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1 Introduction

Mathematical problems are often motivated by the rigorous modeling and analysis of phenomena
arising in physics or material science. One among many of such phenomena is the formation of
microstructures at austenite-martensite interfaces in shape-memory alloys, such as Nickel Titanium.
In this thesis, we will use variational methods to study these structures in the specific case of a low-
volume fraction.

We consider an energy consisting of a bulk term and a surface term, in which the bulk term is
geometrically linearized. Two martensitic phases, one of them with a much smaller volume fraction,
form microstructures at an austenite-martensite interface. For a transition regime, we derive two

energies, one for scalar-valued functions and one for vector-valued functions, given by
1
() = / (Ol 4+ wmin{Oyu + 11, |yu — 5} 4L +00|D%ul(@)  and
Q

1
EOP () = / min|(Du+ €1 @ e2)yml2, (D = 5e1 @ €2) a2} L7 + 001 D%u] ().
Q
Our goal is to compute the I'-limit of these functionals, letting the volume fraction ¢ go to zero,
to gain further insight into the original problem. During this process, new subspaces of SBV and
SBD together with mathematical tools for these subspaces are developed.

In the following introduction, we shortly explain the physical background of the problem, derive
the two energy functionals and introduce the main mathematical tools and concepts that are used
in this thesis.

Chapter 2 treats a one-dimensional, scalar-valued toy-model. Many basic concepts and arguments
for the later chapters are introduced here and the candidate for the limiting energy for I’ is moti-
vated. In Chapter 3, the lim inf-inequality and a compactness result for I? are proven. The space
SBV? is introduced, in which the limiting energy is finite. Chapter 4 treats the recovery sequence
for I. A main result of this chapter and the entire work is a density result for SBV2: Each function
in SBVZ2 can be approximated with respect to the energy I? and weak-+ BV convergence with a
sequence of functions whose jump sets are a finite union of segments.

For the energy E%?, we have only been able to prove partial results. In Chapter 5, we present a

P

possible candidate for the limiting energy, the limiting function space SBD; ..,

and prove both a
lim inf-inequality and a compactness result. In Chapter 6, recovery sequences for functions whose
jump sets are a finite union of segments are constructed. Whether or not a density result with such
functions holds is still an open problem, Chapter 6 also contains a brief overview of the arising
difficulties.

D
ea®er”

Chapter 7 is dedicated to the proof of a Korn-Poincaré-type inequality for the space SBD
Although the result is not sufficient to provide a proof of the density result, it is an important step
in that direction and an interesting mathematical statement on its own.

The results of Chapters 3 and 4 have been announced in [27]. Moreover, a shortened version of these
chapters has been submitted and a preprint has been published on arXiv by the author together with
Conti and Zwicknagl [16].



1. Introduction

1.1 The shape memory effect

The mathematical analysis we will perform in this work is motivated by the study of microstruc-
tures in so-called shape memory alloys. Shape memory alloys have the interesting and useful prop-
erty that, after they have been subjected to an elastic deformation at a low temperature, they recover
their original shape under heating, see [35]. This effect was first published by Chang and Read in
1951 [14].

The reason for this effect lies in a particular behavior of the atomic lattice, namely a solid-solid phase
transition at some specific temperature. If the material is at a high temperature (called austenite
phase), it prefers a cubic lattice structure, whereas at a low temperature (in the so-called martensite
phase), there are different preferred lattices with fewer symmetries [43].

The first one to observe these different states in a material was the physicist Arne Olander in 1932
in an Au Cd alloy [41]. However, not before Buehler and coworkers witnessed the same effect in
a Nickel Titanium (Ni Ti) alloy in 1963 [11], it became interesting and applicable for first military
purposes (see [45], [51]). This was only a starting point and applications in biomedicine and engi-
neering followed soon (see [8], [35], [43] and the references therein).

We want to give a short, and in some parts naive, explanation of the physical effects that cause the
shape memory effect. For a deeper understanding we refer to the textbooks by Bhattacharya [7]
or by Otsuka and Waymann [43]. Let us imagine a material whose atoms prefer a cubic lattice at
high temperatures and different tetragonal lattices if they are below some critical temperature (see
Figure 1).

RN

Figure 1: A cubic austenite lattice and three tetragonal martensitic lattice structures.

The material is given in a stable macroscopic shape at a high temperature. When it is cooled down
under the critical temperature, the atoms start locally adopting to one of the different tetragonal
lattices. In different areas of the material, different lattices are chosen such that the macroscopic
shape is essentially preserved, see the third picture of Figure 2. We can also see interfaces between
different martensitic states in this sketch, denoted by dotted lines. Since the tetragonal lattice is
disturbed along these interfaces, they should bear some interfacial energy.

If the material is macroscopically deformed, it tries to realize this deformation on an atomic level
by changing between the different lattices. The second picture in Figure 2 can be imagined as the
reaction to a load in vertical direction. The atoms do not change their neighbors during this process.
Hence, if the material is heated again above the critical temperature, the atoms are forced back into



1.2 Continuum model for elastic deformations

Figure 2: A two-dimensional sketch of 17 x 14 atoms in a cubic austenite lattice and two different versions of a martensitic,
tetragonal lattice. The blue lines have the same length in all three pictures and indicate the change of macroscopic
lengths, the dotted lines indicate a concentration of surface energy.

the cubic lattice and it is energetically preferable that the atoms do not change their neighbors. It
is, on an atomic level, in the same state as before the cooling process and has therefore the same
macroscopic shape.

This is, of course, only an idealized description of the processes. The original material in austenite
state might not have a perfect cubic lattice, but bear some defects in the lattice structure, and even
more defects may occur on interfaces between different martensitic phases. A repeated cycle of
cooling, deforming and heating might lead to an accumulation of these effects and hence to a fatigue
in the material (see [35], [38]). There are also other phenomena influencing the fatigue effect, like
large loads [37] or specific crystallographic orientations [32].

An important detail is that there is not one critical temperature at which the austenite-martensite
phase transition takes place, but a temperature at which martensite starts transforming to austen-
ite under heating and a second, lower temperature at which the martensite starts transforming to
austenite under cooling. The difference of these temperatures is called hysteresis, see [7], [44] for
more details. Controlling the width of hysteresis is important in many applications. One can easily
imagine purposes in which materials of either small or large hysteresis are preferable. In particular,
a small hysteresis is also connected to a weak fatigue effect [32], [39]. Notice that during the process
of heating (or cooling) both states, martensite and austenite, will be present in the material and
hence also interfaces between these phases. These intermediate temperatures for materials with
low hysteresis are the situations we want to focus on.

It is important to mention that not only the mathematical analysis is based on and influenced by
the work of material scientists. A detailed mathematical description of the problems can conversely
help developing materials with specific properties, see the work of Cui et al. [19] and the recent
results of Song et al. [47].

1.2 Continuum model for elastic deformations

In this work, we follow a continuous theory of martensitic phases, going back to Bowles and
MacKenzie [9] and Wechsler, Lieberman and Read [52]. We are following [6] and [7] in the sub-
sequent introduction.

We identify a crystalline body in its stress-free austenite phase with an open domain U C R?. At
a fixed temperature, the body is described by a continuous deformation ¢ : U — R?, where the
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gradient encodes the lattice structure. If the material is (locally) in its austenite phase we have
Dy = 1d, and there are matrices F; € R3*3 that represent the different martensitic phases. Due to
frame indifference, we do not distinguish between rotated variants of the same martensitic phase,
that is, for every rotation R € SO(3) we say that RF; and F; belong to the same martensitic phase.

An important field of the analysis is the compatibility of different martensitic phases to each other
and to the austenite phase. If the material is divided by a C''-surface I into two different areas U;
and U, and the continuous deformation ¢ has a constant gradient F; on these sets U;, then it is a
straightforward computation that F} # F5 if and only if the so-called Hadamard jump condition
holds. That is: The matrices F; and F5 are rank-one connected i.e., F} — F» = a ® n for a,n € R3

and I' is a hypersurface with normal n.

Let F' be the matrix of a single martensitic phase and let Ay < Ay < A3 be the eigenvalues of F'. An
interface between the austenite phase and this single martensitic phase is possible if and only if the
middle eigenvalue A\, = 1 [6]. We will focus our analysis on the case where Ay # 1.

A variant of martensite that has an interface to an other variant of martensite along some hypersur-
face will then not be compatible to an austenite phase along any other hypersurface. In this case, a
fine mixture of the two different martensitic phases occurs at an austenite-martensite interface, see
for example the work of Sun et al. for experimental data [49] and Figure 3 for a sketch.

/
—

Figure 3: A sketch of an austenite-martensite interface where two different variants of martensite enter with different
volume fractions and are compatible to each other in direction n.

The two different martensitic phases will be mixed with different volume fractions 6 and 1 — 6.
These volume fractions are chosen in such a way that there is a rank-one connection between the
infinitesimally fine mixture and a rotated version of the identity, representing the austenite. To be
formal: There are b, € R? and S € SO(3) such that S — (0F; + (1 — §)F2) = b ® m, see again
Figure 3 for a sketch. A necessary and sufficient condition for the solvability of this equation has
been developed in the work of Ball and James [6].

It has been conjectured and supported by experimental data by Zhang, James and Miiller [53] that
there is a connection between the distance of the middle eigenvalue to 1 and the size of the hystere-
sis, see Figure 4. Moreover, they compute the volume fraction 6 of the different martensitic phases
and deduce that |A2 — 1| ~ 0 implies 6 ~ 0.

The continuous theory assumes that the deformation u minimizes an energy functional I. A possi-



1.3 Reduction of the model to a geometrically linearized energy for low-volume fraction

ble choice for such a functional is the following sum of a bulk energy and a surface energy:

I(p) = /U Wr(Dy) dL? + 5| D?¢|(U).

The function Wy has energy wells, or local minima, at the different martensitic statesi.e., at SO(3)F;
and at the austenite state i.e., at SO(3) Id and depends on the temperature 7. The surface-term pe-
nalizes jumps between the different wells and prevents infinitely fine mixtures of different states. It
also ensures the existence of minimizers and is given as a total variation norm of the second deriva-
tives. The parameter x > 0 might be identified with the measured interfacial energy, this does,
however, lead to length scales that are not realistic [7]. We therefore understand it as a mathemati-
cally necessary parameter.

70
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Figure 4: Width of hysteresis vs. middle eigenvalue Ao!.

We want to analyze the behavior of energetic minimizers of austenite-martensite interfaces with a
mixture of two phases as the volume fraction 0 tends to zero. As a first step, we will need to simplify
the model we have motivated previously.

1.3 Reduction of the model to a geometrically linearized energy for
low-volume fraction

For the sake of simplicity, we only consider the static problem and hence fix the temperature T such
that the austenite phase and martensitic phases are present. We fix two rank-one connected matrices
Fy and F5 that represent different martensitic states. The most common choice for the potential W
is Wy (M) = dist*{ M, SO(3)F; U SO(3) F;} close to the energy wells [53].

Notice first that in similarity to [53], we can identify a direction in the domain and one in the
codomain that is left invariant by the martensitic phases F; and F». We may therefore assume
that U C R? and ¢ : U — R2. Secondly, we want to replace the bulk term of the energy with its
geometrically linearized version. For this purpose we rewrite the deformation ¢ as ¢(z) = z+du(x)
where w is the displacement.

We notice that the Hessian of the squared distance to a submanifold in R" is given by the projection

1Reprin’ted from Z. Zhang, R.D. James, S. Miiller [53], with permission from Elsevier.
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on the normal space and hence dist>{ M, SO(3) F,USO(3)Fy} ~ min—; 5 ||(M — F};) sym ||? close to the
energy wells [4]. After rescaling and for small J, the energy for the displacement is approximately
given by

I (u) = /Umin{||(Du — Fy = 1d) sy, [|(Du — Fy — 1d) sy ||*} L3 + £| D?u|(U). (1)

For our further considerations, we explicitly choose two rank-one connected matrices with volume
fractions f and 1 — 6, namely

Fi=1d—0e; @ ey = (1 _6> and Fo=T1d+(1 —0)e; Q eg = <1 1_9> )
0 1 0 1

Notice that we expect that our result strongly depends on this choice of the rank-one connection.

For other rank-one connections even the energy-scaling might be different, see for example the

work of Chan and Conti [13].

Since the symmetrized distance makes the problem quite complicated, we restrict ourselves for the

first half of this thesis to a scalar-valued problem as proposed by Kohn and Miiller [33], [34]. The

energy in (1) then simplifies to
7% (u) = / 10,u? + min{|0,u + 0|2, |0yu — 1 + 0>} dL? + | D?u|(U)
U
whilst the energy in the vector-valued case is given by

E‘E’e(u) = / min{||(Du + fe; ® 62)Sym||2, [(Du— (1 —68)e; ® eg)sym||2} dL? + | D?u|(U).
U

Both of these energies do only prefer the two different martensitic states and do not include the
austenite phase. The austenite-martensite interface is modeled by boundary data for u at parts of
oU. For simplicity, we choose the domain to be the unit square throughout the whole thesis and
define Q = (0,1)%

The displacement in the austenite phase is given by u = 0. We fix zero-boundary data at the left
edge {0} x (0,1) for I*? and on the left and lower edges {0} x (0,1) U (0,1) x {0} for E=?. We
need to give stronger boundary values for the vector-valued model to avoid trivial minimizers of
the energy, see [26].

1.4 Scaling laws and rescaling of the energy

It has been widely discussed that even though it seems difficult to find actual minimizers of ener-
gies of type 1=, one can gain insight by proving scaling laws, including explicit constructions for
functions of low energy [26], [34], [54]. In the case of Ie0, scaling laws for similar energies have
been proven in the author’s Bachelor’s thesis [25] and by Zwicknag] [54]. The following result has
been formulated and proven in the appendix of the author’s joint work with Conti and Zwicknagl
[16].



1.4 Scaling laws and rescaling of the energy

There exists ¢ > 0 such that for all § € (0, 1] and for all € > 0 it holds:

1 N
~0%? min{1,e*%07%/3} < min I*Y < ¢6? min{1,e?/39=4/3}.
¢

Figure 5: Construction of a deformation: Austenite, laminates or twinning.

The regime where [°° ~ 62 is realized by a single phase of austenite whilst the regime where
199 ~ £2/392/3 is achieved by a Kohn-Miiller-type twinning construction, see Figure 5. A simple
lamination of the domain is not possible due to the hard boundary conditions, a lamination with
linear interpolation to the boundary bears more energy then the Kohn-Miiller twinning construc-
tion.

The aim of this work is to analyze the energy in the transition regime between twinning and a single
phase, that is for fixed ratio 4z ~ o for some o € R*.

The scaling of the energy in this transition regime is 62, hence we rescale it. We also rescale the
functions itself since a sequence of functions that has slope 6 on a volume fraction of 1 — 6 would

converge against zero. We therefore define the energy

0/, . (1—’_0)2%0’,0,9 4 6>
I(u) = g 0 g g

1
:/ Orul? + min{|0u + 12, 9y — 5} AL2 + o8 Dl (©)
Q

where we have chosen ¢ = U%. The zero-boundary values of u are transformed to u(0,y) = %y.
Notice that this rescaling is not unique. In [16], we use a slightly different rescaling that simplifies
notation whilst the choice of rescaling in this thesis yields a more descriptive energy.

The energy scaling for the vector-valued energy has been proven in the author’s Master’s thesis [26]
for the case 6 = 1. A joint work with Conti, Melching and Zwicknagl is in preparation, in which
we will provide scaling laws for a more general energy [15]. As a special case it will follow that
min £5¢ ~ min{#?, §2/3c2/3}. As before we are interested in the transition regime.

A rescaling with @(z,y) = (%em(x, y) — %y, Lyua(z, y)) yields the energy
1
E%(u) = / ming[|(Du + e1 @ €2)sym|1*, [|(Du — Fe1 @ e2)sym|*} L + 00| D*ul(Q).
Q
We will derive all results for the more general functional

1
EOP(u) / min{|(Du -+ e1 @ €2) oy |(Du = 561 €2)ayml2} AL2 + 00| D] (2)
Q

where |.|,, denotes the standard p-norm in R™. This second functional is not derived as an energy-
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functional for austenite-martensite interface. However, the functional EY = E?? is included as
a special case and the former might occur in some different context and its mathematical analy-
sis is interesting by itself. In similarity to this generalization, one can also derive all results for a
generalized version 197 of I?, see [16] for details.

1.5 Notation and mathematical background

We already used the notation a ® b for a,b € R™ to denote the rank-one, n x n matrix with entries
(a®b); ; = a;b;. Every rank-one matrix can be written in this way. We also denote a ©b = (a®b) syrm,
thatis, (a © b); ; = 2 (a;ib; + a;b;).

We will usually denote the coordinates in R? by z and y, the unit square in R? will always be
denoted by Q = (0,1)2.

The derivatives of the functions we consider as arguments of 1Y and E’? will be functions of
bounded variation. These functions are defined as follows: For U C R" open a function f : U — R
is called a function of bounded variation if it is integrable and if its distributional derivatives 9, f
are finite, signed Radon measures on U for all ¢ € {1,...,n}. For details on functions of bounded
variation, see the textbooks of Evans and Gariepy [28] or of Ambrosio, Fusco and Pallara [3]. The
surface term in the energies should always be interpreted as a total variation measure with respect
to the |.|2 norm of these derivatives.

The derivative D f of a function of bounded variation in R” can always be divided into three ad-
ditive parts: An absolute continuous part, denoted by V f, which has a density with respect to the
n-dimensional Lebesgue measure, a jump part, denoted by D” f, that is concentrated on a set of
finite H"~!-measure and a Cantor part, denoted by D, that contains the rest of the measure. The
limiting energy of the I%’s will only be finite for so-called special functions of bounded variation.
These functions, also called SBV-functions, were introduced by Ambrosio and De Giorgi [2] and
are defined as the functions of bounded variation that have vanishing Cantor part.

A generalization of BV -functions are the so-called functions of bounded deformation, or B D-functions,
as introduced by Suquet [50] and Matthies, Strang and Christiansen [36]. We say that a function
f € L'(Q,R") is of bounded deformation if D f,y,, = 3(Df7 +Df), the symmetrized, distributional
gradient, is a vector-valued, finite, signed Radon measure. Again, D fs,., can be divided into an
absolute continuous part, a jump part and a Cantor part, see the work of Ambrosio, Coscia and Dal
Maso and the references therein [1]. The subspace of the functions of bounded deformations that
have vanishing Cantor part is consequently called SBD, and both spaces, BD and SBD, are objects
of ongoing research, see e.g. [17], [23], [30]. In our analysis, a subspace of SBD will be the domain
of the limiting energy in the vector-valued case and we will be able to prove a new Poincaré-type
inequality for this subspace.

In the previous section we announced that we want to analyze the limit of the energies as # — 0.
The notion we want to use to interpret this limiting process will be the I'-limit, as introduced by Dal
Maso and Modica [21], which is well-established in variational limits and relaxation problems. For
a detailed discussion, see for example the textbook of Dal Maso [20]. We repeat the definition here:
Fix a sequence of functionals I* and a limiting functional I on a function space X together with a

notion of convergence — x for functions in X. We say that I, I'-converges to I with respect to —x
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if the following two assertions hold:

e For each v € X, the lim inf-inequality holds, that is: For every sequence v, —x v we have that
I(v) < liminfyey I*(vy).

e For each v € X, there exists a recovery sequence, that is: There is a sequence vy, —x v such that
I*(vy) — I(v).

The functionals are usually bounded from below but are allowed to take the value +oo. If the
functionals I or I* are only defined on some subspace of X, they can be extended by +oc on the
remaining parts of X.

Not only the functionals and the space X are important, the notion of convergence — x is also
crucial. If the notion is weak i.e., many sequences converge, then it is easier to construct a recovery
sequence but more difficult to prove the lim inf-inequality and vice versa.

A T'-converging sequence often comes together with a compactness result, that is:

e For each sequence v, € X with [ k(vp) < O, there exists a subsequence k; and a function v
such that vy, —x v.

Assume that a sequence of functionals I* T'-converges to some functional I and fulfills a compact-
ness result. Then it is a direct consequence that a sequence of minimizers of I* converges to a min-
imizer of I. Depending on the problem, one might be able to gain information about the structure

of these minimizers from each other.

1.6 Results and outline

The limiting functional for the scalar-valued problem will be given by
I(u) = / 0l + |9yu + 12 dL2 + 20K (Ju)
Q
defined on the space

SBV2 o ={u € SBVoe(Q) | D'u-e1 =0, D'u-e3 >0, Vu € L*(Q,R?), u = 0 0on {0} x (0,1),
and |Du|((0,1) x (6,1 —4)) < oo for all § > 0}.

It will be a consequence of the results of Chapter 3 and of Chapter 4 that the following theorem of
I'-convergence holds:

Theorem (Compactness and I'-limit in the scalar-valued case). Let I and I° be defined as above.

i) Let 0, N\, 0 and let {us |k € N} such that 1% (u;) < C. Then there is a subsequence
{ki |l € N} and a function u € SBV2  such that uy, Sowin BV((0,1) x (8,1—96)) forall 6 > 0 and
I(u) < liminfgen I%% (uy).

ii) Let w € SBV2  and let 6 \, 0. Then there is {uy | k € N} such that 1% (uy) — I(u) and uy, S
in BV ((0,1) x (6,1 —4)) forall 6 > 0.
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A main result that is used in the proof of the second assertion is the following density result:

Theorem (Density for SBV? ,-functions). Letu € SBV2 ;and § > 0.

e

Then there is v € SBV2 o N C™(Q\ Jv) such that Jv is a finite union of segments and such that

€

[ — ]|y < C8, [Dv[(Q) < C(L+ I(u) + I(u)/?), I(v) < (14 CO)I(u) and v c2(ay.1v) < oo

In the vector-valued problem, the candidate for the limiting energy is given by
EP(u) = / [(Du + €1 ® €2)symlb AL + 201" (Ju)
Q
on the function space

SBD?

e2ey

o0 ={u € SBD,c(,R?) | e(u) € LP(QR**?), H' (Ju) < 0o, u1(0,-) =0, us(-,0) =0,

[u1]vsy € [0,00)ea, [uz]vy € [0,00)er H'-a.e.}.
We present the following lim inf-inequality in Chapter 5:

Theorem (Compactness and lim inf inequality in the vector-valued case). Let p € (1,00), 0 \( 0
and let {u* |k € N} C WP(Q) such that 9,,u* € BV (Q), u¥(0,y) = le—fgy, ub(-,0) = 0 and such that
EO%r(yk) < M.

Then there is a subsequence {k;|l € N} C N and a function w € SBD? .,  such that u™ X ouin
BD,.(Q,R?) and vkt — win L (Q,R?).

Moreover: EP(u) < liminf E%P(uy).

We have not been able to provide a density result as in the scalar-valued case. Therefore we are
only able to construct a recovery sequence for a subspace of SBD?, .. , in which the functions and
their jump sets have higher regularity. The details are given in Chapter 6.

Theorem (Recovery sequence for regular functions in the vector-valued case). Let p € (1, 00) and let

u€ SBD? ., osuch that Juy = Uj_o(ai, bi) x {yi}, Jus = Uj_o{x;} x (dj,€;), ui € W22 (Q\ Ju;)

and such that [u;] € C?(Ju;). Let 0 N\, 0. Then there is a sequence of functions v* € W1P(Q) such that
2

0z,0* € BV (), vf(0,y) = %5y, v5(-,0) =0,

19 (vy,) — I(u) and vk — win BD.

The main gap in the proof of the density result is a missing local approximation for SBD? . , at
points at which the jump accumulates that has a small-enough error in energy. As a step in that
direction, we have been able to prove a Korn-Poincaré-type estimate. Although this estimate does

not suffice to complete the proof of the density result, we present it in Chapter 7 since it deepens our

D
ex®ey

understanding of the space SBD and might be useful to understand Poincaré-type inequalities

on other subspaces of BD. The result is:

Theorem (Korn-Poincaré-type inequality). Let p € (1, 00). There is a constant C' > 0 such that for every
function u € SBD? ((=r,7)?) there exists two finite partitions, v1 < -+ < xyand y, < --- < yy,

ex@eq
values a; < ai+1, bj < bjy1 and a skew-symmetric matrix R such that T < %Hl(Jug), J < %Hl(Jul)

10



1.6 Results and outline

and for R(z,y) = R- (z,y)7 it holds

a;
b

(Hluu))ﬂ) |

il LP(Q’V‘) -

I

p
) X(@i,wip1) X (Y5,95+1) < Crp”e(u)”[zp(Qr) (1 -
i,j=0

We also provide an example that this estimate is optimal in some sense.

There are different approaches on which one could focus next. The most natural step is proving the
SBD?

ea@ey

which has been a direct goal of the considerations in this work and would probably lead to further

density result. This would complete the proof of the I'-limit in the vector-valued case

insight on SBD functions in general.

A second aim would be the analysis of a different rank-one connection. It has been shown by Chan
and Conti that if two matrices connected by e> ® es are considered, a different energy scaling is
achieved [13]. In a low-volume fraction case, one could also analyze this model with the technique
of I'-limit.

Finally, one could consider a detailed discussion of the limiting functionals E? or I. Can one an-
alytically derive information about minimizers that are not an immediate consequence of known
properties of minimizers of E*? or I respectively?

Since we have not only reduced the nonconvex double-well problem to a convex problem, but have
in particular obtained a functional of Mumford-Shah-type, different methods and results are appli-
cable that might lead to new results. In particular, there are well-established numerical approaches
to Mumford-Shah-type functionals that might be implemented and would lead to a better under-

standing of the behavior of minimizers and hence of the formation of microstructures.
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2. The scalar-valued problem in one dimension

2 The scalar-valued problem in one dimension

As a first step, and for a better understanding of the problem, we will consider a one-dimensional,
scalar-valued variant of the problem. The most relevant behavior comes from the different preferred
values for the y-derivative of the functions. We therefore consider only a vertical slice in the domain
and consider the functionals and functions reduced on that slice. The functional I? reduces to

1
/ min{|v' + 1|, |v' — =|*} AL + 00| D?v|((0,1)) v e By

1 (v) == { o 0
o0 v ¢ B

where the space B, is defined by
By ={veW"?((0,))|v" € BV((0,\)}.

Notice that we will denote derivatives by Dv or D?v instead of v’ or v” whenever they are only

measures to avoid confusion.

Consider a sequence {v;, | k € N} of functions that has uniformly bounded energy I’* and is addi-
tionally bounded in L'. Then v}, is bounded on the area where vj, ~ —1. The part of the domain
where vj, ~ é concentrates due to the L!-boundedness and creates jumps of the limiting function.
An easy example for such a sequence is a sequence of sawtooth functions where each function has

the same number of teeth, see Figure 6 for a sketch.

| [

Y Yy
—

Figure 6: A sequence of sawtooth functions with a constant number of sawteeth and increasing slope has bounded energy.
Jumps of the derivatives converge to jumps of positive height of the limiting function.

In the limit, each sawtooth converges to an affine function with slope —1, separated by jumps. The
limiting function is no longer continuous but a S BV -function.

At each sawtooth the derivative changes from —1 to 9—2 and back to —1. That is: The second deriva-
tive has a jump of height approximately ; hence the term 6 D?v;|((0,1)) counts twice the number
of jumps in the limit. Notice, that the so-created jumps are always of positive height since they are
created by large positive derivatives.

We hence define the space
SBV, = {ve SBV((0,\) |vF(x) > v (z) for x € Ju, H*(Jv) < co and Dv®® € L*((0,\))}
and the candidate for the limiting energy

/ |Dv + 112 dL* + 20H°(Jv) we€ SBV,,
152 ('U) = (0’1)

00 u¢ SBV, ;.

12



2.1 The liminf-inequality

We will prove the following statement:

Theorem 2.1 (One-dimensional I-limit). Let I.,, I? be defined on BV ((0,1)). Then:

€2/ Teqg

I 32 fg I, with respect to weak-* BV, -convergence.

The proof will be divided into two parts. The lim inf-inequality, stated in Lemma 2.2 and the recov-
ery sequence, constructed in Lemma 2.3.

Remark. We prove I'-convergence with respect to local weak-* convergence in BV although we
could also prove it with respect to weak-* convergence. In the proof of the two-dimensional result,
this theorem will be applied during a slicing argument whilst the recovery sequence is constructed
differently. We therefore present the more general lim inf-inequality here.

2.1 The lim inf-inequality

Lemma 2.2 (One-dimensional lim inf-inequality). Let I = (0, \) and 6), \, 0.
Then for all {uy, |k € N} C BVjo(I), u € BVjoe(I) such that uy, A win BVy,.(I) it holds

.
I, (u) < hineaner;(uk).

Moreover it holds that 20 H° (Ju) < lim infyen 00k | D?ug|(I) and WX qu <t —1y — Duin L2(I).

0, 2

Proof. Assume without loss of generality that lim infyey 7, f; (ur) < co. Hence ui € By eventually.
We choose a subsequence such that lim infen 1% (uy,) = limy_o0 I%% (ug). Choosing further subse-
quences is hence no loss of generality.

A first task is to identify the jump points of u. We expect that these points are approximated by
intervals of length ~ ¢;, where 0,u ~ 0%.' Having much larger intervals would imply an unbounded
L'-norm of the functions whilst shorter intervals can not create jump in the limit. In order to define

these approximating intervals we choose n € (0, 1), fix 2o = 0 and define

. 1-
o =inf{z > 2F | |u)(z) > 77} and
O
2F = inf{z > a¥|uj(z) < eﬁ} recursively.
k
Define moreover y* = sup{z < 2% |u}(z) < 91},
k

see Figure 7 for a sketch of this partition. The idea is that in the intervals (yY, zF) the derivative u},
is not small, where 2% € (y¥, 2¥) ensures that it also gets large enough to possibly create a jump in

the limit.

By definition we have that y& < zF < 2k < y* = Assume first that we have y% < z% < 2k, The

derivate changes from ~ 0 to ~ é and back to ~ 0 in the interval (y¥, z¥). This is taken into account

13



2. The scalar-valued problem in one dimension

|
W=

1
20},

Figure 7: The intervals (y%, z¥) will converge to the jump points of the limiting function u. The plotted function is a
possible choice for a derivative u) .

by the second derivative:

00| D*ur| (v, ) > 0O ([ () — wi ()| + [ (=) — i ()|

1-2n 1—-2n
> o 2
> ot (52 + 52 @
=20(1 — 27).
Hence we derive that for 7 small enough there are at most N := | £ ] many of these intervals,

independent of the choice of k. Assume there were N+1 many. We get a contradiction by computing

N+1
C > I (up) > Y ok D2u(yh, 2)
n=1
N+1

>0y 2(1-2p)
> 20(;\74—1)(1—277).

k

If we only have y& < 2F < 2k k k

k < 2% < gk, such that
o/ (G8),w' (28) < g- + e and /(7)) > %52 — ¢ and the same argument holds.

we can choose by definition §¥ < &

We can therefore without loss of generality assume (going over to at most /N many subsequences)
that 2% — z,, € [0,1] as k — co. We expect the union of these points to be the jump set of u, but
obviously they do not have to be located in the interior of the domain or to be disjoint. This is no
real concern since we are interested in an upper bound and a jump that "flows out of the domain’
or two jumps that ‘merge to one’ will only create additional energy that is not seen in the limit.

If z,, € (0,1) then there is § > 0 such that Bs(2,,) CC I. Then zf € B;/s(xy) eventually. Due to the
weak-x BV],. convergence there is C,, such that [Juy|w1.1(B;s(z,)) < Ca,-

Then £ ({u}, > -} N Bs(2,)) < Cy, %’“. If this is the case than we know that y* and z* must lie in
Bjs(x,) eventually and hence in particular £'((y%, 2¥)) < C,., %".

We expect that jumps at the boundary disappear in the limit. Le., if z,, = 0 then we expect that

14



2.1 The liminf-inequality

2% — 0. Assume this is not the case. Then there is § > 0 such that without loss of generality 2% > 4.
It follows that uj, > 4- on ($,6) and [|u},||L1((s5/2.6)) > 57~ leads to a contradiction if we let k — oo.

The same is true if z,, = A

We now define

kol
N[ =

N
1
af= Joka abe (s - gk apenyapuab

and
1
fr=wXar,  go =upXay, Vi =upXpdlh

That is: The functions f, are the part of the derivative that lives on the ‘good’ set and will create the
absolute continuous part of the derivative of u. The jump part of the derivative of u is created by
the intervals (y%, %) on which u}, ~ 9%,' that is by the functions v,. There may remain a part where
uj, is large, but not large enough to create jumps. This will only happen on a small set and therefore
this part of the derivative, called g, will converge strongly to zero in L'. We will now make this
rigorous. We can estimate

1
ity = [ Pt < [ minflu + 1P - 5 Pyact+ [ 1dct
A¥ A¥ k Ak

<C+H+ A

It follows, after choosing a subsequence, that there is f € L?(I) such that f; — fin L?*(I) and L*(I).
As a next step we want to analyze the limiting behavior of g;. Notice, that for all z € A5 it holds

that:
1 1
>

|uy. (z) — i\ < |up(z)+1] andhence |uj(z)— @| =

Then
€= 1) = [ minfjug+ 1P, Jug ~ 5} 4!
’ Ak Ok
1
> LY(AS) 55 ®)
Oy
and we can therefore estimate
loulloren < [ fh = 5ol det+ 5 £1(45)
kL = y LN 05 2
< CLM AP + 5 £1(A))
k
< OO+ CO.
We therefore know that g, — 0in L'(I). Notice that moreover:
1
lgklZ2ery < C+ 5 L£1(A5) < C. 4)

03
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2. The scalar-valued problem in one dimension

Putting this together and using the fact that Du®¢ is a radon measure we see that on every compact
set
vy = updL! — frdL! — gpdL 2 Du— f = v,

where v is a radon measure on every compact set. Now choose K C I\ ngl{:cn} compact and
arbitrary. Then there is ¢ > 0 such that

N
dist (BE(K)7 4z} U {0, 1}) > e
n=1
Since we have that (y*, 2¥) C BE(UiLl {z,}) eventually we may conclude
V() < IA(B-(K)) < limin |y (B(K)) = .
€

We hence know that v = ZnN:]_ ¢n0,, and in particular that v L £'. Since Du = f + v it follows that
u € SBV(I) and Du® = f. The fact that f; — f in L? yields

1
ac 2 D 2 DI : / / 2
1Du® = 1|72y < liminf || fi — 1727y < liminf [} min{juy + 1, |u, ~ aHHLz(l)' ©)

We want to prove that f is even approximated by the sequence X {uj <A1} weakly in L?. Define

D* = {uj, € [F, 5 — 5]} We have that | f — uj Xy,

we estimate £!(Dy) < 62. It follows:

<1 _11|(@) < up(2)Xp, (2). In similarity to (3)

’
k=9, T2

e — U%X{u;giﬁ}nuu) —0 and |[[fi— UZX{u;gif%}H%m) <C.

We have hence proven that ugx{%g A4y f = Duin L*(I).

As a next step we want to show that jumps of the limiting function are of positive height i.e.,
ut(zy) > u™ (z4,).

Fix z € Ju for this purpose. We have seen that a point is in the jump set if it has been approximated
by at least one of the intervals in A4} i.e., Z = x,, for somen € {1,..., N} and ¥, 2¥ — Z as k — oo.
Let r > 0 such that B,.(z) C I and Ju N B,(Z) = {z} and let additionally y*, 2} € B, »(z).

Assume for the moment that there are no other intervals (yF, z}) converging to z. Notice that due

to the usual argument and (4) we know that

il Ze s, @ o 220 < C-

Therefore for all y < y¥ it holds

yk
i) — wn()] < / iy dc?

Y
<y = yr 2wl 2B, 2\ (g5 25 ©®)
< Cly —yk|1/?

V2]
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2.2 The recovery sequence

and by the same argument for all 2 > 2%
Jur(z) = up ()| < Clz — a1/,

Let {a;|i € N} C (0,%), {b;]i € N} C (z,1) sequences such that a;,b; — %, u(a;) — u(Z~) and
u(b;) — u(z1). Then there is a subsequence such that y*: > a;, 2F < b;. Then u(y*) — u(z~) and
u(zk) — w(z ™). Since u(yr) < u(zk') we can conclude that u(z~) < u(zt).

If there is more then one interval converging against Z then we may use equation (6) again to deduce
that the space between these intervals does not produce any negative derivative in the limit.

We have hence proven that the limiting function « is indeed an element of SBV .

Recalling estimate (2) and the fact that Ju = |J)_, {x,,} we conclude

20 (1 — 2n)H° (Ju)

HMZ

21 —2n) < ahmlnfz O0r | D?ug| (yF, 2F) < llmlnf09k|D ug|(I).

Letting 7 — 0 yields the lim inf-inequality for this term, the inequality in the absolute continuous
part has already been proven in (5). O

2.2 The recovery sequence

The next step is to construct a recovery sequence. We will first mollify the function away from the
jump set and afterwards fill the jumps with affine functions with slope %, see Figure 8 for a sketch
of the construction.

AN VSN EVAWEN

Figure 8: The recovery sequence in one dimension: We first mollify the function, keeping the jump set as it was, and replace
the jumps afterwards with a linear interpolation with slope % on intervals of length 0[u].

Lemma 2.3 (Existence of a recovery sequence). Let I = (0, A) and 0, \, 0. Let w € SBV..  such that
L, (u) = /I Du® 4 1 dL" + 20H(Ju) < oo
Then there is a sequence {uy | k € N} C By such that
up —win BV and Ig;(uk) — I, (u).

Proof. Thereis N € Nand points z1 < z2 < --- < xy_1 < zy such that Ju = {z1,... zn}.

We choose for the sake of simplicity N = 1. The case with arbitrary N is a straightforward general-
ization. Let u, = u™(z1), vy = v~ (z1) and b = u, —u; > 0.

Step 1: Smooth approximation.

We will show that for every e > 0 there is a function v € SBV(I) with v*(z;) > v~ (1) and

17



2. The scalar-valued problem in one dimension

v € WAHI\ {z1}) N C*(I \ {z1}) such that ||[v — |15y < &, [D?v[(I) < C(u), |[Dve®|co < C(u)
and I(v) < I(u) + Ce.

Let ¢, a standard-mollifier. We mirror the function at the boundary and at the jump, that is we

define
2u(0) — u(—x) <0 2up —u(2e —x) x<m
w(z) = S u(x) <z<mz and up(r) = S u(x) 1 <z <A\
2up —u(2x1 —x) x> a4 2u(l)—u(l—2x) ==\

We define the mollification of these functions by vf := w; x ¢, and v* := u, * ¢,, and the approxi-
mating function by v* = v{'X (0 2,) + VEX(z, \)-

Then v* — win WH2(I'\ {z1}), Jo* C {z1} and vk € W2L(T\ {z1}) N C>®(I \ {x1}).

The only thing that remains to show is that v* (z1) < v’“+(x1). Due to fundamental theorem of
integration theory it holds that

T1+pK
Ulk(ml) :/ w(2)x(x1 — 2) dz

‘1~ Pk

-/ + (/ ) &5 u (o)) uleor — 2) ds
N /_p <_ / w(3) dz + u_(m)) pr(z1 — 2) dz

T1+pk z 1 1
=u"(x1) — / / uw' (221 — 2) dZpg(xy — 2) dz — / / uw'(2) dzpg(z1 — 2) dz
1 x1 T1—Pk

z
Using the same arguments for v* we see that

v (1) = o) (21) 2 h = 20| 21 (@1 - pr e 1))

It follows that the jump remains of positive height for k large enough.

Step 2: The recovery sequence.

Due to the considerations of Step 1 we may assume without loss of generality that u € W21(I\{z1})
and || Du®||co is finite. Define ¢(z) = ,\—/;-:flhak x — /\_xhlej 7g. the linear interpolation between x4
and X on [z1 + 0;h, \] and let

u(x) 0<z<2
up(r) = Su + (z —x1)g- 21 < <xy+0kh
u(y(x)) 1+ 0,h <z <\
The function wug, is continuous,
Du®e(x) 0<z<mz
up(x) = & 21 <z <2+ 04k

Du(p(x)y' (x) x4+ 0h <z < A

18



2.3 A compactness result

and

D2y, :DzuaCX[owl] + ((DZUGC o)) - p"* + (Du o) - 1/1”) X[z1+h6, ]

1 - 1
+ (9 — Duac+(x1)> Ou, + (Du‘“ (z1) (21 + Orh) — o ) Oy 1oy -
k k

We in particular know that u;, € B,. Notice first that since |[¢'| < 2 and ¢" = 0 we have

- 2
|D*ur|(I) < CD*u|| a1y + 2(1Du” ()| + [DuF (21)]) + 5

Or
Since additionally || Du®°||co is finite we conclude
Jim Oro| D?ug|(I) < 20 = 20H" (Ju).
c— 00
Moreover we have that
. / 2 / 1 2 1
/mln{|uk + 107, |uy, — §| +dL
I
<[ puesapacts [ | D (. (2) 0 () + 1 dL. %
(O,Il) (Il—‘rh@k,)\)

Since Du®® € L*((0,1)) we can follow, using the dominated convergence theorem, that the right-
hand side of (7) converges to [, [Du® + 1|> d£'. Hence we know that

kli_)ngo Ig; (ug) < Iy (u).
Due to the triangle inequality we see that ||u},|| L1 (1\ (21,21 +h6,)) i uniformly bounded. Additionally
we know that ||u}||11((z,,21+h0,)) = h and hence uy, is bounded in W'!(I) and converges to u
pointwise everywhere. Due to the standard BV compactness we know that there is a subsequence
such that uj, = uin BV/(I). O

2.3 A compactness result

It is easy to see that this one-dimensional problem can not provide a compactness result since it is
stated without any boundary values. Suppose uy, is a sequence of functions of bounded energy that
does already converge in L* and weakly-* in BV}, and {c,, | k € N} a monotone diverging sequence
of constants. Then uy, + ¢x has no converging subsequence in L' but is of bounded energy.

We will, however, provide a compactness result under the additional assumption of an uniform L!
bound. This result does not only complete the discussion of the one-dimensional problem but will
later be used for the two-dimensional problem. It is stated in a L”-setting to make it also applicable
for the vector-valued problem.

Lemma 2.4. Let p € (1,00), 0x \, 0, ux, € WEP((0,))) and § € (0,\/4).
Then there is C > 0 such that

_ : 1 l|uell L1 (0,2
A PSEYe (A AP minfju +11 Juk — 5 Yoo + g 2 )

)
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2. The scalar-valued problem in one dimension

Moreover:

u;—%k‘ <Juf+11} N (5.1~ 9))

e ({

_ ) 1 Uk || L1 ((0,)
<CO (A AP il + 11 o~ 5 Pl + O )

0

If additionally wy, is such that fo/\ min{|u}, + 1|7, |u}, — %k|p} < M and |lug||z1(0,n)) < L it follows that
Wl Bvisacs) < CON 4+ X@=D/PAY2 4 Ly gud hence there is u € BVoe((0,\)) such that uy, = w in
(8,A=8) 5
BViee((0, ).

Proof. Let M, = fo/\ min{|u}, + 1|7, |u}, — § |7} We distinguish between phases in which the different
terms contribute to the elastic energy and define the sets A* = X, 1)< L1}, B* = (0,A) \ 4%,
- d k
Ak = AN (§,\ — ) and BY = BN (4, A — 6). It holds:
i~ |
E o

1

< A4+ APD/pppP o LH(B) ®)
K

1
!/ !/
ekl s.a-s < ek + Uz cag) + 1Tz cag) + | .

LY(Bf)

We only need to control the last term to conclude the proof.

The idea is that if the set BY is large, the function uy, gets large at A\ — § (or negative with large
absolute value at ) and is therefore large in L'((0,\) \ (6, A — 6)) and hence in L*((0,))). Let
without loss of generality u(3) > 0. Then it holds that

A—b
1
u(\ — 0) > / uj Lt > / uj, dLt f/ uj,| ALY > —LN(BY) — A=D/epgl/P )
/2 BY Ak 405,
For z > X\ — § we compute, using the fact that [, ;uj dC' > —A@-V/ppLP g,

¢ 1
up(z) = up(A = 6) + / up dL' > - LY(BY) - AP=D/ppLP X \e=D/ppflP s,
A—=9d k

This yields, after integrating in = from A — § to A and dividing by §,

1 4
o L1(B5) < sllull + SAP=D/P AL 4 gy
k

which, together with (8) finishes the proof.
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3 Compactness and lim inf-inequality for the scalar-valued

problem

After we understood the behavior of the functional reduced on one-dimensional slices we can now
turn to the analysis of the two-dimensional, scalar-valued problem.

We denote the two-dimensional unit square by @ = (0,1)2. We remind ourselves that we want to
analyze the functional

Jo 10zu? dL? + [, min{|0yu + 1|2, [0yu — 5|*} AL? + 00| D?u|(Q) ue A
00 ué¢ A

I%(u) =

defined on the space

92
A= {u € WHA(Q) | 0,u,0,u € BV(®), u(0,y) = 17 ey}.
Parts of IV are given as an integrated version of 1?. We will see in the proof of the lim inf-inequality
how the functionals are connected via the method of slicing. It is reasonable to expect the limiting
functional and function space also to be given as integrated version of I., and SBV, respectively.
We therefore consider

Jo 10zul? dL? + [, [0yu + 1| dL? + 201! (Ju) we SBVZ ,

I(u) =
00 u ¢ SBVEQ%O

where the function space SBV_? , is given by

SBV2 g ={u € SBVje(Q) | D’u-e1 =0, D'u-e3 >0, u=00n {0} x (0,1), Vu € L*(Q,R?)
H' (Ju) < oo and | Dul((0,1) x (5,1 —§)) < oo forall § > 0}.

The uppercase 2 denotes that the absolute continuous part of the gradient is in L?(2), the lowercase
eo denotes that jumps are only pointing in e direction, the 0 denotes the zero-boundary values
at the left edge. Functions in SBV? ; have jumps of positive height concentrated on horizontal
lines, the jump part of the gradient only has to be a finite measure on compact sets of the form
(0,1) x (8,1 —9). For the convergence we will use weak-+-convergence in BV ((0,1) x (4,1 —¢)) for
all 6 > 0 together with L!(Q)-convergence.

The fact that the jump set does concentrate in horizontal lines comes from the regularization in

z-direction provided from the ||, ul|p2-term in I{ which has no 6)-dependence.

3.1 Locality and the choice of convergence

We first want to comment on the choice of convergence for the problem and on the locality in the
limiting function space, since they might seem unnecessarily complicated. We will provide two
examples in the following that explain that these choices are reasonable. Notice that this choices of
locality in the function space and the convergence are made such that the compactness statement
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3. Compactness and lim inf-inequality for the scalar-valued problem

holds. The I'-limit without a compactness statement could also be proven for functions in SBV
with respect to weak-+ BV -convergence on the entire square.

1

2/3
Sy .

Figure 9: A sequence of bounded energy that does not converge in BV (Q2) (left) and a function in SB \/(,22 0 \SBV(Q)
(right). At the left edge, the boundary values are approximated on a small scale.

The following constructions are always performed with zero boundary values at the left edge. Ob-
viously a linear interpolation on a small scale to the boundary values «(0,y) = %y is still of
uniformly bounded energy.

Remark. The problem has no compactness with respect to weak-+ BV -convergence. A counterex-
ample is a needle of thickness x&i/ ® on which the function equals ~ ygik, see the left part of Figure
9 for a sketch. Define the needle T}, = {(z,y) € (0,1)?|y > 1 — x&i/3} and the function

where the z-dependence in T}, ensures the continuity of the function. We easily compute that

9—1
L2(Ti) ~ 6%, | D?ui| Q) = H' (9Tr) (6’3/3> v < 25,
k

10z ur| 72 :/ 0,2*dc? <1
Tk
and .
/ min{|9yus + 112, [9yus — — 2} dL2 = 0,
Q Ok
Hence 1% (u;) < 3. But it also holds that

1 1 _1/3
Oy = / —dL?=-0,"".
10y ul| L1 (o) o O 50
That is: Every subsequence is unbounded in BV (§2) hence there can be no subsequence that con-
verges weakly-* in BV (Q).
But of course u, — 0 in BV((0,1) x (6,1 — §)) for all § > 0, so this is no contradiction to the
compactness result in Theorem 3.1.
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3.1 Locality and the choice of convergence

Remark. We have previously seen that it is reasonable to work with weak-+-convergence restricted
n (0,1) x (4,1 — 0). But since the limit in the foregoing construction was u = 0 this does not yet
explain the choice of the constraint u € SBV((0,1) x (6,1 — 6)) for the functions in SBV2 ;. One
might imagine that it suffices to require u € SBV(Q), together with the constraints on the direction
of the jump set an the integrability of the absolute continuous part of the gradient.
We want to point out that this is not the case and construct a function v € SBV2 ; such that
u ¢ SBV(Q) but I(u) < oo. Since we will prove in Chapter 4 that it is possible to construct a
recovery sequence for each u € SBV_ , we have that the energy of this recovery sequence would
be uniformly bounded and each converging subsequence would converge against u. Hence our

choice of the space SBV,, , is reasonable.

620

Let L, M, N > 1and let Rj, = (0,1) x (1 — M~% 1 — M~k~1). We define the function u by

ulr, (z,y) ZU (x—(1- ))X{w>1_N—i}(l’,y)

and notice that the absolute continuous part of the y-derivative satisfies d,u = 0. If L? > N we may
estimate
k o 2 \*
10zull7 20 < ZZ(LQ)ZNﬂM% < Z k <NM>
keN i=1 keN
and H'(Ju) = >,y NV F. Hence the energy of u is finite if N > 1 and M is sufficient large in
dependence of L, for example M = L3. On the other hand we can estimate

|Du|(Q) > | D ul(2 >Z/ (1—-N"%)dc?(x ZLk/N xdL?(x)

keN keN

‘22<J§2>k

keN

Sou¢ SBV(Q)if L > N?2butu € SBV((0,1) x (5,1 —9)) forall § > 0.

Remark. The behavior that the functions grows strongly at the horizontal edges of the domain
might be unexpected for this problem. There are different possibilities to get rid of this behavior: A
uniform L> bound for the functions in 4, or periodic boundary conditions would both provide a
compactness result in BV (Q2).

Remark. In general no trace theorem holds for BV () equipped with weak-+ convergence, since
jumps can converge to the boundary and disappear in the limit. Take for example us = X(5,1)x(0,1)
which weakly-* converges to © = 1. However, as we will see in the proof of the compactness
result, this is of no concern for our analysis since the jump set lies perpendicular to the part of the
boundary on which the boundary values are located. The boundedness of the z-derivatives in L?
yields a trace theorem for the left edge.
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3. Compactness and lim inf-inequality for the scalar-valued problem

3.2 Compactness

We first prove the compactness result using slicing results and integration on slices. The main
difficulty is to prove that the limiting function is indeed element of the function space SBV? . The
lim inf-inequality will afterwards be an easy consequence.

Theorem 3.1 (Compactness). Let {uy, |k € N} C A, {0y | k € N} C RT such that 0), \, 0, I?* (uy) < M.
Then there is a subsequence {k; |l € N} C Nand a function uw € BV,.() such that

ug, = u  in BV((0,1) x (6,1 —0)) forall § < 0.

€

Moreover: u € SBV2 , and for each § > 0 it holds that ||ug||w1.1((0,1)x(5,1-6)) < C(1+ M + %) .

Proof. Step 1: Convergence
Let M), := I’ (uy) and define the reduction of the energies on the horizontal slice {z} x (0,1) by
M = I% (u(z,-)). Notice that for all k € N and for almost every z € (0, 1) we have that M is finite.

We fix § > 0.

Due to fundamental theorem of integration theory and the boundary values we have

1 x
(@, Yooy < C + / / 10,k (2, )] dz dy < C + M.
0 0

Applying the one-dimensional compactness result (see Lemma 2.4) we can conclude
i 14 M2
10y ur(z, )L (51-8)) < C <1 + (M2 + fk - ©)

Notice, that either M7 < 1 or (M})"/> < My and therefore [, (MF)'/? dz < 1+ Mj. Integrating (9)

in z-direction yields

1/2

1+ M, 1—|—M1/2
||’LLk||W1,1((071)><(571_5)) <C (1 + My + 5k> <C (1 + M + f .

So due to BV -compactness there exists a subsequence {k; |l € N} C N, selected with a diagonal
argument, and a function u € BVj,.(Q) such that u, - uin BV ((0,1) x (6,1 — §)) forall § > 0.
Step 2: u € SBV2

Since 0, uy, is bounded in L? we get that, up to a subsequence, d,u, — v for some v € L?(Q2) and
v = Du - e;. Hence D’u-e; = D% -e; = 0. We do also know that Oyl X Du - eq locally as
measures. We divide d,u;, into two additive terms. Let

fe = Xgo,urs1i<i0,u—3,y0we - and gy = Fyup — fi

Then || fxllz2(0) < C and, after choosing a subsequence, fi, — f in L?(Q) for some f € L*(Q2).
Moreover g;, > 0 and g — D%u - ey + Oyu — f locally as measures. We see that the locally finite,
signed measure D*u - e; + Oyu — f is actually positive and conclude, since D*u - e L dyu — f, that
D%u-ey > 0.
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3.3 The liminf-inequality

We now want to prove that the Cantor part vanishes. We have |, 0,1 Mi dLl(z) < I% (ug) < M.
Using Fatou’s lemma we see that

/ liminf My dC*(z) < M
(0,1) keN

and hence that for almost every « € (0, 1) we get that lim inf M is finite. For almost every of these
x we find a subsequence such that M} is uniformly bounded and use Lemma 2.4 to conclude that
ug, (,-) = u(z,-) in BV((5,1 - §)) for all § > 0. The one dimensional lim inf-inequality tells us that
u(z,-) € SBV((d,1 —¢)). This is independent of the subsequence so due to a slicing argument (see
[3], Chapter 3.11) we know that this implies Du - ez ((0,1)x (5,1—5)) = 0 for all 6 > 0.
As a last step we need make sure that u satisfies the zero boundary values. Define the extension
Qy : (—1,1) x (0,1) = 0 by

R up(z,y) = =0

gz, y) =

02

Since wuy, is bounded in BV ((0,1) x (4,1 — J)) for every 6 > 0 we immediately follow that iy is
bounded in BV ((—1 + 6,1 — 0) x (6,1 — 9)) for every § > 0. We therefore have that there exists a
subsequence and a function @& € BVj,.((—1,1) x (0,1)) such that 4 — @ in BVi,e((—1,1 x (0,1)).
Moreover we have that @, — v in BV ((—1,0) x (0, 1)).

Hence u(x,y) = 0 almost every where on (—1,0) x (0,1) x < 0 and @ = w for « > 0, D, - €1 = Oy,
and 9,14y — 0,4 in L. We therefore know that 4(-,y) is continuous for almost every y € (0, 1) and
it follows that u(0, y) = 4(0,y) = 0 for H'-almost every y € (0, 1).

Hence all properties are proven and we know that v € SB 1/;2270. O

3.3 The lim inf-inequality

The lim inf-inequality is now an straightforward application of the one-dimensional result together
with the slicing method and the previous compactness result.

Theorem 3.2 (The lim inf-inequality). Let {uy|k € N} C BV (), u € BV () such that
up = u  in BVipe((0,1) x (6,1 —6)) forall § > 0

Let 0, \( 0. Then

< . . ak )
I(u) < hrgleglff (ug)

Proof. Let us without loss of generality assume that lim infyecy / 9 (up) < oo and choose a subse-
quence that realizes the lim inf.

The compactness result tells us immediately that v € SBV;O and we know that O0,u; — O,u
in L?. As in the compactness result it is a consequence of Fatou’s lemma that for almost every
z € (0,1) it holds that liminfen I9 (ui(z, -)) and lim infyey [Juk (2, )| 11 ((0,1)) are finite. Fix one of
these z € (0,1). We go to a subsequence that realizes the lim inf for this choice of z, fix § > 0 and
use the one-dimensional compactness result (see Lemma 2.4) to see that for a further subsequence
{k; |1 € N} it holds that ug, (z,-) = u(z,-) in BV((5,1 — 0)).
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3. Compactness and lim inf-inequality for the scalar-valued problem

Application of the one-dimensional lim inf-inequality on the interval (J,1 — ¢) tells us
[ 10t = 1P AL +10,0,u(e. (5.1 - 5) < limint 1% (un(z, ).
(8,1-6) keN

This is independent of the chosen subsequence and holds for all § > 0 hence for almost every
x € (0,1) it holds

[ ot =172 42 +10,9,u(e. (0, 1)) < i inf 1% G, )
(0,1) keN

Putting this together with Fatou’s lemma we can conclude

lim inf 7%
Lt I ()

1
> lim inf (/ |0y ug|? dL? +/ min{|0yur + 1|%, [0yur — =|*} dL* + 09k|81,81,uk(§2))
keN Q Q : 0 Y

> lim inf / |0pur|? dL? 4 lim inf / 125 (ug(,-)) ALY ()
keN Q keN (0’1) ~

> |8xu\2d£2+/ lim inf 1% (ug (, -)) 4L} ()
Q keN

(O’l)
> / 10puf? dL2 + / L, (u(z,) dLM(x)
Q (0,1)

:/ |8xu\2d£2+/ 0 u+12d2 +o [ HO((ulz, ) dL (@),
Q Q (0,1)

We use a standard result about slicing (see [3], Chapter 3.11) to prove that
HO(J(u(z,-)) dL (z) = [V (2) - ea] dH (2) = H (Ju),
(0,1) Ju

which concludes the proof of the proof of the lim inf-inequality. O
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4 The recovery sequence for the scalar-valued problem

The following chapter is one of the most central to this work. The aim is to provide a recovery
sequence for an arbitrary function u € SBV,?,. As often in related problems we will do this in two
steps: First provide a density result that tells us that only functions with some additional structure
and regularity properties need to be recovered. Afterwards construct a recovery sequence for any
function in this smaller space.

Notice that the limiting functional I differs from the well-known Mumford-Shah functional (see
[40]) used in image segmentation only by an affine translation and the underlying function space.
A detailed analysis of this well-understood functional can be found in the literature (beginning with
[5] and [22]), and also density results are provided (see [18] and [24]). However, these results can not
be used explicitly in our case since the function space in this setting does not include the constraints
D7u-e! = 0and D7u-es > 0. We need to provide different constructions such that these constraints
are satisfied. This includes modified covering arguments and involved local constructions.

We first want to provide the idea for the construction of a recovery sequence for a regular function
u with a single segment as jump set. It originates from the one-dimensional construction and will
be made rigorous at the end of this chapter. We want to include an affine function with slope 0%
in y-direction on a set of vertical height [u]| s, (see Figure 10). Along the boundary of this set the
y-derivative jumps from # to something small and hence the term 6| D?u| counts approximately the
diameter of this set, which converges uniformly to 2H!(Ju) as § — 0 if [u] € C*.

F 9+ 0[ul(z)/2
Fy—0[ul(z)/2

T

x

Figure 10: A sketch of the idea for the recovery sequence. The vertical height of the area in which we insert an affine
function with slope é in y-direction is given by 6[u].

However, this is not the general situation in which we want to construct a recovery sequence since
the jump set of a SBV-function in two dimensions can be quite irregular. Imagine as a jump set the
union of horizontal segments of length 27" centered at {¢,, |n € N} = (Q x Q)N Q. This is not only a
dense set of finite 7'-measure but also jump set of a function of finite energy I and hence we must
be able to provide a recovery sequence for this function. Obviously, a direct application of the idea
indicated in Figure 10 seems difficult, since the different areas in which we want to insert the affine
function would overlap.

We will prove two different density results for the space SBV?2, ; and the energy I such that finally
we will only have to recover functions with a jump set that is finite union of horizontal segments.
Proving these density results will be a lengthy and sometimes technical task which will fill large
parts of the following chapter. The first density result will approximate arbitrary functions with
functions whose jump set is a compact set, whilst in the second result functions with compact jump
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4. The recovery sequence for the scalar-valued problem

set will be approximated by functions whose jump set is a finite union of segments. The general
strategy of this chapter follows the approach of other density results as in the work of Braides and

Chiado Piat (see [10]), we will comment on the similarities and differences at a later point.

4.1 Preliminaries

We again denote the unit square in two dimension by Q = (0, 1)2.

We explained in Chapter 3 that the compactness result implies that there are SBVj,. \ SBV func-
tions of finite energy. We will see in the following lemma that it is sufficient to construct recovery
sequences for functions in SBV,?, ;NSBV. We are moreover able to construct the recovery sequence
with respect to the stronger BV (£2)-convergence.

Lemma 4.1. Let 0), \, 0. Assume for every function v € SBV(Q) with D'v - ez > 0, D7v - ey = 0 and
v(0,-) = 0 there exits a recovery sequence vy, € A such that v, = v in BV () and I (vy) — I1(v).

Then, for every function u € SBV?2  there exits a recovery sequence uy € A such that uy, = win
BV ((0,1) x (6,1 = 6)) forall § > 0 and I% (uy) — I(u).

Proof. The essence of the proof is a simple diagonal argument. Let 7, \, 0 such that 7, < 1.
Define vi(z,y) = u(z, (1 — 26)y + 6). Then vy, € SBV (), limsupycy I (vy) < I(vg) and for each
§ > 2, we know that [Dug|((0,1) x (§,1— £)) < (1 + 2m)|Dul((0,1) x (6,1 —6)) and v, — v in
LY((0,1) x (6,1 — 9)).

Due to the assumption there is a recovery sequence v!. for each of these v;’s and so a diagonal
sequence of the v},’s provides the recovery sequence for . O

There is also a notational modification we want to introduce for this chapter. We will work with the
Mumford-Shah functional J instead of the functional /. Define

J(u) = / [Vul? dL? + oM (Ju)
Q
which will now operate on the function space

SBVZ . ={uec SBV(Q)|Vu e L*(Q,R?), D/u-e; =0, D u-ey >0, H'(Ju) < 00, u(0,y) = y}.

€2,a

This function space does not only have different boundary values, we also dropped the assumption
that u is only in locally in SBV'.

Let us also introduce a localized version of SBV2: For a open set A CC  define
2 2 2y pJ J 1
SBV_,(A) ={u e SBV(A)|Vu e L*(A,R*), D"u-e; =0, D u-ex >0, H (Ju) < oo}.

Notice that in our publication [16] the rescaling of the original problem is done differently such that
also compactness and lim inf inequality are proven for the space SBV,2 . In that work the notation
differs. The space SBV2 , is there denoted by SBV;

Remark 4.2. Adding the affine transformation g(x,y) = y to a function u € SB Ve22,0 yields a func-
tion v € SBV2 ,, up to the fact that functions are only in SBVj,. and it holds I(u) = J(v). A
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4.2 Local constructions

recovery sequence for v then transforms to a recovery sequence for « under the subtraction of g and
the application of Lemma 4.1.

It therefore suffices to prove the density results for the Mumford-Shah functional J on the space
SBV?

eg,a’

Remark. The structure theorem for BV -functions tells us that Ju is a rectifiable set i.e., there are
sets Ko, K1, ... C Qsuch that Ju = {J,cy K;, H'(Ko) = 0 and for i > 1: K; C S; for some C'-curve
S;. The normal to a curve coincides with the normal to the jump set for H!-almost every point in
K;, which is e; H!-almost everywhere. We can therefore choose the S;’s without loss of generality
to be C'-graphs. It will in general not be true, that Ju lies in countably many vertical slices of the
domain.

However, it is a consequence of Sard’s theorem, used on each of the countably many C L_curves S,
that £1({y € (0,1)](0,1) x {y} N Ju # 0}) = 0.

4.2 Local constructions

As noted above, the function u that we want to recover might have a jump set that is not regular.
We will approximate u with a sequence of functions for which we can guarantee a higher regularity
of the jump set.

We therefore first introduce different local constructions on small squares. These constructions will
differ, in dependence on the amount and regularity of the jump set of u on these squares. We will
distinguish between three different types of squares:

o Type-I squares, on which the amount of jump set of u is small. On these squares, all jump will
be erased.

e Type-II squares on which the amount of jump set of © might be large and has no regularity. In
this case, many additional jumps will be introduced and the error in energy will be relatively
large. Hence this construction should not be applied too often.

e Type-Ill squares on which the amount of jump set of u is close to the sidelength of the square
and on which the jump set does not expand much in vertical direction. On these squares
we will construct a function whose jump set is the union of two segments each of length

approximately half of the sidelength of the square.

We denote by Qr(z) = ((x1 — R, z1 + R) X (z2 — R, z2 + R)) the square of sidelength 2R and center
z. The square of sidelength 2R centered at zero is denoted by Qr = (—R, R)?.

4.2.1 Construction on type-I squares

At first we want to construct the approximation on the so-called type-I squares, in which there is not
much jump seti.e., H!(JuN Qr(z)) < nR for some fixed 7. The idea is to approximate the squares
via a convolution with a standard mollifier. A main tool will be two Poincaré-type estimates that

use the fact that the amount of jump in the squares is small and concentrated in horizontal slices.
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4. The recovery sequence for the scalar-valued problem

Depending on the context we shall denote the components of the absolute continuous part of the
derivative during this chapter by d,u or 0;u.

Lemma 4.3 (Poincaré-type estimate). Letr > 0,7 € (0, g) and p € (2nr, 57). Let u € SBV2(Q,) such
that H'(Ju) < nr. Then the following holds:

i) There is C' > 0 such that for all T € Q,_, there is i € R such that for all y € Q,(Z) it holds
lu =@l 221,y < CollVul2q, @)
The set I, denotes the vertical segment through y in Q,(z) i.e., I, =y + ({0} x R) N Q,(Z).

ii) Thereis C' > 0 such that for each rectangle R = [—w, w] x [—h, h| that is chosen such that the enlarged
rectangle Q,(R) = [—w — p,w + p] X [=h — p, h + p| is still contained in Q, it holds

lu = @, l[72 () < Cpmin{p, w}|Vullis (g, (ry)-
The function @, is a standard mollifier.

Notice that p is chosen in both cases such that it is still larger then the overall length of Ju. At first it
seems surprising that the scaling of the convolution estimate on the rectangle should only depend
on the width but not on the height of the rectangle. However, since the jumps are concentrated
in horizontal direction the two directions are completely different. In applications we will use the
second result on rectangles that have sidelengths at least p

Figure 11: Type-I squares: Avoiding the jumps to prove two different Poincaré-type inequalities.

Proof. For both of the estimates we will need to find pointwise estimates for the integrand.

We fix 7 € @, and define for each y € Q,(Z) the horizontal and vertical segment through y in Q,(x)
by I, =y+ ({0} x R)NQ,(Z) and J, =y + (R x {0}) NQ,(Z). Letw = {y € Q,(Z) | I, N Ju = 0} be
the set of points y € Q,(Z) for which I,, does not intersect the jump set Ju, see Figure 11.

Since p > 2nr > 2H!(Ju) there is at least one point z € Q,(Z) depending only on Z such that z € w
and such that

2
/ Oyl dH! < f/ 1Oyul? dL2
I P JQ,(2)
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4.2 Local constructions

Proof of i):

The one-dimensional Poincaré estimate on I tells us that there is @ € R, depending only on z and

Z such that )
/ lu —al? < pr/ |Ooul? dH! < p/ |Oou|?* dL2.
9" JL Qu(®)

z

If we want to get an estimate of u(y) for an arbitrary y € Q,(z) we will compare it with the value of
u at the point that lies in vertical direction on I, see the second picture in Figure 11. Applying the
triangle inequality yields that for almost every y € Q,(Z) and for almost every ¢t € (T2 — p, T2 + p)
it holds
lu(yr, t) — a| < |u(z1,t) — @ —|—/ |Oyu| Lt
T

Integration in ¢t Holder’s inequality tells us that for almost every y € Q,(Z) we may estimate

9 1/2
- - 1
lu =2,y < llu— a2y + / (/ plO1u| dﬁl) dct
I p )
< 2020l L2, @) + 0 [010ll L2, (2))
< 2p"2(|Vul| 2@, (2))-
Proof of ii):
We easily see
[u(Z) — ux @, (T)] = /Q ( )(U(fc) —u(@ — w))g,(y) dL*(w) (10)
0
I3

< CpHu(@) —u(@— )12, 0)

and achieve a pointwise estimate for the integrand of this expression by the same approach as
before, see the third picture in Figure 11. For almost every w € Q,(0) it holds

() — u(z —w)]

< |01u| dH?! +/ |0ou| dH?! Jr/ |01u| dH?!
Jz I, Jz—w
<2p"2||01ullL2(s,) + 20" 2|02t 2(r. ) + 202|101l L2

—w)

<2p"?||0vull L2(1,) + CllOyullL2(q, @) + 20" 2101wl L2, _)-
Hence we get via integration that for almost every € R it holds that

lu(Z) — uw(@ — )l z2(Q, )
1/2

§Cp3/2||81u|\Lz(Jj) + Cpld2ullL2(q, @) + Cp / / |01u(z — Z1,we — To)|? dz dws
(=p:p) (=p:p)

<Cp*2||01ul|r2(g,) + CpllO2ull L2(q, 2)) + CollOvUll12(Q, 2))-
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4. The recovery sequence for the scalar-valued problem

Before concluding, notice that

/R Xo,(0)(y) dL2(x) < min{p, w} - min{p, B} Xq () (x)  and

/ XJw (Sa x2) dl‘l = / X(Sfp,Ser) (-Tl) dxl S min{p7 w}X(fwfp,erp) (S)

—w —w

Now we can complete the proof starting with (10), applying the last two inequalities and Fubini’s
theorem:

lu — w0l 72 Ry

<Cp® [ u(e) = ule = g, 0 4G
<Cp [ 1oulfags,) 422 +C [ IVulaq, i 420

< C’p/R/RXJw (5,22)|01u(s, x2)|* AL (s) AL (z) + C’/R/]R2 Xo, (z)(w)|Vu(w) > dL*(w) dL?(x)
w+p h
< Cpmin{p, w} / 1Ovu(s, 20)2 ALY (22) AL (s) + Cpmin{p, w} / V()2 dC2(z)
h Q1)

—w—p

< Cpmin{p, w}||Vull}2(o, (r))-

We will now use the first of these estimates to prove the energy of the convolution of u with a
standard mollifier ¢,,.

Lemma 4.4 (Energy of the convolution with a standard mollifier). Let » > 0, n € (0,3) and
p € (2nr, 3r). Let u € SBV2(Q,) such that H'(Ju) < nr and define u, = u * ¢,,.

Then u, € C*°(Q,—,) N SBV2(Qr—,) and

2
/ Vu,|? dL? < <1+C’") / \Vul? dL2.
Qr p Qr

r—p
Proof. It is obvious that the function is in C*°(Q,—,), we only need to prove the estimate for the

derivatives.

It is a standard argument for convolutions that we can put the partial derivative onto the u i.e.,
O1u, = @, * O1u almost everywhere, which leads to the estimate for 0,u,. This is not possible for
Oru, due to the jumps of u that are located in vertical direction. An argument of this type will,
however, be possible on large parts of the domain since the jump set is small in 7.

Notice first that due to integration by parts for every constant ¢ € R, every z € Q,—,

/ Dapol — y)e dL2(y) = 0,
Qp(x)
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4.2 Local constructions

hence for every c € R, x € Q,—, we can add this term to the derivativei.e,,
Doy (@) = /Q Bl —p)(y) o) d)

We fix z € Q,_, and want to estimate du,(Z) pointwise.

Let us again denote by w = {y € Q,(z)|I, N Ju = 0} the set of points in Q,(Z) for which there is
no jump on the horizontal line through the point.

For almost every y € w we can use integration by parts to move the derivative from ¢ to v i.e.,

/ D20, (T — y) (uly) — c) AL (y) = / ©o(Z — y)Oau(y) AL (y). (11)

w

If y ¢ w we will use the first assertion of Lemma 4.3. For almost every y € ),(Z) \ w it holds that

’/I Dapp(w — ) (u — @) dH'| < [|02pp(x — 221, lu = illL2(1,)

< Clp~%p) 2" 2|1Vl 120, (2
< Cp~?|IVullL2(g, )

The number of the slices that do not lie in w is bounded by the H!-size of the jump set i.e.,
LY{y1 ] (y1,72) ¢ wNQ,(T)}) < nr. We conclude that

_ " T
/Q L 220lE ) (0ly) ~ 0 A80)] < OVl g, o

Together with (11) for ¢ = @ we get for almost every x € Q,_, the pointwise estimate

02w, |(z) <

[ ente =)ty dﬁ(y)\ ¥

/ Oapp(x — ) (u(y) — @) AL (y)
Qp(@)\w

77T
<y * |Opul(z) + Cﬁllwllm@p(z))-

Due to the fact that er_p pr(r) fy) dL?(y) dL?(x) ~ p* [, f(y) dL(y), Fubini’s theorem and the
estimate for convolutions we can finish the proof by estimating

2
7/]7"
102t ) < I02ul2q, ) +C (p) AIVulao.

O

This estimate of the convolution can only be achieved in a smaller square then the original one,
since the mollifier needs values from a larger set and has different boundary values then the original
function. We additionally need an interpolation such that we can combine this construction with
the function on the rest of the domain.
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4. The recovery sequence for the scalar-valued problem

Proposition 4.5 (Construction for type-I squares). Let r > 0,7 € (0, o), u € SBV2(Q,) such that
HY(Ju) < nr.
Then there is v € SBVZ (Qy) such that v € W'*(Qg,), v =uon Q; \ Qs,, Jv C Ju,

190l < (14+Cn2) Vula,) ID0l(Q)) < OVl 2,y + ID"ul(@)

and HU_UHLl(QT) < CT2771/2||VU||L2(QT).

v =u, € wt:2

u =v

Figure 12: Type-I squares: Finding a good area for the interpolation between construction and data.

Proof. We will define the function v as the convolution with a standard mollifier of length scale p
Le, v =uy, = ux g, in the inner square Qs,. and perform the interpolation between u and u, on a
layer of thickness 3p.

We need to choose this layer in a way such that there is not to much concentration of the gradient

init. Let K = [ 3,) and define Q; = Qz,_j3, for each j € {0,..., K}. It holds that the disjoint

union U,y x4 Q; \ Qj+1 = Quz, \ Qx ~ Quz,.\ Qs, and that L*(Q; \ Qj—1) ~ Crp. Therefore
there exists at least one J € {0, ..., K — 1} such that

IVuliz@nein < CETV2IVulliz iy vaw) < K2 Vulia,).

Notice that since K > % # — 1 it holds that % < Cf. The interpolation will now be performed in

the middle third of the so-chosen layer, such that the gradient of the convolution on this layer of
width p is controlled by the gradient on the layer Qs \ Qj+1.
That is: We choose a standard interpolator v € C}(Q,) such that

1 HAS Qr7J3p72p = QZ
1ﬁ(1‘) =3€ [07 1] HAES Qr—J3p—p \ Q7‘—J3p—2p =L
0 x € Qr \ Qr—JSp—p = QO

and [|¢)'[| L= (q,) < Cp~'. We define the function v by

v="1u,+ (1 —1)u.
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4.2 Local constructions

Now v satisfies most of the stated properties. The main point we need to show is the estimate for
the L?-norm of the gradient. Using Lemma 4.4 on the square Q7 with 7 = r — J3p — p we compute

HVUH%Z(Q,,.)
= IV (u, — u) + ¢¥Vu, + (1 = ) Vul72g,
= ||Vup||2L2(Qi) + [V (up —u) +¥Vu, + (1 - ¢)VU||%2(L) + HVUH%Q(QO)

2
nr
< (1 T cp) 19022 oy + V8w — 0) + 690, + (1= ) Vula) + [Vl g,

We still need to estimate the term in the interpolation layer L. It is easy to see that, in similarity to
Lemma 4.4, the following estimate holds on L:

[0Vl 22y < IVuplliary < 20Vulltz20,00,.0)-
Applying Lemma 4.3 ii) gives us
IV (wp — w72y < Cp2llup — ull2ny < ClIVUllZzg 00,0

Putting this together with the choice of J in the beginning of the proof yields

2
nr
IVolZe(q,) < <1 +Cp> IVullZz (g, + IVullZz s
)’ 1
2 2
< (14 6L Vel + IVulla,
nro.p
< IVullsig) + (L + 2) IVullaceyy

1/2

We hence set p = n'/?r to achieve the stated estimate for the L?>-norm of the gradient of v.

We moreover estimate

|Dv[(Qr) < [V, +/ vt — v du! < Cr||Vul[r2(q,) +/ (ut —u™) d#’.
Jv J

u

Using again Lemma 4.3 and Holders inequality implies

lu—vllLiq,) < rllu—2lr2@Q.) <rllu—u,lr2(q._,) < CrplVullL2(q,)
= Cr®n"?||Vul 12 (q.),

which finishes the proof. O

4.2.2 Construction on type-II squares

We will now perform a construction on a square on which the size of the jump set is arbitrary. The
error in energy in this construction will be relatively large but will be controlled in total, since we
will not use many of these squares.
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4. The recovery sequence for the scalar-valued problem

We will replace u by a function that is constant on rectangles of the form (—R, R) x (y;, yi+1). Itisa
variant of the Poincaré inequality that the L?-distance of these two functions is small. In Chapter 7

we will present a more complex variant of such a Poincaré-type inequality in a SBD-setting.

Proposition 4.6 (Construction on type-II squares). Let R € (0,1) and u € SBV2(QRg).
Then there is v € SBV2 (Qr) and finitely many values y1, . .., yx € (—R, R) such that

K

12 12
JUQQ%R:U(_ER7ER)X{%}7 v=uonQr\Qup,
IVollL2@r) < ClIVUllL2(Qr): lu—vllz1@r) < CR?|[Vul L2(qp)
H' (Jv) < CH'(Ju)+ CR and |Dv|(Qr) < CR||Vul|2(gr) + C|D7ul(Qr).

It moreover holds that there are a € (—13 R, —12R), b € (2R, 13 R) such that

714

=

12 12
JoNQup\Quzp=JuNQug\QuyU ((aa—ﬂR} x {y;} U [ﬂRa b) X {yz})
=1

K2

The idea of the proof is to choose a vertical segment on which the gradient is small and such that
the segment intersect with the right number of jumps. We will interpolate to a piecewise constant
function in the interior and create jump of length ~ 2R for each jump point on these lines, see Figure
13.

v =u
VvV = Vg
V = V3
v = V2

Figure 13: Type-II squares: Finitely many jumps (C - M = 3) are inserted, indicated by the blue lines. We let the function v
be constant between these jumps and interpolate to the original function u in the yellow area.

Proof. Let M € N be minimal such that MR > H'(Ju). We will construct a function that has
C - M ~ CR™'H!(Ju) many jumps of length 2R. Let J = (—13R, —12 R) be the interval in which
we want to find a good vertical slice and define

R
4= {x ca| [ P dci) < 4leayu||iz(Q>} -

36



4.2 Local constructions

It easily seen that £1(J \ A) < £ and therefore £!(4) = LR — L(J\ 4) > 2 LR. Let

2
3

B= {x cJ ‘ HO(Jun {z} x (—R,R)) < 42M} and

D— {x e J| / [u] dHO(y) < 423—1/ (] dHl} .
Jun({z}x(—R,R)) Ju

With the same arguments as before it follows that £!(.J\ B) < £ and £!(J\ D) < £ and therefore
LY(B) > 24 and £'(D) > £ - {;. Hence the intersection of these three sets is nonempty and we

canchoosez_ € ANBNDNJ.

Let y1 < y2 < --- < yr be the y-values of the finitely many points at which the jump set of u
intersects the axis {x_} x (—R, R) i.e,, Jun ({z_} x (R, R)) = Ufil{m,,yi}. The point z_ has
been chosen such that I < CM < CR™'H'(Ju).

Let ¥ € C'(Qg) be a interpolation function such that ||¢|| 1=, < 1, % = 0on Qup ¥ =1on
Qr\ QgR and ||V Lo (qn) < %-

We define the piecewise constant function w = Zf:o u;Xr; where u; = max{u;_1,u"(z7,y;)} and
R; = (—R,R) X (¥i,Yi+1)- Le., w takes the value of u on the lower left edge of each rectangle R;

for this rectangle if this creates a positive jump and retains the formerly chosen value if the created
jump would be negative. It holds w € SBV_2 (QR). Define

v=2vu+(1—P)w=v(u—w)+w

and notice thatalso v € SBV?2 (Qr). The absolutely continuous part of the gradient of v is estimated

HVUH%%QR) < 2||VU||2L2(QR)W||%w(QR) + 2[ju — w||%2(QR)||V¢||2Loo(QR)
I

C
< 2| Vul2(0, +ﬁZHU*WHQL2(Ri) (12)
i=0

I I
C C
< 2||VU||%2(QR) + 2 Z lu— U+(3€773ﬁ)||i2(3i) + 2 Z Jut (-, y:) — uiH%Q(Ri)'
i=0 i=0

The third term occurs by the triangle inequality if the value at the lower edge of R; is smaller then
the value at the edge of R;_;.

We can estimate the second term by the following Poincaré-type inequality. Define h; = y;11 — i,
then we can estimate, using fundamental theorem of integration theory, that

lu = u* (2, yi)|72(n,) < 2RAZ[Oyu(z—,)|7- )+ 2R2)|05ul T2 g,

((yiryit1)

The second term of (12) is hence estimated, using that 7; < 1, by

I

C C

r2 Z lJu— ut x—ayl)HLz (R) = R Z Rh2||8 u(w—, ')HL?((% yir) T R2||8 u||L2(R )
=0 =0

< CR||9yu(z—, )72 r,r)) + ClOzull72(qp)-
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4. The recovery sequence for the scalar-valued problem

For the third term we notice the following: If u; # ut(z_,y;) then there is a maximal j < i such
that u; = u™ (z_,y;) = u; and it holds that u™ (z_,y;) > u™ (z_, ;).

Then, since ut (z_,yx) — v~ (z_,yx) > 0 we have

+

't (z—, i) —wil = vt (z—,y;) —u (z_,y;) <ut(a_,y)) —u (z—,y)

i—1
<D (Wt yr) —u (2, yes))
k=j

:/1|a ul(z_,-) dH".
Y

J

If we insert this in the third term of (12) we get

I

C

= 2 It oy) = willam, < RgZh Rlu* (@, y:) — il
=0

i=0

I
<O 2hill0yula—, 7z r.ry

1=0
< CR||Oyu(z_, ')||%2((—R,R))’
since Z;ZO hj = R.

The vertical segment {z_} x (—R, R) was chosen such that ||9,u(z_, ) H%Q(ymyﬂw << ||8yu|\2Lz(QR)
and so altogether we see that (12) yields

IVUllZ2(@n) < ClIVUlL2(gp)-

Notice that the interpolation between two functions with jumps of positive height has the union
of the jump sets of the two functions as a jump set, up to a H!-null set. Since the jump of w is
regular the jump set is even equal to that union pointwise everywhere. If we choose the interpolator
¢ to be the product of two one-dimensional interpolators i.e., 9 (z,y) = ¥(z)i(y) we have for
supp(¢) = (a,b)

Jv=Ju\QuzrU U(a,b) x {y:}.

iel

We have chosen I C {1,...,1I} so that w has a jump between R;_; and R; for i € I.In particular

H (Jv) < HY(Ju) + IR < H'Y(Ju) + CMR < H'(Ju) + CHY(Ju) + CR < CH'(Ju) + CR.

The functions u and v coincide on {—12 R} x (—R, R) and hence the Poincaré inequality yields

lu — vlz1(0n) < CRIDsu — Buvllzs gy < CRA (105l (@) + 100 L201)) < CR |0yt 12 -

To estimate | Dv| it remains to estimate the height of the jumps of v in L. Fix some i € I and let
m < i maximal such that m € I. In particular we have u,, = u*(z,ym,). It follows with the same
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4.2 Local constructions

calculations as before that

i Yi
0<wu;—ui—1= Z (u(z—,y;) —u= (z_,y;)) + Oyu(z—,-) dH".
j=m+1 Ym

This equality together with the choice of the set D yields the estimate

1
|Dvl(@r) < |Dul(Qr) + [Dw(Qr) + L llu = vl @r)
< |IVullLign) + 1D ul(Qr) + R (ui —ui1) + CR[Vul L2(qp)

iel

I
< CR||Vull12(qp) + D7 ul(Qr) + R [ul(x,y:) + R dyu(e, ) L2 (- r.m))

=1

< CR||Vullr2(gn) + C|D”ul(Qr),

which finishes the proof. O

4.2.3 Construction on type-III squares

Type-III squares are the squares in which u has a jump that has length approximately 2R and is
nearly straight. The existence of such squares is far less obvious then the existence of type-I and
type-II squares. It is a consequence of regularity results for rectifiable sets which are proven with
blow-up techniques. We will discuss this in detail in Lemma 4.12.

To be more precise: A type-Ill square Q) has a smaller square Q.. in it, such that r is close to R and
such that the intersection of jump set and 0Q), are exactly two points, each on a different vertical
edge of @,, whose vertical distance is small. Moreover, the gradient of  on 0Q), is comparable to
the gradient of v on Q.

Lemma 4.7 (Construction for type-IIl squares). Lete € (0,1),n € (2, %), R > 0.
Let r € (R — 2nR, R — nR) and define the squares Q = Qg(0) and ¢ = Q,(0). Let u € SBV?2(Q) such
that

IVl o < Cr BVl

and Ju N dq = {z+, 2~} where |25| < er and 2 = +r.
Then there exists v € SBV2 (Q) such that

i) ||VU||2L2(Q) < Cn_1€_1/2||VUI|2L2(Q)/

.. 73/2

i) u—vllLyq) < CrmamlVull2@).
iii) u=vonQ@\gq,
iv) Ju N qis union of two segments, H'(Jv N q) < 2R + Ce'/?R and

v) |Del(q) < CR([u(=) + [u)(z7) + C yrmare |Vl 2.
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4. The recovery sequence for the scalar-valued problem

Proof. Define y* = 23" be the y-values of the points where the jump set meets the boundary of the
square g. Let without loss of generality y~ < y*. Notice that the case y© = y~ needs a different,
but much easier construction.

Lety = y* —y~ and fix § > 0 which will be chosen later. Divide the square ¢ in an upper and
a lower domain R' and R’ and a parallelogram R™ in the middle, see Figure 14. The upper and
lower set are defined as R* = {(z,y) € ¢|g'(x) <y} and R® = {(z,9) € q¢| ¢*(z) > y} where

Y- z<0 Yy x < 20
g'(x) =Sy~ + 21z xe(0,0) and ¢"(z) =Sy + Iz =z e (26,30)
yT x> yt x> 30
RY Av =0
=
0 & 2536

Figure 14: Type-III squares: The jump (red), mostly covered by a C'* curve (dotted line), is replaced by two large jumps in
horizontal direction. We solve Laplace’s equation on the upper and lower half of the domain.

The sets R and R’ are only slight deformations of the rectangle (—r,7) x (0,7). Since there is a
bijective function ¢ € W'>°(R, R') with || Dy —1Id || .~ < I we can easily deduce that for a solution
w of Laplace’s equation on R' it holds [|Vw|[72 gy < (1 4+ C)r[[Vw - v[|7: 5pe-

Let the four values at the jump points z* be given by u® = u*(—r,y~) and uF = u*(r,y*). We
want to solve Laplace’s equation on both domains and need to define the the boundary values on
the lower edge of R and the upper edge of R”. It seems reasonable to chose the linear interpolation
in z-direction between u;” and ;" for R! and between u;” and u; for R.

The linear interpolation is a good choice since the gradient on this edge is then estimated by the
gradient on the other three edges, which is by assumption estimated by the gradient of u on Q.
Moreover, it is ensured that the jump at 9R! N GR? is of positive height, since it is the linear interpo-
lation in « between the two positive jumps at the boundary of g.

However, we will modify this interpolation slightly to simplify the construction on the middle part
R™. We are performing a linear interpolation on (—r,0), then stop the interpolation for = € (0, 39)
and then continue the interpolation on (34, r) slightly faster. Since ¢ < r this does not change the
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4.2 Local constructions

scaling of the gradient. Define

w + B (v —ut) z € (=r,0),y = g'(x)
ve(@,y) = Q 3 (u; + ;) x €(0,38),y = g'(x)
s(uf + ) + 225w —uf) oz e (36,7),y =g'(x)

and
w5 () z € (—r,0),y = g'(x)

Ub(xvy) = (Ul_ + UT_) MRS (0736)73/ = gf(x

1
5 )
$(uy +un) + £ (u —uy) @ e (36,r),y =g'(x).

As argued above we see that a solution v’ of Laplace’s equation on R’ with this boundary values
satisfies

i 7.1
IVvellzzr,y < (1+C5)r (IVull L2(g, (=) + IVl L2(8R0\ g, ((=rr))) < C(1+ g);}HV“HQm(Q)

and the similarly constructed solution v, on Ry, satisfies ||Vvy||2(r,) < C(1 + ¥) % ||Vu||:£2( Q)

[ 1]

36

Figure 15: Type-III squares: Interpolation on R™ (left). The height of the jumps at the boundary can be estimated by the
gradient since it is possible to avoid the jump set (right).

We may complete the construction with the definition of an interpolating function v on the paral-
lelogram R™ = {(z,y) |z € (—£/2,e'/2),y € (¢*(x), ¢*(x))}. The function should fit continuously
to the previous constructions on the vertical edges and is allowed to have jumps on the horizontal

edges. We therefore use again a linear interpolation in z-direction. Notice that the functions u' and

u® are constant along the edges of R™. Since a dependence of the interpolation on the y-variable

would enter the energy with a factor of y~*

we want to fill the triangles in the parallelogram with
constant values and interpolate between this values in = on the small square, see Figure 15 for a

sketch. We define

3w+ z € (0,6)
um(z,y) = L((uf + o) + 2 (uy + v —uf — i) @€ (6,20)
(uy +uy) x € (26,36).

We easily see that the jumps are of positive height at the horizontal edges of R™ whilst the function
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4. The recovery sequence for the scalar-valued problem

is continuous in z-direction. The gradient is estimated by
<7
Hvum||2L2(Rm) > 25|U +up —uf — S < = (|u —uf P+ lu =y [l )

So it remains to estimate the height of the two jumps in dependence of the gradient. This can be
done by avoiding the jump, similarly to the proof for the Poincaré inequalities for type-I squares,
see Figure 15 for a sketch.

Choose j € (y~,y") such that u(-,5) € WH2((—r,r)) and

[ 10 a) < 27 | Vulagg.

-

There arealso §~ € (y~ — 5,9y~ )and §* € (y*,y" + %) that satisfy

|10 < 4 Vulag.

We have n < 1 and v < r and can therefore estimate

luf =y |2 <2901 0yu(=r, Ty + 201000 D T2y
+ 2|0y u(r, )||L2 ey T 2rHa$u<'7g_)H%Q((fr,r))

<C + - +1) YVul?
(n L 1) 19ul

<C—||Vu
< 777” 172 (o)

With a similar argument we have |u;f — v, [* < O [ Vul72 ).
Hence, defining v as u™, u! and «® on R™, R' and R’ and as u on @ \ ¢ we conclude, choosing
§=rel/?

2 g 2 1 2
[Vul[z2g) < CA+ — + %)HVUHL%Q) < CWHVUHU(Q)

o
nd
The choice of ¢ and the fact that that the jump setis Jv N g = (—7,28) x {y~} U (4,r) x {y"} yields
H' (Jv N q) = 2r + 2re'/2. Since u = v on dq we get due to the Poincaré inequality that

32
Hu — 'UHLl(q) < r3/2||8m(u — U)HL2(QT) < CWHVUHLQ(Q)‘

The height of the two jumps can also be estimated pointwise by the height of the original jumps at
_ F1/2
2. Tt therefore holds that | Dv|(¢q) < CR([u](z) + [u](z7)) + CWHVuHLz(Q). O

4.3 Two density results

We have now the local constructions ready to prove the approximation results.
with functions u;, € SBV?

€2ll e2,a

We will first approximate an arbitrary function v € SBYV, such
that the jump set of each u;, is compact. An similar approximation has already been done for the

space SBV (Q) N L*>°(§) and an even more general energy by Braides and Chiado Piat (see [10]) but
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4.3 Two density results

since our function space is much more restrictive we need a different approach in our proof. The
L* constraint is not crucial but could be easily inserted by a standard cut-off argument. We do,
however, perform our constructions without applying such a cut-off since we have in mind that
we later would like to generalize to a density result in a S B D-setting where L*°-bounds can not be
achieved that easy.

The main difference is that in their setting one can replace the function on squares on which the
jump accumulates by a constant function. This decreases the elastic energy, whilst the length of the
jump is only increased by the perimeter of the squares and hence the overall energy is increased by
at most the sum over the sidelengths of such squares. They choose a compact set in the jump set
that covers most of the jump set. Then the remaining part of the domain is covered with squares,
and it follows, that the sum over the sidelengths of these squares that contain much jump set, is
small and so is the overall error in the energy.

However, this technique is not applicable in our setting since the main step, replacing the function
by a constant on some small domains, creates jump that is in vertical direction. We will instead use
the construction for type-II squares, introduced in the previous subsection. Since the jump of these
constructions is only regular in an inner square we need to cover the set 2 with the inner squares
such that the overlap of the large squares is not to large. A similar covering has for example been
done by Friesecke, James and Miiller in [31].

4.3.1 A covering theorem

We recall a formulation of Whitney’s covering theorem (see [48], Chapter VI 1, Theorem 1) which is
obtained by a straightforward construction with dyadic cubes.

Proposition 4.8 (Whitney’s covering theorem). For every U C R™ open there exists a collection of closed
cubes F = {Q,, | n € N} such that:

Z) UnEN Qn =U.
iii) diam(Q,) < dist(Qn, 0U) < 4diam(Q,,).

In our construction we will not be able to use Whitney’s covering theorem directly, but will apply
the following variant which is achieved with an additional application of the Besicovitch covering
theorem.

For a cube Q = Q..(z) we write shortly bQ for the rescaled cube Q. ().

Proposition 4.9 (Whitney-Besicovitch-type covering theorem). There is a constant N = N(n) such
that for every U C R™ open there is a collection of closed cubes F = {Q,, | n € N} such that:

Z) UneN %Qon =U= UnEN Qn
ii) There are subcollections F; C F such that F = Ui:l,...,N Fi and if Q1, Q2 € F; then Q1 N Q2 = 0.

iii) For each point x € ) there is an open set A C ) such that x € A and A intersects at most N cubes in
F.

43



4. The recovery sequence for the scalar-valued problem

iv) If two cubes Q, Q are K-neighbors, then the sidelengths 7, 7 of these cubes satisfy # < b7 and the
number of the K-neighbors of Q is estimated by a*.
We call two squares K-neighbors if there are K — 1 many squares Q' such that for Q° = Q and
QF = Q it holds: Q' N Q™ £ 0.
Proof. Fix the open set U C R™. We use Whitney’s covering theorem in the formulation of Proposi-
tion 4.8 to obtain a collection of closed cubes G = {Q;(x;)} that covers U. Define the family of cubes
enlarged by a factor of IX by F := {Z1Q;}.
Let E = [J;cy1iwi} be the set of centers of the cubes in G. The family of larger open cubes defined
by F = {%Qz} is a Besicovitch-cover for E. Due to the Besicovitch covering theorem (see Theorem
2.17 in [3]) there are N many subcollections F; of F such that every collection is disjoint and the
union of all chosen cubes still covers E.
Each x € E is only contained in one () € G. Property iii) together with an easy geometric argument
tells us that for each ¢ < % it holds that the center of a cube z; ¢ (1+¢)Q); for j # i. Hence we know
that each cube Q € G has a corresponding cube in some }'1
The corresponding subcollections F; of closed cubes are still disjoint since the cubes in F are smaller
then the open cubes in F and it is an application of the third property of Whitney’s covering theorem
that the cubes in F are still contained in U. The cubes in G cover U and g%@ D) Q for each Q cg
so therefore i) and ii) are satisfied.
Fix £ € U. Then there are at most N many cubes @1,...,Qn € G such that z € % );. Let Q
be the smallest of these cubes and denote its radius by 7. Define the open set A = Bﬁf(j) and
notice that A C %QZ for all of the cubes that contain z. If there is a cube Q = Q#(z) € G such that
%Q N A # 0 then in particular Z2Q N 22 ) # ). We can again use the third property of Whitney’s
7

covering theorem to show that 7 > éf. Then A C %Q hence 7 € @ and hence Q = Q, for some

i € {1,... N}. This is property iii).

Fix a cube ) € F with radius r. A neighbor Q of Q with radius 7 satisfies: %r <7 <5 In
particular: All neighbors Q; of @) are contained in the cube 5Q). That is: The cubes gQi are disjoint,
contained in 5@Q, and have radius estimated from bellow by ir. Hence their number is uniformly
bounded, independent of r. The estimate for K-neighbors follows by induction over K.

O

With this proposition at hand we can start the proof of the density statements.

4.3.2 Density of functions with compact jump set

At first we want to approximate and arbitrary function in SBV,2 , with functions that have a com-
pact jump set. We divide the proof of this density result in two steps: First we present a construction
that does not involve the boundary values. The complete statement is proven in Proposition 4.11.
At this point we will only need the construction of type-I and type-II squares.

Proposition 4.10 (Approximation with compact jump set for Mumford-Shah energy). For each
u e SBV2 ,, foreach § > 0 exists v € L*(Q) such that for all v > 0 it holds: v € SBV2((v,1 —7)?),
HH((Jo\ Ju) N (1,1 =9)?) =0,

[0 —ullLi@) <6, [Dv[(Q) < CA+ [[Vull2@) + [Dul(?))  and  J(v) < (1+06)J(u).
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4.3 Two density results

The functional J denotes the Mumford-Shah functional.

Proof. Fixu € SBVZ ,,
that #'(Ju \ K) < e (see [3], Proposition 2.66) and we can choose K such that it is contained in
finitely many C'-curves {S; |l =1,...,L}.

We use the Whitney-Besicovitch-type covering of Proposition 4.9 for U = Q \ K to define N col-
lections of squares {F; |i = 1,..., N}. They are in particular chosen such that the squares in each
family F; are disjoint, are contained in 2\ K and are such that Q \ K = vazl Uger, 5Q.

In the sense of H'-measure, most parts of the jump set is already given as a compact set and we

0 > 0 and choose ¢, 7 > 0 arbitrary. There exists a compact set K C Ju such

only need to regularize the remaining part. For this purpose we subdivide each collection F; in two
subcollections F! and F? where F}' = {Q,(z) € F; | H' (Jun Q,(z)) < nr}and F? = F; \ F}. On
F1 we will perform the type-I construction such that there will be no jump left whilst we will add
additional jump with the type-II construction on F».

Notice that since the squares in F7 are disjoint we get for each i that the sum over the radii of these

squares is small i.e.,

e>H (Ju\K)=H' | Jun | Q= >

QeF? Q. (z;)€F2
The choice of the squares does depend on ¢ even though this is not indicated by the notation.
Define the domains covered by the different families of squares by Gen.i = U, (4,)er: @r, (25)
5 i

ey
N-neighbors to squares in E; , ;. We can now compute the size of this set since we know that the

and Ee ;i = Ug, (2,)er? @r;(z;) and let additionally EX . be the union of those squares that are
Tj J (3

number of neighbors and their radius is estimated by the original collection. We estimate

N
L? (Eévm) < Z Z a®(bFr;)? < N Z aM vy,

k=1Q, (z;)€F? Qr; (xj)EF?
S NaNbQN Z Hl(JquT](x]))
er (IJ)E}? 77
<c:.
n

We will need this domain to be small hence we choose 1 = £/2. We use the dominated convergence
theorem to choose ¢ so small that

i=1,...,N Eé\,]n,i) <.

At the very end of the proof we will have additional constrains that let us choose ¢ even smaller.

After this preliminary choices we start using the construction for type-I squares (see Proposition 4.5)
recursively on the collection of squares F}. In each F} the squares are disjoint and the construction
does only depend on the values in the interior of each square. For fixed i the construction can
therefore be performed simultaneously in G. ,, ;. It will depend recursively on the construction for
k < i since the different families F; do overlap. But since this happens only finitely many times we
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4. The recovery sequence for the scalar-valued problem

are still able to control the error in the energy.

Let vy be the function that is created if Proposition 4.5 is applied on each of the disjoint squares of
L.

Then

Jur C Ju, IVoill720) < IVull7zq) +0771/2||VU||%2(GE,77,1)

[ — 1]y < 02Vl L20), |Du1] () < C([|[Vullz2(a. ., 1) + [Dul(2))

e,m,1

and Jv; N £Q = () for each Q € F7.

Assume now we have already constructed a function vy, on the squares of F}. Since the jump set
gets only smaller in the construction, the squares in F}, still satisfy that H'(Jv; N Q,(x)) < .
Use Proposition 4.5 to create a function v;41 by changing vy on the disjoint squares of F.,,. Then
Jogr1 C Jug, Juge1 N gQ = () foreach Q € Ufill F! and the estimates for the L!-difference and the

gradients can be computed inductively:

IVogall720) < (1+ Cnl/z)vakHiz(Q) < (1+ O )|Vl F2 () < (14 Cn'?)||Vul 72 (),
lw = vesrllLre) < llok — vigallie) + llve = vl
<02V okl 20y + 12O 2V ok L2 ()
< On'2||Vul L2 ()

and [Dvg1|(Q) < C(||Vul| r2(0) + [Du|(R2)). This process terminates with a finite constant since
there are only finitely many disjoint families of squares.

As a next step we want to perform the type-II construction on F2. At first we want to change vy on
the squares of 7. Even though the property that H!(JuyNQ,(x)) < rn might not longer be fulfilled
we will still apply the type-II constructions. After the first step of recursion, using Proposition 4.6
on each square, we find a function w; such that Jw; N %Q is finite union of segments for all Q) € FZ,

[VwiZ20) < IVonll720) + ClIVON 725, 1)
< [Vonllia) + CHVU”iz(E;VJM) < [Von|l7z@) + C9,

||7)N - w1||L1(Q) < Z CT’?/QHV’UNHLQ(Q) < 061/2||VUN||L2(Q),
er(xj)e}-%

|Dw:[(Q) < C([|[Vwn||r2(a) + [Don[(€2))
and

H (Jw) <H (Jow)+ DY (CH'(Jon N Qr,(x;)) + Crj) < H' (Juy) + Cle +£'7).
er (‘/I‘,j)e]:l2

We repeat this argument recursively on the different families of squares F; and reach finally a

function wy that satisfies

Jwuy C KU U (ar, br) x {yr}
keN
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4.3 Two density results

for some values ay, by, yi. € (0,1). Due to property iii) of the Whitney-Besicovitch-type covering for
each z € O\ K there is an open set U such that z € U and U intersects with only finitely many of the
squares. Hence the only possible accumulation points of the jump set lie in K and 9f2. In particular
it holds that for each v > 0 the set Jwy N Q1 is contained in the union of the compact set K and
countably many open segments that do not have accumulation points outside of the compact set.
However, we still need to show that the points in K are still jump points of wy. Since K is chosen
as a subset of finitely many C! functions {S;|l = 1,..., L} we can for almost every z € K find a
small radius 7 such that for some [ it holds: K \ S; N Q,(z) = 0 and S; = y((—r,7)) for some C!
function v. Then in particular Q° = {(z,y) € Q,(Z) |y < ()} is a Lipschitz domain, hence we can
apply the trace theorem and v~ (Z) = Tr(u)(Z).

We can also understand w;; and v;y; as the limit of a sequence w]” and v]"* respectively where the
mth element of the sequence differs from the m—1th by applying the construction on the mth square
of Fj and Fj} respectively. The forgoing estimates for the energy imply v/* = v; 41 and W™ — w; 1y
in BV(Q\ K).

We can moreover estimate |Dw" ™ — Dw?*|(Q \ K) < C|Dw;_1|(Qm+1), where Q,, denotes the
mth square of F7?, and can hence see that w!" is a Cauchy-sequence in BV (2 \ K). It follows that
the sequence converges strongly in BV (Q \ K) and in particular in BV (Q%(x)). Since each w!™
equals to w;_; in a neighborhood of Z we can conclude, using the trace theorem on Q%(7) that
w; (%) = Trgo ) (wi)(Z) = limp—oo Trgue) (wi")(Z) = Trgoe)(wi-1)(Z) = w;_;(2). The same
argument holds for the v;’s.

Moreover the recursive estimates for the derivatives yield H' (Jwy) < H'(Ju) + NC(e + £'/?),

,,,,,

< [[Vullfao) + Ce/|[Vulfaq) + C(1+ e/,
lu —wnllLio) < llu—vnllLi) + lov —wn|zi @)

< OV Vul 2y + Ce*(1+ V)|Vl L2 (a),
and
[Dwn[() < C(IVullZz ) + [Dul ().
Now we can choose ¢ so small that the stated inequalities hold for v = wy. O

The foregoing proposition is not the first density result in its full generality. There are two things
that still need correction: The approximating functions might have a concentration of jumps at the
boundary of €2 and the boundary conditions may not be satisfied. We therefore want to prove

Proposition 4.11 (Approximation with compact jump set and conserved boundary values for Mum-
ford-Shah energy). For eachu € SBV2 ,, for each § > 0 exists v € SBV2 , such that H'(Jv \ Jv) =0,

eg,a’

and
lv—ullpiq) <0, [Dv|[(Q) <CA+||Vullr2) +|Dul(R2) and J(v) < (14 9)J(u).
Proof. The proof will be an application of Proposition 4.10 in a combination of some shifts of the

function in vertical and horizontal direction. Let us at first construct a function that has the correct

47



4. The recovery sequence for the scalar-valued problem

boundary values. Define u' : (—v,1) x (0,1) — R by

u(z,y) x>0
ul(z,y) =
Y xr <0.

Then let @(x,y) : (0,1)? — R be defined as i(z,y) = u! (%7 y). Notice that due to the fundamental

theorem of integration theory and some easy computations we conclude
it — ullpaoy < 72I(w), I(@) < (1+Cy)I(u)  and |Dal() < C|Dul(%).

Now we apply the foregoing proposition on . Since the radius of the squares gets smaller as
they get closer to the boundary we can follow that all squares in (0, ) x (0,1) are type-I and that
@ is already an affine function there. The constructed function ¢ in particular coincides with the
affine function on (0,7/4) x (0, 1) since convoluting an affine function with a standard-mollifier
does not change that function. This in particular implies that there are no accumulation points
of Jv close to left edge of the boundary and that the boundary values are satisfied. If we define
vi(z,y) = (1%, ) then all accumulation points of @ at {1} x (0,1) are transported out of the unit
square and by fundamental theorem all estimates still hold.

It remains to get rid of the accumulation points of jump at the horizontal edges of the square. Let us
without loss of generality only consider the upper edge (0,1) x {1}. Similar as at the right vertical
edge we want to push the jump that might accumulate at the boundary out of the domain, but due
to the jumps we do not have the fundamental theorem available.

We therefore use the following construction: Fix n € (0,1), o« < 7 and define v : 2 — R as

vl(x,(l—g)y—i—w) y>1—n
olw,y) =9 | ! !
v (z,y) y<l-mn.

The function % satisfies the boundary values 9(z,1) = v!(z,1 — «), 9(z,1 — 1) = vl(z,1 —n) and
HY(J0) = H (Jv! N (0,1) x (0,1 — «)). It holds that:
16 = vl L) < otz 0.y @—n1) + 19121 (0.0)x 1 -n.1))

1 1 1
< vl o, x (1=n1)) + T—= v 121 (0,1 x (1=m,1—a))
n

which is small if 7 is small. The estimates for the derivative hold by the usual application of the
chain-rule. O

4.3.3 Density of functions whose jump set is a finite union of segments

Our goal is to apply the construction of the recovery sequence on jumps that are isolated from all
other components of the jump set. This is in general still not true for a compact jump set, since seg-
ments of jump may have an accumulation point that is a jump point located in a different segment.

We will now prove a stronger density result in which the jump of the approximating functions is
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4.3 Two density results

only a finite union of segments.

The difference to the foregoing result is that we will now also use the construction for type-III
squares. They are needed in situations where the jump is already nearly a segment but might
nevertheless be not isolated. In the first compactness result these parts of the jump were mostly
contained in the compact set & and hence we did not perform an explicit construction there.

The following technical lemma provides a covering of the domain with squares of different types.
It is inspired by Lemma 4.2 in the work of Cortesani and Toader [18] but bears many differences in
the details. The proof again uses the Whitney-Besicovitch-type covering theorem stated before and
the usual regularity results for jump sets of BV -functions.

An important point is that the squares for the type-III construction need to be truly disjoint and not
only up to finite subfamilies. Also it is necessary to use only finitely many of the different types of

squares to cover the jump set.

Lemma 4.12. Let u € SBV2 , such that H'(Ju \ Ju) = 0, let ¢ € (0,1%), n € (2,3). Let N be the
constant from the Whitney-Besicovitch-type covering theorem. Then there exists:

a) A finite family of outer squares {Q,,(x;)|i € {1,...,M}}, a finite family of inner squares
Qr,(zi) € Qp,(x;) such that
i) the outer squares are disjoint and contained in (),
ii) the inner squares have radii approximately p; i.e., v; € (pi — 2npi, pi — Npi),

iii) the inner squares have gradients on the edges that are comparable with the gradient on the corre-

sponding outer square i.e., Hqu%?(aQw(m)) < Cnipt HVUH%Q(QM ()7

iv) the edges of the inner square intersect the jump set only as often as necessary and the height of the
jump at the intersection is not to large i.e., JuNdQ,., (x;) = {zt, 271} where | 2= — ;5| < ery
+.i —1 1
and [u](2*>") < C(e + p; fjqupi(xi)[u] )

< g2

v) the gradient of u on the outer squares goes sublinearly in n - € i.e., 2||Vul|?, <
n L2(U;21 Qp; (1))

and
vi) the inner squares cover most parts of the jump set whilst the outer squares are only as large as
needed i.e., H' (Ju \ UM, Q. (7)) < CyH (Ju) and M, 2p; < (14 26)H (Ju).
b) A family of closed squares F = { Py, | k € N} such that

i) the union of the scaled interior of the squares P, covers all parts of the jump set that is not already
covered by the inner squares Q. (x;) of the first family and the family is locally finite i.e., for all
~ > 0 exists Frc F finite such that UPk c P gﬁk D JunN Qi \ Uﬁl Qr; (x;),

ii) the squares do not overlap to often i.e., there are subcollections {F; |i € {1,...,N}} C P(F)
such that F = U;_, _ y Fiand if Q1,Q2 € Fi then Q1 N Q2 =0,

iii) for each point x € Q) thereis U C 2 open such that x € U and U intersects at most N squares in
F and

iv) the gradient of u is small on the union of those squares in F that carry much jump set i.e., on

F ={Py = Qs (Z*) C F|H (Jun By) > 7m"/?} it holds: IVul3, 7 <«
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4. The recovery sequence for the scalar-valued problem

Proof. Fix € < e, 7 € (2€,1). We will use the fact that we can choose these values small in the very
end of the proof to show the smallness of the gradients of u on the different families of squares.
There are countably many functions Sy, € C'(R,R?) such that, up to a set of H'-measure zero,
Ju C Jpen Sk(R). It holds:

- For H'-almost every x € Ju exists a k such that limsup,,_,, %;(“\S’“) = 0 and we have
that vg, (z) = ea(see Theorem 3.5 in [46]) .

- For H!'-almost every x € Ju it holds: lim Sup,_yo %ﬁr(x)) = 1 (see Theorem 3.2.19 in [29]).

\|[“]||L1(Qp(m)mJ1,,,H1)

- For #'-almost every = € Ju it holds: limsup, HI(Q, ()" Tu)

u € L'(Ju,H') and 1.62 in [28]).

= [u](z) (since

Hence there is a set .J C Ju such that H'(Ju \ J) = 0 and such that the set

G = {Qua) |2 € J,p < 2 pst H' (Jun Qua)\ Si) < 22,V — 1] < £ on Q)
and for all p < p it holds

~ €. ~ ~
1! (Jun Q) = 27| < 5pand [[[ull L5, @nrumn) — 27lul(@)] < ep}

is a fine Besicovitch cover for .J. Due to a corollary of the Besicovitch covering theorem we get
finitely many disjoint squares G¢ = {Q,, (z:) |4 € {1,... M}} C G¢ such that

M ~ M
H (Ju\ | Q. (i) = H' (T \ | Q. (1)) < &. (13)
1=1

i=1

These squares are disjoint and will be, for a specific choice of ¢, the family of the larger squares in
i). For each of this finitely many squares @, (z;) € G exists r; € (p; — 2iips, pi — 7ips) such that

Hquiz(aQri(m) < Cﬁ_lﬂf1||vu||2L2(Qpi(m1))

and such that Ju N 8Q,, (z;) contains exactly two points, 27, 2T € Sy, that satisfy zlil =X k7
and zéﬁ i e (239 — Epi, Tia +Ep;). This uses the fact that 7 > 2¢ and the constraints for the jump set in
Q,, (z;). We additionally choose the points such that [u](2?) < Cp; "7~} Jrun@p, @@, ol 47
By the choices in G° we have

/ ] dHY < 2pi[ul(w:) + £ps — 2rifu] (2) — s
JuNQp, (:i)\Qr, (z4)
< 2eiip; + 20(||lull (B, (@)nTu,mnr) + €pI)
and hence
[u](z57) < C(e + p_lHuHLl(Bpi(xi)ﬁ,]uﬂ-[l))~

We see that a)i)-a)iv) is satisfied, independent of the choice of €.
Define K = Uf\il Q(1-#)r, (z"). The set K is compact and contains most of the small squares Q,, (z;)
and hence most of the jump set.
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4.3 Two density results

As a next step we choose a countable family of squares 7 = {P; |k € N} to cover the remaining
parts of the domain. We apply the Whitney-Besicovitch-type covering theorem as formulated in
Proposition 4.9 for the open set 2 \ K.

The so-defined family satisfies b)ii), b)iii) and

Ugﬁk:Q\K: U P

keN keN

Hence {ng} it is also a covering of the smaller set 2\ |J; Q(;_z),, (zi) and thus for all ¥ > 0 an
open covering of the compact set Q;_, N Ju \ U; Q(1_ £y, (x;). We therefore know that there exists
a finite subcovering {ng |k e {1,...,L}} of these squares.

This finite family is in particular a covering of the even smaller set Q1_, N Ju \ U, @r, (z;), hence
b)i) is satisfied if we define 75 = {Py |k € {1,...,L}} as the family of the larger squares.

It remains to estimate the gradients on the different families. Notice that we can without loss of
generality assume that S, is a C! graph with |S},(t)| < éforallt € (z;1 — p;, xi1 + pi). It in particular
follows that the length of Si, on an interval I is estimated by £*(I)(1 + ). One of the constraints in
the definition of G yields 2, p; < M H (Jun Q,, (x;)) < H'(Ju).

We will use this estimate twice. First to prove the first estimate in a)vi) assuming 7} is small enough.

We estimate

M M
H (Ju\ | @r, <H' (Jun | (Qp, (2:) \ Qr, (2))) + 7
=1 =1
M
< Z LSk N (Qp, () \ Qr, () + HU((Ju\ Si) N Qp, (x4))) + 77

M
< (1 +2)iips + 22p;) + 7
1=1

<CiH(Ju) + 7

We use it afterwards to prove that the P;’s do not have to cover much jump. It holds:

') M M
H (Jun [ P) = 1T\ K) = 1T\ [ Q@) + 3 H! (Jun (@ (@) \ Qu—syr, (2:)))

k=1

IN

[n

E4 ) ((Epi+7pi) (1 + &) + 28p;)

1
H (Ju).

IN
[\] ~
=

€+

In b)iv) we need to estimate the gradient of u on those squares P, on which there is much jump,
thatis on F¢ = { P, = Qs (Z) C FZ|H'(Jun Py) > 7xn'/?}. Since 7, < 1 we estimate the volume
of the union of these squares by

2 ( U Pk) < Z 4ry, < 4NW,H Jum U Pk) < Cﬁ1/2H1(Ju) _’_Cén,l/g.

PLeFE Q7 (F1)EFE k=1
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4. The recovery sequence for the scalar-valued problem

All squares Q,, (z;) of the first family satisfy p; < £&. We hence estimate, using again the fact that
YL p < M (),

M M
e (Ue)=c (U Qp, (fm)) =412 <4EH(Ju).
i=1 i=1
Applying the dominant convergence theorem we can choose the parameters € and 7} so small that

2
HVUHLz(U C;E') <
Similarly it is easy to see that

ne? and [|Vul?, ( < ¢ and hence a)v) and b)iv) are satisfied.

UFe)

M
H' (Jun Qpa)) = (1-E)2p; andhence Y 2p; < H'(Ju) + 26H" (Ju).
i=1
We see that a)vi) is satisfied and the proof is finished. O

Proposition 4.13 (Approximation with finite segments for the Mumford-Shah energy). For each
uw € SBV2 , with H'(Ju\ Ju) = 0, for each § > 0 exists v € SBV?2 , such that Jv is finite union of
segments (a;, b;) x {y;} and

lo—ullpie) < €5, |Dol(©) < C(1L+ [Dul(Q) + [Vull ) and  J(v) < (1+C8)J ().

Moreover it holds that the segments are isolated and that the jumps satisfy a growth condition around zero
ie, ify, = y; then a; # b; and for all A > 0 there exists 3 > 0 such that the height of the jumps satisfies: if

[u(x) < B then dist({x}, {(a:, yi)} U {(bi, y:)}) < A

Proof. Lete > 0,7 € (2¢, ).

We use the covering from Lemma 4.12 and apply the construction for type-III squares (see Proposi-
tion 4.7) on each of the inner squares Q,, (z;). We can use the same idea as in the foregoing density
result to avoid problems at the boundary so assume without loss of generality v = 0.

Since a)i)-a)iii) hold we know that the type-III construction can be applied. We obtain a function
veSB Vf%a such that all jumps in Q. (z°) are the result of a type-III construction and it holds, using
av), avi) and the estimates of the construction that

Vol Z2gqy < (1+ C€3/2)||VU||2L2(Q)7 lu — || 1 (o) < C¥/
HY(JD) < (1 + Ce?)HY (Ju) and |Do|() < C|Dul().
Now, since we have chosen y = 0, there are finitely many squares {SP; |k = 1,..., L} that cover the

remaining parts of the jump. With the same method as in the proof of Proposition 4.10 we divide
them in type-I and type-II squares and apply the constructions with the same recursive pattern,
using the function v as initial data of the construction. This time, assumption b)iv) ensures that
there are not too many type-II squares hence the function results in a function v € SBV2 , who,
after choosing n > 0 and ¢ < 7 small enough, satisfies all the stated inequalities.

As a next step we want to show that if we denote the finitely many segments as (a;, b;) x {y;} that
then y; = y; implies a; # b;. Each endpoint of a jump (a;, y;) is either the result of a type-I square
mollifying an endpoint of a jump created by a type-IIl square or a type-II square interpolating a
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jump with something that was there before. If the former is the case then it is clear that this jump is
isolated. If the later is the case then the last type-II square operating at this point interpolates either
with an open set where there is no jump (and hence the jump point would clearly be isolated) or
with some other jump, hence it would not be an endpoint.

Denote the height of a jump on a segment (a;, b;) X {y;} by h = (u™ —u7)|(a; b,)x{y:}- It is clear that
there is some constant & > 0 which is smaller then the minimal value of all the jumps created in
the interior of the different squares, such that for all z € Ju it holds: If h(z) < K then it follows
h(z) = ni(z — a;)(Ai(z — a;) + d;) where n; is a positive standard interpolator, or the same with b;
instead of a;.

Then for all A > 0 for all 5 < K it holds: h(z) < g then h(z) = n;(x — a;)(Ai(z — a;) + d;). The
function h is positive and strictly monotone in this neighborhood, hence if one chooses 3 small
enough in dependence of ) it follows that i(x) < § implies x — a; < A. O

4.3.4 Density with higher regularity

As a last step we want to gain some additional regularity for the function we want to approximate.

This will be accomplished by a uniform mollification away from the jump.

Lemma 4.14. Let 6 > 0. Let u € SBV2 , such that Ju = Ule(ai,bi) x {y;} is a finite union of

segments such that the segments are isolated and satisfy a growth condition at zero i.e., if y; = y; then
a; # b; and for all X\ > 0 there exists 8 > 0 such that the height of the jumps satisfies: if [u](xz) < [ then
dist({z}, {(as, y:)} U{(bi, y:)}) < A

Then there exists v € SBV2 , N C>(Q\ Jv) such that Jv is finite union of segments,

o —ullLy@) <€, [Dv|(Q) < C|Du|(€),  J(v) < (1+C6)J(u)
and such that ||v|| e + || Dv|| e + || D?v|| = is finite.

Proof. Let us without loss of generality assume that the jump set contains just a single segment i.e.,
Ju = (a,b) x {7}

If the slice would divide the square into two halfs ie., if (a,b) = (0,1), the statement could be
achieved by a convolution with a standard mollifier using an extension theorem for (0,1) x (g, 1)
and (0,1) x (0,7). If this is not the case, the construction will differ in a neighborhood of the edges
(a,7), (b, 7). For the sake of simplicity we will only prove the statement for a = 0 and b € (0,1). The
affine boundary values at the left edge can be threated with a linear interpolation together with the
same scaling techniques as presented in the proof of Proposition 4.11.

Fix n > 0. We want to convolute u with a standard mollifier of constant lengthscale p < 7. At the
boundary of the domain we can extend the function but we need to perform a more complicated
construction along the jump set.

We will mirror the function along the jump symmetrically and interpolate on scale 1 between the
mirrored function and the original one, see Figure 16 for a sketch. Let therefore p € C>([0,1],R™)
such that p(z) = 1 for z < b, p(z) = 0 for > b+ n and such that |¢’| < % Define w, for the upper
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4. The recovery sequence for the scalar-valued problem

b+n+p
!
U =u
Ut o~
7=
Ut =Up = U
Up = U
(|
b b+n

Figure 16: Mirroring a function at the jump set and the boundary before mollifying.

part of the domain and w;, for the lower part of the domain via

() = u(z,y) y>9

’ p(a)u(z, 25 —y) + (1 - p(@)u(z,y) y<7g
and

~Je@u(z,2g —y) + (1 —p(@)u(z,y) y<g

ub(ajv y) = _

u(z,y) y>y

The functions u; and wu; are continuous, coincide with u if z > b+ 1 and can be extended to a square
of radius 1 + p without having large error terms as long as p < min{gy, 1 — 7}. We can then easily

define

]

R (T e
y <

(up * p,) (7, y)

<

Obviously v € C*(Q\ (0, b+n+p) x {7}) and each derivative is bounded in L>°((2). In particular we
see that H'(Jv) < H!(Ju)+n+ p. Itis a standard argument that u; x ¢, — u; in WH2((0,1) x (g, 1))

as p — 0 and since
2 1 2
Ve = V|72 0,1y x (5.1)) < CnﬁHVUHLz((o,nx(g,gﬂ))
we can choose p < nand n < %6 such that
J) < (1 +C6)J(u), |lv—ullpi <Cs and |Dv|<C|Dul.

However, the proof is not finished yet, since the height of the jump may have lost its positivity
during the process. This might happen if the gradient on one side of the jump is very large and
points in the wrong direction. We will provide a small modification of the function v that will solve
this issue.

Fix A > 0. Let 8 > 0 such that [u](x,§) < S implies = > b — A. It follows that for p and 1 small
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4.3 Two density results

enough the jump of v is positive on (0, b — A). In fact: Using fundamental theorem of integration for
ut and u® we see that for z < b — )\ it follows

U+(J:, ?j) - U_(x’ g)
—[ @) - ) - () dL)
B, ((=,9))

~[ e - ( (e1,9 /auzh At (w /auzh cw(>)
By ((z,9))

250 [ 0 4C)
p\(T,Y
> = CllOyull L2 (- pb-r+o)x G-pate)) AL (2)

which is positive if p is small enough.

We can similarly prove that for x € (b — X\, b+ 7+ p)

vt (

v

_C”auunLz((bf)\fp,b+n+2p)><(gfp’g+p)) dﬂQ(Z)
~Cll0yull L2 (0,1 (-p,5+0)) AL (2)
=: L(p).

€, 37) —v (.%‘,g)

Y]

Now chose ¢ € C°((—1,1)) such that ¢(z) € [0,1] and ¢ > 3 on (—3

11

choosen + p < G, e
K(x,y):{2L(p) (=)o (%) v
Yy

0

) and define, since we

vV
|

IN
<

Then K € SBV2 ; and itholds that K (x, i) = 2L(p)¢ (%) and thus K > M (p) on (b—f,b+n+p).

The gradient of K satisfies

c
Koo < =1
IVEleo < (o)

and since L(p) — 0 as p — 0 we can choose p so small such that v + K satisfies all the desired
properties. O

The following theorem is the direct application of the foregoing results.

Theorem 4.15 (Main density result). Let u € SBV2 , and § > 0.

Then there exists v € SBV?

€2,a

NC>(Q\ Jv) such that Jv is finite union of segments,
lv —ullpio) < CO, |Dv|() < C(1+ [Dul|(Q) + [|[VullL2(q)) and  J(v) < (1+ C6)J(u)

and such that ||v||Le + || Dv|| L + || D?v|| L is finite.
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4. The recovery sequence for the scalar-valued problem

4.4 The recovery sequence for functions whose jump set is a finite union of
segments

Having the density result at hand we can now rigorously construct the recovery sequence for func-

tions whose jump set is a finite union of segments.

Proposition 4.16. Let § > 0 and let uw € SBV2 (N C>(Q\ Ju) such that Ju is finite union of isolated

segments and ||ul|o + || Dul|co + || D?ul| s s finite.
Then there exists 6y > 0 such that for all 6 € (0, 0y) there exists a function v € A such that
I%() < (14 6)I(u) |lu =l <0 and |Dv|(Q) < C(1+ |Dul(2) + |[Vull r2())-

A sketch of the construction is indicated in Figure 17.

& L.17+“/
F g+ 0h(z)/2 -7+ 0h(Z)/2
_ ”“ _ Ay _
ry 2 e il Y
L5 — on(@)/2 g

T

x

Figure 17: The construction of the recovery sequence if the jump set is a single segment.

Proof. Let us without loss of generality assume that the jump set is given as a single segment i.e.,
Ju = (a,b) x {g}. Define h(z) = [u](z,y). Obviously the area in which we interpolate should
still be a subset of (2, we therefore choose 6y < | hll min{g,1 — 7} and § < 6y. Let moreover
v € (J|h||oc®, min{g, 1 — 7}) and construct v in a way such thatv =uwon Q\ (0,1) X (§ —v,5+ 7).
We define the function v as

u(z,y) yeW+1)

u(z, f(z,y)) y €5+ 5h(z),5+7)
v(@,y) =4 5 (y =g+ 5h(@) +u(2,5) y e (§— §h(@), g+ Sh(z))

u(z, f(z,y) y € @—79— 5h(x))

u(z,y) y € (0,7 — ).

At every z € (a,b) we are trying to fill the gap between u"(z,y) and u™ (z,y) by introducing a
linear function with slope % on a length 6h(z). Since u(z,y + 0h(x)/2) and u'*(z,) do in general
not coincide we need to stretch u in y-direction, using a linear interpolation f.

We will do all computations in the following for i > ¥ since the other case follows from symmetry.
Let us divide the set Q! = (0,1) x (7, 1) into

A= {(@.v)ly € 5.5+ gh()), Blo={(x.9)y € G+ oh(e).5+7)

and C={,y)|lye @+1)}
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4.4 The recovery sequence for functions whose jump set is a finite union of segments

We are using the linear function f that satisfies f(z,v+ §) = v+ y and f(z,7 + gh(x)) = for the
interpolation. This function is given by

1 NG
flz,y) = % (’Yy - (7+y)2h(a:)> .

It is some straightforward computation using that v > 20||h|| - that

1 flleo < C, [f(z,y) =yl < Cl[h]lob,
11 =0y flloo < Clllloctr™, 10z fllso < ClIP [ty (14)
and 1D flloe < CUIN looty™" + 1B 360%772 + |2 o6y~ ).

We hence set v = 0'/2, provided that 6, < Ty We compute

||3zv||2L2(Qt)
1 .,
<0sulFaies) + VW)@, fla,y) - (L0 f @) Faae ) + I5H (@) + Oeu (@, D)2

<N0zullZ2 () + CllDullo8'* + C|| Dull bl o

Similarly
. L2
| min{dyv — 1, 0yv + §}||L2(Qt)

<l0yu = 172 (ce )y + 1(Vu) (2, f(2,9)) - (1,0yf(,9) = ULagpe, .

01/2 0

<N8yu = 11220y + C(IDull s + 182,
The most important part is to estimate the second derivatives of v multiplied with §. We define
['=0A,N(0,1) x (g,1)and A = (dBI\I') N (0,1) x (7, 1) and write

D%y = /(Vv+ - Vo) -vdH' + / (Vot = Vo) -vdH' + Vo
T A

Due to chain rule and transformation formula we know that

IV20[(Q°) < IVFIZN0y flloo 1D ull L1 ey + 1D flloollOy flloo I Vull 1 () + [10zat™ + B ||oo || Allocf
< O D?ul|os + C

and
’/(Vv*—Vv’)wd’Hl‘ - ’/8yu(1—8yf) dH| < ||Dulloo ]| 062
A A
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4. The recovery sequence for the scalar-valued problem

Moreover we see that
/(Vv+ — Vo ) vdH!
r

0 - 1 ((%cu) of+ (dyu) o fOrf — %8$u+('a ﬂ) + %axui('a ?j) . 1
<[ () s A( ol - b .

Hence altogether

617
sh

0| D20|(Q) ge‘/r (g) \/le< 1 ) M|+ CO = (b a) + CO = H(Ju) + CO.

The estimates for the derivatives show in particular that

1
| Do|(€) < 5/32(142) +10yvllze(my_ucy) + 110x0l 20y < CA A+ [|AllL1gu) + [ Vull2e)

and we can conclude that
lu = oll @) < 2lullool? (B, U Ab) < 2ullb"/2.

If we chose 6 in dependence of u and § small enough the statement holds. O

4.5 The main result
We only need to put all the foregoing results together to prove the recovery sequence.

Theorem 4.17 (Recovery sequence). Let u € SBV2 ; and 0, \, 0. Then there exits v}, € A such that

lim sup 1% (vy,) < I(u) and v, = win BV((0,1) x (6,1 —6)) forall § > 0.
keN

Proof. Notice that due to Lemma 4.1 we can assume u € SBV2 ;N SBV(Q2). We will use Remark
4.2 to apply the density result of Theorem 4.15 on functions in SBV_2 . Notice that the 6, chosen in
Proposition 4.16 depends on u and J we therefore use a diagonal argument in the following way:
By Theorem 4.15 there exists a sequence u,, € SBV2  such that [[u, — ul| < L, I(um) < I(u) + &
and such that u satisfies the assumptions of Proposition 4.16.

Let 6§ be such that the proposition can be applied to u; for § = 1 and choose v, = 0 for 5, > 6}.
Let 63 < 1 be such that the proposition can be applied to us for § = 3 and let for all k such that
05 € (63,65) the function vy, be the result of the construction for ug, 6 and § = 3.
Let 65" < -L be such that the proposition can be applied to u,, for § = - and let for all k such that
0, € (67,65 ~1) the function v}, be the result of the construction for u,,, 8 and § = %

Then 1% (v;) < I(u) + = and |Jup — ul| 1) < £+ and m — oo as k — oc.

It is a result of the compactness statement proven in Theorem 3.1 that for all § > 0 we can estimate
vkllwrao,1)x6,1-8)) < C(u)(1+ 3) and hence vy, = win BV((0,1) x (8,1 — ). O

This finishes the discussion of the scalar-valued problem. The I'-limit is proven as a corollary of this
theorem and the results of the foregoing chapter.
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5 Compactness and lim inf-inequality for the vector-valued

problem

The scalar-valued energy is a simplified version of the original problem. In general, we are inter-
ested in deformations mapping subsets of R? to R3. As we already pointed out in the introduction,
one of the coordinates in both, domain and codomain, is negligible in the setting of two rank-
one connected energy wells. We set Q@ = (0,1)? and consider the following energy for functions
u: ) — R%:

Jomin{le(u + ye1)[5, le(u — %e1)|p} AL? + 00| D?u|(Q) uweW

E%P(u) =
00 otherwise

where the space W is given by
62

1+6

W = {u e W"P(Q,R?)|9,u,dyu € BV(Q,R?), uy(0,y) = y, us(-,0) = 0}.

For some function v € BD(2) we denote by e(v) the absolute continuous part of the symmetric
part of the gradient. The expression min{|e(u + ye1)[D, [e(u — Fe1)[h} is thereby an abbreviation of
|0zu1|P + |Oyual? + min{|Oyur + Opus + 1|7, |0yur + Opus — %|p}.

In the nonlinear energy we considered rotated versions of Id +fe; ® ez and Id +(1 — f)e; ® ez as
energy wells. The first term in the energy EY? was derived as the rescaled, linearized version
of the bulk term close to the unrotated matrices Id +6e; ® e and Id +(1 — 6)e; ® es. The terms
e1 ® ey and %el © eg represent infinitesimal pertubations of these matrices with rotations. We will
see that in the limiting energy the phase where (Du)yn, ~ #(e1 ® e2) will decouple to subsets
of one-dimensional hypersurfaces where either D’/u = |[u]le; or D/u = |[u]|e2. This is were the
martensite-martensite interfaces are now located. The direction e; represents the normal coming
from the rank-one connection between Id +6e; ® e; and Id +(1 — 0)e; ® es. The second normal e
is present since a linearization at the two matrices Id +fe; ® e; and Id +(1 — 6)es ® e leads also to
the energy E%2.

In this geometrically linearized setting the original energy wells of the elastic energy e; ® ez and
%(el ®e2) are transformed to e; ® e2 and é(el ©®es). We will see that in the limiting energy the phase
where (Du)gym ~ 3(e1 © e) will decouple to phases where either D”u = [[u]|e; or D7u = [[u]]es.
That is: The only possible normals at a martensite-martensite interface are e; and e;.

We define the candidate for the limiting energy by

Jo le(u+ yer)[h dL? +20H (Ju) wue SBDSQG%0

00 otherwise

E?(u) =

where the space SBD?, ., , is given by

SBD?

e2®eq,(

= {u € SBD1,(Q,R?) | e(u) € LP(Q;R?*?), u € LP(Q,R?), H' (Ju) < 0o, u1(0,-) = 0,

uz(+,0) = 0, [u1]vyy € [0,00)ea, [us]vyy € [0,00)e; H-ae.}.
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5. Compactness and lim inf-inequality for the vector-valued problem

We need to make sure that the boundary values in this definition are well-defined since this is not
the case for general functions in SBD,,.. However, we can easily see that the first component of
such a function is an element of W11((0,1); L?(0,1)) in the sense that  ~ wu;(z,-) and so is the
second component via y +— uz (-, y). A trace theorem does hold for W11((0,1); L?(0,1)) and hence
the definition above makes sense.

For the sake of generality we consider LP-norms in the gradient instead of the simpler L?>-norms.

5.1 Preliminaries

Before actually starting to prove the results let us first comment on the structure of the jump set of

functions in SBD?

ex0e; - Lhe differences between Ju and Ju; U Juy are in general more subtle for

functions of bounded deformation then for the usual vector-valued functions of bounded variation.

However, the regularity of 0,u; and 9,u; gives us additional informations.

Let v € LP(Q). Remember that x € Q) is an element of Jv iff there exists a normal v € S! and values
vt (w,v) >0 . _

vT and v~ such that for vo(w) = and v,(w) = v(xz + pw) it holds: v, — v, in
v {w, vy <0

LY(B1(0)).

Imagine the function v in the following lemma to be the first component of a functionin SBD? . ;.

Lemma 5.1. Let p € (1,00), v € LP() such that Dv - e € LP(Q) and such that Jv is H'-rectifiable.
Then for H'-almost every z € Ju it holds: v ;,(z) = ea.
If p > 2 we even have that v;,(z) = ey for every z € Ju.

vT(2) {w,v5(2) >0

v (z) (w,vy,(z)) <O0.
Then by the definition of Juv it holds that v, — vy in L' (B;(0)). It moreover holds

Proof. Fix z € Jv and define v,(w) = v(z + pw) and vo(w) =

1/p
- —-1+2 -
10205l 1 81 (0)) = P M 1020l L2 (B, @) < P 7 00| Lo (B, () = <pp 2/}3 ( )laxvl” d£2> :
o(x

If p > 2 this converges to zero for every z € Jv. Since Jv is rectifiable one can also show that this
converges to zero for H'-almost every z € Jv as long as 2 — p < 1 which is true for every p > 1. We
can conclude that Duy - e; = 0 and since v (z) # v~ (z) this implies v, (z) = es. O

Remark. The jump set of a BD function is rectifiable. The foregoing lemma therefore implies: If
ue SBDY . ,then Ju = Ju; U Juy up to a set of H'-measure zero.

5.2 Compactness and lim inf-inequality

We show that from the point of the lim inf-inequality our candidate for the limiting energy EP” is
correct. Moreover we present a fitting compactness result.

Following the considerations in the scalar-valued setting we will choose strong L!-convergence
together with weak-+ BD,,.-convergence as notions of convergence for the problem.
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5.2 Compactness and lim inf-inequality

Theorem 5.2 (Compactness and lim inf-inequality). Let p € (1,00), {u* |k € N} C W and let 0, \, 0
such that E%P(u*) < M. Then there is a subsequence {k; |l € N} C Nand a function w € SBDY, .
such that u* = w in BDjoe(Q,R?) and u* — win L' (Q, R?).

Moreover: EP(u) < liminf E%P(uF).

Proof. We initially fix a subsequence that realizes the lim inf such that further subsequences can be
chosen without loss of generality. We never relabel subsequences.

Step 1: Convergence
Obviously [|0,u¥|| 1) + |0yub| 1) < M'/P and using the boundary values we immediately get
[uF | 1 (@) < M/P. Our first goal is an estimate for ||e(u*)|| 11 ((y,1-+)2) where v > 0.

For the estimate of the third term in e(u) we want to investigate the functional on diagonal slices.

We define A = {(s,1—s)| s € (0,1)} and for each z € A the one-dimensional, scalar-valued function
uﬁ’i)(t) =ub (z +t(1,1)) +uk (2 +¢(1,1)). Notice that z +¢(1,1) € Qiff [t| < z; A 2o := min{zy, 22}.

By transformation formula, chain rule and Fubini’s theorem we estimate

21 N\z2o ) . 1
/A/ mln{|8tu](€1’71) + 117, [0pudy 1y — avl} dct dHl(z)

—(Zl /\22)

1
:\/5/9 i[O} + 0y} + 05 + 0,5 + 1P [0} + 0y + 0 + 0,5 — 5P} A (15)

SC’/ min{|e(u” + ye;) b le(uf — 9£€1)|5} dc.
Q k

Fix v > 0. We can estimate, using the same arguments as in the foregoing equality and the triangle

inequality,

k,z
19yt + a3 | 2 ((1,1-72) <C 100 |2 (=21 n20) /2,20 A20—/20) A (2)
AN(y,1=7)?

+ 102t () + 19yub |1 (0)-

Notice that for each z € AN (v, 1 —7) the length of the segment (—(z1 A z2) +7/2,21 Azo —7/2) is at
least v and that a slightly larger domain than (v, 1 — 7)? is covered by the union of these segments.
The length of the whole segment in (0, 1)? is given by 2(z1 A z2) and has length at least 2.

We use the one-dimensional compactness result in Lemma 2.4 with A = 2(z; A 23) and § = v/2 to
get that for !-almost every z € AN (7,1 — 7)?

k,z
106w ) 1Lt (=21 Azo 47 /2,210 A2 —/2))

— . k,z z 1
SC(I 4 AF=D/p| min{[Oyu ;7 + 1], [Opuly 1y — %‘}HLP((*(Zl/\Zz),Zl/\/@))

I ||uk ||L1((—(z1/\22),zl/\22)) ) .
Y
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5. Compactness and lim inf-inequality for the vector-valued problem

Putting things together yields

||3yulf + aﬂcug”Ll((%l—v)Q)

1/p
<O+ O+ ) ([ il + yen)lp e ~ ey} dc?)
Q k

and hence there is u € BD;,.(Q) such that u” A win BDoc(2). The boundary values and the
boundedness of J,u; and dyus in LP(2) yield that moreover u; — u in LP(€2) and hence also in
LY(Q).

Step 2: u € SBDY, ., o

Since 9,uf and 9,u% have subsequences in L? that are converging against d,u; and 9, us weakly-*
in measure, we gain that Du, - e; = d,uy € LP(R2) and Dus - eo = Jyus € LP(Q).

We also mentioned above that the trace theorem holds for W:1((0, 1); L?(0, 1)). Since u¥(0,-) — 0
in C° and v} (-, y) = 0 it immediately follows that u; (0, ) = 0 and us(-,0) = 0.

We notice that, due to Fubini’s theorem, transformation formula and Fatou’s lemma we have that
for H'-almost every z € A

zZ1N\z2 1
lim inf ( . 9 k,z 1 p’ O u? _tp k,z dﬁl
Ren /_(mﬂ)mm{ vy U7 0 gy — 5o |

+ |8t3tuf1’721) ‘(7(2’1 A 2’2), FARAY ZQ))

is finite and for all 4 > 0 and H!-almost every z € AN (v,1— 7)2 (16)
z1Nza—7/2
lim inf (/ Drl | d£2(1)) < .
keN —(z1A2z2)+7/2 ’

We know that u* — w in L(2). It is a consequence of Fubini’s theorem that for #!-almost every
z € AN(y,1 —~v)?%itholds u?l’,zl) — ufy gy in L'(=(21 A 22), 21 A 22) and moreover ul(“l’fl) A ut 1)
weakly-+in BVj,.(—(21A22), 21 A2z2). The one-dimensional lim inf-inequality (see Lemma 2.2) yields
among others: uf, ;) € SBV(—(21 A 22), 21 A 22).

It is a result of the slicing technique for BD-functions, introduced by Ambrosio, Coscia and Dal
Maso (see [1]), together with the already proven regularity results for Du; - e; and Dus - ey, that

u € SBD1o.(Q).

It is an easy computation, performed in Lemma 5.1 above, that vy, = €2 and vy, = €1 H!-almost
everywhere. Hence

(Dwm) = [

Ju

[u] ©vdH! = /

Juq

(0 ) g ] )
). (;w [u21> ] (;[uz] 0 ) "
_ 0 3] 1 0 3[u2] 1
_/Jul (é[uﬂ . > dH +/Ju2 (é[w] . ) dH’,

where we used that [u;] = 0 #!-almost everywhere on Ju, and vice versa.

[u] ® eg dH! —|—/ [u] ©e; dH!

Juo
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5.2 Compactness and lim inf-inequality

We define

1
A = {|8yulf + 8%“5 +1] < |8yu]1C + 8%“12€ - 97‘}’ Jr= XAk(ayU]f + aaculg) and
k

gk = ayullc + azug - fk-

Then || fx||%, (@) < M and hence after taking a subsequence f;, — f in LP(2). We also know that

8yu’f + Opul X Duy - ey + Dus - €1 locally as measures and hence
0<gr = Duy-es+Dug-e; — f = (DU1'62+DUQ'61)ac<‘r(DU1~€2+DU2'€1)J7‘]€.

Since (Duy - e3 + Duy - €1)% — f L (Duy - e3 + Duy - e1)”?, we conclude that the locally finite
measure D7 u; - e + D7 us - e is nonnegative on every measurable set and hence [u1]v, € [0, 00)es
and [uz]v, € [0,00)e; H'-almost everywhere. The finiteness of %' (Ju) and ||e(u)]|1» (o) Will be a
consequence of the lim inf-inequality.

Step 3: lim inf-inequality:

Recall that from (16) we deduced that for #'-almost every z € AN (v,1—~)? it holds u’(vl’)zl) — uf )
in L'(—(21 A 22), 21 A 22) and moreover “?1’?1) A uf gy weakly-+ in BVpe(—(21 A 22), 21 A 22).

The one-dimensional lim inf-inequality (see Lemma 2.2) tells us that for all z € A N (vy,1 — )2 it
holds

QUHO(JUle)) < Uliineiﬁ?f 0k|8t8tu?1"71)\(—(21 A 2a), 21 A 22)).

Since v > 0 is chosen arbitrary, we have that this inequality holds for all z € A and hence, using Fa-
tou’s lemma, slicing results and the orientation of the normals we can conclude that
20H (Ju) < liminfien 00k | D?ug|(€2).

Notice that due to (15) we know that

k k k ko qip 2
/ |Opuy + Oyuy + Ogus + Oyus + 1 X{0,ul+0,uf+0,uf+0,uf < —1} dz
0 :

is uniformly bounded. Again Lemma 2.2 and the fact that v > 0 is arbitrary tells us that for H'-
almost every z € A

k,z
(8tu(171) + I)X{atu’“vz <1 _

1
(1,1)=86 2

p (Oruiny +1)  in LP((—(21 A 22),21 A 22))  and hence
k k k k
(Opuy + Oyuy + Ogug + Oyuy + 1)X{8mu’f+83,u’f+azu’2“+3yuk<%kfé}

— Ozu1 + Oyur + Oztin + Oyus + 1 in LP(92). 17)
The one-dimensional compactness result from Lemma 2.4 tells us that

1 1
2 ({0uuk + 0,0k + 0,5 + 9y < TS 7?)

<0x(C + Oy~ V/P | min{le(u® + ye1),, le(u” — %elﬂanP(Q) + Oy Mluwll L o)- (18)
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5. Compactness and lim inf-inequality for the vector-valued problem

We already know that 9,u} — 9,u; and d,uf — d,us in LP(Q2). From (18) we may follow that also
(Dwu + Oyus)X (o, ub 40, ub+0,u5 +0,ub < — 1} — Owus + Oyus in LP(Q).
Then (17) yields

(Dyuy + Dous + DX {0, ub+0,ub+0,us+0,us < —3} = Oyur + Opuz +1 in LP(Q)

and by the lower semicontinuity of weak LP convergence we conclude

P S k k P
[|0yu1 + Ozua + 1||LP(Q) < hrknelﬁrllf |0yuy + Opus + 1HLp({awu}f+8yu’f+8zu§+6yu§§ "

N|=

1
O

. k k
< 11%161an |0yuf + Opus + lHip(Q)'

This finishes the proof.
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6 The recovery sequence for the vector-valued problem

In the previous chapter we have identified a possible limiting energy and function space and
achieved the lim inf-inequality. As a next step one would like to prove a matching recovery se-
quence. Although we are not able to recover arbitrary functions we are able to construct a recovery
sequence for regular functions whose jump set is a finite union of segments. This strongly suggests
that our choice of the limiting function E? is correct.

The missing part is a density result for SBDY, .. , with respect to the energy E”. We discuss the
problems arising in the proof of such a density result at the end of this chapter.

6.1 Preliminaries

As in the scalar valued case we perform our considerations on a transformed energy on a function

space with different boundary values. In the same spirit we define a local version of the space for a

set A CC Q by
SBD?

ea®eq

(A) = {u € SBD(A,R?) | e(u) € LP(A;R?*?), H!(Ju) < oo,

[u1]vu € [0, 00)es, [ua]vyy € [0,00)e; H'-a.e.}
and a version with affine boundary values by

SBD?

D oera = {u € SBD(Q,R?)|e(u) € LP(QR**?), H! (Ju) < o0,
[u1]vsu € [0,00)ea, [us]vyy, € [0,00)e; H'-a.e.

u1(0,y) = y and uy(z,0) = 0 H'-a.e.}.
We introduce the transformed energy for the limiting space
EP(u) = / le(u)[} d.L? + 201" (Ju)
Q

and

EP»G(U) = /Qmin{|e(u)|£, e(u+(1- %)yeﬂg} dL? + 00| D*u|(Q)

as the transformed energy for the approximating functions.

Remark 6.1. Let g(x,y) = yei. Then for each functionu € SBD? ., , itholds:u—g € SBD? . _ ,
and E?(u) = EP(u — g). For a sequence of functions v* € W2(Q) with Dv;, € BV (Q), v*(2,0) = 0

and v*(0,y) = y it holds: vy — g € W and E% (v, — g) = E%P?(v;). The opposite direction is
J

sym|(Q). This issue can be solved in a similar way as

also true, up to the local finiteness of |(Du)
presented in Lemma 4.1

The recovery sequences in the two different settings can therefore be transformed into each other.

We want to divide the construction of the recovery sequence in small building blocks. Obviously, if

the jump set of the function is just a single segment of one of the jump sets, say Juy, the construction
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6. The recovery sequence for the vector-valued problem

presented in Theorem 4.16 is still applicable without relevant changes. The main difficulty lies in
the treatment of crossings.

6.2 The recovery sequence for functions whose jump set is a single crossing of
segments for p < 2

Juq

Jus

T T

X €T

Figure 18: The naive idea for a recovery sequence in BD for a crossing of jump sets. In the red area, the pointwise error in
the energy is 9%,. The energy is hence only recovered for p < 2.

In the case for p < 2, crossings can be recovered easily. The main idea as indicated in Figure 18 is
to insert the scalar valued construction for u; and us independently. Then 9yu; ~ % and O us ~ %
on the intersection of the two sets A; and A;. The pointwise error in the energy on this intersection
is given by 4 whilst the area of the intersection is given by 62[u;][us]. Obviously, this construction
does not bear any energy if p < 2, adds a finite term to the energy if p = 2 and bears infinite energy
if p > 2. We will provide a more involved construction that will be used in recovery sequences if

p=>2

Let us first compute the energy of this construction for p < 2 rigorously.

Proposition 6.2. Letp € (1,2) and let u € SBDEzQew with Juy = (a1, az2) X {7}, Juz = {Z} x (b1, b2),
[u;] € C%(Ju;) and u € WAH(Q\ Ju).

Then for all 6}, \, O there exists a sequence u* € W1 (Q) with u¥(0,y) = y+
that E%P?(u¥) — E(u).

o3
1—6;

y and uk(z,0) = 0 such

In this vector-valued context we want to avoid changing v on parts of the domain that are far away
from the jump, since interactions of the different components might cause trouble. We hence do not
follow the construction for the scalar-valued case of Chapter 4, but the one presented in the author’s
joint work with Conti and Zwicknag], see [16].

Proof. Define the two positive functions h'(z) = [u1](z, ) and h*(y) = [u2](Z,y) and let without
loss of generality be 6 (]| 710 + || P2]|o0) < min{y,Z,1 —g,1 — Z}.
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6.2 The recovery sequence for functions whose jump set is a single crossing of segments for p < 2

We define the approximating function via

U]f(x,y) _ {Ul(fﬂay) + (ye;kﬂ — hl(gj)) Yy € (y’g + ekhl(I))

up(z,y) otherwise
and
=T _ 2 7 7 2
oy — d @0+ (FERW) 7€ @5+ 002)
ui(x,y) otherwise .

Obviously u#(0,y) = u1(0,y) = y and u5(x,0) = ua(x,0) = 0. The addition of a small, linear term
on a small scale yields the correct boundary values for u% (0, -). In fact: Let us define the sequence

wi(x,y) = 1i%ky%—zmx{w§9k}. We easily compute that | Vwg |l < 0 and |D?wy|(2) < COy, . The

sequence u® + (wy, 0) satisfies the boundary conditions and has the same limit in BD and in energy
as u”.
We define A¥ = {(z,y) |y € (7,7 + 0rh'(x))} and A5 = {(z,y) |z € (z,7 + 0xh%(y))}. The function

u coincides with u* outside of these two sets hence
[u* = ull @) < It £N(AT) + |h% | L £7(A5) < (I |7 + [7°][ 7 )0k — 0.
Notice that it holds

—9,h} ()

1

Duy(z,y) = i

Duy(z,y) + ( ) y € (4,5 + Oph' ()

Duy(x,y) otherwise

and since the symmetric result is true for Du% we have

1
e(u) + _a””}fl(x) o in Ak 0 A%
O _ayh2 (y)

—0.h () i
. e(u) + ) (@) a5, in A¥\ A%

e(u”) = 30r 0

0 1

e(w) + | | o in A\ AF

20, —0yh*(y)
e(u) otherwise.

It follows, using the triangle inequality, that

. 1
Imin{le(u®)[7, |e(u” + (1~ g el @

<lle() Bl + (0.7« + 1DLAT\ A5) + (10,h%[] « + 1)L (A5 \ AT)
1 p
+ (|8yh2 P e +0:hME o + <1 + 9k> > LAY N AY).

67



6. The recovery sequence for the vector-valued problem

Notice that £*(A¥ N A%) < [0,h?| L= |0:h!|L=067. Hence for p < 2 it follows

. . 1
Jim [ min{le(u) . fe(u + (1= 2w} ElLao = llew) e o
Moreover it holds that

0| D*u"|(2) <O, (IIDQuLm) + 10205 |0 L2 (AY) + 1100, 8[| £ (A5)

—0,ht () L
+/ v dHY (z,y +/ Ok v dHY (z,y
ot ( o ) I o |\-ay) o)
<O,C +H' (A}) +H' (A7)
— 2H (Ju).
So we know that
lim sup EP% (u;,) < E(u) and ugp — uin L' ().
keN
The compactness result yields the BD;,.-convergence of a subsequence. O

6.3 The recovery sequence for functions whose jump set is a single crossing of
segments for p > 2

It is easy to see that the naive construction presented in Theorem 6.2 will bear energy if applied for
p > 2. We now construct a sequence of function that is able to recover crossings for arbitrary p.

Figure 19: Crossing of jumps for p > 2: Away from the crossing we recover the jumps(red lines) by the usual
tunnels(orange). We enlarge the tunnel for the first component on the blue rectangle(left).
To realize this, we perform a Kohn-Miiller twinning construction(right).

For simplicity, assume that we want to recover a function that only has two jumps of constant
heights and no absolute continuous part of the gradient, that is ui(z,y) = MiX(,>1, and
uz(z,y) = M2X(,~1y. Away from the crossing, each of the jumps will be replaced by a tunnel
of height #M;, in which an affine function with slope 7 is inserted. Close to the crossing, the vertical
tunnel widens, via a twinning construction, to a height of H > 6Mjuntil it starts passing the other
tunnel, and interpolates to an affine function with slope 2. The error in energy is then %f -0My-H
which will be small for HP~! > M, MY. A sketch of this idea is given in Figure 19.
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6.3 The recovery sequence for functions whose jump set is a single crossing of segments for p > 2

As one might notice, the structure of the twinning construction indicated in the second picture
of Figure 19 is the well-known construction introduced by Kohn and Miiller [34]. We will need
to compute the energy of the construction adapted to our boundary values to make sure that the
length scales can be chosen in a way, that the overall energy in the twinning gets small. We therefore
compute the energy of a ‘building block” of the energy, see Figure 20.

We will only construct the first component of v, which will be a SBV?, function.

Proposition 6.3 (Energy of a building block). Letp € (1,00), h,l > 0and Ry, = (0,1) x (0, h). There
is C > 0and a function v € SBVE (R ) such that the following boundary values hold: v(z,0) = 0,
v(x, h) = Mh,

X y € (0,60M%)

¥ e (0,0Mh M € (OMh, L

(0,y) =9 " OOMD gty = M LU )

Mh y e (0Mh,h) M+ 22 ye (b ha+oM))

Mh y € (B(1+0M),n)
The following estimates hold for the derivatives of v:
. 1 MPhRPHL
min{|8,v — 71, |9,v[} =0, 10200170 (R, ) < T

00|0,0yv|(Ry 1) < Col,

and

00|0,0,v|(Ry ) < Coh
06D, | (Rup) < Cod(l + )21,

h

MO6h
y/0

h/2

M6h/2

0

l

Figure 20: A building block for the twinning construction.

Proof. We chose the function, as indicated in Figure 20, to be

’U(x?y) =

< (0,
€ (oM
%—£+M% J
€ (5

— $OMY))
LOME, h/2 + OME — LML)
h/2+9Mh LOME, &4+ 0ME)
+OME ).

We easily see that elastic energy is only stored in the z-derivative, on the second part of the area,

MPhpPH1

that is on a domain of volume ~ hl. We therefore estimate ||8$v|\’£p( Ry S (Ag—lh) <O 55
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6. The recovery sequence for the vector-valued problem

The jump of the derivatives is constant, hence the surface energy is given by

1 1 Mh
|0y 0y v|(Ry ) < Clé’ |00y v|(Ry,p) < Ché and |Doyv|(Rin) < C(+ h)T

We now combine these building blocks to a twinning construction, as indicated in Figure 19. Since
we are working with the full second gradient and not only with 9,0,u as part of the energy, we will
need to stop the twinning at some point and continue with linear interpolation.

Proposition 6.4. Let p € (1,00), My > 0and 6 € (0, My). Let 1 > H,L > 0 such that H > M0 and
L > Handlet Ry g = (0,L) x (0, H). There is a function w € SBVY (Ry, ) such that the following
boundary values hold: w(z,0) =0, w(x, H) = M,

% Yy € (O,BMl)

w(0,y) = i
Ml ) € (eMlaH)

The following estimate holds for the energy of w:

. 1
[| min{|0yw — 5|a |ayw‘}||ip(RL,H) + ||ame1£p(RL,H) + 09‘D2w|(RL,H)

<OMPHL™P™ 4oL+ 00H*M").
Moreover we have || Dv||p1(r, ;) < CM;.

The proof is a standard variant of the original construction in [34], similar to the ones given in [13],
[26] or [54].

Proof. We want to perform a self-similar twinning construction with the functions from Proposi-
tion 6.3 as building blocks. We therefore construct vertical rows, starting at left edge, in which 2*
building blocks with identical sidelengths are used. We have a vertical length of i), = 2=k H in the
kth row and choose the horizontal length to be I, = L(1 — v)y* ~ L+* for some v € (0,1). We set

7= Mo
M=

If we move horizontally through the row we add the constant Mhy = 24

9k
to produce a continuous function, without changing the derivatives. In vertical direction, this con-

in each step, in order

struction is only performed up to the K'th step, for some K € N that is chosen later.

The y-derivative is either 0 or § in this construction, for the z-derivative we compute

(27 FH)P !

K
P
102010 0,11y 0,127 < € D2 MPW
k=0

K k

1

SCM{’HL*P“E <2p7p1) . (19)
k=0
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6.3 The recovery sequence for functions whose jump set is a single crossing of segments for p > 2

The sum over the second derivatives in y direction is estimated by

K K
70]0,0,w|((0, L(1 = v") x (0, H)) < Co Y " 2FLyF = CoL ) (2.
k=0 k=0

We fix ~ such that v < % and v > m Then both sums converge even for K = oo and are hence
finite for arbitrary K. This implies

1020017, 0,111y 0.5y + 010y Dyw| (0, L(L = 7)) x (0, H)) < CMPHL™P*' 4 CoL.

It is a direct consequence that we need L > H. There are additional terms in the Hessian that force

us to stop the construction at some step K. One of the terms is estimated by

K
0]9,0,w|((0, L(1 = 7")) x (0, H)) < Co Y _2"H2™" = CoKH.
k=0

We will therefore choose K < £. We also estimate the remaining part of the Hessian by

K
0] DO,w|((0, L(1 — 7)) x (0, H)) <Co Y 2%(1), + hk)M@

l
k=0 k

- kir ok | o—k My
<Co0 2F(Ly* +27FH)

k=0 Laka*
K
HM,
<Co¥ <M + )
,;0 P )k
1—(29)~ %!
< KM, +HM) —————
<Co¥ ( 1+ 1= 271

<Cof(KM; + HM,(2y)~5).

The last estimate holds since (27) ™% > 1.

For the sake of simplicity we want all surface terms to scale identically and will hence choose

OHM,(27)"" < L and K < 35, in addition to the previous property K < . The first prop-

erty can be written as K < In (ﬁle) In((2y~1))~1. Since H > M6, L > H and In((2y~1))"! >0,

L 1 L L
we have C'In (ﬁm) S " S M.6°

We want K to be as large as possible with this property, that is K ~ In (% ﬁ) In((2y~1))~!, orin

other terms, (2v)% ~ COHM, L~!. The following estimate for the energy of the twinning until step

K holds:

10201171 (0.1 %)y x (0,117 T FOID?w[((0, L(1 = 77)) x (0, H)) < CM{HL "' + CoL.

To finish the construction we will perform a linear interpolation in z-direction between the values

of the construction at # = L(1 — %) and the boundary values at # = L. This interpolation takes
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6. The recovery sequence for the vector-valued problem

place on 25+1 many building blocks of the form (L(1 — %), L) x (0,27K~1H). We define

—x 1 x 1 H
w(z,y) = (LVK + ’YK) w((1—~y")L,y) + <1 + K ’YK) yE

The Yy derivative of w is the linear interpolation in = between the y derivative of w((1—~%)L,y) and

Ml Since M < 1 we have the very rough estimate

||m1n{|8uw | |8 w|}||LP((L(1 ’YK) L)><(02 K- lH)) > 0p KL2_K 1I{

For the x derivative we need to compute the L>°-distance of the two functions we want to interpo-
late between. It is maximal at y = M2~ % and given by 275 M; (1 — M10H1).

We therefore estimate, using Mle €(0,1),

1 —-K P K —-K-1
‘Iaxw||ip((L(1_7K)7L)X(072—K—1H)) S( KL2 M]_(l_MleH )) ’y L2 H

< OMPAKA=P)g=KQ+p) p1-Pp (20)

We put the different building blocks together and derive, using (27)™ % ~ #Ml and H < 1, that

102l 11—y, 2y 0,1y T 1m0 {8y — | 10y I (1), 0,10
1
SC(MPy™((29)"F)P LI H + oy LHPHY)
<COPyKLH(H? + HP) (21)
<Cco—PyELHP.

We know that K is large and v < 1,
hence use the usual rules for the logarithm to compute

hence v¥ is small. We need to quantify this smallness and

e ,yln(H_1Mf19—1L)(1n((2v)‘1))‘1 — (HflMl—lgflL)ln(v) In((27)~ "))~
We remember that v > 277/(P~1) and hence
In(y) In(((29) 7))~ > In(2 /@) (tn((2!7/@=0) 1) 7! = (2?0 ) (/1) 7! = —p.

The estimate in (21) then reduces to

_ 1
10210 (2. (1—y), 2y x 0,07y 1008y = G110y I (2.1 y5) £y x 0,201))

<C(HM,0L™ o PLH'"P

<CMPL'"?PH

which is the same energy as the elastic energy of the twinning construction.

In the linear interpolation, the only jumps of the derivatives are the jumps in y direction. We have
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6.3 The recovery sequence for functions whose jump set is a single crossing of segments for p > 2

the jump term estimated by
1
1(9y0y) " w|((L(1 = 7"), L) x (0,277 H)) < CLy" 2.

However, there is also a mixed term of the absolute continuous part of the gradient present, which

is estimated by

H(8xay)acw”Ll((L(lf,YK)’L)X(0’27K71H)) < 0_1L_17_KL7K0M12_K + HM;IL_I’V_KL’VKHQ_K
<M 27K 4 HPM 2K,

Putting together the different building blocks we have the following estimate for the surface energy,
using that 0M; < H < L:

o0|D*w|((L(1 — %)), L x (0, H)) < Co(Ly525 4 0H> M + M)
< Co(L+60H*M; ).

Altogether, the different terms add up to the following estimate for the energy

) 1
|| min{|0yw — 5|7 |ayw|}||1£p( y T ||azw|‘1£p(RL,H) + 09|D2w|(RL,H)

Rp u

<C(MPHL™P™ + oL + o0H?* M ).

For each # < 2% we have that d,w(z,-) = § on a length of M. In the interpolation region we have
dyw(z,) < 21 up to a set of length /1 on which we have d,w(z, ) < 4. It immediately follows
that u

[0y w|| L1 (0,2)x (0,21)) < M1 + HLWK# < CM.

For the z-derivative we get, considering the arguments leading to 19 and 20,
10zw| £ ((0,L)x (0,71)) < CM1H

Hence the function w fulfills all stated properties. O

We have hence computed how the energies of the different building blocks add up if they are com-
bined as indicated in Figure 6.4. We will use this twinning construction to achieve a recovery se-
quence for a single crossing. Notice that for the sake of simplicity we only recover a crossing of
jumps of constant height on a small square. For more general crossings we will provide a blow-up
technique at a later part of this chapter.

Proposition 6.5. Let p € (1,00), 7 > 0, 6 € (0,6p) and let w € SBD? ..,
u(r,y) = (MiX{y>o0y, M2X{z>01)-
Then there is v € W12(Q,.) such that Dv € BV (Q,R*) and such that the following estimates hold:

(Qy) be the function

EP(v) < 8or + C(My, Ma,0,p)0" 7P, o ullga(q,) < C(My, M) (0 + 60/ =piD)
and |DU‘(QT) < C(M1,M2).
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6. The recovery sequence for the vector-valued problem

Moreover, the following boundary values are satisfied:

0 y <0
vi(z,—r) =0, wv(z,r)=>M, vi(-ry)=uv(ry)=q% ye(0,0M)
M; y> M0,
0 x <0
va(—r,—y) =0, wva(r,y) = Ms, wvo(z,—1)=0v2(z,7)= z x € (0,0M>)
Ms x> Ms6.

Proof. We perform the construction, sketched in Figure 19 and explained in the beginning of this
section. That is for H > 0M;, L > H we define:

0 x<0 0 y<0,z¢(-L,OMy+1L)
va(z,y) =42z e (0,0My) and vi(z,y) =4%  ye(0,0M),x ¢ (—L,0M;+ L)
M2 x Z M29 M1 y Z M1971’ ¢ (7L,9M2 + L)

We also set vy (z,y) = My for y > H and vy (z,y) = 0 for y < 0. We define v to be the construction
of Proposition 6.4 on (—L,0) x (0, H) and the mirrored construction on (§ M, M + L) x (0, H).
Finally we set v(z,y) = “* for x € (0, M0), y € (0, H).

The energy is then estimated via
EPY(v) < 8or + C(MPHL P 4 oL + cOH>* M ") + MPOMoH P,

Notice, that for the sake of simplicity we inserted a slope of ; in the intermediate region, although

the energy E7- prefers a slope of #+1. This does only creates an error of §r M, which is neglectable.

We choose H = 07/(P°’~p+1) and [ = 9/ ®*~—p+1) guch that the relevant terms scale similar and
estimate the energy by

EPP(v) < 8or + C(My, Ms, 0, p)gl/(pzfpﬂ).

For the gradient of v we get, using the estimates given in Proposition 6.4 an the fact that the x
derivative is only present in that construction,

1 1
‘DU|(Q7) S (M1 + M2)9§ + OMl + 0M2HEM1 = O(Ml,M2).

We have that u and v are bounded in L*>° and only different on the tunnels and the crossing. Hence

lu—vlpiq,) < (M + M3)?0 + 2(My + My)HL < C(My, My)(6 + 9(1+p)/(p27p+1)).
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6.4 The recovery sequence for functions whose jump set is a finite union of segments

6.4 The recovery sequence for functions whose jump set is a finite union of
segments

We can now put the things together and construct a recovery sequence for a regular function whose

jump set is a finite union of segments.

The main difficulty of the following construction - performing a recovery for crossings - has been
solved in the previous section. We can now prove:

Theorem 6.6 (Recovery sequence for isolated segments). Let p € (1,00) and u € SBD?, ., , such
that it fulfills u; € W2>(Q\ Juy), Jur = Uj_g(ai,b;) x {y;}, Juz = U]_o{z;} x (d;, ;) and such that
[u;] € C?(Ju;). Let 0, \, 0.

Then there is a sequence vy, € W2(Q) such that Dv, € BV (Q,R?), vi,(0,y) = f—fey, vi(+,0) = 0 and

BP0 (vy) — EP(u) and vk — win BD.

Proof. The families of horizontal jump sets and of vertical jump sets are both finite. Hence there is a
v > 0 such that dist((a;, b;) x {:}, (ar, br) x {yx}) > vand dist({z;} x (dj,¢;), {zi} x (di,er)) > .
We can without loss of generality choose 6, < (max{[w;](z) |z € Ju;}) .

Away from the crossings we want to insert tunnels in which the slope of the function is approx-
imately a%' These tunnels do not interact and the energy of this construction converges, see the
computations in the proof of Proposition 6.2 for the details. At the crossings we want to imple-
ment the construction developed in Proposition 6.5. This construction does, however, start with a
function that is constant on both sides of the jump. We show in the following lemma that one can
perform a local blow-up of the function at the crossing with small energy. A combination of these
results finishes the proof. O

Lemma 6.7. Let w € SBD! ., (Qr) such that Ju; = (—R,R) x {0}, Jus = {0} x (—R,R),
u; € W2°(Qr \ Ju;) and such that [u;] € C?(Ju;).
Then for r € (0, &), there is v € SBDY___ (Qr) such that

ea©eq

v=uondQg, V1XQr = U (0)XQrn{y>0} + U1 (0)XQrniy<o}

+
1
and V2XQr = u;(O)XQRﬂ{x>()} + uy (0)XQpn{a<0}-

It moreover holds

o = ullpr (@n) < AR2|ull1, I(v) < I(u) + CR?|| Dulf}..
and IDol(Qr) < C(R|[Dull + Rljulloo).

Proof. We only perform the construction for u, in the upper half of Q) g, the rest follow similarly and

by the triangle inequality. We will use a blow up in radial direction. This is surprisingly simple

since the jump is only concentrated in the two fixed segments and we allow a large error in the
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6. The recovery sequence for the vector-valued problem

gradient. We set

uy (0) |2 < 2r
v1(z) =< ‘;ljffz) 2r<|z| <R
up(z) |z| > R.

and apply the rotated construction for v,.
It immediately follows that v € SBD?

ex©eq

(Qr), lv —ullLi@q) < lullL=dr?, H' (Ju) = H'(Jov).
Since
0 |z| < 2r

Vo (2)| < 2||Vu1\|00% 2r <|z| <R

|Vuq(2)] |z| > R.

we can easily estimate

R D
2 P
IVllzi@r) < CR7[[Dul|z~ (1 TRC QT) and [ Dl (g, < R—2r

R p
< CR?||Dul| (1 + ) )

Using the fact that 4r < R yields ||e(v)|| < CR?||Dull¥ .. and all other estimates do also hold.

p
LP(Qr) —
O

6.5 The density result: An open problem and its difficulties

We have yet not been able to prove an appropriate density result for SBD. .. . Recalling the
construction in Chapter 4 we expect the difficulty not to lie in the regularity of the function, but in
the geometry of the jump set. The desired result would be the following:

Conjecture 6.8. Let p € (1,00), u € SBD? and let § > 0. Thereisv € SBD? such that Jv,

e2@er,a ea®e1,a

is a finite union of horizontal segments, Jvs is a finite union of vertical segments, v; € W2 (2 \ Ju;),
v —ullpiq) < O3, [(Dv)sym|(Q) < C(1 + E(u) + EYP(u)) and  E(v) < (1+ C8)E(u).

At first, it seems straightforward to adapt the proof done in Chapter 4 carefully. We will now discuss
up to what point this is possible and where the difficulties lie.

We would like to cover the domain with a collection of small squares and perform different local
constructions in dependence of the amount of jump and its regularity in the different squares. All
constructions we have in mind need an interpolation layer in a neighborhood of the squares in
which the function is also changed. We therefore strongly expect the covering of the domain to be a
Whitney-type covering, such that one can ensure that the overlap of these neighborhoods is finite.
A Whitney-type covering has the disadvantage that one can not choose the radii of the squares in
dependence of the local properties of the jump, they are somehow fixed a priori.

In Chapter 4 we divided the family of squares in different types, the ones with a small amount

D
ea©e;

setting. For the type-I squares with small amount of jump, again convoluting with a standard-

of jump, the ones with high regularity and the rest. This would also be possible in the SBD

mollifier would give a similar scaling as in the SBV-setting. For this purpose one could use a
variant of Proposition 3 in a recent work of Chambolle, Conti and Francfort [12]. We show in the
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following chapter how one can adapt their techniques to our setting and achieve such a result. For
the type-III squares, in which the jump is close to a C' curve and there is no crossing of jumps,
a linear interpolation in one of the two directions as performed in Chapter 4 would lead to an
appropriate estimate for the energy.

The main problem are the type-II squares in which the length of the jump is larger then nr;, where
r; is the sidelength of the ith square, for some universal constant » > 0. We only need to cover jump
of total length ¢ with these squares, hence we know that >"r; < en~!. In analogy to the work for
S BV -functions we want to replace the function by a piecewise constant function.

For this function the number of jumps between the constants should be bounded by the number
of jumps present in the original function. A Poincaré-type inequality would ensure the closeness
of this two functions in L. We have been able to prove a Poincaré-type inequality in exactly this
setting, the next chapter is dedicated to the proof.

The result is that given a function u there is a piecewise constant function v such that
lu—wv|}, @) S C’rp||e(u)H’£p(QT) (1 + (7{1&#) We also provide an example that suggests that
this estimate is optimal. If we use a standard-interpolator on scale §; we would get, that for a
disjoint family of type-II squares the following estimate holds:

1
le@)II%a, Q) S 5 lu = liT0, q.,) Thot (22)

H(JunQ,,))P
<Z(5pz|| Wl OGN o

We see, that for this term it is optimal to have §; ~ r; and that since £*(|J, Q,,) < > < en!, we
canlet 37, [le(u)||7, g, ) be small for small enough e.

HE(U)HIL)p(Q”)

= to hold since for any « even one single term in this

We do not expect an estimate for ), ~

sum might get arbitrary large, if the square is chosen badly

However, it seems also difficult to control the term M

in this setting, since this would
need an adaption of the Whitney-type covering to the local den51ty of the jump set. Only if one had
that H'(Ju N Q,,) < Mr; one could choose the parameters in a way that (22) gets small.

A first idea would therefore be to introduce a different construction for the squares in which
’HI(J u) > Mr; for some M > 1. It is yet not obvious how the additional information that large

amounts of jump are present would help to avoid the need of applying a Poincaré-type estimate.
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p
ex®e;

7 Korn-Poincaré-type inequalities for SBD

There are functions of bounded deformation that are not of bounded variation. An example of
Ornstein presents a function with integrable symmetric gradient whose gradient is not integrable,
see [42]. In particular this shows that Korn’s inequality does not hold for p = 1.

However, for all u € BD(2) there is a global, linear, skew-symmetric map R and a constant c
such that a Poincaré-type inequality of the form |[u — R — c||11(q) < C|(Du)sym|(2) holds, see [1].
There is ongoing research on finding a stronger estimate for functions that are not only in BD but
in SBDP. In particular: Can one neglect the jump part on the right-hand side of the estimate and
use only the absolute continuous part? Can one additionally gain a LP-estimate for the function
using a LP-norm on the absolute continuous part of the derivative? There are positive results, for
example from Conti, Chambolle and Francfort or Friedrich, see [12] and [30], but they only answer
the question partially. We will adapt the results of the former to get a stronger result for our smaller
space SBD? . .
Our Proposition 7.1 is an improvement of Proposition 2 in the work of Chambolle, Conti and Franc-
fort [12]. For SBD? functions with small jump set they prove an estimate for the L? distance of the

function to an affine, skew-symmetric function, but only up to an exceptional set of small measure.

P
eaey

We are able to use the special geometry of the jump set of SBD -functions to get an estimate
for the complete domain.

In Theorem 7 we can also get rid of the assumption of a small jump set. The main idea is to chose an
affine line of such a small slope, that it does not intersect the jump set of the first component. Apply-
ing slicing techniques and the one-dimensional Poincaré estimate on this line gives us a piecewise
Poincaré-type estimate for the second component alone. This values can be transported on the
complete domain using the d,u, term. The estimate for u; follows with a symmetric argument.
We indicate in Remark 7.4 that our result is optimal, in the sense that the H!(Ju) term needs to

enter with the given scaling.

Proposition 7.1 (Korn-Poincaré-type inequality for functions with small jump set). Let p € (1, 00).
There are constants C' > 0, ¢, > 0 such that for every w € SBD? .. (Q,) with H'(Ju) < cor it holds:

e20eq

There is an skew-symmetric matrix R and a constant ¢ € R? such that for R(x,y) = R - (x,y)7 it holds:

lu—R—c| < CrPlle(u)

Lr(Qr) Lr(Qr)

Here and in the following we let R be a matrix in R"*" and R the linear function that has VR = R.
We will first prove an easy lemma, that shows how the constraint on the geometry of the jump set
in SBD? ..,

variant of Proposition 7.1, in which only an exceptional set with that special structure is removed.

can be used if the exceptional set has some special structure. Afterwards we prove a

The proof of Proposition 7.1 follows as an immediate corollary of these two results.

Lemma 7.2. Let p € (1,00), u € SBD? .. (Q,), R € R?*? skew-symmetric, c € R?, C > 0 and an

ex@ey
exceptional set w C Q, such that L2 (w) < CrH (Ju), |lu — R = c[|], g0y < CrPlle()|} g, and for
almost every x € (—r,r), y € (—r,r) it holds:
1 3 1 3
H(wn{z} x (—r,r)) < o7 and  H (wnN(—rr) x{y}) < 5T (23)
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Then

< CrP|le(w)||?

b2
”“_R_C HLP(QT)7

| Lr(Qr)

where C only depends on the given constant C and p.

Proof. Let without loss of generality r = 1 and define v = u — R — ¢. This simplifies notation since

e(u) = e(v).

Fix § € (—1,1). We can choose & € (—1, 1) such that

(@9 ¢w and  [o(@9)P < Clollf, (24)

(=L x{gH\w)"

We have used (23) to get the inequality in (24) with the removed set w in the LP-norm. The triangle
inequality yields that for almost every = € (—1, 1) it holds:

[vi(z, )P < é|vl(5ﬁ»ﬂ)|p + é”azvlwzp((anx{g}y

Since j was arbitrary we can integrate this inequality and conclude

[ [ wmwor ac@ac@ < [ e g @)+ o,

IN

Cllorlls, e + Clo0n o)

I /\

Clle(@) 2, o)
The estimate for v, holds due to the symmetry of the problem. O
We will apply this lemma after having proven the following statement:

Proposition 7.3 (Variant of Conti-Chambolle-Francfort). Let p € (1,00). There is a constant ¢, > 0

such that for every u € SBDP(Q,.) with H*(Ju) < cor it holds :

There is a constant ¢ € R?, a skew-symmetric matrix R and an exceptional set w C Q, such that

L3w) < CrHY(Ju), [lu = R = cll7pig\0) < CrPle(), g, and such that almost every slice in the

upper right quadrant intersects the exceptional set only on a fraction of its length, that is for x € (0,r),
€ (0,r) it holds:

)Jk\w

HY (wn {z} x (0,7)) < and  H'(wN(0,7) x {y}) <

»Moo

Remark. Notice, that the foregoing result is not only proven for functions in SBD? .. (Q,) but
even in the larger space SBD?(Q,). However, it is not possible to use this structure to gain a better
Korn-Poincaré-type estimate in the general SBDP-setting, but only for SBD? .
Moreover it is possible to get the additional structure not only in the upper right quadrant but
for every slice, see the proof of Proposition 7.1 below. We omit this in this formulation of the

proposition to keep the structure and notation simple.

The following proof closely follows the proof given in [12], but is adapted in some parts to gain the
additional structure of the exceptional set.
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7. Korn-Poincaré-type inequalities for SBD? .

Proof. Let without loss of generality be r = 1.

Define the characteristic function 7 : R? x S! x R for the slices on which fundamental theorem does
not hold by

0 otherwise.

T(obt) = {1 2€Q,z+tE€Qrand € (u(z + t€) — u(z)) #tfolf-e(u)(z—i—tsf) L£dLY(s)

We notice that for almost every (z,£,¢) itholds: £ (u(z +t§) —u(z)) # ¢ fol €-e(u)(z+tsf)-£dL(s)
if and only if there is s € (0,t) such that z + s{ € Ju. In [12] three points zy, 21, 22 are chosen
such that along the edges of the so-created triangle, fundamental theorem is applicable and such
that the 'shadow” of the jump set from these points - which will be the exceptional set - is small
enough. Moreover, the points are chosen in a way such that there is an affine function a such that

a(z;) = u(zi),

/ / T(z;, &, t) AL (t) dH (&) < CH (Ju) < Ceo (25)
st Jr

and |Da+ Da™| < Clle(u)||1(qy)-
Having this at hand, an estimate for ||u—al| 1» (@, \«) is established, see the publication for the details.

The exceptional set w is defined by the union of the ‘shadows’ of the jump set, starting from the three
points z;, that is

wi={z€Q1|z=2+1tT(2,&t) =1} and w=w;UwyUuws,

see also the green area indicated in Figure 21 for an idea of this set.

We only need to modify these arguments slightly.

We choose the points z; such that additionally z; € (—2, —1)2. This only increases the constants in

(25) but the estimates still hold. Let d; = dist(z;, Q) and deduce that i <d; < % We have for

almost every ¢ and almost every ¢ € (%, d): If T(z;,&,t) = 1 then T (2, &, %) = 1. It follows, using
(25), that
d;
/ T <Zi,§, ) d#'(¢) < Ceo.
51 2

Our claim is, assuming ¢ small enough, that for almost every y > 0 it holds

N

H(wi N (=1,1) x {y}) <

We therefore fix y € (0, 1). There are essentially two possibilities how w; N (—1,1) x {y} might get
large. Either large parts of jump lie between By, /2(z;) and (—1,1) x {y} or a small jump set in the
ball By, />(z;) is projected on a large subset of w; N (—1,1) x {y}, see Figure 21 for a sketch of both
variants. We have, however, chosen the points z; in a way such that in both cases the projection of
the jump set is not to large.
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We divide w; N (—1,1) x {y} into two subsets, up to a null set. Let

¢+ ={(z,y)| thereis z € JuN By, 2(z),& € S such that (z,y) € 2z + R, 2 € 2z + RE} and
w? ={(z,y)| thereis z € Ju \ B, j2(2i), 22 < y,§ € S' such that (z,7) € z; + RE, 2 € 2 + REY.

Indeed, for almost every z € By, /2(z;) N Ju we have that for f =222 and Z = z; + %é it holds:

|z—z;|

Z € OBy, j2(2) Nw;. Hence for almost every z € (—1,1) with (z,y) € w} we have a corresponding

Z € 0Byg,/2(#) Nw;. The projection of the circle By, /2(z;) onto the line (—1,1) x {y} along the
directions ¢ is a Lipschitz-map and hence we have

weh<t [

T (zi,f, C;) dH'(¢) < LCc.
Sl

-1

Figure 21: Since the sphere 0By, /5 (2;) is contained in (-1, — i )2 we have that the maximal angles of the projection on the
line (—1, 1) x {y} are bounded (blue lines). Parts of the jump set with a distance to z; that is larger then d; /2
create only shadow on (—1, 1) x {y}, that is comparable to the original size of the jump set.

Since the circle By, /5(2;) is contained in the square (—1, —1)?, the radius d; is bounded from below
by a constant and since we are considering only strictly positive values y we have that the Lipschitz
constant L is bounded from above, independent of the choice of y and z;, see Figure 21.

On the other hand it is a consequence of the intercept theorem that the part of the jump set, that has
distance larger then d; to z;, is not projected on a large subset of (—1,1) x {y}. In fact:

| —

HY (w?) < —H'(Ju) < Cco.

Qu

(3

We hence see that for ¢y small enough we have H!(w N (—1,1) x {y}) < 2 and since all arguments
3
1

were symmetric we also have H!(w N {z} x (-1,1)) < O

We are now able to put things together and finish the proof of Proposition 7.1.

Proof. (of Proposition 7.1) Obviously it is possible to get the foregoing result with the structure for
the jump set in each of the four quadrants of @, = (—r, r)?. If we apply Lemma 7.2 on each of these

quadrants we get four linear functions R; and constants ¢; such that

lu—Ri — cillo @iy < CrPlle(u)[70 g,
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7. Korn-Poincaré-type inequalities for SBD? .

where Q' = (0,7)2, Q% = (—r,0) x (0,7), Q*> = (—r,7)? and Q* = (0,7) x (—,0).
It moreover holds that there are exceptional sets w; for each affine function R; + ¢; that satisfy
L£2(w;) < CrH!(Ju) and such that for the other quadrants we have

lu—R; — ci‘liP(Qj\wi) < CTpHe(u)HIE/p(Qr)'

Applying the triangle inequality yields

c
[Ri+ci — R — el < WQ(%) (||u - Ri - Ci”ZJ);p(Qj\wi) + v — R — CkH]Zp(Qj\wi))

_92 P
< Cr 2l o
On each square Q° the Poincaré inequality with R; + ¢; holds without exceptional set. We can
exchange the different R; + ¢;’s on the different Q*’s with small error and hence the proposition
follows. O

In our main result we also want to neglect the assumption of the smallness of the jump set.

After considering the function u(z,y) = (MX{y,>0},0) on Q it is clear that a Poincaré-type in-
equality with one global constant can not hold. A reasonable inequality will include different local
constants for the LP-distance on different parts of the domain. We will not only be able to control
the number of these constants by the size of the jump set, but also the geometry of the sets on which
each constant is present. Moreover, only one rotation will be chosen for the whole square.

The motivation for this result comes from the analog statement for SBV functions as used in Chap-
ter 6. A similar result for SBDP? or any subspace of SBDP? that is larger then W? is not known to
the author.

P
e20er

C, a partition 1 < --- < x, apartition y; < --- <y, values a; < a;j+1, b; < bjy1 and a skew-symmetric
matrix R such that I < SH (Jus), J < SH(Juy) and for R(z,y) = R - (v,y)" it holds

Theorem (Korn-Poincaré-type inequality). Let p € (1,00) and uw € SBD (Qr). There is a constant

’ P (H(Ju))P
j L7 (Qn) < CTPHG(U)HLp(QT) (1 + — )

b 3

%)
b X(@i,mi41) % (Y;,0541)
i,j=0

where xg = yo = —rand Ty 1 = yji1 = 1.

Notice that the function v := R + Zi’f:o <Zl> X(as,0i11) % (y;,y;41) 15 an element of SBD?, . (Q,)
j

with EP(v) = (I + J).

Remark 7.4. We want to point out that this inequality is optimal, in the sense that %' (Ju) needs to
enter as a multiplicative factor with an exponent p. Consider the following construction for r = 1
and notice that the usual slicing results finish the argument:

Let N € N arbitrary and let Ry, = (0,1) x (&, t!) a partition of the domain in N equisized
rectangles. Let v : R}, — R? be a function that realizes a large constant in Korn's inequality on thin

rectangles, for example v(z,y) = (—2zy, z?).
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We can easily compute ||v 0 and the scaling does not change by subtracting

122y ~ NP2, s
any affine, skew-symmetric functlon Fory € (4 i , &1) we define u(z,y) = v(z,y — %) + ¢;, where

¢; = i||v]|oo- It follows:

o~ Xy oy ~ N (NP2, ) ) ~ Nl gu) ~ TPl g

Proof. (of Theorem 7) Due to the usual scaling techniques we can assume r = 1 and denote
Q = Q1 = (—1,1)% We can moreover without loss of generality assume that H'(Ju) > ¢ since
we can otherwise apply Proposition 7.1 and set I = J = 0.

Let A € (0, 1) to be chosen later. By a standard combinatorial argument there is a constant C > 1
such that we can choose vertical and horizontal stripes S = (z,z+\) x (0,1), S" = (0,1) x (3, §+ )
of width A in such a way, such that for ¢ = S N Sh we have

le()ITo(gnoy < CAle()I7q): le@)[175 4 < CXlle()I1 )
H (Ju; N S™Y) < CAHY(Ju) and HY (Jungq) < CN*H(Ju). (26)

Hence, if we choose A = zzf{7.; and use Proposition 7.1 on the small square ¢, we may conclude
that there is a skew-symmetric matrix R and a constant ¢ € R? such that

lu—R el < CNlle@)2,,- 27)

We will subtract this rotation, coming from the Korn-Poincaré-type inequality on the small square
¢, from v on the whole square Q). By redefining u we choose R and c to be equal to zero to simplify
notation in the sequel.

The LP-estimate for u; on the small square ¢ can be transported on the horizontal stripe S" via the
symmetrized gradient: Choose Z € (Z,Z + A) such that ||u, (2
by fundamental theorem, (27) and (26) we find

7)||Z[),P((y’g+A)) S )\71““1‘|I£p(q)- Then

HulHiP(Sh) < C”ul (i‘7 ')”]J;P(’y,gj—i-k) + C”awul”ip(sh) < C)‘HG(U)H;ZP(Q) (28)

The central task is to find an estimate for ||uz||z» on this horizontal stripe. The idea is to choose
an affine line in S" with small slope « that does not intersect Ju;. We will then apply the one-
dimensional Poincaré inequality on this line.

Fix ¢ = (V1 —a2,a), Iz = REL and define for y € TI¢ the affine line in direction ¢ through y as
T =y +RENQ.

Let T" = {T¢ |y € Tlg, T C S"} and define 7" = {z € T¢ | T} € T"}, see Figure 22 for a sketch. If
o < A\/2 then at least half of the volume of S" is covered by 7". We show below, using the usual

slicing techniques as introduced by Ambrosio, Coscia and Dal Maso (see [1]), that we can choose
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7. Korn-Poincaré-type inequalities for SBD? .

T € T" such that

luglfo iy < CA e s, luillfs () < CAHua |7 s,
HO(Juy NT) < OAXYH (Juy N SM) and HO(Ju; N'T) = 0. (29)

The function u¢ € BV (T) is defined by u¢(t) = u(y + t€) - ¢ where § € T N II;. We will denote the
absolute continuous part of the derivative of u¢ by u;. We will understand u¢ as both a function
of an interval and of the one-dimensional slice 7' and exchange these meanings. Details about the

application of the slicing techniques in our setting have already been given in Chapter 5.

xry T

Figure 22: The square q is chosen such that there is not much jump inside. The line Tgy is chosen such that the Poincaré
inequality holds on it, up to the I = 2 many jumps of uz. The horizontal jumps of u; are completely avoided.

We want to use the generalized coarea formula to achieve the last equation in (29) (see for example
Theorem 3.2.22 in [29]). The set Ju; N 7" is rectifiable and that the normal and the tangent satisfy

v =eyand T = e; H!-almost everywhere. It follows:

HO(Juy T NTY) d?—[l(y):/J . |(Idf§®§).7|dH1:/J € - v dH?
u NTh

¢ uNTh

= aH (Ju; NTH).

We have #' (JunT") < H'(Jun ") < aco. So if we choose a = 22~ we know that at least half of
the lines Tgy can not intersect Ju;. We can therefore indeed choose a line such that (29) holds.

We define {w; |i € {1,...,I}} = Juy NT and notice that I < CH!'(J(uz)). We denote the first
components of the vectors w; € R? by z; = w;;. This points will form the partition of the z-axis we
are aiming at.

For a,b € R? we denote by ab the segment with endpoints a and b. We see that ug € WP (w;w;51)
and that ug(wz) <ug (w;). We want to find I + 1 constants b; such that b; < Bi+1 and

”uE - bl”ip(m) < ($i+1 - ml)pHu/.f”ip(m = Hufan(w WiwitT)" (30)

By the Poincaré inequality, (30) holds for b, = (ue)wrmsr- However, in general we might have

Wi41*

(ug)wrwrr > (U¢)wirwirs and hence some modifications must be done: Define w as the function u,¢
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with removed jumpsi.e., w(t) = Otug(s) dLl(s). Thenw € WHP(T) and ug —w = Zle[ud(wi)éwi.
Again by the Poincaré inequality we have a constant ¢ such that

[[w— é”ip(:r) < Cllw/||1£p(T) = C”“é”ip(:r)
We define b; := &+ Z;Zl [ug](wj). It then holds that

lue — b; Iz @) = 1 = el @) (31)

and l;z < Z~)2'+1.
At this point of the proof we are interested in an estimate for the second component of u, alone. We
therefore define b; = b; /o and derive

1 7 np 51 b
Iz = il Loy < O gpllérn + o = billL ) + € (a) 112 sy

Using fundamental theorem in y-direction, (32) and (31) we get that

I

2 = 30X mpsio o) < € (HUz il sy + 100205 )< 0.0))

< o@ (Hw &l + oy ) + Clle() 2oy
Putting things together and using (31), (29), (26) and (28) we get
I

||u2 - be (zi,x 1+1)><(0,1)||2[7,p(Q)

&
(||ug|| oy + 1By ) + Clle()n@)

c o

(7l

I N

s A s, ) + Clle@) )

< Clle(@ll @) (1 " 1)

which is the stated inequality for the second component.

The problem is symmetric and hence we can easily conclude a similar result for u. O

This finishes the discussion of the Korn-Poincaré-type inequalities for SBD? We have already

exer”
discussed in 7.4 that a stronger result is not expected.
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Glossary

Glossary

J(u)
Qr(x)
SBVEQ%O

SBV?

€2,a
SBVZ(A)

SBV A

B
w

SBD§2 ©e1,0

SBD?

ex®er,a

SBD?

ex©eq

(4)

86

Translated version of the limiting energy for a vector-valued function
u € SBD 4., o 65

Translated version of the energy for a vector-valued function u. 65
Limiting energy for a vector-valued function u € SBD? ., ;- 59

Energy for a vector-valued function v € W. 7

Limiting energy for a scalar-valued function u € SBV? ;. 21

Energy for a scalar-valued function u € A. 7

One-dimensional slicing of the energy for a one-dimensional scalar-valued
functionv € B;. 12

Limiting energy of the slicing for a one-dimensional, scalar-valued func-
tionv € SBV, ;.12

The Mumford-Shah functional for a function u € SBV2 . 28

The two-dimensional square with sidelength 2R centered at . 29
SBV?

2.((0,1)?)-functions whose jump is positive and lies in horizontal

slices with zero boundary values on the left edge. 21
SBV?((0,1)?)-functions whose jump is positive and lies in horizontal
slices with affine boundary values on the left edge. 28

SBV?(A)-functions whose jump is positive and lies in horizontal slices
without boundary values. 28

One-dimensional SBV ((0, A\))-functions whose jumps are of positive
height. 12

The unit square (0, 1)? in two dimensions. 6

Two-dimensional W2((0,1)?)-functions whose derivatives are of
bounded variation with some boundary values. 21

One-dimensional W12((0, 1))-functions whose derivatives are of bounded
variation. 12

Two-dimensional, vector-valued W2((0, 1), R?)-functions whose deriva-
tives are of bounded variation with some boundary values. 59

SBD?

P ((0,1)*)-functions whose jump has some orientation with zero

boundary values on the lower and left edge. 59

SBDP((0,1)?)-functions whose jump has some orientation with affine
boundary values on the lower and left edge. 65

SBDP(A)-functions whose jump has some orientation without boundary
values. 65
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