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CONSTRUCTION OF A RAPOPORT-ZINK SPACE FOR SPLIT
GU(1,1) IN THE RAMIFIED 2-ADIC CASE

DANIEL KIRCH

ABSTRACT. Let F'|Qq be a finite extension. In this paper, we construct an RZ-space
Ny for split GU(1,1) over a ramified quadratic extension E|F. For this, we first
introduce the naive moduli problem N3¢ and then define Ny C Np ¢ as a
canonical closed formal subscheme, using the so-called straightening condition. We
establish an isomorphism between N and the Drinfeld moduli problem, proving
the 2-adic analogue of a theorem of Kudla and Rapoport. We also give the definition
of a local model for N as a flat projective scheme over O which, locally for the
étale topology, models the singularities of N'. The formulation of the straightening
condition uses the existence of certain polarizations on the points of the moduli space
NE"V¢. We show the existence of these polarizations in a more general setting over
any quadratic extension E|F, where F\Qp is a finite extension for any prime p.
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2 DANIEL KIRCH

1. INTRODUCTION

In this paper, we give a new example of a 2-adic Rapoport-Zink space. Rapoport-Zink
spaces are moduli spaces of p-divisible groups that are endowed with certain additional
structure. There are two major classes of Rapoport-Zink spaces, namely the (EL) type
and the (PEL) type. Here the abbreviations (EL) and (PEL) indicate whether the extra
structure comes in form of endomorphisms and level structure (in the (EL) case) or
in form of polarizations, endomorphisms and level structure (in the (PEL) case). In
[RZ96], Rapoport and Zink define RZ-spaces for the (EL) type, and for the (PEL) type
whenever p # 2. They prove that these moduli spaces are pro-representable by formal
schemes.

A general definition for RZ-space of (PEL) type in the case p = 2 remains still unknown.
In this paper, we construct the 2-adic Rapoport-Zink space Ny corresponding to the
group of unitary similitudes of size 2 relative to any (wildly) ramified quadratic extension
E|F, where F|Q, is a finite extension. Furthermore, we show that there is a natural
isomorphism n : Mp, — Ng, where Mp, is Deligne’s formal model of the Drinfeld
upper halfplane (cf. [BC91]). This result is in analogy with [KR11], where Kudla and
Rapoport construct a corresponding isomorphism for p # 2 and also for p = 2 when E|F
is an unramified extension. The formal scheme M p,. solves a certain moduli problem of
p-divisible groups and, in this way, it carries the structure of an RZ-space of (EL) type.
In particular, M p, is defined even for p = 2.

We will now explain the results of this paper in greater detail. Let F' be a finite extension

of Q, and E|F a ramified quadratic extension. Following [Jac62], we consider the
following dichotomy for this extension (see section 2):

(R-P) There is a uniformizer m, € F, such that E = F[II] with II> = m,. Then the
rings of integers Op and Op of F and E satisfy O = Op[I]].

(R-U) E|F is generated by the square root ¥ of a unit in F. We can choose ¢ such that
9 =1+ 75" e for a unit e € O} and for an integer k with |2| < |xf| < |1], where |- |
is the (normalized) absolute value on F'.

An example for an extension of type (R-P) is Q(v/2)|Q,, whereas Q,(1/3)|Q, is of type
(R-U).

The results in the cases (R-P) and (R-U) are similar, but different. We first describe
our results in the case (R-P). Let E|F be of type (R-P).

naive

We first define a naive moduli problem Np™"", that merely copies the definition from
p # 2 (cp. [KR11]). Let F be the completion of the maximal unramified extension of F*
and Op its ring of integers. Then N5 is a set-valued functor on Nilpy_, the category

of O p-schemes where 7 is locally nilpotent. For S € Nilp_, the set NEYe(S) is the set
of equivalence classes of tuples (X, ¢, A, 0). Here, X/S is a formal Op-module of height
4 and dimension 2, equipped with an action ¢ : Oy — End(X). This action satisfies the
Kottwitz condition of signature (1, 1), i. e., for any a € Op, the characteristic polynomial
of t(a) on Lie X is given by

char(Lie X, T | v(a)) = (T — a)(T — @).

Here, a — @ denotes the Galois conjugation of E|F. The right hand side of this equation
is a polynomial with coefficients in Qg via the structure map Op < Op — Og. The
third entry A is a principal polarization A : X — X such that the induced Rosati
involution satisfies t(a)” = (@) for all & € Op. Finally, o is a quasi-isogeny of height
0 (and compatible with all previous data) to a fixed framing object (X, :x, Ax) over
k=0 r/mo. This framing object is unique up to isogeny under the condition that

{p € End’(X,1x) | 9" (Ax) = Ax} =~ U(C, h),
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for a split E|F-hermitian vector space (C,h) of dimension 2, see Lemma 3.2.

It turns out that the definition of AR is not the correct one. In order to illustrate
this, let us recall the definition of the Drinfeld moduli problem Mp,. It is the functor
on NilpéF7 mapping a scheme S to the set Mp,.(S) of equivalence classes of tuples
(X,1p,0). Again, X/S is a formal Op-module of height 4 and dimension 2. Let B
be the quaternion division algebra over F' and Op its ring of integers. Then tp is an
action of Op on X, satisfying the special condition of Drinfeld (see [BC91] or section
3.3 below). The last entry g is an Og-linear quasi-isogeny of height 0 to a fixed framing
object (X, tx p) over k. This framing object is unique up to isogeny (cf. [BC91, II. Prop.
5.2]).

Fix an embedding Or < Op and consider the involution b +— b* = I on B,
where b — b’ is the standard involution. By Drinfeld (see Prop. 3.12 below), there
exists a principal polarization Ax on the framing object (X, tx 5) of Mp,., such that the
induced Rosati involution satisfies tx 5(b)" = tx p(b") for all b € Op. This polarization
is unique up to a scalar in Oj. Furthermore, for any (X,t5, 0) € Mp,(S), the pullback
A = 0" (\x) is a principal polarization on X.

We now set

U(X, 2:3 :Q) = (Xa LB|OE7>‘7 Q)

By Lemma 3.13, this defines a closed embedding 1 : Mp, — Ng*"". But n is far from
being an isomorphism, as follows from the following proposition:

Proposition 1.1. The induced map n(k) : Mp, (k) = NEV(k) is not surjective.

Let us sketch the proof here. Using Dieudonné theory, we can write Np**¢(k) naturally
as a union

NEe ) = | JR(A/TIA)(R),

ACC

where the union runs over all Og-lattices A in the hermitian vector space (C, h) that are
H_l—modular, i. e., the dual AF of A with respect to h is given by A = I AF (see Lemma
3.6). By Jacobowitz ([Jac62]), there exist different types (i. e. U(C, h)-orbits) of such
lattices A C C that are parametrized by their norm ideal Nm(A) = ({h(z,z)|x € A}) C
F'. In the case at hand, Nm(A) can be any ideal with 20r C Nm(A) C Op. If the norm
ideal of A is minimal, that is, if Nm(A) = 20, we call A hyperbolic. Equivalently, the
lattice A has a basis consisting of isotropic vectors. Now, the image under 1 of M p, (k)
is the union of all lines P(A/IIA)(k) where A C C is hyperbolic. This is a consequence
of Remark 3.11 and Theorem 3.14 below. _
On the framing object (X, tx, Ax) of Ng™°, there exists a principal polarization Ax such
that the induced Rosati involution is the identity on Op. This polarization is unique
up to a scalar in O (see Thm. 6.2 (1)). On C, the polarization \x induces an E-linear
alternating form b, such that det b and det h differ only by a unit (for a fixed basis of C').
After possibly rescaling b by a unit in Oj, a I~ '-modular lattice A C C is hyperbolic
if and only if b(z,y) + h(x,y) € 20F for all z,y € A. This enables us to describe the
“hyperbolic” points of Ng*° (i. e., those that lie on a projective line corresponding to
a hyperbolic lattice A C C) in terms of polarizations.
We now formulate the closed condition that characterizes N, £ as a closed formal sub-
scheme of NBY. For a suitable choice of (X, ix, Ax) and Ax, we may assume that
%()\X + XX) is a polarization on X. The following definition is a reformulation of Def.
3.10.

Definition 1.2. Let S € Nilpg . An object (X, 1, N, 0) € Np°(8) satisfies the straight-
ening condition, if \; = %(/\ + X) is a polarization on X. Here, A= 0" (XX).
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We remark that \ = 0" (Xx) is a polarization on X. This is a consequence of Theorem
6.2, which states the existence of certain polarizations on points of a larger moduli space
Mg containing Np™"¢, see below.

For S € Nilpyy_, let Ng(S) C Np¥e(S) be the subset of all tuples (X, ¢, A, o) that satisfy
the straightening condition. By [RZ96, Prop. 2.9], this defines a closed formal subscheme
Nz C NEYe. An application of Drinfeld’s Proposition (see Prop. 3.12) shows that the
image of Mp, under 7 lies in Nz. The main theorem in the (R-P) case can now be
stated as follows, cf. Theorem 3.14.

Theorem 1.3. 1 : Mp, — N5 is an isomorphism of formal schemes.

We next turn our attention towards the construction of a local model NIEC for Nz. We
start with an Opg-lattice A C C that is selfdual with respect to the hermitian form h
and is hyperbolic. After twisting b by a scalar in Oj, if necessary, we may assume that
#(h + b) is integral on A. The forms h and b induce Op-bilinear alternating forms (),
(,)and (,); on A, where

(.91 = 5 9) + (@9),

for all z,y € A. Recall that C has dimension 2 over E, so A is an Opg-lattice of rank 4.
Let R be an Op-algebra. We define NIIE’C(R) as the set of direct summands 7 C A®p R
of rank 2 that are Opg-stable and totally isotropic with respect to (,), (,) and (,);.
Additionally, we impose the Kottwitz condition on the quotient (A ®¢ _ R)/F, i. e., the
characteristic polynomial for the action of any o € Op is given by

char((A ®, R)/F,T | a) = (T —a)(T —a).

The functor N‘,ijc is representable by a closed subscheme of a Grassmanian over Or. In
particular, NIEC is projective. Let r® |F' be the unramified quadratic extension and let
Og) be its ring of integers. We denote the local model for the Drinfeld moduli problem
by MBS, of. [RZ96, Def. 3.27].

Proposition 1.4. Fiz an embedding O — Opg. There is an isomorphism
o Mlsi R0, O(F?) — NIEC X0, Og)
In particular, NS¢ is flat.

Let NlEOC be the my-adic completion of NIEOC ®o, o} r. We have a local model diagram for
Ng in the sense of [RZ96], i. e., a diagram

/ N (1.1)

loc
NE NE

of surjective and formally smooth morphisms of formal schemes of identical relative
dimension. It follows that the completed local rings at points of N are isomorphic to
completed local rings at points of NIEC. The diagram (1.1) is compatible with the local
model diagram for the Drinfeld case. '
Note that there is no good notion of a “naive local model” corresponding to Nz""°,
since there are different types of selfdual lattices A C (C, h), cp. Prop. 2.4. Thus there
is no such thing as a “standard lattice” and it is not clear how one should define a local
model for Nz,

This concludes our discussion of the (R-P) case. From now on, we assume that E|F is
of type (R-U).
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In the case (R-U), we have to make some adaptions for N3¢, For S € Nilpg_, let

NEY(S) be the set of equivalence classes of tuples (X, 1, A, p) with (X, ) as in the (R-P)
case. But now, the polarization X : X — X" is supposed to have kernel ker A = X[II] (in
contrast to the (R-P) case, where A is a principal polarization). As before, the Rosati
involution of A induces the conjugation on O. There exists a framing object (X, tx, Ax)
over Spec k for N3¢, which is unique under the condition that

{p € End’(X,1x) | 9" (Ax) = Ax} =~ U(C, h),

where (C, h) is a split E|F-hermitian vector space of dimension 2 (cf. Prop. 4.2). Finally,
o is a quasi-isogeny of height 0 from X to X, respecting all structure.

Fix an embedding E — B. Using some subtle choices of elements in B (these are de-
scribed in Lemma 2.3 (2)) and by Drinfeld’s Proposition, we can construct a polarization
A as above for any (X, tp,0) € Mp,(S). This induces a closed embedding

n: Mp, — NE° (X, 15, 0) — (X, tglog, A, 0)
We can write Np*(k) as a union of projective lines,

Nnalve U IP) A/HA )

ACC

where the union now runs over all selfdual Og-lattices A C (C, h) with Nm(A) C myOp.

As in the (R-P) case, these lattices A C C are classified up to isomorphism by their

norm ideal Nm(A). Since A is selfdual with respect to h, the norm ideal can be any

ideal satisfying 2-Op C Nm(A) C Op. We call A hyperbolic when the norm ideal is
To

minimal, i. e., Nm(A) = —OF Equivalently, the lattice A has a basis consisting of

isotropic vectors. Recall that here k is an integer, depending on the (R-U) extension
E|F, with |2| < |7&| < |1]. So we always have | 2| < |m,| and hence there exists at least
Ky

one type of selfdual lattices A C C with Nm(AO) C myOp. In the case (R-U), it may
happen that |2| = |74 ™|, in which case all lattices A in the description of Np*V(k) are
hyperbolic.

The image of Mp, (k) under 7 in NE*V*(k) is the union of all projective lines corre-
sponding to hyperbolic lattices. Unless |2| = |m4 ], it follows that (k) is not surjective
and thus 7 cannot be an isomorphism. For the case [2| = |76, we will show that 7 is
an isomorphism on reduced loci (Mp,)req == (N5)1eq (see Remark 4.12), but 7 is
not an isomorphism of formal schemes. This follows from the non-flatness of the “naive
local model” NE™ for N3¢, see section 5.3.

On the framing object (X,LX7>\X) of NV there exists a polarization Ay such that
ker Ay = X[II] and such that the Rosati mvolution induces the identity on Og. After a
suitable choice of (X, 15, Ax) and Ax, we may assume that = (/\X + Ax) is a polarization
on X. The straightening condition for the (R-U) case is glven as follows (cp. Def. 4.11).

Definition 1.5. Let S € Nilpy_. Anobject (X1, A, 0) € Npve(8) satisfies the straight-
k ~ ~
ening condition, if \; = (X + A) is a polarization on X. Here, A= 0" (Ax).

Note that A = o* (Xx) is a polarization on X by Theorem 6.2.

The straightening condition defines a closed formal subscheme Ny C N4 that con-
tains the image of Mp, under 1. The main theorem in the (R-U) case can now be
stated as follows, cf. Theorem 4.15.

Theorem 1.6. n: Mp, — Ng is an isomorphism of formal schemes.
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We now define a local model N'2° for Nz. Let A C C be a II-modular lattice with
respect to h (i. e., A = HAﬁ). The forms h and b induce Op-linear alternating forms
(,), (,) and (,); with

k

o

<x,y>1 = 7(<.’lﬁ,y> + (m,y)),

for all z,y € A.

Let R be an Op-algebra. Then N2¢(R) is the set of direct summands F C A ®o, R
of rank 2 that are Op-stable and totally isotropic with respect to the forms induced
by (,), (,) and (,);. Since A is II-modular, the alternating forms (,) and (,) are not
perfect on A, thus we have to twist by mt here, see (5.8). We also impose the Kottwitz
condition on (A ®¢ . R)/F, see the (R-P) case above. The functor N'2¢ is representable
by a closed subscheme of a Grassmanian over O and, in particular, is projective. We
have the following proposition, cf. Prop. 5.8.

Proposition 1.7. Fiz an embedding E — B and let Og) be the unramified quadratic
extension of Op. There is an isomorphism p : MIB‘; ®o, Og) e NIEC ®o, Og). In

particular, N1§° is flat over Op.

As in the (R-P) case, there exists a local model diagram (1.1) connecting N and N2°.
It is compatible with the local model diagram for the Drinfeld case.

When formulating the straightening condition in the (R-U) and the (R-P) case, we
mentioned that XA = o*(\x) is a polarization for any (X, ¢, A, o) € N5*¥°(S). This fact is
a corollary of Theorem 6.2, that states the existence of this polarization in the following
more general setting.

Let F'|Q, be a finite extension for any prime p and E|F' an arbitrary quadratic extension.
We consider the following moduli space My of (EL) type. For S € NilpéF7 the set
Mpg(S) consists of equivalence classes of tuples (X, i, 0), where X is a formal Op-
module of height 4 and dimension 2 and ¢y is an Og-action on X satisfying the Kottwitz
condition of signature (1,1), see above. The entry p is an Og-linear quasi-isogeny of
height 0 to a supersingular framing object (X, tx g).

The points of Mg are equipped with polarizations in the following natural way, cf.
Theorem 6.2.

Theorem 1.8. (1) There exists a principal polarization XX on (X,1x g) such that the
Rosati involution induces the identity on Og, i. e., t(a)" = () for all « € Og. This
polarization is unique up to a scalar in O.

(2) Fiz Mg as in part (1). For any S € Nilpy and (X, g, 0) € Mg(S), there exists a

unique principal polarization E on X such that the Rosati involution induces the identity
on Og and such that A = 0" (\x).

If p =2 and E|F is ramified of (R-P) or (R-U) type, then there is a canonical closed
embedding Nz — Mg that forgets about the polarization A. In this way, it follows
that A is a polarization for any (X, , A, 0) € N2Ve(S).

The statement of Theorem 1.8 can also be expressed in terms of an isomorphism of
moduli spaces Mg ;1 =+ Mp. Here My, is a moduli space of (PEL) type, defined
by mapping S € Nilpy  to the set of tuples (X, LA, 0) where (X, ¢, 0) € Mg(S) and A
is a polarization as in the theorem.

We now briefly describe the contents of the subsequent sections of this paper. In section
2, we recall some facts about the quadratic extensions of F', the quaternion algebra B|F
and hermitian forms. In the next two sections, sections 3 and 4, we define the moduli
spaces NV, introduce the straightening condition describing Nz C N5*"° and prove
our main theorem in both the cases (R-P) and (R-U). Although the techniques are quite
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similar in both cases, we decided to treat these cases separately, since the results in both
cases differ in important details. In section 5, we define the local model NIEC, prove that
it is isomorphic to MIB‘; and construct the local model diagram connecting ngc and Ng.
Again, we explain these results separately for the cases (R-P) and (R-U). The section
5.3 is dedicated to a discussion of the naive local model N for N5, in the case
where E|F is of type (R-U) with [2| = |z T*|. In particular, we prove the necessity of
the straightening condition in that specific case. Finally, in section 6, we prove Theorem
1.8 on the existence of the polarizations by

Acknowledgements. First of all, I am very grateful to my advisor M. Rapoport for
suggesting this topic and for his constant support and helpful discussions. I thank the
members of our Arbeitsgruppe in Bonn for numerous discussions at lunch time and I
also would like to thank the audience of my two AG talks for many helpful questions
and comments. This work is the author’s PhD thesis at the University of Bonn, which
was supported by the SFB/TR45 ‘Periods, Moduli Spaces and Arithmetic of Algebraic
Varieties’ of the DFG (German Research Foundation). Parts of this paper were written
during the fall semester program ‘New Geometric Methods in Number Theory and
Automorphic Forms’ at the MSRI in Berkeley.

2. PRELIMINARIES ON QUATERNION ALGEBRAS AND HERMITIAN FORMS

Let F|Qy be a finite extension. In this section we will recall some facts about the
quadratic extensions of F', the quaternion division algebra B|F and certain hermitian
forms. For more information on quaternion algebras, see for example the book by
Vigneras [Vig80]. A systematic classification of hermitian forms over local fields has
been done by Jacobowitz in [Jac62].

Let E|F be a quadratic field extension and denote by O resp. O the rings of integers.
There are three mutually exclusive possibilities for E|F:

e FE|F is unramified. Then E = F[4] for ¢ a square root of a unit in F. We can choose
§ such that 6% = 1 4 4e, for some £, € OF. In this case, Op = OF[%‘S]. In the

following we will write F’ ) instead of E and Og) instead of O when talking about the
unramified extension of F.

e E|F is ramified and FE is generated by the square root of a uniformizer in F'. That
is, E = F[I] and II* = m, is a uniformizing element in Oy. We also have Op = Ox[I1].
Following Jacobowitz, we will say E|F is of type (R-P) (which stands for “ramified-
prime”).

e FE|F is ramified and E is generated by the square root of a unit in F'. Here E = F[J]
with 9% € Oj.. We can choose 9 such that 92 is of the form ¥* = 1+7r§’““e. Here 7 is a
uniformizer of Op, e € O} and k is a non-negative integer such that |2| < |mo|" < |1] for
the (normalized) absolute value |-| on F. A uniformizer of Op is given by Il = (1+1) /7§
and O = Op[II]. In this case E|F is said to be of type (R-U) (for “ramified-unit”).

Throughout the paper, we use this notation for the (R-U) case.

Remark 2.1. (1) The isomorphism classes of quadratic extension of F' correspond to
the non-trivial equivalence classes of F*/(F*)?. We have F*/(F*)* ~ H' (G, Z/2Z)
for the absolute Galois group G of F' and dim Hl(GF, 7/27) = 2+d, where d = [F : Q,]
is the degree of F over Qy (see, for example, [NSWO00, Cor. 7.3.9]).

A representative of an equivalence class in F* /FX2 can be chosen to be either a
prime or a unit, and exactly half of the classes are represented by prime elements, the
others being represented by units. It follows that there are, up to isomorphism, o1t
different extensions E|F of type (R-P) and 2'"% — 2 extension of type (R-U). (We have
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to exclude the trivial element 1 € F*/F *2 and one unit element corresponding to the
unramified extension.)

(2) Note that 1+ 7r§k+15 is never a square in OF/7T(2)I€Jr2 for any unit € and any k with
2] < |mo|¥ < |1]. Tt follows that, if two elements 1+ ma* " e and 1 + mo" 7'’ lie in

the same equivalence class of F*/F 2 (i-e. they induce the same quadratic extension of
type (R-U)), then k = k" and e =&’ mod .
Lemma 2.2. The inverse different of E|F is given by 33;:|1F = %OE in the case (R-P)
k
and by ®E|1F = 20 in the case (R-U).
Proof. The inverse different is defined as
9;1|1F ={a € E|Trgp(aOg) C Op}.

It is enough to check the condition on the trace for the elements 1 and Il € O. If we
write o = a1 + lay with ay, ay € F, we get

Trpp(a-I0) = oIl + oIl = oy (I + 1) + oy (IT° + II°).

In the case (R-P) we have IT1 + II = 0 and II* + II> = 27, while in the case (R-U),
O4+O=212 4129 = 2 4nq 12+ 11° = (#)24—(#)2 = 4 4+ 2mye. It is now easy

o o To
to deduce that the inverse different is of the claimed form. O

Over F, there exists up to isomorphism exactly one quaternion division algebra B,
with unique maximal order Opg. For every quadratic extension E|F, there exists an
embedding E < B and this induces an embedding Oy — Op. If E|F is ramified,
a basis for Op as Op-module is given by (1,II). We would like to extend this to an
Op-basis of Op.

Lemma 2.3. (1) If E|F is of type (R-P), there exists an embedding F*® < B such
that 011 = —I15. An Op-basis of Op is then given by (1, 1TJ”S,H, 174'5 -10).

(2) If E|F is of type (R-U), there exists an embedding E, — B, where E,|F is of type (R-
P), such that 911, = —11;9. The tuple (1,9,11;,911;) is an F-basis of B. Furthermore,
there is also an embedding E < B with E|F of type (R-U), such that 99 = —99 and
9 =1+ (4/me¥ Y L& In terms of this embedding, an Op-basis of O is given by
(1,11, IL, 11 - ﬁ/wo). Also,

= — 2.1

- 5 (2.1)

for some embedding r» < B of the unramified extension and 2 =1+ ey with
g9 = —c&. Hence, Og = Op][Il, %] as Op-algebra.

Proof. (1) This is [Vig80, II. Cor. 1.7].

(2) By [Vig80, I. Cor. 2.4], it suffices to find a uniformizer IT; € F* \ Nmpg p(E™) in
order to prove the first part. But Nmpz(E™) C F* is a subgroup of order 2 and
F** C Nm pir(E ). On the other hand, the residue classes of uniformizing elements in
F* JF*? generate the whole group. Thus they cannot all be contained in Nm B r(EX).
For the second part, choose a unit § € F? with 6> = 1 + 4eg € F*\ F*? for some
g0 € OF. Let E|F be of type (R-U), generated by 9 with 9% = 1 + (4/72"") . & and
g0 = —e&. We have to show that U% is not contained in NmE|F(EX).
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Assume it is a norm, so 0* = Nmg p(b) for a unit b € E*. After multiplying with a

scalar in F*, we can write b as b= 1+ (2/78 ") - byIl for some b, € F. Now,

2 2
Nmgp(b) = (1 + =] “boIT) - (1 + ET1 - by1I)
0 o
4
2R

and it follows from Remark 2.1 (2), that b, is a unit with

= 1+ (bg _Ebg),

£=by — b5 mod To-
After multiplying the equation with ¢ and setting x = —eby, this becomes
€0 = z+2° mod 0.
But a solution of this equation would lift to O by Hensel’s Lemma, and then
(14 22)* =1+ 4,

contradicting our assumptions on d. Hence 9 ¢ Nmpg, #(E™) and we can choose an

embedding E < B such that 99 = —1919;
We have I = (1 4 9)/mg and I = (1 4+ 9)/ (2/75 "), thus

-0 (1+9)-1+9) 1+9+0+9-9
To 2 N 2 ’

and

W+ +9-9) =02 + 92 — 9?9

4 4
2k 2k

(1+7T +1)+(1+W~) (1+7T + )(1+Wg’)
0

0
= ]. +4<€0.

Hence M — —0 induces an embedding r% < .

It remains to prove that the tuple u = (1,11, II, II-II /) is a basis of O as Op-module.
By [Vig80, I. Cor. 4.8], it suffices to check that the discriminant

disc(u) = det(Trd(u;u,)) - Op

is equal to disc(Op). An easy calculation shows det(Trd(u,;u;)) - Op = myOp and then
the assertion follows from [Vig80, V, II. Cor. 1.7]. O

For the remainder of this section, we will consider lattices A in a 2-dimensional E-
vector space C' with a split E|F-hermitian form h. Recall from [Jac62] that, up to
isomorphism, there are 2 different E|F-hermitian vector spaces (C, h) of fixed dimension
n, parametrized by the discriminant disc(C,h) € F*/Nmp p(E™). A hermitian space
(C,h) is called split whenever disc(C,h) = 1. In our case, where (C,h) is split of
dimension 2, we can find a basis (e;,e5) of C' with h(e;, e;) = 0 and h(ey,ey) = 1.

Denote by A* the dual of a lattice A C C with respect to h. The lattice A is called
II'-modular if A = II'A* (resp. unimodular or selfdual when i = 0). In contrast to the

p-adic case with p > 2, there exists more than one type of II'-modular lattices in our
case (cf. [Jac62]):

Proposition 2.4. Define the norm ideal Nm(A) of A by
Nm(A) = ({h(z,z)|z € A}) C F. (2.2)
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Any ' -modular lattice A C C is determined up to the action of U(C,h) by the ideal
Nm(A) = ngF CF. Fori=0 or1, the exponent £ can be any integer such that

12| < |mo|* < |1] (for E|F (R-P), unimodular A),
1270| < |mol” < |mo| (for E|F (R-P), H-modular A),
12/78| < |mol" < 1| (for E|F (R-U), unimodular A),
12/78| < |70l < |mo| (for E|F (R-U), M-modular A),
where | - | is the (normalized) absolute value on F. O

For any other i, the possible values of £ for a given II'-modular lattice A are easily
obtained by shifting. In fact, we can choose an integer j such that I’ A is either uni-
modular or IT-modular. Then Nm(A) = 7,7 Nm(IIA) and we can apply the proposition
above. }

Since (C, h) is split, any IT'-modular lattice A contains an isotropic vector v (i. e., with
h(v,v) = 0). After rescaling with a suitable power of II, we can extend v to a basis of
A. Hence there always exists a basis (e, e3) of A such that h is represented by a matrix

of the form ‘
HA:(r”fi H), zeF. (2.3)

If 2 = 0 in this representation, then Nm(A) = ﬂ'gOF is as small as possible, or in other
words, the absolute value of |7r0|Z is minimal. On the other hand, whenever |7r0|Z takes
the minimal absolute value for a given II*-modular lattice A, there exists a basis (eq, €5)
of A such that h is represented by H, with z = 0. Indeed, this follows because the ideal
Nm(A) already determines A up to isomorphism. In this case (when z = 0), we call A
a hyperbolic lattice. By the arguments above, a II*-modular lattice is thus hyperbolic
if and only if its norm is minimal. In all other cases, where A is II"-modular but not
hyperbolic, we have Nm(A) = zOp.

For further reference, we explicitly write down the norm of a hyperbolic lattice for the
cases that we need later. For other values of i, the norm can easily be deduced from
this by shifting (see also [Jac62, Table 9.1]).

Lemma 2.5. Let A be a hyperbolic I -modular lattice. Then,
Nm(A) = 20y, for E|F (R-P),i=0 or —1,
Nm(A) = 27 "Op, for E|F (R-U), i=0 or1.
The norm ideal of A is minimal among all norm ideals for ' -modular lattices in C. O

In the following, we will only consider the cases i = 0 or 1. We want to study the
following question:

Question 2.6. Fix a selfdual lattice Ag C C (not necessarily hyperbolic). How many
IT-modular lattices A; C Ay are there and what norms Nm(A;) can appear? Dually, for
a fixed II-modular lattice A; C C, how many unimodular lattices Ay with A; C Ay do
exist and what are their norms?

Of course, such an inclusion is always of index 1. The inclusions A; C A of index 1
correspond to lines in Ay/IIA,. Denote by g the number of elements in the common
residue field of Op and Op. Then there exist at most g + 1 such II-modular lattices
A, for a given Ay. The same bound holds in the dual case, i. e., there are at most
q + 1 selfdual lattices containing a given II-modular lattice A;. The Propositions 2.7
and 2.8 below provide an exhaustive answer to Question 2.6. Since the proofs consist of
a lengthy but simple case-by-case analysis, we will leave it to the interested reader.
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Proposition 2.7. Let E|F of type (R-P).

(1) Let Ay C C be a hyperbolic selfdual lattice. There are 2 hyperbolic II-modular lattices
Ay C Ay and g — 1 non-hyperbolic II-modular lattices Ay C Ay with Nm(A;) = 20p.
(2) Let Ag C C be selfdual non-hyperbolic with Nm(Ay) = 760p. There exists one
-modular lattice A; C Ay with Nm(A;) = 757 Op and, unless £ = 0, there are q
non-hyperbolic I-modular lattices A, C Ay with Nm(A,) = 750 p.

(3) Let Ay C C be a hyperbolic II-modular lattice. There are g+ 1 hyperbolic unimodular
lattices containing A;.

(4) Let Ay C C be a non-hyperbolic TI-modular lattice of norm Nm(A;) = 1505, Then
A, is contained in q selfdual lattices of norm ﬁg_lOF and in one selfdual lattice Ay with
Nm(Ag) = 10p.

Note that the total amount of selfdual resp. II-modular lattices found for A = A; resp.
Ay is ¢+ 1 except in the case of Prop. 2.7 (2) when £ = 0. In that particular case, there
is just one II-modular lattice contained in Ay. The same phenomenon also appears in
the case (R-U), compare part (2) of the following proposition.

Proposition 2.8. Let E|F of type (R-U).

(1) Let Ay C C be a hyperbolic selfdual lattice. There are ¢ + 1 hyperbolic II-modular
lattices Ay C Ay.

(2) Let Ay C C be selfdual non-hyperbolic with Nm(Ay) = 750p. There is one II-
modular lattice Ay C Ay with norm ideal Nm(A,) = 7rg+lOF and if £ # 0, there are also
q non-hyperbolic II-modular lattices A; C Ay with Nm(A;) = 160

(3) Let Ay C C be a hyperbolic II-modular lattice. There are 2 selfdual hyperbolic lattices
containing Ay and g — 1 selfdual lattices Ay with Ay C Ay and Nm(Ay) = (2/7?’5“) -Op.
(4) Let Ay C C be a non-hyperbolic I-modular lattice of norm Nm(A;) = T60p. The
lattice Ay is contained in q selfdual lattices of norm WéilOF and in one selfdual lattice
Ay with Nm(Ag) = 76O

If E|F is a quadratic extension of type (R-U) such that |mf ™| = |2|, there exist only

hyperbolic II-modular lattices in C' and hence case (4) of Prop. 2.8 does not appear.
(See page 7 for the definition of the parameter k in the (R-U) case.)

3. THE MODULI PROBLEM IN THE CASE (R-P)

Throughout this section, E|F is a quadratic extension of type (R-P), i.e. there exists a
uniformizing element IT € E such that 7, = I1? is a uniformizer of F. Then O g = O[]
for the rings of integers O and Of of F and FE, respectively. Let k be the common
residue field with g elements, k an algebraic closure, and F the completion of the maximal
unramified extension of F, with ring of integers Op = Wo,. (k). Let o be the lift of the
Frobenius in Gal(k|k) to Gal(Og|Op).

naive

3.1. The definition of the naive moduliv problem Np*"". We first construct a
functor Ng™"° on Nilps_, the category of Op-schemes S such that moOg is locally
nilpotent. We consider tuples (X, ¢, A), where
e X is a formal Op-module over S of dimension 2 and height 4.
e 1 : Oy — End(X) is an action of O satisfying the Kottwitz condition: The charac-
teristic polynomial of ¢(«) on Lie X for any « € O is

char(Lie X, T | 1(a0)) = (T — a)(T — @).

Here a — @ is the non-trivial Galois automorphism and the right hand side is a poly-
nomial with coefficients in Og via the embedding Op[T] — Op[T] — Og[T].
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e \: X — XV is a principal polarization on X such that the Rosati involution satisfies
t(a)" = (@) for a € Op.

Definition 3.1. A quasi-isogeny (resp. an isomorphism) ¢ : (X,1,\) — (X',//,\') of
two such tuples (X, ¢, \) and (X',+,\') over S is an Op-linear quasi-isogeny of height 0
(resp. an Op-linear isomorphism) ¢ : X — X' such that A = ¢*(\').

For S = Spec k we have the following proposition:

Proposition 3.2. Up to isogeny, there exists only one tuple (X, 1x, Ax) over Speck such
that the group

G(X@&J\x) = {Qp € AUtO(X’ Ux, )‘X) ’ det Y= 1} (31)

is isomorphic to SU(C, h) for a 2-dimensional E-vector space C with split E|F -hermitian
form h.

Here Aut’ (X, tx, Ax) is the group of quasi-isogenies ¢ : (X, tx, Ax) — (X, tx, Ax). Both
G (x,5,0,) and SU(C, h) are considered as linear algebraic groups over F.

Remark 3.3. We will show uniqueness of the tuple (X, ix, Ax) even for the slightly
weakened condition that we have just a closed embedding SU(C,h) < Gx,,, a,) of
linear algebraic groups over F' (and not necessarily an isomorphism).

Proof. We first show uniqueness. Let (X,¢,\)/Speck be such a tuple. Its rational
Dieudonné module Ny is a 4-dimensional vector space over F' with an action of E and
an alternating form (,) such that for all z,y € Ny,

<$7Hy> = —<Hx,y>. (32)

The space Ny has the structure of a 2-dimensional vector space over EF=E® F F and
we can define an F|F-hermitian form on it via

h(z,y) = 6((lz,y) + [(z,y)), (3-3)

where § € O r is a unit generating the unramified quadratic extension of F', chosen in
such a way that 6% =1+ 4¢, for some ¢, € Ox. The alternating form can be recovered
from h by

(w29) =Tz (55 o)) (3.4)

Furthermore we have on Ny a o-linear operator F, the Frobenius, and a o linear
operator V, the Verschiebung, that satisfy VF = FV = 7. Recall that o is the lift of
the Frobenius on Op. Since (,) comes from a polarization, we have

(Fa,y) = (x, Vy)”,
and together with 6° = —4, this yields
h(FJf, y) = —h(.lf, Vy)ga

for all z,y € Ny. Let us consider the o-linear operator 7 = vt Its slopes are all

zero, since Ny is isotypical of slope % (This follows from the condition on Gx . x,)-)
We set C = Nx. This is a 2-dimensional vector space over E and Ny = C ®g E. Now

h induces an E|F-hermitian form on C' since
h(rz,my) = h(FIL 'z, IV 'y) = —h(IT 'z, Iy)° = h(z,y)°.

A priori, there are up to isomorphism two possibilities for (C,h), either A is split on C
or non-split. But automorphisms of (C, h) with determinant 1 correspond to elements
of G(x,,,),)- The special unitary groups of (C,h) for h split and h non-split are not
isomorphic and thus they cannot contain each other as a Zariski-closed subgroup for
dimension reasons. Hence the condition on Gx ,, ) implies that % is split.



NEW EXAMPLE OF A 2-ADIC RZ-SPACE 13

Assume now we have two different objects (X, ¢, A) and (X', ., \') as in the proposition.
These give us isomorphic vector spaces (C, h) and (C/, h/) and an isomorphism between
these extends to an isomorphism between Ny and N (respecting all rational structure)
which corresponds to a quasi-isogeny between (X, ¢, \) and (X,./, \").

The existence of (X, tx, Ax) now follows from the fact that a 2-dimensional E-vector
space (C,h) with split E|F-hermitian form contains a selfdual lattice A. Indeed, this
gives us a lattice M = A ®¢ OE CC®g E. We extend h to N = C®g E and define
the F-linear alternating form (,) as in (3.4). Now M is selfdual with respect to (,),
because ﬁOV & is the inverse different of £ |ﬁ‘ (see Lemma 2.2). We choose the operators
F and V on M such that FV = VF = 1y and A = M" for 7 = IV . This makes
M a (relative) Dieudonné module and we define (X tx, Ax) as the corresponding formal
O p-module. O

We fix such a framing object (X, tx, \x) over Spec k. .
For arbitrary S € Nilpg_, let S=S5 Xspt &3, Spec k. We define N5*V°(S) as the set of
equivalence classes of tuples (X, ¢, A, 0) over S, where (X, ¢, \) as above and

QzXXSg—)XXSpecES
is a quasi-isogeny between the tuple (X, ¢, A) and the framing object (X, tx, Ax) (after
base change to S). Two objects (X, ¢, ), 0) and (X',//, N, ¢') are equivalent if and only

if there exists an isomorphism ¢ : (X, 1, \) — (X', ¢/, \") such that o = ¢’ o (p x5 S).

Remark 3.4. (1) The morphism p is a quasi-isogeny in the sense of Def. 3.1, i. e., we
have A = 0" (\x). Similarly, we have A = ©*()\") for the isomorphism ¢. We obtain an
equivalent definition of N3V if we replace strict equality by the condition that, locally
on S, A and o*(\x) (resp. ¢*()\')) only differ by a scalar in Oj. This variant is used in
the definition of RZ-spaces of (PEL) type for p > 2 in [RZ96]. In this paper we will use
the version with strict equality, since it simplifies the formulation of the straightening
condition, see Def. 3.10 below.

(2) N2V is pro-representable by a formal scheme, formally locally of finite type over
Spf Op. This follows from [RZ96, Thm. 3.25].

As a next step, we use Dieudonné theory in order to get a better understanding of the
special fiber of N3 Y. Let N = Ny be the rational Dieudonné module of the base
point (X, 15, \x) of Np*¥®. This is a 4-dimensional vector space over F, equipped with
an F-action, an alternating form (,) and two operators V and F. As in the proof of
Proposition 3.2, the form (,) satisfies condition (3.2):

(x,y) = —(z, y). (3.2)

A point (X, 1, A, 0) € Np(k) corresponds to an Op-lattice My C N. It is stable
under the actions of the operators V and F and of the ring Og. Furthermore M is
selfdual under (,), i.e. My = My, where

My ={x e N|{(x,y) € Op forall y € My}.

We can regard N as a 2-dimensional vector space over E with the E|F-hermitian form
h defined by

h(z,y) = 6((Ilz, y) + {z,y)). (3.3)
Let OE = Og ®o, OF Then My C N is an éE—lattice and we have

My = My = M%,
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where Mg( is the dual lattice of My with respect to h. The latter equality follows from
the formula

(2,5) = Trg s (21115 . h(:r.y)) (3.4)

and the fact that the inverse different of E|F is ’D;;‘lF = 550 (see Lemma 2.2). We

can thus write the set Np""°(k) as
NEe () = {Op-lattices M C Ny | M* = M, mgM C VM C M}. (3.5)

Let 7 = IIV™'. This is a o-linear operator on N with all slopes zero. The elements
invariant under 7 form a 2-dimensional E-vector space C = N'. The hermitian form
h is invariant under 7, hence it induces a split hermitian form on C' which we denote
again by h. With the same proof as in [KR11, Lemma 3.2], we have:

Lemma 3.5. Let M € Np*"°(k). Then:

(1) M+ 7(M) is T-stable.

(2) Bither M is T-stable and Ay = M C C is selfdual (A} = Ag) or M is not T-stable
and then Ay = (M +7(M))" C C is 11" *-modular (A} = TIA,).

Under the identification N = C @y E, we get M = Ay ®o,, Oy, for a T-stable Dieudonné
lattice M. If M is not 7-stable, we have M +7M = A; ®p, O and M C Ay ®p, Op

is a sublattice of index 1. The next lemma is the analogue of [KR11, Lemma 3.3].

Lemma 3.6. (1) Fiz a 1™ ' “modular lattice Ay C C. There is an injective map
in, : P(Ay/TIAY) (k) — NEe(k)
mapping a line £ C (A1 /TIA,)®F to its preimage in Ay ®@Op. Identify P(Ay /TIA;)(k) with

its image in NpV°(k). Then P(A;/TTIAy)(k) C P(Ay/TIA) (k) is the set of T-invariant
Dieudonné lattices M C Ay @ Op.

(2) The set Np*V°(k) is a union
NE™C(R) = [ JP(Ay/TIA) (R), (3.6)

A CC

ranging over all I -modular lattices A, C C. The projective lines corresponding to the
lattices Ay and A} intersect in Ny (k) if and only if Ag=AN A is selfdual. In this
case, their intersection consists of the point M = Ay ® OE € ./\fnalvc( ).

Proof. We only have to prove that the map i, is well-defined. Denote by M the
preimage of ¢ C (Ay/TIA;) ® k in A; ® Op. We need to show that M is an element
in N2*V°(k) under the identification of (3.5). It is clearly a sublattice of index 1 in
A, ® Og, stable under the actions of F, V and Op.

Leteg € A\ ® (jE such that e; ® k generates £. We can extend this to a basis (e;, e5) of
A, and with respect to this basis, h is represented by a matrix of the form

T ot
71—[71 y )

with z,y € H_léE N éF = OF. The lattice M C Ay ® OE is generated by e; and Ile,.
With respect to this new basis, h is now given by the matrix

T 1
1 —ToY ’

Since all entries of the matrix are integral, we have M C M *. But this already implies
M* = M, because they both have index 1 in A; ® Op. Thus M € N2¥°(k) and iy, is
well-defined. (|
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Remark 3.7. (1) Recall from Prop. 2.4 that the isomorphism type of a II"-modular
lattice A C C only depends on its norm ideal Nm(A) = ({h(z, z)|z € A}) = 7507 C F.
In the case that A = Ay or A; is selfdual or Hfl—modular, £ can be any integer such

that |1] > |mo|* > |2|. In particular, there are always at least two possible values for /.
Recall from Lemma 2.5, that A is hyperbolic if and only if Nm(A) = 20p.

(2) The intersection behaviour of the projective lines in Np**(k) can be deduced from
Prop. 2.7. In particular, for a given selfdual lattice Ay C C with Nm(Ag) C 7Op,
there are ¢ + 1 lines intersecting in M = Ay ® Op. If Nm(Ay) = Op, the lattice
M=A® 0 g is only contained in one projective line. On the other hand, a projective
line P(A; /IIA, ) (k) C Np¥Y(k) contains ¢ 4+ 1 points corresponding to selfdual lattices
in C. By Lemma 3.6 (1), these are exactly the k-rational points of P(A;/IIA;).

(3) If we restrict the union at the right hand side of (3.6) to hyperbolic II '-modular
lattices A; C C (i. e., Nm(A;) = 20y, see Lemma 2.5), we obtain a canonical subset
Ng(k) € NpY(k) and there is a description of N as a pro-representable functor on
Nilpy ~ (see below). We will see later (Theorem 3.14) that N is isomorphic to the
Drinfeld moduli space M p,., described in [BC91, 1.3]. In particular, the underlying
topological space of N is connected. (The induced topology on the projective lines is
the Zariski topology, see Prop. 3.8.) Moreover, each projective line in NVgz(k) has ¢ + 1
intersection points and there are 2 projective lines intersecting in each such point (also
cp. Prop. 2.7).

We fix such an intersection point P € Ng(k). Now going back to NpV(k), there are
¢ — 1 additional lines going through P € Np*"*(k) that correspond to non-hyperbolic
lattices in C (see Prop. 2.7). Each of these additional lines contains P as its only “hy-
perbolic” intersection point, all other intersection points on this line and the line itself
correspond to selfdual resp. I '-modular lattices A € C' of norm Nm(A) = (2/m)Op
(whereas all hyperbolic lattices occuring have the norm ideal 20, see Lemma 2.5).
Assume P(A/ITA) (k) € N3*Y°(k) is such a line and let P’ € P(A/IIA)(k) be an inter-
section point, where P # P’. There are again ¢ more lines going through P’ (always
g—+1 in total) that correspond to lattices with norm ideal Nm(A) = (2/75)Op, and these
lines again have more intersection points and so on. This goes on until we reach lines
P(A"/TIA") (k) with Nm(A') = Op. Each of these lines contains ¢ points that correspond
to selfdual lattices Ay C C with Nm(Ay) = Op. Such a lattice is only contained in one
1" *-modular lattice (see part 2 of Prop. 2.7). Hence, these points are only contained
in one projective line, namely P(A’/TIA") (k).

In other words, each intersection point P € Ng(k) has a “tail”, consisting of finitely
many projective lines, which is the connected component of P in (Vg (k) \ N (k)) U
{P}. Figure 1 shows a drawing of (Np""®),.q for the cases F = Q, (on the left hand
side) and F'|Q, a ramified quadratic extension (on the right hand side). The “tails” are
indicated by dashed lines.

Fix a II"'-modular lattice A = A; C C. Let X} be the formal Op-module over Spec k
associated to the Dieudonné lattice M = A ® O C N. It comes with a canonical
quasi-isogeny

QX X — XX
of F-height 1. We define a subfunctor N, C N, TAIve 1y mapping S € Nilpy  to
Npa(S) ={(X,1, ), 0) € NE™(S) | (& x S) o o is an isogeny}. (3.7)

Note that the condition of (3.7) is closed, cf. [RZ96, Prop. 2.9]. Hence N , is rep-
resentable by a closed formal subscheme of Np*Y®. On geometric points, we have a
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FIGURE 1. The reduced locus of Np*¥¢ for E|F of type (R-P) where
F|Q, has ramification index e and inertia degree f. Solid lines are given
by subschemes Ny 5 for hyperbolic lattices A.

bijection - -
Nea(k) == P(A/TIA)(k), (3-8)
as a consequence of Lemma 3.6 (1).

Proposition 3.8. The reduced locus of N is given by
(Ngaivc)red = UNE,A7

ACC

where A runs over all II"*-modular lattices in C. For each A, there is an isomorphism
of reduced schemes
NE,A = ]P)(A/I_IA)7

inducing the map (3.8) on k-valued points.

Proof. The embedding
U(NE,A)red — (Ngawe)red (39)
ACC
is closed, because each embedding Np 5 C Npve is closed and, locally on (VA7) eq;
the left hand side is always only a finite union of (Mg A )req- It follows already that (3.9)
is an isomorphism, since it is a bijection on k-valued points (see the equations (3.6) and
(3.8)) and (NpV®),eq is reduced by definition and locally of finite type over Speck by
Remark 3.4 (2).
For the second part of the proposition, we follow the proof presented in [KR11, 4.2].
Fix a I '-modular lattice A CCandlet M =A® OE C N, as above. Now X/'\|r is the
formal Op-module associated to M, but we also get a formal Op-module X, associated
to the dual M* = IIM of M. This comes with a natural isogeny

naty : Xy — Xj
and a quasi-isogeny oy : X5 — X of F-height 1. For (X,¢,\,0) € NgV(S) where
S e NilpéF7 we consider the composition
onx =0 ooy x9): (Xy x8) — X.
By [KR11, Lemma 4.2], this composition is an isogeny if and only if (o5 x S) o ¢ is an
isogeny, or, in other words, if and only if (X,¢,A,0) € Ng(S). Let D, (S) be the
’ A

(relative) Grothendieck-Messing crystal of X, evaluated at S (cf. [ACZ, Def. 3.24] or
[Ahs11, 5.2]). This is a locally free Og-module of rank 4, isomorphic to A /oA ®¢ . Og.
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The kernel of D(nat, )(S) is given by (A/TIA)®o . Og, locally a direct summand of rank 2
of Dy (S). For any (X, ¢, A, 0) € Nga(S), the kernel of ) y is contained in ker(nat ).
It follows from [VW11, Cor. 4.7] (cp. Prop. 4.6 in [KR11]) that ker D(0, x)(S) is locally
a direct summand of rank 1 of (A/IIA) ®¢, Og. This induces a map

Nea(S) — P(A/TIA)(S),

functorial in S, and the arguments of [VW11, 4.7] show that it is an isomorphism. (One
easily checks that their results indeed carry over to the relative setting over Op.) (]

3.2. Construction of the closed formal subscheme Ny C N5, We now use a
result from section 6. By Theorem 6.2 and Remark 6.1 (2), there exists a principal
polarization XX : X = XY on (X, 5, \x), unique up to a scalar in O, such that the
induced Rosati involution is the identity on Op. Furthermore, for any (X,¢, A, 0) €
NEY(S), the pullback A = p"(Ax) is a principal polarization on X.

The next proposition is crucial for the construction of Agz. Recall the notion of a
hyperbolic lattice from Prop. 2.4 and the subsequent discussion.

Proposition 3.9. It is possible to choose (X, ix, Ax) and XX such that

1 ~
AX,I = 5()\}& + Ax) € HOI’H(}&7 Xv)
Fiz such a choice and let (X, 1, )\, 0) € NE*™(k). Then, 3(A+X) € Hom(X, X") if and
only if (X, 1, A, 0) € Ng.a(k) for some hyperbolic lattice A C C.

Proof. The polarization XX on X induces an alternating form (,) on the rational Dieu-
donné module N = My ®, I For all z,y € N, the form (,) satisfies the equations

(Fa,y) = (z, Vy)”,
(Iz, y) = (2, y).
It induces an E—alternating form b on N via
b(z,y) = (z,y) + U(z,y).

On the other hand, we can describe (,) in terms of b,
1
(x,y) = Try (2H -b(z, y)> ~ (3.10)

The form b is invariant under 7 = HVﬁl, since
b(rz, Ty) = b(FII 2, IV y) = b1 "2, 1Iy)” = b(z, y)°.

Hence b defines an E-linear alternating form on C' = N7, which we again denote by b.
Denote by (,) the alternating form on My induced by the polarization Ax and let h
be the corresponding hermitian form, see (3.3). On Ny, we define the alternating form

<7>1 by

(@)1 = 5 (@0) + (2.).

This form is integral on My if and only if Ax; = %()\X + XX) is a polarization on X.
We choose (X, tx, Ax) such that it corresponds to a selfdual hyperbolic lattice Ay C (C, h)
under the identifications of (3.5) and Lemma 3.5. There exists a basis (e, e5) of Ag such

that
hé(l 1), b (_u “> (3.11)

I
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for some v € E*. Since XX is principal, the alternating form b is perfect on Ay, thus
u € Of. After rescaling \x, we may assume that u = 1. We now have

5 (h(,9) + bla,v)) € Op,

for all ,y € Ag. Thus 1(h + b) is integral on My = A, ®o,, Op. This implies that

1 1 1
(#2501 = g (Goa) + 0.90) = 5 T (g5 ) + 57 W)
1 1 0—1 1 v
=Tryp (2115 5 (Al y) + b(ﬂ%@/))) + 5 T (m : b(x,y)> € Op,
for all z,y € Mx. Indeed, in the definition of h (see (3.3)), the unit § has been chosen
such that % € Op, so the second summand is in Op. The first summand is integral,
since $(h + b) is integral. It follows that Ax ; = 3 (Ax 4+ Ax) is a polarization on X.
Let (X,0, ), 0) € Np*°(k) and assume that \; = (A + X) = 0" (\x,) is a polarization
on X. Then (,); is integral on the Dieudonné module M C N of X. By the above
calculation, this is equivalent to %(h—f— b) being integral on M. In particular, this implies
that
h(z,z) = h(xz,z) + b(x,x) € 20p,

forallz € M. Let A = M resp. A = (M+7(M))" as in Lemma 3.5. Then h(z,z) € 205
for all z € A, hence Nm(A) C 20,. By Lemma 2.5 and because of minimality, we have

Nm(A) = 20y and A is a hyperbolic lattice. It follows that (X, ¢, A, o) € /\/’E’A/(k) for

some hyperbolic II"'-modular lattice A’ C C. Indeed, either A is II *-modular and
A = A, or, if A is selfdual, it is contained in some 1" *-modular hyperbolic lattice A’
cp. Prop. 2.7.

Conversely, assume that (X, ¢, A, 0) € ./\/EA(E) for some hyperbolic lattice A C C. Tt
suffices to show that % (h+b) is integral on A. Indeed, it follows that 1(h+b) is integral
on the Dieudonné module M. Thus (,); is integral on M and this is equivalent to
A = 2(A+X) € Hom(X, X").

Let A’ C C be the II '-modular lattice generated by H_lel and ey, where (e, e5) is the
basis of the lattice A corresponding to the framing object (X, tx, Ax). By (3.11), h and
b have the following form with respect to the basis (H_lel, €3),

N 1t N !
e ) e ™)

In particular, A" is hyperbolic and %(h +b) is integral on A’. By Prop. 2.4, there exists
an automorphism g € SU(C, h) mapping A onto A’. Since detg = 1, the alternating
form b is invariant under g. It follows that 1 (h + b) is also integral on A. O

From now on, we assume (X, tx, Ax) and XX chosen in a way such that
1 ~
Axa = 5(Ax + Ax) € Hom(X, XY).

Note that this determines the polarization XX up to a scalar in 1+ 20p. If we replace
Ax by Ax = Ax 0 tx(1 + 2u) for some u € Op, then Ay ; = Ax1 + Ax 0 tx(u).
We can now formulate the straightening condition.
Definition 3.10. Let S € Nilpy . An object (X,:,A,0) € NEYe(S) satisfies the
straightening condition if

A\ € Hom(X, XV), (3.12)
where Ay = 2(A 4+ X) = 0" (A\x1)-
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This definition is clearly independent of the choice of the polarization XX. We define
N as the functor that maps S € Nilpy  to the set of all tuples (X, ¢, A, 0) € NE"(S)
that satisfy the straightening condition. By [RZ96, Prop. 2.9], Ny is representable by a

naive

closed formal subscheme of N

Remark 3.11. The reduced locus of Ny can be written as

(NE)red = UNE,A = U]P(A/HA)a

ACC ACC

where we take the unions over all hyperbolic II"'-modular lattices A C C. By Prop.
2.7 and Lemma 3.6, each projective line contains ¢ + 1 points corresponding to selfdual
lattices and there are two lines intersecting in each such point. Recall from Remark
3.7 (1) that there exist non-hyperbolic 1" '-modular lattices A C C, thus we have
Ng(k) # Npe(k), and in particular (Ng)req # (VB red-

3.3. The isomorphism to the Drinfeld moduli problem. We now recall the Drin-
feld moduli problem M p,. on Nilpép. Let B be the quaternion division algebra over F’
and Ogp its ring of integers. Let S € NilpOF. Then Mp,.(S) is the set of equivalence
classes of objects (X, tp, 0) where

e X is a formal Op-module over S of dimension 2 and height 4,

e ip: Ogp — End(X) is an action of Op on X satisfying the special condition, i.e.
Lie X is, locally on S, a free Og ®¢,. Og)—module of rank 1, where Og) C Op is any
embedding of the unramified quadratic extension of O into Op (cf. [BC91]),

e 0: X xgS8 =X XSpeck S is an Op-linear quasi-isogeny of height 0 to a fixed framing
object (X, tx) € Mp,.(k).

Such a framing object exists and is unique up to isogeny. By a proposition of Drinfeld,
cf. [BCI1, p. 138], there always exist polarizations on these objects, as follows:

Proposition 3.12 (Drinfeld). Let I € Op a uniformizer with I’ e Op and let bV
be the standard involution of B. Then b b* = IIY'IL* is another involution on B.
(1) There exists a principal polarization Ay : X — XY on X with associated Rosati
involution b — b*. It is unique up to a scalar in OFf.
(2) Let Ax as in (1). For (X,tp,0) € Mp,(S), there exists a unique principal polariza-
tion

A X — XY
with Rosati involution b — b such that 0" (Ax) = X on S.

We now relate M p, and Ng. For this, we fix an embedding £ < B. Any choice of a
uniformizer II € Of with I° e Op induces the same involution b — b* = I on B.
For the framing object (X,tx) of Mp,, let Ax be a polarization associated to this
involution by Prop. 3.12 (1). Denote by tx p the restriction of tx to O € Op. For any
object (X,tp,0) € Mp,(S), let X\ be the polarization with Rosati involution b ~ b"
that satisfies 0" (Ax) = A, see Prop. 3.12 (2). Let ¢y be the restriction of 15 to Op.

Lemma 3.13. (X, ux g, \x) is a framing object for NEYe . Furthermore, the map
(X7 LB7Q) — (X7 LEa)‘a Q)
induces a closed embedding of formal schemes

naive

n: Mp, — Ng
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Proof. There are two things to check: that G(vax,E)\X) ~ SU(C, h), with (C, h) split as in
Prop. 3.2, and that ¢y satisfies the Kottwitz condition. Indeed, once these two assertions
hold, we can take (X, ux g, Ax) as a framing object for N Tave and the morphism 7 is
well-defined. For any S € NﬂpéF, the map n(S) is injective, because (X,tp,0) and
(X',/5,0") € Mp,(S) map to the same point in Np¢(S) under 7 if and only if the
quasi-isogeny ¢’ o o on S lifts to an isomorphism on S, i. e., if and only if (X, ., o) and
(X', V5, 0) define the same point in M p,.(S). The functor

F S {(X,1,\ 0) € NB*V°(S) | ¢+ extends to an Op-action}

is pro-representable by a closed formal subscheme of Np*° by [RZ96, Prop. 2.9]. Now,
the formal subscheme n(Mp,) C F is given by the special condition. But the special
condition is open and closed (see [RZ14, p. 7]), thus 7 is a closed embedding.

It remains to show the two assertions from the beginning of this proof. We first prove
that G(Xva,E,/\x) ~ SU(C,h). Let G(x,,) be the group of Opg-linear quasi-isogenies
v (X,ix) = (X,tx) of height 0 and determinant 1. Then we have (non-canonical)
isomorphisms G x,, ) = SLy p and SL, p ~ SU(C, h), since h is split (cp. [KR11, p. 3]).
The uniqueness of the polarization Ax (up to a scalar in Of) implies that Gx,y) €
G(X,Lx,& )+ This is a closed embedding of linear algebraic groups over F', since a quasi-
isogeny ¢ € G(XLX,E,/\x) lies in Gx,,,) if and only if it is Op-linear, and this defines a
closed condition on G(XwLX,E: Ay)- Thus G(XaLX,E7 Ay) Contains a closed subgroup isomorphic
to SU(C, h) and this already implies that Gy ph) ™ SU(C, h), see Remark 3.3.
Finally, the special condition implies the Kottwitz condition for any element b € Op
(see [RZ14, Prop. 5.8)), i. e., the characteristic polynomial for the action of ¢(b) on Lie X
is

char(Lie X, T | «(b)) = (T — b)(T — V"),

where the right hand side is a polynomial in Og[T] via the structure homomorphism
Or — Op — Og. From this, the second assertion follows. O

Let 05:2) C Op be an embedding such that conjugation with IT induces the non-trivial

Galois action on Og), cf. Lemma 2.3 (1). Fix a generator 1% of Og) with 6% € OF.

On (X tx), the principal polarization Ax given by
XX = Ax 0 tx(0)

has a Rosati involution that induces the identity on Og. For any (X, tp, 0) € Mp,.(S),
we set A = 0" (Ax) = Ao p(d). The tuple (X,tp,\,0) = n(X,tp,0) satisfies the
straightening condition (3.12), since

1 ~ 1490
M=5A+A) = Ao (;) € Hom(X, X").

In particular, the tuple (X, tx g, Ax) is a framing object of N and 7 induces a natural
transformation

Note that this map does not depend on the above choices, as N is a closed formal

naive

subscheme of N
Theorem 3.14. 1 : Mp, — Ng is an isomorphism of formal schemes.
We will first prove this on k-valued points:

Lemma 3.15. 7 induces a bijection n(k) : Mp, (k) — Ng(k).
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Proof. We can identify the k-valued points of M p, with a subset Mp, (k) € N (k).
The rational Dieudonné-module N of X is equipped with an action of B. Fix an em-
bedding F® < B asin Lemma 2.3 (1). This induces a Z/2-grading N = Ny & N; of
N, where

Ny={z e N |i(a)r =ax forall a € F(Z)},
N, = {z € N | ((a)z = o(a)z for all a € FP},

for a fixed embedding F @) < F. The operators V and F have degree 1 with respect
to this decomposition. Recall that A has Rosati involution b — IIH'TI"" on Op which
restricts to the identity on Og). The subspaces Ny and N; are therefore orthogonal
with respect to ().

Under the identification (3.5), a lattice M € Mp,.(k) respects this decomposition, i.e.
M = My & M, with M; = M N N;. Furthermore it satisfies the special condition:

We already know that Mp, (k) € Ng(k), so let us assume M € Ny(k). We want to
show that M € Mp,(k), i. e., that the lattice M is stable under the action of Op on
N and satisfies the special condition. It is stable under the Og-action if and only if
M = My® M, for My = M NN;. Let y € M and y = yg + y; with y; € N;. For any
r € M, we have )

(,y) = (2, 90) + (z,41) € Op. (3.14)

We can assume that Ax ; = Ax otp (1%6) with 17"'5 € Og) under our fixed embedding

F® < B. Let (,)1 be the alternating form on M induced by Ax ;. Then,

1+6 1-96 v
(T,y)1 = 5 (T, y0) + 5 (z,91) € Op. (3.15)

From the equations (3.14) and (3.15), it follows that (x,) and (z,y,) lie in Op. Since
& € M was arbitrary and M = M, this gives yo,y; € M. Hence M respects the
decomposition of N and is stable under the action of Og.

It remains to show that M satisfies the special condition: The alternating form (,) is
perfect on M, thus the restrictions to My and M, are perfect as well. If M is not special,
we have M; = VM, for some ¢ € {0,1}. But then, (,) cannot be perfect on M;. In
fact, for any z,y € M4,

(Vz,Vy)? = (FVz,y) =1 - (2,y) € 1o0F.

Thus M is indeed special, i.e. M € M p,.(k), and this finishes the proof of the lemma. O
Proof (of Theorem 3.14). We already know that 7 is a closed embedding

n: Mp, — Ng.
Let (X, tx) be the framing object of Mp, and choose an embedding Og) C Op and a
generator 1%5 of Og) as in Lemma 2.3 (1). We take (X, ix g, Ax) as a framing object
for Nz and set Ax = Ax o tx(d).

Let (X, 1, ) 0) € Ng(S) and X = 0*(Ax). We have

_ 149 _ _ _
o oy (;) o0=0"0oN oM 00=A"" 0\ € End(X),
where Ay ; = %()\X + XX) and A\, = %()\ + X) Since Op = Op [H, #], this induces
an Opg-action 1z on X and makes o an Og-linear quasi-isogeny. We have to check that
(X, i, 0) satisfies the special condition.

Recall that the special condition is open and closed (see [RZ14, p. 7]), so 1 is an open

and closed embedding. Furthermore, 7n(k) is bijective and the reduced loci (M p,;)req
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and (NVg)eq are locally of finite type over Spec k. Hence 7 indcues an isomorphism on
reduced subschemes. But any open and closed embedding of formal schemes, that is an
isomorphism on the reduced subschemes, is already an isomorphism. O

4. THE MODULI PROBLEM IN THE CASE (R-U)

Let E|F be a quadratic extension of type (R-U), generated by a unit ¥ € O with
9% = 147" ¢ for some £ € O and for an integer k such that 2| < |mo|¥ < |1] for the
(normalized) absolute value | - | of F. A uniformizer of E is given by II = (1 + #)/mg
and for the rings of integers O and Op of F and E, we have Og = Op[II]. As in the
case (R-P), let k be the common residue field, k an algebraic closure, F the completion
of the maximal unramified extension with ring of integers Oy = Wo.. (k) and o the lift

of the Frobenius in Gal(k|k) to Gal(Ox|Og).
4.1. The naive moduli problem. Let S € NilpéF. Consider tuples (X, ¢, \), where

e X is a formal Op-module over S of dimension 2 and height 4.
e 1 : Op — End(X) is an action of Op on X satisfying the Kottwitz condition: The
characteristic polynomial of ¢(«) for some a € Op is given by

char(Lie X, T | () = (T — a)(T — @).
Here o — @ is the Galois conjugation of F|F and the right hand side is a polynomial in
Og[T] via the structure morphism O < Op — Og.
e \: X — X" is a polarization on X with kernel ker A = X[II], where X[II] is the
kernel of ¢(II). Further we demand that the Rosati involution of A satisfies ¢(a)" = 1(@)
for all @ € Op.
Definition 4.1. A quasi-isogeny (resp. an isomorphism) ¢ : (X,1,\) = (X',//,\') of
two tuples (X,¢,\) and (X',¢/,\") over S € NilpéF is an Op-linear quasi-isogeny of
height 0 (resp. an Og-linear isomorphism) ¢ : X — X' such that A = ¢*(\').

Let Aut’(X, ¢, \) be the group of quasi-isogenies ¢ : (X, 1, A) = (X, 1, A). We have:

Proposition 4.2. Up to isogeny, there exists exactly one such tuple (X, tx, Ax) over
S = Speck under the condition that the group

Gxuny) =19 € AutO(X, tx, Ax) | det p =1} (4.1)

is isomorphic to SU(C, h) for a 2-dimensional E-vector space C with split E|F-hermitian
form h.

Remark 4.3. As in the case (R-P), we consider G(x ,, »,) and SU(C, h) as linear alge-
braic groups over F. We will prove uniqueness for the slightly weakened condition that
SU(C, h) is only a Zariski-closed subgroup of G'x ,. ) (and it will follow implicitly that
this is already an isomorphism).

Proof. We first show uniqueness of the object. Let (X, ¢, \)/Speck be a tuple as in the
proposition and consider its rational Dieudonné-module Ny. This is a 4-dimensional
vector space over F' equipped with an action of E and an alternating form (, ) such that

(,1y) = (Mz,y) (4.2)
for all x,y € Nx. Let E® = p® ®p E the unramified quadratic extension of E and

choose elements ¢, cy € E@ as follows: The element my € O has even valuation in FE,

hence we can find an element ¢, € E® with NmE(2’\E(62) = my. Note that

Nm (2 0(52) = (:(62) '762 = 2 =1,
EE C2 Co '0(02) 0

3
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where o — @ is the conjugation in Gal(E|F) and o is the lift of the Frobenius inducing
the conjugation in Gal(E(2)|E). By Hilbert 90, there exists a unit ¢; € E® with

1 a(cy)

olc1) &
Let £ = F® r E. Now Ny is a 2-dimensional vector space over E with a hermitian
form h given by

h(:l,‘,y) = Cl(<HIay> 7ﬁ<f£,y>) (43)
Let F and V be the o-linear Frobenius and the o~ '-linear Verschicbung on Ny. We
have FV = VF = 7 and, since (,) comes from a polarization,

(Fz,y) = (z,Vy)°.

. . -1 -1 o . .
Consider the o-linear operator 7 = ¢, V-~ = Fc¢,; *. The hermitian form h is invariant
under 7:

Q

h(TSL‘, Ty) = h(chlxa CQV_ly) =

—~

o(cy)
) C1 o o
" olen) ey MY SR

From the condition on G(x,, »,) it follows that Ny is isotypical of slope % and thus
the slopes of 7 are all zero. Let C = Ny. This is a 2-dimensional vector space over
E with Ny = C ®g E and h induces an E|F-hermitian form on C. A priori, there
are two possibilities for (C,h), either h is split or non-split. The group SU(C,h) of
automorphisms of determinant 1 is isomorphic to G ,, ). But the special unitary
groups for A split and h non-split are not isomorphic and do not contain each other as
a closed subgroup for dimension reasons. Thus the condition on Gx . »,) implies that
h is split.
Assume we are given two different objects (X, ¢, \) and (X’,:/,\") as in the proposition.
Then there is an isomorphism between the spaces (C,h) and (C',h’) extending to an
isomorphism of Nx and N respecting all structure. This corresponds to a quasi-
isogeny ¢ : (X,1,\) — (X', /, \N).
Now we prove the existence of (X, ix, Ax). We start with a II-modular lattice A in a 2-
dimensional vector space (C, h) over E with split hermitian form. Then M = A®¢ Op

2 h(Fz,V'y)
X

is an Op-lattice in N = C @ E. The o-linear operator 7 = 1 ® o on N has slopes are
all 0. We can extend h to N such that

h(tz, Ty) = h(z,y)°,

for all z,y € N. Furthermore, we choose ¢, ¢y € E® as in the first part of the proof.
The operators F and V are given by the equations 7 = c2V71 = Fcy L Finally, the
alternating form () is defined via

k
— Ty [ O
(z,y) = TrE|F <21901 h(%l/)) )

for z,y € N. The lattice M C N is the Dieudonné module of the object (X, tx, Ax). We
leave it to the reader to check that this is indeed an object as considered above. U

We fix such an object (X, 1x, Ax) over Spec k from the proposition. We define the functor
N, Eaivc on NilpéF as follows:
Let S € Nilpy_ and write S=5 Xgpt 3, SPec k. Then N5*V¢(S) is the set of equivalence
classes of tuples (X, ¢, A, 0) over S where (X, ¢, \) is a tuple as above and g is a quasi-
isogeny

0: (X, 1,0 xg S — (X, 1x, Ax) Xpeck S



24 DANIEL KIRCH

in the sense of Def. 4.1. Two objects (X, ¢, A, g) and (X',/, N o ) are equivalent if there
exists an isomorphism ¢ : (X, 1, \) = (X', ¢/, '), such that o = o' o (¢ Xg S).

We refer to Remark 3.4 (1) for a comparison of the definition of Np*"® with [RZ96]
(strict equality versus equality up to a unit).

Remark 4.4. N, Eaive is pro-representable by a formal scheme, formally locally of finite
type over Spf Op, cf. [RZ96, Thm. 3.25].

We now study the k-valued points of the space Np*¥. Let N = Ny be the rational
Dieudonné-module of (X tx, Ax). This is a 4-dimensional vector space over F, equipped
with an action of E, with two operators F and V and an alternating form (, ).
Let (X,t, )\, 0) € /\/’nalve( ). This corresponds to an Op-lattice M = My C N which is
stable under the actions of F, V and Og. The condition on the kernel of A implies that
M =TIM" for
V={zeN|(z,y) € Opforall y e M}.

The alternating form (,) induces an E |F -hermitian form h on IV, seen as 2-dimensional
vector space over E:

h(l‘,y) = Cl(<Hx’y> —H<$,y>). (43)
Recall that ¢; is a unit in E and that

k
(2.9) = Trpp (21; h(z, y>> . (44)

k
Since the inverse different of E|F is ©E|1F = 2O (see Lemma 2.2), this implies that
M is II-modular with respect to h, as O g-lattice in N. We denote the dual of M with
respect to h by M*. ?. There is a natural bijection
NEYe(k) = {OE lattices M C N | M = TIM*, 7gM C VM C M}. (4.5)

Recall that 7 = 02V is a o-linear operator on N with slopes all 0. Further C = N”
is a 2-dimensional E-vector space with hermitian form h.

Lemma 4.5. Let M € Np*"°(k). Then:
(1) M + 7(M) is T-stable.

(2) Either M is T-stable and Ay = M™ C C is Il-modular, or M is not T-stable and
then Ag = (M + 7(M))™ C C is selfdual (with respect to h).

The proof is the same as that of [KR11, Lemma 3.2]. We identify N with C ®p E. For
any T-stable lattice M € N*"(k), we have M = A, ®¢, Op. It M € Ng*"°(k) is not
T-stable, there is an inclusion M C Ay ®o, Op of index 1. Recall from Prop. 2.4 that
the isomorphism class of a II-modular or selfdual lattice A C C' is determined by the
norm ideal
Nm(A) = ({h(z,z)|z € A}).

There are always at least two types of selfdual lattices. However, not all of them appear
in the description of NV (k).

Lemma 4.6. (1) Let A C C be a selfdual lattice with Nm(A) C 7yOp. There is an
injection
P(A/TIA) (k) «— NE™(k),

that maps a line £ C AJTIA ®y, k to its inverse image under the canonical projection
A®p, Op — A/TIA @ k.

The k-valued points P(A/TIA)(k) € P(A/TIA)(k) are mapped to T-invariant Dieudonné
modules M C A ®o, O under this embedding.
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(2) Identify P(A/TIA) (k) with its image under iy. The set NpV°(k) can be written as
Nnalvc U ]P) A/HA )

ACC

where the union is taken over all lattices A C C as described in part (1) of this lemma.

Proof. Let A C C be a selfdual lattice. For any line ¢ € P(A/IIA)(k), denote its
preimage in A® Og by M. The inclusion M C A ® Op has index 1 and M is an
Op-lattice with II(A ® Op) € M. Furthermore A ® O is T-invariant by construction,
hence TI(A ® Og) = V(A ® Op) = F(A ® Og). Tt follows that M is stable under the
actions of F and V. Thus M € Np**(k) if and only if M = IIM*. The hermitian form
h induces a symmetric form s on A/TIA. Now M is II-modular if and only if it is the
preimage of an isotropic line £ C A/TIA ® k. Note that s is also anti-symmetric since we

are in characteristic 2.
We first consider the case Nm(A) C myOp. We can find a basis of A such that h has the

form
Hy = (:f 1> , ¢ €mOp,

cf. (2.3). Tt follows that the induced form s is even alternating (because z =0 mod 7).
Hence any line in A/TIA ® k is isotropic. This implies that i, is well-defined, proving
part 1 of the Lemma.

Now assume that Nm(A) = Op. There is a basis (eq, e5) of A such that h is represented

by
11
Hy = <1 ) |
The induced form s is given by the same matrix and ¢ = k - e, is the only isotropic line
in A/IIA. Since ¢ is already defined over k, the corresponding lattice M € NV (k)
is of the form M = A; ® O for a II-modular lattice A; € A. But, by Prop. 2.8, any
IT-modular lattice in C' is contained in a selfdual lattice A" with Nm(A") C 714Op.

It follows that we can write N nalve(k:) as a union

Npve(k U]P’ AJTIA) (),

ACC

where the union is taken over all selfdual lattices A C C with Nm(A) C mOp. This
shows the second part of the Lemma. O

Remark 4.7. We can use Prop. 2.8 to describe the intersection behaviour of the projec-
tive lines in N3*V(k). A -invariant pomt M € Np*V°(k) corresponds to the II-modular
lattice A, = M”™ C C. If Nm(A,) C 75Op, there are ¢ + 1 lines going through M. If
Nm(A;) = myOp, the point M is contained in one or 2 lines, depending on whether
A, is hyperbolic or not, see part (3) and (4) of Prop. 2.8. The former case (i. e., A is
hyperbolic) appears if and only if 70Op = Nm(A;) = %OF (see Lemma 2.5), which
0

is equivalent to |ri | = |2|. This is a condition that only depends on the quadratic
extension E|F, see page 7. We refer to Remark 4.9, Remark 4.12 and Section 5.3 for a
further discussion of this special case.

On the other hand, each projective line in Np*(k) contains ¢ + 1 7-invariant points.
Such a 7-invariant point M is an intersection point of 2 or more projective lines if and
only if |mp ™| = 2| or A; = M” C C has a norm ideal satisfying Nm(A;) C 730p.

Let A C C as in Lemma 4.6. We denote by X/'\|r the formal Op-module corresponding
to the Dieudonné module M = A ® Op. There is a canonical quasi-isogeny

ToX — X
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B)e=2 f=1k=1.

FIGURE 2. The reduced locus of N for an (R-U) extension E|F
where e and f are the ramification index and the inertia degree of F' |Qs.
We always have 0 < k < e — 1. The solid lines lie in Ny € Ng™"°.

of F-height 1. For S € NilpéF, we define

Nea(S) = {(X,1, A, 0) € NE™(S) | (04 x S) 0 0 is an isogeny}.
By [RZ96, Prop. 2.9], the functor N  is representable by a closed formal subscheme
of Np*¥¢. On geometric points, we have

N (k) == P(A/TIA) (k), (4.6)
as follows from Lemma 4.6 (1).

Proposition 4.8. The reduced locus of Np*¥¢ is a union

(Nl%aive)red = UNE,A
ACC
where A runs over all selfdual lattices in C' with Nm(A) C 7yOp. For each A, there
exists an isomorphism
Ng o == P(A/IIA),
inducing the bijection (4.6) on k-valued points.
The proof is analogous to that of Prop. 3.8.

Remark 4.9. Similar to Remark 3.7 (3), we let (Vg)req € (NVEY¢),oq be the union of
all projective lines Nz 5 corresponding to hyperbolic selfdual lattices A C C. Later, we
will define Ny as a functor on Nilps  and show that Ng ~ Mp,, where Mp, is the
Drinfeld moduli problem (see Theorem 4.15, a description of the formal scheme Mp,.
can be found in [BC91, 1.3]). In particular, (Nf),eq is connected and each projective
line in (Ng),eq has g + 1 intersection points and there are 2 lines intersecting in each
such point. .

It might happen that (Ng)ieqa = NE req (Se€, for example, Figure 2(B)), if there are
no non-hyperbolic selfdual lattices A C C' with Nm(A) C 71Op. In fact, this is the case
if and only if |74 | = |2, cp. Prop. 2.4 and Lemma 2.5. (Note however that we still
have N # Np* see Remark 4.12 and Section 5.3.)

Assume |mo | # [2| and let P € N (k) be an intersection point. Then, as in the case
where E|F is of type (R-P) (cp. Remark 3.7 (3)), the connected component of P in
(VB 1eq \ (N )red) U { P} consists of a finite union of projective lines (corresponding
to non-hyperbolic lattices, by definition of (Ng),eq)- In Figure 2(A), these components
are indicated by dashed lines (they consist of just one projective line in that case).



NEW EXAMPLE OF A 2-ADIC RZ-SPACE 27

4.2. The straightening condition. As in the case (R-P), cp. section 3.2, we use the
results of section 6 to define the straightening condition on Ng*°. By Theorem 6.2 and
Remark 6.1 (2), there exists a principal polarization F)\\/}Og on the framing object (X tx, Ax)
such that the Rosati involution is the identity on Op. We set Ay = A% o tx (IT), which is
again a polarization on X with the Rosati involution inducing the identity on Og, but
with kernel ker XX = X[II]. This polarization is unique up to a scalar in O, i. e., any
two polarizations XX and ng with these properties satisfy

Ne = Ao ula),
for some o € OF. For any (X, 1, )\, 0) € Ng*V°(S),
K= 0" () = 0" (O%) o (1)
is a polarization on X with kernel ker A = X[II], see Theorem 6.2 (2).

Recall that a selfdual or II-modular lattice A C C' is called hyperbolic if there exists a
basis (eq,e5) of A such that, with respect to this basis, h has the form

")

for i = 0 resp. 1. By Lemma 2.5, this is the case if and only if Nm(A) = 2 Op.

To

Proposition 4.10. For a suitable choice of (X, tx, A\x) and XX, the quasi-polarization

k
ﬂ' ~
Ax1 = EO(AX + Ax)

. _ ~ ~ k ~
is a polarization on X. Let (X, 1, X, 0) € Ng" (k) and A = 0" (A\x). Then Ay = Z&(A+A)
is a polarization if and only if (X,1,\,0) € Nga(k) for a hyperbolic selfdual lattice
ACC.

Proof. On the rational Dieudonné module N = Mx ® F, denote by (,), (,) and (, ),
the alternating forms induced by Ay, Xx and Ay 1, respectively. The form (,); is integral
on My if and only if Ay ; is a polarization on X. We have

(Fa,y) = (z, Vy)”,

(Hz,y) = (=, y),
k
To

<‘T7y>1 = ?<<l‘,y> + (‘T7y)>7

for all z,y € N. The form (,) induces an E-bilinear alternating form b on N by the
formula

b(ac,y) = 63((H:E7y) - H(xay)) (47)
Here, ¢35 = II/cy is a unit in éE The dual of M with respect to this form is again
M = H_lM, since

k
B U LI
(-T,y) - TrE|F <21903 b(‘rvy)> )

k
and the inverse different of E|F is given by ’DgllF = 2 0p, cf. Lemma 2.2. Now b is
invariant under the o-linear operator 7 = 02V71 =Fcy ! because
bra, 19) = BFe eV y) = s bl o (@)
agl\C3

: b(ili, y)cr = b($, y)a.

C3 - Co

~ o(cs) - olcy)
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Hence b defines an FE-linear alternating form on C'.
We choose the framing object (X, tx, Ax) such that My is 7-invariant (see Lemma 4.5)
and such that A; = My is hyperbolic. We can find a basis (e1,e5) of A; such that

(o) o)

. N T/ .
for some u € E*. Since A\x has the same kernel as Ay, we have u = ITu’ for some unit

~ . k
u' € Op. We can choose Ay such that v’ = 1 and u = II. Now %2 (h(z,y) + b(z,y)) is
k
To

integral for all 2,y € Ay. Hence %2 (h(z,y) + b(z,y)) is also integral for all x,y € Mx.
For all z,y € Mx, we have

k k k k
™ I ™
<$,y>1 - 2 (<xay> + (xay)) 2 TrE|F <219C1 h(xay) + 2’[963 b(l’,y))
g (0T (e 4 b)) ) + T Mmoo =)y,
T BIE 9ge, o VWY T OEY YEIF\ Qs 2 A

k
The ﬁrstusummand is integral since 2 (h(z,y) + b(x,y)) is integral. Recall that ¢; is a
unit in Op with ¢;/0(c;) = o(cy)/8. After multiplying with a suitable scalar in Oj,
we may assume that ¢, is of the form ¢; = ¢35 + 2« for some o € Op. Indeed, clcgl
o

satisfies the equation
—1
C1C3 o(cy) ¢y ¢

2 k
= — =—==1 mod 2/7y,
oleres’)  Grole) & ’

thus we can modify ¢; by a scalar in Oj; such that c¢;c5 '=1 mod 2 / w{; . It follows that
the second summand above is integral as well. Hence (,); is integral on My and this
implies that Ax ; is a polarization on X.

Now let (X1, A, 0) € Np*°(k) and denote by M C N its Dieudonné module. Assume
k ~
that A\; = 5>(X\ + ) is a polarization on X. Then (,); is integral on M. But this is
k
equivalent to %> (h(z,y) + b(x,y)) being integral for all z,y € M. For z = y, we have

hz,z) = h(z,x) + b(x,x) € % -Op.
0

Let A C C be the selfdual or II-modular lattice given by A = M resp. A = (M+7(M))",
see Lemma 4.5. Then h(z,z) € (2/mg) - Op for all z € A. Thus Nm(A) C (2/74) - O
and, by minimality, this implies that Nm(A) = %O r and A is hyperbolic (cf. Lemma
2.5). Hence, in either case, the point corresponc?ing to (X, ¢, A, o) lies in NE,A’ for a
hyperbolic lattice A'.

Conversely, assume that (X, ¢, A, 0) € N 5 (k) for some hyperbolic lattice A € C. We
want to show that A; is a polarization on X. This follows if (,); is integral on M, or

k
equivalently, if % (h(x,y) + b(x,y)) is integral on M. For this, it is enough to show

,
that %2 (h(z,y) + b(z,y)) is integral on A. Let A" C C be the selfdual lattice generated
by I 'e; and ey, where (e, e,) is the basis of the Il-modular lattice A; = My. With

respect to the basis (H_lel, ), we have

h£<1 1), ;<_1 1).



NEW EXAMPLE OF A 2-ADIC RZ-SPACE 29

k
In particular, A" is a hyperbolic lattice and 7r70(11 + b) is integral on A’. By Prop. 2.4,
there exists an element g € SU(C,h) with gA = A’. Since detg = 1, the alternating
k
form b is invariant under g. Thus %2 (h 4 b) is also integral on A. O
From now on, we assume that (X, tx, A\x) and XX are chosen in a way such that

k
At = %O(AX +y) € Hom(X, XY).

Definition 4.11. A tuple (X, 1, )\, 0) € NgV(S) satisfies the straightening condition if

k
A = %O(A + ) € Hom(X, XV). (4.8)

This condition is independent of the choice of XX. In fact, we can only change XX
by a scalar of the form 1 + 2u/77§, u € Op. But if ng = Xx o1+ 2u/7r§), then
M1 = Axg + Ay 0 t(u) and \| = A\ + Ao t(u). Clearly, A} is a polarization if and only
if \; is one.

For S € Nilpy , let N5(S) be the set of all tuples (X, 1, \, 0) € Ng*¥(S) that satisfy
the straightening condition. By [RZ96, Prop. 2.9], the functor A5 is representable by a

closed formal subscheme of N

Remark 4.12. The reduced locus of Ny is given by
(NE)red = UNE,A = U]P)(A/HA)7
ACC ACC

where the union goes over all hyperbolic selfdual lattices A C C. Note that, depending
on the form of the (R-U) extension E|F, it may happen that all selfdual lattices are hy-

perbolic (when |75 ™! = |2|) and in that case, we have (Ng)yeq = (N;aife)red. However,
the equality does not extend to an isomorphism between Ny and N, This will be

discussed in section 5.3.

4.3. The main theorem for the case (R-U). As in the case (R-P), we want to
establish a connection to the Drinfeld moduli problem. Therefore, fix an embedding
of E into the quaternion division algebra B. Let (X, :x) be the framing object of the
Drinfeld problem. We want to construct a polarization Ay on X with ker Ay = X[II]
and Rosati involution given by b +— 9b'9~" on B. Here b — b denotes the standard
involution on B.

By Lemma 2.3 (2), there exists an embedding F; < B of a ramified quadratic extension
E,|F of type (R-P), such that II;¢9 = —oII; for a prime element II; € E;. From
Proposition 3.12 (1) we get a principal polarization )\% on X with associated Rosati
involution b — Hlb/Hfl. If we assume fixed choices of F; and II;, this is unique up to
a scalar in Oj. We define

Ax = AY 0 15 (I 9).
Obviously ker Ay = X[I1] and the Rosati involution of Ay is indeed b — 9b'9~". On the

other hand, any polarization on X satisfying these two conditions can be constructed in
this way (using the same choices for F; and II;). Hence:

Lemma 4.13. (1) There exists a polarization Mx : X — XY, unique up to a scalar in
O}, with ker A\x = X[II] and associated Rosati involution b — 9b'9 ",

(2) Fiz Xx as in (1) and let (X,tp,0) € Mp,(S). There ezists a unique polarization
X on X with ker X = X[II] and Rosati involution b — 969~ such that o (A\x) = A on
S=S5 XSpf Op k.
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Note also that the involution b — 969" does not depend on the choice of ¥ € E. We
write 1x g for the restriction of 1y to £ C B and, in the same manner, we write ¢5 for
the restriction of 1z to E for any (X, 15, 0) € Mp,(5). Fix a polarization Ax of X as in
Lemma 4.13 (1). Accordingly for a tuple (X, g, 0) € Mp,(S), let A be the polarization
given by Lemma 4.13 (2).

Lemma 4.14. The tuple (X, 1x g, A\x) is a framing object of Nge . Moreover, the map
(X7 LB Q) — (X7 LEa)‘a Q)
induces a closed embedding of formal schemes
n: Mp, — Npve,

Proof. We follow the same argument as in the proof of Lemma 3.13. Again it is enough
to check that G(x,, ., = SU(C,h) and that 1 satisfies the Kottwitz condition.

By [RZ14, Prop. 5.8], the special condition on ¢p implies the Kottwitz condition for ¢ .
It remains to show that Gx , _ ) =~ SU(C, h). But the group G x ,, of automorphisms
of determinant 1 of (X tx) is isomorphic to SLy p and G(x,,.) € Gx,., . »,) is a Zariski-
closed subgroup by the same argument as in Lemma 3.13. Hence the statement follows
from the exceptional isomorphism SLy g ~ SU(C, k) and Remark 4.3. O

As a next step, we want to show that this already induces a closed embedding
n: Mp, — Ng. (4.9)
Let E < B an embedding of a ramified quadratic extension E|F of type (R-U) as in

Lemma 2.3 (2). On the framing object (X, tx) of Mp,., we define a polarization \x via

Xx = Ax o Lx(g)y

where 9 is a unit in E of the form 9% = 1+ (4/72"™) £, see Lemma 2.3 (2). The Rosati

involution of XX induces the identity on O and we have

k k
m ~ T ~ ~
Ax1 = ?O()\x +Ax) = 70 “Axotg(l+1) = Ax oup(ll/m)

= Ao 1 12) € Hom(x xY),

using the notation of Lemma 2.3 (2). For (X,tp,0) € Mp,(S), we set X = Ao v5(9).

k ~
By the same calculation, we have A\; = (A + \) € Hom(X,X"). Thus the tuple
(X, tm, A 0) = n(X, g, 0) satisfies the straightening condition. Hence we get a closed
embedding of formal schemes 7 : M p, — N which is independent of the choice of E.

Theorem 4.15. 5 : Mp, — Ng is an isomorphism of formal schemes.
We first check this for k-valued points:
Lemma 4.16. 7 induces a bijection n(k) : Mp, (k) — Ng(k).

Proof. We only have to show surjectivity and we will use for this the Dieudonné theory

description of N3*°(k), see (4.5). The rational Dieudonné-module N = Ny of X now

carries additionally an action of B. The embedding s

146  I-1I
P 'H s
2 )
cf. Lemma 2.3 (2), induces a Z/2-grading N = N, & N;. Here,
No={z e N |i(a)r =ax foralla € F(Q)},
Ny ={z e N |i(a)r =0(a)z forall a € F(2)},

— B given by

(2.1)



NEW EXAMPLE OF A 2-ADIC RZ-SPACE 31

for a fixed embedding F® < F. The operators F and V have degree 1 with respect to
this grading. The principal polarization

T 146

2

B

(Ax + Xx) = Ax o0 LX(W1 ‘ )

Ax,1 =

- N

induces an alternating form (,); on N that satisfies

(90 = {7 250y,

for all 2,y € N. Let M € Ng(k) € Np*V°(k) be an Op-lattice in N. We claim that
M € Mp, (k). For this, it is necessary that M is stable under the action of Og) (since
Op = Op[Il, 9] = Og)[H], cf. Lemma 2.3 (2)) or equivalently, that M respects the

2
grading of N, i.e. M = My & M, for M; = M N N,. Furthermore M has to satisfy the

special condition:

We first show that M = My @ M. Let y = yo+y; € M with y; € N;. Since M = IIM ",
we have

(, () ) = (@, (1) " yo) + (z,(ID) " 'y1) € Op,
for all x € M. Together with

(@,y)1 = (@,y0)1 + (@, y1)1 = (2, 1(11/mo)yo) + (, 1(I1/70) 1)
1496 _ 1-96 _ 9
=5 (@, (T Y)yo) + R (@, (T ")yy) € Op,
this implies that (z,:(II”")yo) and (z,o(II ")y,) lie in Op for all z € M. Hence,
Yo,Y¥1 € M and this means that M respects the grading. It follows that M is stable
under the action of Op.
In order to show that M is special, note that

(Va, Vy){ = (FVz,y); =7y - (x,y)1 € WOOvFv

for all z,y € M. The form (,); comes from a principal polarization, so it induces a
perfect form on M. Now it is enough to show that also the restrictions of (,); to My
and M, are perfect. Indeed, if M was not special, we would have M; = VM, for some
1 and this would contradict (,); being perfect on M;. We prove that (,); is perfect on
M; by showing (M, M;); C moOp.

Let x € My and y € M;. Then,

L2y,

2
2y = 1 ),

<$7y>1 =
<$7y>1 = _<y,l'>1 =
We take the difference of these two equations. From II = II mod 7, it follows that
(z,0(I)"'y) = 0 mod m, and thus also (z,7); = 0 mod m,. The form (,), is hence
perfect on M, and M; and the special condition follows. This finishes the proof of
Lemma 4.16. U

Proof (of Theorem 4.15). Let (X, tx) be a framing object for M p, and let further

(X, x) = (X, UX,E> Ax)
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be the corresponding framing object for Nz. We fix an embedding F' @ < Basin
Lemma 2.3 (2). For S € Nilpg , let (X, ¢, ), 0) € Ng(S) and A = 0" (Ax). We have

_ 1494 _ _
0 10&5{(;)09:0 Youx(M) oAz oAg 00

= () oA o) € End(X),
for A\ = é()\ + \), since ker A = X[I1]. But Op = Op[II, 110] (see Lemma 2.3 (2)), so
this already induces an Og-action ¢z on X. It remains to show that (X, ¢p, 0) satisfies
the special condition (see the discussion before Prop. 3.12 for a definition).
The special condition is open and closed (see [RZ14, p. 7]) and 7 is bijective on k-points.
Hence 7 induces an isomorphism on reduced subschemes

(n)red : (MDr)red - (NE)red7

because (Mp,)reqa and (Ng)eq are locally of finite type over Speck. It follows that
n: Mp, — Ng is an isomorphism. O

5. THE LOCAL MODEL OF Ng

In this section we will construct a local model of the moduli problem N in both the
cases (R-P) and (R-U). As before, we will treat these two cases separately, although the
methods used are similar. See [PRS13] for an introduction to the theory of local models.
Note that there is no good notion of a “naive local model” for the functor Np*® (in the
sense of [RZ96]). In fact, let E|F be of type (R-P), or of type (R-U) with |5 | > |2,
and let (C,h) be a 2-dimensional E-vector space with split hermitian form h. Then, by
Prop. 2.4, there are at least two isomorphism classes of selfdual resp. II-modular lattices
A C C. This means that there is no such thing as a "‘standard lattice” and hence it is
not clear how one should define a local model of Ng™°. In the remaining case, E|F of
type (R-U) such that |m¢ ™| = |2|, all II-modular lattices A C C' are hyperbolic and we
can write down a naive local model functor N, However, this naive local model is
not flat over Spec Op, as we will show in section 5.3.

5.1. The case (R-P). In this paragraph, E|F will be a ramified quadratic extension
of type (R-P). Let C be a 2-dimensional vector space over E and let h be a split F|F-
hermitian form on C'. We can (and will) choose a basis (e, e5) of C such that & has the

form
1
1

and, with respect to this basis, we define an FE-linear alternating form b given by the

matrix
1
-1 .

We denote by A the Opg-lattice generated by e; and e,. It is hyperbolic with respect to
h and it satisfies the straightening condition in the sense that

1
for all z,y € A. This setting is unique in the following sense.

Lemma 5.1. Let A be a free Og-module of rank 2 with a perfect split E|F-hermitian
form h and a perfect alternating form b, such that %(h(m,y) + b(z,y)) € Og for all
z,y € A. Then there exists an isomorphism A ®o_ E = C, a basis (e1,e3) of A and a
unit u € 1 + 20g such that h and uw - b are as given above.
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Proof. We have an isomorphism A® E = C, since there exists only one split hermit-
ian vector space of dimension 2. If we identify A ®¢, E with C, the perfectness of h im-
plies that A C C'is a selfdual lattice. From the condition that 3 (h(z,y)+b(z,y)) € Og,
we get that h(z,x) € 20 for all z € A. By Lemma 2.5, it follows that A is hyperbolic,
i. e., there exists a basis (e, e5) of A such that h is as given above. With respect to this
basis, the alternating form b has the form

()

for some unit u € O. But we have u € 1420, since 1 (h(ey, e5) +b(e1,e3)) € Op. O

We can also interpret C' as a 4-dimensional F-vector space. The forms h and b induce
F-linear symplectic forms (,) and (,) via

1
=T — - h
<x,y) rE\F <2H (xay)> )

(z,y) = TYE\F (21-[ : b(%ﬂ)) )

for z,y € C. Then A is selfdual with respect to these forms and the equation

1
<l’,y>1 = §(<$,y> + (xay))
defines another alternating form (,); that is integral on A. In terms of the Op-basis

(e1,e9,IIe;,Iey) of A, we have

; (5.1)

Remark 5.2. Note that the forms (,) and (,); are defined not quite in the same way
as on the rational Dieudonné module N = Ny in section 3. On N, there is in fact a
twist by d in the formulae relating h and (,), see (3.3) and (3.4). But since we want
to define the local model N'2° over Op (and § ¢ Op), we cannot make this twist here.
However, if we change the base to an unramified extension O of Op and twist h or b by
a unit in (Of ®o, Opg)™ such that the conditions of Lemma 5.1 are still fulfilled, then

the description of NIEC itself will remain the same, as condition (2) is invariant under
such a twist.

We now define the local model Nﬁgc as a functor on schemes over Spec Op. For an Op-
scheme S, we let Nl]gC(S) be the set of all locally free direct summands 7 C A ®p, Og
of rank 2 over Og that satisfy the following conditions:

(1) F is Og-linear, i. e., it is an Op ®¢, Og-submodule of A ®¢  Og.
(2) Via base change, (,), (,) and (,); induce alternating forms of the type
(A®Og) x (A®Og) — Og.
The direct summand F is totally isotropic with respect to all these forms.
(3) The last condition is the Kottwitz condition. For any o € Op, the characteristic

polynomial for the action of a« ® 1 on the quotient (A ®¢,_ Og)/F is given by
char((A ®p,, Og)/F,T|a®1) = (T - a)(T — a).
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Here the polynomial on the right hand side has a priori coefficients in O and it becomes
a polynomial in Og[T] via the structure morphism Op — Og.
The functor NEC is representable by a closed subscheme of Gr(2, A)o , the Grassmanian

of rank 2 direct summands of A. In particular, NIEC is projective over Spec Op.

Recall from [RZ96] the definition of the local model MBS for the Drinfeld moduli prob-
lem. Let A’ be a free Op-module of rank 4 with an Og-action. Let S be a scheme over
Spec Op. Then MBS(S) is the set of locally free direct summands F C A’ ®o, Og of
rank 2 over Og that are Og-stable.

The functor Mlgi is representable by a flat closed subscheme of Gr(2,A)q ., cf. [PRS13,

Example 2.4]. Clearly, M5¢(F) = 0, hence N'2° and M'SS cannot be isomorphic over O.
However, they are isomorphic after base change to the unramified quadratic extension
0% of Op.

Proposition 5.3. Fiz an embedding Op — Op. Then A ®o, Og) and A®q,, Og) are

isomorphic as free Op ®¢, Og)—modules, For a fized isomorphism
0N ®o, OF =5 Aoy 0P,
there is a canonical isomorphism
piMEE @, OF =5 N @, 03
In particular, N'5° is flat.
Proo{. Once the isomorphism is established, the flatness of NIEC follows from the flatness
of Mp;.

In order to construct the isomorphism, we want to identify A’ ®0,. Og) with A®g Og)
and then we show that the conditions on the direct summands F C A ®¢, Og for

F € NR°(S) and F € MBS(S) are equivalent for any scheme S over Og).
Therefore, we define alternating forms (), (,) and (,); on A’. First of all, if we choose
an isomorphism A’ ~ Op as Opg-modules, there is a symmetric form s on A’ given by

s(z,y) = Trd(zy'),

where z,y € Op and y — ¢’ is the standard involution of B. For any b € Op, we have
s(bz,y) = s(x,b'y). If we change the isomorphism A" ~ O by a scalar in b € OF, the
form s is replaced by s with

s'(x,y) = s(bx, by) = bb' - 5(x, 7).
Thus s is canonical up to scalar in Oj. Note that s is not a perfect bilinear form. In

fact, (dets) - Op = discOp = O by definition of the discriminant. We now fix the
embedding O — Opg and take an embedding of Og) as in Lemma 2.3 (1). We set

(@,y) = s(z,TT"y),
(,y) = (2,11 'dy),
1 146
<£L’7y>1 = S(SL’,H t. Ty)
Then these forms satisfy all conditions of Lemma 5.1 with the one exception that ()
induces a non-split hermitian form. After base change to Og), the latter becomes

equivalent to a split hermitian form and we can identify A’ ®o, Og) with A ®¢ Og).
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Now A® = A ®0, Og) splits into a direct sum A = A(()z) @ A§2) with
AéZ) ={zeA? | (a)z=azforallac Og)},
AgZ) ={z e A? | (a)z = o(a)z for all a € Og)}.

For clarity, we denote the O pg-action on A® by ¢ here, and o is the lift of the Frobenius,
as usual. Let = € A(()Q) and y € Agz). Then,

L0 ) = o5 ) = e ey =
:<L(1;5):17,y>: 1;5«<I,y>. (5'2)

Hence (z,y) =0 for all z € A(()Q), Yy € AgQ). By the same argument, we also get (z,y) =0
and (z,y); =0.

Let R be an Og)—algebra and assume F € MIB‘;(R) Then F C A®p,. R is an Op-stable
direct summand of rank 2. We want to show that F € N°(R).

Clearly, F is stable under the action of Of, and the Kottwitz condition follows from
the fact that (A ®o, R)/F is Op-stable. It remains to prove that F is totally isotropic
with respect to (,), (,) and (,);. Since F is stable under Op, it splits into a direct
sum F = Fy & F; where F; C A§2) PN R is a direct summand of rank 1. But now

F

(Fo, F1) = 0 by the calculation of (5.2), i. e., F is totally isotropic with respect to (, ).
Analogously, this also follows for the alternating forms (,) and (,),. Hence F € N2°(R).
Conversely, assume that F € N2°(R). We claim that F € MBS(R), i. e., F is stable
under the Opg-action.

First we show that F is stable under the action of Og) C Op. Assume it is not, i. e.,
there is a x € F such that L(#)x ¢ F. Since F is totally isotropic with respect to
(,) and (,);, we get (y,.(2)z) =0 for all y € F. But (,) is a perfect form, hence a
maximal totally isotropic direct summand has rank 2, contradicting our assumption. It
follows that JF is Op-stable, since Op = Og) [1I] by Lemma 2.3 (1). Thus F € Ng°(R)
if and only if 7 € M'5¢(R), q.e.d. O

Remark 5.4. We can also compute explicit equations for Nllf;’C by restricting standard
affine charts of Gr(2,A)o, and prove the flatness of N'2¢ directly this way.

Let R be an Op-algebra and consider a direct summand F C A ®¢, R such that
F € NIJE’C(R). We choose a basis (eq, e, ey, Iley) of A ®p . R such that the alternating
forms (,), (,) and (,); are given by the matrices in (5.1). Since F is Og-linear, we can
choose a R-basis (vq,vy) of F such that either v, = ITv; or F lies in the chart around
(Tle;, Iey). Thus we only need to consider three of the six standard affine charts.

(1) The chart around (Ile;, ITey). We assume that the vectors v; and vy have the form

T11 Loy
T12 Tog
[Ul U2] = 1 )
1

for some x;; € R. The conditions (1) - (3) on F can be reduced to the following set of
equations:
Ty1 + 2oy =0,
T11T22 — T12T21 = —To,
Ty = 0.
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Hence, the restriction of NIEOC to this affine chart is given by

U(Hel,He2) = Spec Op (212, To1]/ (712721 — 7).

(2) The chart around (e;,Ile;). We now assume that v, = ITv; and that they are of the
form

1
_ | 12 To%14
[Ul ’1)2] - )
1
T14 T12

for x;; € R. The conditions on F are equivalent to x5 = 0. Thus this affine chart of
N°¢ is isomorphic to Ue, 11e,) = Spec Op[14].

(3) The chart around (eq, ITey). Equations for this chart are obtained by exchanging e,
and e, in the calculation for the second chart. It follows that on this chart N‘§° is again

an affine line over Spec Op. The flatness of N1§° is now evident.

We want to relate N and NIEOC via a local model diagram, cf. [RZ96, Chapter 3]. For
S € Nilpy_, let M(S) be the set of tuples (X, ¢, A, 0;7), where (X, ¢, A, 9) € Ng(S) and
7 is an isomorphism of Op ®¢ . Og-modules

Here, Dy (S) denotes the Grothendieck-Messing crystal of X evaluated at S (in other
words, it is the Lie algebra of the universal Op-vector extension of X, cf. [Ahsl1, 5.2]).
The polarizations A, A = ¢"(Ax) and A\; = (A + A) induce alternating forms ()
()% and (,)7" on Dy (S). We demand that the isomorphism 7 induces the following
equalities for all z,y € Dy (S):
’f(x,y) =4- <.T, y>Xa
Y (z,y) = (2,9,
x 0-1 X

Y@, y) = (2, )7 + N (z,9)

Recall that § € O F IS a unit generating the unramified quadratic extension of F' with
1—42'6 € OF. These become elements in Og via the structure map éF — (Og. For an
explanation why we need these twists, see Remark 5.2.

This defines the functor M on Nilpép. There is a forgetful morphism

Let Aut(A) over Spec Op be the affine group scheme of automorphisms of A respecting
all structure, i. e., for any Op-scheme S, let Aut(A)(S) be the group of automorphisms
of O ®¢,. Og-modules

(p:A@OF OSL}A(@OF Og,

that leave all alternating forms invariant. Let P = Aut(A) Xgpec 0, SPf Op. Then M is
an P-torsor over Nz, hence it is pro-representable by a formal scheme which is of finite
type over Ng.

We denote by Ni2° the 7y-adic completion of N2 R0, Op. We have a second morphism

g: M — Nge (5.5)
that maps a point (X, ¢, A, 0;7) € M(S) to

F=ker(A®o, Og 7= Dx(S) — Lie X) C A®o, Os.
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This morphism is formally smooth by Grothendieck-Messing theory (see [Mes72, V.1.6]
for Op = Z,, the other cases follow from the definition of Dy in [Ahs1l, Chap. 5.2]).
The local model diagram now looks as follows:

/ X (5.6)

gloc
NE NE

In order to be able to use the results from [RZ96, Chapter 3|, we need the following
result:

Proposition 5.5. f is smooth and surjective.

Remark 5.6. Here, f is smooth in the sense that for any scheme S and any morphism
S — N, the morphism of schemes S X n, M — S is smooth. Thus f is smooth if and
only if Aut(A) is smooth over Op.

By saying f is surjective, we mean that f is surjective as a map of étale sheaves. However,
if f is smooth, this is equivalent to f being surjective on geometric points.

Proof. For an Op-algebra R, let g € Aut(A)(R). Then g leaves the form (,); invariant
on A ® R, hence it also leaves invariant ker (,); = {x € AQ R | (z,y); = 0Vy}, which is
a direct summand of rank 2 of A ® R. Furthermore gII = Ilg, i. e., with respect to the
basis (eq, €9, ey, Iey), the element g is given by a 4 x 4 matrix of the form

a mob
d ToC
g b oa )
c d

11

with coefficients in R. From (ge;, glles); = (e, Iles);, we deduce the condition
ad — mobe = 1.

Conversely, it is easily checked that any g € GLi(A ® R) of this form is an element of
Aut(A)(R). Therefore we have an isomorphism of schemes,

Aut(A) ~ Spec Opla, b, c,d]/(ad — mobe — 1).

The smoothness of Aut(A) follows.

By the previous remark, this shows the smoothness of f. It now suffices to check
the surjectivity of f on geometric points. Thus we have to show that for any tuple
(X, 1, ), 0) € N(k), there exists an isomorphism

v :Dx (k) - A®o, k

as in (5.3). We can write Dy (k) = My /mgMyx, where My is the Dieudonné module of
X. Hence, we only need to construct an isomorphism

’YZMXL>A®OFOVF.

This isomorphism has to be Og-equivariant and compatible with the alternating forms
(,), (,) and (,); on both sides. Such an isomorphism is equivalent to an isomorphism
of Og-lattices

v MX L}A@OE OE?
such that the induced forms h and b on A and on My coincide. But it is easy to check

that, up to O pg-linear isomorphism of My, there is only one possible choice for the forms
h and b such that %(h + b) is integral. Hence, there exists such an isomorphism ~v. O



38 DANIEL KIRCH

Thus (5.6) is indeed a local model diagram in the sense of [RZ96]. It is compatible with
the local model diagram for M, in the following sense. Let M’ be the functor on
Nilp()F that maps S to the set of tuples (X,t5,0;7'), where (X, t5,0) € Mp,(S) and
~/ is isomorphism of Op ®0, Og-modules

7 Dy (S) = A ®0,. Os.

By [RZ96, Chapter 3], M’ is pro-representable by a formal scheme of finite type. Fur-
thermore, we have a smooth projection p : M" — M p,. and a formally smooth morphism
q: M — M5S that maps (X, ¢, 0;7) to

F =ker(A' @p, Og 21— Dy (S) — Lie X) € A @0, Os.

It factors over MSS, the my-adic completion of M'SS ®o, Op. Now the following diagram
is commutative.

P 4 1yl
Mp, +— M —— Mp;

J f J j (5.7)

Ny M —2 5 Nloe

In fact, let

o: A ®0,. Og) - A ®gp, Og)
be the isomorphism inducing p (cf. Prop. 5.3). The morphism in the middle then maps
(X, 15,07) to (n(X, e, 0); (¢ ®o§f) Og)ov).

5.2. The case (R-U). Let E|F be a quadratic extension of type (R-U) and let (C, h)
be a 2-dimensional vector space over E with split hermitian form h. We choose a basis
(e1,e5) of C such that h has the form

()

and we define an E-linear alternating form b given by the matrix

)

Let A be the Op-lattice generated by (eq,Iley). The lattice A is II-modular hyperbolic
with respect to h and satisfies the straightening condition, i. e.,

k

%0 ~(h(z,y) +b(z,y)) € Og,

for all ,y € A. The datum (C,h,b, A) with the above conditions is unique up to E-
linear isomorphism of C' and up to multiplying b by a scalar u € 1 + (2/7?’3) - Opg, cp.
Lemma 5.1. We now interpret C as an F-vector space of dimension 4 and define F-linear
symplectic forms (,) and (,) on C via

k
(2.9) = Trp|p (;3 ~ h(sc,y>> ,

k

The dual of A with respect to each of these forms is A = I7'A. Furthermore the
alternating form (,); defined by

k
(e, 9h = 5 (@.9) + (@),
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for all 2,y € C, is integral on A. In terms of the basis (eq, ey, Ile, Iley) of C, the forms
(,), (,) and (,); are represented by the following matrices:

1 1
- 1 - -1
<7> - 71 9 (7) - 1 lk 9
To
—1 -1 -2
o
ﬂ-o
~ 0
<7>1 - 0 1
—7r§ -1

Remark 5.7. As in the (R-P) case, there will be some twists by units in O involved
if one compares the forms (,), (,) and (,); to those coming from a point (X, ¢, A, 0) €
Ng(S). However, this does not affect the construction of NEC, see Remark 5.2.

We now give the definition of the local model functor NIEOC. For an Op-scheme S, we let
N'2¢(S) be the set of locally free direct summands F C A ®0, Og of rank 2 over Og
such that

(1) Fisan Op ®¢,, Og-submodule of A ®¢_ Og.

(2) The forms (,) and (,) induce perfect bilinear forms on A ®o,_ Og via base change
of the compositions

Ax AL A A 0, (5.8)

We require that F is totally isotropic with respect to these induced forms.
(3) F is totally isotropic with respect to the alternating form induced by (,); on A®Og.

(4) The Kottwitz condition holds. For any element o € Op, the action of & ® 1 on the
quotient (A ®o,_ Og)/F has the characteristic polynomial

char((A®p,. Og)/F, T |a®1) = (T - a)(T — a).

The functor NIEC is representable by a closed subscheme of the Grassmanian Gr(2, A)OF.
In particular, it is projective over Spec O. For the following proposition, recall from
section 5.1 that MJ5¢ is a flat closed subscheme of Gr(2, Mo,

Proposition 5.8. Fiz an embedding E — B and let Og) be the unramified quadratic
extension of Op. Then, A/®OF Og) and A®q,, Og) are isomorphic as free Op®op . Og)-

modules. For a fized isomorphism ¢ : A’ ®0,. Og) - A®o, Ol(f), there is a canonical

isomorphism p Mll‘;i ®op Og) e NIEOC ®on 0%2), In particular, NIEC is flat over Op.
Proof. Let A" be a free Op-module of rank 4 with an Og-action. For an Op-algebra R,
the set MB?(R) is the set of direct summands F C A’ ®o,. R of rank 2 that are stable
under the Opg-action. Assume now that R is even an Og)—algebra. In order to construct
the claimed isomorphism, we want to identify A’ ®o,. Og) with A ®¢, Og). Then we
only have to show that a direct summand F C A ®¢,. R lies in MSS(R) if and only if it
lies in N2°(R).

Recall from section 5.1 that there is a canonical symmetric form s on A’ that is defined
up to a scalar in O. We now fix the embedding E < B and choose embeddings £ < B
and F® < B as in Lemma 2.3 (2). In order to identify A’ ®o,. Og) with A ®¢ Og),
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we have to define alternating forms (,), (,) and (,); on A’ ®¢, Og). These forms are

given by the following equations:
(z,y) = s(x,Jy),
(2,y) = s(x,90y),

1+ 1 1+6
x, = s(z, 0 - =s(z, - II""—y).
(z,y)1 = s( Q/W(,)cy) ( 5 V)

One easily checks that, after twisting these forms by some units in (Og) ®0, Og)™ if

necessary, we indeed have A’ ®o, Og) ~ A ®g, 0}2). In the following, we denote the
Op-action by ¢ for clarity.

Let F € MBSS(R) for some Og)—algebra R. Then F is clearly Og-linear and the Kottwitz
condition follows from the fact that (A®¢,, R)/F is Opg-stable. Furthermore, F is totally
isotropic with respect to all forms of the type (z,y) — s(z, t(b)y) for some b € II ' Oyp.
Indeed, it suffices to show this for one b € H710§ and this has already been done in
the proof of Prop. 5.3. Thus F also satisfies the conditions (2) and (3) above, hence
F e NR°(R).

Conversely, let F € N2°(R). Then,

<CC, L(H_l)y> =0,
(v = (oo 10 =0,

for all z,y € F. It follows that L(lTJ”S) . F C F, since (z,y) — (z,.(IT"")y) is a perfect
bilinear form on A ®¢, R and F is a maximal totally isotropic direct summand. But
Op and %‘5 generate Opg, so F is Opg-stable. Hence we have shown that F € MB?(R)
if and only if F € N2°(R). 0

Remark 5.9. We can also calculate local equations for N1,53° by using standard affine
charts of Gr(2,A)p,.. As in the case (R-P), it suffices to consider only three of the six
affine charts. Indeed, let R be an Op-algebra and let 7 C A®o,, R be a direct summand
with F € N°(R). Since F is Op-linear, we may assume that it is generated by an R-
basis (vq,v5) such that either Tlv; = ITvy = 0 or vy = Iv;. We fix (eq, 5, ey, (1o /IT)es)
as an R-basis for A ®p R where ey = Iley and thus (my/I)el = Tye,. Then the charts
one by one are:

(1) The chart around (ITey, (my/I)e5). In terms of our fixed basis, we assume that the
vectors (v;,v9) have the form

T11 Loy
Ti2 Loz
[’1)1 02] = 1 )
1

for some z;; € R. The conditions on JF are equivalent to

T11 +Ex9g =0,

2
(T11 + —) - Top — T12T9 = —Tp,
To
k1
Tog = —Ty .

Recall that E = F(9) for ¢ € O with 9> = 1 + 73" ¢ for some unit ¢ € O}. The

restriction of NIISC to this affine chart is thus given by

U(neh(ﬁo/n)e;) =~ Spec Op[x19, T1]/ (212221 + 192“0)-



NEW EXAMPLE OF A 2-ADIC RZ-SPACE 41

(2) The chart around (e, Ile;). Here vy = vy and the basis (v, v5) has the form

1
Ti2 Loz
[Ul v2] = 1 5
T1a Loy
for z;; € R. We have
Tog = ETq9,
2
Tog = MoT14 + — %12,
o
_ k+1
Tipg = —Tp Li14-

Hence this affine chart intersected with N'S° is an affine line Ue, Tie,) =2 Spec Op[x14].
(3) The chart around (e, ITe5). We assume that vy = ITv; and

T11 T2

1 =

[v1 V5] = 7o
T13  T23

€

for some z;; € R. The affine chart L{(ef2 ey 18 then given by the equations
To1 = ETpT13,
Toz = T11 T — T13;
o
_ _k
T11 = Tox21-

Hence we have U s 1.1y ~ Spec Op|z13].

We can now relate the moduli problem Az and the local model NIEC via a local model
diagram as in (5.6). Here, M(S) for some S € Nilpg is the set of tuples (X, ¢, A, 0;7)
where (X, 1, A, 0) € Ng(S) and + is an isomorphism of Op ®¢, Og-modules

7 :Dx(S) = A®p, Os,

satisfying the conditions below. The polarizations A, A= 0" (XX) and A\; on X induce
alternating forms <,>X, (,)X and (,){( on Dy (S). Under the isomorphism ~, we can
compare these forms to the alternating forms (,), (,) and {,); on A ® Og. We demand
that

*<I,y> = <z7cly>Xa
“(a,y) = (z,e3m)”,
* X Wg(cl — 03)
Y {w,y) = (@, c3y)1 + (w, fy%

for any z,y € Dx(S). Here, ¢; and ¢3 are units in OE, acting via the structure map
OE = éF ®o, Op — Ogs ®p, Og. Note that these are exactly the twists in the
equations (4.3) and (4.7) defining the forms h and b on the Dieudonné module My for
(X, 1, A, 0) € Ng(k).

With the same reasoning as in the case (R-P), the functor M is pro-representable by
a formal scheme of finite type over Az. We have to show that the forgetful morphism
f: M — Ng (as in (5.4)) is smooth and surjective. This is a consequence of the two
propositions below.
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Proposition 5.10. Let Aut(A) be the affine group scheme over Spec O whose S-valued
points are automorphisms

(p:A@OF OS’ L>A®OF Os,
respecting all structure. Then Aut(A) is smooth over Spec Op.

Proof. Let R be an Op-algebra and let g € Aut(A)(R). Now, g is an automorphism of
A ®p,. R that commutes with the action of II and satisfies

<$7 y>1 = <gx, gy>17 (59>
for all z,y € A® R. In particular, it leaves ker(, ); invariant which is a direct summand
of rank 2 generated by (e, — m - Iley, (m/I)ey). We set €] = e; — m - Ile;. With
respect to the basis (e}, ey, Ie], (my/IT)es), the automorphism g is given by a matrix in
GLR(A ® R) of the form
a mob
d mye

g b a )

c d

for some a, b, ¢,d € R. From (5.9), we get that ad — mybc = 1. Conversely, any g of this
form lies in Aut(A)(R). Hence,

Aut(A) ~ Spec Opla, b, ¢,d]/(ad — wobe — 1),
which is obviously smooth. O
Proposition 5.11. Let (X,1, A, 0) € Ng(S) for some S € Nilpy_. Locally on S for

the étale topology, there exists an isomorphism v : Dx(S) = A ®¢, Og, such that
(X, 0, 037) € M(S).

1R

Proof. We can prove this in the same way as in the (R-P) case. In particular, it suffices
to check this on geometric points, see Remark 5.6. Hence, for (X, ¢, A, 0) € Ng(k), it is
enough to find an Opg-linear isomorphism

'y:MXL)A(@OFOUF,

compatible with the Og-action and all alternating forms. This is equivalent to an o} B
linear isomorphism ~ such that the induced forms h and b on both sides coincide. It
is now easy to check that, up to 0 g-linear isomorphism, there exists only one possible
choice for the forms i and b on M. It follows that such an isomorphism v exists. O

Thus we have local model diagram connecting Nz and N2° as in the (R-P) case, see
(5.6). This is compatible with the local model diagram of the Drinfeld case, in the sense
that the diagram (5.7) is commutative.

5.3. The naive local model in the case of minimal different. Let F|F be of type
(R-U) such that |7" | = |2| (see page 7 for the definition of the parameter k). As in the
previous paragraphs, let (C,h) be a 2-dimensional E-vector space with F|F-hermitian
form h. With respect to a suitable chosen basis (e, e5), the hermitian form is given by

v, ).

Now the Op-lattice A generated by e; and e = ITey is II-modular and hence automati-
cally hyperbolic by Prop. 2.8. The datum (C, h, A) as above is unique up to isomorphism.
The form h induces an F-linear alternating form (,) on C via the formula

iy

k
<£C,y> = TrE|F (2;)9 : h(.’t,y)) :
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We will now define an O p-scheme NIEive, called the naive local model, which mimics the

construction of the scheme N'2°, but “forgets” about the forms (,) and (,); (cp. the
(PEL)-case of [RZ96, Def. 3.27]). In other words, N °(S) for an Op-scheme S is the
set of direct summands F C A ®¢_ Og of rank 2 over Og such that

(1) Fis an Op ®¢, Og-submodule of A ®¢  Og,

(2) F is totally isotropic with respect to the bilinear form induced by (,) on A®o_ Og,
cf. (5.8), and

(3) the Kottwitz condition holds, see condition (4) on page 39.

This functor is representable by a closed subscheme of the Grassmanian Gr(2,A)g ., in
particular it is a projective scheme over Spec Op.

naive

Proposition 5.12. Ny is not flat over Spec Op.

Proof. Let (6176/2_, ey, (my/M)es) be an Op-basis of A, where ey = Ile,. It suffices
to show that N&u""° is not flat when restricted to one of the standard affine charts of
Gr(2,A)p,.. We consider the chart around (ITe,, (mo/M)es). Let R be an Op-algebra.

A direct summand F C A ®q_ R in N#¥e(R) is given by a basis (v1,vs) of the form

T11 Loy

T x
v = | 72
1

The elements x;; € R satisfy the following equations:
Ty + €x9p =0,
(T11 + =) - oo — T1oT = —Tp,
o
mo(Tos + 15 1) =0,
T19(Tog + 75T Y) = Toy (Tag + 75 ) = Top(Tn + 15 ) = 0.

naive

The restriction of Nz to this chart is isomorphic to Spec Op[z1a, To1, 9] (modulo
the equations above). This is indeed not flat over Op, since Op[1y, Ta1, T2z, Seen as
Op-module, decomposes into a direct sum

k
OplT12, T21, 9] = Op[T12, T21, Too] /(220 + 7To+1) ® x99 - Op/mOF,

and the second summand is obviously torsion. Geometrically, the special fiber of this
chart is a union of two affine lines intersecting transversally, but with an infinitesimally
thickened intersection point (see Figure 3). O

naive

F1cURrE 3. The special fiber of N, with thickened intersection point.

Let M™¥® be the functor mapping S € NilpéF to the set of tuples (X, ¢, A, 0;7y) with
(X,1,\, 0) € Np(S) and ~ an isomorphism of O ®0,. Og-modules

v Dx(S) — A®OF OS?
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such that v*(z,y) = (z,¢;y)” for the bilinear form (,)* induced by the polarization A.
We can write down a naive local model diagram,

M naive

/ \
Ngawe Nréalve
naive

where NV ig the m,-adic completion of the base change N’z ®0, Op. This is a local
model diagram in the sense of [RZ96], in particular we have the following result.

Proposition 5.13. f is smooth and surjective.

We will omit the proof of this proposition. It uses exactly the same methods as in the
cases (R-P) and (R-U) (in the non-naive setting). Instead, we will end this chapter with
the following proposition.

Proposition 5.14. N5 is not flat over Spf Op.

Proof. Let v € N, Eaive be the intersection point of two projective lines in the reduced
locus (cf. Remark 4.7 and Prop. 4.8). Consider its first infinitesimal neighborhood
Spec O ypmaive /m2 in Ng¥e. For Np™° to be flat over SpfOp, this neighborhood

would have to be flat over Spec OF /wgép. But by Grothendieck-Messing theory, it is
isomorphic to the first infinitesimal neighborhood of the intersection point in N&a""°,
which is not flat (see the proof of the Prop. 5.12 and Figure 3). O

In particular, N3V is not isomorphic to A and this shows the necessity of the straight-
ening condition, cf. Remark 4.12.

6. A THEOREM ON THE EXISTENCE OF POLARIZATIONS

In this section, we will prove the existence of the polarization A for any (X, 1, 0) €
Ng¥e(S) as claimed in the sections 3.2 and 4.2 in both the cases (R-P) and (R-U). In
fact, we will show more generally that X exists even for the points of a larger moduli
space Mg where we forget about the polarization A.

We start with the definition of the moduli space Mp. Let F'|Q, be a finite extension
(not necessarily p = 2) and let E|F be a quadratic extension (not necessarily ramified).
We denote by Op and O the rings of integers, by k the residue field of Op and by k
the algebraic closure of k. Furthermore, F is the completion of the maximal unramified
extension of F and Op its ring of integers. Let B be the quaternion division algebra
over F' and Op the ring of integers.

If F|F is unramified, we fix a common uniformizer 7y € Op C Op. If E|F is ramified
and p > 2, we choose a uniformizer IT € O such that 7, = % e Op. If E|F is ramified
and p = 2, we use the notations of section 2 for the cases (R-P) and (R-U).

For S € NilpéF, let M g(S) be the set of isomorphism classes of tuples (X, tg, o) over S.
Here, X is a formal Op-module of dimension 2 and height 4 and ¢y is an action of O
on X satisfying the Kottwitz condition for the signature (1,1), i. e., the characteristic
polynomial for the action of ¢z () on Lie(X) is

char(Lie X, T | (o)) = (T — o)(T — @), (6.1)

for any o € Op, cp. the definition of N3 in the sections 3 and 4. The last entry o is
an Opg-linear quasi-isogeny

0: X xg8 — X xg .75
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of height 0 to the framing object (X, tx ) defined over Spec k. The framing object for
Myp is the Drinfeld framing object (X, tx p) where we restrict the Opg-action to O
for an arbitrary embedding O — Op. The special condition on (X, x p) implies the
Kottwitz condition for any a € Op by [RZ14, Prop. 5.8].

Remark 6.1. (1) Up to isogeny, there is more than one pair (X, ¢z;) over Spec k satisfy-
ing the conditions above. Indeed, let Ny be the rational Dieudonné module of (X, ¢g).
This is a 4-dimensional F-vector space with an action of O - The Frobenius F on Ny
commutes with the action of Op. For a suitable choice of a basis of Ny, it may be of
either of the following two forms,

1 o
1 o
F = o or F= 0.
0 1
0 1

This follows from the classification of isocrystals, see for example [RZ96, p. 3]. In the
left case, F is isoclinic of slope 1/2 (the supersingular case), and in the right case, the
slopes are 0 and 1. Our choice of the framing object above assures that we are in the
supersingular case, since the framing object for the Drinfeld moduli problem can be
written as a product of two formal Op-modules of dimension 1 and height 2 (cf. [BC91,
p. 136-137]).

(2) Let p = 2 and E|F ramified of type (R-P) or (R-U). We can identify the framing
objects (X, ux ) for NpA¥e M, and My by Lemma 3.12 and Lemma 4.14. In this
way, we obtain a forgetful morphism Np""® — M. This is a closed embedding, since
the existence of a polarization A for (X, g, 0) € Mg(S) is a closed condition by [RZ96,
Prop. 2.9].

By [RZ96, Thm. 3.25], My is pro-representable by a formal scheme, formally locally of
finite type over Spf Op. We will prove the following theorem in this section.

Theorem 6.2. (1) There exists a principal polarization Ax on (X,1x,p) such that the
Rosati involution induces the identity on Og, i. e., t(a)” = () for all « € Og. This
polarization is unique up to a scalar in O, that is, for any two polarizations \x and
Ny of this form, there exists an element o € O such that Xy = Ax o ix gla).

(2) Fiz Mg as in part (1). For any S € Nilpy and (X, g, 0) € Mg(S), there exists a

unique principal polarization E on X such that the Rosati involution induces the identity
on Og and such that A\ = 0" (\x).

We will split the proof of this theorem into several lemmata. As a first step, we use
Dieudonné theory to prove the statement for all geometric points.

Lemma 6.3. Part (1) of theorem holds. Furthermore, for a fized polarization XX on
(X, 1x g) and for any (X, .1g,0) € Mg (k), the pullback X\ = 0" (\x) is a polarization on
X.

Proof. We consider 4 different cases for the quadratic extension E|F. The cases are
(1) E|F is unramified,

(2) E|F is ramified and p > 2,

(3) p=2 and E|F is ramified of (R-P) type,

(4) p=2 and E|F is ramified of (R-U) type.

(1) We start with the case where E|F is unramified. Let N = My ® F be the

rational Dieudonné module of (X,ux g). This is a 4-dimensional vector space over F
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with two operators F and V, the Frobenius and the Verschiebung. The action ¢ = 1x g
of Op C Op induces a direct sum decomposition N = N,y & N; where

No={z € N |i(a)x = azx for all a € O},
Ny ={z € N |i(a)xr =0(a)z for all a € Og}.

Here o is the Frobenius of F |F. The operators F and V have degree 1 with respect to
this decomposition, since they are o-linear resp. o "linear and commute with .
A point (X, tg,0) € Mg(k) corresponds to a lattice My C N that respects the above
decomposition, i. e., Mx = My@® M, for M; = MNN,. Moreover, moMyxy CVMyx C Mx.
The relative index of My and My is 0, in other words,

[Mx : Mx N Myx] = [Mx : Mx N My].

Write My = Mx o®Mx ;. The Kottwitz condition implies that the inclusions V M, C M;
resp. V. My o C M ; are of index 1. It follows that

[My : My N Mx o] = [Mx o : My My,

(6.2)
[My @ My N Mx 4] = [My : My N My 4].

Let 7 = FV~!. This is a o°-linear operator on N of degree 0 and with all slopes
zero. Thus C = N{ is a vector space of dimension 2 over £. We may assume that
FMx o = VM for My = My o ® Mx 5, cf. [BCI1, I11.4]. Then My, is 7-invariant and
A = Mg o C C is an Og-lattice.

The datum of a polarization XX on X as in the Theorem corresponds to an alternating
form (,) on N such that My is selfdual with respect to this form and such that

(Fz,y) = (z,Vy)7,
(), y) = (2, (@)y),

for all z,y € N and o € Op. The second equation of (6.3) implies that (z,y) = 0 for
x € Ny and y € N;. By the first equation, the form (,) is already determined by its
values on Ny. For all z,y € N, the alternating form (,) satisfies

(6.3)

(rz, 7y) = (FV ', FVy) = (V12 Fy)° = (2,y)° .

Hence (,) corresponds to an alternating form b on C such that A C C is selfdual with
respect to b. Such an alternating form exists and is unique up to a unit in Oj. Thus
XX exists and is unique up to a unit in O, which proves part (1) of the theorem in this
case. B B

In order to show that A = o"(\x) is a polarization on X, we have to see that (,) is
integral on M. But (,) respects the decomposition N = Ny & Ny, so (,) induces an
alternating form on the 2-dimensional F-vector space N, for i = 0,1, and it is invariant
under the action of SpQ(I:“) = SLQ(F’). The lattices My and My o resp. M; and My
have relative index 0, cp. the equations in (6.2). Thus there exists a g; € SLy(F) such
that M; = g;Mx ;, and since (,) is integral on My, it is also integral on My.

(2) We now assume that E|F' is ramified and p > 2. Again, let N = My @ F be the

rational Dieudonné module of (X,ux g). This is a 4-dimensional vector space over F
with two operators, the Frobenius F and the Verschiebung V, and an Op-action. Let
E=F® r E. Then N has the structure of a 2-dimensional E-vector space.

A point (X, i, 0) € Mg(k) corresponds to an Op-lattice My C N such that

moMx C VMyx C Mx.
The OE—lattices My and My have relative index 0, i. e.,

[MXMXOMX] = [MxMxﬁMx]
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Let 7 = IV™' = FII"'. This is a o-linear operator with slopes 0. The 7-invariant
points C = N7 form a 2-dimensional vector space over E. By [BC91, I1.4], we may
assume that My is invariant under 7. Then A = My C C is an Og-lattice.

A polarization XX on X as in the Theorem corresponds to an alternating form (,) on N
such that My is selfdual with respect to this form and such that

(Fz,y) = (=, Vy)?,

(aw,y) = (2,0m). (64)

for all z,y € N and o € Op. Such a form (,) induces an E-bilinear alternating form b
on N by setting

b(z,y) = (z,y) + (z,y),
We can recover (,) from b via the formula

1
(,y) = Trjp p (21—1 : b(xay)> -
The form b is then invariant under 7 = HV_l7 since

b(rz, 7y) = b(FII 2, IIV " y) = b(I1~ 2, 1Iy)” = bz, y)°.

Hence b defines an FE-bilinear alternating form on C, again denoted by b. The lattice
A = Mg C C is selfdual with respect to b. Thus b is unique up to a unit in Ox. It
follows that XX is unique up to a unit in O%. On the other hand, such an alternating
form b exists and it induces an alternating form (,) on N satisfying the conditions of
(6.4). This implies the existence of Ax.

We have to show that the alternating form b is integral on My C N, where My is
the Dieudonné module for a point (X,tz, 0) € Mg(k). But the Op-lattices My and
My have relative index 0, so there exists an element g € SLy(E) = Spy(E) such that
My = gMx. Since b is invariant under the action of SpQ(E) and integral on My, it is
also integral on Mx.

(3) Let p = 2 and assume E|F is ramified of type (R-P). The proof here is verbatim the
same as in case (2) where E|F ramified and p > 2.

(4) Finally, consider the case where p = 2 and E|F' is ramified of type (R-U). We follow
the argumentation of the case (2) (where E|F ramified, p > 2) and make the following
adaptions.

The operator 7 on N is now given by 7 = CQV_1 = Fcz_1 where ¢, € E is a uniformizer
satisfying ¢, - 0(cy) = mg. Then 7 is o-linear and has slopes 0 on N.

An alternating form (,) on N satisfying the conditions in (6.4) induces an E-linear
alternating form b by

b(a,y) =T0/cy - (Tz, y) — T(z,y)).
Accordingly,

k
Ty C
(@,9) = Trjg (2;)95 'b(l‘,y)> :

The form b is invariant under 7, since

b(re,7y) = b(Fes e, V) = 22 pete, o7 (e0)y)” = ba ),

for all z,y € N. The rest of the proof is analogous to the case (2). O

In the following, we fix a polarization Ay on (X,1x g) as in Theorem 6.2 (1). Let
(X,tg,0) € Mg(S) for S € Nilpy and consider the pullback A = 0" (Ax). In general,

this is only a quasi-polarization. It suffices to show that Nisa polarization on X. Indeed,
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since g is Og-linear and of height 0, this is then automatically a principal polarization
on X such that the Rosati involution is the identity on Op.
Define a subfunctor Mg ,,; € Mg by

Mg poi(S) = {(X, iz, 0) € Mg(S) | X = 0" (Ax) is a polarization on X}.

This is a closed formal subscheme by [RZ96, Prop. 2.9]. Moreover, Lemma 6.3 shows

that ME,pol(k) = ME(k)

Remark 6.4. Equivalently, we can describe Mg ;1 as follows. For S € Nilp()F7 we

define Mg ,,1(S) to be the set of equivalence classes of tuples (X, ¢f, X, 0) where

e X is a formal Op-module over S of height 4 and dimension 2,

e .p is an action of Oy on X that satisfies the Kottwitz condition in (6.1) and

e \isa principal polarization on X such that the Rosati involution induces the identity

on Op.

e Furthermore, we fix a framing object (X LX7E,XX) over Spec k, where (X, tx g) is the

framing object for Mg and Ay is a polarization as in Theorem 6.2 (1). Then g is an

Og-linear quasi-isogeny
Q5X><S§—>X><specg§7

of height 0 such that, locally on S, the (quasi-)polarizations o* (XX) and X on X only differ

by a scalar in O}, i. e., there exists an element o € O such that 0" (\x) = Ao tx(a).

Two tuples (X,cp, A, 0) and (X', /5, N, 0') are equivalent if there exists an Op-linear

isomorphism ¢ : X == X’ such that ©*()\') and X only differ by a scalar in O.

In this way, we gave a definition for Mg ,, by introducing extra data on points of the

moduli space Mp, instead of extra conditions. It is now clear, that M E,pol describes a

moduli problem for p-divisible groups of (PEL) type. It is easily checked that the two

descriptions of My . give rise to the same moduli space.

Theorem 6.2 now holds if and only if Mg ,,; = Mpg. This equality is a consequence of
the following statement.

Lemma 6.5. For any pointx = (X, g, 0) € ME,pOI(IE), there is an identity of completed
local rings 5/‘/11;,1301#6 = Oz

For the proof of this Lemma, we use the theory of local models, cf. [RZ96, Chap. 3]. We
postpone the proof of this lemma to the end of this section and we first introduce the
local models M and Mlgfpol for Mg and Mg 0.

Remark 6.6. Note here that My is an RZ-space of (EL) type. The local model MIEOC
has been defined in [RZ96, Chap. 3| for any prime p. Furthermore, loc. cit. establishes
a local model diagram connecting Mg and MEC. In particular, it follows that the
completed local rings at geometric points of M and MIISC are isomorphic.

On the other hand, Mg . is an RZ-space of (PEL) type. In loc. cit., the authors always
make the assumption that p > 2 for the (PEL) case. Hence, for p > 2, the definition
of the local model MlEof:pol is known and there also is a local model diagram. In this
case, Lemma 6.5 will already follow from the fact that Mgfpol = M%°, cf. Lemma 6.7.

For the case p = 2, we give a definition of the local model MlEofpol and establish a local
model diagram, see Prop. 6.9 below. Lemma 6.5 then again follows from the equality
ME% o = ME® in Lemma 6.7.

We now give the definition of the local models MIEC and MIEC')?pol for Mg and Mg 4.

Let C be a 4-dimensional F-vector space with an action of F and let A C C be an
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Op-lattice that is stable under the action of Op. Furthermore, let (,) be an F-bilinear
alternating form on C' with

(O‘x7 y) = (JZ, ay), (65)
for all « € F and z,y € C and such that A is selfdual with respect to (,). It is easily
checked that (,) is unique up to an isomorphism of C' that commutes with the F-action
and that maps A to itself.
For an Op-algebra R, let MIEOC(R) be the set of all direct summands F C A ®q, R
of rank 2 that are Og-linear and satisfy the Kottwitz condition. That means, for all
a € Og, the action of a on the quotient (A®p  R)/F has the characteristic polynomial

char(Lie X, T | a) = (T — a)(T — @).
The subset Mllg’fpol(R) C MR°(R) consists of all direct summands F € Mg°(R) that are
in addition totally isotropic with respect to (,) on A ®o . R.
The functor MB‘E)C is representable by a closed subscheme of Gr(2, A)o ., the Grassmanian
of rank 2 direct summands of A, and Mlﬁfpol is representable by a closed subscheme of
Mg°. In particular, both M2 and Mlﬁcpol are projective schemes over Spec Op.

Lemma 6.7. MlEofpol = MIPS)C. In other words, for an Op-algebra R, any direct summand

F € Mlb?c(R) is totally isotropic with respect to ().

Proof. Asin the proof of Lemma 6.3, we will split this proof into several cases, depending
on whether p > 2 or p = 2 and depending on whether E|F is unramified or ramified.
The main idea here is always the same, namely fix a basis for A and then check the
assertion for each chart of the Grassmanian Gr(2,A)p,.. However, the calculations in
each case differ at certain points.

We first consider the case where E|F is unramified and p > 2. Here O = Op[d], where
J is the square root of a unit in Op. We choose a basis (e;, ey, deq,dey) of A such that
the alternating form (,) is given by the matrix

-1 (6.6)

-1

Let F € MIEC(R) for an Op-algebra R. Then F is direct summand F C A®p . R of rank
2 over R. Let v,vy be an R-basis for F. We have to prove that F is totally isotropic
with respect to (,). Since (,) is alternating, it suffices to see that

(v1,v9) = 0.
We can check this hypothesis on each of the affine charts of the Grassmanian Gr(2, A)OF.

We claim that, on each chart, the conditions describing MIEOC C Gr(2,A)p,. as a closed
subscheme already imply that (v;,vy) = 0. The charts one by one are:

(1) The chart around (eq,de;). In terms of the basis (eq, ey, deq,des), we have

1
T12 Loz
[Ul 1)2] = 1 )
T1a Loy

for some x;; € R. The Og-linearity of F implies that
To4 = T12,
2
Ty = 0 T1y.

It follows that (vq,vy) = x94 — x195 = 0. The calculation for the chart (ey,deq) is
analogous to this one.
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(2) The chart around (dey, de,). We write

T11 Z21

_ | T12 Ta22
[’1}11)2]— 1

1

From the Kottwitz condition, we get
Ty + Top =0,
2
T11Tgy — Ty Tig = —0.

Thus we have (vy,vy) = 11 + X9 = 0.

Since § € Op is a unit and F is Og-linear, we can replace v; by dv; without loss of
generality. Hence from the calculation in (2), the claim also follows for the charts around
(e1,€3), (e1,0e5) and (e, e5). Thus (vy,vy) = 0 for all F € MES(R). In other words,
F is totally isotropic with respect to (,), which implies that F € leg?pol(R). Thus
MpC(R) = Ml]f;)fpol(R) and, since R is an arbitrary Op-algebra, we have M = MlEoprI.
This finishes the proof for the case where E|F is unramified and p > 2.

Next we treat the case where E|F is unramified and p = 2. In this case, we have
Op = OF[%‘S], where 4 is a unit in Op such that 6% = 14 4e, € Op (cp. section 2).
We can choose a basis (eq, g, 1%561, 1_57562> for A, such that, with respect to this basis,
the alternating form (,) is given by the matrix

(6.7)

Let F € M2(R) and let vy, vy be an R-basis for F C A ®0, R. We want to show that
(v1,v2) = 0.

(1) The chart around (eq, 174'661). In terms of the basis (eq, e, 1%561, 1%662), we have
1
o) = [ 2
L1g4  T2q

From the Op-linearity of F, we get that
Tog = T12 + T14,
Lo2 = EoL14-

Hence, (v1,v5) = @9y — X159 — 14 = 0. For symmetry reasons, this also follows for the
chart (ey, 11%ey).

(2) The chart around (1%561, %62). Here, we write
L1 T21
T2 T2z
[’Ul UZ] = 1
1

From the Kottwitz condition, we deduce that
Ty + Top = —1,
L11T22 — L21T12 = &o-

Thus, we have (v,v5) = 217 + x99 + 1 =0.
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Note that 174'5 € Op is a unit, hence we can replace v; by 1%51)1' without loss of gener-
ality. The calculations of (2) then also prove our claim for the charts around (e, e,),
(e1,*E2¢e,) and (H2¢,ey). Hence, we have (vy,v5) = 0 for all F € MS(R) for any
Op-algebra R.

Assume now that E|F is ramified and p > 2. Then Op = Op[II] for some uniformizer
Il € Op with II* = 7y € Op. We choose a basis (e;, e, Ileg, Iey) for A such that () is
represented by the matrix in (6.6) with respect to this basis.

Let F € MIEC(R) and let vy, v, be an R-basis for 7 C A®q, R. It suffices to show that
(v,v9) = 0. As in the unramified case, we check this on the charts of the Grassmanian
Gr(2,A)o,.-

(1) The chart around (eq,Ile;). In terms of the basis (e, es, e, e,y ), we write

1
Ti2 Loz
[7)1 02] = ,
1
T1a Loy

for some z;; € R. Since F is Og-linear, we have
Tog = T12,
Loz = TMoL14-

Now, (v1,v9) = Zoq — 212 = 0. The calculation for the chart (e,,Iles) is analogous to
this one.

(2) The chart around (IIe;,ITe,). Let

T11 Loy
Ti2 Taog

[Ul U2] = 1
1

The Kottwitz condition gives us the following equations,
Ty + Ty =0,

T11To2 — To1L12 = —Tpo.
Thus, we have (vy,vy) = &1 + Tay = 0.
It is easily checked that the 3 remaining charts of Gr(2,A)p, contain no additional
points of Mlgc, so we do not need to consider these. It follows that (v;,v,) = 0 for all
F € ME°(R) and any Og-algebra R. Thus Mg¢ = Mﬂgfpol also in this case.
The proof in the case where p = 2 and E|F is ramified of type (R-P) is exactly the same
as in the case where p > 2 and E|F is ramified.
Finally, let p = 2 and E|F be ramified of type (R-U). We use the notation of section
2 for this case. In particular, Op = Op[Il] for some uniformizer II € Op of the form

I = 42 and 9 is the square root of a unit in O, satisfying =1+ Ewng for some

unit € % Op.
We fix a basis (e, ey, Ileq, Iley) of A such that

1

R -1
(,) = 1 %
To

-1 _2

o

with respect to this basis.
As usual, let vy, vy be a basis of F € ME°(R). We want to show that (v;,v5) = 0. We
check this on each chart of Gr(2,A)o ...
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(1) First we consider the chart around (e;,Ile;). We have

1
Ti2 Loz
[v1 UQ] = ,
1
T1a Loy

for some z;; € R. The Og-linearity of F implies that

Ty = Ty + — T14,
o
Lao = EMoL14-
Now, (v1,v5) = Tog — T1g — :79614 = 0. The same argument also works for the chart
0

around (ey, ITey).
(2) The chart around (Ileq, ITey). We write

T11  Ta21
[orv] = | 712 72
1
Then the Kottwitz condition implies that
2
Ty + Too = ——,
To

L1122 — L2112 = ETp-
It follows that (vq,vy) = @11 + Tog + = = 0.
o
Asin the case E|F ramified and p > 2, it suffices to consider these 3 charts of Gr(2,A)o .,

because the 3 remaining charts contain no additional points of MIEC. Thus we have shown

that (vy,vs) = 0 for all F € M2°(R). Hence MR°(R) = Mf?pol(R) for any Op-algebra
R. Tt follows that Mg® = MIEO’CPOI. O

The moduli spaces Mg and Mg . are related to the local models Mllgc and Mlgfpol

via local model diagrams, cf. [RZ96, Chap. 3]. Let Mlgrge be the functor that maps a
scheme S € NilpéF to the set of isomorphism classes of tuples (X, ¢g, 0;7). Here,

<X7 LE, Q) € ME(S)7
and v is an Og-linear isomorphism
v ]D)X(S) 5 A®OF OS'

On the left hand side, D (S) denotes the (relative) Grothendieck-Messing crystal of X
evaluated at S, cf. [Ahsll, 5.2].
loc

Let l\A/[lEOC be the my-adic completion of Mg~ ®o,. 0 . Then there is a local model diagram:

Mlargc
/ X
Mg

The morphism f on the left hand side is the projection (X, tg, 0;7) — (X, tg,0). The
morphism g on the right hand side maps (X, g, 0;7) € /\/llgrge(S) to

F=ker(A®o, Og 7= Dx(S) — Lie X) C A®o, Os.
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By [RZ96, Thm. 3.11], the morphism f is smooth and surjective. The morphism g
is formally smooth by Grothendieck-Messing theory, see [Mes72, V.1.6], resp. [Ahsll,
Chap. 5.2] for the relative setting (i. e., when Op # Z,,).

Remark 6.8. Recall from [RZ96, 3.29] that M2 is a torsor over My via f for (the
mo-adic completion of) the smooth affine group scheme representing the functor

S+ {Opg-linear automorphisms of A @ Og}.

In particular, /\/llgrge is representable by a formal scheme and f is relatively representable
in the category of schemes. Now, f is smooth in the sense that for any scheme S and
any morphism S — M, the morphism of schemes S x y /\/11};rge — S is smooth.
When we say that the morphism f is surjective, we mean here that f is surjective as
a map of étale sheaves. However, since f is smooth, this is equivalent to saying that f
is surjective on geometric points or, again equivalently, that f induces a surjective map
on underlying topological spaces.

We also have a local model diagram for the space Mg ;. We define Mﬁrﬁzl as the

subfunctor of Mﬂ;r@ that maps S € Nilpy to the set of tuples (X, tg,0;7) € MlgrgC(S)
where (X, 15, 0) € Mg ,01(S) and where « satisfies the following compatibility condition.
The polarization A = ¢*(Ax) on X induces an alternating form (,)~ on Dy (S). We

demand in addition that (, )X is the pullback of the alternating form (,) on A ®¢_ Og
under the isomorphism .
The local model diagram for Mg ,,; now looks as follows.

large
ME,pol

y X (6.8)

loc
ME,pol ME,pol

Here, M‘,ﬁ;fpol is the my-adic completion of ME?D01®0F O r and f, and g, are the restric-
tions of the morphisms f and g above. Again, g, is formally smooth by Grothendieck-
Messing theory. For p > 2, the morphism f,,, is smooth and surjective by [RZ96, Thm.
3.16]. For p = 2, we prove the analogous result in Prop. 6.9 below.

We can now finish the proof of Lemma 6.5.

Proof (of Lemma 6.5). We have the following commutative diagram.

fpol large  9pol  {Yloc

Mg pot $—— Mg oo — Mg pal

] !

large

Mp T pmlree 9 o

(6.9)

The equality on the right hand side follows from Lemma 6.7. The other vertical arrows
are closed embeddings.

large

Let + € Mg ,q(k). Since f,, is surjective, we can choose y € My pol(E) such that

yrloc

Jpo1(y) = z. Moreover, we set P Gpoi(y) € ME 1. The theory of local model
diagrams (cf. [RZ96, Chap. 3]) induces an isomorphism of completed local rings,

~
OME.pohm >~ O"loc /.

We have an analogous isomorphism for the bottom row,

~ ~
OMEJJ ~ Oﬁgc7w/.
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~

The equality 1\7[1];3?1)01 = M on the right hand side implies that Ocie , = O

Tiloc 7y
ME,polux Mg,z

and this in turn implies that @ME polsT = (5/‘45790' d

It remains to prove that the diagram (6.8) is a local model diagram in the sense of
[RZ96] even in the case where p = 2. This is a consequence of the following proposition.

Proposition 6.9. Let p = 2. The morphism f,o in the diagram (6.8) is smooth and
surjective.

Recall that, for p > 2, the morphism f, is smooth and surjective by [RZ96, Thm. 3.16].

Proof. Let Aut(A) be the affine group scheme over Spec O representing the following
set-valued functor. We map an Op-algebra R to the set of all Og-linear automorphisms

¢:A®o, R A®o, R,

such that the alternating form (,) on A ®¢_ R is invariant under pullback of ¢, i. e.,
(z,y) = (pz,9y) for all 2,y € A ®p, R. Via the morphism f,,;, the formal scheme
./\/llgggl is a Aut(A)-torsor over My ., thus the formal smoothness of f,, follows if
Aut(A) is smooth over Spec Op, cf. [RZ96, 3.29].

We now prove the smoothness of Aut(A) via explicit calculation. We consider three
different cases, where E|F is unramified, E|F is of type (R-P) and E|F is of type
(R-U), respectively. (Note that we are already assuming that p = 2.)

Let E|F be unramified. Then O = OF[%“S], where § € Op is a unit such that

6% =1+44ey € Op. We fix a basis (e}, eq, 10e) L2¢)) of A such that (,) is given by
the matrix

By =
-1 -1

Let R be an Op-algebra. We can now express an element g € Aut(A)(R) with respect
to the chosen basis of A by a 4 x 4-matrix A with values in R, such that %‘; A=A 1%5
and A"ByA = B,. After some calculations, we get

a b Ep€ €0f
c d €09 60]1
e

A =
f a+e b+f|’
g h c+g d+nh
for some elements a, ..., h € R satisfying the equations

ah —bg—cf+de+eh— fg=0,
ad — bc +egeh —eqfg = 1.

Hence Aut(A) = Spec Op|a, ..., h] modulo these equations. Using the Jacobi criterion,
one now easily checks that Aut(A) is smooth.

Let E|F be ramified of type (R-P). We write O = Op[II] where II is a uniformizer of
Oy, such that II> = 7y € Op. We fix a basis (eq, ey, ey, Iley) of A such that () is given
by
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Let R be an Op-algebra. In terms of the basis above, we can write g € Aut(A)(R) as a
4 x 4-matrix A such that ITA = AIl and A'By A = B,. It follows that A is of the form

a b mye myf
o c d Tog 7T0h
A= e [ a b |’
g h ¢ d
where a,...,h € R satisfy the following equations.

ah —bg —cf +de =0,
ad — be + mgeh — mo fg = 1.

Now, Aut(A) = Spec Op]a, ..., h] modulo these equations. By the Jacobi criterion, we
have that Aut(A) is smooth over Spec Op.

Let E|F be ramified of type (R-U). We have Og = Op[II] for some uniformizer I € Og
of the form II = (1 4 ) /x4, where 9 is a unit with 9> = 1 +emg" ' € Op. We fix a
basis (eq, €9, ey, Iley) of A such that () is given by

1

-1
By = 1 2
)

-1 -2

To

Let R be an Op-algebra and let g € Aut(A)(R). The 4 x 4-matrix A representing g
satisfies the equations IIA = AIl and A’ByA = B,. This time, it has the following
form:
a b eme emy f
c d emyyg emph
A=le f at+Ze b+5f |
o ™
g h c+2g d+ I
To o
with a,...,h € R satisfying

2 2
ah —bg —cf +de+ —eh— —fg=0,
o o

ad — bc + emgeh — emy fg = 1.

We have Aut(A) = Spec Opa, . .., h] modulo these equations. It is smooth by the Jacobi
criterion.

We have shown that Aut(A) is smooth in all cases, hence f,, is smooth. We want to
show the surjectivity of f,,. It suffices to check this for geometric points, see Remark
6.8.

Let (X,1, A, 0) € Mg po1(k). Then the Grothendieck-Messing crystal Dy and the Dieu-

donné module My are related via the equation Dy (k) = My /moMx. We want to show
that there is an Opg-linear isomorphism

v Dx(E) = A®OF E,

such that the pullback of the alternating form (,) on A under « coincides with the
alternating form induces by A. It is enough to show that there exists an isomorphism

’Y:MX L)]\(X)OFOVF.

But both sides are free modules of rank 2 over Op ®¢, OF and, up to automorphism
of My, there exists only one perfect alternating form (,) on My such that

(az,y) = (z,ay),
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for all z,y € Mx and a € Op. Hence such an isomorphism ~ exists. This proves the
surjectivity of f,o1- O

Remark 6.10. With the Theorem 6.2 established, one can now give an easier proof of
the isomorphism Ny == M p,. for the cases where E|F is unramified or E|F is ramified
and p > 2, which is the main theorem of [KR11]. Indeed, the main part of the proof in
loc. cit. consists of the Propositions 2.1 and 3.1, which claim the existence of a certain
principal polarization A% for any point (X, 1, A, 0) € Ng(S). But there is a canonical
closed embedding N < My and under this embedding, ,\2( is just the polarization
X of Theorem 6.2, for a suitable choice of XX on the framing object. More explicitly,
using the notation on page 2 of loc. cit., we take XX = MXgo Lgl(H) = Ao tx(—0) in the
unramified case and Ay = Ay o 1x(¢Y) in the ramified case.
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Zusammenfassung

In der vorliegenden Arbeit befasse ich mich mit der Konstruktion von 2-adischen Rapo-
port-Zink-Raumen (kurz RZ-Riumen) von PEL-Typ, mit anderen Worten, Modulrau-
men von p-dividierbaren Gruppen mit Zusatzdaten in Form von Polarisierungen, En-
domorphismen und Levelstrukturen. Derartige Rdume wurden erstmals von Rapoport
und Zink in ihrem Buch von 1996 definiert, allerdings wird dort neben Modulrdumen
von EL-Typ der PEL-Typ im p-adischen Fall fiir beliebiges p, p > 2 betrachtet.

In meiner Untersuchung beschrinke ich mich auf den RZ-Raum Ny zugehorig zur spal-
tenden unitdren Gruppe GU(1,1) iiber einer (wild) verzweigten quadratischen Erweite-
rung F|F von einer endlichen Erweiterung F'|Q,y. Hierbei unterscheide ich zwei Fille,
(R-P) und (R-U), je nachdem ob die quadratische Erweiterung erzeugt wird von der
Quadratwurzel eines uniformisierenden Elements oder der Quadratwurzel einer Einheit.
(Als Beispiele seien hier Q,(v/2)|Q, und Qy(v/3)|Q, erwihnt.) In beiden Fillen definie-
re ich zuerst das naive Modulproblem Np"¢, das der bereits bekannten Definition fiir
p > 2 nachempfunden ist. Im weiteren Verlauf kann ich jedoch nachweisen, dass N, Eaivc
in keinem der betrachteten Félle die Mindestanforderung von Flachheit iiber O, dem
Ganzheitsring von F, erfiillt und diese naive Definition somit nicht ausreichend ist.
Vereinfacht gesagt kann diese Aussage zurtickgefithrt werden auf die Existenz mehrerer
Isomorphieklassen von selbstdualen Gittern in einem zweidimensionalen Vektorraum
mit spaltender hermitescher Form beziiglich der quadratischen Erweiterung F|F. Es er-
gibt sich daraus die Notwendigkeit einer zusétzlichen Bedingung auf den Punkten des
Modulproblems N, die Ny € N2 als abgeschlossenes formales Unterschema be-
schreibt. Diese ,ausrichtende Bedingung® (engl. straightening condition) formuliere ich
mithilfe einer zusatzlichen Polarisierung auf den formalen Op-Moduln (mit Zusatzda-
ten), deren Isomorphieklassen den Punkten von Np“"¢ entsprechen. Ich beweise, dass
der so erhaltene Modulraum N flach ist iiber Oy und iiberdies isomorph zum Drinfeld-
Modulproblem M p,., einem RZ-Raum von EL-Typ, der dargestellt wird durch Delignes
formales Modell der Drinfeldschen oberen Halbebene. Dieses Resultat steht in Analo-
gie zu einem Satz von Kudla und Rapoport, der einen Isomorphismus zwischen den
entsprechenden RZ-R&umen fiir p > 2 beschreibt.

Fiir den Modulraum N definiere ich ein lokales Modell NIBC, fiir das ein lokales-Modell-
Diagramm im Sinne von Rapoport und Zink existiert. Insbesondere kann man damit fiir
das formale Schema N, lokal fiir die étale Topologie, explizite Gleichungen angeben.
Das lokale Modell ist, wie erwartet, flach und, nach Ubergang zur unverzweigten qua-
dratischen Erweiterung von F', kanonisch isomorph zum lokalen Modell des Drinfeld-
Modulproblems M p,.. Ich berechne auflerdem Gleichungen, die auf affinen Karten das
lokale Modell NlEoC als abgeschlossenes Unterschema einer Grassmannschen beschreiben.
AbschlieBend zeige ich die Existenz und Eindeutigkeit (bis auf Multiplikation mit einer
Einheit) der in der ausrichtenden Bedingung verwendeten Polarisierungen auf einem gro-

Beren Modulraum My, der Np"° als formales abgeschlossenes Unterschema enthilt.



Dabei betrachte ich nicht nur 2-adische verzweigte quadratische Erweiterungen E|F,
sondern allgemeiner beliebige quadratische Erweiterungen E|F' iiber endlichen Erweite-
rungen F|Q, fiir eine beliebige Primzahl p. Unter Verwendung dieses Satzes kann ich
unter anderem auch einen vereinfachten Beweis fiir den Satz von Kudla und Rapoport

geben.



