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Abstract

It has been noticed that many real world signals are sparse or compressible (approximately
sparse) in a certain basis or frame. This observation has led to the theory of compressive sensing
which enables the recovery of sparse vectors from a number of measurements smaller than the

vector length via efficient algorithms. Since solving the affine sparse minimization problem
min [|x||, = #{i : x(4) # 0} <s st. y=Ax,
X

is in general NP-hard, tractable alternatives have been suggested and analyzed. Recovery al-
gorithms include optimization methods such as ¢1-minimization (also known as basis pursuit)
and quadratically constrained ¢;-minimization (also called basis pursuit denoising), greedy meth-
ods such as orthogonal matching pursuit (OMP) and compressive sampling matching pursuit
(CoSaMP), and thresholding-based methods which include iterative hard thresholding algorithm
(IHT) and fast iterative shrinkage-thresholding algorithm (FISTA). The concept of compressive
sensing extends to recovery of two-dimensional signals where the aim is to reconstruct a low-rank
matrix from an underdetermined linear system. This extension is not just theoretically interest-
ing, but has also been applied to various engineering problems where the signal is of low-rank.
For example, this problem arises in quantum state tomography, computer vision, collaborative
filtering, and matrix completion (where a task is to recover a low-rank matrix from few known en-
tries). Since the affine rank minimization problem is NP-hard to solve, the idea of ¢;-minimization
for sparse vector recovery has been extended to nuclear norm minimization for low-rank matrix
recovery (where the nuclear norm of a matrix is the sum of its singular values). Several other algo-
rithms have been adapted to the matrix scenario including iterative hard thresholding algorithm
(IHT), iteratively reweighted least squares minimization (IRLS), and Atomic Decomposition for
Minimium Rank Approximation (ADMiRA) which extends CoSaMP for sparse vector recovery.
Additionally, other approaches and algorithms have been suggested including the alternating pro-
jections algorithm and approaches developed particularly for matrix completion involving the left
and right singular vectors along the Grassman manifold.

Both sparse vector and low-rank matrix recovery have been extensively investigated. Several
efficient algorithms — we emphasize that the above lists are highly incomplete — have been provided
together with theoretical guarantees on the convergence of the algorithms and the (often optimal,
or optimal up to log factors) bounds on the number of measurements required for successful signal
recovery.

However, in many applications such as machine learning, video compression, and seismology,
the signals of interest are tensors. In particular, in seismology a signal is a five dimensional object
with two spatial coordinates, two receiver coordinates, and a time coordinate, see for example [38].

In this thesis, we consider a further extension of compressive sensing to low-rank tensor recovery.



ABSTRACT

The aim is to reconstruct a dth order low-rank tensor from a number of linear measurements much
smaller than the ambient dimension of the tensor. Several approaches to low-rank tensor recovery
have been suggested to this end. However, presently there is no completely satisfactory theory
available for these methods. That is, the method is either not tractable, or the recovery results
quantifying the minimal number of measurements are non-optimal or even non-existent. This is
due to the several difficulties that arise when passing from matrices to higher order tensors. We
describe these difficulties in detail below.

We first discuss several tensor decompositions and corresponding notions of tensor rank
that have been introduced in the literature. The decomposition which arises naturally when
passing from two-dimensional to d-dimensional objects is the canonical decomposition (or CP-
decomposition). One defines the CP-rank of an order-d tensor X € R™*"2* X4 _ gimjlarly to
the matrix scenario — as the minimal number of rank one tensors (which are outer products of d
vectors of appropriate dimensions) that sum up to the original tensor X. Additionally, one can

define a tensor nuclear norm as the analog of the matrix nuclear norm, i.e., for X € R™xn2x"x"na

r T
||)(||>|< :min{2|ck| :X:chu}c(@ui@...@ug, TEN,
k=1 k=1

|uill, =1, foralli e {1,2,...,d},k € {1,2,...,r}}.

Unfortunately, the set or rank-r tensors is not closed (for » > 1) and thus computing the tensor
rank, the canonical decomposition, and the nuclear norm of a tensor is in general NP-hard. In
particular, in contrast to the matrix case, the affine tensor nuclear norm minimization is NP-hard
to solve and therefore one needs to develop different approaches to low-rank tensor recovery.

The Tucker decomposition, the tensor train (T'T) decomposition, and the hierarchical Tucker
(HT) decomposition are tensor decompositions which, in contrast to the CP decomposition, can
be computed efficiently via sequential singular value decompositions.

The Tucker decomposition and its normalized version, called the higher-order singular value
decomposition (HOSVD), have been applied for example in chemical analysis, psychometrics, signal

processing, and computer vision. Here a d-th order tensor X € R"1*"2X"X"d ig represented as

7o Tq
X(ir,iz,.ia) = Y Y ... Y Clhr,ka, ..., ka)Us(in, k1) Usl(iz, k) - - Ualia, ka),
k1=1ko=1  kg=1
where C € R™ 72X X7d ig g d-th order tensor and U; € R™*" with r; < n; foralli € {1,2,...,d}
are matrices. Recall that the rank of a matrix equals the number of its independent columns (or
rows). For a dth order tensor, we call a vector obtained by fixing all the entries of the tensor
except the k-th one, the mode-k fiber. (For d = 2, the mode-1 fibers are columns and the mode-2
fibers are rows of the matrix.) However, in the tensor scenario, the number of independent mode-&
fibers, denoted by 7y, is in general different for different k € {1,2,...,d}. Thus, the Tucker-rank
(or HOSVD rank) of an order-d tensor is a d-dimensional vector r = (r1,72,...,7rq). A downside
of this decomposition is its storage complexity O (ndr + rd) where n = max {n; : i € {1,2,...,d}}
and r = max {r; : 4 € {1,2,...,d}}, i.e., it suffers from the curse of dimensionality (the exponential
dependence in d). Thus, without further sparsity of the core tensor, the Tucker format is only

useful for low order tensors (i.e., for tensors of order three).
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ABSTRACT

A recently introduced decomposition that can be considered as a compromise between the
canonical and the Tucker format is the Hierarchical Tucker decomposition (HT-decomposition,).
An HT-decomposition is induced by a binary dimension tree Ty, which can be described as follows.
The root of a T7 is a set tp = {1,2,...,d} and every non-leaf node ¢ has exactly two sons — the
left son #; and the right son t, — satisfying ¢t = t; Uts. Additionally, for all s; € 1, s3 € t2
it holds that s; < s3. A special case of the HT-decomposition, where every non-leaf node of
the binary dimension tree has a left son which is a leaf, is the Tensor train decomposition (TT-
decomposition). Both TT and HT-decompositions are computable and do not suffer from the curse
of dimensionality. In particular, the TT-decomposition of an order-d tensor X € R™t*m2XX"nq
consists of d — 1 order-3 tensors G; € R"-1*"*"i with ¢ € {1,2,...,d—1} and ro = r4:=1, or
element-wise

1 T2 Td—1
X(iryiz,.ia) = Y Y .. > Galin, k1)Ga(ky i, k2) -+ Ga(ka—1,ia).

Ei=1ko=1  kq_1=1
In quantum physics the TT-decomposition is known under the name matriz product states (MPS).
The TT-rank of an order-d tensor X € R™*M2XXnd ig g (d — 1)-dimensional vector r =
(ri,72,...,74—1), where r; is a rank of the specific tensor matricization. To be precise, r; =
rank (X{I*Q“'""}), where the first ¢ indexes enumerate the rows and the last d—i indexes enumerate
the columns of the matrix X2} The general HT-decomposition is slightly more complicated
and considers different tensor matricizations. However, often it is assumed that the corresponding
dimension binary tree is a balanced tree. That is, each non-leaf mode ¢ has two sons ¢; and ty of
almost the same size. In particular, without loss of generality, one assumes that |t;]| = (%1 and
ta] = L‘;—lj The corresponding HT-rank is the set of 2d — 2 ranks r; of the corresponding matri-
cizations. Let r be the largest rank in this set (i.e., r = max{r; : 3 € {1,2,...,2d — 2}}) and let
n:=max{n; :i € {1,2,...,d}}. For an order-d tensor X € R"t*n2x""Xnda the overall complexity
for storing the required data is O (ndr + dr®) for an HT-decomposition with a balanced tree, as
opposed to O (dm“Q) for the TT-decomposition.

Recall that the canonical tensor decomposition would be a natural generalization of the matrix
singular value decomposition. However, it is in general NP-hard to compute, and therefore other
tensor decompositions have been developed. Although Tucker, TT, and HT-decompositions can be
computed efficiently (via sequential singular value decompositions) and the corresponding tensor
ranks are well-defined quantities, they suffer from several disadvantages that cause problems in
analyses of the algorithms for low-rank tensor recovery. For example, it is unknown how to obtain
the best rank-r approximation of a given tensor X € R™*n"2*Xnd_ However, it is possible to

compute a quasi-best rank-r approximation H, (X) satisfying
IX — He (X)]1 < O(Va) inf {|X — Y| : rank (¥) <1} (0.1)

This approximation is obtained via truncation procedures.

In the analysis of the algorithms for sparse vector recovery and low-rank matrix recovery, it
is often used (directly or implicitly) that we know how to obtain the best s-sparse approximation
and the best rank-r approximation of a given vector or a matrix, respectively. Additionally, it
is often used that a 2s-sparse vector and a 2r-rank matrix can be represented as a sum of two

mutually orthogonal s-sparse vectors and two mutually orthogonal rank-r matrices, respectively.
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ABSTRACT

So far, the best known result for tensors states that an HOSVD-rank 2r tensor can be represented
as a sum of 2¢ pairwise orthogonal rank-r tensors. For TT and HT decompositions — to the best
of our knowledge — an analogous result is unavailable. Recall that a computable complete analog
of the matrix singular value decomposition for tensors does not exist and we can only obtain a
quasi-best rank-r approximation of a given tensor. These tensor peculiarities cause problems in
the analysis of algorithms for low-rank tensor recovery. They also give an insight into why there
are no completely satisfactory results available for low-rank tensor recovery to this end and why
there is a need for new methods when passing from matrix to tensor scenario.

Two new approaches to low-rank tensor recovery are presented in this thesis. The first ap-
proach is a convex optimization approach that could be considered as a tractable higher-order
generalization of ¢;-minimization for sparse vector recovery and nuclear norm minimization for
low-rank matrix recovery. It is based on theta bodies, a recent tool developed in real algebraic
geometry. It requires computing the reduced Grobner basis with respect to the graded reverse lex-
icographic (grevlex) ordering of the polynomial ideal Jy in R[z11..1,%11..2y- s Tnyny...ny] Whose
real algebraic variety (the set of points where the ideal vanishes) vg (J4) consists of all rank-one
Frobenius-norm-one tensors in R™1*"2*X"d_ Here, each variable represents a tensor entry. We
consider the canonical tensor format and the corresponding tensor nuclear norm which are in
general NP-hard to compute, as already mentioned. Notice that the convex hull of vg (Jy) cor-
responds to the unit-tensor-nuclear-norm ball. Theta bodies provide sum-of-squares hierarchical
relaxations of this convex set. The f-norms are defined via their unit balls and they are nested,
ie., they satisfy X[, > - > [ X[y, = [IXllp,_, = == > [ X[ly,, for all X € Rmaxnaxxnd,
These norms can be computed via semidefinite programming. First we compute the reduced
Grobner basis with respect to the grevlex ordering of the ideal J; — and in particular of J3. Then
the semidefinite program for computing the tensor #;-norm of an order-3 tensor as well as the
semidefinite program for a low-rank third order tensor recovery via #;-norm minimization are pro-
vided explicitly. We perform numerical experiments for third-order tensor recovery with Gaussian
measurement ensembles via #1-norm minimization. In our experiments, rank-one and rank-two
tensors could always be recovered from a number of measurements significantly smaller than the
ambient dimension of the corresponding tensor. Thus, our new theta-body approach seems to be
very promising. In future, we would like to provide the theoretical guarantees for low-rank tensor
recovery via #i-norm minimization.

The theta body method can also be applied to the vector and the matrix scenario. That is,
the corresponding unit fx-norm balls form a hierarchical set of relaxations of the unit ¢;-norm
ball (in the vector scenario) and of the unit matrix nuclear norm ball (in the matrix scenario).
However, in these cases, the method does not lead to new vector and matrix norms, respectively.
In particular, we show that for a vector x € R™ and the corresponding 6;-norms denoted by ||- Hekm
it holds that |||, = [[x[|y, ,. for all k. Similarly, for a matrix X € R"**"2 and the corresponding
Or-norms denoted by ||-[l,, ,, it holds that [[X[[, = [[X[[,, ,,, for all k.

In the above approach we focused on the polynomial ideals 7; whose real algebraic variety
vr(Jq) consists of all order-d rank-one Frobenius-norm-one tensors. Omitting the last condition
(i.e., the tensor normalization), leads to ideals 75 4 that — to the best of our knowledge — have not
been considered before. These ideals can be seen as the natural generalization of the determinantal

ideal Iy to tensors. A determinantal ideal Z, is a polynomial ideal generated by all order-t minors
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ABSTRACT

of the matrix of indeterminates (matrix of unknowns). Equivalently, the real algebraic variety of
determinantal ideal Z; contains all rank-(¢ — 1) matrices. Determinantal ideals and objects related
to them have been widely studied in real algebraic geometry and commutative algebra for the last
three decades. Recall that we have computed the reduced Grébner basis G4 of the polynomial
ideal J; with respect to the grevlex ordering. Directly from this result, we obtain the reduced
Grébner basis of the polynomial ideal Z; 4. To be precise, the leading term of the polynomial
gi=123 1+ o+t xfhnz,._nd — 1 € G4 which promotes the Frobenius-norm-one constraint
is relatively prime with the leading term of every other polynomial in G4\{gs}. Consequently,
the set G4\{gaq} is the reduced Grobner basis with respect to the grevlex ordering of the higher-
order determinantal ideal Z5 4. In other words, our computation of the reduced Grébner basis of
polynomial ideal Jy could be considered as the first result on higher-order determinantal ideals
7.4 (whose real algebraic variety contains all rank-(¢ — 1) order-d tensors), where d > 3.

Our second approach to low-rank tensor recovery is a generalization of the iterative hard
thresholding algorithm (IHT) for sparse vectors and low-rank matrices to the tensor setting. We
consider recovery of tensors which are of low-rank in the HOSVD, the TT, and more generally the
HT format. The analyses of these algorithms are based on an appropriate notion of the restricted
isometry property for tensors (tensor RIP or TRIP). We show that subgaussian measurement
ensembles satisfy TRIP with high probability under an (almost) optimal condition on the number
of measurements. This includes Gaussian and Bernoulli measurement ensembles. Additionally,
we show that partial Fourier maps combined with random sign flips of the tensor entries also
satisfy TRIP with high probability. The crucial step in IHT algorithms consists in computing
the projection of the current iterate onto the manifold of low-rank matrices/tensors or space of
sparse vectors. In contrast to the vector/matrix case, it is NP-hard to compute the projection
(best approximation) exactly — regardless of the choice of tensor format. Thus, we compute
its quasi-best approximation H,(X) introduced in by a truncation procedure. Due to the
tensor peculiarities discussed above, we obtain a partial convergence result with an additional
assumption on the tensor truncation operator. To illustrate our theoretical results, we perform
numerical experiments for recovery of randomly generated low HOSVD-rank third order tensors via
the classical tensor IHT algorithm and the normalized tensor IHT algorithm. In our experiments,
we consider Gaussian maps, tensor completion, and partial Fourier maps combined with random
sign flips of the tensor entries. Our numerical results indicate that the tensor IHT algorithm in

practice performs better than our theory can currently guarantee.
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CHAPTER 1

Introduction to compressive sensing

and low-rank matrix recovery

In this chapter we introduce compressive sensing (sparse vector recovery) and its generalization
to matrices, i.e., low-rank matrix recovery. We introduce three criteria that ensure successful
recovery in compressive sensing including its versions adapted to matrix scenario — namely, the
restricted isometry property, the null space property, and the coherence. In the compressive
sensing scenario we concentrate on two algorithms: £1-minimization which is a convex optimization
approach and iterative hard thresholding algorithm which is an iterative thresholding based method.
In Section [I.2) we introduce the generalizations of these algorithms to matrices — namely, nuclear
norm minimization and matriz iterative hard thresholding algorithm. Later on, in Chapter [4] and
Chapter [5| we extend these algorithms to the tensor scenario. However, either the generalization
of the algorithm is not straightforward (in the convex optimization case) or the proof of complete
convergence of the algorithm is not straightforward (in the iterative hard thresholding case).
In fact, for the iterative hard thresholding algorithm we have a convergence guarantee with an
additional assumption on thresholding operator. Even more, so far there is no complete theory
available for low-rank tensor recovery. Either the methods are not tractable, or the recovery results
quantifying the minimal number of measurements are non-optimal or even non-existent. That is
why, throughout this chapter, we are going to put an emphasis on certain vector and matrix
properties which play a crucial role in the proofs of convergence of above mentioned algorithms.
Additionally, we stress why the proofs can not be easily extended to tensor scenario due to the
properties of tensors and why there is consequently a need for new approaches in low-rank tensor

recovery.

1.1. Recovery of s-sparse vectors

Compressive sensing (also known as compressed sensing or compressive sampling) is a recently
introduced technique for efficiently acquiring and reconstructing signals from linear measurements.

In the most basic setting, the observed data y € C™ is connected to the signal x € CV via
y = Ax.

For example, in signal and image processing application, x is a signal that one would like to
reconstruct from measured data. Traditional reconstruction techniques suggest that the number
of measurements m should be at least as large as the signal length N. If m < N, then it is known
from classical linear algebra that the above linear system is underdetermined and that there are
infinitely many solutions. This is also connected to the Shannon sampling theorem, which states
that the sampling rate of a continuous-time signal must be twice its highest frequency in order to

ensure reconstruction, see [140].
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However, many real-world signals are sparse (most of its components are zero) or compressible
(approximately sparse) in a certain basis or frame. Compression techniques such as JPEG, MPEG,
and MP3 are based on this observation. In essence, these techniques store a compressed version
of the measured signal by only retaining the locations and the magnitude of the components that
are not zero (or above some threshold). The theory of compressive sensing uses the knowledge of
sparsity (or compressibility) of the signal and reconstructs the signal (or its compressed version)
via significantly fewer measurements than the ambient dimension of the signal (i.e., m < N).
Thus, the main difficulty lies in locating the nonzero entries of the signal (or signal entries above
some threshold), since they are not known in advance.

Two main questions arise in compressive sensing theory:

e Which measurement matrices A € C™*N

are suitable for compressive sensing?
e How can we efficiently reconstruct sparse or approximately sparse signals x € CN from

y = Ax?

Throughout, let K denote either R or C. A vector x € K is an s-sparse vector if at most s
of its entries are different from zero, i.e., if ||x[, := [{i : x (i) # 0}| < 5. The goal of compressive
sensing is to reconstruct a sparse vector x € KV from the measurement vector y € K™ given
by y = Ax and a measurement matrix A € K™*VN with m < N. Unfortunately, the natural

approach for reconstructing the signal x by solving the optimization problem
min ||z s.t. Az = 1.1
min 2]} y (1)

is a combinatorial problem known to be NP-hard in general.

In the last decades, several algorithms have been introduced to solve the above problem in
special cases. In particular, as we will see later, the recovery guarantees depend on both the choice
of the reconstruction algorithm, as well as the choice of the measurement ensemble. Presently, the
best known recovery guarantees are always achieved for random measurement ensembles.

Let us first focus on a convex optimization approach serving as proxy for . It has been

shown that the convex optimization problem (also called basis pursuit)

min ||z s.t. Az=y, 1.2
min 7, y (12)

where ||z||, = Zi\; |z;] denotes the ¢1-norm of the vector z, reconstructs x exactly under suitable
conditions on A. In fact, this approach has been popularized in signal processing by Donoho et
al. [33], even though similar ideas existed earlier in other areas of research, see for example [I38].
For an intuitive understanding why ¢;-norm promotes sparsity (instead of the f3-norm and the
{s-norm) see Figure In mathematical terms, the figure presents a solution of the problem
argmin [[z[|, s.t. Az=y,
zeKN

where p = 1 in Figure p = 2 in Figure and p = oo in Figure |[l.1c, That is, the
reconstructed vector X is among all the vectors in the set Ha y := {x : Ax =y} the one with the
smallest £,-norm. As it can be seen from the figures, the vector X is a sparse vector only in the
¢1-norm case. In particular, in R? a sparse vector is a solution of £5-minimization only in the case
when H 4y is parallel to the coordinate axis. In the {,, scenario, either a sparse vector is not a

solution or it is not a unique solution of £,,-minimization (when H 4 y is parallel to the coordinate
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FIGURE 1.1. Best approximation of a point x € R2*2 by one dimensional sub-
space using the ¢,-norm.

axis). Thus, the figures suggest that the £;-norm promotes sparsity, whereas the f2-norm as well
as the f/.-norm do not.

Notice that the constraint in will be satisfied for every vector z = x+v, where v € ker (A)
since

Az=Ax+Av=y+0=y.

Thus, to ensure that x is the unique solution of , we need to pose certain restrictions on
the null space (kernel) of A. Let & C [N] = {1,...,N} be a set of cardinality |S| = s < N.
With vs € KV we denote a vector which coincides with v € K¥ on the entries in the set S and
is extended to zero outside S§. In addition, Ag € K™** denotes the submatrix containing the
columns of A € K™*¥ indexed by S.

Definition 1.1 (|25, 60]). A matrix A € K™*¥ is said to satisfy the null space property (NSP)
relative to a set S C [N] if

|vsll; <llvsell;, forall v € ker(A)\{0},

where 8¢ denotes the complement of the set 8. A matrix A satisfies the null space property of

order s if it satisfies the null space property relative to any set S C [N] with |S| < s.

The following theorem states that the null space property is a necessary and sufficient condition

for exact recovery of all sparse vectors via basis pursuit.

Theorem 1.2 ([60]). Given a matrix A € K™*V every s-sparse vector x € KV is the unique
solution of (1.2)) with y = Ax if and only if A satisfies the null space property of order s.

This condition or a version of this condition is often used to establish uniform recovery results,
see for example [35] [7T], [89] [146]. However, in practice, it is difficult to check whether a given matrix
A satisfies the null space property. In the following, we present another criterion — introduced for

the first time in [26] — which guarantees signal recovery.

Definition 1.3 (RIP, [26]). Let A € K™*" be a measurement matrix. The restricted isometry
constant (RIC) d5 of a matrix A is the smallest 0 < 6 < 1 such that

(1-9) Hng < ||Ax||§ <(149) ||X||§, for all s-sparse vectors x. (1.3)

We say that A satisfies the RIP (restricted isometry property) at sparsity level s if d5 is bounded

by a sufficiently small constant.
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By definition, the sequence of restricted isometry constants is nondecreasing, that is
01 <0< <0, <0541 <. <O
Equivalently, the RIC is given by

5, = A%Ag — 1 , 14
sqﬁ’fﬂgs” sAs 1|5, (1.4)

where ||-||,_,, denotes the operator norm. This notion of the RIP is often used in deriving recovery
guarantees for compressive sensing algorithms.
To show the equivalence of (1.3)) and (1.4)), we start with the following observation

(1—0)|x|2 < [|[Ax||3 < (1+6) ||x]> for all s-sparse vectors
& ’||Ax||§ - ||x||§‘ <4é Hng for all s-sparse vectors
= ’||A5x||§ - ||x||§‘ < §||x|> for all S € [N],|S| < s, and for all x € K*.

Fix any 8 C [N] with |S| = s. Expanding the left hand side in the above inequality gives for all
x € K*
1Asx|l; — Ix]; = (Asx, Asx) — (x,x) = {(A5As —1)x,).
Since the operator AgAs — I is Hermitian,
e (ASAs —21) X, X) <
xeka\{0) 1%l

[AsAs =1y =

The equality holds, as ds is the smallest such §.

Next, we present a result showing the importance of the RIP in sparse vector recovery.

Theorem 1.4 ([26]). Suppose that the 2s-th restricted isometry constant of a matrix A € K™*V
satisfies dos < 1. Let xo be any s-sparse vector and let y := Axg. Then xg is the only s-sparse

vector satisfying Ax =y.

PRrROOF. We prove the theorem by contradiction. Assume that there exists an s-sparse vector x
different from x( and satisfying Ax =y. Then z := x —xo € ker (A) \{0} and z is 2s-sparse. But
then

0= [Az|3 > (1—da) [2]5 > 0

which is a contradiction. O

The following theorem on sparse vector recovery via basis pursuit under the RIP assumption

is stated without proof.

Theorem 1.5 ([I8, [I70]). Suppose that the 2s-th restricted isometry constant of the matrix

A € K™*N gatisfies )

7

Then every s-sparse vector x € K" is the unique solution of

025 <

min ||z]|; such that Az = Ax.
zc KN

So far, we have seen that matrices A € K™*¥ satisfying the RIP condition are suitable

measurement matrices for compressive sensing. In the following we argue that such matrices exist.
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In particular, random subgaussian matrices satisfy the RIP condition on sparsity level s with high
probability when m > sln(eN/s). On the other hand, all known deterministic constructions of
matrices satisfying the RIP require that m > s? (see for example [47, 84]) or at least m > s%7¢

for some small constant € > 0, see [13, [14].

Definition 1.6 ([60]). Let A € R™*Y be a random matrix, i.e., a matrix having random variables

as its entries.

(1) If the entries of A are independent Rademacher variables (taking values +1 with equal
probability), then A is called a Bernoulli random matriz.

(2) If the entries of A are independent standard Gaussian random variables, then A is called
a Gaussian random matriz.

(3) If the entries of A are independent mean-zero subgaussian random variables with variance

1 and the same subgaussian parameters (3, k, i.e.,
P(|A (j, k)| > t) < Be™*", forallt>0,j€ [m],ke[N],

then A is called a subgaussian random matrix. Equivalently, A is a subgaussian random

matrix if for some constant ¢ independent of j, k and N it holds that
E [eeA(j’k)} <e® forall e K,j € [m],k € [N].

Clearly, Gaussian and Bernoulli random matrices are subgaussian random matrices. The
following theorem states that Gaussian and Bernoulli random matrices A € C™*V satisfy the

RIP condition with high probability if the number of rows m is large enough.

Theorem 1.7 ([60]). Let A be an m x N Gaussian or Bernoulli random matrix. Then there exists
a universal constant C' > 0 such that the restricted isometry constant of ﬁA satisfies d;, < &

with probability at least 1 — ¢ provided
m > C6 2 (sIn(eN/s)+1In(271)). (1.5)

If the locations of non-zero entries in an s-sparse vector x are known, one needs only s
independent measurements to recover x. Thus, the factor s is necessary in the above bound.
However, in general, these locations are not known. Even more, the bound on the number of
measurements for sparse vector recovery is in fact optimal. That is, the logarithmic factor In(N/s)
cannot be improved, see [59] [63].

For practical purposes, one would like to obtain matrices A with structure satisfying RIP with
high probability (with optimal or almost optimal bounds) which are also efficient in the sense that
only O(N log N) operations are required to compute Ax. In particular, it is known that random
partial Fourier matrices C™*¥ (obtained by randomly choosing m rows of the N x N discrete
Fourier matrix) satisfy the RIP with high probability if m > slog?(s)log(N), see [12, [77]. In [95]
it has been shown that a random partial circulant matrix generated by a Rademacher vector ¢
satisfies the RIP with high probability provided that m > slog®(s)log?(N). For the definition of
partial Fourier and partial circulant matrices see Subsection In [2] the authors construct RIP-
optimal efficient matrices for the regime m < N'/2=# (for an arbitrarily small ;). In particular,

their construction of an RIP matrix is of the form

A =BHD;HD;---HD,,
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where H is a Hadamard or a Fourier transform, D; is a diagonal matrix with random {+1, -1}
on the diagonal for all ¢, and B is any m x N matrix with orthonormal rows.

So far we have introduced the null space property (NSP), which is a necessary and suffi-
cient condition for sparse vector recovery, and the restricted isometry property (RIP), which is
a sufficient condition for sparse vector recovery. Verifying whether a given matrix A € C™*V
satisfies the RIP or NSP property is in general NP-hard, see [155]. However, we have shown how
to generate a random matrix which will satisfy the RIP condition with high probability. We now
introduce the coherence which is another criterion that leads to recovery guarantees. It is a very
simple measure of suitability of the measurement matrix. The coherence of a given matrix is easily
computable which is an advantage in comparison to other two conditions. In general, the smaller

the coherence, the better the recovery algorithm performs.

Definition 1.8 ([60]). Let A € K™*¥ be a matrix with f,-normalized columns a.;,a.,...,a.y,
ie., ||a;ll, =1 for all i € [N]. The coherence p = p(A) of the matrix A is defined as

po= max [{aq,ag)].

The coherence y of the matrix A € K™*" with fo-normalized columns satisfies

Nom o
m(N-1) —" —
The upper bound follows since |(a.;,a.;)| < [|a.|, [|a.j||, and the columns are unit normed. For
the bound below, we refer the interested reader to [60] and we note that the bound is tight. In
particular, it is achieved if and only if the columns of the matrix form an equiangular tight frame.
However, for most pairs (m, N), constructing such a frame is an open problem [148] [165].
Next, we introduce the more general concept of ¢1-coherence function which includes the usual

coherence for the parameter s = 1.

Definition 1.9 ([60]). Let A € C™*¥ be a matrix with fo-normalized columns a.;,a.,...,a.y,
ie., [|as|l, = 1 for all @ € [N]. The {i-coherence function p; of the matrix A is defined for
s € [N —1] by

p (s) == m%max E {a.j,a;)| : S C[N],|S|=s,1¢ S
1€
€s

Notice that for s € [N — 1]
p< pa(s) < sp,
and more generally that for s,t € [N — 1] with s +¢ < N — 1,

max {1 (s), 1 ()} < pa (s +1) < pa(s) + pa (2).-

The following theorem gives a recovery guarantee under the assumption that the ¢;-coherence

function of the measurement matrix is small enough.

Theorem 1.10 ([60]). Let A € K™*¥ be a matrix with f3-normalized columns. If

pa(s) +pa(s—1) <1
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then every s-sparse vector x € KV is exactly recovered from the measurement vector y = Ax via

basis pursuit.

Since p1(s) < sp, the above theorem is true also if coherence p of the measurement matrix A
with fp-normalized columns satisfies u(2s — 1) < 1. The next lemma connects the RIP and the

coherence property.

Lemma 1.11 ([42]). If A € C™*¥ has unit-norm columns and coherence p, then A satisfies the
RIP of order s with 65 = (s — 1), for all s < 1/p + 1.

In particular, if A € C™*¥ has unit norm columns and coherence p < 1, then A satisfies the
RIP of order two with d2 = pu. A consequence of the above lemma and Theorem is that the
coherence is also a sufficient condition for sparse vector recovery.

In more realistic scenarios, the signals we aim to recover are not sparse, but approximately
sparse. In such cases, we would like to recover a signal with an error controlled by its distance to
s-sparse vectors. In the literature, this property is usually called stability of reconstruction scheme
with respect to sparsity defect. In particular, it is known that the basis pursuit is stable under a

slightly strengthened version of the null space property.

Definition 1.12. A matrix A € C™*¥ is said to satisfy the stable null space property with
constant 0 < p < 1 relative to a set S C [N] if

lvsll; < pllvse]; for all v € ker(A).

A matrix A satisfies the stable null space property of order s with constant 0 < p < 1 if it satisfies
the stable null space property with constant 0 < p < 1 relative to any set & C [N] with |S| < s.

The following theorem is a well-known stability result for basis pursuit.

Theorem 1.13 ([60]). Suppose that A € C™*V satisfies the stable null space property of order s
with constant 0 < p < 1. Then, for any x € CV, a solution x# of

min [|z||, st. Az=Ax
z

approximates the vector x with ¢i-error
2(1+p)
(1—=p)

where 04(x); = inf{||w — x||, : w € CV,[|w]|, < s}.

e~ #]l, <

0s(x)1,

Additionally, in real applications, measured data will be corrupted by noise since sensing
devices do not have infinite precision. As a consequence, the measurement vector y € C™ is only

an approximation to Ax € C™, with
[Ax -yl <n,

for some 1 > 0 and some norm ||-|| on C™ — typically the ¢;-norm or the £3-norm. In such situations,
we would like the reconstruction algorithm to recover a signal whose distance to output vector
x# is controlled by measurement error n > 0. It is well-known that robustness of the convex
optimization problem

min ||z s.t. ||[Az — <
Jnin (4P [ yll <m,
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is guaranteed under the following additional strengthening of the null space property.

Definition 1.14. A matrix A € C™ ¥ is said to satisfy the robust null space property (with
respect to ||-||) with constants 0 < p < 1 and 7 > 0 relative to a set S C [N] if

Ivsl, < pllvsell, + 7Av] forall v e V.

A matrix A satisfies the robust null space property of order s with constants 0 < p <1 and 7 >0
if it satisfies the robust null space property with constants p, 7 relative to any set & C [N] with
|S| < s.

The following theorem includes Theorem [I.13] as the special noiseless case, i.e., when 1 = 0.

Theorem 1.15 ([60]). Suppose that matrix A € C™*¥ satisfies the robust null space property
of order s with constants 0 < p < 1 and 7 > 0. Then, for any x € C¥, a solution x# of

mig lzll, st. Az -yl <n,

where y = Ax + e, and ||e|| < n approximates the vector x with ¢;-error

X*X# 72(1—’_/))0' X ar
H ||1§ (1—0) s( )1+1_p

Finally, we present a compressible vector recovery result with noisy measurements under the

n.

assumption that the measurement matrix A satisfies the RIP. Thus, the ¢;-minimization is robust

to noise also under the RIP assumption.

Theorem 1.16 ([60]). Suppose that the 2sth restricted isometry constant of the matrix A €
C™*N gsatisfies

4
By < —— 72 0.6246.
ST

Then, for any x € CV and y € C™ with |[Ax — y||, <7, a solution x* of
min ||z s.t. Az — <
o (E4IP I vl <m
approximates the vector x with error
Ix = x*[l; € Cou(x): + DV/n,
where constants C, D > 0 depend only on dg;.

So far we have focused on the ¢;-minimization approach to sparse vector recovery. However,
many algorithms have been developed to solve the sparse vector recovery problem. In fact, recovery
algorithms for compressed sensing problem can be roughly divided in three categories: convex
optimization methods, greedy methods, and thresholding based methods.

Optimization algorithms include ¢; -minimization (also called basis pursuit) [33] and quadrat-
ically constrained {1 -minimization (also called basis pursuit denoising) [154]. These minimization
problems can be solved by standard methods from convex optimization, such as interior-point
methods, see [I5] [121]. Additionally, specialized numerical methods have been developed for solv-
ing ¢;-minimization problems such as Homotopy method or modified LARS [50}, b3, [122] 123],
Chambolle and Pock’s Primal-Dual Algorithm [31], and iteratively reweighted least squares algo-
rithm [41].



CHAPTER 1. 1.1. RECOVERY OF S-SPARSE VECTORS

Orthogonal matching pursuit (OMP) [157] is a greedy method which builds the support of the
reconstructed s-sparse vector iteratively by adding one index to the current support set at each
iteration. Needell and Tropp in [I18] introduced another greedy method called Compressive sam-
pling matching pursuit algorithm (CoSaMP). Greedy methods include also reqularized orthogonal
matching pursuit [119, [120], subspace pursuit algorithm [39], and others.

Finally, thresholding based methods include iterative hard thresholding algorithm [10], iterative
soft thresholding algorithm — also called iterative shrinkage-thresholding algorithm (ISTA) [40, 50,
51, fast iterative shrinkage thresholding algorithm (FISTA) [6], and others. In the next subsection
we analyze in detail iterative hard thresholding algorithm and its normalized version introduced
by the same authors in [II]. In Chapter [5| we focus on versions of this algorithm adapted to the
tensor scenario.

Before passing to the iterative hard thresholding algorithm we remark that there are two types
of results available in compressive sensing for random measurement matrices. Uniform recovery
results state that with high probability on the choice of the random matrix, all sparse signals can
be recovered using the same matrix. On the other hand, nonuniform recovery results state that a
fized sparse signal can be recovered with high probability using a random draw of the measurement
matrix. In this chapter and throughout this thesis, the theory of compressed sensing is presented
in more detail with the focus on uniform recovery. For nonuniform recovery results, we refer the
interested reader to [3] 24 [32].

1.1.1. Tterative hard thresholding algorithm. The iterative hard thresholding (IHT)
algorithm is an iterative method for solving the system Az = y knowing that the solution is
s-sparse, see Algorithm [I.I] Instead of solving Az =y, the algorithm is solving the quadratic
system A*Az = A*y which can be interpreted as the fixed point equation

z=z—-—A"Az+ A"y =z+ A" (y — Az).

Since we search for an s-sparse solution, in the jth iteration of the algorithm we compute the best
s-sparse approximation of the vector v/ := x/ + A* (y — AxJ ) — denoted by Hs (uj ) The best
s-sparse approximation Hg (x) of a vector x is obtained by keeping the s largest in magnitude
(absolute values) entries of x. Therefore, in the jth iteration of the algorithm we obtain the vector
X = H, ().

Algorithm 1.1. Iterative hard thresholding (IHT) algorithm

Input: Measurement matrix A € K™%V, measurement vector y € K™,
sparsity level s.
Initialization: sparse vector x°, typically x° =0, j = 0.

j=j+1

1
2
3
4: Tteration: repeat until the stopping criterion is met at j = j
5
6
7:  Output: s-sparse vector x# = xJ

A typical stopping criterion for both the IHT (see Algorithm and the normalized THT
(NIHT) algorithm (see Algorithm is |ly — Ax7||y < e, for a chosen tolerance € > 0.
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The following result gives a criterion for the convergence of the IHT algorithm under the

assumption that the measurement matrix satisfies the RIP condition.

Theorem 1.17 ([60]). For a € (0,1), let A € K™*¥ satisfy the restricted isometry property with

a
035 < 5 (1.6)

and let x € KV be s-sparse. Given noisy measurements y = Ax + e, the vector x?*! obtained in
the j-th iteration of the IHT algorithm satisfies

ba)
2 e,

where b(a) = 2,/1 + §. Consequently, if e # 0 then after at most j* = flogl/a(HxO - xH2 /llells)]

iterations, x?T! estimates x with accuracy

I = x|l < % = x], +

14+ a+ b(a)

[t ] < 2

llell - (1.7)
PROOF. It is enough to show that x/*! obtained in iteration j satisfies
[ = x|, <al|x’ —x||, +bllel,, j=>0.
Since x7*1 is the best s-sparse approximation to the vector u/ = x7 + A* (y — Ax/) = x/ +
A*A (x —x7) + A*e,
[l =[5 < o’ =]l (1.8)
Expanding the left hand side we obtain
lo? =513 = | (= x) = (7 =)
= o = x]3+ [ = ] — 2Re (=3 ). (1.9
Let T~ denote the union of the support sets of the vectors x/ —x and x/t! — x, i.e.,
T :=supp (x/ —x) U supp (x’*' —x) and |7 < 3s.

In the following v € C!71 denotes the restriction of a vector v € CV to indices in 7. From (L.§)
and (1.9)) it follows that

[/ — x> < 2Re (W —x, %7 —x) = 2Re ((I— A*A) (x) — x) + A”e,x’ ™! —x)
<2((I- A*A) (¢ —x) ! = x)[ +2[(A%e,x ! —x)]
=2|(x —x, %" —x) = (A () =x) A (T —x))| +2[(e, AT — )|
=2[{( = x) s (T = x) ) = (A7 (¥ = %), A7 (X7 = x) 1)
+2 (e, Ar(x’ T —x))|
=2|((¢ — %) (T AFAT) (7 =) 7)] +2[ (e, Ar( ™ — )]
< 2[|(x = x) 2|l T = AF AT, [ (7 = x) L], + 2[le]l, AT — %),
< 205 |3 — x|, [+ = x|, + 2v/T+ B34 flell, [[x7*! — x|

where the last inequality follows from |77 < 3s and (L.4). If [|x ™ —x||, > 0, then dividing the

5> We obtain

2

above inequality by ||x7 — x|

0 =y < 28 10 = ], + 23T B el

10
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This concludes the proof (since 2035 < a by assumption (|1.6))). O

Remark 1.18. This theorem also applies in a case where the vector x is compressible (i.e.,
approximately s-sparse). By splitting x = x5 + X, into the best s-sparse approximation x4 and a

remainder term X., we obtain
y=Ax+e=Ax,+ Ax,+e = Ax, +¢,

where € = Ax. + e. Then the theorem is applied to € instead of e and (|1.7)) results in the error

estimate
14+ a+b(a)
a

1_
We can further estimate the right hand side of (1.10). To obtain a better estimate, we have to

consider 2s-sparse vectors. This leads us to the following theorem.

[/ — x| < |Ax. + e, . (1.10)

Theorem 1.19 ([60]). For a € (0,1), let A € K™*¥ satisfy the restricted isometry property with

a
Ogs < 5

Then for all x € CV, e € CV, the sequence (x7); defined by the IHT algorithm with y = Ax + e,
x° = 0, and H, replaced by Ha, satisfies

C .
—=05(x)1 + D [lell, + 20" [Ix]l, , (1.11)

NG

where constants C, D > 0, and p € (0, 1) depend only on a.

e ==, <

The following lemma is used in the above proof.

Lemma 1.20 ([60]). Suppose A € C™*¥ has restricted isometry constant s < 1. Given 7 > 0,
£€>0, and e € C™, assume that two vectors x,x’ € CV satisfy

IX'llg <25 and |lx7 = x|l < 7[|Ax7e +efl, +¢,
where 7T denotes an index set of 2s largest in magnitude entries of x. Then

C
—=os(x)1+ 7l +&,

NG

[x —x'[l, <
where C' =1 4+ /27.

PRrROOF.
x = xlly = lIx7e +x7 = X[l < llx7ely + %7 = X[y < [[x70]l5 + 7 [|AxT + €]l +¢
< llxgelly + 7 [|[Axgelly + 7 llell, + €. (1.12)
Let 8 C T denote the index set of s largest absolute entries of x. Then
1 1
|x7elly = 0s(x5c)2 < 7 xs-|l;, = %JS(X)M (1.13)

where the above inequality follows from the following observation. Let x* denote the nonincreasing
rearrangement of the vector x. That is, 7 > 25 > .-+ > 2%, > 0 and there exists a permutation
7 : [N] = [N] with 2} = |z(;|, for all j € [N]. Then it holds

N N 1 2s 1
oxs = Y @P<u, Y w<ailxsdy <t Y aflxsly <+ sl
Jj=2s+1 j=2s+1 j=s+1

11
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Set 81 := T\S. Let us partition the complement of 7 as T =8, US3U... as

So := index set of s largest absolute entries of x in T°

S3 := index set of s largest absolute entries of x in (T U 832)°, etc.

Applying the RIP assumption, we obtain the estimate
JAxrell, < 3 1 Axs, lly < VI o 3 Ixs, - (1.14)
k>2 E>2

Since

1/2

1 1 , 1 1

— = |- < < i < — = - 1.15

IR D 9] IR ME RIS 1 Ol S | TR
LeES) PESK_1

we have
1 1

1
D olxsill, <7 —=lIxslly = —= lIxselly = —=0s(x)1. (1.16)
k>2 0>1 Vs Vs Vs

Plugging (1.16)) in (1.14) leads to the estimate
VI+3d, ()1 < V2
———os(x —o0

\/5 s 1> \/g s
Substituting (1.13)) and (1.17)) in (1.12)) we obtain the estimate
1 V2 1

Ix =Xl < —=0s(x)1 + T==0s(x)1 + Tlell, + & = 7

Vs Vs

[Axye]l, < ()1 (1.17)

(14 v2r) o)1 + 7 llell, + €
O

ProOF OF THEOREM [[.T9l Theorem [I.17]implies that there exists 0 < p < 1 and 7 > 0 depend-
ing only on a such that, for any j > 0,

Jrr 01, < 714y +ell 497 el

where T denotes an index set of 2s largest in magnitude entries of x. Then Lemma with
x' =x/T and € = pP ||x7], < pPT1[x]],, implies that

. C .
e = 1], < o)y + D el + 207l (1.18)
where C, D > 0 depend only on 7, hence only on dgs. O

The crucial point in the proof of Theorem is step . That is, the fact that we know
how to obtain the best s-sparse approximation of a given vector x € KV. As it will be seen later,
in the tensor case it is not known how to efficiently obtain the best rank-r approximation of a given
tensor — regardless of the choice of tensor rank. We present another recovery result for the THT
algorithm without a proof. Essentially, small coherence of the measurement matrix guarantees
the success of the IHT algorithm.

Theorem 1.21 ([60]). Let A € K™*¥ be a matrix with f3-normalized columns and y = Ax. If
1

w1 (2s) < 1/2 — in particular if g < e

s

then for every s-sparse vector x € K, the sequence (x’ ); generated by the IHT algorithm

convergences linearly to x.

12
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The normalized iterative hard thresholding (NIHT) algorithm (see Algorithm is a version
of the IHT algorithm with a different stepsize. In particular, the vector update in the jth iteration
is of the form

X = H () + A (y — Ax7)),
for a precisely defined stepsize 11;. To motivate the stepsize in the NIHT algorithm, we recall the
original sparse approximation problem we want to solve. Assume we are given a measurement
matrix A € C™*Y and a measurement vector y = Ax knowing that the signal x we want to
recover is at most s-sparse (or is well approximated by an s-sparse vector). This leads to the

following s-sparse constrained optimization problem which is NP-hard in general
1 2
min o [ly = Axl; st xlly <.

Gradient descent methods can be used to solve f(x) = 1 |ly — AXH;. Starting with an initial guess

X0, the gradient Vf(z) = A*(Ax —y), and adding a stepsize p; leads to the sequence (x7);
T = %7 4 A (y — AxY).

Thus, iterative hard thresholding algorithm could be considered as a gradient descent method.
Since the signal x we seek to recover is s-sparse and a current iterate is not necessary s-sparse, we
additionally apply the thresholding operator H, on the iterates. This leads to the sequence (x7) j
of the more generalized IHT algorithm with

xITh = H (%) + p A (y — AX))).

As already mentioned, if y1; = 1 for all iterations j we get the IHT algorithm presented as Algorithm
However, one can try to improve the performance of the algorithm by choosing carefully the
parameter u; in each step of the algorithm.

Let us assume that in iteration j we have identified the correct support U;. That is, U is
the support of the best s-term approximation to x. Since the support in this case is fixed, we can
calculate the optimal stepsize (i.e., the stepsize that maximally reduces the error % Hy — AxJ Hz
in each iteration) [66] and obtain

12
Az, & - ax)|

Hi = 2
HAujAzitj (y — Ax7) ‘2
This stepsize is then used for the NIHT algorithm, see Algorithm The NIHT algorithm was

introduced in [I1] by the same authors who introduced the THT algorithm.

Similar convergence guarantees are available also for the NIHT algorithm. We present here a

recovery result under the assumption that the measurement matrix satisfies the RIP.

Theorem 1.22. For a € (0,1), let A € K™*¥ gatisfy the restricted isometry property with
a
a+4

O35 <

and let x € KV be s-sparse vector. Given noisy measurements y = AX + e, the vector x/+!
obtained in the j-th iteration of the NIHT algorithm satisfies

) ) b
[ *1 = x, < @ [~ + 2L el

13
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where b(a) = 2731:;5:3. Consequently, if e # 0 then after at most j* = [logl/a(on — XH2 /llells)]
iterations, x7*1 estimates x with accuracy

14+a+b(a)

P = xl[p < ——=,

el -

PROOF. The proof of the theorem is analogous to the proof of Theorem In particular, we

get the estimate

Bt = x, < 20T = AT ATy %7 = x|, + 205v/1 + s [lell,

It remains to bound terms ||I — 1;A%A7|, ., and p;. This is done analogously as in the proof
of Theorem [1.41] O

Algorithm 1.2. Normalized iterative hard thresholding (NIHT) algorithm

Input: Measurement matrix A € K™*", measurement vector y € K™,
sparsity level s.

Initialization: sparse vector x°, typically x° = 0, U° = supp (H, (A* (y))), j = 0.

Iteration: repeat until the stopping criterion is met at j = j
s, -axh]],
A o A
xI L = H, (0 + 1 A%(y — Ax))
Ut = supp (x*1)
j=gt1
Output: s-sparse vector x?* =xJ

&

Nj:|

Remark 1.23. In [I12] extensive numerical experiments have been conducted regarding the it-
erative hard thresholding algorithm. In particular, the authors considered versions of the THT

algorithm with iterates defined via
xI T =M (%) + pA* (y — Ax7))

with a fixed stepsize u. The authors suggest setting the parameter p = 0.65 since they obtained
the best performance of IHT for this stepsize.

An undesirable property of the IHT algorithm is that it is sensitive to scaling of the matrix A.
This has also been supported by extensive numerical experiments in [I1]. However, the NTHT algo-
rithm is invariant under arbitrary scaling of the matrix A. Even more, the numerical experiments

conducted in [I1] suggest that the NIHT algorithm also has better average performance.

1.2. Low-rank matrix recovery

Low-rank matrix recovery builds on ideas from the theory of compressive sensing. The goal of
low-rank matrix recovery is to reconstruct a matrix X € R™*"2 of rank at most r < min {ny,ns}
from the measurement vector y = A(X), where A : R"*"2 — R™ is a known linear operator
with m < nins. This problem appears in many applications, namely recommender systems
[135, [144] (which includes also the famous Netfliz Prize [7]), quantum state tomography [74],
phase retrieval [21] [73] [I00] etc. We remark that by the Riesz representation theorem, for any
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linear operator A : K" *"2 — K™ there exist a unique set of matrices {A; € Kanz};’;l such
that (A (X)), = tr(XA}), for all i € [m] and for all X € R™*"2. We refer to the matrices {A;}-,
as sensing matrices of the linear operator A.

Similarly to the sparse vector recovery, the natural approach of finding the solution of the
optimization problem

min rank (Z) st. A(Z) =y,
ZcR™1 Xn2

is NP-hard in general. Let o denote the vector of singular values of a matrix Z. Notice that
llo|l, = rank(Z). The theory of compressive sensing suggests that the ¢;-norm minimization
is a good proxy for the fp-minimization problem. This results in ||o||; = ||Z]|,, where ||Z], =
tr (\/ﬁ) denotes the nuclear norm (also known as the trace norm or the Schatten 1-norm) of a
matrix Z. Even more, it has been shown that solving the convex optimization problem

Ze]{g}zilnxnz IZ||, st. A(Z) =y, (1.19)
reconstructs X exactly under suitable conditions on A. The required number of measurements
scales as m > Crmax{ni,ny} for Gaussian measurement ensembles [22], [[33]. Much more gen-
erally, this bound holds also for ensembles with four finite moments, i.e., it is enough to re-
quire that the sensing matrices {A};., are independent copies of a random matrix A satisfying
E[A (i,5)] = 0, E[A%(i,j)] = 1, and E[A*(4,5)] < C4 for all 4,j and some constant Cy, see
[88]. Additionally, this bound is optimal since ny7 + nar — 72 ~ Crmax{ni,ns} is the number of
degrees of freedom to describe a rank-r matrix of dimensions n; X ns.

The existence of the singular value decomposition (SVD) of matrices plays a crucial role in
the proofs of convergence of the algorithms designed for low-rank matrix recovery. In particular,
unlike in the general tensor case, due to the existence of the SVD the best rank-r approximation
of a given matrix can be computed efficiently and a 2r-rank matrix can be decomposed into a sum
of two mutually orthogonal rank-r matrices.

Recall that for compressive sensing we introduced three different concepts which guarantee
recovery via efficient algorithms: the restricted isometry property (RIP), the null space property
(NSP), and the coherence. In the following we introduce analogous conditions for low-rank matrix

recovery, followed by the corresponding recovery guarantees for nuclear norm minimization.

Definition 1.24 (Matrix-RIP, [I33]). Let A: R™*"2 — R™ be a linear measurement map. For
every integer r with 1 <7 < min {ny,na} the r-th matrix restricted isometry constant 4, of A is
the smallest 0 < §,- such that

2 2 2
(1=0:) [IX[[p < [AX)]lz < (1 +6:) [I X[
holds for all matrices X € R™*"2 of rank at most r. We say that A satisfies the matrix-RIP at

rank r and level 4, if J, is sufficiently small.

The following two recovery theorems present the power of the matrix-RIP. The first theorem

is an analogue of Theorem [T.4] for sparse vector recovery.

Theorem 1.25 ([133]). Let A : R™*"2 — R™ be a linear map satisfying ds. < 1 and let
y := A(Xj). Then Xy is the only rank-r matrix satisfying A4 (X) =y.
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PROOF. We prove the theorem by contradiction. Thus, assume that there exists a rank-r matrix
X different from X satisfying A (X) =y. Then Z := Xy — X € ker (A) \{0} and rank (Z) < 2r.
But then

0=[A@)Il; > (1 - 62) | Z] > 0

which is a contradiction. O

The proof of the following theorem is presented in details. We will emphasize the importance
of the existence of the singular value decomposition in obtaining the desired result. As it will be
seen later in Chapter 2] such a decomposition does not exist for tensors, at least not one that can
be computed efficiently. This causes significant difficulties in extending the theory to low-rank

tensor recovery.

Theorem 1.26 ([133]). Let A : R™*"2 — R™ be a linear map with 5, < £ and let y := A (Xy).
Then Xj is the unique solution of

argmin ||Z||, st. A(Z)=y. (1.20)
ZeR’VllX’Vlz

Remark 1.27. We remark that the bound &5, < & in Theorem is not optimal. In fact, it
is known that the optimal bound which guarantees that the nuclear norm minimization stably

recovers a low-rank matrix is g, < 1/1/2, see [I8].
To prove the theorem we use the following technical lemma.

Lemma 1.28 ([I33]). Let A and B be matrices of dimensions m x n with rank (A) < min{m,n}.

Then there exist matrices B; and Bs such that

P.1: B=B; + B

P.2: rank (B;) < 2rank (A)

P.3: ABY =0and ATB, =0
P.4: (B1,B3) =0

P.5: [[A+Bof, = [|A[, + [Baf..

S 0
A=U vT
0 0

be the singular value decomposition of the matrix A and define

B:=U'BV = ]:3“ ]?’12
B21 B22

PROOF. Let

where By is of the same size as 3. It can be easily verified that matrices
B, B 0 0
B, =U[2" T2|VT and By:=U | vT

satisfy the conditions
Let A = U;XV{ with rank (A) = r; and By = WI'ZT with rank (By) = o be the reduced

singular value decomposition of the matrices A and B, respectively.
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Let u,, v.;, w.;,z.; denote the columns of matrices U, V, W, and Z, respectively. By [P.31]

1 T2

0=AB! = Z Zoi'yj (v?;z.j) u.iw?;».

i=1 j=1

Since the matrices {u.iwg 21 € [r1],j € [r2]} are pairwise orthonormal, it follows that vZz.; = 0,

for all i € [r1], j € [r2]. Similarly, from ATBs = 0 we obtain that ufw.; = 0, for all i € [rq],

j € [ra]. Thus
A+B,= (U1 W) (i 12) (V1 z)T

forms the singular value decomposition of the matrix A+Bs and ||A 4+ Bs||, = ||A]l,+|Bz,. O

Notice that the proof of the above lemma relies heavily on the existence of the singular value
decomposition (SVD). Already in the first step of the proof we assume that such a decomposition

exists.

Proor oF THEOREM [[.26] Let X, be any solution of (1.20). Then by optimality of X, we have
IXoll, > IXx]l,. Let R:= X, — X € ker (A). Applying Lemma to the matrices Xy and R,
it follows that there exist two matrices Ry and R, such that

S.1: R=Ry +R.

S.2: rank (Rg) < 2rank (Xg) = 2r
S.3: XoRI =0, X{R.=0

S.4: (Rg,R.) =0

S.5: [[Xo + Rell, = [IXoll, + [[Rell.-

Then
[Xoll, > IXxll, = X0 + RJl, > [[Xo + Rell, — [[Roll, = [[Xoll, + [[Rell, = [[Roll,
where in the last equality we applied Subtracting ||Xo||, in the above inequality leads to
IRoll, > [Re]l,- (1.21)

Next we partition R, into a sum of matrices Ri,Ra,... each of rank at most 3r. Let R, =
Udiag (o) VT be the singular value decomposition of the matrix R., where o is a vector of the
corresponding singular values in descending order. For each ¢ > 1 define the index set Z; =
{3r(i —=1)+1,...,3ri} and let R; := Uz, diag (oz,) VZ, (notice that additionally, (R;,R;) =0,
whenever i # j). By construction, we have

or < 1 Z oz, (j), forallkeT;

3r
JEL;

which implies ||RZ-+1H§, <+ |R;[>. We can then compute bound

1 1 1 \2r
E R <—§ Rj|l, = —=|Rcl, < —= IR0, < —= |IRollz»
H ]HF — @ || ]H* \/? H || @ || OH \/? || OHF

j>2 j>1

where the last inequality follows from [S.2]
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Noticing that rank (Rg + R1) < 5r and putting our estimates together, we obtain the inequal-
ity
0=[AR)[ly > AR +R1)[l, = D [AR)I,
Jj=2
> VT= 05y [Ro + Rallp = VI + 8 O IR
Jj=2

2
> <\/ 1 — 05 — \/;\/1 +631‘> IRl £ -

Therefore, if the factor on the right hand side is positive, then |Ry|| = 0, that is Rg = 0, which
by (1.21)) further implies that R, = 0. Thus X, = Xg. The right hand side is positive when

3637‘ + 2657« < 1.

Since d3, < J5,- and by assumption Js,. < %, the statement follows. O

The construction of the R;’s above is again based on the existence of the singular value
decomposition. In the following we show that linear operators satisfying the matrix-RIP exist. In
particular, we can construct linear operators A : R™**"2 — R™ that, with high probability, satisfy
the RIP with optimal bounds on m. Together with Theorem this implies that the low-rank

matrix recovery is possible via nuclear norm minimization, i.e., via (1.19)).

Definition 1.29. A linear map A : R™"**"2 — R™ with a corresponding matrix representation
A € R™*™"2 ig a Gaussian measurement ensemble if each row a;. of A contains independent

identically distributed A (0,1/m) entries (and the a;.’s are independent from each other).

Theorem 1.30 ([22]). Fix 0 <6 < 1 and let A be a random measurement ensemble obeying the
following condition: for any given X € R™*"2 and any fixed 0 < t < 1,

P (|14 — IXI3| > tIXI3) < ceme™ (1.22)

for fixed constants C, ¢ > 0. Then there exist constants D, d > 0 (which may depend on ¢) so that,

if m > D max {n1,ns} r, the measurement ensemble 4 satisfies d,, < § with probability exceeding
1 — Ce—d°m,

The concentration bound (|1.22) is valid for various random measurement ensembles. For
example, if A is Gaussian measurement ensemble, we have (see [22] for details)
P([IAI3 — IXIF| > ¢IXI) < 2e7 % (/270072), (1.23)

As a consequence, a Gaussian measurement ensemble satisfies the matrix-RIP with constant §, <
d € (0,1) with high probability provided

m > Csmax{ny,no}r, with C5~ C5™ 2,

where Cs denotes a constant depending on §. Together, with Theorem [[.26] we obtain an exact
low-rank matrix recovery result via nuclear norm minimization. Additionally, a linear map A
satisfies the inequality ([1.23) in the case where each row a;. has i.i.d. entries that take values
:I:\/—lm with equal probability, or if A is a random projection [I, I33]. Further, A satisfies (|1.22))
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if the rows a;. contain subgaussian entries (properly normalized) [I62], although in this case the
constants involved depend on the parameters of the subgaussian entries.

The proof of Theorem [1.30] uses a covering argument and, in particular, e-nets.

Definition 1.31 ([163]). A set N¥ C X, where X is a subset of a normed space, is called an
e-net of X with respect to the norm |-|| if for each v € X, there exists vg € NX with |jvg — v|| < e.
The minimal cardinality of an e-net of X with respect to the norm ||| is denoted by N (X, -] ,€)

and is called the covering number of X (at scale ¢).
In the proof of Theorem [I.30] the following result on e-nets is used.

Lemma 1.32 ([163]). Let € € (0,1). For any set X there always exists an e-net N with respect
to a norm ||-|| satisfying N¥ C X and
L(X + £
V¥ < M7
Vol (B)

where £ is an /2 ball with respect to the norm ||-|| and X + B = {z +y:z € N¥,y € $B}.
Specifically, if X is a subset of the unit ball in d dimensions then X + 5B is contained in the
(1+ £)-ball and thus
14¢/2)* 2\?
INVE| < % - (1+> < (3/e)7,
(€/2) €

where the last inequality follows since ¢ < 1. We always require that N¥ C X.

The first step in the proof of Theorem is to compute a covering number of rank-r matrices,

for a fixed rank r.
Lemma 1.33 (Covering number for low-rank matrices, [22]). Let
S, = {X e R :rank (X) <, [|X|, =1}.
Then there exists an e-net NS+ for the Frobenius norm obeying
N (8r, |l e) < (9/e) et

PrOOF. For a matrix X € S, let X = UXV* denote the reduced singular value decomposition.
Since ||X||» = 1, it follows that also ||X|| = 1. Our argument constructs an e-net for S, by
covering the set of permissible U, V, and 3. We work in the simpler case where ny = no = n
since the general case is a straightforward modification.

Let D = {D € R™*" : D diagonal, |D||z = 1,D (¢,7) > 0 for all ¢ € [n]}. We take J\/;?S to be
an £/3-net for D with N' (D, ||| ,&/3) < (9/¢e)". Next, let O,,, = {U e R"*" : U*U =1}. To

cover Oy, ., it is beneficial to use the norm ||+, , defined as
X1l 5 = ma .l
where x.; denotes the ith column of X. Let Q,,, = {X ERMT X[ 5 < 1}. It is easy to see

that O, , C Q, , since the columns of an orthogonal matrix are unit normed. We have seen that

there is an £/3-net NS?, for O, obeying N ((’)nm -0l 2 ,5/3) <(9/e)"".
We now let S, = {USV": U,V e N9, 5 € N7, } and remark that

< 2
o] < (N (Ol 2 /3) | N (D[ 12/8) < (9/9) 2
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If we show that for all X € 8, there exists X € S, with HX — XHF < ¢ then S, is an e-net set
for 8, and thus, N (S, |- ) < |8.] < (9/2)*" .

Fix X € 8, and let X = UXV* be its singular value decomposition. Then there exists
T_TET .S ol 7T XF Onr = . = =
X=UZV €8, withU,V e N 3", T € NT; obeying [U-Tl|,, <e/3, [V - V|, <e/3,
and ||= — EHF < ¢/3. This gives

|x-X|, = [usv -TsV|
F

- HUEV* _USV 4 USV —USV + USV* —

F

<[(U-U) =V +[[U(E-2) V|,

[® +|[oE(v-v)

F

For the first term, note that since V is an orthogonal matrix, H (U — ﬁ) XV ||F = || (U — ﬁ) ZHF

and
JU-0)s|; = Y =60 W —will <S5 [U-T;, < (¢/3)°.

1<i<r
(U-U)=vH,
the middle term, observe that ||U (E — E) V*| .

< /3. The same argument gives H f A\ V H < ¢/3. To bound
= HE pe /3. This completes the proof.

O

We are now ready to present the proof of Theorem [1.30

Proor oF THEOREM [[.30l The proof is essentially the same as the proof of Lemma 4.3 in [133].
We begin by showing that with high probability A is an approximate isometry on a net for S,..

Lemma with & = 0/ (4v/2) gives
N (8l (6/4V2)) < (36v2/

Then it follows from (1.22)) together with the union bound that

) (n1+ns+1)r

P| max \||A Iy = 1K1 > 6/2) < [S,] cemr™
< (36\/5/5 e—co’m

_ Ce(n1+n2+1)r 10g(36\/§/6)7652m

) (n1+n2+1)r

< Cefdm,

where d = ¢ — M > 0 if we choose D > log (36v/2/6) /c and m > D§~% max{ny,ns}r >

D62 (ny +ng + 1) 7 (if we choose for example D = 3D for constant).
Now suppose that
n@f\nA M~ XI5 < 672 (1.24)
(which occurs with probability at least 1 — Ce~9™). We begin by showing that the upper bound
in the RIP condition holds. Set

fr = sup [[A(X)]l,-
XeS,
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For any X € S,., there exists X € N;;S/Zﬁ with ||X — XHF <4/ (4ﬁ) and, therefore, by

[AX)], < [ AX=X)|, + [[4AX)], < A(X=X)||, +1+5/2. (1.25)

I I I

Put AX = X —X and note that rank (AX) < 2r. Write AX = AX; +AXo,, where (AX, AX,) =
0 and rank (AX,;) < r for i = 1,2 (for example by splitting the SVD). Note that AX;/ ||AX,]| z,
AXQ/ ||AX2HF € S,.. Thus

[AAX)[l, < [[AAX)]ly + [A(AX2)], < fr ([AX |5 + |AXe| 7). (1.26)

Now [|AXy | + [|AXs||» < V2 [|AX||» which follows from [|AX, [|% + [[AXq[% = [|AX]%. Also,
[AX|| < 6/ (4v2) leading to || A (AX)], < k,.6/4. Plugging this into (L.25) leads to

|AX)|y < kpd/4+146/2.

Since this holds for all X € S, we have k, < k,.0/4+1+5/2. Thus, k, < (1+/2)/(1—-5/4) <

1+ 4, where in the last inequality we used that § € (0,1), which essentially completes the upper

bound. Now that this is established, the lower bound follows from

A, > A )], ~ JAAX)], > 1-6/2— (1+8)/4>1 -4,

I

Thus, we have shown that for all X € 8, holds
(1=0)[X][p < JAX)[ly < (1 +6) [X] £

which can easily be translated into the desired version of the RIP bound by taking squares and

renaming 0. O

Notice that, right after the inequality (1.25) the following property of the matrices is used.

For any 2r-rank matrix X there exist two matrices X; and X, such that

(1) X = Xl + XQ
(2) rank (X;) = rank (Xz) = r
(3) (X1,X3z) =0.

Additionally, if X = Zf; o;u.; v is the singular value decomposition of a matrix X, then the
matrices
T 2r
X1 = Zaiu.iv.*i and X2 = Z Uiu.iv_*i
i=1 i=r+1
satisfy the conditions (1)-(3). This again shows the power of the singular value decomposition.

Remark 1.34. We remark that the proofs of the RIP for random linear maps A : R *"2 — R™

and random matrices A € Rm*N

via generic chaining do not use the above properties of matrices
and the analogue properties of vectors, respectively. For more details, see for example [48],[95] [127].
Even more, in Chapter to show that certain measurement maps A : Rt X72Xxnd _y R™ gatisfy

the notion of RIP for tensors we use the results obtained in [48], [95] [127].

We continue with a matrix analogue of the null space property introduced in Definition (1.1

which guarantees efficient recovery of low-rank matrices via nuclear norm minimization.
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Definition 1.35 ([60]). A linear map A : K™ *™2 — K™ is said to satisfy the stable rank null
space property of order r with constant 0 < p < 1 if

min{ni,n2}

Zaj M)<p > o;(M), forall M € ker (A4)\{0},

J=r+1
where o1 (M) > ... > Ominfn,,n.} (M) > 0 denote the singular values of a matrix M.
If p =1, we say that A satisfies the rank null space property of order r.

We remark that the rank null space property of order r is defined through the singular value
decomposition of matrices in the kernel of A. The following recovery theorems display the power of

the rank null space property for low-rank matrix recovery. We present the results without proofs.

Theorem 1.36 ([60]). Given a linear map A : K" *"2 — K™ every matrix X € K"**"2 of rank
at most r is the unique solution of
min ||Z]|, such that A(Z)=A(X) (1.27)

if and only if A satisfies the rank null space property of order 7.

The following theorem gives a recovery guarantee for the nuclear norm minimization problem
under the assumption that the linear operator satisfies the stable rank null space property of order

r.

Theorem 1.37 ([60]). Let A : K™ *"2 — K™ be a linear measurement map satisfying the stable
rank null space property of order r with constant 0 < p < 1. Let X# be a solution of the nuclear
norm minimization problem ((1.27)). Then

_x#| < 2(1+p) minfrna}
e, < 2RSS o)

Recovery algorithms with the assumption that the corresponding linear operator satisfies the
(stable) rank null space property or a version of it have been studied in several papers. For
example, in the papers [68] and [I14] different versions of the iterative reweighted least squares
algorithm have been analyzed. In the paper [27] the matriz completion problem has been treated.

This problem is a special case of the nuclear norm minimization problem, namely

min ||Z||, such that Paq(Z) = Paq (X),
ZERmM1 %72

where Pagq : R™1%"2 — R™1%"2 denotes the orthogonal projection onto the subspace of matrices
which vanish outside of M. That is, Y = Py (X) is defined as
X (i,5), if (i,j) e M

0, otherwise.

Y (i,5) =
Similarly to the vector case, a version of the coherence for low-rank matrix recovery has been

introduced.

Definition 1.38 ([23]). Let U be a subspace of K" of dimension r and Py be the orthogonal
projection onto U. Then the coherence of U (relative to the standard basis (e;)) is defined to be

_n 12
p(U) =2 max [Puei3.
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To state the main result of the paper [23], we introduce two assumptions about an ny X ng
matrix X whose SVD is given by X = UXV* =37 o;u,;v’.
N1 The coherences obey max (u (U), 1 (V)) < pg, for some positive pg.
N2 The n; X ng matrix E:Zl u.;v¥ has a maximum entry bounded by Ml\/m in
absolute value for some positive .
The parameters po and gy may depend on r, ny, and ny. Moreover, note that N2 always holds
with f11 = po\/r (to see this, apply the Cauchy-Schwarz inequality to the entries of > ;_, u.,v¥).

The following recovery result is stated under the coherence assumption without a proof.

Theorem 1.39 ([23]). Let X be an n; X ny matrix of rank r obeying N1 and N2 and let
n = max{ni,na}. Suppose that we observe m entries of X whose locations are sampled uniformly

at random. Then there exist constants C, ¢ such that if
m > C max{u?, ué/zuh pon/*}nr (Blogn)
for some § > 2, then the minimizer of the problem
mzin||Z||* subject to  Z (i,5) = X (4,5), (4,j) € M

1/5 this estimate can

is unique and equal to X with probability at least 1 — en=?. For r < Lo In
be improved to
m > Cuon®°r (Blogn)

with the same probability of success.

Several subsequent papers analyzing matrix completion appeared under the assumption that
the coherence (or a version of the coherence) of the low-rank matrix we want to recover is small
enough. For example, the approach in paper [27] is based on a slightly different assumption on
the matrix X called the strong incoherence property. In addition, papers [34] [72] present provable
matrix completion results for incoherent matrices under a uniform sampling model via nuclear
norm minimization.

Other algorithms applied to low-rank matrix recovery have followed, including the local de-
scent method [91], the alternating projections algorithm [86], and the Atomic Decomposition for
Minimum Rank Approzimation (ADMiRA) [103].

Algorithm 1.3. Iterative hard thresholding algorithm for matrices

Input: Measurement map A : K" *"2 — K™, measurement vector y € K™,
rank 7.
Initialization: low-rank matrix X°, typically X° = HM (A* (y)), 7 = 0.
Repeat until the stopping criterion is met at j = j
X3+ = 3 (X 1 A° (y = A (X))
j=j+1
Output: rank-r matrix X# = X7

1.2.1. Matrix iterative hard thresholding algorithm. In this subsection we introduce

several versions of the IHT algorithm adapted matrix scenario. The thresholding operator HM
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Algorithm 1.4. Normalized iterative hard thresholding algorithm for matrices

1: Input: Measurement map A : K" *"2 — K™, measurement vector y € K™,

2 rank r.

3: [Initialization: low-rank matrix X, typically X° = HM (A* (y)), j = 0.

4: Repeat until the stopping criterion is met at j = j

5: Set the projection operator P{J = U; U7

6 Compute the stepsize pY := ||P{J’.4*(y7A(Xj),)”2Fg
[APyA—AX))];

7 Xt = HM (X + P A (y — A (X))

8 Let U;; be the top r left singular vectors of Xi+1

9 j=7+1

10: Output: rank-r matrix X# = X7

returns the best rank-r approximation of a given matrix. If X = Z;n:irf{m’n?} o;u; vl is the singu-
lar value decomposition of a matrix X, with singular values {ai}f:rll{m’m} arranged in decreasing

order, then by the Eckart-Young theorem [54] [87] the best rank-r approximation of the matrix X
is HM (X) = >°I_, oyu,;vE. The matrix IHT algorithm is presented in Algorithm

Matrix NIHT algorithm is motivated similarly to the NIHT algorithm for compressive sensing.
When the matrix IHT algorithm is converging to a minimum rank solution X#, each of the singular
values and singular vectors of the current estimate must also be converging to the singular values
and singular vectors of X#. If the singular vectors of the iterate X7 have been correctly identified,
then the update is being used to improve the singular values. Let X7 = U,;%; V7 be the singular
value decomposition of the rank-r iterate X/ and let Py; := U;Uj and P§, := V;V} denote
the projection onto the left and right singular vector spaces, respectively. A search direction can
be projected onto the span of singular vectors by applying P{J from the left and by applying
P{, from the right. For instance, the projective negative gradient descent direction is given by
WJUV = P{JA* (y —-A (Xj)) P{,. Alternatively, a search direction can be projected to the span
of just left or right singular vectors leading to the search directions WJU = PyA* (y —A (Xj ))
and WY = A* (y — A(Xj )) P3,, respectively. This projected directions should not be used
as the update direction since they would not allow the iterates to converge to the lowest rank
solution unless the projected directions are already correctly identified. However, as in the case

of NIHT for compressive sensing, we use them for selecting the stepsize. Thus, this leads to three
[PoA(v-AXDI v . A AP,

;o S ancige U._
choices for the stepsize — namely, u; = ||A(P{JA*(y—A(Xf)))Hz’ ;= ||A(A*(y—A(X-7’))P{,)||§’ and
g [PLA (v—A)) Y[}
J T

[A(PL A (y—AXI )P

Remark 1.40. In paper [I52] numerical experiments on matrix completion have been performed
comparing the three versions of the NIHT algorithm. Their numerical results suggest that in
general, the version of NIHT with stepsize u}J outperforms the other two variants. In particular,
the version of NIHT with this stepsize was able to recover matrices of the same or larger rank
than the other two variants. Thus, in the following we focus on NIHT with stepsize M}J presented
in Algorithm which in the following we just refer to as NIHT algorithm. However, we remark

that the convergence guarantees of the other variants can be obtained analogously.
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The following theorem gives a convergence criterion for the normalized THT algorithm, pre-
sented in Algorithm under the matrix-RIP assumption.

Theorem 1.41 ([I52]). For a € (0,1), let A : K" *"2 — K™ satisfy the matrix RIP with
a
a—+4

and let X € K™1*"2 be a matrix of rank at most 7. Given measurements y = A(X), matrix X7 *!

03, <

obtained in the j-th iteration of matrix NIHT algorithm satisfies

X7 =X < o X0 =X
In other words, the sequence (X7); produced by matrix NIHT algortihm converges linearly to X.
PRrOOF. Let X be the original rank r matrix, i.e. y = A (Xo). With W7 := X74+uY A* (y — A (X7))

we denote the intermediate update to X7 in NIHT.
By Eckart-Young theorem,

W7 =X < [ W = X[,

Expanding the left hand side we obtain
W = o[ > [|W = X+ = ([ W — X + X — X[
= [ W7 —Xo [+ [[Xo = X[}, 4+ 2 (W — X, X~ X7*).

Canceling the term ||WJ — Xy|| » in the above inequality leads to

I
X0 — Xj+1Hi <2(W7 — X, X7 — X,)
(X7 4+ p9A% (y — A (X)) — Xo, X — X)
(X7 = X0, X5 = Xo) — 20 (A" (A(X) —¥) X - o)
(X9 =X, XTI = Xg) — 2u (A" A (X7 — Xp) , XIT! — X))
= <XJ X, XIT — X0> — 2#] <A (XJ Xo) A (XjJr1 — X0)>. (1.28)
Let Q; € K™*3" be a matrix whose columns form orthonormal basis of the space spanned by
the columns spaces of Xg, X7, X7*! and let Pg = Q;Qj be a projection operator onto a column
space of Q;. Thus, P{X = Xo, PLX7 = X7, and PLXI+! = Xi+1,
Next, we define a linear operator A{Q (Zz)y = A (PgZ) which is obtained by replacing the
sensing matrices {A,},2, of A with the sensing matrices {P{QAg}e and the corresponding
=1
adjoint
AL (v) =y (0) (PhAL).
=1
We continue the estimation (|1.28)

30741 =30 < 2 (X7 = X0, X1 = Xo) =20 (A (X) = X0) A4 (X1 = X0))

2

X, XIH = Xo) = 2 (Al (X7 = Xo) , Al (X! = X0) )

Il
)

(X7
(X7 = X, (XIH1 = Xo) — u Ay Ay (XIH! = Xo) )

2

X/ = Xo, (1=l AG AL ) (X7 - X))
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<2||T— P AGAG (1% = Xol| X7 = Xo -

Canceling the term ||Xj +_ in the above inequality leads to

I

%7 = Xo|| . < 2 T-uY A AL X o (1.29)

It remains to bound the term HI uUAJ*.Aj
onto rank-3r matrices, the matrix RIP implies that every eigenvalue of the self-adjoint operator
.ASA{Q is contained in the interval [1 — d5,,1 4 d3,].

Additionally, we can bound the stepsize M}J

’ by a constant smaller than a/2. Since P’ maps
2—2 Q

2
RPN il i)l PP

e - acen)[;

Therefore, every eigenvalue of operator I — u}JAg .A{Q is contained in [1 — llt%’”' ,1— 11;%3"]

Since the magnitude of the lower bound is greater than the upper bound and since 3, < oy it
follows that

<1+63r_1<%

HI - u}JAgA{Q

252 7~ 196,
which concludes the proof. O

Remark 1.42. Let a € (0,1). The proof that matrix IHT algorithm (Algorithm[I.3) recovers any
rank-r matrix under the assumption that the isometry constant of A satisfies 03, < a/2 can be

done in an analogous way. To be more precise, the proof is the same as the proof of Theorem

up to As before, one has to bound the term HI uUAJ > A H by a constant smaller
than 9, where ,u = 1. However, notice that
o ) ,
[t-aG | = sw [(@-aGAX.X)| = swp [IXI - 45X
Xl =1 Xl =1

< sup
IX|| m=1,rank(X)<3r

X1~ AK)] = 8.

a

Applying the assumption d3, < § concludes the proof.

Theorem [[.4]] can also be extended to the more general setting, with noisy measurements.

Theorem 1.43. For a € (0,1), let A : K™ *"2 — K™ satisfy the matrix RIP with
a
a+4

and let X € K"*"2 he a matrix of rank at most r. Given the noisy measurements y = A(X) + e

537~ <

for some e € K™, the matrix X7*! produced by matrix NIHT algortihm in jth iteration satisfies

: b(a)
X7 =X < @ X7 =X o+ 7, lle

where b(a) := 2 Vllt% Consequently, if e # 0 then after at most j* = [logl/a(HXO - X||F / llelly)

iterations, XJ*! estimates X with accuracy

14+ a+b(a)

X XH < .
H F 1—a el
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The proof of this theorem is analogous to the proof of Theorem In estimate (|1.28) we
get an additional term 25 (A*e, X/*! — X). Estimating this term leads to

(A%e, X! — Xo) = (e, AXIT = Xg)) < [JAXIH! = Xo) ||, el
< VLG, X = X[ el -
Finally, the estimate translates into
%5 = Ko < 21— P AG AL, 1% = Kol o+ 208 VIF B el

Plugging into all the assumptions leads to the stated result.

HQ%

Similarly to the vector scenario, we can state a result also if the tensor X is not necessarily

rank-r.

Theorem 1.44. Fix a € (0,1). Let A : K" *"2 — K™ satisfy the matrix RIP with
a
a+4
and let X € K™ "2, Then for all X € K™*"2 e € C™, the sequence (X7); defined by NIHT
algorithm, with y = A(X) + e, X° = 0, and H replaced by H)! satisfies
C
7

where constants C; D > 0 and p € (0,1) depend only on a.

dgs <

X = X7 < —= X = X[l + D lell, + 20 IX]|

The theorem is a consequence of Theorem and the following lemma.

Lemma 1.45. Suppose A : K™ *"2 — KV has restricted isometry constants d, < 1. Given 7 > 0,
£ >0, and e € K™ assume that two matrices X, X' € K" *"2 gatisfy

rank(X') <2r and ||Xg — X'||p < 7| A(Xe2r) + €|, + &,

where X, denotes the best rank-2r approximation to X and X, 2, = X — Xg,. Then
<c
Jr

where X, denotes the best rank-r approximation to X and constant C' = 1 + v/27.

X =X p < =X =X, +7llell, + &, (1.30)

PROOF. The proof is analogous to the proof of Lemma [1.20 O

In paper [85] a slightly more generalized version of the matrix THT algorithm is presented
under the name Singular Value Projection (SVP). In the SVP algorithm a stepsize p; is given in
advance and often is a fixed constant p. Thus, the matrix IHT algorithm is a special case of the

SVP algorithm with p; = 1, for all iterations j. The stopping criterion is met in iteration j if
, 2
AKX =y, <e

where a fixed tolerance € > 0 is chosen beforehand. The main result of the paper is presented

next.

Theorem 1.46 ([85]). Fix tolerance € > 0. Suppose that isometry constant of A satisfies da, < 3

and let y = A(X) + e for a rank-r matrix X and error vector € € R™. Then SVP with stepsize
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My = ﬁ outputs a matrix X* of rank at most r satisfying

* * Clle 2+E
[AX") — .YII§ <Clelf’+e and [[X-X ||% < %
‘2
\2+a)W

iterations for universal constants C, D.

in at most I_log(i/D) log lell

2(C|
Remark 1.47. Notice that theoretical guarantees are better for the SVP algorithm (including
the IHT algorithm) than for the matrix NIHT algorithm. Additionally, every iteration of the
NIHT algorithm requires computing an additional singular value decomposition to obtain the
parameter jt;, which consequently makes each iteration of the algorithm slower compared to the
alternative versions of the matrix THT. However, in paper [I52] several numerical experiments
concerning matrix completion have been performed comparing these algorithms. Recall that
extensive numerical experiments for the IHT algorithm for compressive sensing suggest to fix
the stepsize p; = 0.65, see [112]. This choice of the stepsize has been shown to be effective also in
matrix completion, see [I52]. Thus, the authors compare the SVP algorithm with x; = 0.65 and
the matrix NIHT algorithm. They observed that the matrix NIHT algorithm is typically able to
recover the same or larger rank than SVP with p; = 0.65 for the same stopping criteria, and that
NIHT converges faster than SVP (except for ranks when SVP is not able to recover the matrix
and NIHT successfully recovers it). In other words, numerical experiments suggest that matrix
NIHT algorithm typically performs better than the SVP. However, to recover matrices of large
rank (larger than it is possible for SVP), comes with the cost of very slow convergence and thus,

there is a need for accelerated variants of NIHT.

1.3. Low-rank tensor recovery

So far we have seen several results for sparse vector recovery and low-rank matrix recov-
ery. In both scenarios we have presented some known results. In particularly, we have put an
emphasis on convex optimization approach — ¢;-minimization and nuclear norm minimization,
respectively — and on iterative approach — (normalized) iterative hard thresholding algorithm and
its matrix variant. However, there is a significant interest in going one step further and extending
the theory to low-rank tensor recovery. Applications include image and video inpainting [T08],
reflectance data recovery [I08], and machine learning [136]. The goal of low-rank tensor recovery
is to reconstruct a low-rank dth order tensor X € R™*"2X X" from the linear measurement
map A : Rmxn2xXnd 5 R™ and the measurement vector y = A (X), with m < ning---ng. In
particular, we want to solve the optimization problem

min rank (Z) st. A(Z)=y. (1.31)

ZERM1I Xna X xng

Unlike in the matrix case, there are different notions of tensor rank which are induced by different
tensor decompositions, see Chapter One possibility is to define a rank of a dth order tensor
analogously to the matrix case — as the minimal number of rank-one order-d tensors that sum up
to the original tensor. A tensor Y € R™M *M2X"Xnd ig g rank-one tensor if there exist d vectors
u; € R™ such that Y (i1,42,...,4q) = uy (i1) us (iz) - - -ug (iq), for all iy, € [ng] and k € [d]. This
notion of tensor rank is called the CP-rank or canonical rank. In addition, one can also define the

corresponding notion of the tensor nuclear norm, denoted by ||-||,. Inspired by the matrix case,
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one would expect that solving the minimization problem

zERmIXI}Lian---Xnd Iz, st. A(Z)=y (1.32)
would be a good proxy for under certain assumptions on linear operator A. However,
computing the CP-rank of a tensor is already NP-hard in general, see [61] [82]. In particular, the
set of rank-r tensors is not closed for r > 2, [81, [I01]. Thus, not only solving the optimization
problem , but also solving is NP-hard in general. Therefore, although one could
analyze the tensor nuclear norm minimization problem (which has been done in [169]), this is not
particularly interesting from the computational point of view. Additionally, one could define the
null space property in an analogous way as in the matrix scenario, however this leads to the same
problem since the CP-decomposition is in general NP-hard to compute. Several generalizations
of the coherence/incoherence condition have been introduced in [4] [83] [169] to provide recovery
results for tensor completion. A variety of approaches to low-rank tensor recovery already well
known in the community are discussed in Chapter [3}

In Chapter [4 we develop a new convex optimization approach to low-rank tensor recovery. We
present — to the best of our knowledge — new tensor norms called theta norms. These norms are
based on a recent tool in the real algebraic geometry — theta bodies — which in general provide a
sum-of-square nested closed convex relaxations of a given convex set. In our scenario, this convex

set is a unit-tensor-nuclear-norm ball. Thus, this method will lead to a set (Bg, )i satisfying
By, 2By, 2 - 2By, 2By, 22 {X e R X <1},

We define the 0-norms via its unit-norm balls. More precisely, the set By, is a unit-tensor-;-norm
ball, i.e.,
{X g RMXn2xXna 1Xlly, < 1} =By, forall k.

By the theory already developed for theta bodies, it is known that for a given order-d tensor
its fi-norm can be computed via semidefinite programming. However for simplicity, we only
derive a semidefinite programming for computing a #;-norm for a d-th order tensor. We also give
a semidefinite program for low-rank tensor recovery via #;-norm minimization. Our numerical
experiments show that 6;-norm minimization successfully recovers a low-rank tensor from few
linear measurements and therefore, seems to be a promising approach. However, presently we do
not have any theoretical guarantees. That is, the minimal number of measurements that ensures
the recovery of a low-rank tensor via fx-norm minimization, still remains an open question.

In Chapter [ we analyze several versions of the iterative hard thresholding algorithm for tensors
(TTHT algorithms). As will be seen later in Chapter |2 to compute the best rank-r approximation
of a given tensor is in general NP-hard — independently of the notion of tensor rank. (Here, we
do not treat the CP-decomposition since it is already in general NP-hard to compute it). This
causes significant difficulties in the analyses of the algorithms. Recall that in compressive sensing
and low-rank matrix recovery the operators H, and HM give the best s-sparse approximation and
the best rank-r approximation of a given vector and matrix, respectively. This is exploited in the
convergence proofs of the corresponding THT algorithms. In the tensor scenario, however, we can

only compute a rank-r approximation #, (X) of a tensor X satisfying

IX = He (X)]|p < C(d) |X — Xprst|, with C(d) = O(Vd),
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where ||| » denotes the Frobenius norm and Xgggr denotes the best rank-r approximation of a
tensor X. In addition, in the proof of Theorem in step Lemma [1.28 was applied. For
the HOSVD-format, we provide a similar result, see Lemma However, the number of tensors
needed to decompose an HOSVD-2r rank tensor into a sum of rank-r tensors scales exponentially
in the dimension. This leads to significantly worse convergence bounds than in the matrix scenario.
For other tensor decompositions (TT-format and HT-format) — to the best of our knowledge — it is
unknown how to obtain an analogous result. Thus, we use another tool developed in [95] and later
improved in [49] to provide a partial convergence result for TTHT and normalized TIHT algorithm
(and for HOSVD, TT, and HT-decomposition). That is, assuming that in every iteration j of the
TIHT algorithm we have

Y7 = e (W) < Qo) X = Y7 s

where X denotes the original tensor satisfying A (X) =y and ¢ € [0,1) is small enough, we prove
a linear convergence of the algorithm. The analysis is based on an appropriate notion of the tensor
restricted isometry property (TRIP) — similarly to the matrix scenario. Additionally, we show that
subgaussian measurement ensembles and partial Fourier ensembles combined with random sign
flips of the tensor entries satisfy TRIP with high probability. Lastly, we present numerical results
for low HOSVD-rank order-3 tensor recovery via Partial Fourier map combined with random sign

flips of the tensor entries, Gaussian map, and tensor completion.
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CHAPTER 2

Tensors

In this chapter several tensor decompositions are introduced — namely, the canonical (CP or
CANDECOMP/PARAFAC) decomposition, the Tucker decomposition, the tensor train decompo-
sition (TT-decomposition), and more generally the hierarchical Tucker (HT) decomposition. As
already mentioned in the previous chapter, several difficulties arise when one considers tensors of
order d > 3. For example, a tractable decomposition — which would be analogous to the singular
value decomposition for matrices — does not exist for tensors. This causes significant difficulties
in analyzing the algorithms for the low-rank tensor recovery and providing theoretical guarantees
for the convergence of the algorithms.

In this section, we will often use the MATLAB notion for better readability. That is, for a
matrix U € R™*"2_ jts ith row and jth column are denoted by U(4,:) and U(:, j), respectively.
In addition, the set {1,2...,n} will be denoted by [n].

Here, a slightly more extensive introduction to tensors is provided than in our book chapter
[130].

2.1. Tensor product spaces

We start with some preliminaries. In the sequel, we consider mainly the real field K = R,
although most parts are easy to extend to the complex case. We confine ourselves to finite

dimensional linear spaces V; = R™ from which the tensor product space

d d
Ha=QVi=QR",
i=1 i=1

is built [75]. If it is not stated explicitly, the V; = R™ are supplied with the canonical basis

{ei,... el } of the vector space R™. Then any X € H4 can be represented as
ni na ndg
X = Z Z Z X (1, 2y -« fhd) e}“ ®ei2®~~~®eﬁd .

p1=1pz=1  pg=1
The tensor X is called dth order tensor or order-d tensor. Using this basis, with a slight abuse
of notation, we can identify X € Hy with its representation by a d-variate function, often called

hyper matriz,

K= (M1>M27~-~,/~Ld) HX<M17M27"'7ud) ERa Hi € [ni]>i€ [d]7

depending on discrete variables, usually called indices u;, and p is called a multi-index. The actual
representation of X € H4 clearly depends on the chosen bases of V1, ..., V4. The number of possibly
nonzero entries in the representation of X is nyns - - - ng = O(n?), with n = max{n; : i € [d]}. That
is, it grows exponentially in the dimension d. This is often referred to as the curse of dimensions.

We equip the linear space Hq with the ¢;-norm (also called Frobenius norm) || X||, = /(X,X)
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induced by the inner product

n1 na

<X7Y> = Z Z Z X(:U’lﬂ:u’Qﬂ"'ﬂ:u’d>Y(M17/J/27"'7Md)'

p1=lpz=1  pg=1
Throughout this chapter, all tensor contractions or various tensor—tensor products are either de-
fined explicitly, by summation over the corresponding indices, or by introducing the corresponding
tensor matricizations and performing matrix—matrix products.
The wvectorization of a tensor X € R™1*"2X"X%d jg g linear transformation that converts a

tensor into a column vector. Its result is denoted by vec (X) € Rmn2-nax1

. The ordering of an
elements in vec (X) is not important as long as it is consistent.

The matricization (also called flattening) is an operation that transforms a tensor into a ma-
trix. For a dth order tensor X € R™M*"2X"x"d and an ordered subset S C [d], an S-matricization

XS ¢ Rllkes nexIleese ¢ ig defined element-wise as
XS ((ir)res; (ie)eese) = X (i1,d2, .- ,iq) -

That is, the indexes in the set S define the rows of a matrix and the indexes in the set 8¢ = [d] \S
define the columns.

For a singleton & = {i} (for ¢ € [d]), the {i}-matricization is called the i-th unfolding.

Fibers are a higher order analogue of matrix rows and columns. For k € [d], the mode-k fiber

Xiy.oin_1ins1..iq € R™ of a dth order tensor is defined element-wise as
Xiy.oig—1ipg1-ia (Zk) =X (’il, ig, - ,id) R for all k£ € [nk] .

Next, we introduce the k-th mode product which is a product between a tensor and a matrix

of appropriate dimensions.

Definition 2.1 (k-mode product). For a tensor X € R™M*"2X "X 3 matrix A € R7*"* and
k € [d], the k-mode product of X and A

X X Je Ac Rn1><n,2><~..><nk,1xj><nk+lX,”Xnd

is defined element-wise as

ng
(XXkA) (ila"'7ik:717ja7;k+17'“77;d): ZX(2172277Zd)A(]72k)
ig=1
For a tensor X € R™1X"2X"X"d and matrices A € R7*"%, B € RE*" C ¢ RF*K it holds
X x; AxpB=Xx;Bx;A, whenever j#k
XXkBXkC:XXkCB.

Notice that the singular value decomposition (SVD decomposition) of a matrix X € R™*"2 can
be written using the above notation as X = USVT =3 x; U x, V.

2.1.1. Subspace approximation. The essence of the classical Tucker format is that, given
a tensor X and a rank-tuple r = (r1,72,...,74), one is searching for optimal subspaces U; C R™
such that
IX —Y|p, where Y € U; ® --- ® Uy,
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is minimized over Uy, ..., Uy with dim U; = r;, for all i € [d]. Equivalently, we are looking for the
corresponding basis {uj } . of Ui, which can be written in the form
ni
u, = Z Ui(ui,ki)eii, ki € [ri], mi < ng, (2.1)
=1
where U, (u;, k;) € R, for each coordinate direction ¢ € [d]. The matrix U; is the matrix represen-
tation of the subspace U;. With a slight abuse of notation we often identify the basis vector with
its representation
u, ~ (1 = Ui(pis ki), i €[], ki €[],

i.e., a discrete function or an n;-tuple. This concept of subspace approximation can be used for an
approximation of a single tensor X in tensor product spaces. Given the bases {u}€ } k. the tensor

X can be represented by

r rq d d
X = Zl Zd C<k1""’k‘d>u]1€1®"'®uzd€®Uic7{d:®Rm- (22)
=1 i=1

ki=1  kg=1

This representation can be written using the k-mode product (see Definition [2.1]) as
X:CX1U1 X2U2 X XdUd,

where Uy, is the matrix representation of the subspace Uy.
In case where {u}cl } k, ’s form orthonormal bases, the core tensor C € ®?:1 R™ is given entry-
wise by
C(ki,....kq) = (X,up, @ @uf ).
We call a representation of the form with some u}'ﬂ, and tensor C the Tucker representation,
and the Tucker representations the Tucker format. In this formal parametrization, the upper limit
of the sums may be larger than the ranks and {u§€1 }k may not be linearly independent. Noticing

that the Tucker representation of a tensor is not uniquely defined, we are interested in some normal

form, see Subsection

2.1.2. Hierarchical tensor representation. The hierarchical Tucker format (HT) in the
form introduced by Hackbusch and Kiihn in [76], extends the idea of subspace approximation to
a hierarchical or multi-level framework. Let us proceed in a hierarchical way. We first consider
Vi ® Vo = R™ ® R™ or preferably the subspaces U; ® Us introduced in the previous section.
For the approximation of X € Hy we only need a subspace Uy; 2y C Uy ® Uz with dimension
r{1,2y < rire. Indeed, Vi 9 is defined through a new basis

V(1,2) = span {ugi}} tk{12y € [raoy] )

with basis vectors given by

T1 T2

1,2 ,
U kzl kZl uth 2 (kg oy, ki ko) up, @R, kg € [rgy] -
1=1 ko=

One may continue in several ways, e.g., by building a subspace Uy 23y C U2y @Us C U3 @ Uz ®
Us CVi@Va® V3, or Upazay C Upoy ® Ugsay, where Ugs 4y is defined analogously to Uy oy

and so on.
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For a systematic treatment, this approach can be cast into the framework of a partition
tree, with leaves {1},...,{d} (simply abbreviated here by 1,...,d), root D :={1,2,...,d} (often
denoted also as tyo01), and vertices t C D := {1,...,d}, corresponding to the partition ¢ = t; Uta,
t1 Nty = . Without loss of generality, we can assume that 7 < j, for all i € ¢;, j € t2. We call
t1,to the sons of the father t and D is called the root of the tree. In the example above we have
t={1,2,3} =t; Uty = {1,2} U {3}, where t; = {1,2} and t5 = {3}.

Restricting the partition tree to a binary tree so that every interior node t (i.e. t # {i})
contains two sons is often the common choice, which leads to TT, and more generally HT format.
Let t1,t2 C D be the two sons of ¢ C D. Then U; C U, ® Uy, is defined via the basis

Tty Tto

w, =YY Ba(li,j)ult @u’. (2.3)

i=1 j=1
For non-leaf nodes ¢, the subspaces U; can be also considered as matrices U; € R™*™ with
U, (;,) = u) and ny = [[,, ne. Without loss of generality, all the basis vectors, e.g., {u} : £ =
1,...,7r:}, can be constructed to be orthonormal, as long as ¢ is not the root (¢ # D). The tensors
(4,i,7) — By(i,],¢) are called transfer or component tensors. For a leaf {i} ~ i, the matrix
(i, ki) = U;(pi, ki) in is called an i-frame. The component tensor Bp = By, 4y at the
root is called the root tensor.

Since the matrices Uy are too large, we avoid computing them. We store only the a-frames
U, for all leaves « € [d], and the transfer or component tensors which, for fixed £ =1,...,7, can
also be casted into transfer matrices (i,5) — [B¢(£)] (¢,7) € R"1 %72,

With Z (T7) we denote the set of all interior (non-leaf) nodes and with £ (T7) we denote the

set of all leaves of the corresponding partition tree T7.

Proposition 2.2 ([75]). A tensor X € H4 is completely parametrized by the transfer tensors By,
t € Z(T7) and a-frames U, a € L (T}), i.e., by a multi-linear function 7

({B:t e T(T1)} {Un:ac L(T))}) » X =7({By:t € T(T1)},{Uq : a € £ (T1)}).

A tensor whose partition tree is presented in Figure 2:1]is completely parametrized by
({By1,2}-B{1,2,33: Biasy Bii2,3a5 - {U1, Uz, U3, Uy, Us }) .
An HT-decomposition ({B:t € Z(T7)},{Uq : @ € L (T7)}) satisfying
UlU, =1, for all leaves a € [d]
B B 1 for all ¢ € T(T1)\roos

is called an orthogonal HT-decomposition.
Indeed 7 is defined by applying (2.3) recursively. Since B; depends bi-linearly on B;, and

B:,, the composite function 7 is multi-linear in its arguments B, and U,.

Remark 2.3. In the literature, tensors are often considered as vectors over product index sets.

For this purpose, the d-fold product index set is introduced

I=TyxZTyx---xIy, whereZ,:={1,2,...,n,}, for p e [d]
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B{i234,5)
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1{1.2,3}

FIGURE 2.1. Hierarchical tensor representation of an order 5 tensor

and we write X € R’. The subscript of the dimensional tree T refers to the above defined index

set. By further defining the index sets
IW =T, x ... XLy XIypq1 X xTIy,

the corresponding tensor unfolding X* is in RZx*! “,

The HT-rank r = (r¢),cp, of a tensor X € R"*"2X*"X" can be obtained via corresponding

matricizations of a tensor X. That is,
r¢ = rank (Xt) , forallteTy.

The set of tensors X € Hy of given HT-rank r will be denoted by M,. The set of all tensors
of rank s at most r (i.e., so <14 for all @ € T7) will be denoted by M<,.

Unlike the matrix case, it is possible that M, = @ for some tuples r, see [30]. However, since
the TTHT algorithm presented in Chapter Works on a closed nonempty set M<,, this issue does
not concern us.

In contrast to the canonical format (presented later in ), also known as CP and CAN-
DECOMP /PARAFAC, see [40] [94] and the border rank problem [I01], in the present setting the
rank is a well defined quantity. This fact makes the present concept highly attractive for tensor
recovery. Additionally, if X is a rank r tensor then there exists a component tensor B, of the
form where £ =1,...,7,.

It is well known that the set of all matrices A € R™1*"2 of rank at most r is a set of common
zeros of multi-variate polynomials, i.e., an algebraic variety (see e.g. Chapter ) The set M<, is
the set of all tensors X € Hg4, where the matrices U, have a rank at most ;. Therefore, it is again
a set of common zeros of multivariate polynomials.

Data complexity Let n := max{n;:i=1,...,d}, r := max{r, : « € Tr}. Then the number
of data required for the representation is O(ndr+dr?), in particular it does not scale exponentially

with respect to the order d.
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2.1.3. Tensor trains and matrix product representation. We now highlight a special
case of hierarchical tensor representations — the tensor trains (TT tensors) — defined by taking
Ug,..p+1y € Ui, py ® Vipgr1y.- The TT tensors, developed by Oseledets and Tyrtyshnikov in
[125], [126], are also known in quantum physics as matriz product states (MPS) [164]. Therein, we
abbreviate i ~ {i,...,d} and consider the unbalanced tree (see Figure

T =1{{1,2,3,...,d},{1},{2,3,...,d},{2},{3,...,d},{3},...,{d — 1,d}, {d}}.

The a-frame U, for a leaf o € {{1},{2},...,{d — 1}} is usually defined as the identity matrix
of appropriate size and therefore the tensor X € H, is completely parametrized by the transfer
tensors (Bt)tEI(TI) and the d-frame Uyqy. Applying a recursive construction, the tensor X can

be written as

(/’(‘17'-',/1'(1) = X(/’(‘lw-'vﬂ‘d)

Td—1

= Z Z Z Bl(ﬂl,kl)BQ(thH%kQ)"'Bd(kd—lv,ud)v

ki1=1ko=1 kag—1=1

where By := U{qy and we used the abbreviation i ~ {i,i +1,...,d} for all interior nodes {i,i +

1,...,d} (i.e., the transfer tensor B; = By; ;41,....4}). Introducing the matrices G;(u;) € R™-*",
(Gi(p)] (kiz1, ki) =Bk, iy ki), 2<i<d-—1,
and with the convention rg = ry =1
(G1(p1)] (k1) = Ba(p1, k1) and  [Ga(pa)] (ka—1) = Ba(ka—1, pa),
the formula (2.4) can be rewritten entry-wise by matrix-matrix products
X(pa,- - pa) = Gi(pa) -+ Gi(pa) - Ga(pa) = 7(Bu, ..., Ba). (24)

This representation is by no means unique. For example, if {Mz}f;ll is a set of invertible matrices

of appropriate dimension, then

X (1,2, -y pa) = Gi(pa) - Gipa) - - - Galpa)
= Gy (p)MM - Mo ML Gy(p) MM - Mg M G (1)

=Gi(p1) - Gi(ps) - Ga(pa),
where
Gi(m) == Gi(pm)My,  Galpa) == M1, Galpa)
Gi(p) == M Gi(ui)M;, foralli=2,....,d—1.
Let X € Rm1*n2XXnd he g TT-rank r = (r1,79,...,74—1) tensor. Then the entries of a rank
vector r = (r1,r2,...,74—1) can be obtained via the ranks of the appropriate matricizations. That

is,
r, = rank (X{l"“’k}) , forallke[d—1].
Data complexity: Let n := max{n; : i = 1,...,d}, v := max{r; : j € [d—1]}. Then
the number of data required for the presentation is O(dnr?). Notice, however, that representing
a tensor whose tree is a TT-tree in an HT-format requires O(dnr + (d — 1)r®) number of data.

Thus, in Chapter [5] to compute the covering number related to the TT-tensors, we use the latter
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FIGURE 2.2. TT representation of an order 5 tensor with abbreviation i =~
{i,...,d} for the interior nodes.

representation (since it will lead to better covering bounds). Additionally, computing a single
entry of a tensor in the TT-format requires the matrix multiplication of d matrices of size at most
r x r. This can be performed in O(ndr3) operations.

Since the parametrization 7 can be written in the simple matrix product form , we will
consider the TT format often as a prototype model, and use it frequently for our explanations.
We remark that most of the properties can easily be extended to the general hierarchical case with
straightforward modifications, see [75].

Canonical format (CP-format): The CP decomposition factorizes a tensor into a sum of
component rank-one tensors. A dth order tensor X € R™tX"2X"X"74 ig 5 rank-one tensor if there

exist vectors u' € R™ u? € R™, ..., u? € R™ such that X =u! ® u? ® - - - ® u¢ or element-wise
X (i1,i2, .., iq) = (ir)u” (iz) - -u” (iq) .

For example, given a dth order tensor X € R™1X"2X"X"d e wigsh to write it as

R
X:Zui(@u%@---@uz, (2.5)
k=1
where R is a positive integer and u§ € R"™, for all k € [R] and ¢ € [d]. Element-wise, (2.5) is

written as n
X (it iz, . ia) = 3 ub(in) u}(ia) - ul(ia).
k=1

A CP-rank (or canonical rank) of a tensor X € R™1*"2XX"a_gimilarly to the matrix case, is
the smallest number of rank-one tensors that sum up to X. Then the analog of the matrix nuclear

norm for tensors is

r

T
Pl =min{ Sle X =Y crnl ot oo e
k=1 k=1

k||, =1, for alli € [d] ,k € [r]}.

Unfortunately, computing the canonical rank of a tensor, as well as computing the nuclear norm

of a tensor is in general NP-hard, see [61], [82].
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U, U, Uy ... Uy

FIGURE 2.3. Tucker representation of an order-d tensor

2.1.4. Higher order singular value decomposition. Let us provide more details about
the rather classical higher order singular value decomposition of an order-d tensor. Above we have
considered only binary dimension trees T, but we can extend the considerations also to N-ary
trees with N > 3. The d-ary tree Tt = {{1,...,d},{1},{2},...,{d}} (the tree with a root with d
sons ¢ ~ {i}, see also Figure induces the Tucker decomposition and the corresponding higher
order singular value decomposition (HOSVD). The Tucker decomposition was first introduced
by Tucker in 1963 [I58] and has been refined later on in many works, see, e.g., [104, 158, [159].
Additionally, it has been applied in chemical analysis [79)], psychometrics [92], signal processing
[44] [TT6], computer vision [I61], etc.

Definition 2.4 (Tucker decomposition). Given a tensor X € R"™1*"2XXnd the decomposition
X:SX1U1 X2U2 X XdUd,

or element-wise

1 T2 Td
X (p1, 2y - - pad) = Z Z Z C(klak27-"7kd)u]1c1 (Hl)uiz (Hz)"'uid (d) »

ki1=1ko=1 kq=1
r; < ng, it € [d], is called a Tucker decomposition. The tensor C € R"*"2%""X"d ig called a core
tensor and the u}c € R™ for k; € [r;], form a basis of the subspace U; C R™. They can also be

considered as i-frames U; € R™i%"i,

Notice that the Tucker decomposition is highly non-unique. For an i € [d] and an invertible

matrix Q; € R"*" one can define a matrix U; = U;Q; and a tensor C;

Ci (k1 ko, ... ka) = > C (ki ko, Ky ka) Q7" (i, ki)
k=1

such that the tensor X can also be written as
T1 T2 Td
X (H1s p2s - pa) = Z Z Z Ci (k1 k2, ... ka) up, (1) uf, (pa) -0, (i) -+ uf, (pa) -
k1=1ko=1 kdzl
Similarly to the matrix case and the singular value decomposition, one can impose orthogonality
conditions on the matrices Uy, for all i € [d], i.e., we assume that {uj,_ : k; € [r;]} are orthonormal

bases. However, unlike in the matrix scenario, in this case one does not obtain a super-diagonal

core tensor C.

Definition 2.5 (HOSVD decomposition). The HOSVD decomposition of a given tensor X € Hy

is a special case of the Tucker decomposition where

e the bases {u] € R™ : k; € [r;]} are orthogonal and normalized, for all i € [d],
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o the tensor C € M, is all orthogonal, i.e., (Cg,=p, Cr,=q) = 0, for all i € [d] and whenever
p# 4

e the subtensors of the core tensor C are ordered according to their Frobenius norm, i.e.,
ICki=1llp = ICri=2llp = -+ = [|Chi=n; [l p = 0, for all i € [d].

Here, the subtensor Cy,—, € R™ X XMi-1Xnit1XXNd g g tensor of order d — 1 obtained by

fixing the k;-th mode in the tensor C to p. That is, it is defined element-wise as

Cki:p (/"Ll’ ceey i1 it 1y - - 7N’d) =C (/u‘la sy =15 D5 M1, - - ;,LLd) .

The Tucker rank r = (ry,72,...,74) of a tensor X € R™M*"2X"X%d can be obtained via the

unfoldings. That is,
ry = rank (X{k}) , forall kel[d.

Since the core tensor contains ry - --rg ~ 7%, r := max{r; : i € [d]}, possibly nonzero entries,
this concept does not prevent the number of free parameters from scaling exponentially with the
dimensions O(r?). Setting n := max{n; : i € [d]}, the overall complexity for storing the required
data (including the basis vectors) is bounded by O(ndr + r?). Since n; is replaced by r;, one
obtains a compression It ... Id ~ (%)d. Without further sparsity of the core tensor the Tucker

ni ng

format is appropriate for low order tensors d < 4.

Algorithm 2.1. Tucker’s method for computing a rank-(ry,re,...,7r4) Tucker
decomposition, also known as HOSVD.

Input: X € H4 or Tucker rank r = (ry,72,...,74).

for:=1,...,d do
Compute a singular value decomposition of X1} := U, %,V .
Set U; := U, (:, [ry])-

end for

Set S:=X x; U x, UL x - x, U7

Output: HOSVD decomposition X =S x; U; x5 Uy X -+ x5 Uy.

The HOSVD decomposition can be computed via SVDs of appropriate unfoldings U}, see
e.g. [94] and Algorithm The more general hierarchical Tucker (HT) decomposition can be
computed vis successive SVDs, see the following subsection. For more information on these de-

compositions, we refer the interested reader to [43] [75].

2.1.5. Tensor SVD algorithm and truncation. The singular value decomposition of the
matricization X¢, ¢ € Ty, factorizes the tensor X into two parts. Thereby, we separate the tree into
two subtrees. Each part can be treated independently in an analogous way as before by applying
the singular value decomposition. This procedure can be continued in a way such that one ends
up with an explicit description of the component tensors. There are several sequential orders one
can proceed, including top-down and bottom-up strategies. We will call these procedures tensor
SVD algorithms. As long as no approximation (i.e., no truncation) has been applied during the
corresponding SVDs, at the end one obtains an exact recovery of the original tensor. The situation
changes if we apply truncations (via thresholding). Then the result may depend on the way and

on the order we proceed as well as on the variant of the thresholding procedure.
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In order to become more explicit let us present a procedure for obtaining the HT-decomposition
via the tensor SVD algorithm for the model example of a TT-tensor [124], already introduced in
[164] for the matrix product representation. Without truncations the Algorithmprovides an ex-
act reconstruction with a TT representation provided that the multi-linear rank s = (s1,...,54-1)
is chosen large enough. In general, the s;’s can be chosen to be larger than the dimensions n;.

Via inspecting the ranks of the relevant matricizations, the multilinear rank s may be determined

a priori.
Algorithm 2.2. TT-SVD algorithm
1: Input: X € H; of multi-linear rank s = (s1,...,84-1), So := 1, sq := 1.
2: Initialization: Set M; = X{1.2},
3: fori=1,...,d—1do
4: Compute the SVD of M;:
5: M; = G;.{I’Q}EiD;-{l} or element-wise
6: M (ki1 pa); (ig1s - -+ Md)) = Dopiy U;%Gi(kifla iy ki) Di(Kiy i1y - - -5 ),
7 where (o,igi) ks is the monotonically decreasing sequence of singular values of M.
8: Set VI .= =,D" and M, .= VI
9: end for

10: Set [Gd(ud)] (kd—l) = Md(kd—ly,u‘d) and [Gz(,u'z)] (ki—la k’z) = Gi(ki—17l‘l’i7 kz) for i € [d]
11:  Output: Decomposition X (1, 2, - - -, pd) = G1(p1)Ga(pe) - - - Galia)-

Let us notice that the present algorithm is not the only way to use multiple singular value
decompositions in order to obtain a hierarchical representation of X for the given tree, here a TT
representation. For example, one may start at the right end separating By first and so on. The
procedure above provides some normal form of the tensor.

Let us now explain hard thresholding on the example of a TT tensor. This procedure remains
essentially the same to the TT-SVD algorithm — presented in Algorithm [2.2|— (and more generally
HT-SVD algorithm) with the only difference that we apply a thresholding to a target rank r =
(ri)4=)! with r; < s; at each step of the for loop by setting eri =0 for all k; > r;, i € [d—1]

(where (cr}c) is the monotonically decreasing sequence of singular values of M;). This results

P = €6 = \/Ypsr (04)? By the hard thresholding

procedure presented above, one obtains a unique approximate tensor

ki
in a matrix M, satisfying |[M; — M, .,

X, = Hp(X)

of multi-linear rank r within a guaranteed error bound

d—1
IXe=X|p <) e
i=1

In contrast to the matrix case, this approximation X, however, may not be the best rank r
approximation of X, which is in fact NP-hard to compute [61], 82]. A more evolved analysis shows
the following quasi-optimal error bound.

The procedure introduced above can be modified to apply for general hierarchical tensor

representations. In Appendix |A| we introduce three procedures due to Grasedyck [70], namely
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the root-to-leaves truncation (Algorithm , the leaves-to-root truncation (Algorithm , and
truncation via projections (Theorem .

Let X € RmXn2xXnda and let X* = U,X, VL be the singular value decomposition of the
tensor unfolding X with « € [d] and U, € R™*"«_ Then the truncation of X to Tucker rank

r = (ry,re,...,7q) is defined by
Hr (X) = X X1 I’j’lﬁ{ X9 62-[’]-%1 R Xdﬂdﬁg,

where Uy, is the matrix of first r, columns of Uj. This definition was introduced in [43].

Next, we present a result on truncation error.

Theorem 2.6. Let X, = H,(X). Then there exists C(d) = O(v/d), such that X, satisfies the

quasi-optimal error bound
mf{|X-Y|lr: Y e M} <|X=H,X)||p <C(@)Inf{|X-Y|p:Y € M} .

The constant satisfies C(d) = v/d for the Tucker format [70], C(d) = v/d — 1 for the TT format
[125], and C'(d) = v2d — 3 for a balanced tree (and truncation via projections) in the HT-format
[70].

When we consider the HT format in the sequel, we have in mind that we have fixed our tensor

SVD method choosing one of the several variants.
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Other approaches to low-rank tensor recovery

The problem of low-rank tensor recovery is an interesting subject from both the theoretical
and the application point of view. On one side, it is a natural generalization of the sparse vector
and low-rank matrix recovery problem. On the other side, estimating a low-rank tensor has
applications in many different areas such as machine learning [I37], video compression [108], and
seismic data interpolation [38].

The aim of low-rank tensor recovery is to reconstruct a low-rank tensor X € R™1xm2Xxmna
from linear measurements y = A (X), where A : R"*n2XXnd — R™ with m < ning -+ ng. In
Chapter [2] different notions of tensor rank corresponding to different tensor decompositions have
been introduced. Thus, to analyze low-rank tensor recovery it is necessary to first fix the tensor
decomposition and a corresponding notion of rank. Similarly to the matrix case, the natural
approach of finding the solution of the optimization problem

min rank (Z) st. A(Z)=y (3.1)
ZERM Xn2 X Xng
is NP-hard to compute in general — regardless of the choice of the tensor decomposition, see
[81]. Based on the experience on the low-rank matrix recovery, one would expect that the convex
optimization problem
min Z|| st. A(Z)=y, (3.2)

ZERN1 Xna X Xng
where ||-|| denotes a suitable norm, would be a promising approach. However, for the CP-
decomposition and the corresponding notion of the tensor nuclear norm, also is in general
NP-hard to compute, see [61] [82]. A recent paper [169] on tensor completion for third order ten-
sors provides the bounds for low-rank tensor recovery via tensor nuclear norm minimization. The
analysis is based on a tensor version of coherence. That is, the first step is to compute coherences
of linear subspaces spanned by columns of the unfoldings. The tensor coherence then corresponds
to the maximum of these three subspace coherences. Theoretical results are significantly better
than the ones provided by other approaches — the sample size requirement for robust third order
tensor completion in R"*™*" is O(r'/2(nlogn)?3/?). Still, the computation remains NP-hard.

In Chapter [ we introduce another approach related to the same decomposition. We provide
convex relaxations of the unit-tensor-nuclear-norm ball which lead to the “new” tensor norms
called theta morms. In this case, the optimization problem in (with [|-]] corresponding to
any of the theta norms) can be solved via semidefinite programming. A similar approach based
on sum-of-squares relaxations and resulting also in the “new” tensor norms was suggested in [4].
This approach is based on the Lassere’s relaxations (see Remark for the difference between
theta bodies and Lassere’s relaxations). In particular, at the sixth level of Lassere’s hierarchy
m = O(rn?’/ 2) number of measurements is required to recover a tensor in R™ "*" and rank

at most r via tensor completion. However, the method is highly non-scalable, i.e., it runs in
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exponential time (since it requires solving optimization problems at the sixth level of Lassere’s
hierarchy).

A recent paper [90] develops parallel algorithms for tensor completion in the CP-format and
provides local convergence results. The authors generalize the well known parallel approaches for
matrix completion based on ALS (alternating least-squares) [I53} I71], CCD (cyclic coordinate
descent) [128] 167, [168] and SGD (stochastic gradient descent) [64, 134}, 53] to tensor completion.
For other approaches to low-rank tensor recovery and tensor completion considering the CP-
decomposition, see e.g. [107, [115].

Recall that the Tucker rank of a dth order tensor X is a vector r = (r1,72,...,7q), with the
k-th entry corresponding to the rank of the kth unfolding. That is, ry = rank (X{k}) for all
k € [d]. Then the minimization problem can be transferred into

d
min Zrank (Z{i}) st. A(Z)=y. (3.3)
i=1

ZER™1 Xng X -

This suggests a natural, tractable convex approach to the recovery of low-rank tensors

d
w3

ZER™1 Xn2 X -

. st. A(Z)=y, (3.4)
with some positive weights A; (usually A; = 1 or 1/d, for all ¢ € [d]) and where ||Z{i} |, = >-0i(J)
denotes the sum of the singular values of the i-th unfolding of the tensor Z. This approach has
been originally proposed in [I08] as the first approach suggested for the low-rank recovery, it
has been widely studied in [62], [83] [T41] (142, [I56], and applied to various datasets in imaging in
[98], [105], 106, [139]. For notational purposes we introduce the set

Tanr = {X € RMXn2xXnd .y — p. and rank (X{i}) =7, forallie [d]} .

In paper [I56], the authors show that a tensor X € Tg4,, can be recovered from Gaussian
measurements provided that the number of observations scales like m > Crn?~!. Additionally, it
has been shown that this number of measurements is necessary, see [115]. However, to describe a
generic tensor from 7 4. -, we need at most r? 4+ drn parameters. Thus, there is a substantial gap
between the intrinsic degrees of freedom of a generic tensor in 7 4, and the necessary number

of measurements to ensure recovery. We present the main result from paper [1T5].

Theorem 3.1 ([II5]). Let Xy € R™ ™ *™ be an order-d tensor. Consider an optimization

problem for fixed j = (%W

H%énHX{l“'j} subject to A (X) = A (Xo), (3.5)

*

where X117} denotes the {1...j}-th matricization of a tensor X. Then if

o X has a CP-rank r¢,, a sufficient number of measurements to recover Xy with high
probability via ism > Crcpnj .

e X, has a Tucker rank r = (r,r,...,7) (i.e., Xg € Tgn,r), a sufficient number of mea-
surements to recover Xo with high probability via is m > Crind.
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The above result follows from the low-rank matrix recovery results in [32] and noting that

J d
rank (X{l‘”j}) <re and rank (X{l'“j}) < min HT“ H Tip,
i=1  i=j+1
where r = (r1,7r92,...,74) denotes the Tucker rank. Interestingly and possibly surprisingly, the
above theorem states that, at least theoretically, the necessary number of measurements scales
equally for and . That is, to recover a low-rank dth order tensor it is enough to consider
only {1,...,j}-th matricization with j = {g] . Clearly, in this approach the structure of a tensor is
completely lost (since we are basically recovering a low-rank matrix instead of a low-rank tensor).

Notice that for the TT-decomposition and, more generally, the HT-decomposition, it is pos-
sible to define the minimization problems analogously to and — by considering the
corresponding matricizations related to the TT and HT rank, respectively. However, the paper
[115] shows that the corresponding convex minimization programs will not, in general, improve
the recovery result given in Theorem [3.1]

In papers [51], 52] Baraniuk and Duarte have introduced a new convex optimization approach
for tensor completion based on the Kronecker product (see Definition and Tucker decompo-
sition. In several applications (see [20] for details), for example compressive sensing MRI with
multiscale scanning and Hyper-spectral compressive imaging [52], the measurements can be taken
in a multilinear way (which explains the use of the Tucker decomposition). That is, by using linear

operators in each mode separately as follows
Y =X x; Dy x9 Ds x3Dg,

which can be written in terms of vectorized tensors (and Kronecker product ® ) as
y = (D3 @k D2 ®K D1)x,

where x = vec(X) and y = vec(Y). Thus, in this scenario the following convex optimization
program is considered
min|[|zfly sty = (D3 ®x D2 ®x Di)z,

where the original tensor X satisfies y = (D3 @ x Dy @k D7) x and, as before, y is known, as well
as the matrices D;. The authors also provide the recovery guarantees. However, the analysis is
still based on the matrix completion results. Recently, Caiafa and Cichocki have presented three
versions of the OMP algorithm adapted to the Kronecker setting, see [19, [20]. The best result
is obtained for the N-BOMP (N-way Block OMP) algorithm — see Algorithm — under the
assumption of the “block-tensor sparsity”. In Algorithm the i,-th column of the matrix D,, is
denoted by D, (:,45) and Xz, xz, x...xz, denotes a subtensor of X obtained by keeping in k-mode
only the indexes in Zj, for all k € [d].

Definition 3.2 ([I9]). A multidimensional signal Y € RIxI2Xxla jg (G Sy ... S,;)-block
sparse with respect to the factors D,, € RIn*Mn (n=1,2,...,d) if it admits a Tucker repre-
sentation based only on few S, selected columns of each factor (S, < M,). That is, if Z,, =

[il,42,...,i3"] denotes a subset of indices for the mode n (n = 1,2,...,d), then

Y:XX1D1 XQDQX---XdDd,

WithX(il,iQ,...,id) :0, for all (il,ig,...,id) ¢Il XIQ Xoew XId.
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Algorithm 3.1. N-BOMP Algorithm

Input: mode-n dictionaries {D;,D,...,D;} with D,, € RI»XMn
signal Y € RIv>xfzxxla
maximum number of nonzero entries K,,.,, tolerance ¢
Initialization: Z, =0, for n€ [d], R=Y, X =0, j =1.
while |Z;||Z5|- - - |Z4| < Kimax and ||R|| > ¢ do
(., ... ,z'fi) = arg max, i,,..i,) ’R x1 DT (:,i1) xo DE (i) x -+ xq DY (:,id)’.
Z,=Z,u{il} (n€ld), B,=D,(I,).
a=arg min, [|[(B4®By 1 ®---®@B)u—y|3.
R=Y —Ax;B; xoBy x:-- x4By, with a=vec(A).
10: j=j+1
11: end while
12:  Output: Sparse representation Y ~ X x; D; x5 Dy X --- x5 Dy with
13: X (1,42, .- -,4q) = 0, for all (i1,42,...,0q) ¢ 1 X Lo X --- X Ly
14: (with nonzero entries given by Xz, xz,x...xz, = A.)

The analysis of the N-BOMP algorithm is based on the coherences of the dictionaries D1, Do,
.., Dy.

Theorem 3.3 (N-BOMP Performance Guarantee, [19]). Given the decomposition Y = X x4
D; x2 Dy x -+ x4 Dy, with a fixed tensor Y € R*!**I and known dictionaries D,, € RI*M

having coherences u, (n =1,2,...,d), if an (5,5, ...,S5)-block sparse solution exists satisfying
(Sp)' <2-(1+(S -1, (3.6)

with p = max {u1, o, . . ., pta }, then the N-BOMP algorithm (Algorithm is guaranteed to find
this sparse representation in K iterations with § < K < dS.

The condition is quite strong and it demands that the coherence for each dictionary D,
is quite small, i.e., close to zero. In addition, the total cost of the algorithm applied to the case
as in the above theorem when S < I < M is IdS(M)%, see [20].

We remark that this approach has been applied also to the sparse vector recovery, where the
signal x € CV is rewritten as a matrix X € C"*"2 with N = nina, see [160].

Several approaches from compressive sensing and low-rank matrix recovery have been gener-
alized and analyzed for low-rank tensor recovery and tensor completion. For example, in [99] [145]
Riemannian optimization for tensor completion is suggested and in [I09] generalized higher-order
iteration algorithm (gHOI) for tensor completion which is a generalization of ADMM (alternating
direction method of multipliers) is developed.

In Chapter [, we present the iterative hard thresholding algorithm and the normalized iterative
hard thresholding algorithm adapted to the tensor scenario. Unfortunately, due to the properties
of dth order tensors presented in detail in previous chapter, only partial convergence results are
provided. That is, showing either local convergence (see [I30]) or global convergence with an

additional assumption on the truncation operator H,.
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CHAPTER 4

Low-rank tensor recovery via tensor theta norms

The tensor nuclear norm minimization, which could be considered as the natural convex
optimization approach to the low-rank tensor recovery, is NP-hard in general — see the beginning
of Chapter [3] Recent convex optimization approaches suggest minimizing sums of nuclear norms
of specific matricizations. In this way, the theory developed for low-rank matrix recovery can
be applied to the tensor scenario. However, as already mentioned earlier, in this scenario the
minimal number of measurements needed for low-rank tensor recovery scales exponentially in the
dimension and thus, does not provide completely satisfying results. In this chapter we present an
alternative convex optimization approach. We introduce hierarchical relaxations (supersets) By,
of the unit-tensor-nuclear-norm ball which provide us with — to the best of our knowledge — new

tensor norms called 0y-norms. More precisely, the sets By, satisfy
{X e Rmxnmzxexmnd X <1} C---CBLCBr 1 C---C By

and {X € Rmxnzxxna X[, < 1} = By, for all k. Thus, Op-norms satisfy | X[, > --- >
1Xllg, > [Xllg, , = - = [Xlly,, for all X € Rmxnax--xna,

This approach was first suggested in [32] and it is based on theta bodies of an appropriately
defined polynomial ideal J; in R [x] = R[Z11..1,%11...25 -« -y Tnyna...ny)- Lheta bodies are recently
introduced tool from real algebraic geometry with a special case introduced first by Lovész in [110]
and in full generality in [9] [68]. We treat each entry of a tensor as a polynomial variable. The
idea is to define a polynomial ideal J; which vanishes on the set vg (Jy) of all rank-one Frobenius-

norm-one dth-order tensors. This is achieved by taking all order-two minors of all matricizations

2

(to satisfy the rank-one condition) and a polynomial Zil’i%_”yid T3 g i

, — 1 (to satisfy the unit
norm condition) as its basis. In this scenario the convex hull of the set vg (Jy) forms the unit-
tensor-nuclear-norm ball. For k£ € N, we define the tensor fx-norm via its unit-norm ball as
already explained above. That is, the set By is the kth theta body of the polynomial ideal ;. By
the theory already developed for theta bodies, all theta norms can be computed via semidefinite
programing. However, to build this semidefinite program it is required to compute the reduced
Grobner basis (with respect to a particular monomial ordering — in this case the graded reverse
lexicographic ordering) of the polynomial ideal Jy. In fact, in this chapter we provide the reduced
Grobner basis with respect to the graded reverse lexicographic ordering of the polynomial ideal
Jq, with d > 3. Interestingly, in the matrix scenario, the theta body approach does not lead to
the new matrix norms. That is, we prove that all matrix f;-norms are equal and coincide with
the matrix nuclear norm.

The theta body method has lead us to the polynomial ideals J; 4 in R [x]| generated by all
order-¢ minors of all matricizations of tensor X of indeterminates. These ideals could be considered

as a natural higher-order generalization of the determinantal ideals Z; in R [z11,%12,. ., Zn,n,)
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generated by all order-t minors of matrix X of indeterminates. Determinantal ideals have already
been studied in real algebraic geometry and commutative algebra. However, the ideals J; 4 — up
to the best of our knowledge — have not been considered before. In this chapter, we additionally
compute the reduced Grébner basis of the polynomial ideals J2 4.

Finally, we provide a semidefinite program for computing tensor #;-norm and for low-rank
third-order tensor recovery via #;-norm minimization. Our numerical experiments presented in
Section indicate that the low-rank tensor recovery via f;-norm minimization is a promising
approach.

Since we treat each entry of a tensor as a polynomial variable, for better readability, the
(a1, g, ..., aq)-th entry of a tensor X € R™ *"2Xx"d wi]] he denoted in this chapter as Xa, as...ay
instead of X (aq, as,...,aq). For simplicity, the subscripts ajag - - aq and 8182 - - - B4 will often
be denoted by o and 3, respectively. In particular, instead of writing Za,a,...ay%8:8s...8,, We often
just write zoxg. Below, we will use the grevlex ordering of monomials indexed by subscripts «,
which in particular requires to define an ordering for such subscripts. We make the agreement
that £11. 11 > Z11..12> - > Z11dng > 1121 > -+ > Tingoomy > - > Toyng..ong-

The following results are contained in our paper [I32]. However, in this chapter we use a
more standard notation from commutative algebra and real algebraic geometry — especially, when

referring to determinantal ideals.

4.1. Introduction to theta bodies

The computation of the theta bodies and the corresponding 6 -norms requires several defi-
nitions and tools from real algebraic geometry which are collected in Appendix [B| In particular,
in Subsection we introduce Grobner bases of polynomial ideals and several monomial order-
ings including the graded reverse lexicographic (or grevlex) ordering which is used throughout this
chapter. For an intuition behind the theta bodies and in general sum-of-squares certificates, see
Subsection [B.11

For a nonzero polynomial f =" aaXx® =) Lxttry? a2 in R[x] =

Q1 ,02,...,0p aOél,ll2,--~70¢ n

R [z1,22,...,2,] and a monomial order >, we denote

a) the multidegree of f with multideg (f) = arg max (x* : aq # 0, € Z%),
(the maximum is taken with respect to the fixed monomial ordering)

b) the leading coefficient of f with LC (f) = amuitideg(s) € R,

¢) the leading monomial of f with LM (f) = x™ultides(f),

d) the leading term of f with LT (f) = LC(f) - LM (f).

Let f(x1,72) = —a3wy + 323 — 22129 + 421 + 1 be a polynomial in R [x1,22]. Then the
multidegree, the leading coefficient, the leading monomial, and the leading term of f with respect
to the grevlex ordering induced by variable ordering x1 > w2, see Deﬁnition are multideg (f) =
(3,1), LC(f) = =1, LM (f) = 23x2, and LT (f) = —x}x2, respectively.

Let J C R[x] = R[z1,x2,...,2,] be a polynomial ideal. Its real algebraic variety is the set
of points x € R™ at which all polynomials of the ideal J vanish, i.e.,

e (J)={xeR": f(x) =0, forall fe J}.
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By Hilbert’s basis theorem [37] every polynomial ideal in R [x] has a finite generating set. Thus,
we may assume that J is generated by a set F = {f1, fa, ..., fr} of polynomials in R [x] and write

T =i faree Si) = (i) or simply T = (F).
Its real algebraic variety is the set
vr (J)={xeR": fi(x) =0 for all i € [k]}.

Throughout the chapter, R [x], denotes the set of polynomials of degree at most k£ and a degree-
one polynomial will be called a linear polynomial. A very useful certificate for the positivity of

polynomials is contained in the following definition.

Definition 4.1 ([68]). Let J be an ideal in R[x]. A polynomial f € R[x] is k-sos mod J if
there exists a finite set of polynomials hy, ha, ..., hy € R[x], such that f = Z§:1 h? mod 7, i.e,
iff=3_h2ed.

A special case of theta bodies was first introduced by Lovdsz in [I10] and in full generality
they appeared in [68]. Later, they have been analyzed in [67, [69]. The definitions and theorems

in the remainder of the section are taken from [68].

Definition 4.2 (Theta body). Let J C R[x] be an ideal. For a positive integer k, the k-th theta
body of J is defined as

THy (J) :={x € R" : f(x) > 0 for every linear f that is k-sos mod J}.

We say that an ideal J C R [x] is THy-ezact if THy (J) equals conv (g (J)), i.e., the closure of
the convex hull of vg (J).

Theta bodies are closed convex sets, while conv (vg (J)) may not necessarily be closed and by

definition,
THy (J) 2 TH2(J) 2 -+ 2 TH-1 (J) 2 TH (J) 2 -+ 2 conv (vr (T)) - (4.1)

The theta-body sequence of an ideal J can converge (finitely or asymptotically), if at all, only to
conv (vg (J)). More results regarding such guarantees can be found in [68, 69]. However, to the
best of our knowledge, none of the existing guarantees apply to the cases discussed below.

Given any polynomial, it is possible to check whether it is k-sos mod J using a Grdébner
basis of J and semidefinite programming. However, using this definition in practice requires the
knowledge of all linear polynomials (possibly infinitely many) that are k-sos mod J. To overcome
this difficulty, we need an alternative description of THy, () discussed next.

As in [9], we assume that there are no linear polynomials in the ideal J. Otherwise, some
variable x; would be congruent to a linear combination of other variables modulo 7 and we could
work in a smaller polynomial ring R [z1,Z2,...,Zi—1,Zit1,...,%,). Therefore, R[x|, /J = R[x];
and {1+ 7,21 +J,...,zn + J} can be completed to a basis B of R [x] /J. Recall that the degree
of an equivalence class f + J, denoted by deg (f + J), is the smallest degree of an element in its
class. We assume that each element in the basis B = {f; + J} of R[x] /J is represented by the
polynomial whose degree equals the degree of its equivalence class, i.e., deg (f; + J) = deg (f).
In addition, we assume that B = {f; + J} is ordered so that deg (fi+1) > deg(f;), where > is a
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fixed monomial ordering. Further, we define the set By
Bp:={f+J €B:deg(f +J)<k}.

Definition 4.3 (Theta basis). Let J C R[x] be an ideal. A basis B={fo+J,f1+J,...} of
R [x] /J is a 6-basis if it has the following properties

) Bi={1+J,21+7,...,2n + T},

2) ifdeg(fi +7).,deg (f; +J) < k then f;f; + 7 is in the R-span of Ba.

As in [9] [68] we consider only monomial bases B of R [x] /7, i.e., bases B such that f; is a
monomial, for all f; +J € B.

To determine a f-basis, we first need to compute the reduced Grobner basis G of the ideal 7,
see Definition [B-5|and Definition[B:6] The set B will satisfy the second property in the definition of
the theta basis if the reduced Grébner basis G is with respect to an ordering which first compares
the total degree. Therefore, throughout the paper we use the graded reverse monomial (grevlex)
ordering (see Definition , although also the graded lexicographic ordering (see Definition
would be appropriate.

A technique to compute a f-basis B of R [x] /J consists in taking B to be the set of equivalence

classes of the standard monomials of the corresponding initial ideal

Jinitial = <{LT(f)}fej> = <{LT(gi)}i€[s]>’

where G = {g1,92,...,9s} is the reduced Grobner basis of the ideal J. In other words, a set
B={fo+J,i+J,...} will be a 6-basis of R [x] /T if it contains all f; + J such that

1) fi is a monomial

2) f; is not divisible by any of the monomials in the set {LT(g;) : ¢ € [s]}.

The next important tool we need is the combinatorial moment matriz of J. To this end, we
fix a O-basis B = {f; + J} of R[x] /J and define [x]|z to be the column vector formed by all
elements of By, in order. Then [x]z, [x]gk is a square matrix indexed by By and its (i, j)-entry
is equal to f;f; + J. By definition of a theta basis, the entries of [x]z, [x]gk lie in the R-span of
Bak. Let {). ;} be the unique set of real numbers such that f;f; + 7 = > fit T B A (i +T).

The theta bodies THy, (J) can be characterized via the combinatorial moment matrix as stated
in the next result from [68]. Thus, these matrices will be the basis for computing the new tensor
norms and recovering low-rank tensors via the new tensor norm minimization introduced below

via the semidefinite programming.

Definition 4.4. Let J,B and {)\5]} be as above. Let y be a real vector indexed by By
with its first entry yo = 1 indexed by the basis element 1 + J. The k-th combinatorial mo-
ment matriz Mg, (y) of J is the real matrix indexed by By whose (i, j)-entry is [Mg, (y)]; ; =
1
2 fir e, i
Theorem 4.5. The k-th theta body of J, THy (J), is the closure of
QBk (j) = TIRn {y c RB% . MBk (y) = 0,90 = 1} )

where mr» denotes the projection onto the variables y1 =Yg, 47, -, Yn = Yz, +7-

Algorithm shows a step-by-step procedure for computing THy (7).
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Algorithm 4.1. Algorithm for computing THy(7)

1: Input: An ideal J € R[x] =R [z1,22,...,T,].

2: Compute the reduced Grobner basis of the ideal 7.

3: Compute a f-basis B=B,UByU...={fo+J,i+T,...} of R[x] /T

4: (see Definition

5: Compute the combinatorial moment matrix Mg, (y):

6: [x]g, = {all elements of By, in order}

T (XBk)i,j = ([X}Bk [X]gk)m =fifi+J = ZfH-,]eB% )‘é,j (fi+J)

8: Mg, (¥)];; = > f47emy My (linearize using y = (1, 41,92, -, Y8y, |-1))
9: Owutput: THy (J) is the closure of

10: 9p, (J) =mp~ {y € RB2 : Mg, (y) = 0,y0 =1} .

4.2. Matrix case

First, we consider the unit-matrix-nuclear-norm ball and provide its hierarchical relaxations

via theta bodies. The k-th relaxation defines a matrix unit 6x-norm ball with the property
1X][g, < HXHO;«H , forall X € R™*" and all k € N.

However, we will show that all these #;-norms coincide with the matrix nuclear norm.

The first step in computing hierarchical relaxations of the unit-matrix-nuclear-norm ball con-
sists in finding a polynomial ideal J such that its real algebraic variety (the set of points at which
all polynomials of the ideal vanish) coincides with the set of all rank-one, Frobenius-norm-one
matrices

vr(J) = {X e R™*": [|X||p = 1, rank (X) = 1} . (4.2)
Recall that the convex hull of this set is the nuclear norm ball. The following lemma states the
elementary fact that a nonzero matrix is a rank-one matrix if and only if all its order-two minors
are zero. (The determinant of an r-by-r submatrix of A is called an order-r minor of A or a
minor of an order r of A.)

For notational purposes, we define the following polynomials in R [x] = R [z11, %12, - - -, Tmn]

m n
g(x) = Zfoj —1land fiju(x) = zyzr; — e for1<i<k<m,1<j<i<n. (43)
i=1 j=1

Lemma 4.6. Let X € R™*™\ {0}. Then X is a rank-one, Frobenius-norm-one matrix if and only
if
XeR ={X:¢9(X)=0and fi;(X)=0foralli<k,j<l} (4.4)

ProOOF. If X € R™*" is a rank-one matrix with || X||r = 1, then by definition there exist two
vectors u € R™ and v € R™ such that X;; = w;v; for all i € [m], j € [n] and |jul|, = ||v]], = 1.
Thus

m n m n
2 2 2
Xij X — XaXij = uivjupv; — usvpuiv; =0 and E E Xij = E u; E vy = 1.
i=1  j=1

i=1 j=1
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For the converse, let x.; represent the i-th column of a matrix X € R. Then, for all j,1 € [n] with
7 <, it holds

X1 Xu X1j X — XuXm;
Xoj Xoi Xoj Xt — Xor X

Xml c X 7ij X :Xml . . 7ij . . = . :O,
ij Xml ijXml - ijXml

since X;; X, = Xy X, for all ¢ € [m — 1] by the definition of R. Thus, the columns of the matrix
X span a one-dimensional space, i.e., the matrix X is a rank-one matrix. From >/, Z?Zl X7 -
1 =0 it follows that the matrix X is normalized, i.e., | X||z = 1. O

Remark 4.7. The set of polynomials {fijr : 1 <i <k <m,1 < j <l < n} defined in (4.3) is
equivalent to the set {f(®®) : (a, B) € 82}, where

f(o"ﬁ) () = aTs — TavaTarg and 8% = {(,B8):1<a1 <P <m,1<fa <ag <n},

with [a V 8], = max{a;, 3;} and [a A 8], = min{ay, 5;} for i € {1,2}. These polynomials were
introduced for the first time in [80] and are known in real algebraic geometry and commutative

algebra as Hibi relations.

As a consequence of Lemma the set of rank-one, Frobenius-norm-one matrices coincides
with the real algebraic variety vg (Jus,,, ) for the ideal Jy;, . generated by the polynomials g and
fijkl' That is,

IMn = (GMpn)  With Gag,,,, = {gX)}U{fijm(x) : 1 <i <k <m, 1<j<li<n}. (45)

Recall that the convex hull of the set R in (4.4) forms the unit-nuclear-norm ball and by the
definition of the theta bodies,

conv (vg (Im,,,)) C -+ C THyt1 (In,,, ) € THE (Tas,,,) € -+ € THy (T, ) -

Therefore, the theta bodies form closed, convex hierarchical relaxations of the unit-matrix-nuclear-
norm ball. In addition, the theta body THy, (Jus,,,,) is symmetric, THy (Jar,,,., ) = — TH (T, )-
Thus, it defines a unit ball of a norm that we call the 6 -norm.

The next result shows that the generating set of the ideal Jy,,,, introduced above is a Grébner

basis for Ju,,,,, -

Theorem 4.8. The set G

to the grevlex order.

forms the reduced Grobner basis of the ideal Jps ~ with respect

mn mn

PRrROOF. The set Gy, is clearly a basis for the ideal Jus,,,. By Proposition we only
need to check whether the S-polynomial (see Definition satisfies S (p,q) —g,,, . 0 for all
D,q € G, whenever the leading monomials LM (p) and LM (gq) are not relatively prime. Here,
S (p,q) =gy, 0 means that S (p,q) reduces to 0 modulo Gy, , see Definition

Notice that LM (g) = 2%, and LM (fijr) = Tyzy; are relatively prime, for all 1 <i <k <m
and 1 < j <l < n. Therefore, we only need to show that S(f;jxi, f%jl%l") —Gyy,,.,, 0 whenever the

leading monomials LM( f;;x) and LM( fi ;i) are not relatively prime. First we consider

figm(x) = zuzr; — vigow and - fi57(x) = gz — @50y
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forl<i<k<k< m,1<j < j<1l<n. The S-polynomial is then of the form

S(fiwts Fizia) = Tigfigr (%) = 2hi fi50(X) = —Tijmnzy; + w5052k
= -Ticlfijkj(x) - xijfkjicl(x) € IMun
so that S(fijri, fz’j'l%l) —Gyy,,. 0. The remaining cases are treated with similar arguments.

In order to show that Gy, is the reduced Grobner basis (see Definition for the ideal
I, , we first notice that LC(f) = 1 for all f € Gy,
f € Gm,,, is always of degree two and there are no two different polynomials f;, f; € Ga,,,, such
that LM(f;) = LM(f;). Therefore, Gys,,, is the reduced Grobner basis of the ideal Jar,,, with

respect to the grevlex order. O

In addition, the leading monomial of

mn *

The Grobuner basis Gur,,, of Iur,,,, = (Gum,,, ) yields the 6-basis of R[x]/Js,,, . For the sake

of simplicity, we only provide its elements up to degree two,

By ={1+Jm,.,.. 11+ T T12 + Tdprs - - s T + Tt
By = Bi U{zijzp + I, : (4,4,k,1) € S, },

where Sp, = {(i,7,k,1) : 1 <i<k<m,1<j<I<n}\(1,1,1,1). Given the #-basis, the theta
body THy(JIns,,,,) is well-defined. We formally introduce the associated norm next.

Definition 4.9. The matrix 6;-norm, denoted by ||[|y, , is the norm induced by the k-theta body

THk (ijn), i.e.,
1Xllp, = inf {r: X € rTHg (Im,..)}-

The O-norm can be computed with the help of Theorem [L.5] i.e., as
||X||9k_ = mtint subject to X € tQn, (I, )-

Given the moment matrix Mg, (y) associated with Jyy, ., this minimization program is equivalent

mn

to the semidefinite program
min_ ¢t subject to Mg, (y) =0,y0 =1, y8, = X. (4.6)
tER,y ERB2k

The last constraint might require some explanation. The vector ys, denotes the restriction of
y to the indices in B;, where the latter can be identified with the set [m] x [n] indexing the
matrix entries. Therefore, yg, = X means componentwise Yu,,+7y, = X11, Yo1o+Tur,, =
X125 -+ s Yzpn+Ta,,,, = Xmn- For the purpose of illustration, we focus on the ¢;-norm in R2%2
in Subsection below, and provide a step-by-step procedure for building the corresponding

semidefinite program in .
Notice that the number of elements in By is mn + 1, and in B\B; is

m-(m+1)  n-(n+l)
2 2

1~ % That is, the number of elements of the #-basis restricted to the degree two scales
polynomially in the total number of matrix entries mn. Therefore, the computational complexity
of the SDP in is polynomial in mn.

We show next that the theta body TH;(7ar,,,, ) and hence, all THy (7, ) for k € N, coincide
with the matrix-unit-nuclear-norm ball. To this end, the following lemma provides expressions for

the boundary of the matrix-unit-nuclear-norm ball.
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Lemma 4.10. Let O, (O,.) denote the set of all matrices M € R™*™ with orthonormal columns
(rows), i.e., Oc = {M e R : MM =1,} and O, = (M € R"™*™ : MM” =1,,}. Then

{(XeR™™: X, <1} ={XeR™": tr(MX) <1, foral Me O, UO,}.
Remark 4.11. Notice that O, = 0 for m > n and O, = ) for m < n.

PROOF. It suffices to treat the case m < n because ||X||, = ||XT|| for all matrices X, and
M € O, if and only if M? € O.. Let X € R™*" such that |X|, < 1 and let X = UXVT
be its singular value decomposition. For M € O,, the spectral norm satisfies |M]|l2—2 < 1 and

therefore, using the fact that the nuclear norm is the dual of the spectral norm, see e.g. [, p. 96]

and Example [C.4]
tr (MX) < [[M[|2—2 - [ X[l < [[X]|, < 1.

For the converse, let X € R™*™ be such that tr (MX) < 1, for all M € O,. Let X = UsSV'
denote its reduced singular value decomposition, i.e., U, X € R™*™ and V € R"*™ with UTU =
UUT =V 'V =1,,. Since M := VU7 € O, it follows that

1> tr(MX) = tr(VUTUSV) = tr(2) = || X]. .
This completes the proof. O

Next, using Lemma we show that the theta body TH;(Jay,,, ) equals the matrix-unit-

nuclear-norm ball.

Theorem 4.12. The polynomial ideal Jyy,,, defined in (4.5]) satisfies

TH; (Im,,,) = conv ({x: g(x) =0, fijri(x) =0 for all ¢t < k,j <1}).
In other words,

{X eR™*" . X e TH; jM

mn

)} = {X e R™" X, < 1}.

PROOF. By the definition of TH;(Jys,,, ), it is enough to show that the boundary of the unit-
nuclear-norm ball can be written as 1-sos mod Ju,,,. By Lemma this means that the
polynomial 1 — 7" | Z _q xijMj; is 1-sos mod Jy,,,., for all M € O, U O,. We start by fixing

I,
M = ( 0) incase m <nand M = (In 0) in case m > n, where I, € RFXF is the identity

matrix. For this choice of M, we need to show that 1 — Zle x4 is 1-sos mod Jur,,,, where
¢ = min {m,n}. Note that

L £ 2 m n
1—Zm=% (1—Zmu> 1=k |+ D (wy - =)
i=1 i=1

i=1 j=1 i<j<e
m n m n
2 2
=2 Y (wawg - wgrg) £y > @+ Y > anl,
i<j<t i=1 j=m-+1 i=nt1j=1

since

P 2
(12:%) 71722x”+22x“xnf1 QZSE”+2 Z :v“x”Jer”,
i=1

i=1 j=1 i<j<t
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m n m n 14
2 2 2
IO DI DI T S St = 1—22% =1- ) (ah+a5) =D ai,
=1 j=1 i=1 j=m+1 i=n+1 j=1 =1 j=1 i<j</t i=1
and
2 2 2
(Lll’ij — .’Iﬁji) -2 E (.Tn‘al‘jj — .’Iiij.’liji) = E (mij + T — 2xijacji — 2xiixjj + Qxijmji)
i<j<t i<j<t i<j<t
_ 2 2 S
= E (a:ij + xji) -2 E T T .
i<j<t i<j<t

Therefore, 1 — Z _1 T4 is 1-sos mod Jar since the polynomials 1 — Zle Tiss Tij — Tjiy Tijs
and x;; are linear and the polynomials 1 — Zz 1 Z - ac and 2 (x;z,; — xi;2;;) are contained in
the ideal, for all + < j < £.

Next, we define the transformed variables

mn )

ZL:I Mika:kj if m < n,
Soroi kM if m>n.

Since 7, is a linear combination of {xy;}7, U{xir}}7_, for every i € [m] and j € [n], the linearity

J

of the polynomials 1 — Ez L Tl T — and 33 , is preserved for all ¢ < j. It remains to bhOW

10 Yig jir m

]
that the ideal is invariant under this transformamon. For the polynomial 1 -7, 377 mij this

is clear since M € R™*™ has unitary columns if m < n and unitary rows if m > n. Moreover, if

m < n the polynomial x,z’; — z},;x’; is contained in the ideal J since
L M
L3ilj5 — z] Jz ik M -Tkle] - »Tkjl’lz)
k=11=1

and the polynomials TiiTij — Tk Ty are contained in Jag,,, for all ¢ < j < m. Similarly, if m > n

the polynomial x,z’; — 7,2, is in the ideal since
n n
Tl — ;= Z Z My Myj (warwji — Tawji)
k=11=1
and polynomials z;,xj — 32, are in the ideal, for all ¢ < j < n. O

The following corollary is a direct consequence of Theorem and the nestedness property
(4.1)) of the theta bodies.

Corollary 4.13. The matrix 6;-norm coincides with the matrix nuclear norm, i.e.,
X[, =Xy, , forall X € R™*",

In other words, ideal Jyr,,, is THi-exact, i.e.,

TH1 (ijn) = TH2 (ijn) = -+ = conv (V]R (ijn))

Remark 4.14. The ideal (4.5)) is not the only choice that satisfies (4.2]). For example, in [32] the

following polynomial ideal was suggested

J = <{xz‘j — W Y g ey D0~ 1Y) 1>
i—1 j=1
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in R[x,u,v] = Rlz11,-+, Tmn, U1, -+, Um, V1,...,V,]. Some tedious computations reveal the

reduced Grobner basis G of the ideal J with respect to the grevlex (and grlex) ordering,

n

g:{gi"j:xijfuivj:ie[m},je[n]}u g2:Zuffl,g3: v]2-71
i=1

Jj=1

m
U 957 = wiju — apgui 1 <i<k<m, je [n}}U{gg :injui—vj s [n]}
i=1

U{gi’zj’k’l:xijxkl—xilxkj:1§i<k<m,1<j<l<n}

m

n m n
U TEEE ) SRS SRS SR

i=2 j=2 i=2 j=2
Obviously, this Grobner basis is much more complicated than the one of the ideal Jyy,,,, introduced
above. Therefore, computations (both theoretical and numerical) with this alternative ideal seem
to be more demanding. In any case, the variables {u;};, and {vj}?zl are only auxiliary, so
one would like to eliminate these from the above Grobner basis (see for example [37] for the
elimination procedure). By doing so, one obtains the Grobner basis G, defined in (4.5)). Notice

mn

that >3 >0 2 —1 = g3+ 21 0 glo + 21— g7, together with {g%*'} form the basis Gy, .

Remark 4.15. The polynomial ideal J ar,,,, = ({fiji : i < k,j < 1}) is a special case of determi-
nantal ideals already studied in real algebraic geometry and commutative algebra, see [16], [147].
Let K be a field and X be a matrix of indeterminates over K. For ¢t € N, ¢t < min {m,n}, the
determinantal ideal 7, is generated by all t-minors (minors of order ¢ or t-th order minors) of the
matrix X. Consequently, the real algebraic variety of Z;, called determinantal variety, is the set
of all rank-(¢ — 1) matrices. In particular, the ideal Jyy,,, coincides with the ideal Z,. Sturmfels
in [147] proved that the set of all t-minors of X is the reduced Grébner basis of Z; with respect
to the lexicographic order induced from the variable order z1,, > %1 p,—1 > ... > 11 > Top, >
Topp—1 > ... > Tol > ... > Tpypy > ... Tn,1. The author used the Knuth-Robinson-Schensted
correspondence KRS — the technique introduced in [93] — to avoid applying Buchberger’s algo-
rithm. Afterwards, several authors independently proved that ¢-minors of X form a Grébner basis
of Z; regardless of the choice of the monomial order, see [29 [IT1} I17]. Still, to the best of our

knowledge — the presented results regarding the ideal Jys,,,, are new.

4.2.1. The 6;-norm in R?*2, For the sake of illustration, we consider the specific example of
2 x 2 matrices and provide the corresponding semidefinite program for the computation of the ;-

norm explicitly. Let us denote the corresponding polynomial ideal in R [x] = R [z11, %12, 21, T22)
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2 2 2
1 211 T2 T T2 TuiTi2 T1iTo1  T11T22 Tig L1222 Ty T21X22 Tyy
Yo T11 T12 T21 T22 Y1 Y2 Y3 Y4 Ys Ye Yy Ys

TABLE 4.1. Linearization of the elements of By for matrix 2 x 2 case. The
polynomial f in the first row refers to the element f + J € Ba.

simply by

j = ngz = <JJ12$21 — X11T22, 33%1 + .13?2 + x%l + 1‘32 — 1> .
The associated real algebraic variety is of the form

ve (J) = {x: 212001 = 211209, 27, + 235 + 25, + 235 = 1}

and corresponds to the set of rank-one Frobenius-norm-one matrices in R?*2. Its convex hull
consists of matrices X € R?*2 with ||X||. < 1. According to Theorem [4.8] the reduced Grébner

basis G of J with respect to the grevlex order is
G = {91 = z19w01 — 211202, g2 =TT, + 2Ty + 25, + 25, — 1}
with the corresponding #-basis B of R [x] /J restricted to the degree two given as

Bi={1+J, 0211+ 7,210+ T, 021 + T, 2020+ T }
By =BiU{znz12 + T, 211291 + T, 211022 + T, 275 + T, 212222 + T,
$§1+j,$21$22+j,$§2+.7}-

The set By consists of all monomials of degree at most two which are not divisible by a leading
term of any of the polynomials inside the Grobner basis G. For example, 11212 4+ J is an element
of the theta basis B, but 22, + J is not since %, is divisible by LT(gs).

Linearizing the elements of By results in Table [} where the monomials f in the first row
stand for an element f+.7 € By. Therefore, [X]B1 =(14+J, 21+ T, z12+ T, 201 + T, 222 + j)T
and the following combinatorial moment matrix Mg, (x,y), see Definition is given as

Yo T11 Ti2 T21 P22
Tl —Ya—Ye— Y8+ Yo Y1 Y2 Y3
Mg, (x,y) = |71 Y1 yi Y3 Ys
T21 Y2 Y3  Ys Y7
T22 Y3 Ys  Yr Y8
For instance, the entry (2,2) of [x]4, [x]g1 is of the form 22, +J = —2%, — 23, —23,+1+J, where

we exploit the second property in Definition and the fact that go € J. Replacing 2%, + J by
Y4, etc. as in Table yields the stated expression for [Mg, (x,¥)]; -
By Theorem the first theta body TH; () is the closure of

s, (J) =mx {(x,y) € RP* : Mg, (x,y) = 0, yo = 1},

where 7y represents the projection onto the variables x, i.e., the projection onto x11, x12, 21, T22.
Furthermore, the §;-norm of a matrix X € R*** induced by the TH; (J) and denoted by |-,
can be computed as

Xy, = irtlft st. X etQg (J)

o7



4.3. THE TENSOR 0x-NORM CHAPTER 4.

which is equivalent to

t X X2 Xo1 Xoo
X111 —Ya—Ys—yst+t Y1 Y2 Y3
inf ¢ t. M= |X > 0. 4.7
te]Rl,rgl/eRg S 12 Y1 Ya Y3 Ys | = ( )
Xo1 Y2 Ys  Ye Y7
X2 Y3 Ys  Yr Ys

Notice that tr(M) = 2¢t. By Theorem the above program is equivalent to the standard

semidefinite program for computing the nuclear norm of a given matrix X € R™*"
Wi Wi X Xio
1 W W- X X
min = (tr (W) + tr (Z))  s.t. e I 1}
W.Z 2 X1 Xor Zn Ziz
Xoo Xoo Zi12 Zoo

Notice that the matrix M in (4.7)) can be written as the following sum

2 2 8
MZt-Mo—‘rZZXij'Mij‘Fzyk'Mky
k=1

i=1 j=1
where
M 0 0 0 o o 0 0] M o0 0 0 O M 0 0 0 0]
01 0 0 0 00 1 0 0 00 0 1 0 00 0 0 1
Mo=1|0 0 0 0 0|, My=]0 1 0 0 O/,Ms=1/0 0 0 0 0|, Ms=1|0 0o 0 1 of,
0 0 0 0 O 0 0 0 0 0 01 0 0 0 0 0 1 0 0
lo 0 0o 0 O lo o 0 o0 o] lo 0 0 0 O o 1 0 0 o]
M o 0 0 0] M 0 0 0 O] M o 0 0 O M 0 0 0 O]
0 -1 0 0 O 0 0 0 0 O 0 -1 0 0 O 0 0 0 0 0
Mg=1{0 O 1 O Ol, Ms=|0 0 0 0 1|,Mg=|/0 0 O O Ol, M;=|0 0 0 0 O,
0 0 0 0 O 0 0 0 0 O 0 0 0 1 0 0 0 0 0 1
lo o o o o lo o 1 0 o] lo o 0 0 O o o 0 1 o]
0 0 0 0 O] M 1 0 0 0] 0 0 1 0 0 0 0 0 1 0
0 -1 0 0 O 1 0 0 0 O 0 0 0 0 O 0 0 0 0 0
Mg=|{0 0 0 O O|,Myy=1{0 0 0 0 O|,Mi2=1[1 0 0 0 0|, May=1(0 0 0 0 0,
0 0 0 0 O 0 0 0 0 O 0 0 0 0 O 1 0 0 0 0
lo o o o0 1] lo o o 0 o 0 0 0 0 O 0 0 0 0 O
M 0 0 0 17
0 0 0 0 0
Mas=|(0 0O 0 0 O
0 0 0 0 0
1 0 0 0 o]

4.3. The tensor 0;-norm

We now turn to the tensor case and study the hierarchical closed convex relaxations of the
unit-tensor-nuclear-norm ball defined via theta bodies. Since in the matrix case all 8i-norms are
equal to the matrix nuclear norm, their generalizations to the tensor case may all be viewed as
natural generalizations of the tensor-nuclear norm. The focus is mostly on the #;-norm whose unit
norm ball is the largest in this hierarchical sequence of relaxations. Unlike in the matrix case, the
f,-norm defines a new tensor norm, that — to the best of our knowledge — has not been studied

before.
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In the matrix scenario, all the theta norms are equal to the unit matrix nuclear norm ball. In
other words, the set of theta bodies converges to the unit matrix nuclear norm ball. By definition

of the theta bodies, we have the following relation for unit 6 norms in R™t*n2X X4

(X Xy, €132 2 {X 5 [Xly, <1}
> (Xt X[y, <1} 22 {X: X[, <1},

The analysis of convergence of the theta bodies in the tensor scenario is left for future research.
However, we do not expect the finite convergence to the unit tensor nuclear norm ball (otherwise
computing the tensor nuclear norm would not be NP-hard).

The polynomial ideal will be generated by the order-two minors of tensor matricizations, where
each variable corresponds to one tensor entry. As we will see, a tensor is rank-one if and only if all
order-two minors of the unfoldings (matricizations) vanish. In the order three case one considers
all three unfoldings. However, there are several possibilities for the order d case when d > 4. In
fact, a dth-order tensor is rank-one if all order-two minors of all unfoldings vanish so that it may be
enough to consider only the unfoldings. However, one may as well consider the ideal generated by
all order-two minors of all matricizations or one may consider a subset of matricizations including
all unfoldings. Indeed, any tensor format — and thereby any notion of tensor rank — corresponds
to a set of matricizations and in this way, one may associate a fx-norm to a certain tensor format.
In particular, for Tucker format one considers all order-two minors of all the unfoldings and for
the TT-format all order-two minors of all the matricizations X2k} with k € [d —1]. (See
Chapter [2| for some background on various tensor formats.) However, as we will show later, the
corresponding reduced Grobner basis with respect to the grevlex order does not depend on the
choice of the tensor format.

Below, we consider first the special case of third-order tensors. In Subsection [4.3.2] we treat

the general dth order case.

4.3.1. Third-order tensors. As described above, we will consider the order-two minors of

all the unfoldings of a third-order tensor. Our notation requires the following sets of subscripts

Si={(a,B):1< a1 <f1<ni, 1 <Pr<az<ng, 1 <63 < ag <ns},

(v, B)
Sy={(a,B):1<a1 <1 <ni, 1< Py <az<mny 1<as<pfs<ns},
Ss={(a,B8): 1< <f1<ni, 1<y <fr<ng, 1<p3<ag<ns},
Si={(a.8): (a,8) € S; and o # B, for all j € [3]}, forallie€ [3].

The following polynomials f(®#) in R [x] = Rlz111, %112, - - - Tnynans) correspond to a subset of

all order-two minors of all tensor unfoldings,

f("‘"e)(x) = Zal8 — Tavalang, (0,B) €S :=81US82US;

nip N2 N3

() = D> Y ol — 1,

i=1 j=1 k=1

where [a V 8], = max{e;, 8;} and [a A 8], = min {ay, 5;}. In particular, the following order-two
minor of X{} is not contained in {f(a’ﬁ) (e, B) € S}

f=raxg —zazs, Where & = (a1, B2, 83) B =(Bi,a2,a3) and (e, B) € Ss.
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We remark that in real algebraic geometry and commutative algebra, polynomials f(®2) are

known as Hibi relations, see [80].

Lemma 4.16. A tensor X € R"1*"2%"3 ig a rank-one, Frobenius-norm-one tensor if and only if
g3(X) =0 and f@P(X)=0 forall (c,3)€S. (4.8)

Proor. Sufficiency of (4.8) follows directly from the definition of the rank-one Frobenius-norm-
one tensors. For necessity, the first step is to show that mode-1 fibers (columns) span one-
dimensional space in R™*. To this end, we note that for 8y < as and 3 < ag, the fibers X.q4 04

and X.g,3, satisfy

X1ﬁ2,33 Xlazas _X15253X’ﬂ10420¢3 + X1ﬂ2ﬂ3X7l10¢2a3

X25253 X2042043 _X252ﬁ3Xn10620¢3 + X25253Xn10¢2043
—Xniazas . + Xn152,33 . = . =0,

anﬂ’zﬂa Xn1a2a3 _anﬂzﬂan1a2a3 + anﬁ’zﬁaanoé’zaa

where we used that f(®#)(X) = 0 for all (o, 3) € S. From g3 (X) = 0 it follows that the tensor
X is normalized.
Using similar arguments, one argues that mode-2 fibers (rows) and mode-3 fibers span one

dimensional spaces in R™ and R"3, respectively. This completes the proof. O

A third-order tensor X € R™*"2%"s ig rank-one if and only if all three unfoldings X1} ¢
R xnens X{2H ¢ Rr2xmins and X {3} € R7%3Xm172 are rank-one matrices. Notice that f(®8)(X) =
0 for all (o, 3) € Sy is equivalent to the statement that the /-th unfolding X{% is a rank-
one matrix, i.e., that all its order-two minors vanish, for all ¢ € [3]. In order to define re-
laxations of the unit-tensor-nuclear-norm ball we introduce the polynomial ideal J5 C R[x] =

R [%111, %112, - - - s Tnynans) as the one generated by

Gy = { P (x): (a.8) € S} U{gs ()} (1.9)

ie., J3 = (G3). Its real algebraic variety equals the set of rank-one third-order tensors with unit
Frobenius norm and its convex hull coincides with the unit-tensor-nuclear-norm ball. The next

result provides the Grobner basis of J3.

Theorem 4.17. The basis G3 defined in (4.9) forms the reduced Grobner basis of the ideal
Js = (G3) with respect to the grevlex order.

PROOF. Similarly to the proof of Theoremwe need to show that S (p,q) —g, 0 for all polyno-
mials p, ¢ € G3 whose leading terms are not relatively prime. The leading monomials with respect
to the grevlex ordering are given by
LM(gs) = 33;;11
and LM(f(@P)) = zo25, (a,B) € S.

The leading terms of g3 and f(®#) are always relatively prime. First we consider two distinct
polynomials f,g € {f(®#) : (a,8) € S3}. Let f = f(®P) and g = f(o"ﬁ) for (a, B) € S3, where

IB = (61,@2,53). That iS7

f(%X) = 2aZg — TavaTans: g(x) = Talg — ToyBLand:
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X e R || XU, X, X, || 1X]s,

1_(1)88(1): 2 2 2 2
IO | BT I
1 | IR I
S | B I
5 -3(1)83- V241 V241 V241 3

TABLE 4.2. Matrix nuclear norms of unfoldings and 6;-norm of tensors X €
R?*2x2 which are represented in the second column as X = [X (:,:,1) | X (3, :,2)].
The third, the fourth, and the fifth column represent the nuclear norms of the
first, the second, and the third unfolding of a tensor X, respectively. The last
column contains the numerically computed 6;-norm.

Since a A B = a A B and f(BVB) ¢ {f©@B) : (@, B) € Sy}, then
S (f’ g) = Tanp (*xﬁxa\/ﬂ + xﬁxavg> = I‘a/\ﬁf(ﬁ’avﬁ) *>g3 0.

Next we show that S (f,g) € T3, for f € { P :(a,8) € Spfand g € {f@P) (o, B) € 81}
Let f = f(oP) with B = (a1, B2, f5) and g = f(*P) with B = (81, B2, a3), where (a, B) € 8.
Since 5 = Tonp f(ﬁ’avﬁ) € {f(a*ﬁ) (o, B) € S3}, and f(avﬂ’ﬁ) € {f(a’ﬁ) (o, B) € 81}

S(f,g9) = Tonp (—x@xavﬁ + x[amavﬁ) =Tonp (f(ﬁva\/ﬁ) — f(avfaﬁ)) —g, 0.

For the remaining cases one proceeds similarly. In order to show that G5 is the reduced Grébner

basis, one uses the same arguments as in the proof of Theorem [£.8 a

Remark 4.18. The above Grébner basis G3 is obtained by taking a particular subset of all order-
two minors of all three unfoldings of the tensor X € R™*"2X"3 (not considering the same minor
twice). One might think that the #;-norm obtained in this way corresponds to a (weighted) sum
of the nuclear norms of the unfoldings, which has been used in [62] [83] for tensor recovery. The
examples of cubic tensors X € R2*2%2 presented in Table show that this is not the case.
Assuming that 6;-norm is a linear combination of the nuclear norm of the unfoldings, there exist
a, B, v € R such that o X[, + )X}, +~| X}, = ||X]|g,. From the first and the second
tensor in Table we obtain 7 = 0. Similarly, the first and the third tensor, and the first and
the fourth tensor give f = 0 and a = 0, respectively. Thus, the 6;-norm does not coincide with a
weighted sum of the nuclear norms of the unfoldings. In addition, the last tensor shows that the

f1-norm does not equal the maximum of the nuclear norms of the unfoldings.

Theorem [£.17] states that Gs is the reduced Grobner basis of the ideal J3 generated by all
order-two minors of all matricizations of an order-three tensor. That is, J3 is generated by the

following polynomials

1
f{ou}ﬂ) (X) = ~Tayaza3 LB B2Bs T Loy B2BsTBrasass for (a’/@) S T{l}
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2 2
f({a},@ ( ) ~TajasazTBiBafs T Thiasfslar Brass for (avﬁ) € T{ }
3
f{ou}ﬁ)( ) —TajasasTBiBaBs T LB BrasTaraszfss for (a,,@) S T{3}7

where {f({(f}ﬁ)(x) o, B) € T{k}} is the set of all order-two minors of the kth unfolding and

TH = L, B) : ap # Br, @ # B, where @ = B, = 0,a@ = g, By = Be} -

For (e, 3), with To(kyTgixy we denote the monomial where a{k} = ay, ﬁ{k = B, and a{k} =
k k

B, B = ay, for all € € [d]\{k}. Notice that fi)s (x) = fl50, (%) = féaik} o)) =

—fég%k} c’M‘})(x), for all (e, 8) € T} and all k € [3 ] This redundancy simplifies the proof of

the next theorem. Let us now consider a TT-format and a corresponding notion of tensor rank.
Recall that a TT-rank of an order three tensor is a vector r = (r1,72) where r; = rank(X{'}) and
o = rank(X{l’z} ). Consequently, we consider an ideal Js pr generated by all order-two minors
of matricizations X1 and X112} of the order-3 tensor. That is, ideal J3 pr is generated by the

following polynomials
1
f({a}ﬁ)( ) = ~Tarazas®B1afs T TayfafsThrazas, 10T (o, B) € T
1,2
'f({aﬁ})( )= —TayasasThiafs + LarasBs Thifaags  fOT (e, B) € T{172}7

where T2 = {(a, 8) : (a1, 02,0) > (B1,82,0) , a3 < B}
Theorem 4.19. The polynomial ideals J3 and Js t1 are equal.

Remark 4.20. As a consequence, Gs is also the reduced Grobner basis for the ideal J3 1 with

respect to the grevlex ordering.
PROOF. Notice that (X{S})T = X{12} and therefore
{10000 (@@ e T = (50200 (.8 e TOH Y.

Therefore, it is enough to show that f({i}ﬁ) € Js o, for all (a,B) € T2}, By definition of T2},

we have that as # 82 and (1,0, a3) # (51,0, F3). We can assume that ag # f3, since otherwise

f{172}

(B Consider the following

f{z,}ﬁ) f({;,}b) Analogously, a; # (3 since otherwise f (@.B8) =

polynomials

2

f(X) = ~TayazazTB1B28;s T LhrasBsTaifoas) (avﬁ) € T{ }

g(X) = _J;,@1,@2a3xa1a2,@3 + xﬁlazﬁgxa1ﬂ2a37 (61,62,@3,0{1,@2763) E T{l}
1,2

h(X) = ~TajasasTh 8285 T TayasfsLhifaas (a,ﬁ) € T{ }

Thus, we have that f(x) = g(x) + h(x) € J3, 7. O

4.3.2. The theta norm for general dth-order tensors. Let us now consider dth-order
tensors in R™1*n2XXnd for general d > 4. Our approach relies again on the fact that a tensor
X € RrmXnexXna jg rank-one if and only if all its matricizations are rank-one matrices, or
equivalently, if all order-two minors of each matricization vanish.

The description of the polynomial ideal generated by the second order minors of all the matri-

cizations of a tensor X € R™ *"2X-"X"d ynfortunately requires some technical notation. Again, we
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do not need all such minors in the generating set that we introduce next. In fact, this generating
set will turn out to be the reduced Grébner basis of the ideal.
Similarly to before, the entry (ai,as,...,aq) of a tensor X € R™1*"2X " X"d corresponds to

the variable z,,q,-..a, OF simply zo. We aim at introducing a set of polynomials of the form
2PN X) = —2ansTavs + Tals (4.10)

which will generate the desired polynomial ideal. These polynomials correspond to a subset of all
order-two minors of all the possible dth-order tensor matricizations. The set & denotes the indices
where o and 3 differ. Since for an order-two minor of a matricization X the sets o and 3 need

to differ in at least two indices, & is contained in
Given the set & of different indices, we require all non-empty subsets M C 8 of possible indices
which are “switched” between ¢ and 3 for forming the minors in (4.10). This implies that, without
loss of generality,

aj > p;, foralljeM

ag < B, forall k € S\M.

That is, the same minor is obtained if we require that a; < 8; for all j € M and oy > Bi for

all k € S\M since the set of all two-minors of X coincides with the set of all two-minors of
XS\WM,

For § € Sy, we define es := min{p : p € §}. The set M corresponds to an associated
matricization X™. The set of possible subsets M is given as
> {M cS: M| < L@J}\{@}, if S| is odd,
S =
{M CS: M| < Llsg_lj} U {M CS:M|= @,es € M} \{0}, if |S| is even.

Notice that PsUPsc U{D} US with Pge := {M : S\ M € Pg} forms the power set of S. The

constraint on the size of M in the definition of Pg is motivated by the fact that the role of «
o.B)

and 3 can be switched and lead to the same polynomial fc(l
Thus, for S € S|y and M € Ps, we define a set
TSM .= {(a,8) v, = Bi, foralli ¢ 8
aj > Bj, forall j e M
ay < B, for all k € S\M}.
For notational purposes, we define

{(1e} = UMe’Ps{f,gaﬁ) (o, B) € T'gM} for S € Sig.

Since we are interested in Frobenius-norm-one tensors, we also introduce the polynomial

ni  no ng
gd (X) = Z Z s Z I?xlaz...ad - L

a1=1az=1 ag=1
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Our polynomial ideal is then generated by the polynomials in

Ga= U {f2YU{ga} CR[X| =R [Z11.1, %112, Trymy..na]» 1€y Ja = (Ga).
SeSy

As in the special case of the third-order tensors, not all order-two minors corresponding to all the
matricizations are contained in the generating set G; due to the non-leading term of f éa’ﬁ ) (since
[anB](i) < [aVPB](i), for all i € [d]). Nevertheless all the order-two minors are contained in
the ideal J; as it will also be revealed by the proof of Theorem below. For instance, h(x) =
— 2193472343 + T1243T2334 — corresponding to a minor of the matricization XM for M = {1,2} -
does not belong to G4, but it does belong to the ideal J;. Moreover, it is straightforward to verify
that all polynomials in G4 differ from each other.

The algebraic variety of Jy consists of all rank-one Frobenius-norm-one order-d tensors as

desired, and its convex hull yields the tensor nuclear norm ball.

Theorem 4.21. The set G, forms the reduced Grébner basis of the ideal J; with respect to the

grevlex order.

PROOF OF THEOREM [£.2]] Again, we use Buchberger’s criterion stated in Theorem [B.I1] First

) are always relatively prime, since LM(gq4) = 2%, ; and

notice that the polynomials g4 and f éa
LM(féaﬁ)) = zqrg for (a,8) € TQA’S, where S € S[g and M € Ps. Therefore, we need to
show that S(f1, f2) =g, 0, for all fi1, fa € G4\{ga} with fi # fo. To this end, we analyze the
division algorithm on (G4).

Let f1, fo € G4 with f1 # fo. Then it holds LM(f1) # LM(f2). If these leading monomials

are not relatively prime, the S-polynomial is of the form
S(f1,f2) = Ta1Ta2Tad — Tal Ta2Tas

with {a}ﬂ,a%,ai} = {d}wd%,dz} for all k € [d].

The step-by-step procedure of the division algorithm for our scenario is presented in Algo-
rithm We will show that the algorithm eventually stops and that step 2) is feasible, i.e., that
there always exist k and ¢ such that line 7 of Algorithm holds — provided that S® # 0. (In fact,
the purpose of the algorithm is to achieve the condition that in the ith iteration of the algorithm
Gy’ <@t <4y’ for all k € [d].) This will show then that S(fi1, fo) —g, 0.

Before passing to the general proof, we illustrate the division algorithm on an example for

d = 4. The experienced reader may skip this example.

Let f1(x) := 5212’2123) (X) = —x1112%2293 + T1212%2123 € G4 (with the corresponding sets
S = {1,2,3,4}, M = {2}) and fo(x) = f£3311’2123)(x) = —T2111%3323 + T3311T2123 € G4
(with the corresponding sets & = {1,2,3,4}, M = {1,2}). We will show that S(fi, f2) =
—111202223T3311 + T121222111%3323 —g, 0 by going through the division algorithm.

In iteration i = 0 we set S = S(f1, fo) = —1112T229323311 + T1212T211173323. The leading
monomial is LM(SY) = x1112%220373311, the leading coefficient is LC(S?) = —1, and the non-
leading monomial is NLM(S?) = 21212%211173323. Among the two options for choosing a pair of
indexes (% a?Y) in step 2), we decide to take a''® = 1112 and a?° = 3311 which leads to

the set Mo = {4}. The polynomial xy1,0Z42.0 — Ty1.00a62.0Tq1.0va20 then equals the polynomial
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Algorithm 4.2. The division algorithm on the ideal (Gg).

1: Input: polynomials fi, fo € G4

2: Set SO =5(f1,f2) = Ta1Ta2Tas — Ta1Ta2Tas, @ =0

3 while S’ # 0 do

4 1) Let LM(S?) = 241.:242.:%43: and NLM(S?) = |S* — LT(S%)|

B 2) Find indices o', a2’ € {&"', &*', &>} such that there exist

6 at least one k and at least one ¢ for which

7 a,lc’i < ai’i and a;’i > a?’i st. M, = {E € [d: aé’i > a?’i} € Ps,
8 where S := {k eld: o’ # ai’i}

9

; C o gali A2i A3, P 2
and let a®’ be the remaining index in {& ", &, &>'}\{al?, a?}.

ide G (o) -
10: 3) Divide S* by f; = Tq1ila2i — Talina2ilalive2: 0 obtain
11: ¢ = [LCHE) [xas,i(—xa1,i/\a2,ixa1,i\/a2,i + T1,iTo2.i)
12: FTotina? i Laliva2iLadi — NLM(Si)].
13: 4) Define
14: SH_I = Tolipna2:iLoliiva?2:iLg3:i — NLM(Si).
15: 5)i=i+1

16: end while

1112,3311 )
zi )(X) = —Z111123312 + T1112%3311 € G4 and we can write

0 , . )
SY=-1- (12223 (*391111393312 + 1111213311) + T1111T2223%3312 — T12127211173323 )
=g

The leading and non-leading monomials of S* are LM(S') = z11112992373312 and NLM(S?!) =

T1212T211173323, respectively, while LC(S!) = 1. The only option for a pair of indices as in line
7 of Algorithm is alt = 3312,a*! = 2223, so that the set M; = {1,2}. The divisor

3312,2223) (

Tl 1T2,1 —Tallaq2:1 Tal:lya?2:l in the Step 4) equals fi X) = —X92212%3323 + L3312L2223 €

G, and we obtain

1
S =1- <$1111 (—362212963323 + $2223$3312) + T1111T2212T3323 — $1212$2111$3323)~
=52

The index sets of the monomial Zg12a2Tes = T1111%2212%3323 in S satisfy

aj <ai <ap forall k€[4

and therefore it is the non-leading monomial of S2%, i.e., NLM(S?) = x111122212%3323. Thus,
LM(S?) = w12127211173323 and LC(S?(f1, f2)) = —1. Now the only option for a pair of indices as
in step 2) is al? = 2111, a®? = 1212 with My = {1}. This yields

2
Se=-1- ($3323 (—$1111$2212 + 1”2111331212) + T1111T2212%3323 — T11117221273323 )
=S3=0

Thus, the division algorithm stops and we obtained after three steps

S(f1, f2) = S0 — LC<So>x2223fi1112,3311)(X) + LC(SO) LC(S1)x1111f£3312,2223)(X>
T LC(SO) LC(Sl) LC(§«2)£3323J(-‘£211171212) (X)
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ThUS, S(fl,fg) 4)94 0.

Let us now return to the general proof. We first show that there always exist indices a''?, a??

satisfying line 7 of Algorithm unless S* = 0. We start by setting x® = x41,:iT42.:T43: With
Ta1i > Ta2i > Tasi to be the leading monomial and x%i to be the non-leading monomial of S°.

The existence of a polynomial h € G4 such that LM(h) divides LM(S?) = x41.iTg2iTg8.: = X&

.3,

~l0 A2,
11’ 1l,a

is equivalent to the existence of al'?, a®? € {oz &

and at least one ¢ for which a,lc’l < az” and aé’l > a?’l. If such pair does not exist in iteration 7,

} such that there exists at least one k

we have

ayt <ar <al forall ke [d. (4.11)

We claim that this cannot happen if S* # 0. In fact, (4.11) would imply that the monomial

XY = Ta1,iTg2iTqs3: 1S the smallest monomial zgx~x, (with respect to the grevlex order) which

satisfies
{Br, v e} = {oAz,lC’i, di’i,@z’i} for all k € [d].

However, then x® would not be the leading monomial by definition of the grevlex order, which
leads to a contradiction. Hence, we can always find indices a!*!, a®? satisfying line 7 in step 2) of
Algorithm [4.2| unless S* = 0.

Next we show that the division algorithm always stops in a finite number of steps. We
start with iteration i = 0 and assume that S° # 0. We choose a*?, a?? a9 as in step 2) of
Algorithm Then we divide the polynomial S° by a polynomial h € G4 such that LM(h) =
Za1.0Zg20. The polynomial h € G is defined as in step 3) of the algorithm, i.e.,

1,0 2,0
h(X) = (ga “ ) = La1.0L620 — Lalopa20Tal,0va2o € Gy.
The division of S° by h results in

al,o’az,o)

SO = LC(SO) (l‘aza,o . f[g + Tl 0Aq2:0L 1,0y q2:0L 3,0 — NLM(SO) ) .

=451

Note that by construction

[al’o A az,o] < [al’o Y a2’0] for all k € [d]. (4.12)

k k

If ST # 0, then in the following iteration i = 1 we can assume LM(S!) = 41,0 0q2.0Ta1.0Aq2:0Ta3.0-
Due to (4.12), a pair a''!,a*! as in line 7 of Algorithm can be either a’? A o, a3 or
al?v a?? a0 Let us assume the former. Then this iteration results in

1,1 2,1
(a’7a’

Sl = LC(Sl) (.Z‘aa,l . fd ) + Tl ipa21Tallya2lLas,1 — NLM(SO)>

=52

with

[a1’1 A az’l]k < [a?”l]k , [al’l \% a2’1] for all k € [d], and xg31 = Tg1.0ya20.

k
Next, if S2 # 0 and LM(S?) = Za1.1pa21 Taliva21Tes then a pair of indices satisfying line 7 of
Algorithm must be al'! vV a®!, a®! so that the iteration ends up with

(a1,2 a2,2)

S? = LC(S2) (xa3,2 “fa ’ + Ta1.2pa22Tal.2va22Tas2 — NLM(SO))
=93
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such that
o]

Thus, in iteration i = 3 the leading monomial LM(S?) must be NLM(S°) (unless S® = 0).
A similar analysis can be performed on the monomial NLM(SY) and therefore the algorithm

< [a1’2 A 042’2] < [a1’2 v a2’2] for all k € [d], and 2432 = Ta11pa21-

k k k

stops after at most 6 iterations. The division algorithm results in

P i 1,i o2
S(fl, fg) = Z H LC(S]) T3, fcga ’ ),

i=0 \j=0

where f§a1yz’a2 ) = —ZTalipa2iTalivazi T Talile2i € Gg and p < 5. All the cases that we left
out above are treated in a similar way. This shows that G, is a Grébner basis of 7.

In order to show that G, is the reduced Grébner basis of Jy, first notice that LC(g) = 1 for all
g € G4. Furthermore, the leading term of any polynomial in G is of degree two. Thus, it is enough
to show that for every pair of different polynomials fd(al’ﬁl),fc(laz’ﬂ2) € G4 (related to 81, M,
and 83, My, respectively) it holds that LM( éal’ﬁl)) + LM(ngaz’BZ)) with (o, 8%) € Tg"”M’“
for k = 1,2. But this follows from the fact that all elements of G4 are different as remarked before
the statement of the theorem. O

We define the tensor f;-norm analogously to the matrix scenario.

Definition 4.22. The tensor 0x-norm, denoted by ||-|,, , is the norm induced by the k-theta body
THk (Jd), i.e.,
[1X[lg, = inf {r: X € rTH (Ja)}.

The @i-norm can be computed with the help of Theorem ie., as
[X|lp, = mint  subject to X € tQg, (Ju,,,)-

Given the moment matrix Mg, [y] associated with J, this minimization program is equivalent to
the semidefinite program
min ¢t subject to Mg, [y] = 0,y0 =t,y5 =X. (4.13)
tcR,y cRBk

We have focused on the polynomial ideal generated by all second order minors of all matriciza-
tions of the tensor. One may also consider a subset of all possible matricizations corresponding to
various tensor decompositions and notions of tensor rank. For example, the Tucker(HOSVD)-rank
(corresponding to the Tucker or HOSVD decomposition) of a dth-order tensor X is a d-dimensional
vector rgosvp = (1,72, ..,74) such that r; = rank (X{i}) for all ¢ € [d], see Subsection m
Thus, we can define an ideal J4mosvp generated by all second order minors of unfoldings X (K},
for k € [d].

The tensor train (TT) decomposition is another popular approach for tensor computations
[125]. The corresponding TT-rank of a dth-order tensor X is a (d — 1)-dimensional vector rpp =
(r1,79,...,74—1) such that r; = rank (X{l"“’i})7 i € [d — 1]. By taking into account only minors
of order two of the matricizations = € {{1},{1,2},...,{1,2,...,d — 1}}, one may introduce a

corresponding polynomial ideal Jg .

Theorem 4.23. The polynomial ideals Jg, Jqnosvp, and Jg 1 are equal, for all d > 3.
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PROOF. Let T C [d] represents a matricization and let A := {(e, 8) : oy, 8; € [n4], for all i € [d]}.
Similarly to the case of order-three tensors, for (a, 3), with -z we denote the monomial where
af = oy, BT =B for all k € 7 and of = B¢, 8] = ay for all £ € 7¢ = [d]\7. Additionally, for
(a,8) € A, with z4-01g-0 we denote the monomial where a;’o = ag, ,:’0 =P forall k € T

and aZ’O = ﬂZ"O =0 for all £ € 7¢ = [d] \T. The corresponding order-two minors are defined as
flap)(X) = —Tap + zarzar, (0,B) €T
We define the set T as
T ={(@B) e A:a™® £ 570 om0 2 570}

Similarly to the case of order-three tensors, notice that f7, 5)(x) = f5 4)(X) = —f{4r g)(x) =
—f(’b,’af)(x), for all (o, 3) € T 7. First, we show that J; = Jgnosvp by showing that flap) (x) €
JaHosvp, for all (a, 3) € T and all |[7| > 2. Without loss of generality, we can assume that a; #
Bi, for all i € 7 since otherwise we can consider the matricization 7\ {i : a; = 8;}. Additionally,
by definition of T, there exists at least one ¢ € 7¢ such that «ay # 8. Let 7 = {t1,t2,...,tr}
with ¢; < t;11, for all i € [k — 1] and k > 2. Next, fix (o, 3) € T™ and define a® = o and 3° = 3.
Algorithm results in polynomials g, € Js 1 such that f(':xﬂ)(x) = Zle gi(x). This is clear,

since
k k

Zgi = Z (—]}ai—lxﬁi—l + Jiaixﬁi) = —TaoTgo + xakxgk = f(‘;”@) (X)
i=1 i=1
By the definition of polynomials gy it is obvious that g; € {f({;}ﬁ) (x): (o, B) € T{i}}, for all
i € [k]. Next, we show that J; = Jgrr. Since J; = Jgnosvp, it is enough to show that

Algorithm 4.3. Algorithm for proving that J; = Jg rr

1: Input: An ideal J; 1T € R[x]|, polynomial f("'aﬁ) (x)

2 with a® = o, B8° = B, T = {t1,t2,..., 11}, where k > 2

3: for i=1:k

4: Define o' and 3’ as

5: aé- = {ﬁj:: ifj = t.i’ and B; = {agj itj= t.i’
o otherwise B; otherwise.

6: Define polynomial g;(x) := —Zqi-17gi-1 + TqiZgi -

7 end for

8: OQutput: Polynomials g1, go, ..., gk-

f8Y € Jar, for all (o, 8) € TH and all k € [d]. By definition of Jyrr this is true for

k=1 Fixke {2,3,...,d}, (a,8) € T} and consider a polynomial fx) = ({o]f}ﬁ) (x) corre-
sponding to the second order minor of the matricization Xt*}. By definition of TH # Bk
and there exists an index ¢ € [d] \{k} such that o; # B;. Assume that i > k. Define the poly-

nomials g(x) € RLZ-F .= {f&’;’)’k}(x) (a, B) € T{1’2""’k}} and h(x) € RILZ-F-1E =

(P05 000 (@, ) € T2
9(X) = —ZaZg + Tair2,..., M TE(12,.. k)

K} {1,2,..,k—1}

h(x) = —Tqil.2,..., k}mﬁ{l,z ..... k} + $a{112“”,k}{1,2 ,,,,, kfl}xﬁ{l’g
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Since T_ (1.2, k) (1.2, BT g,k (120 k1) = Lok} Tgir), We obtained that f(x) = g(x) + h(x)

and thus f € Jy . For the other case, i.e., when ¢ < k notice that f(x) = ¢1(x) + h1(x), where

gl(X) = —Talg t+ Tuire,... k=13 Lg{1,2,.. k-1} € RL2 k=1

hl(X) = —Tqi1.2,. k-1 TG{1,2,....k—1} T X2 ke (120, k}xﬁ{l’g

= —Tgfrz. k) Tglr2,... k) + Tk} Tgiry S 'R,{l’Q"”’k}.

k—1}{1,2,....,k}

O

Remark 4.24. Fix a decomposition tree 77 which generates a particular HT-decomposition and
consider the ideal Jg gr,7, generated by all second order minors corresponding to the matricizations

induced by the tree T7. In a similar way as above, one can obtain that Jy g7, equals to Jg.

4.4. Computational complexity

The computational complexity of the semidefinite programs for computing the tensor #;-norm
or for minimizing the 6;-norm subject to a linear constraint depends polynomially on the number
of variables, i.e., on the size of B2, and on the dimension of the corresponding moment matrix M.
We claim that the overall complexity scales polynomially in n?, where for simplicity we consider
dth-order tensors in R™*"™* X" Therefore, in contrast to the tensor nuclear norm minimization
which is NP-hard in general for d > 3, the tensor recovery via #;-norm minimization is tractable.

Indeed, the dimension of the moment matrix M is (1 4+ n) x (1 4+ n?) (see also for
matrices in R2*2) and if a = n¢ denotes the total number of entries of a tensor X € R7?Xmxxn,
then the number of the variables is at most % ~ O(a?) which is polynomial in a. (A more
precise counting does not give a substantially better estimate.)

Symmetric tensors. We may reduce the complexity of our semidefinite program by reducing
to tensors possessing symmetries. Of course, in practice this requires additional information
about the tensors to be recovered. For example, let us consider the case of dth-order symmetric-
tensors, i.e., tensors X € R™"*™* X" guch that Xo,a,...a0 = Xo(a1)o(as)--o(ay) for all the possible
permutations o : {1, ag,...,aq} = {1, a9,...,a4}. In this scenario, the size of the semidefinite

program for computing the 6;-norm is (a + 1) x (a + 1), where

n+d—1 n+d—1\" d n—1\"
The above inequality uses the general estimate (Z) < (ep/q)?, see Lemma The number of

variables in the corresponding semidefinite program for computing the 6;-norm equals the number

of monomials x4xs such that a; < as < ... < ag < &1 < ... < &y, excluding the monomial

z%, ;1 = LM(gq), which is
n+2d—1 2d n—1)\2
—1<e(q _
( 2d ) = <+ 2d)

We leave the study of low-rank symmetric tensor recovery via p-minimization to the future

investigation.
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4.5. Numerical experiments

Let us now empirically study the performance of low-rank tensor recovery via 6;-norm min-
imization via numerical experiments, where we concentrate on third-order tensors. Given the
measurements b = A(X) of a low-rank tensor X € R™*"2%"3 where A : R"*"2%"s — R™ i3 a

linear measurement map, we aim at reconstructing X as the solution of the minimization program
min [|Z|g, subject to A(Z)=Db. (4.14)

As outlined in Section the 6;-norm of a tensor Z can be computed as the minimizer of the
semidefinite program

r{lint subject to M(t,y,Z) = 0,
Y

where M(¢,y, X) = Mg, (t,X,y) is the moment matrix of order 1 associated to the ideal J3, see
Theorem This moment matrix for J3 is explicitly given by

ni N2 N3 9 |MP|
My, X) =tMo+ 3 3 > XigMije+ 3 > ueMj ().
=1 j=1 k=1 p=2 g=1

where ¢ = SP70 M| + ¢, MP = {M?}, and the matrices Mg, M, and M’% are provided
in Table For p € {2,3,...,9}, the function h, denotes an arbitrary but fixed bijection
{1,2,...,|MP|} — {(i,%,j,j’,kz, ]Ac)}, where I = (i,%,j,ik‘,fc) is in the range of the last column of
Table As discussed in Section for the general case, the #;-norm minimization problem
is then equivalent to the semidefinite program

tn;,l%t subject to M(t,y,Z) =0 and A(Z)=Db. (4.15)

For our experiments, the linear mapping is defined as (A (X)), = (X, Ay), k € [m], with in-
dependent Gaussian random tensors Ay € R™*"2X"s_ That is, all entries of A are independent
N (0, %) random variables. We choose the rank-one tensors X € R™1*™"2%X"s a3 X = uQ® v @ w,
where each entry of the vectors u, v and w is taken independently from the normal distribution
N (0,1). The rank-two tensors X € R™*"2%"3 gre generated as the sum of two random rank-one
tensors. With A and X given, we compute b = A(X), run the semidefinite program and
compare its minimizer with the original low-rank tensor X. For a given set of parameters (namely,
dimensions nq,ng,ng, number of measurements m, and rank r), we repeat this experiment 200
times and record the empirical success rate of recovering the original tensor, where we say that
recovery is successful if the element-wise reconstruction error is at most 107, We use MAT-
LAB (R2008b) for these numerical experiments, including SeDuMi_1.3 for solving the semidefinite
programs.

Table [£.4] summarizes the results of our numerical tests for cubic and non-cubic rank-one
and rank-two tensors and several choices of the dimensions. Here, the number m,,., denotes the
maximal number of measurements for which not even one out of 200 generated tensors is recovered
and M, denotes the minimal number of measurements for which all 200 tensors are recovered.
The fifth column in Table represents the number of independent measurements which are
always sufficient for the recovery of a tensor of an arbitrary rank. For illustration, we present the

average cpu time (in seconds) for solving the semidefinite programs via SeDuMi_1.3 in the last
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f-basis ‘ position (p, ¢) in the matrix

H My, ‘ Range of I = (z',aj,j,kJ%)

M, |1 (1,1),(2,2)
Miji | @ijk (1, f(i,4,k))
M% $22jk (272)

(£ (62, B)» £, 5. 1))
M% xijkxijl% (f(ih?? k)v f(ivja
ML]LV :L.ijxljk‘ (f(i,],k),f(i,j,

(£, 5.9, £
M% xljkxmk (f(iv.]’k)vf(z;a.z'v
M?N xl]kngk: (f(lajak)vf(%7ja
M} LiikLijk (f(i, 4, k), f(, 4,
M? Ti5kTijk (f(lvjv k)’ f(iaja
ME} LijkTLijhk (f(l,],k),f(l,j,

TH T T [ [ T[T

D =

RH =D T
ol S ol o

e
N~~~

.

—~

1
1 iE[’nl
.|
1|{i€[m],je€n], k€ [ns]}
\iZj=k=1}

i€ml,j<jk<k

],7 € [n2], k € [n3]

i<i,j<jk<k

i <i,j€[ng] k<k

i <i,j <7 ke [ng]

i <i,j € [ng],k € [ns]
i€ml,j<j,kelns
i€m],jeln, k<k

T T e T S e S e S O Y

TABLE 4.3. The matrices involved in the definition of the moment matrix

M(t,y, X).
trices is specified.

Due to the symmetry only the upper triangle part of the ma-
The other non-specified entries of the matrices M €

R(mnans+1)x(nminans+1) from the first column are equal to zero. The matrix M
corresponds to the element 9+ J3 of the 6-basis specified in the second column.

The index I = (i,i

,7,7. k. k:) is in the range of the last column. The function
f: N3 = N is defined as f (i,4,k) =

(i—1)ngng + (j — )ng + k+ 1.

column. We remark that no attempt of accelerating the optimization algorithm has been made.

This task is left for future research.

N1 X Ny X Ng \ rank \ Mumax \ Mmin \ n1N2aN3 \ cpu(sec)

2x2x3 1 4 12 12 0.1976
3x3x3 1 6 19 27 0.3705
3x4x5 1 11 30 60 6.6600
4x4x4 1 11 32 64 7.2818
4x5x6 1 18 42 120 129.4804
5XbHXxH 1 18 43 125 138.9040
3x4x5 2 27 56 60 7.5494
4x4x4 2 26 56 64 8.6525
4x5x6 2 41 85 120 192.5787

TABLE 4.4. Numerical results for low-rank tensor recovery in R™1*"2*ns3,

Except for very small tensor dimensions, we can always recover rank-one (or rank-two) tensors

from a number of measurements which is significantly smaller than the dimension of the corre-

sponding tensor space.

Therefore, low-rank tensor recovery via €;-minimization seems to be a

promising approach. Of course, it remains to investigate the recovery performance theoretically.

We remark that we have used standard MATLAB packages for convex optimization to obtain

the numerical experiments. To obtain better performance, new optimization methods should be

developed specifically to solve our optimization problem, or more generally, to solve the sum-

of-squares polynomial problems. We expect this to be possible and the resulting algorithms to

give much better performance results since we have shown that in the matrix scenario all theta
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norms correspond to the matrix nuclear norm. The state-of-the-art algorithms developed for the
matrix scenario can compute the matrix nuclear norm and can solve the matrix nuclear norm
minimization problem for matrices of large dimensions. The theory developed in this chapter

together with the first numerical results should encourage the development into this direction.
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CHAPTER 5

Tensor Iterative Hard Thresholding Algorithm

In this chapter we introduce an iterative approach to low-rank tensor recovery from a small
number of linear measurements. In particular, we introduce and analyze several versions of the
iterative hard thresholding algorithm (IHT) adapted to tensor formats — namely, to higher order
singular value decomposition (HOSVD), tensor train (TT) decomposition, and hierarchical Tucker
(HT) decomposition. We provide a partial convergence result for these algorithms based on the
assumption that the measurement map satisfies a variant of the restricted isometry property
(tensor RIP or TRIP) — similarly to compressive sensing and low-rank matrix recovery. That is,
we show that if the measurement map satisfies the TRIP and if the thresholding operator satisfies
an additional condition which can not be guaranteed in advance, the TIHT algorithm converges
linearly. Since different tensor decompositions induce different notions of tensor rank, the notion of
TRIP has to be adapted to the tensor decomposition at hand. Next, we show that partial Fourier
maps combined with random sign flips of tensor entries and subgaussian measurement ensembles
satisfy TRIP with high probability. Furthermore, for subgaussian measurement ensembles this is
true under almost optimal bounds on the number of measurements (optimal up to the log factors)
depending on the tensor format. Lastly, we present numerical experiments for low-HOSVD-rank
third order tensor recovery with partial Fourier measurements combined with random sign flips of
tensor entries, Gaussian measurement ensembles, and tensor completion via tensor IHT algorithms.

The tensor IHT (TTHT) algorithm — similarly to the IHT for compressive sensing and IHT for
low-rank matrix recovery — consists of the following two steps. Given measurements y = A (X),

one starts with an initial tensor X, (usually X = 0), and iteratively computes (for j =1,2,...)
Y/ = X7+ p A (y — A(X7)),
Xj+1 =H, (Y]) .

The parameter j; is a suitable stepsize parameter and H, (Z) returns a rank-r approximation of
a tensor Z within the given tensor format obtained via successive SVDs (see Subsection .
Recall that in every step of the iterative hard thresholding algorithm for compressive sensing and
low-rank matrix recovery, one computes the best s-sparse and the best rank-r approximation of a
given vector and a given matrix, respectively. This fact is exploited to prove the convergence of
the THT algorithms. Unfortunately, obtaining the best rank-r approximation of a given tensor is
in general NP-hard — regardless of the choice of tensor decomposition, see [81] [82]. Nevertheless,

‘H, computes a quasi-best approximation in the sense that
1Z = He(Z)|| p < C(d) |Z — Zppstllp  with C(d) = O(Vd), (5.1)

and ZggsTt denotes the best rank-r approximation of Z, see Theorem for the exact bound for

each of the tensor decompositions.
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As already mentioned, our analyses of the TIHT algorithms build on the assumption that
the linear operator A satisfies a variant of the restricted isometry property adapted to the tensor
decomposition at hand (HOSVD, TT, or HT decomposition). Our analyses require additionally
that at each iteration it holds

[V =X, < () Y- X 62)

where ¢ is a small non-negative number close to 0 and X, is the best rank-r approximation to X
— the tensor to be recovered (satisfying y = A(X)), see Theorem for details. In particular, if
X is exactly of rank r, then X, = X. Unfortunately, (5.1) only guarantees that

7 = X7*1||, < C@) || Y = Vs | < C@ Y7 - %o

Since C(d) = O(v/d) regardless of the tensor format we consider here, the condition cannot be
guaranteed a priori. However, our numerical experiments indicate that usually a much better low-
rank approximation to Y7 is computed than the one guaranteed in . Removing the assumption
as well as computing efficiently a better rank-r approximation than H, (Yj ) seems to be
a very difficult, if not impossible, task. As discussed in Chapter [3] there are no completely
rigorous results for tensor recovery via efficient algorithms that work for a near optimal number
of measurements. However, TIHT algorithm is easy to implement and fast, and additionally, our
TRIP bounds give some hints on what the optimal number of measurements — depending on the
tensor format — should be.

Another contribution consists in an analysis of TRIP related to the tensor formats HOSVD,
TT, and HT for random measurement maps — namely, partial Fourier maps combined with the
random sign flips of tensor entries and subgaussian maps. In particular, we show that subgaussian
linear maps A : RMxn2xXnd _y R™ gatisfy TRIP at rank r and level §, with probability exceeding
1 — e provided that

m > C16; % max { (rd + dnr) log (d) , log (571)} , for HOSVD,
m > Cad; > max { ((d — 1)r® + dnr) log (dr) ,log (™)}, for TT and HT,

where C1,Cy > 0 are universal constants, n = max{n; :i € [d]}, r = max{r; : t € T1}, and T
is the corresponding dimensional tree. Up to the logarithmic factors, these bounds match the
number of degrees of freedom of a rank-r tensor in the particular format, and therefore are almost
optimal. For linear maps A : C"t*72Xx"a _ C™ that are constructed by composing random sign
flips of the tensor entries with a d-dimensional Fourier transform followed by random subsampling
we provide a similar result, see Theorem for details.

The following results can be found in our paper [131].

5.1. Analysis of iterative hard thresholding

We now pass to our iterative hard thresholding algorithms. For each tensor format (HOSVD,
TT, and HT format), we let #, be a corresponding low-rank projection operator as described
previously. Given measurements y = A(X) of a low-rank tensor X, or y = A(X) + e if the

measurements are noisy, the iterative thresholding algorithm starts with an initial guess X° (often
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X% = 0) and performs the iterations
Y7 = X7 4 A (y — A (X7)),
X9t = U, (YT).
We analyze two variants of the algorithm which only differ by the choice of the step lengths 1.

e Classical TIHT (CTIHT) uses simply p; = 1, see [I0] and Subsection for the
sparse recovery variant and [85] and Subsection for low-rank matrix recovery variant.
e Normalized TIHT (NTIHT) uses

. N . 2
_ M Ay = A

[A M (A (y = A3
see [I1] and Subsection for the sparse vector and [152] and Subsection for the matrix
variant.

Here, the operator MJ : R71Xn2XXna _y RraxnaX--Xnd4 depends on the choice of the tensor

format and is computed via projections onto spaced spanned by left singular vectors of several

14 (5.3)

matricizations of the current iterate X7. This choice of p; is motivated by the fact that in the
sparse vector recovery scenario, the corresponding choice of the step length maximally decreases
the residual if the support set does not change in this iteration, see discussion after Theorem
and [I1].

Let us describe the operator M7 : RP1Xn2XXna _y Rr1Xn2X-XNd apnearing in . For
the sake of illustration we first specify it for the matrix case, i.e. when d = 2. Let P{JI and P{J2
be the projectors onto the top r left and right singular vector spaces of X7, respectively. Then
MI(Z) = P{J1ZP%2 for a matrix Z so that yields

[Py, 4" (v —a () Py |

" [ (Py, 4 (v —axin ey

For the general tensor case, let U;; be the left singular vectors of the matricizations XJ {i},
Xj{l""’l}, X3 i case of HOSVD, TT, HT decomposition with the corresponding ordered

tree Ty, respectively. The corresponding projection operators are given as P{Ji = Ijz jﬁ

*
2,77

U;; = Uy (i, [r4]), with 7; = rq, ;) in the HT case. Then in the case of the HOSVD decomposition

we define

where

M (Z) =Z x1 Py, x2 Py, X o xq Py (5.4)
In order to define the operator M/ for the TT decomposition we use the k-mode product introduced
in Definition [2.1] The TT decomposition of a d-th order tensor Z can be written as

Z (’il,ig, .. .,id) = Z1(2'1>Z2(2'2> s Zd(id)

(1,23 (1.2}
=7Zqx1 (Zdl X1 (--~(Z2 x1 Zp) 12 ) ) ((i1,92, ..y 3a—1),q) -

Then the operator M7 : RmXn2Xxna _y Rraxn2X--Xna iy defined as M7 (Z) = Trec(Z), where

1,2
N . , , . {1,2} {2y 43 2
Z:=|Zax1 Pl | Zas xi P, ( P, (22 x1 Py, 20 )

(0]
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and Tyec (x) € R™M1*n2XXnd pepregents the tensorized version of a vector x. More precisely, the
operator Tyee transforms a vector x € R™"™2""d into a dth order tensor X € R"tXm2X " X%a j e
Teec(vee(X)) = X.

Using the general k-mode product, one can define the operator M7 for the general HT-
decomposition by applying the above procedure in an analogous way. In the normalized version
of the tensor iterative hard thresholding algorithm (NTTIHT algorithm), one computes the pro-
jection operators P{J in each iteration j. To accomplish this, the tensor decomposition has to
be computed one extra time in each iteration which makes one iteration of the NTIHT algorithm
substantially slower in comparison to the CTIHT algorithm. However, we are able to provide
better convergence results for the NTIHT than for the CTIHT algorithm.

Remark 5.1. For the normalized matrix iterative hard thresholding algorithm three different step-

sizes have been introduced — namely, uV := ||P%A*(y7A(Xj))||2F V.= |‘A*(y7A(Xj))P{(“i
P lAparp-Ac)[l,” T A - AP,

and g0V o [PLA =GP

7 AP A oA R )
and right singular spaces of X7, respectively (see Subsection for more details). They
were motivated by the following three search directions W]U = P{JA* (y -A (Xj )), WJV =
A* (y -A (Xj)) P{,, and W]UV = P{JA* (y - A (Xj)) P{,. Notice that each of these three di-
rections result in a rank r matrix. However, to obtain the rank r tensor, we need to consider all
projections P{jk in (5.4). As it will be seen later, the fact that M7 returns a rank r tensor is
also used in the proof of partial convergence for the NTIHT algorithm to provide bounds for p;.
Consequently, we consider only the stepsize p; defined in (5.3)).

>, where P{I and P{, denote the projection onto the left
2

The available analysis of the IHT algorithm for recovery of sparse vectors [I0] and low-rank
matrices [85] is based on the restricted isometry property (RIP). Therefore, we start by introducing
an analog for tensors, which we call the tensor restricted isometry property (TRIP). Since different
tensor decomposition induce different notions of tensor rank, they also induce different notions of
the TRIP.

Definition 5.2 (TRIP). Let A: R™1*"2XXnd 5 R™ he a measurement map. Then for a fixed
tensor decomposition and a corresponding rank tuple r, the tensor restricted isometry constant d,

of A is the smallest quantity such that
(1= &) XI5 < JAX)Z < (14 6) X7
holds for all tensors X € R"™1*72%"Xnd of rank at most r.

We say that A satisfies the TRIP at rank r if §, is bounded by a sufficiently small constant
between 0 and 1. When referring to a particular tensor decomposition we use the notions HOSVD-
TRIP, TT-TRIP, and HT-TRIP.

The following theorem shows that TRIP is a sufficient condition for low-rank tensor recovery.
It is an analogue of Theorem [I.4] for compressive sensing and Theorem [T.25] for low-rank matrix

recovery.

Theorem 5.3. Let A : RM1Xn2X X" 5 R™ he a linear map that satisfies TRIP at rank 2r and
level dop < 1. Let X € R™*"2X"XN"d he a rank-r tensor and let y := A (Xy). Then Xy is the
only rank-r tensor satisfying A (X) =y.
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PROOF. We prove the theorem by contradiction. Thus, assume that there exists a rank r tensor
X, X # X satisfying A (X) =y. Then Z := Xy — X € ker (A) \{0} and rank (Z) < 2r. But then

2 2
0=[A@Z))5 = (1 —b2) [ Z]% >0
which is a contradiction. O
Under the TRIP of the measurement operator A, we prove partial convergence results for the

two versions of the TIHT algorithm. Depending on some number a € (0, 1), the operator norm

and the restricted isometry constants of .4, and on the version of TTHT, we define

5(a) 1 for CTIHT,
a =
g for NTIHT,

a+8
2
= for CTIHT
c(a) = 17(1+\/1+2763THA|\2?2)2 or . 55
- a®(1—83,) .
(oIl Al,L,)  Lor NTIHT,
ba) = 2V + bsr + \/4e(a) + 22(a)? || Allo for CTIHT, (5.6)
oY% 4\ /1c(a) + 2¢(a)2 = | All,,, for NTIHT. '

Theorem 5.4. For a € (0,1), let A : Rm>n2Xxna 5 R™ gatisfy TRIP (for a fixed tensor
format) with

O3r < (S(Cl)

and let X € RmXn2Xxnd he g tensor of rank at most r. Given measurements y = A (X), the
sequence (X7); produced by CTIHT or NTIHT converges to X if

Y7 = X7 < (1 +e() Y =X, forall j=1,2,.... (5.7)
If the measurements are noisy, y = A (X) + e for some e € R™, and if holds, then
) . b .
- X, < 0? %O~ X|p o+ 2 e, foran =12, (5.8)

Consequently, if e # 0 then after at most j* := [log; ,, (||X°—X]||,. /llell,)] iterations, XJ"+*

estimates X with accuracy

—a+b(a)

o 1
[t = x]| < = el (5.9)

Remark 5.5. (a) The unpleasant part of the theorem is that condition cannot be
checked. It is implied by the stronger condition

Y9 X7 < (14 2(0) Y7 Vs
where Ylpgp is the best rank-r approximation of Y7, since the best approximation
Y st is by definition a better rank-r approximation to Y7 than X. Due to Theorem
we can only guarantee that this condition holds with (1+¢(a)) replaced by C(d) =< V/d,
but the proof of the theorem only works for (1+¢(a)). In fact, e(a) is close to 0 as || Al|2—2
scales like \/m for reasonable measurement maps with d3, < 1, see below.
However, the approximation guarantees for H, are only worst case estimates and one
may expect that usually much better approximations are computed that satisfy ,

which only requires a comparison of the computed approximation error of the Frobenius

7
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distance of Y7 to X rather than to Y%EST. In fact, during the initial iterations one
is usually still far from the original tensor X so that will hold. In any case, the
algorithms work in practice so that the theorem may explain why this is the case.

(b) The corresponding theorem [I52] (see also Theorem for the matrix recovery case
applies also to approximately low-rank matrices — not only to exactly low rank matrices
— and provides approximation guarantees also for this case. This is in principle also con-
tained in our theorem by splitting X = Xpgggt + X, into the best rank-r approximation

and a remainder term X, and writing
y = A(X) +e= -A(XBEST) + A(Xc) +e= A(XBEST) +e,

where € = A(X.)+e. Then the theorem may be applied to € instead of e and (5.9) gives
the error estimate
1—a+b(a)

2P ARK) + el

.
[+ = Kowsr], <

In the matrix case, the right hand side can be further estimated by a sum of three terms
(exploiting the restricted isometry property), one of them being the nuclear norm of X,
i.e., the error of best rank-r approximation in the nuclear norm, see Theorem In the
tensor case, a similar estimate is problematic, in particular, the analogue of the nuclear
norm approximation error is unclear.

(c¢) In [130] local convergence of a class of algorithms including iterative hard thresholding
has been shown. That is, once an iterate X’ is close enough to the original X then
convergence is guaranteed. (The theorem in [130] requires H, to be a retraction on the
manifold of rank-r tensors which is in fact true [99, [145].) Unfortunately, the distance to
X which ensures local convergence depends on the curvature at X of the manifold of rank-
r tensors and is therefore unknown a-priori. Nevertheless, together with Theorem [5.4] we
conclude that the initial iterations decrease the distance to the original X (if the initial
distance is large enough), and if the iterates become sufficiently close to X, then we
are guaranteed convergence. The theoretical question remains about the “intermediate
phase”, i.e., whether the iterates always do come close enough to X at some point.

(d) In [78], Hedge, Indyk, and Schmidt find a way to deal with approximate projections
onto model sets satisfying a relation like ||Z — H(Z)||p < Cql|Z — Zggst||p within
iterative hard thresholding algorithms by working with a second approximate projection
H, satisfying a head approzimation guarantee of the form |[Hy(X)||r > ¢||X||# for some
constant ¢ > 0. Unfortunately, we were only able to find such head approximations
for the tensor formats at hand with constants ¢ that scale unfavorably with r and the
dimensions nq,...,ng, so that in the end one arrives only at trivial estimates for the

minimal number of required measurements.

ProoF oF THEOREM [5.4l We proceed similar to the corresponding proofs for the sparse vector
and matrix recovery case, see Theorem and Theorem respectively. The fact that
only holds with an additional € = e(a) requires extra care.

It follows from assumption that

(1+ 5)2 ||YJ _ XH? > HYJ _ Xj+1H; _ HYJ X 4+X— XjJrlHi“
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= [[Y7 = X[+ X - XL+ 2 (¥ - X, X - X,
Subtracting ||Yj — X||2F and using Y7/ = XJ — p; 4* (A (X9) —y) = XI — p; A7 A (X7 - X) +
i A*e gives
X9+ - X2 <2(Y7 - X, Xt - X) + (22 +2) | Y/ - X%,
=2(X/ - X, X7 = X)) — 2p; (A*A (X! - X) , X/ — X))
+2p1; (A'e, X0 = X) + (22 + %) |Y7 - X,
=2(X7 = X, X7t — X)) — 2 (A (X7 = X), A (XTI - X))
+ 2015 (e, A (X7 = X)) + (26 +€%) [ Y7 = X[,
<2(X7 - X, XTI — X)) —2p5 (A (X7 - X)), A (X - X))
2T 0 X0 = X el + (26429 [Y - X[E. (10)
where the last inequality is valid since rank (Xj+1 — X) < 2r < 3r so that
(e, A(X/T =X)) < AT =X)|, [lell, < V1 + 850 | X7 =X - [lell
Now let U’ be the subspace of R™X"2X"X"d gpanned by the tensors X, X7, and XJ*!
and denote by Q7 : Rm*n2X-Xna _ [Ji the orthogonal projection onto U7. Then Q7 (X) =
X, @ (X7) = XJ, and QF (X/*1) = XJ*1. Clearly, the rank of Q7 (Y) is at most 3r for all
Y € Rmxn2x-Xnd - Further, we define the operator A{Q ; RMxnexeoXng _y RIUIXN2XXNd Ty
AL (Z) = A(Q7(2Z)) for Z € RraxnaXexna,
With these notions the estimate is continued as
3 X <2000 - X, X5 = X) — 2 (4] (X7 = X) A (3041 =)
205 V1 G [ X7 = X[ [l + (26 + %) [ Y7 - X[
=2(X7 = X, (X! = X) iy Al Al (X9 - X))
+ 200/ 1+ b3 | X = X[ Jlelly + (22 + %) Y7 - X
=2(X7 = X, (T py A AL) (X7 = X))
+ 205/ T+ O30 || X = X lell, + (26 + &%) [ Y7 — X[
<2||t— Al G, % =X [ - X,
+ 205/ T+ G0 | X = X llelly + (26 + &%) |[Y7 = X[ (5.11)
The last term can be bounded by
Y7 =X o = X7 =y A A (X = X) o+ pyAe = X,
= |7 =X) =i A A (X = X) + e[

= ([T A A) (X = X) + A = |

(1 - ujA*A{Q) (X7 = X) + p;A%e

F
< |- Ag 1% = X+ g Al

< (1 1 Al || A8 |, ) IR =X+ 5 1Al el
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< (1 + ;v 1+ d3r HA||2—>2) (X7 =X+ 5 (1Al el - (5.12)

Using that (u +v)® < 2 (u® 4 v?) for all u,v € R, we obtain the estimate

. 2 .
17 X[} <2 (14 VT4 8o Al ) %9 =X+ 22 AR el (513)
Combining inequalities and yields

S ] I e R

H2—>

. 2 .
2005/ T B [ X7 = X llelly +2 (26 +2) (1 415/ T+ G [ AlL5)[[X9 = X[
+2 (26 + %) 12 I, llell?

This implies that there exist a, 8,7 € [0, 1] such that a« + 5+ v < 1 and

. 2 T . .
(o= B =) X - X[} <21 mAGAG)|, %X X =X, Gy
|| X = X|[5 < 2050/T F 6 | XIT = X el (5.15)
. 2 .
BIXI = XJ7 <2 (22 +22) (14 /1 Gar Al X7 = X5, (5.16)
7 [ X = X% < 2 (25 +€2) 2 A3 llell3 - (5.17)

Canceling one power of HXjJrl — X|| - in inequalities (5.14) and (5.15)), taking the square root of
the inequalities (5.16)) and (5.17)), and summation of all resulting inequalities yields

X7 =X
< £ B (21— mAl Ay, |+ Ve 22 (1 i/ T Gur Al ) ) X7 = X
£ (87) (25 VTH Bor + Ve + 2205 Al ) el (5.18)

with f(8,7) = (1 — B+ /B —~+ 7) ' Notice that f is positive and strictly less than 1 on
[0,1] x [0,1] and will therefore be omitted in the following.
Let us now specialize to CTIHT where p; = 1. Since A{Q is the restriction of A to the space

UJ which contains only tensors of rank at most 3r, we have (with I denoting the identity operator
on U7)
IT— pjAGAGllase = [T — AGAGlase = sup  [IX[F — AX)][3]
XEUJ':HXHle

< sup X% = JAX)3] = b3
X:rank(X)<3r,[|X| r=1

Plugging u; = 1 and above estimate into yields

+ Ve + 2¢2 (1 + 1+ 05 ||A||2_>2)) X7 - ||,
+ (214 0ar + Vae + 227 | Al ) el

< (253, + Ve + 262 (1 + mHAHM)) %7 - X[,

+ (20T Gar + VA + 26 Al ) el -

%7 =X, < (21— A5 4%

”2%2
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Setting k=14 1+ 3:]|A|l2—2 > 1, the bound 63, < a/4 with a < 1 and the definition of

e =¢(a) in (5.5) yield

a 4a? 2a* 1 4 2
2W5r + /e + 262 (1 + MIIAIIH) <ot et TEat s (2 TVt 172> =

Thus, with the definition (5.6) of b = b(a) for CTIHT we obtain
X7 =X < a|X = X]| .+ blell,
Iterating this inequality leads to (5.8)), which implies a recovery accuracy of || X/*! — X|| <

i-ath ||eH2 if a/ HXO XHF < |le||,- Hence, if e # 0 then after j* := [log; /, (||x° - XHF/HeHQ)]
1terat10ns, holds.

Let us now consider the variant NTIHT. Since the image of the operator M7 is contained in
the set of rank-r tensors, the tensor restricted isometry property yields
. " . 2
L M- A)

[P 5.19
1+6r‘“’_||A<Mj<A*<y—A<XJ‘>>>>||§Sl—ér' (519

Since Q7 maps onto rank-3r tensors, the TRIP implies that every eigenvalue of .Ag A{Q is contained

in the interval [1 — d3p,1 + d3.]. Therefore, every eigenvalue of T — ujAg A{Q is contained in

_1+53 _1763
-3 1 -

point, giving the operator norm bound

]. The magnitude of the lower end point is greater than that of the upper end

1+63r 1‘i‘(SSr

T — AL A —1< —1.

H 1iAq Aq 252~ 1—96, R

Hence, plugging the upper bound on p; in (5.19) and the above inequality into (5.18]) leads to
17 = X < (21 mAl AL+ VA 22 (1 i/ T+ b Al ) X7 = X,

+ <2uj\/1 + Oap + \/45 + 2e2p; ||«4||2_>2) lefl
14 03, O '
< (2( ks —1) + 4g+2g2( +m|u4llzﬁz>) X7 = X[|

1— d3p 1
V1F 83, \/45—}—25

+ | 2=— + [All—s | llell -
1— 03 1-—

Setting v := 1+ 7f(£§r||A\|2_>2 > 1, using 3, < a/(a + 8) and the definition (5.5) of € = ¢(a) =
a?/(17v2), gives

1+ 03p V1+ 63r a 4a? 2a2
P —1 e + 22 V2T % B L
(1 b Ve 2 (14 G Al ) S 5 4y o + g a <o

so that with the definition of b(a) in (5.6)) we arrive at

X7+ —X|| . < a|| X7 = X[, +b(a) [e]|, -

The proof is concluded in the same way as for CTTHT. ]

Remark 5.6. For the noiseless scenario where |le||, = 0, one may work with a slightly improved
definition of £(a). In fact, (5.12)) implies then

HYj XHF (1+ujmuv4||2—>2) HX XHF
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Following the proof in the same way as above, one finds that the constant 17 in the definition
(5.5) of e(a) can be improved to 9.

5.2. Tensor RIP

Now that we have shown a (partial) convergence result for the TIHT algorithm based on
TRIP, the question arises which measurement maps satisfy TRIP under suitable conditions on the
number of measurements in terms of the rank r, the order d and the dimensions nq,...,ngq. As
common in compressive sensing and low-rank matrix recovery, we study this question for random
measurement maps. We concentrate first on subgaussian measurement maps and consider maps
based on partial random Fourier transform afterwards.

A random variable X is called L-subgaussian if there exists a constant L > 0 such that
E [exp (tX)] < exp (L*t*/2)

holds for all t € R. We call A : R"tXn2xXna 5 R™ an [-subgaussian measurement ensemble
if all elements of A, interpreted as a tensor in R™*M2X:XnaX™ = are independent mean-zero,
variance one, L-subgaussian variables. Gaussian and Bernoulli random measurement ensembles
where the entries are standard normal distributed random variables and Rademacher 41 variables
(i.e., taking the values +1 and —1 with equal probability), respectively, are special cases of 1-

subgaussian measurement ensembles.

Theorem 5.7. Fix one of the tensor formats HOSVD, TT, HT (with decomposition tree T7). For
d,e € (0,1), a random draw of an L-subgaussian measurement ensemble A : R?1X72X X0 _, R
satisfies 6, < & with probability at least 1 — ¢ provided that

HOSVD: m > €16 2 max { (rd + dnr) log (d) , log (6_1)} ,
TT & HT: m > Co6 *max {((d — 1)r® + dnr) log (dr) ,log (¢7') },

where n = max{n; : ¢ € [d]}, r = max {r; : t € Tr}. The constants Cy,Cs,C5 > 0 only depend on

the subgaussian parameter L.

One may generalize the above theorem to situations where it is no longer required that all
entries of the tensor A are independent, but only that the sensing tensors A; € R™ *m2xXna,
i = 1,...,m, are independent. We refer to [48] for details, in particular to Corollary 5.4 and
Example 5.8. Furthermore, we note that the term dnr in all bounds for m may be refined to
Yy T

The proof of Theorem uses e-nets and covering numbers, see Subsection and [163] for
more background on this topic. To recall the notation, an e-net of the set X with respect to the
norm ||-|| is denoted by NX. The covering number of X (at scale €) is denoted by N (X, |-, ¢).

It is crucial for the proof of Theorem to estimate the covering numbers of the set of unit
Frobenius norm rank-r tensors with respect to the different tensor formats. We start with the
HOSVD.

Lemma 5.8 (Covering numbers related to HOSVD). The covering numbers of

Sr _ {X c R Xn2X o Xng I‘ankHOSVD (X) < r, ||X||F = 1}
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with respect to the Frobenius norm satisfy
N (Se. Iy oe) < (B(d+1) Je)memetimmn, (5.20)

PROOF. The proof follows a similar strategy as the one of [22] Lemma 3.1]. The HOSVD decom-
position X =S x1 Uy xa Uy x---x4Ug of any X € S, obeys ||S|| = 1. Our argument constructs

an e-net for S, by covering the sets of matrices Uy, Us,..., Uy with orthonormal columns and
the set of unit Frobenius norm tensors S. For simplicity we assume that ny =no =...=ng=n
and ry =ry = ... =rg = r since the general case requires only a straightforward modification.

The set D of all-orthogonal d-th order tensors X € R"™*"* %" with unit Frobenius norm is

contained in F = {X € R™"*" : | X|| = 1}. Lemma |A.§ therefore provides an €/ (d + 1)-net
d

/\/;];(d+1) with respect to the Frobenius norm of cardlnahty ‘ /(d+1)‘ < (3(d+1)/e)" . For

covering O, , = {U € R™*" : U*U =1}, it is beneficial to use the norm |- ||172 defined as
||V||1,2 = max IV (Dl
where V (:,4) denotes the i-th column of V. Since the elements of O,, , have normed columns, it
holds @, C Q. = {V ERMT V], < 1} Lemma |A.8| gives A (on Il e/ (d+ 1)) <
(3(d+1) /&)™, i.e., there exists an ¢/ (d + 1)-net Ne/gldll) of this cardinality.
Then the set

N-Esr = {§x1ﬁ1 Xo Uy X -+ Xq Uy : SEN/(d+1) and U; EN/(”djrl) for allie[d]},

obeys
d rd’+dnr
| (D, [l e/ (d+ D) [N (O [l 55/ (@+ )] < B(d+1) /)"

It remains to show that ASr is an e-net for Sy, i.e., that for all X € S, there exists X € N5* with
X —XHF < . To this end, we fix X € 8, and decompose X as X =S x1 U; xa Uy x -+ x4 Uy.
Then there exists X = S x; Uy x9 Ug x --- x4 Ug € N with U; € N Jldr1) for all i € [d] and
S e J\f/ a+1) obeying U; _ﬁiHLz <eg/ (d+ 1), for all i € [d] and ||S — SHF <e¢e/(d+1). This

gives

HX—XHF: [Sx1 U1 x -+ xqUg =S x; Uy x - xdﬁdHF
=[[Sx1 U1 xa Ug x++- xq Ug 8 x1 Uy x Uy x -+ xq_1 Ug_1 xq Uy
+ Sx;U; xqUsg X+ Xg_a Ug_g xg_1 Ug_1 xq Uy
+--+Sx;U; x---x4Uys—8S x; Uy X"'XdUdHF
<|IS x1 U1 x2 Uy x -+ x4 (Ug — Uy)
+[|S x1 Uy x2 Uy x -+ xq_1 (Ug—1 — Ug_1) xq Ug||,,
4+ 4 |Sx1 (U =Uy) x2 Ug x -+ xdﬁdHF
+[[(8=8) x1 Uy x2 Uy x -+ xq Ugl| ... (5.21)

I

For the first d terms in the above estimation note that by unitarity Z“ U; (i, k) Uy (i5,15) = x 1,
and Z U; (i5,k;) Uj (i5,1;) = 6k, for all j € [d], and (S;,—k,,Si;—i,) = 0 for all j € [d]

whenever k; # 1;. Therefore, we obtain

HS X1 Ul X9 U2 X X1 Uj—l X (U] *Uj) Xj+1 ﬁj+1 Xoee Xdﬁd”i‘
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= Z [(S X1 U1 X9 UQ X X1 Uj,1 X (U] —Uj) Xj+1 ﬁj+1 Xoee Xdﬁd) (il,...,id)]Q

il,...,id
= > > > S(ki,..o ka)S (... la) Uy (in, k) Uy (i, 1y) Uy (ia, ko) Uy (ia, Io)
il,...,idk}17...,k7dl17...,ld

o (U = U3y) (i, ky) (U5 = U;) (i5,1) - ... - Ugq (ia, ka) Ug (i, la)
=3 > Sk ke ka) S (ks ka) (U = T5) (i, k) (U5 = T5) (i5,1)

ij ki,.ka U

=3 Y SUunka k) (U =05) (i, k)" < |0 = Tyl[5, I8I15 = [U; - T,
i kikz,.ka

< (e/(d+1)).
In order to bound the last term in (5.21]), observe that the unitarity of the matrices U; gives
(8=8) x1 Ty v xs Ul = 8~ 8], </ (@+ 1),

This completes the proof. O

Bi1234)

/

B2 Bz

/N

U, U, Us; Uy

FI1GURE 5.1. Tree for the HT-decomposition with d = 4

Next, we bound the covering numbers related to the HT decomposition, which includes the

TT decomposition as a special case.

Lemma 5.9 (Covering numbers related to HT-decomposition). For a given HT-tree Ty, the

covering numbers of the set of unit norm, rank-r tensors
S?T = {X e Rrxn2xxmd s rankyp (X) < ryr, [| X = 1}
satisfy
HT D iez(T,) Tt Tt,2+z,‘-i:1 ring
N (Sr Al e ,5) < (3(2d — 1)y/r/e) <=0 ‘ for 0 <e <1, (5.22)
where r = max {r; : t € Tt}, and 1, to are the left and the right son of a node ¢, respectively.

The proof requires a non-standard orthogonalization of the HT-decomposition. (The standard
orthogonalization leads to worse bounds, in both TT and HT case.) We say that a tensor B; €
CrexmXTz i right-orthogonal if (B,}{Q’S})TB;{ZS} = I,,. We call an HT-decomposition right-
orthogonal if all transfer tensors By, for ¢ € Z(T7)\{troot}, i-€. except for the root, are right
orthogonal and all frames U; have orthogonal columns. For the sake of simple notation, we write

the right-orthogonal HT-decomposition of a tensor X € R"™1*"2X"3X"4 with the corresponding
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HT-tree as in Figure [5.1] as

X =Bji12341V (B2 VU1 vV Us) vV (Bysay vV Us v Uy). (5.23)

In fact, the above decomposition can be written as
X =B34} V (B2} X2 U1 x3U3) ¥ (Byzay X2 Us x5 Uy) .

since U; is a matrix for all i € [4]. However, for simplicity, we are going to use the notation as
in (5.23). A right-orthogonal HT-decomposition can be obtained as follows from the standard
orthogonal HT-decomposition (see [0]), where in particular, all frames U, have orthonormal
columns.

We first compute the QR-decomposition of the flattened transfer tensors B;{Z’S} = Q;{Q’?’}Rt
for all nodes t at the highest possible level £ = p — 1. The level ¢ of the tree is defined as the set
of all nodes having the distance of exactly ¢ to the root. We denote the level £ of the tree T} as
Tf = {t € Ty : level(t) = £}. (For example, for tree T as in Figure T? = {{1,2,3,4}}, T} =
{{1,2},{3,4}}, T? = {{1},{2},{3},{4}}.) The Q,’s are then right-orthogonal by construction.
In order to obtain a representation of the same tensor, we have to replace the tensors By with

nodes at lower level p — 2 by B, = By xo R:.. <3 R: where tj¢ corresponds to the left son

right ?
of ' and tyigns to the right son. We continue by computing the QR-decompositions of B?’g} with
t" at level p — 2 and so on until we finally updated the root By o 4 (Which may remain the
only non right-orthogonal transfer tensor). We illustrate this right-orthogonalization process for

an HT-decomposition of the form ([5.23)) related to the HT-tree of Figure
X =B34V (B2 VU1 v Us) v (Bysay vV U3 v Uy)
=B34 V ([Quu2y x1 Rp12y] VU1 v Us2) v ([Qqz,4) X1 Ryza31] v Us v Uy)
= [Bpi23,4; X2 Rp12y xs Riza3] V (Qqu2y VU1 vV Uz) v (Qqz.4y V Us v Uy) .

The second identity is easily verified by writing out the expressions with index notation. The
last expression is a right-orthogonal HT decomposition with root tensor §{172’3’4} = Byi,2,34) X2

R{l,z} X3 R{3,4}~

Proor or LEMMA [£.91 For the sake of better readability, we will show the result for the special
case of the order-4 HT-decomposition as in Figure [5.1] as well as for the special case of the TT
decomposition for arbitrary d. The general case is then done analogously.

For the HT-tree T} as in Figure [5.1] we have Ty = {{1,2,3,4}, {1,2}, {1}, {2}, {3, 4}, {3}, {4}}
and the number of nodes is |T7| = 2d — 1 = 7. We have to show that for 77 as in Figure the

covering numbers of
ST = {X e RmXm2X X rankyy (X) < rar, [ X p =1},
satisfy

N (S?T7 ”HF 7E> < (21\/;/8)r{1,2,3,4}r{1,2}T{3,4}+T{1,2}r1r2+r{3,4}r3r4+23:1 LT, <e<l
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For simplicity, we treat the case that r; = r for all ¢t € T; and n; = n for ¢ € [4]. We will use the
right-orthogonal HT-decomposition introduced above and we cover the admissible components U;
and B; in separately, for all t € Ty and ¢ € [4].

We introduce the set of right-orthogonal tensors O;‘%hrt = {U e Rrxrxr Ul2st i) = IT}

which we will cover with respect to the norm

U] gy = max [U 5,9

The set Q’“ght = {X eR™TXT X gy < 1} contains (’)“ght Thus, by Lemma there is an

oOri ht
e/ (Ty/r)-set N_ (T%‘T ) for O} obeying
oy r®
NE/(7\[) (3 7\f/a) = (21/r/e)

For the frames U; € R"*" with i € [4], we define the set O,,, = {U € R™*" : UTU =1I,.} which
we cover with respect to
[0l := max [U ()], -

Clearly, O, , C Q, , = {X e RMT[[X]]; 5 < 1} since the elements of an orthonormal set are
unit normed. Again by Lemma there is an e/ (7+/T)-set NSE}T\”) for O, , obeying
< (21v/r/e)"™

Finally, to cover By 234y, we define the set F,, = {X e R ||IX]|p = 1} which has an
e/ (7y/r)-net ./\/’:-” of cardinality at most (21\5/5)72. We now define

N

/(7V7)
HT R — R — R R
S = ={Bi2341 V (B2 VU1V Uz) ¥ (Bys4y vV Us v Uy) :
— _ right
B{Lg},B{gA} S NE/E;\%)’B{LQ’BA} S ./\/':/:E; T) U S ./\/ (7}) for all i € [4]}
and remark that
. 2 4
HT O:)%hvt Opr F 3rd4dnr
N (81‘ M-l ’E) = ‘Ns/(hﬁ) ’ )| PNerrum| < (1Y) :

It remains to show that for any X € SET there exists X € ./\/'5'siIT such that HX — XHF <1
For X = By1234) V (B{1,2} vUiv U2) \Y (B{3,4} vUsv U4)7 we choose X = E{1,2,3,4} \Y
S — J— — N N HT J— J— J—

(B{l 2} \V4 U1 \V4 UQ) \V4 (B{3,4} \V4 U3 \V4 U4) S Ngsr such that B{17273,4} S -7:7”,7"7 B{172}’ B{374} S
O U, € O, for all i € [4] and

o S
HB{1721374} - B{1,2,3,4} HF S 77\/;1
— € o c
|B12y — B{1,2}||F’1 < NG and ||Bysq) — B{374}HF)1 < N

Applying the triangle inequality results in

X =X, < IBgi234) V (Briyy VU1V Uz2) ¥ (Bys gy VUs v (Us — Ud))|| (5.24)
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+Br2say V(B VU1V U2) 7 (Bsay v (Us = Us) v U ||

+ |IB1,2:3,43 V (Bi,2y VU1 v Uz) v ((Byz ey — Bzay) v Us v Uy) HF (5.25)

+ot H (B{1,2,3,4} - E{1,2,3,4}) Vv (E{m} v U Vﬁz) 4 (§{3,4} v U; v ﬁ4) HF
(5.26)

To estimate ([5.24]), we use orthogonality of Uy, i € [4], and the right-orthogonality of By s},
By34; to obtain

IB{1,2,3,4y V (By1,23 VU1 v Us) ¥ (Byz gy v Us v (Uy —ﬁ4))|‘i
Z Z ZZB{l 2,34} (1,712, 734) By1.2,343 (1, k12, k34) By1 .2y (J12, 51, J2)

T1yeeny T4 Jlyeees Ja Ji2, Jsa,
ki,...,ka k12 k3a

By1,2) (k12, k1, k2) Uy (i1, 1) Ux (i1, k1) Uz (i2, j2) Us (i2, k2) Bya 4y (J34, J3, Ja)
-Bysay (ksa, ks, ka) Us (i3, j3) Us (is, ks) (Us — Uy) (ia, ja) (Us — Uy) (i, ka)
= Z Z Z ZB{1,2,3,4} (1,712, 734) Bg1,2,3,4y (1, j12, k34) B34y (J34, J3, Ja) Bys ay (K34, 73, ka)

i4 J3,J4 J12 J3a,
ka k34

- (U4 — Uy) (g, ja) (Ug — Uy) (ig, ka) = (AU, OByz43) < |AU4|5_ ||DB{374}”*
where

AUy (j4, ka) —Z (Uy = U4) (ia, ja) (Us — Uy) (ig, ks) = [(Ug — U (Uy — Uy)] (ju, ka),

D]3{34} (Ja, ka) ZZ Z B{1234} 1]127]34)3{1234} (1,712, k34)

J3  J12 Jsa,ksa

-Bys,4) (J34,73, 1) Bysay (k3a, j3, ka) -
Since the Frobenius norm dominates the spectral norm, we have

||AU4||2a2 = HU4 - U4H2—>2 HU4 - U4HF <r HU4 - U4||1,2 :

Since DE{;M} is symmetric and positive semidefinite, it holds

1= X[} = (LOBy) = tr (OB =

Hence,
[Bi1234)y V (Byroy VULV Uz2) ¥V (Byzay VU3 v (Us = Us))|p < Vr|[Us = U], %
A similar procedure leads to the estimates
B2V By v (Ui =U1) vU2) ¥ (B v Us v Ui || < V7 |[UL = Tif|, < %
[Bi1234y V (Byoy VUL Y (U2 = U2)) v (Byaay vV Us ¥ Ua)||p < Vr[[Us = Ug| , < %
IBir2sgy V By v UL v Uz) v (B v (Us = Us) v UL) | < v [ Us = T, < -
Since U; is orthogonal for all i € [4] and By oy, B{3,4} are right-orthogonal, we similarly estimate

EZ).

IB{12343 vV Byi,2y VU1 v Us) v ((Bysay — Bsay) v Us v Uy) ||i
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Z Z Z Z Byi2,34) (1,712, 734) Bi1,2,3.4y (1, k12, k34) By 2y (J12, 41, J2)

----- 14 J1,---,J4 J12,k12 j3a,ksa
k1,0, 4

B2y (k12, k1, k2) Uy (ix, j1) Uy (in, k1) Us (i, j2) Uz (i2, k2) (Bs,ay — Bys,ay) (Jsa, Js, ja)
- (Byzay — Bys.ay) (ksa, ks, ka) Us (is, j3) Us (is, k3) Uy (ia, ja) Uy (ia, ka)
= Z Z Z B1,2,3,43 (1,712, J34) By,2,3,43 (1, j12, ksa) (Bys,ay — Bys,ay) (Jsa, Js, ja)

J3,da Ji2 jsa,k3a

- (Byzay — Bys.ay) (K34, 43, ja) = (ABy3.43, OB12343) <

where

ABys.4y (Jza, k3a) = Z (Bgs.ay — Bys.a1) (Jsa, g3, ja) (Bysay — Bys.ay) (Ksa, js, ja)

73,74
-[(B9 -BEY)" (853 -BEY)] Gunkan
OBy1,2,3.4 (J34, k34) = 23{1,2,3,4} (1, j12, J34) By1,2,3.4) (1,512, k34) -
Ji2
The spectral norm of ABy3 41 can be estimated as
|8Bsa s = [BED -BER] | <IBws ~Bunll <rIBow Bl

Since D§{1,2,3’4} is symmetric and positive semidefinite

1= X[} = (LOBpi25.4) = tr (B osa) =

Hence,
HB{1,2,3,4} V (Bii2y VU1 v U2) v ((Bgsay — Bsay) v Us v Uy) HF
<Vr|Bgay ~Bpallp, <

m

A similar procedure leads to the following estimates
1(Bi2say —Bpzsy) V Bz v01v0) v (Bua v Us v U,
< [Bpzsa _3{1,2,3,4}HF < ;,
IBi2s.4) v (Biizy — Bpuzy) VU1 v U2) ¥ (Bsay v Us v Ua) ||,
< V7B - Bl < -

Plugging the bounds into (5.26) completes the proof for the HT-tree of Figure

Let us now consider the TT-decomposition for tensors of order d > 3 as illustrated in Fig-
ure[5.2] We start with a right-orthogonal decomposition (see also the discussion after Lemma [5.9)

of the form

X (i1, 42, .-, 1d) = Z Z Z B2, ay (1,1, 723...a) Un (i1, 1)

J1,J23...d J2,J3...d Jd—1,d>Jd
‘By23,....ay (J23...d, 52, 33...a) U2 (i2, j2) - - - Ba—1,qy (Ja—1.,d> Ja—1,Ja)
-Uqg-1 (ta—1,Ja-1) Uq (iq, ja) -
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As for the general HT-decomposition, we write this as

X = B{1’2’3 }lev (B{g 3, }VUQV ( -V (B{d,l’d}VUdfl VUd) s )) . (5.27)

~~~~

As above, we cover each set of admissible components U;, B; separately, and then combine these

Bao..a)

2y

U Bg....,

FIGURE 5.2. TT decomposition

components in order to obtain a covering of
SITT _ {X € R Xn2X-Xng . rankpr (X) < ror, HX”F — 1}
with respect to the Frobenius norm, that is, we form

NSTT ={B123,..44VU1V (By2s, .y VU2V (- V (Byy_1,yVUq-1VUg) -+ )) :

.....

Opor = F, :
U, GN (2d 1)VF)’ Bii,.ay GN (zd Dv7)’ B,y € s/((2d 1)vr)

ield—1),j=2,...,d—1}.

T
In order to show that ./\/'ESr forms an e-net of SET we choose an arbitrary X € STT with right-
orthogonal decomposition of the form (5.27)) and for each U; and By; . a3 the closest correbpondmg

(O n Frr E5) e
points U; 6/\/ /(2 1)[) By ay ENE/((zdﬂ)\/?)’B{jvj+1»--~vd} € /(2 1)f) 2,...,d—1

resulting in X € NE * . The triangle inequality yields
X =X < B2,y VULV B,y V- - (Bya—1,0yVUa-1V (Ua = Ua)) - )|
+ ’|B{112""ad}VU1v (B{2a"'7d}v Y (B{dfl’d}v (Ud_l - ﬁd_l) Vﬁd) U ) HF +

+ || (B{1)27"')d} - E{sz""d}) Vﬁlv (E{Z'“vd}v eV (E{d_lvd} vﬁd_1Vﬁd) e ) ||F :
(5.28)

We need to bound terms of the form (for ¢ € [d] and p € [d — 1])
Bz, .ayVOL1Y 7 (Biggir, .V (Ug = Uy) ¥ (Bigir, .y V- 9Ua) ) || o (5:29)

and |[Byio,.a} VULV - VU1V (Bippi,.dy = Bipprinay) VOV (- VU)o -
(5.30)

To estimate (5.29), we use orthogonality of Uy, Ug, ¢ € [d], and right-orthogonality of By, ,41... 41,
Bypti,..ap> P =2,3,...,d — 1, to obtain

125000

By VLT 7 Byttt (Uy = T0y) 7 (Bigiry 7+ V04) )
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Z Z Z Z Byi2,.ay (1,71, J23...a) By1,2,...ay (1, k1, k2s...a) Ut (i1, 1) Un (i1, k1)

----- id Ji,--,Jd J28...d) k23.. .4,
ki,...,ka Ja d7 k3. d

a-1.d ka_1.a
- Biggt1,...dy Uggrio.dsJgr Jgv1...d) Biggsi,...ay (Kgqr1...d» kg kgrt..a)
(Uq = Uy) (igs dq) (Ug — Uy) (iq, kq) Bigs1,....a}
“Bygs1,.ay (Fgrr.ar kg1, kgra..a) -+ Ua (ia, ja) Ua (ia, ka)

_Z Z Z Z B4y (1,J1,723..a) B,y (1,71, k23..a)

iq Jis-edq J23..d» kos..d,

(]q-i—l > Jq+1s Jg+2.. d)

- Biggti,...dy Ugq+t.ds Jgs Jar1...d) Biggri,....ay kq.qet...ds kqs Jagr1...d)
(Uy = Uy) (ig, dq) (Ug —Uy) (iq, kq)
= <AU¢1>D§{M+1 > < AU, ||2—>2 HDB{q q+1,...,d}

,,,,,

where
AU (jq, k ) :Z (Uq - ﬁq) (iq’jq) (Uq - ﬁq) (iq7 kq)’
OBigqt1,....ay (gs b Z Z Z By, ay (1,1, J23..a) Bia,....ay (1,51, k23...a)
JiyeesJq—1 J23..d> kas...d,
J3...d; k3. .a,
3Jag+1,...,d -y kg, d
o B{q—l,q,“.,d} (jq—l,q...dajq—lajq...d) B{q—l,q,...,d} (kq—l,q...d;jq—la kq...d)
“Biggtt,dy Uggrt.ds Jgr Jar1..d) Biggrt,...ay Fgqr1...d kg dgr1..a) -
We have

AU |, ,, = [[Uq ~ Uyl < HUq HF <r HU -U H1 2°

Since Dﬁ{q’qﬂ’wd} is symmetric and positive semidefinite

1= [IX]5 = (LOB{ggray) = tr (OBpggit,ay) = |[TBiaasapl,

Hence,

- Uq) v (E{q%—l,--wd}v e Vﬁd) . )HF
— €
<Vrl[Ug =Tl , < 57—

HB{L?»--#}VUIv eV (B{q,q+1,~-,d}v (Uq

In a similar way, distinguishing the cases p = 1 and p = 2,...,d — 1, we estimate terms of the
form (|5.30) as
= — — €
||B{1)27m,d}VU1V ce. VUp_lv ((B{p,p-‘rl,.“,d} — B{p,p-‘,—l,...,d}) VUPV ( .. VUd) . ) ||F < 571
Plugging the bounds into (5.28)) completes the proof for the TT decomposition. (]

The proof of Theorem also requires a recent deviation bound [49, [05] for random variables
of the form X = supgeg HB€H§ —-E ||B£||§ in terms of a complexity parameter of the set of

matrices B involving covering numbers. In order to state it, we introduce the radii of a set of
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matrices B in the Frobenius norm, the operator norm, and the Schatten-4 norm as
oy 1/4
dr (B) := sup B[, d2s2 (B) := sup ||B|l,_,,, ds (B) := sup || B|g, = sup (tr (B"B) )
BeB BeB BeEB BeB
The complexity parameter is Talagrand’s vo-functional vo (B, ||-||5_,,). We do not give the precise
definition here, but refer to [I51] for details. For us, it is only important that it can be bounded

in terms of covering numbers via a Dudley type integral [53, [I51] as

dz 2 (B)
2B <C [ \florN (B[, ), (5.31)

We will use the following result from [49, Theorem 6.5] which is a slightly refined version of the

main result of [95].

Theorem 5.10. Let B be a set of matrices, and let £ be a random vector whose entries &; are

independent, mean-zero, variance 1 and L-subgaussian random variables. Set

E= V2 (67 ”'”2%2) ('72 (B7 ||.||2~>2) +dF (B)) +dp (B) da—2 (B)
V=d*(B), and U =d5_,, (B).

Then, for ¢t > 0,

2t
P | sup ‘HB£H§—E||B£||§‘ >cEF+t) <2exp|—coming —,— ¢ | .
BcB V2'U

The constants ¢, co only depend on L.

PROOF OF THEOREM [B.7 We write
"4 (X) = VXE?

where £ is an L-subgaussian random vector of length nins - - - ngm and Vx is the m xning - - -ngm

block-diagonal matrix

< o0 ... 0

1 o xI' ... 0
szi )

Vi lono

0 o ... xT

with x being the vectorized version of the tensor X. With this notation the restricted isometry
constant is given by
5 = sup || Vx&|3 — E|[Vx£|3|,
XeT

where in the HOSVD case T = 8, = {X € R"*™2X" X" : rankpogyp (X) <r, ||X||» =1}, and
T = SJT = {X € RmxmeXxna: pankyp (X) < r, || X||p = 1} in the HT-case (including the TT
case). Theorem provides a general probabilistic bound for expressions in the form of the
right hand side above in terms of the diameters dp(B), d2—2(B), and d4(B) of the set B :=
{Vx : X € T}, as well as in terms of Talagrand’s functional v2(B, ||-||,_,5). It is straightforward
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to see that dp(B) = 1, since | X[ =1, for all X € 7. Furthermore, for all X € T,

xX'x 0 -~ 0 x| 0o - 0
0 xx --- 0 o |x[Z -~ o

mVxVx = | o =1 S | =1ms (5.32)
o o0 - xTx 0 0 - |x|3

so that Vx|, o = \/% and do_,2(B) = \/—% (Since the operator norm of a block-diagonal matrix

is the maximum of the operator norm of its diagonal blocks we obtain

1 1
Vxllyse = T 1x[ly = N Xl ) (5.33)

From the cyclicity of the trace and (5.32)) it follows that

Vx|, = tr [(V§VX)2} —tr [(VXV;Q)Q} — tr K:nlmf] —tr (%1,,1) - %

for all Vx € B. Thus, d} (B) = supy, ¢s HVXHg4 = \/% Using observation (5.33)), the bound of
the ~o-functional via the Dudley type integral @ yields

Y2 (B, ll_s) < /\/log (S, |15 w)) du, (5.34)

where 8, is replaced by SIIP{T in the HT case.
Let us first continue with the HOSVD case. Using the bound (5.20) for N (S, |||, u) and

the triangle inequality we reach

d
Yo (B, ||-[loss) < 07 / (7’17“2 ceerg 4 Znﬂ“,) log (3(d+1) /u)du

=1

m

a
:C\/T17’2 rd+ oy nln/ Vlog (d+ 1) + log (3/u) du
0

IN

C\/’"”'Z""?“d;Z?:l”ﬂ"i ( log(d+1)+/ol\/mdu>

(7"17’2 “Tg+ Z =1 nzrl) log (d) - \/(rd + dnr)log(d)

<C <C , (5.35)

m m

where r := max {r; : i € [d]} and n := max{n; : i € [d]}.
Let us now consider the HT case (including the TT case). Using the bound (5.34) of the ~o-
functional via Dudley type integral and the covering number bound (5.22)) for N (SE™, ||| ,u),

we obtain

2 Blaon) < O [ log (A (82, u))

1

<C T Z T Tty + Zrznl / \/log (3(2d — 1)v/r/u) du
teZ(Tr) 0

e (Steziry rernr + X rin ) log (24 = 1))

m
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. él\/((d — Ur® 4 dnr)log ((2d — 1))

m

(5.36)

In order to apply Theorem [5.10| we note that

E = (Ba ||'||2%2) (72 (B, ||'||2~>2) +dr

=% (B, [I-ll) + 72 (B, I-ll5-0) +
1
vm’
The bound on m of Theorem ensures that ¢ F < /2 and that 2exp (—02 min {‘t/—zg, %}) <e

with ¢ = 6/2 (provided constants are chosen appropriately). Therefore, the claim follows from
Theorem [5.10] O

—~

B)) + dr (B) d2—2 (B)

3

V =d?(B) = U=d;_,(B)=

3 |-

5.3. Random Fourier measurements

While subgaussian measurements often provide benchmark guarantees in compressive sensing
and low-rank recovery in terms of the minimal number of required measurements, they lack of any
structure and therefore are of limited use in practice. In particular, no fast multiplication routines
are available for them. In order to overcome such limitations, structured random measurement
matrices have been studied in compressive sensing [28] [60 96 129] and low-rank matrix recovery
[23, 27, 58, 6] and almost optimal recovery guarantees have been shown.

In this section, we extend one particular construction of a randomized Fourier transform from
the matrix case [58), Section 1] to the tensor case. The measurement map

1
LCmx e oM A = R FyD
A -C" A T oFaq

is the composition of a random sign flip map D : Cr1Xn2XXnd _ CriXn2XXnd defined com-

ponentwise as D(X) (ji1,...,Jd) = €j,....juX (J1,...,Ja) with the €;, . ;, being independent +1

.....

Rademacher variables, a d-dimensional Fourier transform

—Fd :Cn1Xn2><“~><77,d _>Cn1><n2><w><nd,

}—d(X) (jla“-ajd) = Z Z X(kl,...7kd)e_2ﬂ—i22:1 ﬁé‘)

ki=1  kg=1

and a random subsampling operator Ry : C1Xn2xXxna 5 C? = C™, Ro(X); = X (j) for j €
2 C [n1] x -+ x[ng], where £2 is selected uniformly at random among all subsets of [n] X - - - X [ng]
of cardinality m. Instead of the d-dimensional Fourier transform, we can also use the 1-dimensional
Fourier transform applied to the vectorized version of a tensor X without changes in the results
below. Since the Fourier transform can be applied quickly in O(nlogn?), n = max {n, : £ € [d]},
operations using the FFT, the map A runs with this computational complexity — as opposed to
the trivial running time of O(n2d) for unstructured measurement maps. By vectorizing tensors in
Crixn2XXnd the map A can be written as a partial random Fourier matrices with randomized
column signs.

The randomized Fourier map A satisfies the TRIP for an almost optimal number of measure-

ments as shown by the next result.
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Theorem 5.11. Let A : C"xm2xX"d — C™ be the randomized Fourier map described above.
Then A satisfies TRIP with tensor restricted isometry constant &, with probability exceeding

1 —2e™" as long as
m > 57 (1+n)log? (n) max {571 (14 ) log(n), f(n,d, )}, (5.37)
where

f(n,d,r) = (r*+dnr)log (d) for the HOSVD case ,
fln,d,r) = (dr?’ + dm") log (dr)  for the TT and HT case,

n=max{n; : ¢ € [d]} and r = max {r; : t € Tt }.

To prove Theorem we use a special case of Theorem 3.3 in [127] (included in Appendix [A]
as Theorem |A.4]) for the partial Fourier matrix with randomized column signs, which generalizes
the main result of [97]. Using that the Gaussian width of a set T is equivalent to v2(7T, || - ||2) by

Talagrand’s majorizing theorem [I49, [I50], this result reads in our notation as follows.

Theorem 5.12. Let T C Crrxm2x X7 gnd let A : CM1*m2XXnd 5 C™ he the randomized
Fourier map as described above. Then for 0 < § < 1

sup I3 — IXI3| < 8- (dr (7)),
XeT

holds with probability at least 1 — 2e~" as long as

(5.38)

m > C6~2(1+n)? (log(n - --ng))* max {1, m} .

(dr (T)*

PROOF OF THEOREM .11l Weuse T = S, and T = Sy and recall that dy(77) = 1. Moreover,
Y2 (T, |l - ||r) has been estimated in (5.35) and (5.36). By distinguishing cases, one then verifies

that (5.38) implies (5.37)) so that Theorem implies Theorem [5.11] O

Using recent improved estimates for the standard RIP for random partial Fourier matrices
[12, [77] in connection with techniques from [127] it may be possible to improve Theorem and
thereby (5.37) in terms of logarithmic factors.

5.4. Numerical results

We present numerical results for recovery of third order tensors X € R™*"2X"3 and the
HOSVD format which illustrate that tensor iterative hard thresholding works very well despite
the fact that we only have a partial recovery result. We ran experiments for both versions (CTTHT
and NTIHT) of the algorithm and for Gaussian random measurement maps, randomized Fourier
measurement maps (where X € C"1*"2X"3) and tensor completion, i.e., recovery from randomly
chosen entries of the tensor. (No theoretical investigations are yet available for the latter scenario).

For other related numerical results, we refer to papers [45] [65], where they have considered
a slightly different versions of the tensor iterative hard thresholding algorithm and compared it
with NTIHT.

We consider recovery of a cubic tensor, i.e., n; = ny = ng = 10, with equal and unequal
ranks of its unfoldings, respectively, (first and second experiment) and of a non-cubic tensor

X € R6*10X15 with equal ranks of the unfoldings, i.e., 7y = ro = r3 = 7 (third experiment). For
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type  tensor dimensions rank CTIHT-n CPU time in sec

Fourier 100 x 100 x 100 (L, 1,1) 10 16.2709
100 x 100 x 100 (1,1,1) 20 14.9761
100 x 100 x 100 (5,5,5) 10 31.8866
100 x 100 x 100 (5,5,5) 20 26.3486
100 x 100 x 100 (7,7,7) 20 27.2222
100 x 100 x 100 (10,10, 10) 20 36.3950
Fourier 200 x 200 x 200 (1, 1,1) 10 142.2105

TABLE 5.1. The numerical experiments are run on a personal computer with
processor Intel(R) Core(TM) i7-2600 CPU @ 3.40 GHz on Windows 7 Professional
Platform (with 64-bit operating system) and 8 GB RAM; 7 denotes the percentage
of measurements — the number of measurements equals to m = [nlngng %];

fixed tensor dimensions 1y X ny X ng, fixed HOSVD-rank r = (r1,72,73) and a fixed number of
measurements m we performed 200 simulations. We say that an algorithm successfully recovers
the original tensor X if the reconstruction X# satisfies HXO — X#H P < 1073 for Gaussian mea-
surement maps and Fourier measurement ensembles, and X# such that ||Xo — X#H P <25 1073
for tensor completion. The algorithm stops in iteration j if || XJ+! — X|| » < 107" in which case
we say that the algorithm converged, or it stops if it reached 5000 iterations.

A Gaussian linear mapping A : R™*"2*"s — R™ ig defined by tensors Ay € R™1*"2X"s yig
[A(X)] (k) = (X, Ay), for all k& € [m], where the entries of the tensors Ay are i.i.d. Gaussian
N (0,-L). The tensor X° € R™*"2%"s of rank r = (rq,72,73) is generated via its Tucker decom-
position X% = S x; U; x5 Uy x3 Us: Each of the elements of the tensor S is taken independently
from the normal distribution N (0,1), and the components Uy € R™*" are the first ry left sin-
gular vectors of a matrix My € R™*™ whose elements are also drawn independently from the
normal distribution N (0, 1).

We have used the toolbox TensorLab [143] for computing the HOSVD decomposition of a
given tensor and the truncation operator H,. By exploiting the Fast Fourier Transform (FFT),
the measurement operator A from Section [5.3| related to the Fourier transform and its adjoint
A* can be applied efficiently which leads to reasonable run-times for comparably large tensor
dimensions, see Table

The numerical results for low-rank tensor recovery obtained via the NTIHT algorithm and
Gaussian measurement maps are presented in Figures and In Figure and
we present the recovery results for low-rank tensors of size 10 x 10 x 10. The horizontal axis
represents the number of measurements taken with respect to the number of degrees of freedom of
an arbitrary tensor of this size. To be more precise, for a tensor of size n; X ny X ng, the number
7 on the horizontal axis represents m = {nlngng %1 measurements. The vertical axis represents
the percentage of successful recovery.

Finally, in Table[5.2| we present numerical results for third order tensor recovery via the CTIHT
and the NTIHT algorithm. We consider Gaussian measurement maps, Fourier measurement en-
sembles, and tensor completion. With mg we denote the minimal number of measurements that
are necessary to get full recovery and with m; we denote the maximal number of measurements

for which we do not manage to recover any out of 200 tensors.
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Recovery of low-rank tensors of size 10 x 10 x 10
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F1GURE 5.3. Recovery of low HOSVD-rank 10 x 10 x 10 tensors of rank r =
(ryr,r) via NTTHT
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FIGURE 5.4. Recovery of low HOSVD-rank 10 x 10 x 10 tensors of different
unfolding ranks via NTIHT
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Recovery of low-rank tensors of size 6 x 10 x 15
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FIGURE 5.5. Recovery of low HOSVD-rank 6 x 10 x 15 tensors of rank r = (r, r, r)
via NTIHT
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type tensor dimensions rank NTIHT-ny NTIHT-my CTIHT-n, CTIHT-n;

Gaussian 10 x 10 x 10 (1,1,1) 8 3 24 6
10 x 10 x 10 (2,2,2) 20 6 39 21

10x10x10  (3,3,3) 21 11 60 40

10 x 10 x 10 (5,5,5) 33 23 - -

10x10x 10  (7,7,7) 53 A7 - -

Gaussian 10 x 10 x 10 (1,2,2) 10 5 34 16
10 x 10 x 10 (1,5,5) 12 9 57 37

10 x 10 x 10 (2,5,7) 20 15 83 64

10 x 10 x 10 (3,4,5) 23 15 83 62

Gaussian 6 x 10 x 15 (1,1,1) 9 3 25 8
6 x 10 x 15 (2,2,2) 20 7 44 27

6x10x15  (5,5,5) 34 26 - -

Fourier 10x10x10  (L,1,1) 16 3 15 8
10 x 10 x 10 (2,2,2) 11 6 25 16

10x10x10  (3,3,3) 16 14 31 26

10 x 10 x 10 (5,5,5) 29 26 43 40

10x10x10  (7,7,7) 51 48 50 49

Fourier 10 x 10 x 10 (1,2,2) 10 5 21 14
10x10x 10 (1,5,5) 16 12 31 925

10x10x 10 (2,5,7) 21 18 37 33

10x10x10  (3,4,5) 21 18 37 33

Fourier 6 x 10 x 15 (1,1,1) 12 3 16 9
6 x 10 x 15 (2,2,2) 13 8 25 20

6 x 10 x 15 (5,5,5) 32 29 45 42

completion 10 x 10 x 10 (1,1,1) 17 2 27 2
10x10x10  (2,2,2) 43 8 45 13

10 x 10 x 10 (3,3,3) 37 12 32 16

10x10x10  (5,5,5) 44 24 50 30

10 x 10 x 10 (7,7,7) 71 46 84 54

completion 10 x 10 x 10 (1,2,2) 33 6 38 10
10x10x10  (1,5,5) 57 15 58 21

10x10x10  (2,5,7) 35 17 47 24

10x10x 10 (3,4,5) 36 17 4 22

completion 6 x 10 x 15 (1,1,1) 20 3 33 8
6 x 10 x 15 (2,2,2) 47 10 51 14

6 x 10 x 15 (5,5,5) 46 27 51 33

TABLE 5.2. Recovery results for low-rank matrix recovery via Gaussian measure-
ment maps, Fourier measurement ensembles and tensor completion for NTIHT
and CTIHT algorithm. An algorithm successfully recovers the sensed tensor Xg if
it returns a tensor X# such that HXO — X# HF < 1073 for Gaussian measurement
maps and Fourier ensembles, and X# such that HXO — X#HF < 2.5-1073 for ten-
sor completion. 7y: minimal percentage of measurements needed to get hundred
percent recovery; m1: maximal percentage of measurements for which recover is
not successful for all out of 200 tensors. That is, the number of measurements is
m; = [ninagns %1, for ¢ = 0,1. — means that we did not manage to recover all
200 tensors with percentage of measurements less than 7 = 100;
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CHAPTER 6

Conclusion and future work

In Chapter [I] we have introduced compressive sensing and low-rank matrix recovery. We have
focused mostly on convex optimization approaches and on iterative hard thresholding algorithm
since in Chapter [d and Chapter [5] we have extended these approaches to low-rank tensor recovery.

In Chapter [2] we have introduced different tensor formats. Several tensor properties have been
discussed which cause significant difficulties in the analyses of algorithms for low-rank tensor re-
covery. In particular, the CP-decomposition (canonical decomposition), which could be considered
as a natural generalization of the matrix singular value decomposition, is in general NP-hard to
compute. Consequently, the CP-rank and the corresponding tensor nuclear norm are also NP-
hard to compute. This has led to the development of other tensor formats — Tucker (HOSVD)
format, TT-format, and HT-format. For these decompositions, the tensor rank is a vector and a
well defined quantity. That is, the entries of the ranks equal to the ranks of the corresponding
tensor matricizations. Unfortunately, computing the best rank-r approximation of a given tensor
remains NP-hard — regardless of the choice of tensor format.

In Chapter [3| several previous approaches to low-rank tensor recovery have been introduced
with the corresponding theoretical results. Unfortunately, none of the approaches are complete
from both applicational and theoretical point of view. More precisely, either the methods are not
tractable, or the recovery results quantifying the minimal number of measurements are non-optimal
or even non-existent.

A new convex optimization approach to low-rank tensor recovery has been introduced in
Chapter [d This approach is based on theta bodies of the appropriately defined polynomial ideal
which induce new tensor norms called theta norms. The 0;-norm of a given tensor can be computed
via semidefinite programming. Additionally, a unit-0x-norm ball is a superset of the unit-tensor-
nuclear-norm ball for all & and the theta norms satisfy [ X[, < [[X[ls, < -+ < [X[l,,_, <
1Xllp, < -+ < [IX]l,, for all X € Rm>n2>X>"d - We have shown that in the matrix case, all
fr-norms coincide with the matrix nuclear norm. We have provided a semidefinite program for
computing the 6;-norm of a given order-three tensor as well as the semidefinite program for low-
rank order-three tensor recovery via #;-norm minimization. The numerical results presented in
Section indicate that the low-rank tensor recovery via 6;-norm is a promising approach. In
the future we would like to describe the boundary of the unit-fi-norm balls, to develop faster
algorithms for computing 8g-norm of a given tensor and for recovery of low-rank tensors via the
same norm, and to quantify the number of measurements needed for low-rank tensor recovery via
0),-norm minimization.

The theta-body approach requires computing the reduced Groébner basis with respect to the
grevlex ordering of the polynomial ideal 7; whose real algebraic variety is the set of all order-d

rank-one Frobenius-norm-one tensors. In the matrix scenario, the polynomial ideal J5 is related

99



to the determinantal ideal often denoted in literature by Z5. Recall that the real algebraic variety
of the determinantal ideal Z; with ¢ > 2 is the set of all rank-(t-1) matrices. Thus, in the tensor
scenario, the ideal Zy 4 generated by all order-two minors of all tensor matricizations (i.e., the
real algebraic variety of Zy 4 is the set of all rank-one tensors) could be considered as a natural
generalization of determinantal ideal Z,. The polynomial ideals Z3 4 to the best of our knowledge
have not been considered before. (One can also generalize in an analogous way determinantal ideals
Z; with ¢t > 3.) We have also computed the reduced Grébner basis with respect to the grevlex
ordering of the polynomial ideal Zy 4. Determinatal ideals have been the central topic throughout
the last three decades in both algebraic geometry and commutative algebra. In future, we would
like to extend the results of determinatal ideals Z; to the higher-order determinantal ideals Z; 4
that naturally arose in our research.

In Chapter [5] we have introduced and analyzed several versions of the iterative hard thresh-
olding (THT) algorithm — namely, classical tensor iterative hard thresholding algorithm (CTIHT)
and its normalized version (NTIHT) — adapted to the tensor decomposition at hand. Here, the
Tucker, TT, and HT decompositions have been considered. The TIHT algorithms are iterative
thresholding based methods to low-rank tensor recovery. The analysis of these algorithms is based
on the corresponding notion of the tensor restricted isometry property (TRIP). We have proved
that partial Fourier maps combined with random sign flips of the tensor entries and subgaussian
measurement ensembles satisfy TRIP with high probability. Under the assumption that the mea-
surement map satisfies TRIP, we have provided a partial convergence of the TIHT algorithms.
More precisely, we proved that the algorithms converge linearly if the thresholding operator sat-
isfies a specific condition which can not be guaranteed a priori. This condition is required since
the best rank-r approximation of a given tensor is in general NP-hard to compute and the thresh-
olding operator computes only its quasi-best rank-r approximation. In spite of this additional
assumption on the thresholding operator needed for the theoretical guarantees, our numerical ex-
periments for third-order low-HOSVD-rank tensor recovery suggest that TIHT algorithms perform
well in practice. Providing theoretical guarantees for tensor completion as well as for the complete

convergence of the TIHT algorithms is left for future research.

100



CHAPTER 7

Summary

In this thesis we have considered a further extension of compressive sensing and low-rank
matrix recovery to low-rank tensor recovery. The aim is to reconstruct an order-d low-rank tensor
from a number of linear measurements much smaller than its ambient dimension. As expected,
the natural approach of finding the solution of the optimization problem

min rank(Z) st. A(Z) =1y,

ZERM1Xn2 X Xng

where A : R™1xm2X " X"a 5 R™ ig 3 known linear operator and y € R™ is a measurement vector
with m < ning---ng, is in general NP-hard. Although several approaches to low-rank tensor
recovery have already been suggested, due to the certain tensor properties there is no completely
satisfactory theory available for these methods. Either the method is not tractable, or the recovery
results quantifying the minimal number of measurements are non-optimal or even non-existent.
We have presented two new approaches to low-rank tensor recovery. The first approach
was a convex optimization approach and could be considered as a tractable extension of /;-
minimization for sparse vector recovery and nuclear norm minimization for matrix recovery to
tensor scenario. It is based on theta bodies — a recently introduced tool from real algebraic geom-
etry. This approach required computing the reduced Grébner basis of the polynomial ideal [y in
R[Z11..1,%11..2, - - -, Tnyna...n, ] With respect to the graded reverse lexicographic (grevlex) ordering.
The corresponding real algebraic variety vr(Jy) = {x: f(x) = 0, for all f € J;} is the set of all
rank-one Frobenius-norm-one tensors in R *"2%*"d_We have treated each variable as a tensor
entry. We have considered the canonical format and the corresponding tensor nuclear norm which
are in general NP-hard to compute. Theta bodies THy(Jy) are closed convex sets containing the

closure of the convex hull of vg(Jy) denoted by conv(vg (7)) and they satisfy
TH1(Ja) 2 TH2(Ja) 2 -+ 2 THg—1(Ja) 2 TH(Ja) 2 -+ - 2 conv(vr(Ja))-

Since conv(vg(Jg)) is the unit-tensor-nuclear-norm-ball, every theta body provides its convex
closed relaxation. This has allowed us to define new tensor norms — #i-norms — via their unit
norm balls. That is,

{X X, < 1} = TH(Jq), forall ke N.

All f-norms can be computed via semidefinite programming. However, for simplicity, we have
provided only a semidefinite program for computing the 6;-norm of a given order-3 tensor. We
have shown that in the matrix scenario (i.e., when d = 2) all f;-norms are equal and coincide with
the matrix nuclear norm. In the tensor scenario, however, we have obtained — to the best of our

knowledge — new tensor norms. We have also provided a semidefinite program for low-rank tensor
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recovery via #;-norm minimization, i.e., a semidefinite program for

zepin N2l st A(Z)=y.
In our numerical experiments we have always recovered rank-one and rank-two tensors of order-
3 via Gaussian measurement ensembles from a number of measurements significantly smaller
than the ambient dimension of the corresponding tensor. Therefore, low-rank tensor recovery
via f1-norm minimization seems to be a promising approach. Additionally, we have also briefly
considered the ideal Z; whose real algebraic variety contains all rank-one order-d tensors (not
necessarily of Frobenius-norm-one). These ideals that — to the best of our knowledge — have
not been considered before could be considered as a natural higher-order generalization of the
determinantal ideal Z,. We have gone one step further and defined generalized determinantal
ideals 7, 4 whose real algebraic variety contains all rank-(¢ — 1) order-d tensors. We call these
ideals higher-order determinantal ideals. We have also computed the reduced Grébner basis G2 4
of the polynomial ideal 73 4 with respect to the grevlex ordering. To be more precise, we have
shown that Go a = Go\{ga = X, 4, i, Tiin. iy — 1}, where Gy is the reduced Grébner basis of
the ideal J; with respect to the grevlex ordering. This is — to the best of our knowledge — the first
result available for the higher-order determinantal ideals Z; 4 with d > 3.

The second approach was a generalization of the iterative hard thresholding algorithm (IHT
algorithm) for sparse vector and low-rank matrix recovery to the tensor scenario (tensor IHT or
TIHT algorithm). We have considered the Tucker format, the tensor train (TT) decomposition,
and the hierarchical Tucker (HT) decomposition. The crucial step of the THT algorithms consists
in taking a projection onto the set of sparse vectors or the manifold of low-rank matrices/tensors.
Unlike in the vector and the matrix scenario, it is NP-hard to compute the best rank-r approxi-
mation of a given tensor — regardless of the choice of tensor format. Even more, sometimes the
best rank-r approximation does not even exist. Therefore, in this step of the algorithm we have
computed a quasi-best rank-r approximation H,(X) of a given tensor X which can be done effi-
ciently. The analysis of the algorithm was based, similarly to the vector and the matrix scenario,
on the version of the restricted isometry property (tensor RIP or TRIP) adapted to the tensor
decomposition at hand. We have showed that subgaussian measurement ensembles satisfy TRIP
with high probability under an almost optimal condition on the number of measurements. We
have also proved that partial Fourier maps combined with random sign flips of the tensor entries
satisfy TRIP with high probability. Under the assumption that the linear operator satisfies TRIP
and under an additional assumption on the thresholding operator we have provided a linear con-
vergence result for the TIHT algorithm. In spite of the additional condition on the thresholding
operator (which can not be guaranteed a priori) required for theoretical guarantees, our numerical
results indicated that the algorithm performs well in practice. That is, we have always recovered
a low-HOSVD-rank third-order tensor via Partial Fourier maps combined with random sign flips
of tensor entries, tensor completion, and Gaussian measurement ensembles from a much smaller

number of measurements than its ambient dimension.
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APPENDIX A

In this appendix we collect several basic definitions and results related to matrices (Subsection
1A 1)), tensors (Subsection [A.2]), and covering numbers (Subsection [A.3)).

Before passing to (random) matrices, we present a general estimate used in Subsection
Lemma A.1 ([60]). Integers n > k > 0 satisty
n en\*
< (%)
(1) =3

PROOF. First notice that for £ € N it holds that

2kt kR
k — R
SR
=0
The estimate then follows from

<Z):n(n—l)---(n—k;—&—l)<n’C Kk nk <%>k

! ST RS

A.1. (Random) matrices

Definition A.2 (Kronecker product). Let A € C™*™ and B € CP*?. The Kronecker product of
two matrices A and B is the matrix A @ g B € C™P*™ defined by

A(1,1)B A(1,2)B --- A(1,n)B
AonB A(2,.1)B A(2,.2)B A(2,.n)B
A(m‘,l)B A(m., 2)B .- A(m', n)B

The Fourier matrix F,, € C"*" is the most important complex matrix in applied mathematics
since it is used to define the Fourier transform. The fast Fourier transform (FFT) reduces the
multiplication by F,, from n? to roughly n (log, n) multiplications.

The Fourier matrix F,, € C"*" is defined element-wise as F,, (j, k) = ﬁw(jfl)(kfl), where

27

w =e n ,or equivalently

1 1 1
1 w w? e wnt
1l w2 Wt o 2(n—1)
F,= a1l oW Wb sl 3D
1 w1t w2(n71) . w(nfl)(nfl)
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The vector x = F,,x is called the discrete Fourier transform of x. Matrix A € C™*" obtained by
choosing m rows independently and uniformly at random from F,, is called random partial Fourier
matrix.

In compressive sensing, instead of the Fourier matrix, often the nonequispaced Fourier matrix
is used. That is, a matrix F,, := V/nF,.

Partial circulant matrices are another class of structured random matrices. In such set-up for

a vector ¢ = (cg, c1,...,¢n—1)T € C?, the n x n circulant matrix A = A (c) is of the form
€o Ch—1 -+ C2 C1
C1 Co st C3 Co
A =
Ch—2 Cp-3 -+ Co Cp-1
Cn—1 Cpn—2 -°° C1 Co

Partial circulant matrix A¥ = A%(c) € C™*¥ is a submatrix of A consisting of the rows indexed
by £2. Additionally, if ¢ is a Rademacher vector ¢ (a vector of independent random variables
taking +1 and —1 with equal probability), then A% (¢) is called random partial circulant matrix.

We remark that circulant matrices can be diagonalized using the discrete Fourier transform.
Thus, there exists an algorithm — using FFT — such that the (circulant) matrix-vector multiplica-
tion is of complexity O(nlogn).

In the following we focus on a more general type of structured matrices called SORS (Sub-
sampled Orthogonal with Randomized Signs) matrices that have been studied in [127]. We also
present their main theorem that we apply in Chapter [5]

Definition A.3 ([127]). Let F € R¥*Y denote a matrix obeying
A
VN’

Define the random subsampled matrix H € R™*Y with ii.d. (independently identically dis-

F'F=1I and max|F(i,j)| < (A1)
1/7-]

tributed) rows chosen uniformly at random from the rows of F. Now we define the Subsampled
Orthogonal with Random Signs (SORS) measurement ensemble as A = HD, where D € RV*¥
is a random diagonal matrix with the diagonal entries i.i.d. £1 with equal probability.

For example, an N x N nonequispaced Fourier matrix and (normalized) Fourier matrix satisfy
the conditions in the above definition with A = v/N and A = 1, respectively. To present
the theorem, we need to introduce some notation. With da (77) we denote the diameter of a
given set T, i.e., do (T) = supyey [[V]y. The Gaussian width w (7) of a set T is defined as

w(T)=E [supven,— gTV]7 where g € R is a standard Gaussian random vector.

Theorem A.4 ([127]). Let 7 C RY and suppose A = \/ A, where A € R™¥ is selected from
the SORS distribution of Definition [A73] Then,

(A} el < s 6,67} - a2 ()2,

S
xeT

holds with probability at least 1 — 2e~" as long as

m > C62A% (14 1)” (log N)* max {1, (:2(7.)2} .
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APPENDIX A.
A.2. Tensors
The following lemma shows a way of decomposing the HOSVD-rank 2r dth-order tensor in a

sum of pairwise orthogonal (entry-wise) at most HOSVD-rank r tensors.
.,2ry) can be

Lemma A.5. Any tensor X € R™M*n2xX%d of HOSVD-rank 2r = (2ry, 2r,

d
decomposed into a set of 2¢ tensors {Xi}le s.t.
X = X, 4+ Xo 4+ 4+ Xoa,

rankgosvp (Xp) <r, for all p € [Qd]

(Xp,X4) =0, whenever p # gq.

ProoOF. The HOSVD decomposition of a tensor X is of the form
X:SX1U1 XQUQ Xoee XdUd,

where S € R?r1x2r2XX2ra and U,; € R"*?"i_for all i € [d].

Let
U7 (s [2ri] \ [ri]) =
U, (:,[2r3]\ [r:]) , for all ¢ € [d].

U (4 [ri]) = Ui (5 [ral)

U; (;,[ri]) = 0,
In other words, let U? be a matrix identical to U; on the first r; columns and zero otherwise and
let U% be a matrix identical to U; on the last r; columns and zero otherwise.

Notice that, since U; = U + U} for all i € [d],
X =8x; (U} +U}) x2 (US+U}) x -+ x4 (U4 UY) .
Next, define

Xp =Xy 2014 ipy 1 2tpat1 =S X1 Ut xo UR? x -+ xq UY?, for all p1,pa,...,pa € {0,1}.

Then rank (X,,) <r, for all p, and
ni no ng
. Z Xy (i1, 12, ... ,1q) Xq (41,92, - . . ,4q¢) = 0, whenever p # q.

(Xp, Xyg) = Z Z

i1=112=1

a=1
We only show that X; has rank at most r since the proofs for all other X, with p € [Qd] are

analogous. Recall that
X1:S><1U(1) XgUg Xoee XdUg,

or elementwise
2r1  2ro
,ja) UY (i1, j1) UY (i2, j2) - - - UY (ia, ja)

da) =Y > S(ji i

X1 (il, 12, ...
J1=1j2=1 Ja=1

=> > 0> S(dar---Ja) Us (i1, 51) Us (iz, j2) - - U (i, ja) -

Ji=1j2=1 Jja=1
First, notice that the above decomposition is not necessarily its HOSVD (for example, the

[ra]) does not have to be all-orthogonal). The first unfolding of X; is of

tensor S ([r1], [ro], ...
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the form

X (i1 (2, i3, -y ia)) = X (i1, i, 03, - - -, )
T1 T2 T3 Td
=Y Ui(id) D, Y Y SUnsdadiss- s da) Uz (in, o) Us (is, js) - - Ua (i, ja) -
Jji=1 J2=1j3=1 Ja=1
Define the matrix M; € R"*"2"3"""d glement-wise as
T2 T3 Td
M (j1; (g, iz, yia)) i= 3 Y oo > S (i1, d2s s, - da) US (i2, j2) US (i3, js) - - - UG (ia, ja)
Je=lj3=1  ja=1
and matrix U; € R™*™ as a submatrix of U; containing the first r; columns. Then we can write
x{8 =T,M;.
Since rank (ﬁl) < ry, we deduce that rank (Xil}) < ri. Similarly, we can show that

rank (Xik}) < ry, for all the other k € [d], which proves the first statement.

For the second statement of the theorem notice that

n1 ng ndg
(Xp, Xg) = D3> X, (insia, - ia) X (i, 42, - .y ia)
i1=11i2=1 iq=1
= > > SUndar-sda)S(kn ke, ka) YUY (i1, 1) U (i, k)
J1:925--5dd k1,k2,..,ka i1
Y U (ig, o) U (ig, ko) -+ > UL (ig, ja) UY (ia, ka) -
i2 id

Since p # g, for at least one ¢, p; # q;. Without loss of generality, we can assume that ¢ = 1
and p; = 0,¢; = 1. From the definition of U} and U7 it is clear that ), UY (i1, 1) U} (i1, k1) = 0,
for all j1, k1 € [2r1] which proves the claim. O

In the following, three algorithms for HT-truncation suggested in [((] are presented. In the
following, as in paper [70], we consider tensors as vectors over product index sets. For this purpose

we introduce
I'=Zy xIyx---xIq, IZ,:={1,2,...,n,} (withpel[d])

and we write that tensor X € R!. The I defined above corresponds to the subscript of the

corresponding dimensional tree T7.

Theorem A.6 ([70]). Let 77 be a dimension tree and X € R!. Let Xgggr denote the best HT-
rank r = {Tt}tGTI approximation of X and let 7; be the orthogonal frame projection for the ¢-frame
U, that consists of the left singular vectors of X! corresponding to the r; largest singular values
o of X' (ie., (mX)" := U,UTX? and m(1,...,dqyX = X). Then for any order of the projections

m¢, t € Ty, the following holds
< D> 02 <vV2d-2|X — Xppstllp -
F teTr i>ry

X — H X
teTr
Additionally, for the root node ¢ = {1,...,d} with sons ¢; and t5, combining the projections 7,
and 7, into a single projection via the SVD, leads to the improved bound v/2d — 3 (instead of

V2d—2).
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We call the above algorithm truncation via projections.
We explain the notation in Algorithm and Algorithm The i-th column of a matrix
U is denoted with U(:, 7). Also, recall that £ (T7) and Z (T7) denote the set of all leaf nodes and

all interior nodes of the tree T, respectively.

Algorithm A.1. root-to-leaves truncation of arbitrary tensors to HT-format

1: Input: tensor X € R’, dimension tree 77 (depth p > 0),

2: target representation rank (r¢),cp;

3: for each singleton a € £ (17) do

4: Compute an SVD of X and store the dominant r, left singular vectors in the
5: columns of the a-frame U,,.

6: end for

7. forl{=p—1,...,0 do

8: for each mode cluster t € Z(77) on level £ do

9: Compute an SVD of X! and store the dominant 7; left singular vectors in the
10: columns of the ¢-frame Uy;.

11: Let Uy, and U,, denote the frames for the successors of ¢ on level ¢ + 1.
12: Compute the entries of the transfer tensor:

13: B: (i,7,v) = (Us(:,7), Ug, (5, 5) @ Ug, (5, v))

14: end for

15:  end for

16: Compute the entries of the root (with sons ¢1, t5) transfer tensors

17: By, aqy(1,5,v) = <X{1’27“"d}, Uy, (5,7) ® Ug, (5,0))

18:  return HT-rank-r = {r¢}, s, approximation Xyr: ({Utticr(r,) {Bt}teI(TI))'

A.3. Covering numbers
The proofs of several theorems in Chapter [5| use e-nets and covering numbers.

Definition A.7 ([163]). A set N¥ C X, where X is a subset of a normed space, is called an e-net
of X with respect to the norm ||-|| if for each v € X, there exists vg € NX with ||vg — v|| < e. The
minimal cardinality of an e-net of X with respect to the norm ||-|| is denoted by N (X, ||| ,&) and

is called the covering number of X (at scale ¢).
In Chapter [5| the following result is used frequently.

Lemma A.8 ([I63]). Let € € (0,1). For any set X there always exists an e-net X with respect
to a norm ||-|| satisfying N¥ C X and
Vol (X + :B
INZ| < ol (X + 5 )7
Vol (B)

where £ is an £/2 ball with respect to the norm ||-|| and X + $B = {z +y:z € N¥,y € $B}.
Specifically, if X is a subset of the unit ball in d dimensions then X + 5B is contained in the
(1+ 5)-ball and thus

(1+e/2)* 2\ ¢ p
|N3|<(g/2yi_<1+€> <(3/€) s
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Algorithm A.2. leaves-to-root truncation of arbitrary tensors to HT-format

1: Input: tensor X € R, dimension tree T; (depth p > 0),

2 target representation rank (r¢),cp,;

3: for each singleton « € L (77) do

4: Compute an SVD of X% and store the dominant r,, left singular vectors in the
5: columns of the a-frame U,,.

6: end for

7 Compute the core tensor C, := X x; U{Tl} X -+ Xg U{Td} .

8 forl=p—1,...,0do

9: Initialize Cy := Cyy.

10: for each mode cluster ¢t € Z(77) on level £ do

11: Compute an SVD of (C[Jr])t and store the dominant r; left singular vectors in the
12: columns of the t-frame Uy € R™1 "2 %"t Let Uy, and Uy, denote

13: the corresponding frames for the successors t1, to of t on level ¢ + 1.

14: Compute the entries of the transfer tensor

15: B: (i,7,v) :== (U(:,1), Ug, (5, 5) @ Uy, (i, 1))

16: Update the core tensor C, := Cy X, Uf

17: end for

18: end for

19:  return HT-rank r = {r;},.;, approximation Xpr: ({Ua}aEL(TI) ’{Bt}tEI(T1)>'

where the last inequality follows since e < 1. We always require that N¥ C X.

Next we prove a special case of above lemma for X being the unit Euclidean sphere in d-
dimensions denoted by 847!, The proof for Lemma follows by similar arguments. With

Ba(x, ) we denote the Euclidean ball in d dimensions, centered at x of radius e.

Lemma A.9 (Covering number of the sphere, [I63]). The unit Euclidean sphere 891 equipped

with the Euclidean metric satisfies

d
—1 2

‘Nfd < (1 + ) for every € > 0.
5

PROOF. Let us fix € > 0 and choose /\/’53(171 to be a maximal e-separated subset of S*!. (In
other words, [|x —yll, > ¢, for all x,y € ./\fe‘sd_l, x #y, and no other subset of S¢~! containing
./\/'E‘SOF1 has this property.)

The maximality property implies that ./\/‘55471 is an e-net of 871, Otherwise, there would
exist x € STN\NS"" such that ||x —y||, > ¢, for all y € N5*". But then 5" U {x} would
be an e-separated set (which is in contradiction with N, ES o being the maximal e-separated subset
of 8471,

The separation property implies that the balls centered at the points in /\/fdi1 of radius /2
are disjoint. Additionally, they lie in the ball centered at origin of radius (1 + ¢/2). That is,

3 3
UXENESd—l Ba (X, 5) C By(0,1+ 5)
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A.3. COVERING NUMBERS
Comparing the volume and applying that Vol (B4(0,7)) = r¢ Vol (B4(0,1)) = r? gives

e (5) < (+5)

2

142\ 9\ ¢
S( t2> :<1+>.
2

3

which implies that

sd—l
i
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APPENDIX B

In the following, we provide an intuition behind the sum-of-squares certificates. In particular,
we focus on the theta bodies in Subsection [B.1] and in Subsection [B:2] we introduce some basic

definitions and results related to Grobner bases.

B.1. Intuition behind the sum-of-squares certificates

A central problem in optimization is to find the maximum value of a linear function over a
set & € R™. That is, solving
max {c,x) st. X€S
X

which is equivalent to solving
max (c,x) s.t. x € conv (S),
X

where W(S) denotes the closure of the convex hull of the set . For example, in linear program-
ming the set S is a polyhedron & = {x € R" : Ax < b}. We are interested in the case where § is
a real algebraic set, i.e., a set of all real solutions to a finite set of polynomials. In particular, for a
given polynomial ideal 7 generated by a finite basis {f1, fa,..., fm}, the set 8 we are interested
in is the real algebraic variety of the ideal [J denoted by vg(J). That is, the set S is of the form

S=w(J)={xeR": f(x)=0,VfeT}={xeR": fi(x) =0,Vie [m]}.

Recall that every closed convex set C C R" is the intersection of closed half-spaces that contain
it. That is,
C =N {H : H closed half-space, C C H} (B.1)
= {x:x € H for every closed half-space H satisfying C C H}. (B.2)
By definition, every closed half-space H C R™ is identified with the affine function ¢4 which
specifies the corresponding hyperplane {x : £2,(x) = 0}. (There exists a one-to-one correspondence
between the affine functions and closed half-spaces.) That is, for every closed half-space H there
exist a2t alt a3t ... a?* € R (not all zero) such that
{(xeH} = {x:l3(x) > 0,03 (x) = alt +afta1 +adtazs+ - +altz,}.
Thus, set C defined in (B.2)) can be expressed as
C = {x: {3 (x) > 0 for all affine 4, s.t. {3¢|c > 0}. (B.3)

Additionally, it is enough to consider only the affine functions ¢4 satisfying ¢4;|c > 0 which define
the supporting hyperplanes ¢4, (x) = 0 of the set C —see Figure Recall that a closed half-space
H = {x: {3 (x) > 0} containing C where ¢3,(x) = 0 is the supporting hyperplane of the set C
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(A) set C (B) conv (C) (c) hyperplanes {x : ¢3((x) = 0}

FIGURE B.1. Representation of conv (C) as the intersection of possibly infinitely
many half-spaces H defined via affine functions £4;. The supporting hyperplanes
{x: l3(x) = 0} are denoted in red in the third figure.

satisfies C C H and CNH # (. However, for a general set C, it can be a difficult task to determine
all its supporting hyperplanes.

Let us now return to our set of interest S = vg(7), where J is a polynomial ideal. By setting

C to be the smallest closed convex superset of & = vg(J), i.e. C = conv (S) = conv (vg (J)),
[B3) gives
conv (vg (J)) = {x € R™: ¢(x) > 0 for all ¢ affine s.t. €|W > O} . (B.4)

Notice that if £ (x) > 0 for all x € vg (J), then £(x) > 0 for all x € conv (v (J)). Thus, in
it is enough to consider only affine polynomials ¢ satisfying £|, ) > 0. However, already checking
for a single polynomial ¢ € R[x| whether it is nonnegative on a set vg (J) can be a difficult task.
The idea is to relax the condition £, 7y > 0 into something which is easier to verify at the risk of
losing some of the affine ¢’s in and obtaining a superset of conv(vg(7)). One possibility to
obtain the hierarchy of the convex relaxations is restricting only to the affine polynomials which

are k-sos mod J, i.e., to the polynomials that can be written as
Ux) =0(x)+p(x), whereo € Xg, p€ T, (B.5)

with Xox denoting the sum of squares (sos) polynomials of degree at most 2k in R[x]. That is,

¢
o€, if Thy,ha, ... by with deg(hy),... deg(hy) <k sit. o(x) =Y h(x).
i=1
Nonnegativity in (B.5)) is guaranteed since o (x) > 0 and p(x) = 0, for all x € vg (J). These
relaxations defined for all k € N are called theta bodies [9] [68]. More precisely, for k € N, the k-th
theta body is the set

THy (J) = {x € R" : {(x) > 0, for all ¢ affine that are k-sos mod J}.
Notice that, by definition, theta bodies satisfy
conv (vg (J)) € -+ CTHy (J) C THx_1 (J) C--- C TH; (TJ). (B.6)

In the following example we compute the theta body relaxations of the unit ¢;-ball in R2. In
particular, we show that the first theta body coincides with the unit ¢;-ball which together with
further implies that all theta bodies are equal in this scenario and coincide with the unit
£1-ball.
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(=1,0)

(1(z1,22) =0
Ly(21,m2) =0

(0,-1)

l3(z1,22) =0
ly(y,m2) =0

FIGURE B.2. Representation of the unit ¢;-ball together with its four supporting
hyperplanes {(z1,x2) : £;(x1,z2) = 0} for all ¢ € [4], with ¢; defined in (B.7)). The
corresponding half-spaces are H; = {(z1,x2) : {;(x1,22) > 0}, for all ¢ € [4].

Example B.1 (Relaxations of the unit ¢1-ball in R?). First, notice that the unit ¢;-ball can be
written as a convex hull of its extreme points & := {(1,0), (—1,0), (0, —1), (0, 1)}, see Figure B.2].
Thus, following the discussion above, we define a polynomial ideal [J; such that its real algebraic
variety vr(J1) coincides with the set S. Clearly, for every x € S it holds that z1,22 € {0,1, -1}
which is ensured by the constraint f;(x) = 0, where f;(x) = z;(x; — 1)(z; + 1), for i = 1,2.
Additionally, every x € 8 satisfies |x1|+ |z2| = 1 which is guaranteed by the constraint f3(x) = 0,
where f3(x) = 2% + 23 — 1.

Thus, one option to define the polynomial ideal J; € R [x] = R [z1, z2] such that vg(J1) =S
is

Ty = {f1, fo, f3) = (z1(z1 — 1)(21 + 1), 22(2z2 — 1) (22 + 1), 27 + 23 — 1)

From Figure it is clear that there are only four supporting hyperplanes ¢;(x) = 0 of the unit

£1-ball corresponding to the following four affine functions

In other words,
conv(vg(J1)) = {x € R? : £;(x) >0, for all i € [4]}.

In addition, notice that

1 ) 1
55?(901,:62) + (=1)'z122 — 5(55% +a5—1), forallie[4],

where o;(21,22) = %f?(ml,mg) € Yy and p;(z1,22) = (—1)'w120 — %(x% + 23— 1) € Jy, for all

li(x1,x2) = 04(x1, 22) + pi(21,22) =

i € [4] (since z1x9 = 2122 - f3 —xo - f1 —x1 - f2 € J1). That is, the polynomial ¢; is 1-sos mod [Ji,

for all ¢ € [4]. Thus, in this scenario, all the theta body relaxations coincide with the unit ¢;-ball.

At the end of Subsection we generalize the above result to the unit-£;-norm balls in R™,
with n € N.

Remark B.2. Lasserre’s method is another sum-of-squares method for obtaining the hierarchy of

convex relaxations of the set conv (vg (J)), see [102]. Let J be a polynomial ideal generated by the
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basis {f1, fo,..., fm}- In this scenario, instead of considering all affine polynomials nonnegative

on vg(J), one considers affine polynomials ¢ of the form
l(x)=0(x)+ Zgi (x) fi (x), (B.8)
i=1

where o € X9y, and g; f; € R[x],,, for a fixed positive integer k. In this case, polynomial ¢ is called
k-sos mod {f1, fa,..., fm}. Notice that the the polynomial ¢ in is nonnegative on vg(J),
since o(x) > 0 and f;(x) =0, for all x € vr(x) and all i € [m].

Although theta bodies and Lasserre’s method are closely related, in general they result in
different sets of hierarchical relaxations. Lasserre’s relaxations depend on the choice of the basis of
the ideal. Therefore, different bases will in general provide different sets of hierarchical relaxations.
On the other side, the theta bodies do not depend on the choice of the basis of the ideal and thus
are more natural if one is interested in the geometry of vg (J) and conv (vg (J)). However, one
has to compute a Grobner basis of J which can be a challenging task — Buchberger’s algorithm
for computing a Grobner basis of a given polynomial ideal has a double exponential worst case
complexity, see [5].

In addition, notice that even if { f1, fa, ..., fim} is a Grobner basis of the ideal, Lasserre’s relax-
ations in general differ from theta bodies since for a fixed positive integer k, Lasserre’s relaxation
has additional degree restriction on the polynomial p (x) = Y"7", ¢; (x) f; (x) € J.

We remark that tensor completion via Lassere’s relaxations has been analyzed in [4].

B.2. Grobner bases

In this section we present the monomial orderings and the Grébner bases. All the results are
stated without proofs which can be found together with the definitions in [36] [37].

To compute a Grobner basis of a polynomial ideal in R [x] = R [z1, z9, ..., z,] we need to fix
a monomial ordering. In the following we introduce the lexicographic (lex), graded lexicographic
(grlex), and graded reverse lexicographic (grevlex) ordering. For further details on monomial or-

derings, we refer the interested reader to [36], [37].

Definition B.3. Let a = (a1, 0,...,ap), 8= (B1,082,...,8n) € Z< and the vector difference

a — (3 € Z". With x* we denote the monomial z7*z5?---z&". Then we write

1) x® >, xP if in a — B the leftmost nonzero entry is positive.
2) X* > XP if ol =0 o > B =1L, Bi or |a] =|B] and o >, 8.
3) X >grepter XP if |@] > |B] or |a| = |B] and the rightmost nonzero entry of o — 3 is

negative.
Notice that all three monomial orderings induce the variable order 1 > 3 > -+ > z,.

Example B.4. We order the terms of polynomial f(x,y, z) = 52% — Twz? +2xy? —3y?z+yz —2* €
R [x,y, z] in decreasing order with respect to different monomial orderings

(1) lex: 523 + 2zy? — Txz? — 3y?2 + yz — 24

(2) grlex: —z* + 523 + 2xy? — Tx2? — 3y%2 + yz

(3) grevlex: —z* + 5x® + 2wy? — 3y%2 — Tw2? + yz.
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A Grébner basis is a particular kind of generating set of a polynomial ideal. It was first intro-
duced in 1965 in the Phd thesis of Buchberger [I7] together with the algorithm for transforming
a given generator set of a polynomial ideal into a Grobner basis, see Algorithm

Definition B.5 (Grobner basis). Fix a monomial order. A basis G = {g1, g2, ..., gs} of a polyno-
mial ideal J C R[x] is a Gréobner basis (or standard basis) if for all f € R [x] there exist unique
r € Rix] and g € J s.t.

f=g+r (B.9)
and no monomial of r is divisible by any of the leading monomials in G, i.e., by any of the
LM (g1),LM(g2) ,..., LM (gs).

Notice that since the remainder r in the above definition is unique, a Grébner basis can be used
to determine whether a certain polynomial belongs to an ideal. That is, a polynomial f € R [x]
as in is in the ideal J if and only if » = 0. A Grobner basis is also one of the main
computational tools in solving systems of polynomial equations [37] and in the elimination theory

[37). A Grobner basis is not unique, but the reduced version (defined below) is.

Definition B.6. The reduced Grobner basis for a polynomial ideal J € R[x] is a Grébner basis
G ={0n,92,...,9s} for J such that

1) LC(g;) =1, for all i € [s].

2) no monomial of g; lies in (LT(G\{g;})), for all i € [s].

In other words, a Grobner basis G = {g1, g2, ..., gs} of J is the reduced Grobner basis of J if
for all i € [s] the polynomial g; € G is monic (i.e., LC(g;) = 1) and its leading monomial LM(g;)
does not divide LM(g;), for any j # 1.

With ?}- we denote the remainder on division of f by the ordered k-tuple F = (f1, fo, ..., fx).
If F is a Grobner basis for an ideal {f, fa,..., fr), then we can regard F as a set without any
particular order by Definition Therefore, ?g = r in Definition

Next we define the S-polynomial of given polynomials f and g. The S-polynomial plays an
important role in the Buchberger’s algorithm for computing a Grébner basis of a given polynomial

ideal.

Definition B.7. Let f,g € R[x] be a nonzero polynomials.

(1) If multideg (f) = o and multideg (¢9) = 3, then let v = (v1,72,...,7n), where v; =
max {a;, B}, for every i. We call x7 the least common multiple of LM (f) and LM (g)
written x¥ = LCM (LM (f) ,LM (g)).

(2) The S-polynomial of f and g is the combination

v <7

el
= — g.
LT(f)" LT (9)
The following result follows directly from Definition and Division algorithm [37].

S(f.9)

Corollary B.8. Fix a monomial ordering and let G = {g1, g2, ...,9s} C R[x] be a Grobner basis
of a polynomial ideal J. A polynomial f € R[x] is in the ideal [J if it can be written in the form
f=a191 + asg2 + ... + asgs, where a; € R[x], for all i € [s], such that whenever

a;gi # 0,
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we have
multideg (f) > multideg (a;g;) -

The following definition is important in computing a Grébner basis of a polynomial ideal.

Definition B.9. Fix a monomial order and let G = {¢1,92,...,9s} C R[x]. Given f € R[x], we

say that f reduces to zero modulo G and write

f—g0
if f can be written in the form f = a1g1 + a2ga + ... + asgs, where a; € R[x] for all i € [s], s.t.
whenever

a;g; 7& 07
we have

multideg (f) > multideg (a;g;) -

Assume that G in the above definition is a Grébner basis of a given ideal 7. Then a polynomial
f is in the ideal J if and only if f reduces to zero modulo G. In other words, for a Grobner basis
g,
f—¢ 0 if and only if ?g =0.

Theorem B.10 (Buchberger’s algorithm). Let J = (f1, fa,..., fx) # {0} be a polynomial ideal.
Then a Grobner basis of J can be constructed in a finite number of steps via Buchberger’s
algorithm (presented in Algorithm [B.1)).

By the Hilbert Basis Theorem every polynomial ideal J C R[x] = R[z1,29,...,2,] has a
finite basis. By the above theorem, a Grébner basis of a polynomial ideal always exists and can
be computed from a basis of a corresponding polynomial ideal in a finite number of steps via
Buchberger’s algorithm, see Algorithm and [I'7, B0, B7]. Therefore, a Grobner basis is also
finite.

Algorithm B.1. Buchberger’s algorithm

1:  Input: Basis F = (f1, fo,..., fx) for an ideal J.
2 g =F.

3 repeat

4 G =g.

o for each pair {p,q}, p#q in G
6 S:= S (p, q)g/

7 if S#0

8 G :=guU{S}.

9: end if

10: end for

11: until G = G'.

12:  Output: Grobner basis G = {g1,92,...,9s} for J with F C G.

The following theorem gives a criterion for checking whether a given basis of a polynomial

ideal is a Grobner basis.
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Theorem B.11 (Buchberger’s criterion). A basis G = {¢1,92,...,9s} for a polynomial ideal
J C R[x] is a Grébner basis if and only if S (g;,9,) —¢ 0, for all ¢ # j.

Computing whether S (g;,g;) —¢g 0 for all the possible pairs of polynomials in the basis G
can be a tedious task. The following proposition tells us for which pairs of polynomials this is not

needed.

Proposition B.12. Given a finite set G C R [x], suppose that we have f,g € G s.t. the leading

monomials of f and g are relatively prime, i.e.,
LOCM (LM (f),LM(g)) = LM (f) LM(g).
Then S (f,g) —¢g 0.

Therefore, to prove that the set G C R[x] is a Grobner basis, it is enough to show that
S (gi,9;) —¢ 0 for those i < j where LM (g;) and LM (g;) are not relatively prime.

Example B.13 (Ideal J)ys,, from Chapter . Let J C R[x] = R211, %12, T21, o] be an ideal
defined as J = (f, g), where

f (%) = 212721 — T11722
g9(x) =i, +afy + a5 + a3, — 1.
The variable order is x17 > x12 > T2 > 99 regardless of the choice of monomial ordering. In the
following we compute a Grobner basis G of J (with variable order x11 > x12 > X917 > X92) with
respect to the
(1) graded reverse lexicographic order: Since the leading monomials of polynomials f and g
(LM(f) = @127 and LM(g) = x%,) are relatively prime, then by Proposition the

Grébner basis Ggreviex With respect to the grevlex order is Ggreviex = {f, g}

(2) lexicographic order: We start by defining G = {f, g} and computing the S-polynomial

5(f.9)
2
T} T}
hi (x) = S(f,9) = #1;;(*111@2 + x12291) — 1;2 22 (:z:fl + x:{Q + :17%1 + 132 -1
11

2 2 3
= —T11%12%21 — T19T22 — T31T22 — Lo + To2.

Since LM(h1) = x11212w21 is not divisible by any of the leading monomials of f and g,
we include the polynomial A in the basis G. Next, we compute the S-polynomial of f
and hi

2 .2 2 2 2 .2 4 2
ha (x) = S(f, h1) = 27325 — T12T55 — T31T39 — Tap + Tao-

Similarly to before, since LM (h2) = 23,23, is not divisible by any of the leading mono-

mials of f, g, and hy, we add the polynomial hs in the basis G which is now of the form
G = {f,g9,h1,ha}. By above, S(f,g) =g 0 and S(f,h;) —¢ 0. By Proposition [B.12]
we have that S(f, ha) —g 0 and S(g,h2) —¢ 0. It remains to compute S(g,h1) and
S(hi, ha)°

S(g,h1) = f- (17%2 + a3, + a3, — 1) —g 0
S(hi,ho) = x99 - f - (ﬁz + x5 + 355 — 1) —g 0.
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Therefore, Giox := {f, g, h1, ho} is the Grobner basis of the ideal J with respect to the

lexicographic order.

One can show that Giex = {f,g,h1,h2} as in (2) is also the Grébner basis of the ideal J with
respect to the grlex order. However, Gex is not the reduced Grobner basis of J, since LC(f) =
LC(h1) = LC(hy) = —1. However, G'ex = {—f, 9, —h1, —ha} is the reduced Grobner basis of the
ideal J with respect to the lexicographic and grlex ordering. On the other hand, Ggreviex = {f, 9}

is already the reduced Grobner basis of J with respect to the greviex ordering.

Example B.14 (Continuing the Example [B.1]). Recall that we are considering an ideal J; and

the corresponding basis B
J = <Bl> = <.’L‘1(l‘1 — 1)(.’1,‘1 + 1)71,‘2(332 — 1)(1‘2 + 1),3?% + x% — 1>.

The basis B; is not a Grobner basis of the ideal J> with respect to the grevlex ordering since

B
S(z? 4+ 23 — 1,23 — 1) t x173. However, recall that we have showed that z122 € J> and thus
By := By U {x175} defines a new basis of Jp. Additionally, S(2? + 2% — 1,23 — 21) —g, 0. One

can verify that By is a Grobner basis but it is not the reduced Grobner basis of the ideal J5 since

3
1-

the leading monomial LM(2? + 22 + 1) = 22 divides the leading monomial LM(23 — x;) = «
Moreover, 3 — x1 = @1 - (23 + 23 — 1) — 29 - (v122).
However, eliminating the polynomial 23 — x; from the basis By leads to the basis
g, = {352(1'2 —1)(z2 + 1),:0% er% — l,zlxg}
which is the reduced Grobner basis of the ideal 7;.

In Example [B-I] we have shown that the theta body relaxations of the unit-¢1-norm ball in
R? coincide with the unit-¢;-norm ball. Consequently, the theta body relaxations do not provide
new vector norms. In the following we show that this is true also for the unit-¢;-norm ball in R",
with n € N.

Example B.15 (the unit-¢;-norm ball in R™). Tt is easy to see that x € R™ is an extreme point
of the unit-£1-norm ball if and only if
i+ as4tal =1
x; € {0,—1,1}, for all i € [n]
zj-x,=0, foralll<j<k<n.
Following the example above, we define an ideal J,, = (G,) through its basis
G ={g(x) = @i+ a5+ +ap — 1,
fix) =ai(z; — D)(x; +1), i€{2,3,...,n},
hjp(x) = zjxR, 1<j<k<n}
Similarly to the previous example, we omitted f;(x) = 23 —z; from G,, since ¥3 —x1 = 71 - g(x) —
r—o h1k(x)-z). Clearly, the real algebraic variety vr(7,) of the ideal 7, is the set of all extreme
points of the unit-¢1-norm ball in R™. We claim that G,, is also the reduced Grébner basis of the

ideal J,, with respect to the grevlex ordering. Notice that the leading terms of g and f;, as well

as the leading terms of g and hj; with j > 2 are relatively prime. In the following we compute
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the remaining S-polynomials.

k—1 n
S(g’ hlk) :xgxk“!‘+$72L(Ek_$k:fk+zxzhzk+ Z iL'Zh]ﬂ —)gn 07 for k£ € {2,,71}
1=2 i=k+1

S(fi, hjk) = S(fr, hjk) = —xjzr = —hjr, —g, 0, forl1<j<k<n.

Additionally, all the polynomials in the set G, are monic. Also, no monomial of p € G, lies in
(LT(G\{p})), for all p € G,,. Thus, set G,, is the reduced Grobner basis of the polynomial .7,, with
respect to the grevlex ordering.

Next, we compute the theta bodies THy(J,), for & € N. Recall that a vector x is in the

unit-£1-norm ball in R™ if and only if
3 s <1
Thus, the supporting hyperplanes of the unit-¢;-norm ball in R™ are of the form ¢;(x) = 0, where
(%) = (—1)"z + (=129 + -+ (=1)"z, + 1 forallic {0,1,2,...,2" — 1},

and 7145 - - -, is the binary representation of the number ¢. The unit-£;-norm ball B™ in R" is
then of the form

B" = conv(vr(Jn)) = {x: 4i(x) >0, forallie{0,1,2,...,2" —1}}
and the theta bodies THy(7,,) are defined as
TH(Jn) = {x:4;(x) >0, forallie{0,1,2,...,2" —1} s.t. ¢; is k-sos mod Ty, }.

For every i € {0,1,2,...,2" — 1} it holds that
L 1 ijtin
li= 50— | 5o+ D (=D Ry
where $(? € ¥y and p = — <%g+zj<k(—1)iﬂ'+ikhjk) € Jn. Thus, the polynomial ¢; is 1-

sos mod 7, for every ¢ and the unit-¢;-norm ball coincides with the first theta body TH;(7,).

Consequently, in this scenario, all theta bodies are equal to the unit-¢;-norm ball.
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APPENDIX C

C.1. Semidefinite programming

Semidefinite programming is a part of convex programming where one minimizes (or maxi-
mizes) a linear objective function over a spectahedron (intersection of the cone of positive semi-
definite matrices with an affine space).

Semidefinite programming is a relatively new field which recently gained a lot of interest
since many practical problems in combinatorial optimization can be modeled or approximated by
semidefinite programs (SDPs). In addition, since SDPs are a special case of cone programming,
they can be solved efficiently via interior point methods, see [166].

A general SDP (also called a primal problem) is of the form

erell‘él (C,X)gn subject to (A;,;X)gn =b(i),ic [m]
X >0, (P1)

where 8" = {X e R*" : X = X"} and (A, B) g, = tr (BTA) =31 7 | A(i,7) B (3, 4).

The corresponding dual problem is

max (b,y)gm subject to Zy(z) A, <C, (D1)

cR™
Y i—1

where (-, -)gpm denotes the standard ¢o-inner product. It is possible to start with a different primal

problem (maximizing instead of minimizing a linear functional), i.e.

max (C,X)g. subject to (A;,X)gn =b(i), i€ [m]

XGSTI

X = 0. (P2)

Noticing that maxxesn (C,X)gn = —minxesn (—C, X) gn leads to an equivalent primal problem
_)?égln (—C,X)gn such that (A;,X)g. =b (i), i€ [m]
X > 0.
Then the corresponding dual problem is
m m
— max (b,y)gm st ;y ()A; X -C < yrgﬂi{gn (b, =y)gm s.t. ; (—y(i)) A; = C.

Applying the substitution w := —y leads to an equivalent SDP

min (b, W)g..  s.t. Zw(i)Ai = C. (D2)
=1
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A

Definition C.1 ([I13]). Let X = [BT ] be a symmetric matrix in R"*", where A is invertible.

Then the matrix
S=C-B"A'B
is the Schur complement of the block A in X.

The Schur complement of A in X is closely connected to the positive definiteness of the block

matrix X.
- A B . .
Proposition C.2 ([I5]). Let X = BT C be a symmetric matrix in R™*". If A > 0, then
X =0 if and only if S > 0, (C.1)

where S is the Schur complement of A in X.

Example C.3 (Matrix operator norm minimization, see [I5, [133]). We want to compute the
operator norm of a matrix Z € R™*™\{0}. In the following, Amax(Z) denotes the largest eigenvalue
of matrix Z and I, € R™ "™ denotes the identity matrix. We obtain the following equivalent

statements

|Z]]5_5 <t © Amax (ZTZ) <t’< max vI'ZTZv < t? & max (VTZTZV — t2vTV) <0

Ivil,=1 Ivi,=1
& — Hrrﬁax (VTZTZV — tQVTV) >0< HIIHHD (—VTZTZV + tQVTV) >0
vi,=1 vi,=1
< min v' (1, -Z2"Z)v>0< ¢, - ZTZ = 0.

Ivil;=1

Applying (C.1)) leads to the following SDP for computing the operator norm of a matrix Z

tI Z
mint¢ such that m = 0.
>0 ZzT I,
In the following example we show that the matrix nuclear norm is a dual norm of the matrix
operator norm. Recall that in an inner product space, the dual norm ||-||, of a given norm |||

always exists and is defined as
X[l = max {{X,Y) : Y[ < 1}. (C.2)

In addition, the dual norm of the norm |||, is the original norm |[-||. The matrix space R™*" is
equipped with the inner product (X,Y) = tr (YTX).

Example C.4 (Dual norm of the matrix operator norm is the nuclear norm, see [133]). From

Example a semidefinite characterization of the operator norm is

|Z],_,o :rtnziglt such that [tng tfn‘| = 0. (C.3)
Let X = UXVT be the reduced singular value decomposition of the matrix X € R™*", with
U € R™*" diagonal ¥ € R™" and V € R"*", where r denotes the rank of the matrix X. For
a matrix Y := UV it holds that [|[Y|[,_,, = 1 and (X,Y) = tr (Y'X) = tr (VUTUZV) =
tr(X) =>._, 0; (X) = || X]|,, where {o; (X)};_, is the set of the singular values of the matrix X.
Therefore, by it holds that ||X||, > [|X]|,, for all X € R™*™.
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For the upper bound on the dual norm we use the SDP duality theory. Notice that by (C.3)

L, Y
YT 1,

L, Y 0 X 11, 0 0 o0
Define matrices Z :== | " , C = % LA = | , and Ay = .
YT 1, XT 0 0O o 0 11,

Noticing that (Z, A1) = (Z, A2) = 1 leads to a semidefinite program

- 0. (C.4)

) T
m&x{(X,Y> Yoy <1} & m&xtr (Y X) s.t. [

mZaX<C, Z) suchthat (A1,Z)=1, (A2,Z)=1,Z*>0. (C.5)

Notice that every feasible matrix Y for (C.4]) induces a feasible Z for (C.5)). The dual problem
corresponding to ((C.5) is

myin (y(1)+y(2) suchthat y(1)A; +y(2)As = C (C.6)

which is equivalent to
2y(1) I

1 m -X
min (y (1) +y(2)) such that [ T r zy@)ln] - 0.

A X
For matrices A € C™*™ X € C™*" and C € C™*™ it holds that l C] = 0 if and only if

XT
A -X .
> 0 since
-XT cC
A X| |y: { } A X||wn Y1
T T _|vT _oT . fory =
[Y1 YQ} [XT C yj Yi Y2 _xXT C . Yy v
Thus, the dual problem (C.6|) is equivalent to
QY(l)Im X
min (y(1)+y(2)) such that X7 2y752)1n ~0
By defining the matrices Wy := 23'7(1)1,” and Wy 1= 2yT(2)In we obtain the following semidefinite
program
.1 w; X
— >~ 0. .
Wi 5 (tr (W1) +tr (W2)) such that le w,| = 0 (C.7)

Recall that X = UXVT and set W; := UXU7T and Wy := VEVT. Then the tuple
(W1, Wy, Z) is feasible for (C.7)) since

W, X |
XT Wo|
and X is a diagonal matrix with non-negative entries. Furthermore, the objective function satisfies

1tr(Wy + W) = || X]|,. Since any feasible solution of (C.7) provides an upper bound for (C.4),

we have that the dual norm is less or equal to the nuclear norm which concludes the proof.

U
A%

E[UT VT] -0,

Let o € R" denote the vector of singular vales of a given matrix X. By duality theory in

vector space R” it holds that ¢;-norm and ¢..-norm are dual to each other (see [15]). Then, it
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follows that

T
lolly =Y oi = |X]l, is a dual norm to ||o||, =
=1

112%0 (i) = ||X||2—>2 :

Therefore, the above example is consistent with the duality theory in R", see also [I5].
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