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AFFINE GRASSMANNIANS AND GEOMETRIC SATAKE
EQUIVALENCES

BY TIMO RICHARZ

This thesis consists of two parts, cf. [11] and [12]. Each part can be read independently,
but the results in both parts are closely related. In the first part I give a new proof of the
geometric Satake equivalence in the unramified case. In the second part I extend the theory
to the ramified case using as a black box the unramified Satake equivalence. Let me be more
specific.

Part I. Split connected reductive groups are classified by their root data. These data come
in pairs: for every root datum there is an associated dual root datum. Hence, for every
split connected reductive group G, there is an associated dual group G. Following Drinfeld’s
geometric interpretation of Langlands’ philosophy, the representation theory of G is encoded
in the geometry of an infinite dimensional scheme canonically associated with G as follows,
cf. Ginzburg [4], Mirkovié-Vilonen [8].

Let G be a connected reductive group over a separably closed field F'. The loop group L,G
is the group functor on the category of F-algebras

L.G: R+— G(R(=2)),
where z is an additional variable. The positive loop group LT G is the group functor
LIG: R+— G(R[2]).

Then L}TG C L.G is a subgroup functor, and the fpqc-quotient Grg = L,G /L G is called the
affine Grassmannian. The fpqc-sheaf Grg is representable by an inductive limit of projective
schemes over F. The positive loop group LT G is representable by an infinite dimensional
affine group scheme, and its left action on each L} G-orbit on Grg factors through a smooth
affine group scheme of finite type over F.

Fix a prime number /£ different from the characteristic of F'. The unramified Satake category

Satg is the category
def

Satg = PLjG(GrG)

of LT G-equivariant (-adic perverse sheaves on Grg. This is a Qq-linear abelian category
whose simple objects can be described as follows. Fix T' C B C G a maximal torus contained
in a Borel subgroup. For every cocharacter u € X, (T) there is an associated F-point z* - eg
of Grg, where z# € T(F(z)) and ey denotes the base point. Let Y, denote the reduced
LT G-orbit closure of z* - ¢y inside Grg. Then Y, is a projective variety over F which is in
general not smooth. Let IC,, be the intersection complex of Y),. The simple objects of Sata
are the IC,’s where p ranges over the set of dominant cocharacters X, (T)*.

Furthermore, the Satake category Sats is equipped with an inner product: with every
A1, Az € Satg there is associated a perverse sheaf A; x Ay € Satg called the convolution
product of Ay and As, cf. Gaitsgory [3]. Denote by

w-) & @R’T(Grg,—): Satg — Vecg,
i€Z
the global cohomology functor with values in the category of finite dimensional Q-vector
spaces.
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Let G be the Langlands dual group over Qy, i.e. the reductive group over Q, whose root

datum is dual to the root datum of G. Denote by Repg,(G) the category of algebraic rep-
resentations of G. Then Repg, (G’) is a semi-simple Q,-linear abelian tensor category with

simple objects as follows. Let T' be the dual torus, i.e. the Q-torus with X*(7) = X, (T).
Then each dominant weight p € X *(T)+ determines an irreducible representation of high-
est weight u, and every simple object is isomorphic to a highest weight representation for a
unique .

The following basic theorem describes Satg as a tensor category, and is called the (unram-
ified) geometric Satake equivalence.

Theorem A.1l. i) The pair (Satg,*) admits a unique symmetric monoidal structure such
that the functor w is symmetric monoidal.

it) The functor w is a faithful exact tensor functor, and induces via the Tannakian formalism
an equivalence of tensor categories

(Satg,x) — (Repg, (G), ®)
A — w(A),

which is uniquely determined up to inner automorphisms ofé’ by elements in T by the property
that w(IC,,) is the irreducible representation of highest weight p.

In the case F' = C, this reduces to a theorem of Mirkovi¢ and Vilonen [8] for coefficient
fields of characteristic 0. However, for F' = C their result is stronger: Mirkovi¢ and Vilonen
establish a geometric Satake equivalence with coefficients in any Noetherian ring of finite
global dimension in the analytic topology. I give a proof of the theorem over any separably
closed field F' using /(-adic perverse sheaves. The method is different from the method of
Mirkovié¢ and Vilonen. My proof of Theorem A.1 proceeds in two main steps as follows.

In the first step I show that the pair (Satg,*) is a symmetric monoidal category. This
relies on the BD-Grassmannians [1] (BD = Beilinson-Drinfeld) and the comparison of the
convolution product with the fusion product via Beilinson’s construction of the nearby cycles
functor. Here the fact that the convolution of two perverse sheaves is perverse is deduced from
the fact that nearby cycles preserve perversity. The method is based on ideas of Gaitsgory
[3] which were extended by Reich [10].

The second step is the identification of the group of tensor automorphisms Aut*(w) with the
reductive group G. Here, I use a theorem of Kazhdan, Larsen and Varshavsky [6] which states
that the root datum of a split reductive group can be reconstructed from the Grothendieck
semiring of its algebraic representations. The reconstruction of the root datum relies on the
PRV-conjecture proven by Kumar [7].

The following result is a geometric analogue of the PRV-conjecture.

Theorem B.1. Denote by W = W(G,T) the Weyl group. Let py,...,pun € Xi(T)T be
dominant coweights. Then, for every A € X.(T)T of the form A = vy +. ..+ vy withv; € Wy,
fori=1,... k, the perverse sheaf1Cy appears as a direct summand in the convolution product
1C,, ... % IC,, .

Using this theorem and the method in [6], I show that the Grothendieck semirings of Satqs
and Repg [(CAT') are isomorphic. Hence, the root data of Aut*(w) and G are the same. This
shows that there is an isomorphism Aut*(w) =~ G, which is uniquely determined up to inner
automorphisms of G by elements in 7.

If F is any field, i.e. not necessarily separably closed, I apply Galois descent to reconstruct
the full L-group, cf. [11, §5]: Let F' be a separable closure of F', and denote by I' = Gal(F'/F)
the full Galois group. Then I' acts on Satg,, and hence via Theorem A.1 above on G. In
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order to compare this I'-action on G with the usual action via outer automorphisms, the key
fact is that G is equipped with a canonical pinning via the unramified Satake category. This
is based on joint work with Zhu [13, Appendix], and is used to recover the full L-group.

Part II. In the second part of the thesis, I generalize Theorem A.1 to the ramified case using
the theory of Bruhat-Tits group schemes. The case of tamely ramified groups is treated by
Zhu [13], and T extend his result to include wild ramification. As a prerequisite I prove basic
results on the geometry of affine flag varieties as follows.

Specialize the field F' to the case of a Laurent power series local field k((t)), where k is any
separably closed field. As above let G be a connected reductive group over F. The twisted
loop group LG is the group functor on the category of k-algebras

LG: R — G(R(1)).

The twisted loop group is representable by a strict ind-affine ind-group scheme over k, cf.
Pappas-Rapoport [9]. Let G be a smooth affine model of G over Op = k[t], i.e. a smooth
affine group scheme over O with generic fiber G. The twisted positive loop group L™G is the
group functor on the category of k-algebras

LYG: R — G(R[t]).

The twisted positive loop group LG is representable by a reduced affine subgroup scheme of
LG of infinite type over k. In general, LG is neither reduced nor connected, whereas LTG is
connected if the special fiber of G is connected.

The following result is a basic structure theorem.

Theorem A.2. A smooth affine model of G with geometrically connected fibers G over
OF 1s parahoric in the sense of Bruhat-Tits [2] if and only if the fpqc-quotient LG/L™G is
representable by an ind-proper ind-scheme. In this case, LG/L™G is ind-projective.

Theorem A.2 should be viewed as the analogue of the characterization of parabolic sub-
groups in linear algebraic groups by the properness of their fppf-quotient. Note that the proof
of the ind-projectivity of LG/LTG for parahoric G is implicitly contained in Pappas-Rapoport
[9].
Let (G, F) be the extended Bruhat-Tits building. Let a C Z(G, F) be a facet, and let G,
be the corresponding parahoric group scheme. The fpqc-quotient ¢, = LG/L*G, is called
the twisted affine flag variety associated with a, cf. [9]. As above the twisted positive loop
group LT G, acts from the left on F¥,, and the action on each orbit factors through a smooth
affine quotient of L*G, of finite type. This allows us to consider the category Pp+g, (Fq) of
Lt G4-equivariant f-adic perverse sheaves on F,. Recall that a facet a C B(G, F) is called
special if it is contained in some apartment such that each wall is parallel to a wall passing
through a.

The next result characterizes special facets a in terms of the category Pp+g, (Fla).

Theorem B.2. The following properties are equivalent.
i) The facet a is special.

ii) The stratification of Flq in LTG4-orbits satisfies the parity property, i.e. in each connected
component all strata are either even or odd dimensional.

iti) The category Pr+g, (Fla) is semi-simple.

The implications i) = i) = 4ii) are due to Zhu [13] whereas the implication #ii) = 1)
seems to be new. In fact, the following properties are equivalent to Theorem B.2 ¢)-iii):
vi) The special fiber of each global Schubert variety associated with a is irreducible.
v) The monodromy on Gaitsgory’s nearby cycles functor associated with a vanishes.
vi) Fach admissible set associated with a contains a unique mazimal element.
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See [12, §2] for the definition of global Schubert varieties and admissible sets associated with
a facet, and [12, §3] for the definition of Gaitsgory’s nearby cycles functor in this context.

If the group G is split, then the choice of a special facet a is equivalent to the choice of an
isomorphism G ~ Gy ® F', where G| is a connected reductive group defined over k. In this
case, Gu = G @k Op, and hence Fy ~ Grg, equivariantly for the action of LTG, ~ LI Gy.
Therefore, the category Pr+g, (FY,) is equivalent to the unramified Satake category for Gy
over k by transport of structure.

Now if the group G is not necessarily split, then we have the following description. Let a
be a special facet. The ramified Satake category Sat, associated with a is the category

Saty ' Pprig (Fa).

The ramified Satake category Sat, is semi-simple with simple objects as follows. Let A be a
maximal F-split torus such that a lies in the apartment </ (G, A, F') associated with A. Since
k is separably closed, G is quasi-split by Steinberg’s Theorem. The centralizer T' = Zg(A)
is a maximal torus. Let B be a Borel subgroup containing 7. The Galois group I' acts on
the cocharacter group X, (7T'), and we let X.(T)r be the group of coinvariants. With every
it € X.(T)r, the Kottwitz morphism associates a k-point t* - eg in F¥,, where ey denotes the
base point. Let Y}; be the reduced Lt G-orbit closure of t# - eg. The scheme Y} is a projective
variety over k which is not smooth in general. Let X, (T)ff be the image of the set of dominant
cocharacters under the canonical projection X, (T) — X, (T)r. Then the simple objects of
Sat, are the intersection complexes IC; of Yy, as i ranges over X, (T)ff

Recall that in general, for every A, As € Sat,, the convolution product A; x A5 is defined
as an object in the bounded derived category of constructible ¢-adic complexes, cf. [3].

The Galois group I' acts on G by pinning preserving automorphisms, and we let GT be the
fixed points. Then GT is a reductive group over Q; which is not necessarily connected. Let
Repg, (GT) be the category of algebraic representations of GT'. Note that X, (T)r = X*(TT),
and that for every g € X *(TF)Jr, there exists a unique irreducible representation of GT of
highest weight [, cf. [12, Appendix].

The last theorem describes Sat, as a tensor category, and is called the ramified geometric
Satake equivalence.

Theorem C.2. i) The calegory Sat, is stable under the convolution product x, and the pair
(Satq,*) admits a unique structure of a symmetric monoidal category such that the global
cohomology functor

& EBRZ : Saty — Vecg,

1EZL

is symmetric monoidal.
it) The functor wq is a faithful exact tensor functor, and induces via the Tannakian formalism
an equivalence of tensor categories

(Sate,*) — (Repg,(G"),®),
Ar— we(A)

which is uniquely determined up to inner automorphisms of GT by elements in 1T by the
property that wa(ICy) is the irreducible representation of highest weight fi.

I also prove a variant of Theorem C.2 which includes Galois actions, and where & may be
replaced by a finite field. If a is hyperspecial, then the I'-action on Gis trivial, and Theorem
C.2 reduces to Theorem A.1 above, cf. the remark below Theorem B.2.

Theorem C.2 is due to Zhu [13] in the case of tamely ramified groups. With Theorem B.2
at hand, my method follows the method of [13] with minor modifications. Let me outline
the proof. Based on the unramified Satake equivalence for Gz as explained above, the main
ingredient in the proof of Theorem C.2 is the BD-Grassmannian Gr, associated with the
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group scheme G,: the BD-Grassmannian Gr, is a strict ind-projective ind-scheme over S =
Spec(Opr) such that there is a cartesian diagram of ind-schemes

Fly — Gry «— Grg

Lo l

s S n;

where 7 (resp. s) denotes the generic (resp. special) point of S. Note that we used the
additional formal variable z to define Grg as above. This allows us to consider Gaitsgory’s
nearby cycles functor
V,: Satg, — Satq

associated with Gr, — S. The symmetric monoidal structure with respect to = on the
category Satg, in the geometric generic fiber of Gr, extends to the category Sat, in the
special fiber of Gry. This equips (Satq,*) with a symmetric monoidal structure. Here, the
key fact is the vanishing of the monodromy of ¥, for special facets a, cf. item v) in the
list below Theorem B.2. It is then not difficult to exhibit (Satq, ) as a Tannakian category
with fiber functor w,. Theorem B.2 iii) implies that the neutral component Aut*(wq)? of the
Qg-group of tensor automorphisms is reductive. In fact, the nearby cycles construction above
realizes Aut*(w,) as a subgroup of G via the unramified Satake equivalence. The group G is
equipped with a canonical pinning, and it is easy to identify Aut*(w,) = GT as the subgroup
of G where I acts by pinning preserving automorphisms. This concludes the proof Theorem

C.2.
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K. Vilonen [16] over a separably closed field. Over a not necessarily separably closed field,
I obtain a canonical construction of the Galois form of the full L-group.
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INTRODUCTION

Connected reductive groups over separably closed fields are classified by their root data.
These come in pairs: to every root datum, there is associated its dual root datum and vice
versa. Hence, to every connected reductive group G, there is associated its dual group G.
Following Drinfeld’s geometric interpretation of Langlands’ philosophy, Mirkovi¢ and Vilonen
[16] show that the representation theory of G is encoded in the geometry of an ind-scheme
canonically associated to G as follows.

Let G be a connected reductive group over a separably closed field F. The loop group LG
is the group functor on the category of F-algebras

LG : R+— G(R(t))-
The positive loop group LG is the group functor
LTG : R — G(R[t]).

Then LTG C LG is a subgroup functor, and the fpqc-quotient Grg = LG/LTG is called the
affine Grassmannian. It is representable by an ind-projective ind-scheme (= inductive limit
of projective schemes). Now fix a prime ¢ # char(F), and consider the category Pr+q(Grg)
of LT G-equivariant f-adic perverse sheaves on Grg. This is a Q-linear abelian category with
simple objects as follows. Fix T' C B C G a maximal torus contained in a Borel. For every

cocharacter p, denote by
def

0, ¥ TiG-m
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the reduced L*G-orbit closure of t* € T(F((t))) inside Grg. Then O, is a projective variety
over F. Let IC, be the intersection complex of O,. The simple objects of Pp+g(Grg)
are the IC,’s where p ranges over the set of dominant cocharacters XY. Furthermore, the
category Pr+g(Grg) is equipped with an inner product: to every A;, Ay € Pr+q(Grg), there
is associated a perverse sheaf Ay x Ay € Pr+o(Grg) called the convolution product of A; and
Ag (cf. §2 below). Denote by

w(-) & @RiF(Grg,—) ¢ Prig(Grg) — Vecg,
=
the global cohomology functor with values in the category of finite dimensional Qy-vector
spaces. Fix a pinning of G, and let G be the Langlands dual group over Q, i.e. the reductive
group over Q; whose root datum is dual to the root datum of G.

Theorem 0.1. (i) The pair (Pr+c(Grg),*) admits a unique symmetric monoidal structure
such that the functor w is symmetric monoidal.

(ii) The functor w is a faithful exact tensor functor, and induces via the Tannakian formalism
an equivalence of tensor categories

(Pr+g(Gra),*x) — (Repg, (G),®)
A — w(A),

which is uniquely determined up to inner automorphisms ofé by the property that w(IC,) is
the irreducible representation of highest weight v (for the dual torus T)

In the case F' = C, this reduces to the theorem of Mirkovi¢ and Vilonen [16] for coefficient
fields of characteristic 0. The drawback of our method is the restriction to Q-coefficients.
Mirkovic and Vilonen are able to establish a geometric Satake equivalence with coefficients
in any Noetherian ring of finite global dimension (in the analytic topology). I give a proof
of the theorem over any separably closed field F' using /-adic perverse sheaves. My proof is
different from the one of Mirkovi¢ and Vilonen. It proceeds in two main steps as follows.

In the first step I show that the pair (Pr+g(Grg),*) is a symmetric monoidal category.
This relies on the Beilinson-Drinfeld Grassmannians [2] and the comparison of the convolution
product with the fusion product via Beilinson’s construction of the nearby cycles functor. Here
the fact that the convolution of two perverse sheaves is perverse is deduced from the fact that
nearby cycles preserve perversity. The method is based on ideas of Gaitsgory [7] which were
extended by Reich [19]. The constructions in this first step are essentially known, my purpose
was to give a coherent account of these results.

The second step is the identification of the group of tensor automorphisms Aut*(w) with
the reductive group G. I use a theorem of Kazhdan, Larsen and Varshavsky [10] which states
that the root datum of a split reductive group can be reconstructed from the Grothendieck
semiring of its algebraic representations. The reconstruction of the root datum relies on
the PRV-conjecture proven by Kumar [11]. I prove the following geometric analogue of the
PRV-conjecture.

Theorem 0.2 (Geometric analogue of the PRV-Conjecture). Denote by W = W(G,T) the
Weyl group. Let i, ..., p, € XY be dominant coweights. Then, for every X € XY of the
form AN =v1 + ...+ v, withvy; € Wy, fori=1,...,k, the perverse sheaf 1Cy appears as a
direct summand in the convolution product I1C,, *...x IC,, .

Using this theorem and the method in [10], I show that the Grothendieck semirings of

Pr+c(Grg) and RepQK(é) are isomorphic. Hence, the root data of Aut*(w) and G are the

same. This shows that Aut*(w) ~ @ uniquely up to inner automorphism of G.
If F'is not neccessarily separably closed, we are able to apply Galois descent to reconstruct
the full L-group. Fix a separable closure F' of F', and denote by I' = Gal(F'/F’) the absolute
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Galois group. Let G = G(@z) x I' be the Galois form of the full L-group with respect to
some pinning.

Theorem 0.3. The functor A — w(Ap) induces an equivalence of abelian tensor categories
(Prra(Gra),») = (Repg,(“G),®),

where Repéz (LQ) is the full subcategory of the category of finite dimensional continuous (-adic

representations of “G such that the restriction to G(@z) is algebraic.

We outline the structure of the paper. In §1 we introduce the Satake category Pr+qg(Grg).
Appendix A supplements the definition of Pr+5(Grg) and explains some basic facts on per-
verse sheaves on ind-schemes as used in the paper. In §2-§3 we clarify the tensor structure
of the tuple (Pr+g(Grg),*), and show that it is neutralized Tannakian with fiber functor
w. Section 4 is devoted to the identification of the dual group. This section is supplemented
by Appendix B on the reconstruction of root data from the Grothendieck semiring of alge-
braic representations. The reader who is just interested in the case of an algebraically closed
ground field may assume F' to be algebraically closed throughout §1-8§4. The last section §5
is concerned with Galois descent and the reconstruction of the full L-group.

Acknowledgement. First of all I thank my advisor M. Rapoport for his steady encour-
agement and advice during the process of writing. I am grateful to the stimulating working
atmosphere in Bonn and for the funding by the Max-Planck society.

1. THE SATAKE CATEGORY

Let G a connected reductive group over any field F. The loop group LG is the group
functor on the category of F-algebras

LG : R— G(R()).
The positive loop group LT G is the group functor
LTG: R+ G(R[t]).

Then LTG C LG is a subgroup functor, and the fpqc-quotient Grg = LG/LTG is called the
affine Grassmannian (associated to G over F).

Lemma 1.1. The affine Grassmannian Grg is representable by an ind-projective strict ind-
scheme over F. It represents the functor which assigns to every F-algebra R the set of isomor-
phism classes of pairs (F, (), where F is a G-torsor over Spec(R[t]) and 8 o trivialization
of F[1] over Spec(R((t)).

We postpone the proof of Lemma 1.1 to Section 2.1 below. For every i > 0, let GG; denote
i-th jet group, given for any F-algebra R by G; : R — G(R][t]/t'T!). Then G, is representable
by a smooth connected affine group scheme over F' and, as fpqc-sheaves,

LTG ~ limG;.
i
In particular, if G is non trivial, then L™G is not of finite type over . The positive loop
group L1 G operates on Grg and, for every orbit O, the Lt G-action factors through G; for
some i. Let O denote the reduced closure of O in Grg, a projective Lt G-stable subvariety.
This presents the reduced locus as the direct limit of L*G-stable subvarieties
(GrG)red = h_I)l’lO,
o

where the transition maps are closed immersions.

Fix a prime ¢ # char(F), and denote by Q, the field of ¢-adic numbers with algebraic
closure Q. For any separated scheme T of finite type over F, we consider the bounded derived
category D%(T,Qy) of constructible f-adic complexes on T, and its abelian full subcategory
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P(T) of ¢-adic perverse sheaves. If H is a connected smooth affine group scheme acting
on T, then let Py(T) be the abelian subcategory of P(T') of H-equivariant objects with
H-equivariant morphisms. We refer to Appendix A for an explanation of these concepts.

The category of f-adic perverse sheaves P(Grg) on the affine Grassmannian is the direct
limit

def ;. A
P(Gro) ' lim P(O),

which is well-defined, since all transition maps are closed immersions, c¢f. Appendix A.

Definition 1.2. The Satake category is the category of LTG-equivariant f-adic perverse
sheaves on the affine Grassmannian Grg

Pria(Grg) = lim P (0),
o
where O ranges over the LT G-orbits.

The Satake category Pp+(Grg) is an abelian Qg-linear category, cf. Appendix A.

2. THE CONVOLUTION PRODUCT

We are going to equip the category Pr+q(Grg) with a tensor structure. Let
-k- P(Grg) X PL+G(GrG) — Dg(Grg,@g)

be the convolution product with values in the derived category. We recall its definition [17,
§2]. Consider the following diagram of ind-schemes

(2.1) Grg x Grg <& LG x Grg -5 LG x* ¢ Grg - Grg.

Here p (resp. q) is a right LT G-torsor with respect to the L™ G-action on the left factor (resp.
the diagonal action).The LG-action on Grg factors through ¢, giving rise to the morphism
m.

For perverse sheaves Aj, As on Grg, their box product A; K As is a perverse sheaf on
Grg x Grg. If Ay is LT G-equivariant, then there is a unique perverse sheaf A;XAs on
LG xL*¢G Grg such that there is an isomorphism equivariant for the diagonal L*G-action®

p* (-Al X -/42) ~q" (-/41@«42)-
Then the convolution is defined as A; * Ay = m, (.Alg.Ag).

Theorem 2.1. (i) For perverse sheaves Ay, Ay on Grg with As being L™ G-equivariant, their
convolution Ay x Ay is a perverse sheaf. If Ay is also LT G-equivariant, then A x Ay is LTG-
equivariant.

(ii) Let F' be a separable closure of F. The convolution product is a bifunctor
-%- PL+G(GI‘G) X PL+G(Grg) — PL+G(Grg)7

and (Pp+a(Grg), ) has a unique structure of a symmetric monoidal category such that the
cohomology functor with values in finite dimensional Qg-vector spaces

P RT(Grg ¢, (-)p): Prra(Gra) — Vecg,
i€z
is symmetric monoidal.
Part (i) is due to Lusztig [12] and Gaitsgory [7]. Part (ii) is based on methods due to
Reich [19]. Both parts of Theorem 2.1 are proved simultaneously in Subsection 2.3 below

using universally locally acyclic perverse sheaves (cf. Subsection 2.2 below) and a global
version of diagram (2.1) which we introduce in the next subsection.

1Though LG is not of ind-finite type, we use Lemma 2.20 below to define A; @AQ.
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2.1. Beilinson-Drinfeld Grassmannians. Let X a smooth geometrically connected curve
over F'. For any F-algebra R, let Xp = X x Spec(R). Denote by ¥ the moduli space of
relative effective Cartier divisors on X, i.e. the fppf-sheaf associated with the functor on the
category of F-algebras

R —— {D C Xp relative effective Cartier divisor}.

Lemma 2.2. The fppf-sheaf ¥ is represented by the disjoint union of fppf-quotients
IT x"/Sn,
n>1

where the symmetric group Sy, acts on X™ by permuting its coordinates.
O

Definition 2.3. The Beilinson-Drinfeld Grassmannian (associated to G and X ) is the functor
gr = Grg,x on the category of F-algebras which assings to every R the set of isomorphism
classes of triples (D, F, §) with

D € ¥(R) a relative effective Cartier divisor;
F a G-torsor on Xg;
B Flxp\D = Folxz\p a trivialisation,

where Fy denotes the trivial G-torsor. The projection Gr — X, (D, F, ) — D is a morphism
of functors.

Lemma 2.4. The Beilinson-Drinfeld Grassmannian Gr = Grg, x associated to a reductive
group G and a smooth curve X is representable by an ind-proper strict ind-scheme over X.

Proof. This is proven in [7, Appendix A.5.]. We sketch the argument. If G = GL,,, consider
the functor Gr(,,) parametrizing

J c O?(R(_m. D)/O}R(m. D)?

where J is a coherent Ox,-submodule such that Ox,(—m - D)/J is flat over R. By the
theory of Hilbert schemes, the functor Gr(,,) is representable by a proper scheme over 3. For
my < mg, there are closed immersions Gr(,,,) < Gr(m,).- Then as fpqc-sheaves

lim Gr(m) — G-
m

For general reductive G, choose an embedding G < GL,. Then the fppf-quotient GL,,/G
is affine, and the natural morphism Gr¢ — Grar, is a closed immersion. The ind-scheme
structure of Grg does not depend on the choosen embedding G — GL,,. This proves the
lemma. ([

Now we define a global version of the loop group. For every D € X(R), the formal
completion of Xp along D is a formal affine scheme. We denote by @X, p its underlying
R-algebra. Let D = Spec(@X,D) be the associated affine scheme over R. Then D is a closed

subscheme of D, and we set D° = ﬁ\D The global loop group is the functor on the category
of F-algebras

LG:R— {(s,D)| D e %(R), s € G(D°}.
The global positive loop group is the functor

LYG: R~ {(s,D)| D e %(R), se G(D)}.
Then £LTG C LG is a subgroup functor over X.
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Lemma 2.5. (i) The global loop group LG is representable by an ind-group scheme over X.
It represents the functor on the category of F-algebras which assigns to every R the set of
isomorphism classes of quadruples (D,F,(,0), where D € X(R), F is a G-torsor on Xg,
6:F = Fo is a trivialisation over Xg\D and o : Fy = Flp is a trivialisation over D.

(ii) The global positive loop group LTG is representable by an affine group scheme over ¥
with geometrically connected fibers.

(iii) The projection LG — Grg, (D, F,B,0) — (D,F,3) is a right LT G-torsor, and induces
an isomorphism of fpqc-sheaves over %

LG/LYG 2 Gre.

Proof. We reduce to the case that X is affine. Note that fppf-locally on R every D € X(R)
is of the form V' (f). Then the moduli description in (i) follows from the descent lemma of
Beauville-Laszlo [1] (cf. [14, Proposition 3.8]). The ind-representability follows from part (ii)
and (iii). This proves (i).
For any D € %(R) denote by D its i-th infinitesimal neighbourhood in Xz. Then D
is finite over R, and the Weil restriction Resp  r(G) is representable by a smooth affine
group scheme with geometrically connected fibers. For i < j, there are affine transition maps
Resp)/r(G) — Respw r(G) with geometrically connected fibers. Hence, lim Respa) /g(G)
is an affine scheme, and the canonical map
£+G Xs,D Spec(R) — mReSD(i)/R(G)

7
is an isomorphism of fpqc-sheaves. This proves (ii).
To prove (iii), the crucial point is that after a faithfully flat extension R — R’ a G-torsor
F on D admits a global section. Indeed, F admits a R’-section which extends to Dy by
smoothness and Grothendieck’s algebraization theorem. This finishes (iii). O

Remark 2.6. The connection with the affine Grassmannian Grg is as follows. Lemma 2.2
identifies X with a connected component of ¥. Choose a point € X (F) considered as an
element D, € X(F). Then D, ~ Spec(F[t]), where t is a local parameter of X in z. Under
this identification, there are isomorphisms of fpqc-sheaves
LG, ~ LG
LYG, ~ LG
Org . =~ Grg.

Using the theory of Hilbert schemes, the proof of Lemma 2.4 also implies that Grgr,,, and
hence Grg is ind-projective. This proves Lemma 1.1 above.

By Lemma 2.5 (iii), the global positive loop groop £TG acts on Gr from the left. For
D € ¥(R) and (D, F,3) € Gra(R), denote the action by

((9, D), (F,B,D)) — (9F, 9, D).
Corollary 2.7. The LTG-orbits on Gr are of finite type and smooth over X.
Proof. Let D € ¥(R). It is enough to prove that the action of
LG xx p Spec(R) =~ @ResD(1>/R(G)

on Gr xx p Spec(R) factors over Resp)/r(G) for some i >> 0. Choose a faithful represen-
tation p : G — GL,, and consider the corresponding closed immersion Grq — Grgr,. This
reduces us to the case G = GLy,. In this case, the Gr(,,)’s (cf. proof of Lemma 2.4) are LT GL,,
stable, and it is easy to see that the action on Gr(,,) factors through ResD<2m)/R(GLn). This
proves the corollary. O
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Now we globalize the convolution morphism m from diagram (2.1) above. The moduli
space X of relative effective Cartier divisors has a natural monoid structure

SU-: Y XY — X%
(Dl, D2) L D1 U DQ.
The key definition is the following.

Definition 2.8. For k& > 1, the k-fold convolution Grassmannian C;rk is the functor on the
category of F-algebras which associates to every R the set of isomorphism classes of tuples
((Ds, Fi, Bi)i=1,...x) with

D; € X(R) relative effective Cartier divisors, i = 1,...,k;

F; are G-torsors on Xpg;

Bi + Fil x g\ D, = Fi—1lxp\p, isomorphisms, i = 1,... k,

where F is the trivial G-torsor. The projection Gry, — X¥, (D, Fi, Bi)i=1....1) — (Dy)i=1.... k)
is a morphism of functors.

Lemma 2.9. Fork > 1, the k-fold convolution Grassmannian Gry, is representable by a strict
ind-scheme which is ind-proper over ¥F.

Proof. The lemma follows by induction on k. If k = 1, then Gry = Gr. For k > 1, consider
the projection

p: G — G x %
((Ds, Fis Bi)i=r,.... k) ¥ ((Ds, Fi, Bi)i=1,....k—1, Di)-
Then the fiber over a R-point ((D;, Fi, Bi)i=1,... k-1, Dk) is
p N ((Di, Fi, Bi)izt,... k-1, Dx)) = Fr—1 xC (Gr xx,, Dy),

which is ind-proper. This proves the lemma. O

For k > 1, there is the k-fold global convolution morphism
my : Gri, — Or
((Ds, Fi, Bi)i=1,..k) = (D, Fi, Bilxp\D © - - - © Brlxp\D),

where D = Dy U...U Dy. This yields a commutative diagram of ind-schemes
~ mk
Gr, — Gr

|

PRI H

i.e., regarding _C’;r‘k as a X-scheme via ©F — %, (D;); — U; Dy, the mqrphism myg is a morphism
of ¥-ind-schemes. The global po§itive loop group £TG acts on Gy, over ¥ as follows: let
(Di, Fiy Bi)i € Gri(R) and g € G(D) with D = U;D;. Then the action is defined as

((9, D), (D, Fy, Bi)i) — (Di, gFi, gBig™ " )i-

Corollary 2.10. The morphism my, : Gri, — Gr is a £ G-equivariant morphism of ind-proper
strict ind-schemes over X.

Proof. The LT G-equivariance is immediate from the definition of the action. Note that

DILJIEND Y finite, and hence Gry, is an ind-proper strict ind-scheme over . This proves the
corollary. O
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Now we explain the global analogue of the L*G-torsors p and ¢ from (2.1). For k > 1,
let LG be the functor on the category of F-algebras which associates to every R the set of
isomorphism classes of tuples ((D;, Fi, 3:)i=1,...k, (0i)i=2,... k) With

D;eX(R),i=1,...,k;
F; are G-torsors on Xpg;
Bi + Fil x p\ D2 5 Folxp\p, trivialisations, i = 1,...,k;
Ulf0|b7i> i*1|f)i7i:2""7k’
where Fj is the trivial G-torsor. There are two natural projections over X¥. Let
LYGETL =%k xga £TGRL
The first projection is given by
Pt LGy — G
(D4, Fi, Bi)i=1,....k (03)i=2,... k) — ((Di, Fi, Bi)i=1,...k)-

Then pg is a right C*G;ﬁl—torsor for the action on the o;’s. The second projection is given
by

ar : LGr — Gry
((Dia]:iaﬁi)izl ..... ks (Ui)i:Q ..... k) L— ((Di,]'—i/,@{)i:l ..... k)v
where 7| = F; and for i > 2, the G-torsor F; is defined successively by gluing F;|x.\p, to

K3
f"‘/71|b7’, along 0’1'|b§, o BZ-\D;,. Then gy, is a right E*G’g‘l—torsor for the action given by

(D, Fiy Bi)iz1, (90)iz2)s (D1, (Dis gi)iza)) — (D1, Fu, B1), (Diy 97 Fiy 97 Bi)iz2s (049i)i>2)-
In the following, we consider ind-schemes over £* as ind-schemes over ¥ via £F — %

Definition 2.11. For every k > 1, the k-fold global convolution diagram is the diagram of
ind-schemes over X

gf’k Pk ENGk dk g’"k mg

Remark 2.12. Fix z € X(F'), and choose a local coordinate ¢ at x. Taking the fiber over
diag({x}) € X*(F) in the k-fold global convolution diagram, then

Grlé — LGF 1 x Grg — LG x LG L'G Grg — Grg.

k-times

For k = 2, we recover diagram (2.1).

2.2. Universal Local Acyclicity. The notion of universal local acyclicity (ULA) is used
in Reich’s thesis [19], cf. also the paper [3] by Braverman and Gaitsgory. We recall the
definition. Let S be a smooth geometrically connected scheme over F', and f : T — S a
separated morphism of finite type. For complexes Ar € Db(T,Q;), As € D%(S,Qy), there is
a natural morphism

!
(2.2) Ar ® f*As — (Ar ® [ Ag)[2dim(9)],
1 _
where A ® B < D(DA @ DB) for A, B € DY(T,Q;). The morphism (2.2) is constructed as
follows. Let I'y : T' — T x S be the graph of f. The projection formula gives a map
Lpi(T3(Ar K Ag) ® Flf@é) ~ (ArXMAg) ® Ff,!F'!fQZ — Ar X Ag,

and by adjunction a map F;Z(.AT XAs)® F!f@g — Flf(.AT X Ag). Note that

F;(AT KAs) ~ Ar ® f*Ag and F!f(.AT KAg) ~ Arp ® f!As,
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using D(Ar K Ag) ~ DAr K DAg. Since S is smooth, I'y is a regular embedding, and thus
Iy Q¢ ~ Q¢[-2dim(S)]. This gives after shifting by [2dim(S)] the map (2.2).

Definition 2.13. (i) A complex Ap € D.(T,Qy) is called locally acyclic with respect to f
(f-LA) if (2.2) is an isomorphism for all As € D%(S, Q).

(ii) A complex Ar € DT, Qy) is called universally locally acyclic with respect to f (f-ULA)
if f& Ar is fo-LA for all for = f xg S’ with §" — S smooth, S’ geometrically connected.
Remark 2.14. (i) If f is smooth, then the trivial complex A = Qy is f-ULA.

(ii) If S = Spec(F) is a point, then every complex Ar € DY(T, Q) is f-ULA.

(iii) The ULA property is local in the smooth topology on T

Lemma 2.15. Let g : T — T' be a proper morphism of S-schemes of finite type. For every
ULA complex Ar € D%(T,Qy), the push forward g.Ar is ULA.

Proof. For any morphism of finite type g : T'— T’ and any two complexes Ar, Ar/, we have
the projection formulas

! !
g (AT ® g*.AT/) ~ g!AT Q Aqi and Jx (.AT X g!AT/) ~ g*AT ®Q A,
If g is proper, then g, = ¢, and the lemma follows from an application of the projection
formulas and proper base change. (I

Theorem 2.16 ([19]). Let D C S be a smooth Cartier divisor, and consider a cartesian
diagram of morphisms of finite type
i J
EFE—T——U

I A

D—S«— S\D.

Let A be a f-ULA complex on T such that Al|y is perverse. Then:
(i) There is a functorial isomorphism

i*[-1]A ~ i'[1]A,

and both complexes i*[—1]).A, i'[1]A are perverse. Furthermore, the complex A is perverse and
is the middle perverse extension A ~ ji.(Aly).
(ii) The complex i*[—1)A is f|g-ULA.

O

Remark 2.17. The proof of Theorem 2.16 uses Beilinson’s construction of the unipotent
part of the tame nearby cycles as follows. Suppose the Cartier divisor D is principal, this
gives a morphism ¢ : S — AL such that ¢ =1({0}) = S\D. Let g = po f be the composition.
Fix a separable closure F of F. In SGA VII, Deligne constructs the nearby cycles functor
1 =1y : P(U) — P(Efp). Let ¢tame be the tame nearby cycles, i.e. the invariants under the
pro-p-part of 71(G,, z,1). Fix a topological generator 7" of the maximal prime-p-quotient of
71(G,y, 7, 1). Then T acts on 9ame, and there is an exact triangle

1ptame 7;1) '(/)tame - Z*.?* +—1)
Under the action of T'— 1 the nearby cycles decompose as Yrame =~ Yiame P Vinme, Where
T — 1 acts nilpotently on ¢ . and invertibly on ¢t . Let N : ¢¥tame — Ytame(—1) be the
logarithm of T, i.e. the unique nilpotent operator N such that 7' = exp(T'N) where T is the
image of 7' under m(G,, g,1) — Z¢(1). Then for any a > 0, Beilinson constructs a local
system L, on G,, together with a nilpotent operator N, such that for Ay € P(U) and a > 0

with NotL(y8 - (Ap)) = 0 there is an isomorphism
(Yiame (Av), N) = (i*[-1]ji(Av ® g"La) £, 1 @ Na).
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def

Set Up(Ay) = limg oo i*[~1]j1(Av ® g*L,). Then ¥y : P(U) — P(E) is a functor, and
we obtain that N acts trivially on ¥, (Av) if and only if Wi (Ay) = i*[-1]ji.(Ap). In this
case, Uy is also defined for non-principal Cartier divisors by the formula ¥j = i*[—1] 0 jis.
In the situation of Theorem 2.16 above Reich shows that the unipotent monodromy along E
is trivial, and consequently

F[-1]A = TYoj*(A) ~ i'[1]A

Corollary 2.18 ([19]). Let A be a perverse sheaf on S whose support contains an open subset
of S. Then the following are equivalent:

(i) The perverse sheaf A is ULA with respect to the identity id: S — S.

(ii) The complex A|—dim(S)] is a locally constant system, i.e. a lisse sheaf.

O

We use the universal local acyclicity to show the perversity of certain complexes on the

Beilinson-Drinfeld Grassmannian. For every finite index set I, there is the quotient map
X' — ¥ onto a connected component of £. Set

def

g = grxs X'
If I = {+} has cardinality 1, we write Grx = Gry.

Remark 2.19. Let X = Al with global coordinate t. Then G, acts on X via translations.
We construct a G,-action on Gr as follows. For every z € G,(R), let a, be the associated
automorphism of Xg. If D € 3(R), then we get an isomorphism a_, : a,D — D. Let
(D, F,B) € Grg(R). Then the G,-action on Grg — X is given as

(D, F,B) r— (aZ,F,aZ,f,a,D).

Let G, act diagonally on X, then the structure morphism Gr; — X! is G,-equivariant.
If |I| = 1, then by the transitivity of the G,-action on X, we get Grx = Grg x X. Let
p : Grx — Grg be the projection. Then for every perverse sheaf A on Grg, the complex
p*[1]A is a ULA perverse sheaf on Grx by Remark 2.14 (ii) and the smoothness of p.

Now fix a finite index set I of cardinality & > 1. Consider the base change along X! — X
of the k-fold convolution diagram from Definition 2.11,

(2.3) HQI“X,i LG A Grr L G
i€l
Now choose a total order I = {1,...,k}, and set I° = I\{1}. Then p; (resp. qr) is a
L GY-torsor, where LYGS = XT x 10 LTG1o.
Let LY¥Gx = L*Gxx X, and denote by P+ ¢, (Grx )VI the category of LG x-equivariant
ULA perverse sheaves on Grx. Foranyi € I,let Ax; € P(ng)ULA such that Ay ; are LT G x-
equivariant for ¢ > 2. We have the Hi>2 E*Gx,i—equivariant ULA perverse sheaf M;cr Ax ;

on Hie[ Grxi-

Lemma 2.20. There is a unique ULA perverse sheaf @Z-GIAXJ- on g~r1 such that there is a
qr-equivariant isomorphism?

0 (RicrAxi) ~ pi(BicrAx.q),
where qr-equivariant means with respect to the action on the L*G9-torsor qr : LG — Grr.

If Ax 1 is also LT Gx-equivariant, then giejAXﬂ' is LT Gr-equivariant

2See Remark 2.21 below.
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Remark 2.21. The ind-scheme £G; is not of ind-finite type. We explain how the pullback

functors p},¢; should be understood. Let Y7,...,Y); be LT G-equivariant closed subschemes
of Grx containing the supports of Ai,..., Ax . Choose N >> 0 such that the action of
LTGx on each Y7, ...,Y} factors over the smooth affine group scheme Hy = ResD(N)/X(G),

where DN) is the N-th infinitesimal neighbourhoud of the universal Cartier divisor D over
X. Let Ky =ker(LYGx — Hy), and Y =Y x ...Y,. Then the left Ky-action on each Y;
is trivial, and hence the restriction of the pr-action resp. ¢r-action on pl_l(Y) to [[;s0 KN

agree. Let hy : p;'(Y) — Yy be the resulting [[i>o Kn-torsor. By Lemma A.4 below, we

get a factorization
p qr
/ J hN\

Y Y, Ly
PIN NN ar(pr (V).

where pr v, qr,n are [[,~, Hy-torsors. In particular, Yy is a separated scheme of finite type,
and we can replace pj (resp. q7) by p} n (resp. g7 n)-

Proof of Lemma 2.20. We use the notation from Remark 2.21 above. The sheaf p7. n(Mier Ax,i)
is [ [, Hn-equivariant for the ¢; y-action. Using descent along smooth torsors (cf. Lemma
A.2 below), we get the perverse sheaf giejAXﬂ', which is ULA. Indeed, p?;N(giejAXﬂ') is
ULA, and the ULA property is local in the smooth topology. Since the diagram (2.3) is
LT G-equivariant, the sheaf gie[AXyi is LT G -equivariant, if Ay is LG x-equivariant.
This proves the lemma. ([l

Let U; be the open locus of pairwise distinct coordinates in X?. There is a cartesian
diagram
JI
Grr < (Gri)lo,

| |

X! U;.

Proposition 2.22. The complex m[7*(®iejAX7i) is a ULA perverse sheaf on Gry, and there
s a unique isomorphism of perverse sheaves

my«(MierAx,i) =~ jris®ierAxilv, ),
which is LT G r-equivariant, if Ax 1 is L1 Gx -equivariant.

Proof. The sheaf @igA;m is by Lemma 2.20 a ULA perverse sheaf on Gr;. Now the restriction
of the global convolution morphism m; to the support of @ie 1Ax,; is a proper morphism,
and hence m[’*(gigAx,i) is a ULA complex by Lemma 2.15. Then ml’*(ﬁig/lx,i) ~
Jis(BierAx i)lu,), as follows from Theorem 2.16 (i) and the formula wui. o v, =~ (u o V)i
for open immersions V' SUu s T, because my|y, is an isomorphism. In particular,
my 4 (@iej./lx,i) is perverse. Since m; is LT G-equivariant, it follows from proper base change
that mI,*(®ie1AXﬂ») is LT Gr-equivariant, if Ax; is £TGx-equivariant. This proves the

proposition.
O

2.3. The Symmetric Monoidal Structure. First we equip PL+GX(QrX)ULA with a sym-
metric monoidal structure sk which allows us later to define a symmetric monoidal structure
with respect to the usual convolution (2.1) of Lt G-equivariant perverse sheaves on Grg.
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Fix I, and let U; be the open locus of pairwise distinct coordinates in X’. Then the
diagram

o Gy —1 G 2 (@),
X diag X! U;.

is cartesian.
Definition 2.23. Fix some total order on I. For every tuple (Ax ;)ics with Ax; € P(Grx )V
for i € I, the I-fold fusion product *;crAx,; is the complex

def

*ierAxi = itk + )i ((RicrAx.i)|u,) € D2Grx, Qp),
where k = |I].

Now let 7 : I — J be a surjection of finite index sets. For j € J, let I; = 7 !(j), and
denote by U, the open locus in X' such that the I j-coordinates are pairwise distinct from
the I;-coordinates for j # j'. Then the diagram

(2 I
Grg — Grr —— (I1,; 9r1,)lv,
(2.5) l l J

X/ X! U,,

is cartesian. The following theorem combined with Proposition 2.22 is the key to the sym-
metric monoidal structure:

Theorem 2.24. Let I be a finite index set, and let Ax; € Prig, (Grx)UE4 fori € I. Let
7w I — J be a surjection of finite index sets, and set kr = |I| —| J|.
(i) As complezes

i;kr[_k‘ﬂ’]jl,!*((&iGIAX,i)'UI) =~ i!7r[kﬁ]jl,!*((&ielAX7i)‘Uz)a

and both are LTG j-equivariant ULA perverse sheaves on Gry. In particular, *;erAx,; €
Prigy (Grx)UE4.

(ii) There is an associativity and a commutativity constraint for the fusion product such that
there is a canonical isomorphism

fierAx,i ~ *jeg(kier, Ax,i),

ULA, *)

where I; = ©=1(j) for j € J. In particular, (Pr+q, (Grx) is symmetric monoidal.

Proof. Factor 7 as a chain of surjective maps I =11 — I, — ... = I, = J with |[;11] =
|I;] + 1, and consider the corresponding chain of smooth Cartier divisors

X =X — X xh= X

By Proposition 2.22, the complex j1.((K;erAx ;)|v,) is ULA. Then part (i) follows induc-
tively from Theorem 2.16 (i) and (ii). This shows (i).

Let 7 : I — I be a bijection. Then 7 acts on X' by permutation of coordinates, and diagram
(2.4) becomes equivariant for this action. Then

T (MierAx i)lo,) = Jrs((MierAx 1) oy)-
Since the action on diag(X) C X7 is trivial, we obtain

i7ir s (RierAx i)|vy) = a7 5 (RierAx)lu,) = i7jrs((RierAx r—16))lvy)s
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and hence >;erAx ;i ~ *ierAx r-1(;)- It remains to give the isomorphism defining the sym-
metric monoidal structure. Since j; = jx o []; ji,, diagram (2.5) gives

G (BierAxi)lu v, ~ Biesinw((®ier, Axi)lu;, )-
Applying (ir|v,)*[kx] and using that U, N X7 = U, we obtain

(i krlir e (RierAx i)lu))v, =~ Mjes(kier, Ax,i)-
But by (i), the perverse sheaf ¢ [kx]jr1+((MicrAx:)|v;) is ULA, thus

ik ir e (BicrAxi)loy) =~ Juas((Mjes Chier; Ax.i))lu,),

and restriction along the diagonal in X7 gives the isomorphism fierAx,i ~ *jeg(kier; Ax.i)-
This proves (ii). O

Example 2.25. Let G = {e} be the trivial group. Then Grx = X. Let Loc(X) be the
category of f-adic local systems on X. Using Corollary 2.18, we obtain an equivalence of
symmetric monoidal categories

HO o [—1] : (P(X)UEA, %) = (Loc(X), ®),

where Loc(X) is endowed with the usual symmetric monoidal structure with respect to the
tensor product ®.

Corollary 2.26. Let D(X, Q)™ be the category of ULA compleves on X. Denote by
f:Grx — X the structure morphism. Then the functor

Ful=1] 1 (P(Grx) "2, %) — (DX, Qu), @)
is symmetric monoidal.

Proof. If Ax € P(Grx)", then f.Ax € DY%(X,Q)V'* by Lemma 2.15 and the ind-
properness of f. Now apply f. to the isomorphism in Theorem 2.24 (ii) defining the sym-
metric monoidal structure on P(Grx )V, Then by proper base change and going backwards
through the arguments in the proof of Theorem 2.24 (ii), we get that f.[—1] is symmetric
monoidal. O

Corollary 2.27. Let X = AL. Let p: Grx — Grg be the projection, cf. Remark 2.19.
(i) The functor

P : Pria(Gre) — Prigy (Grx) "
embeds Pr+q(Grg) as a full subcategory and is an equivalence of categories with the subcate-
gory of G,-equivariant objects in Pr+q, (Grx)"EA.
(ii) For every I and A; € Pryq(Grg), i € I, there is a canonical LG x -equivariant isomor-
phism

p*[1(xierAi) = *ier(p*[1]A:),

where the product is taken with respect to some total order on I.

Proof. Under the simply transitive action of G, on X, the isomorphism Grx ~ Grg x X is
compatible with the action of LT G under the zero section LTG — £tG x. By Lemma 2.19,
the complex p*[1]A is a ULA perverse sheaf on Grx. It is obvious that the functor p*[1] is
fully faithful. Denote by iy : Grg — Grx the zero section. If Ax on Grx is G,-equivariant,
then Ax ~ p*[1]i§[—1].Ax. This proves (i).

By Remark 2.12, the fiber over diag({0}) € X!(F) of (2.3) is the usual convolution diagram
(2.1). Hence, by proper base change,

io[=1] Crierp™[1JAi) = wierig[=1p*[1]Ai ~ xicrAs.
Since k;erp*[1]A; is Gy-equivariant, this proves (ii). O

Now we are prepared for the proof of Theorem 2.1.
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Proof of Theorem 2.1. Let X = AL. For every A;, Ay € P(Grg) with Ay being L*TG-
equivariant, we have to prove that A; x Ay € P(Grg). By Theorem 2.24 (i), the s%k-convolution
is perverse. Then the perversity of A; x Ay follows from Corollary 2.27 (ii). Again by Corol-
lary 2.27 (i), the convolution A; * Ay is LT G-equivariant, if A; is LT G-equivariant. This
proves (i).

We have to equip (Pr+g(Grg),*) with a symmetric monoidal structure. By Corollary 2.27,
the tuple (Pr+g(Grg), %) is a full subcategory of (Pr+q, (Grx)UEA, %), and the latter is sym-
metric monoidal by Theorem 2.24 (ii), hence so is (Pr+g(Grg), *). Since taking cohomology is
only graded commutative, we need to modify the commutativity constraint of (Pp+g(Grg), )
by a sign as follows. Let F be a separable closure of F. The L*G g-orbits in one connected
component of Grg p are all either even or odd dimensional. Because the Galois action on
Grg p commutes with the LT G g-action, the connected components of Grg are divided into
those of even or odd parity. Consider the corresponding Z/2-grading on Pr+g(Grg) given
by the parity of the connected components of Grg. Then we equip (Pr+g(Grg),*) with
the super commutativity constraint with respect to this Z/2-grading, i.e. if A (resp. B) is
an L*G-equivariant perverse sheaf supported on a connected component X 4 (resp. Xg) of
Grg, then the modified commutativity constraint differs by the sign (—1)P(X)P(X8) " where
p(X) € Z/2 denotes the parity of a connected component X of Grg.

Now consider the global cohomology functor

w(-) = @RiF(GrG,p, (-)r): Prra(Grg) — Vecg, .
=4
Let f: Grx — X be the structure morphism. Then the diagram
Prig, o (Gryx p)Um8 M DY X5, Q)
P (i) O | |@icarttoig
Pr+q(Grg)

VecQ .

is commutative up to natural isomorphism. Now if A is a perverse sheaf supported on a
connected component X of Grg, then by a theorem of Lusztig [12, Theorem 11¢],

R'T(Grg,p, Ap) =0, i Zp(X) (mod 2),
where p(X) € Z/2 denotes the parity of X. Hence, Corollary 2.26 shows that w is symmet-
ric monoidal with respect to the super commutativity constraint on Pp+g(Grg). To prove

uniqueness of the symmetric monoidal structure, it is enough to prove that w is faithful, which
follows from Lemma 3.4 below. This proves (ii). O

3. THE TANNAKIAN STRUCTURE

In this section we assume that F' = F is separably closed. Let Xi be a set of representatives
of the LT G-orbits on Grg. For 1 € X we denote by O, the corresponding L™ G-orbit, and
by 6# its reduced closure with open embeddding j* : O, — 6#- We equip Xi with the
partial order defined as follows: for every A\, u € XY, we define A < 1 if and only if O, C 0,.

Proposition 3.1. The category Pr+q(Grg) is semisimple with simple objects the intersection
complezes

IC,, = jLQe[dim(0O,)], for pe Xy,
In particular, if P54 (resp. Pji') denotes the perverse push forward (resp. perverse extension
by zero), then jl. ~Pj|' ~ Pk

Proof. For any p € XY, the étale fundamental group Wi’t(OH) is trivial. Indeed, since
6u\ou is of codimension at least 2 in 6;“ Grothendieck’s purity theorem implies that
m0,) = 78(0,). The latter group is trivial by [SGA1, XI.1 Corollaire 1.2], because
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O, is normal (cf. [6]), projective and rational. This shows the claim.
Since by [17, Lemme 2.3] the stabilizers of the L™ G-action are connected, any L":G—equivariant
irreducible local system supported on O, is isomorphic to the constant sheaf Q. Hence, the
simple objects in P+ (Grg) are the intersection complexes IC, for € XY.
To show semisimplicity of the Satake category, it is enough to prove
!
Extp(are)(ICx, 1C,) = Hom pp (e (ICA, IC,[1]) = 0.
We distinguish several cases:
Case (1): A = p.
Let O, EX o, & 0,\0,,, and consider the exact sequence of abelian groups
(3.1) Hom(IC,,,4i'IC,,[1]) — Hom(IC,,,IC,,[1]) — Hom(IC,,, j.j*IC,[1])

associated to the distinguished triangle igi!ICu — IC, — j.j*1C,. We show that the outer
groups in (3.1) are trivial. Indeed, the last group is trivial, since j*IC, = Q/[dim(O,,)] gives

Hom(IC,, j.j*IC,[1]) = Hom(5*IC,,, ¥ IC,[1]) = Ext'(Qg, Q).

And Ext'(Qe, Q¢) = HL(0,,Q¢) = 0, because O, is simply connected. To show that the
first group

Hom(IC,,,4i'IC,[1]) = Hom(i*IC,,,i'IC,,[1])
is trivial, note that *IC, lives in perverse degrees < —1 because the Oth perverse coho-
mology vanishes, since IC,, is a middle perverse extension along j. Hence, the Verdier dual
D(i*IC,,)[1] = i'1C,[1] lives in perverse degrees > 0. This proves case (i).
Case (ii): X\ # p and either A < p or p < \.
IEA<pu,leti: Oy — 5# be the closed embedding. Then

Hom(i,ICy,1C,[1]) = Hom(ICy,i'IC,[1]),

and this vanishes, since iIICM[l] lives in perverse degrees > 1 or equivalently, the Verdier
dual D(iIICM) = 1*IC, lives in perverse degrees < —2. Indeed, by a theorem of Lusztig
[12, Theorem 11c], ¢*IC, is concentrated in even perverse degrees, and the Oth perverse
cohomology vanishes, since IC,, is a middle perverse extension. If 4 < A, let 7 : 6# s O, the
closed embedding. Then

Hom(ICy, 1.IC,[1]) = Hom(:*ICy,IC,[1])
vanishes, since i*IC) lives in perverse degrees < —2 as before. This proves case (ii).
Case (iii): A € pand p £\

We may assume that A and p are contained in the same connected component of Grg. Choose
some v € XY with A\, u < v. Consider the cartesian diagram

6A X@V @M QL—1> @M
1L2 [ig
_x 7 _
0)\ <—1> O,.
Then adjunction gives
(3.2) Hom(i1,,ICy, i2,,IC,[1]) = Hom(i37; ,ICy,IC,[1]),

and 4341 . ICy ~ 11 ,131C, by proper base change. Hence (3.2) equals Hom(:51Cy, {1C,[1])
which vanishes. This proves case (iii), hence the proposition. [l
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The affine group scheme L*G,, acts on Grg as follows. For z € L*G,,(R), denote by v,
the automorphism of Spec(R[t]) induced by multiplication with z. If F is a G-torsor over
Spec(R[t]), we denote by viF the pullback of F along v,. Let (F,3) € Grg(R). Then the
action of LTG,, on Grg is given by

(fvﬁ) U (U;—lf,'v;_lﬂ),

and is called the Virasoro action.

Note that every LT G-orbit in Grg is stable under LTG,,. The semidirect product LTG x
LTG,, acts on Grg, and the action on each orbit factors through a smooth connected affine
group scheme. Hence, we may consider the category Pr+gwr+g,, (Grg) of LTG x LTG,,-
equivariant perverse sheaves on Grg.

Corollary 3.2. The forgetful functor
Pr+gur+e,, (Grg) — Pr+q(Grg)
is an equivalence of categories. In particular, the category Pp+q(Grg) does not depend on

the choice of the parameter t.

Proof. By Proposition 3.1 above, every L+ G-equivariant perverse sheaf is a direct sum of
intersection complexes, and these are L™ G,,-equivariant. ]

Remark 3.3. If X = A} is the base curve, then the global affine Grassmannian Gry splits as
Grx ~ Grg x X. Corollary 3.2 shows that we can work over an arbitrary curve X as follows.
Let X be the functor on the category of F-algebras R parametrizing tuples (z, s) with

x € X(R) is a point;
s is a continuous isomorphism of R-modules Ox, , = R[t],

where © X .o 18 the completion of the R-module Ox,, , along the maximal ideal m, at z. The
affine group scheme L*G,, operates from left on X by (g, (z,s)) — (z,gs). The projection
p: X — X,(z,s) — z gives X the structure of a L*TG,,-torsor. Then Grx ~ Grg x L Gm X,
and we get a diagram of L*G,,-torsors

p GI‘G x X q
GTG XX/ \ g’“X~

For any A € Pp+¢(Grg), the perverse sheaf AX Qq[1] on Grg x X is L1G,,-equivariant by
Corollary 3.2. Hence, p*(A K Qy[1]) descends along ¢ to a perverse sheaf AXQ,[1] on Gry.

We are going to define a fiber functor on Pr+g(Grg). Denote by
(3.3) w(-) = @ R'T(Grg,-) : Prea(Gra) — Vecg,

iz
the cohomology functor with values in the category of finite dimensional Q,-vector spaces.

Lemma 3.4. The functor w: Pp+g(Grg) — Vecg, is additive, exact and faithful.

Proof. Additivity is immediate. Exactness follows from Proposition 3.1, since every exact
sequence splits, and w is additive. To show faithfulness, it is enough, again by Proposition
3.1, to show that the intersection cohomology of the Schubert varieties is non-zero. Indeed,
we claim that the intersection cohomology of any projective variety T is non-zero. Embedding
T into projective space and projecting down on hyperplanes, we obtain a generically finite
morphism 7 : T° — P". Using the decomposition theorem, we see that the intersection
complex of P™ appears as a direct summand in 7, ICp. Hence, the intersection cohomology
of T is non-zero. This proves the lemma. O
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Corollary 3.5. The tuple (Pr+q(Grg),*) is a neutralized Tannakian category with fiber
functor w: Pr+q(Grg) — Vecg,-

Proof. We check the criterion in [5, Prop. 1.20]:

The category (Pp+o(Grg),*) is abelian Qg-linear (cf. Appendix A below) and by Theorem
2.1 (ii) above symmetric monoidal. To prove that w is a fiber functor, we must show that w
is an additive exact faithful tensor functor. Lemma 3.4 shows that w is additive exact and
faithful, and Theorem 2.1 (ii) shows that w is symmetric monoidal.

It remains to show that (Pr+g(Grg),*) has a unit object and that any one dimensional
object has an inverse. The unit object is the constant sheaf IC; = Q, concentrated in the
base point eg. We have End(ICy) = Qy, and dim(w(ICp)) = 1. Now, let A € Pr+g(Grg)
with dim(w(A)) = 1. Then A is supported on a Lt G-invariant closed point zg € Grg. There
exists z in the center of LG such that z - zp = eq is the basepoint. If z = z - g, then the
intersection cohomology complex A’ supported on z{, satisfies A x A" = ICy. This shows the
corollary. (I

4. THE GEOMETRIC SATAKE EQUIVALENCE

In this section we assume that F' = F is separably closed. Denote by H = Aut*(w) the
affine QQg-group scheme of tensor automorphisms defined by Corollary 3.5.

Theorem 4.1. The group scheme H is a connected reductive group over Qg which is dual
to G in the sense of Langlands, i.e. if we denote by G the Langlands dual group with respect
to some pinning of G, then there exists an isomorphism H ~ G determined uniquely up to
mner automorphisms.

We fix some notation. Let T be a maximal split torus of G and B a Borel subgroup
containing 7" with unipotent radical U. We denote by (-,-) the natural pairing between
X = Hom(T,G,,) and XV = Hom(G,,,T). Let R C X be the root system associated to
(G,T), and Ry be the set of positive roots corresponding to B. Let RY C XV the dual root
system with the bijection R — RY, o — a. Denote by RY the set of positive coroots. Let
W the Weyl group of (G,T'). Consider the half sum of all positive roots

1
P=3 Z a.
a€ERy
Let QY (resp. QY) the subgroup (resp. submonoid) of XV generated by RY (resp. RY). We
denote by
XY = {ne X" | lap) 20, Ya € Ry}

the cone of dominant cocharacters with the partial order on XV defined as follows: A < p if
and only if 4 — X € QY.

Note that (XY, <) identifies with the partially ordered set of orbit representatives in Section
3 as follows: for every p € XY, let t* the corresponding element in LT(F), and denote by
eo € Grg the base point. Then p — t# - ey gives the bijection of partial ordered sets, i.e. the
orbit closures satisfy

0, = H O, (Cartan stratification)
A<u

where O, denotes the L*G-orbit of t* - g (cf. [17, §2]).

For every v € XV, consider the LU-orbit S, = LU - tYeq inside Grg (cf. [17, §3]). Then
S, is a locally closed ind-subscheme of Grg, and for every u € XY, there is a locally closed
stratification

0, = H S, NO,. (Iwasawa stratification)
vexv
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For p € XY, let
Qp) € {veXxV|w<p Ywe W}

Proposition 4.2. For every v € XV and p € XY the stratum S, N O,, is non-empty if and
only if v € Q(u), and in this case it is pure of dimension (p,u+ v).

Proof. The schemes G, B, T and all the associated data are already defined over a finitely
generated Z-algebra. By generic flatness, we reduce to the case where F' = F, is a finite
field. The proposition is proven in [8, Proof of Lemma 2.17.4], which relies on [17, Theorem
3.1]. |

For every sequence e = (p1,..., 1) of dominant cocharacters, consider the projective
variety over F’

-~ def _1,7A Lta LtGe  —-1/m L*G /A
Ouc = p H0,,) x LooX P (O y) X O

inside LG xL'G .. xL'G Grg, where p : LG — Grg denotes the quotient map. The quotient
exists, by the ind-properness of Grg and Lemma A.4 below.

Now let |pe| = pt1 + ...+ pi. Then the restriction m,, = m\@m of the k-fold convolution
morphism factors as

My, * Olta O\;L.|7
and is an isomorphism over O,,| C O),,|-

Corollary 4.3. For every A € XY with X\ < |ue| and x € O5(F), one has

dim(my, ! (z)) < (p, el = N),

i.e. the convolution morphism is semismall.

Proof. The proof of [17, Lemme 9.3] carries over word by word, and we obtain that
dim(my (Ox)) < (p, ] + ).

Since my,, is Lt G-equivariant and dim(O,) = (2p, A), the corollary follows. O

The convolution IC,,, x...*IC,,, is a L G-equivariant perverse sheaf, and by Proposition
3.1, we can write

(4.1) IC,, x...x1C,, ~ P Vi ®ICy,
)\Slﬂol

where VM)‘. are finite dimensional Q,-vector spaces.

Lemma 4.4. For every A € XY with X < |pe| and x € O5(F), the vector space VH/\_ has a
canonical basis indexed by the irreducible components of the fiber m7(z) of exact dimension

(P, 1ol — ). "

Proof. We follow the argument in Haines [9]. We claim that IC,,, = IC,,,X...KIC,, is the
intersection complex on 6#.. Indeed, this can be checked locally in the smooth topology,
and then easily follows from the definitions. Hence, the left hand side of (4.1) is equal to
My, «(ICy, ). If d = —dim(0O)), then taking the d-th stalk cohomology at x in (4.1) gives by
proper base change

RT(m;, N(2),1C,,) ~ V..

Since my, : Oy, — O),,) is semismall, the cohomology 1’*3‘”"(771@1 (x),1C,,) admits by |9,
Lemma 3.2] a canonical basis indexed by the top dimensional irreducible components. This
proves the lemma. O
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In the following, we consider 5#- as a closed projective subvariety of
Oy X Opypn X oo X Opyge s

via (g1,...,9%) — (91,9192, -, 91 - - - gr). The lemma below is the geometric analogue of the
PRV-conjecture.

Lemma 4.5. For every A € XY of the form X = vy +... 4+ vy, withv; € Wy, fori=1,...,k,
the perverse sheaf ICy appears as a direct summand in 1C,, ... x1C,, .

Proof. Let v = w(va+. ..+ 1) be the unique dominant element in the W-orbit of vo+. . . 4+ 1.
Then A = v, +w~'v. Hence, by induction, we may assume k = 2. By Lemma 4.4, it is enough
to show that there exists x € O\(F) such that m!(x) is of exact dimension (p, |e| — A).

Let w e W such that wu, is dgmina% and consider wA = wvy + wry. We denote by
Swve N O, the intersection inside O, X Op, 4y,

= def -
Swve NOuy = (Swiy X Swir+wrs) N O,

The convolution is then given by projection on the second factor. By [17, Lemme 9.1], we
have a canonical isomorphism

Swr, mé#. >~ (Sw, ﬂém) X (Sww, m6u2)~

Let y = (y1,¥2) in (Sww. N O,.)(F). Since for i = 1,2 the elements wy; are conjugate under
W to u;, there exist by [17, Lemme 5.2] elements uj,us € LTU(F) such that

Y1 = ugt

Y2 = ultu”’l thwug *€0.

'60

The dominance of wy; implies t““ust=""* € LYU(F), and hence Y = S, N O,, maps
under the convolution morphism onto an open dense subset Y’ in Sy, N Oy. Denote by
h = m,, |y the restriction to Y. Both Y, Y’ are irreducible schemes (their reduced loci are
isomorphic to affine space), thus by generic flatness, there exists x € Y/(F) such that

dim(h~"(2)) = dim(Y) — dim(Y") = (p, [ra] + wA) — (p, A+ wA) = {p, [1a] = A).
In particular, dim(m;!(x)) > {p, |tte| — A), and hence equality by Corollary 4.3. O

He
For the proof of Theorem 4.1, we introduce a weaker partial order < on XY defined as
follows: A <y if and only if x— A € R4 QY. Then A < p if and only if A < pu and their images
in XV/QV coincide (cf. Lemma B.2 below).

Proof of Theorem 4.1. We proceed in several steps:
(1) The affine group scheme H is of finite type over Q.

By [5, Proposition 2.20 (b)] this is equivalent to the existence of a tensor generator in
Pr+c(Grg). Now there exist pu,...,u, € XY which generate XY as semigroups. Then
IC,, ®...®1C,, is a tensor generator.

(2) The affine group scheme H is connected reductive.
For every u € XY and k € N, the sheaf ICy,, is a direct summand of IC;’“ , hence the scheme

H is connected by [5, Corollary 2.22]. By [5, Proposition 2.23], the connected algebraic group
H is reductive if and only if Pr+g(Grg) is semisimple, and this is true by Proposition 3.1.

(3) The root datum of H is dual to the root datum of G.

Let (X', R/, A, X'V, R, A’) the based root datum of H constructed in Theorem B.1 below.
By Lemma B.5 below it is enough to show that we have an isomorphism of partially ordered
semigroups

(4.2) (XY, <) — (X4, <)

By Proposition 3.1, the map XY — X', p — [IC,], where [IC,] is the class of IC, in
K Pr+g(Grg) is a bijection of sets.
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For every A\, u € XY, we claim that A < p if and only if [IC,] =" [IC,]. Assume X =< p,
and choose a finite subset F' C XY satisfying Proposition B.3 (iii). Let A = @,¢crIC,, and
suppose IC,, is a direct summand of ICKk for some k € N. In particular, x < kX and so

x € WF + Zle Wu. By Lemma 4.5, the sheaf IC, is a direct summand of IC;’C * A, which
means [IC,] =’ [IC,]. Conversely, assume [IC5] =’ [IC,]. Using Proposition B.3 (iv) below,
this translates, by looking at the support, into the following condition: there exists v € XY
such that Oy C Oppustr holds for infinitely many k € N. Equivalently, kA < ku + v for
infinitely many k € N which implies A < p.

For every A, u € XY, we claim that [IC5]+[IC,] = [ICx,] in X/, : by the proof of Theorem
B.1 below, [IC,] + [IC,] is the class of the maximal element appearing in ICy = IC,. Since
the partial orders <, <’ agree, this is [ICxy,].

It remains to show that the partial orders <,<’ agree. The identification XX = X jr
prolongs to XV = X’. We claim that QY = Q’, under this identification and hence Q¥ = @,
which is enough by Lemma B.2 below. Let oY € QY a simple coroot, and choose some
p € XY with (o, 1) = 2. Then p+ sq () = 2p — o is dominant, and hence ICy,_qv appears
by Lemma 4.5 as a direct summand in IC;2. By Lemma B.4 this means o € Q',, and thus
QY C Q.. Conversely, assume o € Q' has the property that there exists y € X/ with
21— o’ € X/ and ICy,_ o appears as a direct summand in IC;2. Note that every element in
@', is a sum of these elements. Then 2y —a’ < 2p, and hence o € QY. This shows Q’, C QY
and finishes the proof of (4.2). O

5. GALOIS DESCENT

Let F be any field, and G a connected reductive group defined over F. Fix a separable
closure F, and let I'p = Gal(F/F) be the absolute Galois group. Let Repg,(I'r) be the
category of finite dimensional continuous ¢-adic Galois representations. For any object defined
over F, we denote by a subscript (-)z its base change to F. Consider the functor

Q: Pr+g(Grg) — Repg,(I'r)
A — @R"F(GrG’p,AI:ﬂ).

€7

There are canonical isomorphisms of fpqc-sheaves (LG)r ~ LGy, (LTG)p ~ LTGp and
Grg p =~ Grg,. Hence, Q ~wo (-)p, cf. (3.3).

The absolute Galois group I' operates on the Tannakian category Pr+¢ . (Grg,,) by tensor
equivalences compatible with the fiber functor w. Hence, we may form the semidirect product
LG = Aut*(w)(Qg) xT'r considered as a topological group as follows. The group Aut*(w)(Qy)
is equipped with the ¢-adic topology, the Galois I'r group with the profinite topology and *G
with the product topology. Note that I'r acts continuously on Aut*(w)(Q¢) by Proposition 5.6
below. Let Repél(LG) be the full subcategory of the category finite dimensional continuous

(-adic representations of LG such that the restriction to Aut*(w)(Qy) is algebraic.
Theorem 5.1. The functor € is an equivalence of abelian tensor categories
Q: Prig(Grg) — Repég(LG)
A — Q(A).
The proof of Theorem 5.1 proceeds in several steps.

Lemma 5.2. Let H be an affine group scheme over a field k. Let Rep,(H) be the category
of algebraic representations of H, and let Rep,(H (k)) be the category of finite dimensional
representations of the abstract group H(k). Assume that H is reduced and that H(k) C H is
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dense. Then the functor
U : Rep,(H) — Rep,(H(k))
p +— p(k)
s a fully faithful embedding.

O

We recall some facts on the Tannakian formalism from the appendix in [20]. Let (C,®) be
a neutralized Tannakian category over a field k with fiber functor v. We define a monoidal
category Aut®(C,v) as follows. Objects are pairs (o, ), where o : C — C is a tensor auto-
morphism and « : voo — v is a natural isomorphism of tensor functors. Morphisms between
(0,a) and (0/, @’) are natural tensor isomorphisms between o and ¢’ that are compatible with
a, @’ in an obvious way. The monoidal structure is given by compositions. Since v is faithful,
Aut®(C,v) is equivalent to a set, and in fact is a group.

Let H = Aut$ (v), the Tannakian group defined by (C,v). There is a canonical action of
Aut®(C,v) on H by automorphisms as follows. Let (o,a) be in Aut®(C,v) . Let R be a
k-algebra, and let h : vg — vg be a R-point of H. Then (o, «) - h is the following composition

at hoid o
VR —>VROO — VR OO — VUR.

Let T be an abstract group. Then an action of I on (C,v) is by definition a group homo-
morphism act : T' — Aut®(C,v).

Assume that T' acts on (C,v). Then we define C'', the category of I'-equivariant objects
in C as follows. Objects are (X, {cy}yer), where X is an object in C and ¢, : act,(X) ~
X is an isomorphism, satisfying the natural cocycle condition, i.e. ¢, = ¢y o acty(cy).
The morphisms between (X, {cy},er) and (X', {c} },er) are morphisms between X and X',
compatible with ¢, c/ in an obvious way.

Lemma 5.3. Let T be a group acting on (C,v).
(i) The category C' is an abelian tensor category.

(ii) Assume that H is reduced and that k is algebraically closed. The functorv is an equivalence
of abelian tensor categories

C" ~ Repl(H(k) = T)
where Repy (H (k) x T') is the full subcategory of finite dimensional representations of the
abstract group H(k) x T such that the restriction to H(k) is algebraic.

Remark 5.4. In fact, the category C' is neutralized Tannakian with fiber functor v. If I is
finite, then Auts:(v) ~ H x I'. However, if T' is not finite, then AutZy(v) is in general not
H x T, where the latter is regarded as an affine group scheme.

Proof of Lemma 5.3. The monoidal structure on C' is defined as

(X7 {C"/}’YEF) ® (X/’ {ny}’YEF) = (X”’ {d;}’)’er)v
where X" = X ® X" and cf : act,(X") — X" is the composition

c ®c’
act (X ® X') ~ act,(X) ® act,(X') —' X @ X'

This gives C' the structure of an abelian tensor category.
Now assume that H is reduced and that k is algebraically closed. It is enough to show that
as tensor categories

U : Repy (H)T = Repl(H(k) x T)
compatible with the forgetful functors. Let ((V,p),{cy}yer) € Rep,(H)'. Then we define
(Vi pr) € Repg (H (k) » T) by

(hy) — p(h) o an(V)ovoc;' € GL(V),
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where «y, : v o o ~ v is induced by the action of I' as above. Using the cocycle relation, one
checks that this is indeed a representation. By Lemma 5.2, the natural map

Homy (p, p') — Homp k) (p(k), p'(k))
is bijective. Taking I'-invariants shows that the functor W is fully faithful. Essential surjec-

tivity is obvious. O

Now we specialize to the case (C,®) = (Pr+a.(Grg, p),*) with fiber functor v = w. Then
the absolute Galois group I' = 'z acts on this Tannakian category (cf. Appendix A.1).

Proof of Theorem 5.1. The functor Q is fully faithful.

Let Pr+q,. (Grg 7)€ be the full subcategory of P+, (Grg )" consisting of perverse sheaves
together with a continuous descent datum (cf. Appendix A.1). By Lemma A.6, the functor
A — Ap is an equivalence of abelian categories Pp+g(Grg) ~ PL+GF(G1“G,F)F’C. Hence, we
get a commutative diagram

Prig,(Grg p)t —2 Repg, (*G)

Q c
Py (Grg) ——— Repg, (4G,

where w is an equivalence of categories by Lemma 5.3 (ii), and where the vertical arrows are
fully faithful. Hence, ) is fully faithful.

The functor § is essentially surjective.

Let p be in Repéz (£G). Without loss of generality, we assume that p is indecomposable. Let
H = Aut*(w). By Proposition 3.1, the restriction p|g is semisimple. Denote by A the set
of isotypic components of p|y. Then I'p operates transitively on A, and for every a € A
its stabilizer in I'p is the absolute Galois group I'g for some finite separable extension E/F'.
By Galois descent along finite extensions, we may assume that F = F, and hence that p|g
has only one isotypic component. Let pg be the simple representation occuring in p|g. Then
Hompg (po, p) is a continuous I'-representation, and the natural morphism

po @ Hompg (po, p) — p

given by v ® f — f(v) is an isomorphism of “G-representations. Let ICx be the simple
perverse sheaf on Grg p with w(ICx) =~ po. Since p has only one isotypic component, the
support X = supp(ICy) is I'-invariant, and hence defined over F. Denote by V the local
system on Spec(F’) given by the I'-representation Hompg (pg, p). Then ICx ® V' is an object
in Pr+g(Grg) such that Q(ICx ® V) ~ py ® Hompg (pg, p). This proves the theorem. O

The proof of Theorem 5.1 also shows the following fact.

Corollary 5.5. Let A € Pp+q(Grg) indecomposable. Let {X;}icr be the set of irreducible
components of supp(Ag). Denote by E the minimal finite separable extension of F such that
X; is defined over E for alli € I. Then as perverse sheaves on Grg g

Ap ~ @chi ® Vi,
il
where V; are indecomposable local systems on Spec(FE).

O
We briefly explain the connection to the full L-group. For more details see the appendix
in [20]. Let G be the reductive group over Q; dual to Gz in the sense of Langlands, i.e. the
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root datum of G is dual to the root datum of Gz. There are two natural actions of Tz on G
as follows. Up to the choice of a pinning (G, B, T, X) of G, we have an action act®# via

(5.1) act™® : Tp — Out(Gp) ~ Out(G) ~ Aut(G, B, T, X) C Aut(G),

where Out(-) denotes the outer automorphisms. On the other hand, we have an action
act® : I'z — Aut(G) via the Tannakian equivalence from Theorem 4.1. The relation between
act®° and act®® is as follows.
Let cycl : I'p — Z; be the cyclotomic character of I'p defined by the action of I'r on the
(>-roots of unity of F. Let Gaq be the adjoint group of G. Let p be the half sum of positive
coroots of G, which gives rise to a one-parameter group p : G,, — G.q. We define a map

1 ~ —

X Tr 570 5 Gaa(Qy),
which gives a map Ad, : I'r — Aut(é) to the inner automorphism of G.
Proposition 5.6 ([20] Proposition A.4). For ally € T,
act®(y) = act™®(y) o Ady (7).
O

Remark 5.7. Proposition 5.6 shows that act®®® only depends on the quasi-split form of G,
since the same is true for act®!2. In particular, the Satake category Pp+(Grg) only depends
on the quasi-split form of G whereas the ind-scheme Grg does depend on G.

Let LG?le = é(@g) Xoetate g be the full L-group. Set Geee = G’(Q(z) X geteeo L.

Corollary 5.8 ([20] Corollary A.5). The map (g,7) = (Ady(y-1)(g),7) gives an isomorphism
LGalg = LGgeo.

Combining Corollary 5.8 with Theorem 5.1, we obtain the following corollary.

Corollary 5.9. There is an equivalence of abelian tensor categories
Pr+a(Grg) =~ Repg, ("G™#),

where Repée(LG‘“lg) denotes the full subcategory of the category of finite dimensional contin-

uous (-adic representations of “G®& such that the restriction to G(@z) 18 algebraic.

O

APPENDIX A. PERVERSE SHEAVES

For the construction of the category of /-adic perverse sheaves, we refer to the work of Y.
Laszlo and M. Olsson [13]. In this appendix we explain our conventions on perverse sheaves
on ind-schemes.

Let F be an arbitrary field. Fix a prime £ # char(F'), and denote by Q, the field of ¢-adic
numbers with algebraic closure Q,. For any separated scheme T of finite type over F, we
consider the bounded derived category D%(T, Q) of constructible f-adic sheaves on T. Let
P(T) be the abelian Q-linear full subcategory of f-adic perverse sheaves, i.e. the heart of
the perverse t-structure on the triangulated category D%(T, Q).

Now let (T);cr be an inductive system of separated schemes of finite type over F with
closed immersions as transition morphisms. A fpqc-sheaf 7 on the category of F-algebras is
called a strict ind-scheme of ind-finite type over F if there is an isomorphism of fpqc-sheaves
T ~ lim T3, for some system (7");c; as above. The inductive system (T);c; is called an
ind-presentation of T .

For i < j, push forward gives transition morphisms D%(T;, Q¢) — D%(T};, Q) which restrict
to P(T;) — P(T}), because push forward along closed immersions is t-exact.
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Definition A.1. Let 7 be a strict ind-scheme of ind-finite type over F', and (7});c; be an
ind-presentation. -
(i) The bounded derived category of constructible (-adic compleves D%(T,Qq) on 7 is the
inductive limit

DT, Q) = lim DY(T;, Qo).

(ii) The category of ¢-adic perverse sheaves P(T) on 7T is the inductive limit
def .
P(T) = tim P(T).

K3

The definition is independent of the chosen ind-presentation of 7. The category D%(7, Q)
inherits a triangulation and a perverse t-structure from the D%(T},Q;)’s. The heart with
respect to the perverse t-structure is the abelian Qg-linear full subcategory P(T).

If f:7 — S is a morphism of strict ind-schemes of ind-finite type over F', we have the
Grothendieck operations f,, fi, f*, f', and the usual constructions carry over after the choice
of ind-presentations.

In Section 2.3 we work with equivariant objects in the category of perverse sheaves. The
context is as follows. Let f : T — S be a morphism of separated schemes of finite type, and
let H be a smooth affine group scheme over S with geometrically connected fibers acting on
f:T — S. Then a perverse sheaf A on T is called H-equivariant if there is an isomorphism
in the derived category

(A1) 0:a*A ~ p*A,

where a : H xgT — T (resp. p: H xgT — T) is the action (resp. projection on the
second factor). A few remarks are in order: if the isomorphism (A.1) exists, then it can be
rigidified such that e’.0 is the identity, where ep : T' — H xg T is the identity section. A
rigidified isomorphism 6 automatically satisfies the cocycle relation due to the fact that H
has geometrically connected fibers.

The subcategory Py (T') of P(T) of H-equivariant objects together with H-equivariant
morphisms is called the category of H -equivariant perverse sheaves on T.

Lemma A.2 ([13] Remark 5.5). Consider the stack quotient H\T, an Artin stack of finite
type over S. Let p : T — H\T be the quotient map of relative dimension d = dim(T/S).
Then the pull back functor

p*ld] : P(H\T) — Pg(T),
is an equivalence of categories. In particular, Py(T) is abelian and Qq-linear.

O

Now let 7 be a strict ind-scheme of ind-finite type, and f : 7 — S a morphism to

a separated scheme of finite type. Fix an ind-presentation (7;);e; of 7. Let (H;);es be

an inverse system of smooth affine group scheme with geometrically connected fibers. Let

H = @Z H; be the inverse limit, an affine group scheme over S, because the transition

morphism are affine. Assume that H acts on f:7 — S such that the action restricts to the

inductive system (f]|r,)icr. Assume that the H-action factors through H; on f|r, for every
1€l

Definition A.3. Let f : 7 — S, (Ti)ic;r and H as above. The category Py (7T) of H-

equivariant perverse sheaves on 7T is the inductive limit
def .
P(T) = lim Py, (T;).

(3

It follows from Lemma A.2 that the category Py (7) is an abelian Q-linear category. The
following lemma is used throughout the text.
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Lemma A.4. Let T — S be a H-torsor, and let Y be a S-scheme with H-action. Assume
that the action of H on'Y factors over H; fori >> 0. Then there is a canonical isomorphism
of fpqc-sheaves
Tx"y = 70 xHiy,
where T =T x™ H;.
O

Remark A.5. In particular, if 7() xHi Y is representable of finite type, then is T x™ Y is
representable of finite type.

A.1. Galois Descent of Perverse Sheaves. Fix a separable closure F' of F. Let I' =
Gal(F/F) be the absolute Galois group. For any complex of sheaves .A on T, we denote by
Ap its base change to Tp = T®F. We define the category of perverse sheaves with continuous
[-descent datum P(Tz)F¢ as follows. The objects are pairs (A, {c,},er), where A € P(Ty)
and {cy}~er is a family of isomorphisms

Cy YA o A,

satisfying the cocycle condition ¢4y = ¢, 0¥, (c,) such that the datum is continuous in the
following sense. For every ¢ € Z and every locally closed subscheme S C T such that the
standard cohomology sheaf H!(A)|s is a local system, and for every U — S étale, with U
separated quasi-compact, the induced ¢-adic Galois representation on the Ug-sections

I — GL(H'(A)(Ur)),

is continuous. The morphisms in P(T7)"¢ are morphisms in P(T) compatible with the c,’s.
For every A € P(T), its pullback Az admits a canonical continuous descent datum. Hence,
we get a functor

®:P(T) — P(Tp)™*
A — Ap.
Lemma A.6 (SGA 7, XIII, 1.1). The functor ® is an equivalence of categories.

APPENDIX B. RECONSTRUCTION OF RooT DATA

Let G a split connected reductive group over an arbitrary field k. Denote by Rep. the
Tannakian category of algebraic representations of G. If k is algebraically closed of charac-
teristic 0, then D. Kazhdan, M. Larsen and Y. Varshavsky [10, Corollary 2.5] show how to
reconstruct the root datum of G from the Grothendieck semiring K [G] = K Repg. In fact,
their construction works over arbitrary fields. This relies on the conjecture of Parthasarathy,
Ranga-Rao and Varadarajan (PRV-conjecture) proven by S. Kumar [11] (char(k) = 0) and
O. Mathieu [15] (char(k) > 0).

Theorem B.1. The root datum of G can be reconstructed from the Grothendieck semiring
Ky [G.

This means, if H is another split connected reductive group over k, and if ¢ : KS' [H] —
KS' [G] is an isomorphism of Grothendieck semirings, then there exists an isomorphism of
group schemes ¢ : H — G determined uniquely up to inner automorphism such that ¢ =
Kq l¢].

Let T be a maximal split torus of G and B a Borel subgroup containing 7. We denote by
(-,-) the natural pairing between X = Hom(T,G,,) and XV = Hom(G,,,T). Let R C X be
the root system associated to (G, T), and R4 be the set of positive roots corresponding to B.
Let RY C XV the dual root system with the bijection R — RY, a — «". Denote by RY the
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set of positive coroots. Let W the Weyl group of (G,T'). Consider the half sum of all positive

roots
1
P=3 Z &

OLER+
Let Q (resp. Q) the subgroup (resp. submonoid) of X generated by R (resp. Ry). We
denote by
Xy = {peX|(a)>0, YaeR}

the cone of dominant characters.

We consider partial orders < and < on X defined as follows. For A\, u € X, we define
A < pif and only if p — X € Q4, and we define A < if and only if p — A =" A\ T with
Zo € R>g. The latter order is weaker than the former order in the sense that A < i implies
A = u, but in general not conversely.

Lemma B.2 ([18]). For every A\, n € X, then A < p if and only if X < p and the images of
A poin X/Q agree.

Let
Domx, ={v e X; | v <X u}.

For a finite subset F of the euclidean vector space E = X ® R, we denote by Conv(F) its
convex hull.

Proposition B.3. For A\, u € X4, the following conditions are equivalent:
HA=n
(if) Conv(WA) C Conv(W )
(iii) There exists a finite subset F' C X4 such that for all k € N:

k

Domziy C WE+Y Wy

i=1
(iv) There exists a representation U such that for every k € N, every irreducible subgquotient
of V& is a subquotient of V#®k ®U.

Proof. The equivalence of (i) and (ii) is well-known. The implication (ii)=-(iii) follows from
(10, Lemma 2.4]. Assume (iii), we show that (iv) holds: let U = @,¢rV,, and suppose V,, is a
irreducible subquotient of V)\‘g’k, in particular x < kA. By (iii), x has the form wv + Zle Wy b
with w,wq,...,wx € W and v € F. Using the PRV-conjecture [4, Theorem 4.3.2], we
conclude that V,, is a subquotient of Vf’k ® V,,, hence also of Vﬂ®k ® U. This shows (iv). The
implication (iv)=-(i) is shown in [10, Proposition 2.2]. O

For y1 € X, let v, be the corresponding element in K [G]. Let Q. C X be the semigroup
generated by the set
{aeX|IpeXi: 2u—aec Xy andvﬁ—vgu_a € K [G]}.
Lemma B.4. There is an equality of semigroups Q4 = Q4.

Proof. 1t is obvious that Q4 C @4, and we show that Q. contains the simple roots. Let «
be a simple root, and choose some p € X such that (u, ") = 2. Then 2u — « paired with any
simple root is positive, and hence u + s,(1) = 24 — v is dominant. By the PRV -conjecture
[4, Theorem 4.3.2], the representation Va,_, appears as an irreducible subquotient in V#®2,

Le. v2 — vy o € K [G]. O

The proof of Theorem B.1 goes along the lines of [10, Corollary 2.5].
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Proof of Theorem B.1. By Lemma B.5 below it is enough to construct the partially ordered
semigroup (X4, <) of dominant weights.

The underlying set of dominant weights X is the set of irreducible objects in KS' [G]. Then
the partial order < on X is characterized by Proposition B.3 as follows: for A\, u € X, one
has A <y if and only if there exists a u € K [G] such that for all k € Nand v € X,

¥ —v, € KF[G] = vﬁ-u—vyngr[G}.

The semigroup structure on Xy is given by: for A, u € X, one has v = A + p if and only
if v is the unique dominant weight which is maximal (w.r.t. =) with the property that
vy v, — v, € KJT[G).
Now X is the group completion of X, and by Lemma B.4 we can reconstruct Q4+ C X. Then
@ is the group completion of ()4, and by Lemma B.2 we can reconstruct <. This shows that
the root datum of G can be reconstructed from K [G].

Now if H is another split connected reductive group over k, and ¢ : K [H] — K{[G]
an isomorphism of Grothedieck semirings, then the argument above shows that there is an
isomorphism of partially ordered semigroups

(B.1) (xf, <) — (x§,<9)

inducing ¢ on Grothendieck semirings. By Lemma B.5 below, the morphism B.1 prolongs
to an isomorphism of the associated based root data. Hence, there exists an isomorphism
of group schemes ¢ : H — G inducing the isomorphism of based root data. In particular,
p = Kgr [¢], and such an isomorphism ¢ is uniquely determined up to inner automorphism.
This finishes the proof of Theorem B.1. U

Lemma B.5. Let B= (X,R,A, XV, RY,AY) any based root datum. Denote by (X, <) the
partially ordered semigroup of dominant weights. Then the root datum B can be reconstructed
from (X4,<), i.e. if B =(X',R',A’, X"V, RV A" is another based root datum with associ-
ated dominant weights (X' ,<'), then any ismorphism (X, <) — (X', <') of partially ordered
semigroups prolongs to an isomorphism B — B’ of based root data.

Proof. The weight lattice X is the group completion of X, a finite free Z-module. The
dominance order < extends uniquely to X, also denoted <. Then XV = Homgz(X,Z) is the
coweight lattice, and the natural pairing X x XV — Z identifies with (-,-). The reconstruction
of the roots and coroots proceeds in several steps:

(1) The set of simple roots A C X:
A weight @ € X\{0} is in A if and only if 0 < «, and « is minimal with this property.

(2) The set of simple coroots AV C XV:

An element of XV is uniquely determined by its value on X, . Fix o € A with corresponding
simple coroot V. Then for any p € X, the value (i1, «") is the unique number m € N such
that 2p — ma is dominant, but 2 — (m + 1)« is not. Indeed, we have

2u—ma, ") >0 & (p,a’)>m,
and, for every other simple coroot 3 # oV and every n € N,
(2 = na, 8¥) = 2(u, B7) — n(e, 8Y) = 2(u, 8¥) > 0,
since {a, 3Y) < 0. Hence, (21 — (m + 1), V) < 0 and so m = (i, V).

(3) The sets of roots R and coroots RV:

The Weyl group W C Autz(X) is the finite subgroup generated by the reflections sq, qv
associated to the pair (a,a") € A x AV. Then R = W - A, i.e., the roots are given by the
translates of the simple roots under W. Since Autz(XV) = Autz(X)°P, the Weyl group W
acts on XV and RV = W - AV. This proves the lemma. O
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ABSTRACT. I extend the ramified geometric Satake equivalence of Zhu [34] from tamely
ramified groups to include the case of general connected reductive groups. As a prerequisite
I prove basic results on the geometry of affine flag varieties.
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INTRODUCTION

Let k be a separably closed field. Let G be a connected reductive group over the Laurent
power series local field F' = k((t)). The (twisted) loop group LG is the functor on the category
of k-algebras

LG: R — G(R(t)).

The loop group is representable by a strict ind-affine ind-group scheme over k, cf. Pappas-
Rapoport [24]. Let G be a smooth affine model of G over Op = k[t], i.e. a smooth affine
group scheme over O with generic fiber G. The (twisted) positive loop group LTG is the
functor on the category of k-algebras

L*G: R — G(R[]).

The positive loop group LG is representable by a reduced affine subgroup scheme of LG of
infinite type over k. In general, the loop group LG is neither reduced nor connected, whereas
the positive loop group L+G is connected if the special fiber of G is connected.

Our first main result is a basic structure theorem.
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Theorem A. A smooth affine model of G with geometrically connected fibers G over Op is
parahoric in the sense of Bruhat-Tits [7] if and only if the fpgc-quotient LG/L*TG is repre-
sentable by an ind-proper ind-scheme. In this case, LG /L™ G is ind-projective.

Theorem A should be viewed as the analogue of the characterization of parabolic subgroups
in linear algebraic groups by the properness of their fppf-quotient. Note that the proof of the
ind-projectivity of LG /L*G for parahoric G is implicitly contained in Pappas-Rapoport [24].

Let (G, F) be the extended Bruhat-Tits building. Let a C Z(G, F) be a facet, and let G,
be the corresponding parahoric group scheme. The fpqc-quotient F¢q, = LG/L1G, is called
the affine flag variety associated with a, cf. [24]. The positive loop group L*G, acts from the
left on F¢,, and the action on each orbit factors through a smooth affine quotient of LG,
of finite type. This allows us to consider the category Pp+g, (Flq) of Lt Gg-equivariant ¢-adic
perverse sheaves on F¢,. Here ¢ is a prime number different from the characteristic of the
ground field k. Recall that a facet a C #(G, F) is called special if it is contained in some
apartment such that each wall is parallel to a wall passing through a.

Our second main theorem characterizes special facets a in terms of the category Pp+g_ (Flq).

Theorem B. The following properties are equivalent.
i) The facet a is special.

ii) The stratification of Flq in Lt G4-orbits satisfies the parity property, i.e. in each connected
component all strata are either even or odd dimensional.

iii) The category Pr+g, (Fla) is semi-simple.

The implications i) = 4i) = 4ii) are due to Zhu [34] whereas the implication #ii) = i)
seems to be new. In fact, the following properties are equivalent to Theorem B 4)-iii) (cf. §3
below):

i) The special fiber of each global Schubert variety associated with a is irreducible.
v) The monodromy on Gaitsgory’s nearby cycles functor associated with a vanishes.
vi) Each admissible set associated with a contains a unique maximal element.

See §2 for the definition of global Schubert varieties and admissible sets associated with a
facet, and §3 for the definition of Gaitsgory’s nearby cycles functor in this context.

Let a be a special facet. The ramified Satake category Saty associated with a is the category

Sata = Ppig, (Fla).

The ramified Satake category Sat, is semi-simple with simple objects as follows. Let A be a
maximal F-split torus such that a C &7 (G, A, F) lies in the corresponding apartment. Since
k is separably closed, G is quasi-split by Steinberg’s Theorem. The centralizer T' = Zg(A) is
a maximal torus. Let B be a Borel subgroup containing 7. Let I = Gal(F/F) denote the
absolute Galois group. The group I acts on the cocharacter group X, (7T'), and we let X, (T);
be the group of coinvariants. To every p € X.(T), the Kottwitz morphism associates a
k-point t# - e in Flq, where ey denotes the base point. Let Y, be the reduced L*G-orbit
closure of t# - eg. The scheme Y, is a projective variety over k£ which is in general not smooth.
The reduced locus of F¢,; has an ind-presentation

(}—Ba)red = hi)n Y,“
HeX.(T)F

where X, (T)7} is the image of the set of dominant cocharacters under the canonical projection

X.(T) — X.(T);. Then the simple objects of Sat, are the intersection complexes IC,, of Y,

as p1 ranges over X, (T)7.
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Recall that for every A;, Ay € Sat,, the convolution product Ay, x Ag is defined as an
object in the bounded derived category of constructible £-adic complexes, cf. Gaitsgory [10],
Pappas-Zhu [26].

Fix a pinning of G preserved by I, and denote by G the Langlands dual group over Qy, i.e.
the connected reductive group over Q¢ whose root datum is dual to the root datum of G. The
Galois group I acts on G via outer automorphisms, and we let G be the fixed points. Then
GT is a not necessarily connected reductive group over Q. Note that X, (T); = X*(T7),
and that for every u € X*(T7T)*, there exists a unique irreducible representation of G7 of
highest weight pu, cf. Appendix A for the definition of highest weight representations of GT.
Let Repg E(GI ) be the category of algebraic representations of GT.

Our third main result describes Sat, as a tensor category.

Theorem C. i) The category Sat, is stable under the convolution product x, and the pair
(Satq,*) admits a unique structure of a symmetric monoidal category such that the global
cohomology functor

w(-) & @Rif(]—?a,—): Sat, — Vecg,

i€

s symmetric monoidal.
it) The functor w is a faithful exact tensor functor, and induces via the Tannakian formalism
an equivalence of tensor categories

(Sata,x) — (Repg,(G"),®),
A— w(A)

which is uniquely determined up to inner automorphisms of GT by elements in 77 by the
property that w(IC,,) is the irreducible representation of highest weight p.

We also prove a variant of Theorem C which includes Galois actions, and where k£ may be
replaced by a finite field, cf. Theorem 4.11 below.

Theorem C is due to Zhu [34] in the case of tamely ramified groups. With Theorem B at
hand, our method follows the method of [34] with minor modifications. The proof uses the
unramified Satake equivalence as a black box which we will now recall briefly.

The affine Grassmannian Grg is the fpqe-sheaf associated with the functor on the category
of F-algebras Grg: R — G(R(2)))/G(R[z]) for an additional formal variable z. Denote by
L}G: R — G(R[z]) the positive loop group formed with respect to z. Then L} G acts on
Grg from the left. Fix F' the completion of a separable closure of F. The unramified Satake
category Sata 7 1s the category

def
SatG P = PL+G (GrG,F)7
cf. [29]. The category Satq p is equipped with the structure of a neutralized Tannakian
category with respect to the convolution product x. The unramified Satake equivalence is an
equivalence of abelian tensor categories

(Satg p, %) = (Repg, (G),*),

which is uniquely determined up to inner automorphism by elements in T, ¢f. Mirkovié-
Vilonen [22], Richarz [29].

The main ingredient in the proof of Theorem C is the BD-Grassmannian Gry associated
with a (BD = Beilinson-Drinfeld) which is a strict ind-projective ind-scheme over Op such
that in the generic (resp. special) fiber

Grqe, ~ Grg (resp. Grqs ~ Flg).

This allows us to consider Gaitsgory’s nearby cycles functor W,: Satg 7 — Satq associated
with Gry, — Spec(Op). The symmetric monoidal structure with respect to x on the category
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Satg g in the generic fiber of Gr, extends to the category Sat, in the special fiber of Gr,.
This equips (Sat,, *) with a symmetric monoidal structure. Here, the key fact is the vanishing
of the monodromy of ¥, for special facets a, cf. item v) in the list below Theorem B. It is
then not difficult to exhibit (Sat,,*) as a Tannakian category with fiber functor w. Theorem
B i) implies that the neutral component Aut*(w)? of the Q-group of tensor automorphisms
is reductive. In fact, the nearby cycles construction above realizes Aut*(w) as a subgroup
of G via the unramified Satake equivalence. This equivalence equips G with a canonical
pinning, and it is easy to identify Aut*(w) = G! as the subgroup of G where I acts by
pinning preserving automorphisms.

In [14], Haines and Rostami establish the Satake isomorphism for Hecke algebras of special
parahoric subgroups. Theorem C may be seen as a geometrization of this isomorphism in
the case that the facet a is very special. Note that in Theorem C above the residue field k
was assumed to be separably closed, and hence the notion of special facets and very special
facets coincide (cf. Definition 3.7 below). However, some additional input is needed to iden-
tify Theorem C as a geometrization of the isomorphism given in [14] in this case. The case
of quasi-split connected reductive groups and special facets which are not neccessarily very
special will be adressed on another occasion [30].

Let us briefly explain the structure of the paper. §1 is devoted to the proof of Theorem
A. In §2, we introduce the global affine Grassmannian associated with a facet, and define the
global Schubert varieties. In §3, we prove Theorem B. In §4, we collect some facts from the
unramified and ramified geometric Satake equivalences, and explain the proof of Theorem
C including the case of wild ramification. Appendix A complements §4. Here we introduce
highest weight representations for the group of fixed points in a split connected reductive
group under pinning preserving automorphisms.

Acknowledgement. This paper is part of the authors doctoral thesis. First of all I thank my
advisor M. Rapoport for his steady encouragement and advice during the process of writing.
Furthermore, I thank U. Gortz, E. Hellmann, B. Levin and P. Scholze for useful dicussions
around the subject. I am grateful to the stimulating working atmosphere in Bonn and for the
funding by the Max-Planck society.

Notation. For a complete discretely valued field F', we denote by O the ring of integers with
residue field k. We let F' be the completion of a fixed separable closure, and T' = Gal(F/F)
the absolute Galois group. The completion of the maximal unramified subextension of F' is
denoted F with ring of integers O and residue field k.

1. AFFINE GRASSMANNIANS

In §1.1 and 1.2, we collect some facts on affine Grassmannians from the literature, cf. [15],
[21], [24], [26], [33]. In §1.3-1.5, we prove Theorem A from the introduction.

1.1. Affine flag varieties. Let k be either a finite or a separably closed field, and let G be
a connected reductive group over the Laurent series local field F = k((¢)). The (twisted) loop
group LG is the group functor on the category of k-algebras

LG: R — G(R(t)).

The loop group LG is representable by a strict ind-affine ind-group scheme, cf. [24, §1]. Let
a be a facet in the enlarged Bruhat-Tits building %(G, F). Denote by G, the associated
parahoric group scheme over O, i.e. the neutral component of the unique smooth affine
group scheme over O such that the generic fiber is G, and such that the Op-points are the
pointwise fixer of a in G(F). The (twisted) positive loop group LG, is the group functor on
the category of k-algebras

LTGy: R — Gu(R[t]).
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The positive loop group LG, is representable by a reduced affine connected group scheme of
infinite type over k. Then LTG, C LG is a closed subgroup scheme. The (partial) affine flag
variety Fl, is the fpqc-sheaf on the category of affine k-algebras associated with the functor

Hy: R — LG(R)/LTGu(R).

The affine flag variety F?, is a strict ind-scheme of ind-finite type and separated over k, cf.
[24, Theorem 1.4]. We explain some of its basic structure. For the rest of this subsection, let
k be a separably closed field.

Connected components of Fl: In general, F, is not connected. The connected components
are given as follows, cf. [24].

Let 71 (G) be the algebraic fundamental group of G, cf. Borovoi [5]. The group 71(G) is a
finitely generated abelian group, and can be defined as the quotient of the coweight lattice by
the coroot lattice of G . Since k is separably closed, I = Gal(F/F) is the inertia group. Then
I acts on m1(G), and we denote by 71 (G); the group of coinvariants. There is a functorial
surjective group morphism kg : LG(k) — 71 (G)y, cf. Kottwitz [19, §7]. By [24, §2.a.2], the
morphism kg extends to a locally constant morphism of ind-group schemes

el LG — 7T1(G)I,

and induces an isomorphism on the groups of connected components 7o(LG) ~ 71 (G) 1. Since
LG, is connected, the morphism k¢ also defines a bijection mo(Fy) ~ 1 (G);.

Schubert varieties in Flq: The reduced LT G,-orbits in F¢, are called Schubert varieties. Their
basic structure is as follows.

Let A C G be a maximal F-split torus such that a is contained in the apartment o/ =
o (G,AF) of #(G,F). Let N = Ng(A) be the normalizer of A, and denote by W =
N(F)/T; the Iwahori-Weyl group where 77 C T(F) is the unique parahoric subgroup, cf.
[13].

Definition 1.1. For w € W, the Schubert variety Y, associated with w is the reduced LT G-
orbit closure
def

Y, = LtG, -n, - ey C Flg,

where n,, is a representative of w in LG(k), and e is the base point in F¢,.

Let us justify the definition. The orbit map LTG, — 4, g — g - nyeg factors through
some smooth affine quotient of LG, of finite type. The Schubert variety Y,, C F, is the
scheme theoretic closure of this morphism, and hence a reduced separated scheme of finite
type over k. Let ?’w denote the LT G -orbit of n,, - €g in Y,,. Then lo/'w is a smooth open dense
subscheme of Y,,. Since L1G, is connected, XQ/w is irreducible and so is Y,,. It follows that Y,
is a variety over k.

The Iwahori-Weyl group W acts on the apartment .o/ by affine transformations. Let ac
be an alcove containing a in its closure. The choice of ac equips W with a quasi-Coxeter
structure (I, <), i.e. the simple reflections are the reflections at the walls meeting the closure
of ac. Let Wy = N(F)NGy(Op)/T1 the subgroup of W associated with a, cf. [13]. The group
W, identifies with the subgroup generated by the reflections at the walls passing through a.
For an element w € W, denote by w® the representative of minimal length in w - W,. For
every w € W, there is a unique representative ;w® of maximal length in the set

{(w'ww”)® | w',w"” € Wy},

cf. [28, Lemma 2.15]. Let ,W* C W be the subset of all w € W such that w = ;w®. Then the
canonical map W*®* — W, \W/W, is bijective. The Bruhat decomposition, cf. [13], implies
that there is a set-theoretically disjoint union into locally closed strata,

(1.1) Flo = ] Yo

weLW?
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Proposition 1.2. Let w € ;W*.
i) The scheme Yy, is of dimension |(w).
it) The Schubert variety Y,, is a proper k-variety, and
Yw = H Yorva
v<w

where v € ;W and < denotes the Bruhat order on W.

Proof. Part i), and the orbit stratification in part ii) is proven in [29, Proposition 2.8]. Let
us show that Y, is proper. Note that the Iwahori LTG,. is a closed subgroup scheme of
LTG,. After multiplication with some 7 € LG(k) contained in the stabilizer of L*gac, we
may assume that Y,, is the reduced L*gac—orbit closure of n, - eg contained in the neutral
component (F,)°. Let @ be a reduced decomposition of w as a product of simple reflections,
and let mg: Dy — Y, be the associated Demazure resolution, [24, §8]. In [loc. cit.] full flag
varieties are considered, but the composition Dy — F,., — F, factors through Y,, defining
mg. By [24, Proposition 8.8], the scheme Dy is projective, hence proper. Because 7y is
surjective and Y,, separated, it follows that Y,, is proper. O

Corollary 1.3. The strict ind-scheme Fl, is ind-proper. The reduced locus admits an ind-
presentation by Schubert varieties
(fga)red = h_H)le.
w

Proof. Properness can be checked on the underlying reduced subscheme. The corollary follows
from (1.1), and Proposition 1.2. O

1.2. BD-Grassmannians over curves. Let S be a scheme, and let X be a separated S-
scheme. Let G be a fpqc-sheaf of groups over X. For a S-scheme T', denote by X7 = X xgT
the fiber product. If z: T — X is a morphism of S-schemes, let I';, C X be the graph.

Definition 1.4. The BD-Grassmannian Gr(G, X) is the contravariant functor on the category
of S-schemes parametrizing isomorphism classes of triples (x, F, ) with

z: T — X is a morphism of S-schemes;

F a right Gp-torsor on Xrp;

a: Fxnr, = FUxp\r, a trivialization,

where F° denotes the trivial torsor. Two triples (x, F,«) and (z', F’,a’) are isomorphic if
x = 7', and as torsors F ~ F’ compatible with the trivializations a and o’.

If G = G xj, X is constant, then we write Gr(G, X) = Gr(G, X).

Remark 1.5. For constant groups the BD-Grassmannian (=Beilinson-Drinfeld) is defined
by Beilinson and Drinfeld in [3]. Note that in general the BD-Grassmannian Gr(G, X) is a
special case of Heinloth’s construction [15, §2 Example (2)].

There is the canonical projection Gr(G,X) — X, (z,F,a) — z. The construction is
functorial in the following sense. If 7: G’ — G is a morphism of fpqc-sheaves of groups over
X, then there is a morphism of functors

Lo 7. Gr(¢', X) — Gr(G, X)
(12) (z, F,a) — (x, 7 F, Tt).
If f: Y — X is a morphism of S-schemes, then there is a morphism of functors
7 Gr(G,X) xx Y — Gr(Gy,Y)

(]‘3) ((.’E,f7 a)7y) — (yvavaY)'
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For the rest of the subsection, let S = Spec(k) be the spectrum of a field &, and let X be
a smooth connected curve over k.

Lemma 1.6. Let £ be a vector bundle on X. Then Gr(GL(E), X) — X is representable by
an ind-proper strict ind-scheme which is, Zariski locally on X, ind-projective.

Proof. This follows from [29, Lemma 2.4]. O

Lemma 1.7. Let G be an affine group scheme of finite type over X.

i) If 12 P — G is a closed immersion of group schemes such that the fppf-quotient G/(P) is
affine (resp. quasi-affine) over X, then the morphism t.: Gr(P,X) — Gr(G, X) is relatively
representable by a closed (resp. quasi-compact) immersion.

i1) If G is flat over X, then Gr(G, X) is strict ind-representable of ind-finite type and separated
over X.

Proof. Part i) is analogous to the proof of Levin [21, Theorem 3.3.7]. For part ii) choose any
vector bundle £ on X together with a faithful representation p: G — GL(&) such that the
fppf-quotient GL(E)/p(G) is representable by a quasi-affine scheme. The existence of the pair
(€, p) is proven in [15, §2 Example (1)]. Now ii) follows from i) applied to p: G — GL(€) and
Lemma 1.6.

([

If T = Spec(R) is affine and 2 € X (T), let T', = Spec(Ox, ) be the spectrum of the
completion of X7 along I';, i.e. if we choose a local parameter ¢, at x, which exists Zariski
locally on T, then @XT,m ~ R[t;]. The graph I',, — I', is a closed subscheme, and we let
fg = fw\Fw be its open complement.

Definition 1.8. i) The global loop group LG is the functor on the category of k-algebras
LG: R — {(x,9) |z € X(R), g€ G(I)}.

ii) The global positive loop group LTG is the functor on the category of k-algebras
LYG: R — {(z,9) |z e X(R), g G(I',)}.

There is the canonical projection LG — X (resp. £TG — X), and the construction is
functorial in (G, X) in the obvious sense.

Remark 1.9. The connection to the loop groups from §1.1 is as follows. Let x € X (K) for
any field extension K of k, and choose a local parameter t, in z. We let F, = K((t,)), with
ring of integers Op, = K[t,]. Then as functors on the category of K-algebras

(EQ)T = Lgpm and (EJFQ)T = L+gow.

Let G be an affine group scheme over X. For i > 0 let G; be the functor on the category

of k-algebras
R — {(z,9) |v € X(R), g€ G(Tsi)},

where I'; ; denotes the i-th infinitesimal neighbourhood of I'y, — Xp. If z € X(R), then
G; ®x R is the Weil restriction of G x x,, I';; along the finite flat morphism I'; ; — Spec(R).
Hence, G; — X is representable by an affine group scheme by [4, §7.6 Proof of Theorem 4].
As i varies, the G; form an inverse system with affine transition maps. In particular, @i Gi
is representable by an affine group scheme over X, and the canonical morphism of group
functors
(1.4) LY¢g = l%ngz

is an isomorphism.
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Lemma 1.10. Let G be a flat affine group scheme of finite type over X .
i) The functor LG is representable by an ind-affine ind-group scheme over X.
ii) The functor L*G is representable by a closed affine subgroup scheme of LG. If G is smooth

(resp. has geometrically connected fibers) over X, then LG is reduced and flat (resp. has
geometrically connected fibers) over X.

Proof. The representability assertions are due to Heinloth [15, Proposition 2]. First assume
that G is smooth. Then, for all ¢ > 0, the group schemes G; — X are smooth by [4,
§7.6 Proposition 5]. This implies that £TG is reduced and flat over X by (1.4). If G has
geometrically connected fibers, then it follows easily by induction on i that G; — X has
geometrically connected fiber. Again by (1.4), this implies that £tG — X has geometrically
connected fibers. |

Let G be a smooth affine group scheme over X. Let £LG/LTG be the fpgc-quotient. We
construct a morphism of fpqc-sheaves

ev: Gr(G,X) — LG/L*G

as follows. Let (x,F, ) € Gr(G, X)(T) with T affine. First assume that F|p_ is trivial, and
choose some trivialization 3: F|p, ~ FO|p.. Then the class of (a o 871)(1) in G(I'?)/G(I,)
is independent of 3, and defines ev in this case. To construct ev in general, it is enough to
observe that if F is torsor on the Laurent series ring R[¢] under a smooth group scheme,
then F ®@pgpg R'[t] is trivial for some R — R’ fpqc. Indeed, F|;—o is trivial over a faithfully
flat extension R — R’ giving rise to a section s € F(R'). By the smoothness, s extends to a
formal section over Spf(R'[t]) which is algebraic by Grothendieck’s algebraization theorem.
Hence, F|g/y is trivial.

Lemma 1.11. Let G be a smooth affine group scheme over X. The morphismev: Gr(G, X) —
LG/LTG is an isomorphism of fpqc-sheaves which is functorial in G and X.

Proof. Because Gr(G, X) is of ind-finite type, we may test on noetherian k-algebras that ev is
an isomorphism. This follows from Proposition 4 in [15], cf. Remark 1.5. The functorialities
are easy to check. |

By Lemma 1.11, there is an action of the loop group
(1.5) LG xx Gr(G,X) — Gr(G, X).
If we restrict the action to £TG, then it factors on each orbit through a smooth affine quotient

of £1G in the following sense.

Lemma 1.12. Let G be a smooth affine group scheme over X. Let LTG ~ llnl G; be as in
(1.4). Let T be a quasi-compact X -scheme, and let pn: T — Gr(G, X) be a morphism over X .
Then the T-morphism LT Gr — Gr(G, X)r, g — gu factors through some G; r.

Proof. Since T' is quasi-compact, the morphism p factors through some closed subscheme of
Gr(G, X). Now the lemma follows by reduction to the case of GL,, as in [29, Cor. 2.7]. O

Corollary 1.13. Let G be a smooth affine group scheme over X.

i) If v € X(K) for any extension K of k, let F, = K((t5)) and O, = K[t,] where t, is a
local parameter at x. The fiber of (1.5) over x is isomorphic to the action morphism

LGr, Xp, LGr, /LT Go, — LGr, /L Go,,

functorial in G.
i) If f: Y — X is étale, then f*: Gr(G, X) xx Y — Gr(Gy,Y) is an isomorphism.

Proof. Part i) is a consequence of Lemma 1.11. Part ii) is proven in [33, Lemma 3.2]. a
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Remark 1.14. If G is parahoric, then the fibers of Gr(G, X) — X are affine flag varieties,
cf. §1.1 and Remark 1.9.

Lemma 1.15. Let G be a smooth affine group scheme over X.
i) If G = G Xy X is constant, then Gr(G,X) — X is Zariski locally on X constant.
it) If G is connected reductive, then Gr(G, X) — X is ind-proper.

Proof. The Grassmannian Gr(G,X) — X is constant for X = A}, cf. [29, Remark 2.19].
But Zariski locally on X, there exists a finite étale morphism X — A,lf which implies 1)
by Corollary 1.13 ii). For part ii), if G is split reductive, then the existence of Chevalley
models shows that there is a faithful representation G — GL,, x such that the fppf-quotient
GL,, x /G is affine. Use Lemma 1.7 1), and the ind-properness of Gr(GL,,, X) — X to conclude
that Gr(G, X) — X is ind-proper in this case. The lemma follows from the fact that every
connected reductive group is split étale locally, and from Corollary 1.13 ii). 0

The following general lemma is needed in §1.4.

Lemma 1.16. Let ¢: X — X be a finite flat surjection of smooth connected curves over k,
and let G be an affine group scheme of finite type over X. Then G = ResX/X(G) is an affine
group scheme of finite type, and the canonical morphism of functors over X

ReSX/X(GI“(G,X)) — Gr(G,X)
18 an isomorphism.

Proof. By [4, §7.6 Proof of Theorem 4], the sheaf of groups G is affine and of finite type. The
lemma follows from fpqe-descent for affine schemes, cf. [21, §2.6]. O

1.3. Geometric characterization of parahoric groups. Let X be a smooth connected
curve over a field k& which is either finite or separably closed. Let |X| be the set of closed
points in X. For any = € | X|, we denote by O, the completed local ring of X in x, and by
F, its field of fractions.

Definition 1.17. A smooth affine group scheme G over X with geometrically connected
fibers is called parahoric if its generic fiber is reductive and for all 2 € | X|, the group Go, is
a parahoric group scheme in the sense of [7].

Theorem 1.18. Let G be a smooth affine group scheme over X with geometrically connected

fibers.
i) Then G is parahoric if and only if the fibers of Gr(G, X) — X are ind-proper.
it) In case i), Gr(G, X) — X is ind-proper, and Zariski locally on X ind-projective.

The proof of ii) is explained in §1.5 below, based on §1.4, in which we study the case of
tori.

Proof of Theorem 1.18 i). Let G be parahoric group scheme over the curve X. By Corollary
1.13, the generic fiber Gr(G, X), is the affine Grassmannian associated with the reductive
group G,, and hence ind-proper. Let 2 € |X|. Then ¥ = Gr(G, X), is the affine flag variety
associated with the parahoric group scheme G, which is ind-proper, cf. Corollary 1.3.

Conversely assume that the fibers of Gr(G, X)) — X are ind-proper. In particular, Gr(G, X)5
is ind-proper where 77 denotes a geometric generic point. But Gr(G, X); is the affine Grass-
mannian associated with the linear algebraic group Gy, and it follows from the argument in
[10, Appendix] that Gr(G, X); is ind-proper if and only if Gj; is reductive. Fix z € |X|. We
need to show that Go, is a parahoric group scheme. We may assume that k is separably
closed. Let O = O,, F = F,, and choose a uniformizer t = t, in O. Let G = Gr and G = Gp.
The subgroup G(O) C G(F) is bounded for the t-adic topology, and hence is contained in
some maximal bounded subgroup G(O)max. By [32, §3.2], the group G(O)max = Go(O) is the
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stabilizer of some point a of the Bruhat-Tits building. By [7, Proposition 1.7.6], the inclusion
G(O) C G,(O) prolongs into a morphism 7: G — G, of group schemes over O. Since the spe-
cial fiber of G is connected, we may replace G, by its neutral component, and hence assume
that G, is the parahoric group scheme associated with the facet containing a. Consider the
induced morphism
T.: LG/LTG — LG/L"G,.

The fiber over the base point eg, in LG/L*TG, is the fpqc-quotient LTG,/LTG, and this is
representable by an ind-proper ind-scheme since LG/LTG is ind-proper by assumption. Let
G. be the maximal reductive quotient of the special fiber G, ® k, and let G’ be the scheme
theoretic image of LG under the morphism LTG, — G, ® k — G,, t — 0. The quotient
G./G' is representable by a separated scheme of finite type over k, and the morphism

L*G,/L*G — Ga/G'
is surjective. Hence g_a/g_’ is proper, i.e. G’ is a parabolic subgroup of G,. The preimage
of G'(k) under the reduction G,(O) — G, (k) is by [32, 3.5.1] a parahoric subgroup of G(F')
associated with some facet a. Let G, be the corresponding parahoric group scheme. The
morphism G — G, factorizes as G — G, — G,. For i > 0, let

Gi = Res(oysitn)n(G © O/t)

be the Weil restriction. Then G; is a connected smooth affine group scheme over k, and LTG ~
liili G;. Let Gq; be defined analogously. One shows as above that G, ;/G/ is representable by
a connected proper scheme. Because the kernel of LTG, — G, is pro-unipotent, it follows
that G,; = G/ for all i > 0. Hence, the morphism G(O/t'1) — G, (O/ti*1) is surjective, and
the kernel is finite by dimension reasons. Using Mittag-Leffler we see that G(O) = G4(O) is
parahoric. O

1.4. The case of tori. In this subsection, we assume that the field k is separably closed. Let
7T be a smooth affine group scheme with geometrically connected fibers over X. If the generic
fiber 7, is a torus, then 7 is a parahoric group scheme if and only if 7 is the connected
Ift-Nerén model of 7, cf. [24].

Lemma 1.19. Let T be a parahoric group scheme over X. Then the generic fiber T, is a
torus if and only if Gr(7,X) — X is ind-finite.

Proof. If 7, is not a torus, then Gr(7,X)5 is not ind-finite. Conversely assume that 7, is
a torus. The Kottwitz morphism implies that Gr(7,X) — X is ind-quasi-finite, and it is
enough to show the ind-properness.

There is a non-empty open subset U C X such that 7 x x U is reductive which implies the
ind-properness of Gr(7,X)|y — U. For z € | X]|, let O, be the complete local ring at = with
fraction field F,. By fpqc-descent we are reduced to showing that Gr(7, X) ® O, is ind-finite
for every z € | X|. Fix x € | X]|.

The induced case. Assume first that 7 ~ Hle Resx, /x (G.,)™ where X; — X are finite flat
generically étale! surjections of smooth connected curves. By Lemma 1.16, we are reduced to
considering the case of

Resg )y (Gr(Gpm, X)).
Then on complete local rings
0320, ~ [] 0s
r—x
because the field extension on the generic points is separable. Since Weil restriction is com-
patible with base change, we are reduced to proving that Resoi/om(Gr(Gm,X) ® Oz) is

LOtherwise, the generic fiber of 7 is not reductive.
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ind-finite. This follows from Lemma 1.15 i) using that the reduced locus of Gr(G,,, X) ® Oz
is the constant scheme Z, and the tautological equality Reso_ /0, (Spec(Oz)) = Spec(Oy).

In the general case, after replacing X by a Zariski neighbourhood of x there exists a
morphism of parahoric group schemes

(1.6) T — T,

such that 7' ~ Hle Resx,/x(G,)™ is induced as above, and such that 7, : Yy = Y is
surjective where Y = Gr(7,X) ® Oy (resp. V' = Gr(7',X) ® O). The morphism (1.6) is
constructed as follows. By [8], there exists an exact sequence of tori 1 — 7" —T' — 7, — 1
over n where T” is induced and T" is flasque. As X; we take the normalization of X in the
field extensions 7;/n defining 7’. This allows to define 7’ in a Zariski neighbourhood of x
such that 7,/ = T'. Then 7" is the connected component of the Ift-Nerén model of 7, i.e
T’ is parahoric. Using the Nerén mapping property for 7, the group morphism on generic
fibers 7, — 7, extends to a group morphism 7: 7' — 7. Then m.: )’ — J is surjective
over F, becaube T— — TF, is a surjection of split tori, and 7, is surjective over k by [19, §7
(7.2.5)]. Note that T, ® k identifies on reduced loci with the surjection in the lower row of
[loc. cit.]. This shows the existence of (1.6). Since )’ is ind-proper and ) is separated, ) is
also ind-proper. The lemma follows. (I

Let 7 be a parahoric group scheme whose generic fiber is a torus. Fix x € |X|, and let
Gry = Gr(7,X) ® O,. Since Gry is ind-proper, there is a specialization map

(1.7) sp: Grr(F) — Grr (k).

Note that Gry is a sheaf of groups because 7 is commutative, and that sp is a group morphism.
The generic fiber Gry g is by Corollary 2.2 equal to the affine Grassmannian associated
with the split torus 7z, and hence Grr(F) ~ X,(T) as groups. The Kottwitz morphism
kr: Grr(k) — X, (T)s is an isomorphism, cf. [19, §7]. The following lemma is proven in [33,
Proposition 3.4] in the tamely ramified case.

Lemma 1.20. There is a commutative diagram of abelian groups

Gry (F) —2 GT(k)
|= Fr |
Xu(T) — Xu(T)1

where X.(T) — X, (T); is the canonical projection.

Proof. We show that X, (T) ~ Grr(F) — Grr(k) ~ X,.(T)s is the canonical projection. Let
T" — T — T — 1 be a resolution of T' by induced tori T, 7" as in [19, §7 (7.2.5)]. Using the
argument in the proof of Lemma 1.19, we obtain an exact sequence Gry» — Gryw — Grqy — 1
of sheaf of groups over O,. This gives a commutative diagram of abelian groups

GI“TN (F) _— GI“T/ (F) —_— GTT(F) — 0

|sp |sp |sp

GI"T//(]C) — GI"T/(/C) — GI"T(]C) — 0

with exact rows, and we may reduce to the case that T" is induced. Let A C T be the maximal
split subtorus. Since A is defined over k, we see that Gra reqa =~ X« (A) is the constant group
scheme over O, associated with X,(A), and hence sp is just the identity. Consider the
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commutative diagram of abelian groups

0 — Gra(F) — Grp(F)

|sp |sp

0 — Gra(k) — Grr(k).

with exact rows. Note that Gra(k), Grz(k) have the same rank. Hence, the composition

X.(T)g ~ Grr(F)g — Gry(k)g ~ X.«(T)qg,r rationally is the canonical projection. The
lemma follows from the fact that Gry (k) is torsionfree because T is induced. g

1.5. Proof of the ind-projectivity. Let us prove Theorem 1.18 ii). Let G be a parahoric
group scheme over X. Then Gr(G, X) — X is fiberwise ind-proper, and we need to show that
it is ind-proper and, Zariski locally on X, ind-projective. Let ¢: G — GL(E) be a faithful
representation such that GL(E)/G is quasi-affine (cf. [15, §2 Example (1)]), where £ is some
vector bundle on X. Then ¢.: Gr(G, X) — Gr(GL(E), X) is representable by an immersion,
cf. Lemma 1.7 ii). It is enough to prove that Gr(G,X) — X is ind-proper. Since G, is
reductive, there is a non-empty open subset U C X such that Gy is reductive. Lemma 1.15
ii) shows that Gr(G, X)|y — U is ind-proper. By fpqc-descent, we are reduced to proving that
Gr(G, X) ® O, is ind-proper for every x € |X|. We may assume that k is separably closed.
Fix z € | X|, and let O = O, and F = F,. We claim that the reduced locus of Gr(G, X)® O
can be written as

(1.8) (Gr(9,X) ® O)rea = lim M,,
yeJ

where M., are closed subschemes with the following properties: The M., are separated schemes
of finite type over O such that M, — Spec(O) is surjective flat, and the generic fiber M, ®
F is connected. Since Gr(G, X) is fiberwise ind-proper, Lemma 1.21 below reduces us to
constructing the ind-presentation (1.8). Let J be the set of Galois orbits of (LT G)z-orbits
in Gr(G,X) ® F. Then every v € J defines a connected closed reduced subscheme M., r of
Gr(G,X) ® F. Let M, be the scheme theoretic closure of M, r in Gr(G,X) ® O. Then M,
is a flat reduced (L1G)p-equivariant closed subscheme of Gr(G, X) ® O (use Lemma 1.12).
Let 7,, C G, be a maximal torus, and denote by 7 the scheme theoretic closure in G. Then
7 is a parahoric group scheme over X. By Lemma 1.19, Gr(7, X) is ind-proper, and hence
Gr(7,X) — Gr(G, X) is a closed immersion. The ind-presentation (1.8) follows from Lemma
1.20 noting that the affine flag variety in the special fiber of Gr(G, X) ® O is covered by the
orbit closures of the translation elements. This proves Theorem 1.18 ii). |

In the proof above we used the following lemma, a special case of [EGA IV, 15.7.10] under
the hypothesis that the geometric fibers are connected. If the base is a complete discrete
valuation ring, the hypothesis on the fibers can be weakened.

Lemma 1.21. Let Y be a separated scheme of finite type over a complete discrete valuation
ring O. Assume thatY — Spec(O) is surjective flat, and that the generic fiberY;, is connected.
Then Y is proper if and only if the fibers Y, and Y, are proper.

Proof. Let Y, and Y, be proper. Note that by assumption both are non-empty. To prove
properness we may assume that Y is reduced. Let : Y — Y be the Nagata compactification
over O, i.e. Y is proper over O, and ¢ is an open immersion. Now replace Y by the scheme
theoretic closure of 1(Y) in Y. We claim that the open immersion ¢: Y — Y is an isomorphism.
Because Y}, is proper, ¢, is an isomorphism onto a connected component of 37,7. But since YV
is flat, the generic fiber Y;, is open dense in Y and hence, ¢(Y;)) is open dense in Y. It follows
that ¢, is an isomorphism. Now since 37,, is open dense in Y, and Y is reduced, it follows
that 7: Y — Spec(O) is flat. Hence, m.Oy is a finite free O-module of rank 1 because Y,, is

connected. By proper base change we have dim(H° (Y5, Oy.)) = 1, and hence Y, is connected.
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It follows that ¢s: Vs — Y, is an isomorphism because it is open and proper, Y, # @& and
Y, is connected. All in all, ¢ is a fiberwise isomorphism between flat schemes. The lemma
follows. O

2. THE BD-GRASSMANNIAN ASSOCIATED WITH A FACET

We define the global Schubert varieties which may be seen as analogues of local models in
equal characteristic, cf. [25]. These are introduced by Zhu [33] in the tamely ramified case.
The results of this paragraph are used in the proof of Theorem B of the introduction in the
next section.

Let k be either a finite or separably closed field, and let G be a connected reductive group
over the Laurent power series field F' = k((t). Let a be a facet in the extended Bruhat-
Tits building #(G, F), and denote by G = G, the associated parahoric group scheme over
Or = k[t]. Then G is a smooth affine group scheme with geometrically connected fibers.
The group scheme G is already defined over some smooth connected pointed curve (X, x)
with @, = Op, and we denote by Gx the extension. Let F be the completion of a separable
closure of F' with valuation subring Op. Let S = Spec(Or), S = Spec(Op) with generic
points 7, 77 and special points s, 5. This leads to the 6-tuple (5,5, 7,17, s, 3).

Definition 2.1. i) The global (resp. global positive) loop group LG (resp. L1G) associated

with a is the ind-group scheme (resp. group scheme) over S

def

LG Y LGx xx S (resp. LYG ¥ £TGx xx 9).
ii) The BD-Grassmannian Gry associated with a is the ind-scheme over S

def

Gra = Gr(gx,X) Xx S.
Note that the definitions do not depend on the choice of X. There is a left action
(2.1) LG xg Gry, — Grg.

Let us discuss the generic and the special fiber of (2.1). Let L.G (resp. L} G) be the functor
on the category of F-algebras L,G: R — G(R(2)) (resp. LTG: R+ G([z])) where z is an
additional variable. The affine Grassmannian Grg is the fpge-quotient Grg = L,G/LFG.
There is a left action
LZG Xp GI‘G — GI‘(;.

Recall from §1.1 the following objects: Let LG (resp. LTG) be the functor on the category
of k-algebras LG: R — G(R((t)) (resp. LTG: R — G(R[t])). The affine flag variety F¢, is
the fpqe-quotient ¢, = LG/LTG. There is a left action

LG x, Flq — Flg.

Lemma 2.2. The ind-scheme Gry — S is ind-projective, and
i) the generic fiber Gry, is equivariantly isomorphic to Gre.
it) the special fiber Grq s is equivariantly isomorphic to Fg.

Proof. This follows from Theorem 1.18 and Corollary 1.13. O

Next we introduce the global Schubert varieties which are reduced £ G-orbit closures in
Grq, cf. [33]. Let A C G be a maximal F-split torus such that a C «/(G, A, F). Let A
be a maximal F-split torus defined over F with A C A, cf. [7]. Let T = Zg(A) be the
centralizer which is a maximal torus since G is quasi-split by Steinberg’s Theorem. Let 7
be the scheme theoretic closure of T' in G, which is a parahoric group scheme. Let Gry be

the BD-Grassmannian over Op. Every p € X, (T') determines a unique point

fi: S — QGr,.
Indeed, we have X.(T) = Grz(F) = Grz(Op) by the ind-properness, and the inclusion
7T C G gives a closed immersion Gry — Gr,.
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Definition 2.3. Let p € X, (T). The global Schubert variety M, is the scheme theoretic
closure of the L Gg-orbit of /i in the BD-Grassmannian Gr, 3.

Let us justify the definition. The morphism £*Gg — Gr, g, g — gp factors by Lemma
1.12 through some smooth affine quotient of £+Gg. Then M), is the scheme theoretic closure
of this morphism, and hence a reduced flat projective S-scheme, cf. Theorem 1.18. Since the
fibers of £L1Gg are connected, M), has connected and equidimensional fibers.

Remark 2.4. Note that the global Schubert variety M,, only depends on the G (F)-conjugacy
class of p. In particular, M, is defined over O where E is the Shimura field of y, i.e. the
finite extension of F' defined by the stabilizer in the Galois group of the G(F')-conjugacy class
of u.

In general, the special fiber of M), is not irreducible. It is related to the p-admissible set
(cf. Pappas-Rapoport-Smithling [25, §4.3]) as follows, see (2.3) below.

For the rest of this section, we assume that k is separably closed, i.e. F = Fand A= A.
Let B be a Borel subgroup containing A. Let R = R(G, A) be the set of relative roots, and
R* = R(B, A) the subset of positive roots. Let W = W (G, A) be the Iwahori-Weyl group,
cf. §1.1, and let Wy = Wy(G, A) be the finite Weyl group. There is a short exact sequence

IHATHWLWOHI,

where m: W — W, is the canonical projection and Ar = Grg(k), cf. [13]. Let W, C W
be the subgroup associated with a, c¢f. §1.1. Then x|y, : Wy — W is injective, and hence,
identifies W, with a reflection subgroup Wy o = 7w(Wy) of Wy. Consider

def

Ry = {a¢€R|sq € Woal,

where s, € W, denotes the reflection associated with the root a. Then R, is a root subsystem
of R, and R} = R, N R is a system of positive roots in R,.

Remark 2.5. Note that in general Wy, is not a parabolic subgroup of Wy, i.e. the root
subsystem R, C R is not the system associated with a standard Levi in G. In fact, let W
be a proper maximal reflection subgroup of Wy, i.e. W/ is a proper maximal subgroup, and
is generated by the elements w € W/, with w? = 1. If R is simple, then there exists a facet
a C o such that Wy o = W{, cf. [9, §2, Corollary 1]. In particular, all proper maximal root
subsystems of R are of the form R, for some facet a.

The Kottwitz morphism gives an isomorphism Ay ~ X, (7T);. There is a natural map
X*(T)[ — X*(T)[ QR ~ X*(A)R, n— [R. Define

X(T)F™ (i€ X.(T); | iz, > 0Va € RE),

where (-,-): X, (A)r x X*(A)r — R denotes the canonical pairing. Then the canonical map
X (T)%dom — Wy o\ X.(T);s is bijective. For an element fi € X.(T)r, we denote by g®dom
the unique representative of Wo 4 - fi in X, (7)™,

Remark 2.6. At the one extreme, if a is a special facet, then Wy o = Wy, and X*(T)?‘dom
is the image of the B-dominant elements in X,(7") under the canonical projection X, (T) —
X.(T);. At the other extreme, if a is an alcove, then Wy, is trivial, and X, (7)%dom =
X.(T)g.

Now fix an alcove ac which contains a in its closure, and fix a special vertex ag in the closure
of ac. By the choice of ag, we may identify X,(A)g with the apartment «# = &/ (G, A, F).
Assume that the chamber in X, (A)g defined by B is opposite to the chamber which contains
ac. This can be arranged by possibly changing B. The choice is due to a sign convention in
the Kottwitz morphism: The action of t* € Ay on X, (A)g is given by v — v + ug.

Lemma 2.7. The set JW*N(WoArW,) is contained in A1, and is identified via the Kottwitz
morphism with X, (T)$-4™.
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Proof. Let fi € X,(T);. From [29, Lemma 1.7, Equation (1.10)] one deduces the formula?
(")) = 1(t") — {o € Ry | (7, 0) < 0}].

Note that the root systems R, and the subsystem of all affine roots a vanishing on a are ele-
mentwise proportional. Hence, [((t#)%) is maximal if and only if i = i*9°™. The uniqueness
of the element 4(t#)* implies that

—a-dom

(2.2) () = P
because both are contained in (Wyt#W,) N W*, and have the same length. This shows the
lemma. g

For ji € X.(T)1, and p € X*(T)!, define the integer

ef

(f.p) = (u,p),

where p is a representative of i in X, (7). Note that the number (fi, p) € Z does not depend
on the choice of p by the Galois equivariance of {-,-): X.(T) x X*(T) — Z. For i € X.(T)y,

we consider dom = foo-dom,

Corollary 2.8. Let ji € X.(T);, and denote by t" the associated translation element in W.
Then

l(a(tﬂ)a) = </~_Ld0mv 2PB>7

where 2pp denotes the sum of the positive absolute roots of By with respect to T.

Proof. By (2.2), we have 4(t#)* = t* with XA € W, - i. The corollary follows from [33, Lemma,
9.1]. O

Let us recall the definition of the p-admissible set Adm,, for p € X, (T), cf. [25, §4.3].
Let Wb = Wy(Gp, Bp) be the absolute Weyl group. For p € X.(T) denote by A, the
set of elements A € W& . i such that A is dominant with respect to some F-rational Borel
subgroup of G containing 7. Let A, be the image of Au under the canonical projection
X (T) — X.(T);. For p € X, (T), the pu-admissible set Adm,, is the partially ordered subset
of the Iwahori-Weyl group

(2.3) Adm,, C fweWw|Ie Ay w< tj‘},

where < is the Bruhat order of W. Note that the set A,, and hence Adm,, only depends on
the Weyl orbit WiPs . 1. Moreover, if u is dominant with respect to some F-rational Borel
subgroup containing T', then A, = Wy - i where i € X, (T); is the image under the canonical
projection.

We define the pu-admissible set Admﬁ relative to a as

a def
N_ll

Adm W N (WeAdm,Wy).

Note that if a = a¢ is an alcove, then Adm,, = Admz.

Corollary 2.9. Let p € X.(T) be B-dominant, and denote by i the image in X,.(T)r. Then
the mazimal elements in Adm}, (wrt <) are the elements (Wo - 1)*%°™. In particular, each
maximal element has length (u,2pp), and their number is

(Wo.a\Wo/Wo,zl,
where Wy p s the stabilizer of ji in Wy.

2Note that the normalization of the Kottwitz morphism in [loc. cit.] differs by a sign!
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Proof. The maximal elements in Adm,, are A where \ € Wo - ii. Hence, the maximal elements
in Admy, are a(t)‘)cl for A € Wy - i. By Proposition 2.7, we have

3. a Y a-dom
Cl(t)\) = t)\ )
which implies the lemma using Corollary 2.8. |

The combinatorial discussion above allows us to study the irreducible components of the
special fiber of M,. In fact, the inclusion in Lemma 2.10 below is an equality on reduced
loci, cf. [33] for tamely ramified groups, and [30] for the general case. Note that this implies
Conjecture 4.3.1 of [25], cf. Remark 2.11 below.

Lemma 2.10. Let pp € X, (T) be B-dominant, and denote by i the image in X, (T)r. The
special fiber M,, ; contains the union of Schubert varieties

U Y,

weAdmz

The Yy, of maximal dimension, for w € Admﬁ, are precisely the Y,x with A\ € (W - i)%-4om™.
Each of them is an irreducible component of M, s of dimension (u,2pg).

Proof. The geometric generic fiber M), 5 is the LT Ggs-orbit of z# - ¢g in Grg g, and hence
contains the F-points 7z>‘ ~eg with A € W@ . 4. By Lemma 1.20, the special fiber M, s
contains the k-points t* - eg for A € WP - 4, where A denotes the image in X, (7T);. Because
G is quasi-split, the relative Weyl group Wy is identified with the subgroup of I-invariant
elements in Wgbs, and the canonical projection X, (T) — X, (T'); is Woy-equivariant under

this identification. This shows that M, , contains the k-points t* - ep with A € Wy - . The
L*G-invariance of M, s implies that M, 4,5 contains the Schubert varieties Y, for w € Admy,.

”w
The rest of the lemma follows from Corollary 2.9 using that the fibers of M), are equidi-
mensional, cf. Proposition 1.2. O

Remark 2.11. Let us explain how the equality M, ; = UweAdmf; Y., on reduced loci implies
Conjecture 4.3.1 of [25]. Specialize to the case that a = a¢ is an alcove, and assume p to
be B-dominant. By the proof of Lemma 2.10, the special fiber M, , contains all Schubert
varieties Y, with w < A for \ € ngs - b, where X denotes the image in X, (T);. Hence,

(2.4) Adm, = {weW | INe W™ u: w< )
Indeed, Adm,, is clearly contained in the right hand side of (2.4), and thus (2.4) follows from

M, s = Uye Adm,, Y. Now Corollary 2.9 shows that the maximal elements in the image of
Wb - i in X, (T are precisely the elements Wy - i = A,. This is Conjecture 4.3.1 of [25].

For € X.(T) let 7,: LYGg — M,,, g — gji be the orbit morphism, where i € M, (S) as
above. Let M,, be the image of 7,, in the sense of fppf-sheaves.

Corollary 2.12. Let p € X.(T) be dominant with respect to some F-rational Borel subgroup
containing T'. Then the fppf-sheaf M, is representable by a smooth open dense subscheme of
M,.

Proof. Write LG ~ @i G; asin (1.4). The morphism 7, factors over some G;, and G;/G; ,, ~

Mu where G; , C G; is the stabilizer of fi. The the generic fiber and the special fiber of G; ,,
are smooth and geometrically connected of the same dimension. The flat closure of G; ,,
in G; stabilizes [i, and hence, by counting dimensions, is equal to G;,. This shows that
Gi,, is flat and fiberwise smooth, and therefore smooth. Hence, the fppf-quotient G;/G; ,
is representable by a smooth scheme by the main result of [1]. This gives a quasi-finite
separated monomorphism 7, : ]\04# — M, which is open by Zariski’s main theorem. The
lemma follows. |
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3. SPECIALITY, PARITY AND MONODROMY

In §3.1 and 3.2, we give a list of characterizations for a facet of being very special (cf. Def-
inition 3.7): geometric (cf. Theorem 3.2), combinatorial (cf. Corollary 3.6 ii)) and arithmetic
(cf. Proposition 3.10). This implies Theorem B of the introduction.

Let F be an arbitrary field. Fix a prime ¢ different from the characteristic of F. Let Q; be
an algebraic closure of the field of /-adic numbers. For a separated scheme Y of finite type
over F', we denote by D2(Y, Q) the bounded derived category of constructible Q-complexes.
Let P(Y) be the core of the perverse t-structure on D%(Y, Q) which is an abelian Q,-linear
full subcategory of D%(Y,Qy). If ) is a ind-scheme separated of finite type over F, and
Y = (Y,),es an ind-presentation, then let

DY, Q) = lim D(Y,, Q)
¥
be the direct limit. Moreover, if ) = (Y;),cs is a strict ind-presentation, then let P()) =
hi,ny P(Y,) be the abelian Qy-linear full subcategory of D%(Y,Qy) of perverse sheaves.

Let k be a either a finite or a separably closed field, and specialize to the case that F' = k((t)).
Let G be a connected reductive group over F. Let a be a facet of the extended Bruhat-
Tits building #(G, F), and let G = G, be the corresponding parahoric group scheme over
Op = k[t]. Let F be the completion of a separable closure of F', and denote by I' = Gal(F/F)
the absolute Galois group. Let (S, S,7,7,s,3) be the 6-tuple as above, cf. §2. Let Gry — S
be the BD-Grassmannian associated with the facet a, cf. §2. Then Gr, is an ind-projective
strict ind-scheme, and there is the following cartesian diagram of ind-schemes

F, LN Grg <]— Grg

Lo l

s S n,

cf. Corollary 2.2.
Let j: Grg,5 — Gry g (resp. i: Flgqs — Gr, 5) denote the base change of j (resp. 7). The
functor of nearby cycles ¥, associated with a is

U, DS(GTG, @4) - Dlé(fza Xs 777@Z)a \Ija(A) = ;*5*(“477)

Here D%(Fl, x5 1,Q¢) denotes the bounded derived category of f-adic complexes on Fq
together with a continuous I'-action compatible with the base Fq 5, cf. [12, §5] and the
discussion in the beginning of [26, §9]. See [SGAT II, Exposé XIII] for the construction of the
Galois action on the nearby cycles.

The global positive loop group £*G acts on Gr,, and the action factors on each orbit
through a smooth affine group scheme which is geometrically connected, cf. Lemma 1.10 and
1.12. Choosing a LT G-stable ind-presentation of Gr,, this allows us to consider the category

PLjG(GrG) (resp. PL+g(.7:£a))

of LT G-equivariant (resp. LT G-equivariant) perverse sheaves on Grg (resp. F,) in the
generic (resp. special) fiber of Gry. Let Pp+g(Fly x5 1) be the category of LT Gs-equivariant
perverse sheaves on F¥, ; compatible with the Galois action, cf. [26, Definition 9.3].

Lemma 3.1. The nearby cycles restrict to a functor Vo: Pp+o(Grg) — Pr+g(Fla Xs1).

Proof. The functor ¥, preserves perversity by [16, Appendice, Corollaire 4.2]. An application
of the smooth base change theorem to the action morphism £7G xg Gr, — Grg, cf. (2.1),
implies the equivariance, and the compatibility of the L™ Gs-action with the Galois action. [
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3.1. Geometry of special facets. Recall the notion of a special facet (or vertex) in the
Bruhat-Tits building #(G, F), cf. [6]. Let A C G be a maximal F-split torus with associated
apartment &/ = o/ (G, A, F). A facet a C & is called special if for every affine hyperplane in
o/ there exist a parallel affine hyperplane containing a. A facet in the building a C Z(G, F)
is called special if a is special in one (hence every) apartment containing a.

For the rest of this subsection, we assume k to be separably closed. We consider the functor
of nearby cycles ¥, over F

\ilcﬁ PLjGF (GrG,F) - PL+Q(-7:£u)a lilu(-A) = 5*3*(-/4)
Note that P+ (Grg ) is semi-simple with simple objects the intersection complexes on
the LT G p-orbit closures, cf. [29], and hence every object in P+ Gr (Grg ) is defined over

some finite extension of F'.
The following Theorem proves Theorem B of the introduction.

Theorem 3.2. The following properties are equivalent.
i) The facet a is special.

ii) The stratification of Fly in LTG-orbits satisfies the parity property, i.e. in each connected
component of Fly all orbits are either even or odd dimensional.

iii) The category Pr+g(Fly) is semi-simple.
iv) The perverse sheaves Wo(A) € Pp+g(Fly) are semi-simple for all A € Priq (Grg p).
Let A be a maximal F-split torus, and T its centralizer. Note that T is a maximal torus

because G is quasi-split by Steinberg’s Theorem. For p € X, (T'), let M), be the corresponding
global Schubert variety, cf. §2.

Lemma 3.3. Let a be a facet which is not special. Then there exists p € X.(T) such that
the special fiber M, ; is not irreducible.

Proof. Let i € X,.(T); a strictly dominant element, and let p be any preimage in X, (7'

under the canonical projection. By Lemma 2.10, the special fiber M,, ; contains at least
[Wo,a\Wo/Wo,ul

irreducible components. This number is > 2 because Wy ; is trivial, and Wo o, C Wy is a

proper subgroup if a is not very special. O

The proof of Theorem 3.2 is based on the following geometric lemma.

Lemma 3.4. Let' Y be a separated scheme of finite type over k which is equidimensional of
dimension d. Then for the compactly supported intersection cohomology
dimg, HY(Y,IC) = #{irreducible components in Y},

where 1C denotes the intersection complex on Y .

Proof. We may assume that Y is reduced. Let U C Y be an open dense smooth subscheme
with reduced complement ¢: Z — Y. Denote by PH* the perverse cohomology functors.
There is a cohomological spectral sequence

(3.1) EY < H(Z,PHY (10)) = HS(Z,,1C).

Then PH7 (.*IC) = 0 for j > 0 because ¢* is t-right exact and PH®(¢:*IC) = 0 by the construction
of IC. If A is any perverse sheaf on Z, then H!(Z, A) = 0 for i > d, as follows from
dim(Z) < d — 1 and the standard bounds on intersection cohomology. Hence, (3.1) implies
that H(Z,.*IC) = 0 for i > d — 1. The long exact cohomology sequence associated with
ULy & Z shows

HY(U, *IC) — HL(Y,1C).
Since j*IC = Q¢[—d], this implies the lemma. O
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Remark 3.5. If Y is not necessarily equidimensional, then a refinement of the argument in
Lemma 3.4 shows that dimg, HY(Y,1C) is the number of topdimensional irreducible compo-
nents, i.e. the irreducible components of dimension d.

Proof of Theorem 8.2. i) = 4ii) = #ii): This is proven in [34, Lemma 1.1]. See also the
discussion above [loc. cit.], and the displayed dimension formula. Note that the arguments
in [loc. cit.] do not use the tamely ramified hypothesis.

iii) = ): Trivial, since for A € P+ (Grg r), the perverse sheaf Uo(A) is in Pprg(Fa),
cf. Lemma 3.1.

iv) = 1): Assume that a is not special. By Lemma 3.3, there exists u € X, (T) such that the
special fiber of the global Schubert variety M, is not irreducible. Let A be the intersection
complex on M, 5. We claim that U,4(A) is not semi-simple. Assume the contrary. The
support of Wy(A) is equal to the whole special fiber M, s by [33, Lemma 7.1] and, since
U, (A) is LT G-equivariant, the intersection complex on M u,s must be a direct summand of

U, (A). Let d = dim(M,, 5) = dim(M,, s). Taking cohomology
HY (M, 5, A) = HY (M), 5, Ua(A))

contradicts Lemma 3.4 because the left side is 1-dimensional, and the right side is at least
2-dimensional. This shows that ¥4(.A) is not semi-simple. O

As a consequence of the proof, we obtain the following corollary which implies items iv)
and vi) of Theorem B of the introduction.

Corollary 3.6. The following properties are equivalent to properties i)-iv) of Theorem 3.2.
v) The special fiber of the global Schubert M,, in Gry is irreducible for all pn € X, (T).

vi) The admissible set Admj, has a unique mazimal element for all p € X.(T);. -

3.2. Arithmetic of very special facets. In this subsection k is finite, so that F' = k((t))
is a local non-archimedean field. We will show that the property of a facet of being very
special (cf. Definition 3.7 below) is related to the vanishing of the monodromy operator on
Gaitsgory’s nearby cycles functor, and hence to the triviality of the weight filtration.

Let F be the completion of the maximal unramified subextension of F, and let o €
Gal(F'/F) be the Frobenius. Note that there is a o-equivariant embedding of buildings

v BGF) — B(G,F),

which identifies 2(G, F) with the o-fixpoints in Z(G, F). In [34], Zhu defines the notion of
very special facets as follows.

Definition 3.7. A facet a C #(G, F) is called very special if the unique facet a™ C %(G, F‘)
with ¢(a) C a™ is special.

Remark 3.8. Every hyperspecial facet is very special. By [32] all hyperspecial facets are
conjugate under the adjoint group, whereas this is not true for very special facets. In fact,
the only case among all absolutely simple groups (up to central isogeny), where this is not
true, is a ramified unitary group in odd dimensions, cf. [loc. cit.].

Lemma 3.9. i) If a is a very special facet, then a is special.

it) The building B(G, F) contains very special facets if and only if the group G is quasi-split.

Proof. Part i) follows from [32, 1.10.1], and part ii) from [34, Lemma 6.1]. O

Recall the construction of the monodromy operator, see [12, §5] for details. Let I C T" be
the inertia subgroup, i.e. I'/I = Gal(]:"/F). Let P C I be the wild inertia group, so that

I/P = HZZ'(]‘)7

£#p
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and denote by t¢: I — Z(1) the composition of I — I/P with the projection on Z,(1). If
Y is a separated k-scheme of finite type, then let DY x,1n,Q) be the bounded derived
category of constructible Qp-complexes together with a continuous I'-action as above. Let
A € DYY x4 n,Qy), and denote by p: [ — Autpy (A) the inertia action. Then p(I) acts
quasi-unipotently in the sense that there is an open subgroup I1 C I such that p(g) — id4
acts nilpotently for all g € I;. There is a unique nilpotent morphism
Ny: A1) — A

characterized by the equality p(g) = exp(t¢(g)N4) for all g € I, and N4 is independent of
1.

The choice of a Frobenius element in I' defines a semi-direct product decomposition I' =
I'xGal(k/k). Recall that if A € P(Y xn) then, by restricting the I'-action on A to Gal(k/k),
the underlying perverse sheaf is equipped with a continuous Gal(k/k)-descent datum, and
hence defines an element Ay € P(Y'). Then A is called mized (resp. pure of weight w) if A
is mixed (resp. pure of weight w). Note that all Frobenius elements are conjugate under the
inertia group I, and hence the notion of mixedness (resp. purity) does not depend on this
choice, cf. [Weil2].

Let w be the global cohomology functor with Tate twists included

def i )
(3.2) w(-) = PRT(Grg OF)(5): Prig(Gre) — Vecg,.
i€z
Note that if A is an intersection complex on a L] G-stable closed subscheme of Grg, then
the Galois action on w(A) factors through a finite quotient of T', cf. [34, Appendix]|. This
explains the Tate twist in (3.2).

The following proposition together with Theorem 3.2 implies item v) of Theorem B of the
introduction.

Proposition 3.10. Let A € P;+,(Grg) such that the I'-action on w(A) factors through a
finite quotient. Then the following properties are equivalent.
i) The perverse sheaf U,(A)s € Pr+g.(Flas) is semi-simple.
i1) The nearby cycles complex ¥4(A) is pure of weight 0.
iii) The monodromy operator Ny 4y = 0 vanishes.

This proposition and Theorem 3.2 imply that the monodromy of ¥, is non-trivial whenever
a is not very special. Note that in Theorem 3.2 the residue field is assumed to be separably
closed, and hence the notion of special facets and very special facets coincide. In fact, one can
show that the monodromy of ¥, is maximally non-trivial, cf. [30]. The equivalence i) < ii7)

is a special case of the weight monodromy conjecture for perverse sheaves proven by Gabber
[2]. Since the proof is easy using semi-continuity of weights, we explain it below.

Lemma 3.11. Let a be a facet, and let A € Satg. Then V,(A) is pure if and only if
Ny, 4y = 0. In this case, ¥o(A) is pure of weight 0.

Proof. If W4(A) is pure, then Ny (4): ¥a(A)(1) — ¥,4(A) vanishes due to weight reasons.
Conversely suppose that Ny 4y = 0. By [16], there is a distinguished triangle

A1) — Wa(A) 5 Uo(A) —
where j: Grg,, — Grq denotes the open embedding. Hence, on perverse cohomology
Uo(A) ~ PHY(* 5. A[-1]) ~ 7% (A).
This implies for the weights
w(Va(A)) < w(ji(A) <w(A) =0,
and since ¥, commutes with duality, we get w(¥4(A)) = 0. O
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Proof of Proposition 3.10. The implication ii) = ) is a consequence of Gabber’s Decompo-
sition Theorem (cf. [18, Chapter II1.10]) because W, (A) is defined over the ground field k. In
view of Lemma 3.11, we are reduced to proving the implication i) = ii): Let A € Pp+,(Grg)
such that the T-action on w(A) factors through a finite quotient. Hence, after a finite base
change S’ — S, we may assume that the Galois action on the global cohomology w(.A) is triv-
ial. By Deligne [Weil2], the nearby cycles ¥,(.A) are mixed because Gr, is already defined
over a smooth curve over k. Let

gt W (A) =~ @A,
B

be the associated graded of the weight filtration, where Ag € Pp+g(Fy) is pure of weight 3.
Let ws: Prrg(Fla x5 m) — Vecg, be the global cohomology with Tate twists included as in
(3.2). If U4(A); is semi-simple, then ws(V,(A)) = ws(gr*¥q(A)) as Galois representations.
Because the Galois action on w,(¥q(A)) ~ w(A) is trivial, it follows that ws(Ag) = 0 for
B # 0. But Ag; is the direct sum of intersection complexes, and hence ws(Ag) = 0 implies
Ag =0, cf. Lemma 3.4. This shows that ¥,(.A) is pure of weight 0. O

4. SATAKE CATEGORIES

In §4.1, we recall some facts from the unramified geometric Satake equivalence, cf. [11],
[22] for complex coefficients, and [29], [34, Appendix] for the case of ¢-adic coefficients. In
§4.2, the ramified geometric Satake equivalence for ramified groups of Zhu [34] is explained.
Zhu considers in [34] tamely ramified groups. We extend his results to include the wildly
ramified case. The proof of Theorem C from the introduction is given at the end of §4.2.

4.1. The unramified Satake category. Let G be a connected reductive group over any
field F'. Let Grg be the affine Grassmannian over Grg with its left action by the positive loop
group L} G, cf. §2. Let F be a separable closure of F, and denote by I' the absolute Galois
group. Let J be the set of Galois orbits on the set of LT G p-orbits in Grg 5. Each v € J
defines a connected smooth L} G-invariant subscheme O, over F'. We have a L} G-invariant
ind-presentation of the reduced locus (Grg)red = h_II)l’Y @'v by the reduced closures @7.

Fix a prime ¢ different from the characteristic of F'. Let

PLIG(GI‘G) == h_H}PLjG(@’Y)
Y

be the category of L} G-equivariant ¢-adic perverse sheaves on Grg, cf. §3.

Lemma 4.1. The category PLJG(Grg) is abelian Qy-linear, and its simple objects are middle
perverse extensions i.ji(V[dim(O,)]), where j: O, — O., i: Oy — Grg, and V is a simple
L-adic local system on Spec(F).

Proof. By [20], the simple objects in P(Grg) are of the form A = i,ji.(Ap) for j: U — U a
smooth irreducible open subscheme of a closed subscheme i: U — Grg, and Ag[— dim(U)] a
simple ¢-adic local system on U. If A is L} G-equivariant, then U is LT G-invariant. In this
case, Up is a single Galois orbit of L} G p-orbits, and hence U = O, for some v € J. On the
other hand, the stabilizers of the L] G p-action are connected by [23, Lemme 2.3|, and thus
Ap = V[dim(U)] where V is a simple ¢-adic local system on Spec(F). O

If F is separably closed, the category PLjG(GrG) is semi-simple with simple objects the
intersection complexes on the L} G-orbit closures, cf. [29].

Definition 4.2. The unramified Satake category Satg r over F is the category Priq . (Grg p).

A version of Sat¢ g over the ground field F' is defined as follows. Fix \/p € Q¢ so that half-
integral Tate twists are defined. For a complex A € D2(Y, Q) on any separated scheme Y of
finite type over F', we introduce the shifted and twisted version A(m) = A[m](§) for m € Z.
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Now let Y be a equidimensional smooth scheme over F. Let F’/F be a finite separable field
extension. Then we say that a complex Ag in D%(Y,Qy) is constant on 'Y over F' if Ao, pr is
a direct sum of copies of Q(dim(Y)).

For every v € J, let +,,: O, — Grg be the corresponding locally closed embedding.

Definition 4.3. The unramified Satake category Satg over F is the full subcategory of
P;+4(Grg) of semi-simple objects A such that there exists a finite separable extension F'/F
with the property that the 0-th perverse cohomology PH® (¢3.A) and PH O(L!V.A) are constant
on O, over F' for each v € J.

For any v € J, we define IC., = i/ (Q¢(dim(O,))) where O, J, 0, < Grg is the open
embedding into the closure.

Lemma 4.4. Let A € PLjG(GrG) be a simple object. Then A € Sate if and only if there is
an vy € J such that A ~IC, ® V where V is a local system on Spec(F') that is trivial over
some finite extension F'/F.

Proof. Let A = 4,51.(V[dim(O,)]) be simple for some v € J. Assume that A € Satg.
Then there exists F’/F finite such that PH°(:*A) = V[dim(O,)] is constant over F’ for
t: O, — Grg, ie. V[dim(O,)] = Q¢(dim(0,)) ® V where V is a local system that is trivial
over F’. Since the middle perverse extension commutes with smooth morphisms, we obtain
A ~1C, ® V. The converse follows from the fact that PH%(19,A) = 0, unless ' = v and in

this case PH®(15.A) = Vp[dim(O,)] for both restrictions 15 = 1% and 19 = Lfy. O

We recall from [29] that the category PLjG(GrG) is equipped with a symmetric monoidal
structure with respect to the convolution product * uniquely determined by the property that
the global cohomology functor w: P +,(Grg) — Vecg, is symmetric monoidal, cf. (3.2).

Recall the classical geometric Satake isomorphism, first over F. The tuple (Satg g, %) is a
neutralized Tannakian category with fiber functor wz, and the group of tensor automorphisms
G = Aut*(wp) is a connected reductive group over Q; whose root datum is dual to the root
datum of Gz in the sense of Langlands.

Now for arbitrary F, it is shown in [34, Appendix] that for any object A € Sats the I'-
action on w(A) factors over a finite quotient of the Galois group. This explains the Tate twist
n (3.2). Hence, I’ acts on G via a finite quotient, and we ‘may form LG = G x T considered
as a pro-algebraic group over Q, with neutral component G. In this way, for every A € Satg,
the cohomology w(A) is an algebraic representation of the affine group scheme “G. Denote
by Repg, (1Q) (resp. Repg, (G’)) the tensor category of algebraic representations of MG (resp.

G) over Q.
Theorem 4.5. i) The category Satg is stable under the convolution product, and (Satg,*)
is a semi-simple abelian tensor subcategory of (Pp+4(Gra),*).

ii) The base change to F defines a tensor functor (-)p: (Satq,*) — (Satg g, %), and the
following diagram of functors between abelian tensor categories

(Satg, *) (_4)F> (Satg m,*)

Jo Jos

(Repg, (“G), ®) = (Repg, (), ®)

is commutative up to natural isomorphism, where res denotes the restriction of representations
along G — 1G.

Corollary 4.6. Let A € Satg. Then the Galois group acts trivially on w(A) if and only if
A is a direct sum of 1C, for v € J such that O, p is connected.
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Proof. We may assume that A is simple, and hence A =IC, ® V for some v € J and some
local system V' on Spec(F') by Lemma 4.4. If I' acts trivially on w(A), then V trivial, and
O, is connected. Conversely, if A = IC, for v € J with O, p connected, then I" acts trivial
on w(A) by [34, Appendix], cf. the Tate twist in (3.2). O

Remark 4.7. i) For an interpretation of the whole abelian tensor category (PLJG(Grg), *)
in terms of the dual group see [29, §5].

ii) The group of tensor automorphisms G admits a canonical pinning (G’, B, T.X ), cf. Ap-
pendix A for the definition of a pinning. Moreover, the action of I' on G is via pinned
automorphisms. As explained in §4 of [34], the canonical pinning is constructed as follows.
The cohomological grading on w defines a one parameter subgroup G,, — G , and the central-
izer T' is a maximal torus. Let £ be an ample line bundle on Grg. Then its isomorphism class
[£] € Pic(Grg) is unique. Cup product with the first Chern class ¢1([£]) € HQ(GrG?p, Zo(1))
defines a principal nilpotent element X € Lie(é). This in turn determines the Borel subgroup
B with T C B and X € Lie(B) uniquely. Since the Galois group T fixes the cohomological
grading and [£], it acts on G via pinned automorphisms.

4.2. The ramified Satake category. Let k be a finite field, and let G be a connected
reductive group over the Laurent power series field F' = k((t)). Let a be a facet in the Bruhat-
Tits building B(G, F), and denote by G = G, the associated parahoric group scheme over
OF.

There is the convolution product, cf. [10], [26]

-x-1 P(Fly) x Prig(Fla) — DY(Fla, Q).

Note that Pp+g(F,) is not stable under x in general, i.e. the convolution of two perverse
sheaves need not to be perverse again. For the preservation of perversity we need a hypothesis
on a.

For the rest of the section, let a be a very special facet, cf. Definition 3.7.

Definition 4.8. The ramified Satake category Satq s over § is the category Pp+g (Fla ).

Remark 4.9. The connection with §2.1 is as follows. The choice of a hyperspecial facet
a is equivalent to the choice of a Chevalley model of G over Op. In this case, the BD-
Grassmannian Grg is constant over S, and the nearby cycles functor U, : Satg,5 — Satgs is
an equivalence of tensor categories, cf. the proof of Theorem 4.11 below.

A version of Satg s with Galois action is defined as follows. For a finite intermediate
extension F' C F' C F, let (8',5,1',7,5',5) be the associated 6-tuple with Galois group
I" = Gal(F'/F’). Then there is the functor

I‘GSF//FI PL+g(f€a Xg 77) — PL+Q(~F£a X gt ’17/)

given by restricting the Galois action from I' to the subgroup I". Furthermore, there is the
functor

(st Preg(Fla) — Pr+g(Fla xs1)
given by pullback along F, 5 — Fl,. Note that (-); is fully faithful with essential image
consisting of the objects A € Pp+g(Flq X5 1) such that the inertia acts trivially.

Definition 4.10. The ramified Satake category Sat, over s is the full subcategory of objects
A € Pr+g(Flq x5 n) with the property that there exists a finite separable extension F’/F
such that

a) the inertia I’ C I acts trivially on resg/p(A), and

b) the perverse sheaf resp//p(A) € Pr+g(F,) is semi-simple and pure of weight 0.
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We denote by ws: Saty — Vecg, the global cohomology, with Tate twists included, as in
(3.2), and likewise ws: Satq s — Vecg,. Since the Galois group I' acts via a finite quotient on
G = Aut*(w), we may consider the invariants G! under the inertia group. Then G! C G is
a reductive subgroup which is not connected in general. The group I' operates on GT , and
we form the semi-direct product "G, = G! x I', considered as a pro-algebraic group over Q.
Hence, "G, < "G is a closed subgroup scheme.

Recall that there is the nearby cycles functor Wq: Pp+,(Grg) — Pr+g(Fla) associated
with a, cf. §3.

Theorem 4.11. Let a be very special.
1) The category Sat is semi-simple and stable under the convolution product *.

it) If A € Satg, then U,(A) € Sat,, and the pair (Satq,*) admits a unique structure of a
symmetric monoidal category such that U4: (Satg,*) — (Satq,*) is symmetric monoidal.

iit) The following diagram of functors of abelian tensor categories

Ve
(Satg,*) —————— (Satq,*)

Jo o

res

(Repg, ("G),®) — (Repg, ("Gy), ®)
is commutative up to natural isomorphisms, and the vertical arrows are equivalences.

Proof. We explain the modifications in Zhu’s proof of Theorem 4.11.
The geometric equivalence: Let S = Spec(O), and consider the base change Gry g = Grg x5
S. Let Satg,; = Pp+q . (Grg p) (resp. Sates = Pr+g,(Flas)) be the Satake category over 7
(resp. 5). Recall that there is the nearby cycles functor, cf. §3

U, Satg; — Satas.
We go through the arguments in Zhu’s paper [34].
a) The category Satg s is semi-simple and stable under the convolution product *. Moreover,
the pair (Satq s, %) is a monoidal category.
The category Pp+g.(Flq5) is semi-simple by Theorem 3.2 iii) (Lemma 1.1 in [loc. cit.]). We
show that it is stable under convolution. Let A € Satg, 5. The monodromy of ¥, (.A) is trivial

by Proposition 3.10 iii) (Lemma 2.3 in [loc. cit.]). As in the proof of Lemma 3.11 this implies
the formula

(4.1) Ta(A) =~ i) (A),

which is Corollary 2.5 of [loc. cit.]. Hence, (4.1) holds for all A € Satq ;. Let p € X, (T') be
dominant with respect to some F-rational Borel subgroup of G. Note that G is quasi-split by
Lemma 3.9. Let M, be the global Schubert variety, and let IC,, be the intersection complex on
M,, 5. Then the intersection complex on the Schubert variety Yz in the special fiber appears
with multiplicity 1 in ¥4(IC,). This follows from the compatibility of nearby cycles along
smooth morphisms applied to the open immersion M uw — M, cf. Corollary 2.12 and Lemma
2.10. This shows that Lemma 2.6 of [loc. cit.] holds. Proposition 2.7 [loc. cit.] carries over
word by word in replacing (A, 0) by a pointed curve (X, z). Corollary 2.8 in [loc. cit.] is a
consequence of the above arguments. This proves a).

b) The tuple (Satq s, *) has a unique structure of a neutral Tannakian category such that
U, (Satgq,%x) — (Sates,x)
is a tensor functor compatible with the fiber functors wy ~ ws o U,.

§3in [loc. cit.] carries over literally: In Theorem-Definition 3.1 of [loc. cit] one may replace A},
by any smooth curve X. This implies that ¥, : (Satg,z,*) — (Satq s, *) is a central functor,
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and Proposition 3.2 of [loc. cit.] holds. Now as in [loc. cit.], we apply Lemma 3.3 of [loc. cit.]
to deduce Corollary 3.5 of [loc. cit.]. In particular, Satq s is a neutral Tannakian category.
The uniqueness of the Tannakian structure follows from the uniqueness of the symmetric
monoidal structure for wy, cf. the discussion above (3.2). This proves b).

¢) There is a up to natural isomorphism commutative diagram of functors of abelian tensor
categories

(Satgﬁ,*) (Satq,s, *)
| |1
(Repg, (G), ®) == (Repg, (G1), ®),

where the vertical arrows are equivalences.

Let H = Aut*(ws) be the affine Q-group scheme of tensor automorphisms defined by
(Satq,s,ws). Via the unramified Satake equivalence, the tensor functor U, defines a mor-
phism H — G which identifies H with a closed reductive subgroup of G. Indeed, every
object in Sat, s appears as a direct summand in the essential image of ¥, and since Satg s is
semi-simple, H is reductive. It remains to identify the subgroup H C G. The inertia group
I acts on Grg,5 — Grg,; induced from the action on 7 — 7 where 7 = Spec(F ) As in the
Appendix of [loc. cit.], this induces via Satg 5 x I — Satg 5, (7, A) — 7*A, an action of I on
the Tannakian category (Satq ;,wy), and hence on Aut*(w;) = G. Since the tensor functor
U, is invariant under this action, we get that H ¢ G’ (cf. Lemma 4.5 in [loc. cit.]), and
we need to show that equality holds. Recall that G admits a canonical pinning (G B T,X ),
cf. Remark 4.7. The Galois action, and in particular [-action preserves the pinning, and
we can apply Lemma A.1 below. This shows that the inclusion 7 C G induces a bijection
(TI ) ~ 7T0(GI ) on connected components. Now we may apply Corollary A.3 to conclude
by the argument below Lemma 4.10 [loc. cit.]. This shows that H = G', and finishes the
proof of part ¢) and Theorem C from the introduction. The uniqueness of the equivalence in
Theorem C is a consequence of the Isomorphism Theorem in the theory of reductive groups.

Galois descent: Based on the geometric equivalence above, one shows that
(Sa‘tﬂ’ *) = (RCp@g (LGr)v ®)7 -A = Ws (A)’

as in [34, Appendix]. In particular, Theorem 4.11 i) holds, and part iii) follows from part ii).

For ii), let A € Satg. We claim that U,(A) € Saty. Indeed, ¥4(A) is pure of weight 0,
cf. Proposition 3.10, and it is enough to show that W,(IC,) € Pr+g(F,) is semi-simple for
all 4 € X, (T). By replacing k by a finite extension, we may assume that every LT G-orbit is
defined over k. The LTG-equivariance implies that there is a finite direct sum decomposition

~ PIC, @ V.,

where I1C,, is the intersection complex of the Schubert variety Y,, C Fy, w € W, and V,, is a
local system on Spec(k). In fact, V;, is constant because ws(¥,(IC,)) ~ w(IC,), cf. Corollary
4.6. This shows U, (A) € Sat,.

It remains to show that ¥,: Satg — Sat, is a tensor functor, i.e. that the isomorphism
Uo(AxB) ~ U, (A)x ¥, (B) is Galois equivariantly compatible with the commutativity con-
straint, and defines a morphism in Pp+g(Fq Xs n). This follows from the fact that the
Beilinson-Drinfeld Grassmannians are defined over the ground field, cf. [26, §9.b]. The
uniqueness is clear. This finishes the proof of the theorem. O
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APPENDIX A. THE GROUP OF FIXED POINTS UNDER A PINNING PRESERVING ACTION

Let G be a connected reductive group over an algebraically closed field C. Let I be a
subgroup of the algebraic automorphisms of G, and assume that I fixes some pinning of
G. Then I is finite, and we assume that the order |I| is prime to the characteristic of C.
The group of fixed points G’ is a reductive group which is not connected in general. In this
appendix, we prove the existence and uniqueness of irreducible highest weight representations
of G!, and determine the group of connected components my(G?).

First recall the notion of a pinning. Let T' C B C G be a maximal torus contained in a
Borel subgroup. Let R = R(G,T) (resp. RY) be the set of roots (resp. coroots), and let
Ry = R(B,T) (resp. RY) be the subset of positive roots (resp. coroots). There is a bijection
R — RY, a — a" which preserves the subsets of positive roots. For a € R, let U, C G be
the root subgroup, and denote by u, C Lie(H) its Lie algebra. Denote by A C R (resp.
AY C RY) the set of simple roots (resp. coroots). For every a € A, choose a generator X,
of the 1-dimensional C-vector space u,, and let X = > _. X, be the principal nilpotent
element in Lie(B). A pinning of G is a quadruple (G,B,T,X) where T C B is a torus
contained in a Borel subgroup, and X € Lie(B) is a principal nilpotent element. Note that
there is a canonical isomorphism

(A1) Aut((G, B,T, X)) ~ Auwt((X*(T), R, A, X.(T),R¥,AY))

between the pinning preserving automorphisms of G, and the automorphisms of the based
root datum (X*(T), R, A, X.(T),RY,AV).

Recall the following basic facts on the group of fixed points. Let H be any affine group
scheme over C, and let J C Autc(H) be a finite subgroup of algebraic automorphisms. Then
the group of fixed points H” C H is a closed subgroup scheme. Assume that the order |.J| is
prime to the characteristic of C. Then

a) if H is smooth, then H” is smooth, and
b) if H is reductive, then H” is reductive, cf. [27, Theorem 2.1].

Note that even if H is connected reductive, then H” is in general not connected.

Lemma A.1. Let G be a connected reductive group over an algebraically closed field C. Let
(G,B,T,X) be a pinning of G, and let I be a subgroup of the pinning preserving automor-
phisms. Then I is finite, and we assume that the order |I| is prime to the characteristic of

C.
i) The tuple (G1°, B1O T1.0 X)) is a pinning of the connected reductive group G'°.

ii) The inclusion TT C G' induces a bijection on connected components mo(TT) ~ m(G?).

Proof. 1): Let B = T x U be the Levi decomposition of B. Then U is I-invariant, and we
claim that the fixed points U’ are connected. Indeed, the connectedness follows from the
argument of Steinberg [31, Proof of Theorem 8.2]: Factoring R = [[, R; into a product of
simple root systems, the group U = [], U; factors accordingly, and I permutes the single
factors. Hence, we may assume that the root system R is simple. The classification implies
that I acts either through the trivial group, Z/2, Z/3 or S3. In case I = S5, the system R is
of type Dy, and the Sz-orbits on R coincide with the Z/3-orbits on R. Hence, we may replace
I by Z/3 in this case, and assume that I is cyclic. Now the argument in [loc. cit.] (2) shows
that each I-orbit in R determines a 1-parameter subgroup in U, and their cartesian product
is U. Note that for the elements c,, = 1 in the notation of [loc. cit] because I acts via
pinned automorphisms, and hence the equations in (2"””) are automatically satisfied. This
shows that U’ is connected. One checks that G':°/B*- is proper, and hence B! is a Borel.
Now B0 = T1.0 x U by the connectedness of U!. Thus, 770 ¢ GT° is a maximal torus. We
have X € Lie(U)! = Lie(U!). The preceding argument shows that each I-orbit in R(G,T)
determines a root in R(GT?, T1-0) preserving the positive roots and the basis. Hence, X is
principally nilpotent in Lie(G?:?).
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ii): Let B°? be the unique Borel with B N B°? = T, and denote by B = T x U°P the Levi
decomposition. It is enough to show that multiplication

(A.2) vl sl xul — Gf,
is an open dense immersion because U’ (resp. U°PT) is connected, cf. i). The openness of
(A.2) is clear, and we need to show that it is dense. Let N = Ng(T'), and Wy = N(C)/T(C)

be the Weyl group. Choose a system n,, € N(C) of representatives of w € Wy. Let U, =
U N (n,'U°n,). By the Bruhat decomposition, there is a set theoretically disjoint union

(A.3) G = [ UwnuB,

weW
and every element g € G(C) can be written uniquely as a product G = w70 With w,, € Uy,
b € B. Since I preserves the pinning, the morphism N? — W{ is surjective, and W{ is the
Weyl group of GI¥. We may assume that n,, € N7 for all w € W{. The uniqueness in (A.3)
implies

(A.4) ¢" = [ vin.B".

wEWOI

Let wg € Wy be the longest element. The length [ on Wy is I-invariant, and hence wy € W{.
This implies that UlionwoBI is the unique stratum of maximal dimension in (A.4). Since
U°Pt = n Ul ny,, the density in (A.2) follows. O

Let Q4 C X*(T) be the semigroup generated by R, and denote by (Q)+ the image of
Q. under the canonical projection X*(T) — X*(T%). The group of characters X*(T7) is
equipped with the dominance order as follows. For u, A € X*(T7), define A < p if and only
if p—Xe (@)t

Denote by X*(T); the semigroup of dominant weights, and let X*(7), be the semigroup
defined as the image of X*(T'), under the canonical projection X*(T) — X*(T%). Let
€ X*(TT). An algebraic representation p: G! — GL(V) is said to be of highest weight p if
i) p appears with a non-zero multiplicity in the restriction p|pr, and
ii) if A\ € X*(T) appears in p|pr with non-zero multiplicity, then A < p.

Remark A.2. Let wp be the longest element in the finite Weyl group Wy = Wy (G, T'). Since
I acts by pinned automorphisms, we have wo € W{, and it follows that wq acts on X*(T).
Then property ii) implies that wop < A < p, for all A € X*(T!) appearing in p|pr with
non-zero multiplicity.

If G' is connected reductive, then 77 is a torus by Lemma A.1. In this case, it is well-
known that there exists for every u € X*(T7), a unique up to isomorphism irreducible
representation of highest weight p, and that every irreducible representation is of this form.
Moreover, the multiplicity of the p-weight space is 1, cf. [17, Chapter 11.2].

Corollary A.3. Let G be a connected reductive group over an algebraically closed field C'.
Let (G,B,T,X) be a pinning of G, and let I be a subgroup of the pinning preserving auto-
morphisms of order prime to the characteristic of C.

i) For every yu € X*(T1), there ewists a unique up to isomorphism irreducible representation
Pu of G! of highest weight i, and every irreducible representation of G' is of this form.

it) The multiplicity of the p-weight space is 1.

Proof. We follow the argument of Zhu [34, Lemma 4.10]. Let g be the image of p under the

restriction X*(T7) — X*(T19), and let p; be the unique irreducible representation of highest
weight fi, cf. [17, Chapter I1.2]. Frobenius reciprocity and Lemma A.1 imply

(A5) ndSro(op) = D rox
XEX*(mo(TT))
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where p is an irreducible representation of G! which restricts to pu- Here, the x’s are consid-
ered as G-representations by inflation along G! — m(G!) ~ mo(T!). This shows that there
is a unique x € X*(mo(T")) such that p, = p ® x is of highest weight u. Conversely, (A.5)
implies that every irreducible representation of G' is a direct summand of some induction,
and hence is of the form p,, for some y € X*(T7). This proves i). Part ii) is easily deduced
from (A.5). O
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