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Chapter 1

Introduction

This thesis consists of three independent contributions in the area of microeconomic
theory which constitute Chapters 2-4. All three contributions share the feature of
agents holding multidimensional private information which motivates the title of the
thesis.

Chapter 2, entitled “Consistency and Communication in Committees”, is based on
a working paper under the same title which is joint work with Inga Deimen and Mark
T. Le Quement, both from the University of Bonn. In this paper, we generalize the
classical binary Condorcet jury model by introducing a richer state and signal space,
thereby generating a concern for consistency in the evaluation of aggregate information.
Information is of multidimensional nature here as it does not only provide information
about the defendant being guilty or innocent but also indicates a particular modality
of guilt or innocence. As coherent evidence for a particular variant of either guilt or
innocence is more meaningful than if that information were dispersed, the consistency
of signals constitutes a second informative dimension besides the mere number of signals
indicating guilt or innocence when deciding whether to acquit or convict the defendant.
We use this approach to analyze truthtelling incentives in pre-vote communication in
heterogeneous committees and find that full pooling of information followed by sincere
voting is compatible with a positive probability of ex post conflict in the committee. This
is in stark contrast to the benchmark finding for the binary signal model in |[Coughlan
(2000). We furthermore characterize implementability conditions for a wide class of
decision rules including the rule that maximizes committee welfare.

Chapters 3 and 4 analyze more classical instances of multidimensional information
such as different production costs or different valuations for different goods which give
rise to multidimensional screening problems. Both chapters have in common that they
provide explicit characterizations of the optimal mechanisms, a feature that is often not
achievable in the multidimensional screening literature.

Under the title “A Baseline Model of Multidimensional Screening”, Chapter 3 gener-
alizes upon a model of multidimensional screening from |Armstrong and Rochet| (1999))
by allowing for interaction between the dimensions through the utility function. Iden-
tifying sets of binding incentive constraints with properties of the allocation I provide
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a full classification of the potential solutions to this model. While a large variety of
solutions can be generated within the modeling approach, I show that a substantial
combination of interaction and asymmetry between dimensions is necessary to distort
allocations away from classical properties such as “no distortion at the top” and “no
upward binding incentive constraints”. Some fundamental properties of the optimal
allocation are shown to carry over from the first best allocation to the case of private
information. The chapter is framed as an analysis of multiproduct monopoly regula-
tion. Its focus, however, is not so much on a particular application but on the general
properties of the underlying model which applies to various contexts.

Chapter 4 is entitled “Pricing a Package of Services - When (not) to Bundle” and is
based on a joint paper under the same title with Dezs6 Szalay from the University of
Bonn and CEPR. In this paper, we study a tractable two-dimensional model of price
discrimination. Consumers combine a rigid with a more flexible choice, such as choosing
the location of a house and its quality or size. We show that the optimal pricing scheme
involves no bundling, that is, additively separable prices if consumer types are affiliated.
Conversely, if consumer types are negatively affiliated over some portion of types then
some bundling occurs.



Chapter 2

Consistency and Communication
in Committees]

2.1 Introduction

This thesis chapter considers a deliberation and voting model in which rich state and
signal spaces combine with a binary action space. A committee consisting of privately
informed agents with known heterogeneous preferences engages in simultaneous infor-
mation exchange prior to voting. Our information structure generates a concern for
consistency in the aggregation of individual signals; a given signal is interpreted differ-
ently depending on how it matches other available evidence. We find that in contrast
to the classical model featuring binary state and signal spaces, full information sharing
and sincere voting can constitute an equilibrium although agents with some probability
disagree ex post.

Consider the example of a jury aiming at determining whether a defendant is guilty
or innocent. If guilty, he must have committed the crime at some point in time, for
example on any particular day of a given week. If innocent, at the moment of the crime
he must have been somewhere else than at the crime scene; for example at home, at
work, at the sports club, or at the grocery store. Conditional on the defendant being
guilty, only one day of the week can be the day of the crime. Conditional on him being
innocent, he can only have been in one particular place at the moment of the crime.
Different days of the week constitute mutually exclusive variants of the guilty state
while different locations constitute mutually exclusive variants of the innocent state.

Jurors gather evidence through a trial hearing which generates private signals. Be-
fore deciding whether to acquit or convict, jurors retire to deliberate and share their
private signals. Consider two possible scenarios by the end of the deliberation. In the
first scenario, half of the jurors have received a signal indicating Monday as the moment
of the crime, while the other half has received a signal indicating Wednesday. In the
second scenario, all jurors have received a signal indicating Monday. The difference

IThis thesis chapter is based on a paper under the same title that is joint work with Inga Deimen
and Mark T. Le Quement, both from the University of Bonn.
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between these two scenarios is that the second is more consistent than the first and
therefore provides more convincing evidence of guilt. In the first scenario, half of the
signals must be wrong: the crime happened either on Monday or on Wednesday. In the
second scenario, all signals are correct if the crime happened on Monday. Similarly, one
could consider scenarios involving different alibis that vary in their consistency. Jurors
do not as such care about the time at which the crime was committed or about where
the defendant was if innocent. Jurors simply wish to establish with sufficient certainty
whether the defendant is guilty or innocent and more consistent profiles yield stronger
evidence.

The core elements of the above description apply to many other situations. A second
example is that of a group of investment bankers that considers to invest in shares of
a large manufacturer, for example Chrysler. In order to do so, committee members
need to estimate whether Chrysler will avoid bankruptcy in the near future. This may
happen if either the US Federal State provides a bailout package or if some private
company (for example Fiat) decides to acquire a large part of the shares. On the other
hand, if Chrysler does go bankrupt, this may happen according to a variety of scenarios,
e.g. according to different chapters of the bankruptcy code. Another example is that of
a board of directors that seeks to predict whether a Democrat or a Republican will win
the next US presidential election, this fact affecting a variety of key variables of the US
economy. Different Democratic (Republican) candidates constitute different variants of
the Democratic (Republican) state.

We incorporate the key features of the above examples into a model of collective de-
cision making. There are two basic states, each of which is split into a set of substates.
Each signal is informative with respect to a basic state and a particular substate. It
follows that when considering a set of signals, the consistency of this set matters. The
more signals indicate a particular substate, the higher the evidence of the corresponding
basic state. Members of a heterogeneous committee, call them hawks and doves, have
the possibility to share their private signals via cheap talk before voting on a binary out-
come. In contrast to results obtained in the classical binary signal setupﬂ we find that
the truthful communication and sincere voting equilibrium (TS equilibrium) is virtually
always compatible with a positive probability of ex post conflict among agents. Our
main result, Theorem 1, provides necessary and sufficient conditions for the existence
of the TS equilibrium that are satisfied for a large set of parameter values. Theorem
2 generalizes Theorem 1 to the case of more than two preference types. Theorem 3
provides necessary and sufficient conditions for the implementability of a wide class of
decision rules including the rule that maximizes committee welfare. No rule belonging
to this class is implementable in the classical model in the presence of substantial het-
erogeneity in preferences. Finally, we find that partially revealing equilibria can welfare
dominate the TS equilibrium and that sequential communication protocols may serve
as an equilibrium selection device.

The intuition for the existence of the TS equilibrium comes out clearly when com-

2See (Coughlan| (2000), [Austen-Smith and Feddersen| (2006)), [Meirowitz (2007), [Van Weelden| (2008).
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pared to the dynamics of the classical binary signal modelE] In the latter, in the putative
TS equilibrium, pivotality in the communication stage pins down uniquely the infor-
mation held by the remaining committee members. Disagreement among agents about
the optimal decision rule furthermore implies that there is always at least one agent
for whom this pivotal profile implies a suboptimal decision on the equilibrium path.
Consequently, this agent profitably deviates and bends the decision rule in his favored
direction. In our model, the set of pivotal profiles is not a singleton anymore. A multi-
plicity of signal profiles can yield similar conditional probabilities of guilt because the
posterior probability of guilt depends on two aspects, the total number of signals indi-
cating respectively guilt or innocence as well as the consistency among signals indicating
any given basic state. A smaller total number of guilty signals can be compensated by a
higher degree of consistency among guilty signals. The multiplicity of pivotal scenarios
in turn allows two favorable effects to come into play. First, for a subset of pivotal signal
profiles, all agents may agree with the decision following on the equilibrium path. We
call this the consensus effect. Second, given deviations from truthtelling may overturn
a conviction at some pivotal profiles while overturning an acquittal at others. In other
words, deviations do not have a predictable impact on the outcome. We call this the
uncertainty effect. These two effects independently generate incentives for truthtelling
and thereby enable the TS equilibrium to exist.

We proceed as follows. Section 1 closes with a literature review. Section 2 presents
the model. Section 3 presents an example that highlights the two effects mentioned
above. Section 4 contains the equilibrium analysis and presents Theorems 1 and 2.
Section 5 adopts a mechanism design approach. Section 6 discusses partially revealing
equilibria and sequential communication. Section 7 concludes. Lengthy proofs are
relegated to the Appendix.

Building on the theory of strategic voting as information aggregation (Austen-Smith
and Banks (1996)), |[Feddersen and Pesendorfer| (1998)), a milestone in the literature
on cheap talk deliberation and collective decisions in heterogeneous committees is the
impossibility result presented in |(Coughlan| (2000).

This thesis chapter belongs to a class of contributions that modify the classical
model and reestablish the TS equilibrium prediction under heterogeneous preferences.
While our approach examines the role of informational consistency, |Austen-Smith and
Feddersen| (2006) show that uncertainty about the preferences of jury members can
render full pooling combined with sincere voting possible, as long as the voting rule
is non-unanimous. In a complementary contribution, Meirowitz (2007) shows that the
TS equilibrium exists if individual jurors are sufficiently confident that the majority
of jurors shares their own preferences. [Van Weelden| (2008) adds an important caveat:
when communication is sequential, uncertainty does not anymore suffice to ensure the
existence of the TS equilibrium. Le Quement, (2013]) shows that only minimal disagree-
ment is compatible with the TS equilibrium in large heterogeneous committees. These
caveats do not generally apply to our model.

Another class of contributions approaches the communication problem from a mech-

3See in particular |Coughlan| (2000).
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anism design perspective. In|Gerardi et al.[(2009)), a mediator uses the correlation among
signals to threaten heterogeneous individuals with punishment if their report does not
match other experts’ report. |Gerardi and Yariv| (2007) examine equilibria featuring
cheap talk communication followed by weakly dominated voting and show that the set
of equilibria is independent of the voting rule. In Wolinsky| (2002)), truthtelling requires
the implementation of an ex post inefficient decision rule which generates pivotal sce-
narios in which lying is costly. In the spirit of this literature, we characterize conditions
for the implementability of the welfare maximizing decision rule.

A third class of contributions maintains the classical model but examines different
communication scenarios. In Hummel (2012) as well as |Le Quement and Yokeeswaran
(2014), a heterogeneous committee is split up into homogeneous subgroups in the delib-
eration phase. We show by means of an example that a partially revealing equilibrium
can welfare dominate the T'S outcome.

There is a set of positive and normative reasons to focus on the full pooling sce-
nario. First, the experimental work of Goeree and Yariv| (2011)) documents extensive
truthtelling in heterogeneous committees and finds that individuals assign substantial
weight to the information revealed by others. Dickson et al.| (2008) similarly find evi-
dence of intense sharing of information among heterogeneous jurors. Second, full infor-
mation equivalence, since|Condorcet| (1785|), has been the main criterion for assessing the
quality of collective decisions and the TS equilibrium satisfies this criterion asymptoti-
cally. Third, the philosophical literature on deliberation (e.g. Habermas (1992), Elster
(1997), Manin (1987)) assigns an intrinsic value to exhaustive deliberations conducive
to full exchange of information.

Finally, a set of contributions in the cheap talk literature bear a formal relation to
our work. [Battaglini| (2002) considers a setup in which multidimensional state, signal
and action spaces generically allow for full information extraction from multiple experts.
Blume et al.| (2007)) show that exogenous noise in information transmission may improve
the ex ante payoffs of players by increasing truthtelling incentives. In|Deimen and Szalay
(2014)), the combination of a multidimensional state space and a one-dimensional action
space allows for smooth communication (as opposed to partitional communication) in
which the sender credibly announces his posterior despite relative disagreement. While
all these approaches share certain formal features with our model, the mechanisms that
drive our results are unrelated and, as far as we are aware, novel.

2.2 The Model

A jury of n agents, n € N, n > 3 is asked to decide whether to acquit (A) or convict
(C) a defendant. The defendant is either innocent (I) or guilty (G). Both innocence
and guilt occur in finitely many different variants i1, ..., iy, and g1, ..., gm,,, respectively,
with my,mg € N, my, mg > QEI The state space is hence given as 2 = I UG where [ =
{i1,...,0m, } and G = {g1, ..., gm }. We denote the true state of the world by w and say

5The case of mr = mg = 1 corresponds to the classical model analyzed in |Coughlan| (2000) and
others.
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that the defendent is innocent if w € I and guilty if w € G. The true state of the world
is drawn from a publicly known prior distribution f over 2. The distribution f attaches
different ex-ante probabilities to the events I and G, ie. f(we ), f(weG) € (0,1)
with f (w € I)+ f (w € G) = 1. The distribution does not differentiate between variants
within the set of I-states and G-states, respectively, i.e.

. wel
f(ll) = M vl € {1, ...,m[},
mr
weG
Fay =99 e, may.
The jury implements an action a € {A,C} by voting according to some prespecified
voting rule k € {1,...,n}. Each agent j € {1,...,n} casts a vote in favor of one of the

two actions. If the number of votes cast for conviction is greater than or equal to k, the
defendant is convicted while otherwise he is acquitted.

We assume that agents only care whether the defendant is innocent or guilty but are
not interested per se in the particular variant of guilt or innocence that applies. The
utility of agent j from action a conditional on state w € Q is given as

0 if (a,w) € {(A, 1) (C,G)}
uj (a,w) = —g; if (a,w) = (C,I)
—(1—gqj) if (a,w) =(A,Q).

Utilities of correct decisions (acquitting an innocent or convicting a guilty defendant)
are normalized to 0 and ¢; € (0,1) is an individual and commonly known preference
parameter that characterizes the relative importance assigned by an agent to the two
types of errorsm As agent j maximizes expected utility, he prefers conviction over
acquittal if and only if the probability of the defendant being guilty exceeds the cut-off
gj-

Prior to the voting stage, each agent receives a private signal s € S = (). Signals are
drawn independently for each agent conditional on the state of the world w according
to the following distribution: If w = 4; for some [ € {1,...,ms}, then

PT(SZZ.l’w:Z.l) = )\m
. . p
Pr(s=ip|lw= = ———— V¥ 1., , l
r (s =iplw=1p) p p— re{ mr}, r#
1—
Pr(s=g/lw=1;) = P Vre{l,...,mag}.
mag

If w= g for some [ € {1,...,mg}, respective expressions apply after permutating i
and ¢ as well as I and G The parameters % < p < 1and XA > 1 have the following

"Existing results (Austen-Smith and Feddersen|(2006)) indicate that truthful communication is easier
to achieve if there is uncertainty about preference types. By assuming observable preference types, we
isolate the specific truthtelling incentives that are inherent to our model.

8Note that whenever A > 1 our signal generating process is not reducible to a process that generates
i.i.d signals conditional on I and G. It is, however, reducible to a process that generates correlated
signals conditional on I and G.
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interpretation: Applying Bayes’ law, p measures up to priors the probability that the
signal correctly reveals whether the defendant is innocent or guilty. The parameter
— Pris=ulw=u) _ Pr(s=gilw=g1) e : : ;
A= Pris=i|w=; —=L=—J. measures the relative informativeness of signals with
s=i|w=iy) —  Pr(s=gilw=gr) ~ )
respect to the particular variant of innocence or guilt. We finally assume that

Pr(s=14|w =1,)

>1 Vi,redl,.. tedl,.. d
Pr(s=ilw=g) ~ r €L omi}, t€{l,.omg}  an

Pr(s=glw=g,)
Pr (s = gilw = i)

>1 Vire{l,..,mg},te{l,...,mr}
to ensure that each i-signal (g-signal) renders each i-state (g-state) at least as likely as

each g-state (i-state). Note that this is equivalent to

mag—14+X mr—1+A
2mag — 1+ X 2mr—1+ X[~

p > max{ (2.2.1)

A collection of signals constitutes a signal profile 0 = (21, ..., Tm,, Y1, ---s Yme ) Where
x; denotes the number of i;-signals, [ € {1,...,m;} and y; denotes the number of g;-
signals, [ € {1,...,mg}. We write

my mag
z=Y "z and y=>» y
=1 I=1

for the total number of i-signals and g-signals in a given signal profile. Conditional on
signal profile o, the posterior probability of guilt is given as

B (o) = Pr(w e Glo)
_ fweq@)-Pr(olwed)
fwe@) -Proclwe@)+ fwel) Pr(oclwel)

In terms of utilities agents only care whether w € I or w € G, hence the number (o)
is a sufficient statistic for the preferred action of each individual agent for any signal
profile o.

After having received their signals, agents engage in one round of simultaneous and
public cheap talkﬂ As we focus on truthful equilibria, it is without loss of generality to
assume that each agent sends a message m € M = S.

To summarize, the timing of the game is as follows: Nature draws the true state
of the world w from the distibution f. Each agent receives a private signal s. Each
agent simultaneously sends a public cheap talk message m. Fach agent casts a vote.
An action a € {A, C} is implemented according to the voting rule. Payoffs are realized.

Our equilibrium concept is Perfect Bayesian Equilibrium. For the main part of
the paper we are concerned with the existence of the following particular equilibrium.
Agents truthfully reveal their private information, sending a message m = s at the
communication stage. Agents (correctly) believe that other agents have revealed their
private information truthfully, and agents vote sincerely, that is, they vote for conviction
if and only if B(c) > ¢;. We call this the TS equilibrium.

9See Section 3 and Section 6 for some comments on sequential communication.
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2.3 A Simple Example

In this section, we present a simple example that illustrates the key forces in our model
and in particular highlights the two potential sources of truthtelling described in the
introduction: the consensus and uncertainty effects.

Assume that the jury consists of only two preference types, doves and hawks, whose
respective preference parameters are given by gp € (0,1) and gy € (0,1) with ¢p > qg.
Consider a three persons committee consisting of one hawk and two doves with the
voting rule given as simple majority, i.e. k = 2. Aggregate signal profiles can be ordered
exhaustively with respect to the conditional probability of guilt that they induce, namely

£(3,0,0,0)

(1,0,0,2),8(1,0,2,0) _ 5(0,0,1,2) _ £(0,0,0,3)
5(0,3,0,0) < =

" B(0,1,0,2),8(0,1,2,0) = 5(0,0,2,1) = $(0,0,3,0) °

Suppose preference parameters g, gp such that a dove favors conviction if and only if
the aggregate signal profile is either (0,0,0,3) or (0,0,3,0) while a hawk favors con-
viction if and only if the aggregate signal profile is (0, 0,0, 3), (0,0,3,0),(0,0,1,2) or
(0,0,2,1). In other words, while both groups require three g-signals to prefer convic-
tion, doves furthermore require these g-signals to be consistent. There are thus two
signal profiles for which hawks and doves disagree on the optimal decision, namely
(0,0,1,2) and (0,0,2,1).

oo —
w o

oo —
=R
)

ol
S
N
=Y
ZE
ee

™™
~

Figure 1: Conditional probabilities of guilt.

In this setting, TS strategies and beliefs always constitute an equilibrium, for any
parameter values g and gp consistent with the above preferences. We demonstrate
this by verifying explicitly that in a putative TS equilibrium no individual agent has an
incentive to deviate from truthtelling followed by sincere voting.

Note first that whatever the announcement made by an agent in the communication
stage (truthful or not), the agent has no incentive to subsequently deviate from sincere
voting as such a deviation decreases the probability that his favored decision ensues.
Second, given that the voting rule is simple majority doves are always able to enforce
their favored decision. Indeed, if doves favor an acquittal they can implement it simply
by jointly voting for it. If doves prefer a conviction, hawks do so as well an the vote will
be unanimous. Hence the doves have no incentive to deviate from truthtelling.

We now analyze the truthtelling incentives of the hawk in the putative TS equi-
librium. The hawk’s announcement is pivotal if the remaining two agents hold signal
profiles (0,0,2,0) or (0,0,0,2). In the first (second) case, a gi- (g2-) announcement
would trigger conviction while any of the remaining announcements would cause acquit-
tal. To systematically analyze the hawk’s incentive to deviate at each of his possible
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information sets i1, 42, g1 and go, note that given the symmetry of the model conditions
ensuring truthtelling of the hawk holding an i1- or an is-signal respectively a g1- or a
go-signal are identical modulo an exchange of subscripts. We can therefore without loss
restrict our analysis to deviations of the hawk holding an i;-signal or a g;-signal.

Assume that the hawk holds an i;-signal and is pivotal at the communication stage.
The signal profile of the entire committee is then (1,0,2,0) or (1,0,0,2). In either case,
the decision that is taken by the committee given the true signal profile is acquittal and
coincides with the decision favored by the hawk. Accordingly, he has no incentive to
deviate from truthtelling. Here, the consensus effect is the sole source of truthtelling:
despite heterogeneity and despite the existence of signal profiles generating conflict a
hawk with an ¢1-signal fully agrees with the doves on the preferred action in all pivotal
scenarios.

Assume next that the hawk holds a g;-signal and is pivotal in the communication
stage. The signal profile of the entire committee is then either (0,0, 1,2) or (0,0, 3,0).
Here, in contrast to the previous case the hawk disagrees with the acquittal decision
ensuing from truthtelling at (0,0,1,2) while he agrees with the conviction decision
ensuing from truthtelling at (0,0,3,0). If the hawk deviates to announcing some i-
signal, the signal profile observed at the voting stage by other agents is either (1,0, 2,0),
(1,0,0,2), (0,1,0,2) or (0,1,2,0), thus leading to an undesired acquittal. The deviation
to an i-report is therefore dominated by truthtelling. If the hawk deviates to a go-
announcement, the signal profile observed at the voting stage by the remaining agents
is given by (0,0,0,3) or (0,0,2,1). The deviation beneficially overturns an acquittal in
the first case but adversely overturns a conviction in the second case. The hawk thus
faces uncertainty about the impact of his statement. While for pivotal profile (0, 0, 0, 2)
a go-report is harsher than a g;-report and constitutes the only way to induce the desired
conviction, the situation is exactly reversed for pivotal profile (0,0, 2,0).

Among the two pivotal profiles (0,0,0,2) and (0,0,2,0) faced by the hawk when
holding a g;-signal, profile (0,0,0,2) thus incentivizes lying while profile (0,0,2,0) in-
centivizes truthtelling. We call this the uncertainty effect. Which incentive dominates
depends on the relative likelihood assigned to these two profiles, the latter itself depend-
ing on the probability assigned to the states g; and g». An agent holding a g;-signal
assigns a higher probability to state g; than to state go and accordingly to profile
(0,0,2,0) than to profile (0,0,0,2). The signal profile that incentivizes truthtelling is
thus assigned a higher probability than the one that incentivizes lying. Hence the hawk
when holding a g;-signal never prefers to announce a go-signal. We conclude that the
TS equilibrium exists despite the existence of signal profiles generating conflict.

We close the discussion of this example with two remarks. First, the T'S equilibrium
continues to exist under a sequential communication protocol where the single hawk
speaks first. Indeed, the hawk’s incentives when speaking first are identical to those
under the simultaneous protocol while the doves still determine the outcome and hence
have no incentives to deviate. Second, the TS equilibrium also exists under unanimity
when k£ = 3 by exactly the same argumentsﬂ

HThe existence of the TS equilibrium under sequential communication and unanimity stands in



2.4. ANALYSIS OF THE TS EQUILIBRIUM 13

2.4 Analysis of the TS Equilibrium

The example of Section 3 shows that the TS equilibrium can exist despite potential
disagreement after full pooling of information. In what follows, we provide an equilib-
rium analysis for arbitrary committee sizes, assuming first only two preference types
and subsequently analyzing the case of individual preference parameters.

For any signal s € S, let o5 denote the signal profile that consists of one signal s only.
Moreover, for a given agent j, we denote the signal profile of all other agents by o_;. The
following lemma compares posterior probabilities of guilt for different signal profiles; it
specifically addresses the effect of shifting mass from one entry of ¢ to another. This
replicates the change in beliefs of other agents achievable by misreporting a signal in
the putative TS equilibrium.

Lemma 0. For any signal profile 0 = (T1,....,Tm; Y1, s Yme ), the function (o) is
mvariant under any permutation of x-entries and any permutation of y-entries of o.
Moreover, the following inequalities hold:

B(oc+o0g.)>B(c+0;,) Vie{l,..mr},re{l, ..., mag}, (2.4.1)
B(oc+og)>pB(c+0g) Vire{l,..mr},y <uy, (2.4.2)
B(oc+oy) <B(o+ao;) Vire{l,..mr}, z <a. (2.4.3)

Condition (2.4.2)) holds with equality iff y; = y, and condition (2.4.3)) holds with equality
iff vp = x,.

Proof. See Appendix. O

Lemma 0 shows that three factors determine the posterior probability of guilt; an
increase in the total number y of g-signals and in the consistency of the profile of g-
signals leads to an increase in the posterior probability of guilt. An increase in the
consistency of the profile of i-signals has the opposite effect.

Note that in the special case of A = 1 which is excluded from our model, equations
and always hold with equality. Indeed, if A = 1 signals do not reveal
any information that refers to a particular substate but only indicate whether w € I
or w € GG. As a consequence, in the limit case of A = 1 our model yields the same
prediction as the classical model; the TS equilibrium is not compatible with a positive
probability of ex post conflict.

Proposition 0 (Coughlan| (2000)). Suppose\ = 1 or, equivalently, mg = mj = 1.
Then the TS equilibrium exists if and only if

a) at least k agents (n — k agents) favor conviction (acquittal) for any realization of
signals.

b) all agents favor the same action for any realization of signals.

contrast to the impossibility results of [Van Weelden| (2008) and |Austen-Smith and Feddersen| (2006)).
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2.4.1 A two-types committee: hawks and doves

Fix the committee size n. In this subsection, we assume that there are only two prefer-
ence types gy and ¢p, referred to as hawks and doves, where gy < qp. For j € {H, D},
we call a profile o a type g; threshold profile if B (o) > ¢; and () < g; for all signal
profiles ¢ satisfying (&) < B (o). A juror of preference type ¢; thus prefers conviction
precisely for those signal profiles that yield at least as much evidence for the defendant
being guilty as a type g; threshold profile does.

We say that a signal profile o is a conflict profile if conditional on signal profile o
hawks and doves disagree on the preferred action, that is, if

qu < B(0) <qp.

Given that there are only two types of jurors, the non-unanimous voting rule k
matters only in a binary sense; we say that hawks have critical mass if the number of
hawks is weakly greater than k, so that hawks are sufficiently numerous to implement
conviction whenever they wish. Otherwise, we say that doves have critical mass.

Finally, we say that preference types ¢ and § are equivalent, denoted by g ~ ¢, if and
only if both preference types favor the same action for any signal profile o consisting
of n signals. Preference types are thus equivalent if and only if no conflict profiles exist
between the two or, respectively, if they have identical threshold profiles.

Before stating our main result, we invoke simple arguments to rule out a subset of
deviations from the putative TS equilibrium.

Lemma 1. Agents of the type j € {H, D} that has critical mass never have an incentive
to deviate in the putative TS equilibrium.

Proof. In a putative TS equilibrium, the defendant will be convicted if and only if the
thresholds of at least k agents satisfy ¢; < (o) for the revealed signal profile o. Hawks
will be able to convict the defendant whenever they prefer to if and only if there are
at least k£ of them. Moreover, if hawks prefer to acquit, then doves do so as well since
qu < gp and the vote will be unanimous. Hence, if hawks have critical mass their
favored action will always be implemented and they have no incentive to deviate. A
similar reasoning holds if there are less than k hawks so that doves have critical mass. [J

Lemma 2. Assume that type j € {H,D} does not have critical mass and assume
that the voting rule is non-unanimous. Then the vote of an agent of type j will never
influence the outcome in a putative TS equilibrium, irrespective of whether he reported
truthfully or not at the communication stage.

Proof. Agent j’s vote can only influence the outcome if the group of agents that has
critical mass votes “against their bias”, i.e. if hawks vote for acquittal or doves vote for
conviction, respectively. In both cases, however, all other agents will vote unanimously
as the remaining doves (hawks) will also favor acquittal (conviction) if hawks (doves)
do so. Hence, for any non-unanimous voting rule, the voting behavior of an agent that
does not belong to the group having critical mass can never influence the outcome. [
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Lemma 2 allows us to restrict attention to incentives in the communication stage
if the voting rule is non-unanimous. It furthermore provides a hint as to what will
typically go wrong under unanimity, i.e. k = n (k = 1). Hawks (doves) can misreport
i-signals (g-signals) to trigger a conviction (an acquittal) and subsequently vote for
acquittal (conviction) if conditional on the now revealed information of other jurors it
turns out that their lie causes others to vote for an undesired outcome. Any downside
from misreporting is hence absent under unanimity voting. As a consequence of Lemma
2, we exclude the unanimous voting rule from our analysis, i.e. we assume from now on

that k € {2,...,n —1}.

Lemma 3. Let k € {2,....,n —1}. In a putative TS equilibrium, a hawk never has an
incentive to misreport a g-signal as an i-signal and a dove never has an incentive to
misreport an i-signal as a g-signal.

Proof. By Lemma 1 we may assume that the agent under consideration does not belong
to the group that has critical mass. Suppose agent j is a hawk holding a signal s = g;
for some [ € {1,...,mg} but reports m = i, for some r € {1,...,m;}. Then the true
overall signal profile is given as o = o_; + 0y, while the reported signal profile is given as
6 = o_j+ 0. As doves have critical mass, the defendant will be convicted if and only
if 3(6) > qp. Agent j, being a hawk, would prefer conviction whenever (o) > gi. So
given that ¢p > qp, agent j can only profit from the proposed deviation if 5 () > S (o).
However, by Lemma 0, Equation we have

Blo)=0B(0-j+0ag)>pB(o-j+0i)=05(5).

Thus, for any signal profile o_; the proposed deviation triggers a lower Bayesian pos-
terior probability of the defendant being guilty compared to a truthful report. Hence
deviating in the proposed way is detrimental to agent j. The case of a dove misreporting
an i-signal as a g-signal is alike. O

Lemma 4. Letk € {2,....n — 1}. In a putative TS equilibrium, no agent has an incen-
tive to misreport an i;-signal as an iy-signal, I, € {1,...,mr}, r # 1, or to misreport a
gi-signal as a gy-signal, l,r € {1,....,mg}, r # 1.

Proof. See Appendix. O

The argument behind Lemma 4 relies on the uncertainty effect described in the
example of Section 3. Deviations within the set of g-signals or i-signals have opposing
effects on the outcome for different signal profils. As profiles that incentivize truthtelling
are always more likely than those that incentivize deviating, truthtelling is always prefer-
able.

The only deviations that remain to be excluded involve doves reporting an ¢-signal
instead of a g-signal and hawks reporting a g-signal instead of an i-signal. Let ¢, up to
equivalence, denote the threshold of the group that has critical mass and consider an
agent j from the group that does not have critical mass. For a given threshold ¢ of the
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group that has critical mass, we denote the set of signal profiles of others at which an
i,-report by agent j causes an acquittal while a g;-report causes a conviction by

Pivi, g, (q) ={o—;: Blo—j+03,) <a N B(o—j+0g)>0q}.

We finally impose the following minor assumption on preferences of hawks and doves.

Assumption 1 (No partisans).

a) The preferred action of each agent depends on the aggregate signal profile.

b) Hawks require less than the mazimal possible evidence of guilt to prefer conviction and
doves require less than the maximal possible evidence of innocence to prefer acquittal.

Part a) excludes partisan types whose optimal decision is independent of any avail-
able information. Part b) excludes preference types for hawks (doves) which imply
either that the other type is partisan (in the sense of Part a)) or that preference types
of hawks and doves are equivalent in which case the TS equilibrium trivially exists (cf.
Proposition 0).

We now present our main result.

Theorem 1. Let k € {2,....,n — 1}.

a) Assume hawks have critical mass. For any hawk type q the TS equilibrium exists
if and only if the value of qp lies below an upper bound qp (qr) > qu given as

1
qp < q4p (qu) = - E P(o_j|lsj=q) -B(o—j+0g).
( ) P(O'_]' c P“)ir,gz (QH)|3j :gl) e ( ( J| J ) ( J gl)
o—j Wir,g; amH)

b) Assume doves have critical mass. For any dove type qp the TS equilibrium exists
if and only if the value of qu lies above a lower bound i (¢p) < gp given as
1

>q = - - P(o_jlsj =ir)-B(o—j +04,.).
qH Z 9H (qD) P(O'fj c PZ’UiT,gl (qD) |5j — 7«7“) Z ( ]‘ J T‘) 6( J T )
o_j€EPiv;,. g,(aD)

c¢) Impose Assumption 1. If hawks have critical mass, the pair (qm,p(qm)) features
at least one conflict profile. Similarly, if doves have critical mass, the pair (Gr (¢p) ,qp)
features at least one conflict profile.

Proof. See Appendix. O

Theorem 1 provides a general existence result for the TS equilibrium. Part a),
assuming that hawks have critical mass, states the existence of a critical dove type
Gp(qm) such that the TS equilibrium exists if and only if ¢p € (qm,dp(gm)]- The
threshold ¢p(qr) corresponds to the probability of guilt conditional on all pivotal profiles
o_j where a truthful g;-report of agent j leads to conviction while an i,-report leads
to acquittal. Part b) states the corresponding result for the case where doves have
critical mass. Part c) yields the critical qualitative statement that the TS equilibrium
is compatible with the existence of conflict profiles. It stands in stark contrast to
Coughlan’s impossibility result as stated in Proposition 0.

The existence of the TS equilibrium despite conflict is possible because the posterior
probability of guilt is determined not only by the total number of g-signals but also
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by the consistency among signals indicating respectively guilt or innocence. Reports
influence the posterior probability of guilt through both channels and hence change the
outcome for more than one profile. As a direct consequence, the set of pivotal profiles
that needs to be considered for the reporting decision is not a singleton.

Reports do not have a systematic impact on the posterior probability of guilt in the
consistency dimension; clearly, whether a particular report is more or less consistent
with other signals does not depend on the report itself but on the signals held by other
jurors. As a result of the latter observation, agents always face some uncertainty as to
which report to choose if they want to trigger a particular outcome. This uncertainty
effect is at the core of Lemma 4 and rules out deviations that involve misreports within
the set of i-reports or g-reports, respectively.

For deviations where doves report an i-signal instead of a g-signal or hawks report
a g-signal instead of an i-signal, the strategic concern is different. Here, the deviation
has a clear effect on the outcomes; g-reports unambiguously trigger additional convic-
tions when compared to i-reports. The multiplicity of pivotal profiles here allows the
consensus effect to positively affect truthtelling incentives. While hawks and doves have
diverging interests for some pivotal profiles, they agree on the preferred outcome for
others, so overturning the decision in the latter case is detrimental. This (partial) con-
sensus between hawks and doves is more pronounced the smaller the gap between the
two preference types. As a result, we get an upper bound for dove types with respect to
a given hawk types in Part a) and lower bounds for hawk types with respect to a given
dove type in Part b).

Given the above described consensus effect, Part ¢) of Theorem 1 becomes very
intuitive. A type who is indifferent between truthtelling and lying necessarily faces piv-
otal profiles that incentivize truthtelling and pivotal profiles that incentivize deviating.
Consider a dove holding a g;-signal and let o be a threshold profile of the hawks, the
latter having critical mass. Whenever qp > (o), the profile o is a conflict profile. Now
consider a profile & that is either slightly less consistent with respect to its i-signals or
slightly more consistent with respect to its g-signals, but has the same total number of
i- and g-signals as 0. Then the dove is still pivotal for ¢ as (6 — o4, + 03,) < B (0)
and () > f (o). Yet for gp being sufficiently close to 5 (o), that is, sufficiently much
smaller than (&), the truthtelling incentives from profile & dominate the deviation in-
centives from profile 0. Assumption 1 guarantees that such a profile 6 always existsE

2.4.2 General committees

We next generalize our analysis to committees featuring more than two preference types.
For each agent j € {1,...,n} we denote the corresponding preference parameter by g;.

5Part, c) of Theorem 1 as well as its discussion in the text may suggest that the range of preference
types as well as the number of conflict profiles compatible with the TS equilibrium are rather small.
This is not the case. In contrast, numerical simulations show that the parameter area that is compatible
with the existence of the TS equilibrium in our model is typically larger than in the classical binary
model in (Coughlan| (2000). Moreover, the number of conflict profiles compatible with the T'S equilibrium
becomes large when committees increase, contrasting e.g. |[Le Quement| (2013).
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Without loss of generality, we assume that ¢; < ... < gy.

Let k € {2,...,n — 1} denote the prespecified voting rule. In a putative TS equilib-
rium, whenever agent k prefers conviction after truthful revelation of information, so
do all agents j < k and hence the defendant will be convicted with at least k votes.
Conversely, if agent k prefers acquittal, so do all agents j > k and hence, by the votes
of at least n — k + 1 agents, an acquittal is implemented. The implemented decision
hence always coincides with the preferred action of agent & who therefore never has an
incentive to deviate. For any juror j < k, the implemented decision rule is “dovish” as
qj < qi while for any juror j > k the decision rule is “hawkish” as q; > q.

With the insights from the two type case, the above considerations suggest a result
of the following type. The TS equilibrium exists if and only if for all j € {1,...,n} we
have ¢; € [¢u (qx), 4D (qx)] With ¢ (¢) ,dp (¢) defined as in Theorem 1. Indeed, if agent
k’s vote were to always determine the outcome, the result would take this exact form.
The caveat in the general jury model is that no pendant to Lemma 2 holds. To see
this, consider the case where a juror 7 < k holds an ¢;-signal and considers reporting a
gr-signal instead to trigger additional convictions. Let o_; denote a signal profile held
by other jurors. Four scenarios may occur.

If

Blo—j+oi) <Blo—j+ag) <

then for both, the truthful report and the deviation, the defendant will be acquitted by
the votes of agents k, ..., n. Similarly, if

dk S ﬁ(o-*j + Uil) < 5(0-*]' + Ugr)

the defendant will be convicted by the votes of agents 1,...,k. Note that agent j < k
will always prefer a conviction here since ¢; < ¢ < B(0—; + 04,). In both cases, the

reporting decision does not affect the outcome.
If

Blo—j+oi) <ap < qry1 < Blo—j +0g,)

then the defendant will be acquitted when agent j reports truthful by the votes of agents
k,...,n. The defendant will be acquitted by the votes of agents 1,...,7—1,7+1,..., k+1.
Both outcomes are independent of the voting decision of agent j. The crucial case now
occurs if

Blo_j+o0y) <qp <B(o0_j+0g4) <qri1

Here, a truthful report again leads to an acquittal by the votes of agents k, ..., n. Deviat-
ing towards a g,-report, however, makes agent j pivotal in the voting stage. Whenever
agent j prefers a conviction as 5 (0_; + 03,) > ¢; he can implement this outcome by his
vote, together with agents 1,...,5—1,5+1,..., k. Whenever agent j prefers an acquittal
as B (o0—; +04) < ¢; he can also implement this outcome by his vote, together with
agents k + 1,...,n. In other words, agent j can undo the adverse effect of his lie at the
voting stage so that lying is not risky here.

These insights, which symmetrically apply to the reporting decision of agents j > k,
are summarized in the following theorem.
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Theorem 2. Let k € {2,....,n —1}.
a) The TS equilibrium exists if and only if

4 € [ @k Gh+1) T (Qhs Gi—1)]

for all j € {1,...,n}. The lower bound q is decreasing in g1 and increasing in qi. The
upper bound q is decreasing in q; and increasing in qg_1-

b) If qr+1 ~ qr then q(qk, qe+1) = Gu (qk)- If g1 ~ qr then G (qk, qr—1) = 4 (qr)-
In particular, if qg—1 ~ qi ~ qr+1 the TS equilibrium exists if and only if

¢ € [qm (), 4p (ax)] Vi€ {l,...,n}.

Proof. In the Appendix we show that the only deviations in the communication stage
that are potentially profitable involve an agent j < k who holds an 4;-signal and considers
a gr-report or an agent k£ > j who holds a g,-signal and considers an i;-report. Part a) of
Theorem 2 is then a direct consequence of the previous analysis. Deviation incentives of
an agent j < k that holds an i-signal and considers a g-report are more pronounced the
smaller g; is since the deviation may only trigger additional convictions. Hence there
exists a lower bound for ¢; beyond which deviations become strictly advantageous.
Moreover, by the above analysis, deviation incentives only depend on ¢r and gpyi.
Finally, deviating is particularly attractive for profiles o_; of other jurors for which

Blo—j+o0y) <aqp <B(o—j+0g) <qr1

as for these profiles agent j can always implement his preferred outcome based on the
aggregate information. Clearly, the set of such profiles o_; shrinks when ¢34 becomes
smaller or g becomes larger. For Part b) note that g ~ g1 implies that no profile
o_j of other jurors exist for which

qx < B(0—j +0g) < qri1-

Agent j is never pivotal in the voting stage and hence incentives are identical to the
two type model with ¢ (qx, qx+1) = du (qx) = qu (qk+1). The argument for jurors j > k
that hold a g,-signal and consider an ¢;-report is alike. O

Theorem 2 provides important insights on the optimal composition of heterogeneous
committees with regard to maximizing truthtelling incentives. In many committees,
heterogeneity is valued for exogenous reasons. A trial jury, for example, is supposed
to represent society as a whole and hence should feature a substantial degree of het-
erogeneity. Similarly, a board of directors should feature some heterogeneity in order
to avoid cut and dried decision making. To the extent that one insists on maintaining
heterogeneity, Theorem 2 has two important implications. First, lying incentives by
biased agents can be overcome by including moderate agents in the committee and as-
signing decision power to them through a suitably chosen voting rule. Second, a single
moderate agent will not suffice to ensure truthtelling (and may even be detrimental) as
the reporting decision is then not sufficiently decisive with regard to the final outcome.
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2.5 General Mechanisms

We next consider the voting problem discussed in the previous subsection from a mech-
anism design perspective. Suppose a designer who wants to maximize the ex post
expected utility among jurors according to

n n
Fu=F E oju; = E ajBu;
Jj=1 Jj=1

for given Pareto-weights aq, ..., a, > 0 with Z?Zl a;j = 1. The expected utility of the
committee conditional on signal profile o is given by

—Plwe Glo]- (1 -2 ajqj) a=A

Eu(o,a) =
{—P [w=1Ilo]- > 1 ajq; a=C.

Hence the optimal action coincides with the preferred action of a hypothetical juror
with preference parameter ¢* = Z?Zl a;q;.

We refer to the decision rule that implements conviction whenever (o) > ¢ and
implements acquittal whenever (o) < ¢ as decision rule qm Note that whenever
q € (8(n,0,...,0),5(0,...,0,n)) there exist report profiles ¢ and & such that a = C
whenever ¢ is reported while a = A whenever & is reported. We call such a decision
rule responsive. Our main objective in this section is to identify conditions under which
a given responsive decision rule ¢ is implementable. Invoking the revelation principle,
we may restrict to direct mechanisms where the designer commits to a policy conditional
on reports and agents report their signals truthfully subject to incentive compatibility.

The following proposition states a negative benchmark result for the classical binary
signal model.

Proposition 1. Suppose A = 1 or, equivalently, mg = m; = 1. Unless g1 ~ ... ~ qn,
no responsive decision rule q is implementable@

Proof. See Appendix. O
In contrast, whenever A > 1 as assumed in our model, this impossibility result does

not apply as shown in the following theorem.

Theorem 3. Assume A > 1. A responsive decision rule q is implementable if and only

if

In particular, this applies to the welfare mazximizing decision rule q*.

17 As reports are assumed to be truthful, we use the same notation for aggregated report profiles that
we have used for aggregated signal profiles before.

18Gerardi et al. (2009) propose a sophisticated mechanism that under certain conditions implements
a decision rule that is arbitrarily close to the welfare maximizing rule in the classical model with
mr = mg = 1. The mechanism requires either highly accurate private signals or a large number
of agents. Moreover, it involves a sophisticated elicitation scheme in which an agent is singled out
for scrutiny with some probability; if his report is consistent with the majority’s reports, the principal
rewards the selected agent by taking his favorite action. Otherwise, the principal takes a random action.



2.6. COMMENTS ON PARTIAL AND SEQUENTIAL COMMUNICATION 21

Proof. By Lemmas 1 and 2, the reporting incentives of a juror j with ¢; < ¢ in the direct
mechanism that follows decision rule ¢ are identical to the reporting incentives of juror
j if he faces a group of doves with gp = ¢ that has critical mass. Similarly, the reporting
incentives of a juror j with ¢; > ¢ in the direct mechanism that follows decision rule
q are identical to the reporting incentives of juror j if he faces a group of hawks with
qm = q that has critical mass. The result then follows directly from Theorem 1. ]

Theorem 3 provides a precise and simple characterization of the circumstances under
which a given responsive decision rule ¢ is implementable in our model. Invoking Part ¢)
of Theorem 1, implementability is always compatible with some conflict between agents
whenever Assumption 1 applies to a virtual agent with preference parameter q.

If the assumptions of Theorem 3 are satisfied, implementation may take place
through different mechanisms. The first possibility is to use a classical direct mechanism
in which agents truthfully report to an external designer committed to choosing convic-
tion if and only if 8 (0) > ¢ for any reported signal profile 0. However, implementation
is also possible without relying on an external designer. Consider simultaneous public
communication followed by voting under a non-unanimous voting rule, and suppose a
putative equilibrium where all agents communicate truthfully and subsequently vote
according to decision rule q. Since voting is always unanimous on the equilibrium path,
individual deviations in the voting stage never influence the outcome and incentives in
the communication stage are as in the direct mechanism@ The gain of avoiding an
external designer comes here at the cost of weakly dominated voting strategies. Finally,
note that if there exist j € {2,...,n — 1} such that ¢j_1 ~ ¢; ~ gj+1 ~ ¢ then decision
rule ¢ is implementable by setting k = j as a TS equilibrium of the communication and
voting game discussed in Theorem 2.

2.6 Comments on Partial and Sequential Communication

In this final section we show by means of an explicit example that an existing TS
equilibrium may be welfare dominated by a sincere voting equilibrium that involves only
partial revelation of information. We add a discussion of sequential communication as
a natural context for such partially revealing equilibria.

Fix the committee size as n = 3 and suppose m; = mg = 2. Let f (I) = f (G) = 35,
p =2, and A = 2. Say there are two hawks (agents 1 and 2) and one dove (agent 3)
with preference parameters qg = % and qp = g. We have

1

) 6

5(1a0a072) = §<QH<§:B(OaOa]-’2)a
6 9

B(analaz) = §<qD<ﬁ:B(O7OaOa3)7

20The prescribed mechanism as well as the independence of the (non-unanimous) voting rule are well-
known from |Gerardi and Yariv| (2007)). Note, however, that |Gerardi and Yariv| (2007)) do not provide
any results on implementability of particular outcomes as such, in stark contrast to our findings.
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so preferences are as in Section 3. As demonstrated there, the TS equilibrium exists if
doves have critical mass, i.e. kK = 3. At the same time, the TS equilibrium does not
exist if hawks have critical mass, that is k = 1 or k = 2, since ¢p (qg) = % < g = qDE
However, attaching equal Pareto weights a; = % to all agents, it is easily seen that the
socially optimal decision rule involves conviction for profiles (0,0,2,1), (0,0,1,2), so
it coincides with the hawks’ preferred decision rule. The existing TS equilibrium thus
leads to suboptimal acquittals for profiles (0,0,2,1) and (0,0, 1, 2).

Consider now an alternative putative equilibrium under unanimity in which agents
1 and 3 behave as before but agent 2 only reveals whether he holds an i-signal or a g-
signal, without specifying the variant, and where voting is Sincereﬂ In such a putative
equilibrium, it is immediate that the defendant will be acquitted whenever either at
least one ¢-signal is reported or agents 1 and 3 report inconsistent g-signals. However,
the conditional probability of guilt in case of agents 1 and 3 holding consistent g-signals
and agent 2 holding some g-signal is given as

15 7
P[wEG\slzs;),eG,sQeG]:l—g>§:qD’

so the defendant will be unanimously convicted. It is straightforward to check that this
reporting behavior together with correct Bayesian beliefs and sincere voting constitutes
a partially revealing equilibrium.

The partially revealing equilibrium we just described improves welfare compared to
the existing TS equilibrium as it involves conviction for some instances of signal profiles
(0,0,1,2) and (0,0,2,1). Note that if both hawks would adopt the partially revealing
reporting strategy of agent 2, this would not suffice to convince the dove to vote for
conviction as o7

P[w € G|81,82,83 S G} =d{p (qH) = % < gp.
This is in line with the characterization in Therorem 3; the welfare maximizing decision
rule ¢g cannot be implementable given that gp > ¢p (qg).

The partially revealing equilibrium therefore essentially relies on asymmetric behav-
ior of the two (ex ante identical) hawks. While this is an unattractive property in the
simultaneous communication game analyzed so far, it is a very natural feature under
sequential communication as we argue now.

Consider the same game as above under unanimity voting (k = 3) where agents
speak in order of their numbers. First, look at a putative TS equilibrium. For agent
1, incentives are identical to the simultaneous game where the TS equilibrium exists.
Agent 3 (the dove) has critical mass and hence does not have an incentive to deviate
either. Agent 2 is pivotal if and only if both other agents hold consistent g-signals.
However, in contrast to the simultaneous communication protocol, given the first agent’s
report of a particular g-signal there is no uncertainty left as to which variant of g-
signal this could be. Hence agent 2, when holding some g-signal, will always imitate

2IThe value dp (qzr) corresponds to the likelihood of guilt if it is known that all agents hold some
g-signals but nothing is known about their consistency.

22For the given message space M = S, agent 2 might for example randomize with probability % over
both g-reports whenever he holds a g-signal.
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the variant announced by agent 1 to trigger a conviction, whether or not their signals
are consistent. Sequential communication therefore leads to a breakdown of the TS
equilibrium. On the other hand, if agent 2 adopts the communication strategy just
described as a deviation from the TS equilibrium path, the outcome will be precisely that
of the partially revealing equilibrium discussed before. Again, it is easy to check that
together with sincere voting these communication strategies form a Perfect Bayesian
Equilibrium also under sequential communication.

Sequential communication is known to render full revelation of information under
conflict more difficult as it reduces uncertainty of (late) speakers, see e.g. [Van Weelden
(2008). While this is typically considered an unfavorable property, our example high-
lights a potentially beneficial aspect of the very same feature. Under sincere voting
and simultaneous communication, the TS equilibrium may be welfare dominated by
partially revealing equilibria. Sequential communication can then serve as a selection
device, eliminating the welfare dominated TS equilibrium while leaving the partially
revealing equilibria intact.

2.7 Conclusions

In our collective decision model with pre-vote communication, a positive probability of
ex post disagreement among agents is frequently compatible with the existence of the
truthful communication and sincere voting equilibrium. The driving forces underlying
our positive result are the consensus and uncertainty effects, both of which originate
in the multiplicity of pivotal scenarios at the communication stage. The latter fea-
ture follows from the role played by consistency given our information structure. As a
consequence of our equilibrium analysis we also obtain a positive result regarding the
implementability of threshold decision rules in heterogenous committees including the
decision rule that maximizes committee welfare. From a conceptual perspective, the
key and novel feature of our information structure is that a given signal is interpreted
differently depending on other available information; meaning is determined in context.
We find this aspect worth exploring within other communication games.

2.8 Appendix

Proof of Lemma 0. The posterior probability of guilt for signal profile ¢ is given as

f(w€QG):Pr(clweQqG)
fweqG) PrclweG)+ f(wel)  Pr(clwel)
_[,, PweD ma pemy T (=p) Btmg-D\Y T AT
P(we@G) mp 1-=p)-A+myp —1) p-mg E;icl;kyl ’

B (o) =

(2.8.1)

The first claim is immediate from this formula. Note that if A = 1 then (o) only
depends on = and y.
. —n)-(\ _ . . .
As (l—p)fkﬂl%z—l) >1, (1 p)z()_;;;nG D) < 1 by condition (2.2.1) and A > 1, inequality
(2.4.1)) follows directly from equation (2.8.1)). Similarly, A > 1 together with equation
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(2.8.1)) implies (2.4.2)) and (2.4.3). Equality holds if and only if AY = AY" or A"t = \%r,

respectivly. O

Proof of Lemma 4. By Lemma 1 we may assume that the agent under consideration,
agent 7, is not part of the group that has critical mass. Suppose that agent j holds a
signal s = i; and considers to report m = i, with r # [, I, € {1,...,m;}. Consider
two candidates for o_;, namely 6 = (21, ..., %1, ..., Ty ooy Ty, Y1y oy Ymg ) AN Oppes, =
(X1, ey Ty ooy LUy ooy Ty Y1y - Yy ) and assume without loss of generality that x; > ;.
By Lemma 0 we have

B(6) = B(0ne—az,),
/8([7"‘%;) = ﬁ(&x“—mr‘f‘gir)y
B(6+o0i,) = B(0ne—sa, +04),
B(6+oy) > B(6+0i),

with equality in the last equation if and only if z; = x,. We can now compare the
expected utility of the reports m = 4; and m = 4, conditional on o_; € {G,02,«—a, }-
If both reports m = i; and m = i, trigger identical actions, the reporting decision does
not matter. In particular, this is the case if x; = x, where the two candidate profiles for
o_; coincide. If the reports trigger different actions, then m = ¢; will trigger acquittal
for o_; = ¢ and conviction for 0_; = 64, ,, while m = i, will trigger conviction for
o_j = 0 and acquittal for o_; = 64,«—,,. Hence

Eulm =ifo_; € {6,602} = Eulm =iylo_; € {6,62,—a,}]

ma
= =) Pw=gls=u) Plo—j=6lw=gi0-; € {6,600} (1-0q)
t=1

mg
+> Pw=gils=1i)  P(0_j = Garesa,

t=1

w=gy,0_; €{0,002.}) (1 —0q)
my

Y Pw=ils=it) P(0_j = 6buesu|w=i1,0; €{6,60mcu})q
t=1

mr
+Y P(w=itls =) P(o_j =6lw=1i1,0_; € {6,60a,}) q
t=1

P(UJGI) . p

_ mi X—itmy e S o i P .
P(:zfl) p+ P(:fGG) ~(1-p) AZr 4 \TL

> 0.

As the set of signal profiles possibly held by the other agents splits into pairs of the
form {6, 64,«s,} this shows the result. The proof for g-signals is alike. O

Proof of Theorem 1. a) Given Lemmas 1-4 it remains to analyze under which circum-
stances a dove holding some g-signal wants to deviate by reporting some ¢-signal instead.
So assume that agent j is a dove holding signal s; = g; for some [ € {1,...,mg} and
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considers reporting m = i, for some r € {1,...,m;}. Clearly, by ex-ante symmetry of
the model, the particular specifications of the g-signal and the i-report do not matter.
Following the proof of Lemma 3, for any profile o_; € Piv;, 4 (g;) a truthful report
m = g; will trigger conviction while reporting m = i, will trigger acquittal. Truthful
reporting hence constitutes an equilibrium if and only if
0 < Eu(m;=g)— Eu(m;=i,)
= - Z Pr(well|s;=gq)-Pr(c_jlwel) qp

o_jE€EPIv;,. g (qm)

+ > Pr(weGlsj=g) - Pr(o_jlweG)-(1—qp).

0_jEPi, g, (qn)

The above expression is decreasing in ¢p, hence the inequality holds for any

1
< - P(o_;ils; = -Blo_; +o0,).
4D P(Ufj c P'L'Ui,r,’gl (QH) |5j — gl) Z ( .7‘ J gl) B( J gl)

0 EPWi, g, (qH)

Equality yields ¢p (qm)-
b) A symmetric argument as in Part a) yields that truthfully reporting a signal i,
rather than deviating to a signal g; is incentive compatible for a hawk if and only if
0 < Eu(m;=i,)—Eu(m; =g)
= - Z Pr(weGl|s;=1i,) - Pr(o_jlweG) - (1—qn)
aijPi'uil,gT(qD)
+ Z Pr(wellsj=1i,) - Pr(o_jlwel) qu.

o_;€Piv; 4. (aD)

The above expression is increasing in qr, hence the inequality holds for any

1
= ; ; P(o_jls; =1ir)-B(o—;+03,.).
n P(U_j € Piv;, g, (¢p) |5j =i,) Z ( J| J ) ( j )

o_j€PIv;, g, (gp)

Equality yields ¢z (¢p).

c¢) Consider first the case where hawks have critical mass. Let o be a hawk threshold
profile; it exists by Assumption 1. We need to show that ¢p (¢z) > [ (0g) in which
case oy is a conflict profile. Suppose agent j is a dove holding a g;-signal and considers
deviating by reporting m; = i1. If ¢gp = S (on) then hawks and doves agree on the
optimal action for any signal profile, so truthful revelation dominates any deviation. By
continuity of Eu(m; = g1) — Eu(mj =141) in ¢p it therefore suffices to find a pivotal
profile o_; € Piv;, 4, (qu) for which dove type gp = B (o) holding a g;-signal strictly
prefers conviction over acquittal. In other words, o_; has to satisfy

Blo_j+0u) < Blom) < Blo—j +0g) (28.2)

After reshuffling x- and y-entries, we may assume without loss of generality that op
satisfies ©1 > ... > @y, Y1 > ... > Y. First, assume that yo > 0. Then the profile
0_j = 0f — 0y, satisfies (2.8.2)). Similarly, if xo > 0 then profile o_; = o5 — 0y, satisfies
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(2.8.2). So suppose z3 = y2 = 0. If yy = 0 then 1 = n and o = (n,0,...,0), so
hawks would want to convict irrespective of any information. If 1 = 0 then y; = n and
og = (0,...,0,y1 =n,0,...,0). Both cases contradict Assumption 1. Finally, assume
x1 # 0 # y1. Since n > 3 we must have x; > 2 or y; > 2. In the first case, o_; =
oy — 0y, — 0g, + 04, satisfies while in the latter case o_; = oy — 04, — 04, + 0y,
does. This finishes the proof for hawks having critical mass. The proof for the case of
doves having critical mass is alike. O

Proof of Theorem 2. All we need to show is that no other deviations apart from those
analyzed in the main text can be profitable. Clearly, as in Lemma 3, no agent j < k
with g; < g has an incentive to misreport a g-signal as an -signal as this, if anything,
will lead to additional (undesired) acquittals compared to the TS outcome. Similarly,
no agent j > k with ¢; > ¢; has an incentive to misreport an i-signal as a g-signal as
this will lead to additional (undesired) convictions.

What remains is to analyze deviations from a truthful ¢;-report to an i,.-report as
well as from a truthful g;-report to a g.-report. In particular, we need to show that
the potential influence of juror j at the voting stage does not alter the incentives as
compared to Lemma 4. Consider some juror j. If for a given signal profile o_; of
other agents both reports result in the same voting behavior of agent k, then agent j
is indifferent. If the action is conviction, he agrees if j < k£ and he cannot change the
outcome at the voting stage if j > k. Similarly, if the action is acquittal, he agrees if
J > k and he cannot change the outcome at the voting stage if 7 < k.

If for a given signal profile o_; of other agents both reports result in different
voting behavior of agent k, we follow the proof of Lemma 4. Suppose that agent
j holds signal s = 4; and considers to report m = 4,. Consider candidates ¢ =
(X1, ey Tl ooy Ty ooy Ty Yy ooy Ymg) AN Oy, = (T15 ooy Ty ooy Ty ooy Ting s Y1y -os Yy )
for o_; with ; > x, as in Lemma 4. Then truthfully reporting m = ¢ will trigger
agent k to vote for acquittal if o_; = ¢ and for conviction if o_; = 04«5, while
reporting m = i, will trigger agent £ to vote for conviction if o_; = & and for acquittal
if o_; = 0zje—a,- If j < k and hence ¢; < ¢ agent j will either prefer conviction
for both, ¢ and 64+, , or will prefer acquittal for 6 and conviction for 64, s,. In
the former case, as agent j < k can never overturn an acquittal vote from agent k,
the action is implemented according to the vote of agent k and the same calculation as
in Lemma 4 applies. In the latter case, truthtelling will ensure the preferred outcome
of agent j so there is no incentive to deviate. Similarly, if 7 > k and hence ¢; > g,
agent j will either prefer acquittal for both, ¢ and 64,«,,, or will prefer acquittal for
¢ and conviction for 6, ,,,. In the former case, as agent j > k can never overturn a
conviction vote from agent k, the action is implemented according to the vote of agent
k and again the same calculation as in Lemma 4 applies. In the latter case, truthtelling
will again ensure the preferred outcome of agent j so there is no incentive to deviate.
The proof when agent j holds signal s = g; and considers to report m = g, is alike. [

Proof of Proposition 1. As A = 1, B (o) is a function of = > a; and y = 35 y;
only. Write [; for the minimal number of g-signals required by agent j to prefer con-
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viction over acquittal. If ¢; ~ ¢, and q; < gy, we have [y < l,,. Moreover, write [4 for
the minimal number of reported g-signals for which the designer convicts the agent and
note that, by responsiveness, 1 <1; < n. If [; < [; for some j, then agent j has a strict
incentive to misreport a g-signal as an i-signal. Indeed, the misreport will only influence
the outcome if other agents hold and report precisely [; — 1 g-signals, in which case the
total number of g-signals is l4 < [}, so agent j prefers to trigger an acquittal. Conversely,
if lg > 1; for some j, then agent j has a strict incentive to misreport an i-signal as a
g-signal. The misreport will only influence the outcome if other agents hold and report
precisely [4 — 1 g-signals, in which case the total number of g-signals is 4 —1 > [, so
agent j prefers to trigger a conviction. But since Iy < [l,, one of the two cases must
apply to either agent 1 or agent n. Hence decision rule ¢ is not implementable unless
qL~ ...~ Qn. O
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Chapter 3

A Baseline Model of
Multidimensional Screening

3.1 Introduction

Various economic contexts feature multidimensional allocation problems that come
along with multidimensional preferences on the consumer’s side or multidimensional
costs on the producer’s side. Instances of such problems are (multiproduct) monopoly
regulation, (multiproduct) procurement, or pricing problems that involve more than
one good sold at the same time. Economic modeling of these instances has given rise to
essentially equivalent mathematical frameworks involving multidimensional screening.
Rather than singling out and discussing a particular application, this thesis chapter
presents a formal solution approach to such a multidimensional screening model which
goes back to |Armstrong and Rochet (1999)E] Generalizing upon the special case of
additively separable utilities analyzed by [Armstrong and Rochet| I provide a full classi-
fication of all qualitatively distinct potential solutions for arbitrary interactions between
the good dimensions. Moreover, I relate particular properties of the solution to partic-
ular properties of the designer’s objective.

The screening model I consider is characterized by binary (cost) types in each of
two good dimensions. While this is likely to be a simplification with respect to most
applications it keeps the optimization problem finite-dimensional and thus allows for
an explicit characterization of the optimal allocation. Nevertheless, the task remains
intricate as various deviations must be taken into account for each type. A key step in my
solution approach is to identify different combinations of binding incentive constraints
with different properties of the (optimal) allocation. This equivalence is based on an
explicit cost-rent analysis. First, optimal transfers are characterized as a function of
the allocation, starting from a “no-rents-at-the-bottom” result for the fully inefficient
firm type. As a consequence, rents left to different firm types are also a function of

"While this thesis chapter does not focus on one particular application, to fix terminology and
notation I present the model in terms of a regulation problem and use the respective terminology also
for the rest of the introduction.

29
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the allocation only. It thus becomes a matter of direct comparison to check which
allocations render which deviations particularly attractive, taking both costs and rents
into account.

The identification of particular combinations of binding constraint with properties
of the allocation allows me to break down the complex global optimization problem
that features kinks at hyperplanes where one binding incentive constraint is replaced by
another into several smooth subproblems. Each of these subproblems corresponds to a
particular combination of binding incentive constraints whose characterizing allocational
properties are imposed as additional constraints. In a second step, I provide explicit
necessary and sufficient conditions under which circumstances a solution of a given
subproblem constitutes the solution to the global optimization problem.

The classification theorem that results from the above process is at the core of
this thesis chapter. It provides an algorithmic way to solve the global optimization
problem in a limited number of steps; moreover, it serves as a starting point for all
later refinements. The general classification renders a large set of qualitatively different
allocations possible, including “exotic” properties that cannot arise in corresponding
unidimensional problems. Solutions may feature distortions for fully efficient types,
upward binding incentive constraints and higher production levels for inefficient types
as compared to efficient types within the same dimension.

With the general classification theorem bearing a spirit of “anything goes” the key
question arises how different properties of the optimal allocation relate to economic
assumptions on the fundamentals. The model exhibits three main characteristics subject
to specification, namely the interaction between the dimensions through the valuation
function, asymmetry between the dimensions through the valuation function, and the
underlying distribution of types.

Interaction between both dimensions through the valuation function gives rise to
new effects compared to the unidimensional case. In the unidimensional case, produc-
tion costs fully determine the allocation qualitatively — even when abstracting from
optimality — as monotonicity of the allocation in costs is equivalent to implementabil-
ity. In multiple dimensions, the interplay of the allocations in both dimensions affects
efficiency and may even overturn the cost effect. To see this, consider two firm types,
type 1 being efficent in dimension 1 (labeled x) and inefficient in the dimension 2 (la-
beled y) and type 2 vice versa. Suppose furthermore that the y-allocations of both types
are ordered as efficiency with respect to costs would suggest, namely type 2 producing a
larger quantity in y, being the more cost-efficient firm in that dimension. Yet, a higher
quantity in y for type 2 may render it efficient to have type 2 also producing a higher
quantity in x despite the higher production costs if goods are sufficiently complemen-
tary. A similar phenomenon may occur for strategic substitutes when considering a
fully efficient and a fully inefficient firm type.

The above effects apply in purest form when types are common knowledge and no
distortions through rent concerns must be taken into account. However, a main finding
of this thesis chapter is that most of the basic first-best features related to interaction
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between the dimensions transfer to the private information case] The nature of interac-
tion thus imposes fundamental ex ante restrictions on the optimal allocation that cannot
be overturned by other factors. Invoking the equivalence between allocational proper-
ties and combinations of binding constraints, this implies that the latter set is likewise
restricted under, say, complementarity or substitutability. What is more, the sets of po-
tential combinations of binding constraints under complementarity and substitutability,
respectively, intersect precisely in those constraint combinations that are feasible for the
additively separable benchmark. Independent of any additional effects arising from dis-
tributional properties or (a-)symmetry, complementarity and substitutability are thus
shown to push the optimal allocation in distinctly different directions.

Nevertheless, distributional properties and asymmetry between the dimensions in
the valuation have substantial influence on the shape of the optimal allocation within
the limits imposed by the interaction. Consider first potential concerns arising from
distributional properties. The more likely a particular type is to occur, the more costly
it becomes to distort its allocation away from the first-best. In the unidimensional case
these considerations are well-known to determine the classical rents vs. efficiency trade-
off, see e.g. |[Baron and Myerson (1982). In the multidimensional framework which is
much more flexible as to which constraints bind, a less (downward) distorted type may
easily become attractive as a target for deviations and thus “attract” binding incentive
constraints from other typesﬂ Distributional effects are by definition inherent only to
the private information case and thus are driven by rent concerns rather than efficiency
concerns.

Finally, (a-)symmetries between the dimensions in the valuation function also have
a strong impact on the optimal allocation. On the one hand, they clearly influence
efficiency and thus the first-best allocation by determining the relative size of the cost
effect in a given dimension compared to the effect resulting from interaction. On the
other hand, asymmetry also matters when incorporating rent concerns as it determines
which of the two allocation dimensions is less costly to distort.

Changing our perspective slightly, we can also consider asymmetry and interaction
between the two good dimensions in general, whether induced by the valuation or by
the type distributionﬁ In particular, the complete absence of either of the two forces
drastically restricts the set of potential solutions as was shown for the case of missing
interaction in |Armstrong and Rochet| (1999)) and is shown for the case of complete
symmetry in this thesis chapter. What is more, the resulting allocations feature the
standard unidimensional properties such as “no distortions at the top” and monotonic
allocations with respect to production costs. Conversely, pushing the optimal allocations
beyond these standard features thus requires a substantial interplay of asymmetry and

20ne important exception applies to the case of strategic substitutes where some monotonicity rela-
tions from the first-best case may fail to hold under private information.

3In |Armstrong and Rochet| (1999) where valuations are additively separable, correlation between
preference types is the main determinant as to which incentive constraints bind.

“Interaction in the type distribution is captured by correlation while asymmetry enters via different
probabilities for the two efficient-inefficient type combinations.
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interaction between the good dimensions/|

There is a large and diverse literature on multidimensional screening. A seminal ref-
erence is Rochet and Choné| (1998)) who analyze the general problem of multidimensional
preference types and multidimensional allocations in continuous dimensions. While [Ro-
chet and Choné| obtain valuable insights such as the existence of bunching regions for
the optimal allocation, a general explicit solution to their model seems out of bounds.

Several papers have taken a complementary approach to the present thesis chapter
by combining a simple (binary) allocation choice and with continuous type spaces. This
strand of literature has mainly been developed in the framework of pricing problems.
Adams and Yellen (1976) were the first to analyze bundling incentives in multiprod-
uct pricing. Formalizing the same approach, [McAfee et al. (1989)) show that bundling
generically improves upon separable pricing schemes when buying behavior can be moni-
tored. Moreover, they show that for uncorrelated types a discount for buying the bundle
improves revenues upon pricing both goods separately. More recently, [Manelli and Vin-
cent| (2007) analyze the problem from a more general design perspective and find that
optimal pricing schemes are typically stochastic, thereby adding a flair of continuity
to the allocation dimensions which again comes at the cost of explicit solvability. In
a complementary approach, |Armstrong (2013)) analyzes optimal deterministic mecha-
nisms allowing for complementarity and substitutability in consumers’ utility. A mixed
approach involving one continuous and one binary preference dimension is analyzed in
Ketelaar and Szalay (2014)@

Apart from the aforementioned paper by [Armstrong and Rochet| the paper most
closely related to my contribution is [Severinov (2008)) who also adds complementarity
or substitutability to the Armstrong-Rochet model. The difference between Severinov’s
and my contribution is twofold. First, Severinov assumes uncorrelated preference types
and thus eliminates one source of interaction which may otherwise impact the optimal
allocation. Second, Severinov’s objective is different from mine; rather than solving
the optimization problem, Severinov compares different organizational forms to decide,
among others, whether a single producer of two goods can be procured more or less
efficiently than two seperate firms producing one good each[] On the technical side, I use
the homotopy method from Severinov’s paper which involves the continuous deformation
of first order conditions to analyze the dynamics of allocational properties.

Finally, Litterscheid and Szalay (2014)) analyze an almost identical model with posi-
tive correlation in a sequential context where the firm learns its information in dimension
2 only after having reported its type in dimension 1. As in this thesis chapter, prop-
erties of the allocation are linked to binding incentive constraints and the underlying
fundamentals. While the sequential problem is simpler in the sense that there are less

9Armstrong and Rochet|show for the additively separable case that distortions at the top can only be
optimal if substantial asymmetry between good dimensions and sufficiently strong negative correlation
between type dimensions occur jointly.

5See also Chapter 4 of this thesis.

"Indeed, some of Severinov’s informal comments on the general solution concerning e.g. the irrele-
vance of upward constraints seem dubious in the light of the analysis here which features some explicit
examples for the latter phenomenon in the proofs of Section 7.
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deviations available, due to the uncertainty in the first stage out of equilibrium behavior
proves tricky to analyze.

3.2 The Model and the Maximization Problem

A designer wants to regulate or procure a firm that produces two goods whose quantity
or quality characteristics are captured by parameters x,y € R;y. The firm has produc-
tion costs C' (z,y) = Ox+ny where 0 € {0;,0,} and n € {n;,nn}, 0nb >0, > 0,1, > >0
are private knowledge of the firm. The designer only knows the ex ante probabilities
of the four possible cost types, denoted by p;; for type (6;,n;), 4,5 € {l,h}ﬁ I write
Ag =0 — 01, Ay = np — 1.

The designer aims to maximize a given demand or utility function V' (z,y) subject to
participation of the firm. V (z,y) is strictly concave and twice continuously differentiable
with non-degenerate (and hence negative definite) Hessian for all z,y € R;. To ensure
inner solutions, I impose some additional Inada conditions such as lim,_,o V, (z,y) = oo
for all y € Ry, limy 0 Vy (z,y) = oo for all z € Ry, limy o0 Vi (2,y) =0 for all y € Ry,
and limy_,o V, (z,y) = 0 for all z € Ry. Examples may depart from these particular
conditions.

Invoking the revelation principle (see e.g. Myerson| (1982))) I restrict attention to
direct mechanisms. For each firm type (0;,7;), i,j € {l,h} the designer commits to
a production policy (z;j,vi;) and fixes a transfer payment T;;. Firms’ profits when
reporting truthfully are then given as

mi; = Ti; — Oiwij — njys; Y (i,5) € {l,h}?

while profits of a firm of type (i,7) € {I,h}* reporting type (r,s) # (i,5) € {I,h}* are
denoted as
Tijrs = Trs — Oixrs — NjYrs-

The designer aims to solvd’]

maX ]E .. V x4 -’ .. —_ T. .
vy i T g {Lh} (z,])[ ( ij yz]) z]

subject to participation of the firm, i.e.

T4 >0 VZ,] € {l7h}a

8T will often write (i,4) to refer to type (0;,7;) in what follows.
9The designer’s objective can be rewritten as
max ]Ez V{Ei', g *Ti' = max Ez V{Bi', i 70 Tij,Yij) — Tij] -
wijuigitiy biE{Lh} ) [V (@5, 4i5) ] iy b E{Lh} G [V (@35, i) (ij, Yis) ]
In some contexts, the designer may also care about the profits of the firm, weighted by some factor
a € (0,1), thereby adding a factor (1 — ) in front of 7;; in the objective. As this additional factor

does not qualitatively affect the analysis, I will assume o = 0 for sake of simplicity and notational
convenience.
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and incentive compatibility of truthful reports for all firm types, i.e.

Tij > max Tijrs VY (4,7) € {l,h}2.
(r,s)€{L,AY?, (r,8)#(,5)

I write IR;; to refer to the individual rationality (participation) constraint of the firm
of type (i,j) € {I,h}*. The incentive compatibility constraint of firm (i,j) € {I,h}*
not to mimick firm (r, s) # (i,5) € {I,h}” is referred to as IC;jrs. If I refer to all three
IC-constraints of type (i,7) € {l, h}* simultancously, I write I1C;;.

3.3 Implementability

In the unidimensional baseline model with discrete or continuous types it is a well-
known result that implementability is equivalent to monotonicity of the solution in the
reported parameter (see e.g. Baron and Myerson| (1982))). This insight is in line with
the intuition that the higher the production costs of a good are, the lower is the optimal
output. With multiple goods, this intuition applies only partially as I demonstrate in
the next proposition. While, to the best of my knowledge, the result for this particular
setup has not been stated before explicitely, it can be derived as a direct implication of
Theorem 1 in Rochet| (1987). We may interpret our optimization problem as a network
flow problem where each type (i,7) € {l,h}* constitutes a node and is linked to any
other type (r,s) € {l, h}2 by an arc of length C (6;,7n;, xij,vi;) — C (0:,1n;, Trs, yrs) for
a given allocation (x,y) € Ri X Ri. Following [Rochet| (1987), (z,y) is implementable
by some transfers T (x,y) if and only if the network does not feature a cycle of positive
length. In our setup this translates into the following proposition.

Proposition 1. An allocation (z,y) € Ri X ]Ri 1s implementable through transfer
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payments T =T (0,n) if and only if the following 16 inequalities hold:

Ty — TR >0 (11)

Yy — Yy =0 (12)

Tip — Tpp 2 0 (I3)

Ynl — Ynh = 0, (14)

Do - (xy — zpn) + Ay - (Y — yrn) >0 (I5)
Do - (zin — ) + Ay - (Yt — Yin) =0 (16)
Ag - (zu — zpn) + Ay (Ynt — Ynn) 20 (I7)
Ag - (Tin — zpn) + Ay (Yu — Ynn) 20 (18)
Ag - (zu — zp) + Ay - (Y — ynn) = 0 (19)

Ag - (zu — zpn) + Ay - (yu — yin) = 0 (110)

Ag - (in — zn) + Ay - (yu — yin) = 0 (I11)

Ag - (xy — ) + Ay (Y — yin) 20 (I12)

Do - (i — whn) + Ay (Y — yin) >0 (I13)
ANg - (xip, — zpt) + Ay - (Y — Yrn) >0 (114)
Ao - (zn — zm) + Ay - (Y — ynn) >0 (115)
Do - (xy — zpn) + Ay - (Yt — yin) > 0. (116)

We denote the set of implementable allocations, i.e. all allocations (x,y) € ]Ri X Ri
that satisfy the above 16 inequalities, by Z C Ri X Ri.

Proposition 1 can be read from two different points of view. First, it shows that
one-dimensional monotonicity as stated in equations — “all else equal” is no longer
sufficient for implementability but must be complemented by twelve additional condi-
tions that link the two dimensions as stated in equations —.

On the other hand, implementability in the multidimensional setup no longer implies
that low-cost types in a particular dimension produce more than high-cost types in the
same dimension. Indeed, equations — allow for the possibility that

xy — xpn <0,
xip — 2l < 0,
Y — Ynn < 0,
Yt — Yin < 0,

while at most one of these inequalities can hold at a time. As I will demonstrate later
on, and has partially been demonstrated by Severinov (Severinov| (2008])) before, each
of these inequalities may hold in an optimal mechanism if the interaction between both
dimensions through V' (z,y) is sufficiently strong.
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3.4 First Best Allocations

For later comparison it is useful to start with a close look at the first best scenario where
the firm’s type is known to the designer. In that case the designer leaves no profits to
the firm and sets production quantities such that marginal valuations equal (constant)
marginal costs of production, that is

Ve (Tij, yij) = b;

Vy (i, yij) = 1
for all 4,5 € {lI,h}. A central issue of this thesis chapter (cf. Section 6) is to analyze
as to which extent properties of the first best allocation transfer to the second best

allocation in the private information case. Since the relevant intuitions apply in most
pure form to the undistorted first best case, I provide a brief discussion here.

Proposition 2. The first best allocation has the following properties:

a) gy —xp >0, 2y — 2pn > 0, Y — yin > 0, Yni — Ynn > 0.

b) If goods are complements, then xy > xin, Thi > Thh, Y > Yhis Yih > Yhh-
¢) If goods are substitutes, then xy < i, Thi < Thh, Y < Yni, Yih < Yhh-

d) If |Vy@£:,y)\ > ‘szA(Z’y)‘ for all (z,y) € Ri, then xy > xpn, T > Th. If 7|V”“gi5’y)l >

Vi (@,
Lt ‘ﬁ: O for all (w,y) € R then yu > ynn. Ynt > Yin-

Part a) of Proposition 2 seems straightforward. Production is cheaper for low cost
types than for high cost types, so the efficient type should produce more. A bit more
formally, decreasing the production costs should increase quantities due to decreasing
marginal valuations in each dimension, captured by V,, < 0 and V,, < 0, respectively.
While this essentially unidimensional intuition holds true in our multidimensional setup,
it is nevertheless worth to take a slightly closer look. Indeed, gradually decreasing 60,
to 60;, say, typically impacts the allocation in both dimensions unless valuations are
additively separable. Taking derivatives with respect to ¢ of the system of first order
conditions given as

Vi (2, y) On —t- Ay
Vy(z,y) = n
yields
dx dy
E Vi (x,y) + E : ny (x7y) = —Ay
dx dy
dat ny(x,y)+a~vyy(x,y) =0
which has a unique solution
dﬁ — —Ag - Vyy (2,y)
dt Vaw (2,9) - Vi (2, 9) = Vay (2, 9)?
deJ AG : ny (SU, y)

dt sz ('Tv y) : Vyy (.f, y) - V:By (x7 y)2 '



3.5. A GENERAL SOLUTION APPROACH 37

Note that it is indeed the negative sign of V,,, (x,y) that determines the sign of the effect
on z. The relative size of the effects on z and y, however, is measured by |V, (z,y)|
and |V (,y)|, respectively. This may be surprising at first sight, given that it is the
cost parameter relating to the x-dimension that changes. However, it is the constant
value of  in Vj, (z,y) = n that determines which two effects must outweigh each other,
namely those coming from |Vy, (z,y)| and |V (2,v)].

As just demonstrated, to keep both first order equations satisfied simultaneously a
shift in z, say, coming from a change in 6 will typically require the allocation in the sec-
ond dimension to be adjusted as well. This is reflected in Parts b) and ¢) of Proposition
2. When gradually reducing 6y, to 6; while keeping 7 fixed, under complementarity the
increase in x must be compensated by an increase in y to keep equation V, (z,y) =7
satisfied. Conversely, for the case of substitutes, y must decrease to compensate for
an increase in x. Intuitively, under complementarity the value of producing more in
dimension y is larger the more is produced in dimension x and vice versa. Since low
cost types in 6 will produce a larger amount = than high cost types, y is decreasing in
f. For substitutes the converse intuition applies.

Part d) of Proposition 2 is based on both previously described effects. Assume
for the moment that Ay = A,. Thinking unidimensionally, the same intuition as in
Part a) should apply to the inequalities in Part d) as well. However, there is a caveat;
this time, not only the cost parameter in the #-z-dimension, say, is varied but the
cost parameter in the n-y-dimension changes simultaneously, giving rise to a separate
effect on the z-allocation as described in Parts b) and c), respectively. If the latter
effect, measured by [V, (z,y)| as shown above, is stronger than the effect through 0,
measured by |V, (z,y)|, the intuition for Part a) may be overturned. The assumption
in Part d) is therefore needed to rule out this case with certainty. If Ay # A,, the
same forces occur. However, the size of the two potentially opposing effects has to
be adjusted by the inverse of the path length from one cost type to the other in the
respective dimension. To get a qualitative intuition, consider a situation where both
O-types are almost identical so that Ay is very small compared to A,,. In this case, the
effect from changing 6 (Part a) on x is very weak as there is hardly any difference in
production costs for  conditional on #. Hence the effect from changing n (Part b/c)
dominates. Monotonicity of x in # may hence fail to hold across n-types. Changing 7
also dominates changing 6 with respect to y but has the reversed implication here; the
effects driving Part a) dominate those from Part b/c), so low cost types in n will always
produce a higher quantity of y than high cost types in 7 if Ay is small.

3.5 A General Solution Approach

In this section I present the main structural results of this thesis chapter. I establish
a characterization of the set of binding IC-constraints in terms of properties of the
optimal allocation. This allows me to break down the non-smooth global optimization
problem into eleven smooth subproblems that correspond to different properties of the
allocation. All possible solutions of the global optimization problem can be characterized
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as solutions of these subproblems.

I start by a sequence of lemmas that simplify the original optimization problem with
respect to transfers and constraints. As the arguments are easy to follow I omit formal
proofs.

Lemma 1. For each allocation (x,y) € I, optimal transfers are such that IRy binds
while all other I R-constraints are slack. Moreover, ICy;, ICy, and ICy bind.

The intuition for Lemma 1 is straightforward. Clearly, at least one I R-constraint
must bind as otherwise all transfers could be reduced by an identical small amount.
As any (partially or fully) efficient firm could produce the inefficient firm’s quantities
at lower costs, they would rather mimick the fully inefficient type than abstain from
participation. Hence it must be the inefficient firm’s I R-constraint that binds while
all others are slack. But then the IC-constraint of any other firm type must bind as
otherwise the designer could reduce the transfer to the respective type.

With IRy, binding we have a standard no-rent-at-the-bottom scenario. In particu-
lar, whatever the optimal allocation (x,y) € Z looks like, the transfer payment to the
fully inefficient firm is given as Txy = Opxpn + Npypn- As the next lemma states, the
remaining optimal transfers are also given as a function of the allocation only.

Lemma 2. Each type (i,7) # (h,h) must be linked to type (h,h) via a path of binding
I1C-constraints. There exist a unique transfer function T : T — Ri such that T (x,y)
maximizes the objective for given (z,y) € I.

Lemma 2 eliminates transfers as independent variables from the problem and thereby
considerably simplifies the optimization task. As just argued the optimal transfer pay-
ment for type (h,h) is determined for any given implementable allocation through the
binding participation constraint I Rpp. In turn, this consecutively determines the op-
timal transfers for any other type that is linked to (h,h) via a path of binding IC-
constraints. But this must apply to all other types as otherwise one could reduce the
transfers for all types that are not linked to (h, h) via a path of binding IC-constraint
by an uniform small amount.

In what follows, when referring to an implementable allocation (z,y) € Z I will
always silently assume that it comes along with optimal transfer payments 7' (z,y) € ]Ri.

All arguments to derive Lemma 1 and Lemma 2 have been made without any refer-
ence to the fully inefficient type’s incentive compatibility constraint 1Cpp. As a conse-
quence, once we combine an implementable allocation with the optimal transfers accord-
ing to Lemma 2, ICp;, should be satisfied automatically. Indeed, any type different from
(h,h) is linked to the fully inefficient type (h,h) by a path of binding IC-constraints.
So if IChpi; was violated for some type (4,7) # (h,h), this were to result in a cycle of
positive length, following the path of binding IC-constraints from (i, j) to (h,h) and
then closing the cycle along the link from (h, h) to (i, 7). But the non-existence of cycles
of positive length is precisely the necessary and sufficient condition for implementability
as pointed out in Section 2. Hence we get

Lemma 3. Let (x,y) € Z be an implementable allocation together with optimal transfers
T (z,y). Then ICyy, is implied by implementability.



3.5. A GENERAL SOLUTION APPROACH 39

Lemma 2 has another direct implication which is at the core of our solution ap-
proach. Given that optimal transfers are uniquely determined by the allocation, the
allocation also fully determines the set of binding IC-constraints. We can therefore
identify particular sets of binding IC-constraints with particular subsets of the set of
implementable allocations. Within each of these subsets, transfers are just linear func-
tions of the allocation as they are always determined through the same set of binding
I1C-constraints. Moreover, incentive compatibility is no longer an issue as it is inherent
in the definition of the optimal transfers T (z,y). Altogether, we can split the com-
plex original optimization problem that features non-differentiable IC-constraints into
several smooth subproblems that correspond to particular combinations of binding IC-
constraints. Each of this subproblems is then a standard Kuhn-Tucker-Problem with
two types of constraints: implementability constraints ensuring (x,y) € Z as well as
“regional” constraints ensuring that the optimum indeed lies in the subset of Z that cor-
responds to the combination of binding IC-constraints under consideration. The next
proposition formalizes these ideas and provides explicit definitions.

Proposition 3. a) The set of implementable allocations is the union of eleven closed

and conver sets T = URi, R, CZ,iel=/{la,1b,2,3a,3b,4a,4b,5a,5b,6a,6b} with
i€l

disjoint interior of positive mass that have the following properties:

(z,y) € Riq if and only if ICyn, ICihnn, IChipy hold with equality if and only if

Ay - (Yt — ynn) — Do - (T — xpp) >0 (R1a,1b)

Ay (Yin — ynn) >0 (Rla,2)
Ag - (zy — ohn) — Dy - (Yin — Ynn) >0 (Rla,4a)
Ag - (Tih — zhn) — Ay - (Yin — Ynn) > 0 (Rla,5a)
Ay (Yt — yun) — Do - (T — xpp) >0 (R1a,6b)

(z,y) € Ry if and only if ICyni, IChKE, IChink hold with equality if and only if

Do - (Tn — ohn) — Dy - (Yin — Yrn) >0 (R1b,1a)

Ag - (xp — 2pp) >0 (R1b,2)
Ay (yu — yun) — Do - (xp — pp) >0 (R1b,4b)
Ay (Yt — yun) — Do - (Tp — pp) >0 (R1b,5b)
Ao - (T — hn) — Dy - (Yih — Yhn) =0 (R1b,6a)

(x,y) € Re if and only if ICyunp, ICihnh, ICHRE hold with equality if and only if

R2,1a
R2,1b
R2,3a
R2,3b

Ay (Ynh — yin
Ag - (xpn — Th
Ng - (xy — Thn

(R2,1a)
( )
(R2,3a)
( )

o o o o

)
)
)
)

(AVAR AVAR AVARVS

An “(Yu — Ynn
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(ZL‘, y) € R3a

('Ia y) € R3b

(CC, y) € R4a

(ZE, y) € R4b

(337 y) € RSa

(.T, y) € R5b

($a y) € RGa

([E, y) € RGb

if and only if ICynn, ICihRR, ICh hold with equality if and only if
Ag - (xpn — zu) = 0 (R3a,2)
Ay (Yrh — yin) = 0. (R3a,4a)

if and only if ICynn, ICi, IChny hold with equality if and only if
Ay (Ynn —yu) >0 (R3b,2)
Ao - (xpn — o) > 0. (R3b,4b)

if and only if ICyn, ICihnn, ICH hold with equality if and only if
Ay (Yin = Yrn) — Do - (xy — xpp) 2 0 (R4a,1a)
Ay (Yih — Ynn) 20 (R4a,3a)
Ag - (g — ) > 0. (Rda,5a)

if and only if ICyn;, 1Cihy, 1ChLE hold with equality if and only if
Ag - (xp — zhn) — Ay - (Y — yan) =0 (R4b,1b)
Ag - (zp —xpp) 20 (R4b,3b)
Ay (Y —yu) = 0. (R4b,5b)

if and only if ICyn, IChRR, IChruR hold with equality if and only if
Ay - (Yt — ynn) — Do - (w1, — xpp) >0 (R5a,1a)
Ng - (zy —x11) >0 (Rba,4a)
Ag - (zin — i) > 0. (R5a,6a)

if and only if ICyn;, ICihR1, IChpR hold with equality if and only if
Ag - (xp — xhn) — Ay - (Ynr — Ynn) = 0 (R5b,1b)
Ay (yu —ym) 20 (R5b,4b)
Ay (Y — yin) > 0. (R5b,6b)

if and only if ICyn;, ICihnn, ICH hold with equality if and only if
Ay (Yt — Yun) — Do - (Tip — 1) >0 (R6a,1b)
Ag - (x — zin) > 0. (R6a,5a)

if and only if ICy, ICHR, IChpn hold with equality if and only if
Dg - (xp = zhn) — Ay - (Ynt — Yaw) >0 (R6b,1a)
Ay - (yin — ymi) = 0. (R6b,5b)

b) The optimal transfer function T : T — ]Ri 1§ continuous, convex, and linear within
any R;, 1 € I, with kinks precisely along the hyperplanes that separate the above regions.
¢) The optimal mechanism is unique.



3.5. A GENERAL SOLUTION APPROACH 41

The central part of Proposition 3 is the characterization of combinations of binding
IC-constraints in terms of the allocation as given in Part a). The inequalities are derived
from an explicit comparison of firm rents. Consider for example region R, with binding
1C-constraints ICjyp, ICihpn, and IChpy, as depicted in Figure 1.

(91,.775)

(On,m) e o (01,1n)

(Hha.nh)

Figure 1: Region Ry,

The rents of types (h,1), (I,h) and (I,1) with the above combination of binding
IC-constraints are given as follows. Type (h,l) is left a rent Ay, for not imitating
type (h,h). Likewise, type (I, h) is left a rent Agxyy, for not imitating type (h,h). To
ensure that type (I,1) does not imitate type (I, h) he must be left the rent that is left to
type (I, h) plus an additional rent A,y;,. The total rent of type (,1) thus amounts to
Apzpn + Ayyin-

Suppose now that type (I,1) considers to imitate type (h,l) rather than type (I, h).
In that case he could claim a rent A,yn, + Agzy. Imitating type ([, h) is thus more
attractive than imitating type (h, () if and only if Agzpn +Ayyin — (Anynn + Dexpy) > 0,
which constitutes constraint (Rla,Ib). If type ({,!) considers imitating type (h, k), his
rents would amount to A,ypn + Agxpy. As this is supposed to be less attractive than
imitating type (I,h), one must have Ayyip — Apyynn > 0 as stated in . In the
same way, one derives the remaining inequalities for Rj, as well as for all other regions.
Note that some combinations of binding constraints have been excluded by Lemmas
1-2 and some others may violate implementability. Conversely, it is straightforward to
check that all the eleven regions in Proposition 3 have non-empty interior within Z.
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Part a) of Proposition 3 yields eleven convex regions that are separated by hy-
perplanes along which the constraint that sets the two regions apart binds. We call
two regions adjacent if they are separated by a hyperplane of codimension 1. For any
hyperplane bounding region R;, the label of the corresponding hyperplane inequality
indicates which region is adjacent to R; along this hyperplane. A graphical illustration
of Proposition 3, Part a) is given in Figure 1. Arcs are drawn between any pair of
adjacent regions except for the inner part consisting of regions R4, R1p, and Ro where
boundaries are depicted directlym

3a 3b
4a 4b
2
la 1b
5a / \ 5b
6a 6b

Figure 2: Regions

Figure 2 also highlights some structural symmetries across regions that stem from
the fact that the model does not feature any prespecified asymmetries between the 6-x-
dimension and the n-y-dimension. Apart from Region 2 which is symmetric with respect
to both dimensions, each “a’-region has a “b”-region as a counterpart where the roles of
the two dimensions are interchanged.

Finally, Figure 2 optically suggests that regions R1,, R1; and Ro are somehow “cen-
tral” within Z whereas the other regions are more “peripheric”. Despite the fact that the
representation of an 8-dimensional structure in a plane is necessarily inadequate, in the
course of this thesis chapter I will add to the idea that regions Ri,, R1; and Ro indeed
play a central role for solving the problem in many cases.

10Clearly, Figure 1 is a vastly simplified representation of the set Z where arcs connecting squares
correspond to 7-dimensional hyperplanes separating 8-dimensional polyhedrons.
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Transfers necessarily reflect the properties of the I'C-constraints they need to keep
satisfied as stated in Part b) of Proposition 3. The global problem thus consists of
maximizing a continuous and strictly concave function E [V — T over a convex set Z
which immediately yields uniqueness of the solution. The eleven subproblems arising
from Proposition 3 involve the maximization of a strictly concave smooth objective
E [V — T] over a convex eight-dimensional set of allocations R;, i € I, subject to various
linear constraints. The solution to each subproblem is hence characterized by four pairs
of first-order conditions (FOCs in what follows) of the following form

1 Omyrs
Va (xi]'a yij) = 0;i+—" Z |: rs :| + )\implementability + [region | » (351)
Dij ) Oxij
(r,s)e{l,h}
1 oy,
Vy ('Ti.h Yij) = nj + ’ Z [ rs " S:| + Aimplementability 1 fregion | - (3.5.2)
Pi |, Oyij

r,s)E{l,h}2

As we see, there are three potential sources of distortion relative to the first best; rents of
the firms, implementability concerns and the requirement to stay within the region under
consideration. Note that implementability constraints - are global constraints
and hence identical across all regionsﬂ Moreover, all implementability constraints
and all regional constraints as well as all transfers/profits are linear in (z,y) for a
given region, hence the right hand side of the FOCs does not depend on (z,y) directly.
To systematically label different multipliers attached to different constraints, let A;,
j € {1,...,16} refer to implementability constraint (Ij) from (I1))-([16). If it is helpful
to additionally specify the region under consideration, I write X; ;, i € I, j € {1, ..., 16}.
Similarly, y; ; refers to the hyperplane constraint separating region R; from the adjacent
region Rj, ¢,j € 1.

Proposition 3 and the insights from the previous paragraph provide an explicit way
to solve the global optimization problem by standard methods: solve all eleven Kuhn-
Tucker subproblems via the FOCs of the respective region and then compare which of
the eleven solutions yields the highest objective. From an algorithmic point of view
this raises three questions. First, can we know ex ante in which region(s) to expect the
solution? Second, is it possible to directly decide whether a solution of a subproblem is
globally optimal? Third, can we ease the regional problems, e.g. by excluding ex ante
certain combinations of binding constraints?

Partial or full answers to any of these questions will be given in what follows. Eco-
nomically, the first question clearly sticks out compared to the other two. Indeed,
the subsequent two sections will be devoted almost exclusively to the question which
economic or economically motivated properties of the optimization problem will imply
the optimal allocation to feature particular properties associated with different regions.
However, it is quite useful to proceed towards a map of the possible solutions in full
generality beforehand, answering parts of Questions 2 and 3 en passant. We start with
the following proposition.

UDjfferent implementability constraints, however, will be relevant for different regions. In addition, as
implementability constraints are not necessarily orthogonal to regional constraints, multipliers attached
to implementability constraints may take different values for different regions if the optimum lies on the
boundary between different regions as well as on the implementability frontier.
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Proposition 4. (x,y) € Z solves the global optimization problem if and only if it solves
the subproblem for any region R;, i € I for which (x,y) € R;.

The necessity of the condition in Proposition 4 is trivial. Obviously, an allocation
cannot be globally optimal if it is not even optimal within a given region R; to which it
belongs. The converse is a consequence of the concavity of the global problem. Suppose
(z,y) satisfies the condition of Proposition 4 but does not solve the global problem.
Then, due to concavity, the objective must strictly increase along the line between
(z,y) and the global optimum. But as parts of this line must lie in some region R;
which contains (x,y), this contradicts the assumed optimality of (x,y) in the respective
region.

As an immediate consequence of Proposition 4, any solution to some subproblem
R; that is interior in R; solves the global problem. However, given the kinkiness of the
global problem, we cannot generically expect the global solution to lie in the interior
of some region R;. The following classification theorem lists all possible loci for the
optimal solution.

Theorem 1. Let (z,y) € Z solve the global optimization problem. Then one of the
following cases applies:

a) (x,y) lies in the interior of R; C L for some i € IE (11 cases)

b) (z,y) € RiNR; fori,jel and (x,y) ¢ Ry for any k # 1,5 € 1. (17 cases)

c¢) One of the following nine cases applies:

cl) (z,y) € Ria N Ry N Ry and (x,y) ¢ R; for any j ¢ {1a,1b,2}.

c2) (z,y) € Ria N R4 N Rsq and (x,y) ¢ R; for any j ¢ {la,4a,ba}.

(z,y)
c3) (x,y) € Ripy N\ Rapy N Ry, and (x,y) ¢ R; for any j ¢ {1b,4b, 5b}.
c4) (z,y) € Ria N Ry N Rsq N Req and (x,y) ¢ R; for any j ¢ {la, 1b, 5a,6a}.
c5) (x,y) € Ria N Ry N Rsy N Ry, and (x,y) ¢ R; for any j ¢ {1a,1b,5b,6b}.
c6) (z,y) € Ria N Ry N R3a N Ryq and (z,y) ¢ R; for any j ¢ {1a,2,3a,4a}.
c7?) (x,y) € Riy N RaN Ray N Ry, and (x,y) ¢ R; for any j ¢ {1b,2,3b, 4b}.
c8) (z,y) € Ria N Raa N Rep and (z,y) ¢ R; for any j ¢ {1a,4a,6b}.
c9) (x,y) € Riy N Ry N Rey and (x,y) ¢ R; for any j ¢ {1b,4b,6a}.

According to Theorem 1, the optimal solution always lies either in the interior of
some region, or in the intersection (hyperplane) between exactly two regions, or within
particular intersections of respectively three or four regions. The proof of Theorem 1
involves a thorough technical analysis of the FOCs for each of the eleven regions. On the
one hand, any intersection of regions apart from those that are part of the classification
must be excluded. On the other hand, I show that for any intersection of regions that
is part of the classification there exist non-negative multipliers such that the FOCs of
all involved regions are satisfied simultaneously.

Tying in with the latter point, in the Appendix I provide an extended version of
Theorem 1, labeled Theorem 1%, which provides additional input to any of the 37
distinct loci (distinct in terms of intersections of regions R;) that are potential global

2Tnterior refers to the metric space Z. In particular, any point on the boundary of Z within R® that
belongs to only one region R; is meant to be an interior point of R;.
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optima according to Theorem 1. Coming back to the previously formulated algorithmic
questions, I specify the set of implementability constraints that may bind in addition at
any of these loci, answering Question 3. Similarly, necessary and sufficient conditions
for the regional multipliers in each region are provided that directly allow us to decide
whether a solution of some regional subproblem solves the global problem as well or not,
answering Question 2. Roughly speaking, while multipliers attached to implementability
constraints may a priori become arbitrarily large, regional multipliers are bounded from
above. This is quite intuitive; while implementability must be enforced at all costs,
staying in a particular region will only be optimal if the additional distortions do not
become too costly. Rather than letting some regional multiplier grow too large it will
be more profitable to cross the boundary towards another region. The only exceptions
from this intuition are cases ¢8) and c9) where (z,y) € Riq N Ryq N Rep or (z,y) €
Ry N Ry N Rg, imply that respectively or hold with equality, mixing up
regional and implementability concerns.

While these extensions of Theorem 1 are useful from the algorithmic perspective
as well as for some later proofs, their flair is purely technical. I therefore only state a
handy consequence here in the main text.

Proposition 5. The optimal allocation features xy > xTni, Yu > Yin, Tih > Thih, Yol > Yhh-

Proposition 5 states that strict one-dimensional monotonicity “all else equal” as
stated in Proposition 2 continues to hold in the private information setup. As a con-
sequence, monotonicity constraints do not play any role in our multidimensional
framework; only those implementability constraints that link both dimensions are of
potential relevance.

3.6 Adding Economic Structure

The solution approach of the previous section that culminates in the classification of
potential solutions in Theorem 1 is useful on its own. It provides a general overview
of what is possible and what is not, together with an algorithm how to ultimately
determine the solution of any specified optimization problem covered by the model.
Yet, making no additional structural assumptions whatsoever the algorithm as such
does not help us to relate particular specifications of the general optimization problem
to particular solution patterns. In this section, I complement the previous algorithmic
analysis by demonstrating how additional economically motivated assumptions restrict
and influence the qualitative features of the optimal allocation.

The underlying model offers two main characteristics for specification: interaction
between the two dimensions and asymmetries between the two dimensions, both cap-
tured by V (z,y) as well as the underlying distribution over typesH In this section I
mainly focus on characteristics of V (z,y) and their impact on the optimal allocation

13Armstrong and Rochet| (1999)) exlude interaction between dimensions through V (z,%) while [Sev-
erinov] (2008) excludes interaction between dimensions in the type distribution.
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while the parametrized example in Section 7 takes the interplay between distributional
issues and properties of V (z,y) into account.

I start with two benchmark cases, namely the absence of interaction through V' (z, y)
and complete symmetry. First, recall the result in |/Armstrong and Rochet| (1999) for
the case of additively separable valuations V (x,y).

Proposition 6, Armstrong and Rochet| (1999). Suppose V (z,y) = V! (z)+V?2 (y)
1s additively separable.
a) If types are strongly positively correlated in the sense that

PinDPhi
Dhh Pl — Pih " Phl = )
Phh

then the optimal allocation features (x,y) € Riqa N R1p N Ra.
b) If types are uncorrelated or positively correlated with
PinPhi

Phh
then the optimal allocation lies in the interior of Ria N Rip.
¢) Suppose types are negatively correlated. If correlation is sufficiently weak and dimen-
sions are not too asymmetric, the solution lies in the interior of Riq N Ry as in b). If
correlation and asymmetry are sufficiently strong, the solution lies either in the interior
of Rig or Rip, or in Rig N Raq N Rsq or Ry N Rap N Ry, respectively.

Phh P — Pih - Phl <

Armstrong and Rochet| (1999) provide a detailed discussion as well as a full proof
of Proposition 6 from which I abstain here. I give a strictly quantitative version of
Proposition 6 and in particular of Part ¢) in the next section for the parametrized case
of quadratic valuations.

With additively separable valuations, only six cases from Theorem 1 may apply. The
solution is qualitatively determined by the remaining source of interaction betwewen
dimensions, namely correlation of preference types, and by the degree of asymmetry
between the dimensions. Note that if all interaction between the dimensions was elim-
inated, i.e. if types were additionally assumed to be uncorrelated, then Part b) applies
and the optimal allocation necessarily lies in the interior of Ri, N Ryp. Moreover, the
optimal allocation always lies in the interior of Rq,U R1,U R unless negative correlation
and asymmetry are jointly large.

I next add the second benchmark where I allow for interaction between the dimen-
sions but impose full symmetry across dimensions.

Proposition 7. Assume 0, = np, 0, = n, P = pin, and V (x,y) =V (y,x). Then the
solution satisfies x;; = y;; for all i,j € {h,l} and is determined through the following
FOCs

Ay «
Vo (zhh, zpn) = O+ — - (pm +ou— = 'IM)
Dhh 2
Ag «
Ve (@n,zin) = O+ — = -pu
Dhl 2

Vo (ip, xm) = 6
Vo (g, 2y) = 6
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where

0 if for a« =0 the solution of the system features xpp > T
a=1<1 if for a =1 the solution of the system features xpp < xp;

a* € (0,1) if for a = a* the solution of the system features xpp = Tpy.

If xpp, > xpy, the solution lies in the interior of Ro. If xpp < xpg, the solution lies in the
interior of Riq N Ryp. If xpp = xpy, the solution lies in Ri, N Ryp N Ra.

Full symmetry is even more restrictive than additive separability of V (z,y) with
respect to the set of possible optimal allocations and almost as restrictive as the full
absence of interaction between the dimensions. The extensive consequences of full sym-
metry are already reflected in Proposition 3; all “a”- and “b”-regions require some amount
of asymmetry in the allocation and no “a”- and “b”-regions of the same type are adja-
cent except for Ri, and Ry;. Indeed, together with Theorem 1 this directly implies that
only the three cases captured by Proposition 7 can apply. These cases are characterized
by a unique multiplier . The value of « is necessarily determined by distributional
properties and the interaction through V. As we see, for positive « increasing positive
correlation (keeping % fixed) increases }% - 5 - pu relative to 1% : (Plh +pu—5- pll).
The multiplier « is hence “decreasing in the correlation”; in line with Proposition 6. The
impact of interaction through V (z,y) on « in general is less easy to capture as it will
typically depend on the allocation. However, if goods are global strategic complements
(strategic substitutes), increasing the degree of complementarity (substitutability) will
push a upwards (downwards), applying the same reasoning as explained after Proposi-
tion 2.

Just as in the additively separable case with moderate asymmetry and moderate
(negative) correlation, under full symmetry the optimal allocation always lies in the
interior of R, U Ry U Ro. In the interior of Ry, U Ry U Ry, some familiar features
from the one-dimensional case apply. There is “no distortion at the top” in the sense
that the allocation for the efficient type ([, 1) coincides with the first best. Moreover, no
upward or diagonal constraints ever bind, so no high-cost firm in either dimension will
ever consider to imitate a low-cost firm. From Proposition 6 and 7 we may conclude
that in any (continuously) parametrized version of our model the solution lies in the
interior of Ri, U R1p U Ro if interaction and asymmetry between the two dimensions are
sufficiently weak. A somewhat substantial combination of asymmetry and interaction
is needed to get optimal allocations beyond the classical schemes.

I continue by considering less restrictive assumptions than the complete absence of
interaction or asymmetry, namely those already touched upon in Proposition 2 for the
case of observable costs — bounded interaction, strategic complementarity and strategic
substitutability. As it is useful to discuss various aspects of these results in comparison
to each other, I state all three propositions in a row and comment afterwards.

+ IVMX:,y)I > InyA(m,y)l and \VyyA(j]:,y)l > ImeA(Z,y)I for all

Proposition 8. Assume tha ; >

(z,y) € R2. Then
a) Ty > Thh, Tih > Thi, Y > Yhhs Yol = Yik-



48 CHAPTER 3. A BASELINE MODEL OF MULTIDIMENSIONAL SCREENING

b) equality in Part a) only applies if the optimal allocation lies on a boundary hyperplane
between two regions defined by the respective inequality.

¢) the solution never lies in the interior of Rsq, Ry, Rea, o Rep.

d) no implementability constraint binds, so in particular IChy, is slack.

Proposition 9. Suppose that Vyy (z,y) > 0 for all (z,y) € R%. Then

a) Ty > Tin, Thi = Thiv, Yi = Yhis Yib = Yrh and Ty > Thi, Yi > Yhh-

b) equality in Part a) may only apply if the optimal allocation lies on a boundary hy-
perplane between two regions defined by the respective inequality or on the boundary of
I CRY.

¢) the solution never lies in Rsq or Rsy, or in the interior of Ragq or Ray. If the solution
lies in Ro, it lies in Ri, N R1p N Rs.

d) no upward 1C-constraints binds unless the optimal allocation lies in Ryq N Rsq or
Ry, N Rsp, respectively.

Proposition 10. Suppose that Vyy (z,y) < 0 for all (z,y) € R%. Then

a) xy < zn, yu < Yy and Ty > Thi, Yno > Yin-

b) equality in Part a) may only apply if the optimal allocation lies on a boundary hy-
perplane between two regions defined by the respective inequality or on the boundary of
ICRY.

¢) the solution never lies in Rgq or Rgy or in the interior of Ry U Rsq or Ry U Rap.
d) no diagonal IC-constraints binds unless the optimal allocation lies in Riq N Ryq N Rsq
or Rip N Ry N Rsp, respectively.

The most noteworthy feature of Propositions 8-10 is that with one exception all
properties from the case of observable costs as given in Proposition 2 carry over to the
case of privately known costs. Strict inequalities may become weak inequalities due to
the kinks or boundaries of the constraint objective (and may do so only at kinks or
boundaries); yet, distortions through incentive compatibility constraints or transfers,
respectively, are not sufficiently strong to overturn the efficiency concerns that apply
in the unconstraint case. The only exception from this rule applies to Proposition 10.
Substitutability does not imply the same monotonicity behaviour for high cost types in
a given dimension with respect to the other cost parameter as in the first best; solutions
may feature xp, < xp; or ypn < yin. Given Proposition 6, this does not come unexpected.
If the solution in the no-interaction case may lie in the interior of Ry, U Rq; and hence
satisfy xpp < xp or ypn < yin, then at least a small amount of substitutability should
be compatible with these equations. The intuition for this particular inequalities to be
potentially reversed compared to the first best is as follows. Both mixed types (I,h)
and (h,!) claim rents Agxpp resp. Ayypy for not imitating type (h, h). The necessity of
leaving these rents makes it unattractive to choose xp; and ypy too large, in particular
if types (I, h) and (h,l) are likely to occur, i.e. if types are negatively correlated. This
rent aspect not only drives the result by |Armstrong and Rochet (1999) but may also
outweigh the efficiency concern that is added in case of substitutes.

Complementarity and substitutability are the most common assumptions in almost
any multiproduct context. Following Propositions 9 and 10, they allow for distinctly
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separate optimal allocations, the intersection of possible loci coinciding precisely with
the feasible loci under additive separability. Substitutability allows for optimal alloca-
tions in regions Ry U R3, U R3, while complementarity allows for optimal allocations
in regions R5, U Rsp U Rgq U Rgp. Neither substitutability nor complementarity is com-
patible with an optimal allocation in the interior of R4, or R4bPE] Hence already the
assumption of a constant sign for V,, (z,y) as such is restrictive, even without further
specification.

Bounded interaction as in Proposition 8 will often be a natural assumption. With
cost differences being equal it simply says that marginal valuations in any given dimen-
sion should depend at least as much on the allocation in the very same dimension com-
pared to the allocation in the other dimension. Note in addition that the assumptions
underlying Proposition 8 do not exclusively relate to interaction. Indeed, in a very asym-
metric model interaction must be very small to satisfy both assumptions simultaneously.
Conversely, symmetry across dimensions implies |V, (2, )| = |Vyy (z,y)] > |Vay (, )]
due to concavity.

Any of the assumptions underlying Propositions 8-10 substantially restrict the fea-
sible loci for the optimal allocation and even more so when combined. Substitutabil-
ity and bounded interaction in the sense of Proposition 8 for example already imply
(x,y) € R1qa U Ryp U Ry. Moreover, the parallels to the properties of the first best so-
lution show that the valuation V (z,y) and in particular different kinds of interaction
impose qualitative restrictions on the solution that are inherently based on efficiency
concerns and cannot be overturned by rent concerns. In particular, apart from the
exception for the case of substatibility discussed above, even an extremely imbalanced
underlying type distribution cannot distort these fundamental properties as by definition
it has no impact on the first-best solution.

3.7 The Quadratic Case — An Example

In this section I analyze the design problem under the specific assumption that valua-
tions are quadratic, i.e.
Lo 1
Vi(x,y) = —gue” — axy +bry +c1x+ oy +d

with aj,as > 0, b,c1,co,d € R. V (x,y) is strictly concave if and only if detH (z,y) =
aias —b? > 0 which I will assume throughout this section. Moreover, to avoid additional
factors as in Proposition 2 and Proposition 8, in this section I assume Ay = A, = A
and normalize by setting A = 1.

As I show in the Appendix, for all qualitative purposes it is sufficient to consider a
reduced version of the quadratic problem where

1 1
V(w,y) = —5ma® = Say’® + bry

M he same holds for allocations in Rig N Rag N Rep or Rip N Rap N Req as can easily be seen from the
proof of Proposition 9 and the statement of Proposition 10.
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and ajap — b?> = 1, ignoring negativity of the optimal allocation and consumer valu-
ationsEFor any region R and any r,s € {l,h} the FOCs for the optimal allocation
read

Ve (mrsuyrs) = 77}37
Vy (xrsayrs) - 733

where 7., 72, depend on r,s € {I,h}, on the region, on the multipliers and on the
model parameters but do not depend on (z,y). The solution of this system for our
specification of V (z,y) reads

Trs = _b’%?s - (12’77}5 (371)

Yrs = _b’)/v}s - al%?s- (372)

The parameter b = V,,, (z,y) measures the strength of interaction between the dimen-
sions through V (x,y). To measure the asymmetry between the dimensions induced by
V (z,y), I write Q = Z—; With this parametrization we have

ay = \/é'\/lﬂ—[ﬂ7

ay = \/1@~\/1+b2.

Equations and together with the results from the previous sections
allow us to solve the quadratic optimization problem explicitly for any b € R, @) > 0 and
any distribution of preference types. We use this to derive some results that specify and
complement the results from Section 6 for additively separable preferences (b = 0), com-
plements (b > 0), and substitutes (b < 0). In particular, while the main overall message
from Section 6 was that minor interaction and asymmetry lead to “standard” allocation
properties similar to those in the unidimensional case, in this section we demonstrate
that strong interaction and large asymmetries may indeed distort the solution beyond
these limits. Moreover, we comment on as to which extent the assumption of quadratic
valuations is restrictive with respect to the set of possible loci compared to Proposition
6, Proposition 9, and Proposition 10.

We start with a full characterization for the additively separable case, specifying
Part c) of Proposition 6.

Proposition 6E. Let V,, (z,y) =b=0.
a) If pun - pu — Pin - Pr > PLERL then (x,y) € Ria N Rip N Ra.

Phh

b) If BLLAL > pyp oy — pin - P > 0 then (z,y) lies in the interior of Riq N Ryp.

Phh

¢) If prn - pu — pin - P < 0 the following holds:

15For any solution of the reduced version, there exist values ci1, ¢z and d such that the solution to the
original problem has identical qualitative properties with respect to all constraints but features positive
allocations and valuations. Fixing aia2 — b? = 1 is another normalization. See the Appendix for all
technical details.
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i) If negative correlation and asymmetry are weak in the sense that

PIPRI=PhAPIL < () < Pin(Pin+p11)
Pri-(Pri+pu) — ¥ = Dih-Phl—DPhhDU

i1) If negative correlation and asymmetry are intermediate in the sense that

then (x,y) lies in the interior of Rig N Ryp.

Pin (Pih+pu) <
(1 ) PihPhl—Phh Pl
Pih-\1—Phi Pih Phli—Phh Pl Pih"Phi—Phh PlL y N y y
or Pl PRI—Ehh B then (x lies in the interior o
Q< Pih-Prl—Phh P Phi-(1=Din) <@ < Prt-(Pri+puL) (2,y) f
Ri4 or Ryp, respectively.

ii1) If negative correlation and asymmetry are strong in the sense that Q

> Pin-(1—phi)
= Pih'Phi—PhhDlU

or Q < W then (x,y) lies in R1q N Ryq N Rsq or Rip N Rap N Rsyp, respectively.

Parts a-b) of Proposition 6E are identical to Proposition 6. In Part c), the parametrized
model allows us to precisely determine the locus of the optimal allocation as a function
of asymmetry and distributional features, with an emphasis on (negative) correlation.
In particular, for any fixed distribution featuring negative correlation, increasing the
asymmetry by means of ) — oo or Q — 0 will ultimately push the optimal allocation
towards the non-standard cases R1,N R4, N R5, or R1pMN Ry4pN Rsp, respectively, featuring
distortions at the top and binding diagonal and upward incentive constraints.

Note that large values @) > 1, that is, a large weight on the x-dimension as compared
to the y-dimension, tends to push the solution in “a”-type regions while small values ) <
1 have the opposite effect. Indeed, all “a’-type regions are characterized by requiring
rather large differences in y-values for identical costs 7. If the y-dimension is far less
important than the z-dimension, such large differences are much easier tolerable despite
their cost inefficiency. This scheme thus generally appears in all following results.

We next revisit the richer case of strategic complements.

Proposition 9E. Let V,,, (z,y) =b> 0.
a) The optimal allocation (z,y) lies in Riq U Ryp U Req U Rep.

b) No implementability constraint holds with equality.
¢) The optimal allocation (x,y) may only lie outside R1, U Ry only if

2 P Pin
bY > 4R (p+pu) - (phz+pll+f>,
ih Phh
2
Vo e | H’Z’J’ZL}”\/(m) 4wt o) (pactou s )
b VB2 1 DPrt + Du

or

2 P Phi
b > 4'#'(17”1"‘;011)'(plh+pll+7)7

hi DPhh
2
1 . /62 + 1 b Hﬁiiﬂ/(ﬁiﬁ) *4‘bi2‘(phz+Pzz)'(therqu;l—L’;)
VQ b Vb2 F1 Phl + pu

d) For any fized values of b and the underlying distribution as well as for sufficiently
large (small) Q the solution lies in the interior of Ryp N Req (Ria N Rep).

Part a) of Proposition 9E shows that the assumption of quadratic valuations is quali-
tatively restrictive within the class of valuations that feature strategic complementarity.
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Compared to Proposition 9, the solution cannot lie in the interior of Rs, (Rsp) or in the
interior of Ryq N R5q (R4p N Rsp). To get an intuition why the optimal allocation cannot
lie in Rs,, recall the discussion of the first best allocation after Proposition 2 and con-
sider R5,. Whenever asymmetry becomes too large in the sense that V,, = as becomes
too small relative to V, = b, the solution features xj; > x;,. The effect from costs
on the z-allocation is dominated by the effect of the y-allocation on the z-allocation
through complementarity. Hence constraint binds or is violated. On the other
hand, to satisfy constraint , namely v, — ypn — (T — xpn) > 0, the effect of
x on y measured by V., = b must be sufficiently large relative to effect through costs
within the z-dimension measured by Vj, = az. As we show in the Appendix, these two
requirements cannot be satisfied simultaneously when there is no local variation in sec-
ond derivatives. Similarly, constant second derivatives render binding implementability
constraints impossible as stated in Part b), so in particular ICy, is always slack.

Part c) formulates necessary conditions under which the solution may lie outside the
core regions Ri, U Ryp. As a consequence of Part a) and Proposition 8, we must have
b > a1 or b > ay which is reflected in the lower bounds for v/Q and \/1@, respectively.

Moreover, a substantial degree of interaction through b is required, in line with the
insights from the previous section. What may be surprising is the existence of an upper
bound on the asymmetry. To see where this comes from, consider Rg, and note that
from (3.7.1)) and (3.7.2) we have

Yin — Y — (@in — zp) = (b—a1) (Vi — i) + (b — a2) (Vi — Vi) - (3.7.3)

With constraints ICyppp binding, a rent Agay, must be left to type (I, h) not to imitate
type (h, h) while no compensation is needed in the y-dimension. Moreover, as constraints
IChy and ICy,; bind, these rents (together with some other terms) must be left to types
(1,1) and (h,l) as well. At the same time, with constraint ICpyy, binding, additional
rents Ayy;, must be left to type (h, 1) while simultaneously type (h,) can be charged an
additional fee Agxy,. Again, since ICyp,; binds, both effects also apply to type (I,1). As
a result, a marginal increase in xp; is very costly in the rent dimension compared to a
marginal increase in z;;, and hence v, —v}, > 0, while a marginal increase in yy, is more
costly than a marginal increase in ypp in the rent dimension, so ’yfh — 'y,%h > 0. With
both ~-differences in equation being positive, the existence of an upper bound
on () becomes obvious. If a; becomes very large relative to as, then a; — b becomes very
large relative to b — a2 and hence becomes negative.

Part d) finally shows that with constraint IClp;, binding in addition the above
issue can be resolved for large values of ) such that holds with equality. Indeed,
suppose for a moment that ICy;,, binds while ICyy;, is slack, so the solution lies in
Rip. Then, compared to the above discussion, the rents to type (h,l) (and, to gether
with some other terms, to type (I,1)) are given as Ay, rather than A, y;p, so the sign
of vfh — yﬁh changes from positive to negative. As a consegence, a large value of @ will
cause expression to be positive. By the intermediate value theorem, attaching a
suitable multiplier pgq,15 to weight both concerns properly yields equality in and
hence shows the result.

We close with the case of strategic substitutes.
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Proposition 10E. Let Vy (z,y) =b < 0.
a) No implementability constraint holds with equality.

b) If
—b-(I—pu) —ar- (pn+pu) > 0, (3.7.4)
~b-(L=pi) —az- (pu+pu) > 0, (3.7.5)
then solution never lies in Rig, U Ryp. In particular, if
1 Pin + Du Phl + P }
max : Q. —LthT i by 3.7.6
{\/Q Dih + Pu + Phh f Dhl + Pu + Phh ( )

then sufficiently strong interaction |b| > 0 implies the above inequalities. Moreover,
whenever the above inequalities hold the solution lies in the interior of Ry if and only if
ai,ag > |b|

¢) For any fized values of b and the underlying distribution as well as for sufficiently
large (small) @ the solution lies in the interior of R3, N Rq (Rsp N Ryp).

Part a) of Proposition 10E is another consequence of constant second derivatives,
similar to Part b) of Proposition 9E.

Part b) of Proposition 10E provides sufficient conditions under which the optimal
allocation lies outside the regions that are feasible in the additively separable case.
As expected, sufficiently large interaction is required. Moreover, a large probability
prh to face a fully inefficient producer type relaxes condition . Again, this is
very intuitive; the more likely type (h,h) is to occur, the less does a designer want
to distort the allocation of this type. Thus it becomes more attractive to imitate this
type for others, in particular for type ([,1). In addition, a high value pp is likely
to come along with substantial positive correlation. As is known from Proposition 6,
this pushes the solution towards region Ry and causes constraint I, to bind even
in the additively separable case. Moreover, if (3.7.4) and (3.7.5) are satisfied, upward
constraints become relevant whenever the interaction measured by the cross-derivative
b dominates the intra-dimensional change of marginal utilities measured by the second
derivatives a; or ay. This is in line with the intuition for Proposition 2, Part d) as well
as with Proposition 8.

Similar to what has been discussed for Part c) of Proposition 9E, large asymmetries
are not compatible with both equations and simultaneously. On the other
hand, as just argued, large asymmetries will push solutions towards regions R3, or Rgp,
respectively. Consider the case where () becomes large, so the optimal allocation is

driven towards Rs,. Constraint (R3a,4al) requires

ynh — yin = —b (v — i) — a1 (Vien — 7in)
to be positive. With a1 > b, the sign of the above expression crucially depends on the
sign of fy,%h — 'yfh. In Rj3,, constraints ICypn, ICipnn, and ICy;; bind. As a consequence,
type (1,1) is left a rent Apypp in the y-dimension for not imitating type (h, h). Together
with some additional term, this also applies to type (h,!) who otherwise would fake type
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(I,1). So the marginal costs of raising yp, exceed the marginal costs of raising y;, due
to the rent concern. Hence fy,%h — ’yfh > 0 and the above expression ultimately becomes
negative for large (). Considering the same expression in Ry, with constraint 1Cyyy,
rather than constraint ICjy, binding, the argument is exactly reversed. Type (I,1) is
left a rent A,y in the y-dimension for not imitating type (I,h) and again this also
applies to type (h,l). So fy,%h — ’ylzh < 0 due to the rent concern and yp, — vy, becomes
positive. Invoking the intermediate value theorem again, attaching a suitable multiplier
H3q.4q again provides the result.

Finally, apart from excluding binding implementability constraints, Proposition 10E
does not impose any restrictions on the possible loci of the optimal allocation beyond
Proposition 10. It is in fact not difficult to explicitly construct examples for all loci
feasible according to Proposition 10 for quadratic valuations.

3.8 Conclusions

This thesis chapter classifies the set of potential solutions to a baseline model of mul-
tidimensional screening. Relating properties of the solution to properties of the funda-
mentals I show that a substantial joint degree of interaction and asymmetry between
dimensions is necessary to push solutions away from the classical schemes of exclusively
downward binding incentive constraints. Moreover, complementarity and substitutabil-
ity are shown to shift the solution in opposing directions compared to the benchmark
case of an additively separable objective. While this thesis chapter does not emphasize
a particular application of the underlying model, related work has been applied to a
large variety of questions concerning monopoly regulation, optimal pricing or institu-
tional design. It is my best hope that this paper may serve as a useful tool or reference
for future work related to multidimensional screening problems with a clear focus on
applications and applicability rather than technical complexity.

3.9 Appendix

Lemma (Lemma A). Let V : R? — R? be twice continuously differentiable and concave
with invertible (negative definite) Hessian H (x,y) everywhere. Consider a system of
first order conditions

Vel(z,y) = c+t-a
Vy(z,y) = c+t-b

fort € [0,1] with a,b € R. Then

dj — a'Vyy(xyy)—b’ny(%y)
dt det H (z,y)
@ - b-Vm(ac,y)—a-V;y(:c,y)

dt det H (x,y)
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Moreover, suppose the system of first order conditions

has a solution (x,y) € R%. Then (x,y) is unique.

Proof. To prove the first claim, totally differentiating

Vel(z,y) = c+t-a
Vy(z,y) = c+t-b
with respect to t yields
dx dy
va:p (:U’y)_‘_% 'ery ($ay) = a
dx dy
vay(xay)‘i'avyy(%y) = b

which has a unique solution given by

dﬁ — a'Vyy(x73/)_b'sz(x7y)
dt det H (z,y)

@ _ b'Vxx(may)_a'V:’cy(xay)
dt det H (z,y) '

For the second claim, suppose for contradiction that there exist two solutions (z,y) #
(&,4) . Then the function V (z,y) = V (z,y) — ax — by is still concave and has critical
points at (z,y) and (&, 7). But by concavity of V any critical point is a global maximum,
hence V (z,y) = V (2,9) = max, . V (z,y). This contradicts concavity as

1% @ (m,y)—i—;(:ﬁ,g)) > %V(x,y)-k%f/@,@) =V (z,y) =V (&.9).

Proof of Proposition 1. By Theorem 1 in [Rochet| (1987) there exist payments that im-
plement an allocation (z,y) € Ri X Ri in an incentive compatible way if and only if
there exists no cycle of positive length. The network has six oriented 2-cycles, eight ori-
ented 3-cycles and six oriented 4-cycles, providing the following inequalitiy conditions
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for the non-existence of positive length cycles:

Ag - (zy —zp) 20 (1—hl—11)

Ay (yu —yin) =0 (l1—Th—11)

Ag - (zin — zpn) = 0 (Ih—hh—1h)

Ay (Y — Yynn) 20 (hl—hh—hl)

Ag - (zy — xpn) + Ay - (Yu — ynn) =0 (Il—~hh—11)

Ag - (xin — zpt) + Ay - (Y1 — yin) 20 (Ih—hl—1h)

Ag - (xy — xpn) + Ay - (Ynt — Ynn) = 0 (1—hh—hl—11)

Ag - (x1n — xhn) + Ay - (Y — ynn) > 0 (1—hh—Th—11)

Ag - (g — ) + Ay - (Y — Ynr) >0 (1—hl—hh—11)

Ag - (w1 — xpn) + Ay - (Yyu — yin) >0 (1—1h—hh—11)

Ag - (w1n — xpt) + Ay - (Y — yin) >0 (I1—hl—1h—11)

Ag - (xy —zn) + Dy - (Ynt — Yin) =0 (I1—1h—hl—11)

Ag - (zin — zpn) + By - (Y — Yin) 20 (Ih—hh—hl—1h)

Ag - (zin — zp) + Ay (Ynt — Yrn) 20 (hl—hh—1h—hl)

ANg - (zih, — xpr) + Ay - (Y — ynn) >0 (1—hl—hh—1h—1l)

ANg - (zy — zpn) + Ay (Yot — yin) > 0 (l—1lh—hh—hl—11)

ANg - (zih, — ) + Ay - (Ynt — Ynn) + Ay - (Y — yin) >0 (1—hh—hl—1h—1l)
ANg - (xip, — zpn) + Do - (2 — zh1) + Ay - (Yt — Yan) > 0 (l—=hh—1h—hl—1l)
Ag - (zu —zp) + By - (Yt — Ynn) + By - (yu — yin) = 0 (l1—1h—hl—hh—11)

Ag - (zin — oan) + Do - (w1 — xp1) + Ay - (yu — yin) > 0 (I1—hl—Th—hh—11)

The last four equations are redundant as they are implied by the first four equations.
The first 16 inequalities correspond to the claim of the proposition. ]

Proof of Proposition 2. To prove the proposition I use the homotopy method introduced
in [Severinov| (2008)).
a-c) Consider the following 1-parameter family of first order conditions:

Vi (znn (8) , ynn (1)) O
Ve (@i (8) suin () = 0p —t-Ag
Vy (@nn (), ynn (1)) = 1
Vy @i () ,yn (t)) = 7n.

At t = 0, the right hand side of the first two equations and the last two equations
are equal. Hence, by Lemma A, we have zpp, (0) = 2y, (0), ypn (0) = yin (0). At
t = 1, however, the system of equations is precisely the system of first order conditions
(FOCs) for the first best allocation for types (h,h) and (I,h). We next analyze how
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(xhn () s2in () s ynn () s uin (t)) € RY x R2 evolves along the path from ¢ = 0 to t = 1.

Clearly, xp, and ypp, are independent of ¢. For xy, and y;, Lemma A yields

dog (1) =B - Vyy (@i (), yin (1)) >0
dt det H (ﬂﬁlh( ) yin (1)) ’
dyin (1) Dy Vg (s (), yin (1))
dt - detH(mlh( ), UYih, (t)) ’

which immediately implies

wfy = ain (1) > 2, (0) = zpp (0) = zpp (1) = 2.

Moreover, if goods are complements, i.e. Vyy (z,y) > 0 for all (z,y) € R2, then

ylfhb =y (1) > yin (0) = yun (0) = ypn (1) = ylfhba

while if goods are substitutes, i.e. Vi (z,y) < 0 for all (z,y) € R, then
v = vin (1) < yin (0) = g (0) = ynn (1) = i -

The remaining claims of Parts a-c) are proven analogously.

d) Consider the following 1-parameter family of first order conditions:

Vi (xpn (8) , ypn (1)) = thezﬂ.%
Ve (@ (), ym (1) = w—kt'%
Ve (zn (8) s yin (1) = th_el_t‘%
Vo (2 (t) 90 (1) = Hh_gwl—t-%
Vy (@hn () ynn (1) = %Tw“'%
Vi (zn (t) ,ym (1) = ﬁh;-m_t'%
Vy (in () un (t) = "“2“7’“.%
V@) = B S

We have ;; (0) = @5 (0), 337 (0) = s (0) for all (i, 7), (r,s) € {I,h}* as well as x5 (1) =
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LI

dzxpp, (1)
dt
dxp (t)
dt
dmlh (t)
dt
dzy (t)
dt
dynp (1)
dt
dyp; (t)
dt
dyip, (t)
dt
dyy (t)
dt

and hence

Ty Yig (1) = yl ;- Moreover, applying Lemma A yields

1D Vi (o ()9 () = A Vi (aomn (8) 0 (1) _
9 detH(xhh( ), Z/hh( ) T
L Ao Vi (@n (6)yna () + Ay - Vay (an () ym (1) _

2 det H (xp (t ) yhl( ) -
1 =80 Vyy (in (), yin (1) = Ay - Vay (2in (1), 5 (1)
2 detH(:L"lh( ylh( )) o
1 =Dy Vi (zu (t) ,yu () + Ay Vy(wll(t)’y”(t))>0

2 detH(m (t), yll()) -
1 Ay - Vi (@hn (8)  ynn (1) — Do - Vay (@pn (t) , yan (1)) <0
9 det H (xpyp, (t ) Yhh (t)) T
1 =8y Vao (@n (), () = Do - Vay (2 (1), yna (1)
2 det H (zp (1), yni () -
1 Ay Vag (2 (), yin (1) + Do Vay (2 (), 9 () _

5 det H (x5 (), yin (t)) T
1 Ay Vao (zu (), yu () + B - Vay (zu (), yu (1)

5 det H (zy (), yu (1)) -

lezb =z (1) >z (0) =xpp (0) >zpp (1) :iﬁw

2f? =z (1) > (0) = 2 (0) > ap (1) =22,

yl? =y (1) > g (0) =y (0) >mn (1) =y,

vt = (1) >y (0) =y (0) > yun (1) =y -

O]

Proof of Proposition 3. a) By Lemma 2, each type (i,5) # (h,h) must be linked to

type (h,h) through a path of binding constraints.

combinations of binding IC-constraints.

Step 1: Let (x,y) be an implementable allocation together with optimal transfers
T (x,y) such that ICyp, binds while ICy,; and ICyyy, are slack. Then IChy, and ICy
are slack. To see this, note that ICjyy, binding and ICyy; not binding together with

1Cy; imply

and hence

Thn — Oxhn — mynn > Th — O — Mym

= T — Ohxn — myn + Do - gy
> Thn — Onxpn — Mynn + Do - gy

Thh = Thi-

We next rule out some additional
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On the other hand, ICjy; binding together with ICy; implies

Thi — Oxn — vy > Thh — O1xpn — MYnh
= Thn — Onhn — Mynn + Do - Thn
> Thi — Onxn — MayYn + Do - Ty

and hence
T > Ag,

a contradiction. The proof for ICyyy, is alike.

Step 2: Let (x,y) be an implementable allocation together with optimal transfers
T (x,y) such that ICypy, binds while ICyy,; and ICyyy, are slack. Then IChpp or ICiHnn
must bind. Indeed, by Step 1 we know that IChy, and ICy,y are slack. Hence, by
Lemma, 1, ICyy; or ICyn, resp. 1Cyy; or I1C L, must bind. Suppose for contradiction
that IChpp and ICipp, are both slack. Then

Ty — Onxy —myn > Thh — OnThh — MYnhs
Ty — Oy —npyn > Thn — 01Tk — NRYnh,
Ty — Oy —myu = Thin — OThn — MYhhs

as ICypp binds by assumption. Substracting the third line twice from the sum of
the first and the second line yields

Ag - (zy — zhn) + Ay (yu —yun) < 0,

a contradiction to implementability constraint .

Steps 1-2 together with Lemma 2 exclude all combinations of binding constraints that
are not covered by the eleven combinations in Part a). We now derive the characterizing
properties of the allocation that correspond to any particular set of binding constraints.
For any particular combination of binding constraints, we need to check under which
assumption on the allocation it is indeed this combination of constraints among the
eleven candidates that binds. Note that, by Lemma 2, we always have Ty, = Opxpnn +
Nnynn- Moreover, as the “b”-cases are symmetric to the “a’-cases, by symmetry of the
model it suffices to consider the “a”-cases as well as Case 2.

Case la: If ICyy, I1Cihnn, IChRn bind, then

Th = OnTn +myn + Dy - Yun
Tin = O+ pyin + Do - Ty
Ty = Gy +myu + Do - xpn + Ay - Yin.

Given these transfers, the following conditions imply that among the eleven possible
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combinations it is indeed ICy;n, ICipnn, IChp, that bind:

T — Oz —myne = Dy (Yin — Ynn) — Do - (Th — Tpn) >0
Thh — Oxhn —mynn = Ay (Yin —ynn) =0

Ty = Oy —myn = Ao+ (zu —znn) — Dy (Yin — Ynn) >0
Tip = Opzi, — iy = Do - (T — 2hn) — Dy - (Yin — ynn) =0
Tin — Oxn — iy = Ay (Yt — Yan) — Do - (2 — zpp) >0

Tin — O1zin — myin
Tin — O1zin — myin
Thh — OnThi — MYnn
Thn — OnThn — MYnn
Thh — O1Zhn — MYnn

(AVAR AV AVAR AVAR V]

Case 2: If ICynn, ICihnn, IChRR bind, then

Th = OpTh +mym + Ay - Ynn
Tin = O+ pyin + Do - Ty
Ty = Oy +myu + Do - xpn + Ay - Yan

and

T — O —myie - = Ay - (Ynh — Yin
T — Oz —mym = Do (Thn — 2
Ty — ey —myn = D¢ (T — The) >
Ty — Oy —npyn = Ay (Yu — Ynn) =

Thh — O Thn — MYnh
Thh — 01xpn — MYnn
Thh — OnThn — MYnn
Thh — O1Thn — MYhn

VvV IV IV IV

Case 3a: If ICyun, ICHRR, ICHyy bind, then

Th = Onxn 4+ mym + Do - (Thn — xu) + Ay - Ynn
Tin = O +npyin + Do - Thn
Ty = Oy +myu+ Do - xhn + Ay - ynn

and

Thh — OnThn, — mynn = Do - (Thn —

Ty — Opxy — myu )
Tip — O — iy = Ay (Ynh — yin) 2

>0
Thn — 01 hn — MYnn 0.

>
>

Case 4a: If 1Cyp, IChhn, IChy; bind, then

T = Onxn +myn + Do - (xpn — zu) + Ay -y
Tin = O+ npyin + Do - Ty
Ty = Oy +myn + Do - xpn + Ay - yin

and
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Thn — Onhn — mynn = Dy (Yin — Yuu) — Do - (2 — Tpn) 20
Thh — Orxph — mynn - = Ay (Y — Ynn) =0
Tin — Onzin — e = D (zg — ) > 0.

Ty — Onzy — myu
Tin — Oz — myin
Ty — Oz — myn

v IV IV

Case ba: If ICy, ICihnn, IChyp bind, then

T = Onxn +myn + Do - (xpn — 2in) + Ay - Yin
Tin = O+ ayin + Do - Ty
Ty = Oy +myu+ Do xhn + Ay - yin

and

Tin — Onxin —myin > Thi — Onxnn — mynn = Ay (Yin — ynn) — Do - (@, — xpp) >0
T — Onxin — e > Tu—Opzy —myn = Do - (xy —x0) >0
Tin — O — e > T — O —myne = Do - (2 — 201) 2> 0.

Case 6a: If 1Cyp;, ICihnn, IChyp bind, then

T = Onxn + myn + Do - (xpn — xin) + Ay - yin,
Tin = O+ pyin + Do - Ty
Ty = Oy +myu+ Do (Thn +Th — Tin) + Ay - Yin

and

Tin = Onxin —myin 2> Thi — Onxnn — mynn = Ay - (Yin — ynn) — Do - (xy, — xpp) >0
Th — Oxw —mym > T — O —myn = Do - (T — ) 2> 0.

b) This follows directly from Part a).

¢) By continuity and convexity of T : Z — Ri and continuity and strict concavity
of V', the global optimization problem consists of maximizing a continuous and strictly
concave function E [V — T over a convex set Z. Together with the Inada conditions,
this guarantees existence and uniqueness of a solution. O

Proof of Proposition 4. Clearly, it is a necessary condition for global optimality of an
allocation (x,y) € Z that it is optimal within each region R; for which (z,y) € R;. To
prove sufficiency, assume that (x,y) € Z solves the subproblem for any region R; for
which (z,y) € R; and suppose, for contradiction, that the globally optimal allocation is
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given by (z,9) # (x,y) € Z. Then, by concavity of the objective W, for any A > 0 we
have

WA,y +1-2)(,9) > AW(z,y)+1-X)W(Z9)
> W(x,y).

Moreover, as each R; is closed, (z,y) ¢ R; implies A(x,y) + (1 —\)(2,9) ¢ R; for
sufficiently small. But since Z = |J R; and Z is convex, this implies that there exists
some A > 0 and some ¢ € [ such that (z,y) € R; and A (z,y) + (1 — ) (2,9) € R;,
contradicting optimality of (z,y) within R;. O

Theorem 1*. An allocation (x,y) € I solves the global optimization problem if and
only if

a) (z,y) lies in the interior of some region R;, i € I and solves the associated FOCs
with p; = 0. All implementability constraints are slack with the possible exception of
A3a,5, A3a,7, A3b5, A3b,8: Mda,105 Mda,12; Ma,16, A4b9, Adb 11, Adb15s A5a,65 A5a,13: A5b,6;
A5b,145 N6a,6: N6a,11; A6b,6, and Aep12.

b) (z,y) lies in the interior of a hyperplane R; N\ R; for two adjacent regions R; and
R;, i,j € I and solves the associated FOCs such that all implementability constraints
are slack with the possible exception of X345 = Ma,10, A3a,7 = Ada,165 A3b5 = Adp.9,
A3b,8 = A4b,15, Ma,12 = A5a,6, Ma,16 = A5a,13, Mb11 = Asb,6, and Agp15 = Asp 14 > 0 and
pij =1 — pj; €[0,1] with the possible exception of

AMa,10 + A AMa,10 + A
H3a,4a = 1— Hda,3a + 244,10 T ~Ma,16 c |:07 1+ M]
Pu + Phi Du + Phi
Aby + Adp1s Aapo + Aap15
H3b4b = 1-— H4b,3b R R e A [V e S )
Pu + Pin P+ Pin
Asa,6 + A Asa6 + A
faasa = 1= fisaa + —0 00 € [0, 1+ M]
Asb,6 + Asb,14 Asb6 + Asb14
pabsy = 1— pspap + ———— € |0,1 4 22—
Pin Dih

c1) (xz,y) € Ria N Ryp N Ry solves the associated FOCs with A = 0 and
Pia,1b = 1 — fip1a — H1b2 = H216 € [0,1],
Pibia = 1 — Hia1b — H1a,2= H2,10 € [0,1].
c2) (xz,y) € Ria N Ryq N Rs, solves the associated FOCs with A = 0 and
Pada = 1 — faa1a — Maa,5a= M5a4a € [0,1]
Hia,1a = 1- Hla,da — Mla,5a= M5a,1a € [07 1] .
¢3) (x,y) € Rip N Ryp N Ry solves the associated FOCs with A =0 and

Pibab = 1 — pap16 — Haps56= Mspay € [0,1],
Pap b = 1 — pipap — favse= Hsp1p € [0,1].
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c4) (x,y) € Rig N R1p N R5q N Rg, solves the associated FOCs with A = 0 and

Piay = 1= pipia =1 — fea5a = M5a,6a € [0,1],
Du
Mlasa = M5a,6a — T (]— - HSa,la)
Dhl
. Dhl + Du
= [1b6a —
Dhi
pu DPni + pu pu
= —pigasa — + (1 — piea,1p) - ———— € [0, 1+ pigp - —
Phi Dhl Phi

¢5) (xz,y) € Ria N R1p N Rsp N Ry, solves the associated FOCs with A =0 and

Pivia = 1= pia1e =1 — pepsp = pspep € [0,1],
DUl
Hibsy =  Msbeb - — + (1 — sp1p)
Pin
. Din + pu
= flagh ——
Din
pu Pin + Pu pu
= —pepsp — + (1 — pep1a) - ———— € |0, 1+ pip1a - —
Dih Din Dih

c6) (z,y) € Rig N Ro N R3q N Ryy solves the associated FOCs with A = 0 and

Hlada = 1- Hia,1a = 1- U3a,2 = U2.3q € [0, 1] s
Phi
Pla2 = H23qa - — + (1 — p214)
bu
o Pn + pu
= H4a,3a °
bu
Phi Dnl + pu Dhi
= —p3a2- — + (1 — p3gaa)  —— € |0, 1+ pigda - —
bu bu bu

c7) (z,y) € R1p N R2 N Rz, N Ry solves the associated FOCs with A = 0 and

pivay = 1 —papip =1— psp2 = pagp € [0,1],
Pin
pive = po3y — + (1 — p21p)
bu
. Din + pu
= H4b3b - —
bu
Din Din + Du Din
= —pzp2 - — + (1 — pgpap) - ——— € {0, 1T+ papan - ] .
bu bu bu

c8) (x,y) € Ria N Ryq N Rep solves the associated FOCs with A = 0 except for Ay 12 and
Aeb,12 and

Piaa - Ph = (1 — flaa,1a) - Phi + Ada,12 = Agp,12 = 0,
Ma66 - (P + pin) = (1 = pev,1a) - (Pu + Pin) + Aep12= Ada,12 > 0.
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c9) (z,y) € Rip N Rap N Req solves the associated FOCs with A = 0 except for Aap 11 and
>\6a,11 and

pivab - Din = (1 — prapas) - Piv + Aap,11 = X6a,11 = 0,
Pib6a - (Pu 4 pni) = (1 — pea,1s) - (Pu + Pht) + Aea,11= Aap,11 > 0.

Proof of Theorem 1*. The proof of Theorem 1* proceeds in three steps. In Step 1,
we identify for each region R; the minimal set of implementabilty constraints A; that
guarantees implementability of an allocation in R;. All other implemetablity constraints
can then be eliminated from the Kuhn-Tucker subproblem in region R;. Step 2 is a
lemma on convex sets. In Step 3, by ruling out all other potential options we prove
that the optimal allocation always lies in one of the loci listed in Theorem 1*. The
conditions on the multipliers then ensure that all multipliers are non-negative and the
FOCs coincide for all regions in which the solution lies.

Step 1. In Ry, constraints , together with (Rla,1b)), (Rla,2), (Rla,4al),
(Rla,baf), and (R1a,6bf) imply all other implementability constraints a:

[[1< Ria, 1§+ Rla, 4d

I8 = 2 {RTa, 2 {RTa, 1d T2
I8 = 2 {RTa,2{RTa5d+T2

[[10<RIa,2+{Rla,4ddHI2
M1 Rla, 14+ Rla,5dHI2
[[12] <[ R1a,4d+{ R1a, 64

13 <[ RTa,5d+{17
[[14 = Rla, 1) +{Rla, 5d -+ 14
16 <[ o, 4a {13

Likewise, constraints and together with (R1b,1al), (R1b,2)), (R1b,4b), (R1b,5H),

and (R1b,6al) imply all other implementability constraints in Ry.
In Rs, constraints , together with (R2,1a)), (R2,1b)), (R2,3al), (R2,3b) imply
all other implementability constraints as

Here as well as in later proofs I use references to inequality constraints without brackets when
referring to their left hand side only, i.e. to the term required to be non-negative.
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I R TH {53
12 < RZTd 2.3

I (R34 +72.30

16 <R, Td+[R2.10 413117
Iy PRI

I8 {R2.39 +{T3

([0 = RZ Td+[R2. T +H{RZ30 +T3
T2 R Td+[R2. T +H{RZ3d 411
(T3 {RZ1a+T34{13

[ RZ1H T3 413

ITT6 R 1d+[F230 +{T3

In R3,, constraints , , , together with (R3a,2) and (R3a,4al) imply

all other implementability constraints as

2 < R3a, 2 -H{R3a,4d+HI5|
[[4 < R3a. 2| 17
76 = 2 {R3a, 2| {R3a, 4d] +{TT+HT13+{I7]
(79 < R3a, A HTTHTH]
11 = 2 {R3a, 2+ R3a, 4d H{ IT| {13 HIT
121 =[R3a, 2| {R3a, 4d HIT+17]
13 <[ R3a, 2| H{R3a, 4d HI3+I7]
14 = 2 {R3a, 2| HTT]+HI3HIT
15 = 2 {R3a. 2| H{IT]H I3+ 15|
16/ < R3a. 4| H{ 17|

Likewise, constraints , , , and together with (R3b,2)) and (R3b,4b)

imply all other implementability constraints in Rgp,.

In Ry4,, constraints and together with [R4a,lal [R4a,3al, and
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R4a,5a] imply all other implementability constraints as

[[4 < Rda. 1o+ TT0]
I35 < Rda. 3a|H{ TT0]
I6 < Rda. 5a] H{112]
I < Rda. 3a|+H{T10]
I8 = R4a, 3a] H R4a, 5a] HT10]
9 <[ RAa, 36 +{T1 T2
[T < F¥a, 5a {11+
T3 ~[Ra. 54+
[[14 = Ria, TdH Rda, 5d -+ 11+ 116
15 [ R4a, Td|+{ R4a, 5] +{ T +[T10}

Likewise, constraints , , , , , and ([15)) together with (R4b,1b)),
(R4b,3b)), and (R4b,5b|) imply all other implementability constraints in Ryy.

In Rs,, constraints , , , and ([13)) together with (Rba,lal), (RHa,4al), and
(R5a,6a)) imply all other implementability constraints as

[[11< R5a, 4d|+{ R5a, 64

(4= R5a. 1o H{TT3]

5 =[ R5a, 1d+[R5a, 4 H 12|+ 2 {13
[ ={R5a, 1d+ 2 {Rb5a, 4d+[12) + 113
I8 <[ R5a.1d+{T2+ 2 {T3

[[9< R5a,1d|H{ R5a, 4a]+ R5a, 6a] + 12| H 13|
[[10/< R5a. 4a] {12 +{13]

1T [ R5a, 64 +12

12 < R5a, 4 +{19

14 = R5a, 1d-{ R5a, 64| {113

[[15] < R5a, La] H{ R5a, 6a] H{ 12+ T3]
16l <{ R5a, 4d|+{TT3,

Likewise, constraints , , , and ([14) together with (R5b,1b), (R5b,4b),
and (Rb5b,6b]) imply all other implementability constraints in Rsp.

In Rg,, constraints , , (]ED, and (I11)) together with (R6a,1b|) and (R6a,5a))
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imply all other implementability constraints as

T2 ~{TGa. 5a +[1T1]

[[4 =< R6a, 18| +{ R6a, 5a| H{ 13| +{ I6]
I[85l =[ R6a, 16+ 2 [ R6a, 5]+ 11+ T3] HT1]]
[[7 = R6a, 15|+ 2 {R6a, 5a|+[T1]+ 2 {13 +[T6]
(I8 <[ R6a, 1| +{ R6a, 5d] + 2 { T3] +{T11]

[[9 < R6a, 1Y+ R6a, 5a| H{IT|+H I3+ I1]]
[TT01 = 2 {6a, 5a) +{T1] +[T3+{TT]

112 <[ F6a, 5a +{T1]+{T5,

[[13 < RGa. 5q]+{T3+{T5

(14 <[ F6a, 10 +{T3) {19

[[15 = Ra, 1§ +{T3+{111]

716 = 2 {R0a. 5d +{T1]+{T3+{T5}

Likewise, constraints , , , and ([12)) together with (R6b,1a)) and (R6b,5b))
imply all other implementability constraints in Rgp.
Assume that binds in Ri4, i.e. yy = . From the proof of Proposition 3

together with (3.5.1)) and (3.5.2) we get FOCs in R, reading

Ag
Ve (zin, yin) = 01 + o [—1a,5a * Phi]

Ve (2, yu) = 01 + =3 [—t1a,40 - Phi] -
Pu
If f1a,50 > fa4a = 0, then (z,y) € Rs, and hence xj; > 7. But from the above FOCs
it then follows that x; < zjp, a contradiction. If p1444 > f1a,50 = 0, then (z,y) € Ry,
and hence z;; < x,. But from the above FOCs it then follows that x; > x5, a
contradiction. If p145, > 0 and p1q4q > 0, then zy = xyp, as (x,y) € Raq N Rsq. If
Hla5a = Mada = 0, then zy = x5, from the above FOCs. Hence x;; = xj;,. But then,
again invoking (3.5.1)) and (3.5.2)), FOCs in Ry, given as

A
Vy (i, yin) = nn + pT: [P — Pia,1b - Pu — H1a,2 - DU+ Hlada - PRl + Hla5a - PRl + A2]

A
Vy (@, yu) = m + —2 - [= 9]
bu

imply that (z,y) € Ry or (v,y) € Ra. If (x,y) € Rip, then xy = zy, and yy = yi
together contradict the FOCs for Ry given as

A
Vy (@i, yin) = nn+ pTZ [H1b1a - Pu A+ b 6a - (PR + Pu)]

A
Vy (xu,yu) = m+ ij [ H1b,4b - Pin)
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If (x,y) € Ry, then x;; = xy;, and yy = y;p, together contradict the FOCs for Ry given as

A
Vy (@insyin) = nn+ —= - (2,14 - pul
Din
Ay
Vy (@, yn) = m+ P (=236 - Pih — A2] -

Assume next that binds in Rig, i.e. yn = ypn. Then xp < xpp by (R1a,6b) and
hence FOCs in Ry, given as

A

0
Ve (This Ynn) = On + o [(pin + Put) — M1a,16 - Pu + Mada - Phi + Masa - Phi — Ha6b - (Din + Pur)

Ag
Vi (zhi, ynt) = On + — - [t1a,16 - Pu + a6 - (Din + it

imply (z, 6 Rep. If (z,y) € Ryp then ypy = ypp, implies zp; = zpp

through Rlb D and Rlb 5bf). If (x,y) e R6b then yp; = ynp implies xp; = xpy through

m nvoking the s in Rla given as

Vy (Thh,ynn) = 1n + — - [Pht + Mia,1b - DU+ Bia,2 - DU — Mla,da * Phl — Pla,5a - Phi + Hia,66 - (Din + Du) + A4l
A

Vy (zhi,ynt) = m+ }Tm - [—t1a,66 - (Pin + pu) — Ad]

this implies (z,y) € Ry, or (x,y) € Rs, which together with yp; = ypp and xp = xpp
contradicts the FOCs in R4, given as

A

Vy (@hnsynn) = nn+ pihz - [M4a,1a - Phi + Paa,30 - (DR + i)
A,

Vy (@n,ym) = m+ o [—A12 — A16]

or the FOCs in Rs, given as
Ay
Vy (@hhsYnn) = nn+ — - [15a,1a - Phi)
Phh

A
Vy (@hiyyn) = m+ —2 - [=X6 — A13] .-
Phi

Likewise, and cannot bind in Ryy.
Suppose binds in Ra, i.e. yn = ypn. Together with xp; < xpp as given by

(R2,1b)), FOCs in Ry given as
Ay
Vy (-rhhv yhh) =np + M . [(phl + pll) — {210 - Pl + [42.3b * Dih + )\4]

A
Vy (@ni, ynt) = m 4+ —2 - [= 4]
Dhi

imply (x,y) € Ry, a contradiction to what we have already shown. Likewise,
holding with equality implies (x,y) € Ry, and thus another contradiction.
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Suppose [I1| binds in R3, , i.e. x5y = zp; . FOCs in Rg, read

A
Vy (@i, ynt) = m 4+ —2 - [= 7]
DPhi

A
Vy (zu,yu) = m+ —2 - [=Xs).
bu

If As > Ay = 0, then y; > yp; from the above FOCs, but y; > yu together with
binding contradicts . If A7 > A5 = 0, then y; < yp; from the above FOCs, but
yu < yYn together with binding contradicts . If As > 0 and A7 > 0, then y;; = yn
as both, and bind. If As = A7 = 0, then y; = ypn; from the above FOCs. Thus
xy = xp and y; = yp, but this together with FOCs in R3, given as

A
Vo (@, yn) = O + —2 - [M]
Phi

A
Ve (xu, yu) = 01 + ij N=Phi + 13a,2 - Phi — A1 — As — A7)

implies (z,y) € Ry which in turn implies (z,y) € Ri4, a contradiction. Next, assume

binds in Rsg, i.e. x5, = xpn. Together with v, < ynp as implied by and
FOCs in R3, given as

A
Vy (@hns Ynn) = nn + ZIZ [(prt + pu) — 13a,4a - (PR + pu) + As + A7l

A
Vy (@in, yin) = nn + pTZ - (30,40 - (D1 + 1)

this implies (z,y) € R4q N R3,. But then y;;, = ynp, and together with x;, = xp; and
FOCs in R3, given as

Ag
Ve (hhy Ynn) = 0n + o [(pin + Pu + Phi) — 30,2 - Pri + A3 + A5 + A7

A
Vi (@i, yin) = 01 + —2 - [=A3]
DPin

this implies (z,y) € Ra, a contradiction. Likewise, constraints and cannot bind
in Rgb.

Assume binds in Ry, i.e. yy = yin. Since we have xj; < xy, from ,
FOCs in R4, given as

Qo

Ve (Xin, yin) = 01 + . [—tda,5a - Phi — A3]

Ag
Ve (xu, yu) = 01 + o [—DPhi + Mda,ia - Phi + Pda5a - Pt — A1 — Ao — A2 — Aig)

imply either (z,y) € Riq or (x,y) € Rs,. The former being excluded already, (x,y) €
Ryq N Rsq implies x;; = . Together with y; = v and FOCs in Ry, given as
Ay

o [(Ph1 + Pu) — Hda1a - Phi — Hda3a - (Phi + D) + A2+ Ao + A2 + Aig]

Vy (@i, yin) = nn +

A
Vy (@, yn) =m + pT? - [=A2 — A1o]
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this implies (z,y) € Ry, or (z,y) € Rs,. The former case has been excluded already
while the latter implies (z,y) € Re which also has been excluded. Next, assume that
binds in Ry4q, i.e. xy; = xp;. FOCs of Ry, read

A
Vy (Thisyn) =m0+ —2 - [~ A2 — A1)
Pni

A
Vy (g, yu) = m + pT? - [=Ao] -

If y;; > yp then Ayg > 0, implying
Ag - (g — o) + Ay (Y — yin) < Do - (o — zpn) + Ay - (yu — yin) =0

and hence contradicting . If yp; > yy then either A1g > 0 contradicting as
Ag - (g — o) + Ay - (Y — yin) < Do - (o — zpn) + Ay - (Y — yin) =0

or \ig > 0, contradicting or as
Ag - (g — o) + Ay - (yu — yin) < Do - (oy — o) + Ay - (Y — yin) = 0.

Thus y;; = yn, and together with x;; = xp; FOCs of Ry, reading

A
Ve (This Ynt) = On + —r A1 + A12]
DPhi

Ag
Ve (zu,yu) = 01 + o [—Phi + Ha,1a - Phi + Pda5a - Phi — A1 — A0 — A2 — Aig)

imply (z,y) € Riq or (2,y) € Rsq. The former case being excluded already, (z,y) €
Ryqa N Rs, together with x;; = xp;, yi = yn contradicts the FOCs of Rs, reading

Ay
Ve (@ht,yn) = 0n + o [W5a,6a - i + 6]
Ag
Ve (xlla yll) =0+ E : [_,Uf5a,4a 'Phl] .

Finally, assume that [[3| binds in Ry, i.e. x;, = zpn. Together with ynn > i, as given
by FOCs in Ry, reading

A
Vy (s Ynn) = nn + ZIZ - [M4a,10 - Phi + 140,30 - (Dr + i)

A
Vy (@in, yin) = nn + pTZ “[(pn1 + pu) — taa,1a - Phi — Haa,3a - (Phr + Pu) + A2 + Ao + A2 + Aig]
yield (z,y) € Ry, or (z,y) € Ra,. The latter case has been excluded already while the
former case implies (z,y) € Re which has also been excluded. Likewise, constraints (1)),

, and cannot bind in Ryp.
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Assumebinds in Ry, i.e. yy = yip. Together with x;; > x5, as implied by (Rba,4a)),
FOCs in Rs, reading

Ag
Ve (xin, yin) = 01 + P [—Phi + H5a,1a - Phi + H5a,4a - Phi — H5a,6a - Pil — A3 — A6 — A13)]

A
Vi (z,yn) = 01 + — - [—5a,4a * Phi]
bu
yield (z,y) € Ry, or (x,y) € R4q, both being excluded already. Next, suppose [L3| binds

in Rsq, i.. xy, = xpp. Together with yi, > ypn as implied by (Rba,lal), FOCs in Rs,

given as

A
Vi (Zhhs Ynn) = M + —= -+ [Usa,1a * Phi)
Phh

A
Vi (Tin, yin) = nn + ITZ [(Prt + pu) — Msa,10 - Pri + A2 + A6 + A13]
yields (x,y) € Ri, which implies (x,y) € Rz which has already been excluded. Likewise,
constraints and cannot bind in Rsp.
Assume binds in Rgg, i.e. ;3 = xp;. FOCs in Rg, yield

A
Vy (@ht, ynt) = m+ —2 - [=Ag]
Dhi

A
Vy (xu,yu) =m + PT? =)

If A6 > A11 = 0 then yp; > vy, but yp > yy together with binding violates . If
A11 > Ag = 0 then yp; < yy, but yp; < yy together with binding violates . If
Ag > 0 and A1; > 0, then y; = yp; as both and bind. If A\g¢ = A1 = 0, then
yu = yp from the above FOCs. Hence x;; = xp; and y; = yp;, but this together with
FOCs of Rs, reading

A
Ve (Zh, yn) = On + ij “[pu — Pea5a - P+ A1+ A1+ gl
A
Ve (i, yu) = 01 + = [—A1]
Pu

implies (z,y) € Rs, which in turn implies (z,y) € Ry,, a contradiction. Next, suppose

holds with equality, i.e. z;;, = xp,. Together with y;, > ynn as implied by [R6a,1b
implies and FOCs in Rg, reading

A
Vy (s Ynn) = nn + IIZ - [W6a,16 - (P + Phi)]

A
Vy (@i, yin) = nn + }TZ (ot + 1) — H6a1b - (Pu + Pri) + A1+ Ae)

this yields(z,y) € Ry, which has already been excluded. Likewise, and cannot
bind in Rgp. This finishes Step 1.
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For later reference, we list the FOCs for each of the eleven subproblems, introducing
some normalization of the multipliers firegion to which the theorem refers.

A
Vz (Zhh, Ynn) = On + pfa “[(pin + put) = 10,16 - P+ Bia,4a - Phi + Pla,5a - Phi — Pia,eb * (Dih + Pu)]
hh
JAV)
Ve (ht, yn) = 0n + ot [H1a,16 - Pu 4 H1a,66 * (Pin + put)]
hl
A
Ve (i, yin) = 01 + =6 [—W1a,5a - Dhi]
Din
A
Vi (zu,yu) = 601 + =2 - [~ ft10,4a - Phi

pu
A
Vy (Thh, Ynw) =nn + —=

A
Vy (zhi, yna) = m + —
DPhi

- [—H1a,60 - (Pin + pu))

Vy (Tin, yin) = nn + pfn [pu — M1a,16 - PU— P1a,2 - DU+ Bla,da - PRl + fla,5a * Dhil
Ih
Vy (@, yu) = m

JAV)
Vo (Thh, Ynn) = On + Pf [Pih + P10 - PuF P12 DU — [A1b,4b - Pih — P1b,56  Dik + H1b,6a - (PRt + Dit)]
hh
Ag
Ve (ht, yn) = 0n + ot [P — p1b,1a - Pu — 16,2 - Du + H1b,4b - Dih + 16,56 © Dik)
Ag
Ve (Zin, yin) = 61 + o [—p16,6a - (Dri + pur)]

Ve (zu,yn) = 6

Vy (Thh, Ynn) = nn + ITZ (Pt + ) — p1v,1a - Pu + 1v,ab - Din + H1b,56 - Dih — Mb,6a - (Dri + Pu)]

A
Vy (Thi, ynt) = m + —2

- [—p1s,56 - Din)
Dhi

A
Vy (@in, yin) = nn + ]TZ - [1b,1a - P+ Bib,6a - (Pr + D)

A
Vy (zu,yu) = m + =2 - [—p1v,46 - Pin)

o - [phi + B1a,16 - DU+ Pla2 - P — Blada - Phi — Bla,5a @ Phi + Bia,es - (Din + Du)l

bu
Ag
Ve (xhh, yh,h,) =0n + ]ﬂ : [(plh +pzz) — 2,16 - PU T 142,3a 'phz}
A
Ve (Thi,ynt) = On + =0 (2,16 - pul
Pht

Ve (zin, yin) = 6

A
Ve (i, yu) = 01 + =2

- [—p2,3a - Dhi]
Du

Ry

A
Vy (Thn, ynn) = nn + pfn [(prt + pu) — p2,1a - Pu+ p2,36 - DIk
hh

Vy (ni, ynt) = m

A
Vy (@in, yin) = h + —2 + [12,1a - pu
Din

A
Vy (zu,yu) =m + —2

- [—p2,36 - Din]
bu

Rla
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Ag
Ve (Thn, Ynn) = On + o [(Pn + pu+ Pri) — 3.2 - Pri + As + Ar]

)=
Ve (Thi, ynt) =
Ve (Tin, yin) =

)=

Ay
(zu,yu) =0 + o [—Dhi + H3a,2 - Phi — As — A7]

A
Vy (Thh, ynn) = nn + ];Z [(pni + pit) — p3a,aa - (Pri + pu) + As + A7) ¢ F3a

A
Vy (xhh yhl) =m+ —. [_)\7]
Phi

A
Vy (mlh, ylh) =Nn + 17: : [,u3a,4a : (phz +pu)]

A
Vy (@, yu) =m + —2 - [ Xs]
pu

A
Ve (@hn, yun) = On + ]fi [(pin + pu) — psvan - (Pin + pu) + As + As)

A
Ve (Thi,ynt) = On + 79l - [13p,46 - (pin + pur)]

A

Ve (zin, yin) = 01 + =2 - [=As]
Pin
A

Ve (xu,yu) = 01 + — [—As]
pu

Vy (Thn, Ynn

)=
Vy (Tht, ynt) = m
Vy (Zin, yin) = nn
)

A
Vy (zu, yu m + hW “[=pin + p3b,2 - Pin — As — Ag]
1

Ay
nh + ]ﬂ [(Prt + P+ pin) — pav,2 - Pin + As + As]

A
Vz (Thi, ynr) = On + 71 (o1 + pu + Pri) — P4a,1a - Pri + Ao + Ai6]

A

Ve (Thi, ynt) = On + 7? [A12]
AV

Ve (Tin, yin) = 01 + o [~ taa,5a - Pri — As]
Ag

Vo (zu,yu) = 01 + o [—Dhi + Paa,1a - Dhi + Hda,5a * Phi
1
Ay

Vy (Thh, ynn) = nn + » - [H4a,1a - Phi + Paa,3a - (Phi + D)
hh

A
Vy (@ni,ym) = m + =2 - [=A12 — A1e]
Phi

A
Vy (in, yin) = nn + JTZ (Pt + pu) — paa,1a - Prt — faa,3a * (Pri + pu) + Ato + A2 + Aie]

A
Vy (zu,yu) = m+ =2 - [~ A10]
bu

— Ao — A12 — Mg

73
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A
Vz (Zhh, Ynn) = On + pfa - [ab,16 - D1+ pav,36 - (Pin + pu)]
hh

A
Ve (ht, yn) = 0n + ij (D1 + D) — pav,1s - Din — Hav,3b - (Din + Pu) + Ao + A1 + Ais]

A
Vi (zin, yin) = 01 + =2 - [=A11 — A1)
Din

A
Ve (zu,yu) = 00 + =0 [— o]
bu Rus

A
Vy (Thn, ynr) = mn + pfn [(prit + pu + pin) — pav,16 - Pih + Ao + A1)
hh

Ay
Vy (Thiy Ynt) = m + —2 « [—faab,56 * Pin]
Pht

A
Vy (@in, yin) = nn + —= - [A11]
Pin

A
Vy (Zu,yu) =m + pfn - [=pin + Hav,16 - Pin + pab,sb - Pih — Ao — A1 — Ais]
I

A
Va (®hh, Ynn) = On + ﬁ “[(pin + pu + pri) — Bsa,1a - Phi + Ais)

A
Ve (Thi, ynt) = On + ij - (50,60 * Pu + N6)

A
Vo (Tin, yin) = 01 + ;Te “[=Phi + 150,10 - Pt + 50,40 * Phi — H5a,6a * Pl — A6 — A13]
Ih
Ag
Ve (zu,yu) = 00 + — - [~ 54,40 Dhi
2 ( yu) DU [.“5aap] Rsa

A
Vy (Thh, Ynk) = Mh + —= - [U5a,1a * Dhi
Dhh

A
Vy (@ni,yn) = m+ —2 - [=X6 — A13]
Dhi

A
Vy (@i, yin) = nn + ]TZ “[(prt + pu) — H5a,1a - Pri + X6 + A13]

Vy (i, yu) =m

A
Vz (Thh, Ynn) = On + = (156,16 - Din]
Dhh

A
Ve (ht, yn) = 0n + ij “[(pin + ) — psb,1 - Dt + A6 + A14]

A
Ve (@in, yin) = 01 + =2 - [~ X6 — Ad]
Din
Vi (zu, yu) = 0

A
Vy (hh, Ynw) = nn + pJ (Pt + pu + pin) — Psb,16 - Pin + A14)
hh
A,
Vy (@ht, yn) = m + o [—Pin + 156,16 - Din + sb,4b - Dih — Msb,6b - Pit — A6 — A14]
1

A
Vy (@i, yin) = nn + ]TZ - (15,68 - D1+ A6

A
Vy (u,yu) =m + pT;] - [—psb,46 - Din)
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A
Ve (Thh, Ynn) = On + ITZ (pin + pu 4 Pri) — Pea, 16 - (P + Pri))
JAV)
Vo (@ht, ynt) = 0n + — - [pu — p6a,50 - Pu + A11 + 6]
Dhi
A
Ve (Zin, yin) = 01 + ]72 - [= (prt + pu) + pea,1b - (Pu + Pri) + Hea,5a - Pu — A6 — A11]
Vi (zu, yu) = 01
A R6a
Vy @nhs Yun) = mh + —= - [6a,16 + (Pu + Pri)]
Dhh
An
Vy (hi, yn) = m + ot [~ 6]
A’I
Vy (@i, yin) = nn + o [(prt + put) — p6a,16 - (P + Pri) + A1 + Ae]
A
Vy (@, yu) = m + pT? - [=A]
Ag
Ve (@hn, Yun) = On + — - [tiob,1a -+ (P + Din)]
Phh
A
Ve (nt, ynt) = 0n + ij [(pin + pu) — pev,1a - (Pu + pin) + A6 + A12]
A
Ve (Tin, yin) = 01 + PT}? - [= 6]
Ag
Ve (zu,yu) =00+ — - [—A
( ) o [—A12] .

A
Vy (Zhh, Ynw) = nn + ];Z (Pt + pu + pin) — peb,1a - (Pu + Pin))
A
Vy (@hi, yn) = m + pT;z] “[= (pun + pu) + pov,1a - (Pu + Din) + pev,56 - Pu— A6 — Ai2]

A
Vy (@i, yin) = nn + pfn - [pu — peb,sb - Pu+ A6 + A12]
th

Vy (zu, yu) =m

Step 2: We show the following lemma. Define J C I via (z,y) € R; & j € J and
assume that #J > 3. Then at least one region R;, with j; € J is adjecent to two (or
more) other regions Rj,, Rj, with jo,j3 € J.

Proof: Choose € > 0 sufficiently small such that B, (z,y)N U R;=0and fixl,m € J.
ieI\J
Let (z,y); and (x,y),, be interior points in respectively R; and R,, within B. (z,y). We
can choose (z,y), and (z,y),, such that theline L = {\ - (z,y), + (1 — A) (z,9),,, A € [0,1]}
intersects all hyperplanes separating regions R;, ¢ € I at most once and does not hit any
intersection of two or more such hyperplanes. Then any point on L is either an interior
point of some region R;, j € J or is an interior point of a hyperplane R;N R}, between two
adjacent regions R;, Ry, j,k € J. Hence there exist 0 = A\g < A\ < ... < A1 < Ay =1,
n < #I—1suchthat L= | Li Li = {A- (z,9), + (1= X) (2,9),,, A € [Nio1, Ai]}
i=1,...n
and L; C R;, for some j; € J with j; = [ and j, = m. Note that n > 2 by assumption. If
n =n(l,m) = 2 then R; and R,, are adjacent as A1 - (z,y),;+ (1 — A1) (z,9),, € RiN Ry,
is interior in R; N R,,, by assumption. In this case we apply the same approach to R; and
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some other region R, s # m,l, s € J. If againn = n (I, s) = 2, then R; is adjecent to Ry,
and R, proving the claim. So assume that n > 3. Then, choosing some \j, € (A1, A2),
Njs € (A2,A3) applying the same approach to R;, = R; and Rj, with points (z,¥y),
and (z,9);, = Aj, - (z,y); + (1= Aj2) (2,y),, as well as to Rj, and Rj, with points
(xay)jz = Aj, - (Zan)l +(1- )‘j2) (l‘,y)m and ($,y)j3 = Ajs - (xvy)l + (11— )‘js) (xvy)m
yields n (I, j2) = 2 = n (j2,j3) and hence Rj, is adjacent to Rj, and Rj,, proving the
lemma.

The lemma from Step 2 implies that we only need to check intersections of three
or more regions when at least one of these regions is adjacent to at least two of the
other regions. Note first that for cases c4-c7) where (x,y) lies in the intersection of four
regions, any triplet of regions implies the fourth in each case. It is therefore enough
to show the following. The optimal allocation (x,y) cannot lie in the intersection of
any three regions that are feasible according to Step 2 not covered by Theorem 1*. It
then follows immediately by direct comparison that (x,y) cannot lie in any non-trivial
intersection of any of the loci stated in Theorem 1%*.

Step 3: Assume that (z,y) € Ris N R1py N Ryq. Then and holding
with equality imply x;; = xp; in Ryp, contradicting Step 1. Likewise, (z,y) € R1oNR1pN
Ry, is impossible.

Assume that (z,y) € Rig N R2 N Rs,. Then and holding with
equality imply x;, = xp; in Ra, contradicting Step 1. Likewise (z,y) € Ry, N Ra N Rsp
is impossible.

Assume that (z,y) € Ria N R2 N Rgp. Then

Ay (yih —ynn) = 0,
Ay (yin —ym) > 0,
Ay - (Yt — ynn) =

imply ypp, = yp in Ri,, contradicting Step 1. Likewise, (z,y) € Ry N Re N Rgq is
impossible.
Assume that (z,y) € Ris N Rsq N Rgp. Then

N (xh —zhn) — Ay - (Yt —Ynn) = 0

implies xp; > xpp. Moreover, from

Ay (yih — Ynn) — Do - (i, — ) = 0
Ag - (xn — whn) — Dy - (Yt — Yun) =

we get
Ag - (zh — m1n) + Ay - (Yin — Ym) = 0.

As implementability implies

Ag - (xhn — zin) + Ay - (Yin — ym) =0
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it follows that xp; = xpp, in Rs,, contradicting Step 1. Likewise, (z,y) € R1q N Rsq N Rep
is impossible.

Assume that (z,y) € Ria N Re N R3p. Then yy; = ypp = yip in Ry,, contradicting
Step 1. Likewise, (z,y) € Ry N Ra N R3, is impossible.

Assume that (z,y) € RaNR3qNR3p. Then xy; = xpn, yu = Y, implying (x,y) € Ri,
via the FOCs of Ry given as

A
Vy (T, Ynn) = nn + }ﬁ [(prt + pu) — 12,10 - DU+ 12,36 - Pin + A4
Ay
Vy (zu,yu) = m + P [— 12,36 - Pin) 5

and thus contradicting (x,y) ¢ Ris N R2 N Rgp.

Assume that (x,y) € R3q N Ryq N Rsq. Then zy, = xyy < zpp in Rag, contradicting
Step 1. Likewise, (z,y) € Rap N Ryp N Rsp is impossible.

Finally, assume that (z,y) € R4q N Rs, N Rgp. Then zy = xy, = xp in Ry,
contradicting Step 1. Likewise, (x,y) € Ry N Rsp N Rg, is impossible.

As any intersection of feasible regions according to Theorem 1* is either part of the
classification or contains at least one of the intersections we just excluded, this completes
Step 3. O

Proof of Proposition 5. This is a direct consequence of Step 1 of Theorem 1*. O

Proof of Proposition 7. We first prove the symmetry properties. Suppose there is a
solution (z,y) = (Thn, This Tih, Tis Ynhs Yat, Yins Yu)-  Then, by symmetry between the
z-dimension and the y-dimension, the vector (,y) defined as Z;; = vji, Uij = Tjis
i,7 € {l,h} also constitutes a solution as

pij -V (@i, yig) + i -V (@i, y55) = pij -V (Ui, Tji) +pji - V Uiz, Tij)
pij -V (Zij, Uig) + i - V (i, Uja)

for all 4,5 € {l,h}. Hence (z,y) = (&, 7).

Next, note that dﬁgh > () as differentiating the first FOC with respect to « yields
Ag . p
drpn o2
do (Vaw (@hh, Thh) + Vay (Thn, Thn))
Ay - 2L
Phh

- 1
(1 1)-H(xnn xnm) - ( 1 )
> 0
where the second equality follows from of V' and positivity follows from negative defi-

niteness of the Hessian H of V' at (xpp, zpn). Hence precisely one of the three cases for
« applies.
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To check the defining inequalities of the respective regions as well as implementability
it is enough to show that for any value of a € [0,1] we have xy; > zpp, x> ap,
Ty > Thi, Tip > Thhe As Vg (2,y) = Vyy (zy) for all (z,y) € Ri by symmetry and

H (2,y) = Vo (2,) - Vyy () — Vay (z,9)* > 0

by negative definiteness of H (z,y) for all (z,y) € R%, we have |Vyy (z,9)| > [Vay (z,9)|
for all (z,y) € RY, and hence the claim follows from Proposition 8 which is proven
below as well as from Proposition 5. O

Proof of Proposition 8. a+b) We have

Ay (xy —xpp) = Rla,2HRla,4a[> 0
Ria < Ag - (g, — Ihl) = Rla, 1} —1— R_la, 5al> 0
Ay - (Y — Ynn) :Rla,2+|£|>0

(xy — zpn) = R1b, 14 +|E|> 0
) = R1b,2[-{ R1b,4b> 0
“(ym —yin) = R1b,1a|+H R1b,56> 0

Ry,

(xy —xpn) = R2,3a/>0
R2, 14+

) = R2,3y>

(ym —uyin) = R2,1a +E| >0
) +

|
:
|
{
\

Ry

xn —xp) = R3a,?2 Il>0
yu — ynn) = R3a,2-HI1|>0
Ay (Y —yin) = R3a,4q >0
n

. xllthh) = R3b,2 E|>0
Az — ) = R3b,4bH 131> 0

“(Ynt — yin) =R3b,2—|—ﬂj>0

Rsy

<>
P Tevn Tove s T as e T as e e e e Tas e s e Tese
3
=
|
8
=
=~
~—
I

R Ng - (xp, — ) = Rda, 54 >0
N Ay - (yu — ynn) = Rda,3al-HI2[>0
R B0 (zy — xpn) = RA4D, 3b =0
v Ay (Y —yin) = R4b, 50+ 12> 0
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Ry,

R6a

JD SD Q::D

Rep § Ap -

= Rba, 44|

= Rba, 6a >

= Rb5a, la,

= R5b, 1H

=| R5b, 4b

= R5b, 6 >

= R6a, ba,

= R6a, 1

b

= R6a, 5q|

= R6b, 1q|

={ R6b, 50

= R6b, 5b

>o

>0
IR
>0
14> 0
>0

13> 0
13> 0

(- o
16[> 0

>0.
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All strict inequalities follow from Theorem 1* showing that not all constraints on the
RHS can hold with equality simultaneously. Moreover, note that by Theorem 1* all
weak inequalities above imply that the allocation lies on a separating hyperplane which
is defined by the inequality under consideration, in line with Proposition 8, Part b). To
prove the remaining (weak) inequalities, we apply the homotopy method extensively.
Start with region Riq. If p1142 > 0 then (z,y) € Ry and hence yp; > yjp,. Similarly,
if p1g,16 > 0 then (z,y) € Ryp and hence yp; > vy, and Part b) applies. So assume
H1a,2 = P1a,1p = 0. Consider

with

Ve (@n (t) , yni ()

Ve (i, (), yin (1))

Vi (znt () s yne ()

Vy (@i (t) , ymn (1))

N = N R N~ N -

_l’_

—+

+

+

Hla,6b *

A
A

n

A
= nl—i—i—An't‘c

A
= m+ =

(pin + pur)

2

2

Din
Hla,6b

DPhi
Phi

Hla5a " Phl

(pin + pur)

DPhi

9

+A,-t-d

Di + Mla,da - Phl + Hla,5a * Phi

Pin

At t = 1 this yields the FOCs of R14. At ¢t = 0 we have xp; (0) = 271, (0), yni (0) = yin (0).
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Note that a = ¢, d > b. Hence, at any t € [0, 1] we have

d

% = An . V;m: (xlh (t) s Ylh (t)) -d+ Ae . me (l’lh (t) , Ulh (t)) -b < 07
d

o= A Ve G 1)y () € = Do Vay (i (6, (1) 0 20,

implying yp; = yni (1) > yin (1) = yip. Likewise, in Ry, we get xy, > xp.
Suppose next that (z,y) € Rs,. Consider

A
Ve (@pn (1), ynn (t) = 91+70+A9't'a
A
Ve (zy ()90 (1) = 9z+79*Ae-t-b
Ay
Vy (@nn (t)  ynn (t) = m+7+An‘t'C
A
Vy (zy (t) ,yu () = m+7’7—An.t-d
with
0 — 1+(plh-i-Pll-i-phz)—,u3a,2'phl+)\5+/\7
2 Dhh
1 — 1302 -
b o— L PhT 302 Phi+ As + A7
2 DU
. — 1+(phz-i-pll)—M3a,4a-(phl+pzz)+/\5+)\7
2 Dhh ’
1 X5
i = -+22
2 pu

At t = 1 this yields the FOCs of R3,. At t =0 we have zp; (0) = xy; (0), ypn (0) = yy (0).
Note that a > ¢, b > d . Hence, at any t € [0, 1] we have

dx
= Do Vi (ann () umn (0) - = Dy Vi (n (6) 0 (£)) - € <0,
dx
ditll =g Viyy (zu (t) ,yu () -0+ Ay - Vay (xin (1) s yin (¢)) -d >0
and hence zy = x5 (1) > zpp (1) = xpp. Moreover, the inequality is strict unless

H3q,2 = 1 implying zy = xpp and thus Part b) applies. Likewise, in R, we get yi; > ynn.
Suppose next that (z,y) € Ry,. Consider first

A

Ve (xpn (t) ,ynn (t) = 9z+79+A9'75-a
A

Ve (zy (), yu () = 91+79—A9‘t‘b
An

Vy (@ (t)  ynn (t) = 771+7+An't'0

A
Vy (zyu (t) ,yu (t) = "71+777—An't'd
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with

0 — 1 I (pun + pu + Pri) — Haa,1a - Pri+ Ao + A6
2 Prh
bo— 1 o Pl = fala  Phl ~ ajsa * Phi F A10 + A12 + A6
2 bu
¢ = L #MataPrtasa (Pri + pu)
2 Phh
d = 1 + @
2 pu

At t = 1 this yields the FOCs of Ry,. At t = 0 we have zp; (0) = x5 (0), ypn (0) = yy (0).
We have a > ¢, b > d. Hence, at any ¢ € [0, 1] we have

dxpy,

dt
dzu

dt
with at least

= Ay Viyy @nn () ,ynn (1) - a — Dy Vay (@ (8) , ynn (1) - ¢ <0,

= g Vi (an (6) g (6)) b+ Ay Vay an (8) 31n (£)) - 4> 0,

one inequality being strict unless (z,y) € R, N Ry N R3q, N Ry, so that

Part b) is satisfied. So zy; = x5 (1) > xpp (1) = xpp. Likewise, one shows that y; > ypp
in Ryp. Consider next

with

d:

A
Ve (zn (), ym (1) = O+ =2+ Dg-t-a

2
Ag
VJ; (xlh(t),ylh(t)) = 9[ + 7 - A@ “t-b
A
Vy (@n (t) ,yn (t) = m+ 7” —Ay-t-c
A,
Vy (i () sy (8) = m+ 5 +Ay-t-d
1. A
2 p
]_ .
4 Mda,5a * Phl
2 Din
1 A A
L 12 + A1e
2 Dhl
1 n (Phi + Pu) — Haa,1a * Phl — Ha3a * (Pr1+ Pu) + A0 + A2 + Aig
2 Pin .

If ft4q,30 > 0 then yp; > yny = Y, SO assume fi4q3, = 0. At ¢ = 1 this yields the FOCs
of Ry, while at ¢ = 0 we have zp; (0) = x5, (0), yni (0) = yi5, (0). Note that a < ¢, b < d
if f14q,30 = 0. Hence, at any ¢ € [0, 1] we have

dyn
dt

dy
dt

= Ay Ve (@ (1) ,yin (1)) - d 4 Dg - Vay (in (1) s i () - b <0,

= =Dy Vag (@n () s yin (1) - ¢ — Do - Vay (2 (8) ,y1n (1)) -0 > 0
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So ynt = yn (1) > yin (1) = ygp. Similarly, in Ry, we get @y, > xp.
Suppose (z,y) € Rsq. If psa6a > 0 then xy, = zp, then implies yp; = i and
yn = yin, contradicts FOCs

A
Vy @ni,ym) = m+ —2 - [=X6 — A3
Dhi

A
Vy (@i, yin) = nn+ pTZ “[(pr + pu) — Psa,1a - Pri + X6 + Ai3) -

Hence we may assume 54,6, = 0. Consider

A
Ve (g () ,yn (1) = 9l+79+A9't'a

A
Vo (2 (8),yin (1) = 91+70—A9-t~b

A
Vy(xhl(t)7yhl(t)) = 77[+J_A77't.c

2
Ay
Vy @ (t) i () = m+ > +Ay-t-d
with
1 X
a = -+2
2 pu
p — L. PhT Hsala P Msada Phit A6 + Aig
2 Pin
1 A+ A
c = LAt
2 Phi
J o= 1. (Pri + pu) — Hsa,10 - P+ A6 + Ai3
2 Pih

At t = 1 this yields the FOCs of Rs,. At t = 0 we have zp; (0) = x5 (0), yn; (0) = yin (0).
Note that a < ¢, b < d. Hence, at any ¢ € [0, 1] we have

d

= A Vew e (0, i (0) - d o+ B - Vi (an (8)uin (1) -0 <0,
d

% = By Vi (2 (1), 5 () - € = Do - Vay (2in (8) 9 (1) - @ 2 0,

implying yn = yn (1) > yin (1) = yip. Similarly, in Ry, we get 2y, > oy
Finally, suppose (z,y) € Req. If f6a,50 > 0 then xj, = zp, so assume pgq 5, = 0.
Consider

A
Ve (am (), ym (1) = O+ =2+ Dg-t-a

2
Ag
Vx(xlh(t),ylh(t)) = 91+7—A9-t'b
A
Vy (@ () ,yn (1)) = 771+7U—An't'c

A
Vy (@i (t) ,yin (t) = 771+?77+An't'd
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with

1 pu+Aii+ X

a = 4=
2 Phi

b o— 1 n Phi + Pu — Hea,1b - (Pu + Pri) + A6 + A1
2 Din
1 A6

c = -+ —
2 pwm

J - 1 4 (Prt + Pu) — tea,1b - (P + Pri) + X6 + A11
2 Dl '

At t = 1 this yields the FOCs of Rs,. At t = 0 we have zp; (0) = x5 (0), yp; (0) = yin (0).
Note that a > ¢, b = d. Hence, at any ¢ € [0, 1] we have

d
% = =Dy Vg (oin (t) ,yin () - b — Dg - Viy (1, () , yin (2)) - d > 0,
dx

= D Vea G (8) i (1)) - 0 Do - Vay (i (1), 3n () - <0,

implying x;;, = x, (1) > p; (1) = xp;. But this contradicts , SO f6a,5a > 0,
xyp, = xp and (x,y) € R5,NRgq. Similarly, in Rgp, we get yp = yip and (z,y) € RspN Rep.
¢) This follows directly from (R3a,2)), (R3b,2), (R6a,5a), and (RGb,5D).
d) By Part a) and Proposition 5 it suffices to check that (I5]), (€], (I15), and

never hold with equality. However, by Part b) and Theorem 1* at most one of the

inequalities in Part a) may hold with equality. This proves the result. O
Proof of Proposition 9. a-c) Suppose (z,y) € Ri,. Then y;, > ypn by (Rla,2). FOCs
Ay
Ve (@phynn) = On+ o (Pt + Pu) — H1a,16 - Pu + Mada - Phi + Ha5a - Phl — Hia6b - (Pin + pu)]
Ay
Vo (Thiy yn) = On + o (110,16 - Pu+ t1a,66 * (Pin + Put)]

together with yp; > ypp imply xp; > xpp unless (z,y) € Ry or (z,y) € Rep, the former

implying zp; > x5, by (R1D,2)) and the latter implying @, > zps by (R6a,5a) and (L3).
FOCs

Ag

Ve (Tin, yin) = 61+ — - [—14a5a - Phi]
DPin
Ay

Ve (g, yn) = 60+ o [~ t1a.4a * D]

together with y; > vy, imply x; > 2y, unless p145, > 0 in which case x;; > xy, is
implied by (Rba,4a). Finally, if 1146, > 0 then (z,y) € Rep, implying y; > yn via
(R6b,5b)) and . Otherwise, if 1146, = 0 then FOCs

Vy (@hisyn) = m
Vy (@ yu) = m
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together with z;; > xp; and complementarity imply y;; > yp;. The proof for (z,y) € Ry,
is alike.

Suppose (z,y) € Ry. Then (R2,1a) and (R2,1b|) must hold with equality. Indeed, if
H2,1a = 0 or pg 1 = 0, respectively, then FOCs

A
Vy (@hnsynn) = nn+ Zﬁ “[(pni + i) — 12,10 - Pu + 112,36 - Din)
Ay
Vy (@in, yin) = nn+— - (12,10 - Pul
Din
and
Ay
Ve (Thn, ynn) = On + o [((pin + Pu) — H2,16 - Pu + 12,30 - Dhi]
Ag
Ve (@pisyn) = 0On+ o (2,16 - DUt

together with x;, > xpn and yp; > ypp and complementarity imply yin > ynn OF Ty >
Zhh, respectively, contradicting (R2,1a)) or (R2,1b)). The remaining claims then follow
from what was shown for Ri, and Rqp.

Suppose (z,y) € Rsq. Then zy > x5 by (Rba,4a) and y, > yna by (Rba,la) and

. If or (I13)) hold with equality, then (Rb5a,6a)) or together with imply
yu > yn. Otherwise A\g = A3 = 0 and FOCs

Vy (@i, yn) = mi
Vy (xu,yu) = m

together with x;; > x5, and complementarity imply y; > yn;. If (Rba,6a)) holds with
equality, then implies xp; > app. If Ag > 0 then holds with equality and

Tpi > Tpp as otherwise —|— Ag - (xp — xpp) > 0 was violated. If A\g = 54,60 = 0
then FOCs

Ag
Ve (Zhnsynn) = Op+ o [(Pih + P+ Phi) — Msa,1a - Phi + A13]
Ve (pr,ym) = 0

together with yn; > ynn and complementarity imply xp; > xpy. Analogous results follow
for (z,y) € Rsp.
If (z,y) € Ruq then (R4a,5a)) must bind. Indeed, if g4 5, = 0 then FOCs

Vo (Tin,yin) = 6

Ag
Ve (zu,yu) = 0+ ol [—Phi + Hda,1a - Pl — A1 — Ao — A2 — Aig)

together with y; > y;, and complementarity imply x; < xj,, contradicting (R4a,5a)).
Similarly, if (z,y) € Ry then (R4b,5b) must bind.
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(z,y) cannot be an elemnt of Rs,. Indeed, if (x,y) € Rs, then y; > ypp. But then
FOCs

Ag
Ve (@phsynn) = On+ o [(pin, + P+ Phi) — H3a,2 - Pri + As + A7)

Ay
Ve (zu,yu) = 0+ o [—Phi + 13,2 - Phi — A5 — A7)

together with complementarity imply x;; > xp, contradicting . Similarly, (z,y)
cannot be an element of Rgy,.

If (z,y) € Rgq then xy > xy is implied by and , Ty > Xpp is implied
by and ([3), and y;, > yns is implied by and ([3). If holds
with equality, then y; > yp; as otherwise —|— Ay - (yu — ym) > 0 was violated.
Otherwise A\g = 0 and FOCs

Vy @hi,ym) = m

A
Vy (@, yu) = nz+F:'[—A11]

together with x;; > xp; and complementarity imply y; > yp;. Analogous results follow
for Rgp. The second claim in Part a) follows directly from the first claim and Proposition
5.

d) This is an immediate consequence of Part ¢) given that (z,y) € Ry, = (2,y) €
Rsq/5 as shown above. O

Proof of Proposition 10. a~c) Let (x,y) € Rs,. Then (R3a,2)) and imply z;, > xy.
If holds with equality, then yp; > y;; as otherwise —|— Ay - (Ynt — Ynn) >0
was violated. Otherwise Ay = 0 and FOCs

Vy (@hi,yn) = m

A
Vy (u,yu) = m+ —2-[-Xs)
bu

together with x; > xp; and substitutability imply y;; > yp. The case (x,y) € Ry is
alike.
Suppose (z,y) € Ris. FOCs

A
Vy (l‘hz, Yn) = m+ pTZ : [—Mla,ﬁb : (Plh + pzz)]

Vy(zu,yu) = m

together with z;; > z; and substitutability imply yn > yy. If (Rla,4al) holds with
equality then x;, > x; by (R4a,5a). Otherwise (14,44 = 0 and FOCs

Ay
0 + — - [~H1a,5a - Phi]

Vi (T1h, Yin) o
0

Ve (2, yn)
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together with y;, < yy and substitutability imply z; < x;,. Analogous implications
follow for (z,y) € Rup.

If (z,y) € Ry, then (R4a,3a) or (R4a,la)) must bind. Indeed, if 4434 = faa,1a = 0
then FOCs

Vy (Zhh, Yrn) =

A
Vy (i, yin) = nn+ PTZ “[(Pr + pu) + Ao + A12 + A
together with zy;, > xp;, and substitutability imply v, < ynp, contradicting (R4a,3a)).
Likewise, if (z,y) € R4, then (R4b,3b|) or (R4b,1b) must bind.
Suppose (z,y) € Ro. If (R2,3a]) or (R2,3b)) hold with equality, then x;, > xpp = 2y
Or Yni > Ynh = Yu, respectively. Otherwise fi2 3, = 12,35 = 0 and FOCs

Ve (Tin, Yin) 0,
Ve (zu,yu) = 6
Vy(Thi,ym) = m
Vy (xu,yn) = m

together with y; > vy, and x;; > xp; and substitutability imply x;, > x5 and yn; > yy.
If (x,y) € Rs, then (Rba,4a)) must bind. Otherwise, FOCs

Ay
0 + o [—Phi + H5a,1a - Phl — H5a,6a - Pl — A3 — A6 — A13]

Vi (zin, yin)
Vo (zu,yu) = 6

together with y;, < y; and substitutability imply z; < =z, contradicting .
Similarly, if (z,y) € Rsp then must bind.

The optimal allocation (z,y) cannot lie in Rg,. First, note that if (x,y) € Rg, then
cannot hold with equality as this would imply (z,y) € R, N Rg, which, by
our results on Rs,, would imply (z,y) € Raq N Rsq N Rga, contradicting Theorem 1*.
But if pgq,50 = 0 then FOCs

A
Ve (Thisynt) = On+ — - [pu + A1 + A
Dhi
A
Vo (@in,yin) = 61+ ]72 = (o +pu) + 616 - (Pu + Pri) — Ae — A1

together with xp; > x;;, and substitutability imply yn; < yin, contradicting . Simi-
larly, the optimal allocation (x,y) cannot lie in Rg,. The second claim in Part a) follows
directly from the first claim and Proposition 5.

d) This is an immediate consequence of Part c). O
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The quadratic case: Technicalities. Assume that

1 1
Viz,y) = —§a1x2 - 5@21/2 +bxy +cix+coy+d

with ay,as > 0, b,c1,co,d € R and detH (z,y) = ajas—b® > 0, ensuring strict concavity
of V' (x,y). Moreover, assume Ag = A, = 1.
For any region R and any r, s € {l,h}, FOCs read

Vx (xrsuyrs) = 71}5
Vy (xrsayTs) = 735

with solution

—b (775 —c2) — a2 (s — 1)

Trs — )

aiay — b2
_ —b (1s —c1) —a1 (3 — c2)
yT’S ajas — b2 .
The common factor %bQ = [detH (z,y)]”" only rescales the solution and does not
ai1a

affect any implementability or regional constraints. It is therefore without loss of gen-
erality to assume that ajas — b®> = 1. Similarly, neither implementability nor regional
constraints depend on ¢y, ¢y as for any r,s,l,m € {l,h} we have

Trs — Tim = —b ('738 - 7l2m) —asz (71}5 - 7llm) )
Yrs — Yim —b (771*5 - ’Yllm) —a (’st - ’lem) .

Both ¢; and co shift the solutions by a constant in all z-allocations and by another
constant in all y-allocations, and these two constants only depends on aj,as,b but not
on any other primitives of the model as captured by v, v2. A sufficiently large value
for d guarantees positive consumer valuations without affecting the optimal allocation.

Lemma E. Let
Trs = _b%%s - G’Q%}s
grs = _b%}s - al%%s
denote the (possibly negative) solutions of the first order conditions of the optimization
problem for the case ¢y = ca = 0 (and ajag — b* = 1), for any r,s € {l,h}. Then
_ 2 1
ZTrs = —b (77"5 - 02) — a2 (’Yrs - cl) )
Yrs = —b (7715 - Cl) - (735 - 62)

solve the corresponding first order order conditions for any ci1,co € R and there exist
c1,¢2 € R such that x,s,yrs > 0 for any r,s € {l,h}.
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Proof. We only need to show the statement concerning positivity of s, y,s for any
r,s € {l,h}. Note that

Tprs = Tps+bca + azCq,

Yrs = Yrs+ bci + ajca.

If b > 0, choose ¢; = cg sufficiently large. If b < 0, define z = max {|Z,s| , |Frs| |7, s € {I, h}},

fix some € > 0 and set co = —Fc1 + @. Then for ¢; sufficiently large we have
Trs = Tps+ (Z + 6)
> 0
- ai 1
Yrs = yrs+?(z+€)—gcl
> 0.

Proof of Proposition 6E. Part a-b) are an immediate consequence of Proposition 6. As
for Part c¢), the FOCs for the interior of R, yield

+
o = —ay. <9h L bu pm)
DPhh

Dhl
Yh = —a1- <77h + >

Dhh
TR = —az- Oy
Y = —ai-m
Ty = —az-0

pu
Yy = —ap- <9h + >

Dih
Ty = —az-0
Yyu = —ai-m

and hence
. Pnl Pu Du + pin
Yih — Ynh — (T —xpp) = a1 — — — ) —ag- | ——
Dhh Dl Phh
bl Du P+ pPin + Phh
zi = Thh — (Yt — Ynn) = —ar- ( - ) + ag - <>
Phh  DPlh DPhh

o bl Du D+ pin + Phh
Tih = Thh = Win = Yn) = —ar- | — - — ) tay- | —— — |
Dhh  Dih Dhh
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Symmetrically, for region R, we get

. Din Dl Du + Ph
Th — Thh — (Yih —Ynn) = a2 (— —— ) —a1- | ——
Dhh  Dhl Dhh
o Din  Du Di + Pl + Phh
Yu =Yoo — (T —xpn) = —az- | — - —)ta |V —
Dhh  DPhl Phh
o Din  Du Dt + Phl + Phh
Yl — Yuh — (T —Tpn) = —ag- | — — — ) +ar- | —— ] .
Phn Phi Dhh
Inserting @ = Z—; directly yields the result. O

Proof of Proposition 9E. a) Invoking Proposition 9 we only need to show that the op-
timal allocation (z,y) does not lie in the interior of Rs,, R5, N Ryq, Rsp, Or Rsp N Ryp.
We focus on “a”type regions. For Rs, we have

(pin + pu + pr) + Ais

Vi = On + Von = h
DPhh
A —Xg — A
1 6 2 6 13
=0+ — YV =m+—
hi Phi h Phi
(1 — psa,4a) - P+ X6 + Ai3 DPhi +pu) + A6 + A3
’Yllh:el— a.da) 712h:77h+< )
Din Din
H5a,4a * Dhl
Vi =0 — = Vi =m
bu
and
Yih — Ynh — (Tth — Thn) = b (”Yilm — Y+ Vi — ’Y}zzh) (3.9.1)
— VRV + 1) (v, — i)
1
/0 (1+62) (van — Vi)
2 2 1 3y (1 1
xin — T = —b (Vi — V) + o (1+62) (Yo — i) - (3.9.2)

Note that (3.9.1)) is concave in /@Q. Taking derivatives with respect to /@ yields a

maximum at

1 1
Yon —
VQ = (3.9.3)
Tih ™ Thh
Inserting (3.9.3)) in (3.9.1) yields
yin = ynn — (@i — xhn) = b (Y — Yin +7in — Yin) — 20/ (1 +6?) - \/712h - 7;21h\/%1m ~Vin:

This expression is nonnegative if and only if

4 (’Y}Lh - ’Yzlh) ('YZQh - %%h)

b2 5
[(Vilm - ’YZIh) - (7l2h - V}%h)]

Y

(3.9.4)
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Now consider (3.9.2)). Clearly, (3.9.2)) is most relaxed if b is as small as possible. Inserting
(3.9.3)), rearranging and inserting (3.9.4]) with equality requires

—4 (’Yflm - ’Yllh)2 (’712h - ’721)2 + [(’Yfth - ’Yllh) + (’Yzzh - ’Yih)f (’Y;lzz - ’Yllh)2 > 0 (3.9.5)
However, it is readily checked that this is a quadratic expression in y}lh — yllh with
negative leading coefficient —4 ('712h — 7}2”)2 + ('y}lll — 'yllh)2 and negative discriminant

4 (v, — ’YfQLh,)Q (vh — ’Yllh)4 — 16 (7§, — ’Yf2zz)2 (v — ’YfQLh)Q (vt — ’Yllh)2 ,

thus (3.9.5)) is always negative. As a consequence, whenever b is sufficiently large for

(3.9.1) to be non-negative at its maximum given by (3.9.3)), constraint (3.9.2) is violated
when imposing (3.9.3). Note that (3.9.2)) is non-negative if and only if

2 1
Vo<W 1+b W Tih (3.9.6)

5
’71h Vhi

To prove the clalm of Part a) it is hence sufficient to show that inserting (3.9.6) with

equality in (3.9.1)) yields a negative expression. After some rearranging, the relevant

term reads

b? [(71211 - ’Y}QLZ) - (’Y}lﬂ - ’Yzlh)] [(’Yflu - ’Yzlh) (7l2h - ’Y}%h) - (’Yl2h - ’Y}%l) ('leh - '7l1h)] - (’Yfl],l - ’Yzlh)2 (’Yzzh - ’Y}%h) < 0.

>0 <0

b) Invoking Theorem 1* it suffices to show that whenever the optimal solution lies
in the interior of Rg, or Rgp, no implementability constraint holds with equality. Again
it suffices to consider Rg,. In the interior of Rg, we have

Din + pu + Ph 2

Vhn =Oh + ————= i =m
DPhh
bu
Vi = O + — Vi =m
DPhi
Phl + Pu Pr + P
"Yllh:Hl_i 7[2h:77h+7
Din Pin
'7lll =0, '7[21 ="

By Proposition 9 we have y;; > yp; so we may focus on (l6)) exclusively. Suppose is
v1olated but (R6a,1bl) is satisfied. Then

Tih — Thl + Yht — Yin = (1 +Q V(1 +0b?) 2b> ( plflh) (3.9.7)
1 _p) | Pu
“(JgvmFm o) [11]
< 0,
= V(1 +02) L=pm)_ 1 7y ( P
Thi — Tth = (b (1+0b )) ( o ) NG] (1+402) (pm) (3.9.8)
> 0.

Prt(1=pin)+pupin : Pri(1=pin)+pupin
But (3.9.7)) implies /@ < o) while (3.9.8) implies /@ > SOy @

contradlctlon
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c¢) Consider region Rg,. To establish necessary conditions such that the optimal
allocation may lie in the interior of R, U Rg, or in the interior of Rg, we must ensure
that constraint (R6a,1b)) is satisfied with strict inequality. We have

Dih + Pu + Phi 2

Vhn = O + ———— Yhh = "h
Dhh
1 — pea5a) Pu
’Yflzzzelﬁ‘M Vi =m
Phi
P+ (1 — pea,5q) Pu Pl + Pu
,yllhzel_ ( a a) V?h:nh‘i’i
Dih Dih
i =0 i = m
and
Yih — Ynh — Tin T = b (Vhn — Y+ — Vin) (3.9.9)
1
VOV +82) (v —E) — 7O (1+62) (vhn — i)

By Proposition 8, (x,y) € Rg, is only possible if b > ag = % -/ (14 b?), providing
the lower bound given in the Proposition. Moreover, this implies that the above expres-
sion is decreasing in peq5, as *yllh is increasing in pgq54. Being interested in necessary
conditions only we may thus assume that pg,5, = 0 and neglect constraint .
Multiplying with /@ > 0 yields a quadratic expression in /@ with negative

leading coefficient. The expression is hence positive if it has positive discriminant
1 1
.y (phl +pu) ( L Pu +pu> ’
Pun Pin Phh Pin

yielding the lower bound for b® stated in the Proposition, and if

2
V2 +1 Ja > 1+m_\/<$> —4'17%'(Phl+pu)'(phz+pzz+%>
b Phi + Pu ’
Din 4 m2_4.i.( + pu) - £y 4 Pin
Vb2 + 1 \/@ 1+phh Ph 52 " \Pn T Pu Dhl T+ Pu T+ 5
b Phi + Pu

Together, these results prove Part c¢) with respect to Rg,. The proof for region Rg is
alike.
d) Consider again Rg,. Including constraint 64,1, we have

(Pin + pu + Pri) — Meas - (Pu+pPu) o Mea,1b - (P + Phi)

1
Yhn = On + Yhh = Th +
hh Phh hh Dhh
bu
Vin = On + — Vi =
Phi
1 Phl + P — Mea,16 * (Pu + Phi) 2 Phl + Du — H6a,16 * (Pu + Phi)
Vi, = 01 — Yih = N+

Din Pin
Vi =0, Vi =m
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and thus
T —Tih = (b - % VA F b2)) [1 4 (ot pu) - u;;:lb - (pu +PM)}
—%- 1+ {1+%}
1+ +pu) — flea,s - (pu +
Yth — Yah — Tih + Thn = (21?* JW) ( pr + pu) MpGlh’lb (pu phl))

2 6a,1 + )
(b—\f m)(,u bppu phl)

hh

1 (pin + pu + Pri) — 2p6a,16 - (Pu + Phi)
(- 1+m)@+ : .
(b= yg VTF® P

Clearly, @ sufficiently large implies xp;—x; > 0 irrespective of the value of 164,15 € [0, 1].

Moreover, as demonstrated in ¢), for 116,15 = 0 we have y;p, —ynn —xin+2pn < 0 whenever
@ is sufficiently large while for 6,15, = 1 we have

( 9p — 1+Q\/1—|—7b2) ( phz-l—pzz)—ue‘a,w'(pzz+phz)>

Pin

~(b-Vva- ¢T?3?><&£ﬂgﬁitﬁﬂ)

Phh

1 (pin + pu + pPri) — 2p6a,16 - (Pu + Pri)
+(o- L. 1+w)@+ :
( VQ ( ) Phh

(va Vs ) (mto)

Phh

() ()

which, for any fixed vaues of b and the distribution, becomes positive for large (). Hence,
by the intermediate value theorem, for any @ sufficiently large there exists 164,15 € (0, 1)
such that

Yih — Yrhh — Tih + Thh

Th — T > 0
Yih — Ynh — Tih +Tpy = 0.

This proves the claim. The statement for Rg, follows analogously. O

Proof of Proposition 10E. a) Invoking Theorem 1* and Proposition 10 it suffices to
check that no implementability constraint holds with equality if the optimal allocation
lies in the interior of R3,, R3q, N Raq, R3p, or Ry N Ry,. We focus on “a’-type regions.
In R3, we have

Dih + Pu + Pri + As + A7 1 — pi3a,4a) + (Pri + pu) + As + A7
leh:eh+ V}QLh:ﬁh‘F( ada) " { )
Phh Phh
1 A7
Yhr = On th—ﬁl—*
Dhi
M3a,4a - (Phi + Put)
Dih
1 DPhi + A5 + A7 )\5
WM=0—-——7— %z—m

Pu Y2 l
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As yy < yu by Proposition 10, it suffices to check exclusively. Suppose is
violated but (R3a,2) is satisfied. Then

1 (1 — p3a,4a) - (Prt + 1)
Thn —xu = —|b+—- 1+b2)(1+ :
( VaQ ( ) Phh
1 Dih + H3a,4a - (P + Dhi) phz)
1+ ( : 4 Bt 3.9.10
70 ( ) o P ( )
> 0
T = Thn + (Yu = ynn) = (2b + 119 (1+ b2)) (1 4 (1= poate) - (pm er”))
VQ Phi
1 Dih + H3a,4a - (Pu + Dri) | Dhi
+({b+—"- 1+b2>( - + — J(3.9.11
(b4 g VTFD) P pu ) G5
< 0.
But (3.9.10) implies
(1—p3a,40) (Prit+pu) | PintH3a,40 (PutPh) | Pt
\/@ > 1+ Phh + Phh + pu
1+ (1—p3a,4a) (Pri+p11)
Phh
while (3.9.11)) implies
(1—p3a,40) (Pritpu) | Pihtisaeda (Putpn) | pm
\/@ < 1+ Phh + Phh + pu
1+ (1—p3a,40) (Prit+pu) ’
Dhh
a contradiction.
b) Consider Ry,. Ignoring constraints towards regions Rj, and Ry, we have
1 Dih +Pu+ 4230 Phl o Dnl +DPu + 42,36 - Din
Yon = On + Yhh = Mh +
Phh Phh
1 2
Vit = On Yt = M
1 2
Yin = 01 Yin = T
1 _ K2 3a * Phi 2 H23b * Pin
Ww=0-—"— Y =M
Pu pu
yielding
Ynh—yn = —b [1 i Pih + Pu + 2,34 'phl] —a |:phl + pu + 2,36 'plh] (3.9.12)
Phh Phh
wnn —an = —b [1 n Phl + Pu + 142,3b 'plh:| a4 [plh + pu + 42,34 -phz] (3.9.13)
Phh Phh
wu—amn = (b+as) {HM} yop. Bast P o 280 P (3.9.14)
Phh pu pu
yu—ynn = (b+a1) {lJrM} gop. B3 PRy o, H2.30 Pih (3.9.15)
Phh pu pu

In case of ps3, = po3y = 0, equations (3.7.4) and (3.7.5) guarantee yn, — yin, > 0,
Tph — p; > 0 and the solution lies in the interior of Ry if and only if in addition
ap > |b], az > |b|. Note that at most one of (3.7.4) and (3.7.5) may fail to hold as
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ajas — b?2 = 1. Assume without loss of generality that ay < |b| and consider Rs,.
Ignoring constraint towards Ry, we have

pin +pu+ (1 — 1134.2) - Phi

1 2 DPnl + Du
Yhh = On + Yoh = Mh +0n + ———
Phh Phh
1 2
Yhr = O Yhe = "
1 2
Yin = b Yin = Th
1 (1 — p130.2) - Phi 9
Y =0—-——"—""" Tu="m
bu
and thus
Tpn —wy = —b|l+ M} (3.9.16)
L Dhh
1 — tsa2) - 1 — tsa2) -
—ay {1 n pin +pu+ (1 — pi3a,2) - Phi I (1 — p3a,2) phl:|
DPhh pu
_ |~ o) -
Yo —yin = —b|1+ pun A put (1= f3a) phl} — a1 [M} . (3.9.17)
L Dhh Dhh

Clearly, holds by assumption for any ps3,2 € [0,1]. But since ag < |b| we either
have that (3.9.16|) is positive for p3,2 = 0 in which case the optimal allocation lies in
the interior of Rs, or there exists ps 3, € [0, 1] such that holds with equality
and the solution lies in the interior of RN R3,. If instead of as < |b| we assume a; < |b),

an analogous argument applies for Rgy.
c¢) Using the expressions listed in Part a) for Rs,, constraints (R3a,2)) and (R3a,4a))
are given as

1 (1 — p3a,4a) (PR +pzz)>
- = —(b+—=V([1+p2 1+ : 3.9.18
Thh — Ty ( N ( )) ( . ( )
1 Db + H3a,4a (D1 + Phi) pm)
——— /(1 +p? ( : +5=
V@ ( ) Dhh Du
1 1 - a,4a a,4a
unh — i = —b [7} . \/@ /7(1 ) {( H3a,4a) (Pt +Pu)  Hsas4a (Pri + pu) (3.9.19)
DPhh Phh Pin

Clearly, the value of is strictly positive for any p34,44 € [0,1] if Q is sufficiently
large. On the other hand, for any ) > 1 there exists some value 344, € (0,1) such
that is equal to zero. Hence, for sufficiently large @), the solution lies in the
interior of R3, N R4q. An analogous proof applies for @) very small, considering region
Rgyp, instead. ]



Chapter 4

Pricing a Package of Services -
When (not) to Bundle!

4.1 Introduction

Many important decisions in our lives involve choices among bundles and trade-offs
between several taste dimensions. Constructing a house is presumably one of the most
important of such instances. First and foremost, the location of the house has to be
chosen. Several choices ranging from the number of floors, the number of rooms on each
floor, construction materials, and on to the very last details of the interior decor follow
the first decision. Some of these choices are extremely flexible and so involve marginal
adjustments. Other choices are arguably more rigid; typically, only a very limited
number of alternative locations are available at any given time. We are interested in
the design of pricing schemes in such situations featuring a combination of flexible and
rigid choices. Moreover, as in our leading example, the rigid choice has important
consequences both in terms of utility and in terms of costs.

A natural concern one may have when making such important choices is “not to give
away too much”. Will a real estate developer adjust the price for constructing our house
condition on whether the house is located in a posh or a middle class area? Intuition -
at least ours - suggests that this would make a lot of sense.

We study this question in a stylized model involving choices along two margins only:
the location and the quality (or equivalently, the size) of a house. The answer contradicts
our naive intuition. In the very case where consumers with a taste for living in the posh
area are likely to be ones who appreciate higher quality houses more in the sense of
affiliated taste parameters, the real estate developer does not “exploit” consumers in the
posh area at the optimum. The optimal marginal price for increases in the quality of
the house is exactly the same, whether the house is located in the posh or the middle
class area. In the terminology of the literature, there is no bundling.

The intuition is as follows. The seller wishes to extract informational rents from the

IThis thesis chapter is based on a paper under the same title that is joint work with Dezs8 Szalay
from the University of Bonn and CEPR.

95
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consumer. The consumer has two pieces of information, his marginal valuation for mov-
ing to a posh area and his marginal valuation for a slightly nicer house. Unfortunately,
from the seller’s perspective, extracting rents from poshness tastes comes at the cost of
extracting rents from quality tastes. Clearly, if the consumer could be forced to choose
the location of his house based on his tastes for poshness only, then the seller would def-
initely adjust the marginal prices for constructing the house upwards in the posh area.
Given consumers in the posh area are more likely to have higher valuations for nicer
houses, the usual trade-off between extracting rents from quality tastes versus efficiency
of the quality allocation is resolved more in favor of rent extraction and hence marginal
prices for quality are higher. However, when the tastes for the area are unobservable,
consumers with a taste for poshness facing the above marginal prices for quality would
have a strict incentive to live in the middle class area. To make moving into the posh
area more attractive, the seller has to lower the marginal prices for increases in the
quality of houses. The surprising element is that the optimal selling procedure involves
no flexibility at all to condition marginal prices on location choice.

To understand the complete absence of flexilibity, consider any type who is just
indifferent between living in the posh and the middle class area. Affiliation implies that
in an optimal pricing scheme, all consumers with higher tastes for quality must also be
indifferent between living in either area. This indifference condition directly forces the
quality choices of these consumers to be equal and hence requires that they face the
same marginal prices. Thus, facing affiliated types, the seller’s flexibility to condition
marginal prices for quality on the tastes for poshness is confined to consumers with low
tastes for quality if at all. To gain any flexibility even with that portion of consumers,
the seller must leave rents to consumers buying the lowest quality house in the posh
area, which implies an increase in rents to all consumers locating in the posh area. The
gain from the adjustment of marginal prices for qualities simply does not outweigh this
cost. In short, our result can be understood as a characterization of the set of consumers
who are indifferent between entering the market and staying out: all consumers with
the lowest taste for quality, both among those with and without a taste for poshness,
are indifferent with respect to participating. Given this indifference at the optimum,
any attempt to bundle that is desirable from the seller’s point of view would violate
incentive compatibility with respect to the location choice, i.e. give consumers with a
taste for poshness a strict incentive to live in the middle class area.

We also establish a converse to our no-bundling result. If consumers’ tastes are
locally negatively affiliated - that is, tastes for living in the middle class area and for
nicer houses are affiliated - then the optimum will necessarily display some bundling,
at least for a strictly positive mass of consumers. Indeed, the seller now would ideally
want to (locally) decrease marginal prices for higher qualities for consumers in the posh
area relative to the middle class area, a change that consumers with a taste for poshness
would welcome. On the other hand, consumers who don’t value living in a posh area
have a strict incentive to buy a house in the middle-class area when marginal prices for
nicer houses are the same in both areas. Hence, there is now some flexibility to adjust
marginal prices suitably.

This thesis chapter analyzes a model of multi-dimensional screening. The seminal
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references are |Armstrong (1996|) and Rochet and Choné (1998). |Armstrong (1996)
solves the multiproduct monopoly problem and shows that at the optimum typically
some types are excluded if the type space is convex. Our problem involves convex
types for the size of houses but large taste differences with respect to poshness of the
area. As a result, we do not get exclusion. Rochet and Choné (1998) solve a very
general problem and establish robust features of solutions; in particular, they confirm
that optimal allocations generally feature exclusion of some types and show on top that
optimal allocations also involve bunching over portions of types. Our problem is much
simpler than these problems. The reason is that the second best optimal allocation
of consumers to areas is immediate in our problem and so the name of the game is
simply to choose optimal marginal prices for quality conditional on location choices.
The optimum involves both bunching and separation: the allocation of consumers to
areas separates consumers based on their tastes for poshness but is independent of their
tastes for quality; the allocation of quality separates consumers with respect to their
tastes for quality but is independent of their tastes for poshness.

Bundling was first analyzed by |[Adams and Yellen| (1976]), who showed by exam-
ple that bundling can be profitable if tastes are negatively correlated. [McAfee et al.
(1989) establish sufficient conditions for bundling to increase profits in the |Adams and
Yellen (1976) model. Their conditions are consistent with weakly negative correlation,
but they emphasize that the correlation of types is not the appropriate measure. In
these approaches, the set of available mechanisms is restricted to prices of bundles, an
approach that is extended by Manelli and Vincent| (2007). |Manelli and Vincent| (2006))
study more generally revenue maximizing mechanisms for a firm selling N objects. Asin
Thanassoulis| (2004), the optimal mechanism may involve randomization. More recently,
Hart and Reny| (2014) show that revenue optimal pricing schemes may have surprising
features; in particular, the seller’s revenue can decrease if the buyer’s multidimensional
valuation increases - something that cannot happen in dimension one; moreover, they
provide new examples where stochastic mechanisms are optimal. [Armstrong and Ro-
chet| (1999)) characterize the optimal mechanism in a model with two goods and two
taste parameters on binary supports. They show that no bundling occurs for the case
of strong positive correlation. We obtain no bundling even for slightly positive correla-
tions - when types are affiliated. The reason lies precisely in the structure of our optimal
location allocation, which is different from the one in Armstrong and Rochet| (1999).

Our problem differs from the approaches taken in Manelli and Vincent (2006, 2007),
Thanassoulis| (2004), and Hart and Reny| (2014) in two ways. First, these papers study
revenue maximization whereas in our model there are substantial costs of production. In
the presence of such costs - which seems reasonable in our introductory example - profit
maximization and revenue maximization are different objectives. Though seemingly
innocuous, this property allows us to reduce the dimensionality of our two-dimensional
problem right away to one dimension. As a result, our optimum does not involve any
randomization, which is not trivial to rule out in higher dimensional problems. The
second difference is that we combine one inflexible choice (an either-or-choice) with a
more flexible one. The inflexible choice is the same as the choices studied in the work
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by Manelli and Vincent (2006,2007) and, more recently, by Armstrong (2013)E| We
combine this choice of the seller with a more flexible one - any non-negative size of a
house - as in the approaches of |Armstrong (1996) and [Rochet and Choné| (1998).

Our model is so stylized that our problem becomes amenable to essentially uni-
dimensional methods. In particular, our design problem boils down to choosing a pair
of uni-dimensional schedules, where the consumer’s choice of where to locate can be
treated as a type dependent outside option. Type dependent outside options are studied
in Jullien| (2000)). However, the difference to Jullien (2000) is that the outside option is
endogenous, resulting from the optimal design of the scheme for consumers locating in
the middle-class area. Similar techniques are also used in the countervailing incentives
context by Maggi and Rodriguez-Clare| (1995). Our approach is related to Kleven et al.
(2009), who study the design of tax schemes for couples and singles and give conditions
for bundling in the tax context: different marginal taxes at the same income level for
couples and for singles. The institutional details as well as our approach and assumptions
are quite different. E| However, the common element is a combination of a discrete with a
flexible choice. This gives rise to a design problem that remains nicely tractable despite
its multidimensional nature.

4.2 The Model

A risk-neutral seller (she) wants to sell a package of two goods. The first good is divisible
and its quantity (or quality) is labeled € R>¢. The second good is indivisible and
we write ¢ € [0,1] for the probability of selling the second good. The seller faces a
risk-neutral buyer (he) whose valuation for the bundle of goods is given as

V(z,q,0,n) =0z +nq

where 0 € [Q,ﬂ, 0<f<Bh<ooandnc {Q,ﬁ}, 0 < n <7 are preference parameters
that are private knowledge of the buyer. The seller only knows the distribution F' (6, 7) of
the buyer’s preference parameters. We assume that F' has a continuously differentiable
probability density function f (6,n) which is strictly positive everywhere on [Q, 5] X
{Q, ﬁ}. To shorten notation we write 8 = Pr (77 = Q) and 1—3 = Pr (n =17). Moreover,
the buyer has an outside option of buying nothing which earns him a utility of zero.
For given values > 0 and ¢ € [0, 1] the seller faces (expected) production costs

C(z,q)=C(x)+c-q

where C (x) denotes the costs for producing quantity x of good one and ¢ > 0 denotes
the constant marginal cost of producing the second good. We assume that C (z) is

3Armstrong| (2013) studies bundling when there are demand complementarities or substitutabilities
and restricts his analysis to deterministic mechanisms. We allow for more flexible allocations and
mechanisms but stick to additively separable valuations.

“The objective in the tax context (redistribution) differs from ours (profit maximization); while tax
payers can be forced to participate, consumers cannot. Finally, we allow for statistical dependence
among types and characterize direct mechanisms (also allowing for stochastic mechanisms).
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increasing, twice continuously differentiable and strictly convex in z with C' (0) = 0,
lim,~ o % (z) = 0 and lim, » % (x) = +o0. Production costs are known to the seller.

The seller aims to maximize his expected surplus from selling a bundle (or, more
generally, a lottery over bundles) to the buyer given as

M=Ep(zq) —C(z,q)]

where p = p (z, q) denotes the (lottery over) prices for the bundle or the lottery (z, q)ﬁ
Invoking the revelation principle (see e.g. Myerson (1982))) we can think of the seller’s
pricing problem as a direct mechanism where the buyer communicates his type (6, 7) and
in return is offered a lottery over allocations (x (6,7),q(0,7n)) together with a lottery
over prices p (6,7n), subject to incentive compatibility and participation constraints.

A buyer (0,71) who reports type (é, 77) receives an expected utility of

U(é,@,ﬁ,n> . (é,ﬁ) + g (é,ﬁ) —p(é,ﬁ).

If reports coincide with true types we write u (6,n) = U (6,0,n,7n). Moreover, we write
(0), w(0), z(0), T(0) for u (H,Q), u(6,7m), x (Q,Q), x (0,7) respectively and u = u (),
—(0).

Writing

U

u

for her expected profit from type (6,7), the seller seeks to maximize
I = IE9,7]1_[ (9’ 77)

subject to incentive compatibility and participatiorﬂ

w(®.m) = U (8,0,0,n) vo,6€[0.0], i€ {n.7}, (1)
u(®,n) =20 Vo€ l[0,0],ne {nm}. (2)

4.3 Analysis

To solve our problem, we proceed as follows. We begin with a discussion of the first-best
and establish a connection between the first-best and the second-best that simplifies our
problem dramatically. We then characterize implementable allocations and reformulate
our problem in a more tractable way.

6Slightly abusing notation, we do not distinguish here notationswise between deterministic variables
x > 0 and p > 0 and lotteries over these variables. As we shall prove in Lemma 1, only deterministic
allocations will be relevant for our analysis.

"The seller may want to exclude certain types from participation. However, exclusion in the
sense of buyers who prefer the outside option is outcome equivalent to offering the zero trade
(x =0, ¢ =0, p=0) to these buyers and hence included in the optimization problem.
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4.3.1 First-best Efficiency and the Optimal ¢-Allocation

When the buyer’s preference parameters (6,7) are common knowledge, the seller can
perfectly discriminate between customers and would extract the full surplus by setting
prices equal to

p(0,n) =0z (0,n) +nq (6,7n)
where x (6,7) and ¢ (6,7n) are chosen efficiently, i.e.

Cy (& (0,m) — 6 =0

0 n<e
0,n) =
q(8,n) &nza

and

In particular, z (0,7) = x () is independent of n and ¢ (6,1) = ¢ (n) is independent of
0.

In this paper we are interested in the case where production costs play a substantial
role. We therefore assume that the efficient allocation involves allocating product ¢ to
the high preference type only and impose for the remainder of the paper

Assumption 1.
n<c<7.

The following lemma shows that with relevant production costs in the above sense
the optimal mechanism is deterministic. Moreover, the efficient g-allocation determined
by Assumption 3 will also be implemented in the optimal mechanism for the constrained
problem with asymmetric information.

Lemma 1. Under Assumption 1, the optimal mechanism is deterministic in x and q
and separates n-types in q efficiently, that is ¢ (0,7m) =1, q (H,Q) =0 forall 6 € [Q,m.

First best efficiency of the allocation in ¢ translates into second best optimality for
the following two reasons. Clearly, efficiency is desirable for the seller as it maximizes
her profits for any given surplus of a buyer. At the same time the buyer’s incentive
constraints under the efficient allocation are as relaxed as they can possibly be. Indeed,
the excess surplus of a buyer of type 7 mimicking type 7 compared to a buyer who
truly is of type 7 is minimized, being equal to 0, while the excess loss of a buyer of type
7 mimicking type 7 compared to a buyer who truly is of type 7 is maximized, being
equal to 7 — 7. Clearly, the resulting allocation is deterministic in ¢g. Since consumer
valuations are linear in z and the seller has convex costs, the mechanism is deterministic
in z by a standard result (cf. e.g. Fudenberg and Tirole| (1991))).

Lemma 1 shows that with relevant production costs all potential distortions will
occur in the z-dimension only. This finding has two important consequences. First, it
makes the problem sufficiently tractable to derive explicit solutions, contrasting many
other multidimensional setups. Secondly, it allows us to directly relate and compare all
effects that arise from the presence of a second dimension to the well-known solution of
the standard one-dimensional problem.
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4.3.2 Implementable Allocations

In this section we bring the incentive constraints into a more tractable form to
solve the seller’s problem. The key tool is the following lemma which allows us to
split the two-dimensional incentive compatibility constraints into two one-dimensional
constraints.

Lemma 2. For any mechanism featuring q (6,7) = 1, q (9,@) =0 for all 0 € [Q, 5],
thus in particular for the optimal mechanism in our mazimization problem, the incentive
constraint

w@m) = U(0.0.0n) v0.0¢€[0.0], 0.7 € {n.n}

s equivalent to the pair of one-dimensional incentive constraints

w(®m) = U (8,0,n,m) v0,0€[0,0],ne {n7}, (3)
w(,n) = U (0,0,9,n) V0 €[0,0],n9€ {n7}. (4)

The main insight behind Lemma 2 is that the buyer’s incentive how to report his
preference parameter # does not depend on his preference parameter 7. To see this,

compare a buyer of type (6,7) who considers reporting (é, 77) with a buyer of type
(0,7) who considers the same report. The difference in utilities between type (6,7) and

type (0,7) when reporting (é,ﬁ) is given as ¢ (é,ﬁ) (n—n). But this term does not

depend on 0 as q <é,ﬁ> = ¢ (7). In particular, it takes the same value if 0 = 0, so it
is non-positive by constraint (4)). As a consequence, since type (#,7) does not have an
incentive to misreport as (é, 7| by , neither does type (6,7).

The optimal quality allocation characterized in Lemma 1 has the properties named
in Lemma 2. We can therefore replace the general incentive compatibility constraint
in our maximization problem by the two one-dimensional constraints , . The
following Lemma characterizes the implications of these two constraints for our maxi-
mization problem.

Lemma 3. The incentive constraint 1s satisfied if and only if

0
U(H,n)—U(H,n)Jr/e z (y,n)dy (5)

and x (0,7n) is non-decreasing in 0 for all n € {ﬂ,ﬁ}. The incentive constraint 18
satisfied if and only if

for any 0 € [Q,ﬂ.
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Lemma 3 is a standard result. For the reader’s convenience, we give a full proof in
the Appendix. Note that Lemma 3 allows us to write prices as

p(aan) = Oz (0777) +nq (9777) - U(‘ga??)

0
= (93:(0,77)+7IQ(9,77)—U(0;77)_/0 z (y,n) dy

and thus to eliminate them from the optimization problem. Moreover, as an immediate
consequence of Lemma 3 and non-negativity of x € R>¢, all participation constraints
u(@,n) >0, (0,n) € [Q,m X {Q,ﬁ}, are implied by u = u(Q,Q) > 0 and incentive
compatibility.

4.3.3 The Pricing Problem

The results derived in the previous section enable us to state the seller’s problem in a
tractable way. We write

1 — F(0]n)

B(x,q,0,n) =0x4+n9—-C(x) —cq—x- 76

for the seller’s virtual surplus conditional on 7 and

p(0,u,1) = (6) - u(6) =1 — u+

[T (y) —z(y)] dy

S

for the excess rent of a type (6,7) over a type (H,Q). Substituting transfers, applying
integration by parts and invoking Lemmas 1-3, the seller’s optimization problem reads

I
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subject to
u>0 (7)
p(0,u,w) >0 VOe|b,0] (8)
p(B,um) <7 —n VOE [0, (9)
Z(0),z(0) non-decreasing in 6 (10)
T(0),z(0) >0 Voel[0,0]. (11)

We refer to this problem as Problem P. An immediate observation is that setting u = 0
is optimal, avoiding any lump-sum rents for the low valuation types in the n-dimension.
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Indeed, at 6 constraint implies @ > u, so a positive u implies a positive w. Since
both constraints and @D only depend on w — u and both, @ and u, are costly for the
seller, choosing u as small as possible is optimal. Thus, to simplify notation, we write
p(0,u,w) = p(6,u) henceforth.

In what follows we will approach the above optimization problem with control-
theoretic methods. As we demonstrate in the next section, under the additional as-
sumption of affiliated preference types this approach allows us to reduce the problem to
a simple one-dimensional optimization task, maximizing the objective II (u) as a func-
tion of the lump-sum rents u for high n-types only. The reader who, when reading first,
is mainly interested in the rents-vs-bundling trade-off involved in this maximization may
skip through the following discussion and jump directly to Section 6.

4.4 Solution: a Control-Theoretic Characterization

To make Problem P more tractable, we first show that the optimal z-schedules are
reasonably regular.

Lemma 4. The schedules (x* (0),T* (0)) that solve Problem P are continuous.

The main intuition for Lemma 4 is ubiquitous in economics: B (z,q, 0,n) is strictly
concave in x and concavity favors smoothing. A formal proof which ensures that smooth-
ing near a putative discontinuity is compatible with constraints and @ is provided
in the Appendix.

To solve optimization problems like Problem P, it is a standard approach to consider
a reduced problem with less constraints first and then impose (distributional) assump-
tions that guarantee the remaining constraints to be satisfied. Problem P without the
monotonicity and non-negativity constraints and can be regarded as a control
problem with state variables u (6), % (), control variables x (8) = @ (), T (0) = u (6)
and two inequality constraints that involve the state variables u (), @ (6) only. Call this
reduced problem P’.

Problem P’ is still relatively complex, yet solution techniques are available, e.g. from
Seierstad and Sydsaeter| (1987). Fixing some value u for the moment, Problem P’ gives
rise to a Hamiltonian

H = H(u(0),u(0),z(0),7(0),x(0),%(0),0)
= BB (z(0),0,0,n) f (8ln) + (1 = 5) B(z(0),1,0,7) f (6]7)
+5(0) - z(0) + 7 (0) - T(0).

with two costate variables s

(0)
(0), ® (0) as well as an associated Lagrangian
L=H+pm(0) @0)—u®)+p ) ((1-n) - @0) —u ()

where 1 (0) and pg (0) denote the multipliers associated to constraints and (9).
A frequent issue in control-theoretic problems with constraints on the state variables
lies in the fact that often neither costate variables nor control variables need to satisfy
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standard regularity conditions. However, since we know that the control schedules
must be continuous to solve Problem P, we may restrict attention to continuous control
schedules (which immediately implies continuous costate schedules) for Problem P’ as
well.

To proceed towards a solution of the control problem, it is helpful to make ourselves
aware of some special features of constraints and @ as well as the Hamiltonian H.
Indeed, note that H does not depend on w(#) and u () at all while and (9) only
depend on @ (#) — u (0) rather than each state variable individually. As a consequence,
the Lagrange equations

os(0) 0L
00 —  ou’
or(0) 0L
00 — ou

rewrite as

£(0) = i (8)—pa(0) = ().

In the Appendix we show that p; () and ug (0) are sufficiently regular to apply the
fundamental theorem of calculus, so together with transversality « (5) =0=k (9) the
above equations imply k (6) = -k (H)H

The reduction from two costate variables to one is at the core of the following
proposition which is based on a result in Seierstad and Sydsaeter| (1987)).

Proposition 1. An optimal continuous allocation for the reduced problem P’ is char-
acterized by the following pair of equations

. 1—F(6]n) i
<Cx (" (0)) + 60— W) -Bf (6ln) +~* () =0 (12)
1—F(0|n)

(—om (& (0) +6 - ) (L= B)F (Ol — & (0) = 0 (13)

f(0m)
where k* (0) denotes the optimal costate variable. The optimal costate variable has the
following properties:

a) k* (0) is continuous.

b) k*(0) is locally constant around all 6 € [0,6] at which neither nor @) binds.

c) At any 0 € (Q, 9) where or @) binds,

K (0) = ko (0) = (1— B) F (617) - (1 }f;)“” ! }f;,ﬁf)'”)) (14)

so that x* (0) =" (0).
d) k*(0) is weakly increasing whenever binds and weakly decreasing whenever

(@ binds.

e) k*(0) =0.

10Gee the proof of Proposition 1 in the Appendix for the technical details.
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Most of the properties of the optimal costate variable  (6) in Proposition 1 are either
standard in control theory or easy to seeH Part a) is a direct consequence of Lemma 4.
Part b) is the usual type of result in a control-theoretic problem: the costate variable
is the dynamic “integrated” equivalent to a Lagrange multiplier in a static optimization
problem. Part c) follows directly from Lemma 3: marginal utilities must be equal for
both n-types whenever or @ bind at an interior point as otherwise the constraints
would be violated “slightly to the left” or “slightly to the right”. Part e) is the standard
transversality condition for control problems with free endpoints, implying the classical
“no-distortion-at-the-top”.

Part d), finally, constitutes a powerful tool to determine the areas of binding con-
StraintsH Indeed, whenever or @ bind at an interior value # we must have
z* () = T* (0) according to Part c). The corresponding k (#)-schedule easily computes
from equations and as kp (0) where the subscript “b” stands for “bunching” of
x in n. For any interval where kj (0) is monotonic, Part d) of Proposition 1 leaves only
one of the two constraints and @D as potentially binding. Moreover, neither of the
two constraints can bind around a local extremum of s (6). Note that k (5) =0, so
Kp (0) is compatible with transversality.

We find the following heuristic argument useful to understand the result. From the
seller’s point of view, the costate variable x (6) (or, more precisely, its absolute value)
measures the additional distortion of the optimal z-allocation compared to the one-
dimensional case with known n-types. This distortion is caused by the buyer’s option
to misreport his n-type, captured by constraints and @ The seller clearly prefers
K (0) to be equal to zero (and @ = 0). In this case, both a-schedules maximize the values
of the integrals in @ pointwise and the schedules coincide with the solution of the two
one-dimensional allocation problems in x conditional on n = 71 and n = 7, respectively.
We therefore refer to this scenario as the case of (quasi-)observable 1. It constitutes
an upper bound on what is potentially achievable for the seller: she fully exploits the
information over the #-type contained in the 7n-type at no costs. Yet, the solution for
observable n may not be incentive compatible as the resulting x- and u-schedules may
violate constraints or @

At the other extreme, consider the z-schedule that constitutes the solution to the
one-dimensional problem unconditional on 7 defined by

1—F(0)
f(0)
Setting z (#) = T (0) = = (9) for all & € [,60] corresponds to setting x (6) = ry (6)

everywhere. In this scenario, and @ are automatically satisfied as the utility of
high and low n-types coincides for all § and we may certainly set w = 0. However, this

—Cy (2 (0)) + 0 — — 0.

1YWe omit stars for k- and z-schedules as well as values of T whenever we discuss potential candidates
for the optimal mechanism. The relation between k- and x-schedules is nonetheless assumed to be
defined through equations (T2)) and (y_?)l)

131ts proof goes back to Neustadt| (1976)).



106 CHAPTER 4. PRICING A PACKAGE OF SERVICES - WHEN (NOT) TO B UNDLEIE

candidate solution comes at a cost: the seller does not exploit the information about 6
that is contained in 7 at all. It thereby constitutes a lower bound on what is achievable
for the seller.

We illustrate the previous discussion in Figure 1 and Figure 2. Both figures show
a pair of z-schedules that corresponds to the case of observable n. In Figure 1, the
schedules are clearly infeasible for our problem if 7 = 0. Indeed, on [f, 1] the x-schedule
of the low n-type lies above the z-schedule of the high n-type, thereby violating as

for any 6 € (6,01). Hence some distortion through & () or some positive lump-sum rent
w is necessary. On the other hand, if the roles of both schedules are reversed as depicted
in Figure 2, constraint [§] is clearly satisfied everywhere as

and

The allocation corresponding to the observable 7n-case is hence feasible if and only if
constraint @ holds everywhere, i.e. if

A=p(0r,u=0)<7-n

The level and shape of the optimal x-allocation depends crucially on the joint distribu-
tion of types. In the next section, we impose more structure in that respect.



4.4. SOLUTION: A CONTROL-THEORETIC CHARACTERIZATION 107

Z(0)

o ]

0 0
[
Figure 1: z-schedules for the observable-n-case are infeasible.
x(0)
(0)
0 1 L 0
0 0 0

Figure 2: x-schedules for the observable-n-case are feasible iff A <7 — .
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4.5 A Characterization for Affiliated Types

In this section we analyze the implications of Proposition 1 for the solution of Problem
P’ under the assumption that preference types are affiliated. We fully characterize the
solution up to the choice of @ which is studied in Section 6.

We consider continuously differentiable densities with full support. Hence affiliation
is equivalent to

Assumption 2.

0 | f0m) 7
50 [f(Hln)] >0 Voe[6,0].

With affiliated types, it is easy to see that the seller cannot implement the schedules
corresponding to observable 7 characterized by « (f) = 0 and w = 0. Affiliation implies
the reversed hazard rate order

L F o) 1= F (0h)
f (@) f(0ln)

for any 6 < 0, cf. |Shaked and Shanthikumar (2007). Setting « (¢) = 0 for all 6 then
implies that z (6) > 7 () for any § < § and hence, together with % = 0, a violation of
the constraint p (f,@) > 0 for any € > 0. The seller therefore faces a trade-off. To relax
the constraint p (6,w) > 0 she could either leave higher rents to the high n-types by
increasing @ or she could distort the optimal schedules away from the observable-n-case
by choosing « (6) different from zero.

Affiliation allows us to pin down the optimal bunching region for x in 7 as a function

of w.

Proposition 2. For given u € [O,ﬁ — ﬂ . under affiliation there exists 0 € [Q, 5} such
that for all @ > 6" the optimal schedules satisfy T (0) = x* (0) = z* (0) where z* (0) is
defined by

1-F(6)

— 1.’E* —
Cr (@ (0) +0 — 5

T

=0, (15)

mmplying /
K*(0) =Ky (0) VO > 0.

For all @ < 0 the optimal schedules z* () and T* () are defined by

(‘Cal: (z* (0)) +0 — f(9|17)> -Bf (9|ﬂ) +r =0 (16)
e L FOY
(-cx@ oy +o- S0 ) -5 o - w =0 (17)
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for some constant k* = k* (@) such that

0
Tt / (@ (0, " (@) — 2° (0, &* (@)] d6 = 0, (18)
0
and
K" = Kp (9/) (19)

by continuity of k* (0).

Proposition 2 states that there is a single point 6" at which constraint switches
from slack to binding and the x-schedules switch from separation in 7 to bunchlng in n.
Heuristically, the argument is very simple. Consider any point 0 at Wthh is binding,
implying that T* (9) =z (é) at that point. Such a point must exist, since otherwise
the seller could increase profits by reducing w. Then, is satisfied slightly to the right
of 0, say for 6 + ¢ for ¢ small but positive if and only if Z* () > z* (§) for 6 =  + «.
However, this requires that x* () increases at that point. To see this, suppose x were
constant around 6. Then, totally differentiating and 1) with respect to 0 reveals

that 2* increases faster in 0 than T* at points 0 where z* 5) = z* é) if and only if

types are locally affiliated around 6.

We now relate this heuristic argument more formally to our previous analysis. Tak-
ing derivatives of yields

om(6) _ 0 [ 16
0 596 | 1 (01n)

3|

sign

] Vo < 0, (20)

so together with &y (5) = 0 this shows that under affiliation xj () is strictly increasing
and non-positive everywhere as depicted in Figure 3.
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Figure 3: Following the schedule ky, (f) to the right of 0" minimizes distortions.

Leaving the schedule k; (0) in favor of a constant r-schedule at some 6° > 6 as
indicated in Figure 3 through the dotted line is clearly suboptimal then. Informally

speaking, it deliberately increases distortions through x (6) on the interval [9//,5] rel-

ative to following the schedule kj (f). Formally, this is reflected in a violation of the
transversality condition x* () = 0 as stated in Proposition 1, Part e). For all technical
details, we refer to the appendix.

4.6 A No-Bundling Result

Proposition 2 boils the complex control problem P’ down to a one-dimensional optimiza-
tion problem in the choice parameter u. Reformulating Proposition 2 in that spirit, we
get

Proposition 2*. Under affiliation, Problem P’ is equivalent to the following Problem
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P”. Mazimize

/

0 (u)
1 (%) :5/@ B (z" (0, " (w)),0,0,n) f (6]n) 6

6 (w)
L(1-p) /9 B (@ (0, x" (@), 1,0,7) f (8]7) df
o
+5// B («*(6),0,0,n) f (6ln) o (21)
0" (u)

+-p) [ ,Q(U)B@c* (6),1,0.7) 1 (0]7) db
—(1=pu
subject to
ue [0,7—n]
where z* (0), T (0) , #* (0), k* (W), 0 are defined by equations —.
The trade-off underlying the optimal choice of w € [0, n— ﬂ] is depicted in Figure 4.

x(0)

0

0 o 9

Figure 4: Raising u pushes 0" to the right and enables the seller to separate a
larger portion of types.

Leaving higher rents @ to the high n-types comes at a twofold gain. By moving *
upwards and hence closer towards zero, distortions of the x-schedules relative to the
case of observable 7 in the separation region are reduced. By moving 6 to the right the
separation region itself is enlarged. The first-order effect through marginally shifting g,
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however, is zero by continuity of the optimal schedules at 6" together with an envelope
argument and hence negligible.
By , the increase of k* in @ is measured by

~@=- :
i Iy [ 0) - 2= ©)] a0

> 0. (22)

Increasing «* shifts the x-schedules closer towards the case of observable n-types on
[Q, 9/] and reduces the excess rents of high 7-types given by fee [T* (0) — x* (0)] df.
Using the above formula as well as equations and , we get

dil .
@ = - @-(1-5).

hence these conducive effects are measured precisely by |£* (w)| = —«* (w). Moreover,
we have just argued that

d’11 dr*

— (w) = — u) < 0,

du? @) du (@)
so our problem is concave in u. Therefore, setting u* > 0 is optimal if and only if
increasing w away from zero is optimal. However, implies that

Oy _ f (9!?7)>
K@= 0) = () = (1— ) <1 ) <15
Therefore the gain from moving the schedules closer to the observable-n-case can never
compensate for the direct loss from leaving higher rents to high n-types through u
measured by the share size 1 — 3 of high n-types. Hence u* = 0 solves Problem P”.
To ensure that the solution to Problem P’ and P” is monotonic and non-negative, it
suffices to impose standard assumptions on the inverse hazard rate:

Assumption 3. The distribution F = F (0) features strictly positive virtual valuations

0 — 1}(714;()6) with strictly positive derivative % [9 — %9()9)} >0 forall 0 € [Q,ﬂ

Our main result is now a direct consequence of the previous analysis.

Theorem 1. Under Assumptions 1-3, the optimal mechanism for the seller involves no
lump-sum rents to high n-types, i.e. u* = 0. The optimal allocations are given as

¢ 0.0 =" () = {‘f "
n=n
and x* (0,n) = x* (0), where x* (0) solves
_1-F(9)
f(0)

17"For Theorem 1, the slightly weaker condition of a non-negative and non-decreasing virtual valuation
is sufficient. In the next section, however, it will be helpful to impose slightly stricter conditions as stated
in Assumption 3.

~CL(a" (0)) +6 —0.

T
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Prices are given as

0
P (0,1) = 62 (8) + 1" (1) — /9 2 (y) dy.

Conditioning prices on allocations rather than buyers’ types by setting p* (x,q) = p* (z (0),q (n)),
optimal prices split into two additively separable price components

p1(z) +p3 (q)
for the two goods. No bundling occurs.

The seller is not willing to leave rents to high n-types in order to buy the ability to
condition z-allocations on n under affiliation. Rather, the optimal mechanism involves
complete bunching of the x-schedules with respect to 77. Just as the optimal g-allocation
only depends on 1 by Lemma 1, the optimal z-allocation only depends on 6. The
quantity schedule z* (0) has the familiar features. There is no distortion for buyers with
valuation 6, there is a downward distortion for all types with valuation below 6, and
there is no (lump-sum) rent at @ for either n-type. The schedule coincides with the
solution for the one-dimensional problem unconditional on 7.

The reformulation at the end of Theorem 1 is a direct implication of the taxation
principle (see e.g. |Rochet| (1985)). It allows us to rewrite prices p* as conditional
on allocations rather than preference types. Optimal prices are given as the buyer’s
valuation for quantity x plus the buyer’s valuation for good ¢ minus rents of the buyer.
The rents of the buyer, however, do not depend on his n-type but only on his 6-type
given that the excess rents p* (6,u = 0) of high n-types over low n-types are equal to
zero for all §. Hence, rents of the buyer do not depend on his g-allocation but only on
his z-allocation and

P (r,q=1)—p (z,q=0)=7

for any quantity . Optimal prices can therefore be split into two additively separable
components

p* (7, q) = pi (z) + 3 (q)

where p} denotes the price for good one and p3 denotes the price for good two, the latter
being equal to zero for ¢ = 0 by normalization and equal to 77 for ¢ = 1.

4.7 Beyond Affiliation

The previous two sections have been devoted to the analysis of the optimal pricing
scheme for affiliated preference types, showing that no bundling is optimal. In this final
section, we show the converse result: whenever types are not (weakly) affiliated, there
exists an interval of positive mass where in the optimum z-schedules are separated in n
and hence bundling occurs.

Building on our previous analysis we directly state our result.
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Theorem 2. Under Assumptions 1 and 3, the solution of Problem P features no
bundling if and only if types are weakly affiliated.

The “if”-part of Theorem 2 has been covered in the two previous sections, noting
that all proofs go through for weak affiliation as well. Showing the opposite direction
consists of two steps.

First, we argue that the solution of the reduced problem P’ features bundling on an
interval of positive mass whenever types are not weakly affiliated. To see this, note that
no bundling implies £* (§) = ky, (6) for all § € [, 0] as otherwise, by continuity of * (6)
and Proposition 1c), there will be an interval of positive length where z* (6) # T* (0).
Clearly, in an optimal mechanism must bind for at least one 6 € [Q,ﬂ as otherwise
u > 0 can be reduced without violating any constraints. However, together with * () =
kp (0) and z* (6) = z* (A) for all § € [6,6] this implies that must bind everywhere.
But according to Proposition 1, Part d) this is only possible if ky, (#) is weakly increasing
everywhere which cannot be the case unless types are weakly affiliated due to equation
20).

If the solution of Problem P’ is feasible for Problem P, we are done. However, As-
sumption 3 in general will not guarantee that the solution schedules of Problem P’ are
non-negative and monotonic when £* (6) # k; (6) on some interval. So suppose the solu-
tion to Problem P’ is not feasible for Problem P. Note that Assumption 3 guarantees the
no bundling schedule z* (#) being strictly positive with strictly positive first derivative
everywhere. In other words, the no-bundling schedule z () =7 (6) = «* (0) is bounded
away from the boundaries of the convex set of implementable allocations that are de-
fined by monotonicity and feasibility constraints and . This allows us to form
a non-trivial convex combination of the no-bundling schedules z (6) = T (0) = x* (0)
and the solution to the reduced Problem P’ that is feasible for Problem P and, due to
concavity of the objective in x, strictly improves upon the no-bundling scheduleSH

We qualitatively illustrate the reasoning of the previous paragraphs in Figure 5 and
Figure 6 for the case of negatively affiliated preference types where

0 | f(0n)
5 [f(Hln)] <0 Voelb,6].

The solution for Problem P’ is easy to derive from Proposition 1. Negatively affiliated
preference types imply
L= F (o) _1-F (6])
£ (@lm) £ (0ln)

for all 6 < 6, so setting £* () = 0 would result in Z (6) > z (0) for all 6 € [0,6] with
equality only at f. The relevant constraint hence is given by @ As a consequence,
the seller clearly has no incentive to leave lump-sum rents to high n-types; setting
w = 0 maximally relaxes @ and simultaneously maximizes her profits. The seller hence
separates x-schedules in 7 as long as this is possible without violating constraint @D for

19WWe refer to the Appendix for all technical details.
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w = 0, that is, up to some point 6’ > 6. Correspondingly, the schedule xy (6) is positive
and decreasing everywhere and the optimal costate schedule k* () for Problem P’ is
shaped as in Figure 5, giving rise to schedules T* (0) and z* (6) such that

/

0
/9 = (0) — 2" (0)]d6 =7 — 1.

This area corresponds to the grey-shaded area in Figure 6. However, the schedules
Z* (0) and z* (0) on [Q, 0’| do not necessarily constitute a feasible solution for Prob-

lem P, even though the bunching schedule z* (6) is positive and increasing everywhere.
Indeed, for sufficiently small § in Figure 6 the schedule Z* (0) is decreasing and the
schedule z* (6) becomes negative@ Yet, both these violations of constraints or
can be resolved by forming a convex combination of Z* (0) or z* (), respectively,
and the bunching schedule z* (§) as indicated by the dashed graphs in Figure 6 which
still improves upon the full bunching schedule x* (9).

Figure 5: Optimal costate schedule for Problem P’ if types are anti-affiliated.

#Schedules for 7 () and z* (A) on [Q, 9,] are defined via and . For positive k*, negative
values of z* (#) may occur if the optimal x-schedule for known 7 = 7 features exclusion of low 6-types
while a (locally) decreasing schedule Z* (6) may occur if f (0|7) is decreasing. Both phenomena are
compatible with negative affiliation and Assumption 3.
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Figure 6: Convex combinations of schedules *(0) and z*(6) resp. z*(#) and
x*(f) render the solution feasible, that is non-negative and monotonic.

4.8 Conclusions

Adams and Yellen (1976) have shown that bundling increases profits if consumers’ multi-
dimensional tastes are negatively correlated. We study a related question in the context
of a richer but still manageable allocation problem. We show that no bundling occurs
if types are affiliated and conversely that some bundling does occur if they are not.

4.9 Appendix

Proof of Lemma 1:

For any report (0,7), a feasible stochastic mechanism is characterized by a distribution
H (0,m) (x,q,p) over allocations and transfers such that expectations Eg g [-] over
x, q, p exist. Clearly, due to quasilinear utilities, seller and buyer are indifferent be-
tween any lottery over prices and the expected value of this lottery, so we may assume
that prices are deterministic. Start with an arbitrary Bayesian incentive compatible
mechanism H with deterministic transfers and change the g-allocation to first best, i.e.
q(0,m) =1, q (9, ﬂ) = 0, while adjusting prices such that expected equilibrium profits



4.9. APPENDIX 117

of the buyer remain constant. For any 6 at which the original mechanism featured
q(0,7) < 1 this increases revenues from type (0,7) by (1 — ¢ (0,7))-[77 — ¢] > 0 while for
any 0 at which the original mechanism featured ¢ (9, 77) > 0 this increases revenues from
type (9,@) by g (Q,Q) . [c — ﬂ > 0. We need to show that the new mechanism is still
incentive compatible. In the n-dimension, Bayesian incentive compatibility constraints
of the original mechanism read

w0,m) > U (0,0,n,m) =u’(0,n) +q(0,n) (1—n)
uOld (evﬂ) 2 UOld (9’ eaﬁv ﬁ) = uOld (Haﬁ) —q (eaﬁ) : (ﬁ - ﬂ)
at any 6 € ©. They certainly imply the /C-constraints for the new mechanism given as
u"v(0,7) > U™ (6,0,n,7) =" (0,1),
u™e (evﬂ) > unew (97 67ﬁ7 Q) =u"" (eaﬁ) - (ﬁ - ﬂ) .

since the RHS is smaller for the new mechanism while the LHS hasn’t changed. Bayesian
incentive compatibility then follows from

) = 0 (i) + (0-0) B b
— yrew (é,é,ﬁ, n) + (9 - é) ‘E%Céé,ﬁ) 2]
< pold (9,9,??,77) n (9 _ é) Eﬁ%é,ﬁ) (]
— pold (é,@,ﬁ,n)
< u(0,n)
= u"(0,n).

Here we use that neither buyer’s utilities nor 2-allocations were changed (27¢ and 6"
line), we use incentive compatibility of the original mechanism (5" line) and we use

that U™ (é, é,ﬁ,n) <y (é, 0,1, 77) as shown above (3™ line).
As a consequence, the optimal mechanism is non-stochastic in q. To show that the
optimal mechanism is non-stochastic in x, note that for any report profile (é,ﬁ) and

type profile (6,7n) expected buyers’ utilities
U <9,9,ﬁﬂ7> = 0-Ey(pq) el +1-Bygz) lad —p0.n)

only depend on expected values of x (and ¢). Hence assigning x (é, ﬁ) =E, (0.2) [x] with
probability 1 does not alter the incentive problem of the buyer but increases expected
equilibrium profits of the firm from type (é, 77) due to Jensen’s inequality by

EH(é,ﬁ) [C (l‘)] -C (EH(é,ﬁ) [IL‘]) Z 0.
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Proof of Lemma 2:

As q(0,n) = q(n) is independent of 6 for any n € { 7, ﬁ}, the one-dimensional constraints
imply

v (6,0.0.m) = U (0,0.0.0)+q(0.2) - (n—)
< u(0.3) +q(0.9)- (n—7)
= U(0,0,7,n)
< u(f,n)

for all 6,6 € [0,8] , n,% € {n,7}.

Proof of Lemma 3:

Monotonicity of z in 6 is necessary as

U(é,@,n,n) :u<é,n> +x(é,n> (9—9),

U<0,é,n,17) =u(0,n)—x(0,n) (0—5)

e
=
3

V

<
Ve
>
3
N—
v

imply

e (60) 2 0.n] - (5-4) <o

To show necessity for the first part, suppose without loss of generality that 6 > 6. Then

v (é,n) = u(9’221;§0’n) <z (6n).

But as z (0,7n) is non-decreasing in 6, it is continuous but for at most countably many
points and at any point of continuity of x (6, 7) in € taking limits 6 — 0 yields ug 0,n) =
z (0,m), so integrating over 6 yields (f]). For sufficiency, note that by the fact that the
allocation is non-negative and monotonic we have

u(9,n)—U(é,9,n,n) = u(@,n)—u(é,n) —x(é,n) (9—@)

= /: @ (g —« (6.m) | ay

>0
for all 6,6 € [Q,ﬂ. The second part of the Lemma follows from

U(0,0.n,1) = u(b,n)+q(@n) 7T-n)),
U(Gaevﬁaﬂ) = u(evﬁ)_Q(evﬁ)(ﬁ_ﬂ)
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Proof of Lemma 4:

Suppose one of the solution schedules is not continuous at some 6 € (Q, 5). By mono-
tonicity of the optimal schedules, both schedules have left and right limits at 6’ so there
must be a jump dicontinuity at §". Write x} (9) for the left limit points and. z¥ (6) for
the right limit points. First, suppose that z* is not continuous at 8. For any § > 0
sufficiently small, define

) 9¢[€—@€+5}
z5(0) = 0 15 “(0)do .

Jg o Z

¢ () = Mty € |00 — 6,6 + 4]

Note that

e L 0) ()

§—0" 2

and that x5 (0) is non-decreasing and non-negative given that z* is. By concavity of B
in x, we have

8 * * —k
%‘5:0 [H(ﬂaaf 7u) _H(Q >y & 7u)]

0

0
gﬁﬂﬂﬁdw@@ﬂ@

D)~ B ©),0,6,1)] F (¢In) de}

P 0 +o .
+55ls=0 [ﬁ/ [B (z5(0),0,0,n) — B (z" (0),0,0,1)] f (0]n) d(’]

o

sor i) fon (EL O o) () ) - (0) )

> 0.

Hence, for sufficiently small ¢, the mechanism (z5,Z*) increases the value of the objective
IT which would contradict optimality of (z*, Z*) if the mechanism (z5,Z") were to satisfy
all constraints. Note that p(6,u) takes the same values for the original mechanism

and for (z5,7*) outside [9/ — 6,6 +6|. Hence it suffices to check contraints and
(EI) on [9/ —0,0 —l—(ﬂ for the mechanism (z5,7*). If neither nor (EI) binds at 6’

for the original mechanism, then both constraints will also be satisfied for (x5, 7*) on
[9/ —6,0 + 5} if § is chosen sufficiently small. Note that, at any 6,

0
p<e,u>=u+/9 7 (y) — 2 ()] dy

is (weakly) larger for the original mechanism than for (z;,Z*). Hence constraint (9] will
never be violated by (z5,7*) given that it was satisfied by (z*,7*). So the only case
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in which (z5,7*) is not feasible for any ¢ > 0 is when @) binds at 6 for the original
mechanism.

But then we must have 7 <0/) < (0l> as otherwise, if T} (9/) >z (9/>, this
inequality continues to hold on a small interval [9/ —¢,0'| and hence P (9/ — 6) <
p (9/) = 0, contradicting incentive compatibility of the mechanism (z*,7*). Similarly
we must have z; (9,) < 7 (0’) as otherwise, if z; (9,) >z (0’), this inequality
continues to hold on a small interval {9/,9/ + e} and hence p <9/ + e) <p (0/> =0,
again contradicting incentive compatibility of the mechanism (z*,7*). Thus we have
Ty (9/) <z (6/> <z (6/> <z (6?/), so T* also has a jump discontinuity at 9.

Next, suppose that T is not continuous at 6. Just as before, define the following
schedule for § > 0 sufficiently small:

7 (0) 9¢[€—@€+ﬂ
Ts(0) = 9/+6f*(0)d9 .

x

() = Mty O [0 —6,0 +4]

Note that

N OE0)

6—0

and that Zs (0) is non-decreasing and non-negative given that * is. By concavity of B
in x, we have

a * —_ * =k
%‘5:0 [H(g ,ZC(S,U) 7H(§ » L ,'LL)]

(1-5) /9'75 [B (s (6),1,6,m) — B(z" (0),1,6,m)] f (6]n) dﬁ}

i
961970

o o' +o
+%|§:O |:(1 - ﬁ)/g [B (E5 (0) ’ 17 07ﬁ) - B (f* (‘9) ) 17 evﬁ)] f (9|ﬁ) d9:|

’

a0 (OO ) s 0 00) - () 0

> 0.

So again, for sufficiently small §, the new mechanism (z*,Zs) increases the value of the
objective II compared to the original mechanism. As before, p (6,u) takes the same

values for the original mechanism and for (z*,Zs) outside [9/ —6,0 + 5}, so it suffices

to check contraints and (EI) on [9/ —0,60 + 6} for the mechanism (z*,Zs). If neither



4.9. APPENDIX 121

nor @ binds at 6 for the original mechanism, then both constraints will also be
satisfied for (Zs,z*) on [0/ —6,0 + 5} if § is chosen sufficiently small. At any 6,

0
p<0,u>=u+/e 2 () — 2 (y)] dy

is (weakly) smaller for the original mechanism than for (z*,7s). Hence constraint
will never be violated by (z*,Ts) given that it was not violated by (z*,7*). So the only
case in which (z*, T5) is not feasible for any § > 0 is when (9) binds at 6" for the original

mechanism. In that case, however, we must now have z 9/) <7 (9/> < T (9'> <

*

z;

(9/), so T* also has a jump discontinuity at 9.

Together, both cases yield a contradiction and hence prove the result on (Q, @).
Either schedule x* is continuous or, at any point where z* is not continuous, both
schedules are discontinuous and constraint @ binds. At the same time, either T* is
continuous or, at any point where T*is not continuous, both schedules are discontinuous
and constraint @) binds. As and @I} cannot both bind at a given 6, the only
possibility is that both schedules *, T* are continuous.

Finally, consider the the boundaries § and 6. By monotonicity, we have

*
*

50 < z(0)
= (6) > ()
T (0) < T(0)
= (@) > )

so z} (8), z7 (9), =} (0), T} (0) exist. Setting

7 (0) = z;(0)
2" (0) = =i ()
T (0) = 7 (0)
7 (0) = 7 (0)

neither changes IT or p nor violates monotonicity, and it guarantees continuity of (z*, 7*)
at the boundaries.

Proof of Proposition 1:

We invoke Seierstad and Sydsaeter (1987), Ch. 5, Thm. 2, p. 332 f@ For the optimal
solution schedules (z* (#) ,z* (#)) and fixed values u = u (§) = 0, w = u (¢) this theorem
yields the existence of costate variables (k (6),% (6)) with & (6) = & (f) = 0 such that

ZNote that the roles of x and u are reversed in this thesis chapter as compared to the notation in
Seierstad and Sydsaeter| (1987)



122CHAPTER 4. PRICING A PACKAGE OF SERVICES - WHEN (NOT) TO B UNDLEI@

(z* (0),7* (0)) maximizes
H (u* (0),a" (0),2(0),7(0),£(0),7 (0),0) = BB (x(9),0,0,n) f (0
+(1-8)B(=(0),1

+r5(0)-z(0)+F

[n)

,0,m) f (0m) (23)
0)-z(0)

In addition, there exist a componentwise non-decreasing function p

with the following properties: w7 is constant on any interval wher
is constant on any interval where (ﬁ — Q) — p(0,w) > 0. Moreover,

O~ —~ o
>
SN—
|
—~
=
[
—
>
=
[\
—~
>
N—
SN—r

%@ZW@%@E%@#@HM@<]1i> (24)

is continuous, and at any point where (z* (6),7* (0)) and p (6) are continuous,  (0) is
differentiable with

20 70) _ 9
06 5 (0),u ()
1w 0.7 )2 0).7 0).50) 0.0 -u0)- (1Y) (2]
= (0,0).

Since z* (0) and Z* (f) are assumed to be continuous and p (6) is non-decreasing
and hence continuous everywhere except for at most countably many points, s (6) is
continuous and differentiable everywhere except for at most countably many points,
with derivative being equal to 0. But then, by standard calculus (see e.g. [Konigsberger
(2004))), s (0) is Lipschitz continuous with Lipschitz constant 0 everywhere, i.e. 3 (0) =
s is constant everywhere. Hence, evaluating at 0 = 6 we get x (@) = —l (5) +
142 (9), %=+ (@) — u2 (5) and hence

K(0) = 1 (0)—m (B) — 12 (6) + 2 (B)
F(0) = —p1(0)+ 1 (0) +p2(0) — p2 (0) = —k(0).
Define x* () = k (f) and note the first-order conditions of are precisely the equa-
tions charaterizing the optimal schedules. As H is concave in x the first-order conditions
are sufficient. Moreover, as the constraints (8)), (9) are linear (and hence quasi-concave)
in (u(f),u(0)), the conditions in Seierstad and Sydsaeter| (1987)), Ch. 5, Thm. 2, p.
332 f. are sufficient, cf. [Seierstad and Sydsaeter| (1987), Ch. 5, Thm. 3, p. 337. The
properties of k* () are straightforward:
a) Continuity of £* () follows directly from continuity of (z* (6),7* (6)).
b) This follows directly from £* (0) = £ (0) = p1 (0) — p1 (6) — p2 () + p2 (6) and
the respective properties of p; and puo.
¢) Continuity of £* (6) and(z* () ,z* (6)) implies that for any 6 € (6, 6) where (8) or
(9) binds it must hold that z* (§) = Z* (¢) as otherwise the respective constraint would
be violated either at 6 + § or at 8 — § for § > 0 sufficiently small.
d) This is implied by the monotonicity properties of p1 and po via k* (6) = £ (0) =
1 (0) — pa (0) — p2 () + p2 (6).
e) This follows from the transversality condition x (5) =0.
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Proof of Proposition 2:

Note first that from equations and we get

oz (0) 1
o B ChL@o)

ox(0) _ <0
o (L= 5) f 6 CL, (z(9))

In an optimal mechanism, constraint @i must bind for at least one 0 € [Q, ﬂ . Otherwise
the continuous function p* (6,u) attains its minimum e > 0 at some 6 on the compact
interval [Q,ﬂ and decreasing u by € does not harm any constraints and simultaneously

increases revenues. So assume p* (é,ﬂ) = 0 for some 0 € [Q, 5]. We want to show

that this implies p* (é,ﬂ*) = 0 for any 6 > 0. Suppose first that § = 6. Since x* (0)
is continuous and locally either follows a constant schedule or ky (0), and since kp (6)
is increasing, £* (8) < kp (9) would imply £* () = £*(8) < ry(0) < kp (/) = 0 for
all 4 € [Q, ?], contradicting transversality x* (5) = 0 as stated in Proposition 1, Part
e). On the other hand, x* () > Ky (f) by continuity of £* (6) and k; () would imply
K*(0) > Ky (0) on some interval [0, 0 + €] of positive length € > 0, violating at any

¢ > 0 within this interval. Hence for 6 = 0 we must have x* (é) = Kp (é) just as for
any other 6 [Q,ﬂ, following Proposition 1, Part ¢) and e).
As a consequence, note that x* (8) < &y (#) for any 0 > 0 as ky, () is increasing and

k* (0) is continuous and follows either a constant schedule or x; (6). Suppose k* (é) <

K (5) for some 6 < § < 6. Then x* (0) = kK" (é) < Kp (é) < Kp (?) = 0 for any > 0 by
continuity of k* (f) and Proposition 1, Part b)+4-c), contradicting x* (9) = 0 as required
by Proposition 1, Part €). Defining ' = inf {6 €10,6] : p* (6,7*) =0} completes the
proof.

Proof of Theorem 1:

By Proposition 2 we have

which, as T* (9) - (0) - (0) implies

I () = - ! >0
du Iy [gfi (y) — 9= (y)] dy
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Using this as well as equations and we get

il
%(U)
o z* e
= [ w5 @ 000 55 0)- 5 @] a
o _, 0B _, . OT* dr*

[ a-srem- G @ @050 G @|w-a-p
_ K (@) - ;/ 92”0 de  w(@ Q@/ %5 (9) df s

B & o -] f 2650
= w1 8),

implying u* = 0 as demonstrated in the main text. The theorem then immediately
follows from Proposition 2. The reformulation in terms of prices conditional on quan-
tities rather than preference types is a direct implication of the taxation principle as
explained in the main text.

Proof of Theorem 2:

As demonstrated in the main text, the solution schedules (z* (6),z* (0),u*) for Prob-
lem P’ deviate from the full bunching schedule (z* (6),2* (#),u = 0) on an interval of
positive mass. We are left to formally show that, under Assumption 3, there exists a
convex combination

(25 (0), 72 (0) un) = A- (27 (0), 7" (0),u’) + (1 = A) - («" (0) , 27 (0) , 0)

with A > 0 such that the schedules (z, (), (9),u,) satisfy constraints (8)-(11]) and
that
II(zy (0),7x(0),7x) > 1 (z*(0),2" (0),0).

As constraints and @D are linear in (7, x,u) and, by construction, satisfied by
(z*(0),z* (0),u*) and (z* (0),2* (#),u = 0), they are also satisfied by any convex com-
bination of the two. Moreover, as (z* (¢) ,Z* (#)) and (z* (¢) , 2" (¢)) are continuous and
hence bounded on [6,6] and z* () > x* () > 0 for all # € [6,6] by Assumption 3,
(zy (0),T(0)) are positive for sufficiently small values A > 0 as well and hence satisfy
(L1).

Concerning , note that the optimal costate variable x* (f) that corresponds
to (z*(0),z* (f),u*) is bounded. Indeed, since x* () is continuous on [¢,6] with
x*(0) = kp (f) = 0 and is either locally constant or follows ry (f), we have x* (6) €

[minae[e a] b (0)  WAXge [g 5] Kb (9)} which is bounded by compactness of [Q,ﬂ and con-
tinuity of k (6). Moreover, on any interval [9’, 9”] C [6,0], the costate variable £* (6) is

constant or lies within [minee[el 6] Kb (0) , MAXpe (g7 6] b (9)} Hence, for any 6 € [, 6]
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the set of subdifferentials Ox* (#) is bounded by [min {O, 8”59(9)} , max {O, 8”59(9) H and
therefore the subdifferentials of (z* (0),z* (0)) given as

o) = — L (2], =P +H*(9)-af§,§'”)—f(eyn)-an*(e) |
Coz (z*(0)) | 00 f (8ln) 57 (0n)°

o (0) = — 1 . 6[ _1F<9|n>]_m*(@)-f”l%%"”—fwmam*<e>
Coa (@ () \OO L S (1B f (6

are bounded as well. Since

oz (0) 1 ' ( B

90 Cuy(z*(0)) \ 00

")

is continuous on [Q, 5] and strictly positive by Assumption 3, it is bounded away from
zero by compactness of [Q,ﬂ. Hence, again, for sufficiently small A > 0 we have

6&/\ (9) C R+,
0T (9) - RJH

showing .

Finally, from @ and concavity of B in x together with

we get

Iz (0),7x(0), ) = IL(A- (2" (0),7"(0),7") + (1= A)- (2" ()27 (9),0))

> A(z* (0),Z* (0) (9),
> I (z*(0),2*(0),0) + (1 — N II(z* (8) ,z* (6),0)
= II(z*(0),z"(6),0)

which proves the theorem.
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