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Abstract

In this thesis we study the Selberg zeta functions and the analytic torsion of hyperbolic
odd-dimensional orbifolds T\H?"*!. In the first part of the thesis we restrict ourselves to
compact orbifolds and establish a version of the Selberg trace formula for non-unitary rep-
resentations of I'. We study Selberg zeta functions on T'\H***!, prove that these functions
admit a meromorphic continuation to C and describe their singularities. In the second part
we define the analytic torsion of a compact orbifold T'\H?*"*! associated to the restriction
of a certain representation of G' to I'. Further we investigate the asymptotic behavior of
this torsion with respect to special sequences of representations of GG. In the third part
we extend the results of the second part to hyperbolic odd-dimensional orbifolds of finite
volume under the assumption that the orbifold is 3-dimensional.

Our work generalizes the results of Miiller to compact orbifolds, results of Bunke and
Olbrich to compact orbifolds and non-unitary representations of I', and results of Miiller

and Pfaff to compact and finite-volume 3-dimensional orbifolds.






Chapter 1
Introduction

This thesis deals with two aspects of the geometry and spectral theory on hyperbolic odd-
dimensional orbifolds T'\H?"™!. First, it is the Selberg zeta function associated to a possibly
non-unitary representation of I' and a unitary representation of SO(2n). The second aspect
is the analytic torsion of T'\H?"*! with respect to certain representations of I'.
Throughout this thesis we let O be a hyperbolic odd-dimensional orbifold O = T'\H?*"*!;
in Chapters [3}5] we assume it is compact, and in Chapter[6|we allow it to be of finite volume,

but restrict ourselves to the 3-dimensional case.

1.1 Twisted Selberg trace formula and twisted Sel-
berg zeta function for odd-dimensional compact
orbifolds

Our first main topic is the twisted Selberg trace formula and twisted Selberg zeta functions.
The Selberg zeta function was introduced by Selberg as an analogue of the Riemann zeta
function where the prime numbers are replaced by the lengths of primitive closed geodesics

() on a hyperbolic surface:

o0

Z(s) = Y (1—e @HIO)) " Re(s) > 1.
v k=0

The Selberg trace formula allows to prove the meromorphic extension of Z(s) to C, a

functional equation, formulas for the poles and zeros and an analogue of the Riemann

hypothesis [Sel56].
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Given an odd-dimensional hyperbolic orbifold O = I'\H?"*! we define a more general
Selberg zeta function Z(s, o, y) twisted by finite-dimensional representations y of I' and o
of SO(2n).

The Selberg zeta function Z(s, o, x) is defined by an infinite product which only con-
verges in some half plane, and a crucial step in its investigation is to show that it admits

a meromorphic continuation to the entire complex plane.

Theorem 1.1.1. Suppose O = I'\H?*"*! is a compact odd-dimensional hyperbolic orbifold,
X is a (possibly non-unitary) finite-dimensional representation of I, and o is a unitary
finite-dimensional representation of SO(2n). Then the Selberg zeta function Z(s,o,X)

admits a meromorphic continuation to C.

The logarithmic derivative Z'(s, o, x)/Z(s, o, x) is only defined in some half plane and
the key result is that the logarithmic derivative admits a meromorphic extension to C with
integer residues. This implies that the zeta function itself admits a meromorphic extension
to C; the idea of the proof goes back to Selberg [Sel56]. If O is a compact hyperbolic
manifold and o is unitary, this was proven in [BO95|]. Later on their result was extended
to non-compact finite volume hyperbolic manifolds with cusps in the case when y is unitary
[GP10] and when x is a restriction of a representation of SOy(1,2n + 1) [Pfal2]. Using
a slightly different approach, the theorem was proved in [Tsu97] for compact orbifolds
when y and o are trivial representations. Notably, the theorem does not necessarily hold
for non-compact finite volume hyperbolic orbifolds: an example is the Bianchi orbifold
of discriminant —3 with y and o trivial [Eri05], however, it holds for a certain power
of the Selberg zeta function. The approach of [BO95| Pfal2, [(GP10] is due to Selberg
and invokes applying the Selberg trace formula to a certain test function which makes
Z'(s,0,x)/Z(s,0,x) appear as one of the terms in the geometric side of the formula. In
order to adopt their approach we need to prove a more general version of the Selberg trace
formula.

The Selberg trace formula has a rich history starting from the classical work [Sel56],
but has mostly been constrained to unitary representations y of I'. The non-unitary case
was first studied in [Milll] under the assumption that I' contains no non-trivial elements
of finite order, also called elliptic elements, which means O is a compact manifold. We

drop this restriction on I'" and prove:

Theorem 1.1.2. Let G be a connected real semisimple Lie group of non-compact type with

finite center, K a maximal compact subgroup of G, andI' C G a discrete subgroup such that
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O :=T\G/K is a compact orbifold. Let x be a (possibly non-unitary) finite-dimensional
representation of I', and v be a unitary finite-dimensional representation of K. For the
non-selfadjoint Laplacian Aﬁy defined in Subsection and @ belonging to the space of
Payley-Wiener functions PW (C) defined in Section

Z m(A)p(A?) = Z vol([\G5) B (hy).-
)\Espec(AﬁV) {r}cT
Above m() is the multiplicity of \; {v} denotes the conjugacy class of v € I'; G and T,
are the centralizers of v in G and I, respectively. Finally, E.(h,) are the orbital integrals,

defined by
Ew(hso) ::/ trhw(gyg_l)dg,
G \G

where hy, is the integral kernel of the operator go(&iﬂ) defined in .

To complete the proof of Theorem we apply Theorem to the case G/K =
H?**1. The major remaining problem is to calculate the orbital integrals E., (h,) for the

elliptic elements v € I'.

Lemma 1.1.3. In the above setup G/K = H*"*1  the orbital integral E.(h,) for elliptic
v eI equals

By = Y /R O A (9) P (NN,

—

0’eS0(2n)

—

where SO(2n) is the unitary dual of SO(2n), O, \(p) is the character of the unitarily

induced representation m, \ of G, and PJ,(X\) is a certain even polynomial in .

Orbital integrals have so far been computed for G/K = H?, H* and H*" in [GGPS6S],
[Kna01] and [SW73] respectively. The computation of orbital integrals is not only useful
for the proof of Theorem [I.1.1], but also for other applications of the Selberg trace formula.

As a by-product of the proof of Theorem [1.1.2] we obtain the following theorem about

the heat trace asymptotics:

Theorem 1.1.4. Let E — O be an orbibundle over a good Riemannian orbifold O =
GU\ﬁ, where U is a compact manifold and Gy is a finite group of orientation-preserving
isometries of U. Let K(t,z,y) be the heat kernel from Definition . Then the following
holds: ast — 0,

/trK(t,x,w) dvolp(z) ~ I.(t) + Z L(t),

vEGU y#e
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where

L(t) ~ t= ™ORN gtk ¢ 0,
k=0

L(t) ~ = BN "k 0.
k=0

Above ay, a] are some coefficients in C, and N, is the fized point set of v in U.

1.2 Analytic torsion for compact orbifolds

Our second main result is the following theorem.

Theorem 1.2.1. Define a pseudopolynomial of degree p to be a sum of the following form:

D K
E E Cj7kmjezm¢j”“.

=0 k=0
Let O = T\H*"*! be a compact hyperbolic orbifold. For m € N, let 7(m) be the finite-
dimensional irreducible representation of SOg(1,2n + 1) from Definition and 7'(m)
be the restriction of T(m) to I'. Let E ¢,y — O be the associated flat vector orbibundle,
and denote by To(7(m)) its analytic torsion. Then there exists C' > 0 such that

log To(1(m)) = PI(m) + PE(m) + O(e™“™), m — oc.

Above, PI(m) is a polynomial in m of degree % and PE(m) is a pseudo-polynomial
m m of degree < dzgﬂ

[ in H>HL,

with 2d + 1 being the maximal dimension of the fixed point set of

A similar result was proved for a finite volume hyperbolic manifold [MP11].

Remark 1.2.2. Our result differs from [MP11] by a term PE(m) that does not appear

when O s a manifold.
As a by-product of the proof we obtain the following theorem:

Theorem 1.2.3. Let O = GU\fj be a good compact Riemannian orbifold, not necessarily
hyperbolic, E — O an associated flat orbibundle. Pick a Hermitian fiber metric h in E.
Let g(u), u € [0,1] be a smooth family of metrics on O with g = g(0) as in Definition[5.2.]]
and let A¥(u) be the family of Hodge-Laplacians acting on E-valued k-form. Assume that
ker A*(u) = 0; moreover, assume that both O and all the fized point sets of Gy in U are

odd-dimensional. Then the analytic torsion To(h, g(u)) does not depend on w.
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Theorem [1.2.3] automatically holds for manifolds by Cheeger-Mueller theorem and of
orbifolds is of interest on its own: it is an important problem to understand the relation
between the analytic and the Reidemeister torsions for orbifolds. If they were equal, The-
orem [1.2.1) would imply the exponential growth of torsion in the cohomology of cocompact
arithmetic groups [MP14, MMI11]. In turn, any reasonable relation between the analytic
and the Reidemeister torsions can be expected to imply that the former does not depend
on the variation of the metric; this is shown in Theorem [1.2.3| under certain restrictions.

The proof of Theorem is based on [MP11] but requires an additional component,
namely Theorem [1.2.3] Let 7(m) and E,,,) — O be as above; the vector orbibundle
E(my — O can be equipped with a canonical Hermitian fibre metric [MMG63], Proposition
3.1]. Let Ap(7(m)) be the Laplace operator on E.(,,)-valued p-forms with respect to the
metric on E.(,) and the hyperbolic metric on O; its kernel vanishes for sufficiently large

m. Denote
2n+1

K(t,7(m)) := Z(—l)ppTr (e_tAp(T(m))) , (1.1)

p=0

then the analytic torsion is given by

log To(7(m)) = %d% (ﬁ /O N t51K(t,T(m))dt) (12)

We will now describe a rough plan of the proof of Theorem|[1.2.1] As a simple corollary of
Theorem [1.2.3, we can scale the metric g on O and hence replace A,(7(m)) by A, (7(m))
in (1.1) and (1.2)). Splitting the integral in ([1.2)) over [0, 00) into the integrals over [0, 1)

and [1,00), we obtain

log To(r(m)) = %% (ﬁ /01 Pl (%,T(m)) dt)

It follows from [MPT1] that the second term is O(e~™/8) as m — oo; to estimate the first

s=0

1

+3 /oo UK (t, T(m))dt.

s=0

term we use the Selberg trace formula. For this we construct a smooth K-finite function
kI on SOy (1,2n + 1) such that

K(t,7(m)) = k"™ (g7 vg)dg.

/F\SOo(l,2n+l) Ser

By the Selberg trace formula for compact orbifolds,

K(t/m,7(m)) = I(t/m,7(m)) + H(t/m,7(m)) + E(t/m,T(m)),
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where I(t/m,7(m)), H(t/m,7(m)) and E(t/m,T(m)) are the contributions from the iden-
tity, hyperbolic and elliptic elements of T', respectively. Note E(t,7(m)) vanishes if O is a
smooth manifold. Analogously to [MP11], there exist mg, C,c; > 0 such that

|H(t/m,(m))| < Ce™ ™

for all m > my and 0 < ¢t < 1. Recall that I(t,7(m)) = vol((’))k{(m)(l). We can switch back

from t/m to the variable ¢, then the contribution from the identity element to log T (7(m))

v01;(9) d% <F(15) /Omtslkz<m>(1)dt)

As in [MPII] we apply the Plancherel formula to k; ™ (1) and use the properties of

is given by

)
s=0

Plancherel polynomials. We are left with the contribution from the elliptic elements. An
important ingredient is now to apply the result of Lemma [I.1.3] Using the properties of
P)(iv), we obtain Theorem [1.2.1]

We would like to apply this result to study the Reidemeister torsion, but this shall
require further work, because there is no Cheeger-Miiller theorem for orbifolds. However,
there are partial results avaliable [ARS14, Ver14].

1.3 Analytic torsion for finite volume orbifolds

Many important arithmetic groups are not cocompact, for example SL(2,Z @ iZ), so our
third goal is to generalize Theorem to hyperbolic odd-dimensional 3-orbifolds of finite

volume:

Theorem 1.3.1. Let O = T \ H? be a hyperbolic orbifold of finite volume withT C SOq(1,3).
For m € N, let 7(m) be a finite-dimensional irreducible representation of SOg(1,3) from
Definition and 7'(m) be the restriction of T(m) to I'. Let E.(my — O be the asso-

ciated flat vector orbibundle, and denote by To(T(m)) its analytic torsion as in Definition

[6.4.3 Then
1

log To(7(m)) = —5 vol(O) - m - dim(7(m)) + O(m - log(m)) (1.3)

as m — OQ.

Let us now describe the proof of Theorem [1.3.1] The first problem is to define the
analytic torsion. Let Ap(7(m)) be the Hodge-Laplacian on the space of E.,y-valued p-

forms as in Section [6.4] Since the heat operator e~**»(7(™) is not of trace class, we cannot
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define the analytic torsion via the usual zeta function regularization. However we can
define a regularized trace Tr,. e~ t2»("(m) ag in [Par09] or [MP12] in the spirit of b-calculus
of Melrose. It equals the spectral side of the Selberg trace formula applied to the heat

_tA;D(T(m)) _tAp(T(m)) Of Certain

operator e . This provides the asymptotic expansions of Tr,4e
type as t — +0 and as t — oco. The existence of these expansions allows us to define
the spectral zeta function (,(s;7(m)) as in the case of compact manifolds via the Mellin
transform of the regularized trace. Moreover, as in the compact case the zeta function
Gp(s;7(m)) is regular at s = 0, and we can define the analytic torsion Tp(7(m)) € C with

respect to E, by

To(r(m)) = exp | 3 3 (~1Ppssirlm))| . (1.4)

As the spectral zeta function (,(s; 7(m)) is expressed via the Mellin transform of the heat
kernel K (t,7(m)), we need to compute the Mellin transform of K (¢, 7(m)) at 0 to study
the analytic torsion. For this we use the invariant Selberg trace formula [Hof99] to express
K(t,7(m)) as:

K(t,7(m)) =1(t;7(m)) + H(t;7(m)) + T(t; 7(m))+

1.5
Z(t;7(m)) + J(t7(m)) + Bt 7(m)) + EX (L 7(m)) + TP 7(m)), 1

where I(t;7(m)), H(t;7(m)), and E(t;7(m)) are the contributions of identity, hyperbolic
and elliptic conjugacy classes of I, respectively; T'(¢;7(m)), Z(t;7(m)) and J(t;7(m)) are
tempered distributions which are constructed out of the parabolic conjugacy classes of I
EUP(t;7(m)) and JP(t; 7(m)) are tempered distributions appearing due to the presence
of non-unipotent stabilizers of the cusps of O. Now we evaluate the Mellin transform of
each term separately. It turns out that the leading term of the asymptotic expansion
comes from MI(7(m)), which is a Mellin transform of I(¢; 7(m)) evaluated at zero. It was
proved in [MP12] that the contribution of H (¢;7(m))+T (¢;7(m))+Z(t;7(m))+J(t;7(m))
to the analytic torsion Tp(7(m)) is of order O(mlog(m)). The contribution of elliptic
elements to Tp(7(m)) was studied in Theorem and does not affect the leading term
of as well. We are left with studying J“**(¢; 7(m)) and £°*P(¢; 7(m)). The former
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distribution can be treated in a similar way as JP(t;7(m)). The latter distribution is
invariant and its Fourier transform was computed explicitly by Hoffmann [Hof97], which

allows us to study its Mellin transform.

1.4 Structure of the thesis

This thesis is organized as follows. In Chapter [2| we fix notations and collect some facts
about orbifolds, representation theory and Selberg theory. In Chapter [3| we prove the non-
unitary Selberg trace formula, calculate the orbital integrals associated to elliptic elements,
introduce Selberg zeta functions, establish their convergence in some half plane and prove
that they admit meromorphic continuations to the whole complex plane. In Chapter
we calculate the heat trace asymptotics on a good orbifold. In Chapter 5] we show the
invariance of the analytic torsion on a compact orbifold under variations on the metric and
prove the result about the asymptotic behavior of the former. In Chapter [6] we introduce
the relative analytic torsion, study the Fourier transform of distributions appearing in the
relevant trace formula and prove the result about the asymptotic behavior of the relative

analytic torsion.
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Chapter 2
Preliminaries

This chapter contains the preliminary information for the subsequent proofs. The list of

dependencies is as follows:

1. to prove Theorem [I.1.1 we need Sections [2.1] 2.4] 2.5] [2.6}

2. to prove Theorem [1.2.1] we additionally need Sections [2.7], and 2.12}

3. finally, to prove Theorem [1.3.1], we additionally need Sections and

2.1 Orbifolds and orbibundles

Definition 2.1.1. Let U be a Riemannian manifold and Gy be a discrete group of isome-
tries acting effectively on U. Let Gy act properly discontinuous, that is for any x,y € U
there exist Uy O x and U, Dy such that

{geGu:(g-Us)NU, # 0}
is finite. Then GU\[? is a good Riemannian orbifold.
Throughout the thesis we assume that the orbifolds we are dealing with are good.

Definition 2.1.2. Let Q) be a topological space. An orbifold chart on Q) is a triple ([7, Gu, du),
where U is a connected open subset in R", Gy is a finite group, ¢y : U — Q is a map with

an open image (bU(ﬁ) which induces a homeomorphism from GU\ﬁ to gbU((~]) Further we
put U = ¢U([7). In this case, ([7, Gy, ¢u) is said to uniformize U.
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Definition 2.1.3. Define X to be a smooth embedding between two orbifold charts ((71, G1, 1)
and ((72, Ga,¢2), if X is a smooth embedding between 171 and 172 such that pa0\ = 1. Two
orbifolds charts (ﬁz, G, ;) uniformizing U;, i = 1,2 are called compatible if for any point
x € Uy NU, there exists an open neighborhood V' of x and an orbifold chart (‘7, H,9) of V
such that there are two smooth embeddings \; : (‘7, H,¢) — ((7@, Gi,pi), 1 =1,2.

Definition 2.1.4. An orbifold atlas on an orbifold O is a collection of pairwise compatible
orbifold charts (172, Gy, i) uniformizing U; with i € I such that O = UerU;.

Definition 2.1.5. Two orbifolds atlaces are equivalent if their union is an orbifold atlas.

An orbifold structure on O is an equivalent class of orbifold atlaces on O.

Definition 2.1.6. Let O = GW\W be an orbifold. The vector orbibundle E — O, associ-
ated to a representation p : Gy — End(V),) is defined as

E = Gu\(W x V,) = Gu\W,
where Gy acts on (w,v) € W x V, as follows:
g9: (w,v) =~ (qu,p(g)v), g€ Gw.
Definition 2.1.7. We define smooth sections of the orbibundle E as
C*(0,E) = {f € C*(W,V,), f(yz) = p(1)f(z), =€ W,y€ G}
Definition 2.1.8. Let F' be a fundamental domain for the action of Gy on W. Then
C*(O,E)={f € C®(0O,F), supp(f|r)is compact}.

Remark 2.1.9. Note that the definition above does not depend on the choice of a funda-

mental domain F'.

For more details we refer to [Sch13].

2.2 Lie groups

Let G = SO¢(1,2n+1), K =S0(2n+1). Let G = NAK be an Iwasawa decomposition of
G with respect to K. For each g € G there are uniquely determined elements n(g) € N,
a(g) € A, k(g) € K such that

g =n(g)a(g)x(g).
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Let M be the centralizer of A in K, thus
M = S0(2n).

Denote the Lie algebras of G, K, A, M and N by g, £, a, m and n, respectively. Define
the Cartan involution 6 : g — g by

Q(Y) = _Yta Y e 9,
and let
g=tdp

be the Cartan decomposition of g with respect to 6. Let H : G — a be defined by

H(g) :=loga(g). (2.1)

There is a G-invariant metric on G /K which is unique up to scaling. Suitably normalized,
it is the hyperbolic metric, and G/K is isometric to H?"*1.
Denote by E; ; the matrix in g whose (7, 7)'th entry is 1 and the other entries are 0. Let

Hy = FEy 5+ Fy g,
Hj = V_l'(EZj—1,2j_E2j,2j—1)7 j:2,,n—|—1
Then a = RH,, where a is from Subsection [2.2]

Definition 2.2.1. Define
At = {exp(tH,), t > 0}.

Let b = v/—-1-RHy+ ... ++v/—1-RH,;; be the standard Cartan subalgebra of m.
Moreover, h = a@® b is a Cartan subalgebra of g. Denote by h¢, gc, mc, be, tc the complex-
ification of b, g, m, b, £, respectively. Define e; € b with ¢ =1,...,n+ 1, by

The sets of roots of (g¢, he) and (mc, be) are given by

Alge,be) = {Fe; +e;,1 <i<j<n+1}

(2.3)
A(m(c,b(c) = {iei:tej,Z §Z<]§n—|‘1}
We fix a positive systems of roots by
A+(gc,f)@):{ei:|:ej,1§i<j§n—|—1}, (24)

At (me,be) ={e; tej,2<i<j<n+1}
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The half-sum of the positive roots AT (mc, bc) equals

n+1
pu =Y pies, pi=n+1l—j. (2.5)

Jj=2

Let M’ be the normalizer of A in K, and let
W(A)=M'/M (2.6)

be the restricted Weyl group. It has order 2 and acts on finite-dimensional representations
of M [Pfal2l p. 18]. Denote by wy the non-identity element of W (A).

2.3 Hyperbolic orbifolds

Consider a discrete subgroup I' C G, G = SOg(1,2n + 1) such that I'\G has finite volume.

2.3.1 Compact hyperbolic orbifolds

In Chapters [3| and [5, we consider compact hyperbolic orbifolds I'\H*"*!. Compactness

implies that all non-identity elements of I" are either hyperbolic or elliptic.

Definition 2.3.1. An element v € T" is called hyperbolic if
[(y):= inf d(z,vyz) >0,

seH2n+1

where d(x,y) denotes the hyperbolic distance between x and y.

Remark 2.3.2. Some authors use the term “loxodromic” instead of ”hyperbolic”.

Lemma 2.3.3. [Wal93, Lemma 6.6] For hyperbolic ~y there exists g € G, m., € SO(2n),
a, € At where A" is from Definition such that

979~ = m,a,.

Here a., is unique, and m., is determined up to conjugacy in SO(2n).

Definition 2.3.4. A non-identity element v € T is called elliptic if it is of finite order.
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An alternative definition is the following: an element ~ is elliptic if and only if it is
conjugate to a non-identity element in K, so without loss of generality we may assume y

is of the form:

‘k\ n—k+1
Y :diag(((l)(l))7"'7((%(1))7R¢k+17"'7R¢n+1>7 (27)
where n — k +1 # 0 and Ry = (_C‘;isn¢¢ (S:g;f;), ¢ € (0,2m). There is an even number of

eigenvalue 1 in (22.7)), because an element 7 should belong to SOy(1,2n + 1).

Proposition 2.3.5. The fized point set of an elliptic element, acting on H*", is odd-

dimensional.

Proof. Tt follows from (2.7) that the fixed point set of v in R?"™2 is even-dimensional;
since H?"*! is of co-dimension one in R?"*2, the fixed point set of + in H?"*! is odd-

dimensional. O

Definition 2.3.6. An elliptic element «y is reqular if the centralizer G of v in G is iso-
morphic to SOy(1,1) x SO(2)" .

Remark 2.3.7. The calculation of the ordinary and weighted orbital integrals correspond-
ing to elliptic elements appearing in the right hand side of the Selberg trace formula depends

on whether an elliptic element is reqular or not; see Subsection[3.53.5 and Section 6.9

2.3.2 Finite volume hyperbolic orbifolds

In Chapter [6] we consider finite volume hyperbolic 3-dimensional orbifolds that are not
necessarily compact. This requires additional preliminary information about the group I'.
Let P be a fixed set of representatives of I'-conjugacy classes of cuspidal parabolic sub-
groups of G. If T\H? is of finite volume, then the number of cusps x := #%P is finite.
Without loss of generality we can assume that Py := M AN € ‘B. For every P € B3, there
exists kp € K such that

P = NpApMp (2.8)

with Np = kpNkp', Ap = kpAkp', and Mp = kpMkp'.
Definition 2.3.8. Let Zr be the center of I'. The group T is neat if
'NP=Zr-I'NNp

for every P € .
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Note that the structure of a cusp corresponding to a cuspidal parabolic subgroup P € 8
depends on I' N P. If T" is neat, then the cross-section of a cusp P is a torus. The known
results about the analytic torsion of I'\H?® require that I' is neat [MP11], Par09]. As this
excludes various important arithmetic groups, we would like to drop this condition and

allow I" to be not neat. For example, we allow I' to have elements of the following type:

Definition 2.3.9. Let v € T' be an elliptic element. If there exists P € P such that
v e I'N P, then v 1s called a cuspidal elliptic element.

Example 2.3.10. Let G = SLy(C), then the group T' = PSLy(Z @ (—1 4 i+v/3)Z/2) is not
(—1+iVv3)/2 0

0 (1+iv/3)/2
cusp is an orbifold with 3 singular points of order 3.

neat, as ( > 15 a cuspidal elliptic element. The cross-section of the only

Recall that a Levi component L of Fy is a centralizer of A in G, thus L = M A. In order
to formulate the Selberg trace formula for the case of finite volume orbifolds, we need to

introduce the following set of elements of I
Definition 2.3.11. Denote by 'y (Fy) the set of projections to L of I' N Py.

Remark 2.3.12. By [War79, p. 5/, TNPy C MN, henceI'y(FPy) C M. This implies that

the set I'y(Fy) is finite and each of its elements is of finite order.
We recall the following lemma [Sel56]:

Lemma 2.3.13. A finitely generated group I of matrices over a field of characteristic zero

has a normal torsion-free subgroup Iy of finite index.

2.4 Normalization of measures
We normalize the Haar-measure on K such that K has volume 1. For t € R, we let
a(t) :=exp (tHy). (2.9)

Note that for any a € A there exists a unique ¢ € R such that (2.9) holds. We define the
Haar measure on N as follows: first, we note that the Lie algebra n of N is isometric to

R?" with respect to the inner product

1

(X,Y), = —m

B(X,0(Y)). (2.10)
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Second, we identify n and N by the exponential map; the definition of the measure dn on

N follows from the previous two identifications. We normalize the Haar measure on G by

/G F(g)dg = /N /]R /K =2 f(na(t)k)dkdtdn. (2.11)

Remark 2.4.1. The letter n in e=2™ corresponds to the dimension of H2"*1, whereas the
same letter in f(na(t)k) denotes the element of N.

setting

2.5 Locally homogeneous vector bundles
Let v : K — GL(V,) be a finite-dimensional unitary representation of K on (V,, (-,-),).
Definition 2.5.1. [Mia80, p.4] Denote by
E,:=(GxV,)/K - G/K
the associated homogeneous vector bundle, where K acts on G x 'V, by
(g, )k = (gk,v(k™ ), g€G ke K, veV,.

Denote by C*(G/K, E,) the space of smooth sections of E,. Let C*(G/K,E,) be the

sections of E,, with compact support.

Note that (-, -), induces a G-invariant metric on E,. Denote by L%(G/K, E,) the space
of L?-sections of E',,. Let

C(Giv)={f:G=V,|f€C® flgk)=v(k ") f(g9), geG keK}

(2.12)
C*(M\G;v) :={f € C*(G;v), f(vg) = flg) g€ G,yeTl}

Similarly, we denote by C2°(G; v) the subspace of compactly supported functions in C*(G; v)
and by L?(G;v) the completion of C%°(G;v) with respect to the inner product

(hoteh= [ (o). flaii
G/K
Proposition 2.5.2. [Mia80, p. 4] There is a canonical isomorphism
C*(G/K,E,) = C=(G;v). (2.13)

Similarly, there are isomorphisms C®°(G/K, E,) = C>(G;v) and L*(G/K, E,) = L*(G;v).



18 2. Preliminaries

Definition 2.5.3. Let V¥ be the canonical G-invariant connection on E,, defined by

Vi F(0K) = | (gexp(tV)) " flgexp(t)K),

where f € C*(G;v) and Y € p.

Definition 2.5.4. Denote by A, = (6”)*6” the associated Bochner-Laplace operator.

Then A, is essentially selfadjoint; denote its selfadjoint extension by the same sym-
bol. Note that A, is G-invariant, that is A, commutes with the right action of G' on
C=(G/K,E,). Let Q € Z(gc) and Qg € Z(tc) be the Casimir elements of G and K,
respectively. Assume that v is irreducible. Let R denote the right regular representation

of G on C*(G;v).
Proposition 2.5.5. [Mia80, Proposition 1.1] With respect to , we have
A, = —R(Q) + A\ Id, (2.14)

where \, = v(Qx) > 0 is the Casimir eigenvalue of v.

Definition 2.5.6. Let FE, = F\El, be the locally homogeneous vector orbibundle over
I\G/K induced by E,.

Definition 2.5.7. Let A, be the differential operator that acts on C=(G,v) by —R(Q).
Let A, be its push-forward to C*(I'\G,v).

Proposition 2.5.8. The operator A, admits a self-adjoint extension in L*(T\G,v).

Proof. Follows from that I'\G is a complete manifold. O

From now on denote this self-adjoint extension of A, by the same letter. Let e v,
t > 0 be the semigroup of A, on L*(T\G,v). Let HY(g) be its convolution kernel, and

hi(g) :==trH{(g9), g€G, (2.15)

where tr denotes the trace in End(V,).
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2.6 Representations

Let 0 : M — End(V;) be a finite-dimensional irreducible representation of M.

Definition 2.6.1. We define H? to be the space of measurable functions f : K — V, such
that

1. f(mk)=oc(m)f(k) for allk € K and m € M;

2. [ |If (k)| Pk < oo.

Recall H: G — a, k : G — K as in Subsection [2.2] and e; € b is as in Subsection
For A € R, define the representation 7, of G on ‘H? by the following formula:

Toa(9)f (k) = e TIUIED) £ (1 (kg)), (2.16)

where f € H?, g € G. Fix 7q,..., 7,41 € N, such that 7, > 75 > ... > 7,,41. Recall that

n — dim(F\?/K)—l .

Definition 2.6.2. For m € N denote by 7(m) the finite-dimensional representation of G
with highest weight

(m + T1>€1 + ...+ (m + Tn+1)6n+1,

where e;, 1 =1,...n+ 1 are defined as in .

Definition 2.6.3. Let 7 be the finite-dimensional irreducible representation of G with
highest weight Tieq + ... + Tp11€n41. Then denote by o,y be the representation of M with
highest weight

AU-r,k = (TQ + 1)62 + ...+ (Tk + 1>€k+1 + Tk4+-2€Ek4-2 + ...+ Tn+1€En+1- (217)

2.7 Admissible metric and Fourier transform

Let (p,V,) be a finite-dimensional representation of I' and let £, — O be the associated
flat orbibundle.

Let us specify to the case where p = 7| is the restriction to I' of a finite-dimensional
irreducible representation 7 of G.

In this case E, can be equipped with a distinguished metric which is unique up to
scaling. Namely, F, is canonically isomorphic to the locally homogeneous orbibundle E.
associated to 7|k (by analogy with [MMG63, Proposition 3.1]). Moreover, there exists a

unique up to scaling inner product (-,-) on V, such that
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L (t(YV)u,v) = —(u,7(Y)v), Y €t
2. (t(V)u,0) = (u,7(Y)v), Y €p,

for all u,v € V,. Note that 7|x is unitary with respect to this inner product, hence it

induces a unique up to scaling metric A on E.
Definition 2.7.1. Such a metric on E. is called admissible.

From now on fix an admissible metric h. Let A,(7) be the Hodge-Laplacian acting on

p-forms with values in E, with respect to h.

Lemma 2.7.2. [MMG63, (6.9)] One has

for
n+1 n+1
7(Q) = (ki(7) + p))? ij,
j=1

where ki(T)er + ... + kpy1(7T)ens1 1S the highest weight OfT and pj is from (2.5).
Definition 2.7.3. Let E =G X 7) APp* @ V., where
vp(T) == NPAd" @ 7 : K — GL(Ap* @ V)
and let A, (1) be the lift of Ay(1) to C=(H 1, E, ().
Definition 2.7.4. Denote by
H]? . G~ End(APp* @ V)
the convolution kernel of e~ a5 in [MP1], p. 16].

Let
hi*(g) = tr H*(g), (2.18)
where tr denotes the trace in End(APp* ® V;). Put

2n+1

k7 (g) = e " (1P phi*(g). (2.19)

p=1

We express k] (g) in a more convenient way:
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Proposition 2.7.5. [MP12, Proposition 8.2, (8.13)] For k =0,...,n let
Ark = k1 (T) + 10—k, (2.20)

where ki(T)er + ... + kny1(7T)eny1 is the highest weight of 7. Let 0., 1 be as in Definition
and hy™* be as in [MP12, (8.8)]. Then

n
k=) (—1)k e npy (2.21)
k=0

For a principal series representation my \, A € R, the Fourier transform is:

Opa(h)) =™ for o' € {o,wyo}; O, A(h{) =0, otherwise. (2.22)

2.8 Truncation

The goal of this subsection is to introduce the height function on every cusp. To do so, for
each P € P define

Lp: R* —>AP

by tp(t) := ap(log(t)). For Y > 0, let
Ap Y] = (ep(Y), 1(00)).

There exists a Yy > 0 such that for every Y > Y there exists a compact connected subset

C(Y) of G such that in the sense of a disjoint union one has

G=T-C(Y)u | |T NpAL YK, (2.23)
pPep
and such that
v - NpAL[Y] KN NpAL YK # 0 < v €Dy, (2.24)

Definition 2.8.1. For P € B, let xpy be the characteristic function of NpA% [Y] K C G.
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2.9 Eisenstein series

In this section we recall the definition and main properties of Eisenstein series [War79].
Let I" be a lattice in SOq(1,3). Let op € Mp, v € K such that [v:op] #0.

Definition 2.9.1. Let Ep(op,v) be the space of continuous functions
O (I'NP)ApNp\G — C
such that

1. m € Mp — ®(xm) belongs to op-isotypical component of the right reqular represen-
tation of M,

2. k€ K — ®(kx) belongs to v-isotypical subspace of right reqular representation of K.

Definition 2.9.2. We define an inner product (-,-) : Ep(op,v) X Ep(op,v) — C by

(D, W) / / O (km)W(km) dk dm, (2.25)
M/Ty

where Upyy =T'NM - N/TNN.
Definition 2.9.3. For ® € Ep(op,v), A € C, define:

Y

and forx € I', x € I'g, define

E(@p:x:X):= > ®pa(vg).

~eINP\T'

On I'\G x {X € C: Re(\) > n} the series converge absolutely and locally uniformly.
Definition 2.9.4. For ® = (®p)peyp, Pp € Ep(op,v) and v € T'\G, let

E(®:x:)) ZE(I)px)\
PeB

Define the constant term of E(®p : — : X) along P’ as follows:

|
E(®p: ) dy.
vol(T N PA\N7) /mp/\NP, (@ ug: ) dy

Ep(Pp:g:A) =
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Proposition 2.9.5. Let wp: be the non-trivial element of W(Ap:/). Then there exists a

meromorphic function
Cpip(viop:A):E(op,v) = E(wpop,v)
such that for P # P', one has
Ep(®p:g: )= (Cpp(v:op: N)Pp)_, (9)
and such that

Ep(®p:g:X)=Ppa(g9) + (Crip(v:op: /\)<I>p)_/\ (9).

Definition 2.9.6. Define
Cp‘p/(Up,)\) = @Cﬂp/(y .op )\)

Definition 2.9.7. Let C(v : o : \) and C(o : A) be the maps built from Cpipr(op, v, )

and Cpypr(opr, N), respectively, where opr € 0.

Definition 2.9.8. For A € C and ® € Ep(op,v), define the representation mr 5 of G on

E(op,v) as follows:
Tr.opa(9)®(npapk) := eATVHPEN G (L g). (2.26)

Above np € Np, ap € Ap, k € K and H(x) is from . Note that r ., is unitary for
A€ R.

Definition 2.9.9. For o € M define

E(o) = EB @ E(opr,v).

opr€o ek,
[viopr]#0

Definition 2.9.10. Define the representation wr,x of G on (o) as follows:

Tron = P Topa (2.27)
opr€o
Lemma 2.9.11 (Maass-Selberg relations). Let ®, W € €° and A € a*. The lemma below
follows from the proof of [Pfa13, Lemma 4.3] with minor changes. Note that the inner
product (-,-) in this lemma should be understood as in Definition |2.25,
/\G EY(®,i\, x)EY (U, i\, z) do = — <C(a : —M)diC(a N ®, \1:> +
r

z
20\ Y—Zi)\

2(®,¥)logY P IAN)W) —

(C(o :iN)D, V).
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2.10 Knapp-Stein intertwining operators

Let Py := NyAyM, be the parabolic subgroup opposite to Pp.

Definition 2.10.1. For ® € H° from Definition define
®y(nak) := eMHE@OP (L),

where H(a) is from :

Definition 2.10.2. For Im()\) < 0 and ® € (H°)X define the intertwining operator

N

Tnne )@)0) = [ @kjan
Proposition 2.10.3. [KS80] The operator Jp,p,(0,\) extends to an operator between
Jpipo(0,A) - HT — H?

and has a meromorphic continuation to C in \. It is regular and invertible on R — {0};

moreover, if o # woo, then Jpp (0, \) is reqular and invertible on R.

2.11 Selberg trace formula for compact orbifolds and

3-orbifolds of finite volume

Let 7r be the right-regular representation of G on L?(I'\G). Then there exists an orthog-
onal decomposition

L*(T\G) = I2(T\G) & LA(T\G) (2.28)

into closed mp-invariant subspaces. The restriction of 7 to L2(T'\G) is isomorphic to the
direct integral over all unitary principle series representations of I'. The restriction of nr to
L3(T'\G) decomposes into the orthogonal direct sum of irreducible unitary representations
of T.

Definition 2.11.1. Let a € C*°(G) be a K-finite Schwartz function. Denote by mr(«) the
following operator on L*(T\G):

o) f(x) = /G a(9)/ (x9)dg. (2.20)
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Note that relative to (2.28)) one has a splitting:

WF(OJ) = ’iTp,d(Oé) ) WF,c(OC)-

Lemma 2.11.2. The operator 7r 4 is of trace class.

Proof. The estimation of the cuspidal spectrum follows from [Don76, Theorem 9.1]. The
residual spectrum is spanned by residues of Eisenstein series for poles in the half plane
Re(s) > (dim(O) — 1)?/4. These poles belong all to a finite interval on the real axis and
are simple. Moreover, there are only finitely many Eisenstein series, hence the residual

spectrum is finite. O

First, recall the Selberg trace formula for cocompact lattices:

Theorem 2.11.3 (Selberg trace formula for compact orbifolds). Let T\H?*"*! be compact.
Then

LYT\G) = {0}, 7ra(a) = mr(a),
and for a K-finite Schwartz function o € C*(G) we have
Tr (nr(«)) = I(a) + H(a) + E(«), (2.30)

where

I(a) := vol(O)afe),

oy o _ o (2.31)
Hoym 3 wl\Gy) L et
E(a) = Z vol(I\G,)E,(a), E,(a) ::/G\Ga(g_lfyg)dg, (2.32)

{7} elliptic

where G, and I'y denote the centralizers of v in G and I, respectively.

Moreover, there exists an even polynomial P,(i)\) such that [Kna0ll, Theorem 13.2]

(@) = vol(0) Z /R P, (i\)Ogx(c)d, (2.33)

ceM
where O, ) is the character of the representation 7, , as in (2.16|). There also exist even
polynomials PJ(iv) such that

E(a)= > vol(Fy\GV)ZA /R P (iX)Oga(a)dA, (2.34)

{~} elliptic ceM

by Theorem |3.3.25|
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Remark 2.11.4. Although Theorem was formulated for a specific test function a,
the proof does not depend on how the test function looks like.

Remark 2.11.5. The polynomials P)(iv) and P,(iv) are invariant under the action of
w, € W(A):
P,(iv) = Py, (iv), P)(iv) = P) (iv).

woo

Now let I'\G/K be a finite volume orbifold of dimension 3. First we introduce the
summands that will appear in the Selberg trace formula in Theorem [2.11.18|

Remark 2.11.6. The main reason why we want to study the Selberg trace formula for
orbifolds of finite volume is to obtain the asymptotic expansion from Theorem[I1.5.1. During
the proof we will apply the trace formula to the following setting: the group I' is fixed,
whereas the vector orbibundle over T\H? is changing. Moreover, during the proof we will
figure out that the main term in the asymptotic expansion in Theorem|1.3.1] comes from the
contribution from the identity I(«) with o = k‘tT(m) defined in ; hence for the reason
of convenience we will ignore all coefficients at the summands in the trace formula that
depend only on the structure of the group T', for example, C(vy) from Definition

and C'(v) from Remark[2.11.19

Definition 2.11.7. Let v € 'y (P), where Iy (P) is from Definition |2.3.11, and let o €
C*®(G) be a K-finite Schwarz function. We define the weighted orbital integral Ji(7y, ) by

J1(,a) = | D ()2 /G o et

Above Dg(7) is as in [Hof97, p. 55]; v(x) is a weight function defined in [Hof97, p. 55].

Proposition 2.11.8. [Hof97, p. 58] The weighted integral in Definition is not an

invariant distribution, but the distribution I (v, a) below is invariant:

IL(’% Oé) = JL(77 Oé)—

1 Z / E Os_,(7) - Tr <Jp0|p0(0', z)—ldilszﬂpo((,’ Z)%,z(a)> i (2.35)

271
Above Jp p, are the intertwining operators from Definition|2.10.2; D, is the path which is
the union of (—oo, —e|, H. and [e,00), where H, is the half-circle from —e to € in the lower

half-plane oriented counter-clockwise for some sufficiently small e > 0; 7, is defined in
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Subsection ' M is the set of equivalence classes of irreducible unitary representations of
M ; and

O5_,(mya,) = e Oy (m ), Os(my) = tro(m,), (2.36)
for v conjugated to m~a., where a, = (%t L) and m, € M. Above & denotes the contra-

gredient representation of o.

Remark 2.11.9. We need to introduce the contour D, only if 0 = wgo, because then the
intertwining operator Jp, p (0,2) has a pole at z = 0 by Proposition |2.10.5. Otherwise we
could have put D, = R.

Definition 2.11.10. Let

EcuSp . Z O [L ,.)/, )’
Y€l v (P)
T ()= > CO) - (~I(y,e) + Ju(y, @),
y€l M (P)

where C(v) is a constant depending only on v and T'. It equals
vol(My /(Tar)y) by ()| D ()| =/ (2.37)

from [Hof99, Theorem 7]; for the definition of the terms occurring in we refer to
[Hof99]. For the further use, define:

J(a) == —Ip(e,a) + Jp(e, ).
Remark 2.11.11. The information we need about C(vy) is that it depends only on ~.

Remark 2.11.12. Recall that Ty (P) C M, hence ©s_, () does not depend on . Defini-
tion|2.11.10 and (2.35) imply

jcusp Z O/

YEL p (P)

for some new constant C' (7).
Definition 2.11.13. Define
1
R, () == —ZTr (C(o:0)7rp0), 0= wyo,

and R, («) := 0 otherwise; define

=Y R,

JGM



28 2. Preliminaries

We introduce the following notation in order to be consistent with [Pfal2]:

Definition 2.11.14. Define

@)= I+ Y = [T (mran@lCl il ).

z
oceM

Now we restrict ourselves to 3-dimensional orbifolds.

Definition 2.11.15. Denote by r the canonical isomorphism between PSL(2, C) and SOq(1, 3),

letri =1 (1), ra=7r (3" %). Then

Tp(a) == Z C(P,v,I) / alrvrizt) dr,

vel v (P)N {ra,+1} G/Gury
T(a) = Z Tp,

where C(P,v,T") is the constant term in the Laurent expansion of some Epstein function,

associated to I'. Once again, we will ignore this constant.

Proposition 2.11.16. For v € 'y (P) N {rqy, +1},

/ oz(xyrlm_l)dx:/ / a(knk™)dk dn.
G/Gur, K JN

Proof. Note that G, = N, and hence G/G,,, = KA. Rewrite x = ka, then
/ alzvrma) de = / / e a(ka(t)vria(t) k™ dtdk. (2.38)
G/Gury K JR

Note that n = a(t)vria(t)~! ranges over N, while ¢ runs over R; moreover dn = Cye 2" - dt,
thus the change of variables proves Proposition [2.11.16] ]

Proposition 2.11.17. We have that

T(a) =Y Cs(T) - dim(o) / Qg ()N

— R
oceM

for some C5(T") € R.

Proof. Follows from Definition [2.11.15| Proposition [2.11.16| and [Pfal2, (6.9)]. O
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Theorem 2.11.18 (Selberg trace formula for finite volume orbifolds). Let T\G/K be a
hyperbolic orbifold. For a K-finite Schwartz function « € C*(G) we have

Tr (mra(e)) = (o) + H(a) + T() + Z() + R(a)+

(2.39)
S(a) + E(a) + E““P(a) + TP ().

Proof. The first two lines in [Hof99, Theorem 4.2] correspond to summing I(«) + H(a) +
E(«). The third line in [Hof99, Theorem 4.2] corresponds to T'(«). The fourth line corre-
sponds to E“*P(a) + JP(a) + I(«) + J(); the fifth line corresponds to S(a) — J(«);
the sixth line corresponds to R(«). O

2.12 Mellin transform

Let f(t) € C°(R). Assume that

for some C' > 0. Moreover, let
F&)~ ait, t—0,
j=1

where a; € R tend to +00 as j — oo.

Definition 2.12.1. The Mellin transform f(s) of f(t) is defined by

f(s) := T d )
Foye= [ etraya (2.40)
for Re(s) > —min;a.

Proposition 2.12.2. [JL9J, Theorem 1.1] The Mellin transform defined by admits
a meromorphic continuation to C with simple poles of residue a; as s = —a; and no other

poles.
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Chapter 3

The Selberg trace formula and
Selberg zeta function for non-unitary

twists

3.1 Pseudodifferential operators on orbibundles

In this subsection we explain why the necessary elements of the classical analysis of pseu-

dodifferential operators can be applied to orbifolds.

Sobolev spaces

To define Sobolev norms on an orbifold O, first define Sobolev norms locally. Let U and
Gy be as in Definition [2.1.2] Note that if Gy is finite, then

C(Gu\U, (Gu\(U x R*)) = C(U, U x R¥)%v, (3.1)

where C5°(U, U x R¥)PV denotes the space of Gy-equivariant sections of C&°(U, U x R¥) and
C2(Gy\U, (Gu\(U x R¥)) is from Definition m The space CS°(U, U x R¥) is equipped
with usual Sobolev norm || - ||s, and this norm restricts to Gy-invariant sections. We equip
Ceo(U,U x RS0 and hence C5°(Gy\U, (Gy\(U x RF)) with the following norm:

Mg =
L v = yGU|||f||S' (3.2)

for f' € C2(Gu\U, (Gu\(U x RF)) and the corresponding element f € C°(U, U x R¥).

Next we use an orbifold atlas and a partition of unity to define the Sobolev norm on the
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space of smooth sections of an orbibundle £ — O. Sobolev norms defined using equivalent
atlases will be themselves equivalent. The space H*(O, E) denotes the completion of
C>(0; E) with respect to any of these norms; put L*(O; E) := H°(O; E).

Remark 3.1.1. The isomorphism does not necessarily hold if Gy is infinite. For
ezample, let vy act on R by x-v = x+1 and put Gy = {y" : n € Z}. Then C(R)%v = {0},
but C5°(Gu\R) # {0}.

Pseudodifferential operators

We recall some basic facts about pseudodifferential operators on orbibundles. For more
details see [Buc99, p. 28], [Korl2l Section 2.2].

Definition 3.1.2. Let E — O be an orbibundle. For any orbifold chart (ﬁ, Gy, ov) of O,
let ([7 x V,,Gu, qZU) be a local trivialization of E over ((7, Gu, ¢u) as in [Korl2, Section
2.2]. A linear mapping A : C*(O,E) — C>(O, E) is a pseudodifferential operator on
E — O of order m if:

1. the Schwartz kernel of A is smooth outside any neighborhood of the diagonal in O x O,

2. for any x € O and for any local trivialization ((7 x V,, Gy, $U) of E over an orbifold
chart ([7, Gy, ou) with x € U, the operator

CEUE) > [ A(f)|lv € C=(U, E)

1s given by the restriction to Gy-invariant functions of a pseudodifferential operator
A of orderm on C>(U, V,) that commutes with the induced Gy -action on C>(U, V,).

Definition 3.1.3. A pseudodifferential operator A on O is elliptic if a pseudodifferential

operator A is elliptic for any choice of orbifold charts.

The Sobolev embedding and the Kondrachov-Rellich theorem are valid as in the case

of manifolds:
Proposition 3.1.4 (Sobolev embedding). For s > s, the embedding
H*(O) C H¥(0)

18 continuous.
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Proposition 3.1.5 (Kondrachov-Rellich theorem). Let O be compact and s > s, then the

embedding
H*(0) C H*(0)

18 compact.

Proof of Propositions[3.1.4 and[3.1.5. Instead of the original proofs [Shu87, p. 60], one

chooses a partition of unity and reduces the theorems to their local versions in a single

chart. As sections over orbifold charts are Gy-invariant sections over the corresponding
smooth charts, the desired proofs are obtained by repeating the local arguments from

[Shu87] verbatim for the subspaces of Gy-invariant sections. O

Remark 3.1.6. For another proof of the Sobolev embedding and the Kondrachov-Rellich

theorem on orbifolds, see [Far(l)].

Remark 3.1.7. Let O be compact. Note that any pseudodifferential operator of order 0
extends to a bounded operator in L*(O, E); compare [Shu87, Theorem 6.5]. Moreover, the
Proposition[3.1.5 implies that any pseudodifferential operator of negative order is compact;
compare [Shu87, Corollary 6.2].

Theorem 3.1.8. Let H be a second order elliptic pseudodifferential operator acting on

sections of an orbibundle E over a compact good orbifold O with the leading symbol
o(H)(z,&) = ||¢]|2 - 1dg,, x€0,£€T:O. (3.3)
For a subset I C [—m, 7] let
Ap:={re?:0<r<oo,pcl}
and
Bgr(0) :=={z € C, |z| < R}.

Then for every 0 < e < 7/2 there exists R > 0 such that the spectrum of H is contained
in the set Br(0) UA[_. . Moreover, the spectrum of H is discrete, and there exists R € R
such that for |\| > R and A & A_. 4,

1(H =N < C/IAL

Proof. The proof of theorem is similar to the smooth case for which we refer to [Shu87,
Theorem 9.3 and Theorem 8.4], except for the following: in the case of manifolds a partition
of unity reduces the proof to R", whereas in our case it is Gy \R", where Gy is a finite

group. O
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3.2 Functional analysis

In this section we refine the necessary facts from functional analysis from [Miill1l, Section 2]
for the case of compact orbifolds. The main difference from the case of compact manifolds
is that we replace all theorems involving Sobolev spaces to their orbifold analogues from
the previous section. Note that we though we assume our orbifold O is a good orbifold,
it is not a necessary condition till the end of this section. The requirement on O to be
compact is crucial, because we will need Remark [3.1.7

Let E — O be a Hermitian orbibundle, pick a Hermitian metric in £ and let V be a

covariant derivative in £ which is compatible with the Hermitian metric.

Definition 3.2.1. The operator
Ag =V*'V (3.4)

is the Bochner-Laplacian associated to the connection V and the Hermitian fiber metric.

By [Buc99, Theorem 3.5], the Bochner-Laplace operator Ag is essentially selfadjoint.
We denote its selfadjoint extension by the same symbol. Consider the class of elliptic

operators

H:C®(0,E) = C®(0, E), (3.5)

which are perturbations of the Laplace operator Ag by a first order differential operator,
ie.

H=Ag+ Dy, (3.6)
where Dy : C*(O, E) — C*(0O, E) is a first order differential operator.

For every 0 < € < /2 there exists R > 0 such that the spectrum of H is contained in
Br(0)UA_¢ +q by Theorem . Though H is not self-adjoint in general, it has nice spec-
tral properties. The reason is the following: D;(Ag — A\)~! is a pseudodifferential operator
of order —1, and hence by Remark is compact. This implies [Mar88] that L*(O, E)

is the closure of the algebraic direct sum of finite-dimensional H-invariant subspaces Vj

L*(0.E) = P Vi, (3.7)

k>1

such that the restriction of H to V} has a unique eigenvalue \;, and for each k there exists
Ny, € N such that (H — X\, - Id)MV, = 0, and |\z| — oo.

Denote by spec(H) the spectrum of H. Suppose that 0 ¢ spec(H). It follows from
Theorem that there exists an Agmon angle 6 for H, and we can define the square
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root H;/Q. If 0 is fixed, we simply denote H(,l/2 by H'Y?. Note that HY? is a classical

pseudodifferential operator with the leading symbol
o(H'?)(2,€) = [¢]ls - 1dp,. (3.8)

By spectral theorem we can define A}E/Q. The principal symbols of H/? and A}E/Q coincide,

hence
H'Y? = AY? 4 B, (3.9)

where By is a pseudodifferential operator of order zero.

Lemma 3.2.2. The resolvent of H'/? is compact, and the spectrum of H'/? is discrete.

There exists b > 0 and d € R such that the spectrum of H'? is contained in the domain
Qg :={XA € C:Re(N) >d, |Im(N)| < b}.

Proof. The proof follows in the same way as in [Miill1]. First note that H'/? is an elliptic

pseudodifferential operator of order 1, hence by Remark its resolvent is compact, that

implies the spectrum of H'/? is discrete. Second, the operator By extends to a bounded

operator in L?(O, E) by Remark denote
b:=2-||Byll. (3.10)
Recall that [Kat66, Chapter V, (3.16)] for A ¢ spec(AEﬂ)
(AR = A 1d) 74| < fim ()|~ (3.11)
The equations and imply
[1Bo- (A" = A-1d) 7Y <172, [Im(N)] > b,
and hence I + By - (A} — A -1d)~! is invertible for such A, and
I+ Bo - (A = A1) )7 <2 [Im(A)] > b.
Moreover,
(HY? = X-1d)"' = (A — A-1d) " (I + By (AP — A Id)‘l)_l :
that together with implies
I(HY2 = X-1d) M <2 [Im(A)[™Y, [Im(A)] = b,

hence the spec(H'Y?) C Q4.
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It follows from the spectral decomposition 1} that H'/? has the same spectral de-
composition as H with eigenvalues A2, X € spec(H) and multiplicities m(\/2) = m(\).

We need to introduce some class of function for further use.

Definition 3.2.3. Denote by PW(C) be the space of Paley-Wiener functions on C, that

18
PW (C) = Ugso PWH(C)

with the inductive limit topology. Above PWT(C) is the space of entire functions ¢ on C
such that for every N € N there exists Cy > 0 such that

|p(N)| < On (14 [A|)NeflmNE X e C.

Proposition 3.2.4. Given h € C{°((—R, R)), let

w(N) = \/LQ_W/Rh(r)e_m‘dr, AeC, (3.12)

be the Fourier-Laplace transform of h. Then ¢ satisfies for every N € N, that
is ¢ € PWT(C). Conversely, by the Paley-Wiener theorem, every ¢ € PWT(C) is the
Fourier-Laplace transform of a function in C°((—R, R)).

Recall that we are assuming 0 ¢ spec(H).

Definition 3.2.5. For b > 0 and d € R let I'y 4 be the contour which is the union of the
two half-lines Lipq = {z € C: Im(z) = £b, Re(z) > d} and the semicircle S = {d + be' :
/2 < 0 < 31/2}, oriented clockwise.

By Lemma there exists b > 0, d € R such that spec(H'?) is contained in the

interior of I'y 4. For an even Paley-Wiener function ¢ put

P(H'?) = i/r SN (HY2 = \)"d). (3.13)

Remark 3.2.6. In the next chapter, the Selberg trace formula will contain Tr o(HY?) as

a spectral side for some H.

Lemma 3.2.7. o(H'/?) is an integral operator with a smoothing kernel.
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Proof. The proof follows in the same way as in [Millll, Lemma 2.4]. For k,l € N we have

1
2

H*o(H'*)H' = / NED QN (HY? = X) A

Tpa
The operator H*p(H'?)H'! is a bounded operator in L*(O, E), since A > A2E+t0p())
is rapidly decreasing on L. 4. One can easily observe that as in the case of manifolds,
H*(O, E) is the completion of C*°(O, E) with respect to the norm ||(Id + H)*/2f||, where
||| is the L2-norm. It follows that for all 5,7 € R, ¢(H'/?) extends to a bounded operator
from H*(O, F) to H"(O, E) and hence is a smoothing operator. O

Analogously to [Miillll, Lemma 2.2}, we obtain:

Theorem 3.2.8 (The Weyl law). Let

N(r,H) := Z m(\)

AEspec(H), |\ <r

be the counting function of the spectrum of H, where eigenvalues are counted with algebraic

multiplicity. Then

_ rk(£) vol(O) (dim 0) /2 (dim ©) /2
N(r,H) = (47r)(dimo)/2F((dimO)/2+l)T +o(r ), T — 00, (3.14)

Proof. The Weyl law for Ag from Theorem and the compactness of Dy-(Ag—\-1d)™!
implies (3.14) [Mar88, I, Corollary 8.5]. O

We need to establish an auxiliary result about smoothing operators. The proof of the

following lemma literally repeats [Miillll, Proposition 2.5]:

Lemma 3.2.9. Let
A:L*(O,E) — L*(O,E)

be an integral operator with a smooth kernel K ; denote by du(x) the Riemanian measure

on O. Then A is a trace class operator and

Tr(A):/OtrK(x,x)du(m).
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Proof. The proof generalizes [Lan69, Chapter VII, §1]. Let {¢; }jen be an orthonormal basis
of L*(O, FE) consisting of eigensections of Ag with eigenvalues 0 < \; < Ay < ... — o0,

We can expand K in the orthonormal basis as

o0

K(z,y) =Y ai;joir) @ ¢l (y). (3.15)

ij=1
where
a;; = (Ag;, ;). (3.16)
Note that
A+ X+ 3)Va,; = (I +Ap @ T+ 10 Ap)VA, ¢; ® ¢)),

hence for every N € N there exists Cy such that
laij| < On(1+ X+ X))V

for any 4,7 € N. Then by Theorem the right hand side of (3.15)) converges in C'*°-
topology.

Definition 3.2.10. Define F;;, i,j = 1,...,00 to be the integral operator with kernel
¢i @ ¢;. Put
Al = Z CLiJ(l + )\j)npw‘.
ij=1
Definition 3.2.11. Define P;, j = 1,...,00 to be the orthogonal projection of L*(O, E)
onto Co;. Put

e}

A=) (1+X)"P;.

j=1
By Theorem [£.2.7, both A; and A, are Hilbert-Schmidt operators, hence A = A; A is
of trace class; moreover, by (3.16)) and (3.15):

TA=3 0= 3 aiy [ (60) 0)dnte) = [ o Ko )duto)

ij=1

]

Now we apply this result to ¢(HY?), where ¢ € PW(C) and ¢ is even. Let K,(z,y)
be the kernel of @(H'?). Then by Lemma|[3.2.9, o(H'/?) is a trace class operator, and we

have
Trgp(Hl/Q):/OtrK@(x,a:)du(a:). (3.17)

Moreover, the following lemma holds:
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Lemma 3.2.12. Let ¢ € PW(C) be even. Then we have
> w0 ) = [ K (o aduo) (3.18)
AEspec(H) o
where m(\) is the multiplicity of \.
Proof. By Lidskii’s theorem [GK69, Theorem 8.4], the trace is equal to the sum of the eigen-

values of ¢o(H'/?), counted with their algebraic multiplicities. One can show that ¢(H/?)
leaves the decomposition 1D invariant and that ¢(H'/2)|y,, has the unique eigenvalue

gp()\llc/Q). Applying Lidskii’s theorem and | , we get Lemma [3.2.12 ]

3.3 The Selberg trace formula

3.3.1 The wave equation

In this subsection we give a description of the kernel K, of the smoothing operator ¢(H 1/2)
in terms of the solution of the wave equation. For technical reasons we impose some
restrictions on the orbifold O, namely assume that O = I'\G/K where I' is a discrete
subgroup of the isometry group of a symmetric space G/K. For these subgroups the

following lemma holds:

Lemma 3.3.1. [Sel6(, Lemma 8] A finitely generated group T' of matrices over a field of

characteristic zero has a normal torsion-free subgroup I'g of finite index.

Remark 3.3.2. The restriction that O = I'\G/K is rather technical; during Subsection
3.3. 1| we could have assumed that O is a good orbifold.

It follows from Lemma that ['\\G/K is a manifold. Let p : I' = GL(C") be a

finite-dimensional representation of I', and let
E=T\(G/K xC")— O
be the associated vector orbibundle. Let pg be the restriction of p to I'g, and denote by
Ey =To\(G/K xC") - T\\G/K

the associated vector bundle. Note that every f € C*(O,E) can be pulled back to
fo € C*(T\G/K, Ey) as well as every (I'g\I')-invariant f, € C*(I'0\\G/K, Ey) can be
pushed down to f € C*(O, E).
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Proposition 3.3.3. Denote by ||||sro\c/x and ||-||so the s-Sobolev norms on H*(I'g\G /K, Ej)
and H*(O, E), respectively. Then there exists C,c > 0 such that for any f and fy as above
the following inequality holds:

¢ |[follsroa/x < M1fllso < C -l follsroe/x

Proof. Follows from that I'y\G/K is a finite covering of O. O

Consider the wave equation:
(0°/0 + H)u=0, u(0,z;f) = f(z), w(0,z;f)=0 (3.19)
for u(t,z; f) € C*(R x O, E).

Lemma 3.3.4. For each f € C*(O, E) there is a unique solution u(t,z; f) € C®(R x
O, E) of the wave equation . Moreover for every T' > 0 and s € R there exists C' > 0
such that for every f € C*(O, E)

Proof. The proof follows from [Millll, Proposition 3.1]: first pull-back the wave equation
to C°(R x T'\\G/K, Ey) and solve it there. The solution of the pulled-back wave equa-
tion satisfies [MUI11l (3.2)], that is the estimates of type (3.20]), but for Sobolev norms
| - |ls;ro\a/k instead of || - |[s0. Moreover, it is invariant undet I'c\I', because the pull-

back of the initial conditions is invariant under I'g\I". Second, push the solution down to
C*(0, E) and use Proposition m ]

Lemma 3.3.5. Let ¢ € PW(C) and @ be the Fourier transform of ¢|g. Then for every
f € C®(0,E) we have

1) = == [ Bttt )i (3:21)

Proof. We follow [Miill1}, Proposition 3.2]. Let I', 4 be as in Definition [3.2.5] choose ¢ > 0
such that
spec(H + ¢) C {z € C: Rez > 0}.

For ¢ > 0, define the operator cos(tH'/?)e=o(H+¢) by:

cos(tHY/2)e—o I+ = / cos(tA)e 7N T2 — X) A,
T JThq
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Note that for f € C>*(O, F)
(cos(tH1/2) e_“(H+C)f)(x) —u(t,x; f)

is the unique solution of the wave equation (3.19) with initial condition e=?#+¢) f — . the
proof is by substitution and does not change if O is an orbifold. The rest of the proof is
to show that

) cos(tH'?)e= o+ f gt = e(N)e TN FIHY2 X)L dN, (3.22)

Tya

27r

V2 /
and that the right hand side of - Converges to o(HY?)f as 0 — 0, whereas the left

hand side converges to (2m)~"! [, ¢(t ; ) dt. Proof of convergence is analogous to the

manifold case. [
Now we would like to lift the wave equation once again, but now to G/K. Let
=(G/K)xC"— G/K
be a lift of F to G/K and let
H:C>(G/K,E) — C*(G/K, E)

be the lift of H to G/K. Let u(u,; f) and fbe the pull-back to G/K of u(t,z; f) and f,
respectively. Then the following holds:

<82/8t2 + ﬁ) =0, 0,z f) = f(x), WO,z f)=0 (3.23)

As in [Mullll (3.15)], with the help of the finite propagation speed argument one can show

that it does not matter if:

1. either we solve the wave equation (3.19) on O and then pull the solution back to G/ K,

2. or we first pull back the initial condition to G/K and then solve the wave equa-
tion ((3.23)).

Let d(z,y) denote the geodesic distance of z,y € G/K. For § > 0 define Us := {(z,y) €
G/K x G/K :d(z,y) < d}.

Lemma 3.3.6. There exists § > 0 and H, € C*(G/K xG/K,Hom(E, E)) with supp H, C
Us, such that for all 1/) € C=(G/K, E) we have

—= etz = [ aGaw)a

G/K
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Proof. The proof follows [Miulll, Proposition 3.3] and is based on the finite propagation

speed argument, that is valid for orbifolds as well. O

Using Lemmas [3.3.5| and [3.3.6| we obtain

[p(H'?) f)(7) = i Hy(2,9)(f(©)) dg (3.24)

for all f € C>*(X, E). Let F C M be a fundamental domain for the action of I" on G/K.
Given v € I, let
R,:E—E (3.25)

be the induced bundle map. Note that

) = R,(f@), €T (3.26)

Arguing as in [Mulll] by rewriting fG/K as Y cr Lp in (3.24) and using ‘D one can
show that the kernel K, of p(H'/?) is given by

Ko(z,y) = Z Hy(2,79) o Ry, (3.27)

vyel

where Z, y are any lifts of  and y to the fundamental domain F'. Together with Lemma

[3.2.12] we obtain:

Lemma 3.3.7. [Mulil, Proposition 3.4] Let ¢ € PW be even. Then we have

> e =3 [ (i, (3,99 o R

AEspec(H) yel

3.3.2 The twisted Bochner-Laplace operator

In this section we follow [Millll Section 4] to introduce the twisted non-selfadjoint Lapla-
cian Aﬁx. Let O be a good orbifold O = T'\G/K, G = SOy(1,2n+ 1), K = SO(2n + 1).

Let x : I' = GL(Vy) be a finite-dimensional representation of I', and let /' — O be the
associated orbibundle over O; let VI be a canonical flat connection on F. Let E be a

Hermitian vector orbibundle over @ with a Hermitian connection VZ.

Definition 3.3.8. We equip E ® F with the product connection V¥ defined by
VESE = VE®1+10 VY

forY € C*(G/K, T(G/K)).
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Definition 3.3.9. The twisted connection Laplacian A}‘;X associated to VE®T s given by
A#E#,x = —Tr(VE®F)2,

where (VE®T)2 s the invariant second covariant derivative.

Definition 3.3.10. Denote by Ag the Bochner-Laplace operator (VF)*VE.

Remark 3.3.11. The principal symbol of Aﬁyx s given by
o (AL (@, &) = €] - 1dmar),
Let E and F be the pullback to G/K of E and F, respectively. Note that
C*(G/K,E® F)~ C®(G/K,E)® V,.
Let &ﬁx and Ag be the lift of Aﬁx and Ap to G/K, respectively. Note that:
A} =Ap®Id, (3.28)

where Ap @ Id acts on C°(G/K,E) ® V. Then for any ¢ € C®(G/K, E), the unique

solution of the equation

(0%/06* + Af Jult,59) =0, u(0,59) = ¢, u(0,-1¢) =0
splits as well and is given by
ult, 1) = (cos(t(Bp)/) @ 1d) v(.),
where cos(t(Ag) is defined by the spectral theorem. Let ¢ € PW(C) be even and let

k,(Z,y) be the kernel of

@ <(£E)1/2) _ L/R@(t) cos(t(Ag)?) dt.

2

Then H, from Lemma is given by H,(Z,7) = k,(Z,7) ® Id. Then it follows from
3.27) that the kernel of the operator ¢ ((Aﬁ’x)lﬂ) is given by

Ko(z,y) = > ko(&,78) © (R, © x(7)).

~yel'

Lemma [3.3.7] implies the following Lemma:
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Lemma 3.3.12. Let F' be a flat vector orbibundle over O, associated to a finite-dimensional
complex representation x : I' = GL(V,). Let A?‘E@#’X be the twisted connection Laplacian from
Definition [3.3.9 acting in C=(O,E ® F). Let ¢ € PW(C) be even and denote by ky(Z,7)
the kernel of ¢ ((AE)IQ). Then we have

Z e(\Y?) = Ztrx / ky(Z,7y) o R,) dz.

)\Espec(Ag ) yel

3.3.3 Locally symmetric spaces and the pre-trace formula

In this subsection we specify Lemma to the case when F is a locally homogeneous
orbibundle.

Let x : I' = GL(V,) be a finite-dimensional (possibly non-unitary) complex representa-
tion and let ' — O be the associated flat vector bundle over O as in previous subsection.
Let v : K — GL(V,) be a unitary representation of K and let £, — O be the locally
homogeneous orbibundle as in Definition [2.5.6]

Denote by Aﬁmx be the twisted connection Laplacian acting in C*(O, E, ® F') as in
Definition [3.3.9] To simplify notations denote:

A =AY (3.29)

Let /Av,, be as in Definition m We are now interested in rewriting k, in a different way
with respect to the information that F, is a locally homogeneous orbibundle. Note that
gp(ﬁ,l/ 2) is a G-invariant operator. With respect to the isometry 1) it can be identified

with a compactly supported C'*° function
h,: G — EndV,,

such that
h@<kjlgk2) = l/(kl) e} h¢(g) e} V(k}g), ]{71, ]{32 € K.

Then (K,l,/ ?) acts by convolution:
(#BY7) 00) = [ holar ) 02)e (3.30)
and the kernel K, of ¢((A% )'/?) is given by

Ko (1K, g2K) = > ho(g7'792) @ X(7)- (3.31)

vel
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By Lemma |3.3.12| we get
Z e(\Y?) = Ztrx / trh,(g ' vg)dg. (3.32)
)\Gspec(Ag,X) yel A

Definition 3.3.13. Fory € T, denote by {v}r its I'-conjugacy class.

Definition 3.3.14. For v € I', denote by I'y and G the centralizers of v in I' and G,

respectively.

Collect the terms in the right hand side of (3.32]) according to their conjugacy classes.

Separating {e}r, we obtain a pre-trace formula.
Proposition 3.3.15. [Pre-trace formula] For all even ¢ € PW(C) we have:

> mN)p(A?) = dim(V;)vol(I\G/K) tr hy(e)+

)\Gspec(Aﬁp)

+ Z trx('y)vol(Fw\Gv)/ Gtrhw(gflfyg)dg.

{(vhrA{e} G\

(3.33)

Restrict ourselves to the case G = SOq(1,2n + 1), K = SO(2n + 1). In order to make
the formula more explicit, we need to evaluate the orbital integrals |, aG T hy(9~ 1 vg)dg on
the right hand side of (3.33)), that will be done in Subsections [3.3.4] and [3.3.5|for hyperbolic
for elliptic 7, respectively.

3.3.4 Orbital integrals for hyperbolic elements

In this section we slightly modify [Wal93, Theorem 6.7] to evaluate the orbital integrals

fGW\G trhy, (g tvg)dg for hyperbolic 7.
Let Iy and G, be the centralizers of v in I and G|, respectively.

Definition 3.3.16. For a hyperbolic v € T', define its primitive element as an element
Yo € T’ such that v =¥, and for any vy € T’ such that v = (7})", it follows that n < k.

A primitive element -y, is not necessarily unique. It is defined up to
1. 1
r,=rnaG,,

where G,ly is the maximal compact subgroup of G,.
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Remark 3.3.17. Note that
vol(I,\G,) = Z(VO)/|F$|-
Recall that for o € 56@1) and A € R one can define the unitarily induced representa-

tions 7,5 as in (2.16)), let ©, 5 denote the character of m, . For hyperbolic v we slightly
modify [Wal93, Theorem 6.7] in order to get the following lemma:

Lemma 3.3.18. Let v € T" be a hyperbolic element. Then the following holds:

vol(I'\G,) / tr hw(g_l'yg)dg =

a\G
() — / il
. t Qg (hy) - e TGN
AT DGy 2 o) [ Oralhe) e
c€SO(2n)
where
D(y) = e det(Ad(mva,y)yﬁ—Id)‘ (3.34)

and (7o) is from Definition my and a is from Lemma [2.3.5,
Proof. The modification of [Wal93, Theorem 6.7] is as follows: we take vol(I',\G,) and

change it to I(y)/|T}| by Remark [3.3.17] O

3.3.5 Orbital integrals for elliptic elements

In this subsection we evaluate the orbital integrals
B, (hy) = / e ho(g~v9)dg (3.35)
G, \G

for v € T elliptic. We may assume ~ is of the form:
1

1
7= Repyq ) (3.36)
‘ R¢n+1
where Ry = ( cos ¢ Siw), ¢ € (0,27). Note that in general 7 is not a regular element, e.g.

—sin¢ cos¢

if £ > 1 or some of the angles ¢; coincide; see Definition [2.3.6] For further use we want to

approximate 7y by a sequence of regular elements 7. parametrized by ¢:
1

I
=y
=

Ve , (3.37)



3.3 The Selberg trace formula 47

where sequences €; € R, i = 2,... ,n+ 1 are chosen in the following way: all €; are pairwise
distinct, that is e; # €; for 7 # j, and

lime; =0, <k,

e—0

e—0
The strategy for the subsection is the following: first we recall how to calculate E._(h.,),
second we apply a certain element of the symmetric algebra S(bc), and set ¢ = 0 to

obtain E,(hy). To calculate E,_(h,), we combine together an adjusted version of [Kna0ll

Theorem 13.1] together with the following proposition:

Proposition 3.3.19. Let n(v) € Spin(1,2n + 1) be a lift of v. Let m is a canonical
projection 7 : Spin(1,2n + 1) = SOy(1,2n + 1). For v € G, denote Spin(1,2n + 1), to
be the centralizer of n(vy) in Spin(1,2n + 1). Define

m*hy, : Spin(1,2n + 1) — C,
T hy(x) = hy(m(x)).
Then

T hy (97 'n(v)g)dg = ho(9~ ' vg)dg.

/Spin(l,Qn—&—l)n(w)\Spin(1,2n+1) LOO(I,Qn+1)7\SOO(1,Qn+1)

(3.38)
Proof. Note that Spin(1,2n + 1), is a 2-fold covering of SO¢(1,2n + 1),, hence
7 (Spin(1, 2n + 1), \Spin(1, 2n + 1)) = SOy(1, 2n + 1),\SOy(1, 2n + 1).
Moreover,
he(m(9) "' (9)) = he(m(g™ n(7)9)) = 7o (g™ n(7)9)-
and hence
/ why (97 n(7)g) dg =
Spin(1,2n+1),,)\Spin(1,2n+1)
/ . , he (m(9) "' (g)) dg =
Spin(1,2n+1),,)\Spin(1,2n+1) (339)

/ hy (971v9) dg =
7(Spin(1,2n+1),(+)\Spin(1,2n+1))

/ hy (97 'v9) dg,
S0y (1,2n+1),\SO0(1,2n+1)

that proves the proposition. O
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Lemma 3.3.20. The orbital integral E._(h,) can be expressed as
Evhy) =Co > [ 30 det(s) (€ siamipn @ V0] - Ooa(hp)dA,  (3.40)
€50(2n) Rsew

where C' € R\ {0} does not depend on . The sum in is finite, because hy, is K -finite.

Above det(s) denotes the determinant of s, and for every
= ('g 3) : (3.41)

0,) € SOo(1,1) and v* € SO(2n), the tensor product acts as:

et
0e

where v = (

® e—ﬁA e—ﬁAt].

€ s(Ao)+onr) (V) = [Esa@ o (V)] - [

Remark 3.3.21. For v, elliptic, v} = (}9) and hence

® eiﬁ)\(%)

E—s(A(o)+on)
does not depend on .

Remark 3.3.22. Our notation differs from [Kna0Ol, Theorem 13.1], namely h, f and
Ff(h) corresponds to our e, h, and E, (hy), respectively; F} (h) is defined in [Kna(1, p.
349].

Definition 3.3.23. For a € A (s00(1,2n + 1)¢, be), denote by H, its coroot.

Without loss of generality assume that all ¢; from (3.36)) are different, then the stabilizer
G., of v is equal to SO(2)F x SOy(1,2k — 1). The root system for G, can be written as

Aw(gﬁc’ h(C) = {:tei e l<i<y< k}
We can choose an ordering such that
AT (e, be) = {£(e; +e;), 1 <i < j <k}

Lemma 3.3.24. [SW75, (5.2)] There exists M., € R\ {0} such that

We are ready to prove the main theorem in this subsection:
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Theorem 3.3.25. There exists an even polynomial P)(\/—1\) such that

SRS DR AV PCOINURE

OES@)

Proof. Theorem [3.3.25| holds with

= ][ Ha (Z det(s ( (@)+par) B € ﬁ*(%))) (3.42)

+
O‘GAW seWw =0

by Lemmas [3.3.20 and [3.3.24, We need to show that P)(y/—1)\) is an even polynomial.
Note that every a € AT is a root with (o, a) = 2, hence

H H, ( —s( 0)+pM)®€_ﬁ)\('Vs)) =

a€A+

(3.43)
[T (=5(A0) + par) = V=Ther.a) b (Estaorinmn @ e 00))

aeA#

Let s(A(0) + par) = D gcicnsy ki€ With py as in (2.5). For simplicity assume k; = 0 and
denote by ¢; ; the Kronecker delta. Then

[ (—s(Al0) + pu) = V=Ther,a) =

acAT
(—1)‘A¢| H Z kiei +vV—1Xey, ey — Z kie; +vV—1Xey, ey +ey) =
1</ <j'<k 2<i<n+1 2<i<n+1
(—1)|Aj/—| H (\/ —1)\(57:/’1 — 5j/71) + (kll — k]/>) . (\/ —1)\((57;/’1 + 5]'/71) —’- (kz’ + k']/>) .

1<ir<j'<k

(3.44)
Note that above d,/ ; is always equal to 0. Now we would like to study the dependance of
(3.47) on A, for this we split the product above as:

1<i/ <5<k i=1, 2<i'<j'<k
2<5'<k

and first notice that

IT V=1\6wa+ (ke — k) - (V=TAua + (ko + k) = ] (k5 — k) :==C(k)

2<i/ <j' <k 2<i! <5/ <k

(3.45)
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does not depend on A. Second,

IT (V=1Adus + (ki — k) - (V=TAGs + (ki + ky)) =

i'=1,

2<j'<k (3.46)
[T V=IA=ky) - (V=TA+ky) == J[ A\ +E&).
2<5' <k 2<j'<k

Putting together (3.4443.46)) gives us
[T (—s(A@) + par) = V=Trer, ) = ()& Oy - T (A2 +E2), (3.47)

aeAt 2<5/<k

where (—1)/47+1. C(k) does not depend on A. Note that (3.47) is an even polynomial in

A and by Remark 3.3.21} €_;x(5)4prs)—v=Tern (Ve) does not depend on A. Hence, (3.43)) and
(3.42) are even polynomials in A as well. ]

We would like to mention the resemblance of Theorem [3.3.25[ to the following:

Proposition 3.3.26. [Kna01, Theorem 13.2] There exists an even polynomial Py (v/—1)\)
such that
trhg(e) =Y / Py (V/=1N)O, A (hy)dA.
orent’®
For further use we need to show one property of the polynomial PJ(y/—1\). Let M’
be the normalizer of A in K and let W(A) = M'/M be the restricted Weyl group. It
has order 2 and acts on finite-dimensional representations of M [Pfal2, p. 18]. Let o be a

finite-dimensional representation of M with the highest weight

n+1

Ao) =D Aj(0)e;, (3.48)

=2

then the highest weight of a representation wyo, where wy is the non-identity element of

W(A) from (2.6, equals

3

Alwor) = SN (0)e; — Aup1(0)ensi. (3.49)

Lemma 3.3.27. The polynomial P) is invariant under the action of W(A):

PI(V=1X) = P} ,(V—=1)).
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Proof. Recall that s € W acts on the roots by even sign changes and the permutations.
Then it follows from (3.48)) and (3.49) that if s(A(0)+6n) = D ocicpiq Kiei for some k; € Z,
then s(A(0) +dm) = D ocicn kie;, where k; = —k; for exactly one i and l%j = k; for all
j #i. Tt follows that k2 = k2. By the polynomial PJ(y/—1)) depends only on k?
which completes the proof of Lemma [3.3.27] ]

3.4 Selberg zeta function
Let o € M, where M = SO(2n).

Remark 3.4.1. Note that v from the previous section was a unitary representation of
K =S0(2n+1).

Definition 3.4.2. The Selberg zeta function is:

tr(x(y)) - tr(o(m,)) - 6—(s+n)l(v))
np - [T1] - det(Id — Ad(m.a,)]z)

Z(s,00x) =exp [ — (3.50)

{~} hyperbolic

Proposition 3.4.3. There exist ¢ > 0 such that Z(s,o,x) converges absolutely and locally
uniformly for Re(s) > c.

Proof. Analogously to [Spil5, Lemma 3.3], there exist k, K > 0 such that

tr(x(v)) < KeM0),

It follows by definition that || > 1, np > 1 and tr(o(m,)) < dim(c). We need the

following lemma to estimate the number of closed geodesics:

Lemma 3.4.4. There exists a constant Cy > 0 such that for all x € H*"*!, the following

estimate holds:
#{~ hyperbolic,y € T': p(z,vx) < R} < Cye*"%, (3.51)

where p(x,y) denotes the hyperbolic distance between x and y.
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Proof. Let x € H?>"*!  denote by Bgr(z) the hyperbolic ball around z of radius R; note that
vol(Bg(x)) < Cy - e*
for some C5 > 0. Note that because I is cocompact, there exists € > 0 such that
B.(z) NyB.(x) =0, ~ €T, v hyperbolic, z € H***!,

Thus
|_| ’YB€<:U> g BRJrE(x)a

~€T, v hyperbolic, p(z,yz)<R
that implies (3.51]). O

Moreover,
det(Id — Ad(m~a.)|z) > (1 — e 'O
hence there exists a constant C such that for every v hyperbolic

1

< Cy.
det(Id — Ad(mqa)fs)
Collecting all together proves Proposition [3.4.3] O

3.4.1 The symmetric Selberg zeta function

Let o € M with the highest weight
kQ(U)GQ + ...+ k(a>n+1€n+1~

Definition 3.4.5. For Re(s) > ¢ with the constant ¢ as in Proposition[3.4.3, we define the
symmetric Selberg zeta function by

Z » Uy Z ’ ) ) ' )
S(s.0.y) = (s,0,X)Z(s,wo0, X), if o # woo (3:52)

Z(s,0,%), if 0 = wyo.

In this subsection we prove the existence of the meromorphic continuation of the sym-
metric Selberg zeta function. We follow the approach of [Pfal2] which associates a vector
bundle E(o) to every representation o € 56(2\71) This vector bundle is graded and there
exists a canonical graded differential operator A(c, x) which acts on smooth sections of
E(0). The next step is to apply the Selberg trace formula to A(c, x) with a certain test
function.

First, we construct the bundle F (o) and the operator A(a, x).
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Definition 3.4.6. Let R(K) and R(M) be the representation rings over Z of K and M,

respectively.

Definition 3.4.7. Denote by * : R(K) — R(M) the restriction map induced by the
inclusion v : M — K.

By [Pfal2, Prop. 2.17], there exist integers m, (o) € {—1,0,1} such that for o = wyo
one has
o= Z my (o) v

and for o # wyo one has

o+ wyo = Z my (o) v

VEI?

Moreover, m, () are zero except for finitely many v € K.
Let E, , be the orbibundle associated to v € [A(, X : ' = GL(V) as in Subsection

Definition 3.4.8. Let E(o) be the orbibundle

E(o) = E, .
v:my (0)#0

For every v € K let A, be the operator defined by
A,y = Af’x +c(o) — v(Qk),

where A% is as in Subsection , v(Qk) is as in 1) and

n+1 n+1

c(o) =Y (k;(0) + p;)? ij

Let A(o, x) be the operator acting on C*(O, E(0)) defined by
Ao, x) == @ A,y
v:my (0)#0
Let E(0~) =D, 1, (0)20 E,, be the lift of E(o) to H?**', and let A(o, x) be the lift of
A(o, x) to E(o). Note that by ,

Ao = P (Ay+c(0)—y(Qk)>®IdEX.

v:my (o)#0
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Together with ([2.14]) it gives
Ao,x)= @ (—R(Q) +c(o) @ dp,.

vim, (o)#0
Second, we wish to apply the Selberg trace formula to A(o, x). For this let
hi(g) =e Y m,(0)hi(g), (3.53)
v:my (0)#0

where h} :=tr H/, and H/ is the integral kernel of T

Lemma 3.4.9. [MP12, Section 4] Oy \(hY) = e for o/ € {o,woo} and equals zero

otherwise.
We are almost ready to apply the Selberg trace formula.

Definition 3.4.10. Let B,, v € f(, be trace class operators acting on sections of E,. Let
® o
vimy (o)#0

Then define
Tr,B:= Y  my(o)TrB, (3.54)
vim, (o)#0

Proposition [3.3.15] Lemma [3.3.18, Theorem [3.3.25| and Proposition |3.3.26| imply:

Theorem 3.4.11. We have

Trs(eftA(mX)) = VOl dlm Z / Z)\ o’ )\ )d)\+

o'eM
SO vol(h\Gy)(x Z/pv (1)@ 7 (] )N+
o’e M {7} elliptic o'eM

Z Z tr(x (7)) Z(VO)W/R@U,)\(hg)e—l(v)/\d)\'

2w D
o’ e M {7} hyperbolic 4 (’7)
Let
2, if o # wyo;
()= o (3.55)

1, if 0 = wyo.
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Denote
1(t) := e()vol(O) dim(V) /R Py (N dt,
E(t) i= (o) {ﬂ%;pticVol(Fy\GA,)tr(x(v)) | B 556
H(t)= > —tZSTX&)V)ﬁgT) (tr(a(’Y))+tr(woa(’Y))> /R e e,

{v} hyperbolic
Then Lemma |3.3.27, Theorem [3.4.11} Lemma together with (3.55)) and (3.56]) imply
Try (e M4O0) = I(t) + E(t) + H(t). (3.57)

Denote (A(o,x) + s*)7! =: R(s?) for s € C, s ¢ spec(A(o,x)). Note that for Re(s* +
Ao, x)) >0,
R(s*) = / e e AN gy, (3.58)
0

The operator R(s?) is not a trace class operator, but we will now improve it.

Lemma 3.4.12. [BO95, Lemma 3.5] Let s1,...,sy € C such that 57 # 57 fori# j. Then

for every z € C\ {—s%,...,—s%} one has

Yoo 1 1
23?4—2 H 2—522H3§+z’

S
j=lg#i 0 T =1

N 1 .
hence for c; =112 j 7=z, i=1,..., N,
J i

> ¢R(s)) =] R(sH). (3.59)

j=1 J=1
Lemma 3.4.13. The operator vazl R(s3) is of trace class.

Proof. In [BO95] Lemma was proven for manifolds by the following argument: each
of the factors is a pseudodifferential operator of order —2/(2n + 1), hence their product is
a pseudodifferential operator of order —2N/(2n + 1) that is of trace class for sufficiently
large N by the Weyl law.

Let R be the value of the resolvent of a self-adjoint Laplacian on F(o) at a point = € R,

x < 0, that is not in its spectrum. Note that it is self-adjoint and non-negative.

Lemma 3.4.14. The operator RY is of trace class for N > (2n +1)/2.
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Proof. Let )\, be the k-th eigenvalue of R. Then by Theorem [3.2.8] \, = O(k=2/(n+1)
as k — oco. Note that A\l is the k-th eigenvalue of RY, hence A\ = O(k=2NV/(n+1)) a5

k — oo. O
Lemma 3.4.15. The operator R~V - vazl R(s3) is bounded.

Proof. 1t is a pseudodifferential operator of order 0 and hence bounded by Remark

O
By the above two lemmas,
N N
[[RG) =RY- <R—N 1 R(s§)>
j=1 j=1
is of trace class. O]

From now on let all s;, j = 1,..., N satisfy Re(s; + A(o, x)?) > 0. We can choose such
s;, because the real parts of eigenvalues of A(o, x) are bounded from below. Put s := s
and ¢; := ¢ /c; for 1 < j < N in Lemmas [3.4.12| and [3.4.13) then R(s*) + ZjVZQ ¢;R(s7) is
of trace class, and by

N o N
Trg (R(SQ) + Z qR(s?)) = / <e—ts2 + Z cjetsﬂz> Ty (e7H4@) . (3.60)
=2 0 =2

We would like to apply Theorem |3.4.11| to the right hand side. By analogy with [Pfal2]
pp. 68-70],

/OO (etSQ + Z cje_t8?> - 1(t)dt = e(o)vol(O) dim(V, ) x
<§Po<s> vy C;’—fPa<sj>) 7
[ ( 5> ) Bt = S eloolT NG, )tr(x(7) %

{7} elliptic (361)

s

R e 1 S(s,0,x)
ts o ts5 ] . — T \VIAT
/D <e + § cje ) H(t)dt = - oo
J

Z iS/(Sj,O'7 X)

- 2s; S(sj,0,x) "



3.4 Selberg zeta function 57

Note that we are crucially using that P)(v) and P,(v) are even polynomials in v. Thus

we get
9 5 S'(s, c; S'(s;,0
Tr, (R(s*) + ZCjR(sj)) = 2_15 S((s,a)) Z 25 3 ((Sma)
e(o)vol(O) dim(V,) - < )+ Z C;j
Z e(o)vol(I\G,)tr(x(7)) - <§PJ(5) + Z S_PV(53>> .
{~} elliptic J J
Put

=(s,0,x) i= exp | —2me(0)vol(O) dim (V) /O B —2(0) Y () /0 P (r)dr

{~} elliptic
S(s,0,X)
(3.62)
Then can be rewritten as
Tr R(s2)—|—icR(52) :iE 5 GX _i_ic_]M (3 63)
° s I 25 =(s,0, %) 25 =(sj,0,x) '

where =Z'(s,0) denotes the differentiation with respect to the first variable. It follows from
(3.62)) and (3.63), that S(s,o) extends meromorphically to C if and only if =(s, o) does,

moreover, its singularities coincide. Let \;, i = 1,2,... be the eigenvalues of A(o, x). For
each \; let £();) be the eigenspace of A(o) with eigenvalue A;. Put

my(Ai, o) = Y (=)™ dimE, (), (3.64)
v:my (o)#0

where &,()\;) is the eigenspace of A, , with eigenvalue ;. Put
st =4v—1-v/\,j €N,

where 1/)\; is chosen to have the non-negative imaginary part. Note that ﬁ and
are the eigenvalues of R(s®) and ¢;R(s7), hence by (3.64) and Lidskii’s theorem,

Tr, (3(32> + chR(s§)> = (% ) W) . (3.65)

Note that (3.65)) and

Cj
)\i-i-s?
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imply that all residues of 2s - Tr (R(SZ) + Zjvzl ch(c§)> in s are integers. Hence by
(3.63), =(s,0) admits a meromorphic extension to C. Together with (3.62)

Theorem 3.4.16. The symmetrised Selberg zeta function S(o,s,x) has a meromorphic
extension to C. The set of singularities of S(s,,x) equals {sF : i € N}. If \; # 0, then
the order of S(s,o,x) at both s;i™ and s; is equal to ms(\;,0). The order of the singularity
at s =0 is 2mg(0,0).

3.4.2 Antisymmetric Selberg zeta function

Suppose that o # wyo, otherwise the symmetric Selberg zeta function equals the Selberg
zeta function and this section can be skipped. For Re(s) > ¢ with the constant ¢ as in
Proposition we define the antisymmetric Selberg zeta function as

Sa(s,0,X) = Z(s,0,x)/Z(s, we0, X)- (3.66)

In this subsection we prove the meromorphic continuation of antisymmetric Selberg zeta

function S, (s, o, X).

Dirac bundles and twisted Dirac operators

Let Cl(p) be the Clifford algebra of p with respect to the scalar product on p. Let s be
the spin-representation of K and put A,, := C2"; denote by S = G x,, A2 be the spinor
bundle on H?"*! and equip it with a connection V7.

Let o € M. By [BO95, Proposition 1.1], there a unique v(c) € R(K) such that

vio)@k=vT(o)®v (o) = v(o),

where v%(0) € K. Define E,(, to be the locally homogeneous vector bundle over H**!:

EVN(U) =G X v (o) (VV(U) ® A2n) — {2

Remark 3.4.17. Note that

EVK(O') = EV(O’) X Sa
that allows us to equip E,,ﬁ(a) with the product connection V7 := V") @1+ 1@ V5.

Define E, :=T \EUR(U) and denote the pull-back of V*#(?) by the same symbol. Let

x : I' = GL(V,) be a finite-dimensional (possibly non-unitary) complex representation
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and let E\ — O be the associated flat vector bundle over O as in Subsecton [3.3.2 equiped
with the flat connection VX. Define

E,, =E,®FE,,
equip it with the connection
VX =V ®1+1 VX
Let
P ® Agy — Ay,

denote the Clifford multiplication. We extend its action to V,,(,) @A, and (V,»)®@As,) @V,
as follows:
eo(W®s) =w®(e-s), weVym,eecClp),sec Ag,.
Cox (WRs)@v) = (w®(e-5)®v, wE Vyy,e€CClp),veV,,se Ay,
Consider an open subset U of O such that E, |y is trivial. Then E, , |y is isomorphic

to the direct sum of rank(E,) copies of E,|y. Let v; be the basis of flat sections of E, |y,
then each p € C*(U, E,|v) can be written as:

rank(E, )

Z ; ® v,

where ¢; € C*(U, E,|7). The Dirac operator D(o, x) acting on sections of E, , is defined

as follows: for each ¢ as above,

dim O rank(E, )

axgo—z Z €i "o VU¢]®UJ)

The Dirac operator lN)(J) acting on sections of E',,k(g) is defined as follow:

dim O

= Zei'av f
=1

where f € C* (HQn—H, V,,(U) & Agn)
Note that D(o, x)? a second order elliptic differential operator and by Theorem m,
its spectrum is discrete and there exist R € R and € > 0 such that

spec(D(0,x)?) € L := Aj_. U B(R). (3.67)
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Selberg trace formula

In this subsection we verify that the Selberg trace formula can be applied to the operator
D(o,x)e P We define the operator D(c, x)e *P(@X)” via the integral

i

D(o, y)e P = _ / e D(0,x)(D(0, x)? = \)'dA (3.68)
B

2

for B = 0L with L as in .

Proposition 3.4.18. The right hand side of converges.

Proof. Follows from Theorem |3.1.8 ]

Note that the lift of D(c, ) to H2! splits into D(¢) ® Id by the same arguments

as in Sections [3.3.2] and [3.4.1 Also the operator D(a,x)e *P(®X) is an integral operator
tD(

with smooth kernel, because e *P(?X) is. By an analogy with the previous calculations we

obtain:
Lemma 3.4.19. Denote by k7 (-) the convolution kernel of ﬁ(a)e‘tﬁQ("). Then we have

> Ae™ = dim(Vy )vol(T\G/ K )tr k7 (e)+

A€spec(D) (3 69)
> tlC\G,) [ kg g)ds
{}#{e} Gr\E
Analogously to Theorem [3.4.11] we get
TIS(D(U, X)e—tD(a,x)z) _ Vol dlm Z / Z)\ o /\ )d)\—i-
o'eM
XX wGGG) X [ PiNemaixs 5.70
o' e M [] elliptic o'eM

(X(v))l(%)T (57t
Z Z D(’}/)|F,1Y| b ( (7))460 ,A(kt) dM.

o’ e M [7] hyperbolic

Proposition 3.4.20. [Pfal3, Proposition 8.2], [MS89] Let o € M, kyy1(c) > 0. Then for
A € R one has

Oor(k) = (—1)"Ae™™ | Oppon(k) = (—1)" T he ™.

Moreover, if o' € M and o' # {0, woo}, for every A € R one has Oy »(k) = 0.
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Applying Proposition [3.4.20| to (3.70)), we get

(=1)"Tr, (De™"") = vol(0) dim(V4) / (Po(iA) = Pugo(iX))Ae™ dA+

R
+ Y vol(T\G,) / (PI(i\) — PY,(iA) e dA+ (3.71)
[] elliptic R .
[(0) —tA2 _—I(7)A
+ Y P @)~ L)) [

[7] hyperbolic

Moreover, the first and the second summand in the right hand side of (3.71]) vanish by the

following two remarks.

Remark 3.4.21. By [MP13, (2.22)],
P,(iv) — Py (iv) = 0.
Remark 3.4.22. By Lemma

Pl (iv) — P] _(iv) = 0.

woo

We proceed as in Section [3.4.1] The operator D(o,x) - (D(o, x)? + s?)~! is not of

trace class, but we can choose coefficients ¢; and s; such that D(c, x) - (D(o, x)*+s*) ™' +

>, ¢iD(0,x) - (D(0, x)* +57) 7" is of trace class. By the same arguments as in (3.60))-(3.62)
and Remarks [3.4.21] and [3.4.22] we obtain

o <D<a, - (D) + )7+ 3 ¢;D(ex) - (Do )? + s?»)-l) =

/ / (3.72)
1 S/ (s,0,%) _'_ZiSa(sj,a, X)

%SG(S,O', X) 28] Sa(Sj,0'7 X)

The theorem below follows.

Theorem 3.4.23. The antisymmetric Selberg zeta S,(s, o, x) function has a meromorphic
extension to C. It has singularities at the points %ip, of order $(d(£uy, o) — d(Fuk, 0)),

where py. s a non-zero eigenvalue of D(o,x) of multiplicity d(ug, o).
Using that Z(s,0,x) = S(s,0,x)S.(s,0, x), we obtain

Theorem 3.4.24. The Selberg zeta function has an meromorphic extension to C. It has

the following singularities:
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o [f o = wyo, a sigularity at the points i/ Ay of order mgs(Ag, o), where Ny, is a non-
zero eigenvalue of A(o, x) and mg(A\y, o) is the graded dimension of the corresponding

eigenspace.

o If 0 # woo, a singularity at the points iy, of order 3(my(ui,o) + d(£py, o) —
d(Fug,0)). Here py is a non-zero eigenvalue of D(o,x) of multiplicity d(pu, o) and
ms(uy, o) is the graded dimension of the eigenspace A(o,x) corresponding to the

eigenvalue jiz.

o At the point s = 0 a singularity of order 2m(0,0) if 0 = woo and of order m4(0, o)

if 0 # wyo.
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The heat kernel

Let £ — O be from Definition equip it with a Hermitian fibre metric and let A
be the Bochner-Laplace operator acting on sections of F; assume that F is a complex
orbibundle of rank k. Our goal is to construct and study the heat kernel for A. The main
idea is to take an approximate solution of the heat equation from [BGV92, Theorem 2.26]
and use the construction of a parametrix for the heat operator as in [DGGWO0§].

The results of this section are widely used throughout the thesis:

1. In Theorem |3.2.8, we needed the Weyl law from Theorem for self-adjoint oper-

ators in order to establish the Weyl law for non self-adjoint operators ,

2. Lemma used the Weyl law from Theorem to establish the fast decay of

certain coefficients,

3. The definition of spectral zeta function from Definition uses the heat trace
expansion from Lemma [4.2.1]

4. To establish the independence of the analytic torsion on the variation of metric in
Corollary |5.2.12| we need to show that the constant term in the heat trace asymptotics
in Lemma vanishes.

4.1 Existence and uniqueness of the heat kernel

Definition 4.1.1. We say that K € I'((0,00) x O x O, E X E*) is a heat kernel, if it

satisfies:
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1. K is C° in all three variables, C* in the first, and C? in the second,
2. (& + A)K(t,x,y) =0, where A, denotes A that acts on the second variable,

3. limy_y 0 K(t,z,-) = 0, for all x € O, where 0, is the Dirac distribution.
Let (ﬁa, Gu,my) be a chart of O of radius no less than € > 0. Denote
Ue:={(x,y) € U, x U, | d(z,y) < €},

where d(x,y) is the distance between x and y. The following lemma follows from [BGV92]
Theorem 2.26]:

Lemma 4.1.2. For | € NU {0} there exist u;(x,y) € C°(U, EX E*) with i = 0,...,1,

such that
0
(& + Am>

(4m) 22 e @A A (2, y).

l
(47Tt)_n/2 . e_d(x’y)2/4t . Zul(x7 y)tl =
(11)

Remark 4.1.3. In [BGV97] the functions u; were constructed for H : T(M, E®|A['/?) —
(M, E ® |A|Y?) instead of H : T'(M,E) — I'(M, E), where |A| is density and M is a

manifold.
Remark 4.1.4. In Lemma we are still in the manifold setup.

Remark 4.1.5. As A, commutes with isometries of U, and d(yz,vy) = d(z,y) forvy € G,
the following equality holds:

wi(yw,y) = Ry ouiz,77'y) o Ry, (4.2)
where R, is from :
Definition 4.1.6. F € I'((0,00) x O x O, EX E*) is a parametriz for the heat operator if:
1. F is C'*°-smooth,
2. (242, F)(t, z,y) € D((0,00) x Ox O, EKE*) is a C°-function in all three variables,

3. limy o F(t,z,-) =6, for allz € O.
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The construction of a parametrix is as follows. Fix € > 0 such that for each = € O,
there exists a coordinate chart of radius ¢ centered at x. Cover O with finitely many such
charts ((7@, Ga, ¢a), a € I. Identify U, with the unit ball, let Do be its center. Let

W, = {ueU,: dlu,p,) < e/4},
Vo :={ueU,: du,p.) <e/2}.
Let p, be the center of U,, and let
Wy ={ueU,: dlu,p,) <e/4},
Vo ={ueU,: du,p,) <€/2}.
Definition 4.1.7. For each o € I and each non-negative integer m, define H™ € ['(Ry x

U, x Uy, EX E*) by

i=0
where the u; are from Lemma[4.1.5
Proposition 4.1.8. The sum
H™(t,%,7) Z ;Iv ) (t,z,79) o R, (4.3)

YEGa
descends to a function H™ € 'Ry x U, x Uy, EX E).
Remark 4.1.9. As we will see further, the sum resembles (@)

Proof of Proposition[{.1.8 Inorder to prove the proposition, we need to show that Hq (m )( z,7)

is G,-invariant in the second and the third variable.

H( (t,2,7'9) Z H ™ (t,Z,7Y'y) o R, = (Z }z(m)(t,:i:,gg)oRg> oRy1 =

YEGa g€Gqo
H™(t,%,) 0 Ry-1.
(4.4)
Above the second equality is due to the change of variables g = ~~'.
HI(t,y'E,5) = ) " (4,45, 75) 0 Ry =

v€Gq

Z R”/’ © -/_H\;(m)(ta ‘%7’}/_17?}) © R’Y'*l © R’Y = R’Y’ © (Z ]/:I\;(m)(tj’gg) © RQ) =

Y€Ga 9€Ga

Ry o H™(t, &, 7).
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Above the second equality is due to (4.2)), and the third follows from the change of variables
9=7""" O

Let ¢y : O — R be a C* cut-off function, which is identically one on V,, and is
supported in W,. Let {n,} be a partition of unity on O with supp(n,) C U,.

Definition 4.1.10. Define H™ € T'(R, x O x O, EX E*) by
H(t,2,y) : Zwa o) (y) M (t 2, ).

The following lemma is implied by [DGGWO0S8|, p. 13]:
Lemma 4.1.11. H™) is a parametriz for the heat operator on O if m > n/2.

From this point, the construction of the heat kernel from the parametrix H™ is carried
out as in [BGMTI, p. 210]. The uniqueness of the heat kernel follows from [Don76, Theorem
3.3].

4.2 Computation of the heat asymptotics

Lemma 4.2.1. Let E — O be an orbibundle over a good Riemannian orbifold; more-
over, assume that O = T'\M, where M is a compact manifold and T" is a finite group of
orientation-preserving isometries of M. Denote by E the lift of E to M, and let K(t,T,7)
and KO(t,z,y) be the heat kernels on E and E, respectively. Then

/ tr KO(t, 7, 2) dvolo(z) ~ L) + S L(t), t—0, (4.5)
(@)

v€Ely#e

where
x

L(t) ~ t=mORN gtk ¢ 0,
k=0

L(t) ~ = 2Nk 0,
k=0

Above ay,, a] are some coefficients in C, and N, is the fized point set of v in M.

Proof. Let m: M + O be a natural projection. Then

Olt,z,y) = ZKtxyy (4.6)

vyel
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where 7 and ¢ are elements of 7~!(x) and 7~ !(y), respectively. Then

1 - ~
/OtrKo(t,:c,x) dvolp(z) = W/Mtr[((t,x,x) dvoly (T)+
Ly /M tr (K(t,#7(F)) o R,) dvoly(®).

|F| e#yel

where dvoly; and dvolp denotes the Riemannian measure on M and O, respectively. We

(4.7)

study the asymptotic behavior of (4.7)) following [Gil95]. The asymptotic expansion of the
first summand in the right hand side of (4.7)) follows from the following theorem:

Theorem 4.2.2. [Gil95, Theorem 1.7.6] There exist ay(x) : M — C, k =0,...,00 such
that

/ tr K (t, x,x)dx ~ Zt(kdim(M))/Q/ ag(z) dvoly(x), t— 0.
M P M

Remark 4.2.3. The leading coefficient is given by ag(x) = (47)~ dmAM)/2,

The asymptotic expansion of the second summand of the right hand side of (4.7)) follows

with minor modification from [Gil95, Lemma 1.8.2]:
Theorem 4.2.4. There exist a)(x) : Ny = C, k=0,...,00 such that

/ tr (K(t,2,vz) o R,) dvoly(z Zt n—dim(N,))/ / a)(x)dvoly, (),
M

’Y

where dvoly_ (x) denotes the Riemannian measure on N

Proof. By [Gil95 Lemma 1.8.2],

/ tr (R;l o K(t,7Z,7)) dvoly (T Z (A dlm(NV))/Q/ a) (z)dvoly. (). (4.8)
M
Note that
tr (R;! o K(t,7Z,7)) = tr (Ry o R} o K(t,7Z,%) o R}') = (49)
tr (K(t,’yf,f)oR;l) . '
Let y = vz, then

/Mtr (K(t,v2,T) o R;') dvoly (T) = / tr (K(t,7,7'9) o R,-1) dvoly (7). (4.10)

M
Putting together (4.8] and (4.10)) implies Theorem O
Applying Theorems [4.2.2] and [4.2.4] finishes the proof of Lemma O
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Lemma 4.2.5. Let E — O be as above, let By be a zeroth order pseudodifferential operator
and let A, be the Bochner-Laplacian acting on p-forms with coefficients in E. Then

Tr (Boe '8) ~ 7O N "k o Y m ImOIEN Tk 0
k=0 vyel',y#e k=0
for some a),a, € C, k=0,...,00.
Proof. Analogously to the proof of Lemma [4.2.1] O

Remark 4.2.6. For a similar result, see [LRI1, pp. 438-440].
As usual, we establish the Weyl law.

Theorem 4.2.7. The counting function N(r,A) for A satisfies

rk(E)vol(O)

N(r,A) = (47)(dmO) /21 ((dim O) /2 + 1)

T(dim@)/Q _’_O(T(dim(’))/Q), r— 00.

Proof. Follows from the Tauberian theorem, Lemma and Remark [£.2.3] O
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Analytic torsion of compact orbifolds

5.1 Definition of the analytic torsion

Let £ — O be a flat vector orbibundle over a compact good Riemannian orbifold (O, g);
pick a Hermitian fiber metric h in E. Denote by A,(h, g) the Bochner Laplace operator
acting on E-valued p-forms on O with respect to h. By [Buc99, Theorem 3.5], it is essen-
tially selfadjoint; another possibility is just to take the Friedrichs extension. We denote
its selfadjoint extension by the same symbol. Note that spec(A,(h, g)) is semi-bounded,

hence we can define e#2»("9) by a suitable Dunford integral as in [Gil95].

Definition 5.1.1. The zeta function (,(s;h,g) is

1 o _
G(sih,g) == m/ £~ (e~ A9 (1 — P))dt,
0

where P is the orthogonal projection to ker A,(h, g) and I'(s) is the gamma-function.
Assumption 5.1.2. From now on and till the end of the thesis assume that Ay(h,g) > 0
and, hence, P = 0.

Note that by Lemma m, Tr (e‘mp(h’g)) admits the following asymptotic expansion
as t — +40:

Tr (e—tAp(lug)) ~ dim(0)/2 i aktk + Z = dim(N)/2 i a’lztkz
k=0 ~v€el y#e k=0

By Assumption [5.1.2]
Tr (e*mf’(h’g)) ~O0(e™™), t— o0
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for some ¢ > 0. Hence by Proposition [2.12.2] the zeta function (,(s;h,g) admits a mero-

morphic extension to C; moreover, it is regular at s = 0.

Definition 5.1.3. The analytic torsion To(h, g) is defined as

dim O
1

d
log To(h, g) := 5 > (=1 Golsi s )l -

p=1

Fix an admissible metric A from Definition 2.7.1]

Definition 5.1.4. Further denote To(p) := To(h,g); here p indicates the dependence of
the analytic torsion on the orbibundle E,, and To(h, g) is from Definition .

5.2 Analytic torsion under metric variation

In this section we study the Ray-Singer analytic torsion Tn(h,g) of a compact odd-
dimensional good Riemannian orbifold (O, g), where © = Gy\U for a finite group Gy
and a compact manifold U. The main goal is to establish the invariance of the analytic

torsion under certain deformations of the metric g, which we will now specify.

5.2.1 Deformations of the metric

For a moment we let O = GU\(7 be a compact orbifold, where Uis a (not necessarily
compact) manifold, and Gy is a (not necessarily finite) group. Consider an orbifold atlas
of O consisting of charts (Uy, Ga, ¢a) as in Definition [2.1.2]

Definition 5.2.1. By a smooth family of metrics on O we mean a collection of Gy-

invariant metrics g(u), u € [0,1] on U, depending smoothly on u.

Example 5.2.2. Let g be a metric on an orbifold O and m € R. The family of metrics
A g, A € [1,m] is a smooth family of metrics.

5.2.2 Deformation of the analytic torsion

Let O be an orbifold equipped with a smooth family of metrics g(u), v € [0,1] from
Definition [5.2.1] and let E — O be a flat orbibundle equipped with a Hermitian metric h.

Definition 5.2.3. Denote by Ag(u) the Bochner-Laplace operator acting on E-valued k-
forms of O.
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Definition 5.2.4. To simplify the notations, put
L*Q%(u)(0) = L*Q*(u) (0, E), H*Q"(u)(0) = H*Q(u)(0, E).

Note that for different values of u the Laplacians Ay(u) act on different Hilbert spaces

L*Q%(u)(O). However, we can identify these spaces by a natural isometry

T() : L2OF(0)(0) s L2F(0)(O), T(u): f(x) s (%)4 (@)

for x € O and u € [0, 1].
Proposition 5.2.5. The operator T'(u) maps H?*QF(u)(O) to H*QF(0)(O).

Proof. Take a partition of unity; then Definition together with the same result for
manifolds imply the proposition. [

Remark 5.2.6. The domain of Ag(u) is
dom (Ag(u)) = H*QF(u)(O)
Together Proposition and Remark imply:
Proposition 5.2.7. The operator T'(u) is a well-defined map from dom (Ag(u)) to dom (Ag(0)).
Define the self-adjoint operators
Hy(u) :=T(u) o Ap(u) o T(u)™" (5.1)

with the fixed domain dom Hy(u) = H2Q"(0)(€2). To establish the independence of the

analytic torsion on u, we follow [MV10, Subsection 3.2], the key steps of whose proof we

o e—tAk (uo) )
u=ugp

Proof. From the semigroups properties it follows that for any u, ug € [0, 1],

e tHk(u) _ o—tHp(uo) /t o <e(t3)Hk(u0)65Hk(“)> J
= S =

U — Ug 0 0s U — U

t
/ o~ (t=5)Hy(uo) . Hy.(ug) — Hi(u) e sHR(W) g
0 U — U

repeat here for the reader’s convenience.

Lemma 5.2.8. We have that:

a — [
%Tr (e tAk( ))

= —¢t-T
u=ug ' < au
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Taking u — ug gives

0

— Ty e tHr(w)

ou

t
= —/ Tr (e(ts)Hk(UO) . M
0

7 ) ~eSH’€(“°)> ds =
u=ug
_t . Tr (M

—tHy, (uo)
-e :
ou |, _ )
u=ug
The previous equation and ({5.1]) imply:

. <0T(u)

u=ug

9 Py (et

ou ou

0 Ap(ug) o e”tAr0) o T_l(u0)> —

o e—tAk (uo) ]
u=ug

(5.2)

u=1ug

~1
) o T(ugp) o e tARwo) | Ty <0A8k(u)

u

t-Tr | Ax(ug) o (agiu)

U=ug

Remark 5.2.9. Although Ag(u) have different domains for different u, the operator on
the right hand side of 18 well-defined. The reason is as follows: in the mentioned

—tAg (uo

equation Ay (u) acts on the range of e ), that is a smoothing operator.

The first and the second summand in the right hand side of (5.2)) cancel, as

OT (u)
ou

-1
Tr Ak(uo)o< ) T(ug) o e~ tAr(uo)
U=uQ

-1
Tr 6_(t/2)Ak(UO)Ak(uO) o <8T(u) ) T(ug) o e~ (t/2)Ak(uo)
au U=u
’ (5.3)
-1
orT
" ( ; ) T(ug) 0 Ay(ug) o €124
o T I,
or
—Tr (T_l(uo) (u) o Ag(ug) o e‘m’“(“‘))> :
o |y,

Together (5.2) and (5.3]) imply the statement of the lemma. O
Let %, denote the Hodge-star operator associated with g(u), and put of = %, - %,

where k denotes the restriction to the forms of degree k. By the arguments as in [RS71

p.153], Lemma implies

dim O o 0 dim ©
Z (_1)k ke %TI‘ (e—tAk(u)) _— a <_1)k Tr (aﬁe—tAk(u)) (5 4)
=0 uU=ug k=0




5.2 Analytic torsion under metric variation 73

Suppose that ker Ag(u) = {0} for all £ and u and put

dim O

flu,s) = % Z (—DF - k- ﬁ /00 5 Ty (afje_m’“(“)) dt. (5.5)

k=0 0

Remark 5.2.10. By definition of the analytic torsion,

0
1%ﬂxmmw%=%

f(u.s). (5.6)

s=0
By the exponential decay of the heat trace we can differentiate the right hand side of
(5.5) with respect to u by differentiating inside the integral sign. Together with (5.4)), it

implies:

df (u, s) 1~ o1 /OO d k —tA
°) _ 2 D —— | =T (W)t 5.7
g =5 L Vg ) CgT e ) (57)
Differentiating by parts, we obtain

L /oot d Tr( k ftAk )dt ( ) . 1 /Oo 15 1 TI‘( k 7tAk(U)>dt (5 8)

I'(s) Jo dt I'(s) Jo '

By Lemma
TI'( k 7tAk ZC = dim(0)/2+k + Z Zd = dim N /2+k (59)
e£AvEGy k=0

for some ¢, d;, € C as t — 0. Putting together (5.7)), (5.6, (5.8)), (5.9) and proceeding as
in [RS71], we obtain the following statement:

Theorem 5.2.11. Let O be a good Riemannian orbifold, and let g(u),u € [0,1] be a
smooth family of metrics on O. Suppose that ker(Ag(u)) = {0} for all u € [0,1] and k =

1,...dim O. Furthermore, let lx(u) denote the constant term of the asymptotic expansion
. Then
9 dim O
_ k
g o8 Tolh o) = =1/2 3 (-1 (0.

Corollary 5.2.12. Assume O = GU\ﬁ, dim O s odd and the fized point set of every
element v € Gy in U is odd-dimensional, for example O = T\H?*"*': see Proposition
2.3.5. Then lx(u) =0 for k=0,...,dim O, and log To(h, g(u)) does not depend on w.

Further we will apply Corollary [5.2.12| to the families of metrics g(u) from Example
622
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5.3 L2’-torsion

In this section we recall the notion of L?-torsion. Our main goal is to establish the analytic
behavior of the analytic torsion, and as a by-product we will study the asymptotic behavior
of the L2-torsion.

Let O = I'\H*"*! be a compact hyperbolic orbifold, let KP(T) be as in Definition m
and 7(m) be as in Definition m Denote by Trp(e~*2»(T(m)) the T-trace of e~tA#(r(m)
on H?"*! as in [Lot92]. Tt follows that

Trp eftﬁp(‘r(m)) - Vol(@)hz(m)’p(l)a

where 7] is as in (2.18): see [MP11]. Therefore, we have that

2n+1 _
S (—1)Pp - Tep e 200 — I(1,7(m)),

p=1

where I(t,7(m)) := vol(O) - k;™ (¢), where k™ (¢) is as in (2.19) with the representation
7 = 7(m) from Definition [2.6.2]

Definition 5.3.1. The L*-torsion is defined by

1d [ 1 ol _
IOgT((Qg)(T(m)) = 5% (m/Rts_l Z(_l)pp . TrF 6_tAP(T(m))>
p=1

s=0

5.4 Asymptotic behavior of analytic and L?-torsion

In this section we establish the asymptotic behavior of the analytic and the L?-torsion
for odd-dimensional hyperbolic orbifolds @ = I'\H?*"*'. We will refer to some technical
lemmas from Section 5.5l Our main results are Theorems b.4.2] and [5.4.3]

Definition 5.4.1. A pseudopolynomial PE(m) of degree < % 1s a sum of type

d24d+2

5 K
E Cjpmi Pk,
0 k=0

where Cji, @i € R, K € N are constants depending on elliptic elements of I'.
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Theorem 5.4.2. Let 7(m) be as in Definition[2.6.4 Then there exists ¢; > 0 such that
log To(T(m)) = PI(m) + PE(m) 4+ O(e”“™), m — oo.

Above PI(m) is a polynomial in m of degree %; PE(m) is a pseudopolynomial in m
of degree < dzgﬂ with 2d + 1 being the maximal dimension of fixed point sets of elements
v €T, v#e in H™M,

Theorem 5.4.3. We have that
log TéQ)(T(m)) = PI(m), m — oo,
where PI(m) is the polynomial from Theorem [5.4.9

Definition 5.4.4. By [MP11, Proposition 5.5], the Mellin transform

/OO t57H(t, T(m))dt

of I(t,7(m)) is a meromorphic functions of s € C, which is reqular at s = 0. Denote by
MI(1(m)) its value at s = 0.

We would like to investigate the Mellin transform

/ T B (L (m))d

0

of E(t,7) and examine its behavior at s = 0. To do this, we use the calculation of the

orbital integral from Lemma [1.1.3

Remark 5.4.5. Although the set-up, in which we obtained Lemma deals with the
Selberg trace formula applied to certain non-selfadjoint operators, the non self-adjointness

does not matter as long as we consider only the orbital integrals.
Lemma and [MP11l Proposition 5.5] imply the following proposition:

Proposition 5.4.6. The Mellin transform

/oo 5 E(t, 7(m))dt

0

of E(t,7(m)) is is a meromorphic function of s € C, which is regular at s = 0.

Definition 5.4.7. Denote by M E(1(m))) its its value at s = 0.
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Proof of Proposition[5.4.0. The crucial step of [MP11, Proposition 5.5] is to use that

P,:(i\) from Theorem [3.3.26 are polynomials in A\. By Lemma [1.1.3, we have that P),(i)\)
are polynomials in A, that analogously to [MP11l Proposition 5.5] proves the proposi-

tion. ]
Lemma 5.4.8.

(MI(t(m))+ ME(T(m))) + O(e”™)

N |

log To(r(m)) =
as m — oo.

Lemma 5.4.9. There exists m’ € N such that for any m > m/, the representation T(m)

satisfies Assumption [5.1.5, that is
AP(p(m)) > 0.

Proof of Lemmal[5.4.9. The proof follows from the following two facts. First, [Pfal2]
Lemma 9.2] proves the same result for manifolds; and second, by the Selberg lemma,
our orbifold T'\H*"*! is finitely covered by a manifold. [

Proof of Lemmal[5.4.8 Lemma together with Corollary [5.2.12] the analytic torsion
To(r(m); h, g) is invariant under smooth deformation of the metric g. As in Example[5.2.2]

we can rescale the metric by v/m or, equivalently, replace Ay(m(m)) by =A,(T(m)), so

that (1.2]) becomes

log To (+(m)) = %% <ﬁ /OOO ¢ <%,T(m)) dt) (5.10)

s=0
Note that

< (ﬁ /100 £ (%,T(m)) dt) - /100 K (%,T(m)) d. (5.11)

To continue the proof, we need to introduce the following lemma:

Lemma 5.4.10. [MPT11, Proposition 5.3] Let HY be the heat kernel of the Laplacian Ao
on C®(H?"™Y). Then there exists my € N and C > 0 such that for all m > my, g € G,
t € (0,00) and p ={0,...,2n+ 1}, one has

B g)| < C - dim(r(m)) -2 HY (g).
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Proposition 5.4.11. We have that

/100 K (%J(m)) dt = O(e™™®), m — oo. (5.12)

Proof of Proposition[5.4.11. By Lemma [5.4.10, applied to h;}z)’p(g) instead of hz(m)’p(g),

and the Selberg trace formula,

t
K(—=,7(m))| <C-e™/2. dim(7 / E (g7 vg)dg
’ (m (m )>‘ G t/

~ (5.13)
=C-e 3t dim(r(m)) - Tlf(e_E °),

where A denotes the Laplacian on C°°(I'\H*"*!). By Lemma and Remark |4.2.3]

t

Tr(e”m20) = Oy - vol(T\H*"1) . mE /2 L O(m@=Y/2) " m — .
The last equation and ({5.13]) imply
t
'K (—,T(m))’ < Cy-1(m) - e 1> 1
m

and

/ K (i,T(m)> dt‘ < C5-dimT7(m) - e_m/4/ e Ay, (5.14)
1 m 1

Recall that by a consequence of Weyl’s dimension formula,

n(n+1)

dim(r(m))=C-m 2 4+ O(m

that together with (5.14]) imply (5.12)). O
Putting together (5.10)), (5.11)) and (5.12]), we obtain

log To (v(m)) = %% (ﬁ /Olts‘lK (%,mm) dt>

We need to estimate K (t/m,7(m)) for 0 <t < 1.

n(n+1)71
2 ), m — o0,

+ O(e™™/®), (5.15)

s=0

Proposition 5.4.12. We have that

K (%,T(m)) 7 (%,T(m)> VB (%,T(m)) L H (%,T(m)) | (5.16)
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Proof. Let k7™ be as in (2.19). Substituting o = k7™ to (2.30)) implies the proposition.
t/m t/m
O]

Proposition 5.4.13. The contribution from H (%, T(m)) to the first summand of the right
hand side of decays exponentially:
=0(e™")m m — oo.

i (7 o (o))

Proof of Proposition[5.4.13. The Proposition follows from [MP14] p. 23] with minor mod-
ification; for the convenience of the reader we include the key steps of the proof. First note
that

H(t,7(m)) = / D S AT

v hyperbolic,yeI’

By Lemma [5.4.10]
T(m — —tm? . —
S W™ <0 dimem) - Y HY (g ),
~ hyperbolic ~ hyperbolic,yeI’

To finish the proof, we need to prove that
> H)g'vg) <Ce! (5.17)
v hyperbolic,yeI’

for some C' > 0.
Remark 5.4.14. The inequality corresponds to [MP11l, Proposition 3.2].

It follows from the construction of a fundamental solution of the heat equation (see
Section that there exists C' > 0 such that for all g € G, t € (0, 1], one has

_92(9K,1K)

H'(g) < C -t~ dm©)/2 o= (5.18)

where p(z,y) denotes the hyperbolic distance between x and y. Together ((5.18) and (3.51))
imply (5.17)), that finishes the proof. O

From ([2.33), (2.34)) and Remark [2.11.5| we obtain

n

It 7(m) = 2v0l(0) Yo (-1 e [ R, (i)
e (5.19)
)2 _ )2 .
E(t,7(m)) =2 E vol(I\G) § (—=1)""e P /Re " Pgr(m),k(l)\)d)\'

{~} elliptic k=0

For further estimates of ([5.15]) we need
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Lemma 5.4.15. There exists C > 0 such that

t4241<%”“m)dh:AWfJI&%JUW)dﬁ+O@4WL (5.20)

LA%1E<%yﬂm0dwzﬂwt1E(%ﬂ@m>dt+0@cm% (5.21)

as m — 00.
Proof. We repeat the estimate of ([5.20]) for the reader’s convenience [MP11) p. 25]. Recall
that the polynomial

n

Pomyi(t) = Y ari(m)t™
i=0
and there exists C' > 0 such that
|ak z| < Cm2n+n(n+1)/2

for all k,i=0,...,n and m € N. Applying this estimate to (5.19) and using that

Ar(m)i = M
fori=0,...,m, we get
P(%ﬂwm>wgcewwﬂ t>1 (5.22)
for some ¢ > 0, and hence
/oo T (%,T(m)) dt = O(c=™), m — . (5.23)
1
By Lemma we get the same estimates for floo tE (%, T(m)) dt, that implies .

]

Using (5.23)) and the arguments after [MP11), Proposition 5.5, we obtain Lemma[5.4.8|
[

Lemma 5.4.16. [MP11, (5.17)] We have that log TS (m(m)) = 1 (MI(r(m))). 0
Theorem 5.4.17. We have that
MI(r(m)) = PI(m), ME(r(m))= PE(m),

where PI(m) is the polynomial in m of degree %, PE(m) is the pseudopolynomial

. d2—d+1
in m of degree *—

yeT,y#e.

with 2d — 1 being the maximal dimension the fixed point sets of
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Remark 5.4.18. In Theorem we let the maximal dimension the fized point sets of
v €T,y # e be equal to 2d — 1, but not 2d + 1 as in Theorem [5.4.9. In order to obtain
Theorem|[5.4.4, setd =d —1, then d* —d+1=(d +1)> = (d' +1)+1=d?+d +1 and
2d —1=2d + 1.

Proof of Theorem[5.4.17. Note that

n

Ar(m),k
MI(r(m)) = vol(I\G) Y (—1)F /0 Py, o (D)L,

Ar(m),k
-3 Y (G /0 P (bt

k=0 {~} elliptic

As the estimate of MI(7(m)) does not depend on the structure of the group I', [MP11],
Corollary 5.7] implies:

n )‘T(m),k

SO(=1) / P, (H)dt = c(n)mdim (m) + O(m

k=0 0

n(n+1)

),

where ¢(n) is as in [MP11], (2.21)]. It remains to estimate

n

& >‘T(m),kz
Z(_l) / P‘;YT("L),k: (t)dt
0

k=0

Let v be an elliptic element as in . Recall that by definition of A,
)\‘r(m),O > )\T(m),l >0 > )\T(m)’n. (5.24)

Split the integrals

(5.25)

)‘T(m),n n . n K )‘T(m),k .
/0 S, e+ S (-1) / P (b
k=0 k=0

We calculate the first summand in the right hand side of ((5.25)). By Lemma|5.5.3] it follows
that
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does not depend on ¢, hence

n Ar(m)n n—1 n—1
k=0 k=0 k=0
(5.26)
The second equality is due to (2.20). Hence by Lemma the expression in the right

hand side of ([5.26|) is a pseudopolynomial of order < We are left to understand

f)\)\r(m),k P'yT< )k(t)dt. By Lemma [5.5.10

T(m),n Ir(m

Arimyk P (t)
d(d=1)/2 / o\ gy
A

d?2—d+2
—

Ad=D/2 . (/\T(m),k: - )‘T(m)m) ) 0(1) = O(m(dZ_d)/2>’

mdd—1)/2 sm

T(m),n

that proves the theorem. O

Theorems [5.4.2| and follow from Lemmas [5.4.8] |5.4.16| and Theorem |5.4.17

5.5 Some technical lemmas

In this section we collect the technical lemmas which have been used in the proof of
Theorem [5.4.17, namely Lemmas [5.5.3} [5.5.6], [5.5.8 and [5.5.10]

Proposition 5.5.1. Let v € T be from with d := k and let o € M. It follows from
Theorem that:

P)(v) = Z det(s) H (o, =s(A(0) 4+ pum) — iver)sa)+pn) (1), v €C.  (5.27)

seW ocEAff

Remark 5.5.2. Note that «y fizes in H?" ™! the point set of dimension 2d—1; compare with
v = e, that corresponds to d =n + 1 and fizes H>"+1,

For A € b, we denote
AN v) = J] (o, =A = v=Tver), B(A) =(aly). (5.28)
aeAT
Note that if A = vyes + ... v, 116,41, then (5.28) becomes:
ANy = T (=" =) ] @ —v}), B(A)=e vV ladentoomnom) (599
2<5<d 2<i<j<d

Note that A(A,v) is an even polynomial in v of order 2(d — 1), and that B(A) does not

depend on v. First we present two lemmas needed for the estimate (5.206]).
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Lemma 5.5.3. The sum

D (=DFP () (5.30)
does not depend on v.

Remark 5.5.4. Compare Lemma with the same result for > ;_o(—=1)*Primyx(v)
[Pfa12, Corollary 9.9].

Remark 5.5.5. Every summand in is a polynomial of order 2(d—1) in v by
, but the whole sum does not depend on v.

Lemma 5.5.6. The sum ZZ:O(—l)’“P:(m
d(d—1)

3 .

) 1) is a pseudopolynomial in m of order <

Remark 5.5.7. Note that v = id is equivalent to d =n + 1. Then the sum

n n

Z(_l)kPT(m),k(y) = Z(—l)kpf(m),k@)

k=0 k=0

is a polynomial in m of order n(n + 1)/2; compare [MP11, Corollary 1.4].
The following two lemmas are needed to prove Lemma [5.4.15]

Lemma 5.5.8. Let

n

P:(m),k(y) = Z GZ,i(m)V%,

i=0
then there exists C' > 0 such that

‘ag,i| < CmQ(d71)+d(d71)/2'

Definition 5.5.9. For brevity put \; := Ar(m); fori=0,...,n, where Ar(m); 18 )

Lemma 5.5.10. There exists C' > 0 such that for any k =0,...,n and v € [\, \g]

_d(d—1)

Ployrvym™ 2 <C.

Then by Definition [2.6.2} (2.5)) and ([2.20)

k+1 n+1

A<UT(m)7k) + oM = Z Ai—2€; + Z Ai—1€;. (5.31)

=2 i=k+2
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Substituting (5.28)) to ( - we obtain

n

Z(—l ,k Z Z det ( A(O’T(m)7k) + pM), V)B(S . A(O‘T(m)7k) + ,OM).

k=0 k=0 scW

(5.32)
To prove Lemma [5.5.3] we need the following two propositions:
Definition 5.5.11. Fiz some (k,s) € {0,...,n} x W. Denote
Uk,s) = {(K,s") €{0,...,n} x W | B(s - (M(0r(m)) + prr)) = B(s" - (Morimyw) + par)) } -

Proposition 5.5.12. The sum

Z A(s" - (Marimy i) + par), V)

(K',s")eU(k,s)

does not depend on v.

Proof of Proposition[5.5.13. Without loss of generality assume that W contains only the
permutation elements, but not the sign changes.

Fix k € {0,...,n} and fix Apas1)- - A1) € {20 Ay s Ak -y An}, such that
n(d + 1) # n(d + j) for i # j; above \r means, that the element \;, is omitted. Without

loss of generality assume
nd+1)<n(d+2)<...<nn+1).

Denote by
A];tan . )\062 + )\163 + ...+ Xke;ﬁg + ...+ Anen+l~

Let I(i) €N, i =2,...,d be as follows:
LAl n{n()}j g =0,
2. {U(0)}s U {n() ) a = {iHo\ A,
3.12) <1(3) < ... <(d).

Define
= )\1(2)62 + ..+ )\l(d)ed,

n:i= >\n(d+1)€d+1 +.. .+ )\n(n+1)en+17
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and let
K = {O, 1,... ,n}\ U?:Cll+1 {77(@)}

Let w € W be the element such that
w'AStan :l+77

It follows from ([5.29)), that
B(w - A

stan

) = B(s- A7)
holds if and only if s- A" = s - v 4+ 1, where

1. ke K,

2. v= A€z + ...+ Ayayeq, where v(i) € K\{k} and v(i) < v(j) for i < j,

3. &' is a restriction of WW that maps the first d — 1 coordinates into themselves, i.e. w

permutes the coefficients at ey, ..., e; and keeps the coefficients at egyq,...,€,11.

Note that once w - A*

san and K € K is fixed, the choice of v is unique, though s’ can still

be any element of W, satisfying . Thus grouping together summands as in Proposition
5.5.12| would result into a group

<Z > det(w)A(s" v+, V)) B(w - Aan) =

reK s

(Z Z det(w) det(s’) - A(wv, 1/)) -B(w-AF ).

KEK s/

(5.33)

The equality above follows from (5.29)) and
A(s" - v+mn,v)=det(s) - A(v,v).
Every A(v,v) is a polynomial in v of order 2(d — 1), moreover,

Awwv)= ] (*=x) 1T (A = A2).

i€K itk 0<i<j<n,i,jeK\{k}

We are interested in its values in 2d points v = £4/—1);, 7 € K. For convenience put
n(d) == —1 and n(n +2) :=n + 2. Let

n(d+ B) <k <n(d+ B+1) (5.34)
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for some B=0,...,n—d+ 1.

A(U,ii)\j) = 07 j & K\{:‘i},
A(v, £i),) = (=1)* P H (A2 = \2). (5.35)
0<i<j<n,i,jeK

k

Note that w™!- s maps v+ v to A% . We know the exact formulas for both, hence we

can calculate the amount of permutations needed to map one into another, to obtain
det(w - &) = det(w™" - &) = (—1)"*5, (5.36)

where B is defined by ([5.34]). Putting together ([5.33)), (5.35) and ([5.36]), we obtain:

D) det(w)A(s' v+, v) = JI »=X), kek

KEK &' v=-=ilg 0<1<j<n;i,jeK
By definition, it is a polynomial in v of order 2(d—1). As we have shown, its value coincides
the same as 2d points, hence it is a constant not depending on v, that finishes the proof.
[

Proof of Lemma[5.5.53 We collect the summands in the right hand side of (5.32)) into
groups as in Definition [5.5.11} Lemma follows from Proposition [5.5.12] which states

that each group separately does not depend on v. O

Proof of Lemmal5.5.6. By the proof of the previous lemma, it suffices to consider A(v, )
for any v; choose v = /—1\¢:

A V=1x)= J[ =X (5.37)
0<i<j<n;i,jeK

We need to estimate its growth as m — co. Recall that A\; = m + 711 +n — 1, thus A7 — A3
has a linear growth in m. The set K consists of d elements, hence ([5.37)) is the product of

—d(dgl) factors of linear growth, hence A(Ag,v/—1\g) = O(de*l) ), m — oo. 0

Proof of Lemmal[5.5.8. To prove the lemma, it suffices to estimate

H (—1/2—1)?) H (vf—v?), m — 0o
2<j<d 2<i<j<d
where every v; equals \;, for some k € [0, n]. Note that

v? —v7 = O(m), H (v} —v7) = O(md=D/2) " m — o0,
2<i<j<d
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and

H v]2- = O(mQ(d_l)),

2<;j<d

that implies Lemma [5.5.8] O
Proof of Lemma |5.5.10] To prove the lemma, we need to estimate

H1<j<n;jeK\{k}(_V2 - )‘?) H1<i<j<n,i,j€K\{k}(>‘z2 - A?)
mdld—1)/2 :

First note that

2 )2 2 2
H1<i<j<n,i,j€K\{k}<>‘i A5) B H (Af = X9)
(d—1)(d—2) -
2 I<i<j<nii,jeK

is bounded for every K and m; the equality above follows from |K\{k}| = d — 1. Second,

H1<j<n;jeK(_V2 - >‘3) _ H (—v* - /\3)
md 4l m '
1<j<n,jeK

To estimate the latter note that A2 — A7 <v? = A3 < AP — A, 1< j<n,j€ K, hence

I ey R ]

m m

Note that this expression is bounded for every j and m; this proves the lemma. O



Chapter 6

Analytic torsion for finite volume
orbifolds

The main goal of this chapter is to prove Theorem [1.3.1] We restrict ourselves to 3-

dimensional hyperbolic orbifolds I'\H? of finite volume.

6.1 Trace formula and trace regularization

In this section we define the regularized trace Tr,q (e*tA“) and express it as the spectral
side of the Selberg trace formula.

Let O be a hyperbolic manifold. Note that an operator A, has a non-empty continuous
spectrum and hence the heat operator is not of trace class. To overcome this problem,
various authors have used a regularization of the heat trace. A natural definition of the
regularized trace is as follows: one needs to integrate the pointwise trace of the heat
kernel over the truncated manifold and show that the integral admits an expansion in the

truncation parameter:

Theorem 6.1.1. [MP12] There exists the following asymptotic expansion:
/ RY (t;x,x) de = Cy(t) log(Y) + Ca(t) + o(1), Y — oo,
)

where C(Y') is from and h” (t;x,2') is the kernel of wr(hY), where hY is from (2.15).

Define the reqularized trace as

Tryeg(e7H4) 1= Ca(2).
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tA

Moreover, it follows from [MP12], that the regularized trace of e~** equals the spectral

side of the Selberg trace formula applied to a test function hy. We define the regularized

trace on an orbifold in the same spirit:

Definition 6.1.2. [MP12] The reqularized trace Tr,e,(e~*) equals the spectral side of the
Selberg trace formula applied to exp(—tA,), and hence

Tryeg(e 7)) = I(RY) + H(hY) + T(hY) + Z(hY) + J(hY) + E<P(hY) + TP (hY).  (6.1)

6.2 Fourier transform of the weighted orbital inte-

grals

In this section we recall the Fourier transform of the distributions Z(«) and E“*P(a)
[Hof97).

6.2.1 Fourier transform of Z(«).

Definition 6.2.1. For o € M with highest weight
ka(o)es + -+ + kng1(0)enta

and X € R, define \, € (h)¢ by

n+1

Ao 1= iAer + Z(kj(ff) + pj)es,
j=2

where p; is from (2.5).

Let S(bc) be the symmetric algebra of be. Define IT € S(bc) by

M= ][] Ha (6.2)

a€AT (me,be)

The restriction of the Killing form to hc defines a non-degenerate symmetric bilinear form;
thus we can identify b with b via this form; denote the induced symmetric bilinear form
on b by (-, ). Define the reflection

Sa : b — be
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by

for o € A" (gc, be).

Theorem 6.2.2. [Hof97, Corollary on p.96] For every K -finite o € C*(G) one has

I(0) = - > /R (6, ~A)O, (a)dA.

oeM
where
Q(o, ) := —2dim(o)y—

1 II(s Ao

DY Bade) (41 4 Ag(Ha)) + (1 — Ao (H)))

2 ent I(par)

o gc,ac)

and & s the contragredient representation of o. ]

6.2.2 Fourier transform of F“*?(«) on SOy(1,3).
Note that for G = SOy(1, 3), A, from Definition reads:
)\U = ’i)\el + kz(@')@g. (63)

Note that the non-identity element wq of the Weyl group W from Subsection acts on
Ay as
wO)\o = —i>\€1 — ]{32(0')62. (64)

Recall that 5 = {e; — e2} U {e1 + €2}, and

Ao(Hey—ey) = iA = k2(0),  Ag(Heyye,) = A + ka(0),

(6.5)
)‘wOU(Hel—62> = —iA+ kQ((j)’ )\WOU(H€1+€2) = —1A — kQ(g)'
Let
01
v = ( cos(29) sm<2¢)), (6.6)
—sin(2¢) cos(2¢)

where ¢ € [0,27), then

n(ei—ez) _

6—21n¢,

n(e1+ea) — 62in<{)
>

Y Y

and

’Y)\U _ 62z¢k2(0)7 ,ywo)\a —e ).

Then [Hof97, Theorem 1] reads
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Theorem 6.2.3. Let v € 'y (G), then

Lna) = 5= 3 [ 00,58 (@ax (6.7)

where

1 ; . > €2in¢> > 672in¢>
Ay, 0) =5 [e2 9ha(7) (Z +)

f~n+id—ky(o)  “ntirt k?g(O')) *
B B (6.8)

> 2ing > —2ing
—2igks (o) € €
Sl PIFEETEES )|

— “n— i\ — ky(0)

n=
For convenience, express (7, o) in terms of the digamma function. For this denote

n

bs,2) =Y ni - (6.9)

n=1

which is absolutely convergent for s,z € C with s # {—1,-2,...}, |z] < 1, and condition-
ally convergent for |z| =1, z # 1.

Lemma 6.2.4. For m € N,

where Y is the digamma function.

Every v € I'y(P) is of finite order by Remark [2.3.12} thus Theorem Lemmal6.2.4]
and imply the following corollary:

Corollary 6.2.5. For Q(v,0) as in (6.8), we have:

Q(’)/,O') = ZC]' -w(aj +/Lb] : )\),

jed
where J and a; do not depend on ky(o);

Q(v,0) has no pole at A = 0.

Cj

O(1), b; = O(ks(0)) as ka(o) — oo; and

We will present two proofs of Lemma [6.2.4; the second one was kindly proposed by
Werner Hoffmann.
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A baby-proof of Lemma[6.2.4] We will consider the case for m = 2. The proof for m #

2,m € N is done by analogy, but with more technicalities, therefore we omit it. Recall that

1 1
1 =1 Inn — - .= —1,—-2,....
(14 2) nglgo(nn o Hn), z#—1,-2,
Hence
s—1 2 2 2
¢< N ) nl_g)lo(nn s+1 s+3 5—1—|—2n>’ (6.10)
—An(s)
S 2 2 2
s 1):1' np— —— — = . 6.11
¢(2+ nL)IElo(nn s+2 s+4 s—|—2n) ( )
=B, (s)
Put
1 1 1
(s) = — - L 12
Cnls) s+1 s+2 ( )s—f—n (6.12)
then
b(s,—1) = nll_{{.lo Cn(s).
It follows from (6.10)), (6.11]) and (6.12)) that
A, (s) — B,(s Apiq(s) — B,(s
Cy — (s) ()7 Conr = +1(s) ()7
2 2
hence y .
lim Cy,(s) = lim Cy,41(s) = lim (5) = Buls)
n—00 n—00 n—00 2
and )
A - B SHe)—Y (241
b(S, _1> = lim Cn — lim n(S) TL(S) — 77D (2 + 2) ¢ (2 + ),
that proves Lemma for m = 2. O

Proof of Lemma [6.2.4. Recall that for Re(z) > —1,

1
b(s,z) = z/ 251 — zx) du,
0

and for Re(z) > 0 [AS64, 6.3.22],

11—z

11_ s
w(z+1):—7+/ Y dr,
0



92 6. Analytic torsion for finite volume orbifolds

where 7 is the Euler-Mascheroni constant. Note that

m—1 1 m s—k
1 T - k 1 . ]_ — m
=3 ¢ (m=k)y), (S 4 1) . / Y prim/m. S
m m mJo = 1—x
x

k=0 (6.13)
1 o2mi/m —141ts
/ : . dx.
0 m -1+ e2mi/m . pl/m
Let y = '/, then the right hand side of the equation above equals:
1 2wi/m | ,,8
€ Yy 2mi/m
. dy = —b(s,e ,
A -1+ €2m/m Yy Y ( )
that proves the statement. O

6.2.3 Fourier transform of EF“*?(a) on SOy(1,2n + 1).
Lemma [6.2.4] together with [Hof97, Theorem 1] implies:

Theorem 6.2.6. For every K-finite « € C*(G), one has

SOEDY / QW (5, ~\) O A ()N,

oeM
where
QP (0, ) =Y ejh(a; + bjil).
jel
Above I is a finite set; a;,b; € R; ¢; € C; ¢ is a digamma function; and QP(o, ) is
regular at X = 0. Let (7o +m)ey + ... + (Toy1 + m)ent1 be the highest weight of o. Then
a; =0(1), ¢; =0O(1), |I| = O(1) and b; = O(m) when m — co or m — —oo. O

6.3 Asymptotic expansion of the regularized trace

In order to define the analytic torsion via the Mellin transform of the regularized trace

tA

Tr,.ge” ", we need to show that the latter admits a certain type of asymptotic expansion

as t — +0. For this we need the following lemmas:

Lemma 6.3.1. Let ¢(t) == [g % dX, where ¢ # 0, ¢ € iR. Then there exist a’; € C such
that

B(t) ~ D ait’? t 0.
§=0
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Proof. Note that

e—w\2 e—t)\Q)\ e—t)\2 ) e—t)\2+t02
d\ = ——d)\ — —d\= —ce ¢ ——d.
/RA—I—C /R>\2—62 C/]Rv_c? “ /RA?—&

and (correcting a mistake in [MP14, Lemma 6.6]),

d [ e N+ NI
Ll = Y
dt/R A2 — 2 Vi

It follows from the previous equation that

67t)\2+tc2
/ ———d\= —C - erfe(Vt) + Cy

R A2 — 2

for some C} and Cy. Expanding erfc(y/t) in power series implies Lemma m O

Lemma 6.3.2. Let ¢o(t) = [y e e~ 1h(a + iN)d\, where a € (0,1] and 1 is the digamma
function.  Then there exist a’;, b;, ¢; € C such that as t — 0, there is an asymptotic
exrpansion

[e.o]

Galt) ~ > diti™ 1/2+Zb’ﬂ 1/2logt+thJ t— 0.

7=0

Proof. Follows [MP12, Lemma 6.7] with minor modifications. O

Corollary 6.3.3. Let ¢5(t) fR A2 Y(a+ ibA)d\, where a,b € R, a # 0 and ¥ is
the digamma function. Then there exist aj, b;-, cj € C such that as t — 0, there is an

asymptotic expansion

t) Y d TN T gt 4> it t =0
=0 =0 =0

Proof. Without loss of generality we can assume that b > 0 and, moreover, b = 1. Then
Corollary follows from Lemmas [6.3.1] and [6.3.2] taking into account that ¢(z + 1) =

o(z) + 1. [

The main result of the subsection is the following proposition:

Proposition 6.3.4. There exist coefficients a}, b, ¢, where j € N such that

Tryeq (e~ z:azfJ d/Q—I—z:b’tJ 1/210gt+thj

as t — 40, where Tr,, (6_tA”) s from Theorem .
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Proof. 1t is sufficient to show that the summands on the right hand side of admit
an asymptotic expansion as t — 4+ 0. The summands I(hy), H(h}),T(hY),Z(hY), J(h})
were treated in [MP12, Proposition 6.9]. The terms J*P(hy) and E(h}) are treated in the
same way as J(h}) and I(hY), respectively. The asymptotic expansion of E“*P(hY) follows
from Corollary and Theorem [6.2.6] O

6.4 Analytic torsion

In this section we define the analytic torsion on finite volume orbifolds and prove Theorem
3.1

In order to define the spectral zeta function we need to study the asymptotic behavior
of Trrege_tAp(T) ast — 0 and ¢t — oo. It follows from Lemma and Proposition m

that there exist coefficients a}, b, ¢}, j € N such that

Tryeg(e " 47) ~ Y a2 1> "Wt P logt + Y it (6.14)
j=0 j=0 j=0

Tryeq (e_tAP(T)) ~ hy(T) + Z et 2t — oo, (6.15)

where h,(7) := dim(ker A, () N L?).

Definition 6.4.1. The spectral zeta function is defined as:

1 ! > s— — T
CP(S;T) = m/o +/1 t 1Trreg (6 tAP( ) - hp(T)) dt
The first integral is defined for Re(s) > d/2, the second one is defined for Re(s) < 1/2.

By (6.14) and (6.15) both integrals admit meromorphic continuations to C that are

regular at s = 0, and hence we can define:

Definition 6.4.2. The analytic torsion To(T) associated with a flat vector bundle E.
equipped with the admissible metric from Definition |2.7.1], is defined as

2n+1

To(r) = exp (; > 1Pl 7)

p=0 s=0
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Let

2n+1

K(t,7) =Y (1) pTryepe %)

p=0

Note that if h,(7) = 0, the analytic torsion is given by:

1d 1 >
logTo(T) = =— — [ ¢T'K(t,7)dt) . 6.16
tolr) =35 (7 | K ) (6.16)
Remark 6.4.3. If 7 = 7(m), then hy(7(m)) = 0 for sufficiently large m [MP12, Lemma

73]
It follows from Theorem [6.1.1] that
Kt,r)=([U+H+T+IZ+J+E+EP+TMP)(K]). (6.17)

By (6.16)) and (6.17) in order to study the analytic torsion Tpo(7) we need to study the
Mellin transform of the right hand side of (6.17)) at zero.

6.5 Asymptotic behavior of the analytic torsion

From now on let 7(m) be the ray of representations of G from in Definition|2.6.2] Denote by
the same symbol its restriction to I'. Let MI(7(m)), MH(7(m)), MT(7(m)), MZ(1(m))
MJ(7(m)) be as in [MP12] and ME(7(m)) be as in Definition [5.4.4] Roughly speaking,

they equal the value of Mellin transforms at zero of the corresponding terms in the right

hand side of (6.17) with 7 = 7(m).

Theorem 6.5.1. There exists a constant C' such that for m sufficiently large one has

MI(t,7(m)) = C(n)vol(X)m dim7(m) + O(mn(nzﬂ) ),
MH(r(m))| < Cm™ 5" |MT(r(m))| < Cm™5™,
IMZ(r(m))| < Cm™ 5™, |IMJI(r(m))] < Cm™ 5 logm,

n(n—1)

IME(t, 7(m))| < Cm™ =

Proof. Follows from [MP12l Propositions 10.1, 10.3, 10.4, 10.10, 10.14] and Theorem 5.4.17
0

Theorem 6.5.2. There exists a constant C' such that for m sufficiently large one has

n(n+1)

|IMIP(1(m))] < Cm™ =z logm.
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Proof. Follows with minor modifications from [MP12, Proposition 10.14}, keeping in mind

Remark 2.11.12 O

It follows from Corollary that £°7(k7™) admits an asymptotic expansion
LTS SRS S RTINS o
=0 =0 =0

for some af, b}, c; € C. Moreover, Scus”(/ﬂz(m)) = O(e ") as m — oo. Hence
ME™P(s;1(m)) ::/ tsflgcusp(k;(m)) dt
0

converges for Re(s) > %, admits a meromorphic continuation to C and has at most

simple pole at s = 0. Denote

MchSP(T(m)) ::% MSCus;((Z;)T(m))

s=0

Theorem 6.5.3. There exists a constant C' such that for m sufficiently large one has
|IMEP(r(m))| < C - mlog(m).
In order to prove Theorem we need the following technical lemmas.

Lemma 6.5.4. For c € (0,00), s € C, Re(s) >0, ej,d; > 0 let

2

1 > s—1 _—tc? eitz
Ce(s) = = " e — dz dt.
T Jo o €2 +d;

Then (.(s) has a meromorphic continuation to C with a simple pole at 0. Moreover, one

has
d Ce(9) 2
4 — 2 d;/e;).
ds|,_oT'(s) e og (¢ +d;/e;)
Proof. Follows with minor modifications from [MP12, Lemma 10.5]. O

Lemma 6.5.5. Let c € RT, s € C, Re(s) > 1/2, a;,b; > 0. Define
N 1 [
qg:_/tﬂfﬁ/gwm%+@mwﬁ.
0 R

7

Then éc(s) has a meromorphic continuation to s € C with at most a simple pole at s = 0.

Moreover, there exists a constant C(¢) which is independent of ¢, a; and b; such that

5=0 %((::)) - _b% log T'(a; + cb;) + C(¢).

d

ds
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Proof. Follows from [MP12, Lemma 10.6] with minor modifications. O

Proof of Theorem[6.5.5 Let
MgCUSp<S;0'T(m)7k) = / ts—le—t)\f(m)’kgcusp(h;’r(m),k) dt.
0

As above it follows that the integral converges for Re(s) > (d — 2)/2 and admits a mero-
morphic continuation to C with at most a simple pole at s = 0. By [MP12, Proposition
8.2],

MchSP(S; JT(m)Jg)
['(s)

ME#(r(m)) = S (-1 L

s=0

In order to prove Theorem [6.5.3| it suffices to consider

MgcuSp(s. aT(m) k) d o] Y -
’ LA t* 7(m) ke ECUSP (7R 1
[(s) ds /0 ¢ e )

d

— (6.18)

s=0 s=0

as m — 0o. By Theorem we can rewrite the left hand side of (6.18)) as

d

ds

/ 5= LN o tm / (U (my s A) + Qo0 (my iy ) €7 dN dt,
0 R

s=0

where

Q(UT(m),kn )\) = Z Cj - ¢(&j + Z)\b])

jeJ
for some a; € R, growing not faster than linearly in m. Moreover, c;, that is bounded by
a constant as m grows; b; € R does not depend on m. The set J is finite and does not

depend on m either. Note that
/¢ aj 4 ibA\)e N d) = /w —ibi\)e ™ d),

hence we can assume that all b; > 0. As (2 + 1) = ¢(z) + 1, we can we can rewrite the
right hand side of (6.18)) as

o 1 9
s—1 Tim —tA
SO/O o le” <>k/<§:cj (a; + i\b;) +§ —Ze]Aer)e d\ dt. (6.19)

ds|._
= jeJ’ e

d

Above a;,b;,cj,d; >0, J and J' are finite sets; b;, e; and |J’| do not depend on m; a;, d;

and |J”| grow not faster than linearly in m; and ¢; is bounded by a constant as m grows.
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By (6.19)), Lemmas [6.5.4 and [6.5.5|

d MEP(8; 0 (m), 2¢;
l iorot) 5 (g ey + b + & Ci0)) -

dS s=0 F(S) <71 J
25?" (6.20)
Z e_»J log(d;/ej + Aram).k)-
jeJ J
By (2.20),
Q; + bj)\fr(m)J€ = O(m),
hence
logI'(a; 4 bjAr(myk) = O(m - logm) (6.21)
by the Stirling’s formula. On the other hand,
2
Z —log(dj/ej + Arm)x) = O(m - logm). (6.22)

jeJ” J

Putting together (6.18)), (6.20)), (6.21)) and (6.22)) proves Theorem [1.3.1] O
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Nomenclature

a a K-finite Schwartz function, see p.

% a (possibly non-unitary) representation of I'; x : I' = V,, see p.

Xpy truncation function, see p.

A(gc, be) set of roots of (gc, be), see p.

A(u)g the Bochner-Laplace operator with respect to the metric g(u), see p.|5.2.3
Ag  the Bochner-Laplace operator acting on C*°(O, E), see p.

A}Eﬂ a square root of Ag; see p.

AF, see p.

Aﬁ,x the twisted non-selfadjoint Laplacian acting on C*(O, F ® F'), where F' is a flat
orbibundle and E is a Hermitian orbibundle, see p.
~y an element of "

I, the centralizer of v in I’

Il seep.

I'ha  the contour of integration, see p.
K number of cusps, see pJ19|

Ao see p.

A;  subset of C; see p.

A, , seep. @
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TP () see p.
b Cartan subalgebra of g, see p.

L a fixed set of representatives of I'-nonequivalent proper cuspidal subgroups of GG, see

p{13)
\Y a covariant derivative, see p.
V¥  the canonical connection on E’V, see p.
VvV  aflat connection on F' — O, see p.
VESE 3 product connection, see p.
v a finite-dimensional unitary representation of K; v : K — GL(V,), see p.
Qpq  subset of C; see p.
T the right-regular representation of G on L?(T'\G), see p.
mr(a) the operator on L*(T'\G), see p.
mr.(a) see p.
mra(a) see p.
7o principle series, see p.
o(H)(z,&) principal symbol of an operator H, see p.
spec(H) spectrum of H; see p.
Tr A trace of a trace class operator A
tr B the matrix trace of B
0 an Agmon angle for H; see p.
O©s_, (mya,) see p.
O, the character of 7, 5, see p.

® a Paley-Wiener function, see [36/and PWW (C)
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©(H'?) a smoothing operator, see p.

A,, the Bochner-Laplace operator on E,,, see p.
;L, a second-order differential operator, p.

E,, homogeneous vector bundle, see p.
(p(s;h,g) the spectral zeta function, see p.

{7v}r T-conjugacy class of v, see p.

A a usual notation for an operator, see e.g. p.
A see p.

ay see p. [14]

A, a second-order differential operator, p.
b(s,z) see p.

By a pseudodifferential operator of order 0, see p.
Bgr(0) the unit ball in C of radius R and 0 as a center; see p.
D(v) see p.

Dy A first order differential operator, see p.
E(o) the graded orbibundle, see p.

e~ the semigroup of A, on L?(I'\G,v), see p.
E*P(a) see p.

E.,(h,) Orbital integral for v, see p.

FE,  locally homogeneous vector orbibundle, p.
e; elements of b, see p.

F — O a flat vector orbibundle, see p.

G a semisimple Lie group with finite center, see p.
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G,  the centralizer of v in G, see p.
G,  the centralizer of v in G

1
G} seep.

H a second order elliptic operator, possibly non-selfadjoint, see p.

H*(O, FE) s-Sobolev space; see p.

H'/? H;/Q with a fixed Agmon angle 6, see p.

H 91 2 a square root of H, defined with respect to an Agmon angle 6, see p.

H;, j=1,...,n+1 see p.[I2

H/(g) the convolution kernel of A,, see p.
hi(g) see p.

I,(t) sece pl66]

I.(t) see pl66]

I(v,a) see p.

Jr(7,a) see p.

K a compact subgroup in G, see p.

K an integral kernel of an operator A

K, (x,y) integral kernel of p(H2), see p.

I(vy) the length of the closed geodesic, associated to 7, see p.
L?(O, E) square-integrable sections of E; see p.
LA(T\G) see p.

LA(T\G) see p.

M the centralizer of A in K, see p.

m,  see p.[14]
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N seep.[I2

N(r, H) counting function for an operator H, see p.

PW(C) the space of Paley-Wiener functions on C, see p.

R(K) the representation ring over Z of K, see p.

R(M) the representation ring over Z of M, see p.

Sa(s,0,%x) The antisymmetric Selberg zeta function, defined on p.
Vi see Y

V, see v

Vi finite-dimensional H-invariant subspaces V}; see p.

Z(s,0,x) The Selberg zeta function, defined on p.
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Summary

This thesis deals with two aspects of the geometry and the spectral theory of hyperbolic
orbifolds, that is, quotients of a hyperbolic space by discrete groups actions.

Our first topic is the twisted Selberg trace formula and the twisted Selberg zeta function.
The latter was introduced by Selberg as an analogue of the Riemann zeta function where
the prime numbers are replaced by the lengths of primitive closed geodesics I(7) on a

hyperbolic surface:

Z(s) = Zi(l — e (FRI) - Re(s) > 1.

v k=0

Analogously to the Riemann zeta function, it admits a meromorphic continuation to the
whole complex plane and satisfies a certain functional equation; one of the ways to prove
it is by using the non-commutative analogue of the Poisson summation formula, called the
Selberg trace formula. Moreover, the latter implies that the zeroes of the Selberg zeta
function correspond to the eigenvalues of the Laplace operator. This may be regarded as
an analogue of the Riemann hypothesis. The main result of the first part of the thesis is as
follows: we prove a more general Selberg trace formula for hyperbolic orbifolds T'\H** !,
which is twisted by representations x and o of I and SO(2n), respectively. Further we apply
this trace formula to study the meromorphic continuation of a generalization Z(s, o, x) of
the Selberg zeta function, twisted by the aforementioned representations, and describe its

singularities.

Theorem A. The Selberg zeta function Z(s,o,x) admits a meromorphic continuation to
C; its singularities correspond to the eigenvalues of a certain Laplace-type and Dirac-type

operators, depending on o and x.

In the second and the third part of the thesis, we deal with the analytic torsion defined

as follows. Let X be a Riemannian manifold, £ a vector bundle over X, and A, the Laplace



operator acting on the k-forms with values in E. Using the method of zeta function regu-
larization, we define the regularized determinant det(Ay); formally, it is the regularization
of the product of its non-zero eigenvalues. Then the analytic torsion is defined as follows:

dim X
Tx = [ (det(an)) 0>,
k=0
The analytic torsion is the spectral counterpart of a topological invariant called the Rei-
demeister torsion. Because these invariants have very different natures, their equality has
applications in topology, number theory, and mathematical physics.

Now fix a hyperbolic orbifold I'\H?***! and associate a flat orbibundle to every finite-
dimensional representation of I'. We vary a representation and consider a varying orbibun-
dle over a fixed hyperbolic orbifold. The main question of the rest of the thesis is: how
does the analytic torsion of the orbibundle change, and what kind of geometric information
about the orbifold can we obtain from it? In the second and the third part of the thesis, we

answer the question for compact and finite volume odd-dimensional hyperbolic orbifolds.

Theorem B. Let I'\H*"*! be a compact hyperbolic orbifold and let Eq,y — T\H***!,
m € N be a certain sequence of flat vector orbibundles; denote by To(T(m)) their analytic
torsions. Then there exists C > 0, ¢;, € R, K € NU{0} and C;;,C; € R such that

& taz2 Witz
2 K . . 2 .
log To(T(m)) = Cjpm? e™Pik 4 Z Cym? +0(e™ ™), m — oo.
J=0 k=0 =0

Above, 2d + 1 is the mazimal dimension of the fived point set of I' in H?"+L,

Theorem C. Let T\H? be a hyperbolic orbifold of finite volume and let To(T(m)) be as

above. Then

log To(r(m)) — —% vol(0) - m? + O(m - log(m)), m — oo. (6.23)

Our main method is the Selberg trace formula; we show that though its geometric side
cannot be used to calculate the analytic torsion for a given orbibundle explicitly, it suits

well for studying its asymptotic behavior.
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