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Introduction

The standard panel data literature is moving from micro panels, where the cross-section
dimension is large and the intertemporal sample size is small, to large panels, where
both, the cross-section and the time dimension, are large. This thesis contributes to
this new and growing area of panel data treatments called “large panel data analysis”.
My dissertation consists of three essays: In the first essay, a large panel data model
with an omitted factor structure is considered. The role of the factors is to control for
the issue of the unobserved time-varying heterogeneity effects. A parameter cascading
strategy is proposed to enable efficient estimation of all model parameters when the
number of factors is unknown a priori. In the second essay, further models that combine
large panel data models with different versions of unobserved latent factors are discussed.
Computation-related issues are solved and new specification tests are introduced to check
whether or not these factors can be interpreted as classical additive fixed effects. In the
third essay, a novel method for estimating panel models with multiple structural changes
is proposed. The breaks are allowed to occur at unknown points in time and may affect
the multivariate slope parameters individually. Asymptotic results are derived, Monte
Carlo experiments are performed, and applications for highlighting these new methods

are discussed.

Due to the impressive progress of information technology, econometricians and statisti-
cians, nowadays, have the privilege of working with large dimensional data sets. In the
panel data literature, this has been succeeded by the opening of new research perspec-
tives. Recent studies have discussed large panel data models in which the unobserved
heterogeneity can be estimated by an “approximate factor structure”. The latter, unlike
the standard setup of factor models, allows for the presence of weak forms of cross-section
and time-series dependence in the idiosyncratic components. The extended regression
models combining conventional panel models and factor structures provide a generaliza-
tion of classical panel models with additive heterogeneity effects. Indeed, it allows for

the individual specific effects to be affected by unobserved common time-shocks.



The first chapter is joint work with Alois Kneip. Our paper is published in Computational
Statistics and Data and Analysis; see Bada and Kneip (2014). In this chapter, we extend
the iterated least squares approach of Bai (2009) and Bai et al. (2009) in such a way that
we allow the number of factors to be unknown a priori. We propose inserting a penalty
term into the objective function to be globally optimized and updating iteratively the
estimators of all required parameters in hierarchical order. Our parameter-cascading
strategy also includes the update of the penalty term in order to adjust the height of
the penalization and to avoid under- or over-parameterization effects. We allow for the
presence of stationary and non-stationary factors and discuss the case in which the static
factor presentation arises from a small number of dynamic primitive shocks. We show
that our extension does not affect the asymptotic properties of the iterated least squares
estimator. Our Monte Carlo experiments confirm that, in many configurations of the
data, such a refinement provides more efficient estimates in terms of MSE than those that
could be achieved if the feasible iterative least squares estimator is calculated with an
externally selected factor dimension. In our application, we consider the problem of the
so-called “credit spread puzzle~the gap between the observed corporate bond yields and
duration-equivalent government bond yields that classical financial models of credit risk
fail to explain. Our empirical study detects the presence of two unobserved primitive risk
factors affecting the U.S. corporate bond market during the period between September
2006 and March 2008.

The second chapter is written in collaboration with Domink Liebl. Our paper is pub-
lished in the Journal of Statistical Software; see Bada and Liebl (2014b). This chapter
focuses on important computational aspects related to the panel methods of Bai (2009)
and Kneip et al. (2012). As the estimation procedure of Kneip et al. (2012) involves
nonparametric estimation techniques, the choice of an appropriate smoothing parameter
can be very crucial in practice. We propose using a slightly modified version of the Gen-
eralized Cross Validation (GCV) criterion to determine an upper bound for the optimal
smoothing parameter. Using this, we can obtain an enormous gain in terms of compu-
tation compared to the cross validation criterion proposed by Kneip et al. (2012). Bai’s
method relies on an iterated least squares approach and also requires the determination
of external parameters such as the number of factors to be considered and appropriate
starting values to initiate the iteration process. We propose using the starting estimator
and the iteration scheme of Bada and Kneip (2014). Additionally, we review a wide
range of recently developed dimensionality criteria that can be applied in this context.
To examine the significance of the factors and test whether a model with factor structure
is more appropriate than a simple panel model with additive effects, we propose using
two testing procedures: a Hausman-type test and a z-test based on the method of Kneip

et al. (2012). All these methods are implemented in an R package called phtt (see Bada



Introduction 3

and Liebl (2014a)). To the best of our knowledge, phtt is the first software package that
provides this large number of methods for analyzing large panel data. To demonstrate
the functionality of our package, we re-explore the well known Cigar dataset and re-
visit the model of Baltagi and Li (2006) to allow for the presence of an omitted factor

structure in the idiosyncratic components.

The third chapter is based on joint work with Alois Kneip, James Gualtieri, and Robin
Sickles. This chapter proposes a novel method for estimating panel models with multiple
structural changes that may occur at unknown points in time. In spite of the growing
literature on large panel data analysis, there is an important issue that is scarcely dis-
cussed in most of the existing work —the risk of neglecting structural breaks in the data
generating process, especially when the observation period is large. Our model general-
izes the special model specification in which the slope parameters are time homogeneous.
Our theory considers breaks in a two-way panel data model, in which the unobserved
heterogeneity is composed of additive individual effects and time specific effects. We
show that our method can also be extended to cover the case of panel models with un-
observed heterogeneous common factors as proposed by Bai (2009), Kneip et al. (2012),
Ahn et al. (2001), Pesaran (2006), and Bada and Kneip (2014). We provide a general
setup allowing for endogenous models such as dynamic panel models and/or structural
models with simultaneous panel equations. Consistency under weak forms of dependency
and heteroscedasticity in the idiosyncratic errors is established and the convergence rate
of our slope estimator is derived. To detect the jump locations consistently and test
for the statistical significance of the breaks, we propose post-wavelet procedures. Our
simulations show that, in many configurations of the data, our method performs very
well. Our empirical vehicle for highlighting this new methodology addresses the stability
of the relationship between Algorithmic Trading (AT) and Market Quality (MQ). We
find evidence that the relationship between AT and MQ was disrupted between 2007
and 2008.






Chapter 1

Panel Models with Unknown
Number of Unobserved Factors:
An Application to the Credit
Spread Puzzle

1.1 Introduction

In recent years, the use of panel data has attracted increasing attention in many empirical
studies. This is motivated by the fact that such data sets allow statisticians to deal
with the problem of the unobserved heterogeneity. Recent studies have discussed large
panel data models in which the unobserved heterogeneity can be modeled by a factor
structure; see, e.g., Bai (2009), Bai et al. (2009), Kneip et al. (2012), and Pesaran (2006).
While most of the ongoing studies have focused on fitting the model for a given number
of factors, the present work considers the problem of estimating the factor dimension
jointly with the unknown model parameters. Our estimation algorithm can be applied

for models of the form:

Yit:Xit6+ FtAé +€it for 716{17>N} and;tE{l,--~,T}, (11)
—~—

(1xd)x(dx1)

where X;; is a (1 X p) vector of observable regressors, /3 is a (p x 1) vector of unknown
parameters, A; is a (1 x d) vector of individual scores (or factor loadings), F; is a (1 x d)
vector of unobservable common time-varying factors, €; is the error term, and d is an

unknown integer, which has to be estimated jointly with 5, A; and Fj.



The difference between (1.1) and the classical panel data models consists in the unob-
served factor structure FtA;. It is noted that (1.1) not only provides a generalization of
panel data models with additive effects, where d = 2, Fy = (f;1,1), and A; = (1, A2;),
but also includes the dynamic factor models in static form as in Stock and Watson (2005).
To illustrate this case, consider a static factor model with autocorrelated idiosyncratic

errors of order P such that

Yi = Ft*A; + e;+ and
eir = [iei—1+...+ Bpeit—p+ €.

It is easily verified that integrating the expansion of e; in the first equation and using
€it—p = Yit—p — Ft*_pA; for each p = 1,..., P results in a panel model of form (1.1),
where the regressors are the lags of Yi, ie., Xy = (Yii—1,...,Yis—p), and F} = F} —
BiFy | = — BpFy p.

Moreover, the static presentation of the unobserved factor structure in (1.1) can arise
from g-dimensional dynamic factors, say Fy, (also called primitive factors or primitive
shocks). In this case, F} = [Fy,...,Fi_p] and d =¢(m+ 1) > q.

Stock and Watson (2005) propose to estimate dynamic factor models in static form by
the iterated least squares method (also called iterative principal component). Bai (2009)
studies (1.1) in the context of panel data models and provides asymptotic theory for the
iterative least squares estimators when both N and T are large. However, Stock and
Watson (2005) and Bai (2009) assume the factors to be stationary. Bai et al. (2009)
extend the theoretical development of Bai (2009) to the case where the cross-sections
share unobserved common stochastic trends of unit root processes. They prove that the
asymptotic bias arising from the time series in such a case can be consistently estimated
and corrected. Ahn et al. (2013) consider the classical case where T is small and N
is large and estimate the model by using the generalized method of moments (GMM).
They show that, under fixed T', the GMM estimator is more efficient than the estimator
of Bai (2009).

A second criticism of the conventional iterative least squares method is that the number
of unobserved factors has to be known a priori. In this regard, Bai and Ng (2002) and Bai
(2004) propose new panel information criteria to assess the number of significant factors
in large panels. The performance of these criteria depends, however, on the choice of
an appropriate maximal number of factors to be considered in the selection procedure.
Hallin and Liska (2007) propose similar criteria in the context of generalized dynamic
factor models and provide a calibration strategy to adjust the height of the penalization;
however, the calibration requires extensive computations. Alternatively, Kapetanios

(2010) proposes a threshold approach based on the empirical distribution properties of
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the largest eigenvalue. The method requires i.i.d. errors. Onatski (2010) extends the
approach of Kapetanios (2010) by allowing the errors to be either serially correlated or
cross-sectionally dependent. Onatski (2009) proposes a test statistic based on the ratios
of adjacent eigenvalues in the case of Gaussian errors. Alternative methods for assessing
the number of factors in the context of principal component analysis and classical factor
analysis can be found in Josse and Husson (2012), Dray (2008), and Chen et al. (2010).
But note that all these approaches assume the factors to be extracted directly from

observed variables and not estimated with other model parameters.

Kneip et al. (2012) consider the case of observed regressors and unobserved common
factors and propose a semi-parametric estimation method and a sequential testing pro-
cedure to assess the dimension of the unobserved factor structure. The asymptotic
properties of their approach rely on second order differences of the factors and i.i.d.
idiosyncratic errors. Pesaran (2006) attempts to control for the hidden factor structure
by introducing additional regressors into the model, which are the cross-section averages
of the dependent variables and the cross-section averages of the observed explanatory
variables. The advantage of this estimation procedure is its invariance to the unknown
factor dimension. However, the method does not aim to consistently estimate the factor
structure but only deals with the problem of its presence when estimating the remaining

model parameters.

In this chapter, we extend the iterative approach of Bai (2009) and Bai et al. (2009)
in such a way that we allow for the number of factors to be unknown a priori. We
integrate a penalty term into the objective function to be globally optimized and update
iteratively the estimators of all required parameters in hierarchical order as described
in Cao and Ramsay (2010). Our parameter-cascading strategy also includes the update
of the penalty term in order to adjust the height of the penalization and avoid under-
and over-parameterization. Monte Carlo experiments show that, in many configurations
of the data, such a refinement provides more efficient estimates in terms of MSE than
those that could be achieved if the feasible iterative least squares estimator is calculated

with an externally selected factor dimension.

There are a lot of examples where the determination of the number of factors in the
presence of additional observed regressors is of particular interest. As an example, we
consider, in our application section, the problem of the so-called credit spread puzzle—
the gap between the observed corporate bond yields and duration-equivalent government
bond yields that classical financial models of credit risk fail to explain (see, e.g., Huang
and Huang (2012), and Elton et al. (2001)). For a long time, the credit spread has
been considered a simple compensation for credit default risk. Most empirical studies

show, however, that default risk cannot be the unique explanatory variable. Kagraoka



(2010) decomposes the credit spread into credit risk, illiquidity risk, and an unobservable
risk component, which he defines as systematic risk premium; however, he assumes the
unobserved part to be generated by only one factor. Castagnetti and Rossi (2011) adopt
a heterogeneous panel model with multiple factors. Their results suggest that credit

spreads are driven by observable as well as unobservable common risk factors.

In our application, we extend the empirical development of Kagraoka (2010) by allowing
for the systematic risk premium to be composed of multiple hidden factors. Moreover,
we allow for some slope coefficients to be temporally heterogeneous. This differs from the
setting of Castagnetti and Rossi (2011), who use a panel model with cross-sectionally
heterogeneous slope parameters. Our empirical study relies on daily observations of
111 U.S. corporate bonds over a period of 397 business days. Our results suggest the
presence of two unobserved primitive risk factors affecting U.S. corporate bonds during
the period between September 2006 and March 2008, while one single factor is sufficient
to describe the data for the time periods prior to the beginning of the subprime crisis in

2007.

The remainder of this chapter is organized as follows: Section 2 proposes an algorithmic
refinement of the conventional iterative least squares estimation method. In Section 3,
we extend the model with additional nominal variables, discuss the model assumptions
and present some asymptotic results. Section 4 presents the results of our Monte Carlo
simulations. Section 5 describes the empirical application and interprets the results.

Conclusions and remarks are provided in Section 6.

1.2 Model and Estimation Algorithm

1.2.1 Model Identification and Estimation

In vector and matrix notation the model is written as

Y; = X8+ FA, + ¢, (1.2)

/ ’ / ! ’

where Y; = (Yir,--,Yir), X; = (X;1, X;p) s F = (Fp,...,Fp), Aiis a (N x d)

(2

matrix of loading parameters, and ¢; is a (7" x 1) vector of idiosyncratic errors.

The basic idea of our extension is to treat the conventionally iterated least squares
estimators as functions dependent on a run parameter d. The latter is fitted by means
of a penalty term that is directly integrated into the global objective function to be

optimized. The final solution is obtained by alternating between an inner iteration to
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optimize 3 (d), F(B, d), and AZ(B, F, d) for each given d and an outer iteration to select

the optimal dimension d.

Our optimization criterion can be defined as a penalized least squares objective function

of the form:

N
1 /
S(Az’,Fﬁ,d)ZWZHYi—Xﬂ—FAiHQ‘ng, (1.3)
K3
where g is a penalty term that depends on the sample size N and T

Before beginning with the details of the estimation procedure, it is important to mention
that the intrinsic problem of factor models consists in the identification of the true factors
and the true loading parameters. This is because FA; can be replaced with F*A;kl, where
F*=FH, N = H A}, and H is an arbitrary (d x d) full rank matrix. In order ensure
the uniqueness of F' and A; (up to sign change), the following normalization conditions

(d x d restrictions) are required:

(R.1): Zfi L AJA;/N is a (d x d) diagonal matrix, where the diagonal elements are

ordered decreasingly and

(R.2): F'F/T® = I;, where I is the (d x d) identity matrix.

The rate T° can be chosen according to the stochastic character of F;. Generally, ¢ is set
to 1 if the factors are stationary and to 2 if they are integrated of order 1; see, e.g., Bai
and Ng (2002), and Bai (2004). To be sparing with notation throughout the chapter,

from now on we set 6 to 2.

Our computational algorithm is based on a parameter cascading strategy, which is pro-
posed by Cao and Ramsay (2010) to estimate models with multi-level parameters. The
algorithm is relatively easy to program and can be described and implemented by the

following logic:

Step 1 (the individual parameters A;)
We estimate the individual parameters by minimizing the objective function S(3, F, A;, d)

with respect to A; for each given F, 8, and d. Because the penalty term does not depend

on A;, the optimization criterion at this stage can be expressed as:

N
1 /
S1(As]B, F,d) = WZ 1Y; — X8 — FA .
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Minimizing for A; and using restriction (R.2), we get

A(F,B8,d) = [F'F] T F'[Y; — X8 = F'[Y; — X;8] /T (1.4)

Step 2 (the time trend effects F)

We make use of result (1.4) and minimize the objective function S(F|3,d), which

depends only on 8 and d:

So(FIB,d) = w30 |V — XiB — FA|]?
= XN - X8 - EE i - X8 |12

After rearranging, we can see that minimizing Sy (F'|3, d) with respect to F' is equivalent

to maximizing the term ﬁ Zl ||FF/ (Y; — X;8)||%.

Solving for F'(3,d) subject to (R.2), we obtain the following result:

F(B,d) = TP(8,d), (1.5)

where P(8,d) is a (T x d) matrix containing the first d eigenvectors [Py, Py, - - - , Pyl
which correspond to the first d eigenvalues, p1(5,d) > pa(5,d), -+, > pa(5,d), of the

matrix

B,d) = 5 2_ Vi = XiB(@)] [Vi — XiB(a)]. (1.6)

Step 3 (the common slope parameter [3)

To estimate the slope parameter, we reintegrate (1.4) and (1.5) into (1.3) and optimize

the new intermediate objective function
S5(8]d) = ZHY X8 — F(B, d)A;(8, )| (1.7)

Because F(3,d) depends nonlinearly on §, the minimization of (1.7) is conventionally
done iteratively. For a given d, the estimators of 8, F', and A; should satisfy the following
equation:

N “1rn
- S| [ - i) | 19
=1

=1
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We want to emphasize that our setting differs slightly from the development of Stock
and Watson (2005), Bai (2009) and Bai et al. (2009) because 3(d), in (1.8), depends on

the unknown parameter d, which has to be jointly estimated.

Step 4 (the dimension d)

The basic idea of constructing consistent panel information criteria consists of finding
appropriate penalty functions that reestablish asymptotically the variance minimization
when the considered number of factors increases. Explicitly, the optimal dimension d

can be obtained by minimizing a criterion of the form
ZHY Yi(d)|* + dg, (1.9)

where l?;(d) is the fitted response variable based on a given dimension d. The penalty
terms proposed by Bai and Ng (2002) and Bai (2004) basically depend on the orders of

magnitude in probability of the sequences

N

1

7 2 |lYi - Yid Hz—szY Yi(d)|[* = 2p(su)  and (1.10)
=1

1 & .

WZHYz‘—Y )|? — ZHY Yi(d)|]” = Op(ro), (1.11)
=1

depending on N, T € N. Here,d € {0,...,d— 1}, d € {d+1,...,dmaz}, Where dyqz is

an arbitrary large dimension greater than d.

To ensure that limy 700 P [Sa(d) > Sa(d)] = 1 for all d = {0,...,dmae|d # d}, it is

sufficient to choose g, such that

() lmy 700 kylg — 0  and

(i7) Lmpy 7100 kolg — oo,

The existence of a function g satisfying (i) and (i7) requires, of course, ky/k, — 00,
which is often fulfilled because the common information, in the presence of a factor
structure, is accumulated stochastically faster than the unit specific information in the
errors, as IV, T — oo. Intuitively, g can be of the form /Ky K, or log(ky/ko)ko. For more
explicit examples, we refer the reader to the papers of Bai and Ng (2002), Bai (2004),
and Hallin and Liska (2007).

The problem with this method is that the degree of freedom in the choice of g is too

large, since ¢ is not unique and multiplying it with any finite positive value will not
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hurt (7) and (7). Bai and Ng (2002) and Bai (2004) propose to scale g with (762%” =
7 Zf\il I|Y; — Y;(dmaz)||2. However, such a penalization can lead to a result that is too

sensitive to the choice of dqz-

In our algorithm, we utilize &gmaz only as a starting scaler and make further use of the

parameter cascading strategy to calibrate g recursively by updating the sample variance
after updating the factor dimension. At the optimum, the obtained estimators, referred
to hereafter as entirely updated estimators and denoted by Eup, satisfy the following

system of equations:

N A ~ NG
O%}up = ﬁZz H}/z _Xi/BEup_FEupAEupZHQ,
dpuy = arg min w7 SV Y = XiBoup — Fruphp, il 968,
. N -1
BEwp = [Zl X{XZ-] [Z X [Y FrupNgp ] (1.12)
1=
FEup - fP(BEupydEup) and
AlEup,i = FEup |:Y Xi BEUP] /T

where g(&%up) = &%upalog(b) with a =1 and b= NT/(N + T) if the factor structure is
composed of mixed stationary and non-stationary factors or a = T'/(4loglog(T)) if all

factors are non-stationary stochastic trends.

Remark 1.1. As outlined in the introduction, the d static factors can be composed of
the leads and the lags of only ¢ < d primitive factors. The intuition behind estimating £
with a consistent estimator of d and not ¢ is to avoid possible omitted-variable problems.
However, assessing the number of the really existing primitive shocks in the data can
be very useful for interpretation. For this purpose, a VAR regression with order m <
(C?Eup — 1) can be applied to F;Eup. If the static factors are effectively driven by ¢
dynamic factors, then the rank of the VAR residual covariance matrix is equal to ¢ (at
least asymptotically). Bai and Ng (2007) and Stock and Watson (2005) make use of this
feature to provide selection procedures based on the principal components of the VAR
residuals. Alternatively, one can apply the sequential testing procedure of Onatski (2009)
or use the information criterion of Hallin and Liska (2007) on the spectral density matrix
of FEup/A\bup’(N) = (FEUPZA\'EUPJ, .. ,FEup/AX,Eup,N). If the factors are I(1) processes, we

replace FEum with AFEup,t =F FBup,t — FEup,t—l before estimating q.

1.2.2 Starting Values and Iteration Scheme

Note that the multidimensional objective function S(5, F, A;,d) in (1.3) is not globally
convex. To insure that the iteration algorithm converges to the global optimum, it is

important to choose reasonable starting values for d and 3. Because, in practice, only
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samples with finite dimensions can be observed, we propose starting with the following
integer: dpar = {min{\/ﬁ NT }J, where |z] indicates the integer part of z. This
technical setting provides only a systematic approach to initiate the iteration. For huge
data sets, the square root function can be replaced by the natural logarithm or by
any truncation method. But this is not necessary, since d,,., will be replaced directly
after the first iteration with the estimated factor dimension and refined iteratively until
convergence. More important is the starting value of the slope parameter. We propose

using the following estimate:

N “lrnN
Bstart = [Z X,[I - GG'|X; [Z X,[I -GG Y|, (1.13)
i=1 i=1
where G is the (T X dpq,) matrix of the eigenvectors Gu,...,Gq,,,., corresponding to

the first d,q. eigenvalues of the augmented matrix

R '
T4 = —— N[V, X[V, X
NT P

The idea behind these starting estimates relies on the fact that the true unobserved fac-
tors F' cannot escape from the space spanned by the eigenvectors of the augmented ma-
trix I'4%9, The orthogonal projection of X; on G in (1.13) eliminates the effect of a possi-
ble correlation between the observed regressors X; and the unobserved factors F', which
can heavily distort the value of Bstwt from the true § if it is neglected. However, the prob-
lem of this starting estimate is that Zf\il X;[I - GG/]Xi] and [Zfil X;[I - GG,]Yi]
in (1.13) will be close to zero if the observed regressors are the underlying factors, i.e.,
X, ~ FA; . In this case, the estimation algorithm can misleadingly converge to an
insignificant estimate of 5 and compensate for that by estimating factors that origi-
nally exist only in the observed regressors. To overcome such limitation, we recommend
under-scaling the factors Gy, | = 1,..., dpaz, With (1 — max,eqy . py réhxp)o":’, where
rq,,x, is the sample correlation coefficient between G; and the p-th element of X; (or
the p-th eigenvector of the (T" x T') covariance matrix of X;, for p € {1,...,dmnaz})-
This automatically eliminates the factors that are perfectly correlated with the observed

regressors, and gives the remaining factors appropriate weights.

In spite of the complex form of our estimates, implementing the algorithm that opti-
mizes S(A;, 8, F,d) through optimizing S1(A;|3, F,d), So(F|8,d), S3(5]|d) and Sy(d) is

relatively easy. The final estimators can be obtained by alternating between

e 7, inner iterations until convergence of the following composite function:

A~

Brm) o plrm) o {{rm) (d(m) ~ flrm=1) o frm=1) g A(rm=1) <d(m>) :

{
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for each given ci(m), and

e outer iterations until satisfying the following convergence condition:

Jm) o 520m) — Gm) o 52m=1)

Here, the composite notation cob(z) is defined by ¢(b(z)) for each z and used to indicate

the application of one estimate on the result of another.

Note that this iteration scheme simplifies the minimization of the dimensionality criterion
(1.9), since d™+1) can be obtained by

dm+1) argrrhinﬁ Zi\/ IY; — XZ,B(rm) _ F(r@AEmJHZ + dg(&Q(m))
= argmin} /4, pm) 4 dg(620m),

)

where ﬁlrm are the ordered eigenvalues of the covariance matrix (1.6) required to com-

pute F'('m) at the iteration stage 1, and

N T

~2(m 1 A(r (rm) A (rm ~A(Tm

G2(m) — T E 1Y; — X;80m) — F m)Az( )||2 = E pl( ), (1.14)
i I=d(m)+1

Selecting dm+1) reverts therefore to finding the order of the smallest element in the

following set:

T T

T 1 b T 7
A =83 m)+da°i() S oamld=0,1,...,d™ 3. (1.15)
I=d+1 I=d(m) 41

A simple pseudo code that optimizes the entirely updated estimators presented in (1.12),

can be described as follows:

1. Set dm = C{max if m=0

A As ar if rp=0
2. Set [lrm) — Potart 1 1
Brm=1 it >0

3. Use (1.5) to calculate F(m) = F(3(rm) d(m))
4. Use (1.4) to calculate AET’”) = Ny(F(rm) Blrm) q(m)y
5. Use (1.8) to update (1 = 3(d(™)) by using F(™) and AET"L)

6. If B(Tm"‘l) %B(T’m), go to 7; else, replace the value of B(Tm) with B(TWH)
and repeat 2 — 6 with (7, +1) instead of (r,,)
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7. Use (1.14) to calculate 52(")

8. Select d™*D) that corresponds to the order of the smallest element in

the set A™) in (1.15)

9. If dm+h) :a?<m>, exit; else, replace the value of d™ with d™*1 and
BUm) with Bm+1) and go to 1 with (m + 1) instead of (m) and (rpms1 +
1) instead of (7).

I

- to write the esti-

Remark 1.2. We can, of course, use the analytic expression of A Fup,i

mator of £ in (1.12) conventionally as

BEup = : (1.16)

N “Lrn
=1 i=1

~ A~
where MﬁEup = IT — FEUPFEup

with (1.16) may destabilize the convergence of the iteration process, since the update of

/T?. However, implementing the estimation algorithm

the slope estimator, in this case, requires the inversion of the matrix ZZ]\LI X/M P X;
up

in each iteration stage and not only at the optimum.

Remark 1.3. In order to speed up the computation when N < T', we can reconstruct the
estimation algorithm with Sy (F|A;, 8,d) and Sa(A;|5,d) instead of Sy (A;|F,5,d) and
Sa(F|B,d). The benefit of such modification is to calculate the eigenvectors of a smaller
covariance matrix with a dimension (N x N) instead of (7' x T'). Both computations

ultimately lead to the same result.

The routines of this method are provided in an R-Package called phtt. For more details
about this package, we refer the reader to the paper of Bada and Liebl (2014b).

1.3 Model Extension and Theoretical Results

1.3.1 Presence of Additional Categorical Variables

Our model assumptions will closely follow the the setup of Bai et al. (2009), who al-
low for mixed stationary and unit root regressors (I(0)/I(1) regressors) as well as mixed
I(0) /I(1) unobserved factors. However, our analysis encounters an additional complica-
tion allowing for model (1.2) to be obtained from transforming an underlying model of

the form:
K

Yii = XitB + Z ity + FLAG + g + i (1.17)
k=1
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Here, Y7 and X}, are the underlying observed variables that change over 7 and ¢, d;;, is a
nominal variable defined as d;; = 1 if individual ¢ belongs to category k, k=1,..., K <
N, and 0 otherwise, ay; is a time heterogeneous parameter describing the effect of the
categories on the dependent variable, p; is the time varying general average of Y7, FtA;-
is, as above, the unobserved factor structure with unknown dimension, and e; is the

idiosyncratic error.

An application of such a model specification and examples of dependent and independent
variables are presented in Section 1.5.1. Note that the identification of the additional

parameters oy and py in (1.17) requires additional restrictions:
R3): SHa=0YN A=0and N 6y =0fork=1,..., K.

This condition does not impose any unreasonable limitation but only identifies the model
parameters by imposing on the categorical variable d;; and the parameters p; and oy

to be unconnected with the parameters of the factor structure.

In order to avoid reverting to constrained optimization techniques that rely explicitly
on (R.3), we use a within-group transformation first to eliminate a; and ¢ from (1.17)

and then to estimate the transformed model as described in Section 1.2. The parameters

age and gy can be easily estimated in a second step once dpup, BEup, FEup, and AEup i

are obtained. To this end, we define the linear transformation operator 7(.) as

K N

1
T(Zi) = Ziy — ; . z; ZitS ik, (1.18)
= j:

where my, = #{j|d;, = 1} for k € {1,..., K}.

Let Yy = T(Y), Xit = T(X{,) and € = T (i). By using (R.3), we can easily verify
that
T(Y) = Yie = XuB + FA; + €4t (1.19)

The transformed Model (1.19) has the same form as Model (1.2) and can be fitted by the
entirely updated estimators. In order to estimate the pre-eliminated parameters oy and

-and dpy, are

. . A ~ 7
{t¢, we propose to use a dummy variable regression once Bgup, Frup, A Fup.i

obtained. In fact, estimating ax; and p; does not require any iteration since restriction
(R.3) arranges for the orthogonality between d;; and A;. The solution has consequently

the same form as the classical fixed effects estimators:

e = ?.t - Y,tBEup and

e = Y — XpeBrup — fit,

whereY ; = L 3V Vi, Xy = L 5N Xip, Y = mik SN 6 Yie, and Xy = mik SN G X
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1.3.2 Assumptions

We now consider inference of (1.19) as (NV,7) — oo. Here, (N,T) — oo has to be
interpreted as a sequential limit: first 77 — oo and then N — oo. Throughout, we
denote by M a finite positive constant, not depending on N and T. We use B(.) to
denote a Brownian motion process defined on [0, 1] and [ 7] to denote the largest integer
< 7. We will use 8°, F and A7 to respectively denote the true slope parameters, the
true factors (only identifiable up to rotation), and the true loadings parameters. E¢(.) is
used to denote conditional expectation given F°. For all IV, we assume an i.i.d. random

sample of individuals.

Our theoretical setup relies on the following assumptions.

Assumption 1. The observed regressors:

(a) R converges a.s. to E(d;;) as N — oo, where infy—; g E(d;) > 0.

(b) Let X;t3° = X107 + Xit 205, where Xj; 1 is (1 x Py) vector of a I(1) multivariate

’ / / K =/ /.
process, such that X, ; = X, 1, + (; — > i1 9ikCy, where ¢, is a zero mean

1 yN

/ .
mr 21 0jkGje- Xtz is (1 x P3) vector

(Py x 1) stationary vector and C_,;t =
of stationary regressors, such that X; o = 35/2 - 521 51‘le3;:2 with Xl?rlrz =

A3 65Xy, and Eo (X5, 5¢s) = 0 for all i, j, and s.

Assumption 2. The unobserved factor structure:

(a) E||AS||* < M; As N — 00, E(A%d;,) =0forall k=1,...,K, and & 3, AYA? 5

YA, a (d x d) positive definite matrix.

(b) F?' = F?'| +n,, where 1, is a zero mean random vector with E||n,||*t" < M for
some v > 0 and for all ¢; As T' — oo, % > FtO/FtO LN fB;?Bn, a d x d random
matrix, where B, is a vector of Brownian motion with a positive definite covariance

matrix €2,,. 7; is independent of Xito for all 4, ¢, k.

(c) liminfr_, o loglog(T)/T? Zthl F/°F? = C, where C is a nonrandom positive def-
inite matrix.

(d) {Fi, Xj; 1} are not cointegrated, where Xi*t/ = Xi*éfl + ;;’, t = 2,...,T with

!

>|<l ’ */ K / / !
A= X G = G = 2 Gy and Gy = Eo(Cloin = 1), k=1, K.
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Assumption 3. The error terms:

(a) Let €y = e — Z],z:l OikEre With & = Z}l:l mik ?:1 €t0;5. Here, €;; are zero
mean error terms and Ec(Ex|d;x = 1) = 0 for all k. Conditional on 7, the error

terms €;; are cross-sectionally independent of each other as well as of X}.

(b) The multivariate processes wy = (ei,(};, ) are stationary. For each i, wy =
Z;io I1;vi¢—j, where vy = (v, vft, vy) are mutually independent over i, ¢ as well
as identically distributed over t. Furthermore, E(vy) = 0, E(vyv;) > 0, and
E(||lvi||®) < M, where M < oo is independent of 4,¢. In addition, all further

conditions of Assumptions 2. and 3 of Bai et al. (2009) are satisfied.

The additional terms (; and &j; in Assumptions 2 and 3 reflect our subtraction of
group means. Assumption l.a guarantees that the K categories (groups) do not vanish
as N — oo. Assumption 1.b allows for mixed I(1)/I(0) regressors. As in Bai et al.
(2009), the I(0) regressors are assumed to be exogenous and linearly independent of the
I(1) regressors and the I(1) factors. This is only given for the purpose of simplifying the

analysis and avoiding further complications.

The requirement E(AJd;;) =0 for all k =1,..., K, in Assumption 2, is the population
version for our condition (R.3) introduced for identifying ay;. We want to emphasize
that the transformation 7 (.) only influences the structure of the error terms and the
explanatory variables, but not the factor structure FtOA;O. Assumptions 2.b and 2.c are
commonly used in the literature of non-stationary factor models with unit roots; see,
e.g., Bai (2004) and Bai et al. (2009). Assumption 2.d is a technical assumption used
to ensure the non-singularity of the long run covariance matrix Q; of (¢} ,7;)". This

allows for estimating the asymptotic bias of the slope estimator.

Assumption 3 excludes cross-section dependencies of €;; and (}; conditional on {n;}. But
unconditionally, weak cross-section correlations are allowed under Assumptions 3.b of
Bai et al. (2009).

Remark 1.4. Assumption 2 considers the presence of only I(1) factors. But note that the
method is also robust to mixed I(1)/I(0) factors. Bai et al. (2009) argue that, for known
d, the limiting distribution of the slope estimator, in this case, is the same as when
all factors are I(1) (except for small modifications in the expression of the asymptotic

variance). Their arguments should also hold for our extended model.

Remark 1.5. The last part of Assumption 1.b considerably simplifies the analysis of
the asymptotic distributions of the slope parameters. This is because the I(0) and
I(1) regressors are asymptotically orthogonal and their asymptotic distributions can be

separately analyzed: while the estimator of 35 needs no correction and is asymptotically
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normal distributed (see Bai (2009) and Bai et al. (2009)), the estimator of 87 has a
distribution as if there is no I(0) regressors. Note that the aim of separating I(0) and
I(1) variables is to correctly derive the rates of convergence. Bai et al. (2009) argue
that if the ultimate purpose is to perform hypothesis testing, one can proceed as if all

regressors are 1(1) since the scaling factor will be canceled out in the end.

Because of Remark 1.5, we can drop from now on the indexes 1 and 2 respectively from
B{ and 35 and focus only on the complicated case, i.e., panel cointegration model with
I(1) regressors and I(1) unobserved factors. This allows us to avoid notational mess in

the remainder of the chapter.

1.3.3 Asymptotic Distribution and Bias Correction

Under Assumptions 1-3, it can be shown that the effects of the model transformation due
to T (.) are asymptotically negligible and that the results of Bai et al. (2009) generalize
to our situation. In particular, the slope estimator B(d) to be obtained for the true

factor dimension d is at least T consistent and has following properties.

Proposition 1.6. Under the above assumptions, we have, as (N,T) — oo,
V2 (VNT(3(d) - 8°) = VN6 ) =5 N(0, ),

for some ¢ and S, where B(d) is obtained after transforming Model (1.17) with T (.).

The exact expression of ¢ and Y. is given in the appendix. Proposition 1.6 shows that
the limiting distribution of vV NT((d) — 8°) is not centered at zero. Bai et al. (2009)
prove that it is possible, in such a case, to construct a consistent estimator (;AS nT of the
bias term ¢. Following their suggestion, we define our entirely updated and bias corrected

(BupBC) estimator by
1

BEupBC = BEup - fd;NT-
This procedure does require extra work (non-parametrical kernel estimation techniques)
to estimate the long-run and one-sided long-run covariances of wy = (g4, (5, 7). The
necessary assumptions and precise formulas for constructing <Z>NT are given in the ap-
pendix. Once ff EupBC 1s obtained, the final bias-corrected estimators of F*° and A; are
given by

Frupe = VTP(Beuwso,dpuy), and

N4

AEupBC,z’ = F/EupBC |:1/Z - Xi/BEupBC] /T27

respectively.
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Note that the main difference between our approach and the methodology of Bai et al.
(2009) consists in the fact that our estimation procedure directly incorporates a dimen-
sion estimate. We show in Theorem 1 that our final estimator B EupBc has an asymptotic
distribution centered around zero and that d Eup and FEUPBC provide respectively con-

sistent estimators of the true dimension d and the true factors F° (up to rotation).

Theorem 1.7. Under assumptions 1-3, we have, as (N,T) — oo,

a) P(ciEup = d) — 1, if the starting estimate dyae > d and g is of the form g =
epnT such that (i) ¢ = Op(1) and strictly positive, (ii) pnr — oo, and (ii7)

log log(T
—eE Tg( JpnT = 0,

b) with the additional Assumption 4,

Z({/Q\/NT(BEupBC - 50) i> N(O7 Ip)a

¢) and for some (d x d) invertible matriz H,

T
1 ~ 1 1
= F. — FPH|> =0p(~) + Op(=)-
T ;:1 | FBupBey — FY H| p(5) +Or(7)
Assumption 4 is given in the appendix and required only for consistency of ¢. Examples
of py7 can be found in Bai (2004).

Remark 1.8. Note that conditions (i) and (zi7) in Theorem 1.7 are sufficient only to
consistently estimate the number of I(1) factors. If we assume the presence of additional
I(0) factors, we have to choose g such that (i) min{N,T}pyr — oo and (iii) py7 —
0; however, some suitable regularity assumptions are required to forbid strong forms
of dependency and heteroscedasticity in the errors. For more details, we refer to the
argumentation of Bai and Ng (2002) and Bai et al. (2009) in Section 3.3.

A consistent estimator . of Y. is also defined in the appendix. This allows us to test

for the significance of BEupBC-

The bias-corrected estimators of the pre-eliminated effects u; and ayg; can be respectively
obtained by:

A:LBC,t = f.t — ztﬁf?upBC andA (1.20)
apopt = Yt — XweBruwpBC — BCt-

Under our assumptions, it is easy to show that &y, is y/my consistent and has an asymp-

totic normal distribution, such that

~ d
,/mk(aBC,kt — akt) — N(0,0’it), (1.21)
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2 _ . _ 1 N
where o}, = Var(&y), with & = . > Oik€it.

1.4 Monte Carlo Simulations

The goal of this section is to compare, through Monte Carlo experiments, the perfor-
mance of our algorithmic extension with the performance of the iterative least squares
estimators of Bai (2009) and Bai et al. (2009) based on an externally estimated dimen-
sion. In a first step, the feasible slope estimator, B (d), is naively calculated with a high
number of factors (dpq; = 8). In a second step, we calculate Wit =Y —Xitﬁ (dmaz) and
externally estimate the factor dimension by using 5 different criteria: the panel criteria
PC1 and IC1 of Bai and Ng (2002), the panel cointegration criterion IPC1 proposed by
Bai (2004), the threshold criterion ED of Onatski (2010), and the information criterion
I C’f;n of Hallin and Liska (2007). The maximal number of factors used in PC1, ICI,
IPC1, ED, and I C’f:n is also set to 8. The calibration strategy of Hallin and Liska (2007)

¢

(second "‘stability interval” procedure) is applied on a grid interval of length 128 with
the borders 0.01 and 3 as they have suggested. Finally, we re-calculate the two-step iter-
ative least squares estimator with the optimizers of these panel criteria. The estimated

dimensions are denoted by dpci1,dic1, drpct, dgp, and dlen’ respectively.

Our entirely updated estimator is calculated with the penalty of PC1 as described in
Section 1.2, i.e., g(GEup) = &?Eup log(NT/(N +T))(N +T)/NT. The iteration process
is initiated by the starting values described in Section 1.2.2. The bias correction used
for estimating panel cointegration models is based on the linearly decreasing weights of
Newey and West (1987) with a truncation at {min{\/ﬁ NT }J The maximal number
of iterations allowed for the feasible iterated least squares estimators and the two-step
estimators is 100. The inner iteration of the entirely updated estimator is also limited
to 100.

We consider panel models of the form
P d
Y = Z XpitBp + CZ Nitfue + €t
p=1 =1

forallie{l,...,N}and t € {1,...,T}, where X,;; are the observed regressors, fj; are
the factors to be estimated, )\;; are the corresponding loading parameters, ¢ controls for

the weight of the factor structure in the model, and €; is the idiosyncratic error term.

The examined panel sets are the outcomes of 6 different DGPs:
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DGP1 (panel cointegration model with I(1) factors and endogenous explanatory vari-
ables). d =2, P=1, 1 =15, c=1, fu = firm1 +me, g ~ N1, 1), | =
1,2, X1t = X1i4—1 + Cit, with

Cuit 0 1 —-05 0.7 0.7
me | 0 | 05 1 0 —05 ’
M2t 0 0.7 0 1 07
€it 0 0.7 =05 07 1

DGP2 (panel cointegration model with mixed I(1)/I(0) factors). d =3, P =1, § =
1‘57 Cc = 17 flt = fl,tfl + 771t7l = 172? f3t =V 0'5f3,t—1 + N3t >\il ~ N(]~7 1)7 [ =
1,2,3, Xt = X1ie—1 + Cuit With mur, Cuie, €0 ~ N(0,1), for 1 = 1,2, 3;

DGP3 (the observed regressors are the underlying factors). ¢ =0, P =1, 5y = 1.5, d =
L, fie = fie—1+me A~ N(1L, 1), X = Nt fie + G, and 01g, Cuae, €3¢ ~ N(0,1);

DGP4 (stationary factors and weakly autocorrelated idiosyncratic errors). d = 1, P =
1, pr = =075, c=1, firt = VO.5f1t-1+m, Aix ~ N(1,1), X1z = 0.8\i1 fue +
Crit, €t = Oi€i -1+ €it, My, Crit, €t ~ N(0,1), and 0; ~ U(-0.3,0.3);

DGP5 (stationary factors and strongly autocorrelated idiosyncratic errors). d =1, P =
1, 81 = —=0.75, ¢ =1, fir = VO.5f14—1 + M, Ain ~ N(1,1), X1t = 0.8 N1 f1e +
Crits €t = Oi€it—1 + ity M5 Crits € ~ N(0,1), and 0; ~ U(0.6,0.8); and

DGP6 (no factor structure and strongly autocorrelated idiosyncratic errors). d =0, P =
1, 81 =—-0.75, ¢ =0, €t = eifi,t—l + ity X1it, Eit ~ N(O, 1), and 0; ~ U(O.G,O.S).

To see how the properties of the estimators vary with N and T', we consider 9 different
combinations with the sizes N = 30, 60, 120 and 7" = 30, 60, 120. For DGP2, we consider
the extra combination (N,T) = (120,300) to see how the criteria behave with the
problem of unproportional factors, which occurs in mixed I(1)/I(0) factor models because
the variance of I(1) factors diverge, as 1" — oo, whereas the variance of the I(0) factors
is bounded. This attitude of mixed I(1)/I(0) factors is closely related to the concept of
weak /strong factors discussed in Onatski (2012) and Onatski (2009).

Tables 1.1 and 1.2 report the averages of the estimated dimensions and the mean squared
errors (MSE) of the slope estimators obtained from 1000 replications. It is clear that
the Eup estimator outperforms the feasible estimator B (dmaz) in all cases. This result is
not surprising, since f3 (dmaz) Tequires the computation of (dpez — d Eup)NT additional
parameters comparing to ﬁEup. Moreover, the number of times the Eup algorithm
did not converge within the total of 54000 repetitions is remarkably smaller than the

number of times the conventional feasible estimator 3(dma$) did not converge (5.41% vs.
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42.22%). The reason for this outcome is that the naive over-specification of the factor
dimension downgrades the degree of freedom available to estimate the slope parameters.
The alternation between inner and outer iterations, in our algorithm, seems, hence, to
provide a way to stabilize the numerical optimization of the objective function if d is

not well-specified.

Tables 1.1 and 1.2 reveal that PC1 has a tendency to overestimate the true dimension
if N and/or T are not large enough (30, 60). This is also the case for IPC1 when the
factors to be estimated are I(1). The IC1 criterion seems to be more robust than PCI.
This is because the penalty of IC1 is less sensitive to the scaling effect; see Bai and Ng
(2002). The results of our Monte Carlo experiments show that integrating the penalty
term of PC'1 in the objective function and calibrating the hight of the penalization as

described in Section 1.2 provides a gain over the original PC1, IC1, and IPC1.

DGP1 (I(1) factors and endogenous explanatory variables) The simulation
results for DGP1 (reported in the first part of Table 1.1) show that a?EuppCl gives a
very precise estimation of the factor dimension and outperforms PC1, IPC1, IC1, ED,
and 1 C’f n- In contrast to all other criteria, ED gets worse as N and T' increase. This
weakness can be related to the strong endogeneity of the explanatory variables. For
(N, T) = (120,120), the MSEs of Brupnc, 5(dipct), and B(ci101{n) converge to 0. This
is not surprising since our estimation strategy and the original method of Bai et al.
(2009) used with dpez > d (or with a consistent external dimensionality criterion) will
produce very close outcomes in terms of MSE when both NV and T are large enough.
The problem, of course, is that the required sizes of N and T ensuring such evidence
are unknown in practice. Note also that the outcomes of B(cilpm) are conditional on
Admaez = 8 and B(dlp(;l) can be used only when the d static factors are not driven by
the lags of a smaller number of dynamic factors. Such limitations are overcome by our

method.

DGP2 (mixed I(1)/I(0) factors) The results of this experiment are reported in the
second part of Table 1.1. The best estimation is obtained with dEupp(;l. IPC1 has a
tendency to overestimate the true number of I(1) factors, especially when N increases
and T is fixed. In contrast, ED and [ Cf ,, behave properly in such a case. Otherwise,
both ED and I Cle get slowly worse as T' increases and N is fixed ((CZED,CZIC{n) =
(2.99,3), (2.98,2.98), (2.85,82) for (N,T) = (120, 60), (120, 120), and (120,300) respec-
tively). PC1 and IC1 also show a tendency to underestimate the factor dimension. The
reason these criteria estimate, on average, a smaller dimension than a?EuPPCl (although
JEUPPCl is obtained by strengthening iteratively the same penalty) is that the start-

ing estimate of d in our algorithm depends on the sample size and is larger than 8 for
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(N, T) = (120,120) and (120, 300). Unexpectedly, when (N,T") = (120, 300), the MSEs
of all 5 estimators are larger than those obtained with smaller sample sizes. This result
can be explained by the occurrence of two effects when NV is fixed and T is relatively large:
the first effect is related to the problem of mixed strong/weak factors, which can lead to
underestimate the number of I(0) factors since the proportion of the variance explained
by the I(1) factors gets much larger than the proportion of the variance explained by the
I(0) factors when T' grows faster than N. Indeed, the worst MSE affiliates with IPC1,
which has, on average, the smallest estimate for d when N = 120 and T = 300; the
second effect is related to the inefficiency of estimating a bias that does not exist since
the factors and the regressors are exogenous in DGP2. Recall that the bias estimator is

the average of N individual bias estimates and converges proportionally to V.

DGP3 (the observed regressor is the underlying factor) The last two parts of
Table 1.1 present the estimation results of DGP3 obtained by initiating the iterations
with two different starting estimates of §: the first estimate is Bstart expressed in (1.13);
the second estimate is obtained by scaling the factors Gi,l = 1,...,dpas in (1.13)
with (1 — r%h X1)0'5, where rg, x, is the sample correlation coefficient between G; and
Xii, as described Section 1.2.2. The goal of examining DGP3 is only to test whether
the calibration of the starting factors G; in (1.13) will enhance the effectiveness of the
estimation algorithm to correctly specify the model. The answer that can be deciphered

from the table is: Yes!

DGP4-6 (stationary panels with weak/strong autocorrelated errors) Table

T

i, estimators outperform

1.2 reveals that there is at least one case, where ED and IC
cZEuppm. In fact, strong autocorrelations in the idiosyncratic errors (DGP4 and DGP6)
seem to inflate the number of factors obtained by using the penalty of Bai and Ng
(2002). IPC1 seems to work well for DGP4 and DGP6 (except for N = T = 30),
although theoretically this criterion is only appropriate for detecting integrated factors.
The explanation of this outcome could lie in the penalty term of IPC1, which is, by
construction, higher than the penalty of PC1 and IC1. The ED criterion also seems
to be robust against the problem of high autocorrelated idiosyncratic errors, even if
the autocorrelation coefficients are individual specific. [ C’f » 1s based on the spectral
density decomposition of the (disturbed) factor structure and is expected to be the most
appropriate criterion for these cases. Our estimator d Euppc1 behaves similarly to d PC1
for DGP5 and DGP6. Both estimators have a tendency to select the largest possible
dimension in the interval of the run parameter, i.e., min{\/ﬁ, \/T} for CZEupPCl and 8 for
d pc1. This result is in line with the simulation results of Onatski (2010) and Greenaway-

McGrevy et al. (2012) for IC1 and PC1 when the autocorrelation coefficient in the
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idiosyncratic errors is large (e.g., > 0.7). In fact, Assumption C in Bai and Ng (2002)
forbid strong forms of correlation and heteroskedasticity in the error term. The Monte
Carlo experiments of Bai and Ng (2002) consider only cases in which the correlation
coefficient is smaller or equal to 0.5. Note that such a limitation is not necessary if the
factors are I(1). This is because we can replace a = 1 with a = T'//(4loglogT') in the
penalty term. The latter will diverge with N and T and dominate asymptotically any

Op(1) structure in the idiosyncratic errors.

Finally, we want to emphasize that the goal of estimating panel models with unobserved
common factors is not only to assess the dimension of the factor structure but also
to efficiently estimate the slope parameters. Inspection of the MSE values reported in
the second and third part of Table 1.2 shows that BEup does not suffer from an over-
parameterization effect when the errors are strongly autocorrelated and the factors are
over estimated. The additional factors seem to compensate for the unparameterized
linear dependency in the idiosyncratic term. From the second and third part of Table
1.2, we can see that, for (N,T) = (60, 60), the MSE of BEup is smaller than the MSEs of
B(drpct), B(dep), and B(CZIClTn) The first part of Table 1.2 shows that all criteria be-

have very well when the autocorrelation in the idiosyncratic errors is weak, in particular,

dEuppc1, drc1, and dyer

The Monte Carlo experiments show that, in many configurations of the data, our algo-
rithmic refinement provides more efficient estimates in terms of MSE for the estimator
of # than those that can be achieved if the feasible iterative least squares estimator is
calculated with an externally selected factor dimension. Moreover, our results show that
the iterative calibration of the penalty term makes the criteria of Bai and Ng (2002)
more robust in a practical context, especially when N and/or T' are small. If the id-
iosyncratic errors are strongly autocorrelated, the number of stationary factors will be

overestimated but without affecting the efficiency of the slope estimator.



MEAN MEAN MEAN MEAN MEAN MEAN MSE MSE MSE MSE MSE MSE MSE
N T dguyprct dpc1 drc1 drpci dep  dicr  Peuwpnc  B(dmaz) Bldpc1) Bldrcr)  Bldipci) B(dep) B (d[CiI:”)
DGP1: panel cointegration model with I(1) factors and endogenous explanatory variables (d = 2)
30 30 2.05 6.53 2.62 2.15 2.49 3.35 0.001 0.023 0.021 0.007 0.003 0.006 0.006
30 60 2.00 3.87 2.11 2.01 2.10 2.00 0.000 0.003 0.002 0.001 0.000 0.001 0.000
30 120 2.00 2.07 2.02 2.00 2.03 2.00 0.000 0.001 0.000 0.000 0.000 0.000 0.000
60 30 2.02 4.94 3.37 2.48 3.24 2.18 0.001 0.068 0.052 0.023 0.006 0.020 0.001
60 60 2.00 3.80 3.30 2.20 3.28 2.03 0.000 0.028 0.009 0.005 0.001 0.005 0.000
60 120 2.00 2.55 2.38 2.00 2.43 2.00 0.000 0.002 0.000 0.000 0.000 0.000 0.000
120 30 2.02 4.61 3.77 2.74 3.65 2.46 0.001 0.104 0.070 0.040 0.009 0.036 0.004
120 60 2.00 4.60 4.14 2.65 4.02 2.15 0.000 0.063 0.025 0.017 0.002 0.016 0.000
120 120 2.00 4.29 4.02 2225 4.03 2.10 0.000 0.023 0.005 0.004 0.000 0.004 0.000
DGP2: panel cointegration with mixed I(1)/1(0) factors: 1 I(1) factor and 2 I(0) factors (d = 3)
30 30 3.08 6.45 3.00 2.92 2.97 4.52 0.002 0.022 0.012 0.002 0.006 0.006 0.010
30 60 3.00 4.14 2.99 2.46 2.97 2.98 0.001 0.052 0.013 0.006 0.040 0.009 0.008
30 120 3.00 2.98 2.94 1.68 2.92 2.94 0.014 0.260 0.059 0.076 0.263 0.080 0.075
60 30 3.00 4.15 3.00 2.95 2.98 3.00 0.001 0.004 0.001 0.001 0.002 0.003 0.001
60 60 3.00 3.00 3.00 2.61 2.98 2.99 0.001 0.029 0.003 0.004 0.029 0.006 0.005
60 120 3.00 2.98 2.96 1.90 2.95 2.95 0.011 0.177 0.042 0.058 0.190 0.056 0.061
120 30 3.00 3.00 3.00 2.96 2.98 3.00 0.000 0.003 0.000 0.000 0.002 0.002 0.000
120 60 3.00 3.00 3.00 2.80 2.99 3.00 0.000 0.020 0.000 0.000 0.019 0.003 0.001
120 120 3.00 2.99 2.99 2.16 2.98 2.98 0.007 0.099 0.020 0.023 0.127 0.023 0.025
120 300 3.00 2.87 2.84 1.33 2.85 2.82 0.160 0.941 0.446 0.461 0.978 0.441 0.444
DGP3: the observed regressors are the underlying factors (naive starting slope estimate)
30 30 1.01 6.18 1.00 1.00 1.00 1.84 4.679 4.681 4.681 4.679 4.679 4.679 4.680
60 60 1.00 1.02 1.00 1.00 1.00 1.00 4.693 4.693 4.693 4.693 4.693 4.693 4.693
120 120 1.00 1.00 1.00 1.00 1.00 1.00 4.693 4.693 4.693 4.693 4.693 4.693 4.693
DGP3: the observed regressors are the underlying factors (calibrated starting slope estimate)
30 30 0.01 6.12 0.01 0.00 0.01 7.74 0.00 0.001 0.000 0.000 0.000 0.000 0.000
30 120 0.00 0.30 0.00 0.00 0.00 0.00 0.00 0.000 0.000 0.000 0.000 0.000 0.000
120 120 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.000 0.000 0.000 0.000 0.000 0.000

TABLE 1.1: Simulation results for DGP1 - DGP3. The entries are the averages of the estimated dimensions and the MSEs of the slope estimator

over 1000 replications.
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MEAN MEAN MEAN MEAN MEAN MEAN MSE MSE MSE MSE MSE MSE MSE
N T dgwprci dpc1 dici  drpci dgp  dicr Beup  Bldmac) Bldpc1)  Bldicr)  Bldipcr) B(dep) Bldier )
DGP4: 3 stationary factors and weak autocorrelations in the errors (d = 3)

30 30 3.07 6.53 3.01 2.94 2.98 4.81 0.001 0.004 0.003 0.001 0.006 0.007 0.002
30 60 3.00 4.18 3.00 2.80 2.97 3.00 0.001 0.001 0.001 0.001 0.036 0.011 0.001
30 120 3.00 3.01 3.00 2.20 2.97 3.00 0.000 0.000 0.000 0.000 0.242 0.014 0.000
60 30 3.00 4.21 3.00 2.97 2.98 3.00 0.001 0.001 0.001 0.001 0.003 0.008 0.001
60 60 3.00 3.00 3.00 2.93 2.98 3.00  0.000 0.000 0.000 0.000 0.011 0.008 0.000
60 120 3.00 3.00 3.00 2.57 2.96 3.00 0.000 0.000 0.000 0.000 0.121 0.019 0.000
120 30 3.00 3.01 3.00 2.98 2.97 3.00 0.000 0.001 0.000 0.000 0.002 0.010 0.000
120 60 3.00 3.00 3.00 2.97 2.98 3.00 0.000 0.000 0.000 0.000 0.005 0.010 0.000
120 120 3.00 3.00 3.00 2.91 2.95 3.00 0.000 0.000 0.000 0.000 0.021 0.023 0.000
DGP5: 1 stationary factor and strong autocorrelations in the errors (d = 1)
30 30 5.00 7.97 7.71 1.97 1.94 6.56 0.002 0.002 0.002 0.002 0.002 0.002 0.002
30 60 4.93 7.80 6.47 1.00 1.04 1.39 0.001 0.001 0.001 0.001 0.001 0.001 0.001
30 120 2.83 6.64 1.68 0.97 1.00 1.08 0.001 0.001 0.001 0.001 0.012 0.001 0.001
60 30 5.00 7.97 7.81 1.68 1.57 2.00 0.001 0.001 0.001 0.001 0.001 0.001 0.001
60 60 7.88 7.90 7.49 1.00 1.00 1.09 0.000 0.000 0.000 0.000 0.001 0.001 0.001
60 120 4.46 6.59 2.67 1.00 1.00 1.00 0.000 0.000 0.000 0.000 0.002 0.000 0.000
120 30 5.00 7.99 7.94 1.53 1.25 2.75 0.000 0.000 0.000 0.000 0.001 0.001 0.000
120 60 8.00 8.00 7.98 1.00 1.00 1.06 0.000 0.000 0.000 0.000 0.000 0.000 0.000
120 120 8.82 7.62 6.24 1.00 1.00 1.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000
DGP6: no factors and strong autocorrelations in the errors (d = 0)
30 30 4.99 7.94 7.54 1.48 0.71 7.51 0.002 0.002 0.002 0.002 0.002 0.002 0.002
30 60 4.83 7.72 5.62 0.00 0.03 1.09 0.001 0.001 0.001 0.001 0.001 0.001 0.001
30 120 1.79 6.42 0.57 0.00 0.00 0.17 0.001 0.001 0.001 0.001 0.001 0.001 0.001
60 30 5.00 7.93 7.65 1.17 0.27 2.14 0.001 0.001 0.001 0.001 0.001 0.001 0.001
60 60 7T 7.83 7.16 0.00 0.01 0.95 0.000 0.000 0.000 0.000 0.001 0.001 0.001
60 120 3.23 6.34 1.51 0.00 0.00 0.01 0.000 0.000 0.000 0.000 0.000 0.000 0.000
120 30 5.00 7.98 7.87 1.07 0.07 2.64 0.000 0.000 0.000 0.000 0.000 0.001 0.000
120 60 7.99 7.99 7.94 0.00 0.00 0.62 0.000 0.000 0.000 0.000 0.000 0.000 0.000
120 120 8.11 7.44 5.47 0.00 0.00 0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000

TABLE 1.2: Simulation results for DGP4 - DGP6. The entries are the averages of the estimated dimensions and the MSEs of the slope estimator
over 1000 replications.
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1.5 Application: The Unobserved Risk Premia of Corpo-

rate Bonds

1.5.1 The Empirical Model

The empirical evidence shows that there is a discrepancy between the observed credit
spreads and the theoretical spreads implied by the financial models of credit risk. El-
ton et al. (2001) assert that default risk cannot explain more than 25% of the credit
spread variation. Longstaff et al. (2005) argue that non-default components such as
bond-specific illiquidity and overall illiquidity risk do exist. Collin-Dufresne et al. (2001)
examine the effect of a large number of risk proxies such as changes in the spot rate,
changes in the slope of the yield curve, changes in Leverage, changes in the probability,
and changes in the business climate. They detect high cross-correlations in the residu-
als of the regressed time series and conjecture that undefined missing factors generate
these dependencies. The authors also examine the effects of several macroeconomic and

financial determinants and argue that such variables can not solve the mystery.

In this chapter, we decompose the credit spread into individual specific components and
unobserved common components generated by common risk factors. Because our focus
is on estimating the dimension of the puzzling part of the credit spread, we restrict the
observed individual specific components to the two most frequently used determinants
in the literature on corporate finance, namely the credit default risk and the illiquidity
risk; see, e.g., Huang and Huang (2012), Elton et al. (2001), and Longstaff et al. (2005).
While the default risk is the basic component of structural models, the illiquidity risk
is commonly used in reduced form models. We avoid introducing variables that are
controversial in the literature and let the data inform us about the dimension of the

missing risk factors.

Our empirical model is expressed as follows:

K d
CSit =~ e+ Y onedip + BLRi + > Nafur- (1.22)
k=1 I=1

The index ¢ € {1,..., N} denotes the single bonds, the index ¢t € {1,...,T} denotes the

date. The explained variable CS;; is the corporate-government credit spread defined as
CSit = Rit — Rait,

where Rj; is the yield of the corporate bond 7 at time ¢ and Rg 4 is its duration-equivalent

government bond. u; denotes the general average time-process of the credit spread.
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Following many previous studies, we consider the rating class (or rating level) to be a
measure for assessing the credit default risk; see, e.g., Gebhardt et al. (2005), Houweling
et al. (2005), and Kagraoka (2010). In fact, the rating class constitutes the synthetic
evaluation of the rating agencies, that takes into account the default probability as well
as the recovery rate. In our model, this proxy is presented by the delta function d;,

which we define as:

5 { 1 if bond i has the rating class k and
ik =

0 else.

In order to focus on the unobserved systematic risk premia, we follow Kagraoka (2010)
and consider only bonds that did not experience a rating migration during the observa-
tion period. Unlike most existing work, we allow for time-varying rating effects ag;. This
establishes a general framework that enables us to assess the response of the investors

over time to the credit evaluation of the rating agency.

The explanatory variable LR;; measures the illiquidity risk of bond i at time ¢. Because
the trading frequency of corporate bonds is generally low, arbitrage theory implies that
the price of illiquidity will be reflected in the bond yield. In the literature, several
proxies of illiquidity have been considered; see, e.g., Chen et al. (2002), Bessembinder
et al. (2006), Houweling et al. (2005), and Lesmond (1999). Following Bessembinder
et al. (2006), we construct a measure based on the following quoted bid-ask spread:

Rj — R

B
it

LRi = ’ x 100,

where Rﬁ and Rﬁ are the ask yield and the bid yield of bond ¢ at time t. It is easy
to realize that the larger the spread is, the more problematic the immediate trading
becomes and vice versa. We expect the credit spread to be larger for less liquid bonds.
Because this relationship can be generalized across all corporate bonds, we assume the
slope parameter 8 to be cross-sectionally homogeneous. Moreover, assuming 5 to be
constant over ¢ and ¢ not only simplifies the economic interpretation, but also greatly

improves the asymptotic property of its estimator.

The term fj; represents the stochastic process describing the time pattern of the under-
lying common risk factors. We may interpret f;; as systematic risks, since they do not
depend on i. The scores \;; are the corresponding individual loading parameters describ-
ing the effect of f; on each bond i. Like Kagraoka (2010), we interpret the interaction
between A\; and fj; as the systematic risk premium imposed by the investor on bond 4

at time ¢.



30

The role of d is intended to determine the number of missing factors in the credit spread
puzzle. We interpret d as a measure reflecting the degree of difficulty in diversifying the
individual bond risks in the market. The higher the dimension of the existing common

risk factors, the more difficult it is to diversify the risk.

The parameters 3, A;, fir and d are estimated under Conditions (R.1)-(R.3) after elim-
inating the rating effects as described in Sections 1.2 and 1.3. We denote the transfor-

mations of CS;; and LR by Yj;; and X;; respectively. .

For more convincing evidence, we compare our result with the results of the following

model specifications:

(M.1): Yu = sz:1 Aitfie + €it,

(M2): Yy = XuB+ Zf:l it fue + €t

(M.3): Yy = D(L)Yip-1+ 30 NS + e, and
(MA4): Yy = D(L)Yio1+XaB+ X0 Nafue + e,

where D(L) is an m polynomial lag-operator. Model (M.1) is a standard static factor
model that can be estimated by principal component (PC) analysis; see, e.g., Stock and
Watson (2002) and Bai and Ng (2002). In Model (M.2), we assume that the regres-
sors are exogenous and estimate the parameters by using the two-step PC estimator of
Coakley et al. (2002). In the first step, the OLS estimator of (3 is obtained by ignoring
the factor structure. In a second step, we use the OLS residuals and estimate the factor
structure by the PC method. Models (M.3) and (M.4) are estimated by the feasible

iterative least squares method.

1.5.2 Data Description

Our data are extracted from Datastream, which is an online database containing a broad
range of financial entities and instruments. Our explained variable is the credit spread.
Because the maturities of many bonds do not exactly match the maturity of the available
government benchmark bonds, Datastream uses a linear interpolation to approximate
the yield of the duration-equivalent government benchmark. The spread is expressed as
yield differences in basis points. The explanatory variables are the credit rating levels
and the quoted bid-ask yield spread of the corresponding bonds. We choose the U.S.
corporate bonds rated by S&P. Our observation period extends from September 18,
2006, to May 25, 2008. This allows us to compare the dimension of the unobserved
factor structure before and after the subprime crisis emerged in the middle of this time
interval. Moreover, we choose fixed rate bonds with long remaining time to maturity.

This is to marginalize the possible term structure effects. Finally, we ignore securities
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that have missing prices. We then obtain an equidistant balanced panel data set based
on 111 U.S. corporate bonds over a period of 397 business days. The retained rating
classes are AAA, AA, A, and BBB; see Table 1.3.

Rating class AAA AA A BBB Total
Number 24 29 21 31 111

TABLE 1.3: Number of corporate bonds by rating class.

The Credit Spreads The Credit Spreads after
Eliminating the Rating Effects

FIGURE 1.1: Three-dimensional plot of the credit spread curves before and after per-

forming the within-group transformation to eliminate the rating effects. The credit

spread values are on the y-axis, time is on the x-axis, and the index of bonds ordered
by rating class is on the z-axis.

Figure 1.1 displays a three-dimensional plot of the credit spread curves before and after

performing the within-group transformation discussed in Section 1.3.1.

To examine whether the data sets are affected by unit root common factors, we use
the M@ test of the Panel Analysis of Non-stationarity in Idiosyncratic and Common
Components (PANIC) proposed by Bai (2004). PANIC is developed to detect the source
and the nature of the non-stationarity in the data. In our application, we restrict our

test to the following simplified test problem:

Hy: k>1and
Hy: k<1,

where k is the number of independent common unit root processes. The intuition behind
this test is that if the first factor (corresponding to the largest eigenvalue) is integrated,

then M@ cannot reject the null hypothesis. The test is applied to the credit spread
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variable Y; (after eliminating the rating effects) and to the remainder term W, =Y, —
XiBEuch obtained from the entirely updated regression. For & = 1, we obtain the

following result:

Panel M Q?—Value Lag order Critical value at significance level 0.05
Y; —2.2774 7 —11.022
w; ~1.6019 7 —11.022

The null hypothesis cannot, hence, be rejected for both Y; and w;. Alternatively, one
can use the panel data unit root tests of Karavias and Tzavalis (2012), who allow for
a common structural break in the individual effects. The estimation results of Models
(M.3) and (M.4) considered with D(L)Y;+—1 = DoYi—1 + D1Yit—2 + D2Y;+—3, support
qualitatively the hypothesis of the unit root because 1 — Dy—DiL—DyL? ~0for L =1
(see Table 1.4).

1.5.3 Empirical Results and Interpretations

The estimation results are reported in Table 1.4. The effect of the illiquidity risk is
positive and significant in our Model as well as in (M.2), and (M.4). /3 EupBC amounts to
0.0217 (with a standard deviation of 0.004). These results are in line with the previous
findings of Chen et al. (2002), Elton et al. (2001), and Kagraoka (2010): The more
illiquid the bond, the higher the expected credit spread.

Figure 1.2 shows the percentages of the ordered eigenvalues related to the unobserved
factor structure in its static form as well as the eigenvalues obtained after applying
on the estimated factors a VAR-regression. By using the penalty term of PC1 in our
algorithm, we estimate d Eup = 11. The test K3 of Bai and Ng (2007), however, detects
the presence of only 2 primitive shocks. This result is confirmed by the information
criterion [ Cf: ,, of Hallin and Liska (2007), which suggests the presence of 2 dynamic
factors in all models. The ED criterion of Onatski (2010) is optimized at 7,6,2, and
2 for Models (M.1), (M.2), (M.3), and (M.4) respectively. The criteria of Bai (2004)
indicate the presence of at least 2 unit root factors in all models except for (M.3) and
(M.4), where the unit root source seems to be automatically integrated by the lags of
Yie. 1.3 (a).

Our time-varying estimates ¢;; and their corresponding 95% confidence intervals are
depicted in Figure 1.3(a). The confidence intervals of the default risk parameters indicate
that the rating effects are statistically significant, except for class A during the time
between January and February in 2008. The part of the variance explained by the

default risk accounts for 24.06%. This result agrees with the results of most research on
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FIGURE 1.2: (a) The screeplot of the eigenvalues obtained from the matrix of

f)(Bcup Be,d Eup); (b) Proportions of the (squared) eigenvalues obtained from the resid-

uals of the VAR-regression (with p = 1) applied on the estimated factors (after inte-
grating the first 3 I(1) factors).
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FIGURE 1.3: (a) the time series of the estimated rating effects; (b) the EupBC estimated
first and second common factors.
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Regressor EupBC M.1 M.2 M.3 M4
X 0.0217*** - 0.3013*** - 0.0047***
(0.004) - (0.006) - (0.001)
Yi 1 - - - 0.8029***  0.8021***
- - - (0.005) (0.005)
Y o - - - 0.1061***  0.1055***
- - - (0.007) (0.007)
Y3 = - - 0.0865***  0.0869***

- - - (0.005)  (0.005)

Number of Factors
Static I(1)/1(0)

INT,Eup 11 - = - _
PC1 (dmas = 11) - 11 11 11 11
ED - 7 6 2 2

Static I(1)

IPC1 (dyay = 11) 3 3 3 0 0

IPC2 (dpay = 11) 3 3 3 0 0

IPC3 (dpay = 11) 2 2 2 0 0
Primitive (dynamic)

Ks(m=1,6 = 1/4) 2 3 2 2 2

cr, 2 2 2 2 2

TABLE 1.4: Estimation results for Models (M.1)-(M.4).
The columns labeled with M.1-M.4 respectively present the estimation results of Models
(M.1)- (M.4). PC1 is the panel criterion of Bai and Ng (2002). ED is the threshold
criterion of Onatski (2010). IPC1-IPC3 are from Bai (2004). 3 is the selection criterion
of Bai and Ng (2007). IC’%:n is the information criterion of Hallin and Liska (2007).
High significant coefficients (p-value < 1%) are indexed by “***”
parentheses are the corresponding estimated standard deviations.

. The values between

the credit spread; see, e.g., Collin-Dufresne et al. (2001), Huang and Huang (2012), and
Kagraoka (2010).

From Figure 1.3(a), we can see that the time patterns of éj; exhibit some structural
changes after July 16, 2007, in particular, the volatility of ay; for AAA, A, and BBB.
The negative effect of the rating class A registered during the periods prior to mid-
July became unstable and positive in 2008. These structural changes coincide with the
beginning of the subprime crisis in the U.S. market. The market perception of the credit
risk assessment performed by an external rating agency seems to depend on the market

situation and is not constant over time even if bonds remain in the same rating class.

The estimated factors, flt and fgt, are displayed in Figure 1.3(b). These factors explain
about 84.5% of the variance in the factor structure. The forms of flt and fgt over time
support the non-stationarity hypothesis. But note that these factors do not necessary

affect the totality of bonds.

The first and second risk component, defined respectively as Citl = 5\1‘1 fu and éitg =

5\1‘2 fgt, are displayed in Figure 1.4. C’itl explains about 17.27% of the total variance
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of the credit spread. Bonds, which had positive Ci1 values during the period between
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FIGURE 1.4: (a) the first risk component C’m = ;\il fu; (b) the second risk component
Cit2 = M2 for.

September 18, 2006 and July 16, 2007, experienced an important rise in the next period,
while bonds with negative C’m experienced further decreases after July 16, 2007. This
result confirms the hypothesis of Jegadeesh and Titman (1993) and Chan et al. (1996),
who assert that security returns are affected by a so-called momentum effect, because
investors typically buy stocks that have performed well in the past, and sell stocks that
have performed poorly. Our analysis thus sheds some light on an ongoing discussion
in the literature on stock market prices. The part of variance explained by the second
risk component amounts to 12.94%. The individual patterns of Cio seem to reflect the

complexity of the market behavior in the subprime period.

When re-estimating our panel model for the period spanning only the time before July
16, 2007, we detect the presence of only one primitive factor. The number of detected
common factors can therefore be interpreted as an index for assessing the complexity of
the market and the difficulty of diversification, as mentioned in Elton et al. (2001) and
Amato and Remolona (2003). The higher the number of common risk factors, the more

complex the market is.

1.6 Conclusion

In this chapter, we extend the iterative least squares approach developed to estimate
panel data models with unobserved factor structure in such a way that we allow for the

number of factors to be unknown a priori. The basic idea of our extension is to treat
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the iterative least squares estimator of Bai (2009) and Bai et al. (2009) as functions
depending on a run parameter d. The latter is fitted by means of a penalty term that
is directly integrated into the global objective function to be optimized. The final so-
lution is obtained by alternating between an inner iteration to optimize B(d), F(B,d),
and Az(B , F ,d) for each given d and an outer iteration to select the optimal dimension
d. Monte Carlo experiments show that our algorithm provides more efficient estimates
in terms of MSE than could be achieved if the estimator of Bai et al. (2009) is calcu-
lated with an externally selected factor dimension. We consider, in our application, the
problem of the credit spread puzzle and estimate the number of the hidden risk factors
jointly with the effect of the observed risk components. Our result proves the presence
of two unobserved common risk factors affecting the U.S. corporate bonds during the
period between September 2006 and March 2008, while one single risk factor is sufficient
to describe the data for all time periods prior to the beginning of the subprime crisis in
2007. Our analysis neglects, however, the possible effect of taxes. This component can
be introduced in the regression function by means of a reasonable determinant. There
is also a large potential for expanding panel data models with structural breaks on the
individual effects, as proposed by De Wachter and Tzavalis (2012), to panel models with

structural breaks in the unobserved factor structure.



Chapter 2

The R-package phtt: Panel Data
Analysis with Heterogeneous
Time Trends

2.1 Introduction

One of the main difficulties and at the same time appealing advantages of panel models
is their need to deal with the problem of the unobserved heterogeneity. Classical panel
models, such as fized effects or random effects, try to model unobserved heterogeneity
using dummy variables or structural assumptions on the error term (see, e.g., H. (2005)).
In both cases the unobserved heterogeneity is assumed to remain constant over time
within each cross-sectional unit—apart from an eventual common time trend. This
assumption might be reasonable for approximating panel data with fairly small temporal
dimensions T'; however, for panel data with large T' this assumption becomes very often

implausible.

Nowadays, the availability of panel data with large cross-sectional dimensions n and large
time dimensions 1" has triggered the development of a new class of panel data models.
Recent discussions by Ahn et al. (2013), Pesaran (2006), Bai (2009), Bai et al. (2009), and
Kneip et al. (2012) have focused on advanced panel models for which the unobservable
individual effects are allowed to have heterogeneous (i.e., individual specific) time trends
that can be approximated by a factor structure. The basic form of this new class of panel

models can be presented as follows:

P
Yir = intjﬁj ‘v t+eqp forie{l,...,n} andte {1,...,T}, (2.1)
j=1

37
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where y;; is the dependent variable for each individual ¢ at time ¢, x;;; is the jth element of
the vector of explanatory variables z;; € RY, and €; is the idiosyncratic error term. The
time-varying individual effects v;; € R of individual i for the time points ¢t € {1,...,T}
are assumed to be generated by d common time-varying factors. The following two
specifications of the time-varying individual effects v;; are implemented in our R package
phtt:

vig = Zle i for the model of Bai (2009),
Vit = (22)

vi(t) = Zle Aitfi(t), for the model of Kneip et al. (2012).

Here, \;; are unobserved individual loadings parameters, f;; are unobserved common
factors for the model of Bai (2009), f;(t) are the unobserved common factors for the

model of Kneip et al. (2012), and d is the unknown factor dimension.

Note that the explicit consideration of an intercept in model (2.1) is not necessary but
may facilitate interpretation. If x;; includes an intercept, the time-varying individual
effects v;; are centered around zero. If z;; does not include an intercept, the time-varying

individual effects v;; are centered around the overall mean.

Model (2.1) includes the classical panel data models with additive time-invariant individ-
ual effects and common time-specific effects. This model is obtained by choosing d = 2
with a first common factor fi; = 1 for all ¢ € {1,...,T} that has individual loadings
parameters \;1, and a second common factor fo; that has the same loadings parameter
Aig=1forallie{1,...,n}.

An intrinsic problem of factor models lies in the fact that the true factors are only
identifiable up to rotation. In order to ensure the uniqueness of these parameters, a

number of d? restrictions are required. The usual normalization conditions are given by

(a) %23:1 fi=1 forallle{l,...,d},
(b) iy fufie =0 foralll,k e {1,...,d} with k # [, and
(€) S, Aidik=0 foralll ke {l,...,d} with k#1;

see, e.g., Bai (2009) and Kneip et al. (2012). For the model of Kneip et al. (2012), fi; in
conditions (a) and (b) has to be replaced by fi(t). As usual in factor models, a certain
degree of indeterminacy remains, because the factors can only be determined up to sign

changes and different ordering schemes.

Kneip et al. (2012) consider the case in which the common factors f;(¢) show relatively
smooth patterns over time. This includes strongly positive auto-correlated stationary

as well as non-stationary factors. The authors propose to approximate the time-varying



Chapter 2. Panel Data Analysis with Heterogeneous Time Trends 39

individual effects v;(t) by smooth nonparametric functions, say, ¥;(t). In this way (2.1)
becomes a semi-parametric model and its estimation is done using a two-step estimation
procedure, which we explain in more detail in Section 2.2. The asymptotic properties of

this method rely, however, on independent and identically distributed errors.

Alternatively, Bai (2009) allows for weak forms of heteroskedasticity and dependency in
both time and cross-section dimensions and proposes an iterated least squares approach
to estimate (2.1) for stationary time-varying individual effects vy such as ARMA pro-
cesses or non-stationary deterministic trends. However, Bai (2009) rules out a large class

of non-stationary processes such as stochastic processes with integration.

Moreover, Bai (2009) assumes the factor dimension d to be a known parameter, which is
usually not the case. Therefore, the phtt package uses an algorithmic refinement of Bai’s
method proposed by Bada and Kneip (2014) in order to estimate the number of unob-
served common factors d jointly with the remaining model parameters; see Section 2.4

for more details.

Besides the implementations of the methods proposed by Kneip et al. (2012), Bai (2009),
and Bada and Kneip (2014) the R package phtt comes with a wide range of criteria (16
in total) for estimating the factor dimension d. The main functions of the phtt package

are given in the following list:

e KSS(): Computes the estimators of the model parameters according to the method
of Kneip et al. (2012); see Section 2.2.

e Eup(): Computes the estimators of the model parameters according to the method
of Bai (2009) and Bada and Kneip (2014); see Section 2.4.

e OptDim(): Allows for a comparison of the estimated factor dimensions d obtained

from many different (in total 16) criteria; see Section 2.3.

e checkSpecif(): Tests whether to use a classical fixed effects panel model or a

panel model with individual effects v;;; see Section 2.5.1.

The functions are provided with the usual print ()-, summary ()-, plot ()-, coef ()- and

residuals()-methods.

Standard methods for estimating models for panel and longitudinal data are also imple-
mented in the R packages plm (Croissant and Millo, 2008), nlme (Pinheiro et al., 2014),
and lmed4 (Bates et al., 2014); see Croissant and Millo (2008) for an exhaustive compar-
ison of these packages. Recently, Millo and Piras (2012) published the R package splm
for spatial panel data models. The phtt package further extends the toolbox for statis-

ticians and econometricians and provides the possibility of analyzing panel data with



40

large dimensions n and T and considers in the case when the unobserved heterogeneity

effects are time-varying.

To the best of our knowledge, our phtt package Bada and Liebl (2014a) is the first
software package that offers the estimation methods of Bai (2009) and Kneip et al.
(2012). Regarding the different dimensionality criteria that can by accessed via the
function OptDim() only those of Bai and Ng (2002) are publicly available as MATLAB
codes from the homepage of Serena Ng (http://www.columbia.edu/~sn2294/).

To demonstrate the use of our functions, we re-explore the well known Cigar dataset,
which is frequently used in the literature of panel models. The panel contains the per
capita cigarette consumptions of n = 46 American states from 1963 to 1992 (T' = 30)
as well as data about the income per capita and cigarette prices (see, e.g., Baltagi and

Levin (1986) for more details on the dataset).

We follow Baltagi and Li (2006), who estimate the following panel model:
In(Consumption;) = p+ f1ln(Price;)+ B2 ln(Income;t) + €. (2.3)

Here, Consumption; presents the sales of cigarettes (packs of cigarettes per capita),
Price; is the average real retail price of cigarettes, and Income;; is the real disposable
income per capita. The index ¢ € {1,...,46} denotes the single states and the index

t€{1,...,30} denotes the year.

We revisit this model, but allow for a multidimensional factor structure such that

d
€t = Z Aitfie + €it-
1=1

The Cigar dataset can be obtained from the phtt package using the function data("Cigar").
The panels of the variables In(Consumption; ), In(Price;;), and In(Income;) are shown

in Figure 2.1.

Section 2.2 is devoted to a short introduction of the method of Kneip et al. (2012), which
is appropriate for relatively smooth common factors f;(¢). Section 2.3 presents the usage
of the function OptDim (), which provides access to a wide range of panel dimensionality
criteria recently discussed in the literature on factor models. Section 2.4 deals with the
explanation as well as application of the panel method proposed by Bai (2009), which

is basically appropriate for stationary and relatively unstructured common factors fi;.


http://www.columbia.edu/~sn2294/

Chapter 2. Panel Data Analysis with Heterogeneous Time Trends 41

Log's of Log's of Log's of
Cigar-Consumption real Prices real Income

Time Time Time

FIGURE 2.1: Time series of the dependent variable In(Consumption,,) and regressor
variables In(Price;;) and In(Income;;).

2.2 Panel Models for Heterogeneity in Time Trends

The panel model proposed by Kneip et al. (2012) can be presented as follows:

P
vie = @B +vilt) + €, (2.4)
j=1
where the time-varying individual effects v;(t) are parametrized in terms of common

non-parametric basis functions fi(t),..., fq(t) such that

d
vilt) = Y Nifilt). (2.5)
=1

The asymptotic properties of this method rely on second order differences of v;(t), which
apply for continuous functions as well as for classical discrete stochastic time series
processes such as (S)AR(I)MA processes. Therefore, the functional notation of the time-
varying individual effects v;(¢) and their underlying common factors fi(t),. .., fq(t) does
not restrict them to a purely functional interpretation. The main idea of this approach

is to approximate the time series of individual effects v;(t) by smooth functions ¥;(t).
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The estimation approach proposed by Kneip et al. (2012) relies on a two-step procedure:
first, estimates of the common slope parameters 3; and the time-varying individual
effects v;(t) are obtained semi-parametrically. Second, functional principal component
analysis is used to estimate the common factors fi(t),..., f4(t), and to re-estimate the
time-varying individual effects v;(t) more efficiently. In the following we describe both

steps in more detail.

Step 1: The unobserved parameters [3; and v;(t) are estimated by the minimization of

n 1 T P 2 n T 1 2
Z T Z Yit — Zaﬁz‘t]‘,@j — ﬁz(t) + Z :‘i/l T (ﬁgm)(s)) ds, (2.6)
i=1 " t=1 j=1 i=1

over all 3; € R and all m-times continuously differentiable functions 9;(t), where ﬂgm) (t)
denotes the mth derivative of the function ¥;(¢). A first approximation of v;(t) is then
given by v;(t) := 191(15) Spline theory implies that any solution 1§Z(t) possesses an expan-
sion in terms of a natural spline basis 2y (t), ..., zp(t) such that 9;(t) = S.7_| Giszs(t);
see, e.g., de Boor (2001). Using the latter expression, we can rewrite (2.6) to formalize

the following objective function:

n
88,00 =" (I = XiB — 2G| + w¢ RG) (2.7)
i=1
where Vi = (i1, .. ..yir) T, Xi = (), xjp) T, B=(Br,-..B8P) ", G = (G, .- -, Gim) T,
Z and R are T'xT matrices with elements {z;(¢)}5 =1, 7 and { [ 2™ (t)z,(cm) (t)dt}s =1,
respectively. k is a preselected smoothing parameter to control the smoothness of V; (t).

We follow the usual choice of m = 2, which leads to cubic smoothing splines.

In contrast to Kneip et al. (2012), we do not specify a common time effect in model
(2.4), but the vector of explanatory variables is allowed to contain an intercept. This
means that the time-varying individual effects v;(t) are not centered around zero for each
specific time point ¢, but around a common intercept term. The separate estimation of
the common time effect, say 6, is also possible with our phtt package; we discuss this

in detail in Section 2.5.

T

The semi-parametric estimators 3, éz = (éﬂ, . fiT)T, and ; = (0;1,...,0;7)  can be

obtained by minimizing S(8,¢) over all 8 € RF and ¢ € RT*",
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The solutions are given by

n -1 n
5 - (z X7 zaxi) (z X7 zm) , 28)
=1 =1
G = (ZTZ4kR)7'ZT(Y; — X,;3), and (2.9)
5 o= Z. <Y _ Xﬁ) . where Z,, = Z (ZTZ + IQR)il A (2.10)

Step 2: The common factors are obtained by the first d eigenvectors 41, ...,%4 that

correspond to the largest eigenvalues g1, ..., pqg of the empirical covariance matrix
1 n
3 ~ =T
3= n;vwi' (2.11)
1=

The estimator of the common factor fj(¢) is then defined by the [th scaled eigenvector
fi(t) = VTHy, forallle{1,...,d}, (2.12)

where 4 is the tth element of the eigenvector 4;. The scaling factor v/T yields that fl(t)
satisfies the normalization condition - 25:1 fi(H)? = 1 as listed above in Section 2.1.
The estimates of the individual loadings parameters \;; are obtained by ordinary least
squares regressions of <YZ —Xﬁ) on f, where fi = (fi(1),..., fi(T))". Recall from

conditions (a) and (b) that Ay can be calculated as follows:

Ait = %]EIT (Yz - XzB) : (2.13)

A crucial part of the estimation procedure of Kneip et al. (2012) is the re-estimation
of the time-varying individual effects v;(t) in Step 2 by v;(t) := 27:1 Xifi(t), where
the factor dimension d can be determined, e.g., by the sequential testing procedure of
Kneip et al. (2012) or by any other dimensionality criterion; see also Section 2.3. This

re-estimation leads to more efficiently estimated time-varying individual effects.

Kneip et al. (2012) derive the consistency of the estimators as n, T — oo and show that
the asymptotic distribution of common slope estimators is given by f];l/ 2(3 —E. (B)) L\

N(0,I), where

-1 n n -1
Yp =0 <Z X1 - ZH)XZ) (Z; X' (I- ZR)2X¢> (Z} X (1 - ZH)XZ)

(2.14)



44

A consistent estimator of o2 can be obtained by
1 n d
A2 3 S F2
= Y, — X8 — A . 2.15
9 (n—l)T;H i 16 ; z,lfl” ( )

To determine the optimal smoothing parameter x,,;, Kneip et al. (2012) propose the

following cross validation (CV) criterion:
n d
CViR) = Y I¥i= Xiboi= 3 Asfoutl (216)
i=1 =1

where B_i, 5\_1-’1, and f_“ are estimates of the parameters 5, A\, and f; based on the
dataset without the ith observation. Unfortunately, this criterion is computationally
very costly and requires determining the factor dimension d in advance. To overcome
this disadvantage, we propose a plug-in smoothing parameter that is discussed in more

detail in the following Section 2.2.1.

2.2.1 Computational Details

Theoretically, it is possible to determine x by the CV criterion in (2.16); however, cross
validation is computationally very costly. Moreover, Kneip et al. (2012) do not explain
how the factor dimension d is to be specified during the optimization process, which is

critical since the estimator d is influenced by the choice of «.

In order to get a quick and effective solution, we propose to determine the smoothing
parameter x by generalized cross validation (GCV). However, we cannot apply the clas-
sical GCV formulas as proposed, e.g., in Craven and Wahba (1979) since we do not
know the parameters 8 and v;(t). Our computational algorithm for determining the
GCV smoothing parameter kgcy is based on the method of Cao and Ramsay (2010),
who propose optimizing objective functions of the form (2.7) by updating the parameters
iteratively in a functional hierarchy. Formally, the iteration algorithm can be described

as follows:

1. For given k and 3, we optimize (2.7) with respect to (; to get

G=(2"Z2+rR)"'ZT(Y; - XiB). (2.17)



Chapter 2. Panel Data Analysis with Heterogeneous Time Trends 45

2. By using (2.17), we minimize (2.7) with respect to § to get

B= (iXZTXz> <i XY - Z&i)) (2.18)

i=1

3. Once (2.17) and (2.18) are obtained, we optimize the following GCV criterion to

calculate kgov:

. 1 - 5 2112
KGCv = argmin (I — Z,)? ; 1Y; = X — 2.(Y: — XiB)||". (2.19)

The program starts with initial estimates of 8 and k and proceeds with steps 1, 2, and 3
in recurrence until convergence of all parameters, where the initial value Bstm‘t is defined
in (2.50) and the initial value Kgqre is the GCV-smoothing parameter of the residuals
Yi — XiBstart-

The advantage of this approach is that the inversion of the P x P matrix in (2.18)
does not have to be updated during the iteration process. Moreover, the determina-
tion of the GCV-minimizer in (2.19) can be easily performed in R using the function

smooth.spline (), which calls on a rapid C-routine.

But note that the GCV smoothing parameter kgoy in (2.19) does not explicitly account
for the factor structure of the time-varying individual effects v;(t) as formalized in (2.2).
In fact, given that the assumption of a factor structure is true, the goal shall not be to
obtain optimal estimates of v;(t) but rather to obtain optimal estimates of the common
factors fi(t), which implies that the optimal smoothing parameter r,, will be smaller

than kgov; see Kneip et al. (2012).

If the goal is to obtain optimal estimates of fi(t), kope Will be used as an upper bound
when minimizing the CV criterion (2.16) (via setting the argument CV = TRUE); which,
however, can take some time. Note that, this optimal smoothing parameter rqp: de-
pends on the unknown factor dimension d. Therefore, we propose to, first, estimate the
dimension based on the smoothing parameter kgcoy and, second, to use the estimated
dimension d (via explicitly setting the dimension argument factor.dim= cf) in order to
determine the dimension-specific smoothing parameter ry (via setting the argument

CV = TRUE).

2.2.2 Application

This section is devoted to the application of the method of Kneip et al. (2012) discussed
above. The computation of this method is accessible through the function KSS(), which
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has the following arguments:
R> args(KSS)

function (formula, additive.effects = c("none", "individual",
"time", "twoways"), consult.dim.crit = FALSE, d.max = NULL,
sig2.hat = NULL, factor.dim = NULL, level = 0.01, spar = NULL,
CV = FALSE, convergence = le-06, restrict.mode = c("restrict.factors",
"restrict.loadings"), ...)

NULL

The argument formula is compatible with the usual R-specific symbolic designation of
the model. The unique specificity here is that the variables should be defined as T' x n
matrices, where T' is the temporal dimension and n is the number of the cross-section

unites.!

The argument additive.effects makes it possible to extend the model (2.4) for addi-

tional additive individual, time, or twoways effects as discussed in Section 2.5.

If the logical argument consult.dim.crit is set to TRUE all dimensionality criteria
discussed in Section 2.3 are computed and the user is asked to choose one of their

results.

The arguments d.max and sig2.hat are required for the computation of some dimen-
sionality criteria discussed in Section 2.3. If their default values are maintained, the
function internally computes d.max= {min{\/ﬁ, \/T}J and sig2.hat as in (2.15), where
|| indicates the integer part of . The argument level allows to adjust the signifi-
cance level for the dimensionality testing procedure (2.21) of Kneip et al. (2012); see
Section 2.3.

CV is a logical argument. If it is set to TRUE the cross validation criterion (2.16) of Kneip
et al. (2012) will be computed. In the default case, the function uses the GCV method

discussed above in Section 2.2.1.

The factor dimension d can be pre-specified by the argument factor.dim. Recall from
restriction (a) that 7 23:1 A2 =1.

Alternatively, it is possible to standardize the individual loadings parameters such that

% > 5\12[ = 1, which can be done by setting restrict.mode = "restrict.loadings".

'Note that phtt is written for balanced panels. Missing values have to be replaced in a pre-processing
step by appropriate imputation methods.
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As an illustration we estimate the Cigarettes model (2.3) introduced in Section 2.1:

In(Consumption;,) = p+ f1ln(Price;)+ B21ln(Income;t) + e (2.20)

d
Wlth €t — Z )\il fl(t) + [
=1

In the following lines of code we load the Cigar dataset and take logarithms of the three
variables, Consumption,,, Price;/cpi, and Income;/cpi,, where cpi, is the consumer
price index. The variables are stored as T' x n-matrices. This is necessary, because the
formula argument of the KSS()-function takes the panel variables as matrices in which
the number of rows has to be equal to the temporal dimension T" and the number of

columns has to be equal to the individual dimension n.

R> library("phtt")
R> data("Cigar")

R> N <- 46

R> T <- 30

R> 1.Consumption <- log(matrix(Cigar$sales, T, N))

R> cpi <- matrix(Cigar$cpi, T, N)

R> 1.Price <- log(matrix(Cigar$price, T, N)/cpi)
R> 1.Income <- log(matrix(Cigar$ndi, T, N)/cpi)

The model parameters 1, (2, the factors fi(t), the loadings parameters \;, and the
factor dimension d can be estimated by the KSS()-function with its default arguments.

Inferences about the slope parameters can be obtained by using the method summary ().

R> Cigar.KSS <- KSS(formula = 1.Consumption ~ 1.Price + 1.Income)
R> (Cigar.KSS.summary <- summary(Cigar.KSS))

Call:

KSS.default(formula = 1.Consumption ~ 1.Price + 1.Income)

Residuals:
Min 1Q Median 3Q Max
-0.11 -0.01 0.00 0.01 0.12

Slope-Coefficients:

Estimate StdErr z.value Pr(>z)
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(Intercept) 4.0600 0.1770 23.00 < 2.2e-16 ***

1l.Price -0.2600 0.0223 -11.70 < 2.2e-16 **x*
1.Income 0.1550 0.0382 4.05 5.17e-05 *x*x*
Signif. codes: O ’x*x’ 0.001 ’xx’ 0.01 ’*x> 0.05 ’.” 0.1’ 7 1

Additive Effects Type: mnone
Used Dimension of the Unobserved Factors: 6

Residual standard error: 0.000725 on 921 degrees of freedom
R-squared: 0.99

The effects of the log-real prices for cigarettes and the log-real incomes on the log-
sales of cigarettes are highly significant and in line with results in the literature. The
summary output reports an estimated factor dimension of d = 6. In order to get a
visual impression of the six estimated common factors f1(t),. .., f¢(t) and the estimated
time-varying individual effects 01 (), ..., 0,(t), we provide a plot ()-method for the KSS-

summary object.

R> plot(Cigar.KSS.summary)

Estimated Factors
(Used Dimension = 6)

Estimated Factor—Structure

o 5 10 is 20 25 30 o 5 a0 u Y 20 25 30
Time Time
FIGURE 2.2: LEFT PANEL: Estimated factors fi(t),..., f¢(t). RIGHT PANEL: Esti-
mated time-varying individual effects 01 (t), ..., 0, ().

The left panel of Figure 2.2 shows the six estimated common factors fi(t), ..., fe(t) and
the right panel of Figure 2.2 shows the n = 46 estimated time-varying individual effects
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01(t), ..., 0n(t). The common factors are ordered correspondingly to the decreasing se-
quence of their eigenvalues. Obviously, the first common factor is nearly time-invariant;
this suggests extending the model (2.20) by additive individual (time-invariante) ef-

fects; see Section 2.5 for more details.

By setting the logical argument consult.dim. crit=TRUE, the user can choose from other
dimensionality criteria, which are discussed in Section 2.3. Note that the consideration
of different factor dimensions d would not alter the results for the slope parameters 3
since the estimation procedure of Kneip et al. (2012) for the slope parameters 5 does

not depend on the dimensionality parameter d.

2.3 Panel Criteria for Selecting the Number of Factors

In order to estimate the factor dimension d, Kneip et al. (2012) propose a sequential

testing procedure based on the following test statistic:

an:dH pr— (n — 1)&2tr(ZH7§dZ,€) a

KSS(d) = L N(0,1), (2.21)
62 \/ 2n - tr((2,Pa2x)?)
where Py =1 — % Zflzl flflT with f; = (fi(1),..., fi(T))", and
5 = . ST - 20(¥: - XB)|I (2:22)

(n— Dtr((I - 24)?) &=

The selection method can be described as follows: choose a significance level « (e.g.,
a = 1%) and begin with Hy : d = 0. Test if K55(0) < z1_4, where 21_, is the (1 — a)-
quantile of the standard normal distribution. If the null hypothesis can be rejected, go
on with d = 1,2,3,... until Hy cannot be rejected. Finally, the estimated dimension is

then given by the smallest dimension d, which leads a rejection of Hy.

The dimensionality criterion of Kneip et al. (2012) can be used for stationary as well
as non-stationary factors. However, this selection procedure has a tendency to ignore
factors that are weakly auto-correlated. As a result, the number of factors can be

underestimated.

More robust against this kind of underestimation are the criteria of Bai and Ng (2002).
The basic idea of their approach consists simply of finding a suitable penalty term g,r,

which countersteers the undesired variance reduction caused by an increasing number of
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factors d. Formally, d can be obtained by minimizing the following criterion:

1 n T X
PO() =+ 3 > (= 5a(0)* + lgnr (2.23)
=1 t=1
for all I € {1,2,...}, where g;:(1) is the fitted value for a given factor dimension [. To
estimate consistently the dimension of stationary factors Bai and Ng (2002) propose

specifying g, by one of the following penalty terms:

ecy)  .o(n+T) nT

Gnr = = O 5 log T ) (2.24)
T

" = &2(”7;; ) log(min{n, T}), (2.25)

(Pc3) _ .olog(min{n,T})

9nr = 0 Tmin{n, 7T , and (2.26)
T—1

97(11;103) — &2(n+nT )log(nT), (2.27)

where 62 is the sample variance estimator of the residuals é;. The proposed criteria
are denoted by PC1, PC2, PC3, and BIC3, respectively. Note that only the first three
criteria satisfy the requirements of Theorem 2 in Bai and Ng (2002), i.e., (i) gnr — 0
and (i7) min{n, T}gns — oo, as n,T — oo. These conditions ensure consistency of
the selection procedure without imposing additional restrictions on the proportional
behavior of n and T. The requirement (i) is not always fulfilled for BIC3, especially
when n is too large relative to T or T is too large relative to n (e.g., n = exp(7T)
or T" = exp(n)). In practice, BIC3 seems to perform very well, especially when the

idiosyncratic errors are cross-correlated.

The variance estimator 62 can be obtained by

1 n T

6% (dmas) = — 21 2 (vie = Gir(emae))’, (2:28)
where d;,q; is an arbitrary maximal dimension that is larger than d. This kind of vari-
ance estimation can, however, be inappropriate in some cases, especially when 62(d,az)
underestimates the true variance. To overcome this problem, Bai and Ng (2002) propose
three additional criteria (IC1, IC2, and IC3):

n T
IC(l) = log <n1T Z Z(yzt — @it(l))2> +lgnT (2.29)

i=1 t=1



Chapter 2. Panel Data Analysis with Heterogeneous Time Trends 51

with
(ac1 (nJrT)1 nT
v = 108, (2.30)
o1 = D s, 7)), and (2.31)
n
acs) _ log(min{n,T})
ey P (2.32)

In order to improve the finite sample performance of IC1 and IC2, Alessi et al. (2010) pro-
pose to multiply the penalties giLITCD and gg}j 2 with a positive constant ¢ and apply the
calibration strategy of Hallin and Liska (2007). The choice of ¢ is based on the inspection
of the criterion behavior through J-different tuples of n and 7', i.e., (ny,T1), ..., (ns, Ty),
and for different values of ¢ in a pre-specified grid interval. We denote the refined criteria
in our package by ABC.IC1 and ABC.IC2 respectively. Note that such a modification

does not affect the asymptotic properties of the dimensionality estimator.

Under similar assumptions, Ahn and Horenstein (2009) propose selecting d by maximiz-
ing the ratio of adjacent eigenvalues (or the ratio of their growth rate). The criteria are

referred to as Figenvalue Ratio (ER) and Growth Ratio (GR) and defined as following:

ER = 2 (2.33)
Pl+1
(2.34)

tog (271 pr/ S0 is1 v
GR = : (2.35)

T ~ T ~
log (Zr:l+1 pr/ Zr:l+2 PT)

Note that the theory of the above dimensionality criteria PC1, PC2, PC3, BIC3, IC1,
1C2, IC3, IPC1,IPC2, IPC3, ABC.IC1, ABC.IC2, KSS.C, ER, and GR are developed
for stochastically bounded factors. In order to estimate the number of unit root factors,

Bai (2004) proposes the following panel criteria:

n T
1 N 2
IPC(l) = T ZJ: ;(yit — it (1)) + lgnr, (2.36)
where
apct) _ olog(log(T)) (n+T) nT
InT - T nT log n+T)’ (2.37)
g = 52 1°g(1‘;§(T)) (n +TT> log(min{n, T}), and (2.38)
n
g(IPC3) _ g2 log(log(T)) (n+ T —1) log(nT). (2.39)

nT o T nT
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Alternatively, Onatski (2010) has introduced a threshold approach based on the empirical
distribution of the sample covariance eigenvalues, which can be used for both stationary

and non-stationary factors. The estimated dimension is obtained by
d= max{l < dmaz: P — Pr-1 > 5}7

where § is a positive threshold, estimated iteratively from the data. We refer to this

criterion as ED, which stands for Eigenvalue Differences.

2.3.1 Application

The dimensionality criteria introduced above are implemented in the function OptDim(),

which has the following arguments:

R> args(OptDim)

function (Obj, criteria = c("PC1i", "PC2", "PC3", "BIC3", "IC1",
"Ic2", "ica3", "I1eci", "IPC2", "IPC3", "ABC.IC1", "ABC.IC2",
"KSs.c", "ED", "ER", "GR"), standardize = FALSE, d.max, sig2.hat,
spar, level = 0.01, c.grid = seq(0, 5, length.out = 128),
T.seq, n.seq)

NULL

The desired criteria can be selected by one or several of the following character variables:
"KSS.C", "PC1", "PC2", "PC3", "BIC2", "IC1", "IC2" , "IC3", "ABC.IC1", "ABC.IC2",
"ER", "GR", "IPC1i", "IPC2", "IPC3", and "ED". The default significance level used
for the "KSS"-criterion is level = 0.01. The values of dp,. and 62 can be speci-
fied externally by the arguments d.max and sig2.hat. By default, d.max is computed
internally as d.max= Lmin{\/ﬁ, \/T}J and sig2.hat as in (2.22) and (2.28). The ar-
guments "c.grid", "T.seq", and "n.seq" are required for computing "ABC.IC1" and
"ABC.IC2". The grid interval of the calibration parameter can be externally specified
with "c.grid". The J-Tuples, (n1,71),...,(ns,Ts), can be specified by using appro-
priate vectors in "T.seq", and "n.seq". If these two arguments are left unspecified,
the function constructs internally the following sequences: T'— C, T —C+1,...,T, and
n—C,n—C+1,...,n, for C = min/n, VT, 30. Alternatively, the user can specify only
the length of the sequences by giving appropriate integers to the arguments "T.seq",

and "n.seq", to control for C.
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The input variable can be standardized by choosing standardize = TRUE. In this case,
the calculation of the eigenvalues is based on the correlation matrix instead of the co-

variance matrix for all criteria.

As an illustration, imagine that we are interested in the estimation of the factor di-
mension of the variable In(Consumption;) with the dimensionality criterion "PC1". The

function OptDim() requires a T X n matrix as input variable.

R> OptDim(0Obj = 1.Consumption, criteria = "PC1")

Call: OptDim.default(0Obj = 1.Consumption, criteria = "PC1")

Criterion of Bai and Ng (2002):

PC1
5

OptDim() offers the possibility of comparing the result of different selection procedures by
giving the corresponding criteria to the argument criteria. If the argument criteria

is left unspecified, OptDim() automatically compares all 16 procedures.

R> (OptDim.obj <- OptDim(Obj = 1.Consumption, criteria = c("PC3", "ER",
+ "GR", "IPC1", "IPC2", "IPC3"), standardize = TRUE))

Call: OptDim.default(0Obj = 1.Consumption, criteria = c("PC3", "ER",
"GR", "IPC1", "IPC2", "IPC3"), standardize = TRUE)

Criteria of Ahn and Horenstein (2013):

ER GR
3 3
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Criteria of Bai (2004):

IPC1 IPC2 IPC3
3 3 2

In order to help users to choose the most appropriate dimensionality criterion for the
data, OptDim-objects are provided with a plot()-method. This method displays, in
descending order, the magnitude of the eigenvalues in percentage of the total variance

and indicates where the selected criteria detect the dimension; see Figure 2.3.

R> plot(OptDim.obj)

Screeplot
8
Q —_
—
©
Q
2
8
8
>
s
c
S
5
[=%
o
o
L
© - IPC3 N
N
-
- I ER, GR, IPC1, IPC2 L
- | PC3 0

0.5%
|

1 3 5

Ordered eigenvalues

FIGURE 2.3: Scree plot produced by the plot ()-method for OptDim-objects. Most of
the dimensionality criteria (ER, GR, IPC1 and IPC2) detect d = 3.

We, now, come back to the KSS- function, which offers an additional way to compare the
results of all dimensionality criteria and to select one of them: If the KSS()-argument
consult.dim = TRUE, the results of the dimensionality criteria are printed on the console

of R and the user is asked to choose one of the results.

R> KSS(formula = 1.Consumption ~ -1 + 1.Price + 1.Income, consult.dim = TRUE)
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Results of Dimension-Estimations

-Bai and Ng (2002):
PC1 PC2 PC3 BIC3 IC1 IC2 1IC3
5 5 5 4 5 5 5

-Bai (2004):
IPC1 IPC2 IPC3
3 3 2

-Alessi et al. (2010):
ABC.IC1 ABC.IC2
3 3

-Kneip et al. (2012):
KSS.C
6

-Onatski (2009):
ED
3

-Ahn and Horenstein (2013):
ER GR
3 6

Please, choose one of the proposed integers:

After entering a number of factors, e.g., 6 we get the following feedback:

Used dimension of unobs. factor structure is: 6
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Note that the maximum number of factors that can be given, cannot exceed the highest
estimated factor dimension (here maximal dimension would be 6). A higher dimension

can be chosen using the argument factor.dim.

2.4 Panel Models with Stochastically Bounded Factors

The panel model proposed by Bai (2009) can be presented as follows:

P
vie = > g Bj + vt + €, (2.40)
j=1
where
d
Vit — Z )\ilflt- (241)
=1

Combining (2.40) with (2.41) and writing the model in matrix notation we get
Y = XiB+ FA] +¢, (2.42)

Where Y; = (yila e ,yz‘T)T, Xz = ([E;E, e ,I,L-TT)T, € = (61‘1, e ,GZ‘T)T, Az = ()\1, e ,)\n)T

and F = (f1,..., fr)" with \; = (Ni1, .-, Nia), fr = (Fie - - -, far), and € = (€i1, ..., 1)

The asymptotic properties of Bai’s method rely, among others, on the following assump-
tion:

1

fFTF Lsp, as T — oo, (2.43)

where X r is a fixed positive definite d X d matrix. This allows for the factors to follow a
deterministic time trend such as f; = t/T or to be stationary dynamic processes such that
ft = Z;’il Cjet—j, where e; are i.i.d. zero mean stochastic components. It is, however,
important to note that such an assumption rules out a large class of non-stationary

factors such as I(p) processes with p > 1.

2.4.1 Model with Known Number of Factors

Bai (2009) proposes to estimate the model parameters 8, F and A; by minimizing the

following least squares objective function:

n

S(B,F,A) =Y _|IYi — Xi8 — FAT | (2.44)

)
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For each given F', the OLS estimator of 3 can be obtained by

n -1 n
= (Srme ) (3w 219
=1 =1

where Py = I — F(FTF)™'FT =T - FFT/T. If B is known, F can be estimated by
using the first d eigenvectors 4 = (91, ...,94) corresponding to the first d eigenvalues of

the empirical covariance matrix 3= (nT)~* > wiw; , where w; = Y; — X;3. That is,
F(B) = VTA.

The idea of Bai (2009) is to start with initial values for 8 or F' and calculate the esti-
mators iteratively. The method requires, however, the factor dimension d to be known,

which is usually not the case in empirical applications.

A feasible estimator of (2.45) can be obtained by using an arbitrary large dimension
dmaz greater than d. The factor dimension can be estimated subsequently by using the
criteria of Bai and Ng (2002) to the remainder term Y; = X;B(F(dmaz)), as suggested
by Bai (2009). This strategy can lead, however, to inefficient estimation and spurious

interpretation of 8 due to over-parameterization.

2.4.2 Model with Unknown Number of Factors

In order to estimate d jointly with 3, F, and A;, Bada and Kneip (2014) propose to
integrate a penalty term into the objective function to be globally optimized. In this
case, the optimization criterion can be defined as a penalized least squares objective

function of the form:

S(B.F A1) =Y ||V — Xif — FA]|* + lgnr (2.46)

The role of the additional term lg,7 is to pick up the dimension d, of the unobserved
factor structure. The penalty g,r can be chosen according to Bai and Ng (2002). The
estimation algorithm is based on the parameter cascading strategy of Cao and Ramsay

(2010), which in this case can be described as follows:

1. Minimizing (2.46) with respect to A; for each given g, F' and d, we get

Al (B, F.d) = FT (Y = Xip) /T. (2.47)
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2. Introducing (2.47) in (2.46) and minimizing with respect to F' for each given § and
d, we get

F(B,d) = VT4(8,d), (2.48)

where 4(5,d) is a T' x d matrix that contains the first d eigenvectors corresponding
to the first d eigenvalues py, . . . , pq of the covariance matrix £ = (nT")~! S waw,

3. Reintegrating (2.48) and (2.47) in (2.46) and minimizing with respect to /3 for each

given d, we get

n -1 n

o= (Sxrx) (S (r-miGa)). e
i=1 i=1

4. Optimizing (2.46) with respect to [ given the results in (2.47), (2.48), and (2.49)

allows us to select d as

n
d= argmin, Z ||Y: — XZ-B — FA;F||2 +lgnr, forallle{0,1,... ,dna}-

(2

The final estimators are obtained by alternating between an inner iteration to optimize
B(d), F(d), and A;(d) for each given d and an outer iteration to select the dimension d.
The updating process is repeated in its entirety till the convergence of all the parameters.
This is why the estimators are called entirely updated estimators (Eup). In order to
avoid over-estimation, Bada and Kneip (2014) propose to re-scale g,r in each iteration
stage with 62 = Y.7||V; — X;8 — FA]||? in stead of 62(dmaz). Simulations show that

such a calibration can improve the finite sample properties of the estimation method.

It is notable that the objective functions (2.46) and (2.44) are not globally convex. There
is no guarantee that the iteration algorithm converges to the global optimum. Therefore,
it is important to choose reasonable starting values czsmrt and ﬁstart. ‘We propose to select

a large dimension d,q,; and to start the iteration with the following estimate of 3:

n -1 n

Bstart = (Z X, (I - GGT)XZ) (Z X, (I - GGT)Y,}> : (2.50)
i=1 i=1

where G is the T X dpq, matrix of the eigenvectors corresponding to the first diqq

eigenvalues of the augmented covariance matrix

1 ¢ T vT\T

7Z(E7Xi)(}/; X )

ni -
=1

FAug —
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The intuition behind these starting estimates relies on the fact that the unobserved
factors cannot escape from the space spanned by the eigenvectors G. The projection
of X; on the orthogonal complement of G in (2.50) eliminates the effect of a possible
correlation between the observed regressors and unobserved factors, which can heavily
distort the value of 8 if it is neglected. Greenaway-mcgrevy (2012) give conditions under
which (2.50) is a consistent estimator of 8. In order to avoid miss-specifying the model
through identifying factors that only exist in X; and not Y;, Bada and Kneip (2014)
recommend to under-scale the starting common factors G; that are highly correlated
with Xj.

According to Bai (2009), the asymptotic distribution of the slope estimator B(d) for
known d is given by
VT(B(d) = ) ~ N(0, Dy ' Dz Dy ),

where Dy = plim-2 S0\ S0 Z0 7y with Z; = (Zit, .., Zir) | = PaXi—1 S0 PaXsam
and a;, = Az(l Z?:l AZTAZ‘)_lAT, and

n

Case l. Dy = Dang if the errors are i.i.d. with zero mean and variance o2,

Case 2. Dy = plim-% >" | o? Ethl 7. Zit, where 02 = E(€%) with E(e;) = 0, if cross-

section heteroskedasticity exists and n/T — 0,

Case 3. Dy = plim% Yoy Z?zl wij Zthl ZZIth, where w;j = E(ejtejr) with E(e) = 0,

if cross-section correlation and heteroskedasticity exist and n/T" — 0,

Case 4. Dy = plim- ST 025 Z) Ziy, where 0 = E(e%) with E(ei) = 0, if het-

eroskedasticity in the time dimension exists and 7'/n — 0,

Case 5. Dy = plim% Zle 23:1 p(t,s)> i, Z;Zis, where p(t, s) = E(ej€;5) with E(e;y) =
0, if correlation and heteroskedasticity in the time dimension exist and 7'/n — 0,

and

Case 6. Dy = plim—1 S S 627, Zis, where 02 = E(e) with E(ey) = 0, if het-
eroskedasticity in both time and cross-section dimensions exists with 7//n? — 0

and n/T? — 0.

In presence of correlation and heteroskedasticity in panels with proportional dimensions
n and T, i.e., n/T — ¢ > 0, the asymptotic distribution of B(d) will be not centered at
zero. This can lead to false inference when using the usual test statistics such as t- and
x2-statistic. To overcome this problem, Bai (2009) propose to estimate the asymptotic

bias and correct the estimator as follows:

B*(d) = B(d) — =B - =C (2.51)

S|
N
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where B and C' are the estimators of

-1
= > 1 -1
b= (”1T i1 2=t Z;Z“) S Y e (X = V) TF ($FTF) W,

-1
T -1 -1
¢ = - <% Z?:1 Zt:l Z;Zit) % Z?:1 Xz'TMFQF (%FTF) (% 22:1 A;Ak) Az‘T

-1
respectively. Here, V; = %2?21 a;ij Xj, Wi, = (% Z?:l A]-TA]-) Ag% Zle E(eiert),
and Q= 137" | O with

Case 7. Qi is a T x T diagonal matrix with elements wy; = E(e%t) if heteroskedasticity in
both time and cross-section dimensions exist and n/T" — ¢ > 0 and,

Case 8. Qi is a T x T matrix with elements Q ;s = E(epters) if correlation and het-

eroskedasticity in both time and cross-section dimensions exist and n/T — ¢ > 0.

In a similar context, Bada and Kneip (2014) prove that estimating d with the remaining
model parameters does not affect the asymptotic properties of B(d) The asymptotic
distribution of 3 = 3 (d) is given by

VT (3 — B8) X N(0,Dy*DzDy )
under Cases 1-6, and

VnT(5* = ) ~ N(0,Dy ' Dz Dy ")
under Cases 7-8, where 5* = 3*(d).

The asymptotic variance of B and the bias terms B and C can be estimated by replacing

F, A;, Z;, and €;; with F , f\i, Zit, and €; respectively.

In presence of serial correlation (cases 5 and 8), consistent estimators for Dz and C' can
be obtained by using the usual heteroskedasticity and autocorrelation (HAC) robust
limiting covariance. In presence of cross-section correlation (case 3), Dy is estimated by
Dy = ﬁ > Z;nzl Zthl Z;théitéjt, where m = y/n. If both cross-section and serial

correlation exist (case 8), we estimate the long-run covariance of ﬁ Z;nzl Zii€it

2.4.3 Application

The above described methods are implemented in the function Eup (), which takes the

following arguments:

R> args(Eup)
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function (formula, additive.effects = c("none", "individual",
"time", "twoways"), dim.criterion = c("PC1", "PC2", "PC3",
"BIC3", "ICi", "IC2", "IC3", "IPC1", "IPC2", "IPC3"), d.max = NULL,
sig2.hat = NULL, factor.dim = NULL, double.iteration = TRUE,
start.beta = NULL, max.iteration = 500, convergence = 1le-06,
restrict.mode = c("restrict.factors", "restrict.loadings"),

)
NULL

The arguments additive.effects, d.max, sig2.hat, and restrict.mode have the
same roles as in KSS(); see Section 2.2.2. The argument dim.criterion specifies the
dimensionality criterion to be used if factor.dim is left unspecified and defaults to

dim.criterion = "PC1".

Setting the argument double.iteration=FALSE may speed up computations, because
the updates of d will be done simultaneously with F without waiting for their inner
convergences. However, in this case, the convergence of the parameters is less stable

than in the default setting.

The argument start.beta allows us to give a vector of starting values for the slope
parameters [stqr¢. The maximal number of iteration and the convergence condition can

be controlled by max.iteration and convergence.

In our application, we take first-order differences of the observed time series. This is
because some factors show temporal trends, which can violate the stationarity condi-

tion (2.43); see Figure 2.2. We consider the following modified cigarettes model:

Aln(Consumption;) = [iAln(Pricey)+ B2 In(Income;r) + e,

d
with e; = Z&zflﬂrﬁit,
=1

where Ax; = 2y — x4_1. In order to avoid notational mess, we use the same notation for
the unobserved time-varying individual effects v;; = Zld:1 Aitfir as above in (2.20). The
A-transformation can be easily performed in R using the standard diff ()-function as

follows:

R> d.1.Consumption <- diff(1.Consumption)
R> d.1.Price <- diff(1.Price)
R> d.1.Income <- diff(1.Income)
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As previously mentioned for the KSS()-function, the formula argument of the Eup()-
function takes balanced panel variables as T'x n dimensional matrices, where the number
of rows has to be equal to the temporal dimension T and the number of columns has to

be equal to the individual dimension n.

R> (Cigar.Eup <- Eup(d.l.Consumption -1 + d.1.Price + d.1.Income,

+ dim.criterion = "PC3"))

Call:

Eup.default(formula = d.1.Consumption ~ -1 + d.1.Price + d.l.Income,

dim.criterion = "PC3")
Coeff(s) of the Observed Regressor(s)

d.1.Price d.1.Income

-0.3140143 0.159392
Additive Effects Type: none
Dimension of the Unobserved Factors: 5
Number of iterations: 55

Inferences about the slope parameters can be obtained by using the method summary ().
The type of correlation and heteroskedasticity in the idiosyncratic errors can be specified
by choosing one of the corresponding Cases 1-8 described above using the argument

error.type = c(1, 2, 3, 4, 5, 6, 7, 8).

In presence of serial correlations (cases 5 and 8), the kernel weights required for esti-
mating the long-run covariance can be externally specified by giving a vector of weights
in the argument kernel.weights. By default, the function uses internally the linearly
decreasing weights of Newey and West (1987) and a truncation at Lmin{\/ﬁ, \/T}J If
case 7 or 8 is chosen, the method summary () calculates the realization of the bias cor-
rected estimators and gives appropriate inferences. The bias corrected coefficients can

be called by using the method coef () to the object produced by summary ().

R> summary(Cigar.Eup)

Call:

Eup.default(formula = d.1l.Consumption ~ -1 + d.1l.Price + d.l.Income,
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dim.criterion = "PC3")
Residuals:
Min 1Q Median 3Q Max

-0.147000 -0.013700 0.000889 0.014100 0.093300

Slope-Coefficients:

Estimate Std.Err Z value Pr(>z)
d.1.Price -0.3140 0.0227 -13.90 < 2.2e-16 **x
d.1l.Income 0.1590 0.0358 4.45 8.39e-06 *xx

Signif. codes: O ’x*x’ 0.001 ’xx’ 0.01 ’x> 0.05 ’.” 0.1’ 7 1
Additive Effects Type: none
Dimension of the Unobserved Factors: 5

Residual standard error: 0.02804 on 957 degrees of freedom,
R-squared: 0.7033

The summary output reports that "PC3" detects 5 common factors. The effect of the dif-
ferenced log-real prices for cigarettes on the differenced log-sales is negative and amounts
to —0.31. The estimated effect of the differenced real disposable log-income per capita
is 0.16.

The estimated factors ftl as well as the individual effects 0;;+ can be plotted using the
plot ()-method for summary.Eup-objects. The corresponding graphics are shown in

Figure 2.4.

R> plot (summary(Cigar.Eup))

2.5 Models with Additive and Interactive Unobserved Ef-

fects

Even though the classical additive "individual", "time", and "twoways" effects can

be absorbed by the factor structure, there are good reasons to model them explicitly.
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Estimated Factors
(Used Dimension = 5)

Estimated Factor—Structure

o 5 10 15 20 25 30 o 5 10 15 20 25 30
Time Time
FIGURE 2.4: LEFT PANEL: Estimated factors fi¢,..., fr:. RIGHT PANEL: Estimated
time-varying individual effects 014, ..., Un¢.

On the one hand, if there are such effects in the true model, then neglecting them will
result in non-efficient estimators; see Bai (2009). On the other hand, additive effects can

be very useful for interpretation.

Consider now the following model:

Yit = 1+ + 0 + 358+ Vi + €t (2.52)
with
Vg = Z;l:l X fits for the model of Bai (2009),
Vit =
' vi(t) = Zle Aitfi(t), for the model of Kneip et al. (2012),

where «; are time-constant individual effects and 6, is a common time-varying effect.
In order to ensure identification of the additional additive effects a; and 6;, we need the
following further restrictions:

(d) Y Ay =0 forall le{l,...,d}

(e) L fi=0 forall le{l,...,d}

(f) Siy i =0

(8) Y=y 6 =0
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By using the classical within-transformations on the observed variables, we can eliminate

the additive effects a; and 6, such that

. LT .
Vit = Ty B+ Vig + €z,
SO 1 T 1 n 1 T n . 1 T
where y;; = yir — T Zt:l Yit — 5, Zi:l Yit + o7 Zt:l Zi:l Yit, Tit = Tyt — 7 thl Tit —

% Z:‘L:l xit*’# ZtT:1 Z:‘L:l T, and €; = Eit_% ZtT:1 Eit_% Z?:l Eit+% Z?ﬂ Z?:l €it-

Note that Restrictions (d) and (e) ensure that the transformation does not affect the
time-varying individual effects v;;. The parameters u, a; and 8y can be easily estimated
in a second step once an estimate of 3 is obtained. Because of Restrictions (d) and (e),

the solution has the same form as the classical fixed effects model.

The parameters 5 and v;; can be estimated by the above introduced estimation proce-
dures. All possible variants of model (2.52) are implemented in the functions KSS() and
Eup(). The appropriate model can be specified by the argument additive.effects =

c("none", "individual", "time", "twoways"):

"none"  yi = fi+ 3P + Vit + €i
"individual" Yit = B+ o + :E;;B + Vit + €
"time" Yit = B+ 0y + 2y B+ Vi + €qr

"twoways"  Yir = fu+ o + 0 + 5 B+ vit + €ir.

The presence of i can be controlled by -1 in the formula-object: a formula with -1
refers to a model without intercept. However, for identification purposes, if a twoways

model is specified, the presence -1 in the formula will be ignored.

As an illustration, we continue with the application of the XSS ()-function in Section 2.2.
The left panel of Figure 2.2 shows that the first common factor is nearly time-invariant.
This motivates us to augment the model (2.20) for a time-constant additive effects «;.

In this case, it is convenient to use an intercept p, which yields the following model:

In(Consumption;) = p+ f1In(Pricey)+ B2ln(Income;) + ay + vi(t) + €i(2.53)

d
where v;(t) = Z)\ilfl(t)'
=1

The estimation of the augmented model (2.53) can be done using the following lines of

code.
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R> Cigar2.KSS <- KSS(formula = 1.Consumption ~ 1.Price + 1.Income,
+ additive.effects = "individual")

R> (Cigar2.KSS.summary <- summary(Cigar2.KSS))

Call:
KSS.default(formula = 1.Consumption ~ 1.Price + 1.Income,

additive.effects = "individual")
Residuals:

Min 1Q Median 3Q Max
-0.11 -0.01 0.00 0.01 0.12

Slope-Coefficients:

Estimate StdErr z.value Pr(>z)
(Intercept) 4.0500 0.1760 23.10 < 2.2e-16 **x*
1.Price -0.2600 0.0222 -11.70 < 2.2e-16 **x*
1.Income 0.1570 0.0381 4.11 3.88e-05 *xx

Signif. codes: O ’x*x’ 0.001 ’xx’ 0.01 ’x> 0.05 ’.” 0.1 > ’ 1

Additive Effects Type: individual

Used Dimension of the Unobserved Factors: 5

Residual standard error: 0.000734 on 951 degrees of freedom
R-squared: 0.99

Again, the plot () method provides a useful visualization of the results.

R> plot(Cigar2.KSS.summary)

The "individual"-transformation of the data does not affect the estimation of the slope

parameters, but reduces the estimated dimension from d=6tod=5. The remaining

five common factors fl, ceey f5 correspond to those of model (2.20); see the middle panel

of Figure 2.5. The estimated time-constant state-specific effects «; are shown in the left

plot of Figure 2.5. The extraction of the «;’s from the factor structure yields a denser

set of time-varying individual effects ©; shown in the right panel of Figure 2.5.
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time-varying individual effects 01 (t), ..., 0, ().

2.5.1 Specification Tests

Model specification is an important step for any empirical analysis. The phtt package is
equipped with two types of specification tests: the first is a Hausman-type test appro-
priate for the model of Bai (2009). The second one examines the existence of a factor

structure in Bai’s model as well as in the model of Kneip et al. (2012).

2.5.1.1 Testing the Sufficiency of Classical Additive Effects

For the case in which the estimated number of factors amounts to one or two (1 < d < 2),
it is interesting to check whether or not these factors can be interpreted as classical
"individual", "time", or "twoways" effects. Bai (2009) considers the following testing

problem:

H()Z Vit = O + 0t
Hi: v =Y Mafu

The model with factor structure, as described in Section 2.4, is consistent under both
hypotheses. However, it is less efficient under Hy than the classical within estimator,
while the latter is inconsistent under H; if x;; and v;; are correlated. These conditions

are favorable for applying the Hausman test:

JBai = nT (B - sz‘thin) A1 (/3 - Bwithin) ~ xb, (2.54)
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where sz‘thm is the classical within least squares estimator, A is the asymptotic variance
of vnT (B — Bwithin)a P is the vector-dimension of 3, and x% is the x2-distribution with

P degrees of freedom.

The null hypothesis Hy can be rejected, if Jgq; > XQPJ_Q, where X%D,l—a is the (1 — «a)-
quantile of the y? distribution with P degrees of freedom.

Under i.i.d. errors, Jpu; can be calculated by replacing A with its consistent estimator

n

-1 n T -1
A= (an > ZTZ> - <an 3 xitgb;) 62, (2.55)

=1 t=1

where
n T

d
. 1 oo
e g (yit — : E Nifu)?. (2.56)

nT — (n+T)d — P+1i=

The used residual variance estimator 62 is chosen here, since it is supposed to be con-
sistent under the null as well as the alternative hypothesis. The idea behind this trick is
to avoid negative definiteness of A. But notice that even with using this construction,
the possibility of getting a negative definite variance estimator cannot be excluded. As
an illustration, consider the case in which the true number of factors is greater than the
number of factors used under the alternative hypothesis, i.e., the true d > 2. In such
a case, the favorable conditions for applying the test can be violated, since the iterated
least squares estimator 3 is computed with d < 2 and can be inconsistent under both
hypothesis. To avoid such a scenario, we recommended to the user to calculate B with

a large dimension d;,q, instead of d < 2.
The test is implemented in the function checkSpecif (), which takes the following ar-
guments:

R> checkSpecif(objl, obj2, level = 0.05)

The argument level is used to specify the significance level. The arguments obj1 and

obj2 take both objects of class Eup produced by the function Eup():
obj1 Takes an Eup-object from an estimation with "individual", "time", or "twoways"
effects and a factor dimension equal to d = 0; specified as factor.dim = 0.

obj2 Takes an Eup-object from an estimation with "none"-effects and a large factor

dimension d,,q,; specified with the argument factor.dim.
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If the test statistic is negative (due to the negative definiteness of A), the checkSpecif ()

prints an error message.

R> twoways.obj <- Eup(d.l.Consumption ~ -1 + d.1.Price + d.1.Income,
+ factor.dim = 0, additive.effects = "twoways")

R> not.twoways.obj <- Eup(d.l.Consumption -1 + d.1.Price + d.1.Income,
+ factor.dim = 2, additive.effects = '"none")

R> checkSpecif(objl = twoways.obj, obj2 = not.twoways.obj, level = 0.01)

Error in checkSpecif(objl = twoways.obj, obj2 = not.twoways.obj,
level = 0.01):
The assumptions of the test are not fulfilled.

The (unobserved) true number of factors is probably greater than 2.

Notice that the Hausman test of Bai (2009) assumes the within estimator to be incon-
sistent under the alternative hypothesis, which requires x;; to be correlated with v;. If
this assumption is violated, the test can suffer from power to reject the null hypothesis,

since the within estimator becomes consistent under both hypothesis.

Bai (2009) discusses in his supplementary material another way to check whether a
classical panel data with fixed additive effects is sufficient to describe the data. His
idea consists of estimating the factor dimension after eliminating the additive effects as
described in Section 2.5. If the obtained estimate of d is zero, the additive model can be
considered as a reasonable alternative for the model with factor structure. But note that
this procedure can not be considered as a formal testing procedure, since information

about the significance level of the decision are not provided.

An alternative test for the sufficiency of a classical additive effects model can be given
by manipulating the test proposed by Kneip et al. (2012) as described in the following

section.

2.5.1.2 Testing the Existence of Common Factors

This section is concerned with testing the existence of common factors. In contrast to
the Hausman type statistic discussed above, the goal of this test is not merely to decide
which model specification is more appropriate for the data, but rather to test in general
the existence of common factors beyond the possible presence of additional classical

"individual", "time", or "twoways" effects in the model.
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This test relies on using the dimensionality criterion proposed by Kneip et al. (2012) to
test the following hypothesis after eliminating eventual additive "individual", "time",

or "twoways" effects:

H(): d=0
Hi: d>0

Under Hj the slope parameters 5 can be estimated by the classical within estimation
method. In this simple case, the dimensionality test of Kneip et al. (2012) can be reduced

to the following test statistic:

ntr(Xy) — (n— 1)(T —1)62

V2n(T — 1)62 S NO),

JKss =

where 3, is the covariance matrix of the within residuals. The reason for this simplifi-

cation is that under H( there is no need for smoothing, which allows us to set x = 0.

We reject Hyg: d = 0 at a significance level «, if Jxgs > z1_o, wWhere z1_, is the
(1 — a)-quantile of the standard normal distribution. It is important to note that the
performance of the test depends heavily on the accuracy of the variance estimator 2.
We propose to use the variance estimators (2.15) or (2.56), which are consistent under
both hypotheses as long as d is greater than the unknown dimension d. Internally, the

test procedure sets d =d.max and o as in (2.56).

This test can be performed for Eup- as well as for KSS-objects by using the function
checkSpecif () leaving the second argument obj2 unspecified. In the following, we

apply the test for both models:

For the model of Bai (2009):

R> Eup.obj <- Eup(d.l.Consumption ~ -1 + d.l.Price + d.1.Income,
+ additive.effects = "twoways")

R> checkSpecif(Eup.obj, level = 0.01)

Testing the Presence of Interactive Effects

Test of Kneip, Sickles, and Song (2012)

HO: The factor dimension is equal to O.

Test-Statistic p-value crit.-value sig.-level

13.29 0.00 2.33 0.01
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For the model of Kneip et al. (2012):

R> KSS.obj <- KSS(1.Consumption ~ -1 + 1.Price + 1.Income,
+ additive.effects = "twoways")

R> checkSpecif (KSS.obj, level = 0.01)

Testing the Presence of Interactive Effects

Test of Kneip, Sickles, and Song (2012)

HO: The factor dimension is equal to O.

Test-Statistic p-value crit.-value sig.-level

104229.55 0.00 2.33 0.01

The null hypothesis Hy: d = 0 can be rejected for both models at a significance level
a = 0.01.

2.6 Interpretation

This section is intended to outline an exemplary interpretation of the panel model (2.53),
which is estimated by the function KSS() in Section 2.5. The interpretation of models
estimated by the function Eup() can be done accordingly. For convenience sake, we

rewrite the model (2.53) in the following:

p~+ B1In(Price;) + B2 In(Income) + o + vi(t) + &4,

In(Consumption,;,)

d
where wv;(t) = Z)‘” fi(t).
=1

A researcher, who chooses the panel models proposed by Kneip et al. (2012) or Bai
(2009), will probably find them attractive due to their ability to control for very general
forms of unobserved heterogeneity. Beyond this, a further great advantage of these
models is that the time-varying individual effects v;(t) provide a valuable source of
information about the differences between the individuals 7. These differences are often

of particular interest as, e.g., in the literature on stochastic frontier analysis.

The left panel of Figure 2.5 shows that the different states ¢ have considerable different

time-constant levels &; of cigarette consumption. A classical further econometric analysis
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could be to regress the additive individual effects &; on other time-constant variables,

such as the general populations compositions, the cigarette taxes, etc.

The right panel of Figure 2.5 shows the five estimated common factors fi(t), ..., f5(t).
It is a good practice to start the interpretation of the single common factors with an
overview about their importance in describing the differences between the v;(t)’s, which
is reflected in the variances of the individual loadings parameters Xii. A convenient
depiction is the quantity of variance-shares of the individual loadings parameters on the

total variance of the loadings parameters

d
coef (Cigar2.KSS)$Var.shares.of .loadings.param[l] = V(\y)/ Z Vi),
k=1
which is shown for all common functions fi(¢), ..., f5(t) in the following table:
Common Factor Command of the share of total variance of v;(t) Value
fi(t) coef (Cigar2.KSS)$Var.shares.of.loadings.param[1] 66.32%
fa(t) coef (Cigar2.KSS)$Var.shares.of.loadings.param[2] 24.28%
fa(t) coef (Cigar2.KSS)$Var.shares.of .loadings.param[3]  5.98%
fa(t) coef (Cigar2.KSS)$Var.shares.of.loadings.param[4]  1.92%
f5(t) coef (Cigar2.KSS)$Var.shares.of .loadings.param[5]  1.50%

TABLE 2.1: List of the variance shares of the estimated common factors

The values in Table 2.1 suggest to focus on the first two common factors, which explain

together about 90% of the total variance of the time-varying individual effects ©;(t).

The first two common factors

coef (Cigar2.KSS) $Common.factors[,1] = fl(t) and
coef (Cigar2.KSS) $Common. factors[,2] = fo(t)

are plotted as black and red lines in the middle panel of Figure 2.5. Figure 2.6 visualizes
the differences of the time-varying individual effects v;(¢) in the direction of the first
common factor (i.e., A f1(t)) and in the direction of the second common factor (i.e.,
5\2‘2 fg(t)) As for the time-constant individual effects ¢&; a further econometric analysis
could be to regress the individual loadings parameters Air and ;o on other explanatory

time-constant variables.

Generally, for both models proposed by Kneip et al. (2012) and Bai (2009) the time-

vaying individual effects

d
vie =Y _ Afu
=1
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FIGURE 2.6: LEFT PANEL: Visualization of the differences of the time-varying in-

dividual effects v;(t) in the direction of the first factor fi(t) (i.e., A fi(t)). RIGHT

PANEL: Visualization of the differences of the time-varying individual effects v;(¢) in
the direction of the second factor fo(t) (i.e., Aiafa(t)).

can be interpreted as it is usually done in the literature on factor models. An important
topic that is not covered in this section is the rotation of the common factors. Often,
the common factors f; can be interpreted economically only after the application of an
appropriate rotation scheme for the set of factors fl, el f j- The latter can be done, e.g.,
using the function varimax() from the stats package. Sometimes, it is also preferable
to standardize the individual loadings parameters instead of the common factors as it
is done, e.g., in Ahn et al. (2001). This can be done by choosing restrict.mode =
c("restrict.loadings") in the functions KSS() and Eup() respectively.

2.7 Summary

This chapter introduces the R package phtt for the new class of panel models proposed
by Bai (2009) and Kneip et al. (2012). The two main functions of the package are
the Eup ()-function for the estimation procedure proposed in Bai (2009) and the KSS()-
function for the estimation procedure proposed in Kneip et al. (2012). Both of the
main functions are supported by the usual print()-, summary()-, plot()-, coef()-

and residuals()-methods. While parts of the method of Bai (2009) are available for
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commercially available software packages, the estimation procedure proposed by Kneip
et al. (2012) is not available elsewhere. A further remarkable feature of our phtt package
is the OptDim()-function, which provides an ease access to many different dimensional-
ity criteria proposed in the literature on factor models. The usage of the functions is

demonstrated by a real data application.



Chapter 3

Panel Models with Multiple

Jumps in the Parameters

3.1 Introduction

Panel datasets with large cross-sectional dimensions and large periods of time observa-
tions are becoming more and more available due to the impressive progress of information
technology. This has been succeeded, in the econometric literature, by the development
of new methods and techniques for analyzing large panels. There is, however, an impor-
tant issue, that is scarcely discussed in most of the existing work —the risk of neglecting
structural breaks in the data generating process, especially when the observation pe-
riod is large. In the field of empirical macroeconomics, this problem is most famously
considered by Lucas (1976), who points out the risk of predicting naively the effects
of economic policy changes based on historical data, since the emergence of important
economic events and shocks may induce changes in the model parameters during the
time. Of course, the larger the observation period, the more likely the occurrence of
such shocks. While a vast literature on change point analysis exists for univariate time

series, little research has been done on panel data models.

In this chapter, we propose a novel method for estimating panel models with multiple
structural changes that occur at unknown points in time and may affect each slope

parameter individually. We consider, for ¢ € {1,...,n}, t € {1,...,T}, models of the

form
P Sp+1
Y = Z Z Xipl(7j-1 <t < 75)Brp + i + 0 + €41, (3.1)
p=1 j=1
where I(.) is the indicator function, the set of jump points {70, T1p,. .., 75, +1,p|T0p =

1<Tip<...<75,41p =T} C{L,...,T} and S, are unknown, Yj; is the dependent

75
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variable for individual 7 at time ¢, X, is the pth explaining variable, o; is an individual
specific effect, 6; is a common time parameter, and £; is an unobserved idiosyncratic

term that may be correlated with one or more explaining variables.

In single time series, the available information is often not sufficient to uncover the true
dates of the structural breaks. Only the time fractions of the break locations can be
consistently estimated and tested; see, e.g., Bai (1997), Bai and Perron (1998, 2003),
Inoue and Rossi (2011), Pesaran et al. (2011), Ait-Sahalia and Jacod (2009), and Carr
and Wu (2003). In panel data models, such a limitation can be alleviated since the
cross-section dimension provides an important source of additional information. Besides
the virtue of getting improved statistical efficiency, the determination of the change
point locations can be, in many applications, of particular interest. Indeed, estimating
the number and locations of the structural breaks from the data alleviates concerns
about ad-hoc subsample selection, enables interpretation of historical events that are not
explicitly considered in the model, and avoids statistical under- or over-parametrization

related issues.

One of the earliest contributions in testing the structural breaks in panel data literature
is the work of Han and Park (1989). The authors propose a multivariate version of the
consum-test, which can be seen as a direct extension of the univariate time series test
proposed by Brown et al. (1975). Qu and Perron (2007) extend the work of Bai and
Perron (2003) and consider the problem of estimating, computing, and testing multiple
structural changes that occur at unknown dates in linear multivariate regression models.
They propose a quasi-maximum likelihood method and a likelihood ratio-type statistics
based on Gaussian errors. The method requires, however, the number of equations to be
fixed and does not consider the case of large panel models with unobserved effects and
possible endogenous regressors. Based on the work of Andrews (1993), De Wachter and
Tzavalis (2012) propose a break testing procedure for dynamic panel data models with
exogenous or pre-determined regressors when n is large and T is fixed. The method can
be used to test for the presence of a structural break in the slope parameters and/or
in the unobserved fixed effects. But their assumptions allow only for the presence of
a single break. Bai (2010) proposes a framework to estimate the break in means and
variance. Bai (2010) also considers the case of one break and establishes consistency
for both large and fixed T'. Kim (2014) extends the work of Bai (2010) to allow for the
presence of unobserved common factors in the model. Pauwels et al. (2012) analyze the
cases of a known and an unknown break date and propose a Chow-type test allowing for
the break to affect some, but not all, cross-section units. Although the method concerns
the one-break case, it requires intensive computation to select the most likely individual

breaks from all possible sub-intervals when the break date is unknown.
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To the best of the authors’ knowledge, ours is the first work to deal with the problem
of multiple jump discontinuities in the parameters of panel models without imposing
restrictive assumptions on the number, the location, and/ or the aspect of the breaks.
The method can be applied to panel data with large time span T and large cross-
section dimension n and allows for T' to be very long compared to n. We also consider
the classic case of panel data, in which T is fixed and only n is large. Our model
generalizes the special model specifications in which the slope parameters are either
constant over time, so that S, = 0, or extremely time heterogeneous so that, for all
P, Top = Lmip = 2,...,75,41p = T when T is fixed. Our theory considers breaks
in a two-way panel data model, in which the unobserved heterogeneity is composed of
additive individual effects and time specific effects. We show that our method can also
be extended to cover the case of panel models with unobserved heterogeneous common
factors as proposed by Ahn et al. (2001), Pesaran (2006), Bai (2009), Kneip et al. (2012),
and Bada and Kneip (2014). Our estimation procedure is related to the Haar wavelet
technique, which we transform and adapt to the structure of the observed variables in
order to detect the location of the break points consistently. We propose a general setup
allowing for endogenous models such as dynamic panel models and/or structural models
with simultaneous panel equations. Consistency under weak forms of dependency and
heteroscedasticity in the idiosyncratic errors is established and the convergence rate
of our slope estimator is derived. To detect consistently the jump locations and test
for the statistical significance of the breaks, we propose post-wavelet procedures. Our
simulations show that, in many configurations of the data, our method performs very well
even when the idiosyncratic errors are affected by weak forms of serial-autocorrelation

and/or heteroskedasticity.

Our empirical vehicle for highlighting this new methodology addresses the stability of the
relationship between Algorithmic Trading (AT) and Market Quality (MQ). We propose
to automatically detect jumps in regression slope parameters to examine the effect of
algorithmic trading on market quality in different market situations. We find evidence
that the relationship between AT and MQ was disrupted between 2007 and 2008. This
period coincides with the beginning of the subprime crisis in the US market and the

bankruptcy of the big financial services firm Lehman Brothers.

The remainder of the chapter is organized as follows. Section 3.2 explains the basic
idea of our estimation procedure by using a relatively straightforward centered univari-
ate panel model. In Section 3.3, we consider panel models with unobserved effects and
multiple jumping slope parameters, present our model assumptions, and derive the main
asymptotic results. Section 3.4 proposes a post-wavelet procedure to estimate the jump
locations, derives the asymptotic distribution of the final estimator, and describes se-

lective testing procedures. In Section 3.5, we discuss models with an issue of omitted
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common factors and endogenous models arising from structural simultaneous equation
systems. Section 3.6 presents the simulation results of our Monte Carlo experiments.
Section 3.7 is concerned with the empirical application. The conclusion follows in Section

3.8. The mathematical proofs are collected in Appendix B.

3.2 Preliminaries

A Simple Panel Model with one Jumping Parameter

To simplify the exposition, we begin with a relatively straightforward version of (3.1).

We consider a centered univariate panel data model of the form
Yiie = XuBe +eix for i€{l,...,n} and te€{1,...,T}, (3.2)

where Xj; is an univariate regressor, f; is a scalar, and E(e;) = 0.

We allow for the slope parameter 5; to change at unknown time points, say 71,...,7s,

such that

,

Bry for te{l,...,7},

Bry for te{m+1,...,7},

Br=1 (3.3)
Brs for te{rs_1+1,...,75}, and

| Brs1 for te {rs+1,...,T}.

Some Fundamental Concepts of Wavelet Transform

The idea behind our approach consists basically of using the Haar wavelet expansion of
B; to control for its piecewise changing character. Before continuing with the estimation
method, we introduce some important concepts and notations that are necessary for our

analysis.

We assume that the intertemporal sample size T is dyadic, i.e., T = 27! for some
positive integer L > 2. This is because wavelet functions are constructed via dyadic
dilations of order 2!, for I € {1,..., L}. The case of a non-dyadic time dimension will be
discussed later. Technically, the discrete wavelet transformation is much like the Fourier
transformation, except that the wavelet expansion is constructed with a two parameter

system: a dilation level I € {1,...,L} and a translation index k < 2/=2.

Let {piph,k =1,..., K}, and {¢y,l = lo+1,...,L;k =1,..., 21721 respectively,

represent collections of discrete scaling and wavelet functions defined on the discrete
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interval {1,...,2571} such that

T/lek(t) = a;/}ILQkfl(t)_a’l(bIl’Qk(t) and (3.4)

Clok(t) = af Ip1ok—1(t) +af i1 an(t), (3.5)

where af = V2lo—T1, a}’b = V272 and I}, (t) is the indicator function that carries the

value one if ¢ € {28! (m — 1)+ 1,...,2"m} and zero otherwise.

The multiscale discrete Haar wavelet expansion of 5, can be presented as follows:

K,

L K;
Br=> orr®dir+ > > tip(t)aw, for te{l,..., T} (3.6)
k=1

I=lp+1 k=1

where K; = 22 for I > 1, and K; = 1. The coefficients dy i, and ¢, are called scaling
and wavelet coefficients, respectively. Because ¢y, 1(t) and 1 ;(t) are orthonormal, d

and ¢ 5, are unique and can be interpreted as the projection of 3; on their corresponding
. 1 2L—1 1 2L—1
bases, L.e., dj, k= 5L—1 D1 Plok(t)Br and ¢ p = 5L—1 dim1 Vik(t)Be

Although the Haar wavelet basis functions are the simplest basis within the family of
wavelet transforms, they exhibit an interesting property allowing for analyzing functions

with piecewise sudden changes.

Orthonormalization and Estimation

Note that the collection of functions, in (3.6), is not unique. Here, we set [y = 1, to
fix the primary scale to be the coarsest possible with only one parameter that reflects
the general mean of 5;. In addition, we propose a slightly modified version of wavelet
expansion to adapt the orthonormalization conditions to the requirements of our panel

data method.

We consider the following expansion:

L K

,Bt = Z Zwl,k(t)bl,k for te {1, ceey T}, (3.7)

=1 k=1

where

wip(t) = { aiq = az1h21(t) +az2he2(t) if =1, and 53

arok—1hiok—1(t) — arophion(t) if  1>1,
for some positive standardizing scales a;or—1 and a; 95 that, unlike the conventional

wavelets, do not only depend on the dilation level [ but also on the translation index

k. Their exact form will be discussed in detail below. We define the function h;,,(t) as
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follows:

hl,m(t) =V 2l72]l,m(t)- (3'9)

The most appealing feature of expansion (3.7) (and (3.6) with iy = 1) is that the set of
the wavelet coefficients {; 1} contains at most (S + 1)L non-zero-wavelet coefficients.
This important property results from the fact that each jump in 8; can be sensed at each
dilation level by at most one translation function. Proposition 3.1 states the existence

of (3.7) for any arbitrary positive real scales a; 21 and a;2—1.

Proposition 3.1. Suppose T = 2L=1, for some integer L > 2, and B = (B1,...,
ﬁT)/ € R” a wector that possesses exactly S > 1 jumps at {T1,...,75|71 < ... < Tg} C
{1,...,T} as in (3.3). Let a1,1,a126—1 and a2k be arbitrary positive real values for all
le{l,...,L}, and k € {1,...,K;}. Thus, Ezpansion (3.7) exists and the set of the
wavelet coefficients {by|l =1,...,L;k =1,..., K;} contains at most (S + 1)L non-zero

coefficients.

Using (3.7), we can rewrite Model (3.2) as

L K
Yii = Z Z Xk itbrk + €it, (3.10)
=1 k=1
where

Xy kit = Xapwy i (2).

In vector notation,
Yie = Xyb + eir, (3.11)
where X = (X1 1,it, - X iy i) and b= (bi1,...,brk,) "
Throughout, we assume the existence of an instrument Z;; that is correlated with X,
and fulfills E(Z;e;) = 0 for all 4 and ¢t. The idea behind this assumption is to provide
a general treatment that allows for estimating models with endogenous regressors such
as dynamic models or structural models with simultaneous equations. Let Zj;;; =
Zipwyk(t) and Zy = (Z1,1,i - - - » ZL,KL,Z-t)/. Because E(Z;e;) = 0 for all ¢ and ¢, we can
infer that E(Ziteir) = 0, for all I and k. The required theoretical moment condition
for estimating b is
BE(Zy(Yi — Xyb)) = 0. (3.12)
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The IV estimator of b (hereafter, denoted by l;) is obtained by solving the empirical
counterpart of (3.12), i.e.,

n

T
1
Y (i ) - 513
i=1 t=1
Remark 3.2. We know from the Generalized Method of Moments (GMM) that the IV
estimator is equivalent to the just-identified GMM estimator, in which the number of
instruments is equal to the number of parameters to be estimated. Our estimator of b

can be, hence, seen as a GMM estimator:

T
. 1 — /
b= arg mln 7 Z Z it thb thTth( Xitb)v (314)
=1 t=1
where Wr is an arbitrary symmetric (7" x T") full rank matrix. Since there is no matter
how to choose Wr in the just-identified case, we can use the identity matrix to solve
(3.14).

Under general assumptions, we can state the consistency of b for any arbitrary collection
of wavelet functions. But the problem with naively using the conventional basis functions
is that the identification of the zero- and non-zero coefficients will be complicated. Not
only will the presence of the error term in (3.10) affect the estimates of by ;, but also the
non-orthogonality of Zlka/’it to &j i across different dilation and translation levels in
the objective function (the IV moment condition) will move the problem from a classical

wavelets shrinkage scheme to a complex model selection problem.

Our idea consists of adjusting the scales a1,1,a;2¢—1 and a2 in (3.8) to the structure

of X;; and Z;; so that following normalization conditions are satisfied.
(a): 2 S0 S ZikaXy = 1if (k) = (I, k) and
(b): 2 S0y S ZikitXy g g = 0 for all (LK) # (I',K).

Proposition B.2, in Appendix B.1, gives the mathematical conditions for a1 1, a; 211 and

a; 21, to ensure (a) and (b). The solution is

1
a1 = Q112
1
) 1
k-1 = Qo (ngk 1+Q12k) ?, and
1
ol ~1\~3
ayor = 121@(@1,%71"‘@1,%) %

where Q11 = &= >0, S Xit Zit, Quok—1 = D] S Xitzithzgkq(t), and Qo =
1 T
a7 it i1 Xit Zithi o, (1)
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Solving (3.13) (or (3.14)) with respect to by under Restrictions (a) and (b), we obtain

B 1 n T
by = — 2 ; 21 itYir- (3.15)
1= =

Making use of orthonormality, we can directly perform the universal thresholding scheme
of Donoho and Johnstone (1994). Our structure adapted wavelet estimator of 3; (here-

after, the SAW estimator) can be obtained by

L
B =) wir(t)big, (3.16)

where

3.17
0 else, ( )

for some threshold A, r that depends on n and T'. Theorems 3.5, 3.7 give the necessary
conditions for A, 7 to ensure consistency under Assumptions A-C presented in Section
3.3.

Remark 3.3. If the explaining variable X;; is exogenous, we can choose Z; = X to
instrument all elements in &} ; ;; with themselves. In this case, our shrinkage estimator
Bl,k can be interpreted as a Lasso estimator with the advantage of perfect orthogonal
regressors; see, e.g., Tibshirani (1996). More generally, if X;; is allowed to be endogenous
and Zy it # X kit IA)M can be obtained by minimizing a Lasso-penalized just-identified
GMM objective function. That is,

T
~ . 1 ’ ’ ’
b= arg min T E E (Yie — X 0) ZaWr Zin(Yie — X3b) + A\ (b, (3.18)

i=1 t=1

n
where |b] = Zle ZkK " |bix| and Wr is an arbitrary symmetric (7' x T') full rank matrix.
Note that (3.18) and (3.17) lead to the same result independently of the choice of Wr.

First step SAW estimation for a straightforward centered panel model is done. Gener-
alization for multivariate models with unobserved heterogeneity effects and post-SAW

procedures follow.
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3.3 Two-way Panel Models with Multiple Jumps

Model

One of the main advantages of using panel datasets is the possibility of dealing with
problems related to the potential effect of unobserved heterogeneity in time- and cross-
section dimensions. In this section, we generalize the SAW method to models with
unobserved individual and time effects and allow for multiple jumping parameters. Col-
lecting the slope parameters in a (P x 1) time-varying vector, we can write Model (3.1)
as

Yie = p+ X;tﬁt + a; + 60 + €4, (3.19)

where X = (X1, .. ,Xp7,~t)l is a (P x 1) vector of regressors, St = (B1 ... ,5757]3)/ is
a (P x 1) vector of slope parameters, «; is a time-constant individual effect and 6, is a
common time-varying effect. We allow for each S ,, p € {1,..., P}, to jump at unknown

Sp break points, say 71, ..., 7s, p, such that

571,;7 for te{1,2,...,71,},
B for te{mp+1,...,72p},
Bip=4{ 7 {1 2 (3.20)

Brs,i1, for te{rs,p+1,....,T}

The estimation procedure for this model is conceptually similar to the univariate method
discussed in Section 3.2. However, besides the need to deal with multivariate wavelets,

we have to control for the additional unknown parameters u, a;, and 6;.

From the literature on panel models, we know that uniqueness of i, «;, and 6; requires

the following identification conditions:

Cl: ' ¢ = 0, and

3.21
c2: Y. 6 = o (3:21)

3.3.1 Estimation

In order to cover the case of dynamic models with both small and large T', we conven-
tionally start with differencing the model to eliminate the individual effects and assume

the existence of appropriate instruments.
By taking the difference on the left and the right hand side of (3.19), we get

/

(Yie = Yieo1) = X8 — Xjy 1 Bm1 + (01 — 0r-1) + (eit — €ie—1), (3.22)
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forie{l,...,n}and t € {2,...,T}.

Because n is usually supposed to be large, Af; = 60; — 60,_1, can be eliminated by
using the classical within transformation on the model, i.e., AY; = AYy — % Som AY.
Alternatively, we can associate Af; with an additional unit regressor in the model and
estimate it jointly with ; as a potential jumping parameter. Indeed, allowing for A6,
to be piecewise constant over time can be very useful for interpretation, especially when

the original time effect 8; has approximately a piecewise changing linear trend.

Let X, = (X;;,—X,, 1,1) and v = (8}, 8,_;, A0;) be (P x 1) extended vectors, where
P =2P + 1. We can rewrite Model (3.22) as

Bt
AYy = (Xz{t?_Xzftfhl) Bi—1 + Aejy,

3.23
A6, (3.23)

= X+ De,

forie{l,...,n}and t € {2,...,T}.

By using multivariate structure adapted wavelet functions, we can estimate ~, in a way

similar to the way discussed in Section 3.2.

The multivariate structure adapted wavelet expansion of «; can be presented as follows:

L K
=) Wby for te{2.... T}, (3.24)
=1 k=1
where by, = (b1, bl,k,g)l is a (P x 1) vector of wavelet coefficients and Wi (t) is a

(P x P) multivariate wavelet basis matrix defined as

Ay = Ao Hoy(8) + AgsHyo(t) if 1=1, and
lek():{ 1,1 21H21(t) + A2 2Ho2(t) i an (3.25)

Apop—1Hyop—1(t) — AyopHyop(t) if 1> 1,

with

Hl,m(t) =V 2l_QIl’m(t — 1),

and Aq1, Ajor—1, and A; 9, are constructed so that the following orthonormality condi-

tions are fulfilled:

(A): ﬁ Z?:l ZtT:Q Zl,k,itiggk',it = Ipxp if (I,k) = (lly kl) and

(B): =1y Yot Sovma ZukitXy o 5 = Opxp for all (LK) # (I, k).
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Here, X ;, = X;,Wik(t), Ipxp is the (P x P) identity matrix, Opyp is a (P x P) matrix
of zeros, and Z},“t = Z,, Wy (t), where Z;, is a (P x 1) vector used to instrument the
P variables in X,;; the unit regressor associated with Af; and the remaining exogenous

regressors (if they exist) can be, of course, instrumented by themselves.

We can easily verify that

_1
A = Qi
-1 -1 —1\—3
Aok = Ql,%—l(fl,%—l—i_gl,%) ?, and
Aop = QL(Q7L +QL)™
L2k — 12k \ X1 2k—1 " X2k ’
with
1 n T
Q1,1 = n(T — 1) ZZ‘X”’
=1 t=2

1
Quop 1 = mz

n T
1 , )
Ql,2k = mZZZitXithl,gk(t) .

ensure conditions (A) and (B).
The IV estimator of b, is the solution of the empirical moment condition

n

T L K
ZZZ Zy ot (A — Xlkztblk)) 0. (3.26)
=1

i=1 t=2 I=1 k=1
Solving (3.26) for él,k under the the normalization Conditions (A) and (B), we obtain

n

T
~ 1
bikp = WM =1 DY ZikiepAYir,

i=1 t=2
where l~)l7k7p and Z; 1 ;t , are the pth elements of él,k and Z Lk.it> respectively.
The SAW estimator of ;) can be obtained by

L K P

e = D2 > Wikpa(®)bikg, (3.27)

=1 k=1g¢=1

or
L K

ertpeP = ) D Z Wik pPg(t + Dbikg, (3.28)

=1 k=1 g=1
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where Wiy, 5, 4 is the (p, ¢)- element of the basis matrix W (t), and

(3.29)

A Bl,k,q if ‘Bl,k,q‘ > /\n7T and
bikg =
0 else.

3.3.2 Assumptions and Main Asymptotic Results

We present a set of assumptions that are necessary for our asymptotic analysis. Through-
out, we use E.(.) to define the conditional expectation given { X}, tene2 and {Zi}; rene2,
where N* = N\ {0}. We denote by M a finite positive constant, not dependent on n and
T. The operators 25 and -% denote the convergence in probability and distribution.
Op(.) and op(.) are the usual Landau-symbols. The Frobenius norm of a (p x k) matrix
A is denoted by ||A|| = [tr(A"A)]"/2, where A" denotes the transpose of A. A denotes

the difference operator of first order.

Our theoretical setup relies on the following assumptions.

Assumption A - Data Dimension and Stability Intervals:

(i) T —1 = 27! for some natural number L > 1; the number of regressors P is fixed.

(ii) n — oo; T is either fixed or passes to infinity simultaneously with n such that
log(T")/n — 0.

(iii) ming, [Br,, — Br,_,,| does not vanish when n and T pass to infinity; all stability

intervals (7;, — Tj—1,) — oo uniformly in n, as T — oo.

Assumption B - Regressors and Instruments:

(i) for all i and ¢, E.(Z;;eir) =0; foralll € {1,...,L} and k € {1,..., K;},

_ 1 " I p °
Q= n - #{slhix(s) # 0} Z ZZ”X” — Q)

tE{S”Ll’k(S);ﬁO} =1
where @), is a (P x P) full rank finite matrix with distinct eigenvectors.

(ii) The moments E||Z;]||* and E||X;||* are bounded uniformly in i and ¢; for Ao =

@ Qk(Ql 2k+Ql o) and Ay = lZlc (@ RS 2k~ })71/%, the moments
EHAZ,ZkH4 and EHAI,%*IHZ! are bounded uniformly in [ and k.
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(iii) the multivariate distribution of {Ae;}ien« tene\ (1} i Sub-Gaussian so that every

linear combination

ss Jit
E § Aeib
t=s+1i=1 V

with E(a, s ;,Aei) = 0 and E(II2(a, /) < M, is Sub-Gaussian distributed of
order Xyr(a, o) = E(HiT(asvs/)), ie.,

_1 1 62
P(S,2 (a, ) ar(a, )] > ) < — exp(=5),

for any ¢ > 0.

Assumption C - Weak Dependencies and Heteroskedasticity in the Error
Term: FE.(AejAejm) = Tijim, |0ijem| < & for all (4, j,t,m) such that

S —s+1 ZZ Z Z ’Jl],tm‘<M

i=1 j=1t=s+1m=s+1

Assumption A.(i) specifies a dyadic condition on the intertemporal data size T. This
is a technical assumption that is only required for constructing the dyadic wavelet ba-
sis functions. In practice, we can replicate the data by reflecting the observations at
the boundaries to get the desired dimension. If, for instance, T'— 1 = 125, we can ex-
tend the sample (Y;1, Xi1), ..., (Yir, Xi7) with the three last observations (Y;r—1, Xir—1),
(Yir—2, Xi7—2), and (Yip_3, X;p—3) for T+1,T+2, and T + 3, respectively. The asymp-
totic property of the estimator, will depend, of course, on the original data size and not
on the size of the replicated data. Assumption A.(ii) allows for the time dimension 7" to
be very long compared to n but in such a way that log(7") = o(n). A.(ii) considers also
the classical case of panel data, in which 7" is fixed and only n — co. Assumption A.(iii)
guarantees that the jumps do not vanish as n and/or T pass to infinity. The second part
of Assumption A.(iii) can be alleviated to allow for some stability intervals to stay fixed
if T'— oo. Assuming the stability intervals to pass to infinity when T gets large allows

for interpreting the T-asymptotic as a full-in asymptotic.

Assumption B.(i) requires that the probability limit of Q, , is a full rank finite matrix
with distinct eigenvectors. This is to ensure that its eigendecompostion exists. Assump-

tion B.(ii) specifies commonly used moment conditions to allow for some limiting terms
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to be O,(1) when using Chebyshev inequality. The Sub-Gaussian condition in Assump-
tion B.(iii) excludes heavy tailed distributed errors but does not impose any specific

exact distribution.

Assumption C allows for a weak form of time series and cross section dependence in
the errors as well as heteroskedasticities in both time and cross-section dimension. It
implies that the covariances and variances are uniformly bounded and the double sum-
mations over all possible time partitions are well behaved. The assumption generalizes

the restricted case of independent and identically distributed errors.

The following Lemma establishes the main asymptotic results for the structure adapted

wavelet coefficients.

Lemma 3.4. Suppose Assumptions A-C hold, then

(1)

lszlp bikg — bl,k,q‘ = (\/10g —1)/n(T - 1)),
»Ryq

(ii) for some finite M > /2,

Sup’blkq blkq‘<M\/log T-1)P)/n(T—1)
77q

holds with a probability that converges to 1 independently of n, as T — oo.

Theorem 3.5 establishes the uniform and the mean square consistency of 7; .

Theorem 3.5. Assume Assumptions A-C, then the following statements hold:

(1) sup; |Yep — YVepl = 0p(1) for allp € {1,..., P}, if VT — 1Ny — 0, as n,T — oo

orn — oo and T is fired, and

(i6) 71 S e — 2ll2 = Op (g (los(T — 1)/n)"), where J* = min{(T2, S, +
D log(T — 1), (T = 1)}, if VT = Dhnir ~ (log(T = 1)/n)*/2, for any x €]0, 1]

Uniform consistency is obtained when n — oo and T is fixed or n,T — oo with
log(T)/n — 0. If the maximum number of jumps is fixed, the mean square consistency

is obtained even when n is fixed and only T" — oo.

A threshold that satisfies Conditions (i) and (4¢) in theorem 3.5, can be constructed as

follows:

©r =¥ (mog((T —1P

/2
T D)1/ )> , for some x €]0, 1], (3.30)
n — K
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where V,p is the empirical variance estimator corresponding to the largest variance of
\/%Z?:l Zle Zit 1 kpQAey over Ik, and p. Such an estimator can be obtained by
using the residuals €;; of a pre-intermediate SAW regression performed with a plug-in
threshold A} = 0. We want to emphasize that asymptotically all we need is that Vor be
strictly positive and bounded. The role of f/n%T is only to give the threshold a convenient
amplitude. The role of k < 1 is to trade off the under-estimation effect that can arise
from the plug-in threshold A}, 7 = 0. An ad-hoc choice of £ is 1 —loglog(nT')/log(nT).
For more accurate choices, we refer to the calibration strategies proposed by Hallin and
Liska (2007) and Alessi et al. (2010).

3.4 Post-SAW Procedures

3.4.1 Tree-Structured Representation

The intrinsic problem of wavelets is that wavelet functions are constructed via dyadic
dilations. Error may make this feature spuriously generate some additional mini jumps to
stimulate the big (true) jump when it is located at a non-dyadic position. To construct
a selective inference for testing the systematic jumps it is important to encode the
coefficients that may generate such effects. One possible approach is to examine the so-
called tree-structured representation, which is based on the hierarchical interpretation
of the wavelet coefficients. Recall that the wavelet basis functions are nested over a
binary multiscale structure so that the support of an (I, k)- basis (the time interval in
which the basis function is not zero) contains the supports of the basis (I + 1,2k — 1)
and (I +1,2k). We say that the wavelet coefficient by ;, is the parent of the two children
biy1,2k—1 and b1 ;. This induces a dyadic tree structure rooted to the primary parent
b1,1. To encode the possible systematic jumps, we have to traverse the tree up to the
root parent in a recursive trajectory starting from the non-zero coefficients at the finest
resolution (highest dilation level). While the presence of a non-zero coefficient, at the
highest level, indicates the presence of a jump, the parent may have a non-zero coefficient

only to indicate that the stability interval around this jump is larger than its support.

As an illustration, consider the tree-structured representation in Figure 3.1. The coeffi-
cients at the not-ringed nodes fall in the interval [—\,, 7, A, 7] and carry the value zero.
Starting from the non-zero coefficient 3576 at the finest resolution and traversing the tree
up to the root parent, we can identify 54,3, 13372, and 5271 as candidates for generating po-
tential visual artifacts at points 8,10, and 12 if a jump exists only at 11. These selected

jump points can be tested by using, e.g., the equality test of Chow (1960).
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FIGURE 3.1: An illustrating example of a tree-structured representation for the wavelet
coeflicients.

shifted wavelet estimates
. . hon-shifted wavelet estimates

1 2 3 4 5 6 7 8 9 10 1n 12 13 14 5 T

FIGURE 3.2: An illustrating example of a tree-structured representation for the shifted
and non-shifted coefficients.

If we have an additional observation, we can construct a shifted wavelet expansion
on a second (shifted) dyadic interval. The tree-structured representation of the new
coefficients can provide important information about the significance of the potential
jumps detected in the first tree. Continuing with the same example of Figure 3.1, we
can see that the tree-structured representations of the shifted and non-shifted coefficients

presented in Figure 3.2 support the hypothesis of only one jump at 11.

In the multivariate case, the interpretation of the tree-structured representation can
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be complicated since the nodes represent vectors that contain simultaneous information
about multiple regressors. In order to construct an individual tree for each parameter, we
can re-transform each element of the (P x 1) vector 7, with the conventional univariate
wavelet basis functions defined in (3.4). Recall that, in our differenced model, v, = B¢
and ¢ p+p = Pt—1,- This allows us to obtain for each slope parameter, 3,, two sets of

univariate wavelet coefficients:

T
1
Cl(fk),p = 71 Dkt = D, (3.31)
t=2
and
c(u) — L Zw t) (3.32)
Lk,p T_1 - LEU)Yt+1,p+P- .
t=

We use the superscripts (s) and (u) in (3.31) and (3.32) to denote the shifted and non-

shifted coefficients, respectively.

. o L K P > .

Replacing v, with yep = 35121 > 1L Z§:1 Wik p,q(0)brk,q and Yit1,p+p With 1 p4p =
L K P = .

21:1 Zkil Z;:l Wikp+Pgq (t+ 1)bl,k,q, we obtain

T
i 1 )
Cz(,sk),p = 71 D ikt = 1A, (3.33)
—2
and
T—1
~1(773,]0 = Zm ) Vit1,p+P- (3.34)

(u)

Having an appropriate threshold for €l . p» We can construct the shifted and non-shifted
tree-structured representation for each parameter, as before. This can provide important
information about the potential spurious jumps since all low level parameters in the
shifted tree fall in the highest level of the non-shifted tree and vice versa. Based on this
predicate, we propose a selection method for consistently detecting the jump locations.

All we need is an appropriate threshold for the highest coefficients.

(s)

The following Lemma establishes the uniform consistency in k and p of both ¢; » and

~(u)

ClLkp and states their order of magnitude in probability.

Lemma 3.6. Suppose Assumptions A-C hold, then, for all p € {1,...,P} and m €
{m, s}

sup chp—chp‘ = \/log —1)/n(T - 1)).



92

From Lemma 3.6, we can intuitively see that asymptotically both é(LWQp and El7k,p can

be shrunk by the same threshold A, 7. Theorem 3.7 gives the necessary asymptotic

conditions to ensure consistency of the jump selection method.

3.4.2 Detecting the Jump Locations

As mentioned earlier, interpreting all jumps of the SAW estimator as structural breaks
may lead to an over-specification of the break points. In this Section, we exploit the
information existing in the shifted and unshifted univariate wavelet coefficients (3.33)

and (3.34) to construct a consistent selection method for detecting the jump locations.

We use (3.33) and (3.34) to obtain the following two estimators of Af;:

Ky,
ABM =3 Adp ()&, for t € €, (3.35)
k=1
and
Aﬁf,sp) = A¢p(t— 1)65?,34,, for t € £, (3.36)
k=1
where
ég,.’)f,p = I(‘él(7l)g7p| > )\n,T)a
£ is the set of the even time locations {2,4,...,T—1}, £¢ is the complement set composed

of the odd time locations {2,3,...,7}\ &, and I(.) is the indicator function.

The number of jumps of each parameter can be estimated by

=Y TAGY £0)+ Y LABS) £0). (3.37)
te& te&e
The jump locations 71, ... ,?gp , can be identified as follows:

=Y I(A@y;&o,teg)+i1(AB§2¢o,tesc)}, (3.38)

t=2 t=3

Tjp = NI {S

for j € {1,..., S'p}. The maximal number of breaks S = Z;;l = S, can be estimated
by S = Z]I::l Sp.

Theorem 3.7. Under Assumptions A-C, if (c.1) : %Ani — o0 and (¢.2) :
VT — 1A, — 0, as n,T — oo, then

(i) lim, 7400 P(S1 = S1,...,5,=5,) =1 and
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(i) iy, 7o P(F11 = T11,- -, 75p.p = Tsp.p|S1 = S1,..., S, = S,) = 1.

The crucial element for consistently estimating 711, ..., 7s,, p is, hence, using a threshold

that converges to zero but at a rate slower than \/log(T —1)/(n(T — 1)).

3.4.3 Post-SAW Estimation

For known 71 ,...,7s, », We can rewrite Model (3.22) as
P Sp+l
AYy = Z Z AXZ{;,P Br,., + Aéi, (3.39)
p=1 j=1
where

AX((;J;)) AXit7pI(Tj_17p <t< Tj,p),

with 79, = 1 and 75,415 = T, for p € {1,..., P}. The dot operator transforms the

variables as follows: 1 = u; — %2?21 Uit

Depending on the set of the jump locations 7 := {7;,|7 =1,...,5,+1, p=1,..., P},

the vector presentation of Model (3.39) can be rewritten as
AYi = AXy () Bir) + Dé, (3.40)

where B(r) = (Bruys- - Brsysans- s Brip s Brsporn) and AXy oy = (AXTY, L
AXz(tTil-H 1), AX;EDP) _ .,AX;(7;P+1,P))/ .

Let Zy, denote the instrument chosen for AXj;, and Zit(r) = (Zl.(zll‘l), .. .,Zi(ﬁ”l’l),
Zl(:}f), .. .,Z;(’S},PH’P)) , with Z,L(;;)p) = itmI(Tj_l’p <t< TMJ). The conventional

IV estimator of §(,) is

n T n T
B = (D2 ZumAXiy > Zit(nAYi)- (3.41)
i=1 t=2 z:l t=2
Conditional on S; = S4,...,Sp = Sp, we can replace the set of the true jump locations 7

in (3.41) with the detected jump locations 7 := {7, |7 € {1,...,S,+1}, p € {1,..., P}},
to obtain the post-SAW estimator:

T n T

= (DD Zun X, > Zi 5 AYa). (3.42)

=1 t=2 zlt2
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From (3.26) and (3.42), we can see that the number of parameters to be estimated after
detecting the jump locations is much smaller than the number of parameters required
to estimate the slope parameters in the SAW regression (Zf:l(sp +1)<T(P-1)). It
is evident that such a gain in terms of regression dimension improves the quality of the

estimator.

Assumption E - Central Limits: Let 7(;) be a (S + P x S + P) diagonal matrix

with the diagonal elements T4 1,...,Tsp41,p, Where T}, = 7, — Tj—1, + 1.

’

(i) : (nTimy) ™' 20y S, Z’it,(T)AX@'t ) 2 QOT where @, is a full rank finite matrix.

(i) : (nTimy) P Do, ST, > i1 ST, Zit (1) L, (T)Uij}ts LS V(5> where V(2 is a full rank

finite matrix.
_1
(i) - (7)) "2 iy Yoo ZinmAéa 5 N (0, V).

Assumption E presents standard assumptions that are commonly used in the literature

on instrumental variables.

Theorem 3.8. Suppose Assumptions A-E hold. Then conditional on Sy = Si,. .., S'p =

Sp, we have

VT2 (B — Bm) 4 N(0,3(r)),
where E(r) = (Q(()T))_l(v(i-))(Q?T))_l

If T — oo and all T}, diverge proportionally to 7', then BTj p achieves the usual V/nT-
convergence rate. Based on the asymptotic distribution of B(;), we can construct a
Chow-type test to examine the statistical significance of the detected jumps and/or a
Hotelling test to examine whether a model with constant parameters is more appropriate

for the data than a model with jumping parameters.

Because X7 is unknown, consistent estimators of QE’T) and V(i) are required to perform

inferences. A natural estimator of Q‘(’T) is

n T
Q= (0T0) ™' DD ZinAXiy )

=1 t=2

and a consistent estimator of 3,y can be obtained by
&S A1) A-1
> = Qe Yy

where f/((:)) a consistent estimator of V(C;) that can be constructed depending on the

structure of Aé;. For brevity, we distinguish only four cases:
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1. The case of homoscedasticity without the presence of auto- and cross-section cor-

relations: ,
(1) -1 / ~9
V(;—) = (n'ﬁ;)) Z Z Zit,(—?)Zm(;-)U )
where 6% = Loy DL 2Ly AGL, with Aéy = AYe — AX, ) Bz

2. The case of cross-section heteroskedasticity without auto- and cross-section corre-
lations:

n T
vE = DD Dy Zin )61

=11

||
N

52 =
where 67 = ~1; ST, A2,

3. The case of time heteroskedasticity without auto- and cross-section correlations:

‘7(523 = 1ZZZ'Lt 1?

1=1 t=2
2 _ 1\ 22
where 67 = = Y " Aés.

4. The case of cross-section and time heteroskedasticity without auto- and cross-

section correlations:

n T

Ve = VYD ZunZ

i=1 t=2

Proposition 3.9. Under Assumptions A-E, we have, asn,T — oo, ZE?) =X +op(1),
forc=1,2,3, and 4.

Remark 3.10. If the errors (at the difference level) are autocorrelated, V((:)) can be es-
timated by applying the standard heteroskedasticity and autocorrelation (HAC) robust
limiting covariance estimator to the sequence {Zit,(%)Aéit}ieN* teN+\{1}; see, e.g., Newey
and West (1987). In the presence of additional cross-section correlations, one can use
the partial sample method together with the Newey-West procedure as proposed by Bai

(2009). A formal proof of consistency remains, in this case, to be explored.

3.5 SAW with Unobserved Multifactor Effects

If the endogeneity arises from a dynamic model such that one variable on the right hand
side is the lag of the explained variable Yj;, one can follow the existing literature on
dynamic panel models and choose one of the commonly used instruments such as Yj;_o,
Yii—3, and/or Y;;—o — Yj;_3 ; see, e.g., Anderson and Hsiao (1981), Arellano and Bond
(1991), and Kiviet (1995).
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In this section, we discuss two possible model extensions: the case in which endogeneity
arises from an omitted factor structure; and the case in which endogeneity is due to the

presence of simultaneous equations.

Presence of Multifactor Errors

There is a growing literature on large panel models that allows for the presence of
unobserved time-varying individual effects having an approximate factor structure such
that

e = M Fy + e,

where A; is a (d x 1) vector of individual scores (or loadings) A;i,...,A;q and F; a
(d x 1) vector of d common factors Fiy, ..., Fg. Note that this extension provides a
generalization of panel data models with additive effects and can be very useful in many
application areas, especially when the unobserved individual effects are non-static over
time; see, e.g., Pesaran (2006), Bai (2009), Ahn et al. (2013), Kneip et al. (2012), and
Bada and Kneip (2014).

Leaving the factor structure in the error term and estimating the remaining parameters
without considering explicitly the presence of a potential correlation between the ob-
served regressors X1 t,...,Xp; and the unobserved effects A; and F; may lead to an
endogeneity problem caused by these omitted model components. The problem with the
presence of the factor structure in the error term is that such a structure can not be elim-
inated by differencing the observed variables or using a simple within-transformation.
Owing to the potential correlation between the observable regressors X1 ;s,..., Xpi and
the unobservable heterogeneity effects, we fairly allow for the data generating process of

Xp,it to have the following form:
Xpit = 0 i + NGy + apAiFy + pip i, (3.43)

where 9,; is a (d x 1) vector of unknown individual scores, G is a (d x 1) vector
of unobservable common factors, a, is a p-specific univariate coefficient, and p;; is an

individual specific term that is uncorrelated with ¢;¢, A;, ¥;, F; and Gy.

Rearranging (3.43), we can rewrite X, ;; as
Xpir = 050Gy + fpit, (3.44)

where

!
DY)

0% = H(aph; + 0,5, A;), (3.45)
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and
it = H_I(Ft’Gp,t) )

Pt

(3.46)

for some (2d x 2d) full rank matrix H. The role of H is only to ensure orthonormality
and identify uniquely (up to a sign change) the elements of the factor structure so that
ST G;j:tG;;t /T is the identity matrix and >, 19;:179;,1‘ /n is a diagonal matrix with
ordered diagonal elements.

We can see from (3.43) that a perfect candidate for instrumenting X, ;s is pp4. Since

Ip,it s unobserved, a feasible instrument can be obtained by

Zpit = Xpit — UGy (3.47)
where (A}';:t is the t-th row element of the (2d x 1) matrix containing the eigenvectors
corresponding to the ordered eigenvalues of the covariance matrix of X, ;; and 19}’;/1 is the
projection of G;:t on X, ;. If d is unknown, one can estimate the dimension of ﬂ;:i ot
by using an appropriate panel information criterion; see, e.g., Bai and Ng (2002) and
Onatski (2010). A crucial assumption about the form of dependency in , ;; is that, for

all T"and n, and every ¢ <n and t < T,

L. Zstl |E(Np,it:up,is)| < M and

2. > 1 [ E(upithip )| < M.

Bai (2003) proves the consistency of the principal component estimator when addition-
ally Zthl ;Ct ot RiS Y for some (2d x 2d) positive definite matrix X, [|0; ;| < M
for all i and p, and || 37, 19;:1-19;71. —Xy:|| — 0, as n — oo for some (2d x 2d) positive
definite matrix 219;.

By instrumenting X, ;; with Z,; in (3.47), we can estimate consistently the jumping

slope parameters as before. A formal proof remains, of course, to be explored.

Two-Step SAW for Jumping Reverse Causality

Besides the issues of omitted variables and dynamic dependent variables, another im-
portant source of endogeneity is the phenomenon of reverse causality. This occurs when
the data is generated by a system of simultaneous equations so that changes in the
right-hand side of the model cause changes in the left-hand side variable and changes in
the left-hand side variable cause simultaneous changes in the right-hand side variable.
A famous example of simultaneous equation models is the partial equilibrium model of

supply and demand in a market with perfect competition.
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Consider the following two-way simultaneous equation model:

P
Yie = p+ Z Xp,it Brp + i + 0 + e, (3.48)
p=1
and
Xg,it = 0t Y5 + Z Xpitdep + v+ u; + 0¢ + vy, (3.49)

pe{l,...PH\{g}
for some a ¢ € {1,..., P}, where by # 1/B;4, and the parameters v, u;, and 9 are

unknown parameters.

Neglecting the structural form of X, ;; in Equation (3.49) and estimating the regression
function (3.48) without instrumenting this variable results in an inconsistent estimation
since X, and e;; are correlated (due to the presence of Yj; in Equation (3.49)). A
natural way to overcome this type of endogeneity problem is to use the fitted variable
obtained from Equation (3.49) as an instrument after replacing Y;; with its expression
in (3.48). In the literature on IV methods, this procedure is termed two-stage least
squares method. But note that our method involves an additional complication related
to the time-changing character of 3; ; and the presence of the unobservable heterogeneity
effects. Indeed, inserting (3.48) in (3.49) and rearranging it leads to a panel model with

time-varying unobservable individual effects:
Xgit = Z Xp,itd;;p + 191} + uﬂ?ét + Ozz'ﬁ;t + &it, (3.50)
pe{l,....PH\{q}

where
d;p = biBip +dip,

* _ bptbifi 49 4v

1t = 1=b:Be,p ’

* _ 1

2t T I=bBryp?

x  _ beptbiBe+detv

3 = b3, and
git = biey + e

Note that the regression model in (3.50) can be considered a spacial case of the model

with multifactor errors discussed above. A potential instrument for X ;; in (3.48) is

Zoa= > Xpadi,+ G, (3.51)
pE{l,...,P}\{q}

where cf;p and ¥;G; are the estimators of by and ¥;Gy = 9%, + 03, + a3, respectively,
which can be obtained from (3.50) by using the instruments proposed above to control

for the omitted factor structure 97, + w95, + a;05,.
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3.6 Monte Carlo Simulations

In this section, we examine, through Monte Carlo simulations, the finite sample perfor-
mance of our method. Our data generating-processes are based on the following panel

data model:

Yii = XuBe + a; + \/Oipey for @ € {1,...,n} and t € {1,...T},

where
Bry for te{l,...,m1},
Br=1 : (3.52)
Bre41 for te{rs+1,...,T},
with
Br; :g-(—l)j and 7; = Lgil(T_l)J , forj=1,...,5+1.

We examine the situations where the number of jumps is S = 0, 1,2, 3. In the no-jump
case (S = 0), we compare the performance of our method with the performance of the
classical Least Squares Dummy Variable Method (LSDV), the Generalized Least Squares
Method for random effect models (GLS), the Iterated Least Squares Method (ILS) of Bai
(2009), and the semi-parametric method (KSS) of Kneip et al. (2012). Our thresholding
parameter is calculated with k = 1 — log(log(nT"))/log(nT). To see how the properties
of the estimators vary with n and T, we consider 12 different combinations with the sizes
n = 30,60,120,300 and T = 2171 + 1, for L = 6,7,8, i.e., T = 33,65,129. We consider
the cases of dyadic (e.g., when S = 1 and 71 = (T'—1)/2) and non-dyadic jump locations
(when S = 2,3) as well as models with exogenous and endogenous regressors. In total,

our experiments are based on the results of seven different DGP-configurations:

DGP1 (exogeneity, and i.i.d. errors): the dependent variable X;; is uncorrelated with
e;+ and generated by
Xit = 0.5 + &4, (3.53)

with &, a;, e ~ N(0,1) and 0 = 1 for all 7 and ¢.

DGP2 (exogeneity, and cross-section heteroskedasticity): the DGP of the exogenous
regressor X;; is of form (3.53); cross-sectionally heteroskedastic errors such that e;; ~
N(0,1) with ; = 67 ~U(1,4) for all ¢
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DGP3 (exogeneity, and heteroskedasticity in time and cross-section dimension): the
DGP of the exogenous regressor X;; is of form (3.53); heteroskedastic errors in time and

cross-section dimension such that e;; ~ N(0,1) and 6; ~ U(1,4).

DGP4 (exogeneity, and serial correlation with cross-section heteroskedasticity): the
DGP of the exogenous regressor X;; is of form (3.53); homoscedasticity and autocorre-

lation in the errors such that

eit = pi€it—1 + Git, (3.54)

with p; ~ U(0,.5), (it ~ N(0,.5), and 6;; = 1 for all 7 and ¢.

DGP5 (endogeneity due to a hidden factor structure): X; and e; are correlated

through the presence of a hidden factor structure:

et = )\ift + €;; and

(3.55)
Xi = 0.3a; +0.30; + 0.3); f; + pir,

with A, fy ~ N(0,.5), 0;; = 1 for all ¢ and ¢, and a; ~ N(0, 1).

DGP6 (endogeneity due to a hidden approximate factor structure): X;; and e; are

correlated as in DGP5, but

€t = Pe,i€it—1 T Ce,its

(3.56)
Wit = Pujilbit—1 + Cuits

with Ceit, Cuit ~ N(0,.5), pei, pui ~ U(0,.5), 6; =1 for all ¢ and ¢, and o; ~ N(0, 1).

DGPT7 (no-jumps, endogeneity, and hidden approximate factor structure): the slope
parameter does not suffer from structural breaks so that 5, = 2 for all ¢; the regressor
and the error are correlated through the presence of an approximate factor structure as
in DGP6.

Tables 3.1 -3.4 report the estimation results obtained by averaging the results of 1000
replications. The third, sixth, and ninth columns in Tables 3.1-3.3 report the averages
of the estimated number of jumps S detected by (3.37) for S = 1,2, and 3, respectively.
The MISE of our estimator is calculated by 135 S 1000 (% ST L(Br = By)?), where B is
the pointwise post-SAW estimate of 3; obtained in replication r. The fourth, seventh,
and tenth columns in Tables 3.1 -3.3 give, on average, the values of a criterion (hereafter

called MDCJ) that describes the mean distance between the true jump locations and
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the closest post-SAW detected jumps. The MDCJ criterion is calculated as follows:

S

1
MDCJ = — min_ |7; — 7.

We use the R-package phtt to calculate LSDV, ILS, and KSS and plm to calculatd GLS .
The corresponding MSEs of LSDV, GLS, ILS, and KSS are obtained by 1is 5712 (B(M) —

)2, where B(M) is the estimate of 8 = 1 = --- = Br obtained in replication r by using
method M = LSDV, ILS, and KSS. The results are reported in Table 3.4.

DGP1

Nbr. of jumps S: 1 2 3

n T S MDCJ MISE S MDCJ MISE S MDCJ MISE
30 33 1.0 0.000 0.002 2.0 0.000 0.005 3.0 0.000 0.008
60 33 1.0 0.000 0.001 2.0 0.000 0.004 3.0 0.000 0.008
120 33 1.0 0.000 0.001 2.0 0.000 0.004 3.0 0.000 0.007
300 33 1.0 0.000 0.001 2.0 0.000 0.003 3.0 0.000 0.007
30 65 1.0 0.000 0.001 2.1 0.000 0.001 3.1 0.000 0.002
60 65 1.0 0.000 0.000 2.0 0.000 0.001 3.0 0.000 0.002
120 65 1.0 0.000 0.000 2.0 0.000 0.001 3.0 0.000 0.002
300 65 1.0 0.000 0.000 2.0 0.000 0.001 3.0 0.000 0.002
30 129 1.0 0.000 0.000 2.1 0.000 0.000 3.1 0.000 0.002
60 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.001
120 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.000
300 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.000

DGP2

30 33 0.9 3.100 0.118 1.5 2.731 0.181 2.2 2.349 0.193
60 33 1.0 0.000 0.003 2.0 0.111 0.011 3.0 0.053 0.013
120 33 1.0 0.000 0.002 2.0 0.000 0.005 3.0 0.000 0.008
300 33 1.0 0.000 0.001 2.0 0.000 0.003 3.0 0.000 0.008
30 65 0.8 9.200 0.173 1.5 5.470 0.191 2.4 4.160 0.180
60 65 1.0 0.000 0.001 1.8 0.665 0.021 2.9 0.531 0.030
120 65 1.0 0.000 0.001 2.0 0.000 0.001 3.0 0.000 0.002
300 65 1.0 0.000 0.000 2.0 0.000 0.001 3.0 0.000 0.002
30 129 0.9 13.81 0.124 1.4 16.40 0.261 2.0 12.31 0.231
60 129 1.0 2.519 0.021 2.0 0.859 0.017 2.9 0.851 0.022
120 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.001
300 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.001

TABLE 3.1: Simulation results of the Monte Carlo experiments for DGP1-DGP2. The
entries are the averages of 1000 replications.

In our examined data configurations, the MISE of the post-SAW estimator and the
average of the estimated number of jumps behave properly as both n and T get large
as well as when T is fixed and only n gets large. The method performs perfectly in the
benchmark case where idiosyncratic errors are independent and identically distributed
even when n and T are relatively small (e.g., the combinations where n = 30 and /or T' =
33 in the first part of Table 3.1). In most of the examined cases, where heteroskedasticity
in the cross-section and time dimension and/or week serial correlations exist, the method
behaves very well, in particular when n is large (see results of DGP3-DGP4 in Tables
3.1 and 3.2). The quality of the estimator seems to be independent of the number and
the location of the jumps (i.e., dyadic, for S = 1, and non-dyadic for S = 2,3). Not
surprisingly, the jump selection method performs poorly when n is fixed and only T is
large. In such a case, the threshold under-estimates the true number of jumps and the

MDCJ increases with T'. This effect vanishes properly as n gets large.
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DGP3

Nbr. of jumps S: 1 2 3

n T S MDCJ MISE S MDCJ MISE S MDCJ MISE
30 33 0.9 3.000 0.117 1.5 2.730 0.180 2.3 2.347 0.190
60 33 1.0 0.000 0.003 2.0 0.110 0.014 3.0 0.053 0.016
120 33 1.0 0.000 0.002 2.0 0.000 0.005 3.0 0.000 0.008
300 33 1.0 0.000 0.001 2.0 0.000 0.003 3.0 0.000 0.008
30 65 0.7 9.300 0.170 1.5 5.470 0.191 2.4 4.160 0.181
60 65 1.0 0.000 0.001 1.9 0.660 0.025 2.9 0.533 0.031
120 65 1.0 0.000 0.001 2.0 0.000 0.001 3.0 0.000 0.002
300 65 1.0 0.000 0.000 2.0 0.000 0.001 3.0 0.000 0.002
30 129 0.9 13.80 0.124 1.3 16.41 0.260 2.0 12.37 0.235
60 129 1.0 2.520 0.023 2.0 0.860 0.016 2.9 0.853 0.023
120 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.001
300 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.001

DGP4

30 33 0.2 12.60 0.477 0.5 8.250 0.431 0.6 8.673 0.499
60 33 0.4 9.000 0.340 1.0 5.280 0.309 1.4 5.280 0.360
120 33 0.9 1.500 0.059 1.8 1.210 0.087 2.6 1.013 0.116
300 33 1.0 0.000 0.002 2.0 0.000 0.004 3.0 0.000 0.009
30 65 0.3 23.22 0.426 0.4 17.49 0.453 0.5 17.72 0.488
60 65 0.6 13.02 0.238 0.9 11.49 0.318 1.2 11.62 0.403
120 65 0.9 4.340 0.080 1.8 2.190 0.073 2.6 2.560 0.110
300 65 1.0 0.000 0.001 2.0 0.000 0.001 3.0 0.000 0.003
30 129 0.1 55.44 0.496 0.3 37.41 0.472 0.4 36.05 0.516
60 129 0.5 34.02 0.305 0.8 26.66 0.377 1.0 26.88 0.427
120 129 0.8 10.08 0.091 1.7 6.880 0.116 2.5 6.187 0.146
300 129 1.0 0.000 0.000 2.0 0.000 0.001 3.0 0.000 0.001

TABLE 3.2: Simulation results of the Monte Carlo experiments for DGP3-DGP4. The
entries are the averages of 1000 replications.

DGP5

Nbr. of jumps S: 1 2 3

n T S MDCJ MISE S MDCJ MISE S MDCJ MISE
30 33 0.8 4.100 0.187 1.3 3.230 0.250 2.1 3.367 0.291
60 33 1.0 0.000 0.004 2.0 0.119 0.017 3.0 0.058 0.020
120 33 1.0 0.000 0.003 2.0 0.000 0.007 3.0 0.000 0.010
300 33 1.0 0.000 0.002 2.0 0.000 0.002 3.0 0.000 0.009
30 65 0.7 9.700 0.210 1.4 5.976 0.210 2.4 4.860 0.211
60 65 1.0 0.000 0.002 1.9 0.690 0.031 2.9 0.539 0.038
120 65 1.0 0.000 0.001 2.0 0.000 0.001 3.0 0.000 0.002
300 65 1.0 0.000 0.000 2.0 0.000 0.001 3.0 0.000 0.002
30 129 0.8 19.80 0.224 1.2 21.41 0.361 2.0 19.37 0.315
60 129 1.0 2.611 0.053 2.0 0.952 0.017 2.8 1.153 0.033
120 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.001
300 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.001

DGP6

30 33 0.2 11.66 0.448 0.5 8.250 0.427 0.6 8.320 0.498
60 33 0.5 7.200 0.272 1.0 5.390 0.306 1.5 4.907 0.370
120 33 0.9 0.900 0.036 1.8 0.990 0.074 2.6 1.013 0.114
300 33 1.0 0.000 0.002 2.0 0.000 0.005 3.0 0.000 0.009
30 65 0.3 22.94 0.419 0.3 18.77 0.484 0.6 16.93 0.480
60 65 0.5 14.88 0.272 1.1 10.44 0.304 1.1 13.76 0.401
120 65 0.8 5.580 0.102 1.8 1.980 0.070 2.6 2.667 0.116
300 65 1.0 0.000 0.001 2.0 0.000 0.001 3.0 0.000 0.003
30 129 0.1 54.74 0.493 0.1 40.53 0.487 0.3 38.61 0.523
60 129 0.3 42.84 0.383 0.7 27.52 0.372 1.0 26.45 0.432
120 129 0.8 11.34 0.102 1.8 5.160 0.091 2.4 7.680 0.157
300 129 1.0 0.000 0.000 2.0 0.000 0.000 3.0 0.000 0.001

TABLE 3.3: Simulation results of the Monte Carlo experiments for DGP5-DGP6. The
entries are the averages of 1000 replications.
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Table 3.3 reports the results of our experiments when the regressors are affected by
an omitted factor structure in the error term. The proposed two-step SAW procedure
seems to perform very well even when heteroskedasticity in the cross-section and time

dimension and/or week serial correlations are present.

The goal of examining DGP7 is to test whether SAW is also able to detect the no-jump
case. The answer that can be deciphered from Table 3.4 is: Yes. Our method is slightly
inferior in terms of MSE than ILS but better than LSDV, GLS, and KSS. Because
LSDV and GLS neglect the presence of the factor structure in the model and KSS is
only appropriate for factors that possess smooth patterns over time, the MSEs of these

three estimators are affected by a small bias that seems to persist even when n and T

get large.
DGP7 (S =0)
Method post-SAW LSDV  GLS ILS KSS
n T S MISE MSE MSE MSE MSE

30 33 0.0000 0.0062 0.0105 0.0148 0.0007 0.0104
60 33 0.0000 0.0041 0.0105 0.0142 0.0006 0.0101
120 33  0.0000 0.0012 0.0090 0.0125 0.0002 0.0085
300 33  0.0000 0.0004 0.0093 0.0128 0.0001 0.0090
30 65 0.0000 0.0039 0.0105 0.0135 0.0004 0.0099
60 65 0.0000 0.0015 0.0102 0.0130 0.0002 0.0101
120 65 0.0000 0.0005 0.0099 0.0126 0.0001 0.0098
300 65  0.0000 0.0001 0.0108 0.0137 0.0000 0.0108
30 129 0.0000 0.0015 0.0101 0.0129 0.0002 0.0102
60 129 0.0000 0.0008 0.0103 0.0127 0.0001 0.0104
120 129 0.0000 0.0002 0.0101 0.0125 0.0000 0.0101
300 129 0.0000 0.0000 0.0090 0.0112 0.0000 0.0090

TABLE 3.4: Simulation results of the Monte Carlo experiments for DGP7. The entries
are the averages of 1000 replications.

The Monte Carlo experiments show that, in many configurations of the data, our method
performs very well even when the idiosyncratic errors are weakly affected by serial-
autocorrelation and/or heteroskedasticity and this independently of the number and

locations of the jumps.

3.7 Application: Algorithmic Trading and Market Quality

An issue of increasing debate, both academically and politically, is the impact of al-
gorithmic trading (AT) on standard measures of market quality such as liquidity and
volatility. Proponents, including many of the exchanges themselves, argue that AT
provides added liquidity to markets and is beneficial to investors. Opponents instead

caution that algorithmic trading increases an investor’s perception that an algorithmic
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trading partner possesses an informational advantage. Furthermore, incidents such as

the "flash crash”, although circumstantial in nature, do nothing to alleviate these fears.

Recent work examining the effects of AT on market quality have generally found its
presence to be beneficial in the sense that standard measures of liquidity such as bid-ask
spreads and price-impact are reduced as a consequence of the increase in AT. For example
Hendershott et al. (2011) find that, with the exception of the smallest quintile of NYSE
stocks, AT almost universally reduces quoted and effective spreads in the remaining
quintiles. Hasbrouck and Saar (2013) find similarly compelling evidence using a measure
of AT constructed from order level data. A drawback of both approaches and more
specifically of the standard panel regression approach is that estimates of the marginal
effect of increasing are necessarily averaged over all possible states of the market. This

is problematic from an asset pricing perspective.

Of particular importance to the concept of liquidity is the timing of its provision. The
merits of added liquidity during stable market periods at the expense of its draw back
during periods of higher uncertainty are ambiguous without a valid welfare analysis and
can potentially leave investors worse off. The issue of timing is particularly important
for empirical work examining the effects of AT on market quality. Samples are often
constrained in size due to limitations on the availability of data and computational con-
cerns. As noted by Hendershott et al. (2011), it may be because samples often used
do not cover large enough periods of market turbulence to detect possible negative ef-
fects. Additionally, standard subsample analysis requires the econometrician to diagnose
market conditions as well their start and end dates, in effect imposing their own prior
beliefs on the factors that might cause variation in the marginal effects. Because of
this we propose the use of our estimator to automatically detect jumps in slope param-
eters. Indeed, our methodology alleviates concerns about ad-hoc subsample selection.
Furthermore, we believe analysis of periods where the effects vary may provide valuable
insight for future studies (both theoretical and empirical) and policy recommendations

regarding the regulation of trading in financial markets.

3.7.1 Liquidity and Asset Pricing

Before discussing the effects of liquidity on asset pricing, we first examine conventional
tests that assume constant parameters. In this simple example, we regress a measure of

market quality on an AT proxy for an individual stock using the following model:

MQt =+ ATtB + €, (357)
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where the time index ¢ € {1,...,T}. If the slope parameter is time varying then 3
in (3.57) presents only the time average of the true parameter, say (5;. In this case
the conventional estimator of 3 is consistent only under the assumption Z’le AT? (B —
B)/T 250, as T get large. Even when such a requirement is satisfied, the average effect
is not the correct measure to consider when the question is whether AT is beneficial to

market quality.

A general result in asset pricing that is a consequence of no arbitrage is that there exists

a strictly positive stochastic discount factor (SDF') such that,
1= Ey(My11Ri1a),

where My, is the SDF and Ryy; is the return on a security. This expression can be

expanded and rewritten as,

1

1
E - _
WFend) = B~ BiMony)

COUt(MH_l, Rt+1).

Expected security returns (i.e., its risk premium) are a function of covariance with the
SDF. While the form of the SDF depends on the asset pricing model one is considering,
it can in general be thought of as the ratio of marginal value of wealth between time
t + 1 and t. Therefore, holding the expectation of My, constant, if a security pays off
more in states where the marginal value of wealth is relatively low and less in states
where the marginal value of wealth is relatively high (covi (M1, Riy1) < 0) then that
security earns a premium for this undesirable property. In light of the above analysis,
if a security’s returns contain a stochastic liquidity component then its covariance with

the SDF can have a substantial impact on expected returns.

The model of Acharya and Pedersen (2005) is particularly relevant as it exemplifies the
many avenues through which time varying liquidity can affect expected returns. Using
an overlapping generations model they decompose conditional security returns into five
components: one related to the expected level of illiquidity and four others related to
covariance terms between market return, market illiquidity, security returns and security
illiquidity. They show that portfolio returns are increasing in the covariance between
portfolio illiquidity and market illiquidity and decreasing in the covariance between secu-
rity illiquidity and the market return. A consequence of this is that if AT intensifies these
dynamics in the liquidity for a particular security then the effect will be to increase the
risk premium associated with that security. Increased risk premiums represent higher
costs of capital for firms, thus increased AT can potentially decrease firm investment

(relative to a market with no AT) through its effects on liquidity dynamics.
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3.7.2 Data

Our sample consists of a balanced panel of stocks whose primary exchange is the New
York Stock Exchange (NYSE) and covers the calendar period 2003 — 2008. The choice
of this sample period reflects our desire to include both relatively stable and turbulent
market regimes. We are limited in our choice of sample periods by the fact that AT is
a recent phenomenon and that our estimation procedure requires a balanced panel. In

this six-year period we consider results in a total of 378 firms.

To build measures of market quality, we use the NYSE Trade and Quotation Database
(TAQ) provided by Wharton Research Data Services (WRDS) to collect intra-day data
on securities. We aggregate intra-day up to a monthly level to construct our sample,
which consists of 65 months for each firm. We merge the TAQ data with information on
price and shares outstanding from the Center for Research in Security Prices (CRSP).

A discussion of our algorithmic trading proxy and measures of market quality follows.

3.7.2.1 The Algorithmic Trading Proxy

Our AT proxy is motivated by Hendershott et al. (2011) and Boehmer et al. (2012), who
note that AT is generally associated with an increase in order activity at smaller dollar
volumes. Thus the proxy we consider is the negative of dollar volume (in hundreds of
dollars, Vol;;) over time period ¢ divided by total order activity over time period ¢t. We
define order activity as the sum of trades (Tr;;) and updates to the best prevailing bid

and offer (g;;) on the securities’ primary exchange:

Vol;
AT, = Vol
Try + qut
An increase in AT; represents a decrease in the average volume per instance of order
activity and represents an increase in the AT in the particular security. For example,
an increase of 1 unit of AT;; represents a decrease of $100 of trading volume associated

with each instance of order activity (trade or quote update).

Our proxy, like that in Boehmer et al. (2012), differs from the proxy in Hendershott
et al. (2011) since they have access to the full order book of market makers whereas we
only have access to the trades and the best prevailing bid and offers of market makers
through TAQ. We appeal to the same argument as Boehmer et al. (2012) in that many
AT strategies are generally executed at the best bid and offer rather than behind it.

Therefore, we feel our proxy is in general representative of the full order book.
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3.7.2.2 Market Quality Measures

We consider several common measures of market quality to assess the impact of AT on

markets for individual securities.

Proportional Quoted Spread

The proportional quoted spread (PQS;;) measures the quoted cost as a percentage of

price (Bid-Offer midpoint) of executing a trade in security ¢ and is defined as,

fr;; — Bid;
PQ&tzlm)< Ofri; — Bidyt ).

0.5(Ofr;; + Bidy)

We multiply by 100 in order to place this metric in terms of percentage points. We ag-
gregate this metric to a monthly quality by computing a share volume-weighted average
over the course of each month. An increase in PQS;; represents a decrease in the amount

of liquidity in the market for security 7 due to increased execution costs.

Proportional Effective Spread

The proportional effective spread (PES;;) is quite similar to (PQS;;) but accommodates
potentially hidden liquidity or stale quotes by evaluating the actual execution costs of a
trade. It is defined as,

M;

PE&t:100<|Zt’”>,

where P, is the price paid for security ¢ at time ¢ and M;; is the midpoint of the prevailing
bid and ask quotes for security ¢ at time ¢. Thus, PES;; is the actual execution cost
associated with every trade. We again aggregate this measure up to a monthly quantity
in the same way as we do for quoted spreads. Like PQS;;, PES;; is also in terms of
percentage points. An increase in PES;; represents a decrease in the amount of liquidity

in the market for security ¢ due to increased execution costs.

Measures of Volatility

We also consider two different measures of price volatility in security ¢ over time period

t. The first is the daily high-low price range given by,

H-L;, = 100 <maXTet(Pi ) — minqe¢ (P ))
T I

Py
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which represents the extreme price disparity over the course of a trading day. We also

consider the realized variance of returns over each day computed using log returns over

RVj; = 100 (Z r?T) :

TEL

5-minute intervals:

Realized variance is a nonparametric estimator of the integrated variance over the course
of a trading day (see, for example, Andersen et al. (2003)). We aggregate both measures
up to a monthly level by averaging over the entire month. We additionally multiply
both variables by 100, thus H — L;; is the price range as a percentage of the daily closing
price and RVj; is an estimate of the integrated variance of log returns in percentages.
Both measures represent a measure of the price dispersion over the course of the trading

month.

Additional Control Variables

While we attempt to determine the effect our AT proxy has on measures of market
quality we include in all our regressions a vector of control variables to isolate the effects
of AT independent of the state of the market. We lag the control variables by one
month so they represent the state of the market at the beginning of the trading month
in question. The control variables are: (1) Share Turnover (ST;;), which is the number of
shares traded over the course of a day in a particular stock relative to the total amount of
shares outstanding; (2) Inverse price, which represents transaction costs due to the fact
that the minimum tick size is 1 cent; (3) Log of market value of equity to accommodate
effects associated with micro-cap securities; (4) Daily price range to accommodate any

effects from large price swings in the previous month.

To avoid adding lagged dependent variables in the model, for regressions where the
daily price range is the dependent variable we replace it in the vector of controls with

the previous month’s realized variance.

We additionally include security and time period fixed effects to proxy for any time
period or security related effects not captured by our included variables. We consider

panel regressions of the form
MQy; = a; + 0 + ATy By + Wiyt + e, (3.58)

where MQ;; is the market quality measure under consideration, «; and 6; are the security
and time period fixed effects, W is a vector of the lagged control variables listed above,
and e;; is the innovation to MQ;, which we assume to be dependent of the fixed effects

and the control variables. The time subscript on the parameter beta allows for a possibly
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time varying effect of AT on market quality. Thus we are able to test the null hypothesis
of a constant effect versus the alternative of a time jumping effect. We are also able to

measure the magnitude and direction of any possible change.

Potential Endogeneity Issue

Absent a theoretical model of AT, an issue on which the literature is still somewhat
agnostic, it is uncertain whether AT strategies attempt to time shocks to market quality.
This creates the potential problem of endogeneity with our AT proxy. That is, when
estimating the regression equation (3.58), E(AT;:e;t) # 0.

To overcome this potential issue we use the approach of Hasbrouck and Saar (2013)
(albeit with different variables) and choose as an instrument the average value of algo-
rithmic trading over all other firms not in the same industry as firm 4. To this end, we
define industry groups using 4-digit SIC codes and define these new variables AT _;np .
The use of this IV assumes that there is some commonality in the level of AT across all
stocks that is sufficient to pick up some exogenous variation. It further rules out trading
strategies by AT across firms in different industry groups. Lacking complete knowledge

of the algorithms used by AT firms we view this assumption to be reasonable.

To estimate the model we use a two-stage approach and first fit the regression model,
ATit = a; + g+ + AT _np it + dWit + €it (3.59)

to obtain an instrument, Z;;, for AT;; given by the fitted values from (3.59), i.e., Z;; :=
ATit =a;+ g+ bAT _ IND,it —HfWit, where a;, g, l;, and d are the conventional estimates

of a;, g¢, b, and d.

We then carry out the second stage regression using equation (3.58) as described in
Section 3.3. For comparison purposes, we additionally apply the conventional panel

data model assuming constant slope parameter, i.e., f;1 = fo = -+ = Sr.

3.7.3 Results

Table 3.5 presents the results from a baseline model that assumes the slope parameters
are constant over time.! These results are largely consistent with previous studies that
find a positive (in terms of welfare) average relationship between AT and measures

of market quality over the time period considered. The coefficient estimates on the

1For the purpose of readability we divide the AT variable by 100 to reduce trailing zeros after the
decimal.
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AT proxy are negative and significant for all four measures of market quality that we
consider. That is, increases in AT generally reduce both of the spread measures and

both of the variance measures we consider.

Dependent Variable AT“ IH(ME)it_l T/Oit—l 1/Pit—1 H‘Lit—l RVit_l
PQS;: Coef. -0.013 -0.003 0.027 0.619 0.002
t-value -3.61 -2.65 0.73 15.38 5.67
PES;: Coef. -0.006 -0.001 -0.077 0.517 0.004
t-value -3.62 -1.83 -3.42 18.51 16.96
RV Coef. -0.691 0.046 -1.575 7.25 0.415
t-value -12.73 2.39 -2.45 10.19 44.46

H-L;; Coef. -1.404 -0.038 -6.15 7.88 1.151

t-value -11.6 -1.04 -4.71 6.04 35.78

N=378 T=71

TABLE 3.5: Instrumental variable panel data model with constant parameters
This table shows the results of the 2SLS panel regression of our measures of market quality on our AT
proxy. The dependent variables are proportional quoted spread, proportional effective spread, daily
high-low price range and daily realized variance. In addition to AT, additional regressors included as
control variables are the previous month’s log of market Cap (In(ME)), share turnover (T/O), inverse
price (1/P) and high-low price range (H-L). When the dependent variable is the current month’s
high-low price range, last month’s value of realized variance (RV) is used instead to avoid a dynamic
panel model. Standard errors are corrected for heteroskedasticity.

To gauge the size of this effect we note that the within-standard deviation of our AT
proxy, after being scaled by 100, is 0.18. Combining this with the coefficient estimates
from Table 3.5 implies that a one standard deviation increase in AT results in quoted
spreads (effective spreads) being lowered by approximately 0.002% (0.001%). On an
absolute level these effects are small. For example, given a hypothetical stock with
an initial price of $100, a one standard deviation increase in AT would reduce the
quoted spread by less than a penny.? These results differ from those in Hendershott
et al. (2011). We attribute this to a combination of the differences in our AT proxies
as well as our inclusion of a more recent sample period. One possible explanation
is that the initial increase in AT during its inception has been far larger in terms of
effects than subsequent increases. For the variance measures, a one standard deviation
increase in our AT proxy results in a decrease in the proportional daily high-low spread
of approximately 0.25% and a decrease in realized variance associated with percentage

log returns of approximately 0.12 (or equivalently a reduction in realized daily volatility

of approximately 0.35%).

From a welfare perspective the magnitude of the effect is important. As mentioned

above and further investigated below, if AT amplifies variation in liquidity this is likely

2It should be noted that this is technically impossible.
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to demand a premium from investors and increase the cost of a capital for firms using
markets in which AT is present. Because of this, any benefits in terms of increased
liquidity on average, needs to be evaluated against the costs associated with increased

variation.

Tables 3.6 through 3.9 present the results when we allow the parameter to jump discretely
over time. The coefficient estimates in Tables 3.6 through 3.9 represent the size of the
estimated jump in the coefficient and a test of its significance, as outlined the previous
section. Figures 4 through 7 plot both the estimated SAW coefficients and the results
from period by period cross-sectional regressions. The effect of AT on our measures of
market quality is stable prior to the 2007-2008 period. Of course, the 2007-2008 period
covers the financial crisis, a time during which liquidity in many markets tightened
substantially. During the financial crisis period we find significant evidence of both

positive and negative jumps in the coefficient on AT.

For the two spread measures we find evidence of two large positive jumps in the coeffi-
cients in April and September/October of 2008 and other smaller jumps around those
two time periods. A positive jump in the coefficient represents a reduction in the benefit
of AT on spreads and potentially a reversal in its effects on spreads. Such is the case for
the two large positive jumps mentioned above. We find that during these two months
increases in AT lead to an increase in spreads and thus transacting in the securities
with high AT is, other things being equal, costlier than in low AT securities. April and
September/October of 2008 represent two particularly volatile periods for equity mar-
kets (and markets in general) in the US. In April markets were still rebounding from
the bailout of Bear Stearns and its eventual sale to JP Morgan. This all occurred dur-
ing a period when the exposure of many banks to US housing markets through various
structured financial products was beginning to be understood by investors. Similarly,
the failure of Lehman Brothers in September was another event that rattled financial
markets. The results for our variance measures are similar, as we also find evidence
of both positive and negative jumps during the 2007-2008 period. Of note is that for
realized variance we find the jumps to be, in general, beneficial for investors. That is,
we find that increases in AT cause a larger reduction in realized variance. Some caution
should be taken with respect to the interpretation of these results due to the fact that
variance is generally found to be strongly autocorrelated. Although we attempt to con-
trol for this using the lagged value of the high-low price range, it is possible the use of

this variable is not sufficient.

A potential explanation for the variation in the marginal effect of AT is the presence
of increased uncertainty. From both a valuation and a regulatory/policy perspective,

the periods following large, unpredictable shocks to asset markets can be associated
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with heightened uncertainty among investors. If investors fear that algorithmic traders
possess an informational advantage then it would be precisely during these periods when
an increase in AT would cause investors to be most at risk. Although a model of the
dynamic effects of AT and uncertainty is beyond the scope of this chapter, the above
results clearly point to a time varying relationship between the effects of AT on various

measures of market quality.

Coef. Z-value p-value
on the difference
from 2003-09-01 to 2008-02-01  6.49e-05 - - -

from 2008-03-01 to 2008-03-01  6.51e-04 1.650 0.0998
from 2008-04-01 to 2008-04-01  4.13e-03 6.420 1.36e-10  ***
from 2008-05-01 to 2008-08-01  7.66e-04 -7.420 1.16e-13  ***
from 2008-09-01 to 2008-10-01  1.03e-03 0.932 0.3510
from 2008-11-01 to 2008-12-01 -1.46e-04 -4.620 3.83e-06 ***

TABLE 3.6: Post-wavelet estimates for the proportional quoted spread.
This table presents the Post-SAW estimates for the parameters and the results of tests for jump
significance for the coefficient of AT when the dependent variable is PQS. The column labeled
estimate is the Post-SAW estimate for the parameter and the Z statistic represents a test of the
significance of the change from the previous time period (set equal to 0 for the first period). All tests
are asymptotic. *** denotes significance at the 0.1% level, ** denotes significance at the 1% level, *
denotes significance at the 5% level and . denotes significance at the 10% level.

The effect of AT on the Proportional Quoted Spread (PQSVW)

Pointwise effect of the algorithmic trading on PQSVW from 2003-08-01 10 2008-12-01
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Ficure 3.3: Time varying effect of algorithmic trading on the proportional quoted
spread.
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Coef. Z-value p-value
on the difference

from 2003-09-01 to 2007-08-01  9.06e-06 - -
from 2007-09-01 to 2007-12-01  6.73e-04 3.750 0.000176  ***
from 2008-01-01 to 2008-02-01  1.35e-04 -2.000 0.045800 *
from 2008-03-01 to 2008-03-01  5.31e-04 1.160 0.248000
from 2008-04-01 to 2008-04-01  4.19e-03 10.700 < 2.2e-16
from 2008-05-01 to 2008-08-01  4.15e-04 -15.600 < 2.2e-16  ***
from 2008-09-01 to 2008-09-01 -1.74e-03 -7.540 4.77e-14  *x*
from 2008-10-01 to 2008-10-01  1.79e-03 11.700 < 2.2e-16 FFX
from 2008-11-01 to 2008-12-01  3.55e-06 -9.610 < 2.2e-16  ***

TABLE 3.7: Post-wavelet estimates for the proportional effective spread.

This table presents the Post-SAW estimates for the parameters and the results of tests for jump
significance for the coefficient of AT when the dependent variable is PES. The column labeled
estimate is the Post-SAW estimate for the parameter and the Z statistic represents a test of the

significance of the change from the previous time period (set equal to 0 for the first period). All tests
are asymptotic. *** denotes significance at the 0.1% level, ** denotes significance at the 1% level, *

betatPES[, 1]

0.004

0.003
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0.001

0.000

-0.001

denotes significance at the 5% level and . denotes significance at the 10% level.
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FIGURE 3.4: Time varying effect of algorithmic trading on the proportional effective
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betat_rng_prc], 1]

Coef. Z-value p-value
on the difference

from 2003-09-01 to 2007-06-01 -0.017100 - - -
from 2007-07-01 to 2007-07-01  -0.048500 -1.08 0.28200
from 2007-08-01 to 2007-08-01 -0.154000 -2.68 0.00745  **
from 2007-09-01 to 2008-08-01 -0.012400 5.23 1.65e-07
from 2008-09-01 to 2008-09-01 -0.107000 -4.40 1.07e-05  ***
from 2008-10-01 to 2008-10-01 -0.000913 4.59 4.33e-06  FH*
from 2008-11-01 to 2008-12-01  -0.021400 -1.60 0.11000

TABLE 3.8: Post-wavelet estimates for the daily high-low price range.

This table presents the Post-SAW estimates for the parameters and the results of tests for jump
significance for the coefficient of AT when the dependent variable is H — L. The column labeled
estimate is the Post-SAW estimate for the parameter and the Z statistic represents a test of the
significance of the change from the previous time period (set equal to 0 for the first period). All tests

are asymptotic. *** denotes significance at the 0.1% level, ** denotes significance at the 1% level, *

denotes significance at the 5% level and . denotes significance at the 10% level.

Pointwise effect of the algorithmic trading on RNG_PRC

The effect of AT on the Price Range (RNG_PRC)
from 2003-08-01 to 2008-12-01

0.05
I

0.00
I

-0.05

-0.10
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positive effects

0.05

-0.10

empirical threshold = 2.49

FIGURE 3.5:
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range.
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Results obtained by using wavelet shrinkage method
on amonthly data stet (T = 64n= 378)

Time varying effect of algorithmic trading on the daily high-low price
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Coef. Z-value p-value
on the difference
from 2003-09-01 to 2008-08-01 -0.008080 -14.20 < 2.2e-16  ***
from 2008-09-01 to 2008-09-01 -0.063100 -5.09 3.57e-07  Fk*
from 2008-10-01 to 2008-10-01  0.000888 5.29 1.21e-07  ***
from 2008-11-01 to 2008-12-01 -0.007830 -1.26 0.208

TABLE 3.9: Post-wavelet estimates for the realized variance.

This table presents the Post-SAW estimates for the parameters and the results of tests for jump
significance for the coefficient of AT when the dependent variable is RV. The column labeled estimate
is the Post-SAW estimate for the parameter and the Z statistic represents a test of the significance of
the change from the previous time period (set equal to 0 for the first period). All tests are asymptotic.
*** denotes significance at the 0.1% level, ** denotes significance at the 1% level, * denotes significance

at the 5% level and . denotes significance at the 10% level.

The effect of AT on the Realized Variance (RV)
Pointwise effect of the algorithmic trading on RV from 2003-08-01 to 2008-12-01
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I
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betat RV, 1
-0.02
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-0.06

T T T T T T TTT
2004 2005 2006 2007 2008 2009 2008-08-01

dates Results obtained by using wavelet shrinkage method
on amonthly data stet (T = 64n= 378)

FI1GURE 3.6: Time varying effect of algorithmic trading on the realized variance.

3.8 Conclusion

This chapter generalizes the special panel model specifications in which the slope param-
eters are either constant over time or extremely time heterogeneous to allow for panel
models with multiple structural changes that occur at unknown date points and may
affect each slope parameter individually. Consistency under weak forms of dependency
and heteroscedasticity in the idiosyncratic errors is established and convergence rates are
derived. Our empirical vehicle for highlighting this new methodology addresses the sta-
bility of the relationship between Algorithmic Trading (AT) and Market Quality (MQ).
We find evidence that the relationship between AT and MQ was disrupted during the
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time between 2007 and 2008. This period coincides with the beginning of the subprime
crisis in the US market and the bankruptcy of the big financial services firm Lehman

Brothers.



Appendix A

Appendix of Chapter 1

A.1 Theoretical Results and Proofs

Before beginning with proofs, we now define these quantities and show how to construct
consistent estimate of the bias term. Following again Bai et al. (2009) we first use kernel
estimators to approximate the long-run covariance matrices of w;;. Estimates of €,
(it and ny are given by the regression residuals €, @-t = AX; and 0y = Aﬁt. For all
h=-T+1,....,T —1and all i = 1,...,n let Tci(h), Tcci(h), Teni(h), Tepi(h) and
fb,i(h) denote the (1 x 1(, (1 xp), (1 xd), (1 x (p+d)) and ((p+d) X (p+d)) empirical
lag h autocovariance matrices of (€, € ¢11), (€it, é@Hh), (€it, Mean), (€its (§{7t+h, Myn)) as
well as (( A;t, ), (Az(,t+hv Mypn))s t=1,...,T. Then define

5 ivd o 8 Jy
Qe = Z W(;)Fe,i(J)a Qep,i Z w(=)lep,i(d)
T—1 ;
My = Z W(;)Fb,i(j)a Qeppi = Qei — /e7b,in_,ilge,b,i’
j=—T+1

AL\ (SIS e & dvw e16
Gei | — [ £ej=0 W)t et _ IND, -10 .
(” >_< T-1 (VP W Ialh) by Qe

1,¢,%

Here, the kernel function w(.) satisfies the following assumption:

Assumption 4. The kernel function w(.):

The kernel function w(.) : R — [—1, 1] satisfies (i) w(0) = 1, w(z) = w(—x), (ii)
1—w(z)
B

fil w(x)?dr < 0o and with Parzen’exponent ¢ € (0,00) such that lim < 00

117
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and liminf(y 7)00 (;255%) > 1; the bandwidth parameter x ~ N° where b €

(— lim inf (105((]\[))) —1).

Qeis Qepis Qir Qeppis AL
Qb7i, de’“ ACGZ and AV]Cl

terms w(ﬁ) .(+) by the corresponding true autocovariance matrices of wy = (g4, ¢}, mt)-

Cei and A i estimate their theoretical analogues €2 ;, {2cp;,

which are defined by replacing in the above equation the

In addition, summation then ranges from —oo to oo (instead of =T+ 1 to T'— 1) and 0

to oo (instead of 0 to T'— 1).

Now define the projection matrices of F° as Mp = Ip — F°(F° F°)~'F° and the scalar
a;i as the element 4,k of the projection matrix Ay = AO(AO/AO)*lAOI. Corresponding

estimates M, r and a;, are obtained by replacing F° and A° by F and A. Then let

N N
* 1 * > 7 1 AT ~
Zi = MpX] - > MpXjaiy, Zi=MpX;— N > MpXjai
j=1 j=1

Conditional on F°, the bias term ¢ is then given by

1 X 1
:<NTQZ;ZiZi> NZ@,

0i = Z;(Ab)Q, [ Qepi + AL, — AT

N
7 * 1 * o o’ o\ —1 70’
Ab; = (AX; _NE AXGaj, AF°), 6= (F F°)'F°X;,
=1

and a consistent estimator can be determined by

- 1 & RS

onT = (NT2 > Z) N2
i=1 i=1

0 = Z,(8b)Q, [ Qepi + AL = FAT

Conditional on F°, Bai et al. (2009) show that there exists random matrices Ry,

defined as conditional expectations of integrated Brownian motions with individually
N /
Dim1 Zily =

different covariance structure, such that as (N,7T) — oo we have Néﬂ

limy oo % ZZ]\L 1 Rci. The covariance matrix ¥, is then defined by

-1 N N -1
o1 1
ZF(J&;H;ONZR&> (&;H;ONZer»fROi) (&%NZ“RC» A

=1
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Bai et al. (2009) do not propose an estimator of ¥.. However, following their arguments

it is straightforward to show that a consistent estimate of the covariance matrix Y. is

given by
1 Y oy - -
o (w5 4s) ket (eson)

We then obtain the following proposition:

Proposition A.1. Under Assumptions 1-3, we have, as (N,T) — oo,
V2 (VNT(3(d) - 5°) = VN6 ) =5 N(0, ),

where B(d) is the iterative least squares estimator obtained after transforming Model
(1.17) by using T (.).

Proof of A.1: Let Zz = ]/\IFXi—% Zjvzl ]\/IFXjaij. In view of Proposition 4 and Lemma,
A.2 of Bai et al. (2009) we only have to show that SN Z,Z; and ﬁ SN Zie;
have the same limit distributions as %Z;Zi and ﬁ Zf\il Z;Q- Note that X;; — X, =
Xig—1 — X[y 1 + (Eszl Sik(Cre — ¢2)) is also an I(1)-process. But the innovations
(Zszl Sir (Gt — C,gt)) are averages over my, individuals and hence varc((2£{:1 Sir (Gt —
Clgt)) < M;i/N, where M; < oo is some constant independent of i,¢. Therefore, as
(N,T) = 00 ke 524 ZiZ) — s SN0 27, = Op(N~1/2). Our assumptions imply
that conditional on {7} the random variables ¢}, and ;; are independent. Consequently,

as (N,T) — oo, we have L= 35%, Z/(353, duen) = Siy(Tag Sivr 0nZi)er =
op(1) as well as ﬁ SN (Z,—Z))e; = op(1). One can conclude that ﬁ SN Ze =

ﬁ Zfil Ziei + 0,(1). The proposition is an immediate consequence. [J

Corollary A.2. Under Assumptions 1-4, we have, as (N,T) — oo,
. 1~ 2\ d
./ <¢NT((B<d> - Tm) -8 >) —= N(0, 1),

where B (d) is the iterative least squares estimator obtained after using the transformation

operator T(.) and ¢ is estimated as above.

Proof of Corollary A.2: Corollary 1 follows from a straightforward generalization
of the arguments used in the proof of Theorem 2 in Bai et al. (2009). Note that, all
additional terms induced by the differences X}, — X;; and €;; — €;; are asymptotically

negligible. [J
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The main difference between our approach and the methodology of Bai et al. (2009) con-
sists in the fact that our estimation procedure directly incorporates a dimension estimate.
Our final estimator 3 EupBC = 3 (czEup) — %(E NT, thus, relies on the estimated dimension
ciEup. The following theorem shows that with high probability a?Eup will asymptotically
coincide with the true dimension d. The asymptotic distributions derived in Corollary
1 thus remain valid when replacing d by d Eup- Furthermore, the final estimator ﬁEupBo

yields a consistent estimator of the true factor structure (up to rotations).
Theorem A.3. Under assumptions 1-3, we have, as (N,T) — oo,

a) P(ciEup =d) — 1, if the starting estimate dyar > d and g is of the form g = cpnr
such that (i) ¢ = Op(1) and strict positive, (i) pnT — 00, and (iii) %p]\m —
0,

b) with the additional Assumption 4,

SV2VNT (Beupse — 8°) 5 N(0,1,),

¢) and for some (d x d) invertible matriz H,

1

T

1 ~ . 1

= Frupnos — FPHI? = Op(+) + Op ()
t=1

Proof of Theorem A.3: Assertion a). We can infer from the theoretical results of Bai

et al. (2009) that
1 N T R
7 D0 D (Y = Vauld)? = Op(1), (A-2)

i=1 t=1

where Yit(d) denotes the fitted variable for the true dimension d.

Since our estimates are obtained by minimizing least squares objective function, we have,
Vie{d+1,d+2,...,dnas},

1 N T . 1 N T A ,
7 2 2 Y = Ya0)* < 55 D7 Y~ (Vie = Yield))® = Op(1). (A.3)

i=1 t=1 i=1 t=1

On the other hand, straightforward generalization of the arguments of Bai (2004) shows
that, vl € {0,...,d — 1},

Yiu(d))? = Op(T/loglog(T)).  (A4)

Mﬂ

1 1 &

i=1 t=1 =1

-
I

1

Note that (A.4) is strict positive.
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By construction of the estimation algorithm, we know that the number of outer iterations

T 18 maximal dyq. 41, where d,,q, is larger than d. To prove that lim( N,T)—s00 P (d Eup =

d) = 1, we use inductive reasoning and show that, for all outer iterationsr € {1,..., rm\cz(rm) =
d\(7‘7n_1)}’

Hm(n 7y 00 P(AY = d|dimas > d) = 1, and

limy 7y 00 P(a?(” =d) = 1, re{2,.. .,rm\cz(rm) = (f(“"_l)},

as long as g satisfies Conditions (i) — (47).

First of all, we show that the optimal dimension d™® obtained by using the stating scaling

coefficient 62 (dyae) = ﬁ ZtT:1(Yit - f’it(dmaz))z in g is consistent.
According to (A.3), 62(dmaz) = Op(1).

Since

N T N T
1 N 1 .
S (1) = 87 (d) = 5 30 Y- (Vie = Yae D) = 577 D D (Yar = Yu(d)” + (1 = d)g™,

i=1 t=1 i=1 t=1

where g = 62(dymaz)pPNT Such that pyr — oo and %p]\@ — 0, as (N, T) — o0

we can conclude from (A.3) and (A.4) that

lim  P(SV(1) — 5{V(d) > 0) =0V € {0,. .., dmaall # d}.
(N, T)—o0

Because d) is the minimizer of Sﬁ(tl)(l), it follows that

li PdY =d) =1. A5
i ( ) (A.5)

At the outer iteration stage r + 1, the law of total probability implies

iy 7y 00 (A7) = d) zlmmjhm(mﬂwﬂzaﬂﬂzapumzd)
+P@Wﬂzﬂﬂﬂ¢@P@ﬂ¢@)

To complete the proof, we have, therefore, to verify that

lim P =qd|d") =d)=1, for r=2,...,7m. (A.6)
(N, T)—o00
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According to (A.3), we have, for d) = d, 62(d™)) = Op(1). From (A.3) and (A.4), we

can conclude that

ol Py = 8T (d) > 0) = 0V € {0, ..., dmazll # d},

with ¢ = 62(J(T))pNT, and hence

lim P =d|d") =d)=1, for r=2,...,7m.
(N, T)—o0

Induction implies

lim P =d|d" =d)= lim P =d)=1, for r=2,... .
(N,T)—o00 (N,T)—00

Assertion a) is an immediate consequence.
Now, we have
.12 (VNT (Bowppe(dsa) = 8)) = 22 (VNT(Bowno(d) - B))

+x;2 (mT(BCUPBC(JEuP) - BC“T’BC(d))

=x;1/2 (mT(BCupBC(d) - 5)) +op(1).

By Corollary 1, Assertion b) is, hence, an immediate consequence. Assertion c) follows

from Assertion a) and Proposition 5 of Bai et al. (2009). O
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Appendix of Chapter 3

B.1 Proofs of Section 3.2

Lemma B.1. Let T = 27! for some integer L > 2 and 8 = (B4, . . . ,ﬂT)/ e RT a vector
that possesses exactly one jump at T € {1,...,T} such that

5 = Br for te{l,...,7}
b Bri1 # By for te{r+1,...,T}

Let wy,(t) be defined as (3.8) and hy(t) as (3.9), where a1.1, a2p—1 and a; 2y, are positive
real values for alll € {1,...,L}, and k € {1,...,K;}. There then exists unique l; non-
zero coefficients {by, |l < L}, where k; € {1,..., K}, such that

I
Br="> wi (t)big,-
=1

Proof of Lemma B.1: To prove the proposition, we show that S; can be reconstructed
by using at most L wavelet basis if it processes exactly one jump, say at 7 € {1,...,T}.

To simplify the exposition, we re-define the wavelet basis wy ;(t), for [ > 1 as follows:

wy k(1) = a7 0517 op—1(t) — af oxh] 21 (1),

where
. 1 for te{Fk-1)+1),..., (25" k)}
hip(t) =
0 else.

This is equivalent to (3.8). The unique difference is that the coefficients a;,;,_, and a}
are scaled by V2! in order to simplify the construction of hzk(t) and let it be either 1 or
0.

123
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Note that by construction, there exists a unique I, € {2,...,L} and a unique k; €
{1,...,2772} such that

—_ * _ *
wy, g, (T) = af o, —1 and  wpp, (t1+1) = —aj o, -

Moreover, there exists in each level [ € {1,...,L|l < [;} at most one basis wy, (t) that

satisfies the following condition:
wik, (1) = wy g, (T + 1) # 0.
Define the time interval Z;, for each [ = 1, ..., [, as follows:
Iy ={te{l,..., T} w/(t) #0}.

such that

Ir
Uz={...1
=1

and
IZTCIZT_1C"'CIQ §I1:{1,...,T}.

We now begin with the thinnest interval Z;, that contains the jump. Define

Br=B if t<tandteZn{tft<7}
Bt(m =9 Be=0m i t>r7andteZ,; N{tlt >1}

0 else.

Because 8, # fr4+1 and a;‘T ok —1> aZ‘T ok > 0, there exists a non-zero coeflicient blT,le =
Br=Br+1 and a constant B(7) £ {8, 8,41} such that

a;y +af
Lr,2ky =17 Hp 2k

Br = 5”7—) + a?ﬁle _lblﬁle if t<rtandtel
/8T+1 = B(IT) - a;if'kaZ blT,le if t> and t € Z;; (Bl)

0 else.

Ly

o~
~—

B

Using the definition of wy(t), we can rewrite (B.1) as

g — By =B tw g, b, if tETL,
! 0 else.
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Consider the second thinnest interval Z; . Let

By if te Il7_1 \Il,.
(-1 _ ] gl g tel,

0 else.

Note that j; is constant over Z;_, \ Z; ; it can be either 8; or fr41. Now, because
BUr) £ LB, Br41}, we can determine a second unique non-zero coefficient b, 1k, _, and

a second unique constant S¢7-1) £ {8, 3,1} such that

Bl fwy, gy (Db, 1k, = B if tel, \L.
-1 .
Bt( = ﬁ(lTﬂ) + wlT—l,le—1(t)blf—l,sz—l = B(ZT) if tel,

0 else.

Because wy, r, (t) = 0 for all t ¢ 7,
both sides, gives

and all t € Il_Hl \IZT, adding Wi, k. (t)bl,kz on

T—1

Betwi, g, Wbk, i tel, \1L,
I— :
515 Y + Wi, Ky ()buk, = 6(ZT) + Wik, Obrg, if ted,

0 else.

Moreover, because BU) + wy, g, (t)big, = B for all t € Tj_, we can write

(=1 4 ()brgy = pl1) + Zi;lT—l wy g, (Wb, = B if tel,
¢ T ™ 0 else.

Replacing ﬁgtﬁl) by ﬁt(tfd) and proceeding with the recursion until 5,5177[), for [ €
{2,...,1+}, we end up with

B0 + Zif:lf—z Wk, (D)bs ke, = Br i tedi,—
0 else.
(B.3)

where S(=1 is constant over Z;_—;. Finally, from (B.3), we can infer that, for all
tEIlz{l,...,T},

(lr=10) _
t _’_wlT—l—Fl,le_H,l (t)blT—l—l-l,le_H,l -

I
Be=BY+ Y ww Oy, VEe{l,...,T}.
=2
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Because 31 is a constant and w1 (t) = aj; # 0, V¢ € {1,...,T}, we can express f; in

terms of [, < L basis such that

lr
B = Z Wy k, (t)bl,k’z Vit € {1, ce
=1

This completes the proof. [J

Proof of Proposition 3.1: To prove the assertion, we expand the original vector in

a series of S vectors so that each new vector contains only one jump, and make use of

Proposition B.1. Let 8 be a T' x 1 vector such that

A
o

B

B‘I‘1+1

Br,

572-1—1

5Ts+1

Br

B
By

By
Br

Br,
Brs

IBTS-H

/8T5+1
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where {75 € {1,...,T}|m1 < ... < 7g}. We can transform /3 in a series of S + 1 Vectors,

Borys--- ,BTS as follows:
BT1 BTl _/87'2 57’5_1 _/BTS BTS
67‘1 BTl - 67‘2 67‘5_1 - /BTS BTS
57'2 0 5’7‘571 - /87'5 57’5
ﬁ‘l‘z _ 0 +..+ 57’5_1 _/BTS + 67‘5 ’
573 0 67571 - ﬁTs BTS
Brs 0 0 Brs
5Ts+1 0 0 B75+1
5Ts+1 0 0 BTSH
ﬁ B’fl BTS BTS+1

so that each new vector processes exactly one jump (except BTS 41, Which is constant

over all). From Proposition B.1, we know that each vector 3, , s = 1,...,5, processes

a unique expansion of the form

L K

BTS = Z Z wlkbl(li)

=1 k=1

with at most L non-zero coefficients in {bl(;z)}l:l,...,L;k:l,...,Kla where

The fact that 8 = Zfill B completes the proof. O

Ts

Proposition B.2. If a11,a;2k—1 and a; o are chosen for each 1 € {1,...,L} and k €
{1,...,K;} such that

(Z) a?,?k—ln% Z?:l 23:1 X’itZ’ith'l2,2k—l(t) + a12,2k7%T Z?:l ZzT:1 XitZithlz,zk (t) =1,
(1) arok—17 Yory Sty Xt Zithi ox1 (t) — aron g Sory Sopy XitZithiop(t) =0

(iii) a} -t Sr S XuZi =1
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then (a) and (b) are satisfied for all LI e {1,...,L}, k,e {1,...,K;}, and ke
{1, Kyl #£1Y, or kK e {1,.. . K|k #k;1=1}.

Proof of Proposition B.2: To prove that (i) — (¢i7) imply the orthonormality Con-
ditions (a) and (b), for all 1,1 € {1,...,L}, k € {1,..., K}, and k' € {1,..., K}, it is
sufficient to verify the following three statements:

(S.1): condition (b) holds if { =" and k" # k.

(S.2): condition (b) holds if (i) is satisfied for all I’ < I, and

(S.3): condition (a) holds if (i) and (iii) are satisfied for all (I, k) = (I', k).
Before checking S5.1-S.3, we begin with examining the product 2y uXy v ;- If (I, k) #

('K,

ZikitXy i = Ltk Ly
Xt Ziy (wik(H)wy (1))
= XiuZi (ar26—1M,26—1(t) — ar2xhi2n(t)) (al’,Qk'—lhl,%'—l(t) —ay gy oy (75)>
= XuZy (az,%—lal/,gk/,lhl,zk—l(t)hl',%ul(t) — a2k-10y op hu2k—1()hy o1 (1)
_amkaﬂ,2k’71h172k(t)hl',2k'71(t) + Qi 2kay o hh%(t)hz’,zk’ (t))

If (I,k) = (I, k),

ZiraXina = XiZi (wip(t))?
= XiZu (aron—1hiop—1(t) — agophyon(t))?

= XuZit | af o100 (8) + af o7 o (8) — 2a1, 2610125 P oge—1 () ha 21, ()

0
= XuZi (al2,2k71h12,2k—1(t) + a12,2kh12,2k(75)> ;
(B.4)

The product hox—1(t)hi 2k (t) (in the third line) is zero because hy ok (t) = 0, for all ¢ €
{(@k =227 +1) .., ((2k = 12570}, hygr—1(t) = 0, forall t € {((2k — 1)2571 +1) ..., (2k2571)}
and both hy ok (t) = hy2x—1(t) = 0 else.

Consider (S.1). If [ =1', and k' # k, we have, for all t € {1,...,T},

ZieitXy g = ZuXit | aron-10y 97 1 hiok—1(8)hy o 1 (1) —ar,26-10; 957 Tu2k-1(8) Py o4 (1)

=0 =0

a2k o) 1 hl,2k(t)hl,2k;’—1(t) +ar2ka; oy hl,2k(t)hl,2k’ (t)

=0 =0
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This implies (b), for all I, € {2,...,L{l =1'} and k,k € {1,...,2' 2|k # k}.
Consider (S.2). If I' < I, we have by construction either

ZkitXy 0 = ZaXaay gy o (8) (ar2k—1hi2k—1(t) — ar2khi2e(t))
= ay gy (ZitXital,%—lhl,Qk—l(t)hl’gk’ (t) = ZiXirar 2ih,26 () by o3 (t))

or

ZigitXy o = ZuXaay o by g1 (8) (ar26—1P026—1(8) — ar26hi, 2k (1))
= g (Zz‘th‘tCLl,quhl,%q(t)hlggk/_l(t) - Zith‘taz,%hz,zk(t)hlggk'_l(t),)

If By gy (t) = V2L, then hy 1 (t) = 0 and if by 1 (t) = V2!, then Ry 4 (t) = 0,

otherwise both hy o,/ (t) and hy o, (t) are zeros. Thus condition (ii) ensures (b).

Consider (S.3). From (B.4), we can easily verify that (a) is a direct result of (7) for all
le{2,...,L}and k€ {1,...,K;}.00

B.2 Proofs of Section 3.3

Proof of Lemma 3.4: The IV estimator of our (modified) wavelets coefficients is

given by

1
n(T

)

-

Zikit pAYit s

|
—_

L K P

Ziitp(O_D D Zikitgbikg + Deir),

=1 k=1 ¢=1
n T

P
= bigp+ n(Tl—l) Z Z Z Zik, it pAeit.

i=1 t=2 ¢g=1

1
n(T —1)

M- 1
RN

)

Il
—
Il
)

t
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The last equality is due to the orthonormality conditions (A) and (B). Subtracting by,
from both sides and multiplying by /n(T — 1), we get, for [ > 1,

\% n(T - 1)(l~)l,k,p - bl,k,p) = \/7_1 Z Z Z Zi; Jit qu’Lta

21t2q1

— \/7 Z Z Z Wik pq(t) Zit g Aeit,

zlt2q1

= \/7 Z Z Z Ay 2k pghi 2k (t) Zit g Aeit

zlt2q1

n

\/7222141 2k— 1,pth 2k— 1() it,quz‘t,

i=1 t=2 g=1
P

= \/W Z Al 2k,pq Z Z Zit,quit
i=1 te{h 2k (t)#0}

i=1 te{hy 2r—1(¢)#0}

where Wip pq(t) and Ay, pq are the (p,q)- elements of the matrices W (t) and Ay ,y,

respectively. and, for [ =1,

m(gl,lm — bl,l,p) = \/7 ZAl,l,quZZzt qu’Lt

i=1 t=2

By Assumption B.(i), we know that E.(Z;Ae;;) = 0, for all ¢ and ¢. The law of total

expectation implies

E(V/n(T = 1)(bigp — bigp)) =0,
for all [ and k. The total variance, for [ > 1, can be written as
Yikp = E((\/m(gl kp — Dip))?),

P n
= F (2L -1 _ Z AZ,Qk,qul,Qk,pr Z Z Zit,qus,rEc(AeitAejs)

—1 ij=1t.scH
1
+FE TI,(QLT Z A 2k— 1qul 2k—1,pr Z Z Zit qZ]s rEe (AeztAejs) s
gr=1 i,j=1t,s€H

= g1+ Ik,
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where Zq =1 2 j=1 and 3=, .z denote the double summations ZqB=1 ZqB:I PRS-
and Dy (11, 5, (1)£0} 2ose{H; o1(s)£0}> Tespectively.

Forl =1,
S1ap = E((Vn(T = 1)(b11p — b11,))?)
P 1 n T
= F Z mAl,l,quLl,pr Z Z ZitgZjsr Ec(AeirAejs)
q,r=1 i,j=11,5s=2

By using Assumption C, we can infer

Hl,k,l = F (2L -1 _ § Ay 2k,qul2k,pr § § Zth js,r0ijts | »
qr 1 i,j=1t,seH

< E W Z A1k, pg At 2k pr Z Z ZitaZjsrloijasl |

q,r=1 i,j=1t,seH

k2 = ol —1—-1 a4\ 2k—1 2k—1,pr zt,q 7s,r|94j,ts )
1I; . < F (2L 1 Al k_ qul k—1,p Z; |0’ | and
QJ‘ 1 i,j=1t,s€eH

i n T
) P
iap < FE n2E=1) Y AvipgAripr Y Y ZingZisr|oijsl
q,r=1

i,j=1t,5=2

Because E(||A4;2¢||*) and E(||4;2x-1]|*) are bounded uniformly in I, k, and E(]|Z|[*),

and |05 is bounded uniformly in 4, j, ¢, s (see Assumptions B and C), we can easily

show (by Cauchy-Schwarz inequality) that ¥;;, < M is bounded uniformly in [, &, p.

Using Assumption B(iii), we can write

~ 1 C
P (‘bl,k,p - bl,k,p‘ > ]\J2 TL(]“_]_))

IN

_1 -
P <2l,k2,p n(T —1) ‘bl,k,p - bl,k,p‘ > C) )

2
< cew(-5) (B5)

Using Boole’s inequality and (B.5), we get

P Sup‘blk blk ‘>M%¥ < ZP ’Blk — bk ’>M%¥
l, Y 4 P n(T _ 1) — Lk,p SR sR,p n(T — 1) Y
1 2
< (@D en(-3),

where >, ; . denotes the triple summation SE Zf:’ 1 521. The assertion of the the-

orem follows by replacing ¢ with \/2log((T — 1)P)c* for any ¢* > 0. [J
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Proof of Theorem 3.5: We have first to prove that (i) : sup; [Jp — Yep| = 0p(1)
forall pe {1,...,P} if VT — 1N\, 7 — 0, as n,T — oo or n — oo and T is fixed, and
then conclude that (ii) : +5 Zthg [15: — |2 = Op((log(T — 1)/n)F), if VT — 1\, 1 ~
(log(T — 1)/n)"/?, for k €]0, 1].

By construction,

P L K P L K
Vep — Vp = Z Z Wik (b1 kg — Z Z Wik pg ()01 kg (B.6)
a=11=1 k=1 a=1 =1 k=1
where
bikg = bikg—Oikg(Dirgl < Ant)- (B.7)
and
Wik pg(t) = Aok pg(t)Hi 2k (t) — A 2k—1.pq(t) Hi2k-1(1), (B.8)

= V2172 A g gl (Hi 2k (t) # 0) = V2172 A) g1 pg X (Hi k-1 (2) # 0).
Plugging (B.7) and (B.8) in (B.6) and using the absolute value inequality, we get

K;

> V22 Ay U Hi b () 7 0)(Bieg — big)]
=1 k=1

K;

Z V22| Ay o pg L (H 26 (1) 7 0)b11e g1 (1bikg| < An,)]

NE
M=

|’~Yt,p - ’Yt,p|

[y
~
[y

q=

-
Mh WMh

P K

+ Z Z V22| Ag g1 pg X (Hi -1 () # 0) By pg — Digeg)|
g=11=1 k=1
P L

+ZZZ V22 Ay o pgL(Hy 2k —1(t) 7 0)by g X(|b1 kg < A7)l
q=11=1k

= a+b+c—|—d.
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Because by g pX(|bikpl < Ana) < Anz and [birp — bikpl < suppg, [bikp — bigy| for all

p€{l,..., P}, we can write

P L K
a < suplbirp = burpl DD > 1ALk pgV 2 2I(Hyk(t) # 0)],
Lk.p q=11=1 k=1
P L K
bo< A D DD [Auakpg V2 2I(Higi(t) # 0)),
a=11=1 k=1
P L K
¢ < suplbirp — bigpl DD | As o 1,pq V2 21(H 01 () # 0)], and
Lkp g=11=1 k=1
P L K
d < Az Y DD | Aik1pgV22I(Higp1 (t) # 0)].
g=11=1 k=1

By Assumption B, E(||A;2||*) and E(]|A;2k—1||*) are bounded uniformly in [ and k.
We can deduce that

P L K L K
SN Aakpg VIR Higr(t) #0)] = 0p(1) YN [V2I-20I(Hy 4 (t) # 0)] and
11=1 k=1 =1 k=1

=

l

M= 5

>

q=11

L K
At 2k—1,pgV2I2L(Hyg-1 (1) # 0)| = Op(1) Y Y [V2I-2I(Hygpa (1) # 0)]-
=1 k=1

1

=
—_

Moreover, from the construction of Hjox(t) and Hjor—1(t), we can easily verify that

L K L
SHPZZWIHI% 1 )#O)ZZVW—?:O(\/F):O( T—1)
=1 k=1 =1

By Lemma 3.4, we can infer that

stup Ytp — yepl = sup ’Bl,k,p —bigpl X Op(VT = 1) + Apr X Op(VT = 1),
7p

L,k,p

= Oy log(Tn_l) + VT =1 7). (B.9)

Assertion (i) follows immediately if 1" — 1\, 7 — 0 with log(T' —1)/n — 0, as n, T —

Q.

Consider Assertion (ii). Let £, := {(l, k)|b; , = 0} denote the set of double indexes cor-
responding to the non-zero true wavelet coefficients so that v, = quzl SE ZkK:ll Wi k.pq(8)1 kg
can be written as

P
Z Z VVUC:P(] (t)bl,k,zp

1(Lk)eL,
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- P L K ;
and ip = ZZ=1 D121 2k Wikpg(8)bi g g as

V.p
a=1 (Lk)eL,

The difference, can be written as

Ytp — Mt

q=1 (I,k)eLy

Averaging the square, we get

~
—

—_

(:Yt,p - %,p)Q

N~
|
—
~+
[|
[\

Z Z Wik pq (%)

(b kg —

i Mm

P P
:Z Z Wlk,pq(t)i)l,k,q_'_z Z VVlk,pq(t)i)l,k,Q'

q=1 (1,k)¢Lp

P
bik,qg) + Z Z Wik pg (1) b1.1.q-
a=1 (L,k)¢Ly

2

P
Z Z I/Vlkpq )(bl kg — bl k‘,q)

q=1

(I,k)eLy
2

Z Wflk,pq(t)i)l,k,q
(Lk)¢L

t=2 \¢g=1
1 T-1 [ P
_ﬁz D D Wikpg()(bukg = bikg) |
t=2 \g=1 (I,k)eL,

Wlk,pq(t)bl kaq |
=1 (LKL
T-1 T-1 T—1
1 , 1 , 1
T DIL R e DIt s LI
t=2 t=2 t=2

From the analysis of assertion (i), we can see that

er = sup by — birplOp
Lk,p

log(T — 1)

= O 4N

p( n(T—l)

and
fi = sup  |bap|Op(1
(L,k)ELp,p

q=1 (I,k)eLy

k)eL

P

Z V2ITII(Hy o1 (t) # 1; Hyox(t) # 1)

V2ITII(Hy o1 (t) # 1; Hyow(t) # 1),

) ST VIEII(Hyg () # 13 Hyok(t) # 1),

q=1(L,k)eL,
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Using Cauchy-Schwarz inequality to (ZqB:1 DoUk)EL, V2T (Hyop—1(t) # 1; Hyor(t) #

1))? over (I, k), we can infer that

P
lo — _
ej < Op(L Z Z 2" (H) o1 (t) # 15 Hyo(t) # 1),

(T q=1 (Lk)eLp

and

| T2

—— Y f} < ( sup |biggp))?Op(T —1).
r—1 tz; ke, 0T

If VT — 1\ 7 ~ (log(T — 1)/n)*/2, then plim (1 Z?;; f?) =0 as T and\or n pass to
infinity, for any  €]0, 1[.

Let us now examine the average of e? over t. If, in total, the maximal number of jumps
is S* = ZPB Sp, then by Proposition 3.1 the number of non-zero coefficients is at most

(S* 4+ 1)L. By taking the average of 7 over ¢, we can hence infer that

T-1
> < op(bngg—_llf + A2 7) (min{(S” + 1) log(T — 1),(T — 1)}).
t=2

F mally, because plim (7= T Zt 5 [#) = 0, by Cauchy-Schwarz inequality, we can infer

that ﬁ thz e+ fr also can be neglected. Thus

=
L

g 3 o = ua)? = 0BT

I
)

where J* = min{(S* + 1)log(T' — 1), (T'— 1)}. This completes the proof. [J

B.3 Proofs of Section 3.4

Proof of Lemma 3.6: We have to show that

sup C(L k)’p—cL k)’p = (\/log (n(T — 1))),
k,pe{1,...,P}

for m = s, u.
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For p € {1,..., P} and m = s, we have by construction
. I
Fh ~lky = 7o 2 Pt~ Dlies =)

= 7Z¢Lk t—l ZVVlmpq blmq bl,m,q)7

l,m,q
1 -
= — Z ¢L7k(t -1) Z ‘/Vl,m,p,q(t)(bhmq - blvqu%
te{yr k(t—1)7#0} lim,g
. . L K, yad
where >, . denotes the triple summation » ;~ > 0 > .
Taking the absolute value, we obtain
- ~ 1
&=l < sup by, - bl > YLt —1) > Wimpa(t)]-
L te{bru(t-1)#0} Lim.g

Recall that ﬁ Zte{sz L (t—1)£0} Ykt —1)? = 1. By using Cauchy-Schwarz inequality,

we can easily verify that

% Z wL’k(t -1 Z I/Vl’m’p’q(t) < % Z <Z Wl,m,p,q(t»

te{wr x(t—1)#£0} lim,g te{vr k(t—-1)#0} I,m,q

Because the support of ¢z, ;(t — 1) is of length 2 (3°, I(t € {¢rx(t —1) #0}) =2), by
using a similar analysis to that used in the proof of Theorem 3.5, we can easily verify

that the term in the last inequality is O,(1). By Lemma 3.4, we can hence infer that

~(Ls)k,p C(LS,)k,p! < lsgplgz,k,p b1 plOp(1) = Op(\/log(T — 1) /n(T — 1)).
77p

The proof of supy, ., \E(Luzc - c(LuLp\ being O, (1/log(T — 1)/n(T — 1)) is similar and thus
omitted. U

Proof of Theorem 3.7: To prove the assertion, we show, in a first part, that asymp-
totically no jump can be detected in the stability intervals if A, r satisfies Condition c.1.
In a second part, we show that all existing jumps must be asymptotically identified if

An,1 satisfies Condition c.2.

1/2
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We begin with defining the following sets for each p € {1,..., P}:

Tp = {1mip, ... ,Tgp,p},
Ty = {1,...,T}\ Jp,
Tp = {2,4,...,T—1}ﬂjp,

J, = {3,5,.... Tt NI,
Ty = {2,4,...,T —1}\ T, and
JS = {3,5...,TI\J,.

Here, J, is the set of all jump locations for parameter 3, J; is its complement, which
contains only the stability intervals, 7, is the set of all even jump locations and J. » is
the set of all odd jump locations so that J, N Qp =0 and J, U lp = Jp. Finally, the

sets 7; and J ; define the complements of 7p and J » respectively.

Define the event

5w 3(5)
Wn,T = sup ABM I + |[ABY) T 7c} = 0},
{tejg,pe{l,...,P}{| o Tp Ay ip} }

where Iz =1(t € 7;), Ij; =1(t € J;) and I(.) is the indicator function.
; J

To prove that no jump can be identified in the stability intervals, we have to show, that

P(wnr) — 1, if lgg(g;_jl)) An, 7w — 00, as n, T — oo or as n — oo and T is fixed. Note

that 7; and J7 are adjacent.

Let’s now start with the no-jump case in 7; By construction, we have, for all ¢t €
{2,4,...,T — 1},

K,
Aﬁt(j;) => AwL,k(wégL,p
k=1

Recall that at I = L, the construction of the wavelets basis implies that at each ¢t €
{2,4,...,T — 1} there is only one differenced basis Aty ;(t) that is not zero. Let
Ky = {klAYri(t) #0,t € 7;} = {k|AvYri(t —1) # 0, t € J7}. We can infer that

{Supt€7; ]Zf:ﬂ Az/JL’k(t)é(L%’p\ = 0} occurs only if {SqueICg |c(£3€7p| = 0} occurs.

By analogy, we can show the same assertion for the complement set J' ;, i.e., {sup;c 7e |Aﬁt(“;)\ =
717 ).

0} occurs only if {supke,cg |é§-f)kp| = 0} occurs.

To study P(wy 1), it is hence sufficient to study

P( sup \é(LWQp\ =0) = P( sup |5(LT:2p| < An,T)-
kekg,m,pe{1,...,P} kekcg,m,pe{l,...,P}
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By Lemma 3.6, supyeice m,pe(1,....P} \E(ﬁg’p| = Op(/1og(T —1)/n(T — 1)), since c(ﬁg’p =
0, for all k € K5, and p € {1,..., P}. Thus, if %)\n,'f — 00, as n,T — oo or

n — oo and T is fixed, then P(w, 1) — 1.

To complete the proof and demonstrate that all true jumps will be asymptotically iden-
tified, we suppose that there exists a jump location 7;, € 7p UuJ » for at least one
p € {1,..., P} that is not detected and show the contradiction. If 7;,, € 7, then

AB) LTz +]ABY) Ty = |ABLY

Tj,pP!"

Tj,psP

Adding and subtracting Aﬁ%fl,m we get

Ky,
TipP Z Ad]L,k(T]}P)(cgu;cp - CL k p Z Al/JL k T],p) (L?c I(é(Lu}q,p < )‘n,T)

ABW
=
+ 3 ALkl
k=1
= T+II+1II

By Lemma 3.6, I = o0,(1), I = 0p(1) as long as /T — 1\, 7 — 0, and III # 0 because
Zk L A g(t )cL kp AﬁTJ »p 7 0. The probability of getting AﬁTJ »p = 0 converges

hence to zero.

If 5, € T then

|A6$?;,p’1 + ’AIBT pp‘Ij = ’AIBT] P!

The prove is similar to the case of 7, € J, and thus omitted. This completes the proof.
O

Proof of Theorem 3.8: Recall that the post-Wavelet estimator is obtained by
replacing the set of the true jump locations 711,...,7s,41,1,---,T1,Ps---,TSp41,P iD
B(T) = (Bn,p e 7B‘rsl+1,17 cel BTLP, - ,BTSPJFLP), by the estimated jump locations 7 :=
{Tipli € {1,...,8+1}, pe{l,...,P}}, given Sy =51,..., S'p = S,. By using Theorem

3.7, we can infer that, conditional on S; = S, ..., Sp = 5p,

*\xwh—t

VT2 By = VAT By + 0(1).
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A~ A~

1 1
To study the asymptotic distribution of \/77’722) B(#) it is hence sufficient to study \/ﬁ’ﬁj) B(r)

n T
/B(T) = Z Z Zzt AX Z Z Zzt, Ayzt
=1 t=2 =1 t=2
n T ) L n T
Biry + ( Z Z Zit,(f)AXz‘t,(T)) ( Z Z Z’it,(‘r)Aéit)~
i=1 t=2 i=1 t=2
Scaling by \/ﬁﬁé) and rearranging, we get
I n T ¥ -1 1 n T
\/’717272') (6(%) B B(T)) = ( nTT - Z Z Zit,(T)AXit7(7-)) ( 2 Z Zz‘t7(7—)Aéit> .
i=1 t=2 i=1 t=2

By Assumption E, the first term on the right hand side converges in probability to QE’T)

and the second term converges in distribution to N (0, V(‘;)) Slutsky’s rule implies

ViTE (Bm—ﬁ )N, (Q) T (VE (@),

It follows

VAT (B = Bey) = VAT (Biry = Bioy) + 0pl(1) 5 N(0, Q)™ (Vi) (@4) 7 1)-

This completes the Proof. [J

Proof of Proposition 3.9 Consider ¢ = 1 (the case of homoscedasticity without pres-

ence of auto- and cross-section correlation). Because by Assumption E, we know that

T

)_1 Z Z ZZt,(T)AX;t7(7') £> Q(()T) and
=11

=2

T n T

YD QZzt, jsi(n)iits = Vi,

i=1 t=2 j=1 s=

it suffices to prove that
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where VY = = (nTr) P>, S, ZZ-t(T)Z;t’(T)oQ, with 02 = E.(Aéy).

(1)

n T
‘7((7‘1)) - V(f)) - Z Z A&, —o®)(nTim) Z Z Zit,(7) Z;tv(ﬂ’

i=1 t=2 i=1 =2
n T
= —|—02 ((n'T(;))_lZZZZ‘L(%)Z,@(;) 12 t T) it (’7’))
i=1 t=2 =1 t=2

= a+0b.

From Assumption B(ii), we can infer

n T n T
1 . 1
||CLH > (n(T—l) ZAe?t—Oj)ﬁ ZH(W%)) 1/22 HQ
=1 t=2 i=1 t=2
= \nr-D D (A& = Ak + (Aeg = o) | =D II(Te) ™2 Zia |17,
=D i =
From
Aéy = AYy—AX, 58,
= Aéi+ AXZ y(Bw) — B (B.10)

and by using Theorem 3.8 together with Assumption B(ii), we can show that

1 n T
A L Y M= i) B

i=1 t=2 i=1 t=2
By the law of large numbers,

n T

ZAezt—a = 0p(1).

zlt2

Thus, ||a|| = (0p(1) 4+ 0p(1))Op(1) = 0,(1). Moreover, from Theorem 3.7, we can infer
that, given S; = S1,...,Sp = Sp,

T
1ZZZzt @ = TN Zi (1 Zi ) + 0p(1).

i=1 t=2 i=1 t=2

Thus,
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Consider ¢ = 2 (the case of cross-section heteroskedasticity without auto- and cross-

section correlations). Because of Assumption E, it suffices to prove that

n T
Vv((~ - Z Z Zzt T)Zzt (7' £> ‘/(22))7
=1 t=2
where V& = (070)) "V S0y Sy Zit(r) Zig )07, With 02 = Eo(Aéy).
HORIRTC I I o s o
Vey Vi = nz;("i —op ZZzt Zit,(7)>
1 n T
=+ > ot ((T(f))l Y Ziw Zur — (Tm) ™ ZZit,(T)Zit,(T)> :
i=1 =2 =2
= d+e.
1 n T
Ml < 2306 - o) S T 2|
i=1 =2
1 1 1 1 —
= —) (67~ Aéip) = (07 = 7= D Aéa) > I(Ti) ™ Za )
n & (T—l); (T—l)tz; ntz; ®
From Equation (B.10), and Theorem 3.8, we can infer
1 T
- : Aéjy = . B.12
(T—l)tzz it — Z éir = op(1)v; ( )
where 2 3" | |v;] = Op(1). Moreover,
o? — — 1 ZAezt 1) 4, (B.13)

where

% Z?:l || =

on 7. By using Assumption B(ii), we can infer

T
vil Y 1(T2) ™2 Zi )| + 0p(1

i=1 t=2
+0p(1)0p(1).

Fj:

[|d]]

1 n T
)= 1l D2 1(T)”
i=1 t=2

Op(1). Note that the first terms in (B.12) and (B.13) do not depend

Y2 Z4 )12,

The proof of e being o,(1) is similar to the proof of b in the first part. This is because

o2 does not affect the analysis.

17
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The proof of V%(:S) being (n 7))t >y 23:2 Zit,(T)Z;t(T) 02 4 0p(1), with 0 = E.(Aéy)

is conceptually similar and thus omitted.

Finally, consider ¢ = 4 (The case of cross-section and time heteroskedasticity without
auto- and cross-section correlations). As in the previous cases, all we need is to prove

that

n T
Ve = (Te) " 30 Zun Ziy i A, BV,
i=1 t=2
where
@ R D
V(T) = (7)) Zzitﬂ(T)Zit,(T)%,
i=1 t=2
with 07, = Ec(Aéir).
n T
4 4 _ / N .
V((T)) V((T)) - (n’ﬁT)) ' ZZit,(‘T')Zit,(i-)(Aezzt - Ae?t)
i=1 t=2
n T
FOT) ™ DD Ziee Zine) — Zino) B ) A
i=1 t=2

Cauchy-Schwarz inequality implies
1/2 n T 1/2
LfI] < ( (nTr) ZZHZzt (!l ) ( nT(r)) IZZ A& — AéR) ) = op(1).
i=1 t=2

By using Theorem 3.8, we can also verify that ||g|| = o0,(1). Finally, Cauchy-Schwarz,
Assumption B(ii), the law of large numbers implies that ||h|| = op(1). It follows

1) B, 1)
Ve = Ve

This completes the proof. [J
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