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Summary

In this thesis we prove generalized lower Ricci curvature bounds in the sense of optimal
transport for warped products and cones over metric measure spaces, and we prove
a general maximal diameter theorem in this context.

In the first part we focus on the case when the underlying spaces are complete
Riemann-Finsler manifolds equipped with a smooth reference measure. The proof is
based on calculations for the N-Ricci tensor and on the study of optimal transport
of absolutely continuous probability measures in warped products. On the one hand,
this result covers a theorem of Bacher and Sturm in [11] concerning Euclidean and
spherical N-cones. On the other hand, it can be seen in analogy to a result of Bishop
and Alexander in the setting of Alexandrov spaces with curvature bounded from below
[2]. Because the warped product metric can degenerate we regard a warped product
as a singular metric measure space that is in general neither a Finsler manifold nor
an Alexandrov space again but a space satisfying a curvature-dimension condition in
the sense of Lott, Sturm and Villani. This result is published in [50].

In the second part we treat the case of general metric measure spaces. The main
result states that the (K, N)-cone over any metric measure space satisfies the reduced
Riemannian curvature-dimension condition RCD*(KN,N + 1) if and only if the
underlying space satisfies RCD*(N — 1, N). The proof uses a characterization of
reduced Riemannian curvature-dimension bounds by Bochner’s inequality

1
A|Vul? > (Vu, VAu) 4+ (N — 1)|Vul> + N (Au)?

that was first established for general metric measure spaces by Erbar, Kuwada and
Sturm in [34] and announced independently by Ambrosio, Mondino and Savaré [8]. By
application of this result and the Gigli-Cheeger-Gromoll splitting theorem [37] we also
prove a maximal diameter theorem for metric measure spaces that satisfy the reduced
Riemannian curvature-dimension condition RCD*(N — 1, N). This generalizes the
classical maximal diameter theorem for Riemannian manifolds which was proven by
Cheng in [28]. These results are contained in the preprint [49].
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1 Introduction

Optimal transport has become a powerful tool for the study of metric measure spaces.
In particular, synthetic lower Ricci curvature bounds for singular spaces introduced
by Lott-Villani [56] and Sturm [78, 79] in terms of optimal transport give a complete
new picture on the geometric meaning of Ricci curvature itself. The approach has
been extremely successful and a huge number of results and many applications have
been obtained in recent years. Still, the field is in rapid progress and pushed further by
many mathematicians deepening the understanding of the geometry even for smooth
spaces.

Particular objects of interest in connection with these developments are warped
products and cones over metric measure spaces. These are construction principles for
metric spaces that are known to behave nicely with respect to curvature bounds in
the context of Alexandrov spaces.

In this thesis we will show that warped products and cones also preserve Ricci
curvature bounds in the sense of the synthetic definition of Lott, Sturm and Villani
in precisely the same way as in the case of sectional curvature. In particular, we
obtain a result for cones over general metric measure spaces whose consequence is a
maximal diameter theorem.

Outline of the chapter. In the introduction we will briefly survey the steps that
lead to the current state of the art in the field of metric measure spaces with synthetic
Ricci curvature bounds, and we present the main results of the thesis.

We begin in Section 1.1 with the definition of Ricci curvature in a smooth context.
We explain how Gromov initiated the problem of defining synthetic Ricci curvature
bounds by his pre-compactness theorem for Riemannian manifolds with a uniform
lower Ricci curvature bound. After an excursion on metric spaces with curvature
bounded from below in the sense of Alexandrov, we recall the theory on Ricci limit
spaces that was developed by Cheeger and Colding. In Section 1.2 we describe how
optimal transport solves the problem of defining Ricci curvature bounds in a singular
framework. In Section 1.3 we explain the relevance of warped products and cones for
curvature bounds and we state the main results of the thesis, namely Theorem A,
Theorem B and Theorem C. Finally, in Section 1.4 we recall the maximal diameter
theorem from smooth Riemannian geometry and its version for Ricci limit spaces.
Moreover, we state a general maximal diameter theorem for metric measure spaces
that contains the previous ones as special cases.



1.1 Ricci curvature in Riemannian geometry

1.1 Ricci curvature in Riemannian geometry

In Riemannian geometry Ricci curvature means the information that is encoded by
the so-called Ricci tensor (named after the Italian mathematician Gregorio Ricci-
Curbastro). That is a symmetric 2-tensor field that arises as trace of the Riemannian
curvature tensor of a Riemannian manifold M. More precisely, the Ricci curvature
in direction of a tangent vector is the mean of the Gaul curvature of all planes in
the tangent space, which are perpendicular to each other and intersect at this vector.
Lower bounds for the Ricci tensor play a crucial role in numerous classical and modern
theorems of Riemannian differential geometry. Let us mention a few results focusing
on geometric aspects where M is a d-dimensional Riemannian manifold. They will
be motivation and background for the thesis.

- The Bonnet-Myers diameter estimate.

ric; > d—1 — diam,, <.

- The Cheeger-Gromoll splitting principle [27]. If ric,, > 0 and M contains
an infinite geodesic line, then it is isometric to a Cartesian product of the
form R x M’ where M’ is another Riemannian manifold of non-negative Ricci
curvature.

- The Bishop-Gromov volume growth estimate [42, Lemma 5.3.bis].

voly (Br(z)) < voly (By(x))

< for0<r <R
volgy (Br(0)) — volgy (B,(0)

ricy, > K(d—1)

where SZ is the model space of constant curvature K.

The Bishop-Gromov comparison was actually established by M. Gromov based on
a previous volume growth result by R. Bishop (see Section IIL.3 in [21]). Its conse-
quences are far-reaching. Indeed, Gromov’s original intention was not the inequality
itself but he wanted to apply a pre-compactness result that was proved earlier by him-
self for families of metric measure spaces [42, Proposition 5.2]. More precisely, the
Bishop-Gromov comparison implies that a family of Riemannian manifolds, which
admit a uniform lower bound for the Ricci curvature, a uniform upper bound for
the diameter and a uniform upper bound for the dimension, is a uniformly totally
bounded class of metric spaces and therefore pre-compact with respect to Gromov-
Hausdorff convergence (see Theorem 7.4.15 in [18]).

Now, the following questions seem natural. If we consider a Cauchy sequence in
this context, what is the limit space and which properties does it have? The Gromov-
Hausdorff distance is a complete metric on the space of compact metric spaces. Hence,
within this class we will find a limit. But one will realize immediately that limits of
Riemannian manifolds in Gromov-Hausdorff sense will not be manifolds anymore but
rather singular length metric spaces.
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The program of understanding the Ricci limit spaces has been performed by J.
Cheeger and T. Colding in a series of articles [23, 24, 25, 26]. They were able to es-
tablish many fine and global properties for Ricci limit spaces, e.g. almost everywhere
existence of unique tangent cones, a splitting theorem and estimates on the Hausdorff
dimension of singularities. The techniques they use are very sophisticated and based
on a deep understanding of the Riemannian geometry of the converging sequence.
For example, the splitting theorem in this context has to be stated as an almost split-
ting theorem, which is a quantitative version of the original result by Cheeger and
Gromoll. In this way, they were able to deduce a complete picture of the geometry
of Ricci limit spaces that has been further accomplished by recent contributions of
T. Colding, A. Naber and S. Honda [29, 30, 46].

So why bothering about these limits? From the viewpoint of Riemannian geometry
the main motivation is the following. Sequences of Riemannian manifolds and their
limits arise quite often in proofs. Hence, if we have a priori information on limit
spaces, we can exclude certain events and accomplish the proof by a contradiction
argument. A good example for this type of technique and the use of the work of
Cheeger and Colding is the proof of the generalized Margulis Lemma by V. Kapovitch
and B. Wilking [48]. Nevertheless, Cheeger and Colding’s approach cannot explain
in which sense the limit space itself has bounded Ricci curvature. Since limits are
usually singular, there is no chance to establish a curvature tensor in the sense of a
smooth Riemannian manifold. This viewpoint is even more interesting in light of the
previous motivation. We would like to study limit spaces as objects on their own and
not by their approximation.

On the other hand, giving an intrinsic notion of Ricci curvature bounds becomes
even more compulsive if we consider the precompactness result as generalization of
the following phenomena. Imagine a smooth function f : [a,b] — R. Convexity of f
can be expressed either as non-negativity of its second derivative, or by saying that a
line that connects two points on its graph always lies above the graph. It is clear that
the former only makes sense for smooth functions while the latter is stable under uni-
form convergence whose limits are in general not smooth. This type of stability also
appears in the context of lower bounded sectional curvature. The definition of sec-
tional curvature involves derivatives of the Riemannian metric up to second order. It
is more restrictive than Ricci curvature but a generalization to a metric space frame-
work is provided by A. D. Alexandrov’s comparison principle. Roughly speaking, the
idea goes as follows. By Topogonov’s theorem lower (and upper) bounded sectional
curvature for a smooth Riemannian manifold is equivalent to the metric statement
that triangles are thicker (respectively thinner) than appropriate comparison trian-
gles in a model space of constant curvature. Now, this property makes no use of the
differential structure and can be generalized to any length space. Even more, it turns
out that this definition is again stable under Gromov-Hausdorff convergence [19, 18]
that is a kind of C%-convergence in the space of metric spaces. Finite dimensional
Alexandrov spaces admit very nice local and global properties and in some sense they
are almost Riemannian.



1.2 Synthetic Ricci curvature bounds by optimal transport

Hence, the question is wether there is a synthetic notion of generalized lower Ricci
curvature that is stable under Gromov-Hausdorff convergence. It was finally answered
by optimal transportation theory.

1.2 Synthetic Ricci curvature bounds by optimal
transport

The origin of optimal transportation is a problem that was posed by G. Monge in
1781. Imagine a certain good that has to be transported from one location to another
one given a cost function that measures the transportation cost per unit from one
point in the origin to another point in the destination. What is the optimal strategy
that minimizes the total transportation cost? A rigorous mathematical formulation
would be as follows. Given two probability measures p and v on measurable spaces
X and Y respectively and a measurable cost function ¢ : X x Y — R one is looking
for a measurable map T : X — Y such that T,u = v and the total cost

/ (e, T(2))du(z)
X

is minimized with respect to any map that pushes p to v. Although easy to formulate,
this problem turned out to be rather tough. In particular, one should not expect to
find a map as one can see from the most simple configuration y = 8§, and v = 3(6,+6.)
for any triple of points y # z. The problem was unsolved until L. Kantorovitch gave
a reasonable reformulation in terms of couplings in the 40s of the last century [47].
Instead of looking for an optimal map one allows the measure p to split. Then, the
problem’s reformulation is: Find a probability measure m on X x Y with marginals
w and v such that

/ e, y)dn (2, )
XxY

is minimized with respect to any coupling between p and v. Under lower semi conti-
nuity of the cost function ¢ the so-called Monge-Kantorovitch problem can be solved
by an application of Prohorov’s theorem.

Starting from Kantorovitch’s work optimal transport turned out to be a very pow-
erful machinery spreading out in many fields of modern mathematics. From a ge-
ometer’s point of view the most striking contributions were made by Y. Brenier and
R. McCann. Let us consider a Riemannian manifold M and the Monge-Kantorovitch
problem where we set X =Y = M and ¢ = %d?\l. McCann proved in [59] - based
on earlier work of Rachev-Riischendorf [69], and Brenier [17] who treated the Eu-
clidean situation - that for pairs of absolutely continuous probability measures on M
one actually can find an optimal map that solves the Monge-Kantorovitch problem.
Moreover, any optimal map comes from the gradient of a c-concave function ¢ and
takes the form

p+— T(p) = expy(—Vp).
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The notion of c-concavity is a special form of concavity particular adapted to the
cost function ¢ (see Section 3.2). From this representation one also gets a dynamical
picture of optimal transport on Riemannian manifolds.

t = (Ty)sp = exp(—tV).p,

describes a geodesic of probability measures with respect to the L?- Wasserstein dis-
tance dy. For any metric space (X,dy) this is a metric on the space of proba-
bility measures with finite second moment P2(X) and was already introduced by
Kantorovitch himself. It is defined by the square root of the minimal optimal cost
between probability measures with respect to di. The representation of geodesics of
this metric by gradients of c-concave functions opened the door to a fully new view
on the geometry of Riemannian manifolds. One began to study its geometry in terms
of the L2-Wasserstein space (P2(X),dw).

McCann’s second major contribution was the idea to study convexity properties
of functionals on the L2-Wasserstein space [58]. McCann called this displacement
convexity to emphasize that this is not convexity in the sense of functionals on the
linear vector space of probability measures. Later, Cordero-Erausquin, McCann and
Schmuckenschléager [31] proved that a Ricci curvature bound for M directly affects
the convexity of the Shannon entropy that is defined by

Ent(p) :/ logp dp if p=p dvoly
M

and +o0 otherwise. This connection was already suggested by Otto and Villani in [65].
Let us briefly describe the idea. Since a c-concave function ¢ is also semi-concave
in the classical sense, the optimal map between absolutely continuous probability
measures ;1 and v is differentiable almost everywhere by results of Victor Bangert
[13], and a transformation formula holds: g(z) = det DT'(x)f(T(x)) where g and f
are the densities with respect to vol,; of u and v, respectively. Jacobi field calculus
and the Ricci curvature bound for M yield an ordinary differential inequality for the
functional determinant det DT} (z) = y,(t)

1
logy; < —-(logy},)* — 20" < —50%, (1.2.1)

where N > dim M, 6 = dy(z,Ti(x)) and s is the lower Ricci curvature bound for
M. From these two ingredients one can prove that the Shannon entropy is s-convex.

This observation was very motivating. Shortly after the work of McCann and his
collaborators, Sturm and von Renesse were also able to prove the backward direction
in [82]. That is, se-convexity of the Shannon entropy implies that the Ricci tensor
is bounded from below by s. This characterization was used by Sturm in [78] and
independently by Lott and Villani in [56] to gave a purely synthetic notion of lower
Ricci curvature bounds for a metric measure space (X,dx,my). They define lower
bounded Ricci curvature by »-convexity of the entropy on the L?-Wasserstein. We
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can see that a reference measure is necessary to make sense of absolutely continuous
probability measures. Their approach turned out to be very successful. Not only sta-
bility under measured Gromov-Hausdorff convergence holds but also a tensorization
property, a globalization result and numerous functional inequalities.

Results on Ricci curvature bounds in Riemannian geometry typically involve the
dimension of the underlying space. But convexity of the Shannon entropy also allows
examples of infinite dimensional type like the real line equipped with the Gaufl mea-
sure or the abstract Wiener space. For this reason Sturm suggested in [79] to use the
full information of inequality (1.2.1) reformulated as

1
() < -2

1
N92yagy (1.2.2)

for the definition of a curvature-dimension condition. One uses the concavity de-
scribed by (1.2.2) in its integrated form and the Rény entropy Sy () = — [ pfﬁ du
(if du = pd mx 4+pug) to include also a dimension parameter N in the definition. The
rigorous formulation of the curvature-dimension condition C'D(s, N) and its reduced
cousin CD*(», N) is given in Section 2.1 and we omit it at this point. Using the
curvature-dimension condition Sturm was able to deduce many geometric proper-
ties for the metric measure space in question. For example, a sharp Bonnet-Myers
estimate holds for CD(N — 1, N)-spaces [79].

However, Ricci curvature bounds in the sense of optimal transport cannot dis-
tinguish between Riemannian and non-Riemannian type spaces, e.g. any finite di-
mensional Banach space equipped with the standard Lebesgue measure satisfies a
curvature-dimension condition. In this context non-Riemannian means that the in-
duced Laplace-type operator is not linear. Hence, a splitting principle in the sense
of Cheeger and Gromoll cannot be true. This was unsatisfactory since the splitting
theorem is the model case for rigidity of Riemannian manifolds under lower Ricci
curvature bounds. Hence, for the purpose of being able to prove Riemannian-type
rigidity results a more restrictive condition was needed. This was done by Ambrosio,
Gigli and Savaré in [6]. Their approach makes the linearity of the Laplacian part of
the definition where they had to give a rigorous meaning to the objects in question in
the context of metric measure spaces. Their approach was inspired by previous work
of Cheeger [22]. Surprisingly, the Riemannian Ricci curvature bound RC D (s, 00) is
again equivalent to another unified property, the so-called evolution variational in-
equality. Earlier, Ambrosio-Gigli-Savaré started a program where they identify the
evolution of the heat semigroup P; associated to the Laplacian of a metric measure
space as gradient flow w.r.t. the Shannon entropy [4]. The EVI is formulated in
terms of this gradient flow

d
3% diy (1, Prp) + gdm, Py) < Ent(u) — Ent(Py)) (1.2.3)

for any absolutely continuous probability measure ¥ydmy € P2(X) and any probabil-
ity measure p € P?(X). Equation (1.2.3) gives also an alternative characterization of
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gradient flows in a metric space framework and the really astonishing fact is that it
rules out any non-Riemannian space. Again, the EVI cannot capture the dimension
of the space but Erbar, Kuwada and Sturm gave a modified formulation of EVI in
[34] for curvature and dimension. One impressive implication of this approach is that
a Cheeger-Gromoll splitting principle holds recently proven by N. Gigli [37].

Another aspect of the EVI was that it provides a connection to curvature-dimension
bounds in the sense of Bakry and Emery. This is a synthetic formulation of Ricci
curvature in the setting of diffusion semigroups and Dirichlet forms. The starting
point is the Bochner formula

1
AlVul? > (Vu, VAU + »|Vul?> + v (Au)?

that can be interpreted as a purely algebraic condition. This approach was introduced
by D. Bakry and M. Emery in the 80s of the last century and was also very successful
where one of the main contributors was M. Ledoux [53]. However, one depends on
a algebraic framework that is usually not available for metric measure spaces. By
the work of Erbar, Kuwada and Sturm [34] an equivalence between Ricci bounds
in the sense of optimal transport and a modified Bakry-Emery condition has been
established (the result has been announced independently by Ambrosio, Mondino and
Savaré). The former is also known as the Lagrangian picture of Ricci curvature that
focuses on the quantitative behavior of geodesics. The latter is the FEulerian picture
where one studies functions and their gradient vector fields. For a more detailed
explanation of these notions we refer to Chapter 14 of [80].

1.3 Cones and warped products over metric measure
spaces

The concept of warped product between metric spaces B and F' is a generalization
of the well-known Cartesian product. The second factor F' is perturbed by a non-
negative Lipschitz function f on the first factor B. This construction is quite standard
in Riemannian and metric geometry where warped products play the role of model
spaces that show up in numerous situations. The most prominent example is the
Euclidean cone with first factor [0, 00) and warping function f(r) = r. In this case
the metric is induced by the following semi-metric.

dCOﬂK ((S,IE), (t’y)) = \/52 + t2 — 2st COSdF(xa y)

A special feature of warped products and Euclidean cones is that they behave quite
nicely under curvature bounds. In the setting of Alexandrov spaces it is standard
(e.g. [18]) that the Euclidean cone has curvature bounded from below (CBB) by 0 if
and only if the underlying metric space has CBB by 1. For general warped products
a similar result was proven by Alexander and Bishop in [2].
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In this thesis we will establish analogous results for metric measure spaces with
Ricci curvature bounded from below in the sense of Lott, Sturm and Villani. In the
first part we will focus on the situation where the underlying spaces are smooth. More
precisely, we deduce a curvature-dimension bound for the warped product between
B, F and f where B is a Riemannian manifold, F' is a weighted Riemann-Finsler
manifold and f a smooth function provided suitable conditions for the spaces and
the warping function f hold. This result is interesting because examples that mainly
inspired the definition of curvature-dimension in the sense of Lott, Sturm and Villani
come from Gromov- Hausdorff limits of Riemannian manifolds with a uniform lower
bound on the Ricci tensor. Hence, we obtain a new class of examples of metric
measure spaces with synthetic Ricci curvature bounds underlining the relevance of
the new approach. The main theorem that we will prove in Chapter 3 is

Theorem A. Let B be a complete, d-dimensional space with CBB by K such that
B\0B is a Riemannian manifold. Let f : B — Rxq be FK-concave and smooth
on B\OB. Assume OB C f~1({0}). Let (F,my) be a weighted, complete Finsler
manifold. Let N > 1 and Kp € R. If N =1 and Ky > 0, we assume that diam F <
7/vVKg. In any case F satisfies CD((N — 1)Ky, N) such that

1. If 0B =0, suppose K, > K f.
2. If 0B # 0, suppose K >0 and |V f|, < /Ky for all p € 0B.

Then the N-warped product B xﬁcv F satisfies CD((N +d — 1)K, N +d).

The N-warped product is a generalization of the corresponding concept for metric
spaces that also involves a suitable reference measure. The precise definition is given
in Section 2.2.

In the second part of this thesis, which begins with Chapter 4 we will consider
warped products over metric measure spaces. The general framework requires differ-
ent techniques. The solution is to apply the characterization result of Erbar, Kuwada
and Sturm but the prize we pay is that we can prove results only in the framework
of Riemannian Ricci curvature bounds. The main results only deal with so-called
(K, N)-cones but we conjecture that Theorem A is also true in this context. In the
second part we prove the following two theorems.

Theorem B. Let (F,dr,mr) be a metric measure space that satisfies RCD*(N —
1,N) for N > 1 and diamp < 7. Let K > 0. Then the (K, N)-cone Cony x(F)
satisfies RCD*(KN,N +1).

Theorem C. Let (F,dp,mp) be a metric measure space. Suppose the (K, N)-cone
Cony x(F') over F satisfies RCD*(KN,N + 1) for K €¢ R and N > 0. Then
(1) if N > 1, F satisfies RCD*(N — 1, N) and diam F < 7,

(2) if N € [0,1), F is a point, or N =0 and F consists of exactly two points with
distance .
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1.4 The maximal diameter theorem

The most basic geometric property of metric measure spaces satisfying positive Ricci
curvature bounds is the Bonnet-Myers estimate. If the space satisfies RCD*(N —
1, N), the diameter is bounded by 7. But what happens when the bound is attained?
What are the extremal spaces in the Bonnet-Myers estimate?

In the context of Riemannian manifolds such a mazimal diameter theorem was
proven by Cheng in [28] and it provides a rather strong rigidity result. It states that
an n-dimensional Riemannian manifold, that has Ricci curvature bounded from below
by n — 1 and attains the maximal diameter 7, is the standard sphere S™. However, a
result of Anderson [9] shows that already small perturbations of the diameter destroy
this rigidity. Namely, for any even dimension n > 4 and any ¢ > 0 one can find a
Riemannian manifold M, that satisfies a Ricci bound of n — 1 and contains points
x,y € M with dps.(x,y) = m — e = diam M, but M, is not even homeomorph to a
sphere for any € > (. This is in contrast to the situation of Riemannian manifolds
with sectional curvature bounded from below by 1 where Cheng’s rigidity result holds
as well but perturbations of the metric do not affect the homeomorphism class of the
space as long as diam,, > 7 by a result of Grove and Shiohama, [43].

Later, Cheeger and Colding studied this behavior in more detail and gave a refined
version of Anderson’s result in [23]. They prove that any n-dimensional Riemannian
manifold with lower Ricci curvature bound n — 1 and almost maximal diameter is
close in the Gromov-Hausdorff distance to a spherical suspension [0, 7] Xgn Y over
some geodesic metric space Y. Especially, Cheeger and Colding obtain the following
maximal diameter theorem for Ricci limit spaces.

Theorem. Let (X,dx) be a Ricci limit space of a sequence of n-dimensional Rie-
mannian manifolds M; with ricy;, > n — 1 and there are points x,y € X such that
dx(x,y) = 7, then there exists a length space (Y,dy) with diamY < w such that
[0,7‘1’] XsinY:X.

Hence, in the case of positively curved Ricci limit spaces with maximal diameter one
does not get a sphere in general but a spherical suspension. One of the main results
of this thesis - obtained as a corollary of Theorem B, Theorem C and the recently
established Gigli-Cheeger-Gromoll splitting theorem in the context of RC'D(0, N)-
spaces [37] - is a maximal diameter theorem for RC D*-spaces.

Theorem D. Let (F,dr,mz) be a metric measure space such that RCD*(N, N + 1)
holds for N > 0. If N =0, we assume that diam F' < 7. Let x,y be points in F' such
that dp(z,y) = w. Then, there exists a metric measure space (F',dz,mpr) such that
(F,dp,mp) is isomorphic to [0, 7] XY F' and

(1) if N > 1, (F',dp, my) satisfies RCD*(N — 1, N) and diam F' < T,

(2) if N €10,1), F' is a point, or N =0 and F’' consists of exactly two points with
distance .



1.5 Outline of the thesis

In particular, our theorem includes the result of Cheeger and Colding and it also
provides a new proof of the maximal diameter theorem of Cheng since a spherical
n-cone, that is a (n + 1)-dimensional Riemannian manifold, has necessarily to be the
standard sphere S*t1.

1.5 Outline of the thesis

This thesis is divided into two parts. Chapter 2 and 3 constitute the first part,
and its main results have been published in [50]. In Chapter 2 we provide prelim-
inary material that is used in the thesis. For example, the Wasserstein space, the
curvature-dimension condition, the definition of warped products and an introduction
to Riemann-Finsler manifolds are presented. In Chapter 3 we prove Theorem A and
give some applications.

The second part of the thesis is Chapter 4 and 5. The results of this part are
submitted for publication and available in a different form in [49]. In Chapter 4 we
provide further preliminary material concerning first order calculus for metric measure
spaces. In particular, we present Dirichlet forms, Riemannian Ricci curvature bounds
and skew products. Finally, in Chapter 5 we prove Theorem B, Theorem C and the
maximal diameter theorem.

10



2 Preliminaries, part 1

Outline of the chapter. This Chapter provides definitions and results that will
be constantly used in this thesis.

In Section 2.1 we introduce elementary notions from the theory of metric measure
spaces and Wasserstein geometry, which become the framework for the definition
of synthetic Ricci curvature bounds in the sense of Lott, Sturm and Villani. In
Section 2.2 we give the definition of warped products between metric measure spaces
and as a special case we introduce so-called (K, N)-cones. We give an overview on
results established by Bishop and Alexander in the context of Alexandrov spaces.
Finally, in Section 2.3 we focus on the smooth situation. We briefly repeat the
definition of weighted Riemann-Finsler manifolds, their elementary properties and
the warped product construction in this setting. We also give the definition of the
N-Ricci tensor. The content of Section 2.3 will only be used in Chapter 3.

2.1 Ricci curvature bounds in the sense of optimal
transport

Starting point of the thesis is the following definition of metric measure spaces.

Definition 2.1.1 (Metric measure space). Let (X,dy) be a complete and separable
metric space, and let myx be a locally finite Borel measure on (X, Ox) with full sup-
port. That is, for all x € X and all sufficiently small » > 0 the volume my (B;(x)) of
balls centered at x is positive and finite. A triple (X, dx, my) will be called metric
measure space.

Ox denotes the topology of open sets with respect to dx. Oy generates the corre-
sponding Borel o-algebra.

Length spaces. The length of a continuous curve v : [a,b] C R — X is defined as

n—1
L(7) :=sup > " dx((t:), A (tir1))-
=0

The supremum is taken with respect to {(¢;)7 o} =1 T C [a,b] witha =ty < --- <
tn, = b. A curve 7 is said to be rectifiable if L() < oo and the length of a rectifiable
curve is independent of reparametrizations. Any rectifiable curve admits a natural
parametrization. More precisely, there is a monotone continuous map ¢ that maps

11



2.1 Ricci curvature bounds in the sense of optimal transport

[a, b] onto [0, L(v)] such that v = yop where 7 : [0, L(7)] — X satisfies L(y]s ) = t—s
[18, Proposition 2.5.9]. The metric speed of a curve « is defined as

500 = i SO 1)

if the limit exists. If - is absolutely continuous, then one can prove [18, Theorem
2.7.6] that its metric speed exists almost everywhere and

b
:/ 14 (t)|dt. (2.1.1)

The statement of Theorem 2.7.6 in [18] is for Lipschitz curves, but one can see that
the proof also works if the curve is just absolutely continuous. For a complete picture
on this subject we refer to [18].

(X, dy) is called length space if dx (x,y) = inf L(~) for all z,y € X, where the infimum
runs over all absolutely continuous curves v in X connecting z and y. (X,dy) is
called geodesic space if every two points z,y € X are connected by a curve v such that
dx(x,y) = L(v). Distance minimizing curves of constant speed are called geodesics. A
length space, which is complete and locally compact, is a geodesic space ([18, Theorem
2.5.23]). (X, dx) is called non-branching if for every quadruple (z, zo, x1, z2) of points
in X for which z is a midpoint of g and x; as well as of xyp and x9, it follows that
r1 = T2.

Wasserstein geometry. Pa(X,dy) = Pa(X) denotes the L2-Wasserstein space of
probability measures i on (X, Ox) with finite second moments, which means that
[x A% (z0, x)dp(x) < oo for some (hence all) zg € X. The L?-Wasserstein distance
dW(Ho, 1) between two probability measures pg, 11 € P2(X,dx) is defined as

dw (po, 1) = \/1ng Xdi(axy) dm(z,y). (2.1.2)

Here the infimum ranges over all couplings of pg and pq, i.e. over all probability
measures on X X X with marginals p and p1. (P2(X,dx), dw) is a complete separable
metric space. The subspace of my-absolutely continuous measures is denoted by
Po(X,dx, my).

A minimizer of (2.1.2) always exists and is called optimal coupling between po and
p1. A subset T' € X x X is called d%-cyclically monotone if and only if for any k € N
and for any family (z1,41),..., (T, yx) of points in I the inequality

k

Z xla Yi)

=1

xza yz-‘rl

||M»

holds with the convention y;+1 = y1. Given probability measures pg, g1 on X, there
exists a di—cyclically monotone subset I' C X x X that contains the support of any

12



2 Preliminaries, part 1

optimal coupling.

A probability measure II on I'(X) - the set of geodesics in X - is called dynamical
optimal transference plan if and only if the probability measure (eq, e1)II on X x X
is an optimal coupling of the probability measures (ep).Il and (e;).II on X. Here
and in the sequel e; : I'(X) — X for ¢t € [0,1] denotes the evaluation map v +— ~;.
An absolutely continuous curve y; in Po(X,dx, my) is a geodesic if and only if there
is a dynamical optimal transference plan II such that (e;). Il = p;.

Definition 2.1.2 (Reduced curvature-dimension condition, [10]). Let (X,dx,my)
be a metric measure space. It satisfies the condition CD*(s¢, N) for » € R and
N € [1,00) if for each pair ug, u1 € P3(X,dx, my) there exists an optimal coupling
q of up = pomy and pu; = pymy and a geodesic puy = prmyx in PQ(X,dX,mX)
connecting them such that

Joot ™ gz [ (080 0m " w0) + o ()oY ()] datan. 1)
b's XxX

(2.1.3)
for all t € (0,1) and all N > N where dy := dx(xg,21). In the case 3 > 0, the
volume distortion coefficients UE?N(-) for t € (0,1) are defined by

) _ sin( %/N@t)
U%’N( )_ sin( %/NG)

if 0 <0 <,/%x and by JS)N(H) = o0 if 5#6? > N72. If 562 = 0, one sets Uétgv(ﬂ) =1,
and in the case » < 0 one has to replace sin(,/%-) by sinh (‘/%’{*>- In particular,
the space is connected.

Definition 2.1.3 (Curvature-dimension condition, [79]). Let (X, dx, mx) be a metric
measure space. It satisfies the curvature-dimension condition CD(s, N) for » € R

. . o . t
and N € [1,00) if we replace in Definition 2.1.2 the coefficients 05{7)]\, (0) by

00 if »6? > (N —1)72,

TO0(0) = L8N GO (01N s < (N —1)r? & N> 1,

t if 202<0 & N=1.

By definition a single point satisfies C'D(s, N) for any » > 0 and N = 1. This is the
original condition that was introduced by Sturm in [79].

Remark 2.1.4. If the metric measure space is a Riemannian manifold, the reduced
and non-reduced condition are equivalent and one conjectures that this should hold
also in a more general framework. It is clear that CD(0, N) = CD*(0, N) and in any
case, there are the following implications
CD(»x,N) = CD*(5,N) forany » € Rand N >1,
CD*(»%,N) <= CDj(3,N) for any x € Rand N > 1

13



2.1 Ricci curvature bounds in the sense of optimal transport

(see [10, 32]) where the definition of C'Dj,.(3¢, N) can be found for example in [79].
It turns out that the reduced curvature-dimension is more suitable for applications
because of the easier form of the coefficients US)N.

We point out the exceptional character of the case N = 1. In particular, there are

no metric measure spaces that satisfy C'D(s,1) for s > 0 except points.

Doubling property. A metric measure space (X, dy, my) that satisfies CD*(s, N)
for some » € R and N > 1, satisfies a doubling property on each bounded subset
X' C suppm (see [79, 10]). More precisely, there exists a constant C' > 0 such that
for each r > 0 and x € X’ with Ba,(z) C X' we have

my (B (z)) < Cmy (B (z)) (2.1.4)

In particular each bounded closed subset is compact and (X, dx, my) is locally com-
pact. If 3 > 0 or NV > 1 the doubling constant can be chosen uniformily for the whole
space and is < 2¥. Then, we also say the metric measure space satisfies a doubling
property. The doubling estimate can be refined. That is, there is C > 0 and N > 1
such that

N

my(Br(x)) <C (f) my(By(x)) forany r < Rand z € X. (2.1.5)

Measure contraction property. If (X,dyx,my) is non-branching then the re-
duced curvature-dimension condition C'D*(s¢, N) implies the measure contraction
property M CP(s, N) by a result of Cavalletti and Sturm [20] where s € Rif N > 1
and » = 0 if N = 1. There are two different definitions of the measure contraction
property by Ohta in [61] and by Sturm in [79]. The latter is more restrictive and
implies the former. In a non-branching situation the definitions coincide and it can
be stated as follows:

Definition 2.1.5 (Measure contraction property, [60, 79]). Let (X, dx, my) be a non-
branching metric measure space. Then it satisfies the measure contraction property
MCP(5,N) if for any = € X, for any measurable subset A C X with myx(A4) < oo
(and A C By qw—y7=() if ¢ > 0) and the unique L2-Wasserstein geodesic II such
that 6, = (eg)«II and mx(A)~'myx = (e1).II we have

dmy > (er)s (N (L)Y my(A)II() )

Again, by definition a single point satisfies M C P (s, 1) for any » > 0, and s > 0 and
N =1 can only appear in this case.

A corollary of the measure contraction property Ohta is the Bonnet-Myers Theorem.

14



2 Preliminaries, part 1

Theorem 2.1.6 (Generalized Bonnet-Myers Theorem, [60]). Assume that a metric
measure space (X,dx,my) satisfies MCP(3¢,N) for some ¢ >0 and N > 1. Then
the diameter of (X, dx) is bounded by 77\/@. Especially, a metric measure space that
is non-branching and satisfies the reduced curvature-dimension condition C D* (3, N)
for >0 and N > 1 has bounded diameter by 71'\/@.

Remark 2.1.7. One can easily see that the generalized Bonnet-Myers Theorem is an
immediate consequence of the condition C'D(s¢, N) for 5 > 0 and N > 1 even without
any non-branching assumption.

2.2 Warped products and cones

Let (B,dp) and (F,dF) be length spaces that are complete and locally compact. Let
f + B = R be locally Lipschitz. Let us consider a continuous curve v = (o, 3) :
[a,b] — B x F. We define the length of v by

n—1

L(v) :=sup Z (d(a(ts), a(tiv1))® + flaltivn))® dr(B(t:), B(tiv1))?)

T 2o

D=

where the supremum is taken with respect to {(¢;)I_ o} =: T C [a,b] with a =ty <
«+- <tp, =b. Wecall acurve v = («, 8) in B x F' admissible if « and 3 are rectifiable
in B and F, respectively, and for admissible curves one can see that L(vy) < co. If «
and 3 are absolutely continuous, then

1 .
L(y) = /0 VIGOR + (f 0 a2l 3(0)]2dt.

L is a length-structure on the class of admissible curves. For details see [18] and [1].
We can define a semi-distance between (p,z) and (q,y) by

inf L(vy) =: de((p, 7), (¢,9)) € [0, 00)

where the infimum ranges over all admissible curves v that connect (p,z) and (¢, y).

Definition 2.2.1. The warped product of metric spaces (B,dp) and (F,dp) with
respect to a locally Lipschitz function f: B — R>q is given by

(C:=BxF/.,dc)=:Bx; F
where the equivalence relation ~ is given by

(p,z) ~ (q,y) <= dc ((p,2), (q,y)) =0

and the metric distance is d¢ ([(p, 2)], [(¢,v)]) := de ((p, z), (q,y))-
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2.2 Warped products and cones

Remark 2.2.2. One can see that
C = (B x; F)Uf ' ({0}) where B\f'({0}) =: B and f = f|3.

We will often make use of the notation €' := B x; F. B Xy F'is a length space.
Completness and local compactness follow from the corresponding properties of B
and F. It follows that B x I’ is geodesic. Especially for every pair of points we find
a geodesic between them.

The next two theorems by Alexander and Bishop describe the behavior of geodesics
in warped products.

Theorem 2.2.3 ([1, Theorem 3.1]). For a minimizer v = («,3) in B xy F with
f >0 we have

1. B is pregeodesic in F and has speed proportional to f~2 o a. .
2. « is independent of F', except for the length of 3.

3. If B is non-constant, v has a parametrization proportional to arclength satisfying
the energy equation %112 + ﬁ = F almost everywhere, where v is the speed of
a and E is constant.

Theorem 2.2.4 ([2, Theorem 7.3]). Let v = (o, ) be a minimizer in B x ¢ F that
intersects f~1({0}) =: X.

1. If v has an endpoint in X, then « is a minimizer in B.
2. B is constant on each determinate subinterval.

3. a 1s independent of F', except for the distance between the endpoint values of (3.
The images of the other determinate subintervals are arbitrary.

Remark 2.2.5. A pregeodesic is a curve, whose length is distance minimizing but not
necessarily of constant speed. A determinate subinterval J of definition for g is an
interval, where f o a does not vanish, e.g. t € J if foa(t) > 0.

Definition 2.2.6. For a metric space (X,dy), the K-cone Cong(X) is a metric
space defined as follows:

0,7/vE] if K >0
[0, 00) if K <0
and (s,z) ~ (t,y) < (s,x)=(t,y) V s=t¢€ 0.

o (Ix x X)/~ where IK:{

o For (z,s),(2',t) € (Ix x X)/(xxo1g)

dConK((xv 5)? (:LJ’ t))
_ cosygt (cosy(s) cosg (t) + K sing(s) sing () cos (d(z,z') A7) if K #0
' /82 + 12 — 2stcos (d(z, ') A ) if K=0.
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2 Preliminaries, part 1

where sing(t) = \/—%sin(\/ft) and cosy(t) = cos(vVKt) for K > 0 and sing(t) =

ﬁ sinh(v/—Kt) and cosk(t) = cosh(v/—Kt) for K < 0.

The K-cone with respect to (X, dy) is a length (resp. geodesic) metric spaces if and
only if (X, dy) is a length (resp. geodesic) at distances less than 7 (see [18, Theorem
3.6.17] for K = 0).

Remark 2.2.7. If diamy < 7, the K-cone coincides with the warped product Iy Xgin
X. This follows easily from Theorem 2.2.3 and from the fact that I Xsin « (0, 7) equals
the open upper half plane of the 2-dimensional model space of constant curvature K
and we can express distances there in polar coordinates.

We have to introduce a reference measure on C', which reflects the warped product
construction. In general we define

Definition 2.2.8 (N-warped product). Let (B,dz,mp) and (F,dp,mp) be length
metric measure spaces. For N € [0, 00), the N-warped product (C,d¢, m¢y) = B x? F
of B, F' and f is a metric measure space defined as follows:

o C:=BxyF=(BxF/.,dc)

AN (p)dmy(p) © dmp(z) on C

d ,T) = .
o dme(p:z) {0 on C\C.

In the setting of K-cones we can introduce a measure in the same way. We call the
resulting metric measure space a (K, N)-cone.

FK-concavity. f: B — Ry is said to be FK-concave if its restriction to every
unit-speed geodesic ~y satisfies

Fory(t) > a1 foy(0)+ oW for(0) for all t € [0,6]

where § = L(v). For the definition of o() = aﬁ(@) see the remark directly after
Definition 2.1.3. This is equivalent to that f o~y is a sub-solution of

u”" = —Ku on (0,0)
u(0) = for(0), u(f) = for(h).

Alexandrov spaces. We briefly present well-known results in the setting of Alexan-
drov spaces with curvature bounded from below (CBB). A nice introduction to
Alexandrov spaces can be found in [18]. Let B and F' be finite-dimensional Alexan-
drov spaces with CBB by K and K respectively. We assume that f is FK-concave
and

Kp>Kf*(p) and Df, </ Kr—Kf*(p) VpeB. (2.2.1)
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2.2 Warped products and cones

Df, is the modulus of the gradient of f at p in the sense of Alexandrov geometry
(see for example [68]). For FK-concave functions on finite dimensional Alexandrov
spaces D f, is always well-defined and, if B is a Riemannian manifold, this notion
coincides with the usual one where D f, can always be replaced by |V fp|.

In [2] Alexander and Bishop prove the following result.

Proposition 2.2.9 (]2, Proposition 3.1]). For an FK-concave function f : B —
[0,00) on some Alezandrov space B with CBB by K, the condition (2.2.1) is equivalent
to

1. If (f10B)~4(0) = 0, suppose Kp > K f*.
2. If (floB)~1(0) # 0, suppose Kp >0 and Df, < /K for allp € X.

Remark 2.2.10. In the proof of the previous proposition Alexander and Bishop es-
pecially deduce the following result. Let f be FK-concave and assume it is not
identical 0. Let B be as in Proposition 2.2.9. Then f is positive on non-boundary
points: =1 ({0}) C OB. Especially (f|0B)~1(0) = f~1(0).

Proposition 2.2.11 ([2, Proposition 7.2]). Let f : B — Rx>q and B as in the previous
proposition. Suppose X = f~1({0}) # 0 and Kr > 0 and Df, < /K for allp € X.
Then we have: Any minimizer in B X ¢ F' joining two points not in X, and intersecting
X, consists of two horizontal segments whose projections to F are w//Kgr apart,
joined by a point in X.

The main theorem of Alexander and Bishop concerning warped products is:

Theorem 2.2.12 ([2, Theorem 1.2]). Let B and F' be complete, finite-dimensional
spaces with CBB by K and Kp respectively. Let f : B — Rxo be an FK-concave,
locally Lipschitz function satisfying the boundary condition (). Set X = f~1({0}) C
0B.

1. If X =0, suppose Kr > K f?.
2. If X # 0, suppose Kp >0 and Df, < +/Kp for allp € X.

Then the warped product B Xy F' has CBB by K.

(t) If B is the result of gluing two copies of B on the closure of the set of boundary
points where f is nonvanishing, and f1: Bt — R>q s the tautological extension of
f, then Bt has CBB by K and f' is FK -concave.

If we assume that 0B C f~1({0}), then (f|0B)~1(0) = f~1({0}) = 9B and the

boundary condition (f) does not play a role.
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2 Preliminaries, part 1

2.3 Riemann-Finsler Manifolds

In this section we investigate smooth metric measure spaces in more detail. More
precisely, this is the class of Riemann-Finsler manifolds equipped with a smooth
reference measure. We recall the definition.

Definition 2.3.1 (Riemann-Finsler manifolds). A Finsler structure on a C°°-manifold
M is a function F,, : TM — [0, 00) satisfying the following conditions:

(1) (Regularity) F,, is C* on T'M\Ops, where Opr : M — T'M with Oy, =0 €
T'M,, denotes the zero section of T'M.

(2) (Positive homogeneity) For any v € T'M and positive number A > 0 we have
f]u()\v) — )\.FIM(U).

(3) (Strong convexity) Given local coordinates (x%,v)"; on 7~ 1(U) C TM for

U C M, then Y
0500 = (550 @) (2.3.)

is positive-definite at every v € 7—1(U)\0.

We call (gi;)i<ij<n fundamental tensor and (M, F,,) a Riemann-Finsler manifold.
(gi,j)i,j can be interpreted as Riemannian metric on the vector bundle

U 7M. —»TM
’UETM\O]W

that associates to every v, € T'M, again a copy of T'M,, itself. An important property
of the fundamental tensor for us is its invariance under vertical rescaling:

9i,j(v) = gij(Av) for every A > 0.

The Finsler structure induces a distance that makes the Riemann-Finsler manifold
a metric space except for the symmetry of the distance. Because we only consider
symmetric metrics, we additionally assume

(4) (Symmetry) Fy (v) = Fp(—v).

The definition of Riemann-Finsler manifolds includes the class of Riemannian mani-
folds. If (M, Fy) is purely Riemannian, we will write F,, = gy .

Remark 2.3.2. Although we assume the Finsler structure F,, to be C*°-smooth (what
we will call just smooth) outside the zero section, the lack of regularity at 0, is worse
than one would expect. Namely F2 is C? on TM if and only if F,, is Riemannian.
Otherwise we only get a regularity of order C'* for some 0 < a < 1. (For the
statement that we have C? if and only if we are in a smooth Riemannian setting,
see Proposition 11.3.3 in [73].) This fact has important consequences for warped
products in the setting of Riemann-Finsler manifolds.
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A weighted Riemann-Finsler manifold is a triple (M, F,;, m,,) where (M, F,,) is a
Riemann-Finsler manifold and m,, is a positive Radon measure. In this context
the measure m,, is assumed to be smooth. That means, if we consider M in local
coordinates, the measure m,, is absolutely continuous with respect to £” and the
density is a smooth and positive function. We remark that there is no canonical
volume for Riemann-Finsler manifolds like in the purely Riemannian case. In the
Riemannian case we are always able to write dm,, = e Y@ dvol u () for some smooth
function ¥ : M — R. We also use the notation (M, m,,) = (M, V).

Definition 2.3.3 (N-Ricci curvature). Given a complete n-dimensional Riemannian
manifold M equipped with its Riemannian distance dj; and weighted with a smooth
measure dmpys(z) = e~ Y@ dvoly () for some smooth function ¥ : M — R. Then
for each real number N > n the N-Ricci tensor is defined as

1
ricN M () = ricV Y (v) == ric(v) + V2U(v) — TVQ’ ® V¥(v)
-n

where v € T'M,. For N = n we define

e (1) {ric(v) LV2U(0) V() =0
—00 else.

For 1 < N < n we define ric™"¥ (v) := —oo for all v # 0 and 0 otherwise.

We switch again to the setting of weighted Riemann-Finsler manifolds (M, Fas, may).
Ohta introduced in [62] the N-Ricci tensor for a weighted Riemann-Finsler manifold
that we define now. For v € T'M,, choose a vector field V' on a neighborhood U > p
such that v = V}, and every integral curve of V' is a geodesic. That is always possible
and we call such a vector field a geodesic vector field. Because of the strong convexity
property of F,, the vector field V' induces a Riemannian structure on U by

n

g;,/ = Z (gm)(Vp)d:c; ® dxg, for all p e U.
ij=1

and we have the following representation d my; = e“pvdvolgv on U for some smooth
function Wy,. Then for N > 1 the N-Ricci tensor at v is defined as

ricN M () = ricV YV (v),
The benefit of this definition is the following result.

Theorem 2.3.4 ([79], [62]). A weighted complete Riemann-Finsler manifold without
boundary (M, Fy,my,) satisfies the condition CD(3, N) if and only if

ricVmM (y, ) > 2 F2(v)  for allv € TM.
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Warped products over Riemann-Finsler manifolds. Let B and F' metric mea-
sure spaces and let f be a locally Lipschitz function. We assume that B and F are
Riemannian manifolds with dimension d and n respectively and f = f|z is smooth.
The Riemannian warped product with respect to f is defined in the following way:

Co’::éfo:: (B x F,g)
where the Riemannian metric g is given by
g:=(mp)"gs + (fo 7T'B)Q(WF)*QF-

gs and gp are the Riemannian metrics of B and F respectively. The length of a
Lipschitz-continuous curve v = («, §) in C' with respect to the metric g is given by

1
L(y) = /0 Vas(@(t), a(0) + £2 0 alt)gr(A(t), At))dt

So the Riemannian distance on C is defined by |(p,z), (¢,y)| = inf L(y) where the
infimum is with respect to all Lipschitz curves that are joining (p,z) and (q,y) in C.
It is easy to see that the Riemannian warped product C as metric space embeds in
the metric space warped product C and the metrics coincide on C\ f~1({0}).

Now we define warped products between Riemann-Finsler manifolds (B, Fz) and
(F, Fr) with respect to a smooth function f : B — [0,00) and exactly like in the
Riemannian case we can define a warped product Finsler structure explicitly on B x F’
by

Fpur = | FL 0 (To)s + (f 0 15)2F 0 (np)s.

The notion of warped product for Riemann-Finsler manifolds is already known and
studied by several authors (for example see [52]). By Remark 2.3.2 it is clear that
FBx iF is no Finsler structure on B x F in the sense of our definition. It cannot be
smooth on TB x 0p unless F is Riemannian and analogously it cannot be smooth
on Og x TF unless B is Riemannian. Especially it is only possible to define the
fundamental tensor where Fpy iF is smooth. We can also consider the warped prod-
uct between Riemann-Finsler manifolds as metric spaces that we introduced before.
Again the two definitions provide the same notion of length and therefore they pro-
duce the same complete metric space, that we call again B x; F' = C.

To obtain a metric measure space we introduce again a suitable measure that is pre-
cisely the one of Definition 2.2.8. In the purely Riemannian setting this yields the
following simplifications. We have dmp = e~ Y1dvoly and dmp = e~ ¥2dvol, . The
Riemannian volume of C is

dvolg = f"dvolg dvolp
For N € [1,00) we have

dmg, = fNe™ (Y2 gyoly dvolp = Ve (V1H¥2) gvol,, .
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We define a function ® on B as follows
e @ = N7 (p) = B(p) = —(N —n) log f(p).

So the measure mg has the density e~ (®H¥1+Y2) with respect to dvole.

Remark 2.3.5. It will turn out that curvature bounds for B in the sense of Alexan-
drov are essential in our proof of Theorem A where we show a curvature-dimension
condition for B x% F. But a non-Riemannian Riemann-Finsler manifold will not
satisfy such a bound. So it is convenient to assume that at least (B, Fp) is purely
Riemannian with ]-'g = ¢gp. In this case the fundamental tensor at V(p,a) where Fpx a
is smooth becomes

(98)i,5(p) if 1<i,57<d
. — )i 02(F2) . .
9ii(Vpx)) = § 3120 s (rr)evey) i d+1<1d,5<d+n
0 otherwise.
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3 Ricci curvature bounds for warped
products

Introduction. This chapter is devoted to the proof of the following theorem for
warped products over smooth metric measure spaces.

Theorem A. Let B be a complete, d-dimensional space with CBB by K such that
B\0OB is a Riemannian manifold. Let f : B — Rx¢ be FK-concave and smooth
on B\OB. Assume OB C f~1({0}). Let (F,my) be a weighted, complete Finsler
manifold. Let N > 1 and Kp € R. If N =1 and Ky > 0, we assume that diam F' <
7/ Kg. In any case F satisfies CD((N — 1)Ky, N) such that

1. If 0B =0, suppose K > K f?.
2. If 0B # 0, suppose K > 0 and |V f|, < /Ky for all p € OB.
Then the N-warped product B xitv F satisfies CD((N +d— 1)K, N +d).

Why can we expect such a result? In the case of warped products between Riemannian
manifolds it is possible to calculate the Ricci tensor of B x; F' explicitly. Consider

E+ve TCO'(p’a;) =TDB, ®TF,. Then the formula is
ricg =ri - Vpr(g)
CC(§ + ’U) - CB(&) n f(p)
A V£l?
+ ricg(v) — ( sz](f)j) +(n— 1)‘}02‘(]23”) g (v, ) (3.0.1)

and can be found in [64, chapter 7, 43 corollary]. We remark that go(v,v) =
f2(p)gr(v,v). V2f denotes the Hessian of f, which can be defined as follows. For
v, w € T'M, we choose vector fields X and Y such that X,, = v and Y, = w. Then

Vif(v,w) = XY f — (VxY)pf (3.0.2)

where V denotes the Levi-Civita-connection of g. We set V2f(v) = V2f(v,v). Be-
cause of (3.0.2) we will always choose vector fields in the way we did above to do
calculation. The results will be independent of this choice. In the smooth setting
FK-concavity for a smooth f becomes V2 f(v) < —fK|v|? for any v € TB. Then, if
ricy > (d — 1)K, f is FK-concave, and |V f|? + K f? < Ky everywhere in B, we get

ricp(v) > (n — 1) Kplv|? = ricpx ,r(§+v) > (n+d—1)K[§ + v]? (3.0.3)
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3.1 Ricci tensor of warped products over Riemann-Finsler manifolds

for every v € T'F and for every { +v € TB Xy FF'=TB & TF, respectively.

But even in the smooth setting one problem still occurs. When we allow the func-
tion f to vanish - that will happen in most of the interesting cases - the metric tensor
degenerates and the warped product under consideration is no longer a manifold.
Especially, there is no notion for the Ricci tensor at singular points. One strategy
to solve this problem could be to cut the singularities and consider only what is left.
But in general that space neither will be complete nor strictly intrinsic.

But the warped product together with its distance function and its volume mea-
sure is still a complete length metric measure space where the curvature-dimension
condition in the sense of Lott, Sturm and Villani can be defined without problem.
Hence, we state our result in terms of that condition and use tools from optimal
transportation theory to circumvent the problem that comes from the singularities.
A first step in this direction was done by Bacher and Sturm in [11] where they show
that the Euclidean cone over some Riemannian manifold satisfies CD(0, N) if and
only if the underlying space satisfies CD(N — 1, N). Our main theorem is an analog
of this in the setting of warped products and Finsler manifolds.

One can see that the curvature bound that holds by (3.0.3) on the regular part
passes to the whole space provided the given assumptions are fulfilled. In general that
will not be true. For example consider N = 1 and the Euclidean cone over F' = R.
Then (3.0.1) is still true where f does not degenerate, but the cone does not satisfy
any curvature-dimension condition (see [11]). The main part of the proof is to show
that the set of singularity points does not affect the optimal transportation of mass
and therefore, does not affect any type of convexity of any entropy functional on the
L?-Wasserstein space.

Outline of the chapter. In Section 3.1 we prove the formula for the IN-Ricci
tensor of warped products. We generalize formula 3.0.1 to weighted Riemann-Finsler
manifolds. In Section 3.2 we give a detailed analysis of optimal transport in warped
products where the first part also holds in a non-smooth framework. Finally, in
Section 3.3 we prove Theorem A and give some immediate corollaries and applications.

3.1 Ricci tensor of warped products over
Riemann-Finsler manifolds

Ricci tensor for Riemannian warped products. Proposition 3.1.1 is a gen-
eralization of formula (3.0.1) for N-warped products for all N € [1,00), where
B = B\ f~1(0) is Riemannian and (F, ¥) is a weighted Riemannian manifold. We will
use the calculus for horizontal and vertical vector fields from [64]. For some vector
field X on B there is a unique horizontal lift V' that is a vector field on C such that
(r5), V =V or. Similar, there is unique vertical lift V' for some vector field V' on F'.
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3 Ricci curvature bounds for warped products

We remind the reader on the following relations that come from stralghtforward
calculations or can be found in [64]. Consider vector fields X,Y on B and V,W
on F' and their horizontal and vertical lifts X Y V W respectively. V denotes the
Levi-Civita-connection of B X : F

(2) VoV =VoX =2 om,V,

!
2
<i

Yo WBW + V{;W.

Proposition 3.1.1. Let B be a Riemannian manifold and (F, \IJ) be a weighted Rie-
mannian manifold. Let N > 1 and f : B — (O 00) is smooth. B Xy F =C is the as-
sociated N -warped product of B, (F, ) and f. Consider é+v € TC'(WC) =TB,eTF,
and vector fields X and V with X, = £ and V; = v and their horizontal and vertical
lifts X and V on C. Then we have

. Ntd,d+ o) = rics (€) — V2 ()
I'lCé (§+ )_ B(g) N f(p)
v (AfB) (V)
trier™ () <f<p> -1 f%))’” X

® is given by e~ ® = fN"". If the reference measure on F is the Riemannian volume
and if we identify 1"icfwv’1 with ricg, the previous formula reduces to

2
el e +0) =ricy(6) - N Y1)
. A Vi) i
+ ricg(v) — < fjéz(?l))) + (N — 1)(f2{p)) ) |V(p,z)|2-

We recall that \‘7@@)\2 = f(p)|Ve|?.

Proof. First we assume N > n where n is the dimension of F. We can calculate
the (N + d)-Ricci tensor of the warped product explicitly by using formula (3.0.1).
Let us first prove the second formula in the proposition. That means the reference
measure on F is simply the Riemannian volume. We have to find espressions for the
first and second derivative of ® : C — R. We remind the reader of formula (3.0.2).
Set W=X+V.

V2O(W) = V20 (X) + V2o(V) + 2 V20(X, V),
=0
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3.1 Ricci tensor of warped products over Riemann-Finsler manifolds

where X and V are lifts of vector fields X and V. We have

VIP(X) = XX&— (VX)) = XX — (VxX)d = V2P(X)

v (XD VaXS
= W )<X( 7 >
- —(N—n)<(XXf.f—Xf-Xf)le—VXJ;Xf>
V) — 1717<I>—(V‘717)<I>:—(N—n)wfépmz
1 - 1 1
N (VR VW) = 5 (VE@ VE)(X) = (N —n) (X[ - X/)

So the (N + d)-Ricci curvature becomes

e (1) Zrica (W) — (N — n) s

le} fQ(Xfo)

2 ~
2 ~
—ric, () - (N_m(fgxxf oS |vw2>
=i, (X) - Nv2ffm +ric (V) - (Aff (V- 1) 'Vfép) 72

Now we change the measure on F. There is a reference measure e~ ¥dvol on F for
a function ¥ : F' — R.

V20 (W) = V2U(X) +V20(V) + 2V20(X, V)
=0

VAU(V) =VV — (V5 V)T
=VVU — (Vi V)T + (V] V\IJ)}]VF

=V2U(V,V) + (V{, V\IJ)}|V|2 = ViU (V,V)

VANV, X) =VXY - (Vo X)0 = _};zf.m

26



3 Ricci curvature bounds for warped products

(VT + @)@ (V(V + ) (W) =(VI ® V\Il)(f/) + (Ve @ Vo) (W)
N —n
f

The (N + d)—Ricci curvature becomes
1
N —n
- - 1 -
=rica (W) + V2<I>(W) - (VeaVe)(iv)

ric) PE2TY (W) =rica (W) 4+ V(@ + U) (W) —

C

(V(®+¥) @ V(® + ¥)(W))

+ V2U(W) — <W®W)(V) N;”N v )
_rlcN+“’(W)+v2 W (W) — Nl (V\P@V\I/)(V)+2})?f.17@
e (%) = NI e - (Af + (V- 1)'vé’2> 72

f / f
+V2U(V,V) — Q}J?f VU
1 1~ ~
- R (VIO VH(V) + 25X f - T
2 A 2\~
—rie(X) = N J;( )+riJFW(V)—<ff+(N )Vfé‘ >yV|2

Now we consider the case N = n. V(¥ + ®)(§ +v) # 0 for { +v € TC, ), where
¢ € TB, and v € TF,, is equivalent to V¥ (v) # 0 or V®(£) # 0. So by definition
the left hand side of our formula evaluated at (£,v) is = —oo if and only if the right
hand side is = —o0.

If V(¥ 4 @)(£ + v) = 0, then choose again vector fields V' and X with V, = v and
Xp = &, repeat the above calculation for N > n and evaluate the formula at (£, v).
The terms with 5= disappear. Let N — n and get the desired result.

N+d U+ N,¥

If N < n then I‘lCC —oo and ricp’” = —oo by definition. O

Finsler Case. Now we treat the case of Finsler manifolds.

Propos1t10n 3.1.2. Let (F,mp) be a weighted Fmsler mamfold N>1, f: B —
(0,00) and B are as in the Previous proposition. B xpF = C is the associated
N -warped product. Then we have

1ricéN+d’mc (&4 v) =ricy(€) — NVQf(O

f(p)
: Nmp v) — Af(p)
e () ( f(p)

+(N-1)
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3.1 Ricci tensor of warped products over Riemann-Finsler manifolds

where £4+v € Té'(p,x) with v # 0 (Especially the N +d-Ricci tensor ofé' is well-defined
at & +v because Fg is smooth in this direction).

Proof. Choose £ +v € TCO‘(p,x) such that Fg(§ +v) = 1 and with v # 0 and a
unit-speed geodesic v = (a, ) : [—¢€,€] — C with &(0) = ¢ and B(0) = v. We set
v(—€) = (po,xo) and v(e) = (p1,z1). We choose e small such that L(y) = 2¢ is
sufficiently far away from the cut radius of the endpoints. Up to reparametrization 3
is geodesic in F between o and 21 by Theorem 2.2.3. Let 3 : [0,L] — F be the unit-
speed reparametrization of . That means there exists an s : [—¢, €] — [0, L] such that
Bos=f. Lis the length of 3. There exists to € [0,L] such that 3(t9) = 5(0) = .
We have ) )
B(t) = $'0F(s(6)) = Fr(B)A((0).

We extend this last observation to the flow of geodesic vector fields V and W.

is a smooth geodesic vector field on some neighborhood U of x. We choose U small
enough such that o, x; ¢ U and it does not intersect with the cut locus of xg. Then,
if we restrict the 1mage of B to U, it is an integral curve of V. We can define a
Riemannian metric g¥ on U with respect to this geodesic vector field and then we
can represent the measure m, with a positive smooth density Wy with respect to
dvol o7 Additionally, we have

Fr(Ww) = 1/g" (O, M) and ricV™F (\v) = ric™¥v () for all A > 0 (3.1.1)

Consider the vector field
W = Vde((pos o), °)

restricted to (B x U) N {(p,2) : (mp)«(Wpp)) #0} = U, which is open, where 7 is
the projection from C to F. Every intergral curve of W coincides in U with a unit-
speed geodesic from (pg,xo) to a point (p,z) € U. And especially, as we mentioned
above, the projection to F' of each such geodesic is a pre-geodesic that connects xg
and Z in F. Thus the vertical projections of integral curves of W are integral curves
of V after reparametrization. For an arbitrary integral curve v = (a, ) of W we do
the following explicit computation

(mr)«(Wo)) = (mr)£(3(1))
= (mp)«(a(t) + B(t)) = B(1)
= Fe(B(£)B(s(1))
= F(B(t))vﬁ’ (t)) = Fr(B()Vaq
= (10)(Wpy) = Fel((m0)sWinp))Vp V(r,p) € U
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3 Ricci curvature bounds for warped products

Thus Fr((mp) W)W =: W is mp-related to V.

We remember that by definition
F2i=FZ o0 (mp)e+ (fom)®Fro(mr)

The Finslerian N-Ricci tensor with respect to dme = dvol; ® fNdm; for vectors of
W is the Riemannian N-Ricci tensor of g™V with respect to Uy The components of
9" are (gs)i;(p) if 1 <i,j < d and

10%(F2) -

905100 = 5 50ger Vo)
1, 0?(F?) _
= §f (P)m((%)* (p,z))
1 O*(F2) . _ -
= §f2(p)W35j-d(fF((7rF)* (p,x))Vx) = fQ(p)gi—d,j—d‘x

if d4+1 <14,j <n+d. The last equality holds because the fundamental tensor is
homogenous of degree zero. But then g"'|, ) = (95)|p+ f2(p) (9" for all (p, ) € U
and we can apply the formula (3.0.1), that especially holds at £ + v. Together with
(3.1.1) this yields the desired formula for & + v. If Fg({ + v) # 1, consider the
normalized vector, repeat everything and use (3.1.1) to get the same result. O

3.2 Optimal Transport in warped products

The next theorem is not tied to the context of Finsler manifolds but a purely metric
space result.

Theorem 3.2.1. Let (B,dg) be a complete Alexandrov space with CBB by K and let
(F,dp,mp) be a metric measure space satisfying the (N — 1)Kz, N)-MCP for N > 1
and K > 0 and diam(F) < 7/\/Ky. Let f : B — R>q be some F K -concave function
such that X = 0B = f~1({0}), X # 0 and

Df, < Kp forallp € X.

Consider C = B xy IF'. Let 11 be an optimal dynamical transference plan in C such
that (eg)«I1 is absolutely continuous with respect to mq and sptll = T'. Then the set

Iy:={yesptll: € (0,1):~(t) € X}
has IT-measure 0.

Proof. For the proof we set dp(x,y) = |z,y| and do((r, ), (s,y)) = |(r,x), (s,y)|. We
can assume that for all v € T" there is a t € (0,1) such that () € X and without
loss of generality K = 1. We set uy = (), Il and sptu; = Q. m = (eg, e1),11 is an
optimal plan between pg and p1. We assume that Q9N X = (). For the proof we use
the following results of Ohta
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3.2 Optimal Transport in warped products

Theorem 3.2.2 ([60]). If a metric measure space (X,dx, mx) satisfies the (3, N)-
MCRP for some » > 0 and N > 1, then, for any x € M, there erists at most one

point y € M such that dx(z,y) = my/(N —1)/5.

Lemma 3.2.3 ([61]). Let (X,dx,mx) be a metric measure space satisfying the (s, N)-
MCP for some s >0 and N > 1. If diamy = dx(p,q) :w\/g, then for every point
z € X, we have dx(p, z) + dx(z,q) = dx(p,q). In particular, there exists a geodesic
from p to q passing through z.

We want to show that pg is actually concentrated on the graph of some map ¢ :
p1(Q) C B — F where p; : B xj}f F — B is the projection map. Then since the

measure /i is absolutely continuous with respect to the product measure fV d?-[”é &
dmp, its total mass has to be zero by Fubinis’ theorem and the fact that m contains
no atoms. We define ¢ as follows. Choose (p,z) € Qo that is the starting point of
some transport geodesic v = («, ). If (p,z) € Qp, we show that x = Z. So ¢ can be
defined by p — x.

Let 7,7 € T be transport geodesics starting in (p,x) and (p,x), respectively. For
the moment we are only concerned with v = (a, 8). It connects (p,z) and (¢, y), and
since it passes through X, by Proposition 2.2.11 it decomposes into v[jp ;) = (ao, ¥),
(1) = s € X and 7|(+,1;) = (@1,y) where x,y € F' such that |z,y| = 7. We deduce
an estimate for |(p, ), (¢,y)|- By Lemma 3.2.3 there exists a geodesic from = to y
passing through . So by Theorem 2.2.3 it is enough to consider B x ¢ [0, 7] instead
of C. We have z = 0 and y = 7. (ap, ) is a minimizer between (p,z) and s and
especially |s, (p, Z)| = |s, (p, x)|.

We will essentially use a tool introduced in the proof of Proposition 7.1 in [2]. There
the authors define a nonexpanding map ¥ from a section of the constant curvature
space S3 into B xy [0,m]. For completeness we repeat its construction: B is an
Alexandrov space, so the following is well-defined. C'x(35) denotes the K-cone over
>.s where Y4 denotes the space of directions of s in B. s is the point where -y intersects
0B. So we can write down the gradient exponential map in s

exp, : Cx(Xs) = B, (t,0) = co(t)

where ¢, denotes the quasi-geodesic that corresponds to o € ;. The gradient expo-
nential is a generalisation of the well-known exponential map in Riemannian geometry
and it is non-expanding and isometric along cone radii that correspond to minimizers
in B. Quasigeodesic were introduced by Alexandrov and studied in detail by Perel-
man and Petrunin in [67]. B denotes the doubling of B, that is the gluing of two
copies of B along their boundaries. By a theorem of Perelman (see [66]) it is again
an Alexandrov space with the same curvature bound. For s the space of direction X
in B is simply the doubling of ¥;.

We make the following observations. g s a1 has to be a geodesic in B between
p and ¢ where p and ¢ lie in different copies of B, respectively. Otherwise there would
be a shorter curve ag * s * a; that would also give a shorter path between (p, z) and
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3 Ricci curvature bounds for warped products

(¢,y) in C. We denote by of and ag the right hand side and the left hand side
tangent vector at s, respectively. By reflection at 0B we get another curve that is
again a geodesic. This curve results from gy and a7 that were interpreted as curves
in the other copy of B, respectively. Two cases occur.

If ag (t) # a7 (t) in 3, then we get two pairs of directions with angle 7. The case
when o (t) = o (t) will be discussed at the end. Now, in an analog way as one step
before, we see that i‘s is a spherical suspension with respect to each of these pairs
and that all 4 directions we consider lie on a geodesic loop ¢ : [0, 27}/ g~2r) — s of
length 2w. We set {v1,v2} = Ime N JX;. Because the second curve was obtained by
reflection, clearly we have |af,v1| = |ag,v1| and |af,v2| = |ag , v2| and analogously
for af and aj . So we see that there is an involutive isometry of Imc fixing {vy,v2}.
But then |v1,vs| has to be m. We use a parametrization by arclength such that

c¢(0) = v1 and ¢(m) = v and consider c[j ] = ¢ : [0, 7] — X;.

Now consider the space S% of dimension 2 in R and S% N (R x R>g x R) =: S%(
We introduce polar coordinates

(sing () cos(9), sing () sin(¥), cosk (¢))
where ¢ € [0, 7] and ¢ € I = 0, m/ VK] ?f K>0
[0, 00) if K <0

and the K-cone map U : S%( — Cx(3s), U(p,9) = (¢, c(9)), which is an isometry
onto Ck (Ime N Xy).

We consider S%{ xg [0,7] =: 5’?( where ®(p, ) = sinodasni((p,'ﬁ) = sing psind
and 85%( ={(p,9¥):¥=00r =m} :\/%Sl and define the following map

U = exp, oU x idjo,x : S% xg[0,7] = S} — B x;[0,7].

From the proof of Proposition 7.1 in [2] we know that ¥ is still nonexpanding and
an isometry along cone radii that correspond to minimizers in B. The essential
ingredient is sing (@) < f(a(p)) for any geodesic a in B.

Exactly as in the case of K-cones one can see that the distance of 5’%{ Xg [0, 7] is
explicetly given by

cosg |(¢0, Do, 20), (@1, 01, 21)| = COSk o COSK P1

+ K sing g cos 9g sing 1 cos 91

+ K sing g sin 9 sing ¢ sin cos(xg — x1).
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3.2 Optimal Transport in warped products

For K > 0 we deduce the desired estimate

COSk |(pa f)? (Q7y)| = COSg |\Ij((8007190a§))7 W((@laﬁlay)ﬂ
Z COS g |(<1007190’5))7 (@171917y)|
= COSg g cosk 1 + K sing ¢g cos Yg sing 1 cos Jq

+ K sing g sin ¥g sing ¢1 sin cos(Z — y)

v

COSk PO COSK P1

+ K sing g sing ¢1(cos g cos 1 — sin g sinvy)

= coSk o CoSk @1 + K sing @ sing ¢1 cos(do + 1)

> COSg (o COSk 1 — K sing g sing @1

= cosg(po + 1) = cosk([s, (p, 2)| +[s, (4, 9)])

= cosi (s, (p, )| + |5, (¢, y)[) = cos(|(p, @), (¢, 9)])  (3.2.1)

= |(p,7), (¢, y)| < |(p,7), (¢, y)| (3.2.2)

with equality in the second inequality if and only if |y,Z| = 7. The case K < 0
follows in the same way but we have to be aware of reversed inequalities and minus
signs that will appear. We get the same estimate for (p,z) and (¢,y). By optimality
of the plan we have

(0, D), (¢, 9)* + |(p, ), (@ D) = |(p,2), (¢, 9)* + |(p, ), (@, )| (3.2.3)

and from that we have equality in (3.2.1). So we get |x,y| = 7 and |y, x| = 7. But
by Ohta’s theorem antipodes are unique and thus we get y =y and = = 7.

The case when af (t) = aj (t) works as follows. The last identity implies w.l.o.g.
Ima; C Imay. We define a map from the K-cone into the warped product

U : I Xsing [0,7] = B x ;7 [0,7] by (p,2) = (ao(), ).

Again W is nonexpanding. By following the lines of Bacher/Sturm in [11] we get the
same estimate as in (3.2.1). O

Existence of optimal maps. We have already mentioned that the Finsler struc-
ture on C is not smooth, or more precisely F2 is C! but not C? at any v € TEP@OF.
So we cannot apply the classical existence theorem for optimal maps. But the spe-
cial situation of warped products allows to prove the existence of optimal maps by
following the lines given in chapter 10 of [80]. There, the cost function comes from a
Lagrangian living on a Riemannian manifold. It is easy to see that the Riemannian
structure is not so important. Actually, the Lagrangian viewpoint fits perfectly well
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3 Ricci curvature bounds for warped products

to our setting if we consider L : TC' — R with L(v) = F2(v). The associated action
functional is

1
Aly) = / F2(4(t)dt

where v : [0,1] — C is an absolutely continuous curve. Minimizers of this action
functional are just the constant speed geodesics of C'. We have the following theorem.

Theorem 3.2.4. Given u,v € 772(CO') that are compactly supported and such that p s
absolutely continuous with respect to my. Take compact sets Y D suppv and X = U
such that supp u C U. Then there exists a %d2—concave function ¢ : X — R relative
to (X,Y) such that the following holds: m = (Idg,T)«p is a unique optimal coupling
of (u,v), where T : X —'Y is a measurable map and defined p-almost everywhere by
T((p,x)) = vP*) (1) where vP?) is a constant-speed geodesic and uniquely determined

by —dp(p.a) (777 (0)) = F2(572(0)).

For completeness we give a self-contained presentation of the proof from [80] where
our discussion closely follows [59] and [62].

Proposition 3.2.5. For any (p,x) € C and any €+ v € TCO’(I,J) there is a unique
geodesic vy starting in (p, x) with initial tangent vector 4(0) = £ + v.
Proof. If v =0, y(t) = (a(t), (0)) is a geodesic in B and hence uniquely determined
by @(0). Otherwise we have F2(53)f*(a) = const =: ¢ (see Theorem 2.2.3) and « is
determined by

Vab = —Vﬁh

and a(0) and &(0). Together with the uniqueness property of geodesics in F, the
statement follows. O

In this section ¢ stands for the cost function ¢((p,z), (¢,y)) = 3 de((p, 2), (¢, y))? =
%inf A(7) where the infimum is taken with respect to absolutely continuous curves
connecting (p,z) and (q,y). We need some background information on c-concave
functions where we also refer to [59].

Definition 3.2.6. Let XY C C be compact. Given an arbitrary function ¢ : X —
R U {—00}, its c-transform ¢° : Y — R U {—o0} relative to (X,Y) is defined by

nf {el(p, ), (¢:9)) — w((p;2))} -

©((q,y)) == i
(p,x)€

Similar we define the c-transform of a function ¢ : ¥ — RU {—o0} relative to (Y, X).
A function ¢ : X — R U {—o0} is said to be c-concave relative to (X,Y) if it is not
identical —oo and if there is a function ¢ : Y — R U {oco} such that ¢¢ = ¢.

Lemma 3.2.7. If ¢ is c-concave relative to (X,Y), then it is Lipschitz continuous
with respect to de and the Lipschitz constant is bounded above by some constant
depending only on X and Y.
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3.2 Optimal Transport in warped products

Remark 3.2.8. Since a c-concave function is Lipschitz continuous, it is differentiable
almost everywhere. We also have that dy : C' — T*C' is measurable (see [59, Lemma

4]).

Definition 3.2.9. Let M be a manifold and f : M — R a function. A co-vector
a € T*M, is called subgradient of f at z if we have

fle(1)) = f(o(0)) + a(5(0)) + o(F(6(0))

for any geodesic o : [0,1] — M with 0(0) = x. The set of subgradients at z is denoted
by 0* f(x). Analogously we can define the set 0} f(x) of supergradients at x.

Remark 3.2.10. If f admits a sub- and supergradient at z, it is differentiable at z
and 0* f(x) = 0% f(x) = {dfz} ([80, Proposition 10.7]).

Proposition 3.2.11. Suppose v : [0,1] — C is a constant speed geodesic jommg
(p,x) and (q,y). Then f(-) = c(-,(q,y)) has supergradient —d,F?2 &y €T C 5(0) @
(p,x) where

d . o
dv}?(o) (w) = ﬁ]ﬂ(y(O) +tw)  forw € TC|,

Proof. Let (p,2) and (q,y) are points that are very close to (p, x) and (g, y) such that
there are unique geodesics og, 07 : [0,1] — C between (p,x) and (p,x) and between
(q, y) and (q,y), respectively. Let 5 be an arbitrary curve that connects (p,z) and
(¢,y). Then we have by the formula of first variation

/ FE(A(t))dt = /0 FE(y(t))dt

+ du FE 141y (61(0) = duFEls0)(60(0)) + o sup de(v(t),5(1)))-

te(0,1]

Hence we can proof for some 7 with (¢,y) = (¢, y) that

1 .
(5,7), (¢,9)) < /0 F2G(t))dt
< (9,2, (0,8)) — duF2 |0y (60(0)) + o( do((p, 2), (7. 7).

which means that c(-, (¢, y)) has supergradient —d,F2|:(). For more details we refer
to [80, Proposition 10.15]. m

Lemma 3.2.12. Let X, Y C C be two compact subsets and ¢ : X — R be a c-concave
function. If ¢ is differentiable in (p,x) € X, and

c((p, ), (q,v)) = ¢((p, 7)) + ¥°((¢,9)), (3.2.4)

then there is a geodesic v = yP®) between (p, ) and (¢,y) satisfying —dp(p,2)(7(0)) =
F2(5(0)). The point (q,y) and the geodesic v are uniquely determined by (p,z) and
P.
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3 Ricci curvature bounds for warped products

Proof. By definition of c-concave functions we have > in (3.2.4) for any pair of points.
Now choose (p,x) and (g, y) such that (3.2.4) holds and ¢ is differentiable at (p,z).
Then we have for any (p, z)

o((p, 7)) — @((p,x)) < (P, 7, (q,9)) — c((p, x), (¢, )

Instead of the point (p,z) we insert a curve o : (0,e) — X (parametrized by ar-
clength). Then we deduce

(o(e), (¢:y) — c(p; 2), (¢,9))

€

: d . .C
dp(p,2)(6) = 2f° Ole=o < hfgglf

It follows that dy(, . is a subgradient of c(-,(¢,y)) at (p,z). But by the previous
proposition ¢(+, (q,y)) has also a supergradient at (p,z). Thus it is differentiable at
(p, z) with

_dv]:%’“'/(O) = dC(', (Qa y))(pﬂ,‘) = dso(p,ac) (325)

where 7 is some geodesic that connects (p,z) and (¢,y). Now we know that FZ is
strictly convex in v and C'. Thus the co-vector dv}—éh(o) determines 4(0) uniquely

by dv}%H(o)(w) = F?(w) and therefore v by Proposition 3.2.5. So (3.2.5) and the
strict convexity of .7% with respect to v determines y uniquely. O

Remark 3.2.13. On TB @ TF\Or we have that 4% coincides with the gradient
of —p at (p,z), that can be defined via Legendre transformation, and ~®%)(t) =
exp(—tVp(p)). On TB & OF it coincides with the gradient that comes from the
Riemannian structure on B. The map (p,z) — "y(p"”) is measurable because ¢ is
Lipschitz (see Remark 3.2.8) and the transformation o € T#C,,, — o* € TC, .
is continuous, where a* is uniquely determined by a(a*) = F?(a*). Now one can
deduce that also (p, x) — 7@ (1) is measurable by considering the “exponential map”
separately on TB @ TF\0p and TB & 0p. In [80, Theorem 10.28] measurability of T
is deduced by applying a measurable selection theorem.

Proof of Theorem 3.2.4. Let m be an optimal transference plan. By Kantorovich du-
ality there exists a c-concave function ¢ such that ¢((p, x))+¢°((q,y)) < c((p, x), (¢,v))
everywhere on suppm C X X Y, with equality m-almost surely. Since ¢ is differen-
tiable mg-almost surely and since p is absolutely continuous with respect to m¢g, we
can define T' by Lemma 3.2.12 m¢-almost surely by T((p, x)) = %) (1) where ®*)
is uniquely given by —dy(p, .)(7(0)) = F 2(%(0)). Thus 7 is concentrated on the graph
of T', or equivalently 7 = (Idg, T)«p. Now from [62, Lemma 4.9] we know that in our
setting —dy is unique among all maximizers (¢, ¢) of Kantorovich duality as long
as the initial measure is absolutely continuous. So also T" and 7 are unique. O
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3.3 Proof of the main results and applications

3.3 Proof of the main results and applications

Proof of Theorem A. Let OB # (). For non-constant f we have K, > 0. Otherwise,
the warped product is just the ordinary Euclidean product, K has to be nonpositiv
and the result is the tensorization property of the C'D-condition (see [32]). In the case
of N > 1 the curvature-dimension condition for (F,dr, my) implies (N — 1)Kz, N)-
MCP ([70]). If N = 1, then by assumption we have diam F' < 7/yKr. So in any
case Theorem 3.2.1 yields that positive mass will never transported through the set
of singularity points X. So one could think to apply Theorem 2.3.4 to get the result
because on B xf,y F' the N-Ricci tensor is bounded in the correct way by Proposition
3.1.1 and our assumptions.

Two problems occur. First, the warped product without its singularity points is not
geodesically complete. But if we consider some displacement interpolation between
bounded and absolutely continuous measures in B Xj}’ F then as we have seen the
transport geodesics do not intersect X. So by truncation we can find an e-environment
of the singularity set such that the transport takes place in the complement of this
environment and the exceptional mass can be chosen arbitrarily small. Then in the
case where F' is Riemannian the calculus that was introduced in [31] is available like
in the complete setting and one gets convexity of the Jacobian of the optimal map
along the transport geodesics, which yields to the curvature-dimension condition (see
also [11]). When 0B = () this step is redundant because no singularity points appear.

Second, if F' is Finslerian, the warped product structure is not smooth on TBxOp.
So we cannot follow the lines of [62] as we did with [31] in the Riemannian case. But
we know, if v = («, ) is a geodesic in B xlfy F then by Theorem 2.2.3 3 is a pre-
geodesic. So either § is constant and « is a geodesic in B, or there exists a strictly
monotone reparametrization s such that 5 = o s is a constant speed geodesic in
F'. We use this fact to circumvent the problem that comes from the non-smoothness.
The idea is to split the initial measure of some optimal mass transportation in B x}v F
in two disjoint parts that will follow one of these two kinds of geodesics either. To do
so we need that a point (p,x) € supp po already determines the transport geodesic
that starts in (p, z) uniquely. But this follows from the existence of an optimal map.

So we proceed as follows. Let g and py be absolutely continuous probability mea-
sures in C'. We assume w.l.o.g. that pg and p; are compactly supported. Otherwise,
we have to choose compact exhaustions of C x C and to consider the restriction of the
plan to these compact sets. For this we also refer to [77, Lemma 3.1]. By Theorem
3.2.4 there is an unique optimal map T : X — Y between pg and p1. So the unique
optimal plan is given by (id,T").uo = 7 and the associated optimal dynamical plan
is given by . po = II where 7 : supp po — Q(C) with (p,z) — %) . The geodesic in
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3 Ricci curvature bounds for warped products

P2(C) with respect to L2-Wasserstein distance is given by iy = (fyt(p ’x))* to- We have

suppIl = {v: 4 € TB x 05} U{vy:4 € TB x TF\0s} .

=T, =1

We set II(I',) " *|r, =: II, and I(T}) ~!I|p, = I, that are again optimal dynamical
plans. The corresponding L2-Wasserstein geodesics are (e;).Il, = fia+ and (er).Il, =
tpt. They are absolutely continuous with densities p,; and pp; and have disjoint

support for any t € [0, 1] because of the optimal map and since C is non-branching
(see [10, Lemma 2.6]). We have for any ¢ € [0, 1]

ptd Mg = Ut = H(Fa):ua,t + H(Fb)/lb,t = H(Fa)pa,td me +H(Fb)pb,td me .

So the Rényi entropy functional from Definition 2.1.3 splits for any ¢ € [0, 1]
[ dme =) = G dme 1) [ gy dne
M M M

for any N/ > N. So it suffices to show displacement convexity along II, and II,
separately.

We begin with II,. We can approximate II, in L?-Wasserstein distance arbitrarily

close by
1
w2 M@
=1

where IIY ; are geometric optimal transference plans in (B,dp) and v; are disjoint
absolutelif continuous propability measures in F. So it suffices to show displace-
ment convexity along Hfz, p- But since B has CBB by K and f is FK-concave,
(B,dg, fNdvolp) satisfies CD((N +d — 1)K, N + d) (see [79, Theorem 1.7]) and the
desired convexity in 11, p follows at once.

Now consider II;. We know a priori that the transport geodesics only follow smooth
directions of the Finslerian warped product structure. So we can consider F2 re-
stricted to TB x TF\0p. We get the exponential map on TB x TF \0r and we also
can define the Legendre transformation, that yields gradient vector fields. Especially,
if we consider an optimal transport that follows only smooth direction, the tech-
niques from [62] can be applied. Thus there exists an optimal map 7} of the form
Ty((p, ) = exp(—=V¢(p ) for some c-concave function . To make this more precise
we can consider the complement of an e-neighborhood U, of TBx0 » and restrict the
initial measure py, o of II;, to the set

Ue = {(p, x) € supp 0 : ¥P7(0) ¢ L{E} )

Ue is measurable because the mapping (p,z) €— "y(p’”‘“) is measurable. Again the
exceptional mass can be chosen arbitrarily small. The optimal map 7', which has been
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derived in Theorem 3.2.4, restricted to U, has to coincide with T} because optimality
is stable under restriction and because of uniqueness of optimal maps. Especially we
can deduce ppt = (Tt)«p1p,0 where Ti((p, 7)) = exp(—tV(p ). Again by results from
[62] we know ¢ is second order differentiable at least on U.. Hence the Jacobian of T}
exists and satisfies - because of Proposition 3.1.2 and our assumptions - the correct
convexity condition. Finally one can follow the lines of section 8 in [62]. O

Corollary 3.3.1. Let B be a complete, d-dimensional space with CBB by K that
is a Riemannian manifold. Let f : B — R>q be FK-concave and smooth. Assume
0 # 0B C f~Y({0}). Let (F,my) be a weighted, complete Finsler manifold. Let
N > 1. Then the following statements are equivalent

(i) (F,mp) satisfies CD((N — 1)Ky, N) with Kp > 0 and
\Vflp < VKp for all p € 0B.

i) The N-warped product B x¥ F satisfies CD((N +d — 1)K, N +d
f

Proof. Only one direction is left. Assume the N-warped product B xﬁcv F' satisfies
CD((N +d—1)K,N +d). Proposition 3.1.2 yields that

. Nom A Vil %
(N+d—1)KF2 (V) <rich™ (V) - ( B 4+ (N - 1)|f2(z|5> Fi,pV)

f
(3.3.1)

where V € TF, is arbitrary and V € TCO'(pJ) such that (74),V = V. The last
inequality is equivalent to

(N +d—1D)Kf2p)FHV) <ticy ™ (V) = (Af () f(p) + (N — 1|V fI2) FA(V).
(3.3.2)

Now we can choose p € B independent from V' and thus, we let p tend to the non-
empty boundary of B. Then Af(p)f(p) tends to 0 because Af is smooth on B
(included the boundary) and we get

(N = 1)|VFZFE(V) < ricpy ™ (V) (3.3.3)
for all p € OB and all V € TF. This inequality implies that (N —1)|V f|? is bounded
from above on OB by Fz (V)™ rich™F (V) for arbitrary V € TF. So we can set
SUP,eoB |Vf|12) = Ky < oo. For any € > 0 we find p € 9B such that (N — 1)|Vf\12J >
(N — 1)Ky — €. Then we get from (3.3.3)

(N = 1)Ky —€) FA(V) < rich™F (V)

and since € > 0 is arbitrary we get the desired curvature bound. ]
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3 Ricci curvature bounds for warped products

Corollary 3.3.2. Let B be a complete, d-dimensional space with CBB by K such
that B\OB is a Riemannian manifold. Let f : B — R>q a function such that it is
smooth and satisfies V2f = —Kf on B\OB. Assume 0B C f~1({0}). Let (F,mp)
be a weighted, complete Finsler manifold. Let N > 1. Then the following statements
are equivalent

(i) (F,mp) satisfies CD((N — 1)Kz, N) with Kp € R such that
1. If 0B = 0, suppose K > K f?.
2. If 0B # 0, suppose Kr >0 and |V f|, < /K for all p € 0B.

(i) The N -warped product B X}V F satisfies CD((N +d — 1)K, N +d)

Proof. Assume the N-warped product B xﬁcVF satisfies CD((N+d—1)K, N+d). Like
in the proof of previous corollary we can deduce (3.3.1). Now we have Af = —dK f
on B\OB and we can deduce

ricy ™ (V) > (N = 1) (K f2(p) + [Vf2) FA(V)

for all p € B\OB and all V € TF. Like in the proof of the previous corollary
this inequality implies that |V f|?> + K f? is bounded on B\OB. So we can set
sup,ep\op |V fIa+ K f?(p) = Kp. (Since f is FK-concave, |V f[2+K f?(p) is actually
constant on B (see for example [2]).) This yields

Kr>Kf*p) VpeB.

Then by Proposition 2.2.9 this is equivalent to the conditions 1. and 2. in the theorem
and as in Corollary 3.3.1 the N-Ricci tensor of F' is bounded by Ky(N — 1). O

Remark 3.3.3. If B = [0, 7/ \/E] and f = sing (with appropriate interpretation if
K < 0) and if diam F' < 7, the associated warped products are K-cones. If F is a
Riemannian manifold in this setting we get the theorem of Bacher and Sturm from
[11]. However, if F' is Finslerian, the result is new.

Corollary 3.3.4. For any real number N > 1, CD(N — 1, N) for a weighted Finsler
manifold is equivalent to CD(K - N, N + 1) for the associated (K, N)-cone.

Remark 3.3.5. Like in the theorem of Alexander and Bishop our result can be ex-
tended to the case where B satisfies a suitable boundary condition ().

(1): If BT is the result of gluing two copies of B on the closure of the set of boundary
points where f does not vanishing, and ft: Bt — R>o is the tautological extension
of f, then Bt has CBB by K and f' is FK -concave.

The proof of the main theorem in this situation is exactly the same since (f) implies
that the warped product C\OC' is geodesic. We do not go into details and refer to
[2].
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Remark 3.3.6. Theorem 3.2.1 is true when B is an Alexandrov space and F' some
general metric measure space. So it is reasonable to assume that our main result also
could hold in a non-smooth context and we conjecture the following

Conjecture 3.3.7. Let (B,dg) be a complete Alexandrov space with dimg = d and
let (F,dp,mp) be a metric measure space. Let f : B — Rxsq be some continuous
function such that 0B C f~1({0}). Assume that (F,my) satisfies CD((N — 1)Ky, N)
and f is F K -concave such that

1. If 0B =0, suppose K, > K f?.
2. If 0B # 0, suppose K >0 and Df, < /Ky for allp € X.
Then the N-warped product B xifv F satisfies CD((N +d — 1)K, N +d)

Remark 3.3.8. In [11] there is an example where the Euclidean cone over some Rie-
mannian manifold with CD(N — 1, N) produces a metric measure space satisfying
CD(0, N + 1) but that is not an Alexandrov space with curvature bounded from
below. They consider F' =J-52x =52, which satisfies CD(3,4) but has sectional cur-
vature 0 for planes spanned by vectors that lie in different spheres. Then the sectional
curvature bound for the cone explodes when one gets nearer and nearer to the apex.
For general warped products the same phenomenon occurs what can be seen at once
from the formula of sectional curvature for warped products. Choose any closed
n-dimensional Riemannian manifold with Ricci curvature bounded from below by
(n — 1)K and with sectional curvature Kx(V,, W,) = 0 for some vectors V,, and W,
in TF|, (for example choose AS™ x AS™ where m +m = n and X is an appropriate
scaling factor, that produces the Ricci curvature bound (n — 1)K ). Let B be a Rie-
mannian manifold with boundary and sectional curvature bigger than K € R and f
is F K-concave and satisfies the assumption of the theorem. (for example choose B as
the upper hemisphere of S? and f as the first nontrivial eigenfunction of the Laplacian
of this sphere. Especially f vanishes at the boundary of B and |V f|pp = 1. See [21]).
The sectional curvature of the plane I, ;) spanned by vectors (X, Vi), (Yp, W) in
T(B Xf F)(p,x) is

D,x)

K(Mpm) = Kp(Xp V)l XP Y17 = f(p) [[Wel?V2F(Xp, Xp) + [VaPV2F (Y}, V)]

) (K r(Vis W) — |V fpl ] Va2 W2
= Kp(Xp, V)X 21Y512 = f(p) [WalPV2F(Xp, Xp) + Va2V (Y, V)]
1

- V12|V 2 W 2.
f2(p)| pl Ve l" [ Wel
Hence the sectional curvature of planes I, .y CT (B XY F)(p,.z) as above explodes
to —oo if we choose a sequences (X, ) and (Y}, ) such that p, tends to vanishing
points of f. On the other hand the Ricci curvature is still bounded by 0 by formula
(3.0.1). Especially there is also no upper bound for the sectional curvature.
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3 Ricci curvature bounds for warped products

Another application of Theorem 3.2.1 is the following corollary, which modifies a
theorem by Lott that was proven in [55].

Corollary 3.3.9. Let (B, g) be a compact, n-dimensional Riemannian manifold with
distance function dg and with CBB by K. Let f : B — R>q be a smooth and FK -
concave function. Let N € N such that N > n and set ¢ = N —n. Assume

\Vf]f, < K, Vpe€ dsupp f. (3.3.4)

Then (supp f,dg, fldvolg) is the measured Gromov-Hausdorff limit of a sequence
of compact geodesic spaces (M;,d;) of Hausdorff dimension N satisfying CD((N —
1)K, N).

Proof. Consider the g-warped product M; = B X, \/%Sq where ¢g; = % f. The
assumption implies

K
Vaily <~ Vp€dsupp f.

Then by our main theorem M; satisfies CD((N — 1)K, N) for any i and (M;); con-
verges to (supp f,dp, f9dvolg) in measured Gromov-Hausdorff sense for i — 0. [

We have the Conjecture 3.3.7 but at the moment we are not able to prove it. But
one could ask if it is true when F' is a warped product itself and satisfies a curvature-
dimension bound in the sense of our main theorem. In this situation F’ would not be a
manifold and singularities would occur. However the proof of the following corollary
shows that an iterated warped product is essentially again a simple warped product.

Corollary 3.3.10. Let By be complete, da-dimensional space with CBB by Ko such
that B2\0Bz is a Riemannian manifold and let fa : Ba — R>g be FKa-concave
and smooth on Ba\OBy. Assume () # 0By C fy *({0}). Let By be complete, di-
dimensional Riemannian manifold with CBB by K1 where K1 > 0 such that

\V falp < VK7 for all p € 0Bs.

Let f1 : By — Rx>qg be a smooth and FK-concave. Assume () # 0By C fl_l({O})
Let (F,mpg) be a weighted, complete Finsler manifold. Let N > 1 and K, € R. If
N =1 and Ky > 0, we assume that diam F < w/\/Kp. In any case F satisfies
CD((N — 1)Ky, N) where Kp > 0 such that

|V filp < VKp for all p € 0B;.

Then the N + di-warped product Bo X%erl (B1 X% F) satisfies CD((N + dy + dg —
1)Ky, N +d; + da).

Proof. First we see that

Bs ij;dl (B1 x¥ F) = (B> x‘]%; By) x¥, F.
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as metric measure spaces. This comes from the fact that the warped product measure
in both cases is

fo P dvolp, @(fi dvolp, @dmy ) = (fif2)" (f5" dvolp, @dvolp, ) © dmy

and the warped product metrics coincide because in both cases the length structure
is given by

1
L(y) = /O VId2(OR + f2 0 as(®)a(th]? + f2 0 as(t) f2 0 ar () FR(B(®))d.

Hence it is enough to check that (B2 xfc; By) x% nt satisfies the required curvature-
dimension bound.

We know by Theorem 2.2.12 that By X, By =: B is a space with CBB by Ks. It
Is easy to see that its boundary is By X, 0B1 = 0B and that the singularity points
0By are a subset of 0B. It follows that B\0B is a Riemannian manifold. Then we
know that if (p2,p1) € B, we have fa(p2)fi(p1) = 0 and so 9B C f~1({0}) where
f = fofi. Then we can calculate that f is FKs-concave and that it satisfies

‘vf’(m,pl) < \/I?F for all (p27}71) € 0B,

where the modulus of the gradient is taken with respect to the warped product
metric of By x;lc; Bi. Thus the assumptions of Theorem A are fulfilled and the result
follows. o
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4 Preliminaries, part 2

Outline of the chapter. This chapter is the beginning of the second part of the
thesis where we leave the smooth framework. It provides necessary definitions and
results from metric measure space calculus and Dirichlet form theory.

In Section 4.1 we repeat the definition of upper gradients and related results. Then,
we introduce the Cheeger energy and the minimal weak upper gradient as established
by Ambrosio, Gigli and Savaré. In Section 4.2 we switch to the field of symmetric
Dirichlet forms. After elementary properties have been presented, we give the def-
inition of the so-called Bakry-Emery curvature-dimension condition for symmetric
Diffusion operators that was used by Bakry, Emery and Ledoux. We first present the
classical approach that assumes the existence of a nice functional algebra, followed
by a reformulation by Ambrosio, Gigli and Savaré that is also applicable to more
general situations. Then, we also present a smooth example that will be important
for the warped product construction. In Section 4.3 we introduce Riemannian Ricci
curvature bounds and present the fundamental connections between the Eulerian and
the Lagrangian picture of Ricci curvature proved by Erbar, Kuwada and Sturm. At
the end of this chapter, in Section 4.4 we give the definition of skew products between
Dirichlet forms that was introduced by Fukushima and Oshima.

4.1 Differential calculus for metric measure spaces

Let (X,dx, my) be a metric measure space. We denote by LP(X, my) =: LP(my) for
p € [0, 00| the Lebesgue spaces with respect my.

Poincaré inequalities. A Borel function g : X — [0, 00] is an upper gradient of a
continuous function u : X — R if for any rectifiable curve v : [0,1] — X

1
[u(y0) — u(mn)| < /O (v (D)5 (2)]dt. (4.1.1)

If the metric speed does not exist, the right hand side is infinity. We say that a
metric measure space (X,dyx, my) supports a weak local (g, p)-Poincaré inequality
with 1 < p < ¢ < oo if there exist constants C' > 0 and A > 1 such that for all
continuous u, any upper gradient g of v and any point x € X and r > 0

(/ ]u—uBT(x)qde>q < C?“(/ gpdmx>p. (4.1.2)
By (z) B (x)
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4.1 Differential calculus for metric measure spaces

If A =1, we say X supports a strong (g, p)-Poincaré inequality. Some authors also
use the term Poincaré-Sobolev inequality for the case ¢ > 1 and (1, p)-Poincaré in-
equalities are just called p-Poincaré inequality (see for example [45]). In the following
we say that X supports a (local) Poincaré inequality if it supports a weak local
(1,1)-Poincaré inequality.

Remark 4.1.1. (i) Under a doubling property for (X, dy, myx) weak local Poincaré
inequalities imply strong ones.

(ii) By Holder’s inequality, a weak local (1,p)-Poincaré inequality implies a weak
local (1, p')-Poincaré inequality for p’ > p.

Definition 4.1.2. Let u : X — R be a continuous function. The local slope (or local
Lipschitz constant or pointwise Lipschitz constant) is the Borel function Lip given by

) ) lu
Lipu(x) = limsu
P ( ) y_m?p X(:E7y)

Lipu is an upper gradient for u [22, proposition 1.11].

Remark 4.1.3. If a metric measure space satisfies a doubling property, Hajlasz and
Koskela proved in [45, Theorem 5.1, 1.] that a weak local (1, p)-Poincaré inequality
also implies a (g, p)-Poincaré inequality for ¢ <~ if the doubling constant satisfies

C < 2% and p < N. This is the case if the space satisfies the condition CD(0, N). In
particular, (X,dy, my) supports a weak local (2,2)-Poincaré inequality.

Von Renesse proved the following result.

Theorem 4.1.4 ([81]). Suppose that the metric measure space (X,dx, my) satisfies
MCP(3,N) in the sense of Sturm and for m%-a.e. pair (x,y) € X2 there is a unique
geodesic. Then (X,dx, mx) supports a weak local (1,1)-Poincaré inequality.

Remark 4.1.5. If the metric measure space is assumed to be non-branching, the
unique-geodesic-property is implied and it actually does not matter if we consider
the MCP in the sense of Ohta or in the sense of Sturm. There is also an extension of
this result by Rajala, who proved a Poincaré inequality in the setting of C'D(s¢, N)-
spaces for any N € [1, c0] without non-branching assumptions.

Cheeger energy and Sobolev spaces. We want to define Sobolev spaces and
a notion of modulus of gradient on a suitable class of functions. There are several
authors that gave different definitions (see [22, 72, 44]). Here, we follow the approach
of Ambrosio, Gigli and Savaré. Their main result from [5] (see also [4]) states that for
metric measure spaces in the sense of Definition 2.1.1 most of the different approaches
coincide and give the same notion of Sobolev space and modulus of a gradient. The
key is a non-trivial approximation by Lipschitz functions that we will use as starting
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point for our presentation. For any Borel function u : X — R in L?(my) the Cheeger
energy Ch™ (u) is defined by

1
Ch*(u) = 3 inf {liminf/ (Lipup)? dmy : up, Lipschitz, ||uy, — ullp2(my) = O} .
X

h—o00
(4.1.3)
Then the L2-Sobolev space is given by D(Ch*) = {u € L*(my) : Ch*(u) < oo} . The
associated norm is HUH2D(C}1X) = ||ul|32 + 2Ch*(u). An important fact is that Ch is

not a quadratic form in general.

Definition 4.1.6. Let (X,dx, my) be a metric measure space. If the Cheeger energy
Ch™ is a quadratic form, we call (X,dy, my) infinitesimal Hilbertian.

Another result from [5] is that Ch™ can be represented by
1
Ch* (u) = 2/ Va2 dmy if u € D(Ch) (4.1.4)
X

and +oo otherwise where |Vul, @ X — [0,00] is Borel measurable and called the
minimal weak upper gradient of u. The notion of minimal weak upper gradient is
motivated by the next definition that we take from [6].

Let 7 : J — X be an absolutely continuous curve, that is, there exists g € L'(.J, dt)
such that

dx(v(s),~(t)) < / g(r)dr fors,teJ, s<t. (4.1.5)

In particular,  is rectifiable. Then, « has a well-defined metric speed |¥(+)| € L' (J, dt)
that satisfies (4.1.5) and the length is given by (2.1.1). We denote with ACP(J, X)
the subset of AC!(J, X) such that the metric speed is in LP(J, dt).

We say that v : X — R U {oc} is “Sobolev along 2-almost every curve” if u o~y
coincides a.e. in [0, 1] and in {0, 1} with an absolutely continuous map u, : [0,1] = R
for 2-almost every curve v € C([0,1], X). A subset A C C(]0,1], X) is 2-negligible in
this sense if II(A) = 0 for any 2-test plan II. A probability measure II on C([0, 1], X)
is called 2-test plan if it is concentrated on AC?([0,1],X), [ fol |%(t)[2dtdII(y) < oo
and (e;).Il < C(II) mx for some constant C(II) > 0. This notion was introduced in
[6]. Hence, if we want to check a property for 2-almost every curve, it is sufficient to
consider v € AC?%(]0,1], X).

Definition 4.1.7. For u that is Sobolev along almost every curve, an my-measurable
function G : X — [0, 00| is a weak upper gradient of w if

1
lu(y0) — u(m)| < / G(y(t))|¥(t)|dt for 2-almost every curve +.
0

Any function u € D(Ch) is Sobolev along 2-almost every curve and |Vul,, is a minimal
weak upper gradient in the following sense: If G is a weak upper gradient of u, then
|Vul,, < G mx-a.e. .
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Remark 4.1.8. An upper gradient g for some continuous u is also a weak upper
gradient in the sense of the previous definition. The converse is in general not true.
We have |Vu|, < Lipu a.e. , but no equality in general. If we assume a doubling
property and a local Poincaré inequality, there is the following result of Cheeger.

Theorem 4.1.9 ([22]). If (X,dx,mx) is a complete and intrinsic metric measure
space that provides a doubling property and supports a local Poincaré inequality, then
for any function u : X — R that is locally Lipschitz, we have Lipu = |Vul, mx-a.e..

The minimal weak upper gradient admits a stability property.

Theorem 4.1.10 (Stability theorem, [5]). Let (X,dx,my) be a complete and sepa-
rable metric measure space. Let u, € D(Ch*) such that u, — u € L*(my) pointwise

my-a.e. and assume |Vuyl, € L?>(my) converges weakly to g € L?(my). Then
u € D(Ch¥) and g = |Vu|y, mx-a.e. .

Remark 4.1.11. In the introduction of [5] the authors remark that a complete and
separable metric measure space (X,dyx, my) whose balls have finite measure (hence,
it fits in our Definition 2.1.1), supports a weak local (1, 1)-Poincaré inequality with
constants C > 0 and A > 1 if and only if it holds for any Lipschitz function v and
upper gradient Lipu. More precisely, supporting a Poincaré inequality is equivalent
to that for any Lipschitz function v on X, for any x € X and r > 0 such that
my (B (x)) > 0, it holds

/ |u — g, (z)ldmx < C?“/ Lipudmy . (4.1.6)
B (x) B, ()

Remark 4.1.12. If we assume that (X, dyx, my) is locally compact and that the Cheeger
energy Ch™ of (X,dy, my) is a quadratic form, Ch* yields also a strongly local Dirich-
let form (Ch*, D(Ch™)) on L?(my). Lipschitz functions are dense in D(Ch*) with
respect to the Energy norm (see Proposition 4.10 in [6]). Additionally, if we assume
that the space X is compact, Lipschitz function are dense in Cp(X) with respect to
uniform convergence by application of the Stone-Weierstral Theorem. Hence, Ch*
is a regular Dirichlet form and Lipschitz functions are a core in the sense of Dirichlet
forms.

4.2 Preliminaries on Dirichlet forms

At the end of the last section we saw that the Cheeger energy is a strongly local
Dirichlet form provided the underlying space is infinitesimal Hilbertian. Dirichlet
forms are well-studied objects in the field of stochastic processes. In the following we
will give a brief introduction to it and also to the Bakry-Emery curvature-dimension
condition that was also used to define Ricci curvature in an abstract framework.
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4.2.1 Dirichlet forms and their I'-operator

We consider a locally compact and separable Hausdorff space (X, Ox) and a positive
and o-finite Radon measure my on X such that supp [mx] = X. Let (%, D(EY)) be
a symmetric Dirichlet form on L?(my) where D(EY) is a dense subset of L?(my). A
symmetric Dirichlet form is an L?(my)-lower semi-continuous, quadratic form that
satisfies the Markov property. Dirichlet forms are closed, that is, the domain D(E¥)
is a Hilbert space with respect to the energy norm that comes from the inner product

(w, ) pexy = (U, w) p2(my) + € (u,u).
There is a self-adjoint, negative-definite operator (L, Do(L*)) on L?(my). Its do-
main is
Do(L¥) = {u € D(EX): Jv € L*(my) : — (0, W) L2(my) = EX (u, w) Yw € D(EX)}.

We set v =: L¥u. Do(L¥) is dense in L?(my) and equipped with the topology given
by the graph norm. L* induces a strongly continuous Markov semi-group (P;*):>0
on L?(X,my). The relation between form, operator and semi-group is standard (see
[36]).

A Dirichlet form is called regular if £¥ possesses a core. A core of £¥ is by definition
a subset C¥ of D(E¥) N Cp(X) such that C* is dense in D(EX) with respect to the
energy norm and dense in Cp(X) with respect to uniform convergence where Cp(X) is
the set of continuous functions with compact support in X. We say that a symmetric
form is strongly local if £*(u,v) = 0 whenever u,v € D(E*) and (u + a)v = 0
my-almost surely in X for some a € R.

Definition 4.2.1 (I-operator for Dirichlet forms). Set D>*(£X) = D(EX)NL>®(my).

Then D>°(E¥) is an algebra (see [16]) and for u, p € D*°(EX) the following operator
is well-defined

1
¥ (u; ) = £ (u,up) = SE*(u?, ).

It can be extended by continuity to any u € D(EX). We call G the set of functions u €
D(E¥) such that the linear form ¢ — I'*(u; ) can be represented by an absolutely
continuous measure w.r.t my with density I'*(u) € L (my). If £¥ is symmetric, we
get the following representation

Ex(u,u):/XFX(u)de & I‘X(u;gp):/xf‘x(u,u)cpdmx (4.2.1)

for any u € G and ¢ € D*(E¥). By polarization we can extend the I'-operator as
trilinear form as follows

D (,030) = 5 (D (19) + T (039) = T¥(u— :9)) , w0 € D(EY), p € DX(EY)

If G = D(&EY), we say £¥ admits a “carré du champ” or I'-operator. Fundamental
properties of I'X : D(EX) x D(EX) — L'(my) are positivity, symmetry, bilinearity
and continuity (see [16, Proposition 4.1.3]).
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Leibniz rule. Strong locality of £% implies strong locality of I'*: 1y - T'* (u,v) =0
for all u,v € G and for all open sets U on which u is constant(see [74, Appendix])
and the Leibniz rule: For all u,v,w € G such that v,w € L*°(my) it holds v-w € G
and

' (u,v - w) =T (u,v) - w+v-T'*(u,w) (4.2.2)
(see [74, Appendix]). One can prove the following

Lemma 4.2.2. Assume G = D(EX) and mx(X) < co. (4.2.2) also holds for u,v,w €
D(EY) with v,T*(v) € L>®(my).

Proof. Consider w,, = (wA —n)Vn € D(EX)N L>®(my) for n € N. w, is bounded
and by Theorem 1.4.2 (iii) in [36] (wy,), converges to w in D(E*). We can apply
(4.2.2) for v, wy, — wy,, € D(EX) N L*:

EX(v(wy, —wpy)) = /X[FX (wy, — Wy )v?
+ 20(wy, — Wi )X (0, Wy, — W) + (W, — W) T ()| d Mk

Since v, I'"*(v) € L*®(my), the right hand side converges to 0 if n,m — oo, hence,
v-wy, is a Cauchy sequence in D(EX) that converges to g = v-w. Thus, v-w € D(EY)
and similar one can show the formula (4.2.2). O

Chain rule. We say £¥ is of diffusion type if L* satisfies the following chain rule.
Let 7 be in C?(R) with n(0) = 0. If u € Do(L¥) with I'(u) € L*(X,my) and
n(u) € D(LY), then

L¥n(u) = n'(u)LXu + 1" (u)T* (u). (4.2.3)

This is the case when G = D(EY) (see [16, Corollary 6.1.4]).

Intrinsic distance. If £ is strongly local and admits a “carré du champ” operator,
we can define Do (EY) as follows. u € Djoe(EX) if u € L2 (my) and for any compact
set K there exists v € D(E¥) such that v = w my-a.e. on K. Hence, for any
u € Dioe(EX) there exists T'*(u) € L} (my). The intrinsic distance of £¥ is defined

by loc
dex (z,y) = sup{u(z) — (y) : u € Dipe(EX)NC(X), T™(u) <1 m-ae.}.

The intrinsic distance is not a metric in general but a pseudo-metric since there can
be points x # y with degx (z,y) = 0, 00. For the rest of this article we always assume
that £~ is a strongly local and regular Dirichlet form with G = D(E%X). Then we will
call £* also admissible. We say the Dirichlet form £* is strongly regular if dex is a
metric and the topology of dgx coincides with the original one.
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We say that £X supports a weak local (g, p)-Poincaré inequality with 1 <p < ¢ < 00
if for any u € D(£X) (4.1.2) holds where we replace g by /TX(u).

Remark 4.2.3. Let £* a strongly local and strongly regular Dirichlet form and let
dgx be its intrinsic distance. Assume that closed balls B,.(x) are compact for any
r >0 and z € X. Assume a doubling property holds and £* supports a weak local
(2,2)-Poincaré inequality. Then

(1) P admits an a-Ho6lder-continuous kernel and is a Feller semi-group.
(2) PX is L? — L>®-ultracontractiv: ||| 2, 00 < 1.
(3) If my(X) < oo, harmonic functions are constant, and X is connected.

L? — L*-ultracontractivity actually comes from an upper bound for the heat kernel
(see [40, Chapter 14.1] and [76, Theorem 4.1]).

4.2.2 The Bakry-Emery curvature-dimension condition

In this section we introduce the curvature-dimension condition for Dirichlet forms
in the sense of Bakry, Emery and Ledoux. The specific feature of this approach is
the existence of an algebra A* of bounded measurable functions on X that is dense
in Dy(LY) and in all LP-spaces, stable by L* and stable by composition with C'>°-
functions of several variables that vanish at 0. We call such an algebra admissible.
The algebra allows to introduce notions of curvature and dimension on a purely
algebraic level and provides a calculus that simplifies proofs significantly.

A consequence of the existence of an admissible algebra is that the “carré du
champ”-operator for elements in A% is obtained by the following rule

1
(u) = iLX (u?) —ulXu for all u € AX.

Provided D(€¥) = G, this rule is consistent with Definition 4.2.1 (see [16], section
I.4). Replacing L* by I'* in the definition of the carré du champ we can define the
so-called iterated carré du champ or I's-operator

215 (u,v) = LXT% (u,v) — ¥ (u, L*v) = T* (v, L*u) for all u,v € A¥.
We write I'*(u) for I'* (u, u) and similarly for I'y.
Definition 4.2.4 (Classical Bakry-Emery curvature-dimension condition). Assume
there is an admissible algebra AX for £X. Then £¥ satisfies the “classical” Bakry-

Emery curvature-dimension condition BE(s, N) of curvature » € R and dimension
1< N < if

I¥(u) > 0% (u) + %(Lxu)2 for all u € A™. (4.2.4)

The inequality is understood to hold mx-almost everywhere in X. Similar, the con-
dition BE(s,00) holds if 'Y (u) > »I'*(u) mx -a.e. for all u € A* and BE(s, N)
implies BE(s, 00).
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In many situations an algebra A* is not available. To overcome this problem, in
[3] the Definition 4.2.4 was reformulated in an “intrinsic” way that also makes sense
without the admissible algebra. For the rest of this section we will briefly present
this approach. A more detailed description can be found in [3]. We still consider
a regular and strongly local Dirichlet form £¥ on some admissible space X like in
Section 4.2.1. The I's-operator can be defined in a weak sense by

2F§< (uv v; ()0) = FX(ua U3 Lx(p) - FX (uv LXU; 90) - FX (’U, LXU; 90)

for u,v € D(Iy) and ¢ € DY*(LX) where D(I'Y) := {u € Dy(L¥) : LXu € D(E¥)}
and the set of test functions is denoted by

DY(LY) = {p € Da(L¥) 1 ¢, L¥p € L™®(X,mx), ¢ > 0}.

We set 'S (u, u; @) = I'S (u; ¢). Now we can state the curvature-dimension condition
in a weak sense.

Definition 4.2.5 (Bakry-Emery curvature-dimension condition). Let » € R and
N > 1. We say that £¥ satisfies the intrinsic Bakry-Emery curvature-dimension
condition (or just Bakry-Emery condition) BE(s, N) if for every u € D(I'Y’) and ¢ €
Di’Q(LX), we have

1

T3 (u; ) > 2% (u; ) + N / (L¥u)*pdmy . (4.2.5)
X

In this case we have that G = D(EY) (see [3, Corollary 2.3]). Hence, £ is of diffusion-

type. As before we can also define BE(s,00) and the implications BE(s, N) =
BE(5,N') = BE(5,00) for N’ > N hold as well.

Remark 4.2.6. If we assume there is an admissible algebra, then the Bakry-Emery
condition BE(s,N) is always understood in the sene of Definition 4.2.4 without
further comment.

Theorem 4.2.7 (Bakry-Ledoux gradient estimate). Let EX be an admissible Dirichlet
form. The estimate (4.2.5) for x € R, N > 1 and any (u, ) € D(I'Y) with ¢ >0 is
equivalent to the following gradient estimate. For any w € G and t > 0, PXu belongs
to G and we have

1— e—2%t

v (LXPXu)? < e 2 PXT¥(u) my -a.e. in X. (4.2.6)
e

I (P*u) +

Proof. — The proof of the theorem in this form can be found in [3] (see also [12, 34]).

Remark 4.2.8. If there is an admissible algebra that is stable with respect to P;X, the
definitions 4.2.4 and 4.2.5 are consistent. On the one hand, Defintion 4.2.5 and the
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. . . : b,2
existence of an admissible algebra A* imply that for any test function ¢ € D}7(LY)
and any u € AX

1
/ 'Y (u)pdmy > 3D (u;p) + N / (L¥u)?pdmy .
X

X

Then we can replace ¢ € Di’Q(LX ) by any bounded and measurable function ¢ > 0
by using the mollifying property of P;*, exactly like in [3] and [34]. This implies
the classical Bakry-Emery condition in the sense of Definition 4.2.4 for © € A¥. On
the other hand, if we assume the Bakry-Emery condition in the sense of Definition
4.2.4 for some admissible algebra AX that is also stable under P, we can apply the
following lemma.

Lemma 4.2.9. Assume there is a subset = C Dy(L*) that is dense with respect to
the graph norm and stable under the Markovian semi-group P;*, and assume we have

1
T3 (u; ) > 2% (u; @) + N / (L*u)*pdmy ifuec D(TX)NE and ¢ € Di’Q(LX).
X

Then EX satisfies BE(s, N).

Proof. We have to show (4.2.5) for any v € D(I'J ) and any ¢ € D?(Lx). We choose
a sequence u, € = such that u, — u in Dy(L*). Then we have also convergence in

[l 5y since for vy, = up — u

1

1
E(vn) = —(0n, L (0n)) 2my) < 5 Vnl|7 2 ) + 3 1L 01 22 () -

['¥(-,-) is continuous bilinear form form D(EX) x D(EYX) to L}(X,my). Hence
/ TX (up, un) L pdmyx — / T (u, u)L* pdmx
X X
/ T (tp, up)pd myx — / T (up, up ) pd mx
X X
/(Lxun)Qgpde — / (LXu)?pdmy . (4.2.7)
X X
We also see that PXu,, Pu € D?*(LYX) for all t > 0 and that P*u, — PXu with
respect to the graph and the energy norm since P, : L?(my) — L?(my) is a bounded
operator and LX P*u = PXL*u for any u € D?(L%). Consequently, the convergence

statements in (4.2.7) hold also for PXu,, P,*u instead of u,,u. Now, we use Lemma
1.3.3 from [36] that states that PXL%*(my) C D(EX) and

EX(Fu, Pu) <

< %((u, w)p2 — (Pu, PXu)) < E(u,u) for u € D(EX).  (4.2.8)
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Hence, P L*u, = L* P{uy, P L*u = LXPu € D(EY) and PXL*u, — PXL*u in
energy norm. By continuity of I'¥ : D(£%)? — L!(my) it follows

/FX(PtXun,LXPtXun)<pde—>/FX(PtXu,LXPtXu)gode.
X X

Since we assume that Z is stable with respect to P/, the ['*-estimate holds for PXu,,
for any t > 0 and any n, and because of the previous observation it also holds for P*u.

Now we can follow the same strategy like in the proof of theorem 4.6 in [38]. Since
¢ and L¥¢ belong to L*°(my) and since LXPXu = PXL*u for any u € D?(LY) it
suffices to show that

%ir% X (PXu, PX®) = T (u, ) weakly in L'(my)
e
for any u,u € D(EY). But this follows from (4.2.8) and Schwartz’ inequality. O

4.2.3 Some examples of Dirichlet forms

In this section we consider some examples in more detail. They will play an important
role later in this thesis.

Assumption 4.2.10. Let (B, g) be a smooth, d-dimensional Riemannian manifold
with or without boundary and ricy > K(d — 1). We set B = B\dB and assume that
(EO}, dp) is geodesically convex. The latter will actually not be used explicitely, but, in
particular, it means that B is a geodesic space. In Chapter 2 and 3 we also assumed
that B has CBB by K but in the following this will not be needed.

We consider the standard Dirichlet form with Dirichlet boundary conditions. More
precisely, this is the form closure of

EP(u) = /B |Vul2dvol, where u € C(B).

Its domain is D(EP) = W&’2(é,dv013). The associated self-adjoint operator L” is
the Dirichlet Laplace operator A® with domain D?(L?) = W02’2(103,V013). In this
context, we have I'"(u) = |Vul2. Any smooth function u € C>(B) satisfies the
Bochner-Weitzenbock inequality

1
IS (u) = §AB|VU|§ — (Vu, VAPY) = ricy (Vu) + || Vul/% . (4.2.9)

Assumption 4.2.11. We also consider a smooth f : B — Rsq in D?(L*) such
that f|lpp = 0, f is positive in B and f is FK-concave in the sense that V2f(v) <
—Kf\v|§ for any v € TB, where V2f denotes the Hessian of f with respect to g¢.
Since B is geodesic, this equivalent to the definition of F K-concavity from Section
2.2.
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Ezample 4.2.12 (1-dimensional model space). Let B be of the form I = [0,7/vVK]
for K > 0 and [0,0) for K < 0. The corresponding operator is LIk = d?/dz? and
its domain is W% (I, dz). Consider f : Ix — Rsq in Dy(L'%) that is given by
\/—% sin(vVKt) for K >0
f(t) =sing(t) ==t for K =0
1 .
sinh(y/|K|t) for K <O0.
e siub(/K]0)

Consider (B, g, f¥dvolg). We can define a symmetric form £51% on L2(B, fN¥dvoly)
by

EBIY () = /B Vul2f¥dvolp for u € CF(B). (4.2.10)

Then 57" is closable on C’go(B) (see [36, Theorem 6.3.1], [57]), and it becomes a
strongly local and regular Dirichlet form. I/ (u) = I'P(u) = [Vul? for any u €

Cee (B) L™ denotes the corresponding self adjoint operator.

Remark 4.2.13. 1f we replace in (4.2.10) C3°(B) by C5°(B), we obtain the Dirichlet
form with Neumann boundary conditions. When the boundary of B is empty, then
the form coincides with the form with Dirichlet boundary conditions. In general, this
is not the case. But if the boundary 0B is a polar set in the sense of Grigor’yan
and Masamune (see [41]), it is also true. In the weighted situation that we are
considering the boundary is a polar set in this sense. In particular, it follows that
C(B) Cc D(&E" #in%) . This is actually equivalent to Markov uniquness of the diffusion
operator LZ" on C§°(B)). We refer to [33, Chapter 3] for a complete presentation
of this terminology.

Proposition 4.2.14. For u € C>(B) N D2(L"'") there is an explicit formula for
the generator of EP" given by

N .

(LB’fNu) (p) = (A%u)(p) + ) (Vf,Vu)l|p, foranype B. (4.2.11)
Proposition 4.2.15. Let (B, g, f¥ volg) be as above. Then for any u € Coo(é) the
following I's-estimate holds pointwise everywhere in B:

L5 (u) > (d+ N — DE|Vul2 + 7y (L7 ). (4.2.12)
Proof. Since there is the classical Bochner-Weitzenbdck identity and since f is FK-
concave, we get pointwise for any u € C*°(B)

57 (u) = rics (Vu) + ||Vl s — ]}fv2f(Vu) + %Wﬁ Vu)(Vu, V)

1 1 N
> (d—1)K|Vul? + y (APu)* + NK|Vul? +

v (F(VF vu))?  (4.2.13)

> (d+ N —1)KT"(u) + (L u)?,

d+ N
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Details can be found in chapter 14 of [80]. O

4.3 Riemannian Ricci curvature bounds for metric
measure spaces

In this section we give the definition of the Riemannian curvature-dimension condition
that was first introduced by Ambrosio, Gigli and Savaré in [6] and generalized to finite
dimensions by Erbar, Kuwada and Sturm in [34].

Definition 4.3.1 ([34], Riemannian curvature-dimension condition). A metric mea-
sure space (X, dx, my) satisfies the (reduced) Riemannian curvature-dimension con-
dition RC'D* (5, N) if

(i) (X,dx,my) is infinitesimal Hilbertian and
(ii) (X,dx,my) satisfies the condition C'D*(s¢, N).
Similar, we can define the condition RC'D(s, N) and RCD(0, N) = RCD*(0,N).

Proposition 4.3.2 ([6]). Assume (X,dx,my) satisfies RCD* (5, N) for »x € R and
N > 1. Then Ch™ is an admissible Dirichlet form in the sense of section 4.2 and the
intrinsic distance deyx coincides with dx.

Remark 4.3.3 ([39]). An important property of metric measure measure spaces that
satisfy the condition RC'D* (3, N) is that for any optimal transport between measures
o, 1 € P?(X) where g << my there is a unique optimal coupling that is induced
by a map and the corresponding dynamical optimal transference plan is concentrated
on a set of non-branching geodesics [39, Theorem 1.1]. Let us mention two corollaries
of this property.

Corollary 4.3.4 ([39]). Let (X,dx,mx) be a metric measure space that satisfies
RCD*(5,N) for c € R and N > 1. Then, for every x € suppy and for mx-a.e.
Yy € suppy there is unique geodesic that connects x and y.

Theorem 4.3.5. Let (X,dx,my) satisfy RCD*(s, N) where >z € R if N > 1 and
»x=01if N =1. Then it satisfies the measure contraction property MCP(s,N).

Proof. — The theorem is a corollary of several results by Cavalletti, Gigli, Sturm and
Rajala and can be found in this form in [39]. The difference between this theorem and
the result of Chapter 2 is that the non-branching assumption is not needed anymore,
and it does not matter if we consider the M CP in the sense of Ohta or in the sense
of Sturm.

Remark 4.3.6. Under the condition RCD*(s, N) the Markov semi-group P; admits
important regularity properties [6]. If u € D(EY) and I'(u) € L, P,u has a Lipschitz
representative, denoted by P ([6, Theorem 6.1, Theorem 6.2]). Especially, any u €
D(EX) with I'(u) € L* hat a Lipschitz representative u such that |Vu| < |||Vl oe-
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Under stronger conditions, namely L? — L*>-ultracontractivity, we even have that
Pyu is Lipschitz for any f € L? ([6, Remark 6.4]). Especially, this is the case when
the space satisfies RC'D*(s, N).

Assumption 4.3.7. (X = suppmy,dy,my) is a geodesic metric measure space.
Every u € D(Ch™) with |Vul|, <1 a.e. admits a 1-Lipschitz representative.

The main result of Erbar, Kuwada and Sturm in [34] is

Theorem 4.3.8. Let (X,dyx,my) be a metric measure space that satisfies the condi-
tion RCD*(»,N). Then

(1) BE(3,N) holds for (Ch*, D(Ch?Y)).

Moreover, if (X,dx,mx) is a metric measure space that is infinitesimal Hilbertian,
satisfies the Assumption 4.3.7 and (Ch™, D(Ch™)) satisfies the condition BE (3, N),
then

(2) (X,dx,mx) satisfies CD*(s,N), i.e. the condition RCD*(»,N).
Proof. — [34, Theorem 7, Theorem 4.1, Theorem 4.3, Theorem 4.8, Proposition 4.9].
Corollary 4.3.9. Let K >0 and N > 1. Elx sing satisfies BE(NK, N + 1).

Proof. 55X coincides with the Cheeger energy of (Ix,sing rdr) and (Ix,siny rdr)
satisfies the condition CD(KN, N + 1) (see [79]). Hence, the result follows. O

Theorem 4.3.10. Let (X,dy,my) be a metric measure space that satisfies
RCD*(5¢,N) for x > 0 and N > 1. Then the spectrum of the associated Laplace

operator L is discrete and the first non-zero eigenvalue is > %%.

Proof. First, we verify the following, slightly more general result.

Proposition 4.3.11. Let (X,dx, my) be a metric measure space that is infinitesimal
Hilbertian and mx(X) < oo. Assume it satisfies a volume doubling property with
doubling constant C' < 2V for 2 < N and admits a (1,2)-Poincaré inequality. Then
the spectrum of the corresponding self-adjoint operator L* is discrete.

Proof of the Proposition. By Remark 4.1.3 the metric measure space X admits a
(2,2)-Poincaré inequality that implies a (2, 2)-Sobolev inequality of the form

2

2*
/ u? dmy <A u?dmy +B/ (Lip u)2d my, (4.3.1)
Be(R) Bz (R) «(R)

for any uw € D(Ch™) N Cy(X) where 2* = % This was proven for example in [76,

Theorem 2.6] in the context of strongly local and regular Dirichlet forms. Then, a
Rellich-Kondrachov compactness Theorem holds by results of Hailasz and Koskela
[45, Theorem 8.1]. Finally, we can procede by induction exactly as for Riemannian
manifolds (e.g. [14, Chapter III, Theorem 18]). O
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4.4 Skew products between Dirichlet forms

For the proof of the theorem we note that the condition RCD(s, N) implies that
the space admits a (1,2)-Poincaré inequality, the right volume doubling property
holds and my (X) < oo. Hence, we can apply the previous proposition. The second
statement directly follows from the Bakry-Emery characterization of the Riemannian
curvature-dimension condition. Choose any eigenfunction u with eigenvalue A. Since
X is compact, an admissible test function is ¢ = 1. Then the condition BE(s, N)
implies

1
OZ/FX(U,LXu)de —i—%/ ' (u)dmy —|—/ (L¥u)* dmy
X X N

X

)\2
:—/\/ I (u, u)dmy —1—)\%/ udmy —|—N/u2dmx
X X X
_ 2 2 A2
—/ude (—)\ +)\%—|—N>
X

from which follows A > s O

Remark 4.3.12. The conclusion of the previous theorem is also true if »x = 0 and
N = 1. Then \; > 1. It follows since in this case F ~ AS! or F' ~ M0, 7] for some
0 < A < 1. The diameter bound implies that F' is compact and there are points
x,y € F such that diam, = dz(z,y) and there is at least one geodesic between z
and y. Hence, the Hausdorff dimension has to be 1 and F' consists of finitely many
geodesic segments that connect x and y since the measure is assumed to be locally
finite. But the curvature-dimension condition implies that there can be at most two
geodesics.

Another striking consequence of Riemannian Ricci curvature bounds is the splitting
theorem. For Riemannian manifolds with non-negative Ricci curvature bounds, this
was proven by Cheeger and Gromoll [27]. N. Gigli proved the result for general
RCD(0, N) spaces:

Theorem 4.3.13 (N. Gigli, [37]). Let (X,dx,mx) be a metric measure space that
satisfies RCD(0, N 4+ 1) for N > 0 and contains a geodesic line. Then (X,dx,my)
is isomorphic to the Cartesian product of (R,dgyue, L) and another metric measure
space (X', dy/,mys) such that

(]) (X’,dX:,mX/) 18 RCD(O,N) ’LfN Z 1,
(2) X' is just a point if N € [0,1).

Here "isomorphic” means that there is a measure preserving isometry.

4.4 Skew products between Dirichlet forms

In this section we define skew and N-skew products for Dirichlet forms. The notion
of skew product is well-known and has been introduced by Fukushima and Oshima
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n [35]. A N-skew product is a slight modification of that where we also change the
topology of the underlying space.

We briefly describe our framework. Let B and f € Dy(L”) N C*°(B) be as in
Assumption 4.2.10 and 4.2.11 of Section 4.2.3. Let £F be a regular and strongly
local Dirichlet form on some admissible space F'. Consider (B x F,Op ® OF) with
my = fN¥dvolp ®@dmp and the tensor product C§°(B) @ D(EF). Oz ® O is the
product topology.

The elements of C§°(B) @ D(EF) are functions of the form Zle ubub for some
finite k € N and v} € C§°(B) and ub € D(ET). We will follow this convention in the
rest of the thesis. In the literature the tensor product between infinite dimensional
Hilbert spaces H; for ¢ = 1,2 means that one also takes the closure with respect to
the induced inner product. Later, this construction will also appear and we use the
notation Hqi ® Ho.

Definition 4.4.1 (Skew product). Consider the closure of the following densely de-
fined symmetric form on L?(B x F, fNdvolg @dmp):

£°(u) = /F £25 () dmyp (z) + /B EF () N2 (p)dvoly(p) < o0 (4.4.1)

o

for u € C§°(B) ® D(ET) where u® = u(-,z) and u? = u(p,-) are the horizontal
respectively vertical sections of u. (B X F,0p ® O, ) is called skew product
between B, f and £F.

Remark 4.4.2. A general skew product is defined in the following way. Consider two
regular Dirichlet forms €' and £2 on L?(X1, m;) and L?(Xs, ms) respectively and a
smooth Radon measure p on X (Here, smooth is meant in the sense of [36]). Another
Dirichlet form &* is given by

(u) = € (u) + ||u]% on D(E*) = {u € DEY) : |lull, < oo} .

If C* and C? are cores for £# and £? respectively then the skew product is the well-
defined form closure of

E(u) = . £ (u”)dms(z) + . &% (uP)du(p)

where u € C* ® C2. The reader can easily convince himself that this coincides with
Definition 4.4.1 if we set £ = &5, €2 = £F and p = fN2dvol,. By results
of Fukushima, Oshima and Okura (see [35, 63]) the skew product is a well-defined,
closed, regular and strongly local Dirichlet form and C* ® C? is a core. Therefore, in

our situation £ is also regular and strongly local, and C§°(B) ® Cr is a core for £
if C* is a core for £7.

The next proposition is a Fubini-type result and was proven by Okura.
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4.4 Skew products between Dirichlet forms

Proposition 4.4.3 ([63]). Let £ be a skew product like in Definition 4.4.1. Consider
u € D(E°). Then u® € D(EP™) for mp-almost every x € F and uP € D(EF) for
volg-almost every p € B and we have

£°(u) = / £25 (u)dm (z) + / 7 (u?) N2 (p)dvoly (p), (4.4.2)
F B
Especially £ admits a T-operator if and only if EX does so, and in this case we have
foruw e D(EY)

) (p,z) =T"(u")(p) + f%(p)FF(up)(:c) me-a.e. .

Corollary 4.4.4. Let £° be skew product like in Definition 4.4.5. Then CgO(B) ®
D?(L*) c D*(L€) and
(L°u) (p,x) = (LB’fNux)(p) + fgl(p) (L*uP) (x) for m¢-a.e. (p,z) € B x F.
(4.4.3)

Proof. We consider u € C3°(B) ® D*(L") and v € D(E°). Then u® € C§°(B) for
every x and uP € D?(L") for every p, and v® € D(Es,sV) for mp-almost every = and
vP € D(EF) for volg-almost every p. Hence

BN (u v7) = (LB’fNuz,vx) and E"(uP,vP) = (L uP,vP)

L2(fNdvolp) L2(mp)

for mp-almost every x and for volzg-almost every p. This and Proposition 4.4.3 implies
Eu,v) = [ EPN (W ) dmp(z) + | 2 EF (uP,vP) £ (p)d voly(p)
P g @)
— B,fN x x
= /F(L u”®, v )LQ(fNVOIB)de(:E)
- /B f21(p) (LFup,vp)Lz(mF)fN(p)dvolB(p)

= _/C [LB’fNUx(p) + le(p) LFup(a:)]v(p,x)dmC(p, x).

Then we also see that L% u*(p) + f~2(p)L uP(z) is L2-integrable with respect to

mc. First, we consider u = u; ® uy € C§°(B)® D?(L). Then u is L*-integrable with
respect to m¢ since
2 2 2
2 L5t L ul gy S o avotg 142l 22
2 2
+ HUT}HLQ(devolB)HLFUQHLQ(mF) < 0o.

In particular, we used that u is smooth with compact support in B. Hence, u1 Qug €
D?(L°) and (4.4.3) holds. In general, any u € C§°(B) ® D?(LF) has the form

k k
u = E uj @ uy = E u’
i=1 i=1
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4 Preliminaries, part 2

where LCu is L%integrable. Then, by linearity of LE/" + %LF and by triangle
inequality also LP/" u® + #LF uP is L%-integrable and (4.4.3) holds. O

N-skew products. We will introduce a slight modification of Definition 4.4.1. The
underlying space of £° is B x F' equipped with the product topology but in general
the intrinsic distance dgc induces a different topology that we will describe in more
detail. Let us define an equivalence relation on B x I as follows:

(I%CC)N(q,y)(:)(p:qe@B) or (p:qEBanda::yeF).

Then we can consider the quotient space B x F'/.. = C and the corresponding pro-
jection map 7 : B x F' — C. Obviously, we have the following decomposition

C=0BUBXF.

A subset V C C is open if and only if 7=%(V) C B x F is open. We denote the
corresponding topology by O. This is precisely the topology of the metric warped
product as in Definition 2.2.1. If u is continuous with respect to Og then uom =u
is continuous with respect to O ® Op. By abuse of notation we will also write
u = u when the meaning is clear. If £F is strongly regular, one can define a family
of “open balls” that generates the quotient topology, i.e. any open set is a union of
elements from this family. First, we pick (p,z) = [p,z] € B x F and we consider
€p.a] = infyeop den(p, ¢). Then, admissible e-balls around [p, x| are

BE([p,a]) == {[a.y] € C : dgn(q,p) + dgr(z,y) <e} CBx F C C

for 0 < € < €, 4. For p = [p,z] € B C C the corresponding e-balls are

B ([p,z]) = {la,y] € C: dgn(q,p) <€} CC

for 0 < € < €[ ) = 00. The family of all admissible balls is denoted by
B={B([p.z]):[p.2] € C, 0 < e <epu}-

It is not hard to check that elements from B are open with respect to Or and that
B is a generator for O.. We can pushforward the measure ms to C' and denote it
also by me. 0B C C is a set of measure zero. Hence, C' keeps its product structure
me-almost everywhere.

Definition 4.4.5 (N-skew product). Assume EF is a strongly local, regular and
strongly regular Dirichlet form and B and f as in Definition 4.4.1. Consider (C,O) =
C and the measure m.. We can define a Dirichlet form £ on L?(m() as in Definition
4.4.1. We call (C,m,EY) the N-skew product between B, f and £ and we will write
Ee=¢&" x? EF =B x? EF. B x}\’ EF is strongly local and regular.

Consider the intrinsic distance dgc of €9 = B x? ET on C. The topology that
is induced by dgc is denoted by Oq.
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4.4 Skew products between Dirichlet forms

Lemma 4.4.6. If £¥ is strongly reqular, then B X?’ EF is strongly reqular, i.e. Oq =
O¢. Closed e-balls with respect to dgc are compact if this holds for der.

Proof. Consider u € Dj,.(E9) N Cy(C') with T'“(u) < 1 me-almost everywhere. Since
£Y is strongly local, we assume that v € D(E). It follows that u* € Cy(B) and
uP € Cy(F) for every x € F and every p € B. From Proposition 4.4.3 we also have
that u% € D(E54Y) for my-ae. © € F and @ € D(EF) for dr-ae. p € B and
I'(uP) <1 mp-a.e. and T'?(u”) < 1 dr-a.e. . Hence, for mg-a.e. (p,z),(¢,y) € Bx F

u(p, =) —u(q,y) = u(p,z) — ulg,z) + u(q, z) — u(q,y)
< dgs(p,q) +der(z,y).

Then by continuity of w and dgs +dgr with respect to Op ® Of the estimate holds
for all p,q € B and =,y € F. Since u was arbitrary, we obtain

dgc([p, (E], [Q7y]) < dSB(p7 q) + dé'F(x7y)

for all [p, z],[q,y] € C. This says that balls in B of admissible radius € are contained
in balls of radius € with respect to dgc. Since £ and £F are strongly regular this
implies dgc < 00 and Oy C O4.

On the other hand, Djoe(EBY™) @ Dype(EF) C Dioe(EC) and Co(B) @ Co(F) C
Co(C/~) implies

den(p,q) +der (2, y) < Mdee((p,2), (q,9))

for some constant M > 0 and for any p,q € B and and for any x,y € F'. The constant
M depends on the minimum of f on some closed neighborhood of p,q in B. If we
consider u = u; ® 1, we also obtain that

des(p,q) < dee([p, 2, g, 9])

for p € 0B, ¢ € B and z,y € F. It follows that e-balls with respect to dgc
are contained in e-balls from B for e sufficiently small. Hence, Oy C O, and

dee([p, 2], g, y]) > 0 if [p, 2] # [q,9].

The second statement follows since 7! <B€([p, x])) is compact for any [p, z]. O
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5 Riemannian Ricci curvature bounds
for cones

Introduction. In this chapter we will prove the following two theorems on synthetic
Ricci curvature bounds for cones over metric measure spaces.

Theorem B. Let (F,dx,my) be a metric measure space that satisfies RCD*(N —
1,N) for N > 1 and diamp < 7. Let K > 0. Then the (K, N)-cone Cony x(F)
satisfies RCD*(KN,N +1).

Theorem C. Let (F,dp,my) be a metric measure space. Suppose the (K, N)-cone
Cony x(F') over F satisfies RCD*(KN,N + 1) for K € R and N > 0. Then

(1) if N > 1, F satisfies RCD*(N —1,N) and diam F < ,

(2) if N € [0,1), F' is a point, or N =0 and F consists of exactly two points with
distance .

By application of Theorem B, Theorem C and the Gigli-Cheeger-Gromoll splitting
theorem we prove a maximal diameter theorem for RC D*-spaces.

Theorem D. Consider a metric measure space (F,dg,mp) that satisfies
RCD*(N,N + 1) for N > 0. If N = 0, we assume that diam F' < w. Let z,y
be points in F such that dp(x,y) = w. Then, there exists a metric measure space
(F',dpr,mpr) such that (F,dp,mp) is isomorphic to I x3, F' and

(1) (F',dp,mu) satisfies RCD*(N — 1, N) and diam F" < m if N > 1,

(2) if N €10,1), F' is a point, or N =0 and F’' consists of exactly two points with
distance .

We briefly sketch the main ideas for the proof of Theorem B. One would like to
adopt the proof of Theorem A in Chapter 3. It follows the Lagrangian interpretation
of curvature-dimension bounds that comes from optimal transport. One deduces
the convexity of the entropy functional along Wasserstein geodesics directly from
bounds for the Ricci tensor. The main difficulty is to deal with singularity points
where the underlying space differs from an Euclidean product. It turns out that the
curvature-dimension bound for F' guarantees that the optimal transport of absolutely
continuous measures does not see these singularities and consequently, singularities
do not affect the convexity of the entropy. Now, one is tempted to prove the theorem
for general metric measure spaces along the same strategy by deducing the convexity
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of the entropy directly from the convexity of the entropy of the underlying space F'.
The statement that singularities can be neglected also holds in the general framework
by Theorem 3.2.1. However, as simple the definition of the cone metric might be,
the relation of optimal transport in the cone and optimal transport in the underlying
space is rather complicated as can be seen from easy examples. Hence, we need to
follow a different strategy.

The Bakry-Emery condition captures the Eulerian picture of curvature-dimension
bounds. This viewpoint has already been used by Bakry, Emery and Ledoux to deduce
many results from Riemannian geometry in the setting of diffusion semigroups and
Dirichlet forms only relying on the existence of a nice algebra of functions. Now, we
would like to follow their strategy using the result of Erbar, Kuwada and Sturm on the
characterization of Riemannian curvature-dimension bounds to prove our theorem.
We remind the reader to the situation of smooth Riemannian manifolds. For some
warped product B x; F' between Riemannian manifolds the Ricci tensor can be
calculated explicitly at any point and is given by formula (3.0.1).

Now, we switch to the setting of strongly local and regular Dirichlet forms that
satisfy a Bakry-Emery curvature-dimension condition. That is, we replace the metric
measure space F' by a Dirichlet form £F that admits an admissible algebra A”.
From Section 4.4 we know that B x¥ £ is a Dirichlet form. Ce°(B) ® AF is an
algebra, though it is not necessarily admissible. But it is enough to compute the
corresponding I's-operator. Then, one could hope to establish a similar formula as
(3.0.1). And indeed, in Section 5.2, we obtain the following inequality that holds
pointwise mg-almost everywhere

BxNF N -,
Ty (u)(p,x) > TE ) (p) + ok AFur LT
AB Yy 9
+ 7 e ()(@) = < Fo + (N = 1)%) el Veel? (5.0.1)

for any u € C§°(B) ® A”. If we use the same curvature and concavity conditions on
B and f as in Theorem A and the Bakry-Emery condition BE(K(N — 1), N) for

o

EF, we obtain a sharp I'§-estimate for u € C§°(B) ® A”.

At this point, we have the right I's-estimate for N-skew products. But we do
not know yet if it yields the full Bakry-Emery curvature-dimension condition. More
precisely, we do not know if C5°(B) ® A" is a dense subset of Dy(LC) with respect to
the graph norm, and indeed, it might be false that £ satisfies a curvature-dimension
condition even when a I's-estimate holds on a large class of functions. For example,
consider the metric N-cone over F' = S} that is a 1-dimensional sphere of diameter
27, In [11] Bacher and Sturm prove that it cannot satisfy a curvature-dimension
condition in the sense of Lott-Sturm-Villani. This can be seen from the behavior of
optimal transport since the cone in the case of a big circle is a kind of covering and
if mass is transported from on sheet to another, the cheapest way to do it is to go
through the origin and this destroys any convexity of the entropy. This situation

62



5 Riemannian Ricci curvature bounds for cones

can be avoided if and only if the diameter of the underlying space is smaller than
7. On the other hand, consider the N-skew product [0, c0) xN ChS2r where ChS2r is
the Cheeger energy of S3_. From our result one sees that the I'y estimate holds even
when the diameter is bigger than w. Hence, provided [0, co) xY ChS2= is the Cheeger
energy of the metric cone, C§°((0,00)) ® C§°(S3..) cannot be dense in the domain of
the self-adjoint operator.

Another observation is related to this problem. We remind the reader of the fol-
lowing fact. It is known (see [71, Appendix to Section X.I, Example 4]) that the
Laplace operator that acts on smooth functions with compact support in RN\ {0}
is essentially self-adjoint if and only if N > 3 where N € N. But this situation ex-
actly corresponds to the case of an Euclidean cone over SV with admissible algebra
AP = C°°(SN). So in this case in general the operator L restricted to C§°((0,00)) ®
C>(SY) will provide more than one self-adjoint extension and the Friedrich’s exten-
sion does not need to coincide with the closure of C§°((0, 00)) ® C*° (SN) with respect

to the graph norm. So, we cannot hope that C§°(B)®.A" will be dense in the domain
of L¢ in general.

But we will see that in the Eulerian picture that is described by the I's-estimate,
the crucial quantity is not the diameter but the first positive eigenvalue of L. For
metric measure spaces that satisfy RCD*(N — 1, N) there is a spectral gap A\; > N.
It allows to prove the density of an admissible class of function in the domain of
L€ in the case of cones. Additionally, we obtain a complete picture about how the
spectral gap of L™ enters the proof, and this should be seen in comparison to the
Lagrangian viewpoint of Bacher and Sturm. Hence, we can establish a Bakry-Emery
condition for cones in the sense of Dirichlet forms, and finally, we can use again the
equivalence with the RC'D*-condition to prove Theorem 4.3.8. The technical problem
that remains is to prove that the intrinsic distance of cones in the sense of Dirichlet
forms is the corresponding cone metric over the metric space.

Outline of the chapter. In section 5.1, we establish a fundamental connection
between N-warped products over metric measure spaces and N-skew products over
Dirichlet forms. More precisely, we focus on the most simple construction, namely
B = I and f = sing for K > 0. In Section 5.2 we prove I's-estimates for general
N-skew products with respect to the classical approach of Bakry and Emery. In
Section 5.3 we prove that the self-adjoint operator that belongs to the cone over some
Dirichlet form is essentially self-adjoint if restricted to a nice subset of its domain
provided the spectrum of the underlining Dirichlet form is discrete and satisfies a
spectral gap estimate. In Section 5.4 we prove the full Bakry-Emery curvature-
dimension condition for spherical cones over Dirichlet forms that satisfy the Bakry-
Emery condition itself. Finally, in Section 5.5 we combine all the previous results to
prove Theorem B and Theorem C by using the equivalence between the Lagrangian
and the Eulerian viewpoint of Ricci curvature. As corollary of these results and the
Gigli-Cheeger-Gromoll splitting theorem we obtain the maximal diameter theorem.
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5.1 Warped product versus skew product

Assumptions. Throughout this chapter we assume the following.

(i) In Section 5.2 we consider a Riemannian manifold B and a smooth function
f like in Assumption 4.2.10 and 4.2.11 of Section 4.2.3. Let %" the corre-
sponding Dirichlet form with drift like in Section 4.2.3. In Section 5.1, 5.3, 5.4
and 5.5 we assume B = I and f = sing for K > 0. In Section 5.3 and 5.4 we
assume K > 0.

(ii) (F,dr,mp) is a metric measure space as in Definition 2.1.1. We always assume
that F' is compact. It follows that my(F") < oo. If F' is infinitesimal Hilbertian,
the Cheeger energy Ch” is a regular and strongly local Dirichlet form on L?(mj).

(iii) On the other hand, in Section 5.2, 5.3 and 5.4 we consider an arbitrary Dirich-
let form £F on L%(my) that is regular, strongly regular and strongly local.
We assume that it admits a volume doubling property and supports a (2,2)-
Poincaré inequality. Since we assume that the space is compact, closed balls
are compact and we can apply the results of Remark 4.2.3. If the metric mea-
sure space (F,dp, my) satisfies a Riemannian curvature-dimension condition,
its Cheeger energy Ch” clearly fits into this framework by (2.1.4), Remark
4.1.3 and Proposition 4.3.2, and Ch” satisfies the corresponding Bakry-Emery
condition by Theorem 4.3.8.

5.1 Warped product versus skew product

The case when F' satisfies RCD*(N — 1, N). We want to analyze the intrinsic
distance of the N-skew product £¢ = I)x X Ch” in more detail where F is a
metric measure space that is infinitesimal Hilbertian. The main result will be that the
intrinsic distance of I xgnK Ch” coincides with dcen, if F' satisfies the Riemannian

curvature-dimension condition RCD*(N —1, N). The key is the following proposition.
I'® denotes the I'-operator of £°.

Proposition 5.1.1. Let (F,dr,mp) be a length metric measure space that satisfies
a volume doubling property, supports a local Poincaré inequality and is infinitesi-
mal Hilbertian. Assume diam F' < w and let K > 0. Then D(I, xY _Ch") C

sing
D(Ch~x®) and for any u € D(Ix x}, . Ch™) we have
\Vul? (r,x) < FIK’Sin%(ux)(r) + VU | (p) me -a.e. (5.1.1)

i 2
San

where u*(r) = u(r,z) and u"(z) = u(r,x) and Irsing (u) = T'& (u) = o/.

Especially, the result holds if (F,dr, mp) satisfies the condition RCD*(N — 1, N).

Proof. We follow the proof of Lemma 6.12 in [6] and use the following elementary
lemma from [7]:
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5 Riemannian Ricci curvature bounds for cones

Lemma 5.1.2. Let d(s,t) : (0,1)> — R be a map that satisfies
jd(s, t) = d(s", )| < [v(s) —v(s)], |d(s,t) = d(s,t)] < [v(t) — v(t)]

for any s,t,s',t' € (0,1), for some locally absolutely continuous map v : (0,1) — R
and let 0(t) :=d(t,t). Then § is locally absolutely continuous in (0,1) and

d d(t,t) —d(t — h,t
—4|¢ < limsup (t,8) — d( ) + lim sup
dt h—0 h h—0

dt-a.e. in (0,1).

d(t,t +h) —d(t,t)
h

Proof. —[7, Lemma 4.3.4]

1. We recall that diamr < 7 implies Cony x(F) = Ix xgnK F. Consider u €
Cs°(Ix) @ Lip(F). w is Lipschitz with respect to dgon,. Let v = (a, ) : [0,1] —
(0Ix)S x F be a curve in AC?*(Cong n(F)) where (0Ix)¢ = I;\(dIx).. Then, one can

check that o € AC2(I) and 8 € AC%(F,d;) and there is g € L2((0, 1), dt) such that

t t
dr(Bs, Bt) < / g(r)dr and |og — as] < / g(T)dr for s <te|0,1].

For K > 0 we have the following estimates (and similar for K = 0).

2

dcong ((r,y), (r,2)) = (:osgl(cos2 r 4 sin“ rcosdp(x,y))

= cos (1 —sin?r(1 — cosdp(z,9))) < cosg (1 — 2sin?rdi(z,y))
(5.1.2)

cosg (1 — 32%) =2 + o(z?) for . — 0 (5.1.3)
Then we can see that for s < s’ and ¢t < ¢/

‘U(O[S,IBt) - ’LL(O[S, 6t’)| S LdCOnK((a87Bt)7 (O(s, Bt’))
< Lcos (1 — %sin2 g d%(ﬂt,ﬁt/))

< M dp(Be, o) < M / g(r)dr
t

s/

‘U(as;ﬁt) - u(as’a Bt)’ < LdConK((OC&Bt)a (as’75t)) < L‘Ods - 045” < M/ g(T)dT

where L is a Lipschitz constant of v and M, M > 0 are constants. Hence, we can
apply Lemma 5.1.2 and we obtain

%(u R 7)@)’ < limsup ’u(at—hvﬁt)h_ u(ay, By)| + limsup [u(a, Beyn) — ulaw, Br)|

h—0 h—0 h
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5.1 Warped product versus skew product

for a.e. t € [0,1]. By definition of the local Lipschitz constant Lip and by the
elementary estimate 2ab < a? + b? for any a,b € R, it follows that

ixuowx>\SIApu@«una@M+wApu%o%n6@n

< J(Tip wP2(a0) + o Lipw (B a(O)2 + sind () |G
= GO0

for a.e. t € [0,1]. If we want to check that G is a weak upper gradient of u, we only
need consider curves in (01 )¢ x F since u has compact support in Iy xéVinK F'. Hence,
integration with respect to ¢ on both sides shows that G is a weak upper gradient of

u. It follows
’vu‘w (7’, JI) S G(T, .T}) me -a.e. . (514)

Since (F,dr, my) satisfies a volume doubling property and supports a local Poincaré
inequality, Cheeger’s theorem (Theorem 4.1.9) states that Lipu” = |Vu"|, mp-a.e. .
Then the square of the right hand side of (5.1.4) equals

G(r,a)® = ((u®)'(r)* +

2
v T|Vu’°\ () me-ae. .

2. By the definition of skew products C§°(I )@ D(Ch”) is dense in D(Ix xY. Ch").

Sin g
Hence, for any u € D(Ix x§,  Ch") there is a Sequence un € C{°(Ix) ® D(Ch") that
converges to u with respect to the energy norm of Iy Ch*, and we will find a

subsequence such that

smK

FIK’Sin%(Ux )+ |vu |2 —>FC( ) FIK,sin%(u:(;)

s L |Vu"2 me-ae. .

sm Sll’l

The left hand side of (5.1.4) converges weakly in L?(m¢) (after taking another subse-
quence) and the limit is the minimal weak upper gradient of u. This follows from the
stability theorem for minimal weak upper gradients in [5] (see Theorem 4.1.10). More
precisely, we can argue as follows. Since |Vuy,|, € L?(m¢) is a bounded sequence, we
find a subsequence u,,, such that |Vuy,,|, converges weakly to g = |Vul, € L?(m¢)
by the stability theorem. Especially, we have

/|Vum|wg0dmc—>/ |Vu|,odme
C C

for any non-negative test function ¢ € L?(m¢). Hence, inequality (5.1.4) is preserved
in the limit mq-a.e. and we have

]Vu|i, (r,z) < [l sing (u®)(r) + |Vurlw(a:) me -a.e. (5.1.5)

Sll’l

and in particular, u € D(Ix x§, Chp) implies u € D(Ch®ony.x (F)) O
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5 Riemannian Ricci curvature bounds for cones

Lemma 5.1.3. Let (F,dp,mp) satisfy RCD*(N —1,N) for N > 1 and diam F' <
7. Let Cony x(F') be the corresponding (K, N)-cone for K > 0. Then Cony x(F)
satisfies a volume doubling property and supports a local Poincaré inequality.

Proof. We assume N > 1 since the case N = 1 is already clear by Remark 4.3.12 and
Theorem A. We will use the following theorem of Ohta from [61].

Theorem 5.1.4. If the metric measure space (F,dp, my) satisfies MCP(N — 1, N)
in the sense of Ohta and if diamp, < m then the associated (0, N)-cone satisfies
MCP(0,N + 1) in the sense of Ohta.

Hence, in the case K = 0 we proceed as follows. When (F, d, m) satisfies RCD*(N—
1, N), Theorem 4.3.5 implies MCP(N — 1, N) that implies a measure contraction
property M CP(0, N+1) for Cony o(F') in the sense of Ohta. In particular, Cony x (F)
satisfies a volume doubling property by results of Ohta in [60] and supports a lo-
cal Poincaré inequality by Theorem 4.1.4. The latter follows since the condition
RCD*(N — 1, N) implies that for every z € F' and mx-a.e. y € F there is a unique
geodesic by Corollary 4.3.4. This property is inherited by the cone because of The-
orem 2.2.3 and since diamy < w. Hence, M CP a la Ohta is the same as MCP a la
Sturm and we can apply Theorem 4.1.4 by von Renesse.

The case K > 0 can be covered in the same way. Assume without loss of generality
that K = 1. By following straightforwardly Ohta’s proof of Theorem 5.1.4 in [61] we
can prove the analogous result for (1, N)-cones where one should use the following for-
mula for the projection of a geodesic v = (a, ) : [0, 1] — Cony 1 (F)\ {singularities}
to [0, 7).

cosa(t) = o',V (L())a(0) + ot (L(7))a(1).

Alternatively, one can use Theorem 5.1.4 directly and compare the metric and the
measure of the spherical cone around the origin with the metric of the Euclidean cone
around the origin. More precisely, one can find constants m, M > 0 such that

1

N
M dConK < dCono <

1 . 1.
dcon, and i sin r <V < - sing .

3=

From this estimates one can easily deduce the doubling property and the Poincaré
inequality in a neighborhood of the origin from the corresponding results for the 0-
cone. Away from the singularities the same argument works by comparison with the
direct product (I;x x F,dgup X dp, £ ® mp). O

Theorem 5.1.5. Let (F,dr,mp) be a metric measure space satisfying RCD*(N —
1,N) for N > 1 and diam F' < w. Then the intrinsic distance dgc of E¢ = I Xé\i]nK
Ch" coincides with dcony -

Proof. By remark 5.1.8 we know that in any case diam F' < m, and [y xé‘i’nK F =
Cony x(F') by Remark 2.2.7. We only check the case K > 0.
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5.1 Warped product versus skew product

1. We know from Proposition 5.1.1 that D(Ix x
any u € D(Ix xY ~Ch")

SN

Ch"™) Cc D(Ch® Nk and for

smK

|V’U,‘%U < PIK,sin% (u:t)

L |Vu'l, me-ae. (5.1.6)

Sll’l

where u”*(r) = u(r,z) and u"(x) = u(r,x). For the intrinsic distance of £¢ we need
to consider u € Ljoe = C(Ix X F/w, Oc) N Lioe where

Lioe = {w € Die(Iic ¥, Ch¥) : /TO(9) < Img-ace. in I x F/N} .

One has to prove that w is 1-Lipschitz with respect to dcon,. We will follow an
argument that was suggested to the author by Tapio Rajala.

First, I'“(u) < 1 mc-a.e. implies |Vul, < 1 mg-ae. by (5.1.6). |[Vuly is
a weak upper gradient and Cony x(F) satisfies the measure contraction property
MCP(N,N + 1) by the proof of the previous lemma. Consider two points p,q €
Cony x(F), Be(q) C Cony x(F), po = me(Be(q)) ' me | g, (g) and the unique optimal
displacement interpolation p; between po = p and py = 9,. Let II be the corre-
sponding dynamical transference plan. Because of the measure contraction property
(1t)tefo,to] 18 @ 2-test plan for any to < 1. Hence

[ 1) —utwlan) < [ / IVl (7 () L(7)dtdTI(7) < (8 o1).

where dyy is the L?-Wasserstein metric of Cony x(F). In the last inequality we use
that p; < C(t) me for some C(t) > 0 and any ¢t < 1 and |Vu|, < 1 mg-ae. . If e = 0,
we obtain

u(p) = u(g)] < dw (0p, d¢) = dcony (P, 9)-
This yields
dec((s,y), (r,z)) =sup{u(s,y) —u(r,z) : u € Lojoct < deong (1, 2), (5,9)) (5.1.7)
for all (r,x), (s,y) € Cony x(F).

2. On the other hand, we define g((p,x)) = dconk ((p, ), (q,y)) for some (g,y) €
I Xging F' where

dcong (P, ), (q,)) = cos" (cosk (p) cos(q) + K sing (p) sing (q) cosdp(z,y)) -

::h‘(;),x)

h € Dipe(E1550K) @ D(ChF) since cosy,sing € Dype(E/5MK) and cosdx(-,q),1 €
D(Ch"). We can calculate I'“(g) explicitly. We get

1(g) = ((cosi") (h(p.2))) T (h)(p.) =
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5 Riemannian Ricci curvature bounds for cones

Then, a straightforward calculation using the chain rule and I'*(dz(+,y)) < 1 yields

T (h)(p, ) =T'X (cosk pcosk q) + 275 (cosy pcosy q, sing psing q) cos dp(z, y)
sin? qsinier(

—i—FIK(sinKpsinK q) cos? dp(z,y) + 2
SNy p

cosdp(z,y))
<1- h’2(pa l‘)
Hence I'“(g) < 1, g € L 10c and

g9((p,2)) — 9((2:¥)) = 9((p, 2)) = dconk (P, 2), (¢, 9)) < dec((p,2), (¢, y))
by definition of dgc. Hence, we obtain that dgc = dcony- O]

Corollary 5.1.6. Let (F,dy,my) be a metric measure space satisfying RCD*(N —
1,N) for N > 1 and diam F < . Then I, x% Ch" = Chonx (),

sing
Proof. We will use the following theorem of Koskela and Zhou in [51].

Theorem 5.1.7. Let £X be a regular, strongly local and strongly reqular Dirich-
let form on L?(X,my). Suppose (X,dgx,my) satisfies a doubling property. Then
Lip(X) C Dyjoe(&), TX(u) emists for any u € Lip(X) and TX(u) < Lip(u)? my -a.e. .

dcong = dgc by Theorem 5.1.5 and dcon, induces the topology of the underlying
space I X F'/ ~. Theorem 5.1.3 implies the doubling property for Cony, i (F'). Then,
by Theorem 5.1.7 and Proposition 5.1.1 we get that any Lipschitz function u with
respect t0 dcong 18 0 Dyoe(Ixc X, Ch") and

I°(u) = Lip(u) = |Vul’, me-ae. . (5.1.8)

By the definition of the Cheeger energy this implies the result. O

The case when Cony g (F) satisfies RCD*(KN,N + 1). The main results of
this paragraph will be that the metric measure space (F,dr,my) is infinitesimal
Hilbertian, dqyr = dp, dChCO“NqK(” = dcony and Che»nr @) = [ XgnK Ch” provided
that Cony x(F) satisfies RCD(KN, N + 1). In particular, Ch” is strongly regular.
Remark 5.1.8. We remind the reader on a result by Bacher and Sturm from [11].
They show the following. If the (K, 1)-cone over some 1-dimensional space satisfies
CD(0,2) then the diameter of the underlying space is bounded by . It is easy to see
that their proof can be extended to any (K, N)-cone of any dimension bound N and
any parameter K. Thus, if Cony i (F') satisfies RCD*(KN, N +1), then diam F < ,
and consequently, Cony g (F) = Ix x%, F by Remark 2.2.7.

sin g
Lemma 5.1.9. Let (F,dp,my) be a metric measure space. Assume the (K, N)-cone
Cony  (F') satisfies RCD*(KN,N+1) for N >1 and K > 0. Then (F,dr, my) sat-
isfies a volume doubling property, supports a local Poincaré inequality and (F,dp, mp)
is infinitesimal Hilbertian.
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5.1 Warped product versus skew product

Proof. We prove the result for K > 0. The general case follows in the same way.
Consider
re€Fw (1,x) € {1} x F C Cony x(F).

We can find constants M > m > 0 such that

1 1 1 1 .
MdconKSmax{\-—-|,dF}§EdconK & Msmﬁglgasmﬁ

in an e-neighborhood of {1} x F' C Cony x(F). On the one hand, from this we can
easily deduce the volume doubling property for F'. Pick a point « € F and let r > 0.
Then

4r g (Bap(2)) < %smg rdr @ mp([=2r +1,2r + 1] x Ba ()
< — me(Baary(1,2))
< Lo (B me(Baria)
g% < ) 4 1,7+ 1] % By(2))

<oNo <m> Ty, mp(Bay ().

We used the volume doubling property of Cony x(F') in the third inequality. On the
other hand, we also obtain that the space F' supports a weak local Poincaré inequality
because of the bi-Lipschitz invariance of this property. For example, we can follow
the method that is provided in Section 4.3 of [15].

Now, we will check that F' is infinitesimal Hilbertian. For any Lipschitz function u
on Cony (F) we see

| o Ju(sy) ~ufro)
Wp)ne) = limswp o a0 ()
L ()~ u(ra)
= (s,yl)a(r :r)pr s dCOHK((r y) ( LL’))

s W) =@
y—x sing (7)|z, y| sing (7)

Lipu"(x). (5.1.9)

The second last inequality comes from (5.1.2) and (5.1.3). Following the steps in para-
graph 1 of the proof of Proposition 5.1.1 we can see that (5.1.4) holds for C° (1) ®u
where u € Lip(F'). There, we did not use that F is infinitesimal Hilbertian. By
locality of the minimal weak upper gradient (5.1.4) also holds for 1 ® u. Then (5.1.4)
and (5.1.9) imply

Lip(1 ® u)(r,z) = Lipu(z) for a.e. r € [0,7/VK] and mp-a.e. = € F.

bll’l T
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5 Riemannian Ricci curvature bounds for cones

Then, [ Lipudmy has to be a quadratic form on Lip(F) and its form closure is by
definition the Cheeger energy Ch”. O

Lemma 5.1.10. Let (F,dr,mp) be a metric measure space and assume Conp g (F')
satisfies RCD*(KN,N + 1) for K >0 and N > 1. Then de,r = dp. In particular,
Ch"” is strongly reqular in the sense of Dirichlet forms.

Proof. We assume K > 0. The case K = 0 follows in the same way. Consider
u(-) = dg(z,-) € D(Ch"). w satisfies [Vu|, < 1. Hence, doyr > dr. The converse
inequality is obtained as follows. Consider u € Dj,.(Ch") N C(F) with |Vul, < 1.
Let € > 0. We choose § > 0 such that lo<iteif r € Bys(m/2). Let ug € CSO(IOK)

P

such that u; <1 and u1|35(7r/2) =1. u1 ® u € Djpe(EY) and

IV (uy @ )2 = (u))2u? + -4

2
SN

|Vu|? € L™®(me)

In particular, it follows that |V(u; ® u)| = Si§K|Vu]w < 14 € on Bs(m/2) x F.
Since Conp x(F') satisfies RCD*(KN,N + 1), this implies that u; ® v admits a
Lipschitz representative and the Lipschitz constant is locally less than 1 4 ¢ on some
neighborhood of 7/2x F'. This can be seen from standard arguments like in paragraph
1 of the proof of Proposition 5.1.5. Hence, for any z,y € F such that dg(x,y) is small,

we have

u(@) = u(y)] < (1 + €) deong ((7/2,2), (7/2,y)) < (1 + €) dp(z,y).

It follows that do,r < (1 + €) dp locally. Now, d is geodesic by the remark directly
after Definition 2.2.6. We can conclude that dyr < (1 4 €)dp globally, and since
€ > 0 was arbitrary, we have d,r < dp. 0

Lemma 5.1.11. Let (F,dg,mp) be a metric measure space that satisfies a volume
doubling property and supports a Poincaré inequality. Assume Cony i (F) satisfies
RCD*(KN,N + 1) for K > 0 and N > 1. Then the intrinsic distance dgc of

£ = I xX,, Ch" coincides with dcony -

Proof. Since F satisfies a volume doubling property, supports a local Poincaré in-
equality and is infinitesimal Hilbertian, we can apply Proposition 5.1.1. Then, we
have for any u € D(Ix xJ, Ch")

[Vul?, <Tu) me-ae. . (5.1.10)

Cony x(F) satisfies a Riemannian curvature-dimension condition. Hence, |Vul,, <
I'“(u) < 1 implies w is 1-Lipschitz and (5.1.7) holds. On the other hand, we can
proceed as in the proof of Theorem 5.1.5 and obtain that dgc = dcon - ]

Corollary 5.1.12. Let (F,dp,my) be a metric measure space that satisfies a volume
doubling property and supports a Poincaré inequality. Assume Cony x(F) satisfies
RCD*(KN,N +1) for K >0 and N > 1. Then I xJ, Ch" = Chenx(f,

sin
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Proof. We can follow the proof of Corollary 5.1.6. 0

We summarize the results of this section in the following corollary.

Corollary 5.1.13. Let (F,dr,mz) be a metric measure space and K > 0. Assume
1. (F,dp,mp) satisfies RCD*(N —1,N) for N > 1 and diamy < 7, or
2. Conn, g (F) satisfies RCD*(KN,N + 1) for N > 1.

Con F F
Then Chernvx) — [ Xgnx Ch", dChF =dp and dChCOrAN’K(F) = dConNﬂK(F)-

Remark 5.1.14. In particular, F' is infinitesimal Hilbertian if Cony x(F') satisfies

RCD*(KN,N+1), and Cony x(F) is infinitesimal Hilbertian if F' satisfies RC'D*(N —
1,N).

5.2 Proof of classical estimates for skew products

In this section and in the next two sections we consider a Dirichlet form £ on L?(m)
like in the general assumption in the beginning of this chapter. We assume there is
an admissible algebra A" for £F. This enables us to do calculations classically. Let B
be a Riemannian manifold like in Assumpition 4.2.10 and let f € Dy(L”) be smooth
and F K-concave like in Assumpition 4.2.11.

Theorem 5.2.1. £ satisfies BE((N — 1)Ky, N) for N > 1 and K € R such that
I2(f)+ Kf? < Kp on B.

Set A° = CSO(B) ® A". Then the N-skew product £ = B x§ EF satisfies

TS (w) > (N +d — 1)KT(u) + N1+d (Lu)? (5.2.1)

pointwise m¢-almost everywhere and for any u € A°.

Remark 5.2.2. In particular, we can apply the theorem if B = I, f = sing and
Ky = 1. In section 5.4, we will prove analogous results for Dirichlet forms that
satisfy the intrinsic Bakry-Emery curvature-dimension condition. The advantages of
the classical approach are that calculations really can be done pointwise and that the
structure of formulas and inequalities becomes more clear.

Proof. Every element of A€ is of the form Zle ubub for k € N, but we will check
(5.2.1) only for elements of the form u + v = u; ® ug + v1 ® vo where uy,v1 € C’(‘)’O(B)
and ug,v9 € AF. The case of arbitrary finite sum follows in the same way. We
compute I'§ (u), I'§ (v) and I'§ (u, v) explicitly ms-a.e. . A straightforward calculation
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5 Riemannian Ricci curvature bounds for cones

yields (see also the first paragraph of the proof of Theorem 5.4.4 where the calculation
is peformed in more detail):

21 (u, v) = 215 (uq, v1 )vaug + 215 (ug, v2)

&
+ FB(ul, UQ)%LF(UQUQ) — FB(%, ’Ul)LF(UQ)UQ - I (ul, %)UQLF(UQ)
+ (LB’f(“}#) — LB’f(ul)m% - UlLB’f(Ul)%)FF(UQ,UQ) (5.2.2)

We set

25 (u,v) — (205 (u1, v1)vaug + a2l (ug, v2)) = (J)

The chain rule for I'? and L? yields:

FB(%MH) = %FB(Ul,Ul) - %FB(ﬁ 1)
L2 (M5) = L% (u1) + B L (01) — 721}131” LBI(f)
- %FB(ulaf) - %FB(ULf) + GI}%FB(J{) + %FB(Ulavl)

NT(f,u80) = N0T5(f,up) + MD5(f,00) - 20T f).

We glue this back into (J) and another straightforward calculation yields.

() = 28T5(f,01) L7 (uz)vs + 24T (f,u1) L (v2)us
= 2 (LP(f) + MFTR ()0 (un, v2)
+ (= T2 (wn, f) = TP (o, ) + BETE() + 7207w, 01)) T (un, v2)

=:(I)(u1,v1)

In the case u = v we obtain the following simplification

(F) = D5(f,u0) L7 (ug)u — 285 (LP(f) + Y2208 F)) D7 (ug) + (1) ()L™ (uz).
(5.2.3)

Now, we can compute the I's-operator for eleme?ts of the form w1 ® us +v1 @ vy =
u+v e C§(B) ® A" for me-a.e. point (p,z) € C:
205 (u +v)(p, x) = 205 (u”)(p) + Ja205 (uP) (@)
TP (f ) (p)LF (1) (x) — 75 (LP()(p) + V=07 (F) (p)) I (u7) ()
+ 2(I) (ur, v1) (p)I'" (uz, v2) (@) + (1) (ur) ()T (uz)(x) + ()(v1) ()T (v2) (@)

We denote the last line in the previous equation with (I7)(p,x). First, assume
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ui(p)vi(p) # 0. Then, it can be rewritten in the following form

(IT) = 2891 (— 4T (i s, I £) — 4T%(infor ], n f)
+4T%(In f) + 4T (In [us |, In [v1 |)) T (ug, v2)

u

—i—f—(—SFBl n|uil,In f +4FB(lnf)

)
+ 47" (In ]u1|)) "(ug) + ( — 8% (In |v1],In f) 4 ...)T7 (v2)
= %<V1n(| ), Vin(k >\ P (P, oP)(x)
+ % Vln(i')EFF(up)(x) % Vln(fl)’iI‘F(vp)(;c)

We choose an orthonormal basis (e;)1,. 4 with respect to the Riemannian metric at
TB), and write

Vin(ph)lp = £, dle; and Vin(L)l, = £, des.

Then we obtain

I (p Z2aZcZFF (uP, vP)(x) + Z NVI0F (uP)(z) + Z )20F (vP)(
d . .
= Z I (a'uP + c'vP)(z) > 0 for me-almost every (p, z) (5.2.4)

since I'" > 0 mp-a.e. In the case where vy (p) = 0 and wu;(p) # 0, we get

(I1) = 75 (VIn(f/|ual), Voi) [ L7 (uP, v2) ()
+ 25 [V In(f/Jua]) [, 7 () (2) + F [Vor |, T7 (v2) ()

and when we set Vo, = Zf a’e;, similar as before we obtain that

L@ (rr) ZFF WP + ovg)(z) > 0. (5.2.5)

In the same way we can deal with the other cases. If we would consider an arbitrary
2
ue C°(B ) ® AT of the form Z ul; @ ug; = Zk uj, fT(II) would take the form

Z el ] aju ) > 0 and all the other calculations are the same.
It follows in any case that

209 (u)(p, ) = 205 (u)(p) + 75 275 (uP) ()
+ f34 D2(f,u®) L* (uP)

)
— 25 (L7£) + YT (H(0) T () (@) me-ae

74



5 Riemannian Ricci curvature bounds for cones

for any v € C§°(B 3) @ AF. This estimate becomes an equality if u = f ® ug. From
(4.2.13) we have

1
T2 (w) > (d+ N — 1)KT (u) + =

1
y (LB’LL)2 +

2
N(%FB(L u)) (5.2.6)
for any functlon u e CP(B ) Now we apply the curvature-dimension conditions for
ET and £777

, inequality (5.2.6), and the assumptions on f. First, we see that
N-—-1 N -1
LPf+ TFB(f) < —dKf + — (Kr

- K f2) everywhere in B.
Then it follows that

S (u) > 2(d + N — 1)KT* (u?) 2& (LPu")? + 2%(%3(]2 )’

+ % ((N — 1)KTF(uP) + L (LFuP) )
N-1
7

+ ZT8(f,u”)2L" (uP) + (dKf (Kr — K [f?) )PF(u”)
= 2<(d + N = DET?(u) + - (LBu””) .

SR, u)?)
2 (N +d—1)KT"(uP)

f
+ & & (Lrwr)” + F T8 (f,ut)2L" (wP)
+N—1)K1‘B(u”)+$( Z(N +d— )K" (u?)
+ %(Q(%I’B(ﬂ ug”))2 + 7 (LFup) + %FB(f, um)QLF(up)>
- 2((N +d—1)KD?(u®) + ;(LBuz)Q)

2
(N+d—-1)KT"(wP) + % <NFB(f, u®) + fl—QLFup> me -a.e.
We apply the following elementary equality

LBum)Q )

+ 5

§0° + {0 = ghg (a+b)° +

for all d, N > 1 and for all a,b € R. Hence
rs(u) > (N+d— 1)

w0 — Fa)? (5.2.7)

f—lg(N +d— 1)K (uP)
P2 (f,uf) + F Lour)?

N+d(LBu“7+ NFB(f, )+ %Lpupf e -a.e
This is the right T's-estimate since L°u

= LBu* + ?FB(f, u®) + f—lgLFup for any
ue CP(B 3) @ A" because of Corollary 4.4.4.

O
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5.2 Proof of classical estimates for skew products

Theorem 5.2.3. Let A" be an admissible algebra for . £ = I X3, E" satisfies
the I'y-estimate (5.2.1) of curvature NK and dimension N +1 for K >0 and N > 1
on C°(Ix) ® A" if and only if £* satisfies BE(N — 1, N).

Proof. We just need to prove the “only if” direction. We assume a I';-estimate
for (L€, A°) and deduce the curvature-dimension condition for (L", A"). We have
to show that the I's-estimate holds pointwise a.e. in F for any us € A*. From
calculations in the previous proof we have the identity (5.2.3) for I'§ in the following
form

o Iy sinfy 2 U% F
IS (ur @ ug) =T, (ur)uz + —5 T3 (u2)
sin,

2

(1 u
+ —5 cosg w1 2L" (up)ug — —13 (—KsinK +gn L cosK> ' (u2)
siny siny,

2 4 2u?
—I—( > (u))® — u; cosg Uy + .ui cosi)I‘F(ug). (5.2.8)

sing, sinj, siny,

for any uj € C3 (B ) and any us € A" me-a.e. in I x F. We consider some open set
U C IK and we choose u; € C§° (IK) such that u; = sing on U. By the special choice
of uy (5.2.8) reduces to

c IK,sin% 2 u% F
FQ (u1 &® UQ) = PQ (Ul)ug + — 1 FQ (ug)
sinj, r

u u2

+ —13 cosy -t - 2L7 (ug)ug — —13 (—K sing + Y=L cos ) T (ug)

sin, sin?. sing

for mg-almost every (r,z) in U x F. In the case of (I,siny) the identity (4.2.13) in
the proof of Proposition 4.2.15 implies

51]: K sing - (u/l)2 + N2 (COSK ’ u/1)2

N
0y () = () +

everywhere in Iy for uy € Cy° (I x ). Hence, we obtain

2

I, sin®y
sin’ — T8 (ug) = T5 (ur @ ug) — Ty ™K (un )us
K
2

- sinl3 cosy uy - 2L7 (ug)ug + Slule,) (—K sing + é\lanl cos ) T (ug)

K K
= T (01 @) — ()0 — K s (03 — 2 (cosy - )03

(75} u2 P

— ——3 COsg - 207 (ug)us + —5 ( Ksing + X S COSK)F (ug).

sin’. sin’.
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5 Riemannian Ricci curvature bounds for cones

me-a.e. in U X F'. On the other side the I's-estimate for £¢ gives for any u; € CSO(B)
and any us € A"

2
IS (urug) > NK ((uy)?us + ;T%(FF(W))

1 LIK N FIK . Ul LF 2
+ N1 Ui + G- (sing, uq )ug + sing, L U2 me-a.e. .

Since uy (1) = sing r and ) (r) = cosk 7, we get after some cancelations at (r, z)

2

. 1 cos
—T5 (ug) > (N —1)(cos’ +K sin ) —5T"(ug) — —22L" (uz)us
sing, Sing, Sl g
— (=K sing)*ud — — (cosg - cosg)? ul
sin%.

KSI“K ) N ()SK ) L U‘] (5.2. )

me-a.e. in U x F. We consider the last term on right side in (5.2.9) in more detail.
From the identity (5.2.7) we deduce

1 , N 1 2
m <—K Sl U2 + @ COS% U + SinKLFu2>

1/ N 2 171 2 9
= (—Ksi S R 2 — Lr - cos% ugL”
( sing ug)” + N (sinK Cos% 'LL2> + N <sinK uz> + snZ cosy. ug L ug

1 N 1, . ?
_ N1+ DN \sin cosKuz—i-aL ug + N K sing us
K K

sin

= 12 (LFU2+NU2)2
K

It follows

1

R (L"uy + Nug)®  (5.2.10)

1
D () > (N — D1 () + - (L7us)? ~
at = for mg-almost every tuple (r,xz) € U x F. But since (5.2.10) does not depend
on r € U anymore, we can conclude (5.2.10) holds for mg-a.e. x € F.

We fix = where (5.2.10) holds. £F is strongly local. So we can add functions that
are locally constant in a neighborhood of z without affecting the value of L¥uy(z),
I'"(uz)(x) and I'S (ug) (x). Thus we replace ug by ug such that us = ug+C locally at =
where C' = —ug(2) — &L ua(z). Then (L¥uz)(x) = (L t2)(x), T'(u2)(z) = I'(t2)(z)
and T (ug)(x) = (@) (x) and (L* Uy + Niiz)? vanishes at 2. Hence, we obtain the
desired estimate for ug at mp-almost every x and we obtain the condition BE(N—1, N)
for F. O
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5.3 Essentially selfadjoint operators

5.3 Essentially selfadjoint operators

We briefly recall some basic notations. Suppose (H;, [|-[|3,,)ien is a sequence of Hilbert
spaces. Its direct sum is a Hilbert space that is given by

o o0
H=EPH = {v = (v3)ien  v; € Hi such that [[vlf3, =D uill3, < oo}
i=1 i=1

where the inner product is >, (vs, i), = (v,u)y,. Additionally, we introduce
o0
ZHi = {v := (vi)ien : v; € H; and v; = 0 except for finitely many i € N}.
i=1

We still consider a Dirichlet form £F like in the previous section. We assume the
spectrum of —L* is discrete and there is a spectral gap for the first positive eigenvalue
A1 > N. Then, there is a spectral decomposition of L?(mz) with respect to the
eigenvalues of —L*.

sz:OO i = 2mF
L*(my) G:%E Ey @ (L*(mp)/Ey)

=EL

where E; C D?(LF) is the eigenspace to the ith eigenvalue )\;. In particular, E is
the space of harmonic functions. We recall the properties of Remark 4.2.3.

(1) P} admits an a-Hoélder-continuous kernel and is a Feller semi-group.
(2) PF is L? — L>®-ultracontractiv: ||Pf||;2_ 1o < 1.
(3) If mp(F) < oo, harmonic functions are constant, and F' is connected.

Theorem 5.3.1. Assume Ay > N > 1. Let LC be the self-adjoint operator of the
N-skew product £ = I xX . EF for K > 0 and N > 1. Let A be dense in the

sin
domain of LIxsng - Then
oo
E=[A®E]® Y Cr(lx)® E;
i=1
is dense in the domain of L with respect to the graph norm.

Proof. 1. We denote the restriction of &7 and (-, ) 12(m,) to EL by €7 = E7|g, xE,
and (-,-)g, respectively. There is a self-adjoint, densely defined operator L on E|
that corresponds to £F. It is easy to see that D*(LY) = D*(L*)NE,, LYu, = LTu,
and spec L] = spec L\ {\o}.
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5 Riemannian Ricci curvature bounds for cones

Consequently, also L?(m¢) = L2(Ix,sin¥ dr) ® L?(my) can be decomposed orthog-
onally into
L*(me) =Upd Uy

where U} = @;2,U; and U; = L?(Ix,sin¥ dr) ® E; . For u = u; ® uz € Uy and
v=1v; ®uvy € U with uy,v; € L2(Iy,sin® dr), ug € Eg and vy € £, we have

E°(u,v) = S[K’fN(ul, u2) (U2,V2) 120y + (U1, U2) 2 pN =241 ) € (U2,02) = 0

N———
=0 =0

since EF (ug,va) = —(LFUQ,UQ)Lz(mF) =0and Ey L E| in L?(my). Thus we can
decompose £ orthogonally as follows

£ = SC‘UOXUO @SC‘ULXUL = EOC GBEE

One can easily check that u = uy ® u; € D(E) if and only if vy € D(&§) and
u; € D(ET) and that u = up & uy € D*(LC) if and only if ug € D?(L§) and
uy € D?(L9) and we have L¢ = LS + LY. In the following we will consider L§ and
L9 separately.

2. L9 is a densely defined operator on U with

D*(LS) = D*LE)NU, = D*(L°) N L2(Ix,sinY dr) @ E .

Cs°(Ix) ® D2(LF) is a subset of D2(LC), hence, C3°(Ix) ® D?(L%) is a subset of
D?(LY). For uy € C§°(Ix) and uy € D*(LY) we have

Li(ul ® ug) = LIK’SmKU1 Ruae+ —5 ® LLUQ.
sin?.
For all i € N\ {0} we set U; = U; N [C’SO(IOK) ® D*(LT)] = Cs°(Ix) ® E; and consider
the restriction of LY to U;
i‘ﬁl - I (LIK,smK + = )‘COO([ ) ®ldE

’COO(IK)(X)E sm

— (LIK + Snm FIK(§II]_K, ) —5b ) |C°° i) ®idEi = Li,z

We define

(0]

c _ grcC 5 _.TC
> L9 =Lilsx opten = L
—

We will show that Ei is essentially self-adjoint. Then, the unique self adjoint ex-
tension of L] has to coincide with L. In particular, Y ., C§°(Ix) ® E; is dense in
D?(L{) with respect to the graph norm. It is sufficient to show that the operator

(L' + s1]rY [(sing, ) — ﬁki”cg%im is essentially self-adjoint for every \; € spec L”
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5.3 Essentially selfadjoint operators

(see [71, ch X, problem 1.a]).

We follow the proof of Theorem X.11 in [71]. Consider the unitary transformation
U : L*(I,sink dr) — L*(Ix,dr), @(r) — /sin}o(r).

7 PR . inV .
C8°(Ix) is invariant under U and LIxsk — ﬁ takes the form
K

U d? N dsingr d A U_l_d2 N, N ) 1
dr?

—+ — — = = —cos’r—— =\ | ——.
dr? = singr dr dr sin%r 4 2 sinZ r

N~

Vi(r)

We get a Schrodinger-type operator defined on C§° (I x)- The question, whether such
an operator is essentially self-adjoint, is a classical problem from quantum mechanics.
It was answered by Herman Weyl, who analyzed the solutions of the following ordinary
differential equation —¢” + V¢ = Ap. One says that V(r) is in the limit circle case
at r € 0l (we assume that 0l = {0,00} for K < 0) if for some A, all solutions ¢
are locally square integrable around r. Otherwise we say V is in the limit point case
at r.

Theorem 5.3.2 (Weyl’s limit point-limit circle criterion). Let V' be a continuous
real-valued function on I.. Then, the operator H = —d?/dr? + V is essentially self-
adjoint on C§°(Ix) if and only if V' is in the limit point case at any r € 0.

For the particular case that we consider, the limit point case at oo for K < 0 is easy
to check (see Theorem X.8 in [71] and the next corollary). The case r = 0 for K <0
and r = 0 and r = 7/VK for K > 0 follows from the next theorem.

Theorem 5.3.3. Let V' be continuous and positive near zero. If V(r) > %m for

r— 1o € Olx\ {o0} then H = —d?/dr® + V(r) is in the limit point case at ro. If for

some € >0, V(r) < (3 — 6)(7’—+0)2 near ro, then H is in the limit circle case.

Proof. — Theorem X.10 in [71].

So far we did not use the spectral gap of —L". We have \; > N for any positive

A; € spec —L*. But then, the operator -4 _Nosd | A s essentially self-adjoint
K

dr? sing dr ' sin

on C§°((0, 00)) since for r — 0

N2 , N 1 N(N —2) 1
<4C°”‘2‘A@'>sm2 ”( 1 “z‘)w

i
N(N —2) 1 _(N(N+2)\ 1 _ 3

> "YU N > (T ) s 2

( 4 + )7’2_( 4 r2 = 4r2

where the last inequality holds if N > 1. Analogously for r — 7.
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5 Riemannian Ricci curvature bounds for cones

For £§ we cannot follow this strategy (see the next Remark). But since A is assumed
to be dense in the domain of L% ’Sm%, we obtain that

E=[A®E|®Y CF(y) ®E c D*(L{) & D*(L]) = D*(L°)
=1

is dense in D?(L). O
Remark 5.3.4. For u; ® ¢ € CSO(IQK) ® R we have that L§ (u1 ® ¢) = LIxsing ;@ c.

But in general, L& 731]“%\000 (Fx) is not essentially self-adjoint. More precisely, under
0
the transformation U it becomes

. , d? N? N 1
L = LImslﬂ%’Cgo(jK) — ﬁ — <4 COSQT — 2)
T

We see that

N2 N 1 N(N-=-2)1 3
4 2 siny, 4

for r — 0 and

<N20082—N> L < i—e for some € > 0 if N < 3
4 2 ) sinZ ~ 4r?

for » — 0. Analogously for » — m. Hence, in the case N > 3 we can choose CSO(IOK)
as dense subset A in D?(L!x ’Sin%) since the closure of C§° (I ) is the only self-adjoint
extension. On the other hand, in the case 1 < N < 3 the operator L is not essentially
self-adjoint. Then there are more than one self-adjoint extensions A, of L and

D*(CL(L)) ¢ D(Aq) € D((L)*)

where CL(L) denotes the closure with respect the graph norm and (L)* is the adjoint
operator. Hence C§°(Ix) cannot be dense in the domain D2(LIxsing) if 1 < N < 3.
But we can choose

infY 7 : inj¢ [
Ay = U PtIK,S K[C™(T) N L (sin rdr)] C D(F;K’S YN C™(Ik).
t>0

This is a dense subset in the domain of L/&SBX since it is stable with respect to
the semigroup, and it consists of functions that are smooth in I, since they solve a
parabolic PDE with smooth coefficients in I.

Remark 5.3.5. In the following the set = will play an important role. Therefore, we
will consider the cases A1 > 3 and A\; € [1,3), that appear in the previous theorem,
separately. In the first case we choose A = C3°(Ix), in the second case we choose

A= Ag.
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5.3 Essentially selfadjoint operators

Lemma 5.3.6. Consider £ and I X EY as before. Assume LC has a discrete
k

spectrum and let E; be the eigenspace for the i-th eigenvalue. Consideru =7, ul ®
ub € Z. Then

sm K

k
in™N ). . .
Pfu= Z PtIK’SmK’Aluzl ®uy for any t > 0. (5.3.1)
i=0
where PIK’SmK’)‘ s the semi-group that is generated by LIS

Proof. — [63, proof of Lemma 3.3]

Remark 5.3.7. In any case A\; > 1 we also define
N Tresind o
=UF == e B]o |3 RN © By,
>0 i=1

=’ is dense in D?(L°) and stable with respect to PC. = will provide a suitable class
of test function.

Lemma 5.3.8. Consider I xé\{nK ET, the corresponding operator L€ and u € 2/ of
the form

U= u @ uy = Ptc(ﬂl ® u2) _ PtIK,smK /\~1 ® Uy € DQ(LC)

where ug is an eigenfunction for the eigenvalue A € {0} U[N, 00) of —L" with N > 1,
and up € C§°(Ix) if A >0 and uy € Ay if A\ =0. Then

N
LCU _ LIK,smK,)\ul ® us.

Proof. We choose v = v @ vy where v; € C5°(I) C D(EKSnEAY and vy € D(ET).
Then

—(LU, v) 12(me) = /SIK’“I‘K(U v)dmp(x )—l—/[ fg(p)é'F(u v") sin rdr
:/ {SIK’SinK(ul,vl)—i—/ AUV iy rdr}uQvgde
F IK San

I sinfy A I sinfy A
= EHKSK (ul,vl)/ ugved my = — (L KPRy ®U2’U)L2(mc)
F

Since C2°(I)® D(ET) is dense in L2(mc), the last identity holds for any v € L?(m,)
and the statement follows. O
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5 Riemannian Ricci curvature bounds for cones

5.4 Bakry-Emery condition for skew products

5.4.1 Regularity estimates

The last lemma of the previous section provides a representation formula for the
semigroup of the N-skew product [, X é\i’nK EF. Now, we want to understand the
regularity of the semigroup

N
PtIK,smK,/\u
for A\ >N >1, K >0 and u € C’go(fK). This might be done by studying the
corresponding Sturm-Liouville operator

d? N cosg d i

Cox) — (r2 sing dr  sing

LIK 7Sin% i ‘

and its eigenfunctions (e.g. [54, Chapter 5, §5]). We will go another way and use
the result by Bacher and Sturm from [11] that states that Theorem B already holds
if the underlying space is a weighted Riemannian manifold (see Theorem A). Then,
we also use Theorem 4.3.8, which connects the Bakry-Emery condition for Dirichlet
forms with the Riemannian curvature-dimension condition to deduce L°°-bounds for
the gradient of PtIK’SmK i

Proposition 5.4.1. Let A > N > 1 and K > 0. Consider the essentially self-adjoint

N . . Ik, sin®¥ A
operator LTKSMKA| Coo (i) and the corresponding semi-group P,™ SR Then
0
I sinlY A Ircsin A ) 2 .
DIx (P = ((Pt KOS u)’) € L>®(I,sin} rdr).

foru e CSO(IOK).
Proof. Let us assume that K = 1 and we consider the metric measure space
F = (Ig,sinY'dr) for K > 1 such that KN = \.

F satisfies the condition RCD*(K(N — 1), N). We have the Dirichlet form

RSN — Ch" on L%(sin ' dr).

By Theorem 4.3.9 it satisfies the Bakry-Emery condition BE(K (N — 1), N).

The first non-negative eigenvalue of the corresponding self-adjoint operator equals
KN = ). An eigenfunction is given by cos;p what easily can be checked. Since
1 < K, F also satisfies RCD*(N — 1, N) and we can consider the metric (1, N)-cone
[0, 7] xX F. By the result of Bacher and Sturm from [11] it satisfies CD*(N, N + 1)
but also RCD*(N, N +1) because of Corollary 5.1.13. By Theorem 4.3.8 the Cheeger
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5.4 Bakry-Emery condition for skew products

energy Cho"~x () of [0, 7] x F satisfies BE(N, N +1). It implies a Bakry-Emery
gradient estimate

|VPEul? < e 2N PP |Vul? (5.4.1)

for u € D(Ch®~x() By the main results from Section 5.1 the Cheeger energy
of the metric cone coincides with the N-skew product Iy Xé\ifn Ch” in the sense of
Dirichlet forms and we have
Valf, = (")) + g (")) = TOT(@?) + ST ().

In particular, the curvature-dimension condition implies that the metric (1, V)-cone
satisfies volume doubling and supports a Poincaré inequality. Hence, P is L? — L>-
ultracontractive by Remark 4.2.3.

We choose u = u; ® ug where u; € C§°((0,7)) and up € E;. E; denotes the
cigenspace of A. Lemma 5.3.6 implies that Py = POmsn™ Ay @ 4y and (5.4.1)
becomes

1 ) si _
@(Ptm ]’SmN’)\ul)QI‘IK(UQ) < 8_2NtPtCFC(U) c Loo(mc).

TP A g 4

This implies that
F[O’”](Pt[o’ﬂ]’SinN’)‘ul) = ((Pt[o’”]’SinN’)‘ul)’)2 € L>®(sin™ rdr)

that is the statement in the case K = 1. O

Remark 5.4.2. At this point we can make an important remark on the regularity of
test functions v € Z'. Consider a strongly local, regular and strongly regular Dirichlet
form EF that satisfies BE(N — 1, N) and a volume doubling property and supports a
local Poincaré inequality. Assume that closed balls are compact. Then remark 4.2.3
implies L? — L*-ultracontractivity for P/ and it follows that

PFT"(u) € L*(my)

for any u € D(EF). Hence, if we consider eigenfunctions of L”, the Bakry-Ledoux
gradient estimate implies

I (PFu) = e M (u) < PFTT (u) € L*®(mp)
and especially u, ' (u) € L*>°(mp). Then, the previous proposition implies for
w=1w @uy € PC[CP (L) ® By] = P Aol ) @ By and A > 1

that u, ['“(u), L°u € L*°(m). The same conclusion holds for u = u1 @ug € Ay ® Ey
because (I,siny rdr) satisfies RCD*(N,N + 1). Hence, for any u € E we have
u, I'“(u), Lu € L*®(m¢).
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5 Riemannian Ricci curvature bounds for cones

- N °
Remark 5.4.3. Consider u € PtIK’SmK’/\CSO(IK) for A > 1. We know that T''% (u) €
L°°. Especially, we have

l IR (u? (10) Sini rdr < ||u”L°°(sin% rdr) < 0
K

for any ¢ € C2°(I) with ||/T7x ()| < 1. Hence, there exists a Radon measure
—Au on Iy such that

/ pd(—Au) = / % (u, ) sin® rdr = / LIsing o, siny rdr.

Ik Ik Ik

LIxsink Ay € L2(sin® rdr) and for ¢ € Cs°(I ) we obtain

in®Y . inN
—/ LixsinmeAypsin rdr = EMSMR0A (4, )

Ik

A
_/ I‘IK(U,cp)sinﬁrdr—i—/ ——upsing rdr

I Iy SIMpe

:/ c,pd(—Au)+/ .)\2 w sin} rdr.

Ik Iy S

In the case u € Ayg and A = A\g = 0 these identities are already true where dAu =
LIxsingy, siny rdr.

5.4.2 Proof of the Bakry-Emery condition for (K, N)-cones

We recall that £F is assumed to be strongly regular, and closed balls are compact
since F' is compact. This implies that the same properties also hold for I xé‘i’nK Er
by Lemma 4.4.6. Additionally, we assume that besides &7 also Ix xJ, ~E" satisfies
a volume doubling property and supports a local (2,2)-Poincaré inequality. Hence,
we can use the results of Remark 4.2.3 also on the level of I, x% . EF. We assume

sin
K > 0.

Theorem 5.4.4. Let EF satisfy BE(N—1,N). Assume the spectrum of L* is discrete
and the first positive eigenvalue of — LY satisfies \y > N. Let K > 0. Assume also
that £ = I x5, E" satisfies a volume doubling property and supports a local (2,2)-

Poincaré inequality. Then Ix x5, ET satisfies BE(KN, N +1).

sin

Proof. Consider

==te s[> Gl e m]

=1
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5.4 Bakry-Emery condition for skew products

from Theorem 5.3.1. In the case N > 3 we set A = C5°(I), and in the case

. N o
N <3 weset A:= Ay C D(FéK’SmK) N C>®(Ik) like in Remark 5.3.4. Consider
u=3"F ul @ub e = We have

N
LCU — LB,smKux + SI%LFUP
K

sin sin

k _

. B,'Nii wl P . k B,"N' s . .

=> (L kujub + b Lfup) = 3ol (LPku + Sy )uy
—

)

€ (L™K A® E) @ ) C5°(li) ® E; € D(EC).
=1

In particular, 2 C D(I'S). We remind on the regularity properties of eigenfunctions of
L* and of test function ¢ € Z' (see Remark 5.4.2). Hence, I'§ (u, v; ¢) is well-defined
for any u,v € Z and any test function ¢ € Z'.

1. We compute I's(u, v; ¢) like in the proof of Theorem 5.2.1. First, we consider the
case N > 3. Let u = u1 ® ug € C§°(Ix) ® E; and v = v1 ® vy € C°(Ix) ® Ej for
i,7 > 0. We take a test function ¢ € Z' of the form

. ]
0 =1 @y € PIIEACR([ )@ By € if A >0

or o € Ay ® Ep if A = 0 (see the definition of Z'). In any case ¢, I'“(p), L9 €
L>®(m¢) by Remark 5.4.2. By definition we have

I u, ch)gpdmc—/ (v, L°u)pd me

'°(u,v)L°pdmg — /
C

c

2T (u, v; ) = /

C

We set

/ I(u,v) LY pdm¢ = / (FIK(Ul,Ul)UQUQ + ;ﬁl—?I‘F(ug,vl))chodmC:: (I)
C C K

- LT vg)pd me=: (1)

SlK

/Fc(u,ch)gpdmc:/Fc(u7L1K’Sin%v1v2+
C C

We consider (I):

(I) :—// D% (ug, 01 )ugva L psin®) rdrd my
FJIg

si

— (D1
+// WOLTF (ug, vo) LY psin rdrd my
FJrg BUK

=:(I)2
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5 Riemannian Ricci curvature bounds for cones

One can easily check that all integrals are well-defined. For example, we see that
(I)1 < oo since FIK(ul,vl)LlK’Sin%’)‘/\l € C5°(Ik) and ugue € L'(mp). We can
calculate (I); because of Proposition 4.4.3 and Remark 5.4.3:
(D Z/ T8 (g, vy) LTSR Ay sinly Tdr/umwzdmp
IK%/O—/ F
€Ce°(Ik)

= [/ 75 (uy, v1)dApy —/ FIK(ul,vl)S“.l’;lQ)‘ sinj rdr] /uwggogde
IK K F

Ik

= [/ L Trosing (F]K (u1, vl)) 1 siny rdr

Ik

—/ I‘IK(ul,Ul)‘pl)‘ sinﬁrdr] /uQvgcpgde
Ix F

in2
San

:/ Lhesing (D% (uy,v1)) U2U280dmc+/ I7% (ug, v1) 2 ugvap1 L pad me
c c

i 2
Sll’lK

L L (ugv2) 1 p2d me

2
SlIlK

:/LIK,SiH% (FIK(UI’”Ul)) ugvggodmc—|—/1"]K(u1,’U1)
C C

We remark that ugve € D(LY) for any ug, vy € Do(L") (for example see [16, Section
1.4, Theorem 4.2.2]) and we have
L (ugve) = L ugvy + ugL"ve + T (ug,v2) & / eLiudmy = / uL"pdmp
F F
(5.4.2)

if w € D(LY) and ¢ € Do(L") N L>®(my). The operator L} with domain D(L}) C
L'(my) is the smallest closed extension of L* to L'(my) and there is an associated
semi group P/} : L'(mp) — L'(my). The second equation in (5.4.2) comes from

/Ptﬂu-gode:/u-Pthpde for any u € L'(my) and o € L™= (mp)
F F

that follows for instance from the existence of a bounded, continuous heat kernel (see
Remark 4.2.3) and Fubini’s theorem. Next, we consider (I)s. Similar as before we
obtain

(1) :/ lemsin%,)\@l sin}y rdr/ " (ug, vo)pod mp
Iy F

2
siny,
N——

€Cg(Ixc)

SN .
= LIxsing (wv) o) sin® rdr
1 sm% K

K
_/ ;;%i A1 singy Td?“] / o' (u2, v2)dmp
I F

- / LIK,SiHII\gf (%)FF (UQ, vg)(pd me + / %(plfF(uQ, Uz)LF(de mg
C C
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5.4 Bakry-Emery condition for skew products

Then, we consider (I7)

(II) = / / FC(U, LIK’Sin%U]_UZ)QOSiHIIZ Td’l"de

// I u b Lfvg)psing rdrdmp .
I

=:(I1)2

We can also calculate (I7); and (I1)s:
(II), = / FIK(ul,LIK’Sin%vl)uQvggodmc
C
/ / ulLI:{ e, I (ug, v2)psiny rdrd mp
IK an

112_// T (uy, 2%
I

// ;’;UIFF ug, L"v9)sin rdrd my

)UQL vopsink rdrdmp

Finally, we add everything up and obtain
215 (u, v, )

Ig sin®Y F . N
:/ 2T, K(ul,vl)ugvggodmc—l—/ Z%FQ (ug, v2; P2)¢pr siny rdr
C Iy

+ /C [ r, 00)

. u LK bm%vl vy LK bm%ul LIK,sm% u1v1 I
2 + 3 ( ) (ug,v2)|pdme  (5.4.3)

SlIlK Sll’lK San

(U2’l)2) T K(ul, : )UQLF'UQ — F[K (Ul, 3 )UQLFUQ

We remark that we cannot replace
s N
/ FéK’SmK (u1,v1)p18iny rdr by FIK’Sm K (uy,v1; 1)
Ik

since 1 is not necessarily in DQ(LIK7SiHII¥) if A; > 0. I'§(u,v;¢) and also the right
hand side in the last equation is linear in ¢. Hence, the last equation also holds
for any ¢ = Zle ot @ @b € Z'. Hence 2I'§ (u,v;p) looks exactly like the weak
version of equation (5.2.2) in the proof of Theorem 5.2.1 where we have proven the
corresponding classical T's-estimate. Now, if we choose test functions ¢ € Z' with
@ > 0, we can proceed exactly like in the proof of Theorem 5.2.1 where one should
use (5.4.2) to compute L (ugvz). Finally, we obtain the sharp I's-estimate in a weak

form for u € Z and ¢ € =’ with ¢ > 0.
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5 Riemannian Ricci curvature bounds for cones

2. Now, we deal with the case 1 < N < 3. We compute I'§ (u, v; p) exactly like
in the case N > 3 but we have to consider the case when u; ® us € Ay ® Ey and
V] QUg € C’é’o(f k) ® E; for i > 0 separately. Any other case is already covered by the
previous paragraph. We recall that uo = const = m € R because of Remark 4.2.3.
We can compute I'§ (u, v; p) for ¢ € Z' exactly like in the previous paragraph since
terms of the form wjvy, T'VX (uy,v1) and LTwsin (ujvy) are in Cgo(fk). We obtain
again formula (5.4.3).

The only case that we still have to check is u = v € Ay ® Ey. It is not covered,

° s IV
yet, since ud ¢ C§°(Ix). First, let ¢ = 1 ® @9 € PtIK’smK’/\ ® F;. We know that
N

u=u®me DE), u € Ay C D(FgK’SmK) and T (u) = D% (uy)m?2. Hence,
IS (u;p) = / LI (u)dme —/ I'“(u, Lu)pd mg

C C

:/ %LIK’Sm%’)‘igplcng‘IK (u1)7n2 sin rdrd mpy
C

N ]
_/ FIK(U17LIK’Sanul)m2QO1g02 sm% Tdrde
C

_ /m2(,02de/ [%FIK(UI)LIK,Sin%7/\iS01 _ FIK(UI,LIK7Sin%U1)Q01] sinﬁ rdr
F Iy

Since ¢ is an eigenfunction of L, the right hand side is 0 unless A; = 0 and @9 # 0.
We conclude that T'S (u; ) # 0 for ¢ € Z' only if po = const # 0. In any case:

I sin®Y
5 (u; ) z/m2sozdeF2KS " (uy; ¢1). (5.4.4)
F

e IK,sinII\é IK,sin%
This is just (5.4.3) where we replace I', (u1)pr by I'y (u1;p1). But we
can proceed like at the end of the previous paragraph. Because £K SINK satisfies
BE(KN,N + 1) we can bound (5.4.4) by

N+1
if ¢ > 0. Hence, for u € = and ¢ € Z/ with ¢ > 0 we have the desired I's-estimate.

IS (u; 0) > m? /F/I [KN@FIK’S“]% (u1) + 7(LIK’S”1%U1)250] sin rdrdmp
K

3. We extend this estimate to any function v € D(I'S) (and test functions ¢ € =’
with ¢ > 0). We choose a sequence u,, € Z that converges to u € D(I's) in D?(L).
First, we obtain that

/Fc(un,un)chodmc—>/Fo(u,u)LccpdmC,

C C
/Fc(un,un)cpdmcé/Fc(u,u)godmc,
C C

/(Lcun)Qcpdmc —>/(Lcu)2cpdmc. (5.4.5)
C C
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5.4 Bakry-Emery condition for skew products

We still need to show convergence of fc I'“(up, L°un)pdme. Since uy, LUy, @ €
D(&°) and ¢,T'(¢) € L*(m¢), we can apply the Leibniz rule (4.2.2) for I'“. We
obtain

/F(un,LCun)godmC:/F(un,LCungo)dmc—/ T (un, ) L upd me
C C C

= —/(Lcun)ngdmC—/ T (un, ¢) L°updme .
C C

— [ (LCu)2pd mg

Consider the second term on the right hand side.

/Fc(un,gp)Lcundmc—/ '“(u, ) L°ud m¢
C C

< / T (un, ) L (up, — u)| + |7 (up, — u, @) Lu| d m¢
C

<0 | [ T e [ (£ — )P

~~

= [ T¢(u)dmg —0

—i—/CFC(un—u)dmc/C(Lcu)zdmc}

—0

Since ¢ € Z/, we have that ||[I'“(¢)| « < co. It follows that

/Cl“c(un, ©)Lupdme — /Cfc(u, ¢)LSudme  for u, — u in D*(L°)
and consequently

/CFC(un, L) pdme — /Cl“c(u,LCu)apdmc for w, — u in D?(L°)
for any u € D(I']) and for any test function ¢ € =’ with ¢ > 0.

4. Finally, we show that the I's-estimate holds for any admissible test function
Y E le(LC). Since we assume K > 0, the measure m, is finite and we can assume
that ¢ > M > 0 for some positive constant M € D?(L¢). Consider a sequence , € =
that converges to ¢ in D?(L°). Then, we also have PSp > M and PPy, — Py in
D2(L°) for all t > 0. Since we assume that £ satisfies volume doubling and supports
a Poincaré inequality, is strongly regular and admits that closed balls are compact
(see Lemma 4.4.6) there is an upper bound for the heat kernel (see [76, Corollary 4.2],
Remark 4.2.3) that is equivalent to L? — L*-ultracontractivity of the semigroup P¢
(see [40, Chapter 14.1] and Remark 4.2.3). Hence, PFy, — Pf¢ and L°PFy¢, —
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5 Riemannian Ricci curvature bounds for cones

LEPfo in L®(me). Since PP > M > 0, we deduce that P, € DY (L) N E' for
n sufficiently big. Then, the results from the previous paragraphs state that

/ (%FC(U)LCPtC(p” —T%u, L) P{ pn)dme > / (KNT°(u) + ﬁ(LCU)Q)PtC¢n me .
¢ C

Hence, if n — oo

/C (5T°(u)L°Pf ¢ — T (u, L°u) PP p)dme > /C (KNT(u)PE ¢ + 55 (L°u)* P ) me.

for u € D(I'2) and ¢ € Di’z with ¢ > M > 0 because of the L*°-convergence of
PFo, and PFLp,. Then we also let M — 0 and the inequality holds for any test
function of the form PFy where ¢ € Di’Q. Finally, by application of Lebesgue’s
dominated convergence theorem one can check that Pf ¢ and PFL%p converges to ¢
and L€, respectively, w.r.t. weak-* convergence if ¢ € Di’Q(LC), and we obtain the

I's-estimate for any v € D(I'S) and for any ¢ € DZ’Q(LC). O

5.5 Proof of the main results

Proof of Theorem B. First, let K > 0. The Cheeger energy Ch” of (F,dy, my) is a
strongly local, regular and strongly regular Dirichlet form that satisfies BE(N —1, N)
by Theorem 4.3.8. By Theorem 4.3.10 and the following remark the spectrum of the
associated Laplace operator L” is discrete and the first positive eigenvalue of —L*
satisfies Ay > N. By Theorem 5.1.5 and Corollary 5.1.6 we know that I xgnK Ch" =
Cho"nk ™) and deon, = dChconNyK(F). Lemma 5.1.3 states that Cony i (F') satisfies
a volume doubling property and supports a local Poincaré inequality. Especially,
Chrnx () supports a (2,2)-Poincaré inequality by Remark 4.1.3. Ch®"~x () ig also
strongly regular and Cony g (F') is compact since (F,dr,mp) is compact, K > 0
and its Cheeger energy Ch” is strongly regular (Lemma 4.4.6). Hence, we can apply
Theorem 5.4.4 and I)c x[, ~Ch” satisfies BE(KN, N +1).

Finally, we want to apply the backward direction of Theorem 4.3.8. Results of
Sturm from [75] (see Remark 4.2.3 and Remark 4.1.3) state a Feller property for
the corresponding semigroup PF of Cong n(F') . Thus, we can apply Theorem 3.15
from [3] that states that in this case any v € D(EY) with \/T'“(u) € L*(m.) has a
continuous representative. Consequently, any such v € D(E¢) is Lipschitz continuous
with respect to the intrinsic distance of I xé\i’nK Ch” that again coincides with dcon
by Corollary 5.1.13. Thus, the regularity Assumption 4.3.7 is satisfied and Theorem
4.3.8 yields the condition RCD*(NK,N +1) if K > 0.

The case K = 0 follows from the case K > 0. The rescaled space Con, 2 (F) con-
verges with respect to pointed measured Gromov-Hausdorff convergence to Cony o(F')
if n — oco. To see this, for instance, we can adopt the proof of Theorem 10.9.3 in
[18] to prove Gromov-Hausdorff convergence. We also obtain a family of e-isometries
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5.5 Proof of the main results

between 7-balls around 0 in Cony ,,,2(F) and r-balls around 0 in Conyo(F) for
# < ¢ and n big enough. Then, the pushfowards of sin% Jn dr @ dmp w.r.t to
these e-isometries converge weakly to rVdr @ dmp | B,(0) @ € — 0. Hence, we
obtain pointed measured Gromov-Hausdorff convergence. Especially, this is mea-
sured Gromov-Hausdorff convergence of r-balls around 0. Hence, Cony o(F') satisfies
RCD*(0,N +1) = RCD(0,N + 1) by the usual stability property of the condition

CD under measured Gromov-Hausdorff convergence (see for examples [79]). O

Proof of Theorem C. First, let us consider the case N > 1. Remark 5.1.8 states that
diam F' < 7 and Cony x(F) = I xgnK F in any case when N > 1. We need to
check the condition RCD*(N — 1,N) for (F,dr,m). Corollary 5.1.13 implies that
(F,dp, mg) is infinitesimal Hilbertian. By Proposition 5.1.11 and Corollary 5.1.12 the
intrinsic distance of £¢ = I Xé\i]nK Ch" is the K-cone distance dcon, and the Cheeger

energy of the (K, N)-cone coincides with £. Theorem 4.3.8 implies the condition
BE(KN,N +1) for I xX. &F.

sing

One can check that C3°(Ix) ® D(I5) ¢ D(I'§) and 1 @ D%*(L7) < D%*(LO).
Hence, we can again derive formula (5.4.3) in precisely the same way as in the proof
of Theorem 5.4.4 for u; ® ug € CSO(IOK) @DITY)and 1®p2 € 1® DT(LF). Now,
we can follow the proof of Theorem 5.2.1 and we obtain

/ LI (u)dmp / ' (u, L"u)pd mp
F F

1
> (V- 1) [ D (wpdme oy [ (L7w)? pdm,s
F F

1 2
_— L* NK 5.1
(N—i—l)N/F( ug + ruz)” pdmpg (5.5.1)

for any u € D(I'5) and any ¢ € Dljr’Q(LF). We want to deduce RCD*(N — 1,N)
for F. However, we cannot apply the argument of Theorem 5.2.3 directly since
pointwise estimates for the Bochner inequality do not make sense. But like in the
proof of Theorem 4.3.8 (more precisely, see Proposition 4.7 in [34]), we get a gradient
estimate of the following type:

t
IV PFuy|* + C(N) (|LFPtFqu2 — e P (L s + NKFUQ)Z) < e 2Kt PF | Wy |?
(5.5.2)

mp-a.e. in F for any ug € D?(L"). We sketch the argument briefly. Consider

h(s) := 62(N1)S/ PFo|VPE jus|*dmy .
F
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5 Riemannian Ricci curvature bounds for cones

One estimates the derivative of h as:

h(s) = 26_2(N_1)5/( — (N = 1)Psp| VP jus? + 5 L7 Psgp| V Py sus|?

F

— s(pFF(Pt_SUQ, LFPt—SUQ))de

> 262(N1)s/ Py (% (LFPt_SUQ)2 _ m (LFP_gug + NKFPt—5U2)2) dmp
F

> 26_2(N_1)8/ ) (% (L” Poug)* — mﬂ (L"ug + NKFUQ>2) dmpg
F

where we used (5.5.1) in the first and Jensen’s inequality in the second inequality.
Finally, we integrate h’ from 0 to ¢ and the rest of the proof is exactly the same as
in Proposition 4.9 in [34].

We remark that F' satisfies a doubling property and supports a local Poincaré
inequality and by Lemma 5.1.10 we have that d,r = dr, which implies that Ch” is
strongly local. Thus, by the results of Sturm (Remark 4.2.3) the associated semigroup
is Feller and has a continuous kernel. Then we proceed as follows.

For us € D?(LF) we consider PI (LFuy + NKypug) = L¥ PFug + NKpPFug =: vy
and for x € F we define vy, = vy — v2(x). va, is continuous on F' and vy 4 (x) = 0.
We consider P/ (v%x) that is jointly continuous in z € F' and ¢t > 0. For instance,
this follows since v%@ € C(F) N L*°(mp) and since we have a nice upper bound for
the heat kernel associated to Ch” because of results of Sturm in [75]. Then, to prove
that PF (v%’x) is jointly continuous, we can copy the proof of the corresponding result
in R™. It holds that P{(v%m)(x) = v ,(x) = 0. Hence, for any € > 0 and any « € F
there is 6, > 0 and 7, > 0 such that [P/ (v5,)(y)| < € for any y € Bs,(x) and
0 <t < 7. Since F is compact, there is a finite collection (wi)f;l of points such that
Bs, (xi)i=1,.. i is a covering of F'. We set 7 = min;—; 7.

Now we choose z; € F with Bs,(z;) and we set 6; = 6,,. Consider

PFug — NKpP ug(x;) — L" PFug(2;) =: vaq, € D*(LF)

and insert it in (5.5.2) for ¢ < 7.

1
|VPtF’D2,90i |2 + C(t)ﬁ (LFPtF@2,$¢)2
c(t)

B m PtF (LFQ_}Z% + NKF52793¢)2 < 6_2KtPtF |v/l_)27xi|2 .
(%)

We can see that
(*) = PtF (LFPSFUQ + NKFPSFUQ — NKFPSFUQ(J?Z') — LFPSFU,Q(.M))z
= P (vg — va(z))?
—_——

(v2,$1‘)2

93



5.5 Proof of the main results

For any y € Bs,(z;) we get |(x)(y)] = [P/ (v3,,) (y)| < e. From that and since
Vg 4, differs form P[uy only by a constant, we get for any 0 < ¢t < 7 and mg-a.e.
y € By, (i)

1
N +1

c(t
VP Prusf? () + Y <|LFPtFP£u2|2 )

N e> < e 2KIPF IV P uyl? (y).

The last inequality does not depend on z; anymore and since € > 0 is arbitrary, we
obtain

t
IV PP PFug)?® + C](V) |L" PF PFuy|? < e 2K PF |V PFuy |

for 0 <t < 7 and mp-a.e. for ug € D?(L¥). Then we can also let s go to 0

VP ug|? + C(]\? |L" PFug|®> < e 2KUPF |Vug)? for 0 <t <7

and finally, we can follow the proof of Theorem 4.8 in [34] to obtain the condition
BE(N —1,N). Now, similar like in the previous theorem, this implies RCD*(N —
1,N) for (F,dp,mp). We only need to check the Assumption 4.3.7. The condition
RCD*(KN,N +1) for Cony g (F) implies that every u € D(Ch®"~x ) such that
I'“(u) € L>®(m¢) admits a Lipschitz representative and Theorem 5.1.6 states that
I xJ,, Ch" = Ch®~r  This easily implies that also u € D(Ch") such that
I'*(u) € L*°(mp) admits a Lipschitz representative with respect to dg.

For the case N € [0,1) we argue by contradiction. First, we see that F' has to be
discrete. Otherwise, we would find a geodesic v in F' (see the remark directly after
Definition 2.2.6), and consequently the cone over Im~y would be a 2-dimensional subset
in Cony x(F'). This contradicts the condition RCD*(KN, N +1) for Cony x(F') that
implies that the Hausdorff dimension of Cony x(F') cannot be bigger than N +1 < 2.
Then, assume there are two points x,y in F' with dx(x,y) < 7. Hence, by the defini-
tion of the cone metric there is no continuous curve between (1,x) and (1,y) whose
length is e-close to dcon, ((1, ), (1,y)). The only continuous curve that connects (1, x)
and (1,y) consists of the segments that connect each of this points with the nearest
origin and its length is dcong (0, (1,2)) + dcong (0, (1,4)) > deong ((1,2), (1,y)). But
since Cony x(F') satisfies a curvature-dimension condition, it has to be an intrinsic
metric space what contradicts the previous observation. Thus, there can only be
points in F' that have distance . F' can only have at most two points since oth-
erwise we will find an optimal transport between absolutely continuous measures in
Cony x (F') that is essentially branching, and this contradicts the RC'D*-condition.
For example, assume there are three points. The geodesics between (s,z), (t,y)
and (r, z) for s,t,r < 1 consist exactly of segments that connect the origin. Hence,
one can consider an absolutely continuous measure that is concentrated on one seg-
ment and the transport to an absolutely continuous measure that is concentrated
equally on the two other segments. In the case where F' is just one point we see that
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5 Riemannian Ricci curvature bounds for cones

I xé\ian F = (I,sin®). Otherwise, if F' has two points with distance 7, N has to

be 0 and we see that Cong x(F') = \/%Sl. O

Proof of Theorem D. (F,dp,mp) is compact with diam F' < 7. Hence, in any case
Con) ™ (F) = [0,00) xN¥*! F and by Theorem B Con) ™ (F) is a metric measure
space that satisfies RCD*(0, N + 2). Since dg(x,y) = m, there is a geodesic line in
Con)' ™' (F). Thus, by the first part of the splitting Theorem 4.3.13, Cony90(F) =:
X splits into X = R x X’ where X’ = (X', dy/, my/) denotes a metric measure space
that satisfies RCD*(0, N 4+ 1). One can easily see that X’ is a metric cone over
F'= FN X', that F’ is a geodesic space and that F’ embeds geodesically in F.
Consider (1, f),(1,¢) in {1} x F. We find r,s > 0, 4,5 € [-1,1] and f’,¢’ € F' such
that

dx((1, 1), (1,g))2 =2—2cosdp(f,g9) = r? 4+ s — 2rscosd (f',g') + i —j|2.

Because the metric on X is precisely given by the metric product of |- —-|? and d -,
the Pythagorean theorem holds. Hence i? + r? = 1. It follows that

cosdr(f,g) = i+ (1= )2 (1 = )7 cosdp (f.9).
There are unique numbers 0, € [0,7] such that ¢ = cos@ and j = cos¢. Thus,
there is an isometry between (F,dp) and the metric 1-cone with respect to F’. In
particular, F' is a topological suspension in the sense of Ohta’s topological splitting
result in [61] and the measure has the form dm; = sin™ dm, for some Borel measure
m;s on F’. Hence, F is a (K, N)-cone over (F’,d;,m;). Finally, Theorem C yields
the result. O

Corollary 5.5.1. Let (F,dp, mp) be a metric measure space that satisfies RCD*(N —
1,N) for N > 0. Assume there are points x;,y; € F fori=1,...,n withn > N such
that dp(zi,y;) = ™ for any i and dp(x;,x;) = 5 fori# j. Then N =n—1¢€ N and
(F,dp,mp) =SV,

Proof. First, we consider zg,yy € F with dz(z9,y) = 7. The maximal diameter
theorem implies that F' is a spherical suspension with respect to some metric measure
spaces Fy, that satisfies RCD(N — 2, N — 1) where the pair (zg,yo) corresponds to
the two origins of I xé\i’nK F'. If we consider another pair (z1,¥1), we obtain another
suspension structure. Hence, we find a loop s : [0,27]/ {o~2r} — S in F that is
geodesic for small distances and intersects with F’ at x1 since dp(zg,x1) = 5. But
this also implies that dx(yo,y1) = 5 and y; € F’. Since F” embeds geodesically into
F, we have dpr(z1,y1) =

Then, we also obtain for any other pair x;,y; € F for ¢ > 1 that z;,y; € F',
dp(2i,y:) = 7 and dp (2, 2;) = § for i # j. Hence, we can proceed by induction
and the second part of the maximal diameter theorem tells us that that after finitely
many steps no further decomposition is possible and F' = S* for some k € N. But
then, n—1=N =k. ]

95



Bibliography

1]

96

Stephanie B. Alexander and Richard L. Bishop. Warped products of Hadamard spaces.
Manuscripta Math., 96(4):487-505, 1998.

Stephanie B. Alexander and Richard L. Bishop. Curvature bounds for warped products
of metric spaces. Geom. Funct. Anal., 14(6):1143-1181, 2004.

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Bakry-Emery curvature-dimension
condition and Riemannian Ricci curvature bounds. http://arziv.org/abs/1209.5786.

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Calculus and heat flow in
metric measure spaces and applications to spaces with Ricci bounds from below.
http://arxiv.org/abs/1106.2090.

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Density of Lipschitz functions and
equivalence of weak gradients in metric measure spaces. http://arziv.org/abs/1111.3730.

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Metric spaces with Riemannian
Ricci curvature bounded from below. http://arziv.org/abs/1109.0222.

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Gradient flows in metric spaces and
in the space of probability measures. Lectures in Mathematics ETH Ziirich. Birkhauser
Verlag, Basel, second edition, 2008.

Luigi Ambrosio, Andrea Mondino, and Giuseppe Savaré. Nonlinear diffusion equations
and curvature conditions in metric measure spaces. in preparation.

Michael T. Anderson. Metrics of positive Ricci curvature with large diameter.
Manuscripta Math., 68(4):405-415, 1990.

Kathrin Bacher and Karl-Theodor Sturm. Localization and tensorization properties of
the curvature-dimension condition for metric measure spaces. J. Funct. Anal., 259(1):28-
56, 2010.

Kathrin Bacher and Karl-Theodor Sturm. Ricci bounds for euclidean and spherical
cones. Singular Phenomena and Scaling in Mathematical Models, pages 3—23, 2014.

Dominique Bakry and Michel Ledoux. A logarithmic Sobolev form of the Li-Yau
parabolic inequality. Rev. Mat. Iberoam., 22(2):683-702, 2006.

Victor Bangert. Analytische Eigenschaften konvexer Funktionen auf Riemannschen Man-
nigfaltigkeiten. J. Reine Angew. Math., 307/308:309-324, 1979.

Pierre H. Bérard. Spectral geometry: direct and inverse problems, volume 1207 of Lec-
ture Notes in Mathematics. Springer-Verlag, Berlin, 1986. With appendixes by Gérard
Besson, and by Bérard and Marcel Berger.

Anders Bjorn and Jana Bjorn. Nonlinear potential theory on metric spaces, volume 17
of EMS Tracts in Mathematics. European Mathematical Society (EMS), Ziirich, 2011.



Bibliography

[16]

[17]

[18]

[19]
[20]

[21]

22]

Nicolas Bouleau and Francis Hirsch. Dirichlet forms and analysis on Wiener space,
volume 14 of de Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin,
1991.

Yann Brenier. Polar factorization and monotone rearrangement of vector-valued func-

tions. Comm. Pure Appl. Math., 44(4):375-417, 1991.

Dmitri Burago, Yuri Burago, and Sergei Ivanov. A course in metric geometry, volume 33
of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI,
2001.

Yu. Burago, M. Gromov, and G. Perelman. A. D. Aleksandrov spaces with curvatures
bounded below. Uspekhi Mat. Nauk, 47(2(284)):3-51, 222, 1992.

Fabio Cavalletti and Karl-Theodor Sturm. Local curvature-dimension condition implies
measure-contraction property. J. Funct. Anal., 262(12):5110-5127, 2012.

Isaac Chavel. FEigenvalues in Riemannian geometry, volume 115 of Pure and Applied
Mathematics. Academic Press Inc., Orlando, FL, 1984. Including a chapter by Burton
Randol, With an appendix by Jozef Dodziuk.

Jeff Cheeger. Differentiability of Lipschitz functions on metric measure spaces. Geom.
Funct. Anal., 9(3):428-517, 1999.

Jeff Cheeger and Tobias H. Colding. Lower bounds on Ricci curvature and the almost
rigidity of warped products. Ann. of Math. (2), 144(1):189-237, 1996.

Jeff Cheeger and Tobias H. Colding. On the structure of spaces with Ricci curvature
bounded below. I. J. Differential Geom., 46(3):406-480, 1997.

Jeff Cheeger and Tobias H. Colding. On the structure of spaces with Ricci curvature
bounded below. II. J. Differential Geom., 54(1):13-35, 2000.

Jeff Cheeger and Tobias H. Colding. On the structure of spaces with Ricci curvature
bounded below. III. J. Differential Geom., 54(1):37-74, 2000.

Jeff Cheeger and Detlef Gromoll. The splitting theorem for manifolds of nonnegative
Ricei curvature. J. Differential Geometry, 6:119-128, 1971/72.

Shiu Yuen Cheng. Eigenvalue comparison theorems and its geometric applications. Math.
Z., 143(3):289-297, 1975.

Tobias Holck Colding and Aaron Naber. Sharp Holder continuity of tangent cones
for spaces with a lower Ricci curvature bound and applications. Ann. of Math. (2),
176(2):1173-1229, 2012.

Tobias Holck Colding and Aaron Naber. Characterization of tangent cones of noncol-
lapsed limits with lower Ricci bounds and applications. Geom. Funct. Anal., 23(1):134—
148, 2013.

Dario Cordero-Erausquin, Robert J. McCann, and Michael Schmuckenschlager. A
Riemannian interpolation inequality a la Borell, Brascamp and Lieb. Invent. Math.,
146(2):219-257, 2001.

Qintao Deng and Karl-Theodor Sturm. Localization and tensorization properties of
the curvature-dimension condition for metric measure spaces, 1. J. Funct. Anal.,
260(12):3718-3725, 2011.

97



Bibliography

[33]

[41]

[42]

98

Andreas Eberle. Uniqueness and non-uniqueness of semigroups generated by singular
diffusion operators, volume 1718 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 1999.

Matthias Erbar, Kazumasa Kuwada, and Karl-Theodor Sturm. On the equivalence of
the Entropic curvature-dimension condition and Bochner’s inequality on metric measure
spaces. http://arziv.org/abs/1303.4382.

Masatoshi Fukushima and Yoichi Oshima. On the skew product of symmetric diffusion
processes. Forum Math., 1(2):103-142, 1989.

Masatoshi Fukushima, Yoichi Oshima, and Masayoshi Takeda. Dirichlet forms and sym-
metric Markov processes, volume 19 of de Gruyter Studies in Mathematics. Walter de
Gruyter & Co., Berlin, extended edition, 2011.

Nicola Gigli. An overview on the proof of the splitting theorem in a non-smooth context.
http://arxiv.org/abs/1305.4854.

Nicola Gigli, Kazumasa Kuwada, and Shin-Ichi Ohta. Heat flow on Alexandrov spaces.
Comm. Pure Appl. Math., 66(3):307-331, 2013.

Nicola Gigli, Tapio Rajala, and Karl-Theodor Sturm. Optimal maps and expo-
nentiation on finite dimensional spaces with Ricci curvature bounded from below.
http://arziv.org/abs/1805.4849.

Alexander Grigor'yan. Heat kernel and analysis on manifolds, volume 47 of AMS/IP
Studies in Advanced Mathematics. American Mathematical Society, Providence, RI,
2009.

Alexander Grigor'yan and Jun Masamune. Parabolicity and stochastic completeness of
manifolds in terms of the Green formula. J. Math. Pures Appl. (9), 100(5):607-632,
2013.

Misha Gromov. Metric structures for Riemannian and non-Riemannian spaces. Modern
Birkh&user Classics. Birkhduser Boston Inc., Boston, MA, english edition, 2007. Based
on the 1981 French original, With appendices by M. Katz, P. Pansu and S. Semmes,
Translated from the French by Sean Michael Bates.

Karsten Grove and Katsuhiro Shiohama. A generalized sphere theorem. Ann. of Math.
(2), 106(2):201-211, 1977.

Piotr Hajlasz. Sobolev spaces on an arbitrary metric space. Potential Anal., 5(4):403—
415, 1996.

Piotr Hajlasz and Pekka Koskela. Sobolev met Poincaré. Mem. Amer. Math. Soc.,
145(688):x+101, 2000.

Shouhei Honda. On low-dimensional Ricci limit spaces. Nagoya Math. J., 209:1-22,
2013.

L. Kantorovitch. On the translocation of masses. Management Sci., 5:1-4, 1958.

Vitali Kapovitch and Burkhard Wilking. Structure of fundamental groups of manifolds
with ricci curvature bounded below.

Christian Ketterer. Cones over metric measure spaces and the maximal diameter theo-
rem. http://arziv.org/abs/1311.1307.



Bibliography

[50]

[51]

[52]

[53]

[54]

Christian Ketterer. Ricci curvature bounds for warped products. J. Funct. Anal.,
265(2):266—299, 2013.

Pekka Koskela and Yuan Zhou. Geometry and analysis of Dirichlet forms. Adv. Math.,
231(5):2755-2801, 2012.

Laszl6 Kozma, Radu Peter, and Csaba Varga. Warped product of Finsler manifolds.
Ann. Univ. Sci. Budapest. Eotvos Sect. Math., 44:157-170 (2002), 2001.

Michel Ledoux. The geometry of Markov diffusion generators. Ann. Fac. Sci. Toulouse
Math. (6), 9(2):305-366, 2000. Probability theory.

B. M. Levitan and I. S. Sargsjan. Introduction to spectral theory: selfadjoint ordinary
differential operators. American Mathematical Society, Providence, R.I., 1975. Trans-
lated from the Russian by Amiel Feinstein, Translations of Mathematical Monographs,
Vol. 39.

John Lott. Some geometric properties of the Bakry-Emery—Ricci tensor. Comment.
Math. Helv., 78(4):865-883, 2003.

John Lott and Cédric Villani. Ricci curvature for metric-measure spaces via optimal
transport. Ann. of Math. (2), 169(3):903-991, 20009.

Zhi Ming Ma and Michael Réckner. Introduction to the theory of (nonsymmetric) Dirich-
let forms. Universitext. Springer-Verlag, Berlin, 1992.

Robert J. McCann. A convexity principle for interacting gases. Adv. Math., 128(1):153—
179, 1997.

Robert J. McCann. Polar factorization of maps on Riemannian manifolds. Geom. Funct.
Anal., 11(3):589-608, 2001.

Shin-ichi Ohta. On the measure contraction property of metric measure spaces. Com-
ment. Math. Helv., 82(4):805-828, 2007.

Shin-Ichi Ohta. Products, cones, and suspensions of spaces with the measure contraction
property. J. Lond. Math. Soc. (2), 76(1):225-236, 2007.

Shin-ichi Ohta. Finsler interpolation inequalities. Calc. Var. Partial Differential Equa-
tions, 36(2):211-249, 2009.

Hiroyuki Okura. A new approach to the skew product of symmetric Markov processes.
Mem. Fac. Engrg. Design Kyoto Inst. Tech. Ser. Sci. Tech., 46:1-12, 1997.

Barrett O’Neill. Semi-Riemannian geometry (With applications to relativity), volume
103 of Pure and Applied Mathematics. Academic Press Inc. [Harcourt Brace Jovanovich
Publishers|, New York, 1983.

F. Otto and C. Villani. Generalization of an inequality by Talagrand and links with the
logarithmic Sobolev inequality. J. Funct. Anal., 173(2):361-400, 2000.

G. Perelman. A.D. Alexandrov’s spaces with curvatures bounded from below, II.
http:/ /www.math.psu.edu/petrunin/papers/alexandrov/perelmanASWCBFB2+.pdf.

G. Perelman and A. Petrunin. Quasigeodesics and gradient curves in Alexandrov spaces.
preprint.

99



Bibliography

[68]

100

Anton Petrunin. Semiconcave functions in Alexandrov’s geometry. In Surveys in differ-
ential geometry. Vol. XI, volume 11 of Surv. Differ. Geom., pages 137-201. Int. Press,
Somerville, MA, 2007.

Svetlozar T. Rachev and Ludger Riischendorf. Mass transportation problems. Vol. II.
Probability and its Applications (New York). Springer-Verlag, New York, 1998. Appli-
cations.

Tapio Rajala. Interpolated measures with bounded density in metric spaces satisfying
the curvature-dimension conditions of Sturm. J. Funct. Anal., 263(4):896-924, 2012.

Michael Reed and Barry Simon. Methods of modern mathematical physics. II. Fourier
analysis, self-adjointness. Academic Press [Harcourt Brace Jovanovich Publishers|, New
York, 1975.

Nageswari Shanmugalingam. Newtonian spaces: an extension of Sobolev spaces to metric
measure spaces. Rev. Mat. Iberoamericana, 16(2):243-279, 2000.

Zhongmin Shen. Lectures on Finsler geometry. World Scientific Publishing Co., Singa-
pore, 2001.

Karl-Theodor Sturm. Analysis on local Dirichlet spaces. I. Recurrence, conservativeness
and LP-Liouville properties. J. Reine Angew. Math., 456:173-196, 1994.

Karl-Theodor Sturm. Analysis on local Dirichlet spaces. II. Upper Gaussian estimates
for the fundamental solutions of parabolic equations. Osaka J. Math., 32(2):275-312,
1995.

Karl-Theodor Sturm. Analysis on local Dirichlet spaces. III. The parabolic Harnack
inequality. J. Math. Pures Appl. (9), 75(3):273-297, 1996.

Karl-Theodor Sturm. Convex functionals of probability measures and nonlinear diffu-
sions on manifolds. J. Math. Pures Appl. (9), 84(2):149-168, 2005.

Karl-Theodor Sturm. On the geometry of metric measure spaces. 1. Acta Math.,
196(1):65-131, 2006.

Karl-Theodor Sturm. On the geometry of metric measure spaces. II. Acta Math.,
196(1):133-177, 2006.

Cédric Villani. Optimal transport, Old and new, volume 338 of Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-
Verlag, Berlin, 2009.

Max-K. von Renesse. On local Poincaré via transportation. Math. Z., 259(1):21-31,
2008.

Max-K. von Renesse and Karl-Theodor Sturm. Transport inequalities, gradient esti-
mates, entropy, and Ricci curvature. Comm. Pure Appl. Math., 58(7):923-940, 2005.



	Preface
	Summary
	Introduction
	Ricci curvature in Riemannian geometry
	Synthetic Ricci curvature bounds by optimal transport
	Cones and warped products over metric measure spaces
	The maximal diameter theorem
	Outline of the thesis

	Preliminaries, part 1
	Ricci curvature bounds in the sense of optimal transport
	Warped products and cones
	Riemann-Finsler Manifolds

	Ricci curvature bounds for warped products
	Ricci tensor of warped products over Riemann-Finsler manifolds
	Optimal Transport in warped products
	Proof of the main results and applications

	Preliminaries, part 2
	Differential calculus for metric measure spaces
	Preliminaries on Dirichlet forms
	Riemannian Ricci curvature bounds for metric measure spaces
	Skew products between Dirichlet forms

	Riemannian Ricci curvature bounds for cones
	Warped product versus skew product
	Proof of classical estimates for skew products
	Essentially selfadjoint operators
	Bakry-Emery condition for skew products
	Proof of the main results

	Bibliography

