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Abstract

In harmonic analysis, there is a conjecture (attributed to Zygmund in [21]) stating that the di-
rectional maximal operator along a Lipschitz planar vector field (defined as in (1.0.6)) is weakly
bounded on L?(R?). In this thesis, we present some recent progress towards this conjecture and its
singular integral variant, which is that the directional Hilbert transform along a Lipschitz vector
field (defined as in (1.0.8)) is weakly bounded on L?(R?).

In Chapter 1 we will first state these two conjectures and explain some partial progress that has
been made. Afterwards we will state the main results of the present thesis.

In Chapter 2 we will prove the L? boundedness of the directional Hilbert transform along planar
measurable vector fields which are constant along suitable Lipschitz curves. Jones’ beta numbers
will play a crucial role when handling vector fields of the critical Lipschitz regularity.

In Chapter 3 we will generalise the L? bounds in Chapter 2 to LP for all p > 3/2. To achieve
this, we need to study a new paraproduct, which is indeed a one-parameter family of paraproducts,
with each paraproduct living on one Lipschitz level curve of the vector field.

In Chapter 4, by using the techniques presented in Chapter 2 and 3, we will provide a geometric

proof of Bourgain’s L? estimate of the maximal operator along analytic vector fields.
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Chapter 1

Introduction and statement of the main results

The classical Lebesgue differentiation theorem states that for any f € L}OC(R”) we have

. 1
E%M/B‘@)f(z)dz = f(z), ae. (1.0.1)

with B(z) denoting the ball of radius r centered at x. On the plane R?, instead of balls, taking
averages over lower dimensional submanifolds like spheres or parabolas also appear naturally in
harmonic analysis. A question I am interested in is the following: Suppose every point € R? is

assigned a unit vector v(z), then given any f € L? (R?), does it hold true that

loc

lim l/j flz+tv(x))dt = f(z), ae ? (1.0.2)

e—0 2¢

If the vector field is too “rough”, the above pointwise convergence may fail almost everywhere. One
such example can be constructed basing on the so-called Nikodym set. In 1927, Nikodym constructed
aset N C [0,1] x [0, 1] with the properties that |[N| = 1, and that Vz € N, there exists a straight line
passing through x which meets N only at x. The associated vector field v is defined as follows: at a
point & € N, let v(x) be the unit vector parallel to the line that passes through z in the Nikodym
set; at x ¢ N, let v(x) be any fixed unit vector, say (1,0).

If we take the function f in (1.0.2) to be the characteristic function of the complement of the

Nikodym set in the unit square, i.e.

f = X[0,1x[0,1\N» (1.0.3)

then we know that

f=0, ae onR? (1.0.4)



by the properties of the Nikodym set. However, for all x € IV, it is also easy to see that

€

lim 1 f(z+tv(z))dt = 1. (1.0.5)

e—0 2¢ —e

Hence (1.0.2) fails almost everywhere on the unit square.

The above example tells us that in order for the pointwise convergence in (1.0.2) to be true, the
vector field v has to have certain “regularity”. Indeed it is a long standing conjecture in harmonic
analysis (attributed to Zygmund in [21]) that (1.0.2) will hold true as long as we assume the vector
field to be Lipschitz continuous. To state this conjecture quantitatively, it is convenient to introduce

the following maximal function

€

Moo f(2) = sup o [ |f(z -+ to(a))dt, (1.0.6)

0<e<eg 2¢ —e

where € is some positive constant depending on v. By a standard argument, (1.0.2) follows from
the weak type estimate

sup A’ [{z € R? : M, f(z) > A}| < C|| I3, (1.0.7)
A>0

where C' > 0 is some universal constant. Now we are ready to state

Conjecture 1 ([21]) There exists a universal constant k > 0 such that for any unit Lipschitz vector

field v: R? — St the estimate (1.0.7) holds true with €y := r/||v||Lip-

Instead of the maximal operator (1.0.6), it is also very natural to consider its singular integral variant

Hyoof() = [ f(:v—&—tv(ac))% (1.0.8)

—€o

as they share many features, in particular they have the same scaling and thus share the same
potential L? bounds. Indeed, the following conjecture was stated and studied by Lacey and Li in

[21].

Conjecture 2 ([21]) There exists a universal constant k£ > 0 such that for any unit Lipschitz
vector field v : R? — S, the operator H, ., with €y := k/||v||Lip satisfies the following weak type
(2,2) estimate:

sup A2 |{1: cR?: H, e f(z) > )\}| < O||flI3, (1.0.9)
A>0

where C' is a constant independent of f and v.



The constant €y in the above Conjecture 1 and 2 is suggested by the isotropic scaling symmetry
T — Ax. (1.0.10)

Here we carry out the discussion by taking the example of the maximal operator. If we assume
that there exists a constant £ > 0 such that for all v with ||v]|z; < 1, the truncated maximal
operator M, , satisfies the weak type estimate (1.0.7), then for an arbitrary Lipschitz vector field v,

by choosing
1

B ||U||Lip7

A (1.0.11)

and denoting vy (-) = v(A-), we obtain that

[oa()llLip = 1. (1.0.12)

Hence by our assumption, M,, , satisfies the weak type estimate (1.0.7). Next, if we denote fi(-) :=

f(A), then by a simple change of variable, we observe that

€

1
Moy, wfa(z) = sup o [ [f(Az + Atv(Az))]|dt
0<e<k 2¢ —e

(1.0.13)

€

= swp = [ O+ ()|t = My ae fO2).

0<e<AR 2¢ —e€

Hence M, s, which can also be written as M, .| satisfies the same weak type estimate as

lzip>
(1.0.7).

So far we have seen that the truncation ¢y = x/||v| i, of the maximal operator (1.0.6) and the
Hilbert transform (1.0.8) appears naturally for Lipschitz vector fields. Next we will state several mo-

tivations of conjecturing the Lipschitz regularity. Still, we will take the maximal operator as example.

1.1 Motivation for Lipschitz regularity

From change of variables. Let v be a unit vector field such that ||v| iy < 1. For a small enough

x and for any 0 < € < k, we consider the average at the scale ¢, which is defined by

Ay f(z) == 2%/_6 | f(z + tv(x))|dt. (1.1.1)



Notice that

My, f@) = sup Ay f(x). (11.2)

0<e<eg

For any p € (1,00), by Minkowski’s inequality, we have

- @] <o [ 1w, (1.L3)

2¢ J_, p_26 e

For any fixed t € [—¢, €], by the assumption that ||v|r;, < 1 and a simple change of variables, it is
not difficult to see that

1/ (2 + to()]l, < Cl[fl» (1.1.4)

for some constant C' > 0. Hence we obtain that

sup [ Av,efll, < ClIfllp- (1.1.5)

0<e<eo

Compared with (1.1.5), the estimate that Conjecture 1 aims at is

sup Av,ef

0<e<eg

< Ol fllp, (1.1.6)
p

which is of a very similar form. Hence it is natural to conjecture that the above estimate (1.1.6)

also holds true.

The Knapp example. For any given a € (0,1), we will construct a counter example of C*

vector field v, such that the associated maximal operator M, , is not bounded on L? for any p < 2.

€0
Before constructing this example, we should make clear the dependence of the truncation ¢y on the
C® norm of the vector fields. By a similar scaling argument to (1.0.10)-(1.0.13), ¢ in the maximal

operator M, ., should be determined by

1
€0 = K/||v]| 2, (1.1.7)
for some small positive constant x. Here we use || - ||c= to denote the homogeneous Holder norm,

which is
||’U||Ca := sup |U(‘T) — U(y)|

, (1.1.8)
ety T —yl®

as we always consider unit vector fields.



Now we proceed with the detailed construction of the counter example. For some small § > 0,

in the first quadrant of the plane, define the vector field vs by

(1,9) if xo > 6(x1 +1);
v (1, T2) := (1.1.9)
(1, 11;1) else.

The following picture illustrates how the above vector field looks like in the first quadrant:

LR T TR
A
A
A
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When calculating the C“ norm of the vector field vs in the first quadrant, we observe that vs changes

fastest along the Y-axis, hence we obtain that

[vsllca = sup 2 =gl (1.1.10)
0<z2<6 Lg

Next it is not difficult to extend the definition of vs to the whole plane satisfying the same bound

as above. Hence the truncation ¢g is given by

l—a

€ =0 "= . (1.1.11)
Now we need to pick a “bad” function fs corresponding to the vector field vs. Denote
Rs :=[—1—0,—14 6] x [-62,6%], (1.1.12)

define
f5 = XRs- (1.1.13)

The LP norm of the function fs is

1fsllp = 0% (1.1.14)



Concerning the output of the operator M, at the point (z1,xs) with

§,€0°

0<2 <6 = and 0<as < 0(1+a), (1.1.15)
we have that
1)
Moys e f5(21,2) > T o (1.1.16)
Hence
STEE (e, 5 \P
Mys e fs pZ/ / ( > dxodx
[ Moseo f5 ; ; T 2dry
l1—a
5§ a . o
P+ —p
2/0 T+ 1) day (1.1.17)

CpadPTL6—55 20 for p <2,

02,a63 ln% for p = 2.

Here for p < 2, C, o > 0 is a constant depending on p and a. From the above estimate we conclude

that for any p < 2, the maximal operator M, is not bounded on LP.

5,€0

1.2 Partial progress towards Conjecture 1 and 2

In terms of regularity, the only known results concerning Conjecture 1 and 2 are for analytic vector
fields. Bourgain [7] proved that for any analytic vector field v, there exists ¢y depending on v such
that M, ., is bounded on L2?. The LP bounds for all p > 1 for both the maximal operator M, ,
and the Hilbert transform H, ., were proved by Stein and Street [26]. Indeed, the results in [26] are
much more general (including the multi-parameter case), but not in terms of regularity.

For smooth vector fields, Christ, Nagel, Stein and Wainger [9] proved, under some extra curvature
conditions, that the associated maximal operator and singular integral operators are bounded on LP
for p > 1.

There is an interesting connection between the Hilbert transform along vector fields and Car-
leson’s maximal operator, which was observed by Coifman and El Kohen, we review the discussion
as presented in [5]. Consider the case of the one-variable vector fields, i.e. vector fields of the form

v(z1,22) = (1,u(x1)) for some measurable function u : R — R. Define the Hilbert transform along



the vector field v without cut-off by

(Hof)(x1,22) := /Rf(xl —t,z9 — u(xl)t)%~ (1.2.1)

Denoting by fthe partial Fourier transform in the second variable we obtain formally

dt

/f(x1 —t,x9 — u(xl)t)7

) —~ . dt
:/emz&/f(xl *t7§2)€7w(zl)t§2?d§2~

By the Plancherel theorem, the L? norm of this expression in the z; and x5 variables is the same as

(1.2.2)

the L? norm in the variables 21 and &, of the expression

/f (1 —t,&)e iu(@)tee it

For each fixed &;, we recognise this to essentially be the linearisation of Carleson’s maximal operator

(Cf)(z) := sup /f ’Ntdt). (1.2.3)

NeR

The use of Plancherel’s theorem makes this simple argument work only in L2. To go beyond L2,
we need to replace the Fourier transform by a Littlewood-Paley decomposition. Lacey and Li [20],
exploiting the connection between the Hilbert transform along vector fields and Lacey and Thiele’s
proof for the boundedness of the bilinear Hilbert transform [23] [24] and Carleson’s maximal operator
[25], proved that for any measurable vector field v, the operator H, Py, which is the composition of
the Hilbert transform along v with a Littlewood-Paley projection operator Py for some fixed k, maps
L? to weak L%, and LP to LP for p > 2, uniformly in k. Moreover, conditioning on the boundedness
of what they called the Lipschitz-Kakeya maximal operator, Lacey and Li [20] also proved that for
any O vector field v with a > 0, the operator H, ., is bounded on L? for some properly chosen
€0-

Afterwards, Bateman verified the boundedness of the Lipschitz-Kakeya maximal operator for
the one-variable vector fields in [3]. On that basis Bateman [4], Bateman and Thiele [5] proved the

following

Theorem 1.1 ([4], [5]) For a one variable vector field v of the form v(x1,x2) = (1,u(x1)) for some

measurable function u, the associated Hilbert transform H, defined as in (1.2.1) is bounded on LP



forp € (3/2,00).

Remark 1.2 Here we make an observation that Bateman and Thiele’s result in [5] holds true for
all Hormander-Mihlin kernels. Let K be a Calderon-Zygmund kernel with m = K satisfying the

Hérmander-Mihlin condition
G
€1A”

or sufficiently many B € N, where Cz > 0 is a constant depending only on . For a one-variable
B

|0Pm(€)| < ve e R\ {0} (1.2.4)

vector field v(x1,22) = (1,u(x1)) for some measurable function u, similar to (1.2.1), define the

associated singular integral with kernel K along v by
HE f(zy,29) := /Rf(xl —t,xa —u(z1)t) K (t)dt. (1.2.5)
Then for all p > 3/2, we claim that
I fllp < Cpxcl|Fllps (1.2.6)

with a constant Cp ik > 0 depending only on p and the kernel K. The estimate (1.2.6) follows from

Bateman and Thiele’s proof of Theorem 1.1 and the anisotropic scaling
Ty — T1,T2 — AZs. (127)

If we denote by T' the cone {(x1,x2) : |z1| < |z2|}, Ir the indicator function of the cone T', and Ip

the frequency projection operator on the cone I', which is
Opf:=F Yir - Ff), (1.2.8)

where F denotes the Fourier transform and F~' its inverse, then what Bateman and Thiele have
proven in [5] is

[HS e fllp < Cp i £, (1.2.9)

under the assumption that |ul|eo < 1. Notice that (1.2.7) and (1.2.9) imply that
| H e, fllp < Cp,xc Ty £l (1.2.10)

for all X > 1, where T'y denotes the cone {(x1,x2) : |z1| < Axa|}. Hence by a limiting argument, we



obtain

1 fllp < Cpxcll f s (1.2.11)

under the assumption that ||u||o < 1. Again by another limiting argument, we can get rid of the
restriction that ||ulleo <1 and obtain the estimate (1.2.6).
Out of the same reasoning as in (1.2.1)-(1.2.3), the L? boundedness in (1.2.6) is equivalent to

the L? boundedness of Li and Muscalu’s generalised Carleson’s mazimal operator in [22]:

sup
NER

[ #a =0 bt (1.212)
R

where K is a kernel satisfying the Hormander-Mihlin condition (1.2.4).

1.3 Statement of the main results

The first result I have obtained concerns a perturbation of Bateman and Thiele’s result [5] in the

critical Lipschitz regularity. This result is contained in my preprints [14] and [15].

Theorem 1.3 ([14], [15]) For any measurable vector field vy satisfying the following two conditions

i) there exists a bi-Lipschitz map go : R? — R? s.t. for all z; € R
vo(go(x1,x2)) is constant in xa, (1.3.1)
ii) there exists do > 0 s.t. for allz; € R
Z(02g0(z1, ), £vo(go(z1,))) > do a.e. on R, (1.3.2)
the associated Hilbert transform, which is defined by
Hoof(@) = [ fo = tn(o) T (133)

is bounded on LP for all p > 3/2. Moreover, the operator norm blows up when dy — 0.

Remark 1.4 By taking go to be the identity map and applying the anisotropic scaling (1.2.7) cor-

respondingly, we recover the result of Bateman and Thiele [5].



Remark 1.5 To our knowledge, this is the first result in the context of the Hilbert transform along
vector fields with a Lipschitz regularity in its hypothesis. Indeed, a structure theorem for Lipschitz
functions by Azzam and Schul [2] states that any Lipschitz function ug : R? — R (any Lipschitz unit
vector field vo in our case) can be precomposed with a bi-Lipschitz function go : R? — R? such that
ug © go, when restricted to a “large” portion of its domain, is Lipschitz in the first coordinate and

constant in the second coordinate.

The proof of Theorem 1.3 does not work for the maximal operator (1.0.6). Hence as part of
the enterprise to understand the difference between the singular integral operator (1.0.8) and the
maximal operator (1.0.6), we started to look at Bourgain’s result [7] on the L? bounds of the maximal
operator along analytic vector fields. In the meantime, we observed that some of the techniques used
to prove Theorem 1.3 could be applied to provide a geometric proof of Bourgain’s result mentioned

above, which is

Theorem 1.6 ([7]) Let v be an analytic vector field on a bounded set Q). Then for ey chosen small

enough, the associated mazimal operator M, ., defined in (1.0.6) is bounded on L*.

The main tool that is used in the proof of Theorem 1.6 is the time-frequency decomposition
initiated by Lacey and Li in the setting of the Hilbert transform along vector fields in [20] and [21].

However, the proof is free of the time-frequency analysis techniques.
Notations: Throughout this thesis, we will write © < y to mean that = < y/10, z < y to mean

that there exists a constant C s.t. x < Cy, and x ~ y to mean that z < y and y < x. 1g will always

denote the characteristic function of the set E.

10



Chapter 2

Hilbert transform along measurable vector fields constant on

Lipschitz curves: L? boundedness

In this chapter, we will present the proof of Theorem 1.3 for the case p = 2. The content of this
chapter is essentially contained in my preprint [14]. Before starting the proof, we would like to look
at Bateman and Thiele’s result in [5] (Theorem 1.1) from another point of view.

On R2, a direction is given by vector v = (1,u), where u € R. Consider the directional Hilbert
transform in the plane defined for a fixed direction v = (1,u) as

dt

: (2.0.1)

va(xay) ::/Rf(xftayffu‘t)

for any test function f. Here we use (z,y) instead of (21, x2) to denote one point in R? as we want
to emphasis the bi-parameter structure of this operator. The bi-parameter structure arises since the
kernel is a tensor product between a Hilbert kernel in direction v and a Dirac delta distribution in
the perpendicular direction. By the dilation symmetry, the length of the vector v is irrelevant for
the value of H,, which explains our normalisation of the first component.

By an application of Fubini’s theorem and the LP bounds for the classical Hilbert transform
one obtains a priori LP bounds for H,. On the other hand, the corresponding maximal operator
sup,, |Hy f(z,y)| for varying directions is well known to not satisfy any a priori L? bounds, see the
work of Karagulyan [17].

What Bateman and Thiele proved in [5] is

where u : R — R is any measurable function and the constant depends only on p for p > 3/2. The

dt

[ 1= ty—u@nF| <l (202)
R

~
p

11



estimate (2.0.2) can also be interpreted as

| Sg%HHUf(x7y)||LP(y)HLP(x) S 1l (2.0.3)

as it is just a linearisation of the maximal operator in (2.0.3). The function v : R — R in (2.0.2)
will be called the linearising function. Note that the supremum falls between the computation of
the norm in y and in z, compared to being completely inside or outside as in our previous remarks.

The estimate (2.0.3) also highlights the bi-parameter structure of the directional Hilbert transform.

In the following, we will first formulate a generalisation of Bateman and Thiele’s result in the
form of (2.0.3), and then derive Theorem 1.3 as a corollary. To formulate such a result, we perturb

(2.0.3) by a bi-Lipschitz horizontal distortion, that is

(z,y) = (9(=,v),v) (2.0.4)
with
(2" —x)/ag < g(z',y) — g(x,y)) < ap(z’ —x) (2.0.5)

for every x < 2’ and every y, such that the transformation (2.0.4) maps vertical lines to near vertical

Lipschitz curves:

l9(x,y) — g(z,y")] < boly — (2.0.6)

for all z,y,1y’. These two conditions can be rephrased as
1/ag < 019 < ap and |Oag| < by a.e. (2.0.7)

Under these assumptions, LP norms are distorted boundedly under the transformation (2.0.4).

Namely, (2.0.5) implies for every y that

aal‘lf(x’y)HI[),p(z) S Hf(g(xay)vy)nip(z) S aO”f(xay)”ip(m) (208)

and we may integrate this in y direction to obtain equivalence of LP norms in the plane. Hence
the change of measure is not the main point of the following theorem, but rather the effect of the
transformation on the linearising function u, which is now constant along the family of Lipschitz

curves which are the images of the lines x = x¢ under the map (2.0.4).

12



Theorem 2.1 Let g : R? — R satisfy assumption (2.0.5) for some ag and assumption (2.0.6) for

some by. Then for any co € (0,1), we have

I sup Hyf(9(x,9), )2 ll2@) < Cllfll2- (2.0.9)

[u|<co/bo
Here C is a constant depending only on ag and cq.

Remark 2.2 The constant C is independent of by due to the anisotropic scaling symmetry x —

T,y = Ay.

The case p = 2 in Theorem 1.3 will be derived as a corollary of the above Theorem 2.1. We will
present the reduction in the following Section 2.1. Before doing that, we first comment on the proof
of Theorem 2.1.

To use the assumption that the linearising function v of (2.0.9) is constant along Lipschitz curves,
we apply an adapted Littlewood-Paley theory along the level lines of v. This is a refinement of the
analysis of Coifman and El Kohen who use a Fourier transform in the y variable and the analysis
of Bateman and Thiele who use a classical Littlewood-Paley theory in the y variable. This adapted
Littlewood-Paley theory is the main novelty of the proof. It is in the spirit of prior work on the
Cauchy integral on Lipschitz curves, for example [10] , but it differs from this classical theme in
that it is more of bi-parameter type as it is governed by a whole fibration into Lipschitz curves. We
crucially use Jones’ beta numbers as a tool to control the adapted Littlewood-Paley theory. To our
knowledge this is also the first use of Jones’ beta numbers in the context of the directional Hilbert
transform.

In this chapter we focus on the case L2, since our goal here is to highlight the use of the adapted
Littlewood-Paley theory and Jones’ beta numbers in the technically most simple case.

While Coifman and El Kohen use the difficult bounds on Carleson’s operator as a black box,
Bateman and Thiele have to unravel this black box following the work of Lacey and Li [20]-][21]
and use time-frequency analysis to prove bounds for a suitable generalisation of Carleson’s operator.
Luckily, in the proof of Theorem 1.3 we do not have to delve into time-frequency analysis as we can
largely recycle the work of Bateman and Thiele for this aspect of the argument.

An upper bound such as |u| < ¢y/bp is necessary in our theorem. By a limiting argument we
may recover the theorem of Bateman and Thiele, using the scaling to tighten the Lipschitz constant
by at the same time as relaxing the condition |u| < ¢g/bo.

An interesting open question remains whether the same holds true for ¢y = 1. We do not know
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of a soft argument to achieve this relaxation. Our estimate of the norms become unbounded as ¢

approaches 1. This question suggests itself for further study.

Outline of chapter: in Section 2.1 we will prove the L? bounds in Theorem 1.3 by reducing it
to Theorem 2.1. The reduction will also be used later in the proof of Theorem 2.1.

In Section 2.2 we will state the strategy of the proof for Theorem 2.1. As it appears that our
result is a Lipschitz perturbation of the one by Bateman and Thiele, this turns out also to be the
case for the proof: if we denote by Py a Littlewood-Paley operator in the y-variable, the main
observation in Bateman and Thiele’s proof is that H, (given by (1.2.1)) commutes with Pj. In our
case, this is no longer true. However, we can make use of an adapted version of the Littlewood-
Paley projection operator P, (see Definition 2.5) to partially recover the orthogonality. We split the

linearised operator H, of the left hand side of (2.0.9) into a main term and a commutator term

> H Pu(f) =Y (HyPi(f) = PaHyPi(f) + PeH, Pi(f)). (2.0.10)
keZ keZ
The boundedness of the main term ), _, Py H,Py(f) is essentially due to Lacey and Li [20], with
conditionality on certain maximal operator estimate. In Section 2.3 we modify Bateman’s argument
in [3] and [4] to the case of vector fields constant on Lipschitz curves and remove the conditionality
on that maximal operator.

The main novelty is the boundedness of the commutator term

> (HyP(f) — PeHyPi(f)), (2.0.11)

keZ

which will be presented in Section 2.4. To achieve this, we will view Lipschitz curves as perturba-
tions of straight lines and use Jones’ beta number condition for Lipschitz curves and the Carleson
embedding theorem to control the commutator. Here we shall emphasis again that the commutator

estimate is free of time-frequency analysis.
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2.1 Proof of the L? bounds in Theorem 1.3 by reducing to

Theorem 2.1

In this section we prove the L2 bounds in Theorem 1.3, by reducing it to Theorem 2.1. The reduction
is based on a cutting and pasting argument. Some parts of the reduction will also be used in the

proof of Theorem 2.1 in the rest of the chapter.

We first divide the unit circle S into N arcs of equal length, with the angle of each arc being
27 /N. Choose
N > 67/dy (2.1.1)

s.t. 2 /N < dg/3. Denote these arcs as 1,Qs, ..., Qy. For each Q;, define

Hvof(mvy) if Uo(l‘,y) € Qi

0 else

Hvo,Qi f(xv y) =

where H,, f is given by (1.3.3). If we were able to prove that || H,, q,||2—2 is bounded by a constant

C which is independent of i € {1,2,..., N}, then we conclude that
[[Hug |l2—2 < CN(do). (2.1.2)

Now fix one €2;, we want to show the boundedness of H,, o,. Choose a new coordinate such that

05

the x-axis passes through §2; and bisects it. Then all the vectors in §2; form an angle less than dy/6
with the z-axis. As we assume that

£(9290, £v0(g0)) > do > 0, (2.1.3)

we see that the vector dogy forms an angle less than % with the y-axis.
Renormalise the unit vector vg such that the first component is 1, i.e. write vg = (1,ug), then

by the fact that vg forms an angle less than dy/6 with the x-axis, we obtain
lug| < tan(dy/6). (2.1.4)

Next we construct the Lipschitz function g in Theorem 2.1 from the bi-Lipschitz map gy, and
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the coordinate we will use here is still the one associated to 2; as above. Under this linear change of
variables, we know that gq is still bi-Lipschitz. We renormalise the bi-Lipschitz map in such a way
that

go(x,0) = (z,0),Vz € R. (2.1.5)

Fix « € R, the map go, when restricted on the vertical line {(x,y) : y € R}, is still bi-Lipschitz. We

denote by I'; the image of this bi-Lipschitz map, i.e.

T, :={go(z,y) : y € R}. (2.1.6)

Define the function g by the following relation

(9(z,y),y) = go(@,y1), (2.1.7)

for some y/. By the fact that gg is bi-Lipschitz, we know that such y/ exists and is unique.

From the above construction and the fact that d;gg forms an angle less than %do with the

y-axis, we see easily that

lg(z,y1) — g(x,y2)| < cot(do/2)|y1 — yal, Vo, y1,y2 € R. (2.1.8)

Hence what is left is to show that condition (2.0.5) is also satisfied with a constant ag depending
only on dy and the bi-Lipschitz constant of go. One side of the equivalence (z1 —x2)/ag < g(x1,y) —
g(x2,y) is quite clear from the picture below: the bi-Lipschitz map gy sends the points P,Q to
(9(x1,9),y), (g(z2,y),y) separately, then by definition of bi-Lipschitz map, there exists constant ag

s.t.

g(en,y) — g(z2,9) > P — Q| > = (a1 — x2). (2.1.9)
ap ap
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(0.1) (1, 9), 1) 9
(z1jy1)
N p
(3, 92)
(22,0) (21,0) (22,0) (21,0)

For the other side, we argue by contradiction. If for any M € N large, there exists x1, 22,y € R s.t.

g(x1,9) — g(x2,9) > M (21 — 72), (2.1.10)

then together with (2.1.8), this implies that

dist(K,T;,) > M sin(do/2)(z1 — x2). (2.1.11)

But this is not allowed as by the definition of the bi-Lipschitz map gg and the Lipschitz function g,
dist(K,T,,) must be comparable to |z — za|.

So far, we have verified all the conditions in Theorem 2.1 with

by = cot(dp/2) and ¢y = tan(dy/6)/ cot(do/2) < 1. (2.1.12)

Hence we can apply Theorem 2.1 to obtain the boundedness of H,, o, .

In the end, as claimed in Theorem 1.3, we still need to show that the operator norm in LP
(Vp > 1) blows up without the assumption that dy > 0. For the range p < 2, the counter example is

simply a Knapp example: let B;(0) denote the ball of radius one centred at origin, take the function

f(x) = 1p,0)(x), let I' be the upper cone which forms an angle less than 7 with the vertical axis.

First define the vector field vo(x) = % for x € T'\ B1(0), then extend the definition to the whole

= ol

plane properly such that vy satisfies the condition (1.3.1). It is then easy to see that

|Huo f(2)] ~ ﬁ,w €T\ Bi(0), (2.1.13)
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which does not belong to LP(R?) for p < 2. For the range p > 2, the counter example is given by the

standard Besicovitch-Kakeya set construction, which can be found in Page 1022 [4] and Page 7 [20].

2.2 Strategy of the proof of Theorem 2.1

If we linearise the maximal operator in Theorem 2.1, what we need to prove turns to be the following

II/Rf(g(fr?y) =ty —tu(@))dt/t]2 < | fll2, (22.1)

where u : R — R is a measurable function such that ||u||s < ¢g/bg. The change of coordinates

(z,y) = (9(=,v),y) (2.2.2)

in (2.0.4) also changes the measure on the plane. However, we still want to use the original Lebesgue
measure for the Littlewood-Paley decomposition. Hence we invert (2.0.4) and denote the inversion
by

(@,9) = (P(2,9),9), (2.2.3)

where “P” stands for “projection”. The following picture illustrates why we call the map (2.2.3) a
projection:

Iy Az.y) I,

(0,y) 9(z,y),y)

(P(z,y),0) (z,0)

The change of coordinates in (2.2.3) turns the estimate (2.2.1) into the following equivalent form

u / F(& — oy — tu(P(e, y)dt/t]s < 1] (2.2.4)
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Moreover, we will denote

H,f(x,y) = /Rf(x —t,y — tu(P(x,y)))dt/t. (2.2.5)

In the rest of the paper, we want to make the convention that whenever H, appears, it denotes
the Hilbert transform along the vector field v(z,y) = (1, u(P(z,y))), which is the above (2.2.5), to

distinguish it from the various H, that have appeared previously in this chapter.

To prove the above estimate, we first make several reductions: by the anisotropic scaling
T =T,y =AY, (2.2.6)

we can w.l.o.g. assume that by = 1072. By a similar cutting and pasting argument to that in the
proof of Theorem 1.3, we can assume that cg < 1072, i.e. the vector field v is of the form (1,u)

with |u| < 1.

Now we start the proof. It was already observed in Bateman [4] (Page 1024) that under the
assumption |u| < 1, we can w.l.o.g. assume that supp f lies in a two-ended cone which forms an
angle less than m/4 with the vertical axis, as for functions f with frequency supported on the cone

near the horizontal axis, we have that

va(l'vy) = H(l,O)f(wvy)a (227)

which is the Hilbert transform along the constant vector field (1,0). But H(; ¢y is bounded by
Fubini’s theorem and the L? boundedness of the Hilbert transform.

For the frequencies outside the cone near the horizontal axis, the proof consists of two steps.
In the first step we will prove the boundedness of H, when acting on functions with frequency
supported in one single annulus. To be precise, let I' be the cone which forms an angle less than

/4 with the vertical axis, IIr be the projection operator on T, i.e.
Orf == F '(1r - Ff), (2.2.8)

where F stands for the Fourier transform and F~! the inverse transform. Let P, be the k-th

Littlewood-Paley projection operator in the vertical direction, namely if we denote by g is a smooth

19



function with support on [-5/2,—1/2] U[1/2,5/2] such that

> k(t) = 1,¥ £0, (2.2.9)
keZ
with
Ui (t) = 1o(277), (2.2.10)
then
Pef@y) = [ Sy =y )uly)dy' (2:2.11)
R

As we are always concerned with the frequency in I'; later for simplicity we will just write P} instead

of Py o Ilr for short. Then what we will prove first is

Proposition 2.3 Under the same assumptions as in Theorem 2.1, we have for p € (1,00) that

1Ho P (F)llp S 1P ()l (2.2.12)

with the constant being independent of k € Z.

In order to prove the boundedness of H,, we need to put all the frequency pieces together. In
the case of C1T% vector fields for any a > 0, Lacey and Li’s idea in [21] is to prove the almost
orthogonality between different frequency annuli. In the case where the vector field is constant
along vertical lines, an important observation in the paper of Bateman and Thiele is that H, and
Py commute, which then makes it possible to apply a Littlewood-Paley square function estimate.

In our case Bateman and Thiele’s observation is no longer true. We need to take into account that
the vector field is constant along Lipschitz curves, which gives rise to an adapted Littlewood-Paley
projection operator (the following Definition 2.5).

Before defining this operator, we first need to make some preparation. Fix one & € R, take the
curve I'; which passes through (Z,0), recall that T'; is given by the set {(¢(%,9),7) : ¥ € R}, where
g is the Lipschitz function in Theorem 2.1. By the definition of the operator H, we know that the
vector field v is equal to the constant vector (1,u(Z)) along I';. Change the coordinate s.t. the
horizontal z’-axis is parallel to (1,u(Z)). The following lemma says that in the new coordinate, the

curve I'z can still be realised as the graph of a Lipschitz function.

Lemma 2.4 For any fired & € R, there exists a Lipschitz function 2’ = gz(y') s.t. Tz can be

1+4+bg

re-parametrised as {(9z(y'),y’) : y' € R}. Moreover, we have that ||gz|Lip < 1552,

where by is the
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constant in Theorem 2.1.

Proof of Lemma 2.4: denote by 6 the angle between the vector (1,u(Z)) and the z-axis as in the

picture below.
]-—‘.'77

0,9) (9(Z, ), 9)

The new coordinate of the point (g(Z,¥),7) will be given by

_1+sin%0

(@',y') = (ysind + g(Z, ) - ,jcos® — g(Z, ) sin ). (2.2.13)

Look at the identity for the second component
y' = gcos — g(z,7)sinb, (2.2.14)

we want to solve ¢ by y by using the implicit function theorem. As

/
% =cosf — g—g sin 6, (2.2.15)

by the fact that |u| < 1 and \g—g| < by < 1072, we obtain that

L—by _dy _1+bo

V2 T dg T V2

(2.2.16)

from which it is clear that the implicit function theorem is applicable.
After solving 7 by 3/, we just need to substitute ¢ into the identity for the first component in
(2.2.13), which is

_ _1+sin%0

' =gsinf + g(z,79) , (2.2.17)

cos

to get an implicit expression of 2’ in terms of y’, which we will denote as 2’ = gz (v').

To estimate the Lipschitz norm of the function gz, we just need to observe that when doing the
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above change of variables, we have rotated the axis by an angle § which satisfies |#] < 7/4. Together

with the fact that |g—§\ < by, we can then derive that

0g; 1+ by
| / | S _ )
ay 1 bo

(2.2.18)

which finishes the proof of Lemma 2.4. [

Definition 2.5 (adapted Littlewood-Paley projection) Select a Schwartz function o with support
on [3,5]U[-2,—1] such that

> wo(27Ft) = 1,Vt #0. (2.2.19)

kEZ
For f : R? — R, for every fired ¥ € R, define the adapted (one dimensional) Littlewood-Paley

projection on I'z by

Bt /f inly — 2)dz = Pu(H), (2.2.20)

where (z',y') = (gz(/),y') denotes one point in Tz, Pp(-) := ¥o(27%-) and we use f(-) to denote the

function f(gz(-),-), and Py the one dimensional Littlewood-Paley projection operator.

Now it is instructive to regard the Lipschitz curves as perturbation of the straight lines, or
equivalently, to think that H, Py f still has frequency supported near the k-th frequency band, which
has already been used by Lacey and Li in their almost orthogonality estimate for C'+* vector fields
n [21]. We then subtract the term I:’;CHUPk(f) from H, Py(f), and estimate the commutator.

To be precise, we first write

> HPu(f) = (HyPi(f) — PcHyPi(f) + PoH, Pi(f)), (2.2.21)
k

then by the triangle inequality, we have
I H POl V(P = PPl + | PH P (2.2.22)
k k

We call the second term the main term, and the first term the commutator term. The L? boundedness
of the main term will follow from orthogonality argument, which is the following adapted Littlewood-

Paley theorem.
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Lemma 2.6 For p € (1,400), we have the following variants of the Littlewood-Paley estimates:

O B2l ~ (11 (2.2.23)
kEZ

IO IBE O 2 ~ 1, (2.2.24)
kEZ

with constants depending only on ag.

Proof of Lemma 2.6: In the above equation (2.0.8), we have already explained the following

co-area formula:

[ st lasay~ [ isiasslas 2025)

T

We apply this formula to the left hand side of (2.2.23) to obtain

IS 1P 2~ [ [ (IR dssas (22.26)

kEZ Z kEL

For every fixed Z, by Definition 2.5, the right hand side of (2.2.26) turns to
[ P prr2ayas, (2.2.27)
R JR T

where fg—g(y’ )= f(9z(¥'),y"). Then the classical Littlewood-Paley theory applies and we can bound

the last expression by

JALS e (2.0.28)

For the boundedness of the adjoint operator, it suffices to prove that

DB ) SN IO 1l 2 (2.2.29)

kEZ keZ

First by linearity and Holder’s inequality, we derive

SYBL) S = S Bel) S 11l S Belfil o (2.2.30)

kEZ keZ keZ

Applying the co-area formula (2.2.25), we obtain

I Bl ~ ([ ([ 13 Pl dssyaa) 7 (2231)

kcZ R JTs pez
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By the Definition 2.5, for every fixed & € R, the inner integration in the last expression turns to

/R|ZP19 Y dy, (2.2.32)

kEZL

where fi.:(v') == fr(9:(y'),y'). Now the classical Littlewood-Paley theory applies and we bound
the term in (2.2.32) by

[ st 2 < [ (5 1 s < IC A, (22.33)
R ez Ts kez keZ

Then to prove (2.2.29), we just need to integrate dZ in (2.2.33) and apply the co-area formula (2.2.25)

to derive

I3 Pl S IS P21 0, )

keZ keZ

SHQC P2

keZ

Thus we have finished the proof of Lemma 2.6.0]

Now we will show how to prove the L? boundedness of the main term by Lemma 2.6 and Proposition

2.3: first by duality, we have

llgll2=1

1> BeH Pi(H)l2 = sup [(Y P Pi(f), 9)|
k k

= sup \(ZHka(f)a P (9))].
&

llgll2=1

Applying the Cauchy-Schwartz inequality and Hoélder’s inequality, we can bound the last term by

sup [|(Y_ [HoPL ()P 220 1B (912 |2 (2.2.34)

llgll2=1 k k

For the former term, Proposition 2.3 implies that

Z|H PNl < (O I1HLP()5)'

keZ

SONPHID? S UIfl2-

kEZ
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For the latter term, Lemma 2.6 implies that
IO 1B @) l2 S Hlglla- (2.2.35)
k

Thus we have proved the L? boundedness the main term, modulo Proposition 2.3.

As the second step, we will prove the L? boundedness of the commutator, which is

1" (Hy Pe(f) = PHoPe(F)l2 S 1 f - (2.2.36)
k

To do this, we first split the operator H, into a dyadic sum: select a Schwartz function g such that
g is supported on [%, g], let

Pi(t) = vo(27'8), (2.2.37)

by choosing 1)y properly, we can construct a partition of unity for RT, i.e.

Lio.00) = O Y- (2.2.38)
ez
Let
Hih(z,y) = /&l(t)h(a: —t,y — tu(P(x,y)))dt, (2.2.39)

then the operator H, can be decomposed into the sum

H,=-1+2> H,. (2.2.40)
leZ

Hence to bound the commutator, it is equivalent to bound the following

ZZ(Hszf — P.H, Py f). (2.2.41)

keEZ leZ

Notice that by definition, H; Py f vanishes for [ > k, which simplifies the last expression to

Z Z(Hk—lpkf — PyHy— 1 Pyf). (2.2.42)

1>0 keZ

By the triangle inequality, it suffices to prove
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Proposition 2.7 Under the same assumption as in Theorem 2.1, there exists v > 0 such that

1Y (HeeiPof — PoHp 1 Pif)ll2 < 277 fll2, (2.2.43)
keZ

with the constant independent of | € N.

So far, we have reduced the proof of the Main Theorem to that of Proposition 2.3 and Proposition

2.7, which we will present separately in the following sections.

2.3 Boundedness of the Lipschitz-Kakeya maximal function
and proof of Proposition 2.3

Lacey and Li in their prominent work [21] have reduced the L? boundedness of the operator H, .,
(given by (1.0.8)) to the boundedness of an operator they introduced, the so called Lipschitz-Kakeya
maximal operator. As soon as this operator is bounded, we can then repeat the argument in Chapter
4 [21] to obtain Proposition 2.3 as a corollary.

Here we follow [4], where a slightly different version of the Lipschitz-Kakeya maximal operator is
used, see the following Lemma 2.10. The only place in [4] where the one-variable vector field plays
a special role is Lemma 6.2 in page 1037. Hence to prove Proposition 2.3, we just need to replace

this lemma by Lemma 2.10, and leave the rest of the argument unchanged.

In this section we make an observation that both the boundedness of the Lipschitz-Kakeya max-
imal operator (Corollary 2.11) and its variant (Lemma 2.10) can be proved by adapting Bateman’s
argument in [3] to our case where the vector fields are constant only on Lipschitz curves.

Before defining the Lipschitz-Kakeya maximal operator, we first need to introduce several defi-

nitions.

Definition 2.8 (popularity) For a rectangle R C R?, with I(R) its length, w(R) its width, we define
its uncertainty interval EX(R) C R to be the interval of width w(R)/I(R) and centered at slope(R).

Then the popularity of the rectangle R is defined to be
popr = [{(z,) € B2 : u(P(x,y)) € EX(R)}|/|R. (2:3.1)
Definition 2.9 Given two rectangles Ry and Ry in R?, we write R1 < Ry whenever R1 C CRy and
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EX(Ry) C EX(Ry), where C is some properly chosen large constant, and C Ry is the rectangle with

the same center as Rs but dilated by the factor C.

Denote Rs., := {R € R : slope(R) € [—1,1],popr > §,w(R) = w}, where R is the collection of

all the rectangles in R2. Then the Lipschitz-Kakeya maximal function is defined as

Mg, (f)(@) = sup ﬁ /R £l (2.3.2)

IGRGR&M

Lemma 2.10 Let u and P be the functions given in the definition of the operator H, in (2.2.5).
Suppose Ry is a collection of pairwise incomparable (under “<”) rectangles of uniform width such

that for each R € Rg, we have

|(uo P)"Y(EX(R))N R|

7 >0, (i.e. popr > 9) (2.3.3)
and
L / 1rp >\ (2.3.4)
7 F 2 A 3.
1Rl Jr
Then for each p > 1,
|F|
< 1
> RIS Y (2.3.5)
ReRy

The same covering lemma argument as in Lemma 3.1 [3] shows the boundedness of Lacey and

Li’s Lipschitz-Kakeya maximal operator as a corollary of Lemma 2.10.

Corollary 2.11 For all p € (1,00) we have the following bound

ML —1r < C(p,ao) (2.3.6)

SN

Proof of Lemma 2.10: The proof is essentially due to Bateman [3]. Most of the argument in [3]
remains, with just one minor modification in order to adapt to the family of Lipschitz curves on

which the vector field is constant.

Definition 2.12 (rectangles adapted to the vector field) For a rectangle R € Rs,,, with its two long
sides lying on the parallel lines y = kx + by and y = kx + by for some k € [—1,1] and by,by € R,

define R to be the adapted version of R, which is given by the set

{(z,y) : P(z,y) € P(R)} {(z, kx +b) : x € R,b € [by, ba]}, (2.3.7)
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where P is the projection operator in (2.2.3).

What we need to do is just to replace the rectangles R in [3] by R, and observe that the two key
quantities—length and popularity of rectangles— are both preserved under the projection operator P
up to a constant depending on the constant ag in Theorem 2.1. Hence we leave out the details and

refer to [3].00

2.4 Boundedness of the commutator: Proof of Proposition

2.7

This section consists of three subsections. In the first subsection we will introduce some notations,
most of which we adopt from Bateman’s paper [4], with minor changes for our purpose. In the
second we will use Jones’ beta numbers and the Carleson embedding theorem to prove Proposition

2.7, modulo one crucial lemma which will be presented afterwards in the third subsection.

2.4.1 Time-frequency decomposition

The content of this subsection is basically taken from Bateman’s paper [4], with minor changes as

we are now dealing with all frequencies instead of one single frequency annulus.

Discretizing the functions: Fix [ > 0, we write D; as the collection of the dyadic intervals of

length 27! contained in [~2,2]. Fix a smooth positive function 3 : R — R s.t.
B(x) = 1,V|z] < 1; B(z) = 0,V|z] > 2. (2.4.1)

Also choose 8 such that /8 is a smooth function. Then fix an integer c(whose exact value is

unimportant), for each w € Dy, define

Bu(z) = B (2 = cuy)), (2.4.2)

where w; is the right half of w and ¢, is its center.

Define
Bilx) =Y Bula), (2.4.3)

weED,;
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note that

Bi(x +27Y = py(x),Vo € [-2,2 —271]. (2.4.4)

Define

1
n=1 [ A+ i, (2.4.5)

because of the above periodicity, we know that +; is constant for = € [—1, 1], independent of [. Say
~vi(xz) =& > 0, hence

%’Yl(m)]l[—l,l](x) = T1_1(x). (2.4.6)

Define another multiplier 3 : R — R with support in [%, g] and B(a:) =1 for x € [1,2]. We define

the corresponding multiplier on R?:

s (E,1) = B(Z‘kn)ﬂw(%)

3

e (€,m) = BBt + 5)

s (6,17) = B(f‘“nm%)

Then what we need to bound can be written as

IS HPD = [ 303 (G = Dl

kezZ 1€z —lkez >0

1
1
S/1IIZZHk—l(gmk,u*f)||pdt7

-1 kezi>o

where the terms H; Py for [ > k in the sum vanish as explained before.
So it suffices to prove a uniform bound on ¢t € [—1,1], w.l.o.g. we will just consider the case
t = 0, which is

SN Hiilmigo = ) = 30 3 HdlBE A (3)] « ). (247)

kEZ 1>0 kEZ 1>0 "

Constructing the tiles: For each k € Z and w € D; with [ > 0, let Uy, be a partition of R? by
rectangles of width 27% and length 27%*!, whose long side has slope #, where tan = —c(w), which
is the center of the interval w. If s € U}, ,,, we will write w, := w, and w1 to be the right half of w,
ws,2 the left half.

An element of Uy, ., for some w € D; is called a “tile”. Define ¢y, such that

‘Sﬁk,w|2 = M, (2.4.8)
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then ¢y, is smooth by our assumption on 3 mentioned above.

For a tile s € Uy, define

0s(p) = V/Islrw(p — c(s)), (2.4.9)

where c¢(s) is the center of s. Notice that

loall = [ Il =lol [ e =1 (2.4.10)

i.e. ¢ is L? normalised.
The constructing of the tiles above by uncertainty principle is to localise the function further in

space, which is realised through

Lemma 2.13 (Page 1030 [4]) Under the above notations, for the frequency localised function f x

My, we have the following representation:

1
frmp(z) = ngnoom/i . > (frpalp+ ))es(p+ x)dp (2.4.11)
[—N,N] s€EUK,w

The above lemma allows us to pass to the model sum

SO Hea(fxmrao) =Y D> > (fr o) Hemi(s),

keZ 150 KEZ 130 wEDy s€U, .,
define
Vs = Y log(length(s)) (2.4.12)
and
ba(@,y) = / De () — 1y — tu(P(z, 9))dt, (2.4.13)

then the model sum turns to

ZZ Z Z <fa903>¢s (2.4.14)
keZ 1>0

weD; s€Uk 0

Lemma 2.14 We have that ¢5(x,y) = 0 unless —u(P(x,y)) € wsa.

The proof of Lemma 2.14 is by the Plancherel theorem, we just need to observe that the frequency

support of 15 and ¢, will be disjoint at the point (x,y) unless —u(P(x,y)) € ws,2.

30



2.4.2 Proof of Proposition 2.7

This subsection is devoted to the proof of Proposition 2.7, which is largely motivated by the proof
of the T'(b) theorem and the boundedness of the paraproduct, see [1] and [10] for example.

In our case, unlike Bateman and Thiele’s proof for the one-variable vector fields, it’s no longer
true that H, Py f still has frequency in the k-th annulus. In order to get enough orthogonality for the
term H, Py f to apply the Littlewood-Paley theory, we need to subtract the term H, Py f — P.H, Py f,

which should be viewed as a family of paraproducts.

We proceed with the details of the proof. If we expand the summation on the left hand side of

Proposition 2.7 with (2.4.14), what we need to bound can be rewritten as

IS5 7 (£ (60 — Peon)lls S 27 1l (2.4.15)

k weD; seUy, .

In order to use the orthogonality of different wave packets, we will prove the L? bound for the

dual operator, which is

Z Z Z <ha¢s - pk¢s>90$- (2.4.16)

k weD; s€ly,.,

Notice that for s1 € Uy, «, and sy € Uy, o, With (k1,w1) # (k1,w2), we have

(Ps1,9s:) =0 (2.4.17)

by the definition of the wavelet function ¢ in (2.4.9). Also if we know that si,se are in the same

Uk, for some k and w, then we can find mg,ng € Z s.t.
c(s2) = c(s1) + (mo - 1(s1),m0 - w(s1)) (2.4.18)

where ¢(s) is the center of the tile s, I(s) its length and w(s) its width. Then by the non-stationary

phase method we know for any N € N, there exists a constant Cy depending only on NV s.t.

Cn
Imol| + |no| + 1N’

[{@s15 s2)| < ( (2.4.19)

Here we want to make a remark that the exact value of N is not important, it just denotes some

large number which might vary from line to line if we use the same notation later.
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Applying the above two estimates (2.4.17) (2.4.19), we obtain

||Z Z Z <h7¢s_Pk¢s>@s||§

k weD; Seukww

= Z Z Z Z <h”¢31 - pk¢81><908179082><h7 ¢32 - p/c¢sz>-

k weD; s1€U1€)w 52€Z/{k,w

As we know for any si, s2 € Uy, there exists mg,ng € Z s.t.
c(s2) = c(s1) + (mo - 1(s1),n0 - w(s1)), (2.4.20)
the above sum can be rewritten as

Z Z Z Z <h7 ¢51 - Pk¢s1><(ps1 ) 9082><ha ¢82 - pk¢sz> (2-4.21)

mo,no€EL KELwWED; s1EU, .

with s, so satisfying the relation (2.4.20).

Now fix mg,ng € Z, by the estimate in (2.4.19), we know that

Z Z Z ‘<h7¢81 - pk¢81><(p8179082><h’7¢82 - pk¢52>|

k w€Dy s1€UL,.

1 - .
S T T T TN 2 2 2 [{hs = Py} (b bey = P,

k w€D; s1€UL,.

by the Cauchy-Schwartz inequality, the last term is bounded by

(‘m0| + |71fLO| + 1)N Z Z Z ‘<h7¢9 - Pk¢s>‘25 (2422)

k weD; seUy,w

then it suffices to prove that

SN (hde - Bion)? <273 (2.4.23)

k weD; Seuk,w

First to estimate every single term (h, ¢s — Pk¢5> for a fixed tile s: denote s, , to be the shift

of s by (m,n) units, i.e.

S = {(2,y) ER*: (x —m - 1(s),y —n-w(s)) € s}, (2.4.24)
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then by the triangle inequality we know that

(B, ¢ — Pacbs)| < > |/ b5 — Ppops)dydz). (2.4.25)

m,n€”z Sm,n

Recall that in Definition 2.12 we use R to denote the adapted version of the rectangle R to the

family of Lipschitz curves, then clearly 5., , D Sp,n. Thus

[(hy ¢ — Pucbs)| < > |/ — Prgs)dydz]. (2.4.26)

m,n€”z Sm,n

By the co-area formula (2.2.25), we obtain

(hds— Pro)| < | / — Bugs)dyds]

m,n€Z Sm

/ / — Peg)|ds,de,
P(qm n Ty NSm,n

where ds,; stands for the arc length measure of the Lipschitz curve I',.

m,n€”z

Now for the inner integration along the curve I';, we do the same change of coordinates and the
same parametrisation of I', as in Definition 2.5, i.e. we choose the coordinates s.t. the horizontal
axis is parallel to (1,u(z)), and represent the curve I';, by the Lipschitz function g,(-). If we let

J(z, $m,n) denote the projection of I'y N &y, , on the new vertical axis, the last expression becomes

/ / 12 (1), 1) (64 (92(1), ¥) — Pile(ga (). v)])|dydz. (2.4.27)
P(sm,n) J(xsmn)

m,n€L
To bound the above term, Jones’ beta number will play a crucial role.

Definition 2.15 ([16]) For a Lipschitz function A : R — R, we first take the Calderdn decomposi-

tion of a(x) = A'(x), which yields the representation

a(r) = Y ardi(x), (2.4.28)

I dyadic

where 11 is some mean zero function supported on 31, |4 (z)| < |I|71. For each dyadic interval I,

let

oy = Z a]wJ(C[), (2429)

[J1=[1]

where cy stands for the center of I, denote the “average slope” of the Lipschitz curve near I, and
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define the beta number
[A(z) — Aler) — au(z — cr)]|

Bo(I) := sup , (2.4.30)
re3l |I|
and the jo-th beta number
A(x)— A — —
Bjo(I) := sup [Alz) = Aler) —erlz —en)l (2.4.31)
x€3j01 ‘[I
For beta numbers, we have the following Carleson condition.
Lemma 2.16 ([16]) For any Lipschitz function A, we have
sup Z Ba (D] < ALy (2.4.32)
| =
and also for any jo € N
2 (
Sup 7 I;]ﬂjo M| < ol AlZ - (2.4.33)

After introducing Jones’ beta number, we are ready to state

Lemma 2.17 for x € P(sm,.n), we have the following estimate:

/J( | ,)|h(g$() Y)(9s(92(1),y) = Prlos (92 (), v)])dy

2—3l/2
< - Bio (€, 8 [Plzsm 0 L —u(e)ew, o3 (2
P (Igo| + [m| + |n| + )N o (23 Sm,n) [Pl s L —u(2)€w, 2} (7)

where [, (%, Sm.n) is the jo-th beta number for the Lipschitz curve g,(-) on the interval J(x, Sm.n),

(h)2,5mm.n 15 the average of the function h on the interval J(x,5m ), i.e.

1

[h}z,smvn = m

/ |h(g2(y), y)|dy. (2.4.34)
J(z,Sm,n)

The proof of Lemma 2.17 will be postponed to the next subsection. Substitute the estimate in

Lemma 2.17 into the estimate for the term (h, ¢, — Pp¢), we then have that

|<h‘ Pk¢5

0
<3 / o / o L) 0)0u(0 ). )~ Piloulan): )]y

273l/2
< (2, 8mon)[Mes,  Lg_ S (x)dx
Z/ pienny 2, T+ T o 177 0 0 Bl ity (@)
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hence

ZZ Z |<h’¢s_pk¢s>|2

k weD; SGZ/{}Q)W

9—3l
SZZ Z Z (Ijol + [m| + [n| + )N

k weD; seUy,., m,n,jo

| P ) Bjo (CC, Sm,n)[h]w,sm,n ]l{fu(ac)ews,z}(*T)dx|2

-2
) W .
2 ol -l Jal +1)
XY Y e [ B sl e (s
k weD; seUy P(sm,n)

Lemma 2.18 for any fizxed x, fired m,n, jo,

DX Y W) e, @85 (@ sma) (B2, L cu@ew. o} (@) S i IAlT2,)  (24.35)
k w€D; s€Uk,w

Proof of Lemma 2.18: this lemma is akin to the Carleson embedding theorem, as we have the

following Carleson type condition

1
Sup ———— ) > (J(, 80, ) w(sh, ) S do Lip*(Ts), (2.4.36)
Sm,n ‘J((ﬁ, Sm n)|
' ’ 8 mniJ (2,8, ) CI(%,8m,n)

where the term 1¢_,()ew, ,} Plays such a role that, originally there are 2! groups of dyadic rectangles

UU U Gmal (2.4.37)

k weD; s€Uy, .,

in the summation ), ZwEDL > seuty, ,» Which means that there are also 2! groups of dyadic intervals

UU U @ sma) (2.4.38)

k weD; scUy, .

which are the projections of the intersection of the dyadic rectangles with I';, on the vertical axis,
the term 1y y(4)ew, ,) just guarantees that there is just one such collection which has contribution,
i.e. which has the right orientation in the sense of Lemma 2.14.

Then the desired estimate will just follow from the Carleson embedding theorem, which we refer

to Lemma 5.1 in [1].0
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Continue the calculation before the above lemmas:

ZZ Z |<h7¢s_pk¢s>|2

k weD, seuk,w
2_21‘78 2 —21 2
S 2 Gl T Allh\le<Fz>dw52 113

m,n,jo

This finishes the proof for (2.4.23) and then Proposition 2.7 modulo Lemma 2.17, which we will

present in the following subsection.

2.4.3 Proof of Lemma 2.17

We assume that —u(z) € w2, which means the vector (1,u(x)) is roughly parallel to the long side
of 8, 5, otherwise the left hand side in Lemma 2.17 will also vanish due to Lemma 2.14. After the

change of variables in (2.4.27), the vector (1,u(z)) turns to (1,0).

Proof by ignoring the tails: In order to explain how Jones’ f-number appears, we first sketch
the proof by ignoring the tails of the wavelet functions and the tail of the kernel of the Littlewood-
Paley projection operator Pj.

By the above simplification, we only need to consider the case m = n = 0. What we need to

“prove” becomes

/]( ) 1h(92(Y), ) (0s(92 (¥), ) — Prlos(92(y), »)])dy < 273/280(J (, 5))[h],s- (2.4.39)

For fixed z, we denote by 7, sy + b the line of “average slope” we picked in the definition of the beta
number for the Lipschitz curve g,(-) on the interval J(z,s), for the sake of simplicity we assume
b = 0. Moreover, as both = and s are fixed, we will also just write 7 instead of 7, ;. Then we make

the crucial observation that

Pi[o(my,y)] = ¢5(Ty, ), (2.4.40)

where

67(ry,y) == / Da(t)ps(ry — t,y)dt, (2.4.41)

due to the fact that for any function ¢, with frequency supported on the k-th annulus, if we restrict
the function to a straight line, it will still have frequency supported on the k-th annulus (with one

dimension less).
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In comparison with the definition of ¢, in (2.4.13), ¢%(7y,y) is defined as the Hilbert transform
along the vector (1,u(x)) (which is (1, 0) after the change of the variables we made in Lemma 2.4
and in the expression (2.4.27)) instead of the direction of the vector field v at the point (7y,y).

Hence from the identity in (2.4.40) we obtain

0s(92 (), ¥) — Pelds(92(y), y)]
= ¢s(gz(y)7 y) - Pk[¢s(gz(y)7 y) - (b?(Ty» y) + ¢§(7y, y)] <2'4'42)

= ¢s(92(%),y) — 95 (7Y, y) — Prlds(92(y),y) — o5 (Ty,9)]-

As we have also ignored the tails of the kernel of Py, it is easy to see that the former and the latter
terms in the last expression can essentially be handled in the same way. Hence in the following we

will only consider the former term, which corresponds to the term

/ M) )6l ) ~ 620l (2.4.43)
J(z,s
By the definitions of ¢5 and ¢¥, we have

|6 (92 (1), y) — &5 (7Y, y)]
oy / it (t)pa (g2 () — )it — / D (D)ps(ry — )]

) § (2.4.44)
=21 [ o )pula(o) — 6 2)dt [ o2 )pulry )t
R R
= 2571 [ 0@+ 2(0) = 7)) = G2 Ol — )i,
By the definition of the beta numbers, we have that
19:(y) = Tyl < Bo(w,$)27", (2.4.45)
which implies that
02571 (t + g2 (y) — 79)) — Y02 ')| S 27" Bo (. 5) (2.4.46)

by the fundamental theorem of calculus. In the end, by substituting the above estimate into (2.4.44)
and (2.4.43) we obtain the desired estimate (2.4.39).

The full proof: The main idea is still the same, and the difference is that we need to be more

careful with the tails of the wavelet functions and the kernel of Pj.
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For fixed z, fixed m and n, denote 7(x, S, )y + b as the line of “average slope” for the Lipschitz
curve g, () on the interval J(z, sy, ), for the sake of simplicity we assume b = 0. Then the crucial

observation (2.4.40) becomes

Prlol (7(@, 8mm)y, y)] = 05 (T(2, 5mn)y, y)- (2.4.47)

Hence similar to (2.4.42), we obtain from (2.4.47) that

¢s(92(y), y) — Prlds(92(y),y)]

= ¢s<gw (y)’ y) - (/b?(T(i& Sm,n)ya y) - Pk [(bs(ga:(y)v y) - ¢§(T(xa Sm,n)y7 y)]

Denote

Lo = | / h(g2(y), y) - (9s(92(y),y) — G2 (T(2, Sm )y, y))dy| (2.4.48)
J(x,5m,n)

and also

I, =| h(92(y),y) - Prlds(92(y),y) — 05 (T(x, Sm,n)y, y)]dyl. (2.4.49)

J(xvsm,n)

Lemma 2.19 Under the above notations, for z € J(x,Smn) + G027k with jo € Z, we have the

pointwise estimate

ﬁ|j0|($a3m,n)2k273l/2
(min{|m| + [nl, [m| + |n| = |jol} + DN

|¢s(92(2), 2) = G5 (T(2, 8mm)2, 2)| S (2.4.50)

Let us first continue the proof of Lemma 2.17: for the first term I, we take jo in Lemma 2.19

m,n?

to be zero, then
ﬂ0($7 Sm,n)2k2_3l/2

(G0(2), 2) — T (T (2, 8 m)z, 2)| < : 2.4.51
9(92(2):2) = 63(7(@,5mn) 2 2)| & = T (2:450)
which implies that
9—31/2
T S Gl o e (2.4.52)
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For the second term 11, ., by the definition of Py,

| Prls(92(y), y) — &5 (T(2, Smn)y, y)]|
| / (64(a(2), 2) — 6 (1 (@, 5mn)2: 2) 2500 (25 (g — 2))d]

(65(92(2), 2) = 6% (T (@, im0z, 2)) 250 (25 (y — 2))d].

Jo€Z J(%,8m,n)+Jo2~ k

For y € J(2,8m.n) and z € J(z, $m.n) + jo2~F, by the non-stationary phase method, we have that

1

|¢0(2k(y -2)I S Wa

(2.4.53)

together with the estimate in Lemma 2.19, we arrive at

|Pi[6s(92(v), y) — &5 (T(, 8m.n)y, 9)]|

Z ﬁ|jo|(xvsm,n)2k273l/2 1
~ (min{|m| + [n[,[m| + [n| = [jol} + DN (jo + 1)V

JoEZ

ko3l
< Z Bliol (., 5m,n)2"273!/2

2 ol + Tl + o + DY

Substitute the last expression into the estimate for I, , we get the desired estimate. So far we

have finished the proof of Lemma 2.17 except the Lemma 2.19, which we will do now.

Proof of Lemma 2.19: As z and s, ,, are fixed now, later for simplicity we will just write 7 instead
of 74 s,, .- Notice that in the new coordinate we chose for I';, the vector field along I';, points in the

direction of (1,0). Then by the definition of ¢4 and ¢%, we have

|¢s(g:b(z)a Z) - ¢§(TZ, Z)‘
= 9+ / W02 (¢ + gu(2) — 72)) — D@ D) pu(rz — t, 2)di].
R

By the definition of the beta numbers, we have that

192(2) = 72| < Bijo) (%, 8m.n)27", (2.4.54)
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which implies that

1o (287t + g2 (2) — 72)) — Yo (28 H)| S 271 B0 (s Simin) (2.4.55)

by the fundamental theorem of calculus. In the end, non-stationary phase method leads to the final

estimate:

2k /R[JJO(Qk’l(t + 92(2) = 72)) — Yo (2" )]s (T2 — t, 2)dt|

2_lﬁljo| (z, smv")2%2%
~ (min{|m| + |n[, [m| + [n] = o} + DN

Thus we have finished the proof of Lemma 2.19 and hence Lemma 2.17.
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Chapter 3

Hilbert transform along measurable vector fields constant on

Lipschitz curves: L’ boundedness

In this chapter, we will present the proof of Theorem 1.3 for the case p > 3/2. Recall that in the last
chapter, we have reduced the L? estimate in Theorem 1.3 to the estimate (2.0.9) in Theorem 2.1.
To prove the LP estimate in Theorem 1.3, we could do the same reduction. However, here we will
formulate Theorem 2.1 in a slightly different (but equivalent) way, such that it is more consistent
with the language we will be using to carry out its proof. This language is the so-called -calculus,
which has been used intensively in the Fourier restriction estimates, see [18], [13] and [8] for example.
There are significant advantages of using d-calculus, which will be explained after stating the main

theorem (Theorem 3.1 below) of this chapter.

Theorem 3.1 For vector fields v : R? — R? of the form (1,u(h)) where h : R? — R is a Lipschitz
function such that

IVh = (1,0)]|e < €0 < 1, (3.0.1)

and u : R — R is a measurable function such that
[ull <1, (3.0.2)
the associated Hilbert transform, which is defined as
H,f(z):= /Rf(ac — tv(x))dt/t, (3.0.3)

is bounded on LP for all p > 3/2.
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Clearly the above result is a Lipschitz perturbation of the result Theorem 1.1 by Bateman and
Thiele [5]: if we take h(z1,22) = x1, then the vector field becomes (1, u(h(z1,22))) = (1,u(z1)),
which is a one-variable vector field. However, we have one more assumption that ||ullec < 1. To

recover the result in Theorem 1.1, we just need to apply the following anisotropic scaling

r1 — T1,T2 — )\mg, (304)

and a simple limiting argument.

Let us mention the new ingredients that will be used to extend the L? bounds in the last
chapter. Recall that in the L? case, the crucial ingredients are Jones’ beta numbers and the adapted
L2-Littlewood-Paley theory, which is in the spirit of the work on the Cauchy integral on Lipschitz
curves (for example see [10]). The techniques used in the proof of the L? bounds are the Hilbert
space techniques as we need to use some facts like taking L? norm works trivially with certain square
functions. Out of this reason, only L? bounds are obtained.

In the LP case for p other than 2, one novelty is that we discovered a new paraproduct, which is
indeed a one-parameter family of paraproducts, with each paraproduct living on one Lipschitz level
curve of the vector field v. To prove the LP bounds for the one-parameter family of paraproducts,
the difficulty is how to embed each paraproduct into two dimensions without losing orthogonality.
To overcome this difficulty, we need to develop an adapted LP-Littlewood-Paley theory, which again
requires a new square function as an intermediate step. This new two dimensional square func-
tion shares some common features with the bi-parameter square function. See the following crucial

Lemma 3.13 and Claim 3.18.

Another difference from the L? case is that we will write the proof by using d-calculus. One
significant advantage of the §-calculus, which we will see shortly in the proof, is that it allows us
to express everything in terms of the function A from Theorem 3.1, instead of going back and forth
between h and its inverse as in the last chapter. For example, this can be seen by comparing the
crucial definition of the adapted Littlewood-Paley operator associated to the vector fields, namely

by comparing Definition 2.5 in the last chapter with Definition 3.5 in the current chapter.

Organisation of chapter: In Section 3.1 we will state the strategy of the proof for Theorem

3.1. If we denote by Py a Littlewood-Paley operator in the second variable, the main observation in
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Bateman and Thiele’s proof for the one-variable vector fields is that H, commutes with Pg. In our
case, this is no longer true. To recover the orthogonality, an adapted Littlewood-Paley operator was
introduced in the previous chapter (see Definition 2.5 or the following Definition 3.5), which allows

to split the operator H, into a main term and a commutator term

STHP(f) =Y (HoPu(f) — PuHoPy(f) + PoH, Pi(f)). (3.0.5)

kEZ keZ

The L? (p > 3/2) bounds of the main term }_, , P.H,P;(f) can be proved essentially by the
same argument as in Bateman and Thiele [5], with just minor modifications that we will state in
Section 3.2.

The main novelty is the LP boundedness of the commutator term

> (HyPi(f) = PeHy Pi(f))- (3.0.6)

kEZ

To achieve this, we will use the same time-frequency decomposition as in Subsection 2.4.1 in the

previous chapter, and then prove in Section 3.3 that (3.0.6) is bounded on L? for all p > 1.

3.1 Strategy of the proof of Theorem 3.1

We recall that if we denote by I' the two-ended cone which forms an angle less than m/4 with the

vertical axis, then by the assumption that |u| < 1, we can w.l.o.g. assume that
supp f cr, (3.1.1)
as for functions f with frequency supported on R? \ T', we have that
H,f(z) = He0)f(2), (3.1.2)

which is the Hilbert transform along the constant vector field (1,0). But H(; ) is bounded by Fu-

bini’s theorem and the L? boundedness of the Hilbert transform.

The rest of the proof consists of two relatively independent steps. The first step will just be an

adaption of Bateman and Thiele’s argument in [5] to our case. Our key observation is that both
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covering lemmas used there (Lemma 7 and Lemma 8) indeed hold true in our setting, from which

we can derive the following proposition as a corollary by repeating the rest of the argument in [5].

Proposition 3.2 Under the same assumptions as in Theorem 3.1, we have the following square

function estimate

1/2
(Z(Hka(f))2> S I fllp, VP > 3/2, (3.1.3)

kEZ
p

where Py, is the k-th Littlewood-Paley projection operator in the vertical direction defined by (2.2.11).

For the one-variable vector fields, i.e. vector fields of the form v(z,y) = (1,u(x)) for some

measurable function u, Bateman and Thiele in [5] used (3.1.3) and the crucial observation that
H,P, = P,H, (3.1.4)

to conclude the boundedness of H,. In our case, the identity (3.1.4) is no longer true, i.e. the
orthogonality between H, Py f for different k € Z is missing.

To recover the orthogonality, an adapted Littlewood-Paley operator along the level curves of the
vector field was introduced in the previous chapter. This operator is in the spirit of prior work on
the Cauchy integral on Lipschitz curves, but more of a bi-parameter type as we have one-parameter
family of level curves.

Here we give an equivalent definition of the operator Py, by using the language of d-calculus. The
advantage of this new definition is, compared with the one in the previous chapter, that it does not
necessitate neither the change of coordinates nor the parametrisation of the Lipschitz curves, both
of which can be replaced by introducing the following auxiliary function. To do this, we need several
notations: for ¢ € R we define

[y :={z € R*: h(z) = t}. (3.1.5)
Moreover, we denote by v; the value of the vector field v, which is a constant along I';.

Definition 3.3 (Auxiliary Function) For everyt € R, we define a new function hy : R> — R in

such a way that, if for some y € T'y, we have
z—y=d-v; (3.1.6)

for some d € R, then we set hy(z) = d.
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Remark 3.4 It is not difficult to see that
|Vhe| ~ 1, a.e. in R?, (3.1.7)

where the constant is independent of t € R.

Definition 3.5 (Adapted Littlewood-Paley Operator) For x € R?, we denote t = h(z). We

then define the adapted Littlewood-Paley projection operator Py restricted on the curve Ty by

Prf(x):= | 6(he(y))f () de((@ —y) - v )dy, (3.1.8)

R2
where Y (+) is given by (2.2.10).

Remark 3.6 We show that the above Definition 3.5 is equivalent with the Definition 2.5 in the
previous chapter. To do this, we start from the new definition (3.1.8): for a fized t € R, the two
vectors vy and vi- form a orthogonal coordinate system of the plane. Write y € R? in this new system
as

Y = y10 + yavi, (3.1.9)

and for the sake of simplicity we will still use the notation y = (y1,y2). This changes the expression

in (3.1.8) to

/]R2 Fy1,y2)0(he(yr, y2) ) ¥n (22 — yo)dy

(3.1.10)
= /IR (/R f(y17y2)5(ht(y1,y2))dy1> V(w2 — yo)dyo.
Hence if we use the same parametrisation as the one in Definition 2.5, which is
Uy = {yavi + ge(y2)vely2 € RY, (3.1.11)
then by the definition of the function hy in Definition 3.5, which implies
/Ré(ht(x))dxl =1, (3.1.12)
the right hand side of (3.1.10) will equal
/Rf(gt(m)»yz)z/v)k(xz — y2)dys, (3.1.13)
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which is exactly the one given by the Definition 2.5.

Lemma 3.7 (Adapted Littlewood-Paley Theory) Forp € (1,00), we have the following vari-

ants of the Littlewood-Paley theorem.:

IO 1B F 12 ~ 11l (3.1.14)
kEZ

IO 1B F) 2l ~ 11£lp- (3.1.15)
kEZ

Proof of Lemma 3.7: This Lemma is exactly the same as Lemma 2.6 in the previous chapter.
However in the following we will provide a proof by using the language of §-calculus. By the Fubini

theorem, we obtain

p/2 p/2
/Rz (ZIPMZ) :/R/Rz (Z |Pkf|2> §(h(z) — t)dadt. (3.1.16)

keZ keZ

When integrating against dz, by doing the change of variables h(z) —t — hi(x), we can write the

right hand side of the above expression as

p/2
/R/R <Zl3kf|2> 5(ht(x))mdxdt. (3.1.17)

kEZ

By the bound on VA, in (3.1.7) and our assumption on VA in (3.0.1) that
|Vh| ~ 1, a.e. in R? (3.1.18)

it suffices to show that

p/2
/Rz (Zpkf|2> O(he(x))dx /RQ |f(@)[P6(he(x))de, (3.1.19)

keZ

with a bound being independent of ¢ € R.

We substitute the definition of Py into the left hand side of the last expression to obtain

[z

The above expression can be viewed as a two dimensional Littlewood-Paley operator with the singular

S(heW)) f W)Uk ((z — ) - vi")dy

R2

o\ P/2
) 0(hi(z))dz. (3.1.20)
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measure d(h:(+)), hence heuristically it is bounded by
/]R L) S () (3.1.21)
To make the above argument rigorous, we introduce the change of variables
T = 21V + ToVF, Y — Y10y + Y2vi (3.1.22)

For the sake of simplicity, after the change of variables, we will still write = (z1, z2) and y = (y1, y2)-

The expression in (3.1.20) hence becomes

o\ P/2
/ (Z 5(he(y) f (y)dr (w2 — ya)dy ) 6(he(x))dx
R* \kez I/R?
2 (3.1.23)
-/ (Z ([ seonsan ) duas - e ) §(la(a)) .
Notice that for any x5 € R, we have
/6(ht(x))dx1 =1. (3.1.24)
R
Hence the right hand side of the last display becomes
2 p/
/IR (;Z /IR (/R 5(ht(y))f(y)dy1> Gr(x2 = yo)dys ) ds. (3.1.25)

It is not difficult to see that the above is just a one-dimensional Littlewood-Paley square function

for the function

/R 5(he () £ (v) . (3.1.26)

hence it can be bounded by

J

So far we have finished the proof of (3.1.19), thus (3.1.14). For the second equivalence relation

dys = /R2 O(he(2))|f (z)|Pde. (3.1.27)

[ o) wd
R

(3.1.15), the proof is similar, hence we leave it out. O

To proceed, we follow the same idea as in (2.2.21) in the L? case and split the operator into two
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terms,

> H,Pu(f) =Y (HyPi(f) = PHyPi(f) + PoHy Pi(f))- (3.1.28)
kEZ kEZ

Then by the triangle inequality, we have

IS Pl S 1S EP) = PP )+ 1S B Pl (3.1.29)

keZ keZ keZ

We call the second term the main term, and the first term the commutator term.

To bound the main term, we first use duality to write the L? norm into

1> BeH PPy = sup [(Q PH Pi(f), 9)]

o lolly=1 ez
= sup |Z<H1}Pk(f)7 ~l:(g)>|
ol =1 Lz

Then by Cauchy-Schwartz and Holder’s inequality, we bound the right hand side by

sup / (S IH P2 1B (9) )2

lgll,r =17 ez kEZ (3.1.30)
< sup QS IHPH P21 1P (@)
lglly =1 rez kEZ

In the end, by applying Proposition 3.2 to the former term in the last expression and Lemma 3.7 to

the latter term, we get the desired bound

(3130) S sup [ llglly = 11 (3.1.31)

gl =1

Now we turn to the commutator term. Before explaining the idea of estimating the commutator
term, we recall some notations from the previous chapter. Select a Schwartz function g such that
g is supported on [%, %], let

Gi(t) == 1ho(27'1). (3.1.32)

By choosing 1)y properly, we can construct a partition of unity for R, i.e.

Lo,00) = Zlbz- (3.1.33)

leZ
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Let
Hif(z) = / D) — to(x))dt. (3.1.34)

Then the operator H, can be decomposed into the sum

H,=-1+2> H,. (3.1.35)
leZ

We continue to explain the strategy of proving the LP boundedness of the commutator term,
which is

1> " (HoPo(f) = PeHo Pi(H)llp S 1 f - (3.1.36)

keZ

By the dyadic decomposition in (3.1.35), this is equivalent to bound the following

ZZ(HlPkf*pkHszf) (3.1.37)

kEZ leZ

Notice that by definition, H; Py f vanishes for [ > k, which simplifies the last expression to

Z Z(kalpkf — PyHy_Pf). (3.1.38)

1>0 keZ

So by the triangle inequality it suffices to prove

Proposition 3.8 Under the same assumptions as in Theorem 8.1, for any p € (1,00), there exists

a constant v, > 0 such that

1Y (Hi—iPe(f) = P Pe(F)llp < 27771 fllps (3.1.39)
kez

with the constant being independent of I € N.

The idea of proving endpoint estimates like the L>° — BM O estimate will probably not work as
the output of the operator H, is so rough that it is only measurable across the family of Lipschitz
level curves, in another word, the orthogonality between different tiles is missing.

To recover the orthogonality at the level of the L? estimate, the argument in the previous chapter
relies heavily on the fact that taking L? norm works perfectly (also trivially) with the square function.
Hence we could expand certain square summation and apply Hélder’s inequality to turn the problem
to the analysis on every single Lipschitz curve.

However, in the L? estimate for p # 2, this strategy does not work, and instead we will invoke a
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new square function as an intermediate step. This square function is similar to the square function

in the product space R x R.

Remark 3.9 Although the endpoint L° — BMO estimate might not work for (3.1.39) with the
classical BMO space, we still hope that there would be some variants, possibly similar to the fiber-
wise Hardy and BMO spaces in [6] and [19], which will act as the right substitutes for the endpoint

theory.

Remark 3.10 For the one-variable vector fields v(xy,x2) = (1,u(x2)), it was proved in [11], under
some convexity and curvature assumptions on the function u : R — R, that the associated Hilbert

transform and mazximal function map H;md(R x R) to L', where H}

prod(R X R) denotes the product

Hardy space.
However, it was also pointed out that this might not be the right endpoint theory, and some new

underlying Calderon-Zygmund theory is to be expected. See Remark (iii) in Page 597 in [11].

3.2 Boundedness of the main term: Proof of Proposition 3.2

The goal of this section is to make an observation that Bateman and Thiele’s square function estimate

(see (2.1) in [5]) for the one-variable vector fields, which is

IO (H PN 21 S 11l Yo > 3/2, (3.2.1)

keZ

works equally well for our case, with just minor modifications. Indeed, the proof of the estimate
(3.2.1) is reduced by Bateman and Thiele in [5] to three covering lemmas (Lemma 7 and Lemma 8
in [5], Lemma 6.2 in [4]), and our observation is that all these covering lemmas still hold true for
the case where the vector fields are constant only on Lipschitz curves instead of vertical lines.

Before stating the covering lemmas and the modification that we will make in the proof, we first
recall several notations from Definition 2.8 and Definition 2.9.

For a rectangle R C R?, with I its length, wg its width, we define its uncertainty interval
EX(R) C R to be the interval of width wr/lr and centered at slope(R). Denote by E(R) the
collection of the points € R s.t. the vector v(x) = (1,u(h(x))) points roughly in the same

direction as the long side of R:

E(R) ={z € R:u(h(z)) € EX(R)}. (3.2.2)
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Then the popularity of the rectangle R is defined to be

popr = |E(R)|/|R]. (3.2.3)

Here u and h are the two functions in Theorem 3.1.

Now we are ready to state the key covering lemmas:

Lemma 3.11 (Lemma 7 in [5]) Under the same assumptions as in Theorem 3.1, let § > 0 and

g > 1, let G C R? be a measurable set and R be a finite collection of rectangles such that

|[E(R) NG| > d|G] (3.2.4)
for each R € R. Then

| J RIS Gl (3.2.5)

ReR

Lemma 3.12 (Lemma 8 in [5]) Under the same assumptions as in Theorem 3.1, let 0 < 0,6 < 1,

let H be a measurable set, and let R be a finite collection of rectangles such that for each R € R we

have
popr > o,|H N R| > §|R)|. (3.2.6)
Then
| |J RIS o 167 %H| (3.2.7)
RER

To prove these covering lemmas, similar to the proof of Lemma 2.10, one just need to replace
the usual rectangles by the “rectangles” adapted to the vector fields, which are given in Definition

2.12, and run the same argument as in Bateman and Thiele in [5].

These two lemmas were used to give an upper bound on the size of the exceptional sets around
which the rectangles have either large size or large density. After excluding the exceptional sets, the
argument in [5], together with [4](which also works equally well for our case as has been pointed out

in section 2.3), will lead to the square function estimate, i.e. Proposition 3.2.
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3.3 Boundedness of the commutator term: Proof of Propo-

sition 3.8

In this section we intend to prove that for any p > 1, there exists vy, > 0 such that

S 277 fllp- (3.3.1)

p

S (HustPelh) = PeHos i Pe())

kEZ

If we expand the left hand side of the last expression to a model sum by the notations in Subsection

2.4.1, (3.3.1) becomes

SN0 N (fea(¢s = Peo)|| S 277 flp (3.3.2)

k€EZ weDy sEU »

Observe that for a fixed point 2 € R?, by Lemma 2.14, the expression

DN (F0:) (s — Proi)(x) (3.3.3)

kEZ s€Uy,, .,

can be non-zero for at most one w € D;, which implies that

Z Z Z <f7905>(¢)5—15k¢5)

k€EZ weD) s€Uy .,

P
U (3.3.4)

5 Z /]Rz Z Z <f7¢s>(¢s_f)k¢s)

w€eD; k€Z s€ly,w

From the right hand side of the above inequality, we see that (3.3.2) is reduced to separate w € D.

Hence we just need to do the estimate for each w separately. To be precise, we will prove
Lemma 3.13 Under the above notations, we have

ST 3T (Foead @b — Puos) | S 27PN, (3.3.5)

kEZ s€Uy ., »

where P, is the frequency projection operator given by

FPLf(61,6) = ﬁw@—;)ff(sl,fz), (3.3.6)
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and the constant in (3.3.5) is independent of w € D;.

Lemma 3.14 We have the following bounds for the multiplier B, :

1P fllp S 11l (3:3.7)

for all p € (1,00), with the constant being independent of w.

Finishing the proof of Proposition 3.8: we substitute the estimates in Lemma 3.13 and Lemma

3.14 into (3.3.4) to obtain

Z Z Z <f’<p8>(¢s_]5k¢s)

kEZ weD; s€U p (3.3.8)

1/p
_ _p=1,
S (Z 2 pl|ow||z> <25 £

weD;

which finishes the proof of Proposition 3.8.07

Remark 3.15 It has been proved by Demeter and Di Plinio in [12] that
1/p
<Z ||ow§> S 1l (3.3.9)
weDy

for p > 2, with the constant being independent of | € N. This will provide a better exponential decay
in 1 in the last inequality in (3.3.8). Howewver, here we do not need such orthogonality estimate but

simply a triangle inequality.

3.3.1 Proof of Lemma 3.14

We first reduce the estimate to one single w € D; by applying the shearing transform (the following
(3.3.10)). Suppose for the moment that we have proved (3.3.5) for w = [0,27!], by doing the following
change of variables

T1 = L1, g — Tz + Az, (3.3.10)

for the function f, the frequency variables are transformed into

& =& — A&, &2 — & (3.3.11)
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This linear change of variables turns

Py f(&,&)=F" (5w'(2)f(§1,§2)) ) (3.3.12)

which is the term on the left hand side of (3.3.7), into

-t <Bwf(2)f(£1 — &2, 52)> : (3.3.13)
If we denote
£ =6 -\, & =, (3.3.14)
the multiplier in (3.3.13) turns to
B (gl - A£2) 6(2”0gl + a2t —altec ). (3.3.15)
& €2

So far it becomes clear that by taking A in (3.3.15) properly, we can apply the change of variables

(3.3.10) to turn the projection operator P, f for an arbitrary w € D to P, f, where w = [0,27!].

Next, we will reduce the estimate for all [ € N to the one simply for [ = 0. This can be done by

applying the following anisotropic scaling symmetry:

T, — )\33‘1,{,62 — X9, (3316)

for the function f. Under the above change of variables, the Fourier transform of f is transformed

from f(fl, &) to

IS
Xf(yl,fz)- (3.3.17)
Correspondingly, the function P, f is changed to
/Bw by % §o)e a2 g dgy
(3.3.18)

/ﬁ“ f(&r, &)ermertimt e, ge,.

Hence the multiplier §,(&1/£2) has the same L? norm with §,(A1/&2). However, by the definition

of B, we have
A&
&2

2l+c/\§1

Bl &

) = B( —2%¢¢,,), (3.3.19)
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which means that if we take A\ = 27!, the right hand side of the last expression becomes f,,, (£1/£2)

where wg = [0, 1].

After the above reductions, we just need to prove (3.3.7) with wo = [0, 1]. For p = 2, the estimate
is trivial due to Plancherel’s theorem. For p # 2, if we denote by P}, a Littlewood-Paley projection

operator in the second variable, then by the Littlewood-Paley theory, we obtain

1/2
[P fllp = (Z IPkPwof|2> . (3.3.20)
k

p

By the classical Calderon-Zygmund theory, it is not difficult to prove that

1/2
H <Z PkPwof|2> Sl (3.3.21)
k

BMO

and

1/2
H (Z |PkPwof|2> Sl (3.3.22)
k

1
Hence by interpolation, we obtain the desired estimate for all p € (1,00). So far we have finished

the proof of Lemma 3.14. O

3.3.2 Proof of Lemma 3.13

By the same shearing transform as in (3.3.10), we can reduce the estimate (3.3.5) for different w to
the one for a fixed w, say w = [0,27!]. To prove (3.3.5), by invoking duality, it is equivalent to prove

that

/}RQ Yo D Kl ‘(¢ - qubs) -g‘ <27 £l (3.3.23)

keZ Seuk,w
where the function ¢ satisfies ||g||, < 1. By the Fubini theorem, the left hand side of (3.3.23) is

equal to

/R /RZZ S° 1wl [(65(2) = Pro(@)) - gl 6(h(w) — ydedt

k€Z s€Uy,w

= [ L2 2 el |(6nte) - Pronta) 'g(x)’é(ht(q;))mdxdt_

kEZ s€ly .,

(3.3.24)
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By the bound on Vh; in (3.1.7) and our assumption on VA in Theorem 3.1, the right hand side of
(3.3.24) can be bounded by

L LY S it (6u) = Peonta) - o(o)| (b)) dadt. (3.3.25)

k€Z s€Uy,w

If we denote by s, , the translation of the tile s by (m,n) units, which is
S =8 — (m-ls,n - ws), (3.3.26)
then the above (3.3.25) is equal to

Z / /R (f, o)1, () ‘(q&s(x) kaqss(m)) -g(w)‘d(ht(x))dxdt. (3.3.27)

keZ 5€Uk w

By the notion of the adapted rectangles in Definition 2.12, we can replace s, , by the slightly
enlarged “rectangle” 5., , as from the definition it is clear that 5,,, D sp,,. Moreover, in the
following, we will only focus on the term m = n = 0, as the other terms appear as the tail terms by

the non-stationary phase method.

The pointwise estimate in the following Lemma 3.16 (which has been essentially contained in
Lemma 2.17) will play a crucial role in the forthcoming calculation. To state this estimate, we need
to make some preparations: for a fix t € R, we use the new coordinates system given by (v, vi). For
a tile s, we use J(t,s) to denote the projection of I'y N on the new vertical axis v;-. Moreover for
the interval J(t,s), we let JP(t,s) denote one of the dyadic intervals (at most two) on the vertical

axis such that

|TP(t,s)] € (8- | (L, 8)],16 - | (¢, 5)]] (3.3.28)

and

|JP(t,8) N JI(t,s)| > |T(t,s)]/2. (3.3.29)
For the dyadic interval JP (¢, s), we let ® JP(t,s) denote the associated L? normalised Haar function.

Lemma 3.16 Fiz t € R and s € Uy, for some w € Dy, for x € I'y N5, we have the pointwise

estimate
273129k, (JP (1, 5))

Gy , (3.3.30)

Jjo€N
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where B;,(JP(t,5)) denotes the jo-th beta number of Ty near the dyadic interval JP(t,s).

Remark 3.17 The proof of the above Lemma 3.16 has been covered by the proof of Lemma 2.17.
However, the argument there relies on those unnecessary parameters and auxiliary functions that
we want to avoid by doing §-calculus. As we have promised in the beginning of this chapter that we
will carry out the whole argument in the language of §-calculus completely, we should also be able to

prove Lemma 3.16 by doing so. This is postponed to the next subsection.

Substitute the above estimate into the right hand side of (3.3.27) with m = n = 0, we obtain

]0+1 //R SN U eal2R 22 15(2) B, (TP (1 5)) - g(2)[8(he(z))dadt.  (3.3.31)

k€Z sc€Uy,
To proceed, we need the following

Claim 3.18 Fizt € R, we have the following estimate

/R XD s 158 (TP 1) | )kt

kEZSEZ/lk,w
p/2 1/p Uy
s / SN B | S(he(x))da < |g(x)ﬂ’5(ht(x))dx) ,
kEZ s€Uy, 0 Ro
where for v = (x1,z2),
| |—1/2

Xs(@1,22) 1= — m— : 3.3.32
( 1 2) (1+( 1— 51)2+( 2wss,2>2)5 ( )

with c¢s = (¢s1,¢s,2) denoting the center of s, Iy = 27F+l the length and ws = 2% the width.

We postpone the proof of the Claim 3.18 till the end of this subsection and continue with the
estimate of the term (3.3.31). By Claim (3.18) and by applying Holder’s inequality to [, dt, the

expression in (3.3.31) can be bounded by

3/2 B p/2 1/p
fa(pa O(h(x))dxdt
> n2 T 3 el ] dtuda)
s (3.3.33)
52il' Z Z fv‘)ps Xs )
kEZ s€Uy
p

To bound the last expression, we need the following
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Lemma 3.19 We have the following variant of the square function estimate

1/2

SN e () Sl (3.3.34)

kEZ sEUy, .,
P

Finishing the proof of Lemma 3.13: it is straightforward that, combined with (3.3.33), Lemma

3.19 finishes the estimate of the expression (3.3.31), thus the proof of Lemma 3.13. O

Proof of Lemma 3.19: recall that in the estimate (3.3.34), we have w = [0,27!]. Now we want to

reduce the estimate to the case wy = [0, 1] by applying the anisotropic scaling
T — 2le1,.’E2 — T2. (3335)

Under the above change of variables, as has been explained in the proof of Lemma 3.14, ¢, for some
s € Uy, is changed to ¢, for the corresponding s’ € Uy, ,,, with wy = [0,1]. Moreover, the function

xs will also behave in the same way:

! s|71/2
X5<2 56’1,.%'2) = 2tz —c To—cC
I+ ()2 + (252)7)° 5336
51712 0

(L () + (25222

Ws

Recall that [, = 2'w,, hence the right hand side of (3.3.36) becomes a bump function with main
support on a cube of side length wg, which means that Xs(2l$17 x2) is equal to X for some s’ € Uy, o,

up to a normalisation factor.

After the above reduction, we just need to prove (3.3.34) for w = [0,1]. For the case p = 2, by

the orthogonality of the wavelet functions, we obtain

1/2
/R o2 ] S Ifle (3.3.37)

k€EZ GEZ/IK w

Moreover, by the classical Calderon-Zygmund theory, it is not difficult to prove the following endpoint
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estimates

1/2
ST U el S £ oo (3.3.38)
keZseuk,w

BMO
and

1/2
SN e S f 1l (3.3.39)
kGZSEUk,w

1
Hence by interpolation, we can obtain all the expected LP estimate for (3.3.34) in the above Lemma

3.19. O

Proof of Claim 3.18: For a fixed ¢ € R, for the summation on the left hand side of the estimate

in Claim 3.18, we observe that

o =Y, (3.3.40)

kEZ s€Uk,w s:8NT 4 #(D
as the term 1z(x) will vanish if s N T; = (). We use the new coordinate system (v, v;-), and write

x = x1v; + T2vi, which will still be denoted as x = (z1,22) for the sake of simplicity. This turns

the left hand side of the estimate in Claim 3.18 into

// Z [(f> s s (21, 22)B50 (TP (£, 5))28272 | g(m1, 22)8(he (a1, 22))dydy
R JR s:sNTZ£0 (3341)

— Z 2k2_l/2|<f7(p3>|BjO(JD(t7s))/R/Rg(xl,332)]15(9517xg)é(ht(xl,xg))dxldxg

s:8NT#D

Notice that the integration on the right hand side of (3.3.41) can be estimated in the following way

//g(ml,xg)]lg(acl,xg)é(ht(xhxg))dxldxg
R JR

st [ [ ot ottt |

2JD (t,s)

where for a function G : R — R, [G(+)]s denotes the average of the function G on the interval J C R.

Substitute the above bound into the right hand side of (3.3.41), we obtain the following bound

S 2210018, (P 5) [ [ st itaeten .>>dx1]

s:sN#0 2JD(t,s)

To proceed, the idea is to view the above expression as a paraproduct. To do this, we need to

find the right function such that it has the wavelet coefficient 2=%/2|(f, <ps>|ws_1/2, where w, = 27
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denotes the width of the tile s. This can be achieved by defining a function F; : R — R such that

Fiw) = > 272w M2(f,00)® 045 (22), (3.3.42)
s:sNCy#D

where ® ;o 4 denotes the L? normalised Haar function associated to the dyadic interval JP (¢, s).

By the LP boundedness of the paraproduct (see [1] for example) and Jones’ beta number condition

that
> (Pt s))ws S5 (3.3.43)

s:JP(t,s")CJIP(t,s)

1
supi
|JP(t,s)|

we obtain for any fixed ¢t € R that

Z 271/2‘<f’ Q08>|Bj(,(JD(t’ 5)) [Ag(x17 ~)5(ht(l‘1, ))dl’1:|

s:8NT #0 2JP(t,s)
S 2w ) B (TP 5) w2 [ / g1, )8 (he (1, ->>dx1]
5:8NT #£0 R 275 (8,9) (3344)
SIEPIEON | [ o )6hu(ar,
R P
s/2 1/p’
SIEON ([ o st
Hence what remains is to prove the following
Claim 3.20 Under the above notations, we have
p/2 p
18O S | [ X S WedPd@ | st (3.3.45)
kEZ s€Uy, .,
Proof of Claim 3.20: By the square function estimate, we obtain
1/2
IED S| D2 27w Linag () : (3.3.46)
s:8My#0D
P

For the right hand side of (3.3.45), again we use the new coordinate system (v;,v;") and denote

T = TV + Tovi as = (w1, z2) for the sake of simplicity. Then the right hand side of (3.3.45)
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becomes

p/g 1/1’)
/ D> e X (@, a2) 6(he(z1, 2))dz1dws
kEZ s€lly, .,
e\ s (3.3.47)
/ / [ fyps) P2 (21, 22)8 (he (21, T2) ) daoy dxs
RkGZSEUk

If we compare the right hand side of (3.3.46) and (3.3.47), we observe that the following pointwise
estimate in xo will finish the proof of the claim: for any x> € R and any tile s such that s Ty # 0,

we have

27w (f, 05) Ly (1,) (22) §/R|<f, 0V 22 (@1, 22)0 (hy (21, 22))day . (3.3.48)

But this follows easily from the definition of the function xs. Thus we have finished the proof of
Claim 3.20. O

3.3.3 Proof of Lemma 3.16

As we are fixing ¢t and trying to prove pointwise estimate for = € I';, we could always pretend that

the vector field is constantly equal to v; on the whole plane. That is to say, if we define

@ () := / ©s (2 — tvg) i (t)dt, Vo € R?, (3.3.49)
R

we will have

¢l (x) = ¢s(z), Vo € Ty, (3.3.50)

and the advantage is that the vector field becomes the constant vector field v;. In the following, we

will stick to ¢ instead of ¢s.

For a tile s of dimension w, X [, with
Iy = 2" w,, (3.3.51)

for a point x € I'y N s with

Vi € wea, (3.3.52)
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we want to show that

2732w 1B, (JP(t,5))

t B it
[65(2) = Pugi(@)| S 3 Py . (3.3.53)
Jjo€N
To proceed, we again turn to the new coordinate system (v, vi), and write
T — 10 + Tovi (3.3.54)
By the definition of the operator Py, the left hand side of (3.3.53) is equal to
(1, 72) —/ [/ 0% (Y1, 2)0 (he (1, y2))dyr | Yi(z2 — y2)dys. (3.3.55)
R L/R

We approximate I'; N s by the line of the “average slope” in the definition of Jones’ S-number, and
call it 5 +. Moreover, we define another auxiliary function Ls; associated to the line [, ; in a similar
way to hy:

If for some y € I'; we have z — y = d - v, then we set L 4(z) = d. (3.3.56)

The crucial observation is that

/RM¢>Z(y1,yg)é(LS,t(yl,yz))dyl Ui (22 — y2)dyo

(3.3.57)
:/¢i(y1,$2)5(Ls,t(y1,$2))dy1~
R
Substitute the above identity into (3.3.55) to obtain
Oior2) = [ 64,200 Lualyr, ).
® (3.3.58)
- /]R {/}R B (Y1, y2) (8(he(y1,y2)) — 6 (Lst(y1,92))) dyi | ¥r(w2 — y2)dyo.
Notice that for z = (x1,z2) € I'y, we have
o) = [ ohlun. 2000 (on, )i, (3.3.50)
R
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by substituting which into (3.3.58) we obtain

/ 64 (g1, 22) [8(he (52, 72)) — 8(La (31, 22))] ..
R (3.3.60)

- / [ / 0 (41, 42) (6(he (s 2)) — 6Lt (91, 32))) din | (a2 — y2) e
R R

Observe that the latter term in the above expression is just a Littlewood-Paley projection of the
former term, hence it should be expected that these two terms can be handled in a similar way. In
Subsection 2.4.3 it has indeed been shown to be this case, hence in the following we will focus on
the former term of (3.3.60).

By the definition of ¢! in (3.3.49), we obtain

/R 6 (41, 72) [6(he (52, 72)) — 8(Lu 1 (41, 72))] dis

(3.3.61)
= / / os(yr — t,2)Pr—1(t)dt [0 (he(y1, 22)) — 0(Ls (Y1, 72))] dya.
R JR
If we denote
d = ht(yla 1'2) — Ls,t(yla 1'2)7 (3362)
then the right hand side of (3.3.61) turns to
[ [ ot = tima) = o+ d = t22) s @)t el 22))
R JR (3.3.63)
— [ [ elon i) (Gucat) = st + D) s, w2)).
R JR
Hence by the definition of Jones’ beta numbers that
|d| S Ws - 50(‘]D(t7 5))7 (3364)

and by applying the fundamental theorem of calculus to ,_;, we conclude the desired estimate in

Lemma 3.16. [
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Chapter 4

A geometric proof of Bourgain’s L? estimate of the maximal

operator along analytic vector fields

In this chapter we present a geometric proof of Bourgain’s L? bounds of the maximal operator along
analytic vector fields, which is Theorem 1.6. Recall that for a unit vector field v : R? — S!, for a

small constant ¢y > 0, the maximal operator associated to v and truncated at ¢ is defined by

€

My o f(2) == Oiug 2% 3 |f(z + tu(x))]|dt. (4.0.1)

It is a result due to Bourgain [7] that for every analytic vector field v, there exists ey depending on v
such that M, ., is bounded on L?(R?). As we are doing a truncation in the definition of the maximal
operator (4.0.1), it suffices to prove that for any bounded open set Q@ C R?, M, ., is bounded on
L?(Q).

To prove Theorem 1.6, Bourgain reduced the analyticity assumption on the vector field to the

following geometric one: for x € Q and ¢ small enough, define the function

we(t) = |det[v(z + tv(x)), v(x)]] . (4.0.2)
We assume that
{t € [—€,€] 1 wyu(t) < T783p< wz(8)} < CoTP€, (4.0.3)

forall 0 <7< 1,0 < e < ¢y, where 0 < ¢, Cy < 0o are constants independent of the point z € .

It is shown in [7] that Theorem 1.6 can be reduced to the following

Theorem 4.1 ([7]) If v is C! and satisfies the condition (4.0.3), then M, ., is bounded on L*(Q).
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Bourgain’s proof for Theorem 4.1 is not entirely geometric, particularly the key Lemma 3.28,

where he used the polar coordinates and applied Schur’s Lemma to get the desired L? bounds.

The goal of this chapter is to give a geometric proof of Theorem 4.1. The idea is to use the time-
frequency decomposition initiated by Lacey and Li in the setting of the Hilbert transform along
vector fields in [20] and [21], and further developed by Bateman in [4], Bateman and Thiele in [5].

However, the proof below is free of the time-frequency analysis techniques.

4.1 Reduction to a smooth cut-off

By a renormalisation, we assume further that [|v]|ca < 1, and Q = B, (0), which is the ball of
radius €y < 1 centered at origin. Moreover, as we are only concerned with the truncated maximal
operator, we can w.l.o.g. assume that the vector field is periodic in both horizontal and vertical
directions with each periodicity being 3 - ¢g, and that the vector field always points in the two-ended
cone which forms an angle less than 7/10 with the horizontal axis. In the following, we will denote

this cone by T'g.

Choose o : R — R to be a proper smooth bump function such that the support of & lies on

[—1,1]. For 0 < € < ¢, define

A, f(2) ::/Rf(x—l—etv(x))a(t)dt. (4.1.1)

It is not difficult to see that the operator M, ., is essentially equivalent to

€0

sup  |Ag-s f(2)], (4.1.2)
JEN,2-7 <eq

which will still be called M, .,. Moreover we will write A7 to stand for A,—; for the sake of simplicity.

Hence in the rest of the paper, we will focus on the following operator

My f(z) := sup |A7f(z)]. (4.1.3)
JEN,; 277 <¢g

In the end, we just need to observe that to prove (4.1.3), it suffices to prove the following spatially

localised version:

[ Mo,co fll L2 (B, (0)) S 11122, (4.1.4)
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due to the fact that we are truncating the maximal operator at the scale €.

4.2 Bourgain’s high-low frequency decomposition

We linearise the maximal operator in (4.1.3): take a measurable function J : R? — N such that
Moo f(2) ~ |47 1 (2)]. (4.2.1)

For a point © € Q = B, (0), let R, ; be the rectangle with center z, orientation v(x), length 277

in direction v(z) and width

S(Rpe) =277 sup way(t). (4.2.2)
[t|<2—7
Especially we denote
6(z) =277 sup  w,(t). (4.2.3)
[t]<2= ()

Choose a measurable function X : R? — N such that
8(z) ~ 27 K@ vz e R2. (4.2.4)

Do an isotropic Littlewood-Paley decomposition for the function f, and write

f=>_Pf (4.2.5)
kEZ
This turns the operator into
> AP f(a). (4.2.6)
keZ

Bourgain’s idea is to split the function into two parts, the high frequency part and the low frequency

part, in the following way:

S A@R )= Y AOPf@)+ Y AP (4.2.7)

kEZ kEZ,k>K (z) kEZ, k<K (z)

For the latter part, i.e. the low frequency part, Bourgain’s proof is already geometric, see Lemma
4.12 and Lemma 5.7 in [7]. Hence the main task for us is to bound the former part, i.e. the high

frequency part, by a geometric argument.

Remark 4.2 The estimate of the above high frequency part is done in Lemma 3.28 in [7] by analytic
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methods.

We proceed with the estimate of the high frequency part: First we write

kEZ,k>K (x) €Ny

Then by the triangle inequality, it suffices to prove that

A7) Py f(@)l|2 S 27| £, (4.2.9)

for some p > 0, with constant being independent of [ € N.

Notice that the above estimate is still of maximal type, and we want to get rid of the linearisation
by replacing the [° norm by an {2 norm. To do this, we need to introduce several notations. For
j,k € N, define

Qjri={r€ Q277 sup w,(t) ~27"}. (4.2.10)
|t|<2-i

For a real analytic vector field, either the integral curves are straight lines, or for each j € N, the
complement of the set U,(); ;, has measure zero. Hence it is no restriction to assume for each j € N

that

Q=J s (4.2.11)
keN

It is also clear that for a fixed k € N, the €2, for different j are essentially disjoint.

Hence for a fixed x,
1/2
. , 2
|A7®) Py f @) Ssup | D |A Py f| 1o, | (4.2.12)
JEN \keN

We replace the sup norm by the I2 norm to obtain

1/2

x j 2
|ATO Py 1 f (@) S| DD |4 Pesaf] 1y, - (4.2.13)
JEN keN
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Taking the L? norm of (4.2.13), we obtain

ZZ/’Aij+lf\2ﬂQj,k- (4.2.14)

JENkEN
Recall that R, ; denotes the rectangle with center x, length 277 and width

§(Ryj) =277 sup wy(t). (4.2.15)

lt|<2-i

In the following we will cover ;; with rectangles {R,, = Ry, ;j}men satisfying the following

two conditions

(Z) 5(R7n) = 27]93
(4.2.16)
(#4) the center of R,, does not belong to Ry U...U R, 1.

Hence for fixed j and k,

/ijPkath,k < Z/|Aij+lf|QILRm. (4.2.17)

meN

Indeed, the above covering of €); 1, is a “valid” covering, i.e. a covering without much overlapping.

To be precise, if we define

= U 20 Rey, (4.2.18)

ZEQj’k

then it has been proved by Bourgain in [7] (see the following Lemma 4.7) that
1> 1oy, llo S 1. (4.2.19)
J

In the following, when estimating the right hand side of (4.2.17), we will need several other

geometric properties like (4.2.19). Hence we organise all them together in the next section.

4.3 Geometric properties of the rectangles

Lemma 4.3 (Lemma 4.1 in [7]) Let 2’ be in the rectangle R, j, then

5(Rx,j) ~ 6(Rx’,j)v (4'3'1)
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and Ry ; is contained in a multiple of Ry ; and vice versa.
: ;

Lemma 4.4 (Lemma 4.6 in [7]) Assume

2-Ryj N2 Ry j #0, (4.3.2)
and 273" <279 Then
Ry jr C4- Ry j (4.3.3)
and
6(Raj) o 0(Rarj) (4.3.4)
2=i ~2=d 7 e

i.e. larger rectangle has larger eccentricity.

Lemma 4.5 Assume that

Rzij N RCE',j+j0 7& ®7 (435)
for some jo € Ng. Then there exists a constant ag > 1 such that

5(Rw,j)

5= 5 (2]6)(10 . 6(RI’7j+.7'0). (436)

2—i—Jo
Remark 4.6 Compared with Lemma 4.4, this lemma says that the growth of the eccentricity of the

rectangle with respect to the length can only be polynomial.

Proof of Lemma 4.5: this follows easily from Lemma 4.3 and the following doubling estimate

(3.20) in [7]

0(Ray) o 0(Barji1)

5 < S (4.3.7)

for some constant C > 0. [

Lemma 4.7 (Lemma 4.7 in [7]) Let {R,, j, }ien, be a sequence of rectangles and 6 > 0 such that

(1) 6(Ra,,5,) ~ 6
(4.3.8)
(1) @41 does not belong to Ry, j, U...U Ry, ;,, Vi.

Then

” Z ]]-2'Rmi‘ji

1€Np

o <1 (4.3.9)

We will also need the following generalised version of the above lemma.
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Lemma 4.8 Under the same assumptions as in Lemma 4.7, there exists a constant by > 0 such

that for any N € Ny, we have
1> Lpra oo S (P+q+1)",p,g €N, (4.3.10)
1€Np o

where Ri’qj is obtained by dilating the length of Ry, j, to p times, and the width to q times.

Remark 4.9 The above lemma says that when we enlarge the rectangles R, ;,, the overlapping can

only be polynomially growing.
oty (4.3.11)

Proof of Lemma 4.8: Denote
G := max{q,p

P9, we further enlarge it to be of width G- 4.

where ay is the constant in (4.3.6).For the rectangle R, |
Next, we will dilate the length to p; - 277¢ such that
q ¢
()~ L. 2 4.3.12
O (412
By Lemma 4.4, it is not difficult to see that
Pi <GSt (4.3.13)

uniformly in 1.
(4.3.14)

OuI‘ gOal Nnow iS tO ShOW that
§ 5;.d < bO’

for some by to be determined later. Suppose that the L> norm on the left hand side of the above

expression is attained at the point O. Moreover, let R denote the collection of rectangles containing

the point O, and w.l.o.g. we assume that
Ro = {Rfi:gi}ogi§N7 (4.3.15)
for some N € Ny. Then (4.3.14) is equivalent to proving
N 5™, (4.3.16)
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By the definition of the rectangles R?? and Lemma 4.3, it is not difficult to see that all the

TiyJi

rectangles in Rp have comparable lengths. Indeed, up to a constant dilation factor, any of these

rectangles is contained in another. Hence

J RET camrd. (4.3.17)
0<i<N

Moreover, by the upper bound on p; in (4.3.13), we can also obtain that

Ry, 5) 2 URY )/, (4.3.18)

Z0,J0

where for some rectangle R, [(R) is used to denote its length. Hence by the assumption that the

center z; of Ry, j, is not contained in
REUJO U..u Rzi—lyji—l (4319)

for all 4, we obtain easily the estimate (4.3.16) for some constant by depending only on ag. So far

we have finished the proof of Lemma 4.8. [J

4.4 Estimate on each rectangle

In this section, we will give an estimate of each single term from the summation on the right hand

side of (4.2.17), i.e.
/|Ajpk+lf|2]1Rm7 (4.4.1)

for a fixed R,, = R,,, ;. Recall that we have assumed that the vector field points in the cone I'y,
which is the two-ended cone forming an angle less than 7/10 with the horizontal axis. If we denote

by Pr, the frequency projection operator for the cone I'y (as in (2.2.8)), it is not difficult to see that
APy Pr,f =0. (4.4.2)

Hence in the following we will only be concerned with the frequency in the cone I'§. Moreover, for

the sake of simplicity, we will always identify Py, with Py Pr.

Now we use the time-frequency decomposition from Section 2.4 to write the function A7 Py ; into
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a model sum. For fixed j, k and [, we will denote
0:=k+1-—j. (4.4.3)

By using the notations from (2.4.1) to (2.4.13), the frequency localised function A’ P, ;f can be

passed to the model sum

Z Z <f7905>AjSDS'

w€Dy s€UR 11,

Hence to bound the expression (4.4.1), it suffices to bound

2

/Z Y. (fe) A 1, (4.4.4)

w€Dg s€UR 11,0

By Lemma 2.14, we have that the last expression is equal to

2

Z/ Y. (fedAes| 1n,. (4.4.5)

w€Dg SEUR+1,w

We will focus on (4.4.5) in the following two subsections.

4.4.1 Estimate on each rectangle by ignoring the tails of the wavelet

functions

In this part, we will only show the idea of how to bound the term (4.4.5), or in another word, we
will ignore the tails of the wavelet functions and the function « in the definition of A7 in (4.1.1),
and always assume that they have compact support in both space and frequency.

Under the above simplification, the expression in (4.4.5) turns to

> > |<f,<ps>|2/\Aj<ps!211Rm- (4.4.6)

W€Dy sEUR 41,

Take a point € Ry, for a tile s € Uy, for some w € Dy, we observe that in order for 47¢,(x)
not to vanish, we must have w C 3- EX(R,,) as by Lemma 4.3 we know that v(z) € 2- EX(R,,)

for any © € R,,,. Here EX(R,;,) is the uncertainty interval of the rectangle R,, given in Definition
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2.8. This, together with the fact that both R,, and s have length 277, implies that
s C4- Ry, (4.4.7)

for those tiles s such that A7, is not identically zero.

Claim 4.10 There exists p > 0 such that

/ |49 0, 1, S 271, (4.4.8)

with the constant being independent of s.

By the above claim, the expression in (4.4.6) can be further bounded by

> > 27 [(f, 00 S 271, - Prsi 13- (4.4.9)

wEDy SGZ/[k+L,w,SC4~Rm

The next step is to sum over m, j and k:

Do g, - Penifl3 S27 ) l1Tar, - P fl3

gk m 3.k

SN N PeafllE S 2713
k

(4.4.10)

where we have used the disjointness property (4.2.19). Hence for the model problem, what remains is

“Proof” of Claim 4.10: We can w.l.o.g. assume that there exists a point zy € s such that

v(x0) € ws, (4.4.11)

as otherwise A7¢, will be identically zero. By a proper translation and rotation, we can assume
that zo = (0,0) and v(xg) = (1,0).

Now we look at the direction of the vector field for the points on the line segment

{(z1,22) 1 22 =0} N s. (4.4.12)
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By the assumption on the rectangle R, we know that

SUp Wy, (t) = sup |det[v(zo + tv(wo)), v(wo)]| ~ 2R+, (4.4.13)
1] <2 jH <25

Notice that |ws| = 275717 hence in order for A7 not to vanish at a point € sN {(21,22) : 22 =
0}, we must have

| det[v(x), v(x0)]| = wa (- v(20)) S 27771, (4.4.14)
By taking 7 = 27! in the condition (4.0.3) we obtain
te[=277,279] sy, (t) < 27 |t‘S<U.2p_j W, (1) < Co27%t . 277, (4.4.15)
which further implies that

[{(21,0) € s Alp,(21,0) #0)}| L2700 277, (4.4.16)

So far we have proved that on one line segment, the non-vanishing output has relatively small
measure. In the next, we want to show that this indeed holds true for all the points in the tile s,
namely

{x €s: Alp,(x) £ 0} < 27%s]. (4.4.17)

This, combined with the trivial estimate
1A glloe S 15172, (4.4.18)
concludes the proof of Claim 4.10.
We turn to the proof of (4.4.17): for |x5| < 27%~!*2 consider the line segment
Lo, := {(0,20) + t-v(0,25) : |t| <2772} (4.4.19)
First by the C'! assumption on the vector field, we know that

v(0,29) € 2wy, V|ag| < 27F71H2, (4.4.20)
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Then by the same argument as before, we obtain that
{x € Ly, : Apy(x) # 0} <27t 277 (4.4.21)

for each |xo| < 27*~1*2, Hence by Fubini’s theorem (which can be applied due to the C'! assumption

on the vector field), we obtain

Hx €s: Alpy(x) # 0}
e (4.4.22)
= ‘{x € LJ;2 : Ajgoé(x) # 0}‘d$2 S 2—601 X 2—k_l_j

_o—k—1+2

Hence we have finished the proof of (4.4.17).

4.4.2 The full estimate on each rectangle
In this part, we will make the above heuristic argument rigorous, i.e. we will also take care of the
tails of the wavelet functions. For fixed j, k,[ and m, we want to bound the following

2

[Pt 1, = % [| 3 (heddie 1a,. (4.4.23)

wEDy SE€EUK+1,w

For p,q € Z, we denote by R'f,;q the translation of the rectangle R, by (p,¢) units, i.e.
E%q — R'm +p . 27J”U(Il'm) + q- 27kvl‘(:pm)’ (4424)

where z,, denotes the center of R, and v(z,,) is the value of the vector field at the point x,, which
is parallel to the long side of R,,.

Hence for one fixed w € 0, we have

2 2

J| = vesviol 1, = [ X redsia 1n,. (4.4.25)

s€URt 1w P9€L ey, 1 0 ,5C RE;?
By Minkowski’s inequality, the right hand side of the above display can be bounded by

2
9 1/2

> / > (L) Aes| 1g, : (4.4.26)

P,q€EZ $€U+1,0,sCRET
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Lemma 4.11 For any large M € Ny, there exists a constant Cy; such that

. o—nl
§ : AJ 1lp <—= E 2 4.4.27

) <fv <Ps> Ps Ry ~ (|p‘ + |q| + 1)&[ ) |<f7 <p3>| ) ( )
S€Uk+1,0,5CRY? SE€EUR1,0,sCRN?

where p is the same as the one in Claim 4.10.

We substitute the estimate in Lemma 4.11 into (4.4.26) to obtain

l 1/2\ 2
27H ,
2 (Ip| + lq| + 1)M > ) (£, s)]
p,qEZ Seuk‘H,w’SCRﬁ;q (4428)
2wl ,
P> (Il + lg] + 1) o el
pact 8€U+1,0,5CREI

where the exact value of M might vary from line to line. Hence we have obtained

/‘A]P]c+lf| ]lRm ~ Z Z W Z |<f7(,05>|2, (4.4.29)

w€Do p,q€L €U +1,0,5C BT

which is the estimate on one single rectangle that we are aiming at.

Proof of Lemma 4.11: we will only consider the case p = ¢ = 0, and the decay in p and ¢
in the other case will simply follow from the non-stationary phase method. Hence what we need to

prove becomes

/ S (e Aeg| 1k, S27H YT [(fel) (4.4.30)

SE€EUK41,0,5CRm $€UK+1,0,5CRm

Recall that each tile s has width 27%~!, however the rectangle R,, has width 27%. This suggests

that we should do a further partition of R,, into smaller rectangles which will be of the same scale

as s.
We enumerate the tiles s C R, from above to below by s1, sg, ..., Sy..., where m/’ . Notice

that
Ry CJ2+ s (4.4.31)
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Hence

2 2

)DRERUTNVINIEVIED Sl ) DTN VU [ P (4.4.32)

s€UK+1,w,5CRm m/’ m'’

By the Cauchy-Schwartz inequality, we bound the right hand side of the above expression by

. 2 1"
Z / Z ‘<.f7 <Psmu >*A‘7 SDSm// (|m/ -—m | + 1)]\/1]]_2.5771” (4433)
for some large constant M. By the same argument as in the proof of Claim 4.10, we obtain
Hre2-s,: Alp, ,, #0} <27 s (4.4.34)

This, together with the trivial bound

|S ”|1/2
Al s nllLee(s,., e , 4.4.35
47 Il (nz)'\’(‘mlim |+ )M ( )
implies that
Aoy [ 1, < 27! 2 4.4.36
/ ‘<f; Qosm// > spsm// 2~Sm/ ~ (‘m/ _ m//| _|_ 1)2M |<fa sosmu >| . ( S )

We substitute the above estimate into (4.4.33) to obtain

Col

ZZ ”|_|_1)M| fobs o <Z| fres oy )2 (4.4.37)

So far we have finished the proof of Lemma 4.11, hence the estimate on each rectangle, which is

(4.4.29).

4.5 Organising all the rectangles together to finish the proof

In this part, we will organise the estimates on all the rectangles together, i.e. to finish the proof of

the following estimate

ZZ/’AJPHIH g, S27"If13, (4.5.1)

ik m
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for some p > 0. To do this, we substitute the estimate (4.4.29) into the left hand side of the above

expression to obtain

IS W > [(f, 0807, (4.5.2)

k,j m weDy p,q€Z S€Ug11,0,sC BB

where we are still using the notation § = k4 [ — j. Hence it suffices to prove that for fixed p, q € Z,

we have

3% (e P S Ul + el + DNf13 (4.5.3)

k.j m w€Do selfyyy,.,,sCRYY

where by is the constant in Lemma 4.8.

Proof of the estimate (4.5.3): We first fix k. For the case p = ¢ = 0, for two tiles s’ and s

in the following collection

U U U{S 18 € Uptlw, s C R}, (4.5.4)

J wEDy m
we either have

we Nwgyr =0, (4.5.5)

or

sns =0. (4.5.6)

Hence by the (almost) orthogonality, we obtain that

ZZZ S el S 1Pl I3 (4.5.7)

m wEDy s€UK11,0,5CRm

By summing over k, we get the desired estimate (4.5.3) for the case p = ¢ =0.

For the general p,q € Z, we no longer have (4.5.6) due to the simple fact that for two disjoint
rectangles (of different scales), they might intersect after being translated by (p, ¢) units separately.
Fortunately, Lemma 4.8 says that the intersection caused by translation can only grow polynomially
in p and gq.

Hence by essentially the same idea as above and by losing a factor of (|p| + |¢| + 1)%, we obtain

ZZZ S el S (ol + lal+ D[P 13- (45.8)

m w€Do selhy,4,.,,sCRE?
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Summing over k, we get the estimate (4.5.3). So far we have finished the proof of (4.5.1), hence the

geometric proof of Theorem 4.1.
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