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1 Introduction

The Porous Medium Equation

The density of gas in a porous medium can be modelled by the so-called porous medium equation
(PME). The following definition gives a meaning to this notion in mathematical terms.

1.1 Definition Consider an open set w C R x R".
A function u is said to be a solution of the PME on w if and only if for m > 1 we have u € L} (w), u >0
and

oru — Au™ =0 in D' (w).

From the theoretical point of view we deal with a quasilinear and strongly parabolic equation.
However, the parabolicity is not necessarily uniform on all of w, but degenerates on subsets where
u is not bounded away from 0. This becomes evident by considering the equation in divergence
form, namely o¢u — Vi - (m um’lvxu) = 0, where the diffusion coefficient u" 1 — the pressure of
the gas, in physical terms — vanishes as the density u approaches zero. This is why the PME is also
called slow diffusion equation. In contrast to that, the case 0 < m < 1 - with a suitable adjustment
of the concept of solution — is referred to as the fast diffusion equation. For m = 1, the same
definition as above yields a well-known linear and uniformly strongly parabolic equation on w,
termed heat equation. The PME is therefore also sometimes labelled non-linear heat equation.
More general non-linearities can of course be considered with the appropriate adjustments in the
definition, and equations associated with them are also known as diffusion or filtration equations.
Other generalisations include the treatment of different coefficients and additional drift terms.
Also higher order equations in divergence form can have the same appearance. An example is
provided by the thin film equation. For any of these equations one could additionally consider
solutions that do not have to be positive, also called signed solutions.

In the literature, often a combination of several of those features is discussed and a vast amount
of research papers on any of those topics is available. One can gain a good overview from
[Fri82], [Vaz07] and [DKO7]. There is also an interpretation as a gradient flow in terms of the
Wasserstein metric due to [Ott01]. We will concentrate on the PME as presented in Definition
1.1. A derivation of the equation from physical grounds as well as an overview of some of its
mathematical properties and their development can be found in the surveys [Pel81], [Aro86],
[Vaz92] and the references therein. In the following we give a brief recapitulation of results that
are important from our perspective.

In Definition 1.1 we have adopted a purely local point of view. This is already enough to obtain at
least weak regularity of solutions.

1.2 Theorem Let w C R x R" be open.
If u is a solution of the PME on w, then u is Holder continuous on w.

That continuous solutions are Holder continuous was proven by [DF85]. Almost a decade
later [DK93] succeeded in removing the continuity assumption by means of potential theory in
conjunction with a-priori estimates for the PME from [DK84] and [Sac83] that only require general
regularity theory.



1 Introduction

The Cauchy Problem

Henceforth we concentrate on domains without spatial boundary and consider cylinders w =
I x R" for an open time interval I = (t1, ;) with finite left end point t; > —co. There is a
self-similar solution to the PME on I x R" that displays some characteristic features of the PME
and often plays the role of a benchmark. It was first described by the Soviet researchers Zeldovich,
Kompaneets and Barenblatt in the 1950s, thus often bearing their name as ZKB-solution. The first
reference not written in Russian seems to be [Pat59], hence also Barenblatt-Pattle-solution is a
commonly used denomination. We call it source-type-solution, given by

1

ust(t,x) = (t — tl)_z+n(y£n—1) (Cl -G ’x‘Z (t _ tl)_2+n(2ml)> et
+

with specific constants Cy, C; that depend only on # and m. The nomenclature can be explained
by the behaviour of ug for small times: It tends to a multiple of the Dirac delta in the sense of
distributions as t approaches t; from above, therefore representing a solution that evolves from a
point source.
Also in general it is a natural question to ask what happens to a solution when approaching
the initial time. It was proven in [Pie82] that not only ug;, but any solution satisfying some
additional conditions has a Borel measure as initial value. That this is indeed typical without
further restrictions was shown in [AC83].

1.3 Theorem Let ty > —ocoand I = (t1,tp) C R be an open interval.
If u is a solution of the PMEE on I x R", then there exists exactly one Borel measure g on R" with

u(t,) — g (t = t1) in D'(R").

The proof has several important ingredients that are interesting results in their own right. One of
them is a weak Harnack-type inequality that bounds the mass of gas contained in a ball by its
radius and the density of the gas at its centre at a later time. Another one is a comparison principle
for solutions of the PME that follows from the approximation of the original problem by suitable
boundary-value-problems on bounded domains. Their theory, in turn, is developed in one spatial
dimension by [ACP82], and contains an a-priori comparison principle that is proven in multiple
space dimensions by [DK84]. Also a geometrical assertion taken from [CF80] is generalised and
applied here.

Actually, the paper provides even more information: Any Borel measure that is an initial value
possesses a property that limits the amount of mass it can place far outside in space in the sense
of the following definition.

1.4 Definition A Borel measure y on IR" is said to be essentially mass bounded if and only if

sup 1" =71 (B,(0)) < co.

r>1

It turns out that this growth condition is not only necessary, but also sufficient for solving the
initial value problem. This is the main result of [BCP84]. They make use of the existence of
solutions for integrable and bounded initial data that is known by [BC81] and show a pointwise
estimate with respect to the spatial variable for such solutions, using the additional properties that
solutions to such initial data enjoy. The theory of non-linear semigroups and an approximation
process then deliver the following existence result.
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1.5 Theorem Let t; > —oo and g be an essentially mass bounded Borel measure on R".
Then there exists t, = tp(g) with t1 < tp < oo, and a solution u of the PME on (t1,t;) x R" with

u(t,) — g (t = t1) in D'(R").

A lower bound for the maximal existence time #, can be calculated explicitly. If ¢ € L!(R") and
g >0, one gets tp (¢) = oo and therefore global time solvability. This was already known from
previous works as for example [BC79].

There remains the rather subtle question of uniqueness. In [Sab61] it was shown that bounded
and square integrable initial data determine solutions uniquely. Then [BC79] produced the same
statement for integrable initial data. The first result for possibly unbounded initial data followed
in [BCP84], but excluded the case of Borel measures. In [Pie82], in turn, Borel measures are
considered, imposing the constrained of them being finite. Moreover, all these uniqueness results
were obtained within different classes of solutions and made use of the additional properties given
in these classes. It was finally [DK84] who settled the issue in full generality. Their work relies
heavily on all the previous papers mentioned above. Notably, the approximation by boundary-
value-problems as in the proof of Theorem 1.3 is used again to show a similar pointwise bound as
the one used in the proof of Theorem 1.5, but for general solutions.

1.6 Theorem Let ty > —coand I = (t1,t) C R be an open interval.
If u is a solution of the PME on I x R", then it is determined uniquely by its initial value.

Theorems 1.3, 1.5 and 1.6 provide us with a beautifully closed theory that characterises solutions
of the Cauchy problem for the PME in analogy to the so called Widder theory for the heat equation
([Wid75]).

1.7 Remark Thanks to the very general uniqueness result 1.6, any additional properties that were gained
in existence proofs for several subclasses of initial data carry over to the general situation. For example, for
a solution u to an integrable initial datum g € Ll (R"), g > 0, we know that

u € C([ty,00); LY(R™)) N L®((t; +a,00) x R™) for any a > 0
according to [BC79], while for integrable and bounded ¢ € L'(R") N L®(R"), g > 0, we even have
u € C([t1,00); L'(R")) N L¥((f, 00) x R")

by [BC81]. In any of the two cases the initial datum is taken in the continuous sense and we can write
u(ty,-) = g almost everywhere on R™.

There is one time-local theorem that plays a major role in the proofs of any of the theorems just
presented. It asserts the existence of a lower bound for the Laplacian of the pressure and is
originally due to [AB79], there proven for solutions with additional regularity assumptions. In
any step of the process of generalising the solutions, hereby weakening the conditions they satisfy,
its validity was proven again, until finally once more [DK84] verified that it holds for any solution
without constraints.

1.8 Theorem Lett; > —ocoand I = (t1,t,) C R be an open interval.
If u is a solution of the PME on I x R", then

n(m—1)

Ax(u™ 1) > —
(") 2 nm(m—1)+2m

t=1 in D' (I x R").
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Equality is attained by the source type solution, implying that the constant is optimal.
An immediate consequence of 1.8 is a lower bound also for the temporal derivative of a solution
u, namely

n

Y T SO / n
2+(m—1)nt u in D'(I x R").

o > —
A direct proof of this statement with a slightly weaker constant is contained in [CF79].
Theorem 1.8 highlights the spatial non-local character of the PME, since it only holds on the whole
space R". A weaker local version of this estimate was established rather recently in [LNVV09].

Finite Propagation, Interface and Regularity

As opposed to the situation for uniformely strongly parabolic equations, the degeneracy of the
PME implies that any solution whose initial positivity set does not cover the whole space retains
this property for any finite time. The source-type solution provides an explicit example for this
feature, and drawing on the Harnack inequality from [AC83] on the one hand and results of [Ali85]
based on [BCP84] on the other hand, it can be seen to hold in general ([(CVW87]). In physical
terms this means that the diffusing gas does not get to every point of space instantaneously,
but that disturbances are rather propagated with finite speed. Not only does this paint a more
realistic picture of the real world in terms of modelling diffusion processes, but it does also
give rise to an interesting mathematical phenomenon: The time-space positivity set P(u) of
solutions on I x R", open because of their continuity, has a non-empty boundary 9P (u) that
separates it from the time-space-region where u vanishes, thus constituting a sharply defined
interface G(u) := 0P (u) N (I x R™). We denote the spatial part of the positivity set by P(u(t)) :=
{x € R" | u(t,x) > 0} and the spatial interface by G(u(t)) := 0P (u(t)) for any fixed time t € I,
as well as the set of immediate positivity by

Plu(t)) = (VP (u(t)).

tel

Note that for a solution u with initial value g, the initial positivity set P(g) does in general not
coincide with the set of immediate positivity P (u(t1)), but is merely contained in it.

A direct consequence of the lower bound for the temporal derivative above is that the spatial
positivity set does not shrink with time, that is we have P (u(t)) C P(u(f)) forany t < t € I.
At this point it is not clear if the monotonicity is strict, since there may be a time span in the
beginning, called waiting time, during which the spatial positivity set does not change. However,
once it has actually started to spread out near a point in space it does not stop anymore, as was
shown by [CF80]. Furthermore, symmetrisation techniques allowed [V4z82] to deduce bounds
from below for the rate of growth of the interface, so it will eventually reach any point in space
and can not remain motionless all the time.

The regularity of the interface and the regularity of solutions are closely connected. This becomes
plausible by the physical interpretation of the equation that suggests to view the derivative of the
pressure as the velocity of the extension of gas and hence the speed of the interface. Note that
parabolic regularity theory ([LUS75]) immediately implies the smoothness of solutions on P (u),
so regularity is only an issue near G(u). In one space dimension the picture is fairly complete.
There the interface is always Lipschitz regular as was shown in [Aro70]. This is optimal since
according to [ACV85], when starting to move after a waiting time the interface may have a corner.
After the waiting time, however, it is in any case not only smooth ([AV87]), but even real analytic
([Ang88]). Furthermore, the pressure is Lipschitz continuous everywhere in time and space as
was shown in [Bén83] and [Aro69].
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In the general case of arbitrary dimension some irregularities can appear. In [CVW87] it was
shown that 4™~ is a Lipschitz function in time and space for sufficiently large times and on all of
R", that is especially across the interface. As seen above, the temporal constraint solely applies
for dimensions n > 1 and is important in case the positivity set of the initial datum contains
one or more holes. Any hole is filled in finite time, but advancing interfaces may hit each other
and the velocity of the interface can become unbounded at the focussing time, see [AG93]. So in
general, for regularity of the pressure one has to wait until the focussing time has passed, any
possible holes are filled and the positivity set of u(t, -) overflows the smallest ball in which the
initial positivity set was contained ([CVW87]). That the positivity set of u gets round fast and
that G(u) can be described as a Lipschitz continuous surface for sufficiently large times then
follows from the Lipschitz property of u"~1. The latter also implies that the Holder continuity
of solutions u on all of R” that is given by Theorem 1.2 can be recovered at least for large times.
Note that the example of the source-type solution again shows that in general one cannot expect
more regularity than that, even though the interface is a smooth surface.

We now introduce a non-degeneracy condition on initial data that particularly ensures that the
spatial interface starts to move at all points right in the beginning, thus generating solutions
without waiting time ([Ves89]).

1.9 Definition A function ¢ : R" — R, ¢ > 0, with bounded positivity set P(g) is said to be a
non-degenerate initial datum if and only if

§" e cl(P(g),

8"+ V(8" )| = c>00nP(g)
and
Av(g" ") = —C inD'(P(g))

for constants ¢, C > 0.

Note that by definition G(u) contains the graph of the function
t=8(x):=inf {t€l|u(r,x)>0}

that sends points x € P(g) to the time when they are first reached by the gas. It was proved in
[CF80] that the interface of solutions without waiting time, ensured by a slightly different concept
of non-degeneracy, is in fact given as above with Holder continuous S. For initial data that satisfy
Definition 1.9, it is proven in [CVW87] that S is Lipschitz and the velocity is bounded from below
for large times. Given this situation, [CW90] showed that the interface is indeed Cl# for large
times, although it was not clear from their work that the pressure enjoys the same regularity. This
was improved by [Koc99] to reach large time smoothness of both the pressure and the interface.

1.10 Theorem Let t; > —co and g be a non-degenerate initial datum.
If u is a solution of the PME on (t1,00) x R" with u(t;) = g, then both S and u™ =" are smooth for any
sufficiently large t.

In the course of the argument for the proof of Theorem 1.10, a transformation of the equation
on P(u) onto a fixed domain via a local coordinate change and a transfer of the problem into a
perturbational setting is accomplished.
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Short time smoothness of solutions before a possible blow-up time has been established in [DH98]
for non-degenerate initial data, with a slightly different understanding of non-degeneracy that
substitutes the lower bound for the Laplacian of the initial pressure for a Holder condition for the
second order derivatives with respect to an intrinsically arising singular distance function. That it
is enough to impose this Holder condition onto the first order derivatives was shown in [Koc99].
The need for the use of the special metric is a manifestation of the degeneracy of the equation. It
also plays a role in the derivation of large time smoothness.

Finally, [DHLO1] found that non-degenerate initial data in the sense of Definition 1.9 which in
addition possess a weakly concave square root function of the pressure generate solutions u with
convex positivity set for all times and hence smoothness of the pressure on the whole space for
any time follows. As a consequence, G(u) is also smooth.

Transforms and Perturbations

Assume now that u is a solution of the PME on I x R" with positivity set P(u) C I x R".
Abbreviating the rescaled pressure by v := -5 4"~ a direct calculation reveals that v satisfies
the pressure equation

00— (m —1)vAyv — |Vv|* = 0 on P(u)

pointwise in the classical sense. An interchange of dependent and independent variables on
the positivity set then transforms this problem onto a fixed domain. Fixing a point (to, xo, 2o)
in the graph of v|p(,), we assume that [dx,0(to, x0)| # 0. The implicit function theorem then
allows us to solve the defining equation of the graph, that is v(t,x’, x,) = z, locally near (t, xo, zo)
for x,,. We therefore obtain a function w(t,x’,z) = x, such that v(t,x’,w(t,x’,z)) = z with
Viww = —(9x,0) 1V, 0, d;w = (9y,v) L. Thus the graph of the pressure v can be described
locally near (to, xo,20) by

{(t,x',xn,2) | w(t,x',z) = x,} = graphw.

This suggests a change of coordinates (t,x) — ((m — 1)t,x’,v(t,x)) =: (s,y), adding also a
rescaling of time. Under this transformation, any subset of the spatial positivity set becomes
a subset of the open upper half plane H := {x € R" | x, > 0}. Furthermore, w satisfies the
transformed pressure equation

, 1+ |Vy’w|2 1+ |Vy’w|2
onw C (s1,52) x H with a suitable interval (s1,5;), where ¢ := —"=2 > —1. The choice of the

n-th coordinate as the one being interchanged is of course not essential.

In this work, we mainly consider a special class of solutions of the transformed pressure equation,
namely perturbed travelling wave solutions. In general, a travelling wave is a function with a
profile that propagates along a fixed direction with constant speed without changing its shape. To
make our setting definite we will assume the speed to be normed and the direction to be the n-th
coordinate direction in accordance with the choice in the above transformation. Henceforth, for
the transformed pressure equation on an arbitrary w C (s1,s2) X H we thus call

Wi (s, ¥) :=yn— (14 0) (s —s1)
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the travelling wave solution. We are now interested in the perturbed travelling wave wy, + 1,
where i denotes the perturbation. It is itself a solution of the transformed pressure equation on w
again if and only if i satisfies the perturbation equation

Osil — Loul = ful]
on w with linear spatial part
Yn Ayl + (1 +0) 0y, 1l =: Lotl
and non-linearity

%2 %y
: L = Al

-1 — = Z =:
( +")ay,,u+1 Yn y”aynu+1

This is the equation we are mainly dealing with in the present work.
Note that we can express both the spatial part of the operator and the non-linearity in divergence
form as

Lot =y, 7 Vy - (y;-w Vyﬁ)
and

1+0 |Vy1’~l|2

O
f[m - yi’l ayn(yn 1+aynﬁ)’

since w C {(s,y) | y» > 0}. Furthermore, i satisfies the linearised perturbation equation
0sii — Lyl = f onw

in the sense of distributions if and only if it satisfies

Yy 0sil — Yy Lol = iy, f on w.

A regular distributional solution # on w is thus characterised by the integral identity

—/ﬁasgoy;; acn 4 /vyﬁ~ VypyltT drtl = /f oyl dL
w w

w

for any test function ¢ € C(w) and a suitable inhomogeneity f.

Flat Fronts and Stability

The last identity will serve as a model for our definition of solutions of the linear perturbation
equation. In view of its appearance, the use of weighted measures is natural. Moreover, our
particular interest in the behaviour of solutions towards {y, = 0} motivates to carry our consid-
erations to the boundary of H by applying a wider class of test functions that can attain non-zero
values there. The mainly technical results necessary for doing so are presented in Chapter 2.

In Chapter 3 we define a suitable and rather weak notion of energy solution for the linearised
perturbation equation with and without initial data on time-space cylinders in I x H. Existence
follows with a Galerkin approximation, and on the whole space H uniqueness of solutions is
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shown by means of the energy identity 3.5.

Energy methods are used in Chapter 4 to obtain additional regularity of solutions on I x H.
Propositions 4.1 and 4.3 are energy estimates that hold globally in space. The statement alongside
with a formal proof is already contained in [Koc99].

Chapter 5 deals with the intrinsic metric of the problem that turns our weighted measure space
into a space of homogeneous type. An equivalent characterisation in terms of an explicit expres-
sion is given in Theorem 5.6.

A localisation of the global energy estimates with respect to this metric is carried out in Chapter 6,
culminating in the pointwise derivative estimate from Theorem 6.10 that also shows the smooth-
ness of local solutions on a subset of their definition set. In [Koc99] a slightly weaker theorem of
the same kind was proven in a less direct way:.

The local pointwise estimate opens the way for the treatment of initial value problems on the
whole space in Chapter 7. Here Proposition 7.5 is crucial, estimating the derivatives at a certain
time pointwise by an exponentially weighted L2-norm at an earlier time. On the one hand this
provides the pointwise estimates against rough norms of initial data in Theorem 7.6.

On the other hand, it is possible to consider the Green function of our problem as it is done
in Chapter 8. Theorem 8.3 contains a pointwise exponential decay estimate of any derivative
of the Green function with an upper bound that resembles the Gaussian function in terms of
the intrinsically given metric and measure. Such an estimate is called Gaussian estimate or
Aronson-type estimate after one of the first authors exploring this type of inequalities ([Aro67]).
For general uniformely strongly parabolic equations their proof was originally given by means
of the Harnack inequality contained in [Mos64] and [Mos67]. This order was reversed by [FS86]
and Gaussian estimates were shown directly. This idea was extended by [Koc99] to cover the
degenerate parabolic case with measurable coefficients. Our proof simplifies this approach in a
special case of constant coefficients and at the same time adds control over the derivatives of the
Green function. Compare also Remark 8.4.

The Gaussian estimate enables us to consider initial value problems with rough initial data
and more general inhomogeneities as well as to gain both on-diagonal and off-diagonal kernel
estimates. Their consequences are studied in Chapter 9, where the global pointwise estimate in
Theorem 9.9 is derived. Furthermore, we apply the theory of singular integrals and Calderén-
Zygmund operators in spaces of homogeneous type to find localised L7-estimates against the
inhomogeneity for the linear equation as in Theorem 9.10.

We can then finally turn to the non-linear equation in Chapter 10 and use the linear estimates
we obtained to construct function spaces consisting of the intersection of local LP-spaces and the
global homogeneous Lipschitz space in time and space. The special shape of our non-linearity
helps us to operate an analytic fixed point argument in the spirit of [KL12] in this function
spaces to gain Theorem 10.3, providing existence as well as temporal and tangential analyticity
of perturbations with small initial Lipschitz norm. Thanks to [Koc99], the smoothness of the
perturbation follows from the resulting bound on the global Lipschitz norm that is implied by our
special choice of spaces. This perturbation result is new, and a reformulation provides stability of
solutions of the transformed pressure equation that are initially close to the travelling wave w;, in
the sense of homogeneous Lipschitz spaces. Moreover, there are precise estimates of derivatives.
Note that wy, is continuous down to the initial time s; and we have w,(s1,y) = y, and thus
Vywtw(slz ) = &y

1.11 Theorem Let o > —1,51 > —ocoand I = (s1,52) C R be an open interval.
Then there exists an € > 0 such that for any ¢ : H — R satisfying ||V,g — E"HLW(H) < & we can

find a solution w, to the transformed pressure equation on 1 x H with initial value g for which we have
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wy € C®(I x H) and

sup |Vyws(s,y) —én| <ce
(s,y)eIxH

for a constant ¢ = ¢(n, o) > 0. Furthermore, w, is analytic in the temporal and tangential directions on
I x Hwithan R > 0and a C = C(n) > 0 such that

sup (s —sq)<tll |8’§8§:Vyw*(s,y)| < CR*Wlka'te
(sy)elxH

forany k € No and o/ € NI~ with k + || > 0.

We now set
T:IxHD>(s,y) = (5,7, w«(s,y)) = (t,x),

interchanging dependent and independent variables. Choosing ¢ even smaller so that ce < 1,
from the global bound on the gradient of w, it follows immediately that

(1=colsy) =GN <IT(sy) ~TEP| < 1-ce)(s,y) — 5,7)]

for any (s,y), (5,%) € (I x H). This means that T is injective and a quasi-isometry, thus allowing
us to reparametrise the graph of w, globally via T, reversing the local process that was applied
above to motivate the consideration of the transformed pressure equation in the first place. The
smooth function whose graph is given in terms of ¢ and x is called v,, and we get T(I x H) =
P(v+). Next we perform the rescaling of time that inverts the one given above without renaming
the time variable ¢, doublebinding the notation here also with respect to the transformed and
rescaled time interval that we name (t1, t) =: [ again. The same calculations as above then show
that v, is a classical solution of the pressure equation pointwise on P (v,) up to and including the
boundary. Since the level set of v, at height z is given by

{6 y) lyn =wi(s,y,2)},

the temporal and tangential analyticity translates into analyticity of the level sets of v*. Note that
for these transformations to hold it is necessary that the perturbation has small homogeneous
Lipschitz norm. Thus in this sense the smallness condition on the initial perturbation is optimal.
The repetition of this process with wy,, instead of w. generates the travelling wave solution

Ot (t, x) = (xn + (t —t1))

of the pressure equation on P (vyy).

1
Finally, consider 1 (t, x) := <m7_1 v.(t, x)) " forany (t,x) € P(v.) with i, (,x) := 0 whenever

(t,x) € P(vs)¢ to generate a classical solution of the PME on P(u.) = P(v,) that is a weak
solution of the PME on I x R" in the sense of Definition 1.1. To see the latter we simply compute

/ U dL" + / WAy AL = — / dpits g AL+ / Axu @ L1 =0
R IxRe P(w) Plu)
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for any ¢ € C®(I x R"), where the boundary terms of the integrations by parts vanish since u,
vanishes at the boundary of its positivity set and we have

Veull' = () Voot = 1, Vo,

m
In conjunction with the existence and uniqueness results 1.3, 1.5 and 1.6, this shows the stability
of solutions of the PME whose pressure is initially close to a flat front as well as regularity for the
solution and its interface, thus establishing the main result of the present work.

1.12 Theorem Let I = (t1,tp) C R be open with —oo < t; < tp < coand g : R" — R be such that

|| 2 Vg™t — &, HLOO(P(g)) < e foran e > 0 that is sufficiently small.

If u is the solution of the PME on I x R™ with initial value g, then we have ™~ € C®(P(u)),

sup |L Ve (t,x) — 8| < ce
(t,x)EP(u) -

with a constant ¢ = c¢(n,m), and all the level sets of u are analytic.

The level set of level 0 is nothing but G (u). The proof of the conjecture formulated in Remark 10.4,
drawing also on the analyticity result from [Koc99], would ensure that not only the interface of u,
but indeed its pressure 1"~ ! is analytic.

There are at least two questions that are interesting to pursue from this point onwards. On the
one hand it should be possible to gain a local existence result as in [Koc99, Theorem 5.5.1.] with
less restrictive assumptions on the initial data. This would improve short time regularity by
weakening the prerequisits for the initial datum ¢ > 0 with bounded positivity set to be only
g" 1 e CY(P(g)) with g" 1+ |Va(g" )| = ¢ > 0onP(g).

On the other hand, it is known from other equations that flatness implies regularity. The most
prominent example is possibly the so-called Stefan problem ([Mei92]) that has had a development
somewhat parallel to the PME. There are several possibilities to make the intuitive notion of
flatness mathematically concrete. In the literature there exist measure theoretic approaches as in
[Caf88] or differently in [Caf77]. With the definition from [Caf89], it was shown in [ACS98] that
flat weak solutions of the Stefan problem are classical and hence smooth ([Koc98]). Inspired by
this result, for the PME we would propose to define flatness of a solution by trapping its pressure
between two travelling wave solutions of the pressure equation. The Lipschitz framework of
our Theorem 1.12 should then make it possible to show that flatness also implies smoothness of
the solutions of the PME at least locally. This requires to generalise the proof of the pointwise
estimate in Theorem 6.10 to the case of measurable coefficients and therefrom derive both an
upper and a lower Gaussian estimate in this context. These Gaussian statements are already
contained in [Koc99]. However, for the PME it is known that any solution to initial data with
bounded positivity set will indeed always get caught between two flat fronts eventually, therefore
becoming flat. This would then prove large time regularity for any solution of the PME that
evolves from an initial datum with bounded positivity set.



2 Preliminaries

In this chapter we fix the notation and present some results needed later in places scattered all
over this work. Some general background information can be found in the appendix.

Basic Notations and Conventions

Constants are denoted by ¢ and C, and we write for example ¢ = ¢(a, b) if and only if the constant
¢ depends only on the parameters a and b. In chains of inequalities, the value of ¢ can differ in
every step without a change in the notation. To avoid confusion, we therefore mostly use the
notation x <, v instead, meaning that there is a constant depending only on 2 and b — for now

called c(a, b), but usually not naming it explicitely — such that the inequality x < c(a,b) y holds.

The mere symbol < itself ensures that the constant does not contain any parameters. In every
step of a chain of inequalities, exactly the parameters entering in each step are indicated by this
notation, while the conclusion contains all dependencies. In an example once more we could
perhaps have that x <, y < 2z, implying x <, 5 z. The reverted symbolis 2, p, and x S, v Sp v is
abbreviated to x =, v.

We say that a quantity x is positive if and only if x > 0. For x > 0 the terminus strictly positive is
reserved. The same remark applies to negative and strictly negative terms as well as to monotone
functions: A function f is monotonically increasing (decreasing) if and only if f(x1) < f(x2)
(f(x1) > f(x2)) for any x1 < x, and strictly monotonically increasing (decreasing) if and only if
this inequality is strict.

The Kronecker symbol is always written as J;;.

Throughout this work, n € N denotes the (spatial) dimension and we set R! = R. We consider
subsets w of time-space R x R"”. Mostly w is of a product structure itself, that is we have
w = I x Q) for a time interval I C R and a connected subset () of space R". The underlying
topology is always taken to be the usual one, alongside with the standard notations I and Q for
the closures of I and Q in R or in R”, and [ and ) for the interiors of I and Q. On subsets, the
induced topology is considered and a subset of a subspace that is open or closed with respect
to the induced topology will also be called relatively open or relatively closed, respectively. The
compact subsets of () C R" with respect to the induced topology on () are given exactly by the
compact subsets of R” that are contained in (). Thus compact subsets of an open set (2 have a
positive distance to dQ), whereas compact subsets of () can touch the boundary.

Intervals are given by their end points ¢; < t,, where Foc0 is admissible for both end points.

We denote (1, tp) :={t e R | ) < t < tp} and [t1, ] := {t € R | t; < t < t}, with the obvious
alterations in the definitions of [t, t2) and (#1, t;]. It is clear that (#1, t2) is an open set and [t1, 7]
a closed one with (t1,t5) = [t1,t2]. Moreover, we introduce the notation T and I to mean the
closure of an interval I only at its left or right end point, respectively. We always exclude d-co from
being an element of the (time) interval and therefore set by convention [—oo, t;] := (—00, t5], and
likewise for the other possible cases. Therefore t € I is always a finite point of time, regardless of
the interval I being bounded or not. On the other hand, the interval I = R = R is included in
and consistent with this notation, since it does not contain an infinite time and is both closed and
open.

Another conventional setting we use is co+ h = co and —co £ h = —oco for any h € R. For an

arbitrary open interval [ = (t1,t,) and & > 0 we denote I" := (t1,t, —h) and [ 7" := (t; + I, t5).

11
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By the convention we then have I " = ['if t{ = —co and I" = I if t; = co. For arbitrary h € R it is
obvious that I" + h = .
We define the euclidean open ball with radius > 0 centred at xy € R" as

By (xo) :={x € R" | d™(x,x0) <7},

where d° indicates the euclidean metric on IR”. The closure of the ball is then given by

H»Heu

B, (x0) :={x € R" | d™(x,x¢) <r}.

We denote the cube centred at xg € R” with side length 27 by
Cy(XO) = {x e R" | Ir}ax |X0,j — x]| < 1’} ,
j=1,..n

which can also be written as the cartesian product of the intervals (xq ; — r, xo,; + r) ranging over
j=1,...,n. Obviously we have

Cﬁ(xo) C Bi*(xg) C Ci(xp).
Other special subsets of R” we consider include the open x;,-strip

H!:={x e R" | a < x, < b}
and its closure

Hﬁ:{agxngb}

for some numbers a < b. Here the same conventions as for time intervals prevent the inclusion of
infinity into the set. For @ = 0 and b = oo we drop the sub- and superscripts and obtain the upper
half plane H, an open and unbounded subset of IR". Its boundary is the same as that of its closure
H, namely

aH:aH:{XE]Rn‘xn:O}::{xn:O}‘

As a finite dimensional vector spaces we always equip R” with the canonical basis {¢j, ..., €, }.
Any x € R" is then given as x = (x1,...,x;). When considering a particular direction of R"
seperately, say the j-th direction fora j € {1,...,n}, we sometimes abbreviate the remaining
n — 1 coordinates as x" := (x1, ..., Xi 1, Xj41se e x,) and write x = (x/, x]') regardless of the exact
position of x;. The inner product in R" of two elements x, y € R" is denoted by

n
X -y = Zx]y/
j=1

We also introduce the function (- )! : H > x — x}, € Rfor > 0.

The canonical measure on R" is the Lebesgue measure £", and we drop the exponent 1 to write £
on R. We also drop the Lebesgue measure itself in the notation of the Lebesgue spaces and set
LP(Q, L") = LP(Q) and L} (O, L") =:L! (Q)forany1 < p < co.

loc loc
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For a function u € L] (Q), we regard the vanishing set V(1) as the union of all relatively open
subsets of () on which u = 0 holds £"-almost everywhere. The support of u is then defined
as supp u := Q \ V(u), a relatively closed subset of Q). If u is continuous, the support can be
characterised as

suppu ={x € Q| u(x) #0} NQ.

This is of course again a relatively closed subset of ().

If u > 0 we also consider the positivity set P(u) := {x € Q| u(x) > 0}. For continuous u it is an
open set, and we have supp u = P(u) N Q.

Functions u on time-space sets that are evaluated at a time ¢ remain functions on the spatial part
of the underlying set, but we often supress this in the notation and write only u(t, -) = u(t).
The partial derivative of a function u in the xj—direction is denoted by axju, and in general we use
the notation

®,, __ X132 13
Oyt = 0y, 0x; ... 03" U

n
with a multi-index & € IN§. The length of such « is given by |a| = }_ a;. The collection of all
j=1

derivatives of order m is DJ'u := {0%u | |a| = m}. Especially for m = 1, we often view this set as
an ordered n-tuple or vector and write Vyu = (9,1, ...,0y,u). By an abuse of notation, we often
ignore the set character of D}'u and use this symbol to express a fact for every single element of it,
as for example in D'u € LP(Q)), meaning that o5u € LP(Q)) for any multi-index « of length m.
For the converse case of singleing out arbitrary elements of derivatives of a certain order withouth
specifying excatly which, we introduce the symbolic notation D}''u x D"?u to denote any linear
combination of products of derivatives of orders m; and m5. For example, we have

Ox, U Axu = Vit x Diu

as well as

n
2 2
O3, U Y Oxu = Vit x Dyu.
=1
We use 1% Di*u to mean a linear combination of derivatives of order m only, that is for instance

Ox, U = 1% Vyu

and

n
Zaxju =1%Vyu,
=1

and in the same spirit allow terms like v x D'u for another function v. The iterated application of
* onto the same order of derivatives, as in D1 % ... x D'u — j times — is abbreviated by (D'u)/*
with the usual conventions (D) = 1x D"u and (D7'u)%* = 1.

Furthermore, we set

|DVu| = Z |02u|2 =, Z |0%ul.
|oc|=m

|| =m

13
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For m = 1 the notation of the inner product in R can be applied to give |Dlu|?> = |Viu|?> =
Vet - Vyu.
We also use the common abbreviation

n
\VARy = Zax].uj
j=1

for an R"-valued function if = (uy,...,u,), and especially
n

Avu:= V- Vou = gaﬁju.
]:

Weighted Measures and Lebesgue Spaces

The weight function x +— |x,|” is in L} (IR") if and only if ¢ > —1. For any such ¢ we can
therefore define the weighted Lebesgue measure i, (x) := |x,|7 dL"(x) on R", that is j, is given

by

1o (Q) = /\xn\” dL"(x) for any L" — measurable Q C R".
Q

By definition the y,-measurable sets contain the £"-measurable ones, and especially all Borel sets.
Of course the special case o = 0 gives us back the Lebesgue measure L" = pg. Instead of yy(Q)
we mostly write | ()|, dropping the index for ¢ = 0. Note that any £"-nullset is also a yiy-nullset.
The converse is also true, as one can see by a short computation. As a consequence we do not
have to distinguish between £"-nullsets and pyy-nullsets, or the phrases L"-always everywhere
and y.-always everywhere, and the likes. Thus we merely write nullset, always everywhere, and
so on.

It is well-known that |BS" (xg)| ~» r". As a first proposition we calculate the y,-measure of a cube
and a euclidean ball.

2.1 Proposition Let o > —1,xg € R" and r > 0.
(D) If |xo,| = 7, then |Cr(x0)lo =no "1 ((|x0u] + 1) = (Jx0,0] — 7)),
(i) If |x0.n| <, then |Cr(x0)|o ~ne 71 (|x0.u] + 1)1
(iii) |B* (x0)|o ~no " (|x0u| +7)7.
Proof: By definition we have

Clxolle =211 [l ().
(xo,‘rl —7,X0,n +7')

For xp,, > r > 0 the fundamental theorem of calculus then shows that

21 1 1 1
“1ro " ((xO,n + 1) — (xo0 — 1) W)

e P ([0l + 7)™ = (] = 1))

1Cr(x0) o
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This calculation is possible since o > —1, and likewise we get for x,, < —r < 0 that

2" 1 1
ICr(x0)|o = P ((=xn = 1) = (=30 + 1))

140
_ ;,)l+¢7> )

_ -1 1
e 7" ((x00] + 1) = (|0,
We now consider —r < x¢, < r. The same direct calculation as above leads to

Cr(x0)lo = 71 (=0 + 1)1 + (20,0 + 1))
If xp,, > 0, the second term is bigger and we get

ICr(x0)le S 7" H(xon + 1) = 1" (|x0u] + 1)1

A similar calculation is valid for x(, < 0, where the first term is bigger, and the last inequality
therefore holds in the case —r < xq, < r.
For the opposite inequality in this case we note that for xp, > 0 we also have

1Cy(x0) | = 7 / X AL (xn) o " (R0 4 1)1
(0, X0 +7)

and the same inequality holds for x(, < 0 with —x(, instead of x(, on the right hand side. This
finishes the proof for the measure of the cube.
We turn to the ball and first consider the case r < 3 |xq |- For any x € B&(xo) we then see that
3 1x0u| < |xa| < 3 |x0,4| and can conclude that

Ty,

1B (x0)| =n |x0,n

B (x0)lo =0 [xo,n
For o > 0 we have |xq,|” < (|xo| + )7 and, now using that we are in the case r < %|xg |, also

g

1
+ 5 12047 Zo ([x0u] +7)7.

1
= (i |0,

|x0,n

Reiterating the computation for —1 < ¢ < 0 also generates |xp,|” ~¢ (|x0
IBE(x0)|o mme 1 (|x0,0] +7)7 i r < |20
On the other hand it is immediate that r > 1 |xg ,| implies

+ )7 and thus

B2 (x0) e < |Gy (x0) e S " (x0,0] +17)7
by an application of the results for the cube. To show the corresponding estimate from below we

divide the case into two subcases. If > /1 |x( ,| we can use the second formula for the measure
of the cube with radius ﬁ and obtain

B (x0)le = |C«_(x0)|o =ne " (ol + 1)1

The trivial inequality (|xo | +7) > r finishes this case. Finally, if 5 [xo | < 7 < v/ |x0/, the first

15
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formula for the measure of the cube with radius \F is applicable and reveals that
r
7)1—&-0 _ (

_ r )1+0>
((1+ 1 )1+¢7_\(/1£_ 1 )1+0> — \/f
2y/n 2/n e

where we used the left hand side bound for r that is available in this special subcase in both
summands. The right hand side inequality for r then yields the lower bound " |xg ,|” with an
additional dependence on 7 in the constant. If ¢ > 0 we use once more that

‘Bﬁu(x0)|g' Z |Cﬁ(x0)|g o rn—l ((

1
X X + =[x X +—=7,
| 0,n| | On| | On| | O,n| Zﬁ
while for —1 < ¢ < 0 the trivial inequality allows us to add a positive term to |xp,|” without
making it bigger. n

From a theoretical point of view, Proposition 2.1 also shows that y is not only a Borel measure,
but also a Radon measure (see definition A.10). Furthermore, j; has the very useful property of
being countably finite on IR” as defined in Definition A.2.

As an abbreviation for the Lebesgue spaces with respect to y, we set LP(Q, uy) =: LF(Q) for
1 < p < oo. Since jiy is a Borel measure, also the local Lebesgue spaces L} (Q, i,) are defined for
any 1 < p < oo. By definition we have L} (Q) C L} C(Q o) for any 1 < p < co. Moreover, the
fact that ju; is also Radon ensures that L] (Q, 1) C L}, (Q, is) forany 1 < p < co. Note also
that for arbitrary Q) we have () C Q) and therefore the collection of Compact subsets of Q) contains
at least all sets that are compact subsets of (). Consequently we get Ll (O o) C Lfo C(Q, Ug) for
any 1 < p < oo,

For a set () that is open or closed we know that the boundary is a nullset. It is therefore clear that
LE(©) = LE(Q) for such Q.

Now consider an arbitrary set ) C H. Since any compact set contained in the open upper
half plain stays away from {x, = 0} it follows that on any compact M C ) we know that both

sup x;, 7 and sup xj, are finite constants. This shows that for () contained in the upper half plane
xeM xeM

we have Lf e Qo) = Lf b (Q) forany 1 < p < co. In conjunction with the inclusions above this
means that on an open set () that is contained in H we have
Lh)ctr?

loc

(Q/ HV) - LZ)C(Q/ VU) - Llloc(Q/ VU') - Llloc(Q)

forany 1 < p < oo.

The countable finiteness of 1, ensures that L®(Q)) is the dual space to L}(Q) on any Q C R". As
always in the context of dual Lebesgue spaces we use the conventions % =ocoand & = 0 when
these cases arise.

On time-space-sets I x () we denote the product measure by £ x .. With L1(I; L} (Q)) we mean
the space of L} (Q2)-valued functions whose g-th power is L-integrable on I in the sense of Bochner
([Yos68]). It is obvious that L¥ (I; L5 (Q)) = LP(I x Q, £ x ) with a suitable identification of the

objects involved.
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Spaces of Continuous Functions

As usual we denote
C(Q) :={u: Q — R | u continuous}
and

Cc(Q) :={u € C(Q) | supp u is compact subset of O} .

Instead of adopting the intrinsic point of view one could also stress the subset nature of Q2 by
considering

C(Q) := {u: Q — R | u has extension i € C(R")} C C(Q).

For compactly supported continuous functions on a subset this approach yields the characterisa-
tion

Ce(Q) = {u € C(Q) | supp u is compact subset of Q }

proven for example by means of Tietze’s extension theorem ([Mun00]). The extension i of
u € Cc(Q) can indeed be chosen to have compact support again, so we have

Cc(Q)) = {u: 3 — R | supp u is compact subset of () and u has extension it € C.(R")}.

By considering the extensions we may regard C.(Q}) as a subspace of C.(IR") that increases with
the underlying set.

Reversing the order of these operations on the function space C(Q2), we could also consider the
space

]

Ce(Q) :={u: Q — R | u has extension i € C.(R")} C C(Q).

This space differs from C.(Q) by lacking the condition on the support of the restricted function.
Thus the support of functions in C,(Q) is always bounded, but does not have to be compact. We
have C.(Q) C C.(Q) with equality only for closed Q.

Note that by considering functions in C;(R") whose support is contained in (), where Q) is
arbitrary again, we would get yet another space on () that in general does not coincide with
any of the other two. Its elements are characterised by their compact support as functions on
() and the fact that they can be extended by zero regardless of the topological properties of ().
In contrast to that, only if Q) is open with dQ) # @, it is clear that the elements of C.(Q)) have a
trivial extension to IR, and even vanish already at a distance from 00). For general (), however,
u € Cc(Q) can as well have non-zero values near and even at 0Q). On the other hand, for any set
Q) with boundary, even if it is open, the functions in C. (Q)) do not have to be zero at 9Q).

As a reminder we annotate that by means of Lusin’s theorem ([Els07]) one sees that C.(Q)) is a
dense subset of L} (Q) forany QO C R" and any 1 < p < co.

The collection of functions on an arbitrary () that are continuous and bounded is written as
Cy(Q). For vector space valued functions u : I — L} (Q) that are continuous with respect
to the topology induced by the norm on L} (Q), the usual notation C(I; L} (Q)) is used, and
C.(I; LE(Q)), Cy(I; LE(Q)), and so on, have the obvious meaning.

17
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Spaces of Differentiable Functions

In contrast to continuity, differentiability of a function can only be defined on open subsets () of
R". For such an open set and m € IN we denote

C"(Q) := {u: Q — R | u is m times differentiable with o3u € C(Q) for all || < m}
and
ClMQ) == {u € C"(Q)) | supp u is compact subset of O} .
For general, not necessarily open subsets (2 we consistently define
c™(Q) = {u :Q — R | u € C™(Q), 3%u has continuous extension to Q) for any || < m} .

This is not the same as considering the functions restricted from the whole space as we did above.
In fact, the space

]

C"(Q) :={u:Q — R | u has extension i € C"(R")}

equals C"(Q) if and only of Q) is closed. In view of this and the above characterisation of
continuous functions with compact support we set

Cl'(Q) :={u: Q — R | supp u is compact subset of (), u has extension 7 € C/'(R")}.

For open () this definition coincides with the one given above.
Additionally we consider the space

Cl'(Q) :={u:Q — R | uhasextension i € C/'(R")}

for arbitrary Q) C R”. As before we have C"'(Q) = C"(Q) for closed Q and C*(Q) < C*(Q) for
open Q) C R”". Setting C2(Q) := C(Q), with the same definition for the other spaces presented,
is consistent. We have for example C*(Q)) C C.(Q)) and all comments for functions in C.(Q})
carry over to functions in C/* (Q2).

Finally, denote

()= (N C'(Q),

melN

and likewise C®(Q), C®(Q), and C*(QY).

Let now ) C R” be open. The space C°((2) can then be equipped with seminorms to become the
locally convex space D(Q). The elements of its dual are called distributions, accordingly denoted
by D'(Q)). Any distribution u has a derivative 0§u that is a distribution itself again. Although it is
not clear that the product of two distributions is also a distribution, the product of a distribution
with a smooth function yields a distribution again. For such products, the usual product rule of
derivatives applies.

The Riesz representation theorem ([Wer05]) makes it possible to identify any function u € L} .(Q)
uniquely with a distribution. Conversely, the distributions on () that are given by locally Lebesgue

integrable functions are called regular.
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Weighted Sobolev Spaces

Concentrating on open subsets () of the upper halfplane H, the existence of a distributional
derivative is guaranteed for any u € L], (0, is) and hence for any u € Ly (Q)). This derivative is
uniquely determined in (), albeit not on o).

It is not clear at all that a distribution that is given by the derivative of a regular distribution is
regular itself. The notion of Sobolev spaces is designed for those that are. Here we allow different
weights for every order of derivatives and define the weighted Sobolev spaces on an open set

Q) C Has
WIP(Q)) = {u € Lb,(Q) |3%u € Ly () forall |a] < m}

form € Nand 1 < p < oo, understanding the weight exponents oy, ..., 0, > —1 as the vector
(00,...,0m) =0.lfo; =0 +iforac > —1andi=0,...,m, we will also use the abbreviation
WP (Q)). If on the other hand ¢y = ... = 0, = 0, that is all measures considered are the
Lebesgue measure, we drop the ¢ entirely from the notation and merely write W™ (Q)). We also
set Wg’p (Q) := LP(Q). By an abuse of notation we include functions on time-space sets I x () for
an open interval I C R and set

WIP (1 x Q) = {u € LP(Ix QL X igy) | 8F0%u € LP(I x O, £ x g, ) for all k + |a| < m}

Equipped with the norm

1
P
llyr ) = ( > |a§u||§g,(m) ,

|a|<m

for 1 < p < oo the weighted Sobolev spaces on the upper half plane are complete for any m € Ny,
as is shown in the following proposition.

2.2 Proposition Let m € Ny, 0g,...,0m > —1,Q C Hbeopenand1 < p < oo.
Then ng’p(()) is a Banach space.

Proof: Let (u;)jen be a Cauchy sequence in W(;"’p (Q). Then (9%u;)jc is a Cauchy sequence in
ng (Q)) for any 0 < || < m. Since the Lebesgue spaces are complete for any ¢ > —1 and any
1 < p < oo, we know of the existence of u, € Lgm (Q) with 9§u; — u, in Lgm (Q) for j — oo.

But 0{u; as well as u, can be seen as regular distributions for any j € IN and 0 < |a| < m. So for a
¢ € C(Q) we have

a| e

|0%uj(¢) — ta(9)] S/\aﬁuj(x)—ua(x)lxn " ole(x)]x," dL(x)
Q

_ Tl
g Y P [ s

LP-1(Q)

with Holder’s inequality. Since supp ¢ is compact and stays away from {x, = 0}, the last term is
bounded, while the first converges to 0. Thus 0fu; — u, in D'(Q) for any 0 < |«| < m. But then
we see, again for ¢ € C°(Q2) and with the notation of distributions, that

u(9) = lim (—1)1* u;(3%9) = (—1)* ug (3t p) = uo(9)

j—oo
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for any 0 < |a| < m. Hence we have u, = o1 € Lg‘a‘ (Q) forany 0 < |a| < m and thus u; — ug
in W7 (Q). u

For p = 2 and m € Ny the space W' 2(Q) is a Hilbert space with the obvious inner product

(ul|o )Wgt,p(ﬂ) =) /azu v dpo,-

|| <m’cy

As an abbreviation we also write

n

(Wt | %50 Dy += L (0t 1952 Dor
]:

A lot of the questions that arise naturally in weighted Sobolev spaces are also treated in [Kuf85].
We now prove that on the closed upper half space the norm of the highest derivative controls the
Sobolev norm at least on a compact set if the weights are given adequately.

2.3 Proposition (Hardy Inequality) Letc > —1,m € Nand1 < p < co.

If o u € Lﬁw +o(H) and u has compact support contained in H, then

lll g 1y Semp (|05 01p

mp+¢7(H) ’

Proof: Firstassume m = 1and p = 1. The assumptions then assure that for almost any x’ € R"~!

we have dy,u(x’,-) € L} ((0,00)), thus u(x’,-) € L} _((0,00)) and, moreover, the fundamental

theorem of calculus in x,,-direction is applicable. This yields
u(x) = — / 0z, u(x’,zy) dL(zn)
(xn,00)

thanks to the compact support of 1. With Fubini’s theorem we get

||“||L},(H) = / Hazn”('rzn>||L1(R"—1) / Xy dL(xn) | dL(zn) So ||axn“||L%+7(H)'
(0,00) (0,zn)

Now consider 1 < p < co. Here the prerequisits show that d,,u(x’,-) € L ((0,00)) and

loc
consequently u(x',-) € L' ((0,00)). Holder’s inequality then guarantees that

loc

A, (W) («,-) = put "M, ) O, u(x, ) € Ly ((0,00))

loc
and we can therefore apply the above result onto u” to get

HMHZ[?(H) = ||”p||L}7(H) Se ”axn(”p)HL}w(H) ~p H”p_l Ox, U

Ll

1+¢7(H)

Uijl p—1 %‘H n p—1
= [ 7l ol 427 () < el Il
H

using Holder’s inequality again.
Finally let m > 1. The inequality for m = 1 then implies that 97~ 1u € Lfm_l ) . o(H). Aniteration

of this argument finishes the proof. n
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Difference Quotient and Weak Regularisation

For an open (time) interval I let u € L} (I) and h € R, and define the (temporal) difference
quotient by

DMu(t) :=

WY (u(t+h) —u(t)) forallte I"
0 forallt € I~ I"

1
loc

Obviously we, have D"u € L} (I). Direct calculations show that

D" (uy u) () = D"uy (t) up(t) + D up () uy (t + )
= D"uy (t) up(t) + DMup () up (t) + h D"up () D uy(t)

holds, as well as

/u D'odL = —/D*hucpdﬁ forany ¢ € L} (I) with {9 #0} c I"n 17"
I I

Furthermore, we consider

W=l [ u(t+7)dL(t) forallte I
ul(t) = (0h)
0 forallt € I~ I".

2.4 Remark A regularising effect of u" is immediate, since clearly u" € C(I") and also u" € L}, (I).

But moreover, if dyu € L}, (I) it is also clear that (d;u)" = D"u. Note that Fubini’s theorem shows

/u(ph ar = /u*hrp dL forany ¢ € L (I) with {9 #0} c I"n 1",
I I

1

1 (1) and h small enough we also have 9;(u") =

By a computation it can now be seen that for any u € L
D'u e L] ().

loc

Convolution and Strong Regularisation

We fix ] : R" — R € C®(R") with supp ] C By (0) and [ ] dL" = 1. Such a ] exists, as we can
]Rl‘!
choose for example

J(x) i= {Cellxl2 for x € B{*(0)

0 else

with a suitable normalisation constant C. For ¢ > 0, the function J¢(x) := ¢ "J(¢'x) is called a
mollifier. It is clear that

Jo € C2(R"), supp J. = BY'(0) and [ o aL” =1.
]Rn
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We now adjust the usual mollification on H in a way that is modelled to suit our case of weighted
measures. Thus for O C Hand u € Ll 5. (Q)), in an abuse of notation we define

(Jesy = ) / Jexa (x = y)uly) dL"(y),

where we always extend u by 0 outside of (). This is well-defined for any x € H. Note that it is
sufficient to consider the integral on the ball B} (x) because of the special shape of supp Je. It
is clear that Jey, * u € C*(Q)) for any € > 0, that is the adjusted mollification is indeed a strong
regularisation.

A transformation of the integral easily shows that we have the characterisation

Uexy x0)(x) = [Jew)ulx =xay) dL°() = [ Jelw) nlx = xay) 4L (v).
R B¢ (0)

If O C H is open and the derivatives of u € Lllo (Q) are regular distributions on Q) again, a
calculation shows that for any open and bounded set M C (2 and any x € M we have

9% (Jex, * 1) (x) =(Jex, * 9z 1) (x)

+Z ( ) )y / Je(y) 950% 08" Tu(x — xuy) yP AL (y)
1Bl= lBeu(())

if ex, is so small that x — x,y € Q for any y € B%(0) and x € M. The latter is satisfied for ¢ small
enough if M C QYU 9H, that is if M keeps a distance to the boundary of () except at those parts of
dQ) that are contained in {x, = 0}. Compared to the usual mollification this is a slight gain in the
expansion of M.

If u € C(Q), the normalised L'-norm of ], enables us to calculate

| Jex, ) (x) —u(x)] < sup |u(x — xny) — u(x)]|

yEBE(0)

which converges to 0 for £ > 0 pointwise and even uniformely on any set that is bounded and on
which u is uniformely continuous.

That this mollification is well-adopted to our weighted measures is established in the following
lemma.

25Lemma Letc>—-1,QC Handl < p < oo.
Ifu € LE(Q), then || Jex, * ullrr iy Sop lullpp o) for any e small enough.

Proof: For a fixed i € Z consider the strip H; := H%f“. We also set u; := u x H; foranyj € Z. We
then have

p

Ve # e < [ | ] Jenc =0 ElwswldL" () | dpa ().
H

i \Be, (x) jez

For any x € H; and any y € BgY (x) it is then clear that u;(y) = 0if [j —i| > 2and e < 1. Asa
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consequence we get
» i+1
||fsxn*u|\L5( wy Sp 2 e |“J|||LP

j=i—1

Holder’s inequality now shows that

p—1
H]exn ‘”]|HLP (Hj) 7/ (/]exn y)|uj(y)|P aL™( ) (/Iexn dﬁn(y)) dpo(x).

H;

The latter inner integral is 1 for any x € R” by the normalisation of J.. But on any strip H; we
have x¥, =, 2" and therefore with Fubini’s theorem get

Ve 112y 1 Naz"f/ )1 /kxn X —y) dL"(x) dL"(y)

_2"’/\u |P Iy Je (e (x — ) L7 (%) AL ().

Fory € H; and x € H; the quotient % is bounded by 4. On IR" we can then transform the inner

integral with T : x — x, ! (x —y) =: z. The Jacobi determinant of T is exactly x,," ' y,. The
normalisation of J; therefore also implies that the inner integral is bounded by 1. This adds up to

||]sxn * |“j|HZI;(H, 2“7 ||u]||

and thus

Y e, i1y So Tl -

j=i—1

Then this is also an upper bound for || Jex, * u|| zp if £ is small enough. The statement follows

(H;)

by summing overi € Z. n

2.6 Remark With the usual mollification J. * u, the € for which the overlap of H; and B¢"(x) is finite
depends on i: the crucial step in the argument then only works for e < 2!~ and the statement of Lemma
2.5 thus only holds for u with support that stays away from {x, = 0}.

On the other hand, J¢  u is pointwise bounded by the euclidean Hardy-Littlewood maximal function.
For a measure y that is p-Muckenhoupt on the euclidean space, 1 < p < oo, Lemma 2.5 then follows
immediately on LP (Q), i) for any Q3 C R". Details are discussed for example in [Kil94].

The lemma is the key to prove L,-convergence of Jey, * u for general u.

2.7 Proposition Let Q) C Hand1 < p < co.

(i) Let in addition o > —1.
Ifu € LE(Q), then

[ex, * u = ull oy = 0 (e —0).

23
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(ii) Let in addition m € N and oy, ...,0n > —1.
If Qs open and u € WP (Q), then

[ ew, 4 = ull e (pgy = 0 (e = 0)

for any open and bounded M C Q with M C Q) U9H.

Proof: First observe that for u € C.(Q) C L5 (Q) the first part follows immediately from the
uniform convergence of Jey, * u, since y is a Radon measure.
Now let u € L5(Q), fixa d > 0and let ¢ € C.(Q) with |ju — Il p () < J- Then

|1 = Jex, * ”||L§(Q) < lu-— QDHL(’;(Q) +[|@ = Jex,, * §0||L§(Q) + [[Jexy * @ = Jex, * “HLf;(Q)
Sop llu— (PHL{;(Q) |9 = Jex, * ‘PHLg(m
thanks to Lemma 2.5. The choice of ¢ and the first observation in this proof then proves the first

statement in general.
For the second part note that on M as in the assumptions and for € small enough we have

9% (Jex, * 1) (x) = (Jex, * 0z10) (x)| S 8‘ ‘Z‘ l(st,z +[07ul)(x)
v|=|a

forany 1 < |a| < m. Another application of Lemma 2.5, this time on Jey, * |07/, thus shows that

110% (Jex, * ) — ‘%””Llf;ht Q) Sp ([ Jexy * 0zu — oyl p (@ +e ), HaZ”HL{;(Q) :

! e |vI=la|

Since 9 u € Lf;w (Q) N L} (Q) by assumption for any || = |a], including 7 = a, the first part

finishes the proof of the proposition. n

2.8 Remark As observed in the proof of Proposition 2.7, for u € C(QY) the first part does neither require
the use of Lemma 2.5 nor any additional assumption on the measure other than it being Radon.

Note also that compared to the statement for the usual mollification we slightly relaxed the condition on the
set M for which the second part holds.

Density Propositions

We first use mollification to sharpen the density result for continuous functions with compact
support in L.

2.9 Proposition Letoc > -1, Q C Hand1 < p < co.
Then C2®(Q)) is a dense subset of L} (Q).

Proof: We know that for any u € L) (Q) and any 6 > 0 we can find a ¢ € C.(Q) such that
[lu — (PHL{;(Q) < 0.
Then Jey, * ¢ € CP(Q) for small € and we have
[t = Jex, * @ll ey < 1= @l 2y + 19 = Jexw * @l 12 () -

The first part of Proposition 2.7 applied to ¢ € C.(Q) then implies the proposition. ]
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Remark 2.8 assures that the last proposition is actually true for any Radon measure y. Its proof
could be simplified as to using merely J. * ¢ instead of [y, * ¢, and the restriction onto the upper
half plane is superfluous.

In contrast to the situation for Lebesgue spaces, density statements in general Sobolev spaces
require additional assumptions on the measure which are given by its weight character in our
case.

2.10 Proposition Let m € INg, 0p,...,0m > -1, QC Hand 1 < p < 0.
Then C*(Q) N Wgn’p(ﬂ) is a dense subset of Wgz’p(ﬂ).

Proof: Letu € Wgn’p(ﬂ) and ¥ € C(Q)). For any « € N[ with |a| < m we then have

( sup xZ“Uﬁ|a§§ﬁ‘Y|p> ‘

xesupp ¥

p

afu .
Lfiw ()

CIRTCA
|ec] B<a

Since supp ¥ is compact, contained in () and hence stays away from {x, = 0}, this shows that
Yue ng'p (Q)). Moreover, supp (¥ u) is a compact subset of Q).
Now the prerequisits of the second part of Proposition 2.7 are satisfied for ¥ u, so we see

[ Jex,, * (¥ 1) —TMHW;I,,U(M) =0 (¢e—0)

for any open and bounded set M C Q) that stays away from Q) N (R" \. 9H).
Next consider open and bounded Oy C R" with Qy C Oy, 1 and Oy C Q forany N € N as

wellas | Oy = Q. Such sets exist, as the example
NeN

1
Qn :=QNBY0)N {x € R" | d(x,0Q) > N}
shows. We also set Qg := @, Q_; := @ and Uj := Q1 \ Qj_1, Mj := Qj» \ Qj_, for any

j € N. Obviously, all these sets are open subsets of () and we have U; C M; for any j € N and
M; C (R"\Qn)NQforany j > N+2aswellas U Uj=Q= U M;

jEN jEN
We can then consider a partition of unity subordinate to {Uj | j € N} and get the existence of
¥; € C*(Q) with jeZJI:\ITj =lonQand supp ¥; C U; for any j € N. Thus
N+2
u(x) = Y ¥j(x)u(x) forany x € Qy.
j=1
Additionally, we set ¢;(x) := (Je;x, * (¥;u)) fore; > 0 and ¢(x) := jezlll\lgoj' If ¢; is small enough
we also have supp ¢; C M; and therefore
N+2
p(x) = Y ¢j(x) forany x € Qy.
j=1
We now fix 6 > 0. Then
N+2 N_2
HM - ¢||W;IP(QN) < ]; H‘Y]u — q)]‘ngl,p(Mj) < 5(1 -2 )

if all ¢; are small enough by the first paragraph of this proof. The dominated convergence theorem

25



26

2 Preliminaries

then implies
— " ; _~»—N-1
||u (PHWa'p(Q) S 1[\}30015(1 2 ) =0

if all ¢; are small enough. But on any compact subset of (), the function ¢ is a finite sum of smooth
functions. Hence ¢ € C*(Q) and the proof is finished. L]

2.11 Remark Since we have shown in Proposition 2.2 that our weighted Sobolev spaces is a Banach space,
the last proposition in effect establishes that W;T”’p (Q)) equals the space given by the completion of

{oec @ lolymrq <}

in this norm. For unweighted spaces this result of Meyers and Serrin was first shown in their paper
[MS64] with the incomparably short title “H = W”, reflecting the historical naming of the - presumably
- two spaces involved. The new insight here was that the underlying set Q) does not have to satisfy any
smoothness conditions at all. The definition of the sets Q) and U in our proof was taken from the original
paper in the unweighted setting.

For circumstances that do not imply the existence of distributional derivatives for the elements of weighted
Lebesgue spaces, this approach still provides the means to define a Sobolev function and a notion of derivative.
However, additional conditions have to be imposed to ensure that the so defined Sobolev derivative is well
defined and coincides with the classical derivative for elements of C'(Q), see for example [FKS82]. Even if
the distributional derivative exists, it does not necessarily equal the Sobolev derivative of the same function.
Defining the weighted Sobolev space as we did via distributional derivatives in such a case can result in an
incomplete space. All this is discussed in greater detail in [HKM93].

Finally, note also that in our proof the application of Proposition 2.7 only takes place on a function whose
support stays away from {x, = 0}. In view of Remark 2.6 this means we could have used the usual
mollification here instead. Likewise, Proposition 2.10 also holds for euclidean Muckenhoupt weights.

In order to extend the approximation result 2.10 further and obtain the density of the smaller set
of functions that are smooth and have an extension to a smooth function with compact support
on R", already in the unweighted case one has to impose additional geometric conditions on
the underlying set () ([Maz85]). In addition to that, one needs the continuity of the translation
operator with respect to the norm on the Lebesgue space over the set in question. In general this
is not true for L} (Q) unless o = 0. Nonetheless, we can prove that a special translation on O = H
satisfies the according inequality at least for o > 0.

212Lemma Letoc > 0and1 <p < .
Ifu € LY (H), then

(- +hen) —ullppgy =0 (B 0).
Proof: Fix § > 0. Then there exists a ¢ € C.(H) with

o — uHLg(H) <6

and we have

(- +héy) — (PHLL@(H) <o
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for h > 0 small enough thanks to to uniform continuity of ¢ on the compact set supp ¢. But
moreover

> > P _ r
-+ 20) — @+ 1) Ly = [ 1) — @GO (o — 1) L") < 11— gy
H-+he,

holds, since x,, —h > 0on H + he;,, C Hand ¢ > 0. n
It is in the following proof that we truely need the special properties of the adjusted mollification.

2.13 Proposition Letm € INg, 0y > ... > 09 > —1withoj 1 —0; <1fori=0,...,m—1as well
as oy > 0,and 1 < p < oo.
Then C®(H) is a dense subset of Wgw(H).

Proof: Lety € CX(IR") be a cut-off function with 7 = 1 on By" (0), supp 7 C B$*(0) and [0%7y| < C
on R" for any 0 < |a| < m with C > 0. For § > 0 define #;(x) := #(dx) for any x € R". Then we
have #7; = 1 on Bj-1(0), supp 175 C Bys—1(0) and [0%7;| < 614/ C on R™.

Fix1<p<ooandu € qu (H), and consider 75 u, extending u by 0 outside of H. Obviously,
we have that supp (175 1) C H N Bys-1(0) is a compact subset of R". Furthermore, for || < m we
compute

spUal=1B])
Lﬁw(m

) S L

«| B<a

19 (s )",
7

( sup xﬂ”lﬁ”lﬁ) Hagu

xesuppisNH

By assumption our weights are increasing, with an increase that is at most 1. This ensures that
HsU € W‘;n’p (H) for any § < 1, or more precisely

, < m,
”7757“‘”]/\/?7 P(H) ~mp Hun(7 P (H)
for any 6 < 1. By construction we then get

75 1 = [ o gy = llo7 1 — ”||w;"'”(Hm(Rn\B§zl(o)))

S;mfiﬂ ||MHW§"V(HQ(Rn\B?il (0))) —0 (5 — 0)

For any point z € 9H let now U(z) and M(z) be open neighbourhoods of z with U(z) C M(z).
The set

Fi=supp(s )~ ( |J M(2))
z€0H

is then a compact subset of H. Consequently, we can find open sets Uy and My with F C Uy,
Uy C Mpand My C H. Then {U(z) | z € 9H} U {Up} is an open cover of supp(#s #) and we can
hence extract a finite subcover renamed to {Uy, ..., Uy} with the corresponding bigger cover
{My, ..., My}. We now consider a partition of unity subordinate to {Uj |j=0,...,N}, thatis

N N —
we have ¥; € C°(U;) with ];O‘Pj =1lon jI:JlU]-. Setu; := ¥;nsuonR". Thensuppu; C HNU;,
and u; € ng/p (H N M;) can be seen as before, since the weights are increasing and supp ¥ is
compact.

For j = 0 this means that supp u is contained in H. We then define ¢g ¢, := J¢)x, * o for eg > 0

27
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and get

[90,co — o] P (H) = @0 — ”OHW;”"’(UO) =0 (e0—0)

by the second part of Proposition 2.7.

Forj=1,...,N, on the other hand, the support of u; contains a portion of 0H. For x € H and
¢j > 0 we consider @; . (x) := (Je;x, * )(x), and set it to 0 outside of H. Since we are close to the
boundary of H we can choose ¢; so small that supp ¢j; C H N M; for ¢; small. Furthermore we
have Pje; € C*(H N M;). Close to the boundary we now take advantage of the special properties
of the adopted mollification and use the second part of Proposition 2.7 on H N U; to get

— 0(g; = 0).

Hu]- ~ P W2 (HNU))
We now push the regularisation over the boundary of H. To this end, for h; > 0 define ¢ jiejhi (x) :=
Pie; (x + hjé,) for any x € R". The corresponding support is then partially translated into the
lower half plane. However, for /; small enough it stays in M;, and so we have supp Piejh C
(H — hjéy,) N M; and Pje;n; is smooth on (H — hjéy) N M;. Then Pieihy — Pie; € C®(H) with
supp(cpj,g].,hj - goj,g],) C MjNHand foranyi =0,...,m — 1 we can apply Hardy’s inequality 2.3
to get

HDl((P],SJ,h] - (P],S/)HLp 5(7,”1,!7 HDm((P],Ej,hJ - (P],é'])H

b, (H) Ly (H)

(m—i)p+o;

On H it is enough to consider the bounded set M; N H since the support of the function is
contained in it. But there we get

4 (m—i)p+0;—0om m p
< | sup xy ' HD ((P'e-h-_(l)'s')H
Lfm—i)p+¢7i(H (XEMjﬂH TEj0 is Lgm(H)

HDm((P]',Sj,h]’ - (P],€])

and by the moderate increase of the weight exponents we have that (m —i)p + 0; — 0y, is positive
for any i. But 0, > 0 by assumption and thus Lemma 2.12 can be applied to see that for any
i = 0,...m the upper bound just given approximates 0 if /1; vanishes. Hence

HDm(q)j,ej,hj ~ Pje;) Hwén,p(H) —0 (hj—0).

N
Let us now set @g ¢, 5, = Po,,- Then ), Pieihy is smooth on a neighbourhood of H including
j=0
the boundary and has compact support. We can then find a function ¢ € CZ°(R") with ¢|7 =
N
(‘ZOq)jlgj,h].) |77 and the property
]:

it = @llymo gy < e = sty sy + 10 = oo lgo e

N
+ZO%_%J
j=1

W (H) * quffef - gof'sf"h/Hw;”’<H)> '
This gets arbitrarily small for J, €9, ..., en, b1, . .., hn small enough. ]

2.14 Remark We would like to point out that we cannot reverse the order of the last two steps in the
proof of Proposition 2.13: If the translation is done first we drop out of H where the adopted mollification is
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not available any more. Conversely, first mollifying and then translating would not work for the usual
mollification. It is precisely in this step that we need not only the convergences of the mollified function in
the weighted Lebesgue spaces and close to 0H, but also the slight gain in the condition under which the
derivative of the adopted mollification can be computed.

2.15 Remark An immediate consequence of Proposition 2.13 is that also C2°(H) is dense in W(;n P(H)
if & complies with the hypotheses of Proposition 2.13. This in turn implies that C°(H) is dense in the
Sobolev spaces. Of course it is not true even in the unweighted case that C°(H) is dense in W™¥ (H) for
an open Q) unless () equals R™ or is in a suitable sense very close to it and very regular. More on this is
contained in [AF03].

An Interpolation Inequality

We finally would like to derive a weighted version of the Gagliardo-Nirenberg interpolation
inequality. Both Sobolev’s and Morrey’s inequality could be unified into one result that in turn
could be considered to be special cases of a generalised interpolation inequality, as is demonstrated
in [Fri08]. We follow this text also in the proofs we present for the unweighted case and start with
a one-dimensional lemma.

2.16 Lemma Let I C R be a bounded and open interval and u € C%(I).
Then

+ 1—Ll41
10214l Lr1 (1) Spa |I| Pl gy I 2 LP2(I)

forany 1 < py, p1, p2 < 0.

Proof: Let I := (a,b) and considery € (a,a+ 1|I|), z € (a+ 3|I|, b). By the intermediate value
theorem we then get § € (y,z) with

SR

and hence

Bou(x)| < LN WL [ 1o2ulac
2=l .

for any x € I by the fundamental theorem of calculus. Because of the above choice of iy and z we
know that |z — y| > 1|I|. An integration with respect to (y,z) € (a,a+ }|I|) x (a+ 3|I|,b) then
results in

ume(|<: /mm£+ mhﬂ¥Md£

Taking the p;-th power on both sides for 1 < p; < co as well as using Holder’s inequality for an
arbitrary 1 < pg < oo in the first integral, and for an arbitrary 1 < p, < co in the second, after
another integration we obtain

P
PR

Ha u| LP1(I NPl |I

Phogay 117

Lea(n)’

29



30

2 Preliminaries

This implies the statement for 1 < p; < oo, where we can also let p; tend to o to finish the proof.m
By means of Lemma 2.16 we can prove the unweighted Gagliardo-Nirenberg inequality.

2.17 Proposition Let m € IN,i € N withi < mand 1 < pg, p1, p2 < oo with % —moigy i
Further leta € RU {—oco}.
Ifu € C"(H,), then

HD’ﬂ

Proof: Let first m = 2,i = 1. The dimension be n = 1 and we fix a € R. Of course u €
C2((a,0)) implies u|; € C?(I) and we can apply Lemma 2.16, raised to the power p; < o, on
every subinterval of (a,00). We consider a bounded and open interval I = (a4,b) C (a,00). On
I := (a,a+j'|I|) C I,j € N fixed, we now compare the terms of the right hand side of the
inequality resulting from the application of Lemma 2.16 there. If

[ S lll iy 10"l -

B ) < IR o]

Lko(1 LP2(Ty)

we set I := I := (by, by) with by := a and by := by +j ' |I|. Hence on I C I we get

P1 P1
x|y gy S " P R,
In the opposite case we define by := a and by > by +j ! |I| in such a way, that on I := (by, by)
equality of the two terms holds. A by like this exists, since due to the exponents of |I|, excluding
po = oo, the term involving the norm of u decreases with increasing length of the interval, while
the other term containing d2u increases. Moreover, assuming that u € C2((a,)) assures that 92u
is not the constant zero function on all of (a,00) unless u = 0. So by construction we get

B B a8
022 |ul| 3

(el I o) |22

L (I ~P1 |Il| u LF’Z(I )

in this case.

We continue this procedure by comparing the terms on I, := (b, min {b,b; +j ! |I|}) and define
I, accordingly, and so forth, until we stop after after N steps as soon as we have by > b. Then
N <jand by_1 < b, and we can take the union of the disjoint intervals I, ..., Iy to get

121
2
LP2(I)

2

P P
1+ 5k |I‘Pl_é+1 ’ 2,

N PL_ P Pl
p .—p P1 1—P1L_P1 P1
191l 7on (1) S J | +Z;|Ii\ o2 lu| g gy ‘ G

Holder’s inequality for sums in the second summand then reveals the estimate

+

*Plerz |I|P1 )
Lr2 (1)

||axu||Lp1 NPl]

L= 11 :
(by —a) 20 2 HMHLP()((u,bN)) ‘axu

LP2((aby))

For j — oo, the first summand goes to 0 if p, > 1. However, in the limit we can not control by
and thus the second term could be very big. We therefore cause it to vanish by demanding

PP

2pp  2p2
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The interval (a, by) is of course always contained in (a, ). The result holds for any b > 4, so also

the norm on the left hand side can be taken to be on (4, c0). But that again is true for any a € R,

making it possible to allow a = —oo. Taking the %—th power on both sides yields

10| 11 ((a,00)) S m« )

for1 < pg,p1 < 0,1 < pp < oow1th = — = — —2 =0,if u € C?((a,)). By taking the limit
we also get the cases pg = oo, p; = o, Pz =1
For higher dimensions we use the one-dimensional version just proven on x; — u(x’,x;) €
C%((a]«,oo)) withay =... =4, 1 = —o0, a, = a, and the notation

Hy = (a1,00) X ... x (aj_1,00) X (8j41,00) X ... X (ay, ).

In conjunction with Holder’s inequality and the condition on pg, p1, p2 we then calculate
d En—l ( x/)

ostli iy = / o
LP1(H,) U“l(( o))

Sn /Hu(xl")HLTPO((aj,oo))’
H;

%1
2 .
i llLP2(H,)

xit

7

P1
2 dﬁn_l(x/)
LP2((aj,00))

X/'u(x//')

The dependency of the constant on n enters when writing |Vxu| instead of dx;u on the left hand
side.
Finally, an induction on m finishes the proof. n

The weighted Gagliardo-Nirenberg inequality follows from the unweighted one. For weights
similar to ours, the result for differentiable functions can also be found in [Lin86]. For different
and rather general weight functions, [NS96] contains a Gagliardo-Nirenberg inequality that
generalises the assumption to Sobolev spaces, as it is also done in the following proposition.

2.18 Proposition Let ¢ > 0, m € Nand i € N with i < m. Further let 1 < py < oo and

; 1 _ m—=i i
1§p1,p2<oow1thp—l— +

mpg | mpy’
Ifu € LY (H)NW."" (H) with oy = ... = 03 = 0, then
I Y - A

Proof: Leto > 0and first u € C!"(H). We calculate

/|D1 )P AL (x) < /zg-l |Diu

(0,00)

P1

LP1(Hs,) dL(zn)

with the fundamental theorem of calculus and Fubini’s theorem. The unweighted Gagliardo-
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Nirenberg inequality 2.17 on H;, then generates the bound

m—1P1 iPr
m.po m py
o / 201 /|u|p0 acn /|D;"u|r’z AL AL (zy)
(0,00) H, H,
m—=1P1 iP1
m pO m pz
< /z‘;’l/\uV’O AL dL(zy) /zZ’l/|D,’?u|p2 AL" AL (zy)
(0,00) Hz, (0,00) Hzy,

since - % + L % = 1. The constant here depends on n, m and p;.
Reversing the order of integration and integrating out the z,-integral cancels the factor o again
and delivers the statement for u € C"(H).

But the latter is dense in L}’ (H) N W{;"’p *(H) for the conditions on ¢; stated in the prerequisits,
so we can find (¢;)jen C C"(H) that converges to u in LI°(H) N W;n’pz (H). The convergence of

Diq)]- to D'u in L} (H) follows. This concludes the proof. n



3 Solutions of the Linear Perturbation Equation

We first define a suitable notion of solution of the linear perturbation equation o;u — Lou = f,
where

Lou = () Axu~+ (1+0)0y,u.

Here we consider both the initial value problem and a setting that is local in time. Since we
are interested in what happens near dH, we use test functions that do not always vanish near
the spatial boundary of the underlying set. For a reasonable theory we define solutions in the
energy sense, equipping them with some additional regularity properties that allow for energy
techniques. In this context, however, the requirements we set are the weakest possible.

3.1 Definition Consider o > —1, an open interval I = (t1,t) C R and a relatively open subset O3 of
H.

e Given f € LI (I; L3(Q)), we say that u is a o-solution to f on I x Q, if and only if u €

loc
L2 (I; L2(Q)), Viu € L*(I; L§+U(Q)) and

—/(u 10:0) 12(0) d£+/(qu | V29) 12 () dL = /(f|4>)Lg<m aL
I I I

forall g € CE(I x Q).

e Givent; > —oo, f € L} (T; L2(Q))) and g € L2(Q)), we say that u is a o-solution to f on'T x Q)

loc

with initial value g, if and only if u € L2 (T; L2(Q))), Veu € L2(I; LY, (Q))) and

—/(ulatfP)Lg(Q) d£+/(vxu | V2@l () dL = /(fl(P)Lg(Q) dL
1 1 1

+(glo(t1) )z
forall p € C2(1x Q).

Of course any o-solution to an initial value problem on T x () is also a o-solution to the time-local
problem on I x (). Moreover, a short calculation shows that a time-local solution on I x (2 gives
rise to a solution to the initial value problem on [f1, ;) x Q for any point f; € I. This means that
statements on I, proven for an initial value solution on T x ), immediately imply statements on
fﬂ, ty) for the time-local solution on I x () for almost any 1 € 1. We will make use of this remark
in the sequel without further comment.

3.2 Remark It is worth pointing out at this point that the equation possesses an invariant scaling.
Considering the coordinate transformation

Ty: (i,2) = (AR AZ) = (4,x),

a calculation shows that if u is a o-solution to f and g on'T x Q) with respect to (t,x), then u o T) is
a o-solution to A (f o Ty) and ¢ on T~1('1 x Q) with respect to (, %), where $(%) := g(A %) for any

33



34

3 Solutions of the Linear Perturbation Equation

teQ:=A"10.
Moreover, translations in any temporal and spatial direction save the x,-direction commute with the
differential operator.

A Galerkin approximation now shows that the above choice of conditions for the solution is
reasonable: under a weak assumption on the inhomogeneity it provides us with a o-solution to
the initial value problem.

3.3 Proposition Lett; > —oo, [ = (t1,t;) C R be an open interval and Q C H be relatively open.
Then for any f € LY (I; L2(Q)) and any g € L2(Q) there exists a o-solution to f on'T x Q with initial
value g.

Proof: In the following we drop I and () from the notation whenever spaces with respect to these
sets are involved and the meaning is clear from the context, and moreover write for example L' L2
instead of L!(I; L2(QY)).

The Hilbert space W)? has a Schauder basis {w; : i € N}. We define

m m — m
Am = ((wj |wi )L‘27>i,j:1/Bm = (( Vitw; | Vit )L%w)i,j:l and fu(t) = ((f(t) |wi )L%)izl
for any positive integer m. Using the linear independence of the Schauder basis, one sees that A,
is positive definite and thus invertible for any m € IN.
Obviously, A;lle, A,;l fm € L,lo C(T), and thus by standard theory of ordinary differential equa-
tions, for any given ty € I, especially for fy = t;, and for any ¢ € R we can find a unique

dy € WHI(T) such that d,,(t1) = & exists and
dtdy + Ay By dy = Ay, fin almost everywhere on 1.

Extending these expressions explicitely shows that we can be sure of the existence of a function

= Y_d™ wj € L (T, Wi(Q)

loc

j=1
with
5, 1) 7
dum = Y ™ w;j € Li, (T, Wy (Q)),
j=1
m
Mm<t1) = ZC]ZU]
j=1
and
() (Orum (t) | w; )Lg + (Vaum(t) | Viw )L§+J = (f(t) | w; )L%,

for almostallt € [ and foralli =1,...,m.

We multiply these equations by d§m) (t) and sum over i. The product rule for bilinear forms
implies that we have (dsum(t) | um )2 = 10 ||um(t) Hi%, This means that for any ¢ € R there is
a uy, as above with

20l ()12 + [ Geaem(Ol2 = (FE) [m(8) )3
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for almost all t € I.
For the purpose of integrating in time consider € T and the bounded interval (t,f) =: I C I as
the region of integration. In combination with the fundamental theorem of calculus this shows

1 ~ 112 1
5 Nun @3 = 5 N0y + [ 1%l AL = [CFE 1un(0)) 3 L
T T

forany t € 1.
On the right hand side we can apply Holder’s inequality first in the spatial integral and then in
the temporal integral to get

1 ~ 112 1
2 lem®l, = 5 lm(e0) I + [ Vel <
1

<sup [lun(llz [ 1705z 4L <
tel T
1 2 2
< Jsup e ()12 + 1f 7112
tel

where we used Young's inequality and a substitution of I for the at most bigger interval I in the
last step.

At this point it is possible to take the supremum over f € I on the left hand side. Rearranging
terms then produces

1 2 2 2 1 2
Lsup Jun ()1 + [ [Veenls L < FIB + 5 len(t)]2y.
tel +0 [ o
i

Now set ¢':= ((g | wj ) 2)L;- Then

< llgll2

m
Zl(gle)Lg,wj
j=1 12

and we thus have a u,;, with
m
un(tr) = ) (g w;) 2w
j=1
and
1 A2 v 2 ar < 12 1 2
2 8UP [um ()l + [ | Vrtuml|12 < Az + 5 lgllzz -
tel | +o

This implies that (1, ) ;e is a bounded sequence in L*L2, and (Vi ) men is @ bounded sequence
in 212 4o Hence we can extract subsequences - not relabelled in the following - such that for
m — co we have

Uy —*u € L°L2
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and
Vet — 7 € L*L3, .
Explicitely, this means that there exist u € L*L2 and 7 € L?L? 4o With

/(um )| &t )de£—>/( (t) )2 dL forall & € L'L2

and

/(qum 120z, dﬁ—)/( (1));z dLforall§ e 1213,

as m — oo. It follows that indeed 7 = V,u.
Let us now turn back to the equations (*). We choose an arbitrary N € IN and let m be big,
precisely m > N. Then fori = 1,..., N we multiply the equations by d; € C®(T). Summing up

N
and denoting ¢ := }_d; w; then gives
i=1

(st (8) | 9(8) )2 + (Veum () [ Veg(t) )2 = (f(£) | 9(t) )12

for almost all t € I. We can integrate this equation over I and execute a temporal integration by
parts on the first summand. Then u,, satisfies

—[Cun30§) 2 dL+ [(Van |%§) 2L = [(F15)iz AL+ (un(t) | §(11) ) 2
I I I

Now 9;¢ can be used as test function ¢ in the convergence above, and likewise V, ¢ as test function
. Furthermore we have

(i(gwmg, w; | §(t0) )12 — (81(1) )12
2

for m — co. Thus for any ¢ of the above form we constructed a u € L¥L? with Vyu € L?L3 i
such that

—[(ulag) iz dL+ [(Van| gz, dL= [(F18)1z AL+ (815()) 1z
I I I

But since span {w;; i € N} is dense in WY? and we let m tend to co, for any fixed ¢ we know
that functions of the form of ¢(t) are dense in W22, The equality then certainly holds for all test
functions and so we obtained a ¢-solution to f and gon T x Q, seeing that L®(I) C Ll o 0(7) |

3.4 Remark The construction especially yields the existence of a o-solution to the initial value problem
with the additional property u € L®(I; L2(Q))). Since we are interested in the weakest possible definition
of solution, we did not add this to the defining properties. However, the next result will show that
boundedness of any o-solution to an initial value problem for QO = H follows from the definition. See also
Remark 3.6 later.

Let us now consider () = H, the only relatively open subset of H that is closed as a subset
of R". Since then C®(H) is dense in Wy”(H) by Remark 2.15, any ¢ € L2(I; L2(H)) with
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Veg € L2(I; L2

2. -(H)) and 0;¢ € L?(I; L3(H)) that has compact support in time contained in I

(in T) serves as an admissible test function for the time-local equation (the initial value problem).

The compact temporal support together with the temporal square-integrability of both ¢ and
¢ implies ¢ € L®(I; L2(H)), so that the defining equation remains reasonable with such test
functions for the class of inhomogeneities considered in the definition.

With this remark, almost all properties of test functions are met by a time-localised o-solution
on I x H itself. Only regularity of the temporal derivative is missing. In the proof of the energy
identity that follows next, we therefore apply the weak regularisation from Remark 2.4 in the
temporal variable to be able to use a o-solution as a test function.

3.5 Proposition Let t; > —oo, [ = (t,t) C R be an open interval, f € L1(I; L2(H)) and g €
L2(H).

If u is a o-solution to f on'T x H with initial value g, then u € C(I; L(H)) with u(t,) = g and for any
I = (£, ) C I we have the energy identity

1 ~ 1 -~ :
3 H”(fz)Hig(H) +/\|Vx“”%%w(H) dL = 5 H“(tl)Hig(H) +./(f | )2 (m) 4L
T T

Proof: First fix f; < f, € I, so that T C I. In a formal calculation with X7u as atesting function
the energy identity follows immediatley. However, both x; and u are missing the L?-regularity of
the time derivative needed for a justification.

Therefore we regularise in time as in Remark 2.4 to make this approach rigorous. The regularity
of the given o-solution u carries over to its regularisation " and we thus have u" € L120 L% and
Veu € 1212 4o+ But moreover, for any i > 0 the temporal derivatives satisfies opul Dhu €
leo . L2 and hence #" has all the regularity we need to use it as a test function. As a consequence, for

—h

any cut-off function 77 € Wllocz( ) with supp 7 C I" N 7" we have that (1 u") " is an admissible

test function in the equation for u on I x H. Note that this is equivalent to the observation that 1"
is a o-solution to f on (I" N ") x H and testing the equation for u" with 1 u".
Taking into account that with a temporal integration by parts we get

/u ot (nu") 2/ Y20 dL,
I

this shows that
17 nll?
o [, ac+ o]
i I

For suitably small 1, e, > 0 now define 7, := 7, ¢, with

quh

ac = [y (f"1u"); aL.
I

2
L1+a

0 forall t € (t1, 1)
e, () =< = forallt e (£,5 +¢1)

€1

1 forallt € (f; +e1,f)
and
1 forallt € (t;,t, —€3)
e, (1) := _%tz forallt € (fp — €3, 1)
0 forallt € (fp, to).
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Since I € I" N I~" for h small enough it is clear that supp . C I" N I~ for ¢, e, small enough
and we have 1j; — x7in L?(I) as well as

% on (?1,?1 +£1)
atﬂe = —% on (?2 — 82,?2)

0 elsewhere.

This explicit computation enables us to see that

[
I |

(bh+er) (ba—e2,b)

= (|« ).

el

L3

2
arc

u

L3

Putting this together, we arrive at

Lt @plF e+ Ll @)y
> ([ @+ (W@,
1||? Wy ok
:_/;75 vl d£+/178(f ") 2 dL.
I e I

This is a regularised version of the energy identity. Here, in all terms the limit # — 0 poses no
difficulties.

In the next step note that £, — (||u(%2) ||ig )€ is a sequence in C((f1, t2)). Moreover, for arbitrary
€, €5 we have

sup | (||u(B)][72) 72 = ((|u(E2) [ 72)~

PEGE)

PEGE

=2 sup | [ (g = 1g) ((F [0)13 = Wl )
I

2
S sup [ 1wl 1%l ac
he(tb) ~ T
(,—max{ez,€, },b2)

This implies that (||u(f,) Hi?f )~¢2 is a Cauchy sequence in C((f1,t,)) and thus has a continuous
limit. But in any Lebesgue point we have that (||u(t,) Hi%,)_gz = |Ju(fz) Hi%, for e; — 0, since
t |Ju(t)?| 12 € L?(I). After the same considerations for f; the continuity on I follows and the
energy identity is immediate.

If we repeate the whole process with the test function 7, ¢ for ¢ € C(H), it becomes clear that
t — (1| ¢);2 is bounded and continuous on [t1,t2) for any f; € I. By density, this is nothing but
weak continuity of ¢ — u(t) € L2. Since L2 is a Hilbert space, this amounts to the continuity of

t— u(t) € L2 on [f1, t,) for any #; € I and thus u € C(I; L2(H)). For the inclusion of the initial
value fix a fy € I and define

1 forall t € (t1,tp)
Ne:=4q1—=0 forallt € (ty,top+e¢) forsmalle > 0.
0 forallt € (ty+¢,t2)



Flat Fronts and Stability for the Porous Medium Equation

Then ¢ 7, is an admissible test function, and the same calculations as above lead to
() 1§)13)° = = [ (V| %eg)z AL+ [ (F17) 3L+ (316) 1z
I I
In view of the result from the first part we can now let ¢ — 0 and then ty — t; to get
tim (u(to) | 713 = (317

This proves that weak continuity can be extended into 1. But on (¢1, f2) we know by the first part
that [|u(t)[[,2 is uniformely bounded. Full continuity in L2 down to t; is therefore proven. ]

3.6 Remark The energy identity 3.5 also shows that for a o-solution u to the initial value problem with
f € LYL; L2(H)) and g € L2(H) we have

sup [u()fy+ [ 1%l 4L <2 8lia ) +4 115 (2 0)

te(ty,tp) (?1 tz)

for any t € 1. This implies u € Cp,(I; L2(H)) C L*(I; L2(H)) as “predicted” by the Galerkin
approximation (compare Remark 3.4).

Note also that for time-local solutions we do not necessarily get boundedness near the initial time tq, but an
evaluation at the terminal time t is always possible as long as t, is finite.

An easy consequence of the energy identity 3.5 is the norm-decrease of o-solutions of the homo-
geneous problem.

3.7 Corollary Lett; > —ooand I = (t1,t5) C R be an open interval. Further let ¢ € L2(H).
If u is a o-solution to f = 0 on T x H with initial value g, then the function t Hu(t)||L§(H) is
monotonically decreasing on 1.

Uniqueness of initial value solutions now follows directly.

3.8 Proposition Lett; > —coand I = (t1,t,) C R bean open interval. Further let f € L'(I; L2(H))
and ¢ € L2(H).
Then there is exactly one o-solutions to f on'I x H with initial value g.

Proof: Given two o-solutions 11 and u, to f on T x H with initial value g, the difference 11 — up
is a o-solution to 0 with initial value 0. Since the right hand side vanishes, we know with corollary
3.7 that the norm of u is bounded by the the norm of the initial value. But this is also zero, hence
|1 — u2[| ;2 = 0 and we must have uy = us. ]

We can finally use the continuity from Proposition 3.5 to show existence and uniqueness of
solutions in the only case not covered yet, that is for t; = —co.

3.9 Proposition Let [ := (—oo,t;) C Rand f € L'(I; L2(H)).
Then there exists exactly one o-solution to f on I x H with lim [u(t)[| 12 () = O and the energy identity

3.5 holds for any T = (f,1,) C L.
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Proof: Consider a sequence #/ € I with / — —oco0 as j — co. Then by the existence theorem 3.3
and the energy identity 3.5 there are o-solutions uw/ € C([t/, t5); L2(H)) to f with u/(#/) = 0 for
any of these #/. Extending u/ by zero onto I therefore delivers a sequence (#/)jen C C(I; L2(H)).

But for indices j, j', where we assume j < j’ without loss of generality, the difference 1/ — W' is a
o-solution to X 4y fon [t,ty) with (il — w/)(#') = 0. Hence by the energy identity we get

B = / £l 2 1y 4L,

(t.#)

sup Huf(t) (1)

tel

and by virtue of t — || f(#)| 2 (H) € LI(I) this is a Cauchy sequence. It follows that lim u/ =: u

J—0oo

exists in C(I; L2(H)) and is a o-solution to f on I with

s

o = [0 < -

ey 0

for j — co. The energy identity is then obvious and uniqueness follows by the decrease of the

norm as before in corollary 3.7. ]
Henceforth, we will include the case t; = —oo into the notation for the initial value problem:
Whenever we speak of a o-solutions to f on T x H with intial value g for t; = —oo, we implicitely

set ¢ = 0 and mean the o-solution to f on (—oo,t;) X H that vanishes at —oco. Uniqueness is then
given for the initial value problem in any case, so we can always refer to “the” o-solution to
f with initial value g. Note also that for t; = —cc and f = 0 we deal with the trivial solution u = 0.

For the homogeneous equation we can use the same method of proof as in the energy identity
with a second o-solution as test function to get a duality result that will be used later.

3.10 Proposition Let I = (t1,t5) C R be an open interval and g1, g» € L2(H).
If uq is a o-solutions to f = 0 on I x H with initial value g1, and if uy is a o-solutions to f = 0on I x H
with initial value g, then for any t; < t» € T we have the duality equality

(“1(?1) | ”2(?2) )Lg(H) = (ul(?2) | Mz(?l) )Lg(H)-

Proof: Fix f; < t, € I and define
T:I1 >R, t—t+b—t=s.
Note that if I := (f1,,) then T|; maps I bijectively onto I and we have (13 o T)(f;) = uz(f) as

well as (up 0 T)(£2) = uz(f1).
Let us now test the equation for u; formally with x7 (u2 o T). We obtain

0:—/at)q/ul(uon)d‘ugdﬁ—/)q/ulat(uon)dygdﬁ
I H I H

+ / X / Vietty - Vie(p 0 T) dptyso dL.
I H

An integration by parts followed by a transformation of the integral, using that x; vanishes
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outside T and that T and T~! map I onto itself, yield

*/}(th at(uz ] T) L = —/(8t(u1 XT) o T_l) Uus ac
I I

_ /85((u1)(7) o T VY uy dL.
1

Consequently, considering (u1 x7) © T~ as a test function for u, we see that

—/xf/ul 3:(12 0 T) dug dL = —//Vx((xful) o TV - Veup dyg dL
1 H I H

and by reversing the transformation and inserting the result above we finally get

0=—(ur(h) | (uz o T)(}) )z ) + (ua(f2) | (20 T)(R2) ) 3 -

This can be made rigorous in the same way as the proof of Proposition 3.5. m
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4 Energy Estimates

We now use similar regularisation techniques as before to show weighted L?-boundedness of
derivatives of o-solutions. In order to do so, we have to impose extra conditions onto the right
hand side. Furthermore, for reaching the initial point in time we also need additional regularity
conditions for the initial value. Therefore, in favor of a clearer presentation we first consider only
the time-local case.

It turns out that the weak choice of prerequisits with respect to time in the definition of a o-solution
does not constitute a real restriction if () = H.

4.1 Proposition Let I = (t;,t2) C R be an open interval and f € L*(I; L2(H)).
If uis a o-solution to f on I x H, then

Ee [Vau(B)ll2 oy € C([f1,t2))
and we have
~ 112
/ l9su 72 1 dﬁS\]qu(tl)]|L%+”(H)+ / 1F 1172y 4£
GE) (Fut2)

forany t; € I.

Proof: Fixf; < f, € I so that I C I. In the formal proof we test the equation with X7Otu.
To make this rigorous note that for any o-solution u with the additional property osu € L2 L2, by
an integration by parts in time and a density argument we equivalently know that

[Gulo)zdc+ [(VaulVeg)iz dL= [(fl9)p dL
I I I

h

forall ¢ € L>L% with Vi € L2L2 o and compact temporal support. Since u" is such a o-solution

with regular time derivative - see the proof of Proposition 3.5 - we can use this formulation with
the test function 77 9;u", where 7 = 1¢,7]¢, also as before. Taking into account that

1
/;78 Ve Gdud AL = 3 /atqg Vo2 L
I I
with an integration by parts in ¢, it follows that
fo
I
Holder’s inequality combined with Young’s inqeuality then reveals that

3/
2 ) e
1

~ |12 1 —~
dpu" Val (B)| 1, )+ 5 (| v 2)

ig dﬁ_%(‘

2
L1+17

2 h h
)= [ (fawty 5
1+0 I

2

o i Ve ()| ).

? aL !
12 +§(‘

2 2
Lz L1+17

2 1 r
ac < [
I
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At least if f; is a Lebesgue point, the limits can now be taken. Going back to the regularised
equation above, with a Cauchy argument as in the proof of Proposition 3.5 it is then possible
to shc?w t.he continuity of t — |[Vau(t)||2p,, ) o0 [t1,12) as well as the convergence of the
equation itself. n

4.2 Remark The weak regularity gain in the temporal derivative enables us to restrict ourselves to elliptic
equations if O = H: If u is a o-solution to f on I x H, then for almost all t € I we have that u(t) satisfies

—Lou(t) = f(t) — owu(t) =: f(t) on H.

In a slight abuse of notation we will thus supress the time dependence and consider u € W2 (H) with

/qu Ve dppr g = /ffp dpo,
H H

¢ € CX(H), as the energy formulation of the elliptic equation. As before, the density statement 2.15
implies that any function in Wy*(H) is an admissible test function.

4.3 Proposition Let I = (t1,t2) C R be an open interval and f € L*(I; L3(H)).
If u is a o-solution to f on I x H, then we have

2 ~ 112
/ Vet ) AL + / | p3u iy 1 S / 1F1Z2 ) 4L+ [ Veu @) 2,
~ +0

(fut2) (t1t2) (FLt2)
forany t; € I.

Proof: Formally, the estimate for both the tangential and vertical derivatives follows by testing
the elliptic equation with dy,u, while for the second order derivative we consider x,Ayu as a
test function. Making this rigorous in the same way as above requires an analysis of certain
commutators. We use a transformation onto an ordinary differential equation instead.

So starting with the energy formulation of the elliptic equation

(Vnbsui4+(1+0)dyu=—f

on H as in Remark 4.2, we perform a Fourier transformation in the tangential directions with
Fourier variable & € R"~! and without renaming the functions u and f to get

—( g Pu+ (- )nddu+ (1+0)0yu=—f.

The transformation z := |&’| x,, then yields

() [&'12u+ (1 +0) |g'|dzu = (-) &'|u=—f

with u = u(¢&,z) and f = f(&,z), where (- ) : z — z represents the identity operator on R. We
consider ¢’ as parameters and rename |&’| u(¢’, z) to u(z), reaching the equation

(%) za§u+(1+a)azu—zu:—f

on (0,00).
A solution u of the homogeneous version of this equation defines a solution v = z3 u of the
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modified Bessel equation with parameter 7, that is

2

2 0
- - 0,
0 0

220%0 + 20,0 —z

and vice versa. The modified Bessel functions I g and K ¢ described in detail in [OM10], form a
fundamental system of this ordinary differential equation, hence a fundamental system for the
homogeneous equation (*) is given by

and

The asymptotics of the modified Bessel functions are known, and up to constants depending on o,
for o > 0 we get

Yi1(z) ~1 (z—0), VYi(z)~z" 26 (z— )
Yo(z) ~2z77 (z—0), Yalz)~z 2e 7 (z— o).

For 0 < Owe have ¥5(z) ~1 (z — 0),and ¥3(z) ~Inz (z — 0) for ¢ = 0, while the other
three relations remain as before. The Wronskian of ¥ and ¥, can be computed to be z7177.
All this leads to the fundamental solution

k(z y) = {yzlfl(ZWZ(V)f z<y
Y Y¥i(y) Ya(z), z>y,

with first order derivative having a jump discontinuity of the type y~! at z = y. Therefore,
solutions u to (*) are characterised by the representation

2u(z) =~ [ 2z y) Fy) dLly)

(0,00)

forany! € R.
We rewrite this to get the operator

Frodu=— [ 2wy Fv) duoy)
(0,00)

If both

sup [ 2 |k(z,y)|y 7 duoly) < oo

and

sup [ 2 |k(z,y)|y 7 duo(z) < o,
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then Schur’s lemma A.20 ensures that

Il (o S ||F

240

L2((0,))

To see this, fix a small ¢ > 0 and a large R > 0. We start with the first condition and divide the
range of each supremum into three disjoint pieces. The definition of the fundamental solution
and the asymptotic expansions of ¥; and ¥ for ¢ > 0 then show that

sup [ 2! Ik(z, )|y~ diuo(y)
z€(0,¢) (0 oo)

= sup zl<*fz<z>| [ v )ldciy) + 4@ [ v 1%20)] dEW)
0,z

z€(0,¢) ] ) (Z,E)

+1@) [ v Rl + e [ |‘P2(y)|dﬁ(y)>
(&R) (Ry00)

< sup (zl_"/y” dﬁ(y)—i—zl/ldﬁ(y)
z<(02) (0,2) (z€)

o—1
+2 [y 1w dey) +2 [y e dﬁ(y)> -
(&R) (R,00)

The first integral can be computed since o > —1. We also evaluate the second integral explicitely,

while the third one is surely bounded depending only on ¢, R and ¢, and the same is true for the
last one with a constant depending on R and ¢. We find that

sup / zl |k(Z/y)|]/7‘7 dﬂa(]/) S(T,ﬁ,R sup (ZlJrl +Zl)

z€(0,¢) (O oo) z€(0,e)

which is bounded for I > 0. The cases o < 0 follow in the same fashion with an additional
additive term z/t7t1 for ¢ < 0, and z/*! Inz for ¢ = 0. Also this is bounded near 0 for I > 0 in
both cases.

The interval (¢, R) is treated straightforwardly. Here we get

sup 2! [ lk(z,y)| dL(y)
) (0,00

ze(g,R
/00)

= sup zl<|%<z>| [ Wl L) + 1% [ v )l dcw)
(0,¢

z€(g,R) ) ) (S,Z)

+ 14 [ v R0 dLe) + ) |
R,00

¥ ¥2(y)] dﬁ(y)>
(=R) (R,

)

< swp Zl<|‘1’2(2)| [y dciy) + 1261 [ v )] dLw)
et (0,¢) (e,2)

+ 4G [ v Rm)ldLe) + ) |
R,

yT ey dﬁ(y))
(z.R) (R,

)
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As before, all the integrals are bounded by a constant depending only on ¢, € and R.
Finally, on (R, o) we have

sup / 2 k(z,y) |y dpo(y)

z€(R,00)
,00)
< l*HTa z adﬁ 1 HTV z 7y ar
sup |z e vy dL(y) +z e v [¥1(y)| dL(y)
z€(R,00
e (0) (eR)
T A yVT_1 e/ dE(y)—kzl*HTU e / yLTT_1 eV dE(y))
(Rz2) (z/00)

sup 2/ e /yTle/dC = sup 217 o / Tleyd[, ) Sor sup z 1
(Rz

z€(R,00) z€(R,00)
and likewise

sup z! e / T eVdL( ):sup A1 / The YdL(y) < sup 2L

z€(R,00)

This means that we have

sup / 2 k(2 )| v dio(y) Seer sup (z’*“T"efszZH)

z€(R,00) z€(R,00)
00)

which is bounded whenever [ < 1.
For the verification of the second condition we proceed along the same lines and get

sup / 2 k(2 )y dio(2)

ye(0e)

= sup (I‘i’z | [ 24 141() | dLG) + 1) [ 21002 dL(z)
ye(0,e)
(0y) 23]

)] [ 2 E)ALE + )] [ 2 RE) dﬁ(z))

(&,R) (R,00)

Ssup |y 7 [ ZT7dL(z)+ [ ZdL(z)

p (Y

S SN 1) (e)

- /zl+“|1f2<z)|d£(z)+ /z””z‘lech(z))

(&,R) (R,0)
SU,S,R sup (]/l+1 +1)

ye(0,e)

for o > 0. Here, for ¢ < 0 we get the additional term y'*1%7, while for = 0 and I € Ny we have
an extra y'*1Iny. Any of these summands is bounded on (0, ¢) if I > 0.
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Furthermore we have

swp [ 2 Gzl y 7 de )
(0,00

yE(R,oo
)

= sup <|"P2(y)| [0 @1aLE) +[%20)] [ 24 4 (2)] dLG)
v (0e) (&R)

+180)| [ 2 BE|ALE + )] [ 2 ) dﬁ(z))
(Ry) (v.0)

< sup (y@l e*y/zl“’ dL(z) +y T e ¥ / 27\ ¥ (2)] dL(2)
e 0e) ER)

o+1

+y 2z eV / T e dL(z) + yiaTH e’ / T dﬁ(z))
(Ry) (y,0)

SeeR Sup (]f% e ¥V + ylil)

yE(R00)

and this is bounded again if [ < 1.
It follows that I = 0 and I = 1 are both admissible, so for solutions u of (x) we get

f

1l 12((0,00)) + 10 ) 2l 12((0,00)) Sor 12((000))

But then it makes sense to incorporate ( - ) u onto the right hand side of (x). This results in a first
order ordinary differential equation for d,u =: v, namely

(%) (oot (1 +a)o=—F+()u=7

A solution to the homogeneous equation is clearly given by z +— z =177

we get the fundamental solution

, and so for this equation

k(zy) =y z 1 0ifz >y

and 0 elsewhere. Now we consider the operator
— 5 p— p—
2F@ @ = [ (2) Reny T acw).

For 6 = §; we have

0
swp [ (2) Rl det) = sup 0 [0 g -
2€(0,00) Y
(0,00) (0,2)

if 57 < 1+ o. This shows that

gy =
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in this case.
Similarly, for a § = J, we see

1
(52—0'

5
sup (;) k(z,y)| dL(z) = sup y +% / 227170 dL(z) = —

y€(0,00) (O,oo) y€(0,00) (y,oo)
if 6o < o, thus

[EPEE ()= f

<
L1((0,00)) ~72 11((0)) "

An interpolation yields

548y —

()=

7o 0,606,

oo
L2((0,00))

L2((0,00))

for 61 <1+ 0 and dp < ¢. But we can choose ¢1 and J; with d; + dp = o, if only 0 < 1+ 20. This
condition, however, is equivalent to ¢ > —1 and hence we get

I2:l3 0000 = Nollz000) S [P 2 00 5 17 2000
with the first result for (- ) u.
An immediate consequence of (* *) is then
2 a2 — |7 ,
: 13, ,((0,00)) H( ) ozu L2((0,00)) 7 ||f +Ozu+ (- )u 2((0,00)) Hf L2((0,00))

Summing up, after reverting the notation back to the starting point we have shown that

112l ”HLL%((O,OO)) + 1] u||L%+‘7((O,OO)) +1/1¢'] aZ”HL?,((o,oo)) + H|§/| Su f

<, )
12, ,((0,0)) ~ LZ((0,00))

The retransformation from z to x,, and an additional integration in the ¢’ direction reveals that

7

x)l

o+ 0,1l 3 g1y + || 23,

18/l oy + 12712

<
SN,
L3, ,(H) L340 (H) L3 (H)

With Plancherel’s theorem in the reverse Fourier transformation we arrive at

Sne ||f]

[Vl 2 ) + ||A;Cu||L§+V(H) + 119, 1l 2 1) + ‘ o, u (H)

2+c7 LLZ’(H)

Finally, the mixed second order derivatives can be gained thanks to the formula

[,

2
O I8tz iy + [V 2o

2+0(

by means of the density of C¥(H) from Remark 2.15. L]

We will now briefly return to the initial value problem and collect the results for this case. To
this end, we consider only the initial datum g = 0. This could be generalised to other initial data
under some regularity conditions on g.
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4.4 Proposition Let I = (t1,t2) C R be an open interval and f € L*(I; L3(H)).
If u is the o-solution to f on'T x H with initial value g = 0, then

t—s ||qu(t)||L%W(H) € C(I) with Veu(t;) =0

and

2

[ 19l ac+ [ |p2u 2 1L Sno | U1 dc

(f1.t2) (F1.t2) (t1,t2)
forany t; € T.

Proof: For ¢ = 0, the o-solution u can be extended to a bigger interval by zero. We can then use
the time-local results 4.1, 4.3 and obtain the statement. ]

4.5 Remark From the last proposition it follows that for | > 0, k € INg and « € INj with
(I,k,|a]) € {(0,1,0), (0,0,1), (1,0,2)},
the mappings
frer () dfou

that send the inhomogeneity to certain derivatives of the o-solution of the zero initial value problem on
T x H are bounded operators from L>(I; L2(H)) to L>(I; L2(H)).

Elements of the above set of exponents will be referred to as Calderén-Zygmund-exponents in the following.
Note that they are exactly given by those | > 0, k € INg and « € INj that satisfy the conditions
I—k—|a|=—1and 21— |a] <0.

We now prove recursively that also derivatives of o-solutions solve an adjusted equation in the
energy sense. To this end we need two additional estimates for mixed second order derivatives
that can be gained by similar methods as the energy estimates above. Note that unlike there, the
estimates for the second spatial derivatives do not carry extra weights here. However, we have to
place additional assumptions on the inhomogeneity.

4.6 Lemma Let [ = (t1,t,) C R be an open interval and f € L2(I; L2(H)).

(i) Ifin addition 0;f € L?(I; L3(H)) and u is a o-solution to f on I x H, then
s o)l 3 € ([ 12)
and we have

[ 190wl g 4L S o) 3z 0y + (G @I )

140
(t12)

o [ 10l ac+ [ 1R dc

(f1.t2) (F1.t2)

forany t; € I.
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(ii) If in addition oy, f € L*(I; L3(H)) foraj € {1,...,n — 1} and u is a o-solution to f on I x H,
then

xj ( rll t2

L3 (H)
and we have

/|

(FLta)

~ 12

2
+/ s L / 1A 122 by AL

(Ft2) (f1t2)

anxju

) dE Sn/g’

~ 12
o IVl

1+0

Xj

forany t; € L.

Proof: Consider the same temporal cut-off function 7, as in the proof of the energy identity
3.5 and note that the temporal difference quotient D" solves the equation for D" f and has a
well-behaved time derivative on (f1, ;) by Proposition 4.1. Testing the equation for D"u with
#e D"u is thus possible and leads to

V,.D"u

HDh (f2) —0—/’ o e dﬁz%(HDhu(ﬂ) iz)s—l—/thDhuiyg ac.
T+o v |

Given that 9;f € L?L2, this shows that f > ||d;u(t) || 12 is continuous on [t1,12) as well as
=2
2 [ 1%owl} L < ow@)f+ [ 19 de+ [ awl? de
(’[1/t2) (?Ltz) (?Ltz)

We can use Proposition 4.1 again to finish the proof for the temporal derivative.
For the second part consider D"u as the difference quotient in xj-direction foraj € {1,...,n —1}.

Using Proposition 4.3, the same reasoning as above leads to the continuity of ¢ — ‘ Ox; Ut 2 and
the estimate ’
2 12
2 / | Vi u P ] J 1Pt ac+ [ fosu],, ac.
+0o G

(F.t2) (F1.t2) (F,t2) n

For future reference we annotate the following very easy consequence.

4.7 Corollary Let I = (t1,t,) C R be an open interval and f € L2(I; L3(H)) as well as V/f €
L?(I; LA(H)).
If u is a o-solution to f on I x H, then we have

2 ~ 12

[ 8%l gy 4L S [ G @D [z 00y + (@
(?Ltz)
, ) ,
[ I 22+ [ 11 a2

(k) (F1t2)

forany t; € I.

51



52

4 Energy Estimates

4.8 Remark As in Proposition 4.4, the range of points in time for which estimates 4.6 and 4.7 hold can
be extended to include the initial time ty for solution to the initial value problem with g = 0.

We can now iterate the notion of solution in terms of their derivatives as announced above. We
set aijj*lu :=0ifa, =0.

4.9 Proposition Let I = (t1,t5) C R be an open interval, f € L*(I; L2(H)) and u be a o-solution to
fon I x H. Furtherlet t € I, k € Ng and « € NJ.

U8§8§:+7/azl’jf € LI L2 ,,(H)) forany 0 <i <k, 0 < p <o and 0 < |y| < ay, then oko%u is

an (ay + o)-solution to K% f + A;afagiazg—lu on [f1,tp) x H.

Proof: The temporal and tangential derivatives commute with the differential expression by
Remark 3.2 and hence formally one sees that 9fu is a o-solution to o¥ f and ai;iu is a o-solution

to 8?2 f- The formal treatment of the normal derivative is not as straight forward as that, but a
calculation shows that 9;0x,u — L1 ,u = 0y, f + Alu and thus recursively ataigu — Lan+aaigu =
0% f + ay A;aﬁ;’_lu. We will therefore turn to the verification of the regularity properties needed.
If :f € L2L2, Proposition 4.1 and the temporal part of Lemma 4.6 imply the right regularity
for d;u on (f1,t,) x H. Since we can always fit yet another open interval in between (t;,f,) and
(?1, ty), osu really becomes a o-solution on [?1, ty) x H. An iteration of this argument in the time
direction is obviously possible if we adjust the interval in any step and assume 9’ f € L2L2 for
anyi < k.

The proof in tangential directions works exactly the same way, this time using Proposition 4.3 and
the spatial part of 4.6. As before we can iterate this to see that E)gu is a o-solution on [f1, ;) x H
whenever 85}’ f € L?L2 for any Bi < aj.

Let us now consider the x,-direction. By the second derivative estimate from 4.3 we directly see

that o, u already has the right regularity itself. Moreover, with f € L?L2 and V/f € L2L2 we
have by Corollary 4.7 that

[ oaf+ sl dc< [ agsi de+ [ sl ac

(F.t2) (f1.t2) (F1.t2)

IV + @G+ X[ (et e

This means that if in addition oy, f € L*L? 4o then oy, f 4+ Alu € 1212 o with respect to the
smaller time interval, and hence 9y, u is a (1 + ¢)-solution to this right hand side on [t;, t,) x H
that satisfies the inequalities 4.1 and 4.3 for the temporal and the tangential derivatives, meaning

that

2 2 ’
/ ||Vt,xaxy,uHL%+” d£+ / HDxaxnu L§+U dﬁ
(F.t2) (tut2)
< ||anxn”(?l)Hi§” + / |0, f + A;uHigw L
(?1/t2)

S |5 + [Vl + INdsu@lly, + X [ 95 | dc
0<lyI<1 !
(t1,t2)

where in the second inequality we used (*) again.
But under the assumptions in place, also V/u is a o-solution to V} f by the first part of this proof,
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so if in addition the condition V, VY f € L?L2 holds we can apply Corollary 4.7 onto V;u and V. f
and consequently () onto dy, V, f + A, V/u and learn that

[ 19 f+ M|, ac

(F1.t2)
A AT [P AT S S B 1A
O<|'y|<l~

(t1t2)

Imposing the requirement V/o,, f € L?L?,  on top, this shows V}(dx, f + ALu) € L2L3, . Itis

thus possible to apply Corollary 4.7 on the (1 + )-solution 0y, u to 9y, f + Aju itself. We gain

[ 450,

(?1,t2)

G, 4L S [ Vidnu(@)z, + | Vedxu(®)7s

+ / [0, f + Byl aL+ / V0w f + Ba0) |72 dc
(F1.t2) (B1.t2)

S L vl o+ Y [weiud)];

0<]y|<1 0<|vy|<1 Yn+1+0
+ Z / |aﬁrf||L2 d»c—i- Z / |8’Yv fHLZ il
O<|7|§1(? t2) 0<"Y‘<1 K Tnto
and hence
. ) )
[ [o2f+moal’, acs ¥ |won@E + ¥ Vo]
(1 t2) 2o 0<l7I<1 ™ o<l< 2 it
Py /Hazfniz ar.
0<|y|<2 Tnte

GE2))

This allows us the performance of an induction on &, > 1 to prove that 05" u is an (a,, + ¢)-solution
to 3% f + ay ALY tuif ) f € [*L3 ., forany 0 < |y| < ay. Consequently, the estimates 4.1
and 4.3 hold accordingly. By the inductive result of the calculations above these estimates get the
form

ac

2
L2+an +0 (H)

/ IVoadiulfa ) L+ / HD,%azgu
(?Ltz) (?l/tz)
2
S T 1, e+ S5

1+ap+0o
OSMSIX"(E&)

SR DR A2 C] e

1
OS"}"Stxn—l +rn +17

(H)

wt L IVeku®)]

0<|y|<an—1 o (H

Applying this vertical result on the o-solution a’;aggiu then yields the complete statement. L
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5 The Intrinsic Metric

Distance functions that are naturally attached to linear differential expressions have proved to
be extremely useful and powerful. For a self-adjoint second order equation, [FP83] used the
principal symbol to generate balls that govern the behaviour of the solutions. The same definition
was brought forth by [SC84], and applied in the special case of a sum of squares satisfying the
Hormander condition, which means that the equation is subelliptic, see [H567] and [Ego75]. In
this same situation, a suitable metric was constructed by [NSW85] in a different way, but resulting
in the same notion.

And indeed are we given a spatial differential expression

LU':(')HAX+(1+O-)BXW

that is not only self-adjoint, but has also a connection to subelliptic operators: By a coordinate
transformation

Xn — Xy =: 5571

it is transformed into

~ 1 1+ 1\ . _
Rt g+ (57 3) Ot
a subelliptic sum of squares of (7),185;]., j=1,...,n—1and 9%,.
Following [Koc99] from here on, for any x € H we consider the principal symbol p(x, &) = x;, |&|?
that induces the bilinear form

(C18)y=x"(-0)

on the tangent space at x. Its scaling behaviour is described by (AZ [AL),, = A(C|T),.
Obviously, this is not only an inner product on the whole tangent space, but also a Riemannian
metric, giving us the ability to measure the length of curvesI' : R D [a,b] — H by

()= [ \(0T(e) 13T (e) ) 4L(c).
(a,)

Therefore, the Carnot-Caratheodory-metric
d(x,y) =inf {L(T) | T joins x and y}

turns H into a metric space with a finite intrinsic distance function induced by the spatial part of
our differential expression.
In order to get to know the metric d better, we consider the minimisation problem for the energy

e(r) = [ (T(e) 19:T(6) )rg) L)
(a,)
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on an at first arbitrary, but fixed interval (4, b). By the Cauchy-Schwarz inequality it is immediately
clear that £(I')2 < 2 (b — a) &(T) with equality if and only if (9.I'(¢) | 9.T'(c) )r@ =1on (a,b).
In this equality case of curves that are parametrised by arc length, or traversed with constant
speed, a curve that minimises € over (a,b) is a curve that minimises £ over (a,b) and vice versa.
For fixed x, y € H assume now that I : [a,b] — H is a curve that indeed realises the infimum over
the length of all curves joining x and y — that is a distance minimising curve, also called geodesic —
and is parametrised by arclength. Then I'(a) = x, I'(b) = y and over (a, b) the curve satisfies

1=T," (T -9.I) =T, oI
as well as the Euler-Lagrange equations for the energy:

0=209(T,'9.T;) +T,% (9T - o.T) &
=20, (T, 1 oT;) + T, 6j foranyj=1,...,n.
It follows that I',; 1 agr]- is constant for j = 1,...,n — 1, a fact that can be used to reduce the unit
speed equation to an equation for I'; only, which in turn makes a simplification of the the n-th

Euler-Lagrange equation possible. After integrating the first n — 1 Euler-Lagrange equations in
time it becomes evident that for all ¢ € [a, b] the curve I satisfies the equations

(agrn(g))z =Tu(g) — c? F%(Q)
rj(g)zxﬂ—cj/l"ndﬁ forj=1,...,n—-1
(a,6)

1
9Tn(c) = 5 — Tu(c)

n—1 2
for constants ¢; € R and withc:= | ¥ C]2
=1

If x and y are vertically aligned, that is for y = (x',y,), then¢; = 0 forany j = 1,...n — 1 and
hence ¢ = 0. In this case ['; = x; are constant on [a,b] for j = 1,...,n — 1, meaning that the
geodesic is indeed a vertical line. Because of the ordinary differential equations for I';, it is clear
that for any ¢ € [a,b] we have

Tu(g) = %(g - 9)?

fora® € R.

On the other hand, if x and y are not vertically aligned, then at least one ¢; does not vanish and
thus ¢ > 0. Again solving the ordinary differential equations for I';, and using the result in the
equations for I'; we obtain for any ¢ € [a, b] that

l“j(g) =xj+ 2% (g —a-+ % (sin(c(a—19)) —sin(c (g — 19))))

Ta(6) = 505 (1= cos (e (e~ 9)))

for a ¢ € R. Thus arc-length parametrised geodesics are cycloid curves. Compare also [DH98] for
a treatment of the issue in two dimensions.

Conversely, it is clear that a curve I' in H given by one of the two mapping prescriptions above is
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parametrised by arc length and satisfies the Euler-Lagrange equations for the energy regardless
of the interval (a, b). Therefore, for fixed a and b it realises the miminal length in going from I'(a)
to I'(b) among all curves over (a,b). By a suitable choice of 4 and b and the parameters ¢ and (if
neccessary) ¢, any points x,y € H can be joined by a curve of this kind. Among these choices, the
one that belongs to the setting that minimises the length b — a is then a geodesic between x and y.
But this allows us to expand our definition of the metric onto H. For ¢ = a we have I';(a) = 0
both if x and y are vertically aligned and if not. On the other hand, if ¢ is chosen so that
['(a) = x, it is always possible to find b and ¢; such that I'(b) = 0, so y with y, = 0 can also
be reached. If x,, and y, vanish, that is if x and y are situated on the boundary of H, then the
points are not vertically aligned unless they coincide. In any case we can then define d(x, y) as
the minimal value of b — a such that T : [a,b] — H is of the type presented above and joins x and y.

A weighted bound of the gradient of a continuously differentiable function now ensures that this
function is Lipschitz with respect to d.

5.1 Proposition Let ¥ : H — R be continuous with ¥ € C'(H) and C > 0.
If /2 [Ve¥ (x)| < Cforany x € H, then |¥(x) — ¥ (y)| < Cd(x,y) forall ,x, y € H.

Proof: Fix x, y € Hand letT : [a,b] — H be the arc-length parametrised geodesic connecting
them. Then the chain rule and the fundamental theorem of calculus show that

¥(x) ~ ¥ = | [ VT 0T (e) dL(c)
)
<=0 swp {rie)v(r(e)1} sup {er(eiry o)}

With the assumption in the first supremum and the unit speed property of I in the second one,
we get

[¥(x) =¥ (y)| <C(b—a)=Cd(xy)

and therefore the Lipschitz property on H. By a limiting procedure this can be extended onto H
thanks to the continuity of d(-,y) and ¥ on H. n

We now turn to to a precise description of the intrinsic metric. If x and y are vertically aligned, we
can calculate b — a explicitely. In case the points are horizontally aligned, at least an inequality can
be proven, and in the special subcase that both x and y are on the boundary, a precise expression
for d can be obtained again. Here we use the notation d* for the euclidean metric regardless of

the dimension.

5.2 Proposition Letx, y € H.

(i) If y' = x' then
d(x,y) = 2|V/xn — /ynl.
(ii) If yn = xp, then

d(x,y) < x;% ac(x,y).
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(iii) If x, = yn = O then

d(x,y) =24/ md®(x,y).

Proof: Firstassume y = (x',y,) with y, < x,,. We then consider T : [a,b] — H givenby T; = x;

forj=1,...,n—1and Tx(g) = % (¢ — 9)?, where ® = a+2/x,. Then I'(a) = x is obviously
true, and for I'(b) = y we only need to have

1
yn =Tn(b) = 1 (b—a—2x,)>
But this is the case if

b=09—2/Fu=a+2/xn —2/Vn

which is bigger than a since x,, > y,, but at the same time the smallest possible b that we can get
within this setting. Thus I - together with the interval [a, ] — is a length minimising curve joining
x and y and we have

dx,y) =b—a=2/x,—2\/yx.
For y, > x, we choose ¢ = a — 2,/x,, and then get
b=04+2\/yn=a+2\/yn —2/xy >0
and hence

dxy) =b—a =2~ 2VE

as desired.
We turn to the horizontally aligned cases and denote the curve that traverses the line between x
and y parametrised over the interval (0, 1) by T Its length is given by

1 P -3
o) =t [ \aT ol ar = fa(xy)

01)

By definition, this is an upper bound of d(x, ).
Let now x, = y, = 0. This time the curve is of the form T : [a,b] — H,

Ti(g) =xj+ 2% (g —a+ % (sin(c(a—19)) —sin(c (¢ — 19))))
€)= 55 (1— cos e (¢~ 9))

with & = a. Then again we have I'(a) = x. To obtain I';(b) = 0 we therefore need the smallest
b > a in a way that it satisfies

0= 21? (1 —cos(c(b—a))).
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Then obviously b = a + ZT” is the point we are looking for, so

dix,y)=b—a= 277[

To determine the value of ¢ we consider the tangential components

yi=T;() = x;+ % <b —a+ % (sin(c(a—a)) —sin(c(b— a))))
:xj+%(2n+(sin(0)) ~sin(270)))) :xj+%.

Thus for the n — 1-dimensional euclidean distance between x" and i’ we get

2 2 _ T
!
Ly R = Y (g =
j=1
But then it follows that ¢ = , /Wn’y’) and the statement is proven. L]

We can make use of the formulas for the special cases from Proposition 5.2 to deduce estimates
that hold on all of H, starting with estimates from above.

53 Lemma Letx, y € H. We then have:
(i) d(x,y) <2 (VEn + T+ V/Ad@ =),
(ii) d(x,y) < 2|/Fn — \JYn| + —2 )
= max{\/xT,,\/yT,}

Proof: By the triangle inequality we have

d(x,y) < d(x,(x',0)) +d((x,0), (y',0)) +d((y,0),y)

as well as
d(x,y) <d(x, (x',yn)) +d((x',yn), y)
and
d(x,y) <d(x, (v, xn)) +d((y', xn),y)-
The application of the appropriate parts of Proposition 5.2 yields the desired estimates. ]

For similar estimates from below we have to take the geodesic into consideration again.

54Lemma Letx, y € H,T : [a,b] — H be the arc-length parametrised geodesic that joins them and

[rmax .— max T, (g). We then have:
cela,

(i) d(x,y) = L.

(i) d(x,y) > 2 (VT — min { T, 7 }).
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Proof: By definition it is clear that
ﬂxw>4;L—/,MFaId£
rJ) = Tmax ¢t Y% :
"G

The integral equals the euclidean length of I' and is therefore not smaller than the euclidean
distance between the points x and y joined by I'.

Let now z = (2/, I"**) be the point in the image of ' where I'** is realised for the first time. We
denote the part of T that joins x with z by I'; and let I be the line connecting x and (x/, T7*). We
then have

d(x,y) = £(T) = £(1) = £(T) =d(x, (x', T;"™))

since the line is indeed the geodesic for vertically aligned points. The same calculation can be
done with (y/, I'"**). Using Proposition 5.2 we thus get

d(x,y) > max {2 (\/W_ m) 2 (W— \/]/7)}
and the claimed estimate follows. .

From the second estimate of Lemma 5.4 we can conclude that the distance of a point from a given
horizontal level set is realised by the vertical projection of this point onto the level set {x, = C}.

5.5 Proposition Let C > 0and xo € H.
We have

d(xo, {xn = C}) = d(xo, (xq, C)) = 2|/Xo,n — Cl.

Proof: For x(, = C the claim is obvious, so we consider only x(, # C. Because of Proposition
5.2 we know that

d(xo, {xn = C}) < d(x0, (x{,C)) = 2|\/x0.n — VC|.

Now let xg,, > C. For any y € {x, = C} such that the arc-length parametrised geodesic I :
[a,b] — H connecting y with x; has maximal x,-value I'** > x ,, Lemma 5.4 shows that

d(xo,y) >2 <\/W w/min{xo,n,yn}> >2 (\/m— \FC) .

Therefore, the distance realising point v, can not be among those y, and the arc-length parametrised
geodesic T, : [a., b.] — H between xg and v, does not go above xq, in the x,-direction. Since
Ty n(as) = xoy, it follows I = xq ,. By Lemma 5.4 again we then see that

o, (3 = 1) 22 (2 = i 0,92} ) =2 (VEam = VE)

which is exactly the distance of the vertically projected point in {x, = C} from x.
If we have xp,, < C for a C > 0, the same argument shows that the minimising point y, in this
case can not be element of {y € {x, = C} | '™ < C}. The equality follows as before. L]

By means of Lemmas 5.3 and 5.4 we obtain an equivalent quasi-metric for d on all of H.
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5.6 Theorem Forall x, y € H we have

1d( ) deu(_x y) )
T VA Yn /A (x,y)

with ¢z := 12.

Proof: Fix arbitrary x, y € H. Because of Lemma 5.3 we have

d(x,y) gz<m+ mm/ﬂ/W—y))

and

|0 — yu| +d(x',y)
dlx,y) <2 P
o) VI
1

where we used d®(x,y') < d**(x,y) in the first inequality, and max {a,b} > 5 (a4 b) in the
second. Still working in the second estimate, we can apply the inequality v/a + vb < v2va +b
for any positive a and b to get

d*(x,y)
d(x,y )<2\f\ﬁ+\/y7

Now in case of \/d®(x,y) > \/Xn + \/Yn, the first estimate implies

A y) <2(1+ V) Jd(x,y) = 21+ V/7) M

In view of the second estimate we adjust the denominator and get

dey) <404V jeuixj;+ﬁ

in this case, while in the opposite case of \/d®*(x,y) < /X + \/¥n the denominator of the other
estimate can be brought into the same shape to yield

" (x,y)
d(x,y) <4f\/a+\/y7+ ek

Since

V2<14+V2<14+<3

the definition of c; is justified and the left hand part of the statement follows.

Naturally, for the proof of the right hand side of the statement we use the lower estimates of the
metric from Lemma 5.4. In view of these estimates and the result of the first part, we distinguish
the cases /T7™ < /X, + \/Yn + /d°(x,y) and /T > /X, + /i + /d?(x, y) where T}/
is again the highest x,-value of the arc-length parametrised geodesic joining x and y. In the first
case, the first part of Lemma 5.4 immediately delivers the statement, whereas in the second case
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we use the second part of Lemma 5.4 and the fact that min {a,b} < a4+ b to get

(x,y) 2 2T = (VX + VYu) 2/ d(x,y)
_ () & (x, )
VA (xy) T VAT Y) + T T

as desired. ]

5.7 Remark It is sometimes convenient to consider the quasi-metric

d(x,y)
(X2 +y3 +du(x,y)?)

d(x,y) =

e

instead. Then we have

td(x,y) <d(x,y) < 4d(x,y)
forany x, y € H.

In the following, all balls B, (xg) are understood with respect to the intrinsic metric d. The relation
between intrinsic and euclidean geometry, represented by the metric balls, is described in the next
result.

5.8 Proposition Let xg € Hand r > 0.
Then we have

HO B, (x0) < Br(xo) C B

rlr+/For) r+2ag) (%0)

Proof: Lety € B,(xg). Theorem 5.6 implies that

#4(30,) < d(0,9) (VAT -+ VG0 ) ) <7 (Va4 VIR + 3 02+ )
where we also used Young's inequality. It follows that
28 5Y) < 7 (Fom+ V) + 5
But for y € Br(x), thanks to Proposition 5.5 and Proposition 5.2 we furthermore have that

r>d(xo,y) = d(xo, (x0,¥n)) = 2|v/Xon = v/Yul-

If y, > xp,,, this means that

1
VYn < /Xon+ 5 r
and this estimate is also trivially true for y, < x(,. So we have
1 .. 1 1,
Ed (x,y) < r(2,/x0,n+§r) tort= r(2y/Xon +7)

which proves the right inclusion.
For the left hand side we fix an x € B¥'(x() with an arbitrary R > 0. Using Theorem 5.6 again we
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get

de (xo,y) < R

<cy4 S ——=
VX0 + /A% (x0,Y) VX0 + VR

is monotonically increasing.

d(XO/y)

a

Va+c
Now set R := c; %7 (r + /Xg). Then

. R . c;2r(r+ Xon)
d d
VXon + VR VX0 + c;l Vr?

since the function a —

<r

concluding the proof. n

Thus the topologies defined by the Carnot-Caratheodory-metric 4 and the euclidean metric 4°*

are equivalent. Intrinsic balls with a small ratio io’” , indicating that they are situated rather close

to 0H, behave like euclidean balls with squared radius, while they are similar to euclidean balls

of the same radius if —Vio” is large and the balls therefore further outside in H. In balls that stay
away far enough from dH, the vertical component of points is comparable independent of the
radius or any parameters.

5.9 Corollary Let xg € Handr > 0.
If5v < /X0, then x, < xq , for any x € B,(xp).

Proof: By the ball inclusion from Proposition 5.8 it is clear that

By(xo) C By, (x0).
2540,n

Therefore, for any x € B,(x() we get that

22
|x0,n - xn| < deu(xO/ X) < 75 X0,n-

If x9,, > x5 this means that we also have x;, > 23—5 xo,n, Whereas for xg, < x, we additionally get
Xp < %XO/H. u

We now turn to the interplay between the intrinsic metric d and the naturally arising measure .

5.10 Proposition Leto > —1,xg € Hand r > 0.
Then we have

B, (x0) e e ™ (r + /Xo0)" T

Proof: Note first that by the inclusions from Proposition 5.8 we can easily compute an approxi-
mate value for the case o = 0, since of course the Lebesgue measure of euclidean balls is known.
Therefore we get

|Br(x0)| ~n " (r + \/Xo,n)"-

In case the ball in consideration stays far away from the boundary, that is for r < %, /X0,n, this
comment together with Corollary 5.9 implies

|Br (x0)lo = / Vi dL"(y) = x5 1B (x0)| o v/Xo ™ 1" (4 /Ko

By (xo)

63



64

5 The Intrinsic Metric

If ¢ > 0, then it is always true that \/Xg,>" < (,/Xo, +r)?’, and in the case away from the
boundary we also have \/%g,>" > 2727 (,/Xg, +1)%.

Conversly, if —1 < ¢ < 0, then /%p,*" < 272 (,/Xg, + r)% since we are away from the
boundary, and /Xg,, % > (/X0 + r)% regardless of the position of the ball. For balls far away
from the boundary we therefore get the statement with constants depending on n and o

In an abuse of notation denote now the part of the cube centred at xy with side length 2R that lies
within the upper half plane by

Cr(xo) == {y €H| max |xo,; —yj| < R} :
Then we have

Cx (x0) C BR'(x0) C Cr(x0),

i

and thus by the ball inclusions from Proposition 5.8 we get

IC (x0)|e < [Br(x0)]e < |C2r(r+2\/m)<x0>|0-

c{;zrf%r(r+1 /Xon)
Similar as in Proposition 2.1 we compute |Cr(xp)|s. If X9, > R, then

(ZR)nfl

Crxo)le = @R)"™ [ afdL(n) = 2

(XO,VI _RIXO,VI +R)

((xo,n + R)lJrU - (xO,n - R)lJrU) ’

and if xp , < R, then

(2R)"!

1+0
1 + o (xo,n + R) °

CrGx)le = R [ xdL(x) =
(OIXO/VIJ’_R)

Back to the main line of argument, we consider the case where /Xy, < 5r. In this case we have
By(x) C Cys2(x0) with 2572 > x ,. Hence the second formula for the measure of the cube can
be applied with R = 2512 to arrive at

B (x0)lo Sner 1272 (w00 + 1) < 272 (o + 1)

But it is obvious that (r + /%o ,)?> < 6%72 in the case we are in, and 7" < (r + ,/Xp,)" always
holds. For /Xy, < 5r we have thus seen that

|Br (XO) ‘0’ Sn,n " (\/ Xo,n + r)n+2(7.

For the estimate from below we divide the remaining case ,/xg, < 57 into two subcases. Consider

. . _1 .
first the situation very close to the boundary, that is suppose |/xp, < n 4 c, Ly, Ttis always true
that

Br(x0) D C (x0)-

1
-2 —5.2
c;n 2r

1
2n~2 12 > xy, and we can use the

2

In our case, for half of the side length of this cube we have ¢

. I . o 1
second formula for the measure of the cube again, this time with R = ¢ ?n~ 2 r%. Therefore we
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get

|Br(x0)|0 Zn,(r r2n72 (xO,n + ’,2)1+(7 ZU r2n72< TO,n + r)2+217 > an ( T(),n + 1’)20.

Using that in the case in consideration we have

" >27" (r+ n% ca/Xon)" =27 (r+ /xon)"

finishes this part.
It remains to prove the estimate from below in case we have n=i cd_1 r < /%o, < 5r. Independent
of the location of the ball we always have

B, (Xo) D) chzn_%r\/m(xo),

. . . o 1 1 .
and in our case in addition c; 2n2r, /Yon < ¢ Tp—1 X0 by the left hand side bound on /Xq ;.

. 1 . .
Sincen™ 4 ¢, 1 < 1 this means that we can use the first formula for the measure of the cube to see
that

— 2 _1 2 _1
1B, (20)lo Zno " y/Fon" ™ (o + ez n 2 1 y/Fom) 10— (30, — g n 2 1 y/Fo)170).

By the right hand side bound on ,/X(, given in this case we find r /Xy, > x%’", and since
1+ o > 0 we can use this in both summands to get

1 1
B.(x > rnfl T n71x1+a 1+ 140 _ 1— 1+0 .
|Br( 0)|a ~n,o VA0 0,n ( 5c§\/ﬁ) ( 502\/ﬁ)

The term in parenthesis, however, is nothing but a positive constant depending on n and ¢ and
we are left with

rnfl \/mn+1+20 ,zn o \/anrZa Zn,(r o (7,_'_ \/m)n+2¢r

after using the left hand side bound on /X, if n + 20 > 0 and the right hand side bound on
VXonifn+20 <0. [

5.11 Remark By means of the formula from Proposition 5.10 we can not only expand the region where
the y,-measure of the ball is approximately given by the Lebesgue measure multiplied by the vertical
component of the centre point — although paying for the improvement by additional dependencies on n and
o — but also use the same arqument to show that far away from dH, where xq, ~ Xy for any x € B,(xo),
the measure of balls is independent of the centre point:

(i) Let 6 > 0 (and possibly small). If §r < \/X¢ 51, then
|Br(x0)lo ~n05 %G, |Br(x0)
(i) If5r < /X0, then

|Br(x0) o =ne |Br(x)|o

for any x € Br(xo).
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As a consequence we can quantify the amount the ball measure grows when dilating or shrinking
the radius.

5.12 Proposition Leto > —1,xg € Hand r > 0.

(i) Ifn+20 >0, then

k24271 B,(x0)|, for any k > 1
|BKr(xO)|U' gn,o_ ‘ r( )|0'f yK =z

k" |By(x0) o forany 0 < x < 1.
(ii) Ifn 420 <0, then

«" | By (x0) o for any x > 1
k2" 29| B, (x0)|o forany 0 < x < 1.

|BKr(xO) |¢7 ,Sn,a {

Proof: Let firstn 420 > 0. If x > 1, Proposition 5.10 extends to

|B;cr(x0)|¢7 Sn,ﬁ (K r)n Kn+2(7( TO/” + r)n+2(7 S K2n+20 |Br(x0)|g‘

If x < 1, on the other hand, we get

|Ber (x0) |0 Sner (7)™ (/%o + )27 S0 k" | Br(x0)| o

as stated.
For n + 20 < 0 the same arguments are interchanged, leading to the switch of cases in the
statement. u

5.13 Remark Note that the case n + 20 < 0 can only occur for n = 1.

In terms of the general theory, in any of the two possible cases the implication of Proposition 5.12
is a reformulation of the doubling condition A.13. It therefore holds whenever o > —1.
Conversely, for o < —1 the measure of balls containing 0 is not finite any more, so 4, can not be
locally finite. For reference we formulate these facts in the following corollary.

5.14 Corollary y, is a locally finite doubling measure with respect to d on H if and only if ¢ > —1.

Since ji; is even a Radon measure (compare Chapter 2), this means that (H, d, j) is a space of
homogeneous type as defined in A.14.

In this general context it also makes sense to ask which weight functions are in the p-Muckenhoupt
class A, (H, d, jiy) given by Definition A.23.

5.15 Proposition Letc > —1land1 < p < oco. We then have:

() 7€ Ap(H, d, o) ifand only if —1<p <p(c+1)—1.
Proof: Let (- ), © € Ap(H,d, is). The general theory then asserts that

()5 “dpe = (- )hdL"
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is doubling on H with respect to d, see Proposition A.25. Corollary 5.14 shows that weighted
measures are locally finite and doubling with respect to d if and only if their exponent is bigger
than —1, so p > —1 follows.

Now by Proposition A.26 we know that (- ) 7 € Ap(H,d, us) is equivalent to

o

()" eA

-

pl (H/d/ VU')

The same arguments as before then imply that

is doubling and locally finite, hence equivalently

_p;(7+a>_1
p—1

which in turn is equivalent to

p<p(l+o)—-1

p—0

-1+
Conversely, if the condition on p holds both (- )h d£" and (- ), " 7 4L are locally finite and
doubling, and especially the measure of any ball is finite. More precisely, with Proposition 5.10
we get for an arbitrary ball B, (x() that
p—1

p—0

Br(xo)let [ o) | 1B(xo)let [ " do(x)
Br(x0) Br(xo)

p—1
= 18, G) e Bkl (1B (xo)ls |Br o) ee ) e 1

-

regardless of xq and r. Therefore the Muckenhoupt condition for ( - ), is satisfied. ]

5.16 Remark Up to this point we only dealt with the geometry of —L,, the elliptic, second order spatial
part of our linear differential expression. To incorporate the temporal part d; on an interval I C R we
proceed as in [FSC86] and define a metric

D((t,x), (s,y)) := /|t = s| +d(x,y)?
on I x H. We get that (I x H,D, L X ug) is a space of homogeneous type and that

()37 € Ap(Ix H,D, L x ig) ifand only if —1<p < p(o+1) - 1.

For later use we now investigate the behaviour of the measure of a ball when we replace the
centre point. As a direct consequence of Proposition 5.12 it turns out that the exchange causes a
loss that we can describe quite precisely.

67



68

5 The Intrinsic Metric

5.17 Proposition Let o > —1, xp, yo € Hand r > 0.
(i) Ifn4+20 >0, then

) ) (2n+20’)‘9|

d(xp,
B (x0) 18 Snep (1 + %

|Br(y0)|g
forany 0 € R.

(ii) Ifn+20 <0, then

d(xo, 10|
B:(50) 1 S (14 22 ) g5 )12

forany 0 € R.

Proof: We use the triangle inequality to see that B,(x0) C B, 4(x,,) (Vo). With Proposition 5.12
we then get

d , 2n+20
Brxole Sur (14 72240) T ),

if n 4+ 20 > 0, and the same expression with exponent n instead of 2n + 2 ¢ if n +20 < 0. This
proves the statement for 6 > 0.

However, note that the expression is symmetric with respect to xy and y. That means that for
f > 0 we also get

d(xo, (2n+20)0
B:50) 1 S (147220 ) T B )l

if n +20 > 0, which in turns can be regrouped to

(2n+20)0
) B )l

|&umﬁsmﬂ@+

again with the obvious adjustments for the case n + 20 < 0. L]

5.18 Remark The special form of the formula for the measure of balls from Proposition 5.10 allows us
to use Proposition 5.17 to exchange x, by y, in any expression (r + \/x,)?, @ € R at the expense of the
same factor as before. To see this write

0
it s, \Br(x)|% r?

(r+ V)’ = ((r + V)" 1)

and use Proposition 5.17 for o = 0 with § = %. We then obtain

16|
u+¢mﬁsw(1+”””f (r+ Vi)

r

forany 6 € R.



6 Local Estimates

We first aim at a spatial localisation of the energy estimates in terms of the intrinsic metric. At
the same time we also localise in time. Clearly, the metric depends on the relative position of
points with respect to 0H, and thus there will be different treatments near and far away from the
boundary of H. However, we start with a proposition that does not depend on the point of the
localisation or the metric at all. For a function u given on a subset of R x H, the extension by zero
onto R x H is denoted by the same symbol u.

6.1 Proposition Let ¢ > —1, I = (t1,t2) C R be an open interval, Q C H relatively open and
f € L?(I; L2(QY)). Further let 5 € CX(I x Q).
Ifuis a o-solution to f on I x Q), then qu is a o-solution tony f + oy u — Loyt —2 (- ) Vo] - Vit on
T x H with initial value g = 0, and on T we have

((8) F(£) = Lon(t) u(t) = 2 (- ) Ve (£) - Vere(t) | (£ u(t) ) 2
<70 FO g2+ () u® 5 + 1 Ven® w2, o

forany r > 0.

Proof: For an arbitrary test function ¢ € C®('T x H) we compute

= [nudgdcxp)+ [ Valqu) - Gepd(£x o)
IxH IxH

=—/u8t(nfp)d(£Xﬂa)+ /qun-Vx¢d(£xu1+a)+ /uqvamd(ﬁxua>
IxH IxH IxH

- / @ Van - Ve d(L X pi4q) + /qu'Vx(W @) d(L X H140)-
IxH IxH

Using that u is a o-solution to f with test function 17 ¢ € C°(I x Q) then shows

—/vuatfpd(ﬁxuaH /Vx(w)Vx(Pd(ﬁqu):

IxH IxH
= /watvd(ﬁxuaH /quv-ngvd(ﬁww)— /(pva'qud(ﬁme)
IxH IxH IxH
+ /<P’7fd(£><ﬂa)-
IxH

In a spatial integration by parts in the second term all the boundary terms vanish: although at
x, = 0 both ¢ and 7 can have values, x;7 = 0 holds there. We hence have that 7 u is a o-solution
on T x H to the inhomogeneity stated and with vanishing initial values.
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Now we use another spatial integration by parts to see that
2 [ ()N Vaau(t) - Gon(8) (1) u(t) dL”
H
=2 [ Loy (6) (e u(t)? o +2 [ ()37 Vi (1) Pu(t)? d”
H

+2 [ ()5 an(t) - Vg (5 n(8) (1) aL”

and therefore

<20 () Vg (8) - Ve (£) [ 7(8) ut) ) 123
= (Lon()) u(t) | 1(5) u(t) )y + 1 Ven () u(®)% -

For the estimate stated we use Holder’s inequality on (77(¢) f(t) | 7(t) u(t) )2 (1) and multiply
the result by 1 = r2 r~2 before using Young’s inequality. m

We now specify the way in which we localise precisely. Reflecting the behaviour of the metric,
the localisation will be chosen differently in a small spatial ball centred at (0/,1) =: T than in one
centred at 0.

We also shift our paradigm concerning the time interval. Instead of defining it by means of its
two end points, we will rather characterise it by its length 7> and the situation of a special point
so- We use the abbreviation I, ¢(sg) := (so + €72,50 +7?) for r > 0 and ¢ € [0,1), dropping the
second index if e = 0.

6.2 Lemma Letsy € R, e € [0,1)and é; € (0,1].
(i) Ifr <1, then for any ey € (e1,1) and any 5, € (0, é 01) there exists
n € C( Fr/sl(so) x Bélr(i))
with
n="1o0n1(so) % E;Z,(T)
and
|8’t‘8§17| Sikuer,e0,01,00 r*Zk*‘“lfor any k € Ng and « € INjj.
(ii) Forany e; € (e1,1) and any &, € (0, ﬁcd 1) there exists
1€ CZ(I1,e,(s0) x Bs, (0))
with
1 =1on1Iy(so) x Bs,(0)

and

k
|0t 957 | Snkaerendr,, 1foranyk € Noand a € INg.
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Proof: For g1 € [0,1) consider the interval (sg + &1 72,50 + (1 + €2) ?) with e; € (e1,1). It is then
clear that for any such ¢, the set [so + € 2,50 + rz} is contained in this first interval and hence
there exists a cut-off function

€ CP((so+e17%,s0+ (1+¢1)77))
with
it =1on I, (so)
and
0517t Skeye, ¥ for any k € No.
This holds for any > 0.

In the spatial direction we first look at the case near 1 for r < 1. Given a é; € (0,1], the ball
inclusions from Proposition 5.8 indicate that in this case we have

Bélr(T) D Bi;ﬁzélr(f) and Bng(T) C Bgf)fzr(f) for any d, > 0.
Therefore, if 6, < 6175 01, we have that Egﬁzr(i) C Bg:_‘z Jlr(T) and hence get a cut-off function
e € C& (Bﬁ;z,slﬁ))
with
1 =1 on Bes,, (1)
and
|0%7x| 5%(51,52 1ol for any a € INj.
Close to 0 the same reasoning applies with » = 1. Here Proposition 5.8 shows that
Bs, (0) D B?;%% (0) N H and B, (0) C ngﬁ (0) for any 6, > 0,

and we get an 7, with the same properties as above for J, < ﬁ 1.
d

Both statements now follow if we take
=T, ) HE

with the appropriate 77,, where the restriction onto H is redundant near 1 and we set r = 1 near
0. L

For a o-solution u that is localised according to Lemma 6.2 with an inhomogeneity given by

Proposition 6.1, we can now apply the global energy estimates to arrive at their local version.

They are only valid on spatial sets that are small enough compared to the set B; ,(x) we start
from, where §; € (0, 1]. More precisely, we assert that there exists a small &y € (0,47 ), such that
for any d, € (0, dp) the estimate holds on Bj,,(x). We express this by simply saying that it holds
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for any d, € (0, 1) small enough.
6.3 Proposition Letsy € R, e € [0,1) and 6; € (0,1].

(i) Ifr <1, f € L2(I,,¢, (s0); L2(Bs,»(1))) and u is a o-solution to f on I, e, (so) x Bs,, (1), then for
any e, € (e1,1) and any 5, € (0,01) small enough we have

2
2 -2 2 2
/ l9eullta 5, , iy 4L +7 / IVeullLa sy, 1) 4+ / HD’Cu 13,4 (Bsyy (1)) ar
Ir,ez (50) I, € (50) IV,ﬁz (SO)
Sn,a,sl,ez,él,éz 774 / ||u||i§(B§1r(T)) arc+ / ||f‘|i%(3é1r(i)> dL.
I, (s0) Ir,e; (s0)

(ii) If f € L?(Ih,¢,(50); L3(Bs,(0))) and u is a o-solution to f on Iy ¢, (so) x By, (0), then for any
e € (e1,1) and any 5, € (0, 61) small enough we have

. g 2
2 2 2
TR Sy B AR S N o PR
B, ¢, (s0) I, (S0) 1, (50)
2 2
Snoaerins | 1Bz, o) £+ [ I, o) 45
I, (s0) h,¢, (s0)

Proof: We first concentrate on the case near 1 and consider r < 1. Let # be a cut-off function as in
Lemma 6.2. Proposition 6.1 then tells us that # u is a o-solution to # f 4+ 9sy u — Loty u — 2x, Viy -
Vit on rIgl,r(so) with initial value 0, where the prerequisits on f and the properties of # ensure
that the inhomogeneity is in

L2 (e, (s0); L3 (B, (1)) ML (I, (s0); L (g (1))

We can hence apply the estimate from Remark 3.6, following from the global energy identity, onto
1 u. Together with the estimate from Proposition 6.1 this yields

/ IV )72, sy AL 77 / 17 f T2y 4L +772 / 7 ullZa 4y 4L

Ir,sl (s0) Ir,sl (s0) Ir,el (s0)
2
AN (CTTE Py B R s
I, (s0) I, (s0)

By construction, # vanishes outside Bglr(T), while we have 17 = 1 on the smaller set

I e, (S0) X Bsyr (1) C I e, (50) X H

forany € € (e1,1) and &, € (0, 6% 1). With the bounds for the derivatives of 77 from Lemma 6.2
a

we then deduce

2 2 — 2
1%y 5, ) 9L Smevesansa” [ MWz 46+ [ Iy, ) 42

Ly, e, (s0) Ly (s0) Iy, (s0)
2 1 1

-2 2
Yy / Il s, 1)) 4L

Ir/sl (so)
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But locally near 1, lowering the weight exponent of x:t7 to xJ is possible at the expense of an
upper bound not depending on any parameters, causing the last term to blend in with the second
to last.

Now consider €1 > ¢7 and (5~1 < 41. Then u is also a o-solution to f on the smaller set I, 7 (so) X
Bs, (T) and we choose 7 as in Lemma 6.2 with respect to this other set to get a global solution in
space with zero initial values. This time we apply the global energy estimates from Proposition
4.4 and with the same reasoning as above get

2 2 2
/ ol s, 1) 4L+ / Ve, iy 4L+ / HD o
Iz, (s0) Iz, (s0) Iz, (s0) 2
SH,U,El,Ez,g],gz / ||fHL2 w dﬁ + r / HuHL[Z,(Bgly(T)) dE

I 7 (s0) Iz (s0)

—4 2 -2 2 -2
et [y, 46+ [ iy, ) 4+ [ IVl 48

2+t7 orr
L,z (s0) L,z (s0) I % (s0)

for any & € (£1,1) and any 6, that is small enough with respect to ;. Now in the fourth
summand of the right hand side we can use that r=2 < r~4 for r < 1, whereas in the third and
in the last summand we lower the weight exponents as before, this time from x277 to x§ and

x1*7, respectively. This version of the last summand can then be estimated with the result of the
f1rst considerations in this proof if only d; is small enough in relation to &;. Adjusting the sets
appropriately we then gain the estimate

2 2
/ ||af”||L%(BJ @y £+ / ”V"”HL2 5,(D) al + / HD 13, (Bs, (1)) ar
Ir,Ez (50) Ir & (50) Ir & (50)
—4 2
S e 205 / £ 225, ciyy 3£+ / el sy , 1y £

Ir,s] (s0) Ir,el (s0)

forany &, € (e1,1) and d, € (0,4;) small enough, that is precisely for any &, € (0, 3 6 %oc 51).

But near 1, according to Corollary 5.9 we can not only decrease weights, but also increase them
without loosing more than a constant factor in the estimates. Thus the first result above also
delivers a bound for the time-space L2-norm of Vyu on I, z, (so) X By, , (1) that is better in terms of

the exponent of 7 than the one just proven. This shows the full statement near 1.
We now turn to the situation near 0. The very same arguments as before, with the cut-off function
1 chosen appropriately according to Lemma 6.2 and with 7 = 1, result in the estimate

> 2
/ IVullLs (5 o)) 3£+ / I19relz ey, ) 3£

I 5, (s0) Lz, (s0)
+ / IVetll22 5. (o)) 4L+ / HD2 ic
2+U(B (0))
Iz, (s0) I, & (s0)
2
St iaii / I 12e, o €+ [ Iltaqm, o) 42

Il/el (SO) Il,sl (SO)

forany &, € (e,1) and &, € (0,4;) small enough, where the exact condition on the smallness of 5,
is slightly different from the one above. Note carefully that apart from Lemma 6.2 and Proposition
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6.1 only the lowering of the weight exponent plays a role in the argument, and this can be done
also close to the origin. The absence of the different factors involving r in this case then allows
us to use the third summand on the left hand side directly as an upper bound for the first one,
giving the estimate the shape stated. n

We also need a local version of an auxiliary energy estimate to obtain a starting point for the
iteration of the local energy estimates in terms of the derivatives. In fact, close to 1 the statement
is redundant, since for any spatial second derivative, Proposition 6.3 delivers a result there that is
much stronger than the following in various respects. However, near 0 the auxiliary result gives
us control on the L2-norm with weight x}*” which otherwise we would not obtain. For a uniform
treatment we include the superfluous case nonetheless.

6.4 Lemma Letsy € R, e €[0,1)andé; € (0,1].

(i) Ifr <1, f € L2(I ¢ (s0); LZ(BW( ))) with VLf € L?(Ire,(s0); L2(Bs,,(1))), and if u is a
o-solution to f on I,e, (so) % Bs,,(1 1), then for any €5 € (eq,1) and any 6, € (0,6,) small enough
we have

A

. < -6 2 .
2, (B, (1) UL Snoerentiin T / ez s, 1)) 4L

Lre, (s0) Ir e (s0)

_ 2 2
T (N 1 A TR 4

Ir e (s0) I e (s0)

(ii) If f € L?(I, ¢, (50); L3(Bs, (0))) with V[ f € L2(I1,¢,(s0); L3(Bs,(0))), and if u is a o-solution
to f on Iy ¢, (s0) % By, (0), then for any e € (g1,1) and any 5, € (0, 61) small enough we have

2 2
A T L Sy B PR e

I, (50) L, (50)

2 2
+ / Hf||Lg(B,;l(0)) aL + / HV;J(HL%(BMO)) aL.
I, (s0) I, ¢, (s0)

Proof: In the same setting as in the proof of Proposition 6.3 we apply the spatial part of Lemma
4.6 onto the global solution # 1. This requires one tangential derivative of the inhomogeneity
given in Proposition 6.1. As a result, near 1 we get

—6 2
/ HVXV,L{HLZ Bézr(l)) dﬁ S”/Uzsl,gzrfsl/‘sz r / HuHL%,(Btglr(T)) dﬁ
Ir,sz (SU) IV,S] (SO)

~ - 2
+r—4/ el Py, 1)) AL+ / |2

_dc
13, ,(Bs, (1))

Ir,sl (50) IV,S] (50)

_ 2
12 [ U, 46+ [ I ) £

Ir,sl (50) Ir,sl (SO)

where we also lowered the weight exponents again. Thanks to the local energy estimate 6.3 the
result follows after possibly choosing J, even smaller.
Close to 0 there is no difference in the argumentation. ]
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We turn to the iterated local energy estimates. In favor of a clearer presentation we now set f = 0.

Remember also the convention 95 'u := 0 already used in the global setting.

6.5 Proposition Lefsy € R, e € [0,1) and 61 € (0,1]. Further letk € Ng and « € INE,

(i) Ifr < 1and u is a o-solution to f = 0 on I ¢, (so) X Bélr(i), then for any €5 € (e1,1) as well
as any &, € (0,81) small enough we have that 3d%u is an (a, + o)-solution to AL 'u on
Iy, e, (50) X By (1) and

| oo L Semercass 2 [l ), dc.
N3 (By,, (1)) T AR L5 (B, (1))

Ir,sz (50) Ir,sl (30)

(ii) If u is a o-solution to f = 0 on Iy ¢, (o) X Bs, (0), then for any €5 € (e1,1) and any 6, € (0,6)
small enough we have that 9%d%u is an («, + o)-solution to A% u on Iy, ¢,(50) % By, (0) and
2

k 2
/ Hataiu 12(By, (0)) dL Sn,{f,k,a,sl,sz,&l,éz / ”u”L[Zr(Bél (0)) dL.
T\P0

Il,sz (50) Il,sl (50)

Proof: As in the global Proposition 4.9 we only have to check the regularity of the derivatives to
ensure that they are solutions to the inhomogeneity stated. The reasoning here is the same at 0

and at 1, so we will not distinguish between the cases and merely write I and B in the notation.

Naturally, the balls and intervals on the left hand side of the estimates are smaller than the ones
on the right hand side in the same fashion as before, and the balls can be centred at T or at 0 in the
same way.

We start with the tangential directions. For first order derivatives it is immediately clear by the
local energy estimate 6.3 and the auxiliary estimate 6.4 that the right regularity is given on the
smaller sets for which those estimates hold. Therefore V/u is a o-solution to f = 0 there, and
both estimates can be applied to V/u. In an induction we make the sets smaller in every step by
choosing d, smaller every time. For any given &’ € ]Ng*1 we then get that Bilu is a o-solution to 0
and consequently the energy estimate holds, that is we have

/Hatag’;iu ;(B) dﬁ—l—r‘z/‘
I I

—4-2|a’ 2
Sn,a,a’,sl,sz,él,éz r la ‘/ ”uHLg,(B) dLl.
I

2

! 2 !
Vil , 4L+ [ |2, ac
I

L2(B

2
2+U(

The vertical direction is trickier. Here for a given &, € IN as an induction hypothesis we assume
that 93" is an («, + 0)-solution to V,/9y"u and we have both the estimates

o 2 -2 w 2 2% ’
J ol e+ [Vl dc+ [ D2, ac
I A f n+o
(%) 420y [ 11,112
Sn,a,an,sl,sz,él,éz r zxn/ Hu”L%,(B) L
I
and
, P —6-2 2
(o %) /||VxVx8§§zu||L%+m+U(3) AL S anere201,67 T an/ Il ey 4L
f I
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In case of the base clause «;, = 1, by the local energy estimate and a decrease of weight exponents
itis clear that dy, 1 has the regularity required for a (1 + 0)-solution. The auxiliary energy estimate
6.4 ensure that also the inhomogeneity A’ u is in the right space and satisfies

/‘!A/u||L2 Nn081,€251,52 /”uHLZ dc
I

Therefore dy,u is a (1 + 0)-solution to AL u. We can thus apply the energy estimate 6.3 onto this
solution, decrease the weight exponents once and use the local energy estimate as well as the
estimate for Alu above to get (x) for &, = 1. Similarly, for (x *) we use the auxiliary energy
estimate 6.4 on the newly found solution, lower the weight exponents and use the energy estimate
as well as the knowledge on the Laplacian of a solution, albeit this time for V;/u instead of u.
Likewise, in the inductive step a; + 1 the right regularity follows from the energy estimate and
the auxiliary estimate for a,,. More precisely, the latter implies that
I —6—2ay 2
/ HA aﬂé uHLZ (B) d‘c SYI,U’,an,ﬁ,Sz,&l,ﬁz r " / “uHL%(B) d‘c
I I

1+an+o

Then ai;“u is an (& + 1+ 0)-solution to A9 u. Applying the local energy estimate 6.3 on this
solution shows that

2 2
/Ha 9%l dc+r—2/‘vxa§;;+1 I, dﬁ+/HD§8§g+lu‘ ir
Lo +1+«7(B) : Layi140(B) I Lt an+140(B)
2
Sn L0 0,€1,€2,01,02 T / ’ aa,,+1 ar+ / HA;azZ-HM‘ ar
a +1+U'( I wn+1+0(B)

S,n,a,k,oc,el,ez,él,&z 7’7472 ant1) /Hu”L‘ZT(B) dL
I

where the weight exponents were decreased in the first summand of the right hand side before we
used the energy estimate () from the a,-th step on it, while the bound for the second summand
was already computed above.

The iterated auxiliary estimate also follows as before: first apply the non-iterated auxiliar estimate
6.4 onto the solution, then lower the weight exponents and apply the iterated energy estimate (x)
from the a;,-th step on one summand and the inequality for the Laplacian of the a,-th derivative
once for u itself and once for V/u. This finishes the induction and thus the proof in the vertical
direction.

Finally we can deal with the time direction now. Given both the tangential and the vertical
derivatives, a simple induction as in the tangential case shows that 9¥u is a o-solution to 0 and we

have
/ [oratul ’ L
1

2+U(B

AL +r /Hvxa

d£+/ HDZa

L%(B) [2(B)

—4—4k
Sn,a,k,sl,sz,él,éz r /””HL%(B) dac.
I

We can then apply first the x,-directional result, and then the other two estimates succintly on
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0k9%u and obtain

2
i dc

/ Hatafazu )
I

2
2

ko 2
Vi dtu| )

Xp+0 wn+a(B 2+4xn+a(B)

ac+r2/|
) I

4 df— 2
Snokuererdd N 2‘“‘/”””@(3) aL
I

ALt / | D2afasu
I

Knowing now that 9f9%u is a solution for any k and a we do not need the gain in derivatives any
more and can thus state the estimate in the more compact form

/ Ha’;agu
1

Then it only remains to treat the weights on the left hand side. It is here that the different cases
enter again. Close to 1 an increase of the weights is possible by Corollary 5.9. Near 0 on the other
hand, we use Hardy’s inequality 2.3 with m = a, for p = 2 onto 1 9¥0%u, where 7 is a cut-off
function near 0 in space only as constructed in Lemma 6.2. After possibly decreasing the domain
of integration once more, this leads to

/ Ha’;azu
I

2
—4k— 2
dr < o 5 k20l u ac.
Lﬁnw(B) ﬁmn,a,k,a,sl,ez,bl,éz ” HL%(B) L
I

ac

2
L3(B)

2
S L [ ke,
|,B‘:lxn1 20 +0

Sn,a,an Z Z/’ag_yﬂ altcaer’Yu
|Bl=wn 7 <P 2o

;(B) dﬁ:[an’;azu

ac

2
) dL.

B)

According to Lemma 6.2, the derivatives of 77 are bounded by a constant depending on « and 41, 6,

only. But we also have a, = |B| > Bn > 7, and can consequently lower the weight exponent
an+yn+o

X2t o xp . An application of the result with additional weights in balls centred at 0
shows that
oty u|” L < T2 AL
10 U], (B) 5,0k m,E1,£2,01,02 H”HL%,(B)
I an+yn+o I
holds there and the proposition is proven. ]

We now use the invariance of the equation under the scaling T from Remark 3.2 to gain a local
estimate in any ball B, (x). The interplay between this coordinate transformation and the intrinsic
metric is described by the following simple lemma that will also be useful later on.

6.6 Lemma Let A > 0and Ty : (£, &) — (AF,A %) := (t,x). Further let so, g € R, x9, %9 € H and
r>0,e€[0,1).
Then we have

Ta(Ir,e(fo) % Br(%0)) C I /5, (M) < B2 /1, (A%0),

TA(Ir,g(EO) X Br(f())) > I\F)\r,e()\fo) X BL\f)\r()\ﬁO)r

2
4cd
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and

Ty (I,e(s0) x By(x0)) C L) % B@ﬁ(xxo),
Ty ' (Ir,e(s0) X Br(x0)) D L

Proof: Due to Proposition 5.8 we know that

1 1 1
— By(xg) C B - —x3) C B C(=xq).
A r(x0) Zﬁ(ﬁﬁﬁ)()\ 0) 4C§ﬁ(/\ 0)

Conversely it is clear that

1
— By(x9) D B — (5x0) DB, (+x0)
A S 3V A
With A~ replaced by A the computation remains the same. ]

According to the position of a ball B,(x() relative to 0H, expressed by the boundedness or
unboundedness of the ratio of r and ,/Xg ;, we use different choices of A for the scaling to get a
globally valid local L2-estimate for arbitrary derivatives of a solution. For the sake of simplicity
we set f = 0. This time also the temporal set has to shrink substantially, governed by a parameter
e. Similar as before we write that the estimate holds for any € € (0,1) close enough to 1, meaning
that there exists a gy € (0,1) close to 1 such that it holds for any € € (g, 1).

6.7 Proposition Let sy € R, xg € H and r > 0. Further let k € Ng and a € ING.
If u is a o-solution to f = 0 on I,(sg) X By(xg), then for any ¢ € (0,1) close enough to 1 and any
6 € (0,1) small enough we have that 3%u is an (a, + o)-solution to ALd% 1w on I ¢(sg) X Bsy(x0)

and
2
kAo —4k—2|a| —2|a 2
| ooz (B ) 1 R T 4 Vo) 0 [l ) 9L
Ire(so) Ir(s0)

Proof: Letxy = (0,...,0,x0,) with xg,, > 0 and fix ¥ > 0. We first consider the case ,/Xp, < Kt
and set A := 72 for the invariant scaling T from Remark 3.2. For § € (0,1), the triangle inequality
for the metric d and Proposition 5.2 imply that

Bsy (XO) - B(§+2K)r (O)

and hence with ¢ € (0,1) also
2

Jkan AL (1) < A-2k=2la+n+1+o /
/ H FOx LZ(Bs (x0)) £ < i ’
Lre(s0) Le(%)

2 R
X ac(h)

Kot (uoTy)

LV(B4¢§(5+2K) ©)

due to an application of the integral transformation formula in conjunction with Lemma 6.6 and
our special choice of A. On the other hand, Lemma 6.6 also shows that under this transformation,
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a o-solution u on I,(sg) X B(xp) becomes a o-solution on

S0 1
11(72) X Bé(ﬁx())

The case we are considering now ensures that this ball is close enough to 0H as to contain a ball

centred at zero with radius 4—2 3, if x was given to be smaller than 12—2 In the calculation we
Cd

use Proposition 5.2 again. The last ball is a superset of B4C§( 5 +2K)( ) if we choose 6 € (0,1) so

small that

1 83+3
<—Z— K
16ch  4c?

Such a § can be found if from the start we had x < so we could have set for example

1
32ch+12c3”

K= remembering that c; = 12. All this allows us to use Proposition 6.5 near the origin after

1
33c3’
possibly choosing J even smaller, and gain the upper bound

A —2k=2[a[+n+1+0 / || o T/\H%%(BL_SK(O)) dL(F) < A~2=20] / Hu||%%(3 ) dL(t)
2

(1712c§;<)r
Il (570) 4Cd I, (So)

with a constant depending on n, o, k, «, ¢ and 6. The last inequality follows from the re-
transformation, annulating the volume factor of the transformation above, and once again Lemma

6.6 and our special choice of A.

The ball centred at zero on the right hand side of this inequality is contained in theball B, , ., 1, Cxr (x0)

which is obvi-

by Proposition 5.8, and the latter is in turn a subset of B,(xo) whenever x < ;- 2 —
33 Bl Putting all this together we have shown that if , /xo n <3 4 rand u
is a o-solution to f = 0 on I;(so) X By(xp), then for all k € Ny, « € INZ, forall ¢ € (0, 1) and all

0 € (0,1) small enough we have

ke —4k—4|a| 2
/ Ha It L2(Bor(x0)) AL(E) S kaes T / [l 72 (g, (xg)) GL(E)-
Ir,e(so) 17(50)

ously satisfied by x =

Finally note that the factor in front of the integral can be estimated to become
r74k74|1x\ < ;,74k72\a| 22\1x\ (1’ + r)fzm SAX r74k72\1x\ (\/m + 1,) —2|a|
in the case we are considering.

We now turn to the opposite case ,/Xg,, > é r. Here we set A := xq , and use x as an abbreviation

for the same value as above. For ¢ € (0,1) and é € (0,1), the transformation formula, Lemma 6.6
and the choice of A in this case imply

/ Hakaa L3 (Bsr(x0))

Ire(s0) Ir
VA

2

d,C(t) < /\72k72\aHn+1+0 / Hakaa uo T,\ B
- 13(Bya, (1)

,sf

Also by Lemma 6.6 we know that u o T) is a o-solution on

I (

B
H 3

50
/\ 4c

(1)

|~

N
S~
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and thus on

1 (3) % By (1)

i A
if Vo < ﬁ. In order to get the same radius in time and in space we also make the interval smaller,

but without changing the right end point. A short computation shows that we are dealing with a
solution on

S0 r -
Ly (5 +(1=0)5) x By (1).
VA VA
The interval in the integral above equals

2

S0 r

I/ s —+(1-9)—
%/¥(A +(1-9)7)

with the new parameter % € (0,1) if we started with an € so close to 1 thate € (1 —4,1). We
can now apply Proposition 6.5 near 1 if only & is so small that 4 ¢ /6 is small enough compared

to 1 and that the radius % is bounded by 1. But the first condition for ¢ can always be fulfilled,

and since A = x¢,, and /Xy, > «xr, the second one is always satisfied for 6 < x2. For 6 small
enough and ¢ close enough to 1, Proposition 6.5 and the re-transformation with Lemma 6.6 again
then show

2

ko —4k—2|a| —2|a] 2
/ Hataxu 12(Bsy(x0)) dﬁ(ﬂ gn,ﬂ,k,zx,s,é r VX0 / Hu”L%(B,(xg)) dﬁ(t).
L¢(s0) I+ (s0)

Similar as above we can use the case assumption to see that

rf4k72\uc| W*ZM S“ r74k72\ac| (m_i_r)fﬂa\‘

Since the equation is invariant under translation in any tangential direction, this finishes the
proof. ]

6.8 Remark The factor involving r and xg , that appears in estimate 6.7 is important. Henceforth we
will abbreviate it by cy. o (r, x0) = r~ 21l (r 1+ /x0,,) 12l

We now adapt a time-space Morrey-type inequality to our metric and measure. Once more we
consider the cases near 1 and near 0 seperately first.

6.9Lemma Letsy € R e € [0,1)and & € (0,1]. Further let m; € N withmy > "F, ¢ > —1and
my € No with my > %.

(i) Ifr <landu € Wg"l’z(lr/g(so) X B‘;]T(T)) witho; = o fori =0,...,my, then forany 6, € (0,51)
small enough we have

1t )P Snomens Y, A [ 5ok ac

jHIBl<my I «(so)

2
Lzzr(Bélr(T))

for almost any (t,x) € I,,(sp) x Bgzr(T)-
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(i) Ifu € Wm1+m22(11,g(so) X By, (0)) with o; = o fori =0,...,my + my, then for any &, € (0,07)
small enough we have

+
|”(t/x)|2 Sn,a,ml,mz,s,él,& Z Z Ha]aﬁ 7

jHIBlsmly|<map ¥ oy

ac

LZ(BJ (0))

for almost any (t,x) € I,¢(so) x Bs,(0).

Proof: Since near 1 we can both increase and decrease the weight exponent on expense of an
upper bound depending on the difference between old and new weight exponents, it is clear that

/ Haf x¥ LZ(Bolr(l)) AL So / Ha]aﬁ
Ire(so) Ire(s0)

L3 (Bs,, (1)

The right hand side is bounded by the prerequisits for any j + || < m;, and the ball B517<T)
contains a euclidean ball centred at T with radius c;z 41 r by Proposition 5.8. We can then apply
the usual time-space Morrey-type inequality for m; > ”+1 on a euclidean time-space cylinder to
obtain the statement. Here &, has to be so small that

Bs, (1) C Be%(m(l).
Close to 0, the same argumentation applies if ¢ < 0, since the weight can be lowered again. We

then have
[ ol a5 | il
L2(B5, (0))
I ¢(s0) I 6(s0)

dc,
L3(By, (0))

which is bounded for j + |B| < m; again.

However, for o > 0 we have to reason differently since near 0 the weight exponents can not be
increased. We therefore consider &, € (0,d7) small enough and a cut-off function 7 as in Lemma
6.2, but purely spatial, with 7 = 1 on By, (0), supp# C B, (0) and any derivative bounded by a
constant depending on J1, J; only. An application of Hardy’s inequality 2.3 with m; on % aftaﬁ u is
possible for any j + || < m by the assumptions, and so we get

5P
Hafax L2(Bs, (0 <H178 L)
< 8’7*’}’ a]aﬁ+7
Sy 727”2727” x 100y U L3, (H)
_ 3abty, :
e v;mzH i, s, 0)

But the prerequisits on m; assure that 2m; > o, so we can lower the weight exponent again and
get an upper bound for the L?-norm of 9, 8/5 u that is finite as before for j + |f| < m; thanks to the
assumption on u. The time-space Morrey-type inequality in the euclidean setting for m; > ”+1
then finishes the proof as above after possibly choosing J, smaller. ]

This enables us to get a pointwise estimate for any derivatives on a smaller time-space set,

showing that local o-solutions to the homogeneous problem are indeed smooth.
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6.10 Theorem Letsy € R, xg € H and r > 0. Further let k € Ng and a € ING.
If u is a o-solution to f = 0 on I,(sg) X B,(xp), then for any ¢ € (0,1) close enough to 1 and any
0 € (0,1) small enough we have that

950%u(t, D Snirkacs ckalr 301 2 Br(xo)let [ uliEy(p, ) 4L
L (so)
forany (t,x) € I,£(s0) X Bs(x0).

Proof: Thanks to translation invariance in any direction save the vertical one, we can again

assume without loss of generality that xo = (0, ...,0,xp,) with xp,, > 0. We define x := 33%,
d
denote the invariant scaling from Remark 3.2 by T) and also elsewhere follow closely the proof of

Proposition 6.7. Furthermore, m; will always denote the first positive integer that is bigger than

121 and mj the first positive integer that is bigger than §.

Assume first that ,/Xp,, < xr and set A := r2. For any J, € (0,1) small enough we have

B(SZr(XO) C B(§2+2K)r(0)
due to Proposition 5.2. Given also € € (0,1) this means that
(t/ X) € Tr,s(s()) X Bézr(xO)
implies
T=H(t,x) = (£, £) € Tne(fo) X By 5,120 (0)

with fg = %. If 8, is so small compared toa d; € (0,1) that4 ¢2 (8, + 2x) is small enough compared
to 4¢3 (01 + 2x) for Lemma 6.9 to be applied, then for almost any (t,x) € I,¢(so) x Bs,(x0) we
see that

|9 osu(t, x)|> = A~ 29R9% (w0 Ty) (F, %) P

Sn,a,s,&z /\—Zk—Z\zx\ 2 Z / ’

j+‘ﬁ|§ml‘7‘§mzlls(fo)

2

AR (woTy) dc.

4c3 (81 +2x) (0))

L2(B

As before we can now use Proposition 6.5 near the origin if ¢ is close enough to 1, and J; and all
the more §, are small enough. With a constant depending on n, o, k, «, §; and ¢, this yields the
upper bound

—2k— 2 —2k— —iTn= 2
A~ 2k=2lal / HuOT)‘”L%'(BL,%(O)) R / Hu”@(&(%)) aL
2 4c2
L (k) d Ir(s0)

by the integral transformation formula, adding the volume factor in front of the integral. Since
A = 72, the whole factor can be estimated to be

r—4k—4\1x|—2—2n—2(7 50( Cha (1,’ XO)Z r—2 — r—n—2r7 SH,U Cha (1’, Xo)2 r—2 P (1’ =+ \/m)—n—Za

~n,o Ckx (7’/ xO)z r? ‘Br(xO) |¢;1

by Proposition 5.10. Note that in the step second to last we distinguish between the case where
n+ 20 > 0, then using the assumption ,/xg, < k7, and the case n +2¢ < 0.
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Assume now ,/Xg, > k1. As before we then set A := x ,,, and moreover use the abbreviations
~ r

Pi= and fg := ]:)—Un Let 0, and ¢ be given. If (f,x) € I, ¢(sg) x By, (x0) we have

T (t,x) = (1,2) € Tre(fo) x By, (1)

and Lemma 6.9 can be used if §, is small enough compared to a §; < ﬁ. This means that for
_ d
almost any (t,x) € Ir¢(s0) X By, (x0) we get

2
ac.

k —2k— ~4j —1- i+k~B+
AR ) S A A [l oy [
T 4c5017

(5T X
JHIBl<m Le(Fo)

An application of Proposition 6.5 as before annulates the factor #4+2/fl and yields in addition
p=#=2l2l " Transformation of the integral furthermore results in a volume factor. Putting this
together then delivers

—2k— —1-—n—0c »—4k— —n— 2
|a’t‘a§u(t,x)|2 571,0,5,62)\ 2k—2|a|—1—n o p—4k 2|a|—n—1 / HuHLLz,(B arc.

Ir(SO)

r(x0))

But we had A = xo, and # = ™ and thus get the factor
r74k72|tx\717n ro,n—2|tx|—1—n—20 ,Stx,n,(r Cha (1’, x0)2 T71 Fn ( TO,n + 7)717;172(7
S Ckalr, x0)* 12 By (x0) |5

as stated. -
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7 Estimates Against Initial Values

We now consider initial value problems on H again, bearing in mind that any solution to the
time-local problem on (t1, ;) is also a solution to the initial value problem on [f;, ;) for any
?1 el

The first result is a very easy consequence of the pointwise estimate 6.10, stating that the smooth-
ness of o-solutions to f = 0 carries over from the local situation to the Cauchy problem.

7.1 Proposition Let [ = (t;,t;) C R be an open interval and ¢ € L2(H). Further let k € N and
a € INj.
Ifuis a o-solution to f = 0 on'T x H with initial value g, then
c to — s, X
Pt %0)| S FAOO IO ey
‘B\/tofso (xo) |(§'

forany xo € Hand any sy < ty € L

Proof: A c-solutionu to f = 0onT x H with initial value g is also one to f = 0 on [s, to) x By(x)
with initial value u(sg) for any pair of points sg < to € I, any point xg € H and any radius r. For
1 := \/tg — s it is therefore possible to use the pointwise estimate 6.10 in the temporal end point
tp and the spatial centre point xo and get
_1
10914 (to, X0)| Sk Cha (7, %0) 71 [Br(x0)lo 2 7 sup  [[u(t) 25, (x))
te(sg.tg)

for any sy < to € I and x¢ € H. Passing from B,(xp) to the whole space H in the L(Zf—norm, we
know from Corollary 3.7 that the latter decreases in time not only on (sg, t), but also on [so, to)
thanks to there being a solution to the inital-value-problem. m

The decrease of the L2-norm on whole space was crucial in this proof. We can now extend the
norm-decrease 3.7 of solutions by an exponential factor depending on the equivalent quasi-metric
d defined in Remark 5.7. To this end we consider the function

d(x,y0)?
ey +d(x,0)?

Y (x;c9,e9,Y0) = cy forany x € H,

where cy € R, ey > 0 are constants and yg € H is arbitrary, but fixed.

72 Lemma Y (-;cy,ey,yo) € CH(H) and
Vo |V ¥ (x5 09, 89, 10)| < cr |ey| for any x € H with cp := 2°.
Proof: Direct calculations show that for any x € H we have x,, |Vyd(x,y0)|?> < 27 and thus
V¥ (x;c, e, y0) > < ¢§ 2°Vad(x, o) < 22§ x;

as stated. [
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7.3 Proposition Let [ = (t1,ty) C R be an open interval, ¢ € L2(H) and yo € H.
If u is a o-solution to f = 0 on'1 x H with initial value g, then we have

HE‘P(-;C%S%yo) u(t)

22 .
< e (t-h) He‘f'(-,cW,&f,yO)g

L3 (H) L3 (H)

forany t € 1.

Proof: Fort € I we define

F(t) := 672C%c€(t7t1) 2

dL(T).

’e‘}r(';c‘l’/e‘l’/yo) u(t)

2
+2 / 672c%c€(1'7t1)
L3

(t1t)

’Vx(e‘Y('FC‘Y/S‘Y'VO)u(r)) i
L1+£7

Then obviously we have

2 2
atF(t) _ efzc%c?{,(tftl) at(He‘f’(';C\y,E‘Y/yO) u(t) 2) _ ZC% C‘ZI’ 672c%c§,(t7t1) He‘l’(-;cw,s‘lhyo) u(t) "
2
42 2t (t-h) Hvx(e‘Y(';C‘f,f‘lwyo) u(t))
L3,

forallt € I.
So consider

2
9t ( HE‘F(';C%S%yo) u(t)

) = 2/62‘11(-;@,5\1;,%) u(t) opu(t) dug.
H

L3

The differentiation under the integral is justified by the product rule for bilinear forms. Abbreviat-
ing ¥(-;cy, ey, yo) =: ¥ henceforth, we use e? u(t) formally as a test function for the r-solution
u in the equivalent formulation for solutions with regular temporal derivative — compare the
proof and the statement of Proposition 4.1 and Remark 4.2 — and find that for almost any ¢t € I we
have

Lg

‘=2 [ (e u(e)) + ¥ wt) V) - Vean(t) e i
H

by virtue of the chain rule. With et Vyu(t) = Vi (e¥ u(t)) — e u(t) V¥ this yields

v 2 v 2 ‘I" 2
Bt(He u(t) 2):—2‘Vx(e u()||’, +2He u(t) V|
L‘7 L1+t7 1+0
2 2
<=2 ‘ Ve(e¥ u(t)) 2 +2c2c% He‘yu(t) 2
140 o

where the use of Lemma 7.2 in the last step is crucial to reduce the (1 + ¢)-norm in the last
summand to a o-norm.
But this shows that 0;F(t) < 0 on I. Thus F is monotonically decreasing and we have

F(t) < F(ty) = He‘l’u(tl)

2
forallt € I.
L3

To justify the formal calculation we have to use a bounded approximation of ¥ that does not
change the estimate for | Vy¥| in the limit. ]
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7.4 Remark Although we will not use it in the sequel, we would like to note that the proof showed more
than we stated, namely also the estimate

2 / o2tk (T—t) HVx(e'Y('?C‘Y'“Y'yO)u(r))‘

(tllt)

aL(t) < He‘f’(';c\y,sw,yo)

2 -
2. (H) < gHL%(H) forallt € 1.

The decrease of the exponential L2-norm enables us now to get an exponential version of 7.1.

7.5 Proposition Let [ = (t,ty) C R be an open interval, ¢ € L2(H) and yo € H.
Ifu is a o-solution to f = 0 on'T x H with initial value g, then

|alfa§§u(fo, x0)| Sneka Sha(VEo — 50, xlo) 201§ (to—s0) =¥ (xo;c¥.£¥,y0) Hle('FC%S%yO) u(so)‘
|B\/t0—50 (xo) |g'

L3 (H)

forany xo € Hand any sy <ty € I.

Proof: Letagain r := \/ty — sg. As in the proof of Proposition 7.1, but with an additional factor
1 = eYCievee o) =¥ (v 2¥%0) in the norm on the right hand side, it is clear that

|0Fau(to, xo)]

_1 . .
Sn,mk,a Ck,a(rr x0) rt |Br(x0) s> sup e~ ¥(xewermo) sup HEIY("CY'SY'%) ”(t)’
x€Br(xg) te(so.tg)

L2(By(x0))

On the whole space, however, Proposition 7.3 ensures that the L2-norm of e¥("c¥2¥%0) 4(t) on

X 2.2.0 . . . e
(so,tp) is bounded by e“L¥" He‘y( e e ) 1 (sg) ’ , since we consider an initial value problem

L3 (H)
on [sg, tg). If we multiply the resulting inequality by e¥ (0i¢¥2¥%) on both sides and use that by
Lemma 7.2 and Proposition 5.1 we have ¥ (xo; cy, ey, yo) — ¥ (x; cy, e, y0) < cr |cy|d(x, xo), then

we arrive at

1
0§31 (t0, %0)| Sinaka Cia(r,30) [Br(xo)y 2 eEebrHerlenlr=¥lroewcwso) ¥ Cewewsn) y(sy)|

L2(H)
2.2 .2 22,2, 2.2 .2 2.2 .2 22,2,

We can compute 1" FeLleylr < p2eicyr” if cr|ey|r > 1 and e1%" FeLleylr < g oficy < e o26iy” if

cr|ey|r < 1. This finishes the proof. ]

Of course Proposition 7.1 is contained in Proposition 7.5 with cy = 0. The exponential factor,
however, allows us to obtain an estimate for rather rough norms of the initial value.

7.6 Theorem Let [ = (t1,tp) C R be an open interval, g € L2(H) and u be a o-solution to f = 0 on
T x H with initial value g.

(i) Ifk € No and o € INjj, then

|09 (to, %0) | Sneja Sk (VE0 = 50, X0) [|1(50) | oo (1)

forany xo € Hand any sy < ty € I.
(ii) Ifk € Ng and « € INj with k + |a| > 0, then

|0£ 9% (fo, %0)| Sk Cka (Vo = 50,%0) VEo — 50 (vVEo = 50 + v/Fo) | Vatt(50) | ooy

forany xog € Hand any sy < to € I.
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Proof: Fix sy < ty € [ and xo € H. For a radius r > 0 we can view H as a disjoint union
of annular rings Bj.(xo) ~ E(]',l)r(xo) =: Ry;(x0) for j € N. We now specify ¥(-;cy, ew, yo) by
setting cy = —%, choosing ey such that ey < r? and letting xq play the role of the parameter
point. For x € Ry,(xp) we then have

1 d 2 —j
Y(x;cy,e9,%9) < —= (x, %) < ]—23
4cy

"+ d(x,xp)2 a

thanks to an application of the equivalence estimate 5.7. This shows that

1 .
. —5hi
/ Yo ) u(so)2 dpg Se 4 By (x0)lo [1(s0) 2y
Rr]'(xo)

.
X —57)
Sno P e 0 [By(x0) o 1[1(s0)[|Zee (1)

by Proposition 5.12 in case  + 2 ¢ > 0, and with j" instead of j*" 27 if n + 20 < 0.
Summing this over j gives the bound

2
Heqj(';c‘l’/gq’rx[]) u (SO)
L (H)

2
Sne |Br(x0)lo [[1(50) ([T (1) »

where the convergent series
32
Z ]-2n+2¢7 e 2c5
jeEN

is subsumed into the constant.
Proposition 7.5 thus shows that

< cka(v/fo — S0, X0) ech'oy%*o

‘a]t{agu (to, xO) | S,k

1
T |Br(x0)[& [l2(s0) [ oo mr)
B /5= (%017

since ¥ (xo; cy, ey, xg) = 0. Setting r = \/fy — 5o then finishes the proof of the first part.

For the treatment of the second part we consider the same specification of ¥ as above and let
C € R be an arbitrary constant. Then u — C is also a o-solution on T x H, and Proposition 7.5
amounts to

19502 (u(t, x) — C)|t=ty x=x, |
cra(VEo =50, %) 2

~h,0k el

1
B /5= (x0) ¢

cg (to—so0) He‘l’(-;c\y,ew,m) (u(sg) — C)

L2(H)

For C := u(sg, xg) we have
|u(s0,x) = C| < [x — xo] || Vau(so) | oo (1) -
so we get

2
¥ (-e9,9,%0) _
e (u(s0) = O[5,

, < Vet (50) 17 oo (11 /EH(X;C‘Y'&Y”CO)V — x0[? dpie (x).
H
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The integral is treated as above, where for the additional factor we have
|x = x| S /27 (r + \/Xou) on Bjx(xo)
by Proposition 5.8. The series in consideration still converges, and in the end we now get

1950% (u(t, x) — u(s0, %0)) 1=ty x=x; |

cka(v/fo — S0, X0) ec%fo%;o
1
B /5= (%017

1
Va1 (s0) (| oo (1) 7 (7 + /Xon) [Br(x0) |

~n,0 ko

Since for k + |a| > 0 a derivative falls onto the constant on the left hand side and causes it to
vanish, we get the statement with choosing r = /ty — sp. [

7.7 Remark  We also get an estimate involving ||Vu(so)|| (g for k = |a| = 0: Using the triangle
inequality from below in the last step of the proof above immediately delivers

|u(to, X0)| Snoka Vo — S0 (Vo =0 + /X0 ) [|Vate(50) | ooy + 1114(50) | oo ) -

7.8 Remark We would like to point out that we can bound both u and the gradient of u in all of I X H,
so that for sy = tq the map g — u becomes a continuous curve in the solution space: The special cases
a =k =0and |a| =1, k = 0 in the last proposition read

1l oo (1 by S 181l Lo ()

and

HVXMHL“’(IxH) gn,ﬂ,k,zx ||vxg||L°°(H)'

Local LP-estimates in time and space are an immediate consequence of this, as long as we stay
away from the time sy. As a notational shortcut we define cylinders

Qr(SO, XO) = Ir,% (So) X Br(XO)

forsg € [t1,t2), xo € Hand 0 < r < \/f; — 59, where we always — especially for t; = co — assume
that r < co. Note that we still consider balls with respect to the metric d, and will stick to that,
whereas the LP-spaces will be understood with respect to the usual and unweighted Lebesgue
measure in the sequel.

7.9 Corollary Let [ = (t1,ty) C R be an open interval, g € L2(H) and u be a o-solution to f = 0 and
gonTxH.

(i) If1 > 0,k € No and a« € N, then

1
erHM (T+ TO,n)ile’X' |Qr(501x0)|7ﬁ

I Nk
-). 050
’( Jn 0t xu‘LP(Qr(SO/XO))
Snoka [[1050) || oo )

forany1 < p < ooaswellasany sy € I, xo € Hand 0 < r < \/f; — 5.
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(ii) If1 > 0,k € Ng and « € INjj with k + |«| > 0, then

1
PRI () T Qu (s, %) () dF0s

LP(Qr(s0,x0))
Sneka || Vxu(so) HLw(H)

forany1 < p < coaswell asany sy € I, xo € Hand 0 < r < \/t; — 5.
Proof: Fixp >1,s0 € I, x9 € Hand 0 < v < /f; — sp. Obviously we have

1
< |Qr(s0,x0)[?  sup |xj 9fou(t,x)]

I Nk~
() Ofo%u
H LR Q1 (s0.0)) (2)€Qr (50.%0)

so we can apply Theorem 7.6 after multiplying both sides by x/,. It is clear that
X, < (v + v/E=s0)”
since both I and /t — sg for t > s are positive. We then get
X 08, )| Suopa VE=s0 " (VI 50 /) T a0l
and
) 0fu(t, )] S V50 T (VIS0 V) T Vii(s0) [y -

For (t,x) € Qy(so, xo) we have \/f — sy ~ r since the cylinders are bounded away from time s
and we only have to deal with an upper bound for ,/x,, here. Thanks to Proposition 5.8 we see
that for any x € B;(xp) we have r + /x; =~ r + ,/Xg ;. Collecting the constants then proves the
corollary. ]



8 Gaussian Estimate and Consequences

A Green function is understood to be a function that represents solutions to the initial value

problem for the homogeneous equation as an integral with respect to the Lebesgue measure.

If existence and uniqueness of solutions is known, this equivalently means that any function
given as such an integral is a solution. For arbitrary equations it is not clear a priori that a Green
function exists. However, the bounds we obtained so far guarantee that our linear perturbation
equation does indeed possess one.

8.1 Proposition Let o0 > —1land I = (t1,ty) C R be an open interval.
Then the Green function on I x H exists, that is G, : I x H x T x H — R with G,(t,x,s,y) = 0
whenever t < s € I, and

P u(t, x) = / G (t,x,5,y) u(s,y) dL(y)
H

foranyt >s €1, x € H any k € Ny, a € N, and any o-solution u to f = 0 on'T x H with initial
value u(t;) = ¢ € L2(H).

Proof: Let u be the o-solution to f = 0 on T x H with initial value ¢ € L2(H). Existence and
uniqueness is ensured by Propositions 3.3, 3.8 and 3.9. Now fix t > s € T as well as x € H and
k € No, « € Nj.

Proposition 7.1 shows that the linear functional

L2(H) 3 u(s) — afd%u(t,x) € R

is in fact continuous. By the Riesz representation theorem we can therefore find a K]f,’f . €L2(H)
with

ofosu(t,x) = [Kin () uls,y) dua ().
H

This proves the existence of G, (t, x,s,y) := 5, Kg'f,s (y) forany t > s € Tand almostall x, y € H

that represents a solution as desired. Moreover, since

Ofasu(t, x) = 002 [ Go(t,x,5,) u(s,y) dL"(y) = [90Go(t, x5,y u(s,y) dL"(y)
H H

by Lebesgue’s theorem we have 950%G, (t, x,s,y) = v, Kk (y)- L]

t,x,s

For a given interval [ we henceforth always denote the Green function on I x H by G, without
mentioning the interval in the notation.

8.2 Remark A calculation shows that y,” Gy(-,-,s,y) is a time-local o-solution to f = 0on I x H for
almost any (s,y) € T x H.
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But because of the duality identity 3.10 we also have that

n

o
Geltyxs9) = (£2) Gols,witx)

oralmost all (t,x,s,v) € [ x Hx'Tx H. Therefore, (- )77 Gy (t,x, -, -) and consequently ( - )77 950*G,(t, x, -, -
y n q YU )n Op0y

is a o-solution to f = 0 on I x H for almost any (t,x) € I x H.

Now the exponential estimates we proved before put us into the position to show that G, is not
only in L*, but decays exponentially with a bound in the shape of the Gaussian function with
respect to d and p,-.

8.3 Theorem (Gaussian Estimate) Let o > —1and I = (t1,ty) C R be an open interval. Further let
k € Ng and a € ING.
Then we have

d(xy)?

_1 _1 - Czcz s
1003 Gor (£, x,5, )| S ka Cha(VE=5,2) [B = (x)lo * B = (y)lo 2 yie ™

forallx #y € Hand allt > s € 1.

Proof: Fixt > s € Tas well as yp € H, and denote r := /f — 5. Since L™ is the dual space to L.
we have for any x € H that

1
eYlewewyo) | B ()|2 (4),7 K9G, (1, 1,5, )

L(H)

1
= aup | ferUeeeen) B,()1E ()7 0G0t x5, ) Cdpe
”éHL},(H) <ty

1
= sup {afa?éva,xﬂ | vis a-solution, o(s) = e¥ o) B, (-)|2 £ and [1Z] 13 ) < 1}

thanks to the representing property of the Green function.
Applying estimate 7.5 onto such v in the points s < &2 for « = 0 and k = 0 shows that

t+s 222 2

¥ (x; 5
e weveryo) |B,(x)|2 [o(——, x)| Spo TV

2 e‘Y(';C‘Y/S‘I’IyO) U(S)

L3 (H)

for any x € H. We now denote the multiplication operator on L2 (H) with respect to the function

x — |By(x) |é by M. For any o-solutions to the linear perturbation equation we furthermore
define a modified solution operator Ss(5*) on L3 (H), incorporating the exponential function by
assigning e (“¥#¥#0) p(s) to later time evaluations e¥ (“¥€¥%0) (2. In terms of the operators
the last estimate means that

t+s
2

2.2 .2 .
<, g LT He‘l’( CEEEY0) ()

~o,

| s (et eraming)

L (H) L3 (H)

and therefore MS, () is an operator not only from L2(H) to L2(H), but in fact maps into L (H)

and has operator norm bounded by C e1%" for a constant C = C(n,o) > 0. Consequently, since
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the dual operator has the same norm, for any & € LL(H) we have
t+s.\"
[(ms.55) ¢

Now the multiplication operator is self-adjoint, and so is the solution operator by the duality
equation 3.10. We then find that for the dual of S; we have

2.2,2
Sno ey’ ”‘:”L},(H) :

L3 (H)

t+s
2

t+s

* . o~ Y(ewevyo) —¥(e.2¥.90)
)Fre v(s) —e o( 7 ).

Ss(
Choosing
1
E = |B,()]y * e FOeranm) os) = ¢

we see that

S €197 [l gy gy < €157

t+s

e Y(ewer o) o 5 )

L3(H)

But estimate 7.5 can as well be applied to v in the points 5* < t and with the function
Y(-;—cy, ev,y0) = —¥ (- cy, v, y0) instead of ¥ (-; cy, ey, o) to give

. t
105020 (8, %) | Spokon Cha (7, X) |Br(x)] 2 L7 ¥ (icw.evyo) I

e~ Ylicx2vy0) o 5 )

L5(H)
for any x € H. The combination of the two estimates for v then yields

08080t )] St cuar, ) [B ()| F A7V erovan),
This means that we have shown

1 _1
¥ [B,(1)2 ()7 9F0%Go(t, x5, ) (r,x) | B (x)], 2 2w+ ¥ (icw.ew o)

Sn,a,k,zx Ck,lX
L®(H)

for any x € H.
Consequently we get

_1 _1 . .
YT 0502 Go (1, %,5, )| Snoka Cha (7 X) |Br(y)]o 2 |Br(x)]5 2 e~ Y ewewo) 2eichr+¥ (viev.ex i)

for almost all y € H. Now fix y = yp as well as x # v, and specify ¥ (-; cy, ey, yo) by setting
ey := 3d(x,y) > 0and cy := —c for a positive, but apart from that arbitrary ¢ > 0. In conjunction
with Theorem 5.6 we have then shown that

_ -1 —1 20202)2 c (x,
Y7 358G (£,%,5,9)| Smeon Choa (1, %) [Br ()]s 2 |Br(x)]5 2 22 2500,

Finally, we optimise over the constant c. Straightforward calculation shows that

222 4
c crcr 2 (x,y)
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has a minimum for

e Axy)
. = .
8c2 cgr?
Inserting this value into the inequality then gives the exponential decay estimate stated. ]

8.4 Remark We want to emphasise that Proposition 7.5, derived from Proposition 7.3, was crucial in
the proof of the Gaussian estimate. For « = k = 0, we could have proven the same estimate also using
Proposition 7.3 alongside with Remark 7.4, but by means of a Moser iteration instead of the pointwise
estimate. This also works for the more general spatial part Lyu = (- );7 Vi - ((+ )37 AVyu) with a
time-space coefficient matrix A that is uniformely strongly parabolic, measurable and bounded. See [Koc99]
for a proof. Apart from loosing the direct control on the derivatives, another drawback of the Moser approach
is that it cannot be generalised to higher order equations.

8.5 Remark The Gaussian estimate makes it possible to solve the initial value problem also for more
general data not contained in L2(H). Truncating those initial data to reach the L2-setting and gain
solutions through the representation by the Green function, the exponential decay ensures in many cases -
as for example for initial data in L}, L and the homogeneous Lipschitz space - that the truncated solutions
converge. It thus makes sense to speak of a solution with such initial values. See also Theorem 7.6.

We can replace the measure of the ball centred at y or the one centred at x by the mutually other
one with Proposition 5.17, paying for it by an additional factor (1 + % )7, The exponential
decay in d(x, y) now makes the loss in this exchange controllable. In fact, for any a > 0 we have

that e~ Sm (14 a)~™ for any m > 0. We state the application of this trivial fact in our situation
as a lemma.

8.6 Lemma Let ¢ > 0 be an arbitrary constant and t > s.

We have both
B d(x,y)z d(x,y)>_m _7d(xy
e s 1+ e = foranym >0
Nm C ( \/m f y
and

1

1
e s Sy VE—s e 2T forany m > 0.

8.7 Remark The first part of Lemma 8.6 in conjunction with Proposition 5.17 now yields

1 - d(xy)?

|B ( )|*§ 3232 (1-s) < (1 + (x y) ) ‘ ( )| (1 + (x y) ) —m 3_ 64%(:%?275)
vimsWle o Vi—s vimstt Vi—s
for n+20 > 0, and similarly for n + 20 < 0 with exponent 7 instead of n + ¢. Since ¢ > —1 and hence
n+o >0, wecanset m = n+c,orm = %5 > 0in the opposite case, and the additional factor disappears.
We could of course have exchanged balls the other way around, that is we could have substituted the ball
centred at x by the one centred at y. Furthermore, the same argument works for cy , (v/t — s, x) by Remark
5.18. Here we get

d(Xy) 2|a] —m d(x,y)?

d(x d

cka(VE—s,x)e R (-) Snam < \/('7]/)> Cru(VE—5,Y) (1 + (x,y)) o 045 (1=s)
s
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and can chose m = 2 |a|.
Calculations in this fashion will be made frequently in the following. From now on we do not specify the
constant in the exponent any more, but merely write C even if it changes in the course of the argument.

8.8 Remark Note also that thanks to proposition 5.10 we know

20
1B =)o ¥ ~ne 1By ()| ( ffztf)

and can thus simplify the appereance of the Gaussian estimate if o > 0: then we have

20
B2 L B
VYn+VE=s -
We can now make use of the pointwise estimate 6.10 once more. In conjunction with Remark 8.2
this allows us to gain the following generalised version of the Gaussian estimate.

8.9 Proposition Let o > —1and I = (t1,tp) C R be an open interval. Further let k € Ng and j € Ny
as well as « € IN[j and B € ING.
Then we have

d(xy)?

Y (yngaka“GtT(t X, 5, y))‘ ~n,o kB ]+k/5+tx(\/t_srx) ‘B\/ﬁ(y”;l e C=

forallx #vy € Hand all s < t € I, and with any possible combination of the points x and y in the factors

Cirkpra(VE—5,%) [B = ()]s

Proof: Fix s < t € I. Then there exists a constant ¢ > 0 with ¢ < % Wesetr:=c+/t —s and
= (1+¢c?)s —c*t > t;, thus obtaining I,(sg) = (so,5) C I. Note that for any T € L(sg) we

haver <t—7 < (1+c?)rand hencet — T ~ .

Now fix also x, y € H. Because of Remark 8.2 and the considerations on the time interval we

know that ( - );7 392G, (t,x,,-) is a o-solution on I,(sg) x B,(y). We can thus apply the local

pointwise estimate 6.10 in the temporal end point s and the spatial centre point y and get

8@85 (yn”aka“c;(,(t X,s, y))’

Nl—

2
Snoip G ) B W | [ ) dGa T 0y 1E0)
Ir(SO)
Gp(Vi—sy) sup || dkanGett v
Telr( SO (Br(y))
But by the Gaussian estimate 8.3, taking Remark 8.7 into account, we find that
su Nk Gy (¢, x, T, -
iy H( " %G )HL""(Br(y))
- 2(x,)
Sn,(r,k,a sup Ck,tx( Vit—T1, x) |B\/ﬁ(x)|a e €7
e L(Br(y))
P || P
5 Ck,lX( Vi— S/x) |B\/ﬁ(x)‘o e ([
L(Br(y))
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since on I;(sp) we have t — T =~ r =~ y/t — s, and because of the triangle inequality for d coupled
with Young’s inequality. It is clear that

2(y,) 2
e Clt—s) <ecC
Le2(Br(y))
and the statement follows after possibly exchanging x by v and vice versa. n

The Gaussian estimate has numerous useful consequences. We start with an estimate of the
L9-norm with respect to x as well as y.

8.10 Proposition Let ¢ > —1and I = (t1,tp) C R be an open interval. Further let 1 > 0, k € Ng and
a € INj.

(i) We have

1_4
Sn,o,k,zx,q (Vt—s+ vxn)Zl Ck,ﬂc( Vit —s,x) |B\/tis(x)|‘7

xl 9k Gy (t, 1,5, ) HM(H)

forallt > s € Tand almost all x € H, and for any q with o g > —1.
(ii) We have

H( In 9 Go "S’y)Hm(H)

20
11 VYn
Swokag (VE=5+ ) cka(VE=5,y) B (y)|? (W)

forallt > s € Tand almost all y € H, and for any q > 1.

Proof: Fix (t,x) € I x Hand g > 1. For any #; < s < t, the Gaussian estimate 8.3 with Remark
8.7, where both the derivative constant and the ball are taken with respect to x, then implies that

_ _gdtey)?
[ 19595 (83,5, )19 AL" (1) Sk i (VE=5,2)7 By (x)1e" [wie 15T d™ ().
H H

We consider the right hand side integral seperately, fix 7 > 0 and cover H with annular rings

Bjy (x) ~ B(j—1),(x)
for j € IN. Using the obvious estimate

_ o dy)? _ G2
e 1ci-9 <e 9°Cli—s)

on any of these rings we get

og —qf gl oq
Yo' e ST AL (y) < Y e T [yt dL(y).
H JeN By (x)
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At this point we have to assume cg > —1 to be sure that the integral exists. Then
1 1) '172@ e
Ze C(t— ] (X)|t7q Sn,o’ ‘Br ‘Uq Ze C(t n+20q
jeN =~

where we used Proposition 5.12 for n +-2¢ g > 0. In case we have n 420 g < 0 the exponent of j
becomes merely n. Now choose r = 1/t — s to get a convergent series in any of the two cases. We
have then shown that

/ 003G (8, %,5, )17 AL™(¥) Sy e (VE— 5,07 [B = (1) 1B i=5(0) g

But Proposition 5.10 implies that

IBi=s (0o " B = (%) log ~noq [B= ().

Multiplying the equation with weights x/, < (v/f —s + /x;;)? proves the first statement
For the other integration we fix (s,y) € I x H and first incorporate the weight x/,. This time the
Gaussian estimate is used with y instead of x wherever it is possible, then yielding

/'( )L 19508Gy (t, x,5,y) |1 dL" (x)
H
Sn,a,k,zx Ck,a(m,y)q |B\/§(y)|;qyzq/(m+ \/7) t s dﬁn( )
H

Thanks to Remark 5.18 and the first part of Lemma 8.6, under the integral we can make the x;
into a ¥, on expense of a portion of the exponential decay and the dependency of the constant on
I. Proceeding as before with annular rings we see that

_gdey?
/e I dem(x) <. 1B /=)l
H

without any restriction on g, where C is double the size as before. The stated estimate follows. m
The exponential decay has another technical consequence contained in the following lemma.

8.11 Lemma Let0 < < g <
If6 > 0and 0 < ¢ <1, then

N e S L0
forall t € [26,p], almost all x € H and almost all (s,y) € ([0,t) x H) ~ ((6,£) x Bp(x)).
Proof: We fix § and p as in the prerequisit. For ¢t > § we can consider the set
M= (0,8) x F) ~ ((6,8) x B(x))
If (s,y) € M, then

(t—s,y) € ([t—=0,t] x Bo(x)) U ([t = 6,t] X Bp(x)°) U ((0,t — &) x Bp(x) ),
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where the unions are disjoint, and we will distinguish these three cases in the following.
Given (t —s,y) € [t —6,t] X Bp(x), we get

dlxy )2

Vi — s 0

if t > 24, since we also know p — d(x,y) > 0.
In the second case we have (t —s,y) € [t —J,t] x By(x)¢ and therefore % > 1, given thatt < p.
It follows that

d(
st e e cite)

where we need t > 2§ once more.
Finally, for (t —s) € (0, — J) x By(x)¢, we have again that dgxfz) > 1ift < p. This leads to

d(xy)?
s

Vi—s Ceet < =5 Yo i e s

The second part of Lemma 8.6 gives the upper bound C e~ 24(*¥) with a constant C = C(c, 6, p).m

If we restrict the time interval to (0, 1), the appearance of the Gaussian estimate can be consider-
ably simplified. We first state this as a lemma before using it in different contexts together with
the results already obtained above. From here on we often distinguish casesz 2 1and z < 1,
meaning that we fix a constant ¢ > 0 and then have z > ¢ bounded away from zero and the
complementary case z < ¢, without specifying the exact size of c.

8.12Lemma LetI:=(0,1),t>sc€Tandx, y € H.
(i) If6 > 0, then

Vit—s
VE—s+\/xn

and the same holds true for | /v, instead of \/x;.

4
) < (14 V) ™*

(ii) If o > —1, then

20
S VAR
Vi—=s+/Yn

(iii) Ifx #yaswellas] > 0,k € Ngand a € INj with 21 — |a| < 0, then

x), 19§95 Ga (1, 2,5, )|
¢ )2

——2(1—k~|a|—n) 2—|a 1 (VK o<0 Ky <1}
gn,a,k,lx t—s (1+ \/xn) ‘Bl(y)| (yn) <0 My} g Cl=9)

and the same statement holds with any possible combination of the points x and y in the factors

(14 /) By ()

Proof: Forany t >s 1= [0,1) we also have v/t —s < 1. In conjunction with the monotonicity
of the function a — 1 for any positive value c this proves the first part.
For the second part remember that we have already seen in Remark 8.8 that the term in consid-

eration disappears regardless of the interval [ if only ¢ > 0. On I = (0,1), we can also treat the
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opposite case of —1 < ¢ < 0, since then we get

20 20
Vn < ( Vn )
<\/y7+\/t—s> “\ym+1)
If in addition we have that ,/y; 2 1, this term is bounded by a constant again. If on the other
hand we have /i, < 1, we obtain y}; as an upper bound.
Now, reformulating the Gaussian estimate 8.3 with the derivative constant taken with respect to

x and the ball centred at y according to Remark 8.7, with additional weights on the left hand side
and with the abbreviation r = \/t — s, we get

X, [0§05Go (1, %,5,y)|

)2 —21+|a| n o 20
Snoka p2U—k=la=n) e—d(C,yz) ( - ) ( r > ( Y ) ‘
7+ /Xn "+ /Yn 7+ /Yn

By the first parts of this lemma, using also

(i55) = B

from Proposition 5.10, the statement follows with the better exponential decay.

In order to obtain the other combinations of x and y we have to apply Lemma 8.6 and Proposition
5.17 with Remark 8.7 at most twice (possibly in a different choice of x and y in the Gaussian
estimate), each time giving away a portion of the decay. m

The last two lemmas now immediately amount to a pointwise estimate of Green’s function on
(0,1) x H on a rather complicated range of values.

8.13 Proposition Let o > —1and I := (0,1). Futher let0 < § < L and 1 < p < oo,
If1 >0,k € Noand o € Nj with21 — |a| <0, then

_ _ _dxy)
xh 10505 Go (8, %,5, )| Snothasp (14 )21 By ()| 71 () Mo=0)Ximsn) o= ¢

forall t € [26,1], almost all x € H and almost all (s,y) € ([0,t) x H) ~ ((6,t) x Bp(x)), and the same
statement holds with any possible combination of x and y in the factors (1 + \/x,)?~1* |By (y)| .

Proof: Use Lemma 8.11 with § = —2 (I — k — |a| — n) on the right hand side of the third part of
Lemma 8.12, where the condition 2/ — || < 0 coming from the latter ensures that the exponent is
positiv. For § < % and 1 < p < co we furthermore have both the condition 0 < § < % < oo from
Lemma 8.11 satisfied and know that [2, p] D [2, 1], so the statement is also valid on the smaller
interval that is usable in the situation I = (0, 1). n

On I = (0,1) we can also derive a time-space-version of the L7-boundedness from Proposition
8.10.

8.14 Proposition Let ¢ > —1and I := (0,1). Further let | > 0 and « € IN§ such that 21 — |a| < 0
and | — |a| > —1.

(i) We have

_ 14
X4 4Go(t, x| Snckag (1 Va2 By ()]

LI((0,) x H)
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forall t € I and almost all x € H, and for any q with 1 < q < —andoq > —1.

+| \
(ii) We have

_ 14
[ 08Gots )|, Snensmn (1 VI By (0o

((s1)xH)

forall' s € Tand almost all y € H, and for any q with 1 < q < n—ir-l\—;\l—l'

Proof: By Proposition 8.10 it is immediately clear that

Snokan | (VIS + VB ca(VE=s,2)7 By (x) 7 4L(s)

(01)

q
L9((0,6) x H)

X 908Gt x,-,-)|

forall t € (0,1] and almost all x € H, and for any q with g > —1.
Explicitely spelling out the factors using the formula 5.10 for the measure of intrinsic balls, we
therefore look at the integrand

mZQ(l—k—W—n)—&-Zn ﬂ —q(20=la]) ﬂ —n(l—q)
VE=s+ /% VE—s + /I :

Since I = (0,1) and g > 1, we can use the first part of Lemma 8.12if 2/ — |a| < 0. In conjunction
with Proposition 5.10 and a substitution in the integration variable we thus get

‘ "")HLq((o,t)xH)

Snokag (L4 /) B 71001 By ()10 / sITkll=mat g s).
(0)

xl OK92 G, (¢, x

If the exponent of the integrand is greater than —1, that is for any g < this integral

1+n
—I+k+|al”
converges to

c(n,oc, k1, ¢7> t(lfk7|o<|7n)q+n+1

which in turns is bounded for ¢t € (0, 1]. It is obvious that the convergence condition can only be
satisfied fora g > 1if — +k + |a| < 1. In conjunction with the condition 2/ — |«| < 0 that arouse
from the calculations above, it becomes clear that only k = 0 is admissible and we therefore need
to have —I + |a| < 1.

The second part of the statment is proven identically, with the additional factor coming from
Proposition 8.10 estimated by the second part of Lemma 8.12 and without the additional constraint
on g, but an additional dependency of the constant on [ as before. n

8.15 Remark We already noted in the proof that no temporal derivative can be treated in that way and
thus k = 0 is the only possible case that can appear. It is worth pointing out that we can not achieve a
bound for the gradient of G, in L1 without extra weights to compensate for the spatial derivative either. In
fact, the condition on the exponents | and  are satisfied if and only if either | = 0and « = 0or 1 € (0, %]
and |a| = 1. We will call such exponents (1, k, o) Green-exponents.



9 Estimates Against the Inhomogeneity

We now abandon the situation where f = 0 and gain estimates against the inhomogeneity.

9.1 Remark 7To see that solutions with inhomogeneity can be expressed in terms of Gy, we invoke
Duhamel’s principle:

Leto > —1,1 = (t;,t) C R be an open interval and f € L>(I; L2(H)).

Any o-solution u to f and ¢ = 0on'T x H is given by

utx) = [ Goltxs,y)f(sy)dL" (s,y)
(tl,f) xH

forall t € I and almost all x € H.

Similar as for initial values in Remark 8.5, we can make sense of the term o-solution for inhomogeneities in
other spaces than L (I; L2(H)) by means of this formula as long as the integral converges. Thus, we will
not specify conditions on f any more in the sequel.

Duhamel’s principle also enables us to view the operator that maps inhomogeneities to solutions
as integral kernel operators. Now Remark 5.16 ensures that (I x H, L X y,, D) is a space of
homogenous type, and thus the theory of Calderén-Zygmund can be applied in this non-euclidean
setting. Therefore, the solution operators belonging to Calderén-Zygmund-exponents as defined
in Remark 4.5 are of Calderén-Zygmund-type.

9.2 Proposition Let 0 > —1and I = (t1,t;) C R be an open interval. Further let u be a o-solution to
f on'T x H with initial value g = 0.
If1 >0, k € Ng and « € INj are Calderon-Zygmund-exponents, then

J ooz

P
v 9E Snotkap { A1 ) 4L

forany 1 < p < co.
Proof: For fixed ] > 0, k € INg and & € IN[j consider the operator
L2(Ix H,L x pg) > f = () afo%u € L2(I x H, L x py).
Duhamel'’s principle 9.1 allows us to view them as kernel operators with kernels
K(t,x,s,y) =y, 7 x|, oF0%G,(t,x,5,v)
that are continuous where (¢, x) # (s,y). Here we suppress the parameters /, k, « in the notation
of the kernels.

We want to show that the Calderén-Zygmund cancellation conditions A.34 hold. To this end
define

V= BB (10, () (b ¥ 0x0 + BD((1,0),5.) (59 oo
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9 Estimates Against the Inhomogeneity

where the balls BP are understood with respect to the time-space-metric D and
|+ Joxo = (£ X po)(-).
Note that then
_2 -1 < y-1

D((t,%), (5,9) ™ (1Bo(t0) ) (e + 1B, 60 W)le) SV

Therefore, for the first cancellation condition to hold it is enough to show that
-1
K(t,x,5,9)| < D((t,x),(s,y)) > (\BD((t,x),(s,y))(xﬂa + \BD((t,x),(s,y))(yNa)

forany s < t € I and almost any x # y € H. The Gaussian estimate 8.9 reveals that

d(xy)?

|K(t X5, ]/) ~n,0 ke qu Ck,lx(m/x) ‘B\/E(X)L;l e Clt—s)

By an exchange of the ball centre as before we see that

d(xy)? —1 _dxy)?

e Sng (1B ()lo + B W)le) e

where we needed that 7 4 ¢ > 0 and doubled the constant C.
The doubling condition in Proposition 5.12 together with the exponential decay then enables us
to change also the radius of the balls, that is we get

B ()]s

—1 _d(xy)?

(|B\/E(X)|a+ ‘B\/H(y”ﬂ') 67C(tfs)

-1 _
NHU <|B t S)er(xy ( )|U+|B t S)+d(x,y)2(y)|g> e Cl(t—s)

where again the C on the right hand side is twice the one on the left hand side.
On the other hand we have that

xh cha(VE—s5,%) SVE— sﬂka*z‘“l

if 21 — |a| < 0. Thanks to the exponential decay we can modify this to obtain

d(xy)? 2(1—k—al)

21—2k—2 —
Vit—s ] e Ct=9 sn,a,l,k,tx \/(t - S) + d(x/ y)2

For —k — |a| = —1, these estimates exactly imply the condition we wanted to show.
For the second cancellation condition we consider (,x), (s,y), (t,%), (5,7) that satisfy the condi-
tion
D _— _
o (62 () + Dl . G9)
D((t,x), (s,y)) + D((£,%), (5,9))

forane € (0,1). For those points, the triangle inequality then ensures that

1—c¢
1+e¢

1+¢
o D((t,%), (5,9)

D((t,x),(s,y)) < D((£,%),(5,)) <
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and hence both

D((t,x), (£,%)) + D((s,y), 5,9)) = 7= D((t,x), (5,y))

and

D((t,%), (£7) + D((5,9), 5,7)) < 1 D((E.7), (5.9))

ife < % From these inequalities it follows among others that

T D), (5,9) < DIET), (5,9) < 1 DI(62), (5,1)
L2 D6, ), (5,9)) < DIE), (5,9) < 5 D), (5,1)
= D(E), (5.7) < DIEX), 6y) < 1f§D«t@(&@)

T D((4x), (5,y)) < D@, () < T

We now fix ¢ = % and estimate

|K(t,x,5,y)—K(t,%,5,9)|
< |K(t,x,5,y) — K(t,x,5,y)| + [K(t, x,5,y) — K(£%, 5,y
+ |K(t,%,s,y) — K(t,%,5,y)| + |[K(t,%,5,y) — K(t,%,57)|
=: (I) + (II) + (I1I) + (IV).

Fort < sand t <5, the left hand side is zero and we have nothing to show. Similarly, the cases
t < sand t < s can be excluded in the consideration of (I). There it remains to find a cancellation
bound if either s is between t and t or smaller than both t and f. The fundamental theorem of
calculus infers that

(I) < |t —t|sup |0:K(T,x,5,¥)]|
where the supremum is taken over all T between t and . If s is between t and £, it can happen that
T < s. In this case K(7, x,s,) = 0. So in any case the Gaussian estimate 8.9 shows that

d(xy)?

(I) Snoka |t =t sup xln ckr1a(y/ [T — 8], x) |BM(X)|(;1€7 Clr=sl.

As above the exponential decay enables us to add a ball centred at y, increase the radius of the
balls and manipulate the appearance of the preceding factors if 21 — |a| < 1 to get

_ -1
(I) Snapka It —Esup D((T,x), (s,y))? 222l (|BD((T,X),(S,y))(x)|0' + \BD((T,x),(s,y))(y)\a)

with the supremum again ranging over any T between ¢ and t. Depending on the relation of ¢
and t, an upper bound of this is given either by replacing any 7 by t or f. In the latter case the
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condition (*) makes it possible to exchange t by t again. All together we then find

_ -1
(D) Snopka [t = D((tx), (5,)) 2272l (|BD((t,x),(s,y))(x>|lT + |BD((t,x),(s,y))(y)|0>

|t — ] VIt =1 21-2k+2-2]a 1—1
S B, (5,9) T D((63), 5,9)) D(( ), (5,7)) () (5:¥) v

ki 21-2k+2-2]a 1/-1
: D((t,x), (s,y)) + D((£,%), 5,7)) D((t,x), (s,y)) 14

by virtue of the above consequences of (x).
For (II) letT : [a,b] — H be the arc-length parametrised geodesic that connects x and X. Then the
chain rule and the fundamental theorem of calculus show that

(I1) = | / Vi K(ET(T),5,y) - 0:T(7) dL(T)| < d(x,%) sup z,% |V.K(t,2,5,)|
(a,b)

ZEBd(x,Y)(X)

with z = I'(7) thanks to the unit speed property of I' and the geodesic character of d, compare
Chapter 5. The Gaussian estimate 8.9 then implies that

_ I+1 - 1—1 = _ _dGey?
(I1) Snoka d(x,T) sup (zn2ck,a+1<m,z>+znch,wf—s,z)) Byims(W)lo e €09

ZeBd(x,Y)(x)

with the obvious meaning of the symbolic notation ck .11 and for I > 0 as well as t > s, the left
hand side being 0 for t < s. If we have | = 0 the second summand on the right hand side does not
turn up and the following calculations simplify accordingly. Given ! > 0, we need indeed | > %
and 21 — |a| < 0 to reach

_ ——21—2k—2|a|—1 L _dy)?
(II) Sn,ﬁ,l,k,a d(x/x) sup( : t—s ‘B\/ETS(]/)Lfle c=s),
ZEBd(x,T) X
Now for any z € By, 3 (x) we have
d(x,y) <d(x,%) +d(z,y) < D((t,x), (,X)) +d(z,y)
2e 2e -
< o D((1), (5,9) +d(z,y) < oo D), (59)) +d(z,y)
2 -
< o (Vies+d(xy) +d(z,y)

by condition (*) and hence

—d(z,y)* S —d(x,y)* + (F—s)

forany z € By, 5)(x) if (+) is satisfied for an & < % This is obviously the case for our choice of
_ dxy)?
&= %. As a consequence we can gain an exponential factor e ¢(=s) in the above estimate and

perform the same operation as above to reach

_ -1
(I1) S ja d(x,%) D(E x,5,y)? 220l (|BD((E,x),(s,y))(x)|a + |BD((I,x),(s,y))(y)\o)

< d(x,X)

_ D(t,x,s,1)2-2k2lal+2 -1
~ D(t,x,s,y) + D(t,%,5,7) (t,2,5,y)
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after using the consequences of (x) again.
As for (I), for the next term we get

B — 21—2k—2—2|a| . _dEy?
(I1I) < |s—5|sup /|t — 7] |Bm(y)|; e Cli—l

where the supremum is taken over all T between s and 5. Condition (*) implies both

d(x,y) < 7 D((EF),(5,9))

and

Axy) < 32 DIED), (1),

As a consequence, for any T between s and s we obtain
—d(%,y)* S |t -7 —d(x,y).

It follows that

(1) S VIS Dtz y ey,
R D(tx,s,y) + D(8,%,5,Y)
Finally, with M(y, %) := By, () N By () we find
= 1 — _dxz)?
(IV) Snrais 409 sup T e (VE—5,7) 27 co1(VI—5,2) [B=(2)|, e €9
zeM(yy
_ —21—2k—2|a| -1 . _d®z)?
<d(y,y) sup Vi-5s B (2)],; e 0.
zeM(yy)

By condition (), for all z € By, ) (¥) we have
—d(%,2)* < (t—5) —d(x,z)?

which makes it possible to get a ball centred at x in the inequality. Once again () also ensures that

—d(x,2)? < (F-5) —d(x,y)’

for any z € By, 5 (y). This leads to

_ _ op _ -1
(IV) Suotka A7) DIEX), 6 y)* 2 (1Bo )50 () + [ Bo(a, s W) o)

d(y,y) 2) (s, )2 -2k-2lal+2 -1
: D((t,x), (s,y)) + D((£,%), (5,%)) D((tx), (s,y) 14

by virtue of yet another application of the consequences from ().

The kernels in consideration have therefore been proven to satisfy the Calderén-Zygmund
cancellation conditions on (I x H,D, L x uy) if and only if | —k — |a| = —1 and 21 — |a| < 0,
that is if (I, k, «) are Calder6n-Zygmund-exponents in the sense of Remark 4.5. As noted there,
these are exactly the exponents for which the operators are bounded on L2(I x H, L x u,). It
follows that those operators are of Calderén-Zygmund type according to Definition A.34 and
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9 Estimates Against the Inhomogeneity

hence extend to bounded operators on LP(I x H, L x yy) for any 1 < p < oo by Proposition
A.36. n

The theory of Muckenhoupt weights allows us to formulate the LP-result in unweighted spaces.
Once we get rid of the weights, we can also take derivatives into consideration.

9.3 Corollary Leto > —1and I = (t1,t) C R be an open interval. Further let u be a o-solution to f

on'T x H with initial value g = 0.
If1 >0,k € Ngand vy < a € INj are such that 1, k and a — -y are Calderén-Zygmund-exponents, then

|l afarsu

Dl
Sn,tf,l,k,a/y,p H ‘f

LP(IxH) LP(IxH)

for any max {1, 1+U} <p < oo
Proof: We know that xf, 7 is a p-Muckenhoupt weight with respect to i, if and only if
-l<p<p(c+1)-1

by Proposition 5.15. By Proposition A.37, any Calderén-Zygmund-operator with respect to p,
also extends to all spaces L¥(xf, “dus) = LP(u,), and the same is true for the corresponding
time-space setting by Remark 5.16. The statement for ¢y = 0 follows with p = 0, which is always
admissible if ¢ > 0, whereas for negative o we need the extra condition p >
does not constitute a restriction for p in case o > 0.

Given this and using that V/u is a o-solution to V f, we have also shown that

[ cohereawil)
I

‘LP(H)

1
140

aL S,n,a,l,k,zx / Hvx/fHIZP(H) ac
I

for any exponents [, k and « that are of Calder6n-Zygmund-type, that is especially for | = 0,k = 0
and |a| = 1. This yields the estimate

/HVXVXIZ’[HZ’(H) dL f,n,v,l,k,zx/”vx,inP(H) dL
I I

For the vertical direction, however, we can use that dy,u is a (1 + o)-solution to

axnf + (1 + U) A;M

by Proposition 4.9. The first part of the proof then shows that

p
| hdezanall, . 2 Suosia / I8, 11 sy 4L+ / &} ) 2
I
which is bounded by f | Vi f H d[l because of the previous considerations. An induction
yields the statement. L

At least on the time interval (0, 1), thanks to Proposition 8.14 we can gain similar estimates for
a different set of exponents, namely Green-exponents as defined in Remark 8.15. Note that we
need ¢ > 0 in the proof of the following result and also use the unweighted Calderén-Zygmund-
estimate 9.3.
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9.4 Proposition Let o > 0and I := (0,1). Further let u be a o-solution to f on T x H with initial
value g = 0.
Ifl > 0and v < « € IN|j are such that | and a — vy are Green-exponents, then

| asu

7l
Sn,tr,l,k,a,%p H f

‘LP(IXH) LP(IxH)

forany1 < p < oo

Proof: By Duhamel’s principle 9.1 we can consider the kernels K(t, x,s,y) = x} 902G, (t,x,s,)
for the unweighted L?-operators that send f to derivatives of o-solutions x} 9¥0%u to f. Since
o > 0, the L1-norms of these kernels taken with respect to (t, x) as well as the ones taken with
respect to (s, y) are bounded whenever k = 0 and [, « are Green-exponents in the sense of Remark
8.15, as an application of Proposition 8.14 for g = 1 shows. Thus Schur’s lemma A.20 can be used
to conclude that

(o

‘meH) Snepka |1 fllLexm)

forany 1 < p < oo and any Green-exponents / and «.

Now forj=1,...,n—1also dy;u is a r-solution to dy; f and the result just obtained can be applied
to get

() 05u St ||2

HLP(IXH) f‘ LP(Ix H)

for any Green-exponents [ and «.
As before, for the vertical direction we use that dy,u is a (1 + ¢)-solution to 9y, f + (1 + 0)A%u
Thus
l

H( : )n azaxnuHU’(IxH) Sn,a,l,k,a Haxnf”LP(IxH) + HA;MHLP(IXH) ’
and the last summand is bounded by || Vxf|[p (1 ) thanks to the unweighted Calderén-Zygmund-
estimate from Corollary 9.3. We have therefore shown for Green-exponents [ and & and for any
1 < p < oo that

| () arotu

pll
) Sn,ml,kﬂx,p H f

LP(IxH LP(IxH)

with |y| = 1. The statement now follows by induction. L]

In passing we note that Proposition 8.14 also implies the following pointwise estimate, this time
with the restriction of positive o removed again.

9.5 Proposition Let ¢ > —1and I := (0,1). Further let u be a o-solution to f on'l x H with initial
value g = 0.

If1 > 0and v < « € INjj are such that | and « — <y are Green-exponents, then for almost all x € H we
have

xln|az 1x)| nolkoc'yp(1+v )21 ‘NI|B

’D\'r\fH

LP(IxH)

n+1 1
for any max {Z*IWHMH’ 1, 1+a} < p < oo
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Proof: We use Duhamel’s principle to get

x, [9fagu (L, x)| < / % 10:95Go (L, x,5,y) | | f (s, 5)| AL+ (5,y)
(0,1)xH

LG (1, x,-, )|

o 105

((01)xH
with Holder’s inequality for any 1 < p < co. But for k = 0 and Green-exponents [ and «, the first
factor can be treated with Proposition 8.14. This immediately yields the statement for y = 0 if
both1 < % < 1+l and Up—fl > —1, and these conditions on p are equivalent to

n—I+|a]
max ntl 1 ! <p <o
I—Ja[+1 " 1tcf P>

As before we now use that Bx].u is a o-solution to ax]. fforj=1,...,n—1toget

2, 19505 (1, %)| Sk (14 VE)? 1% By (x)

2|

LP(IxH)

and that 9y, u is a (1 + o)-solution to d, f + (14 ) Alu to get

x£1 |a§axnu(1/x)| Sn,a,l,k,a,p (1 + VxH)ZI_M |Bl( )‘_7 (”axnf”LP IxH) + HA MHLP IXH))

Again we can apply the unweighted Calderén-Zygmund-estimate from Corollary 9.3 to bound
the norm of the Laplacian. This proves that for Green-exponents ! and « and for

max{ ntl 1 ! }< < o0
I—|a|+ ]y +1" 7 140 P

we have

Xn |au¢a’y (1 x)| ~n,o,lkua,p |Bl

MfH

LP(IxH)

if || = 1. The statement for all y follows by induction. ]

In the next step we would like to localise the Calderén-Zygmund-estimate onto time-space-
cylinders bounded away from the initial time as before in the context of L’-estimates against
initial data, compare Chapter 7. To this end we first consider only inhomogeneities f that are
supported on cylinders and therefore in fact look at points on the diagonal of (I x H) x (I x H).
There we get a local version of the LP-estimate of Corollary 9.3 that can be improved by virtue of
Proposition 9.4.

We use the abbreviation

Qr(x0) :== Qr(0,x0)
for time-space-cylinders bounded away from ¢ = 0 and denote increased cylinders by

2

Or(x0) = (%,rz) % Bay(x0).
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9.6 Proposition Let o > —1,1:= (0,1), xo € Hand f : I x H — R with supp f C Q1(xo).
Further let u be a o-solution to f on'T x H with initial value ¢ = 0.
If1 >0,k € Ngand v < « € INjj are such that |, k and « — vy are Calderén-Zygmund-exponents, then

1
(1 /o) 21y (x0) |7 || (- ) i

L”(Ql(XO))

’D\'r\fH

Smalkzx’yp@ SUP R |Qr(z

ZEH

for any 0 € R and any max {1, 1+a} <p < oo

Proof: The Calderén-Zygmund-estimate 9.3 immediately yields

()l dfau )i 005

=[]

pll
sn,v,l,k/“r')//p H fH

’LP(Ql(xO)) = H ) ’meH) LP(IxH) L7(Gs (x0))

for Calder()n-Zygmund-exponents I, k and & — 7 and any max {1, T U} <p < oo

Consider now radii R := Ry :=1and R3 := ‘f . Independent of the location of xo in H we

\/7/
can find Ni points {z;, }, N2 points {zj, } and N3 points {zj, }, all of them contained in Q1 (xg) and
with Nj only depending on 7 for i = 1, 2, 3, such that the collection { Qg (z;,) | ji = 1,...,N;, i =1, 2,3}

covers Oy (x0). It follows that for max {1 } < p < co we have

' T+o
1 kA pll
<) 970 u ’ < H H
H( )n t9x 1P (01 (x0) nalkap 121]2 f @
» » RO Il
59 ZZ'QR,-(Z]'i)|P Ri ‘QR].(Z]'I.” Dy fH
==t LP(Qr,(2;;))
Sup [Q1(x0)F sup R [Qe(2) DL
' 0<RI§1 Lp QR Z)
ze

where we first used the doubling property from Proposition 5.10 to shrink balls into Q;(x)
and then took the supremum in any summand in the last step. This is the localisation of the
Calderén-Zygmund-estimate.

Now recall that for any Calderén-Zygmund-exponents (I, k, « — ) we have that —21 + |a| — || >
0. If we consider an xy with Ve < 1, this means that

1< (14 X))~ 21+ |af =[] Staq 1

and the inequlity we showed is equivalent to the statement of this proposition. Note that the only
Calder6n-Zygmund-exponents for which —21 + |a| — || is non-zero are the ones that satisfy
I=0and |a| — |y|=1.

For the converse case of /X, 2, 1 we first consider ¢ > 0 only. If / and a — -y are Green-exponents,
then the global estimate from Proposition 9.4 can be localised with the same arguments as above
to show for the same range of p that

1
S x0)|? sup RY H pll H
‘LP(Ql(XU)) S Lkaype 1Q1(x0)] O<R12] |Qr(z)|” f

zeH

() asu

LP(Qr(z

However, for any x € By(xg) we have that x,, = x¢ , if \/X0, 2 1 as in our present case. Together
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with I = 1, any a and - such that |a| — || = 1 are admissible Green-exponents, and so we have

Vo 1980l x0)) Stk Q1 (x0)|7 sup R®Qr(z)] 7 || DL

0<R<1
zeH

LP(Qr(z

if |a| — |y] =1and \/Xo, 2 1 for max {1, 1+a} < p < oo,

On the other hand, I = 0, k = 0 and &, ¥ with |a| — || = 1 are Calder6n-Zygmund-exponents
and we have therefore shown above — regardless of the position of x( — that for |a| — || = 1 we
also have

pll
102l Sneskene 1P sup ROIQREN [PRF],,
z€H
This implies
—2+lal=l] || gkge
(14 /o) \Mum@umﬁm»
< P sup R pl7!
~n,o,lLke,y,p,0 |Q1( 0)| 0<R2€1 |QR( ) ‘ fHU’(QR(z)

zeH

for! =k =0and |a| — |y| = 1 also in case of \ /X, 2 1. Since for any other possible Calderén-
Zygmund-exponent (I, k, «) we have that —21 + |a| — || = 0 this proves the statement for ¢ > 0.
We now consider —1 < ¢ < 0 and /Xp, 2 1, the last remaining case. Let first v = 0. As in the
first step of the proof of Proposition 9.4 we consider the L?-operators that send f to derivatives
of o-solutions x}, 9¥3%u to f, this time with kernels K(t, x,s,y) = x, 8k0%Gy(t, x,5,¥) Xsupp £(S,Y)-
Since /Xo,, 2, 1 we have supp f C {y | y» 2 1} and thus Proposition 8.14 shows also in this case
where ¢ is not in the good range that the L!-norms of the kernels are bounded and therefore
Schur’s lemma A.20 is applicable for any set of Green-exponents / and «. Consequently, we get

)l osu

‘LP(IxH) Sne ke 1fllee(rxm

for —1 < o < 0, if [ and & are Green-exponents and supp f C Q;(xo) for xo with VXon 2 1.
For any tangential derivative these prerequisits are satisfied and we can iterate the argument as
before. For a similar treatment of the vertical derivative, however, we lack the guarantee that the
corresponding inhomogeneity dx, f + (1 + o) AL u has support in the right region. But dy,u is a
(1 + o)-solution to this right hand side, and since (1 + ¢) > 0 we apply Proposition 9.4 on this
solution as above. We can therefore use an induction to show that

() ot

7l
) 51’1,(7,],]{,“,’)/ H f

‘U’(IXH LP(IxH)

for —1 < o < 0, if  and « are Green-exponents and supp f C Q(xg) for xg with /%y, > 1. We
can procede by localising and applying this result in the same fashion as before to finish the
proof. ]

For inhomogeneities that are supported away from the diagonal we can achieve a pointwise
estimate against a similar expression as before, albeit with the additional condition that the range
of the parameter that was called 6 above is not entirely arbitrary any more.
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9.7 Proposition Letoc > —land I := (0,1). Fixx € Haswellas0 < 6 < Landlet f : I x H — R
with supp f C ([0,1] x H) \ ((6,1) x By(x)). Further let u be a o-solution to f on'T x H with initial
value g = 0.

If1 >0,k € Ngand o € Nj with 21 — |a| < 0, then for all t € [26,1] we have

(14 /@) 2o ofatu t, x)|

1
Snotkapse SUP (R+v/Zn0) TR IQr(2) 7 |Ifllie(oge)

0<R<1
zeH

foranye; >0, e >Oandanyl+% < p < oo

Proof: We first consider the case o > 0.
Let M := ((0,¢) x H) \ ((6,t) x B1(x)). By Duhamel’s principle 9.1 and the prerequisit on the
support of f we get

x), [Fa%u (t, )| < /XZ 10:95Ge (t,%,5,y)| |f (s, )| L™ (s, )
M

where G, is the Green function on (0, 1) x H. This is only possible ford <t <1.For26 <t <1,
the application of Proposition 8.13 under the integral is then justified if 2/ — |a| < 0, and gives us
the upper bound

A+ vEP [ @ ) B e fe )] der s, y)

(01)xH

for an arbitrary e; > 0 and with a constant that depends on 1, ¢, [, k, « and 6. Note that we
have here exchanged x;, by y, in a portion of the factor (1 + /x;; )% ~* as we can do thanks to the
exponential decay.

For the computation of the integral we first cover H with a countable number of balls By ().
Together with the triangle inequality we then get

(14 7)™ Buy) e € [£(s,9)] 4L (s, )
(01)xH

_ g _dxy)
<) / (14 /7)) " B ()| e " £ (s, )] AL (s,y)
Y0.(0,1) % By (yo)

xY0)

<sp [ () B )] s ) e

Y
*(0,1)xBy () v

and the series in the back converges uniformely in x.

We now cover the temporal interval (0,1) by (1 R%, R2,), m € Ny, where Ry, := 2~ % . Furthermore,
for any m € N and any yo we cover By (o) with N(m) balls Bg,, (z;), z; € B1(yo). This is possible
by Vitali’s covering lemma ([Koc04]), which also ensures that

N(m)
Z IBR,, (zi)le Sne |B1(yo)le
i=1

independent of m. Note that (27~1,27™) x Bg (z;) = Qg,,(z;) and we therefore now look at
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9 Estimates Against the Inhomogeneity

the expression

N(m)

sp Y [ (V) B ) 4L (s ).

Yo melNp i=1
0= Opy (21)

Consider the cases yp , < 1, thatis the situation close to the boundary of H, and v, 2 1 separately,
starting with the latter one away from the boundary.

If the distance of yy to the boundary is sufficiently big, we know that |B;(y)| ~» |B1(yo0)| for any
Yy € B1(yo) from Remark 5.11 and thus also (1 + \/yx) " =~u (Rim + /Z;,) %! forany y € B, (z;)
with z; € By(yp). An application of Holder’s inequality then shows that

N(m)
sup [Bi(vo)| ! X Yo (Ru+vED) [ 1f(sw) 4L (sy)
Yo,n1 melNg i=1 o (Zi)
-1 EZN(m) —& 2782 ~1
< sup Bi(yo)l ™ X Rt Y (Ru+ /Zin) ™V [Br,, ()| Rin 2 1Qr,, (2017 [1fllp(Qu,, (z0)) -
yO,nz melNg i=1

Taking the supremum over 0 < R < 1 and z € H then leads to the upper bound

-1 € Nm) —£1 P2—¢ -1
sup [Bi(yo)| ™"} Rt ) [Br,(zi)] sup (R+v/za) " R*2|Qr(2)|"7 [|fll1r(0p(z)
Yo,nR1 meNy i=1 Oié{él
< R —€1 R2—€2 _% RSZ
< sup (R+/zn) QR Iflip(opzy 2 Ri
0<R<1 melNg

zeH

by virtue of the Vitali-property discussed above. For any €, > 0 also this series converges and can
therefore be subsumed into the constant.

In the case that 1 is close to the boundary we vary the arguments slightly. First we use the rather
rough estimate (1 + /7z) ! |B1(y)|~! < 1. The same reasoning as above then asserts that

N(m)
swp LY. [ Ifwlae )
YonSt meNg i= QR )
_1
< sup [Bi(yo)| sup (R+vzu) ' R*2[Qr(2)| 7 [ flirigee)y L R
yO,ngl Ojggl meNy

where we used that e; > 0 and

Ry + vV Zin <1+ \/Zln ~n (1 +d(zi/y0))2 (1 + \/]/O,n) ,Sn 1

thanks to Remark 5.18 and the fact that z; € By (yo) for \/]m S

But for any yo,, < 1itis also clear that |B1(yo)| S 1 and thus the same upper bound as above
follows for any &, > 0.

It remains to consider the case —1 < ¢ < 0 that generates an additional factor (y§)*»<1}.
Whenever y,, < 1-a possibility that only realises itself if 19, < 1 - we therefore have to deal with
an additional ¥, under the integral. The application of Holder’s inequality then results in

N(Wl) 1)762 1— 1
sup ) Rii ) (Ru+/Zin) R ! | B, (2i)] Lp £ lzr (0, (z0))
Yo,nS1 meNy i=1 —T
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ifo(l— %) > —1. The last condition is equivalent to p > 1i7 for —1 < ¢ < 0, and does not pose
a restriction on p if o > 0. Now Proposition 5.10 asserts that

|—

1—

_1 _1
|BR,, ()| ~no |Br, (20)|' 7 (Rys + /25, 1)% = |Br,, (2i)|o |Br,, (zi)| 7

‘_Q‘E

g

)

-

and a reiteration of the steps above, this time using Vitali’s lemma for the measure y, with o not
neccessarily 0, implies the upper bound

_1 c
sup [B1(yo)lo sup (R+Zn) ™ R Qr(2)| 7 [ fllinopey L K-

Yo St 0;551 me&Ny
Similar as before we can conclude that | By (vo)|oc Sne 1if yon S 1. L]

Together with Proposition 9.5 this yields a pointwise estimate for any inhomogeneity on I = (0,1)
that can be rescaled onto arbitrary intervals I = (t1, ) by the invariant scaling T of the equation,
see Remark 3.2. We first formulate the scaling of the right hand side in a separate lemma.

9.8Lemma LetA>0,s1 € Rand Ty :(8,9) — (s1+ A8 A7) := (s,y). Further let v € INj.
We then have

1
R ¢ Ro 5 [DM(forT <
osigl( + VE) R |Qr(2)| 7 | D) (f o A)HLMQR(z)) v
ze
54 R by’
A 2051?212,\ (R+v/zn) " R*|Qr(s1,2) H fHU’(QR(Slz)
zeH

foranye > 0,0 € Randany 1 < p < oo

Proof: The transformation rule for integrals and the chain rule assert that

[237o T0)] gy, =4 24|

LP(Qr(2)) LP(Ty(Qr(2)))

According to Lemma 6.6 we have

TA(Qr(2)) C <S1 +MTR)2,s1 + (WTR)2> X Bya /ip(A2).

N
We can now find N points A z; € B4c§ﬁR(/\Z) such that iL:JlBﬁR(Azi) cover B4c§ﬂR(/\Z)' Note

that N only dependes on the dimension n. Hence we get

TA(Qr(2) UQ\fR $1,Az;)

i=1

and therefore

n+1

[0 0T gy 507 32 [0

Qe P LP(Q g (51.121))

for Az; € B4c§ﬂR(AZ)'
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Considering that

1Q /ir(51,A2)| =n A QR (2)]

by Proposition 5.10, the last line leads to

R+ v/zn) ¢R? D|7| oT <
sup DRI ) ] (Qx(z) P
zeH
n+1 n+1
AT e sup (VAR + v/Az,) "¢ (VAR)? s1,Az)] = || pl7! ‘ )
Z;O<Ri<)1 ) |QfR( 142)] f‘ LP(Q g (s1:421))
ze

However, due to the triangle inequality for d and the doubling property of this distance function
we get

1 1
IByar(A2)| 7 Snp |Bar(Azi)| 7

forany Az; € B 42 V/AR (Az). But since we are taking the supremum over all z € H, each summand

can be considered independently and the statement follows with an additional dependency on N
or rather n. ]

In the following we still allow t; = oo and use the convention that r2 <ty — t; means r* < o« in
this case.

9.9 Theorem Let o > —1,t; > —coand I = (t,t,) C R be an open interval. Further let u be a
o-solution to f on'l x H with initial value g = 0.
If1 > 0and v < a € INj are such that | and « — <y are Green-exponents, then

sup t— ppleter—2lri=2 e (VE= 1 + /an) 2l =e ol 192yt x)|

(tx)eIxH

_1
Sn,a,l,k,oc,p,poﬂ,’y,ﬁ sup (R + v Z”)_Sl R9_2|7|+81 |QR(t1IZ)| 4 Hf”LP(QR(tl,z))

0<R2<ty—t
ze€H

1
+ sup  RY|Qg(t,z)| 0
0<RZ<ty—t
zeEH

’DIVIfH

LPO(Qr(t1,2))

1 1
foranyeg > 0,0 < 2+2|y| — &1 and max {Lm} < p < 00, max {W, 1, 1+a} <po <
oQ,

Proof: Let first t{ = 0 and t, = 1 so that u is a o-solution to f on [0,1) x H with initial value
0. Fix an arbitrary x € H and set fi := xq,(x) f, f2 := (1 = X0, (x)) f- Then supp f; C Qi(x),
supp f2 C ([0,1] x H) \ Q1(x), and denoting the o-solutions to f1 and f, on [0,1) x H with
vanishing initial value by u; and u5, respectively, we also get u = u; + up. With Proposition 9.5
and Proposition 9.7, the latter for § = %, we then find

Xy 0% (1, x)| < xy, [5ur (1, x)] + x;, [95u2(1, )|
1
I _
5n,0,l,k,a,wo,p,82 (1+v x”)2 : [Bi(x)] 7o ‘DMﬁHLvo (o, 1)xH)

(14 VB2 sup (R4 /) R 2 | Qp(2)| 7 121l (g (2))

0<R<1
zeH
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1 n+1
forany €1 > 0, &5 > 0 and any max {1,1+—U} < p < 00, max {W’ 1, l+¢7} < po < oo, if

I and a — v are Green-exponents. We use that supp f1 C Q1(x) and multiply the first summand
with 1 = 19 before taking the supremum over 0 < R < 1and z € H to see that

(14 /) 2= ) (1, )|

[
gnolkocpopsz Osup R’ ‘QR ‘D fHLPo (Qr(z
zeH
_1
+ Osigl (R4 v/zn) 1 R* 2 |Qg(z)| * HfHLF’(QR(z))
<K<
z€H

foranye; > 0, e > 0, 6 € R and max {1,%} < p < 00, max {%, 1, 1+(7} < po < 0.

Turning to the rescalation of this estimate, we let now u be a o-solution to f on (t1,t) x H
for arbitrary t; < t; with initial value 0. Then u is also a o-solution to f on (t1,t) x H for
any t € (t1,t] with vanishing initial value. Denoting the time-shifted scaling function by
Ty: (£ %) — (t1 + AF,AR) = (t,x) as above, for any (t,x) € (t1,t,) X H we get

(VE=F1 + /&) e 98, )|

—21+|a|—e
. ,%,:1 /t—t1 xn lal=e1 xn)l
/\

Now fix a t € (t1,t,) and choose A = t — f1. The time-shifted scaling in consideration is invariant
for our equation, that is we have that u o T;_, is a o-solution to (t — 1) (f o T—,) on (0,1) x H
with initial value 0 (see Remark 3.2), and we can then apply the above estimate on it to get the
inequalities

_9] —
(VE=E + /o) 275 o jatut, )|
_laf & _ _ _1
Sn,a,l,k,a,y,po,p,ez (t_ tl) 2 2 +1( sup (R+ \/Zn) . R2 2 |QR(Z)| r Hfo Tf—ﬁ”LP(QR(z))

t—t 1
— ,Xx).

9% (u o Ta)(

0<R<1
zEH
1
+ sup R° Z)| 7o ‘D'ﬁ' 0T, ‘
0<R§1 (=)l v (foTin) LPO(QR@)))
ze

_ld_ &g a_14%2 _ _ -1
Snppo (F—1) 2 2+1((t*t1)2 7 sup (R+ /zn) " R 2 [Qg(ty,2)| 7 1N er(Qr(tr,2))

0<R2<t—t)
zeH
ly|—¢ 9 > |l
+ (= )75 sup R |Qe(ty,z) 7 ||DIf| )
0<R2<t-1, LPo(Qr(t1,2))
z€H
with Lemma 9.8. We then set e, :== —e1 — 6 + 2 + 2|y|, hereby restricting ourselves to

0 <242|y—¢.
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9 Estimates Against the Inhomogeneity

We have now finally reached the localised LP-estimate we started out for earlier.

9.10 Theorem Let o > —1,t; > —ocoand I = (t1,t;) C R be an open interval. Further let u be a
o-solution to f on'T x H with initial value g = 0.
If1 >0,k € Noand v < o € INj are such that |, k and x — <y are Calderon-Zygmund-exponents, then

_1
sup R+ |a| =[] -2+0 (R + /*Zn)72l+|tx\f\'y\ |Qr(t1,2)| 70
0<R?<ty—t
zeH

()} dfateu

‘L”O (Qr(t12))

_1
Sn,a,l,k,vé,%P/Poﬂ sup (R +v Zﬂ)im Reim |QR(t1/Z)| P ”f”LP(QR(t],z))

0<R2<ty—t
z€EH

+ sup RY|Qr(t1,2) ’Dme

0<RZ<ty—1
zeH

LPO QR tlz

for any 6 < 2+ || and any max {1,%} < p,po < 0.

Proof: Let firstbe I = (0,1) and fix an arbitrary xy € H. We consider

f :fXQI(xO) +f(1 ~ X3 (%) ) D fi+ fo

Note that then

supp f1 C Q1(xp) and supp f» C ([0,1] x H) ~ ((i,l) X Bz(x0)> )

This splits u into a sum of #1 and uy, o-solution to f; and f,, respectively.
For the on-diagonal part we use Proposition 9.6 and immediately get for almost any xo € H that

() dFat

(14 /Fom) 2Hlei=h |Q1(Xo)|_’}70

LPo(Q1(x0))

< sup RY H
N”razlrkrlxr'yrpore 0<R§1 |QR( )| LPO QR Z))

zeH

forany § € R and any max {1, = 0} < po < 00,if (1, k, « — ) are Calderén-Zygmund-exponents.
Off-diagonal, on the other hand, we first note that by the triangle inequality we have By (x) C
By(xp) for any x € Bj(xg). For any such x and any ¢ € [},1], that is for (t,x) € Qi(xo) it s
therefore clear that

supp f C ([0,1] x H) ((1,1) X Bl(x)>

and thus for 21 — |a| < 0 the requirements needed for 9.7 are met with § = %. Adding the
calculation

(14 )2 lolFe <) o (14 /a2 lelte

that is made possible by Remark 5.18 in these circumstances, for almost any xy € H an integration
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yields
(1 Vo) 210 () 770 ()} 2f0kus
' 1P (Q1 (x0))
_1
Snolkapere 0511?31 (R+ v/Zu) " R [Qr(2)| 7 Hfan’(QR(Z))
<R=<

zeH

for any ¢; > 0, &2 > 0 and any max {1,1%7} <p<oo,1<py < oo, if 2] —|a| <0. Together

with the on-diagonal estimates this gives the statement on (0,1) x H if we set &1 = |y|.

For the rescaled version we let u now be a o-solution to f on [t,t;) x H with initial value g = 0.

Then u is also a o-solution to f on [t1,t +1%) x H for any 0 < r> < t, — t; with initial value
g = 0. For the scaling

~

Ty:(£%)— (1 +AEAR) = (t,x)
we then have

ntl gy g
:/\P0+l k—|a|

A\ akaa
H( Jn 9i0%u LPO(Qr(t1,%0))

() ok (uoT))

LPO (T (Qr(f1%0)))
As in the proof of Lemma 9.8 we can see that
N
Ty (Qr(t,x0)) © JQup (A1) for A1y € By o (A™x0)

i=1

and a number N only depending on the dimension 1. With A = r? and the invariance of the
time-shifted scaling that makes u o T,» a o-solution to 72 (f o T,2) on (0,1) x H, we can apply the
statement proven above in every summand to get

|- hokasu

LPO(Qy(t1,%0))

N 20— |a|+|v]

2042 4 0] 2k —2|a|+2 Xin o N =

Sl kayppoed ! P Yo (1+ 2 |Q1(rx;)| o
i=1

0 _1

sup (R’ |Qr(z)| ™

0<R<1
zeH

_1
+ (R+ vzn) MR 2 |Qp(2)| 7 ||f0Tr2||LP<QR<Z>))'

P (foT,2)

‘L”O (Qr(2))

Using the same calculations as in the proof of Theorem 9.9 for the measure of the cylinder and the
rescalation of the right hand side from Lemma 9.8 as well as &5 := —6 + |y| + 2 for 6 < 2+ ||,
we arrive at the upper bound

0 “i ||l ~hl go-h -
sup (RY1Qu(tn, )| [DFF] o R VED R Q2 lu
z€H

N
PR R0 ) g el (v 7o
i=1
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for x; € By, Cﬁr(xo). As before we use doubling and triangle inequality to see that
1 1
|Br(xi)|70 S [Br(x0)[ 70
and do the same trick on
21=al+|y]

20+l

(r + E)2 M1 =y (B, ()

in reversed order, since here the exponents on the ball measure are negative. This finishes the
proof. L
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10 The Non-Linear Equation

We finally turn to the non-linear perturbation equation we first started out with. Following
[KL12] we would like to use a fixed point argument in special function spaces to get existence
and uniqueness for the non-linear problem. In [KT01], the choice of these function spaces was
motivated by the square function characterisation of BMO.

As noted before, the best initial values we can hope for in the transformation are contained
in a homogeneous Lipschitz space. Now we need to choose our function spaces such that the
inhomogeneity bounds the same left hand side as the Lipschitz initial values do. In light of the

estimate from Remark 7.8 we therefore have to use the pointwise bound 9.9 for I = 0 and |a| = 1.

Since there we need ! and « — 7 to be Green-exponents, we have to have |y| = 1. Accordingly, to
achieve the same factors as in the bound for the initial values, we set e = 1 and 6 = 2. Note that
for these values of /, |«| and || the condition on p( reduces to max {n +1, 1}7} < po < oo.

Now, fortunately, this very choice of the parameters |y| and 6 in the localised LP-bound for
Calderén-Zygmund exponents by the inhomogeneity from Theorem 9.10 leads to the same

combination of factors as the ones that can be bounded by the initial values by Corollary 7.9.

Spelling out the possible combination of Calderén-Zygmund-exponents naturally suggests the
following definitions:

For an interval I = (t1,f5) C Rand 1 < g, p, po < oo let the function spaces X := X(I,¢) and
Y :=Y(I, p, po) be given by

||“||x(1,q) = ||qu||L°°(1xH)

_1
+ sup RZ|Qr(F, 277 [ Vedsu 1oty e))

0<R%<ty—t
zeH
_1
+ sup R(R+En) [Qu(t2)| 7 Dl
0<R2<ty—t) L7(Qr(t1,2))
zeH
+ sup R2|Qu(t,2)| 7 |(), D3
0<R2<ty ' llLa(Qr(t,2)
ng
and
_1
1yt ppo) = sup R(R+v/2Zu) " Qr(t1,2)| 7 [1f (g (t1,2))
0<R%2<ty—ty

z€H

1
+ sup  R*[Qgr(h,z)| 70 Ve flro (Qp(ty,2)) -
0<R2<ty—ty
z€H
This defines norms modulo constants. As an intersection of complete spaces, the spaces X(I,9)
and Y (I, p, po) are also complete.
We furthermore denote the homogeneous Lipschitz space by
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10 The Non-Linear Equation

For functions depending on time and space whose spatial gradient is bounded we will alter this
notation to C3* (I x H). The space X(I,q) is obviously contained in this space for any 1 < g < co.

10.1 Remark Rephrasing Remark 7.8, Corollary 7.9 and Theorems 9.9 and 9.10 in terms of these
definitions yields the following statement:

Let 0 > —1,t; > —oo, I = (t1,t2) C R be an open interval, max {n—i—l, 1+0} < po < coand

max {1, 1+a} < p < oo. Furtherlet f € Y(I,p), g € CY'(H) and u be a o-solution to f on'T x H

with initial value g.
Then we have

H”||X(1,p0) Snop.po ||8||C0r1(H) + ||f||Y(I,p,p0) :

Now consider the non-linearity more closely and remember that we have

_ Ve | Vi
f[u]— (1+0') e u+1 ( )n xnaxn 1
— (14o) S Vidy, - Vo Vo222, u

dtt +1 () dpth + 1 () (O, u+1)2°

Thanks to the special structure of this non-linearity we can establish mapping properties of
u — f[u] in the spaces defined above.

For a function space Z we denote closed balls centred at zero by §§ ={ueZl|ull, <p}

10.2 Proposition Lett; > —oo, I = (t1,tp) CR,1 < p <ooand0 < p < 1.

X(Lp)

Then the mapping B,, > uw— flu] € Y(I, p,p) is analytic and we have

! X(Lp)
Hf[ ]”Ylpp Snpﬁ ”uHX(Ip) fOT'ﬂllMGB

as well as

14 RX(Lp)
1 flua] = flua]lly(,p,p) Snp A—pp |1 — uzllx (g py forall uy, u; € B>

Proof: A direct calculation shows that

flu] = filu] * Ve x Ver + folu] % Ve (- ), D2u
and, forj=1,...,n,
Ox, f[u] = falu] x Ve x Diu + fo[u] + Veux (- )nD3u+ fa[u] x Diux (- )nDiu

with

filu] == Y (x,u + 1) (Vo) kD%, i = 1,2,3.
k=1

Fix arbitrary 1 < p, py < co. The analyticity is a consequence of the fact that polynomials are ana-

lytic and the f;[u], as functions of Vyu, can be extended into power series. In any neighbourhood

—=C¥(I1xH)

inB, this yields a power series expansion that converges in Y (I, p, po).



Flat Fronts and Stability for the Porous Medium Equation

We now consider the parts of || f[u]]|y 1ppo) term by term. We will drop the initial time ¢, from the
notation of the cylinders as well as the set in the notation of the L*-norm on the whole space I x H.

_1
R (R+ /zn) "M IQr(2)| 70 || frlu] % Vit x Vet 1o g 2))
< Al | Veullze,

1
since || Vxtt|| oo (g (z)) < I Vel [Qr(2)[70 and (R + /zu) ! < R.

2

‘LPO(QR(Z))

_ 1
R (R +/zn) " |Qr(2)| 70 ‘fz[u]*qu*(')an“
_ 1
< Mol 195l R (R4 V2 [Qr(2)] 70 [ D], 0
this time since /X, < R + /z, for any x € Bg(z).
2 -1 2
R?|Qr(2)|"7 fz[”]*VX”*DX”’mQR(z))
_1
< falillls [l R(R+v20) [Qe(2) 7 |02, o
again with R < R + /z,.
R Qu(2)| | folu] * Vo (-)uD3u
R x e LP(Qr(2))
_1
< el Vot R 1QR() P D20,
straightforward.
2 2 2
R7|Qr(z Hf3 U] Dy (- ) D"”‘WQR@»
< Wfsillm R IQRE)I (- lD3u?
< || fslu]ll~ R*[Qr(2)| (+)n [Diul LP(Qg(2))
u
LP(Qr(2))

S Ifalll 1%t R2IQR()7 ()

thanks to the identity
2

1
- H( ) D
L% (Qr(z))

[ |D’2‘“|2HLP<QR<z>>

and the weighted Gagliardo-Nirenberg interpolation inequality from Proposition 2.18 in its local

form.
Setting p = q = po we thus see that by the definition of X(I,q) we have

1 1llly 1,p,p) Sp (1AL oo 4 1 f2lu] ] o + [ f3 L0 o) 1l %1,
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10 The Non-Linear Equation

—_ (01
We therefore only need to consider ||f;||;~ fori =1, 2, 3. By assumption we have u € Bg (H)

with p < 1 and hence both
Vet < pand [|O,u + 1] & < (1-p) 7%

It follows that

I filulllp <

which implies

-1
[ flu ]HYIpp ~Sm,p Z 0)F ||”||X (Lp)

and thus the first inequality.
We turn to the second inequality and note that for the first term we have

filun] * Veuq * Veug — filup] x Vg *x Veupy =(f1[ug] — fr[uz]) * Veug * Vg
+ fluz] * Vi (ug — up) * Vyuy
+ f1[un] * Viun * Vi (ug — up)

and likewise for the other terms. In the resulting summands we can proceed exactly as before
and get an estimate

(£ Tur] = fluallly(1,p,p)
: 2
Snp ) (Hfi[ul] = filua]ll e 1) + Ifilullle (eeallrpy + 2l ) lln = “2||X(1,p)) :
i=1
Note that in the part involving f3[u] we use Holder’s inequality to obtain

H( ) Dy D3 (w1 ”Z>HLP<QR<z>>

<H«ED@1 () DR =)

127 (Qg(z0)) L% (Qr(20))

1 1
S sl | (- )n D3

3 D3 ’
llu1 — uz| fo H( n Dx(ur —u2) LP(Qr(z))

1
2

LP(Qr(2))

with the interpolation inequality applied onto both factors.
In view of the first part it remains to estimate the terms

fil] = filuz] = i (((ax”ul + 1)—k — (O, 12 + 1)—k) " (qul)(k—l)*

k=1

k—1
+ (axn U + 1)71‘ * Vx(ul — le) * E(qul)(ll)*(vxuz)(kll)*)
=1
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fori =1, 2, 3. But it is clear that
(3w, u1 + 1)K — 3y, up +1)7F

k -1
k
= @2 = dg) (0 1) @ + 1)L T () (1 g 2
and thus, because of uq, 1y € Ef and p < 1, we get

H(aXnul +1) 7K — (O, + 1)7kHL S 119, (u1 — u2) || (1—p) 2 ZPI '

and consequently

k—1

o i L p o2
o) = il % o = sl 32\ Gy g )

Using

2
w1 llxr,py < o (luallxe,p) + lu2llx,p)s
all this amounts to

3 _
1flua] = flualllyr,p,p) Snp Z P (el r,p) + N2l x(1,py) N1 = w2llx(r,p) -

finishing the proof. ]

This allows us to close the argument for the non-linear equation by means of a fixed point theorem
in a way that closely follows [KL12]. With an idea developped in [Ang90] that was pushed further
also by [KL12], we additionally get analyticity in the temporal and tangential directions of the
solution we will construct as a consequence.

10.3 Theorem Let o > —1, 1y > —coand I = (t1,tp) C R be an open interval. Further let
max {n—l—l, 1+U} < p < oo,

~0,1
Then there exists an ¢ > 0 and a C(n, o) > 1 such that for any g € BS H) e can find a o-solution
u, € X(I,p) for the non-linear perturbation equation on I x H with initial value ¢ and satisfying

. . cqe X(I,
it 1,y Snp I8l con ) that is unique within BE"P.

Moreover, u, depends analytically on the data g, we have u, € C®(I x H), and u, is analytic in the
temporal and tangential directions on I x H with an r > 0 such that

sup (¢ — t1) 1 10F0% Vi (8, 0)| S r W It et gl on

(tx)eIxH
forany k € No and o' € Nj~ with k + |a'| > 0.
Proof: In this proof the same arguments as in [KL12, Theorem 3.1.] apply. So define the function
F: C"Y(H) x X(I,p) = X(I,p)

by assigning (g,u) € C*'(H) x X(I, p) to the o-solution to f[u] on'T x H with initial value g. By

123



124

10 The Non-Linear Equation

(01
Remark 10.1 and Proposition 10.2 we can find a p; > 0 and an&; > 0 such that forany g € BEC] (H)

(

. . s X (I . . . .
the map F(g, -) is a contraction within B, #)Hence the contraction mapping principle provides

us with a unique fixed point u, € E;i(l’p ) that depends on g in a Lipschitz continuous way. Thus
1, is the unique global o-solution for the non-linear equation with initial value g. The bound on
l[1+][x(1,p) especially implies that u, is Lipschitz in time and space. By [Koc99, Theorem 5.6.1.]
the smoothness of u, follows.

But moreover, F and therefore also

G:CY (H) x X(I,p) — X(I,p), G(g,u) := u— F(g,u)

are analytic on C%!(H) x Ei(l'p ). Since G(0,0) = 0 and D,G(0,0) = id, the analytic implicit
function theorem on Banach spaces is applicable ([Dei85]) and yields the existence of balls

—C01 (H)

B, c C*'(H) and E;Z(Lp) C Xp)

[
alongside with an analytic function

COY(H X(I,
& ( )_>Bp2( P)

A:B

that satisfies A(0) = 0 and F(g,u) = u for any g € BSZOJ(H) and u € B;(z(l’p) if and only if

(Lp) S Bg(l’p)
2

u = A(g). By the uniqueness of the fixed point in E;(l above we conclude that A

sends g € Bgorl(l) to u, analytically, where e3 := min {ej,&5}.
We now consider (7,¢’) € BR (1) x ngnil and define
Feolu] =7 flu] — (1= 0) Lou— &' - V.

Note that then f; o[u] = f[u]. Similar as above we define
F:BR(1) x BR"" x C¥(H) x By ") — X(I,p)

that maps (7,¢’, g, u) to the o-solution to g and f & [u] on T x H. A straightforward calculation as
in the proof of Proposition 10.2 shows that we have

ol 2
| e gml|,,, | Snop Iglens + Il + (1=l + 1D lullxe,p) -

(Lp)

Hence we can conclude that D, F| (1,0,0,0) Vanishes. Applying the analytic implicit function theorem
once more, this time on

é = idX(I,p) —ﬁ

at the point (7, ¢’, g, u) = (1,0,0,0) we then obtain the existence of x; < k1, d; < 61, p3 < p2 and
g4 as well as a unique analytic function

A:BR(1) x BR' x BS ) 5 pX(I7)

€4 03
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such that
G(r,¢, g A(t,&,g)) =0.
For (7,¢') € BR (1) x BEVH and (t,x) € I x H let us now consider the transformation
T:(t,&,t,x) = (t(t—t) +t,x —&(t—t),xn)-

A simple calculation shows that u o T(7,&’, -, -) is a o-solution to fr = [u] on [ty, T(ty — t1) +t1) x H
with initial value g if u is a o-solution to f[u] onT x H with initial value g. Therefore we have that

G(t,¢ A(g) o T(1,8, ) =0.

It is also clear that

A(Q)oT(r,& t1,) =g =A(r,&,8)(h,")

and thus the above uniqueness results for € := min {¢3,&4} and p3 imply that A(-)o T = A.

Especially, u, o T(-,-,t,x) is analytic as a function of T and ¢’ into X(I, p) near t = 1and ¢’ =0
for any (t,x) € I x H. For finite t we have that

]anT(u* o T(T, (:I, t, x))|(.[,§/):(1,0)‘ = |Vx(i’ — tl) atu*(t, x) ,
|Vx0g, (1 0 T(T,8', 1, %)) | (ren=(1,0)| = | =Va(t = t1) Oxu(t, x) [ forj =1,...,n — 1

with similar formulas for higher order and mixed derivatives. This implies the analyticity of u,
on [ x R" in t and x’ as well as the formula given in the statement. ]

10.4 Remark [t is shown in [Koc99, Proposition 6.3.1.] that our solution u. and all its temporal
derivatives are also analytic on I x H in any spatial direction including the vertical one. We conjecture
that u. is indeed analytic on I x H in time and space.
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A Singular Integrals in Spaces of Homogeneous
Type

Measure Theory

We introduce some notions and notations of measure theory on arbitrary sets as well as topological
spaces. For a deeper treatment consult [Els07], [EG92] or [Fed69]. The power set of a set X is
denoted by P(X).

A.1 Definition Consider an arbitrary set X.
We say that p : P(X) — [0,00) U {oo} is a measure on X if and only if

e 1)
o 1(A1) < u(Ap)forall Ay C Ay C X (monotonicity),

0,

e u( U Aj) < ¥ u(A)) forall (Aj)jen C P(X) (countable sub-additivity).
JEN jEN
What we call measure here is often referred to as outer measure in the literature. A set endowed
with a measure is also called measure space.
Remark that > 0 actually follows from the conditions in the definition and thus would not have
to be assumed. On the other hand, it is not excluded by definiton that a measure takes on infinite

values. A measure that decomposes its underlying set into subsets with finite measure is easier to
handle.

A.2 Definition Consider an arbitrary set X and a measure y on X.
We say that y is countably finite if and only if there exist (A;j)jen C P(X) such that u(A;) < oo for any
j € Nand

X=[JA;
jeN

By our definition, a measure assigns a number to any subset of X, thus measuring it. Nonetheless,
for a subset to be called measurable we require an additional property.

A.3 Definition Consider an arbitrary set X and a measure y on X.
We say that A C X is measurable if and only if

u(CNA)+u(CNA%) <u(C)forall C C X.
The collection of all measurable subsets of X is denoted by A, (X).

Because of the monotonicity this means that a subset is measurable if and only if it divides all
other subsets in a measure-theoretically correct way. It is easy to see that any nullset is measurable,
as are X itself and @, and that A, (X) is closed with respect to complement and countable union.
Moreover, y is countably additive on its measurable sets.
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A Singular Integrals in Spaces of Homogeneous Type

A.4 Proposition Let X be an arbitrary set and y be a measure on X.
Then

u(UJAj) = Y u(A)) forall disjoint A; € Ay(X).
jEN jeEN

On a topological space X, the family of sets that is generated by the open subsets through
complement and countable union are denoted by B(X). The elements of B(X) are called Borel
sets.

A.5 Definition Consider a topological space X and a measure y on X.
We say that y is a Borel measure if and only if B(X) C A, (X).

A Borel measure is therefore a measure for which at least the Borel sets are measurable, including
all open and all closed subsets of X. Caratheodory proved that on metrisable topological spaces
with metric dx there is another characterisation of Borel measures.

A.6 Proposition Let X be a metrisable topological space and y be a measure on X. We then have:
u is a Borel measure if and only if

(A1 UA) = u(Aqr) + u(Az) forall Ay, Ay C X withdx (A, Ap) > 0.

A proof can for example be found in [Fal85].
Still, of course, not all subsets are necessarily measurable. Measures that can compensate this
deficit are called regular.

A.7 Definition Consider an arbitrary set X and a measure y on X.
We say that p is regular if and only if for all A C X there exists a measurable set C € A, (X) such that
C D> Aand u(C) = u(A).

The following definition sharpens the notion of a regular Borel measure a little, but decisive bit
further.

A.8 Definition Consider a topological space X and a Borel measure y on X.
We say that y is Borel regular if and only if for all A C X there exists a Borel set B € B(X) such that
B D Aand u(B) = u(A).

Instead of a Borel regular Borel measure we will merely speak of a Borel regular measure.
On certain topological spaces we can make sense of a local form of finiteness. Remember that in a
Hausdorff space any compact set is closed.

A.9 Definition Consider a locally compact Hausdorff space X and a measure y on X.
We say that y is locally finite if and only if we have u(K) < oo for any compact K C X.

Local compactness is often included in the definition of local finiteness, demanding that for any
x € X there exists a compact neighbourhood with finite measure. However, a clearer separation
of topological and measure theoretical properties is achieved by means of our definitions.
Locally finite Borel regular measures get a name in their own right.

A.10 Definition Consider a locally compact Hausdorff space X and a measure p on X.
We say that y is a Radon measure if and only if u is a locally finite and Borel reqular measure.
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Radon measures possess another regularity property that is important.

A.11 Definition Consider a Hausdorff space X and a measure y on X.
We say that y is tight if and only if

#(B) =sup {u(K) | K compact and K C B} .

A.12 Proposition Let X be a locally compact Hausdorff space and y be a measure on X.
If u is a Radon measure, then y is tight.

This is proven for example in [EG92].
We recall now that metrisable topological spaces are Hausdorff. Balls with radius r centred at
x € X taken with respect to the metric dx on X are denoted by BX(x).

A.13 Definition Consider a metrisable topological space X and a measure y on X.
w is called doubling if and only if

#(B3(x)) S u(BY (x)) forany r > 0.and x € X.

We do not include the doubling constant explicitely into the definition, but would like to point
out that it is not allowed to depend on any parameter at all. By monotonicity it is also obvious
that the converse inequality holds without a constant.

Metric spaces that are endowed with a measure that is compatible with the metric as well as
regular are important. They are close enough to the euclidean space, equipped with the Lebesgue
measure, as to gain a lot of the results that hold in this model case.

A.14 Definition We say that a metrisable locally compact topological space with a non-trivial doubling
Radon measure is a space of homogeneous type.

It is also possible to give a general definition that requires a quasi-metric on the measure space.

However, we consent ourselves to the framework presented here.

Lebesgue Spaces

We study real-valued functions on measure spaces.

A.15 Definition Consider an arbitrary set X, a measure y on X and a function u : X — R.
We say that u is measurable if and only if u=*(B) € A,(X) for any B € B(R).

For measurable functions u on X, the construction of the integral over a measurable set A C A (X)
with respect to i, denoted by
/ udy,

A

can be done via positive simple functions and indicator functions in the usual way. Note that the
measurability of u implies that |u| is also measurable.
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A.16 Definition Consider an arbitrary set X, a measure y on X and a measurable set A € A, (X), as
well as a measurable function u : X — Rand 1 < p < oo,
We say that u is p-integrable on A if and only if

/|u|p dy < co.
A

For p = 1 we simply say integrable instead of 1-integrable.
There is a similar notion for p = co. By the essential supremum of a function u on a measurable
set A we mean

esssup u:=inf{c e R: u(x € A: f(x) >¢) =0}.
A

A.17 Definition Consider an arbitrary set X, a measure p on X, and a measurable set A € Ay, (X), as
well as a measurable functionu : X — Rand1 < p < oco.
We say that u is essentially bounded or co-integrable on A if and only if

esssup |u| < oo.
A

We can now define the Lebesgue spaces.

A.18 Definition Consider an arbitrary set X, a measure y on X and a measurable set A € Ay (X), as
wellas 1 < p < oo.
The p-Lebesgue space on A is defined as

LP(A,u) :=={u: X — R | uis p-integrable on A} .

After identifying functions that coincide almost everywhere, these spaces become Banach spaces
with the norms

il ipagy = | fluldu) , 1<p<e
A
and

el oo,y = ess sup |u.

Regarding the dual spaces of the Lebesgue spaces up to isometric isomorphisms, the following is
known.

A.19 Proposition Let X be an arbitrary set, y be a measure on X and A € Ay (X).

P

(i) If1 < p < oo, then LF(A,u) = LV 1(A,n).
(ii) If u is countably finite, then L' (A, u)" = L®(A, u).

Briefly, we now consider operators between Lebesgue spaces that are given by a kernel. In this
context the following result, called Schur’s lemma, is important. A proof is contained in [Fol84].
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A.20 Proposition Let X and Y be arbitrary sets, u be a measure on X and v be a measure on Y,
A€ Ay(X) and C € Ay(Y). Furthermore, letk : A x C — R be p x v-measurable.

If

/|k(x,y)| du(x) < oo for v — almost every y € C
A

and

/\k(x,y)| dv(y) < oo for u — almost every x € A,
c

then

T:f o [k f) dv(y)
C

maps LP (A, u) into LV (C, v) continuously and we have

ITA ey S N Fllercam

forany 1 < p < oo.

On topological spaces with Borel measures, there is a local version of the Lebesgue spaces as well.

A.21 Definition Consider a topological space X, a Borel measure y on X and a measurable set A €
Ayu(X), as wellas 1 < p < oo,
The local p-Lebesgue space on A is defined as

LY (A,u) = {u:X — R | uis p-integrable on K for any compact K C A}.

Any Lebesgue space is clearly contained in its corresponding local Lebesgue space. Local finiteness
also guarantees a relation among local Lebesgue spaces.

A.22 Proposition Let X be locally compact Hausdorff space, y be a measure on X and A € Ay, (X).
If u is a locally finite Borel measure, then

L’ (Au)clL!

loc loc

(A, p)forany1 <p < p < co.

Muckenhoupt Weights

We are now concerned with weighted measures in spaces of homogeneous type. The proofs of
the following statements can be found in [Koc04].

A.23 Definition Consider a space of homogeneous type (X, d, p) as well as a y-measurable function
v:X —[0,00)and1 < p < oo.
We say that v is a p-Muckenhoupt weight on (X, d, u) if and only if

sup y(B)*l/v du

B ball
B

p—1
14(B>’1/v_ﬁ d#] Sl
B
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The class of p-Muckenhoupt weights on (X, d, ) is denoted by A, (X, d, ).

In the sequel we often identify the Muckenhoupt weight v with the measure v dyu.

There is a characterisation of the p-Muckenhoupt weights in terms of the locally integrable
functions on (X, d, u).

A.24 Proposition Let (X, d, u) be a space of homogeneous type, 1 < p < oo and v > 0 a p-measurable
function on X. We then have:
v is a p-Muckenhoupt weight if and only if

p
Sv(B) [lup v
B

p(B) ! fud

B

for any ball B and any u € L], (X, ).
The doubling property is inherited by Muckenhoupt weights.

A.25 Proposition Let (X, d, i) be a space of homogeneous type and 1 < p < oo.
Ifve Ap(X,d, u), then v is a doubling measure on X with respect to d.

Finally, we state a duality property of Muckenhoupt classes.

A.26 Proposition Let (X,d, u) be a space of homogeneous type and 1 < p < co. We then have:
1
ve Ap(X,d,y)ifand only ifv 71 € ALI(X,d,]J)-
=

Maximal Functions

We discuss three different maximal functions in the general setting of a space of homogeneous
type (X, d, u) and study their relationship. The basic reference for this material is [Ste93]. It was
noted by [CW77] that the arguments do not depend on the euclidean structure of the underlying
space. We orientate ourselves at [Koc04] and [Koc08], where also the proofs we omit can be found.

For the definition of the maximal function, for any fixed ball B,(xo) we introduce a class of
functions

max {r —d(x,xp),0}
L(Br(x0)) := {4? € C(X) | lp(x)] < p(Br(x0)) ™" = for any x € B;(xo),

s
d(x,y)
s

l9(x) = ()| < p(Br(x0)) ™! forany x, y € Br(xo)} .

Obviously, we have H‘P”LW(X,H) < |B,(x0)|~! and supp ¢ C B,(xg) as wellas —¢ € L(B,(x)) for
any ¢ € L(By(xp)).
A.27 Definition Consider f € L}, (X, p).

o The maximal function of f is given by

Mf(x) :=sup sup [ f¢duforanyx e X.

Bball peL(B
Box 9L(B) X
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o The Hardy-Littlewood maximal function of f is given by

MpLf(x) := sup u(B /\fI dy for any x € X.

B ball
Box

o The maximal oscillation function of f is given by

f*(x) = sup u(B) /\f n(B /fd#\du

Mf, My f and f* are all y-measurable by their definitions. Furthermore, it is immediately clear
that

0 < Mf(x) < Mpypf(x) forany x € X
holds as well as
f#(x) < Mprf(x) for any x € X.

The first result is a weak-type L!-estimate for My whose proof requires the use of the Vitali
covering theorem ([Koc04]).

A.28 Proposition Let f € L'(X, p).
Then

P € X | Myt f() > M) S 3 -

From there we get L-boundedness of the Hardy-Littlewood maximal operator if 1 < p < co.

A.29 Proposition Let1 < p < ocoand f € LF(X, ).
Then

IMHLf I e x ) Sp e xp) -

Immediate consequences are the bounds

() ”MfHLP(X,y) Sp HfHLV(X,y)
and
(%) T I 1

forany 1 < p < oo.

It turns out that any weight function for which M is bounded on L? (X, v) is a p-Muckenhoupt
weight. Moreover, the class Ay (x,d, ) is indeed characterised by the behaviour of the Hardy-
Littlewood maximal function. The proof of this requires a reverse Holder inequality which in
turn depends on an adjusted Whitney-type theorem ([Koc04]).
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A.30 Proposition Let1 < p < ooandv € L} (X, u) withv > 0. We then have:

loc

My, is a bounded operator on LF (X, v) if and only if v € Ay(X,d, u).

The maximal function and the maximal oscillation function are dual objects in a certain sense.
This is a famous result due to Fefferman in the euclidean setting. For the proof in spaces of
homogeneous type we need a decomposition of L! (X, #)-functions into a sum of so-called atoms,
characterised by their bounded support, mean zero and controlled size in terms of their maximal
function, and a bounded function. The duality statement then reads as follows.

p

A.31 Proposition Let1l < p < oo, f; € LP(X,u) and f, € L7 1 (X, p).
Then

[Afaus [mpfh
X X

This implies that also the converse of the above inequality (* *) involving the maximal oscillation
function holds. The proof also uses (x).

A.32 Corollary Let1l < p < ooand f € LP(X, ).
Then

LP(X,p)

1A lreg S [

Actually, the same inequality holds for any p-Muckenhoupt weight v.

A.33 Remark With the maximal function and the maximal oscillation function it is possible to define
the Hardy space H'(X,d, u) and the space of functions of bounded mean oscillation BMO(X,d, ),
respectively. Proposition A.31 then ensures the duality of these spaces.

Singular Integrals of Calderén-Zygmund-Type

We return to integral kernel operators now, this time explicitely considering singular kernels that
satisfy certain cancellation conditions.

A.34 Definition Consider 1 < q < oo and a bounded linear operator T from L1(X, u) into itself that is
given by a y x y measurable kernel k : X x X — R such that

y — k(x,y) € Lj, (X~ {x}, ),

x = k(x,y) € L (X~ {y}, n),

and for any compactly supported f € L*(X, u) N LI(X, u) we have

Tf(x) = [K(x,)f(y) dpy) for all x € (supp )"
X

We say that T is a Calderén-Zygmund operator on LI(X, u) if in addition the kernel k satisfies the
Calderén-Zygmund cancellation conditions

k()| < (1B () + 1By (1)) foramyx £y € X,
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and

_ = NS
kx,9) =K 9)| 5 (#(Batag () + 1(Batag0)) (W)

forany x #y € Xand X #y € X with

for some ¢ € (0,1) and some 5 € (0,1].

Decomposing the function f at a given point into one function supported close to x and one
supported away from x, the cancellation conditions ensure the following pointwise estimate for
Calderén-Zygmund operators.

A.35 Proposition Let 1 < g < oo, T be a Calderén-Zygmund operator on L1(X, u) and f € L1(X, u).
Then

(TH*(x) <q (M(|f|‘7)(x))%foralmost all x € X.

Together with corollary A.32 and (x), the last proposition enables us to show the crucial Calderén-
Zygmund bound in spaces of homogeneous type.

A.36 Proposition Let1 < g < co.
If T is a Calderén-Zygmund operator on L9(X, ), then for any 1 < p < oo we have that T is an operator
on LP (X, u) with

ITAll e xp) Sp I eecxp) -

Finally, this continues to hold for Muckenhoupt weights thanks to the extension of Corollary A.32
for this case.

A.37 Proposition Let1 < q < oo.
If T is a Calderén-Zygmund operator on L1(X, ), then for 1 < p < coand v € Ap(X,d, ) we have that
T is an operator on LP (X, v) with

ITA Nl x0) Sp e -
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SUMMARY

We are concerned with the Cauchy problem for the porous medium equation and prove stability
and regularity of the pressure of solutions close to flat fronts under conditions on the initial data
that are optimal for the methods we use.

To this end we consider a perturbed travelling wave solution of the transformed porous medium
pressure equation on the closed upper half space and obtain stability in the homogeneous
Lipschitz sense, temporal and tangential analyticity and precise estimates of derivatives. This
type of stability is the least possible one enabling us to perform a change of dependent and
independent variables that allows to transfer the results to the positivity set of the porous medium
equation.

The major part of the argument concentrates on the linear perturbation equation on the closed
upper half space. In a first step we define a weak notion of energy solution and show that
such solutions satisfy an energy identity and energy estimates. A localisation of these results in
terms of an intrinsic metric induced by the spatial part of the linear differential operator is then
extended to a pointwise estimate, and thus smoothness for local solutions follows. For solutions
to the initial value problem on the closed half space, an exponential factor can be included in
the arguments to give estimates against rough norms of initial data. But moreover, we also get
a pointwise exponential decay estimate of any derivative of the Green function with an upper
bound resembling the Gaussian function with respect to the intrinsic metric and a naturally arising
weighted measure. Consequences of the Gaussian estimate are on-diagonal and off-diagonal
kernel estimates that imply a global pointwise estimate against the inhomogeneity. Furthermore,
the theory of singular integrals and Calderén-Zygmund operators in spaces of homogeneous
type can be applied to find a globally valid localised L7-estimates against the inhomogeneity.
From there we turn to the nonlinear equation. The linear results suggest to construct certain
function spaces in which the special shape of the nonlinearity leads to the possibility of operating
a fixed point argument to get existence and uniqueness of solutions as well as Lipschitz continuity
and thus smoothness. As a byproduct, varying the argument slightly provides us with the means
to get analyticity in any direction save the vertical one, alongside with a precise estimate for the
perturbation.
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