining unique solutions to (TFE]) of maximal
regularity, exclusively for m = 1 (flow in the Hele-Shaw cell). Well-posedness under the classical Navier
slip condition in the case of partial wetting is discussed in Eé] As the qualitative behavior of solutions is
strongly dependent on the mobility parameter m € (0, 3), it might be interesting as well to consider other
values of m. We expect the results to be the same, but well-posedness in the context of classical solutions

has not yet been proven.

Special solutions play an important role in the study of parabolic equations of the type (L), including
both (PME) and (TEE). A prominent example of such solutions are source type solutions. These are
explicit nonnegative solutions that converge to a multiple of the delta function as time approaches initial
time 0 and exhibit a self-similar behavior while conserving their mass. In u] the authors investigate such
solutions of (TFE]) in dimension n > 2. They use Green functions and a regularization to show that, for
all values of m € (0, 3), there exists a unique nonnegative solution h € C* at y = OEl More precisely,
by making the ansatz that h(s,y) is of the form sfnau(|y|/sa) the source solution appears as the unique
solution of a third order ODE for u(r). There is no explicit formula for this solution known for other values
of m than IE However, its asymptotic behavior at the interface can be established in terms of the mobility
parameter m. Indeed, if a > 0 is the number for which u(r) > 0 on (—a,a) and 0 elsewhere, then there
exists a positive constant ¢ such that
u(r) ~ cla—r)? as r—a
with 8 =2 for 0 < m < % and 8 = % for % < m < 3. Thus the source solution exhibits an interface at

r =r(s) = as®, where a = m , which also implies a finite speed of propagation. The 1-dimensional

case is treated in |6, @] There also exist traveling wave solutions of the form h(s,y) = H(y — vs) with

1They also proved that such solutions cease to exist for m > 3.
2In dimension n = 1 the explicit formula has been found by Hill and Smyth @]
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constant velocity v (see e.g. [11]). For 2 < m < 3, these have the simple form

c(y—vs)% Yy > vs

M) = 0 otherwise, v (E - 2) (E a 1) % <

Finally, we note that there are also stationary solutions

a-—cly? |y <2
h(s,y) = hs(y) = e

0 otherwise

for all values of m.

1.4 Organization and Results of the Thesis

In chapter 2 we deal with weighted Sobolev spaces, which will be denoted by Wk‘p(Q,w), where k is a
nonnegative integer, p > 1 is a real number,  C R™ is an open set, and w is a nonnegative (continuous)
weight function defined on Q. We say that the weight degenerates at the boundary 09 if w(z) — 0 for
T — xo € 0N

Using the notation

(U, V) 2(0,0) = /ﬂu(x)v(x)w(x)dw,

the space W*2(Q, w) consists of all real-valued functions u whose distributional derivatives of orders |a| < k
satisfy

HaaU”QH(n,w) = (0%, 0%u) 12(0,m) < 0.

Weighted Sobolev spaces provide a wide range of applications in the theory of partial differential equations.

We illustrate their usefulness by a simple example. Let us consider the elliptic linear equation
Lu = —=V-(wVu) = f on Q, (1.4.1)

and let us examine the homogeneous Dirichlet problem for this equation, that is, we impose the boundary
condition

u‘an = 0.

Testing the equation with v and applying integration by parts, we obtain the so-called energy identity

IVulPauy = (ruw)ge = / F(x) ulz) e,
Q

which is associated with the elliptic boundary value problem for the equation Lu = f. It is this identity
which often serves as a starting point of the theory of weak (variational) solutions. Therefore, the weighted

spaces provide an opportunity to investigate equations of the above kind by functional-analytical methods.

In chapter 3 we consider the Cauchy problem for the thin-film equation (TFE]). We search for solutions
with prescribed |V, h| at the free contact line. Much in the spirit of |51], we transform and linearize both
the equation and the geometry resulting in a linear equation for a perturbation u of a stationary solution.
More precisely, fixing a point (so,y0) in spth we assume that 9y, h(so,y0) > 0. Then we can solve the

equation z = h(s,y) locally with respect to y, giving rise to a function
y'n = U(S7yl7 Z) N

We suppose that h(0) ~ 3 (yn) 2 and set h = V/h, where we consider h as a solution of (TEFE). The equation
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then reads
.2 + V(" VARY) = 0.

Now we set
(s5,9) = (5,9 ,h(s,y)) = (t,2)

interchanging the roles of the independent variable y, and the dependent variable h. This leads to an

equation for the now dependent variable v = v(t,x). At the same time, the stationary solution hs:(y) =

% (Yn)+, defined on its positivity set P(hst) = Po(hst), is transformed into ve:(x) = %xn on a subset of

the fixed domain H = {z,, > 0}. We assume that any solution v is a small perturbation of vs; by u. This

implies that v = vt + u solves the transformed equation if and only if u satisfies the equation
Tn O + V-(xfm"'l VAu) + 32,2 0., Au + mefm_l(Au + 28925”1;) =z, flu] .

All the nonlinear terms are collected in the inhomogeneity f[u] - its precise form will be discussed in section
B3 For simplicity we only consider the model which undergoes a “linear slip” (m = 1) and the equation
simplifies to

Zn (0¢ + Lo)u = xn flu] (1.4.2)

with linear spatial part
Ty Lou = A(m,f Au) — 4z, Au.

The spatial part of the linear operator induces a Riemannian metric on the fixed domain H, giving us the
ability to measure the length of curves. The geodesics can be computed. Extended to the boundary 0H,
this gives rise to an intrinsic metric (Carnot-Caratheodory metric), denoted by d, on the closed half space
H. The natural measure is o := x,” do for o > —1. It satisfies a doubling condition with respect to d,

i.e. for each intrinsic ball Br(x) there exist constants ¢,b > 1 such that
0 < po (BCR(x)) < bue (BR(x)) < 0.

Hence the metric measure spaces (F7 d, ua) and, taking into account time, (]R x H, d(t)7 L X ,ug), where

d((t,x), (s,9) = VIt — s+ d(z.y)*,

define spaces of homogeneous type. In this setting we search for local, in particular pointwise estimates
for solutions of the linear equation and from this we can derive a Gaussian estimate for a general solution,

called Green function, and its derivatives in terms of the intrinsic metric.

Chapter 4 is dedicated to the analysis of the linear equation z,(9: + Lo)u = x,f and addresses issues
regarding existence and uniqueness of weak solutions for this problem. To formulate a definition of a weak
solution, we follow the example (LZI]) and multiply the equation by a suitable test function ¢ € C°(Q),
Q C H relatively open, integrate the result over € and then integrate by parts to get

<aiu(t)7‘p>L2(sz,zn) + a(u(t), ) = <f(t)"p>L2(sz,zn)

for any 0 < t < T, where

a(u(t),p) = Au(t) Apz?dr + 4 | V'u(t) V'ex,ds
Q Q
is the bilinear form associated with x,, Lo. In order to achieve meaningful use of these expressions, there are
two points about it that deserve further comment. First, all the derivatives are to be understood as regular
distributional derivatives. Second, as our particular interest is the behavior of u towards the boundary of

H, we need to adjust the test function space in such a way as to allow values on 0H.
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A solution is constructed by a Galerkin approximation. The basic idea of such an existence proof is to
approximate u : [0,7] — X (here X is a weighted Hilbert space) by functions uy € C([O, T]; VN) which
take values in finite dimensional spaces V. To obtain the functions uy, we project the PDE onto V.
The problem reduces to an ODE which can be solved by standard ODE theory. Each of the uy satisfies an
a priori estimate for solutions of the PDE, the so-called energy estimate, and so we can pass to the limit
N — oo to obtain a general solution. Uniqueness of weak solutions of the Cauchy problem is now a direct
consequence of the continuity in time. Moreover, other energy estimates follow from an integration of the

linear equation by using different test functions.

In the final section of chapter 4 we establish a variety of local results culminating in the pointwise estimate

_1
3 ecncL4t—\I’(z) ||e\I' u(0)|

lu(t,2)| < 11 (Byz(2)) |22, ) -

Here, VU is a Lipschitz function with Lipschitz constant c;. Optimizing the estimate with respect to ¥
and using duality, now leads to one of our main results, the following Gaussian estimate: Let the kernel

distribution G(t,z, s,y) represent the Green function for the Cauchy problem on [0, T] x H, that is,

u(t,x) = /HG(L‘,JC,O,y)g(y)dy

satisfies 2, (0; + Lo)u = 0 on [0, T] x H subject to u(0) = g. Then there exists a constant c(n) > 0 such

that
01, ({‘/t— 5,1’) _Cfl(d(mwy)él)%

yn e n t—s
p1 (B (2))
for any 0 < s < t, where 8, o(R,z) = R~/ (R + \/z» )~1®! denotes the derivative coefficient. The
approach to (LZ3]) follows an idea of Fabes and Stroock |28], but now for a degenerate parabolic problem

|8§8§ G(t,x,s,y)‘ < e(n,l, ) (1.4.3)

instead of the non-degenerate case with measurable coefficients. A full proof is provided in chapter 5. In
the further course of this chapter, we discuss several useful consequences of the Gaussian estimate. For

example, it can be used to show that the maps with kernel
Yo OiG(t,2,8,y), yn DIG(t,x,5,y), yn'waDIG(t,x,s,y) and y,' z.DiG(t,x,s,y),

respectively, define singular integral operators from L2(xn) into L? (zn). Due to Calderén-Zygmund theory
(see appendix [Al), the operator is then also bounded on all LP(x,), p € (1,00). Now, the theory of
Muckenhoupt weights provides us with a tool to dispense with the weight. We get boundedness of the

operators on unweighted LP-spaces, that is, the inequality
|0wullee + | DFullie + llon Diullre + |l Diullee S ||fllze (1.4.4)

holds for all p € (1, 00) provided u solves the inhomogeneous equation with vanishing Cauchy data.

Now consider the equation (L42) with nonlinearity f[u] and initial data in an appropriate space: We
assume that the initial data has finite Lipschitz norm ||g|l¢ 0.1y = Vgl (m). As a byproduct of the

linear theory, we can also produce a local estimate of the form

Ll aidial— lol—25—1 | j alaa
IVu(@)llLe e + |Qr(@)| » RN (R4 ) ™7 o] 0107 ull v @riey S Nalleona -

In view of inequality (IZ4), this suggests to take (4,1, |a|) € {(0,1,0),(0,0,2),(1,0,3),(2,0,4)} and to

introduce a new norm, denoted by X,, based on time-space cylinders Qr(x) := (%4, R4] X Br(x) which
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are bounded away from initial time 0. Defining the Y, norm as the set of all functions f for which

_1 _
sup  sup |QR(x)| » R® (R—l—\/ﬂ) 1Hf||Lp(QR(z)) < oo,

R4€(0,T) w€H

we prove as intermediate step
lullx, < [flullly, -
Consequently,
lullx, < Iflulllv, + lglleonm

by Duhamel’s principle. The next step is to apply a contraction mapping argument. In order to do so, one
needs to impose additional requirements concerning the nonlinearity f[u], the maximal time of existence

T or the initial data g, at least one of which needs to be small. However, if ||ul|x, is small enough, then

2
Iflullly, S llullx,

and a similar estimate holds for the difference f[ui] — f[uz] provided [lu1|/x, and |luz|/x, are sufficiently
small. We conclude that there exist £,¢ > 0 such that for every g € C‘O’l(H) satisfying ||9||(;'0,1(H) <e
there exists a solution u* € X, of the perturbation equation (LZ2]). Moreover, this solution is unique in
the ball BX = {u € X, | |lu|lx, < ce}. This implies large time stability of solutions v that are initially
close to the stationary solution vs: = .

This approach originates in work by Koch and Tataru [55] and was subsequently developed further by
Koch and Lamm in their 2012 paper [54] on geometric flows with rough initial data. In the spirit of these
works we reach global existence and uniqueness for the perturbation of the stationary solution, a possibly
optimal result in terms of the regularity of the initial data. Moreover, we use an idea of Koch and Lamm
[54] to obtain analyticity of solutions in time and all tangential directions up to the boundary of its support.

Analyticity in vertical direction, i.e. the x,-direction, is still an open problem.

In a last step, we can use the unique solution u*, or rather v* = vst + u*, to generate a solution h of the
thin-film equation on its positivity set P(h) = {(s,y) € (0,T) x R™ | h(s,y) > 0}. For this h, the identity

/ hdsp + hVAh -Vodyds = 0 (1.4.5)
1 Jrn

holds for all ¢ € C°((0,T) x R™), that is, it is a weak solution of (TEE). In fact, the solution obtained in

this manner is unique and we have that

-1 ol — a|—27— j @
Vhlxy = sup Qs )] 7 32 V5" (V54 Vo)) IVAY0L0) Vil @y o0
s€(0,

yEPg(h) (5,l,)eCcz

is finite, where (4,1, a) € CZ means that j,! and |«| are admissible in the above sense.

Main Result: (See theorem [5.2.15. ) Suppose T > 0 and € > 0 small. Given an initial datum h(0) = ho

with
[Vyvho(y) —en| < e,

there exist a constant ¢ > 0 and a unique weak solution h* € C((0,T) x R™) of (TEH) with initial value
ho,
IVyVh* —enllpiy + [V ]y, < ce,

and h* satisfies the equation ({I7.5). Moreover, the level sets of h* are analytic.



Chapter 2

Weighted Sobolev Spaces

Here we introduce the ideas of weighted Sobolev spaces and establish the basic notation and terminology
that is needed in the chapters to come. One of the central theorems will be the approximation theorem at
the end of section It will enable us to extend several embedding results to weighted function spaces.

Such embeddings will occupy the remainder of this chapter.

2.1 The Half Space and Topology

First of all we fix an integer n > 1. By R"™ we denote the n-dimensional real Euclidean space equipped
with the usual topology. A typical element in R™ is the point z = (z1,...,%») and sometimes we write
z = (2',x,) for £’ € R""!. The (open) upper half space H is then the upper part into which the hyperplane
{z € R" | z,, = 0} divides R", i.e.

H = {x, >0} := {z eR" |z, >0}.

In particular, H denotes the closed upper half space {zn > 0}. Their boundary is given by the hyperplane
OH = O0H = {x, = 0}. Note that the set H as a subset of R™ is closed with respect to the Euclidean
topology, whereas taken as a subspace by itself it defines a new topological space equipped with the induced
topology. For example, by saying M is open as a subset of H, we mean M is relatively open in H but not
necessarily open in R™. In particular, the (relatively) open subsets of H can have a nonempty intersection
with OH.

Now suppose X is some vector space provided with a metric d : X x X — [0,00). The open set
Br(z) = Br(z;d) = {ye X | d(z,y) < R}

is called the d-ball with radius R > 0 and center x € X. If X C R™ and dew(x,y) = |z — y|, then we write
Bg*(x) := Br(z;deu) to mean the Euclidean ball of radius R and center at . Moreover, let Cr(z) be the

cube of edge length R centered at x whose edges are parallel to the coordinate axes, that is

Cr(z) = {y eR"| Hlla.Xn|l'i—yi| < R}.

i=

We note further that we have the following inclusion relation between the cube and the Euclidean ball:

Cx (z) C BR'(z) C Cr(z).

NG

Throughout x represents space, while ¢t always denotes time. A time interval I is determined by its

11
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endpoints t; < t2, where we also allow ¢t; = —oo and t2 = co. Then the closure is to be understood in the
Euclidean topology, i.e. I = [t1,t2] if I is bounded, I = (—oo0, t2] if t1 = —oco and ¢ is finite, I = [t1 ,00) if
—o<ti<to=occand I =R if I =R.

2.2 Spaces of Continuous Functions

For k € No U {oo} and an arbitrary subset M of R™ endowed with its induced topology, we refer to
ck(M) = {o: M — R|spty is compact, ¢ can be extended to 3 € C’f(R")}

as the space of k times continuously differentiable functions with compact support in M. This definition is
made such that it is consistent with the usual notion of the function space C¥(M) whenever it is defined,
that is, if k = 0 and M is either open or closed, or if K > 1 and M is open. To see this, let first & € NoU{oo}
be arbitrary, M C R™ open and ¢ € C¥(M). Then, spt ¢ is a proper subset of M and ¢ can be extended
by 0 to all of R"®. On the other hand, if K = 0 and M is closed, we can use the Tietze extension theorem
to obtain a continuous mapping ¢ € C(R™) such that ¢|M = ¢. Note that in this case, the support of @
possibly exceeds M, whereas it still can be chosen as a compact set in R™. These considerations show that
the above definition generalizes the notion of continuous differentiability to functions defined on arbitrary

sets in the Euclidean space R".

We can interpret C¥(M) as a subspace of the function space C*(M) consisting of all functions ¢ which,
together with all their derivatives up to order k, are continuous on M. Here differentiation on non-open

sets is to be carried out by means of extension according to the above definition. Moreover, let

Let ©2 be an open subset of R™. By equipping the linear space CZ°(2) with a suitable family of seminorms it
is topologized to become the locally convex topological vector space D(£2) called the space of test functions.
Its dual space is then, accordingly, denoted by D’(€2) and its elements are referred to as distributions or
generalized functions. The theory of distributions makes it possible to differentiate any u € D’'(Q) even
if the derivative does not exist in the classical sense. Let us illustrate this with the help of a standard
example. Suppose that u : 2 — R is a locally integrable function with respect to the n-dimensional

Lebesgue measure L£™. The corresponding distribution is then defined by the linear mapping

Tu(p) = /ﬂugpdﬁn Vo eCl(Q).

Since u ~ T, is injective, we may identify u € Li,.(,£") and T, € D'(Q). In particular, we can
understand any u € LP(Q, £™) C Li,.(Q, £™) for 1 < p < oo as a distribution and therefore differentiate it

infinitely many times. The distributional derivatives are given by

Oy u(p) = (—1)‘a‘/u8§‘<pd[,".
Q

When defining general Sobolev spaces, this weak notion of differentiability will play a central role.
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2.3 Spaces of p-Integrable Functions

Let (X, 3, 1) be a measure space and p be a real number satisfying 1 < p < co. Consider the set of all

p-measurable functions u whose modulus to the power of p has finite integral, or equivalently, that

1
lullze x,) = (/ IUIdM)p < .
X

Minkowski’s inequality tells us the triangle inequality holds for || - ||» endowing the set of p-th power
integrable functions with a seminorm. In these spaces we generally deal with equivalence classes of func-
tions, rather than with individual functions, where two functions are identified if they differ only on a set
of measure zero. The reason to regard functions that are almost everywhere equal is so that |ju||» = 0
implies that v = 0. This makes the seminormed spaces into normed vector spaces denoted by LP(X, u).
We write v € L*°(X,u) if u is essentially bounded on X, that is for p-almost all x € X. The space
LP(X, u) is complete in the LP-norm for all 1 < p < oo and hence a Banach space (Riesz-Fischer theorem).
If 1 < p < oo, then the dual space of LP(X,u) has an isomorphism with L7T (X, ) which associates a

function v € L1 (X, n) with the linear functional

Jg: LP(X,p) D u — / wvdp.
b

This allows us to identify those two spaces in a natural way. If X is the countable union of sets with finite

p-measure, then the dual space of L'(X, u) is naturally identified with L> (X, p).

By L? (X, ) we mean the set of all locally integrable functions, i.e. the u-integral is finite on all compact

subsets K of X. An example that is of particular interest for us is provided by the function w : x — |z|°.
We have w € Lj,.(R", £™) if and only if ¢ > —1, and hence by

My = (M) = / ja]” dL" () = / ja|” di
M M

a Radon measure is canonically associated with the weight w, du, = wdL"™. We write |M| = |[M|o to

denote the Lebesgue measure of the set M.

Lemma 2.3.1 Ifo > —1, then L (R"™, o) = L°(R"™, L™). Moreover, the dual space of L*(R™, u,) has

a natural isomorphism with L (R™).

Proof: We show that u, and the Lebesgue measure £ are mutually absolutely continuous. We say p is

absolutely continuous with respect to v, and write u < v, if every v-null set is also p-null.
po < L™ : This is an immediate consequence of the fact that |z,|” € Li,.(R™, £L™).

L" < po : Let |[M|, = 0 and suppose that [M| > 0. Then either [M N H| > 0 or [M N (—H)| > 0.
Assuming, without loss of generality, the former case to hold, there exist xo € H and R > 0 such that
B (z0) C H and |M N B*(x0)| > 0. This implies

M|, > |M N Bg (zo)|, > min{(zo,n — R)?, (xo,n + R)7} |M N Bg'(z0)| > 0.
Thus, by contradiction, M is a L"-null set.
Given any lattice point zo € Z", the volume of the cube Ci () with respect to the measure p, becomes

2n~t ) 2 if 2o =0
o+l ((|x0n| + 1)0+1 - (|1’0n| — 1)U+1) otherwise .

|Cr(@o)], =
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Moreover,
R" = U Ci(zo0), and |CI(IO)‘U = c¢(n,o,x0,n) < 0

ToEL™
for all zo € Z™. But this means that R" is the countable union of measurable sets with finite p,-measure

and the second part of the lemma follows. [ |

Now if M C X = R" satisfies
M =M,
then M is either open or closed. Its boundary is a £™-null set and accordingly also a p-null set. Thus

LP(M?IU’U) = LP(M7I'LU) = Lp(MaMU) V1§p<oo

Also, note that L? (M, us) € Lﬁ)c(]\%7 lo) because the compact subsets of M do not cover all the compact
subsets of M. In fact, for any Radon measure p and any p-measurable set M C R™, the following

embeddings are continuous:
LP(M,p) C Lige(M,pt) C Lige(M,p)  V1<p<oo.

Mostly, we will consider the case M = H or M = H. Then we sometimes use the notation LP(u) instead
of LP(H, i), and accordingly we write || - || (. for || ||e(m, u)- On the other hand, whenever we leave the

“global” setting to achieve local results, we emphasize the set that is underlying our analysis.

Another important function space includes a time component ¢ € I C R. The assigned measure on
I x M will be the product measure £ X p,. A measurable function u : I X M — R is said to belong to
LI(I; LP (M, po)) if

Syt < o0

where 1 < ¢,p < 0o, with the common alterations for q,p = co. This extends the definition of Lebesgue

integrability to functions that take values in the Banach space L?(M, uo) (see Bochner integrability).

2.4 Classical versus Weak Derivatives

An n-dimensional vector of the form oo = (o, ..., an), where each entry is a nonnegative integer, is called a

multi-index. Given a multi-index «, denote by % the monomial z,**

..z of degree o) = a1+ -+ an.
Similarly, 05 = 03} ...05" defines a partial differential operator of order |a|. Sometimes we drop the
subscripted x from the notation and merely write 0% = 5. The factorial of a multi-index « is defined by
al = ai!...ay!. If B is another multi-index, we write 8 < «a provided §; < «; for i = 1,...,n. In this case

«a — [ is also a multi-index and we can define the binomial coefficient

«@ al
(5) ~ Bla-B)”

With the multi-index notation there is a Leibniz formula available,

9% (uv)(z) = Z <g> OPu(x) 05 Pu(z)

Bla

valid for all functions u, v that are at least || times differentiable at z. If k is a nonnegative integer, we
set
Dfu(x) = {07 u(z) ‘ la] = k} .
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The gradient of v is denoted
Oz, U

Vzu =

O, U

n 1

and its length is given by |Vyu| = (Z (8ziu)2) ®. For the Laplacian of a scalar function u(z1, ..., zn) we
=1

write

Au = iailu
i=1

In order to define weighted Sobolev spaces of integer order k, we need to develop a notion of how we can
define distributional derivatives in general LP(M, p)-spaces. In this context we restrict ourselves to the

case M = ), where 2 is an open subset of H, and u = p, for o > —1. We first claim that
Llloc(Q7 MU) C Llloc(Qv L") N

Then, due to the considerations in section 22] every u € L”(, uo) has a distributional derivative. Let us
prove the claim: Suppose K is a compact set in H. Then K NOH is empty, or more precisely, there exists

a constant ¢ > 1 such that ¢! < z,, < ¢ for all z € K. But this implies the assertion since
/ luldL™ < sup @, Jullpr k. pyy < Ml k) < 00
K K
for all u € L},.(Q, o) and all compact K C Q. In light of these results, one can define the Sobolev space
WEP(Q, thogs - - - s ploy) = {ue LP(Q, poy) |07 u € LP(Q, po,) Vol < k}

for any k € N and all p > 1, where the differentiation is understood in a distributional sense. Using the

norm N

(3 1ot b, )" i pE o),

la|<k

E esssup‘aﬁu‘ if p=oo,
laj<k  ©

HUHW’C’P(Q,p00,4.4,uak) =

these vector spaces become Banach spaces for all p > 1 and for all positive integers k. We summarize this

property in a lemma.

Lemma 2.4.1 Let k be a positive integer, 1 < p < oo and oo, ...,06 > —1. Then W"P(Q, Hogs -y oy )

endowed with the norm || - |lyre.p o y 46 a Banach space.

S Rogsetay,
Proof: Let (u;);en be a Cauchy sequence in the space Wk‘p(Q, Hogs -« -5 Hoy, ). Then (0% us)ien is a Cauchy
sequence in L (€2, p|q)) for 0 < |a| < k. Since LP(€2, y4)o|) is a complete space there exist functions vo = u
and v, such that 0%u; — ve in LP(Q, o, ). Now LP(€, ,ug‘a‘) C L}OC(Q L™) and so 9%u; determines the
regular distribution Tha,, € D'(2) as above. Now for any 0 < |a| < k we have

lo)a!

P el oy 10% i = v o)

|Tocu; (¢) = Toa ()| < ¢

1

for all ¢ € C°(Q2) by Holder’s inequality, where ¢ > 1 is the constant such that ¢™ < x, < ¢ for all
p

x € sptp and p’ = £ is the conjugate Hélder exponent of p. Since 0%u; — vq in LP(Q, Hoq, ), we get

Too(p) = lim Tou, () = (—1)°) lim T, (0%9) = (=1)*1 T(0%)

1—00 i— 00

for all p € C°(Q). Thus vy = 0%u in the sense of distributions on 2 for all 0 < |a| < k, whence it follows
u € WEP(Q, tiog, - - -, foy, ). In particular, 9%u; — 0%u in LP(, pig,,,) for all 0 < |a| < k, and hence u;
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converges to u in WP (€, o, . .. s Moy, )- ]

Also note that
2
||u||Wkn2(sz,WO,H.,H%) = (ul u)wkﬂ(sz,ugo,m,ugk) '

where

IS Sl KC-EOI LN

la|<k

defines a symmetric bilinear form. Thus W*?2((, Hog, - - - Hoy, ) together with this inner product is a Hilbert
space. A remarkable property is that every Hilbert space has a Schauder basis: Let X be a topological
vector space over R. A sequence {v;}iey C X is called Schauder basis if for any z € X there exists a
unique sequence {\;}ien € R such that = 3. A; v;, where the convergence is understood with respect to
the norm topology. This definition is equivalent to say that the set of all finite linear combinations of v; is

dense in X and all finite subsets of {v; };cn are linearly independent.

Lemma 2.4.2  Suppose (X, (:|")x) and (Y, (-|)y) are Hilbert spaces with X C'Y. Moreover, let {v;}ien

be a Schauder basis of X. Then the matriz Ay = ((vi | vj)y). . is invertible for any m € N.

i,5=1
Proof: Let A € R™\{0}. Then we have
XTAmX = Z Ai (Ui | ’Uj)Y)\j = (Z)\Z’UZ | Z)\jvj)y = (w | ’w)y
i,j=1 i=1 j=1

with w = > A;v; € X C Y. Thanks to the fact that all finite subsets {v; }i~; are linearly independent we
i=1
get w # 0. Thus, since Y is also a Hilbert space, we find (w | w)y > 0. This means A,, is positive definite

and therefore invertible for any positive integer m. ]

2.5 Approximation by Continuous Functions

A key scheme in real analysis is that of studying quite general functions by first approximating them by
functions that are somewhat “nicer”. In the context of PDEs, for example, one naturally deals with weak
solutions which can usually be found in Sobolev spaces rather than in spaces of continuous functions. A
technique that is called “mollification” provides a particularly powerful tool to produce a function that
behaves better than the original one while still remaining close to it. Before proving such approximations
in weighted Sobolev spaces as defined above, we recall the usual regularization procedure on the measure
space (R™, L™). Let j be function in CZ°(R™) such that

sptj C Bi“(0) and / jact = 1.

For example, take
] e exp(w%l) if |z] <1
j(@) =
0 if 2| > 1,
where ¢ > 0 is selected so that the second property is satisfied. If u € L},.(R™) and € > 0, then the

convolution
je v ulz) = / je(z — y) u(y)dL™(y) € C=(R™),

n -

where j(x) := e " j(¢ '), is called a mollifier. To be more precise, for any multi-index o € Ng* we have

aﬁ(js*u)(x) = 0y je xu(z) = je * Oqu(z).
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Since j: * u smoothes out irregularities of w, it is called regularization or mollification of wu.

In the unweighted case one usually uses the standard mollification to prove a series of results concerning
the approximation of Sobolev functions by smooth functions. One of the most famous discoveries in this
context is certainly the “H = W” theorem presented in a two-sided paper by Meyers and Serrin [62].
However, by making only minor modifications, we can adopt their methods to achieve the same result in
the weighted case.

Proposition 2.5.1  Suppose 2 C H is open and o, > -+ > 09 > —1. If 1 < p < oo, then we have
k, k,
H p(Qa;u’Uow'quk) = W p(Qap’Uow”wu’Uk)7

where the left hand side is to be understood as the completion of C*°() in || - HWk,p(Q’HUO

Proof: (See [62].) Since “H C W” is clear from the very definition, it suffices to show that C*(Q) N
Wk’p(Q,MJO, .-+, Moy ) is dense in wkr(Q, Hogs -« -5 Moy ). Let u € wke(Q, Hogs-- -3 Hoy ). I € C(Q),
then

fe? a—p P %Nl T8l 198, 1P < P
Ha (1/)U)||Lp(gz o ‘) ~ BZ: zesllprt)wwz 1//‘(23)| Tn ||3IUHLp(Q,MUW) ~ ||u||Wk,p(97MOV“’Mgk)

for |a| < k, since 0j5; < 0)q) and xn, > ¢ > 0 for all x € spttp. Thus pu € WHRP(Q, thog, - - - thoy, ). Also,
spt (¢ u) is a compact subset of 2, and hence stays away from its boundary. This implies je* (¢ u) € C°(Q)
and Oy (js * (¢ u)) = je % 0% (¢ u) on any open and bounded U with U C Q C H as long as € > 0 is suitably
small. If we let ¢ — 07, this yields

[ = e * (Y W)llwhr oy iog) = 0 (%)

.....

where U is so chosen that spt (v u) C U.

Now let Qn be an open and bounded set such that Qx C Q and Qn C Qn 1 for any positive integer N,

and
Uaov =2
NeN
(For example, take Qy = QN B (0) N {x € H | dist(z,0Q > +)}.) Furthermore, set

Q1 = Qy := 07 U, := Qi+2\ﬁi72 and Vi = Qi+1 \ﬁifl (Z EN).

Clearly, we have
Uuv,vi=9 ad V.cu
ieN  ieN
for i € N. Additionally,
UicQy = QvcU cV/
whenever ¢ > N + 2. Let {¢;}:en be a partition of unity subordinate to {V;}ien. Then for z € Qu, it

follows
N+2

=Y di(2)ulz) = Zwi(x)U(w),

€N

as well as
N+2

Z]E, Vi Z Je; * (i u)(z)

i€EN
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for 0 < g; < dist(V;,0U;). Now fix 6 > 0. Then

N+2
[l — Zkt )|y, P(QN Hogyeboy,) < Z [[9i w = je; * (i u)”Wk’p(Uichrov“v#ok)

iEN i=1

N+2

< > 27 = (1-27V?)6.
=1

by virtue of ([@). Finally, by the dominant convergence theorem we infer that

||U—Z.]51 ||WkP(Q Hog s ugk) = hm ||U—Z.]51 HW"P(QN Hog s ugk)
€N 1EN
< lim (1-2"""?)6 =4,
N— o0
as stated. [ |

An essential ingredient in the proof of the previous theorem is that of keeping the function u away from
09 (and thus 0H) by introducing a cut-off function that has compact support in €. This is important
because on the boundary of H the weight x,; changes its nature so as to become either unbounded (o < 0)
or zero (o > 0). This suggests to adjust the mollification in such a way that it qualifies for our weighted
setting, even when approaching the critical area near 0H. Suppose u € L}, (9, L"), where Q is again an

arbitrary open subset of H. By abuse of notation we define

era 0(a) = [ vl = ) aly) AL () (251)

for all € > 0 and any z € H, where @ denotes the zero extension of u outside of {2 to all of R™. In the

following we summarize some useful properties of this “pseudo convolution”.

i) Using a change of coordinates we readily see that

/ Jean (z — y) dy :/ Jean (@ — ) dy = 1
" Bgy (@)

for all € > 0 and for all z € H. Also note that By (z) C H ife < 1.

ii) Another transformation of the integral shows that
Jewn *u(z) = / Je(y) u(z — zny) dL” (y) Ve>0,VexeH.
Beu(o)

iii) Since jew, € C°°(H), one can differentiate under the integral in (Z5.1)) on the first factor and get
that jesz,, * u is infinitely many times differentiable in x € H. If additionally sptw is compact in 2,
then jez, *u € CZ(Q) for suitably small € > 0.

With all necessary preparations made, it is then crucial to ensure that the next lemma is available.

Lemma 2.5.2  Let p,o be any numbers satisfying 1 < p < oo and o > —1. Then there exists a constant

¢ = c(o,p) such that
dezn * ullLr@us) < cllullr@,us)
whenever 0 < & < % and u € LP(Q, pio) with Q C H.

Proof: We decompose the upper half space H into

Ai={zeR" |2 <z, <2}, iE€Z.
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With u; := 1 xa;, we thus have

lljewn * u”iP(H,MU) = Z Jen * Zuj”ip(Ai o)
i€z JEL

e

Now fix a point « € H. Then there exists an integer ¢ such that « € A; and, for any y € BS;, (x), we get
1-8)zn < yn < (1+¢)zn.

Assuming that ¢ < % implies
it1
B (z) ¢ | 4.
j=i—1

For i € Z this gives

() 1
LSS0 SANPRE D S I IFSRCERITY

JEL j=i—1

p—1

(/A Jewn (T —y) ‘Uj(y)|pdy) x, dx,

J

=1 by (i)

11 1 )
where we also applied Hélder’s inequality to jez,” Jjek, |uj|. Since z,; < 21912 for all z € A;, we get

it1
S W <0l oy € 3227 3 [ [ denao =) fus ) dyda
icZ iez  j=i—17Ai A
and using Fubini’s theorem this is equal to
) i+1
>27 3 [ @l [ ooy dody.
i€z j=i—174; Ag

For the inner integral, we substitute £=* by z to find that

. Tn . — n .
[ ena=wde = [ 2 @) K de <4 [ g)ds = 4

i

for any y € A; with j € {i — 1,4,9 + 1}. It follows

i+l it+1
Jezn *u”ip(H,Ma) S ZQM Z Huj”ip(Aj) S Z Z ||ﬂ||ip(Aj o) S Z”ﬂHip(Ai o)
1€EL j=i—1 i€Z j=i—1 iEZL

as required. This, combined with the identity
Dolaloca, poy = Nl50pny = lellngy
icZ

closes the argument. [ ]

Corollary 2.5.3  Suppose Q is an open subset of H. If u € LP(Q, po) for some 1 <p < o0 and o > —1,
then

lu = jew, * ullLr(@,u,) — O

as € — 0% In particular, the set C°(Q) is dense in LP(Q, fio).

Proof: We note that the assertion is true if u € C.(Q): Using (ii) and the fact that [, j-(y)dy = 1 we
find

|u(z) = jew, xu(@)] < sup |u(z) —u(z—zny)| — 0
yeBg“(0)
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uniformly for all z € Q2 as € — 0. Thus, for any § > 0 there exists an € > 0 such that the following holds:

1
| = Jew,, *ullLr(ap.) < [K|o” sup  sup ‘u(x)—u(m—mny)‘ < 0.
2€Q yeBLu(0)

Here, K = spt (jes, * u) is a compact set and, since po is a Radon measure, | K|, is in fact finite.

Suppose now u € LP(, us). To complete the proof, we fix some § > 0 and let ¢ € CjéQ) be a function
with ||u — ¢||Lr(0,u,) < 0. Such a function exists because C.(2) is dense in LP(f2, 1s)] Choosing £ > 0

small enough we can ensure that

= Jewn *tllLeuy) < llu=@llLeuy) + I = deon * @llruy) + lean * (¢ = WllLr(u) < (c+2)8,

where we have used lemma [2.5.2] applied to u — ¢. Taking only the first two terms of the right hand side,
we immediately see that u is arbitrarily close to jes, * ¢ which, by property (iii), belongs to CS°(R2). The

corollary follows. ]
Next we will show that the mollification jes, * u converges to u in any weighted Sobolev space.

Lemma 2.5.4 Let1 < p < oo and oo,...,0, > —1. If Q' is an open and bounded subset of H with
Q' C QUOH, then

Eli%l+ lv — Jean *u”wk,p(sz',uag,m,u%) =0
for all w € W*P(Q, 1oy, - - s tioy,)-
Proof: Fix z € Q'. Choosing € > 0 suitably small, we can guarantee that z — z,, y € Q for all y € B*(0).

Setting T': x — x — xn y =: z, we use the representation of jez, * u from (ii) and the fact that
O (uoT) (@) = 3 0:,u(2)| _p,, (6 — 3 8in)
j=1

where §;; is the Kronecker delta, that is d;; = 1 if ¢ = j, and §;; = 0 otherwise, to establish the formula

0% (Jewn * u)(z) = > _(=1)’ (“.”) > / je(y) 2P (2) y’ dy
j:O ] ‘B‘:J Bgu(o)

valid for all |a] < k. Note that the first summand (j = 0) gives the expression jes,, * Ogu(x), and so we

write
o) (jmn * u) () = Jew, * Opu(x) + 7e,a(z).
If e <1, then
roa@] < 53 <o;n> &3 (e |05 u]) (@) < elam)e 3 (own * [050l) (2)
Jj=1 |Bl=3 1Bl=|al

By lemma [2.5.2]
Ire.allee @ ng ) S €lOnullor@r,p, )

for all multi-indices o with 0 < |a| < k, and the right hand side approaches zero as € — 0. This together
with corollary 2.5.3] completes the proof. [ |

3In fact this is true for LP(X,u), where 1 < p < oo, X is a locally compact Hausdorff space and p any Radon
measure.
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We have now finally reached the crucial Sobolev embedding theorem we actually started out for.

Theorem 2.5.5  Suppose 1 < p < > and {U]-}?:O is a sequence of nonnegative numbers satisfying 0 <
0j+1—0; < p. Then the set of restrictions to H of functions in C°(R™) is dense in W P(H, piog, - - -, fhoy.),
that 1is,

C(H) = WHP(H, iy, - - - , fioy,)

holds, where the closure of C°(H) refers to the norm || - Hwk,p(H’HUO """ poy )

We mimic the proof of the corresponding statement in the unweighted case in |1]. For weights very much

similar to ours, the result is discussed in greater detail in Kufner’s book [56].

Proof: Let n € C°(R™) be a cut-off function satisfying

i) =1 on B{“(0) and sptn C BS“(0). ii) |9gn(x)| < cforall z € R™ and 0 < |a < k.

Moreover, define 7°(x) := n(ex) for € > 0. Then 7°(z) = 1if o] < 2, 7°(z) = 0if |z[ > 2 and we have
|0sn° (z)] < cel®l Vz and 0< ol <k.

With u® := n°u, we get for all z € H and 0 < |a| < k that

‘3§u5(1’)|p1’;‘a‘ < c¢(n,k,p) Z gp(‘a‘_‘m) ( sup xf‘a‘ia‘m) |85u(1’)|p1’;w .
B<a r€sptn®NH
From the assumptions on oo,...,0k, we deduce that oo — o5 < p(la] — [B]) for B < «, such that

x, TP < (%)p(\m—\a\) for all z € H with |z| < 2. Thus there exists a constant ¢ (independent of ¢)
such that
||U€||W’~“1P(H,u(,0,.4.,u%) < C||U||kaP(H,Mgo,4.4,u%) < o0,

that is to say u® belongs to W*P(H, o, . .. , oy ). Moreover, setting H® = {x €H | lz| > %}, we find

i

||u_u5||Wk’p(le’«uo vvvv Boy,) Hu_uusk’p(HE”“UO """ Hoy,)

< HUHW’“’I’(HE,%O,W,#%) + HusHW’”’(HE,#GO,W,#%)

11
< CH“HWM(HE,MUD ..... foy,)

as ¢ — 01, since then H® — (). Consequently, as u° has compact support in H and approximates u, we
may assume that u € W*P(H, iy, - . ., fio,, ) has compact support, i.e. K = {z € H | u(z) # 0} is bounded.
We explicitly do not exclude the possibility that 0K intersects with 9H. Since K is compact, there exist
finite covers Up,...,Unx and Vj,..., Vn of bounded sets such that V; C U; for 0 < i < N,

N N
K c|Ju butstil K c (JW,
=0 =0

where Uy, Vo C H are compact. Now consider a partition of unity {t;}/Lo subordinate to {V;}i,, that is
N
i €CE(Vi)  with ) i(z) =1 VzekK.
i=0

Let u; := t;u, where we extend u by 0 outside H. Now we claim that for every § > 0 there exist

pi € C°(R™) such that
1)
flus — Wi”W’CvP(H,uUO,.“,uUk) < N+l (%)
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Since sptuo C Vp and VoCUyCUyC H, for any § > 0 there exists an €9 < dist(Vo, 9Us) such that

5
lluo = Collwrw (,0g o) = MU0 = Pollwkr Wy sy oy < N+l
by means of lemma 2574l where o := jeq 2, * Uo.
For i = 1,..., N the situation is different. Here it is not clear whether or not w; is (weakly) differentiable

on OH. We only know that u; € W*P(R"™\ (Vi N OH), fiog, - - - , oy, ). To see this, let z € V; N H. Then

|05ui(@)] < e(e) D |05 wi(x)| |05 u()|

Bla

for any 0 < |a| < k by the Leibniz formula. This implies

(0% u; sup |05 ()P 2n T 0wl < Jlu

p
LP(H,po ) HW’“’P(H,uag,myuok)

[~ =D
P (Vi NH, pog - sBoy,) £ wevinH

as above. Moreover, by construction of u;, we have u; = 0 on —H NV; and V;°. On V; N 8H, on the
other hand, there is no such statement possible, and so an application of lemma [2.5.4] would not lead to
the desired result. Our strategy will be as follows: We apply lemma [2.5.4] to u; and then translate it by a
small amount in direction of the vector —e,,. Now we can exploit the property that the translation of the
mollified u; is differentiable on 0H.

For ¢ = 1,..., N, consider the function jc,., * u; extended to be identically zero outside of H. First we

observe that jc,z, * u; € Wk’p(H7 Moo, -« -5 oy, )- Since u; = 0 outside Vj, we can find an € > 0 so that
spt (Jeson *ui) C Ui NH .

Let us define Q' = U; N H. For this choice of €', the assumptions of lemma 2.5.4] are fulfilled and so for
any &’ > 0 there exists an £; > 0 such that the following inequality holds:

105 = 02 ey oy < O
for each 1 <4 < N and any |a| < k, that is
Jejaon ¥ Ui —> U in W*P(H, oy, ..., po,) as e — 0.

Let us turn to the translation. Since V; C U;, there exists h; > 0 such that « &+ he, € U; for all € V;
and all h € (0,h;). If €;,h; > 0 are sufficiently small, then we have sptp; C U; N (H — he,), where
pi(x) = (jsimn * ul)(x + hep) is a smooth function on U; N (H — hen). Restricted to H, this means
p; € C*(H) and sptyp; C Us N ‘H. The important thing is that ¢; can be extended continuously across

the boundary of H and therefore is defines an eligible function.

To finish the proof, we need continuity of the translation operator. Unfortunately, in general this fails to
be true in the weighted LP-classes, but happens to be true, if 0|4 > 0 and the translation is of the above

kind. That is why we need to impose the positivity condition on oo, ..., o.

Lemma: Suppose u € LP(H, pu,) for 1 <p < co and some nonnegative o. Then for any number §' > 0
we have

||’LL — Th U’”LP(HHMU) < 2(5,

for sufficiently small h > 0, where T, u(x) := u(z + hen).



2.6. HARDY INEQUALITY 23

Proof: Fix ¢’ > 0 and let ¢ be a function in Ce(H) with ||u — ¢||1r(u,) < %, . Similarly as in the proof
of corollary 253] we see that || — Th ¢||Lp(u,) < ¢’ provided h > 0 is small. Finally, we consider

/H‘Th u(z) — Ty o(z)|” z,7 dx :/

u(z) — o(x)|? (zn — B dz u(z) — o(@)|” z,7 dx.
@) @] ) < [ Jute) = o(e)

Herein, the inequality follows from o > 0 and the fact that x, — he, > 0 on H + he,. Altogether, this
gives

lu—ThullLrue) < 20— @llruy) + llo = Th@llir(uy) < 26

as stated. O

With the auxiliary lemma we are provided the missing piece to complete the proof of (). We obtain
105 (e * wi) = OF @ill Lot ) < 26
for any 0 < |a| < k, since the translation operator T}, commutes with derivatives. We arrive at

[lus — ‘PiHWk,p(H,MO,W,u%) = [Jwi = Jesun * uiHW’C’P(HOU,“M,O,.4,,ugk) + [|geswn * i — WiHW’C’P(HOU,“M,O,.4,,ugk)

, )
<
< ¢(n,k,p)d < Nl

N
provided 0 < h < h; and ¢; are suitably small. This proves @) for 0 <17 < N. Putting ¢ = > ¢;, we get

i=0

N
||u_gp”W’“vP(H,,u,UO,H.,,u,Uk) < Z”ui_SOiHWk’P(H“ugO,m“ugk) < 57
1=0

which amounts to the statement of the theorem. |

2.6 Hardy Inequality

In [39] Hardy formulated the following fundamental result: If f is a nonnegative and integrable function,

then o, fe -
/ (—/ u(z) dz)pdx < cp/ u(z)? dx
o % Jo 0

unless u = 0. The constant ¢, = (ﬁ)p is the best possible. The usefulness of this inequality can be
exemplified in the following way. Setting v(z) := foz u(z) dz, the Hardy inequality basically states that the
weighted LP-norm of v is controlled by the (unweighted) L?-norm of v subject to boundary conditions. The
inequality can then be generalized in such a way that weights are included on both sides of the inequality,

and therefore it is well suited for our case of weighted LP-classes.

Lemma 2.6.1 (global Hardy inequality) Leto > —1 and1 <p < oo. If Vu € L?(H, tio+p), then
we have

lu—=coller(m, uoy < cllVulloe i, u,y,)

for some co € R and a positive constant ¢ = ¢(n, o, p).

Proof: Assume first that p = 1. Then, by the assumptions, 9., u(z’,-) € L' (R+,ug+1) for almost all
' € R"™', and hence 9, u(’,-) € Li,.(R4). For any b > 0, the fundamental theorem of calculus implies
that

v(z) = —/zi Ou(x’, 2) dz
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is locally absolutely continuous and we have v'(x) = 0,, u(x) almost everywhere in (0,b). Moreover, we

obtain .
u(z) — u(z',b) = —/ d.u(z',2)dz, z € (0,b).

Thus ,
lim |u(z’,b)| < |u(z)| + lim x;(g+1)/ |82u(1",z)‘za+1 dz < o0,
b—oo b—oo

since o + 1 > 0 and 9y, u(x’,-) € L*(R4, po+1). It follows that there exists a ¢(z’) that is independent of

T, such that

u(z) — c(z’) = —/I:O Ou(x', 2)dz .

A calculation then gives

u=e@er sy = | [ 0 Dty < [ 10 sy ([ 07 o) a

1

T ox1 ||6znu||L1(H,,u,a+1)7 (%)

where we used Fubini’s theorem in the first inequality. Now suppose p € (1,00). The assumption on Vu
then assures that u(z’, ) € AC,,.(Ry) C LP

P (Ry) for almost every #’ € R™™', and consequently
—1
10z, u(z’, ) llLrcrey < pllua’s e () 10z’ )lle o)

is finite for any compact set K C R.
Now applying @) to (u — c(x'))p and using Holder’s inequality, we get

lu = c@Mn () = 1w =c@) lruy) < c(0) 182, (u = (@) "MLt 1)

-1
< c(o)pllu = c@)o 100 ullLr gy,

(%)
with || - | r(us) = || |z (51,0, and it remains to show that c(z’) is independent of 2/ € R™~'. To this

end, let v € R*™! and define u,(z) = u(z’ — zn v, z,). We apply (@&F) to the function u, and obtain

lu—co(@ +2n0)llrue) = o = co(@rgun) < 10mtwlliruyy,) S 1VUlLrgu,.,) -

It follows that

lle(a) = co(@ + 20 V)|Lr(uoy S IVUllLr (., < 00

by Minkowski’s inequality. Putting v = ¢} = (1,0,...,0) € R™™!, we find that
le(@1) = co(@r + )lle @y po) < o0

for almost every ” = (22,...,2n—1) € R"™2 and almost every 1. We fix 2 in the set of full measure as

well as two Lebesgue points s and ¢ of ¢(z1), where we suppress z” in the notation. We have
lle(s) — co(s + ~)||LP(R+,M,) + |le(t) — eo(t + ')HLP(R+7M0) < 00.
Let s < t without loss of generality. Then
lle(s) = culs + )llLr (2-s).00)m0) + lle(t) = co(t + )l Lp(t—s,00).0) < 00

We shift the integration by ¢ — s in the first norm to find

)

/ |c(s) —cv(t+xn)|p (xn+t—15)"dx, = / ‘c(s)—cv(s—&—mn)‘prdmn < 0.
t 2(t—s)

—s
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Now we claim that

(xn+t—9)°" ~ z,7
for &, >t — s. This follows directly from

t—s

0 < |In(zn+t—s) — In(za)| < .

t—s
by exponentiation: If z,, >t — s, then 1 < %:;5 <e@n <e, ie xp+t—s~ x, But now we also have

|e(s) — c(t)]” /tixf dz, S /:Z(‘c(s) —co(t+an)|” + |e(t) —cv(t—|—1’n)|p) x, dzn < 00

which is only possible if ¢(s) = c(t), that is, ¢(z') is independent of z1. Proceeding iteratively for all the
other variables z; with i = 2,...,n — 1, we get successively c(z’) = ¢(z"") = --- = co. This concludes the

proof of the lemma. ]
For compactly supported u, Hardy’s inequality has the following immediate consequence.

Corollary 2.6.2 IfVu € LP(H, jio+p) and sptu C H is compact, then co in lemma[ZB1 can be chosen
to be 0.

Proof: Let K C H denote the support of u. Then, using lemma [Z6.1] we know that
IVl iy 2 = ol = [ ol d = Jeol o\ ).
H\K
Since K is compact, we have u,(H \ K) = oo and hence |co|? = 0. [ |

Next we use Hardy’s inequality to relax the conditions on o; in the density result [2.5.51 More precisely,

the positivity assumption (except for o) can be dropped from the statement of this theorem.

Remark 2.6.3 Let 1 < p < oo, k be a nonnegative integer, and o, > --- > 09 > —1 with 0j41 —0; <p
and o, > 0. Then the statement of theorem [Z.5.3] remains valid.

Proof: Let us return to the setting of the proof of theorem 2.5.51 We are given two functions je,z, * s,
p; € C*(H) with spt (je,2, * us — ;) C U; and U; is bounded. Applying Hardy’s inequality from lemma
261 to this difference, we obtain

[deizn* wi = QillLr(Hopog) S IN1De(Gesan Ui = @i)lLr(Hougy 1) = Do (eizn* wi = 0)llLe ;0 H puog1p) -

Now the assumptions on 0,01 and p ensure that 0 < g9 — 01 + p < p such that on U; N H we have the

estimate

oo+p oo—o1+p . 01

Z = x

Hence
Jeian* i — @ille(H,p0y) S 11De(eizn * i) — Doill Lo (b, -

Repeating this procedure until the upper bound contains a weight with nonnegative exponent o, this
procedure eventually stops after at most k steps since by assumption o, > 0. But in this new setting
we can use the fact that the translation by A > 0 in the inverse direction of the n-th unit vector e, is

continuous. Therefore

”U"b - Soil‘Wk’P(H,ugo,4.4,ugk) S Hul _jf‘?imn* uiHWk’P(H“ugo,m,,u,ak) + ||.7€7,1n* Ui — Soil‘Wk’P(H,ugo,4.4,ugk)
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and the right hand side gets arbitrarily small for A and &; small enough. The rest follows as in the proof
of theorem ]

2.7 Sobolev Inequalities

The term Sobolev inequalities is used for a collection of various embeddings of certain Sobolev spaces into
others. Contributions of mathematicians other than Sobolev such as Morrey, Poincaré, Gagliardo and
Nirenberg are significant here. In order to make them compatible with our needs, we also include weighted

versions of such inequalities.
The classical Sobolev inequality is certainly the following one:

Lemma 2.7.1 (Sobolev inequality) Let p € [1,n). Then there exists a constant ¢ depending on n

and p such that

n < c|V n
H‘PHLnj’p &) = cl[VellLr@n)
for all p € CL(R™).
Proof: Since ¢ has compact support, for all z € R" and i =1,...,n we have

2‘@(1’)| ‘/ ' Oz, o(T1y - Yiy ey Tn) dyi — / azip(xl,...,yi,...,xn)dyi|

IN

/R‘&cigo(xl,...,yi,...,xn)‘dyi,

and hence

n

n 1
|<,0(x)|m < (27" H/R|Bmicp(m17...,yi7...7mn)‘dyi)n_l.
i=1

We integrate this inequality with respect to x1,...,z, and apply Holder’s inequality repeatedly to get

n _1
[ le@ ™ Tdr < (27 T 10epllinny)

i=1

By Young’s inequality,

1 « "
H|az| S E Z|al| )
j i=1

, we infer that

=

followed by 3" |ai| < (Y a?)

1
_n_ < — ||V ny .
R A
This implies the statement of the lemma for p = 1. In case of p € (1,n) we apply the inequality to |¢|”
with v := % > 1 to find

n—1

( [ le@)[ dz) "

IN

o v-1
2= [ le@[! [Viota)] o

< o2 ([ el )T ([ vowl w)?

by virtue of Hoélder’s inequality. Eventually, the choice of 7 makes for a simplification of the involved

exponents, that is, we have (“’p%l)p = n"—_’; = (

n-1 _ p—1
n P
inequality as stated in the lemma. |

)_1. This turns the inequality into the Sobolev
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As we can clearly see, lemma [2.7.T] only considers the case p < n. Under the opposite condition p > n > 1
the preceding inequality fails. We shall need another embedding lemma to cover this case, usually known
as Morrey inequality. Here we only formulate a version of this inequality that is somewhat weaker than

the original one but entirely sufficient for our purposes.

Lemma 2.7.2 (Morrey-type inequality) Let k be a positive integer and p > 1 be any number

satisfying the condition kp > n. Then there exists a positive constant ¢ = c(n, k,p) such that

le(@)] < cllellwrs@n

for all x € R™ and all p € C*(R™).

Proof: Assume first that £k = 1. We fix z € R™ and apply Holder’s inequality to get

lo(a)] < lo(y)| dy + ][ lo(z) = o(y)| dy
BeU (z) BeU (z)
_1
< B @] lelan + f lo@) - o) dy
B{“ ()
with Bf"(x) = {y eR" ‘ |z —y| < 1} being the Euclidean unit ball centered at x. This combined with the
1nequahty
Ve(y)
o)~ ey < ey [ 1720,
B§{™(x) B§{*(x)
yields
—1
@) S Nellsenr + ([ le=ol55 @) 7 19l
Beu (z)
after another application of Holder’s inequality. Now, the assumptions on n,p imply £ ) < n, whence

it follows that
~ —n—71 eu
P(y) == |z —yl »=T € L (B"(x))

for any € R". Putting this together, we obtain ‘go(x)|§ c(n, p) lellwre@n)-

Suppose now k is any positive integer. Then one can show that there exists a constant c¢(n, k) such that

Al ;
;O il ][ |Dmg0(y)‘ dy + c(n, k) / |‘ |n k dy H

B¢ (z) B¢t (z)

for arbitrary points z € R™. Similarly as above, we use Holder’s inequality together with kp > n to find

k
)| S D IDLglle@n -
=0

This completes the proof of the lemma. |

Corollary 2.7.3  Suppose 2 C H is open and satisfies the cone condition. Further let p > 1 and k € N
with kp > n. If u € W*P(Q), then the assertion of lemma[Z-7.9 holds for almost every x € Q, where this

time the constant ¢ depends on n,k,p and Q.

4In [27] a proof is provided for k = 1. The general case may be found in [I]. Indeed, this inequality holds on
arbitrary finite cones having their vertex at € €. Hence, lemma 2.7.3] remains valid for all domains that satisfy
the cone condition.
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Proof: Let u € W"P(Q), then by proposition Z5.1] one can find a sequence {g;}ien in C°°(Q) with
@i — uin Wk‘p(Q). For i1,i2 € N, we find

|‘Pi1(x)_90i2(x)| S H‘Pil _WizHkaP(Q)

for all 2 € Q. Since {¢;}ien is in particular a Cauchy sequence in W*?(Q), {pi(x)}ieN is also a Cauchy
sequence and therefore converges for every = € ). By uniqueness of the distributional limit, this implies

p(z) = u(x) for almost every z. But now

[u@)] < |u(@) = ¢i(@)| + [@i(@)] < [ul@) —@i@)] + leillwes

by lemma 7.2 and the right hand side approaches |ullyyr.p(qy for almost every = € Q as i — oco. The

proof is complete. ]

As a next step we present a version of lemma 271 that includes weights of the form z,7. The presented
inequality interpolates between two well-known inequalities: There is on the one hand the classical Sobolev

inequality in a weighted setting, and on the other hand Hardy’s inequality.

Proposition 2.7.4 Letoc > —1 and 1 < g < p < 0o be any numbers satisfying the conditions o > —%
and

1 - ﬂ7 6 <[0,1].
D n

Then we have

2.7 @llLeny < cno,p,q) |z’ Vel

for all p € C(H).

Note that we consider the more general case ¢ € C2(H). Such functions, in contrast to ¢ € C(H), may

take values towards the boundary of H.

Proof: Assume first that ¢ = 1. For 9(z) := (2, 2z,) — p(x), 4; = {x € R" | 2! < x, < 27!} and
Bi:=A;UAi ={zeR"|2 <z, <272} the fundamental theorem of calculus shows that

2i+2

2%y, z
[Wllsca ey = o [0t ) dellingay < [ ot 2lasny ([ o dna) de
Tn 22 %

= g 1 H l‘ng&”Ll(B,i Mot1)

where we used Fubini’s theorem in the first inequality. Now once we have established the inequality

2l S = Vel (+)

LTI (Ap)
we recover the statement of the proposition by interpolation between the spaces L7 and L'. Indeed,

o o o —0 o 6
|y Dlleocry = D llew llevcany < D laed $llz(ay o DllTaca,

i€EL 1€EL

where % =104 %, and 0 < 0 <1 is to be selected. In order to be able to apply ) and ), we choose

T

r = === and ¢ = 1 such that 6 has to be 1 + % — n. This gives

n—1

o o 1-6 o+1 2
Hmn "/"HLP(H) S Z ”xn V§0||Ll B;) ”xn * V‘PHLl(Bi) g
1€EL

Restricted to B; we have 2° < x, < 272, This implies that the right hand side is (up to a constant)
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bounded by

S 2 Vgl sy < elny o p) e Vel -
1€EL

We recall the definition of ¥ and arrive at

A

llz.w 90||LP(H) <z 90('7217n)||LP(H) + ¢||LP(H)

—o—1 o o
2 P ”In QOHLP(H) + C(’I’L, va) ”In o v‘)OHLl(H

IN

by the transformation formula and the above estimate. Now the assumption o > —% allows us to subtract
277 YP ||2,7 || Lo (ary from both sides and then divide by 1 —277~%/? > 0. The proposition follows for
g=land =1 —&—n(% — 1). As by assumption 0 < § < 1, this requires 1 < p < 5

The general case can now be reduced to the case ¢ = 1. To see this, let 1 < r < =5 be the number

n

satisfying £ =6 + (1 — #)2=L with 0 < 6 < 1. Using the above estimate and Holder’s inequality we see

o F o ZE+o 2
2w Ol iory = llen” 1ol ey S llan™ " V(1)L
o E o+0
= H(ﬂﬁn |€0|)7 + V<P||L1(H) > ||1’n 90||Lp(H) ||9L’n+ VSOHLQ(H),
if (2— 1) = pand 4~ 1= %(% —1). These equalities and the condition on 7 then demand to take

6 €10,1] such that
1 1 1-6

p q n

It remains to prove (). First we assume that n > 2. If ¢, A; and B; are as above, then we have

gi+1 .
lof oI7E, = [ Mer vt ad 6w 7T s e da
2ttt 1
< [ el ueml agy T Uzl R, den
2i+1 -
< [l asy o dea(Csupwl G )
i 2 (Rn 1) 21 <rn<21+1

by Hoélder’s inequality with Z—:f + ﬁ = 1. Now, lemma [Z 7T on R** yields

gi+1 2t+1
/ [ S [P T / LT IV )l e din
21 2(R“ D) 21

21+2

[ w19t @)l ooy don
2

i

A

by the triangle inequality and a substitution in the term ¥ (-, z») = ¢(-,2z,) — @(-,xn). For the second

term we proceed as follows:

IN

2z,
sup T, ||¢('71’n)||L1(]R”*1) sup ﬂﬂf/ ||8ZW('7Z)||L1(R”*1)dZ
2t <y <201 2l <y <20F1 Tp

2i+2

e / 2 (1020, 2) || o1 n—ry .
2'!

IN

(Similarly, if n = 1 we get |27 ¥||Loo(a,) < c(0)[|27 ¢'||r1(p,) and hence the desired estimate). Altogether,
this gives

n

n— 1
oS W72, S el Vel o 0engl e,y < "t ol Vol Eide,y + 1 1o 0l i,

because ”T_l + % =1 (Young exponents). Finally, we realize that any two norms in finite dimensions are
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equivalent so that

n n
1

.2 Vel iy + 12 Ol iy < enlled (V'] 4+ 10 o) I g,y < 20 N2 Vil T ) -

This proves the full statement. u

Corollary 2.7.5 Letk €N and 6 €[0,1]. If 1 < q < p < oo are any numbers satisfying % = % — k(ln_g) s

o> —1 as well as 0 > —kOp, and o, > --- > 09 > —1 such that 0j4+1 —o; < q and o), = (% + kﬁ)q hold.

Then we have
ullLe ey < e(n,0,p,@) || DSl Lot s, ) (2.7.1)

for allw € WoU(H, 1oy, ..., oy, )-

Proof:  Suppose ¢ € C°(H). Taking proposition E74] as a starting point for an iteration on the

derivatives we attain
k
lellzeuoy S 1D @llLagu,, ) (%)

where p, q, 0, 0 are as in the current corollary.

The assumptions on oy, ..., 0k imply the assumptions of theorem [Z5.5] or rather remark [2.6.31 This means

.....

the closure of CZ°(H) in the norm || - lwta (B, 4ay,) 15 the space WYY H, iy, - - flo,) and we can

find a sequence {¢; }ien in C2°(H) that converges to u € Wh9(H, oy, - . -, flo), ). By @) we get

K
lullrue) S llv = @illrus) + 105 @illagus,) - (+)

We apply the iterated Hardy-Sobolev inequality () yet another time which leads us to the estimate

k
lpi — SoizHLP(,ua) S 1D (ei — ‘Piz)”L‘l(uak) :

Since {chpi}ieN is a Cauchy sequence in L(ps, ), this shows that {¢;}ien is a Cauchy sequence in L? (i1 ).
It follows that ¢; — u in LP(us). To see this, note that LP(u.) is a Banach space, and hence the Cauchy
sequence {p; }ien is convergent to some function v in that space. But we also have ¢; — w in LI (ue, ), and

since any distributional limit is unique, we have v = u. We finish the proof by sending ¢ — oo in E&H). W

Remark 2.7.6  The previous estimate not only combines the Hardy inequality and the classical Sobolev
inequality into one, but also generalizes them to weighted Sobolev spaces. Take for example 8 = 0, then
p=q"- = nf‘fcq with kg < n and and we obtain an iterated version of lemma[2_71| in the weighted Sobolev
classes. On the other hand, for the second endpoint 6 = 1, we get ¢ = p and o, = o + kp, such that (2_7.1))

becomes the Hardy inequality (cf. lemma[2.61).

2.8 Interpolation Inequalities

Suppose we have ¢ <r < pand ¢ € LY N LP. Then it is = < % < % and there exists a 6 € [0, 1] such that

(2.8.1)

q
Therefore, ﬁ and £ are conjugate exponents, and lo|t=9" € LT=57 and |p|?" € L7 . Hence, we

can apply Hoélder’s inequality from which follows that ¢ is also in L". To be more precise, we have

—0 6
lellzr < lellze” llelzo -
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Such an inequality is called interpolation inequality as it interpolates between the L?-norm and the LP-
norm of ¢. Now we are interested in a generalization of this simple result in as much as we would like
to additionally involve an interpolation between certain derivatives of ¢. The unweighted interpolation is
usually known as Gagliardo-Nirenberg interpolation - the proof is largely taken from [33]. In a second step,

we formulate this result for weighted Sobolev spaces.

Lemma 2.8.1 (Gagliardo-Nirenberg interpolation) Let j,k € N be such that 0 < 0 := % <1, and
1 < r,p,q < oo satisfying (2.81]). Then there exists a positive constant c¢ that depends only on n and r
such that

j k 6
IDIelera) < elleliala, 1D elLr o,

for all o € C¥(H,), where Hy, = (a,00) x R"! is the upper half space beginning at a € R.

Proof: Suppose first that j+1=2=4%k, p > 1, ¢ < co and n = 1. The statement then follows from the

inequality
/@ (@)|"dz < e(r) |17 (5 /‘go |qu)q + e(r) 1+ 01 /\ "( \pdx 5, (%)
where 2 = 2 + > and I = (a,b) is any bounded interval in R.

Take any integer N € N and define I; := (a,a+ \I\) If the second summand in (&) is larger than the first

one, we set [1 = .71 =: (a1,b1). This implies

[ 1@ e < 2 (D)0 ([l @pa)

|

If the first term is larger, we take Iy = (a1,b1) where a1 = a and b1 > a + 5 such that both terms on

the right hand side of () are equal. Such an interval exists since, by assumption, we have ¢ € C2(H,):

¢ = 0 implies that ¢ is linear and hence constant to 0. Additionally, we have that the factor

|[1|1—’“(1+%)

is monotonically decreasing for ¢ < oo, while the other prefactor increases as |I1| gets larger. Consequently,

we can find such an interval for which
|’ (@)|" do < 2c(r) | L] 177 a / lo(x ‘qu T /‘cp ‘pdm
I

Here we also used the simple equality a + b = 2(ab)% provided we have a = b. Therefore with % = % +1

P b
we arrive at

/\so’(w)\rdw 3 (% o /Iso” War)” + /Iso )|ar) ¥ ( /\so )\ ar) ™
I

Repeating the procedure Np times until by, -1 < b < bxy,, this process must eventually stop since a+N ‘—1{,‘ =

]

b, i.e. No < N. Summing over the disjoint intervals I; (1 <1 < Np) and using Holder’s inequality then
yields

/I|<p/(1’)|rd1’ < /abND\so/(x)Ide = i/llpp’(x)rdx
1] (III) r(1-3) (/1| ‘pdx)% (/“‘W(x)‘qu)% (/:o|g0"(1’)|pd1’)2p

a

A
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Since we assume that p > 1, the first term tends to zero as N — oo and the desired inequality follows for
n=1j=1and k=2, g <ooandp>1 The cases ¢ = oo and p = 1 are attained by sending ¢ — oo

and p — 1 in the above inequalities.

For n > 2 consider ¢ as a function of z;, treating all the other variables as parameters. Integrating
with respect to the other variables x; with i # i and using Holder’s inequality allows us to prove the

n-dimensional case.

Finally, if we assume the assertion holds for j = 1 and k£ = 2, we can perform an induction on k to show
that the general statement is true for any 0 < j < k € N.

Proof of inequality (&): Suppose I = (a,b) is an interval in R with |I| < oo and ¢ € C*(I). Moreover,
let 1,22 € I be such that

g8l _y I

b.
1 4<I2<

a < 1 < a+

Then by the intermediate value theorem, there exists a & € (z1, z2) such that

S (E) = p(w2) — pla1)

By the fundamental theorem of calculus, we thus have

l¢'(2)] = ’50/(5) + /;w"(y)dy‘ < g lel@n)] + Jolea)] ‘|+|¢ %) /\90 )| dy

for all z € I. We then integrate with respect to x1,z2 in their respective intervals to get

1]

|I|2 , 1 at+ip 1 b |I|2
15 1P @] < §/a |e(@)] day + §/b7%\s0(wz)\dw2 + f/}kﬂ”(y)\dy

< 1/\sO(y)Idy + E/\w"(y)ldy
=32/, 16 J, :

Taking the r-th power and applying Holder’s inequality to both summands on the right hand side yields

@ < (1 ([l an)’ 1 (flewlan)).

Now integration of & over I proves (@) for any bounded interval I C R, ¢ € C*(I) and for all 1 < r,¢,p < co.

Also note that the constant c is independent of I, ¢ and p, and so we have ¢ = ¢(r) as required. |

As a sample application of lemma [2:81] let us present a weighted version of this inequality. For special
- albeit similar to ours - power weights such as |z|” the corresponding embedding is treated in [60]. A
generalization to weighted Sobolev spaces may be found in |67], where the authors prove a Gagliardo-

Nirenberg interpolation for a broader class of weights.

Proposition 2.8.2 Let j, k be any integers satisfying 0 < 6 := % < 1, and r,p,q,0 be any positive
numbers with o > 0 and 1 < r,q,p < 0o, respectively. If u is a function in LY(H, uy) N W*P(H, p,), then
we have
j k110
IDIullLr 0y < e llullza(r, oy IDFullToca, ) »
where

and c is the constant from lemma 281l
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Proof: Applying the Cagliardo-Nirenberg inequality I8l to ¢ € C°(H) we find

/I{|D£g0(x)|Tx7fdx U/Ooo(/Rn 1|Dgﬁ<,0 ‘ dx)(/zn Ofldy)dmn
/ / / |D§g0 | dx’ dmn) 7 1dy
Rn—1

(1 9)7‘ or
a/ (/ / ‘cp(m)‘qdm / / |ng0 |pdx) Pyt dy,
0 y Rn—1 Rn—1

T £ is a Hélder

N

where £ = % + % with § = £. In the second line we used Fubini’s theorem. For (

pair, we get

(a—e)r

o or
/|Dg<p(x)|’"gc;dx < a/ (/ |¢(x)|"dxy"*1) ‘ (/ |Df<p(x)|"dxy"*1) " dy,
H 0 H Hy

Yy

with H, := (y,00) x R" ™! for y € (0, 00). Holder’s inequality and a further application of Fubini’s theorem
then give the upper bound

n (1 o) on or
U(/ |€0(1’)|q/ i dydx /|D p(z / o 1dyclﬂc) ’
H 0 0
or
= ([lewlaza) ™ ([ |ptop s az)?
H

with % = 1%9 —&—% and 1 < 7,q,p < co. Since all the estimates but the Gagliardo-Nirenberg interpolation are

sharp we have that the constant appearing on the right hand side of the inequality is the the same one as in
lemma[Z&Il This implies the proposition for smooth functions. Since these are dense in L% (o ) NW*P (115 )
for nonnegative o, one can find a sequence {¢; };en C C2°(H) that converges to u in L?(us) N WP ().

As before, we conclude that also DJ; — DJu in L" (i) such that
j k10
IDIullir(pyy S DI = Digillir ey + 10illa oy 15 0ill2e oy = ullia sy 1DFullZo ()

as 1 approaches infinity. This finishes the proof. [ ]

Next we propose a lemma that also interpolates between the power weights on the right hand side. Fortu-

nately, a proof only requires a slight modification in the previous proof.

Lemma 2.8.3 Letp > 2 and o > 0. Then for any € > 0 there exists a constant ¢ that depends on n,o,p
such that

— 2
IVullLr i, upyr) < e oo, poy + € 107 ullio i,y ys)

for all u € W*P(H, fio, flo, , flot2) With o1 € [0,0 + 2].

Proof: Putting j =1, k = 2 as well as r = ¢ = p, we obtain

/om(/ym /Rn_J“”(“’)'pdx)% ( / ) / n_l\Dfsode)% ¥ dy,

N

R

just as above. Using

this amounts to

A

.

Tn 1 Ty 1
(/\w(w)\p/ y”_ldydw ’ /\DM / y”“dydﬂt)2
H 0 0

< 5 2 15
~ H‘PHLP(HU) Dz ‘PHLP(HU+2) :
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The prerequisite ¢ > 0 ensures boundedness of the factors ¢~ * and (0—1—1)71 that come up by integrating the
inner y-integrals. The assertion for ¢ € CZ(H) now follows from Young’s inequality or rather v/ab < 1o +eb.

By density, the same inequality also holds for all u that satisfy the assumptions of the present lemma. W



Chapter 3

Linearization of the Thin-Film

Equation

Consider the equation
Osh + Vy~(hm VyAy h) = 0. (TFE)

Interchanging the roles of the independent variable y, and the dependent variable h, a technique known
as von Mises transformation, transforms our equation (TEE) near the free boundary into a nonlinear
degenerate problem with fixed domain. In the next step, we linearize the transformed equation around
some specific solution. The equation thus obtained serves as a basis for implementing a comprehensive

linear theory, one of the main issues addressed in this thesis.

3.1 Transformation

Let h(s,y) be a solution to (TEE) and assume that near (so,yo) it is a C'-function with h(so,y0) = 0 and
Vyh(s0,90) = €0 > 0. Then there exists a small number 0 < € < g¢ for which Vyh(s,y) > ¢ for all

(5,9) € Ue(so,90) = {(s,9) | Ps(h) N B (o), s € (s0 — &, 50},

where by Ps(h) we denote the set Ps(h) = {y € R" | h(s,y) > 0}. In U.(so, yo) we can apply the implicit

function theorem to solve the equation z = h(s,y) with respect to y, giving rise to a function
yn = v(s,y,2).
Written in local coordinates, the graph has the form
L= {(s,9,2) | z=h(s,9)} = {(5:4,yn,2) | yn =0(s,9,2)}.
This suggests to introduce the new variables
t=s, o=y, xTpn=2 and yn = v(t,x),

and the graph reads I' = {(t,2',yn, xn) | F(t, 2", yn, zn) = 0} with F(t,2',yn,zn) = v(t, ) — yn.

Remark: As we suppose that h is positive in its support the transformation ensures that the original

problem becomes one on a fixed domain, namely the upper half plane H := {x, > 0}.

35
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In

Yn

a) before b) after

Figure 3.1: Changing independent and dependent variables.

In order to express derivatives of h in terms of v we apply the implicit function theorem to F(t,z’, yn, xx)

with z, = h(¢,z’,y,) to obtain

a(t,z, n)F
Ao I = Bpiarym) Tn = = =5
that is 0sh = —(ait”v), Oy, h = —(g:’iZ), i # n, and 0y, h = aml —. Hence, the entries in the follwing
matrix
1 0 0 0
0 1 0 0
o(t, z) 0 0 1 0
= 3.1.1
9(s,y) : (31.)
_ 0w _ Ozyv Oy 1
Oz, v Oz, v Ozp v e Oz, v

are the partial derivatives of the coordinate change (s,y) — (t,z). Using the chain rule we calculate

Ayh

O, U

n m n—1
Z 6yiy'ih’ = - Z 8?—” O, v ) + Oy, (81717})71
=1 =1

n n

O, -
(By, k) Ony (8 1:)) + > (Oynzk) Ouy, (0s,)
1 x

" k=1

n—1
i=1k

Similarly, we find

v - V. — (0g,v) "' Vi Os,
L (02, v) " On,

such that

Vy (R V) =2t AL - v;.(avz_ﬂgz amn) + (aznv)‘lazn(inmv &:n) _

n—1 Ou v m ) i
—Z[ < e (@ O0,) = 3 3%(% Bt a’")]'

— Oz, ¥ WU
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Combining these results we get

0=0dw + ((aznu) v {xn’" (v'- 8V'1; 8%)} — (V') Ba, {xn’" (v'- 8V'1; 6%)} +

T 1 1+ |Vo)?

Note that by V' = V,, we mean the gradient of dimension n — 1 leaving aside the x,-direction.

A corresponding notation applies to A'.

3.2 Perturbation of Stationary Solutions

From other equations it is known that solutions close to a special solution can give both insight and detailed
information about general solutions and their qualitative behavior. Therefore, we assume that any initial

datum ho is a small perturbation of the stationary solution

hst(Y) = Un X{yn>0} ().

ho

hst

Yn

Figure 3.2: Initial datum ho as a small perturbation of the stationary solution hst(y) = (yn)2

Our particular interest will be the case of quadratic growth a = 2. For this purpose we set h= V'h, where

we consider h as a solution of (TEE). Using this as an ansatz we rewrite the problem in the form
9:h* + V- (h*™ VAR®) =0,
or equivalently

0 = 9:h + V-(R*™" VAR) + 41> 'Vh -VAh + h*" "1 (AR)? + 21> DZA® +

- - - - n - - - 3.2.1
+ 2mh*" 2| VAPAR + Amb*" 72> " (9y,h) 9y, h) Oyyy, b (3.2.1)

i,7=1

Since h; is a solution to (TFE), hs:(y) = (yn)+ is a solution to ([B.2.1)). Now, similar as above we transform
the equation term by term followed by a linearization around ve:(z) = x, for € H. To put it plainly, we
set v(t, z) = vst(z) + u(t, ), where u can be regarded as a small perturbation of the steady state. Then v

solves the transformed equation if and only if u satisfies the linear equation
flu] = du + V-(x,?m VAu) + 42,270, Au + me,?m_z(Au + 28inu)

for a nonlinearity f[u] whose precise form will be discussed in lemma B3]l For simplicity we only consider

the case m = 1. The equation now reads

flu] = O + V(xn2 VAu) 4+ 4xp Oz, Au + 2Au + 48§nu =: Owu + Lou.
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Remark: In one space dimension the linear spatial part Lo becomes the (formally) self-adjoint operator
1
Lou = = &2 (IS (ﬁu)
x
on the Hilbert space L?(Ry,z), that is, Lo is associated with the quadratic form

Uy V) L2(R, @) = O2u(z) O2v(z) z° de .
(Ry,x) &
+

In [36, 131, [35] Giacomelli et al. investigated this equation in one space dimension and perceived that such

a symmetric structure is really needed to carry out the analysis presented in these papers.

3.3 The Nonlinearity

In order to give f[u] a more suitable form we first introduce some notations to be used in the following. We
employ the x notation to mean an arbitrary linear combination of products of indices for derivatives of w.
For example, Vu * D?u denotes 0x,u Au and V'u-V'9,, u, as well as their sum. Moreover, we abbreviate

the iterated application of * to derivatives of k-th order, with k£ € Ng, by

P;(Dfu) := Dfux ... Dfu,  jeNy.
—_———————

j—times

Utilizing these schematic notations enables us to rewrite f[u] in a more convenient form.

Lemma 3.3.1  The thin-film equation [TFE) can be transformed into

O + Lou = fo[u] + zn filu] + z,2 fo[u] on IxH,

with
folu] = fo(Vu) * Vu « Diu,
filu] = f1(Vu) * Vu « Diu + f£(Vu) x Po(D?u)  and
folu] = fa(Vu) x Vu * Dju + f2(Vu) x Diu « D3u + f3(Vu) * P3(D2u),

and Lou = V- (m,f VAu) + 42,0z, Au+ 2 Au + 48§nu.

Proof: Considering equation (BZ1]) we first transform each summand separately and then linearize the

transformed terms around the steady state v (z) = .

it u

For the temporal part we get sh = —‘?}—n, where vy, 1= Og,,v = 1 4+ 05, u. For simplicity, from now on we

multiply the equation by —v, in all of the transformations. Next, by formula (BI2]) we discover

—v, V- (R* VAR) = V-(2,] VAu) — Ri(u).
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With v,, as above and g[u] := 0, (H'W”‘z) =0, ( ‘VZ‘Q ), we calculate term by term which gives

T Gt o (9 T ()

—z? (6%((%/“ + |Vvu| (ﬁn )(Au—q[u])) + &%n('zulQ (Au—q[u])))

n n

+2z, (V'- (Vv_'nu (Au— q[u])) — Oa,, ( |vv:| (Au— q[u]))>

Ri(u) = 247 <a v (

v/az AI Vl 2
+2xn((2vlu~ v—n;u — v—nu | v;' Bgnu) (Au—q[u])) —

— 2 O, ((v;2 — 1)8%Au) + 2 Aqlu] — 2z, (v,;2 — 1)8%Au+

z,2 02 u
+o., (22 (o (Au=al))) = ol + o2l
Since v;,% — 1 = —v;2(2 + 0z, u)dz, u we have fi[u] = fi[Vu] x Vux DiT2u+ ... fori=1,2.

In a similar fashion, we treat the other expressions in equation (B2Z1]). For instance, we get
—4v, hVh -VAh = 4z, 8., Au — Ro(u),

where the remainder is given by

Ra(u) = 4xn<V'u-V'(v;1(Au—q[u])) — [Vl Oz, (vgl(Au—q[u])) —

Un
2
— (v;2 — l)aznAu + O

n

U (A qfu]) + U;Qaznq[ul)

ZTn f1[u] .

Again, only expressions of the form v, * x P;(Vu) % P2(D2u) and v, ¥ « P;(Vu) x D3u appear. Moreover,

2 2
(|Vu| _ s 8””"“)Au 9 1+ |Vl glu]

vn

— 20, |VA? AR = 2Au + 2

Ury Un

2Au — folul.

Also note that

qlu] = Dlu * Zv;kPk(Vu).

The last term of identity (B21]) transforms to

n

—4vn S (04,h) Dy, h) Byyyh = 407 u + 4 (u;4(|v’u|4 +2V'u?) + (0t - 1))8§nu

ij=1
n—1

—81);3(|V/u|2 V'u-V'0r,u+ V'u-V'oy,u) + 4,2 Z (On;u)(On;u) Oz 0
ij=1

which is equal to 492, u — fo[u]. It remains to check the quadratic expressions in (BZI). These terms,
however, do not contain any linear parts such that both are completely absorbed by the inhomogeneity.
Indeed, one can prove that

—on (R (AR)? + 2R |DJR) = —an filul

in the same manner as above. Altogether this finishes the proof of the lemma. ]
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3.4 Distributional Solution

As a starting point we consider the linearized thin-film equation
ou + Lou = f on IxH
for some open interval I C R and H being the upper half plane. In this, the spatial part is given by
Lou = z,°2 A%u + 6y Adg,u + 2Au + 483%11.

In the context of distributions D' (I x ), for some open Q2 C H, there are equivalent expressions for Lou,
namely
Lou = LLu = xfllA(xf Au) — 4A "y, (3.4.1)

where L is the second-order differential operator Lu = — 2, V- (2,2 Vu).

Note that we have x, € C°°(I x Q), and therefore u € D'(I x Q) satisfies the equation du + Lou = f if
and only if it also satisfies x,,0:u + xnLou = x,f. A distributional solution is then characterized by the

equation

—u(zn Orp) + Au(:rn3 Ap) + AV'u(zn V@) = f(znep) VoeCr(IxQ).

Here we have used the second identity in (3Z.1) and that z,? is also a smooth weight over I x Q. If now

u, V'u, Au, f € Li,.(I x Q), then this characterization translates into

—/mnu(?tcpdxdt + /xf AuApdzdt + 4/xn V'u-V'pdedt = /xnfcpdxdt (3.4.2)

IxQ IxQ IxQ IxQ

for all p € C°(I x Q). As in that way solutions need not to be necessarily four times differentiable (at the
boundary) we can relax the requirements on the differentiability of solutions. However, this definition has
two weak points: For one thing, it is restricted to H and its open subsets and, for another thing, the weak
assumptions on the solution and the inhomogeneity do not allow for energy techniques. Thus, we shall
need both an adjustment of the test function space and stronger assumptions concerning the regularity of
u and f.

3.4.1 Basic Properties of the Linear Operator

From the distributional point of view it is obvious that both temporal and tangential derivatives commute
with the operator 0y + Lo , i.e.

0 (0402 w) + Lo (0105 u) = 010" f (3.4.3)

for all multi-indices o = (o) and | € Ny. For simplicity, we write 9 instead of 9% . Vertical

1<i<n—1
derivatives (derivatives in z,-direction), however, can not be treated as straightforward. For this let

) .= 8§nu with £ € Ng and u be as above. It satisfies the more general linear equation

U
8tu(k) + Lku(k) = 8tu(k) + x;kflA(fo; Au(k)) — ANy = ]?k

in the sense of definition [Z2) with z,, and z,® replaced by z,F*' and z,", respectively. The inhomo-

geneity fk can be derived iteratively provided equality holds for £ = 0.

Lemma 3.4.1 Let u € Lj,.(I x Q) satisfy (34.8) and f € C=(I x Q). Then for all k € No we have

o = 08 f—2ka, AAFTY — k(k—1) A AuTD (3.4.4)
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Proof: Identity (3.4.4) follows by induction over k. The induction basis is already given by the prerequisite
that u is a solution and the fact that ﬁ) = f. Hence, it remains to verify the formula for k£ 4+ 1 under the
hypothesis that (344 is valid for & € Ng. At first we observe that

atu(]H'I) + Lk+1u(k+1) =: (9tu(k+l) + Ak+1[u(k+1)} — 4 Ay

= 8, (Btu(k) - 4A'u(k)) + A [u®tY]

n

where we always write u instead of u(yp) for ¢ € Cg°(I x). By simple computations, we obtain successively

A [ ] = A + 22, AuFT? 4 2k + 3) AuFTY

= O, Ar[u®] + (k—l—l)mgkﬂA(mf“’ Au(k)) - (k+3)m;k71A(m,§+2 Au(k)) +
+ 2z, Au"D 4 2k 4 3) AuFTY
Oy Ar[u™] — 22, A'AU®

Using this and the induction hypothesis yields

™™ 4 L = 8, (0™ + L™ — 22, A’ AP
Oon (5, f — 2kan AA*™Y — (k- 1) A'Au*™?) — 22, A'Au®
= O — 2(k+1) 2 AAUP — (k+1DkA A

as required. |

Remark: Rewriting the terms on the right-hand side as
2%k "t A'(ch"'2 Au(k_l)) and k(k —1) @, * A/(l’riﬁ—l Au(k_z))

points out that these terms also have a structure similar to the one of the leading term of Ly, but with

lower vertical derivatives of u. This enables us to iterate certain estimates on vertical derivatives as well.

Translation invariance: The linear equation diu + Lou = f is invariant under translation in any

direction except the x,-direction. The corresponding translation operators are defined by
To: (t,z) — (to +t,2) and Ti: ()~ (t,x+ke;) 1<j<n-—1, (3.4.5)
where e; denotes the j-th unit vector, to € I and x € R. Then the translation invariance means that
(0t + Lo)(uoTy) = foT; on T;'(IxQ) for j=0,....n—1,

whenever u is a solution in the sense of integral identity (34.2)).

Scaling invariance: The equation diu + Lou = f is invariant under the sacling
Ty : (t,z) — (Nt z) =: (£,2) (A>0). (3.4.6)

In order to see this let u be a solution to dyu 4+ Lou = f. Then uy o(t,z) := A2 u(f, ) is a solution on
T (I x Q),
Oura(t,z) + Loura(t, ) = opu(t,#) + Lou(l, &) = f(i,2).
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Here Eo denotes the spatial linear operator with respect to £. From this calculation one can also read off

that ux~(¢,x) := A77 (uoTx)(t,x) solves the homogeneous problem for any v € R.

In view of the explicit representation of f[u], given in lemma B3] we observe that the nonlinear equation

has the solution uy ; provided u is also a solution. Indeed, we have
(@ + LoJury = A0+ Loju = Aflu] = flura],

where the last equality can be verified by means of the identity 82 ux1 = A*~152 w.

3.5 Geometry

In this section we generate a distance on the upper half plane that arises intrinsically from the geometry
of the differential operator Lo. The structure of subsections [3.5.1] and is essentially based on works
by Koch [51], and Daskalopoulos and Hamilton [17].

In the last portion, subsection [3.5.3] we make a brief digression into the history of the calculus of variations.

A more detailed overview of this area can be found in 31, |70], to name but two examples.

3.5.1 The Carnot-Caratheodory Metric
The spatial part of the linear operator gives rise to the Riemannian metric
gz(v,w) =z v-w

on the tangent space T, H = R" that is attached to x € H = {z, > 0}, where by v - w we denote the
standard scalar product on R™. Its scaling behavior is given by gxz(Av, Aw) = Age(v, w). The Riemannian

structure allows us to measure the length of parametrized curves v : R D [a,b] — H by

ty(y) = / ()] ds = / v (7 (5),7/(5)) ds.

and hence induces an intrinsic metric called the metric of Carnot—Caratheodory.

Definition 3.5.1 Let x,y € H. The Carnot-Caratheodory metric or intrinsic distance between x and y

is given by
d(z,y) := inf {ég () | v : la,b] — H is piecewise smooth, y(a) = x and y(b) = y} .

The shortest curve in H joining x and y, t.e. the curve that realizes the distance, is termed geodesic.
It is easy to check that d indeed fulfills the defining conditions of a metric.

Remark 3.5.2 A curve v of finite length is said to be of unit speed or parametrized by arc length if for
any s1 < s2 € [a,b], we have £y(V|s,,s5]) = S2 — s1. In particular, if v is continuously differentiable and
non-zero everywhere, then this definition is equivalent to asking for "y'(s)‘g =1 for all s € [a,b]. This

means that the velocity of the corresponding motion of a point is constant by 1 at all times.
In order to find the shortest connection between two given points one traditionally uses techniques of the
calculus of variations. Typically, one considers the energy functional of ~,

b b
s = 3otz - £
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on an arbitrary but fixed interval (a,b), and minimizes this quantity over all piecewise smooth curves
joining = and y. As opposed to length, energy is dependent on the parametrization of v. However, owing

to the Cauchy-Schwarz inequality, we always have

ég(W)z < 2(b—a)Ey(v),

and equality holds if and only if v is parametrized by a multiple of the arc length, i.e. |y|g is constant. So
we search not only for the energy minimizing curve between z and y but also for a curve of unit speed.
From calculus of variations we know that E,; has an extremum only if the Euler-Lagrange equations are
satisfied, that is

_ 1 _ 2 _ 1 _
0= (v %) + 57 W[ = (w9) + 570" dim
for 1 < i < n. First we observe that ~, '~/ = const. for i = 1,...,n — 1 which is equivalent to: There

exists an 77 = (1;) € R"™! such that for v, # 0,

N = T Y (3.5.1)

=

Now we define n := |7]| = ( > 771-2) . Then, assuming that |y'|7 = 1, we obtain

ot [ 0] = [0+ )] = ot ) ]

and hence (7;)2 =, — n°7,2. The general solution to this ordinary differential equation is

Yn(s) = # (1 — cos(n (s — k))) (3.5.2)

for a k € R. If we substitute this into [5.I) and then integrate in time we get

1) = ua) + [ o)
¢ 1 (3.5.3)
— o~ i . .
= ~i(a) + pT (s —a+ p (sm(n (a—k)) — sin(n(s— k:)))>
for all s € [a,b] and 7 =1,...,n — 1. All such curves are the critical points for our minimization problem,

and thus only satisfy a necessary condition for minimality. Using the second variation one checks that these
curves in fact realize the minimal energy E4 among all curves from x to y on the at first fixed interval (a, b).
The intrinsic distance d(z,y) is then defined as the minimal value of b — a. In addition, these calculations
show that £4(V|(s,,s,]) = 2 — s1 for any a < s1 < s2 < b, and hence 7 is a geodesic of unit velocity.

If k = a, we have z, = yn(a) = 0, that is, z is on the boundary. On the other hand, we can always choose
7; and k in such a way that y, = y,(b) = 0. In any of these cases there exists a geodesic of the above kind
that joins x to y and has finite length in the intrinsic metric. As before the distance is then given by the
smallest b — a. With these considerations at hand, it makes sense to extend the metric space (H,d) to all
of H.

In what follows, we approach a better understanding of the Carnot-Caratheodory metric. We begin by
discussing some special cases: If x and y are vertically aligned, that is x —y € Re,, we can give an explicit
formula to calculate their distance. On the opposite end, we examine the case that x and y have identical
n-th coordinates.

Lemma 3.5.3  Suppose a geodesic v : [a,b] — H with y(a) = x and v(b) =y is given.

i) Let y = (2',yn). Then we have
d(z,y) = 2‘\/mn — \/yn|.
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1) For xn = yn =0, it holds
d(z,y) = 2wz —yl.

i11) If Tn = yn, then
1
d(z,y) < x|z —yl.

Proof:

(i) First suppose that x; = y; for i < n, i.e. for x = (', 2,) € H we have y = (2’,y»). Then by B53)

it follows b b
ri =y = w(b) = vila) + m/ () dt = i + m/ (8 dt

Since v, > 0, this yields 7, = 0 for any 1 < ¢ < n — 1 such that v;(s) = z; for all s € [a,b]. Furthermore
the differential equation for v, simplifies to v;, = =,/¥», which has the solution

for k € R such that (a — k)?> = 4z, and (b — k)? = 4y,,. Combining these identities we get
0 <dmy =b—a=Fk=+2/yn — (k£ 2yxn) = £2(/Un — VTn),

which is equivalent to 353l (i).

(ii) Now we assume that v, (a) = 7,(b) = 0, that is, z and y are both on the the boundary. By formula

B52) we get
cos(n(b—k)) = 1 = cos(n(a—k)),

and hence n(b—k) = n(a — k) + 2w. Rearranging the terms gives b = a+ 27” Then, an evaluation of (353
shows that

i 2 1/ . ™
~i(b) = 7i(a) + 27372 (7 + p (sm(n (a—k)) — sm(n(a—k)—!—%r))) = ~i(a) + n—Sm.

This implies

T
‘3? - y| = "y(a) - ’Y(b)‘ = e
and thus the intrinsic distance is
2
dz,y) = b—a = % = 27|z —y|

as claimed.

(iii) Suppose 7 : [a,b] — H is the linear path from z to y and that x, = y,. Then we obviously have
¥,(s) = zy for all s € [a,b], and thus

_1 b, 1
day) < 607 = o [0 = ot -y,

since [ |7/|dt is the Euclidean length of 7. [ |

In the subsequent section we will make use of these (exact) formulas in order to deduce convenient estimates

for the distance d(z,y) between two arbitrary points.
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3.5.2 Properties of the Intrinsic Geometry

Lemma 3.5.4  For any two points x,y € H, let v : [a,b] — H be the geodesic curve such that v(a) = x

and v(b) =y. We set z4 := max{Zn,yn}, 2— = min{xn,yn} and z := maxyn(s).

1) Then we have the following estimate from above,

!l !
d(z,y) < min{Q\/xn + 2/yn + 2/ 7|2’ — '], 2 |\/1’n — ,/yn| + %}

1) The distance can be estimated from below as

d(z,y) > max{%7 2(Vz—/z0) }

Proof:

(i) By virtue of the triangle inequality we find

d(z,y) < d(z,(z',0)) + d((z',0)(v",0),) + d((¥',0),y) = 2v@n + 27|z’ —¥'| + 24/Yn ,

where we have used lemma [B5.3] (i) in the first and third summand and (ii) in the second one. For the

second estimate we use the triangle inequality once more to see
d(z,y) < d(z,(2',ya)) + d(y, (@",yn))  and  d(z,y) < d(z, (¥, 20)) + d(y, (', 20)) .

The estimate now follows from an application of lemma [3:5.3] (i) and (iii) to the corresponding terms.

1 ’
(ii) Obviously, 1, 2 |7/(s)] > —2L_ “and thus
s';p(wn(S)E

d(w,y) = ly(y) = / I/ (5)| () ds > =3 / o (s)]ds > 12 \;;".
—_————

Euclidean length of ~

Now let 7, the part of v that joins « to the point that realizes the maximal 7,-value z. Since the respective

linear paths from x and y to (z’, 2) and (y', z) describe geodesic curves it follows directly that
d(w,y) = to(7) = by(y:) = max{d(a,(',2)), d(y, (v',2) |
=2 max{\/z— V Tn,y \/__ \/yn} = 2(\/__ \/Z—)7
where the second line is a consequence of lemma 53] (i). [ ]

Using the second estimate from below we can show that the intrinsic distance from some given point © € H

to the level set {z € H | z, = ¢} is realized by the vertically projected point (2, ¢c).

Corollary 3.5.5  Let « be an arbitrary point in H and T, := {z € H | zn = ¢} for some constant ¢ > 0.

Then we have
inf d(z,y) = 2 |w/mn — \/E‘ ,
yele

and the infimum is attained at y* = (z',c) € ..
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Proof: For a fixed point 2 € H we set y* = (2, ¢). It suffices to consider the case x, # ¢, as otherwise

there is nothing to prove. Clearly, y* € T'. and we have
d(@,T.) < d@,y") = 2|van — V| ()

by lemma B53] (i).

For the other direction, let z(z,y) = z, z— and z4 as in proposition B:5.4l From part (ii) we know that

dw,y) > 2 (Vele,y) - vE)

holds for all y € H. Now we claim that z = z(x, %), where § is a point on the level set T'. that realizes
the distance to z. As a direct consequence we get that d(z,y) > 2(1/7; — 1/Z,) which implies

d(z,Te) = d(z,§) > 2|vE. — V7.

This, combined with (), yields the desired identity and, as d(z,y*) = Q‘W/In — \/E‘, the infimum is in fact

attained at y*.

In order to prove the claim, we employ inequality (@) to see that z(x,7) < z4, for if not this would mean
d(z,3) > d(z,y"). However, this contradicts the assumption that § minimizes the distance to z. On the
other hand, z(z,9) > z+ because the geodesic joins = to §. This gives the claim and the corollary follows.
|

We now obtain an equivalent function that combines all the estimates from lemma [B54] into a single
expression. We set
|z — yl
I I 1
Tn2 +yYn? + | —yl2

p(x,y) =

for all z,y € H, and by convention p(x,y) = 0 if x = y € OH. Obviously, p is positive definite and
symmetric. Also take note of the fact that the boundary dH is nothing but the level set I'y.

Proposition 3.5.6 There exists a constant cq > 1 such that

¢ d(z,y) < pla,y) < d(z,y)

for all x,y € H. We say p and d are equivalent and write p ~ d.

Remarks 3.5.7

1) Proposition [75.8 implies that p(z,z) < cq (p(x,y) + p(y7z)), and hence p satisfies a “cq-relaxed

triangle inequality”. Such functions are referred to as quasimetrics.

2) An immediate consequence of the above proposition is that the two expressions d and p induce the
same topology on H. This implies, in particular, that for every point * € H each intrinsic ball
By, (z;d) contains a ball By, (x; p) for some r2 > 0 and vice versa. To see this, we define r2 := c;'r1

and then apply proposition [3.5.4 to discover that for y € Br,(z;p) we have
d(z,y) < cap(z,y) < carz = 71.

This implies By, (xz;d) D By, (z;p). Conversely, set r1 :=rz to find By, (z;p) D By (z;d).

3) The expression
|z — yl
(2 +y2 +lz —yl?)

Fla,y) = Vaye T

Bl
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defines another equivalent quasimetric. More precisely, we can show that

plz,y) < plz,y) < 3p(x,y)  forallz,y€H,

and, by transitivity, we also have p ~ d.

Proof (of proposition B.5.86): Let \/z > /Tn + \/Un + v/|z — y|. Then it follows

BS54
o) < V= € VE -V - Vim £ 2(VE-vE) 2 dy).

Otherwise we may estimate

< d=y),

_ | BB
p(z,y) < lm—zyl

which proves the right hand side inequality.

Now suppose \/Tr, + 1/Un > /|2 — y|. By lemma B54] (i), we then get

2" — /| |z —y|
dlz,y) < ——— + 2[\V/on — VUn| < —————— + 2|VZn — V/Un
= W R |
! !

2(VZn + \/yn)
In case of \/Tr + \/yn < \/|T — y| we obtain

B2l Tz —
d(z,y) < 2(\/xn + Vyn + 7r|x—y|) < 6|z —y|l = 6% < 12p(z,y),

which proves the first inequality with ¢4 = 12 and therefore completes the proof. |

Lemma 3.5.8 If a continuous function ¥ : H — R is in C*(H), then U is Lipschitz continuous on H

if and only if there exists a positive constant cr such that z,, ‘V \II(I)|2 <ci? forallxz € H.

1
Proof: Suppose the indicated condition z.? ‘V\I/(x)‘ < &g, holds for any € H and some ¢1, > 0. Further
let v : [a,b] — H be the geodesic between the two points = and y which is parameterized by arc length,
i.e. we may assume that b = a + d(z,y) and v, |7/ |> = 1 (see remark B5.2)). By the fundamental theorem

of calculus we then get

0(x) — U(y)| = [¥(v(a) — ()] = | / VU (y(s)) -+ (s) ds|

(supvn% |V \Il(v)l) (Sup%?% Iv'l) (b—a)

< evd(z,y).

IN

N

This means that W is éz-Lipschitz on H, and since both the metric d(-,y) and ¥ are continuous on H, it

is possible to extend U to a function that satisfies the Lipschitz property on all of H .

Conversely, let ¥ be Lipschitz continuous on H. Then there exists a constant & > 0 such that
1
|U(z) = V(y)| < érd(z,y) < éLcavne,?|z—yl VzyeH,

where the second inequality follows from proposition B.5.61 Now we use the prerequisite that ¥ is differ-
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entiable on its domain H, and therefore we have

Van [VU(z)| < éreavn for a.e.x € H,
and hence the claim follows with ¢y, = max{cr,¢r ca/n }. [ ]
In the following example we construct a Lipschitz function that has bounded second derivatives.

Example 3.5.9 Let y € H be some fized point and ¢ > 0 a constant. Then we define

B() = f(plery) = — L2
(2 +5(2,9)?)

=

with p as in remark[3.5.7 (3). Note that f € C°°(R) is Lipschitz continuous. A calculation then gives that

w [V @) = (3() 2 V) S 2 Ve By
2 2
<. 1 - |z —yl (Iz—yIJrzn)é
(22 +y2 +1z—yl?)? (22 +y2+ |z —yl?)?
< 1+ Z"|Z_y|4+zn3|z_y|2 <

5
(2n + 12 = yl)
such that, with ¥(z) :=cre \T/(z) for some positive constant ci, and € > 0 sufficiently small,

2
SCL-

Zn ‘Vz \I/(z)‘2

Since W is obviously continuously differentiable, we thus get from lemma [35.8 that ¥ is Lipschitz

continuous on H with Lipschitz constant cr,.

The Laplacian is given by A, ¥(z) = f (P(z,v)) ‘Vz f)(z,y)|2 + f(p(z,y)) Az p(z,y). Similarly as for the

gradient, we compute

F'EE)| S ()™ ad ARGy S ey

Furthermore, we observe

_20(zy) o (_Pzy) N2 50z 2v/2 (2, y)
S i) (1- (F525)) = roew) < 2222,

Collecting all these results we obtain z, |A.V(z)| = cL e zn |AZ\T/(Z)| <crc(c+ ‘ﬁlvl(z))il <ecr.

Now if we set ¢ := p(z,y) > 0 for some x # y € H we notice that 2V (z) = p(x,y) which is by remark
[3-57 (3) equivalent to d(x,y). Using an approzimation argument we can also achieve that ¥ is bounded
on H.

In later considerations, the following class of functions will play a role, and specifically that it contains a

nontrivial function ¥ will be of importance.

Definition 3.5.10 We say ¥ : (H,d) — R is in the class of two times differentiable Lipschitz functions
Lip2(H) if it is bounded and satisfies the conditions

\/E‘V\I/(x)‘ < cL and xn|A\Il(1’)| < er

for all x € H and some constant cr, > 0.
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Through lemma [3.5.8] we know that the first condition ensures that ¥ is cr-Lipschitz continuous.

Let us recall the definitions of the intrinsic ball of radius R > 0 centered at « € H,
Br(z) = Br(z;d) = {y€ H |d(z,y) < R}.

By Bg*(x) we denote the Euclidean ball (intersected with H), i.e. Bg“(z) = {y € H | |z —y| < R}.

Some useful properties of such balls are expressed in the next lemma.

Lemma 3.5.11 Let R > 0. Then the following inclusions hold for all x € H:

Bc;2R(R+\/ﬁ)(I) C BR(JI) C BQR(R%—QM) (l‘)

As a consequence we obtain
|Br(z)|, ~ R" (R+ &) ™. (3.5.4)

Proof: We need to prove two parts, the inclusions and (3.5.4).

Part 1: Let y € Br(z). If yn > x,, we have

B536) 2

R > d(y,z) > d((z',yn),x) Vin —\VZn),

which is equivalent to \/yn < /Zn + %. For 0 < y, < x, this estimate is quite obvious. Using this and
the standard inequality 2ab < a? + b? yields

ly —z| < d(y,x)(\/y_n—kx/ﬂ—k |y—1’|) < R(§ +2\/ﬂ) + %(RQ—F ‘y—x‘),

from which follows the assertion, namely |y — x| < 2R(R —+ 2\/mn).
For the first inclusion let |y — z| < ¢ R(R + \/zx). Since p is monotone in |z — y| we get

1 R(R—i—«/xn) R(R—&—w/mn)
d(y,z) < cq ,x) < ¢ =
(y,z) ply;x) < ¢ e R < =V

This concludes the first part of the proof.

Part 2: TFirst we consider the case that the radius R is small compared to z,. To be more precise, we
assume that 6R < /T, such that Bgr(z) C Bg“mn (z) by virtue of part 1. But this in turn implies that
Yn ~ Tn whenever y € Bgr(z). Moreover, again by the inclusions taken from the first part of the lemma,
we know that |Bgr(z)| ~ R"(R+ \/Z,)". Hence

|BR(x)|a = / yn' dy ~ x.7 |Br(z)| ~ R" (R—l—\/xn)m—zg7
Br(z)
since also \/Tn ~ R +/Tn.
If C(z) C H denotes the cube of side length 2r > 0 centered at x € H, then the u,-volume is given by

(zn +7)7" (+)

e Ty 4T o 2,,, n—1
|Co()], = (2r) 1/0 Y dyn = (01—1
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if ,, < r, and otherwise by

@], = @) [ Tt = O () (). )

n—r

Now suppose /Tn < 6R. Then Br(z) C Cssgr2(z) and we can apply @) with r = (6R)? > z.,,
2n—2 20+2 n n+2o0
|Br(z)|, < |Csemz(z)], S R (R+ Vam) < R"(R+ V) .

The last estimate follows from R ~ R ++/ZTn.

The other direction can be derived in a similar manner. Here we distinguish between the situation /z, <
R, say \/Tn < eR where € := (/ncys) !, and eR < /T, < 6R. In the first case we apply formula () once
more, this time with r := e?R? > x,, to get

[Ba(a)|, > [Car@)|, 2 B (R+vVE) " 2 B (R+ vam) "™

It remains to study the case in which 0 < eR < /x,, < 6R. If we set r := E%/an, then 0 < % Tn <1< Tp
and Br(z) contains Cy(z). All this combined with R ~ /T, ~ R +./Zn, allows us to infer that

|Br()], & % (VaaR)" " ((@n +7)7" = (@0 = 1))
> 7(2524):1 (VanR)"™! ((1 + %)a“ - (1- %)UH) 7t

> c¢(n,o) 'Rz, " ~ R" (R+ \/xn)n-‘-zg .
Altogether, this proves ([35.4]) and hence the lemma. [ |

For Br(zx) given, let
OBr(z) = {ye H | d(z,y) = R}

denote the corresponding sphere. If the intrinsic ball intersects with the boundary of H, then Br(z) N OH
consists only of the two points on OH that have the largest distance between them. This is important to
note because otherwise dist(0Bxr(z),0Br(z)) = 0 as long as 2,/Z, < AR. However, we want this distance
to be positive for any scaling factor A # 1.

Corollary 3.5.12 The measure o is doubling with respect to the intrinsic metric d if and only if o > —1.
In particular, for any scaling factor A > 0 and for every point x € H there exists a constant cn,s > 0 such
that

A |Br(z)| if A€ (0,1)

‘BAR(:I:)‘U S Cn,o
A2 | Br(z)| . if A>1

provided we have o > — 3 .
Proof: Using B54), with 0 > — % and A > 1, yields

|Bar(z)|, S A" R™ (R+ &) ™7 < A |Br(a)|

o

which corresponds to the doubling condition. The estimate for A € (0, 1) is similar.
In case of 0 < —1 the volume of a ball containing 0 is infinite from which the necessity of ¢ > —1 becomes

clear. [ |

Remark that the case —1 < 0 < — % only occurs if n = 1 and —0 € (%, 1). Then, in case of A > 1, an

upper bound is given by co A ‘Ba(m)‘o. Otherwise we have |BAR(I)‘U < g A2FD ‘Ba(m)‘o. The only
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n

relevant case, however, is when o > — 3

‘We combine the previous two results into another handy estimate.

Lemma 3.5.13 Letoc> -1, R>0andz,y € H. Ifo > — 3, then

|Br(x)],

d((l’, y) ) 2n+420
‘BR(ZJ)L, '

< ¢(n,o0) (1 + —R

Consequently, we get

ree < o (1 952)"

Proof: Using the triangle inequality shows that Br(2) C Brta(a,y)(¥), and consequently we have

d , 2n+20
1Br(@)|, < |Baraen®)], < (1+ L2 o)

by corollary B.5.121 For the second inequality we choose o = 0 and apply the first one to get

2 2
R+va ~ R |Be(@)]” 5 (1+ @) R [Bry)|™ ~ (1+ @) (R+ Vo)
where we also make use of formula ([35.4)). [ ]

Up to this point we only deal with the geometry of the elliptic problem leaving aside the time component.

In order to incorporate the time we observe that the principal symbol for the parabolic equation is
. 2414

Following [30] we extend d to a metric on R x H. The newly obtained metric is canonically attached to
the differential operator 0y + Lo.

Definition 3.5.14 Let (t,z), (s,y) € Rx H and A be a set in R x H. Then the intrinsic distance between
(t,z) and (s,y) is given by

dP((t,x), (5,9)) = V|t —s| +d(z,y)*.

We denote by |Al, the measure of A with respect to the measure L X pio, i.e. |Aly = [, 2,7 dxdt.

Lemma 3.5.15  Let Qr(t,x) := Ir(t) x Br(x), where we use the notation Ir(t) = (t — R* t]. Then we

have

‘QR(L@)‘U ~ R (R+\/E)n+2f’_

Proof: This follows immediately from lemma 35111 [ |

Remark 3.5.16  Accordingly, the metric measure spaces (H,d, j1o) and (]R x H,d® £ x ug) are spaces
of homogeneous type if and only if o > —1. If it is clear from the context, we will drop the L in the notation

of the “time-space measure” and simply write iy .

In this general setting, one may ask which weight functions are in the Muckenhoupt class Ap(uo), see

definition [ATT1
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Lemma 3.5.17 Let 1 < p < o0 and 0 > —1. Then z,, 7 € Ap(us) if and only if s € R satisfies
-l1<s<ploc+1) -1

Proof:

s—o

“=2 If 2,577 € Ap(po), then z, 7' € A_»_(po) by lemma [AT4l But then lemma [A13] implies that
72

s—o

Ty =z, 7L dL"

zy Cdp, = x,;dL" as well as Tn
satisfy the doubling condition which is by corollary equivalent to —1 < s < p(c +1) — 1.
“<”  Conversely, let —1 < s < p(c+1) — 1. Then us and g s—o are doubling and
p—1

_ Bl _s-0
B _s=co p—1 |B|s | o—>=7 p—1 s —o\p-1

x, " dpes [][ T P dua] = [ —_— } < ¢(n,s) c(ma - ) c(n,o)?

]{3 B |Blo |Blo p—1

for all d-balls B by 35.4). We set [w]a, = c(n, s) c(n,o0 — ;’T‘;)%l ¢(n,0)? < oo and the claim follows.
|

3.5.3 The Brachistochrone Problem

The brachistochrone problem may be considered as the starting point of the theory of the calculus of
variations. In June 1696 Johann Bernoulli (1667-1748) addressed an open challenge to “the most brilliant

mathematicians in the world” in Acta Eruditorum with the following problem:

Given two points A and B situated at different distances from the horizontal and not in the
same vertical line, determine the curved path of most rapid descent of a particle sliding from

A to B exclusively under the influence of gravity.

This problem in fact traces back to a similar problem formulated by Galileo Galilei (1564-1642) in 1638,
even though he did not solve it explicitly.

As seemingly no one was able to solve the problem within the period agreed, it was Gottfried Wilhelm
Leibniz (1646-1716) who persuaded Johann Bernoulli to allow more time for solutions to be handed in than
the originally intended six months. Leibniz also suggested to call the problem tachistoptotam, derived from
the Greek words tachistos (swiftest) and piptein (to fall). Bernoulli, however, decided to name it brachis-
tochrone which originates from brachistos (the shortest) and chronos (time). After the expiration of the
second deadline, five mathematicians were able to produce a solution to the problem, Newton (1642-1727),
Leibniz, de 'Héspital (1661-1704) and Jacob Bernoulli (1654-1705), and Johann Bernoulli. According to
legend, Newton solved the problem within one evening: On 29 January 1697 he came home from work at
4pm and found a letter containing the problem that Bernoulli had sent to him directly. At 4am, only twelve
hours later, he communicated his solution anonymously to the Royal Society. But as Bernoulli examined
the work he could easily spot its author and coined the phrase “ex ungue leonem”, to recognize “the lion

by his claw”.

By this time the personal relations between the great mathematical minds of these days were often damaged
by publicly fought disputes, mainly about priority in the discovery of scientific results. Particularly fierce
was the rivalry in the Bernoulli family; their controversy over the brachistochrone was just another episode
in what has been later called a “bitter feud”. Reportedly, one of Johann Bernoulli’s main motivations to

pose the problem was to prove his superiority over elder brother Jacob.
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Eventually, four solutions (all but de I’'Hospital’s) were published in the May 1697 edition of Acta Erudi-

torum, but Johann could not refrain from highlighting his version when summarizing the results:

“I have with one blow solved two fundamental problems, one optical and the other mechanical

and have accomplished more than I have asked of others [...]”

This refers to the fact that Fermat’s least time principle and the brachistochrone problem basically describe
the same phenomena. It should not go unmentioned that all solutions reached the same result: There is just
one upside down cycloid that passes through A and B and does not have maximum points. In parametric

form, this is written
z(s) = xo + c(s—sins) and y(s) = c(coss—1)

for some constant c¢. These equations of a cycloid are generated by a fixed point on the circle line which
rolls on the underside of the z-axis. There is only one inverted cycloid through the points A and B deter-
mined by a suitable choice of z¢ and ¢. All the proofs, however, were based on geometrical arguments. It
was not until a couple of years later when Leonhard Euler (1707-1783), supported by the ideas of Joseph
Louis Lagrange (1736-1813), developed a very strong instrument to solve a rather general class of problems
including a variety of geodesic issues. In his opus he introduced the famous Euler-Lagrange differential

equation. This marks the real birth of the calculus of variations as we know it today.

Indeed, such a brachistochrone curve (inverted cycloid) is closely related to the geometry that we have
introduced in the preceding pages. Daskalopoulos and Hamilton |17] studied the degenerate parabolic
equation

Oru — y (OFu+ Oyu) + (0 +1)0yu = f

with ¢ > —1 on the half space H C R%. Given a point A = (z,y) € H, diffusion is governed by the
Riemannian metric

galv,w) = @ v-w

for v,w € TAH. As above, this leads to an ODE which can be solved explicitly for the geodesics.

Proposition 3.5.18 (Daskalopoulos and Hamilton, ’98)

The cycloid curve
z(s)\  [s—sins
ys))  \1—coss

describes a geodesic that is parametrized by arc length s for the metric g. All the other geodesic curves are

obtained by translation x — xo + x and dilation x — cx, y +— cy, or are vertical line segments.

3.5.4 Notes

Distance functions that are derived from a partial differential operator’s coefficients turned out to be a
powerful tool for proving local results for solutions of the corresponding equation. Given an operator of

order m, say

L = Z aq(x) Oy ,

la|<m
we replace 0, by & (formally this is done by a Fourier transform) to convert the PDE into a polynomial
of the same degree, with the top degree being a homogeneous polynomial that is most significant for its

classification. More precisely, we obtain a m-homogeneous map

T*M 3 (2,8) = p(z,€) i= Y aa(2)¢” € R,

la|=m
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where we interpret (z,£) as variables in the cotangent bundle, i.e. z € M is any local coordinate chart,
then £ is the linear coordinate in each tangent space T, M, and the principal symbol is an invariantly
defined function on T*M. If we further impose the usual ellipticity condition on the coefficients aq(z),
that is p(x, &) # 0 for all £ € R™ \ {0}, then the principle symbol is invertible which in turn gives rise to a
positive definite bilinear form on the tangent space. Once this is given, one can develop an entire intrinsic
geometry, as implemented in subsection [3.5.1] that is attached to the differential operator L in a natural

way.

This illustration shows that metric structures and elliptic equations are intimately related to one another.
A mutual relation between intrinsic distances and differential operators has been also found in the class of
subelliptic equations (for a definition see Hormander [43] or Egorov |26]): Any collection of vector fields
induces a linear partial differential operator and vice versa. Now think of Xi(z),..., Xm(x) as the vector
fields at x € M that are in some sense associated with a differential operator. They are said to satisfy
Hérmander’s condition if the vector fields, along with all their commutators (called distribution), span
T.M for every x € M. This means that the corresponding PDE is subelliptic. If the vector fields satisfy
Hoérmander’s condition for every x in the manifold M on which the operator is initially defined, then any

two points can be joined by a curve « for which

v (t) € span {Xl (v(@®)s-- o, Xom ('y(t))}

for any ¢. Such a curve on M is called admissible or horizontal. This generates a natural intrinsic metric,
termed Carnot—Carathéodory metric, given by d(z,y) = inf £(), where the infimum extends over all hor-
izontal curves v connecting x € M with y € M. There is a sequence of papers by different combinations
of the authors Fefferman, Phong and Sanchez-Célle [29, (71, 130] who obtained pointwise estimates for the
Green function in terms of the intrinsic geometry that arises from its associated differential operator. Let

us also mention the work by Nagel, Stein and Wainger [66] for further results in that direction.

Rather than merely from a differential equations point of view, we find strong connections to the much more
general framework of sub-Riemannian manifolds: By a sub-Riemannian manifold we mean a Riemannian
manifold together with a constraint that governs the admissible directions of movement, expressed by the
vector fields X; : M — TM (i = 1,...,m), such that the image of x, denoted by X;(z), lies in T, M.
Hoérmander’s condition then implies that the distance that is generated by these vector fields is finite. For

an introduction to sub-Riemannian geometry see |58].



Chapter 4

The Linear Equation

Considering the equation d;u + Lou = f one can in general not expect to have classical solutions. Indeed,
not even the solution concept of a distributional or weak solution that we have introduced in section [3.4]
satisfies our requirements. However, we take the integral representation ([B.42) as a starting point (or
motivation) and search for admissible extensions to relatively open subsets of H. We will call a solution
to be legitimate if it retains a certain behavior towards the boundary in the sense that it admits values
at {x, = 0}. For this it is important to choose the test function space properly. More precisely, a test
function is sometimes supposed to cut off at initial time depending on whether we consider the initial value
problem or not.

Before giving the definition of an energy solution it has to be said that, under the assumption in place
u € Li,,(I x H), one can not get the subsequent methods and techniques to work. Indeed, the following
solution concept asks for minimum requirements which are needed to set up a rigorous and complete energy

theory.

Definition 4.0.1 (energy solution) Let I = (t1,t2) C R be open, Q C H relatively open and k € No.

1) Suppose f € Llloc([; LQ(Q,/Jl)). We call uw an energy solution to Owu + Lxu = f on I X Q, or
a Li-solution to f on I x Q, if and only if u € LLQOC(I; LZ(Q,Uk+1)), Vu € LQ(I; LZ(Q,Uk+1)),
Diu € L*(I; L*(, puny3)) and

—/uatsodufm + /AUASOdeJrS + 4/Vlu'vl€0dﬂk+1 = /fsodufm
IXQ X

IxQ IxQ

for all p € C°(I x Q).

i) Let t1 > —00, f € Lio.([t1,2); L*(Q, 1)) and g € L*(Q, pks1). We call u an energy solution to
Owu+ Liu = f on [t1,t2) X Q with initial value u(t1) = g, if u € Li,.([t1,t2); L* (€ prs1)), Vu and
D2u satisfy the assumptions of (i), and the identity

—/uatsoduk+1 +/AuA<pduk+3 + 4/V'U~V's0duk+1 :/ fedpria +/gw(t1)duk+1
X Q2

IxQ IxQ I IxXQ2 Q

holds for all ¢ € Cf"([tl,tg) X Q)

If u is a Lo-solution to f = 0 on I x Q, then for any £; € I, u can be regarded as initial value solution on
[f1,2) x Q subject to the initial condition u(f;) = g. Conversely, any solution in the sense of definition
E0T (ii) gives rise to a solution in the sense of definition FEO] (i) on (f1,t2) x Q for any t1 < £1 < ta.

This implies that any statement obtained for a solution of either the initial value problem or the general

95
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problem can thus be applied to a solution on [t1,t2) x Q.

It is clear from the definition of CZ° (see section[Z2]) that in (i) the test functions in question vanish towards
the endpoints of I, while in (ii) they allow values at initial time ¢;. On the other hand, the test functions
vanish towards the boundary of 2 unless it coincides with H. For now, however, we only consider the
case Q= H.

As a first observation, we state the following result.

Lemma 4.0.2  Ifu is an energy solution to Oyu + Lyu = f on I x H, then Vu(t) € L*(H, pxy2) for

almost every t € I.

Proof: The regularity gain is a simple consequence of the weighted interpolation inequality 2283l It
implies
2
IVull L2y S Nullz2 oy + 122 ull2 uyys) »

and the assertion follows. [ |

4.1 Existence and Uniqueness of Energy Solutions

We start our analysis by considering the case k = 0 only, but we remark that all the arguments can be

applied to the general operator Ly, k > 1.

Proposition 4.1.1 (existence) Let I and f be as in definition [J-0.4} Then for any time t1 € I and
g € L?(H, 1) there exists an energy solution to dyu+ Lou = f on [t1,t2) X H with initial value u(f) = g.

Proof: We prove existence of an energy solution by a method called Galerkin approximation. For this
we propose to construct solutions of certain projections of the original problem onto problems in finite
dimensional spaces which approximate the initial value problems. Then we pass to the limit and show that

this limit is a solution to the original problem.

Step 1: Let {vi}ieN be a Schauder basis of the Hilbert space X := W2‘2(,u1, w1, p3) C L? (p1). Here we

can choose the basis in such a way that it is orthonormal in L?(u1). We set

Am = ((vl |vj)L2(u1))i j=1 = (ai'j)zljzl ’
Cm 2= ((Avi | AUj)L2(u3))i =1 = (Ci’j)?,?:l

and fi(t) := ((f(t) | Ui)L2(M1))i:1 for any m € N.

By lemma [ZZ2] we know that the matrix A,, is invertible. Consequently, A, Bm, A, Cr and A, fon ()
exist and all entries are in L},.(I). According to standard existence theory for ordinary differen-
tial equations, then for any #1 € I and §m = (gk,...,9m) € R™ there exists a unique solution

Ay = (dL,, ..., d%) € WEX(I) = AC1,c(I) such that

loc
O (t) + A Condm(t) + 4 A By don(t) = A fn(t)  ae. in I

subject to dom (t1) = Gm. But this is equivalent to saying that d%,(t) satisfies the equation

m

Z(am Dl () + 9 (1) + 4b dgn(t)) = (FO) [ v) 2y, (=1..im)

Jj=1
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for almost every ¢t € I with din(fl) = g¢,. We thus have proved that for each integer m = 1,2,... there

exists a unique function u,, € W5} (I; X) of the form

um(t) = ; dy (1) v such that tli>nt_11 Um () =: um (t1) = ; Gon Vi - (4.1.1)
Moreover, for i = 1,...,m we find
(8tum(t)|vi)L2(m) + (Aum(t)|Avi)L2(M3) +4(V'um (t)‘V'vi)Lz(m) = (f(t)|vi)L2(m) (*)

holds for almost every ¢t € I. This means um(t) satisfies the projection of the initial value problem onto

the finite dimensional subspace spanned by {v;}i~;.

Step 2: We intend to send m to infinity and to prove that a subsequence of our solution u,, of the

approximate equation converges to an energy solution. But first we shall need some preliminary estimates.

We multiply equation @) by di,(t) and then sum over i to get
1 ’
= 3t/ U (8)? dpn + / (Aum(t))zdug + 4/ |v um(t)|2du1 = / F (@) um(t) dua
2 H H H H

for almost every ¢t € I. Integrating this equality over (f1,£2) C I and using the fundamental theorem of

calculus gives

1 - to to
g @)y + [ 180 Ol gy bt + 4 [ 19 0 (0o,
1 1
7 1 -
=[O0 10 0) 1+ @
1

By Holder’s inequality we readily check

t2 o
[0 100 gy @ <[ 1O 2000 T Ol
t1 ty
1
AR 2y + 5 590 um (@12 )
te(ty,t2)

IN

Taking the supremum over 2 € J with J := (f1,t2) yields

sup [t (][22 0y + / IV o (8) 2 .+ / At (8) 2
J J

tedJ

N HJ ||2L L=(p || L(g )||2L 13 <— HJ ||2L L=(p HQHQL I
~ 1(15 2( 1)) u 1 2( 1) 1(15 2( 1)) 2( 1) °

For the last inequality we set g, := (g Vi)12(y,) Such that

m

. linmi)
ot a2y = 1D (0 126) o illizy < Nollzun -

=1

This estimate gives a uniform upper bound independent of m.

Step 3: Now we are ready to pass to the limit. According to the estimate ([@I.2), we see that the sequence
{tm }men is bounded in L (J; L2(u1)), {V'Um }men is bounded in L? (J; L2(H, ,ul)), and {Aum }men is
bounded in L? (J; L? (H, ug)). Consequently, we can find a subsequence {um, }ien of {#m }men, such that
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for I — oo we have
Um, = u € L®(J; L% (1))

V'tum, = @ € L*(J;L*(H, 1)), (4.1.3)
Aum, = w € L*(J;L*(H, ps)) -

This means

[ @) 1€0) = [ (@O160) o, At ¥ L322 )
J J

[ (T @) 180) gyt [ @0 180) o, ¥ E L2220 )
and

[ @ 160) oy dt [ @00 160) 1yt ¥ € L5220 )

as | — oo. From this follows in fact that = V'u and w = Au. Now for some fixed N € N, we define

N

o(t) = Y d'(t)vi, (4.1.4)

=1

where d' € CSO([fhtz)) fori=1,...,N. Let m; > N. We multiply equation (&) by d‘(t), sum up over
i=1,...,N and integrate with respect to time ¢t € J to obtain

/, (Oetm, () | (1)) (., At + /J (Dum, (t) | Av(t)) 1o, dt + 4 /, (Vium, () | V(1)) 15, dt
= [UO100) 2,

Thanks to the Sobolev embedding 2.5.5] we know that C2° ([fl, ta2) X F) is dense in the space spanned by
functions of the form (£I14]), and hence the equality holds in particular for all such test functions (.

Next we apply an integration by parts to the first term to get

_/J(u"” ()| 8tg0(t))L2(m) dt + /J(Auml ()| A<p(t))L2(M3) dt + 4/J(vfuml (t) | V'w(t))Lz(m) dt
= [ 100 1yt + (@) ] 6E)) s,

We recall (£I1J) and the fact that {vi}ieN is an orthonormal basis in L?(u1) to deduce that

my

(Z(g | Ui)LQ(m)vi

i=1

o))

L2(py) - (g | SO(tl))LQ(Hl) (for L= OO)

Now we employ the weak convergence ([{I3)), with test functions d:p, V' and Ay, to discover that

- /J (u®) | Bup (1)) 1oy, dt + /J (Bu(t) | Ap(1)) a0, dt + 4 /J (Tult) | V'p(0) .
= [UO160) 2@+ (01 60) 2,

as | — oo. Altogether, given #; € I and g € L?(u1), this construction gives us an energy solution
we L™ (J; L (1)) € L?(J; L*(p1)) to dru+ Lou = f on J x H subject to u(t1) = g. [ ]

Remark 4.1.2  In view of {{-1.1]), we find that the spatial part of the approzimate solution is in the Hilbert
space W2‘2(,u17u1,,u3), and so the same is true for the solution obtained by the Galerkin approrimation.

This shows that a Galerkin solution is also an energy solution, but with the additional feature that u €
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Le°L? (11). Now one may ask the question whether the assumptions on u in definition[].0.1] are the weakest
possible. The answer is yes and no at the same time. On the one hand, demanding that V'u € L* (p1)
and Au € LQ(M:),) is enough to make sense of the expressions contained in the definition of an energy
solution, and a Galerkin solution would still be an energy solution in the sense of the definition. On the
other hand, all the following statements would be of no significance for energy solutions, but rather for
Galerkin solutions exclusively. Indeed, this is why we need to place additional conditions upon u in our
present definition of solution. Later we will see that under these regularity assumptions the solution turns

out to be even more regular.

Before we move on to the next results, we need to make some preparations. Let I = (¢1,t2) C R be any

interval. For € > 0 small enough, we consider the intervals
I := (t1,t2 — ) and I_.:=(t1 +¢,t2)
with the usual conventions if ¢; = —oco or t2 = co. Moreover, for u € L},.(I) we refer to

—1 t+e .

€ u(r)dr iftel.
us(t) := t ™)

0 ift € I\I. .

as the regularization of v in time, since u. is differentiable on I. and u. € Li,,(I). Consequently, ue(t) —

u(t) as e = 0 pointwise in I.. Appealing to Fubini’s theorem we get

/Ius(t)ga(t) dt = el/lem_s/tmu(f) dr (1) di = 5*1/1_ u(r) /Tiggo(t) dt dr

=: /U(T) p—e(T)dT
I
for all ¢ € C(I) with spty C I. N I_.. Imposing the requirement that d,u € Li,.(I) we define the
temporal difference quotient by D°u := (Qyu)e = Oi(ue) € Liy.(I) and, likewise, D™ u := 9;(u—.). For

this an integration by parts is available, given by

/Deu(t) p(t)dt = —/u(t) D™ p(t)dt

I I

for all ¢ € C2°(I) with spto C I. N 1_..

Note also that if  is as in definition @01} then we have u. € C(Ic;L*(u1)), V'ue € C(I-; L% (1)) and
Auc € C(Ic5L%(p3)), as well as yue € Li,. (I3 L*(11))-

Remark 4.1.3 Since C°(H) is densely contained in W22 (H, p1, p1, u3) it suffices to consider test
functions ¢ € L? (I; L? (H,m)) that have a compact time support in I and [t1,t2), respectively, with ad-
ditionally dyp € L? (I;LQ(m)), Vo € L? (I LZ(H,m)) and DZp € L? (I;LQ(H, p3)). Then the space of
test functions is a dense subspace of such a class of functions. Alongside this, we see that a solution itself

almost qualifies as a test function.

Proposition 4.1.4  Suppose t1 is finite, I = (t1,t2) C R is some open interval and f € L* (I; L?(H, Ml))-
i) If u is a Lo-solution on I x H to f, then u € C([t1,ta]; L*(H, 1)) for all t1 € I.

ii) If u is an energy solution on [t1,t2) x H to f with initial value g € L*(H, 1), then we have u €
C(I; L*(H, 1)) with u(t1) = g.

Proof: Formally, we use ¢ = xru as a test function. To make this rigorous, we replace u by u. in both
the equation and the test function, and approximate x; by an appropriate cut-off function, and let then
e —0.



60 CHAPTER 4. THE LINEAR EQUATION

(i) We define the approximate characteristic function for t; < th<t1 480 <ty <ta+68 <t by

0 if t1<t<t
=0 if f<t<t+d
xs(t) = xR (1) =11 it F1 480 <t <t
Bt il if b <t<i+d
0 if o401 <t<ts.
Now for sufficiently small € > 0 we have sptxs C [f1,f2 + d1] C I. N I_. and thus ¢ := (Xsuc)—c is an

admissible test function (see remark I I3). In particular, dyu. = D°u € L7, (I; L* (u1)).

Plugging the test function into the equation yields

/z(f(t) | <p(t))L2(m) dt — /I/HAu(t) Ap(t)dus dt — 4/I/HV'u(t) -V'o(t) dus dt

= /Ixa(t)((fs(t) | 0s(8)) 2y = 1A 20y — 41V we(B) 22y )

(€29 /X(;(t) () 1) 12y = 1DUO 2y~ AT 0D 2y )l = /Xﬁ(t)"(t) it

I I

and the limit € — 0 poses no difficulty. Moreover, we readily compute

—/I/Hu(t) Orp(t) dp dt

_%/I/Hxé(t)at(uf(t)) dps dt — /I/Hatx(;(t)uf(t)du1 dt

1
- —5/8tx<s(t) llue (8172 dt
I

1 ~ 2 1 ~ 2
= 5 (le@iaw), 5 (lue@Za0), -

Now we replace o € J := (f1,t2) by t, send then € — 0 and rearrange the terms to get

Qmmﬁ%mhl:2/H%mvmva+0wmm;WQ

th )

with ys = Xf;;:gl. An identity of this kind is called regularized energy equation. From this we get directly
that ¢ — (||u(t)||i2(#1))61 is a sequence in C(J). Furthermore, for any 1,87 > 0 we find

2 sup

ty,t Lt
sup | [ (X, (1) = X0y (7)) () e

t+max{d71,61}
QSup/ ‘n(7)|d7' — 0,
ted Jt

su u(t)||7 )—(ut2 )
sup | (1)), — (IO,

A

as max{d1,61} — 0. We also used that n € L'(I) and xs is bounded from above by 1. But this implies
that (Hu(t)HiZ(m))al is in fact a Cauchy sequence in C'(J) and thus converges uniformly to a continuous
limit.

From the fact that in every Lebesgue point we have (Hu(t)”iz(m))él — ||u(t)||2Lg(m) as 91 — 0 since
t— [, u(t,")* dps € L*(I), follows t — |Ju(t)||p2(,,) € C(I). At this point we turn back to the regularized
energy equation and take the supremum over all ¢ € J to discover that ¢ — [lu(t)||12(,,) is bounded and

therefore in Cy(J).

Now for ¢ € C°(H) we use ¢(t,x) := xs(t)P(x) as test function to discover in a similar manner as above

that ¢t — (u(t) | gé) L2y
But weak continuity and norm continuity in L2 (p1) imply continuity on J for any t; € I, and hence in

) € Cy(J). By density we thus get that ¢ + u(t) € L?(u1) is weakly continuous.
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particular on I\{t:} as stated.

(ii) Regarding definition EEOT] (ii) we need to adjust the test function in such a way as to enable it to

take a value at initial time ¢;. To this end we fix £ € I and define

1 if th<t<t,
Xis(t) =4 =41 if I<t<i+3,
0 if t4+0<t<ts.

for sufficiently small § > 0. Then ¢ = xz 5 ¢ with ¢ € C°(H) is an legitimate test function and we proceed

as above to get

(s | ) 12y = — / Xes(®) (Au() [ A8) o, + 4 (V) | V') 1o, ) de+
[ 6O FO19) 1y 8t + @19) 1

In view of part (i) we now let § — 0 to see that £ — [ (u(f) | ) C(I) for all g € C°(H). Indeed,

e L2y €
passing to the limit ¢ — ¢; gives

zlg?l(u(ﬂ D)oy = @18) 12, VeECTH).

This shows that, in contrast to part (i), weak continuity can be extended down to ¢1. Using once more the

uniformly boundedness of ||u(t)||;2(,,) on I yields strong continuity on all of I with u(t1) = g. [ |

A consequence of the continuity is that any solution u, regardless if an initial value is given or not, can be

evaluated at any time t € I.

Remark 4.1.5 (energy identity) The proof of proposition[{.1.7 (i) also reveals that the energy identity
1 2 ¢ 2 /2 ‘ 1 T2
S+ [ 180y + 41T 0y = [ (F10) g, A+ § Rl g

1 1
holds for any t >t € I_\{tl}. If u solves the initial value problem we even obtain
w2 —s—tAQ 4|V ul? dﬁ—tf ac+ S gI?
2 flu( )HL2(;1,1) ; I UHL2(M3) + 4| UHL2(M1) =, ( |U)L2(M) 2 ||9||L2(H1)
1 1

for any t > t1. In case of f = O these equalities have a simple implication: Then t = |lu(t)||L2(,,) is

monotonically decreasing.

Uniqueness is now an immediate consequence.

Corollary 4.1.6 (uniqueness) An energy solution of the initial value problem is unique.

Proof: Let u; and uz be two energy solutions with u1(¢1) = u2(t1) = g. Setting u := w1 — uz we find

that d:u + Lou = 0 on [t1,t2) X H in the energy sense with u(t1) = 0. But then by the previous remark
.15t follows that ||u(t)||L2(.,) < 0, and hence we have u = 0. [ ]

Corollary 4.1.7 Let I = (—o0,t2) and f be as in definition [{.01 Then there exists a uniquely

determined energy solution u with , lim |lu(t)||2(m, 4y = 0. Moreover, the energy identity holds for any
——00

t251€j.
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Proof: Let (ti)iEN C I be a monotonously decreasing sequence with lim t* = —oco. Then, according
71— — 00

to proposition BTl and BETA4 (i), there exist time-continuous energy solutions u; on [t*,t2) x H with
ul(tl) = 0. These can be continuously extended by 0 such that in fact u; € Cp (f; L? (Ml))- Now we observe
that for j > ¢ the function w;,; = u; — u; satisfies Orw;,; + Low;,; = X (¢4 ,t1) f on I and we know that

wi,;(t) =0 for t < t7. In this situation we can apply the energy identity to discover

.
sup 105 (1) 1210) < 2 / 1F O 12y dt

Now since f € L'(I;L*(p1)) there exists for any e > 0 an integer N = N(e, f) € No such that
f:jl If(OllL2(u,)dt < € for all j > i > N. Consequently, u; is a Cauchy sequence in I and hence the
limit lim w; = w exists. Moreover, u € Cp (I; L? (,ul)) satisfies Oyu + Lou = f on I X ‘H and

1—r 00

lmn () o2y = Jim u(t) = 0t 2y € Jim sup u(t) = ws(®)l 20, = 0.
as required. Uniqueness can then be derived as in corollary A.1.6] |

Remark 4.1.8 We have seen that in case t1 > —oo the energy solution is uniquely determined by f and
g. Moreover, if t1 = —oo there is exactly one function u which satisfies Oyu + Lou = f in the energy sense
and which tends to zero in L> (p1) as t - —oo. Henceforward, we will always mean this special solution
when we talk about an energy solution of the initial value problem on (—oo,t2) X H. To put it another way,
given an initial datum g there exists exactly one energy solution with u(t1) = g and, if t1 = —oo, we only

constider the case g = 0.

4.2 Energy Estimates

In this section we shall use similar regularization techniques as above to derive L2- estimates for derivatives
of an energy solution. Here it is often crucial to choose the right test function and, eventually, this also

justifies the minimal choice of requirements we have made in definition U1l

Proposition 4.2.1 (temporal energy estimates) Let I = (t1,t2) C R and f € L? (I L?(H, p1)).
If u satisfies the equation O; + Lou = f on I x H in the energy sense, then for any t1 € I we have
t |AU(E) | L2 (a1, gy + IV U 2205, y) € Co(J) with J := (1,t2) and

/Haﬁu(t)||i2(H,ul)dt < /Ilf(t)l\ia(H,m)dt + 1 AUE) T2 (11, gy + 4NV (@) T2 0, ) -
J J

Proof: We would like to use ¢ = xrO:u as a test function. But this ¢ does not exhibit the required
regularity of a test function, and therefore we approximate the temporal derivative by finite differences

Dfu or, equivalently, d:u.. Indeed, we have seen that d;u. = D u.

Let u be an energy solution, then u. satisfies the equality

_/I(us | 6t¢)L2(M)dﬁ +/I(Au5 | A@)LQ(%)dﬁ + 4/I(V/u5 | VIW)L2(M1)d£ = /I(fs | p)LQ(M)dﬁ,

for all test functions defined as in definition 011 (). An integration by parts applied to the first term
yields

[ 0196000 1ot = [ (D)1 6(0) 1,

I
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Here ¢ = x5 Du, with xs defined as above, is an admissible test function. Similar calculations as in the

proof of proposition 2171 (i) then lead to

/(Dfu(t) | o(8) 1o, dt = /ng(t) 1D u(t) 22 ., dt

I

and, by Holder’s inequality,

/(fs(t) | SO(t))ﬂ(m) dt = /ng(t) (fs(t) | Dsu(t))H(M) dt

I

1 1
< 5/I><a(t)||f(t)|\iz(m)dt + 5/1X5(t)||3tu(t)|\iz(m)dt.
Moreover, for t1 < t1 < t1 + 0o < ta < t2 + 81 < t2 with do, 81 > 0 sufficiently small, we get

1 52 1 52
[ (@et) | 30(0)) g = 5 (MA@ ), = 5 (A0,

and

4/I(V/u5(t) | V’w(t))LQ(M)dt =2 (||V’u5(t~2)||i2(#1))51 -2 (||V’u5(t~1)HQLz(M))50.

In these equalities we pass to the limit € — 0 to find

(I8u@)lE2), + 2 (19 uEE200)),

=2 [snde + (180 ), + 14 (V@)
I 0 0

for all t2 > t1 € I, where 1) := (f | 9u) 20, — H(?tuHZLQ(M). Moreover,

/, Xo () 10eu() 72y dt < / 1F Oyt + (lAuE) 2y ), + 4 (IV 0@ E2(,))
0

5o

Now for g, 61 — 0, we use the same arguments as in the proof of proposition [£14] (i) to verify continuity

and boundedness of ¢ — ||Awu(t)||12(,,) + [V'u(t)||£2(,,) o0 (f1,t2), and hence the energy estimate of the

present proposition.

Remark 4.2.2 If u is an energy solution of the parabolic problem, then proposition [{.2.1] enables us

to control one temporal derivative. Treating t as a parameter, it therefore suffices to consider the elliptic

equation Lou = f on H. We say u € W*2(H, u1, u1, p3) is a solution if it satisfies the identity
/ AuApdus + 4/ V'u-V'@dur = / fodu
H H H

for all ¢ € WQ’Q(HJ'LMMMM?’)'

Lemma 4.2.3  Suppose I = (t1,t2) CR and f € L* (I; L*(H, ,ul)). Let u satisfy Oyu+ Lou= f on I x H

in the energy sense. For t1 € I we define J := (t1,t2). Then

2 ~
IO oyt + [ IDEE 1y S ([ 17O z2001,00) )+ N -
J J J
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Proof: From the energy identity (see remark ELTH]) it follows

1
3 s ) o+ [ IV g0y it + [ 1800

teJ

< 2/J(f(t) [ 4l®) oy 2t + )2 -

Using Holder’s inequality as well as ab < 2a® + % we get

1
2/J(f(t) | U(t))Lz(m)dt < 4||fH2Ll(J;L2(u1)) + 7 Sup HU(t)HQL%M)
teJ

such that

sup [[u(®)22 ;) + / IV u(®) 22 d + / AU 2 gy S NI sz + Tu(E) 22y B
teJ

Let us apply integration by parts repeatedly, now to calculate

180l = 32 [ (020) (02,0) s
ij=1
= 30 [ (Ouieie ) (01,0 dis + 3(02:) (020 di

i,5=1

/ |Dz2<p‘2du3 + 3Z / (Oznz;©) (02;0) — (Ozy2,0) (On, ) dpuz
H = JH

2 2 2
1Dz 1|72y — 611V @llz2(uy) -

Note that due to the weight the possibly existing contributions of u at {x, = 0} vanish such that these
computations hold for all ¢ € C°(H) and hence, by density, as well for u € W2 (u1, 1, u3). Furthermore,

102, ullz2(uy S 1DFulZ2g) = I1AUlT2gu) + 61V ullZ2(u,) (4.2.1)
which follows from the Hardy-Sobolev inequality But now we have finally reached that
/JIIVU(t)IIQLz(M)dt + /JIIDfU(t)IIiz(W,)dt S I giz2uyy + 1u@)l122()
as required. ]

Proposition 4.2.4 (spatial energy estimates)  Suppose f € L*(H,p1) and u satisfies the equation
Lou = f on H in the sense of remark[{-.2.3. Then there exists a positive constant ¢ = c(n) such that

HDI2U||W2’2(H,M1,#37M5) < C”fHLQ(H,ul)'

Proof: Formally, one can prove the energy estimate by testing the elliptic equation with the function
Lou. A rigorous justification of this result requires a precise treatment of certain commutators.
We take a different approach, exploiting the fact that the fourth-order operator Lo can be factorized as
Lo = L L, where

Lu = —x;1V~(anVu) R

5Boundedness of the first term on the left hand side and proposition EI.4limply that v € C} in its corresponding
time interval.
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see (B41). We begin with the analysis of L and consider a weak form of the second order elliptic equation

Lu = —zpAu — 20, u = w
on H and perform a Fourier transformation in the tangential directions x1,...,zr,—1 to get the equation
2 . . 2 . N
Tn 0y, U + 202,0 — zn|€]"0 = —@.

Taking the Fourier variable ¢ € R*™! as a parameter and putting z = ||z, this becomes an ODE of the
form

Li = 20% + 20.04 — za = — €| '@,

with @ = 4(£, z) and @ = @(€, z). Renaming L = L, & = u and —|€|7'@ = w, we obtain
Lu = 28%u 4 20.u — zu = w, (*)

an equation of one independent variable z € Ri. Now if we substitute u = 272 v into &), we recover
the modified Bessel differential equation (IE]) of order v = % for which I, and K, are a fundamental
system (see appendix [B]), and hence a fundamental system for () is given by p(z) = 272 I% (z) and

P(z) = 272 K% (z). The Wronskian is W(¢(2),1(z)) = 272 and the operator T : w +— 27 u has the kernel

—yo(2)Yly) ifz<y
yo(y)v(z) ifz>y.

k(zv y) =

Note that the first order derivative has a jump discontinuity of height ' at z = y. From standard ODE

theory we know that any solution of () can be written

2 u(z) = /Ooo 2 k(z,y) w(y) dy

for almost every z € Ry. Now we would like to find conditions on j which ensure that

1) sup/ zj|k(z,y)‘dy < o0 and i7) sup/ zj‘k(z,y)‘ Zdr < .
0 0 Yy

z€RL yeER

Then, (i) implies that T : L™ (R+) — L™ (R+), and by (ii) it follows that T maps L' (R+,p1) into itself.

Using the Marcinkiewicz interpolation theorem applied to the operator z,, T z;,*, we thus have

HUHL2(R+»#2J'+1) < cHw”L2(R+7M1)‘

We fix 0 < r < 1 < R < oco. In the range of (0,7) we know that ¢(2) ~ 1 and (2) ~ 27*, while for
large z we have p(z) ~ z7'e® and 9(z) ~ 2z~ e™*. This follows from the corresponding asymptotics of
the modified Bessel functions I% (z) and K% (2) which are discussed in appendix [Bl In order to check the

validity of conditions (i) and (ii), we first observe that

sup/ ... < sup/ ...+sup/ o sup/ ey
Ry Jo (0,7) Jo (r,R) Jo (R,00) JO

and hence it suffices to show that each of the suprema on the right hand side is finite. We estimate term

by term starting with
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swp [T 5 el = sw 2 (0] [ ulewldy + o) [ vlew)]dy+

z€(0,r) 2€(0,r)

R oo
+le@)| [ ulvmldy + e [ vl a)

< sup zf(z+(r—z>+/Ryw<y>|dy+e—R).

z€(0,7) r

Since [r, R] C R4 is a compact set, the remaining integral is bounded by a constant depending on r and
R. Thus

sup / zj|k(z,y)|dy < sup (zj+1 + zj)
ze(o,r) Jo z€(0,r)

which is bounded for all j > 0. The supremum over z € (r, R) poses no difficulties. Here we find

o0 J _ J e z
SUP)/O 2 |k(z,y)|dy = s # (Iil)(Z)\/o yle(y)|dy + \¢(Z)|/r y|e(y)| dy +

ze(r,R
+ \W(Z)I/ y|v(y)| dy + Iea(Z)\/:yW(y)Idy),

and since both ¢ and 1 are bounded on (r, R), the supremum is obviously finite for all such z. On the

unbounded interval (R, c0) we have

sup /Oozjlk(%y)ldy = sup )zj (\w(Z)I/Orylw(y)ldy + |w(z)\/ y|e(y)| dy+

z€(R,00) JO z€(R,00

@) [ uletldy + o] [ vl d)

R z oo
< sup (zj_le_z?"2 + zj_le_z/ yle()|dy + zj_le_z/ e¥dy + z]_lez/ e_ydy).
T R z

z€(R,00)

The first two terms do not cause any problems. The remaining two are bounded for all z € (R, o00) if
j < 1. This means condition (i) is satisfied whenever j € [0, 1] which includes as limiting cases both j = 0
and j = 1.

We proceed similarly for the second kernel condition. Here we have

sup /Ooozf|k(z,y)|§dz = sup (W(y)‘/oyzj+1|<ﬂ(2)‘dz n “‘O(y)|/ywzj+l |w(z)‘dz)

y€(0,r) y€(0,r)

R %)
S sup (yj+1 + (P -y 4 / 2T p(2)| dz + / e ? dz).
y€(0,r) r R

Now suppose j+ 1 > 0, then this is bounded by a constant depending only on 7 and R. The interval (r, R)

is straightforward. Finally, we compute

sup /O(> 27 k(z,y)| g dz = sup )(W)(y)‘ /Oy 2 p(2)| dz + |e(y)| /yOO LI+l |1/J(z)|dz)

ye(R,00) JO y€(R,00

T R v oo
< sup oy leV (/ 2 dz + / zj+1|g0(z)‘dz + / Zle*dz + er/ 2’ eizdz).
0 r R y

yE(R,00)

The first two integrals can be treated as above. For the third and fourth term, we write

v o o ) . v o . o
y! e_y/ 2e*dz + y_ley/ ZeFdz = ¢! (y_J e_y/ Ze*dz + y™? ey/ e dz)
R Y R Y

which is bounded on (R,o0) if and only if j < 1. To summarize, the kernel conditions (i) and (ii) hold
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provided that j € [0,1]. In particular, j = 0 and j = 1 are admissible and we have
lullz2®y ur) + lullc2@y we) S lwllzze, ) -

Once this has been established we can put z u onto the right hand side of the equation ). With v = 9, u,
we obtain
z0v+2v = f+ zu = w.

A solution of the homogeneous equation is given by z~2 such that

~ 272 ifz>y

k(z,y) =y
0 otherwise

defines the corresponding integral kernel. Now consider the operator z° @ — z° v for some & > 0. Since
oo 5 ~ z 1
sup / (E) |k(z,y)|dy = sup 25_2/ vy = o,
zeRy Jo Y zER, 0 2—

it follows
S 5 ~
Il U||L°°(R+) S = w|\L°<>(R+)

for § < 2. On the L'-side of the estimate we obtain

sup/ (E) |/~c(z,y)|dz = sup ylf‘s/ Py = ——— .
yery Jo \Y yeR, v 6—1
If 6 < 1, then
s 5 ~
2% vl ey S N2° @lliey) -
Choosing § = % , we get
Hazu||L2(R+,M) = ||U||L2(R+,M) S ”{E”L2(R+,u1) = |\w+zu|\L2(R+,M) S Hw||L2(R+,M)

by interpolation. Using (), it follows immediately that

2

||8zu||L2(]R+,u3) = ||w—28zu+zu||Lz(R+,m) S ||wHL2(R+,p,1)-

Now recall the notation v = @ and |{|w = —@, where = denotes the Fourier-transformation in . A

retransformation from z to z, and an integration in £ € R™™! yield
N 2 . N 2 . e
&l all 2 (rpyy + WE All2(r gy + 10en@llL2(a,uy) + 110z, 0l 2(mus) S N0l 22 () -
By another application of the estimate, we get

1@ 2y S MET Fllo2 )

which is possible since Li = |¢|~* f. Next, we carry out an inverse Fourier transformation to convert the

inequality into
2
||VIVIUHL2(H,;L1) + ||VIA,UHL2(H,M3) + HV,‘?MUHL%H,M) + ||Vl6€0nu”L2(H,u3) N Hf||L2(H,M)-

Note that Plancherel’s theorem ensures that the Fourier transform preserves the L?-norm. Eventually, we

use the auxiliary identity (£21]) to control not only the Laplacian but all second derivatives of u reaching

2
IV'Vull 2 ) + IV Diullp2 g, < cllfllee () -



68 CHAPTER 4. THE LINEAR EQUATION

Before we proceed to estimate higher derivatives let us make some further preparations. Following the

same line of argument, we conclude that

i) sup/ zj‘(?zk(z,y)‘dy < 0 and i) sup/ zj‘azk(z,y)‘ 3 dz < o0,
0 0

z€Ry yER L
if j € (0,1]. Then
Hazu||L2(R+,u2j+1) S ||wHL2(R+,u1)

for all 5 € [0,1] whenever Lu = w. Now differentiating (&) gives the equation

z@f(azu) + 30.(0:u) — z0.u = d.w + u.

This can be transformed into the modified Bessel equation of order v = § = 1. Repeating this procedure

we get
z@f(@fu) + 48z(8§u) — 20%u = 92w + 20.u,
and hence
2 2 3 4
10z ullz2ry gy + 10zull2@y ug) + 10zull2y g + [10:ull2@y )

2
5 Hazw||L2(R+,u3) + ||6Zu||L2(R+,H3) SJ Hf||L2(R+,u1)7

provided we have LLu = Lw = f with f = |§ |_2f. Finally, a retransformation from z to z,, an integration

with respect to the variable ¢ € R™ !, an inverse Fourier transformation and formula @Z.1) give

||V8§nu”L2(H,,u3) + HD123§HU||L2(H,M5) S WAl L2 apn) -

The missing third derivative follows from

Hazu||L2(R+,u3) S ||wHL2(JR+,M) S ||fHL2(R+,u1)7

because then
”8EnAluHL2(H,,u3) N ||f”L2(H,M)

after a retransformation. In order to estimate the tangential derivatives of order four we need to show that

HUHL2(R+,M5) S ||fHL2(R+,u1)~ (%)

Then
4
”DJ:’UHL2(H,M5) N ||fHL2(H,M)

as required. To check the validity of (%), consider the equation z d2u-+4 0,u—zu = w2 8,u which follows
directly from (@) by adding 20.u to both sides of the equation. The left hand side can be transformed
into a Bessel equation of order v = % by plugging u = 2~ % into the equation. However, this allows us to

perform the same calculations as for (&), only with o = 3 instead of o = 1, to get

||u||L2(R+,u2j+3) N Hw||L2(R+,u3) + ||8ZUHL2(R+,;L3)

for all 5 € [0, 1]. To prove this, one has to verify that conditions (i) and (ii) hold, where k(z,y) is the kernel

associated to the operator T : w — z7u. Using Lu = w and Lw = f generates

lwllez @y us) + 10=ullL2@y sy S 1Lz @y )

as desired. This concludes the proof of ") and hence the proof of proposition [1.2:4] ]



4.2. ENERGY ESTIMATES 69

Remark 4.2.5 Suppose t1 is finite and u is an energy solution to the initial value problem on [t1,t2) X H
with w(t1) = 0. Then by proposition [{-1.9 (i), we can extend this solution continuously to J = (t1,t2),
for some t1 < ti, by zero. Applying the propositions [[.2.1, [1.2.3 and [{.2.7, with the roles of I and J

interchanged, delivers the corresponding energy estimates for this u. Since g = 0, the initial value terms

disappear from the estimates.
In case t1 = —oo we repeat the proof of corollary [{-1.7 to conclude, together with the results for t1 > —oo,

that the inequalities also hold for the unique solution which vanishes as t — —oo.

Corollary 4.2.6 Suppose I = (t1,t2) C R is an open interval, | € No, a € No* and j € Ny is some
non-negative integer which satisfies j = 2l + || — 2 and 25 < |a|. Then the operator

L*(I;L*(H, 1)) 3 f ~ ] 0105w e L*(I; L*(H, 1))
is bounded, where u is is the unique energy solution on I x H to f with u(t1) = 0.

The corollary specifically applies to I = R.

Proof: The indicated conditions we put on 7,/ and o imply j < 2, I < 1 and |a| € {0,2,3,4}. The
statement for all admissible combinations of such parameters is then an immediate consequence of the

propositions 2.4 and E2.11 [ ]

We conclude this section with a duality result, which we formulate for later use. More precisely, the

following lemma can be used to extend L?- L™- estimates to L'- L>- estimates.

Lemma 4.2.7 (duality)  Suppose I = (t1,t2) C R is an open interval and g1, go € L*(H, p1). Further
let u1 and uz be Lo-solutions to f = 0 on [t1,t2) x H with initial value g1 and g2, respectively. Then the
duality identity (ui(t1) | UQ(EQ))LQ(HHUJ) = (w(t2) | UQ(El))LQ(HHul) holds for all t2 > 1 € I, that is, the

solution operator that assigns an initial datum to its corresponding solution is self-adjoint

Proof: Let ¢ >t € I be fixed and J := (51752). Then the time-inverting operator
T:I>t— t1+ta—t=7€R

is bijective on J. Note that we only give a formal proof here. However, an approach to a rigorous
justification of the statement follows the same line of argument as the proof of proposition [f.1.4] where we
have seen that an energy solution is continuous in time.

We consider the equation for us, where xj(u1 o T') plays the role of the test function. This gives

/I(m ‘6’5(”(”1 OT)))L%m)dc :/Iat X (uzlureT) a0,y + xs (u2] Bi(w o)) o, dL

:/1 XJ ((A us| A(uy oT))LQ(HS) + 4 (V'ua| V' (ua oT))Lz(M)) dc.

Now, according to the definition of the operator T', we substitute t = Tfl(T) to calculate

[ (mw]oenw),,

L2(p1)

- /1 (0 (e (tua() | (o TY0))

L2(p1)

-/ ol et @] [m@) , ar

L2 (p1)

where the first equality is a consequence of an integration by parts in time. We notice that 7'(J) = J and

that the integrals above vanish outside of J. Consequently, we can replace T'(I) by I again. But then the
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last term can be understood as the result of taking (xsu2) o T~ as test function in the equation for wu;.

There we have

- /(UI(T) ’ O [(xs uz) 0 T_I(T)D

I L2(p1)
= —/I(Aul(T) ‘ A[(XJ uz) o Tﬁl(T)])LQ(us) + 4 (V'ul(T) ‘ \vi [(XJ ug) 0 T*l(T)])L%M) dr
- /T—lu) 10 ((A [u1 0 T(1)] [ Aus(1)) 12,y + 4 (V' [ur 0 T(1)] | v/uQ(t))Lz(m)) dt

/ XJ((A(ul oT) | Auz)LQ(%) +4(V'(uioT) | V/UQ)LQ(M)) ac.
I

In the second equality we substituted back for 7 = T'(¢). Altogether, we subsume all the achieved results
to gain
(u2 (i) ‘ (u1 0 T)(EQ))

_ (uz(ﬂ) ‘ (ul oT)(fl)) o) = /Iat XJ (u2 | w1 oT)Lz(m)d[, =0.

L2(p1) L2

But since (u1 o T)(f2) = u1(f1) and (u1 o T)(£1) = u1(f2), this identity takes the desired form. [ ]

4.3 Local Estimates

In this chapter we show how to obtain local estimates for solutions of the linear initial value problem.
Here, we use the same arguments as before with v multiplied by an appropriate cut-off function, where u
solves the equation d;u + Lou = f on some relatively open subset of R x H in the sense of definition E0.11
A temporal cut-off ensures that the temporal initial terms disappear from the inequalities. The spatial
cut-off, on the other hand, helps to avoid boundary values. It is implemented in terms of the intrinsic

geometry on the closed upper half space which has been discussed in detail in section

4.3.1 Local Energy Estimates

In this section we set out for localized versions of the energy estimates that we have collected in paragraph
With the preparations made in section [3.5] we are in a position to construct the cut-off functions that
are necessary to “localize” our solutions to parabolic cylinders. One of the main insights that emerges
from the geometry section is the following: If an intrinsic ball is located “near” the boundary, then we
have Br(x) ~ B33 (x)E while “far away” from there a ball behaves more like B! 7— () (cf. lemma[3.5.1T).
This particular behavior suggests to consider different treatments depending on the ball’s position relative
to OH. Indeed, scaling reduces the energy estimates to Q1(0,0) or Q- (0, 0,...,0, 1)) with r < 1. We

start with the derivation of such an estimate in the latter case.

Lemma 4.3.1  Let | be any nonnegative integer and o any multi-index. If u is a an energy solution of
Oru+ Lou = 0 on Qr(0,ey), withr < 1 and e, = (0,...,0,1) € H, then there exists a small § > 0 such
that

—4l—|a

!l qa
10:0z ullL2(Qs,(0,e0)) < €T el 22 (@00, eny)

for some positive constant ¢ = c¢(n,l, a).

Proof: Throughout this proof, think of Q, = I, X B, as the parabolic cylinder of radius p > 0 and center
at (0,en), that is, I, = I,(0) and B, = B,(en).

6This relation is to be understood as follows: There exists a ¢ > 1 such that By po (z) C Br(z) C Bfrs (z).



4.3. LOCAL ESTIMATES 71

i) First we choose a suitable “bump function” n € C°(R x H) such that n = 1 on Qj,., for some
b€ (0,1), and sptn C I x B, with I D I.. By taking a product ansatz, we can additionally achieve
that

|07 n(t,x)] < e (+)

Then for § = ﬁ, we infer that [0;02 n| < dist(Ij, ,0I)~ dist(B;, ,0B,)~'°l. Now using the
inclusions

I, ¢ (=r*r") =1 and B; C B C B C B,
(cf. lemma [B5.TT) implies ().

ii) The next step is to find an equation which is solved by nu® = n@fnu. Using integration by parts,

Naa

we recover the identity

(0 + Lk)(nu(k)) =nfu + (Oem + Lkn)u(k) —8V'n-Vu® 4+ 222 AnpAu® +
+ 22,7t (V(xf+3 An) - Vul® + V- V(2 AP + AP vy Vu(k)))

::nﬁ—t—wk, with k€ {0,...,an}, on RxH

in the sense of distributions, where ]?k = 8§nf — 2k zn, AA D — k(k — I)AA'u(k72). Note also
that fo = f.

iii) Finally, we observe that i < Tp < % forall z € By, if r < % is sufficiently small, i.e. z,, ~ 1.

Step 1: For the moment let f € L*?(I,; L*(By, p1)). By (iii) this is equivalent to saying that f € L*(Qy).
Now by construction, the evaluation n(f;) and all its derivatives vanish for ; = — r*. By the energy identity
F 15 together with (ZZI) and 7 replaced by 7%, we therefore have

2 (k)\ (2 2, 2 (k)y 2 27 2 (k 2 (k
IV (n u' ))”L2(Qr) + [1D; (n u' ))”L2(Qr) S A fellzm In ul )HLQ(QT) + (wo | 7m ul ))LQ(QTV

where we also applied the Cauchy-Schwarz inequality to the term (nQﬁ | n?u®) £2(q,)- Now we claim

that

2, (k)

(UJk | 77 U )L2(Q7‘) S C7ﬂ_4|

k) (2 1 2,2 (k)\[12
u )||L2(Qr) + ) 1Dz (n u' ))||L2(QT)'

Indeed, repeated application of spatial integration by parts leads to the upper bound

/ (2:(n”) + 16 [V'n|?) (pu™)? dL™+ — / V(2! Am?) - Vn®) (W) demt +

s s

+2 [ V) - vu® AR u® — V)P Au® 2|V [Va P2 ac
Qr

where the boundary terms vanish since sptn(t,-) C By for all ¢ € I.. The first line already has the right
form, whereas the second line requires another series of integration by parts to bring the integrals into
a suitable form. Now we add property () from (i) into the estimate and the desired claim follows. We

subtract 1 || D} (772’“’(16))”%2(QT) from both sides and then multiply by 2 to get
2 (k)2 20 2 (k)2 —4 ., (k)2 4072
IV* ™[22,y + 1020 ™2,y S 7 w22, + r* IkllZ2c,) -

Eventually, we would like to optimize the estimate with respect to the first summand on the left hand side.
To this end, we apply the Poincaré inequality to the function V(n?u®) € W2(B,) to find

2 (k)y 2 211202 (k)2
IV u* ) F2(s,) < em)r? |1DF (P u'™)| 72z,
since also B, ~ Bg*. This is possible because 7(t) = 0 on 0B, for all t € I.. Altogether this amounts to

2 k)12 4 2 k)12 k)12 817 112
r ||VU( )HL2(Q5T) +r HDzU( )||L2(QST) N HU( )HLQ(QT) +7r ||fk||L2(QT)'
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The left hand side of the inequality is a consequence of the fact that on the smaller set Qs the cut-off

function is constant to 1.

Taking k = 0 and testing the equation for nu with 9:;(nu) give rise to boundedness of one temporal

derivative:

—4 -1 3
Oeulle sy < 7 lullee,y + 7 ”DccuHLz(Qgr) + [1fllz2@n) -

For this we choose i so that sptn C (—(Sr)“, (57")4) x B;, and 1 = 1 on Qs, for some § < § < 1. In the

next step we derive a bound on the second norm on the right hand side.

Step 2: Now formally taking Xz, ) (m;l A2 Au(k)) — A'u(k)) as test function, for ¢; € I., leads to

k)2 k)12 — 3 k 2
/( ) )||A’u< N2y + IV AP + llzn A Au™)|32(,,, dL
t1,t2

< /( )(ﬁlwilmwfm(“)—A’u“%wdc+ IV u® E)NF 20y + 186D E)17 2 -
ty,t2

For a rigorous justification of this result we refer to the proof of proposition f22.41 We apply this inequality

to n4u(k) so that, similar to the proof of the global result, we get

A" (' u N[22,y + IV AW W) F2q,) + lzn' Aled AG'u™)) |72,

—8 k)12 —6 k)12 —4 2 k)12 72
< P B + IV Ba g, ) DR B, ) + 122, -

Recall that the localized solution is a Lg-solution to the inhomogeneity given by (ii). Then again, as in
step 1, we discover that the left hand side is bounded below by the expression HDfu(k) ”%/VM(Q(;T) for some
0 < § < § < 1. Now, employing the local energy inequality from step 1 to the second and third term on
the right side of the inequality we also get rid of these terms. Eventually, we apply the same argument as

used in step 1 to find
3113, (k 44, (k k a7
P D3| 2, S T IDF M 1200, S 16 N2,y + 7 1 Fkllz2cq,) -
Note as well that one can use this estimate with k = 0 to optimize the local estimate on J;u from step 1 to

4 4
r Osullz o,y S Nullez,) + 7 1z,

as desired.

Step 3: Let 1 <i < n—1. As in the assumptions of our lemma, we now assume that f = 0 and we
immediately get

10z, ullr2(qs,,) < vl @)
by virtue of step 1. Since tangential derivatives commute with the operator d; + Lo, we need to check that
0z,u has the required regularity to be a local solution in the sense of definition L0l This, however, is
already derived in steps 1 and 2 with £ = 0. An iteration of these arguments then leads to

’ P
[0z uHL2(Q5 < vl HUHL2(QT)

farm) ™

for some &' < .-+ < §1 < 1. Note that a simultaneous iteration of the energy estimates ensures the
regularity needed to perform the subsequent step. Next, we investigate the vertical direction. We show
that

k 412 (k —k
r||Vu( )”L?(Q(;le) +r HDzU( )”WI’Q(Q%HU S o lull 2o,
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by induction over k € {0,...,an}. The induction basis, i.e. the estimate for k£ = 0, follows from steps 1
and 2 with §; = 6. Hence we need to verify the statement for k + 1 provided it holds true for 0, ..., k.

Once more we use steps 1 and 2, now to establish

k+1 4 2 k+1 k+1 417
r||Vu! )”L?(Q(;k_mr) + r* | DIutt )||W112(Q5k+27,) < Jlu®t )HL2(Q5,€+1T) +r ||fk+l||L2(Q5k+lr)

for some suitable scaling factors dx+2 < 0x+1. We apply the induction hypothesis to the first term to find
this bounded by
k — (k41
HVU( )||L2(Q(;k+lr) S ( )HUHLQ(QT)'

To bound the norm containing ﬁ+1, we estimate as follows:

~ (i)
2 k—1
Iisillzzes,, o S IDAAW* Dlyiag, -

Now by the first part of step 3, we recall that A’u is a local energy solution to f = 0, and hence the same
local estimates (steps 1 and 2) also hold for (A’u)*~1 | possibly with a smaller scaling factor 6. This

brings us in a position where we can apply the induction hypothesis and so we eventually reach
407 —(k—1 —(k+1
il fenllizs, 0 S 7T A Ul S 7T T lullizen

for some suitably chosen 0 < dx41 < 6 < 1. This completes the induction step.

Finally, solving inductively Bf (Ot 4+ Lou) = 0 for 8g+1u and using the bounds for spatial derivatives we
get
i —4
Hatu||L2(Q(;Lr) S...85r HUHLQ(Q{;”)
for some §; < --- < §1 < 1. Once again, the needed regularity gain is obtained by a simultaneous induction

of the estimates derived in steps 1 and 2.

Conclusion: We combine the results from step 3 into a consistent form. To this end, we first apply the
estimate in x,-direction to (8i8§,u)(“"), followed by the first part of step 3 applied to 8,%8;‘,% This yields

l qa —4l—|a|—
||v(8taccu)”L2(Q5T) < ptled lHuHLQ(QT)

~

for a sufficiently small § > 0. The lemma follows immediately. ]

Remark 4.3.2  The property x. ~ 1 in Br(en) allows us to replace any weighted measure by the Lebesgue
measure and vice versa. In such balls, O:u + Lou = f is a (locally) uniformly parabolic equation of fourth

order, a fact that is also reflected in the coefficient appearing on the right hand side of the energy estimate.
The situation at the boundary is covered by the following lemma.

Lemma 4.3.3 Letl € Ny and o € Ng*. If u is a Lo-solution on Q1(0,0) to f = 0, then there exists a
6 > 0 such that

l na
1007 ullL2(500,0), u1) < €llullL2(01(0,0), w1)

for a positive constant ¢ depending on n,l and «.

Proof: As before we keep the right endpoint of the time interval and the center of the ball stationary, and
we merely write @, to mean @Q,(0,0). Both the proof of lemma 3] and the present one show basically

the same pattern, therefore we only highlight the differences between them. The major change concerns
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the cut-off function, that is property (i). Via a product ansatz and the inclusions

I1 C (—171) and B.1 C B*™ C BEEQ C B:
d

2cy 2cq EE
we obtain
|0t0sn(t, z)| < 1

for any | € No and any multi-index «, as well as n = 1 on Q% while sptn C (—1,1) x Bi. Another
difference is the behavior of the measure. Near the boundary we h?we no control of the weight from below,

but still from above. More precisely, we know that x, < 2 for x € B;.

By means of these preliminary considerations, we proceed the same way as in steps 1-3 of the previous
proof to find

(k) 2, (k) (k) rs
HVU ||L2(Q%»Mk+1) + HDEU HLQ(Q%»#&-&.) < ”u HLQ(QLMC-H) + ||kaL2(Q1»Hk+1)’
cq cd

followed by

1
2 2 2
( I ”D””u(t)”Wz’Q(Qal#1;#3,#5)dt) S ”u”L2(Q17M1) + ”fHLQ(Ql,ul)
51

for some scaling factors 0 < 1 < % < 1. Now let f = 0, then there exist 0 < &, 41 < 1 such that

1 ’
10005 wllr2(Qp ) S Null2(@mn) (%)

and
1V4® 205, s S Nllzz@uy (k€ No). ()
If a, = 0, the statement already follows from (@) with § = §’. Suppose now a, > 1. With the Hardy

inequality applied a, times to 9z (vu), where v is a spatial cut-off function obeying the above estimate,

we obtain

Qp (2% 20
10z ullz2ms, ) < 110z (bu)llzca ) S 102" (VWL2(m pga, 41)

2an, —Bn n—1
lulze @iy + D 1@ ") (VO " W2 s, S lulliz@ymm
1<Bn<2apn

A

<1

for a small §, < d2a,+1 < 1. The last estimate follows from ) with k& = 8, — 1 € No. We integrate in
time over the interval I; to get the iterated local energy estimate in the vertical direction. We combine
this estimate with () and thus finish the proof of the lemma. [ |

A rescaled version of the preceding two lemmas is given in the next proposition.

Proposition 4.3.4 (local energy estimate) Letto € R, xg € F, l € No and a be a multi-index. If u
is a Lo-solution on Qr(to,xo) for R > 0 to f = 0, then there exist an € < 1 and a constant ¢ = ¢(n,l, )
such that

l o —4l— | —la|
10:0; uHLQ(QeR(to»EO)»Hl) < cR o (R+Vx01") HUHL2(QR(t0@0)»H1)'

Proof: By the translation invariance it suffices to consider to = 0 and zo = (0,...,0,z0,n) € H. Now
remember that solutions are invariant under the scaling T : (t,z) — (A%t Az) =: (£, &) (cf. section BZT),
that is, u o T is a Lo-solution on Ty ' (Qr(0,20)) = 351r(0) x +Br(xo) whenever u is a solution on

Qr(0,z0). Note also that derivatives transform as

0% u(t, &) = XH19l9Y (uo Th)(t,z) .
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By the transformation formula we have
1
l na —2l—|o l no 2 n+3 2
Hafai UHLZ(Qp(O,wo)ym) = A ! (/ Hatam (UOTA)HLZ(%B;)(GEO)YM))\ * dﬁ) :
3z 10(0)

We would like to set p = € R with € > 0 so small that the left hand side can be bounded above by u in

the weighted L2-norm over Qr(0,xo). To this end, we define & = 16i1d4 and Cs = 4§z2 + 1> 1, where

by 81 we denote the ¢ from lemma 3.1l and by §p the one from lemma [£33] Then, the desired estimate

follows with e = 06_15. Let us prove this by cases on the relation between zg,, and R, or more precisely,

we consider the case 2Cs,/Ton < R as well as 0 < R < 2C5,/To.n-

i) If the latter is true, we choose A = xq,, as scaling factor. Using the inclusion

TA_l(QP(():xO)) - Q51T(Oven)

with r = m < 1, we apply lemma E3I] to 90% (u o Ty). After a retransformation, this
yields

||8é8§ UHL2(QER(O,10),,LL1) S Ri‘”i‘a‘\/mi‘a‘ HUHL2(QR(0,10),N1) )
since also

T, (Qr(0,n)) C QC_RJ(OJCO) C Qr(0,m0).

The stated estimate is now a direct consequence of /To.n > T;H (R+/Ton ).

ii) Now suppose 2Cs,/ZTo,» < R. First we observe that ¢ R < cﬂ =: p such that 2,/7o,,, < p. By the

5
triangle inequality and corollary we then find B,(zo) C B2,(0). With A = (@ p)Q, this

0

implies that
TA_l (QP(07 l‘())) - Q50 (07 O) :

Thus, we can apply lemma [£.3.3] to get
l no —41—-2|«a|
10:05 ull2(Q,(0,20), 1) < P lullz2(Qc, ,0,20), 1) -

Here we also used that
T (Ql((): O)) - QC{S P(07 1‘0) :

The statement follows with p > eR, C5 p = R and p > %{H—l (R+/Ton ). [ ]

For a simpler presentation we write

Sia(Ryz) = RTI (R4 y/my )70 (4.3.1)

4.3.2 Pointwise Estimates

Our goal here is to prove a pointwise estimate for solutions of the linear equation diu + Lou = 0 on the
cylinder Qr(to,zo) that serves as a starting point for further investigation. On the other hand, it captures

the fact that any local solution is indeed smooth, at least on a smaller cylinder.

Proposition 4.3.5  Suppose u satisfies the equation Osu + Lou = 0 on Qr(to,xo) in the energy sense
for some (to,x0) € R x H. Then for any | € No and o € No* there exist € > 0 and a constant ¢ = ¢(n, [, &)
such that
gt ut )] < e =L g
R2 |BR(270)|12

for almost all (t,z) € Qer(to, o).
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This statement will be a consequence of the two results stated in lemma 31l and lemma (£33l For
the situation away from the boundary we shall also need the Morrey-type inequality 2.7.3] localized to
BT((O, ...,0, 1)) with » < 1 so chosen that the ball does not touch 0H.

Lemma 4.3.6  Let k be a positive integer satisfying the condition 2k > n+ 1. If u belongs to the Sobolev
space WH? (QT (0, en)), with r < 1 and e, = (0,...,0,1) € H, then there exists 6 > 0 such that

lu(t, @) < en) S F I 101050 12 o0 0.0
J+1B81<k

for almost every (t,x) € Qsr(0,en).

Proof: We set u,(t,z) = (uoT)(t,z) with T : (t,z) — (r't,rz) =: (, ). Moreover, with § = 2, let
@ be the Euclidean cylinder defined by @ = I5(0) x Bg ( ) Then the following inclusions hold

Qsr(0,en)) € Q@ and  T(Q) C Qr(0,en). (%)

In particular, u, € W"2(Q). Therefore we can apply corollary 227.3] with Q = Q to the function u, to

conclude
|u(t, 2)

for almost all (t,z) € Q, and hence in particular for almost all (£,2) € Qs,(0, en), if 2k > n + 1. Choosing

= |u'f(t7l‘)‘ < C(n7k75) ||’U‘THW/M2(@)

% 1 n+3 ifnisodd

2 n+2 ifnis even

and noting that § is an independent constant, then leads to

; 45 _"_H
< c(n) Z Haiaf UTHL2(@) = c(n) Z A ||8]6 UHL2(T(Q))
J+IBI<k J+IBI<k

‘u(f, z)

for almost all (£,2) € Qs,(0,¢,). In the equality we have used a change of coordinates together with the
identity
D% un(t,x) = r*FIPl 8?85 u(t, 2).

The second inclusion in (@) then completes the proof of the lemma. ]

Proof (of proposition E:3.8): As before, it suffices to consider the case (to,z0) = (0, (0,...,z0,n)) for
some Zo,, > 0. Moreover, we recall the scaling invariance of solutions under the mapping T : (t,x) —

(A%t \x) = ({,2) and that derivatives transform as

|0; 05 u(t, &)

A=lal |8§8§ (u o TA)(t,I)‘ .

As in the proof of proposition 3.4l by dp and §1 we denote the ¢ from lemma £33 and lemma 3T}
~ 3

respectively. Moreover, let §1 be the J in lemma (.36l and define € = Cgl’ej where Cs = 8:;: +1>1and

~ 518

€= Gepa < 1.

i) First we consider the case R < 2(s,/To,n and take A\ = zo,. In this case r = W is a

legitimate radius in lemma E3.1] and so we get for almost every (£,2) € Qer(0, 2o) that

PN —21— j ntd
|8§8§u(t,1’) 5 o | Z 7,4]+\ﬁ\ |‘al+]aa+ﬂ(uoTwo,n)HL2(Q517,(0,en))
Jt+BI<k
—2]— _ _ntd
S xoi ol pmat=led ||uOTIOnHL2(QT(Oen),u1)
—2—|a|- 243 p—dl=lal-

< Zon "l 22 (0w -
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In the first estimate we applied lemma E3.6] to 8L (u o Tzo,n) with r replaced by d17r, and in the
second one we used lemma B3] applied to 9. 7792 +4 (w0 Twy,,) and the fact that @, ~ 1 in By (en).

The last line follows from |det V¢ Ty, |~ dui(z) = ma’zf‘n’ dp1 () and the cylinder enclosures
ngyn (Q’I‘(O7 en)) C Qci (0, 1‘0) C QR(O, 1‘0) .
5

Finally, the assumption R < 2Cs,/To,, ensures that the present coefficient can be estimated as

nt3 _1
2 2

44
T74l7\a\7n7 5 R74l7\a\\/mf\a\ (Rn+4\/m n+2) ,

>\72l7\a\7

1
which is bounded above (up to some constant) by &;.o (R, zo) R™> ‘BR(JJ())‘I 2 as stated.

ii

Naa

In order to prepare the situation at OH, we shall need an analogue of lemma [£:3.61 We claim that
lu(t,@)| < e(n) D> 110]0F ullr2 (s, 000 + IVe07 07 ull 204, 0.0)m0) (%)

J+IBI<k
for almost all (¢,2) € Qs,/2.,(0,0). Now let 0 < 2Cs/Ton, < R. As in the proof of proposition

2
34 we put p = c%; then this relation reads as 0 < 2,/Zo,, < p. Taking A = 2 (% p)2 we achieve

Tgl(QP(Ov‘rO)) c Q&(0,0)-

Zeq

We apply @) to 9L02 (uoTy), followed by lemma E3.3] to get for almost all (£,2) € Q,(0,20) that

|07 05 u(t, 2)

—4l—-2|a|—-n—3
S |

[ull L2 (7 (@1 (0,0)),11) »

n

where the factor p~ "% appears due to the reverse transformation of u o Tx. Finally, we use that

TA(Ql(Ovo)) - QCJP(QIO) = QR(vao)

and follow the line of argument in paragraph (ii) of the proof of proposition [£:3.4] combined with

1
2

p—n—3 5 (Rn+4 (R +\/1'O,n )"+2) ~ ‘QR(O,IO”;% 9

to give the local estimate the desired form.

It remains to check that (@) holds. To this end, let §y = 2%. Similar to the proof of lemma with
r = dp < 1, we see that
|U(t7 35)‘ S Z ||8{8£u|\L2(@)
J+IBISk

for a.e. (t,z) € Q = I5,(0) x BJ§5(0) D Q;5,(0,0). By choosing a cut-off function 1 € CZ°(H), for which
9]

we have ¢ = 1 on B¢, (0) and spt+ C Bj5.(0) C Bs,(0), we can adjust the weight in as much as

0 0

lut,@)| S D Ve (¥ 8]0 u) 205, (0,0 ) 5
J+1BI<k

where we also used the Hardy-Sobolev inequality with p=¢g=2, k=60 =1 and 0 = 0. The claim

follows since derivatives of ¢ are bounded above by some independent constant and =, S 1 in Bs,(0). W

1
Corollary 4.3.7  Since ||ullr2(gp.u0) < QR |UullLoe (@), the pointwise estimate from proposition[f.3.9

reduces to

‘aiag U(thx0)| S O1a(R, o) [[ull e (@ (to,0))

for all l € No, all multi-indices o and any solution of the homogeneous equation in Qr(to,xo).
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Remark 4.3.8 Suppose u is a Lo-solution on (ti,t2) X H. Ift1 <s<t<ty, weset R=+t—s>0.
Then for any x € H, u is also a solution on Qr(t,r) and we can use proposition [£-33 to obtain the

pointwise estimate

W=

9102 u(t,a)| S oo (Ro) (.

u? dul)
Qr(t,z)

4.3.3 Pointwise Estimates by Initial Values

From now on we return to global solutions, that is, we consider energy solutions on I x H again. Proposition
.35 in conjunction with the property that the L?(H, y;)-norm of solutions decreases in time (compare
with the energy identity ELT.5]) provides the following proposition.

Proposition 4.3.9  Let I = (t1,t2) C R be an open interval, | € No and o € No*. If g € L*(H,p1) and
w is a Lo-solution on [t1,t2) x H to f = 0 with u(t1) = g, then there exists a constant ¢ = c(n,l,a) such
that

1
‘d@? u(t, )| < coa(VE—t1, @) | By (©)]] 2 9ll2(ar, u)

for all (t,z) € I\ {t:} x H.

Proof: We fix t > t; and = € H. Since u is an initial value solution on [t1,%2) x H, it is also one on the
smaller set [t1,t) x H. By proposition FE3.5] or rather remark F3.8] we obtain

el _1 1
0,05 ult, )| S S1a(VE—11,2) |Qur=g (@)], 2 (t = 11)% sup [[u(7) L2, ) -

TE(t1,t)

The estimate now follows from remark [4.1.5] [ |

Our main focus is to derive an exponential decay. A refinement of the argument above allows us to
include an exponential function in our estimate. At this point we can not use the property anymore that
[le(t) || 12 (y) decreases in t. This, however, has been the crucial ingredient in the proof of proposition 3.9

and hence we require some sort of compensation for that loss.

Lemma 4.3.10  Suppose g € L*(H,p1) and I = (t1,t2) C R is open. Further let ¥ : (H,d) — R be in
the Lipa-class with Lipschitz constant cr, > 1, i.e. \/Tn |V‘Il(1’)| < cr and xn‘A\I/(x)‘ <cr forallze H.
If u is a Lo-solution to f =0 on [t1,t2) x H with u(t1) = g, then there exist constants c,cn > 0 such that

cnept(t—
He\I’u(t)HLQ(H,,ul) < cetner (7t ”e\ngLQ(H

s H1)

forallt e I.

Proof: Existence of a function ¥ with the required properties has been proven in example [3.5.91 Now

suppose U € Lipa(H). We set v := e¥u and perform some elementary calculations to discover
o Ale¥v) =e¥(Av+ [VE¥[?v+2VV - Vv + (AT)v),
o e'Au=Av+ VU202V . Vv — (AD)w,
e V'(e"v) =€ (V'v+ (V'¥)v) and

o 'Vu=Vv— (V).
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With this we compute
O HUHiz(Hl) = 2/ evoudu = —2/ Ae¥v) Audps — 8/ V' (%) - V'udp
H H H
= —2/ ((Av)2 + 2|V vAY + [V 0 — 4]V Vo> — (AD)20° —
H
—QV\II~VU(A\I/)U) dps — 8/ (|V'v|2 - |v’x11|2v2) dpus .
H
Then, using the Cauchy-Schwarz inequality, we deduce

O lolz gy S = 1AVT200 — IV V7200 + 1@alT*)0lT200 + I(@n AV) 0|72, +
+ 1/Zn ) V220, + |0/Zn ©)v]|72
— 1Dl 32y + (e + L) [Vll720uyy + e’ IVOIT2 () + ci” [0]l72

<
2 112 4,112 2 2
S = 1IP0Itz + e vllzzguy) + e [VOllL2(uy) -

The second inequality follows from the auxiliary equation (ZI]) and the properties of ¥. In the last line
we simply applied the Hardy-Sobolev inequality (stated in corollary [ZT5) to the fourth summand of the
previous line and that ¢y, > 1. By the weighted interpolation lemma 2:8.3] we thus have

0ol S — (1= €2 ) ID*0l3n 0y + € (2 + %) Ioll3agur
We choose € ~ 022 sufficiently small to get
O llolZ2uy) S = ID* 020y + ener’ [0@)720n) -
Now let t € I and define

t
—cnc4 — 2 —cnc4‘r— 2 2
F(t) = e U (8|72, + / et T D2 (7) |17 2 g AT -
t

1

Then the above calculations imply that
—cp C 4 (t—
B F(t) = e oner 7ty (at o |720uyy — cn e’ [o@)T2g) + ||D2v(t)|\iz(ug)) < 0.

Hence we have F(t) < F(t1) = ||e\pg|\iz(m) for any t1 <t < t2 and the claim follows. [ |
Now we are in a position to prove the following result.

Proposition 4.3.11  Let I = (t1,t2) C R, 1 € No, a« € No*, U € Lip2(H) with Lipschitz constant c, > 1
and u be a Lo-solution to f =0 on [t1,t2) X H with u(ti) =g € LQ(H, u1). Then there exist c,cn > 0 such

that
c 6l,a (m’ 27) e cncL4(t7t1)f\IJ

|6105 u(t,z)| < £
\Bm (I)‘12

x w
( )He gHL2(H,u1)

for any (t,x) € T\ {t1} x H.

Proof: We argue as in the proof of proposition .3.9] to get

1

l o _1 _ 3
0105 u(t,0)] S 0a(WT=t,2) [Que=r (t,2)]* ( / e ™ () 225y o 07)

(t1,t)

IN

_1 —W(z
S,aWE—t1,2) |Byrr (@)|, 2 sup e "™ sup [le” w(r)|l 2o ) »
zEBm (z) TE(t1,t)
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1
2

—1
since |Qm (t,gzt)|1 Vi—t = |Bm (m)‘l 2. We arrive at

w
lle 9HL2(H1)

4
0102 u(t,z)| < Oa(Vt—t1,2) (ecncL‘*(tftl)—w(r)

sup gz@)w&))

~ 1
| By=r (@), By @

by virtue of lemma 3.0l Now since ¥ is Lipschitz continuous on H and therefore in particu-

lar on Byz—; (z), we have U(z) — ¥(2) < cLv/t—t for all 2 € Bgr(x). Moreover, we have that
ecLVi—titen et (t-t1) < e’ (t=t1) anq the estimate appears as stated in the proposition. [ ]

Remark 4.3.12  In case of cr € [0,1) lemma[£.53.10 has to be modified to

encr?(t— _
||eqlu(t)”L2(H,p1) S eor (t=t) HG\PQHL%H,M) Vtel.

But then we can repeat the proof of proposition [J-3-11] with cr* replaced by cr®. This has the following
implication: Proposition [{.3.9 follows from proposition [{.3.11] with ¥ = ¢r = 0.

As an important consequence of the pointwise estimate [£3.11] we derive the following result for solutions
of the homogeneous initial value problem with initial datum g € C'%!(H), that is, we assume

g(z) —g(y)
lolleos i = [Vallzman = sup 2EZIOL

r#yEH |I _y|

Proposition 4.3.13  Let I = (t1,t2) CR, 7 > 0,1 € Ng and a € No* with either | # 0 or o # 0. Further
suppose that u is an energy solution to d;u + Lou = 0 on [t1,t2) x H with u(t;) = g € C**(H). Then

there exists a constant ¢ = c¢(n, j,1l,a) > 0 such that
. o —4l—|a j+1—|o
w (0105 u(t, )] < e VE—n T W= H +vE) T T glleo
for all (t,z) € T\ {t:1} x H.

Proof: Let 2 € H and t € I, with ¢t — t; < 1, be fixed and C be some constant. Since either [ or « is
nonzero, we conclude
9,09 (u(t,z) — C) = 0105 u(t,z).

Proposition 2311 together with the fact that u — C is a Lo-solution to 0 with (u — C)(¢t1) = g — C then
implies

4/
6l70‘( t— t17i) ecn crt(t—t1)—V(x) He\IJ(g _ C)
| Byr=r (2)],
For C' = g(z), we have |g(y) — C| < |z — y||VgllLe = |z —y] llgll¢0.1 sy Now for a fixed radius
R € (0,1], we decompose H into the annuli A;(x) = Bir(z) \ Bu—1)r(z) with i € N. This gives the

estimate

0105 u(t, x)| <

22 (uy) -

1
3
le¥ (g = Oz < (X / ez =y da (1)) * llglleroa gy -
ieN 7 Ai(@)
Example B5.3 allows us to choose ¥ so that ¥ ~ —+ d(z,-). Consequently, ¥(z) = 0 and the Lipschitz
constant ¢, = & > 1. Then we refer to the properties of the intrinsic metric (see lemma B5.11]) and the

doubling condition (see corollary B5.12) to find

1 .
(Z/ e2VW) g g2 dul(y))2 S R(R+Vzn) z:eﬂ“i2 |Bm(x)|1%
A ()

€N i€EN

A

R(R+van) |Ba@)|,? S e i,

i€EN
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Since e~ % goes to zero as i — oo faster than any polynomial, the sum is bounded above. Now, as usual,
4
we set R =/f —1; such that e (¢=t1)=¥(2) — gen i5 constant. Altogether, we obtain

Dl ut,2)| S Vi—t T Wt vE) T gl oo ()

for all (¢,z) € (t1 ,min{t1+1, tz}} x H. The fact that z,J < ({‘/t —t1 ++/Tn )2j proves the estimate for all
such times t and all z € H.

In order to prove the general case, i.e. also for ¢ > t1 41, we implement the same strategy used in the
proof of proposition EE35l To this end, we remember the scaling T : (t,2) — (A%, Az) and the time shift

To: (t,x) — (t1 +t, ), see section B4AT] under which solutions are invariant and define
T = TooTy: (t,x) B (N2t Ax) 2 (1 + N2t \x) = (£,4).

We wish to apply (&) to uo T which is a Lo-solution on [0,1) x H with initial value (uo T')(0) = g. This

is possible if we choose A > 0 sufficiently small. But then we get
7 002 u(ti+22,2)) = X213, (0L 02 (uo T)(1,2))|
. Tn 1—|af
A E (1452 ) Ve (wo T) (Ol

—1—4l—|a i+1—|a

<V W +VED) TN, g o iy
1—4l—|«of — it1—|a

=V VX +VE )TNV gll e )

174N

with 0 < X\ < /T3 — 1. Now for arbitrary but fixed (£,%) € (t1,t2] x H, we set A\ =/t —t; and the
estimate takes the form stated in the proposition. |

Using this we are able to control the LP-norm on the cylinder bounded away from initial time ¢;. We define
Qr(z) = (t1 + %47151 + Rﬂ X Br(z) for R >0 and z € H.

Corollary 4.3.14  Suppose I,5,1 and o as well as g and u are as in proposition [{.3.13

i) Then we have

-1 I+ |a|— |a|=25—-1 l o
|Qr(z)| "7 R (R4 ) 710102 ull e (@ne). ) < cllglleon

for allp € [1,00), R>0 and x € H.

ii) The estimate [[Vu(t)|[Le ) < cllglleo.1 gz holds for allt € 1.

Proof: Using proposition .3.13] we obtain

o 1-di—|a| 2j+1—|a 1
1005 wllo @y S swp (VE— @ V=8 +va) ) gl o g |Qr(@)| 7 -

(t, ¥)EQR(x)

Now since /yn S R++/Zrn as well asy/Tn S R+./yn if y € Br(x), we have

sup ml—uf\a\ (m+\/y—n)21+l—\a\ S R1—4l—\a\ (R+\/E)21+1—\a\ )

(t,y)EQR(x)

At this point it is also crucial that the supremum is taken over all ¢ € (t1 + %47 t1+ R4] which guarantees
that v/t — t1 ~ R, and part (i) of the corollary follows. For the estimate in (ii) we simply apply proposition
E3T3 with j =1 =0 and |o| = 1. [ ]
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Notes

A guideline for the weak type of solution that we consider in definition.0.] i.e. we do not assume any (even
weak) differentiability in time, has been pointed out in [51], chapter 4. For the Galerkin approximation
in subsection 1] we adhere to strict standard techniques, such as can be found in many text books on
linear partial differential equations (e.g. [27]). The regularization u. that we use is sometimes referred to
as “Steklov averaging”, compare §4 of chapter II in [57]. Here, the energy estimates are derived in [57],
chapter III, §2, and regularity in time is proven in §4. Also, see the regularization methods, such as the
definitions of the different test functions, in |[50]. For the local results we follow standard cut-off arguments
such as those used in [51, 136, 147, 135].



Chapter 5

Gaussian Estimates and

Consequences

Solutions of parabolic equations are often given by their corresponding kernels which in turn can be
estimated by Gaussian functions. For example, Koch and Lamm [54] show that the biharmonic heat kernel
G(t,z,y) that is associated to the equation dyu + A%y = 0 has a pointwise control of the type

w3

_ 75(\1—11\4)%

|G(t,z,y)| < ct™Te t . (5.0.1)
The power of t in front of the Gaussian factor appears in situations in which the volume of a ball is
comparable to its radius - here a Euclidean setting is considered with |BSj ()| ~ t% for every z € R™. In

non-Euclidean situations, on the other hand, one has to replace this factor by an expression of the form

M(B%(w))_% M(B%(y))_% :

where 1 denotes the underlying measure and B\%(~) denotes the ball of radius v/t with respect to the
intrinsic metric. This illustrates that both analytic and geometric properties are combined by the kernel
G.

As a consequence of such an estimate, one obtains that the semigroup generated by the parabolic equation
satisfies certain LP-estimates such as those presented in the previous section [£.3.3] containing the Gaussian
factor e”. The objective here is to derive a Gaussian estimate in terms of the intrinsic metric d and the

measure fi1.

5.1 The Green Function

Now we turn to the crucial Gaussian estimate for the Green function. Owur notion of such a type of
function is that it can be employed to fashion a solution to the homogeneous Cauchy problem. In the
modern study of linear partial differential equations, a Green function is therefore often referred to as

general or representative solution. The Green function G is defined as the integral kernel such that
u(t,xr) = / G(t,z,t1,y) g(y) dy (5.1.1)
H
satisfies the equation d;u + Lou = 0 on I x H subject to the initial condition u(t1) = g. Remark that in

general we may not assume that such a kernel exists. However, in our situation we can apply the Riesz

representation theorem to ensure its existence in L? (p1). This occupies the first part of our key theorem

83



84 CHAPTER 5. GAUSSIAN ESTIMATES AND CONSEQUENCES

BETIl In addition, we show that G is in fact essentially bounded and satisfies an estimate of the form

(GINUR

Theorem 5.1.1 (Gaussian estimate) Let I = (t1,t2) C R be open, | any nonnegative integer and
a any multi-index. Then there exists a Green function G : I x H x I x H — R with G(t,z,s,y) = 0 for
t < s € [t1,t2), and

0L0% u(t, z) = / 8102 G(t,x, 5, y) u(s, ) dy
H

forallt > s €I, x € H and any Lo-solution u on [t1,t2) x H to f =0 with u(t1) = g € L*(H, ).

In particular, there exist positive constants ¢ = c¢(n,l, ) and ¢, = c(n) such that

—1(d(1,y)4 )%

0005 Gt 2,5,9)| < cbia(VI—5,2) | Byes (@), * | Byss @), 2 e (555 (ge)

for almost every x # y.

Proof: Suppose u is an energy solution on [t1,t2) x H to f = 0 with u(t1) = g. Then proposition E3.9]
ensures that the linear functional that assigns u(s,-) to the evaluation d!0% u(t, z) is continuous. Thus we
can apply the Riesz representation theorem to find a kernel ki o(t,x,s;-) € L?(u1) such that

0105 u(t,z) = / Fua(t, 2, 519) u(s, y) dpa (v)
H

Putting Gi,o(t,x, $,Y) := yn ki,a(t, z, s; y), this reads
ooz u(t,z) = [ Gualtws,y)uls,)dy
H

which already proves the existence of G = Go,0. The desired identity for derivatives follows from Lebesgue’s

dominated convergence theorem. Indeed, we have
oloz u(t,z) = 0102 [ Gltas)uts.n)dy = [ 008 Gt ) uls ) dy
H H

which means G, = 8,%8? G.
Now fix t > s € [t1,t2) and 2 € H. Moreover, let ¥ € Lips(H) (see definition B5.10). By duality we get

1 _ 1
le™ |Bye= ()],? kralloe ) = sup ‘/ kiae " | By ()], gdul‘- (%)
H

“gllLl(Ml)_
Using the notation k; o (y) =y ' 8:0% G(t, z, s, y), this reads

1
sup {|8§8§ u(t, x)‘ ‘ v is Lo-solution with v(s) =e ¥ ‘B“JE (~)‘12 g}.

<
lgll 1,y <1

s+t

Next we appeal to proposition 31T applied to v in the points &+ < ¢ to get

s+t

" | By (@)} |0l02v(t, 0)| S e ($T=5,2) e F T e u( 22 ) laagu

For simplicity we introduce the following operators: By M we denote the multiplication operator that
1

assigns to a function in L*(p1) its multiplication by ‘Bm()‘f. The modified solution operator is

denoted by Ss(f) : L?(uu1) 3 e Y (3) — e Yv() € L*(u1), where v is any energy solution to 8;v+ Lov = 0

on I x H. In these notations, we apply proposition EZ3.11] once more, but now in the points s < =t for
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| = a =0 and with ¥ replaced by —V to find

~ S+t cnc4t_75 —
1M 8. (357) ¥ vl S e E 7 e u(s)llnag)

and consequently M S, is also an operator from L*(u1) to L°(H) with operator norm bounded by

c(n)ec"cljl =

Now let u; and w2 be as in lemma [£22.7] Then obviously the identity

(e‘pul(é) | e_\I'UQ(f))LQ(HyM) = (e\pul(f) | e ¥ UQ(E))L%H’M)

holds for all £ > § € I. Adopting the terminology of the modified solution operator we interpret this as
follows:

Ss())* : L* (1) 3 e"v(3) = ev(l) € L* (1)
is the dual operator to Ss(f) : e Yv(5) — e Yv(f). The multiplication operator, on the other hand, is

self-adjoint. But this implies that
(MSa)": (L) D L'(m) 3§ 5" Mg e L* ()

_1
2 y(s) € L' (p1) this amounts to

and the operator norms coincide. Now choosing § = e¥ |B\4/m ()|1

t—s

v (s+t ~ 4 (s+1 - en el N
le” (35 ez = 185 (55 ) M dllezgay S € E 2 1o

The two estimates combined give
i U (z Yo cnc4 —s w -2
| By ()], F ") 005 v(t,2)] < G0 (VT 5,2) L) [l | Byrms ()] F 0(5)l1 11 ) -

Plugging this inequality into (&) now yields

< di,a(Vt—s,x)

U 1 —V(x cnc4 —s
lle™ |Ba=s ()],2 kallLoemy e VteneL =) gyp B lgllLr () >

HQHLl(Hl)_

=

|Byr= (@)},
1 —
where we also used that v(s) = e~ ¥ |B{‘/§ (~)|12 g. But this implies that for almost every y € H

00 (Vi = 5,2) yn o~ (F@-v@)—enert(t-5)
1 1
|Bye=s (2)],2 |Byz=s (v)|,*

|0:0% G(t,2,5,9)| <

This is where we specify the choice of the Lipschitz function and define ¥(z) = crd(z,y) (see example
B359). Now we optimize the estimate with respect to ¥ or rather cr. Fixing all the other variables the

1
Gaussian function attains its minimum if ¢, = (M) 3. Indeed,

4cn(t—s)
d(z,y) d(z,y) \ 3
& 1 4 3
—(crd(m,y) — cnci'(t—s)) > — LA (475 —473) = —¢;" (#) 5
(cn(t—s))3 ——— t—s
>0
and the pointwise estimate as stated in the theorem follows. This completes the proof. |

Corollary 5.1.2  The Gaussian estimate allows us to solve the initial value problem also for other data
than those in L*(H, u1).

Sketch of proof: Given an initial datum g in either L*(H, ;) or C%'(H), one can truncate g to
become a function in L*(H, u1). A solution is then obtained by the representation formula (511 and the

exponential decay ensures convergence of the truncated solution. ]
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Remarks 5.1.3

1) For the proof of the Gaussian estimate we require that c;, > 1. In the opposite case c, < 1, we use

the inequality

afy
|Bm(y)|1% |Gl,a(t7x757y)‘ 5 M

|Bf‘/m(m)‘1

1
instead. Now if cr, = (Ci(&f’z)) ® <1 with ¥t —s < 1, we conclude that ‘i(:—\/‘fys) < % implying
that

1 g e (et

This shows that (gg) remains valid if d(z,y) < cn(t — s) < cn.

On the other hand, if cL <1 and ¥t — s > 1, we repeat the proof of the Gaussian estimate, but this
time for wo T instead of u. The operator T is defined as in the proof of proposition [{-3.13, that is,
T is a bijection of [0,1] x H onto [s,t] x H, with [s,t] C I, and uwo T is again a Lo-solution with
(uoT)(0) = u(s). Note also that G o T” is the corresponding Green function on (0,1) x H. Hence,
it suffices to consider the case s =0 and t = 1 such that the condition ¥/t — s < 1 is always fulfilled.
This proves, regardless of the relation between d(z,y) and v/t — s, that the assumption cr, > 1 is not

a limiting condition.

2) Note that
81,0 (VT =5, 2)
|B4\/§ (1‘)‘1

and (gg) are comparable up to changing the constants c,cn > 0. To see this, note that

— xT,1 4 l
002 G(t,z,5,9)| < g emon (4E27)°

~

-1 d(z,y)\"" -3
|Byr= ()], ® < <1+ 4t—s) |Bye= ()], ®
by lemmalZ513. However, due to the exponential decay the emerging expression (1+ %)nﬂ can
be controlled by the Gaussian function: For any number m > 0 there exists a positive constant c(m)
such that e~ * < ¢(m) (1 + z)_m holds for all z > 0. Thus, with m =n + 1, we find

d L (et )F _ S (dept)F
1+M ement (M25)7 o pry et e (1) T
Vit—s

In the same manner, we can replace §;,q ({‘/t — s, x) by 1,0 ({‘/t — s, y). Indeed,

Sra(Roz) = R (R+ya) o < (1+@)2M Sra(R.y)

again by lemma 3513 Throughout the rest of this work we choose the combination of x and y in
the factor 61,0 (VT —s,-) |B<;/E ()|171 that turns out to be suitable and refer to an estimate of the

form of (g@) always as “Gaussian estimate”.

In the next lemma we also allow for s- and y-derivatives to enter into the Gaussian estimate.

Lemma 5.1.4  Let I = (t1,t2) be an open interval, I, m € Nog and a, 8 € No*. If G is the Green function
associated to the homogeneous initial value problem, then there exist € and a constant ¢ = c(n,l,m,a, B)
such that

Oltm,at+B (\4/1‘ — s, x) 7€(d(m,y>4)%
e t—s
‘Bfl/t—s (Z’)|1

000 (yn 0102 G(t, 2, 8,9))| < ¢

foranyt>sel and z,y € H.
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Proof: First, one may check that y,' G(t,z,s,y) is a solution with respect to (s,y) on I x H in the
sense of definition B0} and hence the same holds true for y; ! 8.9 G(t,z,s,y). To see this, first note
that x,! G(s,y,t,z) is an energy solution with respect to (s,y) and then use that G satisfies the symmetry
property

G(t,z,s,y) = z—" G(s,y,t,x)

n
for almost every x,y € H. Now for s < t € I, there always exists a positive constant ¢ such that
Ir(s) = (s — R*, s] is contained in I, where the radius is defined as R = c¢ /% — s. Moreover, we have

IR(S):{7’|t—s§t—7’<(c4+1)(t—s)}, (*)
ie. YT—7 ~ R for all T € Ir(s). We now apply corollary @37 to &, 010 G(t, z, 7,€) in Qr(s,y) to find

|07°0) (yn ' 0108 G(t,2,5,9))| S Om.s(Ry) 1€, 0105 G(t, 2+, )| Lo (@p (s.9))

< e (#5e)?
m,5(R,Y) 610 (R, x) | Br(z)|, " |l R |2 (@R (s.9))

~

by virtue of (gg) and (®). Finally, we use the triangle inequality and Young’s inequality to show that
d(x,6)% 2 jd(x,y)% — d(§,)% and hence

4 4 4
6_5(d<a1c€5))3 < e_%(d(m,w)g es(d(%w)z
The lemma follows with d(§,y) < R for £ € Br(y). ]

In the next lemma we rephrase the Gaussian estimate (gg) on the Green function and its derivatives in a
more convenient form, but at the cost of a reduction of its application range. Indeed, as we will presently

see, the following estimate is limited to (s,y) outside of a certain cylinder Q.

Lemma 5.1.5 Suppose § € |0, %] and p > 1 are fized parameters. Let G be the Green function to
0w+ Lou = 0 on (0,1) x H and (t,z) € (20,1] x H. Then, for every j > 0, | € Ny and o € No* with
|| > 27, we have

_ d(=,y)

7 0005 Gt x,5,9)| < e (1+vim) 1 | Bi(y)| ! e T

for almost all (s,y) € ((0,¢] x H) \ ((6,t] x By(x)). Here, cn is the constant from the Gaussian estimate
fqa) and c depends on n,j,1,a and the choices of 6 and p.

Proof: Let 0 <& < £ and p > 1 be arbitrary, but fixed. With Q := (6,¢] x B,(z) for t € [26,1], we

decompose
3

(0,8 x H)\Q = (0,6] x By(z) U (0,6] x By(x)® U (8,¢] x By(z)" =: | J M.

=1
We observe that y., ‘B“JE (y)‘;l < ‘B“JE (y)|7l such that

()t )%

IT{ |aiag G(t,x,s,y)‘ S 4\/t_ S —4i=lel (m"_\/y_n)zj_‘&‘ ‘Bfl/m (y)‘—l e~ (2677,)_1 ( 2.y,

Here we have used the condition 2j — || < 0. For the next step we require that the time interval, and

consequently also the time difference ¢ — s, is bounded. This and the doubling property imply

(1+v5) ™7 [Buy)| < VT=5 " (=5 +vim) ¥ |Bi(y)|
SVE—s I s )1 |Byi— ()] -
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Thus it is sufficient to show that

@i

—on—4l—2|al+2j _ —1 (dz,yp*)3 _d(=zy)
n ‘OtH’Je (2¢n) ( t—s ) < ce Tcn v(s7y)€MluM2uM3

Vt—s
Note also that vy := 2(n+ 2l + |a| — j) is strictly positive which is due to the assumption that || —2j > 0.

First we consider (s,y) € Mi. Then

d(m,y>4)%

YT e e (Mt < 5F < 5 erd@y)

w2

since t — s > 2§ — ¢ and d(z,y) < p.
1
Now let (s,y) be in Ms. Then (%) ® > 1 such that

d(z,y)* 7 _d=z.y)

1
V=57 e e (p2m) < d 7T e Zem

Eventually, if (s,y) € M3 we use the exponential decay which makes the increase in the prefactor control-
lable: ¢~ (enR) ™ < ¢(m)R™ for any m > 0. Choosing R = v/t — s and m =  gives

1 1 1
_ 1 (dzp)t) 3 dend L _ AGe) ) 3 d(e (s
S o (2en) 1(%)3 _ R_me_(%)smcnm 167( (;4y))3 ch) < e A(ans).

4
Here we also use that % > 1 and % > 1since t —s < 1—4 and d(z,y) > p for (s,y) € M3 and

t < 1. The claimed estimate then follows with ¢ = max{§ “T e?, c()} [ ]

We conclude this section with another immediate consequence of the Gaussian estimate, namely that, for
a certain range of ¢ > 1, the Green function and its weighted derivatives (leaving temporal derivatives

aside) are in the space L9, where the integral is taken with respect to £,
Lemma 5.1.6  Let G be the Green function on (0,1) x H, j > 0 and o € No™ with 25 < |a| < j+2, then
j aa . 2j—|al 1
Hmn 81 G(ta Z,:, ')”L‘I((O,t)XH) < C(TL7], «, q) (1 + VZTn ) |B1(Z‘)| a
for all t € (0,1] and almost all x € H, and for any 1 < q < % .
Proof: Applying the Gaussian estimate (gg) we find that

()t

1
[ w1102 Gl sl dy S w00 (VT5,)" By @ [ e (D
e H

for t > s. Next, with Ai(2) := B; 47— () \ B(;_1) 45— (¢), we decompose the half plane into the annuli,
H = | JAi().
ieN
This yields
1 ((dea)? )%

[ w0z Gtows )| dy w00 (T 50)" By @73 [ e (U
H A

ieN 7 Ai(@)

dpiq(y)

xT{q 50’(1(4 - S7I)q ‘Bé/m (x)|1—qze—qc;1(i—1)% |Bl4¢m($)|q )
i€EN

IN

In view of the doubling condition (see corollary B5.I2) we get |Blm(x)| < g2nt2e |B4\/g (x)‘q and

q
hence

|Byres @)|, " [Byr=s (@)], ~ |Byr=s ()] £ Vi—s "7 | Ba(a)] 7.
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Moreover,
x'rg 60,a(m7m) < m%—ma\ (1 +\/E)2j_‘a‘

4

1. E

if |a| > 2j. We subsume the convergent series 3.4 2("+? ¢~ (=13 into the constant and then integrate
ieN

the estimate in s € (0,t) to realize,

N

(1 +\/E)(2j_‘a‘)q ‘Bl(w)‘l_q /tT F-gnmitlel gp

t .
/(; ||$,,g ag G(t7I7S, )H%Q(H) ds 0

2 . —
P F2 G (n—jtlal) 7=

n+2—qn—j+lal) [—o

_ 2(1 +\/E)(2j—\a\)Q|Bl(x)|l—q

n+2

7=577ar » this last expression

If both the denominator and the exponent are strictly positive, that is for g <
is bounded above by a constant depending on n, j, « and g. But since also ¢ > 1, this condition is satisfied

as long as —j + |af < 2. [ |

Remark 5.1.7  Using similar arguments we can also show that, for any 25 < |a| < j + 2, we have

1

1 1 e 1_
(f 102 Gltoss gy 1) < lndiana) (1) B

1

for all s € (0,1], almost all y € H and for any 1 < q < nf‘gﬁa‘ .

5.2 The Inhomogeneous Problem

In this section we present the main results of this work. We would like to apply a fixed point argument in

certain function spaces to obtain well-posedness for the nonlinear initial value problem
O + Lou = folul + mn filu] + ) folu] = flu], u(t) = g, (5.2.1)

where fo[u], f1[u] and fa[u] are as in lemma[33T] In the previous chapter we have already seen that there

exists a unique solution u of the homogeneous linear initial value problem, that is, u satisfies the equation
Ot + Lou =0, wu(t1) = g. (5.2.2)

Let S, (t) denote the solution operator such that S;, (t)g(z) = u(t,z) for t € I = [t1,t2] C R. Hence
St (t1)g = g as the initial condition holds and (0 + Lo)St, (t)g = 0. Now we apply Duhamel’s principle
which states that one can start with such a solution to build a solution to the inhomogeneous problem by
thinking of it as a set of initial value problems each beginning anew at the starting time f(s, ) instead of

g. Integrating trough time then gives the desired solution. This means that Duhamel’s formula,
t JE—
u(t, @) = Si(g(x) + / S.()f(s,2)ds  for (t,2) € [ x T,
ty

is the unique solution of (5Z1]). To confirm this, first realize that the initial condition is certainly satisfied

because the integral vanishes at time ¢ = t;. Next, applying 0; + Lo to Duhamel’s formula yields
t
(8,5 + Lo)u(t, z) = Si(t)f(t,x) + / ((% + Lo)Ss(t)f(s, z)ds = f(t,z),
t1

where the first summand comes up by differentiating the upper limit of the integral. We also used that
Se(t) f(t) = f(t) and (0¢ + Lo)Ss(t) f(s) = 0. In the following proposition we combine these considerations

with the fact that the solution operator can be expressed in terms of the Green function.
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Proposition 5.2.1 (Duhamel’s principle) Suppose I = (t1,t2) C R is an open interval, g € L*(H, 1)
and f € L? (I; LA (H, p1)). Further let G denote the Green function on I x H associated with (5.2.3). Then,

t
ut) = [ Gt gwdy + [ [ Gtz fs)dyds
H ty JH
satisfies the equation Oyu + Lou = f on I x H with initial condition u(t1) = g.

The fact that we can write the solution of the inhomogeneous problem with zero initial value as integral

operator allows us to treat f — z,7 8!8 u as a kernel operator. In particular, we will see that
yn' 0G, . DIG,  y.'w.D}G and oy, @) DG

define integral kernels which satisfy certain cancellation properties. From the Calderén-Zygmund theory
in spaces of homogeneous type we have learned that this implies that the corresponding operators are
bounded on L? (I; LP(H, 1)) for any p € (1,00).

When it comes to integral kernel operators Schur’s lemma is surely one of the most basic facts. It states
that

e /Y K(z,y) f(y) dv(y)

is a bounded operator from LP(Y,v) to LP(X, ), 1 < p < oo, if for almost every z € X,

/Y K (z,y)|dv(y) < C

and, for almost every y € Y,
[ 1K@ w]dut) < c.
X

A proof of this standard result may be found in [32]. Utilizing Schur’s lemma we can establish LP-

boundedness for additional integral operators without using Calderén-Zygmund theory.

Lemma 5.2.2  Let u be the Lo-solution to f € L*((0,1); L*(H, 1)) on [0,1) x H with u(0) = 0. Then
we have

w05 ull Lo o yx ey < cllfllzeco,1)x )

for any j > 0 and any multi-index o with 2j < |a| < j + 2, and especially for j = % if o) < 4.

5.2.1 Kernel Estimates

Let V (¢, z,s,y) be the volume of the “smallest” ball centered at (¢, ) that contains (s,y). As the volume
function V is essentially symmetric, i.e. we have V (¢, z, s,y) ~ V(s,y,t,x), it is equivalent to say V is given
by

V(t,z,s,y) = |Bd0(t,1’)|1 + ‘Bdo(s,y)h,

where do := d¥ ((t2), (s,y)) =/It — s| + d(z,y)*.

Proposition 5.2.3  Suppose G is the Green function and the kernel K(t,x,s,y) is given by any of the

following expressions:
yrtlatG(t7x7S7y)7 y;lDa:QG(t7I757y)7 y;lana?G(t7I7s7y)7 or y;lITLzD;G(t7x7S7y)

Then there exists a positive constant C = C(n) such that ‘K(t, z, s, y)‘ <CV(tx,sy) "
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For the stronger kernel estimate we set

Proposition 5.2.4  Under the assumptions of proposition we have

D

|K(t,z,s,y) — K(,%,5,7)| Vo)

C(n)

if D< 45

5.2.2 Weighted LP-Estimates

The kernel estimates and corollary [£.2.6] provide all that is needed to apply the theory of singular integral
operators. We obtain that, for j,/ and « admissible, the operator that maps the inhomogeneity f to

z,J 0L9% v is a Calderén-Zygmund operator on a homogeneous-type metric space.

Definition 5.2.5  We say the triple (4,1, a) is of Calderén-Zygmund type if it belongs to the set
CZ = {(j,l,a) €[0,00) x No x Ng" | j =2+ |a| =2 and 2j < |a|},

and observe that (j,1,c) € CZ if and only if (4,1, |e|) € {(0,1,0),(0,0,2),(1,0,3),(2,0,4) }.

Corollary 5.2.6  Suppose I = (t1,t2) C R is an open interval and v a Lo-solution on [t1,t2) x H to
felL? (I; L*(H, p1)) with g = 0. Further let

T:L*(LL*(H,n)) > f — o] 8108w € L*(I;L*(H, 1)) .
Then T is a Calderdn-Zygmund operator on (I x H,do, L x pl) if and only if (4,l,a) € CZ, i.e. if T

assigns f to either

2 3 2 4
ow, Diju, xnDyu or =z, Diu.

Hence we can apply the theory of Muckenhoupt weights to formulate the following result.

Proposition 5.2.7 (weighted LP-estimate) Let I = (t1,t2) C R be open, f € L? (I;LQ(H, Ml)) and
€ (1,00). If u is a Lo-solution on [t1,t2) x H to f with g =0, then

o o 2 o 3 o+2 4 o
[ 100wl gy D20y o+ D2l i+ VDl iy 4L S [ W Ty d
I I

for all —% <o<2-— %. In particular, this holds true for o € [0, 1].

Proof: According to lemma [B5.17), it is 2,77~ € Ap(u1) if and only if —1 < op < 2p — 1. But then the
statement follows from corollary [5.2.6] in conjunction with theorem [A.15)] ]
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5.2.3 Setting and Main Results

The first step consists in defining appropriate function spaces. Throughout this section we assume that the
initial value g is contained in the homogeneous Lipschitz space C' %! (H), that is llglle 0.1 (m) = IVgll oo (my <
0o. By proposition 313 this is a natural bound on the solution of the homogeneous initial value problem
and hence motivates the following definition.

Definition 5.2.8 (function spaces) Let I = (t1,t2) for some t1 < t2 < 0o be an open interval in R,
Qr(z) == (t1 + %4,751 + R"| x Br(z) and p € [1,00). Let X, denote the space of all functions with finite

norm

lullx, = [Vulleeeaxm) + llullxi
where
-1 _ —2j—1
lullxy = sup[Qr(x)[77 > RN (R 4z ) 5710102 wll Lo ey -
R e;oétfl—tl) Gila)ECE

By BX :={u € X, | |ullx, < e} we denote an e-ball in Xp,. The function space Y, is defined by

Vo o= {1l = s |Qu(@)| 7P R (R+vEn) T Ifllis e < o}

R4€(0,tg—t1)
zxeH

Note that X, and Y}, are Banach spaces because they are constructed as the intersection of complete func-

tion spaces.

We see at once that the X,-norm is bounded by the homogeneous Lipschitz-norm of the initial datum.

This observation follows directly from corollary F3.141

Lemma 5.2.9  Given an initial datum g € C%Y(H), let u be the solution of (.23) on [t1,t2) X H. Then

we have
lulx, < c(np)llglleon

for any p € [1,00).

It turns out that the scaling behavior of a solution has a significant impact on the upcoming analysis. If w
is a Lo-solution to f with initial condition u(t1) = g, then the rescaled function u o Ty is one to A2(f o Th),
where by T, we denote the coordinate transformation from ([34.06]) under which solutions are invariant.
Moreover, both the solution itself as well as the initial datum exhibit the same scaling behavior in their

respective norms, i.e.
Mullx, ~ lueTillx,  and  X[|Vagllrem = Ve g(X)llee ) -
As opposed to this, the scaling of the Y,-norm is characterized by the estimate
1f o Tally, < A7MIFl, - (5.2.3)
(A proof is provided in lemma [5.2.T8] in the proof section hereafter). Our goal now is to show that
lueTallx, < A [foTaly,

which in return allows us to conclude the following crucial result.
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Proposition 5.2.10  Suppose I = (t1,t2) C R for some t; < ts < oo and f € L? (I; L*(H, ,ul)). Further
let u be a Lo-solution on [t1,t2) x H to f with u(t1) = 0. Then there exists a positive constant c = c(n, p)
such that

lullx, < cliflly,

for any p > n + 2.

From the definition of the function spaces X, and Yj, and the special structure of f[u] we get the next

lemma.

Lemma 5.2.11 Let 1 < p < oo, I = (t1,t2) C R be an open interval with t1 > —oo, € < % and

f: X, =Y, be defined as in lemmal[Z3A Then the operator f : BX — Y, is analytic and we have the

estimates
2 3
Ifladlly, < e(llullx, + llullx,)
for all u € BX and

1flua] = fluallly, < e(llurllx, + lluzllx,) llur — uzllx,

for all u1,uz € BX, where the constant ¢ depends only on n and p.

Now we combine the results from lemma [5.2.9] proposition (.2.10] and lemma [B.2.11] to prove the main

theorem of this thesis.

Theorem 5.2.12 Let t1 > —oo0, I = (t1,t2) and p > n+ 2. Then there exist €1,e2 > 0 such that for
every g € C%Y(H) satisfying l9llc oz < €1 there exists a unique solution u™ € BX of (521) for which

lullx, < e(n,p) lgllon an

holds.

Proof: Let S : g — u denote the solution operator for (5.2.2) and ¥ : f — wu the parametrix for the
inhomogeneous equation with zero Cauchy data. Furthermore, for every g € C‘O‘l(H) define the operator
Fy: X, = X, by

Fy(u) == F(g.u) = Sg + Wf[ul,

where f[u] is given by lemma B3l With @ := Fy(u), we then have
ot + Lot = flu], a(t) = g¢. (%)
Via the results (2.9 - [F.2.TT] we achieve
IFy()llx, S Mglleor + lullk, + lulk, — VueX,,

that is, Fy; is bounded in BX for any ¢ € (0, ). Using the second inequality in lemma [F2IT] we see that
Fy is a contraction map within Bg provided ||9||(;'0,1(H) and €2 are chosen sufficiently small. Indeed,

[1Fg(ur) — Fg(uz)llx, < crllur —ue2llx,

for all u1,us € BX and some cp € (0,1). Then by the Banach fixed point theorem, F, has a unique fixed
point u* € BZ, that depends Lipschitz continuously on the initial condition. In view of (), this turns out

to be the unique global solution of (52.1]) we were looking for. [ ]

We call the unique solution u*, obtained in theorem [E.2Z.12] by variation of constants, a mild solution.
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Using an argument introduced by Angenent |2], and later improved by Koch and Lamm [54], we show next

that the unique solution ©* obtained in theorem [5.2.12]is analytic in temporal and all tangential directions.

Proposition 5.2.13  Let u* be the unique solution of (5.2.1) in BZ,. This solution depends analytically
on the initial data g € C‘O‘l(H). Moreover, u* is analytic in temporal and all tangential directions, and

there exists a number R > 0 such that for any | € Ng and for any o’ € Nonfl the estimate

sup sup |(t — tl)l"'%‘a,‘ 9L Vu* (t,z)| < cRT1 o gl oo (5.2.4)
tel weH

holds with a constant ¢ > 0 depending only on n and R.

In order to obtain analyticity in the x,-direction, a different approach is needed. For the related equation

o+ Lu = du — 2,7 V(2,7 V) = flu] on [ti,t2) x H

with u(t1) = g and
|[Vul? )
1+ 0z, u/’
this was proven by Koch [51]. Since Lo = LL, cf. (841]), there is good reason to believe that solutions
of (5ZJ) are still analytic in space up to the boundary of its support. This is stated in the following

Sl = =27 O, (2,7

conjecture.

Conjecture 5.2.14  If u” is an energy solution of (B21)), then this solution is analytic in time and
space for allt € I and x € H. Moreover, estimate (5.2.7) remains valid for every I € No and for every

multi-inder o € Ng*.

5.2.4 Conclusion

In order to conclude this work, we reformulate the above results for the thin-film equation (TEE]) on I x R™.
We will show that given any initial datum near the stationary solution (yn)f7 there exists a unique weak

solution h satisfying the equation dsh + V- (h V,Ayh) = 0 in the following sense:

// hdsp + hVAh -Vodyds = 0 (5.2.5)
I n

for every ¢ € CZ°(I x R™).

Next we introduce a new expression which corresponds to the X -norm (see definition [[.2.8)) under the
transformation (¢,z) — (s,y). Let ¢(X,) denote the set of all functions h : I x R" — R for which

_ 1 al— al—25—1 i «
hxi = s [Qe@)| T Y R (R4 VRO,9) T K 6105 Al non)
R4E§}f%;)”) (j,l,a)eCZ
Y s

is finite. Here
Pi(h) = Py 1pi(h) = {y eR"” ‘ h(s,y) >0},

and ¢ : z — (2/,v(z)) := y is the inverted transformation that has been applied in section Il to motivate
the consideration of the transformed equation on I x H. We will see below (lemma [5.2.T0)) that ¢ defines
a bijection, or rather a quasi-isometry, through (¢, H) — spt h(t).
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Theorem 5.2.15  Let I = (t1,t2) C R be an open interval and € > 0 small. Given a nonnegative initial
datum h(t1) = ho with

|Vy\/ho(y) — en| < e,

there exist a constant ¢ > 0 and a unique weak solution h* € C(I x R™) of Osh + V, - (A V,Ayh) = 0 with

inatial value ho,

IVyVh* = enllpoo(pn)) + [\/h*]xl < ce,

P

and h* satisfies the equation in the sense of identity (5.2.7).

Moreover, the level sets at a fixed level A are analytic. To see this, we fix ,, = A > 0 and note that
graph (A +u*(t,2',3)) = {(s,9) | h"(s,9) = A"} .

Now the analyticity of u* (see proposition B.2.13]) immediately implies the following result.

Corollary 5.2.16  The level sets of h* are analytic.

5.2.5 The Proofs

Proof (of lemma [5.2.2]): From Duhamel’s principle we infer that for all (¢,z) € (0,1] x H

Ja u(t, x) // Jo G(t,z,s,y) f(s,y)dyds,
where G is the Green function on (0,1) x H. Since 2j < |a| < j + 2, we can apply lemma [51.6] to find

i Ao 2j—|a
2] 0% Gty x, Ml owm S (L+vEa) P <1

for all t € (0,1] and almost all x € H, and by remark 5117

1
o 2j—|a
/ 102 Gty 5,9) 1 oy dt S (1)1 < 1

for all s € [0,1) and almost all y € H. This, however, verifies the assumptions of Schur’s lemma (see
section [(.2)) for K(t,z,s,y) = =) 02 G(t,x, s,y), and hence the assertion. [ ]

Let us now prove the two kernel estimates.

Proof (of proposition [5.2.3): First we fix some ¢t > s € I. Further let j > 0, ] € Np and a be a
multi-index. The Gaussian estimate (gg) then gives
-1 —c (d(zvy)4)%

t—s
1

ynta ] |010g Gt e s,y)| < Vs T (Vs 4vEn )Y T By (@)

1
YIS HTIE g ()|t ement (H65)F

N

where the second line only holds if |a| > 2j. In order to exchange the ball center x by y we now apply
lemma [3.5.13] that is, we get

By @), £ 1By @], + 1By 00],) (14 92) ™

The doubling property in corollary [3 then allows us to replace the ball radius by do = Av/t — s, with

1< A= 4{/1+ d(z’y) <1+ 3 d(z’y) , such that |Bgl0 Thus, due to the exponential

-

\2n+2 |B4Jﬁ

i
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decay of the Gaussian function, we discover that

o=

-1 (d(acwy)4

1 1 - ey
|Byes @), e (F)T < (1Bay @), + [Baolw)],) e e ()

ol

d(ﬂ;éy)).

Moreover, since R~ (R + d(m7y))me*5( < ¢(m) for all m > 0 and all € > 0, we have

wl=

d(w)“)

j—4l—2|c| —(2¢,,)" 1 j—4l—2| o j—4l—2| o —
\4/:% 41-2| \e (2en) ( &2 < ({‘/m+d(x,y))2j a=2lal d02g 42l _ d04

if & := 204 |a| — j = 2. Combining all these estimates leads to

K(t25,9)] < i (1Bao@)], + B @)],) = (1Qat.0)], + 1Qu(s)],) < Vit s,9) 7"

This corresponds to the desired estimate since both conditions, |a| > 25 and 21 + |a| — j = 2, are satisfied
if and only if (4,1, ) € CZ (see definition £.2.5)). [ ]

Proof (of proposition B.2ZA4): Let do = /|t —s|+d(z,y)* and do = V|t — 5] +d(z,5)%. With

K(t,z,s,y) as in proposition [5.2.3] we have

If t <t, then

Applying the Gaussian estimate (gg) to 9. K (1) = yn ] O 9Y G(r, x, s,y) yields the pointwise estimate
0-K(r)] S (17— sl +d(x,9)") " V(rz,59) ",

if (4,1,«) € CZ. The calculation here is essentially the same as in the preceding proof. All this amounts to

VIt =1 1 D
<Y Tyw < 2
(I < @ V(t,z,s,y) " < Vi sy

since also do ~ do and |t — | < dg', which both follows from the assumption that D is small. If ¢ > , we

additionally require that do < /|t — s| + d(z,y)*.

Now suppose 7 : [a,b] — H is the geodesic between z and Z, i.e. y(a) = =, v(b) = Z and the length of ~ is
d(z,z). Then by the fundamental theorem of calculus, followed by definition B5Tl (I7) equals

‘/ab Vo K(v(1)) ' () dT‘ < d(z,z) sup zn |VoK(2)].

z€(7)

As above, we get

d(z,m?t

1
- 1 5
\Zn ‘VZK(Z)| < |t—s|_% ‘B\/z(y)h le 5( T—s ) .
If z € Fd(m,i)(x), then
d(z,y) < VIt —s[+d(zy)*.
Now note that v C B,z (), and consequently it appears that

d(z,T)

= V(Ez,s,y) " .
VIt = s+ d(z,y)* ( )

‘K(m)—K(E)| = ‘K(E,x,s,y)—K(E,f,s,y)‘ <
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Eventually, the assumption on D implies that do < /|t — s| + d(z,y)?%, and hence we arrive at the estimate

d(l’i‘) -1
II) < vtz s, .
(11 s S22 Vi)

Similarly,
(I11) < s —5| sup (fE—7|+d(@y)*") " V(Ez7y) "
TE(s,3)
which follows from the Gaussian estimate BT and d(z,y) < /|t — 7|+ d(Z,y)* for D < & and 7 € [s, 5.
Employing the condition on D once more, we also find do < /% — min{s, 5} + d(=, y)* which gives the

estimate the required form.

Only an estimate for (IV) is left for which we choose a length-minimizing curve v from y to g such that

(IV) < d(y,§) sup v/zn | V2K (2)].

z€(7)

We know that + is contained in the set By, 5)(y) N Bagy,5) (¥) and in particular, if z € (), we have that
d(z,2) < V/t—5+d(Z,2)* and d(z,y) < Vt—35+d(z,2)*,

each of which involves a series of calculations using D < . By lemma[5.1.4] applied to K (z), we therefore

10
get
(‘IV) S —d(y—7y) V(Ea z, 5, y)71 )
Vi—§+dzy)!
and the statement follows with do < ¥/t — 5+ d(z,y)*. |

For the proof of proposition [(.2.10] we distinguish between the situation on and off the diagonal. The

following lemma deals with the off-diagonal part.

Lemma 5.2.17 Letzo € H, § € [0, %] and p > 1 be fized, and f € LQ((O71);L2(H7M)) with spt f C
([0,1] x H) \ ((6,1] x Bay(x0)). Suppose further that j > 0, I € No, a € No* and u is a Lo-solution to f
on [0,1) x H with initial condition u(0) = 0. Then, if |a| > 2j, we have

2] 0102 ut, )| < c(n, 4,1, 0,6,p) (1 +vFom )1 l,

for all (t,x) € (26,1] x B,(x0) C (0,1] x H and all p > 1.

Proof: Suppressing the parameters 6 and p, we let Q(xo) := (0,t] X B2p(x0) be the cylinder for which
Q(zo) N spt f = 0. Using Duhamel’s formula (proposition B2ZT]) we get

2] [0;07 u(t,x)| < / @] 0107 G(t, @, 5,9)| | f(s,9)] dyds.
((0,6)x H)\Q(xo)

Now, since = € B,(xo) implies B,(z) C Bz,(zo) we find

((0,8] x H)\ Q(zo) C ((0,¢] x H)\ ((4,t] x By()),

and an application of lemma [5.1.5] under the integral is possible. This yields

d(z,

a] |00 ult,z)| < / (1+va) 51 (1) 7 Bu)| e Fo | £(s, )| dyds
(0,1)x H

for all (t,z) € (20,1] x By(xo). Thanks to the exponential decay in d(z,y) we may replace y, by = in the
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first factor, regardless of the sign of 2j + 1 — |a|. Hence we obtain the upper bound

(v e [ ) B

(0,1)xH
From lemma [3.5.13] it follows that

(1+vza)" S (L+d)" (1 +yaon)" < 1+0)"" (1 +vF0m)”

for all z € B,(x0), and hence it remains to estimate the integral. For this we first cover H by countably
many balls Bi(yo). By the triangle inequality d(x,y) > d(z,y0) — 1 for all y € Bi(yo). Then the above

integral is (up to a constant) bounded by

d(z,y0)
Ze 8en / / 1+\/yn |B1 ‘ ‘f(s,y)‘dyds
B1(yo)

_ d(z,y0)

< (sup/ / 1—|—w/yn ‘Bl | | $,Y |dyds) Z e~ Sf‘n
B1(yo0)
where the series is uniformly convergent in x since

S <Y S e = e Y g | € B,
Yo

kEN yoeBy(x) keN

and the number of lattice points in a ball grows at most polynomially in k. As for the time interval (0, 1], we
choose the cover (%Ré ,R2], m € No, where R,, := 277 In the next step we want to use Vitali’s covering
lemma (see lemma [A7T]), which tells us that, for every m € No, there exists a number N = N(m) € N such
that {B% R (z:)}; is a disjoint collection of balls in B;(yo) and we have

N
U Bra(2) D Bi(wo)-
i=1

Using the fact that po = L™ satisfies the doubling condition with respect to the intrinsic balls we also get

N N N
;|3Rm(zi)\ < c;|B%Rm(zi)| = C‘szlB%Rm(zi)‘ < ¢|Bi(wo)| (%)

and the constant ¢ is independent of m. The preceding integral then reads as

N

sup Z Z/ »)(14'\/?4_” |Bl )| 1|f(s,y)|dyds.

Y0 meNy i=1 Y QRpm (2

The idea now is to consider the boundary-case and the situation away from the boundary separately. To

this end we write

{vo} = (Voo <1} U{1<\iom} = AUA.

Clearly, we have

sup < sup + sup
Yo

We start by discussing the latter case, that is yo € A’. If yo , is sufficiently large in comparison with 1, we

"This is related to the Gauss circle problem that asks how many lattice points are inside a given ball of radius
k. In the 2-dimensional Euclidean setting there are about N (k) = wk2 + O(k%-51%), with 0 < £ < 0.1298... ., integer
lattice points in By (0). The lower limit 0 was obtained independently by Hardy and Landau in 1915, and the upper
bound by Huxley [45].
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already know that yo,n ~ yn for all y € Bi(yo) and hence, in particular, for y = z;. Thus by transitivity,

ST Biwo)| 7 (B +\/m)*1/ |£(s,)| dyds (%)

meNg i=1 QR (24)

serves as upper bound for the off-boundary part. Furthermore, by Holder’s inequality and (), we conclude

N —1
1Biwo)| " Y0 Y (R +vEn) Q@ ()| T 1110 (@, o00)

= <
meNy i=1
) N
< Bio)| D Rm Y [Bra ()| £y, S D Rallflv,
meNg i=1 meNy

for all p > 1.

Turning to the case yo € A, we first apply the rather rough estimate (1 +/Yn )_1 |B1 (y)|_1 <1 to find
the boundary part to be less than

3 Z/ £ dyds < 373 Ron (B +/Zim) | Bro, (20)] 111,

meNy i=1 Y @Rm (%) meNg i=1

®
< [Biwo)| 3 R llfll,

meEN

In the last line we also used the estimate

(lemmam 2
Ry +Zin < 1+/Zin < (1+d(zi,90)” (L+vyon) S 1

< 1. Now, near the boundary we can always embed Bi(yo) into a ball

~

for any z; € Bi(yo) and yo,n
centered on the boundary such that |31 (yo)‘ is bounded by some finite number which does not depend on

the location of yo. Summation over m € Ny is possible in any of the cases and so we have

el 010 u(t,z)| S (1 +v@om) sl Y R

mENg
for any (t,x) € (20,1] X By(xo). This amounts to the assertion of the lemma. [ |
In order to allow the inhomogeneity to have a larger (or possibly smaller) time-support it requires a

rescaling argument of the form ([B.23). In the next step we formulate this scaling behavior (supplemented

by a time shift) in an independent lemma.
Lemma 5.2.18 (scaling of the Y,-norm) Let I = (t1,t2) be an open interval, spt f C [t1,t2] x H and
T:[0,1]xH > (t,x) — (t1+ Nt ) = (i,#) e IxH

for 0 < X <+/ta —t1. Then
MfoTly, < enpllflly,

forall1l <p< .

Proof: We fix a radius 0 < R < 1 and a point € H. Applying the transformation formula, we find

_n+2
||foT||LP((R74,R4]><BR(z)) = A P Hf||LP(T((RT4,R4]XBR(fL‘))).

(Note: T'= Ty o Ty with Ty and T as in BLD)—(B.4.0]), and the Jacobian determinant satisfies Jr = Jr, ).
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In view of lemma [3.5.11] we obtain

T((R;,R‘*] x Br(a)) € (t+ (*/XQR)4,t1 + VAR % By, ayx (M)

Now we cover B, cdgﬁR(Ax) by N(n) € N balls of radius VA R centered at A\z; € B, CdgﬁR()\x), and thus

have

R N(n)
T((77R4] x Br(z)) ¢ |J Qurrrai).
=1
This implies

_n+2
HfOT||LP((R74,R4]><BR(a:)) 5 A P Z Hf”LP(Q\/;R()\zi))-
i=1
Moreover,
R* _, _1 n+2 _1 nt2 1
(5B % Be@)] 7 ~ AT Q00| 7 $ AT Qe 7,
where the first estimate follows from lemma [3.5.15] while the second one is a consequence of the following:

By the triangle inequality we get B x z(Az:i) C B(H“f)\/XR()\x) and hence, by the doubling property,
_1 5. 20 _1
|IBxr(Az)| ™7 £ (1+4¢i)7 |Bxr(hai)|?

Finally,

R (R+var) ™" < 2 (VaR) <1+%>2(ﬁ1~2+\/m,n)_1

by virtue of lemma 3513} But regarding in which ball the Az; lie gives d(Az, Az:) < 4¢ VA R.

We arrive at
1. -1
MQr@)|™7 B (R+van) ™ If o Tll (5 gty oy oy

N(n)

_1 —1
< Z ‘Q\/XR()\Zz)‘ P (\/XR)S (\/XR +\/)\Z¢,n) Hf”LP(Q\/XR(AZi))

i=1

for all p > 1. Taking the supremum over R € (0,1] and = € H then leads to

_1 1
AMfoTly, £ N(n) sup sup |Qr(z)| » R (R+yZin) " fller@nc) »

0<RA<)2 z,€H

from which the right scaling follows since A <+/t2 — %1 . |

Proposition (.2.7] and the lemmas [5.2.17] and (.2.T8] are the key components for the next proof.

Proof (of proposition [5.2.10): We first consider the case that spt f C [0,1] x H and write

[ = Xe@o [ + (1 =Xowy) [ = fi + fa, where  Q(wo) = (371] X Ba(zo)

for any fixed xop € ‘H. This decomposition in turn splits u into a sum of u; and us with u; being a solution

to f1 while ug is one to inhomogeneity f2. Moreover, we have

!l qa l qa | na
10:0% ullLe (@1 (20), sy < 10607 wallLe(@y(wo), ujp) + 10607 u2llLe (@i (wo), uyy =t (1) + (I1).

s Hjp

Now we estimate each term separately and start with (I). From the global LP-estimates, proposition [5.2.7]

with ¢ = 0, it follows immediately that

! o 1
10:02 urllLr (@1 (o). 1) S Wfillecoyxmy = Ifllr@@en S (1+vZ0m) [Qu(zo)|? £y,
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for all p € (1,00). For the first estimate we require j, ! and « to be admissible, that is such that (4,1, «) € CZ.
In these cases f1 — z, 8'0% u; is a Calderén-Zygmund operator and proposition .27 can be applied. In
the second estimate we cover Q(xo) by Qr, (x:), with 7, € {2_%71} and x; € Ba(xo) for 1 <1i < ¢(n), and
appeal to lemma [3.5.13] leading directly to

c(n) 2 1 N
1flzr@eoy < D D e (ke +3/@in ) |Qr @) £y, S (1 +vEom ) [Q1(o)|7 1f]ly, -
1=1 k=1

Now suppose /To.» < 1 and (4,1, o) € CZ such that |« — 25 > 0. Then, through the obvious inequality

14+ aom < glorl =2 (1+ ro,n)2j+1_‘a‘7

the above estimate takes on the form
I go 2j+1—|al 1
10:05 wrllLe @y (w0, 5y < (1+vZom )™ |Q1(x0) | I fIlv, -

For 1 £./Ton, it requires a different ansatz to close the gap between the factor at hand, 1 +./Zo,,, and

the one to the power 25 + 1 — |a|. As mentioned previously, z, ~ o, for all x € B2(zo), and thus

lag

. |
|| =2 Q «
(L +vmom )7 N02 will e (@i wo), nyp) S Nen? O urllieoyxm S Ifller Qo))

by virtue of lemma [5.2.2]

To bound (1) we apply lemma 217 with § = 1 and p = 1 to obtain that

o 2j+1—|a 1
10502 wall La(@r wo). i) S (1 4Hv@om) T Qu@o) | Ifly, (g >1),

if @] > 2j. This last condition is, in particular, satisfied if (4,1, «) is of Calderén-Zygmund type. Also
observe that it is sufficient to only consider the case ¢ = p. As we will see later on, this allows us to merge

the estimates for (I) and (I/I) into a single one.

In addition, with |a| =1 and j = [ = 0, lemma [(.2.17] yields
[Vuz(t, 2)| S [Iflly,

for all (t,x) € Q1(z0) = (3,1] x Bi(wo) and hence, in particular, for (t,2) = (1,20). It remains to show

that the same pointwise bound holds for Vu;. By proposition [.2.1] and Holder’s inequality we get

L7 ey 127 @G0

|V (1,0)| < /

‘VJJG(17I07 S, y) f(Sa y)‘ dde < ”VEG(17 Zo, -, )”
Q(zo)

Then applying lemma [5.1.6] to the first norm, the one that contains the Green function, gives

IV.G(L, 20, )| o S (14y@om) " |Bilao)| 7 = 27% (1+y@om) | Qu(xzo)| 7 .

LP-1((0,1)xH)

This is possible if ﬁ < Z—ﬁ , that is for p > n + 2, and the desired bound follows.
Altogether we have seen that for all p > n 4+ 2 and (5,1, a) € CZ we have

o 2j+1—|a 1
1005 ull Lo (@1 (w0). 1) S (1T )TN Qu(@o) |7 11 £y, (*)

as well as
|Vu(l,z0)| S Iflly, ()



102 CHAPTER 5. GAUSSIAN ESTIMATES AND CONSEQUENCES

whenever f is supported in [0, 1] x H. Now let f be as in the assumptions of the proposition. Then u is a
Lo-solution on [t1,t1 + )\2) x H, for any 0 < A <+/tz — 1, to f with u(ti) = 0. If we define

T: (t,z) = (b4 Nt x) = (i,%),

we know that u o T is again a solution on [0,1) x H to A*(f o T") with (uoT)(0) = u(t1) = 0 and we have

l na L“+'72l7a PaYe
1005 ull o (@ (20) i) S A7 T TI0102 (w0 T) | Le(@y (o), )

(Proceed as in the proof of lemma [F.2.18]).

Applying (@), the right hand side can be bounded by

o] 1

AT WX +vE0n) YT Qua (00) P 1IN 0 Dy,

since also
n+2

@i P = [@i ()P ~ A5 |Qux @)
Then, due to lemma [B.2Z.I8] we see that

la|

lel 1 — al—2j—1 NN e
NEE (VX +v/F00 )T Qs (20)| 7 (|0L0S ullLr Qs @0) ngp) S Iy, -

Now choosing A = r? and taking the supremum over r and &o gives us HuHX; Sy, -

Likewise,
2 -1 m
Vo u(ts + A% Mxo)| = A7 [Va(uoT)(L,z0)| S AMlfoTlly, < Ifllv
for any 0 < A <+/fz — t; and for almost every xo € H. This yields the complete statement. |

We finally turn to the nonlinear problem and search for an estimate for f[u] by the solution of the linear
equation. This closes the circle and allows for the fixed point argument as used in the proof of the main
theorem [5.2.12]

Proof (of lemma [5.2.77]): The proof requires a careful examination of the inhomogeneity coupled with

the definition of the considered function spaces Y, and X,.
Part 1: We first notice that
R3 (R+\/E)7l S R4l+\a\—1 (R_‘_\/E)\a\f%'fl (*)

for any (4,1, «) € CZ such that the factor in the Y,-norm can be bounded by each of the factors appearing
in the X}-norm (cf. definition [.2Z8). Now from lemma B3] we know that the inhomogeneity can be

written as
flul = folu] + zn filul + =7 folu]

with
folu] = fo(Vu) * Vu x Diu,
filu] = f1(Vu) * Vu « D3u + f£(Vu) * Po(D?u) and
F2lu] = f23(Vu) * Vu x Dju + f3(Vu) x Diu « Diu + f5(Vu) « P3(DZu).

The functions fF(Vu) always contain factors of the form (1 + 9,,u)”"™ for some integer 1 < m < 6.

By assumption we have u € BX with 0 < € < % and hence, in particular, ||Vul/re~ < € such that
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|1+ 0ppu|™™ < (1 —€)"™ < 2™. The remaining parts of f(Vu) are “x-polynomials” of Vu from which
follows

IFE (Vo rxmy < ele) (+)

for every ¢ =0,1,2 and 1 < k < i+ 1. It is important to know that this constant can be chosen indepen-

dently of ¢ if ¢ is bounded above by some number smaller than 1.

Moreover, this allows us to expand each of the fF (Vu) into a power series. Since also any polynomial is

an analytic function, we can write f[u] as a convergent power series which is convergent for every v € BZ.

We now consider each of the summands in the expression of f[u] separately. For the f} we observe that
« k «
17 (V) Vu DIl Lo @pey gy < IE(VU)llnoe () 1Vl (e 1 D2 ull Lo @), )
where 5 =0,1,2 and |a] = j + 2. Using (@) and [&H) we arrive at the estimate
5 R (R4 ) Iz £ (Vu) Vu D S Jul3
|Qr(2)] (R+vVan) o fi (Vu) Vu D" ulle@pey S llullx, -

In order to bound the other parts of f[u], we appeal to the weighted Gagliardo-Nirenberg interpolation in
its local versiorH to get

2 12 2 2 3
D7 ul e @p(@). mp) = D2l Z20 ey, np) S IVUlILoS (1xr) 1D Ul Lo (@ (). 1)

and

2 3 2 3 2 4
ND:ul e (@r(e), nap) = I DeullLor(Qpie), pap) S IVUllLoo (rxmy 1DeullLr (@p (@), wap) -

Moreover,

2 3 2 3
1Dz u Dy ullir @), pop) <Pz ullzor @ue). wap) 102U g0 ) s

2 4113 3 413
S IVUllZoe (rmny 1P2 Ul o (@0, ap) IV Zoe (1) 1P Ul En (@ 2, 2y -

where in the first line we have used Holder’s inequality. Then, again by (@) and (H), we obtain

_1 1 .
Qe@)| > B (R4vED) " (bl @ucon i) + Walillie @uen o) S Tl + %,

Part 2: Next we address the second part of the lemma, namely the one that includes the estimate for

flu] = fluz] = (folwa] — foluz]) + @n (frlur] — frluz]) + 2.7 (f2[ua] — faluz])
for ui,us € BX with 0 < e < % This difference expressed as a telescoping sum reads

olw] = foluz] = (fo(Vur) = fo(Vuz)) » Vur * Diur + fo(Vuz) * V(ur —uz) * Diur +
+ fol(VUQ) * Vugz * Dﬁ(ul —u2),

and similarly we rewrite all the other terms except the last one. Here we have

3(Vur) * Ps(Du1) — f3(Vus) * Ps(D2us)
2
= (f5(Vu1) — f3(Vua)) * Ps(Djur) + f3(Vuz) %> Poi(Diur) x D7 (ur — uz) * Pi(Djus).

=0

8 Apply proposition 8.2 to D2u multiplied by a suitable cut-off function n which localizes the inequality to a
time-space cylinder.
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By means of the estimates from the first part of the proof applied to each of these summands we obtain

2
I £fur] = fluzllly, S (luillx, + luzllx,) lur = uallx, + llual, DI (V) = £ (Vu2)ll e xm
i=0

for every ui,us € BX with 0 < € < % Finally, in order to estimate the sum, we obtain through the

identity
1+ 6Inu1)7m -1+ 6InUQ)7m
i1
(O, U2 — Oz, u1) m i1k k
— n n 81; 81;
(1 +6:cnu1)m (1 +arnu2)m ; kZ:O i ( nul) ( nu2)
that
£ (Vus) = fil(vu2)HL°°(I><H) S llur —u2|lx,

for all w1, us € BZX. The complete statement follows with ||u1||§(p < ullx, (el x, + lluzllx,)- [ ]

In the proof of the analyticity result B.2.T3] we follow the same arguments as used in [54, Thm. 3.1] to

obtain analyticity for solutions of the non-degenerate analogue of the equation (TEE).

Proof (of proposition [5.2.13]): First we note that
Flg,u) = Sg + Vflul,

and hence G(g,u) = u — F(g,u), is analytic on C %' (H) x BX for e < 1. This, combined with the fact
that G(0,0) = 0 and D, G(0,0) = id, allows us to apply the analytic implicit function theorem (see e.g.

[22]): There exist positive numbers 0o, and a unique analytic mapping A : B(;L(fp — BX, with
B = {g € ™ (H) | lgleron ) < b0}

and Bs)g C BZ, such that A(0) = 0 and G(g,u) = 0 for every g € B(SLO”’ and u € ng if and only if
u = A(g). However, since by theorem [F.Z12} there exists exactly one solution u* € B of (EZ.1)), where

~ = min{ez, 0}, we thus have that v* depends analytically on g.

In the next part we prove that «* is an analytical function in ¢ € I and 2’. To this end, let t2 < 0o, 7 € R
and £ € R"~! be parameters satisfying (7,¢) € (1 — p, 1+ p) x BE%(0), for p,7 > 0 small, and define

frelu] == 7flu] + (1 =7)Lou — £-Viu.
Clearly, fi.0[u] = f[u]. Moreover, we define F',G : (1 — p,1 + p) x B£“(0) x C*'(H) x BX — X, by
F(1,6,9,u) := Sg + ¥ frelu]

and é(r,f,g,u) = u — ﬁ(ﬂ{,g,u), just as above. Now we use lemma [5.2.9] and proposition (E.2.10] to

conclude that
1G(m,€ 9, wllx, < llullx, + lglleory + [ frelullly,
provided p > n + 2. With the help of lemma [E.2Z.11] and definition [£.2.8] we estimate the last norm to get

Ifrelallly, S (7llullx, + 7llulk, + 11 —=7 + & VE2 = 1) Jullx, ,

since also
IVully, < I¥oullo s sup VE— G
tel

Since 6(1,0,07 0) =0 and Dué(l,0,0,0) = id, there exist positive numbers p < p,r < 7,e3 < €,61 and a
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uniquely determined analytic mapping A: 1—=p,14p)x Bev (0) x B(;pr X Bs)g — X, that satisfies
G(r.69,A(7.6.9)) = 0
by yet another application of the analytic implicit function theorem, and therefore we have the identity
A(r,€,9) = Sg + UfrelA(r,6,9)].
Now let g € BL;LZ")7 where § = min{do, d1}. Then we observe that A(g)(t1,") =g = g(ﬁ{,g)(tl7 -) and

G(1.69,A9)(r (t—t). 7 — (t—t)&20)) = 0.

Thus, by the above uniqueness results, we obtain A(g) (7‘ (t—t1), 2" — (t — t1)§7mn) = AV(T,f,g), and in
particular u* (7 (t — t1),2’ — (t — t1) &, zn) is analytic in 7 € (1 — p, 1+ p) and € € B£“(0) € R, For

t < t2 < 0o, we moreover get

Oru" (T (t—t1), 2" — (t—t1) &, zn) (t —t1) Bpu™ (¢, z),

(1,§)=(1,0)

Viu' (1 (t—t1), 2" — (t—t1) & zn) = (t1 —t) Viu" (¢, )

(1,§)=(1,0)

and similar formulas for (mixed) derivatives of higher order. This proves the analyticity of u* in (¢,z’) €
I x R™™'. The estimate (5.24) now follows from these formulas coupled with a scaling argument: Let
T:(t,x) = (t1 + X2t A\z) =: ({,2) with 0 < A <+/Tz — t1. Applying the analyticity estimate

oty u”(1,2)| < R Y lgllgon

yields

|0k05 u" (1 + A2, 8)| < AT RTI

a .
Q- HQHCOJ(H) )

since also ||Va g(A)||ee () = M||Va gllzoo (). Now for (£,&) € (t1,t2) x H, we set A =1/t —t; and the

estimate takes the desired form. [ |

Before we can prove the uniqueness result for the original problem, we shall need the fact that the change

of coordinates (t,z) — (s,y) is a quasi-isometry. This is formalized in the following auxiliary lemma.

Lemma 5.2.19  Let ¢ : x — (2',v(x)) with v : R" — R satisfying |Vav — en| < € for an e < 1. Then we
have
(1-e)fz -z < |¢p(x) - ¢(@)| < (1-2)" |z -2

for all x,z € R™.

Proof: We may assume that x, > Z, without loss of generality. By the mean value theorem, only applied

in vertical direction, there exists a number Z,, < z < x, such that

|6(2) — 6(&) — (@~ &)| = [v(@) — 0(&) — (@0 — &0)| = |90, 0(2)(@n — Fn) — (@0 — Fn)|

|Vav(2) — en| (zn — En) < &(xn — Tn)

e (Jo(@) = 6(@)] + |é() - 6(2) — (& — 7)) -

IN

IN

We subtract € times the left hand side from both sides of the inequality, divide by (1 — €) and arrive at

[6(2) = 6(@) — (@~ 2)| < 7 min{|6(e) — 6(2)],lc — 3|}

The assertion follows by the triangle inequality. |
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Corollary 5.2.20 Fory € R", let Bh(y) := ¢(BR(x)) with x = ¢~ '(y), where ¢~ : y (y',h(y)).
Then we have

Ba(y) ~ By, /5y ®) N spth

This relation reads as follows: There exists ¢ = c(e) > 1 such that ¢~ * B*(y) C Bi(y) C ¢ B&*(y), where
¢ Bi*(x) denotes the Fuclidean ball with the same center and radius dilated by the factor c, i.e. B! (x)

withr:R(R—F \/ﬁ)

Proof: First suppose that R < z,, i.e. R? < h after changing variables. In this situation we have

Br(z) ~ Bgm(z)

by virtue of lemma [3.5.11) whilst for R? > x,, this relation becomes Bg(z) ~ B (x) N H. However, this

implies

B o) yan (8(2)) C ¢(BR e (2)) € B o (d(@))

1

where we used lemma [F.2ZT9 and the assertion follows with y = ¢(z) and ¢(H) = spt h. [ ]

Proof (of theorem [5.2.15]): Assume that there exist numbers § € (0,1) and C > 1 such that v : I x H —
R satisfies
§ < |Veo(t,z)| < C. (%)

Then by lemma (219 we can make the change of variables (t,z) — (s,y) to globally transform the

equation dyv 4+ Lov = f[v], with v = 2, + u. Now using h = z,, as the new dependent variable, we obtain

Vyh = —vt Vi
Yy n _1

and thus 51 a1
+ +
0< S5 S IWhl < == <
If additionally |0;v| < oo, then
0.5 = |22 < oo,
Un

and the function h is Lipschitz in s and y up to the boundary of its support and has bounded first
derivatives. Now let v = x,, + u*, where u* is the unique solution of (2] given by theorem 2121 Then

we have
[Veauw” (t2)| S Nglleoacm

by means of (5.24)), and the required bounds follow for sufficiently small ||g||¢ 0.1z

It remains to prove two parts. First, we show that a mild solution of (B2.1)) yields a weak solution of the
thin-film equation in the sense of definition (5Z3)). In a second step, we prove uniqueness of this solution

by imposing additional conditions on h, or rather il, in terms of the transformed intrinsic cylinders Qr(x).

Existence: Putting h = v/h, we observe that
/ R 0spdyds = — / dsh? o dyds
1 Jrn 1JRn

for all test functions ¢ € CZ°(I x R™) by integration by parts. It therefore suffices to show that for all
sel,
Ok pdy = h? VyAyizz-Vygady.

R™ R™
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Under a change of coordinates (s,y) — (¢,z) (cf. section [B1]), the left hand side integral transforms to

—2/ In%kp%dl‘ = —2/ Orupdu ,
o Un 0Ty o

where v, = 05, v = 1 + 95,,u. For the second integral, we proceed as in the proof lemma [331] to get

—1 g —1 g
2/ [<vn z) (xf Agu) + 2z72 <v"6 E) Ot — 222 e, Agu + R(u)] Vyp U dz .
H

Next we employ the x-notation, as introduced in section [3:3] to rewrite the remainder as follows:
R(u) = .7 f2(Vou) * Voux Diju + 2,0 (f3(Vou) x Voux Diu+ f3(Vou) * Po(Dfu))

Again, the functions f> and f¥ contain factors of the form v;,™ for some 2 < m < 5. Now recall that

v, — <v;—v;1v;v amn> .

-1
Un 6177.

An integration by parts is possible giving us the identity

2/ Tn (8tu + Lou — f[u])cpdx =0,
H

and 2z, ¢ is an admissible test function. To see this, we calculate that

/ !
Vy[< 5 ) (703 Azu)—k?xnz ( vz ) Oz u — 22, Un e Datt + vp R(u)]

Un Oz, Un Oz,

= Ag(z,; Agu) — 4z Alu — flu].

Now if u* is the unique solution of (521]) given by theorem then each of the single terms O:u*,
D2u*, z,D3u*, z2D}u* and f[u*] is bounded above by ce; > 0. Reversing the transformation from above
yields the existence of a solution h of dsh+ Vy-(h VyAyh) = 0 on its positivity set P(h). Finally, extending
h by 0 outside of spt h we conclude that h is a weak solution in the sense of (5.2.5]). To see this, we calculate
that

// hdsp + hVAh -Vedyds = —// (0sh + V-(hVAR)) pdyds =0
1 Jrn 1 Jrn

using integration by parts. Note that the boundary terms vanish since h vanishes on 0P (h).

Uniqueness: Given g, satisfying |V.g, —en| < €, then by theorem [5.2.T2] there exists a unique solution

v™ of the transformed thin-film equation and we have v*(¢1) = g»,. Moreover, we know that
0" —znllx, < e.

This implies |Vov* — en| < ¢, cf. @), and |Vyh — e,| < € after the transformation (t,z) — (s,y). Under
this transformation applied to cylinders of the form Qr(z) = (t1 + %4, t1 + Rﬂ X Br(z) we get

4

Qr(z) ~ (t1 + % St +R4] x Br(y) = Qr(y)

where we have used corollary Now let (j,1,a) € CZ, for example take (4,1, |a|) = (0,0,2). Then

_1 _1 = ~
|Qr(x)| * R(R+van) D20 r@ney ~ |Qr®)| R (R*‘\/ﬁ) 107 2l v (@ (w)) »

with similar transforms for the other combinations of j,! and |a|. The supremum is now taken over all
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R* € (0,t2 — t1) and all y € Ps(h) = {y € R™ | h(s,y) > 0}, s € I. Also note that h is controlled by
(1—&)h(s,y) < dist(y,R"™ \ spt ﬁ(s)) < (1-8)""h(s,y)

which follows from a transformation of the statement in lemma [5.2191 Using |sh| < e, this amounts to

R+1/h(s,y) ~ R+y/ho(y)

in Qgr(y). All these calculations show that v* generates a solution hy via (t,z) — (s,y) which satisfies

sup |Vyf~L1 —en| + Vll]xl < e.
P(h) P

Let hy be another weak solution. Then, inverting the transformation, we obtain a second mild solution,

*

say v™*, of the transformed problem. Thus, by uniqueness of such a solution, hi=hsyisa unique solution
of

dsh® + V- (* V,AyR%) = 0.

Finally, we substitute back for A = v/ to see that the initial value problem for the equation (TFE) has a

unique weak solution, denoted by h*. [ ]



Chapter 6

Appendix

A Singular Integrals

To study partial differential equations is often intimately connected with the study of singular integrals.
A singular integral is defined as an operator T : LP° (X, u) — LP°(X, u), for po > 1, that is expressible in

the form

() = /X K(z,9)f(y) du(y)

The corresponding kernel K : X x X — R is singular along the diagonal {(z,z) | z € X}, smooth off the
diagonal and approximately translation invariant. The theory of singular integrals provides some useful

tools for estimating these operators.

This theory has developed into various directions, as for example the theory of weights. To be more precise,

we will study the class of positive functions w, called weights, for which we can estimate as follows:
[orsredn < ¢ [ 157 odu. (A1)
b's b's

One has to characterize the class of functions w in such a way that this estimate holds true. A necessary
and sufficient condition is that w belongs to a class of weights called the Muckenhoupt class which is de-
noted by A,.

This appendix is organized as follows. The harmonic analysis only requires little structure on the under-
lying space. Hardy-Littlewood maximal functions and functions of bounded mean oscillation still make
sense on spaces of homogeneous type, a setting in which a Calderén-Zygmund theory can be established.
Following the standard outline, we rediscover all the relevant LP-estimates on maximal functions and the
sharp function, and then prove the Calderén-Zygmund inequality which is an unweighted version of ([AT]).
Surprisingly, all these estimates are closely related. A detailed exposition of the material presented in this
section as well as the missing proofs in subsections[A Tl and [Adlmay be found in |73,|74,|52,153]. Eventually,

we survey the theory of Muckenhoupt weights leading to a proof of the weighted estimate above.

A.1 Harmonic Analysis in Spaces of Homogeneous Type

We consider a metric space (X,d) with metric d, and equip it with a Borel regular measure y on X.
This means that d(.,z) is measurable and for every open set M C X we have u(M) = sup u(K), where

K C M is compact. In addition, we assume that p and d are compatible in the following sense: There

109
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exist constants ¢, b > 1 such that
0 < p(Ber(z)) < bu(Br(z)) < oo. (A.2)

Such a measure is called “doubling” with doubling constant b. This terminology originates from the fact
that it is equivalent to formulate inequality (A.2) with ¢ = 2. The triple (X,d, ) is termed space of
homogeneous type. These spaces are locally compact and separable. The measure p is a Radon measure

and X is o-finite.

Examples for such metric measure spaces include the following:

1. X =R", d is the Euclidean distance and p = L" is the Lebesgue measure.
2. X C R" is a bounded domain and d, i1 are as above.

3. X =7Z", d is the Euclidean distance together with the counting measure.

The first example is the standard setting for the theory of singular integrals while the second one is related
to elliptic boundary value problems. The last example, on the other hand, exposes a discrete setting. One
should also take note of the fact that Coifman and Weiss generalized the definition of spaces of homogeneous
type by replacing the metric d by a quasi-metric p. In this context a quasi-metric is to be understood
as a mapping p : X X X — [0,00) which is positive definite and symmetric, but may violate the triangle

inequality. Instead it is assumed that the weaker form,

p(z,z) < c(plz,y)+p(y,2)),

holds for all z,y,z € X and a constant ¢ > 1. In this more general framework the proofs are slightly more
complicated. It was shown in [69] that for a given quasi-metric p there is a related metric, and then one
may use this metric in place of p. For our purposes, however, it is entirely sufficient to work in a metric

space of homogeneous type.

The Spaces #' and BMO

First let us introduce the Banach space H' as a subspace of L'(u). Suppose f € Li,.(x). The maximal
function of Hardy and Littlewood is then defined by

M) = supuB)” [ Iflde, (A.3)

where the supremum is taken over all balls B = B,(y) that contain . To prepare another definition we
fix a ball B = B, (z0) and set

max{r — d(z,z0),0}
ru(B)

£(8) = {oecx) | o) <

If ¢ € L(B), then —¢ € L(B), ||¢]|sup < p(B)~" and spt ¢ C B. In addition to (A3J), we define the second

Hardy-Littlewood maximal function by

Mfz) =  sup /B fddu (A4)

B>z, ¢pcL(B)

and observe that M f(z) < Mf(z). Hence {z € X | Mf(z) > A} D {z € X | Mf(z) > A} and both sets

are open. Consequently, M f and M f are p-measurable. A basic estimate for maximal functions is

bp z
1M ler < 2(527)" Ilrgo (A.5)
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To prove ([A5) one relies on the weak type (1,1) estimate

wlle € X 1007 > ) < 1 [ Ifld

that holds for any A > 0. Behind this is the fundamental covering lemma of Vitali valid in homogeneous-

type metric spaces.

Lemma A.1 (Vitali) Let (X,d,u) be a metric space of homogeneous type and K C X a compact set.
If { By, }icr1, labeled by means of an index set I = {1,..., N} for some 1 < N < oo, is a collection of balls
that covers K, then there is a finite subset J of I such that {B;,}jes is pairwise disjoint and {Bsr,}jes

still covers K.

The proof is as follows: Since K is compact, we may suppose that N < co. Moreover, let {B,, }icr be
ordered by the size of their radii, i.e r1 > r2 > --- > ry. Then B,, is a ball of greatest radius. Among the
other balls we pick the ball that has the greatest possible radius 7 for which B, N B, is empty. We repeat
this process until there are no more balls to choose. Since [ is a finite index set, this procedure eventually
stops after M < N steps. We claim that the so obtained sub-collection satisfies the requirements of Vitali’s
lemma. By construction, all the balls are pairwise disjoint. Now let x € K. Then x is contained in a ball
B;.,. This ball is either in the sub-collection, or there is a ball Brj with r; > r; for which B, N Brj is
nonempty. By the triangle inequality B,, C Bs,; which shows that

K c |JB c |JBsr, -
i i

A standard consequence of the estimates for the maximal functions is the following one. If f € L},.(u),
then

1) = it (B )7 [ gan= i s w(Bw) [

r—0 B, (y)3x r—0 B, (y)2z

for p-almost every z. Therefore we can pick a canonical representative in each equivalence class for which
both limits exist and which vanishes otherwise.

Definition A.2 (Hardy space) A function f € Lj,.(u) belongs to H' (), called Hardy space, if
Mf e L'(u). If p(X) = 0 we require in addition that [ f du = 0. We define the Hardy-norm of f by

112t oy = IMFllLra) -

One particular class of functions in H'(x) is the class of atoms.
Definition A.3 (atom) An atom is a function a for which there exists a ball B such that

i) spta C B, @) |a| < p(B)™" a.e. and iii)/adu =0.

These functions, in turn, characterize any Hardy function.

Theorem A.4 (atomic decomposition) Every f € H'(u) can be written as a sum, f =3 Apag, with

{ax} being a collection of H'(u)-atoms and {M\i} an absolutely summable sequence in R with

Z [Ax] < ellfllya(n for some constant c = c(b) > 0.
keN
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Definition A.5 (BMO) We say a locally integrable function f is of bounded mean oscillation if, for

any ball B, we have
w(B)™ [ |7(a) = ol duta) < C
Here
S = p(M)7 [ Fdp
M

is the average of f over the measurable set M with 0 < u(M) < oco.

This means that any function in BMO has its average oscillation bounded. The smallest upper bound C is
denoted by || f||zmo. Notably, the use of the mean value f5 in definition [A-His not mandatory. Instead, it
can be replaced by arbitrary constants cg and a perfectly equivalent definition arises. Then the inequality
|ce — fB| < C holds and, indeed, ||f||Bmo < 2C.

It is obvious that any bounded function is of bounded mean oscillation, while the converse is false. For

this, f(x) = logd(x,z0) sometimes serves as a prime example for an unbounded function in BMO.
The sharp function defines a dual object to the Hardy-Littlewood maximal functions.

Definition A.6 (sharp maximal function) Let f € Li,,(1). The sharp mazimal function f# is given
by
£#(@) = swpu(B) " [ |f ~ fol dn.
B>z B

Clearly, f# is also p-measurable. Furthermore, we notice that a function f is in BMO if and only if the

sharp function f# is bounded. Indeed, we have

|fllBrmo = ||f#||L°°(u) :

This expression becomes a norm on the BMO functions after quotienting out by the constant functions

for which || - ||pmo is equal to 0. With this convention BMO is a Banach space.

Now there is a series of inequalities that sets f, f#, M f and M f into relation to each other. We begin

with a result that is attributed to Fefferman.

Theorem A.7 Let 1 < p,p’ < oo with % + 1% =1, f € LP(u) and g € Lp/(,u). Then there ezists a
constant ¢ = c(b), see inequality (A3), such that

/fng < C/ f# Mgdu.
X X

The same inequality holds for f € BMO and g € H'(p).

Since the sharp function is pointwise dominated by the larger maximal function M f, or more specifically
f#(x) < 2M f(z), we have

1

bp \»
1# i < 4(525)" Il Ve (1),
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The converse is also true: Indeed, theorem [A7] and estimate (A.H]) imply

sup /fng < c(b)  sup /f#Mng
<1 X X

<1
L ()= Nl o =

1117 ()
gl

A

< O I Fllerey  sup 1Myl
il <

2¢(b)bp | F# |e (u) -

IN

Estimates for Singular Integral Operators

After having collected some basic estimates for maximal functions and the sharp maximal function we
turn our attention to singular integral operators and verify under weak assumptions on the kernel that the

associated linear operator T': LP(pu) — LP(p) is, in fact, continuous on LP () for all 1 < p < oo.

Definition A.8 A continuous function K : (X x X)\ {(z,z) | z € X} — R is said to be a Calderdn-
Zygmund singular integral kernel if there exist 0 < v < 1 and C < oo such that

|K(z,y)| < C(;U/(Bd(mvy)(m))+N(Bd(z,y)(y)))_1 = CV(z,y)™"

for p-almost every x #y € X, and

|K(2,y) - K(2,9)] < CV(z,y)™* (W)”

d(z,y) + d(z,9)
for p-almost every x # vy, # § € X with 422w <5 for some § € (0,1).

d(z,y)+d(z,7)

We are now ready to give the definition of a Calderén-Zygmund operator.

Definition A.9 (Calderén-Zygmund operator) Let1l < po < co. A continuous and linear operator
T : LP(u) — LPO(u) is said to be a Calderdn-Zygmund singular integral operator if associated to T there
is a Calderén-Zygmund integral kernel K (in the sense of definition [A.8) such that

7f(@) = [ K@) ) duly)
X
for all f € LP°(u) with compact support and x ¢ spt f.
The first non-trivial result for such an integral operator is this pointwise estimate.

Lemma A.10 Suppose 1 < po < 0o and T : LP°(u) — LP°(u) is a Calderdn-Zygmund operator. Then

we have "
(T1)* @) < ebupo,T) (M(F17) ()"
for all f € L*°(u) and all x € X.

Armed with these estimates we can now approach the crucial Calderén-Zygmund estimate. It is proven in

two steps. First let p > po. Then,

L 1
ITf oGy < el@HF oo < cl(MAF)) oy = MU,

<
A (A.6)
< CproHLpg/po(u) = CHf”LP(#)

for all f € LP(u). It is easy to check that the assumptions on T for pg imply the assumptions on 7" for the

conjugate Holder exponent pj = %. In case of p < po we have p’ > pj, and hence we are in a situation
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where we can apply estimate ([A8) to T* : LP0 (1) — LP0(u). This results in

Tl =  sup / (Tfgdy =  sup / F(T"g) dp
loll pr (<1 /X lall pr (<1 /X
< sup ”fHLP(u) ”T*QHLP’(M < CHf”LP(H) )

ol <1

and therefore shows that the Calderén-Zygmund estimate (A.6) is valid for all p € (1, c0).

A.2 Weighted Norm Estimates for Singular Integral Operators

In this section we introduce the class of Muckenhoupt weights A,. Moreover, given a p-measurable set
M C X, let

w(M) = /deu. (A7)

Then, Muckenhoupt’s class A, consists of those weights w for which the Hardy—Littlewood maximal oper-

ator is bounded on L?(w). More precisely, we wish to characterize w in such a way that

M flleew) < cllflleew) (A.8)

for all f € LP(u). As an immediate consequence we get that any Calderén-Zygmund singular integral

operator is also bounded on these weighted LP-spaces.

Definition A.11 (Muckenhoupt weight) Let p € (1,00). We say w is a weight in Muckenhoupt’s
Ap(w)-class, or an Ap(u)-weight, if w > 0 is a locally p-integrable function in X such that
p—1

sup p(B)”" [ waufu(m)™ [ W an]" < clpw) < oo, (A.9)

where the supremum is taken with respect to all d-balls B. The best A, constant of w is denoted by [w]a,, .

Remark A.12 In the sequel we sometimes identify w with the measure w dp in the sense of (A7)

First we annotate that there is another related inequality:

Is < (f(];’; /B |f|”dw)’l° (A.10)

for all balls B and any locally p-integrable function f. In fact, inequality (AI0) is equivalent to the
Muckenhoupt condition (A8)). In order to see this we first suppose that (A29) holds true. But then

o ([ ) <

and consequently we have

)2 (st an)” < (f i) (f o a)”
b gy a

1
by Hoélder’s inequality. Conversely, we set f. := (w+¢)” =T and let ¢ — 0. An immediate but important

(f2)"

consequence of characterization (A.I0Q) is this result.

Lemma A.13 Let w € Ap(p) for some fired 1 < p < co. Then w satisfies the doubling condition.

Moreover, if p = L", then w and the Lebesgue measure are mutually absolutely continous.
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Proof: Choosing f = xB,, we obtain by (AI0) that

o) < Sy [, VP = Wl

Moreover, we have

_ 1+(Br)
bl < = .
= W(Bam) TP
by virtue of (A2). But this implies w(B2r) < bP[w]a,w(Br) and hence the claim. [ ]

Definition [A-TT] also reveals the following simple property of the class A,.
Lemma A.14 Let p,p’ € (1,00) with % + % =1. Then w € Ap(u) if and only ifw_% € Ay (p).

Proof: Let w be as in definition [A_11] Then

- ([u(B)*I/Bw*ﬁ du]”u(B)I/deu)ﬁ < WL < oo

Conversely, given w™ 7 € A, (1), we see that (AJ) is satisfied with ¢(p,w) = [w_p?]j_l. [ ]
P

/

The next step is to derive a reverse Holder inequality from which follows that w € Ap_.(u) for some € > 0
if w € Ap(p). This in turn implies that the Muckenhoupt condition (A9) is equivalent to inequality (A.S]).
For the details of these results see e.g. |52, 153, [59]. We should also note that we still have

Ifllr @) < eb,p) [1F7 1lLr) -

The proof is exactly the same as in the unweighted case.

With all these weighted LP-estimates we can finally state the main result of this section.

Theorem A.15 Let 1 < p < o0, w € Ap(p) and T : LPo(u) — LP(u), for some po > 1, be a

Calderén-Zygmund operator. Then there exists a positive constant ¢ = c(b, po, p,w) such that

ITfller @) < ellfller )
for all f € LP(w).

In order to check the validity of theorem [A.15] we simply follow the same line of argument as in the
unweighted case (see subsection [AT]).

A.3 Historical Background

In the 1950s, Zygmund and his doctoral student Calderén came up with an entirely new strategy for proving
LP-estimates, [13]. They found out that, for every f € L*(R™), T'f belongs to weak-L" if the operator T
is bounded on L?(R™) and if its distributional kernel satisfies some weak assumptions. The crucial step in
deriving this result is the Calderén-Zygmund decomposition. It states that an arbitrary integrable function
f can be split into the sum u + v of a “small” and a “large” function where |u| is pointwise bounded by a
given threshold A and belongs to L?(R™), while v is oscillating and supported in a set of small measure.
The Marcinkiewicz interpolation theorem then implies the desired LP-estimate for 1 < p < 2. Applying

the same arguments to T* instead yields the same bound for 2 < p < co.



116 CHAPTER 6. APPENDIX

Then by the 1970s, Coifman and Weiss |15] discovered that the theory of singular integral operators does
not depend on the Euclidean structure and, therefore, they introduced spaces of homogeneous type. These
are spaces to which the Calderén-Zygmund theory extends in a natural way. Indeed, a doubling property of
the measure and the covering results of Vitali and Whitney are the essential ingredients which are needed
to get all the mechanisms to work.

The Hardy space H' and the space BMO are borderline cases of this theory and closely connected to the
theory of integral operators, [14]. As an example we would like to mention the celebrated T'(1) theorem
which gives a criterion for L?-continuity, and hence LP-boundedness, of certain singular integral operators.
It was first proven on R™ by David and Journé [19], and later generalized to homogeneous-type spaces
by these authors and Semmes [20]. It is also remarkable that the theory of the Muckenhoupt class Ap,
which was introduced by Muckenhoupt [64], carries over almost word for word to this general geometric
framework. This issue has been addressed by a variety of authors, as for example by Coifman and Fefferman
[14], Muckenhoupt |65] and Stein |[74]. An extensive treatment of the Muckenhoupt class from a different
point of view may be found in |41, 46].

B Bessel Functions

The Bessel functions of first kind are defined as the complex functions represented by the power series

> (_1)3' (1 )2j+1/
Ju(z) = - =z .
(2) ;]!F(]+V+1) 2
Here v is an arbitrary real or complex number called the order of the Bessel function; the most common

cases are Bessel functions in the form of integer or half-integer order. The notation I' denotes the gamma

function defined by
I'(z) = / t*"le Tt dt.
0

J, is convergent everywhere in the complex plane C. The Bessel function of second kind Y, called Weber

function, is generated by a special linear combination of J,: For noninteger order v, Y, is related to J, by

Ju(z) cos(vm) — J_u(2) _

Yo(2) = sin(vmr)

When v € Z,
Y,(z) = lim Y,(2).

p—v

It can be shown that J, and Y, form a fundamental system of solutions for the Bessel differential equation
22020 + 200 + (22 + 1) v = 0.

In a similar way, A. B. Basset (1888) and H. M. MacDonald (1899) introduced the modified Bessel functions

= 1 1 25+
I(z) = jz:(:) m (5 z)

and

K, (2) = %w% Ve,

(or as the limit K, (z) = lim K, (2) if v is an integer) which satisfy the modified Bessel differential equation
n—v

22020 + 200 — (22 + %) v = 0. (B.1)

The Wronskian of I, and K, is W(Iy(z)7KV(z)) = é, and hence I, and K, are linearly independent
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Figure B.1: Modified Bessel functions

solutions of (BI]). Their asymptotic behavior is described by the following formulas: For 0 < |z| < Vv + 1,

we have

I(2) = ﬁ (%z)y, vé¢-N,

and
ITW)(52)"  if Re(r) >0

K,(z) =~
—In(2) —0.5772... ifv =0,

while for large arguments z > [v? — i|, the modified Bessel functions behave like

w0 = G (- e (- 0 e o)
and
K, (2) ~ %e_z <1 - 74”1(8_2)1 (1 - 4”2(8;)3 (1- 4”3(8_2)5 1 - ...)))).

Note that all the terms except the first drop out when v = % In fact, these approximations then become

2 . T _,
%(z) = \/W—Z sinh(z) and K%(z) =\ -

The functions I, and K, satisfy the recurrence relations

Zy-1(2) = Zy41(2) =

[

|
N
=
O

and
d

dx

where Z, denotes either I, or €™ K,. That way, one can derive Bessel functions of higher orders (or

Zy-1(2) = Zv4a(2) = 2 Zu(2),

higher derivatives) from Bessel functions of lower orders for all real values of v. In particular, it follows
k
(G4) 2 = 7 2 sla),
and

CY ) = 5 ).
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For more details on (modified) Bessel functions and their properties we refer the reader to [12] and the

references therein.

C Notation

BR(Z’)
QR(tv x)
dist(A, B)

€i

|v]
v-w
rn
Mo
c, C
Isg
Izg
f~yg
<y
>y
XA
spt f

the closure of the set A

the interior of the set A

the complement of the set A
the boundary of A

the set of all natural numbers {1,2,...}
NuU {0}
the set of integers {...,—2,-1,0,1,2,...}

n-dimensional real Euclidean space, R' = R

the set of positive real numbers (0, o)

the upper half space {z € R" | z,, > 0}

usually used to denote an open subset in R™

the open ball around x with radius R > 0, often with respect to a metric d

the parabolic cylinder (¢t — R*,t] x Br(z)

the infimum of the distances between any two of their respective points, dist(x,A) =
inf{d(z,y) |y € A}

the standard unit vector (0,...,0,1,0,...,0) € R™ with only the i-th entry holding a
value of 1

the Euclidean norm of v = (v1,...,v,) € R™, ie. \/v2 + -+ + 0,2

the standard inner product on R", i.e. v-w = viwi + - -+ + Vpwn

the n-dimensional Lebesgue measure, |A| = [, dL" = [, dx

the measure x,; dz for some o > —1, |A|, = [, duo

(generic) constants which may vary from line to line

f < cg for some constant ¢

g < c f form some constant c

fS9sr

f < C g for a given constant C' much larger than 1

g f

the indicator function of the set A

the support of the function f, that is the closure of the set of points where the function
is not zero-valued

the positivity set of the function f: R x R®™ — R, P(f) = P(f) at time t € R
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Zusammenfassung der Arbeit

Betrachtet man im freien Randwertproblem fiir den Stokes-Fluss mit Oberflachenspannung den Grenziiber-
gang fiir diinne Schichten, so ergibt sich formal aus den Navier-Stokes-Gleichungen fiir inkompressible
Fliissigkeiten die Diinne-Film-Gleichung. Diese ist eine partielle Differentialgleichung vierter Ordnung mit

degenerierter Parabolizitdt. Sie hat die Form
Osh + V- (K™ VyAyh) = 0.

In der vorliegenden Arbeit beschéftigen wir uns mit der Frage, ob schwache Losungen des dazugehorigen
Anfangswertproblems (mit linearer Mobilitdt m = 1) existieren, unter welchen Bedingungen an die An-

fangswerte diese eindeutig sind und wie regulér sie sind.

Im ersten Schritt fixieren wir den freien Rand, indem wir auf der Positivitdtsmenge die unabhéngige
Koordinate y, mit der abhéngigen h = h(s,y) vertauschen (von Mises-Transformation), und anschlieSend

die resultierende Gleichung um die stationére Losung y,2 linearisieren. Somit gelangen wir zu der Gleichung
O 4+ 2 Alz,2 Au) — 4 Agn—1u = flu]

fiir die Storung der (transformierten) stationiren Losung. Samtliche nichtlinearen Ausdriicke sammeln
wir auf der rechten Seite. Wir ignorieren fiir den Moment die Abhéngigkeit von f[u] von u und arbeiten
eine umfassende Energietheorie fiir schwache Losungen der linearen Gleichung aus. Die erzielten Resultate
basieren maBgeblich auf gleichméBigen (Energie-)Abschitzungen in gewichteten Normen. Eine wichtige
Rolle spielt hierbei auch die intrinsische Geometrie, die sich auf natiirliche Weise aus dem linearen Operator
ergibt. Das spiegelt sich unter anderem in der Tatsache wider, dass die Green’sche Funktion mit all ihren
Ableitungen einer fiir unsere weitere Analyse entscheidenden Gauf3’schen Abschétzung geniigt. Eine solche
Abschatzung besagt, dass der Green’sche Kern exponentiell abfallende Auslaufer hat, was uns nun den
Weg bereitet, unter Zuhilfenahme der Calderén-Zygmund-Theorie fiir singulédre Integrale lineare Normab-
schéitzungen von u gegen die Inhomogenitdt in geeigneten Normen zu generieren. Eine Abschitzung der
Nichtlinearitdt gegen u ist ebenfalls mdglich und wir kénnen damit ein Fixpunkt-Argument durchfiihren.
Entscheidend bei diesen Abschétzungen ist die Konstruktion von skalierungsinvarianten Normen basierend
auf parabolischen Zeit-Raum-Zylindern. Wir erhalten dann eine eindeutige Losung der Storungsgleichung,
und somit der transformierten Gleichung, ein moglicherweise optimales Resultat hinsichtlich der Regu-
laritdt (Lipschitz) der Anfangswerte. Letztendlich gelingt es uns diese Ergebnisse auf das Ursprungspro-
blem zuriickzuspielen und somit die Existenz einer eindeutigen (schwachen) Losung nachzuweisen, sofern
der Anfangswert ho nah genug an der stationdren Loésung lag. Als Nebenprodukt dieser Schritte zeigen
wir auch noch, dass die der eindeutigen Losung zugeordneten Niveaulinien analytisch sind. Insbesondere

bedeutet dies, dass die bewegte Kontaktlinie (Niveaulinie zur Hohe 0) maximale Regularitat aufweist.

Die Arbeit gliedert sich nun wie folgt: Nach einigen einleitenden Worten in Kapitel 1 schaffen wir im Fol-
gekapitel das fiir unsere weitere Analyse notwendige Riistzeug und untersuchen gewichtete Sobolevraume.
Kapitel 3 motiviert die im weiteren angestellten Betrachtungen der transformierten Gleichung und widmet
sich der intrinsische Geometrie. In Kapitel 4 befassen wir uns mit der linearen Gleichung. Im letzten Kapi-
tel beweisen wir die Gaufl’sche Abschéitzung mit all ihren Konsequenzen, betrachten die Nichtlinearitét

und diskutieren, was das erzielte Eindeutigkeitsresultat fiir unser Ursprungsproblem bedeutet.
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