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Summary

The aim of the present work is the analysis of the baryon spectrum in the medium-energy
regime. At those energies, a perturbative treatment of Quantum Chromodynamics, that
is feasible in the high-energy regime, is not possible. Chiral perturbation theory, the low-
energy effective theory of the strong interaction, is limited to the lowest excited states and
does not allow to analyze the complete resonance region. For the latter purpose, dynamical
coupled-channel approaches provide an especially suited framework. In the present study,
we apply the Jülich model, a dynamical coupled-channel model developed over the years,
to analyze pion- and photon-induced hadronic reactions in a combined approach.

In the Jülich model, the interaction of the mesons and baryons is built of t- and u-channel
exchange diagrams based on an effective Lagrangian. Genuine resonances are included
as s-channel states. The scattering potential is unitarized in a Lippmann-Schwinger-type
equation. Analyticity is preserved, which is a prerequisite for a reliable extraction of
resonance parameters in terms of pole positions and residues in the complex energy plane.

Upon giving an introduction to the subject in Chap. 1 and showing selected results in
Chap. 2, we will describe the simultaneous analysis of elastic πN scattering and the reac-
tions π−p → ηn, K0Λ, K+Σ−, K0Σ0 and π+p → K+Σ+ within the Jülich framework in
Chap. 3. The free parameters of the model are adjusted to the GWU/SAID analysis of
elastic πN scattering and, in case of the inelastic reactions, to experimental data. Partial
waves up to J = 9/2 are included and we consider the world data set from threshold up
to E ∼ 2.3 GeV. We show our fit results compared to differential and total cross sections,
to polarizations and to measurements of the spin-rotation parameter. Finally, we present
the results of a pole search in the complex energy plane of the scattering amplitude and
discuss the extracted resonance spectrum in the isospin I = 1/2 and I = 3/2 sector.

The approach will be extended to pion photoproduction in Chap. 4. Here, the reactions
γp→ π0p and γp→ π+n are analyzed using the Jülich model as final-state interaction. In
a flexible and easy-to-implement parameterization, the γN interaction is approximated by
energy-dependent polynomials. We analyze over 22,000 data points of single- and double-
polarization observables. In order to estimate the impact of the high-precision double-
polarization measurements, we perform two fits excluding those data from the first one.
We discuss our fit results and present the photocouplings at the poles of the resonances
determined in the Jülich model of the hadronic interactions.

Conclusions and an outlook to future developments planned within the present framework
are given in Chap. 5.
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1.2 The Jülich model of πN scattering . . . . . . . . . . . . . . . . . . . . . . 8

1.2.1 The scattering equation . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2.2 The scattering potential . . . . . . . . . . . . . . . . . . . . . . . . 13

1.2.3 Pole positions and residues . . . . . . . . . . . . . . . . . . . . . . . 15

1.3 Connection to Photoproduction . . . . . . . . . . . . . . . . . . . . . . . . 19

1.3.1 The phenomenological photoproduction amplitude . . . . . . . . . . 19

1.3.2 Towards a complete experiment . . . . . . . . . . . . . . . . . . . . 21

2 Selected highlights 25

3 Pion-induced reactions 29

3.1 Summary of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.2 Coupled-channel dynamics in the reactions πN → πN , ηN , KΛ, KΣ 1 . . 82

4 Photon-induced reactions 83

4.1 Summary of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.2 Photocouplings at the Pole from Pion Photoproduction2 . . . . . . . . . . 122

5 Conclusion and Outlook 123

A Fit results for pion photoproduction 125

A.1 Differential cross section . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

A.1.1 γp→ π0p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

A.1.2 γp→ π+n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

A.2 Beam asymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

A.2.1 γp→ π0p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

A.2.2 γp→ π+n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

1The content of this section has been published in Ref. [1].
2The content of this section can be found in Ref. [2].

v



vi CONTENTS

A.3 Target asymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

A.3.1 γp→ π0p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

A.3.2 γp→ π+n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

A.4 Recoil polarization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

A.4.1 γp→ π0p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

A.4.2 γp→ π+n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

B Transformation of the scattering amplitude 177

B.1 Partial Wave Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . 177

B.1.1 Small d-Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

B.2 Transformation from helicity to JLS-Basis . . . . . . . . . . . . . . . . . . 180

B.2.1 Parity conservation . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

C Bare resonance vertices 185



Chapter 1

Introduction

1.1 Strong interactions and the spectrum of excited

hadrons

The experimental discovery of the Higgs boson at CERN in 2012 has closed one of the
last missing gaps of the standard model: the Higgs mechanism gives a finite mass to the
elementary fermions and bosons of the standard model. Now a unified theory of the three
fundamental forces, the electromagnetic, strong and weak interactions, has been achieved.
The elementary particles can be classified according to the forces they experience. Leptons
are subject to the electromagnetic and weak interactions, while the quarks experience the
strong force in addition. The so-called gauge bosons mediate the fundamental forces. Large
effort has been put in experiments designed to confirm the existence of particles predicted
by the standard model.

The manifestations of the electromagnetic force can be described in the formalism of quan-
tum electrodynamics (QED), a perturbative theory with a small coupling constant, that
provides very accurate predictions of fundamental quantities and is applicable at all energies
of the standard model. A unified theory of the electromagnetic and the weak interaction,
hence called electroweak interaction, was developed by Glashow, Weinberg, and Salam.

The strong interaction, on the other hand, proved to be less accessible in terms of a
perturbative approach. This is due to certain properties intrinsic to the strong force. In
contrast to the other fundamental particles, quarks are not observed as isolated particles,
a phenomenon known as confinement. The observable particles are mesons which contain
a quark-antiquark pair, and baryons that are built of three quarks or of three antiquarks.
Hadrons requiring more complex quark structures such as dibaryons, are called “exotic”.
Recently, two new charged Zb states, which contain at least four quarks, were discovered
by the Bell experiment, the Zb(10610) and Zb(10650) [3, 4, 5]. A review of the search for
exotic states can be found, e.g., in Ref. [6].

Due to confinement, the existence and the properties of quarks could only be deduced
from the experimentally observable particles, i.e. from mesons and baryons, collectively
called hadrons. In the 1960’s and 70’s, experiments at SLAC on deep inelastic scattering
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2 CHAPTER 1. INTRODUCTION

of electrons on protons [7, 9, 8] confirmed the Bjorken scaling [10], which implies that in
a scattering process with very high energy the constituents of a proton behave like almost
free, non-interacting particles. At low and medium energies, however, they are confined in
hadrons. This observation is known as asymptotic freedom: at large momentum transfer or
short distances, the coupling of the quarks inside the hadron is weak, whereas it is strong
at small momenta or long distances. A class of theories that incorporates the phenomenon
of asymptotic freedom is given by the non-Abelian gauge theories, developed by t’Hooft,
Politzer, Gross and Wilczek in the 1970’s. Quantum Chromodynamics (QCD) is a non-
Abelian gauge theory with gauge group SU(3)c that allows a perturbative treatment of the
strong interactions at high energies. A new quantum number is introduced: color [11], the
“charge” of the strong interaction. A quark carries one of three color states, red, green or
blue, an antiquark can be anti-red, anti-green or anti-blue. The observed hadrons, however,
are color-neutral objects. The gauge bosons of QCD are called gluons, they also carry color
charge and mediate the strong force.
Despite all these successes of the standard model, there remains one important terra incog-
nita: ”strong QCD”, the non-perturbative regime of the strong interaction. To make
progress in this field, there is a large experimental effort to study the production and
decay of baryon resonances.
Elastic πN scattering provides a well suited possibility to access the baryon spectrum.
Besides its large cross section, the comparable simple kinematical structure and the fact
that there are only four polarization observables, facilitate the theoretical as well as the
experimental analysis. Moreover, over 90 % of the mass in the visible universe is composed
of protons and neutrons. Accordingly, the first experimental studies of the elastic πN
scattering process date back several decades. The bigger part of the existing data on
elastic and inelastic πN scattering was taken in the 1960’s and 70’s. More recent data are
available only for the reaction π−p → ηn from Refs. [12, 13, 14]. In the last years, the
study of pion-induced reactions started at the EPECUR experiment at ITEP [15] and at
the E19 experiment at J-PARC [16]. Data are expected soon.
The photoproduction of pseudoscalar mesons provides another access to the baryon spec-
trum. The data situation of photon-induced hadronic reactions differs in quantity and
quality from the major part of the inelastic pion-induced reactions. At several experimen-
tal facilities, such as ELSA, JLab, MAMI, Spring-8 or GRAAL, the photo- and electropro-
duction of different final states like πN , ηN and KY is studied and a considerable amount
of high-precision data is available. A complete experiment, i.e. a set of measurements that
suffice to fully determine the photoproduction amplitude, has to contain single- as well
as double-polarization observables and will be available soon. A recent review of baryon
spectroscopy discussing experimental and theoretical approaches can be found in Ref. [17].

1.1.1 Theoretical approaches in the non-perturbative regime

Due to the large coupling, a perturbative treatment of QCD is not feasible at low or medium
energies —the expansion in a perturbation series does not converge. In the following we
briefly discuss selected theoretical approaches to describe the strong interactions and the
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spectrum of excited hadrons in the non-perturbative regime.

A. Quark models

In the early 60’s, Gell-Mann and Zweig developed a model built on SU(3) symmetry that
provides a pattern of how to compose the different hadrons of quarks [18, 19]. They
introduced a flavor quantum number to characterize different species of quarks. The light
baryons are built of three quark flavors: u (up), d (down) and s (strange). They can be
arranged into different multiplets, a meson octet, a baryon octet and a baryon decuplet,
with respect to their isospin Iz and hypercharge Y . This is known as the eight-fold way.
Based on this approach, Gell-Mann predicted the existence of the Ω− baryon, that was
observed experimentally shortly after [20]. Since then, additional hadrons were discovered
whose properties could not be explained in terms of the three light quarks u, d, and s.
Their observation supplemented by certain standard model constraints suggested three
more, heavy quarks flavors: c (charm), b (bottom) and t (top). The existence of those
heavy quarks was confirmed in experiments on high energy collision. The perception that
hadrons are formed of valence quarks is very successful in explaining and predicting the
quantum numbers of hadrons, but it cannot account for the fact that the mass of a hadron
is much larger than the summed masses of its valence quarks. The greater part of the mass
is associated with the gluon-field energy inside a hadron.

Besides the ground state hadrons, there is a large number of excited states. Those reso-
nances are produced in scattering processes and decay back into their ground states very
quickly. An excited state can become visible in experimental observables, e.g., the ∆ res-
onance shows up as a very prominent peak in the πN total cross section. However, such a
clear identification of a resonance is most seldom possible. In the medium energy regime
from about 1 GeV up to 2 GeV, a rich spectrum of excited states is observed, whose for-
mation and characteristics have been the subject of many experimental and theoretical
programs. With regard to a universal description of the strong interaction, understanding
the excitation spectrum of hadrons is essential.

In the 1960’s, quark models have been developed to describe the spectrum of excited
hadrons. Constituent quark models aim at a systematic organization of hadron properties
in terms of SU(6) × O(3) supermultiplets [21]. In more advanced approaches, relativistic
kinematics are introduced as, e.g., in Ref. [22] and in relativistic quark models a covariant
formulation is developed, see, e.g., Refs. [23, 24, 25].

The predictions of quark models for the low-lying resonances are in good agreement with
experimental results, while evidence for other predicted states at higher energy is missing.
This is frequently called the “missing resonance problem” [26]. A highly controversial
resonance state is given by the first excitation of the nucleon with positive parity, the
Roper resonanceN(1440) 1/2+. In quark model calculations such as the harmonic oscillator
model, the mass of the Roper resonance was usually predicted to lie above the first negative-
parity states. The experimental spectrum, however, reveals a Roper mass below the latter.
This observation gave rise to the interpretation of the Roper resonance as a state generated
dynamically from the meson-baryon interaction without any genuine three-quark structure.
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Concerning the decay widths of the hadronic resonances, there are hardly any quark model
studies. At present, quark models are superseded by more fundamental approaches.

B. Fundamental theories

B.1 Effective field theory

One very powerful tool to describe the strong interactions in the non-perturbative regime of
QCD is provided by effective field theories (EFTs). The concept of an EFT is built on the
assumption that the details of the high-energy dynamics should not affect the low-energy
dynamics very strongly. Identifying the relevant degrees of freedom in the considered
energy regime often allows for a perturbative solution of the problem. The influence of
the underlying theory is absorbed in the strength of the coupling constant. Furthermore,
the low-energy theory should be consistent with the symmetries of the underlying high-
energy theory. As Weinberg stated in Ref. [27], the task is to find the most general
possible Lagrangian including all terms consistent with those symmetries. The complexity
of calculating cross sections or other observable quantities is strongly reduced in effective
theories.
As an example, consider light by light scattering at energies much lower than the electron
mass. An effective Lagrangian can be constructed where the photons are the only dynam-
ical degrees of freedom. However, electrons, that are the dynamical degrees of freedom in
the underlying theory (QED), contribute to the scattering of the two photons, e.g., via a
box diagram. The explicit evaluation of those diagrams in the framework of QED gives
the values of the coupling constants in the effective theory. The effective theory for light
by light scattering is given by the Euler-Heisenberg effective Lagrangian [28].
In case of the strong interaction, the underlying high-energy theory is QCD, while the
relevant degrees of freedom at low energies are the color-neutral hadrons.
Considering only the three light quark flavors u, d, and s, the QCD Lagrangian reads

LQCD = q̄(i /D −Mq)q −
1

4
Gα
µνG

αµν (1.1)

where q denotes the quark field qT = (u, d, s), Dµ is the covariant derivative, Gα
µν the gluon

field strength tensor and Mq = diag(mu,md,ms). Decomposing the quark fields q into
left-handed and right-handed components,

qL =
1

2
(1− γ5)q and qR =

1

2
(1 + γ5)q , (1.2)

Eq.(1.1) can be written as

LQCD = q̄Li /DqL + q̄Ri /DqR − q̄LMqqR − q̄RM†
qqL −

1

4
Gα
µνG

αµν . (1.3)

Compared to the typical hadronic mass scale of about 1 GeV, the masses of the light quarks
can be neglected, i.e. Mq = 0. In this limit, the QCD Lagrangian Eq. (1.3) exhibits a
global symmetry

SU(3)L × SU(3)R × U(1)V × U(1)A , (1.4)
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besides other symmetries like Lorentz invariance, SU(3)c gauge invariance and P , C, T
invariance. The left- and right-handed quark fields transform independently under the
chiral symmetry SU(3)L × SU(3)R

(qL, qR)→ (LqL, RqR) with L,R ∈ SU(3)L,R . (1.5)

The limit of vanishing light quark masses is hence called the “chiral limit”. The subscripts
V and A in Eq.(1.4) denote vector (V = L+R) and axial vector (A = L−R) transforma-
tions. While the symmetry U(1)V is realized as the conservation of the baryon number in
the standard model, there is no conserved current in quantum theory that corresponds to
the U(1)A symmetry (U(1)A anomaly).

The chiral symmetry is realized in nature in the Goldstone mode, which implicates a
spontaneous breakdown of the symmetry: the ground state is not invariant under the full
SU(3)L×SU(3)R symmetry, but the vector subgroup SU(3)V remains unbroken (c.f. Vafa-
Witten theorem [29]). Goldstone’s theorem implies that a spontaneously broken continuous
symmetry leads to the appearance of a massless particle with spin 0 [30, 31]. Such particles
are called Goldstone bosons. In case of the spontaneous breaking of the chiral symmetry
to the vector subgroup SU(3)V , the number of Goldstone bosons is 8 and an identification
with the 8 lightest pseudoscalar mesons of the known hadronic spectrum (π±, π0, K±, K0,
K̄0) stands to reason.

B.2 Chiral perturbation theory

At energies well below 1 GeV, the Goldstone bosons are the only relevant degrees of
freedom. A general formalism to construct the most general Lagrangian consistent with a
spontaneously broken symmetry was presented in Refs. [32, 33]. In reality, chiral symmetry
is explicitly broken by the non-vanishing quark masses, which has to be taken into account
when constructing the effective Lagrangian for the Goldstone bosons. The same applies
to electromagnetic effects. A systematic low-energy expansion of the Lagrangian is given
in the framework of chiral perturbation theory (ChPT), which represents the EFT for the
low-energy strong interactions. Fundamental developments of ChPT have been done, e.g,
in Refs. [27, 34, 35], see also Refs. [36, 37, 38] for reviews.

Expanding the theory to higher orders of momentum requires the inclusion of loop diagrams
in order to preserve unitarity and analyticity. Weinberg established a power counting
scheme to determine the number of terms needed to evaluate the Lagrangian to a fixed order
in momentum [27]. In this way, the effective theory, that is in general not renormalizable,
behaves like a renormalizable field theory. Beside the power counting in momentum, other
schemes have been developed.

Unknown coupling constants of the chiral Lagrangian, called low-energy constants (LEC),
incorporate effects of heavy degrees of freedom or higher mass states. The LECs cannot
be calculated directly from the underlying theory (QCD), but have to be determined from
experimental data or phenomenology. Other possibilities are provided, e.g., by lattice
gauge theory.
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Compared to the masses of the Goldstone bosons, baryon masses constitute a heavier mass
scale. The ground state baryons can be included in the formalism of ChPT in form of matter
fields and one constructs the most general chiral Lagrangian in terms of the Goldstone
bosons and those matter fields. Due to the new mass scale, the power counting scheme
cannot be applied in the same way as in the Goldstone boson sector [39]. Tools to resolve
this problem are given by heavy-baryon chiral perturbation theory (HBChPT) [40, 41, 42]
or the method of infrared regularizations [43]. A review of ChPT involving one or more
nucleons can be found in Refs. [44, 45].

In a variety of different approaches, the concepts of ChPT have been developed further to
tackle many of the problems in the low-energy regime of strong interactions. Here, we would
like to mention unitarized chiral perturbation theory. In this approach, a scattering kernel
derived from the chiral Lagrangian is iterated in a Bethe-Salpeter equation and baryon
resonances restricted to a few partial waves can be described. Coupled-channels calculation
are possible as well as the dynamical generation of resonances. See, e.g., Refs. [46, 47, 48]
or, for more recent developments, Refs. [49, 50, 51].

In πN scattering, the low-energy regime is completely understood in terms of ChPT [52, 53].
However, a combined description of the resonance spectrum at low and medium energies
requires model assumptions from other approaches.

B.3 Lattice QCD

Lattice gauge calculations [54] provide a promising approach to extend QCD into the non-
perturbative regime of hadrons. Instead of a continuum gauge theory, a discrete statistical
mechanical system is applied on a four-dimensional Euclidean lattice. Exact gauge invari-
ance is preserved. Wilson showed in Ref. [54] that in the computable strong-coupling limit
the asymptotic states of the theory are SU(3) color singlets, which is equivalent to the
assumption that QCD exhibits confinement of quarks.

In Ref. [55], properties of different ground state hadrons have been determined using lattice
calculations and in Refs. [56, 57, 58] also excited states were studied. Recent progress in
the determination of the resonance spectrum can be found in Refs. [59, 60, 61, 62, 63].

Despite this obvious success of lattice gauge simulations, the pion mass that enters the
calculations is still unphysically large and the numerical treatment entails a high compu-
tational effort. The analysis is, thus, usually restricted to the ground states or at most to
the first excited states.

C. Phenomenological analyses

C.1 Partial-wave analyses and K-matrix approaches

In the past to present day, partial-wave analyses have played an essential role in the deter-
mination of resonance properties. The classic analyses by Cutkosky, Höhler or Arndt [64,
65, 66, 67, 68] were mainly limited to elastic πN scattering . More recent partial-wave
analyses are provided by the SAID analysis of the GWU/DAC group [69, 70, 71], by
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the Bonn-Gatchina group [72, 73, 74, 75] or by the unitary isobar model of the MAID
group [76, 77]. Large data sets of the pion- and photon-induced production of pions, etas,
kaons or multiple particles like ππN are analyzed and the considered energy range covers
the complete resonance region.

In order to derive resonance parameters from partial-wave amplitudes, a frequently applied
tool is given by K-matrix approaches. Here, the scattering kernel of a Bethe-Salpeter
equation is usually approximated by on-shell intermediate states in addition to explicit
resonance graphs. While unitarity is preserved, the omission of the real dispersive parts
of the intermediate two-body states leads to the violation of analyticity. In this way,
the strength of multiple scattering contributions is truncated and bound states cannot be
generated. Due to the above mentioned approximations, the K-matrix approach offers a
practical tool to analyze large amounts of data in different channels. However, for the
extraction of resonance parameters in terms of poles and residues, analyticity is crucial.
Moreover, the dynamical generation of a resonance state is, in general, not possible in
K-matrix approaches.

In the K-matrix approach of the Gießen group [78, 79, 80, 81], the resonance and back-
ground diagrams are constructed based on an effective Lagrangian. Many reaction channels
are analyzed simultaneously.

The K-matrix in the GWU/SAID partial-wave analysis is built of energy-dependent, purely
phenomenological polynomials. With the exception of the ∆(1232)3/2+, no explicit reso-
nance states are included. In this sense, the extraction of the baryon spectrum is model-
independent. Of course, information on the microscopic reaction dynamics cannot be
obtained from such a phenomenological approach. In Ref. [82] a review of the GWU/SAID
analysis can be found.

C.2 Dynamical coupled-channel models

At higher energies, the coupling of the different reaction channels becomes important.
Overlapping, broad resonances and the superposition of resonances and background com-
plicate the disentangling of the individual states. To approach those problems, dynamical
coupled-channel (DCC) models provide a particularly suited tool. Based on effective La-
grangians, they preserve essential QCD symmetries at tree level. Unitarity of the scattering
amplitude is ensured by an iteration in a Lippmann-Schwinger equation, which is also the
origin of the linking of different reaction channels and partial waves.

A systematic, microscopic description of the background is provided by meson- and baryon-
exchange potentials in form of t- and u-channel diagrams. In contrast to many K-matrix
approaches, the real dispersive parts of the intermediate states are included in the calcula-
tion of the scattering amplitude and analyticity is, thus, preserved. This enables a reliable
determination of the resonance spectrum in the form of pole positions and residues in the
complex energy plane. Explicit resonance states are included as s-channel graphs, but
the dynamical generation of resonances caused by the interplay of the meson and baryon
exchanges is also possible. This allows for a systematic test of the nature of certain states
as, e.g., the Roper resonance.
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Furthermore, a simultaneous analysis of different reactions in a coupled-channel approach
provides the possibility to shed light on the “missing resonance problem”, since states
not seen in experiments on elastic πN scattering might couple predominantly to inelastic
channels like ηN or KY .

Dynamical coupled-channel models have been applied to the analysis of pion- and photon-
induced reactions considering energies over the whole resonance region from threshold up
to and beyond 2 GeV. Recent examples can be found in Refs. [83, 84, 85, 86, 87, 88, 89,
90, 91, 92].

In this study, we apply the DCC approach of the Jülich2012 model [1] described in more
detail in the following section.

1.2 The Jülich model of πN scattering

The Jülich model is a dynamical coupled-channel model originally constructed to describe
elastic pion-nucleon scattering in the threshold region. In Refs. [93, 94, 95, 96, 97, 98] the
ππN channel was introduced parameterized as effective ρN , σN and π∆ channels, as well
as the ηN channel, and the model was extended to higher energies. It was found that the
Roper resonance N(1440)1/2+ can be generated dynamically from the σN channel [96]. A
first step towards the extension to the strangeness sector was achieved in Ref. [99], where
the reactions πN → πN and π+p → K+Σ+ were analyzed and the isospin 3/2 resonance
spectrum was extracted.

In the Jülich model, analyticity is respected and the correct structure of branch points is
included [100, 101], which allows for a reliable determination of the resonance spectrum
in terms of pole positions and residues in the complex scattering plane. The scatter-
ing amplitude is unitarized in a Lippmann-Schwinger equation and two-body unitarity is
guaranteed. Due to the large inelasticity caused by the ππN channel, three-body unitarity
is also important. In the current approach, three-body unitarity is only approximate as
described in Sec. 3.2 of Chap. 3.

In the most recent version of the Jülich model (Jülich2012 ) [1], the resonance analysis is
extended to the isospin 1/2 sector. In a simultaneous analysis, elastic πN scattering and
the reactions π−p→ ηn, K0Λ, K+Σ−, K0Σ0 and π+p→ K+Σ+ are studied. An overview
of the channels included in the Jülich approach and their threshold energies can be found
in Fig. 1.1. Pole positions and residues of nucleon and Delta resonances are extracted.

The Jülich2012 model is one of the subjects of the present study. The foundations of
the approach will be explained in the following sections, while the results of the fit to
experimental data and the resonance analysis can be found in Chap. 3.

1.2.1 The scattering equation

The scattering of two relativistic particles can be described by the covariant Bethe-Salpeter
equation



1.2. THE JÜLICH MODEL OF πN SCATTERING 9

πN ππN

1077 1215
π∆

ηN

1486

σN

KΛ

1611

KΣ

1688

Nρ
ECM[MeV]

Figure 1.1: Channels included in the Jülich model and their threshold energies. The
effective ππN channels (π∆, σN , ρN) are not depicted with a fixed threshold energy since
they are matched to the phase shifts of the ∆, ρ and σ resonances and therefore come with
a finite width.

T = K +KGT . (1.6)

Here, T is the scattering matrix from which all observables can be calculated and G is
the relativistic two-body propagator. The scattering kernel K includes all irreducible
diagrams, which results in an infinite series of diagrams that has to be truncated for
practical calculations. This approximated scattering kernel will be called V in the following.

In momentum space the scattering equation reads

T (p′′, p′, E) = V (p′′, p′, E)− i

(2π)4

∫
d4p V (p′′, p, E)G(p, E)T (p, p′, E) , (1.7)

where p′ (p, p′′) is the incoming (intermediate, outgoing) momentum and E is the total
energy of the scattering process. The solution of this four dimensional integral equation
can be achieved by applying the method of Blankenbecler and Sugar [102]. The integral is
reduced to three dimensions by approximating the propagatorG. Yet, this approximation is
not unique and leads to an ambiguous off-shell behavior. Since the correct off-shell behavior
is a prerequisite for the description of inelastic scattering and the extraction of resonance
pole positions and residues in the complex energy plane, we solve the four dimensional
integral in the framework of time-ordered perturbation theory (TOPT) [103, 104, 105, 106].
This non-covariant approach provides a distinct prescription for the construction of the off-
shell potentials and the explicit time-ordering allows to carry out the integration over the
energy component in Eq. (1.7) explicitly. In this way, it reduces the scattering equation to
three dimensions.

In principle, the scattering equation stated above can be derived starting with the Hamil-
tonian H of the system:

H = H0 + V , (1.8)

where H0 and V describe the non-interacting and interacting parts of the system, respec-
tively. A Green’s function G can be defined that solves the inhomogeneous problem

(E −H0)G = VG , (1.9)
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while the free Green’s function G0 solves the homogenous problem

(E −H0)G0 = 1 . (1.10)

The Green’s function G can be expressed in terms of the free Green’s function G0 and the
interaction potential V :

G = G0 + G0VG = G0 + G0VG0 + G0VG0VG0 + . . . = G0 + G0TG0 , (1.11)

where we have written the scattering matrix T as

T = V + VG0V + VG0VG0V + . . . = V + VG0T . (1.12)

The free Green’s function of the system is given by

G0 =
∑

n

|n〉〈n|
E − En + iε

. (1.13)

Here, the sum over n contains all possible multi-particle states, which results in an infinite
series. Furthermore, Eq. (1.13) implies the integration over the continuum and the sum-
mation over discrete variables. For an actual calculation, the series in Eq. (1.13) has to

be truncated. To this purpose, we divide G0 into a part G(2)
0 which includes all two-body

intermediate states and a part G̃0 which comprises the rest:

G0 = G̃0 + G(2)
0

=
∑

ñ

|ñ〉〈ñ|
E − Eñ + iε

+
∑

n(2)

|n(2)〉〈n(2)|
E − En(2) + iε

. (1.14)

In a last step, we write Eq. (1.12) in terms of the two Green’s functions defined in Eq. (1.14)
and arrive at an equation of the same form as Eq. (1.7)

T = V + V G(2)
0 T , (1.15)

Here, we defined the effective two-body potential V = V/1− G̃0. It can be expanded as

V = V
∞∑

k=0

(∑

ñ

|ñ〉〈ñ|
E − Eñ + iε

V
)k

. (1.16)

The sum in Eq. (1.16) results in a set of all two-body irreducible diagrams with an arbitrary
number of particle in the intermediate state. The construction and truncation of the
effective potential V will be described in Sec. 1.2.2. Eq. (1.15) denotes a scattering equation
for two particles in the initial and final state.

We now define a basis where the initial (intermediate, final) state is characterized by its
helicity λ′ (λ, λ′′) and isospin I. The scattering equation takes the form
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T Iµν(~p
′′, λ′′, ~p ′, λ′, E) = V I

µν(~p
′′, λ′′, ~p ′, λ′, E)

+
∑

κ,λ

∫
d3pV I

µκ(~p
′′, λ′′, ~p , λ, E)Gκ(p, E)T Iκν(~p, λ, ~p

′, λ′, E) . (1.17)

The additional index µ (ν) denotes the initial (final) state of the scattering process and
we sum over all intermediate channels κ. In this way, we account for the coupling of the
different channels, which is important for an energy regime where inelastic processes play
a dominant role.

Despite the reduction to three dimensions, the numerical solution of the integral in Eq. (1.17)
is still very costly and further simplifications are required. Taking advantage of the rota-
tional invariance of strong interactions, one performs a partial wave decomposition of the
helicity states in Eq. (1.17), thus, reducing the integral to one dimension. In addition, we
switch from helicity to JLS basis, the conventional basis of partial-wave amplitudes. Here,
J denotes the total angular momentum, L is the orbital angular momentum and S the
total spin of the state. Details of those transformations can be found in Appendix B.

Explicitly, a matrix element T , describing the transition form channel µ with momentum
p′, spin S ′ and orbital angular momentum L′ to channel ν with momentum p′′, spin S ′′ and
orbital angular momentum L′′ for a given scattering energy E (suppressed in Eq. (1.18))
is given by

〈L′′S ′′p′′|T IJµν |L′S ′p′〉 = 〈L′′S ′′p′′|V IJ
µν |L′S ′p′〉

+
∑

κ,L,S

∫
dp p2〈L′′S ′′p′′|V IJ

µκ |LSp〉Gκ(p)〈LSp|T IJκν |L′S ′p′〉. (1.18)

The two-body propagator G for channels with the stable particles πN , ηN , KΛ and KΣ
has the form

Gκ(p, E) =
1

E − Ea(p)− Eb(p) + iε
, (1.19)

where Ea =
√
m2
a + p2 and Eb =

√
m2
b + p2 are the energies of the intermediate particles

a and b in channel κ. In case of the effective ππN channels parameterized as π∆, σN ,
and ρN , the unstable subsystems are boosted to the quasi-particle center-of-mass frame
and the σ, ρ, and ∆ phase shifts are matched. The corresponding propagators take a more
complex form than Eq. (1.19) [96, 100].

In a shortened notation the scattering equation can be written as

Tµν(p
′′, p′, E) = Vµν(p

′′, p′, E) +
∑

κ

∞∫

0

dp p2 Vµκ(p
′′, p, E)Tκν(p, p

′, E)

E − Ea(p)− Eb(p) + iε
. (1.20)
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Figure 1.2: Schematic representation of the scattering equation Eq. (1.20).

A schematic representation of Eq. (1.20) for an incoming (intermediate, outgoing) meson
m′ (m, m′′) and an incoming (intermediate, outgoing) baryon B′ (B, B′′) can be found in
Fig. 1.2.
The scattering equation is solved using the Haftel-Tabakin scheme [107].

Decomposition of the amplitude

In the present study, we use the two-potential formalism to decompose the scattering
amplitude into a pole and a non-pole part

T = T P + TNP . (1.21)

The non-pole part TNP is evaluated from the non-pole potential V NP . The latter is the
sum of the t- and u-channel exchange diagrams. Their construction based on effective
Lagrangians is described below in Sec. 1.2.2.
The pole or resonance part, T P is generated by V P which is built of s-channel resonance
graphs. T P can be calculated via

T Pµν(p
′′, p′, E) =

Γaµ(p′′)Γcν(p
′)

E −mb − Σ(E)
, (1.22)

where mb is the bare mass of the resonance and Γcµ (Γaµ) is the dressed resonance creation
(annihilation) vertex with

Γcµ(p′) = γcµ(p′) +
∑

ν

∞∫

0

dp p2 γcν(p)Gν(p, E)TNPνµ (p, p′, E)

and Γaµ(p′′) = γaµ(p′′) +
∑

ν

∞∫

0

dp p2 TNPνµ (p′′, p, E)Gν(p, E) γaν (p) (1.23)

with the bare resonance creation (annihilation) vertices γcµ (γaµ). The explicit form of γcµ
and γaµ can be found in Ref. [99] or in Appendix C of this work. The self-energy Σ in
Eq. (1.22) is given by

Σ(E) =
∑

µ

∞∫

0

dp p2 γcµ(p′)Gµ(p, E)Γaµ(p′) . (1.24)
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The resonances obtain their width from the rescattering in Eq. (1.20). The formalism can
be expanded to the case of two resonance in one partial wave [108], and is presented in
Eqs. (4) and (5) in Sec. 3.2 of Chap. 3.

The decomposition of the amplitude into a pole and a non-pole part is of advantage in
the numerical solution of the scattering equation and in the fitting procedure, since the
evaluation of T P is considerably faster than the evaluation of TNP . As Eqs. (1.22) and
(1.23) show, the free parameters in T P can be varied without recalculating TNP . Numerical
details and the free parameters of our model are described in Sec. 3.2 of Chap. 3 on page
33.

TNP is often referred to as background, although the dynamical generation of resonances via
the interplay of the t- and u-channel diagrams is possible. The separation into T P and TNP

is model-dependent and we do not associate any physical meaning to this decomposition of
the amplitude. A clean separation is given by a singularity-free part that constitutes the
background, while resonances are defined in terms of pole positions and residues of the full
scattering amplitude in the complex energy plane [101, 100]. The determination of pole
positions and residues will be described in Sec. 1.2.3.

1.2.2 The scattering potential

The effective Lagrangian

At low and medium energies the description of the strong interaction in terms of quarks
and gluons fails because QCD is non-perturbative due to its large coupling constant. As
described in Sec. 1.1.1, the concept of an effective field theory addresses this problem by
adopting the symmetries of QCD, but formulates the interaction in terms of the relevant
hadronic degrees of freedom, i.e. mesons and baryons.

In this study, the non-pole part of the scattering kernel Vµν iterated in Eq. (1.20) is con-
structed based on effective Lagrangians [109], see also Ref. [110]. Earlier, less general
studies of effective chiral Lagrangians involving vector mesons have also been done by
Wess and Zumino [111]. This Lagrangian is consistent with the approximate (broken)
chiral SU(2) × SU(2) symmetry of QCD. It describes the interaction of nucleons, pions,
and vector mesons like the ρ meson or the pseudovector meson a1. The Lagrangian can be
directly generalized to SU(3)× SU(3).

In Ref. [111], starting from the nonlinear σ model with the pion field π and the nucleon
field ψ, a new pion field ξ and a new nucleon field N are introduced. N is related to ξ and
ψ via

N =

(
1− iγ5ξ

1 + iγ5ξ

)1/2

ψ =
1− iγ5ξ

(1 + ξ2)1/2
ψ . (1.25)

Under chiral symmetry the fields transform like

1− iγ5ξ

1 + iγ5ξ
→ e−iαγ5

1− iγ5ξ

1 + iγ5ξ
e−iαγ5

N → eiβN (1.26)
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with α = ~α~τ and β = ~β~τ . α and β are the group parameters of the axial and vector
SU(2) group, respectively. The goal is to find a Lagrangian having invariance properties
consistent with the above symmetry transformations.

Performing a gauge transformation, i.e. allowing the parameters α and β to be coordinate
dependent, one has to introduce two additional gauge fields to restore the invariance of the
Lagrangian. The vector gauge field ρµ = ~ρµ~τ is associated with the ρ meson and the axial
gauge field aµ = ~aµ~τ with the a1 meson.

An infinitesimal vector gauge transformation can be written as

δρµ = i[β, ρµ] +
2

g
∂µβ and δaµ = i[β, aµ] , (1.27)

while an infinitesimal axial gauge transformation can take the form

δρµ = i[α, aµ] and δaµ = i[α, ρµ] +
2

g
∂µα . (1.28)

In Eqs. (1.27) and (1.28) g is a coupling constant.

The Lagrangian constructed for the fields ξ, N , ρµ and aµ in Ref. [111] consists of three
parts. The first part, L1, is invariant under the gauge transformation. L2 has only global
SU(2) × SU(2) invariance and therefore breaks gauge invariance, whereas L3 is invariant
under isospin transformation only. L1 is built of all functions of ξ, N , ρµ and aµ which
preserve SU(2) × SU(2) gauge invariance. Those invariants are constructed in the usual
way, i.e. by defining covariant derivatives and field strength tensors.

In Table 12 in Appendix B of Sec. 3.2 we list the parts of the effective Lagrangian that are
applied in the present study. Note that we use a notation slightly different from Ref. [111].
Details on additional terms [96, 98] not included in the Wess-Zumino Lagrangian, like the
∆ isobar, the ω, a0, η meson and the σ, can also be found in this section.

Exchange diagrams

As mentioned at the beginning of this section, we apply time-ordered (or non-covariant, old
fashioned) perturbation theory (TOPT) to solve the scattering equation. The method is
explained in detail in Ref. [103] and in Refs. [104, 105] its application within the framework
of a meson exchange model is presented.

In TOPT, the S-matrix is expanded in terms of the matrix elements of the Hamiltonian
H

Sfi = δfi +
∞∑

n=1

(−i)n
∫ ∞

−∞
dt(1) . . .

∫ t(n−1)

−∞
dt(n)HI(t

(1)) . . . HI(t
(n)) (1.29)

with the interaction part of the Hamiltonian operator HI(t). The Lagrangian L is trans-
formed to the Hamiltonian density H using a Legendre transformation. If the Lagrangian
L includes a time derivative of the exchanged meson, this procedure causes the appearance
of additional diagrams, so-called contact graphs, in order to restore the on-shell equivalence
between time-ordered and covariant perturbation theory.
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Due to the explicit time ordering, an exchange diagram in covariant perturbation theory
corresponds to a pair of diagrams in TOPT (plus a possible contact term). Those are
called the first and second time ordering and imply the exchange of a particle and its
anti-particle, c.f. Fig. 1.3.

=̂ + +

Figure 1.3: Exchange diagram in covariant perturbation theory (left) and TOPT (right).

As can be seen in Eq. (1.16), in principle, the scattering potential corresponds to a set of
all two-particle irreducible diagrams with an arbitrary number of virtual particles in the
intermediate state. This infinite series has to be truncated. In the present approach, we
keep all diagrams with three or less intermediate particles. All t-channel meson exchange
and u-channel baryon exchange diagrams, as well as the contact graphs, that constitute
V NP can be found in Fig. 2 of Sec. 3.2 on pages 3 and 4. Explicit expressions for the non-
pole potentials are given in Appendix B.1. of Sec. 3.2. In Appendix B.2, we explain how
the coupling constants of several exchange diagrams are related to each other by SU(3)
flavor symmetry.

The effective ππN channels: ρN , σN and π∆

The intermediate ππN channel is parameterized as effective ρN , σN and π∆ channels [96,
98]. The diagrams for this interaction are constructed in a different way than the one
described above because no stable particles are exchanged. Instead, they are included as
correlated ππ and πN pairs. The decay of the ρ and the σ meson into the ππ system and
of the ∆ into the πN system is accounted for and the properties of the unstable particles
are determined from the corresponding phase shifts. The interactions with the ρ and σ
were constructed by means of dispersion relation techniques and crossing symmetry using
analytically continued N̄N → ππ data (c.f. Fig. 3 in Sec. 3.2).

To maintain the correct analytic structure of the scattering amplitude the branch points
of unstable particles have to move away from the physical axis and into the complex
plane [100].

1.2.3 Pole positions and residues

The goal of the present study is the extraction of the baryon spectrum in the second and
third resonance region. Here, due to overlapping resonances or the superposition of reso-
nances and background, the characterization of an excited state in terms of a Breit-Wigner
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mass and width becomes questionable, especially when different reactions are analyzed
simultaneously. In contrast, a reliable characterization of a resonance that is much less
model-dependent is given in terms of pole positions and residues in the complex energy
plane. The “mass” of a resonance corresponds to the real part of the pole position E0,
while the “width” is associated with the imaginary part via Γ = −2ImE0.
The extraction of pole positions requires full analyticity of the scattering amplitude T
and a thorough understanding of the singularity structure of the S-matrix. Every channel
opening induces a branch point and a new Riemann sheet and cut. Branch points of
channels with stable particles are located on the physical axis and the first (physical)
Riemann sheet. Branch points of the channels with unstable particles, in our case ρN , σN
and π∆, move into the complex energy plane. Besides those, the only other singularities
allowed on the first sheet are bound states, i.e. poles on the real axis below the lowest
threshold.
A resonance is defined as a pole on the second, unphysical Riemann sheet with its real part
located above the lowest threshold. Poles on the second sheet with the real part below the
threshold are called virtual states. In Ref. [112] it was shown that the correct inclusion
of branch points in the complex plane is crucial for a reliable extraction of resonance
parameters. The absence of those branch points might lead to false pole signals. In Sec. 4
of Sec. 3.2, the singularity structure of the present approach is described in detail and
in Fig. 35 of Sec. 3.2 the complex energy plane with all branch points and resonances is
shown. The latter figure can also be found in Chap. 2 of the present work.
To determine the pole positions on the second sheet, we apply the method of analytic
continuation following Ref. [100]. The partial-wave amplitude on the second Riemann
sheet T (2) is accessed via a contour deformation of the momentum integration. In case of
two stable particles in the intermediate state, the scattering equation Eq. (1.20) is of the
form

T (2)
µν (p′′, p′, E)− Vµν(p′′, p′, E) = δG+

∫
dpp2Vµκ(p

′′, p, E)T
(2)
κν (p, p′, E)

E − Ea(p)− Eb(p) + iε
. (1.30)

The additional term δG is given by

δG =
2πip>onE

on
a E

on
b

E
Vµκ(p

′′, pon, E)T (2)
κν (pon, p

′, E) (1.31)

with the on-shell energies of the stable particle Eon
a(b) and the on-shell three-momentum in

the c.m. frame of the two stable particles a and b

pon =
1

E

√
(E2 − (ma −mb)2)(E2 − (ma +mb)2) . (1.32)

The on-shell momentum pon is two-valued itself, thus, one has to distinguish the two
Riemann sheets of pon:

p>on =

{
−pon if Im pon < 0

pon else
and p<on = −p>on . (1.33)
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In case of unstable particles, the propagator and its analytic continuation is more compli-
cated, because the unstable particle induces two additional branch points in the complex
energy plane. This means that instead of two Riemann sheets, there are four sheets. As
in the case of a stable particle propagator, the key to access the unphysical sheets is a
deformation of the integration contour [100]. Because poles can be located on all these
sheets, on has to apply certain selection criteria to define the sheets where the pole search
is performed. Those criteria are also given in Ref. [100].

Beside the pole position, the relevant quantities to characterize a resonance are the pole
residue |r| and its phase θ. To determine those, in a first step the scattering amplitude
T (2) on the second sheet is expanded in a Laurent series around the pole position E0

T (2)
µν =

a−1,µν

E − E0

+ a0,µν +O(E − E0) , (1.34)

and the residue a−1 is obtained by a closed contour integration along the path Γ(E) around
the pole:

an =
1

2πi

∮

Γ(E)

T (2)(E) dE

(E − E0)n+1
. (1.35)

An alternative way to determine a−1, that is advantageous in numerical calculation, is
given by an iterative procedure [99]

∂

∂E

∣∣∣∣
E=E0

1

T (2)(E)
=

1

a−1

(1.36)

∂2

∂E2

∣∣∣∣
E=E0

1

T (2)(E)
= −2a0

a2
−1

∂3

∂E3

∣∣∣∣
E=E0

1

T (2)(E)
=

6(a2
0 − a−1a1)

a3
−1

.

This procedure is faster than the one in Eq. (1.35) because no integration is required.
Although it is numerically stable, it is slightly less accurate than Eq. (1.35).

The pole residue r = |r|eiθ as quoted by the PDG [113] is defined as

τ = τB +
|r| eiθ

M − E − iΓ/2 . (1.37)

Here, the partial-wave amplitude τ can be related to the T -matrix via

τµν = −π√ρµ ρν Tµν , ρµ =
pµEµ ωµ

E
(1.38)

where pµ (Eµ, ωµ) are the on-shell three-momentum (baryon, meson energies) of the initial
(i) or final (f) meson-baryon system. Γ in Eq. (1.37) denotes the widths of a resonance on
top of a background τB.
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Combining Eqs. (1.34), (1.37) and (1.38) we obtain

|r| = |a−1 ρµ|, θ = −π + arctan

[
Im (a−1 ρµ)

Re (a−1 ρµ)

]
. (1.39)

In Tables 3 to 8 of Sec. 3.2 (page 49 and the following), the results of the resonance
properties extracted in the present study can be found. In addition to pole positions we
show the transition branching ratios defined in terms of the normalized residues. The
normalized residue (NR) is given by

(NR)πN→µν =
π
√
ρπNρµgπNgµ

Γtot/2
, (1.40)

where gµ can be obtained from a−1,πNµ = gπNgµ and Γtot = −2ImE0 is the resonance
width. The transition branching ration from πN into channel µ is defined by the modulus
of the normalized residue:

Γ
1/2
πNΓ

1/2
µ

Γtot

= |(NR)πN→µν | . (1.41)
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1.3 Connection to Photoproduction

The analysis of hadronic reactions and photoproduction in a combined approach is an
important step towards a reliable description of the baryon spectrum. A large amount
of high-precision photoproduction data is available these days and awaits a theoretical
analysis. Because of the high accuracy, it is expected that more information than just the
photocoupling of the resonances can be gained from those measurements. An analysis of
the data could, e.g., help to resolve the nature of questionable resonances or even lead to
the observation of new states.

The connection of pion photoproduction to the hadronic Jülich model was achieved re-
cently [114]. Here, the photon-nucleon interaction is described in a field-theoretical frame-
work [115, 116, 117] that ensures full gauge invariance as dictated by the generalized
off-shell Ward-Takahashi identity. The hadronic final state interaction is provided by the
Jülich approach. In Ref. [114], an older version of the Jülich model [98] was applied
which includes, besides the πN and ηN channel, the three effective ππN channels ρN , σN
and π∆. An analysis incorporating also the photoproduction of kaons and η mesons is
in preparation, employing the Jülich2012 analysis described in Chap. 3 as the final state
interaction.

A field theoretical implementation of the photoproduction process, as the one described
above, constitutes a very complex and technically involved task. Thus, in the present
study we follow a different, semi-phenomenological approach. The hadronic final-state
interaction is provided by the full Jülich2012 dynamical coupled-channel model, while the
γN interaction vertex is approximated by polynomials. This flexible and easy to implement
approach allows to consider a much larger data base. On the other hand, it means that
no direct information on the microscopic reaction dynamics of the photo-interaction can
be obtained. Since the parameters of the Jülich2012 model are not altered, no additional
states apart from the resonances included in the hadronic analysis can be found in the
present approach. Therefore, this semi-phenomenological study constitutes an intermediate
step towards a combined dynamical coupled-channel analysis of pion- and photon-induced
reactions.

So far, our analysis is restricted to pion-photoproduction off the proton, i.e. we consider
the reactions γp→ π0p and π+n. The extension to other final states like ηN , KΛ or KΣ
is straightforward.

1.3.1 The phenomenological photoproduction amplitude

Regarding the construction of the most general form of a photoproduction amplitude, it
was shown in Ref. [118] that basic symmetry considerations of 4-momentum conserva-
tion, Lorentz invariance and gauge invariance allow only four independent functions of the
nucleon Dirac operator γ and the photon polarization vector ε. Exploiting additionally
isospin and crossing symmetry, as well as the basic principle that the S-matrix should be
unitary, the photoproduction amplitude J of pseudoscalar mesons can be written in terms
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of four amplitudes Ji,

J = iJ1~σ · ~ε+ J2~σ · q̂~σ · (k̂ × ~ε ) + iJ3~σ · k̂q̂ · ~ε+ iJ4~σ · q̂q̂ · ~ε , (1.42)

with the meson and photon momentum ~q and ~k, and the photon polarization vector ~ε.
The Ji(i = 1 − 4) are complex functions of the scattering angle θ and of the total energy
E. The scattering angle θ is defined as cos θ = q̂ · k̂, where q̂ (k̂) denotes the unit vector

q̂ = ~q/|~q| (k̂ = ~k/|~k|). In the literature, the photoproduction amplitude is also expressed
in terms of helicity amplitudes Hi, transversity amplitudes bi or invariant amplitudes Ai.

In the present study, we use the photoproduction amplitude in the formulation of Ref. [119]

M̂ = −iJ = F1~σ · ~ε+ iF2~ε · (k̂ × q̂) + F3~σ · k̂q̂ · ~ε+ F4~σ · q̂q̂ · ~ε . (1.43)

Eqs. (1.42) and (1.43) apply to the case of real photons, for virtual photons two more
independent spin operators can be found because ε̂ · k̂ 6= 0 (see, e.g., Ref. [119]). The
coefficients Fi can be decomposed into multipole amplitudes Mµγ, as demonstrated in
Appendix A of Sec 4.2. The construction ofMµγ is described in detail in Sec. II.B. of Sec. 4.2
and the scattering equation takes a similar form as the hadronic Lippmann-Schwinger
equation:

Mµγ(q, E) = Vµγ(q, E) +
∑

κ

∞∫

0

dp p2 Tµκ(q, p, E)Gκ(p, E)Vκγ(p, E) . (1.44)

The hadronic scattering matrix Tµκ is provided by the Jülich2012 analysis and their param-
eters are not alerted in the present study. A schematic representation of Eq. (1.44) is given
in Fig. 1.4. The sum in the second part of Eq. (1.44) runs over all possible intermediate
channels with a baryon B′ and a meson m′.
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Figure 1.4: Schematic representation of the photoproduction amplitude Mγ = MπN γN .

The photoproduction kernel Vµγ is approximated by polynomials. As in case of the purely
hadronic interactions, we use the two-potential formalism and divide Vµγ into a pole part,
where the photon couples to the resonances, and a non-pole part that simulates the coupling
of the photon to t- and u-channels, see Fig. 1.5.
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Figure 1.5: Schematic representation of the phenomenological photoproduction potential
Vµγ. Non-pole part (left), photo-interaction approximated by a polynomial PNP

µ and pole
part (right), photo-interaction approximated by a polynomial PP.

1.3.2 Towards a complete experiment

In the photoproduction of pseudoscalar meson π, η, K, 16 polarization observables can
be measured. An overview of the different polarization states can be found in Tab. 1.1.
Further information and definitions in terms of the coefficients Fi are given in Appendices
A and B of Sec. 4.2.

The question of how many of those observables are needed to fully determine the photo-
production amplitude has been addressed in several studies [120, 121]. In Ref. [122] it was
shown that the mathematical solution of the problem results in the angular distribution
measurement of eight carefully selected observables, that resolve all discrete ambiguities
up to an overall phase. A large number of combinations are possible, but each set requires
a polarized beam and target, as well as the measurement of the polarization of the recoil
particle. It is obvious that this poses a big experimental challenge. The recent develop-
ment of transversely polarized targets at different facilities rendered the measurement of a
complete set of observables possible. A complete experiment is easier to realize for kaon
photoproduction, since the self-analyzing decay of hyperons facilitates the measurement of
the recoil polarization. In contrast, for pion and eta photoproduction, the measurement
of the recoil polarization requires an additional elastic scattering of the outgoing nucleon
on a spin 0 nucleus. This puts limits on the number of detected particles. A first large-
acceptance measurement of the observable Cx′ , which is defined as the polarization transfer
from a polarized photon beam to the recoil nucleon, has been achieved recently [123].

The assumption that eight carefully chosen observables suffice only holds if the measure-
ments would be free of uncertainties. In reality, the number of observables required to
remove all ambiguities is larger, as has been shown in Refs. [124, 125, 126, 127]. Moreover,
the amplitude can only be determined up to an overall phase ambiguity. A truncated
partial wave analysis [128, 129] provides a method to circumvent those problems.

Moving towards the goal of a complete experiment in pseudoscalar meson photoproduc-
tion, the last years have brought major advancements. Several experimental facilities all
around the world provide the possibility to study the relevant reactions. With the de-
velopment of (un)polarized photon beams and targets the measurement of single- and
double-polarization observables is feasible.
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Table 1.1: Overview of the directions of polarization in the definitions of the different
observables (Eqs. (B.5) to (B.10) in Appendix B.1 of Sec. 4.2). For each observable, the
first (second) line contains the first (second) measurement of which the asymmetry is
composed. The reaction plane is x̂− ẑ, the coordinate system of the final state is denoted
by a prime. The polarization of the photon is denoted by ⊥ or ‖ for linear and by ±1 for
circular polarization. A linear photon polarization with ⊥′ or ‖′ corresponds to φ = π/4
in Eq. (B.3) in Appendix B.1 of Sec. 4.2. ”0” stands for unpolarized. Note that some
observables differ in sign compared to the definition of other groups, c.f. Ref. [130] for an
overview of the sign conventions used in the literature.

Type Polarization of Type Polarization of

of polarization Beam Target Recoil of polarization Beam Target Recoil

single beam-recoil

dσ/dΩ 0 0 0 Cx′ +1 0 −x′
−1 0 −x′

Σ ⊥ 0 0 Cz′ +1 0 −z′
‖ 0 0 −1 0 −z′

T 0 +y 0 Ox′ ⊥′ 0 −x′
0 −y 0 ‖′ 0 −x′

P 0 0 +y′ Oz′ ⊥′ 0 −z′
0 0 −y′ ‖′ 0 −z′

beam-target target-recoil

E +1 −z 0 Lx′ 0 −z x′

−1 −z 0 0 +z x′

F +1 +x 0 Lz′ 0 +z z′

−1 +x 0 0 −z z′

G ⊥′ −z 0 Tx′ 0 +x +x′

‖′ −z 0 0 −x +x′

H ⊥′ +x 0 Tz′ 0 +x +z′

‖′ +x 0 0 −x +z′
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At the electron stretcher facility ELSA in Bonn the photoproduction of mesons is studied
using polarized or unpolarized electrons with an energy of up to 3.5 MeV. Here, until
the year 1998 the SPAHIR-Collaborations has been taking data on pion, eta and kaon
photoproduction, as well as for multi-pion, omega and phi photoproduction. In 2000,
experiments with the Crystal Barrel detector started at ELSA. The installation of the
TAPS detector in 2001 allows the production of linear or circular polarized photons and,
thus, the measurement of a variety of polarization observables. At the Jefferson Lab in
Virginia, USA, the Continuous Electron Beam Accelerator Facility (CEBAF) provides an
electron beam with energies up to 6 GeV that is currently upgraded to 12 GeV. Of the four
experimental halls, the program of Hall B engages in the measurement of the spectrum of
exited nucleon states with the CLAS detector. At the Mainz microtron MAMI a polarized
electron beam can be accelerated up to 1.5 GeV. Here, the A2 collaboration focuses on real
photons and studies the production of pions and other mesons. The GRAAL experiment
at the European Synchrotron Radiation Facility (ESRF) in Grenoble measured several
polarization observables for different final states. At the synchrotron radiation facility
SPring-8 in Japan, the LEPS experiment provides a high-energy photon beam to study
meson photoproduction.

An analysis of the high-precision data measured at those facilities might contribute essen-
tially to the understanding of the resonance spectrum.
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Chapter 2

Selected highlights

In this chapter we show selected results of the analyses of pion and photon-induced reactions
outlined in Secs. 1.2 and 1.3. The complete analyses will be presented in Chaps. 3 and 4,
respectively.

• In Fig. 2.1 selected fit results of the hadronic analysis within the Jülich dynamical
coupled-channel framework (Jülich2012) are shown. Two different fits were performed
in order to estimate the sensitivity of the results on the starting conditions in the fit
parameter space. The approach has been demonstrated to work quantitatively up to
a center of mass energy of E ∼ 2.3 GeV.
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Figure 2.1: Selected results of the Jülich2012 analysis. Solid (red) lines: fit A. Dashed
(blue) lines: fit B. Left: S11 partial wave in the elastic πN channel, points: GWU/SAID
analysis [69]. Second from left: differential cross section of π−p→ K+Σ−, data: Ref. [132].
Third from left: polarization of π−p→ ηn, data: Ref. [133]. Right: spin rotation parameter
of π−p→ K0Λ, data: Ref. [134]. E is the center of mass energy and θ the scattering angle.

• In Fig. 2.2 the resonance positions in the complex energy plane extracted in the
Jülich2012 analysis are shown together with the branch points induced by the opening
of the reaction channels.
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Figure 2.2: Pole positions of the isospin I = 1/2 (left) and I = 3/2 (right) resonances
extracted in the Jülich2012 analysis. Squares: fit A. Diamonds: fit B. The branch points
of the amplitude are shown as (green) crosses.
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Left: differential cross section of γp → π0p. Solid (red) line: fit 2. Results from other
groups: Dash-dotted (black) line: GWU/SAID CM12 [71]. Dashed (green) line: Bonn-
Gatchina [72]. Data: CR11 [135], BA05 [136], DU07 [137], BU68 [138]. Second from left:
Beam asymmetry Σ of γp→ π+n. Dashed (blue) line: prediction based on fit 1. Solid (red)
line: fit 2. Data: DU13 [139]. Third from left: Double polarization E of γp→ π0p. Dashed
(blue) line: prediction based on fit 1. Solid (red) line: prediction based on fit 2. Data:
GO13 [140]. Systematic errors are separately shown as brown bars. Right: Polarization
transfer Cx′L of γp → π0p. Dashed (blue) line: prediction based on fit 1, angle-averaged.
Solid (red) line: prediction based on fit 2, angle-averaged. Thin (red) line: prediction based
on fit 2 at θ = 135◦. Dash-dotted (magenta) line: prediction based on fit 2 at θ = 143◦.
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• Selected fit results of the semi-phenomenological study of the reactions γp → π0p
and π+n are presented in Fig. 2.3. We performed two different fits based on different
data bases. In fit 1, only measurements of single-polarization data are included. In
this way, the impact of recent double-polarization measurements can be seen.
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Chapter 3

Pion-induced reactions

In this chapter we present the simultaneous analysis of elastic πN scattering and the
reactions π−p → ηN , K0Λ, K0Σ0, K+Σ− and π+p → K+Σ+ in a dynamical coupled-
channel approach. This work is published in Ref. [1].

Based on an effective Lagrangian, the effective potential that describes the meson-baryon
interaction is included in form of t- and u-channel exchange diagrams. Here, SU(3) flavor
symmetry is used to relate the different reaction channels. Explicit resonance states are
represented by s-channel diagrams, but the dynamical generation of resonances is also
possible.

The scattering potential is iterated in a Lippmann-Schwinger-type equation. Two-body
and, to some extend, three-body unitarity is satisfied. The latter is of importance for the
analysis of the resonance spectrum because of the large inelasticity of the ππN channel. In
the present approach this channel is parameterized as effective ρN , σN and π∆ channels.
The scattering equation is solved in the framework of time-ordered perturbation theory.

Since the dispersive parts of the scattering amplitude and the correct structure of branch
points are included, analyticity is respected. This is a prerequisite for the reliable extraction
of resonance parameters in the form of poles and residues in the complex energy plane.

In case of the inelastic reactions, we adjust the free parameters of the model to the available
data on differential and total cross sections, polarizations and the spin-rotation parameter.
As input for the elastic πN channel we use the partial-wave analysis of the GWU/DAC
group. We include partial waves up to a total angular momentum of J = 9/2 and the
considered energy range is extended beyond 2 GeV.

The free parameters of our model are given by the bare masses and couplings of the s-
channel resonance states and by the cut-off parameters of the t- and u-channel diagrams.
In order to get an estimate of the sensitivity of our results to the starting conditions, we
perform two fits starting from different scenarios in the parameter space.

The aim of the present study is the analysis of the resonance spectrum in the isospin
I = 1/2 and I = 3/2 sector. We extract the poles and residues of the nucleon and Delta
resonances and calculate branching ratios.
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3.1 Summary of the results

We performed two fits adjusting the free parameters of the model simultaneously to the
πN → πN partial-wave amplitudes of the GWU/SAID analysis with a total angular mo-
mentum J ≤ 9/2 and to experimental data for the reactions π−p → ηN , K0Λ, K0Σ0,
K+Σ− and π+p → K+Σ+ up to energies around 2.3 GeV. On the whole, we achieved a
good description of the data and the SAID partial-wave amplitudes in both fits. However,
the data situation in the individual reaction channels is quite different in quantity and
quality, which complicates a combined description. For example, in KΛ data on total and
differential cross section, on polarization and spin-rotation parameter measurements are
available and the data show no severe inconsistencies. In contrast, the data in the ηN
channel are much more often incompatible with other experiments or suffer from an un-
derestimation of the systematic errors. In case of the K+Σ− channel no polarization data
is available at all. This is especially unfortunate because due to its u-channel sensitivity
this channel is important to disentangle the partial-wave content of the KΣ final states.

We calculated scattering lengths and volumes and compared our results to ChPT calcula-
tions. We find fair agreement in most cases. Especially, in case of the isoscalar scattering
length a+

0+ we achieve a very small value, although we cannot match the ChPT value.

In order to analyze the baryon spectrum, a thorough understanding of the analytic struc-
ture of the scattering amplitude is essential. In the present study, we included the correct
structure of cuts and branch points and determined the pole positions in the complex
energy plane. We found all well-established four-star resonances and discussed their pole
positions and residues, as well as the branching ratios into the inelastic channels. We
included and discussed also some less prominent resonance states. For the most part, the
results of the two fits show only small variations.

We looked in detail into the analytic structure of the P11 partial wave and its poles. Besides
the nucleon pole, that is renormalized to have the physical value of 939 MeV, there is the
Roper pole, which is dynamically generated, and the N(1710) 1/2+ resonance. The latter
was included as explicit s-channel state to improve the fit to K0Λ. It shows a considerable
branching ratio into the ηN and KΛ channels. In one fit, we find an additional dynamically
generated pole in P11 far in the complex plane.

In the F15 partial wave, beside the N(1680) 5/2+ the SAID analysis features a second
resonance state that is not included in our approach. As a test, we performed a refit of the
entire data base including a second genuine resonance in F15 but see no need for it since
the date description of the inelastic channels is not improved substantially.

In the P33 partial wave, apart from the ∆(1232) 3/2+ we included a second genuine reso-
nance called ∆(1920) 3/2+ which has a large coupling into the KΣ channel. However, it
is located very far in the complex energy plane and the characterization as a resonance is
questionable. In addition to those two genuine resonances we find a dynamically generated
pole identified with the ∆(1600) 3/2+.

By means of the ∆(1620) 1/2− we illustrated that the values of bare parameters are often
highly correlated. Changing one bare parameter can easily be compensated by altering
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the value of another bare parameter whereat the pole position of the resonance does not
change. We conclude that no physical meaning should be associated with bare parameters.
This is confirmed by the observation that the extracted resonance parameters in our two
fits are quite similar although the parameterization is very different.
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Chapter 4

Photon-induced reactions

In this chapter we present the analysis of the two reactions γp → π0p and γp → π+n
using the Jülich2012 model (Chap. 3) as final-state interaction. This study can be found
in Ref. [2].

To describe the photon-nucleon interaction, we apply a phenomenological parameterization
of the amplitude. The γNN∗ and γN∆∗ resonance vertices and the couplings of the γN
channel to the non-pole part are approximated by energy-dependent polynomials. The
interaction in the final state is determined by the hadronic T -matrix of the Jülich model
and the corresponding parameters are not altered in the present photoproduction study.
This semi-phenomenological analysis should be regarded as an intermediate step towards
a combined description of pion- and photon-induced reactions in a microscopic dynamical
coupled-channel approach.

The free parameters of the polynomials are fitted to differential cross sections and single-
and double-polarization observables. All in all we include more than 22 000 data points
up to an energy of E ∼ 2.3 GeV. We present predictions of beam-target and beam-recoil
observables and, if available, compare our predictions to data. We perform two fits based
on different data bases. In the first fit, we consider only single-polarization observables,
while the data base of the second fit is extended to double-polarization observables and
includes also very recent measurements of single-polarization observables. In this way, the
impact of the new high-precision data can be assessed.

In case of the single-polarization observables, dσ/dΩ, Σ, T and P , we show only the
comparison to selected data sets in the following. A comparison to the full data base can
be found in Appendix A.

The resonance positions and residues have been determined in the hadronic Jülich2012
analysis. In the present study, we extract the photocouplings at the pole and compare our
results to other groups.
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4.1 Summary of the results

The parameters of the phenomenologically approximated γN resonance and background
vertices were adjusted to experimental data of the reactions γp→ π0p and γp→ π+n. The
data base of fit 1 comprised measurements of dσ/dΩ, Σ, T and P . In fit 2, we included
additionally data on ∆σ31, G, H and a new data set for Σ obtained in a recent CLAS
measurement at JLab. All in all, we achieve a good description of the data. Since the
hadronic T -matrix of the Jülich2012 analysis is not altered in the present approach, we
describe the hadronic reactions πN → πN , ηN and KY at the same time.

The predictions from the first fit compared to data sets only included in fit 2 turned out
to be surprisingly good. However, the influence of the additional data is noticeable.

We present predictions from both fits for the double-polarization observables E, F , Cx′L ,
Cz′L and the cross-section difference ∆σ. In case of E and ∆σ for γp→ π0p, we compared
our results to the very recent CBELSA/TAPS data. Although in the fitting procedure of
fit 2 we included data on ∆σ31, which is directly related to E, the predictions show evident
deviations from the data. The same applies to fit 1 and suggests that those new data on
E will have major impact on the extracted resonance parameters.

For the beam-recoil observable Cx′L we compare our predictions to very recent MAMI
data, to one data point from a recent JLab measurement and to older JLab data. We
achieved similar results for the two fits and fair agreement with the data. A strong angular-
dependence for large angles and high energies can be observed. In case of Cz′L , we show our
results together with JLab data and one data point from a more recent JLab measurement.
The deviations between the two fits are larger than for Cx′L and a strong angular dependence
can be seen as well. A fit to those beam-recoil observables will contribute to a more precise
determination of resonance parameters.

Other than for the hadronic reactions, for photoproduction there are data at very low
energies. In order to achieve a good description of the threshold region, we included
some isospin breaking effects in the construction of the photoproduction amplitude. We
discussed in detail the E0+(π0p) multipole and found good agreement for fit 2 with data
and other theoretical analyses. The other (isospin averaged) multipoles are compared to
the SAID CM12 solution. While the lower multipoles are often quite similar to the latter
analysis, in case of the higher multipoles large deviation can be observed between our two
fits and between the CM12 solution and our results.

In the Jülich2012 analysis, the pole positions and residues of the resonances in the isosopin
1/2 and 3/2 sector were determined in a coupled-channel analysis of hadronic reactions.
In the present study, we extracted the photocouplings at the poles

Ãhpole = Ahpolee
iϑh (4.1)

and found qualitative agreement with the results of other groups. The angles ϑh usually
differ more than the couplings Ahpole. For some resonances we obtain very different values
in fit 1 and 2. This is predominantly the case for less well established states and reflects
the impact of the recent high-precision data.
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The reactions γp → π0p and γp → π+n are analyzed in a semi-phenomenological approach up
to E ∼ 2.3 GeV. Fits to differential cross section and single and double polarization observables
are performed. A good overall reproduction of the available photoproduction data is achieved. The
Jülich2012 dynamical coupled-channel model —which describes elastic πN scattering and the world
data base of the reactions πN → ηN , KΛ, and KΣ at the same time — is employed as the hadronic
interaction in the final state. The framework guarantees analyticity and, thus, allows for a reliable
extraction of resonance parameters in terms of poles and residues. In particular, the photocouplings
at the pole can be extracted and are presented.

PACS numbers: 11.80.Gw, 13.60.Le, 13.75.Gx.

I. INTRODUCTION

Quantum Chromodynamics (QCD) manifests itself in
a rich spectrum of excited baryons in the region between
the perturbative regime and the ground state hadrons.
Most of the available information on the resonance spec-
trum was obtained by partial-wave analyses of elastic πN
scattering [1–3]. However, it is important to include other
channels like ηN , KΛ or KΣ that couple to the πN sys-
tem into such analyses. It is expected that data obtained
for those other meson-baryon channels could help to shed
light on the so called “missing resonances” predicted in
quark models and related approaches [4–12] or lattice
calculations [13] and assumed to couple only weakly to
πN .

Since the amount of data on transition reactions like
πN → ηN , KΛ, KΣ, etc. is somewhat limited, one
should take advantage of the wealth and precision of
the corresponding photoproduction data supplied over
the past few years by experimental facilities like ELSA,
GRAAL, JLab, MAMI, and SPring-8. Clearly, also in the
case of photoproduction so far, certain assumptions have
to be made in partial-wave analyses because the data are
not yet accurate enough to allow for a model-independent
extraction of the amplitude. However, the latter will
become possible once more precise and more complete
experiments become available [14–17]. It should be
said that for pion photoproduction, in principle, a com-
plete set of observables {σ,Σ, T, P,E,G,Cx, Cz} – which

∗Electronic address: d.roenchen@fz-juelich.de
†Electronic address: doering@hiskp.uni-bonn.de

would allow a full determination of the reaction ampli-
tude [18] – has became available quite recently. However,
the observables in question have not yet been measured
at the same energies – which would be required, at least
formally, for a complete experiment. Actually, due to the
self-analyzing nature of hyperons, the aim of providing a
complete set of experiments is easier to realize in kaon
photoproduction than in pion photoproduction. Finally,
we want to mention that a smaller number of polarization
observables is sufficient for an analysis within a truncated
multipole expansion, see the arguments in Refs. [19, 20].

To analyze pion- as well as photon-induced data the-
oretically, different approaches have been applied. The
πN threshold region is well understood in terms of chi-
ral perturbation theory (ChPT) [21–35], while extensions
in form of unitarized chiral approaches [36–53] allow one
to study the resonance region but also to consider the
coupling to other channels like ηN , KΛ or KΣ.
K-matrix [54–65] or unitary isobar models [66, 67] pro-

vide practical and flexible tools to analyze large amounts
of data. By omitting the real parts of the self-energies the
complexity of the calculation is strongly reduced and only
on-shell intermediate states are included. While unitar-
ity is preserved, dispersive parts are often neglected; this
introduces systematic uncertainties into the extraction of
resonance positions and residues.

For the task of a simultaneous analysis of different re-
actions, dynamical coupled-channel (DCC) models [68–
78] are particularly well suited as they obey theoreti-
cal constraints of the S-matrix such as analyticity and
unitarity. This allows for a reliable extraction of reso-
nance parameters in terms of poles and residues in the
complex energy plane. A simultaneous description of
the reactions πN → πN , ηN and KY (KΛ, KΣ) has
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been accomplished within the DCC framework of the
Jülich2012 model [79]. See also the supplementary ma-
terial and tables of hadronic transitions among the chan-
nels πN, ηN,KΛ, and KΣ which are available online
[80]. In this approach [79, 81–85], the inclusion of the
dispersive contributions of intermediate states and the
correct structure of branch points [86] guarantee analyt-
icity. The scattering amplitude is obtained as solution
of a Lippmann-Schwinger-type equation, formulated in
time-ordered perturbation theory (TOPT), which auto-
matically ensures two-body unitarity. The three-body
channel ππN is important because it is the source of
large inelasticities. Its effect is included in the model via
effective π∆, σN and ρN channels. In the Jülich2012
model, the t-channel exchanges are complemented by u-
channel baryon exchanges to approximate the left-hand
cut. Together, they constitute the non-resonant part of
the interaction, referred to as “background”. Bare res-
onances are introduced as s-channel processes. The ex-
plicit treatment of the background in terms of t- and
u-channel diagrams imposes strong correlations amongst
the different partial waves and generates a non-trivial
energy and angular dependence of the observables. In-
terestingly, the πN → KY amplitudes found in Ref. [79]
are quite similar to those of a later analysis performed
by the Bonn-Gatchina group [87].

The adaptation of DCC models to finite volumes, to al-
low for the prediction of lattice levels and the calculation
of finite volume corrections, was pioneered in Ref. [88].
In principle, such extensions of hadronic approaches al-
low for the analysis of experimental and “data” from
lattice QCD simulations [13, 89–91] on the same foot-
ing [92–95]. Chiral extrapolations are non-trivial due to
the intricate coupled-channel structure in meson-baryon
scattering [96].

Recently, it was shown how the Jülich coupled-
channels approach can be extended to pion photopro-
duction [97] within a gauge-invariant framework that
respects the generalized off-shell Ward-Takahashi iden-
tity [98–100] . Such a field-theoretical description of the
photoproduction process is, however, technically rather
involved. Therefore, in the present work we follow a
more phenomenological approach in which we use a flexi-
ble and easy-to-implement parametrization of the photo-
excitation vertices at the multipole-amplitude level. This
approach is inspired by the GWU/DAC CM12 parame-
terization of Ref. [3], that complements earlier parame-
terizations [16, 101–104]. In this way, we will be able
to consider a far larger and more comprehensive set of
pion photoproduction data than before [97], although at
the expensive of giving up any direct connection with the
microscopic reaction dynamics of the photo-interaction.
For the hadronic interaction part, all microscopic features
from our full DCC approach [79] are preserved (i.e. the
elastic πN and πN → ηN , KY data are described). We
view this semi-phenomenological approach as an inter-
mediate step towards building a more microscopic DCC
description not only of photoproduction, but also of elec-

troproduction processes along the lines of Ref. [97].
The paper is organized as follows: in Sec. II, we give

an overview of the formalism of the hadronic coupled-
channel model and the phenomenological parameteriza-
tion of the photo-excitation vertices. The data base
and the fitting strategy are described in Sec. III A. In
Sec. III B, the fit results are compared to data and dis-
cussed in detail. The extracted photocouplings at the
pole can be found in Sec. III D. In the appendices, de-
tails of the multipole decomposition of the photoproduc-
tion amplitude and the definition of the observables and
the photocouplings are given.

II. FORMALISM

A. Two-potential formalism for the hadronic
interaction

Both the hadronic scattering matrix and the photopro-
duction amplitude can be decomposed into a pole and a
non-pole part as outlined in this and the following sec-
tion. This decomposition is not required by the photo-
production formalism because the photoproduction am-
plitude can be formulated in terms of the full half-offshell
T -matrix as shown in the next section. However, the de-
composition in pole and non-pole parts simplifies numer-
ics significantly as outlined in Sec. III A.

The partial-wave T -matrix in the Jülich2012 formula-
tion [79] is given by the integral equation,

Tµν(q, p′, E) = Vµν(q, p′, E)

+
∑

κ

∞∫

0

dp p2 Vµκ(q, p, E)Gκ(p,E)Tκν(p, p′, E) . (1)

where q ≡ |~q | (p′ ≡ |~p ′|) is the modulus of the outgo-
ing (incoming) three-momentum that may be on- or off-
shell, E is the scattering energy, and µ, ν, κ are channel
indices. In Eq. (1), the propagator Gκ has the form

Gκ(p,E) = 1
E − Ea(p)− Eb(p) + iε

, (2)

where Ea =
√
m2
a + p2 and Eb =

√
m2
b + p2 are the on-

mass-shell energies of the intermediate particles a and b
in channel κ with respective masses ma and mb. Equa-
tion (1) is formulated in the partial-wave basis, i.e. the
amplitude only depends on the modulus of the incom-
ing, outgoing, and intermediate particle momenta. This
implies a partial-wave decomposition of the exchange po-
tentials [84, 85]. The denominator in Eq. (1) corresponds
to the channels with stable particles, πN , ηN , KΛ, and
KΣ; for the effective ππN channels (π∆, σN , ρN), the
propagator is more involved [83, 85].

The sum of the u- and t-channel diagrams is labeled
as V NP in the following. The full set is shown in Figs. 1
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and 2 of Ref. [79]. Together with the (bare) s-channel ex-
changes V P, they constitute the interaction V in Eq. (1),

Vµν = V NP
µν + V P

µν ≡ V NP
µν +

n∑

i=0

γaµ;i γ
c
ν;i

E −mb
i

, (3)

with n being the number of bare s-channel states in a
given partial wave. The γcµ;i (γaν;i) are the bare creation
(annihilation) vertices of resonance i with bare mass mb

i .
The notation is chosen to be consistent with earlier work;
confusions with the photon (γ) should be excluded by
the context. The explicit form of the resonance vertex
functions can be found in Appendix B of Ref. [81] and
in Appendix A of Ref. [79]. In the following we make
use of the two-potential formalism and apply it to the
decomposition defined in Eq. (3). Inserting V NP into a
Lippmann-Schwinger-type equation,

TNP
µν = V NP

µν +
∑

κ

V NP
µκ GκT

NP
κν , (4)

leads to the so-called non-pole part of the full T -matrix
(projected to a partial wave). For simplicity, in Eq. (4)
and the following, the integration over the momentum
of the intermediate state p, cf. Eq. (1), is not written
explicitly. The s-channel exchanges that constitute V P

generate the pole part of the T -matrix, TP. The latter
involves the non-pole part TNP given in Eq. (4) and can
be expressed in terms of the quantities

Γcµ;i = γcµ;i +
∑

ν

γcν;iGν T
NP
νµ ,

Γaµ;i = γaµ;i +
∑

ν

TNP
µν Gν γ

a
ν;i ,

Σij =
∑

µ

γcµ;iGµ Γaj;µ , (5)

where Γc (Γa) are the so-called dressed resonance cre-
ation (annihilation) vertices and Σ is the self-energy. The
indices i, j label the s-channel state in the case of mul-
tiple resonances. The order of terms in Eq. (5) and all
following equations corresponds to the convention that
time flows from the right to the left. For the case of two
resonances in a partial wave, the pole part reads explic-
itly [105]

TP
µν = ΓaµD−1 Γcν ,where

Γaµ = (Γaµ;1,Γaµ;2), Γcµ =
(

Γcµ;1
Γcµ;2

)
,

D =
(
E −mb

1 − Σ11 −Σ12
−Σ21 E −mb

2 − Σ22

)
, (6)

from which the single-resonance case follows immediately.
It is easy to show that the full scattering T -matrix of
Eq. (1) is given by the sum of pole and non-pole parts,

Tµν = TP
µν + TNP

µν . (7)

B. Two-potential formalism for photoproduction

The photoproduction multipole amplitude in terms of
a photoproduction kernel Vµγ is given by

Mµγ(q, E) = Vµγ(q, E)

+
∑

κ

∞∫

0

dp p2 Tµκ(q, p, E)Gκ(p,E)Vκγ(p,E) . (8)

Here and in the following the index γ is used exclusively
for the γN channel. Note that in the second term the
photoproduction kernel produces a meson-baryon pair in
channel κ with off-shell momentum p that rescatters via
the hadronic half-offshell T -matrix, producing the final
πN state (more generally, channel µ) with momentum q.
The formalism allows for off-shell external q but we will
consider only the production of real pions in the follow-
ing. Similarly, Vµγ can also depend on the virtuality of
the photon, but we will consider only real photons with
Q2 = 0. With the choice of Vµγ as specified below, the
photoproduction amplitude of Eq. (8) satisfies Watson’s
theorem by construction.

The photoproduction kernel can be written as

Vµγ(p,E) = αNP
µγ (p,E) +

∑

i

γaµ;i(p) γcγ;i(E)
E −mb

i

. (9)

Here, αNP
µγ represents the photon coupling to t- and u-

channel diagrams and to contact diagrams. These dia-
grams together form the non-pole part of the full photo-
production kernel as can bee seen from field-theoretical
considerations [100]. The summation in Eq. (9) is over
the resonances i in a multipole, and the γcγ;i are the real
tree-level γNN∗i and γN∆∗i photon couplings that only
depend on the energy E but not on the momentum p.
It is crucial that the resonance annihilation vertex γa in
Eq. (9) is precisely the same as in the hadronic part of
Eq. (3) so that the explicit singularity at E = mb

i cancels.
The two-potential formalism allows one to rewrite the

photoproduction amplitude M as

Mµγ = αNP
µγ +

∑

κ

TNP
µκ Gκα

NP
κγ + Γaµ;i (D−1)ij Γcγ;j

Γcγ;j = γcγ;j +
∑

κ

Γcκ;jGκα
NP
κγ (10)

with the dressed resonance-creation photon-vertex Γcγ;j
which is a vector in resonance space, like the strong
dressed vertex Γcµ;i in Eq. (6). This standard result has
been derived, e.g., in Ref. [105]. In the form of Eq. (10)
it becomes apparent that in Mµγ all singularities due to
the bare resonances of Eq. (9) have canceled.

Alternatively, one can write the amplitude simply in
terms of the full hadronic T -matrix as

Mµγ =
∑

κ

(1− V G)−1
µκ Vκγ . (11)
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In principle, any of the forms (8), (10), or (11) can be
used in practical calculations. In the form of Eq. (11),
which resembles the one of Ref. [106], the similarity
with the CM12 Chew-Mandelstam parameterization of
the CNS/DAC group [3] becomes apparent, in which the
hadronic kernel K̄κν of the hadronic T -matrix,

Tµν =
∑

κ

(1− K̄C)−1
µκ K̄κν , (12)

is replaced by a photoproduction kernel, K̄κγ ,

Mµγ =
∑

κ

(1− K̄C)−1
µκ K̄κγ . (13)

Here, C is the complex Chew-Mandelstam function that
guarantees unitarity. While Eq. (13) is formally identical
to Eq. (11), there is a practical difference: Eq. (11) im-
plies an integration over intermediate off-shell momenta,
while the quantities K̄ and C in Eq. (13) factorize. In
both approaches the dispersive parts of the intermediate
loops G and C are maintained.

In the present approach, the terms αNP
µγ and γcγ;i in

Eq. (9) are approximated by polynomials P ,

αNP
µγ (p,E) =

γ̃aµ(p)
√
mN

PNP
µ (E)

γcγ;i(E) = √
mNP

P
i (E) (14)

where γ̃aµ is a vertex function equal to γaµ;i but stripped
of any dependence on the resonance number i. Equa-
tion (14) means that we have n + m polynomials per
multipole with n resonances i and m hadronic channels µ.
With this parameterization, non-analyticities from left-
hand cuts, like the one from the pion-pole term, are ap-
proximated by polynomials. As the distance to the phys-
ical region is quite large, such an approximation can be
justified. Note in this context that even for the γγ → ππ
reaction that has a very close-by left-hand cut, the Born
contributions can be effectively parameterized by a linear
polynomial [107].

The photoproduction kernel Vµγ should have the cor-
rect threshold structure, Vµγ ∼ qL where q is the center-
of-mass momentum in channel µ and L is the orbital
angular momentum. The L dependence of the different
channels with a given JP can be found, e.g., in Table XI
of Ref. [79]. The correct L dependence is automatically
provided by the bare resonance vertices γaµ;i and, thus,
already fulfilled for the pole part of Eq. (14). The same
applies to the vertex function γ̃aµ in the non-pole part of
Eq. (14).

The final choice for the polynomials P , for a given
multipole, is then:

PP
i (E) =

`i∑

j=1
gP
i,j

(
E − Es
mN

)j
e−λ

P
i (E−Es)

PNP
µ (E) =

`µ∑

j=0
gNP
µ,j

(
E − Es
mN

)j
e−λ

NP
µ (E−Es)

(15)

with Es being a suitable expansion point close to the
πN threshold, Es = 1077 MeV. The appearance of the
nucleon mass mN in Eqs. (14) and (15) ensures that
the g’s are dimensionless quantities. The g and the
λ > 0 are multipole-dependent free parameters that are
fitted to data. Furthermore, to fulfill the decoupling
theorem, that resonance contributions are parametrically
suppressed at threshold, the sum for PP starts with j = 1
and not with j = 0 (hence, the expansion is chosen at
threshold). In the fitting procedure, `i and `µ are cho-
sen as demanded by data but always `i, `µ ≤ 3. The
factor e−λ (E−Es) ensures that the multipole amplitudes
are well-behaved in the high-energy limit, and, at the
same time, absorbs the potentially strong energy depen-
dence induced by the γN threshold that is close to the
πN threshold. In any case, it is clear that this effec-
tive parameterization cannot be used for sub-threshold
extrapolations.

In the present approach, the photon is allowed to cou-
ple to the πN , ηN and π∆ channels. The latter ac-
counts for the inelasticity into the ππN channels. As
long as the analysis is restricted to one-pion photopro-
duction, as in this study, there is no need to include ad-
ditional couplings of the photon to σN and ρN . As for
the π∆ channels, there are usually two independent cou-
plings for a given multipole; we only couple the photon
to the π∆ channel with the lower L (c.f. also Table XI
of Ref. [79]). The extension to ηN , KΛ and KΣ pho-
toproduction is planned for the future and will require
direct photon couplings to these states. As for photopro-
duction on the neutron, the JLab FROST and HD-ICE
experiments are currently being analyzed [108, 109] and
theoretical methods are being developed to disentangle
the neutron amplitudes [101, 110, 111]

For completeness, a multipole decomposition of the
pseudoscalar meson photoproduction amplitude is given
in Appendix A.

C. Isospin breaking

In the Jülich model, in general, isospin-averaged
masses are used, which has little effect at energies that
are not very close to the threshold, as it is the case for
the hadronic data used in the analysis of Ref. [79]. For
pion photoproduction, however, there are data at very
low energies and we have to take into account the differ-
ent threshold energies for the π0p and the π+n channels.

In the particle basis, the amplitudes for the processes
γp→ π0p and γp→ π+n are shown in Fig. 1 and read

Mπ0p γp = Vπ0p γp + Tπ0p π0pGπ0p Vπ0p γp

+ Tπ0p π+nGπ+n Vπ+n γp

+
∑

κ6=πN

(
T 1

2 (πN κ)Gκ V 1
2 κ γp

+2
3 T

3
2 (πN κ)Gκ V 3

2 κ γp

)
, (16)
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FIG. 1: Schematic representation of the reactions γp → π0p (upper row) and γp → π+n (lower row), cf. Eqs. (16) and (17).
The small black dots represent the potentials V 1

2 (πN γp) and V 3
2 (πN γp), while T is the hadronic T -matrix. Not shown are the

excitations of intermediate π∆ and ηN channels that are treated isospin-symmetrically.

Mπ+n γp = Vπ+n γp + Tπ+n π0pGπ0p Vπ0p γp

+ Tπ+n π+nGπ+n Vπ+n γp

+
∑

κ6=πN

(√
2T 1

2 (πN κ)Gκ V 1
2 κ γp

−
√

2
3 T 3

2 (πN κ)Gκ V 3
2 κ γp

)
,(17)

where κ 6= πN stands for the sum over the intermedi-
ate states π∆ and ηN that are assumed to fulfill isospin
symmetry as indicated with isospin indices I = 1

2 ,
3
2 .

Furthermore, note that Tπ0p π0p is a pure isoscalar tran-
sition and, thus, very small near threshold [28–30, 112–
115]. As a consequence, E+

0 (π0p) develops only a very
small imaginary part below the π+n threshold.

For the hadronic final-state interaction Tµν , and for
Vµγ in Eqs. (16) and (17) we neglect the small mass dif-
ferences within the isospin multiplets, i.e.

Vπ0p γp = V 1
2 (πN γp) + 2

3V
3
2 (πN γp) ,

Vπ+n γp =
√

2V 1
2 (πN γp) −

√
2

3 V 3
2 (πN γp) ,

Tπ0p π0p = 1
3T

1
2 (πN πN) + 2

3T
3
2 (πN πN) ,

Tπ0p π+n =
√

2
3 T 1

2 (πN πN) −
√

2
3 T 3

2 (πN πN) ,

Tπ+n π+n = 2
3T

1
2 (πN πN) + 1

3T
3
2 (πN πN) . (18)

The π0p and π+n propagators Gπ0p, Gπ+n have the same
form as the isospin-symmetric πN propagator but incor-
porate the exact proton (neutron) and π0 (π+) masses,

Gπ0p = 1

E −
√
m2
p + p2 −

√
M2
π0 + p2 + iε

(19)

Gπ+n = 1

E −
√
m2
n + p2 −

√
M2
π+ + p2 + iε

. (20)

Accordingly, to calculate the differential cross section
close to threshold in Eq. (B13) instead of the averaged
mN we use mp and mn for calculating |~q |. The same
applies to mN appearing in Eq. (A6).

III. RESULTS

Before we start discussing the present results, a remark
on the observables discussed in this work is in order.
There are many different conventions used in the liter-
ature to define the spin polarization observables. Our
convention is given explicitly in Appendix B and agrees
with that used by the SAID group [104].

A. Data base and fit parameters

The free parameters g and λ of Eq. (15) are determined
by MINUIT fits on the JUROPA supercomputer at the
Forschungszentrum Jülich. In a first step, the parameters
are fitted to the multipole amplitudes of the GWU/SAID
CM12 solution [3] which guarantees a good starting point
for the second step that involves fitting only to the data.
The two reactions γp → π0p and γp → π+n are studied
simultaneously. For the connection of the present for-
malism to observables see Appendix B. The hadronic T -
matrix in Eq. (8) is taken from the Jülich2012 fit A [79].
This interaction describes elastic πN scattering and the
world data base of πN → ηN and KY . Simultaneous
fits to pion- and photon-induced reactions in the spirit of
Refs. [116, 117] are planned for the future.

In the fitting procedure we consider two scenarios. In
fit 1, only differential cross sections, beam and target
asymmetries, and recoil polarizations are taken into ac-
count. In a second fit (fit 2), also recent CLAS data
on the beam asymmetry [118] and data on the double-
polarization observables G, H and ∆σ31 are included.
We expect that a comparison of the two fits allows one
to see the impact of the recent high-precision data from
ELSA, JLab, MAMI, and Spring-8 on the extracted reso-
nance parameters. An overview of the two fits performed
in this study can be found in Table I. The observables E,
F , Cx′

L
, and Cz′

L
are predicted.

The photoproduction data are taken from the
GWU/SAID data base [2, 3] where we consider data up
to E = 2330 MeV for γp→ π0p and up to E = 2260 MeV
for γp → π+n. (The CNS/DAC group at GWU in-
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FIG. 2: High energy behavior in the reaction γp → π0p
(left) and γp → π+n (right). Solid (red) line: fit 2; dash-
dotted (black) line: GWU/SAID CM12 [3]; dashed (green)
line: Bonn-Gatchina [119]. Data π0p: CR11[120], BA05[126],
DU07[127], BU68[128]. Data π+n: BO71[129], EK72[130],
AL70[131], BU66[132], BU67[133], DU09[134]. The regions
excluded in our fit are shown as shaded areas.

cludes data up to higher energies.) For the reaction
with final state π0p (π+n) and for energies E > 2050
MeV (E > 1600), we exclude data with forward angles
θ < 40◦ (θ < 9◦) because in the present approach we
do not include partial waves with total angular momen-
tum J ≥ 11/2. A detailed look at the two data sets in
question is provided in Fig. 2, where results of our fit 2
are shown together with those of the GWU/SAID anal-
ysis [3] and the Bonn-Gatchina analysis [119]. As can
be seen, for π0p none of the approaches is able to de-
scribe the forward peak (an experimental confirmation
of the data CR11 [120] is needed). In case of π+n, on
the other hand, the forward peak is well described by the
GWU/SAID analysis. Note that the GWU/SAID and
the Bonn-Gatchina analyses use prescriptions for par-
tial waves with J ≥ 11/2 in terms of Born amplitudes
and reggeized exchanges, respectively. We plan to im-
prove the matching to the high energy/low t region where
Regge trajectories provide an economic parameterization
of the amplitude [121–125].

No special weights are assigned to any data in both
fit 1 and 2. However, some data sets are contradictory
to each other as can be seen, e.g., in Fig. 3 at the ener-
gies 1170 MeV and 1268 MeV. The deviations go beyond
an overall normalization, i.e. they concern also the an-
gular dependence. To account for such discrepancies we
apply an additional systematic error of 5% to all data.
Of course, this effectively gives more weight to data with
larger errors, such as polarization observables.

TABLE I: Characteristics of fits 1 and 2. The difference be-
tween the fits shows the impact of recent high-precision mea-
surements of Σ, ∆σ31, G and H from ELSA, JLab and MAMI.

Fit 1 Fit 2
Line style
# of data 21,627 23,518
Excluded data π0p: E > 2.33 GeV and

θ < 40◦ for E > 2.05 GeV
π+n: E > 2.26 GeV and

θ < 9◦ for E > 1.60 GeV
ds/dΩ, P, T included included
Σ included included

(CLAS [118] predicted)
∆σ31, G, H predicted included
E, F, Cx′L, Cz′L predicted predicted
Sys. Error 5% 5%
χ2 20,095 22,880
χ2/d.o.f. 0.95 0.99

In any case, as next step, one would allow for a certain
freedom in the normalization of individual data sets as
practiced by the CNS/DAC group [2, 3]. We plan to
improve our analysis along these lines in the future.

In total, we use 417 free parameters for fit 1 and 388 for
fit 2. The parameters are the photon couplings gP and
λP to 11 isospin I = 1/2 resonance states and 10 isospin
I = 3/2 resonance states in addition to the non-pole
photon couplings gNP

µ and λNP
µ with µ = πN, ηN, π∆ for

I = 1/2 and µ = πN, π∆ for I = 3/2, c.f. Eq. (15).
It is obvious from Eq. (6) that the pole-part can be

evaluated from the non-pole part, meaning that for every
fit step of parameters tied to the non-pole part, it is most
economic to perform a full fit of the parameters tied to
the pole part. This was the strategy followed in Ref. [79].
Similarly, the photoproduction amplitude M in Eq. (8) is
evaluated from the hadronic T -matrix, that is not altered
in the study, and the calculation can be optimized. This
is the motivation to perform the decompositions outlined
in Sec. II. The photo-excitation of both bare resonances
and background is possible as can be seen in Eq. (9). We
find that for some less prominent resonances it is possible
to set the bare resonance excitation γcγ = 0. However,
for the more prominent ones, we need γcγ 6= 0 for a good
description of the data. In any case, we do not attribute
any physical meaning to the individual components of
the decompositions into pole and non-pole part.

B. Fit results

In Figs. 3 to 21, we show selected results of the fits to
observables. The results compared to the full data base
will be made available online [80]. Data sets that differ by
less than 10 MeV in scattering energy are depicted in one
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graph if necessary. If more than one data set from the
same experiment lies in the same energy bin, we show
only the one closest to the quoted energy. Older data
with larger error bars are not displayed in many cases
but enter the fitting procedure.

The differential cross section for γp→ π0p is shown in
Figs. 3 and 4 from threshold up to 2350 MeV. Due to the
inclusion of isospin breaking as explained in Sec. (II C),
we achieve a satisfactory description of the data even
at energies close to threshold. At very high energies
(E > 2 GeV) and backward angles, the agreement be-
tween data and fit is good, while the fit does not repro-
duce the forward peak at extreme angles (c.f. Fig. 2).
As explained in the previous section, those data points
were excluded from the fits (shaded areas in the figures)
because the current approach is limited to partial waves
with a total angular momentum of J ≤ 9/2. Higher par-
tial waves would be needed to describe this aspect of the
data distribution. The region of forward angles at high
energies is then also the only place where differences be-
tween fit 1 and fit 2 show up.

By contrast, in case of the differential cross section
for γp → π+n, shown in Figs. 5 and 6, small differences
between fit 1 and fit 2 are visible at very low energies E ≤
1130 MeV. Small deviations from data, as can be seen,
e.g., at E = 1131 or 1240 MeV, are due to inconsistencies
among the different data sets.

The beam asymmetry Σ is presented in Fig. 7 for the
reaction γp → π0p and in Fig. 9 for the π+n final state.
In Figs. 8 and 10 results for the new CLAS data [118] on
Σ can be found. These data were not included in fit 1
but only in fit 2. At higher energies E ≥ 1970 MeV
(Fig. 8), fit 2 is clearly better than the prediction of
fit 1. The medium-energy regime is predicted/described
equally well in both fits. For γp→ π+n (Fig. 10), on the
other hand, the influence of the new CLAS data is visible
at medium energies E ∼ 1700 MeV. Here, the description
of the forward and backward angles in fit 2 is improved
compared to the prediction of fit 1. The same applies
to higher energies. Overall, the new CLAS data have a
major impact.

The results of the fits to the target asymmetry T can
be found in Figs. 11 and 12. Compared to differential
cross sections and beam asymmetries, much less data is
available for this observable. Although this reduces the
influence in the χ2 minimization, the agreement of fit
and data distribution is good, especially at high energies.
Differences between fits 1 and 2 show up predominantly
at high energies and in γp→ π+n.

For the recoil polarization P (see Figs. 13 and 14), the
data situation is similar to the one of the target asym-
metry. For the reaction γp → π0p, contradicting data
sets complicate the task of describing this observable as
visible, e.g., at E = 1602 MeV in Fig. 13. In regions,
where the data is without ambiguity, we achieve a nice
description in both fits. At backward angles and higher
energies, fit 1 and 2 differ from each other, in π+n more
than in π0p. Additional data could resolve the ambiguity.

In Figs. 15 to 17, we display the results for the double
polarization observable G. This observable was excluded
from fit 1. As Figs. 15 and 17 show, differences between
fit 1 and 2 become larger at higher energies and back-
ward angles, where no data are available. The recent
high-precision measurement from CB/ELSA-TAPS [222]
is presented in Fig. 16. At medium energies, the new CB-
ELSA/TAPS data cover almost the whole angular range
and the inclusion of G data in fit 2 has a noticeable im-
pact. In case of γp → π+n, distinguishable differences
between the predictions of fit 1 and the results of fit 2
are confined to angles 60◦ < θ < 90◦. Note that, com-
pared to dσ/dΩ or Σ, the number of data points available
for this observable is very small for both reactions. It is,
thus, not possible to improve the fit if one wants to main-
tain the same weight for all data points (see, e.g. the set
at E = 1910 MeV in Fig. 17).

Similar considerations apply to the data on the double
polarization H in Figs. 18 and 19, that is only included
in fit 2. In any case, the agreement between fit and data
is acceptable. Again, fit 1 and 2 differ most evidently at
backward angles and high energies in π0p.

The inclusion of the data for the helicity cross-section
difference ∆σ31 which is related to the helicity asymme-
try E (cf. Eq.(B23)) for γp → π0p (Fig. 20) in fit 2, re-
sults in a major improvement at energies E > 1415 MeV
compared to the prediction of fit 1. This is not the case
for γp → π+n as can be seen in Fig. 21. Here, the pre-
diction of fit 1 is good and fit 2 shows only minor im-
provements.

In Figs. 22 and 23, we present predictions for the dou-
ble polarization observables E and F . At low energies,
the results from fit 1 and 2 are quite similar. With in-
creasing energy, the deviation between the two fits be-
comes larger, which is an indication for the sensitivity
of these observables to small variations of the ampli-
tude. Very recently, data on the double polarization
observable E for γp → π0p became available from the
CBELSA/TAPS collaboration [230]. Those data, which
were neither included in fit 1 nor in fit 2, are shown in
Fig. 24 together with our predictions. As said above E
is related to ∆σ31, and low-energy data on the latter
observable are included in fit 2. This explains why the
results for that fit are somewhat better than those for
fit 1, at least at lower energies. The evident discrep-
ancies at high energies suggest that the inclusion of the
CBELSA/TAPS data [230] in a future fit will certainly
yield a modification of the amplitudes and, therefore,
have an impact on the resulting resonance parameters.
Results for this observable from measurements at JLab
are expected soon, as well. In Fig. 25 the total cross
section from Ref. [231] and the angle-integrated helicity
cross-section difference, ∆σ = σ3/2−σ1/2, from Ref. [230]
are shown. As expected from the good description of the
unpolarized differential cross section by both fits 1 and 2,
the total cross section σ and our results are in excellent
agreement. In contrast, the predictions for ∆σ deviate
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data points excluded from the fit; data: c.f. Fig. 3 and SU07[145] (SPring-8/LEPS).

at lower energies and reflect the differences in the predic-
tions for E. Here, fit 2 gives a much better result, while
at higher energies, fit 1 is slightly better. The peak at
E ∼ 1700 MeV is well described by both fits. The broad
structure at E ∼ 1900 MeV, however, is underestimated
by both fits.

Predictions of the beam-recoil polarizations Cx′
L

and
Cz′

L
can be found in Figs. 26 and 27 along with re-

cent data from MAMI [232] and JLab [218], and an ear-
lier measurement, also from JLab [217]. Calculations of
these observables have been made, e.g., within a quark
model [233] or perturbative QCD [234]. Fit 1 and 2 give
similar results for Cx′

L
, which are also, overall, in fair

agreement with the data. For certain details in the data
distribution improvements could be achieved by includ-
ing the data in the fit. The predictions are averaged over
the indicated angular bin for the MAMI measurement.
For the JLab measurement, however, the observable has
been evaluated at the exact angle without averaging, dis-
played in the plots with thin (red) lines. We observe a
strong angular dependence for angles θ > 110◦ and at
high energies. With regard to Cz′

L
, fit 1 and 2 show

larger deviations than for Cx′
L

, especially at higher ener-

gies. In this case fit 1 seems to be slightly better. Here,
the results were not angle-averaged. The rather large dif-
ference in the results of fit 2 at θ = 135◦ and at θ = 143◦
(cf. the solid and the dash-dotted lines in Fig. 27) illus-
trates that Cz′

L
exhibits a strong angular dependence, as

well.
In general, we observe that fit 1 quite well predicts

the data, in particular the new CLAS data on Σ and the
double polarization observables G, H, and ∆σ31. Still,
at the quantitative level, those data have an impact on
the resonance properties, once they are included in our
fit, as discussed in Sec. III D. Similar effects can be ex-
pected from the inclusion of double polarizations, like E,
or the polarization transfer Cx′

L
and Cz′

L
in future anal-

yses. Although our predictions of those observables do
not deviate strongly from data in most cases, a fit to
those data will lead to a more precise determination of
the resonance parameters.



94 CHAPTER 4. PHOTON-INDUCED REACTIONS

10

A A A A A
A A

A

0

2

4

6

8
KO99A

A A A
A A

A A A
A A

A
A

A
A A A

A A
A

A
A

A
A A

A

A
A A

A A
A A A A

A

A
A

AH04

0

5

10 FI96

WA62 LI64 BR95

0

5

10

BU94
FI70

0

5

10

15

20 FI72

0

5

10

15

20

BR00

FU77 AK71
KN63

0

5

10

15

20 BE00
FU71

0

5

10

15

20

0

5

10

15

20
DA01

E=1079.68 MeV

1079.94 1080.26 1080.55 1080.83 1081.14 

1104

1107 1108 1110 1112
1114 1116 1121

1124 1129 1131 1137 1137 1137 1137

1137 1145 1154 1154 1154 1154 1159

1162

1162

1162 1168 1170 1170 1170

1170 1170 1170 1178 1178 1178 1182

1186 1186 1186 1186 1186 1187 1190

1192 1193 1194 1194 1194 1194 1194

10

15

20

5

10

15
AH06

4

6

8

10

5

10

4

6

8

10

12

DU09

4

6

2

4

6

8

0 30 60 90 120 150

2

4

6

0 30 60 90 120 150 0 30 60 90 120 150 0 30 60 90 120 150 0 30 60 90 120 150 0 30 60 90 120 150 0 30 60 90 120 150

1210 1225 12331202

1240 1254 1262

1269 1277 1301
1313

1323

1331

1337 1350 1364 1370 1380
1392

1403

1406 1419 1431 1442

1453

1458 1470

1483 1494 1497 1506
1522

1532 1542

1553
1558 1573 1583 1588 1602 1612

1617 1627 1644 1648 1658 1674 1680

1692 1702 1713 1721 1728
1737

1748

1292

dσ
/
dΩ

[µ
b/

sr
]

θ [deg]
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DNPL [176, 219], and CEA [220].
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FIG. 22: Double polarizations E (upper 4 rows) and F (lower 4 rows) of the reaction γp→ π0p. Dashed (blue) line: prediction
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C. Multipoles

In Figs. 28 and 29, we show our results for the isospin
I = 1/2 and 3/2 multipoles together with those of
the GWU/SAID CM12 analysis [3]. Single-energy so-
lutions of the latter are available for the lower par-
tial waves. For lower multipoles our solution is simi-
lar to the CM12 solution. The most striking example
is the dominant M1+(3/2) multipole. In the electric
P33 multipole E1+(3/2), however, we observe a struc-
ture around 1.65 GeV in both fits that does not show
up in the SAID analysis. This structure has its origin
in the ∆(1600) 3/2+, a resonance which is dynamically
generated in the Jülich2012 coupled-channels model [79].
Since this resonance couples predominantly to the π∆
channel, no effect of it was seen in the elastic πN P33
partial wave, as discussed in the analysis of Ref. [79]
where only hadronic channels were considered. However,
the γN → π∆ transition is large, making the resonance
structure visible in photoproduction. Preliminary results
of a new parameterization of the MAID approach sug-
gest a similar structure [235]. In case of the electric and
magnetic D15 multipoles E2+(1/2) and M2+(1/2) the so-
lutions of fit 1 and 2 deviate at E ∼1.3 GeV in the real
part of the amplitude. At such —comparably low— en-
ergies a full dynamical coupled-channels analysis would
probably give a result, that is more constrained due to
the explicit inclusion of Born terms that can account for
a large part of the low-energy dynamics [97]. Further
deviations from the SAID solution can be found, e.g.,
in M1+(1/2) or in E2+(3/2) and M2+(3/2). Here, fit 1
and 2 also give different results. Note that the relatively
sharp spike in the real part of the M1+(1/2) multipole
is an artifact of the isospin-symmetric representation of
the multipoles in the plot. The physical P -waves are
all smooth and well-behaved close to the thresholds, as
Fig. 31 demonstrates.

The higher multipoles starting with E3+ are less well
determined. With the exception of M3+(3/2), larger de-
viations between our fits on the one hand and between
our fits and the SAID solution on the other hand can be
observed, as well as a strong energy dependence. The
scale, especially for the imaginary parts, is much smaller
than the scale of the lower multipoles, though.

The threshold region of the E0+(π0p) multipole in the
particle basis is presented in Fig. 30. Note that we only
adjust to experimental observables and not to any of
the extracted points from analyses shown in the figure
(the same applies to Fig. 31). Due to its smallness,
the E0+(π0p) multipole enables very sensitive tests of
the photoproduction amplitude and has been addressed
in several experimental and theoretical analyses. Pre-
cise experimental data are available from MAMI [138],
for earlier measurements see Refs. [135, 139]. Within
the framework of chiral perturbation theory, E0+(π0p)
close to threshold has been calculated in the fundamen-
tal works of Refs. [21–27, 236]. More recent ChPT cal-
culations can be found in Ref. [32–34]. The role of D-

waves has been discussed in Refs. [35, 53]. ChPT calcu-
lations including isospin breaking have been performed
in Refs. [28–30] and relativistic chiral perturbation the-
ory has been applied in Ref. [32]. The new ChiralMAID
approach [33] includes also electroproduction of charged
pions. ChPT in two-pion photoproduction has been pio-
neered in Refs. [24, 26] and nowadays ChPT calculations
for photoproduction even on the tri-nucleon system have
become possible [237].

Predictions of E0+ from a dispersion-relation calcu-
lation can be found in Ref. [238] and in Ref. [239] the
threshold region has been described within a dynamical
model for π0 photo- and electroproduction.

As visible in Fig. 30, the opening of the π+n channel
produces a kink in the π0p multipole amplitude. For the
real part of E0+, we note strong correlations between the
value at the π+n threshold and the slope: A small value
in combination with a small slope (fit 1) leads to a very
similar χ2 as a rather large negative value and slope (fit
2), adjusting the higher multipoles at the same time, of
course.

The imaginary part of E0+ in fit 2 is in good agreement
with the high-precision determination of Refs. [28, 30]
although it has to be stressed that in the latter works
isospin breaking effects beyond those considered here
are included. The small imaginary part below the π+n
threshold originates from a non-vanishing π0p → π0p
transition, cf. Fig. 1. In this context let us mention
that the isoscalar scattering length of the Jülich2012
model [79] which enters into this calculation is with
a+

0+ = −16.6 · 10−3M−1
π+ very small, but it is still twice

as large as the recent high-precision ChPT result [29] of
a+

0+ = (7.6± 3.1) · 10−3M−1
π+ .

In Fig. 31, the P -wave combinations P1 to P3 are
shown, divided by the π0 c.m. momentum q. The Pi
are defined as

P1 = 3E1+ +M1+ −M1−
P2 = 3E1+ −M1+ +M1−
P3 = 2M1+ +M1− . (21)

The data points represent a single-energy analysis of the
recent MAMI measurement performed in Ref. [138]. Part
of the discrepancy between that analysis and our fits cer-
tainly comes from employing a different data base. For
our analysis, in addition to the data of Ref. [138], we also
use all data shown in Figs. 3 and 7.

Predictions of the P -wave slopes from low-energy theo-
rems have been pioneered in Ref. [25] up to O(q3) and in
Ref. [240] up to O(q4). The O(q3) threshold prediction of
Ref. [240] is shown in Fig. 31. For P1, the prediction is in
agreement with our fits. The deviation in P2 is presum-
ably due to too small errors of the experimental analysis.
In principle one could fit the differences as LECs appear
in P1 and P2 in the fourth order. For the reason just
mentioned we refrain from fitting these LECs here.

One can use the value of P3 from our fit 2, extrapolated
to threshold (P3/q = 11.8 · 10−3/M2

π), to determine the
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FIG. 28: Isospin I = 1/2 multipoles. Points: GWU/SAID CM12 solution [3] (single-energy solution for E0+ to M3−, energy-
dependent solution for E3+ to M5−). Dashed (blue) line: fit 1; solid (red) line: fit 2.

counter term bP [240]. We obtain bP = 14.5 GeV−3 to
order O(q3) and bP = 18.0 GeV−3 to order O(q4). The
latter value should be compared to the ones of the O(q4)
fits of Ref. [240] to older data: bP = 14.9 GeV−3 (Schmidt
et al. [135]) and bP = 13.0 GeV−3 (Fuchs et al. [136]).

D. Photocouplings

The photocouplings Ãhpole (cf. the definition in Ap-
pendix C) are complex quantities that specify the γN
coupling to a resonance. They are well defined because
they can be expressed in terms of pole positions and
residues of pion photoproduction multipoles and elas-
tic πN scattering amplitudes. The Ãhpole play the same
role as the complex hadronic couplings g at the pole dis-
cussed in Ref. [79]. In particular, residues of multipole
amplitude Mµγ have the same factorizing property as the
residues of a multi-channel scattering amplitude and can
be expressed as the product of the photocoupling gγN
and the resonance coupling to the final state πN , i.e.

ResMπN γN = gπN gγN . This means that the photocou-
pling at the pole is entirely independent of the final state
of the studied photoproduction reaction.

Photocouplings at the pole are also the quantities to
which, e.g., chiral unitary approaches to radiative baryon
decays can compare [43, 241–244].

In contrast, the real-valued helicity amplitudes Ah tra-
ditionally quoted [245] depend on the parameterization
of the amplitude used in a particular approach. As shown
in Ref. [246], Ãhpole becomes real only in case of a pure
Breit-Wigner amplitude in the absence of background.
In that case, Ãhpole = Ah [246]. As a side remark, some-
times helicity amplitudes calculated in quark models, real
by construction, are compared to the Ah quoted by the
PDG [245]; in view of the unclear physical meaning of the
Ah one should be very cautious when doing that kind of
comparison.

In this context, note also that the bare, real couplings
γcγ in our parameterization of Eq. (9) do not have any
physical meaning; in particular, they cannot have the
meaning of helicity amplitudes of bare resonance states
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FIG. 29: Isospin I = 3/2 multipoles. Points: GWU/SAID CM12 solution [3] (single-energy solution for E0+ to M3− and for
M3+, energy-dependent solution for E3+ and for E4− to M5−). Dashed (blue) line: fit 1; solid (red) line: fit 2.

as sometimes claimed in quark model calculations. The
bare parameters γcγ suffer from the same dependencies
on the renormalization scheme and channel space as the
bare hadronic couplings γµ;i. See Sec. 4.5 and 4.6 of
Ref. [79] for a comprehensive discussion of this issue.

In Tables II and III, we list the results for the photo-
couplings at the pole (Ahpole ∈ R),

Ãhpole = Ahpolee
iϑh (22)

of the isospin 1/2 and 3/2 resonances calculated in this
study together with the pole positions extracted in the
Jülich2012 analysis [79]. The analytic continuation is
performed with the methods derived in Ref. [83]. Addi-
tionally, we compare our results to the ones of the Bonn-
Gatchina group [55], the recent ANL-Osaka analysis [68]
and parameters extracted [246] from an older version of
the GWU/SAID multipole analysis [247, 248]. Our con-
ventions for the photocouplings are identical to those of
Ref. [246] and can be found in Appendix C.

In Tables II and III, the photocouplings are quoted for
both fit 1 and fit 2. For prominent resonances such as

the N(1535)1/2−, the moduli of the photocoupling are
similar in both fits, in contrast to some of the angles, that
can differ by more than 20◦. Angles are in general less
well determined than the magnitude of photocouplings.
For less prominent resonances, like the N(1710)1/2+ or
∆(1930)5/2+, the modulus can change by up to a factor
of two. This demonstrates that the recent data from
ELSA, JLab, MAMI, Spring-8, and GRAAL, included
in fit 2 but not in fit 1, have a major impact on the
quantitative determination of resonance properties.

We find small to moderate angles ϑh for several res-
onances, among them the ∆(1232)3/2−, N(1650)1/2−,
N(1440)1/2+, N(1520)3/2−, in fair agreement with
Ref. [246]. This has led to speculations [246] that the
difference between the (real) Ah quoted in the Particle
Data Book [245] and the photocouplings at the pole is
possibly not large. However, an inspection of Tables II
and III reveals that the complex phases are, in general,
not really small.

As can be seen in Table II, the real part of the
pole position of the N(1535)1/2− resonance is similar
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TABLE II: Properties of the I = 1/2 resonances: Pole positions Ep (Γtot defined as -2ImEp), photocouplings at the pole (Ahpole,
ϑh) according to Eq. (22). (*): not identified with PDG name; (a): dynamically generated.

Re Ep -2Im Ep A1/2
pole ϑ1/2 A3/2

pole ϑ3/2

[MeV] [MeV] [10−3 GeV−1/2] [deg] [10−3 GeV−1/2] [deg]
fit→ 1 2 1 2 1 2 1 2

N (1535) 1/2− 1498 74 57 50 −51 −45
BnGa [55] 1501± 4 134± 11 116±10 7± 6

ANL-Osaka [68] 1482 196 161 9
SAID [246] 1502 95 77± 5 4

N (1650) 1/2− 1677 146 27 23 −14 −29
BnGa [55] 1647± 6 103± 8 33± 7 −9± 15

ANL-Osaka [68] 1656 170 40 −44
SAID [246] 1648 80 35± 3 −16

N (1440) 1/2+
(a) 1353 212 −58 −54 −44 −43

BnGa [55] 1370± 4 190± 7 −44± 7 −38± 5
ANL-Osaka [68] 1374 152 49 −10

SAID [246] 1359 162 −66± 5 −38
N (1710) 1/2+ 1637 97 15 28 13 77

BnGa [55] 1687±17 200± 25 55±18 −10± 65
ANL-Osaka [68] 1746 354 86 106

N (1750) 1/2+
(∗,a) 1742 318 −2 −10 8 32

N (1720) 3/2+ 1717 208 39 51 31 −8 17 14 118 37
BnGa [55] 1660±30 450±100 110±45 0± 40 150±35 65± 35

ANL-Osaka [68] 1703 140 234 2 70 173
N (1520) 3/2− 1519 110 −27 −24 −18 −24 114 117 19 19

BnGa [55] 1507± 3 111± 5 −21± 4 0± 5 132± 9 2± 4
ANL-Osaka [68] 1501 78 38 2 94 −173

SAID [246] 1515 113 −24± 3 −7 157± 6 10
N (1675) 5/2− 1650 126 22 22 24 38 21 36 −71 −41

BnGa [55] 1654± 4 151± 5 24± 3 −16± 5 26± 8 −19± 6
ANL-Osaka [68] 1650 150 5 −22 33 −23

N (1680) 5/2+ 1666 108 −12 −13 −46 −60 124 126 −26 −24
BnGa [55] 1676± 6 113± 4 −13± 4 −25± 22 134± 5 −2± 4

ANL-Osaka [68] 1665 98 53 −5 38 −177
N (1990) 7/2+ 1788 282 19 10 −76 −173 37 53 97 −34

BnGa [55] 2030±65 240± 60 42±14 −30± 20 58±12 −35± 25
N (2190) 7/2− 2092 363 −48 −83 −16 −28 70 95 −19 −21

BnGa [55] 2150±25 330± 30 −63± 7 10± 15 35±20 25± 10
N (2250) 9/2− 2141 465 −56 −90 −91 −99 14 49 −89 121

BnGa [55] 2195±45 470± 50 < 10 − < 10 −
N (2220) 9/2+ 2196 662 −108 −232 −93 −91 87 162 −76 −71

BnGa [55] 2150±35 440± 40 < 10 − < 10 −

in all quoted analyses, while the imaginary part in the
present approach is rather small. Our N(1650)1/2−,
on the other hand, is wider compared to other analy-
ses. This illustrates the difficulties to extract pole po-
sitions in the S11 partial wave [83]. As a result of the
small width of the N(1535)1/2− we also obtain a smaller
photocoupling A

1/2
pole. The same correlation can be ob-

served for the ∆(1620)1/2− in Table III. Likewise, for the
∆(1232)3/2+, the slightly different pole position in our
analysis leads to photocouplings A1/2

pole and A3/2
pole slightly

different from the ones in the other analyses. In case of
the Roper resonance N(1440)1/2+ our result is in good
agreement with the SAID analysis.

The photocoupling of the N(1535)1/2− and its Q2
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TABLE III: Properties of the I = 3/2 resonances: Pole positions Ep (Γtot defined as -2ImEp), photocouplings at the pole
(Ahpole, ϑh) according to Eq. (22). (a): dynamically generated.

Re Ep -2Im Ep A1/2
pole ϑ1/2 A3/2

pole ϑ3/2

[MeV] [MeV] [10−3 GeV−1/2] [deg] [10−3 GeV−1/2] [deg]
fit→ 1 2 1 2 1 2 1 2

∆(1620) 1/2− 1599 71 −28 −28 85 92
BnGa [55] 1597± 4 130± 9 52± 5 −9± 9

ANL-Osaka [68] 1592 136 113 −1
∆(1910) 1/2+ 1788 575 −200 −246 −87 47

BnGa [55] 1850±40 350± 45 23± 9 40± 90
ANL-Osaka [68] 1854 368 52 170
∆(1232) 3/2+ 1220 86 −116 −114 −27 −27 −231 −229 −15 −15

BnGa [55] 1210± 1 99± 2 −131±3.5 −19± 2 −254±4.5 −9± 1
ANL-Osaka [68] 1211 102 −133 −15 −257 −3

SAID [246] 1211 99 −136± 5 −18 −255± 5 −6
∆(1600) 3/2+

(a) 1553 352 260 193 27 15 −72 −254 −54 −25
BnGa [55] 1498±25 230± 50 53±10 130± 25 41±11 165± 17

ANL-Osaka [68] 1734 352 72 −109 136 −98
∆(1920) 3/2+ 1724 863 46 190 8 −137 −352 −398 −85 −87

BnGa [55] 1890±30 300± 60 130+30
−60 −65± 20 115+25

−50 −160± 20
∆(1700) 3/2− 1675 303 106 109 10 −12 141 111 27 21

BnGa [55] 1680±10 305± 15 170±20 50± 15 170±25 45± 10
ANL-Osaka [68] 1707 340 59 −70 125 −75
∆(1930) 5/2− 1775 646 84 130 −55 −177 −231 −56 82 42
ANL-Osaka [68] 1936 210 53 −21 35 −15
∆(1905) 5/2+ 1770 259 61 13 −92 19 112 72 85 67

BnGa [55] 1805±10 300± 15 25± 5 −23± 15 −50± 4 0± 10
ANL-Osaka [68] 1765 188 8 −97 18 −90
∆(1950) 7/2+ 1884 234 −68 −71 −18 −29 −85 −89 −16 −25

BnGa [55] 1890± 4 243± 8 −72± 4 −7± 5 −96± 5 −7± 5
ANL-Osaka [68] 1872 206 −62 −9 −76 2
∆(2200) 7/2− 2147 477 41 107 −105 −72 −29 −131 71 −102
∆(2400) 9/2− 1969 577 −59 −128 39 63 −15 −115 27 84

dependence has been evaluated in the chiral unitary
approach of Ref. [242]. The resonance appears as a
quasibound KY state generated from coupled-channel
scattering in the πN , ηN , and KY channels. The
photocoupling at Q2 = 0 was predicted to be around
50 − 75 · 10−3 GeV−1/2 with an angle of around −35◦
(the values do not change much if evaluated at the pole
position, as we have checked). This prediction compares
well to the present data analysis, see Table II.

Our value of the photocoupling A
1/2
pole for the

N(1710)1/2+ is rather small. Including kaon photo-
production data into the approach might lead to a dif-
ferent value because in the Jülich2012 analysis [79] a
considerable impact of the N(1710)1/2+ on those chan-
nels was observed. A fairly good agreement with the
SAID and the Bonn-Gatchina results is found in case of
the N(1520)3/2−; the corresponding multipoles E2−(1/2)

and M2−(1/2) are indeed quite large and seem to be well
determined, c.f. Fig. 28. An agreement with the Bonn-
Gatchina group is also observed for the N(1675)5/2− and
the N(1680)5/2+. In contrast, the large γN coupling
of the ∆(1600)3/2+ results in photocouplings A1/2

pole and
A

3/2
pole much larger than the ones of the other analyses and

is reflected in a resonance-like structure around 1600 MeV
in the E1+(3/2) multipole, see Fig. 29. A similar struc-
ture has been observed in preliminary results of a new
parameterization of the MAID approach [235]. In case of
the prominent ∆(1950)7/2+ all analyses obtain similar
results.

For some very wide resonances [N(2220)9/2+,
∆(1910)1/2+, ∆(1920)3/2+, ∆(1930)5/2−,
∆(2200)7/2−, ∆(2400)9/2−], the photocouplings
are sometimes sizable and very different for fit 1 and
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FIG. 30: The E0+(π0p) multipole close to threshold. The
π+n threshold is indicated with an arrow. Dashed (blue)
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Ref. [138] based on the ChPT calculation including isospin
breaking of Refs. [28, 30].

fit 2. There are very large uncertainties attached to
these values, because the higher multipoles themselves
are not uniquely determined as seen in the previous
section. Second, some of these resonances are not well
determined by hadronic data, see the discussion in
Ref. [79]. Extreme examples are the N(1750)1/2+ and
the ∆(1920)3/2+. Third, as these resonances are so
wide, their contribution to the multipole is difficult to
disentangle from background terms; partial cancellations
of different contributions to a multipole may occur
rendering Apole unnaturally large. We do not assign
much significance to the existence or properties of these
resonances [79]. The N(2250)9/2− is also very wide,
but the resonance shape is clearly visible in the πN
partial wave [2] and its properties can be determined
more reliably. We plan to determine uncertainties on
photocouplings in the future.

IV. SUMMARY

Photocouplings at the resonance pole are well-defined
quantities and, therefore, appropriate to specify the elec-
tromagnetic excitations of resonances. They are given
as ratios of residues that, together with pole positions,
characterize resonances. The corresponding values are
necessarily complex. To determine the photocouplings,
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FIG. 31: P -waves for the reaction γp → π0p close to thresh-
old. Dashed (blue) lines: fit 1; solid (red) lines: fit 2. The
data points at threshold (green circles) show the results of the
O(q3) calculation of Ref. [240]. Data points beyond thresh-
old (black): Phenomenological analysis of the recent MAMI
measurement in Ref. [138].

a reliable analytic continuation to the resonance poles
is needed. Here, we rely on the Jülich2012 dynamical
coupled-channel model which guarantees unitarity and
analyticity, and incorporates general S-matrix principles
such as the correct branch points on the real axis and in
the complex plane.

In the present study of pion photoproduction, we have
chosen a highly flexible, model-independent form of the
photo excitation inspired by the GWU/DAC CM12 pa-
rameterization. This enables an accurate fit of over
20,000 photoproduction data of the reactions γp → π0p
and γp→ π+n, for altogether seven observables: dσ/dΩ,
Σ, T , P , ∆σ31, G, and H. The polarization observables
E, F , Cx′

L
, and Cz′

L
are predicted. Minimal chiral con-

straints and the incorporation of some isospin breaking
effects allow for a precise description of the data even
very close to threshold.

In order to shed light on the impact of recent high-
precision measurements by ELSA, JLab, MAMI, Spring-
8 and GRAAL, we have performed another fit where
we omitted those recent data and included only data
on dσ/dΩ, Σ, T , and P . The predictions of ∆σ31, G,
and H based on such a fit turned out to be surprisingly
good. However, the explicit inclusion of actual data on
those observables definitely has a significant quantitative
influence on the values of the resulting resonance photo-
couplings.
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The resonance positions and residues were determined
in the hadronic Jülich2012 analysis. The photocouplings
extracted in the present study are found to be in qualita-
tive agreement with other determinations in most cases.
Since, in general, the phase angle is not small, the tradi-
tionally quoted, real helicity couplings cannot be identi-
fied with the photocouplings at the pole.

To complete the analysis, a comprehensive error es-
timate of extracted multipoles and photocouplings is
planned. The extension of the present approach to other
photoproduction channels is straightforward.
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Appendix A: Multipole decomposition

We start by writing the reaction amplitude for the
(pseudoscalar) meson photoproduction process

γ(k) +N(p)→M(q) +N(p′) , (A1)

where the arguments k, p, q, and p′ stand for the four-
momenta of the incident photon, target nucleon, emit-
ted meson, and recoil nucleon, respectively. Following
Refs. [249, 250], the photoproduction amplitude of pseu-
doscalar mesons is written as

J = iJ1~σ · ~ε+ J2~σ · q̂~σ · (k̂ × ~ε )
+ iJ3~σ · k̂q̂ · ~ε+ iJ4~σ · q̂q̂ · ~ε , (A2)

where ~q and ~k denote the meson and photon momentum,
respectively; the photon polarization vector is denoted
by ~ε. For an arbitrary vector ~a, the notation â stands
for the corresponding unit vector. The Ji (i = 1− 4) are
functions of the total energy E and the scattering angle
x ≡ cos θ = q̂ · k̂.

For further convenience, we rewrite Eq. (A2) as [251]

M̂ = −iJ = F1~σ · ~ε+ iF2(k̂ × q̂) · ~ε
+F3~σ · k̂q̂ · ~ε+ F4~σ · q̂q̂ · ~ε , (A3)

where

F1 ≡ J1 − xJ2 , F2 = J2 , F3 ≡ J2 + J3 , F4 ≡ J4 .
(A4)

Note that the forms of the amplitudes given by
Eqs. (A2,A3) are coordinate-independent.

The multipole decomposition of the photoproduction
amplitude J in Eq. (A2) is given by [249, 250]



J1
J2
J3
J4


 = 4πE

mN

∞∑

L=0
D̃L(x)



EL+
EL−
ML+
ML−


 , (A5)

where L stands for the orbital angular momentum of the
final nucleon-pion state. The electric and magnetic multi-
poles EL± and ML± correspond to our photoproduction
amplitude M in Eq. (8) for a given partial wave with
J = L± 1

2 . The matrix D̃L(x) is given by [249]

D̃L ≡




P
′
L+1 P

′
L−1 LP

′
L+1 (L+ 1)P ′L−1

0 0 (L+ 1)P ′L LP
′
L

P
′′
L+1 P

′′
L−1 −P ′′L+1 P

′′
L−1

−P ′′L −P ′′L P
′′
L −P ′′L


 ,

with P ′L ≡ P
′
L(x) and P ′′L ≡ P

′′
L (x) denoting, respectively,

the derivative and the double-derivative of the Legendre
Polynomial of the first kind, PL ≡ PL(x), with respect
to x.

Considering partial waves with JP ≤ 9/2 correspond-
ing to orbital angular momentum L ≤ 5 (remember that
this excludes E5+ and M5+), one obtains from Eqs. (A4)
and (A5)

F1 = −i 4πE
mN

1
128

[
32 (4E0+ + 9E2+ + 4M2− + 9M4−) + 2 cos(θ)

(
192E1+ + 360E3+ + 525E5+ − 64M1− + 64M1+

+ 168M3− + 24M3+ + 345M5− + 15M5+
)

+ 8 cos(2θ)
(
60E2+ + 105E4+ − 48M2− + 48M2+ + 40M4− + 20M4+

)

+ 5 cos(3θ)
(
112E3+ + 189E5+ − 144M3− + 144M3+ + 49M5− + 63M5+

)
+ 70 cos(4θ)

(
9E4+ + 16(M4+ −M4−)

)
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+ 450E4+ + 63 cos(5θ)(11E5+ + 25(M5+ −M5−))
]
,

F2 = −i 4πE
mN

1
64

[
64M1− + 128M1+ + 24 cos(θ)(16M2− + 24M2+ + 60M4− + 75M4+)

+ 60 cos(2θ)
(
12M3− + 16M3+ + 35M5− + 42M5+

)
+ 9
(
48M3− + 64M3+ + 125M5− + 150M5+

)

+ 280 cos(3θ)(4M4− + 5M4+) + 315 cos(4θ)
(
5M5− + 6M5+

)]
,

F3 = −i 4πE
mN

1
64
[
192E1+ + 24 cos(θ)

(
40E2+ + 175E4+ + 4(4M2− − 4M2+ + 35M4− − 25M4+)

)

+ 60 cos(2θ)
(
28E3+ + 105E5+ + 12M3− − 12M3+ + 91M5− − 63M5+

)
+ 1200E3+

+ 280 cos(3θ)
(
9E4+ + 4M4− − 4M4+

)
+ 315 cos(4θ)

(
11E5+ + 5M5− − 5M5+

)
+ 3675E5+ + 64M1− − 64M1+

+ 816M3− − 624M3+ + 3525M5− − 2325M5+

]
,

F4 = −i 4πE
mN

3
8

[
− 2
(
4E2+ + 25E4+ + 8M2− − 4M2+ + 50M4− − 25M4+

)
− 5 cos(θ)

(
8E3+ + 35E5+ + 16M3− − 8M3+

+ 70M5− − 35M5+
)
− 70 cos(2θ)

(
E4+ + 2M4− −M4+

)
− 105 cos(3θ)

(
E5+ + 2M5− −M5+

)]
. (A6)

Appendix B: Observables

In order to explain our conventions, we explicitly define
the spin-polarization observables first in a coordinate-
independent manner. We then provide expressions for
the specific coordinate systems relevant for their actual
measurements. We will also give some details how these
observables are calculated in the present work in terms
of the multiple amplitudes introduced in Sec. II B.

1. Definitions of the observables

In the following, we introduce a set of coordinate-
independent unit vectors

n̂3 = k̂ , n̂2 = k̂ × q̂
|k̂ × q̂|

, n̂1 = n̂2 × n̂3 . (B1)

Note that in terms of {n̂1, n̂2, n̂3}, the center-of-
momentum (c.m.) cartesian coordinate system {x̂, ŷ, ẑ},
where ~k+ ~p = ~q+ ~p ′ = 0, and the laboratory (lab) carte-
sian coordinate system {x̂L, ŷL, ẑL}, where ~p = 0, are
given by

{x̂, ŷ, ẑ} = {n̂1, n̂2, n̂3}(cm) ,

{x̂L, ŷL, ẑL} = {n̂1, n̂2, n̂3}(lab) , (B2)

where the subscript (cm) and (lab) indicate that
{n̂1, n̂2, n̂3} is to be evaluated in the c.m. and lab frame,
respectively.

The reaction plane is defined as the (n̂1n̂3)-plane.
Then, n̂2 is perpendicular to the reaction plane.

A real photon has two independent polarization states.
A linearly polarized photon is specified by ~ε‖ and ~ε⊥,
where ~ε‖ (~ε⊥) stands for the photon polarization vector
parallel (perpendicular) to the reaction plane. More gen-
erally, we define the linearly polarized photon states ~ε‖′

and ~ε⊥′ obtained by rotating ~ε‖ and ~ε⊥ (counterclock-
wise) by an angle φ about the n̂3-axis, i.e.,

~ε‖′ = cosφ~ε‖ + sinφ~ε⊥ ,
~ε⊥′ = − sinφ~ε‖ + cosφ~ε⊥ . (B3)

The circularly polarized photon is specified by

~ε± ≡ ∓
1√
2
(
~ε‖ ± i~ε⊥

)
. (B4)

For further convenience, we also introduce the projec-
tion operator P̂λ which specifies the state of the photon
polarization; namely, P̂λ~ε ≡ ~ελ. Note that P̂λ′ P̂λ = δλ′λ
and

∑
λ P̂λ = 1. The projection operator P̂λ defined here

is associated with the Stokes vector ~PS [252] which speci-
fies the direction and degree of polarization of the photon.
For example, P̂± corresponds to PSz=n3 = ±1, while P̂⊥
(P̂‖) corresponds to PSx=n1 = +1 (PSx=n1 = −1). Further-
more, the difference of the appropriate projection oper-
ators can be expressed in terms of the usual Pauli spin
matrices in photon helicity space, i.e., P̂+ − P̂− = σn3

and P̂⊥ − P̂‖ = σn1 .
We now define the coordinate-independent observ-

ables. Provided the reaction amplitude M̂ in Eq. (A3)
is Lorentz invariant, these observables are also Lorentz
invariants. The cross section is defined as

dσ

dΩ ≡
1
4Tr[M̂M̂

†] , (B5)

where the trace is over both the nucleon spin and photon
polarization. The appearance of the factor 1

4 is due to the
averaging over the target-nucleon spin and the photon-
beam polarization.

The single polarization observables, namely, the beam,
target, and recoil polarization asymmetries, Σ, T , and P ,



114 CHAPTER 4. PHOTON-INDUCED REACTIONS

30

respectively, are defined as

dσ

dΩΣ ≡ 1
4Tr[M̂(P̂⊥ − P̂‖)M̂†] ,

dσ

dΩT ≡
1
4Tr[M̂σn2M̂†] ,

dσ

dΩP ≡
1
4Tr[M̂M̂

†σn2 ] . (B6)

The beam-target asymmetries, E, F , G, and H, are
defined as

dσ

dΩE ≡ −
1
4Tr[M̂(P̂+ − P̂−)σn3M̂†]

= −21
4Tr[M̂P̂+σn3M̂†] = 21

4Tr[M̂P̂−σn3M̂†] ,
dσ

dΩF ≡
1
4Tr[M̂(P̂+ − P̂−)σn1M̂†]

= 21
4Tr[M̂P̂+σn1M̂†] = −21

4Tr[M̂P̂−σn1M̂†] ,
dσ

dΩG ≡ −
1
4Tr[M̂(P̂⊥′ − P̂‖′)σn3M̂†]

= −21
4Tr[M̂P̂⊥′σn3M̂†] = 21

4Tr[M̂P̂‖′σn3M̂†] ,
dσ

dΩH ≡
1
4Tr[M̂(P̂⊥′ − P̂‖′)σn1M̂†]

= 21
4Tr[M̂P̂⊥′σn1M̂†] = −21

4Tr[M̂P̂‖′σn1M̂†] .
(B7)

Here, in the definitions of G and H, the projection oper-
ators P̂‖′ and P̂⊥′ correspond to the photon polarizations
given by Eq. (B3) with φ = π/4. We note that in the
above definition of E and G, we have introduced a minus
sign so that our convention matches that of the SAID
group [104].

The beam-recoil asymmetries, Cn′
i

and On′
i

(i = 1, 3),
are defined as

dσ

dΩCn
′
i
≡ −1

4Tr[M̂(P̂+ − P̂−)M̂†σn′
i
]

= −21
4Tr[M̂P̂+M̂†σn′

i
] = 21

4Tr[M̂P̂−M̂†σn′
i
] ,

dσ

dΩOn
′
i
≡ −1

4Tr[M̂(P̂⊥′ − P̂‖′)M̂†σn′i ]

= −21
4Tr[M̂P̂⊥′M̂†σn′

i
] = 21

4Tr[M̂P̂‖′M̂†σn′i ] ,
(B8)

associated with {n̂′1, n̂′2, n̂′3} which is obtained by rotating
{n̂1, n̂2, n̂3} (counterclockwise) by an angle θ about the
n̂2-axis (cos θ ≡ q̂ · n̂3), such that, n̂′3 is in the direction of
the emitted meson momentum ~q, i.e., n̂′3 = q̂. Explicitly,
they are related by

n̂′1 = cos θ n̂1 − sin θ n̂3 ,

n̂′3 = sin θ n̂1 + cos θ n̂3 ,

n̂′2 = n̂2 . (B9)

The target-recoil asymmetries, Ln′
i

and Tn′
i

(i = 1, 3),
are defined as

dσ

dΩLn
′
i
≡ ζi

1
4Tr[M̂σn3M̂†σn′i ] ,

dσ

dΩTn
′
i
≡ 1

4Tr[M̂σn1M̂†σn′i ] , (B10)

where ζ1 = −1 and ζ3 = +1. Again, these sign factors
have been introduced to match the SAID convention, A
list of conventions used by different groups may be found
in Ref. [253].

2. Observables in terms of the coefficient
amplitudes Fi

Any of the observables defined in the previous sub-
section may be expressed in terms of the coefficients Fi
in Eq. (A3). The photoproduction amplitude given by
Eq. (A3) can be put straightforwardly into the form

M̂λ =
3∑

m=0
Mλ

mσm (B11)

for a given state of photon polarization ~ελ. Here, σ0 ≡ 1
[σi (i = 1, 2, 3), the usual Pauli spin-matrices]. Note
that the form given by the above equation is particu-
larly suited for calculating the observables defined in the
previous subsection. Then, following

Ref. [251], the differential cross section becomes

dσ

dΩ = |F1|2 + 1
2

(
|F2|2 + |F3|2 + |F4|2

+2Re [(F1 + F3 cos θ)F ∗4 ]
)

sin2 θ . (B12)

In the cross section above, the incident flux and the
(final-state) phase-space density factors have been left
out for further convenience. Therefore, to get the phys-
ical cross section, dσo

dΩ , one needs to multiply the above
defined cross section by these factors, i.e.,

dσo
dΩ ≡

(mN

4πE

)2 |~q |
|~k |

dσ

dΩ , (B13)

in the c.m. frame.
The single polarization observables become

dσ

dΩΣ = 1
2

(
|F2|2 − |F3|2 − |F4|2

−2Re [(F1 + F3 cos θ)F ∗4 ]
)

sin2 θ ,

dσ

dΩT = Im
[

(−F2 + F3 + F4 cos θ)F ∗1

+ (F3 + F4 cos θ)F ∗4 sin2 θ
]

sin θ ,
dσ

dΩP = −Im
[

(F2 + F3 + F4 cos θ)F ∗1

+ (F3 + F4 cos θ)F ∗4 sin2 θ
]

sin θ , (B14)
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and the double polarization observables E, F , G and H
read
dσ

dΩE = |F1|2 + Re [F ∗2 (F3 + F4 cos θ) + F ∗1 F4] sin2 θ,

dσ

dΩF = −Re
[
F ∗2 (F1 + F4 sin2 θ)− F ∗1 (F3 + F4 cos θ)

]
sin θ

dσ

dΩG = Im [F ∗2 (F3 + F4 cos θ) + F ∗1 F4] sin2 θ,

dσ

dΩH = −Im[F ∗2 (F1 + F4 sin2 θ)−
F ∗1 (F3 + F4 cos θ) sin θ] sin θ . (B15)

The beam-recoil polarizations Cn′1 and Cn′3 become

dσ

dΩCn
′
1

=
{
|F1|2 +Re [F ∗1 (F2 + F3) cos θ

+(F ∗1 F4 − F ∗2 F3 sin2 θ)
]}

sin θ ,
dσ

dΩCn
′
3

= −|F1|2 cos θ +Re [F ∗1 (F2 + F3)

+F ∗2 (F3 cos θ + F4)] sin2 θ . (B16)

In the c.m. frame, where the Cartesian coordinate sys-
tem {x̂′, ŷ′, ẑ′} is identified with {n̂′1, n̂′2, n̂′3}(cm), we have

Cx′ = Cn′1 and Cz′ = Cn′3 . (B17)

where Cn′1 and Cn′3 given by Eq. (B16) are evaluated in
the c.m. frame.

Experimentalists report the beam-target asymmetries
in the lab frame. Different groups use different lab coordi-
nate frames. We define the lab frame quantities Cx′

L
and

Cz′
L

with respect to the coordinate system {x̂′L, ŷ′L, ẑ′L}
which is obtained by a (counterclockwise) rotation of
{x̂L, ŷL, ẑL} (cf. Eq.(B2)) by an angle π− θp′

L
about the

ŷL-axis. Here, θp′
L

stands for the recoil nucleon scatter-
ing angle in the {x̂L, ŷL, ẑL} frame, i.e., cos θp′

L
≡ p̂′L · ẑL

with ~p ′L being the recoil nucleon momentum in the latter
frame. Explicitly,

x̂′L = − cos θp′
L
x̂L − sin θp′

L
ẑL ,

ẑ′L = sin θp′
L
x̂L − cos θp′

L
ẑL ,

ŷ′L = ŷL . (B18)

Note that ẑ′L points in the direction opposite to the recoil
nucleon momentum, i.e., ẑ′L = −p̂′L.

The beam-recoil polarization observables in the lab
frame, Cx′

L
and Cz′

L
, can be obtained from Cx′ and Cz′

in the c.m. frame by a combination of Lorentz boosts
and rotations. We have [217, 254]

Cx′
L

= cos θr Cx′ − sin θr Cz′ ,
Cz′

L
= sin θr Cx′ + cos θr Cz′ , (B19)

where the rotation angle θr is given by

cos θr = − cos θ cos θp′
L
− γ3 sin θ sin θp′

L
,

sin θr = γ1[cos θp′
L

sin θ + γ3 sin θp′
L

(β1β3 − cos θ)] ,
(B20)

with the Lorentz boost parameters

β1 = |~q |√
~q 2 +m2

N

, β3 = |~kL |√
~k 2
L +m2

N

,

(B21)

and γi ≡ 1/
√

1− β2
i . Here, ~q is the meson momentum in

the c.m. frame {x̂, ŷ, ẑ} and ~kL is the photon momentum
in the lab frame {x̂L, ŷL, ẑL}.

We note that our choice of the lab frame, {x̂′L, ŷ′l, ẑ′L},
coincides with that of the SAID group [104] ({x̂∗, ŷ∗, ẑ∗}),
and that, Cx′

L
= Cx∗ and Cz′

L
= Cz∗ .

In Ref. [144], one introduces the cross-section differ-
ence of the parallel and anti-parallel helicity states of the
photon and target nucleon. Explicitly,

∆σ31 =
dσ3/2

dΩ − dσ1/2

dΩ , (B22)

where σ3/2 and σ1/2 stand for the cross sections with the
parallel (λN − λγ = ±3/2) and the anti-parallel (λN −
λγ = ±1/2) initial state helicity, respectively.

∆σ31 is related to the helicity asymmetry E via

∆σ31 = −2dσo
dΩ E , (B23)

where the factor 1/2 is due to the fact that dσo/dΩ (cf.
Eq. (B13) contains the initial spin averaging factor of 1/4,
while dσ3/2/dΩ and dσ1/2/dΩ contain the spin averaging
factor of 1/2.

Appendix C: Definition of the photocouplings

Adopting the convention of Ref. [246] the photocou-
plings are given as the residue of the helicity multipole
AhL± multiplied by a complex factor N :

Ãhpole = N ResAhL± , (C1)

where h = 1/2 or 3/2 and

N = IF

√
qp
kp

2π (2J + 1)Ep
mN rπN

. (C2)

Here, IF is an isospin factor with I1/2 = −
√

3 and
I3/2 =

√
2/3, qp (kp) is the meson (photon) momentum

in the c.m. frame evaluated at the pole, J is the total an-
gular momentum, L is the πN orbital angular momentum
and mN the nucleon mass, while Ep and rπN represent
the pole position and the elastic πN residue of the res-
onance. Note the convention that ResAhL± and rπN are
defined with a minus sign compared to the mathematical
residues of the multipole and the elastic πN amplitude,
respectively. The cuts of the square root in Eq. (C2) and
also the square roots implicitly contained in qp, kp, are
from the origin to −∞.
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In terms of the electric and magnetic multipoles the
helicity multipoles read

A
1/2
L+ = −1

2 [(L+ 2)EL+ + LML+] , (C3)

A
3/2
L+ = 1

2
√
L(L+ 2) [EL+ −ML+] , (C4)

with total angular momentum J = L+ 1/2 and

A
1/2
L− = −1

2 [(L− 1)EL− − (L+ 1)ML−] , (C5)

A
3/2
L− = −1

2
√

(L− 1)(L+ 1) [EL− +ML−] , (C6)

with J = L− 1/2.

The residues of the electric and magnetic multipoles
EL± and ML± can be determined as explained in Ap-
pendix C, Eq. (C.2) of Ref. [81].
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Chapter 5

Conclusion and Outlook

We performed a simultaneous analyses of the reactions πN → πN , ηN and KY within
a dynamical coupled-channel framework and achieved an overall good description of the
data. The relevant resonances have been identified and the baryon spectrum in the isospin
I = 1/2 and I = 3/2 sector could be extracted.

Based on this hadronic analysis, we studied the photon-induced reactions γp → π0p and
γp→ π+n. We were able to obtain a good fit to the data without altering the parameters
of the hadronic scattering amplitude, i.e. it was not necessary to include additional genuine
resonance states. We determined the photocouplings at the resonance poles.

In the present study, the systematic uncertainties of the extracted resonance parameters
have been roughly estimated by performing two different fits. However, a statistical error
analysis remains to be done. In principle, this can be achieved by applying the χ2 + 1
criterion as demonstrated in Ref. [99] in an earlier analyses within the Jülich framework.
The uncertainty of a free parameter is given by the range of its value for which the best
χ2

min rises by less than ∆χ2 = 1, optimizing all other free parameters of the framework
at the same time. From those errors the uncertainties of the resonance parameters can
be derived. As an example, in Fig. 5.1 we show the pole positions and branching ratios
of the ∆(1905)5/2+ consistent with the χ2 + 1 criterion determined in Ref. [99]. Such
an error analysis entails a considerable numerical effort and is only meaningful if the
free parameters are fitted to actual data only. In the present study, however, we used
the GWU/SAID partial-wave analysis as input for the elastic πN channel. We therefore
postpone the determination of the statistical uncertainties of the resonance parameters to
future work.

The extension of the present approach to kaon and eta photoproduction is straightforward
and already in progress. Since there is a significant difference in the quality of the data
for the pion-induced production of ηN and KY and the high-precision photoproduction
data of those final states, an interesting question is wether a refit of the hadronic data
will be required. In the hadronic analysis we observed rather strong couplings of some less
well-established resonances to the ηN and KY channels. The study of the corresponding
photon-induced reactions will help to clarify the nature of those states.

The simultaneous analysis of pion- and photon-induced reactions in one combined micro-
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Figure 5.1: Pole positions (left) and branching ratios (right) of the ∆(1905)5/2+ resonance
compatible with the χ2 + 1 criterion as determined in Ref. [99]. The error of the resonance
parameters is given by the maximal range of these solutions. (Figure from Ref. [99])

scopic dynamical coupled-channel framework, employing the gauge invariant approach used
in Ref. [114] and the Jülich model is planned for the future. This “complete” calculation
will complement the “complete” experiment. Such an analysis is, however, technically and
computationally very involved.

In Ref. [143], it has been shown how dynamical coupled-channel approaches can be dis-
cretized and evaluated on a momentum lattice. In principle, this enables an analysis of
experimental and lattice data on the same footing [144, 145, 146].



Appendix A

Fit results for pion photoproduction

In the following sections we compare the fit results obtained in the study of pion photo-
production as described in Chap. 4 to all single-polarization data included in the analysis.
In case of double-polarization observables, all data included are presented in Chap. 4.

In the figures of this appendix, the dashed (blue) lines denote fit 1 and the solid (red) lines
represent fit 2.
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A.1 Differential cross section

A.1.1 γp→ π0p
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Figure A.1: Differential cross section of the reaction γp→ π0p.
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Figure A.2: Differential cross section of the reaction γp→ π0p.
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Figure A.3: Differential cross section of the reaction γp→ π0p.
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Figure A.4: Differential cross section of the reaction γp→ π0p.
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Figure A.5: Differential cross section of the reaction γp→ π0p.
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Figure A.6: Differential cross section of the reaction γp→ π0p.
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Figure A.7: Differential cross section of the reaction γp→ π0p.
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Figure A.8: Differential cross section of the reaction γp→ π0p.
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Figure A.9: Differential cross section of the reaction γp→ π0p.
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Figure A.10: Differential cross section of the reaction γp→ π0p.
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Figure A.11: Differential cross section of the reaction γp→ π0p.



A.1. DIFFERENTIAL CROSS SECTION 137

0

1

2

0

1

2

0

1

2

0

1

2

0

1

2

0

1

2

0

0.5

1

1.5

0 30 60 90 120150
0

0.5

1

1.5

0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150180

1715.53 BN75 1715.97 HU77 1715.97 DE69 1715.97 BH71 1715.97 AL79 1715.97 FL74 1715.97 BC73

1715.97 HE73 1717.06 BN75 1717.88 BH71 1719.79 BaGr 1721.43 ZE88 1722.52 BU68 1722.79 CR11

1723.06 BA05 1724.15 AL79 1729.04 BH71 1729.04 W0PH 1729.59 AL79 1729.59 HE73 1729.59 DU07

1730.40 BH71 1732.30 ZE88 1733.92 BH71 1735.00 BU68 1735.81 BH75 1736.08 BaGr 1736.35 CR11

1736.62 BA05 1736.89 BH75 1737.43 BH71 1737.70 AL79 1737.70 TL62 1739.59 BH71 1740.67 BN75

1743.09 DE69 1743.09 AL79 1743.09 FL74 1743.09 BC73 1743.09 ZE88 1743.20 BN75 1743.63 W0PH

1744.71 BH71 1746.32 BU68 1747.93 BN75 1749.54 BH71 1749.81 CR11 1750.08 BA05 1751.15 AL79

1752.22 BaGr 1754.36 BH71 1756.50 AL79 1756.50 HE73 1756.50 DU07 1758.10 BU68 1758.37 BH71

0

0.5

1

1.5

0

0.5

1

1.5

0

0.5

1

1.5

0

0.5

1

1.5

0

0.5

1

1.5

0

0.5

1

1.5

0

0.5

1

1.5

0 30 60 90 120150
0

0.5

1

1.5

0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150180

1761.30 BH71 1763.16 CR11 1763.43 BA05 1764.49 AL79 1766.62 BU68 1767.68 BaGr 1769.38 BN75

1769.80 AB76 1769.80 HU77 1769.80 AL79 1769.80 FL74 1769.80 BC73 1769.80 AB74 1770.60 BH71

1770.86 BN75 1775.10 HU77 1775.10 BH71 1775.63 W0PH 1776.42 CR11 1776.68 BU68 1776.68 BA05

1777.74 BH71 1780.38 HU77 1780.38 AL79 1783.01 BH71 1783.01 BaGr 1783.01 DU07 1785.64 ZE88

1787.74 BU68 1788.79 AL79 1789.57 CR11 1789.84 BH71 1789.84 BA05 1791.41 BH71 1795.75 BN75

1796.12 AL79 1796.12 FL74 1796.12 BC73 1796.12 ZE88 1796.74 BN75 1796.64 BH71 1797.68 BaGr

1797.68 BN75 1798.20 BU68 1800.81 BH71 1802.63 CR11 1802.89 BA05 1806.53 AL79 1806.53 ZE88

1807.57 BU68 1809.13 DU07 1810.43 BH71 1812.76 BaGr 1813.27 BH71 1814.57 BH75 1814.83 AL79

d
σ
/d

Ω
[µ

b
/s

r]

θ [deg]

Figure A.12: Differential cross section of the reaction γp→ π0p.
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Figure A.13: Differential cross section of the reaction γp→ π0p.
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Figure A.14: Differential cross section of the reaction γp→ π0p.
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Figure A.15: Differential cross section of the reaction γp→ π0p.



A.1. DIFFERENTIAL CROSS SECTION 141

A.1.2 γp→ π+n

Data shown in the figures of this section can be found under the following references:

AB74 [147], AH04 [151], AH06 [199], AK71 [200], AL83 [201], AR77 [157], AV70 [202],
BE00 [203], BO71 [204], BR95 [205], BR00 [206], BT68 [207], BU66 [208], BU67 [209],
BU94 [210], BY61 [211], DA01 [212], DO67 [213], DU80 [214], DU09 [215], EC67 [216],
EK72 [217], FA84 [218], FI70 [219], FI72 [220], FI96 [221], FU71 [222], FU77 [223],
HE88 [224], KI62 [225], KN63 [226], KO99 [227], LI64 [228], WA62 [229], ZE88 [198],
ZH05 [230].
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Figure A.16: Differential cross section of the reaction γp→ π+n.
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Figure A.17: Differential cross section of the reaction γp→ π+n.
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Figure A.18: Differential cross section of the reaction γp→ π+n.
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Figure A.19: Differential cross section of the reaction γp→ π+n.
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Figure A.20: Differential cross section of the reaction γp→ π+n.
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Figure A.21: Differential cross section of the reaction γp→ π+n.
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Figure A.22: Differential cross section of the reaction γp→ π+n.
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Figure A.23: Differential cross section of the reaction γp→ π+n.
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Figure A.24: Differential cross section of the reaction γp→ π+n.
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Figure A.25: Differential cross section of the reaction γp→ π+n.
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Figure A.26: Differential cross section of the reaction γp→ π+n.
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Figure A.27: Differential cross section of the reaction γp→ π+n.
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Figure A.28: Differential cross section of the reaction γp→ π+n.
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Figure A.29: Differential cross section of the reaction γp→ π+n.
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Figure A.30: Differential cross section of the reaction γp→ π+n.
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Figure A.31: Differential cross section of the reaction γp→ π+n.
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Figure A.32: Differential cross section of the reaction γp→ π+n.
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Figure A.33: Differential cross section of the reaction γp→ π+n.
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A.2 Beam asymmetry

A.2.1 γp→ π0p

Data shown in the figures of this section can be found under the following references:

AB74 [147], AD01 [231], AG89 [232], AS72 [233], AT86 [234], AV77 [235], AV79 [236],
AV83 [238], AV84 [239], BaGr [158], BE97 [161], BE06 [162], BJ69 [240], BL83 [241],
BL92 [242], BL01 [243], BP70 [244], BS76 [245], BS79 [246], DR64 [247], EL09 [248],
GB74 [249], GBXX [251], GB77 [252], GB78 [253], HO12 [181], KE74 [254], SC01 [188],
SP10 [255], SU07 [192].
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Figure A.34: Beam asymmetry of the reaction γp→ π0p.
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Figure A.35: Beam asymmetry of the reaction γp→ π0p.
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Figure A.36: Beam asymmetry of the reaction γp→ π0p.
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Figure A.37: Beam asymmetry of the reaction γp→ π0p.
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Figure A.38: Beam asymmetry of the reaction γp→ π0p. Data: Ref. [139].
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A.2.2 γp→ π+n

Data shown in the figures of this section can be found under the following references:

AB74 [147], AB80 [256], AJ00 [257], AS72 [233], BA02 [258], BE00 [203], BL01 [243],
BS79 [259], DU13 [139], GE69 [260], GE81 [261], GE89 [262], GN76 [263], HM80 [264],
KE74 [254], KU71 [265], LU66 [266], SM63 [267], TA60 [268], ZA75 [269].
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Figure A.39: Beam asymmetry of the reaction γp→ π+n.
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Figure A.40: Beam asymmetry of the reaction γp→ π+n.
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Figure A.41: Beam asymmetry of the reaction γp→ π+n.
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A.3 Target asymmetry

A.3.1 γp→ π0p

Data shown in the figures of this section can be found under the following references:

AG89 [232], AT86 [234], BH77 [270], BL83 [241], BO98 [271], BS79 [246], FE76 [272],
FK77 [273], GB74 [249], GB77 [252], GB78 [253], HH77 [274].
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Figure A.42: Target asymmetry of the reaction γp→ π0p.
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Figure A.43: Target asymmetry of the reaction γp→ π0p.
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A.3.2 γp→ π+n

Data shown in the figures of this section can be found under the following references:

AA72 [275], AL73 [276], AL75 [277], AL76 [278], AL77 [279], BS79 [259], DU96 [280],
FE76 [281], FJ82 [282], FK77 [283], GE80 [284], GE81 [261], GE89 [262], GZ75 [285].
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Figure A.44: Target asymmetry of the reaction γp→ π+n.
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Figure A.45: Target asymmetry of the reaction γp→ π+n.
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A.4 Recoil polarization

A.4.1 γp→ π0p

Data shown in the figures of this section can be found under the following references:

AG89 [232], AL66 [286], ALBO [287], AL68 [288], AT86 [234], AV83 [289], AV87 [290],
AV88 [291], AV91 [292], BB62 [293], BD67 [294], BL83 [241], BM69 [295], BM70 [296],
BM76 [297], BMXX [298], BS79 [246], BV80 [299], BV82 [300], BV83 [301], BVXX [302],
BV85 [303], BV86 [304], BV87 [305], DC74 [306], DC76 [307], GC73 [308], GB74 [249],
GB75 [250], GB77 [252], GB78 [253], HK68 [309], KA80 [310], KB72 [311], LU12 [142],
ML65 [312], PR72 [313], QU61 [314], TN73 [315], TR72 [316], WI02 [141], ZY78 [317].
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Figure A.46: Recoil polarization of the reaction γp→ π0p.
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Figure A.47: Recoil polarization of the reaction γp→ π0p.
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Figure A.48: Recoil polarization of the reaction γp→ π0p.
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Figure A.49: Recoil polarization of the reaction γp→ π0p.
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A.4.2 γp→ π+n

Data shown in the figures of this section can be found under the following references:

AL68 [318], BS79 [259], EG81 [319], GE81 [261], GE89 [262], HA71 [320], WL72 [321].

-1

-0.5

0

0.5

1

-1

-0.5

0

0.5

1

-1

-0.5

0

0.5

1

-1

-0.5

0

0.5

1

-1

-0.5

0

0.5

1

-1

-0.5

0

0.5

1

-1

-0.5

0

0.5

1

0 30 60 90 120150

-1

-0.5

0

0.5

1

0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150 0 30 60 90 120150180

1145.41 GE89 1161.68 GE89 1185.66 GE81 1201.38 GE81 1216.90 GE81 1232.23 GE81 1247.36 GE81

1262.32 GE81 1269.73 AL68 1276.36 HA71 1277.10 GE81 1286.61 WL72 1290.25 HA71 1291.71 GE81

1313.32 HA71 1344.38 HA71 1348.56 HA71 1362.41 BS79 1382.91 BS79 1403.12 BS79 1409.13 HA71

1411.12 WL72 1416.43 HA71 1429.62 BS79 1439.43 HA71 1449.17 BS79 1468.47 BS79 1481.19 BS79

1483.09 EG81 1512.54 EG81 1512.54 BS79 1542.63 EG81 1543.24 BS79 1572.75 EG81 1573.35 BS79

1583.45 WL72 1600.54 WL72 1602.89 EG81 1602.89 BS79 1631.32 EG81 1631.89 BS79 1658.69 EG81

1660.39 BS79 1693.40 EG81 1715.97 BS79 1769.80 BS79 1822.05 BS79 1872.84 BS79 1897.72 BS79

1946.53 BS79 1994.15 BS79 1994.15 BS79 2040.66 BS79 2086.14 BS79 2130.64 BS79 2195.70 BS79

0 30 60 90 120150180

-1

-0.5

0

0.5

1 2258.89 BS79

P

θ [deg]

Figure A.50: Recoil polarization of the reaction γp→ π+n.
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Appendix B

Transformation of the hadronic
scattering amplitude

B.1 Partial Wave Decomposition

To reduce the three-dimensional scattering equation to one dimension we perform a partial
wave decomposition. In a first step, Eq. (1.17) is rewritten to take the form

〈λ3λ4~p
′′|T |λ1λ2~p

′〉 = 〈λ3λ4~p
′′|V |λ1λ2~p

′〉+
∑

γ1,γ2

∫
dp3〈λ3λ4~p

′′|V |γ1γ2~p 〉G(p)〈γ1γ2~p |T |λ1λ1~p
′〉 . (B.1)

Here, λ1 and λ2 (λ3 and λ4, γ1 and γ2) denote the helicities of the incoming (outgoing,
intermediate) particles 1 and 2. Since the helicity operator and the angular momentum
commute, we can expand the states |λ1λ2~p 〉 in terms of the eigenstates of the total angular
momentum J [322]:

〈λ′′~p ′′|T |λ′~p ′〉 =
1

4π

∑

J

(2J + 1)DJ
λ′λ′′(Ωp′′p′ , 0)∗〈λ′′~p ′′|T J |λ′~p ′〉 (B.2)

with λ′ := λ1 − λ2 and λ′′ := λ3 − λ4. Ωp′′p′ is the solid angle of ~p ′ and ~p ′′.

The DJ
λ′′λ′(Ωp′′p′ , 0) are the matrix elements of the (finite) rotation operator

DJ(αβγ) = e−iαJze−iβJye−iγJz (B.3)

DJ
λ′λ′′(αβγ) = 〈Jλ′′|DJ(αβγ)|Jλ′〉 = e−iαJzdJλ′λ′′(β)e−iγJz (B.4)

and the dJλ′λ′′(β) are the reduced rotation matrices or Wigner (small) d-functions. The
explicit expressions for the dJλ′λ′′ up to J = 9/2 can be found in Appendix B.1.1.
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Applying the expansion of Eq. (B.2), the scattering equation reads

1

4π

∑

J

(2J + 1)DJ
λ′λ′′(Ωp′′p′ , 0)∗〈λ′′~p ′′|T J |λ′~p ′〉 = 〈λ3λ4~p

′′|V J ′ |λ1λ2~p
′〉+

+
1

4π

∑

γ1,γ2

∑

J ′,J ′′

∫
dp3(2J ′ + 1)(2J ′′ + 1)DJ ′

γ1λ′′(Ωp′′p, 0)∗DJ ′′
λ′γ2

(Ωpp′ , 0)∗

× 〈λ3λ4~p
′′|V J ′|γ1γ2~p 〉G(p)〈γ1γ2~p |T J

′′ |λ1λ1~p
′〉 (B.5)

Substituting
∫
dp3 with

∫
dpdΩpp′p

2 restricts the angular dependence to DJ ′
λ′λ′′ . Using the

following relations [323], the integration over dΩpp′ can be carried out straightforward

DJ
λλ′(Ωp′p, 0) =

(
DJ
λ′λ(Ωpp′ , 0)

)∗
(B.6)

DJ
λλ′(Ω1Ω2, 0) =

∑

γ

DJ
λγ(Ω1, 0)DJ

γλ′(Ω2, 0) (B.7)

∫
dΩ
(
DJ
λλ′(Ω, 0)

)∗
DJ ′
γγ′(Ω, 0) =

4π

2J + 1
δJ ′Jδλγδλ′γ′ . (B.8)

We obtain

∫
dΩqkD

J ′
γλ′(Ωk′q, 0)∗DJ ′′

λγ (Ωqk, 0)∗ = DJ ′
λλ′(Ωk′k, 0)∗

4π

2J ′ + 1
δJ ′J ′′ . (B.9)

Inserting Eq. (B.9) into Eq. (B.5) the sum over J ′′ vanishes. In a final step we exploit the
fact that the Wigner rotation matrices form a complete set of orthogonal functions and we
arrive by comparison of coefficients at a one-dimensional integral equation for every J :

〈λ3λ4~p
′′|T J |λ1λ2~p

′〉 = 〈λ3λ4~p
′′|V J |λ1λ2~p

′〉+
∑

γ1,γ2

∫
dpp2〈λ3λ4~p

′′|V J |γ1γ2~p 〉G(p)〈γ1γ2~p |T J |λ1λ1~p
′〉.

(B.10)

Applying the orthogonality relation

∫
d(cos θ)dJλλ′(θ)d

J ′
λλ′(θ) =

2

2J + 1
δJJ ′ (B.11)

we can invert Eq. (B.10):

〈λ′~p ′′|T J |λ~p ′〉 = 2π

∫
d(cos θ)dJλλ′〈λ′~p ′′|T |λ~p ′〉. (B.12)
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B.1.1 Small d-Functions

The small d-function are group-theoretical representations of finite rotations:

dJm′m(θ) = 〈jm′|e−i θ2Jy |jm〉 (B.13)

We use the convention of Brink and Satchler [323]

dJm′m(θ) =
∑

s

(−1)s
[(J +m′)!(J −m′)!(J +m)!(J −m)!]

1
2

(J +m′ − s)!(J −m− s)!s!(s+m−m′)!

×
(

cos
θ

2

)2J+m′−m−2s(
sin

θ

2

)2s+m−m′

. (B.14)

Explicitly, the small d-functions up to a total spin of J = 9/2 read:

• J=1/2

d
1
2
1
2

1
2

(θ) = cos
θ

2
, d

1
2
−1
2

1
2

(θ) = sin
θ

2

• J=3/2

d
3
2
1
2

1
2

(θ) = cos
θ

2

(
3 · cos2 θ

2
− 2

)

d
3
2
−1
2

1
2

(θ) = − sin
θ

2

(
3 · sin2 θ

2
− 2

)

• J=5/2

d
5
2
1
2

1
2

(θ) = cos
θ

2

(
10 · cos4 θ

2
− 12 · cos2 θ

2
+ 3

)

d
5
2
−1
2

1
2

(θ) = sin
θ

2

(
10 · sin4 θ

2
− 12 · sin2 θ

2
+ 3

)

• J=7/2

d
7
2
1
2

1
2

(θ) = cos7 θ

2
− 12 · cos5 θ

2
sin2 θ

2
+ 18 · cos3 θ

2
sin4 θ

2
− 4 · cos

θ

2
sin6 θ

2

d
7
2
−1
2

1
2

(θ) = − sin7 θ

2
+ 12 · cos2 θ

2
sin5 θ

2
− 18 · cos4 θ

2
sin3 θ

2
+ 4 · cos6 θ

2
sin

θ

2

• J=9/2

d
9
2
1
2

1
2

(θ) = cos9 θ

2
− 20 · cos7 θ

2
sin2 θ

2
+ 60 · cos5 θ

2
sin4 θ

2
− 40 · cos3 θ

2
sin6 θ

2
+ 5 · cos

θ

2
sin8 θ

2

d
9
2
1
2
−1
2

(θ) = 5 cos8 θ

2
· sin θ

2
− 40 · cos6 θ

2
· sin3 θ

2
+ 60 cos4 θ

2
· sin5 θ

2
− 20 cos2 θ

2
· sin7 θ

2
+ sin9 θ

2
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B.2 Transformation from helicity to JLS-Basis

In the following we explain the transformation of partial-wave amplitudes from helicity to
JLS basis. The different states are no longer distinguished by their helicities λ but by the
orbital angular momentum L and their spin S.
For a state with total spin J and its z-projections M the transformation has the form

|JMλ1λ2〉 =
∑

LS

〈JMLS|JMλ1λ2〉|JMLS〉 , (B.15)

where λ1 and λ2 are the helicities of the two particles in the state. In Eq. (B.15) and the
following the momentum index p is suppressed.
The transformation matrix UJ,LS

λ1λ2
:= 〈JMLS|JMλ1λ2〉 can be calculated via [322]

〈JMLS|JMλ1λ2〉 =

(
2L+ 1

2J + 1

) 1
2

〈L0Sλ|Jλ〉〈S1λ1S2λ2|Sλ〉 . (B.16)

〈L0Sλ|Jλ〉 and 〈S1λ1S2λ2|Sλ〉 are Clebsch-Gordan coefficients and λ = λ1 − λ2. Explicit
expressions for UJ,LS

λ1λ2
for the different two-body states used in this study are listed below.

Applying the transformation to the potential V (T analogous) we get

〈L′S ′|V J |LS〉 =
∑

λ1λ2λ3λ4

〈JML′S ′|JMλ3λ4〉〈λ3λ4|V J |λ1λ2〉〈JMλ1λ2|JMLS〉 (B.17)

or in matrix notation

V J,L′S′
LS = UJ,L′S′

λ3λ4
V J,λ3λ4
λ1λ2

(
UJ,LS
λ1λ2

)†
. (B.18)

This leads to the scattering equation in the JLS basis Eq. (1.18)

〈L′S ′p′|T J |LSp〉 = 〈L′S ′p′|V J |LSp〉+
∑

L′′S′′

∫
dq q2〈L′S ′p′|V J |L′′S ′′q〉G(q) 〈L′′S ′′q|T J |LSp〉 . (B.19)

Coefficients of the transformation matrix UJ,LS
λ1λ2

:

• S1 = 1
2
, S2 = 0 (channels πN , σN , ηN , KΛ and KΣ)
(
|JM,L = J + 1

2
, S = 1

2
〉

|JM,L = J − 1
2
, S = 1

2
〉

)
=

(
d1

+ −d1
+

d1
− d1

−

)

︸ ︷︷ ︸
UJ,LSλ1λ2

(
1
2
×0)

(
|JM, λ1 = 1

2
, λ2 = 0〉

|JM, λ1 = −1
2
, λ2 = 0〉

)
(B.20)

with d1
+ = − 1√

2
and d1

− = 1√
2
.
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• S1 = 3
2
, S2 = 0 (π∆ channel)




|JM,L = J + 1
2
, S = 3

2
〉

|JM,L = J − 1
2
, S = 3

2
〉

|JM,L = J + 3
2
, S = 3

2
〉

|JM,L = J − 3
2
, S = 1

2
〉


 =




e1
+ e1

+ e2
+ e2

+

e1
− −e1

− e2
− −e2

−
f 1

+ −f 1
+ f 2

+ −f 2
+

f 1
− f 1

− f 2
− f 2

−




︸ ︷︷ ︸
UJ,LSλ1λ2

(
3
2
×0)

×

×




|JM, λ1 = 1
2
, λ2 = 0〉

|JM, λ1 = −1
2
, λ2 = 0〉

|JM, λ1 = 3
2
, λ2 = −1〉

|JM, λ1 = −3
2
, λ2 = 1〉


 (B.21)

The coefficients of UJ,LS
λ1λ2

(3
2
× 0) are given in table D.1.

Index + Index -

e1 − 1
2
√

2

√
2J+3

2J
− 1

2
√

2

√
2J−1
2J+1

e2
√

3
8

√
2J−1

2J
−
√

3
8

√
2J+3
2J+2

f 1
√

3
8

√
2J+3
2J+2

√
3
8

√
2J−1

2J

f 2 − 1
2
√

2

√
2J−1
2J+2

1
2
√

2

√
2J+3

2J

Table B.1: Coefficients of UJ,LS
λ1λ2

(3
2
× 0)

• S1 = 1
2
, S2 = 1 (ρN channel)



|JM,L = J + 1
2
, S = 1

2
〉

|JM,L = J − 1
2
, S = 1

2
〉

|JM,L = J + 3
2
, S = 3

2
〉

|JM,L = J − 3
2
, S = 3

2
〉

|JM,L = J + 1
2
, S = 3

2
〉

|JM,L = J − 1
2
, S = 3

2
〉




=




a2
+ a2

+ a1
+ a1

+ 0 0
a2
− −a2

− a1
− −a1

− 0 0
b3

+ −b3
+ b2

+ −b2
+ b1

+ −b1
+

b3
− b3

− b2
− b2

− b1
− b1

−
c3

+ c3
+ c2

+ c2
+ c1

+ c1
+

c3
− −c3

− c2
− −c2

− c1
− −c1

−




︸ ︷︷ ︸
UJ,LSλ1λ2

(
1
2
×1)

×

×




|JM, λ1 = 1
2
, λ2 = 0〉

|JM, λ1 = −1
2
, λ2 = 0〉

|JM, λ1 = −1
2
, λ2 = −1〉

|JM, λ1 = 1
2
, λ2 = 1〉

|JM, λ1 = 1
2
, λ2 = −1〉

|JM, λ1 = −1
2
, λ2 = 1〉




(B.22)
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The coefficients of UJ,LS
λ1λ2

(1
2
× 1) can be found in table D.2

Index + Index -

a1 1√
3

− 1√
3

a2 − 1√
6

1√
6

b1 − 1
2
√

2

√
2J−1
2J+2

1
2
√

2

√
2J+3

2J

b2 1
2
√

2

√
2J+3
2J+2

1
2
√

2

√
2J−1

2J

b3 −1
2

√
2J+3
2J+2

1
2

√
2J−1

2J

c1
√

3
8

√
2J−1

2J
−
√

3
8

√
2J+3
2J+2

c2 1
2
√

6

√
2J+3

2J
− 1

2
√

6

√
2J−1
2J+2

c3 1
2
√

3

√
2J+3

2J
− 1

2
√

6

√
2J−1
2J+2

Table B.2: Coefficients of UJ,LS
λ1λ2

(3
2
× 0)

B.2.1 Parity conservation

The number of independed elements in the scattering amplitude is reduced if parity con-
servation holds [322].

Limitations depending on the total spin J of the system reduce the number of different L
that contribute to a given J . From

|J − S| ≤ L ≤ J + S (B.23)

follows that L = J ± 1/2 in case of πN , σN , ηN , KΛ, KΣ and L = J ± 1/2, |J ± 3/2| for
π∆, ρN .

The total parity of a two-particle system is defined as

ηP = η1η2(−1)L. (B.24)

Here η1 and η2 are the intrinsic parities of the particles 1 and 2 and η1η2 = 1 for all channels
except for σN , where η1η2 = −1.
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Parity conservation then leads to the following selection rules for the allowed transitions:

LηN = LπN ,

LKΛ = LπN ,

LKΣ = LπN ,

|LσN − LπN | = 1,

|LρN − LπN | = 0 or 2,

|Lπ∆ − LπN | = 0 or 2.

(B.25)

See also Table 11 in Chap. 3.
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Appendix C

Bare resonance vertices

In this section we list explicit expressions for the partial wave projected bare resonance
vertices γa,c in Eq. (2), Sec. 3.2 of Chap. 3

γa = v F (k)IR

√
E +mB

Eω
, (C.1)

where v is the partial wave projected vertex function listed below, k = |~k| is the center of
mass (c.m.) meson-baryon momentum and the isospin factors IR can be found in Tab. C.1.
E and ω denote the baryon and meson on-shell c.m. energy

E =
√
~pi 2 +m2

B and ω =
√
~pi 2 +m2

m (C.2)

with the baryon and meson masses mB and mm, respectively. The resonance form factor
F (k) have the form

F (k) =

(
Λ4 +m4

R

Λ4 + (E(k) + ω(k))4

)n
(C.3)

with mR being the nominal mass of the resonance. E(k) and ω(k) are the energies of the
incoming or outgoing baryon and meson with center of mass (off-shell) momentum k. For
J ≤ 3/2 we use n = 1 for all channels except π∆ (n = 2). In case of J ≥ 5/2 we have
n = 2 for all channels except π∆ (n = 3). The cut-off parameters Λ were set to 2 GeV for
all resonances.

Resonances with a total spin J ≥ 5/2 are not derived from Lagrangians but are constructed
to obey the correct dependence on the orbital angular momentum L (centrifugal barrier).
Parity considerations give the following relations to bare vertices with J ≤ 3/2:

185
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(γa,c) 5
2

− =
k

mb

(γa,c) 3
2

+ (γa,c) 5
2

+ =
k

mb

(γa,c) 3
2

−

(γa,c) 7
2

+ =
k2

m2
b

(γa,c) 3
2

+ (γa,c) 7
2

− =
k2

m2
b

(γa,c) 3
2

−

(γa,c) 9
2

− =
k3

m3
b

(γa,c) 3
2

+ (γa,c) 9
2

+ =
k3

m3
b

(γa,c) 3
2

− (C.4)

Explicit expressions for resonance vertex functions:

• S11 (S31)

– Nπ

v = − i f

mπ

1√
8π

(ωπ + EN −mN)

– Nη

v = − i f

mπ

1√
8π

(ωη + EN −mN)

– Nρ (L=0, S=1/2)

v = − f 1√
24 π

1

mρ

(ωρ + EN −mN + 2mρ)

– Nρ (L=2, S=3/2)

v = − f 1√
12π

1

mρ

(ωρ + EN −mN −mρ)

– ∆π

v = − i f

mπ

1√
12 π

E∆ + ωπ
m∆

(E∆ −m∆)

– ΛK

v = −if 1√
8π

(
ωK +

~k2

EΛ +mΛ

)

– ΣK

v = −if 1√
8π

(
ωK +

~k2

EΣ +mΣ

)

• P11 (P31)
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– Nπ

v = i
f

mπ

1√
8 π

k

(
1 +

ωπ
EN +mN

)

– Nη

v = i
f

mπ

1√
8 π

k

(
1 +

ωη
EN +mN

)

– Nρ (L=1, S=1/2)

v = f
1√
24π

k

mρ

(
1 +

ωρ
EN +mN

− 2mρ

EN +mN

)

– Nρ (L=1, S=3/2)

v = f
1√
12π

k

mρ

(
1 +

ωρ
EN +mN

+
mρ

EN +mN

)

– ∆π

v = i
f

mπ

1√
12π

k

m∆

(E∆ + ωπ)

– ΛK

v = if
1√
8π

k

(
1 +

ωK
EΛ +mΛ

)

– ΣK

v = if
1√
8π
k

(
1 +

ωK
EΣ +mΣ

)

• P13 (P33)

– Nπ

v = i
f

mπ

1√
24π

k

– Nη

v = i
f

mπ

1√
24π

k

– Nρ (L=1, S=1/2)

v =
f

mρ

1√
72π

k

EN +mN

(EN +mN − ωρ −mρ)
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– Nρ (L=1, S=3/2)

v =
f

mρ

1√
360π

k

EN +mN

(5EN + 5mN + 4ωρ +mρ)

– Nρ (L=3, S=3/2)

v =
f

mρ

1√
40π

k

EN +mN

(ωρ −mρ)

– ∆π (L=1)

v = i
f

mπ

1√
360π

k

m∆

(E∆ + 4m∆)

(
1 +

ωπ
E∆ +m∆

)

– ∆π (L=3)

v = − i f

mπ

1√
40π

k

m∆

(E∆ −m∆)

(
1 +

ωπ
E∆ +m∆

)

– ΛK

v = if k
1√
24π

– ΣK

v = if k
1√
24 π

• D13 (D33)

– Nπ

v =
f

m2
π

1√
24 π

k2

(
1 +

ωπ
EN +mN

)

– Nη

v =
f

m2
π

1√
24π

(
1 +

ωη
EN +mN

)

– Nρ (L=0, S=3/2)

v = − i f
mρ

1√
72 π

(2ωρ +mρ + EN −mN)

– Nρ (L=2, S=1/2)

v = − i f
mρ

1√
72π

(ωρ −mρ − EN +mN)
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Nπ Nη Nρ ∆π ΛK ΣK

I = 1
2

√
3 1

√
3 −

√
2 1 −

√
3

I = 3
2

1 0 1
√

5
3

0 −1

Table C.1: Isospin factors IR for resonances vertices.

– Nρ (L=2, S=3/2)

v = − i f
mρ

1√
72π

(ωρ −mρ + 2EN − 2mN)

– ∆π (L=0)

v =
f

mπ

1√
72π

1

m∆

(
ωπ +

~k2

E∆ +m∆

)
(E∆ + 2m∆)

– ∆π (L=2)

v = − f

mπ

1√
72 π

1

m∆

(
ωπ +

~k2

E∆ +m∆

)
(E∆ −m∆)

– ΛK

v = f k2 1√
24 π

(
1 +

ωK
EΛ +mΛ

)

– ΣK

v = f k2 1√
24π

(
1 +

ωK
EΣ +mΣ

)

The bare couplings f are free parameters and fitted to data. Explicit values, also for the
bare resonance masses mb, can be found in Tables 9 and 10 of Chap. 3.
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Vertex Lint Vertex Lint
N∗(S11)Nπ fN∗Nπ

mπ
Ψ̄N∗γ

µ~τ∂µ~πΨ + h.c. N∗(D13)ΛK f
m2
π
Ψ̄N∗γ

5γν∂ν∂µφKΨΛ + h.c.

N∗(S11)Nη
fN∗Nη
mπ

Ψ̄N∗γ
µ∂µηΨ + h.c. ∆∗(S31)Nπ f∆∗Nπ

mπ
∆̄∗γµ~S†Ψ∂µ~π + h.c.

N∗(S11)Nρ gN∗NρΨ̄N∗γ
5γµ~τ~ρµΨ + h.c. ∆∗(S31)Nρ gΨ̄∆∗

~S†γ5(γµ − κ
2m0

σµν∂ν)~ρµΨ

N∗(S11)∆π −fN∗∆π
mπ

Ψ̄N∗γ
5~S∆µ∂µ~πΨ + h.c. ∆∗(S31)∆π −f∆∗∆π

mπ
∆̄∗γ5 ~T∆µ∂µ~π + h.c.

N∗(S11)ΣK fN∗ΣK
mπ

Ψ̄N∗γ
µ~τ∂µφKΨΣ + h.c. ∆∗(S31)ΣK f∆∗ΣK

mπ
∆̄∗γµ~S†∂µφKΨΣ + h.c.

N∗(S11)ΛK fN∗ΛK
mπ

Ψ̄N∗γ
µ∂µφKΨΛ + h.c. ∆∗(P31)Nπ −f∆∗Nπ

mπ
∆̄∗γ5γµ~S†Ψ∂µ~π + h.c.

N∗(P13)Nπ fN∗Nπ
mπ

Ψ̄µ
N∗~τΨ∂µ~π + h.c. ∆∗(P31)Nρ −gΨ̄∆∗(γ

ν − κ
2m0

σµν∂ν)~ρµΨ

N∗(P13)Nη
fN∗Nη
mπ

Ψ̄µ
N∗Ψ∂µη + h.c. ∆∗(P31)∆π −f∆∗∆π

mπ
∆̄∗ ~T∆µ∂µ~π + h.c.

N∗(P13)∆π fN∗∆π
mπ

Ψ̄µ
N∗γ

5γµ~S∆µ∂ν~π + h.c. ∆∗(P31)ΣK f∆∗ΣK
mπ

∆̄∗~S†γ5γµ∂µφKΨΣ + h.c.

N∗(P13)ΣK fN∗ΣK
mπ

Ψ̄N∗~τ∂µφKΨΣ + h.c. ∆∗(P33)Nπ f∆∗Nπ
mπ

∆̄∗µ~S
†ψ∂µ~π + h.c.,

N∗(P13)ΛK fN∗ΛK
mπ

Ψ̄N∗∂µφKΨΛ + h.c. ∆∗(P33)Nρ −if∆∗Nρ
mρ

∆̄∗µγ
5γν ~S

†~ρµνΨ + h.c.

N∗(D13)Nπ fN∗Nπ
m2
π

Ψ̄γ5γν~τΨ̄µ
N∗∂ν∂µ~π + h.c. ∆∗(P33)ΣK f∆∗ΣK

mπ
Ψ̄∆∗

~S†γµ∂µφKΨΣ + h.c.

N∗(D13)Nη
fN∗Nη
m2
π

Ψ̄γ5γνΨ̄µ
N∗∂ν∂µη + h.c. ∆∗(D33)Nπ f∆∗Nπ

m2
π

Ψ̄γ5γν ~S
†∆∗µ∂

ν∂µ~π + h.c.

N∗(D13)∆π ifN∗∆π
mπ

Ψ̄ν
N∗
~Sγµ∆ν∂µ~π + h.c. ∆∗(D33)∆π if∆∗∆π

mπ
∆̄∗ν ~Tγ

µ∆ν∂µ~π + h.c.

N∗(D13)Nρ
fN∗Nρ
mρ

Ψ̄ν
N∗γ

ν~τ~ρµνΨ + h.c. ∆∗(D33)Nρ
f∆∗Nρ
mρ

∆̄∗µγν ~S
†~ρµνΨ + h.c.

N∗(D13)ΣK f
m2
π
Ψ̄N∗~τγ

5γν∂ν∂µφKΨΣ + h.c. ∆∗(D33)ΣK f∆∗ΣK
m2
π

Ψ̄Σγ
5γν ~S

†∆∗µ∂
ν∂µφK + h.c.

Table C.2: Effective Lagrangians for s-channel diagrams.
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[95] C. Schütz, J. Haidenbauer, J. Speth and J. W. Durso, Phys. Rev. C 57, 1464 (1998).

[96] O. Krehl, C. Hanhart, S. Krewald and J. Speth, Phys. Rev. C 62, 025207 (2000).

[97] O. Krehl, C. Hanhart, S. Krewald and J. Speth, Phys. Rev. C 60, 055206 (1999).

[98] A. M. Gasparyan, J. Haidenbauer, C. Hanhart and J. Speth, Phys. Rev. C 68, 045207
(2003).
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für die große Hilfsbereitschaft bei wissenschaftlichen oder verwaltungstechnischen Proble-
men und nicht zuletzt für die freundliche und entspannte Arbeitsatmosphäre danken.
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