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Chapter 1

Introduction and statement

of results

On any length scale, partial differential equations (PDEs) are an invaluable tool for
modeling the behavior of the physical reality that surrounds us. It is impossible
to name them all since they can be found anywhere one looks, across all areas and
length scales: From the Gross-Pitaevskii equation in the quantum world of dilute
boson gases to the curvature of our spacetime universe as described by the Einstein
field equation, or from biological processes on the level of cells in the context of
chemotaxis and the Keller-Siegel model to Navier-Stokes equations (and its count-
less brethren) describing the motion of fluids and thus, in some variations, the effect

of a tsunami on the coast of Japan on the sea levels on Hawaii.

With the ubiquity of PDEs comes the need to study them, from on a variety of
vantage points ranging from theoretical to applied. Relevant questions abound:
When does a given equation have solutions? Can they develop singularities, and if
so, what form do they take? How well can solutions be approximated numerically?

And how well does the model correspond to reality?

In this dissertation, we treat problems related to the global existence theory of
some dispersive PDEs. That is, we try to abstractly construct solutions which exist

globally in time and have “good” properties, under conditions on the data.

Loosely speaking, dispersive PDEs exhibit wave-like properties and interact well
with the Fourier transform, so that solutions can be viewed as being a superposition
of different frequency waves. It is this viewpoint we focus on, and we are motivated
less by equations modeling a concrete physical process, but by the interplay of non-
linear interactions in a dispersive setting and its effects on the existence of global
solutions, especially concerning the assumptions on the initial data. Assumptions
typically imposed include (strong or weak) differentiability or spatial decay. Espe-

cially the latter is an assumption one may wish to avoid when trying to produce



a result for “natural” initial data: A dispersive (linear) equation usually disperses
over time, in the sense that initially localized data gets spread out over larger and
larger spatial regions. On the other hand, L?(R") is conserved, which suggests that
one should aim for results for initial data in L?(R™) based Sobolev spaces such
as H*(R™) and H*(R™) and try to avoid requiring “strong” decay conditions (like

weighted Lebesgue spaces or polynomial decay).

The outline of this dissertation is as follows. In section .1, we collect the basic
notation, definitions and conventions. We then continue in chapter 2 to describe
in a colloquial manner what a dispersive PDE is, present the geometry associated
to such an equation - that is, the characteristic hypersurface Y - and derive some

heuristics to describe the behavior of linear solutions.

In particular, we describe how to quickly guess the L' — L* decay of a linear
dispersive PDE, the outcome of which we use in section 21 to derive the funda-
mental Strichartz estimates in an abstract setting. This allows us to treat all the
Strichartz estimates occuring in this work in a unified and transparent manner. As
a last point in that chapter, we outline briefly in section the typical notion of a

solution which applies in our context as well as the concept of well-posedness.

Moving on, in section B.1 we define the Bourgain spaces X*°, briefly lay out some
of their key properties and discuss their shortcomings with respect to global exis-
tence results. This leads to section and the introduction and presentation of the

spaces U? and V2, upon which much of the techniques in this dissertation are based.

This concludes the expository part of this work, and in chapter @ we prove the
first theorem. Namely, we consider the Klein-Gordon equation with mass m > 0 in

spatial dimensions n > 2,
O+ m?*)u = Q(u)

where [0 = 9y — A, @Q is a polynomial of terms of order at least two, (¢,z) € R x R”
and the inital data uo and u; are in Sobolev spaces H*(R") and H*~1(R"), respec-
tively, where s > sg depends on the degree of Q). The main result (formulated more
generally for systems with masses satisfying a certain nondegeneracy condition) is
that for small enough initial data, global solutions exist, become asymptotically
free and depend on the initial data in a smooth way. This is most relevant in two
dimensions, n = 2, when a quadratic nonlinearity is by far too weak to justify global

existence based on just the decay in time of solutions of the linear equation (Q = 0).

Instead, we exploit a “non-resonance” condition inherent in the problem. This con-
dition is always satisfied in the scalar case and manifests itself through a simple

inequality involving the different masses in the case of systems of above type. This
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inequality implies, in a quantitative way, that points from two characteristic hy-
persurfaces cannot sum up to a point on the third hypersurface, and this allows
for nonlinear estimates using U? and V2 spaces, bilinear refinements of Strichartz’

inequality, and a contraction mapping argument.

A similar approach is used in chapter B, where we derive a similar result for the

nonlinear Schrédinger equation
i — Au = uly, u

with initial data in the scaling critical space "', Again, we obtain small data
global existence, scattering and good dependence on the initial data, and it is for
similar reasons: A non-resonance condition holds except at a single point, where
the derivative in the nonlinearity actually acts as an improvement in the estimates,
hence allowing estimates along lines similar to chapter @. This demonstrates that
such an argument can also work if the non-resonance condition is violated; how-
ever, the nonlinearity needs to compensate when this happens. In a way, this effect
here can be seen as a trivial kind of “null condition”, akin to that of Klainerman-
Machedon (see [KM93]). It’s important to note that in this specific example, the
placement of complex conjugates is critical, as any other combination induces a lot of

resonance which our methods cannot handle, as will be discussed later in section Z-3.

As alast item in the series of small data global existence results, we treat in chapter 6

a problem related to the Novikov-Veselov (NV) equation
up + (8% 4+ 0%)u = Nyv (u) (z,t) e RZ xR

where d = 3 (0,, — i0,,). This equation arises as a natural two-dimensional ana-
logue to the Korteweg-de Vries equation; it is also completely integrable, and related
to the - also completely integrable - modified Novikov-Veselov (mNV) equation
through a Miura-type transform, which formally maps (mNV) solutions to solu-
tions of (NV). Both equations share the same linear structure, but the nonlinearity
is quadratic for (NV) and cubic for (mNV), making (mNV) the easier problem to
treat with our methods. In fact, we can do so relying only on bilinear refinements
of Strichartz’ inequality and not on a non-resonance condition. Such a condition
would be needed to treat (NV); however, it doesn’t hold. Consequently, we derive

only a small data global existence result for the modified Novikov-Veselov equation.

Yet, we return to (NV), among others, in the last chapter. Now, instead of look-
ing at non-resonant situations, we explore the implications of resonance on global
solutions. At the heart of this is the observation that if we have a quadratic nonlin-
earity, a smooth solution operator and a well-defined scattering operator, then we

can compute the second derivative of the scattering operator and obtain a so-called
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convolution estimate of three characteristic hypersurfaces, taking the form

| fdHs, * gdH22||L2(23) < CHf||L2(21)HgHL2(22)

for three (regular) two-dimensional hypersurfaces 3; C R®. Such a convolution es-
timate lives on the set of resonant points (z,y, z) for which x € £;, y € ¥y and
z =1x+y € ¥3. This is the same set that vanishes for the Klein-Gordon equations
we treat and is an isolated point in the case of the nonlinear Schrodinger equation

above.

Hence, for an equation with resonance, we can try to use the above to arrive at a
contradiction. The reason is that the optimal constant in such a convolution esti-
mate depends on the local transversality of the three surfaces, as measured by the
determinant of the unit normals. Thus one way to obtain a negative result is to find
a point around which this local transversality criterion degenerates. We show that
at such a point, one can localize and show that no convolution estimate can hold,
which in turn contradicts the assumptions on the solution and scattering operator

of the dispersive PDE we are investigating.

We use this to show that the techniques used in this paper in chapters @ to 6 cannot
be adapted to deal with some more resonant situations. This includes the Klein-
Gordon systems for which the mass condition mi +msy > mg is violated, a quadratic

Schrédinger equation, and the Novikov-Veselov equation.

To put these negative results into context, we finish our work by a brief summary
of the different scenarios one can face when analyzing a quadratic dispersive PDE.
Roughly speaking, the more resonance and non-transversality there is, the more
difficult it becomes to treat an equation, and we discuss up to which point our
techniques could possibly be adapted and extended without introducing decay on
the initial data, which plays a part in most results dealing with certain amounts of

nontransversality.

1.1 Notation and Preliminaries

In this section, we collect some definitions and constructions which will universally
be used in what follows.
For positive numbers f and g, we write f < g if there exists a constant C' > 0 such

that f < Cg, wherever this expression makes sense. In a similar way, we say

29 <= g5/ f~g = fS9S )

If, for a small constant ¢ we havef < cg, then we say f < g and again f > g is to
mean that g < f.
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We denote the spatial Fourier transform by * or F, and the Fourier transform in
time by F;. Even though this is of little importance in the sequel, we use the L2

normalized variants initially defined on the Schwartz space S(R™),

&) = (F.p)(©) = @m) % / T f@)de € S(RY)
For) = @n) [ o geS®),

and we may occasionally denote by JFi; the Fourier transform in both space and
time. With the above definitions, the Fourier transforms extend to the spaces of
tempered distributions S’(R"™) and S’(R); they define isometries on L*(R™) and
L?(R), respectively. We usually use &, 1 and v on the spatial Fourier side, and 7 on

the temporal Fourier side.

The letters M, N, O, H and L will be reserved for use as dyadic numbers denoting a
localization in frequency space. A (homogeneous) dyadic number N € 22 is simply

a rational number of the form
N=2 LkeZ

For dyadic sums, we define

E an ‘= E Aok, E an ‘= E Aok .
N

keZ N>M kEZ: 2k>M

Other expressions of this type such as ) Asp an are interpreted accordingly, even
if A and B are not dyadic.

For settings in which small frequencies are treated equally, in particular in chapter 4,
we will vary the definition of a dyadic number slightly. Precisely, as a (inhomoge-
neous) dyadic number in that context we take any number of the form 2* for some
k € NU {0}, where 2 is associated to frequencies less than one. The definition of

dyadic sums is adapted accordingly,

Z(ZN =ai + Z agn, Z an = Z agn (M > 0)
N

neN N>M neN: 2n>M

To avoid confusion between the two definitions, we use the convention that by
default, the former notation is used, while the latter will be pointed out explicitly.

In particular, all dyadic sums in the remainder of this section are homogeneous.

Now we define the usual Littlewood-Paley projection operators, which will be heav-
ily used in everything that follows. We denote the spatial dimension by n € N. In

our applications, we will always have n > 2.

Let x € C*°[-2,2] an even, non-negative function such that x(t) = 1 for [¢t| < 1. Its

precise form is not important, and one should think simply of the function 1_ 1;(t).
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We define 1 (t) := x(t) — x(2t) and 9 := (N~1.) for N > 0. Then,

T n(t)=1  t#0.

Ne2z

We have the following

Definition 1.1 (Paley-Littlewood decomposition). Let M, N dyadic, f € L*(R")
and g € L?(R). We define the Littlewood-Paley projection operator Py by

Py f=F (- DFef)

Similarly, we define the temporal Littlewood-Paley projection operator as

Qug :=F; " (buFeg).

For later use with inhomogeneous dyadic decompositions, we also define

1/)0:1*Z¢N

N>1

and the corresponding projector
Pof = F, ' (boFif).

We extend the previous notation for dyadic sums to the above operators. Thus, for
instance QZM = ZNEQZ:NzM QN and Q<M =1 — QZM'
Using the Littlewood-Paley decomposition, we now define the usual L? based Sobolev

(or Bessel potential) and Besov spaces in the form best suited to our purposes.

Definition 1.2 (Japanese Bracket). Let £ € R™. Then we write
(€ =v1+[gP,  (Om=vm>+[{F  (m>0).

Definition 1.3 (Sobolev space). Let s € R. We define the homogeneous Sobolev
space H® as the subspace of &'(R™) for which the seminorm

lull s gy = 17 (1€1°8) |2

is finite. The inhomogeneous Sobolev space H?* is defined analogously, using instead

the norm
[ull s mry = 1F5H ((6)°0) Il L2 memy

The Littlewood-Paley projections partition a function into their dyadic frequency

components. In particular, we have
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Lemma 1.4 (Orthogonality). We have
ullF2gny = Z | Pl 2 ey
N
el oy ~ D N*l Pl sy
N

Hu”?—IS(R") ~ Z HPNUHZL?(R") + Z N25||PNu||%2(Rn).
N<1 N>1

Definition 1.5 (Besov spaces). Let s € R and 1 < p,q < oo. The homogeneous

Besov space B;q is the set of all functions u € §'(R, L?(R™)) such that the seminorm

1
(ZM MSQ”QMUH%;D(Rn)) T g<oo

lull 5, =
supyy M (| @Qnrul| Lo () q =00
is finite. Similarly we define the inhomogeneous Besov space B, .

Definition 1.6. Let A : R® — R a smooth function. Then the free propagator or

free evolution associated to h is the unitary operator on L?(R™) defined by
eith(D)f — F! (eith(g)f) f e L2(RY)
for each ¢t € R. The function h is usually called dispersion relation.

In later chapters, the temporal Paley-Littlewood decomposition will be adapted to

a free evolution in the following way.

Definition 1.7. Let h as in Definition 1.6 and M dyadic. We define the modulation
cut-off operator Q%, by

Qhyg = Fo (s (7 = h(€) Fiug) -

In other words, Q" selects the Fourier spacetime region |7 — h(&)| ~ M.



Chapter 2

Dispersive equations

We describe in this section some fundamental characteristics of constant coefficient
dispersive equations. Since we are interested most in the case of equations which
are first order in time, we sacrifice generality in favor of ease of exposition. The
level of generality here will suffice to cover the intended purposes and the goal in
this chapter is to convey first the heuristics and then rigorous results necessary for
an intuitive understanding of the behavior of solutions related to their respective
dispersive effects. See [Tao06] for a more exhaustive introduction, which has cer-

tainly influenced the exposition below.

We consider the Cauchy problem for a linear partial differential equation of the

form

i0yu+ h(D)u=0
(2.0.1)
u(0) = uyg,

where, say, ugp € L?(R") and h(D) is simply the Fourier multiplier with symbol h,

D) = F* (h&)f).

Definition 2.1 (Dispersion relation). Given an equation of type (2.0.11), we refer

to the function h(§) as dispersion relation.

If we assume that for each ¢ € R we have u(t) € L?(R"), then we can take a
Fourier transform in space in (220:1) and quickly see that each Fourier mode evolves
independently through an ODE,

i0yii = —h(€)a
u(0) = ug,

and thus
i(t, &) = ug(&)e"™ ).

Consequently we write e’"(P) f = F-1 (e”h(g) f) for the fundamental solution of

(2021), which is for each ¢ € R an isometry on any of the spaces L%(R"), H*(R"™)
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or H*(R™) simply because it is given as a Fourier multiplier of modulus one.

Consequently, if we choose to work with initial data in L*(R™) (or H*(R™) or
H?(R"), respectively) in the natural choice of a solution space C(R, L*) (or C(R, H*)
or C(R, H®) for any s € R, respectively), we see that the solution is bounded in

terms of its initial data,

Heith(D)uO||C(R7L2(Rn)) < luollz2(rmy

and similarly one may replace L2(R™) by H*(R") or H*(R").
If instead of a Fourier transform in space we take a spacetime Fourier transform,

we see that
(=7 + h(§)) Frau =0

and using the initial condition, we infer that
Frotw = 0(1 = h(&))uo(§) (20.2)

in the sense of §'(R x R™). This motivates the following

Definition 2.2 (Characteristic surface). The characteristic surface associated

to an equation of type (2:0.1) is the smooth hypersurface of R x R™ defined by
N=%n={(r¢§ e RxR": 7=h(¢)},

endowed with the surface measure puy = H" .

Using the Coarea formula (Theorem A7), we can rewrite (2:0:2) in terms of the

surface measure py;, which results in the formula

‘theith(D)f: <Vh> Uy

We will see soon that geometric properties of 3 are related to dispersive properties
of (2:0°1).

Example 2.3. Three basic prototypes of dispersive equations are given by

e the Schrodinger equation i0;u — Awu = 0, for which
h(€) = €* and B =P = {r = [¢]*},
e the (half) Klein-Gordon equation with mass m > 0, i0yu + (D), u = 0,
W) = (E)m = V/m? + {2 and T = {7 = (¢)m}, and

o the (half) Wave equation i0; +|D|u = 0, formally obtained as the case m =0

of the previous equation with h(¢) = |¢| and characteristic surface the cone

{r =&}
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Furthermore, we will encounter in chapter &

e the Novikov-Veselov equation, with linear part given by
h(€) = 26 — 6665, €€ R®

Remark 2.4. We drop the word “half” from the examples for reasons of brevity,
since the full second-order Wave and Klein-Gordon equations are readily reduced
to systems of the above type, and their study is largely equivalent; see section &2

Dispersion and its effects

In order to develop a good intuitive understanding of equations of dispersive type,
we can try to guess the behavior of solutions emanating from localized data. For

ug = 8p(€ — &), we formally get

eith(D) ith(&o)+iz-&o

ug = €
which is a wave oscillating in space at frequency h(£p). On the other hand, if we
take the initial data localized in space around zg and around &; in frequency, that
is, ug(z) = e ¢(z — x¢) for some bump function ¢ € C°(R™), then

Py = | / illa—a0) E+th(E+€0)) 3£

and the principle of stationary phase (see Theorem A~2) would suggest that the
solution in space at time ¢ is largest where the phase has stationary points, which

happens when |£| is small such that
T =Tg — ch(f + fo) ~ Tog — ch(fo)

Summing up these heuristics, a solution which is concentrated around x( in space
and & in frequency (subject to limitations given by the Heisenberg uncertainty

principle) should
e oscillate in space roughly at frequency h(&p) and

e move in direction —Vh(&p), with the speed given by the magnitude of that
gradient.

From this description, we can identify the main mechanism for which this class of

equations is called dispersive:

Different frequency components of a solution move at different velocities and/or in

different directions, resulting in dispersion of the solution.
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Figure 2.1: Spatial evolution in time of a bump function concentrated at some
frequency &y. Initially coherent, the bump moves in direction —Vh(&p), becom-
ing smaller pointwise but conserving the L?(R™) norm due to the widening of the
support.

Example 2.5. A solution at localized at frequency &y, where [§9] ~ N, should

move at speed
e 2|¢| ~ 2N for the Schrodinger equation,
Tl ~m min(N, 1) for the Klein-Gordon equation and

e 1 for the Wave equation
in direction é—& (as for any radial choice of h), and
& — &

e along the vector 3
1&2

) for the Novikov-Veselov equation.

To illustrate how local properties of the characteristic surface ¥ come in, assume
that we take as initial data bump function which is localized to a small region
around the origin. If we take two parts of that solution located at nearby frequencies
&1 and &, then the difference between the velocity vectors Vh(£1) and VA(E,) is
approximately given through the Hessian of h by

Vh(&) — V(&) = D*h(&1) - (& — &).

Thus, if the Hessian is nondegenerate, the parts of the solution belonging to £&; and &
will move asynchronously against each other in time, which introduces cancellation
and thus ultimately, decay in time of the solution.

One way to capture this phenomenon mathematically is through a dispersive esti-

mate, which usually takes the form

Heith(D)PNf”Loo(Rn) < t_UN5||PNfHL1(R") t>1, fes.
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for some 0 € R, which is often nonnegative (corresponding to “losing” derivatives),
and 0 > 0. To see which values o typically takes, we observe that formally, for
detD?h # 0 and a bump function f,

IS = m 7 [ O fiegag

~ (2m)" % Z (@ E+th(€)+ 7 sen Dzh(s))| det tDQh(f)\‘%f(g)
& z+tVh(€)=0
(2.0.3)

plus terms that decay faster as ¢ — oo, by the principle of stationary phase (see
Theorem [A72). Clearly, Hf||Loc(Rn) < ||fllz:- Furthermore,

| det(tD*h(€))| = ¢" [T 1Nl
i=1

where \1,...,\, € C are the Eigenvalues of D?h(£).

Hence, in that case we expect o = 7, i.e. that the L°° norm of a solution decays at
arate of t~% as |t| — 0o, and in fact this should be the best decay one can expect.
For degenerate dispersion relations h, say, with a single zero eigenvalue at some
&o, one would instead integrate out this one direction (losing one derivative), and
use a stationary phase argument in the remaining n — 1 nondegenerate directions.
Consequently, in this case one would expect only a decay of t=" as [t| = oco. Argu-

ing similarly for multiple zero eigenvalues, we arrive at the following useful heuristic:

Heuristic 2.6 (Decay estimates).

If at each critical point &. of h with |£.| ~ N the Hessian D2h(¢) has k vanishing

Eigenvalues A\,,_k+1,-..,An, then we expect the dispersive estimate

n—~k
) n—k
e P) Py f| ooy S N*t~ 77 sup ’ IT »ice)
=1

. PNl ey

to hold true.

Remark 2.7. The dispersive estimate can also be interpreted in terms of the (in-

verse) Fourier transform of the measure vy := &Mgh on the characteristic

(Vh())
hypersurface, defined by

b(t,2) = (2m) " /E D€y ¢)

since

LHS (203) = (27)™" / ei(z’t)‘(f’h(f))%(Vh(g»d& = vy (z,t).

This links dispersive estimates to the decay behavior of the inverse Fourier transform

of the surface measure of the characteristic hypersurface, and the order of decay (in
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|(t,2)]) is dictated by the number of nonvanishing principal curvatures, where the

critical direction on the Fourier side is along the normal vector field.

Hence, in cases where Vh remains bounded, the principal curvatures behave essen-
tially like the eigenvalues of the Hessian D?h. This is the case for both the Wave and

Klein-Gordon equations, but not for the Schrodinger and Novikov-Veselov equation.
Example 2.8. We apply this heuristic to the usual examples:

e for the Schrédinger equation, the situation is particularly simple, since D?|¢|?

is twice the identity. Hence, we expect
le™* 2Py fll Lo zmy S ¢ 2 (1P fll 1 ey
and in fact this is true, see for instance (2.22) in [Tao06].

e For the Klein-Gordon equation (without loss of generality) with m = 1, h(§) =

(&) and we may assume after a rotation that & = (|¢],0,...,0) and thus

2 _.;L, q _»§;§f _ ;L—ia 9
D@‘@(d <£>2> g g (71, 1),

whose determinant is comparable to (N )f(””), therefore suggesting the va-

lidity of the estimate
i _n nt2
e P Py fl Lo eny S 7 E(N)Z || P f o emy
which is derived rigorously in [DF08a], (A.2).

e The case of the Wave equation is somewhat degenerate, since a zero eigenvalue

appears:
1
D?¢] = — diag(0,1,...,1)
€
for £ = (|¢],0,...,0); according to the above principle, we need to integrate

out one direction, losing one factor of N, and use only the remaining n — 1

eigenvalues, all of which are comparable to % This results in

n—1 nt1

1P Py fll oo @y S 777 N2 || Py fllpr e,
see [GVI5)].

e Finally, for the Novikov-Veselov equation, a quick computation gives a deter-
minant of —36/¢|?, suggesting in fact a gain of one derivative and the dispersive

estimate
1€"P) Py fll poo(r2) S ¢ N 7| Py fll £ (r2),s

see [BAKSO3].
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2.1 Strichartz estimates

A Strichartz estimate for an equation (2:0-T) is an estimate which bounds a space-
time LIL"(R x R™) norm of a free solution in terms of the initial data in L?(R"),
with a possible loss of derivatives. They originated in [Seg76] and [Str77], where
a special case was derived; the theory has since been completed (see [KT98] and
the references therein) and has long become a standard tool in the field. Bounds of
Strichartz type can be interpreted as stating that even though at some fixed point
in time the solution need not be in L"(R™), r > 2, it is still true that for most times

this holds, in a quantitative way.

Abstract Strichartz estimates

We first give an abstract derivation of such estimates that, while being far from
the most “pedestrian” proof available, highlights very clearly how Strichartz esti-
mates are, up to endpoint cases, a consequence of a dispersive inequality, L?(R")
conservation of the free propagator e®P) and the Hardy-Littlewood-Sobolev in-
equality (Theorem A~3). The arguments here follow closely the abstract notation
and arguments in [K'T98]. Assume that we have a dispersive estimate of the form

(e P) Pyug) (1) oo ny S N7 || Pavuo | 1.y, (2.1.1)

where either N € 2% (homogeneous case) or N € 2N (inhomogeneous case). We
fix 0 > 0 and ¢ for the remainder of this subsection. After multiplying both sides
by N =5 and square summing over N, we obtain (in the inhomogeneous case) the
estimate

(RSO St 7ol s

_s <
B, 2 (R™) B3, (R")

and similarly for the homogeneous case using instead homogeneous Besov spaces.
5 .5
If we set By = B3, in the inhomogeneous case (and similarly using B3, in the

homogeneous case), then this last estimate is equivalent to

(™ ) (O3, (80)- S 7

and combining this with the unitarity of U(¢) on L?(R"), we obtain for 0 < § < 1

the interpolated estimates
1) () 3y 80y S 77 (21.2)

where the interpolation spaces By are defined below.

Definition 2.9 (Interpolation space). For 0 < 6 < 1, we denote by By the real
interpolation space (L2, B;)g2 as defined in Definition A7.

Lemma 2.10. We have
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in the inhomogeneous and homogeneous cases, respectively.
Proof. see (2.4.2) in [ITi83]. O

Now we state the Strichartz estimate that can be proven under the above assump-
tions, namely

2
oq”

Proposition 2.11 (abstract Strichartz estimates). Let 2 < ¢ < 0o and let § =
Then, assuming (Z11) holds and with % + % =1, we have

(™ P u0) (@) | po 55y S llvollze@n)

|| / D) g5, Vds | ey S 190 .0y

Remark 2.12. We can completely eliminate the interpolation spaces from the

statement of Proposition 211 using Lemma 210 and the relationship between ¢

and 6. In fact, denoting r’ = % and % + % =1, we have

_s 5
(Bo)™ = By,/",  Bo =Byl

where ¢ and r are related by
1 1 1

oq 2

Furthermore, using the embedding B%AR”) C L"(R™) (r > 2) (Corollary AZ6) we
can even replace the norms on the left hand side by L4L" (R x R™) if we replace the
L?(R™) norm on the right hand side by Ho7 or H Uiq, respectively.

Remark 2.13. The endpoint r = 2 can be treated when o # 1, but the argument

is much more delicate and represents the major new contribution in [KT98].

Proof. We are trying to prove the bound

€ P) | L2 (n ) par,(B5)) S 1 (2.1.3)

where 6 will be determined. The second bound in Proposition 21T,

I /eish(D) || ot gy s L2y S L (2.1.4)

is just the dual of (271-3) since

(eiSh(D).) g:/e’“h(mg(s,w)ds.

By duality and the TT* method®, T is bounded if and only if TT* is bounded, in
the respective spaces. With T the operator in (2.1-3), the desired estimate for T7*

takes the form

[|e?h(D) (e“h(D)-) Iz ®,80)> Lo, (Bo)) S 1-

see, for instance, section 2.3 in [Tao06]

1
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and, using once more duality, we arrive at the equivalent bilinear bound

| [0 s t,0), P s, dst] S 1w s 9 (219
What we know from (21.2) is that

(e P £t ), e M Py (s,2)| S It = s~ Fllsa (1) g3, ),

and we can estimate, if we chose 6 = 0%1,

[ 1= 570l gl ()t < | (177 171 ®) )

Lq(R)HgHLq’(Bg)
S Lo @80y 191l Lo .86
by the Hardy-Littlewood-Sobolev inequality (see Theorem A-3), since 0 < % <1
1,1 _
Application to Schrodinger, Klein-Gordon and Wave equations

Armed with the general estimate, let us apply it to our three favorite examples.

Proposition 2.14 (Strichartz estimates). We have, for the Schrédinger and Klein-

Gordon equations?,

. 2
||€”|D| Uol|Larr®xrn) S [[toll 2 ®n)

. B
e P g | oy S (D)8 Fugl| 2

where m > 0 and % + % =%, q>2. For the Wave equation, we have instead

it|D

1,1 1
le ‘UOHL(IL"(RXR") < |HD\2+“ TUOHLZ(JR”)

1

2 n—
where 7 +

=21 g>2.
Proof. For the Schrédinger propagator h(D) = | D|?, we have the dispersive estimate

n

(210) with 0 = 2 and 6 = 0. Consequently, the relation between r and ¢ becomes

2
2 n n_n
g r 2
as desired, and the loss of derivatives q% is equal to zero. For the Klein-Gordon

equation, similarly o = %, but now o = ”T“ according to Example 2.8. Conse-

quently we have a loss of derivatives of size

96 & n+21 1

1 1
2 oq n oq¢g q 2 T

2the implicit constant in the second equation depends on m > 0
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which we can move from the Besov space to the right hand side in L?(R™) as outlined

in Remark 2.12.

n+1
2

algebra is the same as in the case of the Klein-Gordon equation (but applying the

Finally, for the wave equation, h(D) = |D|, ¢ = %31 and § = ; hence the

homogeneous case of Proposition 21T this time), but with n — 1 replacing n. This
results in the claimed estimates.
O

2.2 Well-posedness and Solutions

The term “well-posedness” refers to the satisfactory solvability of a given problem,
such as (2200) or a nonlinear version thereof. Which properties one asks for specif-
ically depends on the problem and the physical situation it may model. Since there
is a plethora of settings to consider, there is also a corresponding wide range of
notions of well-posedness. For that reason, a simple definition of what it means for
a problem to be well-posed appears futile. However, informally speaking, in many

standard situations, one asks at least for
e existence: for given initial data, there exists a solution,
e uniqueness: this solution is unique in a given class

e continuous dependence: the solution depends on its initial data in a continuous

way.

We make no attempt here to formalize this further at this point, but make sure to
state very precisely the notion of well-posedness used in chapters chapters @ and B
when it becomes relevant.
The main results in this work will deal with special cases of the nonlinear dispersive
equation

i0yu + h(D)u = N(u)

o (2.2.1)
u = Uo,

and we will focus for the remainder of this section on this class.

Now we will address the notion of a solution, which is a delicate issue. More often
than not, one is interested in solutions of (2:2.1) which do not possess enough strong
derivatives in order to satisfy the equation in a classical sense, especially when low-
regularity data are considered. Certainly, one will want at least a distributional
solution, but at the level of distributions, it is difficult to derive a lot of desired
properties, and one will try to find solutions in smaller spaces.

We are interested in perturbative settings, that is in situations in which one of
the parameters (typically the initial data or the existence time of the solution) is
“small”, invoking hopes that a solution of (22Z1)) should inherit many properties of

the linear flow e®h(P)

. To this end, one regards the nonlinear term N(u) in (2:2.1)
as a perturbation of (220:1). In this setting, it seems natural at first to work directly

with spaces of the type C(R,L), where L. = H® or H* for some s € R, since these
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ith(

spaces interact very well with the linear evolution e®**(P). This would allow using

Duhamel’s principle to rewrite (2:2.1) as an operator equation,
A t

u(t) = Py, — Z/ eI N (u(s))ds
0

and in turn define a solution to (2:271) as a solution to the above operator integral
equation.

In practice however, working with all of C(R,L) can be unwieldy since that space
does not capture a phenomenon that is at the heart of a Fourier analysis approach
to existence problems.

More precisely, recall that linear waves, i.e. solutions to (2201), are supported in
Fourier spacetime on the characteristic hypersurface X5,. It turns out that for corre-
sponding solutions to the nonlinear problem (2:21) the support is still concentrated
around Yy, and to exploit this phenomenon, it is advisable to look for solutions in
a smaller subspace X C C(R, L) which penalizes a function off ¥}, in Fourier space-
time, and only then try to solve the operator equation above, using for instance
the Banach fixed point theorem. Since the symbol of i9; + h(D), 7 — h(§), vanishes
precisely on X, one should gain away from this surface (similar to elliptic regularity
estimates) and see the most complicated phenomena close to .

In the next section we introduce and describe the adapted function spaces X*°
(attributed chiefly to Bourgain [Bou93] but defined earlier, for instance in [RR82])
as well as the more recent spaces U? and V? (introduced in this setting by Tataru
[KT05, KT07]), which have contributed much to the current state of affairs.



Chapter 3

Adapted function spaces

3.1 X*’ spaces

Definition 3.1 (X*®’ spaces). Let s,b € R and let h(-) the dispersion relation
in (Z221). Then the space X;’b = X*% is defined as the closure of all Schwartz

functions S(R x R™) with respect to the norm

[ull xcon = €)*(T = h(€))* Frau(T, €) | 12 (Rxrem)-
Similarly, we define X using instead the seminorm
lull oo = €17 = PO Frati(r, €)l| 2 mxcmen)-
Example 3.2.
e for b =0 and any h and s, X>° = L?(R, H*).

e for h =0, we have X*° = H*(R, H®).

e in fact, for any h we have || - || xe» = |le"#(P) . | e s (RxR™) -

This last example suggests that X*° spaces are well adapted to free solutions
e P)yg. This is true, however there are some caveats (some of which the U?
and V2 spaces introduced in the next section address): Firstly, the behaviour de-
pends crucially on the choice of b as will become apparent soon; secondly, a free
solution does not have finite X*° norm unless one truncates in time first, imply-
ing that X*? spaces are potentially ill-suited for global existence problems. More

precisely, we have the following

Lemma 3.3. Let b,s € R and ¢ € C§°(R). Then, for any T > 0 and denoting
or(-) = ¢(-/T), it holds

o7 () Phug|| o S T2 (L/T)?||uo || s em)-

20
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Proof. We have
Feor =T (Fed)(T")

and hence, since F;¢ decays rapidly, for some K > 1+ [b]

o7 ()e™ Pug| xon = T||(Fe)(T(r — (&) (T — h(€))P(E)*Uo (&) L2 (xR
< T\|<T7>_K<T>b||L2(R)||U0||HS(JRH)
= T%|(r) 5 (7 /T)® || 2wy ll1to | 7

1

S T=(/T) ol s ).

~

Among the desirable properties of spaces adapted to the linear equation (2:0.1)
would be that its elements obey estimates similar to those known for free waves.

For X*? spaces, such a “transfer principle” exists, but only for b > %

Proposition 3.4 (Transfer principle). Let b > %, s € R and assume that for some

Banach space Y of spacetime functions, we have the estimate
e e P ugly < ]| s ey (3.1.1)

for any up € H*(R™) and 7" € R. Then, X** C Y, i.e.

lully S lluflxer-

Proof. The goal is to rewrite an arbitrary X function as a superposition of free

waves. To this end, we write
2m)" " u(t,x) = / / HTHTE F (T, €)drde
_ /eitreith(D) <e—1ith(D)/Ftwu(77§)eix~£d§> dr
_ /eitreith(D) </-thu(7-; g)e—ith(5)+ix~5d€> dr
= / eit’ gith(D) ( / Frou(r' + h(f),f)ei‘”'f) dr'.
Denoting
v (z) = /fm(f’ +h(€),8)e’ = F (Faulr' + h(§),£)),

we now use Minkowski’s inequality (that is, the properties of the Bochner integral)
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and (BIT) to estimate

Jully [ e @ Phonydr S [ oo e oy

s (furzar ) ([ o)
S Y Fraul + h(€), £)(€)° || L2 )

= [Jullxse-
O

Remark 3.5. As an artefact of the proof, we see that the argument just barely

fails at the “endpoint” b = % as a consequence of the logarithmic divergence of

c
/ ('Y~ tdr' ~log(1+ C) as C' — oo.
—C

This divergence, synonymous to the failure of the embedding H*(R) ¢ L*(R),
b > % at the endpoint b = %,
forced (or chooses) to work with endpoint X spaces. Later in this section we will

is the reason for many problems that arise if one is

see some refinements for such cases, and eventually the U? and V? spaces, which

are much better behaved in this respect.

As a first and important application of the transfer principle, we can show that for
b > 1, X*P functions are contained in C(R, H*); this is an important property in

light of the discussion in section 222.

Corollary 3.6. Let b > % Then we have X** C C(R, H®), that is,

lullo®, ey S llullxso.
Proof. This is just Proposition 84, applied to the choice Y = C(R, H*®). O

We have mentioned earlier that the endpoint X 53 spaces are somewhat ill-behaved.
Unfortunately, this space is also the most natural to use as far as scaling is con-
cerned. To illustrate this, assume for a moment that we replace the factors (r —
h(£))® and (€)* in the definition of the X ** norm by their homogeneous counterparts
|7 — h(€)|® and |¢|*. Denoting the altered norm by || - HX;,b, we find that

1
HU()\t, m)“f(’:'b = )‘b 2 ”/LLH)?;*/E’A

and so it is precisely at the endpoint b = % where X% scales in time like the larger
space C'(R, H %), and in fact in situations where one is forced to respect scaling, this
poses a serious problem.

For instance, when looking to solve an equation globally in time, say for small initial
data, then at least one would need the free solutions ¢ P)f f e L?*(R") to be
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bounded in terms of || f|| ,2(gn). This can only work when b = 3 in light of the above
scaling or Lemma 3.3. Thus arises the need to replace, or at least refine the space
X3,

Endpoint refinements

Some approaches to dealing with the dysfunct behavior of X 5.3 spaces exist, notably
by introducing a Besov structure on the temporal portion of the space to recover at
least some desirable properties. Setting in what follows s = 0 for brevity, we have

the following

Definition 3.7 (Xo’b’q and Xo,qu). Let 1 < ¢ < 0o and b € R. The spaces X4

and X% are defined through the seminorms

1

Jullxoma = e Pu gy = (Z M Q]2 )

Me2N

and

1
aq
lull ko0 = lle™ " Pul| gy = ( > M@z ) :

Me2Z

acting on S’(R, L?(R™)), respectively. In particular, we have
X0:b:2 — x0.b X062 — x0b
It follows directly from the embedding [P C 9 that
XO,b,l C Xo,b,p C XO,b,q C XO,b,OO

for 1 < p < ¢ < oo; hence X1 ¢ X% is the smallest space in this family, and
in fact the only one that regains the embedding into C(R, L?(R")) in the endpoint
case b = 3, as demonstrated in the next

Proposition 3.8. We have X%2:1 ¢ C(R, L2(R")), that is
lulle@,z2@m)) S lull yo.3.1-
The same holds true for X0z,
Proof. As in the proof of Proposition 8.4, we write
u=e

itt’ _ith(D
¢ith(D)y,

where

v () = ]"5_1 (Frau(t" + h(§),))
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and estimate

Hu||C(R,L2(R")) S/H@ih— eith(D)’UT/||C(R’L2(]Rn))d7'/S/H’UT/HLQ(Rn)dT/

1
= [V |2 @eydr’ S M2 / o[22 @
M /T/NM ( ) M ‘T/‘ ~M L2(R )

< ”uHXO.%,l

Nl

3.2 UP and V? spaces

We present in this section the spaces UP and VP, along with their important duality
relation. Very recently, a fairly complete treatment of these spaces was undertaken
in [KocI2]", so that giving an exhaustive description here seems redundant. Instead,
we will briefly present the basic definitions and properties and subsequently compare
the behavior of these spaces to that of the X*? spaces introduced in the last section.
Before we begin, we would like to make a note of the discussion in the last section.
It was demonstrated that the X space is just the space H* H*(R x R"), adapted to
the propagator e!*"(P)  Also, we have seen that the choice b = %, corresponding to
invariance under rescaling in the time variable, is most natural from a scaling point
of view. Since H? is not a good space to work with in light of the non-embedding
Hz(R) ¢ L°°(R) and the resulting undesirable behavior of the spaces X2, one
direction one can take is to try to substitute the space H 3 in the definition of X
by another, more well-behaved space.

Such an alternative should be invariant under rescaling in time, embed into L>°(R)
and ideally have good duality properties. We will see that the UP and VP spaces

satisfy these requirements, and indeed result in an efficient X**-type machinery.

Notation. In what follows, we let 1 < p < oo unless stated otherwise and, as usual,
% + % = 1. In this section, we generally deal with functions defined on an interval
I = la,b) or I = (a,b), where —oco < a < b < oo, taking values in a Hilbert or

Banach space B. A partition of I is a sequence
a=ty <ty <...<tp, <tpy1 =0

and a step function associated to a partition as above is any function? which is
constant on the open intervals (a,t1), (t1,t2), ..., (tn,b), regardless of its values on
the endpoints of those intervals. Given any interval (¢, d), we refer to ¢ and d as
the endpoints of that interval, even if ¢ or d are infinite.

We extend functions defined on I by setting f(b) = 0, even if b = oo or if f(b)

does not coincide with the left-sided limit at b. In particular, f(oo) = 0, for any

Isee also [HHK09] and the erratum [HHKTIO] for its predecessor
2in particular, a step function has, by definition, only finitely many steps
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f:(a,0) = B.

Definition 3.9 (Ruled functions). A function f : I — B is ruled if for any = €
I, both one-sided limits exist. We denote by R the collection of such functions.
Similarly, we define R,. C R as those functions f € R which are right-continuous

and have
lim f(¢) =0,

t—at
and S,. C R, as the right-continuous step functions vanishing at a, all equipped

with the supremum norm as well.

It is easy to check that R and R,. are Banach spaces.

We introduce first the spaces VP of bounded p-variation, whose history dates well
back into the 20th century®.

Definition 3.10 (p-variation). For a function f : I — B, the p-variation of f is
defined by

n—1 %
1f1lvecry = sup (Z [o(tis1) — v@i)ll’é)

t;)7 4 partition \ 5—1

This expression has some simple properties.
Lemma 3.11.

1. || - |lye, where finite, defines a seminorm which is invariant under continuous

monotone changes of coordinates of I C R
2. the estimate || flly, < (b— a)%||f||0%(8) holds. Hence, Cr C Ve
3. if | flly» is finite, then f has one-sided limits on I, including the endpoints.
4. for bounded, monotone and real-valued f, we have | f||;,, = sup f — inf f.

Proof. The first claim is clear. The next statement follows by direct computation

since
n—1 n—1
Do i) = FEE < IF17y Do (tisa = 1) < [b = allY -
i=1 i=1

For the third claim, assume by contradiction that, say, the left limit at some ¢ €
(a,b) does not exist (the argument at the endpoint is similar). Consequently there
is € > 0 such that for any > 0, we can find ¢ — § < £y < t; < ¢ such that

[ f(t1) — f(to)lls > e

After chosing 6 < ¢—t1, we can find t5 and t3 with similar properties, and iteratively,

after K steps, we can bound from below

I flly» > Ke

3see [Wie24], or [Lyo98] for more recent applications in probability theory
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which contradicts || f||, < oo as K — co. Finally, for the last claim, we note that

for a < b < ¢, we have?
lc—al? > |c—=0bP+|b—al?
and thus, for increasing f,

|f(t2) = f(o)[P = [f(t2) — f(E)IP + [f (&) — f(t0)[”.

Hence, any candidate for maximizing the V? seminorm is dominated by choosing
to such that f(tg) ~ sup f and f(t1) ~ inf f. O

Now we are ready to define the space V?.

Definition 3.12. Let 1 < p < co. The space VP((a,b),B) = VP is defined as the

set of functions v : (a,b) — B for which the norm

T =

[vllve(ap).m = lvllve = sup (Z [o(tivs) = v@z‘)”%)

()72 partition \ ;=1

(3.2.1)
~ max{||v|[L=((a.b),8), ||U|‘Vp((a,b),13)}

is finite. Similarly, we define the space V2. ((a,b), B) = VP((a,b),B) N Sy, using the

same norm. Finally, it is natural to denote V= =R.

As indicated by the definitions above, it will be convenient to omit from the notation
the interval and the underlying Banach space when they are assumed to be fixed.

Some elementary properties are collected below.

Lemma 3.13. Let 1 <p < g < 0.
1. VP C R and VR, C R, are closed (and hence Banach) subspaces.
2. VP C V1 is a continuous embedding, that is || fllve < |[f|lve-
3. VP(I) C VP(R) through extension by zero.

Proof. In light of Lemma BT, for () only closedness needs to be shown. Hence
let v € R the limit of Cauchy sequence v, € VP, where v € VP needs to be shown,
which reduces to ||v||;, < co. Given an arbitrary partition (¢;)%' and € > 0, we

can find K > 0 such that for all £ > K, we have ||vg(t) —v(t)||sp < € on (a,b). Hence

[o(tirr) —v(t:)lls < llv(tivs) = ve(tig) B + ok (tivs) — ve(t)lls + [lok(ti) — v(t:)ls
< 2e+ [Jog(tivr) — vi(t)|s-
Upon taking e small enough depending on the partition (¢;) and estimating |[v|,

the claim follows. The second claim follows from [9(N) C [?(N) and the third is

obvious. O

4dividing by |c — a|?, this is equivalent to |x|P + |y|P < 1 for |z| + |y| = 1, which is trivial
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Now we introduce the companion space UP. We will collect some basic properties
and subsequently outline their connections.

The space UP will be built from linear combinations of atoms as defined below.

Definition 3.14 (U? atoms). A step function a € S,

n n
a’(t) = Z ¢i1[t¢,ti+1)(t) = Z ¢i1[t1,ti+1)(t)
i=0 i=1
is a UPatom (or p-atom) if its steps ¢;, i = 1,...,n satisfy

> llgilly < 1.

2

Note that since a € S,., we always have ¢g = 0.

Definition 3.15 (UP). Let u : I — B such that there exist A; € C and p-atoms
a; € Srcu

oo
u = E )\iai
i=1

where the sum converges in R. Then v € U? = UP(I, B). We define the norm

Hu||Up := inf Z |)\j| ‘ u = Z)\ja]‘, )\j e C, a; UP-atom . (3.2.2)

j=1 j=1
Lemma 3.16. Let 1 <p < q < o0.
1. |lal]lur <1 for any p-atom a.

2. UP C Ry¢ is a Banach subspace. In particular, UP functions are right contin-

uous and vanish at the left endpoint a.
3. UP(I) C UP(R) through extension by zero.

The embedding UP C U? C R, is continuous.

SIS

lim; o u(t) € B exists.

6. Let Y a Banach space and T : S,c — Y a linear operator satisfying
|Tally <C Y p-atoms a.

Then T extends uniquely to a linear operator T : UP — Y bounded by the

same constant C.

Proof. The first and third claim are obvious. For (2), take a Cauchy sequence

uy, € UP. Passing to a subsequence, we may assume that ||uz1 — ux|v» < 27% and

hence uj+1 —up = Y_; AFa¥, where 3°, |\;| < 27F. Consequently, with summations
converging in R,
o0

u(t) —up = Z(Uk+1 —u) = Z)\faf
ki

k=1
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gives a representation u —uy =, \ja; with
IBLYEDIPDETED LRSS
j koo k

and hence, u € UP. The right continuity on (a,b) is clear for atoms, and carries
over to UP effortlessly. For the endpoint a, we take v = ), A;ja; and N € N such
that 3, v |Ai| < €. Then there is a t~ € (a,b) such that >, \ja; vanishes on
(a,t7). Thus, |u(t)||g < € on (a,t”) and therefore u(t) — 0 ast— a*. A similar
argument gives (5). (d) is an easy consequence of the embedding ?(N) C [9(N).
Namely, let a = 37" | ¢i1y, 4, ,)(t) a p-atom. Then

S

> ll¢ills)

b= =08,

(X llesll5)

Q=

is a gq-atom, and we have

Q=
Q=

(X ll¢sll5) (X ll¢sll5)

lallvs < ~=——=""[bllva < ~=——"".

el (il

But since || - [[jaqy) < || - [[irv), We obtain [la[lye < 1, and the claim follows by

S
S =

the atomic structure of U? and the triangle inequality. Finally, for (8) we simply
define T'(u), for a UP function u = ), \;a;, by the absolutely convergent sum
T(u) = Y, \T(a;) € Y. This has the desired properties, and if 7" were another
such extension, then T'— T” would vanish on all atoms and consequently on U?, as
can be seen by approximating a UP function by a finite linear combination of atoms

up to a small error and using the boundedness of T — T". O

Proposition 3.17 (Relations between UP and V7).
1. Let1 <p<oo. Then UP C VE.
2. Letl <p<gq<oo. Then VP C U1

Proof. For the first claim, it suffices to treat a p-atom a = 337" 1y, 4, )¢;. Take
a partition (¢;)74) which realizes ||a||y» up to a small error € and denote a(t;41) —

a(t;) = @ji+1) — @j(i), for some strictly increasing j. Then a direct calculation gives

1 1
lallve < <Z ||¢j(i+1)||%> + <Z ||¢j(i)||%>
i=1 i=1

and hence ||a|ly» < 2, as desired. The second claim is less trivial and we will use
the following lemma. Its proof, which we skip for the purpose of brevity, is based

on approximating a V2, function by a sum of step functions.

Lemma 3.18 ([HHKO09]). Let 1 < p < g < 0o. There exist C,k > 0 depending only

on p and q, such that given M > 1, any v € VE can be written as the sum of a UP
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function u and a U? function w,
v=u-+w,

satisfying
K
27 lullor + eMllwllos < Jollve.

In other words, we can split up a V2, function in a large chunk which lies in the
smaller space UP C VP, but are left with a small remainder in the larger space
U? DO VP. We apply the lemma with M = 1 and use the embedding U? C U¥Y,
resulting in the claimed inequality ||u||ge < |jv]lve. O

Stieltjes integration and the duality (U?)* = V7'

One interesting bit of the history of the V? spaces due to Young [You36] is a gener-
alization of the Riemann-Stieltjes integral. Recall that the (generalized) Riemann-
Stieltjes integral of a real function f : (a,b) — R with respect to another such

function g is defined, loosely speaking, as the limit of the expressions

Zf(ci)(g(tiﬂ —g(t:)) ¢ € [ti, tiya] (3.2.3)

over finer and finer partitions (¢;)7%) of (a,b) and all choices of ¢; = ¢; subject to

the constraint ¢; € [t;,t;41]. If that limit exists, its value is denoted f; fdg.

Among the simplest results is that f; fdg exists for f € R and and g of bounded
variation (that is, g € V1), along with, for f € S,., the explicit formula

b n
[ g =" st o) - ot
a i=1
Noting that R = V*° and using the above formula shows that the mapping
VEER) X VIR) SR (f9) o [ fdg

is a bounded bilinear form. Young’s extension (for B = R) to this states that for
1 <p<oo, fab fdg in fact exists when f € VP, g € VP along with the corresponding
bilinear bound, however under the somewhat unnatural condition % + % > 1. This
last condition barely misses the dual index p = p/, and it turns out that for the
sharp result, one has to place g in the smaller space U?" instead of V?'. This leads

to the following theorem, and in fact induces a duality between UP and 1%

Theorem 3.19. Let 1 < p < co. We have

(UP(B))" = V"' (B")
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in the sense that there is a bounded bilinear form B such that the mapping
T : VP (B*) — (UP(B)*, T(v) := B(-,v) (3.2.4)
s an isometric isomorphism.

Remark 3.20. The bilinear form B corresponds precisely to the integral [ fdg
and Young’s result is easily recovered from Theorem B19 using the embedding
ver'—ecur, p > 1.

Proof. Similar to (8:2223), we begin by defining for u € S,.((a,b), B) with associated
partition (t;)™*} and v € V?'((a,b), B*) the functional

?

n+1 n
Fy(u) =Y (o(ti),ult:) — ulti—1))s-5 = — »_(v(tiz1) — v(t:), ulti))s 5
-1 i=1

where we have used that u(a) = 0 since u € S, and v(b) =0, tg = a, t,+1 = b by
definition. Clearly, this is a linear expression in v and v, and for any p-atom a with

steps ¢;, 1 = 1,...,n, we have

1
[Fu(a)] < [Jollvw - (ZII@I%) <lollvw sy
i=1

Hence, by Definition 315, F,, extends to U? with norm || Fy[|y» )-8 < [0]lve (5+),

and we set B(u,v) = F,(u). It remains to show that the mapping
VP (B*) 5 v F, € (UP(B))*

defines a surjective isometry. To see the isometry part, take € > 0 and v € %3 (B*)

along with a partition (ti)?iol which has

S

<Z [o(tisr) = v(ti)] ’é/*> > (1= o)l[vllyw se)-

i=1

We use this partition to build a UP atom by choosing V; € B, |Vi||z = 1, such that
(v(tivr) —o(t:), V)5 = (1 = )l|v(tia) — v(ti)lls

and setting

/
P 71‘7
B* i

a = Z ¢i1[ti7ti+1)(t)7 ¢Z = ||/U||%/7p? ||U(t7;+1) - v(tl)l
=1

Then a is a UP(B) atom and

n

|Ba,0)| = (L=l 2F Y loltien) = ot = (1 =€) [[olly.-
i=1
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It remains to show surjectivity. Let F' € (UP(B))*. Then for each ¢ € (a,b), the
mapping
Fy:B—C, b F(1pyb)

is an element of B* of norm || F'[| (72 (5))~. Consequently we can define v(t) = F; and

compute for a p-atom a = Z?:l ¢i1[tiati+1)

n

B(a,v) = — Z<Ft+1 —F, ¢i)5-8 = F(Z 1, 000)Pi)

i=1 i=1
= F(a).

Since this determines B(u,v) for all u € UP(B), the proof is complete. O

The definition of B(f, g) clearly mimics the expression [ fdg = — [gdf = — [ gf’dt
for regular functions. In fact, this can be made rigorous under certain assumptions,

as stated below.

Proposition 3.21. Let 1 < p < oo, u € V1(B) absolutely continuous on compact
intervals, limy_, _ o u(t) =0, and v € VP (B*). Then,

B(u,v) = 7/ (v(t),u/(t)) g~ pdt. (3.2.5)
In particular, B(u,v) = B(u,?) if v(t) = 0(t) almost everywhere. Consequently, v

may be replaced by its right-continuous version.

Proof. We refer to [HHK09] for a full proof. O

Applications to X** spaces

In what follows, we will assume B = L*(R") and (a,b) = (—o0, 00) without further

comment.

We began this chapter describing the X*® spaces and some of their shortcomings

with respect to the endpoint b = 5. Most of these issues can be traced back to the

1
2
failure of the embedding Hz (R) ¢ L (R) and we were trying to find a substitute
for this space. In this subsection, we shall indeed find such a replacement: The

space U2. This can be motivated by the following

. et .
Proposition 3.22. We have VP C By . More precisely, for f € VP, we have

_1
Sup 3 o+ ) = () lege, 2 S ol (3.2.6)

.1
or, using a different (but equivalent) norm on B,

1
sup M7 ||Qull e, L2y S vllye-
Me2r
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Furthermore, by duality, we have also, for u € B”1 vanishing at —

1
~ Y M7 |Quull e L2 @ny)-
Me2z

lllere < Tl 1
p,1

Proof. The key statement is (3:2:6), the rest follows by duality; see [HHK09]. Let
v have finite V? norm. We write R = Upezl,,, where I,, = [nh, (n + 1)h]. For each
h > 0 and € > 0, we choose a t,, € I,, such that

lo(t + 1) = v(®)llzz ey < 1+ oltn +h) — v(ta)llzz@ny  tE Lo

Then
J10te4 1) = o) it = S / ol +B) = o(t) 33 gyt
nez
<AL+ €)Y llotn +h) = v(ta)ll72 gy
neZ
h(L+€) Y o(tn +h) = v(ta) 1} gy + [0(Ent2) = v(tn + )1} 2m,
nez
<2h(1+€)|v[l,,
as claimed.

According to Proposition and Proposition 317, if we chose p = 2, we have
.1 9 9 .1
B3, cU” CV,, CBj

.1 1 . 1 .
but also B3, C By s = Hz C B3 ., and hence U? is very close to H? but remains
contained in L>°. Additionally, U? and V? are very close® and we have the duality

(U%)* = V2, so that we can use the formula

lullp= = sup |B(u,v)]
lolly2<1

which will come in handy to estimate Duhamel terms, especially in combination
with Proposition 3:21. In practice, it is most convenient to work with U? and V2,
in light of Proposition BI7.

Now we adapt the UP and V? spaces to a linear propagator e?"(P).

Definition 3.23. We define the space U? adapted to the linear propagator eith(D)

as those functions u : R — L?(R") for which ¢ + e~ Py is a U? function,
equipped with the norm

—ith(D)

luallgs = lle= ™ PDullys.

and similarly for other VP or UP spaces.

Sbut not equal, see [Kocl2]
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U? is again an atomic space, a U} atom being a function @ = e*"(P)g for a UP

atom a.

With this definition and using the atomic structure of UP, we can prove a nice

transfer principle, i.e. a way of transferring linear and multilinear estimates for free

ith(D

solutions e Jug to U, }2L functions, stated below.

Proposition 3.24. Let
Ty: L*x---x L - Li, (R",C)

a m-linear operator and hy, ..., h,, dispersion relations. Furthermore, let 1 < p <

o0, 1 < g < oo and assume that we have

ITo(e™ P gy, e P gl o, ragenyy S T 1illre-
i=1

forallgy, ..., ¢m € L*(R™). Then, there exists T : Uy, x---xUy — L{(R; LY(R™))
satisfying

m
1T (wr, - s )l e, Lo 7)) S H llusllue,
i=1

such that for a.e. t € R,

T(uy, ... um) @) (@) = Tolur(t), ..., um(t))(x).

Proof. Tt suffices to prove that u = >, l[ti_c’tfﬂ)e”hw)gbf are U}’ atoms. Then we
compute
[To(u1, - - um)l| LrLa@xrn) <
m
30 Tt IR P20k P9 e
cstm k=1 Lo (R)
m p s
— Z H tf,tf+1)HTO Zth(D)¢1 zth(D)qun)HLq(Rn)
i1y k=1 Lr(R)
1
m P
k
<[ S T106t | <t
Bl yeneyim k=1
O

Next we collect some useful estimates which will be used extensively in chapter @

and chapter B.
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Proposition 3.25. We have, for M =2F, k € Z,

_1
Q% rull 2@y S M2 ||ully2 (3.2.7)
1

HQ%MUHLQ(R") SMe ||“th2 (3.2.8)

Q% aollvy S lollve » 1Q%pullvy S llullve (32.9)
Q% prullor S llullur 5 1QLyullur S llullur (3.2.10)
Proof. The first two statements are just consequences of Proposition 3:22. For the
rest, writing Q>a = 1 — Q< shows that only Q< needs to be considered. Now
let v € V}’ and (ti)?:ol a partition. By scaling, we may reduce to the case M =1

ith(D)

and upon replacing v by e , we may assume h = 0. Then, we estimate

Y Q<rv(tiry) = Qeav(t)|17a gy
=0
n p
<2 ( [ Ix@llettian +7) - ot +T>|L2<Rn)d7>
=0

<INy S / X ol +7) = vt + ) gy dr
1=0
< il

as claimed. The remaining claim (3:210) follows by duality and a similar compu-
tation. ]

The transfer principle makes all the bounds for free solutions available to U} func-
tions as well. However, in applications one typically has at least one function which
requires an estimate in a VP space, which does not follow from the correspond-
ing UP bounds and Proposition B17. In such situations, the following proposition
comes in handy: It provides a VP estimate from a corresponding U? estimate by

interpolating with a (worse) U? estimate, at a logarithmic loss.

Proposition 3.26. Let ¢ > 1, E be a Banach space and T : U} — E be a bounded,

linear operator with |[Tullp < Cqllullys for allu € U. In addition, assume that for
some 1 < p < q there exists Cy, € (0,Cq| such that the estimate |Tul|g < Cpllul[y»

holds true for all w € UY. Then, T satisfies the estimate

C
ITulle < Cp(1+ I ZH)llullvy,  weVy
p

rc,h”

Proof. This is another consequence of Lemma B3I8. Namely, we may decompose

VP, 3v=u+w, where u € U}, w € U},

s ’

lulor € Mlollvy, — llwllop S e lollvy.
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Using this composition, we obtain
ITvll5 S (CpM + Cae™ )0l

and we optimize over M, leading to the choice M = 1n and the desired estimate.
O

The following lemma demonstrates that when proving a multilinear U EL estimate, one

can replace all but one of the factors by free solutions e***(P)

ug. The corresponding
statement is false when one replaces all factors by free solutions: One obtains only

U} bounds.

Lemma 3.27. Let m > 2. Then the estimate

J[ T wteat| < T Ilo; (2.11)
j=1 j=1
is equivalent to
m—1 m—1
‘//a H D) fidwdt| S H I £illL2®n) (3.2.12)
Jj=1 j=1

where a is a UZ atom.

Proof. Of course, it suffices to prove (3.2.11) in the case where u; = a; are atoms,
say with underlying partition {t{ }i=1..n, and steps gb{ ; we may assume that té =0
for all j. We now inductively split the time integration into intervals according to

the following algorithm.

o Let t* = max{t] }i=1...n, so that [0,¢*) is the interval associated to the first

step of the “slowest” atom, which we assume to be a; by symmetry.

e Split all other atoms whose first interval is not [0,¢*] at ¢* by duplicating the
value to the left of t*.

e Restart this process at t*.

In effect, what we obtain is a new set of step functions which we denote again by
a;. These are still atoms (modulo a factor of %), since we cut in half at most once
on each interval of the respective step function by the maximal choice of ¢* in each
step. We denote the corresponding set of cuts by tf,...,t}, denote I, = [t}_,t})
and decompose fR = Zszl i} I Relabeling the atoms on each Ij;, we may assume
that a; = e*"(P)¢, is a free wave there. Then, assuming that we can estimate for

2 .
U;; atoms s;

‘ / th(D) qSHsjdacdt < ||l £z (e (3.2.13)
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we get

N m N m
Ezm <y / [ e L agdzat| £ 3~ léullvaen) [] 11050y
k=1|""F j=2 k=1 j=2

IN

N 3 3
m 2
—2

(S teutie ) e iz (3o ety

k=1 =1

N % m N

(lemll‘ia(w)) H( |1zkaj|?],g>

k=1 k=1

ol &

IN

Now the ¢ are taken from a set of functions whose total [?L? sum is at most

~

2n < 1, and hence the first factor is O(1). Furthermore, for a “step function”

_ ith(D
5= 1 4,,)€" (D), we have

1
2
Islluz < <Z|sl|i2(w)> :

l

In particular, since our atoms are adapted to the partition {I}'}; by the above

construction, we have
m
D Hagllpe S 1.
k=1

This proves the claim under assumption (3:2.13), which by induction reduces to
the case where ay through a,,_o are free waves and only a,,_1 and a,, are left as
atoms. But there, the above computation goes through just the same, using exactly
(B212). O

A critical issue with U? and V2 often arises with the need to pass from a U? estimate
to a (stronger) V2 estimate. The following lemma suggests that when one is willing

to restrict to a finite time interval, then such an estimate might be possible.

Proposition 3.28. Let ¢r(t) = ¢(t/T) where ¢ is a smooth unit scale bump. Then

[(@ru)<alloe < [log AT [[|ullv2.

Proof. We begin with the following

Lemma 3.29. Let [N —M| > 1. Then, with H = max(M, N) and denoting dyadic

frequency localizations by lowercase indices,

l@ruan) vl ~ I1(¢r) rur)nllez = Ixn (Srxm * ixan) |z < N2 [xudr * dxallr
< N xudrlolaxarlls < (NTYHHET) ™ (MT)} funglz2)

With this lemma, we try to sum over all M > 1/T and N < A the expression

N%”(QbTUM)N”L?-
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if T < M < N, we need to control
Y (ND(NT) K< Y (NT)HE(NT) TR S

N 1/T<M<N N>1/T

whereas if 1/T, N < M we get

oY a@nyrmy K > 1+ > @N)TE2 ) (M) R

M>1/T N<M M>1/T T-1<N<M

<1

The diagonal case 1/T < M ~ N is quickly handled using Young’s inequality,

lprunlle: < ll¢rloillunlcz ~ llun|z2

and

> NEunllze < log(AT)ul] .-
1/T<N<A =

Hence matters are reduced to the case where M < 1/T and (still) N < A. Since B;]""p
sees constants (i.e. low frequencies), we switch back to U? and V2 and compute,
after rescaling T = 1, A = AT (which turns ¢ into the unit bump ¢ € C§°(R))

I(¢uct)<allve < IF cn * V(@ * )l
SIF 2l IV (9 w) e
S IVH@ = w)llpr + [1F (Ve * u)
S IV e 19 * ullee + [[f1lL2 [[(V) * ull e

S lullze S llullvee S llullv>
and hence, undoing the rescaling, uniformly in A we have

[(@ru<iyr)<allz S llullve.
Combining the above, we obtain

I(¢rw)<allo S I(éruzi/m)all 32 + 1 (9Tucs/r)<allv2
1
S log(AT)|[ul 3. + [[ullve

S log(AT)[[ully=-



Chapter 4

Nonlinear Klein-Gordon

equations

4.1 Introduction and main results

From the late 1970s on, there has been a lot of progress on questions of global

existence and blow-up for equations and systems of the type

(O+m?)u(t,z) = Fp(u(t,r)), (t,x) € [0,T) x R"
)= () (411)
)

where the initial data (f,g) are “small”, m > 0, 0 = 9y — A, u is scalar or vector-
valued, and F, is a power-type nonlinearity of order p > 0, i.e. |97 F,(s)| ~ |s[P~7

(j < p) together with a similar condition for differences.

An optimistic energy heuristic based on the decay of free solutions leads to a first

guess that global existence from small data could hold for

2
p>1+— ifm>0
n

2
p>14+—— if m=0.
n—1

We shall be interested primarily in the first case m > 0 but summarize the massless
version m = 0 briefly. As it turns out, that case - where one is dealing with a
nonlinear wave equation - is somewhat singular in the sense that the above heuristic
is incorrect. Instead, the decisive role is played by a larger number commonly known
as the Strauss exponent, the positive root v = v(n) of

ny—1_~

= —. 4.1.2
2y+1 2 ( )

38
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Note (1) ~ 3.56, v(2) ~ 2.41, v(3) = 2, v(4) = 1.78, v(c0) = 1 and
2 4
1+ —<y <1+ —.
n n

More precisely, for m = 0, y(n — 1) is a threshold power such that for (&IT) we
have the following dichotomy: If p > y(n — 1), then small, smooth and localized
data lead to global solutions. In the other case p < «(n—1), one can find such data
blowing up in finite time. This conjecture-turned-theorem® goes back to Strauss,
who based his prediction on results by John in 3D [Joh79] and his own work. Hence,
for the wave equation case m = 0, there is a very clear dichotomy between global

solutions and finite time blow-up, indicated by ~(n — 1).

For m > 0, where one is dealing with a nonlinear Klein-Gordon equation, the pic-
ture is less clear, and in particular the role of v(n). This is somewhat curious since
~v(n) seems to first have arisen in Strauss’ work [Str81] on scattering in the case
m > 0. The spaces used in that work are based on the t~% time decay of free
solutions, and the Strauss exponent y(n) occurs as a natural threshold below which

the nonlinearity |u|P inherits too little decay in time to close the estimates®.

From all of the above, it would seem reasonable to expect v(n) to play a the role
of a threshold for global existence, scattering, or both® when m > 0. First insights
were again made in three spatial dimensions first, for quadratic nonlinearities by
Klainerman [Kla85] and Shatah[Sha85] independently. Noting that (3) = 2, this
corresponds to the missing endpoint in Strauss’ work [Str&81].

However, for n < 3, advances far below the Strauss exponent all the way up to the
energy prediction p > 1+ % have been obtained by Lindblad and Sogge [LS96];
blow-up for p < 1+ 2 in these dimensions is due to Keel and Tao in [K'T99] at least
when F}, is allowed to depend on first derivatives. Additionally, for n = 2, even in
the critical case p = 1 + % global existence is known [OTT96].This gives a fairly

concise picture in low dimensions?.

As far as scattering goes in this case, the Strauss exponent also doesn’t seem to be
a reliable indicator: Recent results by Hayashi and Naumkin [HN09], [HNOS] show

modulo the endpoint, Schaeffer [Sch85] confirmed this for n = 2 and Glassey [GIa81] subse-
quently proved finite time blow-up for the critical cases p = y(n —1), in two and three dimensions.
For larger n, blow-up from small data below v(n — 1), was subsequently confirmed by Sideris
[SidR84], while the positive part is due to Zhou [Zho95], Lindblad and Sogge [LS96], Georgiev,
Lindblad and Sogge [GLS97]. Finally, Yordanov and Zhang [YZ06] proved blow-up also when
p = v(n) for the open cases n > 4

2the corresponding decay in LPT1 is ¢4, d = gg%.
interpolation between the unitary L2 — L? and the dispersive t~% L' — L° estimates and hence
are reasonable to ask for if one expects the solution to behave like a free wave for large times t.
Chosing to work with LP*! roughly allows solving in L™ (R, (1 4 [¢[)~¢LPT1) if 1 > d > %. Now
the equation d = 1 is exactly (&12).

3note that the relevant number is y(n) when m # 0

4however, Keel and Tao conjecture that in higher dimensions, 1+ % is not the correct threshold
to global existence when m > 0

These parameters follow directly from



40 CHAPTER 4. NONLINEAR KLEIN-GORDON EQUATIONS

that there is small data scattering in the optimal range® p > 1 + % when n = 1,2
and for 1+ %ﬁ <p<l+ % when n > 3 with small initial data in weighted H?®
norms. Both of these results show that scattering results exist below the Strauss

exponent in any dimension with only some mild decay on the initial data.

Hence, the Strauss exponent appears to play a less central role, if any, when the

masses are positive, at least if the data are sufficiently localized.

Since we are interested in systems, we mention only in passing the Hamiltonian
theory around H' data (see, for instance, [Caz85]). Two consequences of this are
global existence from small H' x L? data for F,, p > 1, and large data scattering

in the energy space for y(n) <1+ 2 <p <1+ L.

What all of the previous results have in common is that they impose at least some
decay on the initial data, the mildest of which being weights, or higher LP norms
on the Fourier side. We consider it interesting to study the necessity of such condi-
tions, a direction indicated by Delort and Fang in [DF00]. They consider data only
in H® with a reasonable number of derivatives and prove almost global existence
for nonlinearities which are quadratic® in all dimensions n > 2. More recently, a
global result [GSTT] in this spirit has appeared in the most difficult case n = 2 for
H'™¢ initial data, which shows that decay is not needed in the endpoint case of the

1+ % heuristic when n = 2.

Our contribution is an improvement of this last result in the framework of U? and V2
spaces (see [HHK09]), that is, two-dimensional quadratic Klein-Gordon equations,
at low regularity. We obtain global existence, scattering and smooth dependence
on the initial data for algebraic quadratic nonlinearities in v in dimensions two
and higher. It turns out that a certain “non-resonance” condition connected to
the applicability of the normal forms method allows for a conceptually clear and

efficient proof using our setup.

The main result is the following

Theorem 4.1. Letn >2, K € N, Ny,...,Ng € Cla1,T71,...,2K, Tx| polynomials

without linear or constant terms, and my,...,mg > 0 such that
m; +m; >my (1 <45l <K). (R)

Let k = max;—1,.. x deg N; and let s € R,

" szt g - 20 k2

5 [Mat77], [Gla73]
and may contain derivatives under the assumption of a null structure
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Then there is € > 0 such that for initial data
(fi,g:) € H¥(R™) x H*"H(R™) : |(fis gl mroxme— <€, i=1,....K
the system

(O+mHu; = Ni(u, g, . .., ug,0xg)  i=1,...,K
ui(0) = f; (4.1.3)
dru;(0) = g;

has a global solution in C(R, H*(R™))NC*(R, HS~Y(R™)). In addition, the solution
depends in Lipschitz fashion on (f,g) and scatters asymptotically as t — +oo.
Furthermore, it is unique in the smaller spaces X*([0,£00)) introduced in the next

section, and Duhamel’s formula holds.

Remark 4.2. The result is most interesting in the case n = 2,3 and k = 2, i.e.
for quadratic nonlinearities in low dimensions. As the proofs show, only in this
scenario is the condition (R)) relevant: once the spatial dimension exceeds three or
no quadratic terms are present, Strichartz inequalities suffice. The regularity is not
always optimal for k > 2 but this is not the primary focus. We note that 3 is always
above the regularity threshold above, and we can state the following non optimal,

but perhaps more legible version:

Corollary 4.3. The system (E13) under condition (R) has global solutions and
scattering for small H® x H*~' data when s > 5. If n > 4 or no quadratic terms

are present, (R) can be omitted.

For the sake of clarity, we will first prove the result in the scalar case K = 1, where
we can assume m; = 1 and drop the index of u; and N;. For most arguments it is

clear how they carry over to systems; we add the missing pieces in section A.7.

4.2 Reformulation and function spaces

4.2.1 Function spaces

We rewrite equation (Z1:3) (in the scalar case K = 1, my = 1) as a first order
system, which we can more comfortably taylor our function spaces to. To this end,
we note that

O+ 1= (D)4 i0:)({D) —i0).

Hence, given a sufficiently regular function u that satisfies
(O+1u=F, w(0)=f, v (0)=g

we define
= ———u. (4.2.1)
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Then the u® solve®

F 1 g
(D) +i0y)ut = ——, u®(0) = (f F z) . (4.2.2)
2(D) 2 (D)
Since we have the identity u* + v~ = u, we may reconstruct u from this system,

and we will in our estimates work exclusively on (B:271) and (4-2:2).
With this construction in mind, we define the function spaces which we are going

to use.

Remark 4.4. Since we are dealing with an inhomogeneous setup, we use the con-

vention that all spatial frequency decompositions are inhomogeneous, that is
id=Y Py=P+ > Py
N N>1

where P; selects the frequencies less than one.

Definition 4.5. We define the closed spaces X§ C C(R, H*(R™)) as the closure of
C(R, H*(R™)) N U? with respect to the norm

1
2
Jullxs = (} )N%HPNuﬂ?@)

N

where ||f||Ui = ||€jFit<D>f||U2(]R,L2(R"))~

We also define by Y* the corresponding space where U? is replaced by V,2. (which
we denote by VZ once it is adapted to the linear evolution).

Furthermore, we define
X°=X] x X, Y=Y xY"
With these definitions, we have
X°cvye.

We also define the restricted space X*(]0, 00))
X2([0,00)) = {u € C((0,00), H*) | &= 1g o) (t)u(t) € X*}

with norm

[l = (f0.00)) = 10,00yl x5

and define Y*(]0, 00)) analogously. They are again Banach spaces.

The strategy of the proof follows the standard approach using the contraction map-
ping principle. We briefly outline the procedure below.

By the equivalent formulation as a system (E22), a solution of (£1.3) is equivalent

Tthe expression % corresponds to the gain of one full derivative of the linear Klein-Gordon
equation
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to

(4.2.3)

where v = 1 (f ;iﬁ) € B.(0) C H*(R™).
Hence, by a solution of the above equation, we will mean (ut,u™) € X*(]0,00))

which on [0, 00) solve the operator equation

ut(t) = eF Py E 7 iIF (u) (4.2.4)
where v = vt + v~ and
b N(u(s))
() = / etilt—s)(D) 2US)) 5 4.2.5
( i 20D} (4.2.5)

This equation can be solved by a contraction mapping argument in X° once we
have the bounds®

=) + +
1eE P g | x5 (10,000 S g Il are @)

17 () | x5 ((0,00)) S I (i UJH%(;([O,OO))

The linear part of the estimate is straightforward, since

i + s ‘ o
1 PP 15 (10,001 = D2 N 0,00y 2 Py () 2

— N N2 P (a2 < Il ]2 (4.2:6)
=Y N®IPn (i)t S llug I g

Hence, the focus of the sections to come is on the nonlinear estimate of I*. In
the next section, we derive some spacetime estimates that will be crucial for the

nonlinear estimate.

4.3 Bilinear and Strichartz estimates

We will tacitly assume that n > 2 and mention again that we use an inhomogeneous
frequency decomposition. By virtue of Proposition 3224, bounds in U type spaces
+it

follow from L? bounds on free solutions e=*{P)¢. For our estimates in dimension

three or higher, we will use the key estimate below.

Proposition 4.6. Let n > 3, let O, M, N dyadic numbers and ¢y, Yy functions
in L?(R™) localized at frequencies M, N respectively. Define uy = eF1itD) gy r
vy = 2Py Denote L = min(O, M, N), H = max(O, M, N). Then,

n—2 .
H2L*% ||gnr|l oy [on | 2y if M~ N
n—1

L= ||om |l 2wy VN [ 2 mn) otherwise

<

[ Po(unron) |z rxrn) S (4.3.1)

8along with a difference version of the nonlinear bound
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Proof. see section B.8. O

We also state the Strichartz estimates available for the Klein-Gordon equation.
These will mainly be used when n = 2 as the above more powerful bilinear re-
finement is not available in that case. The estimates come in two main flavors,
depending on whether one chooses to use the radial curvature of the characteristic
hypersurface. The condition r < oo serves to exclude inconvient endpoint cases,

which we will not need in what follows.

Proposition 4.7 (Strichartz estimates). Let 2 < r < oo, %—i— T =5, andl =
11,1
q T + 5" Then

||6it<D>UOHL§L;(]R><]Rn) S H<D>lUOHL2(R")- (4.3.2)

Proof. see [DFO8D]. O

Proposition &6 implies the following bilinear refinement in L* which will be useful

in controlling the worst interactions:

Proposition 4.8 (L* estimate). Let n > 3 and for M < N, let ¢n . be supported
i a ball of radius M located at frequency N. Then

it(D

n—2
1€ b ar | pa(rxrny S NTM T (o nrll 12 ) (4.3.3)

Proof. We omit the indices M, N and rewrite the estimate in the equivalent bilinear

fashion

n—2

1e™P) e~ PGl Lo pny < N¥ M

61172 (wn)

Now the Fourier supports of ¢ and ¢ are symmetric through the origin, and hence
the sum of the supports is contained in a ball of radius < M centered at the origin.

We may thus insert a projector Py, and it remains to estimate

n

. . _ 1 —2
||PM(eZt<D>¢6 Zt(D>¢)||L2(R><]R”) SN2M = ||¢||%2(]R”)

but this is one of the bilinear estimates in Proposition 4.6. O

With these building blocks, we transfer the estimates over on the corresponding UY
and VZ spaces using Proposition and Proposition 3:26.

Proposition 4.9 (U* — L*). Let n > 3 and let up; N have Fourier support in a
ball of radius ~ M centered at frequency N 2 M. Then?

1 n—2
lurenllza@xrey S NTM T [uagn o4 - (4.3.4)
Proof. This follows from (823:3) and Proposition 3:24. O

9in the case where up, N = Pnu, the estimate of course still holds with M = N
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Proposition 4.10 (U2 x U? — L?). Letn >3 and let L (H) the lowest (highest)
of the frequencies M, N,O. Let uy; € U:Qtl, uy € Uiz. Then we have

n—1
L= |lupmllpz flunllo2 if M < N
[Po(umon)llrz@xrny S, !_2 log, lbawllog, (4.3.5)
H2 L2 unllos llunllvs,  if M~ N

Furthermore, we may take up; and uy in V2 at the expense of a factor™ log® & I n
the case M < N. When M ~ N, the same is true without an additional factor.

Proof. We omit the 4 index in the U? spaces. The estimates in U? follow from
Proposition &10. In the case M ~ N, we improve to U} by orthogonality (as
outlined the proof of Proposition in the appendix) and Proposition 49. It
remains to interpolate with V2 when M < N. Define Tv = Po(uy Pyv). Then we
have by (4:34), (4335) and U? C U4

n-1
ITNws, —z2@ey) S (MN) T [lumlloz 1Tz, »r2@e) S SLT ||UM||U2

where
(MN)"T’1 — (HL)"T’1

Since log

M < log , interpolation using Proposition yields
=

H
ITllvze, »ro@n) S LT (Ing)”uM”Ui

Now we iterate the argument with S : u — Po(Pyu,vy). This time we have, using
V2 c U4,

H
||SHUi —L2(R™) S Cu, NHUNHVi ) HSHU2 LR S SLT (log L)||’UN||Vi )

and hence, since L™7 log T2 L' , as before

H
1Slvz —r2@m) L7 (logf) luarllvz -

4.4 Trilinear estimates

In this section, we perform the estimates necessary to prove bounds for the Duhamel
terms IT(u) associated to quadratic nonlinearities. The fact that we are dealing
with the quadratic case in combination with the important duality between U? and
V2 - as induced by the bilinear form B from Theorem 319 - is why these estimates

are trilinear in nature. To motivate the precise form of the proposition below, we

10of course max(1,log(-)) is meant
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compute with f = N(u) for the Duhamel term (4.2.5)

t
IPNTE ) lgz = ¥4 I () s = | Py / e7P) f(5)ds| 2

t
= sup ‘B (PN/ e:FiS<D>f(s)ds,v> ‘
= 0

llvlly2=1

= suwp | // (1) €5 Pyor) dad

lolly2=1
’/ £(t) Pvo() dscdt‘
HPNvuvzzl

It will become apparent shortly that (4-422) and (4-4-3) below are exactly the esti-

mates needed to sum the high-low interactions and high-high interactions, respec-

(4.4.1)

tively.

Theorem 4.11 (Trilinear estimates). Let s > max(3, 252), assume that the signs

+; (1 =1,2,3) are arbitrary and that H ~ H'. Then,

H( Z//ULUH,dexdt‘ ZL%HULH?Vizl lorrr vz llwrllvz - (4.4.2)

L<H L<H

Also, we have

Nl

2
St s | [ wwesasal | < g, B,
0

L<H lwellve =1
(4.4.3)
Proof. The proof will use the following
Lemma 4.12 (Modulation bound). Let & + & = £3. Then we have
(€1) + (&2) — (€3) Z (Emin) - (4.4.4)

The above lemma can be improved, but we will only need (4-424).

We decompose each function in a low and high modulation part, where the threshold
between the two regimes is set at A > 0 which will be chosen immediately. Recall
that we defined

Q=7 (0T ) ) ama @ =105

For the proof of (44:2), we compose ur, = u’ + u} , where u? = Q Aun. Similarly
we decompose vy and wyy, using instead the signs 45 and =3, respectively. Then
we have

/ulLvﬁq,wﬁqudt = (]:mulL * ]-'mle, * fmw%) (0,0)
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to which only frequencies 11 + 70 + 73 = 0, &1 4 &2 + €3 = 0 contribute. Since from
the definition of Q;\ we also have ‘Ti ) («f»‘ < A, we see that on the contributing

set

Z L,

3A > ‘23: (i Fi (&) ‘ = ‘iiz@z)
i=1 i=1

which is obvious when the three signs coincide and follows from Lemma other-
wise. Chosing A = C~'L~! for C large enough will ensure that the above integral
vanishes and hence in what follows, we always have high modulation on (at least)
one factor. We will indicate high modulation on f by f* and treat now (4.4.2) in

the case where uz, = u/. Namely, we estimate the term by

LHS (@242) < H ! Z L%||uL||V§1||PL(UH,wH)||L2(Ran)

L<SH
1 2
SHT\ DL Pl | 2 BRI PL(omrenl
L<H L<H

When n = 2, we simply use L'72% < 1, orthogonality, and the ¢ = r = 4 Strichartz

estimate from Proposition 4.7, obtaining

> L7 Pu(vmwn)Fe@xgny S lomwalF e @ < 15[2||0H/||%/i22 HU)HH%@S
L<H

and the claim follows. When n > 3, we have by (4:3.35)

H D L2 P ey | S HT| 30 L772H | omllve, llwmllvz,
L<H LSH

N
Nl

and the claim follows since

Z LTL—I—QS <1 + Hn—1—2s < H.
L<H

whenever s > "T_Q

Now we investigate the easier case vy, = vy, (the case wy = wh is the same)
again by putting the high modulation term in L?(R x R™). For n = 2 we get the

expression

_ _ 11 1
H 'Y v llz@uem lecwn | 2@xes S H Y L2LzH?lurllvz [lvarllvz, wallvz,
L<H L<H

SH™ (S 1Pl )
1

Nl
SIS

S 1L omlg, ez,
L<H
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which gives the claim since

M LLV*< Y LSH

L<H L<H

In higher dimensions, we estimate

H Z [0} || L2 Ry
L<H

ULWH|| L2 ®xR")

_ 1 n-1 H
SHT! Z L2L"% log® fHUL”vﬁl||UH’HV§2||WH||V§B-
L<H

After Cauchy-Schwarz with L*||ur||y> and the rest, using log* % < %,

H
—2 n—1r1—2s 4 —1 n—1-—2s
H™ Y L L logt S S HTU Y L <1.
L<H L<H

We now turn to the proof of (2.4:3) and perform the same modulation decomposition

as before, starting with the case wy = wﬁ Then, for n = 2, using the high

modulation, orthogonality and finally Strichartz estimates,

@23)" < Y L M Pr(umon)|Fe@xrny S H* Huavnll?z@xmn
L<H

SH* Mu [0z oy S H lum |3, H*|onll?,
1 2 1 2
and for n > 3

@23)* < > LY Pr(umon) | Fe@xrny S D L2 Hlu |z Nom vz -
LsH L<H

Now
H Z L25+n73 g H28+n72 < H/2SH2S
L<H

and the claim follows. Finally, we treat the last case ug, = ufj{,. For n = 2, we get

@13) < 30 P fomwn B lum itz S S0 L2l s Jonli2:,
LsH L<H
S H um |3 H* [only
1 +2

and for n > 3, we obtain

!!"‘! < Z 12572 sup L||UH’||%/21HvaLH%Q(RXRn)

L<H lolly2=1 -
H
s 4
S D L (ogt Dlum Ve lvallyz,
L<H

but we can replace log4 % by % and estimate as in the last case.
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We finally check off the case n > 4, where we show a stronger result in the sense
that resonance does not matter and that the minimal regularity is lowered (see the

definition of sy below).

/uLunH/dxdt S lvallparr@xee) lwa || Lopr @xem ULl Lacs @xrn)

where (g,7) is a Strichartz pair and (g, 7) is prescribed by Holder’s inequality,

Morally we would like to use the symmetric pair ¢ = r = w7 but to avoid
logarithms we shift the balance a little bit by using r < ¢ instead. By the Strichartz

estimate (B27) we have
1.1 1
vl parr@xeny S H? 077 om|lvz
2

and similarly for wg. For the remaining term ||y || ez we try to reach a Strichartz

pair (g, R) by Bernstein’s inequality in space. This is possible since

n n 2 2 2
ot aa-9=" 942 -2
R 72 ¢ M-p=g2ro =)
n
—n(c - ) —24n(1-)="_2>0
n( 2) +n( ) 5
Thus
n_ nt2 2 _
lupllparrmxrny S L2 2llupllparr@srny S LT 7 2||UL||V§1-

If we temporarily set so = 5 + % — 2 and sum (&42) over L < H, we get

2

(332) S HO HP T g (Z L“Hun@él) oz, w3z
L

but

1 1

1 n+2 n
g lg2Gri— s grE+ti-2-s _ gi+2-2 <1

if s > sg. In particular, since sy < "772, the claim holds.

For (4433), we use the same strategy and place wy in LIL". Summing up over
L < H, we obtain

(@43) 5HS*”#*%*QH*QS“””)(%*%)HSHUHHv; (H')*|lvrlv2
1 2

and the claim follows just as above for s > sg. O
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4.5 Higher-order multilinear estimates

Having dealt with the delicate quadratic terms, we turn now to treating the cubic or
higher order terms in the nonlinearity. For the following arguments, Strichartz esti-
mates suffice, and consequently the “resonance-free” condition in (4-T) is irrelevant.

The main estimate is

Theorem 4.13. Let k > 3, s > max(£=2,2 — 2.} and assume that the signs

+; (t=1,...,k+ 1) are arbitrary, and that H ~ H'. Then,

// H uL uH,de:Bdt‘

L; S
=t (4.5.1)
k—1 2
: k
> Ll Bz | lludollve, lwnllve,
i=1 \L,<H
Also, we have
%
( Z 272 sup ‘// HuL uH, unLdmdt‘} )
L<H 12”“’14”\/2 L,<H
~ i"“ i=1, k=2
k—2
i 1811,k k
S TL s 17 e, v
1=
(4.5.2)
We prove first the case n = 2, where the regularity condition is s > %
Proof. Let n = 2 in what follows.
For the high output case (A51), we estimate
k-1
‘// HUL UHUHdCCdt S ||uH||L<1L r®xR) || WH|| LaLr ®RxR7) H ||UL 7 (RXR™)
i=1

where (g,7) is a Strichartz pair, 2 < r <4, and ¢, 7 are determined by Hoélder:

Unfortunately, the symmetric Strichartz pair (r,q) = (4,4) leads to some logarith-
mic divergence. However, we can choose (g,7) close to the lossless energy estimate
(00,2) and shift the balance of derivatives towards the preferable low frequencies.

That is, we assume 2 < 1 < 4, § = S¢pit = % and compute
111 _2
lunllLarr@xrn) S Nz T ”'||UN||V; =N '”HUNHViZA

Now we want to use @ = (k — 1)¢ and the corresponding Strichartz pair é + % =

%. The pair (Q, R) clearly exists, since 2 < @ < oo, but we have to check that



4.5. HIGHER-ORDER MULTILINEAR ESTIMATES ol

(k — 1) > R; otherwise, we cannot reach this Strichartz pair through Bernstein
from (Q, (k — 1)7). We compute

(T TP (T RO
R (k-1f 2 k—-1\g ) 2 k-1 qg r) 2 k-1~

since k > 3 (in fact, for k = 3, (Q, ﬁ) is a Strichartz pair). Hence we may

proceed by computing

: 11 : 2_ 2 41,1 1 :
||U3v||LQL(k—1>f(Ran)§N2(R (’“*W)||U3v||LQLR(R><Rn)SNR CEDERERES i llve
K

= N ulyflyz, = NETO D g

This last computation is of significance since we want to estimate

k=1 EL s sy
H lur, e Lo-vrmxrny S H Ly " HULHVQ
=1 =1

For brevity, we denote

2 2 1 4

and note that oo — s¢pit = @ — % > 0. Then

H71

k—1
// H u’Liu]f{dexdt
i=1

k—1
-4 al|,,
SH'Y (H L3 vz, viZi) HUIZrvak ”wH”ViHl'
i=1
(4.5.3)
We sum this over all Ly, ..., Li_1 such that 1 < L; < H and apply Cauchy-Schwartz

in L; with L?||u} vz and the remainder, i.e. for eachi =1,...,k—1, we estimate
P

[NIE

ST L8l vz, < B (T2 e )
L;SH ’

This contributes H*~1(=5) In total, we need to bound
HlféH(kfl)(o‘fs) — H(k*Q)*(k‘fl)s <1

. k—2
since s > $—=7-

Now we treat the case of low output. The building block is of the form
k—2
'// ul uly Ml wgdedt
i=1

where L; < H, and we apply the same general strategy: The low frequency factors
wy, and uf, go to LE=Da (=7 in order to lose slightly more than s..;; derivatives

to avoid logarithms in the summation, while the high frequency factors lose less and
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compensate in the end. We obtain, since s — 1 4+ «a > 0 for 2 < r < 4,

2
k—2
@52) < ) (LSHQHL?nu; ve H'F g T ||V2>

L<H i=1

2
k—2
S <H51+QH<“><M>H2“S | ) R S M )
I3 k

i=1

but we have
4 4
s—1+a+(k—2)(oz—8)+2—;—25 = (k—l)(a—s)—l—l—; =(k-2)—(k—1)s<0

and hence, the claim follows.

Now we turn to the remaining case n > 3, where s > 4§ — %

Proof. We assume in the proof that s = 3 — %, which is the most relevant case;

it is easy to see that the estimates hold for higher s as well. For the high output

case, we assume that L1 > Lo > ... > Ly_1 and compute

k—1
’// H uy, unH’dxdt’ < Nlul, w2 @xre) [ ud, uly || L2 g xgn (RXR™)
=3
H? 1 . M oa
S (Lng) (tat) Ml I, 1281

where the bilinear estimates (242323) for the first two terms and Bernstein’s inequality
for the other terms were used to replace L>°L> by L>*°L? and then by VZ. Now
we sum this expression over all L;, and first use Cauchy-Schwarz to estimate for
1=3,...,k—1

3
S LEfu e L5 (zm uj, ||Vz>

L;<Ls

n—1-6 n
and smnlarly for i =1,2with L, ? instead of L?. Taking into account the extra

factor H~!, we need to control

2
n-1_go 5 n 1o
1495 Z Z<(k3) )+T——[12 5)

Li1<H L2<L;

the exponent of Ly is positive (for  small enough), and hence adds to the exponent
of L; upon summation, resulting in another positive power. Summing up over
Ly < H, we obtain

1+ (k=3) (3 —s)+(n-1)=2s _ H(k—1)(g_s)_2 <1
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precisely when s > % — 2.
The low output estimate follows in similar spirit, but we switch the roles of u%Q and
wy,. That is, we group into ||u1L1u’I€_I_1HLz, |k, wp |12 and the rest in L>°. We can

immediately evaluate the summation over L < H,

Z L25+n—3—6H5 < H25+n—3

L<H
This yields
1 _3 k-2 n .
(@50) < L FH " T LE oz oy e el
i=1
\ k—2
n—4 _ n __ ; k—
S H T s D(E ) H vz, Bl vz, (E) ufollvs,
i=
but
HY st k=2)(3-s) — g-1)(5-9)-2 < |
2
when s > 5 — e O

4.6 Proof of the main theorem

We provide here the necessary estimates on the Duhamel term to set up a contrac-
tion mapping argument. For purposes of clarity, we treat purely quadratic (k = 2)
nonlinearities only; for the other terms, one simply uses the higher-order counter-
parts (4.5.1) and (452) of (4.4:2) and (4-4-3) and then copies the proofs below with

straightforward adjustments.

Hence we are dealing now with a nonlinearity which is a finite sum of quadratic
terms in ut, u~ and their conjugates. For brevity, we will from now on restrict to
one such term without conjugates. Since [|v]|x; = ||’UHX%, the other cases follow in

the same manner. The main result is

Theorem 4.14. let s > max(%, "T*Q) For any +1, +2, we have

I:|:1:|:2 =1: YSXYS—>XS,

where
I((u-‘r’ u), (’U+, U_)> = <I+(ui17Ui2)71_(uilﬁvi2))

t
T*(f,9) = / erit-() _J9_g
(f.9)= | 3(D)

In other words, for a constant C = C(n),

1 (u, v)[[xs < Cllully-

vllys.
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In particular, since X° C Y?, we also have
I:X°xX*— X°?

and
I1:Y°xY*®—=Y?®

Proof. Tt suffices to consider the terms S;, i = 1,2, where

=X s =35 s,

H L<KH H H~H'

We treat I only since the other component follows in the same manner, denote by
uy and vy the components of @y and vy as selected by the signs +1 and +5, and

begin by estimating S;. By duality and (4-4-2) from Theorem 41T,

’ Z //ULUHwH/d$dt

L<KH

oo 3 ],
+

oy H o uva =1

2

> LQSH“LH%@1 lvrllvz,
L<H

N

and thus

oo S -1

ZH%H

For S5, we instead estimate

LKH

S2 <> N I (umrvm) xS ; o 2o NPT (wnrom) e

H H'~H H'~H \L<H

Using duality again, we arrive exactly at >, > 5y (4.4.3), and using this, we get

$: 53 Hollum vy Hollollvz, < llly- [y

H H'~H

We now solve (£1-3) by contraction mapping techniques, e.g. we are going to

construct a solution of the operator equation
ut(t) = THu® = TPy E 7 i1F (u) (4.6.1)
where v = u4 + u_ and

I*(u) = / t eritt=s 0y N ((s)) ) (4.6.2)
0
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We look for the solution in the set
Ds ={u € X*([0,00) : [Jullx=((0,00)) < 0}-

For u € Ds and initial data ug = (ug,ug ) of size at most € = €(§) < J, we have
leX PG iIi(“)HX;([o,oo)) Se+d <o

for small enough ¢, due to (4:2:6) and the fact that I*(u) is a sum of operators for
which Theorem 414 holds. Since we can factor a® — b* = a(a — b) + (a — b)b, we

also obtain

I () = T5(9) lx s (0,00)) S (IFllx=(10,00)) + N9l x5 10,000 )1 = 9l x5 (10,00
S 01Lf = gllx=(j0,00))

and hence T is a contraction on Ds when § < 1, which implies the existence of a
unique fixed point in Dy solving the integral equation (4-6.T).
As for scattering, by Theorem 4.14 we have that for each N,

eFHUD) Py TE () € V2
and hence, the limit as ¢ — oo exists for each piece. Together with

SN PRI £ 1.
N

it follows that lim; o, e TP T+ (u) € H*(R™). Hence, for the solution u = (ut,u™)

we have that

TP+ ut :Fitlim eTUD IE(y) € H3(R™).
— 00

4.7 Systems of different masses

Since the bilinear estimates easily tolerate interactions between waves with different
masses when n > 3 and the case n = 2 relies on Strichartz estimates only, the only
obstruction to carrying out the proof of the main result for a system of such type
is the absence of resonances™. Recalling the notation (-),, = \/m , we have
the following

Lemma 4.15. Let positive masses my, ..., my be given such that for any triple
N \3
(m,n,0) € ({mi};iL;)

we have
m+mn>o (4.7.1)

in the framework of space-time resonances (cf. [Gerll]), our notion describes the absence of
time resonance
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Then we have the modulation bound

(€)m + (b = (€ + 1o 2 (min([€], Inl, 1€ +nl)) " (4.7.2)

Remark 4.16. The condition m + n > o is similar to (albeit more restrictive™
than) the condition

|m1 +ma —ms3| # 0,
which appears in numerous places, most recently in [I[P12].
Of course (71) is equivalent to

2min{m,;} > max{m,}.

The statements of Theorem 4.1 follow by inspection of the main arguments if in
analogy to Lemma we have the modulation bound (4-7-2) by obvious adaption
of the function spaces and estimates to systems. We omit the details; it remains to
prove (A.7.2).

Proof. By symmetry, we may assume |n| < |£|. Expanding the left hand side of
(E72) with
A= (E)m + (M + (€ + Mo ~ (8),

it remains to look at the expression
m? +n? — 0 + 2(&)m ()0 — 26 1.
If £ - <0 then, since m +n —o0 >0,

m? +n® — 0> + 2(E)m (M)n > m* +n* — 0° + 2max(mn, (€)m (N)n)
Z (&) m),

we have

(€t ) — (€m0 2 S 2

which implies the claim regardless of whether |£ 4+ n| or |n| is the smallest number.

Hence it remains to deal with the case where £ - > 0, in which |n| is comparable
to the minimum frequency, and we replace £ - by [£]|n| to deal directly with the

worst case™. With some hindsight, we rewrite the resulting expression as
(m+n)? —0® — 2emn + 2 ((€)m (M)n — [€lln] — (1 — )mn)
where we chose € < 1 such that

(m+n)? — 0® — 2emn > 0,

12the fact that we need positivity as opposed to nonvanishing of this expression seems related
to the fact that our method does not take advantage of the absence of space resonances

13if one does not do this, one sees that the worst case happens for interactions along a line and
the general case is much better, but we ignore this here
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and we now prove that

(Emnpn —[€lln| — (1 — e)mn
is nonnegative and has the correct growth. We rewrite as

m2n? + n2£]? + m2n|? — (1 — mn(&)m () — (1 — €)mn|n||¢|

(E)m(Mn—[¢lIn|—(1—€)mn = (€m (n)n + (€[]

and estimate the nominator using ab < %(a2 + b?) from below by

(1-9
L (202, + )2 + el + )
= m?n? 4 n2[g2 +m = (1= €) (nm? + nle]? + m2nl?)

2 (6’

m2n? 4 n?[€f +m?nf? -

Hence, we have bounded

as claimed. O

4.8 Proof of the bilinear estimates

In this sections we prove the bilinear estimates, which are essentially identical to
those of the free wave equation. We assume n > 3 and also allow for different

masses to be able to treat more general systems. For this, we define

Definition 4.17.
Cm = V2 ]2

Proposition 4.18. Let n > 3, let O,M,N > 1 dyadic numbers and ¢p;, YN
functions in L*(R™) localized at frequencies M, N respectively. Define up =
eF 1t DPhmy gy vy = eF2MDImanhn . Denote L = min(O, M, N), H = max(O, M, N).
Then,

HEL"% |oullpzemy [ ¥nlpe@ny  if M~ N

. (4.8.1)
L% | parll oy 1o Il 2 ey otherwise

| P<o(unmvn)llz2mxrr) S

Remark 4.19. One could easily improve the constant in the first case to L™ ! if

the signs +7 and +5 coincide, but we do not pursue this here.

Proof. The statements follow from Proposition below upon approximation of

(1 £ (€)m)

by €11, _(¢),.|<e when L > 1. It remains to deal with the part where L <1 < H.
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This is a routine exercise due to the fact that in that case, uniformly transversal

hypersurfaces interact on a region of diameter L. We omit the details. O

We will generally follow the strategy carried through for n = 3 in [Sel08] for the
wave equation, relying solely on estimates of intersections of thickened spheres. At
high frequencies, the characteristic surface resembles the cone, and we stay in this

regime due to the condition L > 1.

Lemma 4.20. Letn >3, 0< 0,A < 1 S<min(r, R, L) and define
Ss(r)={€eR": r—§<|{ <r+d}.

Then, for || 2 max(r,R), and denoting by T(&, L) the tube of radius L in the

~

direction of &y, we have

min(r, R, L)"3rR6A
ol

TL(§0) N Ss(r) N (S0 + Sa(R))| S

Remark 4.21. The statement is symmetric in (r,6) and (R, A).

Figure 4.1: The worst case in the proof of Lemma when r < R in the case n > 3.
Near height L, we have o ~ % and hence the intersection has volume o '6AL" 2 ~
rL™ 36 A. We remark that in two dimensions, the critical intersection occurs as the
circles touch tangentially, resulting in worse estimates.

Proof. Denote by A the above intersection. We may assume L < r, [§y| ~ max(r, R)

and

50 = (|§0|70770)

Hence £ € Ss(r) N (&0 + Sa(R)) if and only if

(r=0? < () +IE] < (r+09)
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and
(R—A)? < (&' = &)+ < (R+A)°

Subtracting these inequalities, we find that
(r=0)° = (R+A)2 < (') = (€' = [&)? < (r+0)> = (R—A)°

and hence that ¢! € (a,b), where

1
a = m (|£0|2 +T2 — R2 + A2 — (52 — 2((57‘ + AR))
0
b=a+ i(r(H—RA).
€0
In particular,
b— e max(rd, RJ)
ol

and hence it suffices to show, for ¢ € (a,b),
v(c) == H" Y AN {¢' = ¢}) < min(r, R, L) min(rs, RA).

We now define the upper and lower radius over the slice {¢! = ¢} of & + Sa(R)
and Ss(r) respectively by

R*(c) = max(0, /(R £ )2 — (¢ — [&])?)
rE(c) = max(0,/(r £ A)2 — ¢2)

Ignoring for a second the intersection and only looking at &y + Sa(R), polar coor-

dinates when R~ # 0 give

n—2 R+(C)2 - R (C)2
R*(c) + R(0)

v(e) S R (2R (€) - R™(0) = R (¢) ~ R*()"RA,

whereas in the case R~ = 0 we get the better estimate

n—1 n—3

v(e) = R*(e)""' S (RA)"T = (RA)(RA) >

since R+ A >c¢>R—A.

Of course the same can be done for Ss(r), resulting in
v(c) < rh(e)"3rd.

Due to the tube TL(&) = Tr((1,0,...,0)) we also know that max(r*, RT) < L,
furthermore, of course, max(r™, RT) < min(r, R) on A. In combination,

v(c) < min(r, R, L)" % min(rd, RA)
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as claimed, and we can estimate

ré6 RA min(r, R, L)"~3

b
|A] < / v(e)de < (b — a) min(r, R, L)" > min(rd, RA) ~

€0
O
Definition 4.22. For M, m, e > 0, we denote
m,+ n
Kye ={(r,8) eRxR™: [§[ ~ M, |7 = ({)m] < €}
Proposition 4.23. Let n > 3, let O, M, N > 1 dyadic numbers, denote
H = max(0, M, N), L = min(O, M, N)
and let
supp(u) C Kjp' 5, supp(v) € K22,
Then we have
1 1 n—2
(6162)§H§L 2 ||'LLHL2 RxRn U||L2 RxRn ’LfM ~ N
| P<o (o)l z2(mxrn) S s (IR
(6162)§LT||UHL2(R><R")HUHL2(R><]R“) l«< MK N
(4.8.2)

Remark 4.24. Note that for technical reasons, we do not treat 1 ~ M < N here.

Proof. If H < 1, losing derivatives does not matter, and the statement follows easily.

Hence, in what follows, we may assume H > 1.

case 1

We begin with the case where M ~ N ~ H > L ~ O. Decomposing the spatial

frequency supports of v and v in balls of radius L, we note that it suffices to prove

the estimate

B/
)

1.1 n-2
||P§L(’LLB’U HLZ(RXR") g (6162)§H2L 2 HuHLz(RXRn)||'UHL2(R><RTL), (483)

where B and vB are supported in balls B, B’ of radius L located at frequency H.
Indeed, denote by B a reasonable covering of {|¢| ~ H} with such balls. Then we

can estimate

’ 7
HPSO(UU)”LQ(]RX]R") < Z Hpgo(uBUB )||L2(R><R") ~ Z HquB ||L2(R><Rn)
B,B'€B B~B’
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where B ~ B’ if and only if (B + B’) N B(0,L) # 0. Since for fixed B there are

only finitely many B’ with B ~ B’, we can further estimate

1 1 _n—2
Z ||’LLB’UB, HL2(]R><1R") g (6162) 2 {2 Ln2 Z HUBHLQ(]RX]R") ||UBHL2(]R><]R")
B~B’ B~B’

1 1 n—2
S (€1€2)? H2 L 7 ||ul| L2 (rxre)

|UHL2(]R><R”)-

B _ B

Hence, we only need to prove (4:8:3), but we may even reduce to the case u v

since

luPvP (1o gurny < 1) [lz2@xrm) | (07)2 (|2 @xRn)-

Furthermore, we may assume +; = +, m = 1. We will need the following well-

known

Lemma 4.25. Let supp Fy,u C A, supp Fi,v C B. Then

2

[uvll 22 @ xmn) < (Sl?lfm ((7,) —B)|> [ull L2 @y 0]l 2 (@)

Proof. We denote Fy,- =7, ¢ = (1,€), ¢! = (7/,&’) and estimate

||UU||2L2(Ran) = [|a* "7||%2(R><]R") = [|1at = 1B5||2L2(Rxw)

-/ ( Jaso - c’><1Aa><c'>dc')2 ac
- / </(1Aﬂ(c—B)(C')’T)(CC’)ﬂ(g’)dg’)2d<

< / < / 1Am(<3><<’>dc’> ( / |ﬁ(<—<’)a<<’)|2d<’) dc

< (s%p [AN (¢ — B)|> Hu||2L2(RxR")

2
UHLQ(]RX]R")'
O

Applying the lemma to the present situation, where A = B is a ball of radius L
located at frequency H, we see that the constant in the estimate is y/|E|, where

E:{(T,ﬁ): E€B, & —¢€B, T=(& 4 O(er),
To—T = <§0—§>+0(61)}

uniformly in (79,&p). We denote
E(r)={¢: (1.§) e £}
and note that since H > 1, we have (£) ~ |£| and hence E(7) = () unless

7 = |center(B)| + O(L).
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Thus, we have
|E| < Lsup|E(T)|.

For € € E(1) we have & = (§y — &) + & € B+ B C {|n| ~ H}. Now we note that

r—@©l<a < lde[Vi—aP-LVE+ar-1|.

This interval has length comparable to €; and contains /72 — 1, hence it follows
that
IT = () <er=E€Sce, (VT —1).

In the same way,

(o —7) = (& —&)| <e1 =& — &€ See,(/ (0 —7)2—1)
so that
B(r) € Sca (V72 =1)0 (& + S (V=17 1)) .

Remembering the additional restriction that the intersection happens in the ball B
of radius L, and that & € 2B, we may intersect this last set with the tube of radius
L along &y. This puts us right in the situation of Lemma about intersections of

thin shells, and noting that V72 — 1 ~ H ~ /(190 — 7)? — 1 together with || ~ H
gives
H2Ln73€1 €9

€0l

|E| < Lsup |E(T)| S L ~ L" 2Hees.

case 2

Now, without loss of generality, L ~ M, H ~ N ~ O and +; = +. We may replace
the projector P<p by a projector on an annulus Pp (see [Sel08], 4.3.3). Again, we

want to estimate |E|, where
E=K[L"n ((70750) - Kx,i;iz)

and we have || ~ H due to the projector Po. Going through the same procedure

as before, we obtain

E= {(7—76) : |£| ~ L7|§0 _€| ~ H7 T = <§>m1 +O(€1)7
70— T = £(E — E)ms + O(e2) |

and, recalling that L > 1,

E C Seu ﬂ—m%m(msc@( <ro—r>2—m3>).

Now we have

\JT2—mi~L, \/(ro—7T)2—m3~H, |&~H
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and thus
HLLn_?’El €9

E| < Lsup|E(r)| < L
|E] < sgpl (MIS 7

= Ln_1€162

which gives the constant L'z (6162)% as claimed.



Chapter 5

Quadratic Schrodinger

equations

We treat here a particular example of a nonlinear derivative Schrodinger equation
and obtain global existence and scattering for small data. Generally speaking, such
an equation is of Schrodinger type, with a quadratic nonlinearity containing one
(or two) derivatives. Existence results for such equations are difficult to obtain in
general and involve a high level of technical detail; a small data global result is not
known and may not hold, but at least large data local existence is available under

a necessary decay assumption on the initial data. We refer to [BT08] for details.

The example we treat is much simpler than the general case. It is special in the
sense that it is the only representative of a quadratic derivative Schrodinger equa-
tion for which all interactions are nonresonant except at the origin (where instead
the derivative in the nonlinearity smoothes out the otherwise negative impact of
resonance). Applying to this the same techniques as in chapter @ leads to a result
which is certainly not new in spirit (for instance, [Coh94] also treats roughly the
same example, albeit with different techniques) but represents a clean and trans-
parent framework to understand this particular case. In particular, it demonstrates
that the initial data can be taken from the natural scale invariant Sobolev space
Hse, s, = %’2 (n > 2). In contrast, a general quadratic derivative NLS appears to
require s > s. + 1 already for local well-posedness, on top of decay on the initial

data (see [BT08, Sch10]).

5.1 Introduction

The equation
iuy — Au = Q(@, ) (5.1.1)

where
Q(u,u) = +ud,,u or Q(u,u) = +0,,()?

64
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in n > 2 spatial dimensions can be treated quite easily in a scaling critical setup

using U? and V2 spaces. The basic reason is that the modulation is favorable,

€7+ [n* + 1€ +nf* ~ max(|&], n]*).

The scaling
u(z,t) = uy(x,t) = Au(A\?t, \x)

leaves the equation invariant, and the scaling critical Sobolev index is "T’Q in the

sense that

252 g, = el

. n—2 .
H 2 (R")

For this reason, we fix now
n—2

2 )

S =

look for the solution in the U? version of the Besov space BS’Q adapted to the linear

Schrédinger equation,

2
ullxs = (Z NQSHUNHQUg) where UR = U2
N

and define the space Y analogously by using V2, (henceforth abbreviated by V?)
instead of U%. We will prove the following

Theorem 5.1. Let n > 2 and s = ";2. Then for the monlinear derivative

Schradinger equation (511) we have small data global well-posedness and scattering

in H® in the scaling critical space X*.

Remark 5.2. We will focus on a nonlinearity @, u; the proof for 9,, (4?) is actually
a bit easier. Of course, Theorem 51 generalizes to systems of equations of the above

type effortlessly, requiring only trivial modifications of the arguments below.

For the proof, we denote by I the Duhamel term
t 2
[=I(@t) = —i / =D (7, @) (s)ds
0

and estimate this expression in the X* norm. What we need for a contraction

argument is the boundedness
I:X°xX*—X°®

but we can even prove the stronger version

Proposition 5.3.

[:YSxY®— X®
from which the former follows by the embedding X* C Y*. The difference esti-
mate needed for the contraction argument follows trivially, since the nonlinearity is

polynomial.
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5.2 Bilinear and Strichartz estimates

As usual, we will use the known estimates for free solutions, the transfer principle
and interpolation to estimate the nonlinearity. In this case, we need the bilinear
estimates

lurvrllz@xen S H 2L lullyz | [ollo (5.2.1)

1P (urvm)ll 2 @xeey S L7 ||u||vi Jellve - (5.2.2)

for any choice of signs 41, 45, which in turn imply (for fixed small §, here § = i
will do)

nol_g
lurrvr | e xeny S H 2L lullvz  Mvllvz, - (5.2.3)

Proof. While (5271) follows from the bilinear estimate for free solutions (see, for
instance, Lemma 3.4 and Remark 3.5 in [CKST08]) and the transfer principle, we
carefully check (5:2:2), since it is crucial that it is valid in Vi as opposed to UX
to avoid a logarithmic divergence. By standard arguments, we may decompose
ug ~ y gup and vy ~ Y g, vp into balls of size L located at frequency H, such
that

||UH'UH||%2(]R><]R")N Z ||“BUB’||2L2(RxR”)'
B~—B’

Using then for free solutions the estimate

”eitA(uO)B||L4(RXRn) < LT H(UO)BHL2(Rn)

which follows from the first bilinear estimate, we get

lwrvn | vz S L7 Junllug vallos S L% lluallvz vallvz

as desired.
Lastly, we obtain (5.2:3) from (5:2.1) by interpolation. Noting that for uy = ox

we have

lun sy = lunT 2 @xrny S N7 un 3y

we estimate

n—2
lurvr |2 @xrn) < l|umllps@xen) VLl pa@xrny S (HL) 3 4.

Interpolating this estimate with (5:21), we lose a factor

H m\°
log® (1+ L) N (L) o< 1.

to transition into V2 on the right hand side of (5:2.1)). It’s easy to see that none of
the arguments change for any other choice of signs +1, +5 as the estimates for free

solutions remain valid. O
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5.3 Trilinear estimates and proof of the main the-

orem

In this section, we prove the technical estimates needed for the proof of Proposi-
tion 6.3. To this end, we decompose

0%, = > H Y Pal(up,un)llpy + > L1 Y - Y Pol(um,un)llps

H L<H L H>LH'~H

and obtain now estimates for each of the terms on the right.

The most difficult (and interesting) case for these estimates is n = 2 (where s = 0,
corresponding to L? data) and we treat that case only, even though we keep the
parameter n in the building block estimates whenever the argument applies to all
n to indicate what they look like in general. Higher dimensions are easier to treat
by the same methods; the only difference is that using orthogonality is less crucial.

The bounds below will be used in the next section to prove (5:3).

Proposition 5.4. Let H ~ H'. Then we have

sup ’//uLvaHrdxdt S H Y ully. v llvz (5.3.1)

w <1
LSH ” va_

for the first part of I above (“high-low to high interactions”) and

2 )
> L* sup ‘//quH/dexdt SH ' H ugllyz H or vz (5.3.2)

LSH ”wHVg <1
for the second (“high-high to low interactions”).

Remark 5.5. The above corresponds to a nonlinearity @d,,u, the (easier) nonlin-
earity 0., (u)? corresponds to replacing H ! on the right hand side in (5:3:2) by an
additional factor of L multiplied to the left hand side.

Proof. We assume from now on s = 0, n = 2 and we drop the distinction between
H and H' (which is irrelevant in the arguments used). For both estimates, we
decompose u, v and w according to high and low modulation, “low” in this context
meaning that |7 — |£|?| < H? on the spacetime Fourier support. This is motivated

by the modulation

€7 + > + € 4+ n|* ~ max(|¢], n])?,

due to the properties of which we may assume that at least one factor is at high
modulation (which we denote by a superscript h) and we can use the estimate
Hthm(Ran) = ||Q§H2f||L2(]R><]R") < H*1||f||L2(Ran), that is we gain a full

derivative; the remaining bilinear product in L?(R") is treated using bilinear and
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Strichartz estimates (5:22), (5:2:3). Now we begin with the proof of Proposition 53.
The estimates go along similar lines: The high modulation term goes into L? and
then into V2, gaining a factor H~!. The remaining terms are estimated using the

o1 . .o s . _1 n—-1-¢ n—2 .
bilinear estimate, giving either a factor H~>TL" = or L™= . Since the summa-

tions take place on the level of L2, we need to use some orthogonality to close the
estimate in the critical cases (this is less delicate when s > 0). We now begin with

(5:31), in the easier case where wy = w;,

n—

| / upopwlydedt| S H- 3T 0L lug vz [lumllvz

where Cauchy-Schwarz, the high modulation estimate and (523) were used. We

sum over L < H and obtain
H! sup L fur vz o llvz

which is stronger than what is needed. The case vy = v is identical.

The remaining case uz, = u” is more critical, but luckily we can use an orthogonality

(note s = 0 and [|wy|[yz < 1)

Z H‘ /uiLL’l}Hde.%'dt‘ S Z H”U%HLQ(RXR")||PL(UH7~UH)||L2(R><]R”)
LsH L<H

2

S O luclvzllProrwmlie@xeny S | D lluclie | lvewallz@xen
LSH L<H

S llullysllvellvz

We turn to the second one, using the same strategy. In the case wy = wz, we get

2
H2 ZLQS //UH’UH’LUI}idl‘dt‘ 5 Z LQSHPL(’U,H’UH)H%Q(RXRn)

LsH L<H

S H* Z ||PL(UHUH)H2L2(RxR") S HZS”“H”HH%%RW”)
L<H

S HPH 2 unlF lon g = 2l 5 1 on |3

where we used again orthogonality and (5:2:2). In the remaining case vy = v}y we

obtain

2
12 3 1| [[undyundodt] £ 37 2 fuwron e il
LSH L<H

—1-8 py—1+6
S 3 L o
L<H
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which sums just fine since

Z L25+n—1—6H—1+5 S Hn—QHQS — HQSHQS.
L<H

This concludes the proof of (5:3:2) and hence, Proposition 54.

Proof of the main theorem

Recall that we have decomposed

1% = ZHQSII Y Pul(up,um)lfs +ZL23H Y D> Pul(umum)lps

LKH H>L H'~H

Let us first treat the second term on the right hand side above, using the high-high
estimate (5:3:2). Namely, we use the duality (U?)* = V2 induced by the bilinear
form B from Theorem 319 and write, for fixed L € 2%,

Y Plluun)loz = sw |B{ Y Pul(umum),o | |
H'NHzL ”'UHV2 H’~H>L

< ’//UHO%?uH/Udedt‘

”'ULHVZ H/NH>L

Hence, invoking (5:3:2) from Proposition 54 we find that

Sy PLI(UH,amuH')H?Jg5ZH_2H28||UH||\2/A2H'28||3xiuH'||%/A2
H~H'ZL H

For the first term, we use the same argument, but using (5:3:1) this time. This
leads to two cases, depending on whether the derivative 0,, hits uz, or uy, and we
treat the (more difficult) latter case only. We estimate, with H' ~ H,

2

ZH25|| Z Pyl(ur,ug HU2 < ZHQS Z sup ‘/uLamiquHrdxdt
H L<H L<H HUH’H\/gﬁl

SO OHP Tl

H

aﬂ?luHH%/K

O

In summary, we have proven that I : Y*xY* — X*. This allows us to construct the
solution following exactly the procedure carried out in section 4.6 for Klein-Gordon

equations, to which we refer for details. This concludes the proof.



Chapter 6

The Novikov-Veselov

equation

6.1 Introduction

The (zero energy) Novikov-Veselov (NV) and modified Novikov-Veselov (mNV)
equations are dispersive equations in two-dimensional space. (NV) is a natural
generalization of the Korteweg-de Vries (KdV) equation to two spatial dimensions:
like (KdV), it is completely integrable with respect to the stationary Schrodinger
equation (but in two spatial dimensions), and it reduces to (KdV) for solutions

which do not depend on the second spatial variable. It takes the form

ut+(63+53)u:NNv(u), u:RxRZ >R

6.1.1
u(0) = f (o1

where 9 = 1(9,, — i0,,) and the nonlinearity
3 =1 35/ a1
Nyvy(u) = 18 (w0~ ou) + 13 (w0~ ou)

is quadratic. Its modified counterpart (mNV) is complex-valued but takes the same

form, albeit with a cubic nonlinearity

4 ~ _ _
gNmNV(') = (0u) (00~ |ul®) + (Ou) (00~ |ul?)
+u00™ (wdu) + ud~ 0 (udu).
It is related to (NV) through the Miura- type transformation
M(v) = 20v + |v]? (6.1.2)

70
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and is also a completely integrable equation”. These last two facts have been used in
[Per12] to construct solutions to (6IT): via the inverse scattering method solutions
to (mNV) are obtained, and subsequently transferred to (NV) by virtue of the map
M. In effect, the precise structure of the nonlinearity will not play a crucial role,
and the results we obtaine are weaker in some respects, but stronger in others.
Here, we complement these results somewhat by relying only on the dispersive
nature of (mNV), and not its integrability. (mNV) has a natural scaling invariance,
given for A > 0 by
ux(t, z,y) = Mu(\3t, Az, Ay).

Since [lux(0,-, )|l L2@®2) = [|u(0,-,-)||L2(r2), the scaling critical space of initial data

is L?(R?) and we will obtain the following result at this level of regularity.

Theorem 6.1. The modified Novikov-Veselov equation is globally well-posed and
scatters for small initial data in L*(R?), with bounds in the space X defined below.

We solve (6.I1) by a contraction mapping argument in the space defined by the

norm

Definition 6.2.

[ullx = (Z IIPNuII?J,3> (6.1.3)

Ne2z

where h is the dispersion relation associated to the linear propagator h(D) =
2Red3. To make the required estimates more symmetric (and a little stronger
than what is needed) we also introduce the corresponding space Y, replacing U7

above by V.2

6.2 Bilinear and Strichartz estimates
Definition 6.3. We denote z = &; + iy € C = R? and

h(€) = h(z) = 2Rez® = 267 — 66,&3.
ith

As usual, we write e®*(P) for the linear propagator associated to the linear equation

Uy + (83+53)u:0.

Proposition 6.4 (Strichartz estimates). We have, for N € 2% dyadic and
1

== 2<q<
2 1=

the Strichartz estimate

) 1
||€”h(D)PNf||LqLT(RxR2) S NPy fllzew2)-

Lwith respect to the Davey-Stewartson II equation, see [Per12]



72 CHAPTER 6. THE NOVIKOV-VESELOV EQUATION

In particular, we have
i _1
€M PI Py fllza@xrey S N 75| Py fllzeme)-

Proof. We give here a heuristic derivation of a suitable dispersive estimate only,
based on Heuristic 226 and the abstract Strichartz estimate in Proposition 211. A
rigorous derivation of the dispersive estimate below can be obtained from Theorem
5.6 in [BAKS03]. Recall that the dispersion relation is h(£) = 2&§ —6£,£3; according

to Heuristic 2.6, we need to compute the determinant of the Hessian of h, which is

12 &1 & '
-& &

Consequently the determinant is —12|¢]? and its absolute value is comparable to

the matrix

the frequency N. Since we have two spatial dimensions in this problem, we expect
a time decay of t~! and a gain of one derivative. In other words, we expect the
estimate

" P Py fll oo g2y StINTY Py fllieey  ¢>0.

Plugging this dispersive estimate into the machinery of (211) (witho =1, § = —1),
we obtain that for (¢,r) obeying % + 1 = 1 it holds

le™™ ) £ !

1o S @),
La(R, B, (R?))

but this implies the claim upon replacing f by Py f. O

As in many cases, Strichartz estimates do not give an optimal balance of frequencies
when used to control bilinear interactions of frequencies of different size. Fortu-

nately, the geometry here allows for good bilinear estimates, as stated below.

Proposition 6.5 (Bilinear estimates). Let 0 < L < H dyadic frequencies. Then

we have

, , L3
e PPy f - PP gl p2@ure) S FHPHf”L%R?)||PL9||L2(R2)'

Proof. If H ~ L, then the L* Strichartz estimate gives the claim; hence we assume
L < H. After dualizing the L?(R x R?) norm with a function g = F,,'w of unit L?,

norm and denoting u = F,.(Py f), v = F,(PLg), we have to bound the expression

= / / w(E +n, h(€) + h(n))u(&)v(n)dédy

in terms of the right hand side above, where w, u and v may be taken real and

nonnegative. We introduce the new coordinates

y=¢&+mn, a = h(§) + h(n)
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and compute

0 1 0 1 1 0
d(v,a) _ 0 ) div.a) _ [ 0 )
dnad§ dh(n)  dh(¢)  dh(€) diadg dh(n)  dh(§)  dh(€)
dn2 déy '3 dn dé1 3

Hence, for i = 1,2, we have

d(v,a)
dn;d§

JZ' = ’det

1 1 dh(n)  dh(§)

dn; 13

Modulo a common factor, this simplifies to |n? — &2 + €5 — 53| in the former case
i =1, and to |mne — £1&2| in the latter. Now we split the integration in £ in three
parts, namely we decompose R? = Ky U K1, U K13, where

Kio={(€R’ | |G| < H, &~HY  Kp={(cR?||&| < H, & ~HJ,

Ky ={§ €R? | &1] ~ |&2] ~ H}.

Let’s deal with K5. The point is that for £ € K2, we have Jo = 112 — &1 &o| ~ H?
and thus, changing coordinates in I, we see that

1= [[[ st { "2 drdodns < oloesaey [
< H*l/

1 1

u(§)v(n)

d
7 Ui

L2 ,(R2xR)

u(§)v(n) ,1/
- dm =H lu(©)vMlz  (®2xr)dm
Vo iz, exry £ong (R

Lz Lz
N ?HUHL‘Z(RZ)HU”LQ(RQ) = ﬁ||f||L2(R2)||9||L2(R2)

where we used the bound on J, as well as the fact that 7, is localized to an interval
of scale L. Hence we have profen the claim in that case. For the other two cases,
the argument is almost identical: We simply switch the roles of 71 and 72 and now

use the bound
Ji =0t =& +& —n3| = H + O(L?) ~ H?,

resulting in the same estimate. O

As usual, we apply the transfer principle Proposition to the Strichartz and
Bilinear estimates, and also interpolate into Vh2 using (3:26). This gives the following

Proposition 6.6 (Linear and bilinear estimates). Let 0 < L <« H dyadic frequen-

cies. Then, for 2 < q < oo, é + % = %, we have the Strichartz estimate

_1 _1
| Prullparrexrzy S H || Prullys S H 7 || Prullve, (6.2.1)
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and, for fized € > 0, the (interpolated) bilinear estimate

L3~
1Prrw - Prollrzexee) S gz lullvzllvllvz. (6.2.2)
The same estimate holds true after placing complex conjugates on u, v or both of

them.

Remark 6.7. At interactions of equal frequencies, (6:2.1) implies (6:2.2) (even
without the logarithmic loss). Thus we can freely make use of (6:2:2) for any type
of interaction. Relying only on the L*(R x R?) Strichartz estimates in the following
would not at all work: Compared to (6:2:2), they effectively lose a large factor H—E

L4

Proof. (621) and the U? version of (6:2:2) (with ¢ = 0) follows directly from
the corresponding estimate for free solutions in Proposition and the transfer
principle (324). Then, two consecutive applications of the interpolation lemma
Proposition lead to (6:22), similar to the proof of Proposition Z10. The

precise loss incurred in the process is

HL)™% Hi He
log? | 1 HL)"2 =log? [ 1 <=,
% ( i LéH—l) e\ T IT ) ST

6.3 Nonlinear estimates and proof of the main the-

orem

Now we can estimate the nonlinearity. To declutter the following argument, we first

reduce the nonlinearity N,,yy to the more transparent nonlinearity
N(u) = u?du. (6.3.1)

Heuristically, this is self-evident. The symbol of the operators of type 00! is of
unit size everywhere, and the bilinear estimate is invariant under taking absolute
values on the Fourier side. In effect, for a bounded spatial Fourier multiplier m(€)

and suitably regular functions fi, fo and g = m(D)(f3f4) we can estimate

| [ fingdsat| < [l s g) (0 S [ <y Fofi

< W Feful * [ Fa falll L2 mxrey 11 Fe fol * [ Fa falll 2 mxr2)
= |F (Fehil) - FEH(Fa fsDll e ey 1F (Fefol) - Fo (1 Fefal) 2 xre)-
Applying this to each term of N,y and using that the dispersion relation h(-) is

odd (and hence the spaces V;? and (Uj;)* = V2, _ coincide), we see that in effect

we need to treat only the nonlinearity (6:3:1).
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The relevant estimates are collected below in the most difficult case, in which the

remaining derivative falls on a high frequency term.

Theorem 6.8 (Noulinear estimates). Let H ~ H' dyadic numbers. Then, for the

high-low interactions, we have

1 S [[ it dpondsdt T 1ol lodylellonle.— 632)
L<H i=1,2
1=1,2

For the high-high interactions, we can bound for any L, € 2%

2
1
(S s 35| [[ubddna o)

r<u  velve=1 | L, <m

S N, Iy g v gl

Proof. We treat (6:32) first and may assume that wy has norm one. We estimate
using Cauchy-Schwarz, (6:2:2) and [|wg[ly2 <1

Z ‘//ulLluiu%,dexdt‘ < Z ||u1L2u§I,||L2(RxR2)||u%2wH||L2(RxR2)
Li,Lo<H Ly, Lo<H
1—e

< Z (L1L2) 2

~ WHULHW
Lyi,Lo<H

U%z HV,? [udy HV,?

2

_ (L1L2)17E .
sH Y e | sl v
Ly, Lo<H

1—
and the claim follows since -, (Lﬁ) © < 1. The second case (6:3:3) is very

similar,
-~ 2
' 2 (L1L)z
LHS (6:33)" < Z Z F”“LHV& ||U§{'||%/,3||U§{||%/g
L<H | L, <H
L1—« Llfé
S i 2 b o e Tl
L<H Li<H
< b 12 2 s
as claimed. O

Just as in chapters @ and B, this gives that the Duhamel term is bounded as a map
from Y x Y to X, and by the usual fixed point argument, a unique global solution

in X exists for small initial data in L?(R?) and scatters.



Chapter 7

Ill-posedness for degenerate

interactions

7.1 From the Scattering operator to convolution

inequalities

Assume that n = 2 and that we have constructed a solution operator T+ for some

(quadratic) nonlinear equation, say
10y + h(D)u = Q(u, u)

for small H*(R?) data on [0, +00), and that this operator is C?(H*(R?), X*(]0, £00))
in a neighborhood of 0 (which typically follows from a fixed-point setup with smooth
nonlinearity) for some Banach space X*([0, £00)) C C([0, £00), H*(R?)) which has
the property that lim; , 1, f € H® exists for all f € X*([0,2+00)). Assume further
that Duhamel’s formula holds for the solutions given by 7y. Taylor expanding 74

around 0, we find
Tif = Te(0) +dTw(0)f + T (0)(f, £) + ol I3 (z2))
where T4 (0) = 0, dT%4(0)f = e!*"P) f and d*T(f,g) = ¢;.4, where
(i0+ h(D))ds.g = Q" PV £, Pg),  6,4(0) =0.
Also assume that we have a well-defined inverse wave operator
Vi : Bpog2)(0,6) = H*(R?), [ t_ljlinoo(efith(D)Tif)(t)
Thus, differentiating twice,

d*Vy : H(R*)xH*(R?) 5 (f,9) = lim e "™MPV@PT(f,g) = lim e "D (1)

76
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INEQUALITIES

7

and Duhamels’ formula for ¢¢ 4 gives

t
i d2Vi(f7 g) = lim / efish(D)Q(eish(D)Jc7 eiSh(D)g)dS.
t—+oo 0

Since V4 (0) = 0, dV4(0) = id, by the inverse function theorem, we may set

Wy = (Vi)™
and observe that the scattering operator

S:VjLOW,

is defined in a neighborhood of 0. We compute using Vi (0) = 0, dV4(0) = id and

d2(V_ o W_)(0) =0

d*S(0)(f,g) = d*V (W_(0))(dW_(0) f, dW_(0)g)
+dV, (W_(0)) o d>W_(0)(f, )
= d*V(0)(f, g) + d*W_(0)(f,9)
= d*V, (0)(f,g) — d*V_(0)(f,9)

Expressing this using the previously obtained formuli, we obtain

t

7 dZS(O)(f, g) — lim e*ish(D)Q(eish(D)Jc7 6ish(D)g)dS

t

_ t_lgr_noo ; e—ish(D)Q(eish(D)f7 eish(D)g)dS

— lim 67ish(D)Q(eish(D)f’ €i8h(D)g)dS.

t—o0 ¢

If S € C*(By=m®2)(0,6), H*(R?)), then we have

1d*SO)(f, o)l s w2y S 1FIlere (r2) g1l are (r2)

or, if we dualize®, for any h € H—*,

' / / QD) f ¢i5MD) YDV, dids| < || sz 9l 7+ ey Il e ey
(7.1.1)

The left hand side is in Fourier space simply a convolution estimate on the hyper-

surfaces

Y =A{(r,) : 7= +h(§)}

and for such an estimate it is fairly transparent that it cannot hold when the hyper-

surfaces don’t interact fully transversally through the convolution, with frequency
localized data, thus allowing to replace the H*(R?) norms on the right by L?(R?)

land carelessly interchange limits
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at the expense of a (possibly large) constant.

ith(D

In frequency, the free wave e ) f corresponds via the spacetime Fourier transform

to the measure

; foam _
6(r = h(§))f(§) = WH (reh@)} Wuzh.

Hence, we identify (7 — h(€))f(€) with the measure fv(—i))ugh and we note that

P F

Thus, for frequency localized functions, eq. (7-I.T) can be rewritten as an honest
convolution estimate. If one chooses a triple of resonant points (say, at frequen-
cies \;) where the hypersurfaces are not transversal, one can localize f, g and h
around these points, and then contradict the above by suppling an arbitrarily large
lower bound (with a constant depending on the frequencies );). Carrying out this

procedure is the subject of the next sections.

7.2 Convolution estimates and degeneracy

The convolution of three L? functions supported on two dimensional hypersurfaces
in three-dimensional space is a bounded operation, as stated by the Loomis-Whitney
inequality. Such inequalities are much harder to obtain when considering curved
surfaces, but exist and depend on the transversality of the involved surfaces in a
quantitative manner. This is an interesting circle of ideas which can at this point
not be expanded upon as much as it would have deserved. Instead, we refer to

[BHTTO] for an introduction and state here only a version suited to our needs.

Definition 7.1 (Convolution on hypersurfaces). Let X1, X3 C R3 smooth two-
dimensional hypersurfaces, f € L?(3;) and g € L?(Z2). We associate compactly
supported f and g with the distributions fuys, and gus, and define their convolution
by

(Fiiss * gusy) () = / [ @)t + s, o), (@)

for test functions .

A priori, it is not clear that f * g can be evaluated pointwise on a hypersurfaces,
as we desire. However, the following estimate, first proven for continuous functions

and then extended by density, shows this can be done.

Theorem 7.2 (Convolution estimate, [BHT10]). Let ¥; C R?, i = 1,2,3 smooth
two-dimensional hyperplanes of diameter at most one. Assume furthermore that the

surfaces 3; are uniformly transversal in the sense that their respective unit normals
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n® satisfy, uniformly in x* € ¥,
‘det (nl(ml) n?(z?) n3(x3))‘ >0 > 0. (7.2.1)
Then, we have the convolution estimate

If*glless) SO 2N fll2enllgllizas,)-

Remark 7.3. Looking at Definition 71, we see that the interactions in the convo-

lution estimate are restricted to the set
R:={(z,y,2) €X1 x Va2 x B3 | x +y =z}

only, which suggests that the transversality condition eq. (7-21) is only important
there.
We show now that without condition (7-271), (72) fails.

Proposition 7.4. Let 3;, i = 1,2,3 given as in Theorem [7.3, but instead of (271),

assume that there exist (*,3%, 7%) € R such that
‘det (@) @) nia®)|=o.
Denote

§ = 0(e) := max sup{|n‘(q) — n*(Z")| | |¢ — 2| <€} = 0 ase— 0.

i=1,2,

Then, for any 1> € > 0 there ewist unit size f. € L*(X1), g € L*(32) supported

in e-neighborhoods of © and y respectively, such that

_1
1f*gllLz(sy) 2072 (7.2.2)

In other words, the convolution estimate fails.

Proof. Since the functions f, g and h are going to be localized on a small scale
€ > 0 around (#',72,7%), we may assume that after a linear transformation that
7% = 0 and ¥; and ¥, are perturbations of the surfaces {#; = 0} and {25 = 0}

respectively, that is

Y1 = {(hi(z2, 3), 2, 73)}, Yo = {(w1, h(z1,23),23)}, X3 = {(h3(z2,23),72,73)}

where we have that hy and hy are Lipschitz with constant 6, |0shs| < 6, and
|01,2h3] S 1. Now we define a map

pi(—6€) x X3 =X, (t,2) = p(t2) €{ps =t} NI N{—2z— X3},

mapping a tuple (¢, z) to the unique element p(¢, z) in the intersection on the right.

This map is constructed by a fixed point argument. More precisely, given a tuple
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(t,z), the conditions z € X3 and z3 = ¢t imply that z = (h(2e,t),290,t). We are
looking for p € R? which is a fixed point of

_hl(ant)
T - :R® = R?, prr | =22 — ho(—21 — p1,—t — p3)
t

Obviously we have |T} .(p) — T3,.(P)| < d|p — p| and hence for small §, this map is

a contraction and admits a unique fixed point, which is our desired p(t, z).

>

o€

21 —Z — 22

Figure 7.1: The path ', = ¥; N —z — X is oriented orthogonally to the normals n',
n? and n3, picking up a large contribution from the elongated supports of f and g
uniformly over the z in the support of h, which is of similar shape.

Now, instead of (7.22), we can equivalently (up to flipping X3) find a lower bound
for the expression (f * g* h)(0), with f, g and h unit size nonnegative L? functions
on X;, i = 1,2, 3, respectively. Using the Coarea formula and neglecting geometric

factors comparable to one, this can be rewritten as

/ h(z) / F@)g(—2 — a)dH () dH(2)
33 Y¥iN—2z—32

and then, parametrizing > N —z — Y5 along the ez-direction,

/23 h(z) / Z A_} F(2)g(—2 — 2)dHO () dtdH>(2).

Recalling the map p from before, we see that this last expression equals

/j /z: h(z)f(p(z,t))g(—= —p(z,t))d?—lz(z)dt. (7.2.3)
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We take h = chli.ex,: |(21,20)|<de, |23|<e} and simply adapt the other two functions

to that support,

f = Cf]-{p(z,t): [t|<e,z€supp h}y 9 = cg]-{fzfp(z,t): |t|<e,z€supp h}-

We choose cy, ¢, and ¢, such that f, g and h have norm one. The degeneracy of
the situation is important in what follows. Namely, the crucial observation is that
f and g are again supported roughly in a region of size [—de, Je] x [—e,€]. While
the support in the es-direction is clearly of size € as p is a Lipschitz map, we have
to be careful that changing z3 by O(e) can only introduce a O(de) variation in p;

and po. Thus we estimate, for p’ = (p1,p2)

‘p/(zla227z37t) _p/(21722707t)‘ = |T(p(z7t))/ - T(p(Z’,O’t))/|
<lha(—2z1 — p1, =23 — t) — ha(—21 — p1, —1)| S d|23| < de

as claimed. Hence f, g and h are contained roughly in rectangles of area de?, which
gives ¢y ~ cg ~ ¢ = §~2¢ !, Evaluating (72:3) yields, with some notational
freedom regarding f and g,

€ de €
(f xg=*h)(0) N/ /(5 h(h(z1), 22, 23) f(h(21), 22, 23, t) g((21), 22, 23, ) d 2o 23l
~(cp)?e5 =62

which we can make arbitrarily large as ¢ — 0. Note that the functions f, g and h
are essentially characteristic functions of an interval of size € x e, which is useful

to keep in mind for what follows. O

7.3 Ill-posedness results

Degenerate quadratic Klein-Gordon equations

Let us assume that m, n and o are positive real numbers, and that we have m+n < o.
Then (21) does not apply, and we show in fact that this is not merely a technical
artefact. More precisely, consider the quadratic Klein-Gordon system in two spatial
dimensions,
iuy — (D)mu
vy — (D)o

VW

uw (7.3.1)

iwy — (D)ow = uw
with appropriate initial data.
Using convolution estimates, we now show that this equation can not be treated
by our methods. To see this, it suffices to look, for instance, at the third equation.

After going through the analysis outlined in the last chapter (the assumptions of

which would be satisfied in any reasonable setup using U? and V?), we need to find
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1H1F

117715
77

2%

1010

Figure 7.2: The characteristic hypersurface {7 = /1 4 [¢|?} in 2 4+ 1 dimensions.

(€,m) € R? x R? such that

-1 -1 -1
(Em + (Mn —(E+m)0o=0=det & . (¢+n)
<£>m <77>n <§+77>o

which gives rise to points on ¥; and X5 associated to (-),, and (-),, which add up
to a point on X3 associated to (-),, for which the respective normals do not span

the ambient space R3. A quick computation shows that for resonant points

-1 -1 -1 —(&m  —(n <£+n>o>
det ¢ = det = 2(&+n), det (¢
<<s>m e ‘<su—fn>o> < 3 n £+ ( ”>

and hence £ and 7 should be linearly dependent. Now we have
(Om+ M= (E+mo =0 <= (m+n)?=0"+2(()m(n)n—E-n—mn) =0 (7.3.2)
where (m + n)? — 0% < 0. In the case m + n = o, we simply note that
2((mt) p (nt),, — mt? —mn) =0

and so we can pick our favorite tuple & = mtey, n = ntey, t > 0, to arrive at the
conclusion. When m 4+ n < o, then for £ = n = 0, we have (7.3.2) < 0, and since

(mte1)m(nser)n — mnts — mn = mn ((¢)(s) —ts — 1) = oo

as t,s — o0, % — 00, by continuity we find ¢ and 7 for which (7-3:2) vanishes, as
desired. Hence, fixing £ and 7, we can invoke Proposition 74, let ¢ — 0 and obtain
a contradiction to (ZIT).



7.3. ILL-POSEDNESS RESULTS 83

The Novikov-Veselov equation

The Novikov-Veselov equation

has the scaling given by
ux(t, ) = Nu(N\3t, \x),

which is critical in H~'. We contradict here a smooth scattering solution operator
only in the homogeneous case; the same procedure is easier to carry out in the

inhomogeneous setting.

100 |

% 77, 0\
g 7
0 Sy ] !
S s 7
g LI

Figure 7.3: The characteristic hypersurface {7 = ¢} — 3£,£2} in 2 + 1 dimensions.

Since the trilinear estimate (Z1I) can only be valid when s = —1 due to the
above scaling, we only need to treat that one case. Then, after a slightly modified
derivation of (7I-1) (using integration by parts and replacing h by 9~'h) we arrive
at the inequality

|(-7:t:ceith(D)f " the”h(D)g " Ftweith(D)h) (O)| (733)

S ||f||H—1(R2)||9||H—1(R2)||h||L2(R2)

To find a degeneracy, we simply use the fact that the dispersion relation

hE) =& —368 EeR?

is odd in &; and even in &. Hence we can make our life simple and look for a
resonant triple (£,n, £+ n) for which & = n, = 0. Since then the second component
of Vh(-) vanishes for £, n and £ + 7, we only need to make sure that |¢],|n| > 0 and
that we have resonance. This is clear by symmetry when £ = —n # 0 and in fact,
this is the only case, as can be seen by checking that h(§) + h(n) + h(=§ —n) =0

is equivalent to

M — &) +&mi —m) =26m(b+m) <= mE+ani =0 < & =-n
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for &,n # 0.
We choose np = (—1,0) = —¢, and invoke the counterexamples of (Z4). This yields
for (72323) the lower bound

_1 _1
€ 2| fellee 2y llgell 2 (2) | Pell L2 ey ~ € 2.

Since f. and g. are localized at frequency one and L? normalized, the H ! norms on

the right hand side of (7-323) are also comparable to one, leading to the contradiction
1

ez <1.

Quadratic Schrodinger equations
Now we consider the 2 4+ 1 dimensional equation
tup — Au = Qq(u)

where Q1(u) = |ul? and Q2(u) = u?; we also show that chapter B can not be
extended to cover nonlinearities of type ()1 and (2 when a derivative is added
somewhere. @1 appears to be the worse behaved nonlinearity: It is known that
asymptotic scattering states basically have to vanish (see [ST06, IW12]) in two di-
mensions; also it is the only quadratic nonlinearity for which in 3D, global existence
from small, localized data is not known (almost global existence holds). Hence it
is not too surprising that we can arrive at a contradiction here if we assume that
this equation fits into a nice fixed point setup. @2 is more delicate: global solutions
and wave operators can be constructed under some assumptions on the initial data
(IMTTO03]). For that reason it would be more interesting to obtain a contradiction
here; unfortunately, this doesn’t work, and we see why that is first.

We deal with homogeneous settings, as a contradiction is easily obtained in an
inhomogeneous setup. For @1 it will be possible to carry out the usual procedure;
for Q- this fails, and we begin by investigating why.

The argument in section -1 naturally adapts to the homogeneous setting, with
the same conclusions, but as we will see, some complications at frequency zero
when closing the argument. This happens since resonance occurs only when zero is
involved and the homogeneous Sobolev norms become very large as we test estimate
Due to the scaling u + uy = A\?u(A?t, \z) which is inherited by (711), we may

assume that s = —1, as H 1 is the critical space associated to this scaling.

The case Qy(u) = u?. Here, 31 = ¥y = P, ¥3 = —P. For £, n € R? we have
resonance if and only if

0=+ [nl* — €+ = —2¢ 1,
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Figure 7.4: The characteristic hypersurface P = {7 = |¢|?} in 2 + 1 dimensions.

in other words, when £ and n are orthogonal. We check the determinant

-1 -1 1
det
<2§ 2n —2(E+n)>

We see that this does not degenerate very often, only when part of the interaction

~ [&llnl sin Z(&; n).

comes from the origin. Hence, we can, for instance, take n = 0, £ = te; for some
t > 0, but since we are dealing with a homogeneous setup, we might as well set
¢ = ey and check carefully the contributions of the Sobolev weights in eq. (7-IT).

The homogeneous version reads

‘// ¢#th1(D) fitha(D) giths(D) byt
S ”f”H—l(]R?)||g||H—1(R2)”hHH1(R2)'

For the left hand side, (7-4) generically gives a behaviour of ¢~ % when tested with
the counterexamples belonging to the choice n = 0, £ = e;. On the right hand side
however, the respective norms of f and h are reciprocal, and in effect [|g]| -1 ge)
remains. We can modify the counterexample a little bit to avoid a 2719([—¢2, €2] x
[—¢, €])-neighborhood of zero, but still the norm grows too fast as e — 0, at a rate

of e 2.

The case Qi(u) = u@i.  The analysis is very similar, but there is one crucial
difference, namely that this time the roles of n and & + n are switched: We will
have £ = —n = €1, and thus f and g as given by the counterexample have H-!
norm comparable to one. The third function h on the other hand is localized in
an e-neighborhood of frequency zero, hence [[h|[;1 g2y < € and the contradiction

1 . .
e~ 2 < e is obvious.

Quadratic nonlinearities with one derivative. A similar game can be played
for the nonlinearities Q3(u) = d(u?), Q4(u) = d(Jul?), Qs(u) = udu or wWOu and
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Qs(u) = udu. These are scaling critical in L?(R?) and hence in the trilinear es-
timate, we have two L?(R?) norms and one H~'(R?) norm for the factor which
carries the derivative in the nonlinearity. Now we want to obtain lower bounds on
the trilinear integral as before. Looking at the cases of ()1 and @2, we need to
localize precisely one factor around the origin. Since there are always two choices
of such a factor, we may choose one that is not measured in H~! and obtain an
upper bound of order || f||2(r2)[|g| 2 ®2) || ]| L2 (r2), compared to the divergent lower
bound which has an additional factor of e~2. This complements chapter 5: The
techniques really do work only when both factors are conjugated.

Note however that when one splits the derivative according to the counterexamples
so that they act as a null form on the resonant set, we can not close the argument.
For instance, consider the nonlinearity |8|2u|d|2u; we would have to localize one
of the factors near zero in frequency. Due to the half derivative, both choices
introduce a growth of (more than) €2 in the upper bound, and no contradiction
can be derived. This would suggest that this nonlinearity could effectly fall into

category (2) below, even though this may be a naive guess.

7.4 Summary and outlook

We end this dissertation with an informal summary of the observed phenomena,
and an outlook for further investigation. From the positive and negative results we
have seen so far, the following loose categorization of a two-dimensional quadratic

nonlinear equation with dispersion relation h has been obtained:

1. no resonance. By this we mean that the modulation equation h(£)+ h(n) £
h(—=&—mn) = 0 (where the choice of £+ depends on the specific case) has no (or
very few special) solutions. Depending on the quantitative behavior of that
expression, it may then be possible to obtain global solutions for small data
at low regularity. This was observed for admissible Klein-Gordon systems and

the special derivative Schrodinger equation, as treated in chapters @ and B.

2. only transversal resonance. In the general case, the above resonance con-
dition defines a 2n — 1 = 1 dimensional set and hence, usually one has to
expect resonance. As we have seen in the last section, the three surfaces in-
volved need to be transversal on the set of resonant points. In that case, no
counterexample to smoothness and scattering of the solution operator can be
derived from eq. (Z21), and it may be possible to construct a smooth solution

operator, albeit not with our techniques. See (7-4.1)) below.

3. degenerate resonance. Finally, in the worst case, there is resonance and
degeneracy in the transversality. Hence there can not be a smooth solu-
tion operator and scattering, but nevertheless global solutions may still exist.
Recently, many such results were obtained using the method of space-time

resonances, for which we refer to [GerT1] and the references therein.
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Thus, it seems that one key point to understand is how the convolution estimate
ties in with resonant behavior. One goal for which some hope may be justified is to
treat, at least to some extent, a resonant but transversal situation. Unfortunately,
there is no way to apply the convolution estimate directly: It will bound a trilinear
interaction of free waves in terms of the initial data in L?(R?), but this implies only
bounds in U'. However, there is a toy problem below (due to Koch [Koc12]), where

a variation on the function spaces gives a strong result.

The toy problem

We write (z,y) and (&, n) for the spatial and Fourier variables of R? and consider

the system
us +nq - Vu = VW
v +ng - Vo= ww (7.4.1)
wy +n3 - Vw = —uw,

whose scaling critical space is L?(R?). The characteristic hypersurfaces are de-
fined by 7 4+ n; - £ = 0, with normals (1,7n;) modulo a bounded factor. Hence the

transversality condition for the three surfaces is

1 1 1

ny nNg N3

0 # det ( > = det(n; — n3,ng — ng).

Let S(t) = (S1(t), Sa(t), S5(t)) the linear evolution of the free system. Then we look
for a solution in the space X with norm | f||x = [|S(=#)f(t)|lL2Lex L2130 x 2150
to estimate (for instance, for the third equation) the Duhamel term fot S3(t —
s)u(s)v(s)ds. We switch coordinates (x,y) — a(ns —nq)+b(ng —nz2) (which is valid

due to the transversality condition above) and obtain with 4(x,y) = sup, S1(—s)u(z,y, s)

Sg(ft)/o S3(t — s)(uv)ds(a,b) < /Sg(*S)OU’UD < /53(*8)(51(8)’&, Sa(s)0)ds
< [IS5(=s)S1(s)all L2 155 (—5)S2(s)0]| 2
= [la((a + s)(ng — n1) + b(ns — na))|
= [[a(s(ng —n1) +b(ng —n2))|

2llo(a(ng —ny) + (b + s)(ng — n2))| 2

L2 o(a(ng —nq1) + s(ns — n2))||L2

and hence .
||81t1p|53(—t)/ S3(t — s)(uv)ds|||r2 , < [|(u,v)]|x-
o :

This means that with the above, we can find global solutions for small data using
the Banach fixed point theorem precisely when the three surfaces are transversal.
While this is encouraging, it is not clear what more general strategy is behind
this particular choice of function spaces in this special case. Rewriting the above

nonlinear estimate in the form

lwvllzzvy S llullzvel[vllLaves
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and using the embeddings V! C U% C V2 C V> we get

lwvllzvz S llullLzvzllvllczve

which is weaker than the “usual” (but in this case, false - see Proposition 7.4)

estimate
||UU||U3L3 S HUHVng”UHWLg

since U?L2 C L2U? C L2V? C V2L2. This puts the above estimates in a more

familiar context, but it is not clear where to go from here.



Appendix A

Standard tools from Analysis

Theorem A.1 (Coarea formula). Let k > n, U C R™ open and f : U — R*
Lipschitz. Then, for g € Li, . (U),

loc

Jswieiae= [ [ gwanaa

where J = detg(Df - (Df)) is the k-dimensional Jacobian of f.

Proof. see [Fed69]. O

Theorem A.2 (Stationary phase). Let a € C§°(R"), ¢ € C*(R™) and let xo €

supp a a nondegenerate critical point of ¢, i.e.
De(zo) =0, det D¢(z0) # 0.

Furthermore, assume that there are mo other critical points in suppa. Then, for

any A > 0 and denoting
I, = /eiM(m)a(x)dm

we have the estimate

1

I — A3 (2m) % eMo(ao T sen D2¢(z°)| det D?*¢(z0)| 72| < A llallcn+s@mny-
Proof. see [Zwo12] O

Theorem A.3 (Hardy-Littlewood-Sobolev inequality). Let0 <y <n,1 <p < g < 0o
and % — % =1— 1. Then for all f € LP(R™) we have

1f |- 17" lpa@ny S N fllpe@n)-
Proof. see [Ste93] O
Theorem A.4 (Minkowski’s inequality). Let 1 < p < oo, (X, ;) measure spaces

89
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and F : X1 x X9 — R measurable. Then we have

< / 1P, oo .
LP(X3) X1

Theorem A.5 (Littlewood-Paley inequality). Let 1 < p < co. Then

n P 0

£l @ny ~ <Z PNf|2>

N Lr(R")

Proof. see chapter VI, 7.14 in [Ste70]. O
As an immediate application of the last two statements, we obtain

Corollary A.6. Let 2 <r < oo. Then we have
B ,(R") € L"(R").

Proof. We have

2

< (Z H'PNleHLE(R")) = ||f||BgT
) N

1
2

Il or@ny ~

> I P
N

L% (Rn

Interpolation spaces

Since interpolation spaces are used only briefly and mainly to streamline an oth-
erwise slightly more technical argument in this work, we give here only the most

basic definition. An exhaustive treatment of the theory can be found in [Tri83].

Definition A.7 (Real interpolation space). Let Ay and A; Banach spaces contained

in some larger Banach space A. Denote
K(t,a) = _inf laolla, +tflas] a,.
+a;

a=agpn

Then, the real interpolation spaces (Ao, A1)gq, 0 < 6 < 1,1 < ¢ < oo are defined

1
St dt\ ¢
Jeliapan, = ([ omtean )"

through the norm
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Summary of this dissertation

In this dissertation, we treat problems related to the small data global existence
theory of some dispersive PDFEs. That is, we try to abstractly construct solutions
which exist globally in time and have “good” properties, under a smallness condition
on the initial data, typically given at time ¢ = 0. What is special here is that we
do not impose strong decay on this data, that is, we only assume that they are L?
based Sobolev functions. More precisely, we treat

1. the Klein-Gordon equation
gy — Au+ mPu = Q(u, )

with a quadratic polynomial @), mass m > 0 and initial data (ug,u;) €
H® (R") x H*°~1(R") for some sy = so(n), n > 2. We can also treat systems
under a condition on the masses involved in the nonlinear interactions.

2. the quadratic nonlinear Schrodinger equation

uy — Au = 40y, U
with initial data in the scaling critical space H = (R™), n > 2.

3. the modified Novikov-Veselov equation in two space dimensions,
uy + (03 + 0%)u = Ny (v)

where 0 = %(8931 —40z,). The nonlinearity N,,ny is cubic and contains
roughly one derivative. Again the initial data come from the scaling critical
space, which in this case is L?(R?).

For each of the above equations and initial data from a sufficiently small ball around
the origin, we construct global solutions which scatter and depend smoothly on the
initial data, using a fixed point argument.

In the second part of this work, we turn towards negative results and start with
the observation that a solution operator constructed by the techniques used in the
proofs of the statements above imply that there is a smooth scattering operator,
which in turn shows that a trilinear spacetime interaction of free waves can be
bounded by their inital data.

Such an estimate is very close to so-called convolution estimates in Fourier space-
time, for which the behavior is known, and we can use this to derive contradictions
in some cases. This is related to the concept of time resonance, and we can show
that the results above for the Klein-Gordon and Schrédinger equations are sharp
in some sense. Regarding the modified Novikov-Veselov equation, we show a neg-
ative result for the related Novikov-Veselov equation, for which the nonlinearity is
replaced by a quadratic nonlinearity containing roughly one derivative.
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